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Abstract

This PhD is devoted to the determination of unknown coefficients appearing in
the linear Boltzmann equation or the parabolic equation. Its main objective is
to establish results of uniqueness and stability in the identification of these co-
efficients from ad-hoc data. The first part of the thesis is devoted to the study of
the inverse problems associated with the linear Boltzmann equation (transport
equation). The inverse problem considered concerns the identification of the
diffusion and absorption coefficients from knowledge of the albedo operator,
which models all possible boundary measurements. The second part of the the-
sis is devoted to treat inverse problems that concern parabolic equations. Pre-
cisely, we specify our study on determining a coefficient, arising in the parabolic
equation, from full and partial measurement of the solution on the boundary in
an arbitrary time interval.

Key words: Inverse problem, Albedo operator Stabilty estimate, Dirichlet to

Neumann operator, Parabolic equation, Lineair Boltzmann equation.

Résumé

Cette thése est consacrée a la détermination de coefficients inconnus apparais-
sant dans I'’équation linéaire de Boltzmann ou I'’équation de la chaleur. Son ob-
jectif principal est d’établir des résultats d’unicité et de stabilité dans I'identification
de ces coefficients a partir de données ad-hoc.

La premiere partie de la these est consacrée a I'étude des problemes inverses
associés a ’équation linéaire de Boltzmann (équation de transport).

Le probleme inverse considéré concerne l'identification des coefficients de diffu-
sion et d’absorption a partir de la mesure latérale du flux sortant de la solution.
La deuxieme partie de la these est consacrée a la résolution d’un probléme in-
verse pour I’équation de la chaleur. Nous étudions la stabilité de la détermina-
tion du coefficient d’ordre zéro a partir de données de type Neumann completes

ou partielles, mesurées sur un intervalle de temps arbitraire.



Mots clés: Probleme inverse, Opérateur d’albédo, Estimation de stabilité opéra-

teur, Dirichlet-Neuman, Equation parabolique, Equation de Boltzmann linéaire.



Résume deétaillé des résultats

obtenus

Les travaux menés au cours de cette thése ont eu pour principal objet I'identification
de coefficients apparaissant dans ’équation linéaire de Boltzmann ou I'’équation
de la chaleur. La premiere partie de la these est consacrée a I'’étude des prob-
lemes inverses en transport. Il s’agit d’identifier le coefficient d’absorption et
le coefficient de diffusion intervenants dans 'équation de Boltzmann linéaire, a
partir de 'opérateur d’albédo qui nous permet de mesurer le flux sortant a partir
du flux entrant. La deuxiéme partie de la these est consacrée a la résolution d'un
probleme inverse pour I'équation de la chaleur. Nous étudions la stabilité de la
détermination du coefficient d’ordre zéro a partir de données de type Neumann

completes ou partielles, mesurées sur un intervalle de temps arbitraire.

L’équation de Boltzmann linéaire

L’équation de Boltzmann linéaire décrit '’évolution d’une population de partic-
ules physiques (neutrons, photons,...), sous 'hypothése qu’elles n’interagissent
pas entre-elles (ce qui nous ameéne a écarter les termes non linéaires).

Soit 2 un domaine convexe et borné de R" (n > 2) de classe C! et & = "}
la sphére unité de R". Onnote Q = & x Q et ¥ = & x dQ2. On note v(x) le
vecteur unitaire normal en tout point x de la frontiere 92, et on considere les

ensembles suivants :

I*={(x,0)elr : 0 -»(x)>0}, TF=[0,T]xI*, T'=3Qx .
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Lensemble X" (respectivement ¥~) est 'ensemble des points de I'espace des
phases correspondant a des particules entrantes (respectivement sortantes).
Etant donnée f € LP(0, T; LP(I'",d&)), p € [1,4+00[, et une fonction a(x, 0) €
L°°(Q), le probleme direct consiste a trouver u = u(t, x, 0), solution de ce sys-

téme:

u+0-Vu(t,x,0)+a(x,0)u=M[ul(t,x,0) in Q;:=(0,T)xQ,
u(0,x,0) =u, in Q,

u(t,x,0) = f(t,x,0) on X,
(0.0.1)

ou t et x sont respectivement la variable de temporelle et la variable spatiale.
Ici, u, la condition initiale, f désigne la condition aux limites et T est la durée

de 'expérience. L'opérateur intégral .4, est donné par :

N [ul(t,x,0)= J k(x,0,0)u(t,x,0")do’,

&
ou d6’ désigne la mesure de surface sur % associée a la mesure de Lebesgue
dans R".

Le probleme inverse auquel nous nous intéressons dans cette partie consiste a
identifier a et k a partir de la mesure de flux sortant a travers la partie ©* de la
frontiére du domaine de la solution u de I'équation (0.0.1). Cela nous amene
a considérer 'opérateur d’albédo ¢, , qui nous exprime le flux sortant a partir

du flux entrant.

Probleme direct

Dans cette partie, nous allons introduire les notations spécifiques a ce contexte
et nous donnerons un théoreme d’existence et d’'unicité de la solution au prob-
leme de Boltzmann linéaire.

On considére 3;(2*) := LP(0, T; LP(T*,d¢&)), ot d§ = |w - ¥(x)|dodO. On

introduit aussi les espaces:

W, :={ueLf(Q), 6 -Vue L\(Q); J |0 - v(x)|u(x, 8)|PdOdx < oo}.
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Etant donnés M, > 0, M,et M, > 0, on considére les ensembles admissibles de

coefficients a et k
o (M) = {a € 6'(Q); llall,eoq) < Mo}
et
H (M, M,) ={k € L®(Q, L*(& x &)); J |k(x,0,0")|d6" < M;,
b

f |k(x,0,60")|d6 < M,}.
E

Le probléme direct associé a '’équation de Boltzmann linéaire (0.0.1) est résolu

par le théoreme d’existence et d’unicité suivant.

Théoréme 1. ( [43, Chap. 21, 3.1] et [P1, Appendice A]) Soient T >0, p > 1,
(a,k) € (M) x H(M;,M,) et uy € L°°(Q). Alors, pour tout f € .Efp_(Z_), il

existe une unique solution u de (0.0.1), vérifiant
u€ €¢'([0,T]; L (Q) N ([0, T]; #,).
De plus, il existe une constante C > 0, telle que

llu(t,-, ')”LP(Q) + ||u||$p+(2+) < C(”uO”LP(Q) + ||f||gp—(z—)), Vte(0,T). (0.0.2)

Classes de jauge équivalentes de I’équation de Boltzmann linéaire

Commencons par supposer que la condition initiale de (0.0.1) u, = 0, et que les
données connues sont constituées par la mesures sur le bord ©* de la solution

u. Cela nous amene a considérer 'opérateur d’albédo .o/, ;, défini comme suit:

"Q{a,k : zp_(z_) - $p+(z+)
f — wklf 1=
D’apres (0.0.2), l'opérateur d’albédo ./, , est continu de £7°(X7) dans .Z;(Z*).
On note ||.«/, x|, sa norme.

Nous considérons le probleme inverse de la détermination du coefficient d’absorption

anisotrope (dépendant de la direction 6), pour lequel méme l'unicité est un



probléme ouvert. Dans [66] il est prouvé que 'opérateur d’albédo est invari-
ant par transformation de jauge pour I'équation de transport stationnaire, ce
qui constitue une objection a l'unicité de la détermination de a a partir de
I'opérateur d’albédo. Pour I'’équation de transport dépendant du temps, nous
avons réussi a caractériser une famille de transformations de jauge des coef-
ficients d’absorption et de diffusion, qui ne modifie pas 'opérateur d’albédo.
Celui-ci ne permet donc au mieux de récupérer la classe de jauge correspon-
dante. Soit u € €1(Q) tel que u(x,0) > 0 et u(x,0) =1, pour (x,0) €T. Alors

pour it = u(x,0)u, on a

B, :[0)(t,x,0) = 8,ii+6-Vii(t, x, 0)+a(x, 0)i—AN[d](t,x,0) =0 dans Q;,

(0.0.3)
ot (&, k) est donné par
a(x,0) = a(x,0)— 0 V. logu(x,0), k(x,0,07) =D 10 0 o1,
u(x, 6
(0.0.4)

Puisque u = 1 sur I', les données au bord sont inchangées. Par conséquent,
si .o, ; est lopérateur d’albédo correspondant a la paire (d, k), on a Ay =
o, - En fait, le coefficient d’absorption peut étre déterminé de facon stable
pour l'opérateur d’albédo modulo la transformation de jauge (0.0.4).

C’est le résultat principal de cette partie. Il s’énonce comme suit:

Théoréme 2. Si T > Diam(f2), alors il existe C > 0 telle que pour 6 € & et

x € R", l'inégalité suivante

< C”"Qfaz,kz _"Q{al,klnla (0.0.5)

J a(x +s06,0)ds
R

a lieu pour tout (a;, k;) € .o (M) x A (My, M,), j = 1,2, vérifiant

d0%a,(x,0)=0%ay(x,0), (x,0) €T, a € (NU{0})", |a| < 1. (0.0.6)

Comme conséquence importante de ce théoréme, nous avons le corollaire

suivant.

Corollaire 3. Si T > Diam(Q) et que (a;,k;) € .o/ (M,) x A (M;,M,),j = 1,2,

sont tels que ./, . = ., , alors il existe une function positive u(x, 0) € L*°(Q)
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vérifiant 6 - V u € L°°(Q) et u(x,0) =1 pour (x, 0) €T, pour laquelle on a :

a;(x,0)=a,(x,0)—0-V(logu(x,0)), V(x,0)eq. (0.0.7)

Le probleme de 'unicité lorsque les coefficients dépendent du

temps

Nous considérons le probleme mixte associé a 'équation de Boltzmann linéaire

suivante:

u+0-Vu+a(t,x)u=M[u](t,x,0) in Qr,
u(0,x,0) =u, in Q, (0.0.8)
u(t,x,0)=f(t,x,0) on X7,

ou le noyau k de A4, dépent du temps cette fois:

N [ul(t,x,0) = J k(t,x,0,0)u(t,x,0")do’.

54

Dans cette partie, nous prouvons que les coefficients d’absorption a et de diffu-
sion k, dépendant du temps, sont déterminés de facons unique dans un sous-
domaine strict de (0, T) x ©, par la connaissance de 'opérateur d’albédo. Intro-
duisons maintenant quelques notations. Soit r > 0 tel que T > 2r. Sans perte
de généralité, on suppose que 2 C B(0,r/2) = {x € R",|x| < r/2} et on note
X.=(0,T)xB(0,r/2). Dans un premiere temps, nous avons montré dans le cas
ou la condition initiale u, est nulle, qu’il est impossible d’identifier le coefficient

d’absorption dépendant du temps a, sur 'ensemble conique %, suivant:

‘€r={(t,X)€Xr, |X|Sg—t,0Stsg}, (0.0.9)

a partir de 'opérateur d’albédo.

Etant donnée

2 T r
B.={xeR", —<|x|<T—=¢.
2 2
On considére les cones lumineux:

G+ = {(t,x) ex,, x| <t— g t> g} (0.0.10)
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_ r r
€ = {(t,X) eX,, |x| < T—E—t, T—5 > t}. (0.0.11)

Posons ensuite
Xnn == QT n (g:_, et Xr,* == QT N <€r+ N cgr_z

puis nous introduisons I'ensemble admissible des coefficients d’absorption a

dans X, , et X,.;. Etant donnée a, € €'(Q2;), on pose :
*(My) = {a € & (My); a=a,inQr\X,.}.
et
(M) ={a€ o/(M,); a=a,inQy; \ X4}
L'ensemble admissible de coefficients de diffusion k est défini comme suit:

H (M, M,) = {k € L°(Qr, L*(& x #)); f |k(t,x,6,0")|d0" < M,
b

J |k(t,x,0,0")|d0 < M,}.
&

On a alors le résultat de non unicité suivant:

Théoréme 4. Soit (a, k) € .o/ (My) x4 (M;, M,) tel que Supp(a) C 6, et Supp(k(-,6,6")) C
G,. Alors, on a .4, = .4 0.

Cependant nous avons montré que le coefficient d’absorption dépendant du

temps peut étre déterminé dans X, , par 'opérateur d’albédo.

Théoréme 5. Soient T > 2r et (a;,k;) € .o/*(M,) x A (M, M,), j = 1,2. Alors,

on a l'implication

Lo,y = Ha = a=aysurX,,.

2>k2

Nous avons prouvé également un résultat d’identification pour le coefficient

de diffusion k dans X, ,.

Théoréme 6. Soient (a;, k;) € .o/ (My)xH (My, M,), j = 1,2, tel que k;(t, x,0,0") =
g;(t,x)x(0,0"), avec g; € L™(X,,), k € L°(¥ x L) et k(0,0) # 0, VO € &.

Alors, si T > 2r et .o, = .y 1, 0N A g = g, p.p. dans X, ..
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Détermination stable du coefficient d’absorption dépendant

du temps

Lorsque le coefficient d’absorption ne dépend pas du temps t, Bal et Jollivet
[7] ont prouvé un résultat de stabilité (et donc d’unicité) pour le coefficient
d’absorption par rapport a 'opérateur d’albédo. Dans la section précédente,
nous avons prouvé qu’il est impossible de déterminer le coefficient d’absorption
a dépendant du temps dans tout le domaine, lorsque la condition initiale est
égale zéro (1, = 0), & partir de la connaissance ./, ;(f ), ou f décrit un ensemble
de conditions de type Dirichlet . Dans cette section, nous considérerons trois
ensembles de données f différents et nous traitons le probléme de stabilité du
probléme inverse considéré.

Dans le premier cas, nous prouverons une estimation de stabilité de type log
pour le coefficient d’absorption a par rapport a I'opérateur d’albédo dans un

sous-ensemble de domaine X ,.

Théoréme 7. Soit T > 2r. Alors il existe trois constantes C > 0, u € (0,1) et m €

(0,1), telles que si ||.e, , — Ay i, |l; <m, ona

lla; — a2||H—1(Xr’*) <C (”"Q{al,kl - ﬂfaz,kZ”?/Z +|log ”"Q{al,kl - »%z,kzllll‘l) >
(0.0.12)

pour tout (a;, k;) € o/ *(My) x A (My,M,), j =1,2.
De plus, si on suppose que a; € HY(Q,),s > ”%1, avec ||a;llgsroy <M, j=1,2,

pour une constante M > 0, alors il existe C > 0 et u; € (0, 1) tels que

2 1\
lay = @sllyeocx, ) < C (1, o, — iy s 1472 + 110G |y 4, — Aoy s I117)
(0.0.13)

olt C ne dépend que de Q, T,net M;, i =0,1,2.

Ensuite, nous supposons u(T,-) connu, u, = 0, et étendons ce résultat a la
région X, ; D X, .. On définit pour cela l'opérateur suivant
Aot L, (B - A =27 (T x Q)
f = Na,k(f) = (u\Z*'J U(T, " ))
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Théoreme 8. Soit T > 2r. Alors il existe C > 0, u € (0,1) et m € (0, 1), tels que

pour ||y, x, — Ao, 1, <m, ona

~ ~ 2 ~ ~ _
llay — aallige,y < € (s, — o I + 0G| s, — o, 117,
(0.0.19)

pour tout (a;, k;) € (M) x A (M, M,), j=1,2.
De plus, si on suppose que a; € H**' (), s > =1 avec la;ll g,y <M, j=1,2,

pour M > 0, alors il existe C > 0 et u, € (0, 1) tels que

~ ~ ~ ~ _1\M1
lay — ol yeoe, ) < C (s, — oy, 1472 + 1108 | 1, — i 017
(0.0.15)
olt C ne dépend que de 2, T,net M;, i =0,1,2.

Enfin, nous avons prouvé une estimation de stabilité de type log pour ce
probleme sur tout le domaine, a partir des données précédentes obtenues en
faisant varier la condition initiale. Nous définissons I'espace suivant A=
.,%p_(Z_) x LP(Q). L'ensemble des observations considérées dans ce cas est défini

par 'opérateur linéaire borné .#, ,

O )

&= (f: uO) —_ ja,k(g) = (U|Z+,U(T, ) ))
On note

jal’k(g) = Us+, ﬂaz’k(g) ZU(T,',').
ou u désigne la solution du systeme (0.0.1).

Théoreme 9. Soit T > 2r. Alors il existe C > 0, u € (0,1) et m € (0, 1), tels que

SU|Zo ke, — Fayk,lls Sm,ona

2 —
”al _a2||H*1(QT) <C (”‘ﬂal,kl _jaz,kznlf/ + |10g ”ya],kl _jaz,k2”1| 1), (0.0.16)

pour tout (a;, k;) € .o (M) x A (M;,M,), j =1,2.
De plus, si on suppose que a; € HY(Q),s > "%1, avec ||a;l|gsrigoy <M, j=1,2,

pour M > 0, alors existe C > 0 et u; € (0, 1), tels que

2 1\
lla; — ayll oo,y < C (”ﬂal,kl —J’az,kzll’f/ +|log | Fy, k, — Fay i, |1 1) ,
(0.0.17)



ott C ne dépend que de Q, T,net M;, i =0,1,2.

La dérivation des résultats de stabilité et d’unicité des sections et s’inspire
de Cipolati et Motta [39, 40] (pour I'’équation de Boltzmann linéaire avec un
coefficient d’absorption ne dépendant que de I'espace), ainsi que de Bellassoued

et Ben Aicha [11] et Ben Aicha [12]( pour I'équation hyperbolique).

Stabilité dans la détermination de I’absorption dépendant du

temps a partir d’'un nombre fini de mesures

Dans cette partie, nous prouvons une estimation de stabilité pour le coefficient
d’absorption a, dépendant du temps, apparaissant dans I’équation linéaire de
Boltzmann (0.0.1), par rapport un nombre fini de mesures de la solution sur le
bord. Nous utilisons les mémes notations que ci-dessus et examinons les trois
situations de la section précédente.

Soit a, € €'(Qy) et {pi‘, et pZ} un ensemble linéairement indépendant dans
C'(X,.,). On note

1= Vect{pi‘, e ,pZ}.

Etant donnée une constante M > 0, on fixe
X:(M: aO) = {a € X;(M), a=dy danSXr \Xr,*; ||a||L°°(QT) < M}a
ou
x5 (M) ={a € x;}; telle que a € C'(Q)}.

Nous avons prouvé une inégalité stabilité lipschitzienne dans le sous-ensemble
spécifique X,
Théoréme 10. Soit T > 2r. Alors il existe w; € & et f; € L'(XF ), i =1---k,
tels que

lla; — a2||L°°(Xr,*) <C sup || ("Qiaz,kz - Jal,kl) (f(i))(‘, * wi)”Ll(z;i), (0.0.18)

1<i<k

pour tout (a;,k;) € yx(M,ay) X H (My,M,), j = 1,2 tel que k; = a;k,, ott ky €

A (M, M,)..



Remarque 11. Nous pouvons étendre le résultat de stabilité précédent a X, ; et sur

tout le domaine.

Les résultats de la premiére section ont été publiés dans [P2], alors que ceux
de la deuxiéme et troisieme sections sont décrits dans [P1]. L'approche utilisée
ici repose essentiellement sur la construction d’'un ensemble adapté de solutions

de type "optique géométrique" pour I'’équation de Boltzmann linéaire.

Détermination du potentiel parabolique par des don-

nées latérales sur un intervalle de temps arbitraire

En 2001, Canuto et Kavian ont prouvé dans [27] que la connaissance de I’
opérateur Dirichlet Neumann mesurée a un instant donné détermine de maniére
unique le coefficient d’ordre zéro (ou potentiel) indépendant du temps, d’'une
équation parabolique. Mais la question de stabilité reste toujours ouverte. Plus
récemment, Choulli et Kian [32] ont établi une estimation de stabilité (logarith-
mique) pour le potentiel par rapport a 'opérateur Dirichlet Neumann parabolique
mesuré sur tout 'intervalle de temps. Leur stratégie est basée sur la construction
de solutions de type optique géométrique (CGO) appropriées. Une question na-
turelle découlant des résultats de [27] et [32] est de savoir si le potentiel peut
étre déterminé de maniere stable par 'opérateur DN parabolique mesuré sur un
sous-intervalle arbitraire (éventuellement réduit a un instant) de I'espace tem-
porel.

La deuxieme partie de la these est ainsi consacrée a 'étude de problémes in-

verses aux limites associés a 'équation parabolique suivante.
du—Au+q(x)u=0 in Q,
u(0,x) =u, in €, (0.0.19)
u(t,x) = f(t,x), on X,

ol g € L*°(£2) est supposé réel. Ce systeme décrit I’évolution au cours du temps

t € (0, T) de la chaleur se propageant a travers un milieu homogene.



Dans cette partie, nous traitons le probléeme inverse de la détermination du co-
efficient différentiel d’ordre zéro, a partir de la mesure compléte partielle de
la solution sur la frontiére physique d£2, sur un intervalle de temps arbitraire-
ment petit. Nous prouvons une inégalité de stabilité logarithmique par rapport
a l'opérateur Dirichlet Neumann complet ou partiel avec deux approches dif-

férentes.

Notations et probleme direct

Pour définir 'opérateur DN associé a (0.0.19), nous introduisons H,* (%), r,s > 0

I’'espace fonctionnel
Hy* () =L*(0, T; H'(9Q)) N H(0, T; L*(8)).

Nous supposons que la condition initiale u, = 0. Les données dont on dispose
sont les mesures de la dérivée normale de la solution u, sur le bord sur un sous-
intervalle temporel (T, — €, T, +€) avec T, € (0,T), € € (0,min(T,, T — T,)).
Cela nous amene a considérer 'opérateur de DN parabolique associé au systéme

(0.0.19), défini par

A . H275(3,) H™273(%,)
: ’ — ’ ,
? ° ) ° (0.0.20)
f —_ Aq (f)= avuqa
ouXy,=(T,—e,T,+€)xIN et v(x) est le vecteur unitaire normal de 9 en x.
Ensuite, on introduit 'ensemble admissible des potentiels réels inconnus, q.

Pour M > 0, on note:
M=1{geLl® Q); |gllieo(y < M}.

Considérons les espaces 4, (Q) = {u € L?(Q); (£3, — A)u € L*(Q)}, associés a

la norme

1/2
lull i) = (Iullzq) + 1S, — Adull 2gy)

Nous fixons w € "1, la sphére unitaire de R", introduisons

I*={xerl: +w-v(x)>0}, (0.0.21)
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et posons ©*(w) = I'" x (0, T). Pour un choix arbitraire w, € ", fixons o > 0

et introduisons
[ (wo) ={x €T; v(x) wy>p}; I ,(we) =T\T, ,(wy),

24_,9(6()0) = (T* -6, T* + 6) X F—!—,Q(w*): Z_,Q(wo) =2 \ 24—,9("‘)0)'

Alors, I'opérateur Dirichlet Neumann local est défini comme suit:

1_

Np: H27H(Z) — H 273(2(wo)),

(0.0.22)
f — A()=0u

955 (wo)”

Avant de passer a ’étude du probleme inverse il convient d’énoncer le résultat

d’existence et d’unicité suivant pour le systeme (0.0.22).

Lemme 12. [32, Proposition 2.3 et Proposition 2.4 ] Soient ¢ € L°°(Q) et f €
H _%’_}*(Z}). Alors le systéme (0.0.19) admet une unique solution du transposition

u, € #,(Q) satisfaisant

el < CINF g3 (0.0.23)

ot la constante C ne dépend que de Q et de M. De plus, Uopérateur Dirichlet

Neumann parabolique

Ag: f — duy,

est un opérateur borné de H™273%(X) dans H#"2(%).

Identification stable du potentiel a partir des données limites

completes

Nous avons prouvé un résultat de stabilité logarithmique pour le coefficient
q apparaissant dans I’équation parabolique de (0.0.19) a partir de 'opérateur

Dirichlet-Neumann global. Soit

_1 _1
82202y i ¢ > 20 2
P.(t)=

5 . . _1
llogt| 162  in 0<t<e 22,
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Théoréme 13. Soient q,,q, € #. Alors il existe une constante C > 0, qui ne

dépend que de M et , telle que

a4 _Q2||H71(Q) < C¢e(||/~\2 _/N\1||),

ot ||A,—A, || représente la norme de A,—A, dans B (H™Y/27V4(5,); HY/2Y4(%,)).

Détermination du potentiel a partir de mesures partielles

Dans cette partie, on s’intéresse a l'identification du potentiel g a partir de la

connaissance de 'opérateur Dirichlet Neumann partiel.
Théoréme 14. Soient q; € 4, j = 1,2. Alors il existe deux constantes C > 0 et
u € (0,1), ne dépendant que M, 2 et s telles que

_ u/2
g1 — @alli-1(y < C (1A% — AL]l + (log | log [|AS — ALJI)2/H)™".

o Aﬂl—Anzll représente la norme de Aﬁ—Aﬁ2 dans 98 (H™V/2714(20); HY/2V4(Z_ ,(w))).

Nous avons prouvé nos résultats (Théoremes 13, 14) par deux approche
différentes. Dans la premiére, nous avons construit des solutions de type "op-
tique géométrique" complexes qui sont décalées dans le temps de fagon a étre
"centrées" en T,. Dans la deuxiéme, nous avons utilisé les fonctions "optique
géométrique" complexes introduites dans [32] multipliées par une fonction de
troncature temporelle. Dans les deux cas, nous avons obtenu les mémes types

d’estimations de stabilité, la seule différence apparaissant dans les constantes
1

RT . 5N / . (g -3
multiplicatives, dans la premiére méthode la constante qu’on obtient c’est e ~5("=2)g2I%e

et dans la deuxiéme c’est e_(gﬂ)ez'“'e_%. Ces résultats établissent que le po-
tentiel est déterminé de maniere log-stable par 'opérateur Dirichlet-Neumann
parabolique complet ou partiel mesuré sur l'intervalle (T, — €, T, + €) (sous
réserve qu’il soit suffisamment petit). Mais, comme le préfacteur dans les es-
timations de stabilité explose lorsque € tend vers 0, il n’est pas possible de
récupérer le potentiel parabolique de facon stable a partir de la connaissance

de 'opérateur Dirichlet-Neumann parabolique a l'instant T, € (0, T).
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General introduction

Inverse problems is a very interesting research topic considering their applica-
tions in several scientific fields. They are defined by opposition to direct prob-
lems, in the sense that the unknowns in an inverse problem are known quantities
for the associated direct problems. A more operational definition is that an in-
verse problem involves is to determine causes from knowledge of the effects,
witch is the opposite of direct problem, consisting of deduce the effects from
the knowledge of the cause.

Predicting the future state of a physical system, knowing its current state, is an
example type of the direct problem. We can consider various inverse problems:
for example, reconstructing the past state of the system knowing its current
state, or determining parameters of the system, knowing (part of) its evolu-
tion. This last problem is that of the identification of parameters, which will
be our main concern in the following. Solving these inverse problems helps
define good modelling mathematics associated with the physical case studied.
Indeed, the inverse problem consists in determining a domain, an initial condi-
tion or a parameter intervening in the system which characterizes the physical
environment. To resolve an inverse problem, we need to have additional data.
These data are generally experimental data. From such data, the existence and
uniqueness of a solution to the inverse problem is not often guaranteed. Worse,
very often small perturbation on the measurements cause very big variations in
the physical parameters sought. This is the reason why the inverse problems are
typically ill-posed in the sense of Hadamard [47]. An ill-posed problem is one
which doesn’t meet the three Hadamard criteria for being well-posed. These

criteria are:
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* Having a solution,
* Having a unique solution,

* Having a solution that depends continuously on the parameters or input

data.

My research interests during the preparation of my PhD were focused on the
analysis of inverse problems of determining some coefficients appearing in Lin-
ear Boltzmann equation and parabolic equation. The main and common objec-
tive is to establish uniqueness and stability results for the identification of these
coefficients.

Part 1: Transport inverse problems:

The First part of the thesis is devoted to the study of inverse problems associated
to the linear Boltzmann equation.

Boltzmann linear equation (Transport equation) posed in the phase space (po-
sition, direction and time) provides an excellent approximation of particle be-
haviour. The transport equation offer accurate descriptions for the propagation
of particles in scattering media such as e.g. photons in human tissues in the
application of optical tomography [2], it also operating calculations and con-
trol of nuclear reactors or in problems arising from radiative hydrodynamics
(see G. Bell, S. Glasstone [24], J.Bussac, PReuss [44], J.J. Duderstadt, W.R.
Martin [20]. In the latter medical imaging modality, optical parameters are re-
constructed from available photon density readings at detectors. Such detectors
are typically optical fibers, which collect photons coming from different direc-
tions. The optical sources are also typically optical fibers and photons are thus

emitted over a larger range of directions.

Inverse transport theory concerns the reconstruction of the scattering and ab-
sorption coefficients in a linear Boltzmann equation from knowledge of the
albedo operator, which models all possible boundary measurements.

Inverse transport theory has many applications, in medical imaging and optical
tomography [2, 58] and optical molecular imaging [30]. Applications in remote

sensing in the atmosphere are considered in [54]. Inverse transport can also be



used efficiently for imaging using high frequency waves propagating in highly
heterogeneous media; see e.g. [9, 24]. For general references and earlier re-
view papers on inverse transport, we refer the reader to e.g.[5, 55, 62].

When scattering is weak that’s mean the interaction between particles is negli-
gible that is leads to discard non-linear term, a balance equation on the density
of particles moving was given by Boltzmann. For the time-depend case this

equation writes as
du+6-vu(t,x,0)+alx)u=A[ul(t,x,0) in Q;:=(0,T)xQ,

Where T > 0, & = S"! the unit sphere of R"”, Q := & x Q where Q a bounded
and convex domain of R", n > 2 and .4 is the integral operator with kernel

k(x,6,0") defined by

N [ul(t,x,0)= J k(x, 8,0 )u(t,x,0)do’,

&
where d6’ denotes the surface measure on % associated to the Lebesgue mea-
sure in R".

The function u represent the density of particles at x travelling in the direc-
tion 0, a(x) is the absorption coefficient at x and k(x, 0, 6’) is the scattering
coefficient (or the collision kernel). Let I'* denote the incoming and outgoing

bundles
I*={(x,0)€T : £0-v»(x)>0}, T*=[0,T]xT*, T=00x,

where v = v(x) denotes the unit outward normal to dQ at x. The medium is

probed with the given radiation
u.lz— = f_.

The exiting radiation uy. is detected thus defining the albedo operator ./,

that takes the incoming flux f~ to the outgoing flux uy.

Hoxlf 1=z
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Our focus here is the inverse problem of recovery the coefficients in the lin-
ear Boltzmann equation via boundary knowledge of the albedo operator. More
precisely, we are interested to recover a and k by giving the incoming flux of
particles on the boundary and measuring the outgoing one.

There is a wide bibliography devoted to the problem of recovering coefficients
appearing in the linear Boltzmann equation. But they are mostly concerned
with time-independent scattering coefficient and the stationary case when the

absorption coefficient is an isotropic (6-dependent).

The uniqueness of the reconstruction of the absorption and scattering coeffi-
cients from the albedo operator for the stationary transport equation, when
the scattering coefficient k does not depends on time t, both in the case that
a is assumed to be a function of the position x alone and the case that a de-
pends on direction as well as position x, was proved by Choulli and Stefanov in
[35] and Tamasan [67]. Under certain smallness assumptions on the absorption
and the scattering parameters a stability results was obtained in the stationary
transport equation in two or three dimensional case by Romanov [61, 62] and
in two-dimensional case stability result in [65] imposes a smallness condition
on the scattering coefficient k. In three or higher dimensions, stability of the
reconstruction results of general scattering and absorption coefficients were es-

tablished by Bal and Jollivet [6].

Also, for the time-dependent Boltzmann equation, when the scattering coeffi-
cient does not depend of time t, Bal and Jollivet [7] proved a stability results
on the reconstruction of the absorption and scattering parameters for a given
error in the measured albedo operator, where the theoretical approach is based
on the singular decomposition of Schwartz kernel of the albedo operator. In
the case where the unknown absorption coefficient a is depending only on the
spatial variable, Cipolatti, Motta and Roberty [40] and Cipolatti [39] proved a
uniqueness and stability result by means of geometric optics solutions.

This parts deals with study the stability and uniqueness in the inverse prob-
lem of determining the coefficients appearing in the linear Boltzmann equation

equation from boundary knowledge of the albedo operator .<7, ;..



First of all, we introduce, in Chapter 1, some important results needed to study
these inverse problems.

In Chapter 2, we deal with the inverse transport problem through anisotropic
absorption coefficient, where the challenge here that it was not clear whether
the uniqueness failed. In [66] they proved that for the stationary transport
equation, the albedo operator is invariant under the gauge transformation and
a stability estimate for gauge equivalent classes was proved for the stationary
transport equation in [56]. Here we can see the same objection to the unique-
ness for the time-dependent transport equation, then we managed to prove that
a certain family of gauge transformation of the absorption and scattering coef-
ficients does not change the albedo operator and that the albedo operator can
recover uniquely the class of gauge equivalent of the absorption coefficient, we
also prove a stability estimate for the absorption coefficient up to a gauge trans-
formation.

In Chapter 4, we inspired from the work of Bellassoued for the the dissipa-
tive wave equation, we prove stability estimates in the recovery of the time-
dependent absorption coefficient a appearing in the dynamical Boltzmann equa-
tion via different types of measurements and over different sub-domain of Q. It
was actually a challenging problem as unique determination of the coefficient,
in the case where the initial condition is zero, is not even guaranteed on the
whole domain Q. Because of this obstruction to uniqueness, we were able to
prove a uniqueness theorem for this problem, only in a precise subset of the do-
main Q. A better description of this obstruction to uniqueness and a rigorous
proof of the uniqueness result are given in Chapter 3 in witch we prove that the
time-depend absorption and scattering coefficients can be uniquely determined
in a precise subset of the domain from the knowledge of the albedo operator.
We finish this part by Chapter 5, we prove a Lipschitz stability estimate in the
determination of the absorption coefficient appearing in the linear Boltzmann
equation from a finite number of data measured on a suitable sub-boundary.
Moreover, we show that we can extend this result to the determination of the

absorption coefficient in a larger region, and then in the whole domain provided
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that we have much more data.

Part 2: Parabolic inverse problems:

The second part of the thesis is devoted to treat inverse problems that con-
cern parabolic equations. Precisely, in this second part, we specify our study
on determining a coefficient, arising in the parabolic equation, from full and
partial measurement of the solution on the boundary in an arbitrary time inter-
val. Physically our inverse problem in this part, is to determine the coefficient,
containing certain properties of the body, by applying a heat source over part of
the body boundary and measure the temperature over another part of the body
boundary.

The problem of identifying coefficient appearing in a parabolic equation has
been treated, very well extensively. There are many works related to this topic.
We reefer to [31, 49] for an overview of such problems. In [49], Isakov proved
a uniqueness result for the potential appearing in the parabolic equation from
the knowledge of the solution on the lateral boundary over the entire time-span
together with the solution in the whole domain at the final time. In [31] Choulli
proved a logarithmic stability result for this problem with the same data. Later
on, in [32] Choulli and Kian, improved this stability estimate, they do not re-
maining the data at the final time. Cannon and Esteva [25] proved a logarithmic
stability estimate for the determination of the support of a source term in a one-
dimensional parabolic equation from a boundary measurement. This last result
has been extended in [26] to the three-dimensional heat equation. Choulli and
Yamamoto established in [38] a stability estimate for the inverse problem of de-
termining a source term appearing in a heat equation from Neumann boundary
measurements.

In 2001, Canuto and Kavian proved in [27] that knowledge of the parabolic

Dirichlet-to-Neumann (D-to-N) map measured at a given time uniquely deter-
mines the (time-independent) potential of the parabolic equation. But the sta-
bility issue, that is the problem to know whether the potential depends contin-
uously on these data (the parabolic D-to-N map measured at a single time) is

still open. More recently, Choulli and Kian [32] established in a (logarithmic)



stability estimate for the parabolic potential with respect to the parabolic D-to-N
map measured at the entire time-span. Their strategy is based on the construc-
tion of suitable optics geometrical solution of the parabolic equation. A natural
question arising from [27] and [32] is to know whether the potential can be sta-
bly determined by the parabolic D-to-N map measured on an arbitrarily small
subinterval of the time space.

In Chapter 6, we shall prove by an appropriate modification of the optics geo-

metrical functions introduced in [32] that answer is positive.
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Linear Boltzmann inverse

problems






Chapter 1

Linear Boltzmann equation

1.1 Introduction

In this chapter, we will present in a general way the linear Boltzmann equation.
We will introduce the definitions and notations specific to this context and we
will give the theorem of existence and uniqueness of solution to the linear Boltz-
mann equation. Let Q be a bounded and convex domain of R", n > 2. Here
and henceforth, the space of velocities & = S""! is chosen to be the unit sphere
of R" to simplify the presentation, we denote Q := Q x & and for T > 0, we
denote Q; = (0, T) x Q. Let ¥(x) denotes the unit outward normal to dQ at x.
LetT =0Qx &, T* ={(x,0)€Tl : £0 - v(x) >0} and =* = (0, T) x I':. We

consider the the following linear Boltzmann transport equation in Q;:

du+0-Vu(t,x,0)+a(x,0)u= M[u](t,x,0) in Q,

u(0,x,0) =uy(x,0) in Q, (1.1.1)
u(t,x,0)=f(t,x,0), on X .
where ¥, is the integral operator with kernel k(t, x, 6, 6") defined by
N [ul(t,x,0) = f k(t,x,0,0)u(t,x,0")do’. (1.1.2)
%

In order to well define the albedo operator as a trace operator on the outcoming
boundary, we consider the spaces zpi(zi) :=LP(0, T; LP(T'*,d¢&)), where d& =

|0 - v(x)|dxd6, equipped with the norm

||f||g;(zi) = ”f”LP(O,T;LP(Fi,dE))'



12 Chapter 1. Linear Boltzmann equation

We introduce the spaces
W, :={ueLf(Q), 6 -Vue L\(Q); J |6 - v(x)|u(x,8)|PdOdx < oco}.
T

We also consider the operator A : D(A) — LP(Q), defined by (Au)(x,0) = 60 -
Vu(x, 0), with
DA)={ue#,; ur- =0}

Given M,, M;, M, > 0, we consider the set of admissible coefficients a and k

(M) = {a € 6"(Q); llalleorq) < My}

‘){’/(MI:MZ) = {k € LOO(QT)Lz(y X ,Sﬂ)), J |k(t,X, 9: 9/)|d9/ S Ml:
S

J Ik(t,x,0,6")|d6 < M,}.
&

1.2 Well-posedness result

In this section, we aim to prove the existence, uniqueness of the solution u of
the initial boundary value problem (1.1.1). We refer the reader to (Chapter 21

paragraph 3.1 [43]) for the complete demonstration

Theorem 1.2.1. Let T > 0, p > 1 are given, (a, k) € .&/(M,) x # (M,, M,) and
uy, € L*°(Q). For f € 3;(2_) the unique solution u of (1.1.1) satisfies

ue €' ([0,T]; LP(Q)NE([0,T]; #,).
Moreover, there is a constant C > 0 such that

lluCt, -, Mo + Il gr ey < Cllltollogy + If lgy2y), VE€(0,T). (1.2.3)

Proof. The Theorem and its demonstration are presented in a more general form
in [43] in chapter 21, paragraph 3.1. Using the fact that (a,k) € .&/(M,) x
A (M, M,), one can see from [43], that there exists a unique solution u of
(1.1.1) satisfies

ue ¢'([0, T, LP(Q) N6 ([0, T]; #,).
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Multiplying the first equation of (1.1.1) by the complex conjugate of |u[P~2x,

integrating it over Q and taking its real part, we get:
ReJ (B,u()|u()P2u(t)+0-Vu(t)|u(t)P*u(t)+alx, O)u(t)|u(t)P~*u(t))dOdx
Q
= ReJ N [u](O) ()P 2u(t)dOdx + Ref v(O|u(t)|P2u(t)dOdx.
Q Q

Then, we have

lif lu(t)|PdOdx + lj div(@lu(t)lp)dedx+J a(x,0)|u(t)PdOdx
pdt J, P Jq Q

—Re J J%([u](t)lu(t)lp_zﬂ(t)dex+ReJ v(Ou(t)P2a(t)dodx.
Q Q

Then by Gauss identity, we get

liJ |u(t)|pd9dx+1f 0 - v(x)|u(t)|pd9dx+lj 0 - v()|u(t)PdOdx
pdt Q p T+ p —

r

+ J a(x,0)|u(t)|PdOdx
Q
= Rej (A [u](O)|u(O)P>u(t)dodx + Ref v(Olu(t)|P2u(t)dodx. (1.2.4)
Q Q

By (1.3.9) and Holder’s inequality, we get

1
q

J | ALu(O]u(O)P dxd < U Ic/%[u(t)]lpdxdG)E U Iu(t)l(p_”qudG)
Q Q Q

< ¢, lu(®) gy ( J Iu(t)lpdxde)
Q

p(1-1)
< Cyllull ooyl o

< C (DI, g

(1.2.5)
where C, = M, / qul/ P with %+ % = 1. On the other hand Young inequality

implies

_ 1 1
JQ MON(OFa0dx < S MOy + IOl g (1.2.6)
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Then, we obtain

Q

f 16 - v(x)||f(t)|pd9dx+C||u(f)||Lp(Q)

tllall eI, g + ||v(t)||Lp(Q) ||u(t)||Lp(Q),
(1.2.7)
we conclude

Lo < J 10 - vEAIIF (OPOdx + Cyllu(OF, gy + IVOIE, gy -

Now, integrating this last inequality over (0, t), we get

(O, gy < NIy ey + IV gy + Nty + fnu(s)nm@ds. (1.2.8)

By using Gronwall’s inequality, we get

(O, g < Cr (IF g+ IV Iy + il gy ) (1.2.9)

By integrating (1.2.9) over (0, T), we get

1
—||u(T)||Lp(Q) ||uo||L,,(Q) Jnu(s)umd@

p f ”f(s)”Lp(r dé)d's + ClJ ||u(s)||Lp(Q)
(1.2.10)

Therefore by using (1.2.9), we get

el ey < € (I omy + V1 + oy )- (1.2.11)

In light of (1.2.9) and (1.2.11), the proof of Theorem 1.2.1 is completed. O

By assuming that the initial condition u, = 0 and our known data will be
given only by boundary measurements. That will lead us to consider the albedo
operator .¢/, ;, that maps the incoming flux on the boundary ¥~ into the outgo-

ing one, defined as follows
W=7 ,‘ZP_(Z_) — $p+(2+)
f _ a,k[f] = u|2+'
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From (1.2.3) the albedo operator map .¢/,, is continuous from ,‘ZP_(Z_) to
$p+(2+). We denote by |[[.<7, ||, its norm.
Next, we consider now the following initial boundary value problem for the

linear Boltzmann equation with source term v € L?(Q):

oY +0-Vy+alx,0)) = M[Y]+v(t,x,0) in Qr,
Y(0,x,0)=0 in Q, (1.2.12)
1/)(1:,)(,9):0 on > .

Lemma 1.2.2. Let T > 0, (a,k) € .&/(M,) x # (M;, M,). Assuming v € L?(Q7),

then there exists a unique solution v to (1.2.12) such that
Y € 6¢'([0, T1; L7(Q) N 6([0, T]; D(A)).
Furthermore, there is a constant C > 0 such that

(e, ')“LP(Q) <C ”v”LP(QT) , Yte(0,T). (1.2.13)

1.3 Geometric optics solution for linear Boltzmann
equation

In this section, we build appropriate geometric optics solutions to the linear
Boltzmann equation which are used in the derivation of the stability estimates

presented in next chapters. By selecting suitably small € > 0, we assume that
T > Diam () + 4e. (1.3.1)

Denote

Q, = {x e R™\Q; dist(x, Q) < e}.

Let ¢* € 6,°(2,, 6()). Then, for any 6 € &, we have
Supp ¢ *(-,0)NQ =0, (1.3.2)

and

(Suppp(-,0)xTONQ=0.
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Let

0 (t,x,0)=¢p (x—1t0,0), (t,x,0)ERXR"x .
Then p*(t, x, 0) solves the following transport equation
O, +6-V)p(t,x,0)=0, (t,x,0)eRxR"x . (1.3.3)
For A > 0, we define
@3 (t,x,0) = p*(t,x,0)e* ™ (t,x,0) eRxR"x &. (1.3.9)
Finally, for a € €'(Q), we set
b,(t,x,0)=-exp (—ft a(x —so, G)ds) , (t,x,0)eRxR"x <,
0
where we have extended a(-, ) by 0 outside 2. We have
0V by(t,x,0)==b, [, 0-Va(x—s0,0)ds=b,(t,x,0) [, (L£alx—s6,0))ds
=[a(x—t0,0)—a(x,0)]b,(t,x,0)
=—0,b,(t,x,0)—a(x,0)b,(t,x,0).
Therefore b, satisfies the following transport equation
(6,+60-V+a(x,0))b,(t,x,0)=0, (t,x,0)eRxR"x L. (1.3.5)

At several points we will need extension of the absorption coefficient a; to R" X

& . The following basic extension result will be used for this.

Lemma 1.3.1. Leta; € €¢'(Q), j =1,2. Let € be a smooth open bounded domain
of R", containing Q. Then, there exist two function &, and d, in € *(R"x.%), satisfy

Supp(a;(-,0)) C Q, for any 0 € &, such that we have
a;(-,0)=a;(-,0)inQ, j=1,2, and (-, 0) = d,(-,0) in 2\ Q.
Moreover, we have
18;llc1goxsy < C (llarllcrg + lazllcig) (1.3.6)

for some C > 0, depending only Q and Q and for any a; j = 1,2, satisfy the

condition

dfa;(x,0)=3ray(x,0), (x,0)eTl, ae(NU{0})", |a| <1. (1.3.7)
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Proof. By using [42] Theorem 16.11, we can find @, and @, in ¢*(R"x &), such
that Supp(d,(-,0)) c Q, d,(-,0) = a;(+,0) in  and (1.3.6) holds true for j = 1.

We denote

a,(x,0), (x,0)eQxs
a,(x,0) = (1.3.8)
d,(x,0), (x,0)eR"x ¥,

Then, from (2.2.24), we have d, in €'(R"x.%), and it satisfies (1.3.6) for j = 2.
O

Here and henceforth, we will denote the extension d; by a;, j = 1.2.
Therefore, b, satisfies the transport equation (1.3.5).
Lemma 1.3.2. There exists C > 0 such that for any p > 1, we have
+ +

| ML3bICts | oy < C 10 | onsry»  YEE (O, T, (1.3.9)

for any (a, k) € .o/(M,) x # (M;, M,) Moreover, we have
. + _
Jlim [ AL e; ba]||L2(QT) =0, (1.3.10)

where C depends only on T, Q, M, M; and M,. Here goj{ as they are defined in
(1.3.4) and A, is defined by (1.1.2).

Proof. We can write
MLy b 1(t, x,0) = e &5(t, x,6), (1.3.11)
where we set

& (t,x,0) = f k(t,x,0,0)0%(t,x,00e %y (t,x,01)d0’.  (1.3.12)
e
By using Holder’s inequality, we have

|q>j(t,x,9)|P3Mf/P’ePTMJ |k(t,x,0,0")||¢*(t,x,0)["do’,  (1.3.13)
S

with 11) + z% = 1. Applying Fubini’s Theorem, we deduce that

(AGD = e"TMMf/"'sz J |o*(t,x,0)|" dxde’
S JQ
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< CPJ f |p*(x, 0| dxd@’, (1.3.14)
7 JRn
where C = e"" max(1 + M,, M,). This proves (1.3.9). Now we rewrite & as
d)jf(t,x,@):f kt’x(e,e’)eﬂFi“'Q’de’, (1.3.15)
P

where the kernel I~<t,x is given by
ke x(0,6') = k(t,x,0,0")p*(t,x,0)b,(t,x,6"), (1.3.16)

using the fact that I~<t’x €L} x ), a.e, (t,x) € Qy, thus the integral operator

FiAx-6

with kernel I~<t,x is compact in L?(%). Using the fact that 0 — e converge
weakly to zero in L2(%) when A — 0o, we get
lim ||c1>j(t,x,-)||L2(y) =0, ae.,(t,x)e€. (1.3.17)
The Lebesgue Theorem implies that
. + YT +
dim [[3]]xq,y = 0= Jim [ ALe3ba]l s (1:3.18)
This completes the proof. a

Lemma 1.3.3. Letp > 1, (a,k) € o/ (My)x# (M;, M,). Forany ¢ € 6,°(Q,, (<))
and any A > 0 the following system

du+0-Vu+a(x,0)u=M[ul(t,x,0) (t,x,0)e Qr,

(1.3.19)
u(0,x,6)=0 (x,0) € Q,
admits a solution u; € ¢1([0,T];LP(Q)n<€([0,T]; W), of the form
u;(tJ X7 9) = SOI(tJ XJ e)ba(t’x7 6) + r;—(t’xl 9)7
where r) satisfies
175 co.ranton < €N liogoesry> and lim [[r]] g,y =0, (1.3:20)

for some positive C is a constant depending on M, M;, M, and T.
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Proof. Recall that we seek u; in the form:

uj(t,x,0) = @;(t,x,0)b,(t,x,0)+r;(t,x,6).
By a simple computation and using (1.3.3) and (1.3.5), we get

douy + 0 - Vu; +a(x, 0u; — M[u]]

=0,r;(t,x,0)+ 0 -Vr (t,x,0)+alx,0)r — M[r;(t,x,0)]

+(8,+0-V+a(x,0)) () (t,x,0)by(t,x,0)) + Aleib(t,x,0).

We choose r;(t, x, 0) solution of the following homogeneous boundary value

problem

or+60-Vr+a(x,0)r=Mm[r]+v,(t,x,0) in Qr,
r(0,x,0)=0 inQ, (1.3.21)
r(t,x,0)=0 on X,

where the source term v, is given by

va(t,x,0) = ML9Fb (L, x,6). (1.3.22)

Now, to complete our proof it is sufficient to show that r} satisfies the estimates
(1.3.20) .

Furthermore, thanks to Lemma 1.3.4 there is a constant C > 0, such that
75 (| o < € Wallioayy  VEE€(0,T), (1.3.23)

by (1.3.10) and (1.3.10), we get (1.3.20). This completes the proof. O

In a similar way we get the following Lemma.

Lemma 1.3.4. Letq > 1, (a, k) € ./ (M,)x.# (M, M,). Forany ¢~ € 6,°(Q,, 6€(<))

and any A > 0 the following system

u+0-Vu—a(x,0u=—H4"{ul(t,x,0), (t,x,0)€Qy,
u(T,x,0)=0, (x,0) €Qq,

(1.3.24)
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where

«/‘/;f[u](t,x,G):f k(t,x,0,0"u(t,x,0)do,

%
admit solution u, € 6€([0,T]; #,(Q))N €'([0, T1; LYUQ)), of the form

u, (t,x,0) =@, (t,x,0)b_,(t,x,0)+r,(t,x,0),
where 1 satisfies

8,r+6-Vr—a(x,0)r = —A[r]— A TorbJ(6,x,0), in Qp,
r(T,X,e):O, in Q)

r(t,x,0)=0, on 7,
(1.3.25)

and, there is a constant C > 0 such that

and lim 0, (1.3.26)

||r;||‘€([O,T];Lq(Q)) <C ”d)_”m(Rwy) ) o ||r;||L2(QT) =

for some positive C is a constant depending on M, M;, M, and T.

1.4 Preliminaries

In order to study our inverse problem in the next chapters, we need also to
introduce some crucial tool to prove the main results, there are the the Poisson

kernel and the light-ray transform.

1.4.1 Poisson kernel

We start by introducing the Poisson kernel in B(0,1) C R", defined by

1—|wl?

P(w,0) = m,

w€B(0,1), 0 € &.
Let0<h<1,wedefinet,: ¥ x —Ras
M(w,0) =P(hw, ). (1.4.27)

Let us recall the following Lemma, which follows from (Theorem 2.48 of [46])

and Lemma 4.3 of [18]).
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Lemma 1.4.1. Let ¥, given by (1.4.27), h € (0,1). Then we have the following

properties:

0 <V (w,0)< Vhe(0,1),Vw, 6 €. (1.4.28)

2
a,(1—h)1’
J M(w,0)d0 =1, Vhe(0,1),VweH. (1.4.29)
S
f B (w,0)|w—0]d0 <C(1—h)Y*", Yhe(0,1),Ywes. (1.4.30)
S

lim f 8, (w,0)g(0)d0 = g(w), Vw € &, (1.4.31)
S

here the limit is taken in the topology of LP(<), p € [1,+00[ and uniformly on
S if g € 6(F).

1.4.2 The X-ray Transform

For f function in R", w € &, x € R" we define the X-ray transform & as:

37’(co,x)=ff(x+sco)ds,
R

as has been pointed out that & (w, x) represents the integral of f over the
straight line passing through x in the direction w. It is easy to see that Z(w, x)
does not change if x moved in the direction w. Therefore we restrict x to
wt = {x € R:;x - w = 0} and we can consider & as a function on the tan-
gent bundle 7 = {(w,x) : w € ¥, x € w'}.

Moreover, ( see [57]) we can prove that for f € L!(R") and w € %. Then

P (w,-) € LY (wt) and
F(P(w,))(E) = (2rn) (T) f e B (f)(w, x)du, = V27f (E),

where du, is the (n — 1)—dimensional standard volume on w® and j?(é ) =

(2m)% f f(edy.

RH






Chapter 2

Stable determination of the Gauge
equivalent classes in the linear

Boltzmann equation

2.1 Introduction

In this chapter, we treat the inverse problem of determining the scattering and
the absorption coefficients appearing in the linear Boltzmann equation via bound-
ary measurements. We prove that gauge-equivalent of the coefficients yield the
same albedo operator. Here we show an obstruction to non-uniqueness in the
time-dependent transport equation. Namely, given u € 4*(Q) be such that

u(x,0)>0and u(x,0)=1, for (x,0) €T, let ii = u(x, 6)u, one has

B, [11(t,x,0) = 8il + 6 - Vii(t, x, 0) +d(x, )il — A[1](t,x,0) =0 in Qr,

2.1.1)
where (@, k) is given by
a(x,0) = a(x,0)— 0 - V. logu(x,0), k(x,0.0)=25D 10 0 o1,
u(x,0")
(2.1.2)

Since u =1 on T, the boundary data do not change. Therefore, if .e/; ; is the
albedo operator corresponding to the pair (&, k), then Ay = Ay This relation

called gauge equivalent. In this chapter we will study the question of stability
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of the determination of the gauge equivalent classes.

2.2 Stability and uniqueness of the absorption co-

efficient modulo the gauge transformation

This section is dedicated to prove our main stability results. The idea of the
proof is usually based on the Exponentially Growing Solutions already built in
Chapter 1. Here and henceforth, we extend a in R" x & by a = a,—a; in Q and
a=0on (R"\N) x <. We denote

t

a(x,0) = (ay—a,)(x, 0), ba(t,x,G)zbazb_al(t,x,e)zexp(—f a(x—s0,0)ds).

0

Here, we recall the definition of b_, and b,

b_al(x, t) =exp (J

0

t t

al(x—se,e)ds), baz(t,x,6)=exp(—f az(x—SG,Q)ds).

0

Lemma 2.2.1. Let (a;,k;) € &/ (M,) x & (M;,M,), j =1, 2. There exists C >0

such that for any ¢; € 6,°(Q,), j = 1,2, the following estimate holds true

U 840, 001 (1)620) BT,y + T6,0) 1] d0 dy |
QxS

< Clltyyt, — ot 1101l | Dl oy (2:2.3)
Here C depends only on Q, T, M, M; and M,,.

Proof. Let 0,(w,-) as it was defined in (1.4.27) and let p,q > 1, with %+% =1.

Choosing
" (y,0) = 0w, 0):1(y), ¢ (1,0) = $,(¥).

Then we have Supp ¢*(-,0) N Q = @, Lemma 1.3.3 guarantees that there ex-
ists a geometrical optics solution u; € ¢([0,T]; LP(Q)N<%([0,T]; #,) to the
equation

B, ik, [ul(t,x,0)=0 (t,x,0)€Qr,

u(0,x,0)=0 (x,0) €qQ,



2.2. Stability and uniqueness of the absorption coefficient modulo the gauge
transformation 25

in the following form
u; (t,x,0) = ;3 (t,x,0)b, (t,x,0)+r;(t,x,0), 2.2.4)

corresponding to a, and k,, where r; (t, x, 0) obeys (1.3.20). We denote by f;

the function

fl(tsx: 9) = u;(tsx: 9)|2* = (P;C(t,x: Q)baz(t, X, 0)|2*:
and we consider a solution u; to the following system

‘%al,kl[ul](t)xse)zo (t,x)Q)EQT)
ul(O,x,9)=O (X,G)EQ,
w(t,x,0) = f1(t,x,0) (t,x,0) €%,

Now if we set u = u; —uj. Then, u solves
By, [ul(t, x,0) = alx, O)uy — A[uj] (t,x,0)€Qy,

u(0,x,6)=0 (x,0)€Q, (2.2.5)
u(t,x,9)=0 (t,x,@)EZ_,

where a = a, —a; and k = k, — k;. Meanwhile, Lemma 1.3.4 and the fact that
(Supp ¢ (+,0) £ TO) N Q = @, guarantee the existence of a geometrical optic
solution u; € €1([0,T];LYQ))Nn<€([0,T]; #,) to the backward problem

By o [ul(t,x,0)=0, (t,x,0)€Qy,
u(T,x,0) =0, (x,0)€Q,
corresponding to a; and k;, in the form

u, (t,x,0) =g, (t,x,0)b_, (t,x,0)+r;(t,x,0), (2.2.6)

where r; (t,x, 0) obeys (1.3.26) with p = q. We multiply the first equation of
the system (2.2.5) by u}, then by integrating by part and using Green’s formula,

we obtain

f a(x,0)uyu, dodxde— | Mlu;1(t,x,0)u,(t,x,0)d0 dxdt
Qr Qr

= J 0 - 'V(X)(«,Qfaz’kz — ,,Q{al’kl)(fl)u; dOdxdt. (227)
>t
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This last estimate, follow from the fact that we have

N, [ul(t, x, 0)u, (t,x,0)dxdOdt = J u(t,x, G)JVk’I[u;](t,x, 0)dxdodt.

Qr Qr

Now, we replace the solutions u; and u, by their forms, we get

J a(x,0)uju,d6dxdt
Qr
=f a(x,0)e; (t,x,0)p, (t,x,0)b,(t,x,0)d0dxdt + & ;, (2.2.8)
Qr

where &, ; represents the sum of the integrals that contain terms with r; and

Fae

Bearing in mind that there exists C > 0 such that for any A > 0, we have

18021 = C (17 e + 72 llizian)- (2.2.9)
Then by (1.3.20) and (1.3.26), we have
lim &, =0. (2.2.10)

A—00
Meanwhile, we have
Ni[uy Ju; dOdx dt
Qr

= | Mle; b, 1(t,x,0)p,(t,x,0)b_, (t,x,0)d0dxdt + &,,, (2.2.11)
Qr

where
60l = C (HTIHLZ(QT) + ||r;||L2(QT))' (2.2.12)

Thus from (1.3.20) and (1.3.26), we get
lim &, =0. (2.2.13)
From Cauchy-Schwartz inequality and (1.3.18), we find

Alim MLy by, 1(t,x,0)¢; (t,x,0)b_, (t,x,0)d0dxdt =0. (2.2.14)

Qr

We rewrite (2.2.7), as
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f a(x, 0)¢; (t,x,0)p, (t,x,0)b,(t,x,0)d0 dx dt
Qr

= f 0 - v(X)( Ay, 1, — Ao, 1, ), dOdxdt —&,, (2.2.15)
>+
where &, is defined by

&= 81,— 6y, —f ML by, 1(t,x,0)0; (t,x,0)b_, (t,x,0)d0 dxdt.
v (2.2.16)
Next, taking the limit as A — + 00, then from (2.2.10), (2.2.13) and (2.2.14),
we get

lim &, =0. (2.2.17)

A— 00
Next we have u] = f; on X7, then for ¢ > 1 such that 11) + % = 1, we get the

following estimate

| f Ty, = o s, )(F) U™ dx A de
ot
< Cll Aok — Aoy i, |l ||fx||,<4;(zf)||u;||,<g;(2+)-
Next, as the following estimates hold
Iy 12z < Cll@ T llzooqnxys lim 1fall -y = Ifallgp sy < CllO T lggexsr)s

and note that, since o, k;» ] = 1,2 are continuous from ,Sfp_,(Z_) to 2;(2*)
for any p’ > 1, we get for any p, 1 < p < 2, by Riesz-Thorin’s Theorem, the

following interpolation inequality
-, = o ey < e, = gl e, = g [
with k, = (2—p)/p. So that
limsup ||y, k, — Hy, 1, llp < | Fayk, — Hay 1, |1- (2.2.18)

p—1

therefore, by (2.2.15), (2.2.17) and (2.2.18), we get

‘ f a(x, )9t o (t,x,0)b,(t,x,0)d0 dx dt
Qr

< Clltoy = oy 19 s |6 ey (2:2.19)
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Then, from the fact that a(-,0) = 0 outside 2 and performing the changes of

variables y = x — t6, we get

T
UJ aly +t6,0)¢" (7,00 (v, 0)b(t,y + £0,0)d0dy d
0 Rix
< Clldayk, — Aoy i, 1110 Niagenr |0 oo gensry.  (2.2.20)

Moreover, we have

T
f f a(y +10,0)¢"(y,0)¢ (1, 0)b,(t,y +t0,0)d0 dy dt
0 Rx.&
T t
+ _ d
Z—J ¢ (y,0)¢ (y,Q)J —[exp(—J a(y +59,9)ds)]dtd9 dy
Rx S o dt 0
= —J (9" ¢y, 0) bo(T,y +T6,0)—1]dOdy, (2.2.21)
Rix&
then, we conclude the desired estimate given by
‘ J (@), 0)[ T,y +T6,0)—1]d6 dy‘
Rixs
< Clllyy s~ s 11D a1 lioqunesry. (2:2.22)
This completes the proof of the lemma. a
Theorem 2.2.2. Let T > Diam(S), then there exists C > 0 such that for each
0 € & and x € R", we have

< C”"Q{az,kz _"dal,klnla (22-23)

f a(x +s6,0)ds
R

for any (a;,k;) € .o (M,) x A (M, M,), j = 1,2, satisfy the condition
0ta)(x,0)=3%a,(x,0), (x,0)eTl, ae(NU{0})", |a| < 1. (2.2.24)

Proof. Let w € & and ¢; € 6,°(1,), j = 1,2. By (1.4.31) we have

iin}J (w0, 0)| bo(T,y +T6,0)—1]d0 = b,(T,y + Tw,w)—1], (2.2.25)
e
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then, we obtain the following estimate

f DN BalT, y+T 0, )1 dy| < Clltay i, =y, 11915 | 2l ey
Q2
(2.2.26)

We conclude that

ba(T,y+Tw,w)—1‘SCll,efabkz—,efabkllll, Vyeq, Voes. (2.2.27)

Bearing in mind that |X| < e™ |eX — 1| for any X real satisfying |X| < M, one
gets

< eMT

T
f a(y +sw,w)ds
0

b(T,y + Tw,w)—1]|,
T
here X = J a(y+sw, w)ds. Thus using (2.2.27) we get the following estimate
0

T
‘ J aly +sw,w) ds‘ SClAy = Ao lli, VyeEQ, Yowes. (2.2.28)
0

Moreover, since supp(a(:, w)) € 2 and T > Diam(Q2) we have

T +00
f a(y +sw,w)ds = J a(y +sw,w)ds,
0 0

we deduce that

f a(y +sw,w)ds| < Cll- ey, v, — Ay 1,11, VY ER, VweF. (2.2.29)
0

Now let x € Q,. Since Q is convex we distinguish two cases:

Case 1. x —sw ¢ Q for all s > 0. Then

f a(x —sw,w)ds =0.
0

Therefore we have by (2.2.29)

J a(y +sw, w) ds’ < Cll ey, — Ay i, ll1- (2.2.30)
R

Case 2. There exists s > 0 such that x —sw € Q. Let

s* =sup{520; (x—sco)eﬁ}.
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We choose 1 € (0, ) such that we have y = x — (s* + n)w € Q,. Then, since
x —sw & Q for s > s* + n by the definition of s*, we have

s*+n

S s*+n
J a(x —sw,w)ds :f a(x —sw, w)ds =J a(y +sw, w)ds.
0

0 0
At the last integral, we changed the variable: s by s* + 7 —s.

Here we claim that y +sw & Q for all s > s* + 7. In fact, let y +sqw = x +
(5o —s*—mn)w € Q for some s, > s*+n. Then, since Q is convex and x is on the
segment connecting x —s*w € Q and x + (s, —s*—n)w, we see by s,—s*—n > 0

that x € Q, which is impossible by x € Q, ¢ R"\ Q. Therefore

f a(x—sw,w)ds:J a(y +sw,w)ds, VyeQ, Vwes.
0 0

Hence, by (2.2.29) we have

0 %)
|f a(x +sw,w)ds| = J a(y +sw,w)ds| < Cll.-dy, x, — A, i, ll1-
—00 0

Thus we conclude that

J a(y +sw, w)ds
R

< Clldy s, — Ao i, VyEQ, Yoes. (2.2.31)

Let x € R" and x +sw ¢ Q for any s € R. Then J a(x +sw, w)ds = 0 because
— R_
Suppa(:, w) € Q. Next let x € R" and x +syw € Q for some s, € R. Then we

can choose some s; € R such that x +s,w € Q,, we have

J a(x +sw,w)ds = J a(x +syw+ (s —s)w, w)ds.
R R

Performing the changes of variables t = s —s; and y = x + s;w, we get by

(2.2.31)

f a(y + tw,w)dt
R

< C”"anz,kz - "Qfal,klulj Vy < ]Rn: Vwe .

This completes the proof of Theorem 2.2.2. a

As a consequence of Theorem 2.2.2, we have the following result
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Corollary 2.2.3. Let T > Diam(Q) and (a;, k;) € .o/ (M,) x # (M, M,),j = 1,2,
such that .o, = A, i,

with 0 -V, .u € L°°(Q) and u(x,0) =1 for (x,0) €T, such that we have

Then there exist a positive function u(x,0) € L*°(Q)

a,;(x,0)=a,(x,0)—0-V(ogu(x,0)), V(x,0)eQ. (2.2.32)

Proof. Since we are assuming that .¢/, , = ./, \ , then from the previous The-

orem, we have
f a(ly +tw,w)dt=0, VyeR" VYweS. (2.2.33)
R
Let consider
0
d(y, w)zf a(y + tw,w)dt, (y,w)eR"x L. (2.2.34)

Then ® € L*°(Q) with

w-Ve(y,w)=a(y,w) in Q, (2.2.35)
®(y,w) =0, on I

From (2.2.33) we also get ®(y, w) = 0 on I'*, therefore ®(y, w) = 0 for (y, w) €
I.

Then if we pick u(y, w) = e20>) we get

al(.yz Cl)) = az(}’: C()) tw- VIOg:u’(.yJ (x))

This completes the proof. O

2.3 Application

In this section, we prove that if we have an additional hypothesis on the absorp-
tion coefficient, we can do even better. For example, suppose that a(x,0) =

6 - B(x) where, B = (b;)<j<, € C*(; R").

bi(x) = (B, —B,)(x) - ex = B(x) - ¢,
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where (e;);<x<, iS the canonical basis of R". Then the non-uniqueness mani-
fested in (2.1.2) says that the best we could hope to reconstruct from the albedo
operator is the 2-form given by

. (8b. OIb;
curl(B) = Z (8xl- —a—x]) dx; Adx;.
j i

ij=1

We denote by

d b, ab; _
o;r(x)= E(X) — E(x), j,k=1,...,n. (2.3.36)
j k

Inspired by the work of [14] and [17], we estimate the Fourier transform of o ,

as follows.

Lemma 2.3.1. There exists constant C > 0, such that for any & € R", we have
<E>TG k(N < Clloy b, — Hay iy 1, (2.3.37)

where (£) = /1 +|&]2.

Proof. Since we are assuming that a(x, w) = w - B(x), the identity in Theorem

2.2.2 is reduce to

S Clldy o, — Ay i ll, Yo, ¥YxeR™ (2.3.38)

f w-B(x+tw)dt
R

Let & € wt. Performing the changes of variables z = x + tw € w! ® Rw = R",

we have the following identity
z:&=x-E+tw-E=x-&,

with dz =dtdu,. Thus, we get

J e‘i"'gfco'B(X+tw)dtdux = J Je"'x'g‘tg""w-B(x+tw)dtd,ux
wl R ol JR

= e "%w - B(z)dz.
RTL

Assume that 2 C Bg, with R > 0. Using the fact that Supp B C 2, we get from
(2.3.38).

f e_iz'gw-B(z)dz’ < f
R wlnBg

e_i"'gf w-B(x +tw)dt| dz
R
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< Cll-diysy — oyl (23.39)

For £ € R", we define w = SISk Multiplying (2.3.39) by | e, — Exe;l, we

IEjex—Erejl”

obtain

f (£ bul2) — 4y (2)) 2| < GO oty — oy I
RH

This together with (2.3.36) yield

16 k(&) < CEN Ay k, — A i, 1

This ends the proof. a

We now state the main result of this section.

Theorem 2.3.2. Let B;, B, be two real C*(£; R") vector fields on Q, ||B;l|c2(q.pny <
M, i=1,2and T > Diam(Q2). Then there exist a constant C > 0 and n € (0, 1)

such that

llcurl By — curl Byly-1(q) < Cll-ay k, — Hay i, 17,

where C depends on Q, M, T and d.

Proof. We start by decompose the H™!(R") norm as follows

||0j,k||12_;—1(Rn)=Ll |6-j,k(€)|2<€>_2d€+f 15 (E)*(E) 2 dE.
<y

[El>y

Then, we have
2 n —1= 2 1 2
19,050y < C(REN 8,y + 5104l )
This entails that
2 n 2 ].
||O-j,k||H—1(]Rn) < C(y ”"‘Zfaz,kz _ﬂal,klul + P)
In particular,

o 1
0kl gy < € min (y"ll ok, — o o I3 + F)’ (2.3.40)
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which yields

4/n+2
105kl sy < CUl Ay, — a1, 17,

Then we have
lleurl B, — curl Bylly1qy < D 107 klli-1gany < Cllcurl By — curl B,
j.k

where 11 = 2/n + 2 This completes the proof of our Theorem. a

As an easy consequence of this Theorem. By interpolation inequality, we can

readily derive the following stability estimate.

Corollary 2.3.3. Let B, B, be two real C%(2; R") vector fields on , T > Diam(2),
such that ||B;||gsqy < M, i = 1,2, where s > "7_1 Then there exist a constant

C > 0and n’ €(0,1) such that
llcurl By — curl Byl ooy < Cll-@y, i, — oy i 11 5
where C depends on Q, M, T and d.

Proof. Let us now consider 6 such that s > ”2;1 + 6. By Sobolev’s embedding

theorem, since B; € C*(2,R"), we obtain

llcurl B; — curl By|| 00y < Cllcurl B; —curl B2||H%1+5(Rn)

1_
< C||curl B; —curl B2||H_[13(Rn)||curl B, —curl lellgm(w)

< C||curl B; — curl BZII?/,

which yields the desired estimate. a



Chapter 3

Uniqueness and non uniqueness in
determining the time dependent
coefficients the linear Boltzmann

equation

3.1 Introduction

In this chapter, we will discuss the problem of the uniqueness of inverse coeffi-
cients problem. Throughout this chapter we suppose that n > 2. Here we recall
the notions of the previous chapters. Let Q2 be a bounded and convex domain of
R". Here and henceforth, the space of velocities ¥ = S"! is chosen to be the
unit sphere of R" to simplify the presentation, we denote Q := . x Q and for
T > 0, we denote Q; = (0,T) x Q. Let v(x) denotes the unit outward normal
to dQ at x. The initial-boundary value problem for the the linear Boltzmann

equation under study is as follows :
du+6-vVu(t,x,0)+a(t,x)u=M[ul(t,x,0) in Qr, (3.1.1)

where a € L*°((0, T)x) and .4, is the integral operator with kernel k(t, x, 6, 6")
defined by
N [ul(t,x,0) = J k(t,x,0,0)u(t,x,0")do’. (3.1.2)

54
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3.2 Non-uniqueness in determining time-dependent

coefficients in the linear Boltzmann equation

In this section we aim to show that it is hopeless to recover the time-dependent
absorption coefficient a in the cloaking region. We consider initial-boundary

value problem for the linear Boltzmann equation (3.1.1)

du+0-Vu(t,x,0)+a(t,x)u= M[ul(t,x,0) in Q,
u(0,x,60)=0 in Q, (3.2.1)
u(t,x,0)=f(t,x,0) on X .
We focus on showing a non-uniqueness result in the cloaking region %.,, for the
identification of the time-dependent coefficients a and k appearing in the linear
Boltzmann equation (3.2.1), from measurements given by the albedo operator
that maps the incoming flux on the boundary X~ into the outgoing one, defined
as follows
= .EZP_(Z_) — .55’;(2*)
f — Aulf 1=y
From (1.2.3) the albedo operator map .¢/,, is continuous from =%p‘(ZJ_) to
=%p+(2+). We denote by ||.«/, ||, its norm. Let us first introduce the following
notations. Let r > 0 be such that T > 2r. Without loss of generality, we assume
that Q € B(0,r/2) = {x € R", |x| <r/2}. Weset X, = (0,T) x B(0,r/2). We
define
v=J b= |J & nft=1),

o<r<t’ 0<t<t!
where 0 < t’ < r/2 and %, is the cloaking region :
‘€r={(t,x)€Xr, |x|§£—t,0§t£%}. (3.2.2)
Moreover, we denote by

S =0%.n(2x]0,t'[), and IV = UD(t")uD(0).
We denote d o the surface element of & and the vector (1, Uy, Uy, ** * , Uy,) € R™*?
is the outward unit normal vector at (x, t) € & such that

n=(>u)" (3.2.3)

Jj=1
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Indeed, 0 6, is implicitly defined by

3¢, = {(t,x), o(t,x) == |x|2—(§—r)2=o, 0<t< g},

the outward unit vector (0, U, ..., u,) at (t,x) € d 6. is given by

(n, u Yy = ( %0 ve )
) 12> Y - )
\{I@QIZHVQIZ VI0o,0l>+ Vol
= \/§|x|(g_t’x)’ (t,x)€d%E,.

This imply (3.2.3).
Let Q; = (0,T) x Q. Given M,, M;, M, > 0, we consider the set of admissible

coefficients a and k

o (My) = {a € €' (Q); llall oo,y < Mo}

e%(1\41:]\42) = {k € LOO(QTs LZ(y X y)); f |k(t:x7 95 Ql)lde/ < Ml:
b’

f |k(t,x,0,07)]|d0 < M,}.
&

Lemma 3.2.1. Let (a,k) € .o (M,) x #(M;,M,). For f € ,‘Kp_(Z_) we denote by

u the solution of the linear Boltzmann equation

du+0-Vu+a(t,x)u=M[ul(t,x,0) in Q,
u(0,x,0)=0 in Q,
u(t,x,0)=f1(t,x,0) on X.

Then, for any (t,x) € 6, and 6 € &, we have u(t,x,0) = 0.

Proof. We denote by Pu = d,u+6-Vu+a(t,x)u—M[u]. By direct calculations,

we easily verify that

JJ2Pu(t,x,9)u(t,x,9)dxdtd9
s Jv
=f f 20,u(t,x,0)u(t,x,0)dxdtd6
7 Jv
+J f 20 - Vu(t,x,0)u(t,x,0)dxdtdO
7 Jv

+f f 2a(t,x)|u(t,x,0)*dxdtdd
7 Jv
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—f f 2M [ul(t, x,0)u(t,x,0)dxdtdO

s Jv

=f f iIu(t,x,Q)Izdxdtd9+f f div(0 |u(t, x,0)|>)dxdtdO
o Jydt s Jv

+f f 2a(t, x)|u(t,x,0)|*dxdtdd
s Jv

—J J 2N [ul(t,x,0)u(t,x,0)dxdtdb.
s Jv

Applying the divergence theorem, one gets

f J 2Pu(t,x,0)u(t,x,0)dxdtd6O
%

f f lu(t, x, 0)|2ndad9+f J (0 - wu(t,x,0)*dodd
f J lu(t’, x,0)|>dxdO — f f lu(0, x, 0)|>dxdo
D(t") D(0)

+f f2a(t,x)|u(t,x,9)|2dxdtd9—f f2%{([u](t,x,G)u(t,x,Q)dxdtdQ.
s Jv s Jv
By using (3.2.3), we can see that
J f |u(t,x,9)|2nd0d9+f J(G-u)lu(t,x,@)lzdadG
vy sy
ZJ f lu(t, x,0)*(n — |ul)dod6 = 0.
sJe

Then, since u(0,x,0) =0, we get

f J lu(t’, x, 0)|>dxd@ SJ J 2Pu(t,x, 0)u(t,x,0)dxdtdO
& J D(t") S JV

—f J 2la(t, x)||u(t,x,0)>dxdtd6
7 Jv
+J f 2| M [ul(t, x, 0)||u(t,x,0)|dxdtd6.
7 Jv

On the other hand, by Cauchy-Schwartz inequality and Fubini’s theorem, we

can see that

J J 2 M [ul(t, x, 0)u(t,x,0)dxdtdd < CJ f lu(t,x, 0)*dxdtdo,
s Jv 7 Jv
(3.2.4)



3.3. The non uniqueness result 39

where, the positive constant C is depending on M; and M,. We can also see

that

f J 2la(t, x)||u(t, x, 0)|*dxdtd6 < ZMOJ f lu(t,x, 0)*?dxdtdo.
s Jv 7 Jv

(3.2.5)
Now, using the fact that Pu(t,x,6) =0 for any (t,x) € V and 6 € &, yet from

(3.2.4) and (3.2.5) we get

t/
f J |u(t’,x,9)|2dxd9SCJ f f lu(t,x,0)|*dxdOdct.
& JD(t") 0 & JD(t)

In view of Gronwall’s Lemma we end up deducing that u(t’, x,6) = 0 for any
(t',x)eD(t'), t' €(0,r/2) and 6 € &. This completes the proof of the lemma.

|

3.3 The non uniqueness result

In this section, we prove by using Lemma 3.2.1, that it is hopeless to recover the
time-dependent absorption and scattering coefficients in the cloaking region 6,

in the case where the initial condition is zero.

Theorem 3.3.1. For any (a, k) € .«/(M,) x # (M,, M,), such that Supp(a) C 6,
and Supp(k(-, 0,0")) C 6,, we have .o, ; = .4, ,.

Proof. Let (a,k) € .o/(M,) x A (M;, M,) such that Supp(a) C 6,. Let
fe .Zp_(Z_) and u satisfy

du+6-Vu+a(t,x)u=A.[ul(t,0,x) in Qr,
u(0,x,0)=0 in Q,
u(t,x,0)=f(t,x,0) on X .

Since from Lemma 3.2.1, we have u(t,x,0) =0 for (t,x) € 6, and 6 € & and
using the fact that
Supp(a) C ¥,, we deduce that u solves also the following transport boundary-

value problem
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ov+60-Vv=0 in Qrp,
V(O,X,Q)ZO in QJ

v(t,x,0)=f(t,x,0) on X~.
Then, we conclude that ./, () = .o o(f) for all f € £7(X7). Then the proof

of Theorem is completed. O

3.4 Geometrical optics solutions for the Boltzmann
equation

The present section we proceed as in Chapter 1, to construct a geometrical op-
tics solutions for the linear Boltzmann equation (3.2.1) with time-dependent
coefficients, which we will use them to proof of our main results. Firstly we
need to introduce some notation. Let r > 0 be such that T > 2r. We assume

that Q € B(0,r/2). We consider the annular region around the domain 2,
r r
B, = {xeRn, - <|x| < T——}.
2 2

Setting the forward and backward light cone:

G = {(t,x) ex,, |x|<t— g (> g} (3.4.1)
_ r r
6, ={(t,X)€Xr, |x|<T—§—t, T—§>t}. (3.4.2)

Finally, we denote

X =QrNE€NeE .

It is clear that, X, , C Q7.

Now, let ¢p* € 6,°(AB,.,6()). Then, for any 6 € &, we have
Supp¢*(-,0)NQ =0. (3.4.3)
Since T > 2r, we have also

(Suppop(-,0)xTONQ=0. (3.4.4)
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; X,
C‘r
1 0 1
Figure 3.1: Particular case Q =[—1,1]
We set
0 (t,x,0)=¢p (x—1t0,0), (t,x,0)ERXxR"x &,
Then ¢*(t, x, 0) solves the following transport equation
G, +6-V)p(t,x,0)=0, (t,x,0)eRxR"x . (3.4.5)

Moreover, for A > 0, setting

@5 (t,x,0)=p*(t,x,0)e* ™ (t,x,0) eRxR"x &. (3.4.6)

Finally, for a € ./(M,), we set

t
b,(t,x,0)=exp (—J a(s,x—(t—s)@)ds), (t,x,0)eRxR"x <,
0

where we have extended a by 0 outside ;. We have
t
0-Vb,(t,x,0) = —b, J 0-Va(s,x —(t—s)0)ds.
0
This implies in particular that

0,b,(t,x,0)

t

—a(t,x)b,(t,x,0)+ (J

0

Therefore b, satisfies the following transport equation

G, +6-V+a(t,x))b,(t,x,0)=0, (t,x,0)eRxR"x .

—a(t,x)b,(t,x,0)— ([ %a(s,x —(t —s)@)ds) b,(t,x,0)
0

0-Va(s,x—(t —s)@)ds) b,(t,x,0).

(3.4.7)
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Lemma 3.4.1. Let p > 1 and (a,k) € .o (M,) x #(M,,M,). For any ¢* €

Gy (B, 6(#)) and any A > 0 the following system

du+06-Vu+a(t,x)u=M[ul(t,x,0) (t,x,0)e Qr,
u(0,x,0)=0 (x,0)€Q,

has a solution of the form
u; (t,x,0) =@, (t,x,0)b,(t,x,0)+(t,x,0),
satisfying
u; € 6([0, T W,(Q)N ¢ ([0, T LP(Q)),
where 1))} satisfies
o +0 -V +a(t, )y = MIP1+ Mle; bt x,0) in Qr,

YP(0,x,0)=0 inQ,
Y(t,x,0)=0 onXx,

and, there is a constant C > 0 such that

193l to rsoan < €19 iogeensy-

Here C is a constant depending on Q, T and M;, i =0, 1, 2.

Moreover, we have

lim {4} 20, = O-

A—00

(3.4.8)

(3.4.9)

(3.4.10)

(3.4.11)

(3.4.12)

Proof. Let;(t,x,0) solves the following homogeneous boundary value prob-

lem

O + 8-V +a(t,x)y = M[P]+v,(t,x,0) in Qr,
Y(0,x,0)=0 in Q,
w(t:xﬁ)zo on X,

where the source term v, is given by

(3.4.13)

v,(t,x,0)=—(3,+ 6 -V +a(t,x)) (cp;[(t,x, 0)b,(t,x, 9))+‘/Vk[cpj{ba](t, x,0).

(3.4.14)
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To prove the Lemma it would be enough to show that v satisfies the estimates
(3.4.11) and (3.4.12).

By a simple computation and using (3.4.5) and (3.4.7), we have
vi(t,x,0) = M, b, (t,x,0). (3.4.15)
By Lemma 1.3.4 there is a constant C > 0, such that
[93Ct |oi < € allnggyys VEE€(O,T). (3.4.16)
From (1.3.10) and (3.4.16) we obtain (3.4.11) and (3.4.12). This completes
the proof of the Lemma. a

We prove by proceeding as in the proof of Lemma 3.4.1, the following Lemma.

Lemma 3.4.2. Let ¢ > 1 and (a,k) € .&/(M,) x #(M,,M,). For any ¢~ €
6,°(B,;6(F)) and any A > 0O the following system

ou+0-Vu—a(t,x)u=—-A4"ul(t,x,0) (t,x,0)€ Qr,
u(T,x,0)=0 (x,0) € qQ,

(3.4.17)

where

%*[u](t,x,9)=J k(t,x,0’,0)u(t,x,0")do’,

2
has a solution of the form

u, (t,x,0) =@, (t,x,0)b_,(t,x,0) +,(t,x,0),
satisfying
u; € 6([0, T, W, (Q)n6'([0,T]; LUQ)),

where 1), satisfies

atw +6- V’L/J _a(t)x)w = _f/Vk*[l/J] _‘/Vk*[so;ba](t: X, 9) in QT>
Y(T,x,0)=0 inQ,

Y(t,x,0)=0 on 27,
(3.4.18)
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and, there is a constant C > 0 such that

192 1o rsscan < C N9 liscarnsy- (3.4.19)

Here C is a constant depending only on 0, T and M;, i =0,1,2.

Moreover, we have

lim ||¢;||L2(QT) =0. (3.4.20)

A—00

3.5 Uniquenessin determining time-dependent ab-
sorption coefficient in the linear Boltzmann equa-
tion

In this section, we aim to treat the inverse problem of determining a time-
dependent absorption and scattering coefficients in the linear Boltzmann equa-
tion. We prove that the absorption and scattering coefficients can be uniquely
determined in a precise subset of the domain. Here we need to introduce the

admissible set of the absorption coefficient a in X, . Given a, € € 1(Q;), we set
A*(M,y) = {a € #(M,); a=a,inQy \X,.}.

Let (a;,k;) € &*(M,) x H(M,,M,), j = 1,2. Here, we recall the definition of

b_,, and b,

—a
t

b_q, (x,t) =exp (f a,(s,x—(t—s)0) ds),

0

t

b, (t,x,6) =exp(—J ay(s,x — (t—s5)0)ds),

0
and we define

t

a=a,—ay, and b,(t,x,0)=b,,b_, (t,x,0) = exp(—J a(s,x—(t—s)@)ds),

0

where we have extend a by 0 outside Q.

Let us also, consider the conic set

E={(7,§)eRxR", |t| < |&]}.



3.6. Uniqueness result of the absorption coefficient 45

We denote by p the Fourier transform of a function p € L}(R"*!) with respect
to (t, x):

ﬁ(fr,i):fj po(t,x)e X e " dxdt.
RJRn

3.6 Uniqueness result of the absorption coefficient

In this section, we prove that the time-dependent absorption coefficient can be
uniquely determined with respect to the albedo operator in a specific subset of
the domain X .

We start by a preliminary identity for the absorption coefficient a appearing in

the linear Boltzmann equation, by means of the geometric optics solutions.

Lemma 3.6.1. Let (a;,k;) € .&/*(M,) x A (M;,M,), j = 1,2. Assume that
Ay v, — Ay 1, then for any ¢* € 6,°(B,, €(F)), the following identity holds
true

T

f (¢ ), 9)[exp (—J a(s,y+59)ds)—1:|d9 dy‘ =0VYwe S, a.e,x €R".
R'x& 0
(3.6.1)

Proof. In view of Lemma 3.4.1, and using the fact that Supp ¢*(-,0) N Q = 0,

there exists a G.O-solution u] to the equation

atu+9'vu+a2(t,x)u:‘/sz[u](t:xse) (thJG)EQT;
u(0,x,0)=0 (t,x) €Q,

in the following form
u(t,x,0) = @;(t,x,0)b, (t,x,0)+;(t,x,0),

corresponding to the coefficients a, and k,, where 47 (t, x, 6) satisfies (3.4.11)

and (3.4.12). Next, let us denote by f, the function

falt, x,0) :=u;(t,x,0)5- =@, (t,x,0)b, (t,x,0)x.
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We denote by u; the solution of

duy + 0 - Vuy + ay (¢, xJuy = A [wy]  (¢,x,0) €Qy,
ul(ozxae):() (X,Q)EQ,
ul(t:x’e):fl(t)xze) (t,x,Q)GZ_.

Putting u = u; —u;. Then, u is a solution to the following system

Ju+0-Vu+a(t,xJu= AN [ul +a(t,)u; —M[uz] (t,x,0)€Qy,
u(0,x,0)=0 (x,0)€Q,

u(t,x,80)=0 (t,x,0)ex,
(3.6.2)

where a = a, —a; and k = k, —k;. On the other hand by Lemma 3.4.2 and
the fact that (Supp ¢,(+,0) £ T0)NQ =}, we can find of a solution u; to the

backward problem

ou+6-Vu—a,(t,x)u= —J%{‘:[u](t,x, 0) in Qr,
u(T,x,G):O in QJ

corresponding to the coefficients a; and k;, in the form
u, (t,x,0) =@, (t,x,0)b_, (t,x,0) +y;(¢t,x,0), (3.6.3)

here the remainder term v (¢, x, 0) satisfies the estimate (3.4.19) and (3.4.20).
Multiplying the first equation of (3.6.2) by u;, integrating by parts and using

Green’s formula, we obtain

f a(t,x)u; u, d0dxdt — N[uy1(t, x, 0)u; (t,x,0)d6 dxdt = 0
Qr Qr

(3.6.4)

By replacing u; and u, by their expressions, we obtain

f a(t,x)uj{u;d@dxdt:f a(t,x)e;(t,x,0)p; (t,x,0)b,(t,x,0)d0 dxdt
Qr Qr

+ J a(t,x)p; (t,x,0)b_, (t,x,00);(t,x,0)d6 dxdt
Qr
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+ J a(t,x)y, (t,x,0)b, (t,x,0)y;(t,x,0)d0 dxdt
Qr

+ J a(t, x)5(t,x,0)Y;(t,x,0)d0 dxdt
Qr

= J a(t,x)e; (t,x,0)p; (t,x,0)b,(t,x,0)d0 dx dt + 4, ;,
Qr
(3.6.5)

where .#, ; represents the sum of the integrals that contain terms with v and
Y5

Note that there exists C > 0 such that for any A > 0, we have

9420 < € (1193 | + 1193 o) (3.6.6)

Then by (3.4.12) and (3.4.20), we get
Alim £,=0. (3.6.7)
Moreover, we have

f ,/%([uI]u;dexdt=J Moy by, 1(t, x,0) 05 (t,x,0)b_, (t,x,0)d0 dxdt
Qr Qr

+ | M7t x,0)9; (t,x,0)b_, (t,x,0)d0 dx dt
Qr

F | MLetb 1 x, 093t x, 0)d0 dx de
Qr

b | AIEIE X, 0095 (e, x, 0)d6 dx de
Qr

= MLoiby, 1(t,x,0)0;(t,x,0)b_, (t,x,0)d0dxdt +.%,,,
Qr

where
Iop= | M1t x,0)p;(t,x,0)b_y (t,x,0)d0 dx dt
Qr

+ | Ml by, It x, 00 (t,x,0)dOdxdt+ [ A[P;1(t,x, 015 (t,x,0)dO dxdt.
Qr Qr

By (1.3.9), we get

1 < € ([l + W7l (3.6.8)
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Then by (3.4.12) and (3.4.20), we have

lim .%,, =0, (3.6.9)

A—00

and by the Cauchy-Schwartz inequality, we obtain

M3 o, 1(t,x,0)¢5 (¢, x,0)b_, (¢, x,0)d6 dx dt| < C || M9} ba,]|| (g, -

(3.6.10)

Qr
Then by (1.3.10), we have

Alim MLp3by, 1(t,x,0)0; (t,x,0)b_, (t,x,0)d0dxdt =0. (3.6.11)
— 00 QT

In light of (3.6.4), we have

J a(t,x)e*(t,x,0)p (t,x,0)b,(t,x,0)d0dxdt—.%, =0, (3.6.12)

Qr
where the remainder term .#, is given by
B=9,— I~ | Mle;yb, 1(t,x,0)p;(t,x,0)b_, (t,x,0)d0 dx dt.
Qr
Taking the limit as A — +00, we get from (3.6.7), (3.6.9) and (3.6.11)
Alingo £, =0. (3.6.13)

We get, by (3.6.12) and (3.6.13),
‘ J alt, )t (t, x, 0)b,(t, x,0)d0 dx dt| —o.
Qr

Then, using the fact a(t,-) = 0 outside Q and by changing of variables y =

x — t6, one gets the following estimation

T t
f J a(t,y+t9)q§+(y,9)qb_(y,G)exp(—f a(s,y+59)ds)d9dydt) =0.
0 Rx.S 0

Bearing in mind that

t

f f a(t,y +t0)d*(y,0)d (v, Q)exp(—f a(s,y +39)ds) d9dydt
0 Rx.&

0
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:_f f ¢+(J’,9)¢_(J’,9)%[exp(—f a(s,y+59)ds):|d9dydt
0 Rix & 0

T

:—f (qb*cj)‘)(y,@)[exp(—f a(s,y +59)ds)—1]d9dy,
Rix &

0

we conclude the desired estimate given by

f (¢+¢_)(J’,9)[exp(—f a(s,y+59)ds)—1]d9dy‘=0.
Rixs

0

We move now to give and prove the main statement of this section.

Theorem 3.6.2. Let T > 2r and (a;, k;) € .&/*(My) x # (M;,M,), j = 1,2. Then,
we have

Ay ky = Ag,k, implies a;=a,onX,,.

Proof. Let p,(w, 0) defined by (1.4.27). Selecting
¢ (y,0) = ou(w,0)$:1(y), ¢ (1,0) = $,(y),
we obtain from (3.6.1), that for any h € (0, 1),
T
| f 2, 0)¢1 (1) pa(y)| exp (- J a(s,y +50)ds)—1]d6 dy| =,
B XS 0
Since ||ep(w, )ll;1(») =1, and by (1.4.31) we have

limf Qh(a),Q)[exp(—J
=y o

Then, we get

T T

a(s, y+s9) ds)—l} do = [exp (—f a(s, y+sw) ds)—l].

0
T
\ J ¢1(y)¢2(y)[exp(—f a(s,y +sw)ds) — 1]dy( =0.
B, 0
Let the bilinear form % : L}(%,) x L*°(4%,) — R given by

%(¢1,¢2)=f $1(y)P2(¥)R(y, w)dy,
B,

where
T

R(y,w) = exp(—f a(s,y +sw) ds) —1.

0
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Then we have

|8 (¢1, $2)| < ClIRC:, 0)lleo(,) |11y | P2l oo (-

We conclude that

1281l = lIR(:, @)l o (8,) = O,

where || 2|| stands for the norm of the bilinear form 9. That is

T
exp(_f a(s’y+sw)ds)—1’zo, vye%r, Vwey (3614)
0

Using the fact that |X| < eM |eX — 1] for any X real satisfying |X| < M we found

out that

T T
J a(s,y +sw)ds| < eM’ exp(—J a(s,y+sa))ds)—1 ,
0 0

T
where X = J a(s,y +sw)ds. We conclude in light of (3.6.14) the following
0

estimate
T
‘f a(s,y+sw)ds)=0, Vye R, we. (3.6.15)
0

Using the fact that a = a, —a; = 0 outside X, ,, this entails that for all y € %,
and w € &, we have

=0. (3.6.16)

f a(s,y +sw)ds
R

Now, if we assume y € B(0,r/2), we get |y + tw| = |t|—|y| = |t| —r/2. Hence,

one can see that

(t,y +tw) ¢ €', if t > r/2. On the other hand, we have (t,y + tw) ¢ €7, if
t < r/2. Thus, we conclude that (t,y +tw) ¢ 6" D X, for t € R. This and
the fact that a = a, —a; = 0 outside X, ,, entails that for all y € B(0,r/2) and

w € ¥, we have

a(t,y +tw) =0, YVt eR.

By a similar way, we prove for |y| > T —r/2, that (t,y + tw) ¢ 6~ D X, for

t € R and then a(t, y + tw) = 0. Hence, we conclude that

=0, YweS, y¢ B, (3.6.17)

J a(s,y +sw)ds
R
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Thus, by (3.6.15) and (3.7.40) we finish the proof of the lemma by getting

=0, Vwed, yeR"

f a(s,y +sw)ds
R
Next, we turn our attention to the Fourier transform of a. let (7,&) € E and

{ € & be such that £ - { = 0. Setting

T T2
_@.54_ 1_@.4"

Then, one can see that w € & and w-& = 7. On the other hand by the change of

variable x = y + tw, we have for all £ € R" and w € &, the following identity

J A(a)(y, w)e™*dy :J (J a(s,y +sco)d5)e‘i«vfdy
Rn R R
=f J a(t,x)e" e dxdt
R*JR

=ad(w-&, &) =a(r,£),

where we have set (w - &£,&) = (1,&) € E. Bearing in mind that for any t € R,

Supp a(t,-) c Q c B(0,r/2), we obtain

a(r,&)=0.
Hence, by the injectivity of the Fourier transform we get the diserd result. This

completes the proof of Theorem 3.6.2. a

3.7 Uniqueness of the scattering coefficient

This section is concerned to the proof of a partial result on the identification of
the scattering coefficient in X, , . Let (a;,k;) € .&/*(M,) x A (My,M,), j = 1,2

such that
"anl,kl = "anz,kz‘

Let w € & and ¢; € 6,°(x,), j = 1,2. Moreover, let ¥,(w,-) defined by
(1.4.27). Selecting

¢7(y,0) =(w,0)¢:1(y), ¢ (y,6) =w(w,0)¢s(y), h,h € (0,1).
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Moreover, we denote

(P]-::A(t: X, 9) = (Pl,h(tz X, Q)eik(t_X.Q): (P};,A(t’ X, 9) = (PZ,h’(t: X, Q)e—il(t—xﬂ)’
(3.7.18)

where

Sol,h(t)x: 6) = ﬁh(wy 9)¢1(x - te)) (AOZ,h’(t: X, 9) = ,ﬁh'(wy 9)¢2(X - te)
By Lemma 3.4.1, the following system

atu+9'vu+a2('x:9)u:‘/sz[u](txxae)x (t:x’G)G QT:
u(0,x,6) =0, (x,0) € Q,

(3.7.19)

admit solution u; , € €([0, T]; #,(Q))N ¢'([0,T]; LP(Q)), in the form
u,(t,x,0) = ¢, (t,x,0)b,,(t,x,0) +1,,(t,x,0),

where . satisfies

h,A

8tr;’x+9-Vr,;t/l—kaz(x,e)r}tx:JVkZ[r}f’x]—+-,/%<2[<pbba2](t,x,9) in Qr,

rth(O,x,G):O in Q,
r,tl(t,x,é?):O onXx .
(3.7.20)

We consider a solution u; j, to the following system

3tu1,h + 9 . Vul,h + al(X, 9)u1,h = </‘/k1 [ul,h] in QT’
u; (0,x,0)=0 in Q,

ul,h(txx}e):fh,l(taxye) = u;’)\(trxae) on X

Setting u = u, ), — u;:,l. Then, u is a solution to the following system

u+6-Vu+a,(x,0)u= A [ul+alx,0)u; —%[ub] in Qrp,

u(0,x,0)=0 in Q,
u(t,x,0)=0 on X
(3.7.21)

here a = a,—a; and k = k,—k;. Likewise by Lemma 3.4.2, the following system

du+06-Vu—a(x,0)u= —J%{T[u](t,x, 0) in Qrp,
u(T,x,0)=0 in Q,



3.7. Uniqueness of the scattering coefficient 53

admit solution u;, , € €([0, T]; #,(Q))N €'([0, T1;LY(Q)), of the form

W, ,(t6,x,0) =, (t,x,0)b_ (t,x,0) + 1, ,(t,x,0),

where 1, satisfies

atr};,)L +0- vr};,l - al(x) 9)7‘};’)L = _J‘/]:[r_/,g] _e/kaW;/,;tbal](t, X, 9) in QT:

r;A(T,X,G):O, in Q)

r o (6,x,0)=0 on ©F.
(3.7.22)
Multiplying the first equation of the system (3.7.21) by u;, ,, integrating by parts

and using Green’s formula, we obtain

f a(x, Q)ub Uy, ,d0dxdt — J%(,[ub](t, x, 0)uy, ,(t,x,0)d0 dx dt
Qr Qr

= f 0 - V(X)(uda;’klz — "Qfabkl )(fh’l)u;’)L dfdxdt. (3723)
»t

Since .o/, , = A, x,» S0 a = 0 follows from Theorem 3.6.2. This allows us to

rewrite the identity (3.7.23) as
J ,/Vk[u;’l](t,x, 0)uy, ,(t,x,0)d0 dxdt =0.
Qr

Now, we replace the solutions u; , and u, , by their forms, we have

— | Mlwpabe, 1t x,0)¢; ,(t,x,0)b_, (t,x,0)d6 dx dt
Qr

— | ML 0 %, 005, (6, 0)b, (6., 0)d0 dx dt
Qr

+ | Mo be, (8, x,0)r7, 5 (¢, x,0)d 0 dx dt
Qr

+ J%([r,tk](t,x,Q)r,;,k(t,x,e)dO dxdt. (3.7.24)
Qr

Now, we denote the left-hand side of (3.7.24) by

Lrnw(@)=| Moy, b, 1t x, 0, ,(t,x,0)b_, (t,x,0)d0 dx dt,

Qr
(3.7.25)

and the right-hand side of (3.7.24) by
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gl,h,h’(w) = ‘/‘/k[r}tk](ts X, 0)90}7/’;\(1—5 X, G)b—al(tax) Q)de dxdt
Qr

+ | Mo, b, ), x,0)r;, (8, x,0)d6 dx dt
Qr

+ J%{[r}tl](t,x,e)r;’l(t,x,9)d9 dxdt. (3.7.26)
Qr

Lemma 3.7.1. Let w € & and r;’, the unique solution to (3.7.20). We denote by

4 I’w be the solution of the following problem

atCI’w + 9 : VCI’Q, + aZ(xJ 0)(1—,0) = ‘/sz[c_‘){’w] + kz(t; X, 9’ w)@;(t:x; w)baz(tx X, C())
£ ,(0,x,6) =0,
$ro(t:x,0)=0

(3.7.27)
where ¢} is given by (3.4.6). Then we have
: + ot —
}111)1} M~ %o L) 0. (3.7.28)
Moreover, we get
: + 7_ + —
lim “L/sz[rh’l] VAL IS (3.7.29)
Proof. We denote wy,;(t,x,6) = r,f’k — I’w, then we get

O Wi+ 0 -Vwy, +ay(x,0)w,, = M[w, 1+ %J‘Phbaz] —S,,(t,x,0) in Qr,
wp1(0,x,0) =0, in Q,

Wh’k(t,x,Q)ZO on 2_,
(3.7.30)

where we set
Sro(t,x,0) =ky(t,x,0,w)p; (t,x, w)by (¢, x, w).

Then, from Lemma 1.3.4 we get

iy < € [ AL iabe =Sy

where C is a constant depending only on 2, T. Furthermore, by (1.4.31) we
get
lim A [0 )by, 6,3, 0) = 8, (t,%,0), inL*().
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Thus, we obtain

. + - =
}grll‘mcz[(ﬁoh,abaz] Sho 12(Qr) o
which implies that
lim ||r", — {3 =0
el | W) (:/Lw L2(Qr)

This completes the proof of Lemma.

We prove by proceeding as the proof of Lemma 3.7.1 the following Lemma. O

Lemma 3.7.2. Let w € & and s the unique solution to (3.7.22). We denote by

{5 ., be the solution of the following problem

atg_ +6- VC_ - al(xz 9)5_ = _‘/V]:[C_] - kl(t: X, 9’ w)@;(t: X, w)bal(t:xn (O),
(T, x,0)=0,
¢ (t,x,0)=0,

(3.7.31)
where p; is given by (3.4.6). Then we have
%,111‘1)1 Twa ™ Cl,w L) =0. (3.7.32)
Moreover, we get
;}/lin)l ’/Vkl[rh_,l] - ‘/Vk1[gz,a)] 12(Qr) =0. (3.7.33)

Lemma 3.7.3. Let £, ;,;» and & s, as they are defined respectively in (3.7.25)
and (3.7.26). Then, we have

}lin}gk’h’hx(w) = g(w)’ Vw S y,

h -1
and

}lln'll é”k,h,h/(w) = gk(a)), VCO S 5/’,

h'—>1

where ¥ and &) are respectively given by

Z(w) = f J k(t,x,w,w)p;(x —tw)p,(x —tw)dxdt.
0 Q
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& (w)
= f J (ML Jalxc — )by e ) 4 A [0 1, (x — )by, e ) dix dit
0 Q

v oMleE e, A6 dxde. (3.7.34)
Qr

Proof. By replacing ¢, , and ¢, Dy their expressions and by using (1.4.28)
and (1.4.29), we obtain

| AL@7 b, (8, x,8)pp (6,3, 0)b_4 (£,x,0)] < C,(1—R)'™,

where C depend on d, M, M;, M, and T. Therefore, by using (1.4.29) and

Lebesgue’s Theorem, one gets

}ZIH%J JVk[SD]_:)LbaZ](t’ x,0)%, (w, 9)¢2(x—t9)e_“(f_x'9)b_al(t, x,0)dOdxdt
— Qr g
= ,%;L’h/(a)).

where

Zw(w)

= J k(t,x,0, co)d)l(x—tw)e_ilx"”ba;(t, x, )8 (w, 0)p,(x—t0)e**? b_,, (t,x,0)d0dxdt.
Qr
Similarly, we obtain that
lim £, () = 2(w), Yoe,

where we have used a;, = a;.

We rewrite &, j, () as & p(w) =&, (W) + &7, (0)+ &), (w), where

SR L

(@)= | M) x, 06 (6%, 8)b_, (t,x,0)d0 dx dt
Qr

— ‘/Vk[ritl](t’ x,0)0(w,0)p,(x — t9)e_i’1(t_x'9)b_a1(t, x,0)d0dxdt,
Qr

(3.7.35)
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8, (@)= | Mol be,1(t,x,0)r;, ,(t,x,0)d0 dx dt
Qr
= N[O (w, 0)p,(x — t9)em(t_x'9)ba2](t, X, G)r};,x(t, x,0)d0dxdt,
Qr
(3.7.36)
Mh,(co)— J%([r;;x](t,x,Q)r_,,l(t,x,O)dG dxdt. (3.7.37)
Qr

Taking the limit as h — 1 in the above expressions, we get from Lemma 3.7.1

and (1.4.31)

lime}, (@)= | HICE 1%, 030, (e, 0)py(x — £0)e™ Db (¢,x,0)d0 dx d,

Qr

hm é’M p@)=| K(t,x,0,w)p(x— tco)em(t_x"”)baz(t, x, w)ry, ,(t,x,0)d0 dx dt,
Qr

hmé’fhh,(a))z c/Vk[C LA, x,0)r, A(t x,0)dOdxdt.
Qr

Now, taking the limit as h" — 1 by a similar reasoning we obtain ]liim E (W)=
SO,
h -1

&, (w), for any w € . This completes the proof of the lemma. a
Lemma 3.7.4. Let A > 0, and &, given by (3.7.34). Then, we have

Alim & (w)=0, Vwed.

Proof. By using the fact that iw — 0 in L?(Q) and that the integral operator

N is compact, we get

= lim HJ%{*[C;@](L-,G) —0, Yre(0,T),0€.

L2(Q) A—oo

I A (N

L2(Q)

The Lebesgue Theorem implies that

I H + =1 ‘ Ul 0.
A1 || AL 1@ Ao Helen] L2(Qr)
This complete the proof. a

We are now in position to state and prove the main result of this section.
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Theorem 3.7.5. Let (a;,k;) € .o (My)x A (M;,M,),, j = 1,2, such that k;(t, x,0,0") =

g;(t,x)x(0,0"), with g; € L=(X,,), k € L®(& x ) and k(0,0) #0,V0 € &.
IfT>2rand o, \, = Ay, x,, then g, =g, a.e, inX,,.

Proof. Since we have by (3.7.24), that &, j, ,(w) = &) w(w) for all w € &, we

take the limit in h,h’ and A and we get, from Lemmas 3.7.3 and 3.7.4, that

J f k(t,x,w,w)p;(x —tw)p,(x —tw)dxdt =0.
0 Rn

where k is extended by 0 outside 2. Since k;(t, x, w, w) = g;(t, x)x(w, w), j =
1,2, where k € L*°(¢ x &) and k(w, w) # 0 a.e on #. Performing the changes

of variables, y = x — tw, for g = g, — g,, we get

T
f f g(t, y+tw)k(w, w)p1(y)P,(y)dydt =0, V ¢y, 9, € 6,°(H;), Vw € F.
0 Rn

Put ¢,(x) = ¢,(x), we obtain

T
f J g(t,y + tw)k(w,w)¢p?(y)dydt =0, V¢, € 6,°(A,), Yw € .
0 Rn
(3.7.38)
Now, we consider a non negative function ¢, € 6,°(B(0, 1)) such that || ¢ || 2gn) =

1. We define

B100) =2 (),

where y € #,. Then, for h > 0 sufficiently small we obtain
Suppp,NQ=0. (Supp¢p,=TO)NQ=0.

We rewrite (3.7.38) with ¢; = ¢;,, we deduce that

}lgrolJ ¢ﬁ(y)r<(w,w)U sy + tw)dt) dx
Rn 0

T
=K(0),0))J glt,y+tw)dt=0, Yoe, VYyex,.
0

Moreover, since k(w, w) # 0, we have

T
J glt,y+tw)dt=0, Yo, VYyex,.
0
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Since Supp(g) C X, ,, we conclude that

fg(t,yﬂw)dt =0, (3.7.39)
R

for each (w, y) € & x .. Furthermore, if y € B(0,r/2), we have |y + tw| =
|t| =]yl = |t| —r/2. Hence, one can see that (t,y +tw) ¢ €, ift > r/2. On
the other hand, we have (t,y + tw) ¢ €7, if t < r/2. Thus, we conclude that
(t,y+tw)¢ €7 DX, , for t €R. This and the fact that Supp(g) C X, ,, entails
that for all y € B(0,r/2) and w € &, we have

glt,y+tw)=0, YVt €eR.

By a similar way, we prove for |y| = T —r/2, that (t,y + tw) ¢ 6~ D X, , for

t € R and then g(t,y + tw) = 0. Hence, we conclude that
Jg(t,yﬂw)dt:o, Voes, Vy ¢ X,. (3.7.40)
R
Thus, by (3.7.39) and (3.7.40), we get
J glt,y+tw)dt=0, Ywed, VyeR" (3.7.41)
R

We now turn our attention to the Fourier transform of g. Let £ € R". In light of

(3.7.41) and by the use of Fubini’s Theorem, we get
J J glt,y+tw)e @ ¢dydt =0, YweS, Vy €R™ (3.7.42)
R JR"
Performing the changes of variables x = y + tw, one gets
J J g(t,x)e ™ Celt@dxdt =0, Ywed, Vx €R™ (3.7.43)
RJRn
Let us now consider (&§,7) € E and {’ € & be such that & - {’ = 0. Setting

T T2
€12 €12
then (&, w-&) = (&, 1) € E. We then deduce that g(&, 7) = 0 in the set E. By an

argument of analyticity, we extend this result to R"*!. Hence, by the injectivity

of the Fourier we get the desired result. This ends the proof. O






Chapter 4

Stable determination of a
time-depend coefficient for the

linear Boltzmann equation

4.1 Introduction

This chapter we aim to the study the stability issues in of an inverse from the
observations made at the boundary. We consider initial-boundary value problem

for the linear Boltzmann equation

du+0-Vu(t,x,0)+a(t,x)u=A[ul(t,x,0) in Q;:=(0,T)xQ,
u(0,x,0)=uy(x,0) in Q:=%x4Q,

u(t,x,0)=f(t,x,0) on X .
(4.1.1)

where a € L*°((0, T)xQ) and .4, is the integral operator with kernel k(t, x, 6, 0")
defined by

N lul(t,x,0) :J k(x,0,0 )u(t,x,6")do’. (4.1.2)
&

In Chapter 3, we have proved that the unique determination of the time-dependent
coefficient a in the whole domain, is fails if we assume that the medium is quiet
initially (u, = 0) and our data are only the response .¢/, ,(f) where f denotes

the disturbance used to probe the medium. In this chapter, we will consider
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three different sets of data and we will treat the stability issue for the inverse
problem under consideration in three different cases. In the first case, we we
will prove a log-type stability estimate for the time-dependent absorption co-
efficient a with respect to the albedo operator in a subset of domain. Next we
assume that we know u(T, -), with u, = 0, we will extend this result to a larger
region and finally, we will prove a log-type stability estimate for this problem
over the whole domain when our data is the response of the medium for all
possible initial states.

Let us introduce some notations. Let r > 0 be such that T > 2r. Without loss
of generality, we assume that Q € B(0,r/2) = {x € R",|x| <r/2} . We set
X, =(0,T) x B(0,r/2), Q; = (0,T) x 2 and we consider the annular region

around the domain €,
r r
B, = {xe]R”, - <|x| < T——}.
2 2

Setting the forward and backward light cone:

6" = {(t,x) ex,, |x|<t— g t> g} (4.1.3)
_ r r
6, ={(t,x)exr, |x|<T—§—t, T—§>t}. (4.1.4)

Let the cloaking region
r r
‘€r={(t,x)€Xr, |X|S§—t,OSfS§}- (4.1.5)
Finally, we denote
Xy =QrNE, and X,,=Q;N€ ' NG .

It is clear that, X, , C X, 4 C Q.
In order to give the main statements of this chapter, we need first to introduce

the set of the admissible coefficients a and k. Given M,,, M;, M, > 0, we consider
o/ (My) ={a € €'(Q); llallpeo(9,) < Mo}
Given a, € 6*(Q), we set

(M) = {a € .o/ (My); a=a,inQr\X,.}.



4.2. Stable determination of absorption coefficient from boundary
measurements 63

Figure 4.1: Particular case Q =[—1,1]

A My) = {a € .o/ (My); a=ayinQp\ X}
and
‘){//(MlaMZ) = {k € LOO(Q) Lz(y X y)): J |k(X, 93 9/)|d9/ S Ml:
5%

f k(x,0,60")|d0 < M,}.
S

4.2 Stable determination of absorption coefficient

from boundary measurements

In this section we prove a log-type stability estimate for a appearing in the initial
boundary value problem (4.1.1) with u, = 0. Our goal here is to show that
the time dependent coefficient a depends stably on the albedo operator .<7 ;.
This is by means of the geometric optics solutions introduced in Chapter 3 and
the light-ray transform. Let’s first recall the CGO solutions constructed in the

previous chapter .
u; (t,x,0) = @5 (t,x,0)b,(t, x,0) +; (t,x,0),

u;(tl X’ 0) = Soz(tl X’ G)b—a(tﬁ X’ 9) + Ill);(t’x) 9)’

where b_, and b,, defined as follow

t

b_,, (x,t) =exp (f a,(s,x—(t—s)0) ds),

0
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t

b, (t,x,6) :exp(—J ay(s,x — (t—s)0)ds),

0
and 1) satisfies

195l sor@y S CIO @y Jim [¥ilaq,=0 426
and
197 lsorioay S C IO @y Jm Y3l =0~ @427

Here C is a constant depending only on 2, T and M;,i =0,1,2.

4.2.1 Preliminary estimate

The main purpose of this section is to give a preliminary estimate, which relates
the difference of the absorption coefficients to albedo operator. Let (a;,k;) €
A (M) x A (M;,M,), j=1,2,. We set

t

a=a,—ay, and b,(t,x,0)=b,,b_, (t,x,0) = exp(—f a(s,x—(t—s)@)ds),

0
where we have extend a by 0 outside Q.

We only assume that Supp ¢=(-,0) C 4., in such a way we have
Supp(¢")(,0)NQ=0 Vo€ (4.2.8)

and

Supp(¢)(-,0)xTO)NQ=0, VOeZ. (4.2.9)

We start by collecting a preliminary estimate which is needed to prove the main

statement of this section.

Lemma 4.2.1. Let (a;, k;) € &/*(My) x A (M, M,), j =1, 2. There exists C >0

such that for any ¢* € 6,°(%B,, 6()), the following estimate holds true
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T
‘f (d)ﬂ;b‘)(y,@)[exp(—f a(s,y+39)ds)—1:|d9dy‘
R xS 0
< Clllyy s, — A so 116 g1 lpoqunesry. (4:2.10)
Here C depends only on Q, T and M;, i =0, 1, 2.

Proof. In view of Lemma 3.4.1, and using the fact that Supp ¢*(-,0) N Q = 0,

there exists a G.O-solution uj to the equation

3tu+9‘VU+a2(t,x)u=J%<2[u](t,x,9) (tJX:Q)EQTa
u(0,x,8)=0 (t,x)€Q,

in the following form
u; (t,x,0)=¢;(t,x,0)b, (t,x,0)+;(t,x,0),

corresponding to the coefficients a, and k,, where 17 (t, x, 6) satisfies (4.2.6).

Next, let us denote by f, the function

falt,x,0) = u; (t,x,0) 5 = ¢, (t,x,0)b, (t,x,0)5.
We denote by u; the solution of

duy + 0 - Vuy + ay(t, xJuy = A [uy]  (6,x,0) €Qy,
ul(o’xse)zo (X,Q)GQ,
u,(t,x,0)=f(t,x,0) (t,x,0)ex".

Putting u = u; —u;. Then, u is a solution to the following system

u+0-Vu+a(t,x)u= M [ul+a(t,Ju; —AMu;] (t,x,0)€Qy,

u(0,x,0)=0 (x,0)€Q,
u(t,x,80)=0 (t,x,0)ex,
(4.2.11)

where a = a, —a; and k = k, —k;. On the other hand by Lemma 3.4.2 and
the fact that (Supp ¢,(+,0) £ T0) N Q = (}, we can find of a solution u; to the

backward problem

Ju+0-Vu—a,(t,x)u= —J%{T[u](t,x, 0) in Qr,
u(T,x,0)=0 in Q,
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corresponding to the coefficients a; and k;, in the form
u, (t,x,0)=¢,(t,x,0)b_, (t,x,0) +¢;(t,x,0), (4.2.12)

here the remainder term 1 (t,x, 0) satisfies the estimate (4.2.7). Multiply-
ing the first equation of (4.2.11) by u}, integrating by parts and using Green’s

formula, we obtain

f a(t,x)uyu, dOdxdt— |  A[u;1(t,x,0)u;(t,x,0)dO dxdt
Qr Qr

= J 0 - v )( Ay, k, — Aok, )(fIU; dOdxdt. (4.2.13)
E+
Where we have used

N, [ul(t, x, 0)u; (t,x,0)dO dx dt = f u(t, x, 9)%’;[u;](t,x, 0)dOdxdt.

Qr Qr

By replacing u; and u, by their expressions, we obtain

J a(t,x)u; u,d6dxdt

Qr

=f a(t,x)p; (t,x,0)p, (t,x,0)b,(t,x,0)d0 dx dt + %, ;, (4.2.14)
Qr

where .#, ; represents the sum of the integrals that contain terms with v and
Y3
Note that there exists C > 0 such that for any A > 0, we have

1901 2 € (1185 gy * 195 ) @219

Then by (4.2.6) and (4.2.7), we get

lim 5, =0. (4.2.16)
Moreover, we have
M[u; Ju;dOdxdt = MLy by, I(t,x,0)¢; (t,x,0)b_, (t,x,0)d0 dx dt +.%,;,

Qr Qr

where
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Soa= | MLY;1t,x,0)0;(t,x,0)b_, (t,x,0)d0 dx dt
Qr
+ | MLeybe, I, x,0)¢;(t,x,0)d0dxdt+ | M[Y;1(t,x,0)15(t,x,0)d0 dx dt.
Qr Qr

By (1.3.9), we get
[l =€ (”,LPIHLZ(QT) + ||¢;||L2(QT))' (4.2.17)
Then by (4.2.6) and (4.2.7), we have
lim 4, =0, (4.2.18)

and by the Cauchy-Schwartz inequality, we obtain

ML@7 b, 1(t,x,0)0;(t,x,0)b_, (t,x,0)d0 dx dt| < C|| ML)
Qr

bo, 20y
(4.2.19)

Then by (1.3.10), we have
Alingo JQT MLp3by, 1(t,x,0)0; (t,x,0)b_, (t,x,0)d0dxdt =0. (4.2.20)
In light of (4.2.13), we have
f a(t,x)p*(t,x,0)o (t,x,0)b,(t,x,0)d0 dx dt
Qr

= J o - V(X)(',Qfaz,kz - «,Qfal’kl)(fl)u; dOdxdt— jz, (4221)
»+
where the remainder term .#, is given by

‘]A = yl,l _‘ﬂz,l - J%{[(pi_baz](t’ X, 9)(‘0;(@ X, Q)b—al(t:xa Q)de dxdt.
Qr

Taking the limit as A — +00, we get from (4.2.16), (4.2.18) and (4.2.20)

lim .%, = 0. (4.2.22)

A—00

Furthermore on %7, we have u; = f,, then we get the following estimate

J (=T )05 0 A0 ] < Cllty =ty 1L ol
N (4.2.23)
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Using the fact that

5l ) < Cll@ Nl pooqnxys }I)ig%”fx”zg(zf) =1fall gz < Cll T In@exs)s
(4.2.24)
and

lim S}lp ||J27a2,k2 - "Qfal,kl ”p < ||"an2:7<2 - "Q{ahkl ”1 (4.2.25)
p—)

We get, by (4.2.21), (4.2.22) and (4.2.23),
‘ J a(t,x)p o (t,x,0)b,(t,x,0)dOdxdt
Qr

< Cll Ao, k, = Hay o 11D 1) | oo @ 9

Then, using the fact a(t,-) = 0 outside Q and by changing of variables y =

x — t0, one gets the following estimation

t

T
U J a(t,y+t9)q5+(y,9)¢_(y,G)exp(—f a(s,y+s@)ds)d9dydt’
0 R*x.& 0
< Clly k, — Aoy i, 1110 T 2w |07 Moo o)

Bearing in mind that

t

f f a(t,y +t0)d*(y,0)d (v, Q)exp(—f a(s,y +s€)ds) d9dydt
0 Rix.&

0
T

:—f (qb*d)‘)(y,@)[exp(—f a(s,y +59)ds)—1]d9dy,
Rix &

0

we conclude the desired estimate given by

T
U (¢+¢‘)(y,9)[exp(—f a(s,y+s@)ds)—1]d9dy‘
Rixs 0
< Cll- oy ky = oy s 111D 1 rn ) 10 oo rx -

This completes the proof of the lemma. m|

4.2.2 Stability for the light-ray transform

The light-ray transform 2 of a function f € L'(R"*!) is defined by

RZ(f)O,x):= f f(t,x+t0)dt.
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Using the above Lemma 4.2.1, we can estimate the light-ray transform of the

difference of the two absorption coefficients as follows:

Lemma 4.2.2. Let (a;,k;) € .&/*(My) x ' (M;,M,), j = 1,2, then there exists

C > 0 such that

|%(a)(w,x)| < Cll.dy k, — o, 1,ll, Yw e, ae, x €R™. (4.2.26)
Here C is a constant depending only on Q, T and M;, i = 0,1, 2.

Proof. Let w € & and ¢; € 6,°(4,), j = 1,2. Moreover, let o,(w, ) defined
by (1.4.27). Selecting

" (y,0) = on(w,0)9:(y), ¢ (¥,0) = ¢o(y),

we obtain from (4.2.10), that for any h € (0, 1),

T

U eh(w,e)qsl(y)qbz(y)[exp(—J a(s,y +50)ds)—1]d6 dy|
B xS 0

< Cll-eay 1, — Ay i, 111 @1l | P2l oo ny l@n (05 Ml 1y -
Since [|@y(w, )l 15y = 1, and by (1.4.31) we have

lim L on(e, )] exp(— f

Then, we get

U @(y)@(y)[exp(—J
B,

0

T

T
a(s,y+s0) ds)—l] do = [exp (—J a(s, y+sw) ds)—l].
0
T
a(s,y +sw)ds)— 1]dy’
< Cll-eoy k, — Aoy i 11911 1wy | P2l oo (ny.-
We conclude that

T
exp(—f a(s,y +sw)ds)— 1‘ < CllAoyp,— Aoy, VY€ B, VeI
0
(4.2.27)

Using the fact that |X| < eM |eX — 1] for any X real satisfying |X| < M we found

out that

b

T T
f a(s,y+sw)ds’§eMT exp(—f a(s,y+sw)ds)—1
0 0
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T
where X = J a(s,y +sw)ds. We conclude in light of (4.2.27) the following
0

estimate

T
fa(s,y+sco)ds < Cll Aok, = Aol VYEB, weSs. (42.28)
0

Using the fact that a = a, —a; = 0 outside X, ,, this entails that for all y € 2,

and w € &, we have

< Clldy k, — Ao 1,1 (4.2.29)

f a(s,y +sw)ds
R

Now, if we assume y € B(0,r/2), we get |y + tw| = |t|—|y| = |t| —r/2. Hence,
one can see that

(t,y +tw) ¢ €7, if t > r/2. On the other hand, we have (t,y + tw) ¢ €7, if
t < r/2. Thus, we conclude that (t,y + tw) ¢ 6" D X,, for t € R. This and

the fact that a = a, —a; = 0 outside X, ,, entails that for all y € B(0,r/2) and

%

w € &, we have

a(t,y +tw) =0, YVt €R.

By a similar way, we prove for |y| > T —r/2, that (t,y + tw) ¢ 6~ D X,, for

t € R and then a(t, y + tw) = 0. Hence, we conclude that

< Clldo, b, — Ho,i,lli, Yo, y¢ERB. (4230)

J a(s,y +sw)ds
R

Thus, by (4.2.28) and (4.2.30) we finish the proof of the lemma by getting

SC”"Q{al,kl_"daz,kZHD vwey: yERn'

J a(s,y +sw)ds
R

The proof of Lemma 4.2.1 is complete. a

Our goal is to obtain an estimate linking the Fourier transform with re-
spect to (t,x) of the absorption coefficient a = a,; — a, to the measurement

(e, k, — a,r,) in the conic set E = {(7,£) e R x R", |7| < |E]}.
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Lemma 4.2.3. Let (a;,k;) € .&*(M,) x # (M,,M,), j = 1,2, then there exists

C > 0, such that the following estimate
la(T, &) < Cll-eo, k, — Hay i, |15 (4.2.31)
holds for any (7,&) € E.

Proof. Let (7,£) € E and { € & be such that & - { = 0. Setting
T T2
w=—-E+\|1——-C.
€12 €2
Then, one can see that w € & and w-§ = 7. On the other hand by the change of

variable x = y + tw, we have for all £ € R" and w € &, the following identity

J Z(a)(y, w)e ™V edy =J (J a(s,y +sw) ds) eV Edy
R Rn R
= f f a(t,x)e ™ et S dxdt
R JR

—d(w-£,8)=a(r,£),

where we have set (w - &£,&) = (1,&) € E. Bearing in mind that for any t € R,

Supp a(t,-) € Q c B(0,r/2), we obtain

f R(a)(y, w)e "V dy =a(r, ).
R"NB(0,5+T)

Then, in view of Lemma 4.2.2, we complets the proof of the Lemma 4.2.3. O

We now give the following result which is proved in [11].

Lemma 4.2.4. Let 0 be an open set of B(0,1) C R"*!, and F an analytic function
in B(0,2), such that: there exist constant M, n > 0 such that

Miy|!

il y € (NuU{0o})™*.

1OTF || oo (p(0,2)) =

Then,
IF | oo (aioay < (2M)H||F|IY

Le(o)
where u € (0,1) depends on n,m and |0|. Here |y| =y;+-++y ., andB(0,p) =
{y eR™, |yl <p}.
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We are now in position to state our main result of this section

Theorem 4.2.5. Let T > 2r. There exist C > 0 and u,m € (0, 1), such that if

||Vdal’k1 - "Q{az,kzlll S m; we have

llay — aalli e,y < C (e, s, — Aoy 117 + 1108 .y 4, — oy i 11 17),
(4.2.32)

for ary (ajJ k ) € "Qf*(MO) X %(MDMZ)) ] = 15 2.

J
Moreover, if we assume that a; € H™ (Qq), s > 5%, with ||lajllgs,) < M,
j = 1,2, for some constant M > 0, then there exist C > 0 and u, € (0,1) such

that

251

lay — aallyeee, ) < C (g, = Fay i 117 + 1108 .y 4, — i1 7H)
(4.2.33)
where C depends only on Q, T,nand M;, i =0, 1,2.

Proof. For a fixed a > 0, we set F,(7,&) = a(a(r,&)), forall (7,&) € R™!. Itis

easy to see that F, is analytic and we have

|07F (7,&)| = |8YJ a(t,x)e et ¢ dxdt|

Rn+1

= ‘J a(t, x)(—)"a"(t, x)re MDD xd t|.
Rn+1

This entails that

|
187 F,(7, 8)| < f la(t, x)la"(1xP+62) F dxdt < llallpigy, @272 < C(T'il')me“-
Rn+1

Then, applying Lemma 4.2.4 in the set 0 = EN B(0,1) with M = Ce® and

n =T, where

E={(t,5) eRxR", 7| <|&]}.

So, we can find a constant u € (0, 1), such that we have for all (7, &) € B(0, 1),

the following estimation
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|Fu(7, )| = [a(a(r, £)) < Ce* IR, |l (7,€) €B(0,1).

Loo(ﬁ))

Now, we will find an estimate for the Fourier transform of the absorption coef-
ficient a in a suitable ball. Using the fact that aE = {a(7,¢&), (1,§) € E} = E,

we obtain for all (7,&) € B(0,a)

a7, &) = [F(a™' (7, E)I < Ce®MF, e )

< Ce®—M)|g|I* .
| IILOO(B(M)WE (4.2.34)

< ce®Ma|” ..
Lo(E

Our goal now is to deduce an estimate that links the unknown coefficient a

to the measurement ./, ; — .</, To obtain such estimate, we need first to

2,ka*
decompose the H™}(R""!) norm of a into the following way

2
lall? ey

1/u
= (f (1+](z, E)IZ)‘lla(f,é)lzdédr+f (1+I(T,E)IZ)‘lla‘(T,é)lzdédf)
I(,8)I<a I(7,8)za

R _ 1/u
< C (@™ @l a0, + @ 2Nall ) -

Therefore, by using (6.5.88) and Lemma 4.2.4, we get

lall <

- 2 _2\/u
H*I(RH‘FI) — (an+1eza(1 M)”"dal,kl - "Q{az,kz ||1,u +a 2)

IA

C

ntl o a(l-p) —
C (" T Ay g, — Ay 12 + a7
C

IA

(eNa”"dal,kl - ’daz,kz ”% + a—Z/H) 2

where N depends on n and u. Next, we minimize the right hand-side of the
above inequality with respect to a. We need to take a sufficiently large. So,

there exists a constant ¢ > 0 such that if 0 < ||.e/, , —., i I, <c, and
1
@ = 11081y, 1, — s,

then, we have the following estimation

_ u/2
lallix, ) < lallg-rgey < C (I1-ay g = Ly i, Il + 110g |17y, 1, — oy 1, [1117#)

2.kz

/2 -
< C (|-t — Ay s 1Y + Nog .y 1, — oy 117



Chapter 4. Stable determination of a time-depend coefficient for the linear
74 Boltzmann equation

Let us now consider 6 such that s > "T_l + 6. By using Sobolev’s interpolation

inequality, we get

||a||L°°(Xr,*) < C||a||H%l+5(Xr,*)

1—
< Cllally by, el

1_
< Cllall, o

for some 3 € (0,1). This completes the proof. a

4.3 Determination of the absorption coefficients from

boundary measurements and final observations

In this section, we will extend the stability estimates obtained in the first case
to a larger region X, ; O X, ,. We shall consider the geometric optics solutions
constructed in Chapter 3, associated with a function ¢ obeying Supp ¢ *(-, 6)N
Q = (). Note that this time, we have more flexibility on the choice of the support
of the function ¢~ and we don’t need to assume that Supp ¢ (-,0)£TONQ =0
any more. We define the measurements in this case are given by the following

response operator

Aot £, (B - AT =27 (T x Q)
f — ~a,k(f) = (ug+, u(T,+,-)),

associated to the problem (4.1.1) with uy, = 0. We denote by

A () =uge, G5 (F)=u(T,, ).

Here we will find that the absorption coefficient a can be stably recovered in
a larger region if we further know the final data of the solution u of the linear
Boltzmann equation (4.1.1). In the rest of this section, we define a = a,—a; in

Q; and a = 0 on R""! \ Q. We shall first prove the following statement:

Lemma 4.3.1. Let (a;,k;) € AN My) x A (M, M,), j =1, 2. There exists C > 0

J’

such that for any ¢* € €°(R", 6()), with Supp ¢*(-,0) N B(0,r/2) =0, for
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all 6 € &, the following estimate holds true

T
‘f (¢+¢_)(y,9)[exp(—f a(s,y-f—s@)ds)—l]d@dy‘
Rnx . 0
< Clldy ke, = Ay 1, 111D F 11wy 10 Moo e )-
Here C depends only on Q, T, and M;, i =0,1,2.

Proof. In view of Lemma 3.4.1, and using the fact that Supp ¢*(-,0)NQ = 0,

there exists a G.o solution u; to the equation
Ju+ 6 - Vu+ay(t,x)u= M, [ul(t,x,0) in Qr,
u(0,x,80)=0 in Q,

in the following form
u, (t,x,0) = ¢;(t,x,0)b, (t,x,0)+;(t,x,0), (4.3.1)

corresponding to the absorption coefficients a, and the scattering coefficients
k,, where the remainder term zp;{(t,x, 0) satisfies (4.2.6). Next, we set the

function
falt, x,0) :=u;(t,x,0)5 = @, (t,x,0)b, (t,x,0).
We denote by u; the solution of
Suy + 0 - Vuy +ay(t, x)u; = A [uy] in Qp,

u;,(0,x,0)=0 in Q,
u,(t,x,0)=f,(t,x,0) on .

Putting u = u; —u;. Then, u is a solution to the following system

Ju+0-Vu+a,(t,x)u= M [u]l+a(t,x)u; —A[u;] in Qr,
u(0,x,0)=0 in Q, (4.3.2)
u(t,x,0)=0 on X .

On the other hand, Lemma 3.4.2 guarantees the existence of a G.O-solution u;,

to the adjoint problem

u+0-Vu—a,(t,x)u= —‘/%:;[u](t,x, 0) in Q,
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corresponding to the coefficients a; and k;, in the form
U, (t,x,0) =9, (t,x,0)b_, (t,x,0) +;(t,x,0), (4.3.3)

where ¢} (t, x, 0) satisfies (4.2.7). We multiply the first equation of (4.3.2) by

u,, and we integrate by parts, we obtain

f a(t,x)uy u, dOdxdt— | Ap[u;1(t,x,0)u;(t,x,0)d6 dxdt
Qr Qr

= J 0 - v(x)(;zfalz,k2 — ,efall,kl)(fk)u;dG dxdt
Z+

+J (A2 —di V) (T, x,0)d0 dx. (4.3.4)
S x0

By replacing u; and u, by their expressions, we obtain

‘f (¢+¢_)(y,9)[exp(—f a(s,y +39)ds)—1:|d9dy‘
Rix 0

<c|e. = Ifallgemn + 102, = G2 Wil ][ 1651w + 15 (Dl o

< Cll-di s, = oo Iy Wl -y 25 L
where
Z, = (u;mH u, (T,-,-)).
Then, by using (4.2.24) and (4.2.25) and the fact that

15 (T, Mlgaey < € (195 (T, ooy + 195(T - Mlacey)

< Cllgp*lpoorrxry-

(4.3.5)

We complete the proof of Lemma 4.3.1. a

Lemma 4.3.2. Let (a;,k;) € A (My) x A (My,M,), j = 1,2, then there exists

C > 0 such that

|#(a)(0,x)| < Cll.d, v, — Fo1,l,, VOES, xR (4.3.6)

Proof. We consider ¢*, such that Supp ¢*(-,0) N B(0,%). Using Lemma 4.3.1

and repeating the arguments used in Lemma 4.2.2, we obtain this estimate
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J a(s,y +s0)ds
R

~ ~ r
< Cllidy s, — sl VO, y£B(0.7). @3.7)

Letnow y € B (O, g), let us show that a(t,y +t0) = 0, for any t € R. Indeed,

we have

ly + 0] = [t] =]yl

So, we deduce that for all t > 5 we have (t,y +t0) ¢ €7. Andif t < 7, we
have also that (t,y +t6) ¢ €. Since X,;, =X N%6". We have (t,y +t0) ¢ X,,,

for any t € R. Then using the fact that a = a, —a; = 0 outside X, ; we obtain,

Ja(t,y+t9)dt:O, ‘v’yeB(O,z). (4.3.8)
. 2

In light of (4.3.7) and (4.3.8), the proof of Lemma 4.3.2 is completed. O

Next, using the above result and in the same way as in Section 2, we drive

our second result.

Theorem 4.3.3. Let T > 2r. There exist C > 0 and u,m € (0, 1), such that if

||d‘al’kl - jaz,kzlll S m; we have

~ ~ 2 ~ ~ _
lay = yllysx, < C (It = iy, 14 + 1108 1.7y 1, — i, 17,
(4.3.9)

for any (a;, k;) € (M) x A (M, M,), j =1,2.

J
Moreover, if we assume that a; € H (Qq), s > "2, with ||ajllgs,y < M,
j = 1,2, for some constant M > 0, then there exist C > 0 and u, € (0, 1) such

that

~ ~ /2 ~ ~ _ 151
lay — ol ieor, ) < C (s sy, — oy, 1472 + 1108 | s, — iy 017
(4.3.10)

where C depends only on Q,T,nand M;, i =0, 1, 2.
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4.4 Determination of the absorption coefficient from
boundary measurements and final observation
by varying the initial data

In this section we deal with the same problem treated in Section 2 and 3, except
our data will be the response of the medium for all possible initial data. Here
we will determine the time-dependent coefficient a over the whole domain. We
define the following space J{p S ,Sfp_(Z_) xLP(Q). Let’s first define the operator
Gk

I
g=(f,uy) — ja,k(g) = (u|2+,u(T, ).
We denote by

jal’k(g) = Uz+ jaz’k(g) :u(T,':')-

We start by introducing the following Lemma in which we get an estimate link-
ing the Light-ray transform of the absorption coefficient a and the associated

response maps %, .

Lemma 4.4.1. Let (a;,k;) € &/ (M) x #(M;,M,), j = 1,2, then there exists

C > 0 such that

12(a)(0,X) <CllIy . — I, VOES, xR, (4.4.1)

Proof. Let ¢p* € 6, °(R", 6()). For A sufficiently large, Lemma 3.4.2 guaran-

tees the existence of G.O-solution uI to

Su+ 6 - Vu+ay(t,x)u= M, [ul(t,x,0)

in the following form

u, (t,x,0) = ¢;(t,x,0)b, (t,x,0)+;(t,x,0), (4.4.2)
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corresponding to the coefficients a, and k,, here the remainder term v; (¢, x, 6)

satisfies (3.4.11), (3.4.12). Now, we denote by f, the function
falt, x,0) :=u;(t,x,0)5- = ¢, (t,x,0)b, (t,x,0) and uy(x,6)=u,(0,x,0).

We remark here that u, not necessary zero since (4.2.8) not necessary satisfied.

We denote by u; the solution of

Suy + 0 - Vuy +a;(t, xJu; = Ay [uy] in Qp,
ul(O:x)Q)ZHO(X’Q) in Q,
u,(t,x,0)=f,(t,x,0) on X

Putting u = u; —u;. Then, u is a solution to the following system

Ju+0-Vu+a;(t,xJu= A [u] +a(t,x)u; — A[u;] in Qy,
u(0,x,0)=0 in Q, (4.4.3)
u(t,x,0)=0 on X,

where a = a,—a, and k = k,—k;. Applying Lemma 3.4.2, once more for A large

enough, we may find a G.O-solution u; to the backward problem of (4.1.1)
gu+0-Vu—a,(t,x)u= —J%{’:[u](t,x, 0),
corresponding to the coefficients a; and k;, in the form
u, (t,x,0) =@, (t,x,0)b_, (t,x,0)+ ¢y, (¢t,x,0), (4.4.49)

where v (t, x, 0) satisfies (4.2.7). Multiplying the equation (4.4.3) by u;, in-

tegrating by parts and using Green’s formula, we get

J a(t,x)u; u; dOdxdt— | MLu;1(t,x,0)u,(t,x,0)d6 dxdt
Qr Qr

= J 0 - v(x)(ﬂalz’k2 —jall’kl)(g,l)u;dG dxdt
>+
+ f (2 — e e (T,x,0)dO dx, (4.4.5)
xR

where

&L= (uLZ_’ UI(O, * ))
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Now, replacing u; and u; by their expressions and proceeding as in the proof

of Lemma 4.3.1, we get

\f (¢+¢-)(y,e)[exp(—f
Rixs

0

< CllIa iy = Fas b 10 i rn ) 107 Il oo rn ).

Ta(s,y+s@)ds)—1]d9dy‘

Now, in order to complete the proof of Lemma 4.4.1, it will be enough to fix
y € R", consider ¢ defined as before, and proceed as in the proof of Lemma

4.3.2. O

Next, by repeating the arguments used in the previous sections, we drive the

result of this part as following:

Theorem 4.4.2. Let T > 2r. There exist C > 0 and u,m € (0, 1), such that if

||ya1’kl _yaz,kznl S m, we have

lay = asllsayy < C (119, — Sy o147 + 1108 1.9, 1 = F0 i 11 7H), (4.4.6)

for any (a;, k;) € o/ (M) x (M, M,), j=1,2.

Moreover, if we assume that a; € H (Qq), s > 5%, with ||ajllgs,) < M,
j = 1,2, for some constant M > 0, then there exist C > 0 and u, € (0, 1) such

that

2 1\
llay = @allyooay) < € (180 by — T I+ 1H0g 154, 4, — Sy 11 7H) T (4.47)

where C depends only on Q,T,nand M;, i =0, 1, 2.



Chapter 5

Stability in the determination of a
time-dependent coefficients for the
linear Boltzmann equation with a

finite number of measurements

5.1 Introduction

In this chapter, we study the stability in the inverse problem of determining the
time dependent coefficients appearing in the linear Boltzmann equation (3.2.1),
via a finite number of measurements on the boundary. We prove in dimension
n > 2 a lipshitz stability estimate in the determination of the absorption coeffi-
cient appearing in the linear Boltzmann equation from a finite number of data
measured on a boundary. Here, analogously to the previous chapter, we will
use the same notation and the same three cases as in Chapter 4. For this, we
need to recall some notion given in Chapter 4. Let r > 0 be such that T > 2r,
such that Q € B(0,r/2) = {x € R",|x| <r/2}. We set X, = (0,T) x B(0,r/2)

and we consider the annular region around the domain €2,

gfirZ{xeRn, £<|x|<T—£}.
2 2
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We define the forward and backward light cone:

€= {(t,x) ex,, |x|<t— % t> %} (5.1.1)
_ r r
© :{(t,x)EXr, |x|<T—E—t,T—§>t}. (5.1.2)

We denote

X, =QNE’, and X, ,=Q;NE NG .

5.2 Stability result of the absorption coefficient in
a specific subset of the whole domain

In this section, we will prove a stability result of the time-dependent absorption
coefficient a in a specific subset X, of the whole domain, without any assump-
tions about the initial or final data of the solution. In the rest of this section,
we extend a in R*! by a = a, —a, in Q; and a = 0 on R*!\Q,. This is
by means of the geometric optics solutions introduced in Chapter 3, associated
with a function ¢*, where assume that Supp ¢*(-,0) C 43,, in such a way we

have
Supp(¢)(-,0)NQ=0 VO Supp(¢ )(-,0)£TO)NQ=0, VOe.

We consider the admissible set of the absorption coefficient a in X, ,. Given a, €

€'(Qq), let {p?,..., p;} the linearly independent set in C'(X,,,). We denote
xc =Span{p},---,p;}
We set
1M, a0) ={a €y (M), a=a,inX, \ X, ; llall o,y <M},

where

x5 (M) = {a € x;; such thata € C'(Q;)}.

We start with the following lemma, which is given in [41], will be essential for

the proof of our main result.
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Lemma 5.2.1. There exist w; € & and ¢; € 6,°(AB,), j =1,--- , k such that the
matrix A* = (afj)i’ j» with entries defined by
a :=J (P!, X)p2(x)dx,
RH

is invertible. Here

Z(p;)w;,x) = f pi(t,x —tw;)dt.

R

Next, we show an estimate which relates the differential of the two absorp-

tion coefficients to the albedo operator.

Lemma 5.2.2. Let (a;,k;) € x*(M,a,) x A (M;,M,), j = 1, 2 such that k; =
a;ky, with ko € #'(M;,M,) and w € &. There exists C; > 0, such that for
any ¢, € 65°(%,) and any large A > 0, there exist f; € L'(X7) such that the

following estimate holds true
U f #3(1)aGs,y +50)ds| < CW)lalluwqa,y
RT JR

+ Gl (»‘27:12,1(2 - "Jal,kl) G oDl

Here C(A) — 0, A — oo and C; depends only on Q, T, M and M;, i = 1,2 and
,efaj’kj (f;) denotes the zero extension of Lk, (f2) on 8Q and X} is given by

5 ={(t,x)€(0,T)x 30 : w- ¥(x)>0}.

Proof. In view of Lemma 3.4.1, and using the fact that Supp ¢*(-,0) N Q = 0,

there exists a G.O-solution u] to the equation

atu+9.vu+a2(t7x)u:‘/sz[u](taxye) (t)X:Q)EQTa
u(0,x,8) =0 (t,x)€Q,

in the following form
u; (t,x,0) = 5 (t,x,0)b,, (t,x,0)+;(t,x,0),

corresponding to the coefficients a, and k,, where 4 (t, x, 6) satisfies (3.4.11)

and (3.4.12). Next, let us denote by f, the function

falt, x,0) :=u;(t,x,0)5- =@, (t,x,0)b, (t,x,0)x.
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We denote by u; the solution of

atul+9.vul+al(trx)ul:J%(l[ul] (tJXJQ)EQT)
ul(oixae)zo (X,Q)EQ,
u,(t,x,0)=f,(t,x,0) (t,x,0)ex".

Putting u = u; —u;. Then, u is a solution to the following system

u+0-Vu+a(t,x)u= M [ul+a(t,Ju; —Au;] (t,x,0)€Qy,
u(0,x,0)=0 (x,0)€Q,

u(t,x,80)=0 (t,x,0)ex,
(5.2.1)

where a = a, —a; and k = k, —k; = ak,. On the other hand by Lemma 3.4.2
and the fact that (Supp ¢,(-,0) £ TO)NQ =@, we can find of a solution u, to

the backward problem

ou+0-Vu—a,(t,x)u= —J%(‘:[u](t,x, 0) in Qr,
u(T,x,0)=0 in Q,

corresponding to the coefficients a; and k;, in the form
u, (8,x,0) =@, (t,x,0)b_, (t,x,0) + ¢, (t,x,0), (5.2.2)

here the remainder term v, (¢, x, ) satisfies the estimates (3.4.19) and (3.4.20).
Multiplying the first equation of (5.2.1) by u;, integrating by parts and using
Green’s formula, we obtain
J a(t,x)uyu, dOdxdt— |  A[u;1(t,x,0)u;(t,x,0)dO dxdt
Qr Qr

= f 0 - v(x)( Ay, k, — Hay 1, ), dOdx dt. (5.2.3)
>t
By replacing u; and u, by their expressions, we obtain

f a(t,x)u}[u;d@dxdt=f a(t,x)e;(t,x,0)p, (t,x,0)b,(t,x,0)d0dxdt
Qr Qr

+ J a(t,x)p; (t,x,0)b_, (t,x,00);(t,x,0)d6 dxdt
Qr
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+ f a(t,x)e, (t,x,0)b, (t,x,0)y;(t,x,0)d0 dxdt
Qr

+ J a(t,x)y;(t,x,0)y;(t,x,0)d0 dxdt
Qr

= J a(t,x); (t,x,0)p; (t,x,0)b,(t,x,0)d0 dx dt + 4, ;,
Qr
(5.2.4)

where .#, ; represents the sum of the integrals that contain terms with v} and
Y3
Firstly, we will prove that there exists C(A), where C(1) > 0, C(1) — 0 as

A — o0, such that

19,1+ ( M u;dO dx dt) < Cllall oo (5.2.5)
Qr

By (3.4.12) and (3.4.20), we get A > 0,

1921 < Cllalleogany (195 |20y + 1197 )

S Cl()‘)“a”Loo(QT)’ C]_(A,) —> O, A. — OQ.

(5.2.6)

Moreover, we have

J ,/%([uI]u;dexdt=J Moy by, 1(t, x,0) 05 (t,x,0)b_, (t,x,0)d0 dx dt
Qr Qr
+ | M7t x,0)9; (t,x,0)b_, (t,x,0)d0 dx dt
Qr

+ | MLy b 1(t,x,0)y;(t,x,0)d6 dx dt
Qr

+ | MY It x,0), (t,x,0)d0 dx dt
Qr
= J a(t, x) M, [9; by, 1(t, x,0)p; (t,x,0)b_, (t,x,0)d0 dx dt + .4,
Qr
where

Foa = J a(t, x) M, [ 1(t, x,0)9, (t,x,0)b_, (t,x,0)d6 dx dt
Qr

+ J a(t, x) A [@; by, 1(t, x, 005 (t,x,0)d6 dx dt
Qr
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+ J a(t, x) M, (Y310t x,0)y  (t,x,0)d6 dx dt.
Qr
By (1.3.9), we get
2] = Cllalleoay (”“L/JI“LZ(QT) + ||¢;||L2(QT))' (5.2.7)
Then by (3.4.12) and (3.4.20), we have
|22 < Ci(Mllallpeoq,), C1(A) =0, A — o0. (5.2.8)

On the other hand, by the Cauchy-Schwartz inequality, we obtain

J a(t,x) N [3 by, 1(t,x,0)0; (t,x,0)b_, (t,x,0)d0 dxdt
Qr
< Cllallyeega) [ AL 95 be, g,y 5229
and by (1.3.10), we have
f a(t, x) M, [9; by, 1(t,x,0)p; (t,x,0)b_, (t,x,0)d0 dx dt < Cy(A)llalleo(q,),
Qr

Cy(A) = 0, A — oo.
(5.2.10)

In light of (5.2.4), we have
f a(t,x)p*(t,x,0)o (t,x,0)b,(t,x,0)d0 dxdt
Qr
= f 0 - v(x)( Ay, — Ay, 1, )(fH)u; dOdxdt — %, (5.2.11)
=+
where the remainder term .#, is given by

‘ﬂl = jl,?t _UdZ,l - J%{[(Pi—baz](t, X, 0)‘10}7(1—5 X, G)b—al(tnx) e)de dxdt.
Qr

We get from (5.2.6), (5.2.8) and (5.2.10)

1] < C)llall g,y C(A) =0, A — oo. (5.2.12)
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Then, we conclude that there exists C(A) verifies (5.2.5).

Thus, by (5.2.11) and (5.2.5), we get
‘ f a(t,x)e ¢ (t,x,0)b,(t,x,0)d6 dx dt‘
Qr

< C(Mllall e g,y +J

=

Kﬂyﬂz,kz - "Q{al,kl)(fx)ugl dfdxdt.

Next, using the fact a(t,-) = 0 outside Q and by changing of variables y =

x —t0, we get

‘ J a(t,x)e ¢ (t,x,0)b,(t,x,0)d6 dx dt‘
Qr

b

T t
f J a(t,y+t9)<;b+(y,9)¢_(y,Q)exp(—f a(s,y+59)ds)d9dy dt
0 Rx. &

0

and bearing in mind that

t

T
J f a(t,y+t9)¢+(y,9)¢_(y,9)exp(—J a(s,y +s0)ds)d dy dt
0 Rx 0

= _f f o (y,0)(y, 9)%[ exp(—f a(s,y +39)ds):| dodydt
0 Rix & 0

:—f (qb*d)‘)(y,@)[exp(—f a(s,y +59)ds)—1]d9dy,
Rix &

0

then, we get the following estimate

T

‘f (¢+¢_)(y,9)[exp(—f a(s,y+39)ds)—1:|d9dy‘
R'x&

0

< CMllall e,y + J (o, = Aoy 1o )2y [ dO dx dit.

Z+
Now, let w € & and ¢; € 6,°(4,), j = 1,2. Moreover, let o,(w, ) defined by
(1.4.27). Selecting

¢+(J’;9):Qh(w:9)¢1(3’), ¢_(}’,9):¢1(J’)

Then, we have

T

f Qh(w,9)¢f(y)[exp(—f a(s,y +59)ds)—1]d9dy‘
Rix &

0
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< CMllallzooayy +J (o, = o, 1, JFI(E, x, 0)u; (8, x,0)|dO dx dt.

>+

where

u;(t, X, (,()) — d)l(x _ tQ)efo al(s,x—se)ds—il(t—xﬁ).

Next, by (1.4.31) we get

T

mfwxy enlw, 0)p2(y)| exp(—f a(s,y +s60)ds)—1]dody

0
:f ¢f(y)[exp(—f a(s,y+59)ds)—1]dy, (5.2.13)
Rn 0

and
}llirqj oy, =y (O, 005 (£, x, 0)] 46 dx d
e Z+

=f (o ke, = Ay 1k JFI(E, X, )T (8, x, )| dx dt, (5.2.14)
»t

w

where

\I/;(t, X, O)) — ¢1(X . tw)efo al(s,x—sw)ds—il(t—x-w).

Then, we get the following estimate

J d)f(y)[exp(—J a(s,y +59)ds)— 1]dy

< CM)llallpeo(,y + f |( Ay e, — Sy 1 L X, 0T (8, X, )| dx dt,

(0,T)x2Q
(5.2.15)

where Veiaj’kj (f2) denotes the zero extension of ./, ; (f;) on 9Q.

That is

T
f ¢f(y)eXP(—J a(s,y+sw)ds)—1‘ (5.2.16)
R 0

< C(Mllallyooa,y + Cll (Hyky — Aoy 1) FIC -, ol VyeRB, Voes.
(5.2.17)
Next, using the fact that |X| < eM |e* — 1| for any X real satisfying |X| < M we

found out that

b

T T
f a(s,y+sw)ds’§eMT exp(—f a(s,y+sw)ds)—1
0 0
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T
where X = f a(s,y +sw)ds.

0
We conclude in light of (5.2.16) the following estimate

T
f f ¢f(y)a(s,y+sw)ds( (5.2.18)
R JO

< C(Mallysoqay + ClHN(Aay sy = Fay i) FIC s iy, Vy € B, Vo €.
(5.2.19)

Using the fact that a = a, —a; = 0 outside X, ,, this entails that for all y € %,

and w € &, we have

f f¢f(y)a(s,y +sw)ds) (5.2.20)
R JR

< C(A')”a”LoO(QT) + C” ("Qfaz,kz - "Qial,kl) (fl)(: * w)”Ll(Z;)) V.y € %r: Vwe .
(5.2.21)

Now, if we assume y € B(0,r/2), we get |y +tw| = |t|—|y| = |t| —r/2. Hence,
one can see that

(s,y +sw) ¢ 6, ifs > r/2. On the other hand, we have (s,y +sw) ¢ €7, if
s < r/2. Thus, we conclude that (s,y +sw) ¢ ¢ D> X,, for s € R. This and
the fact that a = a, —a; = 0 outside X, ,, entails that for all y € B(0,r/2) and

w € &, we have

a(t,y +sw) =0, Vs €R.

By a similar way, we prove for |y| = T —r/2, that (s,y +sw) ¢ 6 D X,, for

s € R and then a(s, y +sw) = 0. Hence, we conclude that

J J d2(y)als,y +sw)ds
R JR

< C(Mllallpsoqayy + CIN( Aoy, = Fas 1) FC s sy, VO €S, y & B,
(5.2.23)

(5.2.22)

Thus, by (5.2.20) and (5.2.22), we finish the proof of the lemma by getting

‘ f J ¢i(y)als,y +sw)ds
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< CMNallpeoqp+CIl (Foy k= Fay 1) FC s Ollnnes), Vo €, y R
(5.2.24)

This completes the proof of the lemma. a

We are now in position to state our result.

Theorem 5.2.3. Let T > 2r, then there exist w; € & and f; € L'(Z}), i =

1---k, such that

lla; — a2||L°°(Xr’*) < C sup || (»‘Qfaz,k2 - v‘zfal,kl) (f(i))(', Y wi)”Ll(ZL): (5.2.25)

1<i<k

for any (aj,kj) € xi(M,ay) x A (My;,M,), j = 1,2, such that k; = a;ky, where

ko € # (My, M,).

Proof. We consider in (5.2.16) w as the direction w,,- -, w;, and ¢, as the

qbll, .-+, ¢k given by Lemma (5.2.1). Define maps B, fori =1,--- ,k by

T
Bi(a) = J J (qbgi)(x + tcoi))2 a(t,x)dxdt, a€ y,.
0o Ja

Let fl(i) € L}(X7) satisfy the assumptions in Lemma 5.2.2 with respect to ¢§i)

and w;, i =1,---,k. Then, for any a,, a, € (M, a;), we have

~

1B (@)l < CWllallieeay) + CI (Fay, = Far ) )0 s 0l ). (5-2.26)

Let e; = (1,0,---,0), e, = (0,1,0,---,0), ---, e, = (0,0,---,0,1) and let us

define a linear map B* : y; — R* on the finite dimensional space X as follows

k
B*(a) = ZB;(a)ej, P E Xy
j=1
Then, we get

|B*(a)| < sup |B;(a)|

1<i<k

< Clallyoayy + € sup I (o, = iy t) ()05 0l -

|
1<i<k

Seeing that B* is independent of A so will be (B*)™!, and we have:
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lal < |(B")7'B*(a)

< Callogay) +C 5P Il (T, = oy 0) ()0 e o (5227
1 L

<i<

So, we have

lalliesqan < Clalliogay + € sup | (Ao iy — A 1) LG @i .
1<i< t
(5.2.28)

We now choose A such that C(A) < 1/2, we complete the proof of the Theorem.

O

Remark 5.2.4. We proceed as in previous section we can extend the previous sta-

bility result in the large regions X,y and on the whole domain.






Part 11

Parabolic inverse problems






Chapter 6

Stable determination of coefficient
in a parabolic equation from a
Dirichlet-to-Neumann map on an

arbitrary small time

6.1 Introduction

In this chapter, we analyse the inverse problem of determining the zero-th order
coefficient in a parabolic equation, from full or partial observation of the solu-
tion on the boundary, when the measurement is performed on in an arbitrarily
small time interval. Namely, we prove log stable determination of this coeffi-
cient with respect to the full or partial Dirichlet-to-Neumann map measured on
an arbitrary time subinterval of (0, T). We tackle this problem with two dif-
ferent approaches. In the first one, we use appropriate time-shifted complex
geometrical optics functions. In the second approach, we use the CGO func-
tions introduced in [32] that we multiply by a suitable time varying truncation

function.
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6.2 Analysis of the forward problem

In this section we introduce some notations and we recall some known facts
about the well-posedness of the forward parabolic problem.

Let Q be a C?-bounded domain of R*, n > 2. For T > 0, we set Q = Q X
(0,T) and ¥ = 9 x (0, T). We consider the following diffusion equation with

boundary conditions

du—Au+q(x)u=0 in Q,
u(0,x)=0 in Q, (6.2.1)
u(t,x) = f(t,x), on I,

where g € L°°(2). This system describes the time evolution of the heat propa-
gation through a homogeneous body.
We consider the parabolic Dirichlet-to-Neumann map (abbreviated to D-to-N

map in the following) associated to the system (6.2.1), given by

Ay f—3du

qz’

where U, is the solution of (6.2.1) and v denotes the outward unit normal vector
on X.
In order to well define the D-to-N associated to (6.2.1), we introduce

H;’, r,s > 0 the functional space
Hy'(2)=L*(0,T; H"(9Q)) N H}(0, T; L*(99)).
We also define the spaces #,(Q) = {u € L*(Q); (£0,—A)u € L*(Q)}, with norm

1/2
1l ) = (el 2g) + 1(£8, — Aull o) -

Following Lions and Magenes [53], the dual space of H,’(X) is H"*(X), and
Choulli and Kian [32] proved that the dual space of H %’%(2) isH _%’_%(Z).

We recall the following Lemma on the unique existence of a weak solution to
the problem (6.2.1). It is know that this problem is well-posed, and we have
the following result which is borrowed from (Proposition 2.3 and Proposition

2.4 [32].
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Lemma 6.2.1. Let g € L*°(Q), f € H_%’_%(Z). Then the IBVP (6.2.1) admits a

unique transposition solution u, € #.(Q) satisfying

el < CIUF g3 (6.2.2)

where the constant C depends only on Q and M. Therefore the parabolic DtN map
A, is a bounded operator from H_%’_%(Z) to H_%’_%(ZI).

We also have this important Lemma shows that A,—A;, with q;,q, € L*°(£2),

has a better regularity than A; and A, individually.

Lemma 6.2.2. Let q;,q, € L°°(2). Then A, — A, is a bounded operator from
1 1 11
H™274(X) to H>#(%).

Pick T, € (0,T), € € (0,min(T,,T —T,)) and set X, = dQ x (T, —¢, T, +€).
We introduce the time localized parabolic Dirichlet-to-Neumann map associated

to the system (6.2.1), given as

Ay: H375(Z,) H™373(%,)
: ’ — ’ ,
‘ ° ) ° (6.2.3)
f — R )=y, ,
where ¥y = (T,—¢,T,+€)xI, T =0Q,T,€(0,T), e € (0,min(T,, T—T,)) and
u, is the unique solution of (6.2.1) and v(x) denotes the unit outward normal

to dT" at x. It follow from Lemma 6.2.1 that /\q is a bounded operator from

_1_

2 ‘l‘(zo) to H 472 (%o)-

For w € &™1, the unit sphere of R", and we introduce
I*={xeTl : £w-v(x)> 0}, (6.2.4)
and we denote by *(w) = I'* x (0, T). Next, we choose w, € "}, and fix
o > 0, we introduce
I p(wo) ={x €T; v(x)-wo>p}; I ,(wo) =T\, (o),
% p(wo) = (T.— €, T.+€) x T, @), T_,(wo) = B\ Ty (o).
We introduce now, the local time localized D-to-N map by
A H27H(S) — H (3 (),

ﬁ (6.2.5)
f —_ Aq(f) = avuqm_’g(wo)'



Chapter 6. Stable determination of coefficient in a parabolic equation from a
98 Dirichlet-to-Neumann map on an arbitrary small time

It follow from Lemma 6.2.1 that /\q is a bounded operator from H _%’_%(20) to

H™#73(5_ ().

6.3 Carleman type estimates

In this section, inspired by [16], we drive a parabolic version for an elliptic Car-
leman inequality, which is a key ingredient for building suitable CGO solutions.
In order to formulate our Carleman estimate, we introduce the following weight

function ¢,, for w € " and A >0,

0 (t,x;w)=Aw-x+ A%, (t,x)€Q.

For the sake of simplicity, we use in the sequel the following notations

22 =1%Q,e***dxdt).

Set
M ={q€L=(Q); llqllyeo(n) <M}

Then we have the following Carleman type estimate.

Lemma 6.3.1. Let q € #. Then, there exist two constants A, > 0 and C > 0,
both of them depending only on M and Q, such that the following estimate:
Azf e 29 |ul?dxdt + f e 29 |u(T, x)|>dx + AJ (w-v)e 2?40, ul*dodt
Q Q It (w)

< Cf e 2%2(8, — A+ q)u|*dxdt — AJ (w - v)e2%40,ul*dodt,
Q

Y (w)

holds for every u € H>'(Q) satisfying ujy, = 0 and uj,—o = 0, and for all A > 2.

Proof. Firstly, we conjugate the operator P = (J,—A) by the exponential weight
function e¥*

P, ,v =e ¥ Pe¥tv,

1

where v is given by

v(t,x)=e "u(t,x), (t,x)€QqQ.
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By simple computation, we may write P, ,, as

P, ,v=—Av+(0,—2Aw-V)y =P,y +Pv.

P

Next, let us denote
b = f e 2%4(8, — Au(t, x)|*dxdt = J P, v(t,x)|*dxdt.
Q Q
Thus, we have
g, = J (1w (£, )12 + [Py (e, %) + 2Pyv(t, x)Pyv(t, x) )dxdt.
Q
On the other hand, we have

ZJPZV(t,x)Plv(t,x)dxdt = 2| —Av(0,v—2Aw Vv)dxdt
Q Q

= ZJ —Avd,vdxdt +47Lf Av(w - Vv)dxdt
Q Q

- jl,l+y2,l‘

Now, by using Green’s formula and the fact that v,_q = 0, we get

12 =—2f Avo,vdxdt
Q
= —ZJ Vv -V(3,v)dxdt
Qd
=—f —|Vv|?dxdt
o dt

= —f |Vv(T, x)|*dx.
Q
Using Poincaré inequality, we get

f |VVv(T, x)]*dx > CJ [v(T,x)|?dx, where C = C(Q).
Q Q

Next, by a simple calculation, we get
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Iy = ZAJ Av(w - Vv)dxdt
Q

—ZAJ Zazv(t x)ZcoJ8 v(t,x)dxdt

le

22 Z 82v(t x)ew! dv(t, x)dxdt

]k 1
ﬁk Zakvwfﬁv dxdt—?LZJ Zaﬂa |8, v|*dxdt
Qj

= ZAZJ I (3kv)co-Vv(t,x))dxdt—7LJ div(w|Vv|*)dxdt
k=1JQ

Q
= ZAJ div(Vvew - Vv)dxdt — Af div(ew|Vv|*)dxdt,
Q Q

= ZAJ (Vvw - Vv)-vdodt —AJ (w- )| Vv’ dodt.
= =
Here, we have set w = (w', -+, ™). Since 3,y = Vv - v on X, we see that
Vv2=10,v>, w-Vv=(w-v)d,v, on X,
and by the divergence theorem, .%, , reads

S =21 | (w-»)o,vPdodt—A | (w-)|d,v[*dodt
b b

=A | (w-)|0,v|*dodt.

z

Therefore,

g > f (Isz(t,x)|2+|P1v(t,x)|2)dxdt+J IVV(T, x)2dx
Q Q

ZJ |V(T,X)|2dx+f |P,v[?dxdt.
Q Q

On the other hand, multiplying P,v(s, x) by v(s, x) and integrating over (0, t) x

(6.3.6)

Q, for t € (0, T) we obtain,

J J (Plv(s,x))v(s,x)dxds =J f ,v(s,x)v(s,x)dxds
0o Ja 0o Ja

¢ (6.3.7)
—Zlf J v(s,x)(w - Vv(s,x))dxds.
0o Ja
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Now, we set & = (m, ;%) =(&,,&’) e R™, and we consider v € C3°((0, +00)x

Q), we have

0
v(t,x) = J o, (v((t,x)+s&))ds, (t,x)eQq.

—0Q

We denote (t,x) by y. We have

0 0
v(t,x):f o, (v(y +s&)ds = E-V,(v(y +s&)ds

—00

0
:J (glatv(y+s§)+£’~Vv(y+s£)ds

—0Q

= Jl-li—ﬁ - Gv(y +sE)—2Aw - Vv(y +5&))ds (6.3.8)

0
= ‘/ﬁ O v((t,x)+sE)—2Aw - Vv((t,x)+sE))ds

0
= ewwyi (Plv((t,x)+s€))ds.

Pick, R > 0, so large that Q2 C {|x| <R;x € R"}. Fors < —4R, x € Q and A > 1,

we see that
—s
|x +s&'| > ?—le > R.

Then, for s < —4R and x € Q, we have x +s&’ ¢ Q. Therefore

0 2
|v(t,x)|:‘f 3. (v(y +s&)ds| =

0 2
U 8. (v(t,x) +5E)ds
—4R

0
< J 18, (v(t, x) +s&) |*ds

—4R

0
1 2
<17 J_Oo Pv((t,x) +sE)IPds, (¢, x)€Q. (6.3.9)

Using the Cauchy Schwarz inequality, we obtain

0
f [v(t,x)|dxdt < 4RJ J |8, (v(t,x) +s&) |*dsdxdt
Q —4R

“al, L],
wral L.

Pv((t,x)+s&)|dsdxdt

Pv((t+s&,,x +s&)|dsdxdt
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al L.

Using the change of variables, T = t +s&;, u = x+s&’, and we applying Fubini’s

Pv((t +s&;,x +s&)|dsdxdt.

theorem, we get

o=t L],

Now, by inserting (6.3.10) into (6.3.6), we get that

Pv((r, ,u)‘dfd,uds < 47LJ Plv((t,x)‘dxdt.

(6.3.10)

& > CJ A2v(t, x)|Pdxdt +f [v(T, x)|*dx + AJ (w-v)|0,v[*dodLt.
Q Q b

Bearing in mind that we have v(t,x) = e **u(t, x), then we obtain all for q €

M,
I = J e 2%4|(8, — A)u(t, x)|*dxdt < J e 2%2|(8, — A + q(x))u(t, x)|*dxdt
Q Q
+MJ e 22 |u(t, x)|*dxdt. (6.3.11)
Q
Thus, we have

CJ e_zwlzlu(t,xﬂzdxdt"‘J e_z““lu(T,x)ldx+lJ (w-v)e 2#|0,ul*dodt
Q Q

ZH(w)

< J e 292](82 — A + q(x))u(t, x)[Pdxdt
Q
+M f e 29 |u(t, x)|Pdxdt — AJ (w - v)e 2%*0,ul’dodt. (6.3.12)
Q I (w)
Therefore, for A sufficiently large, it holds true that

Je_z‘f’llzlu(t,xﬂzdxdt"‘_f e_z‘mlu(T,x)Idx+7LJ (w-v)e™**|0,ul*dodt
Q Q

ZH(w)

< J e—zm(af — A+ q())u(t, x)|*dxdt — AJ (w - v)e 2%*|0,ul*dodLt.
Q

Y (w)

(6.3.13)

This completes the proof of Lemma 6.3.1. m|
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In a similar way, we can prove the following Carleman estimate.

Lemma 6.3.2. Let ¢ € #. Then, there exist two constants A, > 0 and C > 0

depending only on M and Q, such that, the following estimate
22 J e* |ulPdxdt + J e??|u(0, x)[*dx — AJ (w - v)e 2%*|0,ul*dodt
Q Q I ()

< CJ e*2|(=8, — A + qQul|*dxdt + AJ (w - v)e 2%*|0,ul*dodt,
Q

It (w)

holds for every u € H>'(Q) such that ujy; = 0 and u;,_y = 0, and for all A > A,,.

6.4 First approach: time shifted CGO functions

6.4.1 Construction of CGO solutions

In this section, we construct suitable time-shifted CGO solutions to the parabolic
equation, which are key ingredients to proof of the stability inequality. We first
introduce the following notations, for T, T; > 0, we set Q, = (T,, T;) xQ, X, :=
X(Ty, Ty) X T, 5 = (T,, T;) x I'* and zjiw = L*(ZF, e ydxdt), y = |w- vl

We start by the following lemmas.

Lemma 6.4.1. Let ¢ € /4 and let A > A, Then, for all (g,h) € £3(Q,) x
‘22

17 there exists z € #,(Q,), such that

(0,—A+q)z=g, in Qo

z(t,x)=h, on %, (6.4.14)
z2(Ty,x) =0, in Q.
Moreover, we have
2]l 420y < C (A—lngngﬂ%) + A3 Ry ) . (6.4.15)
*— Q)

for some constant C > 0 depending only on Q2 and M.

Proof. Firstly, we define the following space

ZF ={veH*(Q,), v=0o0nX, v(T;,-)=0in Q}.
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Next, we consider the linear subspace S of ¥ f(QO) 692*2’ Y defined as follows

S={(-0,—A+q)v, OV VE T}

We consider the linear functional £ defined on the linear subspace S of ,%f e

gz

as follows:
QYA S TOLIOWS

2((_at —A+ CI)V: avvlzj) = <V, g) - (avv: h)LZ(Z;)'
Using Lemma 6.3.2, we get

12 ((=0 = A+ q)v, 0yl < Wl gzqpllgll ez T 10V Iez | lRllez -

— -1 1
< (A7 Mglorap+ 2 MRl ) (AVIlazgy + 2Bz, )

*H,007

— -1
<0 (A gleran+ A Hlhllez Y (I8 = A+ @iz +10llez )

—PAT

B 1
<C (7“ Nglleziqn + 272 ”hnffﬁ,m—) (=0 = A+ q)v, 0, vzl 2202

*,—,WM'
Thus
~ _1
2l < (A Nglluzn+ A Iklle ).

Therefore £ is continuous in the subspace S of £2(Q,) ® £>

A So, using

Hahn-Banach theorem we can extend % to a linear functional which is also

denoted £, with the same norm on the space £2(Q,)® &>

. Furthermore,
*—ParA

By using Riesz theorem, there exists (z,w) € £?(Q,) & L7, »,21» Such that

< ((—at —A+q)v, 3VV|Z:) =((—0,— A+ q)v,z)Lz(Qo) + {0, v, W) 12+
= (v, g)LZ(QO) —(0,v, h)LZ(Z;),

and z satisfying

— -1
121 = llzllozay < € (A lgluzan + A~ HMhllez ).
S

Here v = 0 on * is enforced in the H*>%/4(2*) (resp., HY/>'/4(%*))-sense, and
v(-, T;) = 0in Q, should be understood in the H'(£2)-sense. We have proved that
there exists (z, w) € .,%_2(QO)GB.,%*Z)JWNl such that we have ((—0, — A +q)V,2) 12y +

(0,v, W) amry = (V, &) 12(q) — {9V, h) 125y for all v € F 7. Therefore, the above

equality holds for all v € C;°(Q,), and we have

(=0, = A+ q)Vv,2) 121q) + (OpVs W) 12y = (=8, — AV, 2) 12,y T (V> 92) 12(q) + (OpVs W) 1251
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= (v, g)LZ(QO)J —(0,v, h)Lz(z;),
hence
(=8, —A)v, Z>c§°(Qo),(cg°(Qo))' +({v, qZ>C§°(Qo),(C§°(Q0))/ =(v.g )C§°(Qo),(C§°(Qo))”
or equivalently
(8 = A+ @)z) @@y = (7 8) ez n (s @y

As a consequence we have (3, — A +q)z = g in (C;°(Q,))’. But, since g €

£2%(Q,), this identity holds in L?(2) and thus

z € #,(Qo) = {u € L*(Qy), (3,—A+q)u € L*(Qo)} = {u € L*(Qo), (8,—A)u € L*(Qo)}-

The next step is to use the following generalized Green formula, which is true

for all z € #,(Q,) and all v € Z:

((6; —A+q)z,V) 1200, — (2, (=0, — A+ q)V)12(q,)

= —(z, avV>L2(Z*) —(2(-, To), v(-, To)>L2(Q)-

Now, bearing in mind that {(—3, — A +q)V,2)12¢q,) = (V> &) 12(q,) for all v € Z
and that (3, — A + q)z = g in L*(Q,), we obtain that

(6 —A+q)2,V) 1200, — (2, (=0, — A+ q)V)12(q,)

= (9,8, — (O, )page.

Thus

(2, avv)Lz(Z]*) + (w, avv>L2(2*+) = —(2(To, ), v(To, '))LZ(Q) — (0, h)LZ(z;), Ve g'.;f
(6.4.16)

Therefore, taking v(t,x) = (T — t)w(x) for all w € C;°(Q), we get

<Z(TO) ')7 W)LZ(Q) =0, we C(;DO(Q)
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which implies that z(T,,-) = 0. As a consequence we have (z,0,v) 2 ) +

(W, 0,v)12(5r) = —(0,v, h) 12(z0 for all v € F[, by (6.4.16). Moreover, since
0,7 =1{0,v, ve F 1},

from [53, Chap. 4, Theorem 2.3], then we necessarily have z = h in 2.

This completes the proof of the lemma.

In a similar way, we can prove the following lemma.

Lemma 6.4.2. Let g € # and let A > A, for all (g,h) € £*(Q,) x £

#4071

there exist C > 0 and z € #_(Q,), such that

(=0, —A+q)z=g, in Q

z(t,x)=0, on X, (6.4.17)
2(T;,x) =0, in Q.
Moreover, we have
_ _1
lellazn < € (A Ngllozan+ A Hkllez ) (64.18)

for some constant C > 0 depending only on 2 and M.

Next, we set Q" := (T,—¢,T)xQ,Q" :=(0,T,+€)xQ, &, :=(T,—¢, T)xT™*
and &7 := (0, T, +€) x ™.

Lemma 6.4.3. Let € M, w € S, A > A, and let £ € R" satisfy & - w = 0.
Then there exist ¥ € A, (Q') satisfying

(G — A +q(x))(¥;e?) =—(8, — A +q(x))(e?*(1— ML) ) in

v (t,x) =0, on Y/,
W (T,—e€,x)=0, in Q.
(6.4.19)

Moreover; there exists a constant C > 0, depending only on Q and M, such that
195 200y < COTF +A7H(E)), (6.4.20)

where (§) = v/ 1+ |&|2.
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Proof. By a simple calculation, we get that
3 .
(8, — A +q(x)) (e (1 —e T UTTH Ny = g,

3 3
where # = e X E[(|E]2 + q)(1 — e A (T —_ R 3o A H (=Tt ],

Evidently, Z € £2%(Q’) and
121l 2y < CUEN2 +25).

From Lemma 6.4.1, there exist a solution w € #_(Q’), satisfying

(6 —A+q())w=2, in Q,
w(t,x) =0, on XY/, (6.4.21)
w(T,—e€,x)=0, in Q,

where ‘IJ;LL = e~ ¥ satisfies (6.4.19). Moreover, we get
_ _ _1
”‘IJ;”Lz(Q/) = ||W||zE(Q’) <CA 1||955||$E(Q’) < C((‘SVA T+ A 7).

which entails (6.4.20).

In the same way as above we have the following lemma.

Lemma 6.4.4. Let ¢ € ./ and let A > A, where A, is as in Lemma 6.4.1. Then,

there exists ¥, € A#_(Q") satisfying is

(=8, — A+ q))(W e ) = —(—3, — A +q(x))(e (1 — e FHTH0)) in @,

¥, (t,x)=0, on X7,
(T, +€,x)=0, in Q.
(6.4.22)

Moreover; there exists a constant C > 0, depending only on Q and M, such that
195 Nl 2qny < CA™F. (6.4.23)

Having build the remainder terms ¥} and ¥, we conclude this section by

the following lemmas.



Chapter 6. Stable determination of coefficient in a parabolic equation from a
108 Dirichlet-to-Neumann map on an arbitrary small time

Lemma 6.4.5. Let q € M, let w € ™!, and let £ € R" satisfy & - w = 0. Then

the following system

du—Au+q(x)u=0 in Q,

(6.4.24)
u(T,—e,x)=0 in €,
admits a solution u; € #,(Q) such that
5 =0 . | mQ\Q, (6.4.25)
uf = e ((1—e M TAN)e 8y 1 ) in Q)
where W € A (Q) satisfies ¥ =0on X" and
19 |20y < CUEA™ + A7), (6.4.26)
For some positive constant C depending only on M and Q.
Proof. Firstly, we consider a solution u} of the following system
duy —Auj +q(x)u; =0 in Q) (6.4.27)

u;(T,—e,x)=0 in Q.

3 .
As we want ul = e?*((1 — e M ("T4))e™8) 1+ ), in Q’, we seek U] to be

solution of

(8, — A + U)W} e#) = —(8, — A+ g())(e#((1 — e (T40)ex€) i

wr(t,x) =0, on
W (T,—e€,x)=0, in
(6.4.28)

Such a solution ¥} lies in . (Q").

Set now

UIZO inQ\Q/:

3 ) (6.4.29)
uf = e ((1—e M T4 e 8y 1 ) in Q.

Then, for all ¢ € C;°(Q), using the fact thatu} € L%(Q) and that u; =0inQ\Q/,

we obtain

(8 = Az, @) @y.coo@ = (Ugs (=0 — A)@) ceoyy.ceo@)

/
>

Z/
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= J u; (=0, — A)pdxdt
Q
= f u; (=0, — A)pdxdt.

Since u; € 2, (Q’), by integrating by parts and using the fact that ¢(T,-) =0

and u; (T, —e€,x) =0, we obtain

f u; (=0, — A)pdxdt = f (0, — A)uj pdxdt.
Therefore, we have

+ _ + +
(G — A+ 9y, @) ey .ce@ = (B — Ay, @) ey e @ F (QW» ) ey .co @)

- f (6; — A+ q)u, pdxdt = 0.
Q/

Thus, we have (3, — A 4+ q)u} =0 in L*(Q) and hence u} € #,(Q). O

In the same way as in the proof of Lemma 6.4.5 we have the following

lemma.
Lemma 6.4.6. Let q € /. Then the following system

—Ju—Au+q(x)u=0 in Q,

(6.4.30)
u(T, +e,x)=0 in Q
admits a solution u, € #_(Q) such that
u, =0 inQ\Q”,
* ) (6.4.31)
u, =e 1 ((1— e M (Titem)) 4 ) in QY
where ¥, € #_(Q") satisfies ¥, = 0 on X} and
195 N2y < CATH. (6.4.32)

Here C a positive constant depending only on M and Q.
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6.4.2 Stable determination of the potential from the full bound-

ary data

The purpose of the present section is to prove a logarithmic stability result in
the determination of the coefficient g appearing in the parabolic equation of
(6.2.1) from the full D-to-N map. Given q; and q, in ., we set ¢ = q; —q, and
we extend g by 0 in R" \ 2. We start by the following estimate which relates q
to the difference of D-to-N maps associated with q; and g,, respectively. In this

. + 2 _ 72
section, we denote e*¥*ydxdt) by .Sf,’i#w = L*(Z.

Lemma 6.4.7. Let q; € M, j = 1,2, let R> 0, and let & € R" satisfy £ - w = 0.
Then, there exists two constants A, > 0 and C > 0, depending only on M and €2,

and there exists €, € (0, 1), such that
~ ~ _1
G(E)| < C(e7 +R%e™ + ||A, — Ay|(€5 + R2e™ )e2e %), (6.4.33)

for any |E] <Rand 0 < € < €,. Here, ||[A, — A,|| stands for the norm of A, — A,
in B (H—I/Z,—1/4(ZO); H1/2’1/4(20)) .

Proof. In view of Lemma 6.4.5, there exists a solution u; to the equation

du—Au+q(x)u=0 in Q,
‘ 1 (6.4.34)
u(T,—e,x)=0 in Q,

of the form

u

+ 0 : /
i nQ\Q, (6.4.35)
A

3 .
uf = e ((1—e M ETH))e 8y 1 ) in Q)
where ¥ € 7, (Q') satisfies ¥ = 0 on X’ . Next, let us denote by u,(t, x) the

function
3 .
M_{_(t}x) — u;(t’ x)|2’_ — e@l((l _ €k4(t_T*+E))e_lx'€), (t’x) e 2/_.

Evidently, u, (t,x) € £* so there exists u; € #,(Q’) which is solution of

=Py’
Ju; —Au; +q(x)u; =0 in Q,
u,(T,—e,x)=0 in Q, (6.4.36)

ul(tzx):u’+(t:x)a on Z/_
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Thus, setting u; =0 in Q \ Q’, we get by arguing as in the derivation of Lemma
6.4.5 that u; € #,(Q) and that (6, — A + q)u; = 0 in Q. Next, put u = u; —u;.

Then, u is a solution to the following system

du—Au+q;(x)u=q(x)u; in Q,
u(T,—e,x)=0 in Q, (6.4.37)
u(t,x)=0, on ¥,
where we recall that g(x) = g,(x) — g,(x). We point out that u = 0 in Q \ Q.
On the other hand, Lemma 6.4.6 guarantees the existence of the exponentially

growing solutions u; to the backward problem

—Ju—Au+q(x)u=0 in Q,
' 1) (6.4.38)
u(T,+e,x)=0 in Q

such that

u;IO inQ\QNJ

3 (6.4.39)
u, =e % ((1— e M (Tte=t)) 4 v) in Q7

where ¥, € #_(Q") satisfies ¥, = 0 on X/. Let us denote by u_(t,x) the

function
3
u_(t,x)= u;{(t,x)m; =e ¥ (1— ek4(T*+e—t)), (t,x) € Ei'

Multiplying both sides of the first line of (6.4.37) by u; and integrating over Q,

we get that
<(at —A+q)u, u;)LZ(Q*) = (un{, u;>L2(Q*), (6.4.40)
where we recall that Q, = (T, — ¢, T, + €) x Q. This leads to
((/N\z - /~\1)M+> .U«—)Hl/2,1/4(20),H71/2,71/4(20) = (quj{, UDLZ(Q*): (6.4.41)

with the aid of the Green formula, where & = (T, —¢, T, + €) x I'".
By replacing u; and u; by their expression, (6.4.35) and (6.4.39), respectively,

we get:

ZGU q(X)e‘ix'ng) < U Z(t,x)dxdt| + [{(Ay = A)D (W), Uo) gy moia-1aisy
Q Q.

(6.4.42)



Chapter 6. Stable determination of coefficient in a parabolic equation from a
112 Dirichlet-to-Neumann map on an arbitrary small time

where

_ 2 _ —ix- _ _ §(T*Jrfff)
Z(t,x) = qCOl(1 — e TNy g (1 —e T )

. 3 3 3 (Tpte—t)
F U e (e — g AT _ oAt . (6.4.43)

Notice for all T € (0, 2¢) that

3

A%fc AdT

3 d 3

(1—e**7)? =f E(l—e_t)zdt =2f e '(1—e ")dt <min(1,27A%),
0 0

so we get

3
11— e Ty g ey < 2min(1, Afed)e,

On the other hand, ¥} € #,(Q,) is solution of

(6, —A+q(x))(¥re*) =2, inQ,,
i (t,x)=0, on %7, (6.4.44)
(T, —€,x)=0, in Q,

3 3
where # = e?2e X E[(|E]> + q)(1 —e M (=TFe)) — A%e_“(t_T**E)].

Evidently, Z € £%(Q,) and
121l 420y < CUEY? min(1, AFe?)e? + ATed),

where C is a positive constant depending only on M and (.

From Lemma 6.4.1, there exists a solution w € #_(Q,) satisfying

(6, —A+q(x)w=2, in Q,
w(t,x) =0, on Y/, (6.4.45)
w(T,—e€,x)=0, in €,

where W) = e~ % w satisfies (6.4.44). Moreover, by (6.4.15), we get

_ : 3 1 1. 4 . 11
197 1120,y = Wl 220,y < CATH IRl 420,y < C({)* min(1, ABe2)e2 A +A7%€?),
(6.4.46)

where C > 0 depending only on M and €. In the same way, we obtain that

195 ll2q) < CAFe2, (6.4.47)
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where C > 0 depending only on M and Q.
Using the fact that A, — A, € B (H™V27Y4(3,); HY/2Y4(5,)), we find that

| ((-7\2 - /N\l).u+> :u‘—)Hl/Z(ZO),H*Uzﬁl/‘*(ZO)|

< /N\g - _7\1 ||93(H—l/z,—1/4(20);H1/2,1/4(20)) ||U+ ||H71/2:71/4(207)||‘[1’—||H71/2:71/4(20+)5

where

3
A4 (t— —ix-
kil < Mgl < Clle? (1 — e TN 1 U

< CMUAHTA | min(1, AFe2)e? + €2 A% + min(1, A5e2)eZ A" R?],
and

_ _ g 3 (Tyre) _
||U—||H—1/2,—1/4(zg) < ||u,1||x—(Q*) <Clle((1—e A )+ \P)L)”LZ(Q*)

< CMUIP T || min(1, Afe2)e? + eZA74],

where C > 0 depends only on M and Q.
Thus,

Ay — AWy, ) enasacsg) m-1o-1aesy)|
< CllA, — A, || XM e[ |Q| min(1, eAFe?) + min(1, eASe2)A IR + A3 1.

(6.4.48)

In view of (6.4.48) and in order to avoid the super exponential increase with
respect to A, of the prefactor of ||A; — A,|| in (6.4.48), we choose A%e =1 i.e.

A = 3. Therefore, we have 19 11200, < C(R%eTs + €3), 195 1l20q,) < Ce? and
1Z]],2(q.) < C(e¥ +R2e). (6.4.49)
Then, by (6.4.42), (6.4.48) and (6.4.49), we get
‘ f q(x)e_ix"gdx) <cC (Rze% et + A, _/”\2||e2e’%|ﬂl(€—§ +R26§)),
Rn

where C > 0 depends only on M and . This completes the proof of the lemma.

O
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We now introduce the main result of this subsection. Set
—S(n—2) 2000, - —2l0le 3

€8 e t in t=e .

P.(t)=

5 . _ -1
|llogt| ("2  in 0<t<e 20?2,

Theorem 6.4.8. Let q,,q, € #. Then there exists €, = €,(T,Q,M) > 0, and
C =C(T,Q,M) > 0 such that,

191 — Galli () < Ch (A, = Aqll), Ve €(0,e).
Here ||A,—A, || stands for the norm of A,—A, in B (HY/>7V4(50); HY2V4(%,)).
Proof. In this proof, C denote a generic constant that depends only on M and
Q. Firstly, we need to decompose the H™*(R") norm of q into the following way

gl ey = J (1+1E17Hg(&)Pdeg +J (1+1E1M7Hg(e)Pdeg
IEI<R |&I=R
S Rn“a”%oo(B(o’R)) +R_2||q||i2(Rn)'

Hence, in light of (6.4.33), we get

2 15

- - _1
1915, sy < C (RT[RE€¥ + 78 4 Ry = &y 269 (e + R2eF) | +R2)
_1 N N
<C (e%RH“ + e R+ (e3R% + ¢ 3)eMU R A, — A, |2 +R—2) .
In this inequality, we take R =€ and 0 <s < 1, and obtain

_1 ~ ~
llq”}zﬁl—l(Rn) <C (e—s(n+4)+1§5 + 6—%—5n + eH0le™2 E_sn(E‘E‘RZ + 6_‘%)”/\2 _Alllz + 625)
_1 . .
<C (e—s(n+4)+% + e4|§2|e 2 E—s(n+2)+%”A2 _Alllz) )

Then, we choose s such that —s(n+4) + % =—s(n+2)+ % ie s= %, then we

get
1 5
191, sy < € (€ BP0+ 1R, = R,y ).

HA(RY) =
~ ~ _1
If |A, — A]| > e72%€ ?  then we have
S (ne ST
11112y < CeT5 22U R, — A, ),
. . 1 )
and if |A, — A|| < e 2972 thatis if e > —*2°_ we obtain

(log ||/~\2—/~\1||)2 ?

2 I ~ 5
lglls1gany < Ce 50 < Cllog IR, — A, ||| 7502,



6.4. First approach: time shifted CGO functions 115

6.4.3 Determining the potential from partial boundary mea-
surements

In this section, inspired by [ 16], we prove a logarithmic stability estimate for the

potential q from knowledge of the partial D-to-N map. As in Subsection 6.4.2,

given two suitable potentials q;, q, in %, we set ¢ = q; —q, and we extend it

by g =0 on R" \ Q. Let’s first recall from (6.4.35) and (6.4.39) that
3 .
uy =e?((1- e M)y pmindy 4 ¥)) inQ,
and
u, =e ((1— e M (Ttemt)) 4 ¥) inQ”.

We shall use the following notations. For o > 0 and w, € "', we denote by
Volw) = {0 € 5" o —wol < 2,
a neighborhood around w, in #"*. Then, for each w € ¥,(w,), we have
Z_’%(w) C X ,(wo).

Set

_ 1
K, = U w,
WEY,(wo)

and put
KQ,R = {g GKQ) |£| <R} .

We start by the following lemma, estimating the Fourier transform of g in the

conic set K, z.

Lemma 6.4.9. Let q; € A, j = 1,2, let R > 0, and let £ € R" with § - w = 0.
Then there exists C > 0, depending only on M and Q and there exists €, € (0, 1),

such that we have
_1
G(E)] < CR2e™ + €77 + 2 21U AL — AL||(eTR? + €76)), (6.4.50)

forany || <R and 0 < € < €,. Here, ||A§ - Agll stands for the norm of A% — Aﬁ2
in B (H/>7Y4(Z0); H/2V4(Z_ ,(w,)).
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Proof. Using the same notation and proceeding as in the proof of Lemma 6.4.7,

we obtain

<(3t - A + ql)u, u;)LZ(Q*) - (qu;, u;>L2(Q*), (6.4.51)

By replacing u; and u, by their expressions, we obtain

Lirsee
8,u)e % (1 P )) dxdt‘

q(x)e_ix'gdx’ < U Z(t,x)dxdt|+
Q Q.

(6.4.52)

+ U (O uu;; )dxdt|,
2o

f

where Z(t, x) was defined in (6.4.43).
Next, by using (6.4.46) and (6.4.47) we get

< _
JZ 0 uuxdxdt 12, U|| 24(2 % ”uA”H*TZ(z %)

[N

I =Ml p g yete ™ IRl min(L, AFe?) + 274]
72

AQ=A2(T,—€) . 3 : 2.3 —Laat i
<e e2[|2/min(1,A%e2) + A3 ][I} — A |||IM+|IH_§_Z(Z 5
< C||AY — AL|| 2O+ e |0 min(1, ASe?) + min(1, ASe2)A 'R + A1,

(6.4.53)

Similarly, by using (6.4.47), we get

1 +e—t
U 8,u(e 1 e +\p;)dxdt)
Q

3

_ _admeeo (6.4.54)
< l1B,ue Iz ,olI1— e
°2

||L2(Z+’%)

< Ce?||8,ue |20 ,,(min(1, ASe2)).
2
On the other hand, by Lemma 6.3.1 we find that

Q)kf |0, ul*e* P dxdt < AJ (w - v)|0,ul*e 2 dxdt
2

. Ty (@)

N

<C J |0,u— Au+ q(x)ul’e > dxdt + J |0,ul?e 2?2 dxdt

5 (w)

< CJ lq(x)u [Pe 292 dxd t + 2HATA Mo g u||L2(Z )
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3 ;
< CJ Iq(x)((l _6—14(t—T*+e))e—1x-§ + \I’;L—))ldedt + 62(A|Q|+AZ(TO+6))”aquZ -
H24 (% (w))

< C(min(1,Afe2)e + [ W] ||, ) + MU ITmeD | AT — AD12)

< C(min(1,A%e?)e? + min(1,A%€2)e?RA2 + €272

+ AT (min(1, eASe2)A IR + A7) || AL — AL|J2).

Thus, we have

|0, ue™** ||L2(2+’%)
< C(min(1,Afe2)e(A77 + |Q| +R2A™)

+ 22T AL _ AP ||(min(1, eASeZ)A'R? + 179)). (6.4.55)

Then from (6.4.54) and (6.4.55), we obtain

‘ J d,ue % (1 — e‘“wﬁﬁ))) dxd t‘
=,

< Cez(min(1, Afe?)(|Q| + R*A™

[N

+ 2R T=To=) (min(1, eATe2)ATIR: + A79))||AL — AL)).  (6.4.56)

As in the proof of Lemma 6.4.7, we choose A = €~2. Then by (6.4.49), (6.4.52),(6.4.53)
and (6.4.56), we get

-1
() < Ot + 74 2] — (e BR2 + )

This completes the proof of lemma. a

We are now ready to state the second main result of this chapter.

Theorem 6.4.10. Let q; € #, j = 1,2. Then, there exist a C > 0, that depends
only on M, ), T, and u € (0, 1), such that
_ w/2
gl < C (A = A5l + (log | log |A] — AS[ID7>/#)".
Proof. By Lemma 6.4.9, we have

_1
O < Cle + eRR? 42 AT~ AL (e RR2 + € F).
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In this inequality, we take R = ¢~°, s > 0, and obtain
_1
G(E) < Cle2 + e 42 AL — AL, (6.4.57)

For a fixed T > 0, we set F_(§) =q(7¢&), for all £ € R™. It is easy to see that F.

is analytic and that

|07F. ()] = |37J q(x)e™™"4dx]|

Rn

J q(x)(_i)lyl’[l)/l|x|Ye—iTx~§dx ‘
Rn

This entails that

|07F.(7)| < J lqCIT"(1xDMdx < lglly oy 7™ (Diam(2)™ < Cly[!(Diam())"e",

for some constant u € (0,1), where C depends only on M. Then, applying
Lemma 4.2.4 to the set 0 =K,z NB(0,1) with M = Ce" and 1 = (Diam(2))~",

we get that

IF.(8)] = @z < Ce O P|F, |V ), € €B(O,1).
Now, we will find an estimate for the Fourier transform of g in a suitable ball.
Hence by the fact that 7K,z = {t&, £ € K,z} = K, », we obtain for all £ €

B(0, 7) that

G = IF(t7' &) < CeF P |IY o)

< cet 1)) (6.4.58)

Lo°(B(0,7)NK, 1)

< C@T(l “)”anoo(K R’

Next we decompose the H™!(R") norm of q into the sum

1/u
IIqIIZ/‘i(Rn = (J (1+1E1P)q(elPde +f (1+ |5|2)—1|a(§)|2d5)
[El<7 132

1/u
< C (T e aony + 7 2N Poge) -

Therefore, by using (6.4.58), we get
_1 1/u
||CI||12{/Ml(Rn) <C (T”eZT(l_“)(e_“ 4 e THSH | p2ue 2|QI||A§ _ Ag”w + 7_2)

n T(1—u) _ n T(1—p) _1 _
SC(T“eZ el et n ezez||A§—Ag||2+T 2/“).

(6.4.59)
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Let 7, € (0,1) and for 0 < 7 < T, set

n+2 t(1-p)
e=14u e

n TA-p) .
From T < T,, we can assume that 0 < € < €,. Then t#e* # e ! =1t7%/* and

(6.4.59) yield

i o/ \ 2
”q”H*l(]Rn) < C(T“e¢(T)||A§—An2||2+T Z/M) )

where

1_ T(1—p
o(1)= Z—T( W +rie 2,
U

Since Tre?™ <", where A depends only on n, u and 2, we have

v _ wu/2
1l -1y < gl < C (€7 IIAY — AL|2 + £72/0)"7

where C is a positive constant depending only on M, Q and T.

Now, in order to minimize the right-hand side with respect to 7, we set
1
7 = = log|log||A} — AL|l.
A
Thus, we have the following estimation :

_ p/2
-1y < C (1A% — ALl + (log [ Tog [| A% — AZ|I1)72/#)"".

6.5 Second approach: time-localized CGO solution

6.5.1 Construction of CGO solutions

In this section, we construct CGO solutions for the parabolic equation, whose
main part is supported on a suitable subinterval of (0, T'). These functions are
obtained by multiplying the CGO functions introduced in [32] by a truncation
function h € C;°(0, T).
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Lemma 6.5.1. Let h € C;°(0,T), let A > A, and let £ € R" satisfy & - w = 0.
Then there exists ¥, € . (Q) satisfying

(0, — A +q(x))(¥fe?) = —(8, — A +q(x))(e”h(t)e™*), inQ,

v (t,x)=0, on X,
¥ (0,x)=0, in Q.
(6.5.60)

Moreover; there exists a constant C > 0 depending only M, T and 2, such that

C
”\II)T”LZ(Q) < X(E)Zﬂhﬂwm(o,n, (6.5.61)

where (§) = v/ 1+ |&|2.
Proof. By a simple calculation, we get
—(0, — A+q(x)) (¥ e?) =R,

where R = e®*e ™ <[(|E]2 + @)h(t) —h'(t)].

Since

IRl 20y < €L+ €PNl 20,7y + 1l 20,1 < C{E)Nllwrzo,ry,  (6.5.62)
by Lemma 6.4.1, there exists w € £, (Q), satisfying

(6, —A+q(x)w=R, in Q,

w(t,x)=0, on X, (6.5.63)
w(0,x) =0, in Q,
and
IWll2(q) < CATMIRI w20, (6.5.64)

for some constant C, which depends only on M and €.
Evidently, &) = e™%*w satisfies (6.5.60). To prove that W) satisfies the estimate

(6.5.61), it is enough to see that we have

195 l1200) = Wl 22 < CATMIRIl 2(q) < Cllllwra,m A (€)%

From (6.5.62) and (6.5.64). This completes the proof.
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In the same way, we have:

Lemma 6.5.2. Let h € C;°(0,T) and let A > A. Then, there exists ¥, € A#_(Q)

such that

(=0 = A +q())(¥; e%) = —(=0, — A +q(x))(e"**h(t)), in Q,

v (t,x) =0, on X%,
\IJ;(T,x) =0, in Q.
(6.5.65)

Moreover; there exists a constant C > 0, depending only on M, T and , such that
_ C
195 2 < X”h”WLZ(O,T)' (6.5.66)

Remark 6.5.3. Notice that if supp h = (T, —¢€, T, + €), for some T, € (0, T) and
e € min(T,, T —T,), then ¥;(t,-) =0 for t € (0,T,—¢€) and ¥, (t,-) =0 for t €
(T,+€,T).

Having defined the remainder terms ¥ and ¥, with Lemmas 6.5.1 and
6.5.2, we turn now to building the principal part of the CGO functions needed

by the proof of the stability result.

Lemma 6.5.4. Let ¢ € /4. Then, for any h € C;°(0,T) and all A = A, the

following system
Ju—Au+q(x)u=0 in Q,
t ! (6.5.67)
u(0,x)=0 in €,
admits a solution of the form
ut = e (h()e ™ +0)),
where W} is such that
, C o2
195 1120y < X@) Aallwiz0,1y5 (6.5.68)

for some constant C > 0, which depends only on M, T and , and verifies ¥, = 0

on X .
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Proof. As we want u; to be in the form u; = e?r(h(t)e ¢ + vr), ¥ is the

solution of

(3, — A +q())(¥fe?) = —(8, — A +q(x))(e”h(t)e™ <) in Q,

wr(t,x) =0, on X,
v (0,x) =0, in Q,
(6.5.69)
Thus, Lemma 6.5.1 provides the desired result. O

Similarly, by invoking Lemma 6.5.2 instead of Lemma 6.5.1 we prove the

following lemma.

Lemma 6.5.5. Let ¢ € .#. Then for any h € C;°(0,T) and all A > A, the
following system

—du—Au+q(x)u=0 in Q,

(6.5.70)
u(T,x)=0 in Q,
has a solution of the form
u, = e (h(t)+¥;),
where W) satisfies ¥, =0 on ©.* and
_ C
5 20y = - llrllwrao,r, (6.5.71)

for some constant C > 0 which depends only on M, T and Q.

Remark 6.5.6. Notice that if supp h = (T, — €, T, + €) for some T, € (0, T) and
e € min(T,, T — T,), then we have u;(t,-) = 0 for t € (0, T, —€) and u,(t,-) =
Oforte(T,+¢€,T).

6.5.2 Stable determination from the full data

In this subsection we proceed as in Subsection 6.4.2 in order to prove our main
stability result, but we use here the CGO functions built in Subsection 6.5.1. We
start by the following preliminary estimate which relates the difference of two

potentials g; and g, to the difference of their D-to-N maps. In this section we
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write gé,i,wy = L*(Z*, e ydxdt)

Lemma 6.5.7. Let h € C;°(0,T) be supported in (T, —¢€,T, + €), let q; € M,
j=1,2letR > 0, and let £ € R" satisfy £ - w = 0. Then, there exists two
constants A, > 0 and C > 0, depending only on M and 2, and €, € (0, 1), such

that
G(E)] < C(e 2R + || Ay — A, [|e* *19[|Q| + 7% + € 2R%)), (6.5.72)

for any |E] <R and 0 < € < €,. Here, ||[A, — A,|| stands for the norm of A, — A,
in B (HY/2>714(5,); HY2Y4(5,)).

Proof. Leth € C;°(0, T) be supported in (T,—e¢, T, +€) for some € € (0, min(T,, T—

T.)). Namely, we take
t—T,
€

h(t) =€ 2 x( ),

where y € C;°(R) is a positive function supported in the unit ball and such that

ll% |l 2r) = 1. In view of Lemma 6.5.4, there exists a solution u; to the equation

du—Au+q,(x)u=0 in Q,
u(0,x)=0 in Q,

(6.5.73)

in the form

u; = e (h(t)e < + ),

where \I/; satisfies (6.5.68). Next, let us denote by u_(t, x) the function
py(t,x) =e?h(t)e ™%, (t,x) €%

Evidently, u, (t,x) € 222__¥W_1.

We denote by u; the £, (Q)-solution of
u,(0,x)=0 in Q, (6.5.74)
ul(t,X):M+(t,X), on Z_,

given by Lemma 6.2.1.

Notice that u,(t,x) = 0 for a.e t € (0,T, —€), hence u;(t,:) =0 fora.et €
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(0, T, —€). Put u = u; —u;. Then, u € A, (Q) is a solution to the following

g

system
du—Au+q,(x)u=q(x)u; in Q,
u(0,x)=0 in Q, (6.5.75)
u(t,x) =0, on X,

where g(x) = q;(x) —g,(x). On the other hand by Lemma 6.5.5, there exists a

solution u; € #_(Q) to the backward problem

—Ju—Au+q;(x)u=0 in Q,
u (T,x)=0 in Q,

(6.5.76)

in the form

u, = e (h(t) +¥;),

where W satisfies (6.5.71).
Bearing in mind that u(t,-) = u;(t,-) = 0 for a.e. t € (0,T, —¢) and that
u,(t,) = 0 for a.e. t € (T, + ¢, T), multiplying both sides of the first line of

(6.5.75) by u; and integrating over Q, = (T, —¢, T, + €) x Q, we get that

<(at — A+ ql)u, u;)Lz(Q*) = (quz, u;>L2(Q*). (6.5.77)

Thus, putting %, = (T, — €, T, + €) x 99, remembering that u; (T, —¢€,-) =

u, (T, + €,-) = 0 and integrating by parts in (6.5.77), we get that

(([\2 - /~\1)‘U,+, u;)H1/2,1/4(EO)’H—l/z,—1/4(20) = (qu;[, u;)Lz(Q*). (6578)

By replacing uj and u, by their expressions, applying Cauchy Schwarz inequal-

ity, we get

T,+e
J h2(t)dt J q(x)e—iX'de‘ < U q(x)h(t)e—fX'fq;;dxdt‘+‘J qCOR()T dxdt]
T. Q Q. Q.

€

+

J q(x)\IJ;“\IJ;dxdt‘ + |</~\1 - /N\z),qu, ‘U«_)H—1/2,71/4(20),H1/2,1/4(20).

(6.5.79)
Thus, by (6.5.68) and (6.5.71), we get
T,+e
J hz(t)dtfq(x)e—ixfdxj
T,—e Q

%
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1

1 1
< Cllhllivl,z(i + 1(5)2 + ﬁ(f)z) + (A = AUy, ) g2magsgy mveisgsg)|

C - -
< _”h”a/l,z o.T 1+ (5)2) + |<A1 — Ay, M—)H—1/2,—1/4(20),H1/2:1/4(20)|,
A (0,1)

where C > 0 is a positive constant which depends only on M and Q. Using the

fact that A, — A, € B (HV/27V4(5,); HY/*Y4(%,)), we obtain

| ((/N\z - ]\1 MW .u—>H1/2’1/4(20),H*1/2f1/4(20)|

< ||]\1 - /N\z||ga(H—l/z,—1/4(zo);H1/2,1/4(20)) ||H+||H—1/2,—1/4(20—) ||M—||H—1/2,—1/4(20+)
Moreover, by (6.5.68), we get

ki 210y < ClluS gy < Clle?* (R(D)e™™E + W) 12q.)
< Cllhllyrago e T 0] + A71R?],

(6.5.80)
and by (6.5.71), we find that
||.U—||H—1/2,—1/4(20) < C”u;”x—(q*) < Clle™*h(t) + \IJ)T)”LZ(Q*)

< Cllhllyrago e I |Q] + 271,

(6.5.81)

where C > 0 depends only on M, 2 and T. Thus,

[{(Ay — Apuy, U—)H1/2,1/4(20),H—1/2:—1/4(20)|

~ ~ 26 _ _
< CIRIB, oy 1Ay — AllXHOH2 |0 + 271 + AR,

. _1 .. .
Using the fact that ||hl|yy12¢ 1) < Ce™2, for some positive constant C which de-

pends only on y, we get

J QQ)e™ x| < CllRIE 1 ) (AR + 1A, — Roglle® I 4 271+ 271R2]
Rn

< Ce'ATIRZ+ A7+ ||A, — A | 2HOON Q) + AT + ATIR2]).

_1
2

We choose A = €

find that

, which amounts to saying that €, = min(l,lo_z), and we



Chapter 6. Stable determination of coefficient in a parabolic equation from a
126 Dirichlet-to-Neumann map on an arbitrary small time

N - _1
G(E)] < C(e2R? + ||, — Aylle? *I[e71|Q| + 7% + e 2R?)).

This completes the proof of the lemma.

We state now the main result of this subsection. For this purpose we set for
alle>0:
n -5 -3
(B0 gy > 20l

P.(t) =

_1
|log t|~("+2), in 0<t<e 202
Theorem 6.5.8. Let q,,q, € #. Then there exists €, = €,(T,Q,M) > 0, and

C=C(T,2,M)>0, Ve €(0,¢€,), we have

191 = Qalli1(0) < CpelllA; — AqlD).

Proof. Firstly, we need to decompose the H™!(R") norm of q into the following

sum

[ - f (1+1EM7 g +f (1 +1EM7'gE)N*dg
jEI<R |

EI=R

< CR"|[qll} +R7?[lqll

2
L>(B(0,R)) L2(RM*

In light of Lemma 6.5.7, we get

N N _1
191 sy < € (RUCETR 4+ 1A, = RolPe’ * [ 2|af + 7 + € 'R +R2)

In this inequality, we take R=¢€¢"°,s = }P and obtain
_1
||q||121_1(Rn) <C (6—(n+4)s—1 + e—ns”A1 _A2||Ze4e 2|Q|(6—2|Q|2 +e 14 6—45—1) + 623)
_1
<C (e—(n+4)s—1 + 6_—(n+4)s—1||/“\1 _/”\2”2646 2|Q|)

_1
S Ce—(n+4)s—1 (1 + ||A1 _A2||Ze4€ 2|Q|) .

~ ~ _1
If ||Ay, — A]| > e72%€ ?  then we have,

—(nt4) 1 -1 ~
gl < Ce™7 22 2 ||R, — A, ],
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1
Rk R —2|Qfe2 o 402 :
and if [|[A, — A4l <e , that is if € > Toa AR then we obtain

gl () < Ce 1 < Cllog || Ry — A, ||| 0+951,
Set, s = ;, we obtain

qllsr-1ny < Cllog 1A, — A |72

6.5.3 Stability inequality for partial boundary measurements

The notation here are the same as Subsections 6.4.3 and 6.5.2. We proceed
as in Subsection 6.4.3 and derive a stability result for the potential g, from the
knowledge of the partial D-to-N map. We assume in the sequel that the function
h is the same as in Lemma 6.5.7.

We start with the following lemma, which gives an estimate of the Fourier trans-

form of the difference of q; and g, in .#, in the conic set K, ;.

Lemma 6.5.9. Let h € C;°(0,T) be supported in (T, —¢€,T, + €), let q; € M,
j=1,2,let R> 0, and let £ € R" with & - w = 0. Then, there exist two constants
Ao > 0 and C > 0, depending only on M and 2, and there exists €, € (0, 1), such
that

IG(E)| < C(e 3R + &2 219 AL —AL|l(e72 + €2R), (6.5.82)

forany || <R and 0 < € < €,. Here, ||A§ — AEH stands for the norm of A% — /\ﬁ2
in B (HV27V4(50); HY2VA(E_ ().

Proof. Use the same notations and we proceed in the same way as in the proof

of Lemma 6.5.7. We obtain that
J (0, wu;dxdt = f q(x)uju;dxdt.
= Q

By replacing u; and u, by their expressions, we obtain

J (G,u)e ?*h(t)dxdt
=

+,

‘J h(t)q(x)e_i"'gdxdt‘ < U A(t,x)dxdt| +
Q Q

[lie)
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+ ‘f (G, u)u;dxdt|, (6.5.83)
X e

S

where

A(t,x) = q(x)[h()e ™ W, +h()¥; + ¥ .
By using (6.5.68), (6.5.71) and the fact that [|h[y120,7) < Ce_%, for some con-

stant C > 0, which depends only on y, we get that

1 1
A < R® R® 5.
U (tx)dxdt c= (A+A + 557 (6.5.84)

where C a positive constant depending only on M, T and Q. Again, by using

(6.5.68), (6.5.71), we get

J (Guyzdxde| < l1ull 4y Il
z 2

H23(%_ H™ 2 4(2 e)
02

[Nl

_22(T — _
< ||Aﬁ(u+) Aﬁ(m)”m FYS ||h||W1,2(0,T)eA|n| A3(T, e)[|Q|+7L 1]
02

< CeY|AL = Abfle2Ha A Q) + A7 + ATIR?].
(6.5.85)

Furthermore, we have

f (Ba)(e#h(e)dxde| < @0e s, ollcs, y) < @ s,y
= 2 ) %)

+

[Nlie)

On the other hand, by Lemma 6.3.1 we get that

Q/lf
PN

+,

|0,u|?e 2 dxdt < AJ (w - v)|0,ul*e > 2 dxdt

ZH(w)

N\‘b

<Cf |6,u— Au+ q(x)ul?e ZWdxdt+f |0, ul?e P dxdt

2 (w)

< Cf lq)u e >+ dxdt + e’m'_lz”*_df |0, ul*dxdt

Y (w)

<CJ |q(x)(h(t)e‘”5+\11+))| dxdt + MU= (T —9||18,ull?, e
Y (w

2 —_ p—
< C(IIRIZ, gy + 195 122 ) + €44 AL — A IP)e™ (1 4+ A72R?)

C
<Cc(1+ ER“) + e MAEE AT AT |12671(1 4+ A72R),
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where we recall that C is a positive constant depending only on M, Q and T.

Then, we have

18,25, < C(A% + A2 'R) + 22| AF _ AL |le ! (172 + A7'R).
(6.5.86)
We choose A = €2, Then, by (6.5.83), (6.5.84), (6.5.85) and (6.5.86), we get

_1
A < Cle R + e INA — AbJi(e + e ER?),

This completes the proof of the lemma. a

We state now the main result of this subsection.
Theorem 6.5.10. Let q; € #, j = 1,2. Then there exists two constants C > 0
and u € (0, 1), which depend only on M, and T, such that

_ u/2
g1 — Qalli-1(y < C (1A% — AL]l + (log | log [|Af — ALJI)2/H)™".

Here, |IA§—A’2|| stands for the norm ofA'i—Aﬁ2 in B (H-V2714(%,); H1/2’1/4(2_’9(w6)) )
Proof. By Lemma 6.5.9 we have
_1
[G(E)] < e (R +* *INIA] — Afll(e ™2 + e 2RP).
In this inequality, we take R = €°, s > 0, and obtain

_1
(&) < Cle 5 + e AL — ALI(e72 +€727)
! -3 (6.5.87)
S C(G_ZS_Z =+ 626 2 |Q|||A§ _ Ag”).
For a fixed 7 > 0, we set F (&) =q(7&)) for all £ € R™. It is easy to see that F,

is analytic and that
|07F. (&) = |3YJ q(x)e”*"*dx|
Rn

= U qO) (=) |x|re ™€ dxdt|.
]Rn

This entails that

7l

|07F (7)| < J lq()|T"(|x*)Z dxdt < Cly|!(Diam(2)"e".

R
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Then, applying Lemma 4.2.4 in the set & = K,z N B(0,1) with M = Ce" and
1n = (Diam(€2))™}, we can find a constant u € (0,1) such that we have for all
€ €B(0,1),

IF(E) = 1q(vaI < Ce" U MF, |1V ), € €B(O,1).
Here, C a positive constant depends on M, 2 and T. Now, we will find an es-
timate for the Fourier transform of q in a suitable ball. Hence, by the fact that

K,z ={7&, £ €K, z} =K, r, we obtain for all & € B(0, 7)

[G(E)] = 1E. (v (€))] < Ce P, | )

< ce 1| q)1* (6.5.88)

L*°(B(0,7)NKy r)
< CeT(l H)”CI”LOO(K R’

Next, we decompose the H™'(R") norm of q into the following sum

1/u
IIqIIff’?(Rn = (J (1+ IEIZ)‘IIG(EIZdHJ (1+ IEIZ)‘IIG(i)IZdi)
[gl< 1422

1/u
-2
< C (TGP guony + 72Nl ) -

Therefore, by using (6.5.87) and (6.5.88), we get

2/u n 2t(1—u) (—2s—2)u 267%|Q|[J f fi12u -2 u

”q“H I(Rn)—c Te € Tte ||A1—A2|| ))+T
(1~ n 7(1— _1

<cC (ﬁ&%é—%—b + e T 2 NN A2 4 T—Z/H),

(6.5.89)

where C a positive constant which depends only on M, 2 and T.
Let 7, €(0,1)and 0 < 7 < T,. Set

n+2 g x(=u) T(1—w)
E=T (83+1),ue u(83+1)

n ZT(l—.u) (_25_1) —2/
As T < T4, we can assume that 0 < e < e, . Then, Tre“ 7 € 4/ = ¢7%" and

(6.5.89) yield

i —o/u /2
gl -1y < C(T”e¢(T)||A§—Aﬁ2||2+T 2/,u) )

where

— ( —
( M) + 27 (4s+3)ue u(iﬁ%) |Q|

¢(7)=
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Since Tre?™ < e, where A depends only on n, u and ,, we have

o _ w/2
g1y < gl < C (7 IS — A2+ £72/8)"7.

Now, in order to minimize the right-hand side with respect to 7, we set
1
7= log|log AL — ALl

Thus, we have the following estimation

_ w/2
Il < € (IIAF — ALl + (log [ Tog [| A% — AS|I[)2/#)"".

6.6 Brief comments

Our results of Theorems 6.4.8, 6.4.10, 6.5.8 and 6.5.10 claim that the poten-
tial is log-stably determined by either the full or partial parabolic D-to-N map
measured on (T, — €, T, + €), provided € is small enough. In this respect, (
Theorems 6.4.8, 6.4.10, resp., 6.5.8 and 6.5.10) are equivalent. The main dif-
ference between these results lies in the multiplication constant appearing in
the stability estimates. It turns in that this constant blows up as € — 0 in all
cases, making it impossible to claim stable recovery. But, as the prefactor in
the stability estimates blows up as € tends to 0, it is not possible to claim stable
recovery of the parabolic potential from knowledge of parabolic D-to-N map
taken at T, € (0, T). We prove this results with two different approaches: the
CGO functions are time-shifted in the first method while they are multiplied by
a truncate function in the second one. This provides the same type of stability

estimate, this was not clear at all at first sight.
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