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1 Market making on OTC markets

1.1 The problem of the market maker

A market maker is, in a broad sense, a liquidity supplier. It is a trader who provides immediacy to
other market participants, by proposing prices at which she stands ready to buy and sell a given
asset, on a regular and continuous basis. In exchange for this immediacy and for the risk she bears,
the market maker charges a spread: she typically buys at a lower price and sells at a higher price,
on average, than what the sellers and buyers could expect if they were ready to wait. With the
electronification of most markets and the emergence of algorithmic trading in many of them, many
market participants effectively act as market makers. This is particularly the case on order-driven
markets, where “official” market makers (such as the Designated Market Makers on the NYSE) are
now often competing with high-frequency market making companies, who are almost continuously
present on both sides of the limit order book — even though they have no obligation to do so.

On quote-driven markets, where market makers provide liquidity by quoting bid and ask prices,
the electronification process also brought many changes over the last ten years. In most investment
banks, traders are now being replaced by algorithms to automate the market making business, at
least for small tickets. This is particularly relevant on FX cash markets, where dealers now propose
their own private electronic platforms, enabling clients to directly send them requests for stream
(RFSs) and requests for quote (RFQs), but also on corporate bond markets, where Multi-dealer-
to-client (MD2C) platforms now enable clients to send a given request for quote simultaneously to
several dealers, in order to put them into competition.

The problem faced by a market maker is a complex one, as she must be able to adapt quickly to
changing market conditions, and make as much profit as possible while controlling her level of risk.
First, she faces a standard static trade-off: high margin and low volume versus low margin and
high volume. A market maker quoting a large bid-ask spread (with no skew) trades indeed rarely,
but each trade is associated with a large Mark-to-Market (MtM) gain. Conversely, a market maker
who quotes a narrow bid-ask spread (with no skew) trades often, but each trade is associated with
a small MtM gain. Market makers seldom buy and sell at the same time, and carry therefore an
inventory (either long or short) over some periods of time. Hence, she is exposed to the risk that
the price moves against them. This corresponds to a second — dynamic — problem: in a volatile
market, quoting in a dynamic way is necessary as they need to mitigate her market risk exposure
and, in particular, skew their quotes as a function of their inventory. For instance, a single-asset
market maker with a long inventory should price in a conservative manner on the bid side and
rather aggressively on the ask side, as she wants to increase her probability to sell and decrease her
probability to buy.

The optimization problem faced by market makers has been addressed in a long list of academic
papers. The first two references commonly cited in the market making literature are two economic
papers: Grossman and Miller [59] and Ho and Stoll [71]. If the former is a classic from a theo-
retical point of view, the latter was revived in 2008 by Avellaneda and Stoikov [13] to build the
first practical model of single-asset market making. Since then, many models have been proposed,
mostly based on this work. For instance, Guéant et al. [65] provides a rigourous analysis of the
stochastic optimal control problem introduced by Avellaneda and Stoikov and proves that, under
inventory constraints, the problem boils down to a system of linear ordinary differential equations



(ODE) in the case of exponential intensity functions. Cartea et al. ([36, 39, 40]) contributed a lot
to the literature and added many features to the initial models: alpha signals, ambiguity aversion,
etc. They also considered a different objective function: a risk-adjusted expectation instead of the
Von Neumann-Morgenstern expected utility of [13] and [65]. Multi-asset market making has been
considered in Guéant [61, 62| for both kinds of objective functions and the author shows that the
problem boils down, for general intensity functions, to solving a system of (a priori nonlinear)
ODEs. Most of the above models are well suited to tackle market making in OTC markets or in
order-driven markets when the tick/spread ratio is small. For major stock markets or for some
foreign-exchange platforms, other models have been proposed that depart from the Avellaneda-
Stoikov framework by taking into account the presence of the limit order book, such as those of
Guilbaud and Pham (see [68, 69]), Fodra and Pham [49], or Kiithn and Muhle-Karbe [77], for in-
stance. The particular case of option market making, for which one needs to model the stochastic
volatility, has also been studied, for instance in E1 Aoud and Abergel [46] or Stoikov and Saglam [98].

1.2 A first model: Avellaneda-Stoikov
In 2008, Avellaneda and Stoikov [13] revisited a paper by Ho and Stoll [71] to propose a model that

is now the basis of almost every market making algorithm. In their model, they consider a market
maker in charge of only one asset over a period of time [0, T, whose mid-price (S¢)¢cjo,7] follows a
simple arithmetic Brownian motion

St = So + oWx,

with Sp,o > 0 given. The market maker chooses at each time the bid and ask prices S? and S¢.
More precisely, she controls the mid-to-bid and ask-to-mid spreads §? and ¢ defined as

=8 -5 and §¢=52-S;, Vtelo,T).

The dynamics of her inventory process (g:):c[o,7] is governed by two point processes (Ntb)te[O,T] and
(N{)telo, 1), modeling respectively the number of trades at the bid and at the ask

dg; = AN? — dN?,

with ¢o given. Note that, here, the trade size is assumed to be constant. The intensity processes
(AD)tefo, ) and (AP)iejo,) of (N?)iejo, ) and (N{)iejo,7) respectively, are assumed to verify

A =A(82) and A? = A%(89),

for two functions A, A® : R — R_. Some natural assumptions can be made on these two functions:
they must be decreasing, and go to 0 as §° and 6* go to +o0o0. Avellaneda and Stoikov proposed
intensity functions of the form

Ab(5) = A%(8) = Ae™*9,

with A, k > 0 given.
Finally, the cash process (Xt);e[o,r] of the market maker has dynamics

dX; = S¢dN{ — SPdNY,



with X given.
For a given v > 0 modeling the risk-aversion parameter, the agent’s objective function is given by

E[—exp (=v(X7 + ¢rS7))] -
The Hamilton-Jacobi-Bellman (HJB) equation associated with this problem is given by

0 = du(t,x,q,s) + %0233316(75, z,q,5) +supA’(8°) [u(t,z — s + 6%, g+ 1,5) — u(t, x,q, s)]
5b
+ supA?(6Y) [u(t,z + s+ 6% q¢—1,s8) —u(t,x,q, )],

60.

with terminal condition w(T,x,q,s) = —exp (—y(x + ¢s)) . Using the ansatz

’U/(t, x,q, S) = —€exXp (_’Y(:E + qs + e(ta Q))) )
we see that 6 solves

b
0=0:0(t,q) — %c;’2q2 + S(lslprb((; ) [1—exp (—y(8" +0(t, g+ 1) — 0(t,q)))]
* ngpAagsa) [1—exp (= (6" +6(t,q — 1) = 0(t,q)))], (1)

with terminal condition 6(T,q) = 0.

Cartea et al. [40] later introduced a different objective function defined as

E
2

T
X1+ qrSr — 1/ agqfds] .
t

In that case, the HJB equation is given by

1
0= Oro(t,2.0,5) — 20°0° + 50°0%0(t, 2,0 8) + supA’(8") [v(t,x 5+ 0", g+ 1,8) — v(t, v, g, )]
6!7
+ supA?(6%) [v(t,x + s+ 6% g —1,s) —v(t,x,q,8)],
5@
with terminal condition v(T),z,q, s) = x + ¢s. Using the ansatz

o(t,x,q,8) =z +qs+0(t,q),
we see that 6 solves
1
0=00(t,q) — 5702(12 + supAb(éb) [5b +0(t,g+ 1) —0(t, q)]
(sb
+ supA®(0°) [0 + 6(t,q — 1) — 0(¢, )], (2)
5(1

with terminal condition (T, q¢) = 0.



1.3 Main existing results

If we define for £ > 0 the two functions

b(sb
HY(p) = S;lpr () [1—exp (—£(6" —p))],
H¢(p) = S;pAa(éa) [1—exp (=£(6" —p))],

and the limit functions (for £ = 0)
Hg(p) = supA®(8®) [8" — p] ,
6b
Hg(p) = syapA“(W) [6* —pl,

then Equations (1) and (2) can be written as

1
0= ate(t7Q) - 5702q2 + Hg (e(tv q) - e(ta q+ 1)) + Hg (9(t7 q) - e(tv q— 1)) (3)
with terminal condition (T, q) = 0, with £ = v for Equation (1) and & = 0 for Equation (2).

Gueéant et al. proved in [62] and [65] that, by adding risk limits to the inventory of the market
maker, Equation (3) boils down to a finite system of ordinary differential equations (ODEs) that
admits a unique solution C' in time.

A classical verification argument then proves that the optimal controls §** and §%* are given by

5" =08 (0(t, qr—) — O(t, qr— + 1))
and R
0" = 0g (0(t,qr—) — O(t, qi— — 1))

with £ = in the first case, £ = 0 in the second case, where Sé’, 52‘ are given by

8(p) = (M) (eHLw) — HE ()
and )
0¢(p) = (A" (€HE (p) — HE'(p)) -

1.4 Owur contribution
Chapter 1: Request sizes and dimensionality reduction

Since the paper of Avellaneda and Stoikov, a lot of extensions of this model have been studied. In
spite of this growing literature, many issues have not been addressed yet. First, every model so far
assumes that the trade size is constant. Although this assumption is a reasonable way of simplifying
the problem on most order-driven markets, it is limiting on markets organized around requests for
quotes, for which quotes can and should depend on the size of each request. A second and more



general problem is that of the numerical approximation of the optimal quotes. Although optimal
quotes can theoretically be computed through the solution of a system of ODEs, the size of that
system (which grows exponentially with the number of assets) prevents any concrete computation
with grid methods when it comes to portfolios with more than 4 or 5 assets. To our knowledge, the
only attempt to beat this curse of dimensionality associated with market making models is Guéant
and Manziuk [66] in which the authors propose a method — inspired by reinforcement learning
techniques — that uses neural networks instead of grids.

In Chapter 1, we address these first two problems. We consider a model with d € N* assets, where
the price of asset i is modeled by an arithmetic Brownian motion

Si = S+ o'W,
with S§, 0 > 0 given, and ((th, o way ) refor] @ d-dimensional Brownian motion with correla-
tion matrix (p"7)1<; j<4. We denote by ¥ = (p*I0%07)1<; j<q the variance-covariance matrix of the

process (S¢)ejo,r) = ((S, .-, Szi)/)te[o,T]‘

The market maker chooses the bid and ask prices for asset ¢ at each time as functions of the size
z € RY of the RFQ: they are modeled by maps S, S%¢ : Q0 x [0,T] x R% — R. As before, we
introduce

§9(t,2) = S1 — S¥P(t,2) and 6%(t,z) = SY(t,z) — S

The transactions at the bid and at the ask for asset ¢ are now modeled by two R’ -marked
point processes, that we denote by J*(dt,dz) and J“?(dt,dz), with respective intensity kernels

(" (d2))seio,r), (V0 (d2))ieio,r) given by

vp"(dz) = A"(30(t,2)p" 0 (dz) and vp(dz) = AN(0M(t, 2))u" (dz),

where A»? and A»® are two functions satisfying the same assumptions as before, and p*?, p
are two probability measures modeling the distribution of request sizes at the bid and at the ask,
respectively.

1,a

The inventory of the market maker in asset ¢, denoted by (qz)te[o’T], has dynamics

dq§=/
R

and we denote by (Qt)te[o,T] the vector (Qt)te[o,T] = ((qtl, ce qf)')te[O’T] .

2J0b(dt,dz) — / 2Jb(dt, dz),

x .
+ RZ

The cash process (X);e[o,r] has dynamics

dXy = | S%(t,2)2J"*(dt,dz) — / SHO(t, 2) 20 (dt, dz),
R} R}

and we want to maximize a risk-adjusted expectation of the PnL

E

T
Xr +qrSr — La(qr) — /O 1/1(Qt)dt] ;



where v, £, : R — R, are two given continuous penalty functions modeling the risk aversion of
the market maker.

We prove that the value function 6 associated with this problem is the unique solution of the
following integro-differential Hamilton-Jacobi equation

0 = gi( +Z/ zH’b( >—9it7q4—2€i)>ui,b(dz)

+Z S H <H(t7Q) —0(t,q — ze )) /Ai’a(dz)7 Y(t,q) € [0,T] x Rd,
- R*

z
with terminal condition (T, q) = —£4(q), where
H™(p) = sup AY(8)(0 —p) and H"(p) = sup AY(8)(6 = p),

and using a verification argument, we express the optimal quotes §**(¢, z) and §%(t, z) for asset i

0(t,qe—)—0(t,q—+ze’) 0(t,qe—)—0(t,qr— —ze?)
4 z

as functions of and , respectively.
We then propose a factorial approach in order to reduce the dimensionality of the problem. If, as
is the case in most financial models, the prices of the d assets are modeled using a small number of

factors k, the variance-covariance matrix X takes the form

L =p8VB +R,

where 3 is a d-by-k matrix of real coefficients, V is the k-by-k variance-covariance matrix of the
factors, and R is the d-by-d variance-covariance matrix of the residuals. When the explanatory
power of the factors is high, R should be small compared to X. It is then reasonable to ignore the
residuals, by setting R = 0.

We then assume that the function ¢, £; have the forms ¢ (q) = ¥(q'Sq) and Ly(q) = l4(q'Yq) for
some continuous functions 1 and £4. With R = 0, i.e. ¥ = SV /’, the previous integro-differential
equation can then be written as

0 = Do) i@V ED) +Z/ st (ALUIIEZDY oy

z

d 1
o zHi"I(e(t’q)eit’qze)>ui’a(dz)7 Y(t,q) € [0,T] x RY,
i=1 7R}

with terminal condition (T, q) = —£4((8'q)'V(8'q)).

Using the ansatz (¢, q) = é(t, B'q), we get the following equation for the function 0



z

+Z/ H”<~’) o, _Zéi)>uiva(dz), Y(t, f) € [0,T] x R,

with terminal condition O(T, f) = —l4(f'V f), and where & = f'e!

0 = Pit.s) bV +Z/ it (1602 H(t’f“éz))mb(dz)

We can then express the optimal quotes in terms of the factors as a function of 6, and the problem
boils down to computing the solution to the above equation, which is numerically doable with grid
methods when £ is small.

Chapter 2: Active market makers

To the best of our knowledge, the market making literature on quote-driven markets has only dealt
up until now with the case of a “passive” market maker, in the sense that in the models @ la Avel-
laneda and Stoikov, the market maker cannot herself take the initiative to buy or sell an asset, and
necessarily has to wait for a request for quote in order to trade. On many markets, this constraint
does not exist, and the market maker can unwind part of her inventory on some liquidity pools, or
trade continuously in some other assets correlated with the ones she is dealing, in order to mitigate
the risk of her book. For instance, FX cash market makers frequently use the Dealer-to-Dealer
(D2D) segment of the market to adjust there position without having to wait for a client.

In Chapter 2, we address this problem and propose a market making model authorizing the market
maker to trade continuously in some assets. We consider again a model with d € N* assets, and
write [ = {1,...,d}. We now assume that there are two subsets I and I such that I = Iy U I,
where the assets with index in I, can be traded by the market maker with RFQs, as in the models
4 la Avellaneda-Stoikov, and the assets with index in I7 can be traded continuously by the market
maker on some liquidity pools. Some assets may be traded in both ways: Ix(NI7 is not necessarily
empty (and can even be I).

As before, the price of asset 7 € I is modeled by an arithmetic Brownian motion

Si = S5+ ' Wy,
with S}, 0% > 0 given, and ((W L wEy ) t€[0,7] a d-dimensional Brownian motion with correla-
tion matrix (p"/)1<; j<a. We denote by ¥ = (p"o'07)1<; j<a the variance-covariance matrix of the
process (S¢)iejo, 1] = ((S oo, Sdy )te 0.7

The market maker chooses the bid and ask prices for asset i@ € Ir at each time as functions of the

size z € R’ of the RFQ: they are modeled by maps Sib gha Q) x [0,7T] x R*% — R. As before, we
introduce

§0b(t,2) = SI — S™0(t,2) and §M%(t,z) = SP(t, 2) — Si.



We assume that the market maker wants her inventory to remain in a given compact subset Q of R%.
The transactions at the bid and at the ask for asset ¢ € Ip; are then modeled by two R* -marked
point processes, that we denote by J*(dt,dz) and J“?(dt,dz), with respective intensity kernels

(Z/Z"b(dz))te[QT] and (I/Z’a(dz))te[oj] given by

szb(dz) = ]l{Qf,f-i-zeiEQ}Ai’b((si’b(t’ Z))Mi’b(dz) and V?a(dz) = ]l{Qt,f—zeieQ}Ai’a((Si’a(tvZ))Mi7a(dz)’

where {e!,...e?} denotes the canonical basis of R?, A% and A»® are two functions satisfying the
same assumptions as before, and p*?, ;> are two probability measures modeling the distribution
of request sizes at the bid and at the ask, respectively.

For the assets traded actively by the market maker, as is done in Almgren [7], we consider that she

trades continuously in asset i € I7 at a rate (v}) 4o (she buys when vl > 0 and sells otherwise).

The inventory of the market maker, modeled by a d-dimensional inventory process (¢:)i>0 =
(qt,...,q8)i>0, has the following dynamics:

da; =/
R
2T (dt, dz) — / 2J"(dt,dz) +vidt Vi€ Iy N7, W

dqi = /
RY R’

dgi =vidt YieIrn(I\Im),

2T (dt, dz) — / @I (dtdz) Vi€ In O (T\ I7),

x x
+ R%

with g given.

Finally, the process (X;):>o modeling the market maker’s cash account has the dynamics:

dX; = Z </ z(SZ + 6i’a(t,z)) Jh(dt, dz) —/ z(StZ — 5i’b(t,z))Ji’b(dt,dz)>
R

1€l + Ri
+ ) (—viSidt — L (qr, vf)dt)
ielr (5)
=Y </ zdi’b(uz)ﬂ’b(dt,dz)—k/ zéix“(t,z)ﬂv“(dt,dz)>
i€lm R RY
- Z Li(qt,vi)dt — (St dqy),
ielr

where (.,.) denotes the standard scalar product in R%, and Vi € Ir, the penalty function L° :
R? x R — R U {+oc} can be seen as the temporary price impact of the market maker when she
chooses to be active, and satisfies some natural hypotheses: for ¢ € Q, L¥(q,0) = 0, Li(q,.) is
strictly convex, increasing on R, and decreasing on R_, and L'(q,.) is asymptotically superlinear.
For ¢ ¢ Q however, we assume Li(q,.) = +00, to ensure that the market maker keeps her inventory
within the risk limits, i.e. within Q.



As before, we aim at maximizing a risk-neutral objective function with penalization

E

T
X1+ ¢St — la(qr) — / ¢(Qt)dt] ;
0

where v, £ : R — R, are two given continuous penalty functions modeling the risk aversion of
the market maker.

We prove that the value function 6 associated with this problem is the unique continuous viscosity
solution on [0,7] x Q to the following Hamilton-Jacobi (HJ) partial integro-differential equation:

0=—00(t,q) +4(q) = X f  Migeiegy2 B (—"(t’q)*“’f*q“e”) p(dz)

1€l +

S f R TTRESE T (M) pie(dz) — 3 M (q,040(t,q)) Ve [0,T)
:

i€Im ielr

9(T7 Q) = _gd(q)7
where Vi € I, H*® and H" are defined as before, and Vi € I

H': (q,p) € R X R sup (vp — L'(q,v)),
vER

i.e. Hi(q,.) is the Legendre-Fenchel transform of Li(q,.). We then perform Monte-Carlo simulations
to show empirically that the “optimal” quotes and execution rates obtained with a numerical scheme
correspond indeed to the optimal controls of the problem.

Chapter 3: Option market making

The problem of option market making raises the need for specific models. Indeed, the underlying
asset needs to be represented accordingly by a stochastic volatility model if one wants to take into
account the volatility risk, which is the main risk carried by option market makers as they usually
manage to A-hedge their portfolio. To the best of our knowledge, the first paper dealing with the
inventory risk of an option market maker is Stoikov and Saglam [98]. In this paper, the authors
consider the case of a market maker in charge of only one option, and assume the intensity of orders
arrival to be linear. Although those assumptions are quite restrictive and limit the usefulness of
this model for traders dealing with dozens or even hundreds of options with different strikes and
maturities, this paper initiated the academic research on the specific problem faced by option mar-
ket makers. In El Aoud and Abergel [46], the authors still consider a market maker dealing with
only one option, assuming that the position is always A-hedged. They treat the case of both a risk-
neutral and a risk-averse market maker, and provide closed-form approximations for the optimal
quotes.

In Chapter 3, we consider this problem with a slightly different approach. We study the case of a
market maker in charge of N European options on the same underlying asset. Of course, this natu-
rally yields an HIB equation in high dimension (N + 2, in addition to the time), that is numerically
untractable. In order to beat the curse of dimensionality, we assume that the vega is constant over
the considered time period. This means that the time horizon 7" has to be small enough for this

10



approximation to make sense. Of course, one can use the model on a short period of time and then
run it again with updated vega — although time-inconsistent, this is a common practice in applied
optimal control.

We consider that the underlying price (S;).e[o,r) follows a one-factor stochastic volatility model a
la Heston

dSt = uStdt + \/ITtStthS
th = aP<t7 Vt)dt + g@thy7

where 1 € R, £ € R*T, (WtS W/ )ter, is a couple of Brownian motions with quadratic covariation

S v
given by p = % € (—1,1), and ap is such that the processes are well defined. Of course,
one could also consider a one- or two-factor forward variance model & la Bergomi, and the results
would be similar.

We assume that, under a risk-neutral probability measure Q, the price and volatility processes
become

dS; = /7S dWS
dl/t = GQ(t, Vt)dt + f\/ththy7

where (W, W} )ier . is another couple of Brownian motions under Q with quadratic covariation
AW5 W")

7 € (—1,1), and where ag is such that the processes are well defined.

given by p =

Foreachi € {1,..., N}, option i has a maturity date 7% > T, and its price, denoted by (Og’)te[o’Ti] =
(O'(t, St,v4))iefo,r4 is solution on [0,T7) x R to the following PDE:

0 = 0,0'(t,S,v)+ ag(t,v)d,0(t, S, v)
1 X . 1 .
+§V528§~SO’(1$, S, v) + p€vSo250i(t, S,v) + §£2u331,01(t7 S,v).

We denote by ((Jﬂte[o,T] the inventory of the market maker in option ¢, and its dynamics is given
by

dq := / 2(N*(dt,dz) — N"*(dt,dz)),
RY

where N**(dt,dz) and N*(dt,dz) are two right-continuous R* -marked point processes, modeling

as before the transactions of the i-th option on the bid and ask side, whose respective intensity
i,b i,a .

processes (A;”(dz))ier, and (A\;“(dz))ier, are given by

AP (d2) = AP (G () Dgy, yaeicoyp®™®(dz)  APU(d2) i= AP0 (2) Ly, —seicoyn(d2)

where the bid and ask prices proposed by the market maker at time ¢ for option ¢ and for a
transaction of size z are given by

Ol —61°(2) and O +6°(=2),

11



respectively, and with (ei)ie{l ,,,,, ~} the canonical basis of RY, Q the set of authorized inventories
for the market maker, and px*® and pu*® two probability measures on R? , modeling the distribu-
tions of transaction sizes. For i € {1,..., N}, A%* A%% are positive functions satisfying the same
hypotheses as before.

We denote by (A¢)epo,r) the A of the portfolio:

N
Asi= Y 050 (t, St vi)a.

i=1
The market maker continuously A-hedge her portfolio, hence the cash process (X¢)ie[o,r] has dy-
namics

N

w5

z((()‘?b(Z)Ni’b(dt, dZ) + 5i’a(Z)Ni’a(dt’ dz)) — O;dqg) + SydA; + d<A, S>t
i=1

.
We denote by (V;)e[o,r] the process for the Mark-to-Market (MtM) value of the market maker’s
portfolio (cash, shares, and options), i.e.,

N
‘/;5 = Xt — AtSt + Zqz(’)i
i=1
Denoting by V! the vega of the i-th option
Vi =0 50 (t, Sy, ve) = 2y/v0,0°(t, St, v4),

it is easy to see that the variance in V; is driven by the term

g VidWy .

DO |

=1

Hence, we want to maximize a risk-adjusted expectation of the form

2
T N
Y £
E |Vr— 5/ (Zﬁ\ﬁ) dt|,
=1
with v > 0.
The value function of this problems depends on S, v, ¢',...,¢". Hence, to compute it, one needs

to solve an HJB equation in dimension N + 2, which is numerically unfeasible if N > 3. To solve
this issue, we assume

1. that the vega of each option is constant over [0, 7:

Vi=V,=V" vte|0,T];
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2. that the set of authorized inventories is associated with vega risk limits, i.e.

SV e [-9.7] b

i=1

QZ{QGRN

where V € R* is the vega risk limit of the market maker.

Under those conditions, we introduce the portfolio vega V' = vazl ¢iV* and show that the value
function now only depends on the variables v and V™, and hence solve a simple HJB equation in
dimension 2:

ap(t,v) —ag(t,v) LSQ

2\v 8
= 1,7 tv aVTr - t, 7V7\' - ] Vl ..
22 / Z]l{IV”—w(j)zmsV}Hw<U( ABLLLL 2 )>u”(dz)7

z
i=1j=a,b” "+

Y72

1
0= 0w(t, v, V") + ap(t,v)d,v(t,v, V") + §u§28guv(t, v, V7)) + V"

(6)

with final condition v(7T,v, V™) = 0, where ¢(a) = 1, 1(b) = —1, and H"* and H"® are defined as
before. We are then able to derive the optimal quotes of the market maker.

Chapter 4: Closed-form approximations

In Chapter 1, we presented a dimensionality reduction technique based on a factorial approach to
tackle the problem faced by a multi-asset market maker. Although this method is perfectly suited
for the case of a group of highly correlated assets (for instance, we can think of a market maker
in charge of a large number of corporate bonds from the same issuer), it can still benumerically
untractable for heterogeneous portfolios in which the number of factors necessary to represent the
assets is too large. Furthermore, even with only three factors, solving the associated HJB equation
can sometimes be too much time consuming when the dealer is competing with other market makers.

In Chapter 4, we propose a perturbative approach to build a closed-form proxy of the value function
and optimal quotes. More precisely, we see the HJB equation associated with our market making
problem as a perturbation of a simpler HJB equation that we can solve analytically. Mathemati-
cally, this new PDE boils down to a system of Riccati equations, for which we compute a closed-form
solution. From this, we obtain closed-form approximations of the optimal quotes. Those closed-
form approximations have the nice advantage of being easily interpretable.

Those closed-form approximations can be used directly by practioners, to — significantly — reduce
the computation time while taking into account all the relevant financial effects of the initial mar-
ket making model. They can also be used in reinforcement learning based algorithms. Indeed, a
proxy of the value function can be used as a starting point for a value iteration algorithm, or for
actor-critic approaches, for instance. Similarly, the proxy of the optimal quotes can be used as a
starting point for a policy iteration algorithm.
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Let us explain our approach in the simple case of Eq. (3) in multidimensional form, i.e.

1
0=200(t,q) — 574™>q (7)
+ > HE(0(t,q) — 0(t,q+€)) + > HE (0(t,q) — 0(t,g —€')) Vg eR,
=1 =1

with terminal condition (7, q) = 0 for all ¢ € R9.

For all ¢« € {1,...,d}, we then replace the Hamiltonian functions H g’b and H, é’a by the quadratic
functions

. ; ; 1, oy 1
H?  ps o’ +ap + §a;’bp2 and H"*:p— ag” +ay p+2a;ap2’

respectively. Of course, a natural choice for the a;’b and a;’a derives from the Taylor expansion
around p = 0 of the Hamiltonian functions, i.e.
ib i,b(7) (4)
oy’ =Hg "' (0) and a H” (0).

Eq. (7) then becomes

d
A 1 7 7,a
0 = 90(tq)—57¢"2q + > (ao’b +ag )
=1

M“

+3 (ad (0t.0) = Ot g + ) + o} (0(t.a) — Ot g — ¢))

1

.
I

+

=
/\
s.

Il
—

o5 (B(t,0) — O(t.q +¢))” + 05" (0(t,q) — 0(t,a — ) |

DO =

with terminal condition (T, q) = 0.
We then make the ansatz 6(t, q) = —qTA(t)g—q"B(t)—C(t) V(t,q) € [0,T] xR?, with A : [0,T] —

St*, B:[0,7] - R? and C : [0,T] — R. By plugging this into the above equation and identifying
the terms, the problem boils down to solving the following system of ordinary differential equations:

Al(t) = 2A(t) (D2 + D“) Alt) — %72
B'(t) = 2A(t) (VP = Vi) + 2A(t) (D — D3) D(A(t)) + 2A(t) (D3 + D3) B(t)
C'(t)= Tr(D§+ Dg) +Tr (D% + D“) ) +(VP-Vve)'B (t)
+3D(A()T (D5 + D3) D(A( B(t)T (D3 + Dg) B(t) + B(t)T (D3 — D3) D(A(1)),

with terminal conditions
A(T)=0,B(T)=0, and C(T) =0
where D is the linear operator mapping a matrix onto the vector of its diagonal coeflicients, and
with
Wb b ia 1, ,a
Aj =7  and A

J J ’
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b _ 1,b dp\T a La da\T
V] _(Aj e A ) and V! _(Aj ooy A ) ,

and
D? = diag(A}’b7 . A?’b) and D;-l = diag(A;’a7 . A?’a).

We are then able to derive closed-form solutions to this system, as well as the asymptotic behaviour
of A, B and C, which is of particular interest for market makers:

o 1
A(0) T S VAT,
B(0) 25 —p,*AA*D;? (v_ + ;\ﬁD_D(F)) ,
1 B I | 1
=5 —Tr (D§ + D§) — SV Tr (DY +D§)T) +VID, 2 AATD, > <V_ + 2ﬁD_D(F))
1 b 1 1 L S| 1
- gw(r)T (D3+D$)D(T) — 3 V,+§WD,D(F) D ?AAYD.? V,+§WD,D(F)

o~ o~

1 1 T3 3
+5V7 (V_ + 2ﬁD—D(F)> D, *AATD*D_D(T),

1/ 11Nz __1 ~ -
with I' = D, ? (Dj_ EDj_) °D .2 and AT is the Moore-Penrose generalized inverse of A, and where

1
Dy=DY+DS D_=DY—DI V.=VP-Ve and A=.7 (D_%EDE) :

This allows us to compute the following simple closed-form approximations of the optimal quotes:

1 ~~

o . 1 . ) 1 _1 1
5;,}) _ 62,!1 (ﬁq{_f‘ei + i\/j}/zzeiTl—xez _ ezTD+2AA+D+2 <V_ + 2WD_D(F))> s

>
o+
IS}
I

% i 1 i iTroi L AT =5 A+ 1% 1
o¢ (—ﬁqgre' + §ﬁz eTe' +e"D 2 AATD, > (V + 2ﬁDD(F)>) .

Numerical experiments then show, in the 2-dimensional case for which we can compute the optimal
quotes, that those approximations are very close to optimality and give very similar results to the
optimal quotes in terms of average PnL and standard deviation of the PnL for the market maker.

2 Optimal tick sizes

2.1 The problem

On most electronic markets, the asset prices do not move continuously: they cannot take any value
on the (positive) real line, but rather move on a discrete grid on which traders are allowed to place
their prices. This grid typically depends on the price of the asset and the traded volume, and is
fixed by the exchange and by the regulator. In most cases, the grid step is fixed, and represents
the smallest interval between two values of the price. This step is usually known as the “tick size”.
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Over the last decades, the tick size has become one of the most important tools for the regulation of
financial markets, especially to gain some control over high-frequency traders, which are the main
liquidity providers on many electronic markets (as shown in Megarbane et al. [86]). The behavior
of high-frequency traders is indeed directly impacted by the tick size, and Frino et al. showed in
[64] that they are usually attracted to stocks with a lower relative tick size, as they can adjust
their quotes rapidly to get priority. Moreover, Aitken and Comerton-Forde [4] observed that the
improvement of liquidity linked to a reduction of the tick size is more significant for stocks with a
larger relative tick size.!

But fixing a tick size is not straightforward, and its optimal value is often subject to debates, as
it can sometimes have unwanted effects on the market microstructure: if the exchange sets it too
large, the price will not move freely according to the market participant’s views, whereas if it is set
too small, the limit order book (LOB) becomes unstable as the price will change too quickly. In
order to set the correct tick sizes, some exchanges (such as the Tokyo Stock Exchange in 2014-2015)
have launched pilot programs during which they temporarily modified the tick sizes of some given
assets to observe the impact. In Europe, the recent MiFID II regulation of 2018 introduced a new
tick size regime on Euronext. Laruelle et al. studied this new regime in [80] and observed that the
regulation improved on average the quality of liquidity.

To the best of our knowledge, the first quantitative academic paper dealing with the problem of
optimal tick size is Dayri and Rosenbaum [44]. Their approach focuses on large-tick assets, i.e.
assets for which “the bid-ask spread is almost always equal to one tick”, according to Eisler et
al. [45]. Dayri and Rosenbaum link the tick value to the statistics of high-frequency returns and
durations, and are then able to predict the evolution of those statistics when the tick value changes.
This enables them to define a notion of optimal tick size.

2.2 The model with uncertainty zones

Dayri and Rosenbaum make use of the model with uncertainty zones developed by Robert and
Rosenbaum in [93] — as we will. It is a statistical model for transaction prices and durations, in
which only transaction leading to a price change are modeled. It aims at reproducing all the main
stylized fact of prices observed on the market at any frequency. In this model, transaction prices are
discrete, and change only when an underlying efficient price process enters or exits a predetermined
zone. We detail a simplified version of the model introduced in Robert and Rosenbaum [93].

We define the efficient price (S¢)¢c[o,7] on a filtered probability space (Q7 F,P;F = (]:t)te[O,T]) where

T is the time horizon. We assume that its logarithm (Y;)c[o 77 is an F-adapted continuous Brownian
semi-martingale of the form

t t
Y; = log(S;) = log(Sy) + / asds + / os_dWy,
0 0

where (W;).c[o,7] is a standard Brownian motion, (o).c[o,7] is an F-adapted cadlag process and
(at)ie[o,r) is progressively measurable.

IThe relative tick size is defined here as the ratio between the tick size and the price level.
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The transaction prices lie on a discrete tick grid, given by {ka;k € N}, with a > 0 denoting the
tick size. Assume that the current transaction price is ka. The natural idea would be to say that,
as soon as the efficient price becomes closer to (k+ 1)« or (k— 1)« than to ka, the transaction price
should jump to (k+1)a or (k—1)a, respectively. However, this is not a very realistic approach, since
there is always some uncertainty about the efficient price, and market participants are reluctant to
price changes. Hence, the efficient price should not just be “closer”, but “significantly closer” to a
new value of the tick grid in order to change.

For all k € N and for a given 0 < n < 1, we define the zone Uy, = [0, 4+00) X (d, ux) where

1 1
d, = <k+2—77>a and wup = (k+2+n)a.

Hence, Uy, is a band around the mid-tick value (k + %)a. We assume that the transaction price may
move from price ka to price (k + 1)a only when the price exited up the zone Uy, and that it may
move from price ka to price (k — 1) only when the price exited down the zone Uy_1.

We also define here the sequence of exit times from uncertainty zones leading to a price change
as (7j)j>0. The traded price process is characterized by the couples of exit times and transaction
prices with price changes (7}, Pr,);>0. The efficient price at time 7; can be retrieved as

1
S, =P, —« (2 — 77) sgn (PTJ. — Pijl) .

2.3 Our contribution

High-frequency traders act most of the time as market makers, i.e. liquidity provider, as they are
typically present on both sides of the book. They propose prices at which they are ready to buy
(bid price) and sell (ask price) a given asset, and make money out of the bid-ask spread while trying
to control their inventory risk. The main goal of Chapter 5 is to show that setting side-specific tick
sizes, i.e. different tick sizes on the bid side and on the ask side, can benefit both the exchange and
the high-frequency traders.

Indeed, in most market making model, the dealer is assumed to be indifferent between having a long
or short inventory: she typically just penalizes fOT q?dt, where (q¢)tejo.,m) s her inventory process.
But due to the overnight repo rate, and some regulatory constraints imposed by the exchange or
by the regulator, this is not true in practice: most market makers would rather be long than short
at the end of the day. We prove in our paper that this asymmetry should be taken into account in
the market design.

To this end, we consider that market participants always have an efficient price in mind, and we
make use of a slightly modified version of the model with uncertainty zones presented above to
build the “fair” bid and the “fair” ask prices as seen by the traders. In our setting, those two prices
are lying on different tick grids. The market maker (or high-frequency trader) then chooses whether
or not to quote a constant volume at this fair bid and ask prices. This is of course just a stylized
viewpoint, but we believe that this allows us to capture the main financial effects of an asymmetric
tick size. We formulate the problem of the market maker as a stochastic control problem, and show
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existence and uniqueness of a viscosity solution to the associated HJB equation.

We then solve the problem of the exchange, whose remuneration depends on the liquidity provided
by the trader. It can then select tick sizes knowing the optimal response of the market maker.

We consider as before that the logarithm of the efficient price (Y3 );c(o,7] is an F-adapted continuous
Brownian semi-martingale of the form

t t
Y; = log(S;) = log(Sy) + / asds + / os_dWy,
0 0

where (W;).cp0,r) is a standard Brownian motion, (o¢)icjo,7) is an F-adapted cadlag process and
(at)ie[o, is progressively measurable.

In contrary to what we did above, we now assume that the transaction prices lie on two tick grids
defined by {ka’; k € N} and {ka®; k € N}, corresponding to the transaction price at the bid and at
the ask respectively. For i € {b,a}, we fix 0 < ' < ; and define the zones U} = [0, +00) x (di, u})

for k € N where . )
| = (k+2—ni>ai and up = (k—&-Z—I—ni)ai.

We consider a high-frequency trader that uses those uncertainty zones to determine her fair bid
and ask prices. She changes her fair prices at the bid and/or at the ask when the price gets “far
enough” from the current fair bid or ask prices. More precisely, she defines her fair bid and ask
prices S? and S¢ as

Si =8 + 0" s—s0 > (Gnany ~ ¥ Lis—se < (Fno)any
St = Si- + o’ Lis,—sp_ >(3mmary ~ O Lss < (hnna):
Her inventory process (Q¢):ec[o,r) is given by
Qt = Ntb - Nta7
where N? and N are two point processes corresponding to the number of transactions at the bid
and at the ask, respectively. For i € {b,a}, the intensity (A})icpo, 7] of N* is given by
At = AN pw@u>—qy, With A'(¢") = 5 (rai)?

with ¢(i) = 1fi—a} — L{i=b}, ¢ > 0 corresponds to the risk limit of the market maker, A > 0 is a
scale parameter and  controls the sensitivity to the tick size. The process (¢});c[o,r) is the trader’s
control, which lies in the set of F-predictable processes with values in {0, 1} denoted by L, i.e. at
each time ¢ the trader can either choose to be present on the bid or ask side, and set 2 = 1 or
9 = 1 respectively, or she can set £2 = 0 or £¢ = 0 so that there are no incoming transaction at the
bid or at the ask respectively.

Her cash process (X;)ic[o,r) naturally verifies

T
Xp = / (S¢AN® — SPdNY).
0
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We then assume that the market maker wants to maximize
T T
E [ X7+ Qr(Sr—AQr) — ¢ | Qfdt — ¢ / Q711q,<oydt
0 0

over the set of admissible controls £, where A is the penalty for the remaining inventory at the
end of the time period, ¢ > 0 is the risk aversion parameter of the market maker and ¢_ > 0 is a
parameter corresponding to the additional risk aversion toward short position.

We prove that this problem is characterized by the following HJB equation
1
0 :8th(t7 Sa7 Sb7 57 Q) - ¢q2 - ¢7q21q<0 + 5028§’Sh(t7 Saa Sba S? q)

A a a a ob a o ob
+ 1_’_(,{/&0,)2 EQIél{aé)’(l} {Z (S +h’(t’S 7S ;S;C] é) h(t,S ,S ,S’q))}

# b b a b b a b
* 1+(ﬁab)2ebIg{%¥1}{€ <( %) + h(t,5%,5%, 8,4 + ) — h(t, 55 757(1)) .

for (t,5%,8%,8,q) €[0,T) x D x Q, with terminal condition
h(Tv 5, Sba S, Q) = q(s - AQ)a
and with the following boundary condition on [0,7) x 9D x Q:
0= 1{s_gor(Lno)as, 5—sb<(+nmary (At S +a® 8, S, q) = h(t, 5%, 5", 5,q))

+ 1{5—5“<(%+7]“)a”, S—Sb=(3+nb)ab} (h(ta Sa) Sb + abv S? q) - h(tv Saa Sba Sa q))

+ 15 gom(Linajan, 5—sv=(dinryar ((E S+, S +ab, 8,q) — h(t, S*, 5", 8,q))

+ 15 5o (1ipmjac, S—St>—(3nryary (A(E, ST —a®, 8%, S,q) — h(t, 5% 5", S, q))

+ 1{S7Sa>7(%+na)aa, S,sb:,(%+nb)ab} (h(t, Sa, Sb - ab, S, q) - h(t, Sa, Sb, S, q))

+ 1 se_(1pajas, S—stm—(Limryary (A(, 5% = a®, 8" —a,5,q) — h(t, 5%, 5", S, q)),

where

2

1 1
and —(2+nb)ab<S—Sb< <2+nb>ab}

1
0D = {(Sa,Sb,S) € a®Z x a’Z x R such that S — S% = + (2 —|—77a> at

1 1
D= {(Sa,Sb,S) € aZ x a’Z x R such that — (2 —&—77“) at < S-8< ( —l—na) a’
and

and/or S — S* =+ (; + nb> ab} .
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We prove existence and uniqueness of a viscosity solution to the above HJB equation, and are then
able to derive the optimal controls as functions of the solution h.

We then move on to the platform’s problem. We assume that the platform earns a fixed taker cost
¢ > 0 for each market order. Its inventory process (X{')ic[o,r) then verifies

X} = (N} + NP,

and it wants to maximise
EY [XF],

over the set of possible tick sizes a®,a® € Ri, where EY" denotes the expectation knowing the
optimal response of the market maker to the choosen tick sizes.
It is easy to see that this problem boils down to maximizing the function v defined below over Rﬁ_:

a b
=FE
v(a®,a?) 1+ (ka®)? 1+ (kab)?

/TC)\{E*a(ta Sg7Sf7StaQt) e*b(t7sgﬁsfvst7qt)}dt] 7
0

where £** and £*® are the functions of optimal response of the market maker. We observe that a
small tick size a® increase the term (1 + (ka®)?)las it attracts more market orders. However, the
optimal control £ is more often equal to zero: the gain of the market maker may be too small if
he quotes at the price S¢, therefore he sets more often ¢*** = 0, which reduces the average gain of
the platform. The problem is similar on the bid side.

We show numerically that, in general, both the market maker and the platform have an incentive
to set a smaller tick size on the ask side than on the bid side.

3 Optimal execution

3.1 The problem

Optimal execution of a large block of shares has long been a major problem for cash traders and
brokers. Indeed, a trader wishing to buy or sell a large amount of shares necessarily faces adverse
price movements — generally called “market impact” in the literature — as a direct consequence of
her trades. To minimize these costs, she has to find a way to “optimally” split her orders into
smaller ones. Indeed, trading slowly will reduce her market impact, but it exposes her to the risk
that the price moves over the course of the execution process. She therefore needs to find a trade-off
between price risk and execution costs.

To our knowledge, the first attempt to solve this problem is due to Bertsimas and Lo [30] in 1998.
However in this paper, the authors neglected the price risk by only minimizing the expected cost
of execution. As a consequence, the optimal strategy in their model often boils down to a constant
execution speed, which is sub-optimal when the price risk is taken into account. Moreover, their
model does not produce different strategies for assets with different liquidity, all else equal, whereas
it seems obvious, intuitively, that a trader should execute more rapidly when the asset is liquid
than when it is not. In 1999, Almgren and Chriss [11] proposed a new framework which became the
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basis of a lot of optimal execution algorithms. Instead of minimizing the cost of trading, they max-
imized a mean-variance objective function. This allows to take into account not only the expected
execution cost but also the variance of the strategy, which is of major importance in the case of a
volatile asset. Moreover, they obtain closed-form formula for the optimal execution strategy.

Since then, the so-called Almgren-Chriss model has been largely generalized, to incorporate random
execution costs as in Almgren [7], to study stochastic liquidity and volatility [8, 9], or to better take
into account the presence of the LOB (Guéant et al. [64], Obizhaeva and Wang [89], Predoiu et al.
[92]). Various types of execution strategies have been built: maximizing a risk-adjusted function
of the PnL as in Almgren and Chriss [11] corresponds to strategy of the Implementation Shortfall
(IS) type, whereas Guéant and Royer [67] or Konishi [76] focus on Volume-Weighted Average Price
(VWAP) execution, and Guéant [61] also studied Percentage of Volume (POV) and Target Close
(TC) orders.

3.2 A first model: Almgren-Chriss

We present briefly here a continuous-time version of the Almgren-Chriss model. For more details,
one can refer to Guéant [61] or Cartea et al. [39].

We consider the case of a trader with a single-stock portfolio. Her initial inventory (either long or
short) is given by go € R, and we denote by (g:)¢c[o,7] its inventory process over the time period
[0, T], with T > 0. The trader controls the speed of execution, modeled by a process (v:);e[o,r] that

is progressively measurable, with dg; = v:dt, bounded and such that fOT vpdt = —qq, i.e. the trader
wishes to have an empty inventory at time 7.

Almgren and Chriss separate two types of market impact. The first one is the permanent impact,
which impacts durably the price of the asset (with no resilience). It is shown in Gatheral [55]
that the absence of dynamic arbitrage implies a linear permanent market impact. Hence the price
process (S¢)¢ejo, 7] Verifies

dSt = O'th + k’l}tdt,

with the initial price Sy > 0 given, o > 0 the volatility of the asset, (W;);cjo,7] a standard Brownian
motion and k > 0 a parameter modeling the magnitude of the permanent impact.

The second type of market impact is the temporary impact. In the Almgren-Chriss framework, it
represents the costs associated with the bid-ask spread or other execution costs, and it is instan-
taneous in the sense that the price process does not change. This impact is only modeled in the
cash process (Xt)te[o,T] of the trader, and therefore everything works as if the price was impacted
by the transaction but returned instantaneously to its original state. The dynamics of (X¢)¢ejo 7]
is given by

dXt = *'UtStdt - L(Ut)dt,

where L is the function modeling the temporary impact, which satisfies some natural assumptions
(L(0) =0, L is strictly convex with a minimum in 0, and L is asymptotically superlinear). In their
paper, Almgren and Chriss choose a quadratic function for L.

21



Several optimization criteria have been studied in the literature. Let us consider here the case of a
CARA utility function. For a given v > 0 modeling her risk aversion, the trader wishes to maximize

E [_e—’YXT]
over the set of admissible controls (v¢);e(o,77-

Schied et al. [97] proved that we can, without loss of generality, reduce our study to the case of
deterministic execution strategies. It is then easy to prove that, in that case, the problem boils
down to minimizing the function J given by

s = [ () + Jrotaw?) ar

over the set of absolutely continuous functions ¢ € W1(0,T) satisfying ¢(0) = qo and ¢(T) = 0.
In particular, the permanent impact modeled by the parameter k plays no role in the resolution of
the problem.

If the Legendre-Fenchel transform H of the function L is differentiable, the Hamiltonian character-
ization of the optimal strategy ¢* is given by

P'(t) = yoPq*(t),
q”'(t) = H' (p(1)),
7*(0) = qo,
q*(T)=0.

In the particular case of quadratic execution costs as proposed by Almgren and Chriss, i.e. L(v) =
nv? for a given 1 > 0, ¢* is then the unique solution to the ODE

2

* /! o *
)= —qg*(t
01 =" 0),

with boundary conditions ¢*(0) = o and ¢*(7T") = 0. From this, we get the formula of Almgren and
Chriss
sinh < %‘:(T - t))
sinh (/%2T)
n

cosh q/ﬁ(Tft)

with the associated optimal control v*(t) = ¢*'(t) = —qo ‘372(2"2) We observe in
T sinh (\/ %T)

particular that ¢* is convex if gy > 0, and concave if gy < 0, which differs from the constant
execution speed obtained by Bertsimas and Lo [30].

q"(t) = qo

3.3 Our contribution

The closed-form deterministic formula obtained by Almgren and Chriss relies mostly on the Brown-
ian dynamics of the price. For more complex dynamics, in general, the optimal strategy depends on
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the price and therefore becomes stochastic. Moreover, although multi-asset optimal execution was
addressed in Almgren and Chriss [11], the literature on this topic remains quite limited. Liquidating
(or buying) large orders of different assets simultaneously is however a major problem, for instance
for funds facing large withdrawals (or subscriptions), and neglecting the cross-asset relations can
lead to very sub-optimal strategies in terms of price and liquidity risk. Some extensions of the
multi-asset Almgren-Chriss model have been proposed: for instance, Bismuth et al. [31] studied
the problem of optimal liquidation of a portfolio with Bayesian learning techniques, and Lehalle [82]
studied a similar problem with a constraint of balance between the portfolio lines over the course
of the execution.

The multi-asset Almgren-Chriss model considers that the asset prices follow standard Brownian dy-
namics with a given correlation matrix. It ignores, however, the presence of co-integration between
the prices, which can have an important impact on the optimal execution strategy. Optimal trading
of a co-integrated pair of assets is presented in Cartea et al. [39]. More recently, Cartea et al. [37]
considered a portfolio of assets following a multidimensional Ornstein-Uhlenbeck dynamics. This is
a particularly interesting problem as, in addition to the simple optimal execution problem, it allows
to build statistical arbitrage strategy to take advantage of the mean reversion. In their approach,
they maximize the expected PnL of the trader minus a running risk penalty. Their problem boils
down to a system of Riccati ODEs, for which they prove global existence and uniqueness, and they
can therefore characterize the optimal strategy using a standard verification argument.

In Chapter 6, we consider a model similar to the one of Cartea et. al [37], but we maximize an
expected utility function of the PnL. As in their paper, we characterize the value function by a
system of Riccati ODEs. We prove existence and uniqueness of a solution to this system by a
comparison argument.

We consider a trader in charge of d € N* assets over a period of time [0,7], with 7 > 0. The

trader controls the execution speed for each of her assets, represented by a process (v¢)icjo, 1] =
(v, ... ,vf){e[o ) in R?. Her inventory process (q)iecfo,r] = (¢f+-- - qfl):e[o 7] verifies therefore the
dynamics

dqt = ’Utdt,
with gy € R? given.

T

+€[0,T] of the assets verify a multidimensional Ornstein-

The price process (St)tepo,r) = (St,---,S¢)
Uhlenbeck dynamics given by

dS; = R(S — Sy)dt + VAW,
with Sy € R%? given, R € Mq(R), V € Mg(R) and (Wi)iepr) = <Wt1""’Wtk)Ie[0,T] is a
k-dimensional standard Brownian motion (with independent coordinates), for some k € N*. We
denote by > = VVT the quadratic covariation matrix of the price process.

Finally, the cash process (X¢)c[o,r] of the trader verifies the dynamics:
dXt = —U;Stdt - L(’Ut)dt,
with Xy € R given, where L : R? — R, is a strictly convex function, decreasing on R_ and in-

creasing on Ry with L(0) = 0, asymptotically superlinear representing the temporary impact of
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the trader.

We then aim at maximizing
—v(Xr+qlS7—£
E|—e v(Xr+qLST—£(q1)) ,

over the set of admissible controls, where v > 0 represents the risk aversion of the trader, and
¢:R? = R, is a continuous penalty function for the terminal inventory.

The HJB equation associated with the above problem is given by:

0 =0yw(t,z,q,S) + sup {—(vTS + L(v))d,w(t,x,q,5) + vT0,w(t,x,q,5)}
vERT

+ (8= S)TR"Osw(t,z,q,5) + %T’/‘ (E@gsw(t, z,q, S)) ,
for all (¢t,7,q,5) € [0,T) x R x R? x R? with the terminal condition:
w(T,z,q,S) = —e~V(@HaTS—Ua)) V(z,q,5) € R x R? x R
We first make the following ansatz
w(t,z,q,S) = —e (@47 5+0(t,q,5)) Y(t,z,q,8) € [0,T] x R x RY x RY,

and get a new PDE for 6 : [0,7] x R? x RY — R:

_ _ 1
0=0,0(t,q,S) + STRTq+ STRTOs0(t,q,S) — STRTq — STRTOs0(t,q,S) + §T7' (Z@gsﬂ(t, 7,5))

— 2T (S(q+ Vsb(t.0, 9)(q + VsO(t,q.8)T) + H (9,6(t,4,5))

for all (¢,q,5) € [0,T) x R? x R? with terminal condition:
0(T,q,5) = —(q) ¥(g,5) € R x RY,
where H : R — R is the Legendre-Fenchel transform of the function L, i.e.

H(p) = sup vTp— L(v).
vER

If we then assume that the functions L and ¢ are of the form L(v) = vTnv and ¢(q) = ¢q"T'q, for
some I' € ST (R), n € ST T(R), we see that the supremum in the above definition is reached at a
unique v* = %n_lp and we get Vp € R?

1

H(p) = Zan‘lp-

We can then use a second ansatz:

0(t,q,S) = qTA(t)q + q"B(t)S + STC(t)S + D(t)Tq + E(t)TS + F(t) V(t,q,S) € [0,T] x R x R?,
(8)
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which allows us to characterize the value function of the problem by the following system of ODEs

A'(t) = 3(B(t) + T)S(B(O)T + 1) — A1)y~ A(t)

B'(t) = (B(t) + Lo) R+ 2y(B(t) + 12)SC(t) - A(tyn ' B(t)
C'(t) = RTC(t) + C(t)R + 24C(t)SC(t) — LB(t)Tn ' B(t)
D'(t) = —(B(t) + I2)RS +~(B(t) + I)SE(t) — A(t)y~ ' D(t)
E'(t) = —2C(t)RS + RTE(t) + 2yC(t)SE(t) — 3 B(t)Tn ' D(t)
F'(t) = —=STRTE(t) — Tr(SC(t)) + 2E(#)TSE(t) — 1D(t)Tn~' D(t),

where I; denotes the identity matrix in Mg4(R), with terminal conditions:

AT)=-T, B(T)=C(T)=D(T)=E(T)=F(T)=0.
Using comparison techniques, we prove existence and uniqueness of a solution to this system, and
by a standard verification argument we are then able to characterize the optimal control (v} )¢cjo,7]

by

_ %n—l (2A(t)g; + B(t)S; + D(t)) .

We then illustrate this strategy with several numerical examples to show the importance of taking
the non-brownian dynamics into account.
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Part 1

Optimal market making on OTC
markets
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Chapter 1

Size matters for OTC market makers:
general results and dimensionality
reduction techniques

Abstract

In most OTC markets, a small number of market makers provide liquidity to other market
participants. More precisely, for a list of assets, they set prices at which they agree to buy and
sell. Market makers face therefore an interesting optimization problem: they need to choose bid
and ask prices for making money while mitigating the risk associated with holding inventory in
a volatile market. Many market making models have been proposed in the academic literature,
most of them dealing with single-asset market making whereas market makers are usually in
charge of a long list of assets. The rare models tackling multi-asset market making suffer
however from the curse of dimensionality when it comes to the numerical approximation of the
optimal quotes. The goal of this paper is to propose a dimensionality reduction technique to
address multi-asset market making by using a factor model. Moreover, we generalize existing
market making models by the addition of an important feature: the existence of different
transaction sizes and the possibility for the market makers in OTC markets to answer different
prices to requests with different sizes.

Key words: Market making, Stochastic optimal control, Curse of dimensionality, Integro-differential
equations, Risk factor models.

1.1 Introduction
The electronification of financial markets has changed the traditional role played by market makers.

This is evident in the case of most order-driven markets, such as many stock markets, where the
traditional market makers in charge of maintaining fair and orderly markets now often compete
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with high-frequency market making companies. Surprisingly maybe, many OTC markets organized
around dealers have also undergone upheaval linked to electronification over the last ten years.
This is the case of the corporate bond markets on both sides of the Atlantic ocean where the elec-
tronification process is dominated by Multi-dealer-to-client (MD2C) platforms enabling clients to
send the same request for quote (RFQ) to several dealers simultaneously and therefore instantly
put them into competition with one another. Electronification is also in progress inside invest-
ment banks as most of them replace their traders by algorithms to be able to provide clients with
quotes for a large set of assets and automate their market making business, at least for small tickets.

Building market making algorithms is a difficult task as the optimization problem faced by a market
maker involves both static and dynamic components. A market maker faces indeed a first (static)
trade-off: high margin and low volume versus low margin and high volume. A market maker quoting
a large bid-ask spread (with no skew) trades indeed rarely, but each trade is associated with large
Mark-to-Market (MtM) gain. Conversely, a market maker who quotes a narrow bid-ask spread
(with no skew) trades often, but each trade is associated with a small MtM gain. In addition to
this simple static trade-off, market makers face a dynamic problem: in a volatile market, they must
quote in a dynamic way to mitigate their market risk exposure and, in particular, skew their quotes
as a function of their inventory. For example, a single-asset market maker with a long inventory
should price in a conservative manner on the bid side and rather aggressively on the ask side, if she
wants — a reasonable behaviour — to decrease her probability to buy and increase her probability
to sell.

The optimization problem faced by market makers has been addressed in a long list of academic
papers. The first two references commonly cited in the market making literature are two economic
papers: Grossman and Miller [59] and Ho and Stoll [71]. If the former is a classic from a theoret-
ical point of view, the latter was revived in 2008 by Avellaneda and Stoikov [13] to build the first
practical model of single-asset market making. Since then, many models have been proposed, most
of them to tackle the same problem of single-asset market making. For instance, [65] provides a
rigourous analysis of the stochastic optimal control problem introduced by Avellaneda and Stoikov
and proves that the problem boils down to a system of linear ordinary differential equations (ODE)
in the case of exponential intensity functions. Cartea et al. ([36, 39, 40]) contributed a lot to
the literature and added many features to the initial models: alpha signals, ambiguity aversion,
etc. They also considered a different objective function: a risk-adjusted expectation instead of the
Von Neumann-Morgenstern expected utility of [13] and [65]. Multi-asset market making has been
considered in [61, 62] for both kinds of objective functions and the author shows that the problem
boils down, for general intensity functions, to solving a system of (a priori nonlinear) ODEs. Most
of the above models are well suited to tackle market making in OTC markets or in order-driven
markets when the tick/spread ratio is large. For major stock markets or for some foreign-exchange
platforms, other models are better suited such as those of Guilbaud and Pham who really took the
microstructure into account (see [68, 69]).*

In spite of a large and growing literature on market making, several problems are rarely addressed.
A first example is that of trade sizes: in markets organized around requests for quotes, quotes can
and should depend on the size of the requests. A second and more general problem is that of the
numerical approximation of the optimal quotes. If optimal quotes can theoretically be computed

LOption market making has also been addressed, see for instance [15, 46, 98].
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through the solution of a system of ODEs, the size of that system (which grows exponentially
with the number of assets) prevents any concrete computation with grid methods when it comes to
portfolios with more than 4 or 5 assets. To our knowledge, the only attempt to approximate the
solution of the Hamilton-Jacobi equations associated with market making models in high dimension
is [66] in which the authors propose a method — inspired by reinforcement learning techniques —
that uses neural networks instead of grids.

In this paper, our goal is twofold. Our first goal is to generalize existing models to introduce a distri-
bution of trade size. This extension is not straightforward as the optimal controls cannot be modeled
anymore with real-valued stochastic processes, but must instead be modeled with predictable maps.
A consequence, in terms of mathematics, is that the problem does not anymore boil down to a finite
system of ODEs but instead to an integro-differential equation of the Hamilton-Jacobi type that can
be regarded as an ordinary differential equation in an infinite-dimensional space. Our second goal
is to propose a numerical method for approximating the optimal bid and ask quotes of a market
maker over a large universe of assets. For that purpose, we show that the real dimension of the
problem is not that of the number of assets, but rather that of the rank of the correlation matrix
of asset prices. Then, by using a factor model, we show how to approximate the optimal quotes of
a market maker. Indeed, if market risk is projected on a low-dimensional space of factors, solving
the market making problem boils down to solving a low-dimensional Hamilton-Jacobi equation. In
particular, if the number of factors is lower than 3, grid methods can be applied independently of
the number of assets. Furthermore, we suggest a Monte-Carlo method to approximate the influence
of the residual risk not taken into account when the risk is projected on the space of factors.

In Section 2, we present our market making model with distributed request sizes. We characterize
the value function associated with the stochastic optimal control problem as the solution of an
integro-differential equation of the Hamilton-Jacobi type by using ODE techniques in a well-chosen
infinite-dimensional space and a verification argument. We subsequently provide expressions for
the optimal quotes as a function of time, inventory, and request size. In Section 3, we show how the
equations can be simplified when the dependence structure between the prices of the different assets
can be modeled by risk factors. We then show how this simplification leads to an approximation
that helps to tackle the curse of dimensionality by solving a low-dimensional equation on a grid.
We also explain how Monte-Carlo simulations could be used to account for the part of the risk not
accounted by the factors. We apply these techniques in Section 4 to portfolios of 2 and 30 bonds
and discuss the results.

1.2 Market making with marked point processes
In all this paper, we consider a filtered probability space (Q2, F,P;F = (F;);>0) satisfying the usual

conditions. We assume this probability space to be large enough to support all the processes we
introduce.
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1.2.1 Modeling framework and notations

We consider a market maker in charge of d assets. For i € {1,...,d}, the reference price of asset i
is modeled by a process (S})¢>o with the following dynamics:

dsi = o' dWy,

with S§ given, o > 0, and ((th, L WY ) a d-dimensional? Brownian motion with correlation

>0
matrix (p7)1<; <4, adapted to the filtration (F;);>0. We denote by ¥ = (p Z"jcricrj)1<ij<d the
variance-covariance matrix associated with the process (S¢)i>0 = ((S},...,S¢) )t>0

Those assets are traded with requests for quote (RFQ): the market maker first receives a request
for quote from a client wishing to buy or sell a given asset and she then proposes a price to the
client who finally decides whether she accepts to trade at that price or not.

At any time, the market maker must be ready to propose bid and ask quotes to buy and sell
any of the d assets. These bid and ask quotes depend on the size z € R% of the RFQ (in all
this paper, we use the notation R* := (0,+00)). For a given asset i, they are modeled by maps
Sib §he s () x [0,T] x Ry — R which are P ® B(R?)-measurable, where P denotes the o-algebra
of F-predictable subsets of Q2 x [0,T] and B(R?.) denotes the Borelian sets of R .

For each i € {1,...,d}, we introduce J*(dt,dz) and J"%(dt,dz) two cadlag R -marked point

processes.?
Fori € {1,...,d}, we denote by (Vti’b(dz)) . and ( ) the intensity kernels of J%°(dt, dz)
>0
and J%%(dt,dz), respectively. In addition, we assume that (V ) and (Vti’a(dz)) o verify:
t>

v '(dz) = AM(E0(t, ) (d2),
VEdz) = AR 2))t (),
where for all i € {1,...,d}, (u*", ") is a couple of probability measures on R}, 0%°(t,z) =

Si— SUb(t, 2), 64(t, 2) = SHa(t, ) Si, and (A", A%*) is a couple of functions satlsfylng the
following hypotheses (H):

e A®P and A% are twice continuously differentiable,
e A" and A% are decreasing, with V6 € R, A%’ (§) < 0 and A% (8) < 0,
e lim A%*(§) =0and lim A»*(§) =0,

d—+oo d—+oco

AP (B)AW(5) AL (8)ART ()
ey <PeRTaeer <P

2The sign / designates the transpose operator. It transforms here a line vector into a column vector.
3These processes are explicitly constructed in the Appendix. Note that in our model, as in most real OTC
markets, there are no simultaneous RFQs in multiple assets.
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For alli € {1,...,d}, J"*(dt,dz) and J%(dt,dz) model respectively the volumes of transactions at
the bid and at the ask for asset i. The inventory of the market maker, modeled by the d-dimensional
process (¢i)i>0 = ((qtl, . q,fl)')po7 has therefore the following dynamics:

Vie{l,...,d}, dq :/ zJ"vb(dt,dz)—/ 2J4(dt, dz),
R

x x
+ RZ

with go given.

Remark 1. For a given asset i, A» typically has the form Ai"(é) = A%‘Fin"(é), where )\%‘FQ
is the (constant) intensity of arrival of requests for quote and f“ (8) gives the probability that a
request will result in a transaction given the quote § proposed by the market maker. Furthermore,

wh should be seen as the distribution of sizes.

Finally, the process (X;);>o modeling the market maker’s cash account has the dynamics
X, = Z/ SHa(t, 2)2J 0 (dt, dz) — Z/ SH0(t, 2) 2 M0 (dt, dz)
i=1 YRY i=1 Y RY

d d
= > / (Sf+6"(t,2))2J " (dt,dz) = Y / (Si — 580(t, 2)) 2T (dt, dz)
i=1/RL i=1 7R}

d d
- Z/ (870 (¢, 2)2J "0 (dt, dz) + 6" (t, 2) 2T (dt, dz)) — Y _ Sidg;.
i=1“RL i=1
We fix §.c > 0 and define the set A of admissible controls* by
A = { § = (6i’b,5i’“)1<i<d 1 Qx [0,T] x R% +— R?| § is P ® B(R% ) — measurable,

Vie{l,...,d},6%(t,2) > =00 P@dt ® ™’ a.e. and 6(t, 2) > —6oo P@ dt @ p® a.e.}.

As proved in [62], under assumptions (H), the functions § € R +— JA**(§) and § € R — §AH(6)
have a unique maximum on R. It is also easy to see that on [—d,+00), they are bounded from
below by —uo AP (=05 ) and —oo AP%(—d4 ), Tespectively.

For two given continuous penalty functions ¢ : R? — R, and ¢4 : R? — R, , modeling the risk
aversion of the market maker, we aim at maximizing the objective function

d o T
B | Xr+ 3 apSh— talar) = [l (1.1)
=1

over the set A of admissible controls.

4We introduce here a unique lower bound for the quotes, independently of the asset, the side, the size, and the
time. Generalizations are straightforward.
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Remark 2. For instance, we can choose (q) = 3¢'Sq or ¥(q) = v/q'2Sq (for v > 0) and
La(q) =0, L4(q) = %q’Eq or £q4(q) = CVq'2q (for ¢ > 0), as done in [39], [40], [66], and [62].

After applying It6’s formula to (Xt + Z?:l qiSf) between 0 and T, it is easy to see that the
>0

problem is equivalent to maximizing
T

d
E / { S / (58, 2) AT (1, 2)) () + 6%,z)zAm(aw(uz))uiv%dz))—w@»}dt—ed(qﬂ],
) i=1 YKL

over the set of admissible controls A.

We introduce the function J : [0,T] x R? x A — R such that, ¥t € [0,T], Vg = (¢',...,q%) € R?,
V(6")ieq1,....ay € A,

t,q,(5");
where (qSlJ( )6{1, s

(5i)ie{1,...,d}-

The value function 6 : [0, T] x R? — R of the problem is then defined as follows:

0(t,q) =  sup T(t,q,(6Yieq,...ay), ¥(t, q) € [0,T] x R%.
(6%)icqa,...,a}EA

We will show that 0 is the unique (in a large class of functions) classical solution to the following
integro-differential Hamilton-Jacobi (HJ) equation:

ow d b (W, q) —wit, ze' i
0 = i) -viw+ Y H( e T

z

d i
+2 /R* SHbe (w(t,Q) —w(t,q— ze )) 1 (dz), Y(t,q) € [0,T] x R{1.2)

with terminal condition w(T, q) = —£4(q), Vg € R?, where

H :peRw sup A"(0)(6 —p) and H* :pe R sup A*(8)(5 — p),
§>—bec 5>—000

and where (61, ey ed) denotes the canonical basis of R<.
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1.2.2 Existence and uniqueness of a solution to (1.2)

Lemma 1. Vi € {1,...,d}, H"® and H"® are two globally Lipschitz continuously differentiable
decreasing functions. Moreover, the supremum in the definition of H"®(p) (respectively H"*(p)) is
reached at a unique 6% (p) (respectively 5% (p)). Furthermore, §%** and 6“** are continuous and
nondecreasing functions.

Proof. We prove the result only for the ask side. The proof is similar for the bid side.

Let ¢ € {1,...,d}. For p € R, we define
hy, 26 € R— A"*(0)(6 — p).

h'zi, is a continuously differentiable function, positive for § € (p,4+00) and nonpositive otherwise. It
is easy to prove (see [62]) that there is a unique maximizer 6““*(p) of h}, on R characterized by

ey A p)
= i a .
P N G )

By the implicit function theorem, p € R +— Si’“*(p) is continuously differentiable and

.y 1
5o (p) = ——— > 0,%pcR.
P) = G A G P

(ABa’ (872 (p)))?

In particular, §*** is increasing.

We introduce H%® : p € R — sup h?(6). Then Vp € R, we have H"%(p) = hi (6" (p)) and
d€R

HY (p) = =A™ (5" (p)) < 0.

So H"® is decreasing and
Ti,ax i,ay 1 (7i,a’
5 () = (M) (— ()

Let us now recall that Vp € R, H"*(p) = sup h(9).
5> 60

For all p € R such that —§,, < Si’“*(p), we clearly have
H"(p) = hy(3"* (p)).

Otherwise, if 6% (p) < —0., we can easily see that hi(.) is increasing on | — 00, 04%*(p)] and

decreasing on [6%*(p), 4-00[, which implies
i (p) = hi (—00).
This means that the supremum in H%®(p) is reached at a unique 6“%*(p) given by

699 (p) = max (6" (p), —0us ).
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In particular, 0% is continuous and nondecreasing, so H @ s continuous. Moreover, for all p € R
such that §%%*(p) > —d.., we have H»%(p) = H»*(p) so H>* is decreasing on ]6%%*~1(—§,,), +00]
and its derivative on this interval is

i,a’ i,a(5i,a% ia( si,a%
H" (p) = =A™ (6" (p)) = —A"*(6""(p))-
On | — 00, 84**~1(=d,,)[, H"* is affine and its derivative is
HY (p) = =A™ (=dsc) = —A™(6°(p)).

Thus, by continuity of §%®*, H»® is continuously differentiable and decreasing on R. In particular,
|[H#" (p)] < A™*(—4) for all p € R, so H"® is Lipschitz.

O

In what follows, we denote by L% the Lipschitz constant of H%® for all i € {1,...,d}, and we
define similarly L** the Lipschitz constant of H*" for all i € {1,...,d}.

For m € C°(R?4,R,), let us consider C, the following vector space:

Cr = u e C°RLR) | sup u(q)‘ < 400 p.
qeR? 1+ W(q)
Equipped with the norm u € Cr + ||u|» = sup 1i§rq<)q) , Cr is a Banach space.
g€ERI

We now consider for the rest of the paper that there exists p € N* and C' > 0 such that:

e Vg e R m(q) < C(1+||q|P),

o Vg,y € RE S5 < O (1 4 ||y|P),

o Vie {l,...,d}, fRi (2Ppi(dz) 4 2Pp"(dz)) < +o0,

where ||.|| denotes the Euclidean norm on R€.

Moreover, we assume that 1, £g € C.%

Remark 3. For the examples of Remark 2, it is natural to choose a quadratic function m such that
P,y < . Then, the above assumptions are satisfied for p = 2 whenever u** and p>* have a finite
second moment.

5This assumption implies in particular that ¢ and ¢4 have, at most, polynomial growth at infinity.
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Proposition 1. For all u € C, the function

Flu):q e BRI o w(q)_i /R Jpy (u(q> - uz(q 4 >> i dz)_i /R Jp <u<q) — u(q - )) i (d2)

z

s in Cy.

Proof. Let u € C.
Let us consider ¢ € R? and a sequence (g, ), converging towards q.
From the continuity of ¥, we have lim,—, oo ¥(g,) = ¥(q).

Also, Vi € {1,...,d},Vz € R%, from the continuity of H* and u, we have

et (M) 2E0) e (10 e )

n——+00 z z

Now, we write H*®(p) < H**(0) 4+ L*®|p| so that we get

LH (U(qn) —u(gn + zei)>

z

IN

ZH"*(0) + L"*|u(gn) — u(gn + z¢")|

< 2H™(0) + L u(gn)| + CL™ Jullx (1 + 7(ga)) (1 + 27)

< zH"(0) + L** sup |u(g,)| + CL"®||ul| (1 + sup w(qn)> (1427,

which is integrable by assumption. Using the same technique for the terms associated with the
ask side and Lebesgue’s dominated convergence theorem, we conclude that lim,, o F(u)(g,) =
F(u)(q), hence the continuity of F'(u).
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Moreover, for all ¢ € R?, we have

1 f(qu) B i/& 1 +Z7r(q) e (u<q> - uz(q . zei)) "t (d2)

- é/i %ﬂ(q)Hw (U(Q) — uz(q - zei)) i (d)
< llx+ Z: /R*+ %ﬁ(q)hﬂ; (u(q) - uz(q + zei)) L (d2)
+ zz; /*+ %ﬂ(q)Ha (u(q) - uz(q — zei)> o)

d
< [llx + z_; /R* %ﬁ(q) (ZHi’b(O) + L ‘u(q) —u(q+ zei)‘) p(dz)

‘ F(u)(q) ‘ _
1+7(q)

d
1 1,a i,a _ _ T i,a
—5—;;/*+ m (zH (0)+ L ‘u(q) u(q — ze )|)u (dz)
d
< |1¥|lx +Z/R* (ZH“’(O) _|_Li,b||uH7r —|—C’Li,b||u||7r (1 +Zp)> ,ui’b(dz)
i=1 YR}

d
+Y [ (zHP(0) + L Jullx + CL ||« (1 + 27)) u"*(d2).
i=1 YR}

F(u)(q)
1+7(q)

< 400 and therefore that F'(u) € C,.

We conclude that sup ‘
g€ER4

We can therefore define a functional F' : C, — C, such that, for all u € C, and for all ¢ € R?,

F(u)(q)zw(q)_i /izHi,b (u<q>—uz<q+zei>>m,b(dz)_i /H <u<q>—u<q—zei>>ﬂi,a(dz).

z

We now come to the main property of the function F'.

Proposition 2. F' is Lipschitz on C.
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Proof. Let u,v € C,. For all ¢ € R%, we have

it (v(q) —v(g+ zei)> i (u(q) —u(g + zei>> ’ 10 (d2)

d
F(w)(a) - Fo)(@] < Y / z

d i u — U —Zei .
+Z/* » |Hbe (U(Q) _Uiq_ ze )) _ ghe ( (q) Z(q )>’H’l7a(d2)-
Therefore
Fu)(@) - Fo)@l < Y / L folq) — vlg + 26) — ulq) + ulq + =) 5 (d2)
i=1 7 RS
030 [ L ol) — vl = ) — ula) + ulg - )| u*(d2).
i=1 YR}
d d
Wb lu(g) — u Bb(dy bb g ze') —u ze")| b (dz
< E_Z/L lo(q) - ulg)| g (d )+;/R*+L lo(g + 2€) — ulq + z¢')| i (dz)
*;/Rf’ lo(q) — ulg)| i (dz”;/wf’ (g — 26") — ulg — ze®)| o (dz).
We obtain therefore,
Fe) - F)a)]

d d
Li’bu—vﬂi’bdz—i— / C’Li>bu_vﬂ1+zp b (dy
1+ 7() S [ vl )+ 3 [ OB =l (1))

d d
30 [ E o) 4 3 [ O vl (2 ),
i=1 + =1 +

By taking the supremum over ¢, we get that there exists a constant K > 0 such
[1F(u) = F()|l, < Kllu— vl

We conclude that F' is Lipschitz continuous.

The Lipschitz property of F' allows to obtain the following existence and uniqueness theorem:

Theorem 1. There exists a unique function W € CY([0,T],Cx) such that w : (t,q) € [0,T] x R?
W(t)(q) is solution to (1.2) with terminal condition w(T,q) = —£4(q),Yq € R%.

Proof. Let us observe that W € C*(]0,T),C,) is solution of the Cauchy problem

W (t) = FON(t)),Vt € [0,T]
W(T) = L4
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if and only if w : (t,q) € [0,T] x RY — W(t)(q) is solution to (1.2) with terminal condition
’IU(T, q) = _Ed(q>7Vq S Rd-

As (Cr,|-|l=) is a Banach space and F' : C, — C, is Lipschitz continuous, we know by Cauchy-
Lipschitz theorem that there exists a unique maximal solution W to the above equation, and that

this solution is in fact global, meaning in particular that W is defined on [0, 7.
O

1.2.3 Verification theorem

We now want to prove that 6 is in fact the function w defined in Theorem 1 and deduce the optimal
controls associated with the problem (1.1) using a verification argument.

Theorem 2. Let w be the function defined in Theorem 1.
Let (t,q) € [0,T) x R%.

Let us define (Si)i€{17,,,)d} = (Si’b,gi*“)ie{l)wd} € A such that ¥i € {1,...,d},Vs € [t,T],Vz > 0:

gi,b(s’z) — 5i,b* <w(s,qs_) - ’U.)(S,qs_ + ze )) 7

z

z

gi,a(&z) _ 571,(1,* (w(saqs—) — w(S>QS— — rC )) ,

t,a,(8",....6%)
s )

where §°* and §%** are the functions defined in Lemma 1 and (gs)i<s<t = (¢ t<s<T-

Then, 0(t,q) = w(t,q) and (6,...,0%) is an optimal control for our stochastic control problem
starting at time t with ¢ = q.

Proof. Let (5i)ie{1,.‘.,d} = (5i’b,5i’“)ie{1w’d} € A be an arbitrary control and let us denote by

yeeey

Let us first prove that for all ¢ € {1,...,d},

E

T
/ / lw(s, qs— + z€e*) — w(s, qs—)| AP (580 PP (dz)ds | < +oo.
¢ +
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Denoting by M™ the quantity sup ||w(, )|, we have
te[0,7]

T
E [/ / |’UJ(S, qs— + Zei) - ’UJ(S, qs—)| Alyb(aé’b):ulyb(dz)ds‘|
¢ 3
< ABP(— l/ / (Jw(s, gs— + ze")| + |lw(s, gs-)]) “’(dz)ds]

< AP (=0.0) M"E /t / (14 m(ge- +ze’) + 14 7(gs-) Mi’b(dz)d81

< AY(=00) MVE / / (C+2)( 1+w<qs>>+1+w<qs>>>mvb<dz>ds].

Therefore

l/ / ($,qs— + 2€") —w(s,qs—)] Ai’b(éi’b)ui’b(dz)dsl

< A (=600 ) MYE // (1+22)( 1+C’(1+|QS|p))+1+C(1+||CIs||p))ﬂi’b(dz)ds].

Subsequently, we just have to prove that

T
/ lgs_||Pds
t

Since ||gs|| < llgll + llas — all; [las|” < 2P~ ([|q]|” + [lgs — ¢||”), and we need to prove that

E < +o00.

[T
E / llgs— — q||Pds| < +o0.
¢

As we are working in R%, it is equivalent to prove that

T
E / ||qs_fq||§ds < 400,
t

1/p
where |[(@1,.. . za) llp = (S i)

For that purpose, we introduce for each j € {1,...,d}, two independent Poisson processes N7
and N7% with respective intensities A7*(—d4) and A (—d), and (fi’b)kzl and (&")k>1 two
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sequences of i.i.d. random variables with respective distributions ?* and p7*. Then, we have

El/;nqs—qllgds] E/Ti
< E / (/R zJj’b(dt,dz)—l—/* sz(dt,dz))p

N Nia P
sﬂ”+25” ds

Fa(E) ()

p
ds

/ 2JP0(dt, dz) — / 2J(dt, dz)
| G

IA
&
?\ﬂ
M= T

IN

b

=
—
Mg

1 T ,bp_1NSj‘b D\ P ) p_lNg'*“ NP
< 2 /tj_lE(Ns’) ;;(k) +E | (N3 H(k) ds
<o [ el ] 2l ) )
d p p
N A T

Using the above, we have, for all i € {1,...,d},

E /t /* (w(s,qs— + ze") —w(s,qs—)) J"*(ds, dz)}
T
=B l /t / . (w(s, s+ z€') —w(s,qs)) Ai’b(éi’b)pi’b(dz)ds] :

Of course, we can similarly prove that, for all i € {1,...,d},

2| [ ' [ (s, =z~ w(sa.0) Jiv“(ds,da]
—E [ / ' [ s = ze) —wisiq.) Aﬂ“(az*a)w(dz)ds] .
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Now, by applying It6’s formula, we get

T d T
wToar) =)+ [ Glsadds+ 3 [ [ (s 26— wls.a)) S ds dz)
t i=17t 3
d T
+ w(s,qs_ — ze') —w(s,qs_)) J""(ds,dz).
;/t /1( q gs—))

By taking expectation, we get

T . .
l’{ sqg+§:/‘A”5”SZ)@M&%—+wﬁ*W@ﬂkDuwW@

+ Z/ AP (87(s, 2)) (w(s, gs — ze") —w(s,qs-)) ,ui’a(dz)}ds‘| ,

which, by definition of w, gives us the following inequality:

T d
B AP (50 (s 2§ (s, ) (d
1 {w%> Z;ézA (670(s5, 2))6%0 (s, 2 (d2)

- Z/ zA““(é”“(s,z))&““(&z)u”“(dz)}ds],

with equality when (5i)i€{17“_,d} = ((5’)1.6{17___@}.

E[~La(gr)] <w(t,q) + E

In other words,

T d
E[‘/t { Z/* (ZAi’b((Si’b(S,Z))éi’b(&Z)/Li’b(dz) + ZAi’a((Si’a(S,Z))5i’a(S7Z),ui’a(dz))

i=1

- 1/)(%)}615 - ﬂd(qT)] <w(t, q),

with equality when (5i)ie{17,..,d} = (62)1.6{1 )

By taking the supremum over ((5i)1-€{17___7d} € A, we get 0(t, q) = w(t, g) and the fact that (Si)
is optimal.

ie{l,...,d}
0

1.3 Solving the multi-asset market making problem with fac-
tors

Let us now consider the particular case of problem (1.1) where Vg € R?, (q) = ¥ (¢'Sq) and
L4(q) = L4(¢'YSq) for some continuous functions ¢ and ¢4 with, at most, polynomial growth at in-
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finity. This particular case covers the examples of the literature (see Remark 2).

If the prices of the d assets are modeled using a small number k of factors, as it is the case in most
econometric models of financial asset prices, then the variance-covariance matrix ¥ takes the form

Y =pVB +R,

where 3 is a d-by-k matrix of real coefficients, V' the k-by-k variance-covariance matrix of the fac-
tors, and R the d-by-d variance-covariance matrix of the residuals.

If the explanatory power of the factors is high, R should be small compared to ¥ (in Frobenius
norm for instance). Our approach consists in ignoring the residuals, i.e. setting R to 0. In other
words, we project the market risk on a space of factors of dimension k. As we shall see in Section
1.4, this approach provides very good results as measured by the objective function (1.1).

In what follows, we also discuss an approximation method based on Monte-Carlo simulations to
account for the influence of R once one has computed the optimal quotes in the case with no residual
risk. The advantages and drawbacks of this additional approximation method will be discussed in
Section 1.4.

1.3.1 A low-dimensional approximation

Let us now assume that ¥ = V3, i.e. R = 0. Under this assumption, we can write problem (1.1)
as the maximization of

E

d T
Xr+ 3 ¢bSh — La((Bar)'V(B'ar)) - / D(B'a)V(Ba))dt| . (1.3)
=1

Using the same ideas as in Section 1.2, this expression can be written as

T d
e| | { [ 30 (500,200 (50 0, 2 (dz) 6 2) 2 (5 0, 2) ' (d2) —1/)((B’qt)’V(ﬁ’qt))}dt

0 + =1

—la ((ﬂ’QT)'V(ﬂ’qT))] :

Let us introduce (ft)iefo,7] = (8'Gt)tefo,r)- Then, the problem of maximizing (1.3) is equivalent to
that of maximizing

E

T d
/ { [ 30 (090202 A 0 2 ) + 07 2)2 67 1, 2D (d2)) 3 (1Y £0) }dt—zd (Vi)

0 Ti=1

The state process of our problem is now the Markov process (f)ic[o,r] instead of (g¢)iepo,7): We
have reduced the dimension of the problem from d to k.
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Let us introduce J [0,T] x R* x A — R such that, V¢t € [0,T], Vf = (f%,...,f*) € R¥,
V(6%)ieq1,...ay €A

j(tva((si)ie{l,“.,d}) = E

/T { /. > (095,220 6° 0,2 () 48 (5, 2) (07 5,2 0 )

Toi=1

)

—0 (fV fs) }ds —Lla (frV ffr)

where (fs)seje,r) = (f;’f’(‘s Jiett... ) seft,7) is here the state process starting in state f at time ¢ and
controlled by (6");eq1,....a-

The value function 6 : [0, 7] x R¥ — R of the problem is then defined as follows:

é(t7 f) = sSup j(ta fa (5i)i€{1,...,d})a V(t, f) € [OvT] X Rk'
(09)ieq1,...,a} €A

By using the same arguments as in Section 1.2, we can show that 0 is the unique (in a large class
of functions) smooth solution to the following integro-differential Hamilton-Jacobi equation:

00 _ d o (00 ) =00t f +28)\
0—&(t,f)—w(fo)+;/msz< ut (dz)

z
d 7] 7] si
+ Z/ SH (9(”) - ez(t’f — 2 )> W (dz), Yt f) € 0,T) x R,
i=1 7/ RY

(1.4)
with terminal condition O(T, f) = —C4(f'V f),Vf € R¥, where Vi € {1,...,d},&" = f'e'.

Furthermore, the optimal controls are now given by:

gi7b(57 Z) = (67(87 fsf) — é(s, fs— + Zél)> ’

z

gi7a(872) —_ ghax (9(87]‘5) —0(s, fo— — Zél)) .

z
When R = 0, the problem boils down therefore to finding the solution 6 of (1.4) with the appro-
priate terminal condition. In particular, from a numerical point of view, we need to approximate
the solution of an equation involving time plus k space dimensions, and this is doable with grid

methods if & is small.

1.3.2 A Monte-Carlo method to take the residual risk into account

As we shall see in Section 1.4, the above approximation method provides very good results as mea-
sured by the value of the objective function (1.1). Nevertheless, when market risk is projected on
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a low-dimensional space of factors, there are linear combinations of assets that falsely appear to be
risk-free. To prevent trajectories of the inventory visiting too often regions that are falsely associ-
ated with low risk, it makes sense to look for methods that account for the residual risk measured
by the matrix R.

In what follows, we propose an approximation method to take the residual risk into account. The
idea consists in considering the first-order expansion in € where

Y =pBVB +eR.

The rationale behind this idea is that, for a factor model with high explanatory power, R should
be small and it makes sense therefore to use a perturbative approach.

When ¢ = 0, we know how to solve the problem, and the value function is given by 6. To approximate
the value function 6 of the problem for ¢ > 0, we consider a first-order expansion of the form

0(t,q) = 0(t, 'q) + en(t,q) + o(e), V(t.q) € [0,T] x R™.

By plugging this expression into equation (1.2), we formally get

0=53(t,8'9) + <5 (1,) + 0(e) — § (94 V(3 + =0’ R
+Z/ sz ( )éit7BIQ+Zél) +€77(t7Q) *T}Z(t,q+2’€i) —|—O(€)> luz,b(dz)

+ Z/ Hz ,a ( ﬂ ) (taﬁ/q B Zéz) +€n(ta Q) — 77(157(1 B Zei) + O(é‘)) Hi,a(dz),

z z

and
0(T,8'q) +en(T,q) +o(e) = —La ((B'9)'V(B'q) + ed'Rq) .

Assuming that ¢ and /4 are C' and performing a Taylor expansion, we obtain

89@ Fa)+ f)Z<t,q>—ww'q)’vw/q))—sw((ﬁ/q)’vw’q))q'fzq

. EZ/ Hi’b/ ( t ﬁ/q + ze )) (n(t,(I) - n(t,q + 261)) ,ui’b(dz)
i=1 7R}

d y
(0, 8'q) —B(t, Bq — =&
+§ / sz( ,5'q) z’Bq Ze))

+ EZ/ oo al ( t, ' Q) — Q(t B'q — Zél)) (77(12(]) B n(t,q _ zel)) ui,a(dz) + 0(&_),
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and
0(T, 8'q) +en(T,q) +o(e) = ~La ((8')'V(8'9) — el ((8'0)'V (8')) d' Rq + o).
As 0 verifies (1.4), we get

(t,B'q) — O(t,B'q + z&")
z

- ) 'q) — 0 'q — z& } )
+ z;/* Hi,a/ (0(@& Q) 9(t7ﬂ q )> (n(t7q) _ n(t’q _ 2’61)) ,UZ’a(dZ).

. )
0 =%(t, 0) = (B'V(Ba)d Ra+ ) /R Y (0 ) (n(t,a) = n(t.q + z¢)) " (d2)

and (T, q) = =L, ((8'q)'V(8'q)) ¢'Rq.

This equation, although in space-dimension d, is linear. Therefore, by the Feynman-Kac represen-
tation theorem, we have the following formula:
qt = Q] )

} T
n(t,q) =E" l—/t V' ((8'as)'V(8'qs)) d-Rasds — 0y (B'qr)'V(B'ar)) ar Rar

where under ]f", for all i € {1,...,d}, J** and J*® have their respective intensity kernels given by
: o (0, Bq) —0(t,B'q- + 28"\
th,b(dz)Hz,b’< ( 75% ) ( aﬁqt +Ze)>‘uz,b(dz),
z
; o (0t a) —0(t, B g — 2¢& :
Dz.,a(dz) _ _Hz,a/ ( ( aﬂ qt ) (Z7B dt i ))) ,u“l(dz).

Remark 4. [t is noteworthy that the dynamics of (qs)see, ) under P is that associated with the
use of the optimal quotes when R = 0.

Thanks to this probabilistic representation, we can easily compute 7(t,q) for a given time ¢ and
inventory ¢ using a Monte-Carlo method, and therefore easily compute both an approximation of
the value function and an approximation of the optimal quotes that account, to the first order, for
the residual risk. Of course, in practice, it would be prohibitively expensive in terms of computation
time to carry out a Monte-Carlo simulation for all possible values of the inventory, but this method
can alternatively be used (online) upon receiving a request for quote for a specific asset and given
the current time and inventory (this will be discussed in Section 1.4.1).

Remark 5. In the computation of the optimal quotes associated with asset i, one relies on the
approximation

O(t,qi—) — O0(t, qu— + 2€') ~ 0(t, B'qi—) — O(t, B'qr— + 2€") + n(t, q—) — n(t, qu— + ze").

To compute n(t,qi—) — n(t,q— + ze'), the same sample paths should be used in the estimations
of n(t,qi—) and n(t,qi— *+ ze'). This is the same remark as for the computation of the Greeks of
derivatives contracts with Monte-Carlo techniques.
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1.4 Numerical results

1.4.1 The case of two assets: one factor vs. two factors
Model parameters

In this section, we apply our multi-asset market making model to the case of two highly-correlated
assets (here bonds). Our goal is to show that, in this case, the reduced one-factor model gives very
similar results to the complete two-factor model. For this purpose, we consider two assets with the
following characteristics:

Asset prices: S = S2 =100 €.

Volatility of asset 1: ¢! = 1.2 €- day_%.

[N

Volatility of asset 2: 02 = 0.6 € - day™ 2.

Correlation: p = 0.9.

Intensity functions:

1

AP (8) = AP (6) = ARFQ T garihrs’

ie€{1,2},

with Agprg = 30 day™*, ap = 0.7, and B = 30 €71, This corresponds to 30 RFQs per day
for each asset, a probability of 5 _ém ~ 33% to trade when the answered quote is the reference
price and a probability of 5z ~ 55% to trade when the answered quote is the reference
price improved by 3 cents.

e Request sizes are distributed according to a Gamma distribution I'(,, 8,) with o, = 4 and
By =4- 10~*. This corresponds to an average request size of 10000 assets (i.e. approximately
1000000 €) and a standard deviation equal to half the average.

The variance-covariance matrix is therefore given by

5 {1.44 0.648

Conor . [0:906 042411744 0 ][0.906 0.424
0.648 0.36]‘91}9—[ H H }

0.424 —0.906 0 0.056| |0.424 —0.906

We can see that the second eigenvalue is very small in comparison to the first. This justifies that it
is reasonable to approximate the two-dimensional problem with a one-dimensional problem using

0.906
0.424] and V ~ 1.744.

the result of Section 1.3, i.e. by considering 5 ~ [
Regarding the objective function, we consider the following:

e Time horizon given by T" = 12 days. This horizon ensures convergence towards stationary
quotes at time ¢t = 0 — see Figure 1.4 below.

o p:qgeR*— L¢'Sq with y=8-10"7 el

OEdZO.
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Results with 2 factors

Since 6 and § are defined on [0, T] x R2, a first step for approximating the value functions consists
in restricting the state space to a compact set. A traditional way to proceed consists in setting
boundary conditions. In what follows, we equivalently impose risk limits in the sense that no trade
that would result in an inventory ¢ € R? such that ¢’Xq > B is admitted, where B = 2.4 - 1019.6

We then approximate the solution 6 to (1.4) with two factors using a monotone explicit Euler
scheme with linear interpolation on a grid of size 141 x 141 for the factors and a discretization of
the RFQ size distribution with 4 sizes: 2! = 6250, 22 = 12500, 23 = 18750, and z* = 25000 assets —
thereafter respectively designated by very small, small, large, and very large size — with respective
probability p* = 0.53, p? = 0.35, p> = 0.10, and p* = 0.02.”

The value function (at time ¢ = 0) as a function of the factors is plotted in Figure 1.1. From the
value function, we obtain the optimal bid and ask quotes of the market maker as a function of
inventories and request size. The optimal bid quotes (at time ¢t = 0) for asset 1 and asset 2 (in
the case of the smallest RFQ size) are plotted in Figures 1.2 and 1.3. The ask quotes are of course
symmetric and are not plotted.

We see in Figures 1.2 and 1.3 that the optimal bid quotes for both assets are increasing functions
of both the inventory in asset 1 and asset 2, as expected given the positive value of the correlation
parameter p chosen in the example of this section.

As discussed above, we chose T' = 12 days to ensure convergence of the optimal quotes to their
stationary values. This is illustrated in Figure 1.4.

To see the impact of the RFQ size on the optimal quotes, we plot in Figure 1.5 the four functions
gt — 680,44, 0,2%), ke {1,...,4}
and in Figure 1.6 the four functions
¢ 81°(0,0,¢%,2%), ke {1,...,4}.
Likewise for asset 2: we plot in Figure 1.7 the four functions
¢ 62200,0,¢%,2%), k€ {1,...,4}
and in Figure 1.8 the four functions
q' — 6%%(0,¢%,0,25), ke {1,...,4}).

We see that accounting for the size of RFQs significantly impacts the optimal quotes of asset 1.
This is less the case for asset 2 (this difference is due to the fact that the volatility of asset 1 is
twice that of asset 2). In all cases, the monotonicity is unsurprising.®
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Value function for different values of the factors
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Figure 1.1: Value function for different values of the factors.
Optimal bid quote for asset 1 for different values of the inventory (very small trades)
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Figure 1.2: Optimal bid quote for asset 1 for different values of the inventory (very small trades).
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Optimal bid quote for asset 2 for different values of the inventory (very small trades)
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Figure 1.3: Optimal bid quote for asset 2 for different values of the inventory (very small trades).

Study of the convergence towards stationary quotes
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Figure 1.4: Optimal bid quotes as a function of time for various values of the factors (very small
trades). Top left: Asset 1 when f2 = 0. Top right: Asset 1 when f! = 0. Bottom left: Asset 2
when f? = 0. Bottom right: Asset 2 when f! = 0.
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Optimal bid quote 6°
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Optimal bid quote for asset 1 for different trade sizes as a function of g; (g2 =0)
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Figure 1.5: Optimal bid quote for asset 1 for different trade sizes as a function of ¢; (g2 = 0).
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Optimal bid quote for asset 1 for different trade sizes as a function of g, (g, = 0)
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Figure 1.6: Optimal bid quote for asset 1 for different trade sizes as a function of g2 (g1 = 0).

6These risk limits can be expressed in the space of factors instead of being expressed with the inventory vector.
“When there are as many factors as assets, one could directly consider the problem with inventory variables.
8Boundary effects related to impossible interpolation explain the surprising position of some extreme points.
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Figure 1.7: Optimal bid quote for asset 2 for different trade sizes as a function of g2 (g1 = 0).

Optimal bid quote for asset 2 for different trade sizes as a function of q; (g, = 0)
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Figure 1.8: Optimal bid quote for asset 2 for different trade sizes as a function of g1 (g2

0).

In order to check that the value of B defining the risk limits does not have a significant impact
on our numerical approximation, we carried out a Monte-Carlo simulation with 2000 trajectories
starting from zero inventory, using the optimal quotes. The distribution of inventory is plotted in
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Figure 1.9.° We clearly see that the ellipse of authorized inventory is wide enough to have little
influence on the outcome.

Distribution of the inventory over 2000 simulations starting from zero inventory (with optimal quotes)
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Figure 1.9: Distribution of the inventory over 2000 simulations starting from zero inventory (with
optimal quotes).

The statistics associated with our simulations are documented in Table 1: the average PnL at time
T, the standard deviation of that PnL at date T, the part of that standard deviation not related
to market risk — i.e. only related to the randomness of RFQs —,'° and the estimated value of the

objective function, i.e. the empirical mean of PnLy — 3 fOT ;2 dt.

Mean PnL. | Stdev PnL | Stdev coming from RFQs | Objective function
72081 80432 5959 69293

Table 1: Statistics associated with our 2000 simulations starting from zero inventory (with optimal
quotes).

These figures have to be compared with those associated with a basic naive strategy. A basic strategy
consists, for each asset and side, in always quoting the same “myopic” quote that maximizes the

9The shades of gray are in logarithmic scale.
10Using the law of total variance, it is easy to see that

T T 2
v(PuLr) =& qézqtdt}W(/ >/ <5i’b(t,2)zji’b(dt,dz)+5i’a(tﬂz)2=7i’“(dt,dz))>.
0 0 =1/R}

This formula enables to distinguish the part of the variance of the PnL at time 7" coming from market risk (the first
term) from that coming from the randomness of RFQs (the second term).
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expected instantaneous PnL. In other words, these myopic quotes are defined, for all ¢ € {1,...,d},
by
6hb = argmax 0A"*(8) and 2% . = argmax GAD%(H).

myopic myopic

In our case, the myopic quotes are all equal to 0.03854 €.
We carried out 2000 simulations using these myopic quotes with the same source of randomness as

above. The distribution of inventory is plotted in Figure 1.10, and the statistics associated with
our simulations are documented in Table 2.

Distribution of the inventory over 2000 simulations starting from zero inventory (with myopic quotes)
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Figure 1.10: Distribution of the inventory over 2000 simulations starting from zero inventory (with
myopic quotes).

Mean PnL | Stdev PnL | Stdev coming from RFQs | Objective function
73410 265906 6211 43953

Table 2: Statistics associated with our 2000 simulations starting from zero inventory (with myopic
quotes).

With these figures, we clearly see that the main source of risk is market risk and not the risk
associated with the randomness of RFQs. This justifies our choice of objective function that only
penalizes the part of the variance coming from market risk.

We also clearly see that the use of the optimal quotes drastically reduces the variance of the PnL

and results in a high value of the objective function. More precisely, although the use of optimal
quotes reduces the average PnL from around 73410 to around 72081, it enables a reduction by a
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factor 3 of the standard deviation of the PnL from around 265906 to around 80432, hence a major
increase of the objective function from around 43953 to around 69293 (a figure consistent with the
maximum of the value function plotted in Figure 1.1 which is approximately 69174).

Results with the one-factor model and comparison

Let us now compare the results with two factors to the results with one factor, i.e. when the smallest
eigenvalue of ¥ is replaced by 0.

As above, we start with an approximation of the solution 6 to (1.4) with one factor. We used
a monotone explicit Euler scheme on a grid of size 141 for the unique factor and the same dis-
cretization (with 4 sizes) as in the previous paragraphs for the RFQ size distribution. The set of

authorized inventory {q € R?|¢'Sq < B} is of course replaced by the set {q € R?|(8'q)'V(8'q) < B}

which corresponds, in terms of the unique factor, to the interval [— g, g}

The value function (at time ¢ = 0) as a function of the inventory, obtained through linear inter-
polation is plotted in Figure 1.11. The difference between the one-factor value function and the
two-factor one is plotted in Figure 1.12.

Value function in the one-factor case for different values of the inventory
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Figure 1.11: Value function in the one-factor case for different values of the inventory.
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Difference between the value functions in the one- and two-factor cases for different values of the inventory
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Figure 1.12: Difference between the value functions in the one- and two-factor cases for different
values of the inventory.

We see that the value function in the one-factor case is above that of the two-factor case. This
comes from the fact that not all the risk is taken into account in the one-factor case. We also see
that the difference between the two value functions is very large at the two extremes of the major
axis of the ellipse. This comes from the fact that the market maker using the one-factor model
believes that positions close to the major axis of the ellipse are associated with low risk whereas
this is less and less the case as the inventory in each asset increases in absolute value.

As in the two-factor case, we deduce from the value function the optimal bid and ask quotes of the
market maker (at time ¢ = 0) as a function of inventory and request size. The optimal bid quotes
for asset 1 and asset 2 (in the case of the smallest RFQ size) are plotted in Figures 1.13 and 1.14.
The differences between the optimal bid quotes in the one-factor case and two-factor case (for the
smallest RFQ size) are plotted in Figure 1.15 and Figure 1.16.

We clearly see that the larger (in absolute value) the inventory in each asset, the larger the differ-
ence in optimal quotes between the exact model and the one-factor approximation. This is in line
with expectation.

To better compare the quotes and see the impact of RFQ size, we plot in Figures 1.17, 1.18, and
1.19 the optimal bid quotes of asset 1 when ¢ = 0 for different values of ¢q;, when ¢; = 0 for
different values of g2, and when (g1, ¢2) spans the major axis of the ellipse of authorized inventory.

Likewise, we plot in Figures 1.20, 1.21, and 1.22 the optimal bid quotes of asset 2 when ¢; = 0 for

different values of ¢o, when go = 0 for different values of ¢;, and when (g1, ¢2) spans the major axis
of the ellipse of authorized inventory.
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Optimal bid quote in the one-factor case for asset 1 for different values of the inventory (very small trades)
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Figure 1.13: Optimal bid quote in the one-factor case for asset 1 for different values of the inventory

(very small trades).

Optimal bid quote in the one-factor case for asset 2 for different values of the inventory (very small trades)
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Figure 1.14: Optimal bid quote in the one-factor case for asset 2 for different values of the inventory

(very small trades).
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Difference between the optimal bid quotes of asset 1 in the one- and two-factor cases for different values of the inventory (very small trades)
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Figure 1.15: Difference between the optimal bid quotes of asset 1 in the one- and two-factor cases

for different values of the inventory (very small trades).
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Difference between the optimal bid quotes of asset 2 in the one- and two-factor cases for different values of the inventory (very small trades)
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Figure 1.16: Difference between the optimal bid quotes of asset 2 in the one- and two-factor cases

for different values of the inventory (very small trades).
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Optimal bid quotes of asset 1 in the one- and two-factor cases for different trade sizes as a function of g1 (g, =0)
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Figure 1.17: Optimal bid quote for asset 1 for different trade sizes as a function of g1 (g2 = 0).

Optimal bid quotes of asset 1 in the one- and two-factor cases for different trade sizes as a function of g, (g, =0)

v very small trades (1 factor) v
o small trades (1 factor)
012] * large trades (1 factor) A v
A very large trades (1 factor) ¥
v very small trades (2 factors) 4V
small trades (2 factors) O S
0.10{ + large trades (2 factors) N ¢ 4 v
A very large trades (2 factors) s A5
RS
0.08 t Iy
T
s 3 ¥ v
E) :
2 i v
E v
3 006 % ¥
b}
5
2 :
£ i
2 004 3
S § 3
0.02 N $ §
i
0.00 3 $ z g
-0.02 $ '
~200000 ~100000 0 100000 200000

Figure 1.18: Optimal bid quote for asset 1 for different trade sizes as a function of ¢ (¢1 = 0).
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Optimal bid quotes of asset 1 in the one- and two-factor cases for different trade sizes as a function of g1 ((g1, g2) on the major axis)
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Figure 1.19: Optimal bid quote for asset 1 for different trade sizes as a function of ¢ ((g1,¢2) on

the major axis of the ellipse).
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Optimal bid quotes of asset 2 in the one- and two-factor cases for different trade sizes as a function of g, (g1 =0)
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Optimal bid quote for asset 2 for different trade sizes as a function of g2 (g1 = 0).
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Optimal bid quotes of asset 2 in the one:

- and two-factor cases for different trade sizes as a function of g1 (g, =0)
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Figure 1.21:

Optimal bid quote for asset 2 for different trade sizes as a function of ¢; (g2 = 0).

Optimal bid quotes of asset 2 in the one- and two-factor cases for different trade sizes as a function of g1 ((g1, g2) on the major axis)
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Figure 1.22: Optimal bid quote for asset 2 for different trade sizes as a function of ¢; ((g1,¢2) on
the major axis of the ellipse).
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These plots confirm that the optimal quotes in the one-asset model are good approximations of the
true optimal ones whenever the inventory in each asset is not too large, all the more for inventories
that are not close to the major axis of the ellipse of authorized inventory. Moreover in our exam-
ple, the one-factor model seems to return quotes closer to the true optimal ones for asset 1 than
for asset 2: this is due to the fact that here, the factor obtained through PCA explains better the
risk of asset 1 than that of asset 2 (the residual variance of the latter is four times that of the former).

Comparing quotes is important but what really matters is to compare the distribution of the PnL
at time 7" when using the quotes obtained within the one-factor model with the distribution of
the PuL at time T when using the optimal quotes (of the two-factor model). For that purpose,
we carried out a Monte-Carlo with 2000 simulations using the same source of randomness as in
Section 4.1.2. The distribution of inventory when using the optimal quotes in the one-factor model
is plotted in Figure 1.23. The statistics associated with our simulations are documented in Table 3.

Distribution of the inventory over 2000 simulations starting from zero inventory (with the optimal quotes of the one-factor case)

400000

200000

~200000

~400000

~300000 ~200000 ~100000 [ 100000 200000 300000

Figure 1.23: Distribution of the inventory over 2000 simulations starting from zero inventory (with
the optimal quotes of the one-factor case).

Mean PnL. | Stdev PnL | Stdev coming from RFQs | Objective function
72523 96746 6033 68567

Table 3: Statistics associated with our 2000 simulations starting from zero inventory (with the
optimal quotes of the one-factor case).

We clearly see that the performance of the one-factor approximation is very good. The value of the
objective function is indeed around 68567 when using the quotes obtained in the one-factor model,
a bit smaller than the value of approximately 69293 obtained with the same source of randomness
when using the optimal quotes. In fact, the average Pnl is higher with the one-factor optimal
quotes but, since the distribution of inventory is denser in areas that are falsely believed to be
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risk-free or wrongfully associated with low risk, the standard deviation of the PnL is in fact higher
(around 96746 versus around 80432), resulting in a lower value of the objective function.

Taking the residual risk into account with our Monte-Carlo method

We have seen above that the use of the optimal quotes of the one-factor model provides very good
results in terms of the value of the objective function. Nevertheless, the distribution of the inventory
plotted in Figure 1.23 differs from the distribution associated with the true optimal quotes plotted
in Figure 1.9 because the major axis of the ellipse of authorized inventory is associated with zero
risk in the one-factor model. In this section, we illustrate the Monte-Carlo method proposed in
Section 1.3.2 in order to account for the residual risk in the approximation of the value function
and the optimal quotes.

It is noteworthy that the Monte-Carlo method of Section 1.3.2, unlike the grid method of Section
1.3.1, does not allow to compute the optimal quotes for all assets, sides, sizes, and values of the
inventory (we ignore time by focusing on ¢ = 0) at once. Instead, it requires a different Monte-Carlo
simulation for each desired quote. In particular, should it be used by practitioners, its use should
be online. In other words, the computations should only be carried out upon receiving an RFQ or
slightly beforehand if one wants to prepare the quotes (given the current inventory) for the most
probable RFQs.

A related point is that, even for illustration and even with two assets, it is too time-consuming
to compute the Monte-Carlo adjustment for all assets, sides, sizes, and possible inventories. As a
consequence, it is too time-consuming to carry out simulations of the PnL with the quotes amended
by the Monte-Carlo method of Section 1.3.2. Instead of a complete analysis, we focus on a sectional
analysis by looking at the cases ¢> = 0, ¢! = 0, and (¢*, ¢?) on the major axis of the ellipse of
authorized inventory.

In Figures 1.24, 1.25, and 1.26, we compare the value function obtained in the two-factor case, i.e.
the true value function, to the value function of the one-factor case and to its adjustment through the
Monte-Carlo technique of Section 1.3.2 — we use 50 simulations for each point (with the same source
of randomness for all points). Figure 1.24 deals with the comparison of the values on the section
{¢* = 0}, Figure 1.25 deals with the comparison of the values on the section {q! = 0}, and Figure
1.26 deals with the comparison of the values on the major axis of the ellipse of authorized inventory.

We clearly see that, unsurprisingly, the Monte-Carlo adjustment goes in the right direction. How-
ever, the Monte-Carlo method leads to (i) an overestimation of the gap between the value function
of the one-factor case and the true value function and (ii) an overestimation of the degree of con-
cavity of the value function (this is particularly the case for the third section).

It is noteworthy that the quality of the approximation is the best around 0. This point is interesting
if one wants to estimate the degree of suboptimality of a quoting strategy in a scenario starting
with zero inventory. The poor approximation of the concavity is however a limitation since quotes
are based on finite differences of the value function. This is well illustrated by Figures 1.27, 1.28,
and 1.29.

62



Value functions in the one-factor case, two-factor case, and approximation using Monte-Carlo as a function of g; (g2 =0)
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Figure 1.24: Value functions in the one-factor case, two-factor case, and approximation using
Monte-Carlo as a function of g1 (g2 = 0).

Value functions in the one-factor case, two-factor case, and approximation using Monte-Carlo as a function of g2 (q1 =0)
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Figure 1.25: Value functions in the one-factor case, two-factor case, and approximation using
Monte-Carlo as a function of g2 (g1 = 0).

63



Value functions in the one-factor case, two-factor case, and approximation using Monte-Carlo as a function of g1 ((q1, g2) on the major axis of the ellipse)
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Figure 1.26: Value functions in the one-factor case, two-factor case, and approximation using
Monte-Carlo as a function of ¢; ((q1,¢2) on the major axis of the ellipse.

Optimal bid quotes of asset 1 in the one-factor, two-factor, and "one-factor + Monte-Carlo" cases as a function of g, (g, = 0) -- small trades
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Figure 1.27: Optimal bid quotes of asset 1 in the one-factor, two-factor, and "one-factor + Monte-
Carlo" cases as a function of ¢; (g2 = 0) — small trades.

64



Optimal bid quotes of asset 2 in the one-factor, two-factor, and "one-factor + Monte-Carlo" cases as a function of g, (g1 = 0) -- small trades
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Figure 1.28: Optimal bid quotes of asset 2 in the one-factor, two-factor, and "one-factor + Monte-
Carlo" cases as a function of ¢z (¢1 = 0) — small trades.

Optimal bid quotes of asset 1 in the one-factor, two-factor, and "one-factor + Monte-Carlo" cases as a function of g; ((g1, g2) on the major axis of the ellipse) -- small trades
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Figure 1.29: Optimal bid quotes of asset 1 in the one-factor, two-factor, and "one-factor + Monte-
Carlo" cases as a function of ¢; ((¢q1,¢2) on the major axis of the ellipse) — small trades.
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Nevertheless, even though the Monte-Carlo adjustments of quotes are too large, especially on the
major axis of the ellipse (see Figure 1.29), this drawback of the Monte-Carlo method of Section
1.3.2 should be qualified as the quotes obtained with the Monte-Carlo technique naturally lead —
because of the overestimated slope of the quotes — to trajectories of the inventory more concentrated
around 0 and therefore to a very rare use of the quotes that are too different from the optimal ones.

Before we go on with an example including 30 assets, let us conclude on the two-asset case. The
method we propose to tackle the curse of dimensionality is based on the projection of market risk
on a low-dimensional space of factors. It works very well in the two-asset case as the quotes permit
to reach a value of the objective function close to the optimal one. The Monte-Carlo adjustment
we suggested in Section 1.3.2 allows to approximate the true value function at the point of zero
inventory, which is quite useful when one does not have access to the true value function, as is
the case in high dimension. However, it overestimates the changes one must make to the quotes
computed with the low-dimensional approximation.

1.4.2 Dealing with 30 assets

We now consider the more challenging case of a market maker in charge of 30 assets (here bonds)
with the following characteristics:

o Asset prices: S§ =100 €, Vie {1,...,30}.

e Volatility of assets: o' = 1.2 € - day_%,Vi € {1,...,15}, and o' = 0.6 € - day_%,w €

{16,...,30}.
e Correlation matrix: [g; g;ﬂ , Where
[1.0 0.9 ... ... 0.9] [0.2 0.2 ... 0.2 0.2]
0.9 . . .09 0.2 . . 002
R11:R22: and R12:R21:
0.9 . . .09 0.2 . . 002
109 ... ... 09 1.0] 102 02 ... 0.2 0.2]

e Intensity functions:

1

AP (8) = AV(0) = )‘RFQWa

Vie{l,...,30},

with Agprg = 10 day™!, ay = 0.7, and By = 30 € '. This corresponds to 10 RFQs per day
for each asset, a probability of 1—5-% ~ 33% to trade when the answered quote is the reference

price and a probability of H_e%oz ~ 55% to trade when the answered quote is the reference
price improved by 3 cents.
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e Request sizes are distributed according to a Gamma distribution I'(a, 8) with @ = 4 and
B =4-10"% This corresponds to an average request size of 10000 assets (i.e. approximately
1000000 €) and a standard deviation equal to half the average.

The variance-covariance matrix ¥ has two eigenvalues equal to 19.895060 and 4.584941, and 28
eigenvalues below 0.15. The first eigenspace is spanned by a vector with all coordinates of the same
sign. The associated factor — the first factor — represents an index of the 30 assets. The second
eigenspace is spanned by a vector with the first 15 coordinates of the same sign and the next 15
of the same, but opposite, sign. The associated factor — the second factor — allows to separate the
two groups of assets.

We can therefore legitimately approximate our 30-asset problem by a two-factor one and solve the
corresponding Hamilton-Jacobi equation (1.4) to approximate the optimal quotes.

Regarding the objective function, we consider the following:

e Time horizon given by T' = 2 days. This horizon ensures convergence towards stationary
quotes at time ¢t = 0 — see Figure 1.33.

. w:qERQH%q’quith7:8~10_7€71.
o EdZO.

We approximate the solution 6 to (1.4) with two factors using a monotone explicit Euler scheme
with linear interpolation on a grid of size 71 x 71 for the factors and a discretization of the RFQ
size distribution with the same 4 sizes as in the above two-asset example.'!

The value function (at time ¢ = 0) is plotted in Figure 1.30. The associated optimal bid quotes for
asset 1 and asset 16 (for the smallest RFQ size) are plotted in Figures 1.31 and 1.32. We see on
these graphs that the optimal quotes depend monotonously on the two factors.?

As discussed above, we chose T = 2 days to ensure convergence of the quotes to their stationary
values. This is illustrated in Figure 1.33.

To see the role of RFQ size on the optimal quotes, we plot in Figure 1.34 the four functions
e 6420, £1,0,2%), k € {1,...,4} and in Figure 1.35 the four functions f2 ~ §:°(0,0, f2, 2¥), k €
{1,...,4}.

Likewise, we plot in Figure 1.36 the four functions f!' 516200, f1,0,2%),k € {1,...,4} and in
Figure 1.37 the four functions f2 — 6'6:%(0,0, f2,2%),k € {1,...,4}.

We see, especially in Figures 1.35 and 1.36, that the size of the RFQ significantly impacts the quotes
that should be answered (as computed with our two-factor approximation).

HWe considered risk limits similar to those of the above two-asset example. Here, no trade that would result in
an inventory q € R30 such that ¢’>q > B was admitted, where B = 51010,
12Exceptions to this monotonicity property are related to boundary effects.
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Value function for different values of the factors

58000
56000
54000
52000
50000
48000
46000
100000 a0000 2000 f
Figure 1.30: Value function for different values of the factors.
Optimal bid quote for asset 1 for different values of the inventory (very small trades) -- 2 factors
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Figure 1.31: Optimal bid quote for asset 1 for different values of the inventory (very small trades)
— 2 factors.
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Optimal bid quote for asset 16 for different values of the inventory (very small trades) -- 2 factors
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Figure 1.32: Optimal bid quote for asset 16 for different values of the inventory (very small trades)

— 2 factors.
Study of the convergence towards stationary quotes
0.10
0.0475
0.08 0.0450
o o
P P
£ 0.06 £ 00425
B Bl
o 5 0.0400 \
3 0.04 s =
2 £ 0.0375 7
g =
g 0.02 S 0.0350
0.00 0.0325
000 025 050 075 1.00 125 150 175 2.00 000 025 050 075 100 125 150 175 2.00
Time Time
0.0500
0.0475 0.10
B 0.0450 % 0.08
g g
S 0.0425 S
s S 0.06
h-] 2
5 0.0400 K
] T 0.04 =
£ 00375 E =
s S 002
0.0350 i
0.0325 0.00
000 025 050 075 100 125 150 175 2.00

000 025 050 075 1.00 125 150 175 2.00
Time

Time

Figure 1.33: Optimal bid quotes as a function of time for various values of the two factors. Top

left: Asset 1 when f? = 0. Top right: Asset 1 when f' = 0. Bottom left: Asset 16 when f2 = 0.
Bottom right: Asset 16 when f! = 0.
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Figure 1.34: Optimal bid quote for asset 1 for different trade sizes as a function of f; (f2
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Figure 1.36: Optimal bid quote for asset 16 for different trade sizes as a function of f; (fo

2 factors.

Optimal bid quote for asset 16 for different trade sizes as a function of f, (f, = 0) -- 2 factors
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Unlike what we did in the two-asset case, it is impossible in our 30-asset case to know how far from
real optimality are the optimal quotes computed with the two-factor approximation. Nevertheless,
we can use Monte-Carlo simulations to estimate the value of the objective function associated with
the optimal quotes computed with the two-factor approximation in a scenario starting from zero in-
ventory, and compare such an estimation to an approximation of the value function at (¢, ¢) = (0, 0)
computed through the Monte-Carlo approximation of Section 1.3.2.

We carried out 2000 trajectories starting from zero inventory, using the optimal quotes computed
with the two-factor approximation. These 2000 simulations enable to illustrate the distribution of
the PnL at time 7. The statistics associated with our simulations are documented in Table 4.

Mean PnL. | Stdev PnL | Stdev coming from RFQs | Objective function
61471 64911 5338 59765

Table 4: Statistics associated with our 2000 simulations starting from zero inventory (with the
two-factor optimal quotes).

The value of the objective function documented in Table 4 has to be compared to an approximation
of the true value function at (¢,q) = (0,0). Given the value 6(0,0) = 60156 obtained with our nu-
merical scheme and given an estimation of 1(0,0) equal to —643 obtained using the Feynman-Kac
representation of Section 1.3.2 — with 500 trajectories —, we obtain an approximation of the true
value function at (t,q) = (0,0) equal to 59513. From the very small value of gg’g;’ we deduce that
our two-factor approximation is quite satisfactory. The near-optimality of the qtiotes obtained with
our two-factor approximation is confirmed by the value 59765 obtained with our 2000 trajectories
(see Table 4) which is even slightly above 59513.

Conclusion

In this paper, we generalized existing market making models to introduce trade size variability. This
extension led to an integro-differential equation of the Hamilton-Jacobi type that can be solved us-
ing ODE techniques in an infinite-dimensional space. Then, we introduced a numerical method for
approximating the optimal bid and ask quotes of a market maker over a large set of assets using a
dimensionality reduction technique based on a factor decomposition of the risk. To exemplify our
findings, and show that they contribute to beating the curse of dimensionality, we considered two
cases of market making with respectively 2 and 30 assets. Our method scales linearly in the number
of assets and exponentially in the number of factors, and can therefore be used on large markets
driven by a few number of factors.

72



1.5 Appendix

1.5.1 A particular case: hedging the market factors

Let us now consider a particular case in which we have some common factors that can be hedged

using indexes. We introduce (W},...,WM),>¢ a M-dimensional brownian motion (W1,..., WM
are assumed to be independents.) Let K € N*. For each k = 1,..., K, we consider n; € N* assets
(Sk1 ..., Skne) with prices verifying, for each i = 1,..., n:

M M,
asyt =Y "ot iaw) + 3 " ghrldw),

j=1 1=1
where Sg’i > 0 is fixed, o¥%7, %50 > 0 for all 4,1, M), € N*, and WH! .. . W*Mk are independent
brownian motions (which are also independent from W1, ..., WM and from Wk/’l, ey WH My for
k' # k). The intuition behind this is the following: we have K groups of assets, each depending on
M market factors (common to all the groups) and M}, particular factors (dlfferent for each group).
The dynamics of the inventory processes (qt “)i>0 are given by

dgl :/ 2(JRB0(dt, dz) — TP (dt, dz)),

where J*4b(dt, dz) and J*%%(dt,dz) are marked-point processes representing the request arrival
for the asset on the bid and ask side, with respective intensity processes (Vt]C b)t>0 and (Vt >0
satisfying:

k Ji, b(dz) _ Ak,i,b(é‘k,i,b(t, z)),uk”"b(dz),

k 7, a(dz) — Ak’i’a(ék’i’a(t, Z))/J,k’i’a(dz),
where AR5t AF49 satisfy hypotheses (H).
We also assume that for each m = 1,..., M, there exists a liquid index I™ reproducing exactly
the m-th factor of the market that we can buy or sell with no transaction cost or market impact,

verifying the dynamics:
dIZTL — 0_7”/th7"/.

With those indexes, we can hedge perfectly the first M factors. For each m =1,..., M, we denote
by (A7")i>0 the trading strategy on I"™ allowing us to hedge the m-th factor:

K ng

-yt

k=11i=1

The resulting dynamics for the cash process (X;);>o of the market maker is:

dX, = ZZ (/ (8550 (8, 2) TR0 (dt, dz) + 855 (¢, 2) TR0 (dt, dz)) — Stk"idqf’i>

k=11i=1

M
- Z IPAAT = d{I AT,
m=1 m=1

73



We denote by (V;)¢>0 the process for the Mark-to-Market (MtM) value of the market maker’s
portfolio (cash, indexes and assets):

K ng

XH—ZA’"I"W—ZZ bighi.

k=11=1

We check easily that the dynamics of (V;)¢>¢ is therefore given by

K ng
avi=>>" ( / (8% 00 (8, z) J5 B (dt, dz) + 5’“’““(1&,z)J’”’“(dt,dz)))
k=11=1
K ng
+ Z Amdlm+zz kzdSkz
k=1 i=1
which can also be written as
K ngk
davi= " ( / (5’“”(t 20 (dz) + 68 (¢, 2)w k’““(dz))) dt
k=11=1
K np My K ng . o ‘ N
Y NN gttt aw 4y TN ( / (5’“’“’(15, 2) TR (dt, dz) + 6% (t, 2) T dt, dz))) :
k=1i=1 (=1 k=1 i=1

where for each k and i, J*** and J¥% are the martingales associated with J%"b and Jkie
respectively. We want to control the risk linked to the second term, i.e.

K np My

SOSCY gk

k=11i=1 [=1

The dynamics of the quadratic covariation of this term is given by

Nk Mk K Mk
’
S50 S abtape ot = 305
k=14,7=11=1 k=11=1
where for each k and [ :
(o 11)2 ok ligh2l o oLl gkl
o2l kLl (oh21)2
k.l
2 [ 5 (15)
: . L. (a.k‘,’nk-—l,l)Q O'kvnk_lvlo'k’”k*l
O.k,nk,lo.k,l,l L o O.k,nk,lo.k,nk—l,l (O.k,nk,l)Q
and (qf)iejo,r) = (qf’l, ey qf ”’“) . Thus, we are interested in solving the problem
’ t€[0,7)
K ,Yk T My ,
K skl k
sup Vr — E ?/ g gy X%'qidt| (1.6)
((5’“)ieu1,nku)ke[[LK]]GAfc k=1 0 =
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with v',...,+% >0, and
A =A™ x ... x A™K

where for each k € [1, K],

L<icn, P X [0,T] x Ry = R*™§ is P ® B(R}) — measurable,

Ank — {5 — (5k,i,b75k,i,a)
Vie{l,...,np}, 0800t 2) > =60 P@dt @ p*"P ace. and 689%(t,2) > 0, P ® dt @ pH® a.e.}.
From what precedes, this problem is equivalent to

K T nk
Z/ { Z (/ z((sk,i,b(t’ z)Ak,i,b((Slc,i,b(t7 z))uk’i’b(dz)
k=170 i=1 R}

sup E
((5k’i)i€|[1v"k]|)ke[[1,x]]G'A’C

. . . . k T Mk 7
Rt ) AR ) ) ) ) - [ Yk z“qf}dt] :
0 =1

(1.7)

Finally, this problem boils down to

AT { i (/R z(dk’i’b(t, Z)Ak,i,b((sk,i,b(t’ Z))uk’i’a(dz)

; *
=1 +

K
sup E
k=1 (6k’i)i€[[1m,k]]€./4”k

M,
5k,i,a Ak,i,a 51@,7;,0, k,i,a d o lk & k' ok, k d
+ (t,2) (0%54(t, 2)) """ (dz) ) > ar sl par|.
=1
(1.8)

We therefore have K simpler problems to solve. Let us fix k& € [1,K], and consider the k-th
problem:

. El/OT { i (/]R Z((;k#i,b(t’Z)Ak,i,b((sk,i,b(t’Z))‘uk,i,b(dz)

(5k’i)ie|11,nk]|€Ank i=1 j_

(1.9)

M,

5k,i,a Ak,i,a 5k,i,a k,i,a 7lk e k' ki, Kk

+ (t,2) (67"4(t, 2)) """ (dz) 5 /. > g sMgp pat|.
=1

The state process of this problem is (qf)tzo, which is of dimension n;. Notice from (1.5) that for
each [ =1,..., M}, we can write
Skl g kol kol

where
RN

o2l
O—k’nk’l
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Let us denote by ( ftk’l)tzo the process defined by

=g ukt >0,

k,1 k, M),
)t Jt

and let us denote fF = ( + Vvt > 0. Let us denote by U the matrix whose columns

are given by the (uk"l)le[[LMk]]l
U = (uk’l .o U;k’Mk) .

Then (fF)i>0 = (¢F'U)¢>0, and we see that problem (1.9) is equivalent to

/OT { i (/* Z((Sk’i’b(t, Z)Ak’i’b((sk’i’b(t, Z))/J,k’i’b(dz)

i=1

sup E
(5k’i)ie[[1,n,€]]€-/4nk

., Mk (1.10)
+5kza(t Z)Akza(ékza(t Z)) kla(dz)) _7/ ’l)Q}dt].

The state process of this problem is (ff);>0, which is of dimension M. We typically have M), << ny,
so this problem is more tractable than (1.9). Let us define the function Jj : [0, T] x RMk x A"+ — R
given by :

jk(ty fka (6k7i)i€[1,nkﬂ =K

/ {Z /* 5kzb Akzb(dkzb( Z)) kz,b(dz)

+ g, AR (g 1, )b 02) ) - T / S W}dt
=1

o fk] |
(1.11)

vt € [0,T], f¥ € RMe and V(6%%);c[1,n,] € A™. Then the value function 6y : [0,7] x RM* — R of
(1.10) is given by :

Or(t, *) = sup Tt £, (0% icnn) vt € [0,T], Vf* e RMk, (1.12)
(0%%)ic[1,n, ] EA™R

The problem (1.8) is equivalent to

K

Z V sup l/ {i / (;kzb t Z Akzb((;kzb(t z))uk’i’b(dz)

k1 (6% ) ic1,n, ] EA™R

(1.13)
oAbt gt da))) - T[S (YR L.
0 =1
Therefore its value function 6 : [0,7] x Q1 X ... x Qx — R is given by
K
g(taflv"'va):Zek(tvfk)v (114)
k=1
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Vte[0,T)and VfL, ..., fK e RMi x. . xRMx Foreach k= 1,..., K, the function 6j, is the unique
solution to

k ok, i ] —0(t,f+2éL i
0= —%(ﬁ,fk) + 77 Zlﬂikl(fk,l)z _ Zzlf]R* SHib (G(t»f) 9it>f+ k)) Mk, ’b(dz)
= +

(HJ)

d : e 50 .
_ Zf ZHi,a <9k(t’fk)*92(t’fk *Zek)> uk,z,a(dz)7 vfk c RM"',Vt c [0, T)
i=1Y R}

0u(T, f*) = 0 Yk e RMx,

1.5.2 On the construction of the processes J** and J"¢

Let us consider a new filtered probability space (Q,}" , (Fi)ter +,I@). For the sake of simplicity,
assume that d = 1 and let us omit the superscript ¢ (the generalization is straightforward). Let
us introduce N® and N¢ two independent compound Poisson processes of intensity 1 whose incre-
ments follow respectively the distributions p®(dz) and p®(dz) with support on R* . We denote by
Jb(dt,dz) and J?(dt,dz) the associated random measures.

For each § € A, we introduce the probability measure P’ given by the Radon-Nikodym derivative

dP?

= L, (1.15)

Fi

where (L;S ) is the unique solution of the stochastic differential equation

t>0

dL? =12 /
R

with L) = 1.

(AP(8%(t, 2)) — 1) J(dt, dz) + /

R

(A*(6%(t, z)) — 1) J*(dt, dz)) ,

« x
+ +

We then know (see for instance [34]) that under P?, J°(dt,dz) and J%(dt,dz) have respective
intensity kernels

Aob(dz) = AP(60(t, 2))uP(dz) and  AD%(dz) = A(6%(L, 2))u®(dz)

as in the body of the paper.
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Chapter 2

From passive to active: when market
makers are also market takers

Abstract

In OTC markets, one of the main tasks of dealers / market makers consists in answering
prices at which they agree to buy and sell the assets and securities they have in their scope. With
trading automation, this quoting task has to be done algorithmically. Over the last ten years,
many market making models have been designed that can be the basis of quoting algorithms
in OTC markets. However, in the literature, most market making models adapted to OTC
markets are general and do not focus on the different characteristics of markets for different
asset classes. In particular, to the best of our knowledge, in every OTC market making model,
the market maker only has a rather “passive” behaviour: that of waiting for clients wishing to
trade with her. On some markets however, for instance on FX cash markets, market makers
typically have access to liquidity pools where they can unwind part of their inventory. In this
paper, we propose a model taking this feature into account, therefore allowing market makers
to trade “actively” in the market.

Key words: Market making, Algorithmic trading, Stochastic optimal control, Viscosity solu-
tions

2.1 Introduction

In all financial markets, liquidity has always been mostly provided by a specific category of agents
who, on a continuous and regular basis, set prices at which they agree to buy or sell assets and
securities. These agents, called market makers or dealers, play a key role in the price formation
process in all markets but their exact role and behavior depend on the considered asset class.

In most order-driven markets, such as stock markets, where many traditional exchanges have con-
verted from open outcry communications between human traders to electronic platforms organized
around limit order books, and where computers handle almost all market activity, traditional mar-
ket makers still provide liquidity to the market but they are in competition with other market
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participants who can post liquidity-providing orders.

In quote-driven markets, electronification has also been one of the major upheavals of the last
decade, with important consequences on market makers / dealers. New platforms have indeed
emerged to allow clients to request several dealers for quotes in a simultaneous way in many bond
markets. In FX cash markets, dealers propose their own private electronic platforms enabling clients
to directly send them requests for quotes (RFQ) and to be connected to their stream (RFS). Many
dealer-to-dealer or all-to-all plaforms have also emerged, therefore blurring the frontier between
OTC and organized markets.

In all financial markets, most market makers are now replaced by market making algorithms. This
electronification of market making has gone along with the development of many market making
models in the academic literature.

Economists interested in market microstructure have studied for a long time the behaviour of mar-
ket makers / dealers with the aim of understanding market liquidity and the magnitude of bid-ask
spreads. Since the 1980s, two types of models have been discussed in the literature: models where
one or several risk-averse market makers optimize their pricing policy for managing their inventory
risk models (see Amihud and Mendelson [12], Ho and Stoll [71, 72|, and O’Hara and Oldfield [90])
and models focused on information asymmetries where bid-ask spreads derive from adverse selection
(see for instance Copeland and Galai [42] or Glosten and Milgrom [58]).!

In 2008, largely inspired by Ho and Stoll [71], Avellaneda and Stoikov [13] proposed a stochastic
optimal control model to determine the optimal bid and ask quotes that a single-asset risk-averse
market maker should set. The authors paved the way to a new literature on market making that
goes far beyond the toy models of the economic literature. The resulting new models can be divided
into two groups: those adapted to the problem of a market maker in a limit order book and those
adapted to OTC markets.

To build a relevant market making model for order-driven markets, and especially stock markets, it
is important to take the microstructure into account. For instance, Guilbaud and Pham [68] mod-
eled the market bid-ask spread as a discrete Markov chain jumping according to a Poisson process,
and studied the performance of a market maker submitting limit buy /sell order at the best bid/ask
quotes, and at the best bid plus one tick and best ask minus one tick to get the priority. Guilbaud
and Pham [69] studied a similar problem of optimal market making in a pro rata limit order book,
where the dealer may post limit orders but also market orders — represented by impulse controls.
Fodra and Pham [49, 50| considered a model in which market orders arrive in the limit order book
according to a point process correlated with the stock price itself, modeled as a Markov renewal
process. They modeled the market maker as an agent placing limit orders of constant size at the
best bid and at the best ask, and solve the market making problem while taking the adverse selec-
tion risk into account. More recently, in Abergel et al. [2], the authors proposed a different model
for the limit order book (first introduced in Abergel et al. [1]), in which the limit orders, market
orders and cancel orders arrive according to Markov jump processes with intensities depending only
on the state of the limit order book. They considered the case of a market maker trading in this

1Other classic economic references on market making include Grossman and Miller [59] and the review paper of
Stoll [99].
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limit order book, and proposed a quantization-based algorithm to numerically solve the resulting
high-dimensional problem. Finally, Capponi et al. [35] studied a discrete-time problem, assuming
that the market maker can place bid and ask limit orders simultaneously on both sides at preset
dates. In this framework, the number of filled orders during each period depends linearly on the
distance between the fundamental price and the market maker’s limit order quotes, with random
slope and intercept coeflicients. Using standard tools of discrete-time optimal control, the authors
managed to get an explicit characterization of the optimal strategy.

In the case of OTC markets, or for order-driven markets in which the spread/tick ratio is large,
most market making models derive from the seminal work of Avellaneda and Stoikov [13].2 For
instance, Guéant et al. [65] provided a rigorous analysis of the stochastic optimal control problem
formulated in Avellaneda and Stoikov [13] and showed that, by adding risk limits to the inventory
of the market maker, the problem boils down to a system of ordinary differential equations (ODEs)
— in particular, those ODEs are linear in the case of the exponential intensity functions proposed in
[13]. Cartea, Jaimungal and Ricci considered in [40] a different kind of objective function: instead
of the Von Neumann-Morgenstern expected utility of [13|, they optimized a risk-adjusted expec-
tation of the PnL. Cartea, Donnelly and Jaimungal studied in [36] the impact of uncertainty on
some parameters of the model. Multi-asset market making models have been proposed by Guéant
in [61, 62] for both kinds of objective function, and the author showed again that the problem
boils down to a system of ODEs. All those models assumed that the trade size is constant: the
same quantity of assets is bought/sold at each trade. In [26], Bergault and Guéant introduced a
distribution of trade sizes in the model, with the quotes of the market maker depending on the size
of each RFQ. This yields an integro-differential equation of the Hamilton-Jacobi type that does not
boil down anymore to a finite system of ODEs (but this equation can be seen as an ODE in an
infinite-dimensional space). They also proposed a dimensionality reduction technique in order to
approximate numerically the optimal bid and ask quotes of the market maker in high dimension, by
projecting the market risk on a low-dimensional space of factors. This problem of approximating the
solution across a large universe of assets has been addressed using different approaches. In Bergault
et al. [25], the authors regarded the Hamilton-Jacobi equation of the problem as a perturbation of
another simpler equation whose solution can be computed explicitly and is used as a proxy of the
value function. In Guéant and Manziuk [66], the authors used neural networks instead of grids to
compute an approximate solution — a method inspired by approximate dynamic programming and
reinforcement learning techniques.

In most models adapted to OTC markets, market makers are liquidity provider and only make
money out of their bid-ask spread: they buy assets at the bid price they quote and sell them at the
ask price they quote — ideally earning the difference between these two prices. Of course, market
makers seldom buy and sell simultaneously and they therefore carry inventory; and hence have
an exposure to price changes. The problem faced by market makers in these models is already a
subtle dynamic optimization problem in which market makers must mitigate the risk associated
with price changes by skewing their quotes as a function of their inventory. However, this problem
is complexified on some markets like FX cash markets, as market makers have an additional way
to manage their inventory risk: on those markets, traders typically have access to several liquidity
pools — on the Dealer-to-Dealer (D2D) segment of the market, for instance — where they can unwind
part of their position, without having to “wait” for clients sending requests and trading with them.

2See the books of Cartea et al. [39] and Guéant [61] for a detailed discussion.
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To the best of our knowledge, this last feature (i.e. models with both requests for quotes / requests
for stream and access to liquidity pools) has never been studied in the academic literature on mar-
ket making on OTC markets. The main goal of this paper is in effect to include the possibility
for the market makers to buy and sell “actively” (in continuous time) some assets on exchanges, in
order to better mitigate their inventory risk. In comparison to previous models, we introduce a new
form of control in addition to the bid and ask quotes. This control represents the trading rate of
the market maker (for the assets she can trade “actively”), and is inspired by Almgren-Chriss-like
models of optimal execution (see Almgren et al. [11, 7], and Guéant [61] for a general presentation).

In Section 2.2, we present our multi-asset market making model involving assets for which the
market maker only has a “passive” market making role, (liquid) assets for which she can only trade
“actively” by buying or selling in some liquidity pools, and assets for which she can do both. We
then formulate the stochastic optimal control problem of the market maker. In Section 2.3, we
characterize the associated value function as the unique continuous viscosity solution of a Partial
Integro-Differential Equation (PIDE) of the Hamilton-Jacobi (HJ) type. We illustrate our model
numerically in Section 2.4 and discuss the results.

2.2 A model for active market makers

In this paper, we consider a filtered probability space (Q,F,P;F = (F})>0) satisfying the usual
conditions. We assume this probability space to be large enough to support all the processes we
introduce.

2.2.1 Modeling framework and notations

We consider a market consisting of d assets, and denote by I the set I = {1,...,d}. We introduce
In and I two subsets of I such that I = In U I7. The assets with index in I can be traded
by the market maker via requests for quote (RFQs)3: in that case, she first receives a request from
a client wishing to buy or sell a given asset, and then proposes a price to the client who finally
decides whether she accepts to trade at that price or not. The market maker can also choose to
buy or sell actively the assets with index in I from the market. Note that (I, I7) is not a priori
a partition of I: some (and maybe all) assets may be traded both ways.

For i € I, the price of the i-th asset is modeled by a process (S;) >0 With the following dynamics:

dSi = o'dWy,
with S} given, o' > 0, and the process (th,...,Wtd is a d-dimensional Brownian motion
adapted to the filtration F and such that V(i,j) € I?,

)t>0

AW, W),

=:p" € [-1,1].
— pl e [=1,1]

3Requests for stream (RFSs) can also be considered as their modelization does not differ from that of RFQs.
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We denote by ¥ the variance-covariance matrix associated with the process (Stl, cee S’g) >0
For the assets traded with requests, the bid and ask quotes proposed by the market maker de-
pend on the size z € R% of the request. For a given asset i € Ixq, they are modeled by maps
Sib §ha:  x [0,T] x R% — Ry which are P ® B(R?.)-measurable, where P denotes the o-algebra
of F-predictable subsets of Q x [0, 7] and B(R?.) denotes the Borelian sets of R .

For each i € I, we introduce J*?(dt,dz) and J"%(dt,dz) two cadlag R -marked point processes
corresponding to the number of transactions resulting from requests at the bid and at the ask,
respectively, for asset i. We denote respectively by J"?(dt,dz) and J"?(dt,dz) the associated com-
pensated processes.

We first present a “natural” formulation of the problem, that will then be relaxed.

For the assets traded actively by the market maker, we consider that she trades continuously in
asset ¢ € I at a rate (w%)oo (she buys when w! > 0 and sells otherwise).*

Therefore the inventory of the market maker, modeled by a d-dimensional inventory process (q;);>0 =
(at,...,q%)i>0, has the following dynamics:

dqii/
R

I (dt, dz) - / g (dt dz) Vi€ Iu NI\ I7),

: R}
dqg‘:/ zJi’b(dt,dz)—/ 2T (dt, dz) +widt Vi€ Ly N Iy, (21)
®Y e

dgi = widt Yie Irn(I\Iy),

with go given. We assume that all the processes J*(dt,dz) and J“%(dt,dz) for i € I do not

have simultaneous jumps almost surely. Moreover, for i € Ir(, we denote by (Z/Z’b(dz)) and
>0

(Vti’a(dz)>t>o the intensity kernels of J%(dt,dz) and J"(dt,dz), respectively.

We assume that the market maker wants her inventory to remain in a given compact set Q C R¢,
and denote by int(Q) the interior of the set Q. We also need to assume that the boundary 0Q of
Q is negligible according to the Lebesgue measure. The intensities (l/ti’b(dz)) and (Vf’a(dz)>
>0 >0
verify:

Vf’b(dz) = ]l{qthrzeieQ}Ai’b(di’b(t,Z))Ni7b(dz)v

i,a i,a (5,0 i,a (22)
v (dz) = Lyg —seicopA"*(0"%(t, 2)) " (d2),

*

where Vi € Iy, p»? and pu»® are probability measures on R %, absolutely continuous with respect
to the Lebesgue measure such that [5. zu’(dz) = A" < 400, [5. z2p>*(dz) = A" < +o0,
+ +

690(t,2) = 8¢ — §¥0(t, 2) and §%%(t, 2) = SV(t,2) — S,

4This is similar to what was done in Almgren [7].
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and A**, A»® are two functions satisfying the following hypotheses (Hy):

e A%’ and A%? are twice continuously differentiable,
e A"* and A% are decreasing, with V6 € R, A%*'(§) < 0 and A»'(8) < 0,
e lim A%*(§) =0 and élim Aba(8) =0,

d—+o0 —4o00

. supw < 2 and supAi’a(‘s)Ai’a”(&) <2

JER (Ai’b'(‘g)f JER (Ae/(8))?

Remark 6. For a given asset i € In, A% typically has the form A% (5) = Aj,%’fi"(é), where )‘lfz‘
can be seen as the (constant) intensity of arrival of requests. pu* can be seen as the distribution of
the size of requests, and f* is the probability that a request will result in a transaction knowing the
quote that the market maker proposes.

Finally, the process (X;);>o modeling the market maker’s cash account has the dynamics:

dXt:Z</R

z(sz +6i’“(t,z))ﬂ’“(dt,dz) - / z(sg' - 6i’b(t,z))Ji’b(dt,dz)>

i€l ¥ Ri
+ ) (~wiSidt — L' (w})dt)
i€l (23)
=Y ( / 2000 (t, 2) TV (dt, dz) + / z&iva(t,z)Jiaa(dt,dz)>
i€l Ri R:
=) L (w})dt — (S;, dgy),
iclr

where (.,.) denotes the standard scalar product in R?, and Vi € I7, the penalty function L’ : R — R
can be seen as the temporary price impact of the market maker when she chooses to be active and
satisfies the following hypotheses (H,):

e L(0) =0,

e [' is strictly convex, increasing on R and decreasing on R_,

e L' is asymptotically superlinear, i.e., lim Ll — 4o,

lo|—+co lo]

We define the set of admissible controls A as

A :—{ (6" ierps (Wiery) ’Vi €lpm, 6 = (5i’b,5i’a) 1 Q% [0,T] x R% — R? is P ® B(R%.) — measurable,
Vi€ Ir, w': Q x[0,T] — R is progressively measurable, and such that / lwi|dt € L' (Q)
0

and ¢s € QP®dt a.s.}. (2.4)
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For two given continuous penalty functions ¢ : R? — R, and /4 : R — R, , modeling the risk
aversion of the market maker and the cost of liquidity, we aim at maximizing:

T
E XT+<QT,ST>*€d(QT)*/O w(Qt)dt] (2.5)

over the set A of admissible controls ((6?)ies,,, (v')icr, ). This is a problem with state constraints
(as presented for instance in [19]).

In order to ease the mathematical analysis, we now relax the state constraints. We introduce a
function x : R? — [0, 1] which is a Lipschitz approximation of the indicator function of int(Q), with

x(¢q) =0 Vqe R? \ int(Q).

We perfom what heuristically corresponds to a change of variable “v} = Xq(ﬂqi) ”. For the assets traded
actively by the market maker, we consider that she trades continuously in asset ¢ € I at a rate
(vé) >0 (she buys when v{ > 0 and sells otherwise), and we assume from now on that the inventory
of the market maker has the following dynamics:

din/
R

N

" Rz
dql = / 2J50(dt, dz) — / 2J5(dt, dz) +vix(q)dt Vi€ Iy N Ir, (2.6)
RY R

dgi = x(q)vidt Yie Irn(I\In),
with g given.

Finally, the process (X;);>o modeling the market maker’s cash account now has the dynamics:

aX, =y (/R

z(sg' +5i’“(t,z))Ji’“(dt,dz) - / z(s;’ - 6i°b(t,z))Ji7b(dt,dz)>

i€lm 3 R*
+x(a) Y (—viSidt — L' (v})dt)
i (2.7)
= Z / 2800 (t, 2) JH0 (dt, dz) +/ 26" (t, Z)Ji’“(dt,dz)>
1€l pm R:— R:—
— x(qt) Z L (U,f)dt — (S, dgy).
el

This forces the market maker to trade continuously only in a way that would keep her inventory
inside int(Q).

We fix do > 0 to simplify the problem, and define the following set A4 of admissible controls for
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the quotes of an asset of group Ia:
Am = {5 = (6",6) : @ x [0,T] x R% — R?|§ is P ® B(R*.) — measurable
and 6°(t, 2) A 6%(t, 2) > —0se P @ dt @ dz a.s.}.

We also fix v5, > 0 and define the set Ay of admissible continuous trading strategies for an asset
of group I7:

Ar = {v : Q x [0,T] — R|v is progressively measurable,

and such that Vi € I7, [vi| < vs, for all t € [0, T] a.s}.
We now aim at maximizing:

E

T
X1+ (qr, St) — Lalqr) — /0 1/’(%)64 (2.8)

over the set Aj&rd(lM) X A;i”'d(lﬂ of admissible controls ((6%);cz,,, (v%)icr, ). To ease the notations,
in what follows, we denote by Nyq and N the values Naq = card(In) and Ny = card(Iy).

Remark 7. For instance, for a constant v > 0, we can choose ¥(q) = %q’Eq or ¥(q) = W' >2q
and L4(q) =0, Lq4(q) = %q'Zq or Ly(q) = CVd'2q (for ¢ > 0), as done in [39], [40], [62], and [66].

After applying It6’s formula to (X; 4 (g¢, S¢) )~ between 0 and T, it is easy to see that the problem
is equivalent to maximizing: -

T

’ / {/ 2 (et A (1 2)) s (d2)
0

+ i€lpm

207 (1 2) g, ey A" (67 (1, 2)) i (d2) )

—x(a) Y L' (v}) - w((h)}dt —lalar)|

ielr
over the set of admissible controls A%M X A¥T.

We therefore introduce the function J : [0, 7] x Q x Ai\VAM X AgT — R such that, vt € [0, 77,
Vg = (¢*,....q%) € RY Y ((6")iern, (v)ier,) € AN x AT, if we denote by (qﬁ’q"svf’)pt the
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inventory process starting in state ¢ at time ¢ and controlled by (57 17) = ((5i)i€1M, (vi)ielT):

T

J(t,q,g,ﬂ) =K /{/ Z (2(5i’b(s7z)]l{qsf+ZeieQ}Ai’b(§i’b(s7z))/ﬂ"b(dz)
t

Yiclpm

267 (5, 2) (g, —neicQy A" (67 (s, )" (d2))

(@) Y L) - w<qz»q*5*”>}d8 R

i€l
The value function € : [0,7] x @ — R of the problem is then defined as follows:

0(t,q) = sup T (t,¢,0,0), Y(t,q) €[0,T] xR™.
(6.0)eANM x ATT
We will show that 6 is the unique continuous viscosity solution on [0,7] x Q to the following
Hamilton-Jacobi (HJ) partial integro-differential equation:

0=-00(t.q) + %) = T f R s e e )

1€Iam i

= f  Agysecey (M) pie(dz) — x(g) X Hi (0,:0(t,q)) Vit € [0,T)
+

1€ ielr
0(T,q) = —La(q),
(HJ)
where Vi € Tx:

H’:peRw— sup A**(6)(6 —p) and H*:p e R — sup A“(8)(6 — p),
5> —000 5> 600

and Vi € I . ‘
H':peR+— sup (Up* L’(fu)) .

[v|<ves

Notice that for all i € I+ and p € R,

H'(p) = sup (vp— L'(v)) =sup (vp— L'(v)),

|[v]<veo vER

where
. Lt if |v] < voe
L) = { (v) if ol <w

400 otherwise,

i.e. H' is the Legendre-Fenchel transform of £? where L' is strictly convex and lower semi-
continuous.
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2.2.2 Preliminary results

Let us start with a simple result:
Proposition 3. The value function 0 is bounded on [0,T] x Q.
Proof. ¥ (t,q, (6D ictps ('Ui)iejT) €10,T] x Q x A%M X Agﬂ letting § = (0 icrn, and 0 = (v');er,,

we have

T
j(t,q,g,ﬁ) =E [/{/* Z 25”7 (5, 2)1¢q, +Zel€Q}Alb(§lb(s 2))p ”’(dz)

+ 1€lpm

267 (5, )1 g, serea) A (67 (s, 2)) (d2) )
—x(gs) Y L (v}) - w(q?q"s’”)}ds — L)
iclr
As £y, 1, x and L' are nonegative for all i € I, we get

T
J (t.4,0,7) <E /{/ Z 20705, 2) 1 (g, _+zeicay AP (67" (5, 2)) " (d2)

+ 1EIM
+ 2609(5,2) g, —sereop AV (877 (s, Z)W“(dZ)) }ds]
<T Y (A”’ sup SAYP(8) + Ab* sup 6A”‘(6)>.
iclm 5> —600 [

The right-hand term is independent from ¢, ¢, § and @, so it is clear that 7 and € are bounded from
above.

We have

T (t,0,8,0) =T Y (A0 AP (=60) — A6, A" (—650))

i€ pm

/t { gs) > L(v}) + (b )}d5+€d(tﬁq’5’”)]-

ielr

—-E

This stays true in particular if we take the processes (v%)s>+ to be identically equal to 0, and as
L*(0) = 0, we have

T _ _
0(t,q) > T Y (—A"6oA" (=000) = AP0 A" (—0s0)) — E / ¢(ng~5»°)ds+ed(q;ﬂv‘57°)]
. t

i€l

>T Y (—AP6 A (<0s) = Ao A (=0s0)) = T

= 0o 0o oo ) Supi/’(Q) + Supgd(q) .
i€ lrm qeQ q€Q
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As 1 and {4 are continuous and Q is compact, we get that 6 is bounded from below.

Lemma 2 below is proved in [26], and Lemma 3 is proved in the appendix.

Lemma 2. Vi € Iy, H"® and H*® are two continuously differentiable decreasing functions and
the supremum in the definition of H**(p) (respectively H"*(p)) is reached at a unique 6“**(p) (re-
spectively §%*(p) ). Furthermore, 6“** and §“%* are continuous and nondecreasing in p.

Lemma 3. Let ¢ :[0,T] x Q+— R be a bounded function. For all i € Inq, the functions

" ; t,q) — o(t, q + z€*
(t,q,2) €[0,T) x Q X R% = Ty zeicoyzH »b<@( %) ‘pz( 4 )>

and

. t,q) — o(t,q — ze?
(t,q,z)e[O,T]xQxRiH]l{q_zeieQ}zH"“(w< 9) — ¢t Ze))

z

are nonnegative and bounded.

Given the properties of L’ for i € I, classical results of convex analysis imply the following lemma:

Lemma 4. Vi € I, H' is continuously differentiable and Lipschitz, and the supremum in the
definition of H(p) is uniquely reached at a v™*(p) = H'' (p).

2.3 Viscosity solution to (HJ)

2.3.1 Existence

We denote by C* := C* ([0, T) x R?) the class of functions ¢ : [0,7) x R? — R that are continuously
differentiable on [0,7) x R<.

Definition 1. (i) If u is an upper semicontinuous (USC) function on [0,T] x Q, we say that
u is a wiscosity subsolution to (HJ) on [0,T) x Q if ¥(t,q) € [0,T) x Q, Yo € C' such that

u—)(t,q) = ma; u—)(t,q), we have:
(u—¢)(t,7) (W)E[O,;a)xg( ©)(t,q)

*%f(t Z/ LigszeicoyzH (90( 9 - (p(t’mzel))ui’b(dz)

z
1€l

t t,q— zet ia
’Z/*]l{q ze7€Q}ZHza< Aha) = i( 4 )>u (@) Y H (9p0(F ) <O.

1€l el

(it) If v is a lower semicontinuous (LSC) function on [0,T] x Q, we say that v is a viscosity
supersolution to (HJ) on [0,T) x Q if V(t,q) € [0,T) x Q, Vo € C' such that (v — ¢)(t,q) =

88



min v — t,q), we have:
(tvq)E[O,T)xQ( ©)(t.q)

0 La+ze)\
((;f(t q +"/J Z / ]l{q-‘rze EQ}ZH ( ( ) (p(t’Q+Ze )> /‘z’b(d’z)

i€lpm

_ Z/ Liyoer EQ}ZHW< o(t,) - soz<t7q—zei>>w<dz)—x(q) > H (0p0(t0) 2 0.

i€Tm ielr

(1) If 0 is locally bounded on [0,T) x Q, we say that 0 is a viscosity solution to (HJ) if its upper
semicontinuous envelope 0* and its lower semicontinuous envelope 0, are respectively subsolution
on [0,T) x Q and supersolution on [0,T) x Q to (HJ).

The following result is proved in the appendix:

Proposition 4. (i) Let u be a USC function on [0,T] x Q. u is a viscosity subsolution to (HJ) if

and only if V(t,q) € [0,T) x Q, Vo € C* such that max  (u—)(t,q) = (u—v)({,q), we have:
(t,9)€[0,T)xQ

9 u(t,q) — u(t,q + zet i
o C0 @~ T [ Mo A e L

z
1€l

o Z / ]l{q zelEQ}ZHza < (t ) UZ(E,Q* ZGZ)) ,ui,a(dz) o X(q) Z er (aq“p(ﬂ q—)) < 0.

1€l pm ielr

(1) Let v be a LSC function on [0,T] X Q. v is a viscosity supersolution to (HJ) if and only if

V(t,q) € [0,T) x Q, Yo € C* such that min ~ (v—p)(t,q) = (v—)(Eq), we have:
(t,q)€[0,T)xQ

0 v(t,q) —v(t,q + ze i
@ T [ Mo A (= )>u’b(dZ)

z
1€l

’Z/*]l{q zeleQ}ZHm< o) — vl qze))u' (@) Y H (9p(F ) >0.

1€l pm ielT

We can now prove that 6 is a viscosity solution to (HJ).

Proposition 5. 0 is a viscosity subsolution to (HJ) on [0,T) x Q.

Proof. 6 is bounded on [0,T] x Q so we can define §* its upper semicontinuous envelope.
Let (£,q) € [0,T) x Q and ¢ € C* such that:

0=(6"—-o)(t,q = 0" — v)(t,q).
( ©)(t,q) m)g[lg;s)xg( ©)(t,q)
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We can classically assume this maximum to be strict. By definition of 6* (¢, q), their exists (tm, Gm )m
a sequence of [0,7) x Q such that:

(tm> qm) P (t,q),

9( mme) Tm)Q (t C])

We prove the result by contradiction. Assume there exists 17 > 0 such that:

—(?Tf( Z/ IL{q+zeeQ]>ZH <( D= (p(t7q+zei)>“iyb(dz)

z
i€l

_ Z / ]l{q ol GQ}ZHUI ( (t,Q) —@Z(t,q—zez)) Mi,a(dz) _X(q) Z er (6qz<,0(f,(j)) > 2.

i€lpm el

Then, as ¢ is continuously differentiable, y is continuous, the H**, H*® and H’ are continuous, the
boundary of Q is negligible according to the Lebesgue measure, and the p*? and p?® are absolutely
continuous with respect to the Lebesgue measure, we must have:

B i t t,g+ze")\
S ACATIUED Sl IR TRRENE A L IR

z
i€l

_ Z / ]l{q soi EQ}ZHZCL( (t Q) @;t,q—zei>>ui,a(dz)_x(q) Zer (aqi(p(t,q)) >0

i€Tpm iclr

(2.9)

on B := ((t—r,t+7)N[0,T)) x (B(g,r)NQ) for a sufficiently small r € (0,7 — ), with
B(q,7) = {q¢ € RY |¢ — g < r}. Without loss of generality, we can assume that B contains
the sequence (tm, ¢m)m

Then, by potentially reducing the value of 7, we have:

0<0"<p—n
on the parabolic boundary 9,B of B, i.e. (((f— rt+71)N[0,T)) x (0B(g,r) N Q)) u ({f+
r} x B(g,r)N Q). Without loss of generality we can assume that the above inequality holds on:

Bi={(t,q+2) | (t,q,2) € BxR’ q+z€ B(qr)°nQ},
which is also bounded.
For all i € I we introduce an arbitrary control §° = (6%, 6%%) € A and define 6 = (0%);er,,-

For all i € I we introduce an arbitrary control v* € A7 and denote ¥ = (v%);cz,. We denote by

Tm the first exit time of (¢, ¢}")y>,, from B (where ¢" := qf’”’q"’“g’i):
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Tm = inf{t > t,|(t,qi") & B}.

By Ito’s formula:

ﬂma(p
P 2,) = ot ) + [ S (5.2
tm

+/ ) /R Lgm 4zeicopA"P(67%(s, 2)) (p(s, ¢ + ze') — p(s,q/)) p"*(d2)ds
t +

1€l
n

F [ [t e @ (5. 2) (s, 26') = ol a2)) i (d2)ds
ton i€l TF

Tm

s / (0(s,q™ + 26") — (s, ™)) F(ds, dz)

.
t PEIM T

P> / (s, a0 — 2¢') — (s, 7)) T (ds, d2)

+ [ X(@) Y Ogip(s, q)vids,

ielr
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which we can write:

Tm agp
(s @) = (b ) + / {<s,q;“>
tm

ot
ibysi i ©(8,q5%) — o(s, g5 + Zei) i
250 [ B sy A ) (595, 5) - HRER )wae
1€l Ri
iaysia ia o(s,q) — (s, g0 —ze")\ .,
+ Z / Ligm —zeicoyz A" (6" (s, 2)) <5’ (s,2) — . uh*(dz)
1€l pm :—
X Y (40l a) — D(0D) — vla) s
ielr
+ / {¢(QT) - Z /R* 1{q;’i+zeieQ}ZAi’b((Si’b(s,Z))(Si’b(s,z)ui(dz)
1€l +

m

3 [ oA (525 s 2 ) () T L) s
.

1€Inm ielr

try E€IM 3
+ / Z /R* (@(Saq;n_ - Zei) — @(s’qgn_)) ji’a(ds,dz),

From (2.9), and by definition of %, H** and H’, we then get:

Tm

O(Tms arr,) < @(tm, @m) + / {w(q;”)— > / g +2eieqyzAN P (67%(s,2))6"" (s, 2)u""(dz)
o 1€l pm Ri

3 [ e A (5 20 2 ) x(a) T L)
ielny VRS iclr

+/ / (o(s, g™ + ze") —p(s,q")) J""(ds, dz)
o i€lpm Ri

+/ Z/ (w(s,qﬂ—zei)—@(s,qﬁ)) J4(ds, dz).
tm i€l pm Ri

The last two terms have expectations equal to zero and we obtain:
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Tm

o(Tm, ¢,,) + /{ > /R Ligm zeicqpzA P (87(s,2))5"" (s, 2) " (d2)
t +

1€lpm

S [ B ey A 5,25 s, 2 ) — x(a) Y L) —w<q?>}ds].

i€l pm + el

Thus:

Tm

i)+ [{ X

1€l pm

©(tm,qm) >n +E

[ L saeicr A6 )5 s, 202
:

tm

+ > / Ligm —seicgpzA(6"(s,2))0"% (s, 2)p* (dz) — x(q0*) D L'(v}) — w(QZ”)}dS]-
1€l am + i€l

As (p(tTQO) m ( ) )

q *(t,q) and O(tm, qm) — 0*(t, §), we have for m large enough
the inequality §(tm, gm) + 2

m——+oo

=0
> @©(tm, gm), from which we deduce:

Tm

0(mm, 4z, ) + / { > / A rereq) AT (870(5,2))8"0 (5, 2)u™ (dz)
tim +

1€l pm

Oltm, qm) > 5 +E

s / L —seregy AT (595, 2))5 (5, 2)pe' (d2) — x(al") 3 L(0f) - w<q;“>}ds].

i€l m + iclr

By taking the sup over all the controls in A%{‘" X .AgT on the right-hand side, we contradict the
dynamic programming principle.

Necessarily, we deduce:

dp B ; 6,q) —o(t, g+ ze")\
_a—f(t7q) +’(/J(q) - Z /R* ]l{q+zeieQ}ZH b (SD( Q> 90( q )) 1 ’b(dz)
+

. z
i€lpm

o Z ~/]R* ]l{Q—zeieQ}ZHi’a (@(t_, q) — 90(5,@— zei>> /ﬁ’a(dz) —x(q) Z 2 (3qi<p(t_, CI)) <0,

V4
i€Tm ielr

and 6 is a viscosity subsolution to (HJ) on [0,7T) x Q.

Proposition 6. 0 is a viscosity supersolution to (HJ) on [0,T) x Q.
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Proof. 6 is bounded on [0,T] x Q, so we can define 6, its lower semicontinuous envelope.
Let (£,q) € [0,T) x Q and ¢ € C! such that:
0= (0. — )t q) = (0 —)(t,q).

We can assume this minimum to be strict. By definition of 6, (%, ), there exists (£, gm )m a sequence
of [0,T) x Q such that:

min
(t,9)€[0,T)xQ

(tma Qm) — (t, Cj)a

m——+o0

O(tm, gm) — 04(t, Q).

m——+oo

Let us prove the proposition by contradiction. Assume there is 7 > 0 such that:

0 t,q i .
af (t q + "/J Z / ]l{q+ze1€Q}ZH ( ( ) <P(t7q e )> /Ll’b(dz)

z
i€l

- / Lig—zeicgyzH™ ( o(t.0) = SOZ(E’Q_ Zei)) p(dz) = x(q) > H' (0p0(F,9) < —2n.

= ielr

Then, as ¢ is continuously differentiable, y is continuous, the H*®, H*% and H’ are continuous, the
boundary of Q is negligible according to the Lebesgue measure, and the p*? and p*? are absolutely
continuous with respect to the Lebesgue measure, we must have:

8 Z@i .
¢ (0 + Ul ;};4/ Ligises e@}zH”’< Plba) = ot ot )>M’b(dz)
- Z/ Haset GQ}ZH”< A i(t’q_zez))ma(da—x(q) ST H (D lta) <0

i€lpm el

(2.10)
on B := ((t—r,t+7r)N[0,T)) x (B(g,r)NQ) for a sufficiently small r € (0,7 — ), with
B(q,r) = {q € RY |¢ —q| < r}. Without loss of generality, we can assume that B contains
the sequence (tpm, ¢m)m-

Then, by potentially reducing 7, we have:

0>0.>9p+n

on J,B. We can also without loss of generality assume that this inequality is true on:

B:={(t,q+2) | (t,q,2) € BxR?, ¢+z€B(gr)nQ},

which is also bounded.
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Vi € I, we introduce the controls §° = (§%%, §%%) € Axq such that Vt > t,,, Vz € R%,

5Z’b(t,z):5%b*<“"(’%—) i(’qﬁ—“e)) and 61*“(t,z)=5““*<‘p(’qﬁ‘) i(’q“ Ze)),

where 6% and §%* are defined in Lemma 2. Similarly, Vi € I, we introduce the control v* € Ay
such that Vt > t,,, _

ol =0 (0,0t q))
where v** is defined in Lemma 4. As before, we denote by m,, the first exit time of (¢,¢")¢>¢,, from

m,qm,g,ﬁ)

B (where ¢J* := qi . By It6’s lemma, we obtain:

b3 e A6 5, 2) (plsna + 267) = (s, a2) 1 (d2)ds
F [ [t e (5. 2)) (s, 26') ~ il a2)) i (d2)ds

+/ Z /R* (p(s, g5~ -l-zei)—gp(s,qgl)) J(ds, dz)

+ / (@) S Bgsip(s, g vids,
tm el

95



which we can write:

Tm, a m
i) = pltmean) + [ { G2
tm

ib(gi i o(s,q5%) — (s, g +2¢")\
+ Z/R* L ey zAI (670 (s, 2)) ((5’b(s,z)— (5,4:%) )H,b(dz)
:

. z
1€l

iafsia i o(s,q) —@(s, g —ze")\ .,
+ Z / Ligm —zeicoyz A" (6" (s, 2)) <5’ (s,2) — . uh*(dz)
1€l pm :—
X Y (40l a) — D(0D) — vla) s
ielr
+ / {¢(QT) - Z /R* 1{q;’i+zeieQ}ZAi’b((Si’b(s,Z))(Si’b(s,z)ui(dz)
1€l +

m

3 [ oA (525 s 2 ) () T L) s
.

1€Inm ielr

try E€IM 3
+ / Z /R* (@(Saq;n_ - Zei) — @(s’qgn_)) ji’a(ds,dz),

By (2.10), we then get:

(T 47 ) > Dty Gm) + / {w<q;">— > / Ligr toeic0yzA P (070(s, 2))6"" (5, 2) "t (d2)
tom i€l RTF
-> / Ligr —sercqyzA(67%(s, 2)) 0% (s, 2)pu"* (dz) + x(q2") ZU(vz)}ds
ieln “RY iclr

+ / > /R (p(s, g™ + ze') — p(s,q™)) "' (ds, dz)

o i€l T

+/ Z/R (o(s, g™ — ze") — (s, q")) J*(ds, dz).

X
£ 1€IMm +
m

The last two terms have expectations equal to zero and we obtain:
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Tm,

et )+ [{ X / L 4 oeieoy A6 (s, 2))6 (s, 2) i (d)

i€lpm

O(tm,qm) < E

m

+ ) / Digm —aeicoyzA™(67(s, 2))87 (s, 2)
+

: L) (dz) = x(q) > Li(vi) — ¢(q;”)}d5]-
1€l pm el
Thus:
Sﬁ(tmv%n) <- n+ E a(ﬁqu? ) { Z / ]l{qm +ze’€Q}ZAZ b((sl b(S Z))(;Z b(s Z) b b(dz)
o 1€l

=+ Z / ]l{q;[7zei€Q}ZAi7a(6i1a(87 z))éi,a(& Z)/Lz(dz) - X(qzn) Z LZ(IUZ) - ¢(q;n)}d5] :
1€ pm + ielT
As ©(tm, qm) e o(t,q) = 0.(t,q) and moreover 0(t,,, gm) ——— 04(f, ), we have that for
m——+00
m sufficiently large, 0(tm, ¢m) — 4

0(tm, qm) < Elﬂwm,q;’iﬂ) + /{
tm

+ D / Lign —seicopzA(87(5,2))0" (s, 2)u'(d2) = x (") D L'(v}) —¢(QT)}d81,
i€lpm

ielr
which contradicts the dynamic programming principle

< o(tm, ¢m) and we deduce:

>

i€lpm ikl»

Lggm 4zeic0y2A0 (070 (s,2))6" (s, 2)u"" (dz)

In conclusion, necessarily we have:

0 @ )
o0+ 0@ = 3 [ Aprcqait (FEEERIED ) ot

i€l

i€l pm

i,a t_q (pz’q_zei ia
- Z/ ]l{q zel EQ}ZH ( ( ) ( )>M7 (dZ -

and 6 is a viscosity supersolution to (HJ) on [0,T") x Q.

O
Proposition 7. Vq € Q, we have 0,.(T, q) = 0*(T,q) = —L4(q).
Proof. Let g € RY and let us take (%, ¢m)men a sequence of [0, 7] x Q such that
(tm,qm) — (T,q)

m——+oo and e(tmv%n) —> 9 ( )

m——+
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For all i € Iy we introduce arbitrary controls §* = (6, §%) € A4 and denote § = (691, For
all i € I we introduce an arbitrary control v* € Ay and define ¥ = (v*);cr,. Then we have for all

m € N, by denoting ¢/* = qu’qm’s’@ for all ¢ € [ty,, T:

O(tmsam) = E / { / Y (26 D g A (s, ) d2)

+ 1€ pm

2675, )Ly ey A (67 (5, 2)) ,ui’“(dz))
—x(¢") > L' (vi) — ¢(q?)}d8 — La(gt)
el
For the sake of clarity, let us break down this expectation in four parts. We first have almost surely

T

/ { / > (05 i AP (5, 2 (d2)

o +i€lm

m——+oo

+25i’“(8,z)]l{qT_ZeiEQ}Ai’a(‘si’a(saZ))Ni’a(dz)>}ds —_0

and

e

T
t/{/]R* Z (Z(Si’b(s’Z)]l{qg'btzeieQ}Ai’b(éi’b(SaZ))Mi’b(dz)

+ 2057 (s, z)]l{q;n;_Zei.EQ}A""I((V"‘I(S7 z))u““(dz)) }ds

<T Z (Ai’b sup [SAD(8)| 4+ AH® sup 6Ai’”(5)|),

el 6> 600 6> 600
so by dominated convergence we get

T
E / { / 3 (20, g e ) A0 (s, 2 ()

+ 1€lpm

m

+z5m<s,z>n{q?Zeieg}w(é“%s,z»wdz))}ds] — 0.

m——+00

We also have almost surely

T
_/ X(qs ) Z L (US)dS m—>—+>oo 0,

tm ielr
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and

’— / (@™ S Li(vi)ds

tm iclr

— [ x@) Y pehds< [ L0 T Y Lon).

tm iclr 0 err iclr

We can again use dominated convergence to get

—-E

/t X(a) Y Li(vi)dsl =20

m ielr
For the third part, we have once again almost surely

T
- [ wtads o

— 400

As 1) is continuous on @, it is bounded and we get

T
E l . (g )ds} m::()o 0.

We finally show exactly the same way that E [¢4(¢}")] — £a(q), which gives us

m——+oo
But as 0.(T,q) < 0(T,q) = —L4(q), so 0.(T,q) = —L4(q). The proof for 6* is similar, by taking
e-optimal controls and showing that 6*(T,q) — e < —£4(q) for all € > 0, ¢ € R%. O

2.3.2 Uniqueness

Theorem 3. Let u be a bounded USC subsolution and v be a bounded LSC supersolution to (HJ)
such that w < v on {T} x Q. Thenu <v on [0,T) x Q.

Proof. We prove it by contradiction. Let us assume sup wu—wv > 0. Then this supremum cannot

[0,T]xQ
be reached on {T'} x Q. ¥n > 0, for € > 0, we introduce:

One(t,s,q.y) = u(t,q) —v(s,y) —nllg —ylI> —=n(t —s)> — (2T —t — s).

We also introduce (tn,e, Sn.es @n,e, Yn,e) such that:

¢n,6 (tn,Ea Sn,eyQn,e, yn,e) = [0’;1]19>)<(Q2¢”’8(t’ S, 4, y)

Then for all n > 0,e > 0 and for all (¢,¢) € [0,7] x Q, we have

an,s(tn,sv Sn,es dn,e;s yn,s) Z d)n,e (ta tv q, (]) = u(tv Q) - v(ta Q) - 2€(T - t)'

In particular,

n,e tn57 n,eyYn,ery Yn,e 2 t, - t, -2 T, 2.11
Gne(tnes Sner Gnies Yne) [OfrTl?fg(u(q) v(t, q)) — 2¢ (2.11)
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sup (u(t,q)—v(t,q))

and for 0 < ¢ < 21x2 > , the right-hand side is positive. We can now fix € such that
sup (u(t,q) —v(t,q))
0<e< DIX2
4T ’

Org;]}))((g(u(t ,q)—v(t,q))

to ensure that the right-hand side of (2.11) is larger than ! , which is strictly pos-
itive by assumption. € will remain fixed throughout the rest of the proof and, for ease of notation,
we now write ¢, = (bn,m tp, = tn,e y Sn = Sn,ey qn = Qn,e, and y, = Yn,e-

From what precedes, we know that for all n > 0, we have

0< ¢n(tn73n7Qn7yn) < sSup (u(t7q) - U(S>y)) < +00.
[0,7]2x(Q)?

Then necessarily, |t, — Sy —+> 0 and |g, — ynl —> 0: up to a subsequence, there exist
n—-+00o

(t,q) € [0,T] x Q such that s,,t, — ¢ and g,,yn —> q.
n—+o0o — 400

Moreover, we know that

(b’ﬂ(tn? STH Qnu y’ﬂ) Z (bn(ta t7 CY» Q)v
which implies
Wtn, gn) = 0(Sn, Yn) = nllgn — Ynll® = n(tn — 5n)* — (2T — ty — s0) > u(t,q) — v(t, q) — 2¢(T —1).
Hence we have
nllgn — ynH2 +n(tn — Sn)2 < u(tn, qn) — u(ﬂ q) + U(E, q) — v(8n,Yn) +2¢(T — {) —e(2T —tn — sp).
As u is USC and v is LSC, the limsup when n — 400 of the left-hand side is nonpositive, which
implies nl|gn — ynl|® + n(tn — sn)? P 0.

n—-+oo

Let us assume t = T. Then we have, as u is USC and v is LSC:

hmsup ¢n( nsSn; dn, yn) < hmsup u( naCJn) - hminf U(Snvyn) < U(T q) - U(T Q) 0

n—-+oo n—-+o0o

which constitutes a contradiction. Necessarily, £ < T

Hence, for n large enough we must have ¢, s, < T, and we know that (¢,,¢,) is a maximum point
of u — ¢, where

en(t,q) = v(sn,yn) +nllg — yn||2 +n(t — sn)2 +e(2T —t = sp).
By Proposition 4, we have:

i ny dn *Utn7Qn+26i i
e —2n(tn, — sn) +¥(¢qn) Z/ Lig,+zcicoy2H b< ult ) ( )>u’b(dz)

z
1€l pm

. Z /* ]l{q,sze7€Q}ZHla < ( n7Qn) _U( nyQdn — Z€Z)> ui’“(dz) _ X(Qn) Z er (2n (q:l 7y;)) < 0.

z .
1€l el
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Furthermore, (s, yy) is a minimum point of v — &, where

§n(s,y) = ultn, yn) — nllgn — sz —n(ty, — 5)2 —e(2T —t, — 3),

and by the same argument:

ib (V(SnsYn) — V(Sn,yn +2€)\
e 2n(t — s+ ) — 3 /R Ly oicoy2H ,b< ($n:4m) — 0 ))u,b(dz)
+

. z
1€l pm

. Z /R* ]l{ynfzeiEQ}ZHi’a (U(Snayn) - "U(Snayn — ze )> ‘LLi’a(dZ) o X(yn) Z er (2n (q; _ y;)) > 0.
+

relim ? el N
Therefore by combining the two inequalities we get:
7, U(Snv yn) - ’U(S'r“ Yn + zei)
I (T LR
1€l am i
i ((Wtns gn) — u(tn, gn + 2€") ,
B ]l{q"“‘zeiEQ}HZ’b( z b (dz)
1,0 U(Snv yn) - U(Sn, Yn — zei)
+ Z / z<ﬂ{yn—zeieQ}H’ ( .
i€l a j»
i,a u(tnv(In) _U(tn,qn —zei) ia
— g, —zeicoy " ( B p(dz)

<~ + (¥(a) — ¥(ya)) — (x(an) — X)) 3 H (20 (g — 3))

ielr
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and by rearranging the terms:

in (V(Sny Yn) — 0(Sn, yn + z€7)
Z ~/R* ]l{yn'i'ZEiEQ}ﬂ{QnJFZEiEQ}Z(H 7b(
+

i€lpm <
2 (u(tm qn) - u(tm gn + Zei)))pi,b(dZ)
z
ia V(S0 Yn) — V(Sny Yn — ze')
+ Z / l{ynzeiEQ}ﬂ{qnzeiGQ}Z<H’ < >
1€l pm f%—
— Hbe (u(tm n) — Uz(tm dn — Zei))>m,a(d2)
< —2¢ + (9an) — $(o)) — (<) — X)) 3 H (20 (6 — 1)) (212
ielT
in (V(SnsYn) — V(Sn, Yn + Zei) i
-2 / Liy, zetcQyn{gntzeigoy?H ’b< — "t (dz)
1€l pm Ri
i [(Wtn, qn) — u(tn, g + Zei) i
+ Z / ]1{yn+ze'i€Q}ﬁ{qn+zei€Q}2H ’b< H ’b(dz)
. R* z
1€l pm +
ia v(snayn) 7v(sn7yn 7261‘) i,a
-y / Lty —zeicQin{g,—zeigoy 2 H" ( . p*(dz)
1€l pm f%—
i,a u(tn,qn) _u(tnvqn _Zei) i,a
+ Z / ]l{ynfzeigg}m{‘bt7zei€Q}ZH’ ( 2 w (dZ)
1€l Rj—

We know that ¢,,y, — . Therefore:

n—-+o0o

(¥(gn) = ¥(yn)) —=— 0.

n—-4o0o

Moreover, as x and all the ! are Lipschitz, and as H(0) = 0 for all i € I, there exists a constant
C such that for all n,

< Cn|gn — Ynll? —— 0.

n—-+4oo

(x(@n) = x(yn)) D_ H' (20 (4}, — v3))

el

We also have for all i € Iy and for almost every z > 0:

Ly, +zeicQin{gn+2eigQ) n—s4o0 0-

z

By Lemma 3, the term zH"" U(s”’y”)_”(S”’y”ﬁei)) is bounded uniformly in n and z, and by the

absolute continuity of u»? for all i € I, the dominated convergence theorem enables us to conclude
that:

(it (dz) ——— 0.

z n—-+oo

i (V(Sns Yn) — 0(8n, Yn + 2€")
Z /R* Ly, +zeic0in{gntzeigoyzH <
s

i€lm
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By the same reasoning, for all i € Irq:

(u(tru qn) - u(tna qn + Zei)

i,b
P(dz) ————
z )ﬂ ( Z) n—+oo 07

Z b
A* ]l{yn"l‘ZCigQ}m{QHJFZEiEQ}ZH’L
+

i€lpm

p(dz) —— 0,

i,a U(S’rhyn) - 'U(Sn7yn — zei)
Z /R Ly, —zeicQ)n{g,—zeigQy#H" (
T

el z n—-+o0o

3 u(tn qTL) — u(tn qn — Zei) 3
; /]R* ]l{ynzeiQQ}ﬁ{aneiGQ}ZHl’a( , - : /U’Z’a(dz) n—+o0 O
1€l pm +

We can thus choose n large enough so that the right-hand side of (2.12) is negative.

Moreover, on the left-hand side of (2.12), all the integrals are always nonnegative; indeed, Vi € I,
we have

w(tn, gn — zei) —0(Sp, Yn — zei) —n|g, — yn\Q —nlt, — sn|2 —e(2T —tn, — sp) (2.13)
< u(tna Qn) - ’U(Sn, yn) - n|qn - yn|2 - n|tn - 5n|2 - 5(2T —tp — Sn)a

therefore v(s,, yn) — V(Sn, Yn — 2€%) < u(tn,qn) — u(tn, ¢, — 2z€*) and as H“® is nonincreasing, we
get the result (the proof is identical for the integrals with H%?).

Therefore, the left-hand side is nonnegative for every n. But, as we said before, for n large enough,
the right-hand side of (2.12) is negative, which yields a contradiction.

In conclusion, we necessarily have sup u—v <O0.
[0,T]xQ

Theorem 4. 6 is the only continuous viscosity solution to (HJ).

Proof. We know that 6 is a bounded viscosity solution of (HJ), and in particular, 6, is a bounded
supersolution of (HJ), 6* is a bounded subsolution of (HJ), and 0,(T,.) = 0*(T,.) = —£4.

Hence 0, and 6* verify the assumptions of Theorem 3, and we get that 6, > 6* on [0,T] x Q. But
by definition of 6, and *, we have 0, < 6 < 6*. Thus we have 6, = § = *, and 0 is continuous.

Let us now assume that we have another continuous viscosity solution 6. In particular, 6 is a
subsolution to (HJ) and 6 is a supersolution to (HJ), and as 6(T,q) = 0(T,q) = —44(q) Yq € Q,
we know by the comparison principle that § < 6 on [0,T] x Q. But we also have that 6 is a
supersolution and 6 is a subsolution, so by the same argument we have § > 6 and finally § = 6 on
[0,T] x Q. Hence the uniqueness.

O
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2.4 Numerical results

In this section, we apply our model to the case of a market maker dealing with only one asset,
for which she has access to a liquidity pool where she can unwind part of her inventory. This is
often the case for instance of foreign exchange markets. We consider an asset with the following
characteristics:

e Asset price: Sy = 100 €.
e Volatility: o = 0.2 € - day 2.

e Intensity functions:
1

b __AG _
A°(6) = A*(0) = ARW,

with A\p = 140 day ™', ap = 0.7, and Sy = 100 € '. This corresponds to 140 requests per
day, a probability of —L; ~ 33% to trade when the answered quote is the reference price

1+€07
and a probability of He%og ~ 57% to trade when the answered quote is the reference price
improved by 1 cent.

e Request sizes are distributed according to a Gamma distribution I'(cy,, 8,) with o, =4 and
By =4- 10~*. This corresponds to an average request size of 10000 assets (i.e. approximately
1000000 €) and a standard deviation equal to half the average.

Regarding the objective function, we consider the following:

e Time horizon given by T' = 5 days. This horizon ensures convergence towards stationary
quotes at time t = 0.

o L:veR— n?+¢v| withn=10"3and ¢ =5-10"%
o p:qgeR— Lo?¢? withy =5-10"7 €1,
L] &120.

We impose risk limits in the sense that no trade that would result in an inventory ¢ € R such that
q?0? > B is admitted, where B = 1.936 - 10° (this corresponds to 220000 assets, long or short).
We then approximate the solution 6 to (HJ) using a monotone implicit Euler scheme with linear
interpolation on a grid with 313 points for the inventory and a discretization of the request size
distribution with 4 sizes: z! = 10000, 22 = 20000, 2> = 30000, and z* = 40000 assets — thereafter
denoted by very small, small, large, and very large size — with respective probability p* = 0.8651,
p? = 0.1268, p*> = 0.0078 and p* = 0.0003.

The value function (at time ¢ = 0) is plotted in Figure 2.1. As discussed above, we choose T' = 5 days
to ensure convergence of the “optimal” quotes to their stationary values. This is illustrated in Figure
2.2.

To observe the impact of the request size on the “optimal” quotes, we plot in Figure 2.3 the four
functions B
g+ 8%(0,q,2%), ke {1,...,4},
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where 0 represents the “optimal” quotes as a function of time, inventory and size of request. We
see that accounting for the size of requests impacts the optimal bid quotes, especially for a large
(long or short) inventory. The monotonicity of the quotes is of course unsurprising.

We then plot in Figure 2.4 the “optimal” trading rate of the market maker as a function of her
inventory. Naturally, she will tend to buy the asset when her inventory is short, and sell it when
her inventory is long. We observe two interesting effects: first, we see a plateau around zero. This
is due to the proportional transaction cost (given by the parameter ¢), that discourages the trader
to buy or sell when her inventory is small enough (she prefers to bear this small risk than to pay the
transaction cost). Second, we see some “waves” when the inventory gets close to the limit, which
is essentially a numerical effect due to the discretization of the distribution of request size: the
market maker has less incentive to trade fast in some positions because she wants to “wait” for a
large trade that can get her inventory back to zero quickly.

Value function

24600

24400

24200

24000

23800

~200000 ~100000 0 100000 200000
Inventory

Figure 2.1: Value function of the problem for different values of the inventory.

We use quotation marks here around the word “optimal” because, as we could not prove the regu-
larity of the value function — in fact, we have reason to think that it is not always C! in ¢ — we were
not able to obtain a verification theorem, and thus prove that the “optimal” quotes given by Lemma
2 and the “optimal” execution rates given by Lemma 4 are indeed optimal controls of the problem.
To confirm empirically that the controls are indeed optimal, we perform Monte-Carlo simulations
using those controls and compare the obtained expectation with the value function given above,
and plot this in Figure 2.5. We see that the values coincide in our case.
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Optimal bid quotes as a function of time (small trades)
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Time

Figure 2.2: Optimal bid quotes as a function of time for different values of the inventory (very small
trades).

Optimal bid quotes for different sizes of trades

v very smalltrades
o small trades 4 4
0.02001 4 jarge trades 4
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Figure 2.3: Optimal bid quotes for different trade sizes as a function of the inventory.
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Figure 2.5: Value function obtained by playing the “optimal” quotes and execution rates (compared

Optimal execution rate within the liquidity pool

~200000 ~100000 0 100000 200000
Inventory

Figure 2.4: Optimal execution rate as a function of the inventory.

Value function : PDE vs MC

—— Value function (PDE)

~200000 ~100000 0 100000 200000
Inventory

with the known value function of the problem).
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Conclusion

In this paper, we generalized existing OTC market making models, and in particular the one
presented in Bergault and Guéant [26], to introduce the possibility for the market maker to trade
“actively” on some liquidity pools in order to unwind part of her inventory. This extension led
to a partial integro-differential equation of the Hamilton-Jacobi type, to which we prove that the
value function of the problem is the unique continuous viscosity solution. We illustrate our results
numerically using an example in dimension one, and solving the equation on a grid using an implicit
Euler scheme. We then compute the optimal quotes and trading rates. We use a Monte-Carlo
method to show empirically that those controls are indeed optimal.

2.5 Appendix

2.5.1 Proof of Lemma 3
Let ¢ € Inq. We only prove it for the ask side (the proof for the bid side is similar).

Let t € [0,7], ¢ € Q and z € RY such that ¢ — ze! € Q. We have:

e (so(t, Q) —p(tq— zei)) s sup AR(8) <5 _eltg) —e(tg— zei))

Z L z

< sup A(B)I+ sup —A(S) (w,q)—w(t,q—zei))

6> 600 6> 600

< diam(Q) sup Ai’a(6)5—|—2< sup <p|> sup AH%(6),
5> —000 [0,T]xQ 5> —000

where diam(Q) denotes the diameter of Q. For the other bound, we have:

SHO (“’(t’ a) = ¢lta— Za)) — sup {zAi’a((S)(S AT (5) <ap(t, ¢ — ot q— zei)> }

z 6> 000

We can just take § > w to see that:

ZHi,a ((p(tvq) — @(tq_ze )) >0,
z

hence the result.

2.5.2 Proof of Proposition 4

We only prove the subsolution part (the proof for the supersolution part is identical).

Let us first assume that the following inequality holds:
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9 u(t, q) — u(t, @+ ze i
((;f Z / ]l{q-l-ze EQ}ZH ( ( ) ( )> 2 7b(dz)

z
i€lpm

_ Z / ]l{q zeleQ}ZHza ( (t Q) — U(t_ q— )) ui,a(dz) _X(q) Z i (8(11@({, q)) <

i€lpm

We know that Vz > 0, Vi € {1, ..., d}:

Thus:

So we get:

o0 |ty (SN

—_ Z/ Ligsei eQ}ZHla < p(t,q) — p(t,q— Z)) ui’a(dz) ~x(q) Z ey (Oqicp(f, (7))

ielr

and u is a viscosity subsolution.

Let us now assume that u is a viscosity subsolution. Without loss of generality, we can assume
o(t,q) = u(t, q).

Let B,, be the open ball of center (¢, g) and radius n > 0. Let (u,) be a sequence of smooth functions

umformly (in n) bounded such that u, > u Vn and u, —+> u pointwise. Let & be a smooth
n—-+0oo

nondecreasing function such that {(z) = 1 if > n/4 and {(z) = 0 if < —n/4. Let d, 5 be
the algebraic distance to 0B, /, (with d,;, > 0 on B/, and d,/, < 0 on B¢ /2) this function is
continuously differentiable. We introduce:

@Z:cpx(godn/2)+un><(1—§odn/2).

Then (t, ) is still a max of u — ¢} and (u— ¢})(t, q) = 0. Furthermore we have agt:’b tq) = 22(t,q)
and 9y (t,q) = Ogitp(t, q) for all i € I7. Thus:
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d i [(ORED) —op(E g +ee)
af Z/ ]l{q-‘rzelEQ}ZH b ( ZTI H 7b(dz’/)

- Z/ I{g—zeicoyzH™ (‘Pn(t q) — @j(t,q— zel)> p(dz) — x(q) Z H' (8gi0(t,7)) < 0.

el

Plus we have ¢} T Y pointwise with ¢, = ¢ x (§od,/2) +u x (1 —&od, /) which is smooth
n—-+oo
on B, /4 and such that ¢, = u on By and on(t,q) = u(t,q).

By continuity of H** and H*® and by dominated convergence (using the same argument than in
Lemma 2 and the fact that the ¢ are bounded uniformly in n) we get:

226 g i) Z R e e I

z

; t,q) — t,q— zée' ia i T
S [ b He (PABD= A=) ) - ) 3 (@ olt) <0
=1 +

el
By then sending 7 to 0 and using again dominated convergence, we get the result:
¢ i (ut, @) —u(t,g+ze)\
ot ( )Jr%// Z/ ]1{q+ze’€Q}ZH b < P 1% ’b(d'z)
ia (Wt @) —ut,g—ze')\
,Z/ 1{g—zeicoyzH" < ; uh Z H' (8,¢(t,9)) < 0.
i=1 /R} iclr
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Chapter 3

Algorithmic market making for
options

Abstract

In this article, we tackle the problem of a market maker in charge of a book of options on a
single liquid underlying asset. By using an approximation of the portfolio in terms of its vega,
we show that the seemingly high-dimensional stochastic optimal control problem of an option
market maker is in fact tractable. More precisely, when volatility is modeled using a classical
stochastic volatility model — e.g. the Heston model — the problem faced by an option market
maker is characterized by a low-dimensional functional equation that can be solved numerically
using a Euler scheme along with interpolation techniques, even for large portfolios. In order to
illustrate our findings, numerical examples are provided.

3.1 Introduction

The electronification of financial markets started in the seventies with stock exchanges and now
affects each and every asset class. For asset classes that are usually traded in a centralized way
(stocks, futures, etc.), exchanges and other all-to-all trading platforms — based or not based on
limit order books — are now fully automated. For assets that are still traded over the counter
(OTCQ), electronification occurs through the introduction of new platforms, for instance single- and
multi-dealer-to-client platforms.

This electronification is associated with a trend towards the automation of the trading process for
many players of the financial industry: brokers, banks, but also systematic asset managers who
often develop their own execution algorithms. For assets traded in centralized markets, trading
automation is nowadays massive. For instance, in the cash equity world, a vast majority of the
execution is now carried out using algorithms. For asset traded in dealer markets, the automation
of the market making process has been at the agenda for a few years and more and more banks are
developing market making algorithms for various asset classes (currencies, bonds, etc.).
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In the academic literature, many market making models have been proposed since the eighties. In
the early literature on market making, the two main references are the paper of Ho and Stoll [71]
and the paper of Grossman and Miller [59]. Ho and Stoll introduced indeed a very relevant frame-
work to tackle the main problem faced by market makers: inventory management. Grossman and
Miller, who were more interested in capturing the essence of liquidity, proposed a very simple model
with 3 periods that encompassed both market makers and final customers, enabled to understand
what happens at equilibrium, and contributed to the important literature on the price formation
process. If the latter paper belongs to a strand of literature that is extremely important to go
beyond the simple Walrasian view of markets, it is of little help to build market making algorithms.
The former paper however, after more than 25 years, has paved the way to a recent mathematical
literature on algorithmic market making.

A seminal reference of the new literature on market making is the paper of Avellaneda and Stoikov [13]
who revived the dynamic approach proposed by Ho and Stoll. They indeed showed how the quot-
ing and inventory management problems of market makers could be addressed using the tools of
stochastic optimal control. Since then, many models have been proposed, most of them to tackle
the same problem of single-asset market making as that of Avellaneda and Stoikov. For instance,
Guéant, Lehalle, and Fernandez-Tapia provided in [65] a rigourous analysis of the Avellaneda-
Stoikov stochastic optimal control problem and proved that the problem could be simplified into a
system of linear ordinary differential equations (ODE) in the case of exponential intensity functions.
Cartea, Jaimungal, and coauthors contributed a lot to the literature and added many features to the
initial models: market impact, alpha signals, ambiguity aversion, etc. (see [36, 39, 40]). They also
considered a different objective function: a risk-adjusted expectation instead of a Von Neumann-
Morgenstern expected utility.

The models proposed in the above papers all share the same characteristics: (i) they are agnostic
with respect to the market structure, but are in fact more adapted to OTC markets or limit order
book markets with small tick size, (ii) they only deal with single-asset market making, and (iii)
they do not deal with the market making of options.

In fact, models have been specifically developed by Guilbaud and Pham (see [68, 69]) for assets
traded through limit order books with large tick size (e.g. most stocks) and for assets traded on
platforms with a pro-rata microstructure (e.g. some currency pairs). Interestingly, these models
enable the use of aggressive orders by market makers, which is — surprisingly — a standard behavior
on equity markets (see [95]).

As far as multi-asset market making is concerned, models have been developed recently to account
for the correlation structure between asset price changes. Guéant extended to a multi-asset frame-
work models ¢ la Avellaneda-Stoikov and models ¢ la Cartea-Jaimungal (see [61], [62], and [63]) and
showed that the problem boils down, for general intensity functions, to solving a system of (a priori
nonlinear) ODEs. The associated question of the numerical methods to approximate the solution of
the equations characterizing the optimal quotes of a multi-asset market maker is addressed in [26]
using a factorial approach and in [66] using reinforcement learning, both with applications to cor-
porate bond markets.

Finally, as far as asset classes are concerned, there have been few attempts to address market mak-
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ing problems outside of the cash world. Market making models for derivative contracts are indeed
intrinsically more complicated because they must account for the strategies on both the market for
the underlying asset and the market for the derivatives, and usually for numerous contracts (e.g.
options for lots of strikes and maturities). Option market making is only addressed in a paper by
El Aoud and Abergel (see [46]) and in a paper by Stoikov and Saglam [98]. In the former, the
authors consider a single-option market driven by a stochastic volatility model and assume that the
position is always A-hedged. They provide optimal bid and ask quotes for the option and focus on
the risk of model misspecification. In the latter, the authors consider three different settings, but
all with only one option: (i) a market maker in a complete market where continuous trading in the
perfectly liquid underlying stock is allowed, (ii) a market maker who may not trade continuously
in the underlying stock, but rather sets bid and ask quotes in the option and the stock, and (iii) a
market maker in an incomplete market with residual risks due to stochastic volatility and overnight
jumps.

In this paper, we consider the case of a market maker in charge of a book of options whose prices are
driven by a stochastic volatility model. We assume that trading in continuous time can be carried
out in the underlying asset so that the residual risk is only that of the vega associated with the
inventory. Using a constant-vega approximation, we show that the problem of an option market
maker boils down to solving a low-dimensional functional equation of the Hamilton-Jacobi-Bellman
type that can be tackled numerically using a simple Euler scheme along with interpolation tech-
niques. In particular, in spite of the large number of assets, the market making problem is tractable.

In Section 1, we describe the model and present the optimization problem of the option market
maker. In Section 2, we show how that problem can be simplified under the constant-vega ap-
proximation. In particular, we show that solving the high-dimensional stochastic optimal control
problem of the market maker boils down to solving a low-dimensional functional equation. In Sec-
tion 3, we consider the example of a book of options with several strikes and maturities and provide
numerical results obtained through interpolation techniques and an explicit Euler scheme.

3.2 Description of the problem

We consider a probability space (€, F, ]P’) with a filtration (F;)¢cr, satisfying the usual conditions.
Throughout the paper, we assume that all stochastic processes are defined on (Q, F, (Fe)ter +,IP’).

3.2.1 The market

We consider an asset whose price dynamics is described by a one-factor stochastic volatility model
of the form

dSy = pSydt + /7S, AW
th = G’]P’<t7 I/t)dt + g\/itthy7

where € R, & € R*T, (W5, W} )ier . is a couple of Brownian motions with quadratic covariation

(W w)

given by p = d - € (—1,1), and ap is such that the processes are well defined (in particular,
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we assume that the process (1;);cr, stays positive almost surely).

Remark 8. A classical example for the function ap is that of the Heston model (see [10]), i.e.
ap : (t,v) v kp(Op — v) where kp, Op € RT satisfy the Feller condition 2kpfp > £2.

Remark 9. For the sake of simplicity, we consider throughout this paper a one-factor model where
the instantaneous variance is the main variable of interest. Similar results could be obtained with
a one-factor model focused on forward variances, such as the classical one-factor Bergomi model
(see [28, 29]). Moreover, it is noteworthy that our approach can easily be extended to two-factor
stochastic volatility models such as the celebrated two-factor Bergomi model (see [28, 29]), up to an
increase — by 1 — in the dimension of the equation to solve.

Assuming interest rates are equal to 0, we introduce a risk-neutral / pricing probability measure!

Q under which the price and volatility processes become

S, = /S, dWS
dvy = ag(t,vy)dt + € /TrdWY,

where (Wts , /Wt”)teR . is another couple of Brownian motions under Q with quadratic covariation
7S 1AV

given by p = % € (—1,1), and where ag is such that the processes are well defined.

We consider N > 1 European options written on the above asset (hereafter, the underlying asset).

For each i € {1,..., N}, the option maturity date is denoted by 7% and we denote by (O})¢cjo, 7]

the price process associated with the i-th option.

Remark 10. In applications, the options under consideration will always be call and/or put op-
tions. However, our setting enables to consider any European payoff.

In the above one-factor model, we know that for all i € {1,...,N}, and all t € [0,7%], O} =
O(t, Sy, 1) where O’ is solution on [0,77%) x R, ? of the following partial differential equation
(PDE):

0 = 0,0t S,v)+ag(t,v)0,0'(t,S,v)
1 . , 1 ,
+§VS28§SOZ(15, S,v) + ptvS20(t, S, v) + 5521/831,0167 S, v). (3.1)
Remark 11. Options prices are also characterized by a terminal condition corresponding to the
payoff. However, we will only consider short-term optimization problems for which the time horizon

is before the maturity of all the options under consideration. Therefore, we shall never use the final
condition associated with Eq. (3.1).

LFor references, see for instance [56].
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3.2.2 The optimization problem of the market maker

We consider an option market maker in charge of providing bid and ask quotes for the N above
options over the period [0, 7] where 7' < min;egy,.. n}7" (see Remark 11). For all i € {1,..., N}
we denote by Of — 5§’b(z) and O} + 52’“(2) the bid and ask prices proposed by the market maker
for a transaction of a number z of i-th options, where (67(.))tepo,7] := (5§’b(.),§z’a(.))te[O_T] is IF-
predictable and bounded from below by a given constant d...2> Hereafter, we denote by A the
set of such admissible control processes. The dynamics of the inventory process (¢t):icpo,1] =
(qf,. .. ,qfv)ge[oﬂ of the market maker is given by

dgi ;:/ 2(N#(dt, dz) — No(dt, dz)), i € {1,..., N},
Ry
where N“b(dt,dz), N**(dt,dz) are two right-continuous R* -marked point processes, with almost

surely no simultaneous jumps, modelling the transactions of the i-th option on the bid and ask side,
whose respective intensity processes ()\?b(dZ))te]R+ and (A\;“(dz))ier, are given by

)‘iJ)(dZ) = Ai’b((sz’b(Z))]l{(h_+zeiEQ}Mi7b(dZ) )‘i’a(d'z> = Aiva(é?a(z))]l{(h-—zeiGQ}Niﬂ(d'z)

with (ei)ie{l’”_, ~y the canonical basis of RY, Q the set of authorized inventories® for the market
maker, and p*?, ;i»* two probability measures on R?% , modelling the distributions of transaction
sizes. Fori € {1,..., N}, A% A%% are positive functions satisfying the following classical hypotheses
(see [61, 62] for similar assumptions):

e AP and A»? are twice continuously differentiable.
e A%’ and A»? are strictly decreasing, with A <0 and AP < 0.

o lim A%*(6) :éhin ABa(5) = 0.
—4o0

d——+oco
i,b i,b" ia iya’l
° sup% < 2 and supM <2.
ser (A0 (5)) sek (e’ (8))

The above conditions are sufficiently general to allow for several relevant forms of intensities: the
exponential intensities initially introduced in [13] and used in most of the literature, logistic inten-
sities as in [26], or many SU Johnson intensities as in [66].

In addition to quoting prices for the N options, the market maker can buy and sell the underlying
asset. We assume that the market for that asset is liquid enough to ensure a perfect A-hedging.

Remark 12. In practice, for a portfolio that is not vega-hedged, it is usually suboptimal to perfectly
A-hedge the portfolio because of the correlation between the spot process and the instantaneous vari-
ance process. Nevertheless, we assume here for the sake of simplicity that A-hedging is carried out
in continuous time. A study of the optimal position in the underlying asset and its consequence on
our problem is carried out in Appendiz 3.5.1.

2In applications, we always choose doo negative enough so that this lower bound is never binding.
3The frontier of this set defines the risk limits of the market maker.
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In what follows, we denote by (A¢).cp0,r] the A of the portfolio:

N
Ay =Y 0s0'(t, Sy, vi)g; for all t € [0, 7.
i=1

The resulting dynamics for the cash process (X¢):eo, 7] of the market maker is:

N

dX, = Z(/ Z((Sz‘,b(z)Ni,b(dt’dZ) n 5?“(2)Nia“(dt,dz)) - (’)idqi) + SydAy + d(A, S),.
L

=1

We denote by (V;)e[o,r] the process for the Mark-to-Market (MtM) value of the market maker’s
portfolio (cash, shares, and options), i.e

N
Vii= X, — ASi+ ) qi0;.

=1
The dynamics of that process is given by
dV, = dX;,— SidA; — AdS, — ZOqut + Zq@d@%
N .
-y z 5”’ VNP (dt, dz) + 60 (2 )Ni’“(dt,dz)) 4Ol — A,dS,
i=1 R
= 5” YN (dt, dz) + 600 (2) N0 (dt, dz))+q§8yO’(t,St,yt)(a]p(t,z/t) — ag(t,m))dt
=1 R

Jr\/V»ffqzauOZ (t7 Sta Vt)thV'
For all i € {1,..., N}, the vega of the i-th option is defined as
Vi =0 50'(t, S, 1) = 2¢/110,0°(t, St, 1) for all t € [0, 7).

Hence, we can rewrite the dynamics of the portfolio as

N
. . . . an(t. 1) — an(t o
Wi= Y [ (5N ) + 507 )N ) + g I gy gy
i T

Following the academic literature on market making, we can consider two objective functions: As
in the initial Avellaneda and Stoikov setting [13] (see also [61, 62, 65]), we can consider the following
expected utility objective function:

sup E { — exp ( — vVT)] ,
d€A

where v > 0 is the risk—aversion parameter of the market maker. Instead, as in [36, 39, 40|, but
also in [62], we can consider a risk-adjusted expectation for the objective function, i.e.

2
§ § z %
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The second objective function in our case writes

5 as(t,m) — aolt, )\ 1€ [ )
’L] 9,5 [ §1,] i AP t y Ut o iyt
s [ 3 ( 5 [t 661 vy ]l 2 (S|

o (3.2)

where
W[ Hlifj=a
¢Qf_{—4ﬁj=h

These two objective functions are close to one other in practice. Guéant showed in [62] that they
give similar optimal quotes in practical examples. Furthermore, in many cases, the expected utility
framework with exponential utility function can be reduced to the maximization of the expected
PnL minus a quadratic penalty of the above form, up to a change in the intensity functions (see [85]).

In what follows, we consider the second framework. Therefore, we define the value function
u: (t,5,v,q) €0,T] x Ry* x Qs u(t,S,v,q)

associated with (3.2) as

T N
wtswa) = sw Ees | [ (X / 20 (2N (61 () Ly, piyeercay i (d2)

(68)56[t,T]eAt j=ab

+qiv§aP(S’VS;\;£Q(S’”S) ds —752/ <Z w) ds| , (3.3)

where A; is the set of admissible controls defined on [t,T].

3.2.3 Assumptions and approximations

The above stochastic optimal control problem can be addressed from a theoretical point of view
using an approach similar to that of [62]. However, when it comes to approximating the optimal
quotes a market maker should set for the N options, classic numerical methods are of no help
because the value function u has N 42 variables (in addition to the time variable). In order to beat
the curse of dimensionality and be able to approximate the solution of (3.3) we propose a method
based on the following assumptions / approximations:

Assumption 1. We approzimate the vega of each option over [0,T) by its value at time t = 0,
namely

Vi=Vi=V'eR, foralic{l,...,N}.
Assumption 2. We assume that the set of authorized inventories is associated with vega risk limits,

1.€.
N
quvz € [_V,VJ }7

=1

Qz{qGRN
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where V € R? is the vega risk limit of the market maker.

The first assumption is acceptable if T' is not too large. This raises in fact the deep question of the
reasonable value of T', as there is no natural choice for the horizon of the optimization problem. In
practice, T' has to be sufficient large to allow for several transactions in many options and small
enough for the constant-vega approximation to be relevant (and smaller than the maturities of the
options). It is also noteworthy, although it is time-inconsistent, that one can use the proceed of
the model (with the constant-vega approximation) over a short period of time and then run the
model again with updated vegas. This is a classical practice in applied optimal control when the
parameters are estimated online.

The second assumption states that risk limits are related to the only source of risk (as the portfolio
is A-hedged). This is a natural assumption. The only drawback is that no risk limit can be set to
individual options.

3.3 An approximate solution to the problem

3.3.1 Change of variables: beating the curse of dimensionality

Under the above assumptions, the IV 4 2 state variables can be replaced by only two: the instanta-
neous variance and the vega of the portfolio. This portfolio vega, defined by V[ := Zl L1V, has
the following dynamics

dvr = Z/ 2V (N (dt,dz) — N(dt, d2)).
It is clear indeed that the value function u verifies

N
v(tvst7Q) € [OvT] X R+2 X Q?“(ta Sa V»Q) =v (tvljvzqivi> )

i=1
where

T N
vt V)= s B | [ ([0 [ e @A ) sy cmpp )
t +

(0s)sere, 71 €A i=1j=a,b

+V;T a]P’(S7 VS) - CL@(S, VS) _ L§2V;r2 dS
2./7,

(3.4)

In other words, the problem boils down, under the two above assumptions, to a low-dimensional
optimal control problem where the two state variables are driven by 2N controlled point processes

4In Appendix 3.5.2 we propose a method to relax the constant-vega assumption. This method is based on a
Taylor expansion around the constant-vega case. The curse of dimensionality is tamed by the reduction of the
problem to a Monte-Carlo simulation.
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and a standard Brownian motion.

3.3.2 Hamilton-Jacobi-Bellman equation and optimal controls

Following [91], the Hamilton-Jacobi-Bellman equation associated with (3.4) is given by

1 t,v) —ag(t 2
0= Ow(t,v, V") + ap(t,v)d,v(t,v, V") + 51/5283”11(15, v, V') + V" ap(t,v) — ag(t,v) _ ﬁV7T2

2\/v 8
al .. t7 7]}7" _ t’ 7Vﬂ' _ - Vi o
+ Z Z /* Z]l{lvwfw(j)zv'ng}Hm (v( v, V") —o(t,v V(j)z ))um (d2).

. z
i=1j=a,b

(3.5)
with final condition v(T, v, V™) = 0, where

HY(p):= sup A™(6"7)(6"7 —p), i€ {l,...,N}, j=a,b.
519 >00

We end up therefore with a low-dimensional functional equation of the Hamilton-Jacobi-Bellman
type.

Once the value function is known, the optimal controls, which are the optimal mid-to-bid and
ask-to-mid associated with the NV options, are given by the following formula (see [26, 62]):

517% (2) = max (500, (A7)~ (Hi*ﬂ" (”(t’”t’vt—) —oltn VI Z Y)Y )>>> cie{l,....N}, j=ab.

z

Remark 13. In the case where ap = agq, it is evident that v does not depend on v. In that case
v(t, v, V™) = w(t, V™) where w is solution of the simpler Hamilton-Jacobi-Bellman

z

2 N Aw(tVT) —w(t, VT — () V)
Ozatw(t,V”>—%V”2+ZZ / Zﬂ{lvw—w(j)zvﬂgv}Hw<w( )~ il )>M”(dz)a

i=1j=a,b

with final condition w(T, V™) = 0.

3.4 Numerical results

3.4.1 Model parameters

In this section we consider a book of options and derive the optimal quotes using the above approach.

For this purpose, we consider an underlying stock with the following characteristics:
e Stock price at time ¢t = 0: Sy = 10 €.

e Instantaneous variance at time t = 0: vy = 0.0225 year—!.
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e Heston model with ap(t,v) = kp(fp — v) where kp = 2 year~! and fp = 0.04 year—!, and
ag(t,v) = kg(fg — v) where kg = 3 year™! and fg = 0.0225 year?.

e Volatility of volatility parameter: & = 0.2 year—!.

e Spot-variance correlation: p = —0.5.

We consider the case of a market maker dealing with 20 European call options written on that stock
where the strikexmaturity couples are the elements (K*,T");=1,... 20 of the set I x T, where

K={8€9€10€,11€,12€} and T = {1 year, 1.5 years, 2 years, 3 years}.
The associated implied volatility surface is plotted in Figure 3.1.°

The liquidity parameters of these options are the following:

e Intensity functions:
AY(0) = ———5—, i€ {l,...,N}, j=a,b.
1+ eoHrW&

where \? = —-252x30 vl year—!, o = 0.7, and B = 150 year?.

TH0.7x[So—K7]

The choice of \* corresponds to 30 requests per day for at-the-money options, and decreases to
12.5 for more in- and out-the money options. The choice of a corresponds to a probability of
Tﬁ‘” ~ 33% to trade when the answered quote is the mid-price. The choice of 3 corresponds

to a probability of ~ 69% to trade when the answered quote corresponds to an

1
1+e—0.8
implied volatility 1% better for the client and a probability of H% ~ 10% to trade when
the answered quote corresponds to an implied volatility 1% worse for the client.

5-10°
O
responds approximately to 500000 € per transaction.® The measures p»® and p*® are here
Dirac masses.

e Size of transactions: we assume constant sizes z' =

contracts for option ¢. This cor-

Regarding the risk limits and the objective function, we consider the following:
e Vega risk limit: V = 107 € - year%.

e Time horizon given by T' = 0.0012 year (i.e. 0.3 days). This short time horizon surprisingly
ensures convergence towards stationary quotes at time ¢t = 0 (see Figure 3.3 below).

e Risk aversion given by vy =1-10"3 €%,

5This plot has been computed using 10> Monte-Carlo simulations for each option.
SThis is only an approximation as trade sizes are in number of options and option prices move.
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Figure 3.1: Implied volatility surface associated with the above parameters

3.4.2 Optimal quotes

Using a monotone explicit Euler scheme with linear interpolation on a grid of size 180 x 30 x 40,
we approximate the value function solution to (3.5) (with Neumann conditions at the boundaries
in v) on the domain [0, 7] x [0.0144,0.0324] x [V, V]. This value function is plotted in Figure 3.2.
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Figure 3.2: Value function as a function of instantaneous variance and portfolio vega.
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From that value function, we deduce the optimal bid and ask quotes of the market maker for each
option as a function of the portfolio vega. As mentioned above, we chose T' = 0.0008 year (i.e.
0.2 days) — a choice that ensures convergence of the optimal quotes to their stationary values (see
Figure 3.3).

0.0125

0.0100

0.0075

0.0050

Optimal mid-to-bid quote

0.0025

0.0000

—0.0025

0.0000 0.0002 0.0004 0.0006 0.0008 0.0010 0.0012
Time

Figure 3.3: Optimal mid-to-bid quotes as a function of time for option 1: (K, T!) = (8,1) —
nu = 0.04.

Focusing on the asymptotic values, we now present in Figures 3.4, 3.5, 3.6, 3.7, and 3.8, the optimal
bid quotes as a function of the portfolio vega for each strike and maturity. More precisely, as the
options we consider can have very different prices, we consider instead of the optimal bid quotes
themselves the ratio between each optimal mid-to-bid quote and the price (at time ¢ = 0) of the
corresponding option. In Figures 3.9, 3.10, 3.11, 3.12, and 3.13, we plot the same optimal bid quotes
for the 20 options in terms of implied volatility (divided by the implied volatility at time ¢ = 0).

The results are in line with what was expected: the mid-to-bid quotes increase with the portfolio
vega. The incentive to buy options with positive vega decreases indeed with the vega of the portfolio.
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Optimal mid-to-bid divided by price

Figure 3.4:
for K=8.
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Figure 3.5: Optimal mid-to-bid quotes divided by option price as a function of the portfolio vega

for K=9.
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Figure 3.6: Optimal mid-to-bid quotes divided by option price as a function of the portfolio vega

for K=10.
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Figure 3.8: Optimal mid-to-bid quotes divided by option price as a function of the portfolio vega

for K=12.

Figure 3.9: Optimal (relative) bid implied volatility as a function of the portfolio vega for K=8.
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Figure 3.10: Optimal (relative) bid implied volatility as

a function of the portfolio vega for K=9.
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Figure 3.11: Optimal (relative) bid implied volatility as a function of the portfolio vega for K=10.
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Figure 3.12: Optimal (relative) bid implied volatility as a function of the portfolio vega for K=11.
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Figure 3.13: Optimal (relative) bid implied volatility as a function of the portfolio vega for K=12.
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3.4.3 Conclusion

In this article, we tackled the problem of an option market maker dealing with options on a single
underlying asset.” Using a constant-vega approximation, we showed how to reduce the problem to
a low-dimensional functional equation whose solution can easily be approximated using an explicit
Euler scheme and linear interpolation. Furthermore, our method scales linearly in the number of
options and can therefore be used with large books of options. Our method is illustrated by an
example involving 20 European calls, but our model can be used with any European options.

3.5 Appendix

3.5.1 An alternative to the A-hedging assumption
Throughout the body of this paper, we assumed that the market maker ensured A-hedging. In this

appendix, we show that this assumption can be relaxed without much change in the reasoning.

Let us introduce the process (g; )telo,7] representing the inventory of the market maker in the
underlying asset. The dynamics of the cash process of the market maker (X;);c[o,r) rewrites as

N

w3

i=1

(G ONPP (At dz) + 0 ()N (dt, d2) ) - oz‘dqz‘) — 7S, — d(¢°.S),.
:

The Mark-to-Market value of the portfolio writes

N
Vi=Xi+¢7Si+ ) _di0;

i=1
and its dynamics is

N

av, = Z(/}R

i=1

) . . . . an(t — t o
(PNt d2) 4 5 N d2)) + vy E ) \/yij@( ) gy 4 ngvzdwt">

*
+

N
+72 S, (Z qLasO (t, Sy, vy) + q§> Aw?.

i=1

Denoting by Al := Zfil qi0sO'(t, S, ;) the A of the market maker’s portfolio at time ¢, our
mean-variance optimization problem becomes

sup E[Vp]— %V

T
/ gvgfdwtu,ﬁutst (AT +¢7) dW |,
(8,4%)eA’ 0

7As noted while publishing this paper, our method can easily be extended to the case of multiple underlying
assets using the same method as in [26] if the instantaneous variance processes of the different assets are driven by
a few factors.
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where
A = {(6,5, th)te[O,T] | ¢ is an R?"-valued predictable process bounded from below by 6.

T
and ¢° is an R-valued adapted process with E / v, S? (Af + qf )2 dt
0

<+oo}.

T 2
2
[ (G st @t sosvr s (ar ) ) ]|
0

Noticing that

T
V(/ gvgfdwtu\/zzst (AT + qf)dwf> =E
0

. . . o . . *
we easily see that the variance term is minimized for ¢° = ¢°" where

* r  PEVY
Vte[0,T), ¢ =-AT - Qﬁst,

and that its minimum value is _—
(1 pr)/ %Vtﬁdt.
0

Therefore, the optimization problem boils down to

sup E /OT iZ/

. 28,7 (2) A (877 (Z))]lwg—w(j)zvﬂgvﬂi’j(dz)

seA i=1j=a,b’R%

ap(t,v) —ag(t,v) &
2/ 8

and we recover the same optimization problem as in the body of the paper, except that the risk

aversion parameter is multiplied by 1 — p? to account for the reduction of risk made possible by the
optimal trading strategy in the underlying asset in presence of vol-spot correlation.

+V7 (1=p*)Vr2 | dt|

3.5.2 Beyond the constant-vega assumption

In this appendix we propose a method to relax our main assumption: the constant-vega approxi-
mation.

If, for all i € {1,..., N}, the process (Vg)te[O,T]
able to consider a perturbative approach around the constant-vega approximation. In particular,
instead of assuming that Y7 410 ;O (t, Sty vp) =~ >y 410,70"(0, So, 19) = VF, we consider the
expansion

stays close to its initial value V{, then it is reason-

N
ZqzaﬁOl(ta St7 Vt) = Vtﬂ- + €W(t7 St7 Vi, Qt)

i=1
and we consider an expansion of the value function u of the following form:

N

U(t,S, v, q) =v (ta V,ZqiaﬁOi(O,sz/o)> +5§0(t,5, v, q)

i=1
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Assuming that @ = RY and noting that the Hamilton-Jacobi-Bellman equation associated with u
is

1 1
0= dyu(t, S,v,q) + ap(t,V)dyult, S,v,q) + 5vS*Oggult, S,v,q) + vE0;,ult, S,v,q) + prSEI;sult, $,v,q)

N 2 [N ?
ap(t, V)Z;;a@(t’ v) ;qzaﬁOl(t, S, I/) _ % (; qia\/;Oi(t, S, V)>
u(t,S,v,q) —u(t,S,v,q — ¥(j)ze)\ ;.
+ HZ] b (dZ),
;jzab/ < : > '

with terminal condition equal to 0, the first-order term in € in the Taylor expansion gives

1
0 = Oup(t, S,v,q) + ap(t, V)0, (t, S,v,q) + 5vS*0gsp(t, S v, )5 L0201, S, v, q) + prSER2sp(t, 5, v,0)

t7 - ta : ) K
a ”)2\/;@( V)W(usm,q)—%W(t’s’y’q)i—zlqwé
+Z; Zb/ i’ < tl/zl 1QV0)—U(tZyZl 1qVO wU)ZVé))
=1 j=a

x (¢(t, S,v,q) — p(t, S,v,q — b(j)ze’)) p (dz),

with terminal condition equal to 0.

Although it involves ¢ € R¥, this equation is linear and thus ¢(t, S,v,q) admits a Feynman-Kac
representation that tames the curse of dimensionality for practical applications:

T N
ap(s,vs) — ag(s, vs i i
cp(t,S, V)Q) :]E(t,S,VJI) l/ < ]P( ; Q( )W(SassvysaCh) - ﬁW(&‘Ss‘a”sts) E qSVO> d;|
t VVs i=1

where, for each i € {1,..., N}, the processes N** and N*® have respective intensities

N N . i
S\f;’b(dz) — it <U(t7 Ve, D11 g V§) — o(t, vy, Dim1 4V — 77[}(])2]}0)) ‘ui,b(dz)’

z

N 1oyl N ool APAYL
"y . tove, > —v(t,v, Y. - ,
No®(dz) _pria’ (U( V5 D=1 4 Vo) — (b v 2021 4 Vo ¢(J)ZV0)> o (dz),

z
with as before dg! = fR* z (N®b(dt,dz) — N(dt, dz)).

Subsequently, the function ¢ can be computed using a Monte-Carlo algorithm and quotes accounting
for the variation of the vegas can therefore be computed (to the first order in ).

130



Chapter 4

Closed-form approximations in
multi-asset market making

Abstract

A large proportion of market making models derive from the seminal model of Avellaneda
and Stoikov. The numerical approximation of the value function and the optimal quotes in
these models remains a challenge when the number of assets is large. In this article, we
propose closed-form approximations for the value functions of many multi-asset extensions of
the Avellaneda-Stoikov model. These approximations or proxies can be used (i) as heuristic
evaluation functions, (ii) as initial value functions in reinforcement learning algorithms, and/or
(iii) directly to design quoting strategies through a greedy approach. Regarding the latter,
our results lead to new and easily interpretable closed-form approximations for the optimal
quotes, both in the finite-horizon case and in the asymptotic (ergodic) regime. Furthermore,
we propose a perturbative approach to improve our closed-form approximations through Monte-
Carlo simulations.

4.1 Introduction

Since the publication of the paper [13] by Avellaneda and Stoikov, who revisited the paper [71]
by Ho and Stoll (see also [72]), there has been an extensive literature on optimal market mak-
ing.! Guéant, Lehalle, and Fernandez-Tapia provided in [65] a rigorous analysis of the stochastic
optimal control problem introduced by Avellaneda and Stoikov and proved that, under inventory
constraints, the problem reduces to a system of linear ordinary differential equations in the case of
exponential intensity functions suggested by Avellaneda and Stoikov. They also studied the asymp-
totics when the time horizon T tends to +o0o, proposed closed-form approximations, and introduced
extensions to include a drift in the price dynamics and market impact / adverse selection. Cartea
and Jaimungal, along with their various coauthors, contributed substantially to the literature and
added many features to the initial models: alpha signals, ambiguity aversion, etc. (see [36, 40, 41] —

IThere is an economic literature on market making, for instance the seminal paper [59] by Grossman and Miller.
The results in this literature are, however, more interesting for understanding the price formation process than for
building market making algorithms.
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see also their book [39]). They also considered a different objective function: the expected PnL mi-
nus a running penalty to avoid holding a large inventory instead of the Von Neumann-Morgenstern
expected CARA (constant absolute risk aversion) utility of [13] and [65]. Many features have also
been added by various authors: general dynamics for the price in [78], persistence of the order flow
in [75], several requested sizes in [26], client tiering and access to a liquidity pool in [21], etc.

In spite of the focus of initial papers on stock markets,? the models derived from that of Avellaneda
and Stoikov have been more useful to build market making algorithms in quote-driven markets:
corporate bond markets based on requests for quotes, FX markets based on requests for quotes and
requests for stream, etc. For stock markets or, more generally, order-driven markets with relatively
low bid-ask spread to tick size ratio, many models have been proposed that depart from the original
framework of Avellaneda and Stoikov in that the limit order book is modeled. Instances of papers
proposing this type of models include those of Guilbaud and Pham [68, 69], that of Kiihn and
Muhle-Karbe [77], that of Fodra and Pham [49] or the more recent papers by Lu and Abergel [84]
and Baradel, Bouchard, Evangelista, and Mounjid [18].

Most of the literature on optimal market making deals with single-asset models. However, because
market making algorithms are typically built for entire portfolios, single-asset models are not suf-
ficient to build operable algorithms, except under the unrealistic assumption that asset prices are
uncorrelated. Multi-asset extensions of the Avellaneda-Stoikov model have been proposed. A paper
by Guéant and Lehalle [63] touches upon this extension and a complete analysis for the various
objective functions present in the literature can be found in [62] (see also the book [61]) or in [26]
in which multiple trade sizes are also considered.

Although their mathematical characterization has been known for years, computing the value func-
tion and the optimal quotes is complicated in the multi-asset case whenever the prices of the assets
are correlated. The grid methods that are classically used to tackle the single-asset case suffer
indeed from the curse of dimensionality and do not scale up to many practical multi-asset cases.
Bergault and Guéant proposed in [26] a factor method to reduce the dimensionality of the prob-
lem. Guéant and Manziuk proposed in [66] a numerical method based on reinforcement learning
techniques (an actor-critic approach in fact?). In spite of these recent advances, the computational
cost of most numerical schemes will still be prohibitive for practical use for some asset classes.

Instead of computing a numerical approximation of the value function (from which one tradition-
ally deduces a numerical approximation of the optimal quotes), we propose in this paper a method
for building a closed-form proxy for the value function. The idea behind the approach is that the
value function associated with many market making problems is the solution of a Hamilton-Jacobi
equation that can be seen as a perturbation of another Hamilton-Jacobi equation for which the
solution can be computed in closed form. Of course, such closed-form formula does not define a
solution to the initial Hamilton-Jacobi equation, but it has similar properties and should capture
most of the relevant financial effects.

2There was also from the very beginning a focus on options markets — see for instance [98] (cf. [15] and [46] for
more recent papers).

3Recent advances in the control of point processes (see [27]) might decrease significantly the computation time
associated with reinforcement learning techniques for solving market making problems.
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Having a proxy of a value function is known to be useful in the community of reinforcement learning
(see [100] and [101] for a reference to the reinforcement learning terminology). An important use of
a closed-form proxy of a value function is as a heuristic evaluation function. Heuristic evaluation
functions are mainly used in game-playing computer programs as a proxy of the probability to win
the game given the current state — usually the current board in board games — but they can be
used as terminal values in many Monte-Carlo-based reinforcement learning techniques. Also, such
a proxy can be used as a starting point for many iterative algorithms based on value functions:
value iteration algorithm, actor-critic approaches, etc. The last application we highlight — which
was also our initial motivation — is that one can build from a proxy of a value function a quoting
strategy called the greedy strategy associated with that proxy. Having such a strategy in closed
form has numerous advantages. First, it can be used directly by market practitioners as a quoting
strategy. Second, it can be used as a starting point in iterative algorithms based on policy functions:
policy iteration algorithm, actor-critic approaches, etc. Third, it has the advantage of being easily
interpretable and gives insights on the true optimal strategy such as the identification of the leading
factors and the sensitivity to changes in model parameters.

In addition to providing a closed-form approximation or proxy for the value function, we can move
one step further in our perturbative approach and consider the first-order term of the Taylor ex-
pansion (in the perturbation parameter) of the true value function. By using this approach, we
obtain another proxy of the value function. This additional approximation is not given in closed
form, but it can be computed at any given point through a Monte-Carlo simulation (see [26] for a
close idea in a different context).

The methods we propose are first applied to the multi-asset market making models of [62]. Then
we generalize the framework in several directions to cover many important practical cases: (i) drift
in prices, (ii) client tiering, (iii) several request sizes for each asset and each tier, and (iv) fixed
transaction costs for each asset and each tier. The drift in prices models the views of the market
maker. Client tiering is a common practice in OTC markets, justified by the large spectrum of
needs and behaviors in the set of clients to be served. The introduction of several request sizes
for each asset and each tier reflects the reality that request sizes are not in control of the market
makers, but rather of their clients. The fixed transaction costs can model extra costs associated
with the market making business, for instance related to trading platforms.

We end this introduction by outlining our paper. In Section 4.2 we recall the multi-asset exten-
sions of the Avellaneda-Stoikov model proposed in [62], present the system of ordinary differential
equations (the Hamilton-Jacobi equation) characterizing the value function, and state the main
results regarding the optimal quotes. In Section 4.3, we present our perturbative approach and
compute in closed form the zeroth-order term of the expansion, which is our proxy of the value
function. We deduce from that proxy an approximation of the optimal quotes in closed form. In
Section 4.4, we move one step further and show that the first-order term of the Taylor expansion
(in the perturbation parameter) can easily be computed thanks to a probabilistic representation
that enables the use of Monte-Carlo simulations. In Section 4.5, we extend our results to a more
general multi-asset market making model with drift in prices, client tiering, several requested sizes
for each asset and each tier, and fixed transaction costs for each asset and each tier.
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4.2 The multi-asset market making model

4.2.1 Model setup

We fix a probability space (€2, F,P) equipped with a filtration (F;);cr, satisfying the usual condi-
tions. In what follows, we assume that all stochastic processes are defined on (Q, F, (F;)ier. , P).

For i € {1,...,d}, the reference price of asset i is modeled by a process (S );cr, with dynamics

dS; = o'dW}, S} given,

where (W}, ..., Wtd)teRJr is a d-dimensional Brownian motion with correlation matrix (pi’j)lgiJéd
adapted to the filtration (F;)icr, — hereafter we denote by ¥ = (p"/0'07)1<; j<q the variance-
covariance matrix associated with the process (Sy)ier, = (S¢, ..., S{)icr, -

The market maker chooses at each point in time the price at which she is ready to buy/sell each
asset: for ¢ € {1,...,d}, we let her bid and ask quotes for asset i be modeled by two stochastic

processes, respectively denoted by (Sti’b),ge]g+ and (SZ’a)teRJr.

For i € {1,...,d}, we denote by (Ng,b)te]R+ and (J\flf’a)teR+ the two point processes modeling the
number of transactions at the bid and at the ask, respectively, for asset i. We assume in this section
that the transaction size for asset i is constant and denoted by z’. The inventory process of the
market maker for asset i, denoted by (q;)cr, , has therefore the dynamics

dgi = 2'dN}"* — Z'dN}P®, g given,

1 d\T
and we denote by (¢;)¢cr, the (column) vector process (qt yeees )teﬂh'
For each i € {1,...,d}, we denote by ()\i’b)teRJr and ()\i’a)teR+ the intensity processes of (Nti’b)te]RJr

and (N;"“)¢er ,» respectively. We assume that the market maker stops proposing a bid (respectively
ask) price for asset ¢ when her position in asset i following the transaction would exceed a given
threshold @Q° (respectively —Q*).4

Formally, we assume that the intensities verify
/\i’b = Ai’b(5§’b)1{q§_+zngi} and )\ia = Ai’a(fsi’a)ﬂ{q;_fzizfczi}’
where the processes (5i)b)te]R+ and (§§’a)tem+ are defined by
6hb = Gl — G and 60" =S50 — S Ve Ry,
Moreover, we assume that the functions A»® and A" satisfy the following properties:

e A»Y and A»? are twice continuously differentiable,

e A" and A are decreasing, with V6 € R, A%’ (§) < 0 and A»*'(8) < 0,

4Q? is assumed to be a multiple of z%. It corresponds to the risk limit of the market maker for asset i.
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o lims s oo A*P(0) = lims 400 A¥%(6) = 0,

Ai,b(é)Ai,b//(

(Ai,b'(é))25) <2 and Supg AV (A (5)

%)
® supg (A’ (3))2 < 2.

Finally, the process (X¢)icr, modelling the amount of cash on the market maker’s cash account
has the following dynamics:

d
dX; =Y P AN — SpPENdND
i=1
= (Si+ 07" dNP — (8] — 6p")2 AN
i=1
=3 (62N 4 0 AN ) = Y Sida).
i=1 i=1

4.2.2 The optimization problems

We can consider two different optimization problems for the market maker. Following the initial
model proposed by Avellaneda and Stoikov in [13], we can assume that she maximizes the expected
value of a CARA utility function (with risk aversion parameter v > 0) applied to the mark-to-market
value of her portfolio at a given time 7.> More precisely, her optimization problem writes

—exp (—v (XT + é%%))] :

where A is the set of predictable processes bounded from below. We call Model A our model with
this first objective function.

sup E
(BF ),y (530) €A
(65, (8 )1 €A

Alternatively, as proposed by Cartea et al. in [40], we can consider a risk-adjusted expectation for
the objective function of the market maker. In that case, the optimization problem writes

d T

o 1

sup E (Xt + E qr ST — 77/ theqdt] .
1,b d,b N 2

(8:7)t5--,(0777 ) €A i=1 0

(511’(1)%"':(5;110%6-’4

We call Model B our model with this second objective function.

5In the literature there is sometimes a penalty function applied to the inventory at terminal time T'. Here, as we
shall focus on the asymptotic regime of the optimal quotes, there is no point considering such a penalty. However,
it is noteworthy that most of our non-asymptotic results could be generalized to the case of a quadratic terminal
penalty.
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4.2.3 The Hamilton-Jacobi-Bellman and Hamilton-Jacobi equations

Let {e’}¢ , be the canonical basis of R?. The Hamilton-Jacobi-Bellman equation associated with
Model A is

d
1 o
0 = Owl(t,z,q,5)+ B Z pHatal 0% gult, z,q,S)
ij=1
+ Z Tigiqzicqiysup ABP(550) (u(t7 x— 218" 4 2160 g+ 2, ) — ult, x, q, 5))
i=1 Ei
+ Z Tigi—zi>—qiysup A" (6"%) (u(t, x4 2'S + 20" q — 2'e", S) —ult, z, q, S)) (4.1)
i=1 ghe

with terminal condition w(T),x,q,S) = —exp (—7 (m + Zle qiSi)> .

The Hamilton-Jacobi-Bellman equation associated with Model B is
d

1 1 A,
0 = at’l)(t,{L‘7q,S) - 57(]1-2(] + 5 Z pZ7JO—lO—J8§iSJ'U(t7x7Q7S)
i,j=1
d . . . . . . . .
+ Z T(giqzi<i}Sup ABP(510) (v(t7 x— 2804 2160 g+ 2, ) —u(t, z, q, S))
i—1 gib
d . . . . . . . .
+ Z ]l{qifzizfQi} sup Az,a(él,a) (’U(ta r+ 25"+ Zldl,av q— Zlela S) - U(ta €, q, S)) v(42)
i=1 6%

with terminal condition v(T,x,q,S) = = + Z?:l q' St

For each i € {1,...,d} and £ > 0, let us define two Hamiltonian functions® Hg’b and Hg’“ by

s%pA;iiE‘” (1 —exp(—£24(6 —p))) if € >0,

Wby
He'(p) = supA»®(8) (8 — p) if £€=0, (4.3)
5
and .
. supf 2 (1 — exp(—¢2°(6 — p))) i € >0,
o) = { (44)

supA»2(8)(6 — p) if £=0.
5

Using the ansatz introduced in [62] for the two functions w : [0,7] x R x [, (2'Z N [~Q%, Q]) x
R - Rand v:[0,7] xR x [T, (+ZN[-Q,Q]) xR = R, i.e.

d d
u(t,z,q,S) = —exp (”y (x + ZqiSi + 9(t,q)>> and v(t,z,q,5) =z + ZqiSi +6(t,q),

=1 =1

61t is noteworthy that our definition of Hé’b and H, é’a differs from that of [62] (by a factor 2?). The alternative
definition we use is also present in [26] for £ = 0.
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we see that solving the Hamilton-Jacobi-Bellman equations (4.1) and (4.2) boils down to finding

the solution 6 : [0, 7] x [T\, (ZN [-Q*, Q']) — R of the following Hamilton-Jacobi equation with
& =~ in the case of Model A and ¢ = 0 in the case of Model B:

1
0 = 3b(tq) - 574"%q (4.5)
o (00t q) —0(t, g + z'e") o ia [(O(t,q) —0(t, g — 2%
i ryi,b ) 3 irri,a ) )
+Z]l{qi+21'SQi}Z Hg < 7 JrZ]l{qi,ziZ,Qi}z HE 7 .
i=1 i=1

In both cases, the terminal condition simply boils down to

o(t,q) = 0. (4.6)
4.2.4 Existing theoretical results

From [62, Theorem 5.1], for a given £ > 0, there exists a unique 6 : [0, T] x H?:l (ziZ N[-Q?, QZ]) —
R, C! in time, solution of Eq. (4.5) with terminal condition (4.6). Moreover (see [62, Theorems 5.2
and 5.3]), a classical verification argument enables to go from 6 to optimal controls for both Model

A and Model B. The optimal quotes as functions of 6 are recalled in the following theorems (for
details, see [62]).

In the case of Model A, the result is the following:

Theorem 1. Let us consider the solution 0 of Eq. (4.5) with terminal condition (4.6) for & = .

Then, fori € {1,...,d}, the optimal bid and ask quotes Si'* = Si — 60 and SP* = Si + 60 in
Model A are characterized by

sirts — Fisb (a(f,%—) —0(t, q— + 2"€¢")
=0y

t Zi

d
) for g +z'¢" € [[1-Q7, @],
= (4.7)

2t

i, d
52’(1*:5};@* (9(t7Qt)_9(t7qt_ze)> fm«qtf—ze GH Q] Qja

where the functions gfyb*() and 5;“*() are defined by
Ti, b ib—1 ipri ib’
B0 (p) = A (2 HE (p) — HEY (9) )
i ax R} . .
B () = A (s HE () — HE (p)).
For Model B, the result is the following:

Theorem 2. Let us consider the solution 0 of Eq. (4.5) with terminal condition (4.6) for & = 0.
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Then, fori € {1,...,d}, the optimal bid and ask quotes Si* = Si — 60" and S = Si + 60 in
Model B are characterized by

2t

Qi d
sibr — Gibe (9(f,(Jt—) —0(t, - + 2'e )) for g + ¢ € H —Q7, Q7]

(4.8)

i d
A N e e IJi-o".<')

274
where the functions 65" (-) and 65 (-) are defined by

0" () = A (<H" (0) and 35 () = AV (—H ().

In the following two sections, we propose new methods to find approximations of the solution to
the system of ordinary differential equations (ODEs) (4.5) with terminal condition (4.6). Egs. (4.7)
and (4.8) can then serve to go from approximations of the value function to approximation of the
optimal quotes. The resulting quotes correspond in fact to the greedy quoting strategy associated
with the proxy of the value function.”

4.3 A quadratic approximation of the value function and its
applications

4.3.1 Introduction

In the field of (stochastic) optimal control, finding value functions and optimal controls in closed
form is the exception rather than the rule. One important exception goes with the class of Linear-
Quadratic (LQ) and Linear-Quadratic-Gaussian (LQG) problems. Of course, the above market
making problem does not belong to this class of control problems, for instance because the control
of point processes is nonlinear by nature. Nevertheless, we see that price risk appears in both Model
A and Model B through the quadratic term %fquEq in the Hamilton-Jacobi equation (4.5). The
main idea of this paper consists in replacing the Hamiltonian functions associated with our market
making problem by quadratic functions that approximate them, and then regarding the real Hamil-
tonian functions as perturbations of the quadratic ones. The interest of quadratic Hamiltonian
functions lies in that the resulting Hamilton-Jacobi equations can be solved in closed-form using
the same tools as for LQ/LQG problems, i.e. Riccati equations.

At first sight, approximating the Hamiltonian functions involved in Eq. (4 5) by quadratic functions
seems inappropriate. For all ¢ € {1,...,d}, the functions H g * and H" are indeed positive and
decreasing and approximating them Wlth U-shaped functions can only be valid locally. However, one
has to bear in mind that our goal is to approximate the solution of the Hamilton-Jacobi equations

"The true optimal quotes correspond to the greedy strategy with respect to the value function u (in Model A)
or v (in Model B) deduced from the true 6.
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and not the Hamiltonian functions. This remark is particularly important because the Hamiltonian
terms involved in the Hamilton-Jacobi equations are (up to the indicator functions that we shall
discard in what follows by considering the limit case where Vi € {1,...,d}, Q" = +0) of the form

Hg,b <e(t7Q) _9(t7Q+Z € )) _’_Hg,a (9(t>Q) _0(1?7(]_2 € )) ,

2t 2t

(t,9)—0(t.q+z'e’) ., _ 0(t,q)—0(t,g—2'e’)
zt - ‘

2t

Assuming that 0 , we clearly see that, with respect to asset i, the
function we need to approximate is p Hg’b(p) + Hy"(—p) rather than Hg’b and Hy“ themselves,

and it is natural to approximate the former function with a U-shaped one!

Let us replace for all i € {1,...,d} the Hamiltonian functions Hg’b and Hé’a by the quadratic
functions

Tib ib b L b oo riva ia  da L ia o

H" :p— oy + oy p+§a2 p° and H"":p— oy +ay p+§a2 p°.
Remark 1. A natural choice for the functions (ﬁab)ie{lw’d} and (ﬁi’“)ie{l’wd} derives from
Taylor expansions around p = 0. In that case,
)

vie{l,...,dLvj€{0,1,2), o =H"(0) and o' = i

(0).

If we consider the limit case where Vi € {1,...,d}, @ = +o0, then Eq. (4.5) becomes

d
7] 1 i i i,a
0 = 3t9(t7Q)*§7qTEq+;z (" +a5")
d i ] 0 ] L L X ~ . .
+>° (o (0(t.q) — Bt a + #'c) + i (0(t ) — Olt.q - 2'e")) )
=1
I 1/ ip s ) o ) o
52T (O‘Sb (0(t,q) = 0t g+ 2'e")” + a3 (0(t,q) — 0(t,q — 2'¢")) ) (4.9)

=1

and of course we consider the terminal condition

d(T,q) = 0. (4.10)
4.3.2 An approximation of the value function in closed form

Eq. (4.9) with terminal condition (4.10) can be solved in closed form. To prove this point, we start
with the following proposition:

Proposition 1. Let us introduce for i € {1,...,d},j € {0,1,2},k € N,

A;Z = aé’b(zi)k and A;Z = aé’a(zi)k,

b
Vi

1,b abp\ T a _ l,a da\T
o= (Akh A and V= (A AT

g,k
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and
. b d,b . ,a d,a
Db, = dlag(A;k, LAY and DYy = dlag(A;k, AT,

Let us consider three differentiable functions A :[0,T] — S;*, B:[0,T] - R, and C : [0,T] — R
solutions of the system of ordinary differential equations®

A'(t)= 2A(t) (D31 + D3 1) A(t) — 372

B'(t) = 2A(t) (VP — V")) + 2A(t) (D5 5 — D3 5) D(A(t)) + 2A(t) (D5, + D5 ,) B(t)

C'(t)= Tr(Dy+Dgy) + Tr((D} o+ Di o) A(t)) + (Vi — Vi) " B()
+3D(A(1)T (D5 5 + D§ 3) D(A(t) + $B()T (D5 | + D3 1) B(t) + B(t)T (D5, — D5 5) D(A(1)),
(4.11)
with terminal conditions
A(T)=0,B(T)=0, and C(T) =0, (4.12)

where D is the linear operator mapping a matriz onto the vector of its diagonal coefficients.
Then 6 : (t,q) € [0,T] x H;j:l 27— —qTA(t)g—qT B(t) — C(t) is solution of Eq. (4.9) with terminal
condition (4.10).
Proof. We have
1 d
A 7 i,b i,a
a0(t,q) — ifquZq + ; z (ao + ayg )
+ Z (ozzl’b (0(t,q) — 6(t,q+ z'e")) + a7 (6(t,q) — 6(t,q — z’e’)))
1 d 1 ; SN2 ; iy 2
+§ Z — (ag’b (0(t,q) — 6(t,q + z'€"))” + az” (0(t,q) — 6(t,q — 2'€")) )
1 a . _
= A Wg—q"B (1)~ C'() — 570" Sa+ Y 2" (af” + af*)
i=1
+ Z ab? (QZiqTA(t)ei + (2)2e'TA(t)e' + zieiTB(t))
+ Z ol (—2ziqTA(t)ei + (2)%e' T A(t)e! — z%”B(t))

Z l,o/z’b (2,zquA(t)el + (2)%e'TA(t)e' + z%”B(t))

d
1 1 ; , R , . 2
= ha( o i T i i\2 i T i 0T

—|—2 E — o ( 22'qTA(t)e' 4+ (2")%e" A(t)e' — z'e B(t))

8S;+ (resp. Sjl') stands here for the set of positive definite (resp. semi-definite) symmetric d-by-d matrices.
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1
= —q"A'(t)g—q"B'(t) - C'(t) = 574"Sq + Tr (D5, + D5 )
+2qTA(t) (VI = Vi) + Tr ((D} 2 + Di o) A) + (Vi = Vi) T B(1)
1 1
+2¢TA(t) (D3, + D5 ) A(t)g + > DA@)T (D5 5 + D5 5) D(A(t)) + S BT (D3, + D5 ) B(t)

+2qTA(t) (D5, — D5 o) D(A(t)) +2¢TA(t) (D5 + D5 1) B(t) + B(t)T (D5 5 — D3 ) D(A(t))
= 0,

where the last equality comes from the definitions of (A4, B,C) and the identification of the terms
of degree 0, 1, and 2 in gq.

As the terminal conditions are satisfied, the result is proved. O

Proposition 2. Assume o’ + ab® > 0 for alli € {1,...,d}. The system of ODEs (4.11) with
terminal conditions (4.12) admits the unique solution

A(t) = %D;%A\(eﬁ(T—t) _ e—Z(T—t)) (BZ(T_t) I e—E(T—t))_l D;%, (4.13)

T
B(t) = —2¢~2/Ji" A(w)Dy du / 2 ). ADydu () (V_ + D_D(A(s))) ds, (4.14)
t

T T
Cct)=-Tr (Dg,l + D) (T —t)— Tr <(D117,2 + DY) / A(S)d5> - V—T/ B(s)ds

~3 | PUAG)T (Dhs +D30) DAW)ds — 5 [ B(s)7D.B(s)as

f/ B(s)TD_D(A(s))ds. (4.15)

t

where
1
~ 1 1\ 2
Dy =D3,+D3y, D_=Dj, D5, Vo=V-Vi, and A=y (DiZDi) -

Proof. The system of ODEs (4.11) being triangular — though not linear — we tackle the equations
one by one, in order.

Solution for A First, we observe that D, = diag((a3’+as®)z!, ..., (@2’ +a2*)2%) is a positive
1 11 ~
diagonal matrix. Therefore D7 is well defined. Then, since D} ¥ D3 € Sj, A is well defined and

in S('i".
Now, by introducing the change of variables
1 1
a(t) =2D?A(t)D3,

the terminal value problem for A in (4.11) becomes

{ al(t) = a(t)? — A2 (416)



To solve (4.16) let us introduce the function z defined by

2(t) = eﬁ(Tft) + efﬁ(Tft),
that is a C2([0,T], S5 ) function verifying 2" (t) = A2z(t) and 2/(T) = 0.
We have
7 (=2 (1)2() ™) = =2"(O)2(t) " + 2 ()2() " Z (B)2(t) " = (2 ()z(t) 1) — A2
and —2'(T)z(T)~! = 0. Therefore, by Cauchy-Lipschitz theorem, we have a = —z’271.
Wrapping up, we obtain

1 1
A(t) = §D+2a(t)DJr

N

1 —%/ -1 —%
:—§D+ 2'(t)z(t)" D,

_ %D;%X (eﬁ(Tft) _ efg(Tft)) (eﬁ(Tft) i efﬁ(Tft))_l D;%.

Solution for B Let us notice that, by definition of the exponential of a matrix, for all s,t €
[0, T, the matrices E, (e‘z(T_s) — e‘E(T_S)), (eE(T_s) + e_Z(T_s))il, (e’z(T_t) — e“Z(T_t))7 and
. N -1
(eA(T’t) + e*A(T*t)) commute. Therefore
_ }D;%X(eE(T—s) _ e—K(T—s)) (eﬁ(T—s) n e—;f(T—s))71
4
<A (eﬁ(:nt) _ efg(Tft)) (eﬁ(zut) T efﬁ(Tft))_l D-%
_ }DJ—F%KGE(T—” _ e-ﬁ(T-t)) (eﬁ(T—t) n e—Z(T—t)>_1
4
<A (eﬁ(Tfs) _ 672(T75)) (eA(Tfs) i efﬁ(Tfs))_l Dé

Therefore, we can apply the method of Variation of Parameters to the linear ODE characterizing
B to obtain

T
Blt) = 272 7 AP as [ 21T APt ) (V. 4 D_D(A(S)) ds

t

Solution for € We simply integrate the ODE characterizing C' to obtain (4.15).
O

From Egs. (4.13), (4.14), and (4.15), we can deduce the asymptotic behaviour of (4, B,C) when T
goes to infinity.
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Proposition 3. Let (A, B,C) be the solution of the system of ODEs (4.11) with terminal condi-
tions (4.12).

Then,

A(0) T2E %ﬁf,

B(0) "=5° D *AAtD* (V_ + ;\ﬁD_D(F)) :

C(0) P

00 1 _1 1 1
S Tr(Dh ) + Dg ) — 3vATE (DY + Di) T) + VIDL AR DL (V- + MD_D(r))

.

1 1 1 T 1 1 1
- )T (DS 5+D35 5) D(T) — 3 (V+2ﬁDD(F)) D ?AATD.? (V+2ﬁDD(F))

1 1 T 1 1
+ 5V (V_ + 2\FyD_D(F)> D ?AA*D*D_D(I),

1/ 1 1NE 1 -~ -~
where I' = D ? (DjZDj) ’ D, ? and A" is the Moore-Penrose generalized inverse of A.

Proof. This proof is divided into three parts corresponding to the derivation of the asymptotic
expression for A, B, and C, respectively.

-~ 1 1\%
Asymptotics for A Let usrecall first that A = |/ (Dj_ EDj_) ‘e S;. Therefore, there exists an

orthogonal matrix P and there exists a diagonal matrix with nonnegative entries diag(A1, ..., Aq)
such that A = Pdiag(\1,...,Aq)PT. From Eq. (4.13) we have

1 __1 _1
A(0) = §D+ 2 Pdiag (A1 tanh(AT), ..., Ay tanh()\dT)) PTD+ 2.

o 0, ifA=
As Atanh(AT) e 0 1 0, we clearly have
A, ifA>0
Totoo L4 s _l-d5-3_ 1
A(0) "= DD Pding(Ar, . A)PTDL? = DD ADL Y = D VAT,

Asymptotics for B From Eq. (4.14), we have

T T T

B(0) = —2e 2Jo AWDydu / 2 s AWDdu g5y (V. + D_D(A(s))) ds
0

- T -
= pe i AwDsdn [F @ Awped i) (V.4 D_D(A(s) ds
0

Dy

Nl

~ ~ —~ —~ S ~\ —1 1
where A : t — A (eAt — e‘At) (eAt + e‘At) D.=.

1
2
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Using the spectral decomposition of A introduced in the above paragraph, we see that
2A(u) D, = D} ? Pdiag (A tanh(Ayw), .. ., Ag tanh(Agu)) PTD?

and therefore, after integration,
e2Jo Aw)Dy du _ D;%Pdiag (cosh(MT), ..., cosh(AgT)) PTD_%

and
s A ~ 1 — = 1
2 I3 AP f(5) = 2D  Pdiag (A sinh(A1s), . .., Agsinh(Ags)) PTD 2

Wrapping up, we get

B(0)
= - /OT D * Pdiag (Alfézﬁ((i )) MW) PTDL* (V- + D_D(A(s))) ds
= - /0 ' Dy  Pdiag (Al j;?ﬁ& )) Adm> PTD;* <v_ + ;ﬁD_D(F)> ds
o [ ozt png (0 2 G proc (5v3D-P() - DDA ) ds

—1 1 1 1 1
= D, ?Pdi 1-— . 1l-—— \PTD 2 |V_+=./~D_D(T (T
+ 18 ( COSh()\lT)’ ’ COSh()\dT)> + < + QW ( )) + ( )7

where

T 1 1 1 1 ~
- / D’ ? Pdiag (Alsmh(m), . .,AdSIHh(AdS)> PTD;? (;ﬁDD(P) - DD(A(s))) ds
0

cosh(AT) cosh(AgT)

Let us prove that J(T') TZ12° 0. For that purpose, let us consider e > 0 and let us notice that there

exists 7 > 0 such that Vs > 7,||3,/7D;'D_D(T')- D7 1D_D(A( )|l < €, where the norm used is the
Euclidian norm on R?. Let us also denote by M the quantity sup,s [|3/7D-D(I') — D_D(A A(s))|.

Using the operator norm (still denoted by || - ||) associated with the Euclidian norm on R and its
well-known link with the spectral radius, we see that for T' > 7,

[ J(T)|l
/T D;%Pdiag ()\1 sinh(\1s) N sinh(A\gs)
0

cosh(MT) """ " cosh(AT)

IN

) PTD?

HDJrléﬁDD(F)—D 'D_D(A

T
sinh(\;s) 1 —1 A
< i SO
< / <mZaXA cosh (0T > H VYD D_D(I') — D DD(A(s))‘ ds
sinh(\;s) sinh()\;s)
< i S
_M/mx)\ch/\TdJre/ max)\ cosh(nT )ds
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By defining A = max{\1,...,A\¢} and A = min{\;|Vi € {1,...,d}, \; > 0}, we have

1 . Ais
SIhAs) N ES — max e NI < RemATs),
i€{l,,d}  cosh(NT) ~ iefl,.d} eMT  iefl,. . d}, >0

Therefore,

limsup ||J(T)||

T—o0
< MlimsupX (e72T77) — A7) 4 climsup X (1 - ¢7A77)
T— 00 T— o0
< €

which allows to conclude that J(T") 282,

. 1 1
Now, as Pdlag(l—m7~-w1_m

Im(A), which is also given by AA*+, we conclude that

) PT converges toward the orthogonal projector on

~

AA+D? (V_ + ;ﬁD_D(F)) .

=

B(0) "25* D7

Asymptotics for C The asymptotic behavior of C' is a straightforward consequence of that of
A and B.
O

4.3.3 From value functions to heuristics and quotes
Motivation for closed-form approximations

An approximation in closed form of the value function can be motivated by its numerous applica-
tions. In the following, we highlight three of them.

First, it can serve as a heuristic evaluation function in reinforcement learning algorithms. Indeed, in
problems where the time horizon is too far away to consider full exploration in time, it is often useful,
when using Monte-Carlo-based reinforcement learning techniques, to proxy the value of states in a
tractable way — analogous to algorithms such as Deep Blue. The above closed-form approximations
can be used for that purpose. Moreover, because the value of C(t) is irrelevant for comparing two
states, it is sometimes possible, especially when T is large, to consider the asymptotic expression

1 I AP | 1
VAT +qTD P AR D <v_ ; zﬁD_D(F))

instead of 0(t, q).

Second, a closed-form approximation of the value function can be used as a starting point in iterative
methods designed to compute the value function (value iteration algorithm, actor-critic algorithms,
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etc.). Unlike for the above use, the value of C(t) matters in that case.

A third important application, and the one that initially motivated our paper, is for computing
policies (quotes, in our case). Indeed, a policy can be deduced from an approximation of the value
function by computing the greedy strategy associated with that approximation. In our market
making problem, the quotes obtained in this way are not only easy to compute, but also have the
advantage of being easily interpretable. The qualitative analysis of such quotes can provide insights
on the true optimal quotes such as the identification of the leading factors and sensitivity to changes
in model parameters.

Quotes: the general case

The greedy quoting strategy associated with our closed-form proxy of the value function leads to
the following quotes for all i € {1,...,d}:

siv = 5117*( (t, q-) fqt—kze))
— 5%1)* (2 i zzTA() i+€iTB(t))7
ot = 5““( (t,4:-) th——Z€)>

= 5Z o 2% A(t)e' + 2t TA(t)e! — e”B(t)) ,

where Sz’b* and Séa* are given in Theorems 1 and 2 for £ = v and £ = 0 respectively (depending on
whether one considers Model A or Model B).

The asymptotic regime exhibited in the above paragraphs can then serve to obtain the following
simple closed-form approximations:

M\H

§ib = 52‘,1;* (\fq Tei 4+ = \ﬁz i Tl — iTD EA -3 (V +;\FyDD(I‘)>) , (4.17)
52,(1 _ Sé,a* < \/—qt FB + \/>ZZ zTFei +ezTD;%A\A\+D;% <V_ + ;WD_D(F))>(418)

In the case of symmetric intensities, i.e. when A»® = A»® for all i € {1,...,d}, the Hamiltonian
functions H** and H*® given in Eqs. (4.3) and (4.4) are identical and thus it is natural to set
H# = %% for all i € {1,...,d}. In that case, (4.17) and (4.18) simplify into

0 = g (VAL ret s L mstere), (419)
5 = ”l*( Vg et + \le T ) (4.20)

All these approximations of the optimal quotes can be used directly or as starting points in it-
erative methods designed to compute the optimal quotes (policy iteration algorithm, actor-critic
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algorithms, etc.).

Quotes: the case of symmetric exponential intensities

Exponential intensity functions play an important role in the optimal market making literature
and more generally in the algorithmic trading literature. This shape of intensity functions, initially
proposed by Avellaneda and Stoikov in [13], leads indeed to simplification because of the form of
the associated Hamiltonian functions.

If we assume that the intensity functions are given, for all ¢ € {1,...,d}, by
AP () = Abo(6) = Ale ™0 AT K> 0,
then (see [62]) the Hamiltonian functions are given, for all i € {1,...,d}, by
i,b i,a Ai i A
H¢(p) = He"(p) = 27 Ce exp(=k'p);
where ( ) )
N — (142
X g £zt .
ci (1+4) if€>0
e ! if¢€=0,

and the functions Séb* and 52’“* are given, for all 7 € {1,...,d}, by

. . Liog (145 ife>0
50" (p) = 65" (p) = P g Og( * k) it
P+ & if € =0.

Therefore, if we consider the quadratic approximation of the Hamiltonian functions based on their
Taylor expansion around p = 0 (see Remark 1), then (4.19) and (4.20) become

Fib o _ V7 (gl Tet + 32%ei™Tel) + ,ylzi log (1 + 7,:) in Model A,
t VA (gl Te' + 27’ Te’) + & in Model B.
sia _ —/7 (¢f_Tet — Lz’ Te) + 7 log (1 + VkZii) in Model A,
t —V7 (gl -Te' — 32" "Te’) + 4 in Model B.

1

where I' = D;%(DéEDéﬁD;% and D, = diag(ZAlCékjlzl7 . 2Angk‘dzd).

It is noteworthy that these approximations of the optimal quotes are affine in the current inventory.
In particular, in the case of Model A, when the number of assets is reduced to one (with unitary
transaction size), they coincide with the affine closed-form approximations obtained in the paper
[65] of Guéant, Lehalle, and Fernandez-Tapia. Their approximations, however, are obtained in a
fundamentally different manner, by using spectral arguments and a continuous approximation of
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the initial discrete problem.

Another useful point of view on the above quoting strategy is by observing the resulting approxi-
mations of the optimal (half) bid-ask spread and skew. The approximations of the optimal (half)
bid-ask spread and skew for asset i are respectively given by

o 4 5t 7 1 /A7ei Tel + 7; log (1 + f) in Model A,
2 1 /77 eTe + &k in Model B,

and
giha _ §ib
t t
2
These approximations give us a constant bid-ask spread and a skew linear in the inventory. This

translates well the intuition that the skew has the role of inventory risk management, whereas the
spread balances the trade-off between frequency of transactions and profit per round-trip trade (the

term Vlzi log (1 + A’k{) in Model A, which reduces to 7+ in the case of Model B), plus an additional

risk aversion buffer (the term 3,/yze’ T'e?).

= —/7q;_Te" in both Model A and Model B.

We can also observe that the subtle interplay between price risk and liquidity risk is summed up

_1 11 _1
into a unique mathematical object: the matrix I' = D * (DJQFZDJQF)%DJr 2,

On the parameter sensitivity analysis, beyond the immediate conclusions of the above formulas,
the reader is referred to [65] for a comprehensive analysis in the single-asset case.

4.4 Beyond the quadratic approximation: a perturbative ap-
proach

In Section 4.3, we approximated the Hamiltonian functions by quadratic functions in order to “ap-
proximate” the Hamilton-Jacobi equation characterizing the value function and then approximate
the value function itself. To go further and possibly improve the obtained approximation, we can
consider a perturbative approach around our quadratic approximation. This means that we regard
the real Hamiltonian functions as small perturbations of the quadratic functions used to approxi-
mate them and consider then a first order approximation (the zero-th order approximation being
that obtained in Section 4.3).

Formally, writing
H'(p) = H"(p) + eh™*(p), H{"(p) = H"*(p) + eh*(p), and  0(t,q) = 0(t,q) + en(t, q),

and plugging these expressions in Eq. (4.5) in the limit case where Q° = +o0 for all i € {1,...,d},
we obtain

2t 2t
i=1

1 0t q) — Ot g+ Fe 0t q) — O(t,q — Fe
0 — atg(t’q)_ququJrzleg,b( (t,q) (,q+ze)>+Zle§’ (( q) —0(t,q - ='e")
=1
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d 0 ] 1 ~ L.
) 1 L FT ot’ _at’ ‘e i ITi,a 0 0t7 —z'e
= 0f(t.q) — 570"Sg + ) sz< () 6l gt 2'e )+§ S ( q) = 0(t,q ze))
i=1

ZZ ZZ

d ~ ~ PR .
o O(t,q) — 0(t,q + Z'€ iia Qt, —0(t,q — et
+€<am(t7q)+zzlhz,b( () =0t ze>)+zzh, ( q) ~lt.q ze))
i=1

Zt
=1

+ZH1 b/ (9 9(?7(1 + Zlel)) (n(t7Q) _ n(t,q + Zzez))

zl

+ZFP’“’(é(t’Q)_éS’q_Ziei)>(n(t,q) n(t.q— i) )
= (@ntq +Zzh”’<(tq) 9(?‘1“"6")) izhm(e( q) — étqze))

=1 =1

+§; <H“b' (é(t’ 0= ég’ hdad )) (n(t, g+ ze’) — n(t.q))
+i (-t (é(t’ 0 ))) (1(t,q — 2ie®) — (. q>)> T ofe).
Therefore,
0 = omlta)+ izih%b (é(t,q) =TS ziei)) . izh (9(t,q) SLUTE Zieq)
N zd: (—H_b (é(t, q) — Hit g+ ziei)» (0 + i) — n(t,0)

+Z< H“"( & q)—ag q_ze)» (n(t,q = ='¢") = n(t, ),

and we have the terminal condition 7(7T',q) = 0.

By Feynman-Kac representation theorem, we have

i i i d i t.q i t,q i i
b S qs ) a(qug—q + z'e ) iLi.a 0(87q3—) - g(qus— —ze )
b - h® - d
n(t, q l/ <E P ( p —&-i:Elz e sl

where under P the process (q59) (1 satisfies

d
dqh? = Zzi(dj\vf;’b —dN»)e! and ¢ =g,

i=1

with, for each i € {1,...,d}, Nt and N&® constructed like N%* and N“® but with respective
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intensities given at time s by

_ g (é(57Qi’—q) - é(?, qi’i’ + ziei)> N (

Z’L

In practice, it means that we can approximate 6(¢,q) by

T [ d j t.q il t.q Qi
o .y 0(s,q7%) —0(s,q.% + z%€*)
i b b s )y s

i=1
d ;4 t b4 t . .
i (e gia) [ 0054 M) —0(s,q,0 — 2'e)
+Zz (H£ H)( > i ds|.
i=1

Of course this new approximation is not a closed-form one. However, it can be computed using a
Monte-Carlo simulation for a specific (¢,¢). In particular, it means that upon receiving a request
for quote from a client and if time permits (which depends on asset class and market conditions),
a market maker can perform a Monte-Carlo simulation to obtain an approximation of the value
function at the relevant points to compute a quote that more accurately accounts for the liquidity
of the requested asset than a quote computed using the closed forms of Section 4.3.3.

0(t, q) + EF

4.5 A multi-asset market making model with additional fea-
tures

4.5.1 A more general model

In Section 4.2.1 we presented a multi-asset extension to the classical single-asset market making
model of Avellaneda and Stoikov. This extension can itself be extended to encompass important
features of OTC markets. In this section we extend our results to a more general multi-asset market
making model with drift in prices to model the views of the market maker, client tiering, distributed
requested sizes for each asset and each tier, and fixed transaction costs for each asset and each tier.

In terms of modeling, the addition of drifts to the price processes is straightforward. Formally, we
assume that for each ¢ € {1,...,d}, the dynamics of the price process (S})icr, of asset i is now
given by

dSi = pidt + o'dWy,
where " and (W{);cp, are defined as in Section 4.2.1 and where x' is a real constant. In what
follows, we denote by u the vector u = (ul, . ,ud)T.

In OTC markets, market makers often divide their clients into groups, called tiers, for instance
because they do not have the same commercial relationship with all clients or because the propen-
sity to transact given a quote differs across clients. In particular, they can answer/stream different
quotes to clients from different tiers.® Let us denote here by N € N* the number of such tiers.

9There can also be tiers to proxy the existence of trading platforms with different clients and/or different costs.
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In addition to introducing tiers, we can drop the assumption of constant request size per asset and
consider instead that, for each asset and each tier, the size of the requests at the bid and at the ask
are distributed according to known distributions.

Mathematically, the bid and ask quotes that the market maker propose are then modeled by the
maps

Shmb s (w,t, 2) € %[0, T]XRY = Sp™ “(w,2) eR and S"™%: (w,t,2) € Qx[0, TIxR* — S;™%(w, 2) € R,
where ¢ € {1,...,d} is the index of the asset, n € {1,..., N} is the index of the tier, and z € R+ is
the size of the request (in number of assets). In the same vein as in Section 4.2.1, we introduce'’

5" (2) =S, — 8™ (2) and &,™(2) = Sp™(2) — S,

and the maps (6;™"(.))ser, and (3;"“(.))ter, are assumed to be F-predictable and bounded from
below by a given constant —d. < 0.11

With these new features in mind, we introduce for each asset ¢ € {1,...,d} and for each tier
n € {1,...,N} the processes (N;"™")ser, and (N;"™*)ier, modeling the number of transactions in
asset ¢ with clients from tier n at the bid and at the ask, respectively. They are R* -marked point
processes, with respective intensity kernels (/\i’"’b(dz))teugjr and (/\i’"’a(dz))teﬂg* given by

AP (dz) = AP (S (D)) g sacon V™0 (dz) and AP™(dz) = AO(S; () g s qiyr ™ (d2),

where v»™b and v»™% are the two probability measures representing the distribution of the re-

quested sizes at the bid and at the ask respectively, for asset i and tier n, and where A»™? and
A»™% satisfy the same assumptions as those satisfied by the intensity functions of Section 4.2.1.

For asset i € {1,...,d}, the resulting inventory (¢;)icr, has dynamics
N N
dgi =" / aNYM(dt,dz) = / ZN*™(dt, dz),
n=1 3 n=1 ]R*
where for each tier n € {1,..., N}, No"b(dt,dz) and N*™(dt,dz) are the random measures asso-

n,b

ciated with the processes (N;"");er, and (N}™ “)ter, , respectively.

Finally, we consider the addition of fixed transaction costs.'? For that purpose, we introduce for
each asset i € {1,...,d} and for each tier n € {1,..., N} two real numbers c¢™* and ™ mod-
elling the fixed cost of a transaction in asset ¢ with a client from tier n, at the bid and at the ask,
respectively.

The resulting cash process (X;);cr, has, consequently, the following dynamics:

dX; = Z Z / 51 )M b ci,n,b) Ni’n’b(dt, dZ) 4 ((5?”@(2)2 1, n, a) NEm-a dt dZ } Z Squt'
i=1 n=1

w is omitted in What follows.

HThis additional constraint of a fixed lower bound is just a technical one to be able to state theorems in the

general case where request sizes are distributed (see [26]).
12Proportional transaction costs can be considered in the initial model through shifts in the intensity functions.

10

151



4.5.2 The Hamilton-Jacobi equation

In this new setting, one can again show that the two optimization problems introduced in Section
4.2.1 boil down to the resolution of a Hamilton-Jacobi equation of the form

0=0:0(t,q) +puTqg— %qTEq (4.21)
d N ; ;
in 0(t,q) — 0(t,q + ze') + =™\
+ Z Z/ ]l{qi+ZSQi}ZH£’ b (Z, ( q) ( q ) > Vz’n’b<dz)
i=1n=1"R} o
LI ; 0(t,q) — O(t,q — ze') + ¢+
t X [ asmgyene (5 MDA )veaa),
i=1n=1"R}

with terminal condition
0(t,q) =0, (4.22)

where £ = 7 in the case of Model A and £ = 0 in the case of Model B, and where the functions
Hz’”’b and Hé’"’a are defined by

sup 2O —exp(—£2(5 — p)) i€ >0,

HO™ (2, p) = { 0> 0
¢ (=) sup AP™b(8)(6 — p) ifeE=0
0>—000

and o
, sup 2 (1 — exp(—£2(6 — p))) if € >0,
HE (2p)i= {070 .
sup A»™*(8)(§ — p) if € =0.
5> 00

Remark 2. When £ =0, the dependence in z of the Hamiltonian functions vanishes. Nevertheless,
we keep the variable z for the sake of consistency.

Following a method similar to that developed in [26], we can show that, for a given & > 0, there
exists a unique bounded function 6 : [0, T] x Hle[—Qi, Q'] — R, C! in time, solution of Eq. (4.21)
with terminal condition (4.22).

Moreover, a classical verification argument enables to go from 6 to optimal controls for both Model
A and Model B. The optimal quotes as functions of 6 are given by the two theorems that follow.

In the case of Model A, the result is the following:

Theorem 3. Let us consider the solution 6 of Eq. (4.21) with terminal condition (4.22), for £ = ~.

Then, for i € {L...,d} and n € {1,.. .,N}, the optimal bid and ask quotes as functions of the
trade size z, S0 (2) = S — 60" (2) and 5P (2) = Si+ 67" (2) in Model A are characterized
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by

z

. ~. — l i7n7b . d . .
5Z’n’b*(z) = 53/”’})* (zv Ot qi) ~ 0t @ +20) T ) for qi— + ze' € H[—Q]7 Q’],

j=1

d
fO’f’ qt— — zei S H[_QJ7Q]]7

j=1

G(t, qt—) - a(t, Qi— — Zei) + ci,n,a)
z

6Z,n7a* (Z) _ g’iy,n,a* (Z,

where the functions Sfy’"’b*(~, ) and 8;"“*(, -) are defined by

N * in,b—1 in i\n

85 (z,p) = AT (yzHY™M (2, ) = O, HY™ (2,p)) V (=000),
Si,n,a% im,a—1 1,m,a i,n,a

67’ ’ (va) = A" (’YZH’)/’ ’ (Zap) - a;DH'y’ ’ (Zap)) \ (7600)

For Model B, the result is the following:

Theorem 4. Let us consider the solution 0 of Eq. (4.21) with terminal condition (4.22), for £ = 0.

Then, for i € ‘{1,...,d} and n € {1,.. .,N}, the optimal bid and ask quotes as functions of the
trade size z, SP™P(2) = 8 — 67" (2) and S (z) =SP4 60™ (2) in Model B are characterized
by

d

) for qi— + ze' € [[1-@7, Q7),

j=1

Ot qi—) — 0(t, qu— + zei) 4 chmbd
z

52,7@,()* (Z) — gé,n,b* (Z,

@7, Q’),

for g — zé*

i * Ti,n,ax 0 t, =40 t, - U i,1,a
5o () = B ( (i) = Ot g — 2¢') +c )
z

z&

j=1
where the functions 5™ *(-,-) and 55™*(-,-) are defined by

Ti,m,bx imb—1 ,m, Ti,n,ax in,a ,M,a
5 (2,p) = AT (<0 Y (2 p) ) V(=0sc) and 87 (2,p) = A (0, HE™ (2,) ) V(= 0n0).
4.5.3 Quadratic approximation

As before, let us replace for all ¢ € {1,...,d} and n € {1,..., N}, the Hamiltonian functions Hg’”’b
and Hgna by the functions

i,mn, zn 7,1, 1 i, rTi,n,a zna 7,n,a 1 7,n,a
' (2,p) o f™(2) bl ™ () 505 (A and B0 (2p) o 0™ (2) ol () Sy ()
Remark 3. Here, a;’n’b and a;’n’a (for j € {0,1,2}) are functions of z. A natural choice for the

functions (Hi’"’b)(im)e{l’“_,d}x{17,“,N} and (Hi’n’a)(i,n)e{1,.4.,d}x{1,..4,N} derives from Taylor expan-
stons around p = 0. In that case,

Vie{l,...,d},Vne{l,...,N},Vj e {0,1,2}, az’"’b(z) = 6{;H€i’"’b(z70) and a;n “ 6§H2’n’a(z,0).
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If we consider the limit case where Q° = +oc0 for all i € {1,...,d}, Eq. (4.21) then becomes

N

d
. v i,m,b in, 41,0 51,
0=0,0(t,q) +u"q— §qTZq + E g </j; zag™’ (2)vhb(dz) + /j; zag " ()t “(dz))

=1 n=1

+/ azi,n,a(z) (é(t,q) o é(t,q o zei) 4 Cim,a) I/im,a(dz))

+

1 LN 1 inb y . I
+§ZZ /*;ag’ (2) (0(t, q) — O(t, q + ze') + ™P) "™ (dz)

1, ; ) o .
—ay™(2) (0(t:q) — 0(t, g — z¢') + cma)’ 1/“”’“(d2)> , (4.23)

with terminal condition
0(T,q) = 0. (4.24)

Using the same ansatz as in Section 4.3, we obtain the following result (we omit the proof as it
follows the same logic as for that of Proposition 1):

Proposition 4. Let us introduce for all i € {1,...,d},n € {1,...,N},j € {0,1,2},k € N, the
following constants:

A;’Z’b = /*zka;"b( Wi (dz)  and ALY = /*zka;na(z)ui’”’a(dz),

3

T
N N T N N T
b 1 n b d,n,b a 1,n,a d,n,a
Vie= | DA Y AT and Vi = | Y ALY AT
n=1 n=1 n=1 n=1

N N T N N T
1,n,b A 1,n,b d,n,b A d,n,b 7a 1,n,a A 1,n,a d,n,a A dn,a
= E c Aj,k R, g c Aj,k and Vi = g c Aj_’k R g c Aj’k ,
n=1 = =
i, n b i n a
X],k? = E E A and X5 = E g A )

i=1n=1 i=1n=1
d N d N
~b § : § : i,m,b A 1,n,b ~a § : § : i,n,a Lna
Xj,k = C A],k and X]Jc = c” A )
=1 n=1 i=1n=1
d N d N
~b i,m,b\2 A 4,n,b 1 n, a i, n a
Xk = E (™) AV and X5 = E E A ,
=1 n=1 i=1 n=1
and
N N N N
_ 1,n,b d,n,b 1,n,a d,n,a
Dj ;. = diag E A E AM and diag E Aj)k ey E Aa,k
n=1 n=1 n=1 n=1



Let us consider three differentiable functions A :[0,T] — S;*, B:[0,T] - R, and C : [0,T] — R
solutions of the system of ordinary differential equations

b
~
—~
~
~—
I

2A(t) (D5, + Dg ) A(t) — 272
B'(t)=p+2A() (VY V1 ")+ 2A(t) (D}, — D3 ,) D(A(t))
+2A(t) (D4, + D§ ) B(t) + 2A< ) (Vo — ).
C'(t)y= Tr(Df, + Dg,) + Tr (Db, + Do) A(t)) + (VP — Vi) T B(t)

4 (Rt K o) + YD(AM)T (Db + D32) DIA() (4.25)
BT (D - D5.) DUA() + (V) + V1) D(AW)
+LBOT (DY, + D3 ,) B + (Vo — Vo) B(1)
+% ()22,0 + Xz,o) .
with terminal conditions
A(T) = 0,B(T) =0, and C(T) = 0. (4.26)

Then 6 : (t,q) € [0,T] x R* — —qTA(t)q — qTB(t) — C(t) is solution of Eq. (4.23) with terminal
condition (4.24).

We can now solve (4.25) with terminal conditions (4.26) in closed form. This is the purpose of the
following proposition whose proof is omitted (see Proposition 2 for a similar proof).

Proposition 5. Assume 27]:[:1 Aé’ﬁ’b + A;’ﬁ’a > 0 for alli € {1,...,d}. The system of ODEs
(4.25) with terminal conditions (4.26) admits the unique solution

A(t) = %D;%A\ (eg(T*t) _ e*X(Tft)) (6Z(T7t) + efg(T,t)> -1 D;%,

t

B(t) _ —26721? A(u)D4 du /T 62 jST A(u)D4 du <;N’+ A(S) (V_ + f/_ + D_D(A(S))>) dS,
T T
ct)=-Tr (Dg,l + D) (T —t) — <(Dll7 o+ DY 5) / A(s)d > VT/ B(s)ds

_7/ D(A(s))T (Dl 5 + DS.,) D s—f/ B(s)TD. B(s)ds
*/ B(s)TD_D(A(s))ds — (X10+X1 0) (T —1t) - B (X20+X20) (T —1)
t
~ ~ T T
(7)) [ D),
t
where
Dy =Dy +Dg,, D_=Db,—Di, V. =Vi -V, V. =Vh -V, and A= f(DZZDZ)

Now, using the same method as in Section 4.3, we get the following asymptotic results:
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Proposition 6. Let (A, B,C) be the solution of the system of ODEs (4.25) with terminal condi-
tions (4.26).

-~

If D_%_/L € Im(A), then,

0o 1
A(0) " ST

T—+00 -1~ 1 -1~ -1 ~ 1
B(O) — —D+2A+Dj,u— D+2AA+D+2 (V +V_+ QWD’D(F)) ,

S | -1 1
+ V_TD+5AA+D+5 (v_ +V_+ 2ﬁD_D(I‘))—87D(F)T(DS73+D§73) D(T)

1 L~ o~ 1 L~ 1 - 1
- §MTDEA+A+DJ%N - MTDEAJFDJ} (V— + Vo + QﬁD—D(F))

1 - 1 T i, 1 - 1
-3 <V +V_ +2\ﬁDD(F)> D *AA*TD.* <V +V_ +2ﬁDD(F))

1 1~ 1 1 . 1 T 1 1
+ 5T DIATDED_D(I) + 57 (V_ +V_+ 2ﬁDJD(F)) D, *AA*D *D_D(T)

o ~a 1 o ~a 1 [/ ca \T
- (Xg,o + X2,0) ~3 (Xg,o + X2,0) - gﬁ <V2b1 + Vz,l) D(),

1
1

1/ 1 1Nm 1 ~ -
where I' = D ? (DjZDj) ’ D_? and A" is the Moore-Penrose generalized inverse of A.

-~

1
Remark 4. The assumption D3y € Im(A) is satisfied when p = 0 or when ¥ is invertible. If

Sl 1
this assumption is not satisfied, then it can be shown that @ Todpo 7D+2A+AD_T_;L. In par-

ticular, there is mo constant asymptotic approzimation of the quotes. In fact, if the assumption

1 -~
D3 p € Im(A) is not satisfied, the market maker may have an incentive to propose very good quotes
to clients in order to build portfolios bearing positive return at no risk.

4.5.4 From value functions to heuristics and quotes
Quotes: the general case

The greedy quoting strategy associated with our closed-form proxy of the value function leads to
the following quotes for all i € {1,...,d} and n € {1,...,N}:
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. . 7 i,m,b
5y = g — 0t - F2¢) e )

z

( é 7qt
Ti,m,bx T % iT C’Lm”b
= 0" [ 2,2¢[_A t)e' + ze' T A(t)e' + e T B(t) + ,
z

. . t t o i,M,a
6Z7TL,CL(Z) — 51 ,n,a < qt— ( qt ze ) +c )

z

Si,n,ax i 0T i iT chHa
= ¢ <2,2th_A(t)e +ze" A(t)e' —e' B(t) + . )7

Si,m,bx Ti,n,ax*
1) 1)

where and are given in Theorems 3 and 4 for £ = v and £ = 0 respectively (depending
on whether one considers Model A or Model B).

The asymptotic regime exhibited in the above paragraphs can then serve to obtain the following
simple closed-form approximations:

.. . . 1 . . . _ 1~ 1
0y (z) = ot <z Va_Te' + Eﬁzeﬂfel — "D ?ATDZp (4.27)

. 1 ~~ _1 - 1 i,m,b
_¢Tp P AATD; <V_ + Vo 2ﬁD_D(F)) +— )

2i,n,a Ti,n,ax i 1 i i i 1~ 1
o (2) = 0™ (z, —/q/_Te' + §ﬁze’TFe’ +e TDJFQILU'D}rM (4.28)

. 1l o~ 1 - 1 i,m,a
+e "D P AAT D <v +V_+ 2ﬁDD(r)) + = >

If we assume that for all 4 € {1,...,d} and for all n € {1,..., N} we have v»™* = p»™% and
AB™Y = AB™A then Vi € {1,....d},¥n € {1,...,N},H*™® = H*™? and it is thus natu-
ral to chose symmetric approximations of the Hamiltonian functions, i.e. Vi € {1,...,d},Vn €

{1,...,N}, H>™® = "™, In that case, (4.27) and (4.28) simplify into

i,m,b

. _— o ,
5z’"’b(z) = 52’”’1) (z,ﬁthFez+2ﬁze”Fe —e'"'D 2A"‘Dz,u—i— ), (4.29)

i,M,a

v ~ " ) 1 . . ) 1~ 1
o, (z) = oM (z, —/7q;_Te' + i\ﬁzeﬂf‘e’ + eZTD+2A+D}’r,u + ) . (4.30)

All these approximations of the quotes can be used directly or as a starting point in iterative meth-

ods designed to compute the optimal quotes (policy iteration algorithms, actor-critic algorithms,
etc.).

Quotes: the case of symmetric exponential intensities

If we assume that for all i € {1,...,d} and for all n € {1,..., N} we have v®™b = pina = pin
and intensity functions given by

Ai,n,b(a) — Ai,n,a(é) _ Ai,nefki’"é’ Ai,n’ ki,n > 0,
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then (see [62]), in the limit case where do, = +0o0 the Hamiltonian functions are given, for all
i€{l,...,d}and n € {1,...,N}, by

Ai n
kz n

HE™(2,p) = HE™ (2,p) = ——C¢" (2) exp(—k""p),

where

_ 1+ki,zn
Cim(z) = (1+,§fn) (+55) if £€>0
e ! if ¢ =0,
and the functions 52’"’6* and 52"‘1* are given, for all i € {1,...,d} and n € {1,..., N}, by
St,m,bx Ti,n,ax p+%10g(1+ €Zn> 1f§>0
55 " (Z7p) = 657 ’ (va) = 51 k .
P+ mim if £ =0.

Therefore, if we consider the quadratic approximation of the Hamiltonian functions based on their
Taylor expansion around p = 0 (see Remark 1), then (4.29) and (4.30) become

. . . _1 ~ 1 in
5""(2) VA (61Tt + L7t - 2 TDLF A DI ) + S0 4 Llog (14 25)  in Model A,
z) = s
t (q;r e + IZZGZTFB 1 1TD 2A+Di#) + g + k}" in Model B.
sim o2 (th el — 52’ igiT et 4 L ZTDJ_FEA""D2 ) + g +5; log (1 + n) in Model A,
Y z = — 1~ 1 i,m,
' \ﬁ( T et — LiieiTTel %e’TD+2A+D2 ) NR L in Model B.

where I = D;%(Dizpé)%pﬁ and

N N
D, = diag (2 Z Abmgtn C’El’"(z)zyl’”(dz), ey 2 Z Adngdn Cg’"(z)zud’"(dz)> .
n=1 el R

.
R% 1

4.6 Numerical results

To evaluate the performance of our approximations, we test them in the two assets case, for which we
can compute the true optimal quotes in Model B by using a Euler scheme to solve the HJB equation.

We consider the following characteristics for the two assets:
e Asset prices: S} = S =100 €.
e Drifts: u! =0.1 € -day ', u2 = —0.1 €-day "
1

e Volatilities: ¢! = 1.2 € - dayfé, 02 =0.6<€-day 2.

e Correlation: p = 0.5.
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This corresponds to a covariance matrix X given by
5 (e})?  polo? _ (144 036
poto?  (0?)? 0.36 0.36/°
The intensity functions are given for all i € {1,2} by:

1

AP (8) = AP9(6) = ARFQ T panihas”

with Appg = 30 day™!, ap = 0.7, and Br = 30 €', This corresponds to 30 requests per day, a
probability of TEW ~ 33% to trade when the answered quote is the reference price and a proba-

bility of Hﬁ ~ 40% to trade when the answered quote is the reference price improved by 1 cent.

Request sizes are distributed according to a Gamma distribution I'(ey,,8,) with o, = 4 and
By = 4- 10~*. This corresponds to an average request size of 10000 assets (i.e. approximately
1000000 €) and a standard deviation equal to half the average.

We consider only one tier and no fixed transaction costs, and take the following parameters for the
optimization problem:

e Time horizon given by T' = 7 days. This horizon ensures convergence towards stationary
quotes at time ¢t = 0.

e Risk aversion parameter: y = 8-1076 €71,

4.6.1 Value function and optimal quotes

We first approximate the solution 6 to (4.21) using a monotone implicit Euler scheme on a grid
with 25 x 97 points for the inventory and a discretization of the request size distribution with 4
sizes: z' = 6250, 22 = 12500, 23 = 18750, and z* = 25000 assets — thereafter dreferedby very small,
small, large, and very large size — with respective probability p! = 0.534, p? = 0.350, p® = 0.097
and p* = 0.019. We impose risk limits Q' = 75000 and Q% = 300000, i.e. no trade that would
result in an inventory ¢! for asset 1 such that |¢'| > 75000 is admitted, and similarly no trade that
would result in an inventory ¢? for asset 2 such that |¢?| > 300000 is admitted.

The value function (at time ¢t = 0) is plotted in Figure 4.1.

As discussed above, we choose T = 7 days to ensure convergence of the optimal quotes to their
stationary values. This is illustrated in Figure 4.2.

We plot in Figures 4.3 and 4.4 the optimal bid quotes of asset 1 and asset 2 respectively, for different
values of the inventory.

To observe the impact of the request size on the optimal quotes, we plot in Figures 4.5, 4.6, 4.7,
and 4.8 respectively the functions

ql = gl,b(oﬂq1707 Zk)? k E {13 M ?4}7
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q? = 81°(0,0,¢%,2%), ke {1,...,4},

¢t — 52’b(0,q1,0,zk)7 kEe{l,...,4},
and -

q2'_>62,b(070,q27zk)7 ke {1""’4}7

where 6%? represents the optimal bid quote for asset i as a function of time, inventory, and size of
request. We see that accounting for the size of requests impacts the optimal bid quotes, especially
for a large inventory. The monotonicity of the quotes is of course unsurprising.

Function 6 for different values of the inventory
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Figure 4.1: Function # at time ¢ = 0 for different values of the inventory.
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Study of the convergence towards stationary quotes
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Figure 4.2: Optimal bid quotes as a function of time for different values of the inventory (very small
trades) — top left: quotes of asset 1 for different values of inventory ¢* (¢! = 0), top right: quotes
of asset 1 for different values of inventory ¢! (¢? = 0), bottom left: quotes of asset 2 for different

values of inventory ¢? (¢* = 0), bottom right: quotes of asset 2 for different values of inventory ¢*
(¢* = 0).

Optimal bid quote for asset 1 for different values of the inventory (very small trades)
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Figure 4.3: Optimal bid quote at ¢ = 0 for asset 1 as a function of the inventory (very small trades).

161



Optimal bid quote for asset 2 for different values of the inventory (very small trades)
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Figure 4.4: Optimal bid quote at ¢t = 0 for asset 2 as a function of the inventory (very small trades).

Optimal bid quote for asset 1 for different trade sizes as a function of g1 (g, =0)
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Figure 4.5: Optimal bid quote at ¢ = 0 for asset 1 for different trade sizes as a function of ¢!
(¢* =0).
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Optimal bid quote for asset 1 for different trade sizes as a function of g; (g1 = 0)
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Figure 4.6: Optimal bid quote at ¢ = 0 for asset 1 for different trade sizes as a function of g2
(¢' =0).

Optimal bid quote for asset 2 for different trade sizes as a function of g; (g2 =0)

v very small trades
A
e small trades
+  large trades A4
A very large trades A 4,
0.14 AL,
Ay v
A, . v
. v
O v
Ay, v
0.12 A + . v
2 Ao . M
) A v
+
P .
H Ay, v
£ A, v
b A v
) + .
= Ay, v
E 0.10 A, v
2 A, .
o A L . * v
- . v
ALy v
A
ey
0.08 A+ v
A+ .y
A+ sy
PR
- v
0.06 v
~80000 ~60000 ~40000 ~20000 0 20000 40000 60000 80000

Figure 4.7: Optimal bid quote at t = 0 for asset 2 for different trade sizes as a function of ¢!
(¢*> =0).
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Optimal bid quote for asset 2 for different trade sizes as a function of gz (q

1=0)
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Figure 4.8: Optimal bid quote at ¢ = 0 for asset 2 for different trade sizes as a function of ¢>

(¢' =0).

4.6.2 Closed-form approximations

We now move on to the study of the results given by our closed-form approximations. We first plot
in Figure 4.9 the approximate function 6 given by Proposition 4. As a first remark, we can see
that although there seems to be quite a difference in terms of level between the true value function
and the approximate one, the general shape is the same, and thus the finite differences should be
similar, which is what matters to compute quotes. This is confirmed in the next subsection, when

we compare the strategies.

As before, we plot in Figures 4.10 and 4.11 the optimal bid quotes of asset 1 and asset 2 respectively,

for different values of the inventory.

200000

300000

We also plot in Figures 4.12, 4.13, 4.14, and 4.15 respectively the functions

gt — Sl’b(ql,O,zk), ke{l,...,4},
q2 Hél’b(07q2’zk)’ ke {17"'74}7

¢t = 62(¢h,0,2%), ke{l,...,4},

and X
q? = 020(0,¢%, %), ke {1,...,4},

where §7 represents the closed-form approximation of the optimal bid quote for asset i as a function
of inventory and size of request, and we compare those quotes with the optimal bid quotes given

by the resolution of Eq. 4.21.
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Approximate function 6 for different values of the inventory
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Figure 4.9: Approximate function 6 at ¢t = 0 of the problem for different values of the inventory.

Approximate bid quote for asset 1 for different values of the inventory (very small trades)
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Figure 4.10: Approximate optimal bid quote at ¢t = 0 for asset 1 as a function of the inventory (very
small trades).
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Approximate bid quote for asset 2 for different values of the inventory (very small trades)
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Figure 4.11: Approximate optimal bid quote at ¢t = 0 for asset 2 as a function of the inventory (very
small trades).

Bid quote comparison for asset 1 for different trade sizes as a function of g1 (g, = 0)
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Figure 4.12: Approximate optimal bid quote for asset 1 for different trade sizes as a function of ¢'
(¢*> =0).
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Bid quote comparison for asset 1 for different trade sizes as a function of g, (q; = 0)
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Figure 4.13: Approximate optimal bid quote for asset 1 for different trade sizes as a function of g2
(¢' =0).

Bid quote comparison for asset 2 for different trade sizes as a function of q; (g2 =0)
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Figure 4.14: Approximate optimal bid quote for asset 2 for different trade sizes as a function of ¢*
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Bid quote comparison for asset 2 for different trade sizes as a function of g; (qy = 0)
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Figure 4.15: Approximate optimal bid quote for asset 2 for different trade sizes as a function of ¢>
(¢* =0).

As a first observation, we can see that the closed-form approximations get really close to the true
optimal quotes, except maybe for very large inventories. We finally study the performance of the
approximations, by using 4000 Monte-Carlo simulations. We plot in Figures 4.16 and 4.17 the
distribution of the PnL of a market maker, when quoting the true optimal quotes in the first case,
and when quoting the closed-form approximations in the second case.

Histogram of the PnL over 4000 simulations starting from zero inventory (with optimal quotes)

Number of simulations

100000 105000

Figure 4.16: Distribution of the PnL of a market maker using the optimal quotes.
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Histogram of the PnL over 4000 simulations starting from zero inventory (with approximate quotes)
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100000

Figure 4.17: Distribution of the PnL of a market maker using the closed-form approximations.

When using the optimal quotes, the market maker gets an average PnL of 88600€ with a standard
deviation of 86900€. When using the closed-form approximation, the performance is very similar,
as she gets an average Pnl of 89000€ with a standard deviation of 87500€.

These results are really satisfying in terms of performance. We see that, although the approximate
optimal quotes can sometimes get quite far from the true optimal quotes, they do so only for values
of the inventory that we should almost never reach, and therefore this gap does not really impact
the average PnL nor its standard deviation. We believe that what we observed here in dimension
2 is general, and that the results in higher dimensions would be just as good.

Conclusion

We proposed closed-form approximations for the value functions associated with many multi-asset
extensions of the market making models available in the literature. These closed-form approxima-
tions have been obtained through the “approximation” of a Hamilton-Jacobi equation by another
Hamilton-Jacobi equation that can be simplified into a Riccati equation and two linear ordinary
differential equations, all solvable in closed form. These closed-form approximations can be used
for various purposes, in particular to design quoting strategies through a greedy approach. The
resulting closed-form approximations of the optimal quotes generalize those obtained by Guéant,
Lehalle, and Fernandez-Tapia in [65] to a general framework suitable for practical use.
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Chapter 5

On bid and ask side-specific tick sizes

Abstract

The tick size, which is the smallest increment between two consecutive prices for a given
asset, is a key parameter of market microstructure. In particular, the behavior of high fre-
quency market makers is highly related to its value. We take the point of view of an exchange
and investigate the relevance of having different tick sizes on the bid and ask sides of the order
book. Using an approach based on the model with uncertainty zones, we show that when
side-specific tick sizes are suitably chosen, it enables the exchange to improve the quality of
liquidity provision.

5.1 Introduction

The tick size is the smallest increment between two consecutive prices on a trading instrument. It
is fixed by the exchange or regulator and typically depends on both the price of the asset and the
traded volume, see [73, 80]. It is a crucial parameter of market microstructure and its value is often
subject of debates: a too small tick size leads to very frequent price changes whereas a too large
tick size prevents the price from moving freely according to the investor’s views. In this article, we
focus on so-called large tick assets, that is assets for which the spread is most of the time equal
to one tick. Such assets represent a large number of financial products, especially in Europe since
MIFID II regulation, see [80].

The tick size has a major influence on the ecosystem of financial markets, in particular on the
activity of high frequency traders. Being usually considered as market makers, these agents are
the main liquidity providers for most heavily traded financial assets. This means that they propose
prices at which they are ready to buy (bid price) and sell (ask price) units of financial products. In
[54], the authors investigate the behavior of high frequency traders with respect to the relative tick
size, which is defined as the ratio between the tick size and the price level. One of their findings
is that everything else equal, stocks with a lower relative tick size attract a greater proportion of
high frequency traders, see also [44, 86]. This is because they can rapidly marginally adjust their
quotes to seize price priority. In the case of a large tick asset, speed is still an important feature as
market participants have to compete for queue priority in the order book, see [74, 87].
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Market makers (typically high frequency traders) face a complex optimization problem: making
money out of the bid-ask spread (the difference between the bid and ask prices) while mitigating
the inventory risk associated to price changes. This problem is usually addressed via stochastic
control theory tools, see for example [13, 39, 40, 61, 65]. In classical market making models, the
so-called efficient price, which represents the market consensus on the value of the asset at a given
time, around which the market maker posts his quotes, is a continuous semi-martingale. The quotes
of the market maker are continuous in terms of price values and not necessarily multiple of the tick
size. However, in actual financial markets, transaction prices are obviously lying on the discrete tick
grid. This discreteness of prices is a key feature which cannot be neglected at the high frequency
scale since it plays a fundamental role in the design of market making strategies in practice. To
get a more realistic market making model, one therefore needs to build a relevant continuous-time
price dynamic with discrete state space to take into account this very important microstructural
property of the asset.

To this end, we borrow the framework of the model with uncertainty zones introduced in [93, 94].
In this model, transaction prices are discrete and the current transaction price is modified only when
the underlying continuous efficient price process crosses some predetermined zones. In our approach,
we also consider that there exists an efficient price that market participants have in mind when
making their trading decisions. Based on this efficient price, market participants build “fair” bid
and “fair” ask prices. These two prices are lying on the tick grid and represent the views of market
participants on reasonable and tradable values for buying and selling, regardless of any inventory
constraint. In our setting, depending on his views and his inventory constraint, the market maker
chooses whether or not to quote a constant volume at these fair bid and ask prices. This is a
stylized viewpoint as in practice the market maker will probably quote a larger spread rather than
not quoting at all. The market takers increase (resp. decrease) their current “fair” bid price if
the efficient price becomes “sufficiently” higher (resp. lower) than their current fair bid price and
similarly for the ask side. The mechanism to determine whether the efficient price is sufficiently
higher (resp. lower) than the current price is that of the model with uncertainty zones, described
in Section 5.2.

Usual market making models include a symmetric running penalty for the inventory process, of-
ten defined as ¢ fOT Q?dt where Q) is the inventory of the market maker at time ¢ € [0,7], ¢ > 0 is a
risk aversion parameter and T is the end of the trading period. It is well-known, see for example [3],
that for regulatory and operational reasons, market participants and especially market makers are
reluctant to have a short inventory at the end of the trading day. This is mainly due to constraints
imposed by the exchange/regulator and to the overnight repo rate that they have to pay. This
asymmetry between long and short terminal inventory of the market maker gives the intuition of
the potential relevance of some kind of asymmetry in the market design between buy and sell orders.

If some kind of asymmetry is implemented at the microstructure level, it can have important
consequences on the profit of exchanges, as it notably depends on the number of processed orders.
Typical ways to optimize the number of orders on platforms are the choice of relevant tick sizes and
suitable fee schedules (which subsidize liquidity provision and tax liquidity consumption). In [52],
the authors highlight the importance of differentiating maker and taker fees in order to increase
the trading rate. In the more recent studies [17, 48], optimal make-take fees schedules are designed
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based on contract theory. In this work, the asymmetry we consider is not between liquidity con-
sumers and liquidity providers but between buyers and sellers.

The goal of the paper [14] is to show the possible benefits for an exchange in terms of liquid-
ity provision of side-specific tick sizes. To this end, we build an agent-based model where a high
frequency market maker acts on a large tick asset. The exchange is mitigating the activity on its
platform by choosing suitable tick sizes on the bid and ask sides. This means we have a different
tick grid for buy and sell orders. For given the tick sizes chosen by the exchange, we formulate
the stochastic control problem faced by the market maker who needs to maximize his Profit and
Loss (PnL for short) while controlling his inventory risk, taking into account asymmetry between
short and long inventory. We show existence and uniqueness of a viscosity solution to the Hamilton-
Jacobi-Bellman (HJB for short) equation associated to this problem. Then, we derive a quasi-closed
form for the optimal controls of the market maker (up to the value function). In particular, the role
of the tick size in the decision of whether or not to quote is explicit: essentially, a large tick size
implies a large profit per trade for the market maker but less market orders coming from market
takers, and conversely.

Next, we solve the optimization problem of the exchange which can select optimal tick sizes
knowing the associated trading response of the market maker. In our model, the exchange earns
a fixed fee when a transaction occurs. Therefore, its remuneration is related to the quality of the
liquidity provided by the market maker on its platform. Numerical results show that side-specific
tick sizes are more suitable than symmetric ones both for the market maker and the exchange. The
former is able to trigger more alternations in the sign of market orders, which is beneficial both
for spread pocketing and inventory management (in contrast with the case where sequences of buy
orders are followed by sequences of sell orders). The latter increases the number of transactions
on its platform. We also show that a tick size asymmetry can offset short inventory constraints,
therefore increasing the gains of both the market maker and the exchange.

The paper is organized as follows. In Section 5.2, we give a reminder on the model with
uncertainty zones and explain how we revisit it for market making purposes. The market maker and
exchange’s problems are described in Section 5.3. We also state here our results about existence and
uniqueness of a viscosity solution associated to the control problem of the market maker and derive
its optimal controls. Finally, Section 5.4 is devoted to numerical results and their interpretations.
Proofs are relegated to an appendix.

5.2 The model with uncertainty zones

In this section, we provide a reminder on the model with uncertainty zones introduced in [93, 94],
and we adapt it to the framework of a market making problem with side-specific tick values. It
is commonly admitted that low frequency financial price data behave like a continuous Brownian
semi-martingale. However this is clearly not the case for high frequency data. The model with
uncertainty zones reproduces sparingly and accurately the behavior of ultra high frequency trans-
action data of a large tick asset. It is based on a continuous-time semi-martingale efficient price and
a one dimensional parameter n € [0, %} The key idea of the model is that when a transaction occurs
at some value on the tick grid, the efficient price is close enough to this value at the transaction
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time. This proximity is measured through the parameter 7.

We define the efficient price (St)iecfo,r] on a filtered probability space (2, F,P) where T' is
the trading horizon. The logarithm of the efficient price (Yi):epo,7) is an Fi-adapted continuous
Brownian semi-martingale of the form

t t
Y = log(81) = log(So) + [ auds+ [ o.-dW,
0 0

where W is an F-Brownian motion, and (o¢)¢cjo,7] is an F-adapted process with cadlag paths and
(at)iefo,) is F-progressively measurable. Transaction prices lie on two fixed tick grids, defined by
{ka®, ka’} where a® (resp. a’) is the tick size on the ask (resp. bid) side and k € Z. For 0 < n' <
and i € {a,b}, we define the zone U}, = [0,00) x (d},u}) with

t = (k—&-% —nHat ul, = (k—l—%—i—ni)ai. (5.1)
Therefore U} is a band of size 2n®a® around the ask mid-tick grid value (k+ %)oﬂ and U is a band
of size 2n°a® around the bid mid-tick grid value (k + %)ab. We call these bands the uncertainty
zones. The zones on the bid and ask sides are characterized by the parameters 1?, 7* which control
the width of the uncertainty zones. We will see in the next section how the fair bid and ask prices
are deduced from the efficient price dynamics across the uncertainty zones. In particular, the larger
n, the farther from the last traded price (on the bid or ask side) the efficient price has to be so
that a price change occurs. The idea behind the model with uncertainty zones is that, in some
sense, market participants feel more comfortable when the asset price is constant than when it is
constantly moving. However, there are times when the transaction price has to change because
they consider that the last traded price value is not reasonable anymore.

For sake of simplicity, we assume that transaction prices cannot jump by more than one tick. We
also define the time series of bid and ask transaction times leading to a price change as (TJ’?, qu) §>0-
The last traded bid or ask price process is characterized by the couples of transaction times and

transaction prices with price changes (7;; PT’) j>0 Where PTl = Si?l), the superscript (') denoting
‘ i= j 5

the rounding to the nearest o’.

Remark 5. The trade price goes up by one tick when the efficient price process S crosses the

uncertainty zone in the upward direction, and conversely it goes down by one tick when the efficient

price process S crosses the uncertainty zone in the downward direction.

One can actually show that the efficient price can be retrieved from transaction data using the

equation
gl gl (@) _ gla)y ;
ST; =5 —a (5 -0 )sgn(ST; - S’T;_l), i €{a,b},j €N
This formula is particularly useful in order to derive ultra high frequency estimators of volatility
and covariation (see [94]). The parameters 7' can be estimated very easily. Let N'* and N9 be
o't ot

respectively the number of alternations and continuations® of one tick over the period [0,¢]. Then,

TAn alternation/continuation corresponds to two consecutive price changes in the opposite/same direction.
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an estimator of 1’ over [0, is given by

We refer to [93, 94] for further details on these estimation procedures. In this paper, we use the
model with uncertainty zones for market making purposes rather than for statistical estimation.

5.3 High freq