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Chapter 1

Contexte scientifique et contributions

Nous présentons dans ce chapitre le domaine statistique dans lequel s’insere cette thése ainsi que les
principaux résultats présentés dans la suite du manuscrit. Le contexte scientifique est celui des données
fonctionnelles, plus précisément nous nous intéresserons a 1’estimation d’éléments propres de proces-
sus stochastiques (fonctions propres et valeurs propres). Le premier travail de cette thése porte sur
I’estimation d’éléments propres dans le cas fonctionnel univarié, le second porte sur I’estimation du pre-
mier élément propre dans le cas fonctionnel multivarié. Les contributions de cette these sont décrites en
Sections 1.2.3 et 1.3.2.

1.1 Analyse de données fonctionnelles

L analyse statistique de données fonctionnelles [Ferraty and Vieu, 2006, Ramsay and Silverman, 2010,
Ferraty and Romain, 2011] est un cadre dédié considérant que les données (Y 1, ..., E/i7p)l-€{17_“7n} sont
des réalisations de fonctions aléatoires i.e. Y;;, = Yi(ts) ou les t; représentent une grille de points
fixes ou aléatoires et Y; des variables aléatoires a valeurs dans un espace de fonctions. Par conséquent,
ce cadre est intrinsequement de dimension infinie. L’analyse en composantes principales fonctionnelles
(ACPf) (et respectivement 1I’analyse en composantes principales fonctionnelles multivariées (ACPfM))
sont des méthodes courantes pour réduire la dimension des données de courbes [Ramsay and Silver-
man, 2010], mais peuvent également étre utilisées comme étape de pré-traitement pour de nombreuses
procédures statistiques. On peut citer récemment I’étude de la robustesse dans les modeles de régression
(voir par exemple Kalogridis and Van Aelst [2019]). De plus, améliorant 1’explicabilité des réseaux de
neurones (voir, par exemple, Goode et al. [2020]), I’ACPf est également utilis€é comme un outil pour
analyser les séries temporelles (voir Jaimungal and Ng [2007] et Seo [2020]). De mé&me pour I’ ACPfM
on peut citer par exemple la modélisation et la prévision de la mortalité multi-population (voir Lam and
Wang [2021]) et I’identification de biomarqueurs pour un diagnostic précis de la maladie d’ Alzheimer
a un stade précoce (voir Happ and Greven [2018]). L’avantage notable d’une telle approche est de
traiter toutes les données présentées a la fois, c’est-a-dire de tenir compte de la variabilité dans le temps
(corrélations intra-fonctionnelles) et dans 1’espace (corrélations entre fonctions). Dans tout ce qui suit,
nous proposons deux procédures d’estimation des éléments propres (fonctions propres et valeurs pro-
pres) dans le cas uni et multivarié. Nous étudions la vitesse de convergence de ces estimateurs. Nous
nous intéressons en particulier a I’'impact conjoint du nombre d’observations et du nombre de points de
discrétisation disponibles. Dans la suite Z sera supposé étre une fonction aléatoire de [0, 1] vers R ou
RP appartenant 2 un espace de Hilbert noté L2 dans le cas univarié et H dans le cas multivarié.
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8 CHAPTER 1. CONTEXTE SCIENTIFIQUE ET CONTRIBUTIONS

1.1.1 Analyse en Composantes Principales (ACP) de données vectorielles

Dans cette section nous décrivons le principe de I’ACP. Soit p € N* et Y € RP une variable aléatoire.
On suppose que Y est centrée et de variance finie. On note ¥ = E[Y'Y”] sa matrice de covariance. On
se donne pour objectif de trouver la direction qui capture le plus d’information sur ¥ en moyenne notée
u1, i.e. up est un vecteur solution du probléme d’optimisation de minimisation suivant

uy € arg ”H|1|in E[|Y — uTYul?].
ul|=1

En résolvant le probleme d’optimisation on obtient que u; est solution de 1’équation suivante:
E[YY T u, = puy

pour i € R le plus grand possible. Cela signifie que u; est le vecteur propre associé a la plus grande
valeur propre p de ¥. Le probleme peut facilement se généraliser pour une famille (u1,...,u,,) de
vecteur orthonormaux qui capturent le plus d’information sur Y, i.e. ils sont solution du probleme
d’optimisation suivant

m
(uy,...,upy) € arg ,. min IE[HY—ZU%YUWLHQ],
j=1

v; vj/zl j=4
et de la méme manicre nous pouvons montrer que les vecteurs uq, ..., u,, sont les vecteurs propres
associés aux m plus grandes valeurs propres (comptées avec multiplicité) de >.. Tel qu’énoncé il est assez
naturel de voir I’intérét des vecteurs (ug, ..., u,). Comme ces directions par construction capturent le
plus d’information sur Y, on pourrait réduire la dimension p des données en utilisant uniquement un
nombre plus petit de projections (u. Yu,,) a la place du jeux de données d’origine. C’est a dire que
nous projetons nos données dans un espace de dimension m bien choisi avec m << p. Dans ce qui suit
nous allons étudier la généralisation fonctionnelle de 1’ ACP.

1.1.2 Cadre probabiliste et définitions

Soit (€2, A, P) un espace de probabilité. Nous munissons ’espace 12 des fonctions de carré intégrable
sur [0, 1] de sa tribu borélienne B(IL?). Dans la suite Z désignera une variable aléatoire dans L2, c’est &
dire une application mesurable Z : (2, A) — (L2, B(IL?)). Nous noterons Py la loi de Z. On considére
Z 10,1 x Q — R tel que fol E[Z%(t,w)]dt < oo pour presque tout w. Nous supposons en plus que
E[Z2%(t)] < oo pour tout ¢ dans [0, 1], ainsi nous pouvons définir la fonction de covariance pour tous
t,s €10,1]:

K(s,t) =E[Z(s)Z(t)].

L opérateur de covariance noté I : .2 — 1.2 est défini tel que, pour toute fonction f € L2
I'(f)=E

1, 2)2]
1
I(f)(s) = / K(s, ) (s)ds.

Théoreme spectral et décomposition en composantes principales Comme pour I’analogue matriciel,
I’opérateur ainsi défini est un opérateur symétrique et auto-adjoint, de plus c’est un opérateur intégral
donc compact dés que |’ fol K (s,t)%dsdt < oo. Il est donc diagonalisable dans une base orthonormée de
L2 (voir Brézis [2011]).
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Théoréme de Mercer Soit K une fonction de covariance de carré intégrable, il existe une base (7)) zen
de L2 constituée de fonction propres de I et (17 )een la suite de valeurs propres associée (on suppose
qu’elle est strictement décroissante), nous avons:

ZHZUZ ’ V(S7t) € [07 1]27 (11)

leN

la convergence est en ici en norme L?([0, 1]?), si de plus K est continue la convergence est uniforme.
Nous appellerons cette base de fonctions, base de I’ACP (voir Bosq [2000]). La différence majeure est
que le nombre d’éléments propres n’est pas fini. Malgré cela, beaucoup des propriétés de I’ ACP sont
conservées par I’ ACP fonctionnelle.

Décomposition de Karhunen-Loeve La décomposition en composantes principales vise a construire
une représentation fidele de Z basée sur la diagonalisation de I'. En reprenant (1} )sen+ et (1} )een- les
fonctions propres et les valeurs propres de I' définie précédemment, la fonction Z peut étre décomposée
comme suit:

= Colpi) P (), vt e [0,1] (1.2)

leN

avec ((z)een~ une suite de variables aléatoires centrées non corrélées de variance 1. Les fonctions propres
(17 )een+ sont généralement ordonnées de telle sorte que la suite de valeurs propres correspondante soit
décroissante. La représentation de Karhunen-Loeve de Z nous indique que 1’espace engendré par les
fonctions (17, ...,n)) est un bon candidat lors de la recherche d’un espace de dimension d (d peut étre
petit) pour projeter Z tout en gardant les informations intéressantes sur les données.

Analyse en composantes principales fonctionnelle L’analyse en composantes principales fonction-
nelles (ACPY) est le pendant statistique du théoreme spectral et le pendant fonctionnel de I’ ACP. Ici on
observe des répétitions (Z;)i=1,..n ~iia Z et on cherche a estimer les éléments propres en question

(17 )een+ et (u})een+ que I’on notera (7)) een+ et (f1) ) pen+-

1.1.3 Les processus gaussiens

Dans cette sous-section, nous définissons les processus stochastiques gaussiens. Cette classe de pro-
cessus est importante en analyse de données fonctionnelles. Elle est souvent utilisée dans les modeles
génératifs (voir Cardot [2007]). Elle peut aussi étre utilisée directement dans la modélisation de phénomenes,
notamment en finance (voir Shokrollahi and Kiligman [2016]). Un processus Z : [0,1] — R est dit
gaussien si, pour tout p € N*, pour toutes suite de points ¢1, . .., ¢, € [0, 1], le vecteur (Z(t1), ..., Z(tp))
est gaussien. De maniére générale, Z est un processus gaussien, si pour toute forme linéaire ¢ : > — R,
¢(Z) est une variable aléatoire réelle gaussienne (voir Lifshits [2012]). Cette classe de processus est
riche, elle contient notament le mouvement Brownien standard, le bruit blanc, le pont Brownien, le pro-
cessus d’Ornstein—Uhlenbeck, (voir figure 1.1 pour des exemples de trajectoires aléatoires).

Lorsque le processus Z est gaussien, les coefficients “de score” ({)sen+ sont des variables aléatoires
normales indépendantes.

1.2 Cas univarié

La premiere partie de cette thése a pour objet I’étude des estimateurs d’éléments propres dans le cas
fonctionnel univarié. Les résultats obtenus (en plus de ceux obtenus en deuxi¢me partie dans le cas
multivarié) ont mis a jour la complexité de la notion de la grande dimension dans le cadre fonctionnel, i.e
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Mouvement Brownien standard Processus d'Ornstein-Uhlenbeck

F20)
0
1

Z(1)
0
1

WV oy AT P
e e W

T T T T T T T T T T T T
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 08 1.0

t parameéires lambda=1, nu=.5, sigma=5
Figure 1.1: Exemples de réalisations de processus stochastiques

en tant que probleme fonctionnel celui-ci est dimension infinie et en tant que probleme multivarié, il est
de dimension p (le nombre de points d’observation). Les deux points de vue engendrent des estimateurs
de natures différentes, nous verrons par la suite que le probleme fonctionnel se comporte comme un
probleme paramétrique univarié ce qui n’est pas le cas du probleme multivarié. Pour I’illustrer, nous
nous proposons de présenter et d’étudier un cas simple.

1.2.1 Approches et modélisation

Analyse en composante principale fonctionnelle sans bruit Nous allons nous intéresser au modele
suivant. Nous observons sur tout I'intervalle [0, 1] des copies (Z;);=1,... i.i.d d’une fonction aléatoire
Z € 1L2. Dans ce cas, nous pouvons définir un estimateur naturel de I' comme suit :

}:Z ), (t,s) €[0,1]?

/‘Kst s)ds, te[0,1], felL2

Une stratégie naturelle consiste en 1’estimation d’éléments propres de T et de les utiliser comme esti-
mateurs des élements propres de I'. Cette approche est adoptée dans Mas and Ruymgaart [2015]. Nous
verrons par la suite que cette approche suffit pour obtenir des estimateurs qui sont optimaux au sens
minimax.

Cependant, ce cadre statistique n’est pas réaliste: en regle générale, nous avons des observations par-
cellaires et bruitées, souvent sur une grille de [0, 1] fixe ou aléatoire. Un cadre plus réaliste est donc le
suivant:

Yi(tin) = Zi(tin) + €ins (1.3)

ol la suite (¢; n)h=0,. p—1,i=1,..n est composée de points dans I’intervalle [0, 1] (fixe ou aléatoire) et
€;,h ~i.i.d € une variable centrée indépendante de Z de variance o2 finie (dans la suite, nous supposerons
que € est gaussienne i.e. € ~ A(0,0?%)). Ainsi, le probléme ressemble 2 un probléme d’analyse multi-
variée classique qui est a priori de dimension p. Plus p est grand plus I’estimation est une tache difficile,
ce qui contrevient au premier cadre qui serait le cas ot p — oo et 0 = 0. Les approches qui ont été
proposées pour le modele (1.3) font en général intervenir une étape de lissage, celle-ci revient a procéder
a une régression en aval ou en amont de I’étape d’estimation.
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Approche par lissage La premiere approche a été définie par Ramsay and Silverman [2010]. L’idée
est d’utiliser des splines pour lisser les données dans un premier temps. On définit I’estimateur lissé tel
que :

p—1
Vg o) = Vit +
arg B };O(g( ) (tin)? + 7llg@ 2,

ot C%(]0,1]) est I’espace des fonctions deux fois continfiment différentiables sur [0, 1], et 7 > 0 une
constante de régularisation. Les courbes ainsi obtenues (Y;);—1... ,, sont utilisées a la place de (Z;)i=1,...n
afin de construire un estimateur empirique lisse” de I, i.e, I" est défini tel que:

ZY ), (s,t) €[0,1]?

/K F(s)ds.

Finalement on utilise T’ comme estimateur de I’opérateur de covariance I, i.e., les estimateurs des
éléments propres seront les éléments propres de T. En procédant ainsi les fonctions propres que nous
retourne 1’estimateur sont toujours au moins C?, ce qui peut étre problématique si Z et ses fonctions
propres ont des niveaux de régularité plus faible (a«—H®olderienne par exemple pour o < 2).

Une solution ayant une philosophie similaire a été proposée par Hall et al. [2006], avec deux différences,
la premiére est que 1’étape de lissage ne concerne pas directement les observations (Y;(t; 1))i=1,... n.h=0,.
mais la fonction de covariance K, la seconde concerne le processus de lissage qui est effectue via un
noyau et non via des splines. Formulé directement, nous cherchons (ay, bl, bg) tels qu’ils minimisent la
fonction suivante :

>y {Yi(ti,h)Yi(ti,h/) —ag — bi(u —tip) — ba(v — ti,h’)}2

i=1 0<h#h/<p—1

t o, — tir, —
><Ker<72’hh u)Ker(il’hh U),

ol Ker définit le noyau de lissage, celui-ci est supposé étre de support compact, symétrique et Holderien
et h est un hyper-parametre du modele. Il joue ici un réle analogue a 7 précédement en ce sens qu’il
contrdle la régularité. Sous condition que la taille de la grille p ne croit pas avec le nombre d’observations
n Hall et al. [2006] montrent que la vitesse est optimale.

Cependant il n’est pas indiqué comment sélectionner I’hyper-parametre & et le résultat de I’approche est
quantifié pour un niveau de régularité fixé C?.

Toutefois, souvent les points de mesure ne sont pas aléatoires, par exemple pour la mesure de la tension
sur un réseau électrique ou 1’évolution de température, les mesures sont réalisées a intervalle régulier.

Analyse de données longitudinales vs analyse de données fonctionnelles Bien que les deux méthodes
présentées ci-dessus soient similaires, elles traitent de problemes statistiques différents. Le premier cas
se place dans le cadre de 1’analyse de données fonctionnelles, on suppose en regle générale que la grille
est dense (p est grand) et souvent réguliere et que le bruit est inexistant ou a un impact négligeable. Le
second suppose que p soit borné (on entend par la que p est petit) et la grille peut étre aléatoire, I’impact
du bruit quant a lui n’est pas négligeable. Cela correspond a des cas de figure réels que I’on rencontre en
pratique, par exemple pour des données de charge électrique sur le réseau frangais. EDF enregistre les
données avec un pas de temps régulier de 15 minutes ce qui fait que pour chaque année nous disposons

-1
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de 35 000 points de mesure ce qui correspond au premier cas de figure (Ia mesure étant réalisée automa-
tiquement, nous pouvons considérer que le bruit est marginal). S’agissant de données médicales, il est
courant d’avoir des observations parcimonieuses, par exemple pour des suivis de patients et en plus que
les temps d’observation soient aléatoires et 1’erreur n’est pas forcément marginale. L’interface entre les
deux paradigmes est étudiée dans I’article de Hall et al. [2006]. Quant a notre travail, il se place dans le
premier cas ou la grille est dense et nous montrons que bien que nos données soient bruitées, 1’impact
d’un bruit i.i.d. est marginal sur le processus d’estimation d’éléments propres. Il est intéressant de noter
que le passage du fonctionnel continu a un cadre ol non seulement les observations sont discrétisées,
mais aussi bruitées semble changer radicalement la nature de nos estimateurs. Dans le premier cas,
I’estimateur naif est suffisant pour recouvrer de maniere optimale les éléments propres. Dans le second
cas des étapes de régularisation sont nécessaires. Le second probléeme vient du fait que tous les modeles
présentés jusque la supposent que p est fini et ne croit pas avec n et donc nous ne pouvons obtenir de
résultat limite en ce qui concerne le comportement en p. Il existe donc une lacune en ce qui concerne ce
qui se passe quand la grille n’est pas aléatoire et que p — oco. Le premier article qui traite du sujet du
point de vue théorique est le suivant.

Approche par reconstruction matricielle Récemment, Descary and Panaretos [2019] ont proposé
une approche différente pour I’estimation d’éléments propres dans un cadre de bruit auto-corrélé. Soit
Y un processus stochastique de carré intégrable sur [0, 1]. On suppose que Y admet la décomposition
suivante :

Y(t)=Z(t)+W(t), te]0,1]

ou Z et W sont des processus non corrélés, Z ici correspond au signal que 1’on supposera “régulier”
et W encapsulera la partie non réguliere de Y. En modélisant les observations ainsi, on obtient assez
naturellement que

K(s,t) = E[Y ()Y (s)] = E[Z(£)Z(s)] + E[W ()W (s)], s,t € [0,1].

Descary and Panaretos [2019] supposent que Z ici capture la partie réguliere de Y, c’est a dire des mou-
vements a variation lente et grande échelle, contrairement a W qui lui concentre les mouvements rapides
a petite échelle temporelle, mais pas nécessairement a I’échelle de temps instantanée qui caractérise le
bruit blanc : des variations qui ne sont lisses qu’a des échelles de temps plus courtes. Nous notons par
Kz et Kyy les fonctions de covariance de Z et de W, i.e. pour tout s, ¢ € [0, 1]:

Ce que nous avons dit précédemment, revient a dire qu’il existe § < 1 tel que, dés que |s — t| > § on
a que Ky (s,t) = 0. Avec le méme ensemble d’hypotheses que celui qui a précédé et en utilisant le
théoréme de Mercer, nous savons qu’il existe deux base de L2 noté (1} )een= et (¢¢)ren= associé a deux
suites de valeurs propres (1} )sen+ et (A¢)een- tel que

Kz(s,t) =Y upni (s)ni (¢),

LeN*

Kw(s,t) =Y Xewe(s)pe(t).

LeN*

Nous supposons aussi qu’a partir d’un certain rang r € N* les valeurs propres sont nulles i.e py., | = 0,
I’idée est qu’avoir une infinité de fonctions propres peut engendrer sur des mouvements rapides qui eux
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sont encapsulés dans W, d’ou nous avons que :
Ainsi nous obtenons que :

De plus, en réalité les observations sont souvent mesurées a pas de temps régulier. Finalement, pour
ty = %,h: 0,...,p — 1 nous observons

Y;(th) :Zz(th)+Wz(th)v @ = 1,,7’L

Le but est donc d’estimer les éléments propres de Z et de W, en 1’état, il est impossible de distinguer les
deux suites de fonctions propres (sauf dans le cas ou u, > A1). Pour ce faire les auteurs imposent une
condition sur la régularité de Z qui est forte; les fonctions propres (1¢)¢—1,... » doivent étre analytiques.
Ainsi, il suffit d’observer Kz sur un ouvert connexe pour le reconstruire sur [0,1]% (en utilisant un
prolongement analytique) or, en dehors de la bande de taille § nous observons uniquement le noyau K.
En pratique, on traite K comme une matrice en les points d’observations, il faut supprimer la bande
autour de la diagonale, ainsi, on obtient la matrice (K (¢, th’)1|h—h'|2§)h,h’:0,...,p—1 car Ky = 0 hors
de la bande diagonale, il faut donc reconstruire les valeurs de Kz sur la bande. Mais celui-ci est de rang
fini, donc la stratégie implémentée par les auteurs est une stratégie de reconstruction de matrice de faible
rang pour reconstruire Kz et Kyy = K — Kz pour reconstruire Kyy et ensuite calculer les éléments
propres des opérateurs associées.

Notre approche Contrairement a Descary and Panaretos [2019], nous supposons que le bruit est non
corrélé, i.e. que la suite des (€; 1) 1<i<n,0<h<p—1 esti.i.d enieten h de plus nous imposons une régularité
plus faible sur Z, nous supposons seulement qu’il est a—Holderien.

Notre approche est basée sur un estimateur par projection, nous fixons une base de L.? notée (¢y)xca,
nous savons que la fonction signal” Z se décompose comme suit:

Z =7 (onZ)o

AEA

Comme Z est inobservable, notre but est d’estimer (¢, Z). Pour ce faire nous allons remplacer ce
produit scalaire par une approximation par somme de Riemann, i.e sur un sous ensemble fini de A noté
A p, nous définissons Y; comme suit

p—1
Vi) = 30 Gada(®) Gir =5 3 Vilt)a(t), ¢ € 0.1 (1.4)
h=0

AeAD

Pour expliciter la dépendance en la base nous noterons Ky et I'y le noyau et I’opérateur de covariance
défini tel que:

Rols.t) = = S Vis)Wilt), (5,0) € 0.1
=1

L L
F¢>(f)(‘):/0 Ky(s,®)f(s)ds.
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Ensuite, nous utilisons les fonctions de propres de I'y notées (7)y.¢)¢cn directement comme estimateur
des fonctions propres de I', c’est a dire que nous ne faisons intervenir aucune étape de régularisation et
nous montrons que pour une base bien choisie, la vitesse de convergence est minimax.

1.2.2 Vitesses de convergence

La fonction propre 7); étant définie a un changement de signe prés (—7); est aussi une fonction propre
associée a la valeur propre 1i;), nous ne pouvons évaluer notre procédure en utilisant le risque classique
E(|11. — n;1|?). Suivant Bosq [2000], nous évaluons le risque de

nh.e = sign({Me, n7)) x ;-

De plus, nous n’avons pas de lien direct simple liant les éléments propres aux observations. Pour con-
tourner cette difficulté, nous utilisons souvent 1’inégalité suivante (voir Bosq [2000]):

2, <bl|K — K|, Ce{l,...,n},

17 = 1

N 8 8

ol by := ——— 5 mz et b = g
¢ min(u; = 1y —r)2 L (Wi —H5)?

I’estimation des éléments propres a I’estimation des noyaux de covariance, qui eux ont un lien explicite

avec les observations.

Celle-ci permet de transférer la difficulté” de

Modele sans bruit En utilisant Iinégalité précédente, il suffit d’avoir un contréle sur E[| K — K 12.]
pour conclure sur la vitesse de convergence de 1’estimateur 7, or cette quantité est exactement la norme
IL? de la variance ponctuelle de I’estimateur (car K = E[K]). Ainsi on a pour tout ¢ < n:

).

Ainsi, bien que I’estimation de 7, soit un probleme de dimension infinie, la vitesse de convergence
obtenue est celle d’un probleme d’estimation univarié paramétrique.

~ N 1
E[HW - 7&,2”]%2] = O(g

Modele non paramétrique Pour 1’approche non-paramétrique, le choix de 1’hyper-paramétre influe
grandement sur la vitesse de convergence. Hall et al. [2006] a montré que sous contrdle uniforme des
moments de la variable Y, et si K est deux fois dérivable nous avons pour tous £ tel que £ < n

~ * 1
E[||7, — nﬂlliz] = O(% + hY).

En choisissant le i qui réalise le meilleur compromis biais-variance, la vitesse de convergence obtenue

4 . L, . , .. , ., _ _2a
est de ’ordre de O(n™5), qui peut se généraliser pour d’autres condition de régularité en O(n~ 2o+1)
pour les fonctions c«—Holderienne.

Modele a bruit auto-corrélé L’ approche qui a été proposée par Descary and Panaretos [2019], permet
d’éliminer le bruit dans un premier temps en ne concentrant que sur le noyau de covariance d’intérét. ce
qui donne pour tous ¢ tel que ¢ < min(n, r)

1 1
~ * 2 _
E[l17e — nk ollfz] = O(g + ?)7
et pour les fonctions propre de 'y, en supposant que la fonction Ky € C1([0, 1]?) nous avons pour
tous ¢ < min(p, n, rang(I'w))
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{9 — pcela] = O + ).
La partie en p?, représentent un biais déterministe qui vient du fait que nous n’avons pas d’information
entre deux point de discrétisation. Comme dans Descary and Panaretos [2019] nous supposons que
nos observations sont obtenues sur une grille réguliere, cependant nous supposons que le bruit n’est pas
auto-corrélé i.e les ¢; j, sont indépendantes en i et en h, le but étant d’obtenir des résultats de convergence
analogues c’est a dire qui exhibent une double asymptotique en la taille de la grille p et le nombre de
répétitions n, sans pour autant faire les hypotheses fortes d’analycité et de finitude du rang sur le signal.

1.2.3 Contribution du chapitre 2

Le premier travail de theése a consisté a définir une procédure d’estimation des éléments propres d’un
opérateur de covariance I" dans le cas univarié. Nous définissons dans un premier temps, une classe de
régularité R, (L) (voir Section 2.2), qui contient les processus a«—H®olderien en moyenne quadratique,
ensuite nous montrons la borne inférieur suivante.

Théoreme 1 Supposons que Z est un processus gaussien et p > 3. Soit o € (0, 1] et L > 0. 1l existe
ng uniquement dépendant de L et « tel que, pour tout n > ng,

inf sup B[ — ni|?) = (o) (p72 + 07,
M PyeRa(L)

ou ¢(o) est une constante positive dépendant de o et I’infimum est pris sur tous les estimateurs ie toutes
les fonctions mesurables des observations {Y;(¢,),h =0,...,p—1,i=1,...,n}.

Nous fixons ¢ := (¢»)rea un systetme orthonormal de IL? et nous reprenons le processus d’estimation
défini par (1.4). Nous montrons que sous une condition sur le moment d’ordre 4 de Z ( hypothese 1 page
5) les théorémes suivants (majoration en espérance et en probabilité).

Théoreme 2 Fixons £ € {1,..., min(n,p)}, nous avons

~ max(C7 + 3;6
B[00~ niel®) < Sby ||IprTLy — T + PAEEO T S (24 2)
AeAD

0.4
K)($, D) + AP (6, D) + p} ,

ou IIp est la projection orthogonale sur Sp = span(¢x, A € Ap),

2p 1 1 p—1
o} = Var(é1,) s Z% th), sx=Var(Z12) = = > K(tn,tw)a(tn)daltn)
hoh'=0
et

2

A (¢, D)= Z K (thy th)ox(tn) v (tnr) / / K(s,t)pa(s)on (t)dsdt o
ANEAD P hohl =
ot 122 ’
7)(¢,D) = 7 > {p > oaltn)dn(th) — 1{/\:/\’}}
averp Phzo

Avec un raisonnement similaire nous montrons que pour une condition sur tous les moments de Z (que
nous explicitons hypothese 2 page 6), nous avons
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Théoreme 3 Fixons ¢ € {1,...,min(n,p)}. Alors, pour tout v > 0, avec une probabilité supérieure a
1 — 2exp(—1/64 min(y?, 16vy/n)),
2

o el/2 +7)2C?(Cy + 1)?
g.e —meell® < 5be |!HDPHD—TH<2>O+( L n _— 2. (‘7§+3§>

AEAD
K o’
+A§) )(¢7D)+A1(70)(¢7D)+p2:|1

ot C' est une constante absolue.
Dans les résultats que nous obtenons, il subsiste bien une décomposition biais-variance. Le terme
|[TIpTIIp — I'||2, correspond & un biais de troncature du fait que nous n’estimons que |A p | coefficients,
le terme ALK) (¢, D) correspond au biais de discrétisation de la fonction de covariance de Z, AI(JU) (¢, D)
correspond au biais de discrétisation de la fonction de covariance du bruit et g—; I’impact du bruit i.i.d sur
le processus d’estimation.
11 faut noter que les deux théorémes précédents ont été écrits dans un cadre général, i.e, aucune condition
n’est imposée sur ¢, or certains des termes qui apparaissent dans la borne se simplifient ou disparais-
sent si nous choisissons un systeme de fonctions constantes par morceaux. Notamment pour le cas des
histogrammes a D éléments définis tel que pour tous D un entier positif, on définit Ap 1’ensemble des
indices tel que :

Ap :={0,...,D — 1},

et on définit les fonctions (¢x)rea, tel que:
YA€ Ap, Vte[0,1], o¢x(t)=VD1(t),

avec Iy = (A\/D, (A + 1)/D]. Dans le cas particulier o D = p, nous montrons le résultat suivant.

Corollaire 1 Fixons ¢ € {1,...,min(n,p)}. Supposons que Pz € R, (L) et définissons D = p,
- Bi(L,K,a) 50* Vi(K,o,C
B(10s - i l?) < o DAL S0, ARG

p2a
et pour tout 3 > 0, pour n suffisamment grand, avec une probabilité supérieure a 1 — 2n=",

‘2 § bg{Bl(Léf’O‘)_i_‘i‘;_i_‘/Q(Kanc%ﬁ)logn},

p b n
ol By (L, K,«) dépend de L, | K|/ et aet V1 (K, 0,Ch) (resp. Vo(K, o,Cs, 3)) dépendent de || K| o,
o et Cy (resp. ||K||so, 0, Co et ) (les constantes By (L, K, «), Vi(K,0,C}) et Vo(K, 0,Co, 3) sont
déterministes).
Dans le cas ou ¢ est une base de Haar, il faut noter que nous obtenons les mémes majorations a un terme
logarithmique multiplicatif prét . Dans le cas ou ¢ est une base de Daubechies, nous obtenons le résultat
suivant.

p? n

17, — 771,@

Corollaire 4 Fixons ¢ € {1,...,min(n,p)}. Supposons que Py € R,(L) et pour 2P < pa%rl <
2D+1’

E (e~ miel?) <

2a
pa+1

) {334(K,L,Lw,w,¢,a,r)log(p)2
/4

n

L VK, 0,C1 0, 6,7) log(p)Q}
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et pour tout 3 > 0, pour n suffisamment grand, avec une probabilité supérieure a 1 — 2n5,

) 3B4(K, L, Ly, 1, ¢, a,r)log(p)*
< bg

17,0 — 0k 0

pleY
pa+1

| SB(K, 0, C, 8,4, 6,7) log(n) log(p)? } .

n

Nous montrons aussi un résultat pour ¢ composée de fonctions Lipschitz. Nous nous sommes aussi
intéressés aux propriétés numériques des estimateurs que nous avons étudiés.

1.3 Cas multivarié

Dans le cas multivarié nous travaillons sur des fonctions qui vont de [0, 1] dans R” que nous supposons
de carrés intégrables. Dans ce qui suit, nous définissons 1’espace H qui contient nos fonctions, le produit
scalaire de H et la norme qui lui est associée. Soit D € N*, on considere f = (f1,..., fp)T, avec f; €
L%([0,1]) pourtous d € {1,...,D}etg = (g1,...,9p)",avec gq € L*([0,1]) pourtousd € {1,..., D},
deux vecteurs de fonctions. On définit (-, -)py tel que :

D .
(f,g)m = ;/o fa(t)ga(t)dt,

D
I£1Z = > I fallZ2 = (£, B,
d=1

et H tel que :
H:= {f:[0,1] — RP: |flm < 0o}

Généralisation au cas multivarié fonctionnel Nous généralisons les définitions du cas univarié au cas
multivarié. Soit D € N on note Z la fonction qui vaut

Z(t) := (Z(t),...,Zp(t)) € RP

en tout point ¢ € [0,1]. Nous supposons que cette fonction est dans H, ainsi presque slirement les
trajectoires Z sont intégrables, de méme nous définissons la fonction de covariance ( ponctuellement
elle est une matrice symétrique de taille D x D) i.e, pour tous (s,t) dans [0, 1]? et pour tous (d,d’) €
{1,...,D}?ona

Kga(s,t) = (K(s,t))aa =E(Za(s)Za (1))

Nous vérifions, qu’ainsi définie:
K(s,t) = E(Z(s)Z(t)T).

Ainsi I’opérateur de covariance est défini tel que pour tout f € H:

1
L(f)(e) = /OK(s,o)f(s)ds.

On définit également la norme de Hilbert-Schmidt et le produit scalaire associé : soient I', T € L(H)
I’espace des opérateurs linéaires sur H, quand cela a du sens,

(0T ) s = > (T(e:), TV (e))m,

1EN*
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en notant par (e;);cn- une base orthonormée de H. Noter que le produit scalaire (-, -) ;g est indépendant
du choix de la base, et || - [zs = +/{:,-) ;g est la norme associée. L’opérateur I' est bien défini a
condition que E[||Z] %{] < 00, ce qui est supposé dans ce qui suit. Notez également que, tel que défini,
K est symétrique, dans le sens oll nous avons:

V(s,t) € 0,112 K(s,t) = K(s,t)T,

ce qui implique que I’opérateur I' est un opérateur linéaire auto-adjoint. Dans ce cadre, le théoréeme
de Mercer est toujours valide (voir Chiou et al. [2014]), c’est-a-dire qu’il existe une suite de fonctions
orthonormées (f;)sen+ et une suite positive (1) sen+ (fonctions propres et valeurs propres associées) tels
que

I' = Z pefy @ £y = Z g © gy,
eN leN*

ou g, := /1y pour tout ¢ € N* et @ est le produit tensoriel défini tel que pour tout h, f, g € H :

Les fonctions propres (f;)sen sont ordonnées de telle sorte que la suite de valeurs propres associée soit
décroissante. On suppose aussi que toutes les valeurs propres sont distinctes, c’est-a-dire pour tout
CeN* > peys.

Approche par troncation Happ and Greven [2018] est un des rares articles qui analyse la vitesse de
convergence des estimateurs dans le cas fonctionnel multivarié, cependant le cadre dans lequel se place
ses contributions est différent de celui que nous considérons ici, la différence vient du fait que les grilles
d’observation ne sont pas régulieres i.e, on observe :

Y(t) = (Yi(t1), ... Yp(tp)) € R?,
out:= (t1,...,tp) € T :=T1 x --- X Tp et chaque 7; a un cardinal propre que I’on notera c,. Cela
correspond au fait de faire des mesures en des temps différents en chaque dimension de Y et donc a avoir

des grilles irrégulieres (un pavage irrégulier de [0, 1]P). L’estimateur proposé repose sur la proposition
suivante (qui est une décomposition Karhunen-Loeve dans 1’espace H).

Proposition  Si E[||Z||m] < oo et que Z est une fonction continue

Z(t) =) ViuGhi(t), teT

(=1

ou les (1) een~ et (f7)ren+ sont les valeurs propres et les fonctions propres de 1’opérateur I'. De plus

M
E(lZ () - ; VEGE(t)][%) = 0 pour M — oo

uniformément en t.
Ainsi I"objectif est maintenant d’obtenir un estimateur des €léments propres Zy) ou

M
(=1
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et M un entier supérieur a 1.

La fonction Zy) est la version tronquée a M composantes de Z, de plus les auteurs font I’hypothese
qu’en chaque composante d, la fonction (Z/])4 admette une décomposition Karhunen-Loéve finie i.e.
pour chaque d il existe un My fini tel que :

My
(Zany)a = Z \/ uD D D,
m=1

Comme le but est de trouver fy, Happ and Greven [2018] caractérisent le lien entre ACPf et ACPfM, c’est
a dire le lien entre les éléments propres de chaque (Z[ M})d et ceux de Z. Le lien se fait via une matrice
de score S définit comme suit :

Cm,d:<Zd7f7(r€l)> Vd€{177D}7 m:17"'aMd7
Sm,d,m’,d’ = COU(CmdaCm/,d’) v(d, d/) S {1, e ,D}Q, m=1,... ,Md,m/ =1,..., My,

ou f,g;i ) la m—igme fonction propre de (Z[ M])d et les auteurs démontrent que la fonction propres 5/,
en sa d—ieme composante s’écrit comme:

My
(fpne(ta))a =Y [Cz]g)ﬂ(j)(td), ta € Tg
m=1

ou [Cg] @ ¢ RMa représente la d—ieme bloc du vecteur propre C,,, de la matrice S.

Cette approche ne permet pas d’estimer la fonction propre f, mais une version tronquée de celle-ci
(comme les suites de fonctions propres successives sont des bases de 1.2, on peut voir que 1’estimateur
s’arréte a My composantes a chaque fois sur chacune des bases et non co) i.e.

€00 — Feller < €iany.e — faay el + 1y, — £l
Cependant, il est impossible a priori de connaitre I’importance de chaque composante et donc de connaitre
la valeur de [|f{57), — f¢[[m, on sait juste que cette quantité tend vers 0 quand M tend vers I’infini. Les

auteusr montrent que
3

e — far el < —.
1€500,e — £y ellis < -

Dans ce méme cadre en utilisant notre approche vue en premiere partie et sous hypothese que les points
ty, vérifient |t — %] < é, on peut montrer que I’estimateur naif introduit en premiere partie a la vitesse
de convergence suivante

R D2 D2

e = £2l1% = O(— + 55).
ollc= mincl?:1 cq et a est la régularité au sens de Holder de Z. Cependant les deux approches donnent
des estimateurs qui ne convergent pas lorsque D est grand (dés que D de I’ordre de y/n). Pour cette
raison nous nous sommes intéressés a des estimateurs qui prennent en compte la dimension et la parci-
monie. Comme vu en premiere partie de cette these, I’analyse en composantes principales univariée, se
comporte en terme de convergence comme un probleme d’estimation univarié paramétrique avec un biais
déterministe. Ce résultat qui est contre-intuitif en raison de la dimension infinie du probleme, semble
indiquer qu’en réalité c’est I’ ACP fonctionnelle multivariée qui est un analogue de 1’ ACP classique. En
conséquence, il est naturel d’adapter les outils multivariés classiques au cadre fonctionnel multivarié.
Larticle qui suit présente une approche dont la vitesse de convergence est optimale au sens minimax,
dans ce qui suit nous allons I’adapter a notre contexte fonctionnel multivarié.
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Article Jankova and van de Geer [2021] L approche étudiée par Jankova and van de Geer [2021]

est la premiere a notre connaissance a atteindre la vitesse de convergence optimale pour I’estimation de

composantes principales, on se place dans le cadre classique ou on observe (Y;);—1,. ., des répliques i.i.d

d’un vecteur Y € RP tel que E[Y] = 0. Dans ce qui suit nous noterons ¥ = E[Y'Y”] la matrice de

covariance de Y et ¥ = L Sy Y;Y." son estimateur. La premiére composante principale est estimée
n 1= (2

comme solution du probleme d’optimisation suivant

U1 € ar min S — )%+ Mu
veag _ min (€~ w4 Ml

ou B(n) est une boule de rayon 7 définie tel que:
B(n) = {u € R”; Jlu— 1] <n}

ol u; est la vraie composante principale. En premier lieu, on peut noter que le probleme ressemble a un
probleéme de régression plus une pénalité LASSO, la différence ici est que la fonction objectif, c’est a dire
celle qui associe a chaque vecteur u — Hf]—uuT\ 2, n’est pas convexe (Jankové and van de Geer [2021]).
On peut cependant démontrer qu’elle est localement convexe, notamment autour des vecteurs propres.
Ceci explique la construction de la boule B(7) ou 1 doit étre suffisamment petit pour que la fonction
objectif soit convexe a ’intérieur de B. Pour créer cette boule il faut calculer une premiere estimation
Uinit en utilisant un autre algorithme et remplacer u; par ;,;;. En second lieu, la contrainte ||ul|; < T
et la pénalité en ||u||; semblent redondantes, ce qui serait concordant avec les simulations selon les
auteurs. En réalité cette double contrainte semble &tre plutot un artefact de la preuve. Dans ce qui suit
nous répliquerons I’approche adoptée. Pour ce faire, nous montrerons des équivalents fonctionnels des
résultats en commencant par le probléme d’optimisation.

1.3.1 Estimation et probléeme d’optimisation

En ce qui concerne I’estimation de la fonction de covariance K et de 1’opérateur de covairance T,
nous reprenons et généralisons les estimateurs vus en premiere partie. Soit (¢x)xep,, un systeme
d’histogrammes a M —éléments. Dans le cadre du modele (3.1), on reconstruit d’abord la courbe ob-
servée sur tout I’intervalle [0, 1], et on définit, pouri =1,...,netd=1,..., D,

-1

~ _ _ 12

Yiat) = Y Giaada(®), Tiax:=—> Yia(tn)altn), t€[0,1],
AEA N p h=0

ol ¥; 4.\ est une approximation de (Z; 4, ¢»). On définit ensuite les fonctions ?2 € H et les vecteurs
y; € RMP comme suit:

(Yi)a :=Yia ,@Wia)r:="Yiar et(¥;)a =7,

Ainsi, Yq...,Y,, est une version lissée des données brutes. Puis nous définissons un estimateur naturel
du noyau de covariance K comme suit :

Ro(s,t) = %Z?i(t)T?i(s), (s.) € [0, 1]7, (1.5)
=1

et en déduire un estimateur de I’opérateur de covariance Iy,

~

1/\
T,(0)() = /0K¢(s,-)f(s)ds, f el
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Comme pour I’analyse en composante principale multivariée, nous pouvons définir la suite de fonctions
propres d’un processus comme solution sequentielle d’un probleme d’optimisation

gre1 € argmin E[|Z — I14(2) — (g, Z)ug?.]

oullx(Z) = .E?:.l <gj, Z)ng;, Cepen.dantlliarticle de Jankova and van de? Geer [2021] qui est la princ.i-
pale source d’inspiration pour ce travail, utilise un autre probléme d’optimisaton, nous avons donc besoin
d’un analogue fonctionnel de ce probléme d’optimisation, ce qui est 1’objet de la Proposition 12 dans ce
qui la section suivante.

1.3.2 Contribution du Chapitre 3

Le second travail de thése a consisté a définir une procédure d’estimation des éléments propres d’un
opérateur de covariance I" dans le cas multivarié. Comme pour la premiere partie, nous commengons par
i . L . (D . . I
définir dans un premier temps, une classe de régularité ’Rg )(L), qui contient les processus a—Holderien

en moyenne quadratique, ensuite nous montrons la borne inférieure suivante.

Théoreme 7 Soits € {1,...,D}telque s <net|fi|lo =s,a € (0,1)etp > max(?),sﬁ) et L > 0.
Il existe ng uniquement dépendant de L et « tel que, pour tout n > ng,

inf  sup  E[[fy — ful[F] > c(o)s(p* +n7Y),
fl PZER&D)(L)

ou ¢(o) est une constante positive dépendant de o et I’infimum est pris sur tous les estimateurs i.e. toute
fonction mesurable des observations {Y;(t;),h =0,...,p—1,i=1,...,n}.

Le résultat est une généralisation de celui vu en premiere partie au cas de la grande dimension, nous
généralisons aussi le processus d’estimation défini (1.4) aux cadre multivarié, comme nous avons déja
démontré en premicre partie que le systetme d’histogrammes étaient optimal en terme de vitesse de
convergence, nous limiterons le champ de nos investigations a ce systéme, avant de poursuivre nous
avons besoin d’un probleme d’optimisation analogue a celui utilisé par Jankova and van de Geer [2021].
Dans ce qui suit nous montrons que la premiere composante principale g; est solution du probléme
d’optimisation suivant.

Proposition 12 (Reformulation du probléme MfPCA) La premiére composante principale g; est la
solution du probléme d’optimisation contrainte suivant:

g, € argmin | —h®h|%s. (1.6)
heH
Comme pour sa contrepartie multivariée, ce probléme n’est pas convexe, ce qui sous-entend que nous
aurons besoin de contraintes similaires a celle Jankovd and van de Geer [2021] pour garantir la conver-
gence. Ce probleme présente une analogie forte avec les problemes de régression, ce qui sous-entend
qu’avec des outils similaire (notamment pour calibré les valeurs des parametres) nous pourrions obtenir
des résultats similaires, nous définirons 1’estimateur Lasso comme suit

~ 2
§ € argmin ”P¢—h®h“ + Al (1.7)
heB,[|h[|; <T HS
2./
En supposant que les ratios p%, "7? et L\/g(pl)) sont dans le pire des cas de I’ordre de la constante

(voir Chapitre 3 Section 3.6), et en supposant que les observations ainsi que le bruit sont gaussiens, nous
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montrons que pour

8 LIIK!\WS) I, /| o0
~ +
P

A= 4(llga s (A + .

+ )\1) )
ou A est spécifié dans le chapitre 3 Section 3.6 (il faut noter que A\; = O(ﬁ)), alors n’importe quelle
solution de (1.7) vérifie le résultat suivant.

Corollaire 7 En prenant M = p on a avec probabilité au moins 1 — 271%%)“

[F— 12 < Clog( )(82 +2)
— 0 — +—].
e > g\p T

ou C est une constante numérique qui dépend exclusivement de y1, p2 0,|| K|/ et L.

Le résultat obtenu est a comparer a la borne inférieur obtenue précédemment qui elle est en O( > + I%),
nous avons donc a un slog(p) pres la méme vitesse de convergence. Plus précisément on peut voir que
pour la variance, nous avons obtenu le bon ordre de grandeur en n et s, c’est le biais en particulier ou il
subsiste un décalage significatif entre les deux, la question de 1’optimalité pour le biais reste d’ailleurs
une question ouverte. Enfin, au mieux de nos connaissances, ce sont les premiers résultats de ce type en

MfPCA.



Chapter 2

Estimation of eigenelements: univariate
case

This chapter aims to give non-asymptotic results for different projection estimator of eigenelements of
a covariance operator. We first define an estimator based on a projection operator. This operator can
be seen as a reconstruction step for the raw data in the functional data analysis context. We show that
the naive estimator, which computes the eigenelements without regularization after the projection step,
is optimal in the minimax sense for a good choice of basis. For that purpose, we establish both a lower
and upper bound on the mean square reconstruction error of the eigenelements. We also prove general
results for general Lipschitz and Daubechies bases that do not attain the minimax rates. In the case of
Daubechies, thresholding is required to reach its optimal rate.

This chapter is an extended of the submitted article:

e R.Belhakem, F.Picard, A.Roche, and V.Rivoirard (2021). Minimax estimation of Functional Prin-
cipal Components from noisy discretized functional data.
Arxiv:2110.12739.

2.1 Introduction

In our setting, functional data are observed on a fixed discretization grid and are supposed to be corrupted
by random noise. Hence we consider the following statistical model.

Yi(tn) = Zi(ta) +eine i=1,...,m, @.1)

with the €; 5,’s being independent centered Gaussian errors with variance o2, The errors are assumed to
be independent of the Z;’s. Here, we assume that the grid is fixed and regular with p points {t, = h/(p—
1); h=0,...,p— 1}, note that our approach could be generalized to the case where |t;, — h/p| < 1/p.

Remark In the general framework, Z is usually assumed to be a square-integrable function, i.e., Z €
IL2. This raises an issue regarding the definition of Z pointwise and thus on the grid. To avoid ambiguity
regarding the values of Z on the grid, we also assume that Z € C°([0,1]).

2.1.1 Motivation

Functional principal component analysis (fPCA) is often a pre-processing step for many statistical pro-
cedures. For example, we can cite the study of robustness in regression models (see, for example, Kalo-

1
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gridis and Van Aelst [2019]). Furthermore, improving explainability of neural networks (see, for exam-
ple, Goode et al. [2020]), it is also used as a tool to analyze time series and forecast them (see Jaimungal
and Ng [2007] and Seo [2020]), thus having fast and accurate procedures of estimation is of high rele-
vance.

The literature on fPCA considers mainly two types of approaches. The first one is based on the continu-
ous non-noisy case, corresponding to p = +o0o0 and ¢ = 0, for which the empirical estimator achieves an
optimal n~! parametric rate (up to a logarithmic factor) for the risk associated with the L.2-error [Bosq,
2000] or the operator norm of the projector [Mas and Ruymgaart, 2015]. In this setting, we observe
Z1, ..., Zy,, a sample of independent centered continuous functional variables taking values in L2, the
set of squared integrable functions on [0, 1] with the same distribution as a process Z and with covariance
operator I" defined by

L)) =E(f,2)2(), feL?
where (-, -) denotes the L?-scalar product. Defining the set of eigenfunctions n* = {n},d € N*} and the

associated set of eigenvalues, assumed to be distinct, p1* = {u)j, d € N*; pj > p3 > ...} of the operator
I', we obtain the Karhunen-Loeve representation of Z [Bosq, 2000]:

x *1/2 4
Z2="3" ¢Gui s, 2.2)
deN*

where (* = {(j,d € N*} is a sequence of non-correlated centered random variables of variance 1,
usually called the principal components scores. In the ideal case, when the Z;(t)’s are observed for
all ¢ € [0,1] without noise, the estimator of 7 is the eigenfunction 7)q associated to the d-th largest
eigenvalue of the empirical covariance operator

~ 1 <&

LPHe) = AL Z)Zi(), fel

=1

However, in practice, functional data are observed on a discretization grid (fixed or random) and
are usually corrupted by random noise as Model (2.1). This fact was the motivation for using a non-
parametric approach (which is the second approach). Hall et al. [2006] established optimal rates of

convergence of order 241 in the case where the number of per-individual observations p is bounded
and the signal has r bounded derivatives.

In the continuous noiseless case, the naive estimator achieves the optimal rate of n~1. On the other hand,
regularization is needed to attain non-parametric rates in the discretized noisy case. The gap between
these two views results in different heuristics and rates. It was first bridged in Descary and Panaretos
[2019] who studied a generalization to a heterogeneous noise with possible time dependency at the price
of two strong assumptions: the analyticity of the eigenfunctions and finite rank of the covariance operator
of the signal. The achieved rate is then n~! 4 p~2, the result obtained seemed to indicate that a double
asymptotic framework would be more suited to study the effect of both the number of replicates and the
size of the grid.

The motivation of this work is to investigate the effect of i.i.d noise (unlike Descary and Panaretos

[2019], no time dependency is allowed) and the size of the grid on the estimator, that computes eigenele-
ments after the projection step.
Notations: We denote || - || the L.2-norm associated with the scalar product (-, -) and || - ||¢, the £2-norm
for a vector. For P a probability measure, we denote E' the associated expectation. We denote Pz the
distribution of the process Z and E the associated expectation. The set of continuous functions on [0, 1]
is denoted C°. We adopt the following notation: for two sequences a = (@np)np>1>b = (bnp)np>1 of
real fixed quantities or random variables, we denote a < b if there exists a universal constant ¢ such that
anp < cbpp as. forall n,p > 1. We define sign(u) = 17,>0) — 1{y<oy forany u € R.
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2.1.2 Organization of the chapter

We first start by defining the regularity class of the curve Z in Section 2.2, we then show a lower bound
in the minimax sense on this class in the Section 2.3. In Section 2.4 we define our estimation process
and the resulting estimator, we show general bounds on any bases of L.? in Section2.5, and we specify
our results for Haar wavelets, histograms, Lipschitz basis, and Daubechies wavelets in Sections 2.7 and
2.8. The proofs are presented in Sections 2.11 and 2.12.

2.2 Definition of the smoothness class for the functional curve 7

The convergence rate depend on the underlying smoothness of the process of interest.

Definition 1 For any o € (0, 1] and L > 0 we consider the regularity class
Ra(L) = {P, probability measure on C° such that

/Co{z(t) —2()PdP() < Lt — s, (s.0) € [0,1°}

The use of this regularity set is natural. Indeed, we can, for instance, remark that Py, the distribution
of Z, satisfies:

Pz € Ro(L) & Ez[{Z(t) — Z(s)}*] < LIt — 5|, (s,t) €[0,1]%
Our regularity condition implies that kernel K is bounded:

[Kllo = sup |K(s,t)| < oo,
(s,t)€l0,1]?

and is an a-Holder continuous function. More precisely, for any (s, s',¢,t') € [0, 1],
Pz € Ro(L) = |K(s,t) — K(s',t')| < (IK|locL)? (|s — 8| + [t — |%) . (2.3)

Conversely, if K is a bivariate a-Holder continuous function, we know that there exists L' > 0 such that

K (s,8) = K (s, )] < L/ (|s = /2 [t = 2/2) ™.

Then
Ez[{Z(t) — Z(s)}?] = K(s,s) — 2K (s,t) + K (t,t) < 2L'|s — t|*,
and Pz € R, (2L).

Remark Note that classical Gaussian processes belong to R (L) for a and L well chosen. For instance,
if Z is a standard Brownian motion or a Brownian bridge then Pz € R 5(1). More generally, fractional
Brownian motions with Hurst exponent o and Hurst index C,, belong to R (Cy). If Z is an Ornstein-
Uhlenbeck process, its covariance function is K (s,t) = exp(—|t — s|/2), then it verifies

Ez[{Z1t)— Z(s)}*] =21 — e "512) < |t — 5], (s,t) €R?,

which implies Z € Ry 2 (1). We refer to Lifshits [1995] for the precise definitions and properties of these
processes.
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2.3 Lower bound

The lower bound of the risk for estimating eigenfunctions can be viewed as a benchmark to achieve. We
focus on the first eigenfunction, but a similar result, though more technical, could be obtained for the
other eigenfunctions.

Theorem 1 Suppose that Z is a Gaussian process and p > 3. Let o € (0, 1] and L > 0. There exists ng
only depending on L and « such that, for all n > ny,

inf sup  E(ii - i) = e(0) (p72* 407,

M PzeRa(L)
where c(0) is a positive constant depending on o and the infimum is taken over all estimators i.e. all
measurable functions of the observations {Y;(ty),h =0,...,p—1,i=1,...,n}.

The Gaussian assumption for Z is only required to prove the lower bound of the minimax risk by
n~!. A generalization to non-Gaussian processes could be made with an assumption on the regularity of
the density of the observations, but at the price of further technicalities to control the Kullback-Leibler
divergence [Tsybakov, 2009]. The lower bound of the minimax risk by p~2¢ is true whatever the distri-
bution of Z. Indeed we can construct two processes Zy, Z1 € R (L) with first eigenfunctions distant
of p~2 from each other and such that Z(t;,) = Zi(t;) almost surely for all h = 0,...,p — 1 (see
Subsection 2.11.1).

2.4 Definition of the estimators of the eigenelements

Following the usual approach of functional data analysis [Dauxois et al., 1982, Bosq, 2000, Ramsay and
Silverman, 2010, Hall et al., 2006], the estimation procedure for functional principal component analysis
consists in estimating the covariance operator I' from the data:

1
I = /0 K(s,)f(s)ds, fel?

that is well defined provided F(||Z||?) < +oo, which is assumed in the following. Then, a natural
approach consists in estimating K in a first step using the empirical covariance kernel:

R(s,t) = % S Zi0)Zi(s), (s,1) € [0,1)%
i=1

Since this estimator cannot be calculated directly from the data, we introduce (¢ )xen ,» an orthonormal
system of L2 with Ap a finite set of size D. In the following, we will consider histograms, Haar wavelets,
Lipschitz basis and Daubechies wavelets. Then, in the setting of Model (2.1), we first reconstruct the
observed curves on the entire interval, and we define, fori = 1,...,n,

-1

- _ _ 12

}{L(t) = Z yi,A¢A(t)7 y’i,)\ = - Zn(th)fﬁ)\(th% te [07 1]7
)\EAD p hZO

with y; » an approximation of (Y, ¢»). Similarly, we define Z-(t), Zixs EZ (t), €ix by replacing Y;(ts)

in the previous expressions by Z;(t), and €; 5. A natural estimator of the covariance kernel K is then

Ryls.t) = - S VilOTi(s), (s,0) € 0,17
=1
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and the covariance operator I' can be estimated by
1 AN
)= [ Rutsf(o)ds, el
0

Since K. 618 symmetrlc the operator I‘¢ is self-adjoint and is also finite-rank since Im(F¢) C span(Yl, e
Therefore, F¢ isa compact operator. From the spectral theorem, we know that there exists a L?-basis of

eigenfunctions of F¢, denoted by 7y = {7)s.4,d € N*}, with associated eigenvalues jiy = {fi¢.4,d €
N*;Tig1 > g2 > ...}. We then obtain estimates of the principal components that are analyzed in the
minimax setting.

2.5 General upper bounds

We now derive upper bounds for estimates 7)4 4. For this purpose, we set @ € N such that Q@ < min(n, p)

andford =2,...,Q,
b = 8/ min(py — s g1 — 7).
Since we supposed that all eigenvalues ;.;’s are distinct, the quantities by’s are well defined and finite.
The eigenfunction 7; being defined up to a sign change (—n is also an eigenfunction associated to

the eigenvalue 1), we cannot assess our procedure by using the classical risk E(||7j5.4—7||?). Following
Bosq [2000], we evaluate the risk of

Ni.a = sign((g,d, 14)) X 1q-
We consider the following mild assumption on the 4th moment of the vector
Z=1{Z(to),...,Z(tp-1)}".
Assumption 1 We assume that there exists C1 > 0 such that
E{(vTZ)"} < C1[E{(v"Z)?}]?, v € RP. (2.4)

Assumption 1 ensures a control of the fourth moment of Z; ). It is satisfied with C; = 3 if Z is
Gaussian. Then we obtain the following result:

Theorem 2 Letd € {1,..., Q} be fixed. Under Assumption 1, we have

2

max(Ch + 3;6
) < sy [npriip T + PEEEIO Y S (024 2)
AEAD

J4
K)(qbaD) +A§2U)(¢7D) + 2:| )

E(ln4.a —

where 11 is the orthogonal projection onto Sp = span(¢x, A € Ap),

R 1 p—1

3 1
0% = Var(éy ) 2 E P3(tn), 3= Var(31)) = o > Kt tn)oa(tn)oa(t)
R,k =0

Vo).
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and
1 p—1 1 pl 2
APOD) = 3 35 Ktntworton(tn) — [ [ Kl exs)oxtdsd b
averp (P niw=o 070
ot 151 ’
Az(f)(QD):pj > {Z¢/\(th)¢)\’(th)_1{)\:,\’}} :
averp Ph=o

The proof is provided in Subsection 2.11.2 page 32.

The first term of the upper bound is a bias term corresponding to the projection step that decreases
with D, the dimension of the approximation space. The second term is a variance term that increases
with D. Contrary to what generally happens in non-parametric statistic, it is bounded by n~! up to a con-
stant under mild assumptions on the orthonormal system (details in Section 2.7). Indeed, heuristically,
when p grows, the term o3 is of order o /p (the variance due to the noise is tempered by the repetition of
the observations) and the term s3 is of order [[ K (s,t)px(s)¢a(t)dsdt = E((Z,$2)?) 50 Y 5en,, 53 18
bounded by a constant (independent of D) of order E(||Z||?) < +o0. By taking D = card(Ap) < p, the
second term is of order n~!. The third and fourth terms are linked to the discretization and are usually
negligible with respect to both the bias and variance terms (see Section 2.7). The term o /p? is also
negligible.

We can refine the previous result and obtain similar upper bounds in probability. To state them, we
first recall the definition of sub-Gaussian variables. Then, we refer to Vershynin [2012] for more details.

Definition 2 We say that a random variable W is sub-Gaussian if

1/q
Wl = sup {2 Wi} '} < .
g1

In this case, |W ||y, is called the sub-Gaussian norm of W.

Assumption 1 is extended to all moments of order g as follows.
Assumption 2 We assume that there exists Cy > 0 such that

[v"Z])}, < C2E(w"Z)?, veRP

Assumption 2 of Theorem 3 is stronger than Assumption 1 of Theorem 2, but it allows us to obtain an
inequality in probability, which is stronger than in expectation. The price to pay is the logarithmic factor
in the variance term as shown in the following. Using quantities introduced in Theorem 2, we then obtain
the following result.

Theorem 3 Ler d € {1,...,Q} be fixed. Then, under Assumption 2, for all v > 0, with probability
larger than 1 — 2 exp(—1/64 min(y2, 167+/n)),
2
(/2 + 7)2C*(Cy + 1)? ) 2)
n Z Oy + Sy

AEAD

s.d = n%al® < 5ba |ITpITp — TI3, +

‘ Q

4
LAY (6, D) + AP (6, D) + 2} ,

3

where C' is an absolute constant. The proof is provided in 2.11.2 page 32.
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Observe that if we take 7 = 8(log n)l/ 2, then for n large enough, the upper bound holds with
probability larger than 1 —2n~?. In this case, the order of the variance term is the same as for Theorem 2
up to the log n-factor.

Theorem 3 is based on Assumption 2, namely a control of the sub-Gaussian norm of v* Z for all
vectors v. Such controls are standard to obtain concentration inequalities which are at the core of the
proof of Theorem 3; see for instance Vershynin [2012], Koltchinskii and Lounici [2017] or Section 2.3
of Boucheron et al. [2013]. This assumption enables us to apply large deviation bounds for martingale
differences established by Juditsky and Nemirovski [2008] to specific covariance matrices. See Proposi-
tion 8 in the Proof section for more details. Observe that Assumption 2 is satisfied if Z is Gaussian.

Remark The classical functional assumption (see, e.g., Mas and Ruymgaart 2015) amounts to bound
the moments of the variable (; appearing in the Karhunen-Loéve decomposition (2.2) of Z as follows:

sup sup E(|¢j[*7) < ¢!b?"
¢>1 deN*

for b > 0 a constant. This type of assumption is not well adapted to the case where the data are
discretized but shows strong similarities with ours since C; = (Z,n5) x V((Z,n5))~V/2.

Remark The first step of the proof of our results consists in applying Bosq inequalities to bound |14 q —
¢ gll- Similar bounds also hold for |fiq— juy|. See Section 2.11.2 of the proof for more details. Therefore,
bounds of the previous theorems also hold for |jiq — ,uZ\Q. Obtaining lower bounds for the estimation of
the eigenvalues remains an open interesting question.

2.6 Definition of the smoothing bases

In all what follows, we specify the results obtained in Section 2.5 for specific bases or orthonormal
systems. In this section, we define those bases and the orthonormal system.

2.6.1 Histogram system

Definition 3 Ler D be a positive integer, we define Ap the set of indices such that:
Ap :={0,...,D — 1},
and we define the functions (¢)) e, such that:
YAeAp, Vtel0,1], o¢a(t)= VD1 (t),
with Iy = (A\/D,(A+1)/D].

2.6.2 Haar wavelets

Let us define the functions ¢, v such that:

vt e [07 1]7 ¢(t) = 1[0,1] (t)

let A be the set of indices such that:

A = {(,k);j €Nk {0,...,27 —1}}.
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and A = A* U {(—1,0)}, finally we define the sequence of functions (; 1) (;x)ea such that V¢ € [0,1]
we have:

V(], k) € A” wj,k(t) = 2j/2w(2jt - k) = 2j/2[11j,2k (t) - 11j,2k'+1(t)]
Y-1,0(t) == B(t) = 1 1)(t)
2k 2k+1

with I o, = [5757, 3541 ).As defined, we know that (1 1) (j.x)ea forms a basis of IL? (see Gine and Nickl
[2016] section 4.3.5).

Definition 4 Let D be a positive integer, we define A7, a finite subset of A* such that:

Ay ={(j,k);j€{0,...,D}, k€ {0,...,27 —1}}.

Consequently Ap = A, U {(—1,0)}. We refer to (V1) k)en,, the restriction of the basis to the set
Ap.

2.6.3 Lipschitz bases
Definition 5 Let (¢))en be a basis of L2, we assume there 3(Ly) e such that:

\V/(S,t) S [07 1}27 M)/\(t) - (Z)A(S)’ < L)\‘t - S"

Let Ap be a subset of A containing D elements of A. We refer to (¢x)xen,, the restriction of the bases
to the set Ap. Fourier basis and polynomial basis are examples of bases satisfying this property.

2.6.4 Daubechies wavelets

Wavelets are a set of orthonormal functions that generate .2, we refer to Hardle et al. [1998] and Gine
and Nickl [2016] Section 4.145 for more details regarding the construction of a wavelet basis on IL2.
The basis is created from the translation and dilatation of two functions, the father wavelet denoted by ¢
and the mother wavelet denoted by . For any integer jo (jo is constant that is fixed later), any function
f € 1.2 can be decomposed as follows:

270 —1 co 29-1
F= Giow )+ DD Wik N
k=0 j=jo k=0

where V¢ € [0, 1],

Gink(t) = 202920t — k), win(t) = 2P (2t — k).

Multiple choices of (¢,1)) are possible. In our work, we focus on Daubechies wavelets, and this
choice is motivated by the Lipschitz property shared by these functions (see Mallat [2009] Theorem
7.6). In all what follows, we denote by L, the maximum of the Lipschitz constants of the father and the
mother wavelet. Thus:

V(s,t) € [0,1]%,  [o(t) —(s)| < Lyt — s, (2.5)
|6(t) — ¢(s)| < Lylt — 5. (2.6)
In this context, we define as earlier the set A* such that:
A= {(k);j €N jo<jike{0,...,27 —1}},
And A := A* U {{jo — 1} x {0,...,270 — 1}}.
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Definition 6 Let D be a positive integer, we define Ap, a subset of A such that
pi={0:k)i €N jo<j<Dike{0,....2" —1}}.
And Ap = A5 U{{jo—1} x{0,...,2% —1}}. We also consider the orthonormal system (1; 1) (j k)eA s
with Vj,—1x = ¢jok forany k € {0,... 2700 — 1},
2.7 Upper bound for histograms and Haar wavelets

In this paragraph, we specify our results for the case of the following orthonormal systems, Histograms
and Haar Wavelets.

2.7.1 Histograms case:

Assumption 3 There exists an integer D such that D divides p.

In this framework, all terms appearing in the upper bounds of Theorems 2 and 3 can be easily controlled
(note that the results could be generalized to any D < p at the price of worst constants).

Proposition 1 Under Assumption 3, if Py € R, (L), we have

16L|| Koo 1124
IMpTIp — Tl <~ D™
16| K||oo L
48 (9 p) < MKl a0 44 py =
and )
c*D

AeAp

The proof of the proposition can be found in Subsection 2.11.3 page 39.

Combining Proposition 1 with Theorems 2 and 3, we finally deduce the following corollary.

Corollary 1 Let d € {1,..., Q} be fixed. Assume that P; € R, (L) and set D = p. Under Assump-
tion 1,

{Bl(LaKv a) 504 ‘/l(Ka g, Cl)}
by § —m 2 +

E (g~ mial?) < e

p? n

and under Assumption 2, for any 3 > 0, for n large enough, with probability larger than 1 — 2n=?,

R . Bi(L,K,a) 50* Vo(K,0,Co,3)logn
1M6a — i all® < bd{pza — T ,

p? n
where B1(L, K, «) depends on L, | K ||oc and o and Vi (K, 0,Cy) (resp. Va(K,o,Cs, 3)) depend on
| K ||, 0 and C1 (resp. || K ||oo, 0, C2 and B) (the constants By (L, K, ), V1 (K, 0,C1) and Vo (K, 0, Cs, B)

are deterministic).
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Remark Since o < 1, the term o /p? is not larger than the first term B1(L, K, ) /p** (up to a con-
stant). In particular, under Assumption 1,

s B([ga —ntal?) < L) (P72 407",
PzeRa(L),||K|lo <Lk

for C(Lg) a constant depending on Ly. This upper bound is optimal in the minimax sense. Observe
that Assumption 1 is very mild. If we replace it with the stronger Assumption 2, we obtain a control
in probability, coming from exponential bounds on probabilities of large deviations (for the Frobenius
norm) for specific matrices. The price to pay is a logarithmic term in the variance term. Note that the
observations are noisy do not change, and the convergence rate.

Remark As expected, parameters p and n strongly influence rates. In our framework with two asymp-
totics very different in nature, we note that if p is large enough (depending on n and «), then our
procedure achieves the parametric rate n~' already obtained by Dauxois et al. [1982] and Mas and
Ruymgaart [2015] when the curves (Z1, ..., Zy) are fully observed and without noise. It means that
discretization does not influence theoretical performances. Conversely, if p is not very large with respect
to n, discretization has a deep impact, and rates depend strongly on the underlying smoothness of the
curves observed in a noisy setting. The obtained rate p~—2® 4+ n~"' describes the competition between the
number of discretization points and the number of observations in the functional principal component
analysis very precisely. To the best of our knowledge, these rates are new.

Remark Finally, let us emphasize the simplicity of our optimal estimation procedure. It is based on
the most classical ideas: projection by using piecewise constant bases and empirical mean estimation.
In particular, regularization is unnecessary, and the knowledge of « is not required. The use of such
standard tools may be surprising given results obtained by Johnstone [2001] and Baik and Silverstein
[2006]. As already mentioned, functional principal component analysis is a very specific setting. The
rates we obtain have the same shape as those of Descary and Panaretos [2019] for which strong assump-
tions on the covariance operator (finite rank and analyticity of the eigenvalues ;) are required, and the
noise may exhibit local correlations. With the same assumption on noise as ours, Hall et al. [2006]
obtained an L% convergence rate n~2r/(2r+1) for kernel estimators when n; has a r-th order derivative
and the number of observations per curve is bounded by a constant. On the other hand, Bunea and Xiao
[2015] obtained a rate of convergence that is difficult to compare with ours because their assumptions
concerning the rate of decay of the eigenvalues differ significantly from our regularity assumption on
the process. Moreover, in the case of a Brownian motion, the rate of convergence of the L2- the risk
of reconstruction of the estimator of Bunea and Xiao [2015] is of order log®(n)n=" + p~ Y3 which is
suboptimal compared to the minimax rate of n=' + p~! that we have proven.

2.7.2 Haar wavelets case:
Assumption 4 There exists an integer q such that 297" = p.
In this framework, all terms appearing in upper bounds of Theorems 2 and 3 can be easily controlled.

Proposition 2 Under Assumption 4, if P; € Ro(L), we have VD € {0,...,q}

2”K||goL 9—2(D+1)a 3.2 9—-2(D+1)a

IpIp — T2 <
|| D D H = (Oz+1)2 1 — 92« (Oz+1)4 (1727204)2’

16| K || oo L(D + 2)?
- (a+1)2

p2, A4, D)=0
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and
529D+1

3 (a]%k —4—5?7,9) < || K]loo(D +2) +
(j’k)eAD

Combining Proposition 2 with Theorems 2 and 3, we finally deduce the following corollary. The proof
of the proposition can be found in Subsection 2.11.4 page 41.

Corollary 2 Let d € {1,...,Q} be fixed. Assume that P; € R,(L) and Assumption 4 holds with
D = q = logy(5). Under Assumption 1,

By(L,K,a)log(p)? 50t = V5(K,0,C1)log(p)?
bg p2a +pT+ n

B([1fa —nial?) <
and under Assumption 2, for any 3 > 0, for n large enough, with probability larger than 1 — 2n=7,
By(L, K, a)log(p)* | 50"  Va(K,0,Cy,B)log(n) log(p)® }

p2a p2 n

where Bo(L, K, a) depends on L, || K ||oo and o and V3(K,o,C4) (resp. Vi(K,o,Cs,3)) depend on
| K ||oo, 0 and C1 (resp. || K ||oo, 0, C2 and () (the constants Bo(L, K, o), V3(K, 0, Cy) and V4(K, o, Cs, 5)

are deterministic).

mw—@AQSb%

Remark Using the same arguments as earlier, we can show that under Assumption 1, the estimator
obtained using the Haar system has the following rate of convergence:

sup B (|liipa — 1t.all?) < Clog(p)* (p72* +n ")
PzeR(L)

Which is optimal in the minimax sense up to log(p)? term (the log term might be an artefact of the
proof). This result and the results we will show later on a continuous basis emphasize the importance
of piecewise systems in estimation quality. Moreover, due to our approximation technique, replacing
integrals with Riemann sums results in a piecewise natural estimator, therefore, using Haar wavelets or
histogram system cancels the bias from discretizing the bases itself.

2.8 Upper bounds for Lipschitz basis

In what follows, we specify our results for the case of general Lipschitz basis and Daubechies wavelets
(which are Lipschitz).
2.8.1 General Lipschitz basis:

We assume (¢ )aen is Lipschitz (see Definition 5). In this framework, all terms appearing in the upper
bounds of Theorems 2 and 3 can be easily controlled.

Proposition 3 If P; € R, (L), assuming definition 5 is satisfied, we have

ITpITp — T2, < Y (T(da), én)%
(N NEAT,

D _ G4L[Kloo(Xrens [oall71)? AL K|Zllox )12 4 e, L)IK %

N AEAD
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404
N

(ZX,)\eAD L3 loall3

XCaen, 13)?
p? - '

p4

and

ALK olloallze | [1K]loo L3
S [t < 3 [P I (o, 04 22

AeAp AeAp

2 0?20 L2
+ ) [<F(¢>\)7¢/\>+0+0<)‘”Z))‘HL+}O§\>]

AeAD p p

Combining Proposition 3 with Theorems 2 and 3, we finally deduce the following corollary. The proof
is provided in Subsection 2.12.1 page 49.

Corollary 3 Letd € {1,...,Q} be fixed. Assume that P; € R,(L). Under Assumption I,

2 2 2
E(Hﬁ(b,d _njt,d‘|2) < bd ( Z (||¢/\HL1 1 L)\H¢)\||L1 4 ié\ " <F(¢/\),¢>\> n gp)>2

AeAD pa p
x V%(KaL?O—a Cl)
n

(XCxeap ||¢AH%1)2+ 3 5N +(Z)\€AD Li)Q)

B LK(
+B3(L, K) pa P2 4pt

N AEAD

+5 Y (T(da), én)? ),

(W N)¢A

and under Assumption 2, for any 3 > 0, for n large enough, with probability larger than 1 — 2n=",

= * oAl Lyloallpr . L3 T2\ 2
oa—nial® < bad (3 (Pt + A L Ak D). ) + 2)

a AeAD pa p
XV%,(K,O',CQ,B)IOg(n)
n
(X oxenp 1oall71)? L2oxnl2 (XCaenp, L3)?
+Bg(L’K)< e t 2 2T gy )

N AEAD

+5 ) (T(a), )7 },

(VgAML

where B3(L, K) depends on L and || K||o and V5(K, L,0,Cy) (resp. Vs(K,0,Ca,3)) depends
on |K|lso, L, 0 and Cy (resp. || K||oo, 0, Co and () (the constants Bs(L,K), V5(K,o,C1) and
Vs(K, a,Cy, B) are deterministic).

2.8.2 Daubechies Wavelet basis:

Assumption 5 Let r be a positive integer. In what follows we choose Daubechies wavelet with r vanish-
ing moments, i.e:

1
vm € {0,...,r}, / t™p(t) = 0.
0
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In what follows we fix jo such that 290 > 7. In this framework, all terms appearing in the upper
bounds of Theorems 2 and 3 can be easily controlled.

Proposition 4 Under Assumption 5, if Pz € R, (L), we have VD € {jo, ... ,logy(p)}:
IHpIlp — P|%, < Br(K, Ly, ¢, a)2 2702,

D+1)2 4(D+1)20 24D
AéK)(¢’ D> S 16BK(K7L7L¢?¢7¢7Q7T)2 <( ) ( ) ) ’

45—
p2a p2 4

p
BN<07 La Ll[nwu ¢7T)
pQ

N
AN (¢, D) < 54
and
S (2 + ) < 2001207 + 20| K o) + 4% (0 + 7(D + DI ).
(j7k)€AD

where Bp(K, L1, ¢, «) is a deterministic constant that depends on || K || oo, L, |11, ||0|1 and «
and By (K, L, Ly, v, ¢, o, r)(resp. Bn(0,L, Ly, v, ,7)) are deterministic constants that depend on
| Koo Ly Ly, |01, |0l 21, o and v (resp. o, L, Ly, ||¢| 11, ||@|| 2 and 7). The proof is provided in
Subsection 2.12.2 page 52.

Combining Proposition 4 with Theorems 2 and 3, we finally deduce the following corollary.

Corollary 4 Let d € {1,..., Q} be fixed. Assume that Py € R (L) and Assumption 5 holds. Under
Assumption 1,

o Vi(K.0,Cr.1.6.1)D* | 50"
B(1fea-nzal?) < 0af ™™ LA
n p

D*  D2?P

+B4(K3L5L¢’wa¢aa7r)(]% + p2 +2—2DO{) }

and under Assumption 2, for any 3 > 0, for n large enough, with probability larger than 1 — 2n=7,
(K, 0, C, 8,1, 6,1)D?log(n) 50"
n P>

D?*  D2?P
+B4(K7L7L1/)7w7¢a 04774)(]% + p2 +2_2Da) }7

1d — meall® < bd{

Q@.7)

where By(K, L, Ly, ¥, ¢, o, 1) depend on | K || oo, L, Ly, ||9| L1, |01, cand r and V7 (K, 0, C1,4, ¢, 1)
(resp' ‘/8(K7 07 02767w7¢? T)) depends on HK”OO) 0—) Cl: ¢HOO} ¢HOO and/r. (resp' HKHOO: J: 02) /3)
1¥]|00s || @]|oc and ) (the constants By(K, L, Ly, v, ¢, o, 1), Va(K, 0,C1,4, ¢, 1) and V3(K, 0,Ca, B,1, ¢, 1)

are deterministic).

Remark The upper bound (2.7) balances three terms. The first is due to the variance of the estimator
2
and is of the order of %g(n). The second is the effect of the noise and is of the order of %3' the last term

. . . . . . _ 2 2D
encompasses the bias due to discretization and truncation and if of the order of 2~ O‘+}% +D2  Such

p2
.. . 2D .
upper-bound can be optimized over the values of D. Note that when doing so for the terms DIQ)Q 4272
. . _1 2D _ 2
we can show that the optimum is reached for 2D < pT+a and 012772 + 272D — %, the term 1% =
pa+1

bf}%y is negligible, which allows us to deduce the following corollary.
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Corollary 5 Let d € {1,...,Q} be fixed. Assume that P; € R,(L) and Assumption 5 holds for
1
2P < pa+t < 2P+ Under Assumption 1,

2

pa+1

~ * 3B4(K7L7L >¢a¢,05;"”)10g(p)2
E(||77¢,d—77¢,d||2> < bd{ 4

L OVilK,0,C1 0, ,7) log(p)z}
n

and under Assumption 2, for any 8 > 0, for n large enough, with probability larger than 1 — 2n=P,

3B4(K,L, L 1 2
H7/7\¢7d —nidHZ < bd 4( ) d)a’(é;d)vaar) Og(p)
y pm
| V&K, 0,Co, 8,4, ,7) log(n) log(p)g}
n

The proof follows from Corollary 4.

Remark In the previous corollary, we provided a way to select |Ap|, the dimension of the projection
space. However, the selection relies upon the knowledge of o, which is unknown in practice and it is
suboptimal compared to the rates obtained using Haar wavelets or histograms.

2.9 Numerical experiment

2.9.1 Simulation results

We assess the statistical performance of functional principal components estimators with simulations. We
consider two eigenfunctions such that 7} (-) = v/2sin(27-) and n3(-) = /2 cos(27-), with eigenvalues
w7 = 1.1 and pd = 0.1. Simulated functional data are sampled on regularly spaced discretization points
tp, =h/(p—1)withh =0,...,p — 1, and we compute the covariance matrix ¥ such that:

2

Sha = Y g (ta)ma(tn) + 0 Lnp
d=1

from which we sample n random functions Y7,...,Y, ~ N(0,Y), following Model (2.1). Then we
consider different values for the number of observations

n € {256,512,1024,2048,4096} to study the asymptotic performance of our estimators, and we will
also consider different values of p € {16,32,64,128,256} to study the impact of discretization. The
noise level o is chosen to match a given signal to noise ratio defined by o2 Z?l:l f; (the variance
of the signal divided by the variance of the noise), that takes value in {0.25,1,4}. We consider two
smoothing systems, histograms and the Haar wavelets, as detailed in the Subsection 2.9.3. We report
the performance on average nby.s; = 25 independent simulations. Even if our theoretical results do
not include regularized estimators, we also consider a hard thresholded version of these estimators to
improve reconstruction.

2.9.2 Reconstruction Errors

To assess the empirical performance of our approach, we study the behavior of the mean reconstruction
error

E(|l.a = fiall®)
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according to the number of observations n, the size of the discretization grid p, and the signal to noise
ratio. The first intuition would be to compute the following :

1 nbtest

1 p . 2
* -~ 2 * ~
Bk = Aoal?) = = D0 D" {nhalt) ~ Waltn)
j=1 ¥ h=1

However, one can see that this does not measure the bias. Indeed, using Bosq inequality, we can show
that this quantity is of the order of Op(n ") for unregularized methods. Since we are interested in the
effect of discretization, we introduce a second finer grid s, = h/p/, with h = 0,...,p’ — 1, such that
p' > p (p' = 8192 in practice) and use the approximation

1 Nnbtest

R 1 v "y 2
Bt = Toal?) = 5 D7 5" {nalon) = Talon) |
j=1 ¥ h=1

To deduce the values of our estimator outside of the original grid, we use the piecewise constant prop-
erty of the Haar and the histogram systems. In the following we also compute the estimation error on
eigenvalues and assess E{ (1}, — fig.q)?}

2.9.3 Computing smoothed fPCA estimates with regularization

We consider two smoothing systems: the histogram and the Haar wavelet systems. In the case of
histograms, we denote by D the number of bins (such that D divides p in practice), then Ap =
{0,...,D —1} and

éx(t) = D2 x 13 /p ag1yp) (1), t€[0,1],X € Ap.

Then in the case of the Haar system, we consider (¢o,0,%j%,j = 0,...,J,k =0,..., 27 — 1), with
J + 1 = logy(p), wo,0 the scaling function of a multi-resolution analysis (father wavelet) and v ;. the
associated mother wavelets, such that

©0,0(t) = L[, (t),
¢j,k($) = 2j/21[2k—2,2k—1) (t) - 2j/21 [Qk—l 2k )(t), te [0, 1]'

Y ESRDYES DY RS RPYES

Cross-validation procedure

We introduce a cross-validation procedure to regularize the eigenfunctions estimators. For each fold r €
{1, ..., ngws} we split the observations Y = (Y7,...,Y,,) into two training and test sets Y- ytestr
such that | train, U test, |= n and | train, N test, |= 0.

Haar wavelet We introduce (, a thresholding parameter, and we set

J 271

Yic(t) = ¥i0,0000(t) + Z Z YiikLig, n>cin(), i=1,....n, t€][0,1],
j=0 k=0

with

—1
_ 1%
Yi,00 = = E Yi(th)po,0(th),
p h=0

—1
_ 1%
Uik == 3 Yiltn)thjn(t)-
p h=0
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Then we compute the 7, c'son Y'rainr for each fold such that

2

(lyc)a € argmin > 1V — Z(ffi,g,fdﬁdHQ-

(farfar)=La—a i€train, d=1

We select ¢, the minimizer of the cross validated errors :

Tfolds

Z > Y- Z Y, .c) e

r=1 ictest, d=1

Tifolds

Once ( is chosen we compute the final estimator 77, gas:

2

(77d C)d € arg min Z H Z< 3,0’ fd>fd||2

Tarfa)=laca i—1 d=1

Histogram Using the same logic, we define for D a divisor of D :

De—1
=Y gi,ADé/Ql(A/DC,(A—H)/DC](t)a i=1,...,n, tel0,1]

with
Yix = ZY (th) D¢ "1 (x D (A+1)/Dc) (th),

then we compute the 7} D¢ ’s on Y for each fold such that

2

(Mnp)a€ argmin > [Yip, — Y (Yig, fa) fall*.

Uarfa)=La=a icirain, d=1

‘We select 1?4 the minimizer of the cross validated errors over all the divisors of D:

Tfolds

LSS oy Vi, i, )
d=1

r=1 iEtest,

TNfolds

Once Dy is chosen we compute the final estimator 7) 4D, 8

2

(ag)a€ o min ST, 5~ ST, e fi) il

drfar)=la=ar =1 d=1

2.9.4 Results

The empirical error rates on eigenfunctions match the theoretical ones (Fig. 2.1), with orders (] —
1) ~2(n~t + p=2) for the first eigenfunction estimator and (u — p3)~2(n~! + p~2) for the second
(Fig. 2.4 and 2.5, p3 = 0 in our setting). Computed errors exhibit a double asymptotic behavior in n
and p. The rates in n are slower than those in p, and exactly match n~! and p~2. Also, the difference
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Figure 2.1: Mean square error for the first eigenfunction 1] according to the number of discretiza-
tion points p (left), and the number of samples n (right). Left: the number of samples is n €
{256,1024,4096} (light gray, gray, black respectively). Right: the number of discretization points is
p € {16, 32,256} (light gray, gray, black respectively). The signal to noise ratio is 0.25.
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Figure 2.2: Mean square error for the first eigenvalue ] according to the number of discretization points
p (left), and the number of samples n (right). Left: the number of samples is n € {256,1024, 4096}
(light gray, gray, black respectively). Right: the number of discretization points is p € {16, 32,256}
(light gray, gray, black respectively). The signal to noise ratio is 0.25.
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in terms of mean square errors between the first and the second eigenfunctions is due to the gap, since
wi — py = 10(ps — pi), which means that the estimation of the second eigenfunction is 10 times harder
in terms of rate of convergence.

We also show that regularization does not necessarily improve the rate of convergence of eigenele-
ments (Fig. 2.6 and 2.7). We showed that the projection-based functional principal component should
attain minimax rates without regularization. Consequently, at best, regularization should induce a better
variance but comparable rates. The situation is more obvious when one looks at reconstruction examples
(Fig. 2.8 and 2.9). Since one could operate only on the observed part of the function, at best, one could
improve results on the grid without going beyond n~!, which is already attained by the non-smoothed
estimator.

The situation is similar regarding eigenvalues estimation. The error matches the theoretical upper
bound (Fig 2.2). However, note that the estimator of the second eigenvalue does not suffer any aggra-
vation due to the gap (Fig. 2.5), which is predicted by the upper bound we obtained. We also have the
same behavior regarding the regularization, and it does not improve the convergence rate.

2.10 Application

Genomics offers an original application of functional principal component analysis to reduce the dimen-
sionality of data structured in one dimension along the genome. As an illustration, we consider the fine
mapping of replication origins in the human genome that constitute the starting points of chromosomes
duplication. Replication origins are under a very strong Spatio-temporal control, and are part of the
integrity maintenance of genomes. The investigation of their spatial organization has become central
to understand genomes better architecture and regulation, which remains challenging due to a complex
interplay between genetic and epigenetic regulations. Part of the genetic component of their regulation
involves particular sequence motifs, called G-quadruplexes, that have the property to form complex four-
stranded structures whose role in replication remains unsolved. A crucial aspect of understanding their
implication is determining if these sequence motifs have preferential positioning upstream replication
origins. To investigate this matter, we considered the ~130,000 replication origins of the human genome
[Picard et al., 2014], and we defined by Y;(¢) the process that equals one if there is a G-quadruplex at
position ¢ in replication origin 7, taking motifs coordinates from Zheng et al. [2020]. By convention,
t = 0 corresponds to the replication peak, and we consider positions 500 bases upstream this peak (in
negative coordinates). The continuous aspect of the model is not mandatory since positions along the
genome are discrete. However, the functional setting allows us to consider the spatial dependencies be-
tween the occurrences of these motifs, which is very informative. Given the discrete nature of the data,
we smoothed the data using the histogram system, with a bin size of 25 bases (corresponding to the
average size of G-quadruplexes). Then we performed functional principal component analysis, and we
used functional principal components to perform a downstream clustering. We projected every observed
curve on principal components to obtain a new representation of the functional data based on general
terms (Y3, 7.4), and performed a k-means clustering to regroup replication origins that share the same
spatial distribution of these G-quadruplex motifs. We considered six principal components along with 6
clusters, and we considered the spatial distribution of G-quadruplexes within clusters as a result (Figure
2.3). Functional principal component analysis appears to catch the spatial structure that makes the clus-
ters, as different clusters of replication origins are characterized by specific patterns of G-quadruplexes
accumulation upstream of the replication peak. Interestingly, the observed periodicity can be related to
a biophysical property of chromatin fibers. Indeed, the DNA molecule is in the form of chromatin fibers
in the nucleus, wrapped around the so-called nucleosomes with a periodicity of 144 base pairs. The for-
mation of stable G-quadruplexes has been shown to take place in nucleosome-free regions [Prorok et al.,
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Figure 2.3: Density of G-quadruplexes accumulation in human replication origins clusters, determined
by functional principal component analysis combined with k-means clustering. Each color correspond
to a particular cluster.
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Figure 2.4: Mean square error for the second eigenfunction 75 according to the number of dis-
cretization points p (left), and the number of samples n (right). Left: the number of samples is
n € {256,1024,4096} (light gray, gray, black respectively). Right: the number of discretization points
is p € {16, 32,256} (light gray, gray, black respectively). The signal to noise ratio is 0.25.

2019]. Hence, the periodicity of their accumulation upstream replication origins indicates that their po-
sitioning is directly linked to the epigenetic context of replication initiation. These new biological results
are currently under further investigation.

2.10.1 Summary of the results

This chapter started by establishing a lower bound in the minimax sense. Then, it exhibited double
asymptotic behavior in n the number of replicates and p the size of the observation grid and served as a
benchmark to achieve for our estimation process, i.e., we are searching for an estimator that reaches

. ~ 1 1

inf sup  B(i —nil?) 2 e(0) (= + = ).
M PyeRq(L) n . p

Using a very naive estimation process, namely projection estimator that does not involve any regular-

ization, we established a general upper bound that could be simplified for a specific choice of orthonor-

mal systems such as histograms, Haar wavelets, any Lipschitz basis (polynomial or Fourier basis, for
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Figure 2.5: Mean square error for the second eigenvalue 5 according to the number of discretiza-
tion points p (left), and the number of samples n (right). Left: the number of samples is n €
{256, 1024, 4096} (light gray, gray, black respectively). Right: the number of discretization points is
p € {16, 32,256} (light gray, gray, black respectively). The signal to noise ratio is 0.25.
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Figure 2.6: Mean square error for the first eigenfunction 1] according to the number of discretization
points p and the smoothing system (Haar, left panel, histograms, right panel). The number of samples is
n € {256,1024,4096} (light gray, gray, black respectively). Plain line: regularized estimator based on
cross validation, dashed line: non regularized estimator. The signal to noise ratio is 0.25.
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Figure 2.7: Mean square error for the first eigenfunction 7} according to the number samples n and
the smoothing system (Haar, left panel, histograms, right panel). The number of discretization points is
p € {16,32,256} (light gray, gray, black respectively). Plain line: regularized estimator based on cross
validation, dashed line: non regularized estimator. The signal to noise ratio is 0.25.
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p=16 p=32 p=256
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Figure 2.8: Example of reconstruction using non regularized estimator for the first eigenfunction ny
according to the number of discretization points n and the smoothing system (Haar, upper panels, his-
tograms, lower panels). The number of samples is n € {256, 1024, 4096} (light gray, gray, black respec-
tively). The signal to noise ratio is 0.25.

instance), and Daubechies wavelet. As a result, we showed that, when projecting the raw data on his-
tograms, the resulting eigenelements estimator achieves the desired rate (up to a multiplicative constant),
1.e.,

) 1 1
<C(=+ —).
]_C(n+p2a)

Similarly, the resulting estimator achieves minimax rates up to a log term for the Haar wavelets, i.e,

Ell[12g,4 = 134

fon * 1 ]_
Ellfoa —nial’] < Clog®)*(; + -53):

However, on the contrary, the projection on continuous orthonormal systems resulted in estimators
that fail to achieve the optimal rates, for instance, to illustrate this for Lipschitz basis, we will take Fourier
basis as an example, note that in this case, we know that Ly < CA and ||¢,|;1 < 1, which gives the
following.

1 DpD* D?
~ 2 2
El|7g,a —ntall*] < C(g + 2o +— + (L(dr); oAr)7).
(VN EAT

Lastly, for Daubechies wavelets, we showed that in the best-case scenario where o would be known,

we attain

~ " 1
E[l[7g,0 =t all"] < Clog(®)*(— + —51),
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p=16 p=32 p=256
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Figure 2.9: Example of reconstruction using regularized estimator for the first eigenfunction 7} according
to the number of discretization points n and the smoothing system (Haar, upper panels, histograms, lower
panels). The number of samples is n € {256, 1024,4096} (light gray, gray, black respectively). The
signal to noise ratio is 0.25.

which is sub-optimal. This emphasizes the role of the piecewise orthonormal system in the quality
of reconstruction.

2.11 Proofs

2.11.1 Proof of Theorem 1

To establish Theorem 1, we prove following Propositions 5 and 6.

Proposition 5 Under Assumptions of Theorem 1, there exists ng depending only on L and « such that,

for all n > ny,

inf  sup E[|m —nf|}] > en,

M PyeRa(L)

where c; > 0 is a constant depending on o.

Proposition 6 There exists a universal constant co > 0 such that

2c

inf sup  E[|[f —7i]*] > e2p”
m PzeRa(L)

The result of Theorem 1 is deduced from Propositions 5 and 6, by taking

1
clo) = B min(cy;cg) > 0.
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Proof of Proposition 5

The proof of Proposition 5 follows the general scheme described in Tsybakov [2009, Section 2.4.2]. Let

P(t) = eiﬁl(fl,l)(t)'

We then define
o4t —3) ifte[1/2,1),
o(t) = —¢(4t—1) ifte(0,1/2),
0 ift ¢ (0,1).

Both functions ¢ and ¢ are C'*° on R with bounded support, then are a-Holder continuous, for all o > 0.
Moreover fol @(t)dt = 0. We note L, > 0 such that, forall ¢,u € R,

o(t) — p(u)] < Lalt —ul®.
Let us now define two test eigenfunctions.
M o(t) = 1p,1(t),

and, with
Pa,s(t) = ap(st),
for a > 0 and s > 1 specified later,

nhmzc@m@+;ﬁw@) re 0.1,

with C such that [|n] ;|| = 1. We first calculate C:

. . 2 [t 1 1
Il = (Mol + 2= [ euatha + 2lignil?) = €2 (14 2lnal?)

Now, since s > 1,

2 2 ! 2 a® [* 2 a® ! 2 a? 2
loaal? = a? [ ot == [ o= [ oy =l
0 S Jo s Jo S
Then, we set
a2 -1/2
C = (1 + Hg0H2> <1 (2.8)
sn
Now, for & ~ N(0,1) and p} > 0, we introduce
Z2(t) = /wiéni ;(t), §=0,1

and we consider Model (2.1) such that Z?, ey Zg (resp. le, ey Z}L) are i.i.d copies of Z0 (resp. Zh.
Let, for j = 0,1, PjZ the distribution of Z7. We have for any (¢, u) € [0, 1],

/CU(Z(t) — 2(u)*dP{(z) = E[(Z(t) - 2’ (w))?]
2

= NTE[fQ] (nij(t) - Uf,j(“)) .
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We have easily that PZ € R, (L) since 7 o is constant on [0, 1], implying

/C (=() — 2(w)*dR{ (=) = 0.

We have
L GO =P = B (a0~ i)’
= D 1) = n()? = I (o) — o)
Lo
and, since C' < 1, P1Z € Ro(L) if
M < L. 2.9)

n
This allows to deduce that

inf sup B[ —nj|[*] > inf sup B[]l — 0],
M PzeRa(L) m j=0,1

and the aim of what follows is to prove a lower bound for E[[|71 — 77 ; 2]
Let 77; an estimator and 1) the minimum distance test defined by
12 = arg minj:O,l”ﬁl - n’inQ,
we have for j = 0, 1,
17— il = Sl =il
Now, since fol Nro(t)Pas(t)dt = 0, if
&<y, (2.10)

we have C' > (1 + [|¢?)~/2, and

2

* * * * * C
10y 5 = ? Lejepllnmo— il = Liosiy ‘(1 = C)nio — T Pas
C2
Loy (L= COF + S lousl?)
C%a® a®> el
2 Ly = 168 2 Y oz + 1
Then,
i sup B[ —nilH =~ T e max b £ )
1) - 2 o 1f 1 .
M PzeRa(L) A(lel? + 1) sn — " j=01

@2.11)

We now prove that the quantity inf ) Max;j=0,1 IP’(zZ # j) can be bounded from below by an absolute

positive constant. For this purpose, we control the Hellinger distance between the data generated by the

two models. More precisely, we have to prove that for some constant H2, < 2, we have
HQ((P(?bS)(@n’ (P10b3)®n) < H2

max
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where PjObS is the law of the random vector Y7 := (Y7 (t),..., Y7 (t,_1)) such that
Y(t) = 77 (t) + &3

with €,...,e% 1 &b, ...,el | ~iia N(0,0%). Indeed, in this case, Theorem 2.2 of Tsybakov [2009]

1
p—1> p—
shows that

inf rmas B( # ) > - (1~ v/ HEue (L~ H2u/3)) > 0
B 3=0,1 2

Furthermore, Inequality (2.11) provides the desired lower bound. First remark that
Y7~ N(0,Gy),
where G = ([Gjlek)o<th<p-1
[Gjles = EIY;(t)Y; (te)] = pint; (te)ni ;(tk) + 0 Loy

We have, for j = 0,
Go = Ly + 0°I,,

where 1,4, is the p X p matrix whose coefficients are all equal to 1 and, for j = 1,

1 1
[Gl]é,k = :UTCQ <1 + \/ﬁwa,s(tﬁ)> <1 + ﬁ‘ﬂa,s(tk)> + UQl{fzk}a

hence

. 1 1
Gy = piC” <1pxp + NG (117802,3 + ‘Pa,slé) + nﬂoa,S‘PZ,s) + 0%l

where 1, = (1,...,1)! € RP, pus = (¢as(to);---sPas(tp—1))t. Considering A(PgY*, PPP%) the
Hellinger affinity of (Pg%*, PP%*), we get

H2((Pgh)om, (PP)5m) = 2 — 2A(Pg¥, PP )™,

In our case where the variables are Gaussian with equal mean vectors, the Hellinger affinity writes (see
e.g. Pardo 2006, pp. 45, 46 and 51),

det(GoG) Y4
AR pptv) = MGG (2.12)
det((Gp + Gl)/2)1/2
Matrices Gg and (G; can be analyzed in terms of eigenvalues and eigenfunctions. Indeed, assuming that
p > 3, we take s > 1 such that

p—1
2s

1 if -1)/2 i int
s:{ ! if (p—1)/2 isaninteger and g =

b= if p/2 is an integer
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is an integer such that ¢ < (p — 1)/2 < p — 1. In this case,

p—1
1t§0as = ‘Pas p_Z(Pastk —QZ‘P Stk‘ aZSO(p )

k=0
p—1 p—1
4sk 4sk
= a - 3 1 s 1 s
<k0¢ (p 1 ) {#enpn} kzo¢ <p ) pfle(o,l/z)}>
p—1 p—1
4sk 4sk

= a <Z¢ (p ] 3) Likel(p—1)/(29),(0—1)/9)} Z¢ < > Like(o,(- 1)/(25))}>

k=0 k=0

p—1l—q p—1

4s0

= a ( ¢ (p — 1) Liseo.(o-1)/2s)) — O ¢ <p ) Like(0,(0-1)/(29))}

l=—q k=0

p—1l—q p—1

20 2k

= al Y ¢ < - 1) Lisepg) — D& < - 1> Like(0.9)}

l=—q q k=0 q

g—1 q—1
() Er )

(=0 k=1
= a¢(—1)=0,

replacing the variable & in the first sum by ¢ = k& — ¢ and observing that ¢ < p — 1 — ¢q. We also have

2 t
1p><p plpxp, 1p><p == ].p].p.
We set
-1
1 B R ~1/2
v = %1},, Vg 1= H‘Pa,ngQICPa,s =a 1<k220902(8tk)) Pa,ss
so that [|v1l¢, = |[valle, = 1 and vs, ..., v, an orthonormal basis of span(v1, v2)*, and V the orthogonal
matrix
Vo= [uisve; -+ 5 0p).
We have
G()Ul = (p/f{ + 02)’[)1, G()T)Q = (72?)2
* * p
Gron = (opiC? + 021 + mcﬂ\/; I0.clisve
* Y2
HC%[lpa,s |7
Givg = <+SZZ 2+M1C'2 H‘PasHegvl
and
ppi+o° 0 0
0 o? 0 .
Go=V Ve,



2.11. PROOFS 27

puiC? + o? i C? 0 .- 0
#iC% B asles 2 102 0 )
Gl - V 0 0 0'2 ‘e 0 V .
0 O O 0_2
In particular, we have:
M2 1) 402 S Plpuslle, 0 - 0
2 2 n (pa,s Zg
#*02 ) )
Go + Gy B IT\/%H‘PQ,SHEQ +0o 0O --- 0 .
O 0 O 0_2

We obtain
det(Go) = (puj + 0%)o* P = o (1 + o 2py7),

*2 p
2 +02) — 11 C4nH‘Pa,sH%2>
C%0
— 0_2(1972) (0-4 —|-pu1<020'2 + Ml ||90a5”€2>

e —o  MC0T
P (1 —|—p,u1020 2+ 1TL||‘PCL,SH%2>

* Y2
det(Gy) = o272 <<p,qc? + 0?) (“10

and

Loy [ (P1} 1;C? P
det((Go + G1)/2) = o*#= <<21(02+1)+02>< - 5 +0?) - i !<pa8||42>

* * * Y2 2 2
2(p—2 9 DPUT\ o o puy\ i C puiC<o
7202 (02 + )2 4 (o ) el )
*x _—2 2 *x Y2 __—2
) pUio puio” "\ uiC s | puiCoo
_o'p<(1+2 )+ (072 + 5 ) ™ |©a,s bt 5 — )
Now, we take
L 1 S
ol Lo
P llell

and we remark that since p > 3, we have s < 1 so that (2.9) and (2.10) are satisfied as soon as
. 8L2 L321+2a
~ 3BllellL T pllellL

and n > ||gp||_2.

Moreover we observe that

2 2 2 2
RS SRR, ST

P plell? &= \p
when p — 400, so

1
Up = EHQOa,snzz
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is bounded from below and above uniformly in p (and n). Furthermore,
det(Go) = o?P(1 4+ o7 2)

and using (2.8), we have

which implies

n
— o (140774 Ty -0 +0( 1))
and

2n n

-2 —4 1
= g% <1+U_2+U(up—1)+ a4up +O<)>.

Now let ¢ > 0. For p large enough, |u, — 1| < ¢ and using (2.12),

A(Pobs ObS) _ det(G0G1>1/4
0 ot det((Go + G1)/2)1/2

(1-020+0324+0(%))

(1 +(1 —|—0‘*2)*10'277n2€ +o0—4(1 +a*2)*1(1;f) " O(i))l/z

1/4

>

implying

(1-o20+02 2+ o(i))"/4

n2

obs obs\n
A(PO aPI ) > 72 (14¢) n/2
(1+(+02) 5 e + 011 +02) 1D 4 0( %))

SO

lim inf A(P", PP**)" > exp ( — 050 2(1+0"3) e —01250" (1 +072) 7 (1 + 5))

n—-+o00

and the last quantity is positive for any € > 0. This implies that

lim sup H2((Pg*)®", (PP*)®") < 2.
n——+00

Proof of Proposition 6

The proof is based on Assouad’s Lemma and follows the general scheme described in Tsybakov [2009,
Sections 2.6 and 2.7]. Let

(1) = e Ty (1),
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We then define
p(4t—1) ift€]0,1/2),
o(t) = —p(4t +1) ifte (-1/2,0],
0 ift¢ (—1/2,1).

Both functions ¢ and ¢ are C°° on R with bounded support, then are «- Holder continuous, for all a > 0.

The function ¢ has its support included in (—1/2,1/2) and verifies f 1o @(t)dt = 0. We note L, such
that, for all ¢, u € R,

o(t) = p(u)| < Lalt — ul®.

Let us now define test eigenfunctions. For w = (wy, ..., wp—1) € {0, 1}, we set

p—1
M w(t) = Co <7+Zwkp <p((t—tk)—1/2))>,

k=0

with C, and v > 0 two positive constants to be specified later. To be an eigenfunction, 77 ,, has to be of
norm 1, which writes

1 p—1 2
Intwll? = Cf,/ <7+Zwk (p‘asO(p(t—tk)—l/?))) dt
0 k=0

p—1 1
_ 2 2 w —a _ _
= C2 (7 +27’§ k;<p /0 o(p(t —tg) 1/2)dt>

2

1 /p—1
+/0 (Zwk (p‘“so(p(t—tk)—l/2))> dt

k=0
Using successively that the support of ¢ is in (—1/2,1/2) and that [~ 1{32 p(t)dt = 0, we have
1 it L2
/ e(p(t —tr) —1/2)dt = / e(p(t —tr) —1/2)dt = p~ / ) p(t)dt =0,
0 t ~1/2

and

p—1
/01 <wa(p<t—tk>—1/2> dt = Zwk/ (p(t —tx) — 1/2)dt = 1Zwkusou?
k=0

This implies that

p—1
Iwl? = C& (72 +p_2a_1||90\|22wk) :

k=0
We then fix the quantity

p—1 ~1/2
Cu = (72 +p‘2“_1Hsa\2Zwk) :

k=0
so that |77 || = 1 and observe that C,,, verifies

P+ lel?) < (P4 p2lel?) P < o <y
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. . . . . . _ L
We now define the associated distribution of our observations: for { ~ N'(0,1) and y7 ,, = arzez> We
set

Zo(t) = /1 €M w(1)-

Let PZ be the distribution of Z,,. We have that PZ € R, (L) since
w w

/(;([o,1])<z(t) —2(s)%dPZ(2) = E[(Zu(t) = Zu(s))’] = 11w (mw(t) — mw(s)*ElE?)
= M w(Mw(t) = mw(s)?
= 1 .C (kap‘a(tp(p(t — ;) —1/2)
— olp(s - t:)zo— 1/2)))%.
Then, using the properties of , we have two cases:

o If s,t € [tg, to1] forsome £ € {0,...,p— 1},

p 2
(Z wip” “(p(p(t —te) —1/2) — @(p(s — tg) — 1/2))>
k=0

= wip 2 (@(p(t — te) — 1/2) — o(p(s — tg) — 1/2))*
< p PL2|p(t —to) — p(s — to) P = L2|t — s|**.

e Ifs e [tg,tg_H[ and t € [tg/jtg/_;'_l[ with £ # v,

p 2
(Z wep” *(p(p(t —tr) —1/2) — p(p(s — ) — 1/2))>
k=0

= wip *o(p(t — te) — 1/2) — o(p(s — te) — 1/2)[*.
+wip 2 o(p(t — te) — 1/2) — o(p(s — te) — 1/2)]
< 2L2|t — s

Finally
[ (a0 = )P APul) 205 CBLE = 5P = Lit = s
c([o,1])

«
This allows us to deduce that.

inf sup E[|j —ni[*] > inf sup E[|m —ni LI,
M PyeRa(L) M we{0,1}P

and the aim of what follows is to prove a lower bound for E[[|71 — 77 112].
Let 777 an estimator and

W € arg minwe{o,l}p”ﬁl - Uf,wHQ,

we have

~ * 1 * *
7 =gl = 5llne = niw
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Now, still from the support properties of ¢,

I} & = 75 o

p—1 lkt1
= Z/t (Coly + Brp~p(p(t — ty) — 1/2)) = Cuo(y + wip~“p(p(t — 1) — 1/2)))* dt

p—1 .1/2 2
=p 'y / 1/2 (Coly +@rp~%p(u)) = Cu(y +wip™ “p(u)))” du
k=0""
p—1 p-!
= (Cz — Cu)™y + IlelPp™2 71 D (Cay — Cuwn)? = llglPp 271 Y (Caly — Cutwr)?
=0 k=0

p—1
> [lel*p* min{C3, C2} Y~ Lzt
k=0

> (7" + llel?) T HellPp* p(@, w),

-1
where p(w,w) = > 17—, L
Combining all the inequalities above, we have the existence of a constant ¢ = ||i[|?/(4(72 + ||]|?))
such that

is the Hamming distance on {0, 1}?.

inf sup  E[[i —ni,l*] > & 'inf max E[p(@,w)].

M PyeRy(L) © we{0,1}P
By Assouad’s lemma (see e.g. Tsybakov, 2009, Theorem 2.12), there exists a constant ¢ > 0 such that

inf Elp(@,w)] > 2.13
inf max Elp(@,w)] 2 cp, (2.13)

provided we are able to prove that for some constant K55 > 0,
KL((P%%)%", (PS®%)®™) < Kpax, forall w € {0,1}7,
where P2 is the law of the random vector

YO = (Yo(to), -, Yu(ty_1))

such that
Yo(tj) = Zu(tj) +¢;
with €9, . .., &p—1 ~iia N(0,02) and K L(P, Q) is the Kullback-Leibler divergence between two mea-

sures P and Q. In (2.13), the constant ¢ only depends on Ky,.x. We observe that, for all w € {0, 1}7,
forall7 =0,...,p—1,

Yoo (tj) = Zuw(ty) + €5 = /1] €M7 w0 (t5) + €5
Now

p—1

Mw(ti) = Co (7 + ) wi(p *e(p(t; — t) — 1/2))> = Cu1,
k=0

since o((p(t; —tx) —1/2) = p(—1/2) = 0if j = k and ¢((p(t; — tx) — 1/2) = 01if j # k by the

support properties of ¢ and the fact that

b

Pty —ti) = 1/2= 73—k~ 1/22 P

— —=1/2>1/2
12z
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if j > kand p(t; —t) —1/2 < 1/2if j < k. Hence

WL

YW(tj) = Mi,wgoo.ﬂ/ te = L2
6%

54‘6]’

and the distribution of Y 2% does not depend on w. Therefore,

KL((P2)®", (P§)®") = nK L(PZ*, P§*) = 0.

2.11.2 Proof of Theorems 2 and 3
Preliminary result

The proof of Theorems 2 and 3 is based on Bosq inequalities stated in the following theorem.

Theorem 4 (Bosq 2000) Let I' and T be two linear compact operators on a separable Hilbert space
(H, || - I, (-, ). We denote by

o o0
I'= Zui‘mé ®ng and I'= Zﬁdﬁd@)ﬁd
d=1 d=1
their spectral decomposition with the eigenvalues (j1})a>1 and (Jiq)a>1 sorted in decreasing order. Then
[Ha = pgl < T = T'|oc, (2.14)
where || - ||oc is the operator norm associated to || - || defined by | T|cc = sup ey =1 |7 f| for all
continuous operator T € L(H). Suppose moreover that, for d > 1, the eigenspace associated to the

eigenfunction 1 is one-dimensional and denote, to avoid sign confusion, 0’ ; = sign((N.4, 1)) X 13-

Then, we have

~ 1/2,13
17 — 1% 4l de/ T = I'|oo, 2.15)

where

and for any d € {2, ..., D}
ba = 8/ min(pg — pay1, Ha—1 — NZ)2'

The proof of Theorem 4 comes directly from Bosq [2000, Lemma 4.2, p. 103] for the upper bound (2.14)
on the eigenvalues and Bosq [2000, Lemma 4.3, p.104] for the upper bound (2.15) on the eigenfunctions.
We use the previous result to establish the following proposition.

Proposition 7 Setting K, = E [IA((;;] we have

4
~ * ) o o
6.0 =n%all* < 5ba | [T = Toll% + ITpTTp — TS + 75 + A (¢, D) + A (¢, D) . (2.16)
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Proof (of Proposition 7) In the sequel, we denote Iy = E[f¢] We have

Ky(s,t) = Y = Z (ths th)Oa(tn)dx (th ) Pa ()P (T)

)\)\/EAD hh’

+;7 Z Z OA(tn) D (th)da(s) D (t)

AN EAD h=0

2
= T K(s,t)+ = 3 oa(s)on(t) + B9 (s, t) + RO (s, 1),
AEAD
2.17)

where Ilg: is the orthogonal projection onto S2 = span{(s,t) — dx(s)dxn (1), \, N € Ap},

R¥(s,t) = > = Z (ths tr ) oA (tn)Ox (ta ) da(s) b (t) — T2 K (s,1)
/\)\'GAD hh’
—1
= > (1 Z (ths tw)oa(tn) o (thr) / / K (s, t)pa(s) o (¢ )det>
AN EeAD p h,h/=
XA (s)dx (1)
and
2
ROt = 75 3 Z@ (t) b (tn) () (1) — = Z NOING
ANEAp h=0 P \enp
o? 1 p!
= — > (Z¢>\(th)¢>\/(th) - 1{/\/\’}) OA(s) o (1)
p MNEAD ph:O

Then, from the decomposition of the kernel Ky given in Equation (2.17), we have for any fonction f and

any t € [0,1],

HS%K(St s+ 70 3 [ onts) s one) + TR0 + T

AeAD
o2

1
= /0 Iy K(s.0)f()ds + 7 Tp(F)(0) + T ()(0) + T (1),

where Il p is the orthogonal projection onto SD = span{¢x, A € Ap} and T (resp. T')) is the
integral operator associated to the kernel RUS) (resp. R(9)):

1 1
T () = /O RS (s,0)f(s)ds, T (f)(t) = /0 R (s, 1) (5)ds.
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Now,

/0 Mg K (s, (s)d / / / K (1, 0) (w)dx (v)dudv 6 ()b (1) £ (5)ds

AN EAD

1 1
= 3 oah) /0 /0 K (1, 0) b3 (1) by (0)ducdv e (1)

AN eEAD

= 3 (o0 NI, 6x) dx (1)

M EAD
= D (LD (&x F)on). ox) ow(t)
NeAp AeAD
— p(D(Ip(f)))(1). @18)

Hence, we obtain:
2

Ty =Ipllp + —Ip + TE) 4 70,
p

Now, since the eigenvalues (ji;)a>1 are all distincts, the eigenspace associated to the eigenvalue 1 is
one-dimensional and we can apply Theorem 4 to the operators 1 and Iy, which yields
bt /2

16,0 =il < ITs = Tl

IN

2
-~ o
82 (1B = ol + Mo — Tl 4 2 4 760+ 717 ).
(2.19)
In the previous inequality, we have used that ||IIp||sc = 1. We now control each term of the previous

inequality. For this purpose, introducing || - || is, the Hilbert-Schmidt norm of an operator defined by
IT(135 = > sea lITexr]|? where (ex)xen is an orthonormal basis of L? (recall that the Hilbert-Schmidt

norm is independent of the choice of the basis), we have, for all operator T : 1.2 < |IT||ms
since )
1T/l
T3 = sup
rerzgz0 117
and, by Cauchy-Schwarz’s Inequality,
2
LT SCUREES o] Dol Eae)
AEA AEA \NeA
< > (ZU, )’y <T6x,ex>2> =IFI* D 1 Texl® = IFIPNT 1 Frs-
AEA \NeA ANeA ANeA

Moreover, we also remark that if 'T' is a kernel operator associated to a kernel R,

ITl7s =D ITel> =)

AEA AEA

5 ([ o= [ [ -

A€A

2

1
/ R(s,-)ex(s)ds
0
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In addition, if the kernel R € S%, i.e. if there exists a matrix G = (GaN)aNen,, such that
R(s,t)= > Ganoa(s)dn (),
AMNEAD
we have ||R||12 = ||G|| , where, for a matrix G,
5 \1/2
16l = \/Tr(G7G) = (Y GRy)
AN eAD

is the Frobenius norm of the matrix G. The fourth and fifth terms of Equation (2.19) are then bounded
by the squared Frobenius norm of the associated matrices and we obtain

4
~ % = o
1,0 — 13.qll* < 5ba [Hm —Ty|l% + |HIpIp — D)% + ol AlF) (¢, D) + Al (¢, D)

Proposition 7 is proved.

To end the proof of Theorems 2 and 3, it remains to deal with the stochastic term Hf¢ —Tyll%, still
bounded by using the Frobenius norm:

[Ty — Tyll% < |Gy — Goll7,
where

~ 1<~
G¢ = (n z;yi,)\yi,)\’>
1=

and Gy = E[@qﬂ The upper bound of E[Hé¢ —Gy||%] gives Theorem 2, whereas Theorem 3 is deduced
from the control in probability of |G, — G|/ r provided by Proposition 8 below.

AN eEAD

End of the proof of Theorem 2

Lemma 1 Under Assumption 1, we have:

~ max(Cq + 3;6
B[|G, ~ Gl) < WALEODL S5 o2 4 3]
AEAD

Proof (of Lemma 1) We have

2
E[|Gy — Gyl3] = Z E (i Z [ﬂi,,\ﬂi,,\' - E[ﬂi,,\ﬂi,,\']D

ANEAD i=1
1 n
= > Var (n Z]i,AQi,N)
ANEAD i=1
1 -
< - Z INSVIRY
ANEAD
2
1 -
<= D (B



36 CHAPTER 2. ESTIMATION OF EIGENELEMENTS: UNIVARIATE CASE

Now, since £1) ~ N (0,0%), and Z1) = % Zz;é Z1(ty)oa(tn), we have

E[fi ] = El(Z1x + £10)"]
= B[z} ,] + 6E[Z] ][] ] + B[] )
< CL(B[Z\))? + 6E[2] \| B[] ,] + 303
< (C1 +3)ss + 603

and

2

A 2 1 4 2\ /2

EllGs — Gol#) < = | D2 ((C1+3)sh +601)
AEAD
2
max(Cq + 3;6)
< PEELEEDA Y [t ]

ANeAD

This ends the proof of Lemma 1.

Combining the upper bound of the previous lemma with (2.16) provides the stated result in Theorem 2.

End of the proof of Theorem 3

To complete the proof of Theorem 3, we need some technical lemmas. Before starting them, we recall
that for all i = 1,...,n, we have set

15 15 154
Jin ==Y Yilt)oa(tn),  Zia=—>_ Zi(tn)da(tn), &x==>_ cinda(tn)
p h=0 p h=0 p h=0

and
si = Var(Z; ), 0/2\ = Var(&; »).

In the sequel, we consider §; = (¥i x)xeAps 2 = (Zia)aeap, and & = (€3 )aenp -

Lemma 2 Under Assumption 2, for any u € RIADI,
[T 217, < C2E[(u" %)) (2.20)
If we consider €1 instead of Z1, Inequality (2.20) holds with an absolute constant instead of Cs. Further-
more,
TT( [57] ) T Tr( [6167] ) Y o .21)
AEAD AeAD
Proof (of Lemma 2) Since Z1 := {Z1(to),..., Z1(tp—1)}! is a zero-mean sub-Gaussian vector, the

vector Z1 is also a zero-mean sub-Gaussian vector. We have, for any u € R'AD|,

2
w217, = || D uaZia
ANeAp o
2
= | > uax *221 th)ox(th)
AeAD o

2
= [[v" 2], -
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lu® 21[}, < CoB[(v" Z1)?)
p—1

< CQE[ 3 vhzl(th)zl(th,)vh,}
h,h/=0

p—1
< Oy Z U,\prle{ Z OA(tn)on (tn) Z1(tr) Z1(thr)

MNEAD h,h/=0
< CyLE[(u'%1).

Now, if we consider & instead of Z1, setting 1 = (€10, ... ,elyp_l)T, and using Section 5.2.3 and
Lemma 5.24 of Vershynin (2012),

2 -
HvTele < CazﬂvH%Q = CE[(u'&))?,
with C an absolute constant, and
lu”&1l[}, < CE[(u’&1)?).
The equalities (2.21) are obvious.

Results of the previous lemma are useful for the following result.

Lemma 3 We denote X = (Xx')x xea,, the matrix whose entries are

Xonv = G101, — ElG1aG1,x]-

Setting
1 p-! o? i
Mp:= Y 5+ Y oi=> |5 D Kltntw)oa(tn)oaltn)+—5 > &3(tn) |,
AEAD AeAD AeAD p h,h/=0 p h=0

under Assumption 2, there existe an absolute constant C such that for any t > C(Cy + 1)Mp,
E [exp(t™![[ X )] < exp(1).
Proof (of Lemma 3) We have
IXIlF = 3191 — Elgigi ]l
<G +a)E +a)" e+ IEB[G + )G +éa)]llF
< |2z e+ 6L 1r + 2128 |r + | B[22 ] |lr + |E[816]] | e
<\zalz, + a7, + 21z lelEle, + 1E[ZE ]I F + 1B [EE ]| r
We also have

IEETE = Y. (Blaaian)’

MNEAD

Y. > EBEEEL

AeAp NeAp

<(34)

ANeAD

IN
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Therefore
IE[z4]lIlr< ) s
AEAD
and similarly,
IE[&:El ] < Y o}
AeAp

We finally obtain
IXIIF < 20207, +2[E11Z, + Mp
and we have
E [exp(t | X||p)] < E [exp(2t|Z1]|7,)] x E [exp(2t™[|€1]|7,)] x exp(t™'Mp).

Then, using Lemma 2 and Proposition A.l. of Bunea and Xiao (2015), we obtain for C, and c, two
absolute positive constants, if t > ¢,.(4C + 1) Z/\GAD 5%\,

E [exp(2t™Y21)12)] < E |exp 2t—1(H21||§2 - > 83) xexp (2070 ) 8
AEAD AeAD

2
4C5 +1 52
<exp | C, <( 2 )Z/\GAD A) +92t7t Z s%\

t
AeAp

Similarly, for t larger than ), . Ap a?\ up to a multiplicative absolute constant,

O’2 2
E [exp(2t&1]12,)] < exp [ Cus (Z*“M +2t71 Yo} |

t
AeAD
where Cl, is an absolute constant. This ends the proof of the lemma.
The following proposition controls the term H@¢ —G || as required to complete the proof of Theorem 3.

Proposition 8 We assume that Assumption 2 is satisfied. For v > 0, with probability larger than 1 —
2 exp(—1/64min(y2, 167y,/n)),

C(e!? +4)(Cy +1) Z

IGy — GyllF <
Vﬁi AGAD[

2 2
U)\+S)\:|,

where C' is an absolute constant.

Proof (of Proposition 8) We apply Theorem 4.1 of Juditsky and Nemiroski (2008) with o« = 1, since
(RIADI® || || ) is I-smooth (see Definition 2.1 of Juditsky and Nemiroski (2008)). Since Lemma 3 gives

fort > C(Co+1) Sen, [73 + 53,
E [exp(t X [#)] < exp(1),
for v > 0, with probability larger than 1 — 2 exp(—1/64 min(y2, 167+/n)),

C(e'? +7)(Cy +1) o2 4 &2
Nﬁa gé;)[ A_F A]

IGy — Gyllr <

Proposition 8 is proved.

Plugging the upper bound of Proposition 8 in (2.16) provides the stated result of Theorem 3.
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2.11.3 Proof of Proposition 1 (upper-bound on the risk for histograms)

We control each deterministic term of the bound obtained in Theorems 2 and 3. Using (2.18), we first
have for any f € Lo,

T - T = [ (MorTin(n)e) - T()0) a
/O(/HS2Kst ds—/Kst )dt

/ (/ (Tgz K (s,) - K(s,t))f(s)ds) dt

< /01 [/Ol(TISJzDK(s,t)—K(s,t))st/Ol fQ(S)dS] dt

< | K — K211

and then
[TpTTp — T3, < [Tge K — K.

Now, we take (s,t) € [0,1]%. Then there exists a unique couple (A, \') € A% such that s € I and
t € I Therefore, ¢y (s) = 0 for A # X and ¢y (t) = 0 for "' # N and then,

Mo K (s, 1) — K(s,1) = //stM)WWWWW@WWFMW)

A// )\///EA

- /0/0K(Slat,)fz)A(S,)Qs,\/(t/)dsldt/gb)\(s)qu(t)_K(Sjt)

~ D /I /[A/(K(s’,t’)—K(s,t))ds’dt’.

Then, Eq. (2.3) gives

HS%K(s,t)—K(s,t)’<D2\/L|K||OO/I 1 [|s'—s\a+\t—t’|"‘ ds'dt’
A N
VIR

- a+1

meaning that
16L[ Kl

IpIp — D2 <
[TIpTHp — T[S, < CESE

For studying the terms A (gb, D) and AI(,U)(gb, D), wesetforany h =0,...,p—1, b, = h/p. Observe
thatt, =h/(p—1) € [bh, brt1]. We also set forany A =0,...,D — 1,

Jy={h=0,...,p—1: Leb([by,bps1] N 1)) # 0}.
Remember that m := p/D is an integer, so that, Jy = {mA\,...,mA+m — 1} and

I = anAij—km}

p p

= | [bns bapal-

heJy
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Then, since ¢ (z) = v D1y, () and card(Jy) = m = p/D, forany \, ' =0,...,D — 1,

Gy

1
AN T o

= 1 1
; h%;OK(th,th’)¢A(th)¢A’(th’)/0 /0 K (s,t)px(s)p (t)dsdt

p_l bht1 fbprya
_ h;O / / [K(tn. 1) — K (5.0)| o2 (s)bx (1) st

by by

b1 fbprga
/ / th,th/)[%(th)(bx(th/) Dr(8) P (t )}dsdt
h,h/= b

h/
bn+t1 bh’+1
- DZ Z/ / th,th/)—K(s,t)]dsdt.
hEJy h'EJy
Therefore,

b1

«/HKHOOL(IS | [t — th/\a)dsdt

K
G55

IN

Dzz//

heJy h'edy

IN

brt1
2 ||K”00L><Dp lcard J)\/ Z/ |S*th|ad8
hedy

IN

2
2/ ||K || L x Dp~tcard(Jy )card(.Jy) x n 11070‘71
a
WIKTL )1
p .
a+1

Finally,
2 16||K||ccL 9,
6.0) =160 = 3 (a) < TRy

AMNEAD
Similarly, for any A\, ' = 0, ..., D — 1, observing that for A £ X, Jy N Jy = 0,

2

p—1
o, = (1 D Oaltn)dn (tn) — (éa, ¢A’>>
’ P \P=5

Q

g e Z D—l{)\ )\/ :0

hEJ)\ﬁJ/\/

and

A00.0) = ¢ = Y () =0

AN EAD
Finally, forany A =0,...,D — 1,
0% — 1 i
oy +s% = 72 PA(th) + = Z K (th, th)dx(tn)ox(tnr)
- p* h,h/=0
Do 1K |00 D
< —5—card(J) )—l—pigo(card(bf,\))2
Ly

< —
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and

o2D
S 3+ < 1Ko+ =2
AeAp p

This ends the proof of Proposition 1.

2.11.4 Proof of Proposition 2 (upper-bound on the risk for Haar wavelets)
Preliminary results:

Lemma 4 Let I be a covariance operator and (¢ )xca be a bases of L2 the following holds:
ITNZ < > (6a.T(dn)?
AN EA

Proof First note that for any f € Lo we have:

L(f) =T (o )é)

AEA

= (ox, /T (n).

AEA

Moreover, for each A € A we have:

L(g2) = > (T (62)) b

ANeA

Thus we have the following equality:
T(f)= > {(bx )b, T(x)on

AN EA

Regarding the behavior of the norm ||T'||%., we can show the following:

B =3 (XtonNov.T6)))

MNeA MeA
<3 ( Z<¢A,f>2\/z<¢»,r<@>>2)2
NeA AEA AEA
=( > {on . TaNHO (6, 1))
ANV EA AEA
=I£1* > (ox T(en)?
AN EA

Thus |T)|% < S5 vea(dn:T(9r))?

41

(2.22)

Lemma 5 Ler ' be the covariance operator of Z, for any (j, k) and (j', k') such that j,j € N, k €

{0,..,29 =1} and k' € {0,..,27" — 1} we have:

L
(a+1)2
VL o—i'(a+1/2)

a+1

|<F(¢j,k), wj’,k:’>| < 2*(j+j')(a+1/2)

[(T(-1,0), %jr )| = [(T(9), g i) | < 1K oo
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Proof We compute an upper-bound on the coefficients:
i) = [ GO0 o)
0,1
First we recall that for all j € N and for all k € {0,...,27 — 1}, we have f[o 1 Yk (t)dt = 0, thus

we have for all j,j’ € Nand forall k € {0,...,27 —1},k € {0,...,27 —1}:

(CWjk), Vyn) = E[Z,Yjp)(Z, Yy p)]
(Zbyg) = / (Z(t) — Z(279k) by (1)t
[0,1]

Using the Cauchy-Schwarz inequality, we have the following:

ENZ w50 Z by )] < //[0 22790 (Z(5) — 2@ Kyt () dtds

< //[0’1]2 \/EHZ(t) - Z(Q_jk)P]\/EHZ(s) 2@
X k() ke (5)|dtds.

We focus on the integral of each term f[o 1 VEIZ(s) — Z(277k) 2] |1, x(s)|ds we show that, since
Y is supported on [0, 1] and ||¢||00 < 1:

/ VEIZ() - 2@ 0 llwjatslids < VE [ s 2k uyu(s)lds
[0,1] [0,1]
_ ﬁzﬂﬂ/ s — 2T K]® (25 — k)[ds
[0,1]
= Vi [ (279 2] | (a) |

[—k,—k+29]
VIL27iaF1/2) / |z|%dx
[0,1]
VIL2—i(e+1/2)
a+1 '

IA

Therefore we have:
L
(a+1)%

With the same reasoning we have for the coefficients involving a projection on the father wavelet for

aljeN ke{0,...,27 —1}:

IE[(Z, ¢j7k><Z, ¢j’,k’>” < 9= (i+i")(a+1/2)

E{Z. gl (Z.8)]] < | //[0 HQE[(Z(t)))(Z(s)—Z(Tfk)>ij,k<s>¢<t>dtds|

// ’\/127\/1[3 1Z(s) — Z(277K)|2]j k (s)9(t) |dtds

Il uKnmiz 011D < | gt
(0%

IN

IN
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Proof of Proposition 2

Since by definition we know that:

Mplp(f) = Yo Dk i) (ks £k
((j,k%(j’,k’)) €Ay,

Using lemma 4 we have:

IIpITp — D)% < > (C(Wjk), Yy a)?
(Gok). 7)) 03

and using lemma 5 we can show the following:

ITpITp — T2, < Z (C(Wsk)s o)
(k)G 0)) €03,
= > (C(j0)s g ) + > (C(Wjk), by )’

(3" ,K")¢AD, (3" K" )EAD (4" ,k")¢AD,(4:k)EAD

+ > (C(Wsk)s )’

(7,k)¢AD (5" K )EAD
= > Cn) yra)® +2 Y (D), i)
(j,’k/)¢AD7(j/7k,)¢AD (j7k)¢AD’(j,ak,)€AD
note that we already showed that |(T'(¢); 1), 1 p/)| < 270+ )(‘”1/2)( +y2- When (7, k) # (—1,0) and

(L (Y-1,0), ¥y )| = [T(), by ar)| < HKHOO ‘f2 7'(a+1/2) " those are upper-bounds not depending
on k thus summing on the values of k € {0, .. 23 — 1} is the same as multiplying the upper-bounds by
27. We then proceed:

2 L
(6%
(4,k)EAD (3" K END
”KH2 Z giCatl) L o L7 9~ (i+5")(20+1)
1
( YEAS (a +1)! (4,k)¢AD, (5" k") EAT
2
< L - oG
(@+1) j.j'>D+1
”KH2 2ja (J+3")e
E D 2 4§: > 2
a - j>D+1 j'eNj>D+1
LQ 92— 2(D+1)a 9
- (a+1)4( 122 )
2||K||?>OL 272(D+1)o¢ 97,2 1 272(D+1)o¢

(@+1)2 1-22 (a4 1)1 _22 | 22
2HK”goL 2—2(D+1)a 37,2 9—2(D+1)a
Slatr1)? 122 Tarnig_zzae
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Thus
2”K||20L 9—2(D+1)a 3.2 9—-2(D+1)a

@r1)? 1-22 T {arDi(_22ap

IIpIMp — T2, <

For studying the terms AI(,K)(gb, D) and A](f)(gb, D), we set forany h = 0,...,p — 1, by = h/p.
Observe that t, = h/(p — 1) € [by, by41] and recall that for any (j, k) € A}, we defined I} o, such that:

[ 2k 2k+1
J2k = [2j+1’ 2j+1 )
We also set for any (j, k) € A},
Jj,kz = {h =0,...,p—1: Leb([bha bh-i-l] N Ij72k) # O}
p 2q+1

Remember that p = 20+1 where q is an integer, we define m; : 5T = 577 € N, so that, J;; =
{m;2k,m;2k +1,...,m;(2k +1) — 1} and

2k 2k+1
ﬁvW] = U [bhabh-i-l]'
hEijk

Then, since v 1,(v) = 2]‘/2[11]_’% (z) = 1y, 5, (7)] and card(J; k) = m; we have the following control
(K)

on G k) 5 k) ,

We have the following:

1 bt 1 1
Ggf,z)(j,,k,) = = Y K(tmth')lbj,k(fh)?/)jf,k'(thf)/0 /0 K (s, 1)1k (5)0j ke (t)dsdt

P =0

Pl b by
- Z /b /b [K(th’th') _K(S’t)]wj,k‘<3)¢j’,k/(t)d8dt
0 h n!

hoh' =
Pl b pbpygg
+ ) / / K(th,th/)[wj,k(th)wj/,k/(th') _wj,k(s)wj’,k’(t)}det
wamoton Jou
= Tl + T27

since functions 1);, are piece-wise constants, we know that on I o5, ¥ (t) = ;1 (ts), similarly for
I 9541 thus T5 = 0, regarding T we have:

. y bh+1 bh/
no— 22 Y Y / / Kt ti) - K (s, dsat
by by

hEJj,k h/Eleyk/

L Yy /bh“ / e [ (b, ) — K (s,1) st

hET) g1 W €Ty gy * O Ons

—oUHN2 Ny e / e [K(th,th’)—K(S,t)}dsdt

he]j,k hlEJj/,k/+1 bh bhl
. . bh+1 bh/+l
g2 Y Y / / (K (b1, tar) — K (s5,1)] s
hEJj7k+1 h/GJj/’k/ br bh,

= EGw),g k) — BGr,Gre+1) = EGr),grr) T EGR),G k1)
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where we define E; 1) (j x) to be:

(4512 bpt1 fbpryg
Eipy gy =292 % 0 Y /b /b [K(tm th) — K(s, t)] dsdt.
h h!

heJ; h'EJj/’k/

Thus in what follow we control E(; 1 ;) using inequality (2.3) we have the following:

Gi)/2 bhy1r fbpria N N
Bmgal < 20902 % 0 32 /b /b VKT (s = tal* + It = tw|* ) dsdt
h h!

heJj hle‘]j/,k’

o bpt1
< 2/ [K[sL x 209/ 2p = card(J;r 1) Z/ |s — tn|*ds
hed; ), 7 on
2V/|| K [|oo L x 2945/ 2p " card(J;s o )card(J; ) x pot
[0

2 —a-1_P p
at1? 2J+1 27" +1

IN

< 2V/|[K][soL x 20F/2p=1

N
VIE ool (5451 /2,a

a+1

Similarly for the terms E; x) ;7 k'+1)s E(j k+1),( k) @0d E(j k+1),(j7 k'+1)> using the same technique

(K) (K)
we control G(j,k),(—l,()) and G(—LO),(—LO)
() S e
G0 can = 75 2 Kintotot) = [ [ Ks.natsoasa
h,h/=0
p—1 bhie1 by
- ¥ / /h“ [, tae) — K (5,)| 6(s) b()dsdl
hh'=0 by (2%]
p—1 b1 foprgq
+30 [ Rnn) [otw) o) — ols)ol0)] asar
hh'=0"0n by
p—1 bhi1 by
- ¥ / /h“ [K(th,th,)—K(s,t)}dsdt
h,h/=0"bh bps
(K) p—1 brt1 by N N
Gt -0l = thO/b} /bh/ \/HKHooL(\s—th! + [t — tw] )dsdt
Do br 4/ KL
_ 9 HK||OOL><Z/ 15— tyods = VIRl o
he0 by, Oé+1

Similarly for the crossed term Ggflc)),(fl,o)’ we define the quantities E(; 1y (—1,0) and E(; 1), (~1,0)

such that:
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p—! 1,1
K 1
ng,k)),(fl,O) = 2 Z K(thath’)¢j,k(th)—/ / K (s, )1 (s)dsdt
h,h/=0 0 J0
p—1 bhit  [buriq
= Z/ / [K(th,th')—K(S,t)}%k(s)dsdt
h,h'=0 " bn by
p—1 bhit  [buriq
T Z / / K(tmthf){%,k(th)—wj,k(s)}dsdt
h,h/=0 " br by
) Pl by by
= 2 0 S [ Kt t) — K (s, 0) s
hGJj’k h’=0 bn bh’

p=1 by
_9i/? Z Z/bhhﬂ/bhﬂ [K(thath’)_K(‘S?t)}d‘Sdt
h/

her7k+1 h/ZO

= EGir(-1,0 = EGrt1),-1,0)

where we define E(; 1 (~1,0) to be:

. p—1 bht1 bh’+1
EGp, -0 =273 > /b /b [K (thstw) — K (s,t)}dsdt,
h h!

heJ; x h'=0

Thus in what follow we control E(; 1) —1,09), we have the following:

b

p—1
|EGr ol < 272373

heJ; , /=0 " bh

ht1 (O
[ VIRTRE (s = tal” + 16—t st
byr

) bh+1
< oK x 2/2p1p Z/ s — th]ds
hed; i bn
. 2
< 2Vl x 2/ eard(Jj) x ——p!
«
. 2
< 2/|[K[ooL x 20/%p~1 x po1 P

a+1 27+1

2V/[KTLy 572 o

a+1

(K) < 47\/”1(%0]:2—]'/2]9—@.

Meaning that we have G(j,k),(—LO) S |

Finally, recalling that in our case k, ¥’ € {0,...,27 — 1} we have:
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K _ K)2 _ (K) 2
A (¢, D) = |GH|3 = > (G(j,k),(j/,k)>

(4:k),(3" k") EAD

:<GE@1,0),(—1,0))2+ > (Ggi(i,O),(j',k/))Q

(j’,k/)GAB
+ D ( ], )) + D (G(a’,kx(jak))
(k) EAT, (k) (G K AT
16| K[| oo L gy Y 16] KljooL ;. —2a
>~ 2 2
(a+1) Gehs (a+1)
S 16|!K!\1<>02L2—(j+j’>p—2a
G.Ganen;, @D
161K || L 2. 16]| K| L 2\ 16) K s L
fe’e) —2a 00 —2«a oo —2«
— 423 e + e
(at1)2 P ;} (at+1)2 P NZO (at+12?
_ 161Kl o4 32HKIIOQL(D+1)1972%r 16| K| L(D +1)* _,,
(v +1)2 (a+1)2 (a+1)2
16]| K[|l o o 16| K[|l 2
= Iy (1 4 2(D + 1) + (D + 1)%) = =212 (D 42
a2 ? AF2AD+ D+ (D+1)7) = Z = (D +2)
K . K2 _ (K) 2 16]|Kl|loo(D +2)°L _,,
(¢, D) = |G|} = Z (G(j,k),(j’,k:))) = (a1 1)2 p

(jvk)v(jlvkl)EAD
Similarly, for any (j, k), (j/, k") € A}, assuming j < j’, if Ijop N Iy # 0 we will show that
Ljr g U Ljs g1 C I 2. Recall the definition of I o5,
Lo 2k 2kl
o= g ).

if I 2, N I v # 0 it implies one of the two possibilities:

ok +1 € 26299 2k +1)20" D] or 2K € [2k2V"7D) (2K + 1)20" )]

If 2k +1 € [2k20'=9) | (2k 4 1)2U'=9)], since both 2k2U"~7) and (2k + 1)2U'~7) are even numbers,
it means that (2k + 1)20'~7) > 2k' + 1 > 2k20U'~9). Thus, 2k’ z 2k20'=9) and similarly 2k’ 4+ 2 <
(2k + 1)2(j,_j) which means that I/ ;v C I 2, and I/ K1 C Lo
With the same reasoning if 2k € [2k20'=9) (2K + 1) 20"~ 9], since 2k:’ < (2k +1)2U'~9) it means that
2k +1 < (2k + 1)20"=9), however since (2k: +1)2U'=9) is an even number it means that 2k’ + 1 <
(2k+1)20"=7) and 2k’ +2 < (2k+1)2U'~9). Thus also Iy C Ijop, and Iy g1 C I;or. Which gives
the following:

1t bt
E Z wj,k‘(th)wj’,k’(th) == thj/QE Zd}j/,k, (th) == 0
h=0 h=0

Similarly for:

*Z¢th Yy (th) = Z%'k/ tp) = 0.
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The case where j > j' is analogous to this one. Thus we have:

o o’ =
ng,)k),(j/,k/) " ( Zwyk tr )Yy ke (En) = (jks Vg p)

1 .
= » > Y1 Lgw=gray

heJ; rUJ;j ki1
o? <2jcard(Jj7k U Jj7k+1)
p

- 1) LiGe)=(r ke = 0,

and

(o) . (o)n2. _ (o) 2 —
AP0 =16 = Y (6 gw) =0

(]7k)7(J/7k/)eAD

Finally, for any (j,k) € A},

o2 p—1 p—1
ol + st = 7 Z%k (tn) + — Z K (th, tn) 0 (tn)bjn(tn).
h,h’:()

Note that @Z)j%k,(th) # Oonlyifty, € I, UIjokt1, which is the support of v; ;.. Thus the number of such
points are upper-bounded by p x Leb(I; 1 U I op41) = 2] , which gives the following upper-bound on

2 2 .
05k + 85k

[ lloo 5.1

2 2 , D \2
TGt S Ty 2 )
_ 20%p K] 7
Y p: Y
L
= 5 ST
Similarly for the father wavelet:
217 1 p—1
ol 10) 510 = 7 Z¢2 +I7 Z K (th,tn)o(tn)o(tn)
h,h/=
o2 Pt
= 221+ = Z (th th)

h,h!/=
2
g
— + ”KHOOv
p

IN
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and

2
g
> etk < & 1Kl + PORRLEEN

(j.k)EAD (k) EAT,
2 2
o o K
< Tt Y [Z 4 Kl
D ) .Lp 2
(]JC)GA

IA

Z Kl +Z [— + [1K]loc]

29D+1
= —5 TP+l

This ends the proof of Proposition 2.

2.12 Appendix

2.12.1 Proof of Proposition 3 (upper-bound on the risk for Lipschitz continuous basis)

To establish Proposition 3, we need to bound A (¢, D), AN (4, D) and > rep [af\ + Sﬂ The

bound on ||TIpI'p — I'||% derive from Lemma 4.

Proposition 9 If (¢))aen is Lipschitz (see Definition 5), we have:

64L| K]l oo( loall%1)? ALK % llon ]2, 4 LY)?IIK I3
AI(,K)(QS, D) < H ‘00 ZS\SAD H + Z >\|| ||o§||¢/\ HLl + (EAGAD 4)\ H oo’
p M AEAD p p

and

40t (2 Lileali, (2 L3)?

N) o N AeAp DaIIPAN L AeAp A
(¢7 D) S 2 2 + 4 b

p p p

and

VA SN . 12
> [0/2\“’5)\] <) { LYY |Kp” (2Lx\|¢)\”L1+p>\>]

AeAp NeAp pe
o’ 0® (2Ly|oall | L3
+ 3 [0 + 5+ S (AL L 2 )
e p D p p
D

Proof We first prove the upper bound for A (d), D). We first remark that AZ(,K)(QZ), D) is the squared
Frobenius norm of the matrix GU) = (G(A )\)/))\,)\’EAD’ with

G’g\fi\/ = p2 Z K th7th/)¢)\(th)¢))\/ th’ / K t t)gf))\( )qb)\/( )dtdt/

h,h/=

D60 =6WE= Y (6).

AN eAD
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Observing that Gg\lg\), is the difference between an integral and the Riemann sum associated with, by, =
h/p, h =0,...,p, we obtain

G // 0 K (tn, tw)o(tn)éx (tar) — K (1, )2 (t)ox (1]

(0,102 p =
Xl[bmbhﬂ[( )1[bh’ bh’+1[(t/)dtdt/

p—1
-2 // Ap (1) dtdt
b

o= [br,bh+1)X[bpr bpr 1]
where we have denoted
Ap e (t,t) = K(tn, th)pa(tn) o (trr) — K (8,8 )oa(t)ox (1)
In order to use our regularity conditions, we decompose Ay, s » ' as follows:
Ap (1) =Ti(t 1) + Ta(t, ') + T3(t, ),
with

Ti(t,t') = oa(t)on () (K (tn, tn) — K(t,1'))
To(t,t") = K(tn,tw)(oa(t)on (tn) — oa(t)ox (t'))
T3(t,t') = K(tn,tw)(@a(tn)dx (tn) — da(t)dx (tn)).

Using (2.3) and Definition 5 on Ts and T3 we have, for all t € [by,, bpy1] and t' € [bs, by 1]

IT1(t, )] < |oa(®)on () VLKoo (It — th|* + [t — tw]®),
To(t, 1) < K (th, tw)|Da|t’ — tw] X [oa(2)],
T3t )| < [K(th, tw)|Lalga (tn)] X [t = th].

Therefore, we have:

p—1
A /IK]w ,
b

hoh/=0" ¥ [orsbhpa]x[byr bpr 1] p

p—1 1 Ly | K (th, tp)] [Pa(t)dt
Z // ITo(t, ¢')|dtdt’ < Z f[;h,thrl]
B =0 < [Probr1] X [byr by 4] h,h!/=0 p

- Iyl K]l lén ]
— p )

(2.24)

and

—1

—1
> // Ty e < 5 KOt ll9x )
h,h/=0 [br bt 1]X [bps bpr 1] = o p

L Klloo
< AH H Z\@' th)]
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1 P
p

associated with the integral fo |oa (t)|dt. Since |pyr| is Ly -szschltz we have

To conclude we just have to provide a bound for the term |¢) n (tnr)|, which is the Riemann sum

p—1 1
/_ / t / L
p 0
This gives the following inequality:
p—1
Ly||K / Ly Ly||K
h,h'=0 [bhvbh+1}x[bh/7bh/+1] p p
We combine Equations (2.23), (2.24) and (2.26) to obtain the following control:
2
2
(G&K),> = / / Ap o (2, t)dtdt
' o/ = [bh,bn+1]X[bp7 b7 4 1]
6AL|| K ||oc a1 lox 17, 41K 12 313,
< Oopga L L =2 (LR llonll7e + LRllon 170 + 252 )
This gives the expected result.
We now provide an upper bound forA (d), D):
V6. D) = 6= 3 (6.
AN EAD
with
2
N o
GE\ A)/ = — Z@ th) o (th) — (x, o) | -
7 p h 0
Similarly, Definition 5 implies,
p_1¢ t (b t p—l bnt1
—0 PAlln) P (Th
iz A1) (1) —{(Px, dx) / A (tn)dx (th) — Pa(tn) b (t)|dt
p h=0
Pl by
+ oA (tn)dx (t) — dA(t) P (B)|dt
h=0
Pl by
< Z/ A (tn) | L [th — t|dt
h=0
Pl b
+ / | ()| Laltn — t]dt
h=0 br
1%
<= \ A(tn) | Ly + LA||¢NHL1,
p h=0
and using (2.25),
P=L g (tn) o ( Ly||é L
—o PAln) PN (Th Noallzr + Lallox |l LaLy
Zh 0 (p ) ( ) o <¢>\’¢>\,> S A || ||L ; || A ”L + p2)\ ) (227)
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It means that

U
!G(AJ,\;)J ~ o p Z¢A th)ox (th) — (dx, i)
Py
- U(LA’”d)/\HLl'f‘LA‘QSXHLl_i_L)\é’)\’)?
p p p

and

oMY? < Aot (LRlloalE + RlloxllE, | L3L%
( W) = p? p? vt )

vielding the desired result.
For the last term namely ), . Ap {0/2\ + s?\] note that we have YA € Ap the following:

2 2 2
s O (N o 0 (2Laloallr | Ly
oy — —(on )| =[G ] < < +
[o5% p< ) =1G3 )1 ’ » pg

4\/L||K||oo||¢>\“ Klloo < Li)
p

2Ly oallpr + —
p

3 — (D(x, 0a)| = 1G5

And

4/ITK . 2
I e G )]

AEAD AEAD
o2 o (2Ly||oxllr L2
£y [<r<<zu>,¢x> + o 2 (ol 2]
e p P p p

This ends the proof of Proposition 3.

2.12.2 Proof of Proposition 4 (upper-bound on the risk for Daubechies wavelets)

Our proof combines multiple arguments which are presented here in the preliminary subsection. To
summarize the argument:

* Asinlemma 5, we need a control over the decrease of the coefficients (I'(¢y), o).

» We need to explicit the sequence (Ly)aen,, of Lipschitz constants for the system (¢ )xea -

Preliminary results

Recall that we defined the constant L, in equation 2.5, such that both 1) and ¢ are L,,-Lipschitz continous
functions.

Lemma 6 we have for all (j, k) € A* that 1);y, is 23j/2Lw—Lipschitz continous function and ¢j, 1. is
2370/ 2L1/, —Lipschitz continous function.
Proof * Forallt,s € |0, 1], we have:
|05 () — Yk (8)] = |2724(20t — k) — 229 (2t — k)|
< P2Ly |20t — k — 2t + k|
= 23/2 |5 — 1. (2.28)
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* Forallt,s € |0, 1], we have:

(D50 k(1) = Bjo i (£)] = [270/26(2708 — k) — 290/2g(270¢ — k)|
< 200/2[, 1200t — | — 290t 4 k|
— 2310/, |5 — t]. (2.29)

Lemma 7 Let I be the covariance operator of Z, for any (j, k), (5', k') € A we have:
(T (j), )| < 270HDOHB LT, (2.30)
and for any (j', k') € A, k € {0,...,270 — 1} we have:
(T(0r) Yy ie)| < K ool ll o VIO, 27901 /2 7072, (2.31)
where Cy, =[5 |z|*¢(x)dx.

Proof We compute an upper-bound on the coefficients:
(C(Wjk), Yy k) = / o K(5,t)0; k() (s)dtds.

First we recall that for all j € N and for all k € {0,...,27 — 1} we have f[o 1 Y k(t)dt = 0, thus
we have for all j,j' € N and for all k € {0, ...,27}, k' € {0,...,2/"}:

(CWjr), i) = BUZ bjp)(Z, by w)]
(Zobyg) = / (Z(t) — Z(29k) )y (1)t
[0,1]

Using the Cauchy-Schwarz inequality we have the following:

E{Z, s )20y < // E[(Z(t) — Z2K)(Z(s) — 227 K)) s (0o () dbds
[0,1]2
</ . VEIZ(t) - 22) 2\ [ 2(s) - 22T K)?
X s (8) 1y e () deds.
We have:
| \EIZ) ~ 220RIus < VE [ s -2 kT ls)lds
[0,1] [0,1]

= VL2212 /{0 , s — 27T k|*p (20 s — k)|ds

— V2 / (279 |2])* | ()

[—k,—k+27]

_ JIpiet1/2) /

| (@)|de
[—k,—k-+27]

< Izt / |2 ()| dx
R
_ VI,
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where Cy, = [ |z|*|1)(x)|dzx, therefore we have that:
[BUZ, 65) (2, 40)]| < 27 0HH2 LY,
With the same reasoning we have for the coeﬁ‘iciems involving a projection on the father wavelet for
alljeN, ke{0,....,27} yand k' €{0,...,270 —1}:
Bz Zol < | [[ BEONE0) ~ 2R al)w O
I IVETZ@PIEIZ ) — 23K (5) e

HK||oo\F||q5jOH1C¢2 jlot+1/2)
= || K|looVL||¢|l1Cy2 7t/ 2=do0/2,

IN

IN

Lemma 8 Forall j € N such that 27 < p we have:

1 27/2
/ Vi k(tn) — i x(t)]dt < 2Lw7 (2.32)
0
! 2L, 1290/2
/ |Pjo.k(th) — Pjo.k(t)|dt < ”’T (2.33)
0
1 22]
[ st~ vsatoPar < 2232 (.34
2L772%90
/ | ok (th) — ok (1) 2dt < —5— e (2.35)

Proof o We fix j, k and we want to control:

Z\/;)hybh+1 |V 1 (th) — ¥k (t)]dt.

We denote by Aj i, = I o1, U I o141 the support of the function v .. We have:

p—1
/bmbh+1

W)j k th) ¢j k(T |dt < Z/ 23j/2Lw|th — t’dt.

[bh,br+1]NA;

Since for all h € {0,...,p — 1} f[bh,bh+1} [t — tp|dt < ]% and since the size of the support is

(2r— 1)2*j (the result is proved in Gine and Nickl [2016], Theorem 4.2.10), we could have at best
(2r — 1)p277 points in the support. Thus we have (even if it means reindexing):

p—1 2r—1)p277 j35/9
22974,
E / i k(tn) — Yie®ldt < ) 5 L
[br,bn1] he0 p

/2 — /2
S 2 L¢(27“ 1) S 2L¢T2 '
p p
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Using the same arguments we have

(2r—1)p2~7 993j Li

p—1
Z/b [Wiktn) — Vie@®)Pdt < > 33

[bn,bh+1] h=0
22913 (2r — 1) _ 207 r2%
3p? - pr

* Similarly fix k we want to control:

. oL, r2J0/2
Z / 6xtn) — du(8)ldt < z / il o, — e < 20T
[br,bh+1] [bn,bhy1]NA; &
pl , 2L2 r22J0
Z/ bk (tn) — di(t)|?dt < Z/ 230 L2ty — t|2dt < —
bhvbh+1 bhvbh+l]mAj,k: P

Rest of the proof of Proposition 4

Proposition 10 if (¢ ) e verfies assumption 5, we have:

, 2~ AD+1)a

9-2(D+1)a
TPy — T3, < 2| K% LCyT—5a v

2
+2PCL T

(D+1)2  4(D+1)2P 24D>

K)(¢’ D) S 16BK(K7L7L’¢HQ;Z)7¢7O[)T)2 < p2a p2 +4pT

BN(Ua La L1/17 1/}5 ¢7 T)
p2

M(¢.D) < 54
and
Y. it ik < 20]0l3 (0% + 27| K]|oo) + 4902 (0 + (D + 1) Klloo)-
(4,k)EAD
Proof We control each deterministic term of the bound obtained in Theorems 2 and 3. Using Lemma 4,

we have:
|IpTIp — T2 < > (C(jn) i any)”
(GR).G k) E0%
< > (L@ k) )
(j’k)gADz(jlzk/)¢AD

+ Z (T (), Yijrpr)”

(j7k)¢ADv(jlvkl)EAD

+ > (T(wjk)s Vg )

(J/7k‘/)¢(AD)7(jvk)EAD

Since our operator is self-adjoint, we have:

Z (T (), irpn)” = Z (T (), g pn)>-

(4,k)¢(AD),(5',k ) €AD (4K )¢E(AD),(4,k)EAD
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Note that as defined Ap = N5, U {{jo — 1} x {0, ..., 270 — 1}}, this gives the following control:

Ty — T2 < > (C(jn)s Vi)
(Gk). 7)) £03
< Yoo Ty’

(j7k)¢AD7(j/7k,)¢AD

+2 > (T(W50)s (70))

(j:k)gAD’(j/vk/)eA*D

270 —1
+2Z > (TWhin)s Yio-160)
k'=0 (j,k)¢AD

Recall that ), _1 11y = @(jo k), we can now apply Lemma 7, and get:

”HDFHD - FHgo < Z 2_(j+j/)(2a+1)L2014p
(G:k),(4" k") ¢ (AD)
2J0—1
#2350 IKII6IRLCE
k=0 (j',k")€AT,
+2 Z 2_(j+j/)(2a+l)L20f[,

(,R)END, ('K )E(AD)

< Y rRUMIchyr Y |KILCi e

5.j'>D+1 j'=b+l
—(5+3)(2 2 4
+2 Z 9—0 J)(a)LC’d}
j>D+1,j/€N
9—2(D+1)a 9—2(D+1)a
_LQCw(W) + 2| K13 ||¢||%Lciﬁ
9—2(D+1)a
2 4
+2L°C,, VIZ g )
52" 2(D+1)a 9—2(D+1)a
2 2 2 4
< 2K MIRLO} 5 +3L2Ch gy

We now provide an upper bound for A;K) (¢, D):
K _ K)2 _ (K) 2
496, D) =M= 3 (G )
(4,k),(4' k" )EAD

with

Ggfk) iRy = o Z (ths th )V k(tn)jr g (thr) /01]2Kt b g () g ()t

h,h'=

(K)

We decompose G GG K such that:

|G(jk il S Tgmgow + Do + T3 m 0
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where

p
Tanrw =Y [ 9 (0) 411 ) K (1 ) — K (1))l
(br,bn 1] X [bys bh'+1]

h,h/=0
p—1
Tojngw = ) / / [ (ths tr) (g0 g (En) — g e (8)) 5,k (1) | ditdls
hoi=0 " 7 [Or:bhp1] X [bpr by 4]
p—1
Ts ki = / / | K (thy trr ) (e g (tnr) — g e (8))0j.1(tn) | dids
h,h'=0 [bhythrl] X [bh’ vbh’+1]
Recall that due the definition of Ap = A}, U{{jo—1} x{0,... —1}}, the nature ofG(J 1), k)

is different when j = jo — 1 (Vjy—1.x = ®j,,k) and when j # jo — 1
In what follows we focus on the terms where ((j,k), (', k")) € (A%)% Using the regularity of K
Equation (2.3) we have:

_ <4 LKoo l|Yj k|l L2 |05 g || 2
Lg,k,g" k' = P
K LHK||OOQ—(J'+J")/2||¢||?le
p— pa .

With the same technique, we establish a similar bound on T5:

p—1
Tsjkjn = O //b | K (tn, th) (g g (Bnr) — e e (8))0j.1(En) | dtds

hih/ = [br,bn+1]%[bgr,bp7 41]

< Z / / K (thy ) (5010 (1) — 30 ()2 | i
[br b 11X [bpr 0574 1]

h,h'=0
p—1

+ Y / / (K (thsta0) (5010 (1) — 0700(3)) (5.(£) — 05 (81|t

h h = bh,thrl]X[bh/,bh/Jrl]
< T2 gkl K

p—1
F I Y / / 05 () — 0 (5)] [ () — g ()| dtds).
h,h = bh7bh+1]><[bh/’bh/+l]

Note that the first term of the inequality is equal to T ;1. i/ 1, using the control we already showed
we have:

T5 50,5 k" < ot

p—1
(Y / () — 58 s (te) — o (8) i)

h h’ h7 h+1

To conclude we apply result of Lemma 8 to the last term which gives:

AL r?2Uti)/2
T3 kg e < Tojegrge + K HOOT
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Similarly for the term T5:

p—1
Tosnie < 1Kol 3 / /b [y ke (t) — e o ()] [ 4(8) | )

h,h'= h’bh+1]><[bh/’bh’+1]

p—1
< Wbl (3 / e () — a0 (5) )

h7 h+1

p—1
< Il 12 / e (t1) — e ()] d),

hv h+1

and applying Lemma 8 we get:

/2 21'/2
o kg < 1K |loo277 %[t ]112Lyr 5

Thus there exists By (K, L, Ly, ¥, ¢, a, 1) a constant depending on || K||oc, L, Ly, |9, || ¢, o and
7, such that on the set (A%)? we have:

9—i—i" 9= . 9i'=i  9its

| (K)
p2a p2 p4

G (). )

|2 < BK(K7L7L¢7¢7¢7O"T)(

In what follows, we control the rest of the terms similarly, regarding the crossed terms involving

Bo ko> it
4\/LIIKHoo||¢go,/<:||L1 197 k|| 21

p*
_ AV o202 g 1|6 1
- = :

T jo—1,k,5" k!

Regarding the terms involving ¢, k., @jo k-

4\/LHK||oo||¢go,kHL1 [ Bjok Il 2
4\/LHK||oo||¢||L1IchIIL12 7

e

T jo—1,k,jo—1,k'

For the term Ty involving ¢, 1,V 1 we get:

p—1

To o1k < 1K oo (D // |10 e () — Vg1 e (8) | Do e (£) [ dids)

hoh'=0 " 7 [Prsbr1] X [byr by 4]

p—1
< K ol b ks Z / e () — 510 (5)]ds)

h7 h+l

pl
< K o221 Z / e () — g (3)]ds).

h: h+1
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We apply here the result of lemma 8:

Lyr2i'/2=i0/2
Tojo-thjk < 2K [looll ] 2.

Regarding the terms involving ¢, 1., ¢, k', we have:

p—1
Tyt piotie < K oo( 3 / /b (5o (t) — by ()10 (1) it ds)

h,h = [br br1]X [byr,bpr 11

p—1
< Il (3 / (B30 50 (th) — G0 (5)]ds)

h7 h+l

p—1
< Il 1ol (3 / (Gioe (th) — Djo s (5)]ds).

hv h+1

We apply here the result of lemma 8:

L.r
Ty o1 o1 < 21K ool dlls ;f

Using the same technique, we have regarding the crossed terms involving ¢, k., ¥/ k-

T3 jo—1,k,5" k0 < T2,50—1,k,57

p—1
e S / 11(tn) — Su ()[40 () — Wy o (8) deds)

h,h = bp,b h+1
ALZr?20'/2+i30/2
< T jo—1,,g7 0 + 1K ||oo

p2

Regarding the terms involving ¢, k., ¢j, x> We have:

T35 jo—1,kjo—1k" < T2, 50—1kjo—1,k'

p—1
+ [ K| oo ( Z/ |Djo ke (Eh) — Djo k(51| Djo s (Ehr) — g v (£)|dids)

h h/ h7 h+1

AL% 7?20
< Tojo- kot + [ Klloo— 75—

Thus as defined we have the following set of inequalities for all (5, k), (7', k") € A}:

K
’ng,k)),(j',k')’ S Tjkgrk + Togkgrw + T35k 8
9—G+i)/2  9=(=i"/2 L o=('=1/2  (i+i")/2
+ +

gBK(K,L,Lw,w,@aaT)( P P p?

). (2.36)
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Similarly we have on for all k € {0,27% — 1} and for all (j/, k") € A%:
9-("+i0)/2  9(i'=jo)/2 4 9(io—=i")/2  9(i'+jo)/2
|G(j0 v rany| S B L Ly, 6, 0,7) - + , 2
—(+dgo)/2  9(i—jo)/2 4 9(o—34)/2  9(i+jo)/2
(K) 2 +
G Gy do-v)| S BrUE L Ly, th, ¢ o) (5— o+ , 2
Finally for all k, k' € {0,...,2/0 —1}:
K 9=jo 1 9o
’ go)lk)(o 1k,)‘SBK(K,L,L¢,¢,¢,O(,T)( o +7+72) (237)
p p p
This gives the following control on Az(,K):
A Z (2—(j+j') 9—(=3") 4 9=(i'~J) 2j+j’)>
< + +
2 = 20 2 4
4BK(K,L> L¢a¢’¢aaar) (.k), (5" K" €A p p p
270 —1 .y g Ly s
92—Jo—J 2J°=J0 4 9J0—J 27" +Jo
+ + +
2J0—1 Ly o ., o
92—J0—J 92J°=Jo 4 9J0—J 27" +Jo
+ + +
. Z( )
2701 2]0 1 2270
s ( S+,
kk'= p
Which gives:
AL i 2]1%:1 (2—(j+j’) 9-(—=3") 4 9-('=J) 2j+j’)>
< + +
2 = 2 4
4BK(K7L7L’IZJ7Q;Z)7¢5 O[)T) j.i'=0 k=0 k=0 p @ b b
2]’071 D 2]'/71 . . g . . g
92—Jo—J 27" =Jo 4 9307 23" +Jjo
P (A T 2
k=0 j’=0 k'=0
2i0—-1 D Qj'_l .y g .y gy
92—Jo—J 23 =30 4 930=J 23" +Jjo
I e
k=0 j’=0 k'=0

270 —1 ; ;
92—2jo 1 2210)
+ —+t =+ — ).
Z ( an p2 p4

Computing all the sums gives:
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A o (D1 4D 12" 2P
4BK(K5L5L1/171/}5¢7057T)2 N p2a p2 p4
D41 222D 4 2%0(D 4 1) = 222P+2o
+ p2a + p2 + p4
D+1 2220 4 2%20(D 1) 222P+2jo
+ 20 + 2 + 4
p p p
1 922jo  94jo
" <pa+ P )
D+1)2 4(D+1)2P 24P
§4<( LD Chl) +44).
p= P P

Which means that

AP, D) < 16Brc(K, L, Ly 1, 6, v, 1) <(D +1)2 4D +1)20 24D> |

+45—
p2a p2 p4

We now provide an upper bound for AéN) (¢, D):
N _ N2 (N) 2
AV D) =16MIE= S (6w
(jvk)7(jl7k/)€AD

with
2

o2 (1%
ngf,z)v(j,,k,) = (p hzosbj,k(th)%ckf (th) = (Djik; ¢>j',k/>> :

It means that

2
p =1l g
(Gg,z)7(j,,k,))2 < pQ<Z/t |95 (Er )05 p (En) — Vs (8) by g ()|
0t
4 Pl oty
(o2
< SO [ ey ) — e o)
p e/ th

thi1
4 / e (Ol (tr) — s (D)]d)?
4 p—1

E ',kt i’ k! th i’k t dt
pfz £ . J J J

I

tht1
4 / () — 0 )1 o (1) — a0 ()t

tp

thet
+ / e ()1t — 5.0(6) D).

th

Using Lemma 8 we have:
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Pl et 2|4 j'/2

Jllp127 7 Lyr
3 / (01 (0) |00 4 () — Wy g (1) ]t < T L
h=0 ty p

b2l ftan 2||45 gor 120/2L 1
S [ s @llosatn) - viaojan? < A2t
h=0"1h p

Regarding the term, we have:

Pl ety
3 / 491 (8) — 05 ) [y () — o3 ()t
h=0""h

IN

Pl it P=l rthn
>y / 5(8) — byt Pty | S / e (£) — e () 2t
h=0 "t h=0"tn

\/2@5}221 \/27«%22]“ 2r L2205
p? P p

IN

Thus collecting the terms and using the fact 2 < 2D < p, we have:

@) 160t Lr2UTR | Lyl U2 42070,
. — p2 p2 p .

s (V) (NV) )
Similarly for (G(jo—l,k),(j,k’))Q and (G(jo_17k)7(j0_17/,€,))2 we have:

Gy g 100t T2 Lyl 200 ol 20700
(jU_lvk)v(jvk/) - p2 p2 p
(V) 2 _ 160" L2r20 Loy g (200—30)/2 4 lio=io)/2y
( (jo,k) (jok’)) = 2 5 T )
R p P p
o 160% L2 2Lyrdllpe o
) 5 T )"
p p p

There exists a constant By (o, L, Ly, ¥, ¢, ) such that:

(G(N) )2 BN(U,L,Lw,w,(;ﬁ, 7') 21+7’ i 21" =i + 2i=J'
(jvk)v(jlvk/) - p2 p4 p2
(G(N) )2 BN(UvLaLwﬂ%qﬁ, T) 2Jotj 24—Jo + 9Jo—J
(jO_lvk)7(j=k/) - p2 p4 p2
(N) o _ Bn(o, L, Ly, b, ¢,7) 220 1
(@i, Go)) < 2 (G + 5 2.38)
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Which gives the following control on the sum, recall that 2J0 < 2D < p:

(V) 2 . , L
42((j,k)(j’,k'))eA%, G 01| D 0% 402 92it )>
3BN(07 L7 Lw7 ¢7 ¢7 T) 3.'=0 p2 p2
92jo 4 927 92(jo+7)
2y (= + )
= p p
92jo  94jo
()
P> p?
2(D +1)22P 24D
<(F—p 1)
(D + 1)2%00 4 222D
+ 2( =
222j0+2D
p? )
- (1 + p2>

< (2(D—|—1)+4p2—|-2((D+1)+2—|-2p2)+1+p2)
<4(D+1)+9p* +5 < 18p°.

We conclude:

B L,L
N)(¢,D)§54 N(Ua ) 2¢7¢7¢7T).
p
Note that A (qS, D) < O(p~?2) which is negligible compared to Ai(,K).
Finally, since the support of t; j is at best of size (2r — 1)277 which means that there is at best

2r — 1)277p points where 1 (t,) # 0, for any (j, k) € A*%,, we have
P 7,

o2 p—1 p—1
oFt stk = 72 Z%k Z K (st )50 (E1) 5, ()
hh’=0
J 2 52 2j 2 j
< ? ot 22 K 2 2
< w+ 1K oo [|]|2 4r?
Using the same logic as earlier, we have:
271
||¢||2 a?2r 472
Z o+ 5Ty < Z Z + HKHooHl/JHgo?
(4,k)EAT, Jj<D k=0
27“||¢||
<y +4T2||K||oo||¢||§o

Jj<D

4r 2.0%2P
< WH;O +47%(D + 1) || K| oo |||/ % -
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Similarly, for the father wavelet:

Qp 1 p—1
1
oh+ s = =) Z%Ok (tn) + Z K (thytn)djo.k(tn) ok (tnr)
p? hoh' =0
201612 2Uogy2
< 2ro ||</>”ooJr 4r H¢H Z (b, )
p hoh' =
2ra?||o||2 .
< M+4r211¢\\zor\f<\|mzfo.
b
Thus we have:
2901

2002r02(|¢||2
> st < 2 g

and

2902r02||p||2
> (s = 2 e ix
(4,k)eAD

dr||0||2. 022D
||||;o+4r2(D+1)\|K||ooll¢||§o

IN

20|62 (0® + 27| Klloo) + 4r[[$]|3. (0% + 7(D + 1)[| K ).

This ends the proof of Proposition 4.



Chapter 3

Estimation of eigenelements: multivariate
case

This chapter aims to give non-asymptotic results for estimating the first principal component of a multi-
variate random process.

We first define the covariance function and the covariance operator in the multivariate case. We then
define a projection operator. This operator can be seen as a reconstruction step from the raw data in the
functional data analysis context. Next, we show that the eigenelements can be expressed as the solution
to an optimization problem, and we introduce the LASSO variant of this optimization problem and the
associated plugin estimator. Finally, we assess the estimator’s accuracy. We establish a minimax lower
bound on the mean square reconstruction error of the eigenelement, which proves that the procedure has
an optimal variance in the minimax sense.

3.1 Introduction

We consider the D—multivariate setting and our object of interest is functional data observed on a fixed
discretization grid defined as {t¢;, = 1%5 h=0,...,p—1}. For D € N*, we assume the observations
to be corrupted by random noise. Hence we consider the following statistical model: We have for all

ie{l,...,n}andallh € {0,...,p—1}:

Yi(tn) = (Yia(tn), -, Yin(tn))
= (Zia(tn) + €1,hy---» Zi,p(th) + €.D,1)
=Zi(tn) + €in, (3.1
meaning for each component d € {1,..., D} and forall i € {1,...,n} we have:

Yia(tn) = Zia(th) + €ian,

with the €; 1,’s being independent centered Gaussian vectors of errors with covariance 0?Ip. The errors
are assumed to be independent of the Z;’s and the Z;’s are independent and identically distributed with
the same distribution as Z. Here, we assume that the grid is fixed and regular with p points, note that
our approach could be generalized to the case where |t, — h/p| < 1/p. With the modern ability to
record multiple data streams at a very fine timescale, the need for new tools to perform analysis on all
these streams at once has arisen. From a functional data analysis (FDA) perspective, these data can be
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considered as realizations of a multivariate random process on a dense grid. In this context, Multivari-
ate functional principal components analysis (MfPCA) provides an interesting analysis framework. As
MIfPCA is an extension of functional principal component analysis (fPCA) to the multivariate case, it
inherits most of its properties regarding representation. Thus as fPCA, it is used as a preprocessing tool.
For example, we can cite the modeling and forecasting of multi-population mortality (see Lam and Wang
[2021]) and identification of biomarkers for accurate diagnosis of Alzheimer’s disease in an early stage
(see Happ and Greven [2018]). The notable advantage of such an approach is its capacity to handle all
the data presented at once, i.e., accounting for variability through time (intra-functional correlations) and
space (correlations between functions).

3.1.1 Motivation and model

To the best of our knowledge, only a few articles investigate convergence rates. In Happ and Greven
[2018] a truncation approach was adopted; this can be formulated as a two-step procedure. The au-
thors first fix (¢))aca an orthonormal basis of the space considered, then they choose M components,
ie. {¢xr,-..,0x,} and they project the curves on those M components. Finally they compute the
eigenfunction after the projection step. The obtained rates using this approach are at best of the order of
O(MTS) In (Li and Hsing [2010] and Chiou et al. [2014]) a nonparametric approach was adopted, based
on kernel estimation, assuming that the covariance is twice differentiable. This results in rates depending
on the size of the bandwidth £ of the order of Op(h4 + %) In Belhakem et al. [2021] we showed
that in the univariate case, assuming Z to be a a—H®élder continous function, the non-penalised estima-
tor converges at minimax rates (O(n 1) + O(p~2®)), however in the D-dimensional context, the same
approach gives rates of order (D?n~! 4+ D?p=2%). So, in a high dimensional context where D > n,
those rates are non-relevant.
The motivation of this work is to define an estimation process for the principal component that produces
relevant results despite the high dimensional setting, and to investigate the effect of the noise (which is
assumed to be Gaussian and i.i.d), n the number of replicates, p the size of the grid, the sparsity, and the
regularization on the estimator of the first principal component in the multivariate setting.
In this Chapter, we establish a minimax lower bound on the reconstruction error of the first eigenelement.
Next, we extend the estimation process seen in Chapter 2 to the multivariate case. Once the estimator
of the covariance operator is defined, we focus our research on establishing a new optimization problem
that computes the first principal component. Finally, we base our methodology on a Lasso-penalized
M-estimator. We show that any stationary point achieves the minimax optimal variance. The primary
conditions we impose are: regularity of Z to be at least a «—Holder continuous function, sparsity in the
NG

first eigenfunction that cannot be larger than ;2"
g(

D)’ and the dimension D cannot be larger than p©.

3.1.2 Organization of the chapter

We first define H and the covariance operator associated with Z in Section 3.2. We then define the
regularity class of the curve Z in Section 3.3. In Section 3.4 we show a lower bound in the minimax sense
on this class. We define the optimization problem and its LASSO variant and the resulting estimator in
Section 3.5, we then establish an upper bound in Section 3.6 for histograms. Finally proofs are presented
in Section 3.7.

3.2 Definitions

In what follows, we define the space H, the scalar product of H and the norm associated with it and we
explicit the form of the covariance function and the covariance operator.
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Definition 7 Let D € N*, we considerf = (f1,..., fp)T,withall fi’s € L?([0,1])
andg = (g1,...,9p)",withall g;’s € L*([0, 1]), two vectors of functions. We define (-, -)g such that:

D m
(f.2)5 = ; /0 Fa®)ga(t)dt,

D
AR =D lIfallF2 = Fhu
=1

and H such that:
H:= {f [0,1] — RP: WAlm < oo}

In the sequel we assume that Z € H and we assume that Z is a centered random continuous function
such that E[||Z||4] < oco. Note that as defined (I, (-, ‘), || - ||z is a separable Hilbert space.

Notations: We denote || - || the L? := L2([0,1])-norm and || - ||z, the ¢2-norm for a vector. For
P a probability measure, we denote [E the associated expectation. We denote Pz the distribution of
the process Z and Ez the associated expectation. Also we define the norms on H such that ||h||; =
S hall ]l = maxgeqr, . py [|hallso and [|hljg = 337 14,40 for any h € H. We define
sign(u) = lg,>0) — Lju<oy forany u € R.

Definition 8 We define K the covariance function of Z such that for all (s,t) € [0,1]? and for all
(d,d") € {1,...,D}?

Kaa(s,t) == (K(s,t))aa = E(Za(s)Za (1)),
and
K(s,t) =E(Z(s)Z(1)")
with the associated integral operator I, such that for all f € H,

1
T(f)(e) = /0 K (s, o)f(5)ds,

We also define the Hilbert-Schmidt norm and the associated scalar product: let T', 1" € L(H) the space
of linear operators on H, when it makes sense,

(O T s = 37 (Dles), T ()
1EN*
denoting by (e;);cn+ an orthonormal basis of H. Note that the scalar product (-, -) s is independent of
the choice of the basis, and || - ||[gs = \/{:, ") j 5 is the associated norm.

The operator I" is well defined since E[||Z]|3] < oc. Also note that, as defined, K is symmetric, in the
sense that we have:
(s, t) € (0,17 K(s,t) = K(s,)",

which implies that the operator I is a linear self-adjoint operator. Note that in this setting, Mercer’s
theorem is still valid (see Chiou et al. [2014]), i.e., there exists a sequence of orthonormal functions
(f¢)¢en+ and positive numbers (p¢)een+ (eigenfunctions and the associated eigenvalues) such that

I'= Z pefe @ £y
e~

= Zgg®gg,

LEN*
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where g, := /puf; for all £ € N* and ® is the tensorial product defined such that for any h, f, g € H:
h @ f(g) = (h, g)uf. (3.2)

The eigenfunctions (f;)scn are ordered such that the associated eigenvalues sequence is non-increasing.
We also suppose that all the eigenvalues are distinct, i.e., for all £ € N* 1y > pypiq.

3.3 Definition of the smoothness class for the functional curve Z

The convergence rates depend on the underlying smoothness of the process of interest.

Definition 9 Let o € (0,1) and L > 0. We set

RIPNL) = {P probability measure on H (with Py its marginal on the d-th direction)
such that Vs, t € [0, 1], max_ (zq(t) — zq(s))2dPg(z) < Lt — s|2a} .
mde{1,...,D}

(3.3)

The use of these regularity sets is natural. Indeed, we can, for instance, remark that Pz, the distribution
of Z, satisfies.

Pz € RP)(L) = B Ez[(Z4(t) — Za(s))?] < L|t — s|** Vs, t €[0,1].
e{1,...,

As in Chapter 2, this regularity condition implies that the kernel K is bounded and it is a a—Holder
continous function, for any (s, s',¢,t') € [0, 1]*:

PreRIP(L) = | max | [Kar(s:6) = Ko 0)] < (LIK )28 — 1 415 s, G

where HKHOO = maxddle{lw’D} HKd,d’Hoo and HKd,d’Hoo = Sup(s,t)e[O,IP ]Kd’d/(s,t)\.

Remark The class R (L) can be seen as extension of R, (L) defined in Chapter 2 to the multivariate

case. Thus it inherits all of the properties of R, (L), i.e., Gaussian processes such as Brownian motion

and fractional Brownian motion belong to RaD) (L) for a and L well chosen.

3.4 Lower bound

The lower bound of the risk for estimating eigenfunctions can be viewed as a benchmark to achieve. We
focus on the first eigenfunction, but a similar result, though more technical, could be obtained for the
other eigenfunctions.

Theorem 5 Let s € {1,...,D} such that s < n and |[f,||o = s,« € (0,1) and p > maX(S,si) and
L > 0. There exists ng only depending on L and o such that, for all n > ny,

inf  sup  E[l[f, —fil3] > c(o)s(p7 + 07,
f1 pPerP(1)

where ¢(o) is a positive constant depending on o and the infimum is taken over all estimators i.e. all
measurable function of the observations {Y;(ty),h =0,...,p—1,i=1,...,n}.
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The proof is provided in Subsection 3.7.1 page 75. This result can be seen as an extension of the result
obtained in Chapter 2 since the same techniques are used to obtain this lower bound. Thus it also suffers
from the same limitations (the lower bound assumes a Gaussian distribution and is only shown for the
first eigenfunction) but the lower bound of the minimax risk by sp~2¢ is valid whatever the distribution
of Z.

3.5 Definition of the estimators of the eigenelements

Following the approach adopted in Belhakem et al. [2021], we introduce the estimator of the covariance
operator I' from the data. Let (¢))aea,, be an orthonormal system of .2 where Ay is a finite set of
cardinal M. In the following, we will consider histograms only. Then, in the setting of model (3.1),
we first reconstruct the observed curve on the entire interval [0, 1], and we define, fori = 1,...,n and
d=1,...,D,

~1
- _ 1%
= > Tiaadalt), Tian = an,d(tw(b)\(th): t€[0,1],
h=0

AEA N

where ¥; 4 » is an approximation of (Z; 4, ¢»). We then define the functions ?i € H and the vectors
y; € RMD a5 follows:

(Yi)a:=Yia ,@Wid)r ="Yiax and (¥;)d := Vid.

Thus {(1 - ,]?n is a smoothed version of the raw data. Then we define a natural estimator of the covari-
ance kernel K as follows:

= ii?i(t)Tﬁ(S)’ (s,1) € [0,1)%, (3.5)
=1

and derive from it an estimator of the covariance operator I,

1
/ Ky(s,)f(s)ds, feH.
0

Since the kernel K, ¢ 18 symmetric, the operator f¢ is self-adjoint and it is also a finite-rank hence compact
operator since Im(f¢) - span{?l, e n} From the spectral theorem, we know that there exists a
basis (f¢ ¢)e>1 of L2([0,1]) of elgenfunctlons of I‘¢, We denote by (fig¢)e>1 the associated eigenvalues
sorted in non-increasing order. Finally, with a slight abuse of notation, we denote the vectors containing
all the observations by (Y;)ieq1,....n}> -6, let j € {1,...,pD} we denote by ¢ and r the qotient and the
rest of the euclidean division of j by D, foranyi € {1,...,n}

(Ya); == Yir(tq)-

Optimization problem Our approach mimics the one adopted by Jankova and van de Geer [2021],
which relies heavily on the Taylor expansion in R? of the function:

B—E—-8T8lF BER?,

where 3 is a covariance matrix and || ||  is the Frobenius norm. We first defines a functional counterpart
of this function, for this purpose, recall the tensor product notation ®, given in 3.2. Note that h®f defines
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a linear operator verifying |h ® f||zs = [|h||uz|/f|lm < co. We now introduce the objective function R
such that
RM):=|T -h®h|%g, hel (3.6)

Extending this approach depends on our ability to use the Taylor expansion and the Taylor-Lagrange
remainder in H, however in Zeidler [1985] Chapter 4 (theorem 4.5) an extension to Banach spaces of the
Taylor expansion is defined, and since R is a real-valued function, we know that the mean value theorem
is valid; thus, the existence of the Taylor-Lagrange remainder is guaranteed.

Theorem 6 Let R : U C H — R be a map defined on an open convex set U of a Banach space H. We
suppose that R is n—times differentiable. Then the Taylor formula holds true for all (u,h) € (U x H)
suchthath+u e U :

n—1 (k) /1.k
dRy” (k")  _
R(u+h)=Ru)+ Y k!( + 2,
k=1
where we set dRS" (h*) = dRr{) (u) (h, ..., h), and the remainder has the following form:
o
—times
_ 1 (1 _ T)nfl (n) N
Zin —/O WdRu+Th(h )dT

Since R is a real-valued function, we can apply the mean value theorem on =,, which means that there
exists 7% € [0, 1] such that

P ) m gy [ Q=)
/0 WdRu—&-Th(h JdT = dRy .y (h )/0 WdT
_dRYY ., (07)
- n! '

This allows us to deduce the following corollary.

Corollary 6 Let R: U C H — R be a map defined on an open convex set U of a Banach space H. We
suppose that R is n—times differentiable. Then the Taylor formula holds true for all (u,h) € (U x H)
such that h +u € U. There exists 7 € [0, 1] such that:

n—1 (k) 1.k
dRy; " (h
R(u+h) = Ru) + k,()
k=1 )

where we set dRS" (h*) = AR (u) (h, ..., h), and the remainder has the following form
o
—times
AR ()

—
—n .

+ =, 3.7

n!

Remark In what follows we will use Corollary 6 withn = 2 and U = B(n) (a ball defined later). So
there exists T* €0, 1[ such that for all (u,h) € (U x H);h+u € U:

dRu-i—‘r*h (h)

R(u+h) = R(u) + dRy(h) + 5

(3.8)

One key element of the proof is the sub-differential of the 1-norm introduced earlier. First, we recall the
definition of a sub-differential, and we will show its existence and compute its value.



3.5. DEFINITION OF THE ESTIMATORS OF THE EIGENELEMENTS 71

Definition 10 Let F : H — R be a convex function, a sub-differential at point hq is a function denoted
OF (hy) such that;

VheH F(h) — F(ho) > (9F (ho),h — ho)s.
In what follows we compute J|| @ ||;. Let g, h € H. First we define the Sign function as :

Sign(g) = (sign(g1), ... sign(gp))-

Note that we have the following equality for any g € L2([0, 1]):

llgll = ”}{ﬁla?él(gyhﬁ?([o,l}) = <3i9”(9)79>L2([o,1])-

This implies that :

D
gl = llgallx
d=1

D

= max h
=1 IIhdlloo§1<gd a) L2 ((0.1)

= < . .
max (8, ) < (Sign(g), g

However, since (Sign(g), g)m = ||g||1 and || Sign(g)|/s = 1 it implies that:

el = ||1$2}§1<g’h>H = (Sign(g), g)u- (3.9)

Thus Sign(h) is a good candidate for the subdifferential of ||h||;. Let g, h € H. We show that
VheH |hl; — gl = (Sign(g),h — g)u.

However since ||g|[1 = (Sign(g), g) r2(j0,1]), it is sufficient to show that :

Vhe H |hl; > (Sign(g)), hm,
which is a consequence of Equation (3.9). Thus for all h € H we have:
J||lh||; = Sign(h). (3.10)
We now focus on R given in (3.6) and explicit its successive derivatives.
Proposition 11 Let h € H. Denoting by R and R, the first and the second differentials, we have:

R(h) = 4(||k[|%h — T(h))
R(h) = 4(||h||Z] +2h @ h —T).

The proof is provided in Subsection 3.7.2 page 86. To conclude this section, we now present the opti-
mization problem and its empirical LASSO counterpart.
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Proposition 12 (Reformulations of the MfPCA problem) The first element of the FPC basis g, is solution
of the following constrained optimization problem:

g, € argmin R(h). (3.11)
heH
Note in addition that the solution is unique up to a sign change for g;. The proof is provided in Subsection
3.7.3 page 88. We denote by Ry, and Ry the functions defined for any h € H by

Ry(h) := [Ty —h @h[|%s, (3.12)
and
Ry(h) := Ty —h®h|/%g, (3.13)

where I'y = E[f¢] We investigate the statistical properties of a LASSO variant of this optimization
problem, i.e.:

~

€ argmin Ry(h) + Alh|, (3.14)
heB(n),|h], <T

where (T, \) are tuning parameters and for some > 0 we define B(n) := {h € H, |h—g;|| < n} tobe
a small ball containing g;. The constraint ||h||; < 7" might seem unnecessary or at least redundant with
the penalty A||h||1, we impose it due to the non-convexity of ]§¢. From a theoretical point of view, it is
essential to derive guarantees on g. In the sequel we will show that 7' = O((log& ) )1/4) is convenient.
Thus, this constraint is not restrictive. Note that similar constraints were found in Jankova and van de
Geer [2021] and Loh and Wainwright [2015].

Remark This optimization problem can be seen as the functional counterpart of the multivariate PCA
problem (see Jankovd and van de Geer [2021] section 3.1). The Hilbert-Schmidt norm is considered in
the literature as an extension of the Frobenius norm to the compact operators.

Remark The existence and the form of B(n) might seem problematic regarding the feasibility of this ap-
proach in practice. To overcome this difficulty we compute a pre-estimate g,,,.; using an other algorithm
(The one provided by Hall et al. [2006] was shown to provide good estimate regardless of the dimension
D). Finally, to create B(n), one would replace g, by g;,,.; in B(n).

3.6 Upper bound for histograms

In this paragraph, we specify our results for the case of histograms.

Definition 11 Ler M be an integer such that M divides p and for any A € Ay = {0, ..., M — 1}
oA(t) = VM1, (1), te[0,1],

with I = [A/M,(A+1)/M).

Next, we introduce the oracle condition, and we assume it is valid for subsequent Theorem 7.

[Oracle] Oracle condition: We assume that p, M and T are such that:

SVILIKD o2 _ 2
4(]\|W” + % +108(fiy + %)CT(CT + \@) < Vplp — 8n),

. 2, /3log(pD)
where Cr = (||gy]l1 + 1) Ong

V1 — /{12 and 1) is a constant assumed to be smaller then £.

, 1 (resp ji1) is the largest eigenvalue of I' (resp I'y), p =
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Remark Note that, the oracle condition implies that Cp < M, which means that Cp should

432(fin+2-)
. . . T2/log(pD) .
be in the worst case of the order of the constant. Since, Cr is of the order of # it means that

T = O((i5z000) ")

Remark Note that our oracle condition imposes a condition on the ratios % and llglft/los(pD) ”l\/%g(pD). For
our approach to be valid, these two quantities need to be at worst of the order of the constant. This has
two implications. The first one is that the grid needs to be dense enough (M® < D) to balance the effect
of the dimension D. The second concerns the level of sparsity s since ||g,||3 < |lg1/lollg11|Z = sp1- A

. L 2/log(pD . ,
sufficient condition is to have w at worst of the order of the constant, it means that s can’t be

larger than
Geer [2021].

m. Similar limitation regarding the values of s can be found in Jankovd and van de

Let \q be defined such that:

o? log(DM) N log(DM)

A= 4¢ (jir + Cj)(IIKHoo +2)( ), (3.15)

n n

T
where [17 + %ﬁ is the largest eigenvalue of %.

Theorem 7 Let Pz € R&D)(L), se{l,...,D}, |lgllh £ T and |g|lo =s. Forall A > 4<||g1\|H()\1 +

8 LHKHC’OS) + lglloco™ + )\1> with probability at least 1 — 21%[(;[) — % we have :

M p
g — g1lf < L
M= i (p — 8m)2
and ) 4
~ 256s 64L|| K ||0os llg1ll5.0
2 2 2 00 1lloco 2
— < 7< AL+ + + A )
g — &1l 11 (p — 81)2 g1 7 (AT M2 ) 2 1

The proof is provided in Subsection 3.7.4 page 89.

Remark Note that A1 depends on the value of ||g, ||z, which is unknown in practice. However, in practice
one would replace ||g || by ||&init||i (The pre-estimate). Similar limitations regarding the values of A\
can be found in Jankovd and van de Geer [2021].

Remark We can deduce the following relation between H?— fill4 and |g — g1/

I8 — g1 = 813+ llg: 1% — 2@.81)
= 1181 + llg I — 2118llllgy |l i)
= (Igllz — llgallz)* + l12llerllgy (2 — 20F.f2))
> |l lmllgy (2 — 20F.f1))
= |Igllsllg llmllF — 1 1
> (llgalle — 118 — &1 ller) gl [F — £ 1
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Assuming ||g — g1|lm < ”g1”H implies that:

H&H]%I

g — gl > ELEF g2
and since |lgy [ = i lfy |4 = 1 we have:

- 20 - &1l12
—filll < =1,
AR

which allows us to deduce the following corollary.

Corollary 7 Under the assumptions of Theorem 7, taking M = p and

8v/L||K Oos 0002
3= 4(leallans + Dy el

. .. log(T)+1
we have with probability at least 1 — 2T

512
1i(p — 8n)2

64L|| K || o0 5? 2 sot
(lealiaong + S il oy g

If—full% <

Remark Since a < 1, the term so* /p? is not larger than the term s*L||K || /p** (up to a constant).

Denoting by A the subset of 2 under which Equation (3.16) is valid, under the assumptions of Theorem
7 we have:

E(f —fl3) = E(If — fil314) + E([f — £l 4c)
2
< C(K i, s p,m) 8(pD) (s 1) + 2P (A%)

-~ 52 s log(T) + 1
< C(Kmulvﬂlapv )log(pD)( + n) +4(pl))’

for C(K, i1, u1, p,n) a constant that depends on || K || oo, 11, 41, p and 1. Note that if T < n < pD

log(T) _ log(n) _ log(pD)
pD — n n

and by Inequality (3.47) we have that :

__8D\/|K||oL
pr < ———— — T
(a+1)p

Recall that due to the oracle condition 1% cannot be larger than a constant. Thus :

82 S

Sup PZGRSXD)(L)HUIIS,U/, E(Hf‘_leIQHI) é C(LK’ N? C) 10g(p)(1% + E)’
K lloo<Li,p—8n>c

for C(Lg, i, ¢) a constant that depends on Ly, v and c. This upper bound matches the lower bound up
to a s term. Note that the variance term is optimal (up to a log term). However, the lower bound does
not match the upper bound regarding the bias. We only managed to narrow down the minimax rate to be

between 1% and ;—a. In the continuity of the univariate case, parameters n,p, and s strongly influence

1
the rates. As in chapter one when p is large enough (p > (sn)2a), then our procedure achieves the
rate ‘O’IOTg(p) which is often encountered in the sparse parametric setting. Similarly, as in Chapter 2, the
impact of the noise is negligible. Finally, to the best of our knowledge, these rates are new.
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3.7 Proofs

3.7.1 Proof of Theorem 5

To establish Theorem 5, we prove following Propositions 13 and 14.

Proposition 13 Under Assumptions of Theorem 5,

inf sup  E[lf} —fill3] > cisn”,
fi perP)(L)

where c; > 0 is a constant depending on o.
Proposition 14 Under Assumptions of Theorem 5,

inf sup  E[lfy —fillf] > cosp™?,
fi perP(1)

where co > 0 is a universal constant.

The result of Theorem 5 is deduced from Propositions 13 and 14, by taking ¢ = % min(cy; ) > 0.

Proof of Proposition 13

The proof of Proposition 13 follows the general scheme described in Tsybakov [2009] Section 2. Let

1

P(t) =e =211 (t), teR.

We then define
(4t — 3) ift €[1/2,1),
o(t) = —¢(4t—1) ifte(0,1/2),
0 ift ¢ (0,1).

Both functions ¢ and ¢ are C*° on R with bounded support, then are a-Holder continuous, for all o > 0.
Moreover fol ©(t)dt = 0. We note L, such that, for all ¢, u € R,

|p(t) = p(u)| < Lalt — ul*.

Let us now define two components for the test eigenfunctions, let s € N*, S < Dd the level of sparsity
and S a subset of {1, ..., D} such that |S| = s, we set

. 1
Mo(t) = %1[0,1]@)7 teR

and with
@a,x(t) = ago(:z‘t),

ma(t)=C (ni‘,o(t) + \/E‘Pa,:}c(ﬂ) , teR

The eigenfunctions are defined as follows, let m € S:

fora >0andxz > 1,

(f1,0)m=o0,...0 = (170 X Lmes)m=0,....D;
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note that [|fy o[z = >, |17} oll> = 1, and
(f1,1)m=0,...0 = (N1 1 X lmes)m=0,....D

with C such that [[f; ;|| = 1. We first determine C:

. 4 [t 1 11
P (Hm,oHQ o2 [ et usoa,mu?) = (5 + 1 lonal?).
n Jo n s n

Now, since x > 1,

2 2 ! 2 a? [* 2 a® [ 2 a? 2
loasl? =a® | Pt =2 [ =2 [ g = Lol
0 T 0 T 0 T

1711

Thus :

* 1, ol
Il = X il = s0? (£ + 120,

rn
meS

Then, we set
als —-1/2
C:= (1 + H<p||2> <1, (.17
rn
so that ||f; 1||m = 1. Now, for £ ~ N(0,1) and p} > 0, we introduce
Z7(t) = \/uiéh (1), j=0,1

and we consider Model (3.1) such that Z{, ... ,Z% are i.i.d copies of Z7. Let, for 7=0,1, PjZ the law of
Z7. We have for any (¢,u) € [0,1]?,

— zg(u))?dP%(z) = max I8 — Z7 (u))?
0l /c([o,ﬂ)(Zd(t) ()" dFyalz) dE{l,...,D}E[(Zd(t) Zag(w)7]

= max uiE[¢}] (ff,dg(t) - ffdg(u))Q

2
= piE[E?] (n1;(8) — i 5(w))” .
We have easily that PZ ¢ R (L) since nj  is constant on [0, 1], implying

max Zt—ZUZdPZz:()
de{1,...,D} /C([o,u)( a(t) — za(u))"dPg4(2)

‘We have

ety [ Galt) = ) aPe) = WEIE (o 0) i )

2, %
= Cnu L (Pae(t) = $au(u))

_ C%a®u;

(p(t) — p(zu))®

< 02L3a2ufx20‘

’t _ u‘2o¢

)
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and since C' < 1, Pf € RP) (L) if

L2 2, % ,.2x
La® T <L. (3.18)
n
This allows to deduce that
inf sup  E[|[fy — £]l[3] > inf sup E[|[f; — £ |7,
fl PZER,(XD)(L) f1 ] 01

and the aim of what follows is to prove a lower bound for IE[||?1 —f7 ;117
Letﬂ an estimator and zﬁ 22z e Myxpp — {0,1} the minimum distance test defined by

i = arg min;_ [/ — ﬁ,j”%ﬂ’
we have for j = 0, 1,

P 1
£ — £ ;llm > §||f°{¢ — 1 llm-

Now, since fol Nio(t)pa,z(t)dt = 0, if

— <1, (3.19)
xn
we have C' > (1 + ||¢]|?)~1/2, we fix a = ﬁ in what follows, and we have:
C 2
* 2 * x 112
||f177$ - folkJH]HI = 1{1&7&]} Z ||7]1,0 - 771,1” {q/,;g]} Z 771 0 \/ﬁ@a@
meS mes
1 C?
= 2 Ty (su —0’+ nn%,mn?)
mes
2 2
25 s _llel”
> 1 Sl 2 1, TR
mes
s 1
>

1, ,  ——.
WA e 1
Then,

inf  sup E[|[f, — £ %] > ———— X inf max P(¢ # §).
f1 PzERgD)(L) b 4”’(”()0“2 + 1 ¢ 7=0.1

(3.20)

We now prove that the quantity inf ;) Max;j=0,1 IP’(iZ # j) can be bounded from below by an absolute
positive constant. For this purpose, we control the Hellinger distance between the data generated by the
two models. More precisely, we have to prove that for some constant /2 < 2, we have

max
HQ((Pé)bS)®n (PobS)(Xm) < H2

max

where PjObS is the law of the random vector

YIS (YT (t0), . Y (tye1), - YE(t0)s ., Y (tpe1))

such that ' ' '
Yi(tr) = Z)(te) + €1, 4
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with 58’1, . ,52_171, 5(1)7D, . ,611)_17[) ~i.id. N(0,0?). First remark that
Y7~ N(0,Gy),

where G is a symmetric block matrix of size pD x pD with each block matrix being of size p X p. When
7 = 0 we have,

'u*
GO = i:ﬂ_sXS —|—O’2IpD

where 14y = 1,17 and 1, = (1 x Imes)m=1,..pand1=(1,..., 1)T € RP. When j = 1 we have,

Lo (1 1 1
G =iC? (F Lo+ = (Lo + uel]) + sl ) + 0%
where @, 2 = ((Pa,2(to),- -, Pax (tp_l))T X 1mes)m=1,...,p. Taking v to be the Lebesgue measure on

RPP we get

HQ((PSbS)(Xm, (Plobs)®n) -9 _ QA(PSbS, lobs)n’

where, in our case where the variables are Gaussian with equal mean vectors, the Hellinger affinity writes
(see e.g. Pardo 2006, pp. 45, 46 and 51),

det(G0G1)1/4
A Pobs obs\ _ )
(Fg™, Pr™) det((Go + G1)/2)1/2

(3.21)

Matrices Gg and (G; can be analyzed in terms of eigenvalues and eigenfunctions, and assuming that
p > 3, we take x > 1 such that

B 1 if (p—1)/2 isaninteger
R = O p/2 is an integer

and

p—1
2z

q:=

is an integer such that ¢ < (p — 1)/2 < p — 1. In this case,

p—1 p—1 p—1
1?‘/’&@‘ = ‘sz;,:pﬂs = Z ZSOa,a:(tk) =a Z Z@(mtk) =a Z ZSO < o > )

p—1
meS k=0 meS k=0 meS k=0
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and
p—1 p—1
zk 4xk
S < > A ( 3) 1
k=0 p—1 k=0 P EU/zH}
p—1
4xk
- Z¢( 1) 1y
2\ p- {Zel0/21}
p—1
4xk
= Zcb(p 3) Likel(o-1)/22),(0-1)/al}
k=0
p-l 4dzk
- Y. ¢ (p 1) Likelo,(0-1)/(22)}
k=0
p—1—¢q
4zl
= ) ¢ <p 1 1) Lieelo,(0-1)/20)}
l=—q
p—1
4xk
- ¢ (p 1 1) Likego,(p-1)/(22)y
k=0
replacing the variable £ in the first sum by ¢ = k — ¢ and remarking that ¢ < p — 1 — ¢q. We also have

p—1 p—1—q
zk 20 2k
@ ( > = ¢ ( - 1> Liseloqly — Z ¢ ( - 1) Likeloqy
k=0 p—1 t=—q q q
q—1 q—1
S Foli )
=0 q k=1 q

thus

ﬂcha,m = S%T,zls =0.

Note that we also have
ILs><s]]-s = Spﬂ& ]]-§><s = Spﬂsxs-

We set
L o e —amtat2 (SR )
=l vis aclly, Cae =a s (kz_:so (wtk)> Pazs
so that ||v1 ¢, = ||v2]l¢, = 1 and v3, . .., v,p an orthonormal basis of span(v, v9)L. The matrix
V= [vi;v2;- -+ 1 0pp),
is an orthogonal matrix. Since Gy = ’%Ilsxs + U2IpD, we have forany k € {3,...,pD}

Gov, = O'Q'Uk and Gov1 = (p,uf{ + 0'2)?}1, Govg = 021)2.
Similarly, for G; we have for any k € {3,...,pD},

Gy, = oy,
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* p
Groa = (uiC? + o%)un + i€ Pl

which means that

and

M*02 7 2
e T +u102\f lpasllesen
pu; +0° 0 0
0 o? 0 .
GOZV . V 5
0 0 o?
piCt+ 0% piC?\ [Blgaale, 0 - 0
wiC? 2402 0 -~ 0
T
G1:V 0 0 02 0 V.
0 0 0 o?

In particular, we have:

* .2
BLC?4+1)+0% M 0 -~ 0
*02 *02
Go+G S sl B Npusll, +0? 0 o 0
ot Gr _y, o1
T_ 0 0 0'2 O .
0 O 0 0_2

‘We obtain

det(Go) = (pp + 02)o2@P=Y = 2D (1 4 5 2put),

~ i C? +24 D
det(G1) = 72 (i 4 ) (U sl +0%) = i Ll g, )
_ . wiC?o
_ O.2(PD 2) <0.4 +pM10202 + MY ¢ - ||<Pax||52)

3 *020.—2
— 20D (1 4ot 4 “1nH<pa7$|]§2> )
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and

*

_oy (P pic?
det((Go + G1)/2) = g2(PD-2) <<21(02 +1)+ 02> ( ;n H<Pa,x|’z%2 + ‘72)

PM1204 2
an H‘Pa,wHEQ
2
_ 2(Dp-2 P pul uiC
_ 52Dp ><(g + 2002 4 (o2 + 2 T 2,
*CQ 2
+W10>
2
pujo?
= oD ((1+12 )+ (072
L brio ) piCt 1a,zll7, + pice
2 o 1Paelle 2 '

We fix the value of the eigenvalue 1] to be:

L2g20H _
SLiaE 2 ez andn > el 2 we have

2 -1 -1

a-s S S S
C? = <1+|90||2> = (1+—) :1——+o(—),

rn n n n

note that, we assumed s < n which implies the following

so that (3.18) is satisfied, for n >

S s n n
and
c? 1 5+<s)_1 s+<1>
n n n? n? n n? n

Observe that

p—1
T xk
||‘Paac||£2— § Eﬁa (wty) sz@g(ﬁ)—”’
k=0

mESk 0

when p — 400, so

Up = QHLPQ,Z'H?Q

is bounded from below and above uniformly in p (and n). Furthermore,

0.—2

det(Go) = UQpD(l + T)

81

(3.22)
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det(Gy) = o2PP <1 +

o2 o2
=P+ (1 Py VT 0@)

C%72 (252
+ Up

S n

2s

-2
oD o o o (1)
o 1+—) |1+ ——=(up—-1)+ ———=—u,+o0{—) | .
( s)( 2n(1+(’2)(p )4n(1+%2)s” n

We fix ¢ > 0. For p large enough (3.22) implies that |u, — 1| < ¢ and using (3.21),

det((Go + Gy)/2) = 0P (1 +

det(GoG1)/*
det((Go + G1)/2)1/?

. 1/4
(1 e o ))

1/2
o2 o—4 l
(1 + 2n(1+%)€+ =, (1+¢) +o( ))

A(Pobs PObS) _

implying
) n/4
A<Pobs P10b8>n ) v
o2 o4 1
2n(1+%)€+4 (1+22)s (1+€)+0( ))
SO
-2 —4
lim inf A(PS, PO%)" > exp ( 052 e—0125— 7 1+ 5))
n—teo (1+75) (1+%57)s
0—2 —4
Zexp<—0.5 e~ 0.125 (1+5)),
( ) s+o2

4

4 . . . . . . .
yQy +z) is increasing in x, which implies that for all x > 1 we have exp(—ygy JrI) >

4
exp(—#), hence

note that exp(—

-2 —4
lim inf AP, POb)" > —05—2 01252 1
im inf A( %) _exp( 05(1 — 0. 5 = 5 ( —1—5))

n—+o0o _|_US)

and the last quantity is positive for any € > 0. This implies that

lim sup HQ((PSbS)(Xm, (Plobs)@)n) < 9.

n——+0o
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Proof of Proposition 14

The proof is based on Assouad’s Lemma and follows the general scheme described in [Tsybakov, 2009,
Section 2]. Let

_ 1

o(t) =e =21 (t), teR.

We then define
o(4t — 1) ift €[0,1/2),
o(t) = —¢(4t+1) ifte (—1/2,0),
0 ift ¢ (—1/2,1/2).

Both functions ¢ and ¢ are C*° on R with bounded support, then are «- Holder continuous, for all o > 0.
The function ¢ has it support included in (—1/2,1/2) and verifies f 1o o(t)dt = 0. We note L,, such
that, for all ¢, u € R,

|o(t) = p(u)| < Lalt — ul*.

Let us now define test eigenfunctions. For w = (wy, ..., wp—1) € {0,1}7, we set

p—1
M w(t) = Co (v +) wk (P (ot — ) — 1/2))> :

k=0
(f1.0(@))meq1,...0y = Mwt) X Ines

with Cy, and v > 0 two positive constants to be specified later. To be an eigenfunction, f; , has to be of
norm 1, which writes

1 p—1 2
el = Cf,/o <7+Zwk (p“’@(p(t—tk)—l/?))> dt

k=0

p—1 1
_ 2 2 w -« . o
= (5 (’Y +2'szo k<p /0 e(p(t — tx) 1/2)dt>
1 /p—1 2
+/0 (Zwk (p‘“so(p(t—tk)—lﬂ))) dt

k=0
Using successively that the support of ¢ is in (—1/2,1/2) and that f 12 o(t)dt = 0, we can see that

1 g1 1/2
/ o(p(t —tx) — 1/2)dt = / o(p(t —ty) — 1/2)dt = p‘l/ @(t)dt =0,
0

tr —1/2

and
2

1 /p—1
/ (Zwmp(ttk)l/z) Zwk / plt — ) — 1/2)dt = lzwkw
0 \k=0

This implies that

p—1
Intwl? = C2 (72 +p2a1HsOH22wk> -

k=0

p—1
sC (72 +p 2|2 Zwk>

k=0
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We then fix the quantity

o1 ~1/2
Co = <S’Y2 +sp 2 Hlp|? Z%) :

k=0

and vy =y 52 Remark that C,, verifies for p > s2a (it implies that sp~2% < 1) we have:
-1/2 _ —-1/2 g 1 _
(F + llel®) 7 < (92 + sp7 2 l?) TP < G <7l TE =g (3.23)

Let us define now the associated law of our observations: for § ~ N(0,1) and y7 ,, = we set

L
2LZC2
Zo(t) = /1] W€t (D).

Let PZ the law of Z,, we have that PZ ¢ RP) (L) since forany d € {1,...,D}

/ (2(t) — 2(5))3dPL(2) = E[(Zw(t))a — (Zw(s))a)?]
c([0,1])

= E[(Ziw(t) = (Zaw(s))’]

= 1 w((frawt) = flaw(s))*EE7]
= Halk,w(fl,d,w(t) - fl,d,w(s))Q
e

p—1 2
X (Z wip” " (p(p(t — tk) — 1/2) — p(p(s — ty) — 1/2))> :
k=0

Then, using the properties of ¢, we have two cases :

o If S7t € [tg,tg+1[,

p 2
(2 e (p(plt — te) — 1/2) — plp(s — te) - 1/2)))
k=0

= wip 2 ((p(t — te) = 1/2) = o(p(s — te) — 1/2))°
< pPLE(p(t — te) — (s — te))* = Lt — 5)**.

e If s € [t@, t[+1[ andt € [tgl,t[/+1[ with ¢ 7& gl’

(Z wip” “(p(p(t — tr) —1/2) = (p(s — t) — 1/2))>
k=0

= wip** (Je(p(t — te) — 1/2) — @(p(s — tg) — 1/2)]

_ 2
+wpp 2 le(p(t — te) — 1/2) — @(p(s — te) — 1/2)|)
< 2L2 |t — 5|,

Finally

max / (2(t) — 2(5))3d P, (2) < 2013 LC2L2|E — s = Lt — s[>,
de{l1,...,D} Jo([0,1)) ’ ’
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This allows us to deduce that

inf sup  E[[fi —fi|E] > inf sup E[[f — ]3],
fl P GR(D)( ) f1 wE{O,l}P

and the aim of what follows is to prove a lower bound for E[|[f; — f} 2]

Let /fl an estimator and

w € arg minwE{O,l}PHfl - fT w
we have

-~ 1
I = ol 2 516 6 — F ol

Now, still from the support properties of ¢, and denoting wy, = &y, = 0if k > m,

||7ﬁ o "ﬁ w”2

tet1
l/ (Caly + Byp s (plt — ) — 1/2)) — Cuy + wppp(p(t — t5) — 1/2)))* dt
p—1l .1/2 9
=p ! Z / 1/2 CA (v + @kp~%p(u)) — Cuw(y + wkp_a‘/)<u))) du
p—1 p—1
= (Co — Cu)®7* + llelPp > (Calr — Cuwr)? = llel*p2* 1) (Cobdr — Cuwy)?
k=0 k=0
> ”90H2p_2a_1 <min{Cg), o5 w) Z 1{wk5£wk} + Z 1{‘% =wg= 1}>

2 |190||2p_2°“_1min{C%,Ci}p(%w)-

where p(w,w’) = Zg;l + is the Hamming distance on {0, 1}”. Thus we have for all values of p

Wi AW,

such that p > 30
It —fiwlli = sllel?p > min{C3, C5}p(w, @) = (v + [lol*) HlelPp™>* p(w, @)

Combining all the inequalities above, we have the existence of a constant ¢ = ||||2/(4(+? + ||¢]|?))
such that

2] > ésp 2 linf max E[p(@,w)]

i £
in sup E[| 1,5 = @ we{0,1}r

i perP (1)

By Assouad’s Lemma (see e.g. Tsybakov, 2009, Theorem 2.12), there exists a constant ¢ > 0 such
that

f E > cp,
inf max Elp [p(@,w)] = cp

provided we can prove the following upper bound

KL((P*)®n (PebsYOm) < 0 < +oo, forallw € {0,117,
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where P2 is the law of the random vector Y2 := (Y1 o (t0), .., YD w(tp—1)) such that Yo (t;) =
Z.,(t;) +e(tj) withe(ty),...,e(tp—1) ~iia N(0,Ipo?) and K L(P, Q) is the Kullback-Leibler diver-
gence between two measures P and (). However, remark that, forallw € {0,1}?, forallj =0,...,p—1
andd € {1,...,D},

Yo (ty) = Zo(t) +e(ty) = /1 EfLw(t)) + (L))
Now .
Mw(tj) = Co (’y +) wr(p e(p(t; — t) — 1/2))> = Cuw?,
k=0

since p((p(t; —tx) — 1/2) = ¢(—=1/2) = 0if j = k and o((p(t; — tx) —1/2) = 01if j # k by the
support properties of ¢ and the fact that p(t; — tx) — 1/2 = 25 (j — k) —1/2 > 25 —1/2 > 1/2if
j>kandp(t; —ty) —1/2<1/2if j < k. Hence foralld € {1,...,D} andforall j =0,...,p— 1,

WL
V2L,

Yaw(t;) = /1] wECwT + €alt)) £ +ealt))

the distribution of Y2 does not depend on w. Therefore,
KL((P)®", (F™)") = nK L(PZ", F§™) = 0.

3.7.2 Proof of Proposition 11

In this subsection we will compute the first and the second differential of R defined such that for all
h € H we have:

R(h) = |IF —h® ||}
= [Vl 7s + [h@h|Fs — 2T h @ hgs.

For the sake of simplicity, we first compute the values of |h ® h||?{ g and (I';h ® h) g in what follows:

* Leth € H\{0} and (e;);en+ be an orthonormal basis of H such that e; = HthIH’ we have:

Ih@h|7s =) (h@h(e), h®h(e;)u

iEN*
= Z (h,h)gi(h, e;)p(h, e;)n
ieN*
= ||Ih[% > (h,e)f = [h.
1EN*

* Similarly for (I', h ® h) ;g we have:

(T’h@h)gg = > (T(e;),h@h(e;))n
1EN*

= > (T(e;), h)m(h, ).

1EN*
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Since e; = m it implies that for all i > 2 we have (e;, e1)g = (e;, mm = 0. Thus we have:

(T,h@h)ys = > (T(e;), hyu(h, e
1EN*
= (I'(e1), h)u(h, e1)m
_ B Ry (T (), b
[l

= (L(h), h)gr.

Thus, we have for all h € H:

R(h) = ||T|f% + b3 — 2(T(h), b

* Note that by definition of || - || s we have:

ITlIZs = D (Teq), Te:))

i€N*
= IlCe)llE

1EN*
IT(h)]7
H

Thus, we have for any h € H:
T ()| < 7175l (3.24)

Now we compute the first differential, let h and a two functions in H, we have :

R(h+a) — R(h) = [h+alj — 2(C(h +a), (h+a))u — [ +2(C(h), h)y
= —4(T'(h), a)s — 2(T'(a), a)w + (|]|7 + 2(h, a)s + [la]|%)” — [l
= 4[| (h, a) — 4(T(h), a)x
+ llall + 4(a, W) + 4(a, ) [lallg + 2 [lalf b - 2(0(a), ),

note that |(I'(a), a)u| < |[I'(a)||mllalle < ||Tl|asllallf and (a, h)F < ||h|g]la|

2, which implies that:
lalliz + 4(a, ) + 4(a, hymlallf + 2(lalElh]E — 2(0(a), a)r = of|lalm).
Finally we have:
R(a+h) — R(h) = 4[| (h, a) — 4(T(h), a)z + o([la]|r),
meaning for any h € H:

R(h) = 4]h|%h — 4T(h).

Similarly for the second differential, let h,a € H we have:
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R(h+a) — R(h)

4(1In + al[%(h +a) = T(h+a) — [|h|Zh + T(h))

4((IJ; + ) + 2(h, )s)(h + a) — [/ 3h — T(a))
= 4(IIn|%a + 2(h, a)uh — T(a))
+ 4/|a]|h + 8(a, h)za + 4/|a|%a,
note that H4||a||12HIh _ 8(a,h>HaHH < 12|[h|zlallZ = o(|a]lx) and 4(||h||12HIa — 9(h,a)gh — r(a)) is a
linear function in a thus for any h € H:
R(h) = 4(||h||?HII +2h@h— r),

which ends the proof of Proposition 11.

3.7.3 Proof of Proposition 12

Let T" be a covariance operator, (fy)sen+ the basis of eigenfunctions of I and (uy)sen+ the associated
eigenvalues sorted in decreasing order. Remarking that the function to minimize for any h € H

R(h) = |T —h®h||}4

can be written
R(h) = [T —h®h[[};4 = |[T||3;5 — 2(T'(h),h)x + |[h @ h|/Fg,

we then minimize the functional
J(h) = |[h@h||3g — 2(T(h), h),

On the set Y = H. The Karush-Kuhn-Tucker (KKT) theory for infinite-dimensional optimization prob-
lems can be found, e.g., in Zeidler [1985, Section 47.10]. We first remark that all function J is a convex
function. Moreover, it’s Giteaux-derivative J' exists, which means that for all 7 € U, there exists
J'(h) € U such that for all n € U,

: . J(h+tn) = J(h)
(J'(h),m) = lim : .

By Zeidler [1985, Theorem 47.E], we know that h is a solution to
inf J(h
inf J(h)
if and only if
J'(h) =0 (3.25)
Thus for all n € H we have :

4|[R)E (R, m) — 4T (R), n)m = 0

which implies that :
IhlEh = T'(R)
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which implies that the space span{h} is an invariant subspace of I of dimension at most 1. In other
words there exists an integers jg such that

span{h} = span{f;,}. (3.26)

We then have to prove that jo = 1 minimizes the functional, in order to do so note that

J(h) =" 1y — o
JEN*

Since (f45);>1 is sorted in decreasing order, this implies that J(h) is minimal when jj = 1.

3.7.4 Proof of Theorem 7

As defined, the objective function R is not convex, to illustrate this, we fix a = af; and h = %fl, note
that :

(a, Fo(h) (@) = 4(IIb]E (2, @) + 2(h, a)% + (a,T(a))u

= 4<(a %)2 + 2((1\/?)2 - agm)

= 4a2<& polt p1) = —a’py < 0.
4 4

Thus, the naive approach that minimizes the empirical risk, namely ]§¢, is cursed by non-convexity
since even the theoretical risk R is non-convex, finding the global minimizer of a non-convex function is
known to be a challenging task. To overcome this issue, we take advantage of the fact that R is locally
convex in the neighborhood of g; and constraint our optimization problem to find a solution in a small
ball B(n) that contains the global minimizer. Provided that 7 (the radius of B) is small enough, Lemma
9 below shows that R is convex on B(n). The same approach can be found in Jankova and van de Geer
[2021].

Lemma 9 We denote by p = /i1 — \/jv2 and assume that 8n < p. Then for all g satisfying ||g — g |lm <
1 we have for all x € H:

(xR(g), x)m > 4/1t, (p — 8n) x| -

The proof is provided in Subsection 3.7.8 page 109. Finally, to obtain the stated result, we will need the
following lemma, which controls the error terms appearing in the rest of the proof.

Lemma 10 Assuming the oracle condition is valid, for all X > 4 (Hgl (A + 87%) + g, Hoo%f +

)\1> we have with probability at least 1 — 2%

E(g1)| < Algy — &l + (o — 80)lgy — &l

where \; = 4\/(ﬁ1 + ) (1K loo + 02)(4\/ los(DM) l°g(nMD)), where E(g,) is defined in (3.31)
page 90.

The proof is provided in Subsection 3.7.5 page 92.
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End of the proof of Theorem 7

Since g is a solution to the optimization problem (3.14), we know it satisfies the following:

(Ry(8) + A0|[g]|1, 8, — 8)u > 0, (3.27)

where J|g||1 is the sub-differential of the 1-norm evaluated at g. By Taylor expansion of the loss function
R (from equation (3.8)), we obtain:

o~

R(g)) — R(g) = (R(2). & —8)u + ;{8 — & L(g")(8 — 8)u,

where there exists ¢ €]0, 1] such that g* = tg; + (1 — t)g, thus ||g; — g*|lm < 7 and applying Lemma 9

we know that (g, — g, R(g*)(g; — g))m > 0, which implies that :

R(gy) — R(g) > (R(g),g1 — &u- (3.28)
Combining inequalities (3.27) and (3.28) gives the following:

0> R(@) — R(g,) + (k@) — Rs(@),8 — B)u + (A8l & — 21) (3.29)

Since from equation (3.10) we know that d||g||; = Sign(g), by definition we have (9||g||1,8)u = ||g|l1
and since || Sign(g)||co < 1 it implies that (9|g||1, —g1)m < |/g;||1, thus we have:

~

g1l — (R(@) — Ry(8).81 — B)u > R(8) — R(g1) + Allgl (3.30)

we set:

B(g) = —(R(@) - Rs(@), 2, — B (3.31)

~
- - A~ o~

= —(R(g,) — ;?qs(gﬂ, g —gu+ (R(g —8) — Ry(g, — 8,8 —&u-

Thus rewriting the Inequality (3.30), we get :

R(g) — R(g) + Allglh < Mgl + E(gy)-

To conclude we use one last time a Taylor expansion, keeping mind that since g; is the minimizer in this
situation R(g;) = 0:

A~ -

R(E) ~ Rlg,) = 5 (8 — & (e &1 — D)

where there exists ¢ €]0, 1| such that gf = tg; + (1 — t)g, thus ||g; — g7|lm < 7 and applying Lemma 9
we know that :

R(g) — R(g,) > 2v/n1(p — 8n) gy — 8l

Thus we have:

2v/m1(p — 8n) gy — BllE + Mgl < Mgl + E(gy)-
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Using Lemma 10 we know that for all A > 4 (Hg1 (A + 87VLA\/\[I§IIM) +|g; Hoo%f —l—)q) with probability

log(T)+1 .
at least 1 — 2W we have:

|B(g:)| < Mgy — gl + v (p — 8n)lley — 8l

which implies that

Vi (p = 8n)llg — gllz + Mgl < Mgyl + Mg, — &l

Since ||g; |lo = s. Denoting by g; the projection on those components, we have :

~ ~S ~S
gl = [Ig”lx + [I(&”)“llx
gl = llgt s
~ ~ ~S
g, — gl = ll(g: — )%l + 11&") I,

using this, we have

V(e —8n)llg: — 8llE < 2All(g, — 8)°[ls
< 2\Vsl(g, — 8)°llu
< 2As)llgr —8llm,

and

- 2/ s
gy — Bl < ——2V5

Vii(p —8n)

which ends the proof of Theorem 7.

3.7.5 Proof of Lemma 10

The term E/(g,) encapsulates error terms, we recall its definition:

E(gy) = —(R@) — Rs(@).81 — B
= —<R(g1) - R¢(gl)ag1 - §>H + (R(g; — @) - R¢(g1 —g)a& - @H

~

As consequence of Proposition 11, we know that (more details are provided in the rest of the proof):

o~

fi(e) = Ry(®) = =4(T(s) = Tg(®) ).
Thus we need to have control over I'(e) — f¢(o), the lemmas below provide precisely that.

Lemma 11 Let Pz € R&D)(L), se€{l,...,D} and ||g,|lo = s, we have

8v/sLIKlloollgnllen %/l [l
Me '

b

(T = T)(g1)llo <
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Lemma 12 Let Pz € R&D)(L) we have for all g € H

sDVIKTL oy

(s~ Dig.gdel < el (Z. e+ 5

Proofs of these lemmas are provided in Subsection 3.7.6 page 94. Similarly for the random terms.

Lemma 13 Assuming the observations are Gaussian, we have with probability at least 1 — %

1By~ To)(gn) o < 4Hg1HH\/ 1+ 21K+ fm\/@ 1 log(DM),

= llg1llmAa,

~ 2, . E[YTy
where 11 + % is the largest eigenvalue of %.

Lemma 14 Let J := log(T) and Ao = 4/ M. Then with probability at least 1 — 2%, it holds
forallg € B(n), gl < T:

~ 2
(T —To)().&)ml < Aillgllm + Qligl?, 34/ fx + J;)Ilgll%ﬁﬂ, (3.32)

with @ = (x,¢) = 108¢*[32* Ao + V62 o] and Ao = \/@,

Proofs of these Lemma are provided in Subsection 3.7.7 page 101.
Finally we recall the statement of Lemma 10.

Lemma 10 Assuming that the oracle condition is valid, for all X\ > 4(||g1HH()\1 + 87%3) +
llg1 ||oo%f + )q) gives that with probability at least 1 — 2%
|E(g1)| < Algy — &l + i (p — 8n) gy — &l
Proof of Lemma 10
We focus on the control of E(g;):
Be)| < I17g) — Fs(g)llolles — 8+ |(R(g —8) — Roles — )8 Bl (339)

We first recall the definitions of R and R¢, let h € H we have:
R(h) = 4(|[h|[h — T'(h))

Ry(h) = 4(||h|h — Ty (h)),

which implies that:

| 2(g1) — Rolg1) oo = 4T~ ) (1) o
< 4(Il0 = Ty) @)oo + 1Ty = To) @)l )



3.7. PROOFS 93

Thus we need an upper bound on ||(I" — f¢)(g1) ||loo and [|(I'y — f¢)(g1) ||oo- However in Lemma 11 and
Lemma 13 we showed that:

2
g
(T — Tg)(g1)lloe < 8V/I[K o8 llgIIIH A

b

and with probability at least 1 — M 5 we have :

[(Ty —Tg)(g)lloo < llgsllmA-

Finally, we have:

~

1R(g1) — Ro(81)lloo < 41Ty — T)(@1)lloc + 41T — Ty) (1)l

8/ L|| K||oos o?
J) + Hgllloo;)- (3.34)

< 4(llgy (M + e

~

Now we focus on the last term of the upper bound (3.33) namely |(R(g, — g) — R¢(g1 -2),g —8ul
First of all note that:

~
~ - A~

(R(g) —8) — Rolgy — )21 — B)ul < [(Rolgr — &) — Rolgr — &), &1 — D)
+ |<R(g1 -8 — R¢(gl —8),8 —8)ul

Using Lemmas 12 and 14 we have that:

L||K|]OOD o2

(R(g, —8) — Ro(g1 — 8), 8 — Bl < A4llg _§HH( Mo ;), (3.35)

. . log(T)+1
and with probability at least 1 — 2252

(ol — ) — (e — 8,8 — Bl < 4(Qlles — &) llg — &% + Millg —lh ).

To conclude we work on Q(||g; — g|/?) and show this term can be controlled. Indeed, we have

|43 g(pD)

6 log(pD)}

~ ~ O'2 ~
O(ley ~ &IR) = 1081 + ) [l ~ & + g — 2

9

in order to do so note that, the constraint gives that |[g|[y < T :

ey — @ty B2 < (g 4y D),

we define C'r such that
3log(pD)
n

Cr = (g1l + 1) J

31 D) 6log(pD) 3log(pD)
R Y PR e )

< Cr(Cr 4+ V2).

Then it follows

g, — gl
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Thus, we have:

O(llgy — &l13)llg — &l3 < 108(fis + = )CT(CT +v2)|g — gl (3.36)
Combining Equations (3.36) and (3.34) in (3.35) gives:

|E(g1)] < 4Mllg, —glh

8\/LHKHOOD

2
+ 42, — gllf( + 108( i1 +2 )CT(C'T +2))

L||K||sos o?
e + ||g1||oo;),

taking A > 4(Hg1”H()\1+7VLHAKHOOS)+Hg1Hoo —|—)\1> gives that with probability at least 1— 271°g( ]%H:

+4)gy —gul(nglnm + el

|E(g1)] < Alg, — gl

N
gy (S e

+4lgs — S o 108 + )CT(CT+W))

To conclude we recall the oracle condition. We assume that p, M and T are such that:

8+v/L||K||c0D 2
4(]H+U +108(,u1+ )CT(CT-F\[)) <Vpi(p —8n),

which gives:

E(g1)] < Mgy — &ll1 + llgy — &llEv/in (o — 8n),

which ends the proof of Lemma 10.

3.7.6 Preliminary results for the deterministic upper bounds, proofs of Lemmas 11 and
12

In this subsection, we will establish an upper bound over the terms ||(I'y — I')(g;)||cc and [((T'y —
I')(g), g)u| for any g € H. For that purpose, we will introduce in the sequel the operators HS]P[ ,TK

and T™) that will be useful in our proof. We recall that (¢))xen,, is an orthonormal system of L2 of
size M.

» Let g € H, we define the projection operator IT SD such that forany d € {1,...,D}:
(sp (g))a := Z (D7, 9a) dx-
AEA N

* Let g € H, we define T%) the operator that encapsulates the error of discretization of the kernel
K, such that forany d € {1,...,D}:

(T(K d = Z Z ( dd/)\)\/)<¢>"gd,>¢)‘/’

d'=1 ) \NeENN
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such that for any (A, \') € A2, and (d,d’) € {1,..., D}? we have

p—1 1,1
Ré@M/ 2—]? Z Ka g (th, th)ox(tn)oxn (th) —/0 /0 Kaa(s,t)pa(s)px (t)dsdt.
hoh =

e Let g € H, we define T(™) the operator that encapsulate the error of discretization of the noise,
such that forany d € {1,...,D}:

T(N ))d = Z Z ( dd/)\)\/)<¢>\agd/>¢)\’

d'=1 AN EA

such that for any (A, \') € A%, and (d,d’) € {1,..., D}? we have

R((i]\QA,\, = 14— a7 (Z@ th)ox (th) — <¢)\7¢X>>~

Lemma 15 Denoting by I'y = E[fd)], we have for allg € H
Ty—T < |[gp (D(IT T I 7() ™)
[Ty = T)(@)lloo < [Mgp (M(Igp (g))) — T'(8)lloo + ?H 50 (8)lloe + 1T (8)lloc + 1T (&)l

Proof (of Lemma 15) Denote by K = E[K ] and Ty = E[T 4], we have for all (d,d') € {1,..., D}

p—1
Kgaa(st) = Z % Z Kaa(tn, th)ox(n)oxn (tn ) dr(s) o (t)

axery P onim=o
lg—g 0 =
— Z Z¢/\(th)¢>\’(th)¢/\(3)¢)\’(t)
p AN EAp h=0
1y gro?
= H(Sﬁ)QKd,d’<3;t) + = Z dA(s)Pa(t )+R§l d2(3 t) +R<(i]\1;2< t),
AEA s
(3.37)
where
ad (5:1) Z dd',\,\' Pa(s) P (t),
MNEA
and

R%?(s,t): Z (Rt(ij\cfl')xx> PaA(8) P (t),

AN EA N

and H(Sﬁ)z is the orthogonal projection onto (S1))? = ngl span{(s,t) — or(s)on(t),\,\ N €
Anr, }. Then, by denoting T'y the integral operator associated with Ky, we have for any fonction f
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and any t € [0, 1], from the decomposition of the function Ky given in Eq. (3.37), letd € {1,...,D}

D 1
Cop)a=Y / Kopa (5. 1) far(s)ds

d'=1

D 1 o2 1
=3 [ MigrBaats.0fe@as+ 2 5 [ o@isan

d'=1 AEA N

D 1
+Z Z <R£l{§2,A,A’)/O O () far(s)dsoa(t)

d'=1 NN

D 1
+ 3 (R [ e)ats)dson)

d'=1 /\7>\IEAIM

o2 D 1
= ?(Hsﬁ(ﬁ(i))d +(TNH®)a+ Y /0 gy Kaa(s,t)fa(s)ds

d'=1
+ (T ((1))a,

where T5) (resp. TN )) is the integral operator associated to the kernel RS ) ( resp. RN)) and 11 b,
the orthogonal projection of each component onto Sy onto Syr = span{¢x, A € Apr}. Now,

1
/0 M(spy2 Ko (s,t) fa(s)ds

1 1 1
— Z /0/O/0Kd»d’(uvU)d)/\(“)‘b/\’(v)dualv¢A(8)<Z>,\/(t)fd,(3)ds

ANEA
= [

_ (b, far) Ka,a(u, v)ox(u)x (v)dudv ¢y (1)
AN EA N o Jo ' A

- Z (D, far)(Caa(dr), dar) o (t)
ANEA s

- Z (Taa( Z (DO, far)Dr), ) (1)
NeAy AEA N

= Tgp (Caa (Mg (f)))(t).

Thus we have

D 1 D
Z/O Wigpy2 Kaa (s, t)fa(s)ds = > Mgp (Paa (gp (far)))(t)
d'=1 d'=1
Hence, with a slight abuse of notation, we obtain:

2
g K N
Py = Hgp Pllgp, + —Msp, + 75 4 7M), (3.38)

where Hsﬁ is the orthogonal projection of each component onto Sy, we now have the following
control on ||(I'y — I')(g1) |00

2
g
(T = T)(g1)lloo < [[(Mgp MTlgn —T)(g1)lloo + ;IIHsﬁ (&1)lloo + 1T (1) lloo + 1T (1) o,

which ends the proof of Lemma 15.
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Lemma 16 Forall (s,s',t,t') € [0,1]* and (d,d’) € {1,..., D} we have :
[Kara(t',s") = Kara(t, s)] < VLK loo [|s — 8'|* + [t = #']] (3.39)
where || Kgalloo = sup s)ejo,1)2 E[Za(t) Za(s)] and || K ||loo = maxaes,.. py [[Kaall
Proof Let (s,s',t,t') € [0,1]* and (d,d’) € {1,..., D}, we have:

|Kaa(t',s') = Kara(t, s)| < [E[Za (') Za(s") = Za () Za(s)]|

t
< [E[Zy(t")Za(s") = Za(t') Za(s) + Za(t') Za(s) — Za (t) Za(s)]]
< [E[Zy (t')(Za(s') — Za(s)) + Za(s)(Za (t') — Za (1))]]
<VINE[Zy(th)2|s — s|* + VLVE[Zg(s)2|t — 1|

Lemma 17 Let Pz € R (L) we have :

max max RG] < 7”'”“1\4—1 - (3.40)

(AMN)EAS, (dyd)efL,...,D}? a+1
RM) =0 (3.41)
Proof Let b, = h/p,h = 0,...,p, observe that t;, = % € [bn,brr1]. We define for any \ :=

0,...,M—1 B
Jy = {hzo,...,p—l:Leb([bh,bh+1]ﬁf)\)7é0}.

Note that for any (\,\') € {0, ..., M — 1} such that X # X', we have J\ N Jy = () thus:

2

124
szj,\([zz,x,x = 1d=d’% <p Z@(%)%f(%) — (¢a, ¢,\'>>
h=0

o
= 1d=d’7 Z M—l{A N}
p hGJ)\ﬂJA/
2 /M
= ]_d:d/a—— <CCLT’d(J>\ N J)\/) — 1{>\>\/}> = 0’
p b
and
(K) 1 bt 1 1
Ryapn = 72 > Kaa(t, tw)éa(tn) b (tw) — /O /0 Kqa(5,0)pr(s) b (t)dsdt
h,h/=0

p L b bh/H
= / /b Kdd’(tluth’) Kqa(s, t)}%( Yo (t)dsdt
h!= h'!

h,

bht1 bh’+1
/ L Kaarttnotio) [or(tn) ) = 7 (o) (0] s
h,h/'=

h!

brt1 bh/+1
- MZ Z/ / Kdd’ (th,tn) — Kga (s, t)}dsdt

heJy hIEJ
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Therefore,
h/+1
’Rdd’/\A" S M Z Z / / \ HK||OOL(’8—th|a+’t—th/‘a)d(ﬁdt
heJy h'edy
bri1
< 1/||Kdd/”OOLXMp lcard JA/ Z / ‘S*th|ad8
heJy
2
< 2\ /| KgalloL x Mp~teard(Jy )card(Jy) x " 1p*a*1
Q
< 4\/”Kd,d’”ooLM_1p_oé'
a—+1
Finally,
K| oL
max max ] dd'AX‘ < ﬂMfl e,

(AMN)EAS, (d,d')e{l,...,D}? a+1

Lemma 18 For all (s,t) € [0,1]? and for all (d,d’) € {1,...,D}? we have :

VL[ Kaalloo
M spy2 Kaa — Kaalloo < Tl"OM o (3.42)
Proof Let (s,t) € [ ] then there exists a unique couple (\,\') € A%, such that s € I and t € 1.
Therefore, ¢y (s) = 0 for N # X and ¢y (t) = 0 for X' # N and then,

H(SD)2Kdd/(S t) - Kdd/(s t)

- ¥ / / K (') (8)) b () ds'dt! S0 () (£) — g (5, 1)

)\// )\///EA
= / / Kaa (s, t)or(s" ) ox (t)ds'dt dr(s)pn (t) — Kqar(s,t)
= M2// (Kaa(s',t') — Kga(s,t))ds'dt’
INUN

Then, (3.39) gives

‘H(SAD/I)2Kd7d/(S’t) _Kd,d/(sat)‘ S M2\/L||Kd,d’||oo/ / [|S,—S‘a+ |t—t/|a dS,dt/
NN
< WL Kadllo, o

- a—+1

Lemma 19 Let (ay)aen,, be a sequence of reel numbers, we have:

sup | Z axoa(t)] < Jnax [V May]. (3.43)

te[0,1] AEA N,

Proof We have the following:

sup | > axga(t)| < jnax |ax| SUP | > oal®)

te(0,1] AEA N, te[0,1 AEA N
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Note that since the ¢)’s have disjoint support, for any t € [0, 1] we have

| Y e =VM| Y L) < VM.
)\EAM /\EAM
Finally we have

sup | Y aaga(t)| < jmax |axv' M.

tel0,1] AEA s

Lemma 11 Let Pz € R&D)(L), s€{l,...,D}and |g,|lo = s, we have

Sv/sLIK]loligllz %/l [l
Mo '

Ty = T)(g1)lloo < -

Proof We need to establish an upper bound for ||(I'y —TI")(g1)||oc. Using lemma 15 we have :

2
g
1Ty = T)(g1)lloo < I(MgpTTgp —T)(g1)lloo + — [T (g1) oo + 1T (@1) oo + 1T (1) oo
M M p M

Thus in the sequel, we establish an upper bound for each term.

e We have:

(5, M, = T)gloo = o, smp [((Tsg, Ty = D))t
x

Thus we need a control on maxge1,..,p SUPge(o 1] ]((HsﬁFHSJDM —I')(g1))a(z)]. Since g, is
s—sparse using Lemma , for any x € [0, 1]:

(MgpTTLgn —T)(gy)(x) d|—\2 / sy Kaa(@,t) = Kqa(,0)g1.0(t)d]
d'=1

= | 2/ (spy2Kaa(z,t) — Kqa (2,1)) 91,0 (t)di]

d' =1
< Z/ Mspye K (0,) — Kaar(,0)llgra (O]t
d'=1
4\/L||Kuoo - VIR
> | (8t — I g,
d'=1

< 4\/SLHK||oo||g1||H
— Ma )

since ||g1 |l < V/sllg1]|m-
* Using Lemma 19 we have HHS{:& (g1)]oo"

HHSD(g1)Hoo— max sup | E (D, g1,d) A1)
del,.
tE[Ol] AEAL,

= max max \/7|<¢)\791d>‘

del,...D \eAns
181 1loc VM |[@a][1

= [1g1loo-

IN



100 CHAPTER 3. ESTIMATION OF EIGENELEMENTS: MULTIVARIATE CASE

* For the third term of the inequality | T (g,)||00, we have:

D

1
TK) 21)|lcc = max sup /R(K2 s,t)gr.q (t)dt
T = gy, sup |32 [ R s Oty

D

= max sw >0 S (R L) ox)en (D (t)d]

€D sel0,1] 721 x ey

= max RSl sup \Z D (bxg1a)6A(9)]

’ 2 / 2
(dd)e{l, >DY2,(AN)EAT, s€0A] gr—1 x ey

Using Lemmas 18 and 19, we deduce the following:

A4/ || K|looL . 1 _
7))o < el a;,geklef 2 (v

a d'=1 AEA N
| K [|oo L
- a+l1

4/TKJ=L _
< v e (0%
= ot p g1l

< 41/3||K||oc L

a+1

D
M7'p™* " Mllgralls
d'=1

P llgllu-

« it comes from equation (3.41) that |T™")(g,)]|sc = 0.

This ends the proof of Lemma.

Lemma 12 Let Pz € R&D)(L) we have for all g € H

DVIRTL | o)
P

(0 = Dg.g)el < Nl (<, e

Proof Letg € H, we need to control |(T'y —T")g,8)m

0_2
[{(Ts —T)(g) &)m| < [((Hgp Ilgp —T)(g),8)| + ;Ilgll?m +1(T5)(g),8) + (T (g),8)].

We showed earlier that T™N) = 0 in the case of histogram. Thus we have |((T'y — I)g,g)u| <

\(HSﬁFHSﬁ —-T)(g),8)| + 2 - llgllm + (T K)g, g)|, we will upper bound the rest of the terms in what
follows:



3.7. PROOFS 101

o For the first term of the inequality, using equation (3.42) we have

D
‘((HS]’?{FHSADI —Ig.g)ul = | Z ((Hs]@FHsllg] —D)aa9d, 9ar)|
d,d'=1
D 1 pl
< Z / / |H(Sﬁ)2Kd,d’($vt) *Kd,d’(liat”
dd'=1"0 70

X |ga(t)||gar(s)|dtds
< ||H(S]€I)2Kd,d/ - Kd,d’”ooDHgH%{

. 44/LI[K o
However, since we showed HH(SI%)QKd,d/ — Kadloo < %M % in Lemma 18, we have:

AV LKoo,
Jul < —~———"MD|gl.

[{(Tgp MMlgp — g, g)ul < ]

* For the second term of the inequality we have
(T g, g)ul < 1T ()|l lglr,

< WIKI=L

< oF1 P~ we have:

using the same logic as Lemma 11, we know that | T") (g)|| o

A Kl|ooL
(TH))g, g)m| < Tloop “|lgllF

AD\/[[K[ol _
< ADVIK oL a2

- a+1

4D /K<L ,
< VIR pr g2,

- a+1

3.7.7 Preliminary results for the random upper bounds: Proof of Lemmas 13 and 14

In this subsection, we will establish now upper bounds on random terms, namely || (fd) —T'4)(81)]|oo and
|<(f¢ —T'4)(g),g)u|. We adapt to the functional multivariate setting the results of Jankova and van de
Geer [2021]. We recall that {Y;};—1 ., are i.i.d vectors of size pD containing all observations, i.e.for
any j € {1,...,pD} denoting by ¢ and r the quotient and the rest of the Euclidean division of j by D
we have

(Yi); = Yir(ty).
* We denote by X the matrix of covariance of the random vector Yy, i.e.
> = E[YY7]. (3.44)
Note that since Y is assumed to be Gaussian it means that Y; ~ N(0, X).

* We denote by ¢ the matrix of size p x M defined such that, for any A\ € Ajp; and for any h €
{0,...,p— 1} we have
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t
(@)nr = m\;ﬁh),
and 1 the block matrix such that:
o 0 0
0
p=1" ¢
|
0O ... 0 o

v
Note that as defined we have (¢7¢) = Lt m(gh)%’(th) =1y—yand T = IMD Next, since
forany i € {1,...,n},d € {1,...,D} and A € Ay; we have y; 4\ = %Z qﬁ,\(th) Yia(tn),
it implies that for all 7 € {1,...,n} we havey, = %wTYi, and since Y;’s are i.i.d Gaussian

variables with covairance >, we have:

Vie{l,...,n} ¥, ~/\/<0, ;szu)). (3.45)

Lastly, we introduce the matrix norm denoted || e ||2, the trace T'r(e) and we compute an upper
bound on || X||2, let M be a symmetric matrix of size pD x pD, we assume it to be positive semi-
definite , i.e., let ( uj) | be its eigenvalues ordered such that 11 > po > -+ > u,p, we know that

NpDZO

[M]l2:= sup [[Mulle, = p,

llulley,=1
pD pD

)= pj= M,
=1 =1

First as defined it is straightforward to see that
Y =E[Y,Y]] =%z +*Lp

where Y7 is the covariance matrix of the vector containing all the Z,(¢,), i.e., for any j,j’ €
{1,...,pD} denoting by ¢, ¢’ and r, r’ the quotients and the rests of the Euclidean division of j, j’
by D we have

(32)j,5 = E[Zr(tq) Zy (tg)]-
Thus we have |||z = [|Sz]|2 + . Finally note that :

1 1
];HZZHQ < *TT(EZ)

-1
E[Z4(tn)?

bS]

h
P

LI

’BH—‘
Ms 1M

Kqa(tn,tn)-
0

D=
Il
—

h
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Note that % S S Kgaltn,ty) is the Riemann sum associated with 37| fol Kaa(t, t)dt,
it converges when p — oo to 20| fol K4.4(t, t)dt, which means that %|\Zz\|2 is of the order of

a constant. In the rest of the section we denote by 111 the largest eigenvalue of %HZ z||2. Thus we

have:
2|2 = fap + o2

Remark Letf € H, as Ty is defined (I'4(f),f)m can be written as:

<F¢(f)vf>H
D P
- Z Z (l? Z (ZS/\(th)(ZS)\’(th’)K(th,th/))
d,d'=1 A\ N ey p h,h/=1
X (ox, fa)(dx, far)

- ;w@)w% @)ty

where (ap)xa = (6x, fa), note that |laglZ, = Saen,, Y01 (0n fa)? = [Mgp (DIIE = 1, thus :
1

T
sup (Lol s = sup ~(6(E)  ap,ap))e, — -1
Alla=1 fle=1P P

However; since 1) = Inrp, it implies that |7 (X)) |2 = ||X||2 which is equal to ji1p + o thus

2

~ g
sup (Ty(f).Hm =1 + —
IAla=1 p

Note that Lemma 12 implies the following:

2 8D /|| K]0 L +02)

(3.46)

o
i+ 2 =l < sup [{(Ty = D)l < ( (3.47)
p M=t (a+1)Me
We use the following Bernstein concentration inequality.
Theorem 8 Let X1,..., X, be centered independent real-valued random variables. Assume that there
exist positive numbers v and ¢ such that E[X?] < v and
ko KD ko .
E[|X1]%] < 5 ve for all integers k > 3,
then for all t > 0,
1 n
P(=| > Xi| > V2vt + ct) < 27 (3.48)
i

The proof is provided in Boucheron et al. [2013] Section 2.8. We recall
Lemma 13 Assuming the observations are Gaussian, we have with probability at least 1 — %

1Ty — Tp)(g1)lloo < 4||g1|H\/(ﬁ1 i f)(HKlloo n f)[él log(DM) _ log(DM)

]

n n

= lg1 llmA1,

~ 2, . E[YTY
where 11 + % is the largest eigenvalue of %.



104 CHAPTER 3. ESTIMATION OF EIGENELEMENTS: MULTIVARIATE CASE

Proof of Lemma 13

The proof is based the following claims:

* We first show the following equality:

A A
I(Fs —To)g)loo = sup / (Rols. 1) ~ Kols, o))t agn a(s)ds.
ANEA s, d! E{l, ,D} d—=1

« We show that >°7 | fol (I?(b(s, 2))dr,491,4(s)ds can be written as a function of the y;’s namely
% S F(Yia,y;) (where F is specified in the proof) and compute its moments.

« We compute an upper bound on | 32, fo Ky(s, 2) — Ky(s, £7))ar.a91,4(s)ds| using Theorem
8 and we conclude by using a union bound to compute an upper bound on || (f¢ —T'4)(81)]]0o-

Proof of the claims

* Recall that we want to establish an upper bound on || (fd) —T'4)(81)l/o0» We explicit its form:

1T —T)(g)lloo = sup / (Ky(s,t) — K(5,1))ar,ag1.a(5)ds|-
t€[0,1],d’ €{1,.. ,D} =1

Before proceeding note that, as defined K, and I?d, are both piece-wise constant, i.e., for any
A€ Ay andt € [£, A1) we have

D 1
> / (Ry(5,t) — Ko (5, 1))ar g ()]
d=1"0

D 1
=13 [ (Rols 1) = Kols, 25 as)ds|
d=1"0

Thus the supremum over all values of ¢ € [0, 1] is equal to the supremum taken over all values
{t= ﬁ}AeAM, which implies that:

& A
[(Tp — Tg)(81)lloo = sup / K¢ — Ky( 7M))d’,d91,d(3)d3’-
/\EA]u,d/E{l, ,D} d—=1

* We recall the definition of I?(f,, let \g € Aysand (d,d’) € {1,...,D}*

(Ro(s, 3 ra = ZY O Ti(s))w

*Z( > Tiandals yzd’A"bA'()\O))

=1 (A\N)eA?,

=~ Z ( Z Yid AOA ()i, no \/M)’

=1 AEAN
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which implies that for \g € Aps and d’ € {1,...,D}:

Z/ ))ar,a91,4(s)ds = Z/ Z Z Ui d \OA(S)Yi,ar Ao\ﬁ)ng(S)ds
i=1  AeApn

n

D
= Z % Z Z it 2oV MTi a2 (Dx, g1.a)
=1

d=1 = )\GA]M

gz Mr(z S Garalonoa).

d=1 X eAp

Denoting by I,,(g;) the vector of size M D containing all the values ({(¢x, g1,d))AeA,y,d=1,...,D>
ie.,letj € {1,..., M D} and r the rest of the euclidean division of j by D and ¢ the quotient:

(Inr (81))j = (Pq: 91,r)-
As defined I, ,,(g;) has the following properties:

— We have the following upper bound on ||, (g;) ||%2:

I (D17 = D Z ox 1.a)” = [Usp (&1)IIF < llgalli,

AeAy d=1

— Since y; ~ N(0, %wTZ@/}) and (I, (81).¥;)

2 = Yode1 Xoneny A (Ox, 91,a) it implies
that:

<IA]\/I (gl)ﬂyi>52 ~ N<07 ;<¢IAM (g1)27 1/}IAIM (g1)>52) :
Thus,

Z/ — Ky(s, ]\)/i,))d’,dng(S)ds

D
*Zyz d' o (Z > Tiar(én o d>> —E@l,d',/\o\/ﬂ(z > ﬂ1,d,A(¢A,g1,d>)]

d=1 AeA d=1 NeA

<IA]\/[ (gl)vs;i>[2 <IA1\/I (gl)vs;i>22

1< - _ - _
= > (Tan (80):¥i)es VMU ar ng — E[(Tay, (81): Y1) 0, VM1 0 o).
=1

In the sequel, we compute the moments of (Ix,,(&1),¥1)eVMY1 a5, Let k € N* we have:

]E[|<IAM (gl) y1>42\/7y1 d >\0 \/E IAM(gl) y1>€2|2k] H\/iyl d A0’2k]

Furthermore, since both variables are Gaussian, we know that:

EHUAM(gl)ayﬁéQ’zk} (22;];)' [<1’M4(g1)7’)71>%2]k7 ‘gk] . (22k) ok

|
EHyLd’)\o - Tk,EHyLd’J\o‘ ] .
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Finally, since by (3.46) we showed that ||2||o < pji1 + o2, it implies that:

E[(Tn (). 51)2] < ;WAM (205, ¥Tn,, (20

[1%]]2
p

o 9
< (p1+ ?)HgIHHa

< 1, (80117,

and
1 24
E[?ﬁ,d’,)\o] = Z E[Y1,a (th)Y1,a (th)] oo (th) dro (thr)
hoh/—0
M P2
S (1Ko +0) =5 D lyen, lien,
P o
_ K]l +0°
i .

Thus we have:

B[, &1). 00 M7 o) < ) (% e 7+ 21K e + %))

Hence, using the fact that (2k)! = 2F k! H§:1(2j —1) < 2Fk! H§:1(2j) = (2FK!)2, we have

- _ o2 k
El|(Iay (81,50 VM al¥] < 2’%!ugluﬂfﬁ(\/ (i1 + 2K oo %))
Finally,we have.

~ - k! B
E[[(Ia,; (81): i) es VM1 al*] < Evzc’“ 2

where v = 4lg, llay /(1 + %) (1K [loo + 02) and ¢ = 2lgy iy /(i + %) (1K oo + 02).

e Let\€ Ayyand d’ € {1,..., D}, using Bernstein inequality of Theorem 8 we have for any ¢ > 0

D n
N A A
P (] Z/o (Ky(s, M) — Ky(s, M))d/,dng(s)ds] > V202t + ct) < 2exp(—nt),
d=1

and using the union bound we get for any £ > 0

D
P (I~ To)lgDllno = VBZL 4 ct) <3 3 2exp(~nt) = 2 Desp(—nt).
d=1XeAy

2log(M D)
n

Taking t = , we have with probability at least 1 — %:

4v?log(DM) N 2clog(DM)
n n
log(DM) n log(DM)
n n

1Ty — T)(g1)lloo < [ ]

< 2c[4

}
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Definition 12 We say that a vector Y € RPP is sub-Gaussian with parameter C if for all vectors u € RPP
such that ||u||,2 = 1, it holds

2
<u’§>€2 )] < 2. (3.49)

Lemma 20 Assuming Y € R"*PP is a sub-Gaussian matrix, with parameter (. Let J := log(T), and

2log(2pD)
o=y

Then with probability at least 1 — 2J exp(—log(2pD)), it holds

Elexp(

1 n
V0 such that ,1 < |0y < T+ |07 (= > ¥;"Yi —E[YTY]O| < Q017 QlIO 7,

i=1
where Q(x,() = 4 x 27¢> [33:2)\% + \/éx/\o].

This lemma is essentially Lemma 10 in Jankovéa and van de Geer [2021], but we use only the first half of
the result, i.e., only for § € RPP 1 < ||0||; < T. We recall the statement of Lemma 14.

Lemma 14 Let J := log(T) and Ay = 1/ M. Then with probability at least 1 — 2%, it holds
forallg € B(n), gl <T:

~ 2
[{(Ts —Tp)(g).&)ml < Mllgll + QllglF, 3¢ /A + %)Ilgllﬁ

Proof of the claims The proof is based on the application of Lemma 20 to our situation, to do that we
need to establish the following :

* As defined in Definition 12, Y is said to be sub-Gaussian with parameter ( if

(Y, a)]
E[exp( 2 2)} < 2.
In the sequel, we will show that Y is sub-Gaussian with parameter ( = 3+/fi1p + o2. First note
that since Y; is Gaussian with covariance X it implies that % ~ N(0, (@20 ). We know

<2
1 .
that for any ¢ > NI

<Y1,a>§2)} _ 1

E[exp( &

<CL,ECL>Z2
¢

As defined note that we already established that | 3|2 < pjiy + o2 in (3.46),

ViaYa), _ VIl
¢ - ¢

v/ ppi 4 o?
¢

1-2

IN

IN
oa.\ —
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Thus :

<Y17a>%2 . 1
E[exp( & )} = — < \/§§2.
1-— 272 2

* Recall the we are on the subset of H such that ||g||; < 1. Since we have |(f¢ —Ty)(g),gul <
(Ts — T'y)(g)lc|/g]l1, and since by Lemma 13, we know that with probability at least 1 — 125
we have [|(I'y — ') (8)[loo < A1l Thus:

[Ty —To)(g) gul < Aillglluligl < Aullglle-

¢ Note that :
(Tp —T')8, 8)u
P

D n
=> > (% Z Atn) o () (D E’d(th):f’d,@h/) - K(tmth')))

d,d'=1 \N €Ay i=1

(Dr, 9a) (x5 gar)
M T/
_ ?w) (2 — S)vag, ag))e,,

X

where (ag)y 4 := %. As defined, the vector ag has a the following properties :

laglh = \ﬁz > [or ga)l

d=1 X eAp,

Z \/MKIIMQCM

1 XeA N

1

v M d=
D D
<X X (o) = 3 ol = el
=1 AeA N d=1

and

D
1
2 _ 2
lagllz, = MZ > (éx9a)
d=1 X eAy,
1

= Mo (@)l

2
_ Il

M

Since ||g||1 < T it implies that |lag||y < 7. Then Lemma 20 gives the following upper bound.

With probabilty at least 1 — 21°§g) ,

A
\i

M .
?@/)T(Z - E)T/’agvag»ég W“g”p?’vpﬂl +‘72 W’ag”zg
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Since 11 = Ipyp we know that |[1)||2 = 1. To conclude note that ||1/1ag|\%2 < ||w||%\|ag||§2 <

lagl?, < "2 yag|2 < 6[13llagll? < llagl? < [lg]? and the function Q(-,-) is increasing in
its first Varlable thus

gl
(Fs~Tolge)al < = (gl 3/ + o) Ll

Finally note that 1 Q(llgl3,3v/pr1 + 02) = Q(|lgll?,3/fi1 + < ) we have with probability at

210g(T)
((Ts =T gl < QlgllF, 3¢/ + = ; Z) el

least 1 — D
POg: gl <T [Ty~ To)g gl > Mllelh + Q(lllf, 3¢/ + = , Z)leliz)

<P(Jg: gl <1 [(Ty—Ty)e gul > Ailgl)

+Pg:1<lglh <T [((Ts—To)g g)ul > Qllglt 34/ i +2 )IIgIIH)

<210g(T)+ 2 <2log( )+ 1

= D MD = MD

Thus

which ends the proof of Lemma 14.

3.7.8 Proof of lemma 9

The proof is inspired by Lemma 12.7 from Biihlmann and van de Geer [2011], we show here a functional
counterpart of their result.

Proof Proposition 11 gives

R(g) = 4(-T + |lglli! + 28 ® g)
=4(= > (Va)teof + gl > et +2808)
LEN* LeEN*
= 4[(llgllz — (Vi)h @t + Y (llglf — (Vi) @t + 28 @ g,
i>2

where (f7)sen+ are the eigenfunctions and (fu7)gen+ the eigenvalues of I'. Since by assumption ||g —
g llm <nand g |l = /1 > p > 3 it holds that :

gl > llglle —n = Vi —n,

it follows that :
IgllF > 11 — 201y
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Hence for all £ > 2 for p = /1 — \/j2 we have /pi; > /pi, + p which implies the following:

gl — e > 1 — e — 20/,
= (V1 — Vi) (Vi1 + V1e) = 203/
> (P =201y -

Moreover, for all x € H

X, 8)%

X,g — g)u + (X, 8)n)’

X, g — €)% + (X, 8% + 2(x, g)u (X, g — g1)n)
X, g1 + 2(%, 8)u(X, g — &)

X, gt — 2[Ixullg lalxullg — & =

X, g1t — 2/ nlxl,

(x,g®g(x)m

/\/\/\/‘\/‘\/\
/\/\

vV IV IV

and

(x, (llgllEz — 11 )1 @ f1(%))m = (llglly — pa)(f1, %)
> =20/ x|

Since /i1, > p > p — 1 we thus see that

(x, R(g)x)m = 4(x, [(Hg||%n—(\f1)2)f1 ® f1(x))m
+ ) (x, (gl — (Vi) © fo(x))e + 2(g, X))

0>2

A2/ XI5 + Vi (o = 20) Y (X, £ @ Fo(x))m

>2

2((x, g1)m)” — v/ lIxI[]-

Recall that ((x, g, m)? > 1 ((x, f1)m)? > /u1(p — 21)((x, f1)ir)? which implies the following:

(x, R(g)x)z > 4[-20v/p, [IX1E + v/, (p — 20) Y (x,£0)f — dy/mynlix|E]

>1
> 4/ [(p — 80) 1|13



Chapter 4

Conclusion and perspectives

The theme of this thesis can be summarized by the following question: what is high dimension when it
comes to functional data? To answer this question, we defined a realistic model which takes into account
the step of discretization, the noise and the variability of the process. Then, we studied the impact of the
sampling scheme on the quality of reconstruction of the eigenelements. Despite intuition and common
practice, we have shown that in the univariate case, the naive estimator is optimal in the minimax sense.
This counter-intuitive result leads us to investigate the multivariate counterpart of fPCA, in a similar
fashion we showed that a Lasso approach results in accurate estimates. Both results confirm that the
impact of an i.i.d noise is marginal on the reconstruction of eigenelements. However, the impact of the
sampling scheme is not negligible, this fact seems to indicate that there are regimes where our approach is
the best (typically when p is large), and others, where Hall et al. [2006] approaches, is best (the threshold

being for p such that p?® = na%). Finally, despite the infinite-dimensional character of our problems,
both behave as parametric problems (univariate and multivariate) in terms of rates of convergence.

The first development of this work that comes to mind would be to investigate further the multivariate
counterpart to settle the question of the optimal rate of convergence, since we only narrowed down the
optimal rate of convergence for the bias to be between z% and ;Ti.

Another perspective is the validity of our results outside the class of process we used, for example,
for discrete processes (as it was the goal of the thesis at the beginning). Note that for Z a positive
stochastic process in L2, we can show the following. We define for all t € [0,1] Y (t) ~ P(Z(t)) a

Poisson stochastic process of intensity Z. Note that for all ¢ € [0, 1] we have
E[y ()|Z(®)] = 2(1),
and for all (¢, s) € [0,1]% we have
EY ()Y (s)|2(t), Z(s)] = Z(t) Z(s)-

Thus, the covariance function of Y is equal to the covariance function of Z. In the light of the devel-
opment of this thesis, it is easy to see that if Z fulfills the conditions on the fourth moment, the result
on the expected value is still valid. Moreover, adapting the concentration results should result in similar
upper-bounds up to multiplicative log terms.

Finally, an interesting extension of our work would be to consider a setting that extends Integrated
PCA of Tang and Allen [2021] to the functional setting, the perks of such an approach is to enable us to
“Leverages multiple data sources to discover and visualize dominant joint patterns among the samples
that are common across all data sets.”. In this model one would observe multiple streams of multivariate
function i.e. (Y; j)i<n,j<., each stream (Y; ;)i<, would have a covariance operator I'; (where all values
ofiand j Y; ;(t) € RP which means that Y ; is a matrix with all entries being functions of size n x D.
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Note that as defined the operator of covariance of Y; j is D?—dimensional like the one introduced in this
chapter. However, as a stream the operator of covariance Y _; is (nD)?—dimensional. Thus we have .J
operators of size (nD)? i.e. for all ¢, s € [0, 1] we define the covariance function K such that

K;(s,t) =E[Y ;(s)Y_;(1)7]

and I'; is the operator associated with it. The main assumption would be that each I'; can be decom-
posed into a Kronecker product of 3, a common operator of covariance between all (Y; ;)i<p j<s and
(A1,...,Ay) operators that encapsulate the structure of covariance of each stream, i.e.

VjE{l,...,J} F]’:E@)A]’,

Where ® refers to the Kronecker product and X is of size D? and each is of size n?, the goal is to estimate
¥ and all A;’s. This type of modeling could allow us to circumvent the curse of dimension.
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RESUME

Ce travail se décompose deux parties, ayant pour point commun de porter sur I'analyse de données
fonctionnelles et en particulier de s'intéresser aux questions liées a la grande dimension dans ce contexte.
La premiére partie concerne l'analyse en composantes principales fonctionnelle dans le cas univarié. Notre
approche vise a donner des résultats non-asymptotiques pour différents estimateurs par projection des
éléments propres d'un opérateur de covariance.Nous définissons d'abord un estimateur basé sur une
opération de projection. Cet opérateur peut étre vu comme une étape de reconstruction des données
brutes dans le contexte de l'analyse des données fonctionnelles. Nous montrons que I'estimateur naif, qui
calcule les éléments propres sans régularisation apres I'étape de projection, est optimal au sens minimax
pour un bon choix de base. A cette fin, nous établissons a la fois une limite inférieure et supérieure sur
I'erreur quadratique moyenne de reconstruction des éléments propres. Nous prouvons également des
résultats généraux pour les bases générales. Cette partie est conclue par des simulations numériques qui
confirment l'acuité de I'approche et une application a des données génomiques. La seconde partie
concerne la généralisation du modéle au cas fonctionnel multivarié. Comme en premiére partie notre
approche vise a donner des résultats non-asymptotiques pour I'estimation de la premiére composante
principale d'un processus aléatoire multivarié. Nous définissons d'abord la fonction de covariance et
I'opérateur de covariance dans le cas multivarié. On définit alors un opérateur de projection. Ensuite, nous
montrons que les éléments propres peuvent étre exprimés comme la solution d'un probleme d'optimisation,
et nous introduisons la variante LASSO de ce probléme d'optimisation et I'estimateur de plugin associé.
Enfin, nous évaluons la précision de I'estimateur. Nous établissons une borne inférieure sur I'erreur
quadratique moyenne de reconstruction de I'élément propre, ce qui prouve que I'erreur de reconstruction de
notre procédure a un terme de variance optimal au sens minimax.

MOTS CLES

Analyse des données fonctionnelles, analyse en composantes principales, vitesse minimax, analyse en
composantes principales fonctionnelles multivariées, modéle de grande dimension, Lasso.

ABSTRACT

This work is divided into two parts, having for common point to relate to the analysis of functional data and
in particular to be interested in the questions related to the high dimension in this context. The first part
concerns functional principal component analysis in the univariate case. Our approach aims to give non-
asymptotic results for different projection estimators of the eigenelements of a covariance operator. We first
define an estimator based on a projection operator. This operator can be seen as a raw data reconstruction
step in the context of functional data analysis. minimax for a good basic choice. To this end, we set both a
lower and an upper bound on the mean square error of eigenelement reconstruction. We also prove
general results for the general bases. This part is concluded by numerical simulations which confirm the
acuity of the approach and an application to genomic data. The second part concerns the generalization of
the model to the multivariate functional case. As in the first part, our approach aims to give non-asymptotic
results for the estimation of the first principal component of a multivariate random process. We first define
the covariance function and the covariance operator in the multivariate case. We then define a projection
operator. Next, we show that eigen-elements can be expressed as the solution of an optimization problem,
and we introduce the LASSO variant of this optimization problem and the associated plugin estimator.
Finally, we evaluate the precision of the estimator. We establish a lower bound on the mean square error of
reconstruction of the eigen element, which proves that the reconstruction error of our procedure has an
optimal variance term in the minimax sense.

KEYWORDS

Functional data analysis, Principal Components Analysis, minimax rates, Multivariate Functional Principal
Components Analysis, high dimensional model,, Lasso.




