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som, Gilles Carron, Vincent Guedj et Frances Kirwan pour le très grand honneur
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The content of the articles [L0], [L1], [L2] and [LTF] will not be presented
in this dissertation as they only contain materials from my PhD or even before.
Moreover [GLSD] is a review and does not contain any new results which are
worth presenting here.

The aricles [LR] and [BHLTF2] gather new results but the topics are not
central to my current research interests. Therefore, I will not discuss these
results in this memoir.

1.1.0.1 List of pre-publications

[DL] R. Dervan, E. Legendre, Valuative stability of polarised varieties
arXiv:math.DG/2010.04023. Submitted.

[dBL] M. de Borbon, E. Legendre, Toric Sasaki-Einstein metrics with
conical singularities, arXiv:math.DG /2005.03502. Submitted.

It is a rule of the University of Toulouse’s doctoral school, that unpublished
results should not appear in the core of a dissertation such as the present one.
The main results of [DL] and [dBL] are discussed in Chapter 5 dedicated to
current projects and perspectives.

1.2 Scientific context and summary

A central problem in Kähler geometry, proposed by Calabi [57] in the 80’s, is
whether or not a canonical Kähler metric can be found in a given cohomology
class of a compact Kähler manifold. Calabi suggested looking for extremal
Kähler metrics and characterized in [58] these special structures as follows. A
Kähler manifold (M,J, ω, g) is extremal if and only if its scalar curvature Scalg
is a Killing potential, meaning that its gradient ∇gScalg is real holomorphic, i.e.
L∇gScalgJ = 0 or equivalently its hamiltonian vector field XScalg = −J∇gScalg
is Killing, i.e., lies in the Lie algebra of the isometry group of (M, g). Constant
scalar curvature (cscK for short) and the more famous Kähler-Einstein metrics
are particular examples of such metrics.

At that time, Calabi already highlighted some obstructions to the existence
of an extremal Kähler metric in relation with the symmetries of the underlying
complex manifold. More precisely, the Calabi structure theorem [58] implies
that, in that case, XScalg must lie in a maximal torus in the center of the isom-
etry group G = Isom(M, g) which itself must be maximal among all compact
connected subgroups of Aut(M,J). This jusifies working on a maximal compact
torus T ⊂ Aut(M,J) chosen in advance.

The existence of an extremal Kähler metric in a given Kähler class, is now
conjecturally equivalent to a certain notion of K-stability through an extension
of the Yau-Tian-Donaldsons’s (YTD) conjecture [207, 197, 82], introduced in
[189, 193] in the polarised case and in [78] for general Kähler class. This conjec-
ture, its ramification and its extension have generated tremendous efforts from
the community and has led to many interesting developments during the last
decades.

The Sasaki version of the Calabi problem has interest on its own and also
plays a role in the Calabi extremal Kähler metrics problem and YTD conjec-
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ture for polarized Kähler manifolds. Indeed, a prototypical example of Sasaki
manifolds is a circle bundle over a polarised Kähler manifold, with a connection
associated to the metric. A striking illustration of the interest of such struc-
tures in the Kähler setting can be found in the work of Donaldson and Sun
[90, 91] who have used the fundamental result of Martelli–Sparks–Yau [168]
about the classical transversal Futaki invariant of Sasaki–Einstein typed man-
ifolds to study the topology of moduli spaces of K-stable Fano varieties. Note
that this application relies on the identification of the later space with Fano
Kähler–Einstein varieties, via the YTD conjecture for Fano varieties, for which
there are now few proofs, notably [62, 33, 209].

In this dissertation, I account for a large part of the research I did after my
Ph.D. around the notion of Calabi extremal metrics in Kähler and Sasaki geom-
etry. I organized the core of the manuscript into three chapters, each including
an introduction and presenting the technics and the main ideas behind my con-
tributions as well as relation to the work of others and some perspectives. Here
below is a very short summary of these chapters.

In Chapter 2, are explained my contributions to the study of the Futaki
invariant (relative to a fixed compact torus T) and mainly its Sasaki version
obstructing the existence of a compatible Sasaki metric with constant scalar
curvature (cscS). We have given in [BHLTF1] a variational version of this in-
variant by introducing a homogeneous Einstein–Hilbert functional EH, defined
on the Reeb cone t+ ⊂ LieT, which is a finite dimensional strictly convex open
cone. This extends Martelli–Sparks–Yau main Theorem [168] from Calabi-Yau
cone to general Kähler cones. I also present our argument from [BHL], prov-
ing that the Einstein–Hilbert functional is proper and rational on t+, using the
Atiyah–Bott–Berligne–Vergne equivariant localisation formula. This technic is
also exploited in the final section of this Chapter to study the Donaldson–Futaki
invariant of a smooth compact Kähler test configuration over a Kähler manifold
as I have done in [L5]. It is proven there that this invariant coincides with the
classical Futaki invariant of the central fiber when this one has at most orbifold
singularities, extending a result known in the polarised case [82] to the tran-
scendental case. Chapter 2 contains also a brief recap on Sasaki geometry.

The first part of Chapter 3 is devoted to two processes, that we have called
Levi and Levi-Kähler reduction and introduced respectively in [ACGL1] and
in [ACGL2]. The Levi reduction is the contact/symplectic counter part while
the Levi-Kähler reduction incorporates a CR/complex structure. This is sim-
ilar to the relation between symplectic versus Kähler reduction and indeed,
Levi-Kähler reduction sometimes coincide with a Kähler reduction but, in gen-
eral, is different. An advantage of the Levi-Kähler reduction on the general
Kähler reduction is that the Sasaki deformation technics can be more natu-
rally integrated in the process and the curvature of the quotient seems more
sensitive to the Chern curvature of the CR structure. We have studied only
the toric compact case of these reductions and obtained a partial classification
in the contact/symplectic version which extends the Delzant/Lerman classifica-
tion of compact toric contact/symplectic manifolds. Computing the curvature
of the Levi–Kähler reduction of product of odd dimensional spheres, we have
observed in [ACGL2] that a type of weighted extremal metrics (sometimes called
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weighted cscK metrics) appear naturally in this context. This takes us to the
second part of Chapter 3 where is presented a correspondence between extremal
Sasaki metrics with Reeb vector field ξ ∈ t+ and a specific type of weighted ex-
tremal metrics on the Kähler quotient by a circle action commuting with the
compact torus induced by ξ. This correspondence allowed us to use directly
Lahdili Theorem [142] on general weighted extremal Kähler metrics to prove
some properness of the Sasaki version of the Mabuchi functional. We also have
proposed a global Futaki invariant which coincides with Collins–Székelyhidi [68]
Donaldson–Futaki invariant of the (reduced) central fiber of smooth Sasaki test
configurations. Combining these results, we get that the Donaldson–Futaki in-
variant of any smooth Sasaki test configuration with reduced central fiber over
a cscS manifold is strictly positive, unless it is a product type. All these results
are established in [ACL] and reported in Chapter 3.

Chapter 4 gathers my results in toric Kähler geometry. The symplectic
approach in this field [1, 82, 115] has lead to establish an explicit dictionary
between toric extremal Kähler metrics on a fixed toric symplectic manifold
(M,ω,T) and convex solutions of a (scalar) PDE problem on a convex compact
polytopes P ⊂ (LieT)∗ =: t∗. The convex solution must satisfy some boundary
condition encoded by a labelling ` or equivalently a measure on the boundary
of P . We end up with an ”abstract” boundary value PDE problem that I call
the Calabi problem on polytopes.

I give the details of the correspondence above in §4.1, with a precise def-
inition of the Calabi problem on polytopes along with my contribution from
[L3], where building on [86], I proved that for each simple compact polytope
there exists a Kähler–Einstein type solution of the Calabi problem, unique up
to a dilatation. Actually the labelling is unique, up to a dilatation, and the
result follows then an abstract toric version of the Wang–Zhu Theorem [202]
on existence of toric Kähler–Ricci solitons and Kähler–Einstein metrics. Along
come an abstract toric version of Zhu’s Theorem [211] and Yau’s solution of
the Calabi conjecture [206]. Geometric applications includes a classification of
compact toric Kähler–Einstein orbifolds up to a torus invariant symplectomor-
phism in terms of integral polytopes as well as the finding of families of singular
Kähler with conical singularities. I include also the result I have obtained in
[L4] that the convex affine geometry point of view, combined with the resolu-
tion by Chen–Cheng [61] of an analytical version of the Yau–Tian–Donaldson
conjecture implies that the existence of an extremal toric almost–Kähler metrics
on a compact symplectic toric manifold is sufficient to ensure the existence of
an extremal toric Kähler metric.

Finally, the last section of Chapter 4 is of a slightly different flavour as
we leave the extremal problem of Calabi to consider bounds on the first non-
zero eigenvalue λ1 of compact toric Kähler manifolds. For this again, we have
used in [LSD] the symplectic approach and the characterization of toric Kähler–
Einstein metrics by their first invariant eigenspace to provide a sharp bound on
λ1, characterizing the Fubini–Study metric.

As a guiding principle, in this dissertation, the demonstration are not pre-
sented in details. Only ideas, inspirations and technics are discussed, unless
I want to emphasize on some technical detail for which I believe a potential
extension could hold and be of some interest. In Chapter 5 are gathered my
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main current research projects, including unpublished (but submitted) works
like [DL] and [dBL].

Chapter 2 contains a brief recap on Sasaki geometry and there is an Ap-
pendix A on Calabi’s structure Theorem and the extremal vector field.

1.3 Summary of notation

Throughout N and M denote connected manifolds, N is in general a com-
pact manifold which may be equipped with a contact structure and M is a
2n-dimensional manifold. The pair (M,J) refers to a manifold M and J ∈
End(TM) an integrable almost complex structure corresponding to a complex
structure onM . Sometimes, when no confusion is possible, M denotes a complex
manifold. The operator J extends naturally to tensors and the twisted differen-
tial on forms is dc = J−1 ◦ d ◦ J . In particular, for f ∈ C∞(M), dcf = −df ◦ J .

The pair (M,ω) denotes a symplectic manifold and the convention used in
this memoir is that a vector field X on M is hamiltonian if there exists a function
f such that

−df = ω(X, ·).

Given f ∈ C∞(M), Xf is the unique hamiltonian vector field satisfying the
latter equation.

The action of a Lie group G on a manifold M (or N) is a Lie group morphism
ψ : G → diffeo(M) (or G → diffeo(N)). We denote the Lie algebra g := TeG
where e ∈ G in the neutral element and for a ∈ g, the associated vector field on
M (or N) is

a := deψ(a).

Essentially only torus action are considered in this text and we denote T a
compact (connected) torus with Lie algebra t = TeT. Typically, we assume the
action is effective, that is ψ is injective. Given a space, say A, on which an
action of T is specified, AT denotes the subspace of T–invariant elements of A.



Chapter 2

Various approaches to the
Futaki invariant

Given a compact Kähler manifold (M,J, ω, g), via the momentum map picture
drawn by Fujiki and Donaldson [100, 82], the (hermitian) scalar curvature is
the momentum map of the action of Ham(M,ω) on the space of ω–compatible
(almost) complex structures. Restricting to T-invariant ω–compatible complex
structures C(ω)T, it means that

µ : C(ω)T → (C∞ω,0(M)T)∗

J 7→
(
f 7→

∫
M

fScalJ,ωω
n

)
(2.1)

is a momentum map with respect to a formal symplectic structure on C(ω)T,
when identifying the formal Lie algebra of Ham(M,ω) with the space C∞ω,0(M)T

of functions integrating to 0 against ωn. Now T acts trivially on C(ω)T thus∫
M
fScalJ,ωω

n does not depend on J ∈ C(ω)T. This is a symplectic version of
the Futaki invariant [82, 154] which coincides with the restriction of the classical
Futaki character [109] to the (complex) Lie algebra of real holomorphic vector
fields t⊕ Jt, where t = Lie T.

In sum, the symplectic relative (to a torus T) version of the Futaki invariant
is the L2-projection of Scalg on the space of Killing potentials identified with
the space of affine linear functions on the moment polytope integrating to 0
against the Duistermaat-Heckman measure. If there exists a ω-compatible cscK
metric, this invariant must be zero.

The main results I want to discuss in this Chapter are related to the Sasaki/contact
version of the Futaki invariant. This version of the invariant is an obstruction to
the existence of a transversal Kähler structure of constant scalar curvature. A
transversal Kähler structure consists in a Kähler structure on local leaf space of
a foliation, in Sasaki geometry, the foliation is induced by a nowhere vanishing
vector field ξ ∈ t called the Reeb vector field. The transversal Futaki invariant
thus depends on that vector field ξ sitting in a convex polyhedral cone t+ ⊂ t
called the Reeb cone.

13
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Understanding how the transversal Futaki invariant Fξ varies when ξ runs
within the Reeb cone could eventually provide tools to study moduli space of
polarised cscK manifolds [81] similarly to the case of K-stable Fano varieties
[90, 91].

With my collaborators C. Boyer, H. Huang and C. Tønnesen-Friedman we
have proved in [BHLTF1] that the zeros of the Sasaki-Futaki invariant cor-
respond essentially to the critical points of the Einstein–Hilbert functional see
§2.1.3.1. Thus motivated, we have studied the local behaviour of that functional
around its critical points. I give an overview of our conclusions in §2.1.3. Note
that these results extend the famous Theorem of Martelli–Sparks–Yau [168] on
the volume functional defined on a subset of the Reeb cone of a Calabi-Yau
cone, see Theorem 2.24.

Using equivariant localisation formulas and Morse–Bott theory we managed
to prove in a subsequent paper [BHL], that the Einstein–Hilbert functional is
rational (in the variable of ξ ∈ t+) and proper. Thus, the rays of Reeb vector
fields with vanishing transversal Futaki invariant are in a compact algebraic
subspace of t+/R+. I discuss this result in §2.1.4 together with a corollary of
our computations implying that given a T–invariant scalar flat conical Kähler
manifold (with compact smooth cross section) the total transversal scalar cur-
vature, seen as a function S : t+ → R, is non-negative.

The Futaki invariant is involved in the finer obstruction to the existence of
cscK metric provided by K-stability. In essence, the Donaldson-Futaki invari-
ant of a test configuration is the Futaki invariant of the central fiber. This has
a precise meaning when the central fiber is normal and can be verified easily
for polarised test configurations, using equivariant cohomology [82]. In §2.2,
is briefly presented another way, using equivariant localisation, to relate the
intersection product formulation of the Donaldson-Futaki invariant of a com-
pact Kähler test configuration to the Futaki invariant of the central fiber when
this one is smooth or has orbifold singularities. These hypothesis ensure that
we find the classical Futaki invariant of the central fiber. The interest of do-
ing such a tedious computation is questionable but I include the result in this
memoir because it has lead me to consider Kähler tests configurations from the
hamiltonian perspective and some of my current projects are natural follow up.

Moreover, on a personal level, studying these test configurations and equiv-
ariant cohomology motivated me to learn more on the algebraic side of the
YTD conjecture which eventually lead me to study Fujita and Chi Li works
[104, 160, 161]. They provide alternative approaches to K-stability in terms
of ”dreamy” divisors and/or valuations for Fano varieties, which turned to be
very useful practical tools to detect K-stability or study the moduli space of
K-stable Fano varieties. With R. Dervan, we have extended Fujita’s ”valuative
stability” by introducing a numerical invariant generalizing his β–invariant. We
have proved that K-stability with respect to test configurations with irreducible,
reduced central fiber is equivalent to this valuative stability. Our results are
explained in details in the prepublication [DL] and briefly presented in §5.1,1

1It is a rule of the doctoral school in University of Toulouse, that unpublished results
should not appear in the core of a dissertation such the present one.
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Chapter 5.

Sasaki geometry is not as classical as Kähler geometry and the notation
might be confusing at first. I have included a background section 2.1.1 on
Sasaki geometry where notations and basic facts are explained. The complex
cone point of view is treated separately in Section 2.1.2 and contains some
original material from my joint work with Apostolov and Calderbank [ACL],
where we have clarified some results contained in the literature and brought a
new point of view on radial potentials (Kähler potentials on the cone).

2.1 The Einstein–Hilbert functional and cscS

2.1.1 Preliminaries on Sasaki geometry

A Kähler structure is a triple (ω, g, J) where J ∈ End(TM) is an integrable al-
most complex structure, ω a symplectic form et g a riemannian metric such that
ω = g(J ·, ·) and we need to add a compatibility relation, eg. g = g(J ·, J ·). Thus
any pair of these structures (if compatible) determines the third and therefore
the Kähler structure.

Likewise a Sasaki structure is determined by two compatible objects, in this
dissertation we will essentially only consider combinations among

(i) a contact distribution D + a transversal holomorphic structure (ξ, Jξ);

(ii) a CR structure (D, J) + a Reeb vector field ξ;

(iii) a CR structure (D, J) + a contact form η.

However, relations between these objects are not as straightforward as the ones
between the structures involved in Kähler geometry. For example, the contact
form determines the contact distribution and thus the Reeb vector field but
not the CR structure nor the transversal holomorphic one, while a transversal
holomorphic structure makes no sense without a fixed Reeb vector field. The
notation above in (i), (ii), (iii) are the typical ones used in this text and this
section contains a brief recap on basic properties and relations between them.

2.1.1.1 Sasaki structures

Let (N,D) be a compact connected contact (2m + 1)-manifold2 which means
that D is a codimension one distribution whose Levi form defined by

LD(X,Y ) = −qD([X,Y ]) (2.2)

where qD : TN → TN/D is the quotient map, is surjective. A contact vector
field is a vector field X on N such that LX(Γ∞(D)) ⊂ Γ∞(D). We denote by
con(N,D) the infinite dimensional Lie algebra of contact vector fields of (N,D).

Classically, the dual of the (real) line bundle TN/D → N is identified with
the annihilator D0 ⊂ T ∗N of the contact distribution D and a nowhere vanishing
section3 η ∈ Γ(D0) is a contact 1–form. Classical ODE theory tells us that to

2of codimension 1, in this chapter there is mention of higher co-dimension contact manifold.
3Such section exists if and only if, by definition, D is co-oriented, which will be assumed

(and needed) for our purpose.
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contact 1–form η is associated a unique contact vector field ξ = ξη ∈ con(N,D),
so that η(ξ) ≡ 1. This contact vector field ξ is the so-called Reeb vector field of
η and is uniquely determined by the conditions

η(ξ) = 1, Lξη = 0. (2.3)

Conversely, any contact vector field ξ ∈ con(N,D) such that qD(ξ) is nowhere
vanishing determines a unique contact 1–form η ∈ Γ(D0) satisfying (2.3).

Definition/Remark 2.1. Writing X = fξ + Z where Z ∈ Γ(D) and thus
f = η(X), we get that X ∈ con(N,D) if and only if dη(X, ·) = df(ξ)η −
df (indeed, LXη must be colinear to η). As dη is non-degenerated on D (by
definition of a contact distribution), the latter equation determines X uniquely
from the pair (f, η) and we get a linear isomorphism between con(N,D) and
Γ∞(TN/D). Given a fixed contact form η the η-contact vector field of f is the
unique Xf ∈ con(N,D), such that f = η(Xf ).

Now suppose J ∈ End(D) is a CR structure on (N,D), i.e., a (fiberwise)
complex structure on D such that D(1,0) := {X − iJX| X ∈ D} is closed under
Lie bracket in TN ⊗ C; then we denote by

cr(N,D, J) := {X ∈ con(N,D)| LXJ = 0}

the Lie subalgebra of con(N,D), whose elements correspond to CR vector fields
X on (N,D, J). If moreover (D, J) is strictly pseudoconvex that is D0, equiv-
alently TN/D, has a canonical orientation : the positive sections η ∈ Γ(D0)
are those for which η ◦ LD(·, J ·) is positive definite. Note that η ◦ LD(·, J ·) =
(dη)|D(·, J ·) since ker η = D and that η is positive if and only fη is positive for
any smooth positive function f . We let con+(N,D) denote the space of Reeb
vector fields of (N,D) for which the associated contact 1–form η (2.3) is positive.

We then have the following fundamental definitions (see e.g. [48]).

Definition 2.2. Let (N,D, J) be a strictly pseudoconvex CR manifold. Then
the full Sasaki–Reeb cone of (N,D, J) is cr+(N,D, J) := cr(N,D, J)∩con+(N,D).
If cr+(N,D, J) is nonempty then (N,D, J) is said to be of Sasaki type, an ele-
ment ξ ∈ cr+(N,D, J) is called Sasaki–Reeb vector field or a Sasaki structure on
(N,D, J), and (N,D, J, ξ) is called a Sasaki manifold. We say ξ is quasiregular
if the flow of ξ generates an S1 action on N and regular if, moreover, this action
is free. If ξ is not quasiregular, it is irregular.

Remark 2.3. A Sasaki manifold (N,D, J, ξ) is equivalently completely deter-
mined by (D,J) and the contact 1-form η ∈ Γ(D0) defined by (2.3) so we may as
well denote (N,D, J, ξ) by (N,D, J, η) if there is no possible confusion. Observe
also that with a Sasaki manifold comes a Riemannian metric, the Sasaki metric

g := η2 +
1

2
dη(·, J ·) (2.4)

on N , for which the Reeb vector field is unitary.

Example 2.4. Let (M,J, g, ω) be a Kähler manifold such that [ω/2π] is an
integral de Rham class. Then there is a principal S1-bundle π : N →M with a
connection 1-form η satisfying dη = π∗ω. Thus (N,D, J, ξ) is a Sasaki manifold,
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where D = ker η ⊂ TN , J is the pullback of the complex structure on TM to
D ∼= π∗TM and ξ is the generator of the S1 action (with η(ξ) = 1, so η = ηξD).

Conversely, if ξ ∈ cr+(N,D, J) is (quasi)regular Sasaki–Reeb vector field on
(N,D, J), then N is a principal S1-bundle (or orbibundle) π : N → M over a
Kähler manifold (or orbifold) M . Irrespective of regularity, this correspondence
between Kähler geometry and Sasaki geometry holds locally: any point of a
Sasaki manifold (N,D, J, ξ) has a neighbourhood in which the leaf space M of
the flow of ξ is a manifold and has a Kähler structure (g, J, ω) induced, using
the local identification of D and π∗TM , by the transversal Kähler structure
(gξ, J, ωξ) on D, where ωξ := dqξD|D and gξ := ωξ(·, J ·). Indeed gξ, J , and
ωξ are all ξ-basic, so they all descend to M , and we refer to (M, g, J, ω) as a
Sasaki–Reeb quotient of (N,D, J, ξ).

Definition/Remark 2.5. Given any pair of Reeb vector field ξo, ξ ∈ cr+(N,D, J)
the respective associated contact 1–forms ηo, η ∈ Γ(D0) are related η = fηo
where f = η(ξo) > 0. The deformation

cr+(N,D, J) 3 ξ 7→
(
D, J, 1

ηo(ξ)
ηo

)
is called a Deformation of type I in [47]. This includes transversal homothety
0 < λ 7→

(
D, J, λ−1ηo

)
= (D, J, λξo) .

2.1.1.2 Transversal holomorphic structures

Let N be a connected (2m + 1)-manifold, let ξ be a nowhere zero vector field,
and let

βξ : TN → Dξ := TN/SpanRξ

be the quotient of TN by the span of ξ. Thus Dξ is everywhere locally isomor-
phic to the pullback of the tangent bundle of local quotients of N by ξ.

Definition 2.6. A transversal holomorphic structure on (N, ξ) is a complex
structure Jξ on Dξ which is everywhere locally the pullback of a complex struc-
ture (i.e., an integrable almost complex structure) on a local quotient of N by
ξ.

Any Sasaki structure (D, J, ξ) on N induces a transversal holomorphic struc-
ture on (N, ξ): since D is transverse to ξ, βξ|D is a bundle isomorphism D → Dξ,
and the complex structure on Dξ induced by J is ξ-invariant and integrable be-
cause J is.

Definition 2.7. [48] A transversal holomorphic structure Jξ on (N, ξ) has
Sasaki type if N admits a Sasaki structure (D, J, ξ) which is compatible with
(ξ, Jξ), i.e.,

βξ|D : D → Dξ intertwines J and Jξ.

Such compatible Sasaki structures on (N, ξ, Jξ) are completely determined by
their contact forms or, equivalently, by the corresponding contact distributions:
we let S(ξ, Jξ) ⊂ Ω1(N) be the subspace of contact forms of Sasaki structures

compatible with (ξ, Jξ), and write ηξD for the unique element of S(ξ, Jξ) with

ker ηξD = D.
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As is well-known, the geometry of local quotients of N may be described
using the basic de Rham complex

Ω•ξ(N) = {α ∈ Ω•(N) : ıξα = 0 = Lξα},

with differential dξ given by restriction of d (which preserves basic forms). Note
that Ω0

ξ(N) = C∞N (R)ξ and we also denote the closed and exact forms in Ω•ξ(N)
by Ω•ξ,cl(N) and Ω•ξ,ex(N) respectively.

If (N, ξ, Jξ) is compact of Sasaki type, then Ω•ξ(N) has a Hodge decompo-

sition with respect to the induced transversal metric of any η ∈ S(ξ, Jξ), and
the dξd

c
ξ-lemma and transversal Kähler identities are satisfied [98], with the

following consequences, cf. [47, 48].

Lemma 2.8. A 1-form γ on N is basic with Jξ-invariant exterior derivative
if and only if γ = dcξϕ + α for a basic function ϕ ∈ Ω0

ξ(N) and a closed basic

1-form α ∈ Ω1
ξ,cl(N); further, α is uniquely determined by γ, as is ϕ up to an

additive constant.
In particular S(ξ, Jξ) is an open subset of an affine space with translation

group Ω0
ξ(N)/R × Ω1

ξ,cl(N), where Ω0
ξ(N)/R denotes the quotient of Ω0

ξ(N) by

constants; furthermore this open subset is Ω1
ξ,cl(N)-invariant and convex.

Definition/Remark 2.9. By Lemma 2.8 every two contact 1–forms η, η0 ∈
S(ξ, Jξ) are related by

η = η0 + dcξϕ+ α

where α ∈ Ω1
ξ,cl(N) and ϕ ∈ Ω0

ξ(N). Such a deformation within S(ξ, Jξ), that
is preserving the transversal holomorphic structure, is called a Deformation of
type II in [47]. Given η0 ∈ S(ξ, Jξ) we denote

Ξ̂(ξ, Jξ, η0) := {ϕ ∈ C∞(N)ξ | η0 + dcξϕ ∈ S(ξ, Jξ)} (2.5)

the space of η0-Sasaki potentials and the corresponding slice for the action of
Ω1
ξ,cl(N) on S(ξ, Jξ) that we denote

Ξ(ξ, Jξ, η0) := {η0 + dcξϕ |ϕ ∈ Ξ̂(ξ, Jξ, η0)} (2.6)

Not all of the deformations of type II are relevant for our purpose. In-
deed, since dη = dη0 + dξd

c
ξϕ, the quotient S(ξ, Jξ)/Ω1

ξ,cl(N) may be viewed

as the transversal Kähler class of (N, ξ, Jξ). When ξ is quasi-regular, denot-
ing (M,J, ω0) the Sasaki-Kähler orbifold quotient, all the η0–Sasaki potentials
correspond to Kähler potentials with respect to ω0.

2.1.1.3 The Sasaki-Reeb cone

Definition 2.10. The diffeomorphism group Diff(N) acts naturally on pairs
(ξ, Jξ), and the automorphism group Aut(N, ξ, Jξ) is the stabiliser of (ξ, Jξ);
its formal Lie algebra aut(N, ξ, Jξ) consists of ξ-invariant vector fields Y with
LβξY Jξ = 0.

The automorphism group is infinite dimensional: its formal Lie algebra con-
tains an infinite dimensional abelian ideal o(N, ξ) of ξ-invariant vector fields
in the span of ξ; however, the quotient aut(N, ξ, Jξ)/o(N, ξ) may be identified
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with the space of holomorphic sections of Dξ and hence is a finite dimensional
complex Lie algebra if N is compact [48].

Suppose N is compact with transversal holomorphic structure (ξ, Jξ); then
the automorphism group of any compatible Sasaki structure is compact. Hence
if (ξ, Jξ) has Sasaki type, there is a torus T ⊂ Aut(N, ξ, Jξ) whose Lie algebra
t contains ξ, and we now fix such a T. The considerations of the previous
subsection apply equally to the space Ω•ξ(N)T of T-invariant basic forms, and

the space S(ξ, Jξ)T of T-invariant elements of S(ξ, Jξ). This space is acted upon
by T-equivariant automorphisms, i.e., by the centralizer Aut(N, ξ, Jξ)T of T in
Aut(N, ξ, Jξ).

By definition, any ζ ∈ t is a CR vector field for the CR structure induced by
any η ∈ S(ξ, Jξ)T. Furthermore, using the equation in Definition/Remark 2.1
to compare the signs of η(ζ) for various contact 1-forms η ∈ S(ξ, Jξ)T we get
that the Sasaki–Reeb cones all agree. Precisely, it means the following.

Lemma 2.11. Suppose that N is compact and ζ ∈ t is a Sasaki–Reeb vector
field with respect to the CR structure induced by some η0 ∈ S(ξ, Jξ)T. Then ζ
is a Sasaki–Reeb vector field with respect to the CR structure induced by any
η ∈ S(ξ, Jξ)T.

Definition 2.12. The Reeb cone of (ξ, Jξ,T) is the cone [168]

tξ+ := {ζ ∈ t| η(ζ) > 0} (2.7)

in t determined by some (and hence any) η ∈ S(ξ, Jξ)T.

Using Remark 2.5, cr(N,D, J) ⊂ con(D, J) and Lemma 2.11, we get that

t+ := tξ+ = t ∩ cr+(N,D, J) = tζ+

for any pair ξ, ζ ∈ t ∩ cr+(N,D, J).

Remark 2.13. Alternatively, for η ∈ S(ξ, Jξ), the map

µη : N −→ t∗

x 7→ (a 7→ η(Xa)),

is a contact momentum map in the sense of Lerman [155], who proved that its
image

Pξ := µη(N)

is a convex compact polytope in the hyperplane {x ∈ t∗ | 〈ξ, x〉 = 1}. Thus,
the Reeb cone is naturally identified with the dual of the cone over Pξ, or
equivalently,

t+ = {f ∈ Aff(Pξ,R) | f > 0}

as highlighted in [168, 148]. Consequently, the Reeb cone t+ of (ξ, Jξ,T), equiv-
alently the reduced Sasaki-Reeb of (D, J,T), is a strictly convex polyhedral
cone.
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2.1.2 Sasaki structures via complex cones

2.1.2.1 Polarised complex cone and radial potentials

A conical Kähler structure on a smooth complex manifold (Y n+1, J) is a com-
patible Kähler form ω̂ and a real holomorphic vector field ξ on Y (i.e LξJ = 0)
such that the radial vector field −Jξ induces a proper and free action of R+

and L−Jξω̂ = 2ω̂. In that case (Y, J, ξ, ω̂) is called a Kähler cone (or a conical
Kähler manifold).

Example 2.14. Let (M,J,L) a polarised compact manifold (or variety) so that
π : L → M is ample and there exists a compatible hermitian metric on L so
that its curvature determines a Kähler form ωh on M . Now consider the total
space of the dual line bundle with the zero section removed Y := L−1\M and
the smooth function rh : Y → R>0 the restriction of the norm of the hermitian
metric induced (via duality) by h on L−1. Then (Y, 1

4ddr
2
h) is a Kähler cone

with radial action given by dilatation along the fibers and Reeb vector field ξ
induced by the isometric S1–action on the fibers. It is the prototypical example
of conical Kähler manifold.

Given a Kähler cone (Y, J, ξ, ω̂), as −Jξ generates a free proper action of
R+, we let Nξ = Y/ exp(−tJξ) be the quotient manifold with quotient map
πξ : Y → Nξ.

Then, if Nξ is compact (which will be assumed from now) it is easy to show,
see e.g. [168] that there is a unique positive function r : Y → R+ satisfying

Lξr = 0, L−Jξr = r, ω̂ =
1

4
ddc(r2). (2.8)

Therefore, a conical Kähler structure on (Y n+1, J) is encoded in a pair (ξ, r)
where ξ is a real holomorphic vector field and r ∈ C∞(Y,R+) satisfies (2.8).
This leads to the following.

Definition 2.15. On a complex manifold (Y, J) with a holomorphic vector field
ξ, we let

Rξ(Y, J) := {r ∈ C∞Y (R+) : Lξr = 0, L−Jξr = r, ddcr > 0} (2.9)

be the space of (radial) cone potentials (ξ-invariant plurisubharmonic functions
of homogeneity 1 with respect to −Jξ). If (Y, J, ξ) admits a surjective cone
potential r : Y → R+, then ξ is called a polarisation of (Y, J) and (Y, J, ξ) is
called a polarised complex cone.

Typically in the literature [47, 111, 168] the correspondence between Sasaki
and conical Kähler structures is explained as follows. Given a Kähler cone
(Y, Ĵ , ξ, ω̂) the level set (or the link) of the associated radial potential r ∈
Rξ(Y, Ĵ), say Nr := r−1(1), inherits of a Sasaki structure

(D := TN ∩ ĴTN, J := Ĵ |D, ξ) (2.10)

with contact 1–form ηr := dc log r. Conversely, given a Sasaki manifold (N,D, J, ξ)
we consider the product Y = R+ × N with R+–action given by dilatation on
the right summand. Then, we extend the endomorphism J ∈ End(D) to an
endomorphism Ĵ ∈ End(TY ) sending −ξ to the generator of that R+-action.
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The fact that ξ is a unitary Killing vector field and that (D, J) is CR imply
that (Y, Ĵ , r2g + dr2) is a Kähler cone (where r is the projection on the right
summand of Y ).

However, in this last construction it is not clear that given two Sasaki struc-
tures with commuting Reeb vector fields on the same CR manifold, the result-
ing complex cones are biholomorphic 4. Also, to compare the Sasaki manifolds
obtained as level sets of a radial potentials in Rξ(Y, Ĵ) we need to use a diffeo-
morphism between them which is not always easy to handle. It is often more
convenient to work on a single fixed CR manifold. A good candidate for this is
the transversally holomorphic quotient (Nξ,Dξ, Jξ) of (Y, J) by the holomorphic

R+-action induced by the radial vector field −Ĵξ.
More precisely, we have the following Lemma in which we denote, for r ∈

C∞(Y,R+), Nr := r−1(1) and η̃r := dc log r.

Lemma 2.16. [ACL] Let (Y, J) be a complex manifold with a holomorphic
vector field ξ and a function r ∈ C∞(Y,R+) such that Lξr = 0 and L−Jξr = r.
Then η̃r is the pullback π∗ξηr of a 1-form ηr on Nξ with ηr(ξ) = 1 and Lξηr = 0.
Further, the following are equivalent:

1. r is plurisubharmonic, i.e., is in Rξ(Y, J);
2. ηr ∈ S(ξ, Jξ).

Moreover, if r ∈ Rξ(Y, J), πξ|Nr is a CR isomorphism from Nr (with the
hypersurface CR structure) to Nξ (with the CR structure induced by Jξ and
Dr = ker ηr, i.e., by ηr ∈ S(ξ, Jξ)).

A useful outcome is that the space of radial potentials gives a base-point
free representation of Sasaki/Kähler potentials as highlighted in [ACL].

Proposition 2.17. [168, 111, ACL] Let (Y, J, ξ) be a polarised complex cone.
For any r, r0 ∈ Rξ(Y, J) we have ηr ∈ Ξ(Nξ, ξ, Jξ, ηr0) and ηr = ηr0 if and only
if r = ear0 with a ∈ R constant.

Moreover, fixing r0 ∈ Rξ(Y, J) the map

r ∈ Rξ(Y, J) 7→ ϕ ∈ C∞N (R) with π∗ξϕ = log r − log r0 (2.11)

is a bijection from Rξ(Y, J) to the space of ηr0–Sasaki potentials (cf. (2.5)) on
Nξ and

r 7→ Nr

is a bijection from Rξ(Y, J) to the set of strictly pseudoconvex (images of ) ξ-
invariant sections of πξ.

In sum, a smooth polarised complex cone (Y, J, ξ) corresponds to a transver-
sal holomorphic manifold (Nξ, ξ, Jξ) of Sasaki type with a given marking Ξ ⊂
S(Nξ, ξ, Jξ) that is a slice of the form (2.6). Note that as in §2.1.1.3, we may
fix a compact torus T ⊂ Aut(Nξ, ξ, Jξ), with ξ ∈ t = Lie(T), which preserves
some compatible Sasaki structure η0 ∈ Ξ. Thus ξ, Jξ, and Ξ ∼= Ξ(ξ, Jξ, η0) are
T-invariant, hence there is an induced holomorphic action of T on (Y, J, ξ). We
denote by ΞT the space of T-invariant elements of Ξ and by Rξ(Y, J)T the space
of T-invariant cone potentials in Rξ(Y, J). The bijections above preserve the
T-invariance.

4This is true and a corollary of Lemma 2.19.
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2.1.2.2 Polarised complex cone and ample line bundles

Let (Y, J, ξ) be polarised complex cone and denote (Nξ, ξ, Jξ, Ξ̂) the associated
marked transversal holomorphic manifold (assumed compact) see §2.1.2.1. We
fix a compact torus T ⊂ Aut(N, ξ, Jξ), with ξ ∈ t = Lie(T) and assume ξ is
quasiregular (Λ ⊂ t is the lattice of circle subgroups of T, then the set of quasi
regular Reeb vector fields (R+ ⊗Z+

Λ) ∩ t+ is dense in t+).
Then, similarly to the regular case (Example 2.4), Y can be identified with

the space of nonzero vectors in the dual of an orbi-ample orbiline bundle L over
the compact Kähler orbifold (M,JM , ω0) which is the Sasaki–Reeb quotient
of N by the circle action generated by ξ. Thus Y has a natural one point
compactification Ŷ = Y ∪ {0} which the singular space obtained by blowing
down the zero section in the total space of L∗. Since radial potentials correspond
to norms of hermitian metrics on L, for any r ∈ Rξ(Y, J), the apex 0 of the

cone Ŷ is characterized as the limit of points p ∈ Y with r(p)→ 0. Let

H ∼=
⊕
k∈N

H0(M,Lk) (2.12)

be the space of continuous complex-valued functions of Ŷ which are holomorphic
on Y ∼= (L∗)× and polynomial on each fiber of (L∗)× over M . Here H0(M,Lk)
is the space of holomorphic sections s of Lk, which define fiberwise polynomial
functions fs on L∗ by fs(p) = 〈s, pk〉. Now TC acts on H and for α ∈ t∗ we let

Hα := {f ∈ H| ∀ ζ ∈ t, L−Jζf = α(ζ)f}

be the α-weight space and

Γ := {α ∈ t∗| Hα 6= 0}

be the set of (integral) weights of the action. Thus there is a weight space
decomposition

H ∼=
⊕
α∈Γ

Hα, (2.13)

where the degree k component of (2.12) is the direct sum of the weight spaces
Hα with α(ξ) = k. A key fact is that (by ampleness of L) H separates points of

Ŷ : in particular for any p ∈ Ŷ there exists f ∈ H with f(0) = 0 and f(p) 6= 0.

Remark 2.18. In fact orbifold versions of the Kodaira embedding Theorem
(see [180]) embed Ŷ as an affine variety in CN which is a cone with the singular
apex at the origin (see also [200]). The functions in H are then the regular

functions on Ŷ , which separate points by definition.

An important idea in [53, 68] is to define the Reeb cone in t as dual to the
cone generated by Γ in t∗, i.e., to set

tΓ+ = {a ∈ t| ∀α ∈ Γ \ {0}, α(a) > 0}

and alternatively, as intrinsically defined on the complex cone (Y, J,T) as

tPol+ := {a ∈ t| a is a polarisation of (Y, J)}. (2.14)
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Actually, following the discussion of §2.1.2.1 we can immediately infer that

tξ+ = {ζ ∈ t| L−Jζr > 0} = {ζ ∈ t| Jζ is transverse to Nr := r−1(1)}. (2.15)

Consequently, (Y, J) has a proper holomorphic action of a complex torus TC
whose real part coincides with T. It is great that all these definitions coincide.

Lemma 2.19. [68, 53, ACL] If ξ is quasi regular then t+ = tξ+ = tPol+ = tΓ+.

Proof. The equality t+ = tξ+ was discussed in 2.1.1. The inclusion t+ ⊂ tPol+

is a straightforward application of the T–invariant version of Proposition 2.17,
indeed for r ∈ Rξ(Y, J), Nr is a T–invariant section of πζ for any ζ ∈ t+. The
argument in [68] that tPol+ ⊂ tΓ+ uses that H separates points and that f ∈ H
must decreases when approaching the apex. In [ACL] we proved that tΓ+ ⊂ tξ+
as follows.

Let ζ ∈ tΓ+ and r ∈ Rξ(Y, J). By Remark 2.13, it suffices to show that ζ
is in the dual of the momentum cone of the contact momentum map of ηr on
Nξ (Definition 2.12). For this, we first let po ∈ Nr have maximal stabiliser
with respect to the T-action, i.e., t = stabT(po)⊕ Span{ξ}. Thus {apo |a ∈ t} =
Span{ξpo} and ζpo − ηr(ζ)πξ(po)ξpo ∈ stabT(po). Since H separates points, there

exists f ∈ Hα with α ∈ Γ \ {0} and f(po) 6= 0. Let Φ−Jζt be the flow of −Jζ
and observe that

f
(

Φ−Jζt (po)
)

= f

(
Φ
−ηr(ζ)πξ(po)Jξ

t (po)

)
so that

α(ζ)f(po) = ηr(ζ)πξ(po)α(ξ)f(po).

Since α(ξ) > 0 and α(ζ) > 0 by assumption, we have ηr(ζ)πξ(po) > 0. We
conclude that η(ζ) > 0 at points ξ = µηr (po) on the edges of the momentum
cone. Since the momentum cone is a strictly convex polyhedral cone, the result
follows.

Note that tPol+ = tξ+ = tζ+ for two commuting Reeb vector fields ξ, ζ on
(N,D, J) implies that their associated polarised complex cone are biholomor-
phic.

2.1.2.3 Curvatures of a Sasaki manifold and the (contact) Futaki
invariant

To end the background section we recall, for future references, the various cur-
vatures associated to a Sasaki manifold and the Futaki invariant. There are
various conventions used in the literature for the cone metric, the radial action
and even the Sasaki metric. We use the one in Remark 2.3 with the 1/2 in front
of the transversal part which is the convention used for example by Futaki–
Ono–Wang [111].

Let (N,D, J, ξ) be a compact connected Sasaki (2n + 1) manifold, we de-
note by η the associated contact 1–form and g the riemannian metric see
Remark 2.3. The transversal Kähler geometry of refers to the geometry of
(D, J, g|D ). More precisely, N is foliated by the Reeb flow. So there are local
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submersions πα : Uα → Vα, quotient by the flow of ξ, where Uα and Vα are
open subsets of N and Cn respectively, such that (π∗αi)|D = J . In particular,
dπα : (D|Uα , J) → (TVα, i) is an isomorphism and the Sasaki metric is sent to

a Kähler structure on Vα with a connection ∇Tα and curvatures RTα , RicTα , ρTα ,
ScalTα ... Since, π∗α∇Tα and π∗β∇Tβ coincide on Uα ∩ Uβ , these objects patch to-

gether to define global objects on N , the transversal connection and curvatures5

∇T , RT , RicT , ρT , ScalT ... See [47, 111] for more details. These tensors are
basic, notably the transversal Ricci form ρT ∈ Ω1,1(N, cl) lies in the basic first
Chern class 2πcB1 (ξ) but also, as a closed 2-form, it lies in c1(D), see [198] and
[111, Proposition 4.3].

The relations between transversal curvatures and the curvatures Ricg, Scalg
of the Sasaki riemannian metric g of (N,D, J, ξ) are well-known [47, §7.3]. In
particular, the formulas6 in [47, Theorem 7.3.12] imply that for any Sasaki
structure

Ricg(ξ, ξ) = 2n and Scalg = ScalT − 2n. (2.16)

More generally, for any horizontal vector fields X,Y ∈ Γ(D), we have

RicT (X,Y ) = Ricg(X,Y ) + 2g(X,Y ). (2.17)

Moreover, as recalled in §2.1.2.1, to (N,D, J, ξ) is associated with a Kähler
cone, say (Y, Ĵ , ω̂, ĝ) where (Y, ĝ) is a riemannian cone over (N, g). Computing
the Ricci and scalar curvatures of ĝ in terms are those of g is an easy exercise
and we get, on N ,

Ricĝ = Ricg − 2ng (2.18)

while Ricĝ(ξ, ·) = 0 = Ricĝ(Ĵξ, ·). Thus, on N , Scalĝ = Scalg − 2n(2n+ 1).

Therefore, if a Sasaki metric g is Einstein (we then say it is a Sasaki-Einstein
metric) then Scalg = 2n(2n+ 1). That is the Einstein constant on (N, g) is 2n.

In that case, (Y, ĝ) is Ricci-flat, RicT = 2(n + 1)g|D and ScalT = 4n(n + 1).
By definition a Sasaki structure (D, J, ξ) with riemannian–Sasaki metric g is
η–Einstein if

Ricg = µη ⊗ η + λg

for two constants µ, λ ∈ R. Note that (when n ≥ 2), these constants must
satisfies µ+ λ = 2n.

Remark 2.20. The transversal scalar curvature ScalT is homogeneous of order
1 under transversal homotheties 0 < λ 7→ (D, J, λξ), see Definition/Remark 2.5.
In particular, this deformation preserves the cscS property but not Sasaki-
Eintein one. Thus, cscS come in rays and if a Sasaki structure (D, J, ξ) has
a positive transversal scalar curvature then there exists a unique colinear Reeb
vector field ξ′ ∈ R>0ξ such that the associated Kähler cone of (D, J, ξ′) is Scalar-
flat.

5To be very clear we would need to specify all the structures on which depend these
curvatures, namely (D, J, ξ). Such notation would be heavy, so unless there is a possible
confusion, we avoid specifying the Sasaki structure in the notation.

6The transversal Ricci curvature is insensitive to the convention and thus we can use some
computations done in [47] even if they don’t use the same convention.
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One can define the relative contact Futaki invariant as follows, for a ∈ t

Fξ(a) :=
1

n!

∫
N

η(a)(ScalT − cξ)η ∧ (dη)n (2.19)

where cξ := S(ξ)/V(ξ) and η ∈ S(N,Dξ, Jξ)T is any compatible CR structure.

Remark 2.21. The expression Fξ is not exactly the restriction to some com-
plexification of t the classical Sasaki-Futaki invariant Futξ defined in [48, 111]
by

Futξ(X) :=

∫
N

(X.ψ) η ∧ (dη)n

for a ξ-basic function ψ satisfying ∆ξψ = ScalT − cξ. Indeed, one can check
easily that Futξ(a) = 0 for all a ∈ t and the relevant data is then Fut(Φξ(a))
where Φξ ∈ End(TN) extends J with Φξξ = 0. Now, one can prove easily
using an integration by parts (see the proof of [BHLTF1, Lemma 3.1]) that
Fξ = Futξ ◦ Φξ.

Theorem 2.22. [Boyer–Galicki–Simanca [48], Futaki–Ono–Wang [111]] The
expression (2.19) only depends on ξ ∈ t+ and a ∈ t and does not depends on
the chosen CR structure η ∈ S(N,Dξ, Jξ)T. In particular, if there exists a cscS
structure in η ∈ S(N,Dξ, Jξ)T then Fξ(a) = 0 for all a ∈ t.

2.1.3 The Einstein–Hilbert functional and the transversal
Futaki invariant

2.1.3.1 The Einstein–Hilbert functional, definition

Let (N,D, J, ξ) be a compact connected Sasaki (2n+ 1) manifold. The volume
function and the total transversal scalar curvature are

V(D, J, ξ) :=
1

n!

∫
N

η ∧ (dη)n

S(D, J, ξ) :=
2

(n− 1)!

∫
N

ρT ∧ η ∧ (dη)n−1,

(2.20)

by convention7. Alternatively, S(ξ) = 1
n!

∫
N

ScalT η ∧ (dη)n, see [111, (15)].
Note that adding a closed basic 1–form to η in the r.h.s. of the expressions

(2.20) does not change the value since there is no non-trivial basic top degree
form. Moreover, Futaki–Ono–Wang [111], see also [48], have proved that the
Volume and total transversal scalar curvature are constant along the transversal
variation η 7→ η + dcξφ. Therefore, the values V(D, J, ξ) and S(D, J, ξ) do not

depend on the specific CR structure (D, J) chosen inside S(ξ, Jξ). So, we drop
(D, J) from the notation and consider these functionals as defined on the Reeb
cone

V,S : t+ −→ R.

Remark 2.23. Whenever ξ is a quasi regular Reeb vector field (recall that
it means it induces a locally free circle action S1

ξ ⊂ T) any T–invariant Sasaki

structure η ∈ S(N, Jξ)T determines a Kähler structure ωξ on the quotient Mξ :=

7The form η∧(dη)n/n! is 2−n times the volume of the riemannian Sasaki metric of (D, J, ξ).
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N/S1
ξ , see example 2.4. Actually, N is a circle bundle, η a connection 1–form on

the S1–bundle πξ : N → Mξ and π∗ξωξ = 1
2dη. Thus V(ξ) = 2n+12π 1

n!

∫
Mξ

ωnξ

and S(ξ) = 2n−1 2π
(n−1)!

∫
Mξ

ρξ ∧ ωn−1
ξ .

Clearly for any λ > 0, V(λξ) = λ−n−1V(ξ) and S(λξ) = λ−nV(ξ) so the
Einstein-Hilbert functional, which is defined in this setting as

EH : t+ −→ R
ξ 7→ S(ξ)n+1

V(ξ)n ,

is homogeneous.

2.1.3.2 First variation of the Einstein–Hilbert functional

Using formulas (2.16) and the fact that the Reeb vector field is unitary, any
Sasaki-Einstein metric (i.e Sasaki and Einstein metric) must satisfy ScalT =
4n(n+ 1) and Scal = 2n(2n+ 1). Therefore, the Reeb vector field of a Sasaki–
Einstein structure lies in the set

Σ := {ξ ∈ t+ | S(ξ) = 4n(n+ 1)V(ξ)}.

Moreover the condition that ρT is a positive multiple of dη implies that cB1 (ξ) > 0
and c1(D) = 0 which, in turns, imply that Σ is a convex set, a transversal
polytope of the Reeb cone t+, see [168].

Theorem 2.24 (Martelly–Sparks–Yau [167, 168]). The Volume functional re-
stricted on Σ is convex and its unique critical point (if it exists) is the unique
Reeb vector field in Σ whose transversal Futaki invariant vanishes.

The general case, that is when c1(D) 6= 0, turns out to be more complicated.
In this case, the set Σ is not convex and there are examples of Reeb cone
admitting multiples rays of cscS metrics [148, 54]. The first examples of such
Reeb cones are toric and were found by a careful examination of the Einstein–
Hilbert functional on some explicit Reeb cones. With my collaborators, we have
extended the basic fact used there to non-necessarily toric Sasaki manifolds.
Note that, in what follows, the transversal Futaki invariant is understood in its
reduced sense, that is restricted to the complexification of the compact torus
T ⊂ Aut(N, ξ, Jξ) we have fixed. Also, it is more relevant to consider the Futaki
invariant on a maximal torus T ⊂ Aut(N, ξ, Jξ). This is what we assume for
the rest of this section.

Theorem 2.25 (Boyer–Huang–L.–Tønnesen-Friedman [BHLTF1]). The set of
critical points of the Einstein–Hilbert functional is the union of the zeros of the
transversal Futaki invariant and of the total transversal scalar curvature.

In particular, if a Reeb vector field admits a compatible cscS metric then it
is a critical point of the Einstein–Hilbert functional.

Remark 2.26. It is not surprising that the Einstein–Hilbert functional ob-
structs cscS metrics, it is already the case on a conformal class of riemannian
metrics.
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The second statement of Theorem 2.25 follows from the first and Theo-
rem 2.22 from [48, 111] recalled above, that the vanishing of the transversal
Futaki invariant is a necessary condition for a cscS metric to exist in S(ξ, Jξ).
The first statement of Theorem 2.25 can be interpreted as an extension of a
result of Martelli–Sparks–Yau [167, 168] and is a direct consequence of the next
lemma.

Lemma 2.27. [BHLTF1] The derivative of EH at ξ ∈ t+ in the direction a ∈ t
is, up to a factor the transversal Futaki invariant, that is

dξEH(a) =
n(n+ 1)Snξ

Vn
ξ

Fξ(a).

If Sξ = 0 then dSξ = nFξ(a).

Remark 2.28. The toric case is very special as the volume V(ξ) (respec-
tively the total transversal scalar curvature S(ξ)) coincide with the volume
(respectively the area of the boundary) of the transversal polytope Pξ := {ξ ∈
C | 〈ξ, x〉 = 1} with respect to the measure induced by the lattice of circle sub-
groups in t and the inward primitive normal vectors, see [82, 148] and Chapter
4, so the proof in this case boils to basic calculus on rational functions.

Proof of Lemma 2.27. This is a direct computation. We denote Φ ∈ End(TN),
the extension of J ∈ End(D) satisfying Φ(ξ) = 0. Given a path ξt in t+k such
that ξ0 = ξ, we denote

ηt =
η

η(ξt)
, Φt = Φ− Φ(ξt)⊗ ηt and

gt =
1

2
dηt(Φt(·), ·) + ηt ⊗ ηt (2.21)

the associated riemannian metric and Scalgt its scalar curvature and dvg its

volume form. Since (D, J, ξt) is sasakian Scalgt − 2n = ScalTξt . Therefore, using
the computation in [36, p.63], we have∫

N

˙ScalTξtdvg =

∫
N

˙Scalgdvg = −
∫
N

g(ġ,Ricg)dvg (2.22)

where g := g0. Now, denoting φt := η(ξt) here, using the fact that η(ξ0) = 1
(thus d(η(ξ0)) = 0) and η̇0 = −φ̇η we get that

ġ = −φ̇g − φ̇η ⊗ η + b (2.23)

where b is symmetric tensor. The only properties we will need about b is that
if u, v ∈ Dp at p ∈ N , we have

b(u, v) =

(
d

ds
gs(u, v)

)
s=0

+φ̇g(u, v) =

(
d

2ds
(η(ξs)

−1)dη(u, J(v))

)
s=0

+φ̇g(u, v) = 0.

Moreover, by definition, for any u, v ∈ TpN , we have 2b(u, v) = −(dφ̇∧η)(u,Φv)+

dη(u, Φ̇v), thus Φξ = 0 and dη(ξ, ·) = 0 lead to b(ξ, ξ) = 0.
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Inserting (2.23) in (2.22) we get∫
N

˙ScalTξ dvg =

∫
N

(φ̇(Scalg + g(η ⊗ η,Ricg))− g(b,Ricg))dvg

=

∫
N

φ̇(Scalg + 2n)− g(b,Ricg)dvg

=

∫
N

φ̇ScalTg dvg

(2.24)

the second line comes from the identity Ricg(ξ, ξ) = 2n, recalled above. For the
last line is used that g(b,Ricg) = 0 which is due to the fact that b is symmetric
and that at each point p ∈ N , b(ξ, ξ) = 0, b(u, v) = 0 if u, v ∈ Dp, while
Ric(u, ξ) = 0 at p whenever u ∈ Dp.

Furthermore, dvgt = 1
n!ηt ∧ (dηt)

n, thus(
d

dt
dvt

)
t=0

= −(n+ 1)η(a)dvg0
= −(n+ 1)φ̇dvg. (2.25)

Putting the variational formulas (2.25) and (2.24) together we get

d

ds
(Sξs)s=0 =

∫
N

( ˙Scalgdvg + ScalTg
˙dvg)

=

∫
N

(φ̇ScalTg dvg − (n+ 1)φ̇ScalTg dvg)

= −n
∫
N

φ̇ScalTg dvg.

(2.26)

Hence, using (2.26) and (2.24) we have(
d

ds
EH(ξs)

)
s=0

=
Snξ

Vn+1
ξ

(
(n+ 1)VξṠξ − nSξV̇ξ

)
= −n(n+ 1)

Snξ
Vn
ξ

(∫
N

φ̇

(
ScalTg −

Sξ
Vξ

)
dvg

)
.

(2.27)

2.1.3.3 Second variation of the Einstein–Hilbert functional

Since EH is homogeneous, it cannot be convex in the usual sense but one can
wonder if it is transversally convex. We also know from [148, 54] that global
transversal convexity generally fails in the cscS case. However, in all the known
examples the critical set of EH consists in a finite number of isolated rays. It is
an open question to know if it is always the case [BHLTF1, BHLTF3] and could
have some application in the study of moduli space of cscK metrics [91, 81]. As
a first approach, we have investigated the local transversal convexity/concavity
properties of the functional EH and computed its second variation.

To simplify the expression, we denote dvη = η ∧ (dη)n (although this is not
exactly the riemannian volume form of g) and use the standard notation for
inner product on the space L2(N) of square integrable real valued functions on
N , namely

〈f, h〉 :=

∫
N

fhdvη and ‖f‖2 :=

∫
N

f2dvη.
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For a vector field X ∈ Γ(TN) or 1-form β ∈ Γ(T ∗N), we denote

‖X‖2 :=

∫
N

g(X,X)dvη and ‖β‖2 :=

∫
N

g(β, β)dvη.

Moreover we define the normalized transversal scalar curvature as

˚Scal
T

= ScalT − S

V

which integrates to zero against dvη.

Lemma 2.29. [BHLTF1] For ξ ∈ t+ and each a ∈ Tξt+ = t and variation
ξt = ξ + ta, we have the following second variation.

d2

dt2
EH(ξt)t=0 = n(n+ 1)(2n+ 1)

Snξ
Vn
ξ

‖d(η(a))‖2 − n(n+ 1)
Sn+1
ξ

Vn+1
ξ

‖η(a)‖2

+ n(n+ 1)2
Snξ
Vn
ξ

∫
N

η(a)2 ˚Scal
T
dvg

+ n(n+ 1)
Sn−1
ξ

Vn+2
ξ

(
nV〈 ˚Scal

T
, η(a)〉 − S〈η(a), 1〉

)2

.

Again the formula in the last lemma was obtained using direct calculations
similar to the ones in the proof of Lemma 2.27. We have used this computation
to get the following partial transversal convexity results.

Lemma 2.30. Let (N2n+1,D, J, ξ) be a T–invariant cscS compact manifold of
non-zero transversal scalar curvature ScalT where T ⊂ CR(D, J) is a maximal
compact torus.

a) If the transverse scalar curvature is negative, the Einstein–Hilbert func-
tional EH is transversally convex if n is even and transversally concave if
n is odd.

b) If the transverse scalar curvature is positive and the first non-zero eigen-
value of the Laplacian, restricted to the space of T–invariant functions is

bounded below by ScalT

2n+1 , then EH is convex near ξ.

c) If (N2n+1,D, J, ξ) is η–Einstein, then EH is convex near ξ.

In these cases the ray of cscS metrics of ξ is isolated in the Sasaki-Reeb cone.

The points a) and b) above are obtained straightforwardly from the sec-
ond variation formula of Lemma 2.29. The point c) is deduced from b) using
the Sasaki version of Matsushima’s Theorem [170] which implies that smallest
non-zero eigenvalue λ, of a Sasaki η–Einstein of (then positive and constant)
transversal scalar curvature ScalT > 0, is λ = ScalT /2n which is greater than
ScalT /(2n+ 1).

The general joint construction refers to the closest notion of ”products” in
the Sasaki category and consists in a Sasaki type manifold obtained as a circle
quotient of a product of Sasaki manifolds. In the case where one factor is S3 and
the other is a general Sasaki manifold N , it is called a S3-joint of N . Boyer and
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Tønnesen-Friedman have developed in [54] a formalism allowing them to give a
precise description of a 2-dimensional subcone, called the w-cone, of the Reeb
cone of the quotient. They have produced this way rich families of examples.
Notably, in our joint work with them and Hongnian Huang, their expertise was
used to study the Einstein–Hilbert functional on that two dimensional cone.

1) [BHLTF1, Example 5.7] exhibits a (positive) cscS metric for which EH′′(ξ) <

0. In particular, the bound λ1 >
ScalTg
2n+1 does not hold for this variation.

2) [BHLTF1, Example 5.8] an example where the w-cone is the whole Reeb
cone and there are two critical rays of EH which are not in the zero set of
the transversal Futaki invariant (but, of course the total scalar curvature
vanishes on these rays and they do not admit cscS representative). There
is a third critical point of EH corresponding to a (negative) cscS ray.

3) [BHLTF1, Example 5.9] gives an example of cscS metrics with zero trans-
verse scalar curvature for which EH is locally transversally convex even
though it vanishes up to order six at the given point.

Part b) in Lemma 2.30 can be strengthened using the variational formu-
las for the transversal scalar curvature found by Boyer–Galicki–Simanca [48,
Proposition 7.4]. Actually, for a transversal variation

t 7→
(
D, J, ηt :=

η

η(ξt)

)
given by a path t 7→ ξt ∈ t+, the computation is greatly simplified with
Apostolov–Calderbank formula [10]. This formula reads, when denoting ft =
η(ξt),

ScalTηt = ftScalTη − 2(n+ 1)∆η
Bft − (n+ 1)(n+ 2)f−1

t |dft|2η. (2.28)

Here, the CR-structure (D, J) is fixed and each Sasaki structure in the path
is determined by its contact forms ηt := f−1

t η. The basic Laplacian ∆η
B , the

pointwise norm of 1–forms | · |η and the transversal scalar curvature appearing
on the right hand side of the equation 2.28 are all computed with respect to the
fixed Sasaki structure (D, J, η). Now, assume ξ0 is the Reeb vector field of η,
that is f0 ≡ 1, and consider the variation of ScalTηt at t = 0. Observing that
df0 ≡ 0, the variation of the third part of 2.28 vanishes at t = 0 and we are left
with (

d

dt
ScalTηt

)
t=0

= ḟScalTη − 2(n+ 1)∆η
B ḟ . (2.29)

Note also that ḟ =
(
d
dtη(ξt)

)
t=0

is a T–Killing potential, i.e, a Killing potential
with contact vector field lying in the Lie algebra of T. From this observation and
considering the projection of the transversal curvature on the space of Killing
potential as a map from t+ to t, we get the following condition.

Lemma 2.31. [BHLTF3] Assume that (N,D, J, η) is a T–invariant (compact
connected) cscS manifold of transversal scalar curvature S 6= 0. If none of the
non trivial T–Killing potential is an eigenfunction of the basic Laplacian ∆η

B

for the eigenvalue S/2(n + 1) then the ray of (N,D, J, η) is isolated in the set
of rays of Reeb vector fields with vanishing Futaki invariant in the Reeb cone t+
of T.
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2.1.4 Properness and rationality of the Einstein–Hilbert
functional

With my collaborators Charles Boyer (University of New Mexico, United States)
and Hongnian Huang (University of New Mexico, United States), developing on
an idea of [168] we proved in [BHL] that the functionals V,S,EH : t+ → R are
proper and rationals. A part of these results, mainly on V, can be obtained by a
careful study of the Hilbert serie of some line bundle [168, 68]. Our main result
can be stated as follows (or could be equally stated in terms of a transversal
holomorphic compact manifold of Sasaki type (N, ξ, Jξ) thanks to the invariance
of the functionals involved).

Theorem 2.32 (Boyer–Huang–L. [BHL]). Let (N,D, J) be a CR manifold
Sasaki type, T ⊂ Aut(N,D, J) be a compact torus denote t+ the Sasaki-Reeb
cone of in t := LieT. Then the Volume, total transversal curvature and Einstein-
Hilbert functionals V,S,EH : t+ → R are rational functions in the variable
ξ ∈ t+ ⊂ t. Moreover if

lim
s→+∞

ξs ∈ ∂t+\{0}

then V(ξs)→ +∞, S(ξs)→ +∞ and EH(ξs)→ +∞ when s→ +∞.

In the process of proving this Theorem we obtained a formula relating the
total transverse scalar curvature of two commuting Reeb vector fields see (2.33)
which as by product gives the following.

Corollary 2.33. Let (Y, J, ω̂, ξ) be a scalar-flat Kähler cone, for any compact
torus T ⊂ Aut(Y, J, ω̂)ξ the total scalar curvature is strictly positive on the Reeb
cone in T.

Corollary 2.34. Within a Sasaki cone there is at most one ray of vanishing
transverse scalar curvature. Moreover, if there is one Sasaki structure with non
negative transverse scalar curvature then the total transverse scalar curvature is
non-negative on the whole Sasaki cone.

The approach we took falls mainly into differential geometry, actually hamilto-
nian technics and uses the Atiyah–Bott–Berline–Vergne localisation formula, in
the form given by Berline and Vergne [31]. We recall first briefly this theory
(only for torus actions) in order to introduce notation, and then discuss the
proof of Theorem 2.32.

2.1.4.1 Localisation in equivariant cohomology

Some classic references for this theory are [28, 31, 117].
Let M be a smooth manifold with an effective and smooth action of a com-

pact torus T, that is ν : T ↪→ diffeo(M). We will mostly work with the induced
infinitesimal action of t := Lie T . For a ∈ t, we denote the induced vector field
on M by a = ν∗(a).

An equivariant form is a polynomial map ψ : t→ Ω∗(M)T where Ω∗(M)T is
the graded complex of T -invariant forms. We denote Ω∗T(M) the set of equiv-
ariant forms over M . There is an appropriate notion of degree for these forms
so that the equivariant differential dt : Ω∗T(M) −→ Ω∗T(M) which is defined by

a 7→ (dtψ)a := (d− a
¬)ψa
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increases the degree of 1. An equivariant form ψ ∈ Ω∗T(M) is equivariantly closed
if dtψ ≡ 0.

It is known that d2
t = 0 and the equivariant cohomology can be defined as

the cohomology of the associated chain complex:

H∗T(M) :=
ker dt
im dt

.

Remark 2.35. There is another definition of equivariant cohomology intro-
duced by Atiyah and Bott [28] and valid for non connected compact Lie group
G, which is the cohomology of the quotient MG := EG×GM where EG→ BG
is the universal principal G–bundle. In the case of connected compact Lie group
both definitions coincide.

Let Z := FixMT be the fixed points set of T in M . A classical compact
group action argument see eg. [117] implies that Z consists in a disjoint union
of smooth submanifolds Z = tZ of even codimension. Given a connected com-
ponent, say Z ⊂ Z of codimension 2mZ , the normal bundle p : EMZ −→ Z bears
a complex structure induced by the action [117] and inherits of a T–equivariant
bundle structure. The crucial point in this theory is that the equivariant Euler
class, say ē(EMZ ), of that bundle EMZ is invertible in H∗T(Z).

Recall that the equivariant Euler (respectively Todd, Thom, Chern...) class
of a rank r G–equivariant bundle E → M is the Euler (respectively Todd,
Thom, Chern...) class of the corresponding rank r bundle EG → MG. As
a bundle over Z, there is an equivariant splitting into irreducible summands
EMZ = ⊕jEZj where T acts with weight wZ

j ∈ t∗ on the component EZj . The

condition for ē(EMZ ) being invertible in H∗T(Z) translate in our case as

det wZ(a) := Πj〈wZ
j , a〉rankEZj

being non-zero for generic a ∈ t, which is the case if a vanishes only on the fixed
points set of T. When the action is effective, the set of generic elements of t is
open and dense.

Following the conventions of [168] and [94], we have

ē(EMZ )a = (2π)−2m det wZ(a)
∏
j

det

(
I +

iΩj
〈wZ

j , a〉

)
With these notations the equivariant Localization Formula reads.

Theorem 2.36. [Atiyah–Bott [28], Berline–Vergne [30]] Let ψ ∈ Ω∗T(M) be an
equivariently closed form with M compact. For any generic a ∈ t we have∫

M

ψa =
∑
Z

∫
Z

ι∗Zψa
ēa(EMZ )

. (2.30)

ē(EMZ )−1 is the inverse of the equivariant Euler class of EMZ in H∗T(Z).

The Equivariant Localization Formula has been extended to orbifolds [171]
(but we need to multiply the Euler class of every normal EMZ bundle by the order
of the isotropy group of Z) and the approach of Berline–Vergne [30] extends
straightforwardly for non compact manifold M as soon as for each a ∈ t, ψa is
compactly supported or more generally integrable on M .
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2.1.4.2 Localisation on the total space of the polarised complex cone

Sketch of proof of Theorem 2.32. Getting back to the context of Theorem 2.32,
(N,D, J) is a CR manifold Sasaki type, T ⊂ Aut(N,D, J) a compact torus with
Sasaki-Reeb cone t+ lying in t := LieT. We pick a quasi-regular Reeb vector
field ξo ∈ t+ (the set of such is dense since t+ is open and T is a compact torus)
and consider the associated Sasaki structure (D, J, ξo) with contact form ηo see
(2.3). We will also use the radial potential r ∈ Rξ(Y, J)T associated to the
Kähler structure induced on the associated complex polarised cone (Y, J, ξ) as
well as Sasaki-Kähler orbifold quotient (M,J, ωo) with an ample orbiline bundle
L→M see §2.1.2.2 associated to (D, J, ξo).

We work on the total space X = L−1, denote π : X → M the bundle map.
Note that the square of the radial potential r2 : X → R is smooth, it is the
square of a fiberwise distance to the zero section. Also, while dr and dcr are
not individually defined on X, the product dr ∧ dcr is (as a combination of
ddcr2 and r2π∗ρωo) and its pull back to the zero section vanishes. In [BHL],
we modified the 2–form ddcr2 to apply the idea of [168], we were working on a
bundle constructed from a reduction but it can be done on X.

Given ζ ∈ t+, there is a unique associated contact form ηζ on (N,D, J) that
we extend as a −Jξ-invariant 1-form on Y and µζ : Y → t∗ as 〈µζ , a〉 = ηζ(a).
We considered the 2-form Ωζ := 1

2d(r2ηζ) and checked that

Ωζ −
r2µζ

2
(2.31)

is T-equivariantly closed form on Y , extends continuously on X and vanishes
when pulled back to the zero section. In particular, r2/2 is a Ωζ–hamiltonian
for ζ. Then, an elementary integration rule gives

V(ζ) =
1

(n+ 1)!

∫
Y

e−r
2/2Ωn+1

ζ =

∫
X

exp

(
Ωζ −

r2

2

)
.

The r.h.s integrant is the exponential of the equivariantly closed form (2.31)
evaluated at ζ. The exponential of an equivariantly closed form being closed
itself we can use the Equivariant Localisation Formula (the orbifold version) to
get

V(ζ) =
∑
Z

1

dZ

∫
Z

ι∗Z exp
(

Ωζ − r2

2

)
ēa(EXZ )

=
∑
Z

∫
Z

1

ēζ(EXZ )
(2.32)

because Z ⊂ M = {r = 0}. Here and below dZ is the order of the isotropy
group of Z ⊂ X.

To get a similar formula for S we had to work a little harder. The expression
of the transversal Ricci form ρTζ of (D, J, ζ) in terms of ρTξ is not so straightfor-

ward and ρTζ is not ξ–basic. However, since the difference ρTζ − ρTξ is exact we

were able8 to prove that

S(ζ) =
1

n!

∫
N

ScalTξ
ηo(ζ)n

ηo ∧ (dηo)
n +

n+ 1

2

∫
N

|dηo(ζ)|2go
ηo(ζ)n+2

ηo ∧ (dηo)
n (2.33)

8That was before [10] gives an exact formula between ScalTξ and ScalTζ
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where ηo is the contact form of (N,D, J, ξ) and go its riemannian metric.
With formula (2.33) in hands, S(ξ) coincides with the intersection product

of an integrable equivariantly closed form (evaluated at ζ) on the cone. Namely,

S(ζ) =

∫
Y

(ρTo −
1

2
∆goηo(ζ)) exp

(
Ωζ −

r2

2

)
(2.34)

where ρTo is the transversal Ricci form of (N,D, J, ξ) thus can be identified with
the pull back of the Ricci form of ωo to X. Note that ∆goηo(ζ) is also ξ-basic,
well-defined on M and X. Moreover, on a fixed component Z ⊂ Z, where the
weights (with multiplicity) of the T action on the normal bundle of Z in M , are
w1, . . . ,wnZ , we have ∆goηo(ζ) = −2

∑nj
j=1〈wj , ζ〉. Thus, using ι∗MΩζ = 0, we

get

S(ζ) =
∑
Z

1

dZ

∫
Z

ι∗Z(ρTo ) +
∑nj
j=1〈wj , ζ〉

ēζ(EXZ )
(2.35)

On each summand Z ⊂ Z, using the decomposition EXZ = EMZ ⊕ EZ0 and
the notation of §2.2, with w0 ∈ t∗ the weight on EZ0 and nZ the codimension of
Z in M , we can rewrite the formulas above as

V(ζ) =
∑
Z

1

dZ

∫
Z

(2π)nZ+1

det wZ(ζ)

1

ē(EMZ )

∑
m≥0

(
c1(L)

〈w0, ζ〉

)m
. (2.36)

Here this uses EZ0 ' ι∗ZL
−1 and the formula (1 − x)−1 =

∑
m≥0 x

m. We get a
similar formula for S, namely

S(ζ) =
∑
Z

1

dZ

∫
Z

(2π)nZ+1

det wZ(ζ)

c1(M) +
∑nj
j=1〈wj , ζ〉

ē(EMZ )

∑
m≥0

(
c1(L)

〈w0, ζ〉

)m
. (2.37)

Now, to prove the properness claim of Theorem 2.32, let ζ → a ∈ ∂t+ away
from the apex 0 ∈ t+. Write ζs := (1−s)ξ−sa for s ∈ [0, 1], by convexity ζs ∈ t+
when s < 1 and there exists p ∈ N such that ηo(a)p = ηo(ζ1)p = 0. The crucial
input is that the function ηo(ζs) is a Morse-Bott function on N (and on M)
of even index (for any s ∈ R). By an argument of Guillemin–Sternberg [116],
ηo(ζs) has a unique minimum in the sense that there is a unique connected
component Z̃ ⊂ crit(ηo(ζs)) ⊂ N such that Z̃ is a local minimum, which is then
a global minimum. Picking s close enough to 1, there is no other part of N on
which ηo(ζs) tends to 0 faster than it does on Z̃. The argument holds on M
as well, let Z = πξ(Z̃) where πξ : N → M is the quotient by S1

ξ . The leading
terms in (2.35) and (2.32) are the integrals over that same minimal locus Z.

We can modify ζs slightly so that [ζs] = sa ∈ t/Rξ is generic. Then

〈wZ
j , ζ〉 = s〈wZ

j , a〉 > 0

for j = 1, . . . , nZ because Z is a minimum.9 On the other hand10

〈wZ
0 , ζs〉 = η(ζs)p = (1− s)

9We use the localisation formula of [168], so we need to stick with their convention.
10Here the weights are computed with respect to the convention of [168], in [BHL], the

reduction we took made it clear. Another way to get convinced that this weight has to be
positive with their convention is that this is also a minimum in the fiber direction.
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tends to 0. Thus the leading term will be the one with the highest power of
(〈wZ

0 , ζs〉)−1. For the volume it is

1

dZ

∫
Z

(2π)nZ+1

det wZ(ζ)

(
c1(L)

〈w0, ζ〉

)n−nZ
. (2.38)

and the leading term of the total scalar curvature is

1

dZ

∫
Z

(2π)nZ+1
∑nj
j=1〈wj , ζ〉

det wZ(ζ)

(
c1(L)

〈w0, ζ〉

)n−nZ
(2.39)

All the factors are positive and comparing the corresponding powers in the
expression of EH we get Theorem 2.32.

2.2 Localisation on test configurations

2.2.1 The Donaldson–Futaki invariant as an intersection
of equivariant forms

Following [78, 185], we call a (regular) test configuration for a Kähler manifold
(M,ω) a following set of data

1. A smooth compact Kähler manifold (M,Ω);
2. C∗–action ν : C∗ ↪→ Aut(M) such that [ν(t)∗Ω] = [Ω];
3. a C∗–equivariant surjective map π :M−→ P1 for the standard action on

P1 := C ∪ {+∞};
4. a C∗–equivariant biholomorphism

ψ :M∗ :=M\π−1(0)
∼−→M × P1\{0}

for the trivial action on M times the restriction of the standard action on
P1 and pr2(ψ(x)) = π(x).

Moreover, for t ∈ P1, we denote Mt := π−1(t) and the inclusion ιt : Mt ↪→M.

We have, for t 6= 0, Mt
ψt' M , that is ψt = pr1 ◦ ψ ◦ ιt. Finally we denote

Ωt = ι∗tΩ and assume that
[Ωt] = [ψ∗t ω]. (2.40)

In this context, the Donaldson–Futaki invariant of (M,Ω), when dimCM =
n, can be defined to be:

DF(M,Ω) :=
n

n+ 1
c[ω]

∫
M

Ωn+1 −
∫
M

(ρ− π∗ρFS) ∧ Ωn (2.41)

where c[ω] =
∫
M
ρω ∧ωn−1/

∫
M
ωn, ρω is the Ricci curvature of ω and ρΩ is any

representative of 2πc1(M).
The quantity (2.41) coincides with the invariant introduced by Donaldson

in [82] when the test configuration is the compactification of a polarised test
configuration as shown in Odaka [175] and Wang [201], see also [82, p.315] and
Li–Xu [164, Proposition 6].
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Remark 2.37. In the Kähler setting [78, 185] the test configurations over
(M, [ω]) considered are more generally (compact) Kähler analytical spaces. Then
the Donadson-Futaki invariant as (2.41) is defined for a smooth resolution over
it. It is proved then that the definition is independent of the resolution and
that to test K-semistability (i.e that DF(M, [Ω]) ≥ 0 for all test configurations
over (M, [ω])) and even uniform K-stability (see eg.[78]) it is enough to consider
smooth test configurations, see [78, Proposition 2.23]. However, on the resolu-
tion, the pull back of Ω is not positive everywhere and thus does not necessarily
belong to a Kähler class. Note that (2.41) still make sense for more general
(1, 1)-forms Ω on M as soon as, as above, ρ is defined as any representative of
2πc1(M).

Clearly, the quantity DF(M,Ω) does not depend on the representative Ω ∈
[Ω] ∈ H1,1(M,R) and we assume, without loss of generality, Ω is S1-invariant
Kähler for the standard inclusion S1 ⊂ C∗.

We denote V := ν∗(∂θ) the real holomorphic vector field onM induced from
the generator of S1 via the action. By assumption this is also a Killing vector
field with zeros and thus it is a Hamiltonian vector field on (M,Ω). We pick a
Hamiltonian function µ :M→ R that is

−dµ = Ω(V, ·).

We get two S1-equivariantly closed forms11

AΩ := (Ω− µ)

BΩ :=
nc

n+ 1
(Ω− µ)−

(
ρΩ − 1

2
∆Ωµ

)
+ (π∗ωFS − π∗µFS)

(2.42)

where µFS is a Hamiltonian for the standard S1 action on (P1, ωFS). Indeed,
by Bochner formula we have

−d
2

∆Ωµ = ρ(V, ·).

Observe that the equivariant classes [AΩ], [BΩ] ∈ H2
S1(M) are independent

of the chosen representative in [Ω] ∈ H(1,1)(M,R). Indeed, AΩ+ddcϕ = AΩ +
dS1dcϕ because µ+ dcϕ(a) is a momentum map for Ω + ddcϕ.

Remark 2.38. When Ω is degenerated on subvarieties of M which itself is
smooth (see Remark 2.37), the Ricci form ρΩ and the Laplacian do not make
sense. However, we can pick any representative ρ ∈ 2πc1(M), by the Calabi-

Yau Theorem [206], there exists a metric Ω̃ on M such that ρΩ̃ = ρ and thus

ρ(V, ·) = −d2 ∆Ω̃µ is exact. Then the equivariant form

BΩ =
nc

n+ 1
(Ω− µ)−

(
ρ− 1

2
∆Ω̃µ

)
+ (π∗ωFS − π∗µFS)

is well-defined and, up to an addition by a equivariantly exact form, does not
depend on the representative Ω ∈ [Ω] ∈ H(1,1)(M,R) and ρ ∈ 2πc1(M).

Since the integration picks up only the 2(n + 1)–degree terms we have the
following.

Lemma 2.39. [L5] DF(M,Ω) = [AΩ]n ∪ [BΩ] ([M])

A similar formula was found independently by Inoue [129].

11The notion is recalled in §2.1.4.1.



Chapter 2. Various approaches to the Futaki invariant 37

2.2.2 Localisation of the Donaldson–Futaki invariant

Since π : M → P1 is equivariant the fixed points set of the S1 action on M,
FixS1M, lies in M0tM∞. Following a classical argument of Riemannian geome-
try, FixS1M is a disjoint union of smooth submanifolds, FixS1M = M∞t(tlZl).
One of the component is M∞ because of the condition (4) defining a test con-
figuration. The remaining components lie in M0. We denote then

FixS1M = (tZ) tM∞

where Z denotes a generic component of FixS1M in M0.
Applying Theorem 2.36 on the expression found in Lemma 2.39 above, we ob-

tain the next proposition where the following notation is used: given any subset
S ⊂M we denote the inclusion ιS : S →M and, for any form/function/tensor..
α on M the pull-back to S is denoted αS := ι∗Sα.

Proposition 2.40. [L5] Let (M, [Ω], ν, π, ψ) be a regular (compact) test config-
uration over (Mn, [ω]). We pick Ω ∈ [Ω] a S1–invariant Kähler metric. Let V =
ν∗(∂θ) be the vector field induced by the underlying S1–action, µ :M→ R be any
hamiltonian function for V . The Donaldson–Futaki invariant of (M, [Ω], ν, π, ψ)
is

DF(M,Ω)

n!
=
∑
Z

∫
Z

nc[ω](ΩZ − µZ)n+1

(n+ 1)!ē(EMZ )(V )

−
∑
Z

∫
Z

(ρΩ
Z +

∑n−nZ
i=0 〈wi, ∂θ〉) ∧ (ΩZ − µZ)n

n!ē(EMZ )(V )

+
∑
Z

∫
Z

(ΩZ − µZ)n

n!ē(EMZ )(V )
.

(2.43)

where Z runs into the set of connected components of the fixed points set of the
S1–action lying in the central fiber M0 = π−1(0). The equivariant vector bundle
NMZ over Z is the normal bundle of Z in M and wZ

0 , . . . ,w
Z
n−nZ ∈ (Lie S1)∗

are the weights (with multiplicity) of the induced action of S1 on the normal
bundle EMZ .

The proof of the last proposition boils down to show that the contribution of
M∞ in the equivariant localisation of AnΩ ∪ BΩ vanishes identically. Moreover,∑n−nZ
i=0 〈wi, ∂θ〉 is the value of − 1

2∆Ωµ at any point of Z. In particular, (2.43)
holds as well when Ω is degenerated and M smooth, and ρΩ is replaced in BΩ

by any representative of 2πc1(M), see Remark 2.38.

Comment 2.41. It is not hard to show that there exists a value r ∈ R
such that µ−1(r) ⊂ M\(M0 t M∞). Moreover µ−1(r)/S1 ' M , actually,
M\(M0 t M∞)/C∗ ' M as complex manifolds. Therefore the Kirwan map
from S1-equivariant cohomology on M to de Rham cohomology of M , denoted
κ : H∗S1(M)→ H∗dR(M), is sujective [139]. Following an idea of Kalkman [135]
we can localise on M− := {p ∈ M|µ(p) > r}, any (closed) 2n–form α on M .
That is there exists an equivariantly closed form α̃ on M such that∫

M

α =
∑
Z

∫
Z

α̃Z
ē(EMZ )(V )

.
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Thus, theoritically, we could compare the classical functionals (Mabuchi, Aubin,
...) on the space of Kähler potentials with the value of the Donaldson–Futaki
invariant given by (2.43). However, given such α, finding a representative for
α̃ ∈ κ−1([α]) is not straightforward.

Using Proposition 2.40 and [97, Proposition 6] it is clear that DF is an
equivariant class on the central fiber M0. In the case where the latter is smooth,
orbifold type or more generally irreducible we should find back the classical
Futaki invariant of the induced S1-action on M0. Donaldson gave in [82] a very
simple proof of this fact in the polarised case when the central fiber is smooth
using the (equivariant) Hirzebruch–Riemann–Roch formula and the definition
of DF as a coefficient of the expansion of the normalized weight of the induced
action on H0(Lk). As an application of Proposition 2.40, I showed that it was
indeed the case when the central fiber inherits of an orbifold structure from the
inclusion in M.

Theorem 2.42 (Donaldson [82], L. [L5]). Let (Mn+1, [Ω]) be a regular (com-
pact) test configuration over (Mn, [ω]) with π : M → P1 and the C∗–action
ν : C∗ ↪→ Aut(M). Let V = ν∗(∂θ) be the vector field induced by the under-
lying S1–action and µ : M → R be any Hamiltonian function for V . Assume
that the central fiber M0 := π−1(0) inherits a Kähler orbifold structure from the
inclusion ι0 : M0 ↪→Mn+1. Then

DF(M, [Ω])

n!
= −πFut(M0,[Ω0])(J0V ) (2.44)

where Ω0 = ι∗M0
Ω is the pull-back on M0.

Test configurations with smooth central fiber but with π not being a sub-
mersion are known to exist see [23, 196]. Examples with π being a submersion
also fulfill the hypothesis of the Theorem, such examples include the so-called
”product tests configuration”.

The proof of Theorem 2.42 is very direct when the central fiber is smooth.
Indeed, in that case the normal bundle E0 := TM/TM0 provides a splitting
EMZ = ι∗ZE0 ⊕ EM0

Z and we can easily clear out the expression of the Futaki
invariant −πFut(M0,[Ω0])(J0V ) localized on FixS1(M0) = FixS1(M)∩M0. In the
orbifold case, we need to work a little bit more. Each connected component
Z of the S1–fixed point set is a smooth Kähler submanifold of (M,Ω). Since
connected (smooth) compact metric manifold cannot be isometric to a metric
orbifold with more than one type of isotropy group, see [143, Lemma 2.1], there

exists a single orbifold uniformising chart (ŨZ ,ΓZ) for each component Z. That

is ŨZ ⊂ Cn is open and ΓZ ⊂ Gl(Cn) is a finite subgroup, and there is a ΓZ–

invariant surjective holomorphic map qZ : ŨZ → UZ ' ŨZ/ΓZ where UZ is a
neighbourhood of Z in M0. Also Z ' q−1

Z (Z) is the only fixed points of ΓZ . By

[157], there is a group extension ΓZ ↪→ HZ → S1 and HZ acts on ŨZ covering
the action of S1 on UZ . The connected component of the identity of HZ is a

circle and the normal bundle EŨZZ is then a S1–equivariant bundle over Z with
weights w̃1, . . . , w̃`Z ∈ (LieS1)∗ ' R (the weights might not lie in the (same)
weights lattice of our original representation of S1 but it is not a problem in
terms of localisation formula [171]).
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With this notation prove Theorem 2.42 it is sufficient to show that these
three following conditions hold on each connected component Z of the fixed
point set:

a) ι∗Z [ρΩ] = ι∗Z [ρΩ0 ] ∈ H2
dR(Z);

b)
∑`Z
i=0〈wZ

i , ∂θ〉 = 1 +
∑`Z
i=1〈w̃Z

i , ∂θ〉;
c) ē(EMZ ) = dZ ē(EM0

Z )/2π;

here dZ is the order of the isotropy group of a generic point in Z. The relation a)
follows directly from the irreducibility of the central fiber. I proved the second
equality b) using the characterisation of each side as the value at z ∈ Z of the

Laplacian of a Hamiltonian function of the S1 on ŨZ and on M. For the last
relation I compared directly the equivariant Thom forms of EMZ and EM0

Z .
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Chapter 3

Transversal Kähler
structures, Levi reductions
and weighted extremal
Kähler metrics

Typically the Kähler reduction of an extremal Kähler metric is not extremal
itself [55, 108]. In particular the so-called Guillemin (Kähler) metric, which
exists on any compact toric orbifold and is obtained by the Kähler reduction
of the flat complex space, is extremal only on weighted projective spaces [1,
115]. However, the Kähler reduction of a scalar-flat Kähler cone, by the S1-
action induced by the Reeb vector field (in the quasi-regular case) is cscK and
more generally, the Kähler reduction of a compatible rigid extremal Kähler toric
fibrations by the torus is cscK [13]. These are are very special cases and to get
extremal Kähler metric involved more generally one needs to include some other
kind of special metrics, see eg [22].

With these facts in minds, with my collaborators [ACGL1, ACGL2], we
have proposed a slight modification of the Kähler reduction process incorporat-
ing sasakian deformation technics. We have called this construction Levi-Kähler
reduction. We have worked essentially only in a toric setting, extending the no-
tion of Sasaki toric manifold to higher co-dimension CR structure and developed
the theory of toric contact manifold of arbitrary co-dimension. I explain our re-
sults below §3.1.

Our initial hope in introducing Levi-Kähler reduction was to build new ex-
tremal Kähler metrics. To be honest, in that respect, it was not a big success (al-
though see Proposition 3.19 below) but we have found some unexpected weighted
extremal Kähler metrics along the way, see Theorem 3.18. At that time, these
special Kähler metrics were studied in relation with Einstein–Maxwell struc-
tures and conformally Einstein manifolds [20]. Since then Lahdili has developed
a very general theory of weighted cscK metrics see [142], including the type of
weighted extremal metric we had found in [ACGL2], those of [20], the µ-cscK
metric introduced by Inoue in relation with Kähler–Ricci solitons [127] and re-

41



42 3.1. Levi–Kähler reduction

cently, in [19], the v–soliton of Berman–Nyström [35].

Starting from our discovery (i.e, Theorem 3.18 below or [ACGL2, Theorem
6]), my collaborators V. Apostolov and D. Calderbank exhibited in [10] the
exact relation between extremal Sasaki structure and weighted extremal Kähler
metrics in the Sasaki setting.

Precisely, with the notation of 2.1.1, they showed that given two commuting
Reeb vector fields ξ, ξo ∈ t+ on a Sasaki-CR manifold (N,D, J), with ξo quasi-
regular and Sasaki-Kähler quotient (M,J, ωo), the transversal scalar curvature
of (N,D, J, ξ) is some ([ξ], κ)–weighted scalar curvature of (M,J, ωo) where the
weights ([ξ], κ) are determined by (N,D, J, ξ) as explained in §3.2.

In a subsequent paper [ACL], with V.Apostolov and D.Calderbank, we have
extended the relation they had found to

Proposition 3.1. [ACL] There is an extremal Sasaki metric in the class S(Jξ, ξ)
if and only there is a ([ξ], κ)–weighted Kähler metric in (M, [ωo]).

Using this we were able to prove that when ξo is regular (thus M is smooth
and we can use Darvas–Rubinstein theory [73]), the existence of an extremal
Sasaki metric in the class S(Jξ, ξ) implies (relative) ([ξ], κ) weighted K-stability
of (M,J, [ωo]) with respect to a maximal torus and smooth equivariant test con-
figurations with reduced central fiber. We also compared weighted K-stability
to the K-stability of the corresponding polarised affine cone (introduced by
Collins–Székelyhidi in [68]), and proved that they agree on the class of test
configurations we consider. In order to do that, we have expressed the Collins–
Székelyhidi numerical invariant as an intersection product formula on the total
space of the Sasaki test configuration.

There is an increasing interest in weighted cscK metrics see eg [162] and
recently, building on the proof of [ACL, Theorem 1] (see Theorem 3.32 below),
Apostolov–Jubert1–Lahdili have proved more generally that compact weighted
extremal Kähler manifold has coercive weighted Mabuchi energy with respect to
a maximal complex torus in the reduced group of complex automorphisms. They
also have showed that this coercivity property implies weighted K-polystability
on any non-product equivariant smooth Kähler test configuration with reduced
central fiber extending our result. This extends and unifies many results in the
literature.

3.1 Levi–Kähler reduction

Underlying a Sasaki manifold there is an odd dimensional manifoldN2n+1 whose
tangent splits

TN = D ⊕ Rξ (3.1)

where ξ ∈ Γ(TN) is a nowhere vanishing vector field, the Reeb vector field,
and D ⊂ TN is a distribution equipped with a complex (or CR) structure
J ∈ End(D). In view of example 2.4, the interest of Sasaki geometry for Kähler
geometers lies in the transversal Kähler geometry of such structure, which refers

1Simon Jubert is a PhD student that I co-supervise with Vestislav Apostolov. Simon is
working on some class of weighted toric extremal Kähler metrics.
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to the Kähler structure induced on the local leaves space of Reeb foliation. As
discussed above, it might be wise to vary the splitting (3.1) in the search of
interesting (extremal,...) transversal Kähler structures.

Our thesis in [ACGL1, ACGL2] is that these ideas need not be limited to
1-dimensional foliations. Indeed, any Sasaki manifold has an underlying codi-
mension one CR structure, whereas CR manifolds arise naturally in arbitrary
codimension [40]. This prompted us to introduce transverse “Reeb foliations” F
on arbitrary CR manifolds (N2n+k,D, J), rank(D) = 2n. Such objects are par-
ticular examples of polarised CR manifold in the sense of Meersseman [172]. Our
focus is on the transversal Kähler geometry of (D, J), i.e., the Kähler structures
induced on the space of (local) leaves of the Reeb foliation F by contact forms.
Whereas in codimension one, the exterior derivative of the contact form equips
the horizontal distribution D with a nondegenerate 2-form (which, together with
the complex structure J on D, defines the horizontal Kähler structure on D),
in higher codimension, the non-integrability of D is measured by a 2-form on D
with values in TN/D, called the Levi form LvD, namely

LD(X,Y ) = −qD([X,Y ]) (3.2)

where qD : TN → TN/D is the quotient map.
In order to construct a Kähler metric on the leaf space of the Reeb foliation,

we consider a section η ∈ Γ(D0) where the annihilator D0 ⊂ T ∗N is identified
with the dual of the bundle TN/D over N . Then2 〈η, LD〉 = dη|D and η is
positive if hηD := 〈η, LD〉(·, J ·) is positive definite on D. In that case, (D, J, hηD)
would define local Kähler structures on the leaf space of the Reeb foliation if η
and J are invariant along the foliation.

For this to work, (D, J) needs to be pseudo-convex and, thus, D has to be
contact which is a strong condition §3.1.1.1. Unlike the classical codimension 1
case, contact structures of co-dimension higher than one have local invariants,
cf Remark 3.4, and the theory becomes quickly very rich. In our works [ACGL1,
ACGL2], we focused on toric contact manifolds and toric CR submanifolds of
Cd, in particular product of odd dimensional spheres.

3.1.1 Toric contact manifolds of arbitrary codimension

3.1.1.1 Symplectization

In this section, (N2n+k,D) denotes a compact connected manifold N of di-
mension 2n + k, together with a distribution seen as a subbundle D ⊂ TN of
codimension k ≥ 0.

For k = 1, such a pair (N,D) is contact (in the classical sense) if the Liouville
symplectic form Ω of T ∗N is non-degenerated on the annihilatorD0\{0} ⊂ T ∗N ,
equivalently a local contact form exists around each point. For higher k, we
could simply ask that the annihilator D0\0-section of D in T ∗N is a symplectic
submanifold of (T ∗N,Ω). This definition is used in subriemannian geometry
[173] and includes classical codimension 1 contact submanifolds. However, in
higher codimension this would be too restrictive for our purpose. Even product
of codimension 1 contact manifolds would not be contact in general. So we
define it as ”a local contact form exists around each point” as follows.

2ker η ⊃ D, thus dη(X,Y ) = −η([X,Y ]) for sections X,Y ∈ Γ(D)
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Definition 3.2. (N,D) is a contact manifold if the nondegeneracy locus UD :=
{η ∈ D0 ∼= (TN/D)∗| η ◦ LD is nondegenerate} meets every fiber of D0. A
(local) section of UD is called a (local) contact form on N .

Example 3.3. If (Ni,Di) are contact manifolds, with codimensions ki, for i ∈
{1, . . .m}, then so is (

∏m
i=1Ni,D1⊕· · ·⊕Dn), with codimension k = k1+· · ·+km

and UD =
∏k
i=1 UDi . In particular, the product of m = k codimension one

contact spheres S2n1+1 × · · · × S2nk+1 is a codimension k contact manifold.

Remark 3.4. If UD ∩ D0
z is nonempty then, since nondegeneracy is an open

condition, D0
z has a basis η1, . . . , ηk in UD and UD∩D0

z is the complement of the

set where (
∑k
i=1 tiηi)◦LD degenerates (that is if rankD = n, (

∑k
i=1 tidηi)

n = 0
on Dz), which is the cone over a projective hypersurface VD,z ⊂ RP(D0

z) of
degree m. In [ACGL1], we called VD ⊂ RP(D0) the degeneracy variety of D.
The degeneracy variety is a local contact invariant of a contact manifold (N,D).
For example S1×S5 and S3×S3 cannot be even locally contactomorphic because
the degeneracy variety of the latter has two points in each fiber, whereas the
former has only one (with multiplicity two).

Example 3.5. (The middle step of some symplectic reductions) Let (M̃2d, ω̃)

be a symplectic manifold and G ⊂ Ham(M̃, ω̃) be a k–dimensional compact

torus with momentum map µ : M̃ → g∗. Given a regular value of the moment
map α ∈ g∗, we consider the submanifold N := µ−1(α) in M̃ and denote the

inclusion ια : N ↪→ M̃ . The orbits of G are tangent to N and the induced
action of G on N is locally free. At each point z ∈ N , the tangent space of
the orbit gz := Tz(G · z) has dimension k and Dz := g⊥ωz ∩ TzN has dimension
2n := 2(d− k).

In that generality, the Levi form LD might be degenerated, that is (N,D)
is not necessarily contact (eg. M × G with D = TM where M is a manifold).
However, whenever ι∗αω̃ = dη with ker(η) ⊃ D then (N,D) is contact. Examples

of such (M̃, ω̃) include open subsets of linear symplectic spaces, products of k
symplectic cones or some symplectic submanifolds of T ∗N with the Liouville
symplectic form [ACGL1].

Contactomorphisms are naturally defined in the category of contact mani-
folds and we denote by con(N,D) the Lie algebra of infinitesimal contactomor-
phisms of (N,D). To recall the notation: an effective action of a torus T on N

corresponds to an embedding T ı
↪→ Diffeo(M). It is a contact action if the linear

injection ı∗ : t ↪→ Γ(TN), where t := Lie(T) embeds t in con(N,D). Given ξ ∈ t
we denote ξ = ı∗(ξ) ∈ Γ(TN) the vector field on N induced by the local action
t 7→ exp(tξ) ⊂ T.

Proposition 3.6. [ACGL1] Let (N,D) be a contact manifold of codimension
k. Then UD is the open subset of D0 over which the pullback, say ωD, of the
canonical symplectic form on T ∗N to D0 is nondegenerate. Thus (UD, ωD) is
an (open) exact symplectic manifolds. Moreover any local contact vector field
on (N,D) has a canonical lift to a local hamiltonian vector field on (UD, ωD).
In particular, if a compact torus T induces a contact action on (N,D) then
the action of T canonically lifts to a hamiltonian action on (UD, ωD) and has
a natural homogeneous momentum map µ : UD → t∗, the restriction of the
homogeneous momentum map of the Liouville symplectic structure.
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Let T be a (n + k)–dimensional torus acting effectively on (N,D). In this
case, (N,D,T) is a toric contact manifold if moreover the action is contact. A
toric contact manifold (N,D,T) is of Reeb type if there exists a k–dimensional
linear subalgebra g ⊂ t satisfying the following Reeb condition: at every point
z ∈ N ,

TzN = Dz ⊕ {ξz | ξ ∈ g}. (3.3)

The last summand g
z

:= {ξ
z
| ξ ∈ g} is called the Reeb distribution and plays

the role of the Reeb vector field. We might call g itself a Reeb subspace if no
confusion is possible.

Remark 3.7. The Reeb type condition is not automatic even on codimension 1
toric contact manifolds. It corresponds in that case to the existence of a global
T–invariant contact 1-form, thus needed for a compatible Sasaki metric to exist
see eg [46].

Lerman developed the theory for codimension 1 toric contact manifolds
[155, 156]. In that case, UD = D0\0-section, assuming D co-oriented (or Reeb
type), UD has two components and picking one of them, say D0

+, we get a sym-
plectic cone (D0

+, ωD) as above. Lerman proved that the image of the induced
homogeneous momentum map µ : D0

+ → t∗ is a Delzant polyhedral cone3 with-
out its apex, which means that C := {x ∈ t∗\{0} | 〈x, `s〉 ≥ 0, s = 1, . . . , d}
where d is the number of facets of C and ` = {`1, . . . , `d} is a set of primitive
vectors in the lattice of circle subgroups of T satisfying the condition of Remark
4.1. The Reeb type condition is equivalent to the strict convexity of the moment
cone C. Also, picking a T–invariant contact form η ∈ Γ(D0

+) and applying the
hamiltonian technics of Guillemin–Sternberg [116], he showed that the image
of µ ◦ η is a convex compact simple polytope, transverse to the moment cone
and lying inside the hyperplane ξ−1(1) where ξ ∈ t+ is the Reeb vector field
associated to η (2.3).

In higher codimension UD might have more than two components (cf Re-
mark 3.4) but assuming there is a global T–invariant contact form η ∈ Γ(D0)
its image lies in a single component, say U ⊂ UD, which we call a Reeb compo-
nent. Noticing that in the partially ordered set of closed T orbit strata in N ,
the analogue of a facet is a closed orbit stratum stabilized by a circle (only), we
get that the collection of these ”facets” is in bijection with a set of primitive
vectors ` = {`1, . . . , `s} of the lattice of circle subgroups Λ of T. The set ` does
not generates t if and only if (N,D) is a trivial H-principal bundle over a toric
contact manifold where H ⊂ T is a non-trivial subtorus. Extending Lerman ar-
guments [156] and slices theorem for contact manifold [ACGL1, §2.2] we proved
that this set ` can be chosen uniquely so that the following holds.

Proposition 3.8. [ACGL1] Let (N2n+k,D,T) be a codimension k toric contact
manifold of Reeb type with a global T–invariant contact form η ∈ Γ(U) where U
is connected component of UD. Let d be the number of orbit strata in N having
circle stabilizer. Then the momentum image µ(U) lies in

C := {x ∈ t∗\{0} | 〈x, `s〉 ≥ 0, s = 1 . . . , d}

3Lerman called these cones good.
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where ` = {`1, . . . , `d} is a set of primitive vectors in the lattice of circle sub-
groups Λ of T. Moreover, (C, `) satisfies a Delzant condition with respect to
µ(U), namely if p ∈ µ(U) then SpanZ{`s | `s(p) = 0} = Λ∩SpanR{`s | `s(p) = 0}.
Finally, µ(η(N)) is convex compact polytope with d facets contained in a n–
dimensional affine subspace A of t∗ and µ(η(N)) = {x ∈ A | `s(x) ≥ 0, s =
1 . . . , d}.

Actually this result in [ACGL1] is stated in terms of a Levi pair which
is defined below. To get the version above we need to pick a Reeb subspace
compatible with η and show that η is the associated contact form of a Levi pair.

3.1.1.2 Labelled polytope associated to a Levi pair

Given a Reeb subspace g ⊂ t, we denote ηg : TN → g the connection 1-form of
g (i.e ker ηg = D and ηg(ξ) = ξ).

Definition 3.9. We say (g, λ) is a Levi pair on (N,D) if g ⊂ t induces a Reeb
distribution and λ ∈ g∗ defines a global contact form as

ηλg := λ ◦ ηg ∈ Γ(UD)

(i.e. equivalently dηλg |D is a nondegenerated 2-form on D).

Any Levi pair (g, λ) is associated a unique simple convex labelled polytope
(Pg,λ, `

g,λ) via Proposition 3.8. More precisely in this case we can say that
P = Pg,λ lies in an affine copy of (t/g)∗ inside t∗. Indeed, for any ξ ∈ g,
µ ◦ ηλg (ξ) = 〈λ, ξ〉 and thus P is a subset of the annihilator of (kerλ) in t∗,
where  : g → t is the inclusion. This annihilator is naturally identified to
(t/((kerλ)))∗ and fits in the dual sequence of

0→ g/(kerλ) −→ t/(kerλ) −→ t/g −→ 0

which identifies (t/g)∗ to (∗)−1(λ). Then we showed µ(ηλg (N)) = C∩(∗)−1(λ) =:

P g,λ that is P g,λ = {x ∈ (t/g)∗ | `s(x) ≥ 0, s = 1, . . . , d} is a simple compact
polytope labelled by `.

Conversely, if µ(U) meets transversally a n–dimensional affine subspace A in
a compact polytope P = A∩µ(U) then TxA = g0 for a k–dimensional subspace
 : g ↪→ t and A = (∗)−1(λ) for λ ∈ g∗. The local properties of the momentum
map µ : U → t∗ imply that g is Reeb.

Corollary 3.10. Given a (compact, connected) toric contact manifold (N,D,T)
of codimension k and Reeb type with a Reeb component U ⊂ UD, to a Levi pair
(g, λ) with associated Reeb component U is associated a unique simple labelled
polytope in (t/g)∗ obtained as a transversal polytope to µ(U) where µ : U →
t∗ is the natural momentum map of the symplectization. Conversely, any n–
dimensional labelled polytope transversal to µ(U) determines uniquely a Levi
pair on (N,D,T) with associated Reeb component U .

The crucial ingredient to prove the convexity of Pg,λ is that for any levi pair
(g, λ) on (N,D) and a ∈ t the function µ(ηλg (a)) ∈ C∞(N) is Morse-Bott of
even index. This allows us to use Atiyah’s argument [27]. This convexity result
has been proved in a slightly more general situation by Ishida [130].
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3.1.1.3 The grassmannian image

The labelled polytope associated to a toric contact manifold with a Levi pair
does not seem to determine the underlying toric contact manifold uniquely up
to a contactomorphism see [ACGL1, Example 4]. More information is given by
the grassmanian momentum image defined for a compact toric contact manifold
(N,D) as the set Ξ := {µz(D0

z) | z ∈ N} ⊂ Grk(t∗) which is well-defined because
the homogeneous momentum map of the Liouville symplectic form is linear along
the fibers. However, for Ξ to have nice properties of momentum image we need
to assume that (N,D) has Reeb type, as we do in the rest of this section.

Using the theory developed in [137] for non-compact symplectic manifold
like (UD, ωD) we obtained that N/T and Ξ are diffeomorphic manifolds with
corners. The orbit strata of N corresponding to circle stabilizers are send to
the facets of Ξ lying in subgrassmanians of codimension 1. The existence of
a Levi pair (g, λ), actually the choice of a Reeb component of UD, provides
a labelling ` satisfying the Delzant condition above. Also, the Reeb subspace
g ⊂ t, implies that Ξ lies in an affine subspace of Grk(t∗) corresponding to the
k–planes transverse to the annihilator of g inside t∗. Moreover, using λ ∈ g∗

this manifold with corners Ξ must be sent bijectively by an affine map to a
convex simple polytope P g,λ. This last condition encodes the needed convexity
and compactness properties. Summing up these conditions we get that the
grassmannian image Ξ of a compact connected toric contact manifold of Reeb
type (N,D,T) is Delzant and polyhedral of Reeb type in Grk(t∗).

Theorem 3.11 (Apostolov–Calderbank–Gauduchon–L. [ACGL1]). The grass-
mannian image Ξ of a codimension k compact connected toric contact manifold
of Reeb type (N,D,T) is compact polyhedral manifold with corners in Grk(t∗),
and any Reeb component U ⊂ UD induces a labelling ` such that (Ξ, `) is Delzant
of Reeb type. Conversely, any Delzant labelled polyhedral manifold with corners
(Ξ, `) of Reeb type in Grk(t∗), is the grassmannian image of a codimension k
compact connected toric contact manifold with a Reeb component whose associ-
ated labelled manifold with corners is (Ξ, `).

For the last claim, we used a variant of Delzant construction to obtain the
symplectization, actually a Reeb component (U, ωD), of the toric contact man-
ifold as a symplectic reduction of (V × T×Cd,Ω− ωstd) where V ⊂ t∗ is open,
V × T ⊂ T ∗T is endowed with its Liouville symplectic form Ω.

We would have liked to prove that toric contact manifolds are classified by
their grassmannian image, with a suitable labelling. This is true locally by the
local models we obtained in [ACGL1, §2.2] using symplectic slices. However, as
in toric symplectic geometry [157] and toric contact geometry in codimension
one [156], there remains a local-to-global question governed by the cohomology
of a sheaf. Thus we have the following result.

Theorem 3.12 (Apostolov–Calderbank–Gauduchon–L. [ACGL1]). The grass-
mannian image Ξ of a compact toric contact manifold of Reeb type (N,D,T)
is Delzant and polyhedral of Reeb type in Grk(t∗), and there is a sheaf conT(D)
on Ξ such that toric contact manifolds of Reeb type with grassmannian image Ξ
are parametrized up to isomorphism by H1(Ξ, conT(D)).

In contrast to the symplectic and codimension one cases, conT(D) is the
sheaf of solutions of a linear partial differential equation (for infinitesimal con-
tactomorphisms), which is overdetermined and typically not involutive. We
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show that H1(Ξ, conT(D)) vanishes in special cases, such as when (N,D,K) is
a product of codimension one toric contact manifolds. However, it remains an
open question whether it vanishes in general.

Proposition 3.13. [ACGL1] If N is a product of codimension one contact
manifolds of Reeb type, then H1(Ξ, conT(D)) = 0.

3.1.2 Levi-Kähler reduction

Here we incorporate a CR structure in the picture drawn in the last subsec-
tion. Namely, we assume (N,D,T) is a codimension k (compact connected)
toric contact manifold of Reeb type and, in addition, there is a T–invariant CR
structure materialized by an endomorphism J ∈ End(D) such that J2 = −Id
and D1,0 ⊂ D ⊗ C is integrable (closed under the Lie bracket). It makes the
Levi form J–invariant (or of ”(1,1)” type) in the sense that −2LD(X,Y ) =
qD([X,Y ] + [J ·, J ·]). Therefore,

U+
D := {η ∈ D0| η ◦ LD(X,Y ) is positive definite}

is an open and closed submanifold of UD. Of course, we are interested in the
cases where this set is non-empty and, thus, coincide with a Reeb component
from the last subsection.

A Levi-Kähler pair is a Levi pair (cf Definition 3.9) (g, λ) such that ηλg =

λ ◦ ηg ∈ Γ(U+
D ). Such Levi-Kähler pair defines a metric hg,λ := dηλg |D(·, J ·)

on the complex bundle (D, J). Local quotient by the foliation induced by the
Reeb foliation takes that structure to a local Kähler structure (this uses that
the structure is g–invariantand that dηλg is g-basic). Thus, a Levi-Kähler pair
defines transversal Kähler structures in the sense discussed in this memoir.

Note that if g coincides with the Lie algebra of a subtorus G ⊂ T then any
Levi-Kähler pair (g, λ) defines a Kähler structure, say (ωg,λ, J), on the orbifold
quotient M = N/G.

We used these Levi Kähler pairs in [ACGL2] to construct compatible Kähler
structures on compact toric complex manifolds by revisiting the Delzant con-
struction [77] as follows.

Given a n–dimensional simple labelled polytope (P, `) with P ⊂ Rn and
defining affine linear functions ` = {`1, . . . , `d} ⊂ Aff(Rn,R) (cf 4.1.1 for the
definition of a labelled polytope). Denote Td = S1 × · · · S1 and consider its
standard hamiltonian action on (Cd, ωstd :=

∑
j
i

2πdzj ∧ dz̄j) with momentum
map

µstd : Cd −→ Rd
z 7→ 1

2 (|z1|2, . . . , |zd|2).

The Delzant construction, see [77, 157], associates to (P, `) the following
objects

� a (k = d− n)–dimensional subalgebra g : gP ↪→ Rd defined by

gP := ker

(
Rd 3 x 7→

d∑
s=1

xsd`s ∈ Rn
)

;
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� an element in the dual of that subalgebra λP := ∗gP (`1(0), . . . , `d(0)) ∈ g∗P

� a level set NP := µ−1
g (λ) of the gP –momentum map µg := ∗ ◦µstd : Cd →

g∗ and thus a toric CR submanifold of Cd

(NP ,DP , J)

with DP = TNP ∩ JTNP where J denotes the integrable almost complex
structure of Cd.

A key observation [ACGL2] is that a part of the proof of Delzant only use
the combinatorics of P , by which we refer to the partially ordered set of closed
facets of P . Using this and the type of equations defining the submanifolds in
Delzant’s proof we get the following.

Lemma 3.14. [ACGL2] The pair (gP , λP ) is Levi-Kähler on (NQ,DQ, J) for

any labelled polytope (Q, ˜̀) provided that Q has the same combinatorics than P
up to a renumbering of the facets. Moreover, the labelled polytope associated to
(NQ,DQ, J, gP , λP ) in §3.1.1.2 is (P, `) (does not depend on Q). In particular,
if g = Lie(G) for a subtorus G of Td the Levi quotient (NQ/G, ωgP ,λP ) is T/G–
equivariantly symplectomorphic to the Delzant-Lerman-Tolman toric symplectic
orbifold associated to (P, `).

Note that even on (NP /G, J) the Levi-Kähler structure (J, ωgP ,λP ) is not
necessarily isometric to the so-called Guillemin metric [115] which is obtained
as a standard Kähler reduction of (Cd, ωstd) for the group G (when (P, `) is ra-
tional) at the level λP . Indeed, there is no particular reason for ωstd to restrict
as dηλPgP on DP and in general it does not. However, the complex structure
underlying the Guillemin Kähler structure is the one obtained from the CR
structure (NP ,DP , J) by identifying D to T (NP /G). Thus, there is a canoni-
cal identification between the complex orbifold underlying Guillemin ”metric”
and the one underlying the Levi-Kähler reduction. Thus, given a rational la-
belled polytope (P, `) and associated Delzant-Lerman-Tolman toric symplectic
orbifold (M,ω), there is a distinguished ω–compatible Kähler structure h(P,`)

obtained by a Levi-Kähler reduction (here we denote h(P,`) the Kähler triple
(g(P,`), ω, J(P,`)) where g(P,`) is a riemannian metric g(P,`) = −ωJ(P,`)).
Our goal in this project was to put special metrics on compact toric symplec-
tic orbifold. Another insight that leads us is that a Levi–Kähler reduction of
a CR manifold (N,D, J) can be expected to have nice curvature properties
if (N,D, J) does. The simplest examples, in codimension one, are round CR
(2m+1)-spheres, which are the toric CR submanifolds associated to m-simplices,
and are circle orbibundles over complex weighted projective spaces. The Levi–
Kähler quotients in this case give rise to the natural Bochner flat Kähler metrics
on weighted complex projective spaces, studied in [56, 71, 203], which are also
extremal in the sense of Calabi [57].

Recall here, the Bochner part of of the curvature tensor of a Kähler metric is
its pointwise orthogonal projection onto the U(m)-submodule of (formal) Kähler
curvature tensors with vanishing Ricci trace. In our language, Webster [203]
showed that in codimension one the Bochner tensor of a Levi–Kähler quotient
M of CR manifold N pulls back to the Chern–Moser tensor of N , which is a
local CR invariant [66] and vanishes when the N is locally CR diffeomorphic to
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a standard CR sphere (S2n+1,D, J). In particular, every Levi–Kähler quotient
(M2n, g, J) of S2n+1 is Bochner-flat.

Similarly, we showed in [ACGL2] that the Levi–Kähler quotients of products
of CR spheres N = S2n1+1 × · · · S2nk+1 provide a natural extension of the
Bochner flat Kähler metrics in higher codimension. The product structure on N
induces distributions on M and we show that the curvature of M has vanishing
Bochner component on each such distribution, simply because CR spheres have
vanishing Chern–Moser tensor.

Theorem 3.15 (Apostolov–Calderbank–Gauduchon–L. [ACGL2]). Let (M,ω)
be a compact 2n dimensional symplectic toric orbifold with Delzant labelled poly-
tope (P, `). Then P has the combinatorics of a product of simplices if and only
if (M,ω) can be obtained as a Levi–Kähler reduction of a product of odd di-
mensional CR spheres. In particular, such an orbifold admits a distinguished
compatible Kähler metric h(P,`) for which the tangent bundle admits a decom-
position into orthogonal distributions and such that the curvature of h(P,`) has
vanishing Bochner component on each such distribution.

For 3-dimensional CR manifolds, the vanishing of the Chern–Moser ten-
sor is automatic and we compute instead the scalar curvature of a Levi–Kähler
quotient of a product of 3-spheres and observe that, when the polytope is projec-
tively equivalent to a cube, the Levi–Kähler quotient metric can be characterized
as being extremal in a weighted sense that was introduced (in a special case)
in [20]. Here, recall that a polytope P having the combinatorics of a cube is pro-
jectively equivalent to a cube if the intersections of pairs of opposite facets lie in
a hyperplane H ⊂ t∗. Thus there is a unique, up to scale, affine linear function
w ∈ Aff(t∗,R) which is positive on P . We showed by direct computation that
for the scalar curvature of the Kähler metric (g = g(P,`), ω) corresponding to
the Levi-Kähler reduction of Lemma 3.14 the following function is affine-linear
on P

Scalg,w := w2Scalg − 2(n+ 1)w∆gw − (n+ 2)(n+ 1)g−1(dw, dw). (3.4)

Apostolov and Maschler have introduced similar weighted curvature (3.4) in
relation with Maxwell–Einstein metric [20]. Given a toric symplectic orbifold
(M,ω,T) with momentum image P and (w, p) ∈ Aff(P,R+) × N, they have
defined in the case p = 2n the following operator on ω–compatible Kähler
metrics

Scalg,w,p := w2sScalg,w − 2(p− 1)w∆Jw − p(p− 1)g−1
J (dw, dw). (3.5)

Solutions g of Scalg,w,p ∈ Aff(t∗,R) enjoy the basic property a ”canonical
metric” should have:

Proposition 3.16. [20, ACGL2] Let (M,ω,T) be a compact toric symplectic
orbifold with labelled Delzant polytope (P, `) in Rn and w a positive affine-linear
function on ∆. Then,

(a) There exists at most one (up to equivariant isometry) ω compatible toric
metric g on (M,ω,T), for which Scalg,w,p is an affine-linear function.

(b) The affine-linear function in (a) is uniquely determined by (P, `, w, p).

Definition 3.17. The (unique) compatible toric metric satisfying the condition
(a) of Proposition 3.16 is called the (w, p)-extremal metric of (M,ω,T).
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Thus, our finding that (3.4) is affine-linear on a projective cube P ⊂ Rn was
actually an occurrence of weighted (w, n+2)-extremal metric which is therefore
unique in a given class.

Theorem 3.18 (Apostolov–Calderbank–Gauduchon–L. [ACGL2]). Suppose (P, `)
is a labelled projective cube in Rn, corresponding to a compact toric orbifold
(M,ω,T) and let h` be the Levi–Kähler quotient metric defined by 3.14. Then
h` is the (w,m + 2)-extremal metric of (P, `), where w is the unique up to
scale affine-linear function on Rm, vanishing on the hyperplane containing the
intersections of opposite facets of P and positive on P .

An important source of toric Kähler orbifolds M whose Delzant polytope has
the combinatorics of a product of simplices—and to which Theorem A applies—
is obtained from the generalized Calabi construction (see [14]), where both the
base and the fiber are toric orbifolds with Delzant polytopes having the combina-
torics of product of simplices. This includes the complex Hirzebruch surfaces,
holomorphic projective bundles over a projective space, the Bott manifolds,
and, inductively, rigid toric fibrations where the base and the fiber are one of
the aforementioned smooth complex manifolds. We show that in this special
setting, the Kähler metric corresponding to the Levi–Kahler quotient of the
product of spheres associated to M is obtained from the generalized Calabi
construction, where the metrics on the base and on the fiber are themselves
Levi–Kahler quotients of product of spheres. The framework given by Calabi
ansatz is very convenient to compute scalar curvature and we were able to pro-
duce new cscK metrics.

Proposition 3.19. There exists a countable family of compact constant scalar
curvature Kähler 6-orbifolds obtained as Levi–Kähler reductions of S5 × S3.

3.2 Weighted cscK and Sasaki geometry

3.2.1 Extremal Sasaki metrics and weighted cscK

Let (N2n+1,Dξ, Jξ) be a compact transversally holomorphic manifold of Sasaki
type. In analogy with the Calabi extremal metrics [57], Boyer–Galicki–Simanca
introduced in [48] extremal Sasaki structures as critical points of the functional

S(N,Dξ, Jξ) 3 η 7→
∫
N

Scal(gη)2η ∧ (dη)n.

Here, Scal(gη) is the scalar curvature of the Sasaki-riemannian metric associated
to η through (2.4) but of course the critical points are the same if we replace
it with the transversal scalar curvature since they differ by a constant and that
the total scalar curvature is constant on S(N,Dξ, Jξ). They proved in the same
paper that the condition of being extremal was characterized by the contact
vector field associated to the scalar curvature as follows. Recall that given
a contact manifold (N,D) with a global contact form η and associated Reeb
vector field ξ, any function f ∈ C∞(N) determines a unique η–contact vector
field Xf ∈ con(N,D) as

Xf = fξ + Zf

where Zf ∈ Γ(D) is the unique section satisfying dη(Zf , ·) = ξ.f − df , see
Definition/Remark 2.1.
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Definition 3.20. [48] A Sasaki manifold (N2n+1,D, J, η) is extremal if the η–
contact vector field of the transversal scalar curvature ScalT (η) is transversally
holomorphic, i.e, lies in cr(D, J).

In particular, a cscS metric is extremal because its contact vector field is a
constant times the Reeb vector field.

A useful result [48, Theorem 4.8] is that, similarly to the Kähler case, the
presence of an extremal Sasaki structure in S(N,Dξ, Jξ) implies strong conse-
quences on the structure of the finite dimensional Lie algebra of aut(N, ξ, Jξ)/o(N, ξ)
(see §2.1.1.3). Their result implies in particular that the isometry group Aut(N, ker η, J, ξ)
of an extremal structure η, should it exists, would be compact maximal in
Aut(N, ξ, Jξ) and the contact vector field of the transversal scalar curvature of
the extremal representative would lies in its centre.

From these considerations, we are in a position to define a (relative) contact
Futaki invariant and contact extremal vector field, similar to [154] as follows.
As usual, we fix a torus T but now in Con(N,D) and with ξ ∈ t := LieT. Then,
we define the extremal vector field ξext (which depends on T) as the projection
on t of ξScalT (η), the η–contact vector field of the transversal scalar curvature

ScalT (η) of the Sasaki structure (N, ker η, J, ξ) associated to η ∈ S(N,Dξ, Jξ).
Namely, ξext ∈ t is uniquely defined so that

〈〈a, ξext − ξScalT (η)〉〉η :=

∫
N

η(a)(η(ξext)− η(ξScalT (η)))η ∧ (dη)n = 0 ∀a ∈ t.

The product 〈〈·, ·〉〉η depends on ηξ and we have picked T ⊂ Con(N,D) but
the resulting vector field ξext ∈ t does not depend on the form η ∈ S(ξ, Jξ)T

following standard arguments [48, 110, 111, ACL].

Remark 3.21. The momentum map picture [82, 100], adapted to the Sasaki
setting [121, 10], allows us to give a stronger statement and gives a conceptual
explanation for this invariant. Indeed, the group Con(N,D)T acts on the space
of T–invariant CR-structures C+(N,D)T, compatible with a fixed orientation
of D0. Fixing ξ ∈ t+ and denoting ηξ ∈ Γ(D0) the associated contact form
(see (2.3)) the map

µξ : C+(N,D)T → (con(N,D)T)∗

J 7→
(
a 7→ 〈〈ScalT (ηξ, J), a〉〉ηξ

) (3.6)

is a momentum map for the action of Con(N,D)T for a formal symplectic
structure on C+(N,D)T [10, 121]. Now, T acts trivially on C+(N,D)T thus
〈〈ScalT (ηξ, J), a〉〉ηξ does not depend on J ∈ C+(N,D)T for a ∈ t.

Definition 3.22. (see e.g. [121, 122]) The (relative) Mabuchi energy is the
functional

Mζ : Ξ̂(ζ, Jζ , ηζ0)T → R

characterized by

(dMζ)ψ(ψ̇) =

∫
N

ψ̇
(

ScalT (ηψ)− ηψ(ζext)
)
ηψ ∧ dηmψ ,

Mζ(0) = 0,
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where for any ψ ∈ Ξ̂(ζ, Jζ , ηζ0)T, ηψ := ηζ0 + dcζψ stands for the correspond-

ing contact form in Ξ(ζ, Jζ , ηζ0)T whereas ScalT (ηψ) denotes the corresponding
transversal scalar curvature.

Clearly if a Sasaki structure in Ξ(ζ, Jζ , ηζ0)T is extremal in the sense of [48]
and ζext ∈ t, it is a critical point of Mζ . W.He and Li [121, 122] have im-
ported Kähler technics to study the modified Mabuchi (the non relative one,

thus defined on a bigger subspace of Ξ̂(ζ, Jζ , ηζ0)) along geodesics in the space of
Sasaki potentials and extended some of the results known in the Kähler case. In
particular they proved that there exists an extremal Sasaki metric Ξ(ζ, Jζ , ηζ0)
if and only if Mζ satisfies some relative properness condition discussed below.

In our work [ACL], our primary goal was to translate the transversal Kähler
geometry of one polarisation ζ ∈ t+ into some ”weighted” geometry on the
Sasaki-Kähler quotient of another (quasi-regular) polarisation ξ ∈ t+ and ul-
timately understand the (Sasaki) K-stability of (N,Dζ , Jζ) as an appropriate
”weighted” stability notion on the Sasaki-Kähler quotient (M/S1

ξ , J, ωξ). Of
course, for this to work we need to restrict to T–invariant transversal Kähler
structures where t := LieT contains at least ζ and ξ. Then necessarily any T–
invariant structures in Ξ(N,Dζ , Jζ , ηζ0) exists, in another form, on (N/S1

ξ , J, ωξ).
Before explaining the results, some basic observations are in order.

Definition 3.23. Given a Sasaki manifold (N,D, J, η), a function h ∈ C∞(N)
is a Killing potential if h = η(a) with a ∈ cr(D, J). This is well-defined us-
ing Definition/Remark 2.1 and since cr(D, J) ⊂ con(N,D). More generally,
given η ∈ S(N,Dξ, Jξ)), h is a η-Killing potential if it is a Killing potential for
(ker η, J, ξ).

Note that a T–invariant function h is a Killing potential for (N,D, J, ζ) if

and only if f h is a Killing potential for (N,D, J, ξ) with f = ηξD(ζ) where ηξD
denotes the unique ηξD ∈ S(N,Dξ, Jξ)) with ker ηξD = D (see Definition/Remark

2.5). Therefore checking if the function ScalT (J, ηζD) is Killing for (N,D, J, ζ)
amounts to verify that

f ScalT (J, ηζD) is a Killing potential of (N,D, J, ξ). (3.7)

Remark 3.24. Denote $ξ : N → M := N/S1
ξ the quotient by the circle

group S1
ξ generated by ξ ∈ t. Thus, Ť := T/S1

ξ acts effectively on M . Any η ∈
S(N,Dξ, Jξ) determines a Kähler structure (J, ωη) onM and con(N, ker η)ξ/SpanRξ
are the hamiltonian vector fields on (M,ωη). Given a ∈ con(N, ker η)ξ a hamil-
tonian function for [a] ∈ con(N, ker η)ξ/SpanRξ is given by η(a). In particular,
Killing potentials on (M,J, ωη) pull back to ξ–invariant Killing potentials on
(N, ker η, J, ξ).

Apostolov and Calderbank have compared the transversal scalar curvature
(N,D, J, ζ) and (N,D, J, ξ) using a Tanaka connection [70] and proved in [10]
that

ScalT (gζ) = fScalT (gξ)− 2(n+ 1)∆gξf − (n+ 2)(n+ 1))f−1|df |2gξ (3.8)

where f = ηξD(ζ), gξ (resp. gζ ) denotes the Sasaki-riemannian metric of

(N,D, J, ξ) (resp. (N,D, J, ζ)) and ScalT (gζ) is the transversal scalar curva-
ture associated with the structure (N,D, J, ζ).
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Remark 3.25. Note that (M,Jξ, ωξ) coincides with the Levi-Kähler reduction
for g = Rξ and λ ∈ g∗ such that λ(ξ) = 1. Indeed, (N,D, J) is a CR manifold
of codimension one. Thus, the varying Levi-Kähler pairs (g, λ) and looking at
the transversal Kähler structures is equally achieved by varying the Reeb vector
field in the Reeb cone t+ ⊂ t := LieT and thus present a simplification (lower
codimension) of the framework studied in [ACGL1, ACGL2] and recalled above
§3.1,3.1.2.

With the observations above and Apostolov-Calderbank formula we are lead
to study the following weighted scalar curvature on (M,J, ωo)

Scalf (ωo) := f2Scal(ωo)− 2(n+ 1)f∆ωof − (n+ 2)(n+ 1))|df |2ωo (3.9)

where Scal(ωo) is the scalar curvature associated to the Kähler structure (J, ωo).
It prompts to introduce the following notion.

Definition 3.26. Let f ∈ C∞(M,R>0) be a Killing potential on (M,J, ωo).
We say that (J, ωo) is a f–extremal4 Kähler structure if Scalf (ωo) is a Killing
potential.

Lemma 3.27. [10] Let (M,J, ω) be the Kähler orbifold corresponding to the
Sasaki–Reeb quotient of (N,D, J) with respect to a quasiregular ξ ∈ cr+(N,D, J),

and f = ηξD(K) > 0 the induced positive Killing potential on (M,J, ω) by
ζ ∈ cr+(N,D, J)ξ. Then (D, J, ζ) is an extremal Sasaki structure on N if and
only if (J, ω) is a f–extremal Kähler structure.

Of course the notion of weighted extremal metrics make sense on Sasaki
manifolds itself withtout asking one of the Reeb vector field to be quasiregu-
lar. Then, given a f ∈ C∞(N,R>0) a Killing potential for a Sasaki structure
(N,D, J, ξ), we would say that (N,D, J, ξ) is f–extremal if

f2ScalT (gξ)− 2(n+ 1)f∆gξf − (n+ 2)(n+ 1))|df |2gξ

is a Killing potential. By (3.8), it is the case if and only (N,D, J, ζ) is a Sasaki
extremal structure. This is already interesting in its own but a bit restrictive
because the CR structure is fixed. The goal of our work [ACL] was to make this
correspondence more flexible by allowing variations within the compatible CR
structures of the transversal holomorphic structures S(Dξ, Jξ) and S(Dζ , Jζ).

3.2.2 A correspondence between radial potentials

A key observation highlighted in [ACL] is that given ξ, ζ ∈ t+ we have bijection

Θ: Rξ(Y, J)T → Rζ(Y, J)T

r 7→ r̃
(3.10)

between T-invariant radial potentials with respect to ξ and such potentials with
respect to ζ, characterized uniquely by Θ(r) = r̃ if and only if Nr̃ := r̃−1(1)
coincides with Nr := r−1(1).

4In order to fit with Lahdili’s notion [142], Apostolov-Calderbank call the latter notion a
(Xf , κ)–weighted extremal Kähler structure with Xf the ωo–hamiltonian vector field of f and
κ :=

∫
M fωno .
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Indeed, Nr is a pseudo-convex image of a T-invariant section of both πξ :
Y → Nξ = Y/R+

ξ and πζ : Y → Nζ = Y/R+
ζ and the same for and Nr̃. Thus,

the bijection is a straightforward application of the T-invariant of formulation
of the correspondence between links and radial potentials recalled in Proposi-
tion 2.17.

Fixing base points r0 ∈ Rξ(Y, J)T and r̃0 := Θ(r0) ∈ Rζ(Y, J)T, we also
have a bijection

Θ̂ : Ξ̂(Nξ, ξ, Jξ, ηr0)T → Ξ̂(Nζ , ζ, Jζ , ηr̃0)T

ϕ 7→ ψ with Θ(eϕr0) = eψ r̃0.
(3.11)

Pulled-back on Neϕr0 = Neψ r̃0 , the contact form αr0,ϕ := η̃eϕr0 ∈ S(ξ, Jξ)
and αΘ(r0),Θ̂(ϕ) := η̃eψ r̃0 ∈ S(ζ, Jζ) determine the same CR structure, namely

the one induced by inclusion in (Y, J), see Lemma 2.16. Then ϕ and Θ̂(ϕ)
induce Sasaki structures with the same underlying CR structure. This is a
useful property of the map of Θ̂. Indeed, using this and Apostolov-Calderbank
formula (3.8), we get

ScalT(Jζ ,αΘ(r0),Θ̂(ϕ))
= fScalT(Jξ,αr0,ϕ) − 2(n+ 1)∆αr0,ϕf − (n+ 2)(n+ 1)|df |2αr0,ϕ

where f = αr0,ϕ(ξ) and letting ϕ running into the set of Sasaki potentials we
conclude

Lemma 3.28. Let (N,Dξ, Jξ, ξ) be a Sasaki type transversal holomorphic man-
ifold and let T ⊂ Aut(N,Dξ, Jξ) with ξ ∈ t+. For any ζ ∈ t+, there is an
extremal Sasaki metric in S(Dζ , Jζ)T if and only if there exists a η(ζ)–extremal
Sasaki metric in S(Dξ, Jξ)T for a (hence any) η ∈ S(Dξ, Jξ)T.

When ξ is quasiregular, the latter lemma translates on the Sasaki-Reeb
quotient (M,J, [ω]) as follows.

Proposition 3.29. [ACL] Let (N,D0, J) be a compact CR manifold of Sasaki
type and ξ, ζ ∈ cr+(N,D0, J) with [ξ, ζ] = 0. Suppose ξ is quasiregular with
Sasaki–Reeb quotient the compact Kähler orbifold (M,J, ω). Denote ζ̌ the image
of ζ in the automorphisms group of (M,J, ω) and κ = 〈〈ζ, ξ〉〉ηξ0 . Then there is

an extremal Sasaki structure in S(ζ, Jζ) if and only if there is a (ζ̌, κ)–weighted
cscK metric in the Kähler class [ω].

We also have computed explicitly the derivatives of Θ̂ to show first that it is
a smooth map but also to be able to compare various functionals defined respec-
tively on these spaces of potentials, see below. Unsurprisingly, the derivative
of Θ̂ is closely related to the deformation of type I (see Definition/Remark 2.5)

through the maps Ψξ
r := (πξ)|Nr : Nr

∼→ Nξ, Ψζ
Θ(r) := (πζ)|NΘ(r)

: NΘ(r)
∼→ Nζ

and
Ψϕ := Ψζ

Θ(eϕr0) ◦ (Ψξ
eϕr0)−1 : Nξ ∼−→ Nζ .

Next, we consider the induced action of T and of its complexification G = TC
on the complex cone (Y, J). The important feature of this setting is that G nat-
urally acts on the spaces Rξ(Y, J)T and Rζ(Y, J)T of T-invariant cone potentials

of (Y, J, ξ) and (Y, J, ζ), respectively. Using the basepoints rξ0 ∈ Rξ(Y, J)T and

rζ0 ∈ Rζ(Y, J)T corresponding to the contact forms ηξ0, η
ζ
0 , there is an induced
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action of G on the corresponding spaces Ξ̂(ξ, Jξ, ηξ0)T and Ξ̂(ζ, Jζ , ηζ0)T of T-
invariant Sasaki potentials.

In [ACL], we introduced a twisted version of the (relative) Mabuchi energy

Mξ
ζ : Ξ̂(ξ, Jξ, ηξ0)T → R

using the usual characterization (as above) and proved that

(1) Mζ ◦ Θ̂ = Mξ
ζ (thus we can take that as a definition)

(2) for ϕ ∈ C∞(M),

Mξ
ζ($

∗
ξϕ) = Mζ̌,κ(ϕ)

where ζ̌ ∈ t/Rξ is a Killing vector field on the Sasaki-Kähler quotient
(M,J, ωϕ), κ = 〈〈ζ, ξ〉〉ηξ0 and Mζ̌,κ is the weighted Mabuchi energy of

Lahdilli [142].

(3) Θ̂ is bi-lipschitz with respect to the d1-distance of Darvas [72] on Ξ̂(ξ, Jξ, ηξ0)T

extended to the Sasaki case by He–Li [122].

(4) Θ and Θ̂ are G–equivariant.

(5) G acts by d1 isometries on both Ξ̂(ξ, Jξ, ηξ0)T and Ξ̂(ξ, Jζ , ηζ0)T

Thus we can define, for any ψ0, ψ1 ∈ Ξ̂(ζ, Jζ , ηζ0)T

dG1 (ψ0, ψ1) := inf
g0,g1∈G

{d1(g0 · ψ0, g1 · ψ1)} = inf
g∈G
{d1(ψ0, g · ψ1)}.

Definition 3.30. A functional F : PT → R defined on a metric space
(PT, d1) on which G acts isometrically is G-proper if there exist constants
Λ > 0 and C, such that for any ψ ∈ PT we have F (ψ) ≥ ΛdG1 (0, ψ)− C.

(6) Mζ is G–proper if and only if Mζ
ξ is G–proper. (note Θ̂(0) = 0)

Whenever ξ is regular (thus M is smooth) (2) above allows to use directly
the work of Lahdilli [142] to obtain a refinement (in the regular case) of the
uniqueness result [199] assuming T is maximal in Aut(N,D, J).

Lemma 3.31. [ACL] Suppose (N,D, J,T, ξ, ζ) is as above with ξ regular and
T is maximal in Aut(N,D, J). Then any two extremal Sasaki structures ψ, ψ̃ ∈
Ξ̂(ζ, Jζ , ηζ0)T are isometric under the action of G.

Combining the properties of Θ̂ listed above together with [122] saying that

Mζ is defined on the d1-completion of Ξ̂(ξ, Jξ, ηξ0)T, one can directly check
that all the conditions of the general existence/properness principle of Darvas–
Rubinstein [73, Section 3] hold true with

(R, d, F,G) =
(

Ξ̂(ξ, Jξ, ηξ0)T, d1,M
K ,G

)
.

From this we conclude the following.

Theorem 3.32 (Apostolov–Calderbank–L. [ACL]). Let (N,D, J) be a compact
CR manifold of Sasaki type, T ⊂ Aut(N,D, J) a maximal torus, and ξ, ζ ∈ t+
with ξ regular. If there exists an extremal Sasaki structure ηψ associated to

ψ ∈ Ξ̂(ζ, Jζ , ηζ0)T, then Mζ is G-proper.
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Via Proposition 3.1, Theorem 3.32 is a particular case of ”existence of a
weighted cscK implies G–properness of the corresponding weighted Mabuchi
energy” proved recently by Apostolov–Jubert–Lahdili [19].

In [121] W. He considers the identity component G := Aut0(N, ζ, Jζ) of the
group of diffeomorphisms of N preserving ζ and the transversal holomorphic
structure Jζ . This group G naturally acts on the space S(ζ, Jζ) of compat-
ible contact forms by pullback. There is also an induced action of G on the
quotient space S(ζ, Jζ)/Ω1

X,cl(N) and hence, by using the base point ηζ0 , on

the marking Ξ(ζ, Jζ , ηζ0). As G does not act on the space of ηζ0-relative Sasaki

potentials Ξ̂(ζ, Jζ , ηζ0), a slice Ξ̂0(ζ, Jζ , ηζ0) := (Iζ)−1(0) is introduced, where

Iζ : Ξ̂(ζ, Jζ , ηζ0) → R is a Sasaki version of the Aubin–Mabuchi functional de-
fined by

(dIζ)ψ(ψ̇) =

∫
N

ψ̇ ηψ ∧ dηmψ ,

Iζ(0) = 0.

(3.12)

Unlike Mζ , Iζ is not invariant but is equivariant under additive real con-
stants and thus determines a unique representative ψ0 ∈ Ξ̂0(ζ, Jζ , ηζ0) of ηψ ∈
Ξ(ζ, Jζ , ηζ0). This leads to an action of G on the slice Ξ̂0(ζ, Jζ , ηζ0), which we
denote by [g] · ψ0, where [g] ∈ [G], the effective quotient of G. One direction of
the statements in [121, Theorem 1] and [122, Theorem 5.1] then yields that if
there exists an extremal Sasaki metric in S(ζ, Jζ)T, the Mabuchi energy Mζ is

proper on Ξ̂(ζ, Jζ , ηζ0)T with respect to [G], i.e., satisfies

Mζ(ψ) ≥ Λd
[G]
1 (0, ψ0)− C, (3.13)

where d
[G]
1 (0, ψ0) := infg∈G{d1(0, [g] · ψ0)}.

Now G also acts on S(ζ, Jζ)T, hence on Ξ̂0(ζ, Jζ , ηζ0), and we let [G] denote
the effective quotient. Although G is not a subgroup of G, [G] is a subgroup
of [G] and the G-orbits of induced Sasaki structures are inside the [G]-orbits

on Ξ̂0(ζ, Jζ , ηζ0). On the other hand, the action of G on Ξ̂(ζ, Jζ , ηζ0)T includes

translations by constants, so we conclude that for any ψ ∈ Ξ̂(ζ, Jζ , ηζ0)T with

projection ψ0 to Ξ̂0(ζ, Jζ , ηζ0) we have

d
[G]
1 (0, ψ0) := inf

g∈G
{d1(0, [g]·ψ0)} ≥ d[G]

1 (0, ψ0), dG1 (0, ψ) = dG1 (0, ψ0) ≤ d[G]
1 (0, ψ0).

Thus proving the existence of an extremal Sasaki metric implies [G]-properness
would be an improvement of both [122, Theorem 5.1] and Theorem 3.32. The
missing ingredient is the transitivity result which holds for G thanks to Lemma 3.31
and for [G] thanks to [199].

3.2.3 Sasaki K-stability and weighted K-stability

3.2.3.1 Sasaki K-stability following Collins and Székelyhidi

In [68], Collins and Székelyhidi proposed a numerical invariant to supply a no-
tion of K-stability they introduced for Sasaki manifolds via their affine cone.
The quantity they suggest to study is computed on the central fiber of the test
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configuration. In [ACL] we have exhibited a global formula (i.e an expression
on the total Sasaki link of the test configuration) for this invariant.

Here Ŷ ⊂ CN is a TC-homogeneous affine variety, and TC ≤ GL(CN ) is a
diagonal torus whose real form is identified with T. When ζ is quasiregular,
one can further identify the space H of holomorphic functions on Y := Ŷ \{0}
introduced in §2.1.2.2 with the space of regular functions on Ŷ (see Remark 2.4),
i.e., H = C[x1, . . . , xN ]/I for a TC-homogeneous ideal I. Thus, in the decom-
position (2.13), Γ ⊂ t∗ is the set of weights of the TC-action on the space of

regular functions. Given a polarisation ζ ∈ t+, the pair (Ŷ , ζ) is referred to as
a polarised affine cone.

In this latter setting, Collins and Székelyhidi [68] introduced the T-equivariant
index character

H(ζ, t) :=
∑
α∈Γ

e−tα(ζ)dimHα, Re(t) > 0, (3.14)

and prove (cf. [68, Prop. 4.3]) that F (ζ, t) is a well-defined function in t, which
has meromorphic extension to a neighbourhood of the origin, with Laurent
expansion

H(ζ, t) =
a0(ζ)m!

tm+1
+
a1(ζ)(m− 1)!

tm
+O(t1−m).

According to [68, Theorem 4.10], the coefficients a0(ζ) > 0 and a1(ζ) are smooth
functions on ζ ∈ t+. With these ingredients, the following definition is proposed
in [68].

Definition 3.33. Given a TC-homogeneous affine variety Ŷ polarised by ζ ∈ t+,
and ν ∈ t, the ζ-Donaldson–Futaki invariant is defined to be the quantity

DFŶ ,ζ(ν) :=
a0(ζ)

m
Dν(a1(ζ)/a0(ζ)) +

a1(ζ)Dνa0(ζ)

m(m+ 1)a0(ζ)
,

where Dν denotes the derivative in the direction of ν on t.

Following [68], Definition 3.33 can be used to assign a numerical invariant
to any T-equivariant test configuration associated to the polarised affine cone
(Ŷ , ζ), as follows. Let

w = (w1, . . . , wN ), wi ∈ Z

be a set of integers and denote by ρw : C× → GL(CN ) the weighted C×-action

defined by w. Taking the flat limit across 0 ∈ C× of the C× orbit of Ŷ under
the action of ρw, we obtain a flat family of affine schemes over C, with central
fiber C0. Besides the T-action on Ŷ0, the central fiber inherits the C×-action
ρw, and we denote by νw the generator of the corresponding S1-action on Ck
whose flow preserves Ŷ0. It is shown in [68, Section 5] that for a fixed ζ ∈ t+,

Definition 3.33 can be applied on the scheme Ŷ0 and gives a necessary condition
for the existence of a CSC Sasaki structures (known as K-semistability).

3.2.3.2 The global Futaki invariant of a polarised cone

The notion of a (compactified) polarised test configuration associated to (M,J,L,T)
goes back to [82, 196]. In [ACL], we considered an analogous notion for polarised
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cones (with compact cross section) simply by considering the dual bundles in-
volved in a standard polarised test configuration. Let’s recall the definition of
the latter and introduce notation.

Definition 3.34. A T-equivariant polarised test configuration of exponent s ∈ N
associated to (M,J,L,T) is a normal polarised variety (M,L) endowed an action
T ≤ Aut(M,L), and

1. a (flat) surjective morphism π : M → CP 1 such that Ť preserves each
fiber Mt := π−1(t) and, for t 6= 0, (Mt, Lt := L|Mt

) is T-equivariantly
isomorphic, as a polarised variety, to (M,L,T);

2. a C×-action ρ on (M,L) commuting with T and covering the usual C×-
action on CP 1;

3. an isomorphism of polarised varieties

λ :
(
M × (CP 1 \ {0}), Ls ⊗OCP 1(s)

)
∼= (M\M0, L),

which is equivariant with respect to the actions of T×S1
0 on

(
M × (CP 1 \

{0}), Ls⊗OCP 1(s)
)

and T× S1
ρ on

(
M\M0, L

)
, where S1

0 stands for the
standard S1-action on O(1)→ CP 1 and S1

ρ is the S1-action induced by ρ.

The test configuration (M,L) as above is called product if
(
M\M∞, π

)
is Ť-

equivariantly isomorphic (as morphism of complex varieties) to
(
M × (CP 1 \

{∞}), πCP 1

)
.

Assuming that s = 1 andM is smooth for simplicity, we consider the corre-
sponding complex cones Y := (L∗)× and Y := (L∗)× and denote by ζ̃ and ζ the
corresponding (regular) cone polarisations. We thus get the following objects:

(i) a flat surjective morphism π : Y → CP 1 such that T preserves each fiber
Yt := π−1(t) and, for t 6= 0, (Yt, ζ̃|Yt ) is T-equivariantly isomorphic, as a po-
larised complex cone, to (Y, ζ);

(ii) a C×-action ρ on Y commuting with T and covering the usual C×-action
on CP 1;

(iii) a biholomorphism

λ : Y × (CP 1 \ {0}) ∼= Y \ Y0, (3.15)

which is equivariant with respect to the actions of T×S1
0 on Y ×(CP 1\{0}) and

T× S1
ρ on Y \ Y0, where S1

0 stands for the standard S1-action on O(1)→ CP 1.

This prompts the following

Definition 3.35. Let (Y, J, ζ) be a smooth polarised complex cone endowed
with a holomorphic action of a compact torus T, and ζ ∈ t+ a Sasaki–Reeb
polarisation. A smooth T-equivariant test configuration of (Y, J, ζ) is a smooth
polarised complex cone (Y,J , ζ̃), endowed with a T-action such that ζ̃ ∈ t̃+,
satisfying the conditions (i)–(iii) above.
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Using the description of the Reeb cone as the dual of the momentum cone
see Remark 2.13 (and thus are convex polyhedral cone) we get that the Reeb
cone (in t) of (Y,J , ζ̃) and (Y, J, ζ) coincide and that

ζ = ζ̃.

Now, from Proposition 2.17 a smooth complex polarised cone say (Y,J , ζ) corre-
sponds to a transversal holomorphic manifold (N := Y/R+

(−J ζ), ζ,J
ζ) together

with a marking Ξ ⊂ S(N , ζ,JK) i.e a slice in the space of compatible contact
forms induced by radial potentials via Lemma 2.16. Each r ∈ Rζ(Y)T deter-
mines a form ηr ∈ Ξ such that the Sasaki structure induced on (N , ζ,JK) is
Sasaki isomorphic to the Sasaki manifold

(Nr := r−1(1),D := TN ∩ ker(dc log r),J |D , ζ)

with contact form ηr := dc log r. The gobal invariant we propose below (3.16),
does not depend on the choice of r ∈ Rζ(Y)T following a standard argument
[111, Prop. 4.4].

Definition 3.36. [ACL] Given a smooth T-equivariant test configuration (Y, ζ)
of the polarised complex cone (Y, ζ) with ζ ∈ t+ as in Definition 3.35, and a
radial potential r ∈ Rζ(Y)T, we define the global Futaki invariant of (Y, ζ) as

GFζ(Y) :=− 1

(n+ 1)!

∫
Nr

(
ScalTJ (ηr)− cζ

)
ηr ∧ (dηr)

n+1

+
2

n!

∫
Nr

(π∗ωFS) ∧ ηr ∧ (dηr)
n,

(3.16)

where Nr := r−1(1), ηr := (dc log r)|TNr , ScalTJ (ηr) is the transversal scalar cur-
vature of the Sasaki structure by the inclusion Nr ⊂ Y and ηr, cζ = S(ζ)/V(ζ),
and ωFS is the Fubini–Study metric on CP 1 satisfying Ric(ωFS) = ωFS.

The invariant GFζ looks like the intersection formulation of the Donaldson–
Futaki invariant discussed in 2.2 and, unsurprisingly, it coincides, up to a factor
2π, with the Donaldson–Futaki invariant of the Sasaki Reeb quotient whenever
ζ is quasiregular. Indeed, when ζ is induced by a circle action S1

ζ and given

r ∈ Rζ(Y)T, Nr is a principal S1
ζ–bundle overMζ := Nr/S1

ζ and ηr a connection
1-form, so the integrals in (3.16) (see that apart from ηr all the forms are ζ-
basic) are 2π times the corresponding integrals onMζ . Moreover,Mζ (together
with its induced complex structure and polarisation Lζ coming from Yζ) is a
polarised (orbifold) test configuration over the compact orbifold Y1/C∗ζ where

Y1 = π−1(−1) ⊂ Y is the fiber at 1. Using this, together with the fact that
quasi regular vector fields are dense in t+ and applying Donaldson’s argument
[82, p.315], see also [175, 201, 164], to relate the Donaldson-Futaki invariant
(asymptotic weight on the central fiber) to an intersection formula of orbiline
bundles over the orbifold baseMζ . Then Ross–Thomas extension of K-stability
theory [180] was already related to the concept of K-stability in [68], which we
used to get the following.

Proposition 3.37. [ACL] Let (Y, ζ) be a smooth T-invariant test configura-
tion of polarised complex cones associated to (Y, ζ) with ζ ∈ t+. Consider the
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corresponding polarised affine cone (Ŷ, ζ) with central fiber the polarised affine

variety (Ŷ0, ζ) and associated Donaldson–Futaki invariant DFŶ0,ζ
(νw). Then

DFŶ0,ζ
(νw) = λ(n)GFζ(Y). (3.17)

for a dimensional constant λ(n) > 0.

3.2.3.3 Applications to K-polystability

Berman–Darvas–Lu [34] have used properness (relative to the reduced group
of automorphisms) of the Mabuchi energy to prove K-polystability of polarised
cscK manifolds. Lahdili in [142] modified the argument from [34] (and from
[34, 186]) to incorporate the weights he is working with, doing so, he proved
that the existence of weighted cscK metric implies that his weighted Donaldson-
Futaki invariant Fζ̌,κ is non-negative on any smooth T–equivariant test configu-
rations with reduced central fiber. Using again the assumption that ξ is regular
and Proposition 3.1 to translate all our problem into the framework of weighted
cscK structures on a smooth compact Kähler manifold, we were actually able
to improve [142, Theorem 2] in our setting. The argument simplifies thanks to
the fact that G acts directly on the potentials we consider (no-normalisation,
by Aubin functional, is needed and even the original proof of [34] is simplified
as we can take a fixed base point). Note also that compare to Lahdili’s frame-
work the weights in our setting come from a natural geometric model and are
rational functions. Finally, using integration by parts we were able to relate the
weighted Donaldson-Futaki invariant of Lahdili to the global Futaki invariant
of the associated polarised cone defined above.

Theorem 3.38. [Apostolov–Calderbank–L. [ACL]] Let (N,D, J, ξ) be a compact
regular Sasaki manifold and T a maximal torus in Aut(N,D, J). Let ζ ∈ t+ be a
Sasaki–Reeb vector field with associated polarised complex cone (Y, J, ζ). If there
exists an extremal Sasaki structure in S(ζ, Jζ), then for any smooth polarised
T–equivariant test configuration (Y,J , ζ) over (Y, J, ζ) with reduced central fiber
and which is not a product we have

GFζ(Y,J ) > 0.

In particular, DFŶ0,ζ
(νw) > 0.
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Chapter 4

Extremal metrics in toric
geometries

As highlighted in [86], the symplectic point of view (fixing the symplectic form
instead of the complex structure) has the advantage to translate more directly
the Calabi problem into the formalism of Gauge Theory. In this setting, al-
most Kähler metrics can be included in the picture naturally and this is on this
space that the Donaldson–Fujiki momentum map approach to the YTD conjec-
ture [100, 82] takes its place. In (compact) toric geometry, the correspondence
between symplectic versus complex point of views has a simpler form via the
affine geometric dictionary established along the years. In particular, from the
symplectic side, a T–invariant extremal Kähler metric corresponds to a convex
solution of non-linear PDE equation (recalled below) on the moment polytope
P ⊂ t∗. The convex solution must satisfy some boundary condition encoded by
a labelling `, a set of affine functions over t∗, say ` = {`1, . . . , `d}, so that

P := {x ∈ t∗ | `s(x) ≥ 0}

uniquely determined by the lattice of circle subgroup Λ ⊂ t. This correspon-
dence is obtained by combining works from Guillemin [115], Abreu [1, 2], Don-
aldson [82] (precision about the boundary conditions were given in [83, 12])
building on the Delzant–Lerman–Tolman correspondence for toric symplectic
orbifolds [77, 157].

As advertized by Donaldson in [82, 86], the resulting Calabi problem on (P, `)
makes sense more generally as an abstract 4th order PDE problem. Moreover,
(T–relative) K-stability should have an affine-convex/analytical counter part
in terms of (P, `) which would obstruct the PDE problem to admit a convex
solution. This idea has been exploited and pursued by many Kähler geometers
during the last two decades, notably [9, 13, 63, 147, 210] and Donaldson used
this theory to prove the YTD conjecture for toric surfaces with vanishing Futaki
invariant in [82, 83, 84, 82].

Using important inputs of Zhou–Zhu [210] and Donaldson [82], the recent
resolution by Chen–Cheng [61] and He [120] of an analytical version of the YTD
conjecture can be translated in terms of the labelled polytope data (P, `) as ex-
plained in [L4] and reported in §4.2. In this dissertation, this condition on the

63
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labelled polytope (P, `) uniform K-stability1, a notion (in the toric case) going
back to Donaldson seminal paper [82] and recalled in Definition 4.25 below.
Uniform K-stability was proven to be necessary when a smooth convex solution
of the Calabi problem exists on (P, `) by Chen–Li–Sheng [63]. As I pointed
out in [L4], their proof holds as well for toric extremal almost Kähler metric
of involutive type. A direct application is that the existence of an extremal
toric almost–Kähler metrics (of involutive type) on a compact symplectic toric
manifold is equivalent to the existence of an extremal toric Kähler metric as
predicted by Donaldson [82].

As a guiding principle, all the T–invariant topological/geometric properties
of a toric symplectic manifold have a combinatorial counterpart expressed in
terms of its labelled polytope (P, `). An example that will be explained below
is that a symplectic manifold (M,ω) is monotone if and only if ∃λ > 0 such
that λ[ω] = c1(M). A toric symplectic manifold is monotone if and only if
there exits a point p ∈ P such that `1(p) = · · · = `d(p). The latter condition
makes sense for any polytope likewise the Futaki invariant is translated by a
condition on the barycenters of P and ∂P with measures defined below. In
[L3], I proved that given any convex compact polytope there exists a unique
labeling such that (P, `) is monotone and has Futaki invariant zero. This result
complement observations from [82]. Then inspired by, and building on, [86] I
gave an argument to extend the Wang–Zhu Theorem [202] to the abstract setting
and ensure the existence of a solution of a Kähler–Einstein equation on simple
labelled polytopes. Simple polytopes have a natural simplicial fan attached at
each vertex and I used these as symplectic charts even in the abstract case
when they don’t glue together to give a compact toric manifold. This idea was
also mentioned by Donaldson in [84]. I discuss these technics, problems and
solutions in §4.1 together with geometric applications. In particular, we get
existence and uniqueness of a Kähler–Einstein metric with Einstein constant 1,
with singularity of conical type along the invariant divisor, on any compact toric
manifold. The angle on the singularity can change depending on the component
of the divisor and it can be greater, equal or smaller than 2π. These solutions
include those found by Berman–Berndtsson [32] using Monge–Ampère technics.

A basic idea used in the results above is that any torus invariant ten-
sor/function on a toric symplectic manifold (Mn, ω,T) correspond to a ten-
sor/function defined on the moment polytope with appropriate boundary con-
dition. In a joint work with Sena-Dias [LSD], we explored the limit of this
idea showing that the first eigenvalue of the Laplacian of any n–toric Kähler
manifold is sharply bounded by the one of the Fubini-Study metric Laplacian
on CPn but the set of invariant first Laplacian eigenvalues of compatible toric
Kähler metrics on (Mn, ω,T) is ]0,+∞[.

1It is not clear a priori that this notion coincides with other types of uniform K-stability
proposed in the literature [126, 8] but it is the only notion of uniform K-stability discussed
here, there should be no confusion.
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4.1 The Calabi problem on polytopes

4.1.1 The Abreu equation on symplectic potentials and
applications

Here t∗ is a n–dimensional affine space and P ⊂ t∗ is a relatively compact
open convex polytope which is simple(i.e any vertex of P is the intersection of
exactly n–facets (codimension 1-faces)). The solution we seek must satisfy some
boundary condition in terms of a set of inward normal vectors to P encoded in
a (minimal) set of affine-linear functions `1, . . . , `d ∈ Aff(t∗,R) such that

P = {x ∈ t∗ | `s(x) > 0, s = 1, . . . , d}.

We call such a pair (P, `) a labelled polytope and ` = {`1, . . . , `d} a labelling of
P . A symplectic potential of (P, `) is a convex function u ∈ C0(P ) ∩ C∞(P )
whose restriction to any face’s interior is smooth and convex and such that

u− 1

2

d∑
s=1

`s log `s ∈ C∞(P ).

We denote S(P, `) the set of symplectic potentials of (P, `). The function
1
2

∑d
s=1 `s log `s ∈ C0(P ) ∩ C∞(P ) lies in S(P, `) and is called the Guillemin

potential. As we will recall below in §4.1.4, to each u ∈ S(P, `) is associated a
riemannian metric gu on P×t ⊂ T ∗t which, together with the Liouville structure
defines a Kähler structures.

A symplectic potential u ∈ S(P, `) satisfies the Abreu equation if its ”scalar
curvature” is affine-linear on P , that is

S(u) := −
n∑

i,j=1

uij,i,j ∈ Aff(t∗,R) (4.1)

where uij is this inverse of the Hessian of u and (f,i,j) denotes the Hessian of a
function f . Particular cases include the Abreu cscK equation which is

S(u) is constant

and the Kähler–Einstein equation (with Einstein constant λ) which is the matrix-
equation

ρ(u) := −1

2

(
n∑
i

uik,i,j

)
1≤j,k≤n

= λIdn (4.2)

where Idn is the n× n identity matrix.

Elementary considerations, see Definition/Proposition4.14, imply that if (4.2)
holds then λ > 0. Also, if S(u) ∈ Aff(t∗,R) then S(u) = A(P, `) where A(P, `)
is predetermined by the data (P, `). Moreover, an argument due to Guan [114]
can be applied directly here to claim that, up to addition by an affine-linear
function, there exists at most one solution u ∈ S(P, `) of (4.1).

Solutions of the Calabi problem on polytopes include at least three interest-
ing special geometric structures:
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1) When (P, `) has rational type that is when the vectors d`1, . . . , d`d ∈ t
span a lattice Λ ⊂ t, a solution u ∈ S(P, `) to the Abreu (resp. KE)
equation corresponds to an extremal Kähler metric (resp. KE metric)
on the toric symplectic orbifold associated to (P, `,Λ) through Delzant-
Lerman-Tolman correspondence [115, 1, 2, 82, 12].

2) When `1, . . . , `d ∈ Aff(t∗,R) span a lattice Λ in Aff(t∗,R), a solution
u ∈ S(P, `) to the Abreu (resp. KE) equation corresponds to an extremal
Sasaki metric (resp. η–Einstein metric) on the contact orbifold associated
to (P, `,Λ) through Lerman correspondence [3, 148, 167] see also 5.2.1.

3) When (P, ˜̀) has rational type with lattice Λ = SpanZ{d˜̀
1, . . . d˜̀

d}, a so-
lution u ∈ S(P, `) to the Abreu (resp. KE) equation for another set of
labelling ` of P , corresponds to an extremal Kähler metric (resp. KE
metric) with edges singularity along the invariant divisor on the toric
symplectic orbifold associated to (P, ˜̀,Λ) [L3], see4.1.4.

Remark 4.1. To substitute ”orbifolds” by ”manifolds” in the cases 1 and 3
above one needs to impose the following Delzant condition: for each vertex
p ∈ P the set of vectors {d`s | `s(p) = 0} is a basis of the lattice Λ span by the
normal vectors [77]. In the contact Sasaki case (case 2 above) the condition is
SpanZ{`s | `s(p) = 0} = Λ ∩ SpanR{`s | `s(p) = 0} for any vertex p, [148]. In
both cases, the Delzant condition imposes that P is simple.

4.1.2 Unicity of Kähler–Einstein symplectic potential on
simple polytopes.

With this terminology in place, the main result in [L3] is the following.

Theorem 4.2 (Donaldson [86], L. [L3]). For any (relatively compact simple)
labelled polytope P and λ > 0, there exists a unique labelling ` and a solution
u ∈ S(P, `) of the Kähler–Einstein equation (4.2) with Einstein constant λ.
Moreover, this solution u is unique in S(P, `) up to addition by an affine-linear
function.

This extends the Theorem of Wang–Zhu [202] which ensures the existence
of a smooth toric Kähler–Einstein metric on any toric Fano manifolds with van-
ishing Futaki invariant (the case of Kähler-Ricci soliton is discussed below). Shi
and Zhu [183] proved the orbifold version. A proof of the existence part of The-
orem 4.2 was proposed in [86] using only the affine geometry side of the picture.
The demonstration in [L3] uses the symplectic charts associated to the vertices
of P (and the labelling) to extends the Theorem of Wang–Zhu in this abstract
context and will be discussed below. First, we explain some consequences of
this result.

Combined with the openness result of Donaldson [84] and the linear con-
straint A(P, `) = constant, Theorem 4.2 implies the following corollary where
the set of labellings of P is denoted Lab(P ). The latter is an open quadrant in

the space
⊕d

i=1 F
0
i ' Rd where F 0

i is the annihilator in Aff(t∗,R) of the facet
Fi ⊂ P ⊂ t∗.
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Corollary 4.3. [L3] For any simple, relatively compact, polytope P , there is a
non empty open set of labellings U ⊂ Lab(P ) such that for each ` ∈ U , S(P, `)
contains a solution of the extremal equation (4.1). Moreover U intersect non-
trivially a (d−n)–dimensional linear subspace so that each solution with labelling
in the intersection has constant scalar curvature S(u).

4.1.3 Applications on existence of toric Kähler–Einstein
orbifolds

Checking when the labelling found in Theorem 4.2 is rational leads to the fol-
lowing.

Corollary 4.4. [L3] Any compact simple polytope P whose vertices span a
lattice in t∗, is the moment polytope of a Kähler–Einstein orbifold, unique up to
finite orbifold covering and homothety.

Remark 4.5. 1) The volume of a toric symplectic manifold (Mn, ω,T = t/Λ)
is the volume of a polytope with respect to the measure on t∗ induced by the
lattice Λ, [115]. The point of view here is to fix a polytope P but not the
lattice. Going through Delzant construction with (P, a`, aΛ) where a runs in
R>0 produces homothetic symplectic manifolds/orbifolds.
2) Observe also that corollary 4.4 does not come in contradiction with the
fact that there is only a finite number of toric Fano Gorenstein varieties in
each dimension. As discussed in [157, Remark 9.6] the classification of toric
symplectic manifolds is not equivalent to the one of toric algebraic varieties, the
co-dimension one orbifold singularities ”disapear” in algebraic geometry.

There exist smooth irregular toric Sasaki–Einstein metrics see [113]. The
labelled polytope (P, `) associated to such object cannot be rational (by unicity
of Sasaki–Einstein metric in the Reeb cone [167]). However, the Kähler–Einstein
solution u with scalar curvature 2n(2n + 2) on a lattice polytope P defines a
Sasaki–Einstein metric on a contact orbifold associated the cone, labelled by `,
over P in Aff(t∗,R), [3, 148].

Comment 4.6. It is not stated as such in [L3] (partly because the classification
of toric contact orbifold is not developed as much as the symplectic one) but
the contact/Sasaki counterpart of Corollary 4.4 should be expressed in terms
of the embedding of P into Aff(t∗,R)∗ by the evaluation map (i.e for x ∈ t∗,
evx ∈ Aff(t∗,R)∗). Namely that, any simple relatively compact polytope P ⊂ t∗

such that evx(P ) is a lattice polytope in Aff(t∗,R)∗ is the associated moment
polytope of a Sasaki–Einstein orbifold, unique up to covering.

4.1.4 Toric Kähler-Einstein metrics with conical singular-
ity along a divisor

Let (Mn, ω,T = t/Λ) be a toric symplectic manifold with momentum map
µ : M → t∗ and moment polytope µ(M) = P . The natural labelling ˜̀ here is
the one so that the normal inwards vectors d˜̀

1, . . . , d˜̀
d ∈ t are primitive in the

lattice of circle subgroups Λ ⊂ t.
We consider P × t ⊂ T ∗t with its canonical symplectic Liouville form ωcan,

that is, if (x, θ) are coordinates on P × t (where x : t∗ → Rn are affine and
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dual to θ) ωcan =
∑n
i=1 dxi∧dθi. The toric symplectic theory [115] implies that

there is a T–equivariant symplectomorphism

Φ : M̊ := µ−1(P ) −→ (P × T, ωcan)

so that the first projection M̊ → P coincides with µ. Also, each convex function
ũ ∈ C∞(P ) defines a T–invariant ωcan–compatible Kähler metric

gũ =

n∑
i,j=1

ũ,i,jdxi ⊗ dxj + ũijdθi ⊗ dθj (4.3)

on (P × t, ωcan), thus on (P × T, ωcan). The theory established in [2, 12, 84]
states that the pull back Φ∗gũ is the restriction to M̊ of a smooth T–invariant
Kähler metric on (M,ω) if and only if ũ ∈ S(P, ˜̀).

Now, for any labelling ` of P , a symplectic potential u ∈ S(P, `) determines
a Kähler metric gu on the manifold P × t ⊂ T ∗t compatible with its canonical
symplectic form via formula (4.3) and thus on (P × T, ωcan). However, when
` 6= ˜̀, Φ∗gu is not the restriction of a smooth metric on M . Analysing the
behaviour of Φ∗gu along the invariant divisor in M , it is not surprising to find
conical singularity with angle 2π ˜̀

s/`s =: 2πβs along the preimage µ−1(F̊s) of
the interior of the facet Fs := `−1

s (0) ∩ P = ˜̀−1
s (0) ∩ P . Precisely, assuming up

to a rotation that d`s = dx1 taking polar coordinates ( 1
2r

2 := `s, θ1) transverse

to µ−1(F̊s), recycling the computation in [12], we get

gu =loc
1

βk

(
dr ⊗ dr + β2

kr
2dθ1 ⊗ dθ1

)
+ smooth. (4.4)

Consequently, we obtain

Proposition 4.7. [L3] Let (M,ω,T = t/Λ) be a smooth compact symplec-
tic toric manifold associated to the Delzant labelled polytope (P, ˜̀,Λ). For any
labelling ` of P , the symplectic potentials in S(P, `) define T–invariant, compat-
ible, Kähler metrics on the open dense subset of M where T acts freely. Each of
these metrics has a conical singularity of angle 2π ˜̀

s/`s > 0 along the pre-image
of the interior of the facet F̊s.

Denote `λ the labelling obtained in Theorem 4.2 corresponding to the Ein-
stein constant λ > 0. As a corollary of Theorem 4.2 we get the following.

Proposition 4.8. [L3] Let (M,ω,T = t/Λ) be a smooth compact symplectic
toric manifold associated to the Delzant labelled polytope (P, ˜̀,Λ).

For any λ > 0, there exists a T–invariant Kähler–Einstein metric gKE,λ
smooth on the open dense subset M̊ where the torus acts freely, compatible with
ω and with Einstein constant λ. The type of singularity of gKE,λ along the pre-

image of the interior of the facet F̊s is of edge type with angle 2π ˜̀
s/`

λ
s > 0 along

the pre-image of the interior of the facet F̊s. Moreover, any ω–compatible T–
invariant Kähler–Einstein metric on M̊ with Einstein constant λ is T-equivariantly
isometric to gKE,λ.

According to Lerman–Tolman [157], any two T–invariant complex structures
compatible with ω on M are T–equivariantly biholomorphic. This biholomor-
phism can be made more explicit by using the Legendre duality, namely given
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two symplectic potentials u, uo ∈ S(P, ˜̀), normalized so that both reach their
minimum at the same point p ∈ P , the map

(duo × Id)−1 ◦ (du× Id) : P × T→ P × T

is the restriction of a smooth diffeomorphism of M and send the complex struc-
ture associated to gu to the one associated to guo see [84, 8]. Of course, if u
and uo are symplectic potentials with respect to distinct labellings of P the map
above does not extend smoothly on M . However, on M̊ it identifies the complex
structures associated respectively to gu and guo and allows to express the sin-
gularity (4.4) in complex coordinates which turns out to be conical singularity
along divisors as studied in [89].

Remark 4.9. Passing from symplectic to complex point of views is direct in
(compact) toric geometry. When (P, `) is the labelled polytope of a smooth
compact toric symplectic manifold (M,ω) with momentum map µ : M → P , to
u ∈ S(P, σ) is associated a ω–compatible Kähler structure (gu, Ju) on M . In
this context, Guillemin proved in [115] that the map

(x, θ) 7→ dxu+
√
−1θ

provides complex coordinates on (TqM,Ju) ' Cn where µ(q) ∈ P is the mini-

mum of u. Thus it identifies the ”big” orbit (M̊, Ju) ' (C∗)n through the TC
orbit of q, i.e. the flows starting at q of the vector fields e1, . . . , en, Jue1, . . . , Juen
where e1, . . . , en is a basis of t.

In coordinates (y, θ) = (dxu, θ), a Kähler potential of the Kähler form ω is
given by the Legendre transform ψu : t→ R of u, that is

ψu(y) = 〈x, y〉 − u(x) (4.5)

for y = dxu.

The constraints λ = 1 and βk ≤ 1 (i.e angles smaller than 2π) impose
condition on P which can be expressed in terms of the barycenter of P . In [32],
Berman and Berndtsson have discovered this condition using Monge-Ampère
technics (working in complex coordinates) and have interpreted their result in
terms of K-stability of the Fano pairs, confirming the Yau–Tian–Donaldson
conjecture in this case. They also have related their result to Chi Li toric
formula of the Ricci lower bound [158] which was further studied in [159].

Remark 4.10. Consider the 2–sphere with a smooth Kähler–Einstein metric
(S2, gKE , ω) with Einstein constant 1 and let (P, `) be its associated Delzant
labelled polytope. For a > 0, the Kähler–Einstein symplectic potential in (P, a`)
defines (via Proposition 4.8) a singular Kähler–Einstein structure (S2, gKE,a, ω).
The existence of these metrics are well-known. It is also well-known that there
is no S1–invariant csc metric on sphere, smooth outside the North and South
poles, with conical singularity of distinct angles at the two poles. Proposition 4.8
extend this fact to any toric symplectic manifold.

Comment 4.11. Let (M,ω,T) be a smooth compact symplectic toric mani-
fold associated to the Delzant labelled polytope (P, ˜̀,Λ). There is a (d − n)–
dimensional cone of labellings of P that can be identified with the Kähler cone
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of M (remember that all two T–invariant complex structures on M are T–
equivariantly biholomorphic). However, the change of coordinates in this case
do not preserve the Abreu equation in general and extremal Kähler potentials
in other classes are not sent to extremal Kähler potentials on P . I suspect a
kind of weighted csck equation in the sense of Lahdilli [142] (with maybe more
than one weight function v) should be involved here.

4.1.5 Obstructions to existence of Kähler–Einstein sym-
plectic potentials

The Kähler–Einstein equation (4.2) has a better and more classical expression
in terms of the Ricci potential. To express this in terms of (P, `), note that from
the duality established in [115], given u ∈ S(P, `) the only smooth pluriharmonic
functions are the affine-linear functions in the variable du ∈ t, namely ddcf :=
−d(df ◦Ju) = 0 iff f(x) = 〈α, dxu〉+c for some α ∈ t∗, c ∈ R, where the complex
structure Ju depends on u. Thus, u ∈ S(P, `) is a solution of (4.2) with λ > 0
if and only if there exist po ∈ t∗ and c ∈ R such that

− 1

2
log(detuij(x))− λ(〈x, dxu〉 − u(x))− λ〈po, dxu〉+ c = 0. (4.6)

Indeed, the condition is that the difference between the Ricci potential of u,
which is

Ru := −1

2
log detuij (4.7)

(see [1]) and the Kähler potential (see [115])

ψu(x) := 〈x, dxu〉 − u(x)

is a affine-linear function in the variable dxu.

We may assume c = 0 in (4.6) by adding c to u. However, the smooth-
ness over P of the l.h.s. (4.6) does not depend on the representative u ∈
S(P, `). A straightforward computation see [153] with the Guillemin potential
1
2

∑d
s=1 `s log `s ∈ S(P, `), leads to the condition that

`1(po) = · · · = `d(po) =
1

λ
.

Definition 4.12. A labelled polytope (P, `) is monotone if there exists po ∈ P
with `1(po) = · · · = `d(po).

Remark 4.13. The polytope associated to a toric Fano variety (M,−KM )
is naturally ”normalized” so that po = 0. Indeed, there is canonical way to
linearize the torus action on −KM which fixes the polytope. More generally the
complex point of view in toric geometry also needs a point to be chosen in the
dense orbit p ∈ M̊ to identify TpM ' Cn. Thus, in the literature, the convention
po = 0 (obtained by a translation) is often taken which makes (4.6) looks better
(and it looks even more better in complex coordinates y+iθ = dxu+iθ) but this
normalisation might be confusing when the labelled polytopes come in families
(eg. toric Sasaki geometry) see eg §5.2.1.
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A second obstruction to solve the Kähler–Eintein equation is given by the
Futaki invariant. In the toric case, it turns out that the extremal vector field of
Futaki–Mabuchi [110] can be encoded in an affine linear function A(P,`) which
is the unique candidate for the scalar curvature of an extremal toric Kähler
metric. This was proved by Donaldson in [82, 84] and this works the same in
the abstract setting too, as we recall now.

A labelling ` on P determines a measure σ` on the boundary of P as follows

`s ∧ σ` = −dv on Fs (4.8)

where again dx = dx1 ∧ · · · ∧ dxn is a fixed affine invariant volume form on t∗.

Definition/Proposition 4.14. [82] Given a labelled polytope (P, `), there
exists a unique affine-linear function A(P,`) ∈ Aff(t∗,R), called the extremal
affine function such that

L(P,`)(f) :=

∫
P

fA(P,`) dv − 2

∫
∂P

fσ` = 0 (4.9)

for any affine–linear function f ∈ Aff(t∗,R). Moreover, if there exists u ∈
S(P, `) solving the Abreu equation (4.1) then S(u) = A(P,`). Finally, A(P,`)

is constant if and only if bar(P,dv) = bar(∂P, σ`). In that case, A(P,`) =
2
∫
∂P

σ`(
∫
P
A(P,`) dv)−1 > 0.

The key lemma leading to Theorem 4.2 is the following.

Lemma 4.15. [L3] For any relatively compact polytope P , there is a n–dimensional
cone of labelling ` ∈ Lab(P ) such that (P, `) is monotone. This cone contains
exactly one ray of labelling ` such that A(P,`) is constant.

The existence part of such labelling was proved in [84] when dimP = 2.
In [L3] using a triangulation the rest of the statement of the lemma is proved

using the basic observation that if (P, `) is a labelled polytope, p ∈ P and λ > 0
then {

`1
λ`1(p)

, . . . ,
`1

λ`d(p)

}
is a monotone labelling of P . Conversely, any monotone labelling of P is of this
type. In [dBL, Lemma 3.10], we observed that if (P, `) is monotone with respect
to q` ∈ P with `s(q) = c > 0 then the measure σ` can be defined explicitly as

σ` =
1

c

n∑
i=1

(−1)i+1(xi − q`,i)dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn

with the classical notations in coordinates. We check easily that σ` satisfies
(4.8) and dσ` = n

c dv from which we end up (see [dBL, Lemma 3.10]) with the
equation (

1 +
1

n

)
bar(P,dv) = bar(∂P, σ`) +

q`
n
. (4.10)

This provides a simpler proof of the last claim of Lemma 4.15. Indeed, on a
monotone polytope (P, `) with respect to q` ∈ P , the condition that the Fu-
taki invariant of (P, `) vanishes, equivalently A(P,`) is constant or bar(∂P, σ`) =
bar(P,dv), see Definition/Proposition 4.14, implies by (4.10) that q` = bar(P,dv)
which in turns fixes the labelling ` up to a dilatation.
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4.1.6 The Wang–Zhu Theorem on monotone labelled poly-
topes

Recall that a Kähler–Ricci soliton on a complex manifold (M,J) refers to a
Kähler metric ω and a holomorphic vector field Z satisfying ρω − λω = LZω
where λ ∈ R. In the toric compact context of this chapter we always have λ > 0
and Z is of the form Z = JXa − Xa ∈ LieTC ' t ⊕ Jt. The Kähler–Ricci
equation translates on symplectic potentials as

x 7→ −1

2
log(detuij(x))−λ(〈x, dxu〉−u(x))−λ〈po, dxu〉 ∈ Aff(t∗,R). (4.11)

Here again the existence of a solution of this equation imposes (P, `) to be
monotone with respect to the point po. Also, adding a constant to u if necessary
we replace the r.h.s. of (4.11) by t = (t∗)∗. Then, if (4.11) holds, the linear
function on the right is the unique a ∈ t such that∫

P

e−〈a,x〉(f(x)− f(po))dv = 0 ∀f ∈ Aff(t∗,R), (4.12)

where again dv = dx1 ∧ · · · ∧ dxn is a fixed affine invariant volume form on t∗.
see [86, 183].

The Theorems of Wang–Zhu [202] and Shi–Zhu [183] in the abstract sym-
plectic point of view translate as follows.

Theorem 4.16. (Affine-convex version of Wang–Zhu Theorem [202, 183, 86,
L3]] Let (P, `) be a simple, relatively compact, monotone labelled polytope with
respect to the point po. Then there exists u ∈ S(P, `) solving (4.11) and this
solution is unique up to addition by an affine-linear function. Moreover, u solves
the Kähler–Einstein equation (4.6) if and only if A(P,`) is constant.

From the discussion in the last subsection the last claim of the Theorem is
straightforward. Indeed, a = 0 in (4.12) if and only if po = bar(P,dv) which, by
(4.10), holds if and only if A(P,`) is constant using Definition/Proposition 4.14.

Wang–Zhu proved their Theorem (which is equivalent to Theorem 4.16 when
(P, `) is monotone and Delzant) using a continuity method. They picked a T–
invariant Kähler form ω0 ∈ c1(M) defined a path of Monge–Ampère equations
depending on t ∈ [0, 1], say

Ft(ψ) ≡ 0

on T–invariant Kähler potentials {ψ ∈ C∞(M)T |ω0 + ddcψ > 0} with appro-
priate normalisations involving ω0 and X. A solution of the equation at t = 1
was the one they seek, at t = 0, the solution ψ0 solves Zhu’s equation [211],
namely that ω = ω0 + ddcψ0 satisfies

ρω − LZω = ρω0 . (4.13)

Then Wang and Zhu proved that the set of t ∈ [0, 1] for which a solution exists
is open and closed using the ellipticity of their equation and a priori estimates
allowing them to use the now standard bootstrap argument.
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In fact, the argument of Wang–Zhu holds for any labelled polytope without
any deep modification. When (P, `) is not necessarily rational, following [86],
we consider P×t with its symplectic structure (that is, P×t ⊂ t∗×t ' T ∗t) and
the t–hamiltonian action by translation on the second factor, the moment map
is the projection on the first factor. The invariant Kähler metric gu, defined
via (4.3), for a symplectic potential u ∈ S(P, ν), is simply a t–invariant Kähler
metric on P × t with specific behavior along ∂P × t.

As introduced in [96], see also [86, 84], given a simple labelled polytope
(P, `), each vertex p of P provides a basis {d`s | `s(p) = 0} of t and thus de-
termines uniquely an open toric symplectic manifold (Mp, ωp,Tp) with Tp =
t/SpanZ{d`s | `s(p) = 0} following the well-known caracterisation of linear hamil-
tonian torus actions by their weights, see eg [157]. These toric charts are the
orbifold uniformizing charts when (P, `) is rational. The boundary condition on
symplectic potential u ∈ S(P, `) corresponds exactly to the condition that gu
defines a smooth Tp–invariant Kähler metric on each toric chart (Mp, ωp,Tp).

The potentials ψ appearing in the proof of Wang–Zhu, behave as smooth
functions defined on the compact set P on which we can consider the Lp,q norms
and so on. The reference metric (J, ω0) corresponds to a symplectic potential
u0 ∈ S(P, `) for which the boundary condition, suitably interpreted, allows to
apply the (local) computations of Yau [206] and Tian–Zhu [195] on each chart
(Mp, ωp, Tp). Along the way, we show that both Yau’s Theorem [206] and Zhu’s
Theorem [211] hold in this extended setting.

To state these last results we need to introduce the equivalent of (1, 1)–
Dolbeaut classes for abstract labelled polytopes. This is also done by Donaldson
in [86] we recall the idea. Given f ∈ C∞(P ) one can define the class [f ] := {f̃ ∈
C∞(P ) | f − f̃ ∈ C∞(P )} where we recall that a function is in C∞(P ) if it
is the restriction to P of a smooth function defined on an open set containing
P . The class [f ] is an analogue of the T–invariant (1, 1)-Dolbeaut cohomology
class. Indeed, in the case where (P, `) is rational, thus associated to a toric
symplectic orbifold (M,ω,T) with momentum map µ : M → P , a theorem of
Schwarz [182] implies that C∞(M)T = C∞(P ). Combining this with the ddc–
lemma and the equivariant identification M̊ ' P × T, we get that every two
co-cohomological T–invariant smooth (1, 1) forms on M correspond to functions
in C∞(P ) belonging to the same class [f ].

For u ∈ S(P, `), we denote Ru := − 1
2 log(detuij(x)), this is a potential for

the Ricci form of the Kähler metric (gu, ω). Observe that Ru+ 1
2

∑d
s=1 log(`s) ∈

C∞(P ).

Theorem 4.17. (Affine-convex version of Yau’s Theorem, [206, 86, L3]) Given
R ∈ C∞(P ) such that R − Ruo ∈ C∞(P ), there exists u ∈ S(P, `) such that
R = 1

2 log det (Hessu)x and this solution is unique up to addition by an affine-
linear function.

Theorem 4.18. (Affine-convex version of Zhu’s Theorem, [211, 86, L3]) Given
a convex function R ∈ C∞(P ) such that R − Ruo ∈ C∞(P ) and a ∈ t, there
exists u ∈ S(P, `) such that Ru−R = a and this solution is unique up to addition
by an affine-linear function.
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4.2 Toric almost Kähler metrics

An almost Kähler structure on a 2n-dimensional manifold M2n is a triple
(g, J, ω) such that g is a riemannian metric, ω is a symplectic form, and J ∈
Γ(End(TM)) squares to minus the identity, together with the following compati-
bility relation: g(J ·, J ·) = g(·, ·) g(J ·, ·) = ω(·, ·). A toric almost Kähler metric
(g, J) is then an almost Kähler metric on a toric symplectic manifold/orbifold
(M,ω,T) such that (g, J) is compatible with ω and g (equivalently J) is invari-
ant by the torus T. As proved in [82, 154], from the momentum map picture
the appropriate extremality condition for an almost Kähler metric has to be
expressed in terms of the scalar curvature of the Chern (or Hermitian) connec-
tion, which does not agree with the Levi-Civita connection when the complex
structure is not integrable.

The main result discussed in this section folllows from the observation that
the proof of the Chen–Li–Sheng Theorem [63] works equally for extremal toric
almost Kähler metric of involutive type. These special almost Kähler metrics
were introduced by Lejmi [154] and the definition is recalled below. Combining
this observation with Chen–Cheng [61] and He [120] existence Theorem, we
get that the existence of an extremal toric Kähler metric is equivalent to the
existence of an extremal toric almost Kähler metric of involutive type.

Proposition 4.19. [L4] Let (M,J, g, ω) be a compact toric Kähler manifold
with associated Delzant labelled polytope (P, `), such that (M,ω) admits a com-
patible extremal toric almost Kähler metrics of involutive type then (P, `) is uni-
formly K–stable2. Moreover, there exists a ω–compatible extremal toric almost
Kähler metrics of involutive type on M if and only if there exists a ω–compatible
extremal toric Kähler metric on M .

As explained below, in the toric setting an almost Kähler structure of invo-
lutive type is encoded in a smooth symmetric bilinear form H : P → Sym2(t∗)
on which the extremal equation is linear and of order 2. This is very specific to
the toric case and then Theorem 4.19 implies that a weaker conjecture than the
Yau–Tian–Donaldson holds in the toric case [82, Discussions (4a)]. Moreover,
combining Theorem 4.19 with Theorem 4.2, we get the following corollary.

Corollary 4.20. [L4] Given a simple relatively compact polytope P ⊂ t∗, the
set of labellings ` ∈ Lab(P ) such that S(P, `) contains a symplectic potential
solving the Abreu equation 4.1 is convex and non-empty.

Remark 4.21. It is unlikely that in general, for compact Kähler manifold of
non-toric type, the existence of an extremal almost Kähler metric (M,J, ω)
implies uniform K–stability of (M,J) or the existence of an extremal Kähler
metric compatible with ω. However, as pointed out in [138], a certain notion
of stability could generalize the conjecture and the theory to almost Kähler
metrics.

In [14], for any k2, k1 > 0 and any toric symplectic form ω on the total space
of the projective bundle P(O ⊕ O(k1) ⊕ O(k2)) → P1, they construct explicit
examples of almost Kähler metrics compatible with ω. One can check directly

2Here uniform K-stability should be understood as defined below, see Remark §4.26.
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that these metrics are of involutive type and as an application of Theorem 4.19
we get the following.

Corollary 4.22. [L4] Each Kähler class of P(O ⊕ O(k1) ⊕ O(k2)) admits a
compatible extremal toric Kähler metric.

Remark 4.23. Theorem 4.19 has been recently extended to a class of weighted
toric extremal metric by Jubert [134] and applied to prove that each Kähler
class of the projective bundle PΣ(O ⊕ O(k1) ⊕ O(k2)) over an elliptic curve Σ
admits an extremal representative.

The rest of this section is dedicated to the proof of Proposition 4.19 which
is a combinaison of Theorem 4.27 and Lemma 4.31 below.

4.2.1 Toric almost Kähler metrics in action-angle coordi-
nates

Let (M,ω,T) be a toric symplectic manifold with a momentum map x : M → t∗

with associated labelled polytope (P, `). We use notation layed in §4.1 and fix
a set of affine coordinates x = (x1, . . . , xn) on t∗. In [154], the author proves
among other things that T–invariant almost Kähler structures compatible with
(M,ω) with involutive g–orthogonal distributions to the orbits (such structure
is called of involutive type) are parametrized by symmetric bilinear forms

H : P → Sym2(t∗) (4.14)

satisfying some conditions pointed out in [12] that we now recall.

(i) Smoothness H is the restriction on P of a smooth Sym2(t∗)–valued func-
tion defined on an open neighbourhood of P .

(ii) Boundary condition For any point y in interior of a codimension 1 face
Fs ⊂ P , denoting vs = d`s we have

Hy(vs, ·) = 0 (4.15)

dHy(vs, vs) = 2vs. (4.16)

(iii) Positivity For any point y in interior F̊ of a face F ⊂ P , H is positive
definite as Sym2(TyF̊ )–valued function.

Proposition 4.24. [Apostolov–Calderbank–Gauduchon–Tønnesen-Friedman [12]]
Let (M,ω, T ) be a toric symplectic manifold and (g, J) be a compatible T–
invariant almost Kähler metric of involutive type compatible with ω. Then the
symmetric bilinear form defined for a, b ∈ t and x ∈ P by Hx(a, b) := gp(Xa, Xb)
for any p ∈ M such that x(p) = x, satisfies the conditions (i), (ii) and (iii).
Moreover, for any such symmetric bilinear form H : P → Sym2(t∗) satisfying
conditions (i), (ii) and (iii) there is a unique compatible T–invariant almost
Kähler metric (gH , JH) of involutive type satisfying Hx(p)(a, b) = gHp (Xa, Xb)

for any p ∈M . With respect to action angle coordinates (x, [θ]) on t∗×T ' M̊ ,
the metric g is given as

g =
∑
i,j

Gijdxi ⊗ dxj +Hijdθi ⊗ dθj , (4.17)

where G = (Gij) = H−1.
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Thanks to Proposition 4.24 we parametrize the space of compatible toric
almost Kähler metrics of involutive type as

AK(P, `) := {H : P → Sym2(t∗) |H satisfies conditions (i), (ii) and (iii)}.

The inverse (uij) of the Hessian of symplectic potential u ∈ S(P, `) can be
extended as a bilinear form Hu ∈ AK(P, `). Observe also that for H0, H1 ∈
AK(P, `) we have

Ht = tH1 + (1− t)H0 ∈ AK(P, `) ∀t ∈ [0, 1].

The space AK(P, `) is then a convex infinite dimensional set of metrics.

As proved in [82, 154], given H ∈ AK(P, `), the hermitian scalar curvature
of (gH , JH , ω) in coordinates (x, θ), is

S(H) := −
n∑

i,j=1

∂Hij

∂xi∂xj
. (4.18)

A toric almost Kähler metric (gH , JH , ω) is extremal if and only if S(H) ∈
Aff(t∗,R) which in turn happens if and only if

S(H) = A(P,`) (4.19)

whereA(P,`) is the affine-linear function of (P, `) defined in Definition/Proposition 4.14.

Indeed, this follows from the following observation, made in [82]: for f ∈ C2(P ),
the boundary condition (ii) above implies∫

P

fS(H) dv =

∫
P

〈H,Hessf〉dv + 2

∫
∂P

f σ. (4.20)

4.2.2 Uniform K-stability of labelled polytopes

Consider the functional

L(P,`)(f) :=

∫
∂P

fσ` −
1

2

∫
P

fA(P,`)dx

which can be defined on various spaces of functions on P , for example C0(P ).
From Definition/Proposition 4.14 we get that L(P,`) vanishes identically on the
space of affine-linear functions.

Following [63, 82, 210], for a fixed point po ∈ P , we define the sets

C∞ :={f ∈ C0(P ) ∩ C∞(P ) | f convex }
C∗∞(po) :={f ∈ C∞ | f(p) ≥ f(po) = 0 ∀p ∈ P}

C∗(po) :=

f ∈ C0(P )

∣∣∣∣∣∣ ∃K > 0,∃f (k) ∈ C∞(po),

∫
∂P

f (k)σ` < K,

f (k) converges locally uniformly to f

 .

We have S(P, `) ⊂ C∞ for any ` ∈ Lab(P ). Note that the only affine-linear
function in C∗(po) is the trivial one.
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Definition 4.25. A labelled polytope (P, `) is uniformly K–stable if there exists
λ > 0 such that

L(P,`)(f) ≥ λ
∫
∂P

fσ`

for any f ∈ C∗(po).

Remark 4.26. Let T (P ) be the set of continuous piecewise linear convex func-
tions on P , that is f ∈ T (P ) if there are f1, . . . , fm ∈ Aff(t∗,R) such that
f(x) = max{f1(x), . . . , fm(x)} for x ∈ P . Given a lattice Λ ⊂ t, we define
T (P,Λ) ⊂ T (P ), the set of continuous piecewise linear convex functions on P
taking integral values on the dual lattice Λ∗ ⊂ t∗. When (P, η,Λ) is rational
Delzant and its vertices lie in the dual lattice Λ∗ ⊂ t∗, the associated symplectic
manifold (M,ω) is rational (that is [ω] ∈ H2

dR(M,Q)) and for any compatible
toric complex structure J on M the Kähler manifold (M,J, k[ω]) (for some k
big enough) is polarised by a line bundle Lk → M . In this situation, Don-
aldson presents in [82] a way to associate a test configuration (Xf ,Lf ) over
(M,L) to any function f ∈ T (P,Λ) such that the Donaldson–Futaki invariant
of (Xf ,Lf ) coincides, up to a positive multiplicative constant, with L(P,`)(f).
These test configurations are called toric degenerations in [82] and [210]. The
Yau–Tian–Donaldson conjecture predicts that if AP,` is a constant and there
exists a solution u ∈ S(P, `) of the Abreu equation (4.1) then

L(P,`)(f) ≥ 0

for any f ∈ T (P,Λ) with equality if and only f is affine-linear.

Observe that the map f 7→ ‖f‖∗ :=
∫
∂P

fσ` is a norm on C∗(po). Therefore,
Definition 4.25 coincides with the notion of uniform K–stability in the sense of
Székelyhidi [189] but with a different norm and adapted to the toric situation.
Moreover, this is the notion of stability in Definition 4.25 that Chen–Li–Sheng
used in [63] to prove the following when the solution H = Hu is the inverse
hessian of some u ∈ S(P, `).

Theorem 4.27 (Chen–Li–Sheng[63], L.[L4]). Let (P, `) be a labelled polytope
and assume there exists a solution H ∈ AK(P, `) of the equation (4.19) then
(P, `) is uniformly K–stable.

The main argument to prove Theorem 4.27 in [63] only uses the fact that
the Hessian and inverse Hessian Hu = (uij)

−1 of the solution u ∈ S(P, `) are
positive definite on the interior of P . One important step for their proof is
to show that : a labelled polytope (P, `) is uniformly K–stable if and only if
L(P,`)(f) ≥ 0 on some closed balls

CK∗ (po) := {f ∈ C∗(po) | ‖f‖∗ ≤ K }

for K >> 0, see [63, Proposition 4.5]. This is general and does not need
any hypothesis on the existence of a solution of the Abreu equation. The key
observation is the following, if H : P → Sym2(t∗) satisfies equation (4.19), that
is S(H) = −

∑n
i,j=1Hij,ij = A(P,`) then the boundary conditions (ii) of §4.2.1,

in particular (4.20), implies that

L(P,`)(f) =

∫
P

〈H,Hessf〉dx (4.21)
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whenever f is twice differentiable.
Therefore, let H be a solution of equation (4.19), then for any interval I ⊂⊂

P and sequence of convex functions fk ∈ C∞ ⊂ C∞(P ) converging locally
uniformly to f ∈ CK∗ then we have, using (4.21) and weak convergence of Monge–
Ampère measures, that

L(P,`)(fk) ≥ τmI(f) (4.22)

where mI(f) is the Monge–Ampère measure induced by f on I and τ is a
positive constant independent of k. This is [63, Lemma 5.1] from which one can
derive Theorem 4.19 using the same argument than [63] in the last paragraph of
their section 5. That is, if (P, `) is not uniformly K-stable, there is a sequence of
convex functions f (k) ∈ C∞(po) of norm 1 such that L(P,`)(f

(k))→ 0 and thus∫
P

f (k)A(P,`) → 1.

Then f (k) locally uniformly converges to a function f ∈ C∗(po) and we can
deduce from (4.22) that mI(f) = 0 for any segment I ⊂ P . This implies f = 0
but with these conditions we have∫

P

f (k)A(P,`) →
∫
P

fA(P,`) = 1

as proved in [82] ans from this we conclude Theorem 4.27.

Remark 4.28. In the toric case, hamiltonian 2–form, as introduced [11], are
used to build explicit solution H : P → Sym2(t∗) of equation (4.19) on some
simple labelled polytopes (P, `). This is a separation of variables and the equa-
tion splits in this case into a set of ODE. In many cases, smooth solution H
satisfying the boundary condition (ii) appearing in Proposition 4.24 do exist
and the issue is to know if H satisfies the positivity condition (iii). In case it
does not satisfy the positive condition (but the boundary condition) the method
of the proof above yields that (P, `) is unstable. This was used successfully in
[13] to produce unstable Kähler orbifolds.

4.2.3 Existence Theorem of Chen-Cheng and He

Let K be a maximal connected compact subgroup of Autred(M,J) with ex-
tremal vector field Xext([ω],K), see appendix A.2. We consider the space of K–
invariant Kähler potentials HKω := {φ ∈ C∞(M)K |ωφ := ω+ddcφ > 0} and the
modified Mabuchi K–energy introduced in [114] as a functional MK : HKω → R
satisfying MK(0) = 0 and

dMK
φ (ψ) =

∫
M

ψ(Scalωφ − fext(ω))ωnφ .

To get an effective parameterization of Kähler metrics, we need also to fixe a
normalisation which, classically is the subset HKω,0 ⊂ HKω given by the level set
of the Aubin–Mabuchi functional (see (3.12) in the Sasaki context) introduced
in [165], that is 0 ∈ HKω,0 and any smooth path ψt belongs to HKω,0 if and only if∫

M

·ψt ωnψt = 0.
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An alternative definition see eg. [112, §4.1], implies that HKω,0 is a slice for

the addition by constants and thus HKω,0 parameterized effectively the Kähler
class. The complexification G of K in Autred(M,J) does not act directly on
HKω (because ω is not invariant by G). However, given ψ ∈ HKω,0 and γ ∈ G,

γ∗(ωφ) = ω + ddc([γ](ψ)) for a unique [γ](ψ) ∈ HKω,0. This provides an action

of G on HKω,0.
An important ingredient in this theory is the distance d1,G on the quo-

tient HKω /[G] introduced by Darvas [72] and corresponding to the L1–norm on
TφHKω,0. That is for ψ ∈ TφHKω,0, the norm

∫
M
|ψ|ωnφ allows to compute the

length of curves and then d1(φ0, φ1) is the infimum of the length of the curves
joining φ0 and φ1. It turns out that G acts isometrically on (HKω,0, d1), [73] and

d1,G(φ0, φ1) := inf
γ∈G

d1(φ0, [γ]φ1).

Theorem 4.29. [He [120, Theorem 4]] There is a K–invariant extremal Kähler
metrics in (M,J, [ω]) if and only if the modified Mabuchi energy MK is bounded
below on HKω and proper with respect to d1,G.

Since the extremal vector field lies in the center of the reduced automorphism
group [57] see appendix A.1, thus within a maximal torus T, the Mabuchi en-
ergy MT restricts to HKω as MK . Moreover, since d1,G ≤ d1,TC on HKω , He’s
Theorem can be equally stated for K = T and G = TC.

On a toric manifold, following Donaldson [82], one can define the K–energy
on the space of symplectic potentials as follow. Let (P, `) be a labelled compact
simple polytope with extremal affine function AP,` ∈ Aff(t∗,R) and u ∈ S(P, `),
the modified Mabuchi K–energy is essentially

M(P,`)(u) = L(P,`)(u)−
∫
P

log det(uij)dv. (4.23)

Remark 4.30. Indeed, direct calculation shows that the critical points of (4.23)
on S(P, ν) are the symplectic potentials satisfying (4.1). To identify M(P,`)

with the modified Mabuchi energy, we need to fix a Kähler metric (ω0, J0),
equivalently a symplectic potential u0 ∈ S(P, `). Then the ω0–Kähler potential
of the Kähler structure (ω0, Ju) is the pull back by the momentum map of
the function x 7→ φu,u0

(x) := ψu(dxu) − ψu0
(dxu) where ψu is the Legendre

transform of u (4.5). That is φu,u0
extends smoothly on P and the T–equivariant

diffeomorphism Φ : M → M (inducing the diffeomorphism (du)−1 ◦ du0 on P )
send J0 on Ju and ω0 on ω0 + ddcuφu,u0

. Then M(P,`)(u) = MT(φu,u0
) + C

where C = −MT(0).

This allows to translate He’s Theorem (recalled in Theorem 4.29 above)
in terms of (P, `) only and putting together [82, Proposition 5.1.2] and [210,
Lemma 2.3] we will get

Lemma 4.31. [L4] If (P, `) is uniformly K–stable then M(P,`) is bounded below
on C∗(po) and is proper with respect to d1,TC .

The first condition is given by

Proposition 4.32. (Donaldson [82, Proposition 5.1.2]) If (P, `) is uniformly
K–stable then M(P,`) is bounded below on C∗(po).
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We will derive the second using the following result.

Lemma 4.33. [Zhou–Zhu [210, Lemma 2.3]] If (P, `) is uniformly K–stable
then there exist real constants C > 0, D such that

M(P,`)(u) ≥ C
∫
P

udv −D (4.24)

for all u ∈ C∗(po).

To work on the space of Kähler potentials we need to fix a metric u0 ∈
S(P, `). Then, we need to prove that one can choose C,D > 0 so that when
u ∈ C∗(po), C

∫
P
udv−D is an upper bound for d1,TC(0, φ̃u,u0

) with the notation

φu,u0 of Remark 4.30, φ̃ being the translation by a constant of φ ∈ HT
ω0

lying
in the slice HT

ω0,0 and u0. The left hand side is insensitive of the normalisation
M(P,`)(u+ f) = M(P,`)(u) for f ∈ Aff(P,R) but the right hand side is.

The Legendre transform relation (4.5) implies u̇t = − ˙ψut for any path ut of
symplectic potentials and thus, with fixed u0 ∈ C∗∞(po) ∩ S(P, `), we get that

φu,u0
∈ HT

ω0,0 ⇔
(
dpou = 0 and

∫
P

udv =

∫
P

u0dv

)
as highlighted in [8]. Therefore, for u ∈ C∗∞(po)∩S(P, `), ũ := u+ 1∫

P
dv

∫
P

(u0−
u)dv is such φũ,u0 ∈ HT

ω0,0 and

C

∫
P

udv −D = C

∫
P

|u|dv −D ≥ C
∫
P

|u− u0|dv −D′

≥ C

2

∫
P

|ũ− u0|dv −D′ ≥ C

2
d1(0, φũ,u0

)−D′ ≥ C

2
d1,TC(0, φũ,u0

)−D′.

Here for
∫
P
|ũ − u0|dv ≥ C ′d1(0, φũ,u0

) we use that the length of the path
tũ − (t − 1)u0 is an upper bound of the distance d1(ψu0

, ψũ) (via a change of
coordinates). In [L4], I have been careless with the normalisation and the middle
step above is taken from [210, 8].

4.3 The first eigenvalue of a toric Kähler mani-
fold

In this section, I present results obtained in collaboration with Rosa Sena-Dias
(IST, Portugal) on the first eigenvalue of the Laplacian of compact toric Kähler
manifolds, published in [LSD].

4.3.1 The Bourguignon–Li–Yau bound on the first eigen-
value of a toric Kähler manifold

Bounding the first (non-zero)) eigenvalue λ1 of the Laplacian on some space of
riemannian metrics on a compact manifold M is a classical topic in riemannian
geometry see eg [29]. A result of interest (from the geometric point of view)
is that g is extremal for the map g 7→ λ1(g) on the space of volume 1 rieman-
nian metrics on M if and only if a L2(g)–orthogonal basis of the λ1–eigenspace
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f0, . . . , fN embeds isometrically (M, g) into a a minimal submanifold of the
sphere SN ⊂ RN+1, [99, 174]. By a result of Bourguignon–Li–Yau [45], when
(M2n, J) is compact, complex, of Kähler type and polarised by an ample line
bundle ω ∈ c1(L), the Kodaira embedding into P(H0(M,LN )) provides an ex-
plicit upper bound on the first eigenvalue λ1(g) for any J–compatible Kähler
metric (g, ω) with [ω] ∈ 2πc1(L). With R. Sena-Dias we have translated their
result in terms of the labelled polytope data (P, `) in the case where (M2n, J, [ω])
is toric with integral Delzant labelled polytope (P, `) and extended the bound
to any rational Delzant labelled polytope by approximation as follows.

Theorem 4.34. [L.–Sena-Dias [LSD]] Let (M2n, ω) be a toric symplectic man-
ifold endowed with a toric Kähler structure whose Riemannian metric we denote
by g. Let P ⊂ t∗ be its moment polytope. There is an integer, k0(P ) ≥ 1 such
that for any k ≥ k0(P )

λ1(g) ≤ 2nk(Nk + 1)

Nk
.

where Nk + 1 = ](P ∩Zn/k). If P is integral (i.e its vertices lie in the lattice of
circle subgroups Λ), then we have a finer bound given by

λ1(g) ≤ 2n(N + 1)

N
, (4.25)

where N + 1 = ](P ∩ Λ) is the number of lattice points in P .

The Fubini-Study metric realizes the bound in the above theorem. In fact
we show that this is the only toric Kähler metric that does saturate this bound
in the integral case.

Theorem 4.35. [LSD] Let (M2n, ω) be an integral toric symplectic manifold
endowed with a toric Kähler structure whose Riemannian metric we denote by
g. Let N + 1 be the number of lattice points in the moment polytope of M . If

λ1(g) =
2n(N + 1)

N
,

then M is equivariantly symplectomorphic to CPn and this symplectomorphism
takes g into the Fubini-Study metric on CPn.

It was previously known (see [29]) that the Fubini-Study metric on CPn is
determined by the spectrum among all Kähler metrics on CPn compatible with
the standard complex structure. It was also proved by Tanno (see [194]) that,
if a Kähler manifold of real dimension less than 12 has the same spectrum as
CPn with the Fubini-Study metric, then it is holomorphically isometric to it. A
simple consequence of the above theorem is that the spectrum of the Laplacian
of a toric Kähler metric on an integral toric manifold determines if the manifold
is CPn endowed with the Fubini-Study metric.

Corollary 4.36. [LSD] An integral toric Kähler manifolds which has the same
spectrum as (CPn, ωFS) is holomorphically isometric to it.

Sketch of the proof of Theorem 4.35. Recall that the first eigenspace of (CPN , ωFS)

has a basis given by the functions [Z] 7→ Ψij(Z) − δij
N+1 where for i, j ∈

{0, 1, . . . , N},

Ψij(Z) =
ZiZj∑N
k=0 |Zk|2
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is one component of the SU(N + 1) moment map Ψ : CPN ↪→ su∗N+1. Given a
polarised Kähler manifold (M,ω), the key step of the proof of the main Theorem
in [45], is to show that, given a full (Kodaira) embedding Φ : M ↪→ CPN , there
exists a unique B ∈ SL(N + 1,C) such that B∗ = B > 0 and

1∫
M
ωn

∫
M

(Ψij ◦B ◦ Φ)(p)ωn =
δij

N + 1
. (4.26)

Said differently, (B ◦ Φ)∗ωFS is (ωn/n!)–balanced, (see [85]).

Denote fBij = Ψij ◦B ◦Φ− δij
N+1 ∈ C

∞(M). The Rayleigh principle implies
that

λ1(M,ω)

∫
M

|fBij |2
ωn

n!
≤
∫
M

|∇ωfBij |2
ωn

n!
(4.27)

with equality if and only fBij is an eigenfunction of ∆ω for the eigenvalue
λ1(M,ω). Bourguignon–Li–Yau continued their proof summing over i, j on the
left side of (4.27) and using, on the right side, that on CPN ,∑

i,j

dΨij ∧ dcΨij = 2ωFS . (4.28)

In [LSD], we checked that when (M,ω) is toric, B is diagonal and deduced
that (B ◦ Φ)∗ωFS is also toric. Note that the map on M given in coordinates
by (fB00, . . . , f

B
NN ) is momentum map for (B ◦ Φ)∗ωFS but not necessarily for

ω so the equality case in (4.27) does not implies straightforwardly that ω is
Kähler–Einstein using Proposition 4.37 below.

However, we used the Guillemin [115] explicit embedding for toric polarised
Kähler manifold (M, guω) with u ∈ S(P, `) and momentum map µ : M → P ,
that is working in action–angle coordinates (x, θ) on P×t, we get a holomorphic
full equivariant embedding

Φu : M → CPN

where the homogenous coordinates are indexed by p ∈ P ∩ Λ and explicitely
given by

Zp = e〈(dxu+iθ),p〉.

With this embedding we proved that equality case in (4.27) for λ1(gu) implies
that (up to a composition with a diagonal matrix B) Φ∗uΨ00, . . . ,Φ

∗
uΨNN are

linear combinaisons of the momentum coordinates µ. This in turns, implies that
N = dimM + 1 (thus M ' CPn) and using Proposition 4.37 below we get that
(gu, ω) is Kähler-Einstein.

The following proposition is a refinement of Matsushima Theorem [170] in
the toric case.

Proposition 4.37. 3[LSD] Let (M,ω,T) be a compact symplectic toric orbifold
with moment map µ : M → t∗. Then (M, g, J, ω,T) is a Kähler–Einstein toric
orbifold with Einstein constant λ if and only if, up to an additive constant, the
moment map satisfies

2λ〈µ, b〉 = ∆g〈µ, b〉 ∀b ∈ t. (4.29)

3It is possible that this result was previously known but we did not find a reference for it
in the literature.
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In that case, 2λ is the smallest non-zero eigenvalue for the Kähler–Einstein
orbifold toric metric.

Matsushima’s theorem implies that a necessary condition for a toric Kähler
metric to be Kähler-Einstein is that its λ1 be a multiple eigenvalue with mul-
tiplicity at least equal to half the dimension of the manifold. What’s more, it
follows from the above proposition that one can see if a metric is Kähler- Ein-
stein by simply checking if its moment map coordinates are eigenfunctions for
2λ.

Proof of Proposition 4.37. This is a direct computation. First, from the Kähler
version of the Bochner identity (used many times in this memoir) that ∆gµ is
a momentum map for the Ricci form 2ρg, thus if (M, g, J, ω,T) is a Kähler–
Einstein ∆gµ − 2λµ is a constant. Conversely, let u ∈ S(P, `) and consider
the associated Kähler structure (gu, ω) on M . Expressing the Laplacian (i.e
∆u = −Divgu ◦ ∇gu) in the action angle coordinates (x, θ) on P × t see (4.3),
we get

∆u = −
n∑

i,j=1

[
Gij

∂2

∂θi∂θj
+

∂

∂xi

(
Hij

∂

∂xj

)]
, (4.30)

where G = Hess u and H = G−1 as above. Assuming (4.29), we have

∆guxi = −
n∑
j=1

∂Hij

∂xj
= 2λxi

for i = 1, . . . n. Inserting this in the expression of the Ricci form in action-angle
coordinates (4.2), we get

ρgu(·, ·) =
−1

2

n∑
i,l,k=1

Hli,ikdxk ∧ dθl =
1

2

n∑
l,k=1

∂

∂xk
(2λxl)dxk ∧ dθl

= λ

n∑
k=1

dxk ∧ dθk = λω.

(4.31)

.

Comment 4.38. By replacing ”Kähler–Einstein” by ”Hermitian-Einstein almost-
Kähler” in Proposition 4.37, the statement holds for toric almost Kähler metric
of involutive type (gH , ω), with H ∈ AK(P, `). Indeed, from [154, Lemma 4.2],
also in this case, ∆gHµ is a momentum map for the Hermitian–Ricci form 2ρgH .
Conversely, given H ∈ AK(P, `), the Hermitian–Ricci form 2ρgH of a toric al-
most Kähler metric (gH , ω) expressed in action-angle coordinates (x, θ) is in the
form

ρgH (·, ·) =
−1

2

n∑
i,l,k=1

Hli,ikdxk ∧ dθl

see [154, Equation (4.5)]. Thus, the calculation (4.31) applies in this case too.

Another interesting question is that of spectrally characterizing either con-
stant scalar-curvature, extremal or Kähler-Einstein toric Kähler metrics. In [93]
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the authors prove that the equivariant spectrum determines if a toric Kähler
metric has constant scalar curvature. A variation of the argument there would
show that the equivariant spectrum also determines if a metric is extremal.

Going back to the first eigenvalue, there are various bounds that one can
write down for toric Kähler manifolds using Bourguignon–Li–Yau’s bound. It
would be interesting to see what the best bound is for a given toric manifold,
once we fix the polytope. In particular, one could hope to improve the bound
in Theorem 4.34 for special classes of manifolds (monotone, Fano..) or special
classes of metrics say extremal toric Kähler metric, or Kähler-Einstein metrics.
In [18] the authors prove that a toric Kähler–Einstein manifold whose connected
component of automorphism group is a torus is never λ1–extremal, where λ1–
extremal means extremal for the first eigenvalue with respect to local variations
in the Kähler metrics space. Hence, in general, we cannot expect a toric Kähler–
Einstein metric to saturate fine bounds. Another natural candidate to consider
is a balanced metric when it exists [37].

4.3.2 The T–invariant first eigenvalue is unbounded

On a toric manifold endowed with a torus invariant metric one can consider a
toric version of λ1 namely λT1 defined to be the smallest non-zero invariant eigen-
value of the Laplacian i.e. the smallest eigenvalue of the Laplacian restricted
to torus invariant functions. We clearly have λ1 ≤ λT1 . In [5], Abreu–Freitas
studied λT1 for the simplest toric manifold, namely S2 with the usual S1 action
by rotations around an axis. They proved it was unbounded (both above and
below) among S1-invariant metrics. Their argument for the upper bound does
extend straightforwardly to higher dimension because the components of the
metric in action-angle coordinates are not scalar functions when the (complex)
dimension is greater than 1. With R. Sena-Dias (IST, Portugal) we have man-
aged to modify their argument and by approximation over compact subsets of
the polytope, we are able to prove the following.

Theorem 4.39. [L.–Sena-Dias [LSD]] Let (M,ω,T) be a compact symplectic
toric orbifold, let KT

ω be the set of all toric Kähler metrics on (M,ω,T).

inf{λ1(g) | g ∈ KT
ω} = 0.

and
sup{λT1 (g) | g ∈ KT

ω} = +∞.

Combining Theorem 4.34 and 4.39, we see that there are toric Kähler mani-
folds for which λ1 does not coincide with λT1 . For toric Kähler–Einstein metrics,
it follows from Matsushima Theorem [170] that λ1 = λT1 as there are invariant
eigenfunctions for λ1.
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Projects and perspectives

5.1 Valuative approach to K-stability

This section contains an overview of a joint work with Ruadháı Dervan (Cambridge,

UK), the main results of this project are presented in the prepublication [DL]. The

tools used here fall into a more classical theory with standard terminology and nota-

tion. Therefore, there is no background section and I refer to [144] for definitions and

basic properties. In this section, and the next, X and Y denote normal varieties, as it

is the common notation in algebraic geometry.

Since the resolution the YTD conjecture on Fano varieties by Chen-Donaldson-
Sun [62], the algebraic side of the picture has progressed massively via the intro-
duction of new invariants and corresponding notions of stability. Notably, Fujita
and Li’s reinterpretation of K-stability in terms of valuations [104, 161] are ma-
jor contributions as well as the very recent breakthrough by K. Zhang [208, 209].
These ideas, together with significant input from birational geometry, have led
to an almost-complete understanding of K-stability of Fano varieties. Indeed
these invariants are new tools to study the moduli spaces of K-stable Fano vari-
eties and they were used successfully to this end, for example in [6, 38, 67, 105].

Fano varieties (and their complex cone) are very special and the alternative
stability notions proposed above are sometimes not even defined for general
polarised variety while K-stability is. This motivates to try to adapt some of
these points of view to general polarised varieties in hope to get a better grasp on
K-stability. With Ruadháı Dervan, we proposed a notion of valuative stability
and associated invariant valid for a normal prolarized variety (X,L) with Q–
Cartier canonical divisor KX . We proved that, when L = −KX , our notion
coicides with Fujita’s valuative stability [104], and moreover, that this condition
valuative stability is equivalent to K-stability with respect to test configurations
with integral (reduced and irreducible) central fibre. I discuss the main result
and its proof in §5.1.1.

We do not expect that valuative stability (as we have defined it) is equiv-
alent to K-stability in general and we show that an equivariant version of this
statement fails in the toric case §5.1.1.1). More precisely, an example in [82]
shows that K-unstable toric surfaces might have a vanishing Futaki invariant.
This last condition can be understood as K-stability with respect to equivariant

85
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test configurations with integral central fibre while the destabilizing test con-
figuration exhibited in [82] is equivariant with a reducible central fiber (with
2 components). This situation is known to be impossible for toric Fano man-
ifolds/varieties using Wang-Zhu’s Theorem [202]. Thus, our result highlights
the major role of Li–Xu Theorem [164] in the theory of K-stable Fano vari-
eties. Their theorem implies that for K-stability of Fano varieties (X,−KX),
it is equivalent to check K-stability with respect to test configurations with in-
tegral central fibre. This result is not expected to be true in general and its
demonstration crucially relies on the fact that Fano varieties are Mori dream
spaces.

Nevertheless, test configurations with smooth, hence reduced and irreducible,
central fibre play an important role in many analytic works concerning the ex-
istence of constant scalar curvature Kähler metrics [65, 191], and hence one
should expect Theorem 5.4 to be a useful tool producing concrete obstruction
to K-stability of polarised varieties.

5.1.1 The β–invariant, main result and idea of the proof.

Let X and Y be normal projective varieties, and let π : Y → X be a surjective
birational morphism, with X and Y of dimension n. A prime divisor F ⊂ Y for
such Y is called a prime divisor over X.

We view F as defining a divisorial valuation on X in the sense that it de-
termines vector subspace H0(X, kL − xF ) ⊂ H0(X, kL) for any line bundle L
over X, defined via the canonical identifications

H0(X, kL− xF ) := H0(Y, kπ∗L− xF ) ⊂ H0(Y, kπ∗L) ∼= H0(X, kL).

Alternatively, a section of H0(X, kL− xF ) is a section of H0(X, kL) vanishing
up to order x along π(F ).

The volume of L− xF is the volume of the associated valuation, that is

Vol(L− xF ) = lim sup
k→∞

dimH0(X, kL− kxF )

kn/n!

which is known to be a continuously differentiable function on the big cone
[43], vanishing identically outside this cone. The value x ∈ R where L − xF
leaves the big cone is finite and known as the pseudoeffective threshold, that is
τ(F ) = sup{x |Vol(L− xF ) > 0}. Therefore, the function

x 7→ Vol′(L− xF ).KX =
d

dt
Vol(L− xF + tKX)

∣∣∣
t=0

is compactly supported and integrable against dx on R.

Definition 5.1. Let (X,L) be a normal polarised variety with Q–Cartier canon-
ical divisor KX . Given F , a prime divisor over X, we associate

βL(F ) = AX(F )Vol(L) + ncL

∫ ∞
0

Vol(L− xF )dx+

∫ ∞
0

Vol′(L− xF ).KXdx

where

cL = c(X,L) =
−KX .L

n−1

Ln

is a topological constant and AX(F ) is the log discrepancy of F in X.
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When L = −KX , integrating by parts the third term of β−KX turns it into
a multiple of the second factor and we recover the original β–invariant of Fujita.
To define βL we need to be able to define the log discrepancy and this where we
ask KX to be Q-Cartier, then for Y as above and satisfying the same conditions
we have AX(F ) = ordF (KY − π∗KX) + 1.

Remark 5.2. In essence, the log discrepancy measures the singularity type
of a variety near the center of F . Its appearance in the β–invariant and the
equivalence between K-stability and Fujita’s valuative stability for Fano varieties
[104] are involved in the characterization of the kind of singularities K-stable
Fano varieties might bear [107]. The log discrepancy appearing in βL for a
general ample bundle L could eventually lead to similar results. However, to
translate this invariant on the polarised complex cone Ŷ associated to L (see
§2.1.2.2) and eventually find back Chi Li’s notion of stability, it might be a

problem because Ŷ is not Q–Gorenstein for general ample L.

To state the result we need to introduce a finite generation condition.

Definition 5.3. [104, Definition 1.3] We say that F is dreamy if for some
(equivalently any) r ∈ Z>0 the Z⊗2

≥0-graded C-algebra⊕
j,k∈Z≥0

H0(X, krL− jF )

is finitely generated.

We then say that (X,L) is valuatively stable if β(F ) > 0 for all dreamy divisor
F over X.

Theorem 5.4. [Dervan–L.[DL]] A polarised variety is valuatively stable if and
only it is K-stable with respect to test configurations with reduced and irreducible
central fibre.

We also have proved analogous results for K-semistability and uniform K-
stability with respect to norms that we have introduced following Fujita’s cor-
responding notions.

Remark 5.5. An example of a non-dreamy prime divisor F over (P2,−KP2)
has been produced by Fujita [106, Example 3.8]. However, he proved also that
for a Fano variety, valuative stability with respect to dreamy divisorial valuation
is equivalent to valuative stability on any divisorial valuations. For a general
polarised variety it is not known.

Sketch of the proof of Theorem 5.4. Our proof is modelled on that of Fujita
[103, 104] and most of his arguments apply without much change to our sit-
uation. I briefly describe the steps in order to discuss details and possible
generalisations.
1) Correspondence between dreamy divisors and integral test configuration. Given
a dreamy divisor F over X, we get a linearly bounded decreasing finitely gen-
erated Z–filtration defined by the subspaces

F jH0(X, kL) =

{
H0(X, kL− bjcF ) if j ≥ 0

Vk otherwise
(5.1)
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The correspondence between test configurations and decreasing linearly bounded
Z–filtrations is now well understood [204, 193, 44] and the relative Proj over C
of the filtration (5.1) gives us a test configuration (X ,L) over (X,L). The ho-
mogenous coordinates ring of the central fibre is given by the Rees algebra of
the filtration and in our case, each piece is characterized by their exact order
of vanishing on the centre Z in X of the valuation F . Thus, to check that the
central fibre is integral we need to show that this algebra is an integral domain.
This is true here because the order of vanishing along Z is additive under tensor
product of sections.

Conversely, let (X ,L) be an integral test configuration. We fix a resolution
of indeterminacy as follows.

Y

X × P1 X

q
p (5.2)

Thus (Y, p∗L) is a test configuration over (X,L) with central fibre Y0. Let
X̂0 ⊂ Y0 be the strict transform of X0 in Y. By [44, Section 4.2], each irreducible
component E ⊂ Y0 defines a divisorial valuation on X, say vE , via pull back
from X to Y. Moreover, denoting D = p∗L − q∗L, each of these valuations
defines a filtration

FλEH
0(X, kL) = {f ∈ H0(X, kL) | vE(f) ≥ λ− kb−1

E ordE(D)}

where bE = ordE(Y0). From [44, Lemma 5.17], the filtration corresponding to
the test configuration (Y, p∗L) is defined by the intersections⋂

irred.E⊂Y0

FλEH
0(X, kL).

By the projection formula, this intersection coincides with FλX̂0
H0(X, kL) which

in turn implies that vX̂0
is a dreamy divisorial valuation.

2) The numerical invariants match. To conclude the proof we need to show
βL(F ) = DF(X ,L) with the notations above. The way to compute the Donald-
son with the filtration data is known [193] and following Fujita’s demonstration
[104] we get that

DF(X ,L) =
n!

Ln
(−2fn + nc(X,L)fn+1)

where for k >> 0,
∑kτ(F )
j=0 dimF jHk = fn+1k

n+1 + fnk
n +O(kn−1) and Hk =

H0(X, kL). In general L − xF is not ample on the whole interval (0, τ(F )) so
we cannot apply an asymptotic Riemann-Roch formula these coefficients into
intersections products. However, like Fujita did, we can use a scaled MMP [136,
Theorem 4.2] which ensures that there is a partition of that interval

0 = τ0 < τ1 < · · · < τm = τL(F ),

and normal projective varieties Y1, . . . , Ym with birational contractions

φj : Y 99K Yj
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where (φj)∗(L − xF ) is ample for all x ∈ (τj−1, τj) and for all x ∈ [τj−1, τj ],
(φj)∗(L− xF ) is semiample and H0(Y, k(L− xF )) = H0(Yj , (φj)∗(kL− kxF )).

Then applying Fujita’s asymptotic Riemann-Roch formula [104, Proposition
4.1] we have

fn+1 =

m∑
j=1

1

n!

∫ τj

τj−1

(Lj − xFj)ndx,

fn = −
m∑
j=1

1

2(n− 1)!

∫ τj

τj−1

((Lj − xFj)n−1.(KYj + Fj)dx.

Moreover for x ∈ [τj−1, τj ], we have an equality Vol(L − xF ) = (Lj − xFj)n
which would help. We also have from [104, Claim 5.6] that

KYj − (φj)∗π
∗KX = (AX(F )− 1)Fj .

For Fujita, the two previous formulas were enough to express fn and fn+1 in
terms of L = −KX and F on X only. However, when L 6= −KX there is one
term left, involving Ln−1.KYj . So we needed to relate the derivative of the
volume on X to the one on Yj . Actually, it comes from [136, Remark 2.4 (i)]
and from the differentiability of the volume [43] that in the situation described
here: for any line bundle E on Y and any x ∈ [τj−1, τj ], there is an equality

(Lj − xFj)n−1.((φj)∗E) =
1

n
Vol′(L− xF ).E.

This allows to replace all the terms depending on j in the formulas for fn and
fn+1 above by constant (in the variable j) like AX(F ), Vol(L − xF ), Vol′(L −
xF ).(KX) and we ended up with βL(F ).

Comment 5.6. Valuative stability, as we have defined it in [DL], tests one di-
visorial valuation at a time following Fujita’s approach. Theorem 5.4 confirms
that it indeed corresponds to a subcase of K-stability. On the other hand, from
Boucksom et al. [44, §4, §5] an ample test configuration (X ,L) is associated
to a set of divisorial valuations: the vE1

, . . . , vEN with E1, . . . , EN being the
irreducible components of the central fibre of the test configuration (actually,
the resolution dominating X×P1). We could start with a set of divisorial valua-
tions with the dreaminess property replaced by the intersection of the filtrations
H0(kL − xEi) being finitely generated. However, it would be unlikely that we
would be able to express DF(X ,L) as a function on βL(E1), . . . , βL(EN ), apart
from very special case. Maybe it is possible to get some relations between
DF(X ,L) and the values βL(E1), . . . , βL(EN ) but even in the toric case (see
below) it is not clear.

5.1.1.1 The toric valuative stability

Here we assume that (X,L) is a normal polarised toric variety and F is toric
prime divisor over X, which means that there exists a normal toric variety Y
and TC-equivarient birational morphism π : Y → X with F ⊂ Y , a prime
divisor which is fixed by a subgroup C∗ ⊂ TC . We assume furthermore that
KX and KY are Q-Cartier (for example this is ensured if they are Q-factorial
which corresponds to the fact that they have at worst orbifold singularities).
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In this situation, the prime divisor F corresponds uniquely to a ray ρF of
the fan of Y , then the divisorial valuation F only depends on that ray and we
can assume that Y is obtained by a subdivision. We denote by uF the primitive
vector in ρF ∩N , where N is the lattice of circle subgroups.

Now, following the standard theory of toric algebraic geometry (see eg. [69]),
to L is associated a convex polytope P ⊂ t∗ where, following the standard
notation of that field, t = NR = R ⊗Z N . Observe that in the context of toric
algebraic geometry, the polytope associated to L is integral and the outward
normal of a facet corresponds to the primitive vector in a ray of the fan of X.
In particular, the lattice determines a volume form dv on NR and the measure
on the boundary σ introduced in [82], see (4.8), is well-defined. We denote
barPL (respectively bar∂PL) the barycentre of P (respectively ∂P ) with respect
to their respective measures. Using essentially the co-area formula we proved
in [DL] that

βL(F )

VolΣ(∂P )
= (AX(F )− 1)

VolMP

VolΣ(∂P )
+ 〈barP − bar∂P , uF 〉. (5.3)

Remark 5.7. Whenever L = −KX , we have (see (4.10) where q = 0)(
1 +

1

n

)
barP = bar∂P

and we recover Fujita’s formula [101, Theorem 6.1] from (5.3).

Note that from [69, Lemma 11.4.10] we get that AX(F ) ≥ 1 with equality
if and only if uF lies in a ray of the fan of X. This implies that if the Futaki
invariant of (X,L) is zero (that is barP = bar∂P ) then

βL(F ) ≥ 0

for any toric prime divisor F over X. Conversely, assume βL(F ) ≥ 0 for any
toric prime divisor F over X. Because X compact, there are some positive real
numbers tρ > 0 satisfy

∑
ρ∈Σ(1) tρuρ = 0 where Σ(1) denotes the rays in the fan

of X. By linearity of the Futaki invariant and by (5.3), we have

0 ≤
∑

ρ∈Σ(1)

tρβL(Dρ) = VolΣ(∂PL)
∑

ρ∈Σ(1)

tρ〈barP − bar∂P , uρ〉 = 0.

Thus, βL(Dρ) = 0 for any ρ ∈ Σ(1).

Theorem 5.8. [Dervan–L.[DL]] The Futaki invariant of (X,L) vanishes iden-
tically (on the torus) if and only if

βL(F ) ≥ 0

for any toric prime divisor F over X.

This result is not surprising given Theorem 5.4 and indicates that this notion
of toric valuative stability is too strong.

Comment 5.9. Many questions remain open as for example : does valuative
stability with respect to dreamy divisorial valuation is equivalent to valuative
stability with respect to any divisorial valuation ? Can we define similarly
valuative stability with respect to other type of valuations (quasimonomial..) ?
See also Comment 5.6.
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5.2 Various projects in toric Kähler geometry

5.2.1 Sasaki-Einstein metrics with conical singularity along
a divisor.

Let (Y, ω) be a smooth toric Kähler cone of complex dimension n + 1 with

smooth compact cross section. In what follows, T̂ = t̂/Λ denotes a compact
torus of dimension n+1 acting efficiently, holomorphically and in a Hamiltonian
fashion on (Y, ω). We denote the unique homogeneous of order 2 momentum
map µ : Y → t̂∗. The associated moment cone is the strictly convex cone

C := µ(Y ) = {x ∈ t̂∗ \ {0} | 〈`s, x〉 ≥ 0 for s = 1, . . . , d},

where `s are inward normal vectors, primitive in Λ, defining the facets F̂s =
{`−1
s (0)} ∩ C. The Reeb cone is the interior of the dual cone of C, where

t+ = {q ∈ Rn+1 | 〈x, q〉 > 0 for all x ∈ C}

Before stating the next result, two simple observations are in order. Each
ξ ∈ t̂+, determines an abstract labelled polytope in the sense of (4.1.1), denoted
(Pξ, `), defined as

P ξ := C̊ ∩ (Hξ := {x ∈ t̂∗ | 〈x, ξ〉 = 1/2})

and ` = {`1, . . . , `d} ∈ Aff(Hξ,R) (note that the restriction of a linear function
on t̂∗ on any affine hyperplane is affine-linear).

Moreover, the linear map L : t̂∗ → Rd

x 7→ (〈`1, x〉, . . . , 〈`d, x〉) (5.4)

injects the moment cone into the positive quadrant and we call the image of C
by L the angles’ cone, that is

B := {β = (β1, . . . , βd) ∈ Rd>0} ∩ Image(L).

Note that Y denotes the cone without its apex. In particular, Y as well
as its invariant divisors Ds := µ−1(F̂s) ⊂ X are smooth submanifolds. We fix
(Y, ω) as a symplectic cone manifold and consider toric Kähler cone metrics on
X smooth on µ−1(C̊) and with conical singularity of angle 2πβs along Ds. With
Martin De Borbon (King’s College, UK), applying Theorem 4.2 above and in
particular Proposition 4.8, we have obtained the following classification.

Theorem 5.10. [de Borbon–L. [dBL]] There is a (n + 1)-dimensional family

of T̂–invariant compatible Ricci-flat cone metrics on (Y, ω) smooth on µ−1(C̊)
and with cone singularities along its invariant divisors. The family of metrics
can be parameterized in the following two equivalent ways.

(1) Fixing the Reeb vector field. For every ξ ∈ t+, there is a unique β ∈ B
such that Y has a T–invariant Ricci-flat cone metric with cone angles 2πβs
along Ds and Reeb vector equal to ξ.

(2) Fixing the cone angles. For every β in B there is a unique ξ in t+ such
that Y has a T–invariant Calabi-Yau cone metric with cone angles 2πβs
along Ds and Reeb vector equal to ξ.
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In either case, the toric Ricci-flat cone metric with prescribed Reeb vector or
cone angles is unique up to isometry.

The remaining of this section is a sketch of the proof of that last Theorem.

The toric symplectic point of view on toric kähler geometry, developed in
compact case by [1, 2, 12, 82, 86, 115] has been extended to the Kähler cone
case by [167], see also [3, 148]. In particular, we have suitable action–angle co-

ordinates (x, [θ]) on the open dense subset Y̊ of Y where T̂ acts freely, providing

a T̂–equivariant symplectomorphism (Y̊ , ω) ' (C̊ × T̂,
∑n
i=1 dxi ∧ dθi). Any

convex smooth function û ∈ C∞(C̊) defines a ω–compatible Kähler metric as

gû := ûijdxi ⊗ dxj + ûijdθi ⊗ dθj . (5.5)

Martelli, Sparks and Yau gave the conditions on û for the metric gû to be the
restriction to Y̊ of a smooth T–invariant Kähler cone metric on (Y, ω), [167]. A
key observation is that their conditions translate exactly as

1. the Hessian of û is homogeneous of order −1 with respect to the R+–
dilatation on t̂∗, thus ξj =

∑n
i=0 ûijxi are constant and ξ =

∑n
i=0 ξi

∂
∂θi
∈ t̂

is the Reeb vector field;
2. the restriction of û to the polytope Pξ := C̊ ∩ {x ∈ t̂∗ | 〈x, ξ〉 = 1/2} lies

in S(Pξ, `).

In particular, every symplectic potential u ∈ S(Pξ, `) defines a unique Kähler
cone metric on Y , with potential û with Reeb vector field ξ. The correspondence
can be made explicit, see [3] by taking

û = 2µu

(
µ

2〈µ, ξ〉

)
+

µ

2〈µ, ξ〉
log〈µ, ξ〉.

Actually, Martelli, Sparks and Yau proved that in addition to the natural
homogeneity and convexity properties, û ∈ C∞(C̊) ∩ C0(C) defines a smooth
ω-compatible Kähler cone structure gû on Y , restricting to (5.5) on Y̊ , if and
only if

û−
∑
s

(`s log `s) ∈ C∞(C).

Therefore, the local analysis [L3, §6.3] (recalled in §4.1.4 above, holds here as
well and we get the following.

Proposition 5.11. [dBL] Let β1, . . . , βd ∈ R>0 and û ∈ C0(C) ∩C∞(C̊). The
tensor gû of (5.5) is the restriction to Y̊ of a toric Kähler cone metric with
conical singularities of angles 2πβs along the divisors Ds if:

(i) the restriction of û to the interior of C, and to the interior of any of its
faces of positive dimension, is smooth and strictly convex and such that

û− 1

2

d∑
s=0

β−1
s `s log `s ∈ C∞(C); (5.6)

(ii) the Hessian of û is homogeneous of order −1 with respect to the R+–
dilatation on t̂∗.
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In that case the Reeb vector field ξ = (ξ0, . . . , ξn) ∈ t̂+ is given in coordinates
as ξj =

∑n
i=0 ûijxi.

Said differently, gû of (5.5) is the restriction to Y̊ of a toric Kähler cone met-
ric with conical singularities of angles 2πβs along the divisorsDs if, in addition to
the natural homogeneity property, its restriction to Pξ lies in S(Pξ, β

−1
1 `1, . . . , β

−1
d `d).

Combined with the relation between Ricci curvature of the cone metric and the
transversal Ricci curvature, see §2.1.2.3, the set of angles β ∈ B whose ex-
istence is claimed in part (1) of Theorem 5.10 is the unique one such that
(Pξ, β

−1
1 `1, . . . , β

−1
d `d) is monotone (see Definition 4.12) with vanishing Futaki

invariant and A(Pξ,β
−1
1 `1,...,β

−1
d `d) = 4n(n+ 1) (see Definition/Proposition 4.14).

Such labelling exists and is unique by Lemma 4.15. Moreover, by Theorem 4.16
there exists a unique Kähler–Einstein symplectic potential u ∈ S(Pξ, β

−1
1 `1, . . . , β

−1
d `d)

up to an addition by an affine-linear function. The associated symplectic po-
tential on the cone û satisfies the conditions of Proposition 5.11 and a Kähler–
Ricci-flat metric on Y̊ .

To explain the part (2) of Theorem 5.10, note that any β ∈ B is the image of
a unique point pβ ∈ C̊ via the map (5.4) and we can define the set Ξβ of Reeb
vector fields whose transversal polytope Pξ contains pβ , that is

Ξβ := {ξ ∈ t̂+ | pβ ∈ Pξ},

which is a cross section of t̂+ and a convex open polytope. Then, extending
the main result of [167], we prove the following where dvξ is a Lebesgue volume
form on Hξ.

Theorem 5.12 (Martelli–Sparks–Yau [167],de Borbon–L.[dBL]). The volume
functional

V : Ξβ → R

is strictly convex and its unique minimum ξβ ∈ Ξβ is the only Reeb vector field
in Ξβ satisfying pβ = bar(Pξ,dvξ). Moreover, ξβ is the only Reeb vector field in
t̂+ admitting a compatible toric Calabi-Yau cone metric with cone angles 2πβs
along the toric divisors Ds.

The proof of this statement in [dBL] is not, in essence, different than the
one of the (toric) convexity result of Martelli–Sparks–Yau [167], although the
last claim uses the unicity of Theorem 4.16. However, the formalism of abstract
labelled polytope reveals the simplicity and generality of the argument, si I
present the proof here.

Proof. Consider the labelling ˜̀ on Pξ such that ˜̀
s = β−1

s `s. By definition of pβ
we have

˜̀
1(pβ) = · · · = ˜̀

d(pβ) = 1.

Thus the labelled polytope (Pξ, ˜̀) is monotone in the sense of Definition 4.12.
The key observation is that the associated measure (4.8) introduced by Donald-
son [82] can be given by

σ =

n∑
i=1

(−1)i+1(xi − pβ,i)dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn
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with classical notations in affine coordinates (x1, . . . , xn) on the hyperplane
containing Pξ. Note that dσ = ndv and thus,∫

∂Pξ

σ = n

∫
Pξ

dv.

Then integration by parts leads to (4.10), that we recall(
1 +

1

n

)
bar(Pξ,dv) = bar(∂Pξ, σ) +

pβ
n
. (5.7)

This implies that pβ = bar(Pξ,dv) if and only if bar(Pξ,dv) = bar(∂Pξ, σ),

which in turns is equivalent to the vanishing of the Futaki invariant of (Pξ, ˜̀)
that is A(Pξ,˜̀)

is constant see Definition/Proposition 4.14.

The remaining step is to establish the link with the volume functional V :
Ξβ → R. Note that for any ξ ∈ Ξβ by definition TξΞβ is the annihilator of pβ
in t. Thus, from and easy computation dξV(a) = −(n + 1)

∫
Pξ
〈x, a〉dv we get

that ξ is a critical point of V in Ξβ if and only if pβ = bar(Pξ,dv). Also for any
variation ξ + ta in Ξβ , we have(

d2

dt2
V(ξ + ta)

)
t=0

= (n+ 1)(n+ 2)

∫
Pξ

〈x, a〉2dv.

Finally, the localisation argument in the toric case can be done directly on the
polytope and is equivalent to an integration by parts. From this we get that V
is proper which concludes the proof.

5.2.2 Almost Kähler metrics of constant scalar curvature
on CP2 blown-up at three points

Unsurprisingly, there are few known explicit examples of extremal Kähler met-
rics on compact manifolds and orbifolds. Actually, essentially all the explicit
extremal Kähler metrics are obtained by the Calabi ansatz [57] and its general-
isation using Hamiltonian 2–forms [11, 12, 13]. This includes the extremal met-
rics on weighted projective spaces of Bryant [56]. The interest of such explicit
description is highlighted by the famous example of Apostolov–Calderbank–
Gauduchon–Tønnesen-Friedman [13] providing a counter-example of a prelimi-
nary version of the YTD conjecture.

As explained in [92], a better knowledge of some Kähler–Einstein metrics
could also be useful for physicists which lead the authors to propose various
methods to approximate numerically the Kähler–Einstein metric on the (Fano)
third del Pezzo surface. Let (M,J) denote this complex surface, that is (M,J) is
the toric complex manifold obtained by blowing up CP2 at its 3 fixed point. It is
known that (M,J) is a toric Fano manifold with vanishing Futaki invariant, thus
by Wang–Zhu Theorem [202], it admits a compatible Kähler–Einstein metric
ωKE . Actually, in this simpler case the fact that (M,J) admits a Kähler-
Einstein metric was known before and proved by Mabuchi [166].

In this line of idea, I think it would be interesting to describe, more explicitly,
the toric extremal almost Kähler metrics on the symplectic manifold (M,ω)
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where M is the smooth manifold underlying the third del Pezzo surface and ω
is a T–invariant symplectic form in the same cohomology class than ωKE , that is
2πc1(M). From [154, Lemma 4.2] and because there exists one Kähler–Einstein
metric on M , there exists an infinite family of toric extremal almost Kähler
metrics of involutive type on (M,ω). All these metrics are csc since the affine
extremal function only depends on the boundary condition of the associated
labelled polytope, see §4.1.5. Denoting (P, `) the labelled polytope of (M,ω)
and working in action–angle coordinates (x, θ), recall that a ω–compatible toric
almost Kähler metric (gH , JH) is encoded in a matrix valued function H ∈
AK(P, `) see §4.2.1. The equation we obtain is then

2∑
i,j=1

∂2

∂xj∂xi
Hij = −4.

If we could find an explicit (or nearly explicit) description of the family,
say AKC ⊂ AK(P, `), of toric csc almost Kähler metrics on (M,ω), the next
natural step would be to study the behaviour of the functional F : AKC → R,
introduced in [82], and defined by

F (H) := −
∫
P

log(detH)dv.

Donaldson proved in [82, Discussions (4a)] that, on the space of extremal al-
most Kähler metrics of involutive type, the critical point of that functional (if
it exists) is integrable.

An alternative approach would be to consider only the Hermitian-Einstein
almost Kähler metrics of involutive type on (M,ω), say AKHE ⊂ AK(P, `).
This also consists in an infinite dimensional family by Lejmi’s Lemma [154,
Lemma 4.2]. Moreover, using the almost Kähler version of Proposition 4.37
from [LSD], see Comment 4.38, these elements H ∈ AKHE are caracterized by
the following degree one differential equations

2∑
j=1

∂

∂xj
Hij = −2xi i = 1, 2. (5.8)

Relaxing the condition H ∈ AK(P, `) by allowing non-positive definite matrix
valued functions that do not satisfies boundary condition (4.15) and (4.16),
we get easily many solutions of (5.8). Also, note that a smooth solution H
satisfying the boundary condition (4.15) and (4.16) satisfies automatically some
positivity condition because (P, `) is uniformly K-stable, see Remark 4.28.
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Appendix A

Basics on extremal Kähler
metrics

For the reader’s convenience, below are gathered classical results of Calabi [58]
and Futaki–Mabuchi in [110] following the explanation given in Gauduchon’s
notes [112, §2.4, §4.13].

A.1 Calabi structure Theorem

Let (M,J, ω, g) be a compact Kähler manifold. A common description of the
reduced automorphism group Autred(M,J) ⊂ Aut(M,J) is that it is the con-
nected Lie group of real holomorphic vector fields, with Lie algebra hred =
{X ∈ Lie(Aut(M,J)) | ∃p ∈M,Xp = 0}. Actually, denoting harmg the space of
harmonic 1–forms, hred coincides with the kernel of the map

Lie(Aut(M,J)) 3 X 7→ (α 7→ α(X)) ∈ harm∗g.

This explains many properties of hred. For example, Lie(Aut(M,J))/hred '
H1(M,R).

Now, assume that (M,J, ω, g) is a compact extremal Kähler manifold in the
sense of Calabi. Thus, by definition, X := XScalω = −J∇gScalg is a Killing
vector field, it is also hamiltonian and thus X ∈ h := Lie(Aut(M,J))). In this
situation, Calabi proved the following:

• An L2–orthogonal decomposition holds

h = h(0) ⊕

(⊕
λ>0

h(λ)

)

where, for λ ≥ 0, h(λ) := {Z ∈ h | LXZ = λJZ}. Thus, h(0) is the
centralizer of X.

• h(0) is reductive and decomposes as

h(0) = a⊕ iham ⊕ J iham

where a is abelian (and the Lie algebra of a compact complex torus), and
iham is the space of hamiltonian Killing vector fields.
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• For λ > 0, h(λ) ⊂ hred and hred = iham ⊕ J iham ⊕
(⊕

λ>0 h
(λ)
)
.

• The subspace of Killing vector fields is a⊕ iham.

From this, Calabi deduced that the connected component of the isometry
group of a compact extremal Kähler manifold is maximal among all compact,
connected Lie subgroups of Aut(M,J). More precisely for λ > 0, the flow of a
non trivial element of h(λ) cannot be contained in a compact group.

A.2 The extremal vector field of a Kähler class

Fixing a maximal compact connected subgroup K ⊂ Autred(M,J), we consider
the space of K–invariant metricsMK

Ω , with Kähler class Ω = [ω] ∈ H1,1(M,R).
By Calabi structure Theorem, an extremal Kähler metric, if any, belongs to
MhKh−1

Ω for some h ∈ Autred(M,J). Moreover, MhKh−1

Ω contains an extremal
metric if and only if MK

Ω does.

Observe that all the metrics in MK
Ω have the same space of hamiltonian

Killing vector fields, namely k = LieK. Given ω ∈ MK
Ω the space of Killing

potentials K(M,ω) is the subspace of smooth function f ∈ C∞(M) such that
the hamiltonian Xf ∈ k and we denote the L2–projection

πKω : C∞(M)→ K(M,ω).

Then we can define the extremal vector field of Ω and K as the hamiltonian
vector field of the projection of the scalar curvature

Xext(Ω,K) := XπKω (Scalω).

Futaki and Mabuchi proved that Xext(Ω,K) only depends on Ω and K (and not
on the particular metric ω ∈MK

Ω ). Furthemore Xext(Ω,K) lies in the center of
K and thus, if T ⊂ K is a maximal torus, then

Xext(Ω,T) = Xext(Ω,K).

For any ω ∈MK
Ω , there exists a unique Killing potential fext(ω) ∈ K(M,ω)

such that Xfext(ω) = Xext(Ω,K) and∫
M

fextω
n =

∫
M

Scalωω
n.

Thus ω ∈MK
Ω , is extremal if and only if

Scalω = fext(ω).
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sphériques homogènes C. R. Acad. Sci. Paris Sér. A–B, 270 (1970),
pp. A1645–A1648.

[126] T. Hisamoto Stability and coercivity for toric polarizations,
arXiv:1610.07998.

[127] E. Inoue Constant µ-scalar curvature Kähler metric - formulation
and foundational results, arXiv:1902.00664

[128] E. Inoue Entropies in µ-framework of canonical metrics and K-
stability, I – Archimedean aspect: Perelmna’s W-entropy and µ-cscK
metrics, arXiv:2101.11197.

[129] E. Inoue Equivariant calculus on µ-character and µ-K-stability of
polarized schemes, arXiv:2004.06393.

[130] H. Ishida Torus invariant transverse Kähler foliations Trans. Amer.
Math. Soc. 369 (2017), 5137-5155

[131] D. Joyce Explicit construction of self-dual 4-manifolds, Duke Math.
J.77 (1995), 519–552

[132] D. Joyce Compact manifolds with special holonomy, Oxford science
publication 2000.

[133] M. Jonsson, and M. Mustata, Valuations and asymptotic invari-
ants for sequences of ideals Annales de l’Institut Fourier, Tome 62
(2012) no. 6, pp. 2145-2209.

[134] S. Jubert A Yau-Tian-Donaldson correspondence on a class of toric
fibrations arXiv.math/DG:2108.12297

[135] J. Kalkman Cohomology rings of symplectic quotients, Journal für
die reine und angewandte Mathematik, 458 (1995): 37–52
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