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Résumé

La construction spectrale subsume plusieurs notions mathématiques d’importance, telles que
le spectre d’un anneau commutatif en géométrie algébrique ou la dualité de Stone. Entremélant
des aspects catégoriques, topologiques et logiques, elle repose sur la notion de géométrie, une
condition reliant une théorie essentiellement algébrique, une extension géométrique axiomatisant
une classe d’objets dits locaux, et un systéeme de factorisation, encodant des situations de nature
géométrique dans une catégorie d’objets algébriques. Le spectre associé a une géométrie est alors
une construction permettant de déployer cette géométrie cachée d’une facon universelle. Plusieurs
approches plus ou moins completes ont été proposées en parallele pour la construction spectrale,
utilisant des formalismes tres différents, les uns issus de la théorie catégorique des modeles, d’autres
purement catégoriques, d’autres reposant sur le langage des topos. Cette these se propose d’unifier
ces différents traitements en une approche synthétique combinant les aspects complémentaires de
cette construction. Nous discutons par ailleurs en épilogue quelques éléments pour une version
2-catégorique de cette construction, permettant de retrouver les dualités syntaxe-sémantique de la
logique du premier ordre comme des constructions spectrales.

Mots-clés : Spectre, géométries, admissibilité, foncteur stable, multi-adjoint, dualité spectrale,
adjonction spectrale, objet local, fleche étale, fleche locale, topos modellé.
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Abstract

The spectral construction subsumes several prominent mathematical notions, as the spectrum
of a commutative ring in algebraic geometry, or also Stone duality. Interweaving categorical,
topological and logical aspects, it relies on the notion of geometry. The latter is a condition
relating the data of an essentially algebraic theory, a choice of a geometric extension coding for a
class of local objects, and a factorization system, encoding a spatial behaviour inside a category of
algebraic objects. Then the purpose of the spectrum is to deploy this hidden geometry in a universal
way. Several approaches to the spectral construction have been proposed, with unclear links and
sometime incomplete treatment, using very different formalisms from category theory, categorical
model theory or topos theory. The present thesis unifies those treatments into a synthetic approach
combining all the complementary aspects of this construction. We also discuss in an epilogue some
elements for a 2-categorical version of this construction in the optics of recovering the syntax-
semantics adjunction of first order logics as instances of spectral constructions.

Keywords: Spectrum, geometry, admissibility, stable functor, right multi-adjoint, spectral
duality, spectral adjunction, local object, local map, etale map, modelled topos.

iii



iv



Remerciements

En tout premier lieu, je remercie Mai Gehrke, dont la rencontre est non seulement le point
d’origine de cette these mais le début de ma vraie vie mathématique ; je voudrais tout d’abord la
remercier pour tout ce qu’elle m’a appris dans le domaine merveilleux de la dualité de Stone, de la
topologie sans point et des treillis, ainsi que pour nos nombreuses séances de travail lors des deux
premieres années de la these, qui ont été cruciales a la formation de ma pensée. Je dois aussi la
remercier de m’avoir donné 1’occasion de participer & TACL et souligner également I'importance de
ses conseils en matiere de rédaction. Je souhaiterais dire ici toute mon admiration pour elle, entre
autres choses, pour la clarté de sa pensée et 'immense étendue de son savoir, sa maniere toujours
élégante et synthétique de présenter les constructions les plus complexes, son aura fédératrice ray-
onnant dans plusieurs communautés — et sa faculté a générer instantanément des exemples, méme
pour les notions les plus opaques ! Autant de choses pour lesquelles effectuer cette these sous sa
direction a été un grand honneur pour moi.

Je souhaiterais remercier mon directeur de these Paul-André Mellies, pour avoir accepté de me
prendre en these avec lui; pour m’avoir orienté vers la théorie générale du spectre au moment ou je
ne faisais encore que pressentir ’existence d’une théorie derriere les exemples que j’avais rencontrés
dans le monde des treillis et les anneaux ; pour la liberté qu’il m’a accordée dans mes recherches et
la maniere de les orienter ; pour m’avoir aidé, avec patience et pédagogie, & clarifier ma pensée des
les premiers temps de ma these ; pour nos discussions sur les spectres qui ont, bien siir, joué un
role crucial dans ma compréhension du sujet ; de facon générale son soutien, sa gentillesse et son
enthousiasme permanents, et son insatiable curiosité. Enfin je voudrais dire mon admiration pour
son esprit délié, auquel aucun sujet ne résiste, son immense culture mathématique, et la maniere
toujours extrémement synthétique et élégante de formuler les choses.

Je souhaiterais remercier également Eduardo Dubuc qui a accepté de lire ce manuscrit, pour ses
commentaires aigus ; je souhaiterais aussi dire 'importance pour moi de son ceuvre mathématique
en général et I'influence de celui-ci dans cette thése et au-dela.

I would like to warmly thanks Dorette Pronk, who kindly accepted to read this manuscript, for
the interest and enthousiasm she manifested and the care she put in this reading work, her many
corrections which helped to polish this manuscript, and her elogious and encouraging report. I
wish we can have the chance to discuss further the forecoming developments of this theory.

Je souhaiterais remercier Olivia Caramello, et dire l'influence de ses techniques, utilisées a
plusieurs reprises dans cette these ; je voudrais aussi la remercier de son soutien et sa gentil-
lesse ; ainsi que pour ses deux invitations a Come ; je me dois aussi de dire I'importance des
discussions nombreuses que nous avons eues au long de cette thése ; je souhaiterais également
souligner 'importance cruciale qu’a eue pour moi I’événement “Topos in Como” de 2018, moment
de grande effervescence qui fut ma premiere immersion dans la communauté des jeunes catégoriciens
et toposophes. Qu’il me soit permis ici de lui dire mon admiration pour sa profonde compréhension
de la théorie des topos et de la logique, et son ceuvre unificatrice.

Je souhaite exprimer aussi ma gratitude particuliere envers Mathieu Anel, a qui ce travail doit
également beaucoup ; son travail sur les spectres, tout comme les nombreuses discussions que
nous avons eues, ont joué un role déterminant dans ma compréhension de ce sujet et ont plus
généralement influencé ma fagon de faire des mathématiques. Sa pensée et sa maniere d’accéder
directement au sens profond des choses, d’identifier ce qui doit étre identifié, et de rendre effectif
ce qui pourrait ne rester que des conditions absconses, ont immédiatement suscité chez moi la plus
vive et sincere admiration ; je me de dois aussi de le remercier pour ses conseils rédactionnels qui
ont permis de peaufiner ce manuscrit, et il me tarde de poursuivre nos collaborations.



Je voudrais remercier Clemens Berger, pour avoir accepté d’étre examinateur, pour son intérét
pour la construction spectrale et les discussions que nous avons eues sur les catégories localement
présentables ou les ultracatégories ; et plus généralement, pour ses encouragements bienveillants.

Un grand merci aussi a Daniela Petrisan pour avoir accepté d’étre examinatrice ; ses remarques
importantes au début de ma thése m’ayant permis de clarifier ma compréhension des foncteurs
multi-adjoints.

I would like to thank warmly Ivan di Liberti, for our extremely stimulating mathematical
friendship and our numerous discussions since this blessed TACL conference; the fruition of our
collaboration is an immense joy to me, especially knowing this is only the begining of a promising
program ! I should also praise here his sense of clarity and synthesis, and the sharpness of his
intuitions.

Un grand merci aussi a Morgan Rogers, pour les nombreuses discussions que nous avons eues
des le début de ma these sur de nombreux sujets, qui j’espeére se concrétiseront prochainement
en une collaboration ; je lui dois aussi des remerciements pour sa lecture attentive de plusieurs
chapitres de ce manuscrit et des remarques importantes faites alors, qui ont permis de clarifier
certains points subtils.

Je me dois aussi de remercier vivement Alexis Saurin pour son aide en de nombreuses étapes
de ce parcours, et plus généralement pour le suivi attentif a ’égard des doctorants de I'IRIF ;
en particulier pour m’avoir permis de régulariser ma situation a la fin de mon stage, mais plus
encore pour m’avoir redirigé vers Mai Gehrke lorsque je commengais a manifester de I'intérét pour
la dualité de Stone.

Maintenant, je souhaite exprimer ma gratitude et mon affection aux membres de ma famille
doctorale : a Chaitanya Leena Subramaniam pour nos nombreuses discussions, en particulier pour
m’avoir parlé en premier de la dualité de Gabriel-Ulmer qui devait devenir par la suite si impor-
tante dans ce travail ; de fagon générale je dois avouer mon admiration pour sa facon toujours
captivante de parler des catégories; également a Pierre Cagne, Leo Stefanesco et Clément Jacq
pour nos discussion passées au sein de 'IRIF et leur vive sympathie ; je souhaite aussi le meilleur
a El-Mehdi Cherradi pour la suite de sa these !

De méme, je voudrais évoquer ceux avec qui j’ai partagé ’expérience du doctorat: Zeinab Galal
(pour nos discussions sur les foncteurs stables entre autres choses), Cedric Ho-Thanh, Théo Zim-
mermann, Antoine Allioux, Kenji Maillard, Hugo Moeneclaey, Jules Chouquet et Leonard Guetta,
aréopage chaleureux et stimulant au sein duquel effectuer cette these a été un plaisir.

Parmi les membres de 'IRIF, je voudrais aussi remercier Thomas Colcombet de m’avoir pro-
posé de participer a 'organisation du séminaire automate ; Sam Van Gool pour m’avoir proposé
le sujet de la représentation en faisceaux sur les locales stablement continues, et ses conseils de
rédaction a cette occasion ; Ahmed Bouajjani, de m’avoir permis d’effectuer une 4éme année de
these ; Frangois Metayer pour l'organisation du séminaire de catégorie supérieures ou j’ai appris
tant de choses, et pour son invitation & y participer prochainement ; Yves Guiraud pour son appui
ayant permis la visite de Mathieu Anel en 2019 ; Hugo Herbelin pour son enseignement en mas-
ter et les discussions que nous avons eues ensuite, et Daniel de Rauglaudre le boute-en-train. Je
dois aussi des remerciements spéciaux & Amina Hariti pour son aide précieuse dans le cadre des
procédures relatives a la soutenance de cette these.

Je tiens aussi a remercier les membres du LJAD pour leur accueil chaleureux lors de mes visites
récurrentes a Nice : en premier lieu Mehdi Zaidi pour nos discussions topologiques au début de la
these, mais aussi Celia Borlido et Luca Reggio ; I would also give here a special thanks to Wesley
Fussner, and hope to pursue our collaboration on residuated structures.

I should also thank all those young brilliant people I had the pleasure to meet at various events,
and would like to tell how much I valuate the discussions we had at those occasions or how much
to hear from them was enriching: Nicolas Blanco, Ingo Blechschmidt, Sina Hazratpour, Peter
Arndt, Simon Henry, Graham Manuell, Anna-Laura Suarez, Charles Walker, Soichiro Fuiji, Greta
Coraglia, Cameron Calk, people of the school of Louvain and many more should make a mention

vi



of | T would also thank Marco Abbadini, not only for our mathematical discussions, but also for
this benefic incentive to have morning swims in the fresh waters of Porquerolles ! Je souhait-
erais notamment adresser un remerciement spécial a Christian Espindola pour m’avoir révélé, au
cours d’une discussion en 2018 a Coéme, l'existence de la dualité d’Awodey-Forssell et son lien
avec la dualité de Stone, moment d’illumination amorgant ma quéte d’une construction spectrale
2-dimensionnelle englobant les dualités syntaxes-sémantiques, dont I’épilogue du présent manuscrit
donnera un tout premier apergu. Je souhaite aussi remercier Riccardo Zanfa pour son accueil lors
de mes deux visites a Come et pour nos discussions sur les spectres et I’'over-topos ; I also take this
occasion to wish the best to Joshua Wrigley for the remaining part of his PhD. Let me also thank
John Bourke for our discussion during his visit to Paris and the relevant remarks after my talk at
the Masaryk Algebra Seminar; I should also emphasize the influence of his work on 2-dimensional
accessibility for my current ongoing research beyond this thesis. I should also thanks Alexander
Gietelink-Oldenziel for numerous discussions about various topics, from ludics to complete spreads,
and would like to praise his enthusiasm and curiosity. I would also like to thanks those who were
constituting Bern team in 2018, George Metcalfe, Almudena Colacito, Olim Tuyt, José and Alejan-
dro, for their warm welcoming both at the Duality event at Bern and the SYSMICS summer school.

I would like also to thank Martin Brandenburg for his opportune remarks and relevant ques-
tions about the paper that became the eighth chapter of this thesis. I would like also to thank
Nathanael Arkor for our recent stimulating discussion about multi-adjointness, which I hope being
the beginning of a collaboration; but I must also double my thanks to him for the awesome Quiver
which was a considerable help for me - and probably so much other categoricians. In the same
vein I should thank Yichuan Shen for a previous similar editor which was also of great help before
2-cells drove me toward Quiver. Similarly, I would like to thank Jens Hemmelaer for exchanges
about complete spreads I hope to pursue soon.

Je souhaiterais aussi remercier Laurent Lafforgue pour son accueil lors de ma premiere visite
a Come ainsi que son soutien aupres de 'THES ; de méme pour la clarté de son exposé a Come
en 2018 qui aida a consolider ma compréhension des topos de Grothendieck. I would also like to
thanks Steven Vickers, Peter Johnstone, Francis Borceux and Jiri Adamek for the answer they
provided to a few questions I had the honour to aks them; let me also thank Matias Menni for
our discussion in Genoa and for his kind invitation to present my work at the 2021 Mexico Open
House. Je souhaiterais aussi dire le plaisir d’avoir eu ’occasion de discuter avec Albert et Elisa-
beth Burroni et de les entendre évoquer ’histoire du développement de ces notions que nous avons
I’habitude de manipuler comme des choses immuables.

Even though I had not the honour to meet them in person, I should pay a tribute here to
the authors of the main sources of this work I have not yet made mention of, namely Yves Diers,
Monique Hakim, Julian Cole, Michel Coste, Paul Taylor and Jacob Lurie. But I should stop here
this name dropping before ending up summoning in vain the name of Grothendieck !

Je souhaiterais aussi remercier plusieurs professeurs de Paris Diderot ayant eu un réle important
dans mon parcours: Alain Prouté, notamment pour I'attrait envers les catégories qu’il a fait croitre
; Gentiana Danila et Murielle Livernet pour leur cours de topologie algébrique qui ou j’ai acquis
un certain sérieux ; Boban Velikovic pour son cours de forcing fort mystérieux, Sedki Boughattas
pour son TD d’incomplétude tres complet et Huayi Chen pour son cours fascinant sur les faisceaux.

A présent, je souhaiterais remercier ceux qui ont joué un réle important dans mon parcours
passé. Tout d’abord, je souhaiterais remercier Martine Barret, pour ces cours merveilleux ou j’ai eu
le plaisir d’apprendre avant ’heure tant de choses passionnantes sur ’algebre linéaire, les modules,
les groupes, la logique et méme une premiére approche des catégories, dont elle m’avait fait sentir
I'importance des années a ’avance. Je souhaiterais aussi honorer la mémoire de Monsieur Bertrand
Payet, mon professeur de mathématiques de college, le seul de toute ma scolarité a avoir encouragé
ma curiosité pour des mathématiques trés hors programme et m’avoir prophétisé le lien entre la
topologie et la logique. Je souhaiterais aussi remercier Hélene Pironneau et Olivier Pironneau pour
leur soutien lors de mon entrée dans le monde des universités parisiennes lors de mon arrivée a Paris.

Je souhaiterais dire aussi toute mon affection pour les anciens du LMFI, Léo, Florian, Char-
lotte, Guillaume, Clément ; je souhaiterais en particulier remercier Alex Goy pour nos discussion
ultérieures sur les topos élémentaires ; et ceux de math fondamentale, Farid, Ratko, Benjamin,
Jean-Michel ; en particulier Julien pour nos discussions a la fois érudites et burlesques.

vii



Je souhaiterais aussi remercier aussi mes tres chers matous-maticiens pour tous ces moments
mémorables : Ugo, Gabriel, et Youval. En particulier, je souhaite remercier Youval pour nos prom-
enades métaphysiques et nos discussions sans fin en contemplant les motifs évanescents se formant
sur la surface de la Seine.

Je ne saurais aussi remercier assez Pascal pour son soutien constant tout du long de cette these
et, parmi tant d’autres choses, pour son aide a la relecture de ce manuscrit.

Enfin, si ma reconnaissance envers mes parents s’étend bien au-dela de ce qui a trait a cette
these et ne tiendrait pas dans ces remerciements, je me dois de les remercier pour m’avoir inculqué
si tot, immenses pédagogues par profession et par affection, 'amour des mathématiques et de la
vie de esprit en général, et m’avoir fait confiance tout le long de mon parcours ; en particulier
je voudrais évoquer le souvenir de ces séances devant un tableau blanc avec mon pere ou, pour
le plaisir, nous diagonalisions des matrices ou jouions avec les groupes, prototype des nombreuses
batailles que je devais mener ensuite a 1’assaut du Grand Tableau Blanc !

viii



Contents

Remerciements v
Introduction en francais 1
Introduction 7

I Geometry 17
1 Factorization data 19
1.1 Left-generated factorization systems . . . . . . . ... ... L. 19
1.1.1 Factorization systems and saturated classes . . . . . . .. .. ... .. ... 19

1.1.2  The etale generator under a fixed object . . . . . . . ... ... ... .. 23

1.1.3  Small object argument . . . . . . .. .. oL Lo 30

1.1.4 A pseudocolimit formula . . . . . . . ... ... 32

1.2 Etaleclasses . . . . . . . . 36
1.2.1 Properties of etale classes . . . . . . . ... o L oo 36

1.2.2  The etale class generated from a saturated class . . . ... ... ... ... 38

2 Stable functors and Right Multi-adjoints 45
2.1 Local right adjoints and stable functors . . . . . .. .. ... ... ... ..., 45
2.1.1 Local right adjoints and Beck-Chevalley condition . . . . .. ... ... .. 45

2.1.2  Local units as a multi-initial family . . . . . . .. .. ... 0000 48

2.1.3  Connected limits, multi(co)limits and local adjoint functor theorem . . . . . 50

2.1.4  Stable functors . . . . . . ... 53

2.2 Right multi-adjoints through free product completion. . . . . . .. ... ... ... 56
2.2.1  Free product completion . . . . . . . ... Lo 57

2.2.2  Right multi-adjoints have left adjoint in the free product completion . . . . 59

2.3 Factorization aspects . . . . . . . . . . 62
2.3.1 Diagonally universal morphisms . . . . . . . ... .. . oo 62

2.3.2 Diagonal axiomatizability . . . . . ... .. ..o 64

2.3.3 Stable functor from a factorization system . . . . . . .. ... ... L. 67

3 Geometries and their avatars 69
3.1 The Yoga of Gabriel-Ulmer and the problem of the free object . . . ... ... .. 69
3.1.1 Finite limit theory and finitely presentable categories. . . . . . . . ... .. 69

3.1.2  Geometric extensions of finite limit theories and failure of the free construction 73

3.2 Geometries . . . .. ... 75
3.2.1 How should geometries be defined 7 . . . . . .. .. ... ... ... ... 76

3.3 Admissibility condition from a geometry . . . . .. .. oL o oL 78
3.3.1 Properties of local objects . . . . . . .. ... Lo o 78

3.3.2 Etale and local maps between models in arbitrary topoi . . . . ... .. .. 83

3.3.3 Admissibility in arbitrary topoi . . . . . . ... oL 86

3.4 Transformations of geometries . . . . . . . . ... L oL oL 89
3.4.1 The 2-category of geometries . . . . . . . . ... L. 89

3.4.2 Transformations of geometries at the level of models . . . . . .. ... ... 91

ix



CONTENTS

4 Admissibility and stability 93
4.1 Diers condition and multi-presentable categories . . . . . ... .. ... ... ... 93
4.1.1 Locally finitely multi-presentable categories and Diers duality . . . . . . . . 93
4.1.2  Accessible right multi-adjoints . . . . . . ... oL 97
4.1.3 Multireflection through cone-orthogonality . . . . . . . . ... ... .. ... 102
4.1.4 Disjunctive theories . . . . . . . . .. 104
4.1.5 Remarks on the locally multipresentable categories induced from geometries 107

4.2  Geometric envelope of a stable functor . . . . . .. ... L0000 108
4.2.1 Cone-injectivity relatively to local units . . . . . . . ... ... ... .. .. 108
4.2.2 Localizing families and geometric envelope . . . . . . . . .. .. .. .. ... 112
4.2.3  2-category of Diers contexts . . . . . . ... ... L oL 113
4.2.4  Functoriality of the envelope construction . . . . .. .. .. ... ... ... 115
4.2.5 Coste-Diers Adjunction . . . . . . ... oo 116

II Spectrum 119
5 The spectrum as a classifier 121
5.0.1 Preliminary remarks on the oplax slicesof GTop . . . . . . ... ... ... 121

5.1 Factorization geometries . . . . . .. ... 122
5.1.1 Classifier of etale and local maps . . . . . . . .. .. .. ... .. ...... 123
5.1.2 Classifier of etale maps under a fixed modelled topos . . . . . . ... .. .. 125

5.2 The general case . . . . . . . . .. e 129
5.2.1 The Spectrum as the classifier of local forms . . . .. ... ... ... ... 129
5.2.2  Functoriality relatively to transformations of geometries . . . . . . ... .. 132
5.2.3 Why do we need factorization data ? . . . . . . . .. ... L. 133
5.2.4  Site presentations of the classifiers . . . . ... ... ... 0oL 134

5.3 Spectrum from an etale class . . . . . . ... Lo 138
5.3.1 Some bicolimits of Grothendieck topoi . . . . . ... ... ... ... ... 138
5.3.2 The topos of etale objects and the generic infinitesimal extension . . . . . . 139
5.3.3 The spectrum as a topos of etale objects . . . . . . .. ... ... ... ... 143
5.3.4 Comparison between Cole’s and Dubuc’s constructions . . . . . . .. .. .. 144

6 (Locally) modelled topoi 147
6.1 Bicategories of (locally) modelled topoi. . . . . .. ... ... ... ... 147
6.1.1 T-Modelled topoi . . . . . . . . . . . 147
6.1.2 Tj-locally modelled topoi . . . . . ... .. ... oL 148

6.2 Bilimits and bicolimits of modelled topoi . . . . . . . ... ... oL 149
6.2.1 Bilimits of (locally) modelled topoi . . . . . . .. . ... ... .. ... 149
6.2.2 Bicolimits of (locally) modelled topoi. . . . . ... .. ... ... ... ... 152

6.3 The spectral pseudomonad and pseudolimits of locally modelled topoi . . . .. .. 152
6.3.1 Generalities on pseudomonads and their algebras . . . . . . ... ... ... 153
6.3.2 Algebras of the spectral monad . . . . . .. ... ... ... L. 158

6.4 Functoriality of the construction . . . . . . . ... ... .. 0oL 159
7 The spectral site 161
7.1 Spectral site of a set-valued model . . . . . . .. ... ... ... .. 162
7.1.1 Spectral topology on the etale generator . . . . . .. ... ... ... ... 162
7.1.2  Etale maps produce (pro-)etale geometric morphisms . . . . . . .. ... .. 163
7.1.3 Spectrum and local data . . . . . .. .. ... L oo 167
7.1.4 The structural sheaf . . . . .. ... ... .. ... ... ... ... .. ... 170
7.1.5 The generic etale map and classifying properties of the spectrum . . . . . . 172
7.1.6 Spec - I'-adjunction for set-valued models and sheaf representation . . . . 176

7.2 Fibered sites and fibered topoi . . . . . . ... Lo 178
7.2.1 Fibered sites as oplax colimits . . . . . .. ... Lo 178
7.2.2 Fibered topos and topos of sections . . . . . ... ... L 179
7.2.3 Topos of continuous sections . . . . . ... oo 181

7.3 The spectral site of a modelled topos is a fibered site . . . . . . .. ... ... ... 184
7.3.1 The spectral site as a fibered site . . . . . . .. ... oo 185
7.3.2 The spectrum from the fibered spectral site . . . . . . ... ... ... ... 186

7.3.3 The spectrum as a topos of continuous sections and the canonical fibration 188



CONTENTS

7.3.4  The structural sheaf . . . . . .. ... oL 189
7.3.5 Bifibration of Ind-objects . . . . . . ... Lo 192

7.4 Functoriality of Spec . . . . . ... L 193
7.4.1 Functoriality relative to vertical morphisms . . . . . .. .. ... ... ... 194
7.4.2 Functoriality relative to horizontal morphisms . . . . . . . . ... ... ... 196
7.4.3 Spectrum of 2-cells . . . . . . . 199

7.5 Site-theoretic version of the spectral adjunction . . . . . . ... .. ... ... ... 201
7.5.1 Spectra of locally modelled topoi are local . . . . . .. ... ... ...... 201
7.5.2  The spectral bi-adjunction . . . . . .. .. . L o oL 204

7.6 Naturality of the spectral adjunction . . . . . ... . ... ... 00 206
7.6.1 Comparison of spectral sites . . . . . . . .. ... L oL 206
7.6.2 Comparison of structural sheaves . . . . . . ... ... ... 0L 207

8 Point-set construction of the spectrum 209
8.1 Spectrum from a Diers context . . . . . . . .. .. ..o oL 209
8.1.1 The basis of diagonally universal arrows . . . . . .. ... ... ... .... 209
8.1.2 The Diers Space . . . . . . . . e 212
8.1.3 The structural sheaf . . . . . . . .. .. ... 213
8.1.4 The category of U-spaces . . . . . . . . .. . 215
8.1.5 The spectral adjunction of a Diers context . . . . . . .. ... .. ... ... 216

8.2 Spectrum of an arbitrary B-space . . . . . . ... L oo 219
8.2.1 B-SPaces . . . . . . . e e 219
8.2.2 The Diers space of a B-space . . . . . . .. ... ... .. 220
8.2.3 The structural sheaf . . . . . . . ... ..o o 223
8.2.4 The extended spectral adjunction of a Diers context . . . . ... ... ... 225

8.3 2-Functoriality of Diers construction . . . . . . .. ... ... .. ... 228
8.3.1 The fibration of B-spaces . . . . . . . . ... 229
8.3.2 2-category of dualities . . . . . . . . . ... 230
8.3.3 From Diers contexts to dualities . . . . .. ... ... ... L. 232
8.3.4 From spectral dualities to Diers contexts . . . . . . . . .. ... ... .... 236

9 Examples of geometries 237
9.1 Geometries for commutative rings. . . . . . ... L oL oo 237
9.1.1 Zariski geometry . . . . ... .o 237
9.1.2 Pierce geometry . . . . . ... 240
9.1.3 Integral domains geometry . . . . . .. ... oL 242
9.1.4 Etale geometry . . . . . . . Lo 243

9.2 Geometries for propositional dualities . . . . . . . . . . . ... ... ... 244
9.2.1 Stone geometry for distributive lattices . . . . . . . ... ... L. 244
9.2.2 Geometry for boolean algebras . . . . . .. ... .. .. ... 246
9.2.3 Esakia geometry for Heyting algebras . . . . . ... .. ... ... .. ... 247
9.2.4 Jipsen-Moshier geometry for semilattices . . . . . . . . . ... ... ... .. 247
9.2.5  Castiglioni-Menni-Zuluaga-Botero geometry for rigs . . . ... .. ... .. 248
9.2.6 Dubuc-Poveda geometry for MV-algebras . . . . . ... ... ... ..... 251

9.3 The terminal geometry . . . . . . . .. Lo 254
9.3.1 Isbell “geometry” for frames. . . . . . . . ... ... 254
9.3.2 The terminal “geometry” for Grothendieck topoi . . . . .. ... ... ... 255

10 Epilogue: Toward a geometry of semantics 257
10.1 Syntax-semantics adjunctions . . . . . . .. ..o Lo 257
10.1.1 Correspondence between propositional and first order dualities . . . . . . . 257
10.1.2 First order topologies . . . . . . . . . . ... 259

10.2 Focalizations . . . . . . . . . . . e e e e 262
10.2.1 Grothendieck-Verdier localization . . . . . .. ... .. .. ... ... ..., 262
10.2.2 The (Focalization, Terminally connected) bifactorization . . . . . . . . . .. 268

10.3 Elements for a future account on first order geometries . . . . . . . . .. ... ... 272
Index 275

xi



Introduction en francais

Cette these se propose de fournir un traitement unifié et synthétique de la théorie des spectres,
entrelacant ses aspects catégoriques, logiques et topologiques.

Les mathématiques nous ont livré plusieurs exemples de dualités spectrales, de la construc-
tion classique du spectre de Zariski pour un anneau commutatif, notion de base de la géométrie
algébrique, aux diverses dualités a la Stone correspondant aux différentes variétés d’algebres propo-
sitionnelles. Toutes partagent un double intérét : celui, dans un sens, de déployer des informations
de nature géométrique cachées dans des structures algébriques, et inversement, de fournir des
axiomatisations” d’espaces dans certaines classes en leur associant des objets de nature algébrique
encodant leur structure géométrique.

Ce procédé repose sur un choix de “données locales” dans le versant algébrique, lesquelles se
comporteront comme des points dans le versant géométrique. Ces données locales sont généralement
une classe d’objets disposant d’une structure algébrique plus simple, ol certaines propriétés devi-
ennent plus aisées a tester, et pouvant étre utilisés pour sonder des objets plus complexes. De la
sorte des problemes algébriques difficiles portant sur des objets compliqués peuvent se réduire a
des questions plus faciles sur les données locales qui leurs sont attachées, ce qui revient, dans le ver-
sant géométrique, a prouver certaines propriétés spatiales en les testant localement en chaque point.

La notion de spectre étudiée ici s’est révélée utile dans au moins deux domaines :

— la construction spectrale sous-tendant la géométrie algébrique, le spectre de Zariski d’un
anneau commutatif, est indéniablement une contribution majeure autant a la théorie des
anneaux qu’a la géométrie en général et pour plusieurs raisons. Dans un sens, elle a aidé a
formaliser la fagon dont les variétés algébriques pouvaient étre paramétrisées par équations
polynomiales et a rendu possible I'utilisation de méthodes géométriques dans 1’étude de la
structure géométrique de certaines classes d’espaces ; dans l'autre sens, elle a permis de
convertir des problemes de la théorie des anneaux, dont la formulation purement algébrique
demeurait absconse, en des probléemes géométriques plus clairs. Ici, ¢’était la structure plus
simple des anneaur locaur qui a été exploitée. Par ailleurs, cette construction des spec-
tres d’anneaux pouvant étre équipés de leur faisceau structural tout comme de faisceaux de
modules, des techniques géométriques ont pu étre appliquées pour obtenir des résultats sur
les catégories de modules sur un anneau donné. Enfin elle a permis d’obtenir des preuves
constructivistes de résultats classiques de la théorie des anneaux.

— les dualités a la Stone, bien que souvent présentées comme des cas de dualités concretes,
sont également de nature spectrale encore plus patente du fait des liens profonds unissant
les treillis & la topologie. Mais leurs contributions majeures se trouvent du coté de la théorie
des preuves et de la théorie des modeles, dans la mesure ou les différents fragments de
la logique propositionnelle correspondent a des catégories de structures ordonnées chacune
éligible a sa propre dualité de type Stone. Ici le spectre d’une structure ordonnée peut
étre vu comme ’espace des modeles de la théorie propositionnelle correspondante, dont les
propositions sont représentées par des ouverts, et les propriétés logiques se concrétisent en
propriétés topologiques. Ceci a permis de formaliser ’emploi d’intuitions topologiques pour
résoudre des problemes logiques plus abstraits, par exemple des résultats de complétude ou
d’interpolation. De plus, bien que cet aspect soit généralement éludé dans leur présentation
habituelle, ces dualités ont également une notion de faisceau structural, et d’ailleurs, les
techniques de représentation en faisceaux se sont avérées particulierement efficaces dans ce
cadre pour sonder ces structures ordonnées de nature souvent opaque ou obtenir des versions
constructivistes de résultats classiques.
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La construction spectrale est un procédé général, de nature catégorique, englobant ces exemples
disparates. Cette construction a été théorisée de plusieurs fagons tres différentes, exploitant cha-
cune des techniques propres adaptées & décrire I'un ou 'autre aspect de ce probleme, mais ces
techniques ayant été développées séparément sans que leurs relations n’aient jamais été abordées,
on manquait en quelque sorte d’une vision globale. Cette these se propose donc de clarifier ces
différentes techniques et de les unifier en une méme construction.

Géomeétries

Donnons a présent un apergu synthétique de notre sujet. Les données dont nous partirons
pour construire une notion de spectre sont organisées en la notion de géométrie, consistant en les
éléments suivants:

— Une catégorie d’objets ambiants — cette catégorie sera toujours supposée localement finiment
présentable; de sorte que ses objets pourront étre vus comme les modeles ensemblistes d’une
théorie a limites finies. Par exemple, les objets ambiants de la géométrie de Zariski seront
les anneaux commutatifs.

— Des données de factorisations : celles-ci seront matérialisées dans la catégorie des objets am-
biants par un systeme de factorisation généré a gauche — cette derniere condition permettant
de transporter ce systeme de factorisation dans les catégories de modeles de la théorie derriere
les objets ambiants dans n’importe quel topos, ou de le présenter sous la forme plus invariante
d’une classe étale. Les fleches a gauche et a droite de ce systéme, qui seront qualifiées respec-
tivement d’étales et de locales, jouent des roles complémentaires intervenant aux différents
niveaux de la construction. D’un point de vue logique, les fleches étales de présentation finie
encodent des opérations, dont les termes de sortie sont reflétés par les fleches locales. Par
exemple, la catégorie des anneaux locaux est équipée du systeme de factorisation (localisa-
tions, morphismes conservatifs), les localisations créant de nouveaux éléments inversibles et
les morphismes conservatifs reflétant ces derniers. D’un point de vue géométrique, les fleches
étales sont duales des inclusions généralisées — parmi lesquelles, celles de présentation finie
formeront une base de topologie — tandis que les fleches locales seront utilisées pour encoder
des informations algébriques résiduelles.

— Une catégorie d’objets distingués, dit locaux, modeles d’'une extension géométrique de la
théorie des objets ambiants ; ceux-ci joueront le role de points dans la géométrie, ou plus
exactement, des espaces focaux — c’est-a-dire présentant un plus petit point pour 'ordre
de spécialisation. Un intérét spécial sera consacré aux formes locales d’'un objet ambiant,
c’est-a-dire aux fleches étales sortant de cet objet vers un objet local : elles seront révélées
comme étant duales des inclusions de composantes focales en un point. Les objets locaux et
les fleches locales sont reliés par une condition dite de “glissement”, et forment conjointement
une sous-catégorie de la catégorie des objets ambiants avec des propriétés particulieres.

La notion de géométrie axiomatise la relation qui doit exister entre ces différents ingrédients
pour que cette interprétation géométrique fasse sens et pouvoir lui associer une notion de spectre.
Cette condition peut se résumer d’une fagon tres simple. Les objets locaux, en tant que modeles
d’une extension géométrique de la théorie ambiante, peuvent étre caractérisés par une condition
d’injectivité relativement a une famille de cones, duaux des familles couvrantes encodant cette
extension géométrique dans le site syntactique de la théorie ambiante. Il suffit alors d’imposer que
ces cones soient constitués de fleches étales de présentation finie pour s’assurer de la bonne relation
entre les fleches étales, les fleches locales et les objets locaux.

Lorsque cette condition est satisfaite, on obtient la condition dite d’admissibilité, assertant que
I’objet intermédiaire dans factorisation étale-locale d’une fleche pointant vers un objet local est lui-
méme local. Spatialement, ceci dit simplement que I'image d’un espace focal dans un autre espace
topologique doit étre une composante focale. Catégoriquement, cette condition est encapsulée par
la notion de foncteur stable, ou de fagon équivalente, par celle de foncteur multi-adjoint o droite.
Cette derniere notion correspond a une situation d’adjonction partielle ou un foncteur, bien que
ne disposant pas globalement d’un adjoint a gauche, en admet un pour sa restriction a la tranche
au-dessus de chaque objet. Cette condition se matérialise également par la présence sous chaque
objet d’'un cone d’unités locales assumant conjointement la propriété universelle de I'unité d’une
adjonction. Dans le cas d’une géométrie, nous verrons que les formes locales sous un objet donné
correspondent exactement aux unités locales exhibant 1'inclusion des objets locaux et fleches locales
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comme un exemple de multi-réflezion. Du point de vue de la théorie des modeles, cette situation
peut étre vue comme un défaut de construction libre. Si toute extension limite-finie de la théorie
ambiante admet une construction libre permettant de choisir de fagon unique sous chaque objet un
modele de cette extension — cette construction libre définissant un adjoint a gauche a l'inclusion
des modeles de cette extension parmi les objets ambiants — il n’est pas possible d’en faire de méme
pour une extension géométrique arbitraire en ce qu’il n’existe pas de meilleurs choix d’objet libre.
Cependant, en présence d’un systéme de factorisation satisfaisant la condition d’admissibilité rel-
ativement aux modeles de cette extension, les unités locales peuvent étre vues comme un choix
de meilleurs candidats formant conjointement ’objet libre. De plus, cette situation se reproduit
dans la catégorie des modeles de la théorie ambiante dans n’importe quel topos, produisant une
multi-réflexion des objets et fleches locales en chaque topos.

Le spectre

Le spectre permet de concrétiser 'intuition spatiale encodée dans une géométrie. A tout modele

de la théorie ambiante, tant ensembliste qu’a valeur dans un topos arbitraire, c¢’est-a-dire, a tout
topos modelé, on peut associer un espace construit a partir des données qui lui sont associées dans
la géométrie, son spectre.
D’un point de vue catégorique, le spectre prend la forme d’un topos équipé d’un objet local dis-
tingué classifiant les formes locales sous notre modele de la théorie ambiante, et ce d’une fagon
universelle — c’est-a-dire d’une fagon encodant les formes locales de toute ses images inverses pos-
sibles le long des morphismes géométriques.

Spatialement, le spectre peut étre construit de deux fagons, soit & partir des données de factori-
sations sous la forme d’un site, soit directement a partir de ses points comme un espace topologique.
Dans la premiere méthode, on considere le site constitué de toutes les fleches étales de présentation
finie sous ce modele, équipé d’une topologie construite & partir de la topologie syntactique — plus
d’éventuelles données gardant la trace de la topologie présentant le topos sous-jacent. Les formes
locales sous ce modele constituent les points de son spectre ; I'intuition que les objets locaux sont
des espaces focaux se manifeste & traverse le fait que leur spectre est toujours un topos local, tandis
que le spectre des fleches étales est toujours un morphisme géométrique étale, confirmant leur role
d’inclusions généralisées.

A un niveau plus global, la construction du spectre définit un adjoint a gauche & 'inclusion
de la 2-catégorie des topos localement modelés dans la catégorie ambiante des topos modelés. En
un sens, ce procédé permet donc de corriger la situation de départ, ol I’on se trouvait avec une
multi-adjonction en chaque topos, en une véritable adjonction globale. Ceci est rendu possible en
s’échappant du topos dans lequel vit un objet ambiant pour un topos fait sur mesure pour indexer
ses formes locales : celui-ci est alors équipé d’un faisceau structural rassemblant ces formes locales
en un unique objet vivant au-dessus du spectre et se comportant comme un objet libre universel.

Plan de la these

Cette these se décompose en deux parties plus un épilogue : la premiere partie traite de la
notion de géométrie et décrit la fagcon dont elle encode un comportement spatial en des termes
algébriques, et la seconde partie traite de la construction du spectre associé a une géométrie, dont
il déploie le contenu d’une fagon universelle.

Le premier chapitre est un préambule consacré aux techniques d’orthogonalités et de factorisa-
tions qui seront ensuite utilisées tout au long de la theése. Apres avoir rappelé les généralités de la
théorie des structures d’orthogonalité et des systemes de factorisation, nous rappellerons une forme
particuliere de ’argument du petit objet adaptée aux catégories localement finiment présentables
et la notion associée de systeme de factorisation généré a gauche. Dans ces systéme la classe a
gauche est générée par colimites filtrantes a partir d’'une classe petite de fleches de présentation
finies que nous utiliserons ensuite pour construire les sites spectraux. Nous discutons ensuite la
notion de classe étale dans un topos et donnons une preuve détaillée d’un théoreme de génération
utilisé en [33].
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Le chapitre 2 se consacre a la théorie des multi-adjoints a droite et les notions parentes de
foncteur localement adjoint & droite et stable, dont les relations exactes sont étudiées entres
autres aspects techniques. Nous rappelons ensuite 'approche des foncteurs multi-adjoints a droite
par la complétion produit libre, laquelle constitue une premiere fagon — quoique discrete et non
géométrique — de corriger une multi-adjonction en une adjonction. Nous finissons ce chapitre par
les aspects d’orthogonalité et de factorisation implicitement présents dans toute situation de multi-
adjonction.

Le chapitre 3, le plus important de cette premiere partie, décrit la notion de géométrie et la
fagon dont la logique et la topologie y interagissent via la sémantique, entremélant les points de vue
complémentaires de la théorie des modeles et de la théorie des topos. En particulier nous décrivons
le role des fleches étales et locales, de méme que celui des objets locaux, et leur généralisation &
tout topos. Nous montrons aussi que, dans une géométrie, la catégorie objets locaux et fleches
locales possede un plongement multi-réflectif et accessible dans la catégorie des objets ambiants et
comment ceci se généralise au-dessus de tout topos. Nous décrivons aussi les transformations de
géométries et décrivons la 2-catégorie qu’elles forment.

Le chapitre 4 continue la comparaison entre les multi-adjoints a droite et les géométries. Apres
avoir rappelé la théorie de Diers sur les catégories multi-présentables et leurs relations avec les
multi-adjonctions, nous décrivons un procédé, inverse de celui étudié au chapitre précédent, per-
mettant de convertir un contexte de Diers a base de multi-adjoint a droite en une géométrie, et
établissons 'existence d’une 2-adjonction entre les contextes de Diers et les géométries.

La seconde partie détaille les différentes fagons de construire le spectre associé & une géométrie.
Le chapitre 5 traite d’une fagon abstraite la construction du spectre comme un objet classifiant les
formes locales sous un objet donné. Deux méthodes sont comparées. Nous décrivons d’abord avec
le plus grand détail la construction, suggérée par Cole, via une séquence de bilimites finies, en nous
attachant a décrire tout les aspects 2-catégoriques impliqués dans cette construction. En particulier
nous y distinguons deux étapes, I'une traitant seulement des données de factorisation, la seconde
intégrant la spécification des objets locaux. Dans un second temps nous traitons la méthode de
Dubuc, partiellement similaire, mais prenant en fait assez tot un cheminement différent en con-
struisant le spectre comme le topos étale relativement a une certaine classe étale dans le classifiant
des fleches envoyées par un objet donné vers les objets locaux. Dans chaque cas, nous procédons
dans la (2-catégorie opposée de la) tranche oplax au-dessus du topos classifiant la théorie ambiante
et celle au-dessus du topos classifiant les objets locaux, nous appuyant sur la représentation des
modeles via des morphismes géométriques.

Le chapitre 6 décrit les bicatégories des topos modelés et localement modelés ; nous consacrons
en particulier un certain effort & décrire explicitement les bilimites et bicolimites de topos modelés,
et établissons que les topos localement modelés héritent de ces bilimites : cependant ce dernier
résultat repose sur une stratégie abstraite a base de considérations pseudomonadiques, objet de la
seconde partie de ce chapitre.

Le chapitre 7, de loin le plus long et le plus dense de cette these, décrit en détail les propriétés
géométriques du spectre et la construction de son site spectral. Bien que la définition originale de
ce site provienne de [19], la plupart des méthodes de cette section sont de notre cru et reposent sur
une analyse en profondeur du spectre. Nous donnons d’abord la description détaillée du spectre
d’un modele ensembliste et quelques résultats généraux tels que la localité du spectre des objets
locaux, le caractere étale et net du spectre des fleches étales de présentation finies, et celui to-
talement connecté des fleches locales. Nous discutons la forme simplifiée que revét ’adjonction
spectrale restreinte aux modeles ensemblistes, que nous établissons par des considérations sur les
propriétés universelles du faisceau structural et d’une certaine fleche étale générique classifiant les
données d’admissibilités de fagon universelle a image inverse pres. La construction du site spec-
tral pour les topos modelés arbitraires est plus compliquée et doit prendre en compte la structure
topologique du topos sous-jacent. Afin de comprendre exactement cette relation, nous rappelons
et améliorons la notion de [36] de site fibré et de topos fibré, introduisant une variante permettant
de prendre en compte une topologie sur la catégorie de base, et construisant un certain site dont le
topos de faisceaux coincide avec la catégorie des sections continues d’une fibration associée. Nous
appliquons ce résultat au cas des topos modelés, en montrant que leur spectre est un exemple de
topos de sections continues associé a une fibration spectrale. De fagon générale nous accorderons
un certain intérét aux aspects fibrationnels en jeu. La fonctorialité de la construction du site spec-



CONTENTS

tral sera aussi abordée, et bien que cet aspect ait été jusque-la négligé par nos sources, il s’avere
hautement non trivial a établir. Finalement nous décrivons le site spectral des topos localement
modelés, que nous montrons étre aussi local sur leur topos de base ; nous utilisons ce résultat pour
produire une preuve alternative de I’adjonction spectrale. Nous discutons également la facon dont
cette construction circule le long des transformations de géométries.

Le chapitre 8 est consacré a la construction a la Diers du spectre par une méthode beaucoup
plus concrete, a partir d’'un multi-adjoint & droite. Apres avoir rappelé la construction originale de
Diers pour un objet ambiant ensembliste, nous proposons une généralisation de I’adjonction spec-
trale au niveau des espaces modelés. Nous finissons ce chapitre par une tentative d’axiomatisation
de la notion de dualité spectrale, que nous prouvons étre suffisante pour reconstruire un multi-
adjoint a droite par un procédé inverse a la construction du spectre.

Nous finissons cette partie par une abondante liste d’exemples. Si ceux issus de la théorie des
anneaux sont généralement bien connus, nous nous attachons aussi a donner la version spectrale,
moins standard, des dualités de Stone, et introduisons aussi deux exemples “quasi-spectraux” pour
les frames et les topoi.

Finalement, un épilogue introduit quelques éléments pour une version 2-catégorique des notions
de géométrie et de spectre, motivée par une approche topologique des dualités syntaxe-sémantique
telles que Gabriel-Ulmer et leur correspondance avec les dualités a la Stone pour les fragments
de la logique propositionnelle leur correspondant. En particulier, un examen de la localisation
de Grothendieck-Verdier d’un topos en un modele permet de déduire 'existence d’un systéeme de
factorisation (focalisations, terminalement connectés) sur la 2-catégorie des petites catégories lex,
dont nous discutons le role sémantique. Ce systeme de factorisation devrait pouvoir étre exploité
ultérieurement pour produire des exemples de 2-géométries correspondant aux différentes doctrines
du premier ordre, objet d’un travail en cours de catégorification des résultats de la présente these.
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Introduction

This thesis is aimed at providing a unified and synthetic account of the theory of spectra, in-
terweaving its categorical, logical and topological aspects.

Various instances of spectral dualities are known across mathematics, from the classical con-
struction of Zariski spectrum of a commutative ring which is at the very basis of algebraic geometry,
to the diverse Stone-like spectra for the different kind of propositional algebras. In each case, their
purpose is, in one direction, to deploy geometric information hidden in algebraic structures, and
in the converse direction, to provide “axiomatizations” of spaces of certain kind by constructing
simpler, algebraic objects determining their topological structure.

This process involves a choice of “local data” on the algebraic side, that will behave in a point-
like manner on the geometric side: those local data are defines in particular a class of objects with
a simpler algebraic structure, where makes certain properties become easier to test. Then one can
reduce difficult algebraic problems about complex objects to more manageable questions about the
local data attached to them; on the geometric side this will amount to proving some dual spatial
properties by testing them locally, at the level of points.

There are mainly two distinct domains where spectrum as studied here has proven useful:

— the spectral construction underlying algebraic geometry, the Zariksi spectrum of commutative
rings, was a major contribution for both ring theory and geometry itself in numerous ways;
in one sense it formalized the manner algebraic varieties were parametrized by polynomial
equations, and enabled algebraic methods to investigate the geometric structure of various
classes of spaces; on the other hand, it allowed to convert problems of ring theory whose
algebraic formulation was difficult into easier geometric questions. It exploited the fact that
local Tings had a simpler structure than arbitrary commutative rings. This construction
also equipped spectrum of rings with their structure sheaf or also sheaves of modules and
exploited geometric techniques to prove algebraic properties of the categories of modules for
a given ring. Finally, it was also used to prove choice-free versions of classical results about
rings.

— Stone-like dualities, although often presented from the point of view of concrete dualities,
also are spectral in nature, in an even more evident way because of the deep connection
between topology and lattice theory. But their major contributions were found on the side of
proof theory and model theory, since the different fragments of propositional logic correspond
to categories of ordered structures eligible to one or another Stone-like duality. Think for
instance of the celebrated duality between boolean algebras (which are propositional theories
in classical logic) and boolean spaces, Esakia duality for Heyting algebras (propositional the-
ories of intuitionistic logic), Stone duality for distributive lattices (propositional theories of
coherent logic), or also examples of dualities for residuated lattices which are used to study
of substructural logics. Here the spectrum of an ordered structure is to be seen as spaces
of models of the corresponding theory, propositions are turned into compact open sets, and
logical properties into topological ones. This allowed to use topological intuition to solve
abstract problems, for instance prove fragments of logics to enjoy interpolation properties,
or completeness results. Moreover, though it was not always part of their traditional formu-
lation, those dualities also have sheaf theoretic content, and sheaf representations techniques
applied in the context of those spectral dualities have proven to be powerful tools to probe
the intricate nature of ordered structures or reprove constructive versions of classical results.

The spectral construction provides a unified, systematic approach to these different methods.
Several parallel attempts have been done, whose relations were however unclear for they are very
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divergent in their strategy. The purpose of this thesis is both to clarify and develop each of those
techniques, as well as unify them into a single method entangling all the different aspects they
previously focused on separately.

Our contribution

Before giving an overlook of the content of the construction itself, we should directly list the
main contributions of this thesis. The reader should be aware that the principal results (the
different versions of the spectral adjunctions) were already stated in our different sources. This
redundancy is somewhat characteristic of this topic: in fact, these different sources themselves re-
proved each time the same core result with different methods, and for some of them ignoring that
their results already existed - because the most ancient sources remained very elusive or were lost
for decades. While each of those “rediscoveries” of the spectral construction had its own interest,
some remained very elliptical, dispensing themselves with proving rigorously important results,
while certain aspects of the construction were hitherto never investigated.

‘We hence chose to devote this thesis to understanding the exact relations between those previous
methods, clarifying what they had let ambiguous, giving rigorous proofs to results that were lack-
ing one, interpreting what was really going on and generalizing their results. In fact, this project
involved proving numerous intermediate results forming altogether an in-depth investigation of
the theory. Sometimes we also reproduced or reformulated already existing but hardly available
or elusive proofs, for the sake of completeness. Our hope is that this work may be used by peo-
ple knowing part of the spectral construction for them to complete their understanding of it or to
check facts they may need, as well as an introduction to the spectral construction where newcomers
will find, among the different formulations examined here, the one which fits their purposes at best.

The core results this thesis revolves around are the different versions of the spectral adjunction,
corresponding each to a different chapter in Part II:

— Cole adjunction of theorem 5.2.1.7, which builds on the method suggested by [17], together
with an intermediate version theorem 5.1.2.8 for factorization geometries. Here we give very
careful and detailed proofs, which were only sketched in [17], and describe the universal
property of the generic etale map under an object at proposition 5.1.2.2. We also describe
the functoriality of the process and the treatment of transformations of geometries.

— Dubuc adjunction at theorem 5.3.3.5; while we add nothing new to this version which is
clearly treated in [33], we give an overview of the strategy in order to connect it with the
previous version and interpret it; in particular, this examination reveals the surprising double
nature of the spectrum as both an inverter and a coinverter at 5.3.4.7.

— The adjunction from site theoretic approach, theorem 7.5.2.1 together with its set-valued
restriction theorem 7.1.6.2; while such a construction already exists in [19], [67] and [4], we
follow a totally different proof relying on an in-depth analysis of the geometric structure of
the spectrum in section 7.5.1, and a careful examination of the universal properties of the
structure sheaf and the generic etale map and local form throughout section 7.1.5.

— Diers adjunction theorem 8.1.5.5 is already treated with enough details in [31]; however, being
only available in French and without any diagram, we see as important to give this beautiful
proof to make it more easily accessible to everyone; moreover we then provide a generalization
of it at theorem 8.2.4.3, which is brand new and requires numerous intermediate results. This
generalization is the point-set version of the previous topos-theoretic ones, and we connect it
with a well-known characterization of right multi-adjoints through free product completion
at proposition 8.2.4.5.

Those different versions of the spectral adjunctions involve different sets of data (geometries,
admissibility, Dubuc contexts, Diers contexts...). Part I of this work spends time on the relations
between those different axiomatizations. The relations between geometries - which are more akin
to [19] and [67] methods - and admissibility structures of [17] and [18] - are very natural as they are
in some sense two steps of a same method; this is carefully examined throughout section 3.3. On
the other hand, the relation between those and Diers axiomatization through right multi-adjoints
are more subtle and will be one of the main topics of Part I, with key results at theorem 3.3.1.12,
theorem 3.3.3.6, corollary 4.2.2.5, culminating in a “Coste-Diers 2-adjunction” at theorem 4.2.5.1.
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This is also an occasion to prove accessibility and closure properties of categories of local ob-
jects relative to connected limits at lemma 3.3.1.10, proposition 3.3.1.13, proposition 3.3.3.5 and
proposition 3.3.3.7. These relations justify to spend some time on Diers theory of multipresentable
categories at the beginning of Chapter 4; we take here the occasion to provide a few new results
as multi-version of the characterization of accessible right adjoints at theorem 4.1.2.1, and slightly
generalized versions of results of [25] at proposition 4.1.2.4 with new proof.

Though this was somewhat folklore, we prove once for all the equivalence between the notions
of stable functor and local right adjoint at ; we also prove a hitherto unnoticed Beck-Chevalley
property of slice-wise adjunctions of local right adjoints at theorem 2.1.1.5. We also give analogs
of the limit and colimit closures properties of multireflective categories at theorem 2.1.3.15.

Although it is mostly a technical part aimed at recalling preliminary factorization techniques,
there are quite a few novelties in Chapter I; in fact, most of the small object argument was done
in a clear manner in [1], but we think important to carefully characterize the etale generator
throughout section 1.1.2; this closely related to the concrete description of the generator of finitely
presented objects of coslices of locally finitely presentable categories we provided at [33]. We also
prove some new colimit decomposition for those etale generators at theorem 1.1.4.3. We also give
the very long and technical proof of proposition 1.2.2.2, which was left as an exercice in [33].

To complete the list of our contributions, let us get back to Part II. Chapter 6 provides new
fibrational approaches to the bicategories of (locally) modelled topoi; we describe bilimits and bi-
colimits of modelled topoi, and prove that locally modelled topoi inherit bilimits at theorem 6.3.2.3.
This generalizes a known, yet poorly explained fact, that limits of locally ringed spaces do exist
(in the geometric convention), while local rings only have connected ones. Our strategy relies on
a result on closure properties of categories of pseudo-algebras for a pseudomonad under bilimits,
which we would have expected to be already present in the litterature; for we failed to find such
an exact instance of this statement, we proved it at theorem 6.3.1.6.

We also provided a lot of geometric characterizations of the spectrum of the different ingre-
dients of a geometry, as tidyness for finitely presented etale maps (proposition 7.1.2.5), terminal
connectedness for local maps (proposition 7.1.3.10), localness for local objects (proposition 7.1.3.6
and its generalization corollary 7.5.1.4)... We also describe the spectrum of an arbitrary modelled
topos from a fibrational point of view, proving it to be the topos of continuous sections of the
direct fibration of a fibered topos. This exploits a generalization given at theorem 7.2.3.7 of a result
of [36] about topos of sections of a fibered topos, this time allowing to consider a topology on the
base category. More generally, we believe that Chapter 7 is the most important of this thesis, and
is aimed at giving an in-depth description of the spatial properties of the spectrum.

We also provide a very careful examination of the functoriality of the spectrum, which was
neglected until now. While this does not rise major complications in the abstract version (see
5.2.1.5), the site-theoretic aspects of this are considerably more complicated, yet meaningfully re-
lated to the admissible factorization, and are treated in section 7.4.

We also examine each time the 2-functoriality of the spectral construction relative to transfor-
mations of geometries.

At the end of Chapter 8, we define a 2-category of spectral dualities axiomatizing the point-set
version of the spectral construction, and prove at theorem 8.3.4.1 that such data are sufficient to
reconstruct right multi-adjoints. We hope to complete this in a topos-theoretic version in a future
work.

All the examples we consider are known in a way or another from litterature, although some
of them are not usually thought of as spectral: for instance, Stone-like situations are seldom re-
ferred as such - except [10]. The presentation of Jipsen-Moshier as a geometry - and its link with
Gabriel-Ulmer - are a novelty; also the “geometry-like” situation for frames and the mysterious
“terminal geometry” for Grothendieck topoi first introduced at remark 7.1.3.11.

Finally our epilogue, while its overall philosophy is somewhat “in the air”, proves a new factor-
ization result at theorem 10.2.2.12 in the 2-category of lex categories, identifying two new classes
of lex functors, focalizations and terminally connected ones, which we prove to be somewhat in-
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volved in Gabriel-Ulmer duality. This is the first step of a future categorification of the spectral
construction targeting first order syntax-semantics dualities.

Geometries

Let us synthesize the presentation we chose of the topic. The context from which we start are
the following data:

— A category of ambient objects - we will always suppose this category to be locally finitely
presentable, hence those objects to be models of a finite limit theory. For instance those are
commutative rings in Zariski geometry.

— Factorization data: those will be generally materialized by a left generated factorization
system on the category of models of this finite limit theory - though the hypothesis of left
generation makes it in fact more universal and allows to interpret it in the categories of
models in arbitrary topoi, or to present it in the more invariant form of an etale class. The
left and right class of this factorization system, which will be called respectively etale and
local maps, play complementary roles which can be seen at different levels. At the logical
level, one could say that (basic) left maps encode operations whose outputs are reflected by
local maps. For instance, the category of rings is equipped with the factorization system
(localizations, conservative morphisms) where localizations create new invertible elements
while conservative morphisms reflect them. At a geometric level, one can see etale maps as
generalized inclusions, amongst which basic ones will be distinguished, from which one can
generate a topology, while local maps will be used to encode residual algebraic information.

— A category of distinguished local objects, models of a geometric extension of the theory of
ambient objects, will play the role of points of a geometry, or more exactly, of focal spaces
- that are spaces with a minimal point. A special interest will be given to local forms of an
ambient object, that are those etale maps toward a local object, which behave as inclusion
of focal component at a point. Local objects and local maps will enjoy special relations, as
a so called gliding property, and will form altogether a non full subcategory of the category
of ambient objects with interesting properties.

The notion of geometry axiomatizes the relation between those ingredients in a way ensuring
that their behavior really encodes geometrical information and is eligible to a spectral construc-
tion. It happens that this condition is actually quite simple. From topos theoretic consideration,
we know that local objects, as models of a geometric extension of the theory of ambient objects,
are characterized by a cone-injectivity condition relative to the cones dual to the covering families
encoding the geometric extension into the syntactic site. Then one just needs to require those cones
to be made of finitely presented etale maps to ensure the correct relation between local objects,
local maps and etale maps.

Once this latter condition is met, one achieves the condition of admissibility, ensuring that the
middle object in the etale-local factorization of any arrow toward a local object is itself a local
object. Spatially, this condition says that the image of a focal space in a space should be a focal
component. Categorically, this condition is encapsulated in the notion of stable functor, or also
local right adjoint. The latter are situations of partial adjunction where a functor, while lacking
a global left adjoint, has slice-wise local adjoints; this condition can also be visualized by the
existence under each object of a cone of local units jointly assuming the role of the unit in a usual
situation of adjunction. In the case of a geometry, we will see that local forms under a given object
exactly are the local units exhibiting the inclusion of local objects and local maps as an instance
of right multi-adjoint. From a logical point of view, this situation can also be seen as failure of free
construction: in the case of a finite limit extension of the ambient theory, one could have chosen in
a universal way a free local object under a fixed ambient object - this is materialized in particular
by the existence of left adjoint to morphisms of locally finitely presentable categories. In the case
of an arbitrary extension, this is not anymore the case and there is no way to choose a unique
free object. However, in the presence of a factorization system satisfying admissibility relative to
those local objects, the universal property of the free object is in some sense jointly assumed by
the cone of local forms. Moreover this situation of multi-adjunction generalizes in arbitrary topos,
providing topos-wise multireflections of local objects and local maps between into models of the
ambient theory.

10
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Spectrum

The purpose of the spectrum is then to deploy the spatial intuition encoded in a geometry. For
each model of the theory of ambient objects, either set valued, or even more generally for each
arbitrary modelled topos - that is, a topos equipped with a distinguished model - we can construct
a space encoding its behavior from the point of view of the underlying geometry.

Categorically, we can see this spectrum as a topos together with a distinguished local object
classifying local forms under our model, and moreover, in an universal way - that is in a way
that takes into account all the possible existing local forms up to inverse images along geometric
morphisms.

Spatially, the spectrum can be constructed in two ways, either as a site, either as a topological
space. In the first way, one construct a site made of all the basic etale maps under a model,
equipped with a topology induced from the syntactic topology encoding the theory of local objects
- plus eventual data remembering the topology presenting the topos it lived in. From this point of
view, local forms under an objects are to be seen as point of the spectrum of this object, and the
idea that local object are like focal spaces realizes into their spectrum being a local topos, while
the role of etale maps as generalized inclusions appears through the etale geometric morphisms
they induce between spectra. In the second, more concrete way, one directly takes the local unit
and equip them with a topology of etale maps to form a point-set spectrum.

At a more global level, the construction of the spectrum defines a left adjoint to the inclusion of
a 2-category of locally modelled topoi into an ambient category of modelled topoi. In some sense,
this process is a way to turn the situation of topos-wise multi-adjunctions into a global adjunction,
which was made possible by escaping from the base topos in which the ambient object lived for a
topos able to index its cone of local forms as a single object: this is the purpose of the structural
sheaf of the spectrum of a model, gathering its local forms into a local object living in the spectrum
and playing the role of a universal free object.

Examples

We will describe various examples in Chapter 9; to convince the reader of the diversity of
spectral constructions, we found relevant to include here an overview of those examples:

— Zariksi geometry for commutative rings, where local data are local rings together with con-
servative maps and etale maps are ring localizations;

— Pierce geometry for commutative rings, where local data are connected rings with connected
maps and etale maps are localizations at idempotents;

— Integral domain geometry for commutative rings, where local data are integral domains with
monomorphisms and etale maps are regular epimorphisms;

— Ftale geometry for commutative rings where local data are strictly henselian local rings with
henselian maps and etale maps are etale morphisms of rings;

— Castiglioni-Menni-Zuluaga-Botero geometry for commutative rigs and its restriction for in-
tegral commutative rigs, where local data are (integral) really local rigs with conservative
morphisms and etale maps are localizations;

— Zariski geometry for distributive lattices, where local data are 1-local distributive lattices
with 1-conservative morphisms and etale maps are 1-minimal quotients;

— co-Zariski geometry for distributive lattices, where local data are 0-local distributive lattices
with 0-conservative morphisms and etale maps are 0-minimal quotients;

— Fsakia geometry for Heyting algebras, where local data are O-local Heyting algebras with
monomorphisms and etale maps quotients;

— Boolean geometry for Boolean algebras, where local data consist of the sole two-elements
lattice and etale maps are epimorphisms;

— Jipsen-Moshier geometry for A-semilattices, where local maps are 1-conservative morphisms
(without specification of local objects) and etale maps are 1-minimal quotients;

11
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— co-Jipsen-Moshier geometry for V-semilattices, where local maps are 0-conservative mor-
phisms (without specification of local objects) and etale maps are 0-minimal quotients;

— Dubuc-Poveda geometry for MV-algebras, where local data are MV-chains with monomor-
phisms and etale maps are quotients.

We should also make mention of the following two “geometry-like” situations, which actually do not
admit a presentation as a geometry but as “Diers-like” contexts for non-accessible (2-)categories:

— Isbell geometry for frames, where local data are local frames with 1-conservative frames
homomorphisms and etale maps are 1-minimal quotients;

— and finally the terminal geometry for the opposite bicategory of Grothendieck topoi, where
local data are (up to formal duality) local topoi together with terminally connected geometric
morphisms and etale maps are pro-etale geometric morphisms.

Those examples of geometries are related by morphisms of geometries, forming the forllowing figure
where we informally gathered them:

Etale

[

Pierce

|

Zariski Integral

I

CMZB for Rig

|

Jipsen-Moshier CMZB for Integral Rig co-Jipsen-Moshier
\
Zariksi f(J)/r lattices co—Zariksij%or lattices
Esi(kia Dubch(Poveda
Bgol
Isbell
Terrlinal

Figure 1: An atlas of geometries

A more formal diagram for the corresponding Diers contexts and the relations between them
will be given at fig. 9.1. If here the “terminal geometry” appears to be initial, the motivation for
the name “terminal” is its role as a terminal Diers context - beside the role of terminally connected
morphisms.

Sources

The main sources for this work are the following, each proposing an independent approach
whose relation with the other ones will be carefully examined:

— Cole’s paper [17] is the first attempt to a general construction. This paper, which remained
elusive and mostly known by reputation for decades, contained several seminal ideas, in
particular pointing out the importance of the factorization data as well as the notion of
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admissibility and the possibility to process by a sequence of finite bilimit in the bicategory
of Grothendieck topoi to construct the spectrum as a classifier. However the construction
itself was only sketched, while its technical aspects deserve further precision. Beside the
construction of the spectrum, this paper contained beautiful remarks about topos theoretic
approach to factorization systems, the behavior of the (pre)sheaf 2-functor on the 2-category
of sites, and the ambivalence of some 2-limits in the 2-category of small lex categories.

Coste’s paper [19] emphasized the logical aspects of the spectral construction, interpreting
from the point of view of model theory the admissibility situation isolated by Cole and the
syntactic content of the different elements of admissibility; it also provided a first explicit
construction of the spectrum as a site and explained the relation between subcanonicity and
sheaf representation.

Diers’ paper [31] is the most divergent, and seemingly lesser known, yet provides a very
elegant approach to admissibility through the notion of right multi-adjoint. However as we
shall see the exact relations between Diers context and Cole admissibility structures are
subtle, as in fact Diers’ work extends out of the world of sketchable categories, where topos
theoretic methods and categorical model theory cease to apply. This paper also provided a
practical, point-set construction of the spectrum, as well as numerous surprising examples.

Dubuc’s paper [33] revisited the theory of spectrum from a new point of view, substituting the
factorization data (which are dependent on the semantics) by etale classes, which are more
universal and allow alternative topos theoretic treatment; though it shares with Cole method
the idea of constructing the spectrum as a classifying object through universal constructions
in the bicategory of Grothendieck topoi, the sequence diverges in order to make use at some
crucial step of the construction of the etale topos associated to an etale class; this is related
to the paradigm of “gros topos” versus “petit topos”.

Anel’s paper [1] emphasizes the topological behavior hidden in factorization data, to this end
it developed a particularly suited approach to the small object argument in locally presentable
categories; as well as the site description of the spectrum from a site of etale maps under
an object, also in the spirit of the gros and petit topos philosophy. It also provides a very
explicate account of all the different possible geometries for rings and their relations.

Lurie’s paper [(7] proposes a theory of spectra for (oo, 1)-categories through (oo, 1)-topos
theoretic methods. In fact most of his method innocently restricts to ordinary 1-categories,
where some results even simplifies. It seems that most of the result of this paper were
rediscovered by Lurie him-self without help of [30], [L7] or [19], for which it contains also fairly
alternative proof of most results. While this paper was also important in our understanding of
the theory, we follow mostly different strategy, though coinciding sometime with its. We also
chose to follow some terminology from it, as the term geometry we particularly affectionate
for its eloquence.

Besides those main sources, we should also acknowledge a few important additional works in
the development of the theory of spectrum:

The origin of a systematic construction of the spectrum lies in Hakim’s thesis [42]; though it
restricted its scope to notion of spectra for rings, several key ideas were introduced, as the
notion of (locally) ringed topos, the construction of the classifier of local rings through the
Zariski site, and the role of the spectrum as a left adjoint to the inclusion of locally modelled
topoi into modelled topoi.

In Johnstone’s first book [48][Chapter 6] is found a first synthetic axiomatization of admissi-
bility structure inspired by Cole; in particular the importance of the stability of local maps
is pointed out; some steps of construction of the spectrum are also sketched.

Taylor’s paper [93] is related to Diers’ approach, and though it drops the spectrum in favor
of an alternative construction called the trace, it discusses an interesting formalism in term
of stable functors.

In SGA IV, an exercice nicknamed “médaille en chocolat” [36][Exercise 4.10.6] concerned the
construction of a site from maps of a class with suitable properties over a given object of a
site, which is related to the gros-petit topos idea and is very close to some of the approach
above - though it predates all the works here above mentioned.
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Plan of the thesis

This thesis is divided into two parts plus an epilogue: a first part on the notion of geometry,
that is, the categorical situation encoding spatialness through algebraic terms, and a second part
on the construction of the spectrum as an object deploying this spatial content in an universal way.

The first chapter of this thesis concerns factorization data. After recalling elements of the
general theory of orthogonality structures and factorization systems, it recalls a specific form of
the small object argument suited for finitely presentable categories and the notion of left generated
factorization system, which will be the one we need for our purpose: those whose left class is
generated under filtered colimits from a small class of finitely presented left maps, which will be
used to construct the spectral sites under a fixed object. We also discuss at the end of this chapter
the theory of etale class and give in particular the proof of a generation theorem from [33].

Chapter 2 is devoted to the theory of right multi-adjoint and the close notions of local right
adjoint and stable functor, whose exact relations are investigated as well as several technical as-
pects. We also recall the approach of right multi-adjoints through free product completion, as it
constitutes a first, discrete way to correct a multi-adjunction into a global adjunction. We end
with the orthogonality and factorization aspects involved in situations of right multi-adjunctions.

Chapter 3, the most important of the first part, describes the notion of geometry from model
theoretic and topos-theoretic approaches. In particular we discuss how its logical and topological
aspects interact through semantics, detailing the role of etale and local maps as well as local objects
and their generalization in arbitrary topoi. We also explain how in a geometry the category of local
objects and local maps has an accessible, multireflective embedding into the category of ambient
objects and how this generalizes topos-wisely. We also introduce transformations of geometries
and describe the 2-category of geometries.

Chapter 4 pursues the comparison between multi-right adjoints and geometries. After recalling
Diers theory of multipresentable categories and its relation with multi-adjunction, it describes a
process through which a Diers context can be turned into a geometry, and introduces a 2-adjunction
between the 2-category of Diers contexts and geometries.

In the second part we detail the different ways to construct the spectrum associated to a ge-
ometry.

Chapter 5 is about the abstract way to construct the spectrum as a classifier of local forms
under an object. Two methods are provided. We first give a very explicate and careful account of
Cole method through a sequence of finite bilimits, detailing the 2-categorical aspects involved in
this construction. In particular we choose to split this process in two phases, one relative to factor-
ization data only, and a second phase including the specifications of local objects. Then we turn to
Dubuc’s method which bears apparent similarities, yet follows a different strategy as it construct
the spectrum as the etale topos relative to a certain etale class in a classifier of morphisms toward
local objects under a fixed modelled topos. In each case, we proceed in the (opposite 2-category
of the) oplax slices over the classifying topos of the theory of ambient objects and the theory of
local objects, emphasizing the representation of models as geometric morphisms.

Chapter 6 describes the bicategories of modelled and locally modelled topoi; in particular it
gives a special interest in the computation of limits and colimits of modelled topoi, as well as the
inheritance of limits by locally modelled topoi: this latter result requires some pseudomonadic
discussions which are the topic of the second section of this chapter.

Chapter 7 is by far the longest of this thesis and describes in detail the geometric property
of the spectrum and in particular the underlying spectral site. Though the very definition of the
spectral site is from [19], most of the methods of this section are ours and involve in-depth de-
scription of the spectrum. We first give the construction of the spectrum of set-valued models and
give several results, such as localness of the spectrum of local objects, tidyness and etaleness of
the spectrum of basic etale maps. A first version of the spectral adjunction for set-valued model
is obtained from the universal properties of a certain generic local map gathering universally all
admissibility data under a given object up to inverse image. The construction of the spectral site
for an arbitrary modelled topos is more involved as it requires to remember also the information of
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the underlying topos. To properly understand this relation, we recall and develop [36][VI] notion
of fibered site and fibered topos, introducing a notion of fibered site over a category itself endowed
with a Grothendieck topology, and constructing a certain site whose topos of sheaves is the topos
of continuous sections of the associated fibration. We apply this result to the spectral site of a
modelled topos, showing the spectrum to be the topos of continuous section of a spectral fibra-
tion. More generally, the fibrational aspects involved are discussed in detail. Functoriality of the
construction of the spectrum is also proved - and though it was left implicit in all our sources, this
latter aspect is particularly non trivial from the site theoretic approach. Finally we discuss the
spectral site of locally modelled topos, proving the spectrum of local objects to be local over its
base; we use this result to provide an alternative proof of the spectral adjunction. We also discuss
this construction circulates across transformations of geometries.

Chapter 8 is devoted to Diers point-set construction of the spectrum from a right multi-adjoint.
After recalling the original Diers construction for set-based ambient objects, we propose a gener-
alized adjunction for “modelled spaces”. We end this chapter by an axiomatization of spectral
dualities, and prove them to define by a process inverse to the spectral construction a situation of
right multi-adjunction.

We end this part with a list of various examples. Examples from ring theory are well known,
but Stone like dualities can also be presented from a spectral approach.

Finally, an epilogue is devoted to introducing the 2-categorical analog of geometries and spectra,
which is motivated by a topological view of the syntax-semantics adjunction, as Gabriel-Ulmer
duality for instance, and their comparison with the corresponding propositional Stone-like dualities
which are spectral. In particular, from the Grothendieck-Verdier localization of a topos at a model,
we deduce a 2-factorization system (focalization, terminally connected) on the 2-category of small
lex categories, and discuss its relation with semantics. This factorization system will provide the
factorization data for 2-geometries corresponding to different first-order doctrines, which is the
object of ongoing work categorifying the theory described in this thesis.

Prerequisite and conventions

We suppose the reader to be familiar with category theory, topos theory and categorical model
theory, though we will recall some notions when a specific approach is emphasized. Throughout
this thesis, some recurrent notation or convention will be used.

We will denote as S the category of sets, Cat the 2-category of small categories, Lex the 2-
category of categories with finite limits and left exact functors, GTop the category of Grothendieck
topoi and geometric morphisms.

We will also use the following code of letters to systematically refer to the components of a
geometry:

— B will generally denote a locally finitely presentable category, whose generic objects will be
denoted in general as variants of B and arbitrary morphisms as f, while its finitely presented
objects will generally be denoted as K and morphisms between them as k.

— T will generally refer to a finite-limit theory; T and B will most generally correspond to each
other through Gabriel-Ulmer duality and be used alternatively depending on whether we
must access the syntactic or the semantic level; their relation and the use of the associated
notations Cr, S[T], T[S] is detailed in the first section of chapter 3 as well as the role of the
Grothendieck pretopology J and the associated T ;.

— V will generally denote a saturated class (see definition 1.1.1.7) in a locally finitely presentable
category B and Vg the etale generator (see definition 1.1.2.1) under a given object B; in
general objects of the etale generator Vg will be denoted as n;

— V being generally fixed, the associated factorization system will usually be denoted (Et, Loc)
for etale-local factorization; the associated etale class (see definition 1.2.1.2) will be denoted

I
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— arbitrary etale arrows will generally be denoted with [, while local arrows will be denoted
with u and subsequent letters; the latter will also denote morphisms in the domain of a stable
functor;

— set-valued local objects and objects in the domain of a stable functor will be denoted A

— local unit of an arrow f of a local right adjoint over an object A will usually be denoted as
773?‘, but when seen as candidate, they will be notated as n or n, or even x when seen as local
forms to emphasize their point-like nature;

— Grothendieck topoi will be denoted with calligraphic letters £, F... T-models in Grothendieck
topoi other than & will be denoted as F' and local ones as E.

Let also give a word on our notations for the two possible Yoneda embeddings for a small
category C. Following a tradition which seems to have originated in [66], we will denote as X :
C < [C°P, S] the covariant Yoneda embedding into the category of contravariant functors into S,
where & is the Japanese Hiragana for “yo”. Dually, we chose to denote as 3 : C°P — [C,S]
the contravariant Yoneda embedding into the category of covariant functors into S, where 3 is
the Japanese Katakana for “yo”; though we feared at first the use of this latter symbol could be
misleading for its fortuitous proximity with the existential symbol 3, we believe this notation to
be based for two reasons. First, the existence in the Japanese writing system of two distinct and
somewhat “dual” syllabaries has something providential for our need of two dual symbols with the
same name. Moreover, the very proximity with the existential happens actually to be meaningful if
we recall the way the contravariant Yoneda embedding is used in categorical model theory: indeed,
recall that if T is a finite-limit theory, then for any formula in context {T, ¢} in the syntactic
category Cr, the corepresentable I (5 41 represent witnesses of the formula ¢(x) in T-models in the
sense that an arrow a : d 7 4, — B into a set-valued T-model B, especially in display style

e — B

could hence be read as “there exists a witness a of the formula ¢ in B”, for it encodes the name
of such a witness.
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Chapter 1

Factorization data

This chapter is devoted to the factorization data involved in the construction of geometries.
This should be seen as a technical preamble gathering all the orthogonality and factorization as-
pects that will be ubiquitous in the remainder of the thesis.

As we shall see, those aspects do not exclusively manifest as a factorization system: depending
on the level at which we approach a geometry, those data manifest themselves as:

— a saturated class in a generator of finitely presented objects: this is a class of finitely presented
maps encapsulating closure properties needed to generate a left class in a factorization system;

— in the syntactic site associated to the underlying theory, the dual class of maps codes for a
class of provably functional formulas, we can see as definable function symbols;

— the saturated class generates an etale class in the classifying topos of the theory of ambient
objects, which also restricts to an etale class in the classifier of the theory of local objects;

— in the locally finitely presented category of ambient objects, this generates a left class of an
orthogonality structure, which happens to be a factorization system thanks to a specific kind
of small object argument;

— the right class of this orthogonality structure provides the morphisms we need between local
objects of the geometry to achieve admissibility.

In the first section, we recall what we need about orthogonality and factorization. In particular
we give a presentation of Anel small object argument at proposition 1.1.3.2. This involves a theory
of saturated classes which we detail here. We also give a pseudocolimit lemma decomposing the
etale generator at theorem 1.1.4.3.

The second section, motivated by the construction of the spectrum of [33] as described in chapter
5, focuses on etale classes as a substitute to factorization system, living inside the classifying topos
of a theory rather than in its category of models. We will also devote efforts to prove in particular
an important generation theorem proposition 1.2.2.2 whose statement was present in [33], yet left
unproved - as its proof reveals indeed to be very long because of the numerous conditions involved
in the definition of an etale class.

1.1 Left-generated factorization systems

1.1.1 Factorization systems and saturated classes

In this part we recall basic facts about factorization systems. We also give some elements of
Anel’s presentation of the small object argument as presented in [1], which is a process to construct
a factorization system. In this case, we need for our purpose a left-generated factorization system,
where the left maps can be constructed as filtered colimits of left maps of finite presentation.
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CHAPTER 1. FACTORIZATION DATA

First, recall that for two maps I : A — B, r : C — D in a category C, we say that [ is left
orthogonal to r - or equivalently that r is right orthogonal to [ - if for any square as below

A'—f>C

]

B —— D
there exists a unique d : B — C such that f = dl and g = rd. This condition can be encoded by
saying that the following square of homset is a pullback:

c[B,c] L9 a0

C[B,r]l lC[A,r]

C[B. D] 55 CIA, D]

For a class of map £ we denote as £ the class of maps that are right orthogonal to all maps in
L; respectively, for a class of maps R we denote as R the class of maps that are left orthogonal
to all maps in R. Observe that both of the operations (—)* and +(—) are order reversing for
the inclusion of classes and form a Galois connexion on the poset of classes of maps of C. An
orthogonality structure in a category C is the data of two classes of maps (£, R), where maps of
L and R are called respectively left maps and right maps, such that R = £+ and £ = *R. In
particular observe that isomorphisms are always both right and left orthogonal to any map, and
that in an orthogonality structure £ N R is exactly the class of isomorphisms.

Now we should list some useful properties of left and right classes in an orthogonality structure.
A first important property puts constrains on the factorizations of right maps through left maps
(resp., of right maps through left maps):

Lemma 1.1.1.1. If (£, R) is an orthogonality structure in C and we have a factorization as below
with r in R and l in L
A—"> B

| /
f
C
Then [ is a split monomorphism, and f factorizes through r. Dually, for any factorization as below

A*>B

N

then r is a split epimorphism and f factorizes through .

Proof. Those statements just come from the diagonalization of the squares

A—— A A1 .p

O S

C—>B

I

We also have the following property in strong orthogonality structures:

Lemma 1.1.1.2. Let be (£, R) an orthogonality structure in a category C with coequalizers: then
if a parallel pair a,a’ : C = D in C is equalized by a morphism | : B — C in L, then its coequalizer
Qoo 2 D — coeq(a,a’) is in L.

Proof. Let be a square as below with r € R

p—L 4

q(a,a’)l J{r

coeq(a,a’) —— A’

20



1.1. LEFT-GENERATED FACTORIZATION SYSTEMS

For al = a'l we have fal = fa'l, while gq4,4/y@ = gq(q,y@’, S0 that we have a commutative square

B fal=fa'l A

Ir

C i; D T coeq(a,a’) —— A’
a’ a,a

g

and both fa, fa’ provide diagonalizations of this square: but such a diagonalization must be
unique, so that fa = fa’. Hence there exists a unique d factorizing f through the coequalizer as

below
D—1 4
9(a,a’) /

coeq(a, a’)

Moreover, we have udq(q,q'y = uf = gq(a,a’), but as a coequalizer, q(4 /) is an epimorphism: thence
necessarily ud = g so that d is the desired lift of the square above. Uniqueness of such a lift
proceeds from the uniqueness of the solution in the universal property of the coequalizer. O

Remark 1.1.1.3. Of course we have the dual statement saying that the equalizer of a parallel
pair coequalized in R must be in R.

Corollary 1.1.1.4. Any two arrows which are simultaneously equalized by a morphism in L and
coequalized by a morphism in R must be equal.

Proof. Suppose a,a’ : C = D are equalized by some | : B — C in £ and coequalized by some
r: D — Ain R. Then the coequalizer q(,,q : D — coeq(a,a’) both is in £ and factorizes r as
below

B—1sCc———=D 4’"% A
“ Q(a,a')i //’//}//
coeq(a,a’)

Then from lemma 1.1.1.1 we know g(4,q/) to be a split monomorphism; but a coequalizer being
always an epimorphism, this forces that actually ¢(,,q/) is an isomorphism, so that a = a’. O

Now recall that a factorization system on a category C is the data of an orthogonality structure
(L, R) such that any arrow f in C admits a factorization

A— 71 B

\/

with [y in £ and 7y in R, which is moreover unique up to a unique isomorphism, that is such that
for any other such decomposition f =rl: A — C — B, there is a unique isomorphism a : C' >~ Cy
such that | = aly and 7y = ra. By orthogonality, we see that any such factorization is terminal
amongst those with a left map on the left, and initial amongst those with a right map on the right.

Now a factorization system is said to be functorial if for any square as below

ALB

ul f}
A T> B’

the factorizations are related through a unique map w,, , as below

A / B
\l T_f)
f\ -

u Cf v
wa s
Ay
» v /rf
f/
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In particular if u is a left map, resp. if v is a right map, then w, , is so.

Proposition 1.1.1.5. If C is a category endowed with a factorization system (L, R), then the left
and right classes enjoy the following properties :

— L is closed under composition — R is closed under composition
— L contains all isomorphisms — R contains all isomorphisms
— L is right-cancellative: for any triangle — R is left-cancellative: for any triangle
o, - oy C, — Cs
Y e
Cs Cs

with 1y, Iy in L, then f also is in L with r1, 9 in R, then f also is in R
— L is closed under colimits in C? — R is closed under limits in C*
— L is closed under pushout along arbitrary — R is closed under pullback along arbitrary

maps maps

Proposition 1.1.1.6. If (£, R) is a factorization system in C, then f is in L (resp. R) if and
only if ry (resp. ly) is invertible.

Now we come to the main notion of this section. In an factorization system in an abitrary
category, both the left and right classes may be large, so in particular it may not be possible to
compute explicitly the factorization of a map as a colimit or a limit ranging over its factorizations
through a left or a right map. More generally, when starting from an orthogonality structure, one
may ask whether it is possible to construct a factorization system from those orthogonality data.
This is the topic of the small object argument, a version of which in the context of locally finitely
presentable categories. For the remaining of this chapter, we fix a locally finitely presentable cat-
egory B and denote as B, its full subcategory of finitely presented objects.

When working in a locally finitely presentable category equipped with an orthogonality struc-
ture, as arbitrary maps are constructed as filtered colimits of finitely presented maps which form
a small class, it is possible to consider the left maps that are finitely presented - that is, whose
domain and codomain are finitely presented: they form a small class, and we will see that one can
construct a factorization of arbitrary maps as a filtered colimit of its factorizations through finitely
presented left maps. This leads us to the following auxiliary notion:

Definition 1.1.1.7. A saturated class is a set V C B2 of finitely presented maps such that:

— V contains isomorphisms and is stable by composition,

V is right-cancellative

YV is closed under finite colimits in B2

V is closed under pushouts along arbitrary maps between finitely presented objects
Remark 1.1.1.8. A saturated class is always small, as lying in the essentially small generator B2

Remark 1.1.1.9. Observe that saturated classes are closed under retracts in the arrow category
since they are supposed to be closed under finite colimits.

Remark 1.1.1.10. We can see V as a full and faithful subcategory of B2. Beware hence that
arrows of V are squares

K1L>K2

U !/
Kl Py K2

where however k and k' are arbitrary finitely presented arrows, and are not supposed to be in

V. This is what it takes for V to be closed under finite colimits in B2, as the colimit inclusions
(¢i,q.) : n; — colim;en; should not be supposed to be in V.
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1.1. LEFT-GENERATED FACTORIZATION SYSTEMS

Proposition 1.1.1.11. Any set of finitely presented maps V C B2 can be completed into a satu-
rated class V such that V- = V+.

Proof. Tt is clear that V- C V- for V' C V. Moreover it is also easy to see that taking the closure
by composition and iso does not modify the right class. Stability of the right class after closing
the left class under finite colimit is a special case of stability of left classes under colimits, but let
us give the detailed proof: let be a map [ in V+. If (I; : K; — K)ies is a diagram in B2, then in
the following diagram we have for each i € I a lifting

K, —X 5 colim K; u B

ki coli}n ki l

_-di” 4
Kl = colim Kl ——— B’
q; el

and then by universal property of the colimit, this induces a unique map (d;);e; with (d;);c1q} = d;.
We prove this map is a filler. First, universal properties of colimits give us the following sequence
of equalities:

u = (ugi)ier = (digili)ier = (di)ier{qli)ier = <di>ielc(¢)£1m Li
so the upper triangle commutes; similarly we have
v = (vgj)ier = (ldi)ier = U{di)ier

so that the lower triangle also commutes. Finally, the stability of the right class after closing
V' under pushouts along arbitrary maps is an easy consequence of the universal property of the
pushout. O

In the remainder of this section, we describe how one can construct a factorization system
from a choice of saturated class in a locally finitely presentable category. In particular, as any
orthogonality structure induces automatically a saturated class, this will provide a way to turn an
orthogonality structure into a factorization system, though as we shall see the left and right classes
may be modified in such a process.

1.1.2 The etale generator under a fixed object

When constructing a left-generated factorization system from an orthogonality structure (£, R)
in a locally finitely presentable category B, one will have to consider arbitrary maps whose neither
domain nor codomain are supposed to be finitely presented; to this end we need to define at each
object B a small class of left maps under it generating other left maps under it. Then one can
construct factorization of maps with domain B as a colimit ranging over intermediate factoriza-
tions in this small class. The maps in this class will not be finitely presented in the ambient locally
finitely presented category B itself, but in the coslice B | B.

This subsection is devoted to the construction of such a generator at a fixed object B. Its
strategy is inspired from [4] and is the following: from a saturated class V consisting of “basic”
left maps in B, we define a generator of left maps (which will be called etale generator as in the
following left maps will be called etale for our purposes) as the pushouts of basic left maps under
it; we prove that such maps are finitely presented in the coslice under B and that this class is to
be closed under finite colimits - and in particular retracts - so that it can be seen as the generator
of a locally finitely presentable category of maps under B: these maps will be all the left maps
under B in our factorization system.

Definition 1.1.2.1. For any object B in B, define the etale generator at B as full subcategory
Vg of B | B consisting of morphisms n : B — C such that there exists some [ : K — K’ in V and
a : K — B exhibiting n as the pushout

~

=

-, |

s}
——

Q+—=
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Remark 1.1.2.2. In particular the etale generator Vi of a finitely presented object K consists
of maps in V as V is closed under pushouts and a pushout of a finitely presented map is a finitely
presented map as its codomain still is finitely presented. Hence Vi is a subcategory of V. Moreover,
the problem of persistence of maps out of V' in the squares forming the morphisms in V vanishes
in the etale generators of the form Vi by right cancellation. Hence Vg is a full subcategory of
K | B, and yet for any ni,ne and in Vg, any morphism n; — ng is in V by right cancellation
applied to the triangle

K25 K,
DN
Ky

Remark 1.1.2.3. We are going to use maps of Vg to constructs lefts maps under B through filtered
colimits. Recall to this end that for a small category C, Ind(C) is the free inductive completion of
C, which is the subcategory of C consisting of filtered colimits of representables. It is known that
any locally finitely presentable category B is the inductive completion of its generator of finitely
presented objects (see 3.1.1.3), and the same is true for the category of arrows which satisfies
B2 ~ Ind(B2). Here we are going to generate in B full subcategories Ind(V) and Ind(Vp) for each
object B, and prove they are the categories of left maps and left maps under a fixed object for an
associated left generated factorization system.

Lemma 1.1.2.4. For each finitely presented K in B, Vi is closed under finite colimit in the coslice
K | B. In particular, for a finite colimit in Vi, the colimit inclusions are in V.

Proof. We prove that Vi has finite coproducts and coequalizers. A coproduct in Vg is in fact a
pushout of the underlying maps

K—" 5 K

~
H2J/ ni+n2 J{nl*nz
N
K2 —_— Kl +K K2

n2.ny

Then by closure of V under pushouts, both no,ni and ni.ne are in V, as well as the composite
ni + no. The same argument, iterated as needed, ensures closures under finite coproducts.

For coequalizers, consider a parallel pair in Vi

Then seeing this diagram of V-maps in B2, we can compute the coequalizer in B? as follows

K K K

I
n1l n2 J{n(n,n’)
+

n
K ?; K> o coeq(n,n’)

where in particular the bottom line is the coequalizer in B of n,n’. Then, for V is supposed to be
closed under finite colimits in B2, we have N(n,ny in V: but this is also the coequalizer of (n,n’) in
Vi . Moreover by right cancellation, the canonical arrow g, /) also is in V.

More generally, for any finite diagram in Vi, we know that the colimit inclusions have to be in
V: in each ¢ in a diagram I in V we have a factorization

cod(F(i))
F(4) &
K — cod(colim F)
colim F'
so right cancellation ensures that ¢; is in V. O
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1.1. LEFT-GENERATED FACTORIZATION SYSTEMS

Remark 1.1.2.5. In practice, saturated classes will be constructed by restricting a left class of an
orthogonality structure to finitely presented arrows. Hence the argument about coequalizers will
be directly proved by applying lemma 1.1.1.2.

Lemma 1.1.2.6. Objects of Vp are finitely presented in B | B

Proof. Let be F : I — B | B a filtered diagram; then form what was said about filtered colimits
in the coslice, we have cod(colim F') ~ colim cod F'. Then for any situation as below

K—— K’

ol

B —b.n— b K’

colm) la

colim cod I

the composite arrow anyb : K/ — colim cod F lifts through some g; : cod F(i) — colim cod F(i) as

K/
b// \\\\\E
S
b K’ cod F'(i")
~
" 0
colim cod F'

However, it is still not clear that the induced parallel lifts F'(i)b : K — F(i) and an : K — F(i)
commute: but from K is finitely presented and I is filtered, we know they are equalized by some
F(d) for some morphism d : ¢ — 4’ in I, and moreover, F(i') = F(d)F(i); then the universal
property of the pushout induces a universal map

| F(d)a

n b/
-4

K b K' ---- (F(i'),F(d)a) ---3 cod F(i)

/ ‘ F(i') /
b b.n

/ \
B a

qi

colim cod F'

Similarly, we use finite presentedness of K’ to prove that any two lifts of a have to be equalized
by a further refinement. This proves the pushout map b.n to be finitely presented in B | B O

Before being able to justify the appellation of generator, we need to recall the following useful
technical lemma from [4][sub-lemma 12|, which is important for our theorem 1.1.4.3 and is also
involved in the proof of proposition 1.1.3.2 and theorem 7.1.2.7:

Lemma 1.1.2.7. Let be a diagram as below

K()*}Ko

N

B*>C

with K, Ko, K|, finitely presented and k in V: then there exists a factorization with Ky finitely
presented

KOL>K1
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such that a factorizes through the following pushout

Ky —— K}

Remark 1.1.2.8. Observe that from the properties of finitely presented objects, we can say
moreover that for any two parallel lifts of the same a

K, EILN ag, K} i: K

T Y

B———D

there exists a further factorization a; = asb; with as : Ko — B such that m and m’ are equalized
by the intermediate arrow
(ag*k)blm = (ag*k)blm’

This lemma is also crucial to the following fullness-like property of the etale generator in the
coslice, which allows to exhibit any arrow between object of the etale generator as a pushout square
of finitely presented etale map:

Lemma 1.1.2.9. For any B in B, and any triangle
B L Cl
n
no \
Cs
with ny, no in Vg, there exists a triangle
K "™ K,

ma2

m V such that all squares below are pushouts

K—"™ K,

]

Cs

(so that in particular n, as exhibited as ai.n, in Ve, ).

Proof. As ny and ng are supposed in Vg, they are induced from pushouts as below

K — S K]
mi |
as Cl

\ J"

K} —> Cy
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Now by filteredness of B, | B there exists a3 : K3 — B and a factorization

Ky ba K3 bi.my b1 K]
|
Ky —————— b3, K}, (bixmi).as

B niy — Cl

Now apply lemma 1.1.2.7 to the following situation (where b, still is finitely presented as K3 is)

Y

l(bl*mﬂ*as
bo.m
Ky 23 4, Y

l | /

B—>02

to exhibit a further factorization

K5 & bQ*KQ bl*K{
b3l l B m” J{(blxml)*a?;
r I
Ky —bgubzama » b3*b2*Ké Ch
Q4J, r J{ /
B — Co

However, we cannot infer at this step that m commutes with the other part of the diagram.
Indeed, one cannot infer that mby.m; and (baxms).bs.basms commute together. However they are
equalized by mosa4, which provides two parallel lifts of the same situation

K3
/ J/bl*ml
/b2*m2 ek
Kg baxmg —> bQ*Ké m (brema).az
\ /
(b2em2).as
as K4 b3xb2sma — b3*b2*Ké CVl
as \ |
v - "
B Co
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so there exists a further factorization ay = asbs with a5 : K5 — B such that
(b4*b3*b2*m2)*b4mb1*m1 = (b4*b3*b2*m2)*b4(bQ*mz)*bs*bz*mz
= bgsb3.b2:mobsbs
And now by the universal property of the pushout we have an arrow m’ as in the diagram below

bi.my

Ks b K
\ bo.mo
babs \ bQ*Ké
(baxbzwbaima)bam
KS b4 b3ib1ama bl*Ki
b4+b3xb2.m2
as
B n1 c,
na

Combining stability under pushouts and right cancellation of maps in V, we know m’ to be in V;
moreover, by right cancellation of pushout squares, the right, bottom square is also a pushout, so
that n is exhibited as a pushout of m’ along the canonical inclusion (bs«(b1.m1)).as. O

In particular, the following says we can lift any finite diagram in the etale generator of B into
a diagram of the same shape made of finitely presented etale arrows, from which it can be induced
by pushout:

Lemma 1.1.2.10. For any finite diagram F : I — Vg, there is some a : K — B and some lifts

Vi
F la*
I —— VB
where a. is the pushout functor. In particular the transition morphisms of F' are obtained as
pushouts of the corresponding transition morphisms of F.

Proof. We saw that one can lift morphisms. Here we prove that one can lift finite discrete diagrams
and parallel pairs. Let be a discrete set (n; : B — C;);er with I finite, with n; = a;.m; and
m; : K; — K. Then, for B, | B is filtered, there exists some a : K — B and for each i € I an
arrow b; : K; — K such that a; = ab;; then in Vi one gets the following diagram over (n;);cr

bi K!

b; *V

K b K

b]-*mj

TN

B ———r——

Now consider a parallel pair

Then from lemma 1.1.2.9 there are respectively two lifts

/
VKl\l) m'l/Kl\l’
K —my— 2 KI —mé;}\L K/
a i Cl\ a’ ;Cl
ni f.r n \f’ r
BZ— 30 BT 3 — Cy
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Now one can find a common refinement a” : K/ — B, b: K — K" and V' : K’ — K" of a, d'.
Moreover, by applying upstream lemma 1.1.2.7 we can chose this common refinement to be such
that there exists a factorization

K" bm1*>bK/

J/ -l

ny Cl

Now we can push the arrow I’ along c to get a diagram as below

/\

K" b.ma b K2

(b« ml)*a

(b*mg)*a
1"

R
C
/ 1 5 k (exl’) s ((buky)wa’)
_—" i
B s Cs

where, by cancellation of pushouts, we have that

f1=((bam)sa”)u (el

Finally, again by lemma 1.1.2.7, we can get a last factorization ¢’ : K"/ — B and V"' : K" — K"’
and a factorization as below

b*ml \
K” by K2

a

*ml) b’

l (b*mz)*a

b’ b:b*Kl , d’
bbymy ((bammin)ub'")ubul

_— ~ K

K/// b"'b mo b/,b*Kg
J (eul! ) (bumn1)ua”)

-
a/// Cl
/ f/
ny
_— f
B o 02

But now, the pair (de.l’,b/b.ms) induces a unique arrow

(del’ b/ bams)
R

b/b. Ky bbK>

which moreover satisfies (de,l’, b)/b.mao)b/bymy = b/b.ma, so that by cancellation of pushouts
together with the pushout expression of n1, ny, we have
= ((bbemy)wa”){deil’ b bems)
Hence the parallel pair in Vs
(desl’ b bamsa)

b;’b*ml
((bak1)xb") byl

b b*mg

is a lift of the parallel pair f, f’ as desired. O
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Proposition 1.1.2.11. The etale generator Vg is closed under finite colimits in the cocomma
B | B. Hence the category Ind(Vp) is locally finitely presented.

Proof. This comes as a consequence of the previous results. For any finite diagram F : I — Vp,
choose a lift F : I — Vg as provided by lemma 1.1.2.10. As K is finitely presented, Vi is a full
subcategory of V, and by lemma 1.1.2.4, it is closed under finite colimits in B | B and colimit
inclusions are in V. Then by commutation of pushouts with colimits, we have

ascolim F' ~ colima, F ~ colim F
Hence for each ¢ in I we have a diagram as below
Cod(i( i))

F(i) R

— colim F 44> COd(COhm F)

K
l)*a
i)
~_
F(z % \
B cod(colim F)

colim F

where the front square is a pushout, exhibiting colim F' as an object of V. Moreover, the colimit
inclusions ¢; are obtained as the pushouts

gi = (F(i)+a)+(7;)

All of this suffices to prove that Vg is finitely cocomplete and closed under finite colimits in B | B.
Hence its free inductive cocompletion is a locally finitely presentable category. O

Remark 1.1.2.12. In particular, let us emphasize that Vg has to be closed under retracts, for it is
closed under finite colimits. This can also be seen directly, by lifting the idempotent associated to
a retract and its splitting, with the latter step enabled by lifting of coequalizers; however we choose
to cut this tiresome proof, a close version of which can be found in [83][Lemma 2.10]. The use
of splitting of idempotents in this proof explains the discrepancy of our result with [67][Warning
2.2.5], where we are warned that in the context of (0o, 1)-categories, the analogs of Vp are not
anymore closed under retracts. This is due to the specific fact that, unlike in 1-categories, splittings
of idempotents in (0o, 1)-categories cease to be constructible by mean of finite (co)limits, so that,
in this context, there is no analog to our argument involving expression of the splitting as a
coequalizer.

1.1.3 Small object argument

1.1.3.1. Now we recall the construction of the factorization system as done in [1] and also [19]. We
saw that the etale generator at any object is closed under finite colimits. Then for any f: B — C,
the category Vp | f of finitely presented etale maps under B above f is filtered. Moreover, recall
that the codomain functor B | B preserves filtered colimits. Now we can construct the factorization
of any arrow f in B:

Proposition 1.1.3.2. An arbitrary arrow f: B — C in B admits a factorization

B ! C
colim me‘ /
colim C
Velf

with 1 is in Ind(Vg) and ry is in V*.

Proof. Let n: K — K’ a map in V and a square

K —*— colimcod(Vp | f)

K’ T cod(f)
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then, as we have cod(colim Vg | f) ~ colim cod(Vg | f) which is a finitely filtered colimit and K
is finitely presented, we have a factorization

ag,no
a0, K} B
A~ T .
3g! q((ao,no)% colim Vplf

K —*— colimcod(Vg | f)
for some ((ag,ng), h) in Vg | f, that is for (ag,ng) in V. such that f factorizes through ag,ko as

a0« M0
B 2™ 44, K},

Then from lemma 1.1.2.7, we could have chosen (ag, ko) such that g factorizes through ng,ag as

K
g’
n
Ko — K,
l ‘ g
ao 10+ a0
r ~+
!
B ao 10 aO*KO

so that the composite of pushouts

provides a factorization of f by pushout property: from one hand we supposed that there was a
factorization of f through ag,ng by some h, but then this jointly provide with w a universal map

K ——— K’

34’
-

Ky gL K’

But now observe that the composite of pushouts g,.nag,.ng : B — g.K coincides with the pushout
of glnng along ag as g«n = (ng.ap).«g.n by left cancellation of pushout, and the later is in V
by closure under pushout along arbitrary maps. In other words, we have a factorization though
ginny. But then the data of ((ao, ginno), (h,u)) define an object of Vg | f, and the corresponding
inclusion into the colimit provides the unique lifting

K —*— colimcod(Vg | f)

"J 9((ag.glnng),(hu)) Jrf

K/ T) COd(f)
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We have hence proved that (Ind(V), V1) is an factorization system on C. We must now check
this is an orthogonal factorization system, that is, that the left and right class are mutually
orthogonal. This is the purpose of this statement:

Proposition 1.1.3.3. The factorization above is orthogonal, that is, Ind(V) = (V7).

Proof. We saw that left classes are closed under (filtered) colimits. For [ € (V) with factorization
f=r¢ly, fis left orthogonal to its own right part, thence a unique filler in the diagram below

/
/ Tf

But now right cancellation of left maps, together with left cancellation of right maps, enforces that
this filler is an isomorphism, which forces 7¢ to be iso, so that f is in Ind(Vp). O

Definition 1.1.3.4. A factorization system is left-generated if it is of the form (Ind(V), V). In
particular, the factorization of an arrow is obtained as a filtered colimit as in proposition 1.1.3.2.

Remark 1.1.3.5. Saturated classes and factorization systems on a locally finitely presentable
category B form posets Satg and Factp with inclusion as wide subcategory of B, for Satz and
inclusion of the left class for Factg. Saturated class and factorization systems in locally finitely
presentable categories are related through an adjunction:

— 3
Satp €L Factp
\_/
YV —  (Ind(V), V1Y)
LNB2 «+— (L,R)

where Satp — Factp is a mono because for any saturated class V = Ind(V). On the converse, it
is not true that a factorization system is generated from a saturated class, so that in general we
only have

(Ind(£LNB2),(LNB2)Y) < (L,R)

so that in particular R C (£LNB2)L. However in the following we are going to restrict our attention
to the factorizations systems having this property; the general case will however be met again when
dealing with Diers contexts.

1.1.3.6. Left-generated factorizations systems in locally finitely presentable categories are in some
sense factorization systems that can be axiomatized by a finite limit theory. Indeed, from the
axioms of a saturated class, the category V is closed under finite colimits. But as a consequence
its inductive completion Ind()V) is a locally finitely presentable category. In fact the full inclusion

Ve B2
preserves finite colimits; but for B? ~ Ind(B?2) we have a locally finitely presentable functor
B — Ind(V)

sending each arrow f to its left part [y, with full and faithful left adjoint. Hence the category of
left maps in a left-generated system is a locally finitely presentable category; the corresponding
finite limit theory has the category V°P as syntactic site, and V°P as classifying topos.

1.1.4 A pseudocolimit formula

1.1.4.1. From what preceeds, we know Ind(Vp) to be a locally finitely presented category, which
will be exhibited later to be the left class of a factorization system. However before recalling the
construction of a factorization system from the data above, let us give the following result, which
relates the canonical cone of the codomain of an arbitrary etale arrow and the etale generators
through a pseudocolimit construction. First recall an arbitrary arrow { : B — C in Ind(Vg) defines
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1.1. LEFT-GENERATED FACTORIZATION SYSTEMS

a left exact functors &; : V& — S. Then the category of elements [ X, is cofiltered. Moreover,
recall that, as a standard fact, we have an equivalence of categories

/otlngu

for the category of elements has pairs (n,a) with n in Vg and a € X;(n) = Ind(Vg)[n,l] is an
object of Vg | I, while an arrow (ni,a;) — (ne,as) consists in some m : n; — ny in Vg such that
asm = a1. Moreover, observe that we have a pseudofunctor

Vcod(—) 2/J1?p — Cat
which sends any (n,a) € [ &; t0 Veoa(n) and any m : (n1,a1) — (n2,a2) to the pushout functor

Vcod(nl) ﬂ Vcod(ng)

associating to a map n : cod(n;) — D in the etale generator Veoq(n,) the pushout map m.n
cod(nz) — m.D. The latter is indeed in Veoq(n,), as if n was induced from a map &k : K — K’ in
V along some a : K — cod(ny), then in the following diagram

K —*— cod(ny) —— cod(nz)

f| r |

myn
r <
K/

myD

O +3—

the outer square is also a pushout.

1.1.4.2. Recall that the Grothendieck construction of a pseudofunctor is its oplax colimit, and
that the pseudolimit is constructed by localizing the oplax colimit at the opcartesian morphisms.
For generalities about pseudocolimits of categories, see [36][Proposition 6.5] and also [23].

Theorem 1.1.4.3. For anyl: B — C in Ind(Vg), we have a pseudocolimit

Vo = pscolim Veoq(n)
(n,a)e [ &,

Proof. Ind(Vp) is a locally finitely presentable category where | ~ colim Vg | [; this colimit being
filtered, it is preserved by the codomain functor, so that €'~ colim, q)c s x,cod(n). From this we
are going to produce a pseudococone

(Vcod(n) L VC)(ma)EfJ:L

where the a, are the pushout functors; the pseudocommutativity of this diagram can be seen as
follows: for a morphism m : (n1,a1) — (n2,as), that is such that no = mn; and asm = a4, and for
an object n : cod(ny) — D in Veoq(n,) We have by composition of pushouts the following diagram

cod(ny) ——— D

TSN

cod (ng) -man» m,D

NI

C’<—a1*

where the canonical isomorphism a; * n ~ as,m.n provides the value at n of the natural isomor-
phism ensuring the pseudocommutativity of the triangle

Vcod(nl)

[
My ~ \%e.

Vcod(ng)
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Hence the universal property of the pseudocolimit returns a functor

*) n,a
colim  Veoa(n) (@),
(nya)ef &,

where the pseudocolimit colim,, ;)¢ I x, Veod(n) 18 equivalent to the localization of the oplax colimit
oplaxcolim (n,a)e [ ¥, Veod(n) at the class of opcartesian morphisms which are the morphisms (m, 1) :
((n1,a1),m1) = ((n2,a2), ma) coding for pushout squares exhibiting ms as mg = m,m; as below

We are going to prove this functor to be both essentially surjective and full and faithful. Let
be an object m in V¢ is induced as a pushout from some finitely presented etale map mg in V

K-, C

(T

K' —— D

As K is finitely presentable, it factorizes through some a for (n,a) € [ &, as b = ac, and then we
can exhibit m as arising as the pushout of c,mg along a by right cancellation of pushouts

K M . K

1‘7\6\ ‘\

B —n—> cod(n) cimo: ¢, K

N

04>D

That is, m = b,mg = asc,mg; moreover, any such two lifts of b are identified in the canonical
cone of C, hence so are the induced pushouts of mg. Hence the functor (@), 4 e [, Is essentially
surjective on objects.

Now we want for any ((ni,a1),m1), ((na,as), ms) an isomorphism

( COleH}l Veodm)[((n1,a1),m1), ((n2,a2), mz2)] ~ Velai,mi, az,ms]
n,a)€ [ &,

In one direction, to any (m,s) : ((n1,a1),m1) — ((n2,az2),m2) we can associate the unique map
L(m,s) induced as below from the universal property of the pushout

D1 D2

Observe that this map is also obtained as the pushout (,, sy = ((m«M2).a2)«(s,ma) as below

% \
o g T
m*ml/ ma
D, (s,m2) Doy
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where right cancellation of pushouts makes the bottom square a pushout and (s, mg) is the map
uniquely induced by s.

Suppose that we have (m, s), (m’, s") such that t(,, s) = t(m,s). Then for [ X, is filtered, there
is some (ng,as) in [ &, such that m”m = m”m/. Then we have that mao,m”smy = m” ,mym"m =
m” ymem”m' = mo,m”s'my as seen in the following diagram

C as
m \ m//
cod(ny) : cod(ng) —— cod(ns)
m
r \/ \I A ‘
mi a1, Dl ————— as, D mo m./m
1x 1 t(mr,s):t(”m',s’) 2% 2 \ 2
/ \ J{\r
S
D1 [ D2 ——— m;’DQ
s ma,m

and therefore (m, s) and (m/,s') are equalized in oplaxcolim (,, q)e 1, Veod(n) Py the opcartesian
morphism (m”, mg,m’). But the latter becomes invertible in the pseudocolimit, where the mor-
phisms (m, s) and (m/, s’) are hence identified. Hence the faithfulness.

Now in a a situation as below

cod(ny) —2— C +2— cod(ny)

% / \« ?mz\l

D1 e al*Dl t—— ag*Dg — D2

if m is induced through pushouts from map &k : K — K’ in V as below, we get a composite arrow

K —2 cod(ny)) —2— C «+—22— cod(ny)

/ g / J ‘
mi m2
r v r 7 +

K’ D1 al*Dl f} CLQ*DQ — D2

Now by lemma 1.1.2.7 there exists (ag,n3) in [&; and I3 : (n2,a2) — (n3,a3) such that we have
a factorization

K —" cod(n) —%— C +%— cod(ns) «2— cod(na)

/ e / l \ l
mi lz,mo mo
r v r a + a

K’ = D1 al*Dl 41:) ag*DQ ﬁ lS*DQ — D2

Then again by filteredness of [ X, there exists (ng,a3) and a span

C
%’ J; m
I

cod(ny) —i1 > cod(ng) + 12— cod(ng)

along which we can consider pushouts

cod(nq) cod(nz2)
/ x ‘// lg*mz
cod( n4) I3, Do
\ —~ ~ /
l1.D1 I3.D3
/ ~
al*ml az,m2
~
al*Dl a2, Da
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But now for l,Dq = 110, K’, we have a universal map (¢, lol3,m2) : 11, D1 — I3, D3, and moreover
in the diagram below

cod(ny)

V Vz
ai,mi az,ma

l1,.D1 - (c,l2lz, m2) — 19, Do

L Ll

a1.D1 az, Dy

t

the bottom square is a forced to be a pushout by right cancellation. This exhibits ¢ as the induced
maps &(1,,, (e lals.ms)), aid to conclude, observe that ((n1,a1),m1) and ((ng, aq),l1,m1) are related
by an opcartesian morphism, while on the other hand ((ns,as), m2) and ((n4, aq), lals,.mo) are also
related by an opcartesian morphism, and are then identified in the pseudocolimit. Hence the pair
(1n,, {c, lal3,ma)) can be seen as an antecedent of ¢ in the homset above. Thence the fullness.

Therefore the functor colim,, o)¢ I x,Veod(n) = Ve, being at the same time essentially surjective,
full and faithful, defines an equivalence of category as desired. O

Remark 1.1.4.4. Observe that the condition of right cancellation of the maps in V seems of
no use in the result above, which could apply actually to any class of maps that is closed under
pushout along arbitrary map. This theorem will be useful to get an expression of the spectral site
of an arbitrary etale arrow in theorem 7.1.2.7.

1.2 Etale classes

In [33], the notion of factorization system is substituted with the notion of etale class, which
is defined inside a Grothendieck topos. This method allows not to be dependent on semantical
data, as the etale class exists independently either of the eventual set-valued models of the ambient
theory or the site presentation. This becomes necessary for the more general method developed in
[33] where one starts from an arbitrary topos that may not classify a finite limit theory. However as
we shall see, etale classes and left-generated factorization systems are related, for a saturated class
generating a left factorization system also generates an etale class, while an etale class restricts on
a saturated class for a choice of lex site of presentation.

In this section, we recall general facts about etale classes, and describe the relation with sat-
urated class. Beware that saturated classes are “left-like” for they are defined as maps amongst
finitely presented points, while the axioms of etale classes are “right-like”, though they are ac-
tually on “the same side”: this is because for a given theory T, a saturated class in T[S] lives
in T[S],, >~ C3”, and the associated etale class will live in the classifier S[T], and Cr < S[T], so
that the left-like properties in T[S] correspond to right-like properties in S[T]. In other words, a
saturated class and its associated left class live between points of a topos, while the corresponding
etale class lives amongst objects of the topos. However etale classes require also more axioms -
that are neither specifically left or right-like - which precise their interaction with epimorphisms.
For more on the theory of etale classes, see [33] and [54].

1.2.1 Properties of etale classes

1.2.1.1. In the following we fix a Grothendieck topos £. Moreover, recall in a category C with
pullbacks, the diagonal of a morphism h : X — Y is the map Ay : X — X Xy X induced as follows

| a
T h
+

X —Y

Moreover, for any h, the diagonal Ay, is always a monomorphism.
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Definition 1.2.1.2. An etale class in £ is a class of maps S C £2 such that:
— A is closed under composition
— J¢ contains isomorphisms
— A is closed under diagonals: if h € 5, then A}, € 7
— S is closed under pullback along arbitrary maps

— S descends along epimorphisms: if e : Z — Y is an epimorphism and h : X — Y is such
that e*h € S, then h € 7

— if in the triangle below e : Z — X is an epimorphism and both g and Ay are in 57

Z —— X

N

then h itself is in J#

—  is closed under coproducts in % if (h; : X; — Y;)ies is a family of maps in 7, the
coproduct maps [[;c; hi @ [1;c; Xi — [ Y is also in 27

— for any I, the map [[,.; 1 — 1 isin SZ.

iel
Remark 1.2.1.3. The two last axioms entail in particular that for a family (h; : X; — X)er

of maps in 7, the universal arrow (h;)ier : [[,c; Xi — X is also in 7. As a consequence of a
property below, the inclusions ¢; : X; — [[,c; X; will also be forced to be in 2.

Proposition 1.2.1.4. If H is an etale class, then for any X in E and any diagram of maps
(hi : Hi = X)ieq in I, the universal map induced from the colimit (h);cy : colim;er H; — X is
in A

Proof. By the properties of etale maps, we can see in the diagram below

; q(H 2 HH — cohmH

\ i€l
|
§diet M ihiyier

N

that the map induced from the coproduct is etale by the remark above, as each h; is, and hence,
so is the map induced from the colimit as the colimit is obtained from the coproduct through an
epimorphism. O

Proposition 1.2.1.5. Let S be an etale class; then in a triangle as follows

z— 1 x

N A

we have g and Ay, in J€, then f is also in . In particular, any etale class is left-cancellative.

For a complete proof, see [33][Proposition 2.2(a)]. The left cancellativity follows from g € %
implies that A, € 4. Moreover, the following says that an etale class has also some partial
right-cancellation along epimorphisms that are also etale (this is [33][Proposition 2.5]):

Proposition 1.2.1.6. Let 5 be an etale class; then in a triangle as follows

Z ——— X

N A

if both e and g are in € and moreover e is an epimorphism, then h is in J.
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1.2.2 The etale class generated from a saturated class

1.2.2.1. From the nature of the axioms given at definition 1.2.1.2 it appears that any class of
maps in a Grothendieck topos can be completed into an etale class: for a class of maps %) in &,
there exists a smallest etale class /%) such that & C 5. Conversely, for 7 an etale class in a
Grothendieck topos and (C,.J) a small site of presentation for £, we denote as # N C? the set of
arrows {f € C? | X FEH }. In particular, for a convenient site of presentation, it is possible to
characterise the etale class generated from a class of map living in the site:

Proposition 1.2.2.2. Let be (C,J) a small lex site of presentation for £ and A a class of maps
in C such that J is generated in A. Denote FZ the etale class generated by the maps of the form
&y for fe A Then a map h: X =Y is in S if and only the following two conditions holds:

— foreacha: Xo— Y with C € C, the pullback projection a*h is in €, and for each of those
pullbacks, there exists some family of maps (I; : C; — C)icr in A and for each i € I a lift
gi + £¢, = X such that we have o factorization

a’X — X

i [
V a*h h
-

Yo Y

a

and (gi)ier : [1;e; &, = a* X is an epimorphism;
— the diagonal Ap : X — X xy X satisfies the same condition.

Remark 1.2.2.3. The first condition says in some sense that a map is locally in J¢, while the
second ensures the closure under diagonals.

Proof. This is the content of [33][Proposition 5.1.1]; however, as this statement is not proved there,
it is worth giving a complete proof. We have to check that the class of maps having the property
above is etale. We check that it satisfies the different axioms. In the following of the proof, we
denote as %) this class.

First, it is clear that this class contains isomorphisms. Now, Before the other axioms, we need
stability under pullback. Let be h : X — Y already in J&. Then for f : Z — Y, C € C and
a: o — Z, cancellation of pullbacks tells us that in the following diagram

X — s X

a*f*h is in S for h is in J%. Hence f*h is locally in J%). Now we must prove that Ay is also
in J%. Consider the following diagram:

XXy X ——— X

h*fxfh*f/ ‘ | /,

X%y f*X —— 5 X h
| f
/ h P
f
X - z

where the map h* f X s h* f denotes the unique map induced by the property of the pullback. Then
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we see that As.p, = (R*f x ¢ h* f)* Ay, by cancellation of pullback applied to the following diagram

"

M\
—

X Xzf*

/

\

for (h*f xy h*f)*1x = 17+x. Hence Ay« is in S for Ay is and the previous statement.

As to diagonals: suppose that h: X — Y is in J4); then for any C' in 2 and any a : ko —
X Xy X the following pullback

aX — X

4
a* AhJ, J/Ah

J:CT>X><yX

We have to check this pullback is in J#). We can use the fact that in the following diagram

(h*ha)*(X xy X) — X xy X — X

/i L

+
X Y
h*ha h

the pullback projection h*h is in %, and so is ((h*h)*a)*(h*h). As it is also in J% with a
representable codomain, there exists a family (I; : C; — C);er in A and g; : &, = a* X such that
we have a factorization
(h*ha)* (X xy X)
gi i((h*h)*a)*(h*h)

o, ——— &
C; X, C

k3
and an epimorphism

T &o, Y28 (h*ha)* (X xy X)
i€l

Now observe that each g; factorizes by the universal property of the pullback trough a map
(&, ,h*hak,,): o, — a*X as below

X
T~

Ap
atX 7 (Wha)* (X xy X) — X xy X —— X

AN
(k1,h"haky)| s l - hlh

a

+
- X
h*ha

while there is also a canonical factorization so that the epimorphism above factorizes as (f;)ier-
Now we can construct an epimorphism (h*ha)*(X xy X) — a*X as the pullback (Aja)*h*h as

seen below
X><yX r*hy X

(h*ha)* (X xy X)(N—> a*X
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where h*h is an epimorphism as being a retract of the diagonal. Hence the family (I;);c; together
with the composite epimorphism

Ao he
a* XM e ha)* (X xy X)
(fi)iezi
\ (9i)ier
[ *e,
el

witnesses that a*Ay, is in 7, and then h is itself shown to be locally in J#). Finally we know that
Ap, is trivially in 7 as it is an isomorphism, for Ay is monic.

Now we prove cancellation along epimorphisms. Let be

Z —» X

N A

with g and Ay in J4. Then for C € C and a : &o — Y, we know from the previous item that
a*g is a map in % with representable codomain, and therefore there exists (I; : C; — C);er in A

such that for each 7 € I one has
a*Z
2
a*g

J:C?Gtc

and (g;)ier is epic. Then the composite family (&, )ies together with the composite (f*a)*eg; for
i € I provide a family as desired as seen in the diagram below

a*Z (gi)ier H J:C

L \ iel
\ (a*g)*e /
pY
X +—a" QTCL‘X <=l:hi>iel
J{h \ a*h
-

Y X

proving a*h to be locally in 7, and hence h itself so. Moreover, by hypothesis, Ay, is already in J73.

Now we prove stability under composition. Let be f : X — Y and g : Y — Z in J4. We
prove that gf is locally in J&. Let be a : ko — Z: then a*g is in J7), so there exists a family
(li - C; = C)ier and (g; : &, = a*Y satisfying the condition of map % with representable
codomain; but then for each i € I form the pullback

/

X—fg

Z
(g* a)” f {

a*X —a (fg)4> X

cl:l1
J:CI
%('g Ta)* f
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where g/ (g*a)*f is in % as f is. Hence in each ¢ € I we have a family (l;; : Ci; — C;)jecs, and
(945 : Fe, = 97a*X) e, such that we have a factorization

gra*X

V lf(g*a)*f

£, - X,

Lij
and (gij)jes; * [les, Fe,, = g7a*X is epic. Then the gluing of the composite families (I;l;; :
Cij = C)ijell,., 7 and the maps (9igi;) i j)ell,., 7 together exhibits a*(gf) as being in 7 for
we have in each (i, 7) € [[,c; Ji a factorization

gia* X BLACALIIN gt a* X
.. |
Y gr(g*a) f Ja*(gf)
~
fe,, T e, o e

an epimorphism as below

]_[g;*a*X (a™f"gi)ier X

LI (gij)ics; el
iel | - *f
/ 9 (g70)" ‘

e Fo ————— a*Y
(iyj)]E_[H J; C” i]€II<J:li.7 >j€‘]i i]g[I ci <gi)ie[
i€l

by stability of coproducts in a Grothendieck topos: hence gf is locally in 4. Now we have to
prove that Ag; also is locally in . To see why, consider the map f xz f induced from the
universal property of the pullback in the following diagram

X xz X X
~
fxzf lf
~
af*gf YxzY — Y
[
X 7 Y 5 Z

Now this allows us to exhibit Ag¢ as the following pullback, where and A, is in J75.

x—1 Ly

J
Dgy lAg

XxZXmeZY

Now we prove descent along epimorphisms. Let be a diagram as below

erX — X

M

Z——Y

with e*h in 5. Then for any a : ko — Y form the pullback cube

(e*a)*(e”h)

-

a*Z J:C
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where all the horizontal arrows are epimorphisms. Then the map (e*a)*(e*h) is in J4 as e*h is, as
its pullback along all the maps b : &k p — a*Z which moreover have representable codomain. Hence
for each such pair (D, d) in the comma category & | a*Z we have a family ((I; : D; — D)ic1p
in A and (g; : &p, — b*a*e*Z) such that

b*a*e*X —— a*e* X

, |
gi b (e*a)*(e*h) J{(e*a)*(e*h)
N
<;t D; X, J:D b a*Z

i

and we have an epimorphism

HJZDi % b*a*e* X
il

But now, as C is a generator for £, the comma category & | a*Z indexes a canonical diagram and
we have also an epimorphism

(b)(p, a*
H X (DWEXLG 2 7
(D,b)ekla*Z

Now if we compose this epimorphism with the epimorphism a*e we get an epimorphism

(b)(D.byesta*z
H J:D 4»( hls a*Z

(D,b)€ kla*Z ate

\»*C

Now, by fullness of the Yoneda embedding, each composite a*eb : & p — X comes from some
fp.a: D — C in C; however we cannot infer that it is in A. But this later condition means there
is a subset K C & | a*Z such that the family (f(ps))(ppex is in J(C), and then from the
hypothesis that J is generated in A, we can choose this family to be actually in A; then we have
an epimorphism in &

<J:f(D1b) Y(D.b)eK

[ &p ——"— &¢

(D,b)EK

where actually each X fow = a*eb. Hence we have an epimorphism consisting of the upper row
of the diagram below

H b*a*e* X <(a*h)*(a*eb)>(Dvb)€K

(gi)ier (D,b)eK
(D,b)
(D,b)e/ J{ 3 a*h

I I TRREN I *p fc

(Db)eKi€lpy) ol Fuieinn (DEK (a”eb)(p nyex

and moreover each composite arrow f(p )l; is in A. This proves that a*h is in %, and hence that
h is locally in J73.

Now we have to prove that the diagonal Ay also is locally in J7): but we saw when proving
stability under pullback that the diagonal of the pullback map is computed as the pullback

A
e X = o* X x gy et X e*X

h*exlzh*e e* X i A
X — X xy X X e
Ap
4 N
h
\ N
X Y
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where all the vertical arrows are pullback; but the map h*e X z h*e is epic, and A« is in F4) for
e*h is so by hypothesis: but then one has to apply again the previous strategy to show that A, is
locally in .743.

Now for closure under coproducts, let be (h; : X; = Y;)ies a small family in 3; then for any
arrow a : &g — [[,.; Y: and any ¢ € I consider the pullback cube

el
CL*XZ' Xz
(a*q;)*hi ‘ ] K
~ qi
|
a*y; atqi ———— Y]

-’ \L

a* 11 Xi [1X; d

i€l i€l N

\ LI hs

" i€l

¢ z‘IE_[Ihi >
feo

a [1Y:

iel

where every square is a pullback (for the right square, this is a consequence of extensivity of &)
and the arrow (a*¢})*h; is in J% as each h; is. Now the strategy is the same as for descent
along epimorphisms, which the only difference being that the intermediate epimorphisms we use is
actually the isomorphism []a*Y; ~ J . Now to see that the diagonal AHieI h; is in 4, observe
that by stability of coproducts we have a pullback

HXz Xy; Xz —_— ]_‘[‘Xz
el el

Lo e
i€l

X —— 1Y

el ier el

and

Arrx, = []An

et iel
But as each h; is in 47, hence by the first part of this item we know that the diagonal is so.
Finally, for I a set, the canonical I-indexed epimorphism [[;.; 1 — 1 is a case of a morphism
with representable codomain for 1 = X since the Yoneda embedding preserves the terminal ob-

ject, and the equality together with the canonical inclusion ¢; : 1 — [];.; 1 witness that this map
is locally in J#). The argument for the diagonal is similar to the previous item.

With all of this, we proved that %) is an etale class cointaining the maps of the form J<; for
[l € A. But now, any etale class that contains those also contains J7): indeed, any etale class
satisfies in particular the closure properties of 77 for it is stable under pullback and diagonals and
has the cancellation property along epimorphisms. Hence 7)) is the etale class generated from A,
which is 2. O

Etale classes are transferable along geometric morphisms:

1.2.2.4. Let be f : F — £ a geometric morphism, and .7 and ¢ two etale classes in F and £
respectively. Then denote as

— f(2) the class in € of maps h € £2 such that f*(h) is in 57
— f7Y%) the class in F of maps of the form f*(h) with h in ¢.
Then both f(2#) and f~1(¥) are etale classes. Moreover, one has

fifeeycor  GCfFN9)
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Chapter 2

Stable functors and Right
Multi-adjoints

In this chapter we give a detailed account of the notion of right multi-adjoint and the related
notions of local adjoint and stable functor. This notion is at the core of [31] construction of the
spectrum, and we shall see that it is also involved in the other way of constructing the spectrum,
especially in the next chapter where we construct multireflections froms geometries.

Though the theory of multi-adjoints is known thanks to Diers, the main sources about it are
not that easily available, and since this notion will play an enlightening role in this thesis, we find
appropriate to devote some efforts to it in a mostly expository chapter, in which we shall never-
theless give some result which seems to be absent elsewhere; further connections with the notion
of geometry will be investigated in chapter 4.

We first give a very formal, categorical approach to the key notions and their different character-
izations. In particular we provide a Beck-Chevalley result at theorem 2.1.1.5 relating the slice-wise
adjunctions in a local right adjoint, and prove once for all that stable functors are the same as
local right adjoint at theorem 2.1.4.6. We also discuss inheritance of (co)limits in multireflective
subcategories at theorem 2.1.3.15.

In the second section we discuss the characterization of right multi-adjoints through the free
product completion; though it will play no technical role in this thesis, we find this result to have
an important meaning: it is in some sense the simplest way to correct a multi-adjoint into an
adjoint (see proposition 2.2.2.3), which is also the purpose of the spectrum - though the latter does
so in the most universal way. We shall see in chapter 8 that the adjunction induced by a right
multi-adjoint through the free product completion is in some sense the restriction of Diers spectral
adjunction to discrete spaces, see proposition 8.2.4.5.

We also discuss in the last section factorizations and orthogonality aspects involved in a situa-
tion of multi-adjunction, which will play in important technical role in chapter 4 and 8.

2.1 Local right adjoints and stable functors

In this first section, we recall our three notions of interest, namely local right adjoints, right
multi-adjoints and stable functors. We first give some technical points about the behavior of
the local units of the local adjunctions. We also prove that for a local right adjoint, the local
adjunctions enjoy automatically a Beck-Chevalley condition, which was seemingly unnoticed until
now. Then we turn to different characterizations of local adjointness in term of nerves and initial
family, and introduce the stronger notion of right multi-adjoint and recall a variant of Freyd adjoint
functor theorem for multi-adjoint. Finally we turn to the notion of stable functor, as studied by
Taylor in [93], and also in [96], and we prove equivalence with the notion of local right adjoint.

2.1.1 Local right adjoints and Beck-Chevalley condition

Local right adjoint are functors that, while lacking a global left adjoint, have slice-wise left
adjoints at each object of their codomain.
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CHAPTER 2. STABLE FUNCTORS AND RIGHT MULTI-ADJOINTS

Definition 2.1.1.1. A functor U : A — B is said to be a local right adjoint if for each object A
of A the restriction of U to the slice A/A has a left adjoint

La

/\

A/A 1 B/U(A)

\/‘

U/A

where we denote Ay the domain of the arrow L4(f) in A/A. In the following we shall also denote
U/A as Uy for concision. The maps nf for f: B — U(A) are called local units under B. We shall
refer to the family of local units under a given object as its cone of local units.

2.1.1.2. The definition of a local right adjoint means that for any arrow f: B — U(A) in B | U
and u: A’ — A in A/A we have triangles in B and A respectively

B ! U(A)
La(U(w)
n?\ ALAU) / \
U(Ay)

Moreover those natural unit and counit must satisfy the triangle identities

A
Uy 4y UaLaUs  La 229 1 UL

\ [}LUA@A) \ Lﬂm

which incarnate respectively as the following retractions

Ualu) La(f)
U(A) A 7
b né(u) < LA(U?) 3
U(Ay(w)) — UaLa(U(w) — U(A) Avara(y) — Lalala(f)— A
U(A) Ay
Ua(w) La(f)

In particular the local adjunction at A
AJA[LA(f),u] = B/U(A)[f,U(u)]

sends an arrow v : La(f) — u, resp. an arrow g : f — U(u), to the composite triangle on the left,
resp. on the right

Uy (v)
B4>U BRZIOMR Ay 229 A BN

\]ALA(f)A N(U(z/

Remark 2.1.1.3. Beware that, in general, we cannot enforce the counits to be pointwise iso, that
is, to require each Uy to be full and faithful. Hence the factorization of a morphism in the range of
U may not be trivial. Morally, the factorization through the unit only takes in account the object
of A whose strict image is the codomain, while, even when the domain is in the image of U, the
factorization may not remember the precise object in A it comes from.

Remark 2.1.1.4. For any u : A3 — Ay in A, functoriality of U makes the following square
commute up to equality

A/ 2 BiUAy)

A/UJ{ = J{B/U(u)

Afds —— B/U(4s)
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2.1. LOCAL RIGHT ADJOINTS AND STABLE FUNCTORS

This equality 2-cell possesses a Beck-Chevalley mate

AJAy S B/U<A1>

A/uJ{X B/U(u)
B/U(A

defined as the composite

Ag
2 B/U(u)(n™L)
4>

L, B/U (1) La,BJUu)Ua,La, = La,Ua,AjuLs, —2% AjuLs,

This mate relates in a canonical way the unit of any f : B — U(A;) and the unit of the composite
U(u)f : B— U(A3) as seen in the following diagram

La, (f)

Af A
A3 T
CATuL 4 (D) u
AUAQA/ULAl(f) Lay,UayA/uLay (f) A2
} /U Ly (£) Lay (B/U)(F))
A A
B/U(u)Ua; Laq(f) LAQB/U(u)(n?l) U(u)f

But surprisingly, this mate is automatically an isomorphism because of the universal property of
the units, as stated in the following proposition:

Theorem 2.1.1.5. Let U : A — B be a local right adjoint. Then for any u : Ay — As in A, we
have the Beck-Chevalley condition at w, that is, the canonical transformation o is a point-wise
isomorphism.

Proof. Remark that for eachu : Ay — Ap and f : B — U(A1), the morphism of : L, (B/U(u)(f)) —
L4, (f) is in A, and we have a factorization

f
B U(A1)
\W?I Un La ()If) \U(u)
1 1
Ay > -
Mg U(Ay) U(Az)
> /!
U O_1L
veD UayLay (U(u)f)

Ul Avyf) ——  —

Observe that o is the unique arrow in A provided by the universal property of the unit né?u) f
at 77}41 seen as an arrow U(u)f — U(u)Uga, La,(f) in B/U(As). But on the other hand, by the
universal property of 17?1 at néfu)f seen as an arrow f — Ua,La,(f)U(c}) in B/U(A1), there
exists a unique arrow w : Ay — Ay(y)s in A such that

f
B U(A
iyt A2\ UA1LA1(f)/ e
Muw) f Ua,La, (f)
\
U(4Ay) Ty T > U(Au(u)r) W U(4Ay)

Now we prove that w and o are mutual inverses in A. First, as
A A
U(U?)??Uﬁu)f =Ny !

and Loa, () is the unique map induced by 77}41 seen as an arrow f — Uy, L4, (f), then necessarily
we have a retraction in A
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but again, as now néfu)f = U(w)vy}41 and Lo,y is the unique map induced by ngzu)f as an
arrow U(u)f — Ua,La,(U(u)f), we have a retraction in A

Ay g =———— Av(uwyf

and o} defines both an iso Ay); ~ Ay in A and La, A/u(f) ~ B/U(u)La,(f) which can be
shown to be natural. O

Remark 2.1.1.6. Beck-Chevalley condition says that factorization through local units are not
modified by postcomposing with arrows in the range of U: that is, for f : B — U(A41) and
u: Ay — A, then the Beck chevalley transformation provides an isomorphism Ay >~ Ay, The
next corollary exploits this result to establish that local units are their own local unit over their
codomain:

Corollary 2.1.1.7. Take f : B — U(A): then we have Ay ~ Anﬁ in A and n:j ~ 77}4 inBlU.
¥

Proof. Consider the following diagram

B i U222y )
n:ﬁ\« %A;LAJ:(TI?)
s U(An;x)
Then by what precedes we have Ugj‘LA(f ) is an iso as seen in the following diagram
¥
A
B . "f UAy) 219 4
A A
717];{ \ Ua;pLag (71}4)
~
77;f‘ALA(f)nf U(An}“)
UUAALA(f)
L UaLa(UaLa(f)ng)
~

U(AUALA(f)n;‘) —/

But UALA(f)n}4 = f, exhibiting an isomorphism

B -
Af
W?J/ nn? ~
U(Ay) — = UlAys)
g A
nf

2.1.2 Local units as a multi-initial family

We have seen that any local right adjoint U : A — B automatically satisfies the Beck-Chevalley
condition at any morphism in the domain category A, and deduced that postcomposition with
morphisms in the range of U did not modify the local unit: this suggests some initialness property
of the local units, we are going to discuss in this subsection.

Another consequence of theorem 2.1.1.5 is that local units that are related by an arrow in the
range of U must actually be isomorphic as objects under their domain:
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Proposition 2.1.2.1. Take f1 : B — U(A1) and fo : B — U(Asz), such that there exists a
morphism u in A and o triangle

U(Ap) T wm U(Ay,)
then w is an isomorphism.
Proof. By theorem 2.1.1.5, we have that
Afp o A Apy A
g S0 e e
But by Beck-Chevalley condition at u, we also have
Af1 ~ Afz — Af2
T = Toongy ™

O

Corollary 2.1.2.2. IfU : A — B is local right adjoint, then for any B, any two f1: B — U(A1),
fa : B — U(A3) in the same connected component of B | U factorize through the same unit, that
18 77?11 ~ 77]‘?22, Ap ~ Ay,

Corollary 2.1.2.3. For any f : B — U(4), 77;?‘ is initial in (B L U) | f.

Hence, the local units under a given object have some initialness property; however, different
from global units that are globally initial in the slice under their domain, local units only jointly
assume this property; such a situation is encoded in the following notion:

Definition 2.1.2.4. Let C be a category; a multi-initial family in C is a family of objects (X;);er
such that for any C in C there is a unique 7 € I and a unique arrow X; - C. A X; fori € [ is a
local initial object.

Remark 2.1.2.5. Observe that in this definition, if one has an arrow f : C; — C5, then C; and
C5 lie under the same local initial object. More generally, if two objects C7, Cy are in the same
connected component and X; — C;, X; — C5 are the initial maps above them, then one must
actually have X; ~ X;: for there is a zigzag

B, B,
N T N TN
Cl BQ Bn—l 02
and by uniqueness of the local initial object over a given object, the local object over Bj is
necessarily the same as the local initial object over Bs because they both lie over By and so on.

Conversely any two objects under a same local initial object are in the same connected component.
Hence there is exactly one local initial object by connected component.

Proposition 2.1.2.6. Let U : A — B be a local right adjoint and B in B: then the comma category
B | U has a multi-initial family.

Proof. We claim that the (large) class of local units under B is a multi-initial family in B | U.
First, for any f: B — U(A), we have by local adjunction in A an arrow L4(f) in B | U; but now
suppose there is another g : B — U(A’) such that 77;‘/ has a map g — f in B | U, that is there
is a map u in A such that f =U (u)ng‘l; but then by the universal property of the unit there is a
unique factorization

B ! U(A)

AN RN >
n
f < [iALA(f)/
U(Ay)

Ua(u)

Mg U(w) /

U(Ag)

But by proposition 2.1.2.1, this forces 77}4 ~ 775‘/. O
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From their very universal property, local units under a given object have to live isolated from
each other, each one in its connected component of the comma B | U.

Remark 2.1.2.7. Observe that without further assumption, this multi-initial family under B
might not be small. This is the point of the following notion:

Definition 2.1.2.8. A functor U : A — B is said to be a right multi-adjoint if for any B in B
there is a small multi-initial family in the comma B | U. A (non necessarily full) subcategory
A — B is multireflective if the inclusion functor is a right multi-adjoint.

Remark 2.1.2.9. Observe that this definition is indexed by the domain, that is, by the object B
in B, while the definition of local right adjoint was indexed by the objects A of A. However it is
easy to see that any right multi-adjoint is in particular a local right adjoint: for any f: B — U(A)
define 77}4 to be the unique local initial object over f, and L4(f) to be the unique map 7]}4 — f.

Then 77}4 has the universal property of the unit as any triangle f — U(u) in B/U(A)

B ! U(A)
x %(u)
U(A)

can be seen as a triangle ¢ — f in B | U forcing g and f to be in the same connected component.
Therefore 77}4 is also the initial object over g, inducing an unique arrow 77}4 — ¢ in B | U, that is
a unique arrow L4(f) — uin A/A as desired.

2.1.3 Connected limits, multi(co)limits and local adjoint functor theorem

We should end this section with a word on closure properties of multireflectives subcategories.
Existence of a multi-initial object in the comma is reminiscent of the so-called solution set condition
in Freyd Adjoint Functor Theorem. Let us make precise this fact, in order to retrieve an analogous
multi-adjoint theorem, in the vein of [93]. First we need a weakening of the notion of initial family

Definition 2.1.3.1. Let C be a category; a weakly initial family is a family (X;);cs such that for
any object C, there is some ¢ € I and some arrow X; — C.

Remark 2.1.3.2. Observe that in this definition, there is no requirement of uniqueness, nor for
the index, nor for the arrow, so there may be several weakly initial objects over an arbitrary one.
In the following we are interested in small weakly initial families:

Definition 2.1.3.3. A functor U : A — B is said to satisfy the solution set condition if each of
the comma B | U admits a small weakly initial family: that is a family (n; : B — U(4;))ic1, such
that any map from B to U factorizes through some (non necessarily unique) n;.

Proposition 2.1.3.4. A functor U : A — B is a right multi-adjoint if and only if it is local right
adjoint and satisfies the solution set condition.

Proof. Tt is obvious that a right multi-adjoint satisfies the solution set condition as for any object
B the small multi-initial family of B | U is in particular a small weakly initial family, and any
right multi-adjoint is trivially local right adjoint. For the converse, if a local right adjoint satisfies
the Solution Set Condition, consider the small weakly initial family (f; : B — U(A;))ier of Bl U
and then take the corresponding units (ny, : B — U(Ay,)icr: we claim this is a small multi-initial
family. O

Now, as well as right adjointness can be detected by combining the solution set condition
and preservation of small limits, we will be able to characterize right multi-adjoints thanks to
preservation of a certain class of limits in the presence of the solution set:

Definition 2.1.3.5. A connected limit is a limit indexed by a connected category; a wide pullback
is a limit of a diagram over a set of arrows with common codomain. In particular any wide-pullback
is a connected limit.

Proposition 2.1.3.6. A category has wide pullbacks if and only if each slice AJ/A has products.
A functor preserves connected limits if and only if it preserves wide pullbacks.
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In Freyd adjoint functor theorem, assuming completeness and local smallness of the domain
category A, one can prove that a functor preserving limits is right adjoint if it satisfies the so-
lution set condition: this is achieved by constructing an initial object in any B | U as the limit
lim;e; U(A;) ~ U(lim;er A;). Similarly :

Proposition 2.1.3.7. Let A be a category with wide pullbacks; then a functor U : A — B is a
right multi-adjoint if and only if it satisfies the solution set condition and preserves wide pullbacks.

Proof. Indeed, assuming that A has connected limits and that U preserves them, the solution set
condition will enable us to prove that its restriction on any slice Uy : A/A — B/U(A) is right
adjoint by constructing an initial object in any of the comma f | U4 whit f : B — U(A) € B/U(A)
(this is nothing but the category of factorizations of f through U) as the following. If Sp = (n; :
B — U(A;))ier, is the small weakly initial family in B | U given by the solution set condition,
define Sy = Sp | f consisting of all the pairs (u,4) with i € Ig and f = F(u)n; a factorization of
f through n;: then we can do the wide pullback of the A; over A and it is preserved by U, so that
we have

i€Sy i€Sy
U(A o B T A;)
\ f /
U(A)

Now we claim that this unique arrow B — U (lim;es, A;) is the desired initial object in f | U4, as
any factorization of f factorizes itself through some of the n; in Sy hence through the wide pullback.

For the converse, observe that the small family of local units of a right multi-adjoint produces
a small (weakly) initial family, so that it always satisfies the solution set condition. Preservation
of wide pullback just comes from the fact that they are ordinary products in the slices, hence
preserved by the restriction as it is right adjoint. O

Now we turn to another facet of the local adjunction.

Definition 2.1.3.8. Let U : A — B be a functor; then the conerve of U is the functor
Bor N7, 14,8

sending each B in B to the functor Ny = B[B,U(-)]: A — S.

For any B in B, we have a discrete opfibration
TR / Nj = A

whose objects are pairs (4, f) with A in A and f: B — U(A), and morphisms (Ay, f1) = (Aa, f2)
are u : Ay — Ay with U(u)f; = fo. There is a general result saying that a functor is a right
adjoint if the projection from the category of elements of its co-nerve at each object has a limit;
in fact this says that the co-nerve functor is representable, that is, there is an initial object in the
category of elements, which is the unit. We will give here the corresponding statement for a right
multi-adjoint, which requires first to introduce some multi-version of limits - and colimits which
we will use latter on.

Definition 2.1.3.9. Let F': [ — A be a functor: then a multilimit of F' is a small family of cones

(pz tLj — F(1)) ier

jed

such that for any cone (f; : X — F(i));es there is a unique j € J and a unique factorization of the
cone (f;)ier through the cone (p!);es. A category is (finitely) multicomplete if any (finite) diagram
has a multi-limits.
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A functor U : A — B preserves multi-limits (or also, is multicontinuous) if for any multi-limit
(p! : Lj = F(i))icr, jes in A, there is a multi-limit (¢ : My — UF(i))ierrex in B and for each

k € K we have
M~ J] ULy
JE€Jk
where J, is the set of j € J such that the cone (U(p!) : U(L;) — UF(i));es factorizes through
Mj.

Before going further, we think relevant to introduce the dual notion of multilimits, for we are
going to use them also at the end of this subsection:

Definition 2.1.3.10. Let F': I — A be a functor. Then a multicolimit of F' is a small family of
cocones

((q] - F(i) = X))ier)je

that is multi-initial the the category of cocones over F': that is, any other cocone (f; : F'(i) = A)icr
factorizes uniquely through one of the (¢/ : F(i) — X;)ier for a unique j € J. A category is
(finitely) multicocomplete if any (finite) diagram admits a multi-colimit.

A functor U : A — B is multicocontinuous if for any multicolimit ((¢/ : F(i); — X;)ier)jes in
A, then the composite UF : I — B has a multicolimit ((s¥ : UF(i) — Y)ier)rex such that for
any k € K we have a coproduct decomposition

Vi ~ [[UX;)
Jk

where Ji, = {j € J | (U(q)) : UF(i) = U(X;))icr factorizes through (s¥)scr}.

Remark 2.1.3.11. The universal property of the multicolimits can be encapsulated, for any other
X in B, in the following isomorphism

jedJ
Remark 2.1.3.12. Remark that any (co)limit is in particular a multi-(co)limit with a single
cone. In particular (co)completeness implies multi-(co)completeness, and (co)continuity implies
multi-(co)continuity. Then in particular corepresentables functors are multicontinuous while rep-
resentables send multicolimits to multilimits.

The following observation gives the obvious analog of the characterization of right adjoint in
terms of the existence of the limit of the projection of the category of elements of the nerve:

Proposition 2.1.3.13. A functor U : A — B is a local right adjoint if and only if for any B in
B, each connected component of f/\fg has an initial object.

Now from what was said, it appears that a right multi-adjoint is a functor such that the
associated conerve in any object is “locally representable”. Indeed, any arrow from an object B
toward U is determined first by the connected component it lies in, which corresponds to the local
unit it factorizes through, and secondly by a choice of map in A. This amounts to the following:

Proposition 2.1.3.14. For a functor U : A — B the following are equivalent:
— U is a right multi-adjoint

— for each B, f/\/g has a small set of connected components with an initial object in each of
them

— for each B, the functor wp : ng — A has a multilimit in A and U preserves it.

— for each B, one has
N ~ T AlAi, -]
i€lp
with Ip the set of connected components of B and n; : B — U(A4;) the initial object of the
connected component i
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The first half of this fact is tautological; for the second part, one can adapt [3][proposition 3.3.2].

We finally end this subsection with a result on multireflective subcategories. Recall that full
reflective subcategories inherit limits and colimits from their ambient category in the following
way. Limits can be computed directly in the subcategory and are created by the inclusion, which
we get by proving that the reflection of a limit computed in the ambient category is a limit in
the subcategory, and observing the latter must be preserved by inclusion, so that this reflection
was actually an iso. For colimits, one computes the colimit in the ambient category, then takes its
reflection. In the context of multireflection, the correct analogs of those statements are in terms
of limits and multicolimits.

Theorem 2.1.3.15. Let U : A — B be a full multireflective subcategory; then:
— if B has colimits, then A has multicolimits
— if B has limits, then A has connected limits and they are created by U.

Proof. For multicolimits, take a functor F': I — A; then one can compute the colimit (g; : UF (i) —
colim;cfUF(i));er in B. Then consider its small cone of local units n, : (colim;c;UF(i) —
U(Az))zelcolimielUF‘(i)' Then by fullness of U each composite nyq; : UF (i) — U(A;) comes from a
unique map ¢7 : F(i) - A, and (¢F : F(i) — Az);

i€1,2€ L eotim,yur() 1S 8 multicolimit of F.

Now for connected limits, if we suppose F : I — A with I connected, then the category
lim;e;y UF(i) | UF is connected; then by corollary 2.1.2.2, all the limit projections p; factorize
through a same local unit ng

hm UF(i ERCENY F(i

”Fl /M)

Then (U(uf) : Ap — A;)ies is a limiting cone in A: indeed, any cone (u; : A — F(i))ier in A is
transported by U to a cone in B, were it induces a unique arrow (U (u;))ierU(A) — lim;er UF (i)
and the composite np(U(u;))ier : U(A) — U(AF) comes uniquely from an arrow A — Ap as
desired. Hence Ap is a limit of the connected diagram F', but as U preserves connected limits, ng
was actually an isomorphism lim;e; UF (i) ~ U(Ap). O

Remark 2.1.3.16. In fact, concerning connected limits, the condition that U is full can be slightly
relaxed into the condition of being relatively full and faithful, which will be defined later in defini-
tion 2.3.1.4.

2.1.4 Stable functors

Now we come to an alternative notion encapsulating the property of being a local right adjoint,
but in a way that is more related to factorization systems. This was studied in [93] and [96], and
we prove here that this notion coincides with local right adjointness. It relies on an alternative
presentation of local units in a pattern which is more akin to factorization systems.

Definition 2.1.4.1. A candidate (diagonally universal morphism toward U in the terminology of
Diers), is a morphism n : B — U(A) such that for any square of the following form there exists
a unique morphism w : A — A; such that U(w) diagonalizes uniquely the square and the left
triangle already commutes in A

B—1L U(Ay) Ay
7

J LV lvw e l

—> U(Az) A % Ay

U(u)

Definition 2.1.4.2. A functor U : A — B is stable when any morphism f : B — U(A) factorizes
uniquely through the range of U as

53



CHAPTER 2. STABLE FUNCTORS AND RIGHT MULTI-ADJOINTS

where ny : B — U(Ay) is a candidate. We refer to this factorization as the stable factorization of
f and to ny as the candidate of f.

Remark 2.1.4.3. Then the candidate for f is the initial object in the category of factorizations
of f through the range of U. Indeed, for any other factorization through U

B ! U(A)
x %(u)
U(A")

one gets a square as below, where ny produces a unique v such that U(v) is a filler

B — - UA)

P
ny v u
l W lU( )

UA) 5t UA)

Proposition 2.1.4.4. For a functor U : A — B and B in B we have the following:
— If a candidate ny : B — U(A1) admits an arrow ny — ny from another candidate ns : B —
U(A3) in B L U, then we have ny ~ng in B U and A; ~ As in A.
— In particular, any two candidates in a same connected component of B | U are isomorphic.

— If f: B— U(A) admits a stable factorization, then it is unique up to unique isomorphism.

— In particular, when U is stable, the stable factorization of any arrow is unique up to unique
isomorphism.

Proof. The first item is easily shown to imply the other ones. Suppose we have ny, no and a
triangle

nl %(u)
U(Az)

Then we have a unique filler
B —"— U(Ay)

"i /U(v)‘a |vw

U(Ar) 5 Ul4y)

But now there is a unique filler of the square

B —"— U(A))

P
2J /U(w) lU(v)

U(A2) m U(A2>

so that u : As — As is both a retraction and a section in AA, hence an isomorphism, so that
ny =~ n9 in B \L U. O]

Proposition 2.1.4.5. For any square as below

Bl L) U(Al)

fl JU(U)

B2 T) U(AQ)

the stable factorizations of fi1 and fo are related by a unique morphism in A such that

Bl " Uy,
|

fJ U(wg,u) JU(U)
+

B2 nfoy U(Af2) U(qu) U(AQ)

54



2.1. LOCAL RIGHT ADJOINTS AND STABLE FUNCTORS

Proof. The desired wy 4, is the filler of the square

By —X 5 U(Ay)

Nty fl lU(uufl)

U(Ay,) (szg U(As)

Theorem 2.1.4.6. Stable functors and local right adjoints coincide.

Proof. Let U : A — B be a stable functor. For each A defines the functor L4 returning the left
part of the initial factorization of an arrow by its associated candidate:

La: B/U(A) ~  A/A
f

U(A)
N %(uf) oA
U(Ay)

We can easily prove this functor to be left adjoint to U/A, but it is more direct to observe that
the family of candidates under B is a multi-initial family in B | U. Hence U is a local right adjoint.

For the converse, suppose U is a local right adjoint. We claim that candidates are arrows
n: B — U(A) such that L4 (n) provides an iso Ay ~ A in A such that 72 ~n in B | U. Consider
a square

|

U(A) 57 Ul42)

Recall by theorem 2.1.1.5 we also have that composing with U(v) does not modify the unit, as we
have an isomorphism o : néfv)n ~ 17}4. But the triangle

BHUAl

UUN lU(u

provides us with a unique arrow w : Ay (y), — A1 such that

B—1 L UA)

/ lU(u ”um{ ) - lU(“)

AU(v)n U(Ag)

La(U(u)n) U(AU(v)n)UA2LA2(U(u)n)

Then by inserting the local inverses of L4(n) and ¢ in the square above and using the universal
property of 77;]41 produces a path in the diagram below
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B g U(Al)
X A, /,/7/7(
nJ nf\ T \ ) o
U(A) <U@am) - U(A,) -u(em)™)» U(Au@n) U(w)
\ / ////
U(La(n)™1) U(oy)
— -
U(A) <U@am) - U(Ay) -U(em)™)» U(Au@wn) Ul(w)
\
U(La(m)™") e
I —
U(A,) Uiy Lay (U(v)n)
/
U(La(n))
‘/
U(4) U(Az)

where the sequence of back-and-forth along the isomorphisms is used to ensure the commutation of
both the upper and lower part of this diagram, exhibiting the composite U (w)U((¢'})~")U(La(n)~")
as a lift of the square above; but for n was a candidate, we know that such a lift comes from a
unique factorization in A as below

Ay
w(a;)—lLA(n)7 i“

AT>A2

In particular, local units are candidates by corollary 2.1.1.7. Hence for any arrow f: B — U(A),
the factorization through the unit as f = UaLa(f )77‘f4 provides a stable factorization through a
candidate. O

This achieves to prove that stable functors and local right adjoint can be used indifferently and
are two ways of encapsulating the same property.

However in the following, and especially in the second paper, we shall give more interest to
right multi-adjoint for the smallness condition allows us to manipulate local units without size
issue.

2.2 Right multi-adjoints through free product completion

In this section, we give the characterization of right multi-adjoints though the free product
completion, following loosely [25] and [94]. In the second part of this work, we are going to show
how the notion of spectrum is a way to turn a local right adjoint into a right adjoint, the spectrum
functor being the desired left adjoint. But this construction, motivated by geometric and duality
theoretic conceptions, proceeds by extracting as much as possible topological and geometric in-
formation from a situation of local adjunction: in some way, it exploits the defect of universality
on the algebraic side in order to produce a richer structure on the geometric side. In this section,
we recall another way to turn a situation of multi-adjunction into an honest adjunction, which is
purely algebraic and purer in some sense, but also devoid of any geometric content for this very
reason. The relation between those two approaches will be studied in more detail in the second
part of this work, where this approach through free product completion will appear as the “discrete
version” of the spectral adjunction.

The main intuition of this part is that, for a right multi-adjoint U : A — B, the cone of local
units under a given object B defines a family of objects in A given by the codomains of those local
units. Hence, at the level of families of objects, the multiversality of the construction can be fixed
and U will induce an honest adjunction between categories of families of objects of A and B. The
good notion of “category of families” here is the one provided by the free product completion, the
beginning of this part is devoted to.
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2.2.1 Free product completion

Definition 2.2.1.1. For a category A, the free product completion of A is the category I1.4 whose
— objects are functors A(_y : I — A (also denoted (A;);cr) with I a set,

— and arrows (A4;);er — (Bj) et consist of the data of an application a: J — I and a natural
transformation

T

that is, a J-indexed family (f; : Aa(j) — Bj)jes-

J

Proposition 2.2.1.2. We have the following properties of the free product completion, for a given
category A:

— IIA has small products;

— There is a codense full embedding 14 : A — ILA whose essential image is the subcategory
(TTA) coco Of co-connected objects;

— Moreover, the embedding A — I1A has a right adjoint if and only if A already had products;

— We have a full embedding ILA — [ A, S]°P whose essential image consists of all small products
of representable;

— For any category B with small products, we have an equivalence of categories
[Aa B] = [HAa B}H

(where [ILA, Bl is the category of functors preserving small products) sending any F : A — B
on its right Kan extension ran , , F' and any G : ILA — B on its restriction Gu4.

Proof. For the first item: the product in TLA of a family of families ((A7)c 1;)jes has as indexing
set the disjoint union HjeJ I; and whose member of index (j,7) is the object A(;;) = A;; the
projections are given for each j € J as the transformation

I .
W el
17 / A

: AG))Goe 11,
jeJ (3,1) /(3 )Gjle_[J j

where p; is the pointwise equality A(; ;) = Az .

For the second item, the embedding sends an object A of A to the one element family A: 1 — A
and a morphism f : A; — As to the natural transformation

1/;[\,4

\_/I

Ao

Now we prove objects in the image of this embedding are coconnected, which says that for a family
of families ((A7)ier,)jes, we have

WA [T (ADier, a(A)] = [T A[(ADier,1a(A)]

jed jeJ
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Indeed, any arrow Ijes(A7)ier, = ta(A) defines an arrow 1 — []
(4,1) with j € J and 4 € I;, and a natural transformation

jed I; pointing at some pair

(4,4)

R

AN
(Adier,
N

a5

11 A

j(A~)~
i (4,4))(3,0) € I;
jer” Bundane

which is nothing but an arrow f : A¢; ;) — A. But in such a case, as 1 is a connected object
in S, this arrow (j,4) : 1 — [[;c; I; factorizes through I; for some j € J, pointing the corre-
sponding ¢ € [}, and the natural transformation f factorizes through the componentwise identity
P Ay = Ag so we have an arrow (Az)ielj — 14(A) as desired. Conversely, any coconnected
object is of the form ¢4(A): indeed a family (4;);er : I — A is nothing but the product in IIA of
the family (1.4(A;))icr as the set I decomposes as the coproduct [[; 1 in §; and any family should
be indexed by a connected set to be a coconnected object in II.A, but 1 is the only connected set.
This also suffices to prove that any object is a product of objects in the range of ¢ 4.

Now suppose that A has products. Then for any family (A;);cr in ILA one can compute the
product in A, [],.; A;. Now for an object A in A, we have
IA[e4(A), (Ai)ier] = A[A, H A

iel

sending a family of arrows (A — A;)ic; to the universal map A — [],.;. The unit of this

adjunction is iso as ¢4 is full and faithful, while the counit is the transformation

ITA:

*

!T icl
E(Ai)ielﬂ

I

(Ai)ier

A

where €(4,),., as the projection p; : Hiel A; — A; has component in i. For the converse, it is
easy to see that any right adjoint of the embedding ¢4 sends a family on an object in A with the
universal property of the product.

Recall now that we denote as 3 : AP — [A,S] the contravariant Yoneda embedding; then
it factorizes through the embedding ITA — [A, S]°P sending a family (A;);es to the coproduct
[l;c; 3 4, and an arrow (o, (fj)jes) : (Ai)ier — (Bj)jes to the opposite of the induced map
between the corresponding coproducts in [A, S| as depicted below

da(j)
Faiy — 2 1134,
el
a~
Hfjl\ }<¢Ia(j)3fj>_7‘eJ
|
95 jeJ

Finally, for a functor U : A — B with B having products; we claim that the right Kan extensions
of U is pointwise and can be computed as

ran , U(A;)ier = H U(4;)
icl
Indeed for any (A;);cr the comma category (A;);cr | t.4 has a small initial I-indexed subcategory
consisting of the objects (i,14,) for ¢ € I, and this subcategory is discrete. Hence calculating the
pointwise right Kan extension reduces to calculating the product above. Moreover, as ¢4 is full
and faithful, restricting back this Kan extension along ¢4 gives back U, in fact up to equality in
this context. O

Proposition 2.2.1.3. The embedding A — IIA creates connected limits in A. Moreover, I1A is
complete if and only if A has connected limits.
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Proof. Let D be a connected category and F' : D — A; we prove that the singleton ¢ 4(lim F')
is the limit of ¢t 4 F in ILA. Consider a cone (agq, (fi)aecp : (Ai)icrtaF in IIA consisting for each
d € D of an arrow fq: Ay, — F(d) where ag : 1 — I points to some index; but as D is connected
and [ is a set, necessarily the a4 are all equal to the same index «, so that we actually have a cone
(fa: Aa = F(d))gep in A, inducing a unique arrow f : A, — lim F in A. This defines a unique
arrow (o, f) : (A;)ier — ta(lim F). By what precedes, it is also clear that any connected cone
that ¢ 4 sends to a limiting cone was already limiting.

Now, recall that a category is complete if and only if it has connected limits and products. But
ITA always has products, so we have to show that II.A has connected limits if and only if A does.
Let D be a connected category, and F' : D — I1A a functor, with Fy : I — A its component in d
and with transition morphism

Ig,

14

2

for each s : dj — dp in D. Then F defines an oplax cocone (Fy : I; — A)gep in Cat, defining

uniquely a functor
/ [ Fakase 4

where [ I is the category of elements of the functor I : D°? — S returning the indexing set
Iq: 14, — I, and the transition map I, for s : dy — do: it is indeed well known that the category
of elements is the oplax colimit in Cat, and we see here the I; as discrete categories. Now, as D
was small and each Iy was a set, the category [ I has a small set 7o ( [ I) of connected components.
In this context, one can describe the connected components as follows. In set, the colimit of the
diagram [ is the quotient
cc(l)eh[r)nld ~ H Ii/ ~p
deD

where (d, ) ~p (d',4") if there is a zigzag in D relating ¢ and i’: this exactly amounts to say that
(d,7) and (d',4) are in the same connected component of [ I, so we also have that the connected

components of [ I are exactly equivalence classes [(d, )], and

I/ ~p~mo( | I)
dELLdDO/

Now, if we restrict the induced functor (Fy)4ep along the inclusion of a connected component

I

l’l<dn’>1~J / A
Flea,in

[(d, )]~ -

we can compute the limit lim F[(d,i)]ND in A, and this limit is preserved by the inclusion functor
t4. So the desired limit of F' in IIA is the family

mdD%A

sending the connected component [(d, i)|~,, to the connected limit lim Fi(45)).. , and this actually
coincides with the product in ITA of the family (hm F[(d7i)]~D 11— A)[(d,i)]ND emno(f )"
O

2.2.2 Right multi-adjoints have left adjoint in the free product completion

Now we see that one can extend canonically a functor between two categories into a product-
preserving functor between their free product completion as stated below; we shall see that this
extension becomes in fact a global right adjoint, for the family of units form altogether an ordinary
arrow in the category of families.
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Proposition 2.2.2.1. Any functor U : A — B extends uniquely into a functor 11U, called its free
product extension, making the square below to commute up to equality

A—Y B

HA?U>HB

Proof. The functor IIU just is the right Kan extension ran ,,tgU, and is defined by sending a
famlly (Ai)iel to (U(Az))zel O]

The following proposition is tautological:
Proposition 2.2.2.2. A has a multi-initial family if and only if ILA has an initial object.

The following proposition is the core idea of [25][part 4], though we present here a quite different
proof.

Proposition 2.2.2.3. For a functor U : A — B, the following are equivalent:
1. U is a right multi-adjoint
2. U has a relative left adjoint along v
8. its free product extension IIU : 1IA — I1B is a right adjoint

Proof. Suppose that U is a right multi-adjoint, with I the set of local units 7, : B — U(A4,) and
wg : Ig — A its projection sending x to A,. Define a functor L : B — IIA sending an object B to
the family ng : Ig — A, and an arrow f : By — Bs to the transformation

Ip,

T W2

by
Ip,

where I; sends z to the index of the unit n;?ff : B — U(An,f) = ny;(2) and Ly has component
La,(ngf): A, — A, as provided in each z € Ip, by the factorization

31%32

] b

Observe that the local units of B define in particular a morphism of families

N

IBTB>A

corresponding to the family (n, : B — U(Ay))zer,. Now it is easy to see that this functor is a
relative left adjoint to U along ¢ 4, that is, that for any B in B and A in A we have

ILA[L(B),1a(A)] =~ B[B,U(A)]

Indeed, any arrow f : B — U(A) factorizes through a unique n, : B — U(A,), where x is the
index of the unit n;?, while La(f) : A — A provides a morphism in I1.4
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while any arrow (x,u) : L(B) — t4(A) can be pasted with the family of units

1 B B
o
wf £ ’

1

to return an arrow B — U(A), and one has to use the universal properties of the local units to see
that those processes are mutual inverses.

This functor L extends to IIB as follows: for a family (B;);crs, define L(B;);cr as the family

HIBi (Wﬂel A

i€l
sending (i, z) with ¢ € T and « € Ip, to the associated A,; for an arrow (a, f = (fi)icr) : (Bi)ier, —
(Bl)ie1,, that is a family (f; : By — Bj)ier,, each pair (i,z) € [[;¢;, Ip: defines uniquely some
Iia,p) (%) € IB,,, indexing the unit through which factorizes the composite n, fi : Boi)y — U(Az),
that is such that

Baiy — B;

nl(a-,f)(”l l"ﬁ

UAL @) )y (Ae)

Define then I(4 7y : [1;cp, IB; = [lics I, as sending (i, z) to this I(4, r)(z): the desired morphism
L(a, f) is
H I,

teh (B, )ier

A

I(a,f)/l\ qu
/<7r15e§>:€12

LI Iz,

i€ly

where Ly denotes the family (La,(n.f) : Ar,, — 1433)(1'),:)61_[1_612 I, In particular we have a

morphism
(B )iel
15 2 A

i€l
where 77 : [],c; I, — I is the projection sending (i,x) on i € I, m(p,),., : [1;c; IB, — A sends

(i,x) on A, and n has as components

(n(i’m) =Ny : BZ' — U(A ))(z z)e[1Is,

i€l

Then for any (A4;);es in IIA and (B;);cr in IIB we have an isomorphism
TA[L(Bi)ier, (4j)jes] = TB[(Bi)ier, (U(4;))je]

Indeed a morphism of family (o, f) : (Bi)icr — (U(Aj))jes, that is a family (f; : Bagy —
U(A;))jes, defines an application £ : J — [],.; Ip, sending i to the index of the local unit
Ne(iy = 77}41_1' : Bo(i) = Ag(i), and a morphism of families

HIBi

iel

|

J

Leagyje,(Fidjes
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where La,),.,(fj)jes consists of all right part in A of their factorization
(La; (f5) = Aeiy = Aj)jer

For the converse, use the same argument as for the proof of the first implication by pasting.

Now we prove that if U is such that IIU is right adjoint to a functor L, then U is multi-adjoint.
Observe that with this hypothesis, we have in particular for any B in B a unit 7, gy : (x, B) —
IIUL(*, B). So if Ip denote the indexing set of IIU L(x, B) and A; is the object in A corresponding
to the ith index of Ip in this family, then we have a cone (n; : B — U(A;))icrz- Using the
unit property of IIU L(x, B), this can be shown to be a cone of local units: for any A in A and
f: B — U(A), the unit property produces a factorization in IIB inducing a map iy : * — Ip
pointing at the index of the local unit 77;}, together with a transformation L4(f) returning the
image of f along the local left adjoint at A. O

2.3 Factorization aspects

As suggested by the definition of candidates in the notion of stability, orthogonality structures
are hidden in the notion of local adjunction. In the same vein, one could ask whether the stable
factorization of arrows toward U can be generalized to any arrow, that is, if the orthogonality
structure provided by the candidates on the left and the morphisms in the range of U on the
right can be completed into a factorization system. In the context studied in [31], this is possible
through a small object argument in the context of locally finitely presentable category. This step
is essential in general in the construction of spectra, and also takes place in the topos-theoretic
approach of [19], though it is mainly left implicit. The reference for this is [4], we mostly follow
there modulo some adaptations, and in combination with elements from [31].

2.3.1 Diagonally universal morphisms

Here we list the properties of the left-like maps induced by a local right adjoint U, and how
they are related to the local units; however in this section it is more practical to speak of stable
functor for they are directly defined through some kind of factorization condition of arrows into
the range of U, we want to generalize to arbitrary arrows in this section.

Definition 2.3.1.1. Let U : A — B a local right adjoint. A morphism n : B — C is said to
be diagonally universal if it is left orthogonal to morphisms in the range of U, that is, if for any
morphism u : Ay — As in A and any square as below, there exists a unique filler d : C' — U(A;)
making both the upper and lower triangles to commute

B 1 U4y

nl P e |

C —— U(A)
As a left class in an orthogonality structure, diagonally universal morphisms enjoy the following
properties, which are standard and then do not need proofs here.
Proposition 2.3.1.2. We have the following:
— diagonally universal morphisms are stable under composition and contain isomorphisms

— ifn: B — C is diagonally universal and m : C — D is such that mn is diagonally universal,
then m s also diagonally universal. In particular, diagonally universal morphisms are stable
under retracts.

— diagonally universal morphisms are stable under pushout along arbitrary morphisms

— diagonally universal morphisms are stable under colimits and retracts in the arrow category
82

Remark 2.3.1.3. Beware that without further assumption, a diagonally universal morphism with
codomain in the range of U, that is of the form n : B — U(A), needs not be a candidate, as the
filler needs not arise from a morphism in A. The condition ensuring this is the following:
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Definition 2.3.1.4. A functor U : A — B is said to be relatively full and faithful if for any triangle
as below

! U(Ay)
2)

U(Ar)
U(h A
U(A)

then f comes uniquely from some u : A; — As such that U(u) = f.

Proposition 2.3.1.5. For any u : Ay — As, U(u) is diagonally universal if and only if U(u) is
an isomorphism. If moreover U is relatively full and faithful, then U(u) is diagonally universal if
and only if u is an isomorphism.

Proof. The unique filler of the square

U(A1) == U(41)
U(u)l //d’/Z lU(u)
U(Az) == U(42)

is both a right and left inverse to U(u); and if moreover U is relatively full and faithful, it comes
from a unique morphism d = U(v) which is both a section of u from the lower triangle, but it is
also a retraction because there is a unique morphism in A lifting U(u) in the upper triangle, and
this must be . O

Proposition 2.3.1.6. A morphism n: B — U(A) is diagonally universal if and only if UsL s(n)
18 an isomorphism.

Proof. The unique lifter d in the following square
nA
B —— U(4,)
>
n //d/ J/UALA(”L)

U(A)

U(A)

is a section of UaL 4(n). This provides also a filler of the square

A
B —"" 5 U(A,)
P
"’I;?J dUALA(n) J{UALA('”)
-
U(An)m)U(A)

But 1ya) = U(1a) is the only filler of the square because 7];? is a candidate. So d is also a
retraction of Uy L 4, which is hence an isomorphism. Conversely, if Uy L 4(n) has an inverse, then
one can use the candidate property at 17}4 to get a filler in any square with a morphism in the range
of U on the right. O

Remark 2.3.1.7. Beware that U needs not be conservative, so that the inverse of Uy L 4(n) needs
not come from a morphism in .4 making L4(n) an isomorphism itself, so that the remark above
does not say that n ~ n4 in B | U; in particular n : B — U(A) may be diagonally universal without
being a candidate. However, in the case where U is relatively full and faithful, the filler we had
above must come from a unique morphism d = U(v) which must satisfy the same commutations,
hence providing an inverse of L4(n): thence the following corollary.

Corollary 2.3.1.8. Suppose that U is relatively full and faithful; then for a morphism n : B —
U(A) with codomain in the range of U, the following are equivalent:

— n s diagonally universal
— n is a candidate

— La(n) is an isomorphism
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2.3.1.9. Denote as Diag the class of diagonally universal morphisms; this is the left orthogonal
LU(A?). Hence we end with an orthogonality structure (Diag, DiagJ‘) where Diag™ is the double-
orthogonal (‘U (A?))*. Arrows in Diag™ lie now out of the essential image of U and may have
arbitrary domain and codomain. However, we have the following fullness property of the essential
image of U relatively to Diag™:

Proposition 2.3.1.10. Let u : U(A;) — U(Ay) be an arrow in Diagh. Then u ~ U(La,(u)) in
B/U(A2) and n22 is an isomorphism. In particular u is an arrow in the essential image of U.

Proof. Indeed, u is right orthogonal to the local unit in its stable factorization, so there exists a
unique w as below

U(A) == U(41)

Ag w /{ u
T l - l
U(Au) U(Lag () U(42)

which is both diagonally universal by left cancellation, and in Diag™ by right cancellation, and is
hence an isomorphism. In particular n;f? is an iso, being section of an iso. O

2.3.2 Diagonal axiomatizability

Now, we explain how, in a suitable context, the stable factorization of morphisms towards U
extends to a factorization system in B, where the diagonally universal morphisms form the left
class. To do so, we are going to adapt [4] version of the small object argument in the context of
locally presentable categories.

2.3.2.1. In the following we suppose that B is a locally finitely presentable category and U : A — B
is a local right adjoint. Then denote D the class of diagonally universal morphisms between
finitely presented objects. This coincides with the intersection of the class of diagonally universal
morphisms and the class of finitely presented morphisms, that is, D = Diag N B2. We are going
to use D to left-generate a factorization system, which will enjoy some degree of accessibility.

Proposition 2.3.2.2. The class D has the following properties:

— D is closed under composition and contains isomorphisms between finitely presented objects

D is left cancellative

— D is closed under pushouts along arbitrary finitely presented morphisms

D is closed under finite colimit in the arrow category B>

Any filtered colimit in B? of morphisms in D is diagonally universal.

Proof. The two first propositions are obvious. The third is an easy consequence of the universal
property of the pushout. The fourth comes from the fact that B2 is itself closed under finite colimits
in B? because B, is so in B and colimits in the arrow category are sent to colimit by domain and
codomain functors, while Diag is also closed under colimit as a left class in an orthogonality
structure. This last argument also proves the last item. O

2.3.2.3. Now we invoke proposition 1.1.3.2 to construct a factorization system (Ind(D),D+). In
our context, we can use the small class D of finitely presented diagonally universal morphisms as
the desired saturated class through which we can generate a factorization system in B. In partic-
ular we know that the factorization above is orthogonal, that is, Ind(D) =+ (D1).

Recall that B? also is locally finitely presentable, with B2 as generator of finitely presented
objects. We have now a functor preserving finite colimits

D3 B2

which extends into pair of adjoint functors

*
tp

B < . Ind(D)

Y~

LD«
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where Ind(D) itself is locally finitely presentable. This gives rise to an idempotent comonad, one
could see as returning the left part of a factorization system. In fact, the adjunction ¢}, - tp.,
defines a morphism of locally finitely presentable categories, for the left adjoint ¢}, restricts to
finitely presented objects, as morphisms in D are in particular finitely presented in 32.

It is well known that a left adjoint between locally finitely presented categories sends finitely
presented object to finitely presented objects if and only if its right adjoint preserves filtered
colimits. In our case, this says that the functor ¢p,, which returns the left part of the factorization,
preserves filtered colimits. This means that for any filtered diagram f_y : [ — B? of arrows
fi : Bi — B! in B2, the left part of the filtered colimit is the filtered colimit of the left parts

leolim f, =~ colim [y,
ng;n fi Vel fi

In particular, if we apply this to the canonical diagram of an arrow f ~ colim B2 | f, we have

l¢ ~ colim [
T s "

where the colimit is indexed by all the (k,a,a’) in B2 | f. Hence this proves that arrows of the
form I, for k € K form a generator in Ind(D).

Moreover, objects in Ind(D) are then models of a finite limit theory, which motivates the
following definition:

Definition 2.3.2.4. For a local right adjoint U, a diagonally universal morphism is said to be
aziomatisable if it lies in Ind(D).

Remark 2.3.2.5. Hence we have for any local right adjoint U a factorization system (Ind(D), D).
Observe however that in general one cannot force arbitrary diagonally universal morphisms to be
decomposable as a filtered colimit of morphisms in D. That is, we only have Ind(D) C Diag (and
hence DiagL C Ind(D)1) in the general case. For this reason, with the inclusion of right class a
morphism between orthogonality structures, the factorization system (Ind(D),Ind(D)") is the free
left generated factorization system associated to the orthogonality structure (Diag, Diagl).

Observe that in the general case, the local units under a given object may not be obtained as
filtered colimits of finitely presented diagonally universal morphisms under them. If one successively
take the stable factorization and the (Ind(D), D+)-factorization

B—1 U

colim n
DBin? J{ n}q\ TU(LA(f))

colim C' —— U(Ay)
'DBUI}4 K

then uy = U(LA(f))un;; is in Ind(D)* by uniqueness of the factorization because Diag’ C
Ind(D)+, so that the right part of 773?1 is also the right part of f, but this only says that the functor

Dplnf —»Dplf

is cofinal since it induces the same colimit, without ensuring equality between the local unit and
the left part. Remark also that Upa is in Diag N Ind(D)~+, which however does not force it however

to be an isomorphism.

Moreover, this situation cannot even be improved in the case of a right multi-adjoint, where
the local units under a given object form a small set. This is why, in all generality, we have to
impose explicitly the condition that local units be filtered colimits of finitely presented diagonally
universal morphisms above them amongst conditions isolated by Diers to enable the construction
of a spectra from a right multi-adjoint.

Definition 2.3.2.6. For a local right adjoint functor U we will say that:

— U is diagonally axiomatisable if we have Diag = Ind(D), that is, if any diagonally universal
morphism is axiomatisable;
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— U satisfies Diers condition if for any B and any f : B — U(A), the local unit 773?1 is in Ind(D),
that is, if at least local units are axiomatisable.

Remark 2.3.2.7. Diers condition implies in particular that the stable factorization of an arrow f
through its local unit coincides with the (Ety, Locy )-factorization of f. This is a strictly weaker
condition than being diagonally axiomatisable as it does not require any diagonally universal
morphism to be axiomatisable.

In [31] were isolated conditions enabling the construction of a point-set notion of spectrum. We
sum up those conditions under the following notion:

Definition 2.3.2.8. Define a Diers context as the data of
— a locally finitely presentable category B

— a right multi-adjoint functor U : A — B with B

— satisfying Diers condition: any local unit is the filtered colimit of all the diagonally universal
morphisms of finite presentation above it.

In some situations we can produce local right adjoints with the desired property if we start
from a left generated factorization system and a class of objects enjoying an adequate “gliding”
condition:

Definition 2.3.2.9. Take a functor U : A — B and R a class of maps in B. We say that U lifts
R maps if for any A in A and any r : B — U(A), there exists v : Ag — A and an isomorphism
a: U(Ap) ~ B such that ra = U(u).

2.3.2.10. Let V be a saturated class in a locally finitely presentable category B and (£, R) the
associated left generated system, with £ = Ind(V) and R = V*. Now suppose that Uy : Ag — B
is a functor lifting R-maps. Then define ¢g : A < Ag as the wide subcategory whose arrows are
those whose image under Uy is in R and U as the restriction U = Upyeg.

Proposition 2.3.2.11. Suppose that Uy is relatively full and faithful; then the induced functor
U : A — B is stable and diagonally axiomatisable.

Proof. For any f: B — U(A), consider the axiomatisable factorization

B— Uy

\/

where [y is obtained as the filtered colimit [y = colimDp | f in B | B. For Uy lifts along R-maps,
there exists uy : Ay — A in A sent by U to ry, and moreover, this morphism is essentially unique
in A as Up is relatively full and faithful. But then [; is the local unit of U, or equivalently, is a
candidate for U for it is diagonally universal with its image in the range of U by corollary 2.3.1.8. O

There is also a converse property:

Proposition 2.3.2.12. Let U : A — B a diagonally axiomatizable right multi-adjoint: then U
lifts its local maps.

Proof. For any local map of the form r : C — U(A), any precomposition with a diagonally universal
morphism with codomain C' as below

B —-U(A)

must also coincide up to iso with its own factorization, for in the square below

A
B 'y U(An)

zi JULA(TZ)

C —— U(A)

we have both a diagonal C — U(A4,;) induced from the fact that ! is diagonally universal, and a
diagonal U(A,;) — C from the fact that 4 is diagonally universal and r is a local map, hence
is in Diag™® by diagonal axiomatizability. It is easy to see that those maps are mutual inverse.
Applying the result before with | = 1¢, we get an isomorphism n2 : C' ~ U(A,), and we have
r=ULa(r)n. O

66



2.3. FACTORIZATION ASPECTS

2.3.3 Stable functor from a factorization system
A typical example of non full multireflection is the following as pointed out in [93]:

Proposition 2.3.3.1. For any unique factorization system (L, R), the inclusion R — B is a local
right adjoint. If moreover (L, R) is left-generated, then R < B is right multi-adjoint.

Conversely any stable functor (resp. right multi-adjoint) which is surjective on objects and
faithful is of this form.

Proof. If we have a factorization system, any morphism f : B — tg(A) factorizes uniquely as
tr(r)l and [ is orthogonal to any morphism in R so we can see it as the desired candidate.

If U : A — B is stable, faithful and surjective on objects, any object is some U(A) and any
f: B — U(A) factorizes through a candidate which is left orthogonal to the morphisms in the
range of U, hence the class of candidates constitutes the left part and the morphisms in U(A2) the
right part. O

The following terminology was suggested by Anel, and was also identified in [31][part 4] amongst
condition to produce a spectral construction:

Definition 2.3.3.2. Let R be a class of maps in a category and A a class of objects. We say that
A has the glidding property relatively to R if for any arrow [ : B — A in R with A an object of A,
then B must also be in A.

Theorem 2.3.3.3. Let B be a category equipped with a factorization system (L,R) and A be a
class of objects of B with the gliding condition relative to R. Then the inclusion AT — B of A
objects equipped with arrows of R between them defines a relatively full and faithful stable functor.

Proof. This follows from the previous proposition: for any B in B and any arrow f : B — A with
A an object in A, as there exists a unique factorization f = uyny with ny in £ and uy in R, then
Ay is also an object in A; this factorization is initial amongst those through a morphism in R on
the right. Moreover ny is a morphism in £ with an objects in A as codomain, and such arrows are
exactly the candidates for the inclusion as for any square with Ag, A1, As objects in A, we have
the diagonalization

B —— Al

P

A()*/}Ag

But recall that R is left-cancellative as any right class, so that u must itself be in R. Hence in
the factorization above ny is a candidate and the inclusion is stable; left-cancellativity of R also
enforces that this inclusion is relatively full and faithful. O
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Chapter 3

Geometries and their avatars

This chapter is devoted to the notion of geometry, which is the seed a spectrum grows up from.
This notion encapsulates in an algebraic manner the spatial content of the spectral construction,
which is just a way to deploy it in an universal way.

In fact there are several, closely related (yet not exactly equivalent) notions that could be quali-
fied as geometries, isolated separately by the few different sources: they are listed and compared in
the second section of this chapter. we shall in particular emphasize here the version that originates
in [17] “admissibility”, though the exact definition we shall use is from [19].

In section 3, we describe the interplay between the logical, algebraic, factorization and topo-
logical phenomenology encoded in a geometry. In particular we describe the different roles of the
factorization data and the local data, emphasizing successively how they can be interpreted from
a topological intuition thanks to the notion of focal spaces, or how they provide an instance of
multi-adjunction as defined in the previous chapter.

For this latter aspect, it is enlightening to think of geometries as situations of multi-adjunction:
we shall see later how the spectrum can be used to “fix” those multi-adjunctions into global ad-
junctions. The first section of this chapter gives the ambient philosophy under which this approach
makes sense. We prove also how geometries induce accessible multireflection at theorem 3.3.1.12,
and how this generalizes to categories of models in arbitrary Grothendieck topoi at theorem 3.3.3.6
- which encapsulate the universality of the admissible factorization.

Finally a last section will be devoted to the notion of transformation of geometries and to a
global 2-categories of geometries, relatively to which the construction of the spectrum will prove
to be 2-functorial.

3.1 The Yoga of Gabriel-Ulmer and the problem of the free object

This first section contains very standard facts about finite limit theories and locally finitely
presentable categories. Its purpose is to recall all the equivalent ways to describe a finite limit
theory, and how one can toggle between the logical, functorial and toposic ways of seeing models.
We emphasize the way the data of a finite limit theory, its syntactic category, its classifying topos
and its class of set valued models are mutually determined by giving as much as possible of the
involved equivalence of categories, for we shall need to have in mind those translations to make
more intuitive the rest of this work.

3.1.1 Finite limit theory and finitely presentable categories

While all the well known examples of the spectral construction are defined relatively to al-
gebraic categories, which are the object of interest of universal algebra and are axiomatized by
Lawvere theories, those latter are not the most suited notion to proceed for our purpose. Indeed,
when working with topoi as we are going to do, it is more natural to consider locally finitely pre-
sentable categories and their syntactic counterparts, the finite limit theories. The reason is that
each Grothendieck topos admits a standard presentation, exhibiting it as a category of sheaves
over a small site with finite limits, and that the extensions theorem as Diaconescu are formulated
relatively to finite limits. In the following, we call functors preserving finite limits lex functors and
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denote as Lex the 2-category of small categories with finite limits, lex functors between them, and
natural transformations between lex functors; for concision we also call small categories with finite
limits lex categories. For a lex category C and a Grothendieck topos £ we denote as Lex|C, £] the
category of lex functors and natural transformations between them. We also denote as S the topos
of sets.

3.1.1.1. In the following we fix a first order language £. For a theory T in £, a sequent is said to
be T-provable if it can be deduced from the axioms of T and the structural rules of first order logic,
and we denote as 1 the relation of T-provability. The relation of T-equivalence is the equivalence
relation 1 on formulas in £ defined as

¢(@) A P(T) if ¢(T) Fr $(T), (T) Fr o(T)
Its classes are denoted as [¢(T)]r.

We recall that a finite limit theory in L is a first order theory in £ whose sequents consist
of cartesian formulas, that are formulas built from atomic formulas with finite conjunctions and
existentials with proof of uniqueness. A T-provably functional formula in L is a formula 0[Z,7]
such that the following sequents are T-provable:

— ¢(@) Fr 3y0(7,7)

- 0@ NZT) Y=Y
A provably functional formula 6[Z, 7] should be thought as a statement of equality exhibiting 7 as a
function of Z. The first condition says that the image of this function should satisfy the codomain
formula; the second says that this function is defined over witnesses of the domain formula, and

the third is the condition of functionality, ensuring that an object has a unique image through this
function.

3.1.1.2. To any first order theory T we can associate a category Cr, the syntactic category of T ,
whose

— objects are formulas in context {Z, ¢} in the language of T

— morphisms {Z, ¢} — {7, 1} are equivalence classes [0(Z,7)]r for the relation of T-provability
of functional formulas.

If T is cartesian then Cr is a small category with finite limits. Conversely, any lex category C is
the Cr of some cartesian theory T. However in the following we shall not need to explicitly give
a syntactic presentation of the finite limit theory associated to a lex category, so we do not recall
the process here.

A set-valued model of T is a lex functor F' : Cr — S. The intuition behind this definition is
that such a functor associates to any formula in context its set of witnesses in the corresponding
model

F{z,0}) ={ac F| F = ¢(@)}

and to any morphism of the syntactic category, the application

Pz ) " P, v}

associating to each @ in F({Z, #}) the unique b in F({7,v}) such that F |= 6[a, b].

A morphism of L-structures between T-models F, G is a natural transformation F' = G in
Lex|Cr,S]. Set-valued T-models and morphisms of L-structures between them form a category
Lex[Cr, S] which we denote as T[S].

3.1.1.3. Now we turn to the general properties of the categories of set-valued models of finite limit
theories. A locally finitely presentable category B is a category with:

— filtered colimits

— small limits
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— asmall generator B, of finitely presented objects such that any object B is the filtered colimit
of B, | B

In particular any locally finitely presentable category also has small colimits. Moreover, the full
subcategory B,, of finitely presented objects is closed in B under finite colimits, and the inclusion
B, — B exhibits B as the inductive completion

B ~ Ind(B,)

where Ind(B,,) is the full subcategory of [B°P,S] consisting of functors that are filtered limits of
representables.

A morphism of locally finitely presentable categories is a functor F' : By — By preserving filtered
colimits and small limits. It can be shown by variation of Freyd adjoint functor theorem that any
such functor has a left adjoint F'* sending finitely presented objects of By to finitely presented
objects of By. We denote as LFP the 2-category of locally finitely presentable categories, with
natural modifications between locally finitely presentable categories as 2-cells.

3.1.1.4. Locally finitely presentable categories are exactly the categories of models of Cartesian
theories; this is the content of Gabriel-Ulmer duality:

Lex? ~ LFP
C=Cr — Lex|[C,S]
BY» <« B

where the left to right process associates to any locally finitely presentable category the lex category
made of the opposite category of the small subcategory of finitely presented objects. Objects of the
small generator of finitely presented objects in Lex[Cr, S| are the corepresentable functors, which
we denote as I (7 43 = Cr[{7, ¢}, —]. Moreover, for any object B in B, the restriction to B,, of the
corresponding representable functor & p = B[—, B] defines a lex functor

Ber 25 s
This defines an equivalence of category B ~ Lex[B°P, S].

3.1.1.5. For a language £ and any string of variables T, we can construct the free L-structure (T)
consisting of all terms in £ over the variables T. For a finite limit theory T, this can be completed
into the free model of T by forcing the equality of terms that are T-provable in T, and we denote
it as (T)r.

For a formula in context {Z, ¢} in Cr, the corresponding finitely presented set-valued models of
T can be seen as the quotient (Z)1/¢(T). We denote this finitely presented model as K, and seen
as an object of Lex[Cr, S], K coincides with the corepresentable functor 3 (z 4}

Because any lex category is the syntactic category of a finite limit theory, Gabriel-Ulmer duality
says that any locally finitely presentable B category is the category of models of a finite limit theory
T such that T[S] ~ Lex|Cr,S]. Then it can be shown that any finitely presented model K in B
is uniquely determined by a presentation formula {Z,¢} with ¢ a formula in the language of
T, exhibiting K as (Z)1/¢(Z). Similarly, any map of finite presentation f : K — K’ such that
K = (Z)r/¢(T) and K" = (g)1/1(7) can be presented by a formula 0 (y, T) encoding the expression
of the image by f of the generators of K in terms of the generators of K': that is, if T = x1, ..., x,
one has f(x;) = 7;[y] for ¢ = 1,...,n, then 6y can be chosen as the formula

0r@.7) < N =l

1=1,...,n

This correspondence is part of an equivalence of categories
op
Cr ~ Bw

In the following we shall denote Ky = (T)/¢ the finitely presented model presented by the formula
¢ and fy the finitely presented arrow presented by 6.
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Because K, corresponds to the representable functor J:?E«b} in B ~ Lex[C S], the Yoneda
lemma tells us that any arrow K4 — B in B is the name of some witness in B of the formula ¢(7):

B[Ky, Bl ~ B({7,¢}) = {a e B| B ¢@)}

In the following, if @ is a witness in B of some ¢(7), then we denote as "a” : K, — B the
corresponding arrow in B.

3.1.1.6. As well as we considered set-valued models of a finite limit theory T, we can also consider
models in arbitrary Grothendieck topoi: those are the lex functors

T[€] =~ Lex|[Cr, £]

with natural transformations between them. In the case of finite limit theories, a T-model in a
sheaf topos £ ~ Sh(C, J) is the same as a sheaf of T-models over (C,J). Indeed, if F': Cr — € is
a T-model, then not only for each {Z, ¢} we have a sheaf F({Z, ¢}) over (C,J), sending an object
¢ to a set F({Z, ¢})(c), but for any c in C, we have functor

e FAY s

sending any {Z, ¢} to F({Z, ¢})(c), and this functor is lex: indeed evaluation at an object preserves
(finite) limits, because limits are computed pointwisely in categories of functors. Hence F(—)(c)
is a set-valued model of T.

3.1.1.7. Now we turn to the classifying topos for T. For a category C, we denote as C the presheaf
topos [C°P, S]. For any Grothendieck topos £, we have an equivalence of categories

~

Geom|€,C] ~ Lex|[C, &]

sending any lex functor F' : C — & to its Yoneda extension, that is, the left Kan extension along
the Yoneda embedding

c—rF ¢
C

where the canonical transformation F' = lan , F'& is invertible for X being full and faithful.

Moreover the functor lan , F' is left adjoint to the functor F, : & — C. Moreover lan +F is
still lex, hence it defines a geometric morphism lan y F' 4 F,. In the following we shall denote
F* =lan , F. The functoriality of this process is ensured by the universal property of the left Kan
extension. Conversely any geometric morphism F* - F, induces a lex functor F* X : C — &.

Hence in particular for any finite limit theory T, we have an equivalence of categories T[E] ~
Geom|€, Cr]. For this reason, we call the presheaf topos Cr the classifying topos of T and denote
it S[T]. In particular the set-valued models of T are the points of the classifying topos S[T|, that
is

T[S] ~ Ind(C;”) ~ Lex[Cr, S] ~ Geom][S, Cr]

If one starts with a locally finitely presentable category B, this gives the following equivalence
of categories

B ~Ind(B,) ~ Lex[BP,S] ~ Geom|S, @]

3.1.1.8. We also have the following fact for finite limit theories: if a Grothendieck topos & is
equivalent to the sheaf topos Sh(C, .J), then T-models in £ are exactly sheaves of set-valued T-
models over (C,.J), that are functors F : C°P — T[S] such that for any covering family (s; : ¢; —
¢)ier in J the restrictions maps of F' at the s; exhibits F'(¢) as a limit in T[S]

F(c) ~ lim (11 Fle) = 11;[] Fle; xe cj)>

This comes from the fact that evaluation at an object preserves limits, hence in particular finite
limits.

3.1.1.9. To sum up, the following notions are equivalent:
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— a finite limit theory

— a lex category

— a topos of presheaves over a lex category
— a locally finitely presentable category

In the following we shall fix once for all a finite limit theory T, and denote as B the associated
category of set-valued models, and S[T] its classifying topos.

Observe that, from what was said, a finite limit theory can be recovered (up to Morita equiv-
alence) from its categories of models in S: this is a situation where we have “enough set-valued
models”, in the sense that the points of the classifying topos are jointly conservative. In some
sense, finite limit theories are determined by their semantics in sets.

3.1.1.10. While the notion of free object is very well known in the context of algebraic categories,
locally finitely presentable categories also have a notion of free object. For a finite limit theory T,
a finite limit extension T’ of T is a finite limit theory in the same language £ and whose axioms
contain the axioms of T. Then models of T” are in particular models of T and it can be checked that
the inclusion functor vy : T'[S] < T[S] is a morphism of locally finitely presentable categories:
hence it admits a left adjoint ¢1 7/, assigning to each T-model B a T'-model v} 1, (B) which we can
see as the free T'-model under B. However, for an arbitrary extension of T that is not a finite
limit theory, it is no longer true that such a free construction exists in S. As we shall see, spectra
will provide a way to fix this.

3.1.2 Geometric extensions of finite limit theories and failure of the free construction

In this section, we introduce what will play the role of the local data as announced in the
introduction. The previous section was devoted to “well behaved” theories. In this section we give
generalities about the more general class of theories whose models will be used as local objects in
the context of spectra.

Recall that a site is a (small, unless explicitly stated) category equiped with a Grothendieck
topology; it is qualified as lex site if the underlying category is lex, and standard site if it is lex
and the topology on it is subcanonical.

3.1.2.1. For a Grothendieck topology J on a category C and a Grothendieck topos &, a functor
F :C — & is said to be J-continuous if for any J-covering family (u; : ¢; — ¢);er, the induced

arrow

HF(Ci) Fi)yier, F(c)

iel
is an epimorphism.

As well as the Yoneda extension of a lex functor produced the inverse image part of a geometric
morphism in the context of presheaf topoi, lex continuous functors also enjoy an extension property,
as stated the first time in [36][Proposition 4.9.4]: for a lex site (C,J) and a Grothendieck topos &,
we have an equivalence of categories

Lex;[C,&] ~ Geoml[E, Sh(C, J)]

where Lex;[C,E] denotes the category of lex J-continuous functors. Indeed it can be shown
that a geometric morphism F : £ — C factorizes through Sh(C, J) if and only if the restriction
F*Xx : C — & is J-continuous. Hence, even when the induced functor a; & : C — Sh(C,J) is
not full and faithful, any J-continuous lex functor coincides with the restriction of its extension
along ay &. When J is subcanonical, a; is full and faithful and this becomes true for any functor.
In particular, we have points of Sh(C,J), which are the geometric functors S — Sh(C, J), are
obtained as
Lex;[C,S] ~ Geom[S, Sh(C, J)]

3.1.2.2. A geometric theory is a theory whose sequents involve formulas built from atomic formu-
las using finite A, arbitrary 3 and small \/. Beware that the existentials are no longer supposed to
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have a proof of uniqueness, and the disjunction may be infinite as long as they are indexed by a set.

For a geometric theory T, the finite limit part of T is the finite limit Ty theory made of all
the sequents of T involving formulas containing only conjunctions and existentials with proof of
uniqueness. Conversely, for T a finite limit theory, a geometric extension of T is a geometric theory
T whose finite limit part is T.

Suppose we have a geometric extension T — T’. Then T’ can be shown to be built from T by
adding sequents of the form
o(@) = \/ 37 (@) A 0 (T, )
iel

with each 0;(7y,,T) T-provably functional from 1 (7,) to ¢(T).

Then on the lex site Cr, one can define a topology Jp- whose covering families consist of the
corresponding families
_ 0:(¥;,@)r

( {yzvdjl} {I,¢} )iEI

Then a model of TV in a Grothendieck topos £ is a lex functor F : Ct — S which is moreover
Jr-continuous. In particular, this is a lex functor: this means that we have a full inclusion of
categories

T'[S] < T[S]

It will be relevant in the following to characterize models of T amongst models of T. The condition
of being a model of the geometric extension can be reexpressed by an injectivity condition. Observe
that, if B is the locally finitely presentable category T[S], those families correspond in B2P to
families of cone (fg, : Ky — Ky, )icr under the corresponding finitely presented objects. By abuse
of notation, we also call J the data of all the families (fy,)icr in B.

3.1.2.3. For a family J of cones (k; : K — K;);cr in B, a J-local object (or also J-injective) is
an object A such that for any cone (k; : K — K;)ier in J and any arrow a : K — A, a admits a
factorization through some of the k;

-

K——2% A
ki ] A7
/ \ e
K, K;

Then for a geometric extension T’ of a finite limit theory T, T’-models are exactly the Jy/-local
objects. Indeed, in T[S] = Lex|Cr, S], we have T[S](Ky, I') ~ Lex[3 (7 4}, F] which is F'({Z, ¢})
by the Yoneda lemma, hence requiring that Jp-local object exactly amounts to say that for any
covering family as above we have a surjection

11 F ({7, o)) ~ZDIONer, gz o))

iel

3.1.2.4. Syntactically, this should be understood as follows: for any covering (fp, : Ky — Ky, )icr,
an arrow g : Ky — B just defines some b € B such that B = ¢(b), so as it is a model of Ty,
there is some i € I and a b; € B such that B = 1;(b;) and B |= 6;(b;,b)). Hence we have the
factorization through the name of this witness of 1);:

g:rgﬂ
K¢ —— B
P

fgil ol

=T
Ky,

In the other direction, from the equivalence between arrows from finitely presented objects and

names of witnesses of their presentation formula in the codomain, it is clear that local objects are

models of the geometric extension T .

In particular, we have that set-valued models of T’ are the points of the sheaf topos Sh(Cr, Jy-).
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Conversely, any Grothendieck topology J on Crg corresponds to a geometric extension of T
whose axioms mirror covering of finitely presented objects:

1 =Teu{o@) - VI no o}

el {z,¢}eCy
exhibiting covers as disjunctions of cases for witnesses of domain formulas.

3.1.2.5. Again we can generalize the notion of model of a geometric extension T’ for arbitrary
Grothendieck topoi: for a Grothendieck topos £, a T model in £ is a lex Jy/-continuous functor
Ct — &, while a morphism of T'-models in £ is a natural transformation. Beware that, contrar-
ily to models of finite limit theories, models of arbitrary geometric theories in a topos of sheaves
Sh(C, J) need not be sheaves of set-valued models over (C,J). In fact, they are in particular
sheaves of set-valued models of their finite limit part, but the additional geometric axioms cannot
be enforced objectwisely. However, this can be tested at points: for a point of a topos p: S — &
and E in T'[£], the composite p*E* : Ct — S is Jp-continuous, hence the stalk Fp is in T’[S].

We have
T'[£] = Lex ., [Cr,&] ~ Geom[€, Sh(Cr, J1v)]

where the last equivalence follows from Diaconescu. Moreover, this equivalence is natural in the
sense that for any geometric morphism f : £ — F, post-composition with f induces a functor

T'[F] L T'[e)

and the same is true for 2-cell of GTop. This exhibits Sh(Cr, J1v) as a representing object for the
indexed category

GTop®? w Cat

For this reason the sheaf topos Sh(Cr, Jy) is called the classifying topos of T’ and denoted S[T’].

In particular we have a subtopos S[T’] < S[T] from the inclusion
Sh(C’ﬂ‘, JT/) — a

and for any topos &, the 2-functor Geom|[€, —] sends this geometric inclusion inclusion into the full
inclusion of the categories of models T'[E] < T[&]. It is well known that for a geometric extension
T — T’ the inclusion of set-valued models T’[S] < T[S] preserves finitely filtered colimits, see for
instance [74] or [63].

3.1.2.6. To conclude these prerequisites, observe that the latter inclusion of categories has no
longer a left adjoint, contrarily to what we had for extension of finite limit theories. This means
that a geometric extension does not enjoy a free construction. Finally, observe also that the
inclusion above was full, and in general, it is not possible to axiomatize a non-full subcategory of
a category of model of a finite limit theory by a geometric extension. However, our situations of
interest will precisely involve both a geometric extension and a choice of maps from a factorization
system related by some condition. The next section is devoted to the factorization aspects.

3.2 Geometries

In this section we discuss the relations between the different possible ways to axiomatize the
situations producing a notion of spectrum, as they were investigated separately in our main sources
[17, 19, 31, 93, 48, 4, 67, 33]. As most of the geometric intuition is already contained in one form
or another in each of those axiomatizations, they are in themselves the core of the construction of
spectra, which only deploy the geometric information they encode. As we are going to see, these
contexts should be classified in three groups:

— [17, 19, 4, 48, 67], which are essentially equivalent and condense in the notion of geometry,
differing mostly in the level at which they describe the construction (logical, toposical, ge-
ometric), and which depends on the choice of a left-generated factorization system and a
Grothendieck topology on a lex category.

— [31, 93] which is more divergent and more “point-set”, though taking the form of a purer
categorical condition of right multiadjunction into a locally finitely presentable category
satisfying an additional condition.
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— [33] which relies on the notion of etale class, and which is less dependent on semantics and
actually extends to more general situations.

The central condition that enables the construction of the spectrum is a relation entangling
factorization and geometric extension. It can be presented in several equivalent ways.

3.2.1 How should geometries be defined ?

The core notion of this chapter, and the one which we later on use in Chapters 5, 6 and 7, is

the following. It has been variously called admissibility triples in [19] and geometry in [67] (in the
context of co-categories, and with geometric conventions); we shall retain this latter name for its
evocative virtue, but the following definition is actually exactly [19][Definition 3.4.2]:

Definition 3.2.1.1. A geometry is the data of
— a finite limit theory T
— a saturated class V in T[S]
— a Grothendieck pretopology J on Ctp whose covers are made duals of maps in V.

Remark 3.2.1.2. This definition is very close to [67][Definition 1.2.5] and is indeed essentially
equivalent in practice, but a few comments should be done here:

— rather than speaking of a finite limit theory T, [67] takes a small lex ((c0,1)-)category: besides
it require explicit assumption of Cauchy-completeness because of the wild nature of splittings
of idempotents in (co,1)-categories - which would automatically simplifies for 1-categories -
the idea of working directly with a lex category allows a treatment that is more independent
of the syntactic details of T: this is more akin to the notion of Coste-equivalence classes of
geometries as we are going to define them later on at definition 3.4.1.5.

— [67] considers not exactly a saturated class, but only a class of maps (he calls admissible) in
the lex category that behave mostly like maps of V°P do in Cr apart they are only supposed
to be closed under composition, left-cancellation, pullback and retract; in our definition,
this later condition is an automatic consequence of our assumption that saturated classes
are closed under finite colimits in their ambient arrow category. This distinction is actually
irrelevant, because what actually mater is the left-generated factorization system associated
to this class of maps, and we saw that any class of maps could be closed under this condition
without changing the corresponding factorization system.

— in the same vein, [67] refers to a Grothendieck topology generated in the class of maps: we
discuss below why this does not change anything in practice.

Remark 3.2.1.3. In fact we could define also a topology as a triple (T, V, J) with J a Grothendieck
topology which is generated by dual maps of V. We cannot of course require all the arrows of a
covering sieve to be in V°P| as a sieve is closed under precomposition under arbitrary arrows, while
V°P is not. But would hence require that the Grothendieck topology J has a basis J made of
arrows in V°P which means that any sieve R in J contains a covering family in the basis J.

In fact we could even start with an arbitrary set of families with common codomain in VP,
without any assumption on their stability, nor requiring each object of Cr to be the codomain of
such a family: this is in general the way the kind of data from which one generates the syntactic
topology of a geometric extension - see for instance how the syntactic topology of local rings are
generated from just one family over the free object on one element.

Recall first that a source is a set of arrows with common domain, while a sink is a set of arrows
with common codomain. In the following, we shall often refer to the sources in T[S], made of
V-maps that are dual to the sinks in Cr whose covering properties are discussed.

Proposition 3.2.1.4. Let Jy be a collection of sinks of V°P-maps in Ct. Then the coverage and
the Grothendieck pretopology it generates are made of V°P-arrows, and the Grothendieck topology
J it generates defines a geometry (T, V, J)
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Proof. Suppose we start from an arbitrary set Jy of sinks in V°P. Since V is closed under pushouts
along arbitrary finitely presented maps and contains isomorphisms, the coverage J it generates by
closing this class is still made of arrows in V°P. Moreover, we can close the coverage it generates
under additional axioms without getting out of V°P. Of course, the usual maximality axioms would
not be compatible, unless V' contains all finitely presented arrows; however, we can close Jy under
V-mazimality, that is, by requiring that for each K in T[S] the set of objects of V3P consisting
of duals of all arrows n : K — K’ in V is covering. Observe that this is the intersection of the
maximal sieve associated to K with the class V. By closure of V under composition, we also see
that one can close Jy under the transitivity axiom without getting out of V°P. O

Remark 3.2.1.5. In the following we shall abusively denote J the basis of a Grothendieck topology
part of a geometry; in particular, we shall only consider the covering families that are in V°P, while
the more general sieves may not be considered in practice.

3.2.1.6. In a close manner the notion of Nisnevich context was introduced in [4], although this
definition does not rely exactly on the same data and is slightly less constricted (beside it is
formulated also in the geometric convention, while we follow here the algebraic convention):

Definition 3.2.1.7. A Nisnevich context is the data of a factorization system (Et,Loc) on a
locally finite presentable category B and a class of objects £. Then one defines the L-localizing
families as the coarsest system of covers (f; : B — B;)icr exhibiting £ as local objects, and denote
it Jz. A Nisnevich context is said to be compatible if L is exactly the class of J,-local objects.
Finally, a Nisnevich context is said to be good if it is compatible and the factorization system is
left-generated.

Remark 3.2.1.8. Beware that there is in general no condition for the localizing topology to be
generated from etale maps: this generalization was used for instance to capture geometric situation
as the Nisnevich topologies that are not generated from factorization data.

Remark 3.2.1.9. In some sense, Nisnevich contexts arise when the local objects are given before
any axiomatization through a geometric extension, and it may happen that the least geometric
extension sufficient to axiomatize them has more models than the local objects we started with.
In section 2.2 we shall meet similar situation, but from the point of view of the fourth way to
axiomatize those situations, that are Diers context. However, we do not give their definition right
now for we shall devote section 2.2 to their relation with those approaches from which they differ
significantly.

We should also make mention of the conditions involved in [33]: here the factorization data
have been substituted with an etale class and will be defined for an arbitrary geometric theory:

Definition 3.2.1.10. For £ a Grothendieck topos and (C, J) a lex, subcanonical site of presentation
of £, an etale class 7 in & is said to satisfy the etale topology condition if JZ is generated from
a class of maps V in C containing isomorphism, closed under composition and pullback along
arbitrary maps, and such that moreover the topology J is generated in 7.

Observe this notion is very close, yet slightly stronger, that the notion of geometry. The
construction of the spectrum then takes as input the following data:

Definition 3.2.1.11. A Dubuc context is the data of a geometric morphism w : F — £ and the
choice of two presentation sites (Cr, Jr), (Cg, Jg) together with two etale classes 52 in F satisfying
the etale topology condition and B in & such that B C w(s¢).

Remark 3.2.1.12. Observe that Dubuc contexts are more general than geometries for two reasons:
— & is not supposed to be the classifying topos of a finite limit theory: it can be the classifier of
an arbitrary geometric theory. In particular it is not required to have enough points, so the

etale classes may not be induced from a saturated class between finitely presented set-valued

models, for those may not even exist.

— A geometric extension T — T’ induces geometric inclusion S[T'] < S[T}; here the geometric
morphism is not required to be an inclusion anymore.
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3.3 Admissibility condition from a geometry

In fact, the first explicit axiomatization of the relation between ambient and local data predates
the different definitions of geometry and was the following:

Definition 3.3.0.1. An admissibility structure in the sense of [18][definition 6.57] is the data of

a finite limit theory T
— a geometric extension T — T’

— a 2-functor Loc : GTop®? — Cat such that for each £ one has Loc[€] < T[E]* and Loc[€]
contains isomorphisms and enjoys left-cancellability.

— and such that we have the condition that for any £ in GTop and any arrow f : F' — E in
T[€] with E in T’[€] there exists a factorization in T[]

F— 71 . p

nyg %

Hy

with uy in Loc[€] and Hy in T'[£], which is moreover initial amongst all factorizations of f
with an arrow in Loc[€].

However this definition, while encapsulating in the last condition the key feature that will pro-
duce geometry, may seem complicated at first sight. Rather than being something to start with,
it is rather what is contained in our base notion.

In the following we deploy the information encoded inside of the notion of geometry and de-
scribe how it is sufficient to achieve admissibility. We first focus on the set-valued models and
give the topological interpretation of left and right maps, and of the points of the topology. We
prove that the category of local objects together with local maps is an accessible multireflective
subcategory of the ambient category, and give also a closure theorem under connected limits; we
then generalize those results to the categories of models in arbitrary Grothendieck topoi.

Throughout this section, we fix a geometry (T, V), J), with J a Grothendieck pretopology. In-
spired from [1] terminology, we shall call maps in Ind(V) (the free inductive completion of V), see
remark 1.1.2.3) etale maps, and denote their class as Et, while the maps in Y+ will be called local
maps and their class denoted as Loc. They form by proposition 1.1.3.2 a left-generated factoriza-
tion system denoted as (Et,Loc). Models of the geometric extension T; of T corresponding to J
will be often qualified as local objects.

Before going further, we should just give a few terminological remarks: in [19] etale maps are
called extremal and local maps are called admissible; in [67] those are the etale maps of finite
presentation that are called admissible, and the ones in their pro-completion pro-admissible.

3.3.1 Properties of local objects

We begin this section by proving that we have the factorization property of admissibility in

T[S].

3.3.1.1. Recall that a model of T is an object in T[S] which is local relative to the dual in T[S],,
of covering families in J. But the families dual to cover in J can be extended to the whole category
T[S] as follows:

Definition 3.3.1.2. Define the generalized J-covers as consisting, for each B in T[S], of the
families (n; : B—B;);cs such that there exists some a : K — B and some family (I; : K — K;);er
dual to a J-cover such that for each ¢ € I one has a pushout

K —-B

L

KiHBi
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Remark 3.3.1.3. Since we supposed J to be a Grothendieck pretopology, it will be closed un-
der pullback in Cy. Hence in TI[S],, pushouts of duals of J-covers are still J-covers, hence the
generalized coverage does not create new covering families under finitely presented objects.

Then the property of injectiveness of local objects relatively to J-covers extends automatically
to those extended covers (which was observed also in [4][Lemma 22]):

Proposition 3.3.1.4. An object A in T[S] is J-local if and only if for any object B in T[S], any
arrow f : B — A and any generalized J-cover (n; : B — B;)icr, there is a factorization of f for
some i € I

— A

B
B;

-
-

/
n7 -
/// EI
Bj
In fact A is J-local if and only if for any generalized cover under it (n; : A — B;)ier, one has a
retraction

A=m———= A

g TLJ' //7
-
273
-

B B,

Proof. In one sense it is obvious that A is injective relatively to the generalized covers, then in
particular it is J-local. The converse is a consequence of the property of the pushout: if A is
J-local, then for any generalized family induced from a J cover (n;);c; we have a factorization
through some n; as below

K—*2+B-—"3 A
Y

K.

I, |

<

and then an arrow B; — A factorizing f by the property of the pushout. Now, if for any generalized
cover of A, A is a retract of a member of this cover, then in particular for any (n; : K — K;);cs in
J and any a : K — A, the pushout of the n; under A gives a generalized cover of A and we have
a factorization for some ¢ € I

so that A is J-local. O

Definition 3.3.1.5. For an object B in T[S], a local form of B is an etale map n : B — A toward
a J-local object.

Remark 3.3.1.6. Beware that local forms are not required to be finitely presented in general.
Etale maps will play the role of saturated compacts of the spectral topology, while finitely presented
etale maps will play the role of basic compact opens from which we are going to construct the
spectral topology. While this is not apparent in T[S] which is “on the algebraic side”, this is more
intuitive in the opposite category T[S]°P, whose objects should now be thought of as spaces, where
the etale morphisms could be seen as generalized inclusions, and the generalized covers induced
from J as covers over objects.

Remark 3.3.1.7. Local objects are like focal spaces, that is, spaces with a least point in the spe-
cialization order. For instance, in a topological space X and a point € X, the focal component of
X in z is the intersection of all neighborhoods of x, and this is the upset 1 z in the specialization
order. Local forms behave like inclusions of the form 1 « < X as such upsets are unreachable by
open covering: indeed, in a cover of ¢ x, one open must contain z itself. But as open are up-sets
for the specialization order, this open is the whole T x. Hence maximal points, as they do not
admit non trivial local forms, are alike those = such that ¢ @ = {z}.
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In particular, triangles between local forms

should be seen as coding for specialization order between the corresponding minimal point z; < x».
Then in T[S]°P this will be turned into an inclusion of focal component 1 x2 C1 7.

From what was said, we recognize the gliding condition of definition 2.3.3.2 for local objects
relatively to local maps:

Lemma 3.3.1.8. Any object A admitting a local morphism into a local object u : A — Aq is itself
a local object.

Proof. It (n; : A—B;)ier is a point covering family of A then its pushout along u is a point
covering family for Ay hence admits a lifting r for some 4, so we have a square that diagonalizes
because u is local and n; is in V4 :

A=——=A

3 a
g e u
.
.
.

Bl*r}A

[}

O

From this we deduce the following, which is a form of admissibility for set-valued models; a
first occurence of this result is for instance [19][Theorem 3.4.1]

Corollary 3.3.1.9. For any arrow f : B — A in T[S] with A a J-local object, the (Et,Loc)

factorization of f

B—L a4

N

Ay
returns a J-local object Ay

Hence we know from theorem 2.3.3.3 that the inclusion of local objects and local maps ¢ roc :
T;[S]t°¢ — T[S] is local right adjoint. At first sight it might not be clear whether cones of local
units under T-models are small: but in our context accessibility and orthogonality will altogether
enhance this result. We have to ensure in a first step accessibility of this inclusion, which reduces
in fact to proving that filtered colimits of diagrams of local maps have local colimit inclusions. We
shall prove a similar result at theorem 4.1.3.5, yet we choose to give here a first, distinct strategy,
in order to see how we can understand it in a functorial way rather than the concrete use of
orthogonality as we shall do in theorem 4.1.3.5. Observe that the next lemma is fairly general as
it makes no assumption of localness for the objects in the diagrams.

Lemma 3.3.1.10. The wide subcategory T[S]¥°¢ is closed under filtered colimits in T[S].

Proof. Let (B;)ier be a filtered diagram with local transitions morphisms (ug)gcr2 in T[S]EoC.
Then we want to prove that the colimit inclusions are local: that is, for n : K — K’ in V, we want
to prove that for any ¢ the following diagram is a pullback of sets

By(K") %) colim B;(K')
1€

B; (n)l lc?li}n B;(n)
B;(K) —— colim B;(K)
(2:) K iel
First, as filtered colimits in T[S] ~ Lex ;[Cr, S] are pointwise, (colim;c;B;)(K) is actually for

any K the filtered colimit colim;e;B;(K) in S: but for I is filtered we know that this colimit
expresses as

cohmB HB )/ 0K
i€l
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where g consists of all pairs ((i,a),(i',a’)) with a € B;(K), o' € By(K) such that there is
d:i— jand d' :i — j such that ug(K)(a) = ug (K)(a’). Moreover, for n: K — K’ the induced
map colim;erB;(K') — colim;er B;(K) is given as
colim Bi(n)([(3, a)le,.,) = [(4, Bi(n)(a))lox

Then for some i € I suppose we have some = € colim;erB;(K') and a € B;(K) such that
(¢i)k (a) = colim;erB;(n)(x). Take some representing (i',a’) for z, so that x = [(i',a’)]g,.,. Then
our assumption says that (i,a)0k (i, Bi/(n)(a')), so there is a span d,d’ as above, which induces a
span of pullback squares

Bi(K') By (K')
\(ud,)K/ ud/ K ‘
Bi(n) B;(K") Bi(n)
B;i(K) B;(n) B/ (K)
(uh J, (uar) K
B;(K)

Then we have
(ua) K (a) = (ua )k (Bir(n)(a))
= Bj(n)(ua)x+(a’)

But as the square on the left in particular is a pullback (for the ug are local), the pair (a, (ug) g (a’))
defines a unique b in B;(K') such that B;(n)(b) = a and (ugq)k(b) = (ug )k (a’), then the pair
(a,[(7',a")]s,,) induced uniquely b in a way that does not depend on the choice of the representant

(#,a).

If now two pairs (a1, [(i],a])]e,,) and (az, [(75,a5)]s,.,) with a1,as € B;(K) induce the same b
in B;(K'), then by filteredness of I there is a triple span

i it A
J
and we have
(uay )i (a) = (va) i (b) = (uay) 5 (a)
so that in fact we had (i], a})0k- (i}, ay), while on the other side we have a; = B;(n)(b) = as.
Conversely, take by, by in B;(K’) such that (i,b1)0k(,b2) and B;(n)(b1) = B;(n)(b2). Then

there is some parallel pair dy,ds : = j such that (ud, )i (b1) = (ua,) i (b2). But since I is filtered
d1, dy are equalized by a further map d : j — j’, and since the following square is a pullback

Bi(K") 4 g (i)

Bi(n)l le’(")

Bi(K) (5, By(K)

the condition (uga; )r:(b1) = (uaa,)r(b2) and B;(n)(by) = B;(n)(bz) jointly force by = by. This
achieves to prove that we have a pullback of sets as expected. O

Lemma 3.3.1.11. T;[S]¥°¢ is closed under filtered colimits in T[S].

Proof. We know that the full subcategory T ;[S] is closed under filtered colimits in T[S]. Hence
one has to check that the colimit inclusions of a diagram of local objects and local maps between
them are still local, which was proven in the previous lemma. O
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Hence we have gathered the necessary results to give the main result of this subsection:

Theorem 3.3.1.12. Let (T, V,J) be a geometry. Then we have a right-multiadjoint
Ty[S]Hee <55 T[]

Proof. From what precedes we know that ¢ j1,0c is a stable functor and hence is a local right adjoint,
which is moreover relatively full and faithful by left cancellation of local maps. Now we have to
prove that it satisfies the solution set condition to be right multi-adjoint from proposition 2.1.3.4.
But it is sufficient to prove accessibility, as accessible functors always satisfy the solution set
condition. This was done in the previous lemma. O

Hence, though local objects are not to be closed under limits in general, we can deduce the
following result, though we shall be also able to deduce it from a general statement in the next
chapter. However we find relevant to give an explicit proof here to see what are the concrete reason
that make it work:

Proposition 3.3.1.13. T;[S]Y°¢ is closed under connected colimits in T[S]. In fact, more gener-
ally, T[S]E°¢ is also closed under connected limits.

Proof. Let I be a small connected category and (A;);cr and (uq)gerz an I-indexed diagram of
local objects and local maps. Let (n; : K — K})icr, be a J-cover of etale maps: then consider
a : K — limyey A;: then for each ¢ € I the composite p;a with the limit projection p; factorizes
through some n;. We must prove that one can choose a certain [ factorizing all the p;a to get
a cone over the A;. As the transition morphisms are local, for any d : ¢ — ¢’ in I, p;a and pja
factorize through the same I: indeed, if pja = ugp;a factorizes as bn;, one has a diagonalization

K —2%- hmAZ L} Az

it

K Z

and by uniqueness of ', any other such factorization through n; of p;a was equal to b'.

But now, as I is connected, for any two 4, j in I there is a finite zigzag

11 e in
d dn dn
'd}/ \2b / \ . / \ 4'r1
) ? tn—1 J

2

n—

and by what precedes p;a and p;, a factorize through the same n;, but the factorization of p;, a
induces a factorization of p;,a through n;, and so on for 1,...,n: hence the same n; factorizes p;a,
pja for any two ¢, j, and from what precedes, this defines a cone on the A4;, and hence a morphism
K; — lim;e; A; as desired.

Now we must prove that the limit projections are local. Take a square as below

K —2— lim Az

el
n

K’ 4b> Az
with n in V. Then again we can deduce from those data a cone over the A; with K’ as tip: for any
other j € I, there is a zigzag connecting it to 4, and the same argument as above ensures that one
can uniquely lift b to a map ¥’ : K — A;, and construct a cone as desired inducing a unique lift
K’ — lim;e; A; as desired. Observe that this does not depend on the A; being local: hence it is true
in general that a connected limit of a diagram with local transition morphisms has local projections.

Hence T J[S]Loc has connected limits, which are preserved by ¢ roc s it is a right multi-adjoint.
Similarly for the wide subcategory consisting of local maps. O

Remark 3.3.1.14. In the next chapter, we shall recall Diers notion of locally finitely multi-
presentable categories, the categories of the form T ;[S]¥°¢ are examples of, and see the results we
identified above are actually part of their general properties.
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3.3.2 Etale and local maps between models in arbitrary topoi

Now we want to understand how this admissibility condition induced from a geometry is in-
herited in arbitrary topoi. The main source for this part is [19].

3.3.2.1. For a geometry (T,V, J), with (Et, Loc) the associated factorization system, the class of
finitely presented etale maps V in T[S],, is dual to a class of morphisms in the syntactic category
Cr. That is, an arrow n : K, — K, (with ¢, ¢ the presentation formulas of the domain and
codomains) in V corresponds to an arrow [0,,(Z,7)|r : {7,¥} — {T, ¢}, which, as a T-provably
functional formula, should be seen as a function symbol coding for an operation.

3.3.2.2. Moreover, from the definition of a saturated class, the category V°P has finite limits, hence
codes for a finite limit theory which admits as classifying topos V°P = [V, S] which we denote as
S[Et]. In particular this allows us to define for each Grothendieck topos £ a class of arrows Et[£]
in T[£] as

Et[€] ~ Geom|[&, S[Et]] ~ Lex [V, ]
Remark 3.3.2.3. Beware that Et[S] — T[S]? is a full inclusion: that is, seen as a category with
etale maps in T[S] as objects, its morphisms are squares

E1L>E2

EQTEQ

where f, f/ are not assumed to be etale.
Let us look at the counterpart of this for the right class Loc of local maps.

Proposition 3.3.2.4. An arrow u : By — By is in Loc if and only if it satisfies the following
condition:

B F 0,(a.0)
u(c) =b

Vn : Kd) — Kw mV
zf{ V@ € Bi({z, ¢}) _ then3lce A({y,v}) {
Vb € B2({7,v¢}) such that Bs |= 0, (u(a),b)

Proof. First, note that the situation expressed by the conditions in the characterization just

amounts to the commutativity of the following square

Ky —5 B,

Ky —= B3

rpa

as the composite uo"a™ corresponds to the element u(a) while the composite "bon expresses the
fact that

By = ¢(m1[b/5), .., T [b/4])
and the condition By = 0,,(u(a),b) means that

glar) = 11[b/m A ... A glam) = T [b/3]

hence that the square commutes.

Consequently, if w is local, such a square always diagonalizes uniquely: the diagonal provides us
with a witness ¢ of ¢ in By, and the commutation of the down-right triangle expresses the equality
u(c) = b while the up-left one expresses that in By we have

a1 = TR A e A = ]

If conversely u satisfies the syntactic characterization, then the map g defined on the generators
as g(y1) = ¢1, ..., 9(Ym) = ¢ provides a diagonalization

Ky —%5 B

A
nJ{ .9 l’u«

Kw%BQ

rpa
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Remark 3.3.2.5. As first explained in [19], the glosis of this result is that local morphisms are
those which “reflect” elements produced through the operation coded by finitely presented etale
arrows. While morphisms in V code for function symbols that produce witnesses of their codomain
formula from witnesses of their domain formula, local morphisms do not add new witness of propo-
sitions presenting the codomain, and reflect the one that already exists.

Observe that the condition above defined a cartesian sequent for the existential in the syntactic
characterization was unique. This suggests that local arrows are definable by a finite limit theory.

The process above allows to define a theory for local maps, proving they are axiomatized not
only by a geometric, but in fact a cartesian theory.

Remark 3.3.2.6. The condition above says in particular by the Yoneda lemma that
T[S] [Kw, A] E— T[S] [Kw, B]
I |
But observe that
T[S] [K’l/h A] = LeX[CTa S} [H {y, v} A} = A({?7 Zﬁ})

and similarly for the other homset. This last formulation still makes sense even if we consider left
exact functors with value in other topoi than S: and as we are going to deal with sheaves of local
objects in different Grothendieck topoi, this motivates the following generalization of admissibility
amongst T[S] in arbitrary Grothendieck topoi.

Definition 3.3.2.7. For a Grothendieck topos &, a local arrow in £ is a natural transformation

in Lex|Cr, ] whose naturality square at a morphism [0, (Z, %)t : {7,v} — {T,¢} dual of a
morphism n in V is a pullback in &

F({7.v}) "4 E({g.4})

P |Bw. @l
F({E,8}) 7 B })
In the following we denote as Loc[£] the class of local morphisms in £.
Remark 3.3.2.8. A terminological remark: local maps are called admissible in [19], and infinites-
imal extension in [33], by analogy with infinitesimal extensions in the theory of formally etale
morphisms. Beware that in [67], “admissible map” actually designates the (duals of) etale maps.

Proposition 3.3.2.9. Local morphisms are stable under inverse image: any geometric morphism
f: F — & induces a functor f* : Locl[E] — Loc[F].

Proof. The inverse image f* : £ — F is lex, hence preserves pullbacks. Then at each morphism n
in V, f* sends the pullback above in £ to a pullback in F. Hence f*u is local. O

Now, recall from section 1 that models of finite limit theories in sheaf topoi were sheaves of
set-valued models over the base site. In particular this suggests the following (which was stated in
[19] without proof):

Proposition 3.3.2.10. If £ ~ Sh(Cg, Jg), then a transformation w : F — E in £ is a local
transformation if and only if for any object ¢ in C, the component u. : F(c) — E(c) is in Loc.

Proof. For any etale map n : Ky — K, of finite presentation, we have by naturality a square
of morphisms of sheaves on (Cg, J¢) as depicted above. Now since evaluation of sheaves creates
limits, each wu(c) is local as a morphism in T[S] if and only if the following square is a pullback

F({m,v})(e) “22% E({g,v})(c)
F ([0, (mm{ - lE([en @)
F({#,0})(0) iy BT, 0})(0)
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But this exactly says that the evaluation at ¢, that is, the natural transformation

is a local map in Lex[Cr, S]. O

Now it appears that the factorization structure (Et, Loc) generated from V in T[S] is inherited
in the category T[€] in any Grothendieck topos, and moreover in a functorial and point-wise way.
The point-wiseness of this factorization was first established at [19][Theorem 3.6.3].

Proposition 3.3.2.11. For any Grothendieck topos £ with a standard site of presentation (Cg, Jg),
we have a factorization system (Et[€],Loc[€]) in T[E]. Moreover, for any f : F — & we have
adjunctions

Et[€] € Et[F] Loc[€] L Loc[F]
%% \f_M

Proof. In fact the desired factorization is pointwise relatively to the definition site of £. Let
f:F — E bein T[£]. For any ¢ in Cg, we have a morphism f. which admits a factorization in
T[S]

fe

Hy,

F(c) Fi(e)

with ny, etale and uy, local in T[S]. As the factorization system (Et,Loc) is functorial, this
process is itself functorial and defines a presheaf H; over C¢ sending c to the intermediate objet
Hy, . The desired object is just its sheafification aj, Hy, that is, the factorization in £ is obtained

as
F / E
ay Hf

where ny, uy are defined from the data of (ny,)cece, (uf,)ecce respectively as the composite in @
with the sheafification unit and the induced map through its universal property

r—" aj.Hy aj. Hy
(ns) CE& / / \
(ufc)c€C£

Beware that subcanonicity of Jg is required to ensure that the composite ny is in Sh(Cg, Jg). O

Remark 3.3.2.12. The functoriality of this result might look surprising at first sight. If it is
expected that inverse image, as left adjoints, preserves etales maps for they are a left class, and
dually, that direct image, as right adjoints, preserve local maps for they are a right class, the
preservation of local maps by inverse image and etale map by direct image are consequence of the
specific fact that we are in a left-generated factorization system, exhibiting both etale and local
maps as models of finite limit theories, hence stable either under direct and inverse images.

Now we should discuss the link with [33]. As like as a saturated class in T[S],, induces also a
right class in the categories of models T[F] for an arbitrary topos F, an etale class in S[T] induces
a “right-like” class of maps in any category of models T[F]:

Definition 3.3.2.13. Let A be an etale class in a Grothendieck topos E. Then a 2-cell ¢ : F = E
in GToplF,£] is called an A-infinitesimal extension if its naturality square at any h in A is a
pullback.

Observe that this is the same condition as for local arrows, except that it puts no conditions
on the topos and tests relatively to the etale class rather than the saturated class. But this makes
no difference because of the following;:
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Proposition 3.3.2.14. If one has an embedding ¢ : £ — & and an etale class A in &y, then
¢ : F = E in GTop|F,€&] is an 1~ (A)-infinitesimal extension if and only if v * ¢ is a A-
infinitesimal extension in GTop[F, &).

Proposition 3.3.2.15. If £ has a standard site of presentation (Co,Jo) and A is an etale class
generated by a class A in Cy satisfying the etale topology condition. Then we have A = Lgl(Ao)

where Ag is the etale class generated in CAO by X(A) and g : € — CAO 18 the canonical embedding.
Moreover for any ¢ : F = E in GTop|F,&]| the following are equivalent:
— ¢ is an A-infinitesimal extension
— 1* ¢ is a Ag-infinitesimal extension

— ¢ is local relatively to A.

3.3.3 Admissibility in arbitrary topoi

We have just seen that the factorization structure is inherited by the category of models in any
Grothendieck topos. But the admissibility structure itself is inherited.

Proposition 3.3.3.1. Let £ be a Grothendieck topos and u : F — E in Loc[E] with E in T ;[E]:
then F itself is in T [E].

Proof. I defines in particular a lex functor from Cr into £. Hence we have to prove that F' is
also J continuous. Let (n; : {Z;, ¢:} — {T,¢})icr € J: those are finitely presented maps in the
saturated class V), hence as u is a local transformation, the naturality square in each k; expresses
each F({Z;, #;}) as a pullback

F{m, o) 2R (7, 6})

Uiz, ,d)i}l - J{"{T,M
E({m:, 61}y, F T 6)

As this inverse image lands in the topos &£, where, as in any Grothendieck topos, colimits are stable
by pullback, one has

I Pz o) ~ ] (E({Ti,du}) X pzep) FUT, ¢}))

i€l el

~ (11 B(m:.0:1)) xp(men FUT 0})

il
But F, as a local object, transforms covers into jointly epimorphic families. Hence the lower arrow
of the corresponding pullback square is an epimorphism

11 F{#: 6 20 (3, 6})

i€l
a Y
(“{E-,d»})iell J {0}

11 27 0Dy, PO 0D)

But in a Grothendieck topos, pullbacks of epi are epi; hence the upper arrow in this square in also
an epimorphism and this confirms that F is also a local object. O

This says that for any Grothendieck topos &, the category of T-models in £ inherits the admis-
sibility structure defined by the geometry (T, V), J)

Corollary 3.3.3.2. Let £ be a Grothendieck topos: then for any f : F — E in T[S] with E in
T[], then in the (Et[E], Loc|E])-factorization

F—71 . E

\/

the middle term is in T ;[E].
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This proves that a geometry as defined produces an admissibility structure. This can be en-
capsulated in the following:

Corollary 3.3.3.3. For any Grothendieck topos £, we have a relatively full and faithful stable
inclusion 1 Loc|E] : Ts[E]L0¢ — T[E].

We want to strengthen this result to get a generalization of theorem 3.3.1.12, which can be done
by proving that the inclusion ¢y pLoc[£] is finitely accessible and exploiting then the existence of a
solution set condition for accessible functors. In fact those generalizations will proceed from the
fact that the corresponding statements are true in the set-valued case and will be tested pointwisely.
It is practical to first prove that filtered colimits of diagrams made of local maps have local colimit
inclusions as rephrased in the following lemma - where we observe that we need no assumption on
the localness of objects:

Lemma 3.3.3.4. For any Grothendieck topos, the wide subcategory T[E]V°€ is closed in T[E] under
filtered colimits.

Proof. Let (F;);cr be a filtered diagram of such that all the transitions morphisms (uq)qcr2 are
local, that is a filtered diagram in T[€]L°¢. The difficulty there is with reasoning in a sheaf topos
& ~ Sh(C¢, J¢) is that colimits (even filtered ones) are not pointwise and are difficult to handle.
To prove the diagram above to be a pullback, we must escape from £ to the corresponding presheaf
category Ce where colimits are pointwise.

Recall that a colimit of sheaves is the sheafification of the corresponding colimit of presheaves.
Moreover, this property lifts to the category of T-models which are related through the adjunction

asg
L~ ~

T[E] n T[Ce]
~—

Le
Applying this to the sheaf of T-models we get

colim F; ~ aj.(colim tg F;
iel " ge el € )

with aj, e F; >~ E;. Since aj, preserves local maps, it is sufficient to prove that the colimit inclu-
sions in T[Cg] are already local.

Foreachd:i— jin I, ug: E; — Ej is local in T[€]. Now recall from proposition 3.3.2.11 that
local maps are stable under direct image - as a right class whose left class is stable under inverse
image; then the natural transformation between the underlying presheaves tg(uq) : te F; — 1 Fj is

still local in T[EZ], which means by proposition 3.3.2.10 that each of its components tg(ug)e at ¢
in Cg is local in T[S].

Moreover, as colimits are pointwise in presheaf topoi, we have
(COlimieILgEi) (¢) ~ colim;erie E; (c)

that is, the colimit of the E; is obtained as the presheaf returning at each ¢ the colimit in T[S]
of the induced diagram (1gF;(c))icr, which is by what precedes a diagram with local transition
morphisms. From lemma 3.3.1.10 we know that at each ¢ the colimits inclusions (¢;). : Ei(c) —
colim;crF;(c) are local, and they are the components at ¢ of the colimit inclusion of the diagram
of presheaves tgq;te E; — colimigE;. But the latter are sent by aj, on the colimit inclusions
q; : F; — colim;cr F;, which are hence local. O]

Proposition 3.3.3.5. T[£]t°¢ is closed under filtered colimits in T[E].

Proof. Tt is a general fact, see for instance [(3], that categories of models of geometric theories
have filtered colimits, and that geometric inclusion are sent to finitely accessible functors between
categories of models. Here this says that T;[£] ~ GTop[E, S[T,]] has filtered colimits that are
preserved by the inclusion functor ¢ : T;[€] — T[E]. Hence one has just to check that the colimit
inclusions of a diagram of local objects and local maps between them are still local, as this was
done in the previous lemma. O

As for theorem 3.3.1.12 we can deduce the following;:
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Theorem 3.3.3.6. Any a geometry (T,V,J) induces at each Grothendieck topos € a right multi-
adjoint

€]

T [€]b0c L2225 T(e]

We can also generalize the closure of local objects and local map under connected limits observed
in proposition 3.3.1.13:

Proposition 3.3.3.7. T;[£]Y°¢ is closed under connected limits in T[E].

Proof. For tj10c[€] is a right multi-adjoint, it will preserve any connected limits that exists, so
that eventual connected limits in T ;[£]%°¢ will be actually computed in T[€] ~ Lex|Cr, £], that
is as pointwise limits of lex functors: but the latter are also the pointwise limit of the underlying
functors. Hence for any eventual connected limit lim;e7 E; in T ;[€]Y°¢, and each {Z, ¢} in Cr, we
shall have an isomorphism in £

Moreover, suppose we have a site of presentation £ ~ Sh(Cg, J¢): then as well as limits of
sheaves are computed pointwise, recall that T-models in £ are sheaves of T-models in S, so that for
any eventual connected limit lim;e; E; in T ;[€]¥°¢, we shall have at each ¢ € Cg an isomorphism
in T[S]

lim F; ~ lim F;
(lim E;)(c) = lim Ey(c)

Let I be a small connected category and (E;);cr and (ug)ger2 @ I-indexed diagram of local ob-
jects and local maps. We first prove that the projections maps p; : lim;c; F; — E; are local. From
proposition 3.3.2.10, we know that evaluation creates localness: hence, for each uy is a local map
in T[£], each evaluation (ugq). is a local map in T[S], seeing uq4 as a natural transformation between
sheaves with value in T[S]. Hence evaluation at each ¢ defines a connected diagram (FE;(c))ier in
T;[S]¥°¢, and from proposition 3.3.1.13 we can compute the connected limit lim;e; E;(c) at each
¢, which is local and mainly has local projections: from the preliminary discussion on limits in
T[£], those projections are the components (p;). at ¢ of the projections p; of the limit lim;c; E;,
which are hence local themselves.

Let ([0i]1 : {Z1, &1} — {T, ¢} )icr be a J-cover of etale maps. We want an epimorphism in £
q‘g} Ei([6i)r))1er
[T (tim ) ({70, 61)) = lim Ei({7 6})
leL

In fact, it is known that connected limits commute with coproducts in Grothendieck topoi:
then we have

I1¢ lim E){@ o)) ~ [ | lim E; ({z1, ¢u}) = lllefng Ei({z1, ¢1})
leL leL leL

Now from the fact that the projections p; : lim;c; F; — FE; are local, we have at each | € L a

pullback in &:

lim E;i([0u]T)

lim E({z,}) — lim Ei({7,¢})

)

(pi){il,d)l}l J/(pi){I,¢}
E;({T1, ¢u}) — Ei({z,¢})

Then, by stability of coproducts in Grothendieck topoi, the following square is a pullback

Ei([6i]r

(lim E; ([0:]1))ieL

[[lim £:({m, 01}) =——— lim Ey({7, 6})

1er's €
H(pl){wl,(f)]}J (pi){i,qb}
leL

HEi({fh(bl}) —EEe E;({Z, ¢})

leL

and by stability of epimorphisms in Grothendieck topoi, the top arrow is an epimorphism: this
ensures localness of the limit. O

88



3.4. TRANSFORMATIONS OF GEOMETRIES

Now some precision on the geometric aspects of local objects: in fact they behave exactly as
expected in the sense that they form sheaves of B objects over the definition site of their base topos
and have set valuated local objects as stalks:

Proposition 3.3.3.8. The stalks of a local object F are set-valued local objects. FEwvaluated at
points, local transformations between local objects return admissible maps between set-valued local
objects.

All of this justifies the terminology for local objects and local transformations as our objects
of interest behave locally, at points, as such objects. We also have the following closure property
under retracts:

Proposition 3.3.3.9. In any topos £, a retract of a local object still is a local object.

Proof. For lex functors F, E : Cr — £ such that E is moreover local, then by naturality a situation
of retraction

E
N
o S—

induces for any cover in J a roof

HE({EZ,(ZSZ}) <E({97(Evft)]T)>7€I E({f’ QS})

iel

~ T(T,0}
im0}

i€l

>S4
[LF({@i, ¢i}) -/~ (F6:@zlnier — F({T, ¢})

iel
;wwb}
[ F({T:, ¢i}) F({z, ¢})

i€l (F([0:(@Z:)]r))ier

where the top arrow is epic since E is local and rz 4} is epic as a retraction, while [[,.; 7(z,,4.}
also is epic as epi are stable by colimits in S, so that the middle horizontal arrow also is epic,
exhibiting F' as a local object. O

Remark 3.3.3.10. As for set-valued models, we also have that retract of local maps between local

objects still are local, as it can be tested point-wisely.

3.4 Transformations of geometries

To conclude this section let us describe the morphisms between geometries and describe briefly
the 2-category they form.

3.4.1 The 2-category of geometries
In this we follow a terminology inspired from [67][definition 1.2.6].

Definition 3.4.1.1. A transformation of geometries (T1,V1,J1) — (Ta, V2, J2) consists of a func-
tor @ : Cr, — Cr, such that

— ®islex
— ®(V) TV,
— & induces a morphism of sites (Cr,, J1) = (Cr,, J2)
Definition 3.4.1.2. In the following we denote Geom the 2-category whose
— O-cells are geometries (T, V, J)
— 1-cells are transformations of geometries (T, Vi, J1) — (Ta, Va, J2)

— and 2-cells between two transformations of geometries ®, ¥ are natural transformation be-
tween the underlying lex functors o : & = V.
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Remark 3.4.1.3. Observe that ® : Cr, — Cr, induces a geometric morphism ®* - &, (we also
denote as ®) which moreover restricts to the sheaf subtopoi as follows:

Sh(Cr,, J2) —2 Cr,

q{ |e

Sh(Cr,, J1) — Cr,

Moreover, if 7 is the etale class generated by V; in S[T;] for ¢ = 1,2, then if ® satisfies the second
condition, one has ®*(.#1) C %, which means that .74 C $(J4).

3.4.1.4. We defined geometries from rather syntactic data, in terms of finite-limit theories and
geometric extensions; in fact, when considering collectively geometries, it may be better to work at
a more invariant level, as the semantics of those theories actually matters more than their syntactic
specifications.

Recall that two geometric theories are said to be Morita-equivalent if they share the same clas-
sifying topos. If two finite limit theories T; and Ts are Morita-equivalent, then they correspond
to equivalent lex categories Cr, ~ Cr,. It is also known, see [13] for instance, that two geometric
extensions of a geometric theory whose syntactic coverages generate the same Grothendieck topol-
ogy are Morita-equivalent.

However requiring the sole Morita equivalence of the geometric extensions is a bit too coarse
for our purpose, as Morita-equivalent geometric theories may have different finite limit parts if
they do not live in the same language; in contrast, any notion of equivalence between geometries
should also require equivalence of the finite limit parts.

This is why we introduce the following notion, whose name is justified by [18] construction of
the classifying topos of a geometric theory as the sheaf topos on the synstactic category of its finite
limit part together with a convenient Grothendieck pretopology.

Definition 3.4.1.5. Two geometries (Tq, V1, J1), (T2, Va, J2) will be said to be Coste-equivalent
if

— T, and Ty have equivalent syntactic categories Cr, >~ Cr,;

— the equivalence Cr, ~ Cr, defines an equivalence of lex sites (Cr,, J1) ~ (Cr,, J2),

— and the saturated classes V;, Vs correspond through the equivalence.

Remark 3.4.1.6. It is in fact more relevant to consider Coste-equivalence classes of geometries
than geometries themselves: this would actually be equivalent to defining geometries as the data
of (C,J,V) with C a small lex category, J a Grothendieck topology on C and V a saturated class in
C°P such that J is generated in V. In fact we shall see that Coste-equivalent geometries induce the
same notion of spectrum. In the following we denote as Beom the 2-category of Coste-equivalence
classes of geometries.

However in the following, for we shall better have to consider Grothendieck pretopologies in
practice when constructing the spectral site, we prefer to speak of finite limit theories and geometric
extensions rather than directly from their corresponding invariants. Observe that saturated classes
are already invariant.

Proposition 3.4.1.7. The 2-category Geom has pseudolimits and bicolimits.

Proof. We prove that the pseudolimits and bicolimits of the 2-category Lex are inherited in
®eom. For bicolimit, consider a diagram of geometries and take the bicolimit cocone (¢; : C; —
bicolim ;¢7C;)icr. Then bicolim ;;C; can be equipped with the topology (U,c; ¢i(Ji))ier that
makes any inclusion ¢; J;-continuous, while one can consider the class of map Ui€ I q:(V;) and take
its associated saturated class. Then we have

bicolim (C;, Vy, J;) =~ (blcohm Ci, U q:(Vi) qu f zeI)

icl
i€l

For pseudolimits, it is well known that pseudolimits in Lex are computed as the pseudolimit
of the underlying categories: hence pslim ;c;C; has as objects ((C;)icr, (a)ger2) with ag : Cj ~
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®,4(C;) an isomorphism for d : i — j, and morphisms (f;);c; compatible with the transition
isomorphisms. Then we can equip pslim ;¢ ;C; with a finest Grothendieck pretopology J; making
all the projections p; : pslim ;;C; — C; morphisms of sites: this is the data of all families ((fF);e;
((CHier, (af)aer) = ((Ci)ier, (a)aer2))kex such that for any i € I, pi((ff)ier)rer = (ff)rex
contains a J;-covering family. Now take Vi = {(f;)ier | fi € Vi}. Then we have
pslim (C;, Vi, J;) ~ (pslim Ci,VI,JI)
iel icl
O

Remark 3.4.1.8. For a fixed finite limit theory T, Coste equivalence of geometries on T form a
poset Geomy, where (Vi,J1) < (Va, Jo) if

— V1 € Vs (so that Ety, C Ety, and Locy, C Locy,)
— and J; < Jo, that is any Jy-cover is also a Jy-cover.

Hence in particular (V4,J2) is an admissibility structure. Moreover, if Ty and Ty are Coste-
equivalent, then their posets of Coste-equivalent geometries are isomorphic.

3.4.1.9. Pseudolimits and bicolimits of (Coste-equivalence classes of) geometries simplify over each
T into a structure of distributive lattice inherited from the lattice structure on saturated classes on
one hand, and the lattice of Grothendieck topologies on Cr - as described in [13]: for any (V1, J1),
(Va, J2) on T, we can take

Vi, J1) V (Va, Jo) = (V1 UV, Ji V Ja)

as the join, where J; V Jo = (J1|J J2) is the join in the lattice of Grothendieck topologies on Cr,
while
V1, J1) A (Va, o) = (V1 N Vs, J1 A J3)

were J1 A Jo = J1 N Js.

Then observe each finite limit theory T, there is a smallest geometry (T, Iso, Jiiv) where Jiiy
is the trivial topology whose covering families are singletons consisting of an isomorphism, and Iso
is the class of isomorphisms. Then any object is local, and any map is local, and the associated
multireflection is the equality of T[S].

In fact this generalizes as follows: for any saturated class V, one can always take the trivial
topology Jiyiv as above, and for V contains isomorphisms, (T, V, Ji,iv) is the smallest geometry on T
with V as saturated class. In the following, such geometries will be called factorization geometries.
They corresponds to the stable inclusions of right class as described in proposition 2.3.3.1.

There is also a biggest geometry (T, T[S]2, Jmax) where Jiyax is the Grothendieck pretopology
where any family is covering, which corresponds to the empty subtopos of S[T], hence defines the
empty subcategory of T[S] which is trivially multireflective.

Remark 3.4.1.10. we shall see in corollary 4.1.3.8 that for each choice of Grothendieck topology J
- equivalently, for each class of Coste-equivalent geometric extensions of T - there is also a smallest
saturated class together with it defines a geometry.

3.4.2 Transformations of geometries at the level of models

To conclude, let us discuss how those notions are transferred along transformations of geome-
tries.

3.4.2.1. Consider @ : (Ty,V1,J1) = (T2, V2, J2). Then for any Grothendieck topos £ we have a
functor sending a Ty model corresponding to a lex functor F' : Ct, — £ to the precomposite

C’]I‘1 L) C’][‘2 L) E

and a morphism ¢ : F' — G to the whiskering ¢ x ®. Observe that this functor has a left adjoint
sending a Ti-model F : Cp, — £ to its left Kan extension lan ¢ F : Ct, — £. This defines a pair of
adjoint functors
P[E]”
—
Ts[€] 1 T, [€]

D[E],
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Moreover, from Gabriel-Ulmer duality, we see that in particular ®[S]* 4 ®[S]. is the morphism of
locally finitely presentable categories induced by the lex functor ®. Hence ®[S], is continuous and
finitary, while ®[S]* preserves finitely presented objects.

3.4.2.2. Moreover, since ® is a morphism of site, any Js-continuous lex functor F' : Cp, — £ is
sent by precomposition with ® to a Ji-continuous lex functor ®[€],F = F®. Hence the direct
image part of the adjunction above restricts to local objects

ng
Ty, (6] <25 T[]

&
[
£

T, [€] TE Ty [€]

Now as well as local objects are transferred along the induced functors between categories of
models, we have the following concerning local maps:

Proposition 3.4.2.3. ®[S], : To[S] — T1[S] sends Va-local maps to Vy-local maps, that is
®[S].«(Locy[S]) € Locs|[S]

Proof. For any n: K — K’ in V;, ®(n) is Vs, hence for a Vs-local arrow u : F' = G in Locs[S] we

have a pullback square

Fo(K) 5 Go(k)

F(P(n)J/ - lG@(n)

FO(K') s GR(K)

and this proves that the corresponding arrow u * @ is in Loc; [S]. O

Recall that localness can be tested evaluation-wisely as stated in proposition 3.3.2.10. Hence
we have the following:

Corollary 3.4.2.4. For any Grothendieck topos £, we have ®[€].(Locy[€]) C Locsy[€]

3.4.2.5. It is also worth describing concretely the action of the direct image functor ®[€]. at a
given Ty-model in €. For a F in T3[&] seen as a sheaf of Ty[S]-objects on (Cg, Jg), since Ty is a
finite limit theory, it is sufficient to apply evaluation-wisely ®[S]. to values of F', that is in each ¢
of Cg

(DIE].F)(e) = DIS]. (F(c))

Now recall that ®[S]. is finitary: hence for any point x : S — &, since the element category
([ z*)°P is filtered, we have

O[S (x"F) ~ ®[S]«( colim F(c))
(c;a)e([ a)op

~ colim ®[S].(F(e
oot [S](F(c))

~ colim PIE]F)(e
Lol (@€ F)(o

~ 2% (B[E], F)
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Chapter 4

Admissibility and stability

This chapter investigates the relation between the two previous ones. We saw at theorem 3.3.1.12
that any geometry induced an accessible multireflection of local objects and local maps in the
category of ambient objects. Moreover this idea of multi-reflection efficiently encapsulated the
admissibility condition. Here we are interested in the inverse problem of constructing a geometry
from the data of a right multi-adjunction assuming a few reasonable conditions.

In the first section, we focus on right multi-adjoints in an accessible context. After recalling
Diers theory of locally finitely multipresentable categories, we give some results about accessible
right multi-adjoints (in particular an “accessible multi-adjoint theorem” at theorem 4.1.2.1) and
detail their connection with finitely multipresentable categories. Though most of those results were
actually present in Diers thesis, again, because of its restricted availability and for the importance
of those aspects in this work, we choose to be quite prolix on this point, and, by the way, use
different strategies or prove slightly generalized forms of the results. In particular theorem 4.1.3.5
is a more general version of a very interesting result from [25] which could be read as a method
to produce a “minimal geometry” associated to a Grothendieck topology on a finite limit theory,
see corollary 4.1.3.8. We also relate this to [52] remarks on the relations between locally finitely
multipresentable categories and disjunctive theories.

The second section is devoted to the construction of a geometry from a Diers context through a
notion of localizing pretopology, whose associated accessible multi-right adjunction could be thought
of as a “geometric envelope” of the initial right multi-adjoint, see corollary 4.2.2.5. We also describe
a 2-dimensional adjunction between geometries and Diers contexts at theorem 4.2.5.1.

4.1 Diers condition and multi-presentable categories

4.1.1 Locally finitely multi-presentable categories and Diers duality

Locally multipresentable categories were introduced by Diers in [59] (under the name “catégories
localisantes”) as a generalization of locally presentable categories encompassing a wide class of
non-locally presentable categories, as local rings, fields, integral domains, local lattices... They are
defined in the same way as locally presentable categories, but in the language of multi-colimits.
Because of their tight relation with multiadjointness and their recurrent role as the categories of
local objects in spectral situations, we recall Diers theory of locally multipresentable categories,
also present in [20].

This section will make important use of the notion of multilimits, multicolimits and connected
limits, as the functors preserving them, as defined in definition 2.1.3.9 and definition 2.1.3.10.

Definition 4.1.1.1. A category A is said to be locally finitely multipresentable if it is finitely
accessible and multicocomplete

As locally finitely presentable categories can be characterized as the finitely accessible categories
that are moreover either complete or cocomplete, locally finitely multipresentable categories admit
the following characterization:

Proposition 4.1.1.2. Locally finitely multipresentable categories are exactly the finitely accessible
categories with connected limits, where finite connected limits commute with filtered colimits.
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Remark 4.1.1.3. Recall that a category is complete if and only if it has connected limits and a
terminal object. Then a locally finitely multipresentable category is a locally finitely presentable
category if and only if it has a terminal object.

Remark 4.1.1.4. If A is locally finitely multipresentable, then:
— the arrow category A2 is also locally finitely multipresentable

— for any object A in A the coslice A | A is also finitely multipresentable and moreover, the
codomain functor cod : A | A — A is finitary and right multiadjoint.

Proof. For the first item, observe that the category A2 is a generator of finitely presented objects.
Now multicolimits in A2 are computed as follows: for I a finite category and (f; : A; — Al)ser
a I-indexed diagram in .42, the multicolimit (9i; + Ai = B})icr,jes of the codomains induces a
multicocone (ggjfi : A; = Bj)icr1,jes, which defines in each j € J a cocone over the (A;);cr, and if
we choose a multicolimit (g;x : Ai = Bg)ierkek, then for each i € I and j € J there is a unique
k € K such that the cocone (g, fi)ier factorizes uniquely through gix

and the family (f; : Bx — Bj)jes is a multicolimit in A?. Then in particular as A, is closed
under finite multicolimits, so is.A2 .

For the second item, we refer to [25][Proposition 8.4] concerning existence of multicolimits.
However we emphasize the following: for any object A’ in A, the canonical cone of local units
relatively to the codomain functor A | A — A is made of the inclusions (g; : A" = B;);cs into
a multicoproduct of A’ with A. In particular, as we shall see in proposition 4.1.2.4, this allows
us to exhibit the generator of finitely presented objects (A | A), as consisting of members of the
multicoproducts of A with finitely presented objects of A. O

For the sake of completeness, we recall here elements of (finite) Diers duality, which is the
multi-version of (finite) Gabriel-Ulmer duality.

4.1.1.5. Recall from definition 2.1.3.9 that a multilimit is a family of cones (p : Lj — F(i))icr.jeu
that are locally universal, which can be encapsulated for any other X in B, in the following
isomorphism
lim BLX, F(i)] ~ ]_[ BIX, L]
jeJ

A functor F' : C — D is multicontinuous if for any multilimit (pf )ier,jes in C there exists
another multilimit (¢¥ : My, — UF(i))ier.rex in B that exhibits for each k € K the object M}, as
a coproduct My, ~[[,c; U(L;) where Ji is the set of j € J such that the cone (Ul :UL;) —
UF(i));er factorizes through M. In particular, whenever D has limits, this says that

lim UF (i) ~ [Tuw)
jeJ

Observe that this implies that the codomain category D has some amount of coproducts - though
not necessarily all. In particular any continuous functor is multicontinuous.

Remark 4.1.1.6. A category has finite multilimits, or is finitely multicomplete, or also mlez, if
any finite family has a multilimit; similarly we will speak of mlex functors for functors preserving
finite multi-limits. We denote Mlex the 2-category of small mlex categories and multicontinuous
functors between them.

In the following, we fix a small mlex category K.

Remark 4.1.1.7. Observe that the corepresentables of the form K[K, —| are always multicontin-
uous, as they are continuous. Hence we have an inclusion

Kop 1y Mlex|[K, 8]

sending each K to the corresponding corepresentable.
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As we could characterize flat functors in the context of lex categories as those preserving the
finite limits, we have the following:

Proposition 4.1.1.8. For a small mlex category IC, a functor F : IC — S is mlez if and only if it
is flat.

Proof. Suppose that F is mlex: then we must prove that its category of elements [ F is cofiltered:
but this is because in S we have (finite) limits and coproducts. For (X1, a;) and (X2, a2) in [ F, the

pair X1, X5 has a multilimit (p! : L; — Xi)i=1,2jes and since F is mlex and F(X) = [K,S][3 x, F]
we have
F(Xy) x F(Xy) ~ [[ F(L
JjEJ

so that the pair (a1,a2) € F(X;) X F(X32) lies in some F(L;) for some j € J. Similarly for a
parallel pair f,g : (X1,a1) = (X2,a2) we have a multilimit of X; = X5 whose coproduct gives
the equalizer of F(f), F(g).

Conversely if F' is flat - so that F decomposes as the filtered colimit F' ~ colim(x 4ye(f ryor I x
and (pf :Lj = X,)icr jes is a finite multilimit (with I finite), we have the following

lzleHIlF(XZ) ~ llleHIl K,S)(3x,,F)
~ lim [KC,S][3 k., li S|
i e Sl e ol I

~1 coli K,S|[dx., 3
i Solim 1K S][F x, T x]

~ colim limK[X, X;]
(X,a)e([ F)yop i€l

colim H KX, L;]

(Xae([Fop
~ [k, S)L;, Fl ~ [ F(L
jeJ jeJ

O

Proposition 4.1.1.9. Mlex[K,S] is closed in [KC,S] under filtered colimits. In particular filtered
colimit of representable are mlex.

Proof. For (Fy)aep a filtered diagram in MLex[K, S] and (pg : Lj = X,)icr1,jes afinite multilimit,
since both limits and filtered colimits are pointwise in the functor category [K,S], we have the
following sequence of isomorphisms

li lim Fy)(X;) ~ i lim Fy(X;
(i cqlipn Fa) (X2) = gy colipn Fa(X0)

~ colim lim Fy(X;
cqlpp i FalX)

~ cﬁcl)élgl H Fy(L;)
jeJ
~ H(Coé%an)(L )
jeJ

O

Proposition 4.1.1.10. Mlez[K,S] is closed in [KC,S] under filtered colimits. Moreover finite
connected limits commute with filtered colimits.

Proof. For (Fy)aep a connected diagram in MLex[K,S] and (p! : L; — X;)ics jes a finite multi-

limit, we can use the fact that connected limits commute with coproducts in S, and that moreover
limits are computed pointwisely in the category of functors, so that the connected limit of the Fy
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is mlex:
(i iy F) (X0 > i frp Pl

= oy Iy P X)

Proposition 4.1.1.11. The full inclusion Mlex|[K,S] — [K,S] is multireflective.

Proof. From what precedes, Mlex[K,S] < [K,S] is accessible and preserves connected limits.
From [74] it is known that accessible functors satisfy the solution set condition. Moreover, preser-
vation of connected limits implies preservation of wide pullbacks - in fact, those conditions are
equivalent - so by proposition 2.1.3.7 we know that Mlex[KC,S] — [K,S] is a full right multi-
adjoint. O

Corollary 4.1.1.12. Mlex[K,S] is multicocomplete, hence is locally finitely multipresentable.

Moreover, we can control the generator of finitely presented object in Mlex[/C, S]. The strategy
is the same as in Gabriel-Ulmer duality and comes from the following lemma. Recall that a category
is said to be Cauchy complete if any idempotent has a splitting.

Lemma 4.1.1.13. Any mlex category is Cauchy-complete.

Proof. Let e : X — X be an idempotent in K. Then consider a multilimit (p; : X; — X) of the
parallel pair 1x,e : X == X. Then for e = ee = elx we have a factorization of e through one
member of the multilimit

X — ¢ S X—==0X

X;

But then the singleton p; : X; — X is a limit of the parallel pair, and (a,p;) is a split of the
idempotent e. O

Proposition 4.1.1.14. For a mlex small category K, Mlex[K, S] is locally finitely multi-presentable
and we have an equivalence K°P ~ Mlex[IC,S],

Proof. We saw in proposition 4.1.1.8 that Mlex[/C, S] ~ Flat [, S]. But any category of flat func-
tors is accessible, hence so is Mlex[/C, S]. But from what precedes, we know that Mlex[K, S] has
also multicolimits - equivalently connected limits. Hence it is locally finitely multi-presentable.

We always have that representable are finitely presented, for filtered colimits are computed
pointwisely in Mlex[K,S]. But conversely, it is a general fact that finitely presented objects in
category of flat functors are retracts of representable. But from the fact that IC is Cauchy complete
as a mlex category, and splitting of idempotent are absolute, any such retract must actually be
representable. O]

Now we consider the converse process where mlex categories are retrieved from locally finitely
multipresentable categories.

Proposition 4.1.1.15. Any finite multicolimit of finitely presented objects is made of finitely
presented objects. In particular for a locally finitely multipresentable category A, AP is mlex.
Proof. Suppose that F : I — A, is a finite diagram and take (¢/ : F(i) = X,)iesjes a multicol-
imit. Then for any filtered diagram S : D — A, we have

EA[XJ-, colim §(d)] ~ lim A[F (i), colim S(d)]
~ lllé’IIl cc(l)éigl A[F (i), 5(d)]
~ cgé%n lzlenll A[F (i), 5(d)]

:cccl)éién | A[X;, S(d)]
jeJ
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and hence for each j € J we have a filtered colimit
X, coli ~ coli X,
A[X;, colim 5(d) = colim AL, 5(d)]

hence the finite presentedness. O

4.1.1.16. Now, since A is finitely accessible, the embedding ¢4 : A, < A is dense, so that the
corresponding nerve N gy = A4, —] is full and faithful, and the nerve A4 exhibits A as category
of flat functors A ~ Flat[A°",S]. But from the previous proposition, as ASP is mlex, those are
exactly the mlex functors Mlex[ A%, S].

Now we give the 2-categorical statement of Diers duality. The same way we defined the 2-
category Mlex of small mlex categories, mlex functors and natural transformations, we can define
a 2-category of locally finitely multipresentable categories. First let us give the notion of morphisms:

Definition 4.1.1.17. A morphism of locally finitely multipresentable categories is a accessible
functor G : A — B with a left adjoint G* between locally finitely multipresentable categories.
Denote LFMP the 2-category of locally finitely multipresentable categories, morphisms of locally
finitely multipresentable categories and natural transformations between them.

Remark 4.1.1.18. The condition of having a global left adjoint seems rather surprising in this
context, where we would have expected a condition of multi-right adjointness. But as in Gabriel-
Ulmer duality, we really need to extract a left adjoint restricting to the generators of finitely
presented objects to have a contravariant duality of the kind we want. In fact we have the following:

Lemma 4.1.1.19. IfF : C — D is a mlex functor between small mlex categories, then the extension
G* =lan ¢ is mlex.

Proof. Recall that G* can also be defined as defined as the left Kan extension lan 5 3 G°P as below

cor — G o pop

2 E

[C’ S] T [D7 S}

So that in particular, since 3 is full and faithful, for any X in C we know G* 3 x = J(x). Now,
recall that left Kan extensions commute with filtered colimit: as any mlex functor F': C — D is
flat, hence is the filtered colimit colim(x 4)e(f Fyor I x, We have

G*F =lan oF

~ colim lan o3
xaye(f e O

~ colim 3
(xaye(f pyer ~ X

But filtered colimits of representables are mlex: hence G*F' is mlex. O

Remark 4.1.1.20. Conversely, recall that if G* 4 G, is a pair of adjoint functors such that G, is
finitary, then G* maps finitely presented objects to finitely presented objects.

Proposition 4.1.1.21 (Diers duality). There is a 2-equivalence of 2-categories
Mlex®® ~ LMFP

sending a mlex category K to Mlex[KC,S] and a mlex functor G : K1 — Ky to G, : Mlex[Ks,S] —
Milex[/Cq,S], and a locally finitely multipresentable category A to AP and a morphism of locally
finitely multipresentable multicategory G* 4 Gy to the restriction G*|,,.

4.1.2 Accessible right multi-adjoints

Another analog to locally presentable categories is the relation with adjointness. First, there is a
well known variant of the adjoint functor theorem saying that a functor between locally presentable
categories has a left adjoint if and only if it is accessible and preserves limits. Here we provide an
analogous statement for right multiadjoint with a locally multipresentable domain:
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Theorem 4.1.2.1. Let U : A — B be a functor with A and B locally finitely multipresentable
categories. Then U is a right multiadjoint if and only if it is accessible and preserves connected
limats.

Remark 4.1.2.2. Beware that we cannot control the rank of accessibility of U, which will end
up A-accessible for some A > Ry we do not know, even though A and B are finitely accessible.
In the following proof, we make use of the following general fact: for k < A\ two cardinals, A-
filtered categories are in particular x-filtered; hence if a category has x-filtered colimits, it has
in particular A-filtered colimits, and similarly, a functor preserving r-filtered colimits preserves in
particular A-filtered colimits. In particular, x-presented objects are also A-presented.

Proof. For the indirect sense, it is known (see [74] and [85]) that accessible functors between acces-
sible categories satisfy the solution set condition. As A and B are in particular (finitely) accessible
and U is accessible, U satisfies the solution set condition, and if moreover it preserves connected
limits, then by proposition 2.1.3.7 it is right multi-adjoint.

For the direct sense, we propose this adaptation of [2][Theorem 1.66] in the context of multi-
adjointness and multipresentability. Suppose that U is right multiadjoint (and hence preserves
connected limits by proposition 2.1.3.7). As B, is small and A is accessible, we can choose a
cardinal A > Ny such that for any K in B, and any local unit n, : K — U(A,) with « € Ik, the
object A, is A-presented in A. Then we prove that U is A-accessible as follows.

Let F': I — A be a Mfiltered diagram: in particular, I is finitely filtered, and the colimit
(¢; : F(i) — colim F');er exists in A. We prove that (U(g;) : F(i) — U(colim F'));er is a colimit in
B - and in particular, for it is A-filtered, this colimit is also finitely filtered. By [2][Exercise 1.0(1)]
we know that it is sufficient to check that

— for any finitely presented object K in B and f : K — U(colim F), there is some lift a : K —
UF(i) of a along g; for some i € T

— and that for any two such lifts b : K — UF(i) and b : K — F(i') there is a common
refinement d : i — ¢ and d’ : i’ — i such that UF(d)b=UF(d")V'.

For a : K — U(colim F'), consider the local factorization

K a U(
nm %(u;)
U(Aza))

As K is finitely presented, A, (,) is A-presented in A, and as I is M-filtered, there is a lift

colim F')

F(i)

b ///7 J{
- qi

Az(a) —5— colim F

whose image along U provides the desired lift by precomposing with the local unit n, )

K - U(colim F)
1
nx v o
U(Az(a)) NN U(F(i))

Now for two such lifts b: K — UF(i), b/ : K — F(i’) of a, as the image of the inclusions U(g;),
U(q;') are in the range of U, we know by theorem 2.1.1.5 that up to canonical isomorphism, b
and b’ factorize through the same local unit as a, that is z(b) = z(a) = x(b') and we have the

commutation below
UF(3)
1 )
ﬂ—) Wﬁ
~
) (

b
K —ns@) = U(Aya) U(ua) U(colim F)

M %)
b UF(i)
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This returns in A the following commutation

Aa:(a) colim F'

/

But now, as A, () is A-presented and [ is A-directed, the lifts u, and wu factorize through a com-
mon refinement d : i — i’ and d’ : i — 7" such that F(d)uy, = F(d')up, which provides in B the
desired common refinement for b and ¥'.

Then, we know that the cocone (U(g;) : UF (i) — U(colim F'));c; is a colimit in B; this proves
that U preserves M-filtered colimits, that is, is A-accessible. O

Remark 4.1.2.3. In proposition 4.1.2.4, we are going to prove that if we suppose that U is
finitely accessible, then the localizations A, for x € Ix and K finitely presented in B are finitely
presentable. In fact, in the proof above, A was dependent of the rank of presentability of the
localizations of finitely presented objects: if all the A, for x € Iy and K in B, happen to be
finitely presented, then the functor U can be certified as finitely accessible.

Recall that any locally finitely presentable functor is a right adjoint preserving filtered colimits;
the last condition amounts to saying that its left adjoint sends finitely presented objects to finitely
presented objects. Now recall from [2][Theorem 1.39] that a full, reflective subcategory A of a
locally finitely presentable category B which is moreover closed under filtered colimits is locally
finitely presentable - and the inclusion functor is locally finitely presentable; moreover, one could
use as the generator of finitely presented objects in A the reflections of the finitely presented objects
of B. In [25][Theorem 8.3.1] is given the following analog - we propose here a slightly different
adaptation of.

Proposition 4.1.2.4. Let B be a locally finitely presentable category and U : A — B such that
— U is a right multiadjoint
— U is moreover faithful, and relatively full and faithful,
— A closed under filtered colimits and U preserves them.

Then A is a locally finitely multipresentable category. Moreover, the full, dense generator A, of
finitely presented object of A has as objects local reflections of finitely presented objects, that is

|Aul= [ {A4c| ne: K = U(A,) € I}
KeB.,

where Ik is the set of local units of K for U.

Proof. First, let us prove that A is finitely accessible. Since it is supposed to have filtered colimits,
we have to check that A, is a small dense generator of finitely presented objects. Let K be in
B, and n, : K — U(A,) a local unit under K. We first check that A, is finitely presented in A:
let F: I — A be a filtered diagram, and an arrow a : A, — colimF. Then for U is supposed to
preserves filtered colimits and K is finitely presented, there is some 7 in I such that we have a lift

HTJ lU(th)

U(Az) @ colim UF

Then the local reflection of b provides us with a filler and moreover we have a commutative triangle

F(i)
Lmy lq'

A, —— colim F'
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Hence A, is finitely presented. Now we prove that for each A in A, we have a filtered colimit
A~ A, |l A. First, observe that there exists a canonical arrow in A as below

Ay
S
Aé———————colimA, | A

(a)acay, 1

induced from the fact that the diagram dom : A, | A — A is equipped with a canonical cocone of
tip A. Moreover, since U preserves filtered colimit, this triangle is sent by U to a triangle

VU(AI) s

U
U(A) colim U(A, | A)

(U(a))acay,la

But in B, we have a filtered colimit U(A) ~ colim B, | U(A), where each b : K — U(A) is the
inclusion at the index it defines in this canonical colimit. Moreover the local adjoint of U over A
restricts to finitely presented objects as a functor

BuLU(A) = A, L A

sending any b : K — U(A) to its local part La(b) : Ayp — A for the unique x(b) in Ik
corresponding to the local factorization of b. For each b the corresponding L4 (b) is equipped
with a canonical inclusion qr,, ) @ Az — colim A, | A and one has La(b) = (a)a, 1495, )
Then one has a factorization of the inclusion b

Tz (b)

/ _— \U(QLA(b))

ULa(b)

U(4) L colim U (A, | A)
U({a).a,1a)

which entails by the universal property of the colimit that we have a retraction

U(4)

U(4)

~e_ UL )nam))veBy,1Ua)
Tty

U(colim A, | A)

</U<<a>aeAM>

Moreover, since U is relatively full and faithful, the map (U(qr ,5))na))seB, U (4) must actually
come from a unique section u4 in A

A

ua
colim A, | A

A %&AWLA

On the other hand, the composites U(qr ,))ne : K — colim U(A, | A) define altogether a
universal map

T (b)

K U(Aaw))

/ \U(qLA(w)

colim U(A,, | A)

U(A)

(UL 4 (6))Ma(b) ) beBL, LU (A)

But as we have (U(qr ,))n®))veB, ua) = U(ua) and for each b : K — U(A), n,@) is a local
unit, and the local factorization provides a diagonalization of this square

Az)
La®) .~ XAT)
L’/
A ™ colim A, | A
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U being relatively full and faithful, we know that each Uy, is full and faithful, so that the counits of
the local adjunctions are isomorphisms, and for any a : A, — Ain A, | A, we have a >~ L4(Ua(a)),
and hence a = La(Ua(a)ng), and q. = qr,(w,(a))- Hence for any a € A, | A we have a
factorization of the inclusion ¢, given as

Ay

La(U(a)ng) -~ x
P

A———Fr7—colimA, | A
which entails by the universal property of the colimit that we have a retraction

colim A, | A

(a)acay,1a
A —
m

colim A, | A
Hence we have an isomorphism A ~ colim A, | A as desired.

Now we prove that A has multicolimits. Take F' : I — A. Then, since B is locally finitely
presentable, we can compute in B the colimit colim UF; now consider the local units under
colim UF, and observe that for each of those local unit x € I oim yr we have a cocone over UF

UF(d)

UF(i) UF(j)
colim UF
U(Az)

and we claim that each of those cocones comes uniquely from a cocone in A, which altogether
form the multicolimit. For a given cocone (f; : F(i) — A)icr in A, take the universal map
(U(f:)Yier : colim UF — U(A); for U is right multi-adjoint, this arrow factorizes uniquely through
one of the local unit of index z((U(f;))icr) € Icoim vr. Then for each i € I we have a factorization

of U(fi)
UF(i)

J{ U(fi)
ai
colim UF — (U(f:))ier — U(A)

nw(<U(fi>>iEI>J/ Un(La(U(f))icr))
UAaw(s))ien)

which forces the composite (v (f,)y,c;)¢ to come from a unique arrow 7§ : F(i) — Ay (f,))ser)
in A for U is relatively full and faithful. Hence in particular each composite n,q; for ¢ € I and
x € Ieolim uF comes from a unique 47 : F(i) — A, in A, and the family of cocones

((’Y;E : F(l) - Ar)iGI)mGIcoum UF

is exhibited as a multicolimit for F'in A. Hence A is multicocomplete, and being finitely accessible,
it is locally finitely multipresentable.

In particular observe that A4 has connected limits - and observe that U preserves them as a
right multi-adjoint, so that they are computed as limits in B. O

In this context, we can in particular compute explicitly the factorization through local units
associated to U by using the canonical cone of its domain:

Corollary 4.1.2.5. With the hypothesis of proposition 4.1.2.4, for any f : B — U(A), we have

~ 1 A = 1 A =
Ap = colim Ap,  mp = colim g, La(f) =(La(fb))ven.iB
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Proof. We have B ~ colim B, | B, so that f = (fb)sen, - Now for a given b : K — B, consider
the factorization

b B

K
\ \ 7]A /
s, T~ ULA(f)
U

a) —— U
o) ULa, (n}h)

but by theorem 2.1.1.5 we know that actually

Agso=Ap oty =nfy La(H)La,(nfh) = La(fb)

4.1.3 Multireflection through cone-orthogonality

In [28], a specific process to construct locally finitely multipresentable categories is provided,
which encompasses most of the interesting examples and enjoys Diers condition. Though this pro-
cess is originally done inside an ambient locally multipresentable category, we consider here the
special case of an ambient locally presentable category, where the construction simplifies slightly
and meets the version of the small object argument presented above.

In the following, let B be a locally finitely presentable category. We consider a small class I' of
small cones in B, with
Ve ={gi| (9i: K — K;)ier €T;i € I}

the set of all arrows involved in cones of I'.

Definition 4.1.3.1. An object A in B is said to be I'-local if for any cone (g; : K — K;)ijes in T,
we have a surjection
HB[KZ, A] <B[gi7A]>i€I

iel

BK, Al

Remark 4.1.3.2. Observe that this notion is slightly weaker than the one considered in [25][Sec-
tion 8.6], which should bear the name of strongly I'-local and add an injectiveness condition on the
maps B[g;, A]. Our notion, beside being more general, is better suited to encompass the situations
corresponding to geometric extensions of the finite limit theory behind B as we shall see below -
where the injectiveness condition is generally absent.

We have also a notion of local morphism, which is actually the notion of right map relatively
to the class of all maps involved in the cones of I'; together with local objects they form a certain
subcategory of B we are going to focus on:

Definition 4.1.3.3. A morphism is said to be I'-local if it is in V. We denote as Br the category
of I'-local objects and I'-local morphisms between them, equipped with a faithfull, injective on

objects inclusion
Br < B

Remark 4.1.3.4. Observe that the category hence obtained is not a full subcategory: this allows
in particular to select a distinguished class of morphisms between models of an extension of the
theory behind B, while considering only a finite limit extension of the theory of B in the same
signature does not restrict morphisms between the models of the extension, producing always a
full subcategory: this is because morphisms are determined by the signature and not by the axioms
of the theory.

We know then from the small object argument that I-local morphisms are the right class of a
left generated factorization system (Ind(Vr), Vi) where Vr is the saturated class generated from Vp.

Then we have the following property, which is slightly stronger than [28][Theorem 3.2]- and
whose proof simplifies also a bit thanks to the prior treatment of the small object argument:

Theorem 4.1.3.5. Let I" be any small class of small cones in B,,. Then the inclusion Ur is

— accessible,
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— relatively full and faithful,

— right multi-adjoint,

— and satisfies Diers condition
In particular it exhibits Br as a locally finitely multipresentable category.
Proof. First observe that Ur is faithful; moreover, it is easy to see it is relatively full and faithful
as a consequence of left cancellation that local maps enjoy as a right class.

We now prove that Br has filtered colimits and that they are preserved by Ur.

Let F : I — Br be a small diagram with [ filtered. Consider its filtered colimit colimUrF' in
B. Now take a cone (g; : K = Kj)jes in I'. Now for the joint surjectivity, consider an arrow
a: K — colim UrF; as K is finitely presented, we have a lift b : K’ — F(¢) for some ¢ € I, and by
localness of F(i) there is some j in J and a factorization

gg‘i /b/\ lQi

j colim Ur F

b
a

and we have a = ¢;b = qil_Jgj. Hence the localness of colim UrF'.

We must now prove the inclusions g; are I-local. Consider a square as below, for (g; : K —
Kj)jel and j € J:
K —*— F(i)
gyi lqi
K; —— c?éllmF(z)

Then for K; is finitely presented and I filtered, there is some ¢’ such that b factorizes through g,
as b= ¢ib'. But then ¢;a = bg; = ¢ib'gj, so that there exists some span s: i — ", s’ : i — " in
I such that we have a factorization as follows

K —— F(’L) qi
|
F‘(ys) \

5 F(i") — aw — colim F(4)
i€l
N
F(s')

I
K; —— F(i)

But then for g; is in Vp and F(s) is I'-local we have a unique diagonalization as below

K a F(i)

///,) ‘ qi
gjl - - F(s)

— F(i") 4y — colim F()
F(s") i€l

where d provides also a diagonalization of the original square above.

Moreover such a diagonalization must always be unique: suppose indeed one has two parallel
diagonalizations

9i d lqz‘
d/ . .
Kj —— C(Z_)g}n F(i)

Then g; equalize d,d’; but we also have that g¢; coequalizes d,d’, and from the fact that K is
finitely presented and I is filtered, this implies there exists some arrow s : i — ¢’ in I such that
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F(s) coequalizes d,d’: but F(s) is I-local, that is, in Vi, so by corollary 1.1.1.4, this forces d, d’
to be equal. This finishes to prove that Br has filtered colimit and that Ur preserves them, hence
is accessible.

Now we have to prove Ur is a right multi-adjoint. We consider as already constructed the fac-
torization system (Ind(Vr), V). We prove that I-local objects have the gliding property relatively
to local maps (see definition 2.3.3.2). Suppose that A is I'-local and C' is an object equipped with
a local arrow u : C — A. Now for any cone (g; : K — K;);er in I' and any f : K — C we have a
factorization for some g;:

K——C
K; -——--- >y A

Then for g; L u this induces a unique factorization K; — C of f as desired. Then C' is I'-local.

Hence from theorem 2.3.3.3 we know that Ur is stable, as Br consists precisely of a class of
objects that have the gliding property to a right class. Hence for any arrow f: B — A with A a
[-local object, the (Ind(Vr), Vi-)-factorization

B— 4

Ay

returns a local object Ay. Moreover, as Ur is relatively full and faithful, arrow n : B — A in
Ind(Vr) with A T-local are exactly the candidate for U: hence Ur automatically satisfies Diers
condition.

By theorem 2.1.4.6, Ur is local right adjoint. But now, as Ur is accessible, it satisfies the
solution set condition: then by proposition 2.1.3.4, Ur is a right multi-adjoint. As a consequence,
Br is locally finitely multipresentable, from proposition 4.1.2.4. O

Remark 4.1.3.6. Beware however that without additional assumption, Ur may not be diagonally
axiomatizable; it may actually happen that the class of I-local object is empty, or at least does
not contain enough objects to ensure that +Up(B%) = Ind(Vr).

Moreover, we also must restrict to the local maps between local objects in order to get a
multireflective subcategory, for there is no reason for local objects to have the gliding property
along arbitrary maps: hence in general the full subcategory of local objects is not multireflective
in B, and hence not locally multipresentable.

4.1.3.7. Observe that this result returns actually a situation of geometry. If B is T[S] with T a
finite limit theory, then any class of finitely presented cones I' in B, ~ C;* corresponds to a system
of covers and hence generates a Grothendieck pretopology Jr. Conversely, any Grothendieck
pretopology J on Ct coding for a geometric extension T ; of T defines a class of cones I'j in B,,.
Moreover, for a Grothendieck pretopology J on Cr, the class Vr, is already saturated by the axioms
of a Grothendieck pretopology.

Corollary 4.1.3.8. For any finite limit theory T and any Grothendieck pretopology J on Cr,
(T, J,Vr,) is the smallest geometry on T with T ;[S] as local objects.

Remark 4.1.3.9. Beware however that this construction is not Morita-invariant, in the sense
that it depends on the choice of a pretopology: if J;, Jo are two pretopologies generating a same
topology, then, though I'7,-local objects and I j,-local objects coincide, we cannot prove that I' ;-
local maps and T 7,-local maps coincide. Then, even if .J; and J; are Morita equivalent, (T, Jy, Vr Jl)
and (T, Jo, Vr Jz) may not be Morita-equivalent geometries.

4.1.4 Disjunctive theories

In [52] was given a syntactic approach to locally finitely multipresentable categories, expliciting
a link with disjunctive theories. It was proven that any locally finitely multipresentable category
is equivalent to the category of set-valued models of a disjunctive theory, and conversely that any
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disjunctive theory defines a locally finitely multipresentable category which is multireflective in the
category of models of its finite-limit part. However in general this relation is not as strict as the
relation between locally finitely presentable categories and finite-limit theory as we shall see. In
this subsection we recall mostly material from [52].

Recall that a disjunction ¢(Z) V ¥(T) is provably disjoint if one has ¢(T) A P(T) FzL.
Definition 4.1.4.1. A disjunctive theory is a theory whose formulas involve

— finite conjunctions

— existentials with proof of uniqueness

— strict (infinite) disjunctions

Remark 4.1.4.2. Beware that we put the same restrictions on the existentials as in the case of
finite limit theories; on the other hand there is no restriction on size of disjunctions, as soon as
they are provably disjoint.

Then disjunctive theories are convenient to axiomatize locally finitely multipresentable cate-
gories:

4.1.4.3. Let C be a small mlex category. Then we can construct as in [52][Proposition 3.1] a
disjunctive theory T¢ as follows. Define the language L as consisting for each object C of C
defines a sort Sc, and for each morphism f : C; — Cy a function symbol 0¢ : S¢;, — Sc,. Then
define T¢ as consisting of the usual functoriality axiom k-, 0,(z) = 05(6,4(z)) and identity axiom
2 61, (z) = x, plus, for each finite multilimit (p! : L; — X;)ier jes over a finite diagram (X;)se;
with transition morphisms f;: X; — Xy for d : i — i’ in Z?, the following axioms:

— an axiom expressing that the function symbols coded by projections in a local cone of the
multilimit are jointly injective:

/\ 910{ (¥;) = pr @) T80, U5 = vj

iel

— an axiom expressing that no term can be the solution of the equation coded by the function
symbols coding the projections of two distinct local cones at 7, j* distinct

/\ 0,1 (7;) = gpfl(gj’) F s, L

iel VjriSLy,
— an axiom expressing factorization of each cone trough one member of the multilimit

/\ 07,(Ti) = Tir b= zi:5x, \/ Jy; : Si, (/\fz =0, @)

der? VX jeg iel

Lemma 4.1.4.4. The theory T¢ is disjunctive.

Proof. The only disjunctions involved in T are those of the third class of axioms: but observe that
for any 7,5’ which are distinct in J the second class of axioms forces

. TS :S
il YitPL o Yi L

Hence the disjunction in the third axioms are strict. Moreover the existential are strict from the
first class of axioms. O

Proposition 4.1.4.5. Let C be a small mlex category. Then the disjunctive theory T¢ such that
Tc[S] ~ Mlex|C, S].

Proof. Recall that any functor F' : C — S can be seen as a Le¢-structure, where the sort S¢ is
interpreted as F(C), and the function symbol 8, : Sc, — S¢, by F(f) : F(Cy1) — F(C2). The
functoriality and identity axioms are then automatically satisfied by the functoriality of F'. But
also recall from the Yoneda lemma that F(C) ~ [C,S][d ¢, F.
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ith 7 : S¢, and 7 : Sc,, and elements b in F(C}),
)(b) = a. From Yoneda lemma this means that we

Now for a formula of the form 6 (7)
a € F(Cy), one can write F' = 04(b) = a if F(

have a commutation

Il
<
g

~

Now, let (p! : Lj — Xi)ier.jes be a finite multilimit in C. Then the first axiom says that for
any b,b' in F(L;), if for all i € T one has F(p!)(b) = F(p!)(t') then b = b': In term of cones, this
means that any two parallel arrows

b
E!Lj?;F

that induce the same cone (b3 ; = b'3 ;)ics are actually equal, so that each local cone (3 ;)ier
behaves locally as a colimit. /

The second axiom says that there are never two distinct j, ] and b € F(L;), b € F(Lj)

such that one has simultaneously for all i € I F(p!)(b) = F(p! )(b’ ): this means that a cone
(bi : I x, = F)ier never admits simultaneously two factorizations through two distincts local
cocone.

But the last axioms says that any such cone (b; : 3 x, — F);er still induces a factorization for

some j € J

b.
Iy —— F
X; o

3 L;

In fact from the previous axioms, there is only one j € J, and only one such b satisfying this
condition.

Hence we see that those conditions are exactly equivalent to requiring F' to be mlex, as we
know from remark 2.1.3.11 that this condition says that for any multilimit

hmF H F(L

jeJ

But this is exactly what is expressed by the axioms above. O

Corollary 4.1.4.6. Any finitely locally multipresentable category can be axiomatized by a disjunc-
tive theory. In the following we call this theory T its disjunctive axiomatization.

Remark 4.1.4.7. Beware that this results does not say that ASP is a syntactic category for T - it
is not clear what notion of syntactic category should be involved here.

Any disjunctive theory is geometric: hence it admits a finite-limit part Ty consisting of all
its finite limit sequents of T. The syntactic category of Ty is lex, and Tg[S] is locally finitely
presentable. We also have the converse result that the category of models of any disjunctive theory
is locally finitely multipresentable:

Proposition 4.1.4.8. Let T be a disjunctive theory. Then T[S] is locally finitely multipresentable.

Proof. Tt can be shown, see [52][corollary 3.5] than any formula of T can be chosen as being of
the form ¢(Z) - \/,c; I,;%(¥;), with the existential with proof of uniqueness and the disjunction
strict, and both ¢ and the 1); finite-limite formulas with ;(7;) - ¢().

Then those disjunctions code for cones in the syntactic category of the finite-limit part Cr,,
and we just have to take the corresponding class of cocone in T

Lr = {((@)/6(@) = ;) /v:@:) | 6@) b\ F:v@:)}

el
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Then from theorem 4.1.3.5, we know that the category of local objects and local maps (To[S])r;
in Ty[S] is locally finitely multipresentable, multireflective in T[S]. Moreover, I'r-local objects are
exactly T-models in Ty and moreover any I'r-local object is automatically strongly I'r-local.

Then we have to check that the inclusion (To[S])r. < To[S] is full, that is, that any arrow
f: A1 — As between local objects is I'p-local. Take any fp, : (Z)/¢(T) — (¥;)/¢:(y;) for 6;(Z,7;)
coding for ¥;(g;) F ¢(T). Then consider a square

(@)/o(T) —— Ay

feli lf

@) /i) —— A2
Then as A; is I'r-local, there is some 7 in I and some factorization

(@)/o(T) —— A

w A

i) /i ()
But then this provides two parallel factorizations of the same arrow fa = fcfp, = bfy,

fo

(@)/6(@) — (@;)/%i ()

Al I

) /0i(Y;) ——— A2

which forces i = j as A, as a I'r-local object, is a T-models. Hence as local objects are auto-
matically strongly local, one also has fc = b, and this proves that ¢ is a diagonalization as expected.

Finally, being two theories in the same language, T[S]| < Ty[S] must be a full inclusion: but
the inclusion (To[S])r, < To[S] being also full with the same objects, we have

(To[S])ry = T[S]

Hence TIS] is locally finitely multipresentable. O

4.1.5 Remarks on the locally multipresentable categories induced from geometries

We end this section with some remarks on the accessible aspects involved in geometries, sum-
ming up what was said in the previous chapters.

4.1.5.1. In theorem 3.3.1.12, we saw that for a geometry (T,V,J), local objects and local maps
formed altogether a relatively full and faithful inclusion

TJ[S]LOC LN
which was deduced to be stable from the gliding of local objects along local maps in lemma 3.3.1.8.

Moreover we had the following observations concerning local objects. From 7?7, we know that
the full subcategory ¢y : T;[S] < TIS] is accessible: hence it has a small dense generator of -
presented objects for some k. Moreover, T ;[S] has finitely filtered colimits, and the inclusion ¢
preserves them, so that they are calculated in T[S].

Moreover we can prove with the same argument as in theorem 4.1.3.5 that the non full inclusion
LiLoc : T7[S]F°¢ — T exhibits T ;[S]¥°¢ as closed under filtered colimits in T[S]. Then we deduced
in theorem 3.3.1.12 that the inclusion ¢ 1,0c Was not only stable but actually a right multi-adjoint.
Hence from proposition 4.1.2.4, we know T ;[S]¥°€ to be finitely accessible, even though T ;[S] was
only accessible for some unknown rank. We saw in particular that one could exhibit as a small
dense generator of finitely presented objects for T ;[S]¥°¢ all the codomains A, of the local units
ng : K — U(A,) for z € I at finitely presented objects K of T[S].
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4.1.5.2. This surprising result deserves some precision. We have a triangle of finitely accessible
inclusions

']TJ [S]Loc

T,
(8]

where in particular the horizontal inclusion is bijective on objects, so that all the finitely presented
objects of T ;[S]¥°¢ are in particular in T;[S] and still form a dense generator of T;[S], which
could lead to think that T ;[S] ought to also have a small generator of finitely presented objects.
But this is in fact not the case, as the inclusion T ;[S]%¢ < T[S] does not send finitely presented
objects to finitely presented objects: in other words, being finitely presented in T ;[S]¥°¢ does
not mean being finitely presented in T ;[S], since there may be filtered colimits of local objects
with non-local transition morphisms the finitely presented objects of T ;[S]¥°¢ may not be finitely
presented relatively to.

Sl

4.1.5.3. For T;[S]¥°¢ is locally finitely multipresentable, proposition 4.1.4.5 tells us there is a
disjunctive theory Tty 7) such that

T(T,V,J) [S] ~ T][s]Loc
However one should not make this result to tell more than it does:

— First, the disjunctive theory T(ry, ;) may not classify categories of the form T;[E]%°¢ for
arbitrary Grothendieck toposes &: those results were only viable in §. In some topos those
theories may cease to be equivalent, for instance see the distinction between the theory of
local rings and strong local ring in [46].

— Secondly, the Grothendieck topology we started with J was never supposed to code for a
disjunctive extension of T, its finite-limit part: in fact the disjunctive theory we end up
with Tty 5 is not an extension of T, having new sorts, and its finite-limit part is a new
finite-limit theory.

— Finally, the disjunctive theory Tty sy also has a finite limit part (T(r,y 7))o, and the in-
clusion T;[S]%°¢ ~ Tpy 5)[S] < (T(z,v,7))0[S] is a full, accessible multireflection, while
the inclusion tjroc : Ts[S]°¢ — T was only a relatively full and faithful - but non full -
accessible multireflection. Beware that the theory (T(ry )0 is not in the same language as
T.

4.2 Geometric envelope of a stable functor

In the last section we saw how a class of cone of finite presentation in a locally finitely presentable
category induced a multireflective locally finitely multipresentable subcategory. In this section we
turn to a converse process, constructing a geometry from an arbitrary stable functor

4.2.1 Cone-injectivity relatively to local units

In this subsection we first discuss some cone-orthogonality and injectivity conditions. First we
consider injectivity relatively to the canonical cone of local units under a given object, and see why
this intermediate notion is not convenient; then we consider injectivity relatively to a notion of
localizing families, and see how, though failing to returns a geometric envelope, is an intermediate
notion which can be improved as done in the next subsection.

Definition 4.2.1.1. For C a class of cones

— The cone-injectivity class for C is the class C* of objects A such that for any cone (f; : B —
B,)icr in C, any f: B — A from the summit of the cone factorizes through some arrow f; in
the cone.

— The cone-orthogonality class for C is the class C* of objects A such that for any cone
(fi : B = By)ier in C, any f : B — A from the summit of the cone factorizes uniquely
through exactly one f; in the cone.
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Remark 4.2.1.2. As detailed in [2], if C is a class of cones made of arrows of finite presentation,
then the corresponding injectivity class is an accessibly embedded, accessible full subcategory of
B, while the corresponding orthogonality class is a full multireflective subcategory of B.

Moreover, it should be pointed out that in an admissibility structure, the full subcategory of
local objects, which are the models of a geometric extension, have no reason in general to be mul-
tireflective in the ambient locally finitely presentable category, though it should be closed under
filtered colimits. We saw in fact above a result telling us morally that full, accessibly embedded
multireflective subcategories of locally finitely presentable categories are models of disjunctive ex-
tensions. Though it encompasses certain prominent examples, our situations of interests are not
restricted to disjunctive extensions, hence multireflectivity of the class of local objects should in
general appear only after restriction to local maps.

In a Diers context the considered stable functor usually does not define a full subcategory. It
is so exactly when the specialization order between local objects is trivial. But in the general case,
we have to distinguish the considered non full subcategory defined by the essential image of U
from the full multireflective subcategory given by the class of cone orthogonality it is expected to
generate.

4.2.1.3. Consider the class of cones of local units under arbitrary objects:

o = {(B" Y ULa(r)) B e B}

BhLueBU |

If we denote (B % U(A;))icr, the cone of (isomorphism classes of) all local units of B, then
it generates in some way a cocoverage in B in the sense that for any f : By — By, one has for any
i € Ip, the following factorization

Bl%BQ

o I

U(Azy) T U(A;)

However the cones of local units are not stable by pushout: indeed, for ¢ € Ip, even though the
f«n} : By — Ba +p, U(A;) is still diagonally universal, its codomain needs not be in the range of
U. But pushouts of cones of local units are still covering families in the sense that ”they still cover
the local units” of the codomain. By this we mean that all its local units factorize through one of
those pushouts at least. This results from the property of pushout as visualized in the following:

Utz )

This must be generalized by considering cones of etales maps jointly factorizing local units
under a given object. Those were considered in [30].

Definition 4.2.1.4. For a stable functor U : A — B, we can consider the U-localizing families as
the families of U-etale morphisms jointly factorizing local units of U, that are all the families of
the form (B oy B;)ier with n; in Etg such that for each local unit © € Xpg there is some i €
providing a factorization

B—" U4,
\ L
Uz B /// 3

In particular one can define U-local objects as those A such that for any B and any U-localizing
family (n; : B — B;);cr in Ety together with an arrow f : B — A, we have a factorization of f
through some n;.
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Proposition 4.2.1.5. For any object A in B, the following are equivalent:
1. A is U-local,
2. A is a retract of an object in the range of U,
3. Aisin Cf]nj

4. The (Ety,Locy) factorization of any f : B — A returns a retract of an object in the essential
image of U.

Proof. First, observe that if A is U-local, then in particular 14 lifts through its own unit cone:
that is we have a retraction for some 7 € I4:

A

M
n; -
i -
\L -7 3
-

U(A;)

A

Now if A is a retract of some U(Ap) with 14 = rs, for any f : B — A the factorization of sf
provides a factorization of f itself through rU(usr):

B—1 4 La A
| N, T
U(Asy) W U(Ao)

So that A is cone injective.

Now, if A is cone injective and (B — B;);er is a cover, any f : B — A lifts through some unit
n; : B — U(A;) which is itself factorized by some member of the cover, thus so is f, exhibiting A
as a U-local object.

Next, for A a U-local object, let
B—L 4
% %
Af

be the (Ety, Locy ) factorization of f : B — A; then Ay itself possesses a cone of local units under
it, which is in particular trivially a U-localizing family: hence the local part uy of the factorization
itself lifts through one of them as A is U-local. But now the factorization of the lift returns the
same object as the factorization of f by uniqueness of factorization, as we have a chain of diagonally
universal maps on the left:

B ! A & - As
IN
N3
m %’ ~ n3
% .
Af ni,€Diagy U(Al)

Hence Ay is a retract of some object in the range of U.

We can also prove directly that the second and the fourth item are equivalent. If A is a retract
of an object in the range of U, then for f : B — A we can compare the left part of the factorization

of A with the local unit
/ "*N

Nsf

A

S\ /

U(Asy) T Uy U(Ao)
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but now the following square below admits some filler

Uldss) 5y ©

exhibiting Cy as a retract of U(Asy). Proving that the last item implies the second is trivial by
applying the result the identity of A

Finally, suppose that any arrow toward A factorizes through a retract of an object in the range
of U. Then for any f: B — A and any U-localizing family (n;);c; of B, we have a factorization
as below

B - ! A
n -
n; Cy Cy
~
. e
Cl *************** 4 U(Ao)
ensuring that A is U-local. O

Proposition 4.2.1.6. We have a similar property of local maps:

— A map between retracts of objects in the essential image of U is U-local (that is right orthog-
onal to the maps in Diagy; ) if and only if it is a retract of a map in the range of U.

— In particular, any object sending a local map toward a retract of an object in the range of U
is itself such a retract, as is the local map.

Proof. For a retract of a map in the range of U and an arbitrary square as in the following with

n in H(U(A?)):
C
C

the composite square with n on the left and U(u) on the right admits a lifting, whose composite
with r constitutes a lifting of the leftmost square.

— A

‘\ )%A
i U(u)

! A/

T~ 7

S T

U (A6)

—

For the converse we have to prove the second item. Consider a local map whose codomain is a
retract, then consider the factorization of the composite map, as in the following:

A A
f U(nsff) f
lU(w,«)
A/
S/\\ /T/
U(Ao)

This provides us with the following square

A=——mA

ol

U(As A
Aor) i

whose diagonalization exhibits both A as a retract of U(Ays) and f as a retract of U(uyy). O
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Corollary 4.2.1.7. The U-local objects and U-local maps between them form a (non full) multire-
flective subcategory
U-Loc™cv — B

This means that for any stable functor, the closure by retracts of its essential image image is
multireflective. Its full closure in B is the cone injectivity class C””

However, beware that the class thus obtained is not yet adequate to provide an admissibility:
in fact, we cannot yet see the U-local objects as all the models of a geometric theory, for the
injectivity condition involved are too constraining. Indeed, the U-localizing families were defined
under arbitrary objects, and injectivity had to be tested hence relatively to a large class of cover;
similarly, the cone-injectivity condition was tested relatively to a large family of cone outside the
generator of finitely presented objects, and hence we cannot ensure the resulting class to be the
class of models of a geometric extension.

4.2.2 Localizing families and geometric envelope

To produce the desired admissibility structure, we have to restrict the localness test relatively
to finitely presented object. Hence we have to restrict the U-localizing families to the finitely
presented objects and the finitely presented etale morphisms under them:

Definition 4.2.2.1. Define the U-localizing pretopology Jur on B2P as having as covering families
the duals of the families (n; : K — K;);er in Et,, such that for each x € X, there is some i € I
and a factorization

K——" UA)
\ o
ng K //’ 3

Then from what was said in 1.2, Jy codes for a geometric extension of the finite limit theory
whose category of set-valued models is T:

Definition 4.2.2.2. We denote as Ty the corresponding geometric extension, and call it the
geometric axiomatization of U.

Remark 4.2.2.3. Observe that any U-local object is trivially Jy, hence is a model of Ty. This
is because a Jy-local object lifts in particular the basic cover of finitely presented objects.
However, as pointed out in [4], the converse is not true in general: there may be Ty-models that
fail to be Jy-local. In that sense the notion defined in [30] is not yet sufficient to axiomatize our
local data in a universal way.

The rest of this section is devoted to prove that the data of (Jy, Ety) define an admissibility
structure with Ty [S] as the local objects.
Any object in the essential image of U is in particular a model of T. However, not only are there
additional U-local objects, but there are even more Ty-models. We have the following;:

Proposition 4.2.2.4. We have the following:
— The subcategory Ty[S] is closed in B by retracts.
— Ty-models have the gliding property relatively to local maps.

Proof. For the first item, the proof is the same as for a retract of objects in the range of U: if A
is a retract of a Ty-model Ay then for any f: K — A and covering family of K in Jy |, one has

K%A

& \ !

Ky ———=— 4o

So that A itself is Jy |,-flat by the Yoneda lemma, hence is a Ty-model.

For the second item, let u : A — Ay be local with Ay a Ty-object. Then for any f: K — A
and covering family of K in Jy |, the composite uf : K — Ag extends through some n;; but as
those n; are in Diagy;, this extension induces a diagonalization

K%A

1
.
ng 7 u
-
.

K,’%AO
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Hence A is a Ty-model. O

Corollary 4.2.2.5. Ty -models and local maps between them form altogether a (non full) multire-

flective subcategory
Ty[S]E°¢ — B

In particular the full subcategory Ty [S] can be seen as a geometric envelope of the functor U.

Remark 4.2.2.6. Observe that A is full in .J;y — Loc™® and TE®® as for a local map u : U(4A;) —
U(A3) the diagonally universal part is trivial while the left part is in the range of U, so is u.

To sum up, we have the following factorization of U, where all the faithful functors into B are
also multireflective

U(A)

esoV \[

A —— U-Loc

l

TU [S} Locy

Locy B

Remark 4.2.2.7. More generally, one could ask, for a topology J, why it is worth to restrict us
to a certain class of local maps between J-local objects rather that considering just general maps.
The reason is that etale maps would have to be iso, although cover generating J are not, so this
would not define an admissibility structure.

4.2.3 2-category of Diers contexts

We would also ask for the functoriality of this process. In [81][Definition 3.1] we introduced the
following definition of the 2-category of Diers contexts:

Definition 4.2.3.1. We define the 2-category Diets of Diers Contexts as having

— as O-cells, triples (U, A, B) locally right adjoint functors U : A — B with B locally finitely
presentable and satisfying Diers condition

— as l-cells (U1, A1,B1) — (U, As, Bs), triples of the form (F,G,0) with F' : A1 — As a
functor and G : By — B2 a morphism of locally finitely presentable categories, and 6 an
invertible 2-cell (which we will leave implicit in general)

AlLBl

FJ{ ¢ J{G
AQTBQ

— and, as 2-cells (F, G, 0) = (F',G', ), pairs of natural transformations («a, )

A1L>B1

e oo

AQL)BQ

such that the two whiskering coincide through the provided iso : 6'Us.ac = U5 89.

4.2.3.2. There we should give a remark about 1-cells: we recall that a morphism of locally finitely
presentable categories is a functor G : By — By preserving filtered colimits and admitting a left
adjoint G* : Bo — By. It can be shown that this left adjoint sends finitely presented objects of Bs
to finitely presented object of B; - this is equivalent to preservation of filtered colimits by G.

Moreover, observe that, for a morphism (F, G, ), we have in each A € A; a pseudo commutative
square

U
Ai/a _/a, Bi/v,(a)

F/Al g,_f lG/UuA)

A2/ F(a) T Ba/u,r(a)
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which is equipped with a canonical mate o : L%( Ay © G = F o LY as depicted below

Ll
Arfa +—— Bi/u,(a)

F/AlN lG/Ul(A)

A2/ F(a) YO Ba/u,r(a)
F(A)

As we shall see, this mate acts as a comparison map between the Us-factorization of the image by
G and the image by G of the U;-factorization.

4.2.3.3. Even though we shall not have major use of it, it is worth giving some precision on 2-cells,
especially their interaction with the canonical mate. First observe that on the slices o induces a
transformation

A /A
F/A o/a F'/A
AQ/F(A)/ am/\ilz/F’(A)

where a4, is the postcomposition with the component of a in A, ay : F(A) — F'(A), and in
any u € Ay /A, a/A has for component (a/A),, which is indeed an arrow in Ay/F’(A) from the
commutativity of the naturality square of . We have the same for 8 and this induces the following
diagram

Ay /A v/A By /UL (A)
A |F@ %M(A)
A /F(A) LD, By JGUL(A) & jun ()
a/a B/uy a)
Az /F'(A) L/ 1) By/G'UL (A)

where the lower square commutes from GU,(A) = U2F(A) (resp G'Ui(A) = UzF’'(A)) and the
equality of whiskering. In fact this square does even satisfy Beck-Chevalley condition, that is the
following square also commutes :

Ao/ F(A) &9 gy au, (4)

CYA!\L lﬁUl(A)!

A/ F'(A) 5— B/G'U(A)

F/(A)

This comes from the fact that post composing with an arrow in the range of a stable functor does
not modify the candidate part of the factorization (up to isomorphism). Hence for any arrow
f: B — UyF(A) in By, we have a canonical isomorphism between the factorizations

GUL(A) = Us F(A) U Gy (A) ~ Up F/(A)

B xT
n;(A) U2 (uuy(ay)e)
)

UQL%(A) (Af) —— UQL%"(A) (Ua(ava)z

This provides an equality between the pasting of the sliced transformations with the respective
mates :

a/A*JA:J;x*ﬁ/Ul(A)
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making the following diagram to commute through a 2-dimensional equality

Al/A By /U1(A)
F (A)
As/F(A — Liay — Bg/GUl( G' /UL (A)
A
AQ/F’ = By /G'UL(A)
Fr(a)

4.2.4 Functoriality of the envelope construction

In the middle of this section, we saw how to construct the geometric envelope of a given
Diers context; here we would like to functorialize this process. For a morphism of Diers context
(F,G) : (U, A1,B1) = (Us, A2, Bs), By and By are categories of set valued models of finite limit
theories T; and Ts; moreover the morphism of locally finitely presentable categories G restricts
as a lex functor (G*)% : (B3)%P — (B1)P by Gabriel-Ulmer duality. In the following, recall that
for U : A — B we denote Dy the class of diagonally universal morphisms of finite presentation
Diag; N B2.

Proposition 4.2.4.1. Let (F,G) : (U1, A1,B1) = (Ua, Az, B2) be a morphism of Diers contexts.
Then (G*)°P defines a transformation of geometries

o

(
(T2, Dy,, Ju,) —= (T1, Dy, Ju,)

Proof. We have to prove that (G*)P preserves etale maps and sends Jy,-covers on Jy, -covers. For
the first item, if n : K — K’ is a Us-etale map of finite presentation, observe that any square in
B as below

G (K) —L— Uy (4)

G| |viw

G*(K') —— Uy (4)

with u: A — A’ in Ay corresponds uniquely to another square in By as below

K —L G.Ui(4)

7{ lc* Uy (w)

K' —— G.U(4)

But now from G.U; >~ Uz F and n is Uz-etale, there exists a unique lift d : K' — G,U1(A) which
corresponds by adjunction to a lift d : K — U (A), ensuring that G*(n) is left orthogonal to any
morphism in the range of Uj.

Now for local objects, take a Jo-cover (n; : K — K;);er, and a Uj-unit n : G*(K) — Uy (A).
Then again by adjunction this unit corresponds uniquely to a morphism 7 : K — G, U;(A) ~
Uy F(A), whose unit 17 : B — U(Ag) factorizes uniquely through some n;. Hence by adjunction
this factorization ensures that n factorizes through some G*(n;), which are hence in Jy, (G*(K)).

O

4.2.4.2. Conversely, from what was said in proposition 3.4.2.3 we know that a transformation of
geometries @ : (Ty,Vy, J1) — (T2, Vs, J2) induces a morphism of the corresponding Diers contexts

Ty, [S]LOCz[S] (@) T, [S]

| [t

T, [S]Eo ] e T, [S]

Moreover, the 2-dimensional aspects of this correspondence trivially procedes from the 2-
dimensionality of Gabriel-Ulmer duality. Therefore it appears that we can formalize the corre-
spondence between Diers contexts and geometries.
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4.2.5 Coste-Diers Adjunction

Theorem 4.2.5.1. We have an adjunction between the 2-category of geometries and the 2-category
of Diers contexts

/\
BGeom®P il Diers
(T, V,J) — (8], T [S]EeclS], TS])
(T, Dy, Jy) (U, A, B)

Proof. Consider a situation as below

F JG

T [S]lecv 57 T2[S]

with G = G* 4 G« a morphism of locally finitely presentable categories. Then, for G,.U = vy ;,
we have that G* sends finitely presented maps in V to U-diagonally universal morphisms of finite
presentation. Moreover, as any object in A is sent to a J-local object, any J-cover is then U-
localizing. Hence we have a transformation of geometries

(T27V J) (TlaDijU)

Moreover, we have a factorization in the 2-category of Diers contexts

‘ v T,[S]
/ | /
Ty[S]becs «—imyuy 5 T[S] G
~N
GLDm G\
TJ[S]LOCV TQ[S]

v,Jg

Conversely, for a morphism of geometry
(T2,V,J) —*= (T1, Dy, Juy)

we have that any J cover is U-localizing: then the Jy-local objects are in particular J-locals, that
is, are T j-models, and in particular, ®[S].U must land in the category of T j-models. Similarly,
any V-map is in particular diagonally universal, so that ®[S]* maps U-local maps to V-local maps,
so that we have a restriction of ®[S]ip,,,s, along ty, ;:

This induces a factorization in the 2-category of geometries

(T, V,J) —2— (T4, Dy, Jv)
E(Tz,vwl ,/”/"

(T3, D

Lv,J» JLV,J)
Indeed, Jy contains all U-localizing families; and any J,,, ,-cover is sent by ® to a Jy-cover because

Jy is the finest topology localizing U, hence contains all U-localizing families, and J,,, ,-cover are
U-localizing as ®[S].U restricts to T ;[S]. Similar argument for maps. O
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Remark 4.2.5.2. This correspondence can be restricted over each choice of B. For a fixed locally
finitely presentable category B with underlying theory T, we can define a poset of Diers contexts
on B by defining that (U, A;) < (Us, As) if

Though this looses some information for arbitrary stable functors, multireflectives subcategories
on B really form a poset. We denote by Diersg and Beomp those respective poset.

Then the correspondence above restricts to a Galois connexion at B

Geomy)’ il Diersg
v, J) — (1, T[S]F)
('DU7 JU) < (U, A)

Where the closure operation on Diers contexts corresponded to the unit of this adjunction.

4.2.5.3. Alas it does not seem possible to characterize geometries and Diers contexts for which
this 2-adjunction reduces to an equivalence. The problem arises at the level of the factorization
data:

— for a given right multi-adjoint U : A — B, even if accessible and relatively full and faithful,
we cannot ensure it to be axiomatic, so that the left class in the left generated factorization
system generated from diagonally universal morphisms may not encompass all the diagonally
universal morphisms, so dually the class Diagé may contain fewer maps than the U-local
maps: hence we cannot infer that the unit A < Ty [S]¥ecv is full.

— for a given geometry (T,V,J), even if J had enough points, so we had that Jop, = J,
the class of local objects may not contain enough objects to reconstruct the whole original
factorization system by orthogonality.
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Chapter 5

The spectrum as a classifier

This chapter is devoted to two different, yet related constructions, namely Cole’s construction
of [17] and Dubuc’s construction of [33]. Those two methods construct the spectrum through
sequences of universal properties, exhibiting it as the classifier of the local forms under a given
model in a topos.

Throughout this chapter, we emphasize the presentation of models of a theory as geometric
morphisms into its classifier, and the construction we consider will operate on those representing
morphisms and the different geometric morphisms relating intermediate classifiers in the bicate-
gory of Grothendieck topoi. For this reason, we shall work at the level of (the opposite of) the
oplax slices of the bicategory of Grothendieck topoi over the different classifiers and some non full
sub-bicategories of them.

In the first two sections we present Cole’s construction of the spectrum through a sequence of
finite bilimits, for which we recall first a provision of useful finite bilimits in GTop we shall use
as the building blocks of the construction. We try to provide a description as detailed as possible
of the process, which was left largely implicit in [17] - though some elements until some step were
clarified in [33]. We shall see that it coincides with the description of the spectrum as the left
adjoint to the inclusion between categories of modelled topoi detailed in the next chapter - where
however it will be stated in a different way of visualizing the involved bicategories of modelled topoi.

We split the exposition of [17] into two sections, one dealing with the case of factorization
geometries with no specification of local objects, where we already can construct a first spectral
bi-adjunction at theorem 5.1.2.8. Then we refine it to include the local data, which gives a first
form of the spectral adjunction at theorem 5.2.1.7. We also give at the end of this section a site
description of the generic classifiers involved in the construction, which prepare both some elements
of [33] method and the description of the spectral site which will be the topic of a further chapter.

The third section is devoted to [33], which is partially similar to [17], yet diverges at some point
in order to make use of the construction of the topos of etale objects, which is not obtained as
a bilimit but actually as a coinverter. Though this construction is more general as it applies to
Dubuc contexts, we shall also specify how it coincides with the previous one for geometries.

5.0.1 Preliminary remarks on the oplax slices of GTop

Recall that, for a geometric theory T, a T-model in a Grothendieck topos is the same as a
geometric morphism & — S[T], while a homomorphism of T-models in £ is a globular 2-cell

However, there is no way to construct such a thing as the spectrum of a model if we do not
manipulate models in a more universal way, that is, up to inverse images. In fact, rather that
restricting us to morphisms of models inside the category of models in a fixed topos, we must allow
models to circulate along inverse image parts of geometric morphisms between topoi and consider
morphisms between models that do not live in the same topos: only at this level will appear an
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object with the desired universal property of the spectrum. Concretely, we must also consider

2-cells of the form
P (’; F
\<: /
Fy Fy
S[T]

which code for a morphism of T-models f*F; — F5 in T[F2].

In this section, to emphasize the 2-dimensional aspects, we refer to objects of the oplax slice at
S[T] as T-modelled topoi, with, beware, the following arrow convention:

Definition 5.0.1.1. For a Grothendieck topos &, we call the oplax slice the bicategory GTop//E
whose 0-cells are pairs (F, F') consisting of a geometric morphisms F : F — &, 1-cells (Fy, F1) —
(Fo, Fy) are 2-cells in GTop of the form

P 4>]-'1

A

and 2-cells (f, @) — (g,7) are equalities of 2-cells

9*>]:1 f24>f1

\/:\/

In the following, we are going to consider in particular, for a geometry (T, V), J), the oplax slices
GTop//S[T] and GTop//S[T ;] (as well as some non-full sub-bicategories of them) - which will
be examined from another point of view in the next chapter. Hence we choose to introduce right
now the following terminology:

Definition 5.0.1.2. For a geometry (T, V, J), an object (F, F) of GTop//S[T] with F : F — S[T]
will be called a T-modelled topos, and an object (F, F) in GTop//S[T ;] a T j-locally modelled topos.
In the following we shall denote as w the non full inclusion of

Remark 5.0.1.3. Beware that with this convention, 1-cells in our notion of oplax slice have the
same direction as their 2-cells part in GTop, and the opposite direction of their underlying 1-cell.
We choose this convention in order to allow us to see T-GTop, as it will be defined in the next
chapter, as the oplax slice GTop//S[T], and in order to ensure that in the spectral bi-adjunction
theorem 5.2.1.7 the spectrum really is a left bi-adjoint to the inclusion - it would be a right bi-
adjoint with the other convention, which would make the main result of this chapter uselessly
opaque.

5.1 Factorization geometries

In this first section we construct the classifiers of the etale and local arrows and produce a first
kind of spectral adjunction corresponding to factorization geometries, that are geometries without
specification of local objects. We shall see that the general case can be obtained from this one in
an simple way.

Recall that the bicategory GTop of Grothendieck topoi has finite bilimits. In particular, it
possesses bipullbacks, bicomma, and bipower with 2. In particular the bipower of a topos £ with
2 is equipped with its universal 2-cell

Ao
}.g/ﬂp]__
\a/’

such that any other 2-cell
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induces a universal arrow £& — F2, unique up to unique invertible 2-cell, equipped with two
invertible two cells a ¢, oy such that we have an equality of 2-cells

f
/ PN
5/?‘]__: £ty F2 ﬂw 7
\g/’ Qg \/
~ )

In other words, the bipower of F with 2 satisfies the universal property

Cat[2, GTop[¢, F]] ~ GTop[¢, F2

In particular, whenever F ~ S[T] for a geometric theory T, the bipower S[T]? classifies mor-
phisms between T-models. Moreover, this construction is functorial in the sense that any 2-cell

induces a square in Geom|[£, S[T]| ~ T[€]

aot % 605

lu.*tﬂ wH«#*S

81t ﬁ 818

which codes for a commutative square in T[£], that is, a morphism p*t — p*s in T[E]2. Conversely,
any square in T[], seen as a morphism between objects of T[£]?, induces uniquely such a 2-cell.

5.1.1 Classifier of etale and local maps

5.1.1.1. Following [17], we now describe how to use those universal constructions in order to
exhibit the spectrum as the classifier of local form under a given modelled topos. Let (T, V), .J) be
an admissibility structure with ¢y : S[T;] — S[T] the embedding of the classifier of local objects
into the classifier of T. As the category of T-models T[€] ~ Geom[£, S[T]] in any topos € inherits
a factorization system (Etg, Locg) from V, any two cell
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Proposition 5.1.1.2. Let ¢ : F — G be a morphism in T[F), with ts : F — S[T]|? the associated
unwersal map. Then choose ng =n, xty and uy = u, * ts.

Proof. As the factorization system is left generated, the category of etale maps between T-models
is locally finitely presentable, being classified by the preseaf topos V°P. Hence they are stable
under inverse image along geometric morphisms. In particular, as n,, : 9y — d,, is an etale map in
T[S[T]?], its inverse image ng * ty : doty — Oty is an etale map in T[F], as well as its composite
with the isomorphism ap : F' ~ Oyt .

Now recall that local maps are also stable under inverse image. Hence, as u, : 9, — 01 is a
local map in T[S[T]?], its inverse image ug * ty : Oty — O1ty is a local map in T[F], as well as its

composite with the isomorphism a¢ : dpty >~ G. Moreover, by functoriality of whiskering, we have
@ = agug * tyng * tyop, providing an admissible factorization of ¢. O

Corollary 5.1.1.3. The classifiers of etales and local maps between T-models are respectively the
inverters of u, and ny,:

S[Et] <= S[T)?

S[Loc] <% S[T)?

Similarly one can define the classifier of local maps between local objects as the following inverter

o
lLoc /m
S[LOCJ] ‘—>J S[TJ]Q Nu*ty S[TJ]
~ Y
O

Proof. As for any orthogonal factorization system, etale maps are those whose local part is invert-
ible and dually, local maps are those whose etale part is invertible. Then a morphism between
T-models ¢ : F — G in a topos F is an etale map in T[F] if and only if the whiskering u,, * t4
is invertible, and is a local map if and only if ny * ty is invertible. Each of those conditions is
equivalent to say that t4 factorizes through the corresponding inverter. O

5.1.1.4. In the following we denote the canonical 2-cells of those three classifiers as

HE alee G(I;OCJ
> TR S
S[Et] ﬂ S[T]  S[Lod| ﬂv S[T]  S[Locy] ﬂ S[T]
~v_1 ~ ¥ ~_V
IEt oloe ghoc

1

5.1.1.5. Now any morphism of modelled topoi (F,F) — (£, E) with (€, E) a locally modelled
topos defines a 2-cell in GTop

But considering the admissible factorization

R L F

\/
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of the inverse image part ¢’ : f*F = E, where Hy is a local object in £ we have on the left a
universal map classifying the etale part ng together with the 2-cell

£ -ty > S|Et] S[’]I‘]
al,Lqu 81Et
H¢ - Ly
S[T,]

while we have on the right a universal map classifying uy (seen as a local map between local
objects) together with the 2-cell

5.1.2 Classifier of etale maps under a fixed modelled topos

5.1.2.1. Before constructing the spectrum, we must first construct two different objects classifying
on one side the factorization data, and on the other side, the local data the spectrum classifies.
Indeed, in the following we are going to exhibit the spectrum as a classifier of local forms under
a given T-model, that are its etale maps toward a local object. Observe that from this very defi-
nition, it suffices to have both an object classifying etale maps under a fixed object, and another
one classifying etale arrows toward arbitrary local objects.

Consider the pullback of F' along the universal domain of the classifier of etale maps

S|F, Et] —— F

Any geometric morphism ¢ : £ — S[F, Et| is the name of an etale map in T[€]
't wl Ft ~ Ognlt — Oyni't

with domain Frf't, so any such morphism defines uniquely a morphism
7r0 t
\ prt /
81 7'!'1

We also consider the bicategory GTop//S[Et]¥°¢, the (0,2)-full sub-bicategory of the oplax
slice GTop//S[Et] with again 1-cells consisting of a local map as the underlying 2-cell in GTop.

Proposition 5.1.2.2. The assignment sending a T-modelled topos (F,F) to the arrow wl
S[F, Et] — S[Et] defines a pseudofunctor

GTop//S|T] 2 GTop//S[Et]Lec
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Remark 5.1.2.3. Restricted to the pseudoslices, the functoriality of 8(])‘3t* = S[—, Et] is obvious
as it coincides with the base change functor along 9. However we are interested here in oplax
slices, where the functoriality of this process is not trivially induced by the universal property
of bipullback, but by the factorization data involved with etales maps, through a more complex
sequence of universal properties. In fact, we are going to construct a morphism between the corre-
sponding classifiers of etale maps from the “generic admissible factorization after precomposition”
as below.

Proof. Consider a morphism of T-modelled topoi, that is, a morphism in the oplax slice

and its admissible factorization ¢ = ugng in T[E]. Observe that for any etale arrow n : E — G
under E in T[£], we have an admissible factorization

Ff -2, E

o | Jn

We are going to consider the generic version of this process. Consider the composite 2-cell

S[E, Et]
= g <«
8% /

and its admissible factorization

I A
V Nuge F
S|E, Et] Hugs ST
oFxf

The etale part defines in particular a universal arrow t,,, , : S[E, Et] — S[F, Et] together with
invertible 2-cells oy, r and o, , such that n,,4 decomposes as the following 2-cell

Hypo

Now observe that the composite i s classifies the same map s but seen as an etale map,
forgetting its domain; then we end with the following 2-cell

tn,
S|E, Et) e S|F, Et)
wa"“’ oF
S[Et]
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were Uygeam, , 18 still local since u,,¢ is so and ap, , is invertible. This produces the desired

morphism in the bicategory GTop//S[Et]loc.

E?

For the sake of the precision, let us describe how this processes on the 2-cells. Consider
o:(f,¢) = (g,7) between (F, F) and (£, E). Then we have the 2-dimensional equation

Ff—>Fg

N

Then for any etale arrow n : E — G in T[€], the admissible factorizations of n¢ and n~y are related
as follows: consider the successive factorizations

Ff —F+o— Fg— 71— F

|
nnn’yF*al Ny n
-

H”TWF*‘T Ungyry Fxo ny Uy G
then by uniqueness of the admissible factorization, one has
Nng = nnn,yF*a' Hngi) = Hn,,,YF*cr Ungp = UnyUn,, , Fxo

Applying this property to the generic etale map, this says that there is a generic transition 2-cell

thEd)
—
S[E, Et] typo | S[F, Et]
-~

.

such that the 2-cell u,,, factorizes as

thEd’

/tu,wlﬁ\

S[E, Et] t"uE'y S[F7 Et}

\ u”E’Y /
E <~ F
1 !

S[E]

This decomposition produces after whiskering with the canonical 2-cell of S[Et] the commutative
diagram

8Et Ftl/E’y
A ~
Bgtﬂf*tuE*a Bg‘t*qu«,
/ \l
0o tupy ——— 05 wuvge ——— Optmy’
|
1/>t<7'rfrt,,E,Y
Et__F
V*ﬂftVE¢ 81 71-1 tl/E’\/ 1/*7r1E
A ~
af‘tﬂ'f*t,,E*a 8Ft*“vgw
/ \
Et__F Et_FE
Y S S,

which is the generic form of the relations between the factorization of n¢ and n, above, but for
the generic etale map under FE, knowing that the top triangle is actually, up to the canonical iso,
the equation vF' * 0 = ¢, while the lower triangle expresses the equation between the local parts
of the factorizations, and the vertical arrows are the etale parts of the factorization, with v * mf

the generic etale map. O
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Remark 5.1.2.4. Observe that in this process we obtained in particular a canonical invertible

2-cell
tnu
S|E, Et] —£% S|F, Et)

E Qe F F
Wol f=q o
~

ﬁf

satisfying the following 2-dimensional equality

t”u t"”E
S[E, Et] B S[F,Et]  S[E, Et] : S|F, Et]
B a, F = oE ™~ E Uvg o F - oF
ﬂ‘oj/ f;o lﬂo ol 1 ~ <= = 1 0
& f F = & S[Et] F
¢ Et
R < / x % /
S[T] ST

This invertible 2-cell will be involved in proving the functoriality of the spectral construction. This
says that one returns the original arrow ¢ by whiskering with the domain functor 9Ft*.

Remark 5.1.2.5. The 2-cell in the classifier of etale maps under F' codes for the “generic etale
map under F” in the sense that a random etale map under F' is obtained as whiskering a geometric
morphism with this 2-cell; observe that ¥ can also be seen as an etale map in T[S[F, Et]]. Now
observe that for a morphism (f,¢) : (F,F) — (£, FE) in GTop//S[T], exploiting the functoriality
of the universal property of S[Et] returns a square between those universal etale arrows

ao*qu¢

N Ftn, , oPtE

V*FthE(bl ly*E

OBtFt, . —— OFtE

WE® Oyxuy e

which is the “generic admissible factorization of the composite of an etale map under E with ¢”; the
top row is indeed equal up to canonical iso to ¢ while GFtFthE¢ ~ H,,4 we have 01 *u,,,4, being
local by stability of local maps along inverse image, is the local part of the generic factorization.

5.1.2.6. The following proposition serves as an intermediate step in the construction of the spec-
trum for the admissibility structure (T,V,J). In fact, it constitutes the spectral adjunction for
the admissibility structure (T, T, V) with the same factorization data ¥V but without choice of local
objects, that is with the trivial topology T corresponding to the trivial geometric extension of
T into itself. To this purpose we introduce the (0,2)-full sub-bicategory GTop//S[T]¥°¢ whose
objects are T-modelled topos, and whose 1-cells are 2-cells

£ / F
& b %
S[T]

such that v : Ff — E is a local map in T[£], with no restrictions on 2-cells. Observe that those
morphisms can also be visualized by the 2-cell

5.1.2.7. In particular we have a pseudofunctor
Et
GTop//S[Et]~¢ 2y GTop//S[T|L°¢ "<, GTop//S|T]

sending any n : £ — S[Et] to its domain 9F*n, and any morphism (f,v) to the whiskering dg * v.

We are going to prove that the arrow 7 : S[F, Et|] — F together with the isomorphism
Frl ~ 0F*rf is the unit of this biadjunction (the invertibility of the 2-dimensional part follows
from the fact that it already serves as a unit for the restricted biadjunction between pseudo-slices).
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Theorem 5.1.2.8. We have a biadjunction

S[—, Et]
GTop//S[T|Lec L GTop//S[T]

\/

l{Loc
where the pseudofunctor S|—, Et] sends (F, F) to the composite 0Ftr!" : S[F, Et] — S[T).

Proof. Let (f,¢) : (F,F) — (£, F) be a morphism in GTop//S[T]. Then the etale part of the
admissible factorization of ¢ in T[] produces a canonical arrow t,, : £ — S[F, Et] which together
with the local part of ¢ produces a morphism (t,,, OFt xugap,) : (S[F, Et],0Ftr{) — (€, E) such
that the 2-cell ¢ decomposes as the pasting

We left the process relatively to the 2-cell as an exercise for the reader. As those data uniquely
determine (f,¢) and were produced out of universal properties, we have then an equivalence of
category

GTop//S[T* [(S[F, Et], 07 n{), (£, B)] ~ GTop//S[T][(F, F), (£, E)]

proving the desired adjunction. In particular the 2-cell
oF
S|F, Et] —— F
| %JF
S[Et] ? S[T]

where v = v 7! is the unit of the bi-adjunction, and is the generic etale map under F. It is easy
to see that the converse process of composing a 2-cell (g,u) : (S[F, Et],0Ftrf) — (£, E) simply
has to be pasted with the unit 2-cell to return a morphism (F, F) — (&, E) whose local part gets
back w. O

5.2 The general case

The previous part was aimed at constructing the spectrum for a purely factorial admissibility
structure, for instance the one we get from an arbitrary admissibity structure by forgetting the
specification of geometric extension of T. In this section we consider the general case involving
also local data.

5.2.1 The Spectrum as the classifier of local forms

5.2.1.1. A local form is an etale arrow toward a local object: then local forms can be classified
by the pullback

S[Et, J] <22 S[Et]

a;ﬂt, Jl - J{aiﬂt

S[T;] —7— SIT]
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CHAPTER 5. THE SPECTRUM AS A CLASSIFIER

Definition 5.2.1.2. Let (T, V, J) be a geometry. Then define the (Cole) spectrum of an T-modelled
topos (F, F') as the following sequence of pullbacks

71'F
Spec(F) —— S[F, Et]| ———— F

I S
m F
+

S[Et, Tj] —tree — SEt —aft— S[T

Bft’JJ - 3Et %

In the following we denote as nr : Spec(F) — F the composite of the top side of this square, and
F : Spec(F) — S[T,] the composite of the left side, and hp : Fnrp = ¢;F the whiskering of v
with the map induced from the top-left pullback.

5.2.1.3. The spectrum of (F, F) is equipped with a canonical 2-cell

SpecF — 4 F

!
S[T,] ‘T>/S[T]

In the following we shall refer to this canonical 2-cell as the spectral comma.

In particular observe the following, which is just unravelling the universal property through
which the spectrum is constructed:

Proposition 5.2.1.4. For any Grothendieck topos &, the category Geom[E,Spec(F)| has for
objects pairs (f,z) with f : € = F and x : Ff — E, in Et[€] with E in T;[E]. Conversely, any
such datum (f,x) in & defines uniquely a geometric morphism t s ) : € — Spec(F). In particular
a point of Spec(F) is the data of a point p: S — F and a set-valued local form x : Fp — E.

5.2.1.5. Now some precision on the functoriality of this process. Let us consider a morphism of T-
modelled topoi (f, ¢) : (F,F) = (&, E). Then one can construct the following diagram, where the
same generic data are used to specify local objects in the bottom part, while one use respectively
the classifiers of etale maps under the domain and codomain objects in the top row:

Spec(F) L S|F, Et) o F
- tn,, ¢/[ - f /
F - /
Spec(E) E S|E, Et] F— & 6 |F
- SN Jtme <=
ﬂ_f; = 7 E
S[Et, TJ] It 41y S[Et] Tt ——— S
4 \
o % ﬁ
+
S[T,] S[T) =

Ly

To complete this diagram with a 2-cell between the spectra, observe that we have in £ a normal
form under F with ng : f*F — Hg, which is sent to a normal form ¥ n, in Spec(E) inducing
a unique arrow Spec(¢) : Spec(F) — Spec(F') which moreover makes the top left square to

commute, so that we have a composite invertible 2-cell

S|E, Et) Trues, S[F, Et]

a,
WE\L TO lﬂ'é‘ﬂ
]:
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And pasting this upper invertible 2-cell with u,,4 provides an invertible 2-cell 7t 1rSpec(¢) ~
e bn, 4lE = 7P1g, and composing it again with the pullbacks intertible 2-cells returns a 2-
cellwhich itself must come uniquely from a 2-cell

(O % 1)) 7l L (9P 5 1)) *wESpec(g)

because OFt 17 is an embedding and hence is a fully faithful morphism. This provides the desired
2-cell

Spec(E) ------ §?—ef@)— ————— » Spec(F)
\\:\\\s ézg;::k///fi/
E F
S[T]
related to ¢ through the following diagram
Spec(F) i F
Spee(d) | ; e
e ‘ ///
Spec(E) — & F
7 <
\\\;;\\\\ﬁ ﬂ;;;ff?ﬁ V§%7 B
S[T,] S[T]

Ly
where we have the equality of 2-cells vgp = 15 * gup encapsulating the generic admissible factor-
ization of the precomposition of the generic local form under E with ¢.

Remark 5.2.1.6. Observe that the last step extracting the 1-cell (Spec(¢), #) in GTop//S[T ;]toc
is the only step where we made explicit use of the condition that T; < T is an embedding. In the
next section, we shall see how to get rid of this assumption through another method.

Now, as before, we consider the (0,2)-full sub-bicategory
GTop//S[T ]“°¢ — GTop//S|T ]

consisting of 1-cells with a local map as underlying 2-cell. It is equipped with an inclusion

LLoc,J

GTop//S[T )¢ 3" GTop//S[T]
Theorem 5.2.1.7 (Cole). We have a bi-adjunction

Spec

T~

GTop//S[T ]t L GTop//S[T]

\/

lLoc,J

Proof. At this point, this central result has become a corollary of the intermediate result theo-
rem 5.1.2.8. For a morphism of modelled topoi (f,¢) : (F,F) — (£,t7E) with (€, E) locally
modelled, the admissible factorization of ¢* : f*F — FE produces an etale map ng : f*F — Hy
toward a local object by the admissibility condition, and we have a factorization as below

and the data of the universal map ¢,, and the right part u, of the factorization defines a morphism
of locally modelled topos

(tny,usam,) : (Spec(F), F) — (£, E)
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Proposition 5.2.1.8. Let (F, F) be a T-modelled topos. Then for any geometric morphism f :
G — F one has a bipullback

Spec(Ff) —% g
Spec(lpy )l - J{f
Spec(F) —— F
with th = ﬁSpec(lFf).
Proof. This is just a property of left-cancellation of pullbacks applied to the 2-dimensional equality:

Spec(Ff) —— S[Ff,Et] i g
Specuml B j - Jf Spec(Ff) —— S[Ff,Et| g
Spec(F) — S|[F,Et] —f — F = l - T{f - lFf
|- o JF S[B8,T,] g S[BH] — g SIT]
S[B, Ty] 5 SIEt] —— S[T]

0

Proposition 5.2.1.9. Points of Spec(F) are local forms under stalks of F': that is, we have

pt(Spec(F)) ~ oplaxcolim pt(Fx)
zEPt(F)

Proof. Applying at any point = : § — F we have a bipullback

Spec(Fz) 25 8

_
Spec(lpz)J/ L’E

Spec(F) — F

Now any point X : & — Spec(F) has an underlying point npX : & — F, and the pair
(X, nrX),npX = nrX) induces uniquely factorization through the bipullback

and this factorization is the name of some local form & of FnpX. Conversely for any point
x:8 — Fand £ : S — Spec(F), we have a point Spec(lp,) ¢" of Spec(F') whose underlying
point is isomorphic to x. O

Remark 5.2.1.10. One could object that actually points of each bipullback Spec(F'z) are pairs
of points (X, z) together with an isomorphism x ~ nrpX which may not be an equality. But as
local forms are classified only up to isomorphisms - or even more exactly, are isomorphism classes
of etale maps toward local objects - we consider this distinction to be irrelevant.

Remark 5.2.1.11. Observe that, as an immediate consequence, the spectrum of a modelled topos
has no points at all whenever the underlying topos has no points.

5.2.2 Functoriality relatively to transformations of geometries

5.2.2.1. Now let us examine functoriality of this construction. For ® : (Ty,Vy,J;) — (Ta, Vo, J2)
a transformation of geometries, the spectral comma of a modelled topos (F, F') is sent by ® to the
following square

h2
Specy F' SSALEINGY &

¢ﬁ2l ‘P*W(Q}-,F) i@F
S[T]l] —_— S[Tl]

LJl
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But now the whiskering ® x n(zva) factorizes uniquely in T, [Spec(F)] as

2
¢‘*77(]-',F)

2 * 2
h(RF) dF Ly, ®F
nt \ /2
®nlr ) B RIEN S

Dxm
(F.F)

which induces a unique factorization through the spectral comma of ®F for the (Ty,Jy,V1)-
geometry

2
hiFF)

F

77(1}"@% J<I>F

S[T]l] [’—‘]1> S[Tl]
Then we get a canonical morphism of T j,-locally modelled topoi

(ta )
PRNE,F)

1 ~
(Spec,®F, dF ) ————— (Spec,F, PF?)

1
sU 2
PF, )

which defines a mate to the induced square of functors between categories of locally modelled topoi

Spec,

GTop//S[T,|-oc2 GTop//S[T3]

i) < |5e

GTop//S[T %t +————— GTop//S[T]

Spec,

We shall discuss an explicit description of this mate ¢ as a morphism of modelled topos at the
end of 7.6.1.1.

5.2.3 Why do we need factorization data ?

This small subsection is aimed at justifying the construction above. We saw we could consider
purely factorization geometries without choice of local objects: for a factorization system, we can
classify etale maps under a given modelled topos - all of them are local forms as all objects are
local - and the inclusion 2-functor GTop//S[T]L°¢ < GTop//S[T] had a left adjoint, which was
the spectrum of the associated factorization geometry. Then we saw how this process could be
refined to take into account a choice of local objects - as long as they satisfied admissibility. Now
for a choice of local object, that is, for a geometric extension T — T ;, we can also construct a
classifier of arrows toward local objects as the comma

[F, TJ] _ F
ol
S[T;] ——— S[T]

Ly

and this does not involve factorization data at all. Then one could ask if this construction defines
a spectrum in the sense of a left biadjoint to an inclusion of the bicategory of locally modelled
topoi into in the bicategory of modelled topoi. There are two ways to answer this question:

— either one considers that “no factorization data” means that any map is local so that
GTop//S[T,]'°¢ = GTop//S[T ]

Then the only etale maps are isomorphisms. But then we do not have admissibility as the
factorization of an arrow ¢ : F' — E with F local returns a local objects Hg ~ F only if F'
is already local, and the pseudofunctor [—, T ;] cannot be a left bi-adjoint to the inclusion
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GTop//S[T;] — GTop//S[T|: indeed, for a morphism (f,¢) : (F,F) — (€,t;F), the
universal property of the comma category returns a universal arrow t, and two invertible
2-cells

&

N f
m

o [, T;] —— F
ol ek

S[Ty] 7= S[T

where (t4,ag) : (Spec(F), F) — (£,E) is the corresponding morphism of locally modelled
topos and ap is always an iso. This defines an adjunction between homcategories

/\

GTop//S[T] [(Spec(F),ﬁ),(é’,E)] 1 GTop//S[T] [(]—",F),(E,LJE)]

\_//7

where the right adjoint sends (g, ¥) to the wiskering (71 g, t;7*¥u*g) and the left adjoint sends
(f,®) on (ty, ap) as above. But as an arbitrary (g,%) in GTop//S[T,][(Spec(F), F), (€, E)]
has not necessarily an invertible 1, the counit of this adjunction seldom is an isomorphism,
and this adjunction does not induce an equivalence of categories: hence [—,T;] is not left
adjoint to the inclusion;

— either one considers that “no factorization data” means that any map is etale; hence local
maps are all iso, and we trivially have admissibility. Then, from what was said above, since
any morphism of locally modelled topos has now an invertible algebraic part, we actually
have a biadjunction

[=.Ty]

T~

GTop//S[T;]"* L GTop//S|[T)

\/

tLoc,J

But such a geometry is very rigid and of limited interest as any morphism of locally modelled
topos hence only consists in a restriction along a geometric morphism. In some sense this is
the most discrete geometry associated with T and J.

5.2.4 Site presentations of the classifiers

In this subsection we describe standard sites associated to the different generic classifiers con-
structed in the previous sections. The techniques used here allow to construct such classifiers of
arrows, arrows toward local objects, etale arrows and local forms, but before fixing their domain:
it does not in particular permit yet to access the spectral site of a given ambient object, which
would be the classifier of local forms under it - this will be the point of chapter 7. Here the sites
are constructed from the arrow category, the etale generator and convenient topologies on them
derived from the Grothendieck pretopology provided by a choice of geometry.

5.2.4.1. Before embarking into those constructions, let us give a word on the ambivalence of some
limits in Lex. It was observed first in [17] that in Lex pseudopowers coincide with bitensors, so
that in fact

(T[S]EP)? ~ TSI ® 2

w

This oddity comes from the fact that the power projections come equiped with retractions, provided
by the identity arrow, which behave as tensor inclusions. Though we will not make use of it, let
us also recall here that similarly, pseudoproducts in Lex are also bicoproducts, and that the
pseudoterminal object 1 is also bi-initial. Those properties generalize similar statements about the
category of A-semilattices.
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5.2.4.2. Recall that (T[S]°P)? is the syntactic site of the theory of morphisms of T-models. We
have indeed that

pt((T[S]2)°) = Lex[(T[S]2)°7, ]
~ Ind(T[S)?)
~ T[S]2

From the previous remark the equivalence above generalizes to arbitrary Grothendieck topoi as

GTopl€, (T[S]P)?] ~ Lex|(T[S]P)2 €]
~ Lex[T[S]P ® 2, €]
~ T[]

This exhibits (’]I‘E]O?)Q as the bipower S[T]? in GTop, that is, as the classifier of morphisms
between T-models.

5.2.4.3. Similarly, from the factorization system (Et,Loc) was left generated from V', we have
Et = Ind(V)
~ Lex|[VP, S|
~ pt(V°P)

so that V°P is the classifier of etale maps S[Et].

Moreover, the factorization can be constructed as follows from a site theoretic point of view.

As V is closed in T[S]? under finite colimits, the inclusion VP — (T[S]?)°P is lex. Hence for a lex

functor "n: VP — £ coding for an etale map in T[€], the left Kan extension

VOPL)E:

~
WP B
v lan op™n7
v

(T[S]Z)°P

w

is the name of tg¢(n), that is, of the image of n along the inclusion Et < T[S]?. On the other
hand, for a lex functor f : (T[S]?)°P — & coding for an arbitrary map, then its restriction along
vy codes for the etale part of its factorization, that is

Ff—l[/(]))p ="n;"

while the counit of 7
‘—fj °op

ﬁ g
\[ l_f—l
Erf—l
( lan L(‘;p '—ij;;p
is the name of the local part, that is
Erf =uy

which is obtained by whiskering er ¢+ with the morphism of site provided by the identity functor
(TSJP, J) —= ((TS]2)°P, J2)

Remark 5.2.4.4. Observe that the full faithfulness of ¢} ensures that "n™ ~ lan Lc{)p'_njbv , that
is, that an etale map is its own etale part.

5.2.4.5. Now, we can equip (T[S]°P)? with the following pretopology J?: for an arrow k : K — K,
a covering family for J2(k) is a family of squares

K X K;

d

v, i
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CHAPTER 5. THE SPECTRUM AS A CLASSIFIER

such that (n; : K — K;)ies is in J(K). Then observe that (n} : K’ — K]);c; is automati-
cally covering by the stability axiom of pretopologies. In particular one can choose the squares
in a family in J?2 to be the pushouts squares along k of a covering family (n; : K — K;);es in J(K).

Then the adjunction

defines an adjunction between morphisms of sites
((T[S]2)°P, %) L (TS)w)Ps )

as id sends J-covers to J2-covers.

Proposition 5.2.4.6. The topos Sh((T[S]%P)?, J?) classifies morphisms between T j-models, that
18

Sh((T[S]P)?, J?) =~ S[T,]*

5.2.4.7. Now we can also construct an intermediate topology in such a way that the associated
sheaf topos classifies maps whose codomain is local - and the domain arbitrary. Define the pre-
topology Jeod on (T[S]2)°P whose families consist of those squares as above, but where only the

codomain family (n} : K" — K!);cr are supposed to be J-covering.

Then in the adjunction

where !(_) sends K to the initial map !x : 0 — K - as 0 is always finitely presented - defines an
adjunction of morphisms of sites

((T[SI2)P, Jeoa) =+ (TSIZP T)

w

On one hand, the codomain functor sends J.oq families to J families by construction; on the other
hand, if (n; : K = K;);er is in J(K), then the family consisting of those squares

0 0

K — K;

n; ?

is in Jeod ('x)-

Proposition 5.2.4.8. The sheaf topos Sh((T[S]2)°P, Jeoa) classifies morphisms toward T j-models.

w

Proof. Let " f7: (T[S]2)°P — & be the name of a morphism f : B — A of T-models in £. Then
by Yoneda lemma, requiring it to be J..q-continuous amounts to saying that for any k : K — K’
and any family in Jeoq(k), any square (a,b) : k — f factorizes as below for some 4

K——— B

~ -
Uz - //,/
kl K; lf
|
k

K’ b *% A
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5.2. THE GENERAL CASE

In particular, for any (n; : K — K;);cr, we have a factorization

0
| ™
K

I

so that A is actually J-local. O

B

T

/

o

. J \
X,
~

A

K;

5.2.4.9. Now we would need to present the topos classifying local forms, that are, etale maps
toward local objects. We saw that V°P was a site for the classifier of etale maps: then we claim
it suffices to restrict the codomain topology to get the classifier of etale forms. As J is generated
in V, we can consider in V°P the restricted pretopology Jeoq |yer consisting of squares of finitely
presented maps:

K" K,

mi |m

K' —— K]
n;

such that the bottom families (n} : K’ — K);cs are in J(K’). Beware that V is a full subcategory
of T[S]2 so that it also contain squares with non-etale top and bottom arrows, but the generation
condition makes we actually consider squares entirely made of ¥ maps for the pretopology.

Then the inclusion of the basic etale maps defines a morphism of site

N

(V°P, Jeod |vor) —— ((T[S]?u)OpaJcod)

Proposition 5.2.4.10. The sheaf topos Sh(VP, Jeoq |ver) is the classifier of local forms, that is,
in the notation of 5.2.1.1
Sh(VO cod |vop) >~ S[Et, TJ]

Moreover we have a local geometric morphism

Sh(V°P, Jeoq |ver) —— Sh((T[S]2)°, Juod)

w

whose center is the geometric morphism Sh(.y)).

Proof. This is a combination of the previous remarks. A J.oq |yper-continuous "n™: VP — £ is the
name of an etale map, and from 5.2.4.3, we can consider its left Kan extension lan 2P "n", which
is Jeoq-continuous as ty is a morphism of site: hence its codomain is a local object, so that "n™ is
the name of a local form.

Moreover, the morphism of site tyop happens to be also a comorphism of site: indeed, for any

K — K’ in V and ((u;,n;) : n — ki)ier a cover in Jeod(tyy (n) - with, beware, u; and k;
arbltrary finitely presented maps - we have that (n});cs is a family of etale maps so each composite
nin is an etale map and hence the family consisting of the squares

K=—=K

nl J/?”L/l n

n;

is a Jeod |yer-cover in V, and we have a factorization at each ¢
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ensuring that the image of this cover along «)} refines (u;,n});cr: hence ¢} has the cover lifting
property, and is a comorphism of site. Hence, being also continuous, it defines from [15][Theorem
7.20, (iii)] a local geometric morphism consisting of a triple of adjoints

Sh(:yy)*

T

Sh(VOp, Jcod ‘Vop) <~ Sh(tf;p)* — Sh((T[S]a)OP, Jcod)

\_/’

Sh(.3P)!
O

Remark 5.2.4.11. Observe that admissibility can be detected at this level of description by
combining the previous lemma with 5.2.4.3. Indeed, suppose that "f7 : (T[S]2)°P — & is Jeoa
continuous. Then its precomposition along the morphism of site ¢{), which codes for its etale maps,
is also Jeod |yer-continuous: this means that the etale part of the factorization of a morphism with

local codomain still has a local codomain.

5.3 Spectrum from an etale class

Here we sum up Dubuc’s construction of the spectrum as done in [33], which is at first sight
completely divergent from Cole’s method. We saw moreover that Dubuc contexts, which this con-
struction takes as input, are more general than admissibility structures for they are not restricted
to geometric extensions of finite limit theories. As the source concerning this work is more explicit
and contains more detailed proofs than [17] or also [19], we allow ourselves to be more synthetic
than in the previous section, as the details ensuring the viability of this construction are already
written down.

5.3.1 Some bicolimits of Grothendieck topoi

First, we must describe the construction of the topos of etale objects associated to an etale
classe. This construction was also considered in [36][IV, exercice 4.10.6] and also in [4][Proposition
39] and is related to the notions of big and little topos. While the previous constructions involved
(finite) bilimits in GTop and in particular bipower with 2 and bi-inverters, the following involves
(finite) bicolimits and in particular bitensor and bicoinverters in GTop we describe before going
further.

5.3.1.1. Let £ be a Grothendieck topos: then the bitensor of £ with 2 is the topos £ ® 2 such that
we have an equivalence of categories

Cat |2, GTop[¢, F]] ~ GTop[€ ® 2, F]

Moreover, alike the bipower, the bitensor comes equipped with its universal 2-cell

through which any 2-cell out of £ factorizes uniquely. The bitensor with 2 admits a more concrete
description: observe that when F ~ S[Q] the previous universal property becomes

Cat[2, GTop[¢, S[0]] ~ GTop[¢ ® 2,S[0]]

and this expresses the topos £ ® 2 as the arrow category £2 whose objects are arrows between
objects of £ and morphisms are commutative squares.

5.3.1.2. Similarly we have a notion of bicoinverter of a 2-cell ¢ : F = G in GTop|€, F| in GTop
which is the 2-cell

ey
£ ﬂ¢ F —;— colnv(¢)
—

initial amongst geometric morphisms out of F whose whiskering with ¢ is invertible.
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5.3. SPECTRUM FROM AN ETALE CLASS

5.3.2 The topos of etale objects and the generic infinitesimal extension

Definition 5.3.2.1. Let 2 be an etale class in a Grothendieck topos £. An object H of £ is said
to be etale if its terminal map !y : H — 1 is in JZ. Etale objects and etale maps between them
form a full subcategory £, — €. In particular, if £ has a small lex site of presentation we can
consider the full subcategory Cy < C of basic etale objects which are the H in C whose terminal
map !y : H — 11is in 2 NC2.

Remark 5.3.2.2. Beware that in all generality it is not known whether the category of etale objects
is a Grothendieck topos, for there is no way to ensure the existence of a generator. Additional
conditions are required. The following lemma, which is [33][Proposition 5.2], is crucial to ensure this
property in the case of an etale class satisfying an etale topology condition (cf. definition 3.2.1.10):

Proposition 5.3.2.3. For £ with a standard presentation (C,J) and an etale class F in & satis-
fying the etale topology condition with respect to J. Then for each geometric morphism f: F — &,
the category of F-infinitesimal extensions above f admits an initial object, that is there exists an
infinitesimal extension uy : ny = f in GTop[F,E] such that any other infinitesimal extension
u: g = f there is a factorization through an unique v as below (which is also an infinitesimal
extension)

nf:>f

N A

Proof. We only give the global strategy of the proof, which done in detail in [33][5.2]. The domain
ny of this infinitesimal extension is constructed as follows: we define a functor

Frxc N8

sending a pair (Z,¢) with Z in F and ¢ in C to the coend
heCo
N(Z,¢) = / FIZ, F*h] % C[h, d

indexing all the possible factorizations in F of the form

Z = f*e
N, A

of all Z-indexed element of f*(c¢) modulo the zigzag relation; as f* is a morphism of site, it is
representably flat, so each (F' | f*)°P is filtered and the coend above is also expressible as a filtered
colimit

N(Z,c)=  colim  C(h,c)
(hy2)E(ZLf)or

From this expression one can prove that for each Z the induced functor

N(Z,—)
—

C S

is lex and J-continuous. The associated functor

¢ N [For 8]
can be composed with the sheafification for the canonical topology landing in Sh(F°P, J..,) which
is equivalent to F. This composite can be proved to be also lex, J-continuous as each N(Z, —) is.

This defines hence a lex site morphism n}‘i :C — F as desired.

Then the infinitesimal extension us is obtained by the composition functor sending a triple
(z, h,w) to its composite f*(w)x : Z — f*(c): this functors factorizes indeed through N(Z,c) as
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CHAPTER 5. THE SPECTRUM AS A CLASSIFIER

any two triples (z1, h1,w1) and (z2, he, ws) induce the same composite if and only if they related
by a zigzag as below

fhn
|
7 e Ph — fru—3 fre
!
To f:;u2 f*w2
I

which exactly says that they are identified in the coend N(Z,¢). Hence one has a natural map
U(z,c) as below

[1 7z £ h) x C(h,c) z F(Z, fre)
heCyp /,/Z
\ Tz,
q(z,c) -
N(Z,c)

and the u(z,) define altogether a natural transformation @y : N = F[—, f*] corresponding to a
natural transformation uy : ny = f* as desired. O

Remark 5.3.2.4. At first sight, this result might seem both technical and mysterious; in particular
one could be misled into thinking, in the context of a geometry (T,V,J), that it is meant to be
applied to geometric morphisms F : F — S[T] coding for a T-model, and would say something
about existence of an initial infinitesimal extension with codomain F. The only way to interpret
this (in the context of a geometry, where T being finite-limit, T[F] has an initial object) is to see
uys as the local part of the (etale, local) factorization of the initial map

0 —* 5 F
N
B,
Hence indeed, as any local map with codomain F' is a factorization of !z, the initialness of this

factorization amongst local factorizations ensures the existence of a unique factorization

Hence we could read the result above as a generalization of this fact in the general case of a ge-
ometry, where the initial object is not required to exist. However this is not the way it is meant
to be read.

When applied to the relevant context, this result says something both deep and familiar with
our topic: it constitutes a very generalized form of admissibility. Indeed, it is meant to be applied
to the topos S[F, T ;] constructed later on at 5.3.4.3, classifying arrows from a given object to local
objects, where it will ensure that any such arrow f : F — FE admits an initial infinitesimal extension
uyr :nyg — f above it in the category of arrows: but then the domain of this infinitesimal extension
ny is nothing but the corresponding local form, the etale part of the admissible factorization
f = usny. Before coming to this, we must mention the main consequences of this fact regarding
the construction of the etale topos.

5.3.2.5. In the condition of the previous proposition, we can consider in particular the initial
infinitesimal extension below the identity of £

ny

£
Uig &
£

f/’/ﬂ\
\\://
1
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5.3. SPECTRUM FROM AN ETALE CLASS

We should call it the generic infinitesimal extension. Its concrete expression is obtained as follows.
As the geometric morphism 1¢ is obtained as the Yoneda extension of its own embedding nj, is
constructed from the functor £

i

Hence nj, corresponds to the functor £ xC — S sending (F, ¢) to the category of all factorizations
of arrows in E[F, & .| through an etale object in Cp

S
le

E— % ),

N4

£

Then for an object ¢ of C, we can consider the category C,r | c of all basic etale morphisms over
¢, and take its colimit in £. By the properties of etale maps, we can see in the diagram below

X ) " cg)licm X
W) ECHw L
\ v

-
(V) (h,v)ec ple

("h) (hw)ec pple

that the induced map (1) (n,v)ec. e is etale by proposition 1.2.1.4, so that the colimit is an etale
object. This category is filtered as the coproduct of a pair of etale objects is etale.

Then we have a filtered colimit

nt (c)= colim &
i (©) (ho)eCorde "

and the inverse image part of the generic infinitesimal extension
n]‘g

¢ ute
~_ ¥
ES

has as component at ¢ the induced universal map

(U1e)e = (V) (hv)ecle
This formula extends without change into the same colimit formula for arbitrary objects in &£.

5.3.2.6. As a consequence, the inverse image part of n;, lands in £, for the colimit of etale
objects above is in particular an etale object. Hence we have a factorization

g ¢

N
N
\\
\\ﬂ A

Ex

Moreover, this induced functor is right adjoint to the inclusion functor tr: indeed, we have a
bijection
Elew(h),El ~Exp|Xk,, colim X
[Lor(h), E] = Ex[ K1 o SO ]
sending v : h — E on the corresponding colimit inclusion q(j ) and a map into the colimit to the
composite with (v),,vyec 5. Hence Ex is a coreflective subcategory of €. In particular it is
closed under colimits.
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Proposition 5.3.2.7. If H satisfies the etale topology condition relatively to (C, J) then the cate-
gory Ezp is a Grothendieck topos, and we have

gjf >~ Sh(C;g),ij)

Proof. As a coreflective subcategory of &, £ is closed under colimits and also inherits (finite)
limits (through they are not calculated as in £ a priori). In particular its coproducts are disjoint
as they are so in £. Moreover, from its definition as a filtered colimit, we know that nj, pre-
serves finite limits. Hence in particular coproducts are pullback-stable in £, . Moreover, as the
coequalizer of arrows into an etale object has an etale codomain, and the latter is preserved by
the inclusion ¢4, £ inherits exactness of £. The only thing to prove is the existence of the small
generator.

But from the following retraction

E
o nig

we know that for any H in &£, we have

H ~ L(#n;s (H)

~ colim H
(hyw)ECow L H

but this later condition exactly means that C,» is a dense generator for £,-. Hence by the Giraud
axioms, € is a Grothendieck topos and we have a geometric morphism

Lo

>
& 1 Ew
S~
ni,
O
5.3.2.8. Since a famous exercise affectionately nicknamed médaille en chocolat of [36][IV, exercise

4.10.6], this process of constructing a topos from a class of maps ¢ in a site (C, J) with J generated
in ## has been known to produce a local geometric morphism

*
Lo

‘/\
Sh(C, J) Lotx —> Sh(C;f, ij)

\’\L!%_/

which can moreover be relativized under arbitrary object (though this plays no role in our purpose).
In such a context, the sheaf topos Sh(C, J) is traditionally called the gros topos and Sh(C e, Jx)
the petit topos - though the name of gros topos makes more sense in the relativized version.

Corollary 5.3.2.9. The inclusion € — £ is the inverse image part of a local geometric morphism

*
Lo

&

N 7

’/'7?0
To conclude this subsection, we would like to add this result, generalizing a result of [33][The-
orem 3.2] which was however stated only in a more specific context:

Proposition 5.3.2.10. If £ has a small lex site of presentation (C,J) such that S satisfies the
etale topology condition with respect to J. Then the geometric morphism ¢* - v, exhibits ¢ as
the bicoinverter of the generic infinitesimal extension

’I’Lls
qu
£ /ED & —55 £ ~ colnv(uy,)
\—//
1e
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Proof. Suppose f : &€ — F to be coinverting u;,, hence factorizing through the coinverter. Then
by definition of bicoinverters as inverters of the inverse images part in Cat, this means that f*
inverses w1, : nj, = lg. But on one hand we know that nj_ lands in £, and as 1% is the identity,
this means that f* factorizes through the inclusion of £,¢; but this means that f factorizes through
& — E. Moreover, such a factorization is unique up to equivalence as &€ — £, is a split retract,
hence is an eso-morphism in GTop. This exhibits £, as the bicoinverter of u;,. O

5.3.3 The spectrum as a topos of etale objects

Though the first steps of both constructions look similar, [33][section 9] proceeds in a different
strategy to [17]. We could have considered the classifier of etale maps and then constructed the
classifiers of local forms under a fixed object, as the bipullback of the classifier of etale map under
this object together with the classifier of etale maps toward local objects. Instead, it proceeds by
constructing first the classifier of arbitrary maps from a fixed object toward local objects, and then
construct from it the classifier of local forms under this object as the topos of etale objects. We
should also acknowledge that this method is more general for two distinct reasons:

— it allows to consider a preexisting etale class independent from the one associated to the
admissible factorization.

— it takes as input a Dubuc context, where the specification of local objects - equivalently,
of a geometric extension - is replaced with an arbitrary geometric morphism which is not
anymore supposed to be an inclusion of topos. This later condition was important to ensure
functoriality in Cole method.

In this section we describe succinctly [33][Section 8 and 9] results, to which one can refer for
the precise argument at each step.

5.3.3.1. Suppose we have a Dubuc context (T,T’,52, %, 5), that is j : S[T'] — S[T] with
A C j(#"). Denote as GTop//S[T]”, resp. GTop//S[T']”*" the sub-bicategories of the cor-
responding oplax coslices, where the 1-cells are restricted to triangles consisting of .77, resp. J¢'-
infinitesimal extensions.

Recall that the bipower object S[T]? comes equipped naturally with a canonical 2-cell pr :
Jo = 01 sending in particular arrows of J# to an #-indexed family of squares in S[T]?

o
ax 2 gy

(“T)Xl J(Mr)y

X e O1Y

A priori, the generic morphism pr has no reason to be #7-infinitesimal - which would amount
to requiring all the squares above to be pullbacks. But then we can consider the smallest lex
localization S[2#] — S[T]? forcing those squares to become pullbacks: this is the classifier of
FC-infinitesimal extensions, which comes equipped with a canonical generic infinitesimal extension

ra
80

5.3.3.2. Then for any F' : F — F one can consider the classifier of infinitesimal J#-extensions
toward T’-models

S[F, 2, T —— F
af%m’l Up, 21! F
S[T) —"— ST
Then S[F, #,T'] comes equipped with two etale classes, (87¢)~1(#") and (Frp)~' (), and

one can consider the etale class % they jointly generate. It can be proven, see [33][Appendice A]
that this class satisfies the etale topology condition relatively to a certain site of presentation.
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Remark 5.3.3.3. The last argument relies on the possibility to construct an explicit site presen-
tation for the bicomma topos; such process exists for instance in [1]. However it involves three sites
such that the morphisms we compute a bicomma of are induced from site morphisms between those
sites. Though it seems reasonable to require j to be induced as a morphism between the syntactic
sites of T, T’, the morphism F will not be induced as a morphisms between underlying small sites:
only as a site morphism F* : (Cr, Jr) — (F, Jean), wWhich has a large site as codomain. This may
not be a real issue, as often are size issues, nevertheless we prefer not to enter into the detail of
the construction it would lead us to, and take for granted the existence of a site for S[F, .7, T’]
satisfying the etale topology condition relatively to J¢%.

Definition 5.3.3.4. The (Dubuc) Spectrum of F' is the topos of J-etale objects
Spec(F) = S[F, 7, T s,
Theorem 5.3.3.5. For a Dubuc context as above, we have a bi-adjunction

Spec

T
GTop//S[T']*" E GTop//S[T]”

Lj,ne!

5.3.4 Comparison between Cole’s and Dubuc’s constructions

We conclude this chapter by a comparison of [33] and [17] constructions.

5.3.4.1. It is clear that any geometry (T, V), J) is a special instance of a Dubuc context, satisfying
the following properties:

— the theory T is a finite-limit theory
— T’ is a geometric extension of T, so that j is a geometric embedding S[T’] < S[T]

— the second etale class 52 in S[T] is actually trivial, that is, it consists only of isomorphisms:
hence any oplax I-cell is an infinitesimal extension, and GTop//S[T]” is the whole oplax
slice over S[T].

Remark 5.3.4.2. Though we suppose S to be trivial, remark that the etale class we are going
to consider ¢’ will be constructed from V which is at the begining a saturated class in S[T]. But
recall that, as S[T’] ~ Sh(Cr, J) and J is generated in V), we can also see . as natively defined
in S[T'], where the generation condition exactly amounts to the etale topology condition.

5.3.4.3. Let (T,V,J) be a geometry, with 7 the etale class in S[T] associated to V. We saw
that J# satisfies the etale topology condition. Then for each F : F — S[T], we can construct the
classifier of T-morphisms under F

F

0

S|F,T] ——

]:
a - |
SIT2 —— S[T]

We can refine this construction to force the codomain of such morphisms to be local by taking the
bipullback:

S[F,T)] — S|F,T] —— F

4 ! 4
J/ n 1F "
hd

S[T,T;] — S[TJ2 — a0~ S|T]

4 |
J{ 01 H
~

H
S[T;] —— S[T] === S[T|

where S[T, T ] classifies morphisms of T-models towards T j-models. In the following we denote as

S[F,T;] 2~ F

o]

S[T;] —— S[T]

the induced canonical 2-cell above. pp ; is there the generic morphism from F' to T j-models.
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5.3.4.4. From the existence of admissible factorizations, the generic morphism from F' to T ;-
models factorizes as below
S[F,T;] ——— F

Upp, g Nup, g
Op,j | =) «—— |F

S[T;] ——— S[T]

and by commutation of bilimits, we can also recover the Cole spectrum of F' as the bi-inverter of
the local part of the factorization above

Hp

L /\
Tnv(u,y. ) =~ Spec(F) £ S[F,T,] ﬂw ST,
\_/I

Or, s

5.3.4.5. The topos S[F,T,| comes equipped with an etale class 9 ;(#”’). Then we can consider
its generic infinitesimal extension - its generic local map with the terms of admissibility structures

"SR,
/\
S[F, T,] ﬂ“ls[F,TJ]S[F, T,]
v

Lsirr )

Observe that 15, is the very name of the generic morphism from F' toward T j-models. Now
from admissibility, it happens that the etale part n,,. , of the admissible factorization of the generic
morphism pp ; has a T j-model Hr as codomain; in the category T[S[F, T ;]]? this factorization is
materialized as a map

Unp, g
Nupy; —— ls[pr,]

which is an infinitesimal extension as it is a local map.

Lemma 5.3.4.6. The generic infinitesimal extension coincides with the name of the local part of
the generic factorization, that is

r a0 r -
Npp,; = Mgipr, Upp,; = Ulspr,

Proof. This comes from a coincidence of two universal properties. Indeed uig Pyl is the initial
infinitesimal extension above 1s(p 1,), which is the name of the generic morphism yp, ;: but on the
other hand, in the admissible factorization (1, ,, %y ,), 7up , is terminal amongst factorizations
through etales maps, while w,,,, , is initial amongst factorizations through local maps, and as local
maps coincide with infinitesimal extensions, this exactly says that u,, , the the initial object in

the category of infinitesimal extensions above 1s(pr,), and its domain is n, . O

5.3.4.7. Now, by uniqueness of bi-adjoints (equivalently, by their common universal property),
Dubuc and Cole spectra must be equivalent. By proposition 5.3.2.10 Dubuc spectrum is obtained
as the coinverter of the generic infinitesimal extension uy ., ;, which is also the topos of etale
objects. On the other hand, Cole spectrum is obtained as the inverter of the universal local map:
this means that the spectrum of a modelled topos (F, F) is simultaneously an inverter and a
coinverter:

Spec(F) ~ Inv(u,. ;)

=~ colnv(ui gy ;)

~ S[F,Tslop

where the inverter structure is given by the topos inclusion ¢ sz, . = LI%O while the coinverter structure
is given by the local geometric morphism %, 3 ¢z«
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Chapter 6

(Locally) modelled topoi

In the last chapter, we constructed directly from a geometry a notion of spectrum by means of
finite bilimits in the bicategory of Grothendieck topoi. This method relied on the vision of mod-
els of a theory in a topos as geometric morphisms toward its classifier, and morphisms between
models as oplax 1-cells. This lead us to consider the oplax slices of GTop over the corresponding
classifiers; restrictions at the level of morphisms of models were realized by restricting the oplax
1-cells in the oplax slices. It is well known that the oplax slices are the Grothendieck construction
associated to the representable 2-functors. In this chapter we give another description of those
oplax categories grounded on this approach and in a more geometric spirit, generalizing the clas-
sical notion of (locally) ringed spaces of algebraic geometry.

In the first section we give the general properties of the bicategory of (locally) modelled topoi,
as well as of the pseudofunctors relating them.

A particular interest is given in section 2 to the calculus of bilimits and bicolimits, see propo-
sition 6.2.1.1 and proposition 6.2.2.1.

However the main result on bilimit is only obtained in section 3 at theorem 6.3.2.3 after some
provisional discussion about pseudomonads, proving first at theorem 6.3.1.6 that pseudoalgebras of
a pseudomonad inherit bilimits, and at lemma 6.3.1.8 that in the case of a pseudomonad induced
from a (non full) bireflective sub-bicategory satisfying a certain condition this can force inheritance
of bilimits in the subcategory; it happens that this result applies to the spectral pseudomonad
induced form the spectral bi-adjunction.

6.1 Bicategories of (locally) modelled topoi

First we discus an alternative way to discribe the bicategories of (locally) modelled topoi,
using the fact that the oplax slices are the Grothendieck construction associated to representable
2-functors. Throughout this section, we fix a geometry (T, V), J).

6.1.1 T-Modelled topoi
6.1.1.1. We have a pseudofunctor, which is representable by S[T]
GTop®? E Cat
and is defined as follows:
— for 0-cells, it returns the category T[€] of T-models
— for a l-cell f: F — &, it returns the inverse image functor
Tle] £ T

which is moreover lex and cocontinuous, being left adjoint to the direct image functor
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— on a 2-cell a: f = g it returns the natural transformation also denoted as «

This defines a 2-fibration with 1-truncated fibers
[T[-] %~ GTop

This bicategory can be considered as a category of all models of T regardless of their base topos.
An object in this category is a modelled topos, that is, a pair (£, E) with £ a Grothendieck topos
and E in T[E]. However in the following, we choose to work with an algebraic convention in the
sense that we want morphisms between modelled topoi to have the orientation of the morphisms
of models rather than the orientation of the underlying geometric morphism. To this end, we use
the following, which is nothing but the direct fibration associated to T[—]:

Definition 6.1.1.2. The bicategory T-GTop of T-modelled topoi has
— for 0-cells, modelled topoi (€, F)

— for 1-cells, (f,¢) : (F,F) — (£, F) with f: £ — F a geometric morphism and ¢ consisting
of a pair (¢°, ') with

. ¢
¢*F —FE and F — f.FE
mates along the adjunction f* 4 f,
— for 2-cells a: (f,¢) — (g,¢), 2-cell a: f — g in GTop.

From its construction, this bicategory is equipped with a forgetful functor which is both a
fibration and an opfibration pr : T-GTop — GTop®®.

6.1.1.3. Before turning to local objects, it is worth giving some details about the morphisms in
this category, which will be shown enlightening in Section 4.3. The 2-category T-GTop inherits
from its fibrational and opfibrational properties over GTop®°? two factorization systems

(Vertical, Cartesian) and (Cocartesian, Vertical)
as seen below in the two alternative factorizations of a same morphism

(1,
(Fo Fy) L)) g e

T~
(1ry (6100 | o _ [CERTS

(F1, f+F2) T (F2, F2)

provided by the respective unit-counit triangles for the f* - f.-adjunction

frfFs ff F1
fref fed®
/ JGFQ nFlT \
P T’ Iy Fy T feFo

6.1.2 T ;-locally modelled topoi

In the previous chapter, the category of locally modelled topoi was a non-full sub-bicategory of
the oplax slice over the classifier of local objects: in fact this can be obtained as the Grothendieck
construction associated to a sub-pseudofunctor of the representable.

6.1.2.1. The local data associated to (V,J) also define a pseudofunctor

opTa[=172°
GTop°® —— Cat

and again we can consider the associated direct 2-fibration; but for each topos £, we have a non-full
inclusion of category
T, [€]%° < T[€]

inducing the following non-full sub-bicategory of T-GTop defined:
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Definition 6.1.2.2. The bicategory T ;-GTop™°¢ of T -locally modelled topoi has
— for 0-cells pairs (£, E) with E in T;[£],

— for 1-cells pairs (f, @) : (F,F) — (£, FE) with f: £ — F and ¢ is such that ¢’ : f*F — E is
in Loc[€],

— and the same 2-cells as T-GTop.

In particular this inclusion is a strict morphism of opfibrations

T ;-G Top™°°© fhLoe T-GTop
pm N %
GTop“?

so that in the following, we may innocently write ¢ s oc (€, E) as (€, wE) where we denote abusively
w for the faithful (but non-full) inclusion wg : T;[E]¥°°l€] < T[E]: in other words, ¢ 1.oc just forget
the localness of models and arrows without modifying the underlying topos. However beware that
DJLoc does not inherit the fibration structure of pr as T ; models are not stable under direct image
of geometric morphisms.

Lemma 6.1.2.3. The inclusion functor ijroc creates equivalences.

Proof. Suppose we have two T j-locally modelled topoi (€1, E1), (€2, E2) and an equivalence (f, ¢) :
tiLoc(€1, F1) = tjLoc(E2, F2) in T-GTop. Then recall that at each £ the inclusion wg is con-
servative and creates isomorphisms as Loc contains already all isomorphisms. Hence in our case
we have both a geometric equivalence f : & ~ & and an isomorphism d)b s ffwF, ~ wFy: but
this latter isomorphism is in particular local, hence our equivalence already was an equivalence of
locally modelled topoi. O

6.1.2.4. To conclude this section, we just have to rephrase the spectral adjunction obtained in
the previous chapter at theorem 5.2.1.7, which was stated as a bi-adjunction between bicategories
obtained from the oplax slices, but now in terms of locally modelled topoi:

Spec
T T~
T,;-GTop™© 1 T-GTop
LJ Loc

6.2 Bilimits and bicolimits of modelled topoi

Now we should give a word about bilimits and bicolimits of modelled topoi. The main idea in
both cases is that we first compute the bicolimit, resp. the bilimit - as long as it exists - of the
corresponding underlying diagram of Grothendieck topoi. Then this provides a truncated diagram
of direct, reps. inverse images we can compute the limit, resp. colimit of.

We shall also discuss why there should morally be no problem with computing bilimits of locally
modelled topoi as it actually requires to only compute connected limits of local objects and local
maps, which we know to exist from proposition 3.3.3.7.

6.2.1 Bilimits of (locally) modelled topoi

Proposition 6.2.1.1. The bicategory T-GTop has small bilimits.

Proof. We split here the case of conical and weighted bilimits. Let us first examine the conical case.
Let F: I — T-GTop be a 2-functor with F(i) = (F;, F;) and at d : i — j the transition morphism
denoted as (f4,¢q). Then, since Grothendieck topoi have small bicolimits, one can compute a
bilimiting bicocone

0q bicolim F;
faf 2 ieror "
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while a 2-cell o : d = d’ in I induces an equality of 2-cells

a 04 bicolim F; = 0q bicolim F;
fa| =fy °d icop 7 fa = icios "

% F =

so that in particular each whiskering ¢; * a, has to be a natural isomorphism. Then for any
morphism d : i — j we have a natural isomorphism (0a)r; : @ixfa«Fj = q;j«F}, while for a 2-cell
o :d = d, the triangle in F;

fd*F]

5

Fi (aﬂ)Fj
cbi/\
fd’*Fj

is sent in bicolim ;¢ ;F; to a triangle with invertible transition

Qi fae 5 2 @5

q”Fz q'i*(o‘a)Fj

Q%\

Gix fd/*Fj
so that all 2-dimensional data in I are collapsed into a 1-dimensional diagram

e F—
I, (1) =5 bicolim F;

el

where II; (I) is the 1-category whose objects are objects of I and for 4, j in I, II;(I)[i, 5] is the set
of connected components of I[i,j]. Hence we get a II;(I)-indexed diagram made of the ¢;. F; in
bicolim ;¢ F; and we can compute its limit in T[bicolim ;¢ F;]

Trt_i/ Qi+ F;
Iim g F;
st () 10 i by
TR

Now suppose one has a bicone ((fi,¢:) : (F,F) — (F;, Fi)ier over F: then pr sends it to a
bicocone in the underlying bicategory of Grothendieck topoi (f; : F; — F)ier inducing a universal
map {f;)icr : bicolim ;¢ F; — F. Its direct image part preserves limits, so that

(<fi>iel)*(i€1111111%1) qixFy) ~ 1_61111111%1) ((fi)ier)«qix Fs

€Il (I) f

and the cone in F given by the gbg : F' — f;. F; induces a unique map (gbg)iel CF = limger, (1) fis Fls
which is the direct image part of a universal morphism (F, F') — (bicolim ;¢r, lim ¢;. F;) as desired.
Hence pose

bilim F = (bicolim F;, lim ¢; F;)
iel iclop i€l ()

Now we want to generalize this result to weighted bilimits. Let W : I — Cat be a weight.
Though the weighted bicolimit of Grothendieck topoi bicolim :/Z 1opFi exists without further com-
plications, we must understand how the 2-dimensional data encoded by the arrows in the weights
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are collapsed to 1-dimensional data in the diagram of models one gets in the bicolimit topos. For
i € I and a in W (i) we have an inclusion ¢’ : F; — bicolim ;¢7.F;, creating a disinct direct image
of Fy; for t : a — b in W(i) we have a 2-cell ¢/ : ¢ = ¢! in GTop defining itself a natural
transformation between the lift of the inclusion to the categories of models, which manifests at
the corresponding F; as a morphism (q;)p, : ¢i, F; — ¢%, F;. On the other hand for a morphism
d: 1 — jin I we have an invertible 2-cell

fa
Fj Fi
\ Qg /
Ty (a) B 4
bicolim ¢&;
iel

while a 2-cell 0 : d — d' must again be inverted by each ¢%; but we know have also a component
W, : W(d) = W (d') defining at each a of W (i) a morphism (Wy), : W(d)(a) — W(d')(a) in W(j).

The weight defines an indexed category we can consider the associated opfibration of, [[W — I;
its oplax colimit is the underlying category of this 2-category. We have a diagram

T ( / w) 2%, bicolim ;
ieJop

sending
— each (i,a) to the direct image ¢, (F;)

— each cocartesian morphism (d, lyy(4)(a)) : (4,a) — (j,W(d)(a)) to the morphism qé*(cbg) :
i (F3) = Qou far (F)) = @iy 0. (F))
— each vertical morphism (i,t) : (i,a) — (i,b) on the morphism (¢{)r, : ¢}, F; — ¢4 F;
Then we claim that the weighted bilimit of the diagram of modelled topoi is obtained as

bilim ' F = (bicolim F;, lim ¢’ F)
i€l i€lop i€l (fW) "

O

6.2.1.2. Before turning to bicolimits, we would like to prove that actually the 2-category of locally
modelled topoi is actually closed under bilimits. It is known from [20][I, 1.1.6] that in the context
of algebraic geometry, that is, for the geometry of commutative rings, local rings and localizations
(see section 9.1.1), locally ringed spaces have limits (actually colimits in the spatial convention
as it is traditionally stated), but such results are proven by ad hoc considerations on the specific
properties of local rings. Here we are going to give some elements about why the general version of
this statement is true for any geometry. This could seem surprising at first sight, as the category
of local objects and local maps in a given topos has not all limits: but we saw in proposition 3.3.3.7
that they always have connected limits, and this will be sufficient to prove existence of limits of
locally modelled topoi indexed by arbitrary diagrams. In fact the discrete and connected aspects
of the construction will be supported separately:

— discrete diagrams do not require to compute any limit of local objects because of the nature of
bicolimits of Grothendieck topoi. In particular bicoproducts are actually the pseudoproducts
of the underlying categories of sheaves. Hence the local object component of a biproduct of
locally modelled topoi can be defined as the family of local objects of each member of the
biproduct.

— and for connected limits, we shall have a connected diagram of local objects in each underlying
topos of the colimit, whose limit exists in the category of local objects and local maps.

Hence it should be sufficient for a given diagram to calculate separately the limit in each connected
component, and construct a family whose members are determined from the connected limit as-
sociated to the corresponding connected component. However, in practice, it reveals surprisingly
difficult to prove directly that locally modelled topoi inherit bilimits, because of the unmanageable
complications that arise from the sequences of inverse-direct images which impeach to construct
a diagram of local objects in the colimit topos. We shall propose an abstract proof of this result
through a pseudomonadic argument in the next chapter.
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6.2.2 Bicolimits of (locally) modelled topoi

In fact, colimits also exist and are dually computed from inverse images part along an underlying
bilimiting cone of topoi: however there are some restrictions there, since only specific kinds of
bilimits are ensured to exist in the bicategory of Grothendieck topoi:

Proposition 6.2.2.1. The bicategory T-GTop has finite bicolimits over diagrams whose duals
have bilimits in GTop. In particular it has finite bicolimits and filtered bicolimits.

Proof. Suppose that I is a shape of diagram such that any 2-functor I — GTop has a bilimit.
The previous construction dualizes: for F : I — T-GTop, one can consider the bilimit

pi

with the commutation of the inverses images (0a)r, : pjfjFi =~ p;Fi. Again for each 2-cell o :
d = d' we have equality of 2-cells 6,a’p} = 04, so that p; i F; ~ pjfi F; and the 2-dimensional
information of I collapses. Hence we can compute the colimit of this diagram in bilim ;¢;F;

;i F;
>
colimp; . o

pj Fj

And again, using this time preservation of colimits by inverse images, we see that we can pose

bicolim F = (bilim JF;, colim p} F;)
iel iel iel

O

Now we could ask which of those bicolimits are inherited by locally modelled topoi: this de-
pends mostly on the kind of colimits under which local objects are closed in their category of
ambient objects, which are generally quite restricted unless very particular case. In general, local
objects only have finitely filtered colimits, as the category T ;[S], being the category of points of a
Grothendieck topos, is accessible (of unknown rank of accessibility) with finitely filtered colimits.

Corollary 6.2.2.2. The bicategory T ;-GTop™°¢ is closed under filtered bicolimits in T-GTop.

Proof. First observe that ¢jroc is @ morphism of fibrations, as it does not modify the underlying
topos: hence if a locally modelled topos has a bilimit - or also a bicolimit - as its underlying topos, so
has its image along ¢ Loc. Moreover, T ;[F ]Loc is closed under filtered colimits in T[F]. Moreover
we saw in lemma 6.1.2.3 that ¢ 1oc is conservative, hence reflects colimits that it preserves. O

Remark 6.2.2.3. we shall see later that more can be said concerning limits in the category of
locally modelled topoi: however those results will rely on the spectral adjunction, which is the
topic of the next section, where we construct the spectrum as the left adjoint of this inclusion
LJ,Loc-

6.3 The spectral pseudomonad and pseudolimits of locally modelled
topoi

In the last section we had some insight why the bicategory of locally modelled topoi should

inherit bilimits of modelled topoi, even though local objects in a fized topos have only connected
limits. However it seemed difficult to prove it concretely. In this section, we do a pseudomonadic
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detour to ensure this in an abstract method. Generalizing the well known result that the 2-
category of algebras and pseudomorphisms of a 2-monad inherits pseudolimits, we prove that
the bicategory of pseudoalgebras of a pseudomonad inherit bilimit. Then we consider a special
situation of a pseudomonad induced from a (non-full) bireflection where the forgetful functor
factorizes through the right bi-adjoint: we prove that this forces the underlying bicategory to be
closed under bilimits. Observing that this is the case of the spectral adjunction, we prove the
bicategory of locally modelled topoi is closed under bilimits.

6.3.1 Generalities on pseudomonads and their algebras

Here we give prerequisites on pseudomonads and their different flavors of algebras and mor-
phisms.

Definition 6.3.1.1. A pseudomonad on a 2-category K is a pseudofunctor T : K — K equipped
two pseudonatural transformations unit n : 1 = T and a multiplication p : TT = T together with
canonical invertible 2-cells (£, ¢) and p such that for any object A in K the following diagrams are
respectively a strict equalizer and commutative up to identity:

T TrT — S 7T

3 <
NG e
T TT — T

Definition 6.3.1.2. A pseudo-algebra of a pseudomonad T is a pair (4,a, (af,a®)) with A an
object of K and a: A — TA a 1-cell in K and (o, a®) is a pair to 2-cells as below

TTA —L¢  TA A" TA
MAJ 03 Ja D; Ja
TA —— A A

Definition 6.3.1.3. Let T be a pseudomonad and (4,a, (af,a®)), (B,b, (St
algebras: then a pseudomorphism (A, a,(at,a®)) — (B,b, (5, ﬁs)) is a pair (f
f:A— Bin K and ¢ an invertible 2-cell as below

%)) two pseudo-
) with an arrow

B
' ¢

TA 1B

loe b
A——B

satisfying moreover the following compatibility conditions:

A X e A TS 1B A—1 B

MAJ( 2 J{us TaJ{ e J{Tb na s ne
TA —1f—TB = TA—71f— TB TA -1r+TB =1f
T
A 4> B A ﬁ B A ﬁ B

and also compatibility conditions for the triangle parts and square parts

T, TR TA ", TB

\ t‘z ¢ Jb = WW nf 7ITB . b
l h - |2
A

—f— B A—f— B =— B

TTA — T2 s7a T g prA T prp T 7R
#AJ o (‘1 ¢ Jb = #AJ hs KB B8* Jb
TA—F—A—F—B TA —7—— TB —— B
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Definition 6.3.1.4. Let (f,),(g9,7) : (4,a, (at,a®)) = (B,b, (B, 8%)) be two pseudomorphisms
of pseudo-algebras with same domain and codomain; then a transformation between them is a
2-cell a: f — ¢ in K such that

TR
A#B A—— B
g

This defines three distinct 2-categories of strict T-algebras T-Psalg, whose 0-cells are pseudo-
algebras, 1-cells are pseudomorphisms of T-pseudoa-algebras, and 2-cells are transformations be-
tween them.

6.3.1.5. For a pseudomonad T', we have then a forgetful functor
Ur
T-Psalg —— K

sending an algebra (A, a, (af,a®)) on the underlying A and (f,¢) on f. This functor is right
pseudo-adjoint to the associated free functor sending A to the pseudo-algebra (T'A, pa, (£a,p4))
and f to (f, py) with py the naturality square of p at f: it is standard calculation so see that we

have a pseudo-adjunction
Fr

/\
T-Psalg 1 K
\—/

Ur

Now let us give a pseudo version of [7][Theorem 2.6], which can also be seen a specific case of
the main result of [92] from which we inspire us.

Theorem 6.3.1.6. Let T be a pseudomonad on a 2-category K. Then the forgetful functor Up
creates bilimits.

Proof. Let F : I — T-Psalg be a 2-functor, and for each i denote F(i) = (F},a;, (af,af)), for
d : i — j denote F(d) = (fq,¢4) and for o : d = d’ denote F(os) = 0,. Then if K has blhmits
we have a bilimiting cone ((p; : bilim ;er F; — F;)ier, (Pa : fapi =~ pj)acrz). Consider then the
pseudocone consisting for each i in I of the composite

Tp; a;

el
and at each d : i — j of the 2-cell
-1 Tp; a;
Tbl_hrjn F; TFZ- F;
1€

Trg
- de
ij
F;

TF—>

Then by the universal property of the bilimit, we are given a universal arrow

Thilim F;, — bilim F}
el iel

together with an invertible 2-cell at each ¢
Thilim F; —£ bilim F}
icl icl

7| 2

RS>
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satisfying moreover at each d : i — j the equality

Thilim F;, ——2F 5 bilim F}
3 i€l

i€l

Tpi e
/ ‘ % pi
T ” <, — 0,
TFl a; Fz < pPj J
% >,
Tfa - ’ ~
T'F; a7 Fj

We must equip ap with the triangle and square 2-cells to make it part of a structure of pseudo-
algebra. Whiskering the aforementioned pseudocone with the unit g gives a pseudocone ((a;Tpinr)icr, (Pa*

Tp; aj * Tpa) * Nr)aecr2) and the pasting below
bilim F; - R

1€
UFJ/ i lnm
Thilim F; — Tpi — TF;
icl
e ]

bilim F; ———— F;
icl Pi

RS>

exhibits apnp as the universal map induced from this pseudocone. But also, at each ¢, the triangle

2-cell of the pseudoalgebra structure at i gives us an invertible 2-cell

bilim F, —2— F,
el ‘

p,; nr;
WFJ :1 LZ (e

Thbilim F; TF; o F;
el Tp; i

s

so that a;Tp;np =~ p;, but the pseudocone constituted of the p; is the unique one up to equivalence
to induce the equality bilim ;<7 F; = bilim ;¢ F;: hence there exists a unique invertible 2-cell as

desired
bilim F;, — 2 Tbilim F,
i€l el

bilim F;
el

For the square part, consider the invertible 2-cell obtained as the pasting
T(a;Tpi) TF,

TThilim F;
i€l

*a;,Tp;

~ =~ P Tai

TTp; -
~ v

lLbi_lixP F; aq
ie

F;

Thilim F;
el Tpiar

where g, 7p, is the canonical invertible 2-cell of the pseudofunctoriality of 7" at the composite
a;Tp;. Then it suffices to paste it along T'(a;Tp;) with the invertible 2-cell
Thilim F,
iel
Tar lTpi,

Ty.

i

TThilim F;, —— TF,
iel T(a:Tp:)
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This returns at each ¢ an invertible 2-cell
TThilim F;, %% Thilim F,
iel iel

Kol FiJ{ @i laiTpi
113 . .
Tblilérln F; —ar F;

: TThbilim iEIFi —

Then the maps (piarpivitim o, F, : TTbilim ;1 F; — F)ier and (a;Tp;Tar
F});cr define two equivalent pseudocones, and from the universal property of the bilimit, this

K3
equivalence of pseudocones induces the desired invertible 2-cell as below

TThilim F;, %% Thilim F,
el iel

ubéleirjl FiJ/ aj J/{IF
Thilim F; —— bilim F;
i€l

iel
Hence we constructed a structure of pseudoalgebra (bilim ;c;F};, ap, (ak, %)) as desired, as well
as morphisms of algebras (p;, §;) which are ensured of satisfying the compatibility conditions from

the very construction of o}, and af.
Now we must check that this pseudo-algebra has the property of the bilimit in T-Psalg. Take

a pseudocone
(A, a, (at, a®))

!i_g

(Fjvaj7 (OZE, ajs))

(Fi’ah(ag’a?)) (fa:9a)
Then the pseudocone in K consisting of the ((g; : A — F})ier, (9d)aerz) defines a universal map
g : A — bilim ;¢; together with a canonical invertible 2-cell at each 4

4—7 bilim F;
1€

On the other hand we get at each ¢ an invertible 2-cell as below by pasting the canonical invertible
2-cell ayp, 4 given by pseudofunctoriality of 1" with the pseudomorphism 2-cell 9;
Tp;

T4 19, Thilim F; — TF,
7

aJ{ Piag *ping J{ai

F;

A gi

Hence by the uniqueness up to invertible 2-cell condition of the universal property of the bilimit

we have an invertible 2-cell
TA 195 Thi

i

j S

A ——— bilim F;
gi iel

lim Fi
el

which equips g with the structure of pseudomorphism and provides a factorization

(A, a, (at,a®)) % (bllérln F;,ap, (o, a5))
3

(g\w) :\ J{(m 0)

(Fiaai» (O‘gvaf))
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6.3. THE SPECTRAL PSEUDOMONAD AND PSEUDOLIMITS OF LOCALLY MODELLED
TOPOI

6.3.1.7. Now we are going to discuss creation of bilimits in the case of a pseudomonad induced
from a pseudo-adjunction

M L K

with the unit and counit equipped with canonical 2-cells

R -5 RLR L
X lR(a “l \i\\
R LRL —— L

L(n)

Then the composite RL : K — K defines a pseudomonad, with n as unit and the multiplication
defined as p = Rey. Moreover, any object M in M is equipped in I with a canonical structure
of RL-pseudo-algebra given by (R(M), R(ear), (par, R(ec,,))) where €,, is the naturality square of
the unit at its own component at M

LRLERM “2) 1 pas
€M

e |
M

LRM ——

This defines a comparison pseudofunctor
M —— RIL-Psalg

Moreover from [62][Proposition 1.7] we know that the comparison functor is equipped with pseudo-
natural transformations factorizing both the left and right adjoints as below

M —— RL-Psalg M —— RL-Psalg
A’ UrL
K K

In the following we are going to describe a situation where the induced forgetful functor Ugy
factorizes itself through the underlying right adjoint R in the converse sense.

Lemma 6.3.1.8. Suppose that we have an 2-adjunction L 4 R such that R : M — K is (1,2)
faithfull and 2-full and faithful with K having bilimits. Suppose moreover that one has an adjoint
retract to the comparison functor

RL-Psalg

. ls

M=—/—=M

e

such that the forgetfull functor factorizes as

RL-Psalg

UrL
sl )

Then R creates bilimits, and exhibits M as closed in K under bilimits.

Proof. Let F : I — M be a 2-functor. Then RF : I — K has a bilimit in K, as well as
tF : I - RL-Psalg and one has

bilim RF ~ bilim UgptF
~ Ugyr, bilim F
~ RSbilim F
As a (1,2)-faithful functor, R reflects bilimits, exhibiting Sbilim F as a bilimit of F' in M. O
Though this situation may seem rather specific, we are going to see that it exactly concerns

the spectral adjunctions.
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CHAPTER 6. (LOCALLY) MODELLED TOPOI

6.3.2 Algebras of the spectral monad

Recall that we have for a given geometry (T, V), J) two pseudo-adjunctions constructed in the-
orem 5.1.2.8 and theorem 5.2.1.7, namely the spectral adjunction associated to the underlying
factorization geometry (T, Jryiy, V)

S[-,Et]
T~

T-GTop-°° L T-GTop
\_/r

lLoc
from the bicategory of T-modelled topos with local morphisms between them (which was called

GTop//S[T|L°¢ in our previous notations) sending a T-modelled topos on its classifier of etale
maps, which defines a pseudomonad TLoc = (LocS[—, Et] we call the local map pseudomonad.

We have also the spectral adjunction

|

LJ,Loc

from the bicategory of T-locally modelled topoi (that was GTop//S[T;]°¢ in our previous
notations) sending a modelled topos on its spectrum seen as the classifier of local forms. We call
the associated pseudomonad T'j1,0c = tjLocSPecC the spectral monad.

Proposition 6.3.2.1. The forgetful pseudofunctor Tjy10c-Psalg — T-GTop factorizes through
the inclusion tjLoc as a pseudofunctor

T Loc-Psalg —— T,;-GTop™°°©

Proof. An algebra structure for a modelled topos will be the same thing as a retraction of its unit:

(F, F) "5 (Spec(F), wk)

\ J(@a)

(F, F)

which consists of a section of the underlying geometric morphism in the unit and a morphism
exhibiting F' as a retract of a local object in F:

A L — Spec(F)

\ a ii

]:

Pﬁ

=

But we know that this forces F' to be itself a local object in F. Similarly for maps, for a map of
algebra, that is a (f, ¢) intertwining those retractions:

(Spec(¢),¢)

(SpecF,wF) (Spec(E), wE)
(}LFﬁ?F) b .
(a,0) /(hEmE)
(F,F) l (f.0)— (E,F) (b,8)
(F.F) (€.E)

(f,9)
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6.4. FUNCTORIALITY OF THE CONSTRUCTION

which gives at the level of T-models in &:

}* * b
wFaf _ved UJEﬂ

) .
f*Ozb _ NE

This exhibits ¢” as a retract of w*oz*cz;b which is a local arrow: hence from proposition 3.3.3.9, ¢°
has to be local. O

6.3.2.2. Then we have (strict) factorizations of the forgetful functors

T10c-Psalg Tj Loc-Psalg
i w‘ i X‘J,Loc
T-GTop"*° <—— T-GTop T;-GTop™®® < T-GTop

This gives us alternative proofs of the following theorem:

Theorem 6.3.2.3. Let (T,V,J) be a geometry. Then both T-GTop™°° and T ;-GTop™°°
closed in T-GTop under bilimits.

6.4 Functoriality of the construction

6.4.0.1. Let us say a word about functoriality. For ® : (Ty,V1,J1) — (T2, Vs, J2) a transforma-
tion of geometries, recall that we had in each £ a restriction of ® to local objects and local maps
between them. Then to any Ty-modelled topos (€, E) we have a Ti-modelled topos with the same
underlying space (£, ®[E].(F)) with ®[E].(F) = E®. Whenever (£, E) is Tj,-locally modelled,
then (&, ®[€].(F)) is T 5,-locally modelled since ®[€], restricts to local objects.

Let us examine what happens at the level of morphisms; 2-naturality of ®[—], in & gives at
each geometric morphism f : £ — F a strictly commutative square

Tg[./—"} *> TQ[ ]

wi] o

Tl[./—'.} *> Tl[ ]

Indeed for a To-model F in F, the equality above at F' is obtained as the associativity f*(F®) =
(f*F)® of the following composite

[ R Ny NN

Moreover, whenever F' is a Ja-local object in F, then f*F'is Js-local in £, and hence the composite
f*F® is Ji-local in &, so the square above restricts to local objects. Finally we also have preser-
vations of local maps by f* as f* preserves pullbacks, being lex. Those observations are encoded
in the pseudocommutativity of the cube below

LQ[.F]

T, [FJlocal7] T2 [F]
~ £ \
B
Ty, [E]Eoc218) e Tafe]
®[F].
1
Ty, [Flleetl?] ———— — w7 —— Ty [F] B[]
\ o~
I ~.
TJI [S]LOC1 (€1 1 [€] PH‘Il [8]



CHAPTER 6. (LOCALLY) MODELLED TOPOI

Hence, for (f, ) : (F,F) — (£, F) a morphism in To-GTop, the whiskering

C']]‘l L C’]I‘z *> F

\J

is the induced morphism ®[€].(4°) in Ti[€] (while ®[E].(¢?) is in T[F]), and whenever ¢° is in
Locy[€], then we know ®[£].(¢°) to be in Loc[€]. Similarly, the action of ® on 2-cells does
not raise any problem, so we see this process is pseudofunctorial. To sum up, this defines a
pseudocommutative square

Lz, Vo

T%;cQ—GTop =2 3 Tr-GTop

fa| Lr«b

T;2°'-GTop ——— T1-GTop

where moreover both of the following triangles are morphisms of fibrations

e Ty-GTop T°*-GTop e T, _GTop

DTy pry PJs ,m Aocl

GTop®? GTop®®

Ty-GTop
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Chapter 7

The spectral site

This chapter, which will be the longest and densest of this thesis, provides an in-depth de-
scription of the geometric properties of the spectrum associated with a geometry. In chapter 5,
we detailed two very abstract methods to construct the spectrum through 2-dimensional universal
properties, focusing on its classifying purpose, without actually any insight on the spatial aspects
of the spectrum. In this chapter, we present the site-theoretic approach of the construction of the
spectrum. Though we start from the recipe given in [19] when defining the spectral site, most of
this chapter is done in a new manner, developing many aspects that were left mostly implicit or
unnoticed in our sources.

First we give the spectral site of set-valued models, which gathers the finitely presented etale
maps under it, and proves it possesses the desired universal property of the spectrum: in par-
ticular it induces a restricted spectral adjunction theorem 7.1.6.2; then we provide a pseudolimit
decomposition theorem 7.1.2.7 for the spectrum of arbitrary etale maps, and give some geometric
properties of the spectra, proving in particular that the spectrum turns etale maps into etale geo-
metric morphisms (proposition 7.1.2.2) and local objects into local topoi (proposition 7.1.3.6). We
also give a carefull examination of the universal property of the structural sheaf and its associated
generic etale map and generic local form, from which we deduce a restricted spectral adjunction
for set-valued models.

In the second section, we recall the notion of fibered site and fibered topos as introduced in
[36], and introduce a variation of this notion to take account of a topology on the basis, using
the notion of comorphism of site. From such a notion of fibered site, we construct certain site
equipped with a composite (pre)topology made of horizontal and vertical covers, and exhibit the
associated sheaf topos as the topos of continuous sections of the associated direct fibration at the-
orem 7.2.3.7, generalizing Grothendieck result about the limit topos as a topos of cartesian sections.

In section 3, we provide a detailed account of the spectral site of an arbitrary modelled topos.
It is was already guessed in [19] how to construct it, in a quite ad hoc way: here we inscribe this
construction in the more general pattern of fibered sites and fibered topoi. Combine the two pre-
vious sections, we prove that the spectrum of an arbitrary modelled topos is a topos of continuous
sections of a fibered topos, see theorem 7.3.3.2. We also use fibrational techniques to prove the
structural sheaf of the spectrum to be a local object. We also describe the geometric and sheaf data
associated to the canonical fibration, which will be proven to be the unit of the spectral adjunction.

Section 4 is devoted to proving the pseudofunctoriality of the spectrum: though this aspect
was somewhat swept under the rug in most sources, this problem is actually highly non trivial
and requires a large amount of work, involving some techniques of extensions of models along the
equivalence between a sheaf topos and its own category of sheaves for its canonical topology, and
splitting the problem between the horizontal and vertical morphisms of modelled topoi as they
were distinguished at 6.1.1.3.

Section 5 is devoted to proving the spectral adjunction in the general case, for arbitrary mod-
elled topoi, combining the two previous sections. The main lemma is to prove the existence of a
retraction of the unit for locally modelled topoi (see proposition 7.5.1.2), which generalizes also
the localness of the spectrum of a locally modelled topos, but this time over its base topos - see
corollary 7.5.1.4.
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CHAPTER 7. THE SPECTRAL SITE

Finally, section 6 describes the functoriality of this method relative to transformations of ge-
ometry, and how we get a comparison functor between the spectra associated with two different
geometries related by a transformation.

7.1 Spectral site of a set-valued model

In the previous chapters, the spectrum was constructed in an abstract manner through 2-
dimensional universal properties. Now we would like to give a concrete site presentation of the
spectrum. Following essentially [19], this chapter is devoted to the construction of the spectral site
for a set-valued model.

Throughout this chapter we fix a geometry (T, V, J) and denote as Et and Loc the associated
factorization system in T[S].
7.1.1 Spectral topology on the etale generator

Recall that for any set-valued T-model B we denote as Vp the etale generator of B, which
consists of arrows obtained as pushouts under B of finitely presented etale maps in V.

Definition 7.1.1.1. For any B in T[S], the opposite category of the etale generator V3 can be
equipped with the spectral pretopology, which is the Grothendieck pretopology Jp defined from

the duals of the families
( B "> C )

such that there exists some arrow b : K — C and a covering family (I; : K — K;);es dual of a
covering family in J such that for each i € I we have

K-sc«™ B

I
liJ{ i )
[ i

Ki*>0i

Remark 7.1.1.2. In particular, in the case of a finitely presented object K, we know Vg to be
made of finitely presented etale arrows in V, that is, Vx < V for V is closed under pushouts
between finitely presented objects. Then, in particular, any map n in Vg has a finitely presented
codomain. But now, a covering family in Jx (n) is induced by pushout from some (n; : Ko — K);er
corresponding to a covering family in J as follows

K-—"s K «* K,

\
N 4 oA J{

But J, as a Grothendieck coverage, is closed under pullback, and hence the pushout family (m; :
K’ — K;)ier is dual to a covering family in J(K’). Conversely, any family (m; : K’ — K;)ier
dual to a cover of K’ in J induces trivially a covering family of [ in Jg as it is a pushout of
itsefl along the identity 1xs. Hence a familly (m; : n — n;);es is covering in Jk if and only if
(m; : cod(n) — cod(n;))ics is dual to a covering family in J(cod(n)).

Definition 7.1.1.3. For a set-valued model B in T[S], (V, Jp) is called the spectral site of B.
Then define the (Coste) spectrum of B as

Spec(B) = Sh(VY, Ji)
In the following we denote as
Vi 25 Spec(B)

the associated sheafification functor left adjoint to the inclusion

Spec(B) —£ VP
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7.1. SPECTRAL SITE OF A SET-VALUED MODEL

Remark 7.1.1.4. Observe that the sheafification functor aj, extends into a functor between
categories of T-models and T j-models. In fact we have a pseudocommutative square

TVF] —22 T[Spec(B)]

o= ]

T, Vg —— Ts[Spec(B)

which is the pseudonaturality square of the natural transformation
—_— G y—
Geom[Vy, —] Geomles. 7] Geom|[Spec(B), —]

at the inclusion ¢y : S[T ;] < S[T].

7.1.1.5. Now we turn to the functoriality of the construction. For a morphism f : By — By in
T[S], the geometric morphism Spec(f) is computed from the pushout functor along f

VBl L V32

sending a finitely presented etale arrow to its pushout

Bl%BQ

L e

cod(n) -7 cod(fun)

But now, observe that the pushout functor sends finite colimits of Vg, to finite colimits in Vg,
hence defines a lex functor V%I; — V%I;. Moreover, this functor is Jp,-continuous, by composition
of pushouts. Hence Diaconescu applies and returns an extension

fs

op op
Vg, Vb,

aJBl EJ/ ~ laJBQ El

Spec(Bllgn—> Spec(Bs)

nJBl 3aJ32 E]f*
which is the inverse image part of Spec(f).

7.1.2 Etale maps produce (pro-)etale geometric morphisms

7.1.2.1. V7’ is a lex site coding for “basic compact open inclusions”. Objects of the sheaf topos
Spec(B) — [Vp,S] should be seen as generalized opens of the spectral topology, while objects of
Ind(Vp), which are arbitrary etale arrows under B, should be seen as saturated compacts of the
spectral topology. In particular, the embedding V' < Spec(B) exibits Vg as a basis of basic
compact sets that are open - and Vi’ as a basis of open sets that are compacts.

The following observation motivates the name for etale arrows:

Proposition 7.1.2.2. Finitely presented etale arrows n : B — C under B correspond to etale
geometric morphisms of the form:

Spec(

Spec(C) ~ Spec(B)/a;, 3, Pec(n) Spec(B)

Proof. For n: B — C'in Vg we have an equivalence of categories
Ve ~nlVp
sending m : C' — D to the triangle

I

C —— D
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CHAPTER 7. THE SPECTRAL SITE

and conversely any triangle [ = mn in n | Vg to the underlying arrow m. In particular we have
V&~ (nl V)P ~VP/3,

But also by the expression of slices in a sheaf category (see [36][III, Proposition 5.4]), we know
that the topology induced on n | Vg by Jp is the same as J¢ - this is the corresponding topology
J’ corresponding to Jo through the equivalence above - and we have

Spec(C) ~ Sh(n | V&, J') ~ Spec(B)/ay, 3,
O

Remark 7.1.2.3. Observe that we have a 2-pullback square in the bicategory of Grothendieck
topoi

Spec(B)/aJB E’n E— i%\p/an

Spec(n)l - la N

Spec(B) —*~— ]7}(;\19

exhibiting the etale geometric morphism Spec(n) as the 2-pullback of the etale geometric morphism
associated to 9 ,,.

Remark 7.1.2.4. The further left adjoint of the inverse image will be induced from the postcom-
position functor V¥ — V3 sending m : C — D to the composite mn : B — D which is in Vp.
This functor defines a left adjoint

The intuition that objects of Vg are compact can be formalized thanks to the following property.
Recall that a geometric morphism is said to be tidy if its direct image part preserves filtered colimits.
From [77][Theorem 4.8] we know that tidy geometric morphisms are stable under 2-pullback.

Proposition 7.1.2.5. For n : B — C in Vg, the geometric morphism Spec(n) : Spec(C) —
Spec(B) is tidy.

Proof. Recall we can express Spec(n) as the pullback of the etale geometric morphism V¥’ / 3, —
V¥ along tp. But we know that 3, is a finitely presented object in the presheaf topos Vi, so

that the associated internal hom functor (—)7» preserves filtered colimits: hence its associated
etale geometric morphism is tidy, and hence its pullback Spec(n) also is. O

Remark 7.1.2.6. Arbitrary etale arrows are not in the topos Spec(B), but rather from the side
of points and saturated compacts. Hence they do not correspond to etale geometric morphisms
in general. In fact observe that an arbitrary etale map [ : B — C is an object of Ind(Vp), for
the factorization system (Et, Loc) was left generated from V; but we have Ind(Vg) ~ Pro(V¥)°P,
which is the pro-completion of V3, whose objects are those functors Vi’ — S which are cofiltered
limits of representables: this mimics the fact that arbitrary etale maps are constructed as cofiltered
intersection of basic open compact sets. For this reason, [4] says pro-etale for what we call arbitrary
etale, reserving “etale” for the basic ones. This can be formalized into the following result:

Theorem 7.1.2.7. Letl: B — C be an arbitrary etale arrow under B. Then Spec(C) decomposes
as a cofiltered pseudolimit

Spec(C) ~ bilim Spec(cod(n))
(nya)ef &,

Proof. From theorem 1.1.4.3, we know that

Ve =~ pscolim Veoq(n)
(n’a)ef;l

Now recall that for each (n,a) in [ X, the opposite category of the etale generator Veod(n) can be
equipped with a pretopology Jeod(n), and the opposite category of the pseudocolimit

(pscolim (,, 4ye 1 x, Veod(n))™”
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7.1. SPECTRAL SITE OF A SET-VALUED MODEL

can be equipped with the coarsest topology

< U Q(n,a)(‘]cod(n)»

(n,a)ef &,
making the canonical inclusion continuous
q'()f;’a) : std(n) — (pscolim (, )¢ 1 x, Veod(n)) ™"

From [86] and [34], and also the general version of proposition 7.2.2.10 on cofiltered pseudolimits
of Grothendieck topoi, we know that the corresponding sheaf topos is the pseudolimit

Sh((pSCOhm (n,a)GfJ:LVcod(n))Op7< U Q(n,a)(‘]cod(n)») = ( bl%lenj}; Spec(cod(n))
(na)ef X, L

and moreover, this topology is exactly the image of the induced topology on the pseudocolimit

along the equivalence of categories above with Vo. Now we can also glue the image of the Jeoq(n)-
covering families along the pushout functors a, to generate a topology on V¥

< U a*(Jcod(n))>

(nya)ef &,

We must prove that any covering family a.(Jeoq(n)) is covering in Je, and conversely that any Je
covering family is covering in the topology induced from the colimit.

First, let us prove that a cover in the jointly generated pretopology is covering in Jo. For (n,a)
in [ d;, m an object of Veoa(n) and a covering family (I;);c; induced as

K —"5 D +™ cod(n)

|
ki l;
roJ$ mq

in Jeod(n)(m), consider the composition of pushouts as in the diagram below

K b D “ cod(n) +—— B
| e ~ l
\—\; 1/ a\l
ki as D C
r )/ K
K, — D, m.l; R

\_} a*Di

Then we see that for each i € I the arrow a.l; is also the pushout (m.ab)k;, and this exhibits the
pushout family (m.l;);er as a pushout of a family in J, and hence as a covering family of Je.

Conversely let us prove that a Jo-cover is covering in the jointly generated pretopology. For a
covering family of some m in V¢ for Jo

C
%
K—"5D m;
DN

we know from the essential surjectivity of the equivalence result in theorem 1.1.4.3 that m is
induced as some a,m’ for some (n,a) € [ X,

Ki4>DZ
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Now observe that from the situation below

cod(n) —— C

\

ml ol

D)—— D
b/

~
K

there exists from lemma 1.1.2.7 some (nq,a1) in [ &; and a factorization of b through the inter-
mediate pushout as below

and now we can pushout the family (k;);cr of J along ¢ to get a covering family (c.k;);er in Jeod(n):
of the object al,m’ in Veod(n,)

cod(n) 2 cod(ny) ——— C
y y \ w
r m; r l/
D’ CL;D/ D m;
~ A AN
ci ki b l;
pd N
¢ D;

Moreover, the objects ((n,a),m’) and ((n1,a1),a,m’) are identified in the pseudocolimit for they
are related through an opcartesian morphism, so that (c.k;);cr is both covering for the class of
((n,a),m’) in the induced topology on the pseudocolimit colim,, ,)c %, Veod(n), and is sent to the
covering family (I;);cr of Jo through the pushout functor a;,. Hence the Je-cover (I;);er is in the
induced topology a1, (Jcod(n,)), and hence in the jointly generated topology. This proves that the
equivalence of categories of theorem 1.1.4.3 induces an equivalence of sites

((pscolim Vcod(n))op7< U Q(n,a)(Jcod(n)>) = ((Vgp’ JC)
(n,a)€ [ &, (n,a)ef &,

so that they induce the same sheaf topos, which proves the desired limit decomposition of Spec(C).
O

Remark 7.1.2.8. Observe that we also have directly from theorem 1.1.4.3
173\1’ ~ bilim @ /3.

(n.a)ef &,
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Since each Spec(cod(n)) for (n,a) € [ &; expresses as an etale geometric morphism obtained as
a pullback as in remark 7.1.2.3, and pullback commutes with limits, we have

bilim Spec(B)/a; 3, — bilim VP/I,

(n,m)e [ X, (n,m)e [ X,
Spec(B) 5 vy

so that we have a pullback in GTop

Spec(C) —<— 172?

Spec(n)J . l

Spec(B) 5 Vg’
This means that the natural inclusion Spec(—) — V/E)E is cartesian at etale maps [ € Et.

7.1.3 Spectrum and local data

In particular we have the following, for local forms are etale arrows (that are seldom finitely
presented):

Proposition 7.1.3.1. Points of Spec(B) correspond to local forms x : B — A.

Proof. First observe that a point of the spectrum, that is a Jp-continuous lex functor x in
Lex[V}’,S] is in particular an object of the ind-completion of Vg, hence an object of B | T[S],
so we can write x as an etale arrow = : B — A; now the condition of continuity says that for a
covering (m;® : n; = n);er in Vi one has

[T «(n) elmi))ier, (n)
iel
But Yoneda tells us that
z(n) ~ Ind(Vp)[&£,, ]
={l:C—A| In=2x}

and the surjectivity property above expresses the existence of the dashed arrow in the following
diagram for some ¢ € I:

We must prove that A is a local object: let (n; : K — K;)ier be a J-cover and a : K — A.
Recall first that x, as an etale map, is the filtered colimit of the finitely presented etale maps
under B over it: x = colim(, ;yevy |z, 50 is A = colim(, j)ev, zcod(n). But then for K is finitely
presented, a : K — A lift through some [ : C — A as b: K — C for some factorization of x as
above. Then we can consider the pushout family (b.n;);c; which is a Jg-cover of n in Vg: but
then we see in the following diagram

C

S0

|

n
l

/

x

—

b

b*ni

-
-
-

b
b K;

K
K;
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that there must be a dashed arrow as provided by Jp-injectiveness of x, which ensures existence
of a lift for A. Hence A is local and z is a local form. O

Remark 7.1.3.2. More generally, geometric morphisms z : £ — Spec(F') will correspond to etale
arrows z :1fB — E in Et[€] with E in T;[£]: however this correspondence can only be seen
through the structural sheaf, which will be described later in this section. For now let us focus on
the set-valued points.

7.1.3.3. At the level of points, an etale map of finite presentation n : B — C' produces a discrete
fibration

pt(Spec(C)) ~ pt(Spec(B)/a,,(3,)) — pt(Spec(B))
More generally, this remains true for an arbitrary etale map [ : B — C'; cartesian lifts are computed
as follows: if x is a local form under B and 2’ a local form under C, then a morphism = — 2/l is
a square as below

B—tsC

|l

AT>A’

with f an arbitrary arrow; but the etale-local factorization of this very map comes equiped with a
diagonalization of the square below

Ve
x 1‘// ‘T/
e
/
A Ap —— A

where the diagonal 2" : C'— Ay is a local form equiped with a lift 2" — &’ given by uy. Moreover,
as the functor of points pt ~ Geom|[S, —] preserves pseudolimits, we have a pseudolimit of category

pt(Spec(C)) ~ pslim pt(Spec(cod(n))
(na)ef &,

Remark 7.1.3.4. Observe that arbitrary etale maps under B correspond to points of the presheaf
topos Vi as Lex[Vy, S| ~ Ind(Vp).

7.1.3.5. As the term “etale” was justified by the fact that finitely presented etale morphisms in
Vp where sent to etale geometric morphisms by Spec, the name of “local” for objects is justified
as follows. Recall that a geometric morphism f : F — & is said to be local if its inverse image
part f* is full and faithful and moreover the direct image part f, has a further right adjoint f'. In

particular, a Grothendieck topos £ is said to be local if the global section functor I' : £ — S has a
further right adjoint - the full-and-faithfulness condition being automatic in this context.

The prototypical example of local geometric morphism is the universal domain map dy : £2 — &
of a topos. Now for any point p: S — £, we can consider the Grothendieck Verdier localization at
p, which is defined as the pseudopullback

E — &2

P o J{ao
S§——¢
Its universal property is that for any Grotendieck topos F, we have an equivalence with the

cocomma category

Geom[F, &, ~p x| Geom[F,¢E]
In particular, when F is S, we have an equivalence of categories
pt(&y) ~ p | pt(€)

From [51][Theorem 3.7] we know that if £ has (C,J) as a lex site of definition, then &, can be
expressed as a cofiltered pseudolimit of etale geometric morphisms

E,~ bilim &/a;d
P (C,a)e [ p* /J ©

where [ p* is the cofiltered category of elements of the J-flat functor p* : C — S.
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Proposition 7.1.3.6. Let A be a local object in T[S]: then Spec(A) is a local topos.

Proof. Suppose that A is in T ;[S]. Then in particular we know that A is J-local for the generalized
covers associated to J in T[S] in the sense of definition 3.3.1.2. Then in V}", the terminal object 14
is Ja-local as it lifts through all its covers. Then the functor &, : Vi?—S is lex J-continuous
and defines a point p;,. But now consider the Grothendieck-Verdier localization at this point

Spec(A),,, ~ bilim Spec(A4)/a;, 3,
A (n,a)€ [ pi,
Observe then that [ p}, has an initial object (14,11, ), corresponding to the identity triangle of 14
in V4. This initial object makes the limit above to reduces to Spec(4),, , ~ Spec(4)/a;, 31,,

—

but 14 was the initial object of V4, and 3 turns it into the terminal object of Vf,p, which is
preserved by a;,. Therefore Spec(4),, , ~ Spec(A), exhibiting Spec(A) as a local topos. O

We also have this corollary from theorem 7.1.2.7:

Corollary 7.1.3.7. For x : B — A, a local form under B, the geometric morphism Spec(x) :
Spec(A;) — Spec(B) is the Grothendieck-Verdier localization of Spec(B) at the point py : S —
Spec(B).

To conclude this section, we characterize the class of geometric morphisms the spectrum sends
local maps to. Let us first introduce the following notion, which is also related to [L5][Section 4.7]:

Definition 7.1.3.8. A geometric morphism f : £ — F is said to be terminally connected if the
inverse image part f* lifts global elements, that is, if for any F' in F one has

E[L, fH(F)] ~ F1, F]
Lemma 7.1.3.9. Let f: (C,J) — (D, K) be a morphism of sites between standard sites: if f lifts
global elements then Sh(f) : Sh(D,J) — Sh(C,J) is terminally connected.

Proposition 7.1.3.10. Let u : By — Bs be a local map in T[S]. Then Spec(u) : Spec(B;) —
Spec(By) is terminally connected.

Proof. Recall that Spec(u)* restricts as a site morphism w. : (Vg ,Jp,) = (Vp.,Jp,) given by
the pushout functor along u. Now, suppose one has, for some etale map n : By — cod(n) in Vg, ,
a global element of u,n, which is the same as a retraction as below

B, —%— By
\
nl o \
cod(n) ——> cod(u«n) —— By

so that we have a factorization v = rn,un. But then, for u is local and n is etale, we know by
lemma 1.1.1.1 that n must retract on 1p, for the etale part of w is invertible, which produces a
retraction 7 as below

Bl & BZ
n By —u — By
o
cod(n) ————— cod(u.n)

and we have by cancellation of pushout that u.(7) = r; moreover such an 7 has to be unique:
for any other choice ' of retraction with u.(r’) = r, one would have u(r’) = rn,u = uF and
r'n = Tn, so that ' and T would be simultaneously equalized by n and coequalized by u: but from
corollary 1.1.1.4 this forces v’ = 7. Hence u, lifts global elements, and by the previous lemma, this
prove Spec(u) to be terminally connected. O

Remark 7.1.3.11. This proves that, for any geometry (T, V), J), the functor sending a set-valued
T-model in T[S] to the underlying topos of its spectrum (which we will abusively denote Spec in
this remark) restricts as below

LV“]

T[S

|
i lSpec
~

(LTop™©°)°P « GTop®®
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where LTopTC® denotes the bicategory of local Grothendieck topoi and terminally connected
geometric morphisms between them. Moreover, one can show that terminally connected geometric
morphisms are left orthogonal in a 2-categorical sense to etale geometric morphisms: this suggests
that a kind of “universal” 2-dimensional notion of geometry on the bicategory of Grothendieck
topoi is involved in any instance of geometry. This will be investigated in [32][Proposition 5.4.11].

7.1.4 The structural sheaf

Now we turn to the structural sheaf, which is obtained from the codomain functor modulo
sheafification:

Definition 7.1.4.1. For a set-valued model B in T[S], the structural sheaf of B is the sheaf of
set-valued T-models B obtained as

B =a;,cod

7.1.4.2. The structural sheaf can also be described as follows: recall that any T-model B is in
Ind(T[S],) ~ Lex|Cr, S]. Moreover, we can consider the conerve of the codomain functor

TS)r — s VP
B ——— TI[S][B,cod]
which can be composed along the embedding Cr — T[S]°P

Vi % TIS|P +— Cr

\[ X
= cod

—

op
Vi
to produce a lex functor
cod. Jop
—_—
Cr Vi

{z, ¢} —— TI[S][Ky,cod]
which we can now compose with the lex localization ay, : ljg\p — Spec(B) to get a lex functor

Cr S N Spec(B)
{Z,¢} — a,T[S][Ky,cod]

Proposition 7.1.4.3. The structural sheaf B is in T [Spec(B)]. In particular for any point
x: S — Spec(B) the stalk z*B is in T ;[S].

Proof. We have to prove that for any J-cover (0; : {T;, ¢;} — {T, ¢})ics we have an epimorphism
in the category of sheaves Spec(B) = Sh(VY’, Jp)

( T[S]| fo, scod|):
[TasnTIS][K s, cod] Ma 15 T[S] [K, cod]

iel
But proving some morphism to be epic in a sheaf topos is a local condition, which however here
would be made impossible to test because of the expression of the sheafification. We are in fact
going to prove that before sheafification, the map (T[S] [ fo., cod])z-e 1 is a local epimorphism, that

is, a map that is sent to an epimorphism after sheafification - though not yet being itself an
epimorphism in the presheaf category. For sheafification is a left adjoint, it preserves coproducts,

that is
HaJBT[S] [Ky,,cod] ~ay, HT[S] [Ky,,cod]
il il

and moreover, the localness condition is preserved after sheafification, and makes

AJp <T[S} [fez ) COd] >i€I = <aJBT[S] I:fgz ) COd] >iEI
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an epimorphism in Spec(B).

Let us prove the localness condition for (T[S][fs,,cod])scr, which amounts to it to be a local
surjection - see for instance [(9]. Take some b : K, — cod(n); then one can push the J-cover
(fo, : Ky — Ky, )icr along b so we get a cover of n in Vjy’

Ky —2— cod(n) +“— B

|
fefl . b*i“e,; Afei

Kd’z‘ — b*K¢i

Then for each i € I, we have

T[S)[ K, bufo,] (b) = bufo, b
= fo,.b fo,
= T[S] [fewKGﬁL](f@L*b)

which exactly says that the restriction of b along each member of the cover has an antecedent along
(T[S][fo,,b+Ky,])jer: hence the natural transformation (T[S][fs,,cod]);e; is a local epimorphism
relative to the Grothendieck topology Jp, hence its sheafification is an epimorphism in Spec(B).

O

Remark 7.1.4.4. Beware that the structural sheaf B = aj,cod needs not to return local objects
as values; in particular, whenever the topology generated by Jp is subcanonical, B = cod, but the
codomains of basic etale arrows have no reason to be local objects. This is because local objects
are models of a geometric extension of T, being a model of which is a local notion that does not
hold globally. Nevertheless, as we saw above, stalks of the structural sheaf are set-valued local
objects; but in general having local objects at stalks may not be sufficient to ensure localness of a
sheaf itself.

7.1.4.5. Now we address the functoriality of the spectrum at the level of the structural sheaves.
For f: By — By in T[S], we saw in 7.1.1.5 how Spec(f) was obtained from the pushout functor
fx : VB, = Vp,. Now to get the direct image part, the bottom arrows at each n in Vp, of the
pushout square n. f : cod(n) — cod(f«n) define altogether a natural transformation

cod; —2— Spec(f).cods

which is sent after sheafification to a morphism in T[Spec(F})]

~%p, (vy)

P — Spec(f)*E

so we have to put N
fﬁ = aJjp, (Vf)
while we get automatically from the adjunction Spec(f) a mate

— (;b —_—

Spec(f)*Fl —_— F2

There is also a more concrete way to construct this morphism, which moreover expresses its con-
nection to the (etale, locale factorization), exhibiting it as induced from the local part of precom-
positions with f:

Proposition 7.1.4.6. For each f : By — By in T[S], f° is in Loc[Spec(B,)].

Proof. Recall that inverse images commute with sheafification, so we can first compute the inverse
image of the codomain functor Spec(f)*cod and then apply sheafification to get the inverse image
Spec( f)*ﬁl But now the inverse image is computed as a left Kan extension lan f, cod, which
expresses at each n of Vp, as the filtered colimit

lan f, cod(n) ~ C})lim cod(m)
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But in fact, by the universal propert of the pushout - which can be summed up in the adjunction
f« 7 £ where f' is precomposition with f, we have an equivalence of categories f,. | n ~ Vg, | nf.
This means that the colimit above can be seen equivalently as ranging over all factorizations

Bl;}BQ

G

cod(m) —;— cod(n)

while the data of all the g : cod(m) — cod(n) induce a natural arrow (uf), : lan ¢ cod(n) —
cod(n). But we saw in proposition 1.1.3.2 that this is exactly how the (etale, locale) factorization
of the composite nf : By — cod(n) is computed as the colimit of all its factorizations through
finitely presented etale maps under Bi, which are precisely the objects of the spectral site of Bj.
Hence in the factorization

cod(n)

Bl ! BQ .
colim VBW\) /(Uf)'n,
)

lan ¢, cod(n

colim Vg, | nf is etale while (uy), is local. Moreover from naturality of this process, this defines
a natural transformation
Spec(f)*cod Y cod

whose sheafification for Jp, is the desired inverse image part P =a Jp, (uy): since sheafification

preserves localness, this exhibits ggb as a local map. O

7.1.5 The generic etale map and classifying properties of the spectrum

This section is actually the doorstep of the spectral adjunction: here are described the classifying
property of the spectrum - where the structural sheaf and a certain canonical map are crucially
involved - from which the later adjunction will appear as a corollary.

7.1.5.1. The structural sheaf comes associated with a canonical morphism of sheaves whose com-
ponent indexes basic etale arrows under the object. For B in T[S], the spectrum of B has a
terminal geometric morphism !spec(py to S with the direct image part sending a sheaf F': Vp — S
to its set of global sections I'(F) = F(1p) and the inverse image g .. 5 sending a set X to the

X-indexed coproduct J]y 1gpec()- This adjunction lifts to the categories of T-models

!gpec(B)
L T
T[Spec(B)] L T[S]
\I‘/

Moreover this adjunction also exists at the level of the presheaf topos @, and we have !spec(B) =
!=sstp. Now the identity of B defines a map 1p : B — B = cod.(1p), and the latter object is

e
actually the global section object of the codomain functor: by the version of the adjunction above
relative to the presheaf topos, this defines a canonical map

14
I* B — cod,
VB

which is sent after sheafification to a composite map
g =
!Spec(B)B —— wB
This very map corresponds itself to a comparison map
s ~
B —— T'wB

Those two maps are going to be part of the unit of a restricted Spec 4 I' adjunction below.
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Proposition 7.1.5.2. The map 1 is etale in T[Spec(B)]

*

Proof. The inverse image presheaf !ﬁB can also be described as the constant sheaf returning B

B
everywhere; hence the map v can also be described as the natural transformation

whose component at n is n itself, which is etale: hence vg is an etale map as it is pointwise etale,
and so is its sheafification 7. O

Definition 7.1.5.3. In the following V]bg will be called the generic etale map under B, while 17?3
will be called the generic local form under B.

The generic etale map gathers all the etale maps under B you need to compute the etale-locale
factorizations of maps under inverse images of B, as you can extract the etale part of any mor-
phism of sheaves from the inverse image of this morphism. Similarly the generic local form gathers
all admissible factorizations under B, so that any morphism into a local object will now factorize
through this very map: that is how admissible factorizations through different local units will be
turned into an ordinary unit-like factorization. We split the process in two steps encoding first the
factorization aspects and then the local data - in the same way we did in the fifth chapter.

7.1.5.4. Recall that the presheaf topos @ is endowed with the codomain presheaf cod : Vg —

T[S] together with the canonical etale map vp : !%@B — cod, whose component at n is n itself.
B

Then any geometric morphism = : £ — V3 defines an etale map in &£
z g
tB —— wzx*cod

Similarly, any geometric morphism x : £ — Spec(B) transfers the canonical map 7759 in £ to

an etale map

* b

T n =~
1B —= wz*B

where * B is a local object.
Now we want to describe the converse process: we want to prove that
— the presheaf topos Vyy classifies etale maps under B;

— the sheaf topos Spec(B) classifies local forms under B.

7.1.5.5. To any morphism of sheaves ¢’ : *B — E in T[] - corresponding to a morphism
#* : B — T'E in T[S], we want to associate a geometric morphism € — Spec(B). Suppose that £
has a standard site of definition (Cg, Jg). Define the functor o, : Vi’ — Ce as sending a finitely
presented etale arrow n : B — cod(n) to the presheaf x7(n) : Cg” — S which associates to each ¢
of C¢ the set of all possible factorizations

#
B— S TwE

al |Bo

cod(n) ———— E(c)

of the composite E(!.)¢* (where !, : ¢ — 1¢, is the terminal map of ¢ in C¢) through the finitely
presented map n, and s : ¢; — ¢o to postcomposition of a with E(s).

Lemma 7.1.5.6. For each ¢ as above, the functor zy lands in E.

Proof. We must prove that for each n in Vg, the presheaf x(’;(n) is a sheaf for Jg. But this
is a consequence of E being a sheaf: for a family (s; : ¢; = ¢)ier in Jg, we have E(c) is the
limit of the E(c;) for the descent diagram for (s;);cr: hence, any matching family (a;);c; with
a; : n — FE(s;)E(l.)¢! is in particular a family of arrows a; : cod(n) — E(c;) satisfying the
commutations of the descent diagram, and hence induces uniquely a map (a;)ic; : n — E(c). O
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The functor constructed above is actually involved in the universal factorization of ¢.

Lemma 7.1.5.7. For any ¢ as above, x7 defines a geometric morphism & — V.

Proof. This amounts to proving that zy is lex. Recall that Vg is closed under finite colimits in
B | T[S]. Moreover, as (finite) limits in sheaf topoi are pointwise, it suffices to prove that for each
¢ in Cg the functor 2 (—)(c) : Vi;” — Set is lex: but in fact 2 (—)(c) is nothing but the composite
of the functor B | T[S][—, E(!.)$*], which, as a representable, turns colimits into limits, along the

inclusion of Vg into the coslice B | T[S]. Hence 7, is lex.
O

In fact, this is because z7 “points” to the etale part of ¢ as classified by the presheaf topos V.
Let us precise this intuition - for which the geometric morphism x4 will be called the classifying
morphism of ¢ in the following.

Theorem 7.1.5.8. For any morphism of the form ¢ : “B — E in a Grothendieck topos £ we
have a universal factorization as below

b
1B ¢

* 0. b U b
5E¢(Z’B)\ ¢

x;cod

with ug a local map.

Proof. Our strategy is to construct first a pointwise factorization for the underlying presheaves
and prove it coincides with inverse image - forgetting first that =7 land in the sheaf topos £. We
have at any object ¢ of C¢ a lex functor

Yol ) ¢

Its category of elements [ .TZ(—)(C) is hence cofiltered and is also the category of all factorizations

of the composite E(!.)z* through an etale arrow on the left: but recall this is the category indexing
the filtered colimit from which we constructed the etale part of the etale-local factorization ! In
other words, we have

NE) et colim n
BUIE = aye ([ (=) (@)or

But the latter coincides also with the expression of the inverse image (in the presheaf topos)
x;@cod, which is the left Kan extension

Vp —24, T[S]

()P q\i
lan (m:;)opCOd

(Ce)°r
whose computation at each ¢ returns

lan (5+yopcod(c) =~ colim cod(n)
=) © (n,a)€( & day)op

~ cod colim n

(n,a)e(f =5 (=)(c))or
~ cod(nE(Ic)w)

In other words, the following square

#
B d TE

colim n
(n,a)e([ =3 (e)°P l lE(!c)

lan (z;)opcod(c) <a4>><n T—_ E(c)
; é
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coincides with the etale-locale factorization of E(!.)¢*, whose local part is the induced map

UR(,)pt = <a> (n,a)e([ z}(c))°P-

Since the factorization of presheaves morphisms is pointwise, this exactly says that in ']1‘[5;] the
etale-locale factorization is given as

. ¢
I*B E

u
lan (I;)$ @b

lan (a3)°p cod

Then the desired factorization in T[S] is obtained by the sheafification a,,., which preserves the
etale-local factorization, and turns the left Kan extension into the inverse image functor zj =
anlan (z*)op. D

Proposition 7.1.5.9. Let ¢ be as above, and such that moreover E is a local object in T[S]. Then
7, defines a geometric morphism xy : € — Spec(B).

Proof. Jg-continuity of x;, results from localness of E: let (m; : n — n;);cr be a Jg-cover in Vg
induced from some J-cover (k; : K — K;);es along some map b : K — cod(n). We have to prove
that the following morphism in &
z¢m7 i€l %
Hmd)nz — zn

el

is an epimorphism in &, that is, a local surjection for Je. Let ¢ be in Cg¢ and a in xln(c): then
the composite ab : K — FE(c) is also an object of E(K)(c) for E seen as a J-continuous functor
Cr — &, so that (E(m;))cr is itself a local surjection: hence there is a Jg-cover (s; : ¢; — ¢)ier
such that for any j € I’, E(s;)(K)(b) comes from some E(c;)(K;) for some ¢ € I: but this exactly
says that for each j there is a i together with factorization d as below

I‘wE

(., i E<'

and such a d is in particular an element of z3(n;)(c;) such that z3(n)(s;)(a) = xj(m;)(c;)(b).
Whence continuity of Ty O

Corollary 7.1.5.10. For ¢ as above with E a local object, the universal factorization obtained at
theorem 7.1.5.8 coincides with

¢b

1B

* U b
m(;s(ﬂ;bg)\‘ ¢

m¢wB

Proof. This is because the inverse image part z7 factorizes through the sheaf topos Spec(B) ~
Sh(V°P, Jp) via the sheafification functor a,,: hence doing the inverse image along 7, localizes
the sheafification map g, whence

zycod ~ zga,,cod
~ rywB
and the same for the generic etale map. O

Remark 7.1.5.11. This corollary is in fact a manifestation of admissibility: it says that the
universal factorization of a map into a local object has its middle term local itself, which, in this
case, says that the universal factorization above identifies the codomain functor with the structural
sheaf, or that in other terms, the classifying morphism zj “sees” the codomain functor as a local

object.
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Now proposition 7.1.3.1 generalizes to the following more universal form, where points are
replaced with arbitrary geometric morphisms and local form are considered up to inverse images:

Theorem 7.1.5.12. For B in T[S] and any Grothendieck topos, geometric morphisms & —
Spec(B) correspond to etale maps ¢ B — E with E a local object in T[E].

Proof. We saw above how one can toggle between geometric morphisms into the spectrum and
local forms. We must prove that this correspondence is actually an equivalence of categories.

In one direction, consider a local form ¢’ : 2B — E with E local. Take its classifying morphism
zg : £ — Spec(B) and then the inverse image of the generic etale map: this is exactly the left part
of the factorization of ¢°: but hence, if ¢” was already etale, then its etale part is an isomorphism,
exhibiting

b b 5y
¢ ~zy(np) E ~xywB

In the other direction, take a geometric morphism x : £ — Spec(B), then the induced local

form x*(n%), and then back the classifying morphism of the later 2, ) Vi — €. We must prove
B

that for any n in V3 we have an isomorphism of sheaves z* (n) ~ z*(n), which amounts to

a* (n)

natural bijections x**(nb )(n)(c) ~ 2*(n)(c) for each c of Cg. Recall that, on one hand, x**(n., )(n)(c)
z*(n’% =N

is the set of all factorizations

EYACENY: ~
B (z"(ng)) e wB

ni lm*wé(!c)

cod(n) —— *wB(c)

while on the other hand z*(n)(c) is by Yoneda lemma the set of all arrows &, — z*(n) in &.
Since = defined a morphism in Spec(B), its inverse image x* factorizes through the sheafification
ajs, so that we had a natural isomorphism between inverse images z*wB ~ z*cod. The latter is
the Je-sheafification of the left Kan extension lan (,«)opcod, whose value at c is computed as the
filtered colimit lan (mz)opcod(c) >~ colim,, 4y x. im;«)cod(n): but the indexing set of this colimit is

precisely 2*(n)(c). Hence any factorization as above exactly corresponds to its colimit inclusion,
whence the bijection. O

7.1.6 Spec 1 I'-adjunction for set-valued models and sheaf representation

7.1.6.1. Now recall that S is terminal amongst Grothendieck topoi, and for any Grothendieck
topos &, the terminal geometric morphism !¢ : € — S has for direct image part I' = £(1,—). Now
as T is a finite limit theory, it is stable under direct image, so that I" induces a functor

T[E] - T[S]

In particular for any locally T j-modelled topos (£, F), we can apply !¢, to wE to get a set-valued
T-model T'E, and for a morphism of locally T j-modelled topoi (f,¢) : (£,E) — (F,F), we have
a morphism I'¢? : TE — T'F, as I'f,F = T'F since direct images commute with global sections.
Moreover, for a 2-cell a : (f,¢) = (g,v), the equality ¥°F * o’ = ¢” corresponds to an equality
¢f = ol x Fy! with of : g, = f.; but T sends F % of into an equality, so that « is collapsed into
the equality of the morphism I'¢# = Ty in T[S]. This defines a 2-functor

TLo°-GTop — T[S]
Theorem 7.1.6.2. We have an adjunction

Spec

TN

T[S] 1L T%c.GTop

~_

T

Proof. Let (f,9) : (Spec(B),E) — (€, E) be a morphism of locally modelled topoi, that is the
data of a geometric morphism f : £ — Spec(B) and a local map ¢” : f*B — E. Then from
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theorem 7.1.5.12, f defines uniquely a local form f*(n%) : 1B — f*B in T[E], which we can
compose with the local map ¢” to get a morphism into E

BB oo » B

f*(n?;)\« B /'Pb
B

which corresponds uniquely to a morphism

b opx (b ANE
B(¢f(n3)) TE

For the converse, any f : B — T'E with (£, E) a locally modelled topos defines uniquely a
morphism f? : 2B — E in &, whose etale-local factorization - given in corollary 7.1.5.10 defines
uniquely a morphism of modelled topoi

_(zn p U b)

(Spec(B),B) —— (£,E)

where @, : & — Spec(B) is the classifying morphism of the etale part ng, ~ I:sz (n%) and up
is the local part of the factorization. O

This process can be explicitly generalized for T[S]-objects in arbitrary Grothendieck topoi. But
this will be better understood in the light of the concepts of fibered sites and fibered topoi. The
next section is devoted to some prerequisites on this notion, but also contains a new variation of
it and some results allowing to adapt it to our situation.

However before turning to the general case and our auxiliary results about fibered topoi, we
should end this section with a representability criterion, explaining when the adjunction above has
invertible units, that is, when a set valued model is representable as the global section object of
its own structural sheaf.

7.1.6.3. Recall that a Grothendieck topology is subcanonical if representable presheaves are

sheaves, equivalently if the sheafified Yoneda embedding still is fully faithful. This also amounts
that, for any J-cover (u; : ¢; = ¢);er, the nerve diagram

(Fu,ier
H Feixee, —= HJ:CI. — X,
i€l i€l

exhibits & . as the coequalizer of the left parallel pair, not only after sheafification but already in
in the presheaf category.

Recall we defined at definition 3.3.1.2 the notion of extended J-covers as those (n; : B — C;)icr

obtained as pushouts of J-cover under an object B. In particular J-covers are extended J-covers.
Now for an extended J-cover we can define its nerve

B T[e == [] ¢ x5 ¢

icl i,J€I

Theorem 7.1.6.4. Let (T, V,J) be a geometry, with Spec 4T the associated adjunction; then the
following are equivalents:

— any extended J-cover (n; : B — C;);ec; exhibits B as the limit of its nerve;
— for any B in T[S] the structural presheaf cod is a sheaf for Jg;
— for any B in T[S] the unit 77?3 :B—TB is invertible;

— T is full and faithful.
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Proof. Observe that for any Jp cover

B —"— cod(n)

N

cod(n;)

the family (m; : cod(n) — cod(n;)):cs is an extended J-cover by the very definition of Jp. Hence
if the first condition is satisfied, we have

cod(n) ~ lim (H cod(n;) = H cod(n; +n nj))
iel ijel

which exactly says that cod is a sheaf for Jg.

As a consequence, the sheafification of the codomain functor provides with an isomorphism
cod >~ aj,cod = B in 'JI‘J[[VB,S]], so that the structural sheaf coincides with the codomain
functor. In particular we have

I'B = cod(1p) ~ B

which exhibits the unit as an isomorphism. The last item is equivalent by generality on adjunctions.
O

Definition 7.1.6.5. We say that (T,V, J) has sheaf representation if it satisfies one, hence all of
the equivalent conditions of theorem 7.1.6.4.

Proposition 7.1.6.6. If (T,V,J) has sheaf representation, then the topology J is subcanonical.
Proof. Take a J-cover (6; : {Z;, ¢;} = {T, ¢})icr in Cr, with (ng, : Ky — Ky, )icr the corresponding

family in T[S],. Then for any {7,v} one has X ,y({Z,¢}) ~ T[S](Ky, Kg). Then assuming
that extended J-covers are limiting, we know that

Ky ~ lim(HK@ = H Ky, +K, K¢j)
el i,j€1

Then, since the covariant representable preserve limits, we have

g0 (7 6}) 2 lim (][ &gy ({Tidi}) = [ * 0T 6D AT 6} <m0y (T, 65)))

iel ij€l

This exactly says that the representable & ;3 is a sheaf for J, hence that .J is subcanonical. [

7.2 Fibered sites and fibered topoi

We first recall, and adapt slightly, [36][VI, part 7] results on the notion of fibered site and fibered
topos. In this source, they were introduced over a base category without topology; we shall propose
in this section an adaptation for the case of a topology on the base category, as it shall be used in
the next section.

7.2.1 Fibered sites as oplax colimits

Definition 7.2.1.1. A fibered lex site on a small category C is an indexed category V' : C°P — Cat
such that in each ¢ € C, V, is lex and equipped with a Grothendieck topology J. such that for each
§:c1 — co the corresponding transition functor Vs : V., — V,, is a morphism of lex site.

For a fibered site on small, lex category C, one can consider the Grothendieck construction

at the indexed category V, which is the oplax colimit of V', equipped with the canonical oplax
cocone
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Ve,

Lemma 7.2.1.2. For a fibered lex site V : C°P — Cat over a lex category C, the oplax colimit [V
18 lex, as well as the fibration py .

Proof. The finite limit of a finite diagram F : I — [V is constructed as follows: first take the
limit lim;e; py (F'(¢)) in C; then, we have a pseudococone diagram in C

Vo (P () ~  Vimpy (Fi)

/pj

Vov (F())

Vov (F(i))

producing a finite diagram (V},, (F(4)))icr in Viim py, (7(i)), where one can take the limit lim;e 7 Vp,, (F(4)).
i€l
Then we have
lim F = (limpy (F(2)), lim V3, (F(7)))
O

Remark 7.2.1.3. In the case of the oplax colimits we need the indexing category to have itself
finite limits; when considering pseudocolimits, it will be sufficient to require it to be cofiltered, as
we wont need the underlying cone to be limiting anymore thanks to localizations along cartesian
morphisms.

7.2.1.4. Now we can equip [ V with a coarsest topology, the fibered topology, making the inclusions
te lex continuous: define the topology

Jy = <U te(Je))
ceC

as generated by the inclusion of all fiber topologies, then trivially each ¢ : (V¢, J.) < ([ V, Jv) is
a morphism of lex sites; the covers in the ¢.(J.) are called horizontal families.

7.2.2 Fibered topos and topos of sections

Now one can ask for a fibered site as seen above what is corresponding notion of sheaf topos.
This is the purpose of the following notion

Definition 7.2.2.1. A fibered topos on a category C is an indexed category £y : C°? — Cat such
that for any ¢ € C the fiber &, is a Grothendieck topos, and for each s : ¢; — ¢ the transition
functor & : &, — &, is the inverse image part of a geometric functor fs: &, = &, -

Then we can also consider the Grothendieck construction at a fibered topos and define the
fibration
/ oy ¢

Remark 7.2.2.2. Observe that we consider here inverse image part, so that this Grothendieck
construction is in particular an oplax colimit in Cat of the underlying categories of the fiber topoi.

7.2.2.3. Now, to a fibered site V, we can canonically associate a fibered topos whose fiber at
¢ is the sheaf topos Sh(V,,J.) and the transition at s : ¢; — c¢2 is the inverse image of the
geometric morphism Sh(Vy) : Sh(V,,, J.,) — Sh(V,,, J.,) induced by V5. Then we can consider
the Grothendieck construction associated to the fibered topos

/Sh(V(_), Joy) 2 e
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Definition 7.2.2.4. For a Grothendieck fibration p : M — C, we denote as I'(p) the category

whose objects are sections
/' X/‘

( ———=¢C

and whose arrows are natural transformations between those sections. In particular, cartesian
sections are sections x sending any arrow s : ¢; — ¢o to a cartesian morphism z(s) : z(¢1) = x(c2).

7.2.2.5. Moreover, observe that any fibered topos £y : C — Cat defines also a Grothendieck
fibration on C°P thanks to the adjunctions fI = fs,, where the fiber at ¢ is still £, but the transition
morphism at s : ¢; — ¢ is now the direct image functor f,, : &, — &.,. We denote as

/g(’_) _Pe . pop

the associated fibration. In the following we call this fibration the direct fibration of the fibered
topos &_).

Then in particular a section X : C — f E(’_) of the direct fibration of a fibered topos returns

at each object ¢ an object X, of the topos &. and at an arrow s : ¢; — ¢ a morphism (s, X) :
(c2, Xey) = (c1, X)) with X+ X, — fs, X, with fo, the direct image of the transition geometric
morphism &;.

The following, which is [36][Proposition 7.4.7], says that the sheaf topos over the indexed site
is the category of sections of the direct fibration associated to the fibered topos constructed by
sheafification of the fibers.

Proposition 7.2.2.6. Let V : C — Cat a fibered lex site over a small lex category; then we have
an equivalence of categories

Sh( / V,Jy) ~ T(pv)

7.2.2.7. Moreover, sheafification turns the oplax cone made of the inclusions (t.).cc into an oplax
cocone of direct image part of geometric morphisms
Sh(Ve,, Je,)

fw)

Sh(Vs) ¢b*ﬂ Sh(f ‘/, JV)

A)

Sh(‘/vc2 ’ JC2)
where ¢, is the mate of the transformation ¢¥ : Sh(i., )*Sh(Vs)* = Sh(t.,)* induced from the
cocone ¢s. In the bicategory of Grothendieck topoi, where 2-cells direction is the one of their
inverse image part, this becomes a lax cone. Then we also have the following:

Proposition 7.2.2.8. We have in the bicategory of Grothendieck topoi that
Sh(/V, Jy) >~ laxéicm Sh(V,, J.)

Proof. Tt would actually be expectable for oplaxcolimits of lex sites to be turned into oplaxlimits
of topoi, as well as finite colimits of sites are turned into finite limits and filtered colimits into
cofiltered limits. To see this, observe that a lax cone

Sh(‘/m ) JCl )
Sh(Vs) wsﬂ &
Sh(Ve,, Jey)
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is the same as an lax cocone of lex-continuous functors

(Vers Jey)

(Ve Jes)

which factorizes uniquely in Cat through the oplax colimit f*: [V — &£, and this functor is both
lex and Jy continuous since all its restrictions at fibers are lex continuous, so that it defines a
geometric morphism f : &€ — Sh([V, Jy). O

7.2.2.9. From the construction above of the oplax limit, we can construct the pseudolimit in Cat
of a fibered topos. It can be shown that the cartesian morphisms in the oplax colimit [V have
a left calculus of fractions in the sense of Gabriel-Zisman, as explained in [36][Proposition 6.4], so
that we can consider the localization of the oplax colimit f V' at the cartesian morphisms; we know
that this localization is the pseudocolimit of the pseudofunctor V in Cat, that is,

pscolim V ~ /V[E;l]

where ¥y denotes the class of cartesian morphisms. Moreover, the topology Jy is transferred to
the localization - we still denote the induced topology as Jy . This provides the following expression
of pseudolimits:

Proposition 7.2.2.10. IfV is a fibered site on a small lex category C, we have in the bicategory
of Grothendieck topoi that

Sh(pscolim V, Jy) =~ pslim Sh(V, J..)
C ceC

Moreover the latter is also equivalent to the category T cam(pi,) of cartesian sections of the direct
fibration.

Remark 7.2.2.11. In [86][Theorem 8.2.3] the underlying category is just supposed to be cofiltered
for the equivalence above to hold; in our case this condition is automatically satisfied as we supposed
C to be lex. Beware that the results above are not necessarily true for an arbitrary small category
C. In fact, it is not known whether the bicategory of Grothendieck topoi has arbitrary small
pseudolimits.

As this is the content of [36][Sections 6 and 8, in particular 8.2.3] (and has also its bilimit
version for bifiltered diagrams at [34][Theorem 2.4]) we do not prove it again.

7.2.3 Topos of continuous sections

We now focus rather on the following adaptation in the case where the underlying category is
endowed with a Grothendieck topology, asking for a way to make the fibration in a fibered site a
comorphism of sites.

7.2.3.1. First observe that any fibered lex site has a terminal section 1(_y : C — f V' associating to
each ¢ the terminal object 1y, of V. and to each s : ¢; — co2. In particular this is a cartesian section
as the transitions morphisms V; for each s : ¢1 — ¢ are lex so that Vi(1y,,) = 1y, , so the value
of this section at s : ¢; — ¢ is the cartesian lift 5 : (¢q, Vs(lVCQ) — (co; lv,, ). Now for a topology
JonC, and V : C°? — Cat a fibered site, observe that any covering family (¢; — ¢);cr can be
lifted to a family (3; : (ci, Ly, ) = (¢, 1v,))ier: we call such families horizontal. Then consider the
topology
JV’J = <JV U 1\/(_) (J)>

where 1(_)(J) consists of all families of the form (3; : (¢;, 1v,,) = (¢, 1v,) )ier-

Remark 7.2.3.2. In the context of geometries, we consider pretopologies on the fibers, and want
actually to manipulate covers of a spectral pretopology rather than sieves of a topology: then it
is worth precising that the result above can be rephrased in term of pretopology: if the fibers V.
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are equipped with a Grothendieck pretopology J., and if one chooses a basis Jy for the topology
J on the indexing category C (for instance the maximal basis associated to J), then we can first
generate a pretopology J",7 7 on the oplaxcolimit from the image of those basis |J ¢ te(Jl) and
Lly,_,(Jo), which are the vertical and horizontal covers. Then observe that

— the pretopology jointly generated by the fiber basis is itself a basis for the topology on the
oplax colimit, or even more directly:

Jv = <U Lc(Jé>>

ceC

— the pretopology jointly generated by the images ¢.(J;) and 1y _, (Jo) is a basis for Jy,

Tva = (T ) = (| (D) ULy (o))
ceC

We used the terminal element to canonically lift J-covers in C to covers in [ V; but once the
topology is generated from those data, we get actually horizontal covers by lifting J-covers at any
object in a fiber. To see this, use the following general lemma expressing that cartesian lifts of an
arrow form altogether a cartesian transformation:

Lemma 7.2.3.3. Let V : C°° — Cat be a lex fibration. Then for any s : ¢ — co the following
square is a pullback

s,1 s (a
(e, Va(an) 222 (¢, a)
(10211Vs(a))J/ - J/(lcgv!a)

1 1
(c1, Vcl)(m)(c% ch)

Proof. In any other square

(037 a/) L (627 a)

()| |t

(c1,v,) ——= (e, 1)
17 (8,1v, (ap)) 2

the vertical component of the left map is forced to be the terminal map !,/ as V,, preserves the
terminal element. But then, such a square is the same as a situation testing the cartesianness of
the lift (s, 1y, (4)) which always produces a unique map as the dashed arrow below

(5:1vg(a))
(c1, Vs(a)) =% (cz, a)

(t.f)
/ “ —S> ©2
u
" \—t/

which provides in particular the desired factorization. O

As a consequence, from we know that Grothendieck topologies are closed under pullback of
covering families, it appears the following:

Corollary 7.2.3.4. Let V' be a fibered site on a lex category C and J a Grothendieck topology on
C. Then for any J-cover (s; : ¢; — ¢)icr and any a € Ve, the family ((si, 1v, (a)) : (ci, Vs, (a)) —
(¢c,a))ier is a covering family in Jy, ;.

As defined above, the topology Jy, s is the simplest that allows to induce a geometric morphism
toward Sh(C,J). In fact:

Proposition 7.2.3.5. The topology Jv,j is the coarsest topology such that we have simultaneously
the two following conditions:

— for each c in C, the inclusion v : (Ve,, Je,) = ([ 'V, Jv,y) is a morphism of sites;
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— the fibration py : ([V,Jv,;) — (C,J) is a comorphism of sites.

Moreover, as this topology refines the topology Jy, there is a corresponding inclusion of topos

Sh( [ V.v.) < 8h( [ V)

exhibiting objects of Sh( [V, Jv, ) as a specific kind of sections, because the right topos was the
topos of sections. The intuition is that some notion of continuity relative to the base topology is
involved. We introduce the following notion to this end:

Definition 7.2.3.6. Let £_) be a fibered topos on a lex site (C,.J). Then by a continuous section
of £y we mean a section of the associated direct fibration

JEC
X Pe
cor S cop

such that for any J-covering family (s; : ¢; — ¢)ieq the lifting (X, : Xe — fs; . Xe,; )icr exhibits X,
a limit in the fiber &, of the diagram

X. = lzlenll (gfsl*Xcl = H fsi*fszij*XCij)

ijel

where the double arrow is induced from the transitions (fs,, (X )¢ fo, , Xe, = fo, o fsi. Xey))iger
ij i %

over the nerve of the cover (s; : ¢; — ¢)ic;. We denote as I'j(pg’) the category of continuous
sections and natural transformations between them.

Theorem 7.2.3.7. Let (C,J) be a small lex site, V : C°P — Cat a fibered lex site on C with
pv ¢ [Sh(V(_y,Ji—)) — C the associated fibered topos and Py’ : [Sh(V(_y,J_)) — C°P the
corresponding direct fibration. Then one has an equivalence of categories

Sh(/ V, JV’J) = FJ(ITV/)

Proof. For one direction, observe that any sheaf X in Sh([V,Jy ;) can be composed with the
duals of the fiber inclusions

op
|45

and as the topology of each fiber is part of the topology Jv,; the restriction X P is a sheaf for the
topology J., hence is an object of the sheaf topos Sh(V,, J.); moreover, for each s : ¢; — ca, the
diagram below provides us by whiskering with a transformation

X+ 3P 0 Xl — XuPVeP

But precomposition with V; is what the direct image Sh(V5). consists in. So we can associate to
X the section X : C°P — [ € with )/(:C = X% = Sh(¢.)«X and )A(S = X % ¢5. Now we have to
check that X is a continuous section. But we know that X is a sheaf for the horizontal topology,
and also relative to any horizontal cover ((si, v, (a)) : (¢i, Vs, (a)) = (¢, @))ier, which hence is sent
on a limit diagram

Kefa) = tim ([T e (Vi (@) = [T Koy (Vi Vi, (@)
i€l i,j€I

where

k¥

Vi Vg, (a) = VqJ ‘/;j (a)
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for each i, 7 € I: but from the fact that limits are pointwise in categories of sheaves, this is sufficient
to ensure that X is a continuous section.

For the converse, suppose we have a continuous section X coP — f 527). Then each X, is a
sheaf on (V,, J..); by the property of the oplaxcolimit, the data of the cocone

Sep
induces a unique functor
op
VCl XCl
Lcl
XOF
Vs ¢<H fV *********** > SOp
X0P
1,52
Ve, Xey

whose restriction at each fiber coincides with X, and whose whiskering with some ¢¢P is X;. Hence
X is a sheaf for the topology (\U,cc Jc), with values X (c,a) = X (a) for a € V., and X(s,u) is
obtained as the composite

(;2 a2

(X. >a2l \X(‘Z“)

Koy (Vafa2)) 5 Xeo(a)
where (Xj),, is the component at ay of the natural transformation X., — Sh(V;).X,, and X, (u)
is the restriction map of X., at u : a1 — V;(az). But now, being continuous as a section, for
any J-cover (s; : ¢; = ¢);es the transitions (X, : X, — Sh(V;).X¢,)ier form a limit diagram in
Sh(V,, J.), and as limits are pointwise in categories of sheaves, this means in particular that in
ly,, the induced horizontal cover ((s;,3;) : (i, 1v,,) = (¢, 1v,) where 1y, =V, (1v,))ier is sent to
a limit diagram
X(e,1y,) —hm(HX cZ,IV = H X(cij5,1 Ve, )

i,5€1

which exactly means that X is a sheaf for the topology 1v,_, (J).

Now it is clear that those two processes are mutually inverse from the fact that [V is the
oplaxcolimit, X and X are mutually determined as functors. O

7.3 The spectral site of a modelled topos is a fibered site

In this section we describe the spectral site of an arbitrary T-modelled topos for a fixed ge-
ometry (T,V,J). While this definition of the spectral site was given in [19], we think it is worth
giving new details about the geometric and fibrational aspects involved in this construction. As
we shall see, the spectral site of a sheaf of T[S]-models will be constructed as a fibered site made
of the spectral site of its values at basic opens of the topos it lives in. Then from the results of
the previous section, the spectrum will be exhibited as a topos of global sections of the direct
fibration of the fibered topos constituted of the spectra of the local values. We shall also describe
the structural sheaf in this context.

Previously we proved that, in the case of set-valued models, the functor returning the topos of
sheaves over the spectral site together with its structural sheaf was left adjoint to a certain global
section functor. In this section, we shall see that the 2-functor associating to an arbitrary modelled
topos the topos constructed from the spectral site together with its structural sheaf also defines a
left adjoint, this time to the inclusion of locally modelled topoi. Equivalently, we prove that the
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spectral topos classifies local forms modulo inverse images. Having therefore the same universal
property as the object constructed in definition 5.2.1.2; the two constructions will be naturally
equivalent.

An important result of this section is the localness of the spectrum of a local object over its
base topos, generalizing proposition 7.1.3.6. We also describe how the spectrum operates relative
to local values and stalks of its input sheaf of T-models.

7.3.1 The spectral site as a fibered site

7.3.1.1. For a Grothendieck topos F with a lex site of presentation Sh(Cr, Jr) and F in T[F],
each local value F'(c) at basic open ¢ of Cx is a set valued T-model, while for a morphism s : ¢; — ¢o
we have a morphism of T-models F(s) : F(c2) — F(c1). This defines a pseudofunctor

Vi)
c® =’ Lex

c V;IEC)

oS wo v yer

At an arrow s : ¢y — ¢o in Cx, one has a pushout functor

F(_s))*

VF(co) VF(er)

relating the fiber inclusions through a natural transformation

op
Vi(ea) )
ch
F(s)2P ¢'“” Vi
c1
op
VE(er)

whose component ¢2 at an object n : F'(cg) — C' is given by the opposite of the pushout map
(n«F(s))°P as below

Fleo) 2% F(er)

A

The data of the fibers inclusions ¢, : V;}zc) — V¥ together with those transformations define an
oplax cocone exhibiting V7’ as the oplax colimit of the indexed category V;IE_) : C¥ — Cat.
Beware that the cocone made of the etale generator themselves Vp(_y : CP¥ — Cat is a lax cocone.

Remark 7.3.1.2. Beware here that the indexed site has as value V;‘ZC) and not Vp() itself. The

applications of the previous section to this one will hence require carefull substitution of V°P to
V..

Definition 7.3.1.3. Define the category Vr as the following lax colimit in Lex

Vr = laxcolim Vg ()
ceCPF

Remark 7.3.1.4. Observe we have then an oplax colimit

V¥ = oplaxcolim ngzc)
ceCcF

which will be the underlying category of the spectral site.

More explicitely, Vr has as objects the pairs (¢,n) with ¢ € Cx and n a morphism in Vg,
that is some n : F\(¢) — cod(n) gotten as a pushout of map in V. As morphisms, it has the pairs
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(s,h) : (c1,m1) = (ca,n2) with s : ¢co € ¢; and f : cod(ny) — cod(nz) related by a commutative
square

Fler) =29 F(ey)

Al |2

cod(nq) — cod(ns)
Now recall that each V(. is part of the spectral site (V;IEC), Jr(e)) of F(c). Moreover we have
the following:
Proposition 7.3.1.5. For each s : c; — co we have a morphism of lex sites

0 F(s)« o
(VFIECZ)’ JF(C2)) (VFI:ZCI)v JF(cl))

Proof. For a family in Vg obtained as a pushout along some a of a covering family (n; : K —
K;) of finite presentation under cod(n), then composition of pushouts ensures that this family is
transferred into a covering family of F'(s).n in Vg(.,) as visualised below

F(e1) ) Fl(eo)

nJ{ \n 1:(5)*7{
‘ F(s)sn;

K —%— cod(n) \I*F(S)*} F(s)«cod(n)
N a% \)

K; ——— cod(n;) F(s)cod(l;)

li* F(S)
O

7.3.1.6. From lemma 7.2.1.2 we know that the oplax colimit V;‘Z_) inherits finite limits of the
fibers V;p(c) and the basis C: for a finite diagram ((c;,n;))ier one first computes the finite limit
(pi @ limjerc; — ¢)ier in Cr, which is sent to a cocone ((F(p;) : F(c¢;) — F(limser ¢;i))ier-
Then pushing the n; along the transition functor F(p;) defines a finite diagram (F(p;)«n;)icr in
F(lim;er), and since Vp(jim,.,) has finite colimits, we have

li i, ;) ~ (lim ¢;, colim F(p;)«n;
iy (ci, i) = (lgp i, colim F (p).m)
In particular, pullbacks are computed as follows:

(c1 Xe 2, F(p1)« F(u1)en1 +p(p).n F(p2)«F(uz)ing) —— (c2,n2)

l h l(u2’f2)

(Chnl) (C, TL)

(u1,f1)
where F(p1)«F(u1)«n1 +pp).n F(p2)«F (u2)sn2) is the pushout in Ve, «,c,) of the span

F(p)*n F(p)«(n2,f2)

F(p)*<n1,f1)J(
F(p1)«F(u1)«n1

F(pg)*F(UQ)*’n,g

7.3.2 The spectrum from the fibered spectral site

7.3.2.1. Observe that the fibration pp : Vi — Cr has a left adjoint
Cr —"= VP

sending an object ¢ to the pair (c,1p()) with the identity arrow 1p( : F'(c) — F(c), which is
etale and finitely presented (and is the terminal object of V;IZC)).
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7.3.2.2. Applying what was done in the previous section, if we fix J£ as a subcanonical pretopology
such that 7 ~ Sh(Cx, Jr), we can equip the oplax colimit Vg with the pretopology induced jointly
from the spectral pretopologies of the local values and the underlying pretopology, that is,

Jr = (r(JF)U U te(JF(e)))

ceCr

In other words this pretopology is the pretopology jointly generated from horizontal families of
the form

((C, 16) (Siﬂii)) (Ci7 lci))iej with (C 84 Ci)ie[ c J;_-p(c)

and vertical families of the form

1e,mi) F(c) —— cod(n)

((C, n) (_> (07 ni))iej with < m dma ) S J;IZC)(TL)
cod(l;) 7 €1

Remark 7.3.2.3. In general, it can be quite difficult to give an explicit description of a topology
generated this way; however the pretopology generated is more easy to handle. In this context we
can make the following remarks. Recall that in a fibered category, any map factorizes uniquely as
a vertical arrow followed by an horizontal, cartesian arrow: here this corresponds to

(d, m) ©]) (c,n)

(1dx<fm %F(s)*n)

(d, F(s)«n)

where (f,m) is the map induced from the pushout property.

By the pullback axiom of pretopology, observe that if (s; : ¢; — ¢);er is covering in Jr and n
is in Vp() then the family of cartesian lifts

Si,l $: )%
(cir F(s:)am) 2S5 m)

is a cover for Jp as being the pullback of the family ¢ ((s;)er along the morphism (¢, n) — (¢, 1p())
by lemma 7.2.3.3.

For s :d — cin Cr and n in Vp(), then the identity arrow 1p(y, ., is a Jp) cover of F(s).n
as it is induced by pushing out the identity map of K for any a : K — F(c). Then a cartesian
morphism is a covering singleton as soon as s itself is a covering singleton in Jg.

Now, for any (s; : ¢; — ¢)ier in Jr and (mj : n — ny)jer a cover in Jp(), then for each i € I
the pushout family (F'(s;).«my : F(s;)«n — F(s;)sn;)jer is a cover in Jp(,).

But now, by transitivity axiom, we have a particular kind of covering families in Jr constructed
as follows. Take a covering family (s; : ¢; — ¢)icr in J#(c), an object n in Vg (., and for each i € T
a covering family (m;; : F(s;)«n — nij)icr, in Jp(e,): then the induced family
((si,mijnsF(s)) : (¢i,nij) = (¢,n))ier jer,
must be covering in Jp.
However beware that it may happen that there will be families (s;, d;);ecs in Jr whose underlying

family (s;)iecr is not in Jx. Otherwise the projection pr would be a morphism of site, which is not
true in general.

Definition 7.3.2.4. Define the spectral site of the T-modelled topos (F, F) as the site (Vi, Jp).
Then define the (Coste) spectrum as

Spec(F,F) =Sh(Vy, Jr)

In particular, this construction generalizes the construction of the spectrum of a set valued
T-model, as those ones just are the modelled topos of the form (x, B) with B seen as the constant
sheaf of T-models on the point.
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7.3.2.5. It is worth understanding how the spectrum Spec(F') and its structural sheaf F compare

to the spectra Spec(F(c)) and structural sheaves F'(c) of the local values. Recall that the oplax
colimit Vi ~ oplaxcolim cecep V;FEC) is canonically equipped with an induced pretopology

= U te(JF(e)))

ceCr

Jyop
Vi)

such that we have a geometric equivalence in the bicategory of Grothendieck topoi

Sh(Vr, JV;IL)) ~ laxlim Spec(F'(c))

ceCr

Now from the topology Jr is generated from JV;’?_) together with (p(Jr) we have a geometric
inclusion
Spec(F) <% laxlim Spec(F(c))

ceCr

whose inverse image part is the sheafification functor a,,(r): intuitively, this functor “corrects”
sheaves for the generated pretopology JV;IL) into sheaves for the spectral pretopology Jg.

Precomposing ir together with the limiting projections

laxlim Spec(F(c)) —— Spec(F(c))

ceCr

produces a lax cone

(Spec(F) Peir, Spec(F(c)))cecs

where p.ip = Sh(c.). But now recall that Sh(F(s).) = Spec(F(s)), seeing F(s) : F(c2) = F(c1)
as a morphism in T[S]: hence the transition morphisms of this cone are given as

Spec(F(c1))

ShV

Spec(F) ﬂ s Spec(F(s))

Spec(F(c2))

7.3.3 The spectrum as a topos of continuous sections and the canonical fibration

7.3.3.1. Now we turn to the relation between the spectrum and its base topos. We have a fibered

lex site V;IZ*) : C°P — Lex. Now recall that each of the sites (V;FZC), Jr(c)) is the spectral site of

F(c), that is, Spec(F'(c)) = Sh(V;‘EC), Jr(ey). Then the associated fibered topos has the spectrum
of the F(c) as fiber, that is, we have a fibered topos

/Spec(F(—)) LN

whose transition morphisms are the inverse image Spec(F'(s))* : Spec(F(c2)) — Spec(F(c1)) for
s:c¢1 — ¢co. We can consider its associated direct fibration

/ Spec(F(—)) = ¢ov

Recognize now in the definition of the topology Jr that it is generated from the horizontal and
vertical families as done in the previous section. Applying theorem 7.2.3.7 we have the following:

Theorem 7.3.3.2. The spectrum of F' is the topos of continuous sections of the direct fibration
associated to the fibered spectral topos:

Spec(F) ~T;(pr’)
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7.3.3.3. We saw above that the fibration of site pg is equipped here with a left adjoint ¢ r; moreover
from the way Jp was defined, we know trivially ¢r to define a morphism of site. Conversely the
projection pg, though not being a morphism of site, is a comorphism of site. Hence we are in a

situation
PF
o /\
Vi, Jr) 1 (Cr,JF)
_

LF

with a comorphism of sites right adjoint to a morphism of sites. Hence from [15][Proposition 3.14]
or also [69][Theorem VII.10.5] they both induce a same geometric morphism

Spec(F) —I F

which moreover lifts to an adjoint functor between categories of T-models

T[Spec(F)] 1 T[F]

with the inverse and direct part respectively given by
F=0.((=)opy) =lan o (-)

hpe = a5 (Cr(PY, —)) = (=) o1

Beware that in the computation of the inverse image h7,, precomposing a Jr-sheaf with the co-
morphism p?’ does not return a Jp sheaf (since the vertical families have no reason to be taken
into account by this process), hence the necessity of the further sheafification. Observe that we
must op the functors tr and pr as the involved sheaves of T-objects have Vg and C°P as domains.

7.3.4 The structural sheaf

Again, the structural sheaf is obtained as the sheafification of the codomain functor: observe
this latter is the functor

Vi 29 T[S

defined as acting fiberwisely as the codomain functor, that is, sending (¢, n) on cod.(n), seeing n
as an object of Vp (), and (s, f) : (c1,m1) — (c2,n2) as the underlying map f : cod(n1) — cod(ns).
In other word codp is the functor induced by the laxcolimit property of Vg from the laxcocone

VE(ea)
codc,
F(s). mﬂ T[S]
code,
VF(er)

Definition 7.3.4.1. The structural sheaf of the modelled topos (F, F') is the sheaf
F=a Jecodp
obtained as the sheafification of the presheaf of T-objects defined on Vg as the codomain functor
F: (c,n)+ cod(n)
where we denote as v : cod = aj,cod the unit of the sheafification at cod.

Remark 7.3.4.2. Hence this structural sheaf is obtained as applying successively the sheafification
of vertical, then horizontal families.
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7.3.4.3. Now at the level of the structural sheaves, observe that the data of all the (1::(2))66(;?
induce a lax cocone

F(c)
(Vre)y — T[S])cecs

whose transition 2-cells are given by

VE(eo) -
W‘
F(s). @H T[S]

VFE(er)

where ¢, is the morphism of sheaves induced from the comparison functor obtained from the
pushout maps ¢; = (n.F'(8))nevy,,,, after sheafification

cod,, ey Fs.code, ~ cod,, Fs.

'chﬂv ﬂ’ycl

e~ e~

F(e9) ? Spec(Fy).F(ca)

Then by the universal property of the oplax colimit in Cat this induces uniquely a canonical
functor

Vr(e)

Or in other terms, we know that

Pes(F(€))eecy =~ F(c)

Moreover, for each F(c) is a Jr () sheaf of T[S]-objects, the induced (F/(vc)>cecf is a ngrzi)—sheaf.

Recalling that the lax limit topos is also the category of all sections of the direct fibration
I'(pr'), this object can also be described as the functor

Cr <Mf laxlém Spec(F(c))

ceCr

sending each {T, ¢} to the section of the direct fibration

cf”’)({f"i’?)/spec(F(—))’

sending ¢ to F(c)({Z, #}) in Spec(F(c)).

Beware however that, at this step, this induced sheaf is not yet a sheaf for Jg as the tp(JF)-
families are not considered in JV?E—)'

Lemma 7.3.4.4. The structural sheaf is the sheafification for the horizontal topology of the induced
presheaf

F e~ a,, ((F(c))eecy)

Proof. Each F(c) is the sheafification of the codomain functor for the spectral topology at ¢;
but the topology in the lax limit topos is exactly the topology jointly generated by the fiberwise
spectral topology, while the transition functors are continuous: hence being a sheaf for this topology
amounts to being locally a sheaf for the fiberwise topologies, and we have

(F(c))eecr = <aJF(c)COdC>C€C]:

A L (Jpe){code)cecs
ceCr
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but then it suffice to apply the sheafification for the horizontal topology to get the structural
sheaf. O

7.3.4.5. In particular, there is a canonical way to compare the global structural sheaf to the
structural sheaves associated to local values. At any c the codomain functor over Vg (. and the
restriction along ¢, of the codomain functor over Vg coincide. Yet however, this is not sufficient for
the structural sheaves to coincide after restriction. As a direct image, Sh(c.), does not commute
with sheafification: hence Sh(i.),F = Sh(tc).as,cod needs not be the sheafification of cod for
Jr(c), though it is a sheaf for Jp() because ¢, is a morphism of site. Hence by the universal

property of the sheafification, we have a factorization in T[Spec(F(c))]

cod — 1.,cod
WCOdi J/Lc*(')/cod)
iF(c)aJF(C)COd ————— > Lexip g, cod

where ¢, ip = ipSh(i.)« and ip() is the geometric inclusion Spec(F(c)) — [Vr(c),S]. We denote
this morphism as

__ : ~

Fe) =% Sh(i.).F
and its mate through the Sh(..) adjunction as

—_— Cb ~

Sh(i)*F(c) —— F

Theorem 7.3.4.6. The structural sheaf F is a local object in T[Spec(F)].

Proof. In fact we are going to prove that the structural sheaf is already a local object in the lax

limit topos even before sheafification, that is, we prove that (F(c))cec, is already a local object in
laxlim .ec,-Spec(F(c)), We claim this functor to be a local object. For each (n; : Ky — Ky, )ier
in J, we must display an epimorphism in the category of sections

({F(e))eecy (On;)icr
_—

TT(F(©)cee, ({Tio6i}) (F(0))eee, (T, 6})

el

As in the set-valued case, this is obtained by proving that this morphism comes from a local
epimorphism in V¥ given by
HT[SH(Kd;N COdF]) (T[S][(nivCOdF]»ieI

iel

T[S)[(K g, codr])

For each (¢,n), we know that the restriction (T[S][(n;,cod.]))icr at ¢ is a local epimorphism,
as seen in proposition 7.1.4.3 since, for each a : Ky — cod(n), the cover induced as the pushout
(asxn;)ier produced a family of antecedents of a ensuring local surjectivity: but then the family

((e,n) = (¢,asm;n))ier is itself convenient in ‘71?\‘), and being a family of for a vertical cover, this
proves (T[S][(ni, cod.]))icr to be alocal epimorphism relative to the vertical topology |J te(Jr(c))-

ceCr

Since (ﬁ@)}cecf is the sheafification of cod r for the vertical topology, this proves ((ﬁ@)}cecf (0n,))ier

to be an epimorphism in the lax limit topos. But now, from lemma 7.3.4.4, for the structural sheaf
is the sheafification of (F(c))cec, along the horizontal topology, and sheafification preserves epi-

morphisms, we deduce F to be a local object in Spec(F') O

7.3.4.7. Now we turn to the canonical morphisms of sheaves associated with the structural sheaf.
At an object (¢,n) of the spectral site V¥ we are provided with a canonical arrow given by the
composite of n with the sheafification

F(e) G (aypcod)(n)
N %)
cod(n)
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This map can be shown to be natural in (¢,n), and having in mind that F(c) = F(p% (¢,n)), this
defines a natural transformation in the category of presheaves [V, S]:

Fop — 2 i (wF)
(where we also denote i : Spec(F) < [Vp,S]), which in turns factorizes uniquely through the
sheafification in Spec(F)
W F —*  F
Moreover, its mate
# ~
F—" % hpwF
along the adjunction h% - hr. indexes the values of 1}, at the top element of the fibers, as we
have hp.wF(c) = wF(1p(c)) = wF(c, 1p(e)), so that we have
(ngr)c = (U%)(c,u(c))

Proposition 7.3.4.8. The natural transformation 1% is an etale map in T[Spec(F)], while 77%, 18
etale in T[F].

Proof. By naturality of the unit of the sheafification v : cod = F , the triangles above are natural
in (¢,n) and exhibit a factorization of np in the category of T-models in the presheaf topos [V, S]

Fop® — 9% L ipawF

where vp is the canonical map induced from all the n : F(c) — cod(n) for (¢,n) in V7, which is
etale as it is pointwise etale. But now, as ip, is full and faithful with left adjoint a;,, we have a
natural isomorphism a;,ip. >~ 1, so that the aforementioned triangle is sent after sheafification to
the following triangle in T[Spec(F’)]

haF i [
i wk

ﬂJFN A”Ycod

ay.cod

where a7, vcod is an isomorphism, while a, v still is etale as etale maps are stable under inverse
images. Hence, factorizing it as an etale map followed by an isomorphism, we have proven 17%

to be an etale arrow in T[Spec(F)]. From the equality (n%). = (n})(c,lF(c)), we have that 775, is
pointwise etale, hence is etale in T[F]. O

7.3.4.9. These data define a morphism of modelled topoi

b ~
(F, F) =120 (Spec(F), wF)

In fact we shall see that 17} plays the same role as - and actually is - the generic etale map ng
defined in definition 5.2.1.2.
7.3.5 Bifibration of Ind-objects

7.3.5.1. In the construction above, we considered as transition functor between the fibers of the
spectral site the pushouts functors. On the other hand, taking the etale part of the composite of an
etale map with the restriction map should define some kind of adjoint of those transition functors:

Fle) ¢ F(¢)

lJ{ J{an(s)

Bc,l éulF(S) BlF(s)
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However the etale part n;p(,) in such factorization needs not be a finitely presented map even if
[ was. This can be fixed at the level of the indcompletion of the underlying site in which live all
such factorizations. Actually we have the following adjunction for each s:c — ¢

F(s)«(-)
/\
Ind(Vr (o) € Ind(Vr())

\_/

(=)o F(s)

Where the unit and counit are defined as

Fle) « 29 p) Fle) « 29 p(en

F(f)*ll . ll’ J/F(S)*an(s) l”lF(S)

o1 —— Boyp 8)«Bip(sy +—— Bir(s)

Up (o)l BF( ). I/ Bc,l J

where 77; is induced from the (etale,locale) factorization being the terminal one amongst those with
an etale map on the left, while the counit is induced by property of pushout. Beware that this
adjunction will be actually flipped upside down between the actual underlying sites of the spectrum.

Observe that the right adjoint n(_),r(s) is finitary as its left adjoints send finitely presented
object into finitely presented objects. It is in fact the morphism of locally finitely presentable
categories in induced by F(s):¥ seen as a left exact functor V;‘zc,) — V;IEC)

Proposition 7.3.5.2. We have a bifibration defined by the projection Ind(Vy¥) — Cr and its right
adjoint given by the inclusion of Cr.

Proof. We have to prove the cartesianness and cocartesiannes of the projection. First, for a given
(¢,1) and an arrow ¢ — ¢/, the cleavage comes from the factorization by taking the etale part
of [F(s) as pullback object s*(c,l) = (¢, np(s)) and the local part as the lifting. This choice is
cocartesian: indeed, for any situation as the following left diagram:

F(s) s
Flo) <22 Fe) Flo) <O o)
(\F(t) F(t)
\/ % /F(S)*l/
! F(")  F(") F(z) 4
e | F(a) 2
Bc,l < ULr(s) BlF(s) 1 1" F(S)*BC/J/ — Bc/,l’
k/’/’/,
BC”J” B o1
h c\l o
c—2 ¢ c——— ¢

we get two factorizations of [F'(s)F(t): one with an etale part on the left hl” and one with a local
part on the right wu;p(s)np(s) F () so by the property of admissibility there exists a composite arrow
between them

By = Bip(syrt) = Bir(s)

providing the desired lifting. On the other hand, cartesianness is obvious from the use of pushout

as depicted in the right diagram. O

7.4 Functoriality of Spec

Let us examine functoriality of Spec. As we shall see, this is far from a trivial fact and is
obtained through several steps; those complications were left totally implicit in the other sources
on the topic, as they gave no precision on the functoriality: we think it justifies to devote some
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effort to clarify this aspect.

We saw in 6.1.1.3 that T-GTop admitted two factorizations systems (Vertical, Cartesian) and
(Cocartesian, Vertical), where the vertical morphisms could be seen as “algebraic morphisms”
with trivial geometric part, while the other were given respectively from the counit and unit of the
codomain and domain sheaf along the direct and inverse images part of a geometric morphism;
in some sense, algebraic data in the cartesian and cocartesian morphisms were trivial, so they
could be seen as two sorts of “geometric morphisms” of modelled topoi. In the following we shall
construct separately the spectrum of vertical, cartesian and cocartesian morphisms of modelled
topoi, and define the spectrum of an arbitrary morphism as the composite of the spectrum of its
vertical and cartesian part - or equivalently, its cocartesian and vertical part.

7.4.1 Functoriality relative to vertical morphisms

Recall the vertical morphisms are those of the form (1£,¢) : (F, Fy) — (F, F»), that is, whose
underlying geometric morphism part is an identity - which makes the inverse and direct image
part ¢” and ¢f coincide. Vertical morphisms over F correspond exactly to morphisms in T[F], and
we shall see the construction of the construction of their spectrum generalizes the set valued case
which corresponded to vertical morphisms over S.

7.4.1.1. For F a Grothendieck topos, let ¢ : F; — F5 be a morphism in T[F]. Then we are
provided with a natural transformation of pseudofunctors

VF1(-)
— ,
CcP ﬂaﬁ* Cat
~ ¥V
V()
defined at ¢ in C# as the pushout functor
(he)*

Vi) — Vi(o)
n (¢C)*n

whose naturality square at u : ¢; — ¢

(pey)*
VFI(C2) — VFz(Cz)

Fl(s)*l ~ J{Fg(s)*

Vi (er) [T VEy(er)
is given by the commutation of pushouts functors along the two sides of the naturality square

Pey
Fl(CQ) e FQ(CQ)

R [P0

Fl(cl) T> FQ(Cl)
c1

By functoriality of the Grothendieck construction, that is, by naturality of oplaxcolimits, the
natural transformation ¢, induces a morphism of fibrations

J o«

op op
%
Vr, Vi,

p& Az

Cr

where [ ¢.(c,n) = (¢, (¢¢)«n) for (¢,n) in Vg,. Moreover, by composition of pushouts, each functor
(¢c)« defines a morphism of lex site

(60).
Ve Ire) —— Vi IRe)
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so that the induced functor [ ¢, is a morphism of lex site. Hence [ ¢, is a lex functor and is contin-
uous for the jointly generated pretopologies (U.cc, te(Jr () and (U.cc, te(Jry(c)))- Moreover,
since identities are preserved by pushouts, we also have the following commutation

op g s op
VFl (¢) VFQ (¢)
;Fl\ LFy
Cr

Hence [ ¢, sends tp, (Jr)-families to tp, (Jr)-families. This provides us with a morphism of lex
sites

(VP Jr) — L2 s (VP Tgy)

and consequently with a geometric morphism

Spec(Fy) Spec() Spec(F})

7.4.1.2. Now, the associated morphisms of sheaves are defined as follows. For the direct image
part, the data at each (¢, n) of the map n.¢. as obtained in the following pushout

Fi(c) —2 s By(e)

”J{ J{(QﬁC)*”

cod(n) N cod((¢e)«n)

define altogether a natural transformation
cod; BN Spec(¢).cods

which is sent after sheafification to a morphism in T[Spec(F})]

~ g (Vo

Y *> Spec(gzﬁ) E

Hence we have to define _
¢ﬁ = QJp (V¢)
while the existence of its mate

b
Spec(¢)* F; —2— F,

is ensured through the adjunction defining Spec(¢). However, it admits a more concrete construc-
tion, which is related to the (etale, locale) factorization in the sense that it is induced from taking
the local part after precomposition with ¢, in the same vein as proposition 7.1.4.6:

Proposition 7.4.1.3. The morphism ¢ is in Loc[Spec(F})]

Proof. Recall that inverse images and sheafification commutes, so we can first compute the inverse
image of the codomain functor over Vr, along Spec(¢) before sheafifying into Spec(¢)* Fy. Recall
that the inverse image of the codomain functor (as a presheaf) is obtained as the left Kan extension

Ve, —2% T(S]

fqbi Afd) cod

For each (¢,n) in Vp,, this left Kan extension is computed as the filtered colimit

lan cod)(e,n) >~ colim cod(m
(. 4. cod)(e;m) =~ colimcod(m)

ranging over all (u, f) : (d, (¢a) * m) — (c,n) where (d, (¢pa)«m) = [ ¢+(d, m). Beware that we use
there the native orientation of Vg,, so that this corresponds to an underlying morphism w:c—din
Cr. But observe now that the subcategory of f o« } (¢,n) admits a cofinal subcategory consisting
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of all the morphisms of the form (1, f) : (¢, (¢c)+m) — (¢, n), since any object in [ ¢, | (¢, n)
factorizes in Vg, as

(d, (¢e)m) wl) (c,n)

(prﬂde’m Am)

(¢ Fo(u)s(¢e)em)

while any two parallel factorizations can be merged by a pushout. Hence the colimit reduces to a
colimit over those (1., f), so we can restrict in some sense at a computation in the fiber at c¢. But
alike what was said at proposition 7.1.4.6, remark that (¢.)* is left adjoint to the precomposition
functor (@) : Vi, (o) — Fi(c) L T[S], so that the cofinal category we exhibited above is equivalent
to Vr,(c) 4 n¢c. Hence we have

lan 4 cod(c,n) ~ VFC(()I)igL1¢ cod(m)
1l¢c c

From proposition 1.1.3.2, this exhibits lan ;4 cod(c,n) as the middle term in the (etale, locale)
factorization of n(¢.)., whose local part shall be denoted (ug)c : lan 4 cod(c,n) — cod(c,n). Now
by naturality this can be gathered into a local map in the category of T-models in the presheaf
topos [VF27 S]

Spec(¢)*cod —— cod

whose sheafification returns 5”. O

Remark 7.4.1.4. Observe that we exploited morally the fact that (etale, local) factorization in
arbitrary topoi are done pointwisely (modulo sheafification) as observed in proposition 3.3.2.11,
since we constructed the inverse image part from factorizations in the fibers before gathering them
into a morphism of sheaf. From the triangle of geometric morphisms

Spec(F3) % Spec(F)

I

we got a square in Spec(F?)

Spec($)*n'p,

Spec(¢)*h, I Spec(qﬁ)*lﬁ

H Jw(p

W ———— W Py ———— wh
W, ¢ o,

In fact, we can see this square encodes the (etale, locale) factorization of the composite

* b
hF2 ¢"7F2

WP 2% wF

through a local form, as F; is a local object, ng is a local map, and 773;1 is the etale map coding
the universal etale form under F;.

7.4.2 Functoriality relative to horizontal morphisms

Recall that there are actually two kinds of horizontal morphisms, respectively the cartesian
obtained through direct images and the cocartesian obtained through inverse images. We shall see
it is sufficient to have only the cartesian together with the vertical ones to compute the spectrum
of any morphism.

We turn to the cartesian morphisms and the construction of the spectrum of an arbitrary
morphism. In fact the main difficulty is that one needs to consider the underlying geometric
morphisms of a morphism of modelled topos as induced in a manner or another from a morphism
of site in order to perform the pushout of basic etales map along it. Of course this is not possible in
general to find simultaneously two small sites of presentation for the domain and codomain topos
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inducing a geometric morphism between them. But we can always induce it from a site morphism
landing in the domain topos, which, together with its canonical topology, can be seen as a small
generated site, for which there exist also far enough theory for our needs, as in [15]. We shall show
we can extend canonically a T-model seen as a sheaf of T-objects over a presentation site to a sheaf
over the whole topos with the canonical topology.

7.4.2.1. Recall, if F admits a lex subcanonical site of presentation (Cr,Jr) then we have a
geometric equivalence
Sh(Cr, J7) ~ Sh(Sh(CF, J7), Jean)

sending a sheaf X over Cr to its left Kan extension

cr X558

op = ~
* \[ Alan yop X

Fop

where J is full and faithful and lands in the category of sheaves as Jr is subcanonical; in the other
direction, a sheaf for the canonical topology is sent to its restriction along X°”. Moreover, this
construction extends to categories of sheaves in locally finitely presentable categories, in particular
for T[S], so we have an equivalence of categories

T[F] =~ T[Sh(F, Jean)]

7.4.2.2. Hence from the construction above, any T-modelled topos (F, F') defines canonically an-
other T-modelled topos (Sh(F, Jean), F'), which will be called its extended modelled topos, which
is actually equipped with an invertible morphism of modelled topoi for F ~ Sh(F, Jean) while
F ~lan , Fo X (by subcanonicity) and F = lan , F. Hence we expect those two modelled topoi
to have the same spectrum, but from the construction of Coste sprectral site, this is not obvious
- especially since we have not yet achieved functoriality. We shall in fact need this result in the
following to prove functoriality for horizontal morphisms.

In fact, we can see that the spectral sites themselves of F' and F are not equivalent. At each
¢ in C, we have an isomorphism F'(c) ~ F'(&.), and hence an equivalence between the fibers at
object of C

Vre) = Vr(x )

This induces a canonical inclusion between the oplax colimits

VF = oplaxcolim V() e oplaxcolim Vf( x) > V&
ceCr XeF

sending (¢, n) to (., n). However, though we have a dense inclusion & : Cx < F, the inclusion ip
is by no mean an equivalence itself, as the oplax colimits cannot be contracted - as a pseudocolimit
may have been with an argument of cofinality. However, the following notion will help us to fix
this at the level of induced topoi. Recall the following definition:

Definition 7.4.2.3. A morphism of site f : (C,J) — (D, K) is said to be K-dense if it satisfies
the following conditions:

— f creates covers, that is, a family (u; : ¢; — ¢)ser is J-covering if and only if its image
(f(u3))ier is a K-covering;

— for any object d in D there exists a K-cover of the form (f; : f(¢;) = d);er with ¢; in C;

— for any c¢1,¢9 in C and g : f(c1) — f(ca), there exists a J-cover (f; : ¢; = ¢)ier and a family
of arrows (g; : ¢; — ¢2)ies such that gf(f;) = f(g:).

Then it is known from [87][Theorem 11.14](see also [I5][Remark 5.2]) that if f : (C,J) —
(D, K) is a K-dense morphism of site, then the induced functor Sh(f) is a geometric equivalence
Sh(D, K) ~ Sh(C, J). Observe that in particular that, if J is subcanonical, then the dense inclusion
& :(C,J) — (Sh(C,J), Jean) is a dense morphism of site, and moreover that restricting back the
canonical topology to C defines a dense morphism of sites (C,J) — (C, Jean |¢c) and also a dense
morphism of site (C, J) = (&£ (C), Jean | x(c))-
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Lemma 7.4.2.4. We have a geometric equivalence Spec(F) ~ Spec(F).

Proof. We prove that the functor ip above defines a J#-dense morphism of site
Vi, Jp) — = (V. J7)

For the first condition, it suffices to prove separately that i creates vertical and horizontal families:

— for vertical families, observe that in each ¢ in Cr, the fibers are equivalent as well as the
topologies Jp() and Jf( x.) whence the creation of vertical families;

— for horizontal families, this is a consequence of the fact that (Cx, J) — (&(Cx), Jean | x(c))
is a dense morphism of sites, so that a family (X, : &., = &.)ier is in Jean if and only if
(wi s ¢; = €)ier is in Jr. Hence a family (&, f) : (£, ni) = (& n))ier is Jp-covering if
and only if (u;, f) : (¢;,n:) = (¢,n))ier is Jp-covering.

For the second condition, recall that & is a dense functor so that for any X in F we have a
colimit X ~ J | X (where beware the colimit is computed in the category of sheaves). Hence
& | X is never empty, and in fact, from the definition of colimits in topoi and their relation with
the canonical topology, the family (a : &, — X) |y is a cover in Jean. Hence one can take for

each object (X, n) of V& with n: F(X) — cod(n) the horizontal Jz-cover

(a,n.F(a))

(J:C’F(a)*n) (X’ n)

where (&, F(a)«n) ~ir(c, F(a)n).

For the third item, we use that, by subcanonicity of Jr, & is full and faithful, so that for any
(c1,m1), (c2,m2) and (f,g) : (&, n1) = (K, n2), the arrow f must come from some f = &,
with u : ¢ — ¢o and hence we had already (u, g) : (c1,n1) — (c2,n2). O

7.4.2.5. We saw that (F,F) is actually equivalent as a modelled topos to its extended form
(Sh(Fs, Jean), F). Consequently, we expect their respective spectrum to be equivalent not only at
the level of the underlying topoi but at the level of the structural sheaves. This can be seen as
follows: at each (c,n) of Vg we have ip(c,n) = (&.,n) as F(X.) = F(c) - so that n is both an
object of Vp(.) and VE(x.)i then we have a pointwise equality ip.cod(c,n) = cod(,,n) = n, so
that we get an isomorphism after sheafification relative to J#

F ~ Sh(ip).F
whose mate between inverse images is also an isomorphism as the unit and counit of the adjoint
equivalence Sh(iz)* 4 Sh(ip). are so.

7.4.2.6. Now for a morphism (f,¢) : (F1,F1) — (F2,Fs), even though f does not necessarily
arise form a morphism of site (Cx,,JJr, ) = (Cr,,Jr,), [ is still induced as a morphism of sites
f* : Cr, — F2 sending Jr -covers to covers for the canonical topology Jean on Fo seen as a
small-generated standard site, and the direct image can be computed explicitly at ¢ in C; as

FiFa(e) = Fa(f*(0)

For this later is an ordinary set-based T-model, we can compute its spectral site VE( Fr(e)) and for
each ¢ we have a transition functor

(61«
Ve — 2 VRE(()

which induces by naturality of the oplax colimit a functor

S

:
Vi, — oplaxcolim Vg 1. ()
CEC]:l

where the later oplax colimit is V¢, r,. Then we can apply 7.4.1.1 to the vertical morphism

(17, (¢%,8%)
_

(F1, F1) (F1, feF2)
so we get in particular a geometric morphism
Spec(p?
Spec(f.F3) Specd) Spec(Fy)
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7.4.2.7. On the other hand, for each f*(¢) is in particular an object of the sheaf topos Fs,
reindexing along f* : C; — F2 induces a canonical inclusion between the oplax colimits

oplaxcolim VE( £4(0)) SN oplaxcolim VE( X)

c€Cry XeFs

which is moreover trivially a morphism of sites. Hence it induces a geometric morphism

_ Sh
Spec(Fy) U Spec(f. Fy)

Hence from lemma 7.4.2.4, we can finally compose all those data into a geometric morphism
Spec(¢) as below

Sh(;Fz)l TSpec(qaﬂ)
Spec(F) m Spec(f.F»)

7.4.2.8. We conclude with the computation of the sheaf data associated to Spec(¢). This
will be done by combining easy to compute data associated to each part of the decomposition

Spec(¢) = Spec(¢*)Sh(q(s,¢))Sh(ir,).

From 7.4.2.5 we know that Fy ~ Sh(ipz)*f‘;. On the other side, the vertical morphism (1, ¢*) :
(F1, Fy) = (F1, f«F») is sent to a morphism of locally modelled topos

=~ (Spec(¢),$)
) ——— (

(Spec(Fy), Fy Spec(f.Fy), f. Fy)

We are going to see that this part contains actually all the sheaf information of the composite above.

Indeed, the intermediate part acts like restriction, that is,
JiF2 = Sh(qy¢: ) F2

This is because V¢, p, is a subcategory of Vi, with the Vg, (s+(c)) as fibers, and again, one can apply
sheafification to the equality between codomain functors. This returns a cartesian morphism

——_ (8hlas,g)155)
%

(Spec(f. Fy), [ Fy) (Spec(F3), F3)

Hence we can define the direct image part %ﬁ of (E as the composite in Spec(F})
Py — —~
Fi =2 [P = Sh(q(y ) F> =~ Spec(6). s

Summing up those considerations, we have a decomposition in T ;-G Top™°°

— Spec ,~ —
(Spec(F}), Fy) M (Spec(Fs), F)

(Spec(qb),(?))l T(Sh(in)’lsh(iFQ)*F\é)

(Spec(f. Fy), [. F2) Spec(F2), F2)

a1
Sh(acs,e):157;)

7.4.3 Spectrum of 2-cells

For the sake of exhaustiveness, we give here to the treatment of 2-cells.

7.4.3.1. Take a 2-cell in T-GTop

(f,¢)

— ) %
FuF) | (R
~_ 7
(g:7)
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that is, a 2-cell in GTop

such that we have one, hence both of the following commutations between inverse and direct images
in Fo and F; respectively respectively

R ———— g'F

\/ N

g*F2 I f*FQ
Fz

The later, as a triangle of vertical morphisms of modelled topoi, induces an invertible 2-cell between
the corresponding spectra

Spec(F)
Spey W (¢%)
Spec(g. F») P—— Spec(f.F1)
T,

which induces in Spec(F1) a triangle toward direct images

F, — Spec(y!).g. Fy
tyE "
Spec(¢*) (o, )
Spec(&)*f*Fg

oF

where the middle arrow comes from the direct image part of 05;2

¢
—~ 0' —_—

9.F; — Spec(0}, ). (f. F2)

7.4.3.2. Now recall that, though neither f nor g are supposed to be induced from a morphism
of site, we can use the extended sheaf I, associated to F> which is at each ¢ of Cr, respectively
g+ Fa(c) = F5(g*(¢)) and f.Fs(c) = F5(f*(c)). Then the component at ¢ of the direct image part

O’%—‘ is also the image along F5 of the component of ¢ : g, = f. at ¢ by Yoneda lemma, that is

(0F,)e = Fa(of)

along which we can consider the pushout functor

T (ot
cod(n) e cod(Fa(ot).n)
This defines at each ¢ a 2-cell
oP
Fz(g*(c)) o
g* (o)
Fa(o?). <a§>°PH =
O
£5(e)
P
Fa(f*(c))
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Those data induce a morphism of fibrations between the fibered sites of the inverse images

op
g« F2
4(g9,7)
_ — op
[T “’”Opﬂ Ve,
acf,4)
op
feF2

7.4.3.3. Then to get the desired 2-cell in TJ—GTOPLOC, one has to paste the associated 2-cell be-
tween the spectra of inverse images together with the spectrum of the triangle of vertical morphism

Spec(g.F»)

Sh(‘I(q ) T \pec(v
Sh(if,)

Spec(F,) —— Spec(Fy) SpeC(o) Spec(of,) =~ Spec(F})

(m ‘ /pe;w”

Spec(f«F1)

We would have to check that this 2-cell satisfies the compatibility condition of morphisms of
modelled topos. But this comes from the very definition of Spec(s) as induced from of so that
its component at Sh(ig,).F> satisfies

—4
_
Spec(a)Sh(iFQ)*ﬁ; =05,

This achieves to produce a 2-cell of locally modelled topoi

(Spec($),0)
/_\
__ I N
(Spec(F}), Fy) Sptif(o) (Spec(Fy), Fy)

(Spec(v).7)
7.4.3.4. To sum up this section, we have shown how to make the spectrum into a pseudofunctor

T ;-GTop™°® Spee GTop

The next section will now prove it to be the desired left adjoint of the inclusion ¢ poc.

7.5 Site-theoretic version of the spectral adjunction

In this section we shall prove that the notion of spectrum as constructed in this chapter has the
desired universal property announced in the previous chapter and is part of the desired spectral
adjunction. In [19], there was already such a proof, yet we shall follow a different strategy based
on the in-depth description of the spectral site and some reflections on locally modelled topoi.

7.5.1 Spectra of locally modelled topoi are local

7.5.1.1. Consider now a T j-locally modelled topos (€, E) with &€ = Sh(Cg, J¢). Recall that the
condition that F is a J-local objects in T[€] amounts to saying that the corresponding J-continuous
functor

Cr 2 ¢

sends any J-family ([0t : {Z;, ¢;} = {T, ¢});jer to an epimorphism

[1EG. ¢, S8 Bz, 61

JeI
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But the property of being an epimorphism in the category of sheaves over (Cg, Jg) says that for
any ¢ € Cg and any a € E({Z, ¢})(c), there is a Jg-cover (u; : ¢; — ¢);epr such that the image
E({z, ¢})(u;)(a) is in the range of (E([0;]1));er(c;). But each E(c) is a T[S]-model, and we have

E({T,0})(c) = T[S)(Ky, E(c))

so a is some a : Ky — E(c). Then this means that each of the composite E(u;)a factorizes through
some fp, : Ky — Ky, for some j € J, and then we have a factorization of the identiy of E(c;)
through the corresponding pushout as follows:

E(u;)

K, —— FE(c) E(c;) =——— E(v)
| | o
fejJ( axfo; E(ui)xaxfo; ’/l;
r J, r \L /’//

Ky, — a. Ky, —— E(ui)*a*Kq;j

This leads to the following;:

Proposition 7.5.1.2. If E is a J-local object in T[], then tyk : (Ce,Je) = Vi, Jwr) is also
a comorphism of site, and defines a geometric morphism eg = Sh(twg). - Sh(i,g)' which is
moreover a section of hg

Spec(E)

£ &

Proof. For any c in Cg, a tc(Jp(e))-cover (1c,my) : (¢,n5) — (¢, 1p()))jes coming from (m; :
E(c) — cod(n;)) er is obtained as

K¢ —2 E(C)

fejl J{"j

Ky, — cod(n;)

with ([0;]r : {7, ¢;} — {T,¢})jer a J-family. But from what precedes, as a is an element of
E({z, ¢})(c), there is some (u; : ¢; = ¢);ep such that for each ¢ € I', there is j € I and a

factorization
E(u;)

Ky —— E(¢) E(ei)
|
mlo |
Ky, — cod(n;) - E(c;)

In other word, for any ¢ € I there is some j € I and a factorization in V7,

(C7 nj)
ui,b ,//
() l(l“””

-
(€ 1B g (& 1F@)

But in the diagram above, (u;, E(u;));cr is an horizontal family in i, g(Jg), while (1.,n;) is a
vertical family in ¢.(Jp(.)) refining it; in particular, the vertical family must hence be contained in
the sieve generated by the horizontal family, and so is the sieve its generates. Hence any Jy, _ -
covering sieve is in particular a ¢,y (Jg )-covering sieve: the topology Jy,, _, is coarser than ¢, (Je),
and hence the inclusion ¢,z becomes a comorphism of sites. O

Now recall that in the case of set-based models, the spectrum of a local object was a local topos:
this result will generalize as follows. To this end we invoke [15][Theorem 7.20] characterization of
local geometric morphisms: a continuous comorphism of site F' : (C, J) — (D, K) which is moreover
a morphism of site induces a triple of adjoints Sh(F)* 4 Sh(F), - Sh(F)', which can be proven
to be moreover local if F' is full and faithful.
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Remark 7.5.1.3. Actually, [15][Theorem 7.20, (iii)] requires the functor F' to be J-full and J-
faithful for the condition to hold. Though we cannot give the definition of those notions which
involves a notion of local equality of morphisms in the sheaf topos, we have in [15][Proposition
5.16] the following characterization: F is J-full and J-faithul if and only if for each ¢ in C, we have
an isomorphism

ay & ~a;(DF(-), F(c)])

But then observe that if F' is full and faithful in the usual sense, then for each d we have C[d, ¢| ~
D[F(d), F(c)], and hence there is a natural isomorphism &, ~ D[F(—), F(c)] which still is an
isomorphism after sheafification, so that F' is also J-full and J-faithful.

Corollary 7.5.1.4. If (£, E) is a Tj-locally modelled topos, then h,gr : Spec(E) — & is a local
geometric morphism, with center eg. In particular, whenever & was itself a local topos with center
x, then Spec(FE) is a local topos with center eg.

Proof. We saw in the previous part that ¢, g becomes in this case a continuous comorphism, while
still being also a morphism of site: hence it induces a triple of adjoints functors

Sh(twr)”
Spec(wE) ® &
~_
Sh(twe)'

Moreover, as tg is full and faithful, then by the remark above, this triple of adjoints functors
defines a local geometric morphism. Observe that we have the equalities

Sh(L'wE) = Sh(pwE) = Sh(LwE)* = Sh(pwE) = Sh(LwE)! = Sh(pwE)*

hY e hwEx=¢€}, €Ex

where both h}, and eg, are full and faithful. In particular hg is a connected geometric morphism.
O

7.5.1.5. Now our goal is to complete the geometric morphism ep with a local map 535 : G*Elﬁ — F
in T[€] defining a retraction

e
epwk

b b
we*EnV Y
wk wkE

(where we used the fact that E ~ efh’ pE ~ Sh(iyg).Sh(t,g)*E from the fact that Sh(,g)* is
full and faithful, hence has invertible unit). But we can already guess that actually such a map ebE
has to be an isomorphism: indeed, we know from proposition 7.3.4.8 that 77'1’” p has to be an etale
map, as well as its inverse image e, (777'1) ), while ebE must be defined in such a way it is local: but as
we hence have a factorization of the identity of E, those maps form an (etale, local) factorization
of the identity, hence both are isomorphisms, and we then use that w is conservative.

Actually, we can see directly which is this isomorphism: recall that sheafification commutes
with inverse images, so that we have

epwE ~ ejaycod
~qaycodorg

But we have at each c of Cg that cod(tg(c)) = cod(c, 1g(c)) = E(c): so we have a pointwise equality

cod ot = FE which is sent to an isomorphism after sheafification e% : we*EEE' ~ FforajieE ~ F
as F is already a sheaf.

Now the mate eﬁE coincides up to a canonical iso with the unit of the e}, - eg. adjunction as
one has

wE —> ep+ 2

I

eE*eEwE
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But as h, g is a local geometric geometric morphism with hiu B = €Ex, €px is full and faithful, so

its unit is an isomorphism, and as a consequence eﬁE is itself an isomorphism.

This exhibits the counit as an horizontal morphism

(1,1~
)(eE( B wE))(

(Spec(wE),wE E,E)

Remark 7.5.1.6. Beware that eg, is not just precomposition with the projection p,r as one
needs further sheafification over the vertical families.

Remark 7.5.1.7. When F lives in S, then (S, E) being a locally modelled topos means for F to
be a set-valued local object. Then eg defines an initial point of Spec(wFE), and as €*(*) = lgpec(r)
one has

T'wE ~ wE(1g)
=~ hwE*E

~ epwkE
Therefor eg corresponds to the local form 15 : E — E and we have a representation
E~ G*E”LTE ~TwE

In the case of a set based local object, it would just express the fact that global sections are
determined by the stalk at the focal point of the spectrum of the local object. The general case
means the same thing but in term of £-indexed point, and enforces that the inverse image of the
structural sheaf along e}, - equivalently, the direct image along hg. - returns the original sheaf.
Hence local objects enjoy sheaf representation “for free” - which however will require additional
assumption for arbitrary objects.

7.5.2 The spectral bi-adjunction

In this subsection we prove the morphisms of modelled topos (hp,nr) and the morphisms of
locally modelled topos (eg, €g) are respectively units and counits of a bi-adjunction Spec - ¢ oc-
Of course, this result is redundant with theorem 5.2.1.7, yet the strategy is totally different - and
also differs totally from a previous proof in [19] - as it exploits the concrete site presentation of the
spectrum.

Theorem 7.5.2.1. We have a biadjunction

Spec
T~
T ,;-GTop°° 1 T-GTop

~~_

LJ,Loc

Proof. Let (F,F) be a T-modelled topos and (€, F) a T j-locally modelled topos. We must con-
struct an equivalence of homcategories

T-GTop|[(F, F), (,wE)] ~ T;-GTop™*°[(Spec(F), F), (£, )]

Let (f,¢) : (F,F) — (£,E) be in T-GTop. Then by pseudonaturality of (h,n) : 1 =
LjLocOpPec we have a pseudocommutative square in GTop

Spec(wE) Spec(d) Spec(F)

hwEJ/ nf th

E————— F

and in particular a natural isomorphism between inverse images

wpx gk *
Spec(¢) hF =h ;Ef

(s
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Hence we have a commutative square between inverse images in Spec(wE)

(f)F B g
Spec(¢) WoF —=— h% o f*F "% e wp
Specw)*n%l lnqu
Spec(¢)*wF 5 wE

Pasting the diagram of geometric morphisms above with the retraction we obtained at proposi-
tion 7.5.1.2, we get,

& -2 Spec(wE) Spec(d) Spec(F)

~ |
~  hwEe nf th
< ~

E———— F

so that, from ejh) » >~ 1, the commutative square of inverse images above is sent to

b
f*F ¢ wE
e*ESpeC(¢)*nbpl Je*gnfvg
e, Spec(¢) wF —$"> eywk
Ew

But from 7.5.1.5 we know that e}i;nfﬂE is an isomorphism with inverse 633 as F is local, so this

actually defines a morphism in T[] between local objects

ei’Ee”‘Ewgb

esSpec(d) wF wkE
But as 5" is local as well as the isomorphism 655 this morphism is local, and comes uniquely from
a morphism in T ;[£]Lec
~ b % Tb
ey Spec(¢)*F = g
This provides us with a morphism of locally modelled topoi which satisfies by its very construction
the following pseudocommutation

hr, B _
(e "F)l Ad»)ewgew)

(Spec(F), F)

The converse direction follow similar argument. A morphism of locally modelled topoi
(Spec(F), F) 27 (£, E)

can have its image pasted with with the unit of (F,F) to get a morphism as desired; this will
return in £ a composite

wrb .
g huF LU e
b

Wb(nfw)\ l’y
wk

which is actually uniquely determined from n‘l’p and ~° as the first one is etale - as well as its
inverse image - while the second one is local. Hence no other morphism ¢*F — FE induces the
same composite as it would provide two distinct local parts for a same map, which is impossible
by the uniqueness of the factorization. Proving that (g,7)(hr,nr) induces back the same (g,7)
after applying the spectrum and pasting it with the canonical retraction of (£, F) is routine. [

Remark 7.5.2.2. Observe that in both directions, we actually compute the etale-local factoriza-
tion of the inverse image of the morphism of sheaves, where the etale part is indexed by the unit
775’? of F in a universal way, in the sense that f *77% still indexes the etale parts of morphisms from
f*F toward local objects in &.
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7.5.2.3. To conclude this section, we shall use the result above to describe points of Spec(F) and
how they are related to points of the underlying topos F. Observe that each point =z : § — F
induces a stalk 2*F which is in T[S]. From the general theory of sheaves, we know this stalk to
be expressed as the filtered colimit

2*F~ colim F(c)
(c,a)e([z=)op

where the colimit inclusions are the restrictions functors p(;’“) : F(¢) — a*F - this colimit being
filtered for x* : Cxr — S is flat. Moreover, x determines a morphism of modelled topoi

(F,F) 20 (s p R

which is sent to a morphism of locally modelled topoi

(Spec(F), F) BPeeUerr)lerr) gpoc(pr F) o+ F)
Theorem 7.5.2.4. For any x : S — F we have a pseudolimit decomposition

Spec(z*F) ~ ( bi)lir? Spec(F'(c))
c,a)e | x*

Proof. From the bi-adjunction obtained in theorem 7.1.6.2, we know that Spec preserves bicolimits
of set-valued models. Hence we have

Spec(z*F, ﬁ') ~ (bic)olifm (Spec(F(c)), Z*:(vc))
c,a)e | x*

Now from the expression of colimits of modelled topoi, and the fact that ¢joc is a morphism of
fibration, we know that the underlying Grothendieck topos is a cofiltered bilimit as desired. O

7.6 Naturality of the spectral adjunction

As usual, we conclude this chapter with functoriality aspects.

7.6.1 Comparison of spectral sites

7.6.1.1. For a transformation of geometries ® we want to describe explicitly the mate
0p : /<I>Speo:2 = Spec1/<1>

where [ ® denotes the morphism of opfibrations between the bicategories of modelled topoi for the
respective geometries and also its restriction to the bicategories of locally modelled topoi.

For (F, F) a Ty-modelled topos, recall first that we have in each ¢ in Cx an equality ®[F]. F(c) =
®[S]«(F(c)). Then observe that for (c,n) in the site V3, any choice of pushout square for n in
T2[S]

K—— > K
@[S, (F(0) — B
corresponds uniquely to a pushout square in T;[S]

o[s)*(K) "2 pg) (k)

F(C)EW)E*CI)[S]*(K )

But recall that restricting back ®[S]* to finitely presented objects of T1[S] returns finitely presented
objects in Ty [S] ®[S]*(K), and sends finitely presented Vs etale maps to finitely presented V;-etale
maps, so that ®*[S](m) is in Vs, and @, ®*[S](m) is in V#. This process defines hence a functor

P
Vorp —— > Vi

(¢,n) — (¢, @ ®[S]*m)
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Lemma 7.6.1.2. The functor ®g defines a morphism of site (V&)[H*FOP, Jé,[}-]*F) — (V&P J2)
between the spectral sites.

Proof. We can process by proving that ®r sends separately horizontal families and vertical fam-
ilies of Jq)[]_.]  to horizontal and vertical families in J%. For horizontal families, this is just a
consequence of the definition of ®[F],F. For vertical families, let ¢ be in Cx and (I; : n — n;)ier
in Vé,[S]*(F(C)); then from lemma 1.1.2.9 we can find some a : K — ®[S].(F(c)) and a family
(ki :m — m; in J;(K) such that all the squares in the diagram below are pushouts

m

K —— > K

] \\\

B[S, (F(c)) —n— B K;

<.

B,

<

Now again from the adjunction we can consider the following pushouts

B[S]* (K 2[S]"(m) [*(K)
\ ‘
P[S]"(ms)
N
F(c) — a.®[s]*(m)— B

S

But from the definition of a transformation of geometry, we know that ® sends J;-covering families
to Ja-covering families, so that the triangle above ®[S]*(k;) : ®[S]*(K') — ®[S]*(K) is a Jo-cover,
exhibiting @, ®[S]*(k;) as a Jé[s]*(F(c))—cover of ®p(c,n). Hence ®r sends covers to covers. O

All of this provides us with a geometric morphism

Spec,(F) 2% Spec, (®[F]. (F))

7.6.2 Comparison of structural sheaves

7.6.2.1. Now let us describe the induced morphism of sheaves between the corresponding structural
sheaves. Observe that for any (¢,n) and any pair (a, m) inducing n, recall that the @ produced by
the adjunction ®[S]* 4 ®[S]. is obtained as the composite

Now, while ®[S]. does not preserve pushouts, we can consider the image of the pushout ®r(n) =
. P[S]*(m) along ®[S]., and we see that the expression of n as a pushout induces a factorization
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as depicted below

m K/
/
/ /

D[S].P[S]*(K) "K'

e

8 @ o ‘I’[S]*@[S]*(K’)

] F(c)) n — B

[S]. (@. (8] m o
@, 9(S]*(K"))

This dashed arrow B — ®[S].(a.®[S]*(K’)) can be shown to be natural in n. Moreover, the

codomain functor cod lives in the presheaf topos V2, and ®[S].(@.®[S]*(K')) coincides with
cod ® g (c,n) which is the value at (¢,n) of the direct image Sh(®p).cod. Moreover we have

—

D[S]. (@ 2[S]*(m)) = (2[VE°"licod @F)(c, n)
Hence we are provided with a morphism of presheaves

cod = ®[V2"],.cod ®p

But now, naturality of ®[—] at the inclusion Spec,(F) < V2 gives the commutation

a2 /O\
T-b [SpeCQ] — TJ2 [V% P]

<I>[SpeC2]{ LI’[V/%"\"]*

—

TJI [Spec2] ﬁ TJI [VI%‘OP]
IE

Therefore we have an isomorphism of sheaves

aJ%q)[V%Op}*cod ®p ~ ®[Spec,.a 2 cod P
~ ®[Spec,], F> p
~ Sh(®y),®[Spec,], F?
Hence the morphism of presheaves above provides us with a canonical morphism of sheaves in
Spec, (®[F]. F)
— 1 ~
O[F|.F == Sh(®r).P[Spec,].[?

Moreover by adjunction we know this corresponds uniquely to a morphism of sheaves in Spec, (F')

— 1 o_l;

Sh(®p)*®[F],.F =25 ®[Spec,],F?
whose component at a point (z,&) of Spec,(F') is the local part of the (Ety, Loc;)-factorization

2[5]-(8)

P[S] (2" F) D[S]. (Ae)
”31>[5$/A /3[51*(5)
Ags).(9)
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Chapter 8

Point-set construction of the
spectrum

The three different topos-theoretic methods we saw in the previous chapters rivaled in terms
of esotericism; however in practice it may be useful to have a more concrete recipe to compute
the spectrum as a topological space, as it is in a lot of important examples where the spectrum is
better known from its point and topology than as a site presentation. To this end, Diers proposed
in [31] an independent, point-wise construction suited for its multi-adjoint approach of geometries.
This is the topic of the present chapter.

The first part of the chapter is devoted to recalling Diers construction and its version of the
spectral adjunction for set-valued models, see theorem 8.1.5.5. The construction of the spectrum
as a topological space is emphasized.

The second part proposes at theorem 8.2.4.3 a generalization of this adjunction to arbitrary
modelled spaces closer to the other forms of the spectral adjunction presented in this thesis; in
particular the connection with proposition 2.2.2.3 is investigated at proposition 8.2.4.5.

The last part of this chapter proposes an axiomatization of the kind of dualities one gets
from Diers contexts after implementing the spectrum construction; in particular, we prove at
theorem 8.3.4.1 that any such duality gets back a Diers context.

8.1 Spectrum from a Diers context

In this first section, we recall and detail as explicitly as possible Diers’s construction of the
spectra of an object in the context of a right multi-adjoint U : A — B. In the following, we may
refer to objects in B as ambient objects, and to objects and maps of A as local objects and maps.

8.1.1 The basis of diagonally universal arrows

In several papers following earlier works by Diers, the set Xp indexing the local units under
an object B in the context of a right multi-adjoint has been called “the spectrum of B”. If it is
true that Diers’s approach is point-set contrarily to other ways to construct spectra, it is abusive
to reduce the spectrum of an object to the set of local units, since it corresponds more exactly to
the set of points of the spectrum. As explained in [31], the spectrum in itself is far more than just
a set of points: it is a topological space equipped with a structural sheaf of B-objects with stalks
in A, where the diagonally universal morphisms under a given objects correspond to the open of
its spectrum.

8.1.1.1. Recall that a Diers context is the data of a functor U : A — B satisfying the following
conditions:

— U is right multi-adjoint
— B is locally finitely presentable
— any local unit under B is the filtered colimit of all the diagonally universal morphisms from

B of finite presentation factorizing it.
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CHAPTER 8. POINT-SET CONSTRUCTION OF THE SPECTRUM

The last condition has both a topological and sheaf theoretic interpretation. Topologically, as
local units will play the role of the points of the spectrum and diagonally universal morphisms
of finite presentation are a basis for the topology, it says that the focal component at a point is
the intersection of all its basic open neighborhoods. From a sheaf theoretic aspect, it ensures the
correct relation between the codomain of a local unit and the stalks of a certain structural sheaf
we are going to construct over the spectrum.

However, beware that this condition is not automatically fulfilled in a general context. It is
fulfilled when the arrows in A are induced from a right class of a left-generated factorization system.

8.1.1.2. For each object B, the slice category B | B is also locally finitely presentable. Now
recall from 2.3.2.1 that D denotes the category of diagonally universal morphisms between finitely
presented objects in B. It is a small category with finite colimits. For any B, consider the category
Dp whose objects are pushouts of morphisms in D under B; again, we saw that this category has
finite colimits.

Diers’ approach states that the set Xp of local units under a given object B, while insufficient
in itself to convey the topological and geometric information encoded in a Diers context, can be
equipped with a topology defined from Dg. However, in order to get a topological space, we need
to forget about the categorical structure of Dp and see it as a poset. This is the purpose of the
following.

Definition 8.1.1.3. The set Dp can be equipped with the order of factorization: for n, : B — C}
and no : B — (U5, define ny < noy if and only if ng factorizes through n; for some n

BL}CQ

Pt
ni e
-7 dn

O
This order extends to arbitrary diagonally universal morphisms under B.

8.1.1.4. In particular, this order extends to the set Xp of local units under B: that is, for
xz1: B — U(A;) and z3 : B — U(A2), we say 1 < xg if there exists some n : U(A;) — U(Az2)
such that

B —2 5 U(Ay)

//a
T -
-

-7 3n

U(Ay)

Remark 8.1.1.5. By left cancellation of diagonally universal morphisms, any map n as in the
diagram above must be diagonally universal. Moreover, Dp inherits posetal analogs of its categor-
ical structure. In particular, Dp has finite joins: for n; : B — C7 and ng : B — Cs, let ny V ng
denote the map induced under B by the pushout

B—"

S

¢, —— Ci+5 05

Then nj V ng is really the join in the poset Dy as for any n: B — C, if n1, no < C, then there are
mq, meo such that min; = n = mane, so that my; and msy produce a commutative square, hence
a map (my,ms) : C; +p5 Cy — n attesting that ny V ng < n, and conversely. In particular, the
opposite poset DY is a A-semilattice with top element.

Definition 8.1.1.6. For each n € Dg, define the set
D, ={x€Xp| n<x}

This definition extends naturally for arbitrary diagonally universal morphisms. Conversely, for
each z € Xp, define the set

Ve={neDp|n<z}
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8.1. SPECTRUM FROM A DIERS CONTEXT

Remark 8.1.1.7. Then in a Diers context, any candidate x decomposes as a colimit in the category
BlB:
B % U(A,) = colim B C

neVy

Then from the expression of filtered colimits in the coslice, we have that

U(A,) ~ (31061%21 cod(n)

We also list here some obvious, yet meaningful properties of D:
Proposition 8.1.1.8. We have the following, for any object B of B:

— Ifny < ng in Dp, then D,, C D,,

If v1 <9 in Xp, then Vy, CV,,

D(1p) = Xp
— for ny, ng € Dy, we have D(ny) N D(ng) = D(ny V ng)

Remark 8.1.1.9. The fourth item says in particular that {D,, | n € Dg} is a basis for a topology
as it is closed under intersection.

Definition 8.1.1.10. The spectral topology of B is the topology on the set Xp generated as
8= ({Dn| n€Dy})
In particular we have a monotone, A-preserving map D : DY — 7p.

Remark 8.1.1.11. One could also process in a point-free way as follows: from the poset Dp,
generated the free frame Fp = (DY) Frm, then equip it with the cover Jp defined as

Jp(w) ={(ni)icr | | Dn, = u}
il
Beware however that, without some specific hypothesis, the spectrum (Xpg,75) may not be Tp-

separated and hence not sober, so that Xp may not coincide with pt(Dp, Jg). Conversely, the
frame Fp may not be spatial if the map D fails to be injective, or to be order reflecting.

Remark 8.1.1.12. Beware that, for an arbitrary Diers context, the category of diagonally univer-
sal morphisms may not be locally finitely presentable, and the orthogonality structure generated
may not be left generated. In this case some diagonally universal morphisms may not be obtained
as filtered colimit of finitely presented one: then the inclusion

Ind(*U(A*) N B3,) C 1U(A?)

is strict, and the factorization system induced by the small object argument as in [4] returns a
wider class on the right
(FUAN))* € (FUA*) N B},

So in the general case, we shall have at some point to distinguish between arbitrary diagonally uni-
versal morphisms and those that are obtained as filtered colimits of basic ones. We call morphisms
in Ind(+U(A?)N B;p) ariomatisable diagonally universal morphisms, because we saw earlier they
are models of a finite-limit theory. We also consider Ind(Dp), which are the axiomatisable diago-
nally universal morphisms under B.

Recall that we said that a Diers context U to be diagonally axiomatisable when one, hence both,
of the two inclusions above are equalities. Then in this case, the category Diag = Ind(+U(A?%) N
B]%p) of diagonally universal morphisms is locally finitely presented, and for each B in B, so is the
category Diagp of diagonally universal morphisms under B, in this case we do have Diagp =
Ind(Dpg).

8.1.1.13. Now observe that for each B, we can extend D to axiomatisable diagonally universal
morphisms by computing the pointwise left Kan extension of the functor D

D op
DB —>TB

)

Ind(DB
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CHAPTER 8. POINT-SET CONSTRUCTION OF THE SPECTRUM

where the canonical 2-cell is invertible by full faithfulness of the dense inclusion. This extension
expresses as a codirected intersection

lan , D(I) = (1) Dn
Drll

ensuring that the canonical cocone of [ in Ind(Dp) is sent to a canonical intersection of basic
neighborhoods. In the following, we also abusively denote lan , D(I) as D;. The fact that the
intersection ranges over the canonical cone does not modify the intersection as intersections are
idempotent, so we could also rewrite this identity as

D, = ﬂDn

n<l

neDp
that is, by considering only the order on diagonally universal morphisms rather than their cate-
gorical structure.

Remark 8.1.1.14. The equality above can be understood as follows: suppose that @ € (\mmn—t Dy,
neDp

that is, that for each m : n — [ we have a g, : n — x; then as | = colim,,ep, ;dom(m), we have
a canonical morphism (¢,)p, )i : | — « ensuring that [ < z, that is, z € D;. One has to compose
any | — x with the canonical cone of f to see the converse inclusion.

Remark 8.1.1.15. The induced specialization order on Xp is exactly the restriction of the order
of factorization < on the local units because if 1 < z9 in Xp, then for any n € D,,, 1 € D,
implies 9 € D,,, that is, V,,, C V,,, and as the D,, are a basis for the topology, so the same is true
for any open. Remark we can also restrict D at any V.

Remark 8.1.1.16. Observe that one could extend the functor D to arbitrary diagonally univer-
sal morphisms under B. In the case where they are left generated, they are filtered colimits of
diagonally universal morphisms of B.

8.1.2 The Diers Space

Definition 8.1.2.1. For a Diers context U : A — B, any object B of B, define the (Diers) spectrum
of B as the space Spec(B) = (Xp,75). We call also this space the Diers space of B.

Now let us explicitly describe the functorial aspects of this construction. Let f : By — Bs in
B. Then for any point x : By — U(A) the factorization of the composite

B —t B, UM
% U(La(zf)
)

ULA(l‘f

defines uniquely a point 7,5 : By = ULa(nf) of Xp, and we have to pose

Spec(f) : Xp, — Xp
By S U(A) — B ™ U(La(xf))

Proposition 8.1.2.2. For any f : By — By in B and any n in Dp,, we have Spec(f)~1(DBP) =
fon, that is, Spec(f) restricts to the basis of the topology and we have

(f)°P
D, ——— D,
DBll lDB2
T, T,
P Spects) 1T
In particular, the map Spec(f) : Spec(Bs2) — Spec(By) is continuous.

Proof. Now for a diagonally universal morphism of finite presentation n € Dp, one has n < 1,y if
and only if f.n < x. That is, Spec(f)(z) € D5 if x € D%n. This proves that Spec(f) restricts
to the basis as stated above. But testing that inverse image of basic opens are open is sufficient
for continuity. O
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8.1. SPECTRUM FROM A DIERS CONTEXT

Definition 8.1.2.3. The spaces of the form (Xpg,7g) for B in B are collectively called U-spectral
spaces or the Diers spaces of U, while the maps of the form Spec(f) are called U-spectral maps.

The power of Diers’ approach resides also in the way one can characterize topological prop-
erties of the Diers spaces from purely functorial properties of U. We list hereafter the following
characterizations from [31][Section 7].

Proposition 8.1.2.4. Let U : A — B be a Diers context. Then:
1. Diers spaces are Ty iff U is conservative

2. Diers spaces are T1 iff U is full and faithful

3. Diers spaces are Ty iff they are zero-dimensional iff U is full and faithful and moreover any
object B such that Xg = 0 is a finitely presented object in B

4. Diers spaces are compact iff U lifts ultraproducts
5. Diers spaces are boolean iff U is full and faithful and lifts ultraproducts

Remark 8.1.2.5. In several examples of this construction, considering only Diers spaces together
with spectral maps between them is sufficient to give rise to a duality, as long as one can characterize
their topological structure and how it is preserved by spectral maps. This process is suited in
particular for situations where diagonally universal morphisms are quotients in correspondence
with some specific kind of congruences or ideals, forming posets in a certain variety, so that the
corresponding Diers spaces can be characterized through algebraic properties of the basis of their
spectral topology. This is more in the spirit of concrete dualities, though such concrete dualities
always seem to correspond to a Diers context. However in this paper, following Diers’ approach and
more generally a vision of spectra more related to algebraic geometry than concrete dualities, the
kind of dualities we are going to obtain makes use of geometric information attached to the Diers
space to reconstruct algebras, rather than extracting them from information in their topology. In
particular, the spectrum of an object will not just correspond to a Diers space, but needs also to
bear a structural sheaf to achieve the universal property expected from the spectrum.

We have constructed for each object B in B a space from the data associated to the right
multi-adjoint U. This space was defined as having as set of points the set indexing its local units
under B, and as basis for the topology the opposite of the underlying poset of the category of
diagonally universal morphisms of finite presentation under B. But observe that this construction
does not retain enough informations in some sense, as it forgets about the objects it was defined
from: in particular, while we record the set indexing the local units (and the specialization order
induced by the topology), the precise value of the codomains of the local units and the local units
themselves are not remembered. So we need to attach those data to the Diers space of B. This is
the purpose of the structural sheaf of B.

8.1.3 The structural sheaf

Now we turn to the construction of the structural sheaf on the Diers space (Xp,75) for an
object B in B.

Definition 8.1.3.1. For a given B € B the structural presheaf is defined as the left Kan extension
of the codomain functor along the functor D :

DB cod B

—_—
o
D f
B=lan pcod
op
]

That is for any u € 75 : -
B(u) = 2%1})111 cod(n)
and it is equipped with its universal natural transformation ¢ : cod = BD defined as the collection
of maps
¢ = (¢ : cod(n) — Dcolim cod(m))nep,

n=m

defined as a subcocone of the pointwise colimit expression of the left Kan extension ranging over
the elements D,, = D,, amongst all the inequalities D,, 2 D,,.
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Remark 8.1.3.2. Beware that in general the natural transformation ¢ may not be a pointwise
isomorphism: this will be the case if and only if D is order-reflecting as a poset map. Then in
this case, we can also define a natural transformation in the opposite direction from the fact that
D,, C D,, iff n factorizes through m, inducing a map from the property of colimits

B —"— cod(n) < colim cod(m)

N

cod(m)
which is natural in n by universal property of colimits, and this provides a natural inverse to (.

Definition 8.1.3.3. The structural sheaf for B is the sheafification B —» B= a,B, and we have
for each n: B — C a morphism in B

we denote as g : B — I'B

8.1.3.4. Now we come to the local behavior of this structural sheaf by defining separately the
restriction of the structural presheaf to the neighborhood. Recall that the upset of x for the
specialization order is the saturated compact obtained as the intersection of all open neighborhoods
- the poset of which we denote V,:

Tgx:nv:v

This subset of Xp is called the focal component of Xg at x. The restriction codomain of arrows
to V, comes equipped with a colimiting cone with submit U(A,)

cod |VT—E> AU(Aw)

from the colimit decomposition of Diers condition exhibiting U(A;) = colim,ey,cod(n). Then
observe that D |,: V, < V2P is cofinal as any neighborhood of = contains a basic neighborhood of
the form D,, with n < z.

Proposition 8.1.3.5. For any B in B and z € X, B|,= U(A,)

Proof. This comes from the expression of Kan extension as colimit and the condition in the Diers
context that candidates are obtained as filtered colimits of morphism of finite presentation. First
recall that sheafification does not modify the stalks, so that B|,= B|,. Now we have

B|,= col<im§(Dn) = colim colim cod(m)

n<z DnCDp

But the diagram made of all the n < z is cofinal in the indexing diagram of this colimit, and then
it coincides with the colimit colim,<,cod(n) which is U(A,) by Diers condition. O

8.1.3.6. Now, for a morphism f : By — By in B, we construct a morphism of sheaf between the
structural sheaves associated to By and Bs. For any n in Dp, we have a map vp, (, producing a
composite map o, as below

Bl L Bg Xp,

| Pr—1(p,) B2
n fxmn
+

%, £.C 22255 By (F71(Dy))
\/

T
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and the data of all the (o, : cod(n) — EQ(Xf_l(Dn))n.EDB1 can be shown to provide a natural

transformation cod = X f*gg, so the left Kan extension produces a factorization

and as the direct image X f*EQ is still a sheaf, this induced map f itself factorizes through the
sheafification as

El L) Xf*gg
VJ( /

> f*

B

This morphism fﬁ now corresponds itself to a morphism of sheaf ]’ﬂ? : Xf*§1 — Bo.

8.1.4 The category of U-spaces

Now, to turn this construction into a functor, we need first to determine where it would land.
Consider what we constructed: a space equipped with a distinguished structural sheaf of B-objects
with stalks in the range of U.

Definition 8.1.4.1. Define the category U-Spaces of U-spaces as the category whose

— objects consist of triples ((X,7), A, (A;)zex) where (X, 7) is a topological space, A is a sheaf
of B-objects over (X,7), and (Ay)zecx is a family of objects in A such that the stalks of A
satisfy A|,~ U(A,) for any z € X

— morphisms ((X1,71), A1, (AL)zex,) = (X2, 72), Ao, (A2),cx,) consist of triples (£, ¢, (uz)zex, )
where f : (X3, ) — (X1, 71) is continuous, ¢ consists of a pair of morphisms of sheaves

(9" f A1 — Ag, ¢F 1 Ay — fuly)

corresponding through the adjunction f* - f, and u, : A}(I) — A2 is an arrow in A such we

have at stalks ¢’ = U(u,) for each € X;. The morphisms (¢°, #!) are called the inverse
and direct comorphism parts of the morphism of U-spaces.

Remark 8.1.4.2. In this definition, U-spaces are not just spaces with sheaves that have their
stalks in the essential image of U: in fact we attach to them a specification of which objects of A
their stalks come from. Similarly for morphisms where we impose that their inverse image part
comes from an arrow in A.

Remark 8.1.4.3. For any morphism of U-spaces (f, ¢), the inverse image f*A still has its stalks
in A as for any point in X5, we have f*A; [,= A; |f(). Moreover it is a standard result that
the inverse image preserves finite limits. However we cannot control the stalks of the direct image
f+Ao, which may not be in the range of U. This is related to the fact that, while sheaves B-
objects, as object of a locally presentable categories, are stable under inverse and direct image,
objects of A may be in a more wild class of objects, and in general sheaves of objects in non locally
finitely presentable categories are not anymore stable under direct image. This is typically true
when objects in A are model of a geometric sketch with non trivial inductive part that cannot be
preserved by direct image since they are right adjoints and hence need not preserve colimits.

Remark 8.1.4.4. In a morphism of U-spaces ((X1,71),A1, (Al)zex,) — (X2, 72), Ag, (A2),ex, ),
the inverse and direct image parts are related as follows. For any z € X5 and u € 71 such that
f(z) € u, that is, z € f~1(u), then we have f.Az(u) = A(f~1(u)), and we have the composite map

Ar(u) 2 Ag(F (w)

=1 (u
\ lpi (u)

AZ |a:
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But now the stalk of A; at f(z) is the filtered colimit A; | ;)= colim (), A1 (u), so the cone made
of all the maps above factorizes uniquely through this colimits, and this produces the desired value
of the inverse image part of ¢ at x, so that we have a commutation

Av(n) —2 Ao(f ()

u -1,
Pf(w)l lﬁﬁ, s

Ay |f(z) T Ay \z

where the inverse image part is exhibited as the universal map
—1

8.1.5 The spectral adjunction of a Diers context

To sum up, in the first part of this section, we defined for each object B in B a U-space

((XB,7B), B, (Az)zexy ), and for each f: By — Ba, a morphism of U-space (Spec(f), f).

Definition 8.1.5.1. The construction above defines a functor called the spectrum of U
B P U-Spaces

8.1.5.2. Now we look at a functor going in the converse direction. Let ((X,7), A, (A;)zex) be a
U-space. As B is locally finitely presentable, the category of sheaves over (X, 7) with value in B
is equipped with a global section functor T' : Shy(X,7) — B sending a sheaf A to the B-object of
global sections TA = A(X). For any u € 7, we denote as ¢;X : TA — A(u), and for any = € X, the
stalk at x is obtained as a filtered colimit in B

Al= cqleim A(u)

and the induced map ¢ : TA — A |, is the filtered colimit of the maps ¢, in the slice T'A | B.

8.1.5.3. Now for a morphism of U-spaces (f, ¢, (uz)zex) : (X1,71), A1, (Al)zex,) = (X2, 72), Az, (A2)1ex,)
the direct image part of the morphism of sheaf ¢f takes at X; the value ¢ﬁX1 s A(XY) —
Ao (f~1(X1)), but as f~1(X;1) = Xy, this defines a morphism in B

TA; ~% TA,
Definition 8.1.5.4. These data allow us to define a functor
U-Spaces I per

sending a U-space ((X,7),A, (Az)zex) to the B-object of global sections TA and a morphism
(fa ¢7 (ux)xEX) to ng

Theorem 8.1.5.5 (Diers). Let U : A — B define a Diers context. Then there is an adjunction

Spec

T

B € U-Spaces

r

Proof. This proof follows [31][3.6.1]; as it was done only in french and without the help of diagrams,
we chose to give here a reformulation of it. Let B be in B, ((X,7), A, (Az)zcx) a U-space and
¢ : B — TA. Then for any x € X we have A |,= U(A,), so we can consider the following

factorization

B—2% _,TA

Ay <
M,x ¢l lqm

Uldax o) iy U (Ae)
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Then the following map
(X,7) —1 (Xp,78)
v * Ty
is continuous. Indeed, for any finitely presented diagonally universal morphism n, we have
JND) = {re X | n<nl,)

where the latter condition says that we have a factorization

B—".rA .

But pushouts of finitely presented diagonally universal morphisms are still finitely presented, that
is, ¢.n is finitely presented as a diagonally universal morphism under T'A: but as ¢;X = colim e, g
in the slice T'A | B, we have a factorization through some ¢;X for some u in 7 such that = € u

X
TA — 5 A(u)

A
S -
P nl ¥ Jq;’

$.C —— A,

and moreover, any two such factorizations are equalized by a third one: that is, if there are two
opens u, v with z € u,v such that s factorizes through g%, g2 as s, Sy, then there is some w C u,v
and x € w such that s factorizes through w as ¢¥s,,. And moreover, for any y € u, we still have
that ¢.n factorizes ¢X, so that

A
n <Ko
Y

and hence y € f~1(D,). This means that u C f~1(D,). To sum up, we can choose for each
r € f~Y(D,) an open u, with x € u, and u, C f~(D,), and hence we have

f_l(Dn) = U Uy
z€f~1(Dn)

which is hence open in 7.

Now we construct a morphism of sheaves ¢ as follows. We first construct the direct image part.
As seen above, for any n € Dpg, we can exhibit a cover of f~!(D,) with a family (uz)sef-1(p,)
such that = € u, and we have a factorization

B—Y 4 TA

|l

C —— Aug)
Now, as A is a sheaf, and f~1(D,,) is open, we have the limit decomposition

AU D)) =tm (T Aw) =% T Alwnu) )

z€f~1(Dn) z,y€f~1(Dn)

So we have to check that the data of the arrows (s;)zex define a cone over the diagram above,
which amounts to checking that for any =,y € X the following diagram commutes

A(Ur)
C Aug Nuy)
% 4
A(u

ugNuy

v)
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For any z € u, Nu, we have
42" San = Q" Gy, & = 45V 4y, @ = 42V Syn

hence s, and s, produce factorizations of qX, so by what was said before as a consequence of finite
presentability of n, those two factorizations have to be merged into some v, C u, Nuy: but this
is true for any z € u, N wuy, so the opens v, cover the intersection, and hence the square above
commutes.

Then the universal property of the limit provides a unique arrow

B—" ,TA

X
"l l”fﬂ(Dn)

and the data of all those arrows (s,, : cod(n) — A(f~1(D,,)))nep, defines a natural transformation
s : cod = f.A: now the universal property of the left Kan extension produces a universal arrow
as below

Dg

Dl lan pcod
o = o
=

TOP

But now, as A is a sheaf, so is the direct image f.A; hence the natural transformation s factorizes
through the sheafification of lan pcod, that is

lan pcod N f+A
L
B

This returns the desired direct image part 1*.

For the inverse image part, the adjunction f* 4 f, associates a unique mate ¢’ to ¥f. Now we
want to check that this mate behaves correctly at the stalks, that is, that ¢}, = U(La,(qX¢)) for
any point z. For any z € X and any n € Dpg, we have from remark 8.1.4.4 an commutative square

. f

B(D,) 2225 A(F~1(D0))

D -1
"f&)l lpﬁ (Pn)

Bl () — Al

But the stalk of B at f(z) = nﬁ;d) is both the unit of the factorization of pX¢ and the filtered
colimit B B
B|¢(@)= colim B(D,)

A
n<n’g
,Tlpi(d)

inducing ¢’, as the universal map

But from Diers condition, this later must be the right part of the factorization, so that we have
the desired equality. Now we gather all the maps (La,(qX ¢))zex to complete the data of the
morphism of U-space

) (fvw1(LAx(pTX¢))TEX) ((

((XBvTB)7§7 (Az)wEXB X, T),A, (Az)zeX)
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Remark 8.1.5.6. While suited for a large range of examples where the spectrum is expected to
be spatial, this construction of the spectrum as a topological space causes some loss of information
as it equips the set of local units with a structure of poset, mimicking the specialization order of
the spectral topology, while in general local units under a given object and diagonally universal
morphisms between them form a category. In some sense Diers only considers the localic reflection
of a small site made of finitely presentable diagonally universal morphisms, though the topos
associated to this site may not be localic, for instance in the case of the étale spectrum of a ring.
This problem would be fixed by introducing a variant of Diers’ construction in terms of ionad,
where the link with the other notions of spectrum would appear more clearly; as this would require
a more involved notion of topoi and ionads, we choose to postpone this task to a later paper
devoted to the synthesis between different approaches of the construction of spectra from a more
topos-theoretic point of view.

8.2 Spectrum of an arbitrary B-space

In the previous section we recalled Diers’ original construction of the spectrum of an object of
B for a Diers context. Observe that the spectral functor thus defined is left adjoint to a global
sections functor sending a U-space to the B-object of global sections of its structural sheaf. This
process is somewhat reminiscent of the relative adjoint B — IL.A constructed in proposition 2.2.2.3,
which returns the points of the spectrum of a given object. Hence the fact that this relative adjoint
could extend into a functor 118 — I1A left adjoint to IIU invites us to extend Diers spectral functor
to a larger class of B-spaces, amongst which the objects of B embed as B-spaces with the point as
underlying space. This generalized spectrum will be left adjoint to the a functor sending a U-space
to the corresponding B-space one gets by applying stalk-wise the functor U. The process in this
part is also totally point-set, hence both quite concrete and somewhat “handmade”, in contrast to
the more abstract, yet purer point-free approach in the topos-theoretic methods of the previous
chapters.

Throughout this section, we fix a right multi-adjoint U : A — B satisfying Diers conditions.

8.2.1 B-spaces

Definition 8.2.1.1. We define a B-space as the data of a topological space (X, 7) together with a
sheaf of B-object B : 7°P — B. A morphism of B-spaces ((X1,71),B1) — ((X2,72),B2) is the data
of a continuous map f: Xo — X; and a pair of morphisms of sheaves

(¢" : f*By — By, ¢F : By — f.By)

corresponding through the adjunction f* - f,.. We denote as B-Spaces the category of B-spaces
and morphisms between them.

Proposition 8.2.1.2. There is a functor
U-Spaces - B-Spaces

sending a U-space ((X,7),A, (Az)zex) to the B-space ((X,7),A), and a morphism of U-spaces to
the induced morphism of B-space.

Remark 8.2.1.3. Beware that, without additional assumption on U, this functor may not be faith-
ful, nor even injective on objects. Its action on objects is to forget which A, of A the stalk of A |, =
U(A;) comes from. In some sense, the structural sheaf of ¢y (X, 7), A, (Az)zex) has its stalks in
the essential image of U, so that two U-spaces over a same topological space ((X,7), A1, (AL)zex)
and ((X,7),As, (A2),cx) may become isomorphic in B-Spaces if U(AL) ~ U(A2) in each x,
though some AL and A2 were not isomorphic in .A. The same phenomenon happens for arrows.

Moreover, in most cases, ¢yy is not full, unless U was itself full, but this corresponds to a specific
kind of geometries returning 73 spaces. In general we do not desire the functor ¢y to be full as the
morphisms (f, (¢°, ¢*), (uz)zex) in U-Spaces have the additional data (u,).ex attached to the
@ part of the morphism of sheaf, forcing the map at stalks ¢2 : A; | F@)— Az |5 to be equal to
U(u , hence in the range of U, while there is no such condition for general
morph1smb of B) spaces
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8.2.2 The Diers space of a B-space

In the following we fix a B-space ((X,7),B). We are going to process by gluing the spectra of
the stalks of the structural sheaf B at points of X, and equip it with a topology generated from
the finitely presented diagonally universal morphisms under the values of the sheaf B at opens of
T.

Definition 8.2.2.1. We define the Diers space of ((X,7),B) as the space (X, 75) with
Xpg={(2,¢) | z€ X, € Xy, }
equipped with the topology generated as
™ = <D(u,n)>(u,n)ED]ﬂ
where Dy = {(u,n) | u € 7, n € Dy(,)} and
D(u,n) = {(:Cag) ‘ T € u, p;*n < g}
where p¥ : B(u) — B |, is the restriction map.
Remark 8.2.2.2. The condition defining the basic open set Dy, ) concerns the finitely presented
diagonally universal morphism n under B(u). Each B(u) is an object in B, as well as each stalk
B |, which is the filtered colimit of all B(u) such that € u. Hence for such a neighborhood u
there is a canonical inclusion p¥ : B(u) — B |, and we can push n along this inclusion to get the

finitely presented diagonally universal morphism py n in Dy, . The condition then requires that
we have a factorization

Remark 8.2.2.3. Also it is interesting to note that, if 7 admits a basis 79 < 7, then one can
generate 75 from the open D(,,) with u € 79. But this is not that important in this point-set
context as 7 has anyway to be a small set.

It is worth checking that this is a basis:
Lemma 8.2.2.4. For each (u,n) and (v,m) in Dp, we have

Dumny VD w,m) = Dunv,pin, . nvetn, . m)

Proof. First, it is clear that if (x,€) € Dy, n) N D(y,m) then z € uNwv. Then the projections p and
pY factorize as

B(u)
Xgm‘v
B(unw)
Pz pu‘ﬁv
B,

Now by left cancellation of pushouts we have that

p;*n = Pz *(pZﬂv*n) and p;*m = szv*(PZm;*m)

uNv
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as depicted in the following diagram

B(u)
w‘ V

B(unw)

A k
Ae

Moreover commutation of pushouts ensures that all squares in the following cube are pushouts

B(uNw)
— ! ~
pﬁﬁu*" p;ﬁu puﬁv*m
— ~
puﬁv* / B ‘37 pv pZﬁv*D
pz* puﬂv*c B(unwv) puﬁv*D pm*D

But we have
PenV ppm <&

and hence
pva*(pﬁnv*n \ pZﬂU*m) S g
which ensures that (z,£) € Dunw,ps., nvpr., . m)
Proposition 8.2.2.5. We have a continuous map
(Xp,78) —— (X,7)
(z,8) ——— =

which is moreover open.

Proof. For u € 7, we have n~(u) = {(z,€) | # € u, £ € Xp|,} which coincides with the basic open
D(“JB(u)) as qg*(lmu)) = 1, is the initial object of Dy, hence factorizes any local unit § under
B [,. It is moreover open because the direct image of an open Dy, ,) along 7 is the underlying
open of 7, that is (D(y,n)) = u. O

Proposition 8.2.2.6. We have in each x € X a continuous map
(Xg),, m8),) —— (XB,78)
E— (2,9)
exhibiting the Diers space as the disjoint union of the Diers spaces of the stalks

Xp = H Xp|,
xeX

and 1 as the induced map {(cy)zex where ¢, : Xp|, — X is the constant map equal to x.
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Proof. Observe that if x € u we have ¢ 1(D(u,n)) = Dy _n in 75|, by property of the pushout;
otherwise we have ;1 (u) =0 if ¢ u. O

At each u € 7 we have an open D and this defines an open subspace

U, 1g(u))?

L(u, 1B(w))

(D150 T8 Dy ) (Xg,TB)

Observe that we also have, for any u € 7, a canonical map
Pu
Diwtsy) — XB(w
A
(2,€) — ks,

sending any (z,£) with 2 € u to the unit under B(u) factorizing the composite

n:pi“,
B(u) —25 U(Agy)
pgl |Uteacteny

B, — U(Ag)

Moreover Diers condition ensures that this map is continuous for U(Agyu) = colim,<¢,ucod(n)
and n < £pY if and only if p% n < €. Hence in particular p; ! coincides on the basis D) with the
pushout along p¥, that is we have

-1
DIB(u) ‘L> Dy

n —— (u,n)

Before going further, we need the following key observation, which is a point-set version of
theorem 7.5.2.4:

Lemma 8.2.2.7. For any x € X and any finitely presented diagonally universal morphism n in
Dg,, , there is some u with x € u and m in Dy, such that n = py m.

Proof. Recall that diagonally universal morphisms of finite presentation under B |, are those in-
duced as pushouts

KLY K

N

Bl, —— C

whith K, K’ in B, and [ diagonally universal. But now, as we have a filtered colimit decompo-
sition B |,= colimge, B(u) and K is finitely presented, a factorizes through some p¥, and by left
cancellation of pushouts, the front square in the following diagram is a pushout since the back and
top are so

K l K’

N r\
B(u) bl b K’

a
Pa l

! :
Bl — C
so that n = pg by, but b.l is in D). O

In some sense, this result says that the categories D, for € u are jointly essentially surjective
on Dy . This has also the following consequence which will be central to control the stalks of the
structural sheaf we are going to construct:

Theorem 8.2.2.8. For any (z,£) € Xg, we have a filtered colimit decomposition of £ in the slice
B2:
— eolim ot e
¢ = colim p, ¢
As a consequence, the cocone (U(La,(§p})))zcu exhibits U(Ag) as a filtered colimit
U(Ae) = colim i U (Agyy)
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Proof. First, for any u with x € u, we have n < ”i:pu if and only if p% n < . But Diers condition

at B|, says that £ = colim, <¢ n, and from the previous lemma, we know that we can precise this
colimit as

&~ colim pPu.n

TEU

Ag
nEPB(u) "SNAL
u

~ colim pY, ( colim cod(n))
TEU n<VIA ’
- g
. AE
~ colim p¥ ,
per=r px*ngp;

where the last isomorphism comes from Diers condition at 772)2- The second item is deduced

from the fact that cod commutes with filtered colimits. O

8.2.3 The structural sheaf
Now we describe the process to construct a structural sheaf B on (Xg, ) associated to B. The

poset Dy = {D(yn) | u € 7, n € Dy(y)} is equipped with a functor

D]B codmy B
(u,n) —— cod(n)
and then consider its Kan extension along the inclusion into the spectral topology

cod
D]E 47“) B

AV
LB C
lan . codmy

0

and define B as the sheafification for the topology 73
B = a,, (lan ,, codm;)

At this point it is worth giving some detail of the behavior on the sheaf B and its relation with
the spectra of the values at open B(u). For each u € 7 the object B(u) is in B, hence has itself a
spectrum

e

(XB(u)> TB(u), B(u))

Then the structural sheaf B can be compared to the structural sheaves of the form B(u) as follows:
indeed we had in each « € 7 an inclusion on one side along which one can restrict the structural
sheaf B into LZ‘U 1s( ))IB%. But after restriction we could define a continuous map p,,

Pu

(D(u,lg(u))aTB |D(“x1B(u))) — (XIB(U)7T]B3(U))

L(uyl]g(u) )\[

(XB, T8)

Lemma 8.2.3.1. For each u € T, the restriction of B along p, s related to I@(J) through a
canonical morphism of sheaves

5t ~
B(u) —— pu,B |D(u,1m(u))

Proof. This can be tested open-wisely on the basis for each n € Dg,), and at the level of the
structural presheaves: indeed we have p,1(D,,) = D(y,n) and we have

B(u)(D,,) = ﬁ?&%ﬁn cod(m)

But observe that D,, C Dy, implies that D(,,) € D(ym): indeed, the first condition says that
for any ¢ € Xg(y), n < ¢ if and only if m < (; but then, as for any € u and any £ € Xp|,, by
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theorem 8.2.2.8 we have that § = colimge,p}, U(Agpz), then n < ngu implies m < nguv but this
condition also means that py, n < & implies py, m < &. Hence the implication. But now recall that
the restriction of B has the same values as B itself for opens of D(u1z.,)- But B is itself computed
as
B(D = lim
( (u,n)) D(VH,S?QD(U,V,”)COd(m)
Hence the first colimit ranges over a subset of the indexing set of the second colimit, inducing a

canonical arrow

B(u)(Dy) 7% B(Dyyy )

and those arrows, being induced by universal properties, define altogether a natural transformation.
Now the desired ﬁ,jﬁ is the induced morphism of sheaves after sheafification. O

Now let us look at the local behavior of the structural sheaf.

Proposition 8.2.3.2. The stalk of B at (x,€) is given as

Bl.e=UlAe)
Proof. We just have to compute the stalk of the structural presheaf B at (z,&):

B(z,6) colim B(D(y,n)) = colim colim  cod(m)

TEU
p“m<5 e D(u,n)CD(v,m)

But we have that the set of all the D(u, pi;,m) for u C v and m € Dy, is cofinal in the indexing
set of the inner colimit, so we have

B ~ colim colim cod(p® m
‘ (z,8) 16u< Dy B apt ) (pac* )
P, m<e P

u<v, mEDH&('v)

But, on one hand, we have cod(p¥ m) = p¥ (cod(m)), and on the other hand, the indexing set
above is cofinal in the set of all Dy, ) with # € v and pg,n < &: this entails that

B|(2,¢)~ colim cohrg pu.(cod(m))

xeu p’lL
But by theorem 8.2.2.8, we know that this latter colimit is U(Ag). O

Remark 8.2.3.3. To come back to the comparison morphism ﬁ;ﬁ, we can see now that the
corresponding inverse image part ﬁ;b is obtained from the universal property of the colimit in the
square

put,

B(u)(Dy) 2 B(D(ym)

A

"gfgl lpi (urm)

UlAgpy) ——— Ul4e)
U A, (602D

Now we can also compare the structural sheaf B and the structural sheaves B |t

Lemma 8.2.3.4. For each (z,£) € Xp, we have an isomorphism
VB~ I/Bﬂ;
Proof. For each u € 7 such that z € u and each n € Dg(,) we have a canonical map
O(u,n) : cod(n) — I@E(ng*n)
provided by the composite of the right vertical maps

B(u) ——— C
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In the case where z ¢ u, then (;'(u) = 0 and then ]ﬁﬂ;(@) = 1 is always the terminal object of
B: then for each n € Dg(y) put o(yn) =lcoam)- The data of the (o, n))wn)ep, define a natural
transformation ¢ : cod = B and we can exploit the universal property of the left Kan extension to
deduce a natural transformation B — ¢, B,

which factorizes through the sheafification B. The mate of this defines a natural map L;]E — ]ﬁ;,
but we have at each point  of Xp|, an isomorphism

B ¢ B e U(Ag) ~Bl, |¢

But as Xp|, has enough points, this suffices to have isomorphism of sheaves. O

8.2.4 The extended spectral adjunction of a Diers context

Definition 8.2.4.1. The (Diers) spectrum of a B-space ((X,7),B) is the U-space

((XIBa TB)a @7 (Aﬁ)(myf)EXE)

Now for a morphism of (f,¢) : B-space ((X1,71),B1) = ((X2,72),B2), the inverse and direct
image parts of ¢ are defined respectively on points (z,€) € Xg, and basic opens D(, ) of 78, by
factorization and puhsouts as follows

¢, %
Bilf@) —— B2l By (u) ——— Ba(f~'(u))
"gdﬂa’nJ J& n J@’i*n
r
U(Aey ) —— U(A L sC
Aest iy o) g Qe

Proposition 8.2.4.2. We have a morphism of U-spaces

(XBys 78,), B, (Ae) . 0)exs,) — (XBys 78,), B2, (Ae) (2,6)e x5, )

whose underlying continuous map is

(X]EZ’T]B2) M (XBI’TB2)
(l‘,f) —_ (f(x)’n&;&i)

which is moreover spectral, and where the sheaf morphism 5 has respectively the following inverse
and direct image parts at points (x,&) € X, and basic opens D, ) of Ts,

Fogy = Lal€dl) I, =105, 0"k
where g, : lan Ds, codm = IEBVQ is the sheafification map and ¢®2 : codm; = lan Ds, codmy is the
canonical natural transformation of the left Kan extension.

Proof. For a basic open D, ) in 75, we have Spec(¢)’1(D(u7,L)) = D(f,l(u) L n) which is a basic
open of 7g,. O

Theorem 8.2.4.3. We have an adjunction

Spec

T~

U-Spaces € B-Spaces

\/’

Ly
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Proof. Suppose we have a morphism of B-spaces (f, ¢) : (X, 7),B) — ww((Y,0), A, (Ay)yey). Then
in each y € Y we have a factorization

b
¢y

U(Ay)
Ay /IJ(LAy @)

“ U(Ag)

IB3|f(y)

producing a local form under the stalk B|(,) so we can define
VY — 2 X
Ay
y — (f).ny")

From this point, the strategy is similar to the set valued case, although we have to work under
the values of the structural sheaf under an open rather than just considering a map produced by
global section.

We prove that g is continuous. Take u € 7 and n € Dg(,). We have that g’l(D(um)) consists
of all those y € Y such that we have a factorization

B(u) ———— C

il |
Bl —=,7 UlAg)

"7435
Now for each such y € gfl(D(um)) we have a factorization as the dashed arrow below

o,

B(u)

L

My PTG n” ¢k,

SO

U(A U(A
%) U(La, (6))) (4y)

But we have a filtered colimit B B
py = colim pf
vCf =1 (w)
in the slice A(f~!(u)) | B for A is a sheaf and the set {v € o | v C f~!(u), y € v} is cofinal in the
set of neighborhood of y in o. Hence, for ¢¥ n is still finitely presented as a diagonally universal
map, there is some neighborhood v of y in ¢ such that v C f~!(u) and the arrow s factorizes
through the restriction p;, and moreover, any two such factorizations can be equalized by a third
one. But now any point z in v is also in g~ (D(u ny): indeed, if we have a factorization as below

#
B(u) o AGT@) g,
\ v
J Pf(z) ¢?‘*n
C ¢h.C —— A(v)
By 2 U(A:)

then p?(z) n factorizes ¢”, and hence by Diers condition of the local unit of a morphism to-
ward U being the filtered colimit of all finitely presented diagonally universal maps factorizing
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it, we have that Py, < 773;, so that z € ¢! (Dy,n)) for f(z) € u and the last condition.

Hence v is included in g_l(D(u’n)) and as before such open v could have be chosen for each point
of g_l(D(u,n)), which is hence open: this ensures the continuity of g. Moreover observe that

g_l(D(u,n)) - f_l(u) = g_l(D(u,lm(u,)))'

The remains of the proof is similar to the proof of the point-based case: the opens v € o
constructed above defined a covering of g’l(D(u,n)), and the universal property of the limit from
the sheaf condition of A at this cover provides a map as the dashed arrow below

B(u) —2 s A(F~(w)

£ )

(G —— > A(g_l(D(u,n)»

Again, the data of all the (U(u,n))MET,nEDB(u) provide a natural transformation o : codms = g.A
and we apply the property of left Kan extension

and again this ¢ factorizes through the sheafification B — g« A.

Now concerning the inverse image part, take the mate of ¥¥ and apply again Diers condition
and theorem 8.2.2.8. For any y € Y and (u,n) € Dg with g(y) € D(y ), the following square

_ ¥l
B(D(u,n))) i A(g™ (D)

D _
(u.n) (D (u,n))
Pyl l L’i (u,n)

Bly(y) T U(Ay)

is part of the following diagram expressing the factorization through the unit
i
nl P, 1g ()
B(’U/) — B( uhg( ) ) 4; A( ( ))

D(u,lm(upl 1ol
B(u,n) 97D (y,n)

o YD) -1
9(y) IB(D(u,n)) — A(g (D(Uv”))

D —_
Blro) = e 91 (D y,ny)

Q(y) \ py
%) l

IB§|g(y 4>UA)

where the arrow z/J; (the bottom one) is induced by the universal property of the filtered colimit

B, )fcohmﬁ;/( D,)~U(A)

n<17
as the map U(La, (gbby)) O
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8.2.4.4. To conclude this part, let us explain how this adjunction is related to the adjunction
existing at the level of the free product completion as exposed in proposition 2.2.2.3. Recall that
a right multi-adjoint U : A — B induced an adjunction

L
DS

IIA L 118
\_/r

v

Now we can define a “functor of stalks” np : B-Spaces — IIB sending a B-space ((X,7),B) to the
family of stalks

(Blz)zex

X B

and a morphism (f7 ¢) : ((XlaTl)aﬁl) - ((X2a72)7182) to

X1

(Bi]z)zex;

B

46)(2

Similarly, we can define a functor 74 : U-Spaces — A sending a U-space on the specified family of
A-objects attached to its stalks, and a morphism of U-space to the specified maps in A attached to
the inverse image part at the stalks. Then the following result is obvious from the way we defined
the left adjoint L 4 IIU in proposition 2.2.2.3:

fl o«

Xo

Proposition 8.2.4.5. The following square satisfies the Beck-Chevalley condition

Spec

L
U-Spaces 1 B-Spaces

—
0%
™A B
m4< . us
\_/I

U
that is we have both that U 4 = mpiy and maSpec = Lwg

8.2.4.6. In some sense, the functors g and 74 forget about the topological data attached to
structured spaces and remind only the local data at stalks. But in a converse process, we could
see families in the free product completion as discrete structured spaces: indeed we can define two
functors

tp : 1IB — B-Spaces

sending a family (B;);er to the B-space ((I,P(I)),B) where the set I is now equipped with the
discrete topology and the sheaf B is defined as B(.J) = [[,., B; for J C I. Similarly we define a
functor

L4 : IIA — U-Spaces

sending a family (A;);es to the discrete U-space ((1,P(I)), A, (Ai)icr) where A(J) = [[,c; U(As)
for J C I.

8.3 2-Functoriality of Diers construction
In definition 4.2.3.1 we saw that Diers contexts formed altogether a 2-category. This leads us to
ask what an abstraction of the adjunctions one gets from Diers construction and its generalization

to arbitrary structured spaces could be, in order to construct a 2-functor sending a Diers context
to the associated spectral adjunction.
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8.3.1 The fibration of B-spaces

To guess what should be at the other end of our construction, let us give some observation on
the nature of the categories of U-spaces and B-spaces.

8.3.1.1. First, remark that B-Spaces is the opposite category of the Grothendieck construction
associated to the pseudofunctor

Top® — Cat
(X,7) — Shp(X,7)
(X17T1)i>(X2,T2) — ShB(XQ,TQ)QShB(Xl,Tl)

and hence has the structure of a fibration: that is for each continuous map f : (X1,71) — (X2, 72),
we have a cartesian lift (X3, 72),B) = ((X1,71), f*B), as for any situation as below

(X1, 7)., £B) L2 (X, ), B)

((X3,73),B) %

(Xl,Tl) ;} (XQ,TQ)
_—

(X3,73) h

we have h* = ¢g*f* so that ¢ : h*B = ¢*f*B — B’ provides itself automatically a lift (g, o) :
((X3,73),B") = ((X1,71), f*B). Moreover this structure of fibration restricts to U-Spaces as the
inverse image preserves stalks, and the cartesian lifts are identities between sheaves, hence have
identities at stalks, which are in the range of U. Hence we have a morphism of fibrations

Ltu

\ /

Top°?

U-Spaces B-Spaces

for the forgetful functor ¢y does not modify the underlying topological space. Observe that
B-Space has also a structure of opfibration thanks to direct image, but this structure is not
preserved by the restriction of U-spaces.

The following is also worth of interest for it is akin to the topos theoretic approach, correspond-
ing to theorem 3.3.3.6. However, it does not concern all Diers contexts but only axiomatisable ones,
that are those where the class of diagonally universal morphisms is finitely accessible, so that the
stable factorization coincides with the factorization (Ind(D),D+):

Proposition 8.3.1.2. Let (U, A, B) be an axiomatisable Diers context; then for each (X, 7), we
have a right multiadjoint

wlix,m

U-Spaces x ;) — Shp(X,7)
where U—Spaces(X’T) is the category of U-spaces whose underlying space is (X, 7).

Proof. For any (1x,¢): (X,7),B) = w |x,-) ((X,7),A), with hence the identity as underlying
map, the inverse and direct parts of ¢ coincide into a same morphism of sheaves B — A, and in
each u € U we have a (Ind(D), D+) factorization

B(u) = Au)
Pu

[
C
and we can define a presheaf 7°P — B from the data u — C,, which gives a factorization amongst
sheaves
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And moreover, in each x € X we have also the stable factorization

Bl, & U(A,)

77;‘\,4 /U(LAI (62))

U(4s,)

But as we supposed U to be diagonally axiomatisable, this stable factorization coincides with the
(Ind(D), D) factorization, and by functoriality of such factorization, we have that the following
diagram

B(u ¢

A(u)
e

(1) oL

)
o
C

u

Pz

Pa

nm l /z/(LAm (¢2))

T U(Ay,)

-

B,

But now apply theorem 8.2.2.8 and commutation of colimits and pushouts to see that U(Ay) ~
colim;e,,Cy, , which exhibit it as the stalk of the presheaf from which C4 was induced from, and
hence of C, itself, so Cy is a sheaf with stalks in the range of U. Now we can check that ny is a
candidate for each ng, is a diagonally universal. O

8.3.2 2-category of dualities

Definition 8.3.2.1. We define the 2-category Dual of spectral dualities as having:

— as 0-cells, quadruples (2(,B,:,6) with 2 and B fibered categories over Top®® such that
moreover the fibration of B is also an opfibration over Top, ¢ a strict morphism of fibrations

and an adjunction

— as 1-cells (A1, B1,11,61) = (A, Bo, 19, S2), triples (F, G, §) forming a squares of morphisms
of fibrations

L2

where all triangles commute strictly and € is an invertible 2-cell G¢y ~ ¢5F.

— as 2-cells (a, B) : (F1,Gq,61) = (F2,Go,02) such that we have equality of whiskering
Q[l % sBl
a B
Fy | = |F2 G1| = |Gz

Q[QT)%Q
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Remark 8.3.2.2. In the following, for an object B in 8 we denote as |B| for the underlying object
(similarly, | f| for an arrow), and this notation is transfered to 2 as |A| = |¢A|. Beware that in our
condition we require that this fibration | — | be itself also an opfibration.

Observe that any morphism of duality (F, G, 6) admits a mate

Ql1<6—1%1

oo Lo

Ay <——— B
So
In the following we are going to give some interest to the information carried by this mate. More-
over, as well as we can recover the classical I' 4 Spec adjunction by looking at the fiber over *,

we can exploit the condition that B is also an opfibered category to compute a “global section
functor”. For any A in 2l, with projection | A | in Top, we have the opcartesian lift in B

Tar
WA+ 1 u(A)
Al — 11— «

and for any morphism f : A; — A, we end up with two distinct lifts over the point related by the
following arrow

1
(A1) 1 (A

- At

Nagl, t(A2) 2 Ny [ flee(Ag)

t(Asz)

[
EYY

1
A1l

| A | *

[f]
|As|

!
lAz]

This allows us to define a Global sections functor into the fiber of B over the point

A —— B,

where i, : B, — B is the inclusion of the fiber at *.
Lemma 8.3.2.3. For a duality (A,B,1,8), we have an adjunction &i, 4T

Proof. For one direction, let B be an object over the point, that is, |B| = *, and f : B — T'A. Then
composing with the cartesian lift m : TA — ((A) induces from & - ¢ a unique map &8 — A
in 2. Conversely, for any f : &B — A, if we have I'f : T6B — I'A. But observe that the unit
ms : B — «GB induces a unique dashed arrow below from the opcartesiannes of !|,gp|:

* B —— (GB
wzﬁm

* —— |LOB
e8|

and this is the unit of the restricted adjunction &i, - I'. Indeed, we can then compose I'f : TGB —
I'A with B - I'G to get a map f: B — I'A. O

Remark 8.3.2.4. This lemma shows that the fact we could restrict the spectral adjunction as
developped in section 2 to the original version of Diers as recalled in section 1 is in fact inherent to
the situation of duality and processes essentially from fibrational and opfibrational aspects, which
are enacted through inverse and direct images in the concrete situations.

231



CHAPTER 8. POINT-SET CONSTRUCTION OF THE SPECTRUM

8.3.3 From Diers contexts to dualities

Theorem 8.3.3.1. The construction above defines a 2-functor

. Gpec
Diers —% Dyal

assigning to each Diers context (U, A, B) the adjunction Specy =y .

Proof. The action of this functor on 0O-cells was described in the second part. The remaining part
of this section is aimed at making explicit how a morphism of Diers context could induce a 1-cell
in the 2-category of geometric dualities.

In the following we fix a morphism of Diers contexts (F,G) : (U1, A1, B1) — (Ua, A2, Bs). We
construct a pair of functors F : U;-Spaces — Us-Spaces and G : B;-Spaces — By-Spaces as
follows. For each By space ((X,7),B), the sheaf B of B; objects can be turned into a sheaf of By
objects thanks to G, not only without changing the base space, but also in a quite smooth manner:
we have from composition with G a presheaf GB : 7°P — By which acts as u — G(B(u)); but
in fact this presheaf is already a sheaf, for G is a right adjoint as a morphism of locally finitely
presentable categories, so that for each u and each (u;)ie; with u = (J;c; u; the limit in the descent
property for B is preserved by G, that is,

GB(u) = lim (HGB(ui) = I 6B(uin uj))

iel ijel

Hence this defines a sheaf of By objects G(B) on (X, 7), and for a morphism of sheaf, we define
G(¢) as the whiskering

This defines a functor G sending a B-space ((X,7),B) on ((X, 7), G(B)) This functor G conveniently
restricts along ¢y, thanks to its relation with F. Let ((X,7),A, (Ay)zex) be a Up-space; then
((X,7),G(A)) canonically defines a Us-space: indeed, at each stalk x we have A |,= U1(A;); but
now, as GG is finitary, we have

G(A)|; = colim G(A(u))

TEU

~ G(coleim A(u))

~G(A |2)
= GU,(A,)

where the last isomorphism comes from the natural isomorphism 6 : GU; ~ U F: hence G(A) has
F(A;)zex as the local data attached to its stalks, and we can do the same for arrows. Hence we

have to put F((X, 7), A, (Az)zex) = (X, 7),G(A), (F(Az))zex). This proves we have an invertible
2-cell

U,-Spaces L, Bi-Spaces

@ ’ iG

U,-Spaces o Bs>-Spaces

2-functoriality can be left as an exercice, for it is more tiresome than enlightening and does not
seem to correspond to any known concrete situation. O

Remark 8.3.3.2. In the following, we need to distinguish data relative to U; and data relative
to Us. To this end we put the corresponding index into exponent to precise if a spectral data is
relative to Uy or Us: for instance the set D} is the set of U;-diagonally universal morphisms under
B in By; in particular we denote as Dj the category of basic opens in the Uj-spectral topology for
a sheaf of Bi-objects B as defined in section 2; similarly D' : D} — 7" is the corresponding basis
of the U; spectral topology, and so on...
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8.3.3.3. Now we turn to the description of the mate o, which entangles the action of the associated
spectra Specy;, and Specy;,. We want to exhibit a canonical 2-cell

Specy,
U,-Spaces «——— Bi-Spaces

| = le

Us-Spaces m Bs-Spaces
2

In the following we fix a B-space ((X,7),B). First, let us look at the the underlying map. Observe
that G may not preserve diagonally universal morphisms: hence in each (z,£) € Xg, we have a
factorization

e GU:1(Ag) ~ U2 F(Ag)

\ %%(G(s

Na(e)

G(B

Moreover we also have the following general property concerning the way G interacts with stable
factorization in Bi:

Lemma 8.3.3.4. For any f: B — U1(A) we have that nGwp) = nGEf))

Proof. Beware that there is no reason for G to preserve diagonally universal morphisms. However
we have the following factorization

GB) — Y y,Fa)

Uz (ug(s))
'nG(f)J GM TGUl(uf)_UzF(u‘f)

Us(L ) (CUN) iz LFEA()

And postcomposing with GU; (uf) = UsF(uys) does not modify the factorization while U(U;‘) is a
local morphism, so that ng(y) is also the candidate for G(nyg). O]

Also make the following observation about the left adjoint of G:

Lemma 8.3.3.5. G* sends Us-diagonally universal morphisms of finite presentation to Uy -diagonally
universal morphisms of finite presentation.

Proof. Let n: B — C be in D% for B in By, and u: A — A’ in A;. Then for a square

" (B) —— U,(4)

G* (n)l lUl(u)

G*(C) — Ui (A)
then by adjunction this square corresponds to a unique square in Bs which admits a filler as below

B —1 4 qUy(A) ~ UoF(A)

nJ /d./)' leF(A)

C T GU(A') ~ Uy F(A)
and the map C' — GU;(A) itself corresponds again uniquely to a map d : G*C — Uy (A) wich is a
filler in B;. O]
Proposition 8.3.3.6. For any ((X,7),B) following map is continuous

S((X,7).B)

Specy;, (B) ———— Specy, (G(B))

( F(As))

(,6) ———— (=, Mae)
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Proof. Take (u,n) € D4y and (z,€) in 5(_& .8y (D, ny): that is, suppose we have a factorization

G(B(w) —=— G(BI,)
" J{ F(Ag)
a(e)

C ﬁ UQ(AG(f))

Then, for the left adjoint G* preserves finitely presentedness and diagonally universal morphisms
by the previous lemma, we know that G*(n) : G*G(B(u)) — G*(C) is U;-diagonally universal of
finite presentation in B1. But then one can push along the G* 4 G-counit, we have a factorization
of £ through this pushout

G*GUl (Ag) —_— U1 (Ag)

€UL(Ag)

1

This defines an open D(1u7€m(u)*G*(n)) containing (x,€). But now any £’ in D(u,em(u)*G*

2
(u,n

(n)) must also

be sent inside D ) indeed, if we have a factorization as below

€B(u)

G*G(B(w)) —2, B(w)
G*(n)l ] sy, G" ()

G*(C) —— e, G*(O)

Ui(Ae)
then applying again G and composing with the unit ensures that n < G(§) as visualized below

C +——— GB(u))
WC‘l G(emu);G*(n))

GG*(C) —— Glenw),G*(0))

G(©)

GU1 (Ag) ~ UQF(AE)

But then in particular one must have n < 775%5) by Diers condition. This proves that

-1 2 _
5,8 Pum) = Plueauy 6+ (m)
ensuring the continuity of s((x ) 5)- O

8.3.3.7. Now we turn to the construction of a morphism of sheaves o! : GB — 5((X,T)7R)*GI§.
First, consider the expression of the structural presheaf B at D(2 ) and apply G:

u’

GBs; \ g (D?, ) ~G colim cod(m))
(6B ) 5(7(;7—),15)(D?u,n))ng(Uam)
~ colim G(cod(m))

5((;(,7).113)(D(2u,n))gD1(U7m)
where the last iso comes form G is finitary. The indexing set enumerates the pairs such that

1 1
D(uvém(u)*G*(n)) cD (U,m)
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But we always have n < G(ep(y),G*(n))) thanks to the unit as seen in the following diagram

G(B(u
/ Glep(w) G
C o G(epw),G*(C))
T
GG*(C)

Hence the colimit can restrict to the D7, vm) With u = v ad m = €p(y), G*(C), and hence the cocone
of the colimit, composed with the map above defines a natural transformation

(S(u,n) : cod = GBE(_(AI)(,T),B)D)('U””’)ED&LB

Hence we can invoke the universal property of the left Kan extension as below

Then the desired direct image part is obtained after factorizing through the sheafification. Now,
to retrieve the inverse image part, recall that inverse images are also defined through left Kan

extensions, and in our case, we have §{ y ) 5 G(B) = lan - G(B), so we have a natural map
h (X8

in the diagram below

h ) &a

-1 lan _
F((X,7),B) 5((;{ ), 1@) G

- / :\\\\\\§
T]B% T Bl

which induces after sheafification a morphism o” : 5(( X’T)’B)*@I-Bg — GB.

Remark 8.3.3.8. At the level of stalks, the inverse image comorphism happens to coincide with
the mate. Indeed, as stalks are unchanged by sheafification, for a point (z,£) of Specy, (B) corre-
sponding to a candidate & : B|,— Uy (A¢):

5((X:T)7IB%)*@|($,£) = @| F(A)&)

= Us (L3 P (G(E)

while we have

G(E(z’g)) = GU:(Ag)
=UF(4A)

And the value of the comorphism at the stalk is actually the right part of the factorization

G(©)

G(B |)
¢(f:>:nc@>\’

U2L3,(G(8))

GU1(A;) = UsF(AL)

Uz(uG(ne))

that is J(ﬁw ¢) = Uz2(ug(g)), which comes uniquely from the mate ug ) = (7£ L% (G(§)) = F(Ay).

In particular this ensures that (s((x,-)g),o) is a morphism of Us-locally btructured spaces as it
behaves correctly at stalks.
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8.3.4 From spectral dualities to Diers contexts

Let us conclude with the following partial inverse result, which allows one to reconstruct right
multi-adjoints from dualities by taking the fibers over the point:

Theorem 8.3.4.1. Let (A,B,¢,6) be a duality. Then the functor
A, = B,

18 a right multi-adjoint.

Proof. This exploits the properties of fibrations. Let B be an object of the fiber *B,: we prove that
the comma category B | ¢, has a small initial family. For any A in 2, a morphism f : B — (A
factorizes uniquely through GB as

GB +—= B

g f

LA L&B| —— *

V

*
so that f defines a point |tg| : * — [¢SB|. Now, using the cartesianness of the fibration, there is a
canonical lifting of this point, factorizing f through the dashed vertical map as below:

9]

|tg|«(16B) «+——— (CB

L egl
LA * ——— LGB

%

leg]
and moreover this lift is actually in 2l as it is itself equipped with a fibration, so we have in 2

[tg]

ltg|«(1EB) +—— GB

A i—*/ w lal,|,eB
* —%

Hence the functor associating to any point its cartesian lifts

\

|GB| — 6B
p — p:6B— p.,GCB

indexes an initial family in the comma under B. This exhibits ¢, as a right multi-adjoint. O
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Chapter 9

Examples of geometries

In this chapter we gather diverse examples from the literature.

Commutative ring-based geometries were first introduced in [42] in order to formalize the clas-
sical construction of spectrum of a commutative ring, and although it predates the first general
attempt to construct spectra, this seminal work contained a large amount of the ideas and tech-
niques that were met again in the subsequent works. One can also find a very complete study of
those examples in [4][Section 4], which will be summed up there.

The treatment of Stone-like dualities for ordered structures was first done in [10], while various
independent constructions were proposed for Heyting algebras, MValgebras, rigs... We also provide
the first spectral account of Jipsen-Moshier duality for A-semilattices.

In order to organize the various examples we are going to list, we give at fig. 9.1 the following
atlas of the geometries listed in this chapter in term of the corresponding Diers contexts (where
the name of the different categories are each defined in the corresponding section).

In this atlas, all horizontal arrows are stable functors - and here all of them are actually faithful
except for the localic reflection, left adjoint to the inclusion of frames into the opposite bicategory
of Grothendieck topoi in the bottom square. Each of the Diers contexts above, the spectrum induce
a terminal morphism of Diers context toward the geometry of local topoi and terminally connected
geometric morphisms (at the very bottom); for each of those examples except for the inclusions of
the strictly henselian local rings and henselian maps, this spectrum functor factorizes through the
inclusion of local frames and 1-conservative morphisms.

We should emphasize this bottom square is not strictly speaking in the 2-category of Diers
contexts, for neither frames nor the opposite bicategory of Grothendieck topoi are accessible.

9.1 Geometries for commutative rings

9.1.1 Zariski geometry

This is the Ur-example of geometries, for it was from its original statement presented compris-
ing the sheaf data - contrarily to the usual statement of Stone duality involving only topological
data. This was also the leading example in [42].

9.1.1.1. The category CRing of commutative rings is locally finitely presentable and its first
order algebraic axiomatization is well known. The factorization system is (Loc, Cons) where Loc
is the class of ring localization - beware that, despite their name, they are the etale class of this
geometry - and Cons is the class of conservative ring homomorphisms, that are, those that reflect
invertibility. The factorization of a ring homomorphism is
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StHensLoc™®™ «, CRing

I |

LocRing®®™ « CRing

! |

CnRing®™ «——, CRing +— IntDom™°™°

LocRig©o™s Rig
ILocRig©°™* IRig
A—sLatl'CK W{ A-sLat V-sLat +—— V-sLat?"Cons
l-LocDLat'"©°"* « DLat +— 0-LocDLat” "

1-LocHeyM°™ « —_ Hey MV +—— MycMere
{2} Bool

LocFrm' ™ ©°™ « —  Frm

[ [Df

(LTopTCO)Op — (GTop)°P
Figure 9.1: An atlas of various Diers Contexts

where S is the set of element of A such that f(a) is invertible in B.

9.1.1.2. For a radical ideal I of A, one can consider the localization away from I
A s A[(AND)TY
localizing elements that do not belong to I. Equivalently, this is obtained as
A Al(Xa)aeavl/(aXa — 1)

where one first adds freely a new element for each element a out of T

Z —— Z[(Xa)aca\1]

| .

A —— Al(Xa)aeans]

ny
and then forces those elements to be inverses of those a.

It is interesting to note that localizations are both monomorphisms (as they are injective) and
epimorphisms. Indeed, localizations are totally determined by the elements one adjoins a formal
inverse to: for a fork

n f
A — A[ST] $§ B
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if one has f(a) = g(a) for each a in A, then
flaa™ = 1) = f(a)f(a™") =1 =g(a)f(a™!) =1=0

glaa™" = 1) = g(a)gla™") =1 = f(a)gla™') —=1=0

so that both f(a™!) and g(a™!) are inverse to f(a) = g(a) and are hence equal by uniqueness of
inverse whenever it exists. Yet, because CRing is not balanced, localizations are far from being
invertible. However, being epimorphic, localization away from a commutative ring A form a poset.
In particular the etale generator V4 of finitely presented localizations is a poset.

Finitely presented localizations of a ring A are well known to be pushouts of finitely presented
localizations. In particular for any element a the principal localization at a is

Z[X] — ZX,Y]/(XY — 1)

A

— Al

which is the same as localizing the multiplicative part generated by a, that is, containing all its
powers a” for n € N. Such principal localizations are sufficient to generate arbitrary finitely
presented localizations under A by pushouts, as

A —— Ala;]

o

Alay '] —— Alay ' a5

Those finitely presented localizations will be the finitely presented etale maps under a ring.

9.1.1.3. Local objects in this geometry are local rings - the term of local objects derives from their
name: those commutative rings such that for any element a one has either a or 1 — a invertible
(but not both). The theory of local rings is then axiomatized by adding the following identities to
the theory of commutative rings

0=1F1 FoJyzy=1VIy(l—-a)y=1
where the latter can also be reformulated as
r+y=1tg, dzoxz=1Vdzyz=1

It is also well known those are exactly the commutative rings admitting exactly one maximal ideal,
which is exactly the ideal of all non invertible elements. It is also standard that an ideal = of a
commutative ring A is prime if and only if the localization A, of A away from x is a local ring.

9.1.1.4. The admissibility of local ring relatively to the factorization system (localization, conser-
vative) comes from the following fact: if f : A — L is a ring homomorphism and L is local with
mg its maximal ideal of non-invertible elements, then, as maximal ideals are prime, f~!(mz) is a
prime ideal of A containing all elements of A that are not made invertible by f; hence elements of
Sy = A\ f~'(my) are exactly those that are made invertible, and hence the factorization

A f L

N/

A[AN f7H(my)]

returns a local ring. In particular one has a right multi-adjoint

Cons

LocRing —— CRing

Here the smallness of the cone of local unit comes from the fact that a commutative ring only has
a set of prime ideals.
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9.1.1.5. It is common to construct directly the spectrum as the topological space Spec(A) =
(ZH""™, T74r) where Tz, is the topology generated by Zariski basic compact open sets D, = {x €

TR | ¢ x}. This is in fact the Diers space of A.

Formally, take the poset of finitely presented localization. Then the localizing pretopology is
generated from the single cover

9

— T,

ZIX,Y]/(XY — 1) ZIX,Y]/(X —1)Y — 1)

Z[X,Y]

Covers for the Zariski pretopology J4 are generated by pushing out this very cover; they
can also be described as (n,, : A — Ala;])icr for I finite and ), ;a; = 1. Then in fact
Spec(A) = Sh((VZe™)°P, J%") and the Diers space of A is exactly pt(Sh((V%")oP, jZa7)).

9.1.1.6. It is well known that commutative rings have the pullback-pushout lemma, which is
equivalent to the so-called Chinese remainder theorem:

Al(a+b)71] —— A1
Ala™t] ——— A[(ab)™]

Hence commutative rings have sheaf representation by global section of their structural sheaf.

Ambient objects Commutative Rings
Local objects Local Rings
Local maps Conservative morphisms
Etale maps Localizations away from radical ideals
Local forms Localizations away from prime ideals A — A[(A \ z)7!]
Spectral site Principal localization away from principal radical ideal
Saturated compacts Radical ideals
Spectral topology Localic, coherent
Structure of points DCPO
Sheaf representability Yes

Table 9.1: Zariski geometry for Commutative Rings

9.1.2 Pierce geometry

Zariski geometry is not the only geometry one can put on commutative rings: other choices of
local objects and factorization data are available. While Zariski geometry is centered on the pro-
gressive “elimination” of non-invertible elements through localizations, Pierce geometry is centered
on the elimination of idempotent elements through quotienting. The main source for this example
is [17][Chapter V, section 2].

Recall that for a commutative ring A, the set of idempotents elements form a boolean algebra
I(A) where A by - and the supremum is computed as

enNe =e+e —ee
Complement is given by e =1 — e. Hence in particular this defines a functor

CRing —L, Bool
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9.1.2.1. Recall that the only element that is simultaneously idempotent and invertible is 1. The
factorization system is the following: etale maps are the ind-completion of all localization of a
commutative ring A at an idempotent element e - which are isomorphic to its quotient at e — 1

AL Ale™' |~ AJ(e—1)
Moreover, for e < e’ in I(A) one has a factorization
A/l—¢) —— A/(1 —e)

Then V5 is a poset isomorphic to the boolean algebra of idempotent elements (A).

Local maps are those that are injective on idempotents: let us call them connected ring homo-
morphisms. Then the admissible factorization is obtained as

A f B

where Ey is the set of idempotent elements of A that are localized by f.

9.1.2.2. A commutative ring is connected if it has no non-trivial idempotent element, which is
axiomatized through the following sequents

0=1+1 P?=zbt,z=0Vz=1
This is encoded in the basic cover

ZIX]/(X? = X)

— T

ZIX]/(X = 1) Z[X1/ X

from which is generated Pierce topology Jp;erce-

Then admissibility of the factorization of a morphism f : A — B with B connected follows from
the fact that all idempotents of A are sent to 1, so the localization A[ ! localizes all idempotent

elements in A: hence A[E} ! is itself connected.

9.1.2.3. Finally sheaf representability is ensured by the following general fact that the following
square is a pullback-pushout

A/l—e)(1—¢) —— A/(1—¢)
A/(1—¢€) — A/(1 —e€)

where (1—e)(1—¢€')=1—e—¢€'+ec’=1—-eVe.
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Ambient objects Commutative Rings
Local objects Connected Rings
Local maps Connected morphisms
Etale maps Localizations at idempotent
Local forms Localizations at maximal filters of I(A)
Spectral site Boolean algebra I(A) of idempotents
Saturated compacts Filters of I(A)
Spectral topology Localic, boolean, compact Hausdorff
Structure of points Discrete set
Sheaf representability Yes

Table 9.2: Pierce geometry for Commutative Rings

9.1.3 Integral domains geometry

The following geometry is interesting for being both quite natural and a counterexample to
sheaf representability. Here this geometry is centered on the progressive elimination of zero-divisor
by quotient, and its local objects are integral domains.

9.1.3.1. The category of commutative rings is not balanced: in particular we saw that localizations
are both monomorphisms and epimorphisms. However those epimorphisms are not regular, hence
not surjective. Here we are interested into regular epimorphisms, which are the ones of the form
qo : A — A/ for 0 a ring congruence.

Recall that in a ring A, a zero divisor is some a in A such that there is some b such that ab = 0.
An integral domain is a commutative ring that does not contain any zero divisor. An ideal z is
prime if and only if the corresponding quotient A/x at x is an integral domain. Integral domains
are the local objects relatively to the topology on CRing P generated by the basic cover

ZIX,Y]/XY

— T

Z[X,Y]/X Z[X,Y])Y

Recall that for a ring homomorphism f : A — B the image factorization is obtained as the
quotient at the preimage of 0

A ! B

NA'

A/f7H0)

In particular B is an integral domain if and only if f=1(0) is prime, that is, if an only if A/f~1(0)
is a prime ideal. Whence the admissible factorization for the (regular epi, mono) factorization of
CRing relatively to integral domain; we have a right multi-adjoint

Mono

Dom —— CRing

9.1.3.2. For an element a one can consider the complement of the Zariski open D,, that is
Vo ={z € Z§"" | a € x}. We have z € V, if and only if there is a factorization of quotients

N

Al\Ja ——» A/x

where /a is the radical ideal at a, and moreover, the quotient A/x exactly is the filtered colimits
of all such principal quotients. If now I is a radical ideal one can consider similarly the quotient
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qr : A — A/I. We can define V; = {z € I | 3a € I, a € x} - this is the complement of
the Zariski compact-open set D; = |J,c; Da, that is Vi = (J,c; Va. If we equip If{ime with the
topology generated by finite intersections of the sets V, we get the Diers space of A for the right
multi-adjoint above. We can also take the site made of all principal quotients of A at the radical
ideal generated from a single element ¢, : A — A/+/a, that are exactly the pushouts

Z[X] — Z[X]/VX

£ -

T>A/\/E

There, the spectral site is then the category V4™ consisting of quotient at finitely generated radical

ideals qq,,....a, : A — A/ /a1, ..., an.

9.1.3.3. Beware that this geometry does not enjoy sheaf representation. The following square

AJab —— Ala

| |

Afb —— A/{a,b)

not always is a pullback-pushout square, for instance if a,b are zero divisors with ab = 0 with
a,b # 0. In fact we have that 'A ~ A/\@ where /0 is the nilradical of A, that is, the set of
a such that there is some n with a™ = 0. Of course if A is an integral domain, the nilradical of
A is reduced to 0 and we have sheaf representation - this is a special instance of the automatic
representation result for the local objects. In fact there is a more general class of commutative
ring enjoying sheaf representation for this geometry, yet their characterization is involved, see [56].

Ambient objects Commutative Rings
Local objects Integral domains
Local maps Monomorphisms
Etale maps Regular epimorphisms
Local forms Quotients at prime ideals A — A/x
Spectral site Principal quotients A — A/0q4 o)
Saturated compacts Radical ideals
Spectral topology Spatial, coherent
Structure of points DCPO
Sheaf representability No: A~ A/VO

Table 9.3: Integral domain geometry

9.1.4 Etale geometry

This geometry was first treated also in [12], but we base ourself on the description given in [4].
It is interesting as the main example of geometry where the spectral site is not localic, and the
spectrum non spatial.

A morphism of commutative ring is said to be etale if it is flat and unramified. Local objects
in this geometries are strictly henselian local rings.

Localizations are in particular ind-etale morphisms. Conversely, henselian morphisms are con-
servative. Hence we have a morphism of Diers contexts

StHensLoc™®" «—  CRing

I |

LocRing®°™ « CRing
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For more details about this geometry, refer to [4][Section 4.3]

Ambient objects Commutative Rings
Local objects Strictly henselian local rings
Local maps Henselian morphisms
Etale maps Etale morphisms
Local forms Strictly Henselian and local algebras
Spectral site Finitely presented etale maps
Saturated compacts ?
Spectral topology Non-spatial
Structure of points Have non-trivial automorphisms
Sheaf representability Yes

Table 9.4: FEtale geometry

9.2 Geometries for propositional dualities

9.2.1 Stone geometry for distributive lattices

In general, Stone duality is considered from the point of view of concrete dualities. However
it is possible to provide a spectral account of it, or at least to reconstruct the Stone dual of a
distributive lattice as the spectra of a certain geometry. But in this process the stone dual is also
endowed with a structural sheaf which is not considered in classical Stone duality, and the spec-
trum will be adjoint to the global section functor rather than the “compact open” functor, which,
in Stone duality, returns the basis of compact open set of Stone spaces to which it is hence restricted.

As for Stone duality, this construction can be done in two manners, equipping the Stone dual
with either the Zariski or the coZariski topology: this depends on the way we define the admissi-
bility structure.

9.2.1.1. We recall here the admissibility structure for Zariski. Our ambient locally finitely pre-
sentable category is DLat, the category of bounded distributive lattices. Recall that distributive
lattices are not 1-regular, that is, for any given ideal there are several congruences whose class in
1 is this ideal. For etale maps one can choose I-minimal quotients: those are morphisms A — A/6
with # minimal amongst congruences whose class in 1 is [1]p. One can easily prove this class is
closed by composition and colimits, contains iso and is left-cancellative. For a lattice D finitely
presented 1-minimal quotients are of the form D — D /6, 1)

Then it can be shown that one has a factorization system (1-Quo, 1-Cons) on DLat, where
1-Cons is the class of maps that reflect the top element, that is those f : D — D’ such that

) ={1}
Then define the category 1-LocDLat'”©°™® having:
— as objects local distributive lattices, where {1} is prime filter
— as morphisms 1-Conservative morphisms f.

Then 1-LocDLat'"©°" <5 DLat is a multireflection. But we can also axiomatize the category of
local lattices as follows: define J; on DLat} generated by (f; : D — D/6;) such that (),c,0; =
Ap. Now observe that a distributive lattice D is Jj-local if an only if {1} is a prime ideal, that is,
D has a minimal point L — 2 sending any a # 1 on 0. Local lattices are the points of the topos
Sh(DLat‘}l;7 Jp).

9.2.1.2. The associated Diers spectrum for D is

(Spec(D) = (Fp™¢, r§**), D)
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with D defined on the basis as D(U%%") = D/ 0(a,0y for any a € D. Then we have an adjunction

r
DLat” € DLat"*-Spaces
Spec?aT

Then one recovers the Stone spaces as the underlying spaces of affine DLat-spaces.

The spectral site of a distributive lattice D is (Zar}, J1(D)) where Zarp consists of finitely
presented 1-minimal quotients of D; in particular for a filter F' of D, a factorization as below
D — D/0(4,1), and a factorization

D —* 4 D/0p
QQ¢ ////’*
D/a(a,l)

expresses the fact that a lies in F'.

Now, at a distributive lattice D, the induced topology Ji(D) consists of finite families (D —»
D/0q, 1))icr with \/ a; = 1. Being made of epi, Zarp is a poset and Zarp ~ D°P and we have
D < 774.. J1(D) coincides with the coherent topology on D. The spectrum is spatial and is
equipped with the Zariski topology which is the frame of filters Fp.

Opens of Zariski topology form the frame 744, = Sh(Zar}, J1(D)) = Sh(Ip): Zariski opens
correspond to ideals of D and D — Ip is a base of compact open of Zariski topology. On the other
side, D < (Fp)°P, but a filter F' of D defines a filtered diagram whose colimit is the 1-minimal
quotient at F'

S - S/ = c[?éilrwn S/6(a, 1)

Those filters are saturated compact of Zariski topology. A prime filter x corresponds to the
1-quotient D — D/#,., which is the saturated compact 1 x, the focal component in x.

Ambient objects Bounded Distributive Lattices
Local objects 1-Local lattices
Local maps 1-Conservative morphisms
Etale maps 1-Minimal quotients
Local forms 1-Minimal quotients at primes filters
Spectral site Principal 1-Minimal quotients D — D/, 1)
Saturated compacts Filters
Spectral topology Stone spaces
Structure of points DCPO
Sheaf representability Yes

Table 9.5: Zariski geometry for distributive lattices

9.2.1.3. However Zariski geometry is not the only way to retrieve Stone duality. One could have
either defined the factorization system (0-MinQuo, 0-Cons), whith 0-MinQuo as the minimal
quotient with a fixed ideal, and 0-Cons the morphisms f such that f~*(0) = {0}, and could have
taken as local objects those distributive lattices with {0} prime.

The CoZariski site would have been (coZar}y, Jo(D)) with coZarp made of the minimal quo-
tients D — D /0,0y and Jo(D) defined by (a;);er such that A,.; a; = 0.

Then D ~ coZarp, so that D? < T.,z4, = Sh(coZarQy, Jo(D)) ~ (Fp)°P. Then filters are
the closed subsets of coZariski topology. On their sides ideals Ip define filtered colimits of finitely
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presented minimal quotients maps in coZarp, hence correspond to saturated compacts. Observe
that the existence of both a Zariski and a coZariski topology for a distributive lattice, which is
called Hochster duality, is in fact nothing but an instance of Isbell duality.

Ambient objects Bounded Distributive Lattices
Local objects 0-Local lattices
Local maps 0-Conservative morphisms
Etale maps 0-Minimal quotients
Local forms 0-Minimal quotients at primes ideals
Spectral site Principal 0-Minimal quotients D — D/(q )
Saturated compacts Ideals
Spectral topology Stone spaces
Structure of points DCPO
Sheaf representability Yes

Table 9.6: coZariski geometry for distributive lattices

9.2.2 Geometry for boolean algebras

The geometry of boolean algebras is a restriction of both Zariski and coZariski geometries,
which happens to coincide for a boolean algebra.

9.2.2.1. For an element a in a distributive lattice, a complement is an element, unique whenever
it exists, —a such that a V —a = 1, and a A 7a = 0. Observe that a prime ideal x of a distributive
lattice D contains always either a or —a for any complemented element a in D from a A —~a = 0,
while an ideal never contains simultaneously an element and its complement unless it is trivial;
the corresponding statements are true for filters and prime filters. Any morphism of distributive
lattices preserves complement.

A boolean algebra is a distributive lattice where any element is complemented. Boolean algebras
form a full, reflective subcategory Bool — DLat. Boolean algebras have better exactness prop-
erties than distributive lattices. First, they form a regular categor: any ideal I (resp. a filter F)
in a boolean algebra, there is exactly one congruence ; such that [0]p, = I (resp. one congruence
0 such that [1]g, = F). In particular, there is no more distinction of 1-minimal or 0-minimal
quotient amongst quotient. Moreover, any epimorphism of boolean algebra is a regular quotient,
and the category of boolean algebras is balanced. Finally, recall that any prime ideal (or filter) of
a boolean algebra is maximal.

9.2.2.2. Now the only 1-local (or 0-local) boolean algebra is the two elements algebra 2: indeed,
if {1} is a prime filter in A, then x Vy = 1 implies x = 1 or y = 1; but then for z V —~z = 1, any «
in A must actually be 0 or 1.

Then the Diers context for both the Zariski and coZariski geometries of distributive lattices
reduces on the inclusion

{2} —— Bool

! J

1-LocDLat —— DLat
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Ambient objects Boolean algebras
Local objects The two-element algebra 2
Local maps Monomorphisms
FEtale maps Epimorphisms
Local forms Quotients at maximal filters/ideals
Spectral site Principal Quotients D — D /04,1y - or D — D /(=a,0)
Saturated compacts Closed sets; either filters or ideals
Spectral topology Boolean Stone spaces, Hausdorff
Structure of points Discrete set
Sheaf representability Yes

Table 9.7:  Geometry for boolean algebras

9.2.3 Esakia geometry for Heyting algebras

Esakia duality for Heyting algebras, as other Stone-like dualities, was introduced from a con-
crete duality point of view and without reference to structural sheaves. However in [24] was
introduced a new presentation including sheaf theoretic consideration, and in particular a sheaf
representation theorem. This geometry is also a restriction of Zariski geometry to Heyting alge-
bras, being intermediate between Zariski and the geometry of boolean algebras.

However, factorization data simplify as they do in boolean algebras. Heyting algebras are 1-
regular, so that for any filter F' there is a unique congruence 6p such that [1]g, = F. Hence
1-minimal quotient are not distinguished from other quotient, as they are determined from the
preimage of 1.

Local maps can still be defined as conservative morphisms, but in fact they coincide then with
monomorphisms. Local forms are quotient at primes filters.

Ambient objects Heyting Algebras
Local objects 1-Local Heyting Algebras
Local maps Monomorphisms
Etale maps Regular epimorphisms
Local forms Quotient at prime filters
Spectral site Principal quotients

Saturated compacts Filters
Spectral topology Spatial, Esakia spaces
Sheaf representability Yes

Table 9.8: Esakia geometry for Heyting algebras

Remark 9.2.3.1. Beware that coZariski is not suited for Heyting algebras, as they are not 0-
regular; however one could dually define a coFsakia geometry for coHeyting algebras, which are
0-regular, and use ideal instead of filters.

9.2.4 Jipsen-Moshier geometry for semilattices

Jipsen-Moshier duality is an example of an geometry without specification of local objects, so
that any object is actually local.

9.2.4.1. In a space X with specialization order C, a compact open filter is an upset F' for C which
is both open and compact. For X denote KOF(X) its set of compact open filters. A point z is
basic compact open if 1 is a compact open filter. Hofmann-Mislove-Stralka spaces - for short, HMS
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spaces - are sober spaces X such that KOF(X) is a basis closed under finite intersection.

Denote HMS the category of HMS spaces with continuous maps f : X — Y such that f~!
restricts to KOF(Y) — KOF(X). Any compact open filter of a HMS space has a focal point.
Moreover, in a HMS space, any point is a directed join of basic compact open points. The special-
ization order makes (X,C) a complete lattice, and there are simultaneously an initial point and
terminal point in such a X.

9.2.4.2. Then, one can recover the spectra of Jispen and Moshier duality for A-semilattices with
unit:
A-SLat°? ~ HMS

Define Spec(S) = (Fs, ) S). For X HMS, KOF(X) is a A-semilattice. Moreover, for a semil-
latice one has S ~ KOF (Spec(S)), while for a HMS space, one has X = Spec(KOF(X)).

If S is a A-semilattice, Fs =~ (Z5")°P is a complete lattice. Moreover any filter of a A-
semilattice is trivially prime. This says that Spec(S) = A-SLat[S, 2].

9.2.4.3. Then the geometry associated to Jispen and Moshier duality can be constructed as follows:
take (1-MinQuo, 1-Cons) also is a factorization system on A-SLat, and no topology. Finitely
presented etale maps under a A-semilattice S are principal 1-minimal quotients

S — S/H(a, 1)

and they always define a basic compact open point. Conversely for any filter F' one has a minimal
quotient
S — S/ = colim S/0(a, 1)
acF

where 07" is the congruence in F given as 07" = ({0 | [1]p = F}. This defines a point of
Spec(S5), and any saturated compact actually has a focal point. Observe that this is a situation of
the purely factorization geometries as in theorem 5.1.2.8, which is induced from the stable inclusion
of the right class of a factorization system 1-Cons — A-SLat.

Finally, sheaf representation is trivial as the topology here is the trivial topology, for which the
codomain functor already is a sheaf.

Ambient objects A-semilattices with unit
Local objects All objects are local
Local maps 1-Conservative morphisms
Etale maps 1-Minimal quotients
Local forms 1-Minimal quotients at any filter
Spectral site Princial 1-minimal quotients S — /64 1)
Saturated compacts Filter
Spectral topology Hoffman-Mislove-Stralka topology
Structure of points Complete lattice
Sheaf representability Yes

Table 9.9: Jipsen-Moshier Geometry

9.2.5 Castiglioni-Menni-Zuluaga-Botero geometry for rigs

Here we sum up the results of [16], which develop a geometry for integral rigs subsuming both
Zariski geometry of commutative rings and Stone geometry of distributive lattices.

9.2.5.1. Recall that a rig (aka “ring without negative”) is the data of (A, +,-,0,1) such that

— (A +,0) and (4,-,1) are commutative monoids
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— both of the generic equations hold x -0 =0and (x 4+ y)-z2=z-2+y- 2.

Any rig can be equipped with a pre-order < where x < y if there exists some z such that
x + z = y. In general this relation is only a pre-order. A rig is said to be integral if it satisfies the
generic equation x + 1 = 1; then one has z < 1 for any z. As a consequence, the operation + is
idempotent in an integral rig, as

z+zr=01+1)-z=1-z==x

so that the monoid (A, +,0) is then a V-semilattice. In particular a distributive lattice is an inte-
gral rig where - is also idempotent.

Similarly, one can define a commutative ring in the signature of rigs as a rig satisfying the
cartesian sequent -, Jyxr + y = 0. By uniqueness of such a solution, the theory of commutative
rings is a finite limit extension of the theory of rigs.

9.2.5.2. An element a of a rig A is said to be invertible if there exists b in A such that a-b = 1.
Denote as Inv(A) the set of pairs (a,b) of A such that a-b = 1: this is the pullback

Inv(A) ——

:

“—
=
2
.l

A

N

Moreover we have two canonical projections Inv(A) — A which are monomorphisms and code for
the same subobject.

Then, similarly to the case of rings, one can consider conservative maps of rigs (they are
directly qualified of local in [16]) as maps that reflect invertibility, that are those morphisms of
rigs f : A — B such that one has a pullback

Inv(A) —— Inv(B)

o

!

9.2.5.3. On the other hand, a multiplicative submonoid is a F' C A which is a submonoid of
(A,-,1). At a multiplicative submonoid F one can consider the localization ng : A — A[F~!]
forcing each element of F' to become invertible; in particular, one can define for each a in A the
principal localization at a n, : A — A[a™!] which corresponds to the localization at the multiplica-
tive submonoid {a™ | n € N}. A filter of a rig is a multiplicative submonoid F such that a € F
implies that a +b € F for all b in A. An ideal of rigs is a I C A which is a submonoid of (A, +,0)
and such that for each a in A, ax € I whenever x € I. For each multiplicative submonoid F' the
complement A\ F' is an ideal, and conversely. A filter F' of rig is prime if @ + b € F' implies that
either a € F or b € F' ; similarly an ideal of rig is prime if ab € I implies that either a € I or b € I.

When A is an integral rig, then Inv(A) ~ 1, and localizing at an element amounts to forc-
ing it to become 1, as a < 1 implies that 1 < a~! if the latter exists. Then the localization
A — Ala!] is exhibited as the quotient ¢, : A — A/f, where 0, = {(z,y) | ax = ay}; in
particular (a,1) € 0,. More generally for a mutiplicative submonoid F' one can define the con-
gruence 0 = {(z,y) | 3z € F, 2z = yz}, and the localization A — A[F~!] coincides with the
quotient g : A — A/Op contracting F' on 1. In particular localization of integral rigs are regular
epimorphisms; observe however that, contrarily to ring localizations, they are not monomorphisms.

One has a factorization system (Loc, Cons) in the category IRig of integral local rigs, where
the factorization is obtained as the quotient
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9.2.5.4. A rig is really local if it satisfies
0=1FL and r+y=1lk,yz=1vy=1

Now observe that really local integral rigs have the gliding property relatively to conservative maps:
indeed for a conservative morphism u : A — B with B really local, if one has a +b =1 in A then
either a or b is in w=1(1), which is {1}.

An integral rig is really local if and only if {1} is a prime filter. Observe that in this case A\ {1}
is an ideal, for it becomes closed under +, and it is then automatically prime. In fact from this, a
really local rig is a rig where A\ {1} defines a unique maximal ideal.

A filter F is prime if and only if A[F~!] ~ A/fp is really local: indeed, if a + b is in F', then
[a+blp = [a]r + [b]F = 1, so A is really local if and only if F' is prime.

Hence we have a stable inclusion
ILocRig©°™ —— IRig
where the local units of a rig A are exactly its localization at prime filters.

Observe that we have a morphism of Diers contexts comparing Stone geometry to the geometry
for Rigs

1-LocLat' "€ <« DLat

I |

ILocRig©°™ —— IRig

As well as a morphism of Diers contexts comparing the geometry of commutative rings to the
geometry of rigs

LocCRing®®™ «— CRing

! |

LocRig©™ « Rig
9.2.5.5. Finally, it is proved at [16][Lemma 4.2] that for any a, b one has a pullback-pushout square
Al(a+b)71] —— A1
Ala™Y] ——— A[(ab)™]

Hence we have a sheaf representation for integral rig.

Ambient objects (Integral) Rigs
Local objects Really local (integral) Rigs
Local maps Conservative morphisms
Etale maps Localizations
Local forms Localizations at prime filters
Spectral site Principal localizations A — Ala™1]
Saturated compacts Filters
Spectral Topology Localic, coherent
Structure of points DCPO
Sheaf representability Yes

Table 9.10: Castiglione-Menni-Zualaga-Botero Geometry
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9.2.6 Dubuc-Poveda geometry for MV-algebras

Spectra of MV-Algebras were introduced in [32] and later studied in further works on residuated
lattices as [39]. We list here the main results of this work.

9.2.6.1. MV-algebra can be defined in various choices of signatures, either emphasizing their
residuated lattice nature, or from their specific operations, those data being mutually determined.
An MV-algebra is the data of (A, ®,0,—) such that

— (A,®,0) is a commutative monoid
— - is an involution =—x =z
— and we have the generic identities

P —-0=-0
(rrdy)dy=-(yor)dr

It is also natural to define the following other operations

T Oy =(~z®y)
rToy=x0©y
1=-0

Then we end up with the following identities:

T®y = (-2 0O y)
rd-x=1
-1=0

Any morphism of MV-algebra preserves automatically those operations and constants, for they
are defined from the ones in the signature. Denote as MV the category of MV-algebras and their
morphisms.

Moreover we can also equip A with an order < with & < y if there exists z such that x ® z = y,
which can be chosen as y © x. Then the negation — is order reversing, while the operations are
monotonic. Then this order defines a structure of distributive lattice where

rVy=(x0w)dy=(0y Sy
TAY=20 (-wyY)

In particular one always have xVy < z®y and Oy < xAy. Any morphism of MV-algebras is also
a morphism of distributive lattices, and is hence order preserving. The category of MV-algebras
has hence in particular a faithful functor ¢ : MV — DLat sending a MV-algebra on its undelying
distributive lattice. The functor ¢ is moreover a morphism of locally finitely presentable category,
for both filtered colimits and limits of MV-algebras and distributive lattices are computed from
the underlying set; the left adjoint of ¢ is the functor ¢, sending a distributive lattice D with a
generator and relations presentation D = DLat[X]/60 to the MV-algebra presented as

/D = MV[X]/8

where 6 is the free MV-congruence generated by ¢ in MV][1]. We see this functor sends finitely
presented distributive lattices on finitely presented algebras.

9.2.6.2. We can define the distance between two elements in a MV-algebra as
d(z,y) = (roy)®(yo)

In particular one has d(z,y) = 0 iff z = y. The following identity is always satisfied in an MV-
algebra:
(zoy)Alyez)=0

Observe that z ©y = 0 iff © < y, hence d(z,y) =y © x if x < y. In general not all elements are
pairwise comparable; a totally ordered MV-algebra is called an M V-chain.
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An ideal of MV-algebra of A is a lattice ideal of (A, A,V,0,1) which is moreover closed under
the @ operation. For S C A a subset, the ideal (S] generated by S is its the closure under @ of
the downset | S. In particular, an ideal is said to be principal if it is of the form (a] for some a in
A. For any pair a,b we have

(a,b] = (a®b] = (a V]
(aAb] = (a] N (0]

Hence any finitely generated ideal is principal. If f : A — B is a morphism of MV-algebras, then
ker(f) = f71(0) is an ideal in A. A morphism of MV-algebras is a monomorphism if and only if
ker(f) = {0}. A congruence 6§ of MV-algebra defines an ideal [0]g; conversely, for any I, define the
congruence 0 as

0; = {(a,b) € A? | d(a,b) € I}

In particular MV-algebras are O-regular, as any congruence is determined by the class of 0. We
denote as I3V the set of MV-ideals of A. Moreover, MV is a regular category, and has its
(Epi,Mono) factorization obtained as

A ! B
A/ kex(f)

Moreover, we have that for any MV-ideal I in A, I is directed as a subset for it is closed under @,
and we have a filtered colimit

A/p ~ colim A/(a)

acp

Beware that not all lattice ideals are MV-ideals, and not all lattice congruences are MV-
congruences. However MV-algebras have reticulation: we can define the relation a ~ b if (a] = (8],
which is a lattice congruence on the underlying lattice ¢(A), and the quotient S(A) = A/ ~, called
the Belluce lattice of A, satisfies

IMV ~ IDLat
A = FB(4)

Moreover this construction is functorial as any morphism of MV-algebras induces a unique factor-

ization in DLat

(4) s (B)

7| le»

B(A) WG B(B)
This defines a functor 5 : MV — DLat.

9.2.6.3. A non trivial MV-ideal p is prime if for any z,y either z © y or y © x is in p. In par-
ticular an MV-ideal is prime if and only if the underlying lattice ideal is prime. Moreover, we
also have that an MV-ideal is prime if and only if the quotient A/T is an MV-chain. Conversely,
one can prove that A is an MV-chain if and only if {0} is a prime ideal. Prime MV-ideals are
stable under inverse image: if p is prime in B and f : A — B is a morphism of MV-algebra, then
f~1(p) is prime. Any ideal that contains a prime ideal is prime, and for each prime ideal p the set
{I € IMV | p C I} is totally ordered. Hence the set of prime ideals Z4 of A is a root system for
the inclusion, that is, satisfies that for any p in X4, the upset in p is totally ordered.

Hence an MV-chain have the gliding property along monomorphisms of MV-algebras: if one
has a monomorphism m : A < L with L an MV-chain, then A itself is an MV-chain. Hence we
have a local right adjoint

MvVCcMere MV

where MVCMe™® is the category of MV-chains and monomorphisms. From the fact that the (epi,
mono) factorization is left generated, we know this defines a Diers context.

9.2.6.4. Moreover, observe that MV-chains are local as a distributive lattice, while mono are
conservative, so that we have a morphism of Diers Contexts

MvcMere s MV

I [

0-LocDLat"©°" < DLat
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9.2.6.5. A local unit under a MV-algebra A is a quotient at a prime ideal n, : A — A/p, and A/p
is an MV-chain. One can construct the Diers space of A pointwisely by defining Z 4 as the set of
prime MV-ideals of A; for any a, one has a € p if and only if one has the factorization

A—" Alp
qal P
A/(al
One can define coZariski basic open
Wo={peZsl|acp}

We have in particular

Waay = Wo N W,
Wo=24

so that we have a basis (W, ).ca for a topology 74 on Z4; moreover observe that W, = W, if and
only if a ~ b, so that the basis is actually 8(A4). We can extend the definition to arbitrary open
by defining W; = {p € Z4 | I C p}, and we have

W= (W,
acl
so that ZMV indices the set of saturated compact of the topology on Z4. Observe that (Z4,7a4)
coZar

coincides with the Stone dual of the Belluce lattice (Xpg( A)> T5(4) ) together with its coZariski
topology.

9.2.6.6. The structural sheaf can be constructed explicitely as follows. Consider the bundle p4 :
EA — ZA where
EA = H A/p
PEZA
Observe that elements of A defines families of sections

A" ] A/

PEZA

|

Alp

where 14 sends a to the section @ = ([a],)pea of pa. Then one equip E4 with the etale topology

(@(Wh))a,pea, and one just has to define A =T'(pa).

Moreover it is known that MV-algebras satisfy the pullback-pushout lemma:
A/(aNb] —— A/(a]
A/ — A/(a® ]

Hence the structural sheaf A is flabby on the basis and we have a sheaf representation theorem
A ~T'A; moreover this means that any MV-algebras is a subdirect product of MV-chains.

One can also process in a pointfree way as follows. The distributive lattice 5(A) indexing
the basis can be equipped with its coherent topology to get a site (8(A), Jzar), and we can set
Spec(A) = Sh(B(A), Jzar); for the topology Jzq, is finitary, we know Spec(A) to have enough
points, which are the prime lattice ideals of 8(A), we know to be the prime MV-ideals of A.

Remark 9.2.6.7. In fact, one can recover the Belluce quotient of A as the comparison transfor-

mation

s MV
MV == Ty, suve i-GTop

I=¢ [+

DLat ﬁDLat TDLat’JZ”’V/-COns_GTOp
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Ambient objects MV-algebras
Local objects MV-chains
Local maps Monomorphisms
FEtale maps Epimorphisms
Local forms Quotients at prime MV-ideals
Spectral site Quotients at principal MV-ideals
Saturated compacts Quotients at MV-ideals
Spectral topology Spatial, Spectral
Structure of points DCPO, root system
Sheaf representability Yes

Table 9.11: Dubuc-Poveda geometry for MV-algebras

9.3 The terminal geometry

Here we investigate two quasi-examples which have all the expected properties of Diers contexts
except for the accessibility condition; this latter defect does not prevent them from actually playing
a central role in the spectral construction.

9.3.1 Isbell “geometry” for frames

Zariski geometry for distributive lattices restricts actually to the category of frames and frames
homomorphisms

LocFrm' ™ ©°™ « 5 Frm

I |

1-LocDLat!"©°" «— - DLat

(where, beware, the inclusion Frm — DLat is not full as frame homomorphisms have moreover
to preserve arbitrary joins). Here 1-local frames are those such that the singleton {1} is completely
prime, that is, such that \/; a; = 1 implies that some a; = 1; 1-conservative frame morphisms do
not raise problems. Observe there that the admissible factorization is a restriction of Grothendieck-
Verdier localization for localic topoi.

Because frames do not form an accessible category, we cannot innocently consider the spectral
construction for this “geometry”. However, there is already a corresponding spectral-like functor:
the functor of points pt : Frm°® — Top sending a frame to its space of points. The topos theoretic
spectrum would simply here be the localic topos over the corresponding locale, which, in term of
site, can be coded by the site of all principal 1-minimal quotients. We name this Diers-like context
the “Isbell geometry” because the famous Q2 - pt adjunction is sometimes called “Isbell duality”
- although this usually refers to another unrelated duality.
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Ambient objects Frames
Local objects 1-local frames
Local maps 1-conservative morphisms
Etale maps 1-minimal quotient
Local forms 1-minimal quotient at completely prime filters
Spectral site The corresponding locale
Saturated compacts Filters
Spectral topology Sober
Structure of points DCPO, possibly empty
Sheaf representability Yes

Table 9.12: Isbell “geometry” for frames

9.3.2 The terminal “geometry” for Grothendieck topoi

We made mention at remark 7.1.3.11 of an inclusion
(FocGrTopTco)olo ——— GTop®?

of the opposite bicategory of local Grothendieck topoi and terminally connected geometric mor-
phisms into the opposite bicategory of Grothendieck topoi (also known as the bicategory of logoi).
Because any geometry admitted a canonical morphism of Diers contexts into this one given by the
spectrum, we qualify it as terminal (even as a geometry, although it is not a geometry and would
be initial in the convention of morphisms of geometries).

In [82][Lemma 5.4.3] we prove that local topoi have the gliding property along terminally con-
nected geometric morphisms (up to formal duality); the etale data here seem to correspond to
pro-etale geometric morphisms and there seems to be a (terminally connected, pro-etale) factor-
ization enjoying admissibility relative to local topoi.

Here, we lack again a formal method to construct a notion of spectrum, for the bicategory of
logoi, beside being by no means accessible, really has a 2-dimensional content which cannot be
correctly conveyed by a 1-categorical construction. Nevertheless, we can guess what the spectrum
should be like, and as for Isbell geometry, the answer is very simple: the spectrum of a logos is the
corresponding topos ! Indeed recall that etale geometric morphisms are discrete; moreover

Et/E~¢&

The spectral topology is expected to be the etale topology in Et/E externalizing the canonical
topology in €. But recall that
E ~Sh(&, Jean)

Moreover, Isbell geometry just is a restriction of this geometry along the inclusion of the
category of frames into the bicategory of logoi sending a frame on the corresponding localic sheaf
topos. A 1-local frame can easily be seen as inducing a local localic topos, as its focal point defines
an initial point - this is also visible from the fact that {1} is completely prime, which exactly
says that L[1, —] preserves colimits - here, arbitrary joins. Similarly, requiring a localic geometric
morphism to be terminally connected amounts to requiring the corresponding frame morphism to
be 1-connected as a global element for 1 — f*(a) is nothing but a witness of f*(a) = 1. This
gives us something we would like to see as a morphism of Diers contexts (disregarding accessibility
issues)

LocFrm' ™ ©°™ « Frm

I J

(LTop™C°)oP « s (GTop)°P

In fact, in almost all examples above, the spectral site is made of epimorphisms, hence form a
poset: the spectrum is hence localic, so that actually it factorizes through this morphism of Diers
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contexts. The only counter-example to this is the Etale Geometry for commutative rings, since
etale morphisms of commutative rings under a given ring do not form a poset.

Moreover, the localic reflection also defines a kind of morphism of Diers contexts: the localic
reflection of a local topos is a 1-local frames, because if the terminal object in a Grothendieck
topos 1 preserves colimits, then in particular it preserves joins of subobjects, which exactly means
that 1 is inaccessible by infinite joins. Hense we also have

LocFrm' ©°™ « Frm

[ J-

(LTopT©°)°P « (GTop)°P

which would be the only example here of a non-faithful morphism of Diers contexts, if it was a
morphism of Diers contexts...

In this case, we cannot ensure what the analogs of the “saturated compacts” for a logos £ are,
but in some sense, we conjecture they correspond to cosheaves, that are cocontinuous functors
E—=S.

This geometry should be somehow involved in the main result of [65]. In particular it is known
that the category of points of a Grothendieck topos is an accessible category with filtered colimits
- whenever it is not empty ! The topological information is recorded in terms of a bounded ionad
attached to the category of points, see [65] - we shall also give a word on this in the epilogue.

Its associated sheaf representation result should also be closely connected to Awodey theorem
exhibiting any topos as the topos of global sections of a stack in local topoi [6] - the nature of the
underlying space not being yet clear to us.

Ambient objects Logoi
Local objects Local logoi
Local maps (Dual of) terminally connected geometric morphism
Etale maps (Dual of) Pro-etale geometric morphisms ?
Local forms Grothendieck-Verdiers localizations
Spectral site The dual topos
Saturated compacts Cosheaves 7
Spectral topology The ionad of points
Structure of points | Accessible category with filtered colimits (or empty)
Sheaf representability Yes ? (Awodey)

Table 9.13: The terminal geometry for logoi

256



Chapter 10

Epilogue: Toward a geometry of
semantics

In this last chapter, we discuss the spectral-like nature of first order syntax-semantics adjunc-
tions, guided by the spectral account we gave of their corresponding propositional versions in the
last chapter.

In the first section, we discuss the content of this correspondence and give a topological de-
scription of the semantics of first order dualities, driven by the intuition from ionads and our
comparison with the different geometries for Stone-like dualities.

In the second section, we describe a special and seemingly previously unknown bifactorization
system on Lex, the (focalization, terminally connected) system, which we construct from a close
examination of Grothendieck-Verdier localizations - whose semantics value is also discussed. We
conjecture this system to be part of a notion of 2-geometry on Lex, and that it may also be in-
volved in an eventual notion of 2-geometries for the other syntax-semantics dualities.

However, though some material is already present in several parallel ongoing works, we shall
not develop here the complete theory of 2-spectrum as it would represent too huge an amount of
material to this thesis, and moreover needs still important efforts of clarification and stabilisation.

10.1 Syntax-semantics adjunctions

In this section we recall the stratification of logics, not only in different fragments characterized
by theirs connectors and inference rules, but also in term of dimension, detailing in particular
the correspondence between the propositional and first order logics. We also give an in-depth
description of the semantics of those fragments from a geometric point of view. We saw in the last
chapter that the algebraic semantics of propositional logics were all associated with a geometry
and a spectral construction accounting for their semantics: here, we try to exhibit similar spatial
behavior from which one could deduce the data involved in appropriate notions of 2-geometries
categorifying the propositional ones.

10.1.1 Correspondence between propositional and first order dualities

10.1.1.1. Each fragment of propositional logic comes with a corresponding algebraic semantics, a
correspondence between propositional theories and objects in a variety of ordered structures whose
generic identities mirror the deduction rules of a the fragment of logic they live in:

— cartesian propositional theories, whose formulas are built from finite conjunctions A and the
truth value T, correspond A-semilattices;

— coherent propositional theories, whose formulas involve both finite conjunctions A and dis-
junctions V as well as both truth values T and L, correspond to bounded distributive lattices;

— first order propositional theories are coherent propositional theories involving also the impli-
cation symbol =, and they correspond to Heyting algebras;
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— boolean coherent propositional theories are those coherent theories that also involve the nega-
tion symbol —, and they correspond to boolean algebras;

— geometric propositional theories, whose formulas involve finite conjunctions, arbitrary dis-
junctions \/, and both truth values, correspond to frames.

10.1.1.2. But each of those varieties is well known to be at one side of a corresponding propositional
duality, with, on the other side, a certain category of topological spaces one can see as the spaces
of models of those theories:

— the category of A-semillatices is dual to the category of Hofmann-Mislove-Stralka spaces as
explained at section 9.2.4: this is the content of Jipsen-Moshier duality

— the category of bounded distributive lattices is dual to the category of Stones spaces, this is
the content of Stone duality.

— the category of Heyting algebras is dual to the category of Esakia spaces: this is the content
of Esakia duality.

— the category of boolean algebras is dual to the category of boolean spaces

— the category of frames is related to the category of topological spaces through the so called
“omega-point” adjunction; in particular, it reduces on a duality between the subcategories
of spatial frames and sober topological spaces.

10.1.1.3. Except for the omega-point duality, all the duality above can be described through a
corresponding geometry and spectral duality as detailed in the second part of our previous chapter.
In fact, we saw that those geometries were all related by morphisms of geometries, and derived from
Jipsen-Moshier duality. The same factorization data were used, consisting of 1-minimal quotients
for etale maps and 1-conservative morphisms for local maps; though no specification of local objects
was done in Jipsen-Moshier duality, the other one used each time a notion of local lattice, with
a unique minimal prime filter. Local forms determined focal components of the spectrum at the
corresponding point, and basic etale maps corresponded to the inclusion of basic compact open of
the spectral topology.

Remark 10.1.1.4. Though it is clearly spectral in nature, the case of the omega-point adjunction
is more subtle; in fact, the category of frames is not locally finitely presentable, not even accessible,
as its function symbols involve unbounded arities. However the geometric data of Stone geometry
seems to be suited to give a geometric account of this duality: this lets think that they are an
instance of a generalized spectral construction allowing the category of ambient objects to be more
wild. Because frames are monadic over set, we conjecture that this would involve a monadic
spectral construction.

10.1.1.5. Now, it is well known that all those propositional dualities have a first order counterpart,
consisting of formulas with free variables in a given signature; in fact, one may observe moreover
that the list diversifies with at least two new noticeable fragments. Each of those first order
dualities comes with its notion of syntactic category, which belongs to a certain 2-category:

— finite limit theories, as we have met them repeatedly in this work, are those whose formulas
involve only finite conjunctions, true and existentials with proofs of uniqueness. Their syntac-
tic categories are the small lex categories Lex; their propositional counterpart are cartesian
propositional theories;

— cartesian theories (also known as Lawvere theories) are those whose formulas involve only
only finite conjunctions and true; their syntactic categories are small categories with finite
product Cart.

— regular theories are those whose formulas involve only finite conjunctions, true and arbitrary
existentials; their syntactic categories are small reqular categories, whose 2-category will be
denoted Reg

— coherent theories are those whose formulas involve only finite conjunctions and disjunction,
existential, and both truth values. Their syntactic categories are coherent categories, whose
2-category will be denoted Coh

— first order theories are coherent theories involving also the implication symbol =; their
syntactic categories are the small Heyting categories

258



10.1. SYNTAX-SEMANTICS ADJUNCTIONS

— geometric theories are those involving finite conjunction, arbitrary disjunction, existentials
and both truth values. Their syntactic categories are small geometric categories.

10.1.1.6. It is conjectured that each first-order duality has a corresponding syntax-semantics
duality classifying the 2-categories of models of its theories. Those are already known in some
case:

— as we saw this at the begining of this thesis, Lex is dual to the 2-category of locally finitely
presentable categories as detailed in Gabriel-Ulmer duality.

— models of small cartesian theories form algebraic varieties; in particular, this reduces to
a 2-categorical duality between Cauchy-complete small cartesian categories and algebraic
varieties, this is Lawvere-Adamek-Rosicky-Vitale duality, see [3]

— there exists also a duality-like result for regular categories which may refer to as Kuber-
Rosicky duality, see [58]

— although there is not currently an explicit description of the class of accessible categories cor-
responding to categories of models of coherent theories, it is the topic of several constructions
as Awodey-Forssell duality, see [5], which is in some sense the Galois theory associated to this
duality, or Makkai duality describing categories of models of coherent theories as ultracate-
gories, see [71] and [lurie2018ultracategories] - this seems to correspond to a 2-categorical
Priestley duality as ultracategories are the categorification of compact Hausdorff spaces.

— more recently, the omega-point adjunction was categorified into a 2-adjunction between the
2-categories of Grothendieck topoi and bounded ionads, and we shall refer to this duality as
Di Liberti duality, see [65].

Stone-like dualities ‘ Syntax-semantics dualities

Jipsen-Moshier: A-SLat}® ~ HMS Gabriel-Ulmer: Lex°” ~ LFP
- Lawvere-Adamek-Rosicky-Vitale: Cartl ~ Alg
- Kuber-Rosicky for Reg/Ex

Stone: DLat°? ~ Stone Awodey-Forsell, Lurie-Makkai for coherent theories
Esakia: Heyt°® ~ Esa Duality for Heyting categories ?
Duality for frames: Frm°® < Top Di Liberti duality: BIon < GTop

Table 10.1: Correspondence between propositional and first order Syntax-semantics dualities

Remark 10.1.1.7. As the 1-categorical, first order world is richer than the posetal propositional
world, additional fragments of first order logic appear that have seemingly no propositional coun-
terpart as the duality between cartesian cartegories and algebraic categories or the duality for
regular categories. In the first case, as both finite products and finite limits reduce on meets,
while on the other hand siftedness and filteredness both coincide with directedness for posets,
Gabriel-Ulmer and Adamek-Lawere-Rosicky-Vitale both restrict on Jipsen-Moshier duality in the
posetal world. For Kuber-Rosicky duality, it is not clear whether there is a notion of “regular A-
semilattice” distinguished from ordinary semilattices and if this corresponds to something different
of Jipsen-Moshier.

10.1.2 First order topologies

10.1.2.1. Let us give some topological interpretation - which is also part of a certain formulation
of the ionadic approach - of the semantics associated to first order theories.

Suppose that T is some geometric theory classified by a subcanonical site (Cr,Jr) so that
S[T] ~ Sh(Cr, Jr). Then we have an evaluation functor

Cr —— [T[S],S]
sending any formula in context {Z, ¢} to the functor

T[S] 24 s
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associating to a model X seen as a Jy-continuous lex functor X : Cr — S the evaluation X ({Z, ¢})
at {T, ¢}, and a morphism of T-models f : X; — X5 seen as a natural transformation the associated

component fiz 41 : X1({Z, ¢}) = Xo({Z, ¢}) at {ZT, ¢}.

10.1.2.2. Then by Grothendieck construction any object {Z, ¢} in Cr defines a discrete opfibration
over T[S]

/eV{ﬁ(b} — T[S]

which is the discrete opfibration of the points of the etale geometric morphism
S[T]/Jﬁ[gﬁ} — S[T]

Moreover this construction extends to arbitrary objects of S[T], coding for the inclusion of opens
and more generally for the etale geometric morphisms over S[T]. In this interpretation, we can see
elements a of the evaluations X ({Z, ¢}) as “witnesses that X is in ¢”, seeing X as a point, and
{Z, ¢} as a compact open in a basis for a topology on the space of models.

Here the lifting property in the opfibration explicitly says that (basic) opens are up-closed for
the specialization order :

(X,a) =L (X', eviz o) (f)(@))

x— 71 L x

This expresses indeed that a witness a of ¢ in X - or topologically, that “X is in ¢”, is sent to a
witness that X’ is in ¢.

Then the contravariant representables &z 41 are to be seen as basic compact opens generating
the topology on models, and Ct as an indexing category indexing the basis through the covariant
Yoneda embedding

Cr —=— ST
Remark 10.1.2.3. Observe we need Jt to be subcanonical to ensure that the Yoneda embedding
corestricts correctly to the sheaf topos. But this is not restrictive as any Grothendieck topos admits
a lex, subcanonical small site of presentation. So we can suppose that T is chosen in such a way
that its syntactic site is one of those sites. In fact, though we started with a choice of a geometric
theory, the topological properties we are discussing exists in fact in the underlying topos, and
hence are Morita-invariant.

10.1.2.4. In particular, let us recall the basis of the topologies associated to theories in the different
fragment of logic:

— A finite limit T is classified by some L with L a small lex category; no syntactic topology is
needed, and models are R
pt(L) = Lex[L, S]

— A regular theory T is classified by some regular topos Sh(C, Jycy) with C a small regular
category and J,.4 the associated regular coverage generated by single regular epimorphisms.
Models are regular functors, that are lex functors preserving regular epimorphisms:

pt(Sh(C, J,c4)) = Reg[C, S|

— A coherent theory T is classified by some Sh(C, J..p) with C a coherent category and Jeon
the coherent coverage generated by finite jointly regular-epimorphic families. Models are
coherent functors, that are those lex functors preserving regular epimorphisms and finite
coproducts

Pt(Sh(C, Juon)) = CohlC, 8]

All those sites are subcanonical: hence any {Z, ¢} of C can be seen as a open through the
representable &z 41 which is always a sheaf for each of the three cases above.

10.1.2.5. Moreover, an important question of syntax-semantics dualities is the reverse problem of
reconstructing the syntactic site - hence the theory up to Morita equivalence - from the category
of models.
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— For a small lex category C, Gabriel-Ulmer duality says that C can be retrieved from Lex[C, S]:
C ~ LFP[Lex|C,S],S]

But locally finitely presentable functors are those that preserve filtered colimits and small
limits. The latter condition says they must be representable, that is why we can retrieve C
from a subcategory of models, while the former condition precises which ones: the finitely
presented ones. The classifying topos is the presheaf topos [C°P, S].

— For Lawvere theories, one can get back (up to Cauchy completion) C with
C = Alg[Cart[C, S],S]

where Alg is for functors preserving small limits and sifted colimits, and Cart for functors
preserving finite products. Then those are the representables amongst functors preserving
sifted colimits, which are strictly more than finitary functors; as Cart[C,S] ~ Sind(C°P) is
the sifted colimit-completion, the classifying topos is

Sift[Cart[C, S], S] ~ [C°P, S]
because filtered colimits are in particular sifted.

— For an exact category C, the category of models is Reg|C, S|, and by Kuber-Rosicky duality
we can retrieve C as
¢ ~ Finll[Reg[C, 5], S]

while the classifying topos is Sh(C, Jy¢q). This is an instance of the Barr embedding theorems.

— For a coherent category C, the category of set-valued models is the category of coherent
functors Coh|C,S]. From [68] it inherits a pointwise ultrastructure. Hence for a set S in S
and p € BS and a family M, in Mod(C), [¢ Msdp = colimgie, [],oq M. Lurie formula
expresses C as the category of ultrafunctors (that are functors preserving ultraproduct)

C ~ Ult[Coh[C, S], ]

while the classifying topos is Sh(C, Jcorn) ~ LUIt[Coh|C, S], S], the category of left ultra-
functors. Beware the following subtleties:

— while in the case above, we took full subcategories of the functor categories, the cate-
gory LUIt[Coh]|C, §], 8] has only specific kind of natural transformations as morphisms.
Moreover, those left ultrafunctors are not just functors with property, they are functors
with structure given by their left map

F [S Mydp) % /S F(M,)dy

However this restriction is trivialized for natural transformations of ultrafunctors, so
that Ult[Coh|C, S], S] is a full subcategory of the category of functors.

— Secondly, ultrafunctors are not required to preserve filtered colimit (nor product); if they
do so, they are ultrafunctors because the ultraproducts of of Mod(C) are pointwise, but
there may be more ultrafunctors than functors preserving filtered colimits and products.
The situation is even worse concerning the classifying topos because now its object are
not functors preserving something but something strictly weaker.

10.1.2.6. In the case of limit-doctrines as Lex or Cart, each formula in context {T,¢} of the
syntactic site Ct not only defines a basic compact open & ¢z 43, but also a point

Cr 2% 5

as the corepresentable is automatically left exact.

Hence one could ask more generally when objects of the syntactic site also define points, that is,
when a corepresentable 3 7 4y is a point. Whenever it is, it defines a finitely presented model Ky,
which could be seen as a “compact point”. More exactly, it will be a case of a saturated compact
that is also open, while the basic open & (z 4} is a basic open which is also a saturated compact
and has a focal point.
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10.1.2.7. Let us analyse in each fragment of logics which ones of the basic compact opens have a
focal point:

— In Lex, any corepresentable 3. is lex. Hence any compact open has a focal point, which
is compact, because they correspond to morphisms of locally finitely presentable categories
toward S, and each of them is representable by a finitely presented object.

— In Cart, basic compact opens are algebraic functors toward S, which are also representable
by a perfectly presented object.

— In Reg, 3. isregular when cis projective in C: only compact opens associated to a projective
¢ have a focal point. In particular there is an initial model when 1 is projective. Moreover,
not all basic compact opens are representable, as regular functors do not necessarily preserve
all small limits.

— In Coh, 3, is coherent if ¢ is indecomposable (connected projective): only compact opens
for a indecomposable ¢ have a focal point. In particular, there is an initial model when 1 is
indecomposable. Again, not all basic compact open are representable.

This can be summed up as the following;:

’ D ‘ S[T] ‘ T[S] ‘ Basic compact opens ‘ Basic points Wi]?}?sf;ccg’zr;fms
Lex [C°P, S| Lex[C,S] | C ~ LFP[Lex|C,S],S] fp. 3. All
Cart | [C°,S]7 | Cart[C,S] | C~ Alg[Cart[C,S],S] | p.p. 3. All
Reg | Sh(C, J,,) | Reg[C,S] | C ~ Finll[Reg[C, S], S] ? ¢ projective
Coh | Sh(C, J.on) | Coh[C,S] | C ~ Ult[Coh|C,S],S] ? ¢ indecomposable

Table 10.2: First order topologies and their basic compact opens

A theory T has an initial model when the terminal object 1 of C' is local for the corresponding
syntactic topology. Then the classifying topos is a local topos. This notion is related to the notion
of Grothendieck-Verdier localization we have already met when studying the spectral site. We
want now to extract ”etale”-like information form the semantics of lex

10.2 Focalizations

In this section, we develop a bifactorization system on Lex deduced from a peculiar approach
to the Grothendieck-Verdier localizations. We introduce here the notion of focalization, which will
be to Grothendieck-Verdier localizations what etale arrows are to local forms. We explain then how
this bifactorization system is related to the semantics of finite limit theories and Gabriel-Ulmer
duality. The way we deduce a 2-dimensional factorization system from Gabriel-Ulmer - and which
suspect to be involved in the semantics of the other fragment of logics - should be compared with
the way the factorization system (1-Minimal quotient, 1-conservative) was obtained in the study
of Jipsen-Moshier duality and then reused for the other Stone-like dualities.

In this section, we will speak of bifactorization systems. Here we mean factorization up to an
equivalence. A (stricter) definition of 2-factorization system was introduced in [35], to which one
can refer; to avoid too much formal definitions and technicalities in this epilogue of a more gnostic
purpose, we deliberately cut the theory of bifactorization systems we originally planed to be part
of this work: one can find it in [82][Section 3], as well as elements for a 2-dimensional theory of
stable functors.

10.2.1 Grothendieck-Verdier localization

We saw that local objects returned as spectrum a local topos over their base. This is connected
to the idea that the identity of a local object is an initial point in the category of local forms under
it. In our topological interpretation of syntax-semantics dualities, a similar connection appears in
the sense that any model of a theory will define through its comma a localization of the category
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of models by forcing it to become initial.

10.2.1.1. Let &£ be a Grothendieck topos with presentation site (C,J) and = : S — & a point.
Then z*, as a flat functor, has a cofiltered category of elements [ z* whose objects are (c,a) with
¢in C and a € 2*(c). Moreover, at each such element, one has a factorization

€/ k.
S§——¢&

induced from the section of the pullback coding for the name of the element a

S/x*(c) —— &/ X,

Lk

S — ¢

x

Then the Grothendieck-Verdiers localization is obtained as the cofiltered pseudolimit

Ex~ pslim &/X%,
(c,a)e [ a*

The universal cone given by the [ z*-indexed etale maps £/ & . — & produces moreover a universal
map p; : &, — € which is part of a factorization

S§—F—— &
&
It satisfies the universal property that its points form the comma category under the point z

pt(&:) =z | pt(€)

and the factorization above is send to the following diagram in the 2-category Acc, of accessible
categories with finitely filtered colimits together with finitely accessible functors

* = pt(£)
x - cod
z | pt(€)

which corresponds to the comprehensive factorization of the name of z, as 1, is initial (as pointing
the initial object of = | pt(£)) while cod is a discrete opfibration.

Remark 10.2.1.2. If now £ ~ S[T] with (Cr, Jr) the corresponding syntactic category, a point B
is a set-valued model in T[S], and its category of elements contains all the elements in interpretation
of formulas in contexts [T, ¢] , that is | B consists in the pairs ({Z, ¢}, @) with B |= ¢(a).

10.2.1.3. In the doctrine Lex of finite limit theory, Grothendieck-Verdier localization takes the
following form. The classifying topos has the form of a presheaf topos on a small lex category
S[T] =~ C and points are objects of the locally finitely presented category T[S] ~ Lex|C, S].

At a point A : C — S, we saw that the coslice A | T[S] still is locally finitely presentable,
and has as generator of finitely presented objects pushouts under A of finitely presented maps.
Moreover the codomain functor

A | TIS] -4 T[S]

is a morphism of locally finitely presentable categories and its left adjoint is the coproduct functor
sending B in T[S] to the coproduct inclusion ¢4 : A — A + B. In particular this functor restricts
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to the categories of finitely presented objects as 0 is finitely presented so for any finitely presented
3, the pushout inclusion

c

—— o

— A+
is in (A | T[S])w- In the following we denote the opposite category (A | T[S])2P as C4: this is a
lex category, and A | T[S] ~ Lex[C4, S].

h

d.

Then the lex functor A admits a factorization

c—42 8

DG

where "1 47 is the name of 14, the initial object of A | T[S], or equivalently, the the initial object
of the hom category Lex[C4, S], which sends an object of C4 of the form

3, —5 3,

Cc1

(with w: ca = ¢; in C) to the set

El lo, (a*k) = CA[chaa*k]
= A | Lex|[C, S][a.k, 1 4]

of sections of the pushout map a.k

a’U.
3., —— 3,
-
A -ax3 }a*

\J

In particular, "1 47 sends coproducts inclusions A — A + 3. to the set of their sections, which
are exactly in bijections with the set of maps a : 3., — A ~ A(c): whence the invertible 2-cell
r1‘,4177,,4 ~ A.

Remark 10.2.1.4. Beware that the factorization above does not occur in Lex, but in a larger
category LEX of large lex categories, so that Gabriel-Ulmer duality does not apply to the right
part of this triangle as S is not the generator of a locally finitely presentable category.

10.2.1.5. In the case where we consider a finitely presented model, that is for 3,:C — S for ¢
in C, then the generator of finitely presented object simplifies. Indeed, for ¢ in C, any pushout as
below

3.,

~

3, —— 3,.3

C1

is in fact a finitely presented object as

Jo+a, T3

Cc1 CXCzcl

that is, is the image of the underlying pullback: hence any object of C5  arises from an arrow in

C/c. Hence we have an equivalence
Ca . ~ C/C
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This is in particular to relate with the expression of the etale geometric morphism at a representable
in the presheaf topos

/&, ~Cle

10.2.1.6. In order to determine the way the bifactorization processes, we must first understand
what data are encoded in bifactorizations along the pullback functors ¢*. But we know from the
property of etale geometric morphisms that bifactorizations

£ ! F
Ny
FIF

code for global elements a : 1 — f*F. In particular, applying this to presheaf topoi over small lex
categories, we get that a bifactorization

c—

AN A

C/c

inducing a bifactorization between the corresponding presheaf toposes

é d b
;H\f A
0/ %.

which exhibits a as the name of a global element a : 1 — f*(¢) in 57 which comes uniquely by
fullness of the Yoneda embedding from a section of the terminal map

f(e)
a ey
1 / \ 1

To sum up, we have the following isomorphism of homsets

C | Lex[c", f] ~C[1, f(c)]

In particular, this induces that the lex functors ¢* : C — C/c are discrete morphisms in Lex, which
mirrors the fact that etale geometric morphisms are discrete morphisms in GTop.

Definition 10.2.1.7. Let A be in Lex|C,S]; the focalization at A is the induced lex functor
na : C — C4. More generally, a lex functor n will be called a focalization if there is an invertible
2-cell

~ 4

with an equivalence C/c ~ D and n4 : C — C4 the focalization at some model A.

Proposition 10.2.1.8. The focalization at a lex functor A :C — S is the filtered pseudocolimit in
C | Lex
na ~ pscolim c¢*
(c,a)e(f A)ep

Consequently, we have a 1-filtered pseudocolimit in Lex

Ca ~ pscolim C/c
(c,a)€([ A)op

Proof. This is the underlying lex content of Grothendieck-Verdier localization. In fact, this is a
special instance of theorem 1.1.4.3 where V°P = C2. O
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10.2.1.9. In particular, pullback functors under a lex category are focalizations: indeed, as we
saw above, any c¢ induce a finitely presented object 3. in Lex[C,S], and we have C/c ~ C5 ; in
the following we call them the basic focalizations. In fact, they will form the “etale generator” of
focalizations:

Proposition 10.2.1.10. The basic focalizations ¢* : C — C/c are finitely presented in C | Lex.
Proof. Let I be a bifiltered 2-category and f_y : I — C | Lex a 2-functor, together with a
bifactorization

blcollm fi

C —> bicolim C

\/lg

Then we have in bicolim ;¢;C; a global element

11— (blc%hm fi)(e)

But we know that filtered bicolimit in Lex are computed as in Cat - where we can choose the
pseudocolimit which is the localization of the oplaxcolimit. The terminal object of bicolim ;¢;C;
admits any (4, 1¢,) as a representent as the transitions functors are lex, hence preserve terminal

objects. On the other side, (bicolim ;¢ f;)(¢) is the class of some (i, f;(c)) for some ¢ in I; and
then a arises from some a : 1¢, — fi(c) in C;, which is exactly the name of a bifactorization

c fi C
C/e

Suppose now we have two lifts of a, that is

/ iy \
*1

C—c— C/c —a—> blcohm C;

Then we have two global elements (i1,a1) @ (i1,1c,) — (i1, fi,(c)) and (i2,a2) : (i2, lc,,) —
(42, fi,(c)), which moreover are identified with the global element coded by a in the pseudocolimit.
This means there is a span dy : i1 — 4, dy : i — 4 in I such that we have a span of cartesian
morphisms in oplaxcolim ;¢ ;C;

(i1, 1e;,) (i2,1¢c,,)
21 al)l w‘ ((V l(iz,ag)
(Zl fll 7’ 1C 7’27f12( ))

MJ%Q

where
fdlfil(c) = fl(c) = fdei2(C)
and

fa,(a1) = fa,(az)
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10.2. FOCALIZATIONS

Hence we have an intermediate factorization
Ci,

fa,

Cle -—---- > C3; —ai —» bicolim C;

el

1R

Qig

There is no lifting property relative to 2-cell to examine as we saw that the functors ¢* : C — C/c
are discrete. O

Proposition 10.2.1.11. Basic focalizations are exaclty focalizations that are finitely presented in
the pseudocoslice C | Lex.

Proof. This is because any focalization under C is of the form ns : C — Ca, O

Now, we turn to the left-like properties of the focalizations, which are innocent categorifications
of properties of left maps in ordinary factorization systems:

Proposition 10.2.1.12. Focalizations have the following properties:
— Fquivalences are focalizations;
— Focalizations are closed under invertible 2-cells and composition;
— Focalizations are right cancellative up to invertible 2-cells.

Proof. For any Lex category C we have a canonical equivalence C ~ C/1 which is also the focal-
ization at the initial model C5 . Closure under invertible 2-cell is automatic from the definition of
focalizations.

For right pseudocancellation: suppose we have

c 1 ey,
nK Jf
Ca,

Then f comes uniquely from a morphism A; — A in Lex|[C,S]. Seeing f as an object of the
comma A; | Lex|C,S], we have
CAz = (CA1)f

Hence f is also a focalization. O

Lemma 10.2.1.13. Focalizations are discrete morphisms in Lex. Hence focalizations under C are
discrete objects in the pseudoslice C | Lex.

Proof. We saw that for each ¢ of C morphisms ¢* — f was the name of some a : 1 — f(c¢): but
D[1, f(c)] is a set. Now as focalizations are filtered colimits of basic focalizations, they are discrete
as well. O

Corollary 10.2.1.14. Basic focalizations under C are closed under finite bicolimits in C | Lex.

Proof. We can see directly that, for a finite 1-truncated diagram F': I — C, the finite bicolimit of
the induced diagram made of the ¢ is
scolim ¢ ~ (lim¢;)*
pscl_c;Ilm I (1161111 i)
Indeed a pseudococone (a; : ¢; — f)ier in C | Lex is the same as a I-indexed diagram (a; : 1 —
f(¢i))ier, which induces uniquely (a;)ier : 1 — lim;er f(¢;) ~ f(lim;er ¢;), which the the name of
a factorization
c ! D

QIGH} m - /ai)’iel

lim ¢;
C/iIEHIl ¢
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Now as basic focalizations are discrete, we know that the bipower of a basic focalization is equivalent
to it, that is for any ¢, we have ¢ ~ ¢* ® 2. From this we deduce that basic focalization are closed
under finitely weighted bilimits in C | Lex. O

Lemma 10.2.1.15. Basic focalizations are stable under bipushout.

Proof. In fact, for f : C; — C5 and ¢ in C; we have a pseudopushout of lex

61%62

e o e

Ci/c T Ca/f(c)

where d¢() is the name of the diagonal f(c) — f(c) x f(c). O
Remark 10.2.1.16. This result mirrors the fact that etale geometric morphisms are stable under
bipullbacks

Co/ & j(o) — C1/ .

f(C)*l g l

G ———0C

10.2.2 The (Focalization, Terminally connected) bifactorization

We saw that focalizations had left-like properties and were involved in a canonical factoriza-
tion of lex functors into S. Here we introduce their associated right class and explain how the
factorization involved in the Grothendieck-Verdier localization generalize to arbitary lex functors.
In fact we have already met, under another form, the right maps when computing the spectrum of
local maps; but before revealing their identity, let us recall a minimal amount of what we need of
2-dimensional factorization systems:

10.2.2.1. For f: A — B and g : C — D 1-cells in C, a pseudocommutative square in f,g is the
data of a triple (u,v,«) : f = g whith « : gu~vf an invertible 2-cell as below,

A2 C

flg l“"

B —— D

A morphism of pseudocommutative squares (¢, ¥) : (u,v,a) = (u/,v', ') is the data of ¢ : u = o’
and 1 : v = v’ such that o’g*¢ = ¢* fa as below

u

A" e a—rsc
\/) o
f o Jg:{ ~ Jg
B———D B/ﬂ?p
v \1/’

Definition 10.2.2.2. A filler for a pseudocommutative square (u,v,«) between f,g is the data
of a diagonal map s : B — C and a pair of invertible natural transformations X\ : sf = u and
p:gs —v

A— 5 C
N A
fJ =57 Tg
PO
B—— D

while a morphism of filler (s, \, p) — (s', X', p’) is the data of a 2-cell ¢ : s = s’ such that No*f = A
and p'g*o = p as visualized below:
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B———D

In particular, for any such o the whiskerings ¢* f and g*o necessarily are invertible by cancel-
lation of invertible cells. But in general we cannot infer that a morphism of filler is invertible.

Definition 10.2.2.3. We say that f L g, or that f and g are respectively left and right bi-
orthogonal if the following square is a bipullback in Cat

c[B,c] U ca, 0
C[B,g]J/ ~ JC[Ag]
C[B, D] | C[A, D]
Remark 10.2.2.4. This means that
— for any pseudocommutative square (u,v,«) there is an universal filler (sq, Ao, Po)

A———C

B———D
whith the property that any other filler (s, A, p) comes equipped with a unique, invertible

morphism of fillers w : s >~ s,

— and for a morphism of pseudosquares (¢, %) : (u,v,a) = (u',v’,a’) there exists a unique
2-cell o : s, = S, such that

dp=c*fa and o'g*c=1a

A" o a4—v ¢ 5" [-*¢c B_—* ¢
\,/ a V «
B—— C B/ﬂo\c B%D B/WC

Actually those conditions are synthetised by the existence of an equivalence of categories
C[B,C] =~ ps[2,C](f,9)

sending any arrow s : B — C' to the canonical isomorphisms induced by composition with f and
g (sf,gs, asfoys), whith the choice of universal filler as pseudoinverse. This says that a universal
filler exists up to unique invertible 2-cell, and that any filler is universal.

Now let us apply this notion to our context in Lex:

Definition 10.2.2.5. We say that a lex functor u : C — D is terminally connected if it lifts global
elements, an does it in a functorial way, that is, if any a : 1 — u(c) arises uniquely from a global
element @ : 1 — ¢ such that u(@) = a, and moreover, for any triangle as below

>N

UC] ——————> UCp

the unique lifts already satisfy the commutation

R

Cl—>62

In the following we denote as 1-Con the class of terminally connected lex functors.

269



CHAPTER 10. EPILOGUE: TOWARD A GEOMETRY OF SEMANTICS

Remark 10.2.2.6. This is a condition of “full faithfulness” right to 1: indeed it can be rephrased
to a natural isomorphism of homsets

C[1,u(e)] =C[1,c]

Proposition 10.2.2.7. Terminally connected morphisms are exactly the lex functors that are right
bi-orthogonal to the basic focalizations.

Proof. This proposition is almost tautological: a filler for a pseudosquare

CLD

1]
Clec —— D’

where a is the name of a global element a : 1 — wuf(c) is exactly the name of an antecedent
a:1— f(c) of a, whose uniqueness amounts the uniqueness of the filler. Now the 2-dimensional
part in the bi-orthogonality condition is to be read as follows: a morphism of pseudosquare

N1

c—p c Yo

codes for a triangle
Y
ufl (C) Uo. uf? (C)

Then requiring u to be terminally connected amounts to saying that a; and as have unique an-

tecedent satisfying

file) ————— fa(o)

which is exactly the name of a morphism of fillers

O

10.2.2.8. Observe that we can consider more generally terminally connected morphisms in the
2-category LEX of large lex categories. We do not know whether focalizations still make sense in
LEX, as they are intrinsically related to the semantics of Gabriel-Ulmer which does not apply to
large lex categories. Yet we are interested in terminally connected morphisms with S as codomain.

Proposition 10.2.2.9. For any small lex category C, there is exactly one terminally connected lex
morphism C — S: the corepresentable 3 ;.

Proof. If a lex functor A : C — S is terminally connected, then for each ¢ in C we have a natural
isomorphism
A(c) ~ S[1, A(0)]
~C[1,(]
~ 34(c)
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Proposition 10.2.2.10. The class of terminally connected lex functors has the following proper-
ties:

— Equivalences are terminally connected;
— Terminally connected functors are closed under composition and invertible 2-cells;
— Terminally connected functors are left-cancellative up to invertible 2-cells

Proof. Consider a triangle as below

Suppose that both v and ug are terminally connected. Then for a : 1 — usv(c) we have suc-
cessively lifts along us and v which ensures that usv is terminally connected.

If we now suppose u; and us to be terminally connected. Let ¢ be in C; and a : 1 — v(c)
in C;. Then we have uz(a) : u2(l) ~ 1 — wgv(c) =~ wi(c) in D, which comes uniquely from
some uz(a) : 1 — ¢ in C, and by uniqueness of lifts of global elements along us, we must have
v(uz(a)) = a. Whence left cancellation. O

Lemma 10.2.2.11. Any lex functor of the form A : C — S has a (focalization, terminally con-
nected) factorization.

Proof. This is the Grothendieck-Verdier localization: indeed in the localization

c—2 58

D

the name of the identity of A point at the initial object of the comma A | Lex[C,S], but we
know that the initial object in a locally finitely presentable category A coincides always with
the corepresentable at the terminal object of the underlying lex site: in this case, this says that
Ma'=4d le, which is terminally connected. O

Theorem 10.2.2.12. We have a bifactorization (Foc,1-Con) system in Lex where left maps are
focalizations and right maps are terminally connected lex functors.

Proof. We could directly invoke a small object argument to prove that, as the completions of
basic focalizations under bifiltered bicolimit, the class of focalizations coincides with the double
bi-orthogonal. However, in absence of a formal 2-dimensional small object argument, we find both
preferable and enlightening to describe how this factorizations processes.

Take f : C — D. Then one can consider the composite with the name of the initial model
3, of D: this returns a lex functor 3, f : C — S, and we can take its factorization as in
lemma 10.2.2.11: but then, for 3, is terminally connected and ng, _; is a focalization, we have

D

a diagonalization

04>D
| 2 J
CEllDf o —_— S

and by left-cancellation of terminally connected morphisms, uy must itself be terminally connected.
O

10.2.2.13. This should be compared to the factorization of a morphism of A-semilattice into 2

S = 2

S/a;nin
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where g, is the minimal quotient at the filter = collapsing only elements of = on 1 while u, is the
name of the minimal point of Xg, the HMS-space of S, or equivalently, the quotient of S/fi»
collapsing all element distinct from 1 on 0.

More generally, observe that for any morphism f of A-semillatices, we have factorization

s f s’

S/egrcnin

if and only if f collapses « on 1. In particular for each element a in S, we have a factorization

s ! %

q(m /

/8,

if and only if f(a) = 1.

This is exactly the posetal analog of the focalization. We saw that the bifactorizations of a lex
morphism f : C — D through the basic focalization at ¢ of a small lex C corresponds to global
element a : 1 — f(c). If C and D are posetal, hence are A-semilattices, then there is at most one
such global element, and it witnesses that 1 < ¢, but this forces that 1 = ¢: hence focalizations
correspond to 1-minimal quotients. On their side, terminally connected functors restrict exactly
to the 1-conservative morphisms, as reflecting global elements amounts not to collapsing elements
on 1.

10.3 Elements for a future account on first order geometries

From the considerations above, we conjecture that a 2-dimensional spectral construction will
provide a general template of the different syntax-semantics adjunction. Such a notion of 2-
spectrum will be constructed as in the 1-dimensional case from a notion of 2-geometry, which
we conjecture to be constituted of the data of a small bilex 2-category C together with a lax-
generic, pseudofunctorial bifactorization system (£, R) satisfying some convenient 2-dimensional
2-accessibility condition, and a Street topology on C in the sense of [90], which will also satisfy
some generation condition relatively to L.

However this requires the development of three theories that still have to be done:

— A theory of 2-dimensional analogs of locally finitely presentable categories. Such a notion is
investigated in [9], yet in an enriched way - and moreover, it seems that Lex, Reg and Coh
are not finitely locally presentable with this formalism, which is an hindrance to our pur-
pose. A future work will be dedicated to a theory of sigma-accessible and sigma-presentable
2-categories using the notion of sigma-filtered 2-categories in the sense of [23] and a corre-
sponding notion of sigma-compact objects. Although the theory in itself seems satisfying, we
still lack a proof that our 2-categories of interest Lex, Reg, Coh are of this kind.

— A systematic account of 2-dimensional Grothendieck topoi; several categorifications of Gro-
thendieck topoi exist depending of the considered level of strictness, see [89] and [90]. A 2-
dimensional Diaconescu theorem for left biKan extensions of flat pseudofunctors was moreover
recently proposed in [23], and an ongoing work will propose a refinement of this result taking
in account a Street topology, defining a notion of local object relatively to a Street topology.

— A first categorification of the notion of stable functor is provided by [95] notion of lax familial
pseudofunctor; on the other hand, we develop in [$2] a notion of bistable pseudofunctor, and
study alternative laxness conditions. We conjecture that, for a good notion of 2-geometry,
the 2-category of local objects and right maps will form a bistable inclusion encoding a
2-dimensional form of admissibility.

Once developed, this formalism may provide a satisfying notion of 2-geometry, and the spec-
trum may be constructed as the 2-topos of stacks over a small 2-site made of “finitely presented”
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left maps together with an induced Street topology.

In particular, each doctrine may come equipped with its 2-geometry. We conjecture that the
(focalization, terminally connected) factorization system will provide the desired factorization sys-
tem for Lex, Reg, Coh.

The effort we did above to construct a factorization system on Lex are motivated by analogy
between Gabriel-Ulmer duality and Jipsen-Moshier duality. As well as principal minimal quotients
under a fixed A-semilattice corresponded to the basic compact open of its spectrum, or equiva-
lently, as the basis for its spectral site - which was localic as made of epi - we expect that basic
focalization under a fixed category may provide a way to construct a notion of spectrum.

We saw above that focalizations are discrete morphisms in Lex. Hence the 2-category of fo-
calizations under a fixed small lex category C is in fact 1-truncated, as well as its generator of
basic focalizations. In fact, they are nothing but “externalization” of C and its category of models
over C in Lex, as well as etale geometric morphisms “externalize” a topos £ as a l-truncated
sub-bicategory of geometric morphisms over £.

In particular, from the observation above on Lex and the fact that all representable defines
models, we conjecture that the 2-geometry for Gabriel-Ulmer will only consist in factorization data,
provided by the (focalization, totally connected) bifactorization system. If we define the Gabriel-
Ulmer 2-spectrum of a small lex category C for the Gabriel-Ulmer geometry as the 2-category of
strict 2-functors and pseudonatural transformations

Spec(C) = [V, Cat],

with Ve the 2-category of basic focalizations under C, or using the retract equivalence between a
2-category of strict 2-functors with pseudonatural equivalence and the corresponding 2-category of
pseudofunctors, we could equivalently define

Spec(C) =~ ps[V¢, Cat]

Because basic focalizations are discrete morphisms, this 2-topos of stacks has a small generator
of discrete objects. Hence the Gabriel-Ulmer spectrum of a small lex category Cr classifying a
finite limit theory T is 1-truncated, and the classifying topos topos S[T] ~ Cr is the generator of
1-truncated objects, that is

Spec(Cr) ~ [C3”, Cat], ~ St[Cr, Jcan]

and
S[T] ~ 7<1(Spec(Cr))

For a finite limit theory T, T-models in S are bipoints of the Gabriel-Ulmer spectrum of Cr:
T[S] ~ biGeom[Cat, Spec(Cr)]

In particular the structural stack of a lex category C coincides with the self-indexation

¢ ) Lex

Similarly, we conjecture that the regular (resp. coherent) topologies on a regular (resp. a
coherent) small category C will be externalized into a Street topology on the generator of basic
focalizations under C, and we shall recover the spectrum as the corresponding 2-topos of stacks.
Moreover, for the self indexation of a regular (resp. coherent) category is always a stack for the
regular (resp. coherent) topology, we conjecture the self-indexation to be the structural stack as-
sociated to this notion of 2-spectrum.

To be continued...
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