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Abstract

In this thesis, we propose some probabilistic numerical approximation in finance.
Including a learning scheme by sparse grids and Picard approximations for semi-
linear parabolic PDEs, high-order approximation for high-dimensional BSDEs by
deep learning methods, and probabilistic representation of integration by parts for-
mulae for some stochastic volatility models with unbounded drift.

In the first part of this thesis, we rely on the classical connection between Back-
ward Stochastic Differential Equations (BSDEs) and non-linear parabolic partial
differential equations (PDEs), to propose a new probabilistic learning scheme for
solving high-dimensional semi-linear parabolic PDEs. This scheme is inspired by
the approach coming from machine learning and developed using deep neural net-
works in Han et al. [56]. However, our algorithm is based on a Picard iteration
scheme in which a sequence of linear-quadratic optimisation problem is solved by
means of stochastic gradient descent (SGD) algorithm. In the framework of a linear
specification of the approximation space, we manage to prove a convergence result
for our scheme, under some smallness condition.

In practice, in order to be able to treat high-dimensional examples, we employ
sparse grid approximation spaces. In the case of periodic coefficients and using
pre-wavelet basis functions, we obtain an upper bound on the global complexity
of our method. It shows in particular that the curse of dimensionality is tamed
in the sense that in order to achieve a root mean squared error of order ¢, for a
prescribed precision ¢, the complexity of the Picard algorithm grows polynomially
in e~! up to some logarithmic factor |log(¢)| whose exponent grows linearly with
respect to the PDE dimension. Various numerical results are presented to validate
the performance of our method and to compare them with some recent machine
learning schemes proposed in Han et al. [36] and Huré et al. [65].

Deep learning techniques are efficient techniques to overcome empirically the
curse of dimensionality when solving high-dimensional backward stochastic differ-
ential equations (BSDEs). The current deep learning algorithms are based on an
Fuler type discretization. In the second work, we instead combine some high-order
time discretization schemes such as Crank-Nicolson scheme or explicit multi stage
Runge-Kutta scheme with non-linear regression. We prove theoretical convergence
bounds for our algorithms. We then numerically compare the computational time
cost of different methods and show that high order scheme for the discrete time
error, if correctly implemented, are more efficient than classical Euler schemes.

In the second part, we establish a probabilistic representation as well as some
integration by parts formulae for the marginal law at a given time maturity of some
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stochastic volatility model with unbounded drift. Relying on a perturbation tech-
nique for Markov semigroups, our formulae are based on a simple Markov chain
evolving on a random time grid for which we develop a tailor-made Malliavin calcu-
lus. Among other applications, an unbiased Monte Carlo path simulation method
stems from our formulas so that it can be used in order to numerically compute
with optimal complexity option prices as well as their sensitivities with respect to
the initial values or Greeks in finance, namely the Delta and Vega, for a large class
of non-smooth European payoff. Numerical results are proposed to illustrate the
efficiency of the method.

Keywords: BSDEs, Semi-linear PDEs, Sparse grids, SGD algorithm, Deep learn-

ing, High-dimensional, High-order approximation, Probabilistic representation, Stochas-
tic volatility model, Monte Carlo method.
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Résumé

Dans la premiere partie, nous analysons en détail la convergence théorique de la so-
lution des équations différentielles stochastiques rétrogrades (EDSRs) et des applica-
tions numériques dans le domaine de la finance avec a la fois ’algorithme SGD tradi-
tionnel et la méthode d’apprentissage en profondeur. Les méthodes sont basées sur la
connexion classique entre les équations aux dérivées partielles (EDPs) paraboliques
non linéaires et les EDSRs. Et de nombreux résultats numériques sur les EDSR de
grande dimension sont présentés pour comparaison avec les articles [65, 30].

Dans le chapitre 2, nous introduisons ici un algorithme dont on montre qu’il con-
verge vers un minimum global. Tout d’abord, nous passons de I’espace d’approximation
des réseaux de neurones profonds a une spécification linéaire plus classique de
I’espace d’approximation. Cependant, en raison de la non-linéarité du générateur f,
le probleme d’optimisation globale a résoudre est toujours non convexe. Pour con-
tourner ce probléme, nous utilisons une procédure d’itération Picard. La procédure
globale devient alors une séquence de problemes d’optimisation linéaire-quadratique
qui sont résolus par un algorithme SGD. Notre premier résultat principal est un con-
trole de 'erreur globale entre 1’algorithme implémenté et la solution de la EDSR qui
montre notamment la convergence de la méthode sous certaines conditions de pe-
titesse, voir le Théoréme 2.2.1. En particulier, contrairement a [50, 58] ou [65], notre
résultat prend en compte 'erreur induite par 'algorithme SGD. Dans nos expéri-
ences numériques, nous nous appuyons sur des espaces d’approximation de sparse
grid qui sont connus pour étre bien adaptés pour traiter des problemes de grande
dimension. Dans le cadre des coefficients périodiques, nous établissons comme deux-
ieme résultat principal, une borne supérieure sur la complexité globale pour notre
algorithme implémenté, voir le Théoreme 2.3.1. Nous montrons notamment que la
malédiction de la dimensionnalité est apprivoisée dans le sens ou la complexité est
d’ordre e7|log(¢)|?¥, ol p est un constante qui ne dépend pas de la dimension
PDE et d — ¢(d) est une fonction affine. Nous démontrons également numérique-
ment 'efficacité de nos méthodes dans un cadre de grande dimension.

Dans le chapitre 3, nous rappelons d’abord la définition des schémas de Runge-
Kutta pour les EDSR dans Section 3.2, puis nous étudions la stabilité des schémas
de Runge-Kutta de deux manieres différentes. Le Theorem 3.2.1 donne les erreurs en
temps discret de 5 méthodes différentes qui seront étudiées dans ce chapitre. Dans
Section 3.3, nous présentons une implémentation des schémas de Runge-Kutta pour
résoudre les EDSR par réseaux de neurones, y compris le cas particulier des schémas
d’Euler implicites [65], schéma d’Euler explicite, schéma de Crank-Nicolson, schéma
de Runge-Kutta explicite en deux étapes. Nous fournissons le contrdle d’erreur de



la méthode d’apprentissage générale par le schéma de Runge-Kutta et le réseau de
neurones a la fin de cette section, voir le Theorem 3.3.2. Dans Section 3.4, nous
vérifions numériquement 1’ordre de convergence de ’erreur en temps discret des 5
méthodes du Theorem 3.2.1, et nous comparons également le cotit du temps de calcul
de ces méthodes.

Dans la deuxiéme partie, nous présentons des formules de représentation prob-
abilistes pour la loi marginale d’'un modeéles & volatilité stochastique a dérive non
bornée. Nous établissons également des formules d’intégration par partie pour les
Delta et Vega. Ces formules sont basées sur une chaine de Markov évoluant le long
d’une grille temporelle aléatoire donnée par les instants de saut d’un processus de
renouvellement. Une méthode de Monte Carlo sans biais de complexité optimale
découle de nos formules. La principale nouveauté de notre approche par rapport
aux travaux est que nous permettons au coefficient de dérive d’étre éventuellement
non borné comme c’est le cas dans la plupart des modeles de volatilité stochastique
(Stein-Stein, Heston, ...).

Mots clé: EDSRs, EDPs semi-linéaires, Sparse grids, Algorithme SGD, Deep learn-

ing, Grande dimension, Schémas de Runge-Kutta, Représentation probabiliste, Mod-
ele de volatilité stochastique, Méthode de Monte Carlo.
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Résumé détaillé

Ce manuscrit étudie les solutions des équations différentielles stochastiques rétro-
grades (EDSRs) par différentes méthodes d’apprentissage et la représentation prob-
abiliste des modeles de volatilité stochastique avec dérive non bornée.

Partie I: Méthodes d’apprentissage statistique pour EDSRs de grande
dimension (Chapitres 2 et 3)

Soit W un mouvement brownien d-dimensionnel défini sur un espace de probabilité
complet (9, A, P) et soit Xy un d-dimensionnel vecteur aléatoire A-mesurable ayant
support compact ou déterministe, indépendant de W. Nous définissons (F;)o<i<T
comme la filtration augmentée générée par W et Xy. Pour b : R — R% et o :
R? — My (I’ensemble des matrices d x d) deux fonctions mesurables, Nous définisons
le processus de diffusion forward X comme la solution de 1’équation différentielle
stochastique suivante (EDS en abrégé)

d/Yt = b(Xt) dt + O'(Xt) th y (001)

et on définit son générateur infinitésimal £, pour ¢ suffisamment reguliée, par
1
Lop(t,x) :=b(x) - Vyp(t,x) + §T1“[(O'O'T)(l’)v3264p(t,l‘)]. (0.0.2)

Dans ce manuscrit, nous nous intéressons dans la premiere partie a ’approximation
numérique de la solution (u(t, X)), o' (X;)Veu(t, &y)), oll u est la solution de 'EDP
parabolique semi-linéaire de grande dimension

owu(t, ) + Lu(t,x) + f(ut,x),0 " (2)Veu(t,x)) =0, (t,z)e[0,T) x RY
{ uw(T,z) = g(z), zeR?
(0.0.3)
et la solution (F;)-adaptée (), Z;) € R x R? 3 'EDSR

T T
Y, = g(Xr) + f Vs, Z5)ds — f Zy-dW,, 0<t<T, (0.0.4)
t t

o f :RxRY—>R, g :RY— R sont des fonctions mesurables.

Il a été remarqué pour la premiere fois dans [31] qu’il existe une connexion entre
les EDPs paraboliques semi-linéaires de la forme (0.0.3) et les EDSRs (0.0.4) comme
suit:

(u(t, X),0 (X)) Vault, X)) = Vi, 2),0 <t < T.
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Cela montre que résoudre 'EDP (0.0.3) est équivalent a résoudre I'EDSR (0.0.4).

Depuis, 'approximation numérique de (0.0.4) a été largement étudiée a travers
la recherche d’algorithmes numériques efficaces. En particulier, les méthodes de
branchement [59], les méthodes de Picard multiniveaux récursive en histoire com-
plete [66], les méthodes de cubature [25, 31, 32], les méthodes de quantification
optimales [0, 5, 80, 77], les méthodes basées sur le calcul de Malliavin [33, 17, (4]
et certaines méthodes de régression linéaire [19, 50, 51] ont été considérées. Il est
reconnu que de telles approches seront réalisables pour des problemes jusqu’a la di-
mension 10. Résoudre des EDSRs non linéaires de grande dimension est une tache
difficile en raison du “fiéau de la dimension”. Une avancée majeure est que la tech-
nique d’apprentissage automatique (en particulier a 'aide de réseaux de neurones
profonds) a été appliquée a ce domaine par Weinan E, Jiequn Han, Arnulf Jentzen
et Christian Beck en 2017 [36]. Des lors, les EDSRs a 100 dimensions sont de-
venues résolubles. Ensuite, les performances des expériences numériques ont été
améliorées par de nombreux nouveaux algorithmes basés sur le réseau de neurones,
voir [56, 57, 58, 21, 65, 46, 85, 86, 47, 67, 68, 90, 28]. Et Teng Long a proposé un
algorithme numérique basé sur 'amplification du gradient en 2021 [91] qui pourrait
résoudre des EDSRs non linéaires & 10000 dimensions.

Dans la premiere partie de cette these, nous analysons en détail la convergence
théorique de certaines approximations numériques, c’est-a-dire ’algorithme tradi-
tionnel de descente de gradient stochastique (SGD en anglais) et les méthodes
d’apprentissage profond, de la solution a une équation différentielle stochastique
rétrograde. Les algorithmes sont testés sur plusieurs exemples issus de la finance
mathématique. Les approximations sont basées sur la connexion classique entre les
EDPs paraboliques non linéaires et les EDSRs. Les résultats numériques sur les
EDSRs de grande dimension sont comparés a ceux obtenus dans [65, 30].

Dans le Chapitre 2, nous introduisons un algorithme pour approximer les solu-
tions en utilisant des fonctions de base sur certains espaces de grille clairsemée et
il est montré qu’il converge vers un minimum global. Le probleme d’optimisation
global a résoudre est non convexe en raison du générateur non linéaire des EDSRs.
Afin de contourner ce probléme, nous utilisons une procédure d’itération Picard. En-
suite, la procédure globale devient une suite de problemes d’optimisation linéaire-
quadratique qui peuvent étre résolus par ’algorithme SGD. Dans le Théoreme 2.2.1,
nous contrdlons l'erreur globale de 'algorithme implémenté qui montre la conver-
gence de l'algorithme sous certaines conditions. En particulier, contrairement aux
méthodes d’apprentissage profond [56, 58, 65], Nous obtienons une borne supérieure
sur Ierreur induite par I’algorithme SGD. En pratique, nous nous appuyons sur des
espaces d’approximation de grille clairsemée pour faire face au “fiéau de la dimen-
sion”. Notre deuxiéme résultat principal est le Théoréeme 2.3.1 qui montre, sous
une hypothese de coefficients périodiques, une borne supérieure pour la complexité
globale de algorithme implémenté. En particulier, nous prouvons que le “fléau de
la dimension” est apprivoisé, dans le sens ol nous obtiensons une approximation
avec une erreur inférieure & € > 0 avec une complexité d’ordre 7| log(e)|4?D, ot p
est une constante et ¢(d) est une fonction affine. Enfin, divers exemples en grande
dimension montrent numériquement ’efficacité de nos méthodes, voir Section 2.3.

Soit une grille équidistante 7 := {t,, = nh,n =0,--- N|h := T/N} de [0,T], nous
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utilisons I'espace des grilles clairsemées afin d’approximer les solutions (u(ty, -), Ozu(ty, -))
de ’EDP parabolique semi-linéaire (0.0.3) au temps ¢,. L’algorithme est appliqué
comme algorithme d’apprentissage du gradient pour optimiser les coefficients des
fonctions de base, et un schéma d’itération de Picard est introduit pour que I’algorithme
converge vers la solution globale.

L’objectif principal est de calculer une approximation de u(0, Xp), ou u est la
solution de 'EDP (0.0.3) a l'instant initial sur un domaine donné ou en un point
précis. Cela nous a conduit a introduire la configuration suivante pour la valeur
initiale Xp:

Assumption 0.0.1 L’un des deux cas suivants est valable:

(i) La loi de Xy est a support compact et absolument continue par rapport d la
mesure de Lebesque.

(i) La loi de Xy est une masse de Dirac en un point xg € RY.

Soit W := (W, Jo<n<n la version en temps discrets du mouvement brownien W.
On définit AW,, =Wy, ., —W;,,0<n<N—-1et

Xo=Xo, Xi,., =Xy, +b(Xp)h+0(X,)AW,, 0<n<N-—1. (0.0.5)

Nous introduisons maintenant une approximation en temps discrets du processus Z
et ). Pour un ¢, € 7\{T'} donné, supposons que ¥, est un espace d’approximation
fonctionnelle paramétrique généré par un ensemble de fonctions de base

(Vh(z))1<h<kz, weR? (0.0.6)

avec un entier positif K. Pour une utilisation ultérieure, nous définissons:
K*:= ) K7. (0.0.7)

Definition 0.0.1 (Class of discrete control process) Soit H™Y I’ensemble des

processus de contréle discrets Z définis par : pour 3 € RIE® ¢t Jes fonctions de base
(0.0.6),

K
Zy, = Y Uh(Xy, )i, for0<n < N-1, (0.0.8)
k=1

et nous définissons Zy = Zt,, tn, <t < tp+1,0 < n < N — 1 avec la convention
Zr = 0.

Definition 0.0.2 Etant donné u = (n,3) € REY x ]Rd[{z, on note par Z* € H™V le
processus de controle discret défini par (0.0.8). Ensuite, le processus controlé discret
YY" est défini comme suit:
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1. Initialisation: définir
K
Y5 =) vr(Xo)y". (0.0.9)
k=1

2. Version discréte: pour tout 0 <n < N —1:

YU

tn+1

=Y, —hf(Ye, Z}) + Zy, - AW, (0.0.10)

3. Version continue: pour tout 0 <n < N —1 et tout t,, <t <tnpt1,

Y=V (b)) F(VE L ZE) + ZE - (W= W) (0.0.11)

D’aprés la Définition 0.0.1 et la Définition 0.0.2, soit B~ I’ensemble des proces-
sus (Y¥, ZY), avec Z% € H™Y, Y* défini comme ci-dessus pour un u € RE" x RI5”,
Maintenant, 1’idée principale d’approximation par des méthodes d’apprentissage est
de minimiser une fonction de perte définie comme la différence entre la condition
terminale approchée g(Xr) et le processus controlé discret Y;! au temps de maturité
T. Ici, nous travaillons avec une fonction de perte quadratique, c’est-a-dire que nous
devons besoin de résoudre le probleme d’optimisation

inf () := E[G(Xo, W, )] (0.0.12)

u=(n.5)eRKY xRUK*

avec
G(Xo, W,u) = |g(X7) — YF[*.

Cependant, le probléme d’optimisation ci-dessus (0.0.12) n’est généralement pas
convexe, nous ne pouvons donc pas garantir que l’algorithme converge vers des
minima locaux ou globaux. Il est bien connu que la solution de 'EDSR (0.0.4)
peut étre obtenue par la limite d’une suite d’itérations de Picard, voir e.g. [37,

| d’'un point de vue numérique. Nous introduisons donc 'algorithme de Picard
qui transforme le probléme d’optimisation non convexe (0.0.12) & une suite des
problemes d’optimisation linéaire-quadratique. Notre algorithme de Picard est basé
sur I'itération de I'opérateur ® défini ci-dessous :

RE? x RE" 54> &) :=  argmin E[|g(XT) — Uk 2] : (0.0.13)
ueRKY x RAK?

ot U™ est définie par le schéma d’approximation de découplage suivant:

1. Pour i € REKY x RK* | considérons (YH Z%) e B™¥ introduit dans la Définition
0.0.2.

2. Alors, pour tout u € REY x R‘ﬂ_{z, et Z* € H™¥ comme introduit dans la
Définition 0.0.1, nous définissons le processus de controle U** par

UMt = v (0.0.14)
et pour tout 0 <n < N —1,
USt = US = hf (VR Z8) + 28 (Wayy — W) (0.0.15)
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ot le générateur f (Y,}:‘L, an) ne dépend pas des processus (Y*, Z%) pour un &t € RE" x
RIK* fixé & I’étape 1. I existe donc une solution unique au probléme d’optimisation

(0.0.13). La définition suivante donne la procédure entiere de ’algorithme de Picard.

Definition 0.0.3 (Theoretical Picard algorithm) Pour un entier positif pré-
spécifié P:

1. Initialisation: définir u® € REY x RIK*
2. Itération: pour 1 < p < P, calculer : wP = ®(uP~1).

Ensuite, la sortie de Ualgorithme est u®.

Dans le théoreme 2.2.1, sous certaines hypothéses théoriques telles que des con-
ditions de petitesse, 'erreur quadratique moyenne de 1’algorithme complet est con-
trolée par la somme de lerreur de discrétisation en temps, l'erreur introduite par
I’algorithme SGD, I’erreur de discrétisation de I’espace de 'approximation de la grille
clairsemée, et enfin 'erreur due a l'itération de Picard. La complexité numérique C.
de I'algorithme complet est donnée par

C. = Oy(PNEKM). (0.0.16)

ou K est le nombre de fonctions de base dans I’espace des grilles et M est les étapes
d’itération de 'algorithme SGD.

Dans la cadre de la Section 2.3.1.2 , ou les coefficients sont supposés périodiques,
afin d’obtenir une erreur quadratique moyenne globale d’ordre €2 comme indiquée
dans (0.0.16), la complexité complete de algorithme de Picard en utilisant des
fonctions de base pré-ondelettes sur des grilles clairsemées est

Ce = 04e™ 3072 log, (e)| 1+ 755 (1)

9
pour tout 1 <¢ < .

En particulier, cela montre que le “fléau de la dimension” est apprivoisé en
utilisant 'approximation de la grille clairsemée car on peut voir que C, croit polyno-
mialement sur e ! jusqu’a un certain facteur logarithmique | log,(¢)| dont I'exposant
est une fonction affine par rapport a d.

Dans le Chapitre 3, nous introduisons un schéma d’approximation d’ordre élevé
(e.g. le schéma de Crank-Nicolson, le schéma de Runge-Kutta) pour réduire le temps
de calcul du schéma d’apprentissage profond avec le schéma d’Euler introduit dans
[65]. Nous montrons que la convergence en utilisant le théoréme d’approximation
universel des réseaux de neurones [62, 63]. De plus, certaines techniques de réduction
de la variance sont utilisées.

Au cours des dix derniéres années, les réseaux de neurones ont été appliqués
dans nombreux domaines (e.g. le traitement d’images, le NLP, I'TA ...) qui ont des
réalisations impressionnantes, notamment pour surmonter empiriquement le “fléau
de la dimension” du probléemes de grande dimension. En effet, le temps du calcul
de l'approximation par le réseau de neurones a une croissance au plus polynomial.
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Le réseau de neurones a d’abord été appliqué pour résoudre des EDSRs de grande
dimension par Weinan E, Jiequn Han, Arnulf Jentzen et Christian Beck en 2017
[36, 7]. Ils ont proposé dans leur travail un schéma forward (voir la Définition
0.0.4 une discretiozation par le schéma d’Euler) avec un grand schéma de réseau de
neurones. De nombreux travaux basés sur les réseaux de neurones pour résoudre les
EDSRs apparissent, voir par exemple [58, 21, 65, 46, 86, 47, 67, 68, 90, 28].

Definition 0.0.4 (Implemented deep forward scheme) [76] Pour la fonction
terminale fizée g, la solution numérique est calculée par les étapes suivantes:

e Pour n =0, initialiser Xog = xg, 5)0 = 10.
e Pourn=20,---,N—1, étant donné ;)A/n,

— Calculer X411 = X + 0(Xp)h + 0(X,) AW,.

— Calculer V, = N(Xp;0n), ot N(x;60,) est un réseau de neurones avec
des parameétres réels 0, et des variables d’entrée .

— Calculer )A},Hl =Y, — hf())mf)n) + Vo AW,,. A Uinverse, 5}”“ dépend
des parameétres yo et (0o, ,0p).

o Calculer un minimiseur de la fonction de perte :
(45, 6") € argmin, o E[ [V (y0,0) — 9(Xr)?] .
ou 0 = (90, cee 70N—1)~

Par rapport au forward schéma, profond défini ci-dessus, un schéma plus stable a
été introduit pour la premiéere fois par Céme Huré, Hiiyen Pham et Xavier Warin [65],
appelé backward schéma profond, voir Définition 0.0.5 ci-dessous. La convergence de
leurs méthodes repose sur le fait que les réseaux de neurones sont des approximateurs
universels. Théoriquement, les erreurs dues aux réseaux neuronaux pourraient étre
rendues arbitrairement petites en augmentant le nombre de neurones. Inspiré de
la méthode DBDP1 dans [65], notre objectif est de réduire le temps de calcul en
utilisant des méthodes d’approximation d’ordre élevé (telles que le schéma de Crank-
Nicolson, le schéma de Runge-Kutta...) pour controler I'erreur de discrétisation en
temps.

Definition 0.0.5 (Implemented deep backward scheme) Pour la fonction de
perte fizée Ly[p,1](0), (¢,9) € C(RY,R) x C(RY, RY), la solution numérique est cal-
culée par les étapes suivantes:

e Pour n = N, initialiser Uy = g,]A)N = 0Vy,g.
e Pourmn=N-—1,---,1,0, étant donné les réseaux Z;ln+1, 1>n+1,

— Calculer un minimiseur de la fonction de perte :

A A

0y € argming Ly [Up+1, Vat+1](0n).

ot 0, est les paramétres d’un réseau de neurones N (-, 0y).
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— Définir (LAln,]A}n) = N(-,6:) comme les fonctions d’approximation de
(u(tn,-), 0 Opu(tn,)).

Le schéma d’Euler implicite pour les EDSRs [93, 16] est traditionnellement défini
comme
AW,
Yn = Etn[Yn+1 + hf(Yn, Zn>)] et Zn = Etn TYTLJ'_I s 0 <n< N (0017)
avec (Yiv, Zx) = (9(Xn) 0 (Xn)2ng(Xn)).
Pour le schéma DBDP1 dans [65], 6 et 9 sont a la fois optimisés: étant donné
y:t+1(')7

(0%, 9) =argming yE| [y 11 (Xot1) = {h(X0) = AF(A(X0), 20 (X)) + 20 (Xa) AW} 2.
(0.0.18)

Comme nous le savons, le taux de convergence faible du schéma d’Euler est
d’ordre 1 uniquement, nous introduisons maintenant le schéma de Crank-Nicolson
qui est un schéma d’ordre 2 avec une structure simple, voir entre autres [32]. Bien
qu’il soit implicite, il a presque la méme complexité que les algorithmes obtenus par
le schéma d’Euler. Nous allons étudier le schéma habituel de Crank-Nicolson, e.g.
un schéma, 0 avec 0 = %, pour 0 <n < N,

{ Yn = IEtn[}/n-&-l + %(f(Yna Zn) + f(Yn-&-la Zn+1))] )

Zn =E¢ [Hy(Yns1 + hf(Yoit, Zns1))] (0.0.19)

avec (Yn, Zn) := (g(Xn), 0" (Xn)0.9(Xn)), oit H, € R? est une variable aléatoire
Fi,-mesurable vérifiant E [H,] = 0 et hE [|Hy|*] < co.

Dans le Lemme 3.3.3, un probleme d’optimisation est introduit pour obtenir la
solution du systéeme (0.0.19) avec A, := _%Etn[f(Xn+la Yii1, Zn+1)hHy):

]

2
] (0.0.20)

1
min Ln(?/» 2 a) = CohE [’thf(Xn+1a Yo+t Zn+1) +a
¥,2,a€L2(Ft,,) 2

E

h Hy,
Yn+1 - {y - 5 (f(XnvyaZ) + f(Xn+17Yn+1, ZTLJrl)) + (Z + a)’U}

ou vy, = Etn[|Hn|2], Co > 0 est une constante, et A,, est une variable intermédiaire
afin d’implémenter l'algorithme en utilisant un seul réseau comme (0.0.18). Il ne
fait aucun doute qu’une erreur apparaitra également dans le terme A lorsque nous
optimisons le réseau de neurones, mais elle a la méme amplitude que celle dans le
terme Z dans le réseau de neurones, donc I'impact introduit par le terme A sur le
résultat final est négligeable.

Les méthodes de Runge-Kutta [24] sont une famille des méthodes de discréti-
sation implicites et explicites, qui incluent le schéma d’Euler implicite, le schéma
d’Euler explicite, le schéma de Crank-Nicolson en particulier, voir le Théoréme
3.2.1. D’apres la Définition 0.0.6 ci-dessous, nous remarquons que le schéma de
Runge-Kutta est un schéma a plusieurs étapes et peut atteindre un ordre supérieur
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au schéma de Crank-Nicolson. Soit () le nombre d’étapes, remarquons que le schéma
de Runge-Kutta est toujours explicite pour le terme Z, il existe une barriere d’ordre
pour que le schéma implicite obtienne un schéma d’ordre () + 1 avec un schéma de
Q—étapes lorsque @ > 1 tant que 0,f # 0. Par conséquent, nous ne considérons le
schéma explicite que lorsque @) = 2, 3 car le schéma implicite n’a aucun avantage par
rapport au schéma explicite pour les générateurs généraux. Cependant, ’algorithme
converge trop vite lorsque (@ = 3, ce qui conduit a une erreur de discrétisation in-
férieure a la variance de l'algorithme. Et il existe également une barriere d’ordre
pour le schéma explicite, ce qui signifie qu’il n’y a pas de méthodes explicites a qua-
tre étapes dans la classe des méthodes pour la Définition 0.0.6. De sorte que nous
ne considérons jamais le cas @ > 4.

Definition 0.0.6 Pour Q € N*, soit ¢ = (c1,...,cq41) € [0,1]9F! satisfaisant
O=:c1<e<...<c <~ <cQ <cgy1 =1, ettyg = thyr —cgh . Alors
tn =thQ+1 < ... Stpg < ... <ty1 =tysr1. On note la “grille compléte”
II:={t,,e[0,T]|0<n<N,1<qg<Q}
Pourt, 4 €11, &y, , est approximé par X, 4 € EQ(}}n’q), 0<Kn<Netl<qg<Q.
Pour samplifier la notation, notons (X,)o<n<n approrimation de X sur la grille
m. Observez que X, 911 = Xy et X1 = Xyp1. Supposons que X est un processus

de Markov sur I1. Nous définissons maintenant (Y, Z) lapproximation de (¥, Z),
rappelons (0.0.4).

i) Définir la condition terminale par
(Yv, Zn) = (9(Xn), 0(Xn) Vg(Xn)).

it) Pour0 <n < N—1etQ =1, le passage de (Yni1,Zn+1) 4 (Yy, Zy) implique
Q étapes. Auzx instants intermédiaires, pour 1 < q < Q + 1, soit

q
Yn,q = Etn,q Yn+1 +h Z aqkf(ka,Yn’k, ka)] s (0.0.21)
k=1
q—1
Zng =B, | HfYni1 + h Y. cgrnHYw f (X i Yo, ka)] , (0.0.22)
k=1

<
a1, =0,1<k<Q,app=0ag=0,1<g<k<Q+1et

q q—1
Z Qg = Z gk lic, <c,} = Cq g<Q+1 (0.0.23)
k=1 k=1

Nous définissons (Y, Zn) = (Yn,Q+1, YnQ+1) au temps t,.
Pour tout 1 < k < q¢ < @+ 1,n < N, les variables aléatoires Hi, HY) sont
Ft, . —mesurable, indépendants de Fy, , et Fy, , respectivement ayant la pro-

priété
Etn,q[Hl?] = Etn,k[H;L,k] =0 et UZJL = Etmq[‘HgF] ’Ug,k = Etn,k[‘HZkF] )
A A
h < min(vy, vgy) et max(vy,vgy) < T
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ot A\, A sont des constantes positives qui ne dépendent pas de h.

L’approximation du schéma général de Runge-Kutta est essentiellement basée
sur une itération de ce qui a été fait pour le schéma de Crank-Nicolson. Nous
introduisons une nouvelle variable intermédiaire

q—1

An,q = Etn,qlz (aqu(? - aqk k) hf( n, ks Yn N3 Zn,k)] s (0024)
k=1

et nous minimisons alors la fonction de perte

q—1 2
Cotla— 7 (age ) — o) 1 (X Yo Zoi)| +
k=1

Lyq(y,z,a):=E

q—1 H™ 2
+Yn+1+h2aqkf nkaYnka nk) {y haqqf( nqu7z)+(z+a)v7 ]
q

Ensuite, nous pouvons implémenter ’ensemble du schéma Runge-Kutta comme nous
I’avons décrit dans la Définition 0.0.7 ci-dessous.

Definition 0.0.7 (Implemented Runge-Kutta scheme) La solution numérique
est calculée en utilisant [’étape suivante:

e Pourn = N, initialiser Uy = g,f/N =0'Vxg, An =0.

A A

e Pourn=N—1,---,0,1<q<Q+1 étant donné Ups1, Vns1) = (Un1;Vn1)
et (Umk,vn,k), 1<k< q,

— Définir (O, Ug) := Ui, Vo), 1 <k < q, (B, Tg) =0, k =g

— Calculer un minimiseur de la fonction de perte :
* : RK
07,4 € argming Lo [®, V](0),

ot Llﬁfg est la fonction de perte du schéma de Runge-Kutta o [’étape q et
® = (P, ,P,1) € C(RL,R)I et U = (Vy, -+, ¥, 1) eC(RYRY)I!
— Définir (Ung Vg, Ang) = Nn( cdot; 6% ), ott Ny (- 0r,.,) est un réseau

b n q
de neurones.

A A

Déﬁmr’ (Z/A{n,f}n) = (Z/[n,Q+1aVn,Q+1>

Partie I: Représentation probabiliste pour les modeles de volatilité
stochastique (Chapitre 4)

Dans la deuxieme partie de la theése, nous établissons une formule de représentation
probabiliste de deux formules d’intégration par parties (IPP) de la loi marginale du
processus pour certains modeles de volatilité stochastique a un temps de maturité
fixé T. Ensuite, une méthode de simulation de Monte Carlo non biaisée découle des
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formules probabilistes basées sur une simple chaine de Markov évoluant le long d’une
grille de temps aléatoire donnée par les temps de saut d’un processus de renouvelle-
ment indépendant, de sorte qu’elle peut étre utilisée pour calculer numériquement
le prix et les grecques des options, en particulier delta et vega, pour une large classe
de pay-off européen non reguliée. L’erreur obtenue est optimale puisque le calcul ne
sera affecté que par 'erreur statistique. La principale nouveauté de notre approche
par rapport aux travaux précédents [12, 3, 1] est que nous permettons au coefficient
de dérive d’étre éventuellement non borné comme c’est le cas dans la plupart des
modeles de volatilité stochastique (modeles de Stein-Stein, modeles de Heston, ...).

En finance mathématique, un modele a volatilité stochastique est un modele
dont la variance est donnée par un processus stochastique, au lieu d’'un processus
déterministe [11]. Ces modeles sont largement utilisés en finance mathématique
pour le pricing des produits dérivés, tels que les options. Les modeles de volatilité
stochastique sont des extensions du modele Black-Scholes, pour lequel la volatilité est
supposée constante au fil de temps. De nombreux modeles de volatilité stochastique
ont été étudiés, tels que le modele Heston [61], le modele CEV [30], le modele de
volatilité SABR [54], le modele GARCH [19] parmi les autres. Dans ce travail,
nous considérons un modele de volatilité stochastique bidimensionnel défini par la
solution (S,Y") de EDS suivante

t t
Sy =580+ f rSs ds +J O'S(YS)SS dWs,

0 0
t t

0.0.25

Y, =yo+f by<n>ds+f oy (V) dB., (00:25)

0 0
d(B,W)s = pds

ou les coefficients by, g, oy : R — R sont des fonctions reguliées, r € R, W et
B sont des mouvements browniens standards unidimensionnels ayant un facteur de
corrélation p € (—1,1), définis sur un espace de probabilité (Q2, F,P) .

Nous supposons que ag := a%, ay = 032, et la dérive by sont infiniment dif-
férentiables, et supposons que ag et ay sont bornés. Notre amélioration principale
est que by n’est pas borné, par rapport aux autres travaux sur la représentation
probabiliste, voir e.g. [12] pour les processus tués et Agarwal et Gobet [2] pour les
processus de diffusion multidimensionnels.

Nous nous intéressons a établir une formule de représentation probabiliste du
prix d’une option européenne de maturité T > 0 et de pay-off h(Sp, Yr), donnée par

E [h(S7,YT)],

ainsi que les formules d’intégration par parties (IPP) des sensibilités (Grecques) de
I’option, données par

630E [h(ST, YT)] et 6y0E [h(ST, YT)] s

d’ou découle une méthode de simulation de Monte Carlo non biaisée.

Nous établissons une formule de représentation probabiliste de la loi marginale
(St,Yr), T > 0 basée sur une chaine de Markov simple évoluant une grille en temps
aléatoire donné par les temps de saut d’un processus de renouvellement indépendant.
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Résumé détaillé

Cette formule fournit une méthode de Monte Carlo non biaisée. Elle s’inspire de
la formule de représentation probabiliste de Bally et Kohatsu-Higa [1] et les autres
[3, 60, 42, 2] pour les processus de diffusion multidimensionnels, les processus uni-
dimensionnels et de certains EDS de Lévy avec des coefficients bornés de dérive, de
diffusion et de saut.

Le principal nouveau défi est de s’attaquer au cas ou la dérive de la volatilité by
est non bornée. Afin de surmonter cette difficulté, nous figeons les coefficients by
os et oy le flot d’équation différentielle ordinaire (ODE) dmf = by (m¢), mo = Yo
obtenue en supprimant le terme de diffusion dans la dynarmque de Y. La chaine de
Markov sous-jacente (X' , 17) sur laquelle la représentation probabiliste est basée, est
alors obtenue a partir de

t

o= [0 sty [ st
0
t

¢
Y;yozy(ﬁ-fbyms ds—i—fayms By,
0 0

d<VV7 B>s =p ds.

Supposons que T = (7, )n>0, 70 = 0 est une suite non décroissante de R; modélisant
des temps de saut aléatoires et soit N = (N¢);>0 le processus de renouvellement,

défini par N; := ] 1( <4 N est indépendant des deux mouvements browniens
n=1

W et B. On discrétise le processus (X,Y) en utilisant un schéma d’Euler sur la
grille de temps aléatoire ((;)i=0 avec (o = 0 et (; = 7; A T', comme suit

XH—I =X, + (7’(@+1 Gi) — aSz) + US,iZilJrl’

Yigr = mi + OYi (PiZi+1 +4/1 ZZ+1)

ou

I

) Cit1—Ci B
as; = 0g; = J as(ms(Y;)) ds,

0

) Ci+1—Ci _
ay; : = f ay (ms(Y;)) ds,
0

= JY,Z =
<z+1 C’L _
ssvii= [ (osov)(m(T0) ds
0
0SY,i
pi=p——,
0S,i0Yi

My 2= Mg ¢ (Y1)7

ot Z = (Z},Z2),>1 est une suite de i.i.d. variables aléatoires de loi A'(0,I3) in-
dépendantes de (W, B).

Nous notons B, (R?) I'ensemble des applications Boréliennes h : R? — R satis-
faisant I'hypothese de croissance exponentielle & I'infini. Sous certaines hypotheses
qui seront énoncées dans la partie IT de cette thése, la loi du couple (X7, Yr) satisfait

11



Résumé détaillé

la représentation probabiliste suivante : pour tout h € B,Y(RQ) et pour un certain
~v > 0, le prix d’une option exercée a 'instant T" avec pay-off h(Xr, Yr) satisfait :

Np+1
E[h( X7, YT)] = E[h(XNTH,YNTH) H 91],

i=1

ol les variables aléatoires #; sont dans Si_lm()_( ,Y) sur 'ensemble {N7 = n}. On a
Onpi1 = (1 — F(T —(ny)) Y et pour i =1, , Np |

0 = (G = o) TV (e) =T () + TP () + TP 0h) + T (e ) |-

Enfin, si N est un processus de renouvellement avec des temps de saut qui suit

une distribution Beta(1/2,1), alors pour tout p > 1 et h € B,(R?) pour un certain
_ _ Nr+1

vp > 0, la variable aléatoire h(Xn,+1,Yny+1) [[ ¢ admet un moment LP(P) fini.
i=1

Comme d’habitude, nous définissons la dérivé par rapport au prix spot (resp.

sa volatilité) de 'actif sous-jacent par Delta (resp. Vega). Sous les hypotheses

appropriées (AR) et (ND) de la partie II, pour tout h € B,(R?) et pour un certain

v > 0 et tout (so,y0) = (exp(Xo),Yo) € R2, la loi du couple (Xr,Yr) vérifie les

formules de type Bismut-Elworthy-Li suivantes :

Np+1

_ . _,Zu) Npt
ST 0w B(X7, Y1)| = E[A(Xnpi1, Virs1) Y (G Goo1) 0 ]
k=1
avec
Ty, E| h(Xr, V7)]
Nr+1 (2),Np+1 k NT+1 (1),Np+1
- - —1! el
=E [h(XNTJrlaYNTJrl) DG — G 1)( +3,0 0; )] ;
k=1 j=1
(1),n+1 — ﬁ+1 N (2),n+1 (1),n+1
AL , 7 , g et HI avecn = 0sur {Np =n}, 1 <j<k<

n + 1, sont des fonctions explicites des parametres du modele et des poids 9 . Cela
implique que les variables aléatoires qui apparaissent a l'intérieur des attentes sur
le coté droit de la formule IPP peuvent étre parfaitement simulées. Par conséquent,
Delta et Vega peuvent étre calculées par une méthode de simulation Monte-Carlo
non biaisée avec une complexité optimale.

12



Chapter 1

Introduction

This manuscript investigates the solutions of BSDEs by different learning methods
and the probabilistic representation for stochastic volatility models with unbounded
drift. The aim of this chapter is to introduce and motivate the questions we studied
and to summarize the main results obtained.
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1.1. Machine learning methods for high-dimensional BSDEs

1.1 Machine learning methods for high-dimensional BS-
DEs

1.1.1 Connection between semilinear parabolic PDEs and BSDEs

Let W be a d-dimensional Brownian motion defined on a complete probability space
(9,A,P) and let X be a A-measurable d-dimensional random vector with compact
support or deterministic, independent from W. We define (F;)o<t<r as the aug-
mented filtration generated by W and Xy. For b : R — R% and o : R — My
(the set of d x d matrices) two measurable functions, we define the forward diffusion
process X as the solution to the following stochastic differential equation (SDE for
short)

dXt = b(Xt) dt + O'(Xt) th y (111)

and we define its infinitesimal generator L, for ¢ smooth enough, by
1
Lo(t,z) :==0b(x)  Vyp(t,z) + §Tr[(aoT)(:c)Vi<p(t,x)]. (1.1.2)

We are concerned in the first part of the thesis with the numerical approximation
of the solution (u(t,X;),o " (X;)V,u(t, X)), where u is the solution to the high-
dimensional semilinear parabolic PDE

oru(t, ) + Lu(t,x) + f(ut,x),0 (2)Veu(t,x)) =0, (t,z)e[0,T)x RY
{ u(T,z) = g(z), zeR?
(1.1.3)
and the (F;)-adapted solution ()}, Z;) € R x R? to the BSDE

T T
Y, =g(XT)+J f(yS,ZS)dsJ Zo dW,, 0<t<T, (1.1.4)
t t

where f: R x R - R, g: R? - R are measurable functions.
It was first noticed in [31] that there exist a connection between semilinear
parabolic PDEs of the form (1.1.3) and BSDEs (1.1.4) as follows:

(u(t, &), 0 " (X)) Vault, X)) = Vi, Z¢),0 <t < T.

This shows that solving the PDE (1.1.3) is equivalent to solving the BSDE (1.1.4).
Since then, the numerical approximation of (1.1.4) was widely studied through
the research of efficient numerical algorithms. In particular, branching methods

[59], full history recursive multilevel Picard method (MLP for short) [66], cubature
methods [25, 31, 32], optimal quantization methods [0, 5, 80, 77], Malliavin calculus
based methods [33, 17, 64] and some linear regression methods [19, 50, 51] were

considered. It is acknowledged that such approaches will be feasible for problems
up to dimension 10. Solving high-dimensional non-linear BSDEs is a challenging
task due to the “curse of dimensionality”. A major breakthrough is that machine
learning technique (especially using deep neural networks) was applied to this field by
Weinan E, Jiequn Han, Arnulf Jentzen, and Christian Beck in 2017 [36]. From then
on, 100-dimensional BSDEs became solvable. Then, the performance of numerical
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Chapter 1. Introduction

experiments were improved by many new algorithms rely on neural network , see
[56, 57, 58, 21, 65, 46, 85, 86, 47, 67, 68, 90, 28]. And Teng Long proposed a
Gradient boosting-based numerical algorithm in 2021 [91] which could solve 10000
dimensional nonlinear BSDEs.

1.1.2 Ouwur contributions

In the first part of this thesis, we analyse in detail the theoretical convergence
of some numerical approximations, namely traditional Stochastic Gradient Descent
(SGD for short) algorithm and deep learning methods, of the solution to a Backward
Stochastic Differential Equation. The algorithms are tested on several examples
coming from mathematical finance. The approximations are based on the classical
connection between non-linear parabolic PDEs and BSDEs. The numerical results
on high dimensional BSDEs are compared with the one obtained in [65, 30].

In Chapter 2, we introduce an algorithm to approximate the solutions by using
some basis functions on some sparse grids spaces and it is shown to converge to a
global minimum. The global optimisation problem to be solved is non-convex due
to the non-linear driver of the BSDEs. In order to circumvent this issue, we employ
a Picard iteration procedure. Then, the overall procedure becomes a sequence of
linear-quadratic optimisation problems which can be solved by a SGD algorithm. In
Theorem 2.2.1, we control the global error of the implemented algorithm which shows
the convergence of the algorithm under some conditions. In particular, contrary to
the deep learning methods [56, 58, (5], we obtain an upper bound on the error
induced by the SGD algorithm. In practice, we rely on sparse grid approximation
spaces to deal with the “curse of dimensionality”. Our second main result is Theorem
2.3.1 which provides, under a periodic coefficients hypothesis, an upper bound for
the global complexity of the implemented algorithm. Especially, we prove that the
“curse of dimensionality” is tamed, in the sense that an approximation with error
less than & > 0 is obtained with complexity of order e ?|log(e)|%?9), where p is a
constant and ¢(d) is an affine function. Last, various examples in a high dimensional
setting numerically show the efficiency of our methods, see Section 2.3.

In Chapter 3, we propose new algorithms by combining some high-order approxi-
mation schemes (Crank-Nicolson scheme, explicit multi-stage Runge-Kutta scheme)
with neural networks to approximate the solutions of high-dimensional BSDEs. We
study the stability of these algorithms. We obtain weak convergence of the algorith-
mms thanks to the Universal Approximation Theorem for neural networks [62, (3]
and their discrete time errors, see Theorem 3.3.2. We implement these schemes
to numerically compare the convergence rates and the computational time cost in
Section 3.4.

1.1.3 SGD algorithms with sparse grids

In Chapter 2, given an equidistant grid 7 := {¢t, = nh,n = 0,--- N|h := T/N} of
[0, 7], we use the sparse grids space to approach the solutions (u(ty, ), Ozu(tn, ")) of
the semi-linear parabolic PDE (1.1.3) at time t,. The algorithm is applied as the
gradient learning algorithm to optimize the coefficients of the basis functions, and a
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1.1. Machine learning methods for high-dimensional BSDEs

Picard iteration scheme is introduced so that the algorithm converges to the global
solution.

The main goal is to compute an approximation of u(0, Xy), where u is the solution
to the PDE (1.1.3) at the initial time on a given domain or at a specific point. This
lead us to introduce the following setup for the initial value Xj:

Assumption 1.1.1 One of the two following cases holds:

(i) The law of Xy has compact support and is absolutely continuous with respect
to the Lebesgue measure.

(ii) The law of Xy is a Dirac mass at some point xo € RY.

1.1.3.1 The direct and Picard algorithms

In Section 2.2, we first introduce the direct algorithm, which is a SGD algorithm
with a linear specification of the approximation space. However, the non convexity
of the optimisation (computed via SGD) may cause numerical difficulty. We then
introduce a new numerical method to reach the global minimum, called the Picard
algorithm.

Let W := (W, Jo<n<n be the discrete-time version of the Brownian motion W.

We define AW, =W, ., —W;,,0<n <N —1and
Xo =X, Xy, =Xy, +0(Xy,)h+0(Xe,)AW,, 0<n<N-1. (1.1.5)

We now introduce a discrete-time approximation of the process Z and ). For a given
t, € m\{T'}, assume 7,7 is a parametric functional approximation space generated
by a set of basis functions

(wlnc(x))lsksK,i, zeR? (1.1.6)

with some positive integer K. For later use, we set:
- N-1
K*:= ) K7. (1.1.7)
n=0

Definition 1.1.1 (Class of discrete control process) We let H™Y be the set of
discrete control process Z defined by: for 3 € R and basis functions (1.1.6),

K
Zy, = Y Uh(Xy, )3, for0<n < N-1, (1.1.8)
k=1

and we set Zy = Zy,, tn <t <1pt+1,0 < n < N —1 with the convention Zr = 0.

Then, with the above approximation of the control process Z at hand, we natu-
rally consider the following approximation scheme for the process ).

Definition 1.1.2 Given u = (v,3) € RX" x RIE* | we denote by Z* € H™Y the
discrete control process as given in (1.1.8). Then, the discrete controlled process Y*
1s defined as follows:
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Chapter 1. Introduction

1. Initialization: Set

K
Yo = D ¢k (Xo)n" (1.1.9)
k=1

2. Discrete version: for any 0 <n < N —1:

Yu

tn+1

3. Continuous version: for any 0 <n < N —1 and any t, <t < tpy1,

Y=Y, - —ta)f(Y, Z0) + 2, - We = Wh,) (1.1.11)

Based on Definition 1.1.1 and Definition 1.1.2, let B™¥ be the set of processes
(Y, Z%), with Z% € H™¥, Y* defined as above for some u € RX" x R¥* Now,
the main idea of approximation by learning methods is to minimize a loss function
defined as the difference of the approximated terminal condition g(X7) and the
discrete controlled process Y at maturity 7. Here, we work with a quadratic loss
function, that is we have to solve the optimization problem

inf () := E[G(Xo, W, )] (1.1.12)

u=(y,5)eREY x RdK?
with
G(Xo, W,u) = |g(X7) — Y3

However, the above optimization problem (1.1.12) is generally not convex, so
that we cannot guarantee that the algorithm converges to local or global minima. It
is well known that the solution of the BSDE (1.1.4) itself can be obtained by the limit
of a sequence of Picard iterations, see e.g. [37] and [9] from a numerical perspective.
Thus, we introduce the Picard algorithm which transforms the non-convex optimi-
sation problem (1.1.12) into a sequence of linear-quadratic optimization problems.
Our Picard algorithm is based on the iteration of the operator ¢ defined below:

REY x RIE" 541 ®(1) := argmin E[|g(XT) - U%’u 2] , (1.1.13)

ueRKY x RIK*
where U™ is given by the following decoupling approximation scheme:
1. For i e REY x Rdi{z, consider (Y¥, Z%) € B™¥ as introduced in Definition 1.1.2.

2. Then, for any u € RE" x R‘mz, and Z* € H™¥ as introduced in Definition
1.1.1, we define the control process U%" by

UMt = v (1.1.14)
and forany 0 <n < N —1,
UM = US = hf (VR ZE) + 2 (Wayy — W) (1.1.15)
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1.1. Machine learning methods for high-dimensional BSDEs

where the driver f (Kﬁ,an) does not depend on the processes (Y, Z") for fixed
it € REY x R in step 1. There consequently exists an unique solution to the
optimisation problem (1.1.13). The following definition gives the whole process of
the Picard algorithm.

Definition 1.1.3 (Theoretical Picard algorithm) For a prescribed positive in-
teger P:

1. Initialization: set u° € RKY x RIK*

2. Iteration: for 1 < p < P, compute: uP = ®&(uP~1).

Then, the output of the algorithm is ut’.

1.1.3.2 SGD algorithm

It is well known that SGD algorithms are efficient iterative methods for solving
optimization problems under smooth conditions. The basic idea of SGD is traced
back to the Robbins-Monro algorithm, which is introduced by Herbert Robbins and
Sutton Monro in 1951 [88]. It is typically used for root-finding problems. In contrast
with the Newton-Raphson algorithm, the Robbins—Monro algorithm does not require
to compute the inverse of a matrix, which is costly in a high-dimensional setting.

‘We will implement the SGD algorithm to compute a solution (1,3) € REY x
R4 to the optimization problem (1.1.12). We first prescribe a positive integer M
representing the number of steps that the stochastic algorithm will iterate, and then
choose a deterministic non increasing sequence of positive real numbers (V)m>1
representing the learning rates and satisfying the following conditions

Z Ym = 00 and Z 72 < 0. (1.1.16)

m=1 m=1

A particular learning rates sequence which satisfy the above conditions, and was
suggested by Robbins—Monro, have the form ~,, = 1/m® for some « € (0.5,1]. The
algorithm consists in computing iteratively, for 0 < m < M — 1 and A\, = 9,3",0 <
n<N-—1,

Ams1 = Am — ’Yerlv)\G(XénJrl, Wm+1,um) , (1117)

where VG is the gradient of G(Xp, W, u) = |g(X7)—Y#|? to X. Under some classical
hypothesis, the algorithm converges in L?, see e.g. [35, 70, 10].

In Lemma 2.2.2, we provide the analytic expression of the local gradient functions
VAG(Xo, Wu), A € {n,3",0 <n < N — 1} appearing in (1.1.17), allowing to easily
compute (Ym+1,3m+1) once (Y¥m Z4) 0 < m < M — 1, have been simulated.

1.1.3.3 Sparse grids

For both the implemented direct algorithm and the implemented Picard algorithm,
the choice of the approximation spaces 7Y and 7,7, 0 < n < N —1, and their related
basis functions (¢§)1sk<[(y and (Q/Jfl)ogngN,LKkgKé, are of paramount importance.
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In Section 2.3, we choose to use sparse grids approximation together with two types
of basis functions: pre-wavelet [141] and “modified hat function” [13].
As usual, for 0 < n < N — 1, we build the basis functions on a compact domain

d
= [ [laf,67] where of <bf forle{1,...,d}. (1.1.18)
=1

The domain specification relies on the applications under study. We will consider
two main cases in this work.

1. Forall 1< n< N -1,

d
= [ low bu] = (1.1.19)
=1

which does not depend on n. We will study this case in Section 2.3.1.2 where
we consider coefficient functions that are O-periodic.

2. The coefficient a and b are functions of the time-step and the diffusion coeffi-
cients (b, o), recalling (1.1.1), and (1.1.3), meaning that a” and b™ are defined
as

a" :=a(ty,b,0,d) and b" :=b(t,,b,0,d), (1.1.20)
where a and b are given mappings.

In both cases, we can obtain the basis functions by a linear transformations from
basis functions defined on standard sparse grids on the canonical domain [0, 1]d, see
e.g. [20]. We choose the number of basis functions in sparse grids space to be of
order

o241y (1.1.21)

where £ is the prescribed level of the sparse grids, so that “the curse of dimension-
ality” only depends on the level ¢, see [38, 87]. [13, Theorem 3.25] shows that the
approximation error of the sparse grids space is controlled as soon as the functions
to be approximated are smooth enough.

1.1.3.4 Main results

In Theorem 2.2.1, under some theoretical assumptions such as a smallness condi-
tions, the mean squared error of the complete algorithm is controlled by the sum
of the time-discretisation error, the error induced by the SGD algorithm, the space-
discretisation error from the sparse grid approximation, and finally the error due to
the Picard iteration. The numerical complexity C. of the full algorithm is given by

C. = O4(PNKM). (1.1.22)

Under the setting of Section 2.3.1.2 , where coefficients are assumed periodic,
in order to achieve a global mean squared error of order £ as stated in (1.1.22),
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1.1. Machine learning methods for high-dimensional BSDEs

the complexity of the full Picard algorithm by using pre-wavelet basis functions on

sparse grids is s 45450
C. = Od(&:*?(l”w’ 10%2(5)|1+ 3 (dil))

9
for any 1 <1 < £.

In particular, it shows that the “curse of dimensionality” is tamed by using the
sparse grid approximation as we can see that C. grows polynomially in e~ up to
some logarithmic factor |log,(¢)| whose exponent is an affine function with respect
to d.

1.1.3.5 Numerical results

Periodic example We first work on a periodic example under the setting of
Assumption 1.1.1 (i). We consider here 1-periodic coefficients of the forward SDE
(1.1.1) on R%, see the model in detail in Section 2.3.1.2. We perform the test for
d = 3 by Picard Algorithm with P = 5, then there are KY = K? = K = 225
basis functions. We obtain a mean square error &ysg = 0.0201 at the 5-th Picard
iteration: See Figure 1.1 displaying the learning performance.

Error of YO by Picard algorithm with dim=3, level=3, T=0.3, P=5, M=100000, N=10

= MSE —> 0.0286 for p=1

MSE ——> 0.0247 for p=2
= MSE —> 0.0219 for p=3
4 —— MSE —> 0.0207 for p=4
MSE ——> 0.0201 for p=5

0 100000 200000 300000 400000 500000
Steps

Figure 1.1 — m — [Y" — u(0, XJ)|? for the Picard algorithm, d = 3. The MSE is computed
by the mean of the last 10000 steps of each Picard iteration.

Numerical convergence of the Picard and direct Algorithm Under the
setting of Assumption 1.1.1(ii), we also compare our methods to existing methods
as the ones investigated in [30, 65]. We consider the quadratic example, whose driver
is set to

fy,2) =alzPP =a(z + 22 +---+22), yeR, zeRY, (1.1.23)

where a € R is a constant, and the terminal condition to

1 2
g(x) = log (*f') . zeRe (1.1.24)

The explicit solution can be obtained through the Cole-Hopf transformation and
then simulated by Monte Carlo method. For the 5-dimensional quadratic model,
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Figure 1.2 shows the difference of §jg between our SGD algorithm and Monte Carlo
method is less than 1072, It turns out that for this “low” dimensional example, it is
more precise than the deep learning algorithm introduced in [36]. Figure 1.3 shows
that o converges for each Picard iteration. We can observe that gy is very close to
the reference solution 3y when the number of iteration p is greater or equal to 4.

f yO by direct algorithm and deep learning method with dim=5, level=3, T=1.0, M=2000, N=10 Malueof Y0 by Ficard sigorithm with dim=5; level =3,/7=1.0, P=6: H=2000:N=10,

Figure 1.2 — gy for the quadratic model Figure 1.3 — The value of ¢y by Picard
with d=5 and T=1 by direct algorithm algorithm with d=5, level=3, T=1, P=6,
and deep learning algorithm. M=2000.

Numerical results with the modified hat functions basis We were able to
establish a theoretical upper-bound on the global complexity for the Picard algorithm
by using the pre-wavelet basis. However, the number of basis functions is still quite
large which prevents us from dealing effectively with high-dimensional BSDEs. In
fact, the number of basis functions used to capture what happens on the boundary
of the domain is large. We could use the so-called “modified hat functions” [13]
below that allows to get rid of the boundary basis. Table 1.1 shows the number of
points in the sparse grids without boundary, it is much less than sparse grids with
boundary for the same dimensions and levels, see Table 1.2.

1 if l=1Ar1=1
_ ol ;
1-2 x if $e‘[0,2hl] 11l
o) = 4 0 otherwise
1 = -1 o : _

2 x+(1—14)/2 if a;e.[l 2h, 1] =1 nicol_1
0 otherwise

é1i(x) otherwise,

where ¢¥(x) is the family of hat functions given by

ua(o) = o(2a i) with g(o) = { 11 SR
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1.1. Machine learning methods for high-dimensional BSDEs

X31 X33 X35 X37

Figure 1.4 — 1-dimensional modified hat functions at level = 1,2,3

. : levels 1<3 <4 I<5
dimensions
d=2 17 49 129
d=4 49 209 769
d=5 71 351 1471
d=10 241 2001 13441
d=100 20401 | 1394001 ~

Table 1.1 — The number of points in the sparse grid approximation without boundary func-
tions for different dimensions and levels.

L levels | y <3| <4 | e<5
dimensions
d=2 49 113 257
d=4 945 2769 | 7681
d=5 3753 | 12033 | 36033

Table 1.2 — The number of functions in the sparse grid approximation with boundary for
different dimensions and levels.

Come back to the quadratic model introduced in (1.1.23)-(1.1.24). In this setting,
we can test the 100-dimensional version of this model. the convergence of {jy by using
the direct algorithm is shown in Figure 1.5: 3819 seconds were spent on this test.
The error for §jy appears to be less than 0.01.
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Value of y0 by direct algorithm with dim=100, level=3, T=1.0, N=10, M=2000

— Y0 -—>3.9166
o ---- 95% Cl of y0: [3.9107, 3.9226]
~--- Y0 ——> 3.9222 by MC simulation

0 250 500 750 1000 1250 1500 1750 2000
Steps

Figure 1.5 — 2} for the quadratic model with d=100 and T=1

There is a challenging example with an unbounded and complex unbounded
structure solution below that was analyzed in [65].

d d
Tt
u(t,x) = — Z(sin(zi)l{zi@} + ;1 {z,0}) + cos (Z zmz> , zeRY
i=1

i=1

We compare the approximation of yg by using five different algorithms to the the-
oretical solution in Table 1.3. The deep learning algorithm [55] fails when d > 3.
The two deep learning schemes of [05] and our algorithms with sparse grids still
works well when d < 8. When the dimension d = 10, all the algorithms failed at
providing correct estimates of the solution as shown in the table, but the errors of
our algorithms appear to be smaller than the errors of deep learning methods.

' ' Theoretical SGP algo with L? sParse DL scheme DL scheme
dimensions “olution grids and hat functions of HPW [67)] of HIE 7]
direct algo | Picard algo | DBDP1 | DBDP2
d=1 1.3776 1.3790 1.3825 1.3720 | 1.3736 1.3724
d=2 0.5707 0.5795 0.5794 0.5715 | 0.5708 0.5715
d=>5 0.8466 0.8734 0.8606 0.8666 | 0.8365 NC
d=8 1.1603 1.1745 1.1801 1.1694 | 1.0758 NC
d=10 -0.2149 -0.2439 -0.2594 -0.3105 | -0.3961 NC

Table 1.3 — Comparison of the value of gy by different methods when 7" = 1.

1.1.4 Deep learning methods

In Chapter 3, we introduce some high order approximation scheme (such as Crank-
Nicolson scheme, Runge-Kutta scheme) to reduce the computational time cost of
the backward deep learning scheme with Euler scheme introduced in [65]. The
convergence is proved using the universal approximation theorem of neural networks
[62, 63]. In addition, some variance reduction techniques are used.
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1.1. Machine learning methods for high-dimensional BSDEs

1.1.4.1 Neural networks

In the past ten years, neural networks have been used in many fields (such as image
Processing, NLP, AI ...) and this resulted in impressive achievements, especially
to overcome empirically the curse of dimensionality when solving high-dimensional
problems. Indeed, using neural networks results in approximations computed in an
at-most polynomially growing time. It was first applied to solve high-dimensional
BSDEs by Weinan E, Jiequn Han, Arnulf Jentzen, and Christian Beck in 2017
[36, 7]. They proposed in their work a forward scheme (see Definition 1.1.4 which
is discretized by Euler scheme) with a large neural network scheme. Many works
based on neural networks to solve BSDEs have then appeared, see for example

[ ) I Y I ) ) Y Y 9 ]‘

Definition 1.1.4 (Implemented deep forward scheme) [70] For the given ter-
minal function g, the numerical solution is computed using the following step:

A

e Forn =0, initialize Xo = x9, Yo = yo-
e Forn=0,---,N—1, given Y,

— Compute Xp41 = X, + b(Xpn)h + 0(X,) AW,.
— Compute Vy, = N(Xn;0y), where N(x;6,) is a neural network with real
parameters 0, and input variables x.

— Compute j>n+1 =Y, — hf(j/n, ]}n) + V, AW,,. Obversely, )7n+1 depends
on the parameters yo and (0y,--- ,0y).

o Compute a minimizer of the loss function:
(43, 0") € argmin, o E| [V (y0,0) - 9(X1)?| .
where 6 = (0g, -+ ,0n_1).

Compared to the deep forward scheme defined above, a more stable scheme was
first introduced by Céme Huré, Hiyen Pham, and Xavier Warin [65], called deep
backward scheme, see Definition 1.1.5 below. The convergence of their methods is
based on the fact that the neural networks are universal approximators, see Theorem
3.1.1. Theoretically, the errors due to neural networks could be made arbitrarily
small by increasing the number of neurons. Inspired by the DBDP1 method in [65],
our goal is to reduce the computational time cost by using high-order approximation
methods (such as Crank-Nicolson scheme, Runge-Kutta scheme...) to control the
time-discretisation error.

Definition 1.1.5 (Implemented deep backward scheme) For the given loss func-
tion Lu[p,1](0), (¢,¥) € C(RY, R) x C(RY,R?), the numerical solution is computed
using the following step:

e Forn = N, initialize Uy = g,f/N =0'V,g.

e Form=N—1,---,1,0, given the networks L?n+1,l>n+1,
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Chapter 1. Introduction

— Compute a minimizer of the loss function:
0:1 € argmin@ Ln [Z/?n+17 f}nJrl](en)

where 0,, is the parameters of a neural network N(-,0,).
— Set (Un, V) := N (-,0%) as the approzimation functions of (u(ty, ), o Oxu(ty,-)).

1.1.4.2 FEuler scheme

Implicit Euler scheme: The implicit Euler scheme for BSDEs [93, 10] is tradi-
tionally defined as

Yo = By [Yor1 + hf(Ya, Zn))] and Z, — Etn[AhW"
with (Yy, Zn) := (9(Xn),0" (Xn)0:9(Xn)). The conditional expectations could
be computed directly by Monte Carlo simulation. For two given sets of parameters
0 and 9, x — y?(z), x — 2’(z) are functions (represented as neural network with
the given parameters) and, our goal is to find optimal parameters 6*, ¥* so that
the associated functions g7 (-), 2%(-) should approximate u(t,,-) and o' d,u(ty,,-)
(recalling V; = u(t, X;), Z; = o' (X;)0u(t, X;)). The optimal set of parameters is
computed recursively. Given g 1, one needs to solve the two following optimisation

problems at time t,,:

Yn+1] , 0<n<N (1.1.25)

N . AW;
0 = angaing | | 247, () 206 (1.1.26)

and

0" = argmingE| [y 11 (Xn1) = 195(Xa) = RFWA(Xa) 2 (G| (11.27)

One could also add a term z; (W;,)AW,, to reduce the variance.

For the scheme called DBDP1 in [65], the authors optimised both 6 and 9 at
the same time: given y_,(-),

(6°,9%) =argming o951 (Y1) = ((X0) = b (WA(Xn), 20(Xa) + 20 (X) AW
(1.1.28)

so that only one network is needed to solve this optimization problem which could
save half of the computational time cost. In fact, the optimization problem (1.1.28)
can be rewritten as

(0,9") =argmin9,ﬁ{E[ry;+l<XnH> — {95(X0) — R (A(X0), 205 ]

AW?’L * 1 *
B[ [0 (W1,0) = 220V = FE00 0, )ATV, ] }

(1.1.29)

We recognize that the second term is the term to minimize in (1.1.26) and can be
used to find ¥*, while the first term is the term to minimize in (1.1.27) and can be
used to find #*. The last term is a negative constant which could reduce the loss of
(1.1.28) compared to (1.1.27)-(1.1.26).
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1.1. Machine learning methods for high-dimensional BSDEs

Explicit Euler scheme: In the implicit Euler scheme defined in (1.1.25), we
observe that only the Y-part is implicit. The explicit Euler scheme considers an
explicit conditional expectation for the Y-part also:

AWy,

Y = By [V + hf(Yosr, Zosa))] and Z, —Etn[ !

Yn+1j| y 0 S n < N
(1.1.30)

To implement this scheme in practice, one only needs to replace the optimization
problem (1.1.28) by

(6*,9*) = axgming o [y (Xn11)— (1.1.31)

{y?z(Xn) - hf(y;-i-l(XnJrl)v 27:+1(Xn+1)) + Zz(Xn)AWnHQ]

given v 1(-), 25 ,1(-). In practice, using implicit or explicit Euler scheme together
with neural networks approximation should induce similar time costs and variance
for Yj.

1.1.4.3 Crank-Nicolson scheme

As we know, the weak convergence rate of Euler scheme is of order 1 only, we now
introduce the Crank-Nicolson scheme which is a second-order scheme with a simple
structure, see among others [32]. Though it is implicit, it has almost the same
complexity as the algorithms obtained by using Euler scheme. For the Y —part, we
will study the usual Crank-Nicolson scheme, namely a 6-scheme with 6 = %,

Yo =By [Yorr + 5(f(Ya, Zn) + f(Yai1, Zni1))], 1<n<N-1.

For the general expression of Z—part, we define {Z;}o<i<n as follows:

{ Zy = 0z9(Xn), (1.1.33)

(1.1.32)

Zn =By [Hy(Yns1 + hf (Yot1, Zns1))],

where H, € R? is a F; -mesureable random variables satisfying E; [H,] = 0 and
hE:,||Hn|?] < c0. When the underlying is Brownian motion, one can choose (among
others)

AW,
H, = N .
The numerical analysis for discretization error has been done e.g. in [32, 24]. The

local discretization error will be O(h?), so that the global error is O(h?). For the
general diffusion case, one can choose H,, = %w + —1% e R4, where
ce (0,1) and AW, 0 = Wy, ., =Wy, . —cn. This directly comes from the Runge-Kutta
scheme for BSDEs [24].

Compare to the two steps scheme with loss functions

min () i= BE| (Va1 + hf (Yar, 2 n+1))Hn—z)2],

2€L2(Fiyp,)
R h
ye[IiIQl(I;l-'tn)L (y) := [ n+l — {y 2 (Yot1,Zn+1) — }‘ ]
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Chapter 1. Introduction

one can optimize two loss functions together by only one neural network below to
save some computational time:

- h h
min  L"(y, z) := E[ Vo1 — {y— §f(Yn+1a Zn+1) — §f(ya Zn)}r]

y’Z€£2 (]:tn )

2
+ BB (Vi +hf Vasr Zn) Ho — 2| | (1139)

In Lemma 3.3.3, an equivalent optimisation problem is introduced to get the
solution of system (1.1.32)-(1.1.33) with A,, 1= —3E¢ [f(Xn+1, Yns1, Zns1)hH,):

i

2
] (1.1.35)

1
in L™y, 2 a) = CohE| | > hHy f(Xnst1s Yists Zns1) +
Bl 050 = OB [ Yo T

E

h n
Yn+1—{y—(f(me, )"‘f( n+1, n+1azn+1))+(z+a)H}

2 Un,

where v,, = Etn[\Hn\Q], Cy > 0is a constant, and A,, is an intermediate variable that
we introduced in order to implement the algorithm by using only one network as
(1.1.28) or (1.1.31). The loss function (1.1.35) can achieve smaller variance for the
approximation of Yy compares to the loss function (1.1.34). It does not increase the
computational time compares to the implicit Euler scheme. There is no doubt that
an error will also appear on the A—part when we optimise the neural network, but
it has the same amplitude as the associated to the Z—part in the neural network,
the influence on the final is negligible.

to t1 e tN—2

AAAAAA

Xo
M
initialize ) initialize y initialize initialize
£ T —_ .. YV
with 0% L) with, 0} ~ with 9;\,72\‘;) with 0% _, \‘

(L{o Vo, Ao) (lh Vl,Al) ~~~~~~ (MN—2aVN—27AN—2) (UN71sVN717AN71) ((MN,

O e
'

LGN (0N —2) LGN (On—-1)

Figure 1.6 — Graph with common parameters and variables of Crank-Nicolson scheme in the
deep learning algorithm.

1.1.4.4 Runge-Kutta scheme

Runge-Kutta methods [24] are a family of implicit and explicit discretization meth-
ods, which include implicit Euler scheme, explicit Euler scheme, Crank-Nicolson

27
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1.1. Machine learning methods for high-dimensional BSDEs

scheme in particular, see Theorem 3.2.1. From Definition 1.1.6 below, we notice
that the Runge-Kutta scheme is a muti-stage scheme and can achieve a higher order
than Crank-Nicolson scheme. We denote by ) the number of stages. Note that the
Runge-Kutta scheme is always explicit for Z-part, there exists an order barrier for
implicit scheme to get an order @ + 1 scheme with a QQ—stage scheme when @ > 1
as long as d,f # 0. Hence, we only consider the explicit scheme when Q = 2,3 as
the implicit scheme has no advantage compared to the explicit scheme for general
drivers. However, the algorithm converges too fast when @Q = 3, which leads to a
discretization error smaller than the variance of the algorithm. And there also exists
an order barrier for explicit scheme, which means that there is no explicit four stage
methods in the class of methods for the definition 1.1.6. So that we never consider
the case ) = 4

Definition 1.1.6 For Q € N*, let ¢ = (c1,...,cg+1) € [0,1]9F! satisfying 0 =
cp <cp < ...< ¢ < - < ceg < cge1 =1, and tyy = ther — cgh. Then
tn =tho+1 < ... <tpg <...<tp1 = tpt1. We denote the “full grid”

I:={t,,e[0,T][0<n <N, 1<q<Q}

For tnq € II, X, is approzimated by Xnq € L*(F,,), 0 < n < N and 1 <
q < Q. For ease of notation, denote by (X, )o<n<n the approximation of X on the
grid m. Observe that X, g+1 = Xy, and X, 1 = Xy41. Assume that X is a Markov
process on I1. We now define (Y, Z) the approzimation of (Y, Z), recall (1.1.4).

i) Set the terminal condition as
(Yn, Zn) = (9(Xn), 0(Xn) T Vg(Xn)).

it) For 0 < n < N —1 and Q = 1, the transition from (Yni1,Zns1) to (Yo, Zy)
tnvolves ) stages. At the intermediate instances, for 1 < q < Q + 1, let

q
Vg = B | Vasr + 1) agef (X g, Yok, ka)] : (1.1.36)
k=1
q—1
Zng=E, | HiYni1+ 1 Z g gk f (X ks Yok Zn,k)] : (1.1.37)
k=1

<q.k<Q+15 (k) 1<q k<@+1 take their values in R and with ai, =
a1, =0,1<k<Q,app=ag=0,1<¢g<k<Q@Q+1 and

q
Z gk, = Z aqk]l{ck<cq} g<Q+1. (1.1.38)
1 p—

We set (Yn, Zn) = (Yn,0+1, Yn,Q+1) at the dates on 7.

For all 1 < k < ¢ < Q@+ 1,n < N, the random variables Hj JHy are
Ft,.,—measurable, independent of Fi, , and Fy, . respectively wzth the prop-
erty

Bt [Hy | = B, [HY3] = 0 and v =By, [|Hy [P], vg ), = B, [ H ]

é
h’

S| >

- < min(vy, vgy) and max(vy, vgy) <
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Chapter 1. Introduction

where X\, A are positive constants which do not depend on h.

The approximation of general Runge-Kutta scheme is essentially based on an
iteration of what has been done for the Crank-Nicolson scheme. We introduce a
new intermediate variable

q—1
An,q = Et"’qlz (aquZ; — O‘quZk) hf(Xn,kyyn,h ka)] s (1139)
k=1
and we then minimise the loss function
q_l 2
Lng(y,z,a) :=E C’oh’a 3 (ageH] — ag H2) hf(ka,Yn,k,ka)‘ +
k=1
q—1 H™ 2
HYoi1 + 1 Y agrf (Ko Yok, Zng) — {y — hagef (Xng,y,2) + (2 + G)TZ}
k=1 q

Then, one can implement the whole Runge-Kutta scheme as we described in Defi-
nition 1.1.7 below.

Definition 1.1.7 (Implemented Runge-Kutta scheme) The numerical solution
is computed using the following step:

e Forn = N, initialize Uy = g,]}N =o' Vxg, Ay =0.

A A A A

e Forn=N-—1,---,0, for1 <q<Q+1 given (Up41,Vns1) = Un1,Vn1) and

A

(un,kaf}n,k)y 1<k< q,

A A

— set (q)ka\ljk) = (un,kavn,k)y I1<k< q, (q)]wqjk) = 0: k> q
— Compute a minimizer of the loss function:
07,4 € argming L%}é[@, v](0),
where L%}é 1s the loss function of Runge-Kutta scheme at stage q and ® =
(@1, ,®g—1) € C(RYL,R)TL and ¥ = (Vy,---,¥,_q) € C(RY RY)7-1
— set Un.g> Vings Ang) := Non (5602 ), where Ny, (- 0%

o h.g) 18 a neural network.

Set (Un, V) := (L?n,Q+1,1>n,Q+1)

1.1.4.5 Main results

For n < N and 1 < ¢ < @ + 1, based on the following perturbed scheme,

q
Vg = Bty o| Va1 + 1D agrf (Xos Yok Znke) | + Clgo (1.1.40)
k=1
q—1
Zn,q = Etn,q H;LYn+1 +h Z O‘quZkf(Xn,k» Yn,k, Zn,k)] + Cfb,qv (1141)
k=1

with (Cﬁiq,gi’q) € [,2(]-"% ,)» we obtain a new stability result to control the error
linked to the estimation of the conditional expectations at each stage of the scheme.
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1.1. Machine learning methods for high-dimensional BSDEs

Pr0p051t10n 1.1.1 Assume that f is Lipschitz continuous. Then, setting §Y, :=
Y, — Y, and 6Z, := Z, — Z,, the following holds

;I%E 0Y, 7] ZhE 10Z,]
N—-1Q+1
CE||6YN|? + h|6ZN]|? A Gl h 2 1.1.42
< !N|+|N\+ZZ h+|qu| (1.1.42)
n=0 gqg=2

Under some regularity assumptions on the coefficients, and noticing that éYy =
0Zxn = 0 in our setting, from the above proposition and the order of discretisation
errors, we obtain a global control on the error between the solution of the BSDEs
and the deep backward approximations, solutions to our different algorithms.

Theorem 1.1.1 Let (Y, Z,,) := (u(tn, Xp), 0 Vi(tn, Xn)), for n < N. We define

VAR _Etnq[ +h2aqkf ks ﬁ@),zﬁ’q’))] (1.1.43)
k=1
o,v o o, v o,
Z®Y =By, | HPY Y 4 0 Y agH f (X, Y, 28 ))] (1.1.44)
k=1
Etnqlz ageHy — agHgy) hf(Xok, ,f?;w),ZS’,f))] (1.1.45)

with (Y, (q) v Z(q) ql)) = (Pr(Xn k), Yi(Xng)), for 1 <k <gq, and

Eng(®, 1) = ) V(D,1) + hel 2 (@, V) + hel (D, D) (1.1.46)
where
vy (. 0) := ienny[erSji”q’) — U o(Xng 0P (1.1.47)
N (@, 9) = inf B[ ALY — Ang(Xog 677 (1.1.48)
N (@) = inf B[ |20 — Vi (X307) 2] (1.1.49)

Then, under some regularity assumptions on the solution of (1.1.3) and process X,
the following holds

N— N—-1
maxE[yY T ( ] Z [|Zn —f)n(Xn)\?] <Ch*+N Y &) . (1.150)
n=0 n=0

where h® is the discrete time errors of the scheme, and &, equals to 5n71(1;1n+1, 1>n+1),
En2 <(Z;{n+17an,2)7 (f/n+1, fjn?)) En3 ((Z/A{n-&-l;ang,z;{n,?,), (f}nﬂ, f/n,g, f/ng)) respectively
for Crank-Nicolson scheme, two stage explicit Runge-Kutta scheme, three stage ex-

plicit Runge-Kutta scheme. Nzgz_ol &, represents the global approzimation errors
due to the neural networks.
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Note carefully that the second term appearing in the right side of (1.1.50) de-
pends on the considered scheme that we apply and the total number of time steps
N, so that it may become large when N increases and has to be balance with the
total number of neurons in practical implementaton.

1.1.4.6 Numerical results

In Section 3.4, we analyse the performance of Euler scheme, Crank-Nicolson scheme,
two stage explicit Runge-Kutta scheme and three stage explicit Runge-Kutta scheme
from a numerical perspective with a special case that the underlying {X;}o<i<r is
a 10-dimensional drifted Brownian motion. We plotted the error of Yy w.r.t. the
time steps in Figure 1.7 and the error of Yy w.r.t. the time cost in Figure 1.8 for
the 5 schemes mentioned above. As we expected, the order of both explicit Euler
scheme and implicit Euler scheme are 1, the Crank-Nicolson scheme and two stage
explicit Runge-Kutta scheme are almost order 2 scheme, and the three stage explicit
Runge-Kutta scheme converges too fast leads to that we can not observe the order
clearly. Finally, We conclude that the Crank-Nicolson scheme is the most efficient
one if we want an error smaller than 0.01 ~ 27664,

Absolute error of Y0 against Ntime for Bounded example with nTest = 10, d=10 Absolute error of Y0 against time cost for Bounded example with nTest = 10, d=10

Euler_implicic implicit
21— - Euler_explicit -2
e - 3
s | ---- RKGN_2 ey - RKgN_2
- RKaN3 . - RKqN3

log2(Error)
log2{Error)

Figure 1.7 — Error against time steps Figure 1.8 — Error against time cost for
for different schemes different schemes

Next, we will pay attention to the numerical results of the order 2 schemes with
the underlying is general diffusion process. We have to discretize the forward dif-
fusion process with a second order weak approximation scheme in practice, such
as Ninomiya-Victoire scheme [70], see the detail results in Section 3.4.1.2 and Sec-
tion 3.4.2.2.

1.2 Probabilistic representation for stochastic volatility
models

In the second part of the thesis, we establish a probabilistic representation formula
for two integration by parts (IBP) formulae for the marginal law of the process for
some stochastic volatility models at a given time maturity 7. Then an unbiased
Monte Carlo path simulation method stems from the probabilistic formulae based
on a simple Markov chain evolving along a random time grid given by the jump times
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1.2. Probabilistic representation for stochastic volatility models

of an independent renewal process, so that it can be used in order to numerically
compute options’ prices and greeks, in particular delta and vega, for a large class of
non-smooth European payoffs. The achieved error is optimal since the computation
will be only affected by the statistical error. The main novelty of our approach in
comparison to the previous works [12, 3, 1] is that we allow the drift coefficient to be
possibly unbounded as it is the case in most stochastic volatility models (Stein-Stein,
Heston, ...).

1.2.1 Stochastic volatility model

In mathematical finance, a stochastic volatility model is a model for which the vari-
ance given by a stochastic process, instead of being a deterministic process [11].
These models are widely used in mathematical finance to evaluate derivative securi-
ties, such as options. Stochastic volatility models are extensions of the Black—Scholes
model, for which the volatility is assumed constant over time. This model can not
explain long-observed features of the implied volatility surface such as volatility smile
and skew. It becomes possible to price derivatives more accurately if we assume that
the volatility of the underlying price is a stochastic process.

Many stochastic volatility models have been studied, such as the Heston model
[61], the CEV model [30], the SABR volatility model [51], the GARCH model [19]
among others. In this work, we consider a two-dimensional stochastic volatility
model given by the solution (S,Y") of the following SDE

¢ ¢
S; = sg+ J rSsds + f o5(Ys)Ss dWs,

0 0
k t (1.2.1)

Y: =wo +J by (Ys) ds +f oy (Yy) dBs,
0 0
d(B,W)s =pds

where the coefficients by, g, oy : R —> R are smooth functions, » € R, W and B
are one-dimensional standard Brownian motions with correlation factor p € (—1,1)
both being defined on some probability space (2, F,P).

We assume that ag := 0%, ay = U% and drift by coefficients are infinitely
differentiable, and assume ag and ay are bounded. One main improvement is that
by is not bounded, in comparison to other works on probabilistic representation, see
[12] for killed processes and Agarwal and Gobet [2] for multi-dimensional diffusion
processes, for example. Typically, the drift corresponds to a mean reversion term,
i.e. by(y) = Mp — y) for some A > 0, as in Stein-Stein model [89]. In addition the
volatilities ag(x) and ay (z) should also satisfy some uniform ellipticity conditions.
We would like to consider the log-price process X; = In(S;) instead of the spot price,
so that

1
aX; = (r = Sas(¥y)) dt + o5(¥)) dWh,
and the couple (Xy, Y;)se[o,r) has initial conditions (Xo, Yp) = (In(so),%0)-
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1.2.2 Probabilistic representation
1.2.2.1 Background

The Probabilistic representation method originally developed by Bally, Kohatsu-
Higa, Anderson in [1, 3]. For sake of simplicity, we will consider the one dimensional
case and o(t,x) = 0,b(x) € CL(R). Thus, we introduce the one-step Euler scheme

X = o+ o(W, — W),

Assume that [0,7] x R 3 (s,x) — u(s,z) = E[f(XZ)] is the unique solution of the
PDE:

{ (0s — L)u(s,z) =0,
u(0,z) = f(x).

Apply Itd’s rule to u(T — ¢, )_(to’x)te[ojT], we have
E[f(X2")] = E[u(O,X%””>]

T

= +J IE{ T—r, Xom)+202(92 u(T —7‘,)_(,9’:”)]] dr
0

T

= ) + E{ —L+ 0282)( —7“,)_(,9"”)} dr

S

T —
= f Eonzau( —r,XS’Z’)] dr

T _—)?
= j J b(y -7 y)ie o dy dr
0o JrR "N 2mor
T Y e A
= )+ w(T —r,y)(b(y) =V “ dydr
jo fR D) — ¥ ) e = dy
T
=: J E[6, 0&Yu(T -, X?’I)] dr
0
with the notation 6, (z,vy) = —(b(y) — V'(y)%s7). Hence we get
T
u(T,x) = E[f()_(%x)] + j E[6,(z, XO")u(T — r, X)™)] dr. (1.2.2)
0

It could be shown that for r € [0, 77,
E[0, (z, XP*)u(T —r, X>*)] | € L*([0,T7]).

Then, by the same argument,

uw(l —r,z)=E _f()_(%i)_ H-E[é’ir1 T, Xgl’m)u(T —r—r,X )] drq

0
0

T—r

+ f (
0

[ /0,2 ] T 14 0, 0,z
=E f(XTfr) +j E[ T1*7‘( Xrlz r) (T_rlerl 7“)] dry
- T

T — — —

+ J E[ 1 —r (2, X u(T — 71, X:;x)] dry,
T

— E[/(X92,)]
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1.2. Probabilistic representation for stochastic volatility models

so that
u(T) = E[ (2] + JTIE[ém(x,X?f)f(X%”C)] dr

j f (2, X2 )0y —ry (X207, X0 V(T — 79, X15¥)] dry dra.

Repeating N time the same arguments, we can prove by induction

N n
u(T,z) = Z J [ H Th—Thk—  ( XBkINX?(");;x)] dry---dry (1.2.3)
+ E|u(T —ryi1, X H e (X7 X0 L dry - A,
An41(T) k=1
where Ap(T) := {(rl,--- ,ry) € [0,T]"|0 < r; < --- <1, < T} and by convention

ro =0, H@ = 1. Under some good controls, let N — o0 on the previous identity

’LL(T,.%') = ZJ [ )(Oac H TE—Tk— 1 ngx17X0x)] dry--- d’f‘n
n=0 An(T)

In order to get a probabilistic representation of the series, one remarks that for a

Poisson process N with intensity A, independent of W, when Np = n, its jump times

(1, -+, Cy are distributed as the order statistics of n i.i.d. uniform random variable
n [0, 7], that is

P(Ny =n,(1 € dry, -+ ,Cu € dry) = Ne M dry -+ dry,

on Ay(T). As a consequence,
E[f(X0")| = u(T,2)

n
= Z GAT}E [f(XTO—:I) H Ailerk_rk—l X70‘kzl7X7(‘]];x)1NT—n]
k=1

n=0

n
=eME [f(ng) H Alerk—Tk—l(Xkal’Xg;x)] .
k=1

The probabilistic representation allows to compute u(T,z) = IE[ f (ng”)] with-
out any discretization error but only a statistical error.

1.2.2.2 Our contributions

We are interested in establishing a probabilistic representation formula for the price
of a European option with maturity 7" > 0 and payoff h(St, Y7), given by

E[n(St,YT)],
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as well as integration by parts (IBP) formulae for the sensitivities (Greeks) of the
option, given by

8501[-2 [h(ST, YT)] and 8yOE [h(ST, YT)] 5

from which stem an unbiased Monte Carlo simulation method.

We establish a probabilistic representation formula for the marginal law (St, Y7),
T > 0 based on a simple Markov chain evolving along a random time grid given
by the jump times of an independent renewal process. This formula provides an
unbiased Monte Carlo method. It is inspired by the probabilistic representation
formula derived in Bally and Kohatsu-Higa [1] and others [3, 60, 42, 2] for multi-
dimensional diffusion process, one-dimensional killed processes and of some Lévy
driven SDEs with bounded drift, diffusion and jump coefficients. The main novel
challenge is to tackle the case where the volatility drift by is unbounded. In order
to overcome this difficulty, we freeze the coefficients by , og and oy along the flow
of the ordinary differential equation (ODE) dmt = by (my), mo = yp obtained by
removing the diffusion term in the dynamics of Y. The underlying Markov chain
(X,Y) on which the probabilistic representation is based, is then obtained from

t

X?OZZL‘()-FJ

. (r— fas(ms)) ds + f os(ms) dW,

t
Y;y0=yo+fbyms ds+fay o
0 0
d{W,B)s = p ds.
Assume 7 = (7,)n>0,70 = 0 is a non-decreasing sequence of R; modelling ran-
dom jump times and let N = (INV;);=9 be the renewal proces, defined by Ny :=

hI | {(rn<t}- IV is independent of the two Brownian motions W and B. We discre-

tise the process (X,Y) using a Euler scheme on the random time grid (¢;)i=0 with
o =0and (; =7; AT, namely

_ _ 1
Xiy1=X; + (T(CiJrl —Gi) — 5‘15,1‘) + US,iZz‘IH’

Yig1 = mj + oy, (piZz'1+1 +4/1— pfzfﬂ)-

where
9 Cz+1 Cz _
as; = 0g; = J as(ms(Y;)) ds,
) Ci+1—Ci _
ay,; = 0y; = f ay (ms(Y;)) ds,

<z+1*C'L _
ooy im f (050y)(ma(¥3) ds,

My 2= Mg —¢ (}71)7
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1.2. Probabilistic representation for stochastic volatility models

where Z = (Z}, Z2),,>1 is a sequence of i.i.d. random variables of law A/(0, I3) which
is independent of (W, B) and U’Sz, ag/ i agy ;» p; and m are the partial derivatives
of 05, Ov,i, 08y, Pi, M; With respect to Y;.

The approximation process (X Y) is a Markov Chaln with respect to the filtration
defined by G = (Gi)i=0 where G; = o(Z;, 0 < j < i) fori = 1 and Gy is the
trivial o—field. We define (" = (o, ,(n), 7" = (Tg, o+, Ty) for n e NT. We first
define the set S; ,(X,Y), neN, ie {0, ,n} as the space of random variables H
satisfying:

o = h(Xi7}7i7Xi+ly}7i+laCn+l) on {NT = n}7 where Cn+1 = (0 = COaCla e aCnv
Cn+1 = T)

e For all ;41 € A1 (T) := {Sp+1€[0,T]": 0 <81 < ---8p41 < T}, the func-
tion h(.,Sp+1) is in C;O(R4).

We also define the derivative operator Dgi)lH, ae{l,2} for HeS;,(X,Y):

PO

WH =05, H and D2\ H =0y H

i+1

We then develop a tailor-made Malliavin calculus for the Euler scheme (X;, Y;)o<i<Np+1-

.71 2
(H) H[ leJrl b piZipy + \/ 1— Zz-i—l] _ D(l) .

7
osi(1—p7) 1-p; 08,

i+1

1 2
(2) piZi+1 +4/1 - p?ZiJrl Pi ZzlJrl (2)
7% (H) = H[ . ] D@ H.
oyi(1 = p;) 1—p? o

Then, for a multi-index o = (o, ...,), a; € {1,2} with length p and an index
apt1 € {1,2}, we have the following relations:

(H)) D(a Oép+1)H D(Oépﬂ)(D( a) H).

7oy () = T @) i il (Pih

i+1 i+1 i+1

Setting E; ,[X] = E[X|G;, 7", Ny = n] for X € L}(P) and i € {0,---,n}, we
obtain the following duality identity

[ (X, z+1)H] :Ez’,n[f(Xi+17Yi—i—l)Ii(ii(H)]'

We denote B, (R?) the set of Borel measurable map h : R* — R satisfying the
exponential growth assumption at infinity. Under some assumptions that will be
stated in Part IT of this thesis, the law of the couple (X7, Yr) satisfies the following
probabilistic representation: for all h € B, (R2) for some v > 0, the price of an option
exercised at time T with payoff h(Xp, Yr) satisfies:

Npr+1

E[h(X7, Yr)] = E[h(XNT+17YNT+1) I 1 9i]7
i=1
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where the random variables 6; are in Si,lyn()_( ,Y) on the set {Np = n}. We have
0NT+1 = (1 - F(T - CNT))_lﬂ and for i = 17 T 7NT7

0 = (F(G = G0y~ |20V () = T (e) + I8 () + T2 08) + T (ehs) |.

Last, if N is a renewal process with jump times of distribution Beta(1/2,1), then
_ _ Nr+1
forallp>1landhe BA,(RQ) for some yp > 0, the random variable h(Xn,+1, YN, +1) [ 6
i=1

admits a finite LP(P) moment.

1.2.3 Integration by parts formulae

As usual, we define the derivative with respect to the spot price of the underlying
asset (resp. its volatility) by Delta (resp. Vega). We are interested in establishing a
Bismut-Elworthy-Li-type formulae for the two quantities:

aSOE[h(XT, YT)] and &yOE[h(XT, YT)],
where so = exp(Xp), yo = Yo.

The central idea is to exchange the order of the derivative and the expectation,
so that the two Greeks can be computed by a Monte Carlo simulation. Applying
the probabilistic representation, the Greeks write

NT+1 NT+1

&SOE[h(XNTH,Y’NTH) H 01] and 8yOE[h(XNT+1,}7NT+1) H 01]
i=1 i=1

The second step is to apply an appropriate integration by parts formula in order
to differentiate before averaging. However, the usual Malliavin’s IBP formula cannot
be applied here due to integrability issues. Following the ideas developed in [12]
for killed diffusion processes with bounded drift coefficient, we first transfer the
derivatives forward in time on each random time intervals [(;, (iy1], @ = 0,--- , N7,
as explained in the following graph.

EA S 0,

§ G2 (3 =T

Figure 1.9 — Transfer the derivatives forward in time on each random intervals with Np = 3
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1.2. Probabilistic representation for stochastic volatility models

Then, we perform a local IBP formula on each random time interval [(;, (1],
i =0,---,Np. For instance, on the last time interval [(n;, (Np+1] = [Cnys T, on
the set {Np = n}, to obtain the IBP of Vega one has

O3 En [h()‘(nﬂ,z?m)enﬂ]

=Enp [aifnﬂh(XnH, V1) 0 n—‘,—l] + Enn[ax h(XnH,YnH)?Zfl]
+En,n[h(Xn+1, n+1>?2+1]

= B [h(Xoer Vo) (T (F1700) + TO(F 75 + T )|

e,Y —eX —c
for some new weights 6 . I

Finally, we combine each local IBP formula in an adequate manner to establish
the global IBP formula, using the fact that

NT+1
E[ XT7YT ZE[ [ XNT+17YNT+1) H Gi’Tn+1]]—{NT—n}]
=1

n=0

Under appropriate assumptions (AR) and (ND) in Part II, for all h € B, (R?)
for some v > 0 and all (so,%0) € R?, the law of the couple (X7, Yr) satisfies the
following Bismut-Elworthy-Li type formulae:

B B Nr+1 _)I(l) Np+1
0T 00, B[ n(X7, Y7) | = B[ h(Xnps1 Yivg 1) D, (G = Ge1) @ ]
k=1
and
Ty, E| (X1, V1)]
Nr+1 (2),Np+1 k NT+1 (1),Np+1
_ _ — 1! 77
=E [h(XNT+1aYNT+1) DTG~ G 1)( Z )] ;
k=1 j=1
_)I(l),n+1 —)C’,}‘Fl _):Z-(Q),n+1 (1) n+1
where 6" , 077 0" d¢9 with n >0 on {Np =n}, 1 <

k < n + 1, are explicit functions of the parameters of the model and the Welghts
f;. This implies that the random variables that appear inside the expectations on
the right-hand side of the IBP formula can be perfectly simulated. Therefore, Delta
and Vega can be computed by an unbiased Monte-Carlo simulation method with
optimal complexity.

1.2.4 Numerical results

Finally, we numerically compute the prices and Greeks of the following model

dSy = rSy dt + Us(}/t)st dWr,
dy; = by(ﬁ) dt + Uy(ift)dBt,
d<va>t :pdta pE (_171)7
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with unbounded mean-reversion drift by (z) = Ay (u — ), for both European call
options (payoffs: h(z,y) = (exp(z) — K)4) and digital call options which has non-
continuous payoff functions h(z,y) = 1{exp(a)=K)- We compare the results of the
unbiased Monte Carlo method by Exponential sampling (a Poisson process with
intensity parameter A = 0.5, then E[Np] = 1.25) and Beta sampling (a renewal
process with [0,2]—valued Beta(0.5,1) jump times, then E[Np] = 1.79) to Euler
scheme of three different models:

e Black-Scholes model where og(z) = og is a constant.

e A Stein-Stein type model where og(x) = 012 + 02, we choose o071, o9 such that
os(z) is positive in the domain of x.

o A model with a periodic diffusion coefficient function where og(x) = o1 cos(z)+
09, 09 — 01 > 0.

We fix the parameters as follows: T' = 0.5, r = 0.03, K = 1.5, zp = In(sp) = 0.4,
Yo = 0.2, oy(.)) =0y =02, \y = 0.5, p = 0.3 and p = 0.6. We perform M;
paths such that E[N7] x M; = 3.2 x 107 for the unbiased Monte Carlo method in
both Exponential sampling and Beta sampling case. And for the Euler-Maruyama
approximation scheme, we simulate M = 160000 Monte Carlo simulations paths
and set mesh size § = T'/n where n = 200, we also have Myn = 3.2 x 1