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The content of the articles [L0], [L1], [L2] and [LTF] will not be presented
in this dissertation as they only contain materials from my PhD or even before.
Moreover [GLSD] is a review and does not contain any new results which are
worth presenting here.

The aricles [LR] and [BHLTF2] gather new results but the topics are not
central to my current research interests. Therefore, I will not discuss these
results in this memoir.

1.1.0.1 List of pre-publications

[DL] R. Dervan, E. Legendre, Valuative stability of polarised varieties
arXiv:math.DG/2010.04023. Submitted.

[dBL] M. de Borbon, E. Legendre, Toric Sasaki-FEinstein metrics with
conical singularities, arXiv:math.DG /2005.03502. Submitted.

It is a rule of the University of Toulouse’s doctoral school, that unpublished
results should not appear in the core of a dissertation such as the present one.
The main results of [DL] and [dBL] are discussed in Chapter [5| dedicated to
current projects and perspectives.

1.2 Scientific context and summary

A central problem in Kéhler geometry, proposed by Calabi [57] in the 80’s, is
whether or not a canonical Kahler metric can be found in a given cohomology
class of a compact Kéahler manifold. Calabi suggested looking for extremal
Kahler metrics and characterized in [58] these special structures as follows. A
Kéhler manifold (M, J,w, g) is extremal if and only if its scalar curvature Scal,
is a Killing potential, meaning that its gradient V9Scal, is real holomorphic, i.e.
Lvsscal,J = 0 or equivalently its hamiltonian vector field Xgca, = —JV9Scal,
is Killing, i.e., lies in the Lie algebra of the isometry group of (M, g). Constant
scalar curvature (cscK for short) and the more famous K&hler-Einstein metrics
are particular examples of such metrics.

At that time, Calabi already highlighted some obstructions to the existence
of an extremal Kéahler metric in relation with the symmetries of the underlying
complex manifold. More precisely, the Calabi structure theorem [58] implies
that, in that case, XScalg must lie in a maximal torus in the center of the isom-
etry group G = Isom(M,g) which itself must be maximal among all compact
connected subgroups of Aut(M, J). This jusifies working on a maximal compact
torus T C Aut(M, J) chosen in advance.

The existence of an extremal Ké&hler metric in a given Kéhler class, is now
conjecturally equivalent to a certain notion of K-stability through an extension
of the Yau-Tian-Donaldsons’s (YTD) conjecture [207, 197, [82], introduced in
[189, 193] in the polarised case and in [78] for general Kahler class. This conjec-
ture, its ramification and its extension have generated tremendous efforts from
the community and has led to many interesting developments during the last
decades.

The Sasaki version of the Calabi problem has interest on its own and also
plays a role in the Calabi extremal Kéahler metrics problem and YTD conjec-
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ture for polarized Kéhler manifolds. Indeed, a prototypical example of Sasaki
manifolds is a circle bundle over a polarised Kéhler manifold, with a connection
associated to the metric. A striking illustration of the interest of such struc-
tures in the Kahler setting can be found in the work of Donaldson and Sun
[90, 91] who have used the fundamental result of Martelli-Sparks—Yau [168]
about the classical transversal Futaki invariant of Sasaki—Einstein typed man-
ifolds to study the topology of moduli spaces of K-stable Fano varieties. Note
that this application relies on the identification of the later space with Fano
Kahler—Einstein varieties, via the YTD conjecture for Fano varieties, for which
there are now few proofs, notably [62] [33] 209].

In this dissertation, I account for a large part of the research I did after my
Ph.D. around the notion of Calabi extremal metrics in Kahler and Sasaki geom-
etry. I organized the core of the manuscript into three chapters, each including
an introduction and presenting the technics and the main ideas behind my con-
tributions as well as relation to the work of others and some perspectives. Here
below is a very short summary of these chapters.

In Chapter [2| are explained my contributions to the study of the Futaki
invariant (relative to a fixed compact torus T) and mainly its Sasaki version
obstructing the existence of a compatible Sasaki metric with constant scalar
curvature (cscS). We have given in [BHLTFI] a variational version of this in-
variant by introducing a homogeneous Einstein—Hilbert functional EH, defined
on the Reeb cone t; C LieT, which is a finite dimensional strictly convex open
cone. This extends Martelli-Sparks—Yau main Theorem [I68] from Calabi-Yau
cone to general Kahler cones. I also present our argument from [BHL], prov-
ing that the Einstein—Hilbert functional is proper and rational on t;, using the
Atiyah—Bott—Berligne—Vergne equivariant localisation formula. This technic is
also exploited in the final section of this Chapter to study the Donaldson—Futaki
invariant of a smooth compact Kéhler test configuration over a Kahler manifold
as I have done in [L5]. It is proven there that this invariant coincides with the
classical Futaki invariant of the central fiber when this one has at most orbifold
singularities, extending a result known in the polarised case [82] to the tran-
scendental case. Chapter [2] contains also a brief recap on Sasaki geometry.

The first part of Chapter [3|is devoted to two processes, that we have called
Levi and Levi-Kéahler reduction and introduced respectively in [ACGLI1] and
in [ACGL2]. The Levi reduction is the contact/symplectic counter part while
the Levi-Kéhler reduction incorporates a CR/complex structure. This is sim-
ilar to the relation between symplectic versus Kéahler reduction and indeed,
Levi-Kahler reduction sometimes coincide with a Kéahler reduction but, in gen-
eral, is different. An advantage of the Levi-K&hler reduction on the general
Kahler reduction is that the Sasaki deformation technics can be more natu-
rally integrated in the process and the curvature of the quotient seems more
sensitive to the Chern curvature of the CR structure. We have studied only
the toric compact case of these reductions and obtained a partial classification
in the contact/symplectic version which extends the Delzant/Lerman classifica-
tion of compact toric contact/symplectic manifolds. Computing the curvature
of the Levi-Kéahler reduction of product of odd dimensional spheres, we have
observed in [ACGL2| that a type of weighted extremal metrics (sometimes called
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weighted cscK metrics) appear naturally in this context. This takes us to the
second part of Chapter [3|where is presented a correspondence between extremal
Sasaki metrics with Reeb vector field £ € t; and a specific type of weighted ex-
tremal metrics on the Kahler quotient by a circle action commuting with the
compact torus induced by £. This correspondence allowed us to use directly
Lahdili Theorem [142] on general weighted extremal K&hler metrics to prove
some properness of the Sasaki version of the Mabuchi functional. We also have
proposed a global Futaki invariant which coincides with Collins—Székelyhidi [68]
Donaldson—Futaki invariant of the (reduced) central fiber of smooth Sasaki test
configurations. Combining these results, we get that the Donaldson—Futaki in-
variant of any smooth Sasaki test configuration with reduced central fiber over
a cscS manifold is strictly positive, unless it is a product type. All these results
are established in [ACL] and reported in Chapter

Chapter [4] gathers my results in toric Kahler geometry. The symplectic
approach in this field [Il 82 [I15] has lead to establish an explicit dictionary
between toric extremal Ké&hler metrics on a fixed toric symplectic manifold
(M,w,T) and convex solutions of a (scalar) PDE problem on a convex compact
polytopes P C (LieT)* =: t*. The convex solution must satisfy some boundary
condition encoded by a labelling ¢ or equivalently a measure on the boundary
of P. We end up with an ”abstract” boundary value PDE problem that I call
the Calabi problem on polytopes.

I give the details of the correspondence above in §4.1) with a precise def-
inition of the Calabi problem on polytopes along with my contribution from
IL3], where building on [86], I proved that for each simple compact polytope
there exists a Kdhler—Einstein type solution of the Calabi problem, unique up
to a dilatation. Actually the labelling is unique, up to a dilatation, and the
result follows then an abstract toric version of the Wang—Zhu Theorem [202]
on existence of toric K&hler—Ricci solitons and Kéhler—-Einstein metrics. Along
come an abstract toric version of Zhu’s Theorem [211] and Yau’s solution of
the Calabi conjecture [206]. Geometric applications includes a classification of
compact toric Kédhler—Einstein orbifolds up to a torus invariant symplectomor-
phism in terms of integral polytopes as well as the finding of families of singular
Kahler with conical singularities. I include also the result I have obtained in
IL4] that the convex affine geometry point of view, combined with the resolu-
tion by Chen—Cheng [61] of an analytical version of the Yau-Tian—Donaldson
conjecture implies that the existence of an extremal toric almost-Kéahler metrics
on a compact symplectic toric manifold is sufficient to ensure the existence of
an extremal toric Kahler metric.

Finally, the last section of Chapter [ is of a slightly different flavour as
we leave the extremal problem of Calabi to consider bounds on the first non-
zero eigenvalue \; of compact toric Kéhler manifolds. For this again, we have
used in [LSD] the symplectic approach and the characterization of toric Kédhler—
Einstein metrics by their first invariant eigenspace to provide a sharp bound on
A1, characterizing the Fubini-Study metric.

As a guiding principle, in this dissertation, the demonstration are not pre-
sented in details. Only ideas, inspirations and technics are discussed, unless
I want to emphasize on some technical detail for which I believe a potential
extension could hold and be of some interest. In Chapter [5]| are gathered my
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main current research projects, including unpublished (but submitted) works
like [DI] and [dBL].

Chapter [2] contains a brief recap on Sasaki geometry and there is an Ap-
pendix [A] on Calabi’s structure Theorem and the extremal vector field.

1.3 Summary of notation

Throughout N and M denote connected manifolds, N is in general a com-
pact manifold which may be equipped with a contact structure and M is a
2n-dimensional manifold. The pair (M, J) refers to a manifold M and J €
End(TM) an integrable almost complex structure corresponding to a complex
structure on M. Sometimes, when no confusion is possible, M denotes a complex
manifold. The operator J extends naturally to tensors and the twisted differen-
tial on forms is d® = J~'odo J. In particular, for f € C(M), d°f = —df o J.

The pair (M,w) denotes a symplectic manifold and the convention used in
this memoir is that a vector field X on M is hamiltonian if there exists a function
f such that

—df =w(X,-).

Given f € C*™(M), Xy is the unique hamiltonian vector field satisfying the
latter equation.
The action of a Lie group G on a manifold M (or N) is a Lie group morphism
Y : G — diffeo(M) (or G — diffeo(N)). We denote the Lie algebra g := T.G
where e € G in the neutral element and for a € g, the associated vector field on
M (or N) is
a :=d.Y(a).

Essentially only torus action are considered in this text and we denote T a
compact (connected) torus with Lie algebra t = T.T. Typically, we assume the
action is effective, that is 1 is injective. Given a space, say A, on which an
action of T is specified, AT denotes the subspace of T-invariant elements of A.



Chapter 2

Various approaches to the
Futaki invariant

Given a compact Kéhler manifold (M, J,w, g), via the momentum mayp picture
drawn by Fujiki and Donaldson [I00 82], the (hermitian) scalar curvature is
the momentum map of the action of Ham(M, w) on the space of w—compatible
(almost) complex structures. Restricting to T-invariant w—compatible complex
structures C (w)T, it means that

p: C(w)" = (CX (M)
J <f — /M fScalJywwn> 2

is a momentum map with respect to a formal symplectic structure on C (w)T,
when identifying the formal Lie algebra of Ham(M, w) with the space C2% (M )E
of functions integrating to 0 against w”. Now T acts trivially on C(w)T thus
[as fScalyw™ does not depend on J € C(w)”. This is a symplectic version of
the Futaki invariant [82][I54] which coincides with the restriction of the classical
Futaki character [109] to the (complex) Lie algebra of real holomorphic vector
fields t ® Jt, where t = Lie T.

In sum, the symplectic relative (to a torus T) version of the Futaki invariant
is the L2-projection of Scal, on the space of Killing potentials identified with
the space of affine linear functions on the moment polytope integrating to 0
against the Duistermaat-Heckman measure. If there exists a w-compatible cscK
metric, this invariant must be zero.

The main results I want to discuss in this Chapter are related to the Sasaki/contact

version of the Futaki invariant. This version of the invariant is an obstruction to
the existence of a transversal Kdhler structure of constant scalar curvature. A
transversal Kahler structure consists in a Kéhler structure on local leaf space of
a foliation, in Sasaki geometry, the foliation is induced by a nowhere vanishing
vector field £ € t called the Reeb vector field. The transversal Futaki invariant
thus depends on that vector field ¢ sitting in a convex polyhedral cone t; C t
called the Reeb cone.

13
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Understanding how the transversal Futaki invariant F¢ varies when £ runs
within the Reeb cone could eventually provide tools to study moduli space of
polarised cscK manifolds [8I] similarly to the case of K-stable Fano varieties
[00, [O1].

With my collaborators C. Boyer, H. Huang and C. Tgnnesen-Friedman we
have proved in [BHLTFI] that the zeros of the Sasaki-Futaki invariant cor-
respond essentially to the critical points of the Einstein—Hilbert functional see
Thus motivated, we have studied the local behaviour of that functional
around its critical points. I give an overview of our conclusions in Note
that these results extend the famous Theorem of Martelli-Sparks—Yau [I68] on
the volume functional defined on a subset of the Reeb cone of a Calabi-Yau
cone, see Theorem [2.24]

Using equivariant localisation formulas and Morse-Bott theory we managed
to prove in a subsequent paper [BHL], that the Einstein—Hilbert functional is
rational (in the variable of £ € t;) and proper. Thus, the rays of Reeb vector
fields with vanishing transversal Futaki invariant are in a compact algebraic
subspace of t, /R. I discuss this result in together with a corollary of
our computations implying that given a T—invariant scalar flat conical Kahler
manifold (with compact smooth cross section) the total transversal scalar cur-
vature, seen as a function S : t; — R, is non-negative.

The Futaki invariant is involved in the finer obstruction to the existence of
cscK metric provided by K-stability. In essence, the Donaldson-Futaki invari-
ant of a test configuration is the Futaki invariant of the central fiber. This has
a precise meaning when the central fiber is normal and can be verified easily
for polarised test configurations, using equivariant cohomology [82]. In §2.2)
is briefly presented another way, using equivariant localisation, to relate the
intersection product formulation of the Donaldson-Futaki invariant of a com-
pact Kahler test configuration to the Futaki invariant of the central fiber when
this one is smooth or has orbifold singularities. These hypothesis ensure that
we find the classical Futaki invariant of the central fiber. The interest of do-
ing such a tedious computation is questionable but I include the result in this
memoir because it has lead me to consider K&hler tests configurations from the
hamiltonian perspective and some of my current projects are natural follow up.

Moreover, on a personal level, studying these test configurations and equiv-
ariant cohomology motivated me to learn more on the algebraic side of the
YTD conjecture which eventually lead me to study Fujita and Chi Li works
[104, 160, 161]. They provide alternative approaches to K-stability in terms
of "dreamy” divisors and/or valuations for Fano varieties, which turned to be
very useful practical tools to detect K-stability or study the moduli space of
K-stable Fano varieties. With R. Dervan, we have extended Fujita’s ”valuative
stability” by introducing a numerical invariant generalizing his f—invariant. We
have proved that K-stability with respect to test configurations with irreducible,
reduced central fiber is equivalent to this valuative stability. Our results are

Q)

explained in details in the prepublication [DI] and briefly presented in §5.1}f']

11t is a rule of the doctoral school in University of Toulouse, that unpublished results
should not appear in the core of a dissertation such the present one.
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Chapter

Sasaki geometry is not as classical as Kéahler geometry and the notation
might be confusing at first. I have included a background section [2:1.1] on
Sasaki geometry where notations and basic facts are explained. The complex
cone point of view is treated separately in Section and contains some
original material from my joint work with Apostolov and Calderbank [ACLI,
where we have clarified some results contained in the literature and brought a
new point of view on radial potentials (Ké&hler potentials on the cone).

2.1 The Einstein—Hilbert functional and cscS

2.1.1 Preliminaries on Sasaki geometry

A Kahler structure is a triple (w, g, J) where J € End(T'M) is an integrable al-
most complex structure, w a symplectic form et g a riemannian metric such that
w = g(J-,-) and we need to add a compatibility relation, eg. g = g(J-, J-). Thus
any pair of these structures (if compatible) determines the third and therefore
the Kéhler structure.

Likewise a Sasaki structure is determined by two compatible objects, in this
dissertation we will essentially only consider combinations among

(i) a contact distribution D + a transversal holomorphic structure (&, J%);
(ii) a CR structure (D, .J) + a Reeb vector field &;
(iii) a CR structure (D, J) + a contact form 7.

However, relations between these objects are not as straightforward as the ones
between the structures involved in Kéhler geometry. For example, the contact
form determines the contact distribution and thus the Reeb vector field but
not the CR structure nor the transversal holomorphic one, while a transversal
holomorphic structure makes no sense without a fixed Reeb vector field. The
notation above in (4), (i7), (¢i¢) are the typical ones used in this text and this
section contains a brief recap on basic properties and relations between them.

2.1.1.1 Sasaki structures

Let (N,D) be a compact connected contact (2m + 1)-manifold?] which means
that D is a codimension one distribution whose Levi form defined by

Lp(X,Y) = —gp([X,Y]) (2.2)

where ¢p: TN — TN/D is the quotient map, is surjective. A contact vector
field is a vector field X on N such that Lx(I'*°(D)) C I'*°(D). We denote by
con(N, D) the infinite dimensional Lie algebra of contact vector fields of (N, D).

Classically, the dual of the (real) line bundle TN/D — N is identified with
the annihilator D° C T* N of the contact distribution D and a nowhere vanishing
sectiorﬂ n € T(DY) is a contact 1-form. Classical ODE theory tells us that to

20f codimension 1, in this chapter there is mention of higher co-dimension contact manifold.
3Such section exists if and only if, by definition, D is co-oriented, which will be assumed
(and needed) for our purpose.
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contact 1-form 7 is associated a unique contact vector field £ =&, € con(N, D),
so that n(§) = 1. This contact vector field £ is the so-called Reeb vector field of
1 and is uniquely determined by the conditions

n(€) =1, Len=0. (2.3)

Conversely, any contact vector field & € con(N, D) such that ¢p(&) is nowhere
vanishing determines a unique contact 1-form n € T'(DY) satisfying (2.3

Definition/Remark 2.1. Writing X = f¢ + Z where Z € I'(D) and thus
f = n(X), we get that X € con(N,D) if and only if dn(X,-) = df({)n —
df (indeed, Lxn must be colinear to n). As dn is non-degenerated on D (by
definition of a contact distribution), the latter equation determines X uniquely
from the pair (f,n) and we get a linear isomorphism between con(N,D) and
I'*°(TN/D). Given a fixed contact form 71 the n-contact vector field of f is the
unique Xy € con(N, D), such that f = n(Xy).

Now suppose J € End(D) is a CR structure on (N, D), i.e., a (fiberwise)
complex structure on D such that D0 := {X —iJX| X € D} is closed under
Lie bracket in TN ® C; then we denote by

(N, D, J) :={X € con(N,D)| LxJ =0}

the Lie subalgebra of con(N, D), whose elements correspond to CR vector fields
X on (N,D,J). If moreover (D,.J) is strictly pseudoconvex that is D, equiv-
alently TN/D, has a canonical orientation : the positive sections n € T'(DP)
are those for which n o Lp(-,J-) is positive definite. Note that no Lp(-,J-) =
(dn)|p (-, J-) since kern = D and that 7 is positive if and only f7 is positive for
any smooth positive function f. We let cony (N, D) denote the space of Reeb
vector fields of (N, D) for which the associated contact 1-form 7 is positive.
We then have the following fundamental definitions (see e.g. [4§]).

Definition 2.2. Let (N, D, J) be a strictly pseudoconvex CR manifold. Then
the full Sasaki—Reeb cone of (N, D, J)is ct; (N, D, J) := ct(N, D, J)Ncon, (N, D).
If cty (N, D, J) is nonempty then (N, D, J) is said to be of Sasaki type, an ele-
ment & € cty (N, D, J) is called Sasaki—Reeb vector field or a Sasaki structure on
(N,D,J), and (N, D, J,§) is called a Sasaki manifold. We say £ is quasiregular
if the flow of ¢ generates an S action on N and regular if, moreover, this action
is free. If £ is not quasiregular, it is irregular.

Remark 2.3. A Sasaki manifold (N, D, J,§) is equivalently completely deter-
mined by (D, J) and the contact 1-form n € I'(D°) defined by SO we may as
well denote (N, D, J,§) by (N, D, J,n) if there is no possible confusion. Observe
also that with a Sasaki manifold comes a Riemannian metric, the Sasaki metric

1
g:=n"+ CIUSED) (2.4)

on N, for which the Reeb vector field is unitary.

Example 2.4. Let (M, J,g,w) be a Kéhler manifold such that [w/27] is an
integral de Rham class. Then there is a principal S'-bundle 7 : N — M with a
connection 1-form 7 satisfying dn = 7*w. Thus (N, D, J,§) is a Sasaki manifold,
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where D = kernp C T'N, J is the pullback of the complex structure on T M to
D = 7*TM and ¢ is the generator of the St action (with n(¢) =1, son = 77%).

Conversely, if £ € cty (N, D, J) is (quasi)regular Sasaki-Reeb vector field on
(N,D,J), then N is a principal S'-bundle (or orbibundle) 7 : N — M over a
Kéhler manifold (or orbifold) M. Irrespective of regularity, this correspondence
between Kahler geometry and Sasaki geometry holds locally: any point of a
Sasaki manifold (N, D, J, &) has a neighbourhood in which the leaf space M of
the flow of £ is a manifold and has a Kéhler structure (g, J,w) induced, using
the local identification of D and 7n*T'M, by the transversal Kdhler structure
(ge¢, J,we) on D, where we := dq%|D and g¢ = we(-,J-). Indeed g, J, and
we are all ¢-basic, so they all descend to M, and we refer to (M, g, J,w) as a
Sasaki—Reeb quotient of (N, D, J,E).

Definition/Remark 2.5. Given any pair of Reeb vector field &,,& € cv (N, D, J)
the respective associated contact 1-forms n,,n7 € (DY) are related n = fn,
where f =n(£,) > 0. The deformation

1
i (N,D,J) 5 ¢~ (D,J, %(E)’io>

is called a Deformation of type I in [47]. This includes transversal homothety
0<A— (D7 J,)\_lno) = (D, J, &) .

2.1.1.2 Transversal holomorphic structures

Let N be a connected (2m + 1)-manifold, let & be a nowhere zero vector field,
and let
Be : TN — D¢ := T N/Spang{

be the quotient of TN by the span of £&. Thus D¢ is everywhere locally isomor-
phic to the pullback of the tangent bundle of local quotients of N by &.

Definition 2.6. A transversal holomorphic structure on (N,&) is a complex
structure J¢ on D¢ which is everywhere locally the pullback of a complex struc-
ture (i.e., an integrable almost complex structure) on a local quotient of N by

¢.

Any Sasaki structure (D, J,€) on N induces a transversal holomorphic struc-
ture on (IV, §): since D is transverse to £, f¢|p is a bundle isomorphism D — D,
and the complex structure on D¢ induced by J is {-invariant and integrable be-
cause J is.

Definition 2.7. [48] A transversal holomorphic structure J¢ on (N,&) has
Sasaki type if N admits a Sasaki structure (D, J,£) which is compatible with
(€,J%), ie.,

Belp : D — Dy intertwines J and J°.

Such compatible Sasaki structures on (N,¢,.J¢) are completely determined by
their contact forms or, equivalently, by the corresponding contact distributions:
we let S(&,J¢) C QY(N) be the subspace of contact forms of Sasaki structures
compatible with (¢, J¢), and write 17% for the unique element of S(&, J¢) with
ker n% =7D.
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As is well-known, the geometry of local quotients of N may be described
using the basic de Rham complex

Q(N) ={a € Q*(N) 1 1ca =0 = Lea},

with differential de given by restriction of d (which preserves basic forms). Note
that QE(N ) = C¥(R)¢ and we also denote the closed and exact forms in Qz:(N)
by Q¢ 1(N) and Q¢ (V) respectively.

If (N,&,J¢) is compact of Sasaki type, then QE(N) has a Hodge decompo-
sition with respect to the induced transversal metric of any n € S(¢, J¢), and
the dedg-lemma and transversal Kahler identities are satisfied [98], with the
following consequences, cf. [47, [48].

Lemma 2.8. A 1-form v on N is basic with J¢-invariant exterior derivative
if and only if v = d¢p + « for a basic function ¢ € Qg(N) and a closed basic
1-form « € Q%VCI(N); further, a is uniquely determined by 7y, as is @ up to an
additive constant.

In particular S(€,J¢) is an open subset of an affine space with translation
group Qg(N)/R x Q¢ 4(N), where Qg(N)/R denotes the quotient of Qg(N) by
constants; furthermore this open subset is Q%yd(N) -invariant and convez.

Definition/Remark 2.9. By Lemma every two contact 1-forms 7,79 €
S(&,J%) are related by

n=no+dip+o
where a € QECI(N) and ¢ € Qg(N). Such a deformation within S(¢, J¢), that

is preserving the transversal holomorphic structure, is called a Deformation of
type I1 in [47]. Given 19 € S(£, J¢) we denote

2(€, J¢,mo) := {p € C=(N)¢ | mo + dip € S(€,J°)} (2.5)

the space of np-Sasaki potentials and the corresponding slice for the action of
Q¢ 4(N) on S(¢,J¢) that we denote

2(€, J¢,m0) = {mo + d§p | € E(E, T¢,m0)} (2.6)

Not all of the deformations of type II are relevant for our purpose. In-
deed, since dn = dno + dedgp, the quotient S(€, Jg)/Qécl(N) may be viewed
as the transversal Kdihler class of (N,&,J¢). When ¢ is quasi-regular, denot-
ing (M, J,wp) the Sasaki-Kéahler orbifold quotient, all the ng—Sasaki potentials
correspond to Kéahler potentials with respect to wp.

2.1.1.3 The Sasaki-Reeb cone

Definition 2.10. The diffeomorphism group Diff (V) acts naturally on pairs
(€,J%), and the automorphism group Aut(N,&,J%) is the stabiliser of (&, .J%);
its formal Lie algebra aut(N, ¢, J¢) consists of &-invariant vector fields Y with
LsyJ® =0.

The automorphism group is infinite dimensional: its formal Lie algebra con-
tains an infinite dimensional abelian ideal o(N,§) of ¢-invariant vector fields
in the span of ¢; however, the quotient aut(N, ¢, J¢)/o(V,€) may be identified
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with the space of holomorphic sections of D¢ and hence is a finite dimensional
complex Lie algebra if N is compact [48].

Suppose N is compact with transversal holomorphic structure (£, J¢); then
the automorphism group of any compatible Sasaki structure is compact. Hence
if (¢,J%) has Sasaki type, there is a torus T C Aut(N, ¢, J¢) whose Lie algebra
t contains &, and we now fix such a T. The considerations of the previous
subsection apply equally to the space QE(N )T of T-invariant basic forms, and
the space S(&, J%)T of T-invariant elements of S(&, J¢). This space is acted upon
by T-equivariant automorphisms, i.e., by the centralizer Aut(N,¢,J¢)T of T in
Aut(N, €, J¢).

By definition, any ¢ € tis a CR vector field for the CR structure induced by
any 1 € S(¢,J¢)T. Furthermore, using the equation in Definition/Remark
to compare the signs of 7(¢) for various contact 1-forms n € S(&, J%)T we get
that the Sasaki-Reeb cones all agree. Precisely, it means the following.

Lemma 2.11. Suppose that N is compact and ¢ € t is a Sasaki—Reeb vector
field with respect to the CR structure induced by some ny € S(&,J¢)T. Then ¢
is a Sasaki—Reeb vector field with respect to the CR structure induced by any
neSE o).

Definition 2.12. The Reeb cone of (&,J¢,T) is the cone [168]

£ = {¢C et n(¢) >0} (2.7)
in t determined by some (and hence any) n € S(¢, J¢)T.

Using Remark 2.5 ct(N, D, J) C con(D, J) and Lemma we get that
t =t = tna (N, D, J) =§

for any pair £, € tNey (N, D, J).

Remark 2.13. Alternatively, for n € S(&, J¢), the map

py: N —
z = (e (X)),

is a contact momentum map in the sense of Lerman [I55], who proved that its
image

Pe == py(N)

is a convex compact polytope in the hyperplane {z € t*|({,x) = 1}. Thus,
the Reeb cone is naturally identified with the dual of the cone over Pe, or
equivalently,

te = {f € AH(P,R)| £ > 0}

as highlighted in [168] [148]. Consequently, the Reeb cone ty of (&, J¢,T), equiv-
alently the reduced Sasaki-Reeb of (D, J,T), is a strictly convex polyhedral
cone.
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2.1.2 Sasaki structures via complex cones
2.1.2.1 Polarised complex cone and radial potentials

A conical Kihler structure on a smooth complex manifold (Y"*1,.J) is a com-
patible Kéhler form w and a real holomorphic vector field £ on Y (i.e L¢J = 0)
such that the radial vector field —J¢ induces a proper and free action of Rt
and L£_jew = 2. In that case (Y, J,&, @) is called a Kéhler cone (or a conical
Kéhler manifold).

Example 2.14. Let (M, J, L) a polarised compact manifold (or variety) so that
m: L — M is ample and there exists a compatible hermitian metric on L so
that its curvature determines a Ké&hler form wy on M. Now consider the total
space of the dual line bundle with the zero section removed Y := L=\ M and
the smooth function 7 : Y — R+ the restriction of the norm of the hermitian
metric induced (via duality) by 2 on L~'. Then (Y, ;ddr}) is a Kahler cone
with radial action given by dilatation along the fibers and Reeb vector field &
induced by the isometric S'-action on the fibers. It is the prototypical example
of conical Kahler manifold.

Given a Kahler cone (Y, J,£,®), as —J& generates a free proper action of
Rt we let N = Y/exp(—tJ¢) be the quotient manifold with quotient map
g Y — N‘f.

Then, if N¢ is compact (which will be assumed from now) it is easy to show,
see e.g. [I68] that there is a unique positive function r : ¥ — RT satisfying

1
Ler =0, L_ger=r, ©= dec(rg). (2.8)

Therefore, a conical Kihler structure on (Y"*! J) is encoded in a pair (&)
where ¢ is a real holomorphic vector field and r € C®(Y,R™") satisfies (2.8).
This leads to the following.

Definition 2.15. On a complex manifold (Y, J) with a holomorphic vector field
&, we let

Re(Y,J) :={r € O (RT) : Ler =0, L_jer =7, dd°r > 0} (2.9)

be the space of (radial) cone potentials (¢-invariant plurisubharmonic functions
of homogeneity 1 with respect to —J¢). If (Y, J,€) admits a surjective cone
potential 7 : Y — R, then £ is called a polarisation of (Y,J) and (Y, J,§) is
called a polarised complex cone.

Typically in the literature [47], 11T, [I68] the correspondence between Sasaki
and conical Kéahler structures is explained as follows. Given a Kéhler cone
(Y,J,€,&) the level set (or the link) of the associated radial potential r €
Re(Y,J), say N, :=7r~1(1), inherits of a Sasaki structure

(D:=TNNJTN,J :=J|p,£) (2.10)

with contact 1-form 7,. := d°logr. Conversely, given a Sasaki manifold (N, D, J, §)
we consider the product Y = RT x N with R*-action given by dilatation on
the right summand. Then, we extend the endomorphism J € End(D) to an
endomorphism J e End(TY) sending —¢ to the generator of that R*-action.
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The fact that £ is a unitary Killing vector field and that (D, J) is CR imply
that (Y,J,72g 4+ dr?) is a Kihler cone (where r is the projection on the right
summand of V).

However, in this last construction it is not clear that given two Sasaki struc-
tures with commuting Reeb vector fields on the same CR manifold, the result-
ing complex cones are biholomorphic El Also, to compare the Sasaki manifolds
obtained as level sets of a radial potentials in R¢(Y, J ) we need to use a diffeo-
morphism between them which is not always easy to handle. It is often more
convenient to work on a single fixed CR manifold. A good candidate for this is
the transversally holomorphic quotient (N¢, D, J¢) of (Y, J) by the holomorphic
R*-action induced by the radial vector field —J £.

More precisely, we have the following Lemma in which we denote, for r €
C>(Y,RT), N, :=r71(1) and 7, := d°logr.

Lemma 2.16. [ACL] Let (Y,J) be a complex manifold with a holomorphic
vector field & and a function r € C(Y,R") such that Ler =0 and L_jer = 7.
Then 1, 1s the pullback wgn, of a 1-form n, on N¢ with n,.(€) =1 and Lene = 0.
Further, the following are equivalent:

1. r is plurisubharmonic, i.e., is in Re(Y, J);
2. € S(E, ).

Moreover, if r € Re(Y,J), meln, is a CR isomorphism from N, (with the
hypersurface CR structure) to N& (with the CR structure induced by J¢ and
D, = kern,, i.e., by n, € S(&,J%)).

A useful outcome is that the space of radial potentials gives a base-point
free representation of Sasaki/Kéhler potentials as highlighted in [ACT].

Proposition 2.17. [168, [111, [ACT) Let (Y, J,£) be a polarised complex cone.
For any r,ro € Re(Y,J) we have n, € E(NS,&,J8, 0ry) and 0. = 1y, if and only
if r = e%rg with a € R constant.

Moreover, fizing ro € Re(Y,J) the map

r€Re(Y,J) = ¢ € CF(R) with wip =logr —logry (2.11)

is a bijection from Re(Y,J) to the space of n,,—Sasaki potentials (cf. (2.5))) on
N¢ and
= N,

is a bijection from Re¢(Y,J) to the set of strictly pseudoconvex (images of) &-
invariant sections of me.

In sum, a smooth polarised complex cone (Y, J,§) corresponds to a transver-
sal holomorphic manifold (N¢, ¢, J¢) of Sasaki type with a given marking = C

S(N¢&,¢,J%) that is a slice of the form . Note that as in we may
fix a compact torus T C Aut(N¢, ¢, J¢), with £ € t = Lie(T), which preserves
some compatible Sasaki structure ny € Z. Thus &, J¢, and = = Z(¢, J¢, ) are
T-invariant, hence there is an induced holomorphic action of T on (Y, J,&). We
denote by ZT the space of T-invariant elements of = and by R¢(Y, J)T the space
of T-invariant cone potentials in R¢(Y, J). The bijections above preserve the

T-invariance.

4This is true and a corollary of Lemmam
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2.1.2.2 Polarised complex cone and ample line bundles

Let (Y, J,€) be polarised complex cone and denote (N¢,¢, J¢, é) the associated
marked transversal holomorphic manifold (assumed compact) see We
fix a compact torus T C Aut(N,¢&,J¢), with ¢ € t = Lie(T) and assume ¢ is
quasiregular (A C t is the lattice of circle subgroups of T, then the set of quasi
regular Reeb vector fields (Rt ®z, A) Nty is dense in t;).

Then, similarly to the regular case (Example , Y can be identified with
the space of nonzero vectors in the dual of an orbi-ample orbiline bundle L over
the compact Kéhler orbifold (M, Jys,wo) which is the Sasaki-Reeb quotient
of N by the circle action generated by . Thus Y has a natural one point
compactification Y = Y U {0} which the singular space obtained by blowing
down the zero section in the total space of L*. Since radial potentials correspond
to norms of hermitian metrics on L, for any r € R¢(Y, J), the apex 0 of the
cone Y is characterized as the limit of points p € Y with r(p) — 0. Let

H=PH (M, LF) (2.12)
keN

be the space of continuous complex-valued functions of Y which are holomorphic
onY 2 (L*)* and polynomial on each fiber of (L*)* over M. Here H°(M, L*)
is the space of holomorphic sections s of L*, which define fiberwise polynomial
functions f, on L* by f.(p) = (s,p"*). Now T¢ acts on H and for a € t* we let

Ho :={feH|V(et, Lojof =a()f}
be the a-weight space and
I':={act| Hy #0}

be the set of (integral) weights of the action. Thus there is a weight space
decomposition

H = P Ha, (2.13)

acl

where the degree k component of (2.12)) is the direct sum of the weight spaces
Ho with a(€) = k. A key fact is that (by ampleness of L) H separates points of
Y: in particular for any p € Y there exists f € H with f(0) =0 and f(p) # 0.

Remark 2.18. In fact orbifold versions of the Kodaira embedding Theorem
(see [I80]) embed Y as an affine variety in CY which is a cone with the singular
apex at the origin (see also [200]). The functions in H are then the regular
functions on }Af, which separate points by definition.

An important idea in [53) 68] is to define the Reeb cone in t as dual to the
cone generated by I' in t*, i.e., to set

th = {a € t|Ya e T\ {0}, ala) > 0}
and alternatively, as intrinsically defined on the complex cone (Y, J,T) as

2o .= {a € t| a is a polarisation of (V,J)}. (2.14)
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Actually, following the discussion of §2.1.2.1) we can immediately infer that
ti ={¢et| L_jer >0} = {C € t| JC is transverse to N, :=r"*(1)}. (2.15)

Consequently, (Y, J) has a proper holomorphic action of a complex torus T¢
whose real part coincides with T. It is great that all these definitions coincide.

Lemma 2.19. [68, (53, [ACL] If £ is quasi regular then ty = tﬁ_ = tioz = ti,

Proof. The equality t; = tS_ was discussed in The inclusion t; C tfd
is a straightforward application of the T—invariant version of Proposition
indeed for r € R¢(Y, J), N, is a T-invariant section of m¢ for any ¢ € t;.. The
argument in [68] that tﬂ:"l C tg_ uses that H separates points and that f € H
must decreases when approaching the apex. In [ACL] we proved that tS_ C ti_
as follows.

Let ¢ € t1 and r € R¢(Y,J). By Remark it suffices to show that ¢
is in the dual of the momentum cone of the contact momentum map of 7, on
N¢ (Definition . For this, we first let p, € N, have maximal stabiliser
with respect to the T-action, i.e., t = stabr(p,) ® Span{¢}. Thus {a, |a € t} =
Span{&,, } and Cp, — 7r-(() e (po)Epo € Stabr(p,). Since H separates points, there
exists f € Ho with o € T'\ {0} and f(p,) # 0. Let ®;7¢ be the flow of —J¢
and observe that

¥ ((I);Jc(po)) _f (q)t—m(C)wg(pa)Jé(po)>

so that
a(()f(po) = nT(C)ﬂg(po)a(g)f(po)'

Since a(§) > 0 and «(¢) > 0 by assumption, we have 7,(()r.(p,) > 0. We
conclude that n(¢{) > 0 at points £ = u,, (p,) on the edges of the momentum
cone. Since the momentum cone is a strictly convex polyhedral cone, the result
follows. O

Note that tf"l = ti = ti for two commuting Reeb vector fields &,¢ on
(N, D, J) implies that their associated polarised complex cone are biholomor-
phic.

2.1.2.3 Curvatures of a Sasaki manifold and the (contact) Futaki
invariant

To end the background section we recall, for future references, the various cur-
vatures associated to a Sasaki manifold and the Futaki invariant. There are
various conventions used in the literature for the cone metric, the radial action
and even the Sasaki metric. We use the one in Remarkwith the 1/2 in front
of the transversal part which is the convention used for example by Futaki-
Ono-Wang [IT1].

Let (N,D, J,£) be a compact connected Sasaki (2n + 1) manifold, we de-
note by n the associated contact 1-form and g the riemannian metric see
Remark The transversal Kéhler geometry of refers to the geometry of
(D, J,9,,). More precisely, N is foliated by the Reeb flow. So there are local
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submersions w, : Uy, — V,, quotient by the flow of £, where U, and V, are
open subsets of N and C™ respectively, such that (7%i)|, = J. In particular,
dre 2 (D), ,J) = (I'Va,i) is an isomorphism and the Sasaki metric is sent to
a Kihler structure on V,, with a connection V2 and curvatures RT, RicZ, pZ,
Scall ... Since, 72 VL and n;vg coincide on U, N Ug, these objects patch to-
gether to define global objects on N, the transversal connection and curvaturesﬂ
VT, RT, Ric”, pT, Scal’... See [T, [ITI] for more details. These tensors are
basic, notably the transversal Ricci form p? € Q11(V, cl) lies in the basic first
Chern class 27cP(€) but also, as a closed 2-form, it lies in ¢1 (D), see [198] and
[I11, Proposition 4.3].

The relations between transversal curvatures and the curvatures Ric?, Scal,
of the Sasaki riemannian metric g of (N, D, J,§) are well-known [47, §7.3]. In
particular, the formulasﬂ in [47, Theorem 7.3.12] imply that for any Sasaki
structure

Ric?(&,€) = 2n and Scal, = Scal” — 2n. (2.16)

More generally, for any horizontal vector fields X,Y € I'(D), we have
Ric”(X,Y) = Ric?(X,Y) 4+ 29(X,Y). (2.17)

Moreover, as recalled in §2.1.2.1} to (N, D, J,€) is associated with a Kéhler
cone, say (Y, j,@,g) where (Y, g) is a riemannian cone over (N, g). Computing
the Ricci and scalar curvatures of § in terms are those of g is an easy exercise
and we get, on N,

Ric? = Ric? — 2ng (2.18)

while Ric?(¢,-) = 0 = Ric?(J¢,-). Thus, on N, Scal; = Scal, — 2n(2n + 1).
Therefore, if a Sasaki metric ¢ is Einstein (we then say it is a Sasaki-FEinstein
metric) then Scaly, = 2n(2n+1). That is the Einstein constant on (N, g) is 2n.
In that case, (Y,§) is Ricci-flat, Ric” = 2(n + 1)g|p and Scal” = 4n(n + 1).
By definition a Sasaki structure (D, J, &) with riemannian—Sasaki metric g is
n—FEinstein if
Ric = un@n+ Mg

for two constants p, A € R. Note that (when n > 2), these constants must
satisfies p + A = 2n.

Remark 2.20. The transversal scalar curvature Scal” is homogeneous of order
1 under transversal homotheties 0 < A — (D, J, A{), see Definition/Remark 2.5
In particular, this deformation preserves the cscS property but not Sasaki-
Eintein one. Thus, cscS come in rays and if a Sasaki structure (D, J,&) has
a positive transversal scalar curvature then there exists a unique colinear Reeb
vector field &' € Rs o€ such that the associated Kéhler cone of (D, J, £’) is Scalar-
flat.

5To be very clear we would need to specify all the structures on which depend these
curvatures, namely (D, J,€). Such notation would be heavy, so unless there is a possible
confusion, we avoid specifying the Sasaki structure in the notation.

6The transversal Ricci curvature is insensitive to the convention and thus we can use some
computations done in [47] even if they don’t use the same convention.
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One can define the relative contact Futaki invariant as follows, for a € t

Fe(a) = /N n(a)(Scal” — @)y A (dn)” (2.19)

ol
where ¢¢ := S(€)/V(€) and n € S(N, D¢, J4)T is any compatible CR structure.

Remark 2.21. The expression F¢ is not exactly the restriction to some com-
plexification of t the classical Sasaki-Futaki invariant Fut, defined in [48] [111]
by

Fute (X) = /N (X0 7 A (dn)"

for a &-basic function v satisfying Agyp = Scal” — ¢¢. Indeed, one can check
easily that Fut¢(a) = 0 for all @ € t and the relevant data is then Fut(®¢(a))
where ®¢ € End(T'N) extends J with ®¢¢ = 0. Now, one can prove easily
using an integration by parts (see the proof of [BHLTFI, Lemma 3.1]) that
F{ = Futg o (I)f.

Theorem 2.22. [Boyer-Galicki-Simanca [{8], Futaki-Ono-Wang [111)]] The
eTpression only depends on £ € ty and a € t and does not depends on
the chosen CR structure n € S(N, Dg, JOT. In particular, if there exists a cscS
structure in n € S(N, Dg, J&)T then Fe(a) =0 for all a € t.

2.1.3 The Einstein—Hilbert functional and the transversal
Futaki invariant

2.1.3.1 The Einstein—Hilbert functional, definition

Let (N, D, J, &) be a compact connected Sasaki (2n + 1) manifold. The volume
function and the total transversal scalar curvature are

1
V(D,J,§) == — [ nA(dn)"
n! /N (2.20)

S(D..6) = 5y [ o A (an

2
(n—1)
by conventio Alternatively, S(§) = & [y Scal’n A (dn)™, see [I11], (15)].

n!

Note that adding a closed basic 1-form to 7 in the r.h.s. of the expressions
does not change the value since there is no non-trivial basic top degree
form. Moreover, Futaki-Ono-Wang [111], see also [48], have proved that the
Volume and total transversal scalar curvature are constant along the transversal
variation 7 > 7 + d¢$. Therefore, the values V (D, J,&) and S(D, J, &) do not
depend on the specific CR structure (D, .J) chosen inside S(¢, .J¢). So, we drop
(D, J) from the notation and consider these functionals as defined on the Reeb
cone

V,S:t, — R

Remark 2.23. Whenever ¢ is a quasi regular Reeb vector field (recall that
it means it induces a locally free circle action Sg C T) any T-invariant Sasaki

structure € S(N, J*)T determines a Kihler structure we on the quotient M :=

"The form nA(dn)™/n! is 27 times the volume of the riemannian Sasaki metric of (D, J, £).
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N/S}, see example Actually, N is a circle bundle,  a connection 1-form on
the S'-bundle ¢ : N — M and mfwe = 3dn. Thus V(£) = 2"+127 fMg wg

and S(&) = 2"*1% st pe N w?_l.

Clearly for any A > 0, V(A{) = A7""1V(€) and S(\E) = A"V (€) so the
Einstein-Hilbert functional, which is defined in this setting as

EH : t+ — R

is homogeneous.

2.1.3.2 First variation of the Einstein—Hilbert functional

Using formulas and the fact that the Reeb vector field is unitary, any
Sasaki-Einstein metric (i.e Sasaki and Einstein metric) must satisfy Scal’ =
4dn(n + 1) and Scal = 2n(2n + 1). Therefore, the Reeb vector field of a Sasaki-—
Einstein structure lies in the set

S = {€ € 4 | (&) = dn(n+ V(9.

Moreover the condition that p? is a positive multiple of dn implies that cP(¢) > 0
and ¢1(D) = 0 which, in turns, imply that ¥ is a convex set, a transversal
polytope of the Reeb cone t., see [168].

Theorem 2.24 (Martelly-Sparks—Yau [167, [168]). The Volume functional re-
stricted on X is convexr and its unique critical point (if it exists) is the unique
Reeb vector field in ¥ whose transversal Futaki invariant vanishes.

The general case, that is when ¢1(D) # 0, turns out to be more complicated.
In this case, the set ¥ is not convex and there are examples of Reeb cone
admitting multiples rays of cscS metrics [148, 54]. The first examples of such
Reeb cones are toric and were found by a careful examination of the Einstein—
Hilbert functional on some explicit Reeb cones. With my collaborators, we have
extended the basic fact used there to non-necessarily toric Sasaki manifolds.
Note that, in what follows, the transversal Futaki invariant is understood in its
reduced sense, that is restricted to the complexification of the compact torus
T C Aut(N, ¢, J¢) we have fixed. Also, it is more relevant to consider the Futaki
invariant on a maximal torus T C Aut(N, &, J¢). This is what we assume for
the rest of this section.

Theorem 2.25 (Boyer-Huang-L.—Tgnnesen-Friedman [BHLTFT]). The set of
critical points of the Einstein—Hilbert functional is the union of the zeros of the
transversal Futaki invariant and of the total transversal scalar curvature.

In particular, if a Reeb vector field admits a compatible cscS metric then it
s a critical point of the Einstein—Hilbert functional.

Remark 2.26. It is not surprising that the Einstein—Hilbert functional ob-
structs cscS metrics, it is already the case on a conformal class of riemannian
metrics.
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The second statement of Theorem 228 follows from the first and Theo-
rem from [48, [I11] recalled above, that the vanishing of the transversal
Futaki invariant is a necessary condition for a cscS metric to exist in S(&, J¢).
The first statement of Theorem [2:25] can be interpreted as an extension of a
result of Martelli-Sparks—Yau [167, [168] and is a direct consequence of the next
lemma.

Lemma 2.27. [BHLTFI|] The derivative of EH at € € t1 in the direction a € t
is, up to a factor the transversal Futaki invariant, that is

n(n + 1)S?
d¢EH(a) = Tﬁpg(a).
1

If S¢ = 0 then dS¢ = nF¢(a).

Remark 2.28. The toric case is very special as the volume V(§) (respec-
tively the total transversal scalar curvature S(£)) coincide with the volume
(respectively the area of the boundary) of the transversal polytope P := {{ €
C| (&, x) = 1} with respect to the measure induced by the lattice of circle sub-
groups in t and the inward primitive normal vectors, see [82] [148] and Chapter
[] so the proof in this case boils to basic calculus on rational functions.

Proof of Lemma[2.27. This is a direct computation. We denote ® € End(T'N),
the extension of J € End(D) satisfying ®(£) = 0. Given a path & in t] such
that £ = &, we denote

m = % B, — & — (&) @ and

1
gt = §d77t((1>t(')> VN @ (2.21)

the associated riemannian metric and Scaly, its scalar curvature and dv, its
volume form. Since (D, J,§;) is sasakian Scal,, — 2n = Scalg. Therefore, using
the computation in [36] p.63], we have

/ Scal dv, = / Scalydv, = — / (4, Ricy)dv, (2.22)
N N N

Now, denoting ¢; := n(&;) here, using the fact that n(&) = 1

where g := go.
)) =0) and 1y = —¢n we get that

(thus d(n(&o
g=—¢g—n@n+b (2.23)

where b is symmetric tensor. The only properties we will need about b is that
if u,v € Dy, at p € N, we have

b0) = ( g10:(u))

Moreover, by definition, for any u, v € T, N, we have 2b(u, v) = —(dpAn) (u, Bv)+
dn(u, Pv), thus € =0 and dn(&,-) = 0 lead to b(§, &) = 0.

+dgtu,0) = (g 0(E) it J0)))  +dglu) =0,

s=0 s=0
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Inserting (2.23) in (2.22)) we get
/N Scal{ dvg = /N(é(Scalg + g(n ®n, Ricy)) — g(b, Ricy))dv,
= / $(Scal, + 2n) — g(b, Ric,)dv, (2.24)
N
= / d')Scalgdvg
N
the second line comes from the identity Ricy(&, &) = 2n, recalled above. For the
last line is used that g(b, Ric,) = 0 which is due to the fact that b is symmetric
and that at each point p € N, b(§,§) = 0, b(u,v) = 0 if w,v € D, while

Ric(u, &) = 0 at p whenever u € D,,.
Furthermore, dvg, = Jm; A (dny)™, thus

(idvt>t_o = —(n+ )n(a)dvg, = —(n+1)¢dv,. (2.25)

Putting the variational formulas (2.25)) and (2.24) together we get

d . .
o (Se.)yo = / (Scalydvy + Scalgdvg)
N
_ /N (dScall du, — (n + 1)dScal” du,) (2.26)
=-n / ¢Scal! dv,.
N
Hence, using (2.26) and (2.24) we have
d S¢ . .
<dSEH(€s))S_O ~ v ((n +1)VeSe — nsgvg)
(2.27)

S¢ .
=—n(n+ I)V—Eg (/N ) (ScalgT - 32) dvg> .

2.1.3.3 Second variation of the Einstein—Hilbert functional

Since EH is homogeneous, it cannot be convex in the usual sense but one can
wonder if it is transversally convex. We also know from [148] [54] that global
transversal convexity generally fails in the cscS case. However, in all the known
examples the critical set of EH consists in a finite number of isolated rays. It is
an open question to know if it is always the case [BHLTF1, [BHLTF3] and could
have some application in the study of moduli space of cscK metrics [91], 81]. As
a first approach, we have investigated the local transversal convexity/concavity
properties of the functional EH and computed its second variation.

To simplify the expression, we denote dv, = n A (dn)™ (although this is not
exactly the riemannian volume form of g) and use the standard notation for
inner product on the space L?(N) of square integrable real valued functions on
N, namely

(f,h) ::/thdvn and || f]? ::/Nfzdvn.
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For a vector field X € I'(T'N) or 1-form 8 € I'(T*N), we denote

X2 = /N 9(X, X)dv, and |G| = /N 9(8.B)dv,.

Moreover we define the normalized transversal scalar curvature as

o T S
1" =Scal” — =
Sca, Sca. v

which integrates to zero against dv,,.

Lemma 2.29. [BHLTFI1] For & € t; and each a € Tety = t and variation
& = €+ ta, we have the following second variation.

d2 Sn n+1
T EH(E)i—0 = n(n+1)(2n + 1)72|\d(n(a))|\2 —n(n+ ”V%“ ()1
S¢ .
+n(n+1)>2 gn/ n(a)QScalevg
Ve n
Sg_l o T 2
+n(n+1)vg+2(nv<sca1 (@) = S{n(a). 1))

Again the formula in the last lemma was obtained using direct calculations
similar to the ones in the proof of Lemma We have used this computation
to get the following partial transversal convexity results.

Lemma 2.30. Let (N2t D, J,£) be a T—invariant cscS compact manifold of
non-zero transversal scalar curvature Scal” where T ¢ CR(D,.J) is a mazimal
compact torus.

a) If the transverse scalar curvature is negative, the Finstein—Hilbert func-
tional EH is transversally convex if n is even and transversally concave if
n s odd.

b) If the transverse scalar curvature is positive and the first non-zero eigen-
value of the Laplacian, restricted to the space of T—invariant functions is

bounded below by gfffl ,

then EH is convex near €.
c) If (N?"*1. D, J, &) is n-Einstein, then EH is convez near &.
In these cases the ray of cscS metrics of € is isolated in the Sasaki-Reeb cone.

The points a) and b) above are obtained straightforwardly from the sec-
ond variation formula of Lemma The point ¢) is deduced from b) using
the Sasaki version of Matsushima’s Theorem [I70] which implies that smallest
non-zero eigenvalue A, of a Sasaki n—Einstein of (then positive and constant)
transversal scalar curvature Scal’ > 0, is A = Scal’ /2n which is greater than
Scal” /(2n + 1).

The general joint construction refers to the closest notion of ”products” in
the Sasaki category and consists in a Sasaki type manifold obtained as a circle
quotient of a product of Sasaki manifolds. In the case where one factor is S* and
the other is a general Sasaki manifold N, it is called a S®-joint of N. Boyer and
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Tgnnesen-Friedman have developed in [54] a formalism allowing them to give a
precise description of a 2-dimensional subcone, called the w-cone, of the Reeb
cone of the quotient. They have produced this way rich families of examples.
Notably, in our joint work with them and Hongnian Huang, their expertise was
used to study the Einstein—Hilbert functional on that two dimensional cone.

1) [BHLTFT, Example 5.7] exhibits a (positive) cscS metric for which EH” (¢) <
Scalz;
2n+1

0. In particular, the bound A\; > does not hold for this variation.

2) BHLTF1l Example 5.8] an example where the w-cone is the whole Reeb
cone and there are two critical rays of EH which are not in the zero set of
the transversal Futaki invariant (but, of course the total scalar curvature
vanishes on these rays and they do not admit cscS representative). There
is a third critical point of EH corresponding to a (negative) cscS ray.

3) [BHLTFI, Example 5.9] gives an example of cscS metrics with zero trans-
verse scalar curvature for which EH is locally transversally convex even
though it vanishes up to order six at the given point.

Part b) in Lemma can be strengthened using the variational formu-
las for the transversal scalar curvature found by Boyer—Galicki-Simanca [48]
Proposition 7.4]. Actually, for a transversal variation

£ <D,J,nt = n(n&))

given by a path t — & € t,, the computation is greatly simplified with
Apostolov—Calderbank formula [I0]. This formula reads, when denoting f; =

77(5t)7
Scal] = f,Scall —2(n+ 1)ALf, — (n+1)(n+2) £ |df:]2. (2.28)

Here, the CR-structure (D, J) is fixed and each Sasaki structure in the path
is determined by its contact forms 7; := ft_ln. The basic Laplacian A}, the
pointwise norm of 1-forms | - |, and the transversal scalar curvature appearing
on the right hand side of the equation 2:2§ are all computed with respect to the
fixed Sasaki structure (D, J,7n). Now, assume &p is the Reeb vector field of 7,
that is fo = 1, and consider the variation of Scalgt at ¢ = 0. Observing that
dfp = 0, the variation of the third part of vanishes at t = 0 and we are left
with

(iScali) = f'Scals —2(n+1)ALS. (2.29)
t=0

Note also that f = (%n(ft))tzo is a T-Killing potential, i.e, a Killing potential
with contact vector field lying in the Lie algebra of T. From this observation and
considering the projection of the transversal curvature on the space of Killing
potential as a map from t; to t, we get the following condition.

Lemma 2.31. [BHLTF3] Assume that (N, D, J,n) is a T—invariant (compact
connected) cscS manifold of transversal scalar curvature S # 0. If none of the
non trivial T-Killing potential is an eigenfunction of the basic Laplacian A,
for the eigenvalue S/2(n + 1) then the ray of (N, D, J,n) is isolated in the set
of rays of Reeb vector fields with vanishing Futaki invariant in the Reeb cone t,
of T.
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2.1.4 Properness and rationality of the Einstein—Hilbert
functional

With my collaborators Charles Boyer (University of New Mexico, United States)
and Hongnian Huang (University of New Mexico, United States), developing on
an idea of [168] we proved in [BHL] that the functionals V,S,EH : t; — R are
proper and rationals. A part of these results, mainly on V, can be obtained by a
careful study of the Hilbert serie of some line bundle [168] [68]. Our main result
can be stated as follows (or could be equally stated in terms of a transversal
holomorphic compact manifold of Sasaki type (N, £, J¢) thanks to the invariance
of the functionals involved).

Theorem 2.32 (Boyer-Huang-L. [BHL]). Let (N,D,J) be a CR manifold
Sasaki type, T C Aut(N,D,J) be a compact torus denote ty the Sasaki-Reeb
cone of in t := LieT. Then the Volume, total transversal curvature and Einstein-
Hilbert functionals V,S,EH : t; — R are rational functions in the variable
& ety Ct. Moreover if

Jim & € 9t \ {0}
then V(&) — +oo, S(&) = +oo and EH(Es) — +o0 when s — +00.

In the process of proving this Theorem we obtained a formula relating the
total transverse scalar curvature of two commuting Reeb vector fields see ([2.33))
which as by product gives the following.

Corollary 2.33. Let (Y, J,0,€) be a scalar-flat Kdhler cone, for any compact
torus T C Aut(Y, J,&)¢ the total scalar curvature is strictly positive on the Reeb
cone in T.

Corollary 2.34. Within a Sasaki cone there is at most one ray of vanishing
transverse scalar curvature. Moreover, if there is one Sasaki structure with non
negative transverse scalar curvature then the total transverse scalar curvature is
non-negative on the whole Sasaki cone.

The approach we took falls mainly into differential geometry, actually hamilto-
nian technics and uses the Atiyah—Bott—Berline—Vergne localisation formula, in
the form given by Berline and Vergne [3I]. We recall first briefly this theory
(only for torus actions) in order to introduce notation, and then discuss the
proof of Theorem [2.32

2.1.4.1 Localisation in equivariant cohomology

Some classic references for this theory are [28] 311 [117].

Let M be a smooth manifold with an effective and smooth action of a com-
pact torus T, that is v : T < diffeo(M). We will mostly work with the induced
infinitesimal action of t := Lie T'. For a € t, we denote the induced vector field
on M by a = v.(a).

An equivariant form is a polynomial map ¢ : t — Q*(M)T where Q*(M)T is
the graded complex of T-invariant forms. We denote Q5(M) the set of equiv-
ariant forms over M. There is an appropriate notion of degree for these forms
so that the equivariant differential d; : Q% (M) — Qi (M) which is defined by

a = (dap)a = (d = g=)¢a
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increases the degree of 1. An equivariant form ¢ € Q& (M) is equivariantly closed
It is known that d? = 0 and the equivariant cohomology can be defined as
the cohomology of the associated chain complex:

% L ker dt

Hi(M) = md

Remark 2.35. There is another definition of equivariant cohomology intro-
duced by Atiyah and Bott [28] and valid for non connected compact Lie group
G, which is the cohomology of the quotient Mg := EG xg M where EG — BG
is the universal principal G-bundle. In the case of connected compact Lie group
both definitions coincide.

Let Z := Fixp/T be the fixed points set of T in M. A classical compact
group action argument see eg. [I17] implies that Z consists in a disjoint union
of smooth submanifolds Z = LIZ of even codimension. Given a connected com-
ponent, say Z C Z of codimension 2m, the normal bundle p : EY — Z bears
a complex structure induced by the action [I17] and inherits of a T—equivariant
bundle structure. The crucial point in this theory is that the equivariant Euler
class, say e(EY), of that bundle EY is invertible in H:(Z).

Recall that the equivariant Euler (respectively Todd, Thom, Chern...) class
of a rank r G-equivariant bundle E — M is the Euler (respectively Todd,
Thom, Chern...) class of the corresponding rank r bundle Eq — Mg. As
a bundle over Z, there is an equivariant splitting into irreducible summands
EM = EBJ-EJ»Z where T acts with weight ij € t* on the component EJZ The
condition for €(EY) being invertible in H(Z) translate in our case as

det w?(a) := Hj<ij, a)rankEjZ

being non-zero for generic a € t, which is the case if a vanishes only on the fixed
points set of T. When the action is effective, the set of generic elements of t is
open and dense.

Following the conventions of [168] and [94], we have

i
&(EY)a = (2m) 2™ det w” (a) [ [ det { 1+ —
] < ] 7a>
With these notations the equivariant Localization Formula reads.

Theorem 2.36. [Atiyah—Bott [28], Berline—Vergne [30]] Let p € Q5(M) be an
equivariently closed form with M compact. For any generic a € t we have

/ Yo = Z / e:Zng (2.30)

&(EY)~1 is the inverse of the equivariant Euler class of EX in H:(Z).

The Equivariant Localization Formula has been extended to orbifolds [I'71]
(but we need to multiply the Euler class of every normal E%! bundle by the order
of the isotropy group of Z) and the approach of Berhne Vergne [30] extends
straightforwardly for non compact manifold M as soon as for each a € t, ¥, is
compactly supported or more generally integrable on M.
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2.1.4.2 Localisation on the total space of the polarised complex cone

Sketch of proof of Theorem[2.39 Getting back to the context of Theorem [2.32]
(N, D, J) is a CR manifold Sasaki type, T C Aut(N, D, J) a compact torus with
Sasaki-Reeb cone t; lying in t := LieT. We pick a quasi-regular Reeb vector
field &, € t4 (the set of such is dense since t; is open and T is a compact torus)
and consider the associated Sasaki structure (D, J,&,) with contact form 7, see
[2:3). We will also use the radial potential r € R¢(Y,J)T associated to the
Kéhler structure induced on the associated complex polarised cone (Y, J, &) as
well as Sasaki-Kéhler orbifold quotient (M, J, w,) with an ample orbiline bundle

L — M see §2.1.2.2| associated to (D, J,&,).

We work on the total space X = L™!, denote m : X — M the bundle map.
Note that the square of the radial potential 72 : X — R is smooth, it is the
square of a fiberwise distance to the zero section. Also, while dr and d°r are
not individually defined on X, the product dr A d°r is (as a combination of
dd°r? and r?7*p,,) and its pull back to the zero section vanishes. In [BHL],
we modified the 2—form dd°r? to apply the idea of [I68], we were working on a
bundle constructed from a reduction but it can be done on X.

Given ¢ € t, there is a unique associated contact form n¢ on (N, D, J) that
we extend as a —J&invariant 1-form on Y and pé : Y — t* as (uS, a) = n(a).
We considered the 2-form Q¢ := d(r?n°) and checked that

r2u
2
is T-equivariantly closed form on Y, extends continuously on X and vanishes

when pulled back to the zero section. In particular, 72/2 is a {Q¢—hamiltonian
for (. Then, an elementary integration rule gives

_ 1 —r2/2 n+1l __ _ﬁ
V(O_i(n—i—l)!/ye QC+ —/Xexp Q¢ 5 )

The r.h.s integrant is the exponential of the equivariantly closed form ({2.31))
evaluated at (. The exponential of an equivariantly closed form being closed
itself we can use the Equivariant Localisation Formula (the orbifold version) to
get

Qe —

(2.31)

U exp QC_ &
Zdz/ ea EX Z/ eC EX (2.32)

because Z C M = {r = 0}. Here and below dz is the order of the isotropy
group of Z C X.

To get a similar formula for S we had to work a little harder. The expression
of the transversal Ricci form pg of (D, J,¢) in terms of p? is not so straightfor-
ward and p? is not &-basic. However, since the difference p? — pg is exact we
were abld®| to prove that

1 Scal{ 11 ldno(O)2
=3 [yt @+ 5 [ DS A

8That was before [I0] gives an exact formula between ScalT and Scal
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where 7, is the contact form of (N, D, J,£) and g, its riemannian metric.
With formula (2.33]) in hands, S(&) coincides with the intersection product
of an integrable equivariantly closed form (evaluated at ¢) on the cone. Namely,

2

50 = [ (6 - gamn0) e (2 - ) (234

where pI' is the transversal Ricci form of (N, D, J, €) thus can be identified with
the pull back of the Ricci form of w, to X. Note that A%n,({) is also ¢-basic,
well-defined on M and X. Moreover, on a fixed component Z C Z, where the
weights (with multiplicity) of the T action on the normal bundle of Z in M, are
Wi, ..., Wp,, we have Adn,(() = —2 Z?i1<wj,g>. Thus, using ¢},Q¢ = 0, we
get

o +Z <WjaC>

On each summand Z C Z, using the decomposition E¥ = EY & EZ and
the notation of §2.2| . with wo € t* the weight on EZ and nz the codlmensmn of
Z in M, we can rewrite the formulas above as

27T nz+1 1 Cl(L) m
Z dz/ deth ) e(EY) Z <<W07C>> . (2.36)

m>0

Here this uses Ef ~ 5L~ and the formula (1 —z)~! =3 _ 2™. We get a
similar formula for S, namely B

(2m)nztl el (M) + 3207 (wy, ) a(L) \"
Zclz/deth e(EY) Z<<W0,C>) -+ (240

m>0

Now, to prove the properness claim of Theorem [2.32} let ¢ — a € 9ty away
from the apex 0 € t. Write {, := (1—s)¢—sa for s € [0, 1], by convexity (, € t;
when s < 1 and there exists p € N such that n,(a)p, = 7,(¢1)p, = 0. The crucial
input is that the function 7,(¢;) is a Morse-Bott function on N (and on M)
of even index (for any s € R). By an argument of Guillemin—Sternberg [116],
7o(Cs) has a unique minimum in the sense that there is a unique connected
component Z C crit(n,(¢s)) € N such that Z is a local minimum, which is then
a global minimum. Picking s close enough to 1, there is no other part of N on
which 7,((s) tends to 0 faster than it does on Z. The argument holds on M
as well, let Z = 7¢(Z) where 7¢ : N — M is the quotient by Si. The leading
terms in and are the integrals over that same minimal locus Z.

We can modify ( slightly so that [(s] = sa € t/RE is generic. Then

(w?,¢) = s{w,a) >0
for j=1,...,nz because Z is a minimumﬂ On the other handlﬂ

<Wg7<8> = U(CS)p = (1 - 8)

9We use the localisation formula of [I68], so we need to stick with their convention.

10Here the weights are computed with respect to the convention of [I68], in [BHL], the
reduction we took made it clear. Another way to get convinced that this weight has to be
positive with their convention is that this is also a minimum in the fiber direction.
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tends to 0. Thus the leading term will be the one with the highest power of
((wé,(s))~L. For the volume it is

1 [ (2n)et! (<61(L)>>"”Z , (2.38)

dz J7 detwZ(¢) \{wo,¢

and the leading term of the total scalar curvature is

L[ @mmt (W, O) (<01(L)>>"—"z

dy 7 det w2 () wo, C

(2.39)

All the factors are positive and comparing the corresponding powers in the
expression of EH we get Theorem [2.32
O

2.2 Localisation on test configurations

2.2.1 The Donaldson—Futaki invariant as an intersection
of equivariant forms

Following [78], 185], we call a (regular) test configuration for a Kahler manifold
(M,w) a following set of data

1. A smooth compact Kéhler manifold (M, Q);

2. C*—action v : C* — Aut(M) such that [v(¢)*Q] = [Q];

3. a C*—equivariant surjective map 7 : M — P! for the standard action on
P! := CU {+o0};

4. a C*—equivariant biholomorphism

Y M* = M\7H0) = M x P1\{0}

for the trivial action on M times the restriction of the standard action on
P! and pry(y(x)) = w(x).

Moreover, for t € P!, we denote M; := 7~ 1(¢) and the inclusion ¢; : My < M.

We have, for t # 0, M; g M, that is ¢y = pry o ¥ o ;. Finally we denote

Q; =17 and assume that

(€] = [¥yw]. (2.40)

In this context, the Donaldson—Futaki invariant of (M, ), when dim¢ M =
n, can be defined to be:

n = n * n
DF(M,Q) := e /MQ 1 /M(p—ﬂ' P AQ (2.41)

where T, = [3, p* Aw™ ™/ [}, w™, p¥ is the Ricci curvature of w and p is any
representative of 2wy (M).

The quantity coincides with the invariant introduced by Donaldson
in [82] when the test configuration is the compactification of a polarised test
configuration as shown in Odaka [I75] and Wang [201], see also [82] p.315] and
Li—Xu [164, Proposition 6].



36 2.2. Localisation on test configurations

Remark 2.37. In the Kéhler setting [78] [I85] the test configurations over
(M, [w]) considered are more generally (compact) Kéhler analytical spaces. Then
the Donadson-Futaki invariant as is defined for a smooth resolution over
it. It is proved then that the definition is independent of the resolution and
that to test K-semistability (i.e that DF (M, [Q]) > 0 for all test configurations
over (M, [w])) and even uniform K-stability (see eg.[78]) it is enough to consider
smooth test configurations, see [78, Proposition 2.23]. However, on the resolu-
tion, the pull back of € is not positive everywhere and thus does not necessarily
belong to a Ké&hler class. Note that still make sense for more general
(1,1)-forms © on M as soon as, as above, p is defined as any representative of
2’/TCl (M) .

Clearly, the quantity DF(M, Q) does not depend on the representative §2 €
Q] € HYY(M,R) and we assume, without loss of generality, Q is S'-invariant
Kahler for the standard inclusion S' C C*.

We denote V' := v,(9y) the real holomorphic vector field on M induced from
the generator of S' via the action. By assumption this is also a Killing vector
field with zeros and thus it is a Hamiltonian vector field on (M, Q). We pick a
Hamiltonian function p : M — R that is

—dp=Q(V,-).
We get two S'-equivariantly closed formﬂ
Ag = (Q—p)
ne 1 \ . (2.42)
BQ = nt 1(97#) — (pQ — QAQ,LL> + (7T Wwps — T ,UFS)

where ppg is a Hamiltonian for the standard S! action on (IE”17wp5). Indeed,
by Bochner formula we have

d
*iAQN =p(V,).

Observe that the equivariant classes [Aq], [Ba] € H2 (M) are independent
of the chosen representative in [Q] € HD (M, R). Indeed, Agigac, = Aq +
ds1d®p because p + dp(a) is a momentum map for Q + ddyp.
Remark 2.38. When () is degenerated on subvarieties of M which itself is
smooth (see Remark [2.37)), the Ricci form p® and the Laplacian do not make
sense. However, we can pick any representative p € 2meq (M), by the Calabi-

Yau Theorem [206], there exists a metric £ on M such that pt = p and thus
p(V,-) = —2A% is exact. Then the equivariant form

nc

1 ~
Bo = i (Q—p)— (p - 2A9u) + (m*wrs — T pEs)

is well-defined and, up to an addition by a equivariantly exact form, does not
depend on the representative Q € [Q] € H1Y (M, R) and p € 27c; (M).

Since the integration picks up only the 2(n + 1)-degree terms we have the
following.

Lemma 2.39. [Lj] DF(M,Q) = [Aq]™ U [Bq] (IM])

A similar formula was found independently by Inoue [129].

11The notion is recalled in §2.1.4.1
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2.2.2 Localisation of the Donaldson—Futaki invariant

Since 7 : M — P! is equivariant the fixed points set of the S! action on M,
Fixg1 M, lies in MyU M. Following a classical argument of Riemannian geome-
try, Fixg: M is a disjoint union of smooth submanifolds, Fixg: M = M., U(U; Z;).
One of the component is M., because of the condition (4) defining a test con-
figuration. The remaining components lie in My. We denote then

Fixgt M = (UZ) U Ma

where Z denotes a generic component of Fixgi M in M.

Applying Theorem on the expression found in Lemma[2:39above, we ob-
tain the next proposition where the following notation is used: given any subset
S C M we denote the inclusion tg : S — M and, for any form/function/tensor..
a on M the pull-back to S is denoted ag := 150

Proposition 2.40. [Lj] Let (M, [Q],v, 7, 4¢) be a regular (compact) test config-
uration over (M™,[w]). We pick Q € [Q] a S*~invariant Kihler metric. Let V =
v..(00) be the vector field induced by the underlying S*—action, p : M — R be any
hamiltonian function for V. The Donaldson—Futaki invariant of (M, [Q], v, m, )
is

/\/l Q) Z/ ne) (Qz — pz)"
n+1bEMXW

"N wy, 00) A (R — i)

QZ*MZ
JrZ/ nle( EM

where Z runs into the set of connected components of the fixed points set of the
S -action lying in the central fiber My = 7=1(0). The equivariant vector bundle
N over Z is the normal bundle of Z in M and w§,...,wZ_, € (Lie S')*
are the weights (with multiplicity) of the induced action of S' on the normal

bundle Eg‘

The proof of the last proposition boils down to show that the contribution of
M in the equivariant localisation of A U Bg vanishes identically. Moreover,
Sy (w;,00) is the value of —2A%y at any point of Z. In particular,
holds as well when  is degenerated and M smooth, and p® is replaced in Bq
by any representative of 2w¢q (M), see Remark

Comment 2.41. It is not hard to show that there exists a value r € R
such that p=1(r) ¢ M\(Mo U My,). Moreover p~1(r)/S' ~ M, actually,
M\ (My U My,)/C* ~ M as complex manifolds. Therefore the Kirwan map
from S!'-equivariant cohomology on M to de Rham cohomology of M, denoted
K HE (M) = Hjp(M), is sujective [139]. Following an idea of Kalkman [135]
we can localise on M_ := {p € M| u(p) > r}, any (closed) 2n—form o on M.
That is there exists an equivariantly closed form & on M such that

=2 | awiom
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Thus, theoritically, we could compare the classical functionals (Mabuchi, Aubin,
...) on the space of Kéhler potentials with the value of the Donaldson—Futaki
invariant given by . However, given such «, finding a representative for
& € £ Y([a]) is not straightforward.

Using Proposition and [97, Proposition 6] it is clear that DF is an
equivariant class on the central fiber Mj. In the case where the latter is smooth,
orbifold type or more generally irreducible we should find back the classical
Futaki invariant of the induced S'-action on My. Donaldson gave in [82] a very
simple proof of this fact in the polarised case when the central fiber is smooth
using the (equivariant) Hirzebruch-Riemann-Roch formula and the definition
of DF as a coefficient of the expansion of the normalized weight of the induced
action on H°(LF). As an application of Proposition I showed that it was
indeed the case when the central fiber inherits of an orbifold structure from the
inclusion in M.

Theorem 2.42 (Donaldson [82], L. [LH]). Let (M"*1[Q]) be a reqular (com-
pact) test configuration over (M™,[w]) with = : M — P! and the C*-action
v:C* — Aut(M). Let V = v,(90) be the vector field induced by the under-
lying S'—action and p : M — R be any Hamiltonian function for V. Assume
that the central fiber Mo := ©=1(0) inherits a Kdhler orbifold structure from the
inclusion v : Mg < M™1. Then

DF (M, [))

ol = _WFut(Moy[QO])(JOV) (2.44)

where Qo = 1} 2 is the pull-back on My.

Test configurations with smooth central fiber but with 7 not being a sub-
mersion are known to exist see [23] [196]. Examples with 7w being a submersion
also fulfill the hypothesis of the Theorem, such examples include the so-called
”product tests configuration”.

The proof of Theorem [2.42) is very direct when the central fiber is smooth.
Indeed, in that case the normal bundle Ey := T M /T M; provides a splitting
EY' = 5By ® E?O and we can easily clear out the expression of the Futaki
invariant —m Fut(yz, [0,])(JoV') localized on Fixg: (Mo) = Fixg1 (M) N M. In the
orbifold case, we need to work a little bit more. Each connected component
Z of the S'-fixed point set is a smooth Kéhler submanifold of (M, (). Since
connected (smooth) compact metric manifold cannot be isometric to a metric
orbifold with more than one type of isotropy group, see [I43] Lemma 2.1], there
exists a single orbifold uniformising chart ((7 z,1'z) for each component Z. That
is Uy C C" is open and 'z C GI(C") is a finite subgroup, and there is a T'z—
invariant surjective holomorphic map qz : [72 —Ugz ~ ﬁz/f‘z where Uz is a
neighbourhood of Z in My. Also Z ~ qgl(Z) is the only fixed points of I'z. By
[157], there is a group extension I'y < Hz — S' and Hz acts on Uy covering
the action of S! on Uz. The connected component of the identity of Hz is a

circle and the normal bundle Egz is then a S'-equivariant bundle over Z with
weights Wi,..., Wy, € (LieS!)* ~ R (the weights might not lie in the (same)
weights lattice of our original representation of S' but it is not a problem in
terms of localisation formula [I71]).
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With this notation prove Theorem it is sufficient to show that these
three following conditions hold on each connected component Z of the fixed
point set:

a) o[ =y lp™] € Hip(2);
b) 2o (wZ,00) =1+ Y17 (WF,00);
c) e(EyY) = dze(EY°)/2m;

here dy is the order of the isotropy group of a generic point in Z. The relation a)
follows directly from the irreducibility of the central fiber. I proved the second
equality b) using the characterisation of each side as the value at z € Z of the
Laplacian of a Hamiltonian function of the S! on Uy and on M. For the last
relation I compared directly the equivariant Thom forms of EQ/‘ and EJZ”O.
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Chapter 3

Transversal Kahler
structures, Levi reductions
and weighted extremal
Kahler metrics

Typically the Kéhler reduction of an extremal Kahler metric is not extremal
itself [55, 108]. In particular the so-called Guillemin (Ké&hler) metric, which
exists on any compact toric orbifold and is obtained by the Ké&hler reduction
of the flat complex space, is extremal only on weighted projective spaces [Il
115]. However, the Kihler reduction of a scalar-flat Kéhler cone, by the S!-
action induced by the Reeb vector field (in the quasi-regular case) is cscK and
more generally, the K&hler reduction of a compatible rigid extremal Kéahler toric
fibrations by the torus is cscK [I3]. These are are very special cases and to get
extremal Kéahler metric involved more generally one needs to include some other
kind of special metrics, see eg [22].

With these facts in minds, with my collaborators [ACGLIL [ACGL2], we
have proposed a slight modification of the Kahler reduction process incorporat-
ing sasakian deformation technics. We have called this construction Levi-Kdhler
reduction. We have worked essentially only in a toric setting, extending the no-
tion of Sasaki toric manifold to higher co-dimension CR structure and developed
the theory of toric contact manifold of arbitrary co-dimension. I explain our re-

sults below

Our initial hope in introducing Levi-Kéhler reduction was to build new ex-
tremal Ké&hler metrics. To be honest, in that respect, it was not a big success (al-
though see Propositionbelow) but we have found some unexpected weighted
extremal Kahler metrics along the way, see Theorem At that time, these
special Kéhler metrics were studied in relation with Einstein—Maxwell struc-
tures and conformally Einstein manifolds [20]. Since then Lahdili has developed
a very general theory of weighted cscK metrics see [142], including the type of
weighted extremal metric we had found in [ACGL2|, those of [20], the p-cscK
metric introduced by Inoue in relation with Kahler—Ricci solitons [127] and re-

41
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cently, in [19], the v—soliton of Berman—Nystrom [35].

Starting from our discovery (i.e, Theorem below or [ACGL2, Theorem
6]), my collaborators V. Apostolov and D. Calderbank exhibited in [10] the
exact relation between extremal Sasaki structure and weighted extremal Kéahler
metrics in the Sasaki setting.

Precisely, with the notation of 2.1.1] they showed that given two commuting
Reeb vector fields &,&, € t1 on a Sasaki-CR manifold (N, D, J), with &, quasi-
regular and Sasaki-Kéhler quotient (M, J,w,), the transversal scalar curvature
of (N, D, J,§) is some ([{], k)—weighted scalar curvature of (M, J, w,) where the
weights ([£], k) are determined by (N, D, J, ) as explained in

In a subsequent paper [ACL], with V.Apostolov and D.Calderbank, we have
extended the relation they had found to

Proposition 3.1. [ACT)] There is an extremal Sasaki metric in the class S(J*, €)
if and only there is a ([£], k)—weighted Kdhler metric in (M, [w,]).

Using this we were able to prove that when &, is regular (thus M is smooth
and we can use Darvas—Rubinstein theory [73]), the existence of an extremal
Sasaki metric in the class S(J¢, €) implies (relative) ([¢], &) weighted K-stability
of (M, J, [w,]) with respect to a maximal torus and smooth equivariant test con-
figurations with reduced central fiber. We also compared weighted K-stability
to the K-stability of the corresponding polarised affine cone (introduced by
Collins—Székelyhidi in [68]), and proved that they agree on the class of test
configurations we consider. In order to do that, we have expressed the Collins—
Székelyhidi numerical invariant as an intersection product formula on the total
space of the Sasaki test configuration.

There is an increasing interest in weighted cscK metrics see eg [162] and
recently, building on the proof of [ACLL Theorem 1] (see Theorem below),
Apostolov—J uberﬂ»Lahdili have proved more generally that compact weighted
extremal Kéahler manifold has coercive weighted Mabuchi energy with respect to
a maximal complex torus in the reduced group of complex automorphisms. They
also have showed that this coercivity property implies weighted K-polystability
on any non-product equivariant smooth Kéhler test configuration with reduced
central fiber extending our result. This extends and unifies many results in the
literature.

3.1 Levi—-Kahler reduction

Underlying a Sasaki manifold there is an odd dimensional manifold N?"*1 whose
tangent splits
TN = Do Re (3.1)

where £ € T'(TN) is a nowhere vanishing vector field, the Reeb vector field,
and D C TN is a distribution equipped with a complex (or CR) structure
J € End(D). In view of example the interest of Sasaki geometry for Kéhler
geometers lies in the transversal Kahler geometry of such structure, which refers

1Simon Jubert is a PhD student that I co-supervise with Vestislav Apostolov. Simon is
working on some class of weighted toric extremal K&hler metrics.
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to the Kéhler structure induced on the local leaves space of Reeb foliation. As
discussed above, it might be wise to vary the splitting in the search of
interesting (extremal,...) transversal Kéahler structures.

Our thesis in [ACGLIl [ACGL2] is that these ideas need not be limited to
1-dimensional foliations. Indeed, any Sasaki manifold has an underlying codi-
mension one CR structure, whereas CR manifolds arise naturally in arbitrary
codimension [40]. This prompted us to introduce transverse “Reeb foliations” F
on arbitrary CR manifolds (N2"*+* D, J), rank(D) = 2n. Such objects are par-
ticular examples of polarised CR manifold in the sense of Meersseman [I72]. Our
focus is on the transversal Kahler geometry of (D, J), i.e., the Kéhler structures
induced on the space of (local) leaves of the Reeb foliation F by contact forms.
Whereas in codimension one, the exterior derivative of the contact form equips
the horizontal distribution D with a nondegenerate 2-form (which, together with
the complex structure J on D, defines the horizontal Kéhler structure on D),
in higher codimension, the non-integrability of D is measured by a 2-form on D
with values in TN/D, called the Levi form Lvp, namely

Lp(X,Y) = —gp([X,Y]) (3-2)

where gp: TN — TN/D is the quotient map.

In order to construct a Kahler metric on the leaf space of the Reeb foliation,
we consider a section 7 € I'(DY) where the annihilator D° C T*N is identified
with the dual of the bundle TN/D over N. Thenﬂ (n,Lpy = dn|p and 7 is
positive if h)y == (n, Lp)(-, J-) is positive definite on D. In that case, (D, J, h},)
would define local Kahler structures on the leaf space of the Reeb foliation if n
and J are invariant along the foliation.

For this to work, (D, J) needs to be pseudo-convex and, thus, D has to be
contact which is a strong condition Unlike the classical codimension 1
case, contact structures of co-dimension higher than one have local invariants,
cf Remark and the theory becomes quickly very rich. In our works [ACGLI],
ACGL2], we focused on toric contact manifolds and toric CR submanifolds of
C?, in particular product of odd dimensional spheres.

3.1.1 Toric contact manifolds of arbitrary codimension
3.1.1.1 Symplectization

In this section, (N2"** D) denotes a compact connected manifold N of di-
mension 2n + k, together with a distribution seen as a subbundle D C T'N of
codimension k > 0.

For k = 1, such a pair (N, D) is contact (in the classical sense) if the Liouville
symplectic form Q of T* N is non-degenerated on the annihilator D°\{0} C T*N,
equivalently a local contact form exists around each point. For higher k, we
could simply ask that the annihilator D°\0-section of D in T*N is a symplectic
submanifold of (7*N,). This definition is used in subriemannian geometry
[I73] and includes classical codimension 1 contact submanifolds. However, in
higher codimension this would be too restrictive for our purpose. Even product
of codimension 1 contact manifolds would not be contact in general. So we
define it as ”a local contact form exists around each point” as follows.

2kern D D, thus dn(X,Y) = —n([X,Y]) for sections X,Y € I'(D)
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Definition 3.2. (N, D) is a contact manifold if the nondegeneracy locus Up :=
{n € D° = (T'N/D)*| n o Lp is nondegenerate} meets every fiber of D°. A
(local) section of Up is called a (local) contact form on N.

Example 3.3. If (N;, D;) are contact manifolds, with codimensions k;, for i €
{1,...m}, then so is (H;il N;,D1®---®D,,), with codimension k = k1+- - -+ky,
and Up = Hle Up,. In particular, the product of m = k codimension one
contact spheres S?"1 11 x ... x S+ is a codimension k contact manifold.

Remark 3.4. If Up N DY is nonempty then, since nondegeneracy is an open
condition, DY has a basis 71, ..., mx in Up and UpNDY is the complement of the
set where (Zle t;n;) o Lp degenerates (that is if rankD = n, (Zle tidn;)" =0
on D,), which is the cone over a projective hypersurface Vp . C RP(DY) of
degree m. In [ACGLI], we called Vp C RP(D?) the degeneracy variety of D.
The degeneracy variety is a local contact invariant of a contact manifold (N, D).
For example S' x S® and S? x S? cannot be even locally contactomorphic because
the degeneracy variety of the latter has two points in each fiber, whereas the
former has only one (with multiplicity two).

Example 3.5. (The middle step of some symplectic reductions) Let (MQd,@)
be a symplectic manifold and G C Ham(ﬂ ,W) be a k—dimensional compact
torus with momentum map p : M — g*. Given a regular value of the moment
map « € g*, we consider the submanifold N := p~!(a) in M and denote the
inclusion ¢ : N — M. The orbits of G are tangent to N and the induced
action of G on N is locally free. At each point z € N, the tangent space of
the orbit g, := T.(G - z) has dimension k and D, := g« N T, N has dimension
2n:=2(d — k).

In that generality, the Levi form Lp might be degenerated, that is (N, D)
is not necessarily contact (eg. M x G with D = TM where M is a manifold).
However, whenever & = dn with ker(n) D D then (N, D) is contact. Examples
of such (M ,w) include open subsets of linear symplectic spaces, products of k
symplectic cones or some symplectic submanifolds of T*N with the Liouville
symplectic form [ACGLI].

Contactomorphisms are naturally defined in the category of contact mani-
folds and we denote by con(N, D) the Lie algebra of infinitesimal contactomor-
phisms of (N, D). To recall the notation: an effective action of a torus T on N

corresponds to an embedding T < Diffeo(M). It is a contact action if the linear
injection 2, : t — I'(T'N), where t := Lie(T) embeds t in con(N, D). Given £ € t
we denote £ = 1,(§) € T(TN) the vector field on N induced by the local action

t— exp(t§) C T.

Proposition 3.6. [ACGLI] Let (N,D) be a contact manifold of codimension
k. Then Up is the open subset of D° over which the pullback, say wp, of the
canonical symplectic form on T*N to D° is nondegenerate. Thus (Up,wp) is
an (open) exact symplectic manifolds. Moreover any local contact vector field
on (N, D) has a canonical lift to a local hamiltonian vector field on (Up,wp).
In particular, if a compact torus T induces a contact action on (N,D) then
the action of T canonically lifts to a hamiltonian action on (Up,wp) and has
a natural homogeneous momentum map p : Up — t*, the restriction of the
homogeneous momentum map of the Liouville symplectic structure.
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Let T be a (n + k)—dimensional torus acting effectively on (N, D). In this
case, (N, D, T) is a toric contact manifold if moreover the action is contact. A
toric contact manifold (N, D, T) is of Reeb type if there exists a k—dimensional
linear subalgebra g C t satisfying the following Reeb condition: at every point
z€ N,

T.N =D. & {¢_|¢ € q). (3.3)

The last summand g_:= {{_|¢ € g} is called the Reeb distribution and plays
the role of the Reeb vector field. We might call g itself a Reeb subspace if no
confusion is possible.

Remark 3.7. The Reeb type condition is not automatic even on codimension 1
toric contact manifolds. It corresponds in that case to the existence of a global
T—invariant contact 1-form, thus needed for a compatible Sasaki metric to exist
see eg [46].

Lerman developed the theory for codimension 1 toric contact manifolds
[155, [156]. In that case, Up = D°\0-section, assuming D co-oriented (or Reeb
type), Up has two components and picking one of them, say D0+, we get a sym-
plectic cone (Di, wp) as above. Lerman proved that the image of the induced
homogeneous momentum map & : Dg_ — t* is a Delzant polyhedral cong’| with-
out its apex, which means that C' := {z € t*\{0}|(z,4;) > 0,s = 1,...,d}
where d is the number of facets of C and ¢ = {{1,...,£4} is a set of primitive
vectors in the lattice of circle subgroups of T satisfying the condition of Remark
The Reeb type condition is equivalent to the strict convexity of the moment
cone C. Also, picking a T—invariant contact form n € I'(DY) and applying the
hamiltonian technics of Guillemin—Sternberg [I16], he showed that the image
of pomn is a convex compact simple polytope, transverse to the moment cone
and lying inside the hyperplane £~!(1) where £ € t, is the Reeb vector field

associated to 7 (2.3).

In higher codimension Up might have more than two components (cf Re-
mark but assuming there is a global T-invariant contact form n € T'(DY)
its image lies in a single component, say U C Up, which we call a Reeb compo-
nent. Noticing that in the partially ordered set of closed T orbit strata in NV,
the analogue of a facet is a closed orbit stratum stabilized by a circle (only), we
get that the collection of these "facets” is in bijection with a set of primitive
vectors £ = {{q,...,¢s} of the lattice of circle subgroups A of T. The set ¢ does
not generates t if and only if (N, D) is a trivial H-principal bundle over a toric
contact manifold where H C T is a non-trivial subtorus. Extending Lerman ar-
guments [I56] and slices theorem for contact manifold [ACGLI] §2.2] we proved
that this set £ can be chosen uniquely so that the following holds.

Proposition 3.8. [ACGLI] Let (N?>"** D, T) be a codimension k toric contact
manifold of Reeb type with a global T—invariant contact form n € T(U) where U
s connected component of Up. Let d be the number of orbit strata in N having
circle stabilizer. Then the momentum image p(U) lies in

C:={xet"\{0}|(z,4s) >0,s=1...,d}

3Lerman called these cones good.
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where £ = {ly,...,L3} is a set of primitive vectors in the lattice of circle sub-
groups A of T. Moreover, (C,{) satisfies a Delzant condition with respect to
w(O), namely if p € p(U) then Spany{{, | £s(p) = 0} = ANSpang{¢; | ¢s(p) = 0}.
Finally, u(n(N)) is convex compact polytope with d facets contained in a n—
dimensional affine subspace A of t* and u(n(N)) = {z € A|ls(z) > 0,s =
1...,d}.

Actually this result in [ACGLI] is stated in terms of a Levi pair which
is defined below. To get the version above we need to pick a Reeb subspace
compatible with 1 and show that 7 is the associated contact form of a Levi pair.

3.1.1.2 Labelled polytope associated to a Levi pair

Given a Reeb subspace g C t, we denote 7y: TN — g the connection 1-form of
g (i.e kerng =D and ny(§) = &).

Definition 3.9. We say (g, A) is a Levi pair on (N, D) if g C t induces a Reeb
distribution and A € g* defines a global contact form as

1y = Aong € I(Up)
(i.e. equivalently dng‘\D is a nondegenerated 2-form on D).

Any Levi pair (g, A) is associated a unique simple convex labelled polytope
(Py.x, %) via Proposition More precisely in this case we can say that
P = P, lies in an affine copy of (t/g)* inside t*. Indeed, for any ¢ € g,
pony(€) = (X&) and thus P is a subset of the annihilator of j(ker A) in t*,
where 7 : g — t is the inclusion. This annihilator is naturally identified to
(t/(g(ker A)))* and fits in the dual sequence of

0— g/(ker\) — t/(ker \) — t/g — 0

which identifies (t/g)* to (7*)~(\). Then we showed u(nﬁ‘(N)) =Cn() ) =
Py that is Py = {z € (t/g)*|ls(x) > 0,8 = 1,...,d} is a simple compact
polytope labelled by .

Conversely, if 4(U) meets transversally a n—dimensional affine subspace A in
a compact polytope P = AN u(U) then T, A = g° for a k—dimensional subspace
7:9<—tand A= (*)"1()\) for A € g*. The local properties of the momentum
map p: U — t* imply that g is Reeb.

Corollary 3.10. Given a (compact, connected) toric contact manifold (N, D, T)
of codimension k and Reeb type with a Reeb component U C Up, to a Levi pair
(g, ) with associated Reeb component U is associated a unique simple labelled
polytope in (t/g)* obtained as a transversal polytope to u(U) where p : U —
t* is the natural momentum map of the symplectization. Conversely, any n—
dimensional labelled polytope transversal to w(U) determines uniquely a Levi
pair on (N, D, T) with associated Reeb component U.

The crucial ingredient to prove the convexity of P,  is that for any levi pair
(8,A) on (N,D) and a € t the function p(n)(a)) € C*°(N) is Morse-Bott of
even index. This allows us to use Atiyah’s argument [27]. This convexity result
has been proved in a slightly more general situation by Ishida [130].
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3.1.1.3 The grassmannian image

The labelled polytope associated to a toric contact manifold with a Levi pair
does not seem to determine the underlying toric contact manifold uniquely up
to a contactomorphism see [ACGLI1, Example 4]. More information is given by
the grassmanian momentum image defined for a compact toric contact manifold
(N, D) as the set = := {1,(D?) |z € N} C Grg(t*) which is well-defined because
the homogeneous momentum map of the Liouville symplectic form is linear along
the fibers. However, for = to have nice properties of momentum image we need
to assume that (N, D) has Reeb type, as we do in the rest of this section.

Using the theory developed in [I37] for non-compact symplectic manifold
like (Up,wp) we obtained that N/T and Z are diffeomorphic manifolds with
corners. The orbit strata of N corresponding to circle stabilizers are send to
the facets of = lying in subgrassmanians of codimension 1. The existence of
a Levi pair (g, ), actually the choice of a Reeb component of Up, provides
a labelling ¢ satisfying the Delzant condition above. Also, the Reeb subspace
g C t, implies that = lies in an affine subspace of Gry(t*) corresponding to the
k—planes transverse to the annihilator of g inside t*. Moreover, using A € g*
this manifold with corners = must be sent bijectively by an affine map to a
convex simple polytope ﬁg, x- This last condition encodes the needed convexity
and compactness properties. Summing up these conditions we get that the
grassmannian image = of a compact connected toric contact manifold of Reeb
type (N, D, T) is Delzant and polyhedral of Reeb type in Gry(t*).

Theorem 3.11 (Apostolov—Calderbank-Gauduchon-L. [ACGLI]). The grass-
mannian tmage = of a codimension k compact connected toric contact manifold
of Reeb type (N, D, T) is compact polyhedral manifold with corners in Gry(t*),
and any Reeb component U C Up induces a labelling ¢ such that (2, ) is Delzant
of Reeb type. Conversely, any Delzant labelled polyhedral manifold with corners
(E,2) of Reeb type in Gry(t*), is the grassmannian image of a codimension k
compact connected toric contact manifold with a Reeb component whose associ-
ated labelled manifold with corners is (Z,£).

For the last claim, we used a variant of Delzant construction to obtain the
symplectization, actually a Reeb component (U, wp), of the toric contact man-
ifold as a symplectic reduction of (V' x T x C%, Q — wyq) where V C t* is open,
V x T C T*T is endowed with its Liouville symplectic form 2.

We would have liked to prove that toric contact manifolds are classified by
their grassmannian image, with a suitable labelling. This is true locally by the
local models we obtained in [ACGLI) §2.2] using symplectic slices. However, as
in toric symplectic geometry [I57] and toric contact geometry in codimension
one [156], there remains a local-to-global question governed by the cohomology
of a sheaf. Thus we have the following result.

Theorem 3.12 (Apostolov—Calderbank-Gauduchon—L. [ACGLI]). The grass-
mannian image = of a compact toric contact manifold of Reeb type (N,D,T)
is Delzant and polyhedral of Reeb type in Gry(t*), and there is a sheaf con” (D)
on = such that toric contact manifolds of Reeb type with grassmannian image =
are parametrized up to isomorphism by H(Z, con™ (D)).

In contrast to the symplectic and codimension one cases, con™(D) is the
sheaf of solutions of a linear partial differential equation (for infinitesimal con-
tactomorphisms), which is overdetermined and typically not involutive. We
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show that H'(Z, con™ (D)) vanishes in special cases, such as when (N, D, K) is
a product of codimension one toric contact manifolds. However, it remains an
open question whether it vanishes in general.

Proposition 3.13. [ACGLI] If N is a product of codimension one contact
manifolds of Reeb type, then H(Z, con™ (D)) = 0.

3.1.2 Levi-Kahler reduction

Here we incorporate a CR structure in the picture drawn in the last subsec-
tion. Namely, we assume (NV,D,T) is a codimension k (compact connected)
toric contact manifold of Reeb type and, in addition, there is a T—invariant CR
structure materialized by an endomorphism J € End(D) such that J? = —Id
and DY C D ® C is integrable (closed under the Lie bracket). It makes the
Levi form J-invariant (or of ”(1,1)” type) in the sense that —2Lp(X,Y) =
ap([X, Y]+ [J-, J]). Therefore,

Uj :={ne D’ noLp(X,Y) is positive definite}

is an open and closed submanifold of Up. Of course, we are interested in the
cases where this set is non-empty and, thus, coincide with a Reeb component
from the last subsection.

A Levi-Kahler pair is a Levi pair (cf Definition (g, A) such that 773‘ =
Aomng € D(UF). Such Levi-Kihler pair defines a metric hgy , = dng|p(-,J°)
on the complex bundle (D, J). Local quotient by the foliation induced by the
Reeb foliation takes that structure to a local Kéahler structure (this uses that
the structure is g—invariantand that dng‘ is g-basic). Thus, a Levi-Kahler pair
defines transversal Kahler structures in the sense discussed in this memoir.

Note that if g coincides with the Lie algebra of a subtorus G C T then any
Levi-Kéhler pair (g, A) defines a Kéahler structure, say (wg,x, J), on the orbifold
quotient M = N/G.

We used these Levi Kéhler pairs in [ACGL2] to construct compatible Kéhler
structures on compact toric complex manifolds by revisiting the Delzant con-
struction [77] as follows.

Given a n—dimensional simple labelled polytope (P,¢) with P C R™ and
defining affine linear functions ¢ = {¢1,...,¢4} C Aff(R",R) (cf [{.1.1] for the
definition of a labelled polytope). Denote T¢ = S' x ---S! and consider its
standard hamiltonian action on (C%, wgy = Zj idzj A dZ;) with momentum
map

Mstd * (Cd — ]Rd
Z = %(|21|2""a|zd‘2)‘

The Delzant construction, see [77, [I57], associates to (P,¢) the following
objects

e a (k= d — n)-dimensional subalgebra j, : gp — R? defined by

d
gp := ker <Rd S Zwsdfs € R") ;

s=1
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e an element in the dual of that subalgebra Ap := 55, (£1(0),...,£4(0)) € gp

o alevel set Np := p ' ()) of the gp-momentum map g := j* o figeq : C* —
g* and thus a toric CR submanifold of C¢

(Np,DpaJ)

with Dp = TNp N JT Np where J denotes the integrable almost complex
structure of C¢.

A key observation [ACGL2] is that a part of the proof of Delzant only use
the combinatorics of P, by which we refer to the partially ordered set of closed
facets of P. Using this and the type of equations defining the submanifolds in
Delzant’s proof we get the following.

Lemma 3.14. [ACGL2] The pair (gp,Ap) is Levi-Kdhler on (Ng,Dq,J) for
any labelled polytope (Q,g) provided that ) has the same combinatorics than P
up to a renumbering of the facets. Moreover, the labelled polytope associated to
(Ng,Dg.J,gp, Ap) in is (P, £) (does not depend on Q). In particular,
if g = Lie(G) for a subtorus G of T¢ the Levi quotient (Ng/G,wgp.xp) is T/G-
equivariantly symplectomorphic to the Delzant-Lerman-Tolman toric symplectic
orbifold associated to (P,?).

Note that even on (Np/G,J) the Levi-Kéhler structure (J,wg, »,) is not

necessarily isometric to the so-called Guillemin metric [I15] which is obtained
as a standard Kihler reduction of (C%, wgq) for the group G (when (P, /) is ra-
tional) at the level Ap. Indeed, there is no particular reason for ws:q to restrict
as dnélf on Dp and in general it does not. However, the complex structure
underlying the Guillemin Ké&hler structure is the one obtained from the CR
structure (Np, Dp, J) by identifying D to T(Np/G). Thus, there is a canoni-
cal identification between the complex orbifold underlying Guillemin ”metric”
and the one underlying the Levi-Kahler reduction. Thus, given a rational la-
belled polytope (P,¢) and associated Delzant-Lerman-Tolman toric symplectic
orbifold (M,w), there is a distinguished w-compatible Kéhler structure h(p)
obtained by a Levi-Kéhler reduction (here we denote h(py) the Kéhler triple
(9(pey,w, J(pe)) where g(py) is a riemannian metric g(po) = —wJ(p,)).
Our goal in this project was to put special metrics on compact toric symplec-
tic orbifold. Another insight that leads us is that a Levi-Ké&hler reduction of
a CR manifold (N,D,J) can be expected to have nice curvature properties
if (N,D,J) does. The simplest examples, in codimension one, are round CR
(2m+1)-spheres, which are the toric CR submanifolds associated to m-simplices,
and are circle orbibundles over complex weighted projective spaces. The Levi—
Kahler quotients in this case give rise to the natural Bochner flat Kéhler metrics
on weighted complex projective spaces, studied in [56, [71] 203], which are also
extremal in the sense of Calabi [57].

Recall here, the Bochner part of of the curvature tensor of a Kéhler metric is
its pointwise orthogonal projection onto the U(m)-submodule of (formal) Kéhler
curvature tensors with vanishing Ricci trace. In our language, Webster [203]
showed that in codimension one the Bochner tensor of a Levi-K&hler quotient
M of CR manifold N pulls back to the Chern-Moser tensor of N, which is a
local CR invariant [66] and vanishes when the N is locally CR diffeomorphic to
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a standard CR sphere (S?"*! D, J). In particular, every Levi-Kihler quotient
(M?",g,J) of S*"*! is Bochner-flat.

Similarly, we showed in [ACGL2] that the Levi-K&hler quotients of products
of CR spheres N = S+l x ...§2%+! provide a natural extension of the
Bochner flat Kéhler metrics in higher codimension. The product structure on N
induces distributions on M and we show that the curvature of M has vanishing
Bochner component on each such distribution, simply because CR. spheres have
vanishing Chern—Moser tensor.

Theorem 3.15 (Apostolov—Calderbank—-Gauduchon-L. [ACGL2]). Let (M,w)
be a compact 2n dimensional symplectic toric orbifold with Delzant labelled poly-
tope (P,£). Then P has the combinatorics of a product of simplices if and only
if (M,w) can be obtained as a Levi-Kahler reduction of a product of odd di-
mensional CR spheres. In particular, such an orbifold admits a distinguished
compatible Kdhler metric hipgy for which the tangent bundle admits a decom-
position into orthogonal distributions and such that the curvature of hp gy has
vanishing Bochner component on each such distribution.

For 3-dimensional CR manifolds, the vanishing of the Chern—Moser ten-
sor is automatic and we compute instead the scalar curvature of a Levi-Kéahler
quotient of a product of 3-spheres and observe that, when the polytope is projec-
tively equivalent to a cube, the Levi-Kéahler quotient metric can be characterized
as being extremal in a weighted sense that was introduced (in a special case)
in [20]. Here, recall that a polytope P having the combinatorics of a cube is pro-
jectively equivalent to a cube if the intersections of pairs of opposite facets lie in
a hyperplane H C t*. Thus there is a unique, up to scale, affine linear function
w € Aff(t*,R) which is positive on P. We showed by direct computation that
for the scalar curvature of the Kahler metric (9 = g(p,),w) corresponding to
the Levi-Kéhler reduction of Lemma the following function is affine-linear
on P

Scaly ,, := w?Scal, — 2(n + NwA%w — (n +2)(n+ 1)g~(dw, dw).  (3.4)

Apostolov and Maschler have introduced similar weighted curvature in
relation with Maxwell-Einstein metric [20]. Given a toric symplectic orbifold
(M,w,T) with momentum image P and (w,p) € Aff(P,R*) x N, they have
defined in the case p = 2n the following operator on w-compatible K&hler
metrics

Scaly . p 1= w?sScaly ., — 2(p — DwA jw — p(p — 1)g; " (dw, dw). (3.5)

Solutions g of Scaly ., € Aff(t*,R) enjoy the basic property a ”canonical
metric” should have:

Proposition 3.16. [20, [ACGL2] Let (M,w,T) be a compact toric symplectic
orbifold with labelled Delzant polytope (P, ¢) in R™ and w a positive affine-linear
function on A. Then,

(a) There exists at most one (up to equivariant isometry) w compatible toric
metric g on (M,w,T), for which Scalg ., p is an affine-linear function.
(b) The affine-linear function in (a) is uniquely determined by (P, ¢, w,p).

Definition 3.17. The (unique) compatible toric metric satisfying the condition
(a) of Proposition is called the (w, p)-extremal metric of (M,w,T).
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Thus, our finding that (3.4) is affine-linear on a projective cube P C R™ was
actually an occurrence of weighted (w, n + 2)-extremal metric which is therefore
unique in a given class.

Theorem 3.18 (Apostolov—Calderbank—-Gauduchon-L. [ACGL2]). Suppose (P, ()
1s a labelled projective cube in R™, corresponding to a compact toric orbifold
(M,w,T) and let hy be the Levi-Kdihler quotient metric defined by [3.1j, Then
he is the (w,m + 2)-extremal metric of (P,{), where w is the unique up to
scale affine-linear function on R™, vanishing on the hyperplane containing the
intersections of opposite facets of P and positive on P.

An important source of toric Kéhler orbifolds M whose Delzant polytope has
the combinatorics of a product of simplices—and to which Theorem A applies—
is obtained from the generalized Calabi construction (see [14]), where both the
base and the fiber are toric orbifolds with Delzant polytopes having the combina-
torics of product of simplices. This includes the complex Hirzebruch surfaces,
holomorphic projective bundles over a projective space, the Bott manifolds,
and, inductively, rigid toric fibrations where the base and the fiber are one of
the aforementioned smooth complex manifolds. We show that in this special
setting, the Kéahler metric corresponding to the Levi-Kahler quotient of the
product of spheres associated to M is obtained from the generalized Calabi
construction, where the metrics on the base and on the fiber are themselves
Levi-Kahler quotients of product of spheres. The framework given by Calabi
ansatz is very convenient to compute scalar curvature and we were able to pro-
duce new cscK metrics.

Proposition 3.19. There exists a countable family of compact constant scalar
curvature Kdihler 6-orbifolds obtained as Levi-Kdhler reductions of S® x S3.

3.2 Weighted cscK and Sasaki geometry

3.2.1 Extremal Sasaki metrics and weighted cscK

Let (N?"*1 D¢, J¢) be a compact transversally holomorphic manifold of Sasaki
type. In analogy with the Calabi extremal metrics [57], Boyer—Galicki-Simanca
introduced in [48] extremal Sasaki structures as critical points of the functional

SN.De. 9 30> [ Scal(g,P A (dn)".
N

Here, Scal(g,) is the scalar curvature of the Sasaki-riemannian metric associated
to n through but of course the critical points are the same if we replace
it with the transversal scalar curvature since they differ by a constant and that
the total scalar curvature is constant on S(N, D¢, J ¢). They proved in the same
paper that the condition of being extremal was characterized by the contact
vector field associated to the scalar curvature as follows. Recall that given
a contact manifold (N, D) with a global contact form 7 and associated Reeb
vector field £, any function f € C°°(N) determines a unique n—contact vector
field X; € con(N,D) as
Xy=fE+2Zs

where Z; € I'(D) is the unique section satisfying dn(Zy,-) = £.f — df, see
Definition/Remark
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Definition 3.20. [48] A Sasaki manifold (N?"*1, D, J,n) is extremal if the n—
contact vector field of the transversal scalar curvature Scal (7) is transversally
holomorphic, i.e, lies in ct(D, J).

In particular, a cscS metric is extremal because its contact vector field is a
constant times the Reeb vector field.

A useful result [48, Theorem 4.8] is that, similarly to the Ké&hler case, the
presence of an extremal Sasaki structure in S(N, D¢, J¢) implies strong conse-
quences on the structure of the finite dimensional Lie algebra of aut(N, &, J¢) /o(N, €)
(see . Their result implies in particular that the isometry group Aut(N, kern, J, §)
of an extremal structure 7, should it exists, would be compact maximal in
Aut(N, €, J¢) and the contact vector field of the transversal scalar curvature of
the extremal representative would lies in its centre.

From these considerations, we are in a position to define a (relative) contact
Futaki invariant and contact extremal vector field, similar to [I54] as follows.
As usual, we fix a torus T but now in Con(N, D) and with £ € t := LieT. Then,
we define the extremal vector field €.y (which depends on T) as the projection
on t of §gea17(y), the n—contact vector field of the transversal scalar curvature

Scal” () of the Sasaki structure (N, kern, J,€) associated to 1 € S(N, D, J¢).
Namely, €.+ € t is uniquely defined so that

<<a’7 Sext — €ScaIT(n)>>7l = /N n(a)(n(gezt) - n(£ScalT(n)))n N (dn)n =0 Va € t.

The product ((-,-), depends on n° and we have picked T C Con(N,D) but
the resulting vector field &.,¢ € t does not depend on the form n € S(&, J¢)T
following standard arguments [48] [110, 111 [ACT].

Remark 3.21. The momentum map picture [82] [I00], adapted to the Sasaki
setting [121], [10], allows us to give a stronger statement and gives a conceptual
explanation for this invariant. Indeed, the group Con(NN,D)T acts on the space
of T-invariant CR-structures Cy (N, D)T, compatible with a fixed orientation
of DY. Fixing ¢ € t; and denoting ¢ € T'(D°) the associated contact form

(see ([2.3) the map
ke C+(N, D)T — (con(NV, D)T)*

T (s (Seal (1, 7). a)ye ) 30

is a momentum map for the action of Con(N,D)T for a formal symplectic
structure on Cy(N,D)T [10, 121]. Now, T acts trivially on C;(N,D)T thus
(Scal” (¢, J), )¢ does not depend on J € C4(N,D)" for a € t.

Definition 3.22. (see e.g. [121], [122]) The (relative) Mabuchi energy is the
functional R
ME: E(¢, 6 n)T - R

characterized by

(@)o() = [ (Seal” (14) = moGo)) 1o 1
M¢(0) = 0,
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where for any ¢ € 2(C, JC7178)T, Ny = ng + d¢y stands for the correspond-

ing contact form in Z(¢, J¢, 778 )T whereas Scal” (1) denotes the corresponding
transversal scalar curvature.

Clearly if a Sasaki structure in Z(¢, J¢, ng)T is extremal in the sense of [4§]
and (epr € t, it is a critical point of M¢. W.He and Li [121} 122] have im-
ported Kéhler technics to study the modified Mabuchi (the non relative one,
thus defined on a bigger subspace of E(C ,JS, 778 )) along geodesics in the space of
Sasaki potentials and extended some of the results known in the Kéhler case. In
particular they proved that there exists an extremal Sasaki metric Z(¢, J¢, 778 )
if and only if M¢ satisfies some relative properness condition discussed below.

In our work [ACI], our primary goal was to translate the transversal Kiahler

geometry of one polarisation { € t; into some ”weighted” geometry on the
Sasaki-K&hler quotient of another (quasi-regular) polarisation £ € t; and ul-
timately understand the (Sasaki) K-stability of (N, D¢, J¢) as an appropriate
"weighted” stability notion on the Sasaki-K&hler quotient (M /S%,J, we). Of
course, for this to work we need to restrict to T—invariant transversal K&hler
structures where t := LieT contains at least ( and £&. Then necessarily any T—
invariant structures in Z(NV, D, J¢, 778) exists, in another form, on (N/S%7 J,we).
Before explaining the results, some basic observations are in order.
Definition 3.23. Given a Sasaki manifold (N, D, J,n), a function h € C*°(N)
is a Killing potential if h = n(a) with a € ce(D,J). This is well-defined us-
ing Definition/Remark and since ct(D,J) C con(N,D). More generally,
given n € S(N, D¢, J%)), h is a n-Killing potential if it is a Killing potential for
(kern, J, ).

Note that a T—invariant function h is a Killing potential for (N, D, J, () if
and only if fh is a Killing potential for (N, D, J, &) with f = n%(() where 77%
denotes the unique 77% € S(N, Dg, J¢)) with ker 175D = D (see Definition/Remark

. Therefore checking if the function ScalT(J, 77%) is Killing for (N, D, J, ()
amounts to verify that

fScal” (J,75) is a Killing potential of (N, D, J, £). (3.7)

Remark 3.24. Denote we : N — M := N/Sé the quotient by the circle
group S% generated by & € t. Thus, T := T/ Sg acts effectively on M. Any n €
S(N, D¢, J¢) determines a Kihler structure (J,w,,) on M and con(N, ker )¢ /Spangé
are the hamiltonian vector fields on (M, w,). Given a € con(N, kern)® a hamil-
tonian function for [a] € con(NN, kern)¢/Spang€ is given by n(a). In particular,
Killing potentials on (M, J,w,) pull back to {-invariant Killing potentials on
(N, kern, J,§).

Apostolov and Calderbank have compared the transversal scalar curvature
(N,D, J,¢) and (N, D, J, &) using a Tanaka connection [70] and proved in [10]
that

Scal” (g¢) = fScal” (g¢) — 2(n + A% f — (n+2)(n+ 1) df;,  (3.8)

where f = n%((), ge (resp. gc ) denotes the Sasaki-riemannian metric of

(N, D, J,€) (vesp. (N,D,J,¢)) and Scal” (g¢) is the transversal scalar curva-
ture associated with the structure (N, D, J, ().
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Remark 3.25. Note that (M, J¢, we) coincides with the Levi-Kéhler reduction
for g = R¢ and A € g* such that A(§) = 1. Indeed, (N, D, J) is a CR manifold
of codimension one. Thus, the varying Levi-Kéhler pairs (g, \) and looking at
the transversal Kéhler structures is equally achieved by varying the Reeb vector
field in the Reeb cone t; C t := LieT and thus present a simplification (lower
codimension) of the framework studied in [ACGLI [ACGL2] and recalled above
BIB1.2

With the observations above and Apostolov-Calderbank formula we are lead
to study the following weighted scalar curvature on (M, J, w,)

Scaly(wo) = f*Scal(w,) — 2(n+ 1) fA“ f — (n+2)(n+ 1)[df|2,  (3.9)

where Scal(w, ) is the scalar curvature associated to the Kahler structure (J, w,).
It prompts to introduce the following notion.

Definition 3.26. Let f € C°°(M,R-¢) be a Killing potential on (M, J,w,).
We say that (J,w,) is a ffextremaﬁ Kéhler structure if Scaly(w,) is a Killing
potential.

Lemma 3.27. [10] Let (M, J,w) be the Kdhler orbifold corresponding to the
Sasaki-Reeb quotient of (N, D, J) with respect to a quasiregular £ € cey (N, D, J),
and f = n%(K) > 0 the induced positive Killing potential on (M, J,w) by
¢ €ty (N,D,J)s. Then (D, J,¢) is an extremal Sasaki structure on N if and
only if (J,w) is a f-extremal Kahler structure.

Of course the notion of weighted extremal metrics make sense on Sasaki
manifolds itself withtout asking one of the Reeb vector field to be quasiregu-
lar. Then, given a f € C*°(N,R¢) a Killing potential for a Sasaki structure
(N, D, J,§), we would say that (N, D, J,§) is f—extremal if

F2Scal” (ge) — 2(n + 1) FA% f — (n+2)(n + 1))|df |5,

is a Killing potential. By (3.8), it is the case if and only (N, D, J,() is a Sasaki
extremal structure. This is already interesting in its own but a bit restrictive
because the CR structure is fixed. The goal of our work [ACL] was to make this
correspondence more flexible by allowing variations within the compatible CR
structures of the transversal holomorphic structures S(Dg, J¢) and S(De, J¢).

3.2.2 A correspondence between radial potentials
A key observation highlighted in [ACL] is that given £, ¢ € t we have bijection

0: Re(Y, )T = Re(Y, )T

3.10
T — T ( )

between T-invariant radial potentials with respect to & and such potentials with
respect to ¢, characterized uniquely by ©(r) = 7 if and only if N; := #71(1)
coincides with N,. :=r~1(1).

4In order to fit with Lahdili’s notion [T42], Apostolov-Calderbank call the latter notion a
(X, k)-weighted extremal Kéhler structure with X ¢ the w,~hamiltonian vector field of f and

K= [oy fwl.
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Indeed, N, is a pseudo-convex image of a T-invariant section of both ¢ :
Y — N¢ = Y/R+ and ¢ 1 Y — N¢ = Y/R+ and the same for and Ny. Thus,
the bijection is a straightforward apphcatlon of the T-invariant of formulation
of the correspondence between links and radial potentials recalled in Proposi-
tion 217

Fixing base points rg € Re¢(Y,JJ)T and 7y := O(rg) € R¢(Y,J)T, we also
have a bijection

©: E(N, &, T8 m,)" = E(NS, ¢ TS 1) T

(3.11)

o1 with O(efrg) = e¥fo.
Pulled-back on Nee, = News,, the contact form ., = feer, € S(&,J%)
and ag, ) 81, = Meviy € S(C, J¢) determine the same CR structure, namely

the one induced by inclusion in (Y, J), see Lemma Then ¢ and O(p)
induce Sasaki structures with the same underlying CR structure. This is a
useful property of the map of ©. Indeed, using this and Apostolov-Calderbank

formula (3.8]), we get

Scal%?]c N = fScalgﬂJg’amW) —2(n+1)A%0 f — (n+2)(n+ 1)|df|ar .

Y0 (rg).6(e))
where f = o, (§) and letting ¢ running into the set of Sasaki potentials we
conclude

Lemma 3.28. Let (N, D¢, J&,€) be a Sasaki type transversal holomorphic man-
ifold and let T C Aut(N, Dg,ﬂ) with &€ € ty. For any ( € ty, there is an
extremal Sasaki metric in S(D¢, J¢)T if and only if there exists a n(¢)—extremal
Sasaki metric in S(D¢, J9)T for a (hence any) n € S(De, J¢)T.

When ¢ is quasiregular, the latter lemma translates on the Sasaki-Reeb
quotient (M, J, [w]) as follows.

Proposition 3.29. [ACL|] Let (N, Dy, J) be a compact CR manifold of Sasaki
type and &,¢ € cty (N, Dy, J) with [£,(] = 0. Suppose & is quasiregular with
Sasaki-Reeb quotient the compact Kéhler orbifold (M, J,w). Denote ¢ the image
of ¢ in the automorphisms group of (M, J,w) and k = <<C,§)>ng. Then there is

an extremal Sasaki structure in S(C, JC) if and only if there is a (¢, k) ~weighted
cscK metric in the Kahler class w].

We also have computed explicitly the derivatives of O to show first that it is
a smooth map but also to be able to compare various functionals defined respec-
tively on these spaces of potentials, see below. Unsurprisingly, the derlvatlve
of © is closely related to the deformation of type I (see Definition/Remark [2
through the maps W§ := (m¢)|y : N = N¢ \I/@( )= () Nng, * Ner) = NC
and

N

N4 O(e®ro) (

o= \I’E“Prg) 1. N¢ 5 NC.

Next, we consider the induced action of T and of its complexification G = T¢
on the complex cone (Y, J). The important feature of this setting is that G nat-
urally acts on the spaces R¢(Y, J)T and R¢ (Y, J)T of T-invariant cone potentials
of (Y,J,€) and (Y, J,(), respectively. Using the basepoints Tg € Re(Y, )T and
ré € Re(Y,J )T corresponding to the contact forms 773 ,778, there is an induced
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action of G on the corresponding spaces é({“, Jg,ng)T and é((, JQné)T of T-
invariant Sasaki potentials.
In [ACL], we introduced a twisted version of the (relative) Mabuchi energy
M 26, I8 05)" - R

using the usual characterization (as above) and proved that

(1) MS o 0= ME (thus we can take that as a definition)

(2) for ¢ € C(M),

M (w;¢) = Mg ()

where ¢ € t/R¢ is a Killing vector field on the Sasaki-Kéhler quotient
(M, J,wy), k= <<(,§>>ng and Mg . is the weighted Mabuchi energy of
S ;

Lahdilli [142).

(3) O is bi-lipschitz with respect to the d;-distance of Darvas I72] on 2(¢, JE, nS)T
extended to the Sasaki case by He-Li [122].

(4) © and © are G—equivariant.

(5) G acts by d; isometries on both é(f, Jf,nS)T and é(f, JC, né)T
Thus we can define, for any v, 1 € Z(¢, J¢, 15)"

dS (1o, 1) = go,ignlfeG{dl(gO “bo, g1 1)} = glelé{dl(wo’g 1)}

Definition 3.30. A functional F : PT — R defined on a metric space
(PT,dy) on which G acts isometrically is G-proper if there exist constants
A > 0 and C, such that for any ¢ € PT we have F(¢) > AdF(0,%) — C.

(6) MCS is G-proper if and only if Mg is G-proper. (note ©(0) = 0)
Whenever ¢ is regular (thus M is smooth) (2) above allows to use directly

the work of Lahdilli [I42] to obtain a refinement (in the regular case) of the
uniqueness result [T99] assuming T is maximal in Aut(N, D, J).

Lemma 3.31. [ACLJ Suppose (N,D,J,T,&,(C) is as above with & regular and
T is mazimal in Aut(N, D, J). Then any two extremal Sasaki structures ¥, €
=(¢, Jc,ng)T are isometric under the action of G.

Combining the properties of O listed above together with [122] saying that
M is defined on the di-completion of Z(¢,J¢,n5)T, one can directly check
that all the conditions of the general existence/properness principle of Darvas—
Rubinstein 73] Section 3] hold true with

(R,d,F,G) = (é(g, Jf,ng)T,dl,MK,G).

From this we conclude the following.

Theorem 3.32 (Apostolov—Calderbank-L. [ACL]). Let (N, D, J) be a compact
CR manifold of Sasaki type, T C Aut(N,D,J) a mazimal torus, and &, € t4
with & reqular. If there exists an extremal Sasaki structure 1y associated to

¥ e 2(C, Jc,né)T, then MS is G-proper.
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Via Proposition Theorem [3.32] is a particular case of ”existence of a
weighted cscK implies G—properness of the corresponding weighted Mabuchi
energy” proved recently by Apostolov—Jubert-Lahdili [19].

In [121] W. He considers the identity component G := Auto(N, ¢, J¢) of the
group of diffeomorphisms of N preserving ¢ and the transversal holomorphic
structure J¢. This group G naturally acts on the space S(¢,J¢) of compat-
ible contact forms by pullback. There is also an induced action of G on the
quotient space S(¢,J¢)/Q% () and hence, by using the base point ng, on

the marking Z(¢, J C, T]O) As G does not act on the space of né—relative Sasaki
potentials Z(¢, J¢ ,770), a slice éo(C,Jc,ng) := (I¢)~1(0) is introduced, where

B¢, J g,né ) — R is a Sasaki version of the Aubin-Mabuchi functional de-
fined by

(dI%)y, / by Adn,
I¢(0) = 0.

(3.12)

Unlike M€, I¢ is not invariant but is equivariant under additive real con-
stants and thus determines a unique representative vy € =0 (¢, Je, né ) of ny €
=(¢, Jc,né). This leads to an action of G' on the slice éo(c, Jg,né), which we
denote by [g] - ¢, where [g] € [G], the effective quotient of G. One direction of
the statements in [I12I, Theorem 1] and [122] Theorem 5.1] then yields that if
there exists an extremal Sasaki metric in S(¢,J¢)T, the Mabuchi energy M¢ is
proper on 2(¢, J¢,15)T with respect to [G], i.e., satisfies

M () > Ad7 (0, 40) - C, (3.13)

where d ( o) = infgea{di(0, [g] - ¥o)}

Now G also acts on S(¢, J¢)T, hence on Zo(¢, J¢, 778), and we let [G] denote
the effective quotient. Although G is not a subgroup of G, [G] is a subgroup
of [G] and the G-orbits of induced Sasaki structures are inside the [G]-orbits

Zo(¢, JS ,770) On the other hand, the action of G on Z(¢, J¢,75)T includes
translatlons by constants, so we conclude that for any ¢ € H(C LS mg )T with
projection g to Zo(¢, JS, ng) we have

A0, o) = inf {0, [g)-v0)} > i 0, 00),  dF(0,4) = dF(0,40) < d¥ (0, %),

Thus proving the existence of an extremal Sasaki metric implies [G]-properness
would be an improvement of both [122] Theorem 5.1] and Theorem The
missing ingredient is the transitivity result which holds for G thanks to Lemmal3.31
and for [G] thanks to [199].

3.2.3 Sasaki K-stability and weighted K-stability
3.2.3.1 Sasaki K-stability following Collins and Székelyhidi

In [68], Collins and Székelyhidi proposed a numerical invariant to supply a no-
tion of K-stability they introduced for Sasaki manifolds via their affine cone.
The quantity they suggest to study is computed on the central fiber of the test
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configuration. In [ACL] we have exhibited a global formula (i.e an expression
on the total Sasaki link of the test configuration) for this invariant.

Here Y C CV is a Te-homogeneous affine variety, and Te < GL(CV) is a
diagonal torus whose real form is identified with T. When ( is quasiregular,
one can further identify the space H of holomorphic functions on Y := Y'\{0}
introduced in with the space of regular functions on Y (see Remark ,
ie,, H = Clzy,...,2n]/I for a Tc-homogeneous ideal I. Thus, in the decom-
position , I' C t* is the set of weights of the Tc¢-action on the space of
regular functions. Given a polarisation ¢ € t;, the pair (}7, () is referred to as
a polarised affine cone.

In this latter setting, Collins and Székelyhidi [68] introduced the T-equivariant
index character

H(Gt) =Y e "™OdimHa, Re(t) >0, (3.14)

ael

and prove (cf. [68, Prop. 4.3]) that F'(¢,t) is a well-defined function in ¢, which
has meromorphic extension to a neighbourhood of the origin, with Laurent
expansion

ao(Q)m!  ar(¢)(m —
H(( 1) = SR 4 S
According to [68, Theorem 4.10], the coefficients ag(¢) > 0 and a;(¢) are smooth
functions on ¢ € t,. With these ingredients, the following definition is proposed
in [6§].

L)' +O@tm).

Definition 3.33. Given a T¢-homogeneous affine variety Y polarised by ¢ € t;,
and v € t, the (-Donaldson—Futaki invariant is defined to be the quantity

ao(¢) a1(¢)Dyao(¢)
m m(m + 1)ag(¢)

DF?)C(V) = Du(al(g)/ao(C)) + ’

where D, denotes the derivative in the direction of v on t.

Following [68], Definition can be used to assign a numerical invariant
to any T-equivariant test configuration associated to the polarised affine cone
(Y, (), as follows. Let

w = (wi,...,wy), w; €7Z

be a set of integers and denote by p,: C* — GL(CY) the weighted C*-action
defined by w. Taking the flat limit across 0 € C* of the C* orbit of Y under
the action of p,,, we obtain a flat family of affine schemes over C, with central
fiber Cy. Besides the T-action on Yy, the central fiber inherits the C*-action
pw, and we denote by 14, the generator of the corresponding S'-action on CF
whose flow preserves Y. It is shown in [68, Section 5] that for a fixed ¢ € t,,
Definition can be applied on the scheme )A/o and gives a necessary condition
for the existence of a CSC Sasaki structures (known as K-semistability).

3.2.3.2 The global Futaki invariant of a polarised cone

The notion of a (compactified) polarised test configuration associated to (M, J, L, T)
goes back to [82,196]. In [ACL], we considered an analogous notion for polarised
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cones (with compact cross section) simply by considering the dual bundles in-
volved in a standard polarised test configuration. Let’s recall the definition of
the latter and introduce notation.

Definition 3.34. A T-equivariant polarised test configuration of exponent s € N
associated to (M, J, L, T) is a normal polarised variety (M, £) endowed an action
T < Aut(M, L), and

1. a (flat) surjective morphism 7: M — CP?! such that T preserves each
fiber M, := 7~ (t) and, for ¢t # 0, (M, Ly := L)p,) is T-equivariantly
isomorphic, as a polarised variety, to (M, L, T);

2. a C*-action p on (M, L) commuting with T and covering the usual C*-
action on CP';

3. an isomorphism of polarised varieties
A: (M x (CP'\ {0}), L* ® ocpl(s)) >~ (M\ My, L),

which is equivariant with respect to the actions of T x S§ on (M x (CP!\
{0}), L* ©® Ocp1(s)) and T x S} on (M \ My, L), where S stands for the
standard S'-action on O(1) — CP" and S}, is the S'-action induced by p.

The test configuration (M, L) as above is called product if (M \ Mx,7) is T-
equivariantly isomorphic (as morphism of complex varieties) to (M x (CP'\

{oo}), 7).

Assuming that s = 1 and M is smooth for simplicity, we consider the corre-
sponding complex cones Y := (L*)* and Y := (L*)* and denote by ¢ and ¢ the
corresponding (regular) cone polarisations. We thus get the following objects:

(i) a flat surjective morphism m: Y — CP' such that T preserves each fiber
Y; := 7w~ 1(t) and, for t # 0, (Yt,QYt) is T-equivariantly isomorphic, as a po-
larised complex cone, to (Y, ();

(ii) a C*-action p on ) commuting with T and covering the usual C*-action
on CP!;

(iii) a biholomorphism
A Y x (CPY\ {0}) =Y\ Y, (3.15)

which is equivariant with respect to the actions of T x S§ on Y x (CP'\ {0}) and
T x S, on Y\ Yy, where S§ stands for the standard S'-action on O(1) — CP".

This prompts the following

Definition 3.35. Let (Y, J,() be a smooth polarised complex cone endowed
with a holomorphic action of a compact torus T, and ( € t; a Sasaki-Reeb
polarisation. A smooth T-equivariant test configuration of (Y, J, () is a smooth
polarised complex cone (Y, J, 6), endowed with a T-action such that 5 € tt,
satisfying the conditions (i)—(iii) above.
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Using the description of the Reeb cone as the dual of the momentum cone
see Remark (and thus are convex polyhedral cone) we get that the Reeb
cone (in t) of (Y, J,¢) and (Y, J,() coincide and that

¢=¢

Now, from Propositiona smooth complex polarised cone say (), J, () corre-
sponds to a transversal holomorphic manifold (N := )/ Rzr_ 700 6T ¢) together
with a marking Z C S(N, ¢, %) i.e a slice in the space of compatible contact
forms induced by radial potentials via Lemma @ Each r € R¢(Y)T deter-
mines a form 7, € = such that the Sasaki structure induced on (N, ¢, JX) is
Sasaki isomorphic to the Sasaki manifold

N, :=r71(1),2 := TN Nker(d®logr), J| 4, ¢)

with contact form 7, := d®logr. The gobal invariant we propose below (3.16)),
does not depend on the choice of r € R¢(Y)T following a standard argument
[I11, Prop. 4.4].

Definition 3.36. [ACL] Given a smooth T-equivariant test configuration (Y, ¢)
of the polarised complex cone (Y,() with ¢ € t; as in Definition and a
radial potential 7 € R¢ ()T, we define the global Futaki invariant of (,() as

GF:(Y) :=— (n%l)' //\/ (Scal?( ") — CC)’?r A (dn,)"
) (3.16)
o (W*WFS) A1 N (dnr)”a
n! N,

where N, :=r~1(1), 0, := (d°log7)|pp Scal’; (n,) is the transversal scalar cur-
vature of the Sasaki structure by the inclusion NV, C Y and .., ¢c = S(¢)/V((),
and wpg is the Fubini-Study metric on CP! satisfying Ric(wrg) = wrs.

The invariant GF looks like the intersection formulation of the Donaldson—
Futaki invariant discussed in and, unsurprisingly, it coincides, up to a factor
27, with the Donaldson—Futaki invariant of the Sasaki Reeb quotient whenever
¢ is quasiregular. Indeed, when ( is induced by a circle action Sé and given
r € Re(V)", N, is a principal S{-bundle over M := N,./S} and 7, a connection
1-form, so the integrals in (see that apart from 7, all the forms are (-
basic) are 27 times the corresponding integrals on M. Moreover, M (together
with its induced complex structure and polarisation £, coming from Y.) is a
polarised (orbifold) test configuration over the compact orbifold Y /C; where
Y1 = 77 1(~1) C Y is the fiber at 1. Using this, together with the fact that
quasi regular vector fields are dense in t; and applying Donaldson’s argument
[82] p.315], see also [I75] 201 [164], to relate the Donaldson-Futaki invariant
(asymptotic weight on the central fiber) to an intersection formula of orbiline
bundles over the orbifold base M. Then Ross-Thomas extension of K-stability
theory [I80] was already related to the concept of K-stability in [68], which we
used to get the following.

Proposition 3.37. [ACI] Let (V,¢) be a smooth T-invariant test configura-
tion of polarised complex cones associated to (Y, () with ¢ € ty. Consider the
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corresponding polarised affine cone (5)\, ¢) with central fiber the polarised affine

variety (?0, () and associated Donaldson—Futaki invariant DFg,. (v.). Then

DF%)C(VU,) = An)GF(Y). (3.17)
for a dimensional constant A(n) > 0.

3.2.3.3 Applications to K-polystability

Berman—Darvas-Lu [34] have used properness (relative to the reduced group
of automorphisms) of the Mabuchi energy to prove K-polystability of polarised
cscK manifolds. Lahdili in [I42] modified the argument from [34] (and from
[34, [186]) to incorporate the weights he is working with, doing so, he proved
that the existence of weighted cscK metric implies that his weighted Donaldson-
Futaki invariant F¢ . is non-negative on any smooth T-equivariant test configu-
rations with reduced central fiber. Using again the assumption that £ is regular
and Proposition to translate all our problem into the framework of weighted
cscK structures on a smooth compact Kéhler manifold, we were actually able
to improve [I42, Theorem 2] in our setting. The argument simplifies thanks to
the fact that G acts directly on the potentials we consider (no-normalisation,
by Aubin functional, is needed and even the original proof of [34] is simplified
as we can take a fixed base point). Note also that compare to Lahdili’s frame-
work the weights in our setting come from a natural geometric model and are
rational functions. Finally, using integration by parts we were able to relate the
weighted Donaldson-Futaki invariant of Lahdili to the global Futaki invariant
of the associated polarised cone defined above.

Theorem 3.38. [Apostolov—Calderbank-L. [ACLJ] Let (N, D, J, &) be a compact
reqular Sasaki manifold and T a maximal torus in Aut(N,D,J). Let { € t4 be a
Sasaki—Reeb vector field with associated polarised complex cone (Y, J, (). If there
exists an extremal Sasaki structure in S(C,J%), then for any smooth polarised
T—equivariant test configuration (¥, 7, ) over (Y, J, () with reduced central fiber
and which is not a product we have

GF.(Y,7) > 0.

In particular, DFg. (1) > 0.
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Chapter 4

Extremal metrics in toric
geometries

As highlighted in [86], the symplectic point of view (fixing the symplectic form
instead of the complex structure) has the advantage to translate more directly
the Calabi problem into the formalism of Gauge Theory. In this setting, al-
most Kéahler metrics can be included in the picture naturally and this is on this
space that the Donaldson—Fujiki momentum map approach to the YTD conjec-
ture [100, [R2] takes its place. In (compact) toric geometry, the correspondence
between symplectic versus complex point of views has a simpler form via the
affine geometric dictionary established along the years. In particular, from the
symplectic side, a T—invariant extremal Kéahler metric corresponds to a convex
solution of non-linear PDE equation (recalled below) on the moment polytope
P C t*. The convex solution must satisfy some boundary condition encoded by
a labelling ¢, a set of affine functions over t*, say £ = {{1,...,£¢4}, so that

P:={x et |lyx) >0}

uniquely determined by the lattice of circle subgroup A C t. This correspon-
dence is obtained by combining works from Guillemin [I15], Abreu [T} 2], Don-
aldson [82] (precision about the boundary conditions were given in [83] [12])
building on the Delzant-Lerman—Tolman correspondence for toric symplectic
orbifolds [77, [157].

As advertized by Donaldson in [82} [86], the resulting Calabi problem on (P, ¢)
makes sense more generally as an abstract 4th order PDE problem. Moreover,
(T—relative) K-stability should have an affine-convex/analytical counter part
in terms of (P,¢) which would obstruct the PDE problem to admit a convex
solution. This idea has been exploited and pursued by many Kéahler geometers
during the last two decades, notably [9) [13] [63] 147, 2TI0] and Donaldson used
this theory to prove the YTD conjecture for toric surfaces with vanishing Futaki
invariant in [82], B3] 84 [82].

Using important inputs of Zhou-Zhu [2I0] and Donaldson [82], the recent
resolution by Chen—Cheng [61] and He [120] of an analytical version of the YTD
conjecture can be translated in terms of the labelled polytope data (P, ¢) as ex-
plained in [L4] and reported in In this dissertation, this condition on the

63
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labelled polytope (P, £) uniform K—stabilit;ﬂ a notion (in the toric case) going
back to Donaldson seminal paper [82] and recalled in Definition below.
Uniform K-stability was proven to be necessary when a smooth convex solution
of the Calabi problem exists on (P,¢) by Chen-Li-Sheng [63]. As I pointed
out in [L4], their proof holds as well for toric extremal almost Kéhler metric
of involutive type. A direct application is that the existence of an extremal
toric almost-Kéhler metrics (of involutive type) on a compact symplectic toric
manifold is equivalent to the existence of an extremal toric Kéhler metric as
predicted by Donaldson [82].

As a guiding principle, all the T—invariant topological/geometric properties
of a toric symplectic manifold have a combinatorial counterpart expressed in
terms of its labelled polytope (P, ¢). An example that will be explained below
is that a symplectic manifold (M,w) is monotone if and only if 3IA > 0 such
that Aw] = ¢1(M). A toric symplectic manifold is monotone if and only if
there exits a point p € P such that ¢1(p) = --- = £4(p). The latter condition
makes sense for any polytope likewise the Futaki invariant is translated by a
condition on the barycenters of P and 0P with measures defined below. In
IL3], T proved that given any convex compact polytope there exists a unique
labeling such that (P, ) is monotone and has Futaki invariant zero. This result
complement observations from [82]. Then inspired by, and building on, [86] I
gave an argument to extend the Wang—Zhu Theorem [202] to the abstract setting
and ensure the existence of a solution of a Kahler—Einstein equation on simple
labelled polytopes. Simple polytopes have a natural simplicial fan attached at
each vertex and I used these as symplectic charts even in the abstract case
when they don’t glue together to give a compact toric manifold. This idea was
also mentioned by Donaldson in [84]. I discuss these technics, problems and
solutions in together with geometric applications. In particular, we get
existence and uniqueness of a Kahler—Einstein metric with Einstein constant 1,
with singularity of conical type along the invariant divisor, on any compact toric
manifold. The angle on the singularity can change depending on the component
of the divisor and it can be greater, equal or smaller than 27. These solutions
include those found by Berman—Berndtsson [32] using Monge—-Ampere technics.

A basic idea used in the results above is that any torus invariant ten-
sor/function on a toric symplectic manifold (M™,w,T) correspond to a ten-
sor/function defined on the moment polytope with appropriate boundary con-
dition. In a joint work with Sena-Dias [LSD], we explored the limit of this
idea showing that the first eigenvalue of the Laplacian of any n—toric Kéhler
manifold is sharply bounded by the one of the Fubini-Study metric Laplacian
on CP™ but the set of invariant first Laplacian eigenvalues of compatible toric
Kéhler metrics on (M™,w,T) is ]0, +00[.

11t is not clear a priori that this notion coincides with other types of uniform K-stability
proposed in the literature [126] 8] but it is the only notion of uniform K-stability discussed
here, there should be no confusion.
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4.1 The Calabi problem on polytopes

4.1.1 The Abreu equation on symplectic potentials and
applications

Here t* is a n—dimensional affine space and P C t* is a relatively compact
open convex polytope which is simple(i.e any vertex of P is the intersection of
exactly n—facets (codimension 1-faces)). The solution we seek must satisfy some
boundary condition in terms of a set of inward normal vectors to P encoded in
a (minimal) set of affine-linear functions ¢4, ..., £q € Aff(+*,R) such that

P={xet |lyx)>0,s=1,...,d}.

We call such a pair (P, {) a labelled polytope and £ = {{y,...,£q} a labelling of
P. A symplectic potential of (P,{) is a convex function u € C(P) N C*(P)
whose restriction to any face’s interior is smooth and convex and such that

d
1 .
u=3 3:1 Llogls € C*°(P).

We denote S(P,¢) the set of symplectic potentials of (P,¢). The function
%E§:1 lslogly, € CO°(P) N C°(P) lies in S(P,¢) and is called the Guillemin
potential. As we will recall below in to each u € S(P,¥) is associated a
riemannian metric g, on P xt C T*t which, together with the Liouville structure
defines a Kéhler structures.

A symplectic potential u € S(P, ) satisfies the Abreu equation if its ”scalar
curvature” is affine-linear on P, that is

S(u):=— Y u¥, € Afi(t",R) (4.1)
ij=1
where u% is this inverse of the Hessian of u and (f; ;) denotes the Hessian of a
function f. Particular cases include the Abreu cscK equation which is

S(u) is constant

and the Kdhler—Finstein equation (with Einstein constant A) which is the matrix-

equation
(¢ ik
plu) = —3 (Z uj> = \d, (4.2)
1<j,k<n

i

where 1d,, is the n x n identity matrix.

Elementary considerations, see Definition/ Propositio imply that if
holds then A > 0. Also, if S(u) € Aff(t*,R) then S(u) = A(P,{) where A(P,?)
is predetermined by the data (P, ). Moreover, an argument due to Guan [114]
can be applied directly here to claim that, up to addition by an affine-linear
function, there exists at most one solution u € S(P,¢) of .

Solutions of the Calabi problem on polytopes include at least three interest-
ing special geometric structures:
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1) When (P,¢) has rational type that is when the vectors dfy,...,dlg € t
span a lattice A C t, a solution u € S(P,¢) to the Abreu (resp. KE)
equation corresponds to an extremal Kéahler metric (resp. KE metric)
on the toric symplectic orbifold associated to (P, ¢, A) through Delzant-
Lerman-Tolman correspondence [115] (11 2] [82], [12].

2) When {q,..., 44 € Aff(t*,R) span a lattice A in Aff(t*,R), a solution
u € S(P,{) to the Abreu (resp. KE) equation corresponds to an extremal
Sasaki metric (resp. n—Einstein metric) on the contact orbifold associated
to (P, ¢, A) through Lerman correspondence [3], [148] [167] see also

3) When (P, 57) has rational type with lattice A = SpanZ{dgl, ... dfd}, a so-
lution v € S(P,¥¢) to the Abreu (resp. KE) equation for another set of
labelling ¢ of P, corresponds to an extremal Kéhler metric (resp. KE

metric) with edges singularity along the invariant divisor on the toric
symplectic orbifold associated to (P,/, A) [L3], sed4.1.4

Remark 4.1. To substitute ”orbifolds” by ”"manifolds” in the cases 1 and 3
above one needs to impose the following Delzant condition: for each vertex
p € P the set of vectors {dls | ¢,(p) = 0} is a basis of the lattice A span by the
normal vectors [77]. In the contact Sasaki case (case 2 above) the condition is
Spang{fs | ¢s(p) = 0} = AN Spang{ls|ls(p) = 0} for any vertex p, [I48]. In
both cases, the Delzant condition imposes that P is simple.

4.1.2 Unicity of Kahler—Einstein symplectic potential on
simple polytopes.

With this terminology in place, the main result in [L3] is the following.

Theorem 4.2 (Donaldson [86], L. [L3]). For any (relatively compact simple)
labelled polytope P and \ > 0, there exists a unique labelling ¢ and a solution
u € S(P,{) of the Kdihler—Einstein equation with Einstein constant \.
Moreover, this solution u is unique in S(P,{) up to addition by an affine-linear
function.

This extends the Theorem of Wang—Zhu [202] which ensures the existence
of a smooth toric Kahler-Einstein metric on any toric Fano manifolds with van-
ishing Futaki invariant (the case of Kéhler-Ricci soliton is discussed below). Shi
and Zhu [I83] proved the orbifold version. A proof of the existence part of The-
orem [4.2| was proposed in [86] using only the affine geometry side of the picture.
The demonstration in [L3| uses the symplectic charts associated to the vertices
of P (and the labelling) to extends the Theorem of Wang—Zhu in this abstract
context and will be discussed below. First, we explain some consequences of
this result.

Combined with the openness result of Donaldson [84] and the linear con-
straint A(P,¢) = constant, Theorem implies the following corollary where
the set of labellings of P is denoted Lab(P). The latter is an open quadrant in
the space @?:1 F? ~ RY where F? is the annihilator in Aff(t*,R) of the facet
F;, C P Ct.
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Corollary 4.3. [L3] For any simple, relatively compact, polytope P, there is a
non empty open set of labellings U C Lab(P) such that for each ¢ € U, S(P,?)
contains a solution of the extremal equation . Moreover U intersect non-
trivially a (d—n)—dimensional linear subspace so that each solution with labelling
in the intersection has constant scalar curvature S(u).

4.1.3 Applications on existence of toric Kahler—Einstein
orbifolds

Checking when the labelling found in Theorem [{.2] is rational leads to the fol-
lowing.

Corollary 4.4. [L3] Any compact simple polytope P whose vertices span a
lattice in t*, is the moment polytope of a Kdhler—FEinstein orbifold, unique up to
finite orbifold covering and homothety.

Remark 4.5. 1) The volume of a toric symplectic manifold (M",w, T = t/A)
is the volume of a polytope with respect to the measure on t* induced by the
lattice A, [II5]. The point of view here is to fix a polytope P but not the
lattice. Going through Delzant construction with (P, af,aA) where a runs in
R produces homothetic symplectic manifolds/orbifolds.

2) Observe also that corollary does not come in contradiction with the
fact that there is only a finite number of toric Fano Gorenstein varieties in
each dimension. As discussed in [I57, Remark 9.6] the classification of toric
symplectic manifolds is not equivalent to the one of toric algebraic varieties, the
co-dimension one orbifold singularities ”disapear” in algebraic geometry.

There exist smooth irregular toric Sasaki-Einstein metrics see [I13]. The
labelled polytope (P, £) associated to such object cannot be rational (by unicity
of Sasaki-Einstein metric in the Reeb cone [167]). However, the Kédhler-Einstein
solution u with scalar curvature 2n(2n + 2) on a lattice polytope P defines a
Sasaki—Einstein metric on a contact orbifold associated the cone, labelled by ¢,
over P in Aff(t*,R), [3] 148].

Comment 4.6. It is not stated as such in [L3] (partly because the classification
of toric contact orbifold is not developed as much as the symplectic one) but
the contact/Sasaki counterpart of Corollary should be expressed in terms
of the embedding of P into Aff(t*,R)* by the evaluation map (i.e for x € t*,
ev, € Aff(t*,R)*). Namely that, any simple relatively compact polytope P C t*

such that ev,(P) is a lattice polytope in Aff(t*,R)* is the associated moment
polytope of a Sasaki-Einstein orbifold, unique up to covering.

4.1.4 Toric Kahler-Einstein metrics with conical singular-
ity along a divisor

Let (M™,w,T = t/A) be a toric symplectic manifold with momentum map
u: M — t* and moment polytope u(M) = P. The natural labelling { here is
the one so that the normal inwards vectors dgl, R dly € t are primitive in the
lattice of circle subgroups A C t.

We consider P x t C T*t with its canonical symplectic Liouville form wecap,
that is, if (z,0) are coordinates on P X t (where x : t* — R™ are affine and
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dual t0 6) wean = Y1y dz; Adf;. The toric symplectic theory [115] implies that
there is a T—equivariant symplectomorphism

®:M:=p (P) — (P X T,wean)

so that the first projection M — P coincides with 1. Also, each convex function
1 € C*°(P) defines a T-invariant we,,—compatible Ké&hler metric

ga = Z ﬂ,,’J’d[EZ‘ ® dJCj + a”d@ & da] (43)

ij=1

on (P X t,Wean), thus on (P X T,wean). The theory established in [2} 12} [84]
states that the pull back ®*gg is the restriction to M of a smooth T—invariant
Kéhler metric on (M,w) if and only if 4 € S(P, ¢).

Now, for any labelling ¢ of P, a symplectic potential u € S(P,¢) determines
a Kahler metric g, on the manifold P x t C T*t compatible with its canonical
symplectic form via formula and thus on (P X T,wean). However, when
¢ # 0, ®*g, is not the restriction of a smooth metric on M. Analysing the
behaviour of ®*g, along the invariant divisor in M, it is not surprising to find
conical singularity with angle 27/, /¢, =: 273, along the preimage u~*(F,) of
the interior of the facet F, := £;1(0) NP = £;1(0) N P. Precisely, assuming up
to a rotation that dfs = dx; taking polar coordinates (%7"2 :={,,07) transverse

to ;fl(lj“s), recycling the computation in [12], we get

1
Ju =loc B (dr @ dr + Bir*dy, @ dfy) + smooth. (4.4)
k

Consequently, we obtain

Proposition 4.7. [L3] Let (M,w,T = t/A) be a smooth compact symplec-
tic toric manifold associated to the Delzant labelled polytope (P, ¢, \). For any
labelling £ of P, the symplectic potentials in S(P,{) define T—invariant, compat-
ible, Kdhler metrics on the open dense subset of M where T acts freely. Fach of
these metrics has a conical singularity of angle 277(75/65 > 0 along the pre-image
of the interior of the facet E,.

Denote ¢ the labelling obtained in Theorem corresponding to the Ein-
stein constant A > 0. As a corollary of Theorem we get the following.

Proposition 4.8. [L3] Let (M,w,T = t/A) be a smooth compact symplectic
toric manifold associated to the Delzant labelled polytope (P, l, A).

For any A > 0, there exists a T—invariant Kahler-Einstein metric gi g,
smooth on the open dense subset M where the torus acts freely, compatible with
w and with Einstein constant X\. The type of singularity of gk g » along the pre-
image of the interior of the facet F, is of edge type with angle 271'[73/@‘ > 0 along
the pre-image of the interior of the facet F,. Moreover, any w—compatible T—
invariant Kihler—Einstein metric on M with Einstein constant \ is T-equivariantly
1sometric t0 g E -

According to Lerman—Tolman [I57], any two T—invariant complex structures
compatible with w on M are T—equivariantly biholomorphic. This biholomor-
phism can be made more explicit by using the Legendre duality, namely given
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two symplectic potentials u,u, € S(P,¥¢), normalized so that both reach their
minimum at the same point p € P, the map

(dug xId) o (duxId): PxT—PxT

is the restriction of a smooth diffeomorphism of M and send the complex struc-
ture associated to g, to the one associated to g,, see [84] [§]. Of course, if u
and u, are symplectic potentials with respect to distinct labellings of P the map
above does not extend smoothly on M. However, on M it identifies the complex
structures associated respectively to g, and g,, and allows to express the sin-
gularity in complex coordinates which turns out to be conical singularity
along divisors as studied in [89).

Remark 4.9. Passing from symplectic to complex point of views is direct in
(compact) toric geometry. When (P, ¢) is the labelled polytope of a smooth
compact toric symplectic manifold (M,w) with momentum map p: M — P, to
u € S(P,o) is associated a w—compatible Kéhler structure (g,,J,) on M. In
this context, Guillemin proved in [II5] that the map

(2,0) = dyu++v/—16

provides complex coordinates on (T, M, J,) >~ C™ where u(q) € P is the mini-
mum of u. Thus it identifies the ”big” orbit (M, J,) ~ (C*)™ through the T¢
orbit of ¢, i.e. the flows starting at ¢ of the vector fields ¢, ..., ¢e,, Juey,. .., Jue,
where eq,...,e, is a basis of t.

In coordinates (y,0) = (d,u, ), a Kéhler potential of the Kahler form w is
given by the Legendre transform v, : t — R of u, that is

Yuly) = (z,y) —u(x) (4.5)
for y = du.

The constraints A = 1 and 8y < 1 (i.e angles smaller than 27) impose
condition on P which can be expressed in terms of the barycenter of P. In [32],
Berman and Berndtsson have discovered this condition using Monge-Ampeére
technics (working in complex coordinates) and have interpreted their result in
terms of K-stability of the Fano pairs, confirming the Yau—Tian-Donaldson
conjecture in this case. They also have related their result to Chi Li toric
formula of the Ricci lower bound [I58] which was further studied in [159].

Remark 4.10. Consider the 2—sphere with a smooth Kéhler—FEinstein metric
(S?, gk p,w) with Einstein constant 1 and let (P, /) be its associated Delzant
labelled polytope. For a > 0, the Kéhler—Einstein symplectic potential in (P, af)
defines (via Proposition a singular Kéhler-Einstein structure (S?, gx g q, w).
The existence of these metrics are well-known. It is also well-known that there
is no S'-invariant csc metric on sphere, smooth outside the North and South
poles, with conical singularity of distinct angles at the two poles. Proposition|4.8
extend this fact to any toric symplectic manifold.

Comment 4.11. Let (M,w,T) be a smooth compact symplectic toric mani-
fold associated to the Delzant labelled polytope (P, ¢,A). There is a (d — n)—
dimensional cone of labellings of P that can be identified with the Kahler cone
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of M (remember that all two T—invariant complex structures on M are T-
equivariantly biholomorphic). However, the change of coordinates in this case
do not preserve the Abreu equation in general and extremal Kéahler potentials
in other classes are not sent to extremal Kahler potentials on P. I suspect a
kind of weighted csck equation in the sense of Lahdilli [142] (with maybe more
than one weight function v) should be involved here.

4.1.5 Obstructions to existence of Kahler—Einstein sym-
plectic potentials

The Kéhler-Einstein equation has a better and more classical expression
in terms of the Ricci potential. To express this in terms of (P, £), note that from
the duality established in [115], given u € S(P, £) the only smooth pluriharmonic
functions are the affine-linear functions in the variable du € t, namely dd¢f =
—d(dfoJ,) = 0iff f(x) = (a,dyu)+c for some a € t*, ¢ € R, where the complex
structure J,, depends on u. Thus, u € S(P,¥) is a solution of with A > 0
if and only if there exist p, € t* and ¢ € R such that

- %log(det u (x)) — AN({z, dpu) — u(z)) — Mpo, dpu) + ¢ = 0. (4.6)

Indeed, the condition is that the difference between the Ricci potential of w,
which is 1
Ry := — log det u® (4.7)

(see [1]) and the K&hler potential (see [115])
() = (x, dyu) — u(z)

is a affine-linear function in the variable d,u.

ness over P of the Lh.s. (4.6) does not depend on the representative u €
S(P,¢). A straightforward computation see [153] with the Guillemin potential

1 Zle lslogls € S(P, L), leads to the condition that

We may assume ¢ = 0 in (4.6) by adding ¢ to u. However, the smooth-

1
bpo) = = lalpo) = 5
Definition 4.12. A labelled polytope (P, ¢) is monotone if there exists p, € P
with gl(po) == gd(po).

Remark 4.13. The polytope associated to a toric Fano variety (M,—Kpys)
is naturally "normalized” so that p, = 0. Indeed, there is canonical way to
linearize the torus action on —K; which fixes the polytope. More generally the
complex point of view in toric geometry also needs a point to be chosen in the
dense orbit p € M to identify T,M ~ C". Thus, in the literature, the convention
Do = 0 (obtained by a translation) is often taken which makes looks better
(and it looks even more better in complex coordinates y+i6 = d,u+1i6) but this
normalisation might be confusing when the labelled polytopes come in families

(eg. toric Sasaki geometry) see eg §5.2.1]
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A second obstruction to solve the Kahler—Eintein equation is given by the
Futaki invariant. In the toric case, it turns out that the extremal vector field of
Futaki-Mabuchi [I10] can be encoded in an affine linear function A(p which
is the unique candidate for the scalar curvature of an extremal toric Kéhler
metric. This was proved by Donaldson in [82] 84] and this works the same in
the abstract setting too, as we recall now.

A labelling ¢ on P determines a measure oy on the boundary of P as follows

by Nop = —dv on F (4.8)
where again dx = dz1 A --- Adx, is a fixed affine invariant volume form on t*.

Definition/Proposition 4.14. [82] Given a labelled polytope (P,£), there
exists a unique affine-linear function Apy € Aff(t",R), called the extremal
affine function such that

Lipo(f) = /PfA(P,e) dv — 2/613 for=0 (4.9)

for any affine-linear function f € Aff(t*,R). Moreover, if there exists u €
S(P,¢) solving the Abreu equation then S(u) = Apy. Finally, Apy
is constant if and only if bar(P,dv) = bar(dP,0¢). In that case, Apy =
2f8P U@(IP A(p’g) dV)_1 > 0.

The key lemma leading to Theorem [4.2]is the following.

Lemma 4.15. [L3] For any relatively compact polytope P, there is a n—dimensional
cone of labelling £ € Lab(P) such that (P,{) is monotone. This cone contains
exactly one ray of labelling ¢ such that Apy is constant.

The existence part of such labelling was proved in [84] when dim P = 2.
In [L3] using a triangulation the rest of the statement of the lemma is proved
using the basic observation that if (P, £) is a labelled polytope, p € P and A > 0

then
{ }
Ag (p)’...7 )\gd(p)

is a monotone labelling of P. Conversely, any monotone labelling of P is of this
type. In [dBL, Lemma 3.10], we observed that if (P, £) is monotone with respect
to q¢ € P with £5(¢) = ¢ > 0 then the measure o, can be defined explicitly as

1 ) —
==Y (=1)"Nw; —qei)dxy A--- Adxp A+ Nday,
7= § L e g z z

with the classical notations in coordinates. We check easily that o, satisfies
(4.8) and doy = Zdv from which we end up (see [dBL, Lemma 3.10]) with the

equation

1
(1 + n) bar(P,dv) = bar(0P, o;) + %. (4.10)

This provides a simpler proof of the last claim of Lemma Indeed, on a
monotone polytope (P,¢) with respect to g, € P, the condition that the Fu-
taki invariant of (P, £) vanishes, equivalently A p ) is constant or bar(dP, o¢) =
bar(P, dv), see Definition/Proposition[4.14] implies by that go = bar(P,dv)
which in turns fixes the labelling ¢ up to a dilatation.
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4.1.6 The Wang—Zhu Theorem on monotone labelled poly-
topes

Recall that a Kéhler-Ricci soliton on a complex manifold (M, J) refers to a
Kahler metric w and a holomorphic vector field Z satisfying p* — Aw = Lzw
where A € R. In the toric compact context of this chapter we always have A > 0
and Z is of the form Z = JX, — X, € LieT¢ ~ t ® Jt. The Kahler—Ricci
equation translates on symplectic potentials as

x — —%1og(detuij(:v))—A((x,dxm—u(ac))—A(po,dmm € Aff(t",R). (4.11)

Here again the existence of a solution of this equation imposes (P,¢) to be
monotone with respect to the point p,. Also, adding a constant to u if necessary

we replace the r.h.s. of (4.11) by t = (t*)*. Then, if (4.11) holds, the linear
function on the right is the unique a € t such that

[0 0@ - foav =0 vieArwR),  (412)

where again dv = dxq A - -+ A dx,, is a fixed affine invariant volume form on t*.
see [80], [183].

The Theorems of Wang—Zhu [202] and Shi-Zhu [I83] in the abstract sym-
plectic point of view translate as follows.

Theorem 4.16. (Affine-convex version of Wang—Zhu Theorem [202, [183, [86,
L3J] Let (P,£) be a simple, relatively compact, monotone labelled polytope with
respect to the point p,. Then there exists u € S(P,{) solving and this
solution is unique up to addition by an affine-linear function. Moreover, u solves
the Kdhler—Einstein equation if and only if A(py) is constant.

From the discussion in the last subsection the last claim of the Theorem is
straightforward. Indeed, ¢ = 0 in if and only if p, = bar(P,dv) which, by
(4.10)), holds if and only if A(py) is constant using Definition/Proposition

Wang—Zhu proved their Theorem (which is equivalent to Theoremwhen
(P, ¢) is monotone and Delzant) using a continuity method. They picked a T—
invariant Kahler form wg € ¢ (M) defined a path of Monge-Ampere equations
depending on ¢ € [0, 1], say

F()=0

on T-invariant Kihler potentials {¢p € C°°(M)T |wg + ddyp > 0} with appro-
priate normalisations involving wg and X. A solution of the equation at ¢t = 1
was the one they seek, at ¢ = 0, the solution v solves Zhu’s equation [211],
namely that w = wg + dd®g satisfies

P — Lgw = p*°. (4.13)

Then Wang and Zhu proved that the set of ¢ € [0, 1] for which a solution exists
is open and closed using the ellipticity of their equation and a priori estimates
allowing them to use the now standard bootstrap argument.
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In fact, the argument of Wang—Zhu holds for any labelled polytope without
any deep modification. When (P, ¢) is not necessarily rational, following [86],
we consider P x t with its symplectic structure (that is, P xt C t* x t ~ T*t) and
the t-hamiltonian action by translation on the second factor, the moment map
is the projection on the first factor. The invariant Kahler metric g,, defined
via , for a symplectic potential u € S(P,v), is simply a t-invariant Kéhler
metric on P x t with specific behavior along 0P X t.

As introduced in [96], see also [86l [84], given a simple labelled polytope
(P, ¢), each vertex p of P provides a basis {dls|¢s(p) = 0} of t and thus de-
termines uniquely an open toric symplectic manifold (M,,w,, Tp) with T), =
t/Spany {dls | £s(p) = 0} following the well-known caracterisation of linear hamil-
tonian torus actions by their weights, see eg [I57]. These toric charts are the
orbifold uniformizing charts when (P, ¢) is rational. The boundary condition on
symplectic potential u € S(P,¢) corresponds exactly to the condition that g,
defines a smooth T,—invariant Kéhler metric on each toric chart (M,,wp, Tp).

The potentials 1 appearing in the proof of Wang—Zhu, behave as smooth
functions defined on the compact set P on which we can consider the LP+? norms
and so on. The reference metric (J,wp) corresponds to a symplectic potential
ug € S(P,¥) for which the boundary condition, suitably interpreted, allows to
apply the (local) computations of Yau [206] and Tian—Zhu [I95] on each chart
(M,,wp, Tp). Along the way, we show that both Yau’s Theorem [206] and Zhu’s
Theorem [211] hold in this extended setting.

To state these last results we need to introduce the equivalent of (1,1)—
Dolbeaut classes for abstract labelled polytopes. This is also done by Donaldson
in [86] we recall the idea. Given f € C*°(P) one can define the class [f] := {f €
C>(P)| f — f € C>®(P)} where we recall that a function is in C*°(P) if it
is the restriction to P of a smooth function defined on an open set containing
P. The class [f] is an analogue of the T—invariant (1,1)-Dolbeaut cohomology
class. Indeed, in the case where (P, /) is rational, thus associated to a toric
symplectic orbifold (M,w, T) with momentum map g : M — P, a theorem of
Schwarz [I82] implies that C>°(M)T = C°°(P). Combining this with the dd®-
lemma and the equivariant identification M~ P x T, we get that every two
co-cohomological T—invariant smooth (1, 1) forms on M correspond to functions
in C*°(P) belonging to the same class [f].

For u € S(P, /), we denote R, := —3 log(det u(z)), this is a potential for
the Ricci form of the Kéhler metric (g,,w). Observe that R, + % Zle log(¢4s) €
C>(P).

Theorem 4.17. (Affine-convex version of Yau’s Theorem, [206,180}, [L3]) Given
R € C*°(P) such that R — R, € C*(P), there exists u € S(P,{) such that
1

R = 3logdet (Hessu), and this solution is unique up to addition by an affine-

linear function.

Theorem 4.18. (Affine-convez version of Zhu’s Theorem, [211),[806,[L3]) Given
a conver function R € C*°(P) such that R — R,, € C*(P) and a € t, there
exists u € S(P,£) such that R, — R = a and this solution is unique up to addition
by an affine-linear function.
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4.2 Toric almost Kahler metrics

An almost Kihler structure on a 2n-dimensional manifold M?2" is a triple
(g9, J,w) such that g is a riemannian metric, w is a symplectic form, and J €
I'(End(TM)) squares to minus the identity, together with the following compati-
bility relation: g(J-, J-) =g(-,-) ¢g(J-,-) = w(:,-). A toric almost Kihler metric
(g,J) is then an almost K&hler metric on a toric symplectic manifold/orbifold
(M, w, T) such that (g, J) is compatible with w and g (equivalently J) is invari-
ant by the torus T. As proved in [82] [I54], from the momentum map picture
the appropriate extremality condition for an almost Ké&hler metric has to be
expressed in terms of the scalar curvature of the Chern (or Hermitian) connec-
tion, which does not agree with the Levi-Civita connection when the complex
structure is not integrable.

The main result discussed in this section folllows from the observation that
the proof of the Chen—Li-Sheng Theorem [63] works equally for extremal toric
almost Kdhler metric of involutive type. These special almost Kéahler metrics
were introduced by Lejmi [154] and the definition is recalled below. Combining
this observation with Chen—Cheng [61] and He [120] existence Theorem, we
get that the existence of an extremal toric Kahler metric is equivalent to the
existence of an extremal toric almost K&hler metric of involutive type.

Proposition 4.19. [Lj] Let (M, J,g,w) be a compact toric Kdihler manifold
with associated Delzant labelled polytope (P, {), such that (M,w) admits a com-
patible extremal toric almost Kahler metrics of involutive type then (P,{) is uni-
formly K as’tablcﬂ Moreover, there exists a w—compatible extremal toric almost
Kahler metrics of involutive type on M if and only if there exists a w—compatible
extremal toric Kahler metric on M.

As explained below, in the toric setting an almost Kéahler structure of invo-
lutive type is encoded in a smooth symmetric bilinear form H : P — Sym? (")
on which the extremal equation is linear and of order 2. This is very specific to
the toric case and then Theorem [£.19] implies that a weaker conjecture than the
Yau-Tian-Donaldson holds in the toric case [82] Discussions (4a)]. Moreover,
combining Theorem |4.19| with Theorem [4.2] we get the following corollary.

Corollary 4.20. [L] Given a simple relatively compact polytope P C t*, the
set of labellings ¢ € Lab(P) such that S(P,¢) contains a symplectic potential
solving the Abreu equation [{-1] is convex and non-empty.

Remark 4.21. It is unlikely that in general, for compact Ké&hler manifold of
non-toric type, the existence of an extremal almost Kéhler metric (M, J,w)
implies uniform K-stability of (M, .J) or the existence of an extremal Kéhler
metric compatible with w. However, as pointed out in [I38], a certain notion
of stability could generalize the conjecture and the theory to almost Kéahler
metrics.

In [14], for any ko, k1 > 0 and any toric symplectic form w on the total space
of the projective bundle P(O & O(k1) & O(kz)) — P!, they construct explicit
examples of almost Kéahler metrics compatible with w. One can check directly

2Here uniform K-stability should be understood as defined below, see Remark §4.26|
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that these metrics are of involutive type and as an application of Theorem
we get the following.

Corollary 4.22. [LJ]] Each Kdahler class of P(O ® O(k1) ® O(k2)) admits a
compatible extremal toric Kdhler metric.

Remark 4.23. Theorem has been recently extended to a class of weighted
toric extremal metric by Jubert [I34] and applied to prove that each Kéhler
class of the projective bundle Px (O @ O(k1) @ O(kz2)) over an elliptic curve X
admits an extremal representative.

The rest of this section is dedicated to the proof of Proposition which
is a combinaison of Theorem and Lemma [£.31] below.

4.2.1 Toric almost Kahler metrics in action-angle coordi-
nates

Let (M,w,T) be a toric symplectic manifold with a momentum map = : M — t*
with associated labelled polytope (P, ¢). We use notation layed in and fix
a set of affine coordinates © = (z1,...,2,) on t*. In [I54], the author proves
among other things that T—invariant almost Kéahler structures compatible with
(M,w) with involutive g-orthogonal distributions to the orbits (such structure
is called of involutive type) are parametrized by symmetric bilinear forms

H: P — Sym?(t*) (4.14)
satisfying some conditions pointed out in [I2] that we now recall.

(i) Smoothness H is the restriction on P of a smooth Sym?(t*)-valued func-
tion defined on an open neighbourhood of P.

(ii) Boundary condition For any point y in interior of a codimension 1 face
F, C P, denoting vy = dl; we have

Hy(vs,-) =0 (4.15)
dH,(vs,vs) = 20s. (4.16)

(iii) Positivity For any point y in interior F of a face F C P, H is positive
definite as Sym? (T, F')-valued function.

Proposition 4.24. [Apostolov—Calderbank—Gauduchon—Tonnesen-Friedman [12]]
Let (M,w,T) be a toric symplectic manifold and (g,J) be a compatible T—
imwvariant almost Kdahler metric of involutive type compatible with w. Then the
symmetric bilinear form defined for a,b € t and x € P by Hy(a,b) := g,(Xa, Xp)
for any p € M such that z(p) = x, satisfies the conditions (i), (ii) and (iii).
Moreover, for any such symmetric bilinear form H : P — S’me(t*) satisfying
conditions (1), (i) and (iii) there is a unique compatible T—invariant almost
Kdhler metric (gu, Ju) of involutive type satisfying Hyp(a,b) = gf(Xa,Xb)
for any p € M. With respect to action angle coordinates (x,[0]) on t* x T ~ M,
the metric g is given as

qg= Z Gijd.’L’Z‘ ® dl‘j + I{Udtgz ® dej, (417)
)

where G = (G;;) = H .
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Thanks to Proposition we parametrize the space of compatible toric
almost Kéhler metrics of involutive type as

AK(P,¢) := {H : P — Sym?(t*) | H satisfies conditions (i), (ii) and (iii)}.

The inverse (u) of the Hessian of symplectic potential u € S(P,f) can be
extended as a bilinear form H" € AK(P,¥). Observe also that for Hy, H; €
AK(P, ) we have

H;=tH, + (1 —t)Hy € AK(P,?) vt € [0,1].
The space AK(P,{) is then a convez infinite dimensional set of metrics.

As proved in [82], [154], given H € AK(P,¥¢), the hermitian scalar curvature
of (9zr, Ju,w) in coordinates (z,6), is

"\ OH,
SH)=->" o 83;. (4.18)
ij=1 "

A toric almost Ké&hler metric (g, Ju,w) is extremal if and only if S(H) €
Aff(¢*,R) which in turn happens if and only if

S(H) = Acpy) (4.19)

where A(p, ) is the affine-linear function of (P, £) defined in Definition/ Propositionm
Indeed, this follows from the following observation, made in [82]: for f € C%(P),
the boundary condition (i7) above implies

/fS(H)de/(H,Hessf>dv+2 fo. (4.20)
P P oP

4.2.2 Uniform K-stability of labelled polytopes

Consider the functional
1
Lpo(f) 12/ foo— 5/ JAppdx
oP P

which can be defined on various spaces of functions on P, for example C°(P).
From Definition/Proposition we get that £(p ) vanishes identically on the
space of affine-linear functions.

Following [63], 82] [210], for a fixed point p, € P, we define the sets

Coo :={f € C°(P)NC>®(P)| f convex }
Coowo) = ={f €Cuoc| f(p) = f(po) =0 Vp € P}

_ 3K>O,Eif(k)ecoopo,/ Mo, < K,
C*(po) i= 4 f € CO(P) o). [ 0

%) converges locally uniformly to f

We have S(P, () C Cs for any ¢ € Lab(P). Note that the only affine-linear
function in C*(p,) is the trivial one.
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Definition 4.25. A labelled polytope (P, ¢) is uniformly K —stable if there exists
A > 0 such that

Lpp(f) > )\/ap fou

for any f € C*(p,).

Remark 4.26. Let T (P) be the set of continuous piecewise linear convex func-
tions on P, that is f € T(P) if there are fi,..., fm € Aff(t*,R) such that
f(z) = max{fi(z),..., fm(x)} for x € P. Given a lattice A C t, we define
T(P,A) C T(P), the set of continuous piecewise linear convex functions on P
taking integral values on the dual lattice A* C t*. When (P,n,A) is rational
Delzant and its vertices lie in the dual lattice A* C t*, the associated symplectic
manifold (M,w) is rational (that is [w] € H3z(M,Q)) and for any compatible
toric complex structure J on M the Kahler manifold (M, J, k[w]) (for some k
big enough) is polarised by a line bundle L* — M. In this situation, Don-
aldson presents in [82] a way to associate a test configuration (X, Ly) over
(M, L) to any function f € T(P,A) such that the Donaldson-Futaki invariant
of (X, Ly) coincides, up to a positive multiplicative constant, with Lp ) (f).
These test configurations are called toric degenerations in [82] and [210]. The
Yau-Tian-Donaldson conjecture predicts that if Ap, is a constant and there
exists a solution u € S(P,{) of the Abreu equation then

Lpe(f)=0
for any f € T (P, A) with equality if and only f is affine-linear.

Observe that the map f — ||f|. := [,p for is a norm on C*(p,). Therefore,
Definition coincides with the notion of uniform K-stability in the sense of
Székelyhidi [I89] but with a different norm and adapted to the toric situation.
Moreover, this is the notion of stability in Definition that Chen—Li—Sheng
used in [63] to prove the following when the solution H = H™ is the inverse
hessian of some u € S(P, ).

Theorem 4.27 (Chen-Li—Sheng[63], L.[L4]). Let (P,{) be a labelled polytope
and assume there ezists a solution H € AIC(P,0) of the equation (4.19) then
(P, ¢) is uniformly K —stable.

The main argument to prove Theorem in [63] only uses the fact that
the Hessian and inverse Hessian H* = (u;;)~! of the solution u € S(P, /) are
positive definite on the interior of P. One important step for their proof is
to show that : a labelled polytope (P,€) is uniformly K—-stable if and only if
Lp,ey(f) >0 on some closed balls

C (po) = {f € C*(po) [ I flls < K'}

for K >> 0, see [63, Proposition 4.5]. This is general and does not need
any hypothesis on the existence of a solution of the Abreu equation. The key
observation is the following, if H : P — Sme(t*) satisfies equation , that
is S(H) = — > ,—1 Hijij = Apey then the boundary conditions (i) of §4.2.1]
in particular , implies that

[:(p’g)(f):/l:.(H,HeSSf)d.'I} (4.21)
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whenever f is twice differentiable.
Therefore, let H be a solution of equation , then for any interval I CC
P and sequence of convex functions fr € Coo C C°°(P) converging locally
uniformly to f € CX then we have, using and weak convergence of Monge—
Ampere measures, that
Lpe(fe) = Tm(f) (4.22)

where m;(f) is the Monge—Ampere measure induced by f on I and 7 is a
positive constant independent of k. This is [63, Lemma 5.1] from which one can
derive Theoremusing the same argument than [63] in the last paragraph of
their section 5. That is, if (P, £) is not uniformly K-stable, there is a sequence of
convex functions f*) € Co(po) of norm 1 such that £p ) (f*) — 0 and thus

/ f(k)A(p_’g) — 1.
P

Then f*) locally uniformly converges to a function f € C*(p,) and we can
deduce from (4.22)) that m;(f) = 0 for any segment I C P. This implies f =0
but with these conditions we have

/ IO Ap — / FAwpy =1
P P
as proved in [82] ans from this we conclude Theorem

Remark 4.28. In the toric case, hamiltonian 2—form, as introduced [I1], are
used to build explicit solution H : P — Sym2(t*) of equation on some
simple labelled polytopes (P, ¢). This is a separation of variables and the equa-
tion splits in this case into a set of ODE. In many cases, smooth solution H
satisfying the boundary condition (ii) appearing in Proposition do exist
and the issue is to know if H satisfies the positivity condition (¢i¢). In case it
does not satisfy the positive condition (but the boundary condition) the method
of the proof above yields that (P, ¢) is unstable. This was used successfully in
[13] to produce unstable Kéhler orbifolds.

4.2.3 Existence Theorem of Chen-Cheng and He

Let K be a maximal connected compact subgroup of Aut,.q(M,J) with ex-
tremal vector field X+ ([w], K), see appendix We consider the space of K-
invariant K#hler potentials HE = {¢ € C>°(M)® |wy := w+dd°¢ > 0} and the
modified Mabuchi K-energy introduced in [I14] as a functional M¥ : HX — R
satisfying M¥(0) = 0 and

dM§ (¢) = /M ¥(Scaly, — feat(w))wh.

To get an effective parameterization of Kahler metrics, we need also to fixe a
normalisation which, classically is the subset 7—[5 o C HE given by the level set
of the Aubin—Mabuchi functional (see in the Sasaki context) introduced
in [I65], that is 0 € Hff)o and any smooth path ¢; belongs to ’Hfio if and only if

/ 'wt w;’,’t =0.
M
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An alternative definition see eg. [I12, §4.1], implies that HJ, is a slice for
the addition by constants and thus Hff o parameterized effectively the Kéahler
class. The complexification G of K in Aut,.q(M,J) does not act directly on
HE (because w is not invariant by G). However, given ¢ € Hf, o and v € G,
T (wg) = w + dd([y](¢)) for a unique [7](1)) € HL ;. This provides an action
of G on 7-[5 0

An important ingredient in this theory is the distance d; ¢ on the quo-
tient HX /[G] introduced by Darvas [72] and corresponding to the L!-norm on
TyHE . That is for ¢ € TyHE, the norm [, [¢|w); allows to compute the
length of curves and then di(¢g, ¢1) is the infimum of the length of the curves
joining ¢o and ¢1. It turns out that G acts isometrically on (H%,,d1), [73] and

dy,c(¢o, ¢1) == 711612 di(¢o, [V]#1)-

Theorem 4.29. [He [120, Theorem 4]] There is a K—invariant extremal Kéhler
metrics in (M, J,[w]) if and only if the modified Mabuchi energy M¥ is bounded
below on HE and proper with respect to dy .

Since the extremal vector field lies in the center of the reduced automorphism
group [57] see appendix thus within a maximal torus T, the Mabuchi en-
ergy MT restricts to HE as M. Moreover, since di ¢ < di 1, on HE, He’s
Theorem can be equally stated for K = T and G = T¢.

On a toric manifold, following Donaldson [82], one can define the K—energy
on the space of symplectic potentials as follow. Let (P, ¢) be a labelled compact
simple polytope with extremal affine function Ap, € Aff(t*,R) and u € S(P,?),
the modified Mabuchi K—energy is essentially

M poy(u) = Lipy(u) — /Plog det(u;;)dv. (4.23)

Remark 4.30. Indeed, direct calculation shows that the critical points of
on S(P,v) are the symplectic potentials satisfying (£.I). To identify Mp,
with the modified Mabuchi energy, we need to fix a Kéhler metric (wq, Jo),
equivalently a symplectic potential ug € S(P,¢). Then the wy—Kéahler potential
of the Kahler structure (wy,J,) is the pull back by the momentum map of
the function x — ¢y, (2) = Yu(dgu) — Yy, (dyu) where 1), is the Legendre
transform of u . That is ¢y 4, extends smoothly on P and the T-equivariant
diffeomorphism ® : M — M (inducing the diffeomorphism (du)~! o dug on P)
send Jo on J, and wy on wo + dd“ ¢y .. Then M(p g (u) = M (¢u,u,) + C
where C = —MT(0).

This allows to translate He’s Theorem (recalled in Theorem above)
in terms of (P,¢) only and putting together [82, Proposition 5.1.2] and [210,
Lemma 2.3] we will get

Lemma 4.31. [Lj] If (P,{) is uniformly K-stable then M p, ) is bounded below
on C*(p,) and is proper with respect to dq 1.

The first condition is given by

Proposition 4.32. (Donaldson [82, Proposition 5.1.2]) If (P,£) is uniformly
K-stable then M p, gy is bounded below on C*(p,).



80 4.3. The first eigenvalue of a toric Kéhler manifold

We will derive the second using the following result.

Lemma 4.33. [Zhou—Zhu [210, Lemma 2.3]] If (P, ) is uniformly K-stable
then there exist real constants C' > 0, D such that

M pey(u) > C/ udv — D (4.24)
P

for all u € C*(p,).

To work on the space of Kéhler potentials we need to fix a metric ug €
S(P,¢). Then, we need to prove that one can choose C,D > 0 so that when
u € C*(p,), C [pudv—D is an upper bound for dy . (0, qsqu) with the notation
®u,u, Oof Remark ) being the translation by a constant of ¢ € ’HEO lying
in the slice 7—[5070 and ug. The left hand side is insensitive of the normalisation
Mp(u+ f) = Mpy(u) for f € Aff(P,R) but the right hand side is.

The Legendre transform relation implies iy = —1/);“ for any path wu; of
symplectic potentials and thus, with fixed ug € C%,(p,) N S(P,¢), we get that

Duug € ’HEO@ & <dp0u: 0 and /udv :/ uodv)
P P

as highlighted in [8]. Therefore, for u € CX (po) NS(P,¥), i := u+ ﬁ Jp(uo—
P

u)dv is such ¢z, € Hy, o and

C’/udva:C/ |u|dvaZC/ |u — ug|dv — D’
P P P

C C C
> 5/ |@ — up|dv — D' > §d1(0,¢ﬂ7u0) -D' > EdLTC(O7¢ﬂ=UO) - D
P

Here for [, |a — ugldv > C"dy(0, ¢q,u,) we use that the length of the path
ti — (t — 1)up is an upper bound of the distance di(1y,, %) (via a change of
coordinates). In [L4], I have been careless with the normalisation and the middle
step above is taken from [210] [8].

4.3 The first eigenvalue of a toric Kahler mani-
fold

In this section, I present results obtained in collaboration with Rosa Sena-Dias
(IST, Portugal) on the first eigenvalue of the Laplacian of compact toric Kéhler
manifolds, published in [LSD].

4.3.1 The Bourguignon—Li—Yau bound on the first eigen-
value of a toric Kahler manifold

Bounding the first (non-zero)) eigenvalue A; of the Laplacian on some space of
riemannian metrics on a compact manifold M is a classical topic in riemannian
geometry see eg [29]. A result of interest (from the geometric point of view)
is that g is extremal for the map g — A;(g) on the space of volume 1 rieman-
nian metrics on M if and only if a L?(g)-orthogonal basis of the \;—eigenspace
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fos-.., fn embeds isometrically (M,g) into a a minimal submanifold of the
sphere SV c RN+ [99] [174]. By a result of Bourguignon-Li-Yau [45], when
(M?m™,J) is compact, complex, of Kihler type and polarised by an ample line
bundle w € ¢;(L), the Kodaira embedding into P(H°(M, LY)) provides an ex-
plicit upper bound on the first eigenvalue A;(g) for any J—compatible Kéhler
metric (g,w) with [w] € 2me;(L). With R. Sena-Dias we have translated their
result in terms of the labelled polytope data (P, £) in the case where (M?", J, [w])
is toric with integral Delzant labelled polytope (P,¢) and extended the bound
to any rational Delzant labelled polytope by approximation as follows.

Theorem 4.34. [L.—Sena-Dias [LSD]] Let (M?",w) be a toric symplectic man-

ifold endowed with a toric Kdhler structure whose Riemannian metric we denote

by g. Let P C t* be its moment polytope. There is an integer, ko(P) > 1 such
that for any k > ko(P)

M(g) < Lk(%’“ +1)

k

where Ny, +1 = #$(PNZ"/k). If P is integral (i.e its vertices lie in the lattice of
circle subgroups A ), then we have a finer bound given by
2n(N +1

A1(g) < %7

where N +1 = 4(P N A) is the number of lattice points in P.

(4.25)

The Fubini-Study metric realizes the bound in the above theorem. In fact
we show that this is the only toric Kahler metric that does saturate this bound
in the integral case.

Theorem 4.35. [LSD] Let (M?",w) be an integral toric symplectic manifold
endowed with a toric Kdhler structure whose Riemannian metric we denote by
g. Let N + 1 be the number of lattice points in the moment polytope of M. If

M) = 20,

then M is equivariantly symplectomorphic to CP™ and this symplectomorphism
takes g into the Fubini-Study metric on CP"™.

It was previously known (see [29]) that the Fubini-Study metric on CP” is
determined by the spectrum among all Kéahler metrics on CP™ compatible with
the standard complex structure. It was also proved by Tanno (see [194]) that,
if a Kéhler manifold of real dimension less than 12 has the same spectrum as
CP"™ with the Fubini-Study metric, then it is holomorphically isometric to it. A
simple consequence of the above theorem is that the spectrum of the Laplacian
of a toric Kéahler metric on an integral toric manifold determines if the manifold
is CP™ endowed with the Fubini-Study metric.

Corollary 4.36. [LSD] An integral toric Kdhler manifolds which has the same
spectrum as (CP™,wgg) is holomorphically isometric to it.

Sketch of the proof of Theorem[].35 Recall that the first eigenspace of (CPY,wpg)
has a basis given by the functions [Z] — ¥;;(Z) — 1\?11
{0,1,...,N},

where for i,j €

ZiZj

Ui(2) = —rt—
32) Sl 122
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is one component of the SU(N + 1) moment map ¥ : CPY < su}, ;. Given a
polarised K&hler manifold (M, w), the key step of the proof of the main Theorem
in [45], is to show that, given a full (Kodaira) embedding ® : M < CPY_ there
exists a unique B € SL(N + 1,C) such that B* = B > 0 and

_1
Sy ™

Said differently, (B o ®)*wpg is (w™/n!)-balanced, (see [85]).
Denote fi? =V¥;;0Bo0
that

n_ 0i
/M(\pm 0 Bo®)(p) = 1. (4.26)

N1 (M). The Rayleigh principle implies

0rw) [ BT < [ ey (427

with equality if and only ij is an eigenfunction of A% for the eigenvalue
A1 (M, w). Bourguignon-Li—Yau continued their proof summing over 4, j on the
left side of (4.27) and using, on the right side, that on CP",

> d; AdVy; = 2wps. (4.28)

(2%

In [LSD], we checked that when (M,w) is toric, B is diagonal and deduced
that (B o ®)*wpg is also toric. Note that the map on M given in coordinates
by (f&,..., fBy) is momentum map for (B o ®)*wrg but not necessarily for
w so the equality case in does not implies straightforwardly that w is
Kéahler-Einstein using Proposition [£:37] below.

However, we used the Guillemin [IT5] explicit embedding for toric polarised
Kihler manifold (M, g,w) with v € S(P,¢) and momentum map p : M — P,
that is working in action—angle coordinates (z, ) on P x t, we get a holomorphic
full equivariant embedding

®, : M — CPV

where the homogenous coordinates are indexed by p € PN A and explicitely

given by
Z, = e{(dautif),p)

With this embedding we proved that equality case in for A1(gy) implies
that (up to a composition with a diagonal matrix B) ®XWgq,..., 25 ¥ Ny are
linear combinaisons of the momentum coordinates g. This in turns, implies that
N =dim M + 1 (thus M ~ CP") and using Proposition below we get that
(gu,w) is Kéhler-Einstein. O

The following proposition is a refinement of Matsushima Theorem [I70] in
the toric case.

Proposition 4.37. EL'LSD/ Let (M,w,T) be a compact symplectic toric orbifold
with moment map p: M — t*. Then (M, g, J,w,T) is a Kdhler—Einstein toric
orbifold with Finstein constant A if and only if, up to an additive constant, the
moment map satisfies

2M{p, by = A9(u,b) Vbet. (4.29)

31t is possible that this result was previously known but we did not find a reference for it
in the literature.
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In that case, 2X\ is the smallest non-zero eigenvalue for the Kahler—FEinstein
orbifold toric metric.

Matsushima’s theorem implies that a necessary condition for a toric Kahler
metric to be Kéhler-Einstein is that its A; be a multiple eigenvalue with mul-
tiplicity at least equal to half the dimension of the manifold. What’s more, it
follows from the above proposition that one can see if a metric is Kéhler- Ein-
stein by simply checking if its moment map coordinates are eigenfunctions for
2.

Proof of Proposition[{.37. This is a direct computation. First, from the Kéhler
version of the Bochner identity (used many times in this memoir) that A9y is
a momentum map for the Ricci form 2p9, thus if (M,g,J,w,T) is a Ké&hler—
Einstein A% — 2y is a constant. Conversely, let © € S(P,¢) and consider
the associated Kéhler structure (g,,w) on M. Expressing the Laplacian (i.e
A" = —Div?* o0 V9+) in the action angle coordinates (z,6) on P x t see (4.3)),

we get
Y i 2 o d

i,j=1
where G = Hess v and H = G~! as above. Assuming ({4.29), we have
"\ 0H,;;

A9y = = e
J

j=1

for i = 1,...n. Inserting this in the expression of the Ricci form in action-angle
coordinates (4.2), we get

—1 n 1 n 9
() = -5 Z Hy; jrdry N dfp = - Z —(2A\z;)dxy, A db;

il k=1 2 42, 9
o ’ (4.31)
=AY dry Adfy = Iw.
=1
O

Comment 4.38. By replacing ”Kéhler—Einstein” by ”Hermitian-Einstein almost-
Kahler” in Proposition [£:37] the statement holds for toric almost Kéhler metric
of involutive type (gm,w), with H € AK(P,¥¢). Indeed, from [154, Lemma 4.2],
also in this case, A9y is a momentum map for the Hermitian—Ricci form 2p9# .
Conversely, given H € AK(P,{), the Hermitian—Ricci form 2p9% of a toric al-
most Ké&hler metric (g,w) expressed in action-angle coordinates (z, 8) is in the
form
1 &
P () = > i lzk;l Hy; jpdxy A dO;

see [I54) Equation (4.5)]. Thus, the calculation (4.31)) applies in this case too.

Another interesting question is that of spectrally characterizing either con-
stant scalar-curvature, extremal or Kéhler-Einstein toric K&hler metrics. In [03]
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the authors prove that the equivariant spectrum determines if a toric Ké&hler
metric has constant scalar curvature. A variation of the argument there would
show that the equivariant spectrum also determines if a metric is extremal.

Going back to the first eigenvalue, there are various bounds that one can
write down for toric Kahler manifolds using Bourguignon—Li—Yau’s bound. It
would be interesting to see what the best bound is for a given toric manifold,
once we fix the polytope. In particular, one could hope to improve the bound
in Theorem for special classes of manifolds (monotone, Fano..) or special
classes of metrics say extremal toric Kahler metric, or Kéhler-Einstein metrics.
In [I8] the authors prove that a toric Kéhler—Einstein manifold whose connected
component of automorphism group is a torus is never A\, —extremal, where \;—
extremal means extremal for the first eigenvalue with respect to local variations
in the Kéhler metrics space. Hence, in general, we cannot expect a toric Kahler—
Einstein metric to saturate fine bounds. Another natural candidate to consider
is a balanced metric when it exists [37].

4.3.2 The T—invariant first eigenvalue is unbounded

On a toric manifold endowed with a torus invariant metric one can consider a
toric version of A; namely AT defined to be the smallest non-zero invariant eigen-
value of the Laplacian i.e. the smallest eigenvalue of the Laplacian restricted
to torus invariant functions. We clearly have A\; < AT. In [5], Abreu-Freitas
studied AT for the simplest toric manifold, namely S? with the usual S* action
by rotations around an axis. They proved it was unbounded (both above and
below) among S!-invariant metrics. Their argument for the upper bound does
extend straightforwardly to higher dimension because the components of the
metric in action-angle coordinates are not scalar functions when the (complex)
dimension is greater than 1. With R. Sena-Dias (IST, Portugal) we have man-
aged to modify their argument and by approximation over compact subsets of
the polytope, we are able to prove the following.

Theorem 4.39. [L.-Sena-Dias [LSD|] Let (M,w,T) be a compact symplectic
toric orbifold, let K¥ be the set of all toric Kdhler metrics on (M,w, T).

inf{\1(g)|g € Ki,} = 0.
and
sup{A] (9) | g € Ki,} = +o0.

Combining Theorem [1.34] and [£:39] we see that there are toric Kahler mani-
folds for which A; does not coincide with A}. For toric Kihler-Einstein metrics,
it follows from Matsushima Theorem [170] that A\; = AT as there are invariant
eigenfunctions for A;.
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Projects and perspectives

5.1 Valuative approach to K-stability

This section contains an overview of a joint work with Ruadhai Dervan (Cambridge,
UK), the main results of this project are presented in the prepublication [DL]. The
tools used here fall into a more classical theory with standard terminology and nota-
tion. Therefore, there is no background section and I refer to [174)] for definitions and
basic properties. In this section, and the next, X and 'Y denote normal varieties, as it
is the common notation in algebraic geometry.

Since the resolution the YTD conjecture on Fano varieties by Chen-Donaldson-
Sun [62], the algebraic side of the picture has progressed massively via the intro-
duction of new invariants and corresponding notions of stability. Notably, Fujita
and Li’s reinterpretation of K-stability in terms of valuations [104), [161] are ma-
jor contributions as well as the very recent breakthrough by K. Zhang [208], 209].
These ideas, together with significant input from birational geometry, have led
to an almost-complete understanding of K-stability of Fano varieties. Indeed
these invariants are new tools to study the moduli spaces of K-stable Fano vari-
eties and they were used successfully to this end, for example in [6] 38 67, [105].

Fano varieties (and their complex cone) are very special and the alternative
stability notions proposed above are sometimes not even defined for general
polarised variety while K-stability is. This motivates to try to adapt some of
these points of view to general polarised varieties in hope to get a better grasp on
K-stability. With Ruadhai Dervan, we proposed a notion of valuative stability
and associated invariant valid for a normal prolarized variety (X, L) with Q-
Cartier canonical divisor Kx. We proved that, when L = —Kx, our notion
coicides with Fujita’s valuative stability [104], and moreover, that this condition
valuative stability is equivalent to K-stability with respect to test configurations
with integral (reduced and irreducible) central fibre. I discuss the main result
and its proof in

We do not expect that valuative stability (as we have defined it) is equiv-
alent to K-stability in general and we show that an equivariant version of this
statement fails in the toric case . More precisely, an example in [82]
shows that K-unstable toric surfaces might have a vanishing Futaki invariant.
This last condition can be understood as K-stability with respect to equivariant

85
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test configurations with integral central fibre while the destabilizing test con-
figuration exhibited in [82] is equivariant with a reducible central fiber (with
2 components). This situation is known to be impossible for toric Fano man-
ifolds/varieties using Wang-Zhu’s Theorem [202]. Thus, our result highlights
the major role of Li-Xu Theorem [164] in the theory of K-stable Fano vari-
eties. Their theorem implies that for K-stability of Fano varieties (X, —Kx),
it s equivalent to check K-stability with respect to test configurations with in-
tegral central fibre. This result is not expected to be true in general and its
demonstration crucially relies on the fact that Fano varieties are Mori dream
spaces.

Nevertheless, test configurations with smooth, hence reduced and irreducible,
central fibre play an important role in many analytic works concerning the ex-
istence of constant scalar curvature Kéahler metrics [65], [191], and hence one
should expect Theorem to be a useful tool producing concrete obstruction
to K-stability of polarised varieties.

5.1.1 The f—invariant, main result and idea of the proof.

Let X and Y be normal projective varieties, and let 7 : Y — X be a surjective
birational morphism, with X and Y of dimension n. A prime divisor F' C Y for
such Y is called a prime divisor over X.

We view F' as defining a divisorial valuation on X in the sense that it de-
termines vector subspace H(X, kL — zF) C H°(X, kL) for any line bundle L
over X, defined via the canonical identifications

HY(X,kL —aF) := H(Y,kr*L — «F) c H*(Y,kr*L) = H°(X,kL).

Alternatively, a section of HY(X,kL — xF) is a section of HY(X, kL) vanishing
up to order z along w(F).
The volume of L — xF is the volume of the associated valuation, that is

dim H°(X,kL — kaF

Vol(L — zF) = lim sup im A7(X, zF)
which is known to be a continuously differentiable function on the big cone
[43], vanishing identically outside this cone. The value x € R where L — «F

leaves the big cone is finite and known as the pseudoeffective threshold, that is
7(F) = sup{z | Vol(L — 2 F') > 0}. Therefore, the function

d
z s Vo' (L —2F).Kx = aVol(L —zF +tKx) .
t=

is compactly supported and integrable against dxr on R.

Definition 5.1. Let (X, L) be a normal polarised variety with Q—-Cartier canon-
ical divisor Kx. Given F, a prime divisor over X, we associate

Br(F) = Ax(F)Vol(L) + ney, /C>c Vol(L — zF)dx + /OO Vol (L — xF).K xdx
0 0

where
—Kx.L" 1

L
is a topological constant and Ax (F) is the log discrepancy of F' in X.

cL = E(X, L) =
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When L = —Kx, integrating by parts the third term of 5_x, turns it into
a multiple of the second factor and we recover the original S—invariant of Fujita.
To define 51, we need to be able to define the log discrepancy and this where we
ask Kx to be Q-Cartier, then for Y as above and satisfying the same conditions
we have Ax (F) = ordp(Ky —7*Kx) + 1.

Remark 5.2. In essence, the log discrepancy measures the singularity type
of a variety near the center of F. Its appearance in the S—invariant and the
equivalence between K-stability and Fujita’s valuative stability for Fano varieties
[104] are involved in the characterization of the kind of singularities K-stable
Fano varieties might bear [I07]. The log discrepancy appearing in S;, for a
general ample bundle L could eventually lead to similar results. However, to
translate this invariant on the polarised complex cone Y associated to L (see
and eventually find back Chi Li’s notion of stability, it might be a

problem because Y is not Q—Gorenstein for general ample L.
To state the result we need to introduce a finite generation condition.

Definition 5.3. [104] Definition 1.3] We say that F' is dreamy if for some
(equivalently any) r € Z~¢ the Z‘?g—graded C-algebra

P HX krL - jF)
j,k‘GZzo

is finitely generated.

We then say that (X, L) is valuatively stable if S(F) > 0 for all dreamy divisor
F over X.

Theorem 5.4. [Dervan—L.[DL]] A polarised variety is valuatively stable if and
only it is K-stable with respect to test configurations with reduced and irreducible
central fibre.

We also have proved analogous results for K-semistability and uniform K-
stability with respect to norms that we have introduced following Fujita’s cor-
responding notions.

Remark 5.5. An example of a non-dreamy prime divisor F' over (P2, —Kp:)
has been produced by Fujita [106, Example 3.8]. However, he proved also that
for a Fano variety, valuative stability with respect to dreamy divisorial valuation
is equivalent to valuative stability on any divisorial valuations. For a general
polarised variety it is not known.

Sketch of the proof of Theorem[5.4 Our proof is modelled on that of Fujita
[103} M04] and most of his arguments apply without much change to our sit-
uation. I briefly describe the steps in order to discuss details and possible
generalisations.

1) Correspondence between dreamy divisors and integral test configuration. Given
a dreamy divisor F' over X, we get a linearly bounded decreasing finitely gen-
erated Zfiltration defined by the subspaces

HO(X, kL - |j]F) ifj>0

! (5.1)
A otherwise

FIH (X, kL) = {
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The correspondence between test configurations and decreasing linearly bounded
Zfiltrations is now well understood [204] 193] [44] and the relative Proj over C
of the filtration gives us a test configuration (X, L) over (X, L). The ho-
mogenous coordinates ring of the central fibre is given by the Rees algebra of
the filtration and in our case, each piece is characterized by their exact order
of vanishing on the centre Z in X of the valuation F. Thus, to check that the
central fibre is integral we need to show that this algebra is an integral domain.
This is true here because the order of vanishing along Z is additive under tensor
product of sections.

Conversely, let (X, L) be an integral test configuration. We fix a resolution
of indeterminacy as follows.

Y
ql P (5.2)
X x P! > X

Thus (Y,p*L) is a test configuration over (X, L) with central fibre ). Let
Xy C Yo be the strict transform of X, in . By [44] Section 4.2], each irreducible
component E C ) defines a divisorial valuation on X, say vg, via pull back
from X to Y. Moreover, denoting D = p*L — ¢*L, each of these valuations
defines a filtration

FaHO(X, kL) = {f € H*(X,kL) |vg(f) > X\ — kbg'ordg(D)}

where by = ordg()p). From [44], Lemma 5.17], the filtration corresponding to
the test configuration (Y, p*L) is defined by the intersections

(| FaH'(X kL)
irred. ECYo

By the projection formula, this intersection coincides with F ; H°(X, kL) which
0
in turn implies that vy is a dreamy divisorial valuation.

2) The numerical invariants match. To conclude the proof we need to show
Br(F) = DF(X, £) with the notations above. The way to compute the Donald-
son with the filtration data is known [193] and following Fujita’s demonstration
[104] we get that

!
DF(X, L) = 7 (=2fn + (X, L) fus1)
where for k >> 0, Z?;(OF) dim FIHy, = fpp1 k"™ + fok™ + O(k"~ ') and Hy, =
H°(X,kL). In general L — zF is not ample on the whole interval (0,7(F)) so
we cannot apply an asymptotic Riemann-Roch formula these coefficients into
intersections products. However, like Fujita did, we can use a scaled MMP [130,
Theorem 4.2] which ensures that there is a partition of that interval

0=79 <7 < < T =T1L(F),
and normal projective varieties Y7, ..., Y,, with birational contractions

d)jZY——%Y}
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where (¢;)«(L — xF) is ample for all € (1;_1,7;) and for all € [r;_1,7;],
(¢)+(L — xF) is semiample and H(Y, k(L — 2 F)) = H(Y;, (¢;)«(kL — kzF)).

Then applying Fujita’s asymptotic Riemann-Roch formula [104, Proposition
4.1] we have

m 1 T .
fn+1 = Z ﬁ/ (LJ - IFJ) dl’,
j=1""7Ti-1

m 1 Tj
Fo= =Y gy [ (B 2y, + e
=1 K

-1

Moreover for « € [rj_1,7;], we have an equality Vol(L — zF') = (L; — zF;)"
which would help. We also have from [104], Claim 5.6] that

Ky, — (¢;)sm" Kx = (Ax(F) — 1)F;.

For Fujita, the two previous formulas were enough to express f,, and f,y1 in
terms of L = —Kx and F' on X only. However, when L # —K x there is one
term left, involving L”_l.Kyj. So we needed to relate the derivative of the
volume on X to the one on Y;. Actually, it comes from [I36l Remark 2.4 ()]
and from the differentiability of the volume [43] that in the situation described
here: for any line bundle F on Y and any « € [1j_1,7;], there is an equality

(Lj —xF)" 1 .((¢j)«E) = %Vol’(L —2F).E.

This allows to replace all the terms depending on j in the formulas for f,, and
fnr1 above by constant (in the variable j) like Ax (F), Vol(L — xF), Vol'(L —
2F).(Kx) and we ended up with S (F). O

Comment 5.6. Valuative stability, as we have defined it in [DL], tests one di-
visorial valuation at a time following Fujita’s approach. Theorem [5.4] confirms
that it indeed corresponds to a subcase of K-stability. On the other hand, from
Boucksom et al. [44, §4, §5] an ample test configuration (X, L) is associated
to a set of divisorial valuations: the vg,,...,vg, with Ei,..., Ex being the
irreducible components of the central fibre of the test configuration (actually,
the resolution dominating X x P!). We could start with a set of divisorial valua-
tions with the dreaminess property replaced by the intersection of the filtrations
H°(kL — zE;) being finitely generated. However, it would be unlikely that we
would be able to express DF(X, £) as a function on 81 (E1), ..., 8.(EN), apart
from very special case. Maybe it is possible to get some relations between
DF (X, L) and the values Sr(E4),...,B0(EnN) but even in the toric case (see
below) it is not clear.

5.1.1.1 The toric valuative stability

Here we assume that (X, L) is a normal polarised toric variety and F is toric
prime divisor over X, which means that there exists a normal toric variety Y
and Tg-equivarient birational morphism 7 : ¥ — X with F C Y, a prime
divisor which is fixed by a subgroup C* C T¢. We assume furthermore that
Kx and Ky are Q-Cartier (for example this is ensured if they are Q-factorial
which corresponds to the fact that they have at worst orbifold singularities).
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In this situation, the prime divisor F' corresponds uniquely to a ray pp of
the fan of Y, then the divisorial valuation F' only depends on that ray and we
can assume that Y is obtained by a subdivision. We denote by up the primitive
vector in pr NN, where N is the lattice of circle subgroups.

Now, following the standard theory of toric algebraic geometry (see eg. [69]),
to L is associated a convex polytope P C t* where, following the standard
notation of that field, t = Ng = R ®z N. Observe that in the context of toric
algebraic geometry, the polytope associated to L is integral and the outward
normal of a facet corresponds to the primitive vector in a ray of the fan of X.
In particular, the lattice determines a volume form dv on Ny and the measure
on the boundary o introduced in [82], see , is well-defined. We denote
barp, (respectively bargp, ) the barycentre of P (respectively OP) with respect
to their respective measures. Using essentially the co-area formula we proved
in [DL] that

BL(F)

VOIMP
Volg (OP) (Ax(F) = 1)\/012(813)

Remark 5.7. Whenever L = —Kx, we have (see (4.10) where ¢ = 0)

+ (barp — bargp, up). (5.3)

1
(1 + ) barp = bargp
n

and we recover Fujita’s formula [I01, Theorem 6.1] from ([5.3).

Note that from [69, Lemma 11.4.10] we get that Ax(F) > 1 with equality
if and only if up lies in a ray of the fan of X. This implies that if the Futaki
invariant of (X, L) is zero (that is barp = bargp) then

BL(F) >0

for any toric prime divisor F' over X. Conversely, assume 51, (F) > 0 for any
toric prime divisor F' over X. Because X compact, there are some positive real
numbers ¢, > 0 satisfy > 5 tpu, = 0 where X(1) denotes the rays in the fan
of X. By linearity of the Futaki invariant and by (5.3]), we have

0< Z tpfr(D,) = Vols(OPr) Z tp(barp — bargp,u,) = 0.
pEX(1) pEX(1)
Thus, Sr(D,) =0 for any p € £(1).
Theorem 5.8. [Dervan—L.[DL)]] The Futaki invariant of (X, L) vanishes iden-
tically (on the torus) if and only if

BL(F) =0
for any toric prime divisor F over X.

This result is not surprising given Theorem [5.4]and indicates that this notion
of toric valuative stability is too strong.

Comment 5.9. Many questions remain open as for example : does valuative
stability with respect to dreamy divisorial valuation is equivalent to valuative
stability with respect to any divisorial valuation ? Can we define similarly
valuative stability with respect to other type of valuations (quasimonomial..) ?
See also Comment [5.6
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5.2 Various projects in toric Kahler geometry

5.2.1 Sasaki-Einstein metrics with conical singularity along
a divisor.

Let (Y,w) be a smooth toric Kéhler cone of complex dimension n + 1 with
smooth compact cross section. In what follows, T = /t\/A denotes a compact
torus of dimension n+1 acting efficiently, holomorphically and in a Hamiltonian
fashion on (Y,w). We denote the unique homogeneous of order 2 momentum
map g : Y — t*. The associated moment cone is the strictly convex cone

C:=u(Y)={x et \ {0} [{(ls,z)>0 fors=1,...,d},

where £, are inward normal vectors, primitive in A, defining the facets 1/58 =
{£;1(0)} N C. The Reeb cone is the interior of the dual cone of C, where

ty ={geR"™ |(z,q) >0 foralxcC}

Before stating the next result, two simple observations are in order. Each
¢ € t., determines an abstract labelled polytope in the sense of (4.1.1)), denoted
(Pe,0), defined as

Pe:=C N (He := {z €t (x,6) =1/2})

and ¢ = {{1,...,¢;} € Aff(H¢,R) (note that the restriction of a linear function
on t* on any afﬁne hyperplane is affine-linear).
Moreover, the linear map L : - RY

= (<£17x>a~~~a<€dax>) (54)

injects the moment cone into the positive quadrant and we call the image of C'
by L the angles’ cone, that is

B:={8=(01,.-.-,84) € Rio} N Image(L).

Note that Y denotes the cone without its apex. In particular, Y as well
as its invariant divisors Dy := l(F ) C X are smooth submanifolds. We fix
(Y,w) as a symplectic cone manifold and consider toric Kéhler cone metrics on
X smooth on ;fl(Co' ) and with conical singularity of angle 275, along Ds. With
Martin De Borbon (King’s College, UK), applying Theorem above and in
particular Proposition we have obtained the following classification.

Theorem 5.10. [de Borbon—L. [dBLJ] There is a (n + 1)-dimensional family
of T—invariant compatible Ricci-flat cone metrics on (Y,w) smooth on p=1(C)
and with cone singularities along its invariant divisors. The family of metrics
can be parameterized in the following two equivalent ways.

(1) Fixing the Reeb vector field. For every & € ty, there is a unique 5 € B
such that'Y has a T—invariant Ricci-flat cone metric with cone angles 273
along D and Reeb vector equal to €.

(2) Fixing the cone angles. For every ( in B there is a unique £ in ty such
that Y has a T—invariant Calabi-Yau cone metric with cone angles 2703
along D and Reeb vector equal to €.
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In either case, the toric Ricci-flat cone metric with prescribed Reeb vector or
cone angles 1s unique up to isometry.

The remaining of this section is a sketch of the proof of that last Theorem.

The toric symplectic point of view on toric kahler geometry, developed in
compact case by [T} 2, 12, 82] [86] [115] has been extended to the Kéahler cone
case by [167], see also [3, [148]. In particular, we have suitable action—angle co-
ordinates (z, [0]) on the open dense subset Y of Y where T acts freely, providing
a 'ﬂl\‘fequivariant symplectomorphism ()o/,w) o~ (C’ X T, St dx; A db;). Any

o

convex smooth function & € C*°(C') defines a w—compatible Kéhler metric as
g = ﬂijdgci ® dl’j + a”dez ® dﬁj (55)

Martelli, Sparks and Yau gave the conditions on u for the metric g to be the
restriction to Y of a smooth T—invariant Kéhler cone metric on (Y,w), [167]. A
key observation is that their conditions translate exactly as

1. the Hessian of @ is homogeneous of order —1 with respect to the RT—
dilatation on t*, thus & = S0 U;;; are constant and € = 1" @a%i et
is the Reeb vector field; ) R

2. the restriction of @ to the polytope P¢ := C' N {x € t*|(z,&) = 1/2} lies
in S(Pe, ?).

In particular, every symplectic potential u € S(P¢,¢) defines a unique Kéhler
cone metric on Y, with potential u with Reeb vector field £. The correspondence
can be made explicit, see [3] by taking

- [ [
u2uu< )+ log(u, &).
2w &) ) 2w ) ot
Actually, Martelli, Sparks and Yau proved that in addition to the natural
homogeneity and convexity properties, u € C°°(C) N C°(C) defines a smooth
w-compatible Kéahler cone structure gz on Y, restricting to (5.5) on Y, if and
only if
U— Y (Llogly) € C(C).
Therefore, the local analysis [L3] §6.3] (recalled in §4.1.4] above, holds here as
well and we get the following.

Proposition 5.11. [dBL)] Let Bi,...,84 € Rso and u € Cc(0)n Coo(é). The
tensor gz of (5.5) is the restriction to Y of a toric Kdhler cone metric with
conical singularities of angles 2wBs along the divisors Dg if:

(i) the restriction of uw to the interior of C, and to the interior of any of its
faces of positive dimension, is smooth and strictly convex and such that

u—

|~

d
> Bl logl, € C(C); (5.6)
s=0

(i1) the Hessian of U is homogeneous of order —1 with respect to the RT -
dilatation on t*.
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In that case the Reeb vector field § = (&o,...,&n) € Er is given in coordinates
as fj = Z?:O ﬂ”xl

Said differently, gg of is the restriction to Y of a toric Kéhler cone met-
ric with conical singularities of angles 2735 along the divisors Dy if, in addition to
the natural homogeneity property, its restriction to P lies in S( P, [31_161, ceey 6{;1&1).
Combined with the relation between Ricci curvature of the cone metric and the
transversal Ricci curvature, see the set of angles § € B whose ex-
istence is claimed in part (1) of Theorem is the unique one such that
(P, By, ... ,ﬁd_lﬁd) is monotone (see Definition with vanishing Futaki
invariant and A(Pg_ﬂflll 11111 Bl = 4n(n+1) (see Definition/Proposition
Such labelling exists and is unique by Lemma [£.15] Moreover, by Theorem [£.16]
there exists a unique Kéhler-Einstein symplectic potential u € S(F, 51_161, e ,Bd_lﬁd)
up to an addition by an affine-linear function. The associated symplectic po-
tential on the cone ﬂosatisﬁes the conditions of Proposition and a Kahler—
Ricci-flat metric on Y.

To explain the part (2) of Theorem note that any g € B is the image of
a unique point pg € C' via the map d we can define the set Z3 of Reeb
vector fields whose transversal polytope P; contains pg, that is

Ep:={¢ €ty |ps € P},

which is a cross section of t; and a convex open polytope. Then, extending
the main result of [167], we prove the following where dv, is a Lebesgue volume
form on He.

Theorem 5.12 (Martelli-Sparks—Yau [167],de Borbon-L.[dBL]). The volume
functional
V. E.g - R

is strictly convex and its unique minimum g € Zg is the only Reeb vector field
in Zg satisfying pg = bar(Pe,dve). Moreover, &g is the only Reeb vector field in
I+ admitting a compatible toric Calabi-Yau cone metric with cone angles 2w f35
along the toric divisors Dy.

The proof of this statement in [dBL] is not, in essence, different than the
one of the (toric) convexity result of Martelli-Sparks—Yau [I67], although the
last claim uses the unicity of Theorem [I.16] However, the formalism of abstract
labelled polytope reveals the simplicity and generality of the argument, si I
present the proof here.

Proof. Consider the labelling £ on P¢ such that £, = 7 4,. By definition of pg
we have

li(pg) =+ =Lla(pp) = 1.

Thus the labelled polytope (Pg,g) is monotone in the sense of Definition m
The key observation is that the associated measure (|4.8]) introduced by Donald-
son [82] can be given by

n
o =3 (~1)"* (@i — ppa)dar A--- Aoy Ao Aday,
=1
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with classical notations in affine coordinates (z1,...,z,) on the hyperplane
containing P:. Note that do = ndv and thus,

/ U:n/ dv.

Then integration by parts leads to (4.10]), that we recall
142 — ba
+ — | bar(Pg,dv) = bar(0P¢,0) + —. (5.7)
n n

This implies that pg = bar(Pe,dv) if and only if bar(Pe,dv) = bar(0F, o),
which in turns is equivalent to the vanishing of the Futaki invariant of (P, )
that is A p, ;) is constant see Definition/Proposition

The remaining step is to establish the link with the volume functional V :
=g — R. Note that for any £ € Eg by definition T¢=g is the annihilator of pg
in t. Thus, from and easy computation d¢V(a) = —(n + 1) fP& (x,a)dv we get
that £ is a critical point of V in Zg if and only if pg = bar(Pe,dv). Also for any
variation £ + ta in 2z, we have

(Ve 1) =) [ e

Pe

Finally, the localisation argument in the toric case can be done directly on the
polytope and is equivalent to an integration by parts. From this we get that V
is proper which concludes the proof. O

5.2.2 Almost Kahler metrics of constant scalar curvature
on CP? blown-up at three points

Unsurprisingly, there are few known explicit examples of extremal Kéhler met-
rics on compact manifolds and orbifolds. Actually, essentially all the explicit
extremal Kahler metrics are obtained by the Calabi ansatz [57] and its general-
isation using Hamiltonian 2—forms [I1], (12, [13]. This includes the extremal met-
rics on weighted projective spaces of Bryant [56]. The interest of such explicit
description is highlighted by the famous example of Apostolov—Calderbank—
Gauduchon-Tgnnesen-Friedman [I3] providing a counter-example of a prelimi-
nary version of the YID conjecture.

As explained in [92], a better knowledge of some Kéhler—Einstein metrics
could also be useful for physicists which lead the authors to propose various
methods to approximate numerically the Kahler—Einstein metric on the (Fano)
third del Pezzo surface. Let (M, J) denote this complex surface, that is (M, J) is
the toric complex manifold obtained by blowing up CP? at its 3 fixed point. It is
known that (M, J) is a toric Fano manifold with vanishing Futaki invariant, thus
by Wang-Zhu Theorem [202], it admits a compatible Kéhler—Einstein metric
wip. Actually, in this simpler case the fact that (M,J) admits a Kéahler-
Einstein metric was known before and proved by Mabuchi [166].

In this line of idea, I think it would be interesting to describe, more explicitly,
the toric extremal almost Kéhler metrics on the symplectic manifold (M,w)
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where M is the smooth manifold underlying the third del Pezzo surface and w
is a T-invariant symplectic form in the same cohomology class than wg g, that is
2me1(M). From [154] Lemma 4.2] and because there exists one Kéhler—Einstein
metric on M, there exists an infinite family of toric extremal almost Kéahler
metrics of involutive type on (M, w). All these metrics are csc since the affine
extremal function only depends on the boundary condition of the associated
labelled polytope, see Denoting (P,¢) the labelled polytope of (M,w)
and working in action—angle coordinates (z, 6), recall that a w—compatible toric
almost Kéhler metric (gy,Jy) is encoded in a matrix valued function H €
AK(P,0) see The equation we obtain is then

Z 8%63:1 =4

3,j=1

If we could find an explicit (or nearly explicit) description of the family,
say AKc C AK(P, (), of toric csc almost Kahler metrics on (M,w), the next
natural step would be to study the behaviour of the functional F': AKc — R,
introduced in [82], and defined by

F(H):= —/Plog(det H)dv.

Donaldson proved in [82] Discussions (4a)] that, on the space of extremal al-
most K&hler metrics of involutive type, the critical point of that functional (if
it exists) is integrable.

An alternative approach would be to consider only the Hermitian-Einstein
almost Kahler metrics of involutive type on (M,w), say AKgr C AK(P,?).
This also consists in an infinite dimensional family by Lejmi’s Lemma [154]
Lemma 4.2]. Moreover, using the almost K&hler version of Proposition
from [LSD], see Comment these elements H € AKXy are caracterized by
the following degree one differential equations

2
g ai 2 i=1,2. (5.8)

Relaxing the condition H € AK(P,{) by allowing non-positive definite matrix
valued functions that do not satisfies boundary condition and (4.16),
we get easily many solutions of (5.8]). Also, note that a smooth solution H
satisfying the boundary condition and satisfies automatically some
positivity condition because (P,¢) is uniformly K-stable, see Remark
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Appendix A

Basics on extremal Kahler
metrics

For the reader’s convenience, below are gathered classical results of Calabi [58]
and Futaki-Mabuchi in [T10] following the explanation given in Gauduchon’s
notes [112], §2.4, §4.13].

A.1 Calabi structure Theorem

Let (M, J,w,g) be a compact Kidhler manifold. A common description of the
reduced automorphism group Aut,..q(M,J) C Aut(M,J) is that it is the con-
nected Lie group of real holomorphic vector fields, with Lie algebra b..q =
{X € Lie(Aut(M, J)) | 3p € M, X}, = 0}. Actually, denoting harm, the space of
harmonic 1-forms, §,.q coincides with the kernel of the map

Lie(Aut(M, J)) 2 X = (a = a(X)) € harm_.

This explains many properties of h,.q4. For example, Lie(Aut(M,J))/breq =
H'(M,R).

Now, assume that (M, J,w, g) is a compact extremal Kidhler manifold in the
sense of Calabi. Thus, by definition, X := Xgca, = —JV9Scal? is a Killing
vector field, it is also hamiltonian and thus X € b := Lie(Aut(M,J))). In this
situation, Calabi proved the following;:

e An L?-orthogonal decomposition holds
h=bO (@M)
A>0

where, for A > 0, b = {Z € p|LxZ = AJZ}. Thus, h© is the
centralizer of X.
e 1 is reductive and decomposes as

h(O) = a® iham @ Jiham

where a is abelian (and the Lie algebra of a compact complex torus), and
iham is the space of hamiltonian Killing vector fields.
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e For A > 07 bo\) - bred and bred = i'ham D Jiham @ (@)\>0 ho\))
e The subspace of Killing vector fields is a ® ipqm-

From this, Calabi deduced that the connected component of the isometry
group of a compact extremal Kéhler manifold is maximal among all compact,
connected Lie subgroups of Aut(M, J). More precisely for A > 0, the flow of a
non trivial element of h® cannot be contained in a compact group.

A.2 The extremal vector field of a Kahler class

Fixing a maximal compact connected subgroup K C Aut,.q(M, J), we consider
the space of K—-invariant metrics M, with Kihler class Q = [w] € HYY (M, R).
By Calabi structure Theorem, an extremal K&ahler metric, if any, belongs to
MﬁKh_l for some h € Aut,..q(M,J). Moreover, MgKh_l contains an extremal
metric if and only if ME does.

Observe that all the metrics in MJ& have the same space of hamiltonian
Killing vector fields, namely ¢ = LieK. Given w € ME the space of Killing
potentials IC(M,w) is the subspace of smooth function f € C°°(M) such that
the hamiltonian X € £ and we denote the L2-projection

ol (M) — K(M,w).

Then we can define the extremal vector field of ) and K as the hamiltonian
vector field of the projection of the scalar curvature

Xewt(Q? K) = Xﬂf(Scalw)'

Futaki and Mabuchi proved that X.,.(Q, K) only depends on €2 and K (and not
on the particular metric w € ME). Furthemore X,.:(Q, K) lies in the center of
K and thus, if T C K is a maximal torus, then

Xext(Q; T) = Xemt(Qv K)

For any w € M& | there exists a unique Killing potential fe.:(w) € K(M,w)
such that Xy, () = Xeat(Q2, K) and

/femtw”:/ Scal,w™.
M M

Thus w € ME | is extremal if and only if

Scal, = fext(w).
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