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Abstract

This thesis deals with the study of a Gross-Clark-Schrödinger system which models the motion of an impurity in a Bose condensate.

We have rst shown that the Cauchy problem for this system is globally well posed in the associated energy space. The approach used is quite classical and is based on Strichartz type estimates and on a xed point theorem.

In a second step, we are interested in the travelling waves of this system. These special solutions have been studied since 1974 by physicists using formal asymptotic developments and some numerical simulations. In one dimension space the existence of these solutions and some properties have been rigorously established in 2006. Despite several attempts, there is no rigorous proof in the literature of the existence of travelling waves in dimension greater than or equal to two. We have used several approaches to show the existence, based on ideas and tools recently developed in Calculus of Variations. One of them consists in minimizing the energy associated to the system under two constraints, at constant mass and constant momentum. We have shown that minimizing travelling waves exist for any pair (moment, mass) that veries a strict subadditivity condition of the minimal energy as a function of two variables.

In parallel, we have performed numerical simulations that have well highlighted the travelling waves in the cases that correspond to the physical applications, we have obtained their proles and we have calculated their energy levels.

We have also studied other types of special solutions, including zero-momentum ground states and bubble-vortex solutions.

Résumé

Cette thèse porte sur l'étude d'un système de Gross-Clark-Schrödinger qui modélise le mouvement d'une impureté dans un condensat de Bose.

Nous avons d'abord montré que le problème de Cauchy pour ce système est globalement bien posé dans l'espace d'énergie associé. L'approche utilisée est assez classique et est basée sur des estimations de type Strichartz ainsi que sur l'utilisation d'un théorème de point xe. 

Presentation of the problem

We consider the following Gross-Clark system:

(GC)      i∂ t Ψ = -∆Ψ + 1 ε 2 ( 1 ε 2 |Φ| 2 + |Ψ| 2 -1)Ψ iδ∂ t Φ = -∆Φ + 1 ε 2 (q 2 |Ψ| 2 -ε 2 k 2 )Φ in R × R N ,
with the "boundary conditions" |Ψ| → 1, Φ → 0 as |x| → ∞.

This system, is originally introduced by Clark and Gross, has been studied by Grant and Roberts (see [12]). It models the movement of an impurity in a Bose-Einstein condensate. The functions Ψ and Φ are the wavefunctions for the bosons and for the impurity, respectively. Several physical parameters are relevant for the system (GC): In the second equation in (GC) we have put δ = µ M , where µ is the mass of the impurity, and M is the boson mass; since µ is small compared to M , δ is supposed to be small. We have denoted q 2 = l 2d , where l is the boson-impurity scattering length, and d the boson diameter, while k is a dimensionless measure for the single-particle impurity energy. The parameter ε is dened by ε = bµ lM 1 5 , where b is the "healing length"; in applications we have ε ∼ = 0.2. The system (GC) has been studied in [12], where the eective radius and the induced mass of the uncharged impurity were computed using formal asymptotic expansions and some numerical experiments.

When Φ = 0, the system (GC) reduces to the Gross-Pitaevskii equation

i∂ t Ψ = -∆Ψ + 1 ε 2 (|Ψ| 2 -1)Ψ in R × R N . (1.1)
Both the system (GC) and the Gross-Pitaevskii equation (1.1) are Hamiltonian. The conserved energies are, respectively

(1.2) E(ψ, ϕ) = R N |∇ψ| 2 + 1 2ε 2 |ψ| 2 -1 2 + 1 ε 2 q 2 |∇ϕ| 2 + 1 ε 4 |ψ| 2 |ϕ| 2 dx
and the Ginzburg-Landau energy of Ψ, namely

E 1 (ψ) = R N |∇ψ| 2 + 1 2ε 2 |ψ| 2 -1 2 dx. (1.3)
Other quantities conserved by the ow of (GC) are the momentum P(Ψ) = P 1 (Ψ), • • • , P N (Ψ) , and the mass M(Φ) = R N |Φ| 2 dx. The momentum was rigorously dened in [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF] in dimension N ≥ 3, then in [8] if N = 2. We will recall the main ideas of this denition later. If Ψ is a function suciently localized in space, the momentum is P k (Ψ) = R N iΨ, ∂Ψ ∂x k dx, for k ∈ {1, • • • , N }, and where ., . is the usual scalar product in C R 2 . We denote by Q the momentum with respect to the x 1 direction, i.e Q(ψ) = P 1 (ψ). The momentum has a nice behavior with respect to dilations, i.e if ψ ∈ E, γ, σ > 0, ψ γ,σ := ψ( x 1 γ , x σ ), then

Q(ψ γ,σ ) = σ N -1 Q(ψ), (1.4)
where E is the function space naturally associated to the Gross-Pitaevskii equation dened by:

(1.5)

E = ψ : R N -→ C; ψ is measurable, |ψ| -1 ∈ L 2 (R N ), ∇ψ ∈ L 2 (R N ) .
There are several equivalent denitions for E. If N ∈ {2, 3, 4}, it can be proved that E = E, where

E = ψ ∈ H 1 loc (R N ) | ∇ψ ∈ L 2 (R N ), |ψ| 2 -1 ∈ L 2 (R N ) . (1.6) 

Existing results

The nonlinear Schrödinger equation

The results corresponding to the nonlinear Schrödinger equation,

i ∂Ψ ∂t + ∆ψ + F (|Ψ| 2 )Ψ = 0 in R × R N , (1.7) 
with the boundary condition |Ψ| → 1 as |x| → ∞, are several. The most important cases that have been extensively studied by physicists and mathematicians are the Gross-Pitaevskii (GP) equation, where F (s) = 1 -s, and the so-called "cubic-quintic" Schrödinger equation, where F (s) = -α 1 + α 3 s -α 5 s 2 , α 1 , α 3 and α 5 being positive constants and F has two positive roots. Denoting V (s) = 1 s F (τ )dτ , we dene the conserved energy E 1 with a general nonlinearity by

E 1 (Ψ) = R N |∇Ψ| 2 dx + R N V (|Ψ| 2 )dx. (1.8)
For this equation, a particular attention has been paid to the travelling waves solutions in a series of papers (see, e.g., [1], [2], [12], [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF], [16], [17]). These are solutions of the form Ψ(t, x) = ψ(x 1 -ct, x ) that must satisfy the equation (1.9)

-ic ∂ψ ∂x 1 + ∆ψ + F (|ψ| 2 )ψ = 0, where x = (x 2 , • • • , x N ) and c is the speed of the travelling wave. In [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF], it is proved that there exist nontrivial nite energy travelling waves moving with speed c in any space dimension N ≥ 3, for a large class of nonlinear Schrödinger equations with nonzero conditions at innity, for any speed c less than the sound velocity, and under general conditions on the nonlinearity F . The sound velocity is dened as follows: if F is C 1 near 1, F (1) < 0, the sound velocity at innity associated to (1.1) is v s = -2F (1). These solutions are critical points of the energy E 1 when the momentum is xed.

C. A. Jones, C. J. Putterman and P. H. Roberts computed the energy and the momentum of the travelling waves they have found numercially for the Gross-Pitevskii equation. The rigorous proof of the existence of travelling waves for (GP) in space dimension N = 2 was done in [5] for all speed in some interval (0, η) where η is small. Minimizing the energy at xed momentum has been used rst in [4] to construct a sequence of travelling waves with speeds tending to 0 in dimension N ≥ 3. The same result was established in [7] for small speeds by using a mountain-pass argument. In space dimension N = 2 and N = 3 the existence of travelling waves for the Gross-Pitaevskii equation was done in [3] by minimizing the energy at xed momentum. In this case, the Lagrange multiplier associated to the obtained minimizers corresponds to the propagation speed, and if N = 2, the result is obtained for any speed in a set A ⊂ (0, v s ) where v s is the sound velocity at innity, and A contains points very close to 0 and v s . Later on, it was shown in [8] that the minimization of the energy at xed momentum can be used in any dimension N ≥ 2 for general nonlinearities under the assumption that V is nonegative. Moreover, the set of solutions is orbitally stable. Unfortunately, in this case it is not clear that the set of speeds of travelling waves constructed forms an interval. Also, it was proved in [3] and in [START_REF] De Laire | Non-existence for travelling waves with small energy for the Gross-Pitaevskii equation in dimension N ≥ 3[END_REF] that in space dimension N ≥ 3 there exists v 0 ∈ (0, v s ) such that minimizing the energy at xed momentum can not give travelling waves of speed c ∈ (v 0 , v s ).

In [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF], we have an existence result that covers the whole range (0, v s ) of possible speeds if N ≥ 3, for general nonlinearities. For the (GP) equation the nonexistence of travelling waves for c > v s was done in [13]. For a large class of nonlinearities, it was done in [START_REF] Mari³ | Nonexistence of Supersonic Traveling Waves for Nonlinear Schrödinger Equations with Nonzero Conditions at Innity[END_REF].

The travelling waves have the best regularity allowed by the nonlinearity F , for example in the case of (GP), the solutions are analytic. In [16], Jones, Putterman and Roberts predicted formally the asymptotic behavior of travelling waves as |x| → ∞. In [14], Gravejat considered the (GP) equation to study the asymptotic behavior of the travelling waves. His proof could be adapted for the general nonlinearities.

It was conjectured in [16] and in [17] that there exists a critical speed c v such that the travelling waves of speed smaller than c v present vortices, while those of speed greater than c v do not.

For the (GP) equation, the small velocity solutions solutions of small velocity solutions constructed in [4], [5] and [7] have vortices. For general nonlinearities, it was proved in [9] that the travelling waves do not have vortices if N = 2 or 3 and c close to v s .

Travelling waves solutions for the (GP) equation were obtained in [3] by minimizing the energy at xed and small momentum and have velocities close to v s . The energy-momentum diagram of these solutions shows that they are of arbitrary small energy and momentum in dimension two. In higher dimensions, the energy and the momentum of the three-dimensional travelling waves for (GP) are bounded from below. This result was noticed in [16]. If N = 3, it was proved in [3] that (GP) does not admit small energy travelling waves solutions. This result was extended to higher dimensions by De Laire, in [START_REF] De Laire | Non-existence for travelling waves with small energy for the Gross-Pitaevskii equation in dimension N ≥ 3[END_REF].

For general nonlinearities, nite energy travelling waves of speed close to v s were provided in [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF] if N ≥ 3 and in [8] if N = 2. In the two and three dimensional cases, the travelling waves solutions have modulus close to 1.

It was proved in [10] and [11] that if N ≤ 3, the Cauchy problem for the (GP) is globally well-posed for all initial data in the energy space. If N = 4, the result is true for initial datas with small energy. The method used by Gerard can be adapted for other nonlinearities.

The assumptions used to prove the existence of travelling waves for the nonlinear Schrödinger equation with general nonlinearity F (see (1.7)) are:

1. the function F is continuous on [0, ∞), C 1 in a neighborhood of 1, F (1) = 0 and F (1) < 0;

2. there exist C > 0 and p 0 < 2 N -2 (with p 0 < ∞ if N = 2) such that |F (s)| ≤ C(1 + s p 0 ) for any s ≥ 0;

3. there exist C, α 0 > 0 and r * > 1 such that F (s) ≤ -Cs α 0 for any s ≥ r * ; 4. F is C 2 near 1 and

F (s) = -(s -1) + 1 2
F (1)(s -1) 2 + O((s -1) 3 ) for s close to 1.

The Gross-Clark system

The results about the Gross-Clark system are very rare. In [START_REF] Mari³ | Global Branches of Travelling-Waves to a GrossPitaevskiiSchrödinger System in One Dimension[END_REF], it is proven that in space dimension one, there exist travelling-waves moving with velocity c if and only if c is less than the sound velocity at innity. In this case, the structure of the set of travelling waves is investigated and it is showed that it contains global subcontinua in appropriate Sobolev spaces.

Bouchel [6] showed decay estimates for nite energy travelling waves of (GC) and the nonexistence of supersonic travelling waves in dimension 3.

On the other hand, it was proved in [START_REF] Mari³ | Nonexistence of Supersonic Traveling Waves for Nonlinear Schrödinger Equations with Nonzero Conditions at Innity[END_REF] that in space dimension N ≥ 2, travelling waves do not exist for c greater than the sound velocity at innity.

If N ∈ {3, 4} Nguyen proved in [START_REF] Nguyen | Some variational problems arising in the theory of nonlinear waves[END_REF] that the travelling waves exist, by minimizing some action under a Pohozaev constraint under general conditions on the nonlinearity F and for any speed c ∈ (0, v s ) satisfying ε 2 (c 2 δ 2 + k 2 ) < q 2 . Moreover, minimizing the energy E at xed momentum Q has given the trivial solution (Ψ, 0), where Ψ is a solution of (1.1) obtained by minimizing E 1 at xed momentum Q as in [8] and [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF].

Main results

• The aim of Chapter 2 is to prove that the Cauchy problem for a Gross-Clark-Schrödinger system is globally well-posed in the energy space naturally associated to the system. The proof of this result is standard and based on the method used in [10]: Strichartz estimates and Banach xed-point theorem.

• In Chapter 3, we prove the existence of travelling waves of (GC). These are solutions of the form

Ψ(t, x) = ψ(x -ctω), Φ(t, x) = ϕ(x -ctω),
where ω ∈ S N -1 is the direction of propagation, and c ∈ R * is the travelling wave speed. Since (GC) is invariant by rotation, we may assume that ω = (1, 0, • • • , 0). Then travelling waves of speed c satisfy the following equations in R N -ic ∂ψ

∂x 1 = -∆ψ + 1 ε 2 ( 1 ε 2 |ϕ| 2 + |ψ| 2 -1)ψ -icδ ∂ϕ ∂x 1 = -∆ϕ + 1 ε 2 (q 2 |ψ| 2 -ε 2 k 2 )ϕ, (1.10) 
with a xed mass m of ϕ. It is easy to see that (ψ, ϕ) satises (1.10) for some velocity c if and only if (ψ, ϕ)(-x 1 , x ) satises (1.10) with -c instead of c. Hence, we may assume that c ≥ 0.

It is obvious that ϕ ∈ H 1 (R N ) if and only if e iax 1 ϕ ∈ H 1 (R N ) for some a ∈ R. Therefore, we can replace ϕ by e iax 1 ϕ in the second equation of (1.10) to get

cδaϕ -icδ ∂ϕ ∂x 1 = a 2 ϕ -2ia ∂ϕ ∂x 1 -∆ϕ + 1 ε 2 (q 2 |ψ| 2 -ε 2 k 2 )ϕ.
Then choosing a = cδ 2 , we see that travelling waves for (GC) have to satisfy a system of two equations given by (TW)

-ic ∂ψ

∂x 1 = -∆ψ + 1 ε 2 ( 1 ε 2 |ϕ| 2 + |ψ| 2 -1)ψ -∆ + q 2 ε 2 |ψ| 2 ϕ = λϕ,
where λ = c 2 δ 2 4 + k 2 is unknown, and k calculated once λ found.

Formally, travelling waves are critical points of the functional E(ψ, ϕ) -cQ(ψ) -λM(ϕ). Therefore, it is a natural idea to look for solutions as minimizers of the energy at xed momentum and mass. The speed c and λ being the Lagrange multipliers associated to the minimization problem.

To prove the existence of non trivial travelling waves solutions for (GC), we choose rst to prove the existence of the ground states by minimizing the energy at xed mass or L 2 -norm for ϕ, then we study the minimization at xed momentum for ϕ. We have also minimized the energy at xed mixed momentum P β (ψ, ϕ) where

P β (ψ, ϕ) = βQ(ψ) + (1 -β)Q(ϕ)
for some β ∈ [0, 1].

Finally, we chose to minimize the energy (1.2) under two constraints: xed momentum p for ψ and xed mass m for ϕ. Therefore, we dene the quantity:

E min (p, m) = inf E(ψ, ϕ) | ψ ∈ E, ϕ ∈ H 1 (R N ), Q(ψ) = p, (1.11) R N |ϕ| 2 dx = m .
The rst results gave us some concavity properties for E min and the existence of minimizers for some values of p and m. Indeed, we could not prove the strict subadditivity of E min , for all values of p and m. The method used to prove these results is mainly the concentration-compactness principle, by eliminating the "vanishing" and the "dichotomy" case and concluding that the "compactness" case holds.

• Chapter 4 is devoted to the numerical approximation in dimension 2 of the results obtained in Chapter 3. Indeed, we look numerically for travelling waves solutions for (GC) that have small mass. For ψ, the solution looks like the vortex branch of travelling wave of (1.1). For ϕ, it looks like a sum of two Gaussians functions of small mass concentrated near the vortices of ψ. The energy-momentum diagram of these solutions forms a concave curve (see Figure 1.1). Moreover, the numerical value of λ is also presented in this chapter.

• In Chapter 5, we use some numerical methods to approximate the solutions of mass 4π for the system (GC) in dimension 2. We could nd two branches of solutions: the ground state branch, and the vortex branch. For each of these branches, we start to nd the stationary solutions: for the rst branch, the stationary solutions were found in dimensions 2 and 3. For the second one, they were obtained in dimension 2. Then we could approximate the solutions with small speeds c for both of the branches. We could plot the energy-momentum diagram corresponding to each type of these solutions. For the ground state branch, the diagram is obtained for speeds c ∈ [0, 2.35], while it is found for speeds c ∈ [0.12, 0.19] for the vortex branch (see Figure 1.2). For the vortex branch, if c ∈ [0.7, 2.35], the algorithm converges, but the used ansatz do not present any vortex, they look like the ansatz of the ground state branch, and the obtained solutions are the same as the ones of the ground state branch. In other words, the ground state branch for c ∈ [0.7, 2.35] could be obtained in two ways: starting from the ground state solution and starting from the ansatz of two vortices that superpose. The last part of Chapter 5 is devoted to a rigorous proof for the existence of the ground state solution.

1.2 Version française

Présentation du problème

On considère le système de Gross-Clark:

(GC)

     i∂ t Ψ = -∆Ψ + 1 ε 2 ( 1 ε 2 |Φ| 2 + |Ψ| 2 -1)Ψ iδ∂ t Φ = -∆Φ + 1 ε 2 (q 2 |Ψ| 2 -ε 2 k 2 )Φ dans R × R N ,
avec les "conditions aux bords"

|Ψ| → 1, Φ → 0 quand |x| → ∞.
Ce système, introduit par Clark et Gross, a été étudié par Grant et Roberts (voir [12]). Ce système modélise le mouvement d'une impureté dans un condensat de Bose-Einstein. Les fonctions Ψ and Φ représentent les fonctions d'ondes des bosons et de l' impureté, respectivement. Plusieurs paramètres physiques sont appropriés au système (GC): dans la seconde équation de (GC) on choisit δ = µ M , où µ est la masse de l'impureté, et M celle du boson; comme µ est petite comparée à M , δ est supposé être petit. On note q 2 = l 2d , où l est la longueur de diusion du boson et de l'impureté, et d le diamètre du boson, tandis que k est une mesure sans dimension de l'énergie de l'impureté à une seule particule. Le paramètre ε est déni comme suit ε = bµ lM 1 5 , où b est la "longueur de cohérence"; dans les applications, on a ε ∼ = 0, 2. Le système (GC) a été étudié dans [12], où le rayon eectif et la masse induite de l'impureté non chargée ont été calculés en utilisant des développements asymptotiques formels et quelques expériences numériques.

Lorsque Φ = 0, le système (GC) se réduit à l'équation de Gross-Pitaevskii

i∂ t Ψ = -∆Ψ + 1 ε 2 (|Ψ| 2 -1)Ψ dans R × R N . (1.12)
Le système (GC) et l'équation de Gross-Pitaevskii (1.12) sont tous les deux hamiltoniens. Les énergies conservées sont, respectivement

(1.13) E(ψ, ϕ) = R N |∇ψ| 2 + 1 2ε 2 |ψ| 2 -1 2 + 1 ε 2 q 2 |∇ϕ| 2 + 1 ε 4 |ψ| 2 |ϕ| 2 dx et l'énergie de Ginzburg-Landau energy de Ψ, donnée par E 1 (ψ) = R N |∇ψ| 2 + 1 2ε 2 |ψ| 2 -1 2 dx. (1.14)
Les autres quantités conservées par le ux de (GC) sont le moment P(Ψ

) = P 1 (Ψ), • • • , P N (Ψ) , et la masse M(Φ) = R N |Φ| 2 dx.
Le moment a été rigoureusement déni dans [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF] en dimension N ≥ 3, puis dans [8] si N = 2. On rappellera plus tard les idées principales de cette dénition. Si Ψ est une fonction susamment localisée dans l'espace, le moment est

P k (Ψ) = R N iΨ, ∂Ψ ∂x k dx, pour k ∈ {1, • • • , N }, et où ., . est le produit scalaire habituel dans C R 2 .
On désigne par Q le moment par rapport à la direction x 1 , i.e Q(ψ) = P 1 (ψ). Le moment a un bon comportement par rapport aux dilatations, i.e si ψ ∈ E, γ, σ > 0, ψ γ,σ := ψ( x 1 γ , x σ ), alors

Q(ψ γ,σ ) = σ N -1 Q(ψ), (1.15)
où E est l'espace d'énergie naturellement associé à l'équation de Gross-Pitaevskii déni par :

(1.16) E = ψ : R N -→ C; ψ est mesurable, |ψ| -1 ∈ L 2 (R N ), ∇ψ ∈ L 2 (R N ) .
Il existe plusieurs dénitions équivalentes pour E. Si N ∈ {2, 3, 4}, on peut prouver que E = E, où (1.17)

E = ψ ∈ H 1 loc (R N ) | ∇ψ ∈ L 2 (R N ), |ψ| 2 -1 ∈ L 2 (R N ) .

Résultats existant L'équation de Schrödinger non-linéaire

Les résultats correspondant à l'équation de Schrödinger non-linéaire,

i ∂Ψ ∂t + ∆ψ + F (|Ψ| 2 )Ψ = 0 dans R × R N , (1.18)
avec les conditions aux bords |Ψ| → 1 quand |x| → ∞, sont nombreux. Les cas les plus importants qui ont été largement étudiés par les physiciens et les mathématiciens sont l'équation de Gross-Pitaevskii (GP), où F (s) = 1 -s, et l'équation de Schrödinger dite "cubique-quintique", où F (s) = -α 1 + α 3 s -α 5 s 2 , α 1 , α 3 et α 5 étant des constantes positives et F a deux racines positives.

On note V (s) = 1 s F (τ )dτ , on dénit l'énergie conservée E 1 avec une non-linéarité générale par

E 1 (Ψ) = R N |∇Ψ| 2 dx + R N V (|Ψ| 2 )dx. (1.19)
Pour cette équation, une attention particulière a été accordée aux solutions d'ondes progressives dans une série de travaux (voir, par exemple, [1], [2], [12], [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF], [16], [17]). Ce sont des solutions de la forme qu'ils ont trouvées pour l'équation de Gross-Pitaevskii. La preuve rigoureuse de l'existence d'ondes progressives pour (GP) en dimension N = 2 d'espace a été faite dans [5] pour toute vitesse dans un certain intervalle (0, η) où η est petit. La minimisation de l'énergie à moment xé a été utilisée en premier lieu dans [4] pour construire une séquence d'ondes progressives avec des vitesses tendant vers 0 en dimension N ≥ 3. Le même résultat a été établi dans [7] pour les petites vitesses en utilisant un argument de type "mountain-pass". En dimension N = 2 et N = 3, l'existence d'ondes progressives pour l'équation de Gross-Pitaevskii a été établie dans [3] en minimisant l'énergie à moment xé. Dans ce cas, le multiplicateur de Lagrange associé aux minimiseurs obtenus correspond à la vitesse de propagation, et si N = 2, le résultat est obtenu pour toute vitesse dans un ensemble A ⊂ (0, v s ) où v s est la vitesse du son à l'inni, et A contient des points très proches de 0 et v s . Par la suite, il a été montré dans [8] que la minimisation de l'énergie à moment xé peut être utilisée dans toute dimension N ≥ 2 pour des non-linéarités générales sous l'hypothèse que V est positif. De plus, l'ensemble des solutions est orbitalement stable. Malheureusement, dans ce cas, il n'est pas clair que l'ensemble des vitesses des ondes progressives construites forme un intervalle. De plus, il a été prouvé dans [3] et dans [START_REF] De Laire | Non-existence for travelling waves with small energy for the Gross-Pitaevskii equation in dimension N ≥ 3[END_REF] qu'en dimension N ≥ 3, il existe v 0 ∈ (0, v s ) de telle sorte que la minimisation de l'énergie à moment xé ne peut pas donner des ondes progressives de vitesse c ∈ (v 0 , v s ).

Ψ(t, x) = ψ(x 1 -ct, x ) qui doivent satisfaire l'équation (1.20) -ic ∂ψ ∂x 1 + ∆ψ + F (|ψ| 2 )ψ = 0, où x = (x 2 , • • • , x N ) et c
Dans [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF], on a un résultat d'existence qui couvre tout l'intervalle (0, v s ) des vitesses possibles si N ≥ 3, pour des non-linéarités générales. Pour l'équation (GP), la non-existence des ondes progressives pour c > v s a été faite dans [13]. Pour une grande classe de non-linéarités, elle a été faite dans [START_REF] Mari³ | Nonexistence of Supersonic Traveling Waves for Nonlinear Schrödinger Equations with Nonzero Conditions at Innity[END_REF].

Les ondes progressives ont la meilleure régularité permise par la non-linéarité F , par exemple dans le cas de (GP), les solutions sont analytiques. Dans [16], Jones, Putterman et Roberts ont prédit formellement le comportement asymptotique des ondes progressives en tant que |x| → ∞. Dans [14], Gravejat a considéré l'équation (GP) pour étudier le comportement asymptotique des ondes progressives. Sa preuve pourrait être adaptée aux non-linéarités générales.

Dans [16] et [17], la conjecture suivante a été émise : il existe une vitesse critique c v telle que les ondes progressives de vitesse inférieure à c v présentent des vortex, tandis que celles de vitesse supérieure à c v n'en présentent pas.

Pour l'équation (GP), les solutions de petites vitesses construites dans [4], [5] et [7] ont des vortex. Pour des non-linéarités générales, il a été prouvé dans [9] que les ondes progressives n'ont pas de vortex si N = 2 ou 3 et c proche de v s .

Des solutions de type ondes progressives pour l'équation (GP) ont été obtenues dans [3] en minimisant l'énergie à moment xé et petit et ont des vitesses proches de v s . Le diagramme énergie-moment de ces solutions montre qu'elles ont une énergie et un moment arbitrairement petits en dimension deux. En dimension supérieure, l'énergie et le moment des ondes progressives tridimensionnelles pour (GP) sont minorés. Ce résultat a été remarqué dans [16]. Si N = 3, il a été prouvé dans [3] que (GP) n'admet pas de solutions de type ondes progressives de petite énergie. Ce résultat a été étendu aux dimensions supérieures par De Laire, dans [START_REF] De Laire | Non-existence for travelling waves with small energy for the Gross-Pitaevskii equation in dimension N ≥ 3[END_REF].

Pour les non-linéarités générales, des ondes progressives d'énergie nie et de vitesse proche de v s ont été fournies dans [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF] si N ≥ 3 et dans [8] si N = 2. Dans les cas à deux et trois dimensions, les solutions d'ondes progressives ont un module proche de 1.

Il a été prouvé dans [10] et [11] que si N ≤ 3, le problème de Cauchy pour le (GP) est globalement bien posé pour toutes les données initiales dans l'espace d'énergie. Si N = 4, le résultat est vrai pour les données initiales de petite énergie. La méthode utilisée par Gérard peut être adaptée à d'autres non-linéarités.

Les hypothèses utilisées pour prouver l'existence d'ondes progressives pour l'équation non linéaire de Schrödinger avec une non-linéarité générale F (voir (1.18)) sont:

1. la fonction F est continue sur [0, ∞), C 1 dans un voisinage de 1, F (1) = 0 et F (1) < 0; 2. il existe C > 0 et p 0 < 2 N -2 (avec p 0 < ∞ si N = 2) tels que |F (s)| ≤ C(1 + s p 0 ) pour tout s ≥ 0; 3. il existe C, α 0 > 0 et r * > 1 tels que F (s) ≤ -Cs α 0 pour tout s ≥ r * ; 4. F est C 2 proche de 1 et F (s) = -(s -1) + 1 2 F (1)(s -1) 2 + O((s -1) 3 ) pour s proche to 1.

Le système de Gross-Clark

Les résultats concernant le système de Gross-Clark sont très rares. Dans [START_REF] Mari³ | Global Branches of Travelling-Waves to a GrossPitaevskiiSchrödinger System in One Dimension[END_REF], il est prouvé qu'en dimension un, il existe des ondes progressives se déplaçant avec une vitesse c si et seulement si c est inférieur à la vitesse du son à l'inni. Dans ce cas, on étudie la structure de l'ensemble des ondes progressives et on montre qu'il contient des sous-continus globaux dans des espaces de Sobolev appropriés.

Bouchel [6] a montré des estimations de décroissance pour les ondes progressives d'énergie nie de (GC) et la non-existence d'ondes progressives supersoniques en dimension 3. D'autre part, il a été prouvé dans [START_REF] Mari³ | Nonexistence of Supersonic Traveling Waves for Nonlinear Schrödinger Equations with Nonzero Conditions at Innity[END_REF] qu'en dimension N ≥ 2, les ondes progressives n'existent pas pour c supérieur à la vitesse du son à l'inni.

Si N ∈ {3, 4}, Nguyen a prouvé dans [START_REF] Nguyen | Some variational problems arising in the theory of nonlinear waves[END_REF] que les ondes progressives existent, en minimisant une certaine action sous une contrainte de Pohozaev sous des conditions générales sur la non-linéarité F et pour toute vitesse c ∈ (0, v s ) satisfaisant ε 2 (c 2 δ 2 + k 2 ) < q 2 . De plus, la minimisation de l'énergie E à moment xé Q a donné la solution triviale (Ψ, 0), où Ψ est une solution de (1.12) obtenue en minimisant E 1 à moment xé Q comme dans [8] et [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF]. • Dans le Chapitre 3, on prouve l'existence d'ondes progressives de (GC). Ce sont des solutions de la forme

Résultats principaux

Ψ(t, x) = ψ(x -ctω), Φ(t, x) = ϕ(x -ctω),
où ω ∈ S N -1 est la direction de propagation, et c ∈ R * est la vitesse de l'onde progressive. Puisque (GC) est invariant par rotation, on peut supposer que ω = (1, 0, • • • , 0). Les ondes progressives de vitesse c satisfont alors les équations suivantes dans R N .

-ic ∂ψ 

∂x 1 = -∆ψ + 1 ε 2 ( 1 ε 2 |ϕ| 2 + |ψ| 2 -1)ψ -icδ ∂ϕ ∂x 1 = -∆ϕ + 1 ε 2 (q 2 |ψ| 2 -ε 2 k 2 )ϕ, (1.21 
Il est clair que ϕ ∈ H 1 (R N ) si et seulement si e iax 1 ϕ ∈ H 1 (R N ) pour a ∈ R.
On peut alors remplacer ϕ par e iax 1 ϕ dans la seconde équation de (1.21) pour avoir

cδaϕ -icδ ∂ϕ ∂x 1 = a 2 ϕ -2ia ∂ϕ ∂x 1 -∆ϕ + 1 ε 2 (q 2 |ψ| 2 -ε 2 k 2 )ϕ.
On choisit a = cδ 2 , on voit que les ondes progressives pour (GC) doivent satisfaire un système de deux équations données par

(TW) -ic ∂ψ ∂x 1 = -∆ψ + 1 ε 2 ( 1 ε 2 |ϕ| 2 + |ψ| 2 -1)ψ -∆ + q 2 ε 2 |ψ| 2 ϕ = λϕ, où λ = c 2 δ 2 4 + k 2 est inconnu, et k calculé une fois λ trouvé.
Formellement, les ondes progressives sont des points critiques de la fonction E(ψ, ϕ) -cQ(ψ) -λM(ϕ). Par conséquent, il est naturel de chercher des solutions comme minimiseurs de l'énergie à moment et masse xés. La vitesse c et λ étant les multiplicateurs de Lagrange associés au problème de minimisation.

Pour prouver l'existence de solutions d'ondes progressives non triviales pour (GC), on a choisi en premier lieu de prouver l'existence des états fondamentaux en minimisant l'énergie (1.13) sous masse ou norme L 2 de ϕ xée égale à m, ensuite on étudie la minimization sous moment xé pour ϕ. On a également minimisé l'énergie à moment mixte xé P β (ψ, ϕ) où

P β (ψ, ϕ) = βQ(ψ) + (1 -β)Q(ϕ) pour un β ∈ [0, 1].
Finalement, on a choisi de minimiser l'énergie (1.14) sous deux contraintes: moment xé p de ψ et masse xée m pour ϕ. Par conséquent, on dénit la quantité:

E min (p, m) = inf E(ψ, ϕ) | ψ ∈ E, ϕ ∈ H 1 (R N ), Q(ψ) = p, (1.22) R N |ϕ| 2 dx = m .
Les premiers résultats nous ont donné quelques propriétés de concavité pour E min et l'existence de minimiseurs pour quelques valeurs de p et m. En eet, on n'a pas pu prouver la sous-additivité stricte de E min , pour toutes les valeurs de p et de m. La méthode utilisée pour prouver ces résultats est principalement le principe de concentration-compacité, en éliminant le cas évanescence et le cas dichotomie et en concluant que le cas compacité tient.

• Le Chapitre 4 est consacré à l'approximation numérique en dimension 2 des résultats obtenus au Chapitre 3. En eet, on cherche numériquement des solutions d'ondes progressives pour (GC) qui ont une petite masse. Pour ψ, la solution ressemble à la branche vortex de l'onde progressive de (1.12). Pour ϕ, elle ressemble à une somme de deux fonctions de Gauss de petites masses concentrées près des vortex de ψ. Le diagramme énergie-moment de ces solutions forme une courbe concave (voir Figure 1.3). De plus, la valeur numérique de λ est également présentée dans ce Chapitre.

• Dans le Chapitre 5, on utilise certaines méthodes numériques pour approcher les solutions de masse 4π pour le système (GC) en dimension 2. On a pu trouver deux branches de solutions : la branche de l'état fondamental, et la branche des vortex. Pour chacune de ces branches, on commence par trouver les solutions stationnaires: pour la première branche, les solutions stationnaires ont été trouvées en dimensions 2 et 3. Pour la deuxième branche, elles ont été obtenues en dimension 2. Ensuite, on a pu approximer les solutions avec de petites vitesses c pour les deux branches. On a pu tracer le diagramme énergie-moment correspondant à chaque type de ces solutions. Pour la branche de l'état fondamental, le diagramme est obtenu pour des vitesses c ∈ [0, 2.35], alors qu'il est trouvé pour des vitesses c ∈ [0.12, 0.19] pour la branche des vortex (voir Figure 1.4). Pour la branche des vortex, si c ∈ [0.7, 2.35], l'algorithme converge, mais les ansatz utilisés ne présentent pas de vortex, ils ressemblent aux ansatz de la branche de l'état fondamental, et les solutions obtenues sont les mêmes que celles de la branche de l'état fondamental. En d'autres termes, la branche de l'état fondamental pour c ∈ [0.7, 2.35] pourrait être obtenue de deux façons : soit à partir de la solution de l'état fondamental, soit à partir de l'ansatz de deux vortex qui se superposent. La dernière partie du Chapitre 5 est consacrée à une preuve rigoureuse de l'existence de la solution de l'état fondamental. 

Introduction

We recall that the Gross-Clark (GC) system is given by: (GC)

     i∂ t Ψ = -∆Ψ + 1 ε 2 ( 1 ε 2 |Φ| 2 + |Ψ| 2 -1)Ψ iδ∂ t Φ = -∆Φ + 1 ε 2 (q 2 |Ψ| 2 -ε 2 k 2 )Φ in R × R N ,
with the "boundary conditions"

|Ψ| → 1, Φ → 0 as |x| → ∞.
The functions Ψ and Φ are the wavefunctions for the bosons and for the impurity, respectively. δ, q, and ε are some physical parameters.

We recall that when Φ = 0, the system (GC) reduces to the Gross-Pitaevskii equation

i∂ t Ψ = -∆Ψ + 1 ε 2 (|Ψ| 2 -1)Ψ in R × R N ,
and that both the system (GC) and the Gross-Pitaevskii equation are Hamiltonian. As we mentioned in the Introduction, the conserved energies are, respectively

(2.1) E(ψ, ϕ) = R N |∇ψ| 2 + 1 2ε 2 |ψ| 2 -1 2 + 1 ε 2 q 2 |∇ϕ| 2 + 1 ε 4 |ψ| 2 |ϕ| 2 dx
and the Ginzburg-Landau energy of ψ, namely

E 1 (ψ) = R N |∇ψ| 2 + 1 2ε 2 |ψ| 2 -1 2 dx. (2.2)
The function space naturally associated to the Gross-Pitaevskii equation is (see [5,2,7])

E = ψ ∈ H 1 loc (R N ) | ∇ψ ∈ L 2 (R N ), |ψ| 2 -1 ∈ L 2 (R N ) . (2.3)
The aim of this chapter is to prove that the Cauchy problem for the system (GC) is globally well

posed in E × H 1 (R N ) in space dimension N = 1, 2 or 3. Our main result is Theorem 1. Assume that N ∈ {1, 2, 3}. For any Ψ 0 ∈ E and any Φ 0 ∈ H 1 (R N ), there exists a unique global solution (Ψ, Φ) ∈ C(R, E × H 1 (R N )) of (GC) such that Ψ(0) = Ψ 0 and Φ(0) = Φ 0 . Moreover, for any t ∈ R we have E(Ψ(t), Φ(t)) = E(Ψ 0 , Φ 0 ) and Φ(t) L 2 = Φ 0 L 2 .
The solution depends continuously on the initial data uniformly on compact intervals. 1In the next section we give some useful properties of the energy space. Theorem 1 is proven in section 3. In the Appendix we prove an "abstract" result that we needed in the proofs and which could be useful elsewhere.

The energy space

For any integer k ≥ 1, we consider the function space (sometimes called Zhidkov space, see [3,4,8,9,10])

X k (R N ) = {u ∈ L ∞ (R N ) | ∂ α u ∈ L 2 (R N ), 1 ≤ |α| ≤ k} (2.4)
endowed with the natural norm

u X k = u L ∞ + 1≤|α|≤k ∂ α u L 2 . (2.5) Fix a C ∞ , nonincreasing function χ : R -→ R such that χ = 1 on (-∞, 2] and χ = 0 on [3, ∞). Dene χ : C -→ R by χ(z) = χ(|z|). For any u ∈ E, dene (2.6) P 1 (u) = χ(u)u and P 2 (u) = (1 -χ(u))u.
Lemma 2 and 4 have been proven in [5]. For the convenience of the reader we recall here the proofs.

Lemma 2. ( [5]) Let N ∈ N * . For any u ∈ E we have

(i) P 1 (u) ∈ L ∞ (R N ) and P 1 (u) L ∞ ≤ 3. (ii) P 2 (u) ∈ L 2 (R N ) and P 2 (u) L 2 ≤ |u| 2 -1 L 2 ≤ ε 2E 1 (u).
(iii) There is C > 0, depending only on χ, such that

∇(P i (u)) L 2 ≤ C ∇u L 2 for i = 1, 2.
In particular, we have

P 1 (u) ∈ X 1 (R N ) with P 1 (u) X 1 ≤ 3 + C E 1 (u), and P 2 (u) ∈ H 1 (R N ) with P 2 (u) H 1 ≤ C E 1 (u). Proof. (i) Since |zχ(z)| = 0 if |z| ≥ 3, and |zχ(z)| = |z||χ(z)| ≤ 3 if |z| ≤ 3, we have P 1 (u) L ∞ ≤ 3. (ii) It is obvious that |u(x)| ≥ 2 whenever P 2 (u(x)) = 0. For all z ∈ C satisfying |z| ≥ 2 we have |(1 -χ(z))z| ≤ |z| ≤ |z| 2 -1. We infer that |P 2 (u)| ≤ |u| 2 -1 and (ii) follows. (iii) We have ∇ χ(u)u = χ(u)∇u + u [∂ 1 χ(u) • ∇ (Re(u)) + ∂ 2 χ(u) • ∇ (Im(u))]
and

∇ 1 -χ(u) u = 1 -χ(u) ∇u -u [∂ 1 χ(u) • ∇ (Re(u)) + ∂ 2 χ(u) • ∇ (Im(u))] .
Then (iii) holds with C = 1 + 6 ∇χ L ∞ .

Remark 3. Recall that, given two Banach spaces X, Y of distributions on R N , the space X + Y is also a Banach space with the norm

v X+Y = inf v 1 X + v 2 Y | v = v 1 + v 2 , v 1 ∈ X, v 2 ∈ Y .
If X and Y are continuously embedded into X and Ỹ , respectively, then X + Y is continuously embedded into X + Ỹ .

By Lemma 2 we have E ⊂ X 1 (R N ) + H 1 (R N ) and there is c > 0 such that

u X 1 +H 1 ≤ P 1 (u) X 1 + P 2 (u) H 1 ≤ c 1 + E 1 (u) for any u ∈ E. If H 1 (R N ) is continuously embedded into L p (R N ), then X 1 (R N ) + H 1 (R N ) is embedded into L ∞ + L p (R N ).
Given u 0 , u 1 ∈ E, we dene

(2.7) d E (u 0 , u 1 ) = u 0 -u 1 X 1 +H 1 + |u 0 | 2 -|u 1 | 2 L 2 .
It is easy to see that d E is a distance on E and (E, d E ) is a complete metric space.

Then E × H 1 (R N ) can be endowed with a complete metric space structure by dening the distance d as follows: for every u 0 , u 1 ∈ E and for every v

0 , v 1 ∈ H 1 (R N ), d (u 0 , v 0 ), (u 1 , v 1 ) = d E (u 0 , u 1 ) + v 0 -v 1 H 1 .
(2.8) Lemma 4. ( [5]) Assume that 1 ≤ N ≤ 4. Then we have E + H 1 (R N ) ⊂ E, and for any v ∈ E,

w ∈ H 1 (R N ), there holds (2.9) |v + w| 2 -1 L 2 ≤ |v| 2 -1 L 2 + 6 w L 2 + C E 1 (v) w L 4 + w 2 L 4 .
Moreover, for all

v 1 , v 2 ∈ E, w 1 , w 2 ∈ H 1 (R N ) we have (2.10) d E (v 1 + w 1 , v 2 + w 2 ) ≤ C 1 + w 2 H 1 d E (v 1 , v 2 ) +C 1 + E 1 (v 1 ) + w 1 H 1 + w 2 H 1 w 1 -w 2 H 1 . Proof. For v ∈ E, w ∈ H 1 (R N ), we have ∇(v + w) = ∇v + ∇w ∈ L 2 (R N ). |v + w| 2 -1 = |v| 2 -1 + 2Re(vw) + |w| 2 . Since v ∈ E, we have |v| 2 -1 ∈ L 2 (R N )
. By the Sobolev embedding we have

H 1 (R N ) ⊂ L 4 (R N ), hence w ∈ L 4 (R N ), which implies that |w| 2 ∈ L 2 (R N ). It remains to prove that Re(vw) ∈ L 2 (R N ). By Lemma 2, v can be written as v = v 1 + v 2 , with v 1 = P 1 (v) ∈ X 1 (R N ) and v 2 = P 2 (v) ∈ H 1 (R N ).
Using the Cauchy-Schwarz inequality, the Sobolev embedding and Lemma 2 (ii) we get

vw L 2 ≤ v 1 w L 2 + v 2 w L 2 ≤ 3 w L 2 + v 2 L 4 w L 4 ≤ 3 w L 2 + v 2 H 1 w L 4 ≤ 3 w L 2 + C E 1 (v) w L 4 .
This gives (2.9). Next we prove (2.10). Obviously,

v 1 + w 1 -v 2 -w 2 X 1 +H 1 ≤ v 1 -v 2 X 1 +H 1 + w 1 -w 2 H 1 , and 
|v 1 + w 1 | 2 -|v 2 + w 2 | 2 = |v 1 | 2 -|v 2 | 2 + 2Re(v 1 w 1 -v 2 w 2 ) + |w 1 | 2 -|w 2 | 2 .
Using the Cauchy-Schwarz inequality and the Sobolev embedding we get

|w 1 | 2 -|w 2 | 2 L 2 ≤ |w 1 | + |w 2 | L 4 |w 1 | -|w 2 | L 4 ≤ C( w 1 H 1 + w 2 H 1 ) w 1 -w 2 H 1 and v 1 w 1 -v 2 w 2 L 2 ≤ v 1 (w 1 -w 2 ) L 2 + (v 1 -v 2 )w 2 L 2 ≤ P 1 (v 1 ) L ∞ w 1 -w 2 L 2 + P 2 (v 1 ) L 4 w 1 -w 2 L 4 + v 1 -v 2 L ∞ +L 4 ( w 2 L 2 + w 2 L 4 ) ≤ 3 w 1 -w 2 L 2 + C E 1 (v 1 ) w 1 -w 2 H 1 + C v 1 -v 2 X 1 +H 1 w 2 H 1 .
From the above estimates we get (2.10).

Corollary 5. For every

v 1 , v 2 ∈ E, w 1 , w 2 , u 1 , u 2 ∈ H 1 (R N ), we have (2.11) d (v 1 + w 1 , u 1 ), (v 2 + w 2 , u 2 ) ≤ C 1 + w 2 H 1 d E (v 1 , v 2 ) +C 1 + E 1 (v 1 ) + w 1 H 1 + w 2 H 1 w 1 -w 2 H 1 + u 1 -u 2 H 1 .
It is easily seen that in space dimension N ≥ 4, the energy E introduced in (2.1) is well-dened and continuous on

E × H 1 (R N ). It is obvious that E 1 (Ψ) ≤ E(Ψ, Φ) and ∇Φ 2 L 2 ≤ ε 2 q 2 E(Ψ, Φ). One can prove that for any M > 0, there exists C(M ) > 0 such that E(Ψ, Φ) ≤ M implies that Φ H 1 ≤ C(M ).

The main result

We consider the Cauchy problem associated to the Gross-Clark system (GC) with initial values Ψ(0) = Ψ 0 ∈ E and Φ(0) = Φ 0 ∈ H 1 (R N ). We denote by S(t) = e it∆ the linear Schrödinger group in R N . For any given u 0 ∈ L 2 (R N ), we have S(t)u 0 = F -1 e it|ξ| 2 Fu(ξ) , where F is the Fourier transform. Since e it|ξ| 2 is of modulus one, S(t) is an isometry from L 2 (R N ) into itself and from H s (R N ) into H s (R N ) for any s ∈ R. It is well-known that (Ψ, Φ) is a solution of the Cauchy problem associated to the system (GC) with initial data (Ψ 0 , Φ 0 ) if and only if the functions Ψ and Φ satisfy the Duhamel formula (see e.g. [1], formula (1.6.2) p. 19 or Proposition 3.1.3 p. 57):

(2.12)

Ψ(t) = e it∆ Ψ 0 -i t 0 S(t -τ ) 1 ε 2 ( 1 ε 2 |Φ| 2 + |Ψ| 2 -1)Ψ(τ ) dτ, (2.13) Φ(t) = e i t δ ∆ Φ 0 - i δ t 0 S t -τ δ 1 ε 2 (q 2 |Ψ| 2 -ε 2 k 2 )Φ(τ ) dτ.
We will study the mappings 

(Ψ, Φ) → F (Ψ, Φ) = 1 ε 2 1 ε 2 |Φ| 2 + |Ψ| 2 -1 Ψ, and (Ψ, Φ) → G(Ψ, Φ) = 1 ε 2 q 2 |Ψ| 2 -ε 2 k 2 Φ.
E × H 1 (R N ) to L 2 + L 2p p+2 (R N ) and the mappings (Ψ, Φ) -→ ∇(F (Ψ, Φ)) and (Ψ, Φ) -→ ∇(G(Ψ, Φ)) are continuous from E×H 1 (R N ) to L 2 +L 2p p+4 (R N ).
Moreover, for any R > 0 there exists a constant C(R) such that, for every

Ψ 1 , Ψ 2 ∈ E, Φ 1 , Φ 2 ∈ H 1 (R N ) satisfying E 1 (Ψ 1 ) ≤ R, E 1 (Ψ 2 ) ≤ R and Φ 1 H 1 ≤ R, Φ 2 H 1 ≤
R, the following inequalities hold:

F (Ψ 1 , Φ 1 ) -F (Ψ 2 , Φ 2 ) L 2 +L 2p p+2 + ∇F (Ψ 1 , Φ 1 ) -∇F (Ψ 2 , Φ 2 ) L 2 +L 2p p+4 ≤ C(R)d (Ψ 1 , Φ 1 ), (Ψ 2 , Φ 2 ) , (2.14) G(Ψ 1 , Φ 1 ) -G(Ψ 2 , Φ 2 ) L 2 +L 2p p+2 + ∇G(Ψ 1 , Φ 1 ) -∇G(Ψ 2 , Φ 2 ) L 2 +L 2p p+4 ≤ C(R)d (Ψ 1 , Φ 1 ), (Ψ 2 , Φ 2 ) , (2.15)
Proof. It suces to prove (2.14) and (2.15). Let Ψ 1 , Ψ 2 ∈ E, and Φ 1 , Φ 2 ∈ H 1 (R N ). We have:

F (Ψ 1 , Φ 1 ) -F (Ψ 2 , Φ 2 ) = 1 ε 2 |Ψ 1 | 2 -|Ψ 2 | 2 Ψ 1 + 1 ε 2 Ψ 1 -Ψ 2 |Ψ 2 | 2 -1 + 1 ε 4 |Φ 1 | 2 -|Φ 2 | 2 Ψ 2 + 1 ε 4 Ψ 1 -Ψ 2 |Φ 1 | 2 .
Assume that N ≤ 4 and

H 1 (R N ) is continuously embedded into L p (R N ), where p ≥ 4. Then E ⊂ L ∞ + L p (R N
) and using the above equality, the Sobolev embedding and the fact that p 3 ≥ 2p p+2 we get

F (Ψ 1 , Φ 1 ) -F (Ψ 2 , Φ 2 ) L 2 +L 2p p+2 ≤ C |Ψ 1 | 2 -|Ψ 2 | 2 L 2 Ψ 1 L ∞ +L p + Ψ 1 -Ψ 2 L ∞ +L p |Ψ 2 | 2 -1 L 2 + Φ 1 -Φ 2 H 1 Ψ 2 L ∞ +L p ( Φ 1 H 1 + Φ 2 H 1 ) + Ψ 1 -Ψ 2 L ∞ +L p Φ 1 2 H 1 ≤ C(R)d (Ψ 1 , Φ 1 ), (Ψ 2 , Φ 2 ) .
It is obvious that

∇F (Ψ, Φ) = 1 ε 4 ∇ |Φ| 2 Ψ + 1 ε 2 ∇ (|Ψ| 2 )Ψ - 1 ε 2 ∇Ψ. Using the formula ∇(f gh) = gh∇f + f h∇g + f g∇h with f = Φ, g = Φ, h = Ψ and with f = Ψ, g = Ψ, h = Ψ as well as f 1 g 1 h 1 -f 2 g 2 h 2 = (f 1 -f 2 )g 1 h 1 + f 2 (g 1 -g 2 )h 2 + f 2 g 2 (h 1 -h 2 ),
then using Hölder's inequality for each term we get

∇(F (Ψ 1 , Φ 1 )) -∇(F (Ψ 2 , Φ 2 )) L 2 +L 2p p+4 ≤ C(R)d (Ψ 1 , Φ 1 ), (Ψ 2 , Φ 2 ) .
We have

G(Ψ 1 , Φ 1 ) -G(Ψ 2 , Φ 2 ) = 1 ε 2 q 2 Φ 1 |Ψ 1 | 2 -|Ψ 2 | 2 + q 2 |Ψ 2 | 2 Φ 1 -Φ 2 + ε 2 k 2 Φ 1 -Φ 2
, and proceeding as above we get (2.15). Denition 7. We say that the pair (p, q) is admissible if

p ≥ 2, 2 ≤ q ≤ ∞ if N = 1, 2 ≤ q < ∞ if N = 2, 2 ≤ q ≤ 2N N -2 if N ≥ 3,
and the following equality holds:

2 p + N q = N 2 . (2.16)
Given T > 0 and f ∈ L 1 ([0, T ]; X ), where X is a Banach space such that (t, u) -→ S(t)u is continuous from R × X to X (for instance, X may be any Sobolev space H s (R N ) with s ∈ R), we dene

Λ f : [-T, T ] -→ X by (2.17) Λ f (t) = t 0 S(t -τ )f (τ ) dτ.
Remark 8. (Strichartz estimate -see e.g. [1], Theorem 2.3.3 p. 33). We recall that if (p 1 , q 1 ) and (p 2 , q 2 ) are two admissible pairs, then for every

f ∈ L p 1 [-T, T ], L q 1 (R N ) , the mapping Λ f belongs to L p 2 [-T, T ], L q 2 (R N ) and to C([-T, T ], L 2 (R N )).
Moreover, there exists a constant C > 0, independent of T , such that the following inequality holds

Λ f L p 2 [-T,T ],L q 2 ≤ C f L p 1 [-T,T ],L q 1 . (2.18) Let (Ψ, Φ) ∈ C([-T, T ], E × H 1 (R N ))
. By Lemma 6, F (Ψ, Φ) and G(Ψ, Φ) belong to H s (R N ) for some s ∈ R (for instance, we may take s = -1 if 1 ≤ N ≤ 4). Hence we may dene A(Ψ, Φ) and

B(Ψ, Φ) on [-T, T ] by A(Ψ, Φ)(t) : = t 0 S(t -τ )F Ψ(τ ), Φ(τ ) dτ = 1 ε 2 t 0 S(t -τ ) 1 ε 2 |Φ(τ )| 2 + |Ψ(τ )| 2 -1 Ψ(τ )dτ, B(Ψ, Φ)(t) : = 1 δ t 0 S t -τ δ G Ψ(τ ), Φ(τ ) dτ = 1 δε 2 t 0 S t -τ δ q 2 |Ψ(τ )| 2 -ε 2 k 2 Φ(τ )dτ. Lemma 9. Assume that 1 ≤ N ≤ 3. For every Ψ ∈ C [-T, T ], E and Φ ∈ C [-T, T ], H 1 (R N ) , the functions A(Ψ, Φ) and B(Ψ, Φ) dened above belong to C [-T, T ], H 1 (R N ) . Moreover, if T ≤ 1 then for every R > 0, there exists a constant C(R) > 0 independent of T such that, if Ψ 1 , Ψ 2 , Φ 1 , Φ 2 satisfy E 1 Ψ 1 (t) ≤ R, Φ 1 (t) H 1 ≤ R and E 1 Ψ 2 (t) ≤ R, Φ 2 (t) H 1 ≤ R, then sup |t|≤T A(Ψ 1 , Φ 1 )(t) -A(Ψ 2 , Φ 2 )(t) H 1 ≤ C(R)T 1 2 sup |t|≤T d Ψ 1 (t), Φ 1 (t) , Ψ 2 (t), Φ 2 (t) , (2.19)
and

sup |t|≤T B(Ψ 1 , Φ 1 )(t) -B(Ψ 2 , Φ 2 )(t) H 1 ≤ C(R)T 1 2 sup |t|≤T d Ψ 1 (t), Φ 1 (t) , Ψ 2 (t), Φ 2 (t) . (2.20) Proof. Let p ≥ 4 such that H 1 (R N ) is continuously embedded into L p (R N ).
Obviously, we must have N ≤ 4 ≤ p. Using Lemma 6, then Lemma 12 and Corollary 13 in Appendix, there exist two continuous functions

f ∈ C([-T, T ], L 2 (R N )) and g ∈ C([-T, T ], L 2p p+2 (R N )) such that F (Ψ 1 , Φ 1 ) -F (Ψ 2 , Φ 2 ) = f + g and (2.21) sup t∈[-T,T ] f (t) L 2 + sup t∈[-T,T ] g(t) L 2p p+2 ≤ 3 sup t∈[-T,T ] F (Ψ 1 , Φ 1 ) -F (Ψ 2 , Φ 2 ) L 2 +L 2p p+2 ≤ C(R) sup t∈[-T,T ] d (Ψ 1 (t), Φ 1 (t)) , (Ψ 2 (t), Φ 2 (t)) .
If (γ, ρ) is an admissible pair such that ρ = 2p p+2 , we have necessarily ρ = 2p p-2 , γ = 2p N and γ = 2p 2p-N . Using Strichartz' estimate with γ and ρ as above, then Hölder's inequality on [-T, T ] we see that

Λ f , Λ g ∈ C([-T, T ], L 2 (R N ))
, where Λ f , Λ g are as in (2.17), and

sup t∈[-T,T ] Λ f (t) L 2 ≤ C f L 1 ([-T,T ],L 2 ) ≤ CT sup t∈[-T,T ] f (t) L 2 , sup t∈[-T,T ] Λ g (t) L 2 ≤ C g L γ ([-T,T ],L ρ ) ≤ CT 2p-N 2p sup t∈[-T,T ] g(t) L 2p p+2
.

Summing up, we infer that

A(Ψ 1 , Φ 1 ) -A(Ψ 2 , Φ 2 ) ∈ C([-T, T ], L 2 (R N )).
From the above estimates and (2.21) we see that there exists C(R) > 0 such that if T ∈ (0, 1], we have

(2.22) sup t∈[-T,T ] A(Ψ 1 , Φ 1 ) -A(Ψ 2 , Φ 2 ) L 2 ≤ C(R)T 2p-N 2p sup t∈[-T,T ] d (Ψ 1 (t), Φ 1 (t)), (Ψ 2 (t), Φ 2 (t)) .
Since S(t) commutes with derivatives with respect to space variables, it is easy to see that

∇A(Ψ, Φ)(t) = t 0 S(t -τ ) ∇F Ψ(τ ), Φ(τ ) dτ.
From Lemma 6, Lemma 12 and Corollary 13 there exist continuous functions

h ∈ C [-T, T ], L 2 (R N ) N and g ∈ C [-T, T ], L 2p p+4 (R N ) N such that ∇F (Ψ 1 , Φ 1 ) -∇F (Ψ 2 , Φ 2 ) = h + k and (2.23) sup t∈[-T,T ] h(t) L 2 + sup t∈[-T,T ] k(t) L 2p p+4 ≤ 3 sup t∈[-T,T ] ∇F (Ψ 1 , Φ 1 ) -∇F (Ψ 2 , Φ 2 ) L 2 +L 2p p+4 ≤ C(R) sup t∈[-T,T ] d (Ψ 1 (t), Φ 1 (t)) , (Ψ 2 (t), Φ 2 (t)) .
If (γ, ρ) is an admissible pair such that ρ = 2p p+4 , we must have ρ = 2p p-4 (respectively ρ = ∞ if p = 4), γ = p N and γ = p p-N . If N ≥ 3 we need 2 ≤ ρ ≤ 2N N -2 and this is equivalent to p ≥ 2N . Hence there is no admissible pair with the desired properties if N = 4, and in the case N = 3 the only possible choice is p = 6, thus (γ, ρ) = (2, 6) and (γ , ρ ) = (2, 6 5 ). Notice that if N = 3 we need the endpoint Strichartz estimate, that is (2.18) with (p 1 , q 1 ) = (2, 2N N -2 ), see [6]. Using Strichartz' estimate with γ and ρ as above, then Hölder's inequality on [-T, T ] we see that

Λ h , Λ k ∈ C [-T, T ], L 2 (R N ) N and sup t∈[-T,T ] Λ h (t) L 2 ≤ C h L 1 ([-T,T ],L 2 ) ≤ CT sup t∈[-T,T ] h(t) L 2 , sup t∈[-T,T ] Λ k (t) L 2 ≤ C k L γ ([-T,T ],L ρ ) ≤ CT p-N p sup t∈[-T,T ] k(t) L 2p p+4
.

We infer that 

∇ (A(Ψ 1 , Φ 1 )) -∇ (A(Ψ 2 , Φ 2 )) ∈ C ([-T, T ], L 2 (R N ) N .
∇ (A(Ψ 1 , Φ 1 )) -∇ (A(Ψ 2 , Φ 2 )) L 2 ≤ C(R)T p-N p sup t∈[-T,T ] d (Ψ 1 (t), Φ 1 (t)), (Ψ 2 (t), Φ 2 (t)) . We conclude that A(Ψ 1 , Φ 1 ) -A(Ψ 2 , Φ 2 ) ∈ C([-T, T ], H 1 (R N )). Taking (Ψ 2 , Φ 2 ) = (1, 0) it is obvious that A(Ψ 1 , Φ 1 ) ∈ C([-T, T ], H 1 (R N )) whenever Ψ 1 ∈ C([-T, T ], E) and Φ 1 ∈ C([-T, T ], H 1 (R N )).

Local wellposedness

The Duhamel formula (2.12)-(2.13) can be written as

Ψ(t) = S(t)Ψ 0 -iA(Ψ, Φ)(t), (2.25) Φ(t) = S t δ Φ 0 -iB(Ψ, Φ)(t). (2.26)
Theorem 10. Assume that N ∈ {1, 2, 3}. For every R > 0, there exists T > 0 such that for any

Ψ 0 ∈ E and any Φ 0 ∈ H 1 (R N ) satisfying E 1 (Ψ 0 ) ≤ R and Φ 0 H 1 ≤ R, there exists a unique solution (Ψ, Φ) of the system (GC) with initial values (Ψ, Φ)(0) = (Ψ 0 , Φ 0 ), such that (Ψ, Φ) ∈ C [-T, T ], E × C [-T, T ], H 1 (R N ) . Moreover, if (Ψ 0,1 , Φ 0,1 ), (Ψ 0,2 , Φ 0,2 ) ∈ E×H 1 (R N ) satisfy E 1 (Ψ 0,1 ) ≤ R, Φ 0,1 H 1 ≤ R and E 1 (Ψ 0,2 ) ≤ R, Φ 0,2 H 1 ≤ R then (2.27) sup |t|≤T d Ψ 1 (t), Φ 1 (t) , Ψ 2 (t), Φ 2 (t) ≤ C(R)d (Ψ 0,1 , Φ 0,1 ), (Ψ 0,2 , Φ 0,2 ) ,
where (Ψ 1 , Φ 1 ) and (Ψ 2 , Φ 2 ) are the solutions of (GC) with initial data (Ψ 0,1 , Φ 0,1 ) and (Ψ 0,2 , Φ 0,2 ), respectively.

Proof.

Let (Ψ 0 , Φ 0 ) ∈ E × H 1 (R N ) be such that E 1 (Ψ 0 ) ≤ R and Φ 0 H 1 ≤ R.
We shall prove that for T small enough (depending only on R), the mapping

(2.28) (Ψ, Φ) -→ S(•)Ψ 0 -iA(Ψ, Φ), S • δ Φ 0 -iB(Ψ, Φ)
is a contraction on the complete metric space

X = (Ψ, Φ) ∈ C [-T, T ], E × C [-T, T ], H 1 (R N ) | sup |t|≤T E 1 Ψ(t) ≤ 3R, sup |t|≤T Φ(t) H 1 ≤ 3R endowed with the distance dist (Ψ 1 , Φ 1 ), (Ψ 2 , Φ 2 ) = sup t∈[-T,T ] d (Ψ 1 (t), Φ 1 (t)), (Ψ 2 (t), Φ 2 (t))
.

Since e it∆ is an isometry in H 1 (R N ), we have 

e it∆ Φ 0 H 1 = Φ 0 H 1 ≤ R
A(Ψ, Φ)(t) H 1 ≤ C(R)T 1 2
and

sup |t|≤T B(Ψ, Φ)(t) H 1 ≤ C(R)T 1 2 .
Then using inequality (2.9) in Lemma 4, we see that for T small enough (depending on R),

sup |t|≤T E 1 e it∆ Ψ 0 + A(Ψ, Φ)(t) ≤ 3R.
It is obvious that

sup |t|≤T e it∆ Φ 0 + B(Ψ, Φ)(t) H 1 ≤ R + C(R)T 1 2 ≤ 3R
if T is small enough. We conclude that there exists T 2 (R) > 0 such that for T ≤ T 2 (R), the mapping (2.28) is from X to X . Using estimate (2.10) 

d E ( S(t)Ψ 0 -iA(Ψ 1 (t), Φ 1 (t)), S(t)Ψ 0 -iA(Ψ 2 (t), Φ 2 (t))) ≤ C 1 (R) sup t∈[-T,T ] A(Ψ 1 (t), Φ 1 (t)) -A(Ψ 2 (t), Φ 2 (t)) H 1 ≤ C 2 (R)T 1 2 sup t∈[-T,T ] d Ψ 1 (t), Φ 1 (t) , Ψ 2 (t), Φ 2 (t) .
Similarly, from estimate (2.20) in Lemma 9 we obtain (2.30)

sup t∈[-T,T ] S t δ Φ 0 -iB(Ψ 1 (t), Φ 1 (t)) -S t δ Φ 0 -iB(Ψ 2 (t), Φ 2 (t)) H 1 = sup t∈[-T,T ] B(Ψ 1 (t), Φ 1 (t)) -B(Ψ 2 (t), Φ 2 (t)) H 1 ≤ C 3 (R)T 1 2 sup t∈[-T,T ] d Ψ 1 (t), Φ 1 (t) , Ψ 2 (t), Φ 2 (t) .
It follows from (2.29) and (2.30) that there is T (R) > 0 such that for T ≤ T (R), the mapping in (2.28) is a contraction in X ; then the Banach-Picard xed point theorem implies that it has a unique xed point. Hence (GC) has a unique local solution with initial data (Ψ 0 , Φ 0 ).

Let (Ψ 1 , Φ 1 ) and (Ψ 2 , Φ 2 ) be the solutions of (GC) with initial data (Ψ 0,1 , Φ 0,1 ) and (Ψ 0,2 , Φ 0,2 ), respectively, satisfying the assumptions in Theorem 10. Proceeding exactly as in (2.29) and (2.30), we see that there are

C 4 (R) > 0, C 5 (R) > 0 such that sup t∈[-T,T ] d (Ψ 1 (t), Φ 1 (t)), (Ψ 2 (t), Φ 2 (t)) ≤ C 4 (3R)d (Ψ 0,1 , Φ 0,1 ), (Ψ 0,2 , Φ 0,2 ) +C 5 (3R)T 1 2 sup t∈[-T,T ] d (Ψ 1 (t), Φ 1 (t)), (Ψ 2 (t), Φ 2 (t)) . Choosing T 3 (R) ≤ T (R) such that C 5 (3R)T 3 (R) 1 2 ≤ 1
2 , we see that (2.27) holds on intervals of length T 3 (R). Dividing [-T (R), T (R)] into a nite number of intervals of length no greater than T 3 (R) and iterating this argument, we see that (2.27) holds on [-T (R), T (R)].

Since we have a lower bound on the time of existence of the local solution of the Cauchy problem for (GC) only in terms of E 1 (Ψ 0 ) and Φ 0 H 1 , a standard argument gives the following: Corollary 11. Assume that 1 ≤ N ≤ 3. Let Ψ 0 ∈ E and Φ 0 ∈ H 1 (R N ). Let (Ψ(t), Φ(t)) be the solution of the Cauchy problem with initial data (Ψ 0 , Φ 0 ) and let (-T * , T * ) be its maximal interval of existence. Then either T * = ∞, or lim t↑T * (E 1 (Ψ(t)) + Φ(t) H 1 ) = ∞. A similar statement holds for T * .

Regularity, conservation of energy and global existence

Assume that N ≤ 3. Then we have

H 2 (R N ) ⊂ X 2 (R N ). Consider Ψ 0 ∈ E and Φ 0 ∈ H 1 (R N ) such that ∆Ψ 0 ∈ L 2 (R N ) and ∆Φ 0 ∈ L 2 (R N ). Let (Ψ(t), Φ(t)
) be the solution of (GC) with initial data (Ψ 0 , Φ 0 ) and let (-T * , T * ) be the maximal interval where this solution exists. Since the mapping

(Ψ, Φ) -→ F (Ψ, Φ), G(Ψ, Φ) from X 2 (R N ) × H 2 (R N ) to itself is Lipschitz continuous on bounded sets of X 2 (R N ) × H 2 (R N
), proceeding as in [5] p. 772-773 we see that

(Ψ(•), Φ(•)) ∈ C((-T * , T * ), X 2 (R N ) × H 2 (R N )). Then using (GC) we get ∂ t Ψ(t), ∂ t Φ(t) ∈ C((-T * , T * ), L 2 (R N )),
and dierentiating Φ(t) 2 L 2 and E((Ψ(t), Φ(t)) (where E is given by (2.1)), then integrating by parts and using the system (GC) we nd

d dt Φ(t) 2 L 2 = 2Re Φ(t), ∂ t Φ(t) L 2 = 2Re R N Φ(t) -i δ -∆Φ(t) + 1 ε 2 (q 2 |Ψ| 2 (t) -ε 2 k 2 )Φ(t) dx = 0, respectively d dt E((Ψ(t), Φ(t)) = 2Re R N ∂ t Ψ(t) -∆Ψ(t) + 1 ε 2 ( 1 ε 2 |Φ| 2 (t) + |Ψ| 2 (t) -1)Ψ(t) dx + 2 ε 2 q 2 Re R N ∂ t Φ(t) -∆Φ(t) + q 2 ε 2 |Ψ| 2 (t)Φ(t) dx = 2Re R N ∂ t Ψ(t) (i∂ t Ψ(t)) dx + 2 ε 2 q 2 Re R N ∂ t Φ(t) iδ∂ t Φ(t) + ε 2 k 2 Φ(t) dx = 0.
We infer that Φ(t) L 2 and E(Ψ(t), Φ(t)) do not depend on t.

Let Ψ 0 ∈ E and Φ 0 ∈ H 1 (R N ). By Lemma 6 p. 773 in [5], there is a sequence

(Ψ n 0 ) n≥1 ⊂ E ∩ X 2 (R N ) such that d E (Ψ n 0 , Ψ 0 ) -→ 0 as n -→ ∞. Consider a sequence (Φ n 0 ) n≥1 ⊂ C ∞ c (R N ) such that Φ n 0 -→ Φ 0 in H 1 (R N ).
Denote by (Ψ(t), Φ(t)) and by (Ψ n (t), Φ n (t)) the solutions of the Cauchy problem associated to the system (GC) with initial data (Ψ 0 , Φ 0 ) and (Ψ n 0 , Φ n 0 ), respectively. Let (-T * , T * ) be the maximal interval of existence of the solution (Ψ(t), Φ(t)), and let t 0 ∈ (-T * , T * ). Using (2.27) in Theorem 10, it is standard to see that for all n suciently large, t 0 belongs to the existence interval of the solution (Ψ n (t), Φ n (t)), and

(Ψ n (t 0 ), Φ n (t 0 )) -→ (Ψ(t 0 ), Φ(t 0 )) in E×H 1 (R N ) as n -→ ∞. Since Φ n (t 0 ) L 2 = Φ n 0 L 2 and E(Ψ n (t 0 ), Φ n (t 0 )) = E(Ψ n 0 , Φ n 0 )
for all n, passing to the limit we discover that Φ(t 0 ) L 2 = Φ 0 L 2 and E(Ψ(t 0 ), Φ(t 0 )) = E(Ψ 0 , Φ 0 ). We have thus proved that Φ L 2 and the energy E are conserved quantities for all solutions of (GC) in E × H 1 (R N ).

The conservation of the energy and of the L 2 -norm of Φ immediately imply that all solutions are global. Indeed, let (Ψ(t), Φ(t)) be a solution with initial data (Ψ 0 , Φ 0 ) ∈ E × H 1 (R N ), and let (-T * , T * ) be its maximal interval of existence. We have already seen that if

T * < ∞, then E 1 (Ψ(t)) + Φ(t) H 1 -→ ∞ as t -→ T * . Or, we have E 1 (Ψ(t)) + 1 ε 2 q 2 ∇Φ(t) 2 L 2 ≤ E(Ψ(t), Φ(t)) = E(Ψ 0 , Φ 0 ), and Φ(t) L 2 = Φ 0 L 2 , hence E 1 (Ψ(t))+ Φ(t) H 1 remains
bounded as long as the solution (Ψ(•), Φ(•)) exists, and we conclude that necessarily T * = ∞. Similarly we have T * = ∞.

Appendix

Let (X, • X ) and (Y, • Y ) be two Banach spaces of distributions in R N . We consider the Banach space X + Y endowed with the norm u

X+Y = inf{ x X + y Y | x ∈ X, y ∈ Y, u = x + y}. Lemma 12. Let u : [a, b] -→ X + Y be a continuous function from the compact interval [a, b] ⊂ R to (X + Y, • X+Y ). Let ε > 0. There exist two continuous functions v : [a, b] -→ X and w : [a, b] -→ Y such that u(t) = v(t) + w(t) for all t ∈ [a, b],
(2.31)

sup t∈[a,b] v(t) X ≤ sup t∈[a,b] u(t) X+Y + ε and sup t∈[a,b] w(t) Y ≤ sup t∈[a,b] u(t) X+Y + ε.
Proof. We divide the proof into two steps.

Step 1. For any ε > 0 there exist two continuous functions

v : [a, b] -→ X and w : [a, b] -→ Y such that (2.31) holds and (2.32) sup t∈[a,b] u(t) -v(t) -w(t) X+Y ≤ ε. Fix ε > 0. Since u is uniformly continuous, there exists η > 0 such that u(t) -u(s) X+Y ≤ ε 2 for all s, t ∈ [a, b] such that |s -t| < η. Consider a nite sequence a = t 0 < t 1 < t 2 < • • • < t n-1 < t n = b such that t k -t k-1 < η for all k = 1, . . . , n. For any k ∈ {0, 1, . . . , n}, choose v k ∈ X and w k ∈ Y such that u(t k ) = v k + w k and v k X + w k Y ≤ u(t k ) X+Y + ε 2 . Dene v : [a, b] -→ X and w : [a, b] -→ Y by v(t k ) = v k , w(t k ) = w k and v(t) = t k -t t k -t k-1 v k-1 + t -t k-1 t k -t k-1 v k , w(t) = t k -t t k -t k-1 w k-1 + t -t k-1 t k -t k-1 w k for t ∈ [t k-1 , t k ].
In other words, v and w are ane on each of the intervals

[t k-1 , t k ]. It is clear that v and w are continuous on [a, b]. For t ∈ [t k-1 , t k ] we have v(t) X ≤ t k -t t k -t k-1 v k-1 X + t -t k-1 t k -t k-1 v k X ≤ sup t∈[a,b] u(t) X+Y + ε 2
and a similar estimate holds for w.

Hence (2.31) is established. It is easily seen that v(t) -v k-1 + w(t) -w k-1 = t -t k-1 t k -t k-1 (v k -v k-1 + w k -w k-1 ) = t -t k-1 t k -t k-1 (u(t k ) -u(t k-1 ))
and consequently

v(t) + w(t) -u(t k-1 ) X+Y ≤ u(t k ) -u(t k-1 ) X+Y ≤ ε 2 for all t ∈ [t k-1 , t k ]. Therefore for t ∈ [t k-1 , t k ] we have u(t) -(v(t) + w(t)) X+Y ≤ u(t) -u(t k-1 ) X+Y + v(t) + w(t) -u(t k-1 ) X+Y ≤ ε.
Step 2. We iterate the construction in Step 1 to conclude the proof. Given ε > 0, we construct v 1 and w 1 as in Step 1 such that (2.31) and (2.32) hold with ε 4 instead of ε. Let

u 1 = u -v 1 -w 1 , so that sup t∈[a,b] u 1 (t) X+Y ≤ ε 4 . Using again
Step 1, we construct v 2 and w 2 such that (2.31) and

(2.32) hold with u 1 and ε 8 instead of u and ε, respectively. We denote u k (t) X+Y ≤ ε 2 k+1 , using Step 1 we nd v k+1 and w k+1 satisfying (2.31) and (2.32) with u k instead of u and ε 2 k+2 instead of ε, and so on. Since

u 2 = u 1 -v 2 -w 2 ,
v k L ∞ ([a,b], X) ≤ ε 2 k + ε 2 k+1 for k ≥ 1 and (X, • X ) is complete, the series k≥1 v k converges in X. We denote by v its sum. It is clear that v is continuous from [a, b] to X and satises (2.31). Similarly w = k≥1 w k is continuous from [a, b] to X and satises (2.31). We have u -k i=1 v i -k i=1 w i L ∞ ([a,b],X+Y ) ≤ ε 2 k+1 for all k ∈ N * and letting k -→ ∞ we get u = v + w.
Corollary 13. Let u : [a, b] -→ X +Y be a continuous function. Let ε > 0. There exist two continuous

functions v : [a, b] -→ X and w : [a, b] -→ Y such that u(t) = v(t) + w(t) for all t ∈ [a, b],
(2.33)

sup t∈[a,b] v(t) X ≤ (1 + ε) sup t∈[a,b] u(t) X+Y and sup t∈[a,b] w(t) Y ≤ (1 + ε) sup t∈[a,b] u(t) X+Y .

Chapter 3

Travelling waves to the Gross-Clark system

Introduction

We recall that the Gross-Clark system is given by (GC)

         i ∂Ψ ∂t = -∆Ψ + 1 2 (|Ψ| 2 + 1 2 |Φ| 2 -1)Ψ iδ ∂Φ ∂t = -∆Φ + 1 2 (q 2 |Ψ| 2 -2 k 2 )Φ
with the "boundary conditions" |Ψ| -→ 1 and |Φ| -→ 0 as |x| -→ ∞. Here δ, , q, k are physical parameters, and is not "small" ( 0.2 in the literature). We are interested in traveling waves, that is solutions of the form Ψ(t, x) = ψ(x 1 -ct, x 2 , . . . , x N ), Φ(t, x) = φ(x 1 -ct, x 2 , . . . , x N ). It turns out that it is more interesting to search for φ of the form φ(x) = e iδcx 1 ϕ(x); this transform leads nally to Φ(t, x) = e iδc(x 1 -ct) ϕ(x 1 -ct, x 2 , . . . , x N ). Notice that φ ∈ H 1 (R N ) if and only if ϕ ∈ H 1 (R N ). We nd that ψ and ϕ must satisfy the system (TW)

       -ic ∂ψ ∂x 1 = -∆ψ + 1 2 (|ψ| 2 + 1 2 |ϕ| 2 -1)ψ ( δ 2 c 2 4 + k 2 )ϕ = -∆ϕ + q 2 2 |ψ| 2 ϕ.
The rst equation in (TW) is similar to the equation satised by traveling-waves to the Gross-Pitaevskii equation, except that it contains an additional term 1 4 |ϕ| 2 ψ which is linear with respect to ψ. The second equation in (TW) is linear in ϕ. In fact, ϕ must be an eigenvalue of the linear operator

L ψ = -∆ + q 2 2 |ψ| 2 corresponding to the eigenvalue λ = δ 2 c 2 4 + k 2 . Notice that we have always L ψ φ, φ ≥ 0. If |ψ| tends to 1 suciently fast as |x| -→ ∞, the essential spectrum of L ψ is [1, ∞).
We will look only for eigenvectors of L ψ corresponding to the rst eigenvalue. They can be obtained by minimizing L ψ φ, φ in H 1 (R N ) when ϕ L 2 is kept constant. It is therefore natural to seek for solutions of (TW) by minimizing E(ψ, ϕ) when the momentum of ψ and the L 2 -norm of ϕ are xed (see below for the denition of the "energy" E(ψ, ϕ) and of the momentum). If (ψ, ϕ) is a minimizer, the parameters c and λ = δ 2 c 2 4 + k 2 appearing in (TW) will be the corresponding Lagrange multipliers. The following "energies" are relevant in the study of (GC) and (TW):

(3.1) E 1 (ψ) = R N |∇ψ| 2 + V (|ψ| 2 ) dx, and 
(3.2) E(ψ, ϕ) = R N |∇ψ| 2 + V (|ψ| 2 ) + 1 2 q 2 |∇ϕ| 2 + 1 4 |ψ| 2 |ϕ| 2 dx = E 1 (ψ) + R N 1 2 q 2 |∇ϕ| 2 + 1 4 |ψ| 2 |ϕ| 2 dx = E 1 (ψ) + 1 2 q 2 L ψ ϕ, ϕ .
In (GC) -(TW) we have V (s) = 1 2 2 (s -1) 2 , but we may consider more general potentials V . Throughout this chapter we consider a general potential V , we denote F (τ ) = -V (τ ), and we work with the same assumptions on F and on V as in [5]:

(A1) The function F is continuous on [0, ∞), C 1 in a neighborhood of 1, F (1) = 0 and F (1) < 0.
If (A1) is satised, the sound velocity at innity associated to (GC) or to (3.3) 

is v s = -2F (1)
(see e.g. [9]). In particular, for

F (s) = 1 2 (1 -s) we have v s = √ 2 .
(A2) There exist C > 0 and

p 0 < ∞ if N = 1 or N = 2, p 0 < 2 N -2 in N 3, such that |F (s)| ≤ C(1 + s p 0 ) for any s ≥ 0. (A3) There exist C, a 0 > 0 and r * > 1 such that F (s) ≤ -Cs a 0 for any s ≥ r * . (A4) F is C 2 near 1 and
F (s) = F (1)(s -1) + 1 2 F (1)(s -1) 2 + O((s -1) 3 ) for s close to 1.
We assume throughout the chapter that (A1) and (A2) hold. Assumptions (A3) and (A4) will be needed occasionally. For instance, (A3) is useful to obtain the regularity of solutions when a bootstrap cannot be performed, but it is not needed to prove the existence of solutions.

Notice that the energy E is a conserved quantity for the system (GC) (see Section 3.3 in [1]). Similarly, the energy E 1 is a conserved quantity for the Gross-Pitaevskii (GP) equation

(3.3) i∂ t Ψ + ∆Ψ + F (|Ψ| 2 )Ψ = 0 in R N , |Ψ| -→ 0 as |x| -→ ∞.
The natural energy space associated to (GC) is

X := {(ψ, ϕ) ∈ H 1 loc (R N ) E(ψ, ϕ) < ∞}.
If (ψ, ϕ) ∈ X , we have necessarily E 1 (ψ) < ∞ and we infer that ψ ∈ E, where E is the energy space associated to the Gross-Pitaevskii equation. We refer to the introduction of [5] or of [11] for a description of E.

Consider a cut-o function χ ∈ C ∞ (R) such that χ is nondecreasing, χ(t) = t if t 2 and χ(t) = 3 if t 4. It has been shown in [5] that (3.4) E = {ψ ∈ H 1 loc (R N ) | E 1 (ψ) < ∞} = {ψ ∈ H 1 loc (R N ) | ∇ψ ∈ L 2 (R N ), χ 2 (|ψ|) -1 ∈ L 2 (R N )} = {ψ : R N -→ C | ψ is measurable, |ψ| -1 ∈ L 2 (R N ), ∇ψ ∈ L 2 (R N )}. Lemma 20 below implies that if (ψ, ϕ) ∈ X , then ϕ ∈ H 1 (R N ).
In the sequel we will work with functions in the space E × H 1 (R N ). If N 4, using the Sobolev embeddings it is easy to see that E(ψ, ϕ) is nite for any ψ ∈ E and ϕ ∈ H 1 (R N ), and

X = E × H 1 (R N ). If N 5 we still have X ⊂ E × H 1 (R N )
, but the inclusion is strict. For the minimization problems considered in this chapter it suces to consider only functions (ψ, ϕ)

∈ E × H 1 (R N ) such that E(ψ, ϕ) is nite.
Another important quantity for the study of (GC) (as well as for the Gross-Pitaevskii equation) is the momentum.

Given any function ϕ ∈ H 1 (R N ), we dene its momentum by

Q(ϕ) = R N i ∂ϕ ∂x 1 , ϕ dx. It is obvious that this is well-dened because i ∂ϕ ∂x 1 , ϕ ∈ L 1 (R N ) whenever ϕ ∈ H 1 (R N
) and the Cauchy-Schwarz inequality gives

(3.5) |Q(ϕ)| ∂ϕ ∂x 1 L 2 ϕ L 2 1 2K R N ∂ϕ ∂x 1 2 + K 2 |ϕ| 2 dx for any K > 0.
If ψ ∈ E, the function i ∂ψ ∂x 1 , ψ does not necessarily belong to L 1 (R N ). However, it has been shown in [11], Section 2 and in [5], Section 2 that for any ψ ∈ E we may write i ∂ψ ∂x 1 , ψ = f + ∂φ ∂x 1 , where f ∈ L 1 (R N ) and φ ∈ Ḣ1 (R N ), and that it makes sense to dene the momentum of ψ by Q(ψ) = R N f dx; see [11,5] for details.

The momentum Q(Ψ) is a conserved quantity for the Gross-Pitaevskii equation (3.3). The problem of minimizing E 1 (ψ) while Q(ψ) is kept xed has been studied in [5]. This gives traveling waves to (3.3) that are orbitally stable. The following result has been proven in [5]: Theorem 14. [5] Assume that N ≥ 2, (A1) and (A2) are satised and

V ≥ 0 on [0, ∞). For p ≥ 0, let (3.6) E 1,min (p) = inf{E 1 (ψ) ψ ∈ E, Q(ψ) = p}.
Then:

(i) The function E 1,min is concave, increasing on [0, ∞), E 1,min (p) v s p for any p ≥ 0, the right derivative of E 1,min at 0 is v s , E 1,min (p) -→ ∞ and E 1,min (p) p -→ 0 as p -→ ∞. (ii) Let p 0 = inf{p > 0 | E 1,min (p) < v s p}. For any p > p 0 , all sequences (ψ n ) n≥1 ⊂ E satisfying Q(ψ n ) -→ p and E 1 (ψ n ) -→ E 1,min (p) are precompact (modulo translations).
The set

S p = {ψ ∈ E | Q(ψ) = p, E(ψ) = E 1,min ( 
p)} is not empty and is orbitally stable by the ow associated to (3.3).

(iii) Any ψ p ∈ S p is a traveling wave for (3.3) 

of speed c(ψ p ) ∈ [d + E 1,min (p), d -E 1,min (p)],
where we denote by d -and d + the left and right derivatives. We have c(ψ p ) -→ 0 as p -→ ∞.

(iv) If N 3 we have always p 0 > 0. Moreover, if N = 2 and assumption (A4) is satised, we

have p 0 = 0 if and only if F (1) = 3, in which case c(ψ p ) -→ v s as p -→ 0.
Notice that Q(ψ) and Q(ϕ) are not conserved quantities for (GC). Let

(3.7) P (ψ, ϕ) = Q(ψ) + δ 2 q 2 Q(ϕ).
It is easily seen that P is (at least formally) a conserved quantity for the system (GC). Therefore it would be natural to seek for traveling waves for (GC) by minimizing E when P is kept xed. In section 3.3 we consider a more general problem, namely for any β ∈ (0, 1) we minimize the energy E(ψ, ϕ) when the mixed momentum

P β (ψ, ϕ) = βQ(ψ) + (1 -β)Q(ϕ) is xed.
Our Theorem 26 below is a result analogous to Theorem 14.

Let us give a brief overview of our main results. In Section 3.2 we consider the problem of minimizing E(ψ, ϕ) when the L 2 -norm of ϕ is kept xed (no constraint is imposed on ψ). We prove the following result:

Theorem 15. Suppose that (A1) and (A2) hold and V ≥ 0 on [0, ∞). For m ≥ 0, we dene

(3.8) g min (m) = inf E(ψ, ϕ) ψ ∈ E, ϕ ∈ H 1 (R N ), R N |ϕ| 2 dx = m .
Then:

(i) The function g min is concave, increasing on [0, ∞), g min (m) m 4 for any m 0, the right derivative of g min at 0 is 1 4 , and g min (m)

Cm N N +2 for large m. (ii) Let m 0 = inf m > 0 | g min (m) < m 4 . For any m > m 0 , all sequences (ψ n , ϕ n ) n≥1 ⊂ E × H 1 (R N ) satisfying ϕ n 2 L 2 -→ m and E(ψ n , ϕ n ) -→ g min (m)
are precompact (modulo translations), and there exist minimizers for g min (m).

(iii) Any minimizer (ψ, ϕ) for g min (m) satises the system

-∆ψ + F (|ψ| 2 )ψ + 1 4 |ϕ| 2 ψ = 0, -∆ϕ + q 2 2 |ψ| 2 ϕ -2 q 2 γϕ = 0 in R N for some γ ∈ [d + g min (m), d -g min (m)].
The functions ψ and ϕ are smooth on R N and, after translation, they are radial. After multiplication by complex numbers of modulus one, they are real-valued; moreover, the radial prole of ψ is nondecreasing, and the radial prole of ϕ is nonincreasing.

(iv) We have

m 0 = 0 if N = 1 and m 0 > 0 if N 2.
In Section 3.3 we consider the problem of minimizing E(ψ, ϕ) when the mixed momentum

P β (ψ, ϕ) = βQ(ψ) + (1 -β)Q(ϕ) is xed.
Here is the main result of Section 3.3: Theorem 16. Assume that N ≥ 2, (A1) and (A2) are satised and

V ≥ 0 on [0, ∞). Let E β,min (p) = inf E(ψ, ϕ) ψ ∈ E, ϕ ∈ H 1 (R N ), P β (ψ, ϕ) = p .
For any β ∈ (0, 1), the following holds true.

(i) The function E β,min is concave, increasing on [0, ∞), and there exists an explicit constant S β > 0 such that E β,min (p) S β p for any p 0. The right derivative of E β,min at 0 is S β , and

E β,min (p) -→ ∞ and E β,min (p) p -→ 0 as p -→ ∞. (ii) Let p β = inf {p > 0 | E β,min (p) < S β p} . For any p > p β , all sequences (ψ n , ϕ n ) n≥1 ⊂ E × H 1 (R N ) satisfying P β (ψ n , ϕ n ) -→ p and E(ψ n , ϕ n ) -→ E β,min ( 
p) are precompact (modulo translations), and there exist minimizers for E β,min (p).

(iii) Any minimizer (ψ, ϕ) for E β,min (p) satises the system

     icβ ∂ψ ∂x 1 = -∆ψ -F (|ψ| 2 )ψ + 1 4 |ϕ| 2 ψ ic(1 -β) 2 q 2 ∂ϕ ∂x 1 = -∆ϕ + q 2 2 |ψ| 2 ϕ for some c ∈ [d + E β,min (p), d -E β,min (p)].
The functions ψ and ϕ are smooth on R N (at least C 1,α for any α ∈ [0, 1)). After translation, (ψ, ϕ) is axially symmetric about the axis Ox 1 .

In the last section we study a minimization problem with two constraints. More precisely, for p ∈ R and m 0, we dene

(3.9) E min (p, m) = inf E(ψ, ϕ) ψ ∈ E, ϕ ∈ H 1 (R N ), Q(ψ) = p, R N |ϕ| 2 dx = m .
The main result of Section 3.4 is as follows.

Theorem 17. Assume that N 2, assumptions (A1) and (A2) hold and V 0. Assume that the pair (p, m) satises the following strict sub-additivity condition:

(3.10) E 1,min (p ) + E min (p -p , m) > E min (p, m) for any p ∈ R * .
Then there exist minimizers for E min (p, m).

Moreover, any sequence m) has a convergent subsequence (after translations in R N ).

(ψ n , ϕ n ) ∈ E × H 1 (R N ) satisfying Q(ψ n ) -→ p, R N |ϕ n | 2 dx -→ m and E(ψ n , ϕ n ) -→ E min (p,
The minimizers solve the system

     iλ 1 ∂ψ ∂x 1 = -∆ψ -F (|ψ| 2 )ψ + 1 4 |ϕ| 2 ψ, iλ 2 2 q 2 ∂ϕ ∂x 1 = -∆ϕ + q 2 2 |ψ| 2 ϕ
for some Lagrange multipliers λ 1 , λ 2 , and are smooth (at least C 1,α (R N ) for any α ∈ [0, 1)).

Ground states

For m > 0 we consider the minimization problem

(GS m ) minimize E(ψ, ϕ) for ψ ∈ E, ϕ ∈ H 1 (R N ) satisfying R N |ϕ| 2 dx = m.
We dene

(3.11) g min (m) = inf E(ψ, ϕ) ψ ∈ E, ϕ ∈ H 1 (R N ), R N |ϕ| 2 dx = m .
Proposition 18. The function g min has the following properties:

(i) g min is non-decreasing and concave on (0, ∞), and 0 g min (m) m 4 for all m > 0.

(ii) If N = 1 we have g min (m) < m 4 for any m > 0 and lim

m→0 g min (m) m = 1 4 . (iii) If N 2, there exists m 0 > 0 such that g min (m) = m 4 for any m ∈ (0, m 0 ]. (iv) There exists C > 0 such that g min (m) Cm N N +2 .
Proof.

(i) Since E(ψ, ϕ) 0 for any ψ and ϕ, it is obvious that

g min (m) 0. Consider φ ∈ C ∞ c (R N ) such that R N |φ| 2 dx = m and let ϕ σ (x) = 1 σ N/2 φ x σ . Then R N |ϕ σ | 2 dx = m and R N |ϕ σ | 2 dx = 1 σ 2 R N |∇φ| 2 dx. Taking ψ = 1 we see that g min (m) E(1, ϕ σ )
for all σ > 0, and letting σ -→ ∞ we get g min (m) m 4 . Proceeding as in (3.68) we see that (3.12)

g min (m) = inf R N |∇ψ| 2 + V (|ψ| 2 ) + m 2 q 2 |∇ϕ| 2 + m 4 |ψ| 2 |ϕ| 2 dx ψ ∈ E, ϕ ∈ H 1 (R N ), R N |ϕ| 2 dx = 1 . For any (ψ, ϕ) ∈ E × H 1 (R N ), the mapping m -→ R N |∇ψ| 2 + V (|ψ| 2 ) + m 2 q 2 |∇ϕ| 2 + m 4 |ψ| 2 |ϕ| 2
dx is concave and non-decreasing, and the inmum of a family of concave and non-decreasing functions is a concave and non-decreasing function, too.

(ii) Consider χ ∈ C ∞ c (R N ) such that 0 χ 1, χ = 1 on B(0, 1) and χ = 0 on R N \ B(0, 2). Denote A = χ 2 L 2 , B = ∇χ 2 L 2
, and D = R N χ 4 dx. Let κ ∈ (0, 1) (to be chosen later) and let

ψ a,b (x) = 1 -κa 2 χ 2 x b , ϕ a,b (x) = aχ x b . Fix m > 0. If a ∈ (0, 1) and b > 0 are chosen so that a 2 b N A = m, we have ϕ a,b 2 
L 2 = m. It is clear that ∇ϕ a,b 2 L 2 = a 2 b N -2 B and ∇ψ a,b 2 L 2 = κ 2 a 4 b N -2 ∇(χ 2 ) 2 L 2 4κ 2 a 4 b N -2 B. There exists C > 0 such that V (τ ) C(1 -τ ) 2 for all τ ∈ [0, 2], hence V (|ψ a,b | 2 ) C(1 -ψ 2 a,b ) 2 4Cκ 2 a 4 χ 4 x b
and consequently

R N V (|ψ a,b | 2 ) dx 4Cκ 2 a 4 b N D.
Using the above estimates and the fact that a 2 b N A = m we get

g min (m) - m 4 E(ψ a,b , ϕ a,b ) - 1 4 R N |ϕ a,b | 2 dx = R N |∇ψ a,b | 2 + V (|ψ a,b | 2 ) + 1 2 q 2 |∇ϕ a,b | 2 + 1 4 |ψ a,b | 2 -1 |ϕ a,b | 2 dx 4κ 2 a 4 b N -2 B + 4Cκ 2 a 4 b N D + a 2 b N -2 B 2 q 2 - 2κa 4 b N 4 R N 1 - 1 2 κa 2 χ 2 (x) χ 4 (x) dx 4κ 2 a 4 b N -2 B + 4Cκ 2 a 4 b N D + a 2 b N -2 B 2 q 2 - κa 4 b N D 4 = m 4κ 2 m -2 N a 2+ 4 N A 2 N -1 B + 4κ 2 a 2 CD A + 1 2 q 2 m -2 N a 4 N A 2 N -1 B -κa 2 D A 4 .
Choosing κ suciently small (for instance, κ C 8 4 will do) we see that there exist constants

C 2 , C 3 > 0 such that g min (m) - m 4 m C 2 m -2 N a 4 N -C 3 a 2 .
If N = 1 it suces to take a = m, where > 0 is suciently small, to see that there exists some

C 4 > 0 such that g min (m) - m 4 -C 4 m 3 < 0 for all m > 0.
If N = 1, for any η > 0 there exists e(η) > 0 such that for any

ψ ∈ E satisfying E 1 (ψ) e(η) there holds |ψ| -1 L ∞ (R) η. Fix η > 0. Let m ∈ (0, 1 2 4 e(η)]. If ψ ∈ E and ϕ ∈ H 1 (R) are such that ϕ 2 L 2 = m and E(ψ, ϕ) 2m 4 , it is obvious that E 1 (ψ) 2m 4 e(η), hence |ψ(x)| ∈ [1 -η, 1 + η]
for all x ∈ R and consequently E(ψ, ϕ) 

1 4 R |ψ| 2 |ϕ| 2 dx (1-η) 2 m 4 . We conclude that (1-η) 2 m 4 g min (m) m
we have ψ ∈ E, φ ∈ H 1 (R N ), φ 2 L 2 = m and E( ψ, φ) E(ψ, ϕ). Suppose that ψ ∈ E and ϕ ∈ H 1 (R N ) are real-valued, 0 ψ 1 on R N , ϕ 2 L 2 = m, and E(ψ, ϕ) 2m 4 .
Consider rst the case N 3. Using Hölder's inequality, then Sobolev's inequality we get

(3.13) R N |ψ| 2 -1 |ϕ| 2 dx 1 -|ψ| 2 L N 2 ϕ 2 L 2 * C 2 S 1 -|ψ| 2 L N 2 ∇ϕ 2 L 2 .
Since 0 |ψ| 1, using Lemma 4.1 p. 171 in [5] (see estimate (4.1) there), we infer that there exists

C 1 > 0 such that (3.14) R N |ψ| 2 -1 2 dx 4 R N V (|ψ| 2 ) dx + C 1 ∇ψ 2 * L 2 4E(ψ, ϕ) + C 1 E(ψ, ϕ) 2 * 2 8m 4 + C 1 8m 4 2 * 2 .
If N 4, by Hölder's inequality we get

1 -|ψ| 2 L N 2 1 -|ψ| 2 4 N L 2 • 1 -|ψ| 2 1-2 N L ∞   8m 4 + C 1 8m 4 2 * 2   2 N
Then using (3.13) we infer that there is C 2 > 0 such that for any m ∈ (0, 1] and for all ψ and ϕ as above there holds

R N |ψ| 2 -1 |ϕ| 2 dx C 2 m 2 N ∇ϕ 2 L 2
and consequently

E(ψ, ϕ) - m 4 = E 1 (ψ) + R N |∇ϕ| 2 2 q 2 + 1 4 |ψ| 2 -1 |ϕ| 2 dx E 1 (ψ) + 1 2 q 2 - C 2 m 2 N 4 ∇ϕ 2 L 2 .
The last quantity is nonnegative if m min(1,

C -N 2 2
N q -N ). If N = 3, using Hölder's inequality, estimate (3.14) above and Sobolev's inequality we get

R N |ψ| 2 -1 |ϕ| 2 dx 1 -|ψ| 2 L 2 ϕ 1 2 L 2 ϕ 3 2 L 6 C 3 2 S 1 -|ψ| 2 L 2 ϕ 1 2 L 2 ∇ϕ 3 2 L 2 C 3 2 S 4E(ψ, ϕ) + C 1 E(ψ, ϕ) 3 1 2 ϕ 1 2 L 2 ∇ϕ 3 2 L 2 .
If ψ and ϕ are as above we have

1 2 q 2 ∇ϕ 2 L 2 E(ψ, ϕ) 2m 4 . If m 1, we infer that there exist C 3 , C 3 > 0 such that R 3 |ψ| 2 -1 |ϕ| 2 dx C 3 E 1 (ψ) 1 2 ∇ϕ 3 2 L 2 ϕ 1 2 L 2 C 3 E 1 (ψ) + 1 2 q 2 ∇ϕ 2 L 2 ∇ϕ 1 2 L 2 ϕ 1 2 L 2 .
Then we get

E(ψ, ϕ)- m 4 E 1 (ψ) + 1 2 q 2 ∇ϕ 2 L 2 1 - C 3 4 ∇ϕ 1 2 L 2 ϕ 1 2 L 2 E 1 (ψ) + 1 2 q 2 ∇ϕ 2 L 2 (1-C 5 m)
for some C 5 > 0 and the last quantity is non-negative for all m suciently small. Consider next the case N = 2. Using Plancherel's theorem and Hölder's inequality, we get

ϕ Ḣs ϕ 1-s L 2 ∇ϕ s L 2
for all s ∈ (0, 1) and all ϕ ∈ H 1 (R N ).

If p ∈ (2, ∞) and s ∈ (0, 1)

satisfy 1 p = 1 2 -s 2 (that is, s = 1 -2 p )
, using the Sobolev inequality we see that there exists C p > 0 such that

ϕ L p C p ϕ Ḣs C p ϕ 1-s L 2 ∇ϕ s L 2 for any ϕ ∈ H 1 (R 2 ).
In particular, for p = 4 we get ϕ

L 4 (R 2 ) C 4 ϕ 1 2 L 2 ∇ϕ 1 2 L 2 for any ϕ ∈ H 1 (R 2 ), hence (3.15) R 2 |ψ| 2 -1 |ϕ| 2 dx 1 -|ψ| 2 L 2 ϕ 2 L 4 C 2 4 1 -|ψ| 2 L 2 ∇ϕ L 2 ϕ L 2 .
Using Lemma 4.1 p. 171 in [5] (see estimate (4.2) there) we infer that there exists C > 0 such that for any ψ ∈ E satisfying |ψ| 2 we have

1 4 -C ∇ψ 2p 0 +2 L 2 (R 2 ) R 2 |ψ| 2 -1 2 dx R 2 V (|ψ| 2 ) dx.
In particular, there exists m 0 > 0 such that whenever |ψ| 2 and E(ψ, ϕ) 2m 0 4 , there holds

R 2 |ψ| 2 -1 2 dx 8 R 2 V (|ψ| 2 ) dx.
Coming back to (3.15) we see that there exists C 7 > 0 such that for all m ∈ (0, m 0 ] and for any ψ ∈ E and any

ϕ ∈ H 1 (R N ) with |φ| 2, ϕ 2 L 2 = m and E(ψ, ϕ) 2m 4 we have R 2 |ψ| 2 -1 |ϕ| 2 dx C 7 R 2 V (|ψ| 2 ) dx + 1 2 q 2 ∇ϕ 2 L 2 ϕ L 2 .
As previously, we conclude that

E(ψ, ϕ) - m 4 R 2 V (|ψ| 2 ) dx + 1 2 q 2 ∇ϕ 2 L 2 1 - C 7 m 1 2 4 0
if ψ, ϕ are as above and m is suciently small.

(iv) Fix a radial function χ ∈ C ∞ c (R N ) such that χ = 1 on B(0, 1), 0 χ 1 and supp(χ) ⊂ B(0, 2). For R > 0 denote ψ R (x) = 1 -χ x R . Denote A = R N |∇ψ 1 | 2 dx and B = R N V (|ψ 1 | 2 ) dx. We have R N |∇ψ R | 2 dx = AR N -2 and R N V (|ψ R | 2 ) dx = BR N . Since ψ R is radial we have Q(ψ R ) = 0. Let φ 1 be an optimizer for the Poincaré inequality on B(0, 1), that is φ 1 ∈ H 1 0 (B(0, 1)), B(0,1) |φ 1 | 2 dx = 1 and B(0,1) |∇φ 1 | 2 dx = C P . Extend φ 1 by zero outside B(0, 1). Let ϕ R (x) = m R N φ 1 x R , so that R N |ϕ R | 2 dx = m, R N |∇ϕ R | 2 dx = C P R 2 m and supp(ϕ R ) ⊂ B(0, R), hence R N |ψ R | 2 |ϕ R | 2 dx = 0. Then we have (3.16) E min (0, m) E(ψ R , ϕ R ) = AR N -2 + BR N + C P R 2 m = f m (R).
Notice that (3.16) holds for any R > 0, hence we may optimize with respect to R. The function f m has a unique minimum on (0, ∞)

at a point R m satisfying f m (R m ) = 0, that is AN R N +2 m + B(N -2)R N m = 2C P m. It is easily seen that for large m the unique positive root R m of this equation is of order of magnitude R m ∼ m 1 N +2 and there is some constant C > 0 such that f m (R m ) Cm N N +2 . Coming back to (3.16) we conclude that E min (0, m) Cm N N +2 .
Theorem 19. Assume that g min (m) < m 4 . Then there exist minimizers for the problem (m), then there exists a subsequence, still denoted the same, there is a sequence

(GS m ). Moreover, if (ψ n , ϕ n ) n 1 is any sequence in E ×H 1 (R N ) such that ϕ n 2 L 2 -→ m and E(ψ n , ϕ n ) -→ g min
(x n ) n 1 ⊂ R N and there are ψ ∈ 1 + H 1 (R N ) and ϕ ∈ H 1 (R N ) such that |ψ n (• -x n )| -1 -→ ψ -1 and |ϕ n (• -x n )| -→ ϕ in H 1 (R N ), V (|ψ n | 2 )(• -x n ) -→ V (|ψ| 2 ) and |ψ n | 2 |ϕ n | 2 (• -x n ) -→ |ψ| 2 |ϕ| 2 in L 1 (R N ) as n -→ ∞.

Remark.

The [5] that

|ψ n | -1 L 2 (R N )
is bounded. Let p 0 be as in assumption (A2). Denote (3.17)

f n = |∇ψ n | 2 + | |ψ n | -1| 2 + | |ψ n | -1| 2p 0 +2 + |∇ϕ n | 2 + |ϕ n | 2 + |ψ n | 2 |ϕ n | 2 .
Obviously,

(f n ) n 1 is a bounded sequence in L 1 (R N ) and R N f n (x) dx ϕ n 2 L 2 .
Passing to a subsequence we may assume that

R N f n (x) dx -→ α 0 as n -→ ∞, where α 0 m > 0. Let Λ n : [0, ∞) -→ [0, ∞) be the concentration function of f n , that is (3.18) Λ n (t) = sup y∈R N B(y,t) f n (x) dx.
Proceeding as in [8], it is straightforward to show that there exists a subsequence of ((ψ n , ϕ n , Λ n )) n≥1 , still denoted the same, there is a nondecreasing function Λ : [0, ∞) -→ R and there is α ∈ [0, α 0 ] such that (3.19) Λ n (t) -→ Λ(t) a.e on [0, ∞) as n -→ ∞ and Λ(t) -→ α as t -→ ∞.

As in [11] (see the proof of (5.12) p. 156 there) one can prove that there is a nondecreasing sequence

t n -→ ∞ such that (3.20) lim n→∞ Λ n (t n ) = lim n→∞ Λ n t n 2 = α.
Our aim is to show that α = α 0 . The next lemma, which we will use several times in the sequel to rule out "vanishing," shows that α > 0.

Lemma 20. Suppose that N 2, the assumptions (A1) and (A2) hold, and V 0. There exists an increasing function M : R + -→ R + such that lim τ →0 M (τ ) = 0 and for any ψ ∈ E and any

ϕ ∈ H 1 (R N ) we have ∇ψ L 2 + |ψ| -1 L 2 + ϕ H 1 M (E(ψ, ϕ)).
Proof. It is obvious that ∇ψ 2

L 2 E 1 (ψ) E(ψ, ϕ) and ∇ϕ 2 L 2
2 q 2 E(ψ, ϕ). It follows from Lemma 4.1 p. 171, Corollary 4.3 p. 172 and Lemma 4.8 p. 177 in [5] that there exists an increasing function

M 1 : R + -→ R + such that M 1 (τ ) -→ 0 as τ -→ 0 and |ψ| -1 L 2 ≤ M 1 (E 1 (ψ)). It remains to estimate ϕ L 2 . Let A = x ∈ R N |ψ(x)| < 1 2 .
We have

R N \A |ϕ| 2 dx 4 R N \A |ψ| 2 |ϕ| 2 dx 4 4 E(ψ, ϕ). On A we have | |ψ| -1| > 1 2 , hence L N (A) 4 |ψ| -1 2 L 2 (A) 4 |ψ| -1 2 L 2 . If N
3, by the Sobolev embedding we have ϕ L 2 * C S ∇ϕ L 2 , where 2 * = 2N N -2 , and then using Hölder's inequality we get

A |ϕ| 2 dx ϕ 2 L 2 * (A) L N (A) 1-2 2 * C 2 S ∇ϕ 2 L 2 L N (A) 1-2 2 * .
Consider the case N = 2. By inequality (3.10) p. 107 in [3], for any r

∈ [1, ∞) there is C r > 0 such that for any η ∈ L 1 loc (R 2 ) satisfying ∇η ∈ L 2 (R 2 ) and L 2 ({|η| > 0}) < ∞ we have (3.21) η L r (R 2 ) C r ∇η L 2 (R 2 ) L 2 ({|η| > 0}) 1 r . Let B = {x ∈ R N |ϕ(x)| > 1} and let η = (|ϕ| -1) + .
We have |∇η| |∇ϕ| a.e. on R N . Since |ϕ| > 1 and |ψ| 1 2 on B \ A, we infer that

L N (B \ A) 4 B\A |ψ| 2 |ϕ| 2 dx 4 2 E(ψ, ϕ)
and consequently

L N (B) L N (B \ A) + L N (A) 4 2 E(ψ, ϕ) + 4 |ψ| -1 2 L 2 . Using (3.21) with r = 2 we get η L 2 (R 2 ) C 2 ∇ϕ L 2 (R 2 ) L 2 (B) 1 2 . Since |ϕ| 1 + η, we have A |ϕ| 2 dx 2 A 1 + η 2 dx 2L 2 (A) + η 2 L 2 (R 2 ) .
The conclusion of Lemma 20 follows from the above estimates.

Lemma 21. Let N 2. Suppose that V 0 and the assumptions (A1) and (A2) hold.

(i) Let (ψ n ) N 1 ⊂ E be a sequence such that E 1 (ψ n ) is bounded and (3.22) sup y∈R N B(y,1) (|ψ n | -1) 2 dx -→ 0 as n -→ ∞.
Fix any d ∈ (0, 1). Let

A n = {x ∈ R N |ψ n (x)| < 1 -d or |ψ n (x)| > 1 + d }. Then L N (A n ) -→ 0 as n -→ ∞, where L N is the Lebesgue measure in R N . Assume that (ψ n ) n 1 ⊂ E and (ϕ n ) n 1 ⊂ H 1 (R N ) are two sequences such that E(ψ n , ϕ n ) is bounded and (3.22) holds. Then: (ii) If R N |ϕ n (x)| 2 dx -→ m as n -→ ∞, we have lim inf n→∞ R N |ψ n | 2 |ϕ n | 2 dx m. (iii) If Q(ϕ n ) -→ p, where Q(ϕ) = R N i ∂ϕ ∂x 1 , ϕ dx, we have lim inf n→∞ R N |∇ϕ n | 2 + q 2 2 |ψ n | 2 |ϕ n | 2 dx 2q p. Proof. (i) It is well-known that for any ψ ∈ H 1 loc (R N , R k ) we have |ψ| ∈ H 1 loc (R N , R) and ∇|ψ| |∇ψ| a.e. Denote u n = |ψ n | -1 . Then we have u n ∈ H 1 (R N ), A n = {x ∈ R N | u n (x) > d} and |∇u n | |∇ψ n | a.e., hence ∇u n is bounded in L 2 (R N ).
Assume that there is a sequence of (u n ) n 1 , still denoted the same, and there is η 0 > 0 such that L N (A n ) η 0 for all n. Using Lieb's Lemma (see Lemma 6 p. 447 in [7]) we infer that there exists η 1 > 0 and for any n ∈ N * there is y n ∈ R N such that

L N (B n ∩ B(y n , 1)) η 1 ,
where

B n = x ∈ R N |u n (x)| > d 2 .
On B n we have |ψ n | -1 > d 2 and consequently B(yn,1)

|ψ n | -1 2 dx B(yn,1)∩Bn |ψ n | -1 2 dx d 2 4 η 1 for all n,
contradicting the fact that sup y∈R N B(y,1)

|ψ n | -1 2 dx -→ 0 as n -→ ∞. (ii) Fix ε > 0. Choose d ∈ (0, 1) such that (1 -d) 2 m -ε 2 > m -ε. For this choice of d, let A n be as in part (i) Since E(ψ n , ϕ n ) is bounded and ϕ n 2 L 2 -→ m, the sequence (ϕ n ) n 1 is bounded in H 1 (R N ). Fix p ∈ (2, ∞) if N ∈ {1, 2}, respectively p ∈ (2, 2N N -2 ] if N 3. By the Sobolev embedding, (ϕ n ) n 1 is bounded in L p (R N )
. Using Hölder's inequality and part (i), we get

(3.23) An |ϕ n | 2 dx ϕ n 2 L p (An) L N (A n ) 1-2 p -→ 0 as n -→ ∞. Then R N \An |ϕ n | 2 dx -→ m, hence there exists n ε ∈ N such that R N \An |ϕ n | 2 dx > m - ε 2 for all n n ε . Since |ψ n | 1 -d on R N \ A n , we infer that R N |ψ n | 2 |ϕ n | 2 dx R N \An |ψ n | 2 |ϕ n | 2 dx (1 -d) 2 m - ε 2 > m -ε for all n n ε ,
and part (ii) follows.

Remark. If N 3, for a given ε > 0 we may choose d ∈ (0, 1)

such that m -ε < (1 -d) 2 m -ε 2
and (1+d) 2 m + ε 2 < m+ε, then consider the set A n as above. By the Sobolev embedding (ϕ n ) n 1 is bounded in L p (R N ) for some p > 4 and using Hölder's inequality and part (i) we get An |ϕ n | 4 dx -→ 0 and An |ψ n | 4 dx -→ 0, then the Cauchy-Schwarz inequality implies

An |ψ n | 2 |ϕ n | 2 dx -→ 0 as n -→ ∞. On the other hand, we have An |ϕ n | 2 dx -→ 0 and R N \An |ϕ n | 2 dx -→ m, hence m -ε 2 < R N \An |ϕ n | 2 dx < m + e
2 for all suciently large n. For such n we get (iii) By (3.5) and Proposition 24 we already know that

m -ε < (1 -d) 2 m - ε 2 R N \An |ψ n | 2 |ϕ n | 2 dx (1 + d) 2 m + ε 2 < m + ε and we infer that R N |ψ n | 2 |ϕ n | 2 dx -→ 0 as n -→ ∞.
R N |∇ϕ n | 2 + q 2 2 |ϕ n | 2 dx 2q |Q(ϕ n )| -→ 2q p,
and it suces to show that

(3.24) lim inf n→∞ R N |ψ n | 2 -1 |ϕ n | 2 dx 0. Since E(ψ n , ϕ n ) is bounded, Lemma 20 implies that (ϕ n ) n 1 is bounded in H 1 (R N ). Fix ε ∈ (0, 1). Let d = 1 - √ 1 -ε.
With this choice of d, let A n be as in part (i). Then we have 

|ψ n | 2 -1 (1 -d) 2 -1 = -ε on R N \ A n and we get R N |ψ n | 2 -1 |ϕ n | 2 dx -ε R N \An |ϕ n | 2 dx - An |ϕ n | 2 dx -ε ϕ n 2 L 2 - An |ϕ n | 2 dx. Since ϕ n L 2 is bounded, An |ϕ n | 2 dx -→ 0 by (3.23) and ε ∈ (0,
lim inf n→∞ E(ψ n , ϕ n ) m 4 , contradicting the fact that E(ψ n , ϕ n ) -→ g min (m) < m 4 .
Thus we must have Λ(t) > 0 and this implies that α > 0.

To prove that α ∈ (0, α 0 ) we argue by contradiction and we assume that 0 < α < α 0 . Let

h n = Λ n (t n ) -Λ n tn 2 + 1 2 n . It is obvious that h n -→ 0 as n -→ ∞. For each n ∈ N * choose x n such that B(xn, tn 2 ) f n (x) dx > Λ n t n 2 - 1 2 n and denote Ω n = B(x n , t n ) \ B(x n , tn 2 ). It is obvious that (3.25) Ωn f n (x) dx = B(xn,tn) f n (x) dx - B(xn, tn 2 ) f n (x) dx Λ n (t n ) -Λ n t n 2 + 1 2 n = h n . Take χ ∈ C ∞ c (R N ) such that 0 χ 1, χ = 1 on B(0, 1 2 
) and χ = 0 on R N \ B(0, 1). Denote

ψ n,1 = (|ψ n | -1) χ x-xn tn + 1, ψ n,2 = (|ψ n | -1) 1 -χ x-xn tn + 1 ϕ n,1 = |ϕ n |χ x-xn tn , ϕ n,2 = |ϕ n | 1 -χ x-xn tn .
It is clear that

(3.26) R N |ϕ n | 2 -|ϕ n,1 | 2 -|ϕ n,2 | 2 dx Ωn 1 -χ 2 x -x n t n -(1 -χ) 2 x -x n t n |ϕ n | 2 dx h n . Since |ψ n,i | max(|ψ n |, 1) and |ϕ n,i | |ϕ n | for i = 1, 2, we have (3.27) R N |ψ n | 2 |ϕ n | 2 -|ψ n,1 | 2 |ϕ n,1 | 2 -|ψ n,2 | 2 |ϕ n,2 | 2 dx 3 Ωn |ϕ n | 2 + |ψ n | 2 |ϕ n | 2 dx 3h n .
By assumptions (A1) and (A2) there exists

C > 0 such that V (s 2 ) C (s -1) 2 + (s -1) 2p 0 +2 . We have |ψ n,i | -1 |ψ n | -1 , i = 1, 2
, and we infer that

(3.28) R N V (|ψ n | 2 ) -V |ψ n,1 | 2 ) -V (|ψ n,2 | 2 ) dx Ωn |V (|ψ n | 2 )| + |V |ψ n,1 | 2 )| + |V (|ψ n,2 | 2 )| dx 3C Ωn |ψ n | -1 2 + |ψ n | -1 2p 0 +2 3Ch n .
We have

∂ψ n,1 ∂x j = ∂|ψn| ∂x j χ x-xn tn + 1 tn (|ψ n | -1) ∂χ ∂x j
x-xn tn and a similar equality holds for ψ n,2 . If

n is suciently large, so that N |∇χ| 2 t 2 n on R N , we get Ωn ∂ψ n,1 ∂x j 2 dx 2 Ωn ∂|ψ n | ∂x j 2 + 1 N |ψ n | -1 2 dx
and summing up we infer that

(3.29) R N |∇|ψ n | | 2 -|∇ψ n,1 | 2 -|∇ψ n,2 | 2 ) dx Ωn |∇|ψ n | | 2 + |∇ψ n,1 | 2 + |∇ψ n,2 | 2 ) dx 5 Ωn ∇|ψ n | 2 + |ψ n | -1 2 dx 5h n .
It is obvious that a similar estimate holds for ϕ n . From (3.27)-(3.29) we infer that there exists a constant C > 0 such that for all n suciently large we have

(3.30) E(ψ n , ϕ n ) -E(ψ n,1 , ϕ n 1 ) -E(ψ n,2 , ϕ n 2 ) Ch n .
Passing to a subsequence (still denoted the same) we may assume that ϕ n,i 

2 L 2 -→ m i as n -→ ∞ for i = 1
= m. If there is a subsequence (n k ) k 1 such that E(ψ n k ,2 , ϕ n k ,2 ) -→ e > 0 as k -→ ∞, by (3.30) we have E(ψ n k ,1 , ϕ n k ,1 ) -→ g min (m) -e. On the other hand, E(ψ n k ,1 , ϕ n k ,1 ) g min ϕ n k ,2 2 
L 2 , and letting k -→ ∞ and using the continuity of g min we nd lim inf

k→∞ E(ψ n k ,1 , ϕ n k ,1 ) g min (m), a contradiction.
Therefore a sequence (n k ) k 1 as above cannot exist, and this implies that E(ψ n,2 , ϕ n,2 ) -→ 0 as n -→ ∞. Then we deduce that ϕ n,2 H 1 (R N ) -→ 0 and E 1 (ψ n,2 ) -→ 0 as n -→ ∞, and using Lemma 4.8 p. 177 and Corollary 4.3 p. 172 in [5] we infer that

|ψ n,2 |-1 L 2 (R N ) -→ 0. The Sobolev embedding gives then |ψ n,2 | -1 L 2p 0 +2 (R N ) -→ 0. Since (ψ n , ϕ n ) = (ψ n,2 , ϕ n,2 ) on R N \ B(x n , t n ), we see that R N \B(xn,tn) f n (x) dx -→ 0, hence B(xn,tn)
f n (x) dx -→ α 0 , and this implies Λ n (t n ) -→ α 0 . Recall that the sequence (t n ) n 1 has been chosen so that Λ n (t n ) -→ α, thus we get α = α 0 , contradicting the assumption that α ∈ (0, α 0 ). So far we have shown that we cannot have m 2 = 0, and similarly we show that m 1 = 0. We conclude that m 1 , m 2 ∈ (0, m).

It is clear that

E(ψ n,i , ϕ n,i ) g min ( ϕ n,i 2 
L 2 ) and letting n -→ ∞ we nd lim inf n→∞ E(ψ n,i , ϕ n,i ) g min (m i ) for i = 1, 2.
Then using (3.30) we get g min (m) g min (m 1 ) + g min (m 2 ). On the other hand, the concavity of g min implies g min (m i ) m i m g min (m) and equality may occur in this inequality if and only if g min is linear on [0, m]. Summing up the last two inequalities and comparing to the previous inequality we see that necessarily g min (m i ) = m i m g min (m) for i = 1, 2, and therefore g min must be linear on [0, m]. Then Proposition 18 (ii) and (iii) implies that g min (m ) = m 4 for all m ∈ [0, m], contradicting the fact that g min (m) < m 4 . We conclude that we cannot have α ∈ (0, α 0 ), and consequently we must have α = α 0 . Since α = α 0 , it is standard to prove that there is a sequence (x n ) n 1 ⊂ R N such that for any ε > 0 there are R ε > 0 and n ε ∈ N such that (3.31)

R N \B(xn,Rε) f n (x) dx < ε for all n n ε . Denoting ψn = |ψ n |(• -x n ) and φn = |ϕ n |(• -x n )
, it is easily seen that ψn -1 and φn are bounded in H 1 (R N ). Passing again to a subsequence (still denoted the same), we infer that there exist ϕ ∈ H 1 (R N ) and ψ ∈ 1 + H 1 (R N ) such that (3.32)

ψn -ψ 0 and φn ϕ weakly in H 1 (R N ), ψn -→ ψ and φn -→ ϕ in L p loc (R N ) for any 1 p < 2 * and almost everywhere.

The weak convergence implies ϕ 2

L 2 lim inf n→∞ ϕ n 2 L 2 = m.
On the other hand, x ε > 0. Using (3.31), for n n ε we have

R N \B(0,Rε) | φn | 2 dx < ε, hence B(0,Rε) | φn | 2 dx > φn 2 L 2 -ε for all n n ε . Since φn -→ ϕ in L 2 (B(0, R ε )), we obtain B(0,Rε) |ϕ| 2 dx m -ε. Since ε > 0 is arbitrary, we infer that R N |ϕ| 2 dx m.
Thus we have shown that ϕ 2 L 2 = m. By weak convergence we have

(3.33) ∇ψ 2 L 2 lim inf n→∞ ∇ ψn 2 L 2 and ∇ϕ 2 L 2 lim inf n→∞ ∇ φn 2 L 2 .
The convergence almost everywhere and Fatou's lemma give

(3.34) R N V (|ψ| 2 ) dx lim inf n→∞ R N V (| ψn | 2 ) dx and R N |ψ| 2 |ϕ| 2 dx lim inf n→∞ R N | ψn | 2 | φn | 2 dx. Since ψ ∈ E, ϕ ∈ H 1 (R N ) and ϕ 2 L 2 = m,
we have E(ψ, ϕ) g min (m). From (3.33) and (3.34) we get E(ψ, ϕ) lim inf n→∞ E( ψn , φn ). On the other hand, since ψ ∈ E, ϕ ∈ H 1 (R N ) and ϕ 2 L 2 = m, we have E(ψ, ϕ) g min (m). We deduce that necessarily

∇ ψn 2 L 2 -→ ∇ψ 2 L 2 , and ∇ φn 2 L 2 -→ ∇ϕ 2 L 2
as n -→ ∞.

Moreover, we must have equalities in (3.34) and the lower limits there are in fact limits. We show that ψn -1 L 2 -→ ψ -1 L 2 in the same way as we proved that ϕ 2 L 2 = m. Then the weak convergence and the convergence of norms give ψn -1 -→ ψ -1 and φn -→ ϕ in H 1 (R N ).

The last assertion in Theorem 19 is a consequence of the following well-known and elementary result: if φ n and φ are nonnegative integrable functions on a measure space (X, A, µ), if φ n -→ φ almost everywhere and if

X φ n dµ -→ X φ dµ, then X |φ n -φ| dµ -→ 0. Proposition 22. Assume that (ψ, ϕ) ∈ E × H 1 (R N ) is a solution of the minimisation problem (GS m ).

Then:

(i) There exists γ ∈ [g min,r (m), g min, (m)] (where g min, and g min,r are the left and right derivatives of g min , respectively) such that

(3.35) -∆ψ + F (|ψ| 2 )ψ + 1 4 |ϕ| 2 ψ = 0, -∆ϕ + q 2 2 |ψ| 2 ϕ -2 q 2 γϕ = 0 in R N .
(ii) We have |ψ| 1 almost everywhere and ψ ∈ W 2,p loc (R N ), ϕ ∈ W 2,p (R N ) for any p ∈ [2, ∞). In particular, ψ and ϕ are C 1 functions.

(iii) The function (ψ, ϕ) is radially symmetric (after translation). That is, there exist

x 0 ∈ R N and ψ, φ : [0, ∞) -→ C such that ψ(x) = ψ(|x -x 0 |) and ϕ(x) = φ(|x -x 0 |) for all x ∈ R N .
(iv) If (ψ, ϕ) is a minimizer and ψ, φ are as in (iii), then the function | ψ| is nondecreasing on [0, ∞), | φ| is nonincreasing on [0, ∞) and there exist constants

θ 0 , β 0 ∈ R such that ψ = e iθ 0 | ψ|, φ = e iβ 0 | φ| on [0, ∞). Proof. (i) is standard. (ii) If (ψ, ϕ) is a minimizer, then (|ψ|, |ϕ|) is also a minimizer. It is clear that E(min(1, |ψ|), |ϕ|) E(|ψ|, |ϕ|). Since (|ψ|, |ϕ|
) is a minimizer, we must have E(min(1, |ψ|), |ϕ|) E(|ψ|, |ϕ|). This implies ∇|ψ| = 0 a.e. and V (|ψ| 2 ) = 0 a.e. in the set {x ∈ R N |ψ(x)| > 1}, and we deduce that (|ψ|-1) + = 0 a.e. on R N . Thus |ψ| 1 a.e. on R N . Then the second equation in (3.35) and a standard boot-strap argument imply that ϕ ∈ W 2,p (R N ) for any p ∈ [2, ∞). In particular, ϕ ∈ C 1,α (R N ) for any α ∈ (0, 1) and ϕ is bounded on R N .

Since |ψ| 1 a.e., we have F (|ψ| 2 ) ∈ L ∞ (R N ). The rst equation in (3.35) can be written as

-∆ψ + A(x)ψ = 0, where A = F (|ψ| 2 ) + 1 4 |ϕ| 2 ∈ L ∞ (R N ).
Standard elliptic regularity theory implies that there exists C > 0 such that ψ W 2,p (B(y,1)) C for any y ∈ R N . In particular, ψ is C 1 on R N .

(iii) Since any minimizer (ψ, ϕ) for the problem (GS m ) is C 1 in R N , (iii) follows from Theorem 2 p. 314 in [10].

(iv) Given a non-negative, measurable function w : R N -→ [0, ∞) such that L N ({x ∈ R N w(x) > t}) is nite for any t > 0, we denote by w * the symmetric decreasing rearrangement of w. It is well-

known that for p ∈ (1, ∞) we have R N |∇w * | p dx R N
|∇w| p dx, and equality may occur if and only if for any t ∈ (0, sup ess(w)), the level set {x ∈ R N | w(x) > t} is equivalent to a ball. The last statement is a consequence of Lemma 3.2 p. 163 in [4]. It is also well-known that for w 1 , w 2 as above we have

R N w 1 w 2 dx R N (w 1 ) * (w 2 ) * dx. Obviously, we have (|ϕ| 2 ) * = (|ϕ| * ) 2 . Let u = 1 -|ψ|. Since 0 u 1 and the mapping s -→ 2s -s 2 is increasing on [0, 1], we have (2u -u 2 ) * = 2u * -u 2 * . Therefore R N (1 -u * ) 2 (|ϕ| * ) 2 dx = R N (|ϕ| * ) 2 dx - R N (2u * -u 2 * )(|ϕ| * ) 2 dx = R N |ϕ| 2 dx - R N (2u -u 2 ) * (|ϕ| 2 ) * dx R N |ϕ| 2 dx - R N (2u -u 2 )|ϕ| 2 dx = R N |ψ| 2 |ϕ| 2 dx.
We infer that E(1 -u * , |ϕ| * ) E(|ψ|, |ϕ|) E(ψ, ϕ). Since (ψ, ϕ) is a minimizer and |ϕ| * 2 The following simple facts will be useful in the sequel. Given any ϕ ∈ H 1 (R N ) and any a ∈ R, let ϕ a (x) = e iax 1 ϕ(x). Then ∂ϕa ∂x 1 = iae iax 1 ϕ + e iax 1 ∂ϕ ∂x 1 and

L 2 = |ϕ| 2 L 2 = ϕ 2 L 2 = m, we must have E(1 -u * , |ϕ| * ) = E(|ψ|, |ϕ|) = E(ψ, ϕ), and consequently R N |∇u * | 2 dx = R N |∇u| 2 dx and R N |∇|ϕ| * | 2 dx = R N |∇|ϕ| | 2 dx
(3.36) R N |ϕ a | 2 dx = R N |ϕ| 2 dx, Q(ϕ a ) = Q(ϕ) -a R N |ϕ| 2 dx, and 
R N ∂ϕ a ∂x 1 2 dx = R N ∂ϕ ∂x 1 2 dx -2aQ(ϕ) + a 2 R N |ϕ| 2 dx.
Notice that for any ϕ = 0, the mapping a -→

R N ∂ϕ a ∂x 1 2 dx achieves its minimum at a min = Q(ϕ) ϕ 2 L 2
and Q(ϕ a min ) = 0.

Next we consider a related minimization problem. Let

h min (p) = inf{E(ψ, ϕ) | ψ ∈ E, ϕ ∈ H 1 (R N ), Q(ϕ) = p}.
Proposition 23. The function h min has the following properties:

(i) h min is positive, (strictly) increasing and concave on (0, ∞), and h min (p) -→ ∞ as p -→ ∞.

(ii) h min (p)

2 3 q p for any p > 0. (iii) If N 2, let m 0 = sup m > 0 g min (m) = m 4 (see Proposition 18 (iii)).
We have h min (p) = 2 3 q p for any p ∈ 0, q 2 m 0 .

(iv) If N = 1, we have h min (p) < 2 3 q p for any p > 0 and h min (p) p -→ 2 3 q as p -→ 0. (v) For any p > 0 we have

(3.37) h min (p) = inf m>0 g min (m) + 1 2 q 2 p 2 m .
The inmum in (3.37) is achieved at some m p > 0 (not necessarily unique). The function g min is dierentiable at m p and g min (m p ) = 1

2 q 2 p 2 m 2 p .
For any Proof. Since E 0 it is obvious that h min 0. Taking ψ = 1 and using Proposition 24 we get

(ψ, ϕ) ∈ E×H 1 (R N ) satisfying ϕ 2 L 2 = m p and E(ψ, ϕ) = g min (m p ), we have Q(e -i(p/mp)x 1 ϕ) = p and E(ψ, e -i(p/mp)x 1 ϕ) = h min (p). Conversely, if (ψ * , ϕ * ) ∈ E × H 1 (R N ) satises Q(ϕ * ) = p and E(ψ * , ϕ * ) = h min (p), then the mapping m -→ g min (m)+ 1 2 q 2
h min (p) inf E(1, ϕ) ϕ ∈ H 1 (R N ), Q(ϕ) = p = 2 3 q p.
Since Q(aϕ) = a 2 Q(ϕ), we have

h min (p) = inf E 1 (ψ) + p R N 1 2 q 2 |∇ϕ| 2 + 1 4 |ψ| 2 |ϕ| 2 dx ψ ∈ E, ϕ ∈ H 1 (R N ), Q(ϕ) = 1 .
The inmum of a family of ane functions is concave, therefore h min is concave on (0, ∞).

For any ϕ ∈ H 1 (R N ) such that Q(ϕ) = p we have R N |∇ϕ| 2 +|ϕ| 2 dx 2p by (3.5), thus necessarily R N |∇ϕ| 2 dx p or R N
|ϕ| 2 dx p. In the former case we have E(ψ, ϕ)

1 2 q 2 R N |∇ϕ| 2 dx p 2 q 2 ,
and in the latter case we get E(ψ, ϕ) g min ( R N |ϕ| 2 dx) g min (p) for all ψ ∈ E. We conclude that

h min (p) min p 2 q 2 , g min (p) -→ ∞ as p -→ ∞.
Any concave mapping from (0, ∞) to itself that tends to 0 at the origin and to innity at innity is necessarily increasing and continuous. Assertions (i) and (ii) are thus proven.

(iii) Let 0 < p < q 2 m 0 . Choose η > 0 such that p < 1 1+η q 2 m 0 . We already know that h min (p) 2 3 q p. We will show that for any ψ ∈ E and ϕ ∈ H 1 (R N ) such that Q(ϕ) = p and E(ψ, ϕ) < (1+η) 2 3 q p, we have E(ψ, ϕ) 2 3 q p. This implies that h min (p) = 2 3 q p. Then the continuity of h min implies that the equality h min (p) = 2 3 q p holds for p = q 2 m 0 , too. Let p, η, ψ, ϕ be as above. Denote m = R N |ϕ| 2 dx. We have

g min (m) E(ψ, ϕ) < (1 + η) 2 3 q p < m 0 4 = g min (m 0 ).
Since g min is non-decreasing, we infer that m < m 0 and consequently g min (m) = m 4 . For any a ∈ R we have

R N |e iax 1 ϕ(x)| 2 dx = m, hence E(ψ, e iax 1 ϕ) g min (m) = m 4 .
Choosing a 0 = p m (so that Q(e ia 0 x 1 ϕ) = 0) and using (3.36) we get

(3.38) E(ψ, ϕ) = E(ψ, e ia 0 x 1 ϕ) + 1 2 q 2 2a 0 Q(ϕ) -a 2 0 R N |ϕ| 2 dx = E(ψ, e ia 0 x 1 ϕ) + 1 2 q 2 p 2 m m 4 + 1 2 q 2 p 2 m 2p 3 q , as desired. (v) For any ϕ ∈ H 1 (R N ) ψ ∈ E and any a ∈ R, we have e iax 1 ϕ L 2 (R N ) = ϕ L 2 (R N ) . The mapping a -→ E(ψ, e iax 1 ϕ) achieves its minimum on R at a min = Q(ϕ) ϕ 2 L 2
and Q(ϕ a min ) = 0 (see (3.36)). We conclude that

g min (m) = inf E(ψ, ϕ) ψ ∈ E, ϕ ∈ H 1 (R N ), R N |ϕ| 2 dx = m and Q(ϕ) = 0 .
Let p > 0 and m > 0. Consider any ϕ ∈ H 1 (R N ) such that ϕ 2 L 2 = m and Q(ϕ) = 0. Let a = p m . By (3.36) we have Q(e -iax 1 ϕ) = p, thus for any ψ ∈ E we have

h min (p) E(ψ, e -iax 1 ϕ) = E(ψ, ϕ) + a 2 2 q 2 R N |ϕ| 2 dx = E(ψ, ϕ) + 1 2 q 2 p 2 m .
Passing to the inmum we get

h min (p) g min (m) + 1 2 q 2 p 2 m .
Since the above inequality holds for any m > 0, we infer that

h min (p) inf m>0 g min (m) + 1 2 q 2 p 2 m . Let p > 0 and consider ϕ ∈ H 1 (R N ) such that Q(ϕ) = p. Denote m ϕ = ϕ 2 L 2 and a ϕ = p mϕ . Then e iaϕx 1 ϕ 2 L 2 = ϕ 2 L 2 = m, hence for any ψ ∈ E we have g min (m ϕ ) E(ψ, e iaϕx 1 ϕ) = E(ψ, ϕ) + 1 2 q 2 -2a ϕ Q(ϕ) + a 2 ϕ ϕ 2 L 2 = E(ψ, ϕ) - 1 2 q 2 p 2 m ϕ .
Thus for any ϕ ∈ H 1 (R N ) with Q(ϕ) = p and for any ψ ∈ E we have

E(ψ, ϕ) g min (m ϕ ) + 1 2 q 2 p 2 m ϕ inf m>0 g min (m) + 1 2 q 2 p 2 m .
The above inequality shows that h min (p) inf m>0 g min (m) + 1

2 q 2 p 2
m . Thus (3.37) is proven. For any xed p > 0, the mapping m -→ g min (m) + 1 2 q 2 p 2 m is continuous on (0, ∞) and tends to innity as m -→ 0, respectively as m -→ ∞. We infer that this mapping achieves its minimum at some m p ∈ (0, ∞).

The mapping m -→ g min (m) + 1

2 q 2 p 2
m admits left and right derivatives at any point m > 0 because g min is concave. At a minimum point m p the left derivative must be non-positive and the right derivative must be non-negative, and this gives

g min, (m p ) 1 2 q 2 p 2 m 2 p g min,r (m p ).
On the other hand, by concavity we have g min, (m p ) g min,r (m p ). Thus g min, (m p ) = g min,r (m p ) =

1 2 q 2 p 2 m 2
p and g min is dierentiable at m p .

The other statements in part (v) follow easily using (3.36) and a computation similar to (3.38).

(iv) Assume that N = 1. Let p > 0. Let m 0 = q p. Using (3.37) and the fact that g min (m 0 ) < m 0 4 (see Proposition 18 (ii)), we get

h min (p) g min (m 0 ) + 1 2 q 2 p 2 m 0 < m 0 4 + 1 2 q 2 p 2 m 0 = 2p 3 q . Fix ε > 0. By Proposition 18 (ii) there is m ε > 0 such that g min (m) m ∈ 1-ε 4 , 1 4 
for any m ∈ (0, m ε ).

Let p ε ∈ 0,

3 q 2 g min (m ε ) . Choose η > 0 such that (1 + η) 2pε 3 q < g min (m ε ). Let p ∈ (0, p ε ]. We know that h min (p) 2p 3 q . For any (ψ, ϕ) ∈ E × H 1 (R N ) satisfying Q(ϕ) = p and E(ψ, ϕ) < (1 + η) 2p 3 q we have E(ψ, ϕ) < g min (m ε ), thus necessarily ϕ 2 L 2 < m ε . Denoting m = ϕ 2 L 2
, a 0 = p m and proceeding exactly as in (3.38) we get

E(ψ, ϕ) = E(ψ, e ia 0 x 1 ϕ) + 1 2 q 2 p 2 m g min (m) + 1 2 q 2 p 2 m > (1 -ε)m 4 + 1 2 q 2 p 2 m 2 √ 1 -ε 3 q p.
We conclude that h min (p) 2 √ 1-ε 3 q p for all p ∈ (0, p ε ]. (vi) By Proposition 18 (iv) there is C > 0 such that g min (m) Cm

N N +2 . Taking m = p N +2 N +1 in (3.37) we get h min (p) g min p N +2 N +1 + 1 2 q 2 p 2 p N +2 N +1 C + 1 2 q 2 p N N +1 .

Minimizers of the energy when the mixed momentum is xed

For β ∈ [0, 1], ψ ∈ E and ϕ ∈ H 1 (R N ) we dene

P β (ψ, ϕ) = βQ(ψ) + (1 -β)Q(ϕ).
We suppose that the assumptions (A1) -(A4) are satised. For any β ∈ [0, 1] and p > 0 we consider the minimization problem

(P β,p ) minimize E(ψ, ϕ) for ψ ∈ E, ϕ ∈ H 1 (R N ) satisfying P β (ψ, ϕ) = p.
Obviously, if β = 1 the solutions of the problem (P 1,p ) are precisely of the form (ψ, 0), where ψ minimizes E 1 (ψ) under the constraint Q(ψ) = p. For the existence of such minimizers and some of their properties, see Theorem 1.1 in [5]. If β = 0, the solutions of the problem (P 0,p ) are the minimizers for h min (p) given by Proposition 23. Denoting β * = 2 q 2 2 q 2 +δ , where δ, , q are as in (GC), it is easily seen that P β * is a conserved quantity for the system (GC).

We begin with the following simple Proposition 24. Fix K > 0. For any p > 0 we have

inf R N |∇ϕ| 2 + K 2 |ϕ| 2 dx ϕ ∈ H 1 (R N ), Q(ϕ) = p = 2Kp
and the inmum is never achieved.

Proof. Consider a real-valued function

χ ∈ C ∞ c (R N ) such that χ = 1 in B(0, 1) and χ = 0 in R N \ B(0, 2). Let φR (x) = χ x R e -iKx 1 . A simple computation gives R N | φR (x)| 2 dx = R N R N |χ| 2 dx, Q( φR ) = KR N R N |χ| 2 dx, R N ∂ φR (x) ∂x 1 2 dx = K 2 R N R N |χ| 2 dx + R N -2 R N ∂χ ∂x 1 2 dx, R N ∂ φR (x) ∂x j 2 dx = R N -2 R N ∂χ ∂x j 2 dx for j = 2, . . . , N. Let a R = K -1 2 R -N 2 p 1 2 χ -1 L 2 and let φ R = a R φR . Then we have Q(φ R ) = p for all R > 0 and R N |∇φ R | 2 + K 2 |φ R | 2 dx = 2K 2 R N a 2 R R N |χ| 2 dx + R N -2 a 2 R R N |∇χ| 2 dx = 2Kp + p KR 2 ∇χ 2 L 2 χ 2 L 2
.

Letting R -→ ∞ we see that the inmum is smaller than or equal to 2Kp. On the other hand, by (3.5) we see that the inmum is greater than or equal to 2Kp. If u is a minimizer, by (3.5) we have R N ∂u ∂x j 2 dx = 0 for j = 2, . . . , N , hence u depends only on x 1 . Since u ∈ H 1 (R N ) we must have u = 0, and this contradicts the fact that Q(u) = p.

We dene

(3.39) E β,min (p) = inf E(ψ, ϕ) ψ ∈ E, ϕ ∈ H 1 (R N ), P β (ψ, ϕ) = p .
If β = 0, we have E 0,min (p) = h min (p) and the properties of the function h min are given by Proposition 23. The properties of the function E 1,min as well as the existence of minimizers for the problem (P 1,p ) have been studied in [5]. See Theorem 14 in the Introduction. Some important properties of the function E β,min that will be useful in the sequel are given in the next Proposition.

Proposition 25. Assume that N 2, V 0 and the assumptions (A1) and (A2) hold.

For any β ∈ (0, 1) we denote

S β = min √ 2 β , 2 (1 -β) 3 q = min v s β , 2 (1 -β) 3 q .
Then:

(i) E β,min (p) min E 1,min p β , h min p 1-β
S β p for any β ∈ (0, 1) and any p > 0.

(ii) For all β ∈ (0, 1) we have lim p→0 E β,min (p) p = S β .

(iii) Suppose in addition that N = 2, assumption (A4) holds, F (1) = -3F (1), and

v s β < 2 (1 -β) 3 q
. Then we have E β,min (p) < S β p for all p > 0.

(iv) E β,min is concave, positive and increasing on (0, ∞), and E β,min (p) -→ ∞ as p -→ ∞.

Proof. (i) Taking "test functions" of the form (ψ, 0) with

Q(ψ) = p β , it is obvious that E β,min (p) E 1,min p β . If (ψ n , ϕ n ) n 1 is a minimizing sequence for h min p 1-β , that is Q(ϕ n ) -→ p 1-β and E(ψ n , ϕ n ) -→ h min p 1-β , then (|ψ n |, ϕ n ) is also a minimizing sequence. Since Q(|ψ|) = 0 for any ψ ∈ E we have P β (|ψ n |, ϕ n ) = p, hence E β,min (p) lim inf n→∞ E(|ψ n |, ϕ n ) = h min p 1 -β .
The second inequality follows from the fact that E 1,min (p) v s p = √ 2 p and h min (p)

2p
3 q for all p > 0 (see Proposition 23 (ii)).

(ii) We already know that E β,min (p) S β p for any p > 0 and it suces to show that lim inf p→0+ E β,min (p) p S β . We argue by contradiction and we assume that := lim inf p→0+ E β,min (p) p < S β . We choose ε > 0 and * such that < * < S * := min vs-ε β , 1 1-β 2 3 q -ε < S β . Then there exists a decreasing sequence p n -→ 0 such that E β,min (p n ) < * p n for all n. For each n there exist ψ n ∈ E and ϕ n ∈ H 1 (R N ) such that P β (ψ n , ϕ n ) = p n and E(ψ n , ϕ n ) < * p n . From Lemma 4.6 p. 175 and Lemma 4.5 p. 173 in [5] we have lim p→0+ E 1,min (p) p = v s , and we may assume that p 1 is suciently small, so that E 1,min (p) (v s -ε)p

for all p ∈ [0, 2 p 1 β ]. For simplicity denote p n,1 = Q(ψ n ) and p n,2 = Q(ϕ n ), so that βp n,1 + (1 -β)p n,2 = p n . If p n,2 < 0 (respectively if p n,2 > 2 1-β p n ) we have p n,1 > pn β (respectively p n,1 < -pn β ) and we get E(ψ n , ϕ n ) E 1 (ψ n ) E 1,min (|p n,1 |) E 1,min p n β (v s -ε) p n β S * p n ,
contradicting the choice of (ψ n , ϕ n ). We infer that 0 p n,2 -→ 1 β and proceeding as above we infer that for all suciently large k, 

E(ψ n k , ϕ n k ) E 1 (ψ n k ) E 1,min (p n k ,1 ) (v s -ε)p n k ,1 therefore lim inf k→∞ E(ψ n k , ϕ n k ) p n k v s -ε β S * > * ,
E(ψ n , φn ) = E 1 (ψ n ) + 1 p n,2 1 2 q 2 R N |∇ϕ n | 2 + q 2 2 |ψ n | 2 |ϕ n | 2 dx E 1 (ψ n ) + * C 1 2 q 2 1 E(ψ n , ϕ n ) R N |∇ϕ n | 2 + q 2 2 |ψ n | 2 |ϕ n | 2 dx E(ψ n , ϕ n ) + * C . Therefore E(ψ n , φn ) is bounded. We have E 1 (ψ n ) E(ψ n , ϕ n ) * p n -→ 0 and Lemma 20 implies that |ψ n | -1 L 2 -→ 0 as n -→ ∞. Then Lemma 21 (iii) gives lim inf n→∞ R N |∇ φn | 2 + q 2 2 |ψ n | 2 | φn | 2 dx 2q .
Hence for all n suciently large we have

(3.40) 1 2 q 2 R N |∇ϕ n | 2 + q 2 2 |ψ n | 2 |ϕ n | 2 dx 2 3 q -ε p n,2 .
We use the following simple observation: given any A > 0, B > 0 and β ∈ (0, 1), we have

(3.41) min As 1 + Bs 2 s 1 0, s 2 0, βs 1 + (1 -β)s 2 = s = min As β , Bs 1 -β .
The minimum is reached for (3.41), for all suciently large n we get

s 1 = 0, s 2 = s 1-β if A β > B 1-β , respectively for s 1 = s β , s 2 = 0 if A β < B 1-β . Using (3.40) and
E(ψ n , ϕ n ) = E 1 (ψ n ) + 1 2 q 2 R N |∇ϕ n | 2 + q 2 2 |ψ n | 2 |ϕ n | 2 dx (v s -ε)|p n,1 | + 2 3 q -ε p n,2 S * p n ,
contradicting the fact that E(ψ n , ϕ n ) < * p n < S * p n . This proves assertion (ii).

(iii) Under the assumptions of (iii) we have S β = vs β and Theorem 4.15 p. 190 in [5] implies that E 1,min (p) < v s p for all p > 0. Then using part (i) we get

E min (p) E 1,min p β < v s p β = S β p.
(iv) The proof of (iv) is essentially the same as the proof of Lemma 4.7 p. 175 in [5], so we omit it.

Theorem 26. Assume that N 2, assumptions (A1) and (A2) hold, V 0 on [0, ∞) and p > 0 is such that E β,min (p) < S β p.

Then there exist minimizers for the problem (P β,p ). Moreover, any sequence (p) contains a subsequence (ψ n k ) k≥1 having the following property: there are a sequence of points

(ψ n , ϕ n ) n 1 ⊂ E × H 1 (R N ) satisfying P β (ψ n , ϕ n ) -→ p and E(ψ n , ϕ n ) -→ E β,min
(x k ) k≥1 ⊂ R N , ψ ∈ E and ϕ ∈ H 1 (R N ) such that P β (ψ, ϕ) = p, E(ψ, ϕ) = E β,min ( 
p), and as k -→ ∞ we have

ϕ n k -→ ϕ in H 1 (R N ), (ψ n k , ϕ n k )(• + x k ) -→ (ψ, ϕ) a.e. in R N , ∇ψ n k (• + x k ) -∇ψ L 2 -→ 0, |ψ n k |(• + x k ) -|ψ| L 2 -→ 0, ψ n k ϕ n k (• + x k ) -→ ψϕ in L 2 (R N ), V |ψ n k (• + x k )| 2 -→ V (|ψ| 2 ) in L 1 (R N ).
Proof. Let (ψ n , ϕ n ) n 1 be a sequence as in Theorem 26. Then E(ψ n , ϕ n ) is bounded. Dene f n as in (3.17) and let Λ n be the concentration function of f n , as in (3.18). Lemma 20 and the Sobolev embedding imply that (f n ) n 1 is a bounded sequence in L 1 (R N ).

Since ϕ n H 1 is bounded, (3.5) implies that Q(ϕ n ) is bounded. From the fact that P β (ψ n , ϕ n ) -→ p we infer that Q(ψ n ) is bounded. Passing to a subsequence we may assume that Q(ψ n ) -→ p 1 and Q(ϕ n ) -→ p 2 as n -→ ∞, where βp 1 + (1 -β)p 2 = p. Let us show that 0 p 1 p β and 0 p 2 p 1-β . We have

lim sup n→∞ E 1 (ψ n ) lim n→∞ E(ψ n , ϕ n ) = E β,min (p) E 1,min p β . Since E 1,min is increasing on [0, ∞), this implies lim sup n→∞ |Q(ψ n )| p β , thus |p 1 | p β . Since |Q(ϕ n )| ϕ n L 2 ∂ϕn ∂x 1 L 2 and ϕ n L 2 is bounded by Lemma 20, we have := lim inf n→∞ ∂ϕn ∂x 1 L 2 > 0. If p 1 < 0, we have p 2 = p-βp 1 1-β > p 1-β and d n := p (1-β)Q(ϕn) 1 2 -→ p (1-β)p 2 1 2 < 1. Then |ψ n | ∈ E, Q(|ψ n |) = 0, Q(d n ϕ n ) = p 1-β , hence P β (|ψ n |, d n ϕ n ) = p and taking (|ψ n |, d n ϕ n ) instead of (ψ n , ϕ n ) we get E(|ψ n |, d n ϕ n ) E 1 (ψ n ) + d 2 n 2 q 2 R N |∇ϕ n | 2 + q 2 2 |ψ n | 2 |ϕ n | 2 dx E(ψ n , ϕ n ) - 1 -d 2 n 2 q 2 R N ∂ϕ n ∂x 1 2 dx.
Passing to the limit we discover

E β,min (p) lim sup n→∞ E(|ψ n |, d n ϕ n ) E β,min (p) - (1 -d 2 n ) 2 2 q 2 ,
a contradiction. We conclude that p 1 0, thus 0 p 1 p β and this implies 0 p 2 p 1-β . We claim that there is C > 0 such that f n L 1 C for all n suciently large. Otherwise, there is a subsequence (f n k ) k 1 such that f n k L 1 -→ 0. Clearly, this implies that ϕ n k H 1 -→ 0 and then (3.5) gives Q(ϕ n k ) -→ 0. On the other hand, we have ∇ψ n k L 2 -→ 0 and |ψ n k | -1 L 2 -→ 0, and Lemma 4.1 p. 171 in [5] gives

R N V (|ψ n k | 2 ) dx -→ 0, hence E 1 (ψ n k ) -→ 0. Since E 1 (ψ n k ) E 1,min (Q(ψ n k )
) and E 1,min is positive on R * and increasing on R + , we get Q(ψ n k ) -→ 0, and therefore P β (ψ n k , ϕ n k ) -→ 0, a contradiction. This proves the claim.

Passing to a subsequence we may assume that R N f n dx -→ α 0 > 0. We apply the concentrationcompactness principle to the sequence (f n ) n 1 . Let Λ n be the concentration function of f n , as in (3.18). Proceeding as in [8] and using (5.12) p. 156 in [11], we see that there exist a non-decreasing function Λ : [0, ∞) -→ [0, ∞), α ∈ [0, α 0 ] and a sequence t n -→ ∞ such that (3.19) and (3.20) hold. We will show that α = α 0 . To do this we rule out the possibilities α = 0 ("vanishing") and α ∈ (0, α 0 ) ("dichotomy").

If α = 0 we have Λ(t) = 0 for all t ∈ [0, ∞), in particular Λ(1) = 0 and condition (3.22) is satised. Then Lemma 21 (iii) gives

(3.42) lim inf n→∞ R N |∇ϕ n | 2 + q 2 2 |ψ n | 2 |ϕ n | 2 dx 2q p 2 .
We use the next lemma, which is an immediate consequence of Lemma 4.10 p. 179 in [5].

Lemma 27. ( [5]) Assume that N ≥ 2 and assumptions (A1) and (A2) hold. Let (ψ n ) n≥1 ⊂ E be a sequence satisfying:

(a) E 1 (ψ n ) ≤ M for some positive constant M . (b) lim inf n→∞ Q(ψ n ) ≥ q.
(c) sup y∈R N B(y,1)

|∇ψ n | 2 + | |ψ n | -1| 2 dx -→ 0 as n -→ ∞. Then lim inf n→∞ E 1 (ψ n ) v s |q|.
From Lemma 27 we get lim inf n→∞ E 1 (ψ n ) v s p 1 and using (3.42) and (3.41) we obtain

lim inf n→∞ E(ψ n , ϕ n ) v s p 1 + 2 3 q p 2 S β p,
contradicting the assumption that E min (p) < S β p.

Assume that α ∈ (0, α 0 ). As in the proof of Theorem 19, let

h n = Λ n (t n ) -Λ n tn 2 + 1 2 n , so that h n -→ 0 as n -→ ∞, and for each n ∈ N * choose x n such that B(xn, tn 2 ) f n (x) dx > Λ n t n 2 - 1 2 n and denote Ω n = B(x n , t n ) \ B(x n , tn 2 ). Then (3.25) holds, thus Ωn f n dx -→ 0 as n -→ ∞. Take χ 1 , χ 2 ∈ C ∞ c (R N ) such that 0 χ 1 1, 0 χ 2 1, χ 1 = 1 on B(0, 1 
2 ) and supp(χ 1 ) ⊂ B(0, 5 8 ), χ 2 = 0 on B(0, 7 8 ) and

χ 2 = 1 on R N \ B(0, 1). Let ϕ n,i (x) = χ i x-xn tn ϕ n (x) for i = 1, 2. It is easy to see that (3.43) R N |∇ϕ n | 2 -|∇ϕ n,1 | 2 -|∇ϕ n,2 | 2 dx C Ωn |∇ϕ n | 2 + |ϕ n | 2 dx Ch n , (3.44) ϕ n -ϕ n,1 -ϕ n,2 2 H 1 C Ωn |∇ϕ n | 2 + |ϕ n | 2 dx Ch n , and 
(3.45) R N |ψ n | 2 |ϕ n | 2 -|ϕ n,1 | 2 -|ϕ n,2 | 2 dx Ωn |ψ n | 2 |ϕ n | 2 dx h n .
It is clear that ϕ n,i is bounded in H 1 (R N ), hence Q(ϕ n,i ) is bounded for i = 1, 2. Since ϕ n,1 and ϕ n,2 have disjoint supports we have Q(ϕ n,1 + ϕ n,2 ) = Q(ϕ n,1 ) + Q(ϕ n,2 ), and then using (3.44) we get

Q(ϕ n ) -Q(ϕ n,1 ) -Q(ϕ n,2 ) -→ 0 as n -→ ∞.
To "separate" the behaviour of ψ n on B(x n , tn 2 ) and on R N \ B(x n , t n ) we need a more subtle argument than in the proof of Theorem 19. It is based on the next Lemma, which is a particular case of Lemma 3.3 p. 138 in [11] and of Lemma 3.3 p. 167 in [5].

Lemma 28. ( [11,5]) There exist ε 0 > 0 and C i > 0, depending only on N (and on F for (v)) such that for any R ≥ 2, ε ∈ (0, ε 0 ) and ψ ∈ E verifying B(0,R)\B(0, R 2 ) |∇ψ|2 + |ψ| -1

2 dx ≤ ε, there exist two functions ψ 1 , ψ 2 ∈ E and a constant θ 0 ∈ [0, 2π) satisfying the following properties:

(i) ψ 1 = ψ on B(0, 5 8 R) and ψ 1 = e iθ 0 on R N \ B(0, 3 4 R), (ii) ψ 2 = ψ on R N \ B(0, 7 8 R) and ψ 2 = e iθ 0 = constant on B(0, 3 4 R), (iii) R N ∂ψ ∂x j 2 - ∂ψ 1 ∂x j 2 - ∂ψ 2 ∂x j 2 dx ≤ C 1 ε for j = 1, . . . , N , (iv) |Q(ψ) -Q(ψ 1 ) -Q(ψ 2 )| ≤ C 3 ε,
(v) If assumptions (A1) and (A2) hold, then

R N V (|ψ| 2 ) -V (|ψ 1 | 2 ) -V (|ψ 2 | 2 ) dx ≤      C 4 ε + C 5 √ ε (E 1 (ψ))
Using Lemma 28 with ψ = ψ n (• + x n ), R = t n , and ε = h n , for all suciently large n we construct two functions ψ n,1 , ψ n,2 ∈ E such that ψ n,1 = ψ n on B(x n , 5 4 t n ) and ψ n,1 is constant (of modulus 1)

on R N \ B(x n , 3 4 t n ), ψ n,2 = ψ n on R N \ B(x n , 7 4 t n ), ψ n,2 is constant on B(x n , 3 4 t n )
, and all conclusions of Lemma 28 hold. Then we have

|ψ n | 2 |ϕ n,1 | 2 + |ϕ n,2 | 2 = |ψ n,1 | 2 |ϕ n,1 | 2 + |ψ n,2 | 2 |ϕ n,2 | 2 on R N and using (3.45) we get (3.46) R N |ψ n | 2 |ϕ n | 2 -|ψ n,1 | 2 |ϕ n,1 | 2 -|ψ n,2 | 2 |ϕ n,2 | 2 dx h n .
From Lemma 28 (iii)-(v) we infer that E 1 (ψ n,i ) is bounded, and consequently Q(ψ n,i ) is bounded, and we have

(3.47) E 1 (ψ n ) = E 1 (ψ n,1 ) + E 1 (ψ n,2 ) + o(1) and Q(ψ n ) = Q(ψ n,1 ) + Q(ψ n,2 ) + o(1) as n -→ ∞.
Passing to a further subsequence (still denoted the same) we may assume that P β (ψ n,1 , ϕ n,1 ) -→ p and P β (ψ n,2 , ϕ n,2 ) -→ p as n -→ ∞. It is obvious that p + p = p. By (3.47), (3.43) (p). Thus E(ψ n,1 , ϕ n,1 ) -→ E β,min (p) and this implies that E(ψ n,2 , ϕ n,2 ) -→ 0 as n → ∞. Then Lemma 20 gives

∇ψ n,2 L 2 + |ψ n,2 | -1 L 2 + ϕ n,2 H 1 (R N ) -→ 0
and we infer that R N \B(xn,tn) f n dx -→ 0 as n -→ ∞. On the other hand we have So far we have shown that α = α 0 . Then it is standard to prove that there is a sequence (x n ) n 1 ⊂ R N such that for any ε > 0 there exits R ε > 0 satisfying R N \B(xn,ε) f n dx < ε for all n suciently large. Let ψn = ψ n (• + x n ), φn = ϕ n (• + x n ) and fn = f n (• + x n ) (obviously, fn is the function associated to ( ψn , φn ) by (3.17)). For all ε > 0 there are R ε > 0 and n ε ∈ N such that (3.49)

R N \B(xn,tn) f n dx = R N f n dx - B(xn,tn) f n dx -→ α 0 -α,
R N \B(0,Rε) fn dx < ε for all n n ε .
Clearly, ( φn

) n 1 is bounded in H 1 (R N ), (∇ ψn ) n≥1 is bounded in L 2 (R N
) and ( ψn ) n≥1 is bounded in L 2 (B(0, R)) for any R > 0. By classical compact embeddings in Sobolev spaces and a diagonal extraction argument, there exist functions ψ ∈ H 1 loc (R N ) such that ∇ψ ∈ L 2 (R N ), ϕ ∈ H 1 (R N ), and a subsequence ( ψn k , φn k ) k≥1 satisfying (3.50)

φn k ϕ weakly in H 1 (R N ), ∇ ψn k ∇ψ weakly in L 2 (R N ), ψn k ψ
weakly in H 1 (B(0, R)) for all R > 0, ψn k -→ ψ and φn k -→ ϕ strongly in L p (B(0, R)) for R > 0 and p ∈ [1, 2 * ), ψn k -→ ψ and φn k -→ ϕ almost everywhere on R N .

By weak convergence we get

(3.51) R N |∇ψ| 2 dx ≤ lim inf k→∞ R N |∇ ψn k | 2 dx and R N |∇ϕ| 2 dx ≤ lim inf k→∞ R N |∇ φn k | 2 dx.
Using the a.e. convergence and Fatou's Lemma we infer that Let us show that φn k -→ ϕ strongly in L 2 (R N ). Fix ε > 0. Then choose R ε > 0 such that (3.49) holds. Since φn k -→ ϕ a.e., by Fatou's Lemma we get

(3.52) R N V (|ψ| 2 ) dx lim inf k→∞ R N V (| ψn k | 2 ) dx, (3.53) 
R N (|ψ| -1) 2 dx lim inf k→∞ R N (| ψn k | -1) 2 dx and (3.54) R N |ψ| 2 |ϕ| 2 dx lim inf k→∞ R N | ψn k | 2 | φn k | 2 dx.
R N \B(0,Rε) |ϕ| 2 dx lim inf k-→∞ R N \B(0,Rε) | φn k | 2 dx ε. Since φn k -→ ϕ in L 2 (B(0, R ε )), there is k ε ∈ N such that B(0,Rε) | φn k -ϕ| 2 dx ε for all k k ε . Then R N | φn k -ϕ| 2 dx B(0,Rε) | φn k -ϕ| 2 dx + 2 R N \B(0,Rε) | φn k | 2 + |ϕ| 2 dx 5ε for all k k ε . Since ε > 0 is arbitrary, we infer that φn k -ϕ L 2 (R N ) -→ 0.

The weak convergence

∂ φn k ∂x 1 ∂ϕ ∂x 1 and the strong convergence φn k -→ ϕ in L 2 (R N ) give (3.56) Q( φn k ) -→ Q(ϕ).
We need the following result, which is an immediate consequence of Lemmas 4.11 p. 182 and 4.12 p. 184 in [5].

Lemma 29. ( [5]) Assume that N ≥ 2 and assumptions (A1) and (A2) hold. Let (γ n ) n≥1 ⊂ E be a sequence satisfying: (a) (E 1 (γ n )) n≥1 is bounded and for any ε > 0 there are R ε > 0 and n ε ∈ N such that R N \B(0,Rε)

|∇γ n | 2 + |γ n | -1 2 dx < ε for any n ≥ n ε .
(b) There exists γ ∈ E such that ∇γ n ∇γ weakly in L 2 (R N ), γ n -→ γ strongly in L 2 (B(0, R)) for any R > 0, and γ n -→ γ a.e. on R N as n -→ ∞.

Then |γ n | -|γ| L 2 -→ 0, V (|γ n | 2 ) -V (|γ| 2 ) L 1 -→ 0, and Q(γ n ) -→ Q(γ) as n -→ ∞.
It follows from (3.49), (3.50) and Lemma 29 that Q( ψn k ) -→ Q(ψ) as k -→ ∞. Together with (3.56), this gives P β ( ψn k , φn k ) -→ P β (ψ, ϕ), hence P β (ψ, ϕ) = p. Then we infer that E(ψ, ϕ) E β,min (p). Comparing this to (3.51)-(3.55) we get E(ψ, ϕ) = E β,min (p), hence (ψ, ϕ) is a minimizer for (P β,p ). Moreover, we have

∇ ψn k 2 L 2 -→ ∇ψ 2 L 2 , ∇ φn k 2 L 2 -→ ∇ϕ 2 L 2 ,
(3.57)

R N | ψn k | 2 | φn k | 2 dx -→ R N |ψ| 2 |ϕ| 2 dx as k -→ ∞.
The weak convergence and the convergence of norms imply that ∇ ψn k -→ ∇ψ and ∇ φn k -→ ∇ϕ strongly in L 2 (R N ). Using (3.57), the fact that ψn k φn k -→ ψϕ a.e. in R N and Brezis-Lieb Lemma (see, e.g., Exercise 4.17 (3) p. 123 in [2]), we infer that ψn k φn k -→ ψϕ strongly in L 2 (R N ).

From Lemma 29 it follows that

| ψn k | -|ψ| L 2 -→ 0 and V (| ψn k | 2 ) -V (|ψ| 2 ) L 1 (R N ) -→ 0 as k -→ ∞
and the proof of Theorem 26 is complete.

Proposition 30. Let N ≥ 2, β ∈ (0, 1) and p > 0. Assume that V 0 on [0, ∞) and (ψ, ϕ) ∈ E × H 1 (R N ) is a solution of the minimization problem (P β,p ). Then:

(i) There is c ∈ [d + E β,min (p), d -E β,min (p)] such that ψ and ϕ satisfy (3.58)      icβ ∂ψ ∂x 1 = -∆ψ -F (|ψ| 2 )ψ + 1 4 |ϕ| 2 ψ ic(1 -β) 2 q 2 ∂ϕ ∂x 1 = -∆ϕ + q 2 2 |ψ| 2 ϕ in D (R N ).
(ii) For any p > 0 such that E β,min (p) < S β p there are (ψ + , ϕ + ), (ψ -, ϕ -) ∈ E × H 1 (R N ) solutions of the minimization problem (P β,p ) that satisfy (3.58) with speeds c + = d + E β,min (p) and c -= d -E β,min (p), respectively.

If N 3 we assume, in addition, that (A3) holds. Then:

(iii) Any solution (ψ, ϕ) ∈ E × H 1 (R N ) of (3.58) satises ψ ∈ W 2,p loc (R N ), ∇ψ ∈ W 1,p (R N )
, and ϕ ∈ W 2,p (R N ) for any p ∈ [2, ∞). Moreover, ψ and ∇ψ are bounded and ψ, ϕ ∈ C 1,α (R N ) for any α ∈ [0, 1).

If F is C ∞ , then ϕ and ∇ψ belong to W k,p (R N ) for any k ∈ N and any p ∈ [2, ∞). In particular, ψ and ϕ are C ∞ and bounded on R N .

(iv) After a translation, the pair (ψ, ϕ) is axially symmetric with respect to the x 1 -axis if N ≥ 3. The same conclusion holds for N = 2 if we assume in addition that F is C 1 .

Proof. The proof of assertions (i), (ii) and (iv) is very similar to the proof of Proposition 4.14 (i), (iv) and (iii) p.187 in [5], so we omit it. We only sketch the proof of (iii). Denoting ψ = e i cβ 2 x 1 ψ and φ = e i c(1-β) 2 q 2 2 x 1 ϕ it is easily seen that ψ, φ satisfy the system [9] and we infer that ψ ∈ L ∞ (R N ). (Notice that the proof in [9] is based on an inequality of Kato and on previous work by Farina [6].) Then the second equation in (3.58) and a classical bootstrap argument give ϕ ∈ W 2,p (R N ) for all p ∈ [2, ∞). Now the rst equation in (3.58) and a bootstrap give the desired result. See Proposition 4.6 (i) p. 1097 in [9] for a complete proof in the case F (s) = 1

(3.59)      ∆ ψ + (cβ) 2 4 ψ + F (| ψ| 2 ) ψ -1 4 | φ| 2 ψ = 0, ∆ φ + [c(1-β) 2 q 2 ] 2 4 φ -q 2 2 | ψ| 2 φ = 0 in D (R N ). It is clear that φ ∈ H 1 (R N ) and ψ ∈ H 1 loc (R N ). If N = 2,
2 (1 -s); that proof easily adapts to general nonlinearities.

Lemma 31. Assume that ψ ∈ E and ϕ ∈ H 1 (R N ) satisfy the second equation in (3.58). Then we have

(3.60) Q(ϕ) = 1 2 c(1 -β) 2 q 2 R N |ϕ| 2 dx.
Proof.

Formally we obtain (3.60) by multiplying the second equation in (3.58) by ix 1 ϕ and integrating by parts. The computation can be made rigorous by taking χ ∈ C ∞ c (R N ) such that χ = 1 on B(0, 1), multiplying the second equation satised in (3.58) by χ x R (ix 1 ϕ), integrating by parts, then letting R -→ ∞.

Minimization of the energy at xed mass and momentum

In this section we will minimize E(ψ, ϕ) when the momentum of ψ and the L 2 -norm of ϕ are xed. More precisely, we consider the problem

(E p,m ) minimize E(ψ, ϕ) for ψ ∈ E, ϕ ∈ H 1 (R N ) satisfying Q(ψ) = p and R N |ϕ| 2 dx = m.
For p ∈ R and m 0, let

(3.61) E min (p, m) = inf E(ψ, ϕ) ψ ∈ E, ϕ ∈ H 1 (R N ), Q(ψ) = p, R N |ϕ| 2 dx = m .
Recall that

(3.62) E 1,min (q) = inf {E 1 (ψ) | ψ ∈ E, Q(ψ) = q}
and the main properties of the function E 1,min are given in Theorem 14. It is obvious that

E min (q, m) E 1,min (q)
for any q, m 0.

Proposition 32. The function E min has the following properties:

(i) E min (p, m) = E min (-p, m) for any p ∈ R and any m 0.

(ii) E min (p, m) is nite and continuous on R × [0, ∞), and for all p ∈ R and m 0 we have E min (p, 0) = E 1,min (|p|), E min (0, m) = g min (m), and (iii) E min is sub-additive:

E min (p 1 +p 2 , m 1 +m 2 ) E min (p 1 , m 1 )+E min (p 2 , m 2 ) for all p 1 , p 2 , m 1 , m 2 .
(iv) For any p > 0 and m 0, E min (p, m) is equal to

inf p N -2 N -1 R N |∇ψ| 2 dx + p N N -1 R N V (|ψ| 2 ) dx + mp -2 N -1 2 q 2 R N |∇ϕ| 2 dx + m 4 R N |ψ| 2 |ϕ| 2 dx ψ ∈ E, Q(ψ) = 1, ϕ ∈ H 1 (R N ), ϕ L 2 = 1 .
(v) For any xed p 0 the mapping m -→ E min (p 0 , m) is concave and increasing on [0, ∞).

(vi) If N 3, for any pair (p 0 , m 0 ) = (0, 0), m 0 0, the mapping t -→ E min (tp 0 , tm 0 ) is concave and increasing on [0, ∞).

(vii) Assume that p 1 , p 2 ∈ R and m 1 , m 2 0 are such that

(3.64) E min (p 1 , m 1 ) + E min (p 2 , m 2 ) = E min (p 1 + p 2 , m 1 + m 2 ).
Then we have either (3.65)

E min (p 1 , 0) + E min (p 2 , m 1 + m 2 ) = E min (p 1 + p 2 , m 1 + m 2 )
, or

E min (p 1 , m 1 + m 2 ) + E min (p 2 , 0) = E min (p 1 + p 2 , m 1 + m 2 ). Proof. (i) For x = (x 1 , x 2 , . . . , x n ) ∈ R N , denote x = (x 2 , . . . , x N ) ∈ R N -1 . Given any ψ ∈ E and ϕ ∈ H 1 (R N ), let ψ(x) = ψ(-x 1 , x ) and φ(x) = ϕ(-x 1 , x ). It is obvious that Q( ψ) = -Q(ψ), φ L 2 = ϕ L 2 and E( ψ, φ) = E(ψ, ϕ
), and this implies (i).

From the denition of E 1,min and of g min it is clear that

E min (p, m) E 1,min (p), E min (p, m) g min (m)
, and E min (p, 0) = E 1,min (p).

In particular, we have E min (0, m) g min (m) and the rst inequality in (3.63) holds. On the other hand, if (ψ n , ϕ n ) is a minimizing sequence for g min (m), then (|ψ n |, ϕ n ) is another minimizing sequence and Q(|ψ n |) = 0. Thus g min (m) = E min (0, m). The second inequality in (3.63) follows from the above and the sub-additivity of E min (see part (iii)).

Fix q 0 > 0 and m 0 > 0. Let ψ ∈ E and ϕ ∈ H 1 (R N ) be any functions satisfying

Q(ψ) = q 0 and R N |ϕ| 2 dx = m 0 . Let a, b, c > 0. Denote ψ(x) = ψ( x 1 a , x b ) and φ(x) = cϕ( x 1 a , x b ). An easy computation gives Q( ψ) = b N -1 Q(ψ), R N | φ| 2 dx = ab N -1 c 2 R N |ϕ| 2 dx and
(3.66)

E( ψ, φ) = R N b N -1 a ∂ψ ∂x 1 2 + ab N -3 |∇ ⊥ ψ| 2 + b N -1 c 2 a 2 q 2 ∂ϕ ∂x 1 2 + ab N -3 c 2 2 q 2 |∇ ⊥ ϕ| 2 +ab N -1 V (|ψ| 2 ) + ab N -1 c 2 4 |ψ| 2 |ϕ| 2 dx.
Let q > 0 and m > 0. Choose b and c such that b N -1 = q q 0 and ac 2 b N -1 = m m 0 . We get Q( ψ) = q and

R N | φ| 2 dx = m, hence (3.67) E min (q, m) E( ψ, φ)
From (3.66) and (3.67) it is not hard to see that (q, m) -→ E min (q, m) is continuous in the region (0, ∞) 2 . From (3.63) and the fact that g min (m) -→ 0 as m -→ 0 and E 1,min (p) -→ 0 as p -→ 0 we infer that E min is continuous on R × [0, ∞).

(iii) Proceeding as in the proof of Theorem 26 and using Lemma 28, it is easy to show that for any given ψ ∈ E, ϕ ∈ H 1 (R N ) and ε > 0, there exist ψ ∈ E and ϕ ∈ H 1 (R N ) such that ψ = 1 and ϕ = 0 outside a large ball B(0, R), Corollary 3.4 p. 169 in [5]).

|Q(ψ) -Q(ψ )| < ε, ϕ -ϕ H 1 < ε and |E(ψ, ϕ) -E(ψ , ϕ )| < ε (see also
Then the sub-additivity follows form a classical argument of P.-L. Lions [8]. Given p 1 , p 2 ∈ R, m 1 , m 2 0 and ε > 0, approximating "almost minimizers" by functions that are constant outside a ball and eventually performing a scaling, we see that there are

(ψ 1 , ϕ 1 ), (ψ 2 , ϕ 2 ) ∈ E × H 1 (R N ) and R > 0 such that (ψ i , ϕ i ) = (1, 0) on R N \ B(0, R), Q(ψ i ) = p i , ϕ i 2 L 2 = m i and E(ψ i , ϕ i ) < E min (p i , m i ) + ε. Take x 0 ∈ R N such that |x 0 | 3R and dene (ψ, ϕ) = (ψ 1 , ϕ 1 ) on B(0, R), (ψ, ϕ) = (ψ 2 , ϕ 2 )(• -x 0 ) on B(x 0 , R), and (ψ, ϕ) = (1, 0) on R N \ (B(0, R) ∪ B(x 0 , R)). It is then obvious that Q(ψ) = p 1 + p 2 , ϕ 2 L 2 = m 1 + m 2 and E(ψ, ϕ) = E(ψ 1 , ϕ 1 ) + E(ψ 2 , ϕ 2 ) E min (p 1 , m 1 ) + E min (p 2 , m 2 ) + 2ε.
Since ε > 0 is arbitrary, (iii) follows.

Using (3.66) with a = b = p 

E min (p 0 , m) = inf R N |∇ψ| 2 + V (|ψ| 2 ) + m 2 q 2 |∇ϕ| 2 + m 4 |ψ| 2 |ϕ| 2 dx ψ ∈ E, ϕ ∈ H 1 (R N ), Q(ψ) = p 0 , R N |ϕ| 2 dx = 1 .
For any α, β ∈ R the function m -→ α + βm is ane, hence concave. The inmum of a family of concave nondecreasing functions is a concave nondecreasing function. We infer that for any xed p 0 > 0 the mapping m -→ E min (p 0 , m) is concave and nondecreasing on (0, ∞). By (3.63) it tends to ∞ as m -→ ∞, and since it is concave we infer that it is strictly increasing. 

E min (tp 0 , tm 0 ) = inf R N t ∂ψ ∂x 1 2 + t N -3 N -1 |∇ ⊥ ψ| 2 + t 2 q 2 ∂ϕ ∂x 1 2 + t N -3 N -1 2 q 2 |∇ ⊥ ϕ| 2 + tV (|ψ| 2 ) + t 4 |ψ| 2 |ϕ| 2 dx ψ ∈ E, ϕ ∈ H 1 (R N ), Q(ψ) = p 0 , R N |ϕ| 2 dx = m 0 .
As previously, t -→ E min (tp 0 , tm 0 ) is the inmum of a family of concave nondecreasing functions, hence it is a concave nondecreasing function. By (3.63) it tends to ∞ as t -→ ∞, thus it must be strictly increasing.

(vii) The mapping m -→ E min (q 1 , m) + E min (q 2 , m 1 + m 2 -m) is concave on (0, m 1 + m 2 ). Since E min is sub-additive and (3.64) holds, this mapping reaches its minimum on [m 1 , m 2 ] at m = m 1 . We infer that either m 1 = 0, or m 1 = m 1 + m 2 (which means that m 2 = 0), or this mapping is constant on (0, m 1 + m 2 ), and (vii) follows.

We are able to prove the following result: Theorem 33. Assume that N 2, assumptions (A1) and (A2) hold and V 0. Assume that the pair (p, m) satises the following strict sub-additivity condition:

(3.70) E 1,min (p ) + E min (p -p , m) > E min (p, m) for any p ∈ R * .

Then the minimization problem (E p,m ) admits solutions.

Moreover, any sequence m) has a subsequence (ψ n k , ϕ n k ) k≥1 with the following property: there are a sequence of points

(ψ n , ϕ n ) ∈ E × H 1 (R N ) satisfying Q(ψ n ) -→ p, R N |ϕ n | 2 dx -→ m and E(ψ n , ϕ n ) -→ E min (p,
(x k ) k≥1 ⊂ R N , ψ ∈ E and ϕ ∈ H 1 (R N ) such that Q(ψ) = p, ϕ 2 L 2 (R N ) = m, E(ψ, ϕ) = E min (p, m),
and
ϕ n k -→ ϕ in H 1 (R N ), (ψ n k , ϕ n k )(• + x k ) -→ (ψ, ϕ) a.e. in R N , ∇ψ n k (• + x k ) -∇ψ L 2 -→ 0, |ψ n k |(• + x k ) -|ψ| L 2 -→ 0, ψ n k ϕ n k (• + x k ) -→ ψϕ in L 2 (R N ), V |ψ n k (• + x k )| 2 -→ V (|ψ| 2 ) in L 1 (R N ).
Proof. Let (ψ n , ϕ n ) n 1 be as in Theorem 33. Then E 1 (ψ n ) and ϕ n H 1 are bounded. Lemma 20 and the Sobolev embedding imply that |ψ n | -1 L 2 and |ψ n | -1 L p 0 +1 are bounded. Let f n be as in (3.17). Then the sequence

(f n ) n 1 is bounded in L 1 (R N ) and lim inf n→∞ R N f n dx lim n→∞ R N |ϕ n | 2 dx = m.
Passing to a subsequence we may assume that

R N f n dx -→ α 0 > 0 as n -→ ∞.
We proceed as in the proofs of Theorems 41 and 26 and we use the concentration-compactness principle for the sequence (f n ) n 1 . Let Λ n be the concentration function of f n , as given by (3.18). Proceeding as in [8] and using (5.12) p. 156 in [11], we infer that there exist a non-decreasing function Λ : [0, ∞) -→ [0, ∞), α ∈ [0, α 0 ] and a sequence t n -→ ∞ such that (3.19) and (3.20) hold. As previously, we rule out the possibilities α = 0 ("vanishing") and α ∈ (0, α 0 ) ("dichotomy") in order to show that α = α 0 .

If α = 0, by Lemma 21 (ii) we get lim inf n→∞ R N |ψ n | 2 |ϕ n | 2 dx m and Lemma 27 gives lim inf n→∞ E 1 (ψ n ) v s p, hence E min (p, m) = lim inf n→∞ E(ψ n , ϕ n ) v s p + m 4 E 1,min (p) + g min (m).
The above inequality contradicts (3.70). Indeed, for p = p assumption (3.70) implies that E 1,min (p) + g min (m) > E min (p, m) if p = 0 and m = 0. If α ∈ (0, α 0 ), proceeding as in the proof of Theorem 26 we construct two sequences (ψ n,1 , ϕ n,1 ) and (ψ n,2 , ϕ n,2 ) satisfying (3.43) -(3.47) there. We use the same notation as in the proof of Theorem 26. Since E 1 (ψ n,i ) is bounded, we infer that Q(ψ n,i ) is bounded and passing to a further subsequence we may assume that Q(ψ n,1 ) -→ p 1 and Q(ψ n,2 ) -→ p 2 as n -→ ∞. By (3.47) we have

p 1 + p 2 = p. It is clear that R N |ϕ n | 2 -|ϕ n,1 | 2 -|ϕ n,1 | 2 dx Ωn |ϕ n | 2 dx h n -→ 0 as n -→ ∞,
and passing to a further subsequence we may assume that

R N |ϕ n,i | 2 dx -→ m i as n -→ ∞, where m 1 + m 2 = m. We have E(ψ n,i , ϕ n,i ) E min (Q(ψ n,i ), ϕ n,i 2 L 2 )
and letting n -→ ∞ we get lim inf n→∞ E(ψ n,i , ϕ n,i ) E min (p i , m i ) for i = 1, 2. Using (3.47) we obtain

E min (p, m) = lim n→∞ E(ψ n , ϕ n ) 2 i=1 lim inf n→∞ E(ψ n,i , ϕ n,i ) E min (p 1 , m 1 ) + E min (p 2 , m 2 ).
By the sub-additivity of E min (see Proposition 32 (ii)) we must have equality in the above inequality, and then Proposition 32 (vii) implies that (3.65) holds. Assumption (3.70) implies then that either p 1 = 0, or p 2 = 0.

If p 1 = 0, we have p 2 = p and we get

E min (0, m 1 ) + E min (p, m 2 ) = E min (p, m).
By Proposition 32 (iii) and (v), the mapping τ -→ E min (0, τ

) + E min (p, m -τ ) is concave on [0, m]
and is greater than or equal to E min (p, m). If it reaches its minimum at an interior point m 1 ∈ (0, m), it must be constant on that interval and we infer that

E min (0, m) + E min (p, 0) = E min (0, m 1 ) + E min (p, m -m 1 ) = E min (p, m)
contradicting (3.70). The same holds if m 1 = m. We infer that necessarily m 1 = 0. Thus if p 1 = 0 we must have m 1 = 0 and this implies m 2 = m, p 2 = p. We infer that lim inf n→∞ f n dx -→ 0, hence α = 0, contradicting the fact that α ∈ (0, α 0 ). Similarly, if p 2 = 0 we get α 0 -α = 0, again a contradiction.

E ( ψ n,2 , ϕ n,2 ) E min (p, m). Since E(ψ n , ϕ n ) = E ( ψ n,1 , ϕ n,1 ) + E ( ψ n,2 , ϕ n,2 ) and E(ψ n , ϕ n ) -→ E min (p, m), we infer that E ( ψ n,1 , ϕ n,1 ) -→ 0 as n -→ ∞. Since ϕ n,1 2 L 2 -→ m 1 = 0, using Lemma 20 we nd ϕ n,1 H 1 -→ 0, ∇ψ n,1 L 2 -→ 0 and |ψ n,1 | -1 L 2 -→ 0 as n -→ ∞,
We have thus proved that α = α 0 . By a standard argument we see that there is a sequence (x n ) n 1 ⊂ R N such that for any ε > 0 there exits R ε > 0 satisfying R N \B(xn,ε) f n dx < ε for all n suciently large. Denoting ψn = ψ n (• + x n ), φn = ϕ n (• + x n ) and fn = f n (• + x n ), we see that (3.49) holds. Then we deduce that there exist a subsequence ( ψn k , φn k ) k 1 , and functions ψ ∈ H 1 loc (R N ) and ϕ ∈ H 1 (R N ) such that (3.50) holds. Then (3.51) -(3.54) also hold and we infer that ψ ∈ E and

E(ψ, ϕ) lim inf k→∞ E( ψn k , φn k ) = E min (p, m).
On the other hand, as in the proof of Theorem 26 we see that

φn k -ϕ L 2 -→ 0, hence ϕ 2 L 2 = m. Lemma 29 implies that Q(ψ) = lim n→∞ Q( ψn k ) = p. Thus we have E(ψ, ϕ)
E min (p, m), and the inequality must be an equality.

For the rest of the proof we proceed exactly as in the proof of Theorem 26. We deduce strong convergence from the weak convergence and the convergence of norms, which follow from (3.51) -(3.54) and the fact that E(ψ, ϕ) = E min (p, m).

We were not able to rigorously prove (3.70). We suspect that this strict sub-additivity condition is true for all p > p 0 and m > m 0 . We were only able to check (3.70) numerically in some physically relevant situations.

Remark 34. If (ψ, ϕ) is a minimizer for E min (p, m), there exist α ∈ R and a real-valued function ϕ 0 such that ϕ = e iα ϕ 0 (for otherwise, (ψ, |ϕ|) would do better than (ψ, ϕ)).

Remark 35. If (ψ, ϕ) solves the minimization problem (E p,m ), it is standard to see that there exist Lagrange multipliers λ 1 , λ 2 ∈ R such that

(3.71)      iλ 1 ∂ψ ∂x 1 = -∆ψ -F (|ψ| 2 )ψ + 1 4 |ϕ| 2 ψ iλ 2 2 q 2 ∂ϕ ∂x 1 = -∆ϕ + q 2 2 |ψ| 2 ϕ in D (R N ).
Moreover, λ 2 is between the right and left derivatives at m of the mapping E min (p, •).

If assumption (A3) in the Introduction holds, (ψ, ϕ) satises the conclusion of Proposition 30 (iii).

In particular, we have ψ, ϕ ∈ C 1,α (R N ) for any α ∈ [0, 1).

Let e 1 = (1, 0, . . . , 0) ∈ R N . If N 4, Theorem 2' p. 329 in [10] implies that there exists v ∈ R N orthogonal to e 1 such that after translation, (ψ, ϕ) is cylindrically symmetric around Span(e 1 , v). The general results in [10] do not imply that (ψ, ϕ) is axially symmetric, although that might be the case (for instance, when (ψ, e -iax 1 ϕ) solves a minimization problem (P β,p ) -see Proposition 36).

Proposition 36. (i) Assume that (ψ, ϕ) is a minimizer for the problem (P β,p ), as given by Theorem 26, and that it solves (3.58) for some c > 0. Denote p 1 = Q(ψ), m = ϕ 2 L 2 , and a = 1 2 c(1 -β) 2 q 2 . Then (ψ, e iax 1 ϕ) solves the minimization problem (E p 1 ,m ).

Moreover, if (ψ 1 , ϕ 1 ) is any solution of the problem (E p 1 ,m ), then (ψ 1 , e -iax 1 ϕ 1 ) is a solution of the minimization problem (P β,p ).

(ii) For any p ∈ R, a ∈ R and m 0 we have

(3.72) E β,min (βp + (1 -β)am) E min (p, m) + a 2 m. Proof. (i) Let p 1 = Q(ψ) and p 2 = Q(ϕ), so that βp 1 + (1 -β)p 2 = p. By Lemma 31 we have Q(ϕ) = 1 2 c(1 -β) 2 q 2 R N |ϕ| 2 dx, that is p 2 = am. Take any ψ ∈ E such that Q( ψ) = p 1 and any φ ∈ H 1 (R N ) such that φ 2 L 2 = m. Let ϕ (x) = e -iax 1 | φ(x)|. We have Q(| φ|) = 0 because | φ| is real-valued and using (3.36) we get Q(ϕ ) = am = p 2 , hence P β ( ψ, ϕ ) = βp 1 + (1 -β)p 2 = p. We infer that E( ψ, ϕ ) E β,min (p) = E(ψ, ϕ).
We have | φ| = e iax 1 ϕ , and using (3.36) again we obtain

E( ψ, φ) E( ψ, | φ|) = E( ψ, ϕ ) + 1 2 q 2 -2aQ(ϕ ) + a 2 m = E( ψ, ϕ ) - a 2 m 2 q 2 and E(ψ, e iax 1 ϕ) = E(ψ, ϕ) + 1 2 q 2 -2aQ(ϕ) + a 2 m = E(ψ, ϕ) - a 2 m 2 q 2 .
We conclude that E(ψ, e iax 1 ϕ) E( ψ, φ). Since this is true for any ψ and any φ as above, we infer that E(ψ, e iax 1 ϕ) = E min (p 1 , m) and (ψ, e iax 1 ϕ) is a minimizer for E min (p 1 , m).

The second assertion is obvious because Q(ψ 1 ) = p 1 = Q(ψ), Q(e -iax 1 ϕ 1 ) = am = p 2 = Q(ϕ) (here we use the fact that Q(ϕ 1 ) = 0 and (3.36)), and

E(ψ 1 , e -iax 1 ϕ 1 ) = E(ψ 1 , ϕ 1 ) + a 2 m 2 q 2 = E min (p 1 , m) + a 2 m 2 q 2 = E(ψ, ϕ). (ii) Consider ψ ∈ E such that Q(ψ) = p and ϕ ∈ H 1 (R N ) such that ϕ 2 L 2 = m. For a ∈ R, we have Q(e -iax 1 |ϕ|) = am and P β (ψ, e -iax 1 |ϕ|) = βp + (1 -β)am, hence E β,min (βp + (1 -β)am) E(ψ, e -iax 1 |ϕ|) = E(ψ, |ϕ|) + a 2 m.
Passing to the inmum we get (3.72).

Introduction

In this chapter, we will present some numerical results. More precisely, we will approximate the small mass solution of our 2 dimensional system using Newton-Raphson algorithm. We recall that the system is given by

(TW) -ic ∂ψ ∂x 1 = -∆ψ + 1 ε 2 ( 1 ε 2 |ϕ| 2 + |ψ| 2 -1)ψ -∆ + q 2 ε 2 |ψ| 2 ϕ = λϕ,
with the boundary conditions |ψ| → 1 and ϕ → 0 as |x| → ∞. Moreover we x the L 2 -norm of ϕ:

R 2 |ϕ| 2 dx = m.
Here λ is unknown and will be approximated numerically. These solutions are close to the following approximations: ψ is almost the product of the two Padés approximant for the vortices of the Gross-Pitaevskii equation, and ϕ is a sum of two functions of small mass concentrated near the vortices of ψ. These results are obtained for several values of the speed c. We are interested also in the energy-momentum diagram for the speeds c for which Newton-Raphson algorithm converges.

The numerical method 4.2.1 Change of variables

We will look for solutions that respect two symmetries of the problem: ψ is thus assumed to satisfy

ψ(x) = ψ(x 1 , x 2 ) = ψ(x 1 , -x 2 ) = ψ(-x 1 , x 2 ).
Moreover, we can see in [5] that, up to a phase shift, ϕ is a real function, then it is assumed to satisfy the following symmetries:

ϕ(x) = ϕ(x 1 , x 2 ) = ϕ(x 1 , -x 2 ) = ϕ(-x 1 , x 2 ).
This allows us to work on the domain R + × R + instead of R 2 . Then using the stretched variables used by Jones and Roberts in [4] and by Chiron and Scheid in [2],

R 1 x 1 = tan(x 1 ), R 2 x 2 = tan(x 2 ),
where R 1 and R 2 > 0 have to be xed and are adapted to the lengthscales of the solution, we can choose to work in the bounded domain [0, π 2 ] 2 . This choice avoids to consider articial type of boundary 73 conditions.

Since

∂h ∂x = R cos 2 (x) ∂ ĥ ∂ x , and ∂ 2 h ∂x 2 = R 2 cos 4 (x) ∂ 2 ĥ ∂ x2 -2 sin(x) cos 3 (x) ∂ ĥ ∂ x ,
for any function h of the variable x with the change of variables x = arctan(Rx), and setting ψ(x) = ψ(x), we can rewrite the system (TW) in these variables:

                           -icR 1 cos 2 ( x1 ) ∂ ψ ∂ x1 +R 2 1 cos 4 (x 1 ) ∂ 2 ψ ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂ ψ ∂ x1 +R 2 2 cos 4 (x 2 ) ∂ 2 ψ ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂ ψ ∂ x2 -1 ε 2 ( 1 ε 2 | φ| 2 + | ψ| 2 -1) ψ = 0 -R 2 1 cos 4 (x 1 ) ∂ 2 φ ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂ φ ∂ x1 -R 2 2 cos 4 (x 2 ) ∂ 2 φ ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂ φ ∂ x2 + q 2 ε 2 | ψ| 2 φ -λ φ = 0. (4.1)

Discretization

As in [2] and [4], we discretize the computational domain, the square [0, π 2 ] 2 , by a cartesian grid, with N x 1 points in the direction x 1 and N x 2 points in the direction x 2 . For simplicity, we will work in a uniform discretization and choose ' Ñ = N x 1 = N x 2 . The size of the mesh is denoted by dx = π 2( Ñ -1) . We also choose to work in a Finite Dierence framework, using central approximations of derivatives that are of order 2.

The equations

We choose to write ψ as â + i b, so we can work with real quantities. Dividing the rst equation of (4.1) into the real part and the imaginary one, it becomes:

                                           cR 1 cos 2 (x 1 ) ∂ b ∂ x1 +R 2 1 cos 4 (x 1 ) ∂ 2 â ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂â ∂ x1 +R 2 2 cos 4 (x 2 ) ∂ 2 â ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂â ∂ x2 -1 ε 4 | φ| 2 â -1 ε 2 â3 -1 ε 2 âb 2 + 1 ε 2 â = 0 -cR 1 cos 2 (x 1 ) ∂â ∂ x1 +R 2 1 cos 4 (x 1 ) ∂ 2b ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂ b ∂ x1 +R 2 2 cos 4 (x 2 ) ∂ 2b ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂ b ∂ x2 -1 ε 4 | φ| 2 b -1 ε 2 â2 b -1 ε 2 b3 + 1 ε 2 b = 0 -R 2 1 cos 4 (x 1 ) ∂ 2 φ ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂ φ ∂ x1 -R 2 2 cos 4 (x 2 ) ∂ 2 φ ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂ φ ∂ x2 + q 2 ε 2 (â 2 + b2 ) φ -λ φ = 0. (4.2) 
For i = 0, . . . , N -1 and j = 0, . . . , N -1, we denote by âi,j , bi,j , and φi,j the values of â, b, and φ on the points (x 1 , x2 ) = (idx, jdx). We will suppose that ϕ tends to 0 and ψ tends to a constant of modulus 1 when |x| → ∞, which is not proved for the system, but for the Gross-Pitaevskii equation. Hence on the lines x1 = π 2 and x2 = π 2 , the values of â, b and φ are known: â = 1 and b = 0, φ = 0. On the line x1 = 0, we have b = 0, because of the symmetry. In other words, on the line x1 = 0, we have (N -1) points: (0, 0), • • • , (0, (N -2)dx) and in each of them we have two unknowns: â and φ. For the other points of the grid, excluding the axis x1 = π 2 , x2 = π 2 , and x1 = 0, we have (N -2)(N -1) points containing 3 unknowns for each. Hence, the number of the unknowns in our system is equal to

2( Ñ -1) + 3( Ñ -2)( Ñ -1) = ( Ñ -1)(3 Ñ -4).
Using the central approximations of the derivatives, we can write the equations of (4.2) on every point of the grid, excluding the axis x1 = π 2 , x2 = π 2 and without the second equation for the points of the line x1 = 0. These equations can be written using the symmetries mentioned in the previous section, â(x

1 , -x 2 ) = â(x 1 , x2 ), b(x 1 , -x 2 ) = b(x 1 , x2 ), â(-x 1 , x2 ) = â(x 1 , x2 ), b(-x 1 , x2 ) = -b(x 1 , x2 ), φ(x 1 , -x 2 ) = φ(x 1 , x2
), and φ(-x 1 , x2 ) = φ(x 1 , x2 ), for the critical points on the axis x1 = 0, and x2 = 0. Hence, the number of the equations is equal to the number of the unknowns. To control the mass of ϕ, we will add one more equation, which is the norm L 2 of ϕ. It is an integral quantity that have to be approximated numerically using a trapezoidal rule. Adding an equation leads us to add an unknown for the system, to have equality between the number of the equations and the one of the unknowns. Since λ is an unknown quantity of the system, we conclude, the number of equations=the number of unknowns=( Ñ -1)(3 Ñ -4) + 1.

Choice of the initializations

For the initialization of ψ, we will choose a function that looks like a product of 2 vortices, one of degree 1 situated at (0, 1 c ) and the other of degree -1 situated at (0, -1 c ). Hence

ψ(x) ≈ V 1 1 ε x -(0, 1 c ) × V -1 1 ε x + (0, 1 c ) . 
In polar coordinates, we have

V 1 (x) = ã(r) exp(iθ) = V-1 (x)
where ã : R + → R is an increasing function from 0 to 1. Then, we follow the strategy of [2] and choose a Padé approximant. Therefore, we look for an initialization under the form

(4.3) a Padé 1 ε |(x 1 , x 2 -c -1 )| x 1 + i(x 2 -c -1 ) |(x 1 , x 2 -c -1 )| × a Padé 1 ε |(x 1 , x 2 + c -1 )| x 1 -i(x 2 + c -1 ) |(x 1 , x 2 + c -1 )| ,
where a Padé is given by a Padé (r) = r

α 1 + α 2 r 2 1 + β 1 r 2 + β 2 r 4 , (4.4) 
for some coecients α 1 , α 2 , β 1 , β 2 to be chosen as in [1] or [3], such that β 2 = α 2 in order to have a Padé (+∞) = 1. This Padé is an approximate solution of the ODE

a + a r - 1 r 2 a + a(1 -a 2 ) = 0.
This initialization was used to approximate the travelling waves of the Gross-Pitaevskii equation satisfying:

-ic ∂ψ ∂x 1 = -∆ψ + 1 ε 2 (|ψ| 2 -1)ψ. (4.5)
To construct the initialization of ϕ, we consider that the impurity is concentrated near the vortices (0, 1 c ) and (0, -1 c ). Indeed, in the energy, if ψ is the xed function of two vortices (4.4), we can see from the kinetic energy for ϕ and the interaction term of ψ and ϕ with the mass constraint, that ϕ should be put where ψ is small. We look at what happens near one of these vortices. Let us consider V 1 . We are brought to the equation

-ε 2 ∆ϕ 0 + q 2 |V 1 ( x ε )| 2 ϕ 0 = λε 2 ϕ 0 , (4.6) 
setting λ ε = λε 2 , we see that λ ε is the smallest eigenvalue of the operator -ε 2 ∆ + q 2 |V 1 ( x ε )| 2 . ϕ 0 is approximated by a Gaussian function of the form

ϕ 0 (x) = ϑ exp -|x| 2 2ε 2 σ 2 ,
where ϑ is adapted such that the mass of ϕ 0 is xed equal to m 2 , in order to have 2 gaussians of mass m 2 each one. σ is given below. Our problem is radial, because (|V 1 | 2 (x) = ã2 (r)), and we search for a radial ϕ 0 . We choose to approximate ϕ by the Gaussian function

ϕ(x) = α exp -x 2 1 -(x 2 -1 c ) 2 2ε 2 σ 2 + exp -x 2 1 -(x 2 + 1 c ) 2 2ε 2 σ 2 , (4.7)
where the coecient α is calculated using the mass constraint denoted by m and given by the formula

m = R 2 ϕ(x) 2 dx ≈ 2α 2 × 2π × σ 2 ε 2 2 . (4.8)
To introduce these initializations in the code, we are meant to consider the change of variables u =

1 R 1 ε tan(x 1 ) = x1 ε , v = 1 R 2 ε tan(x 2 ) = x2
ε , so that the vortices are located in (0, 1 cε ) and (0, -1 cε ), in order to work in the stretched variables, and consider the approximation of the solution of the Gross-Pitaevskii equation with the coecient 1 ε 2 in front of the nonlinearity. We could nd some numerical approximations for the eigenvalue λ ε , and calculate the prole ã of the vortex V 1 by a Newton method, starting from the Padé (4.4). After calculating the matrix of the operator -ε 2 ∆ + q 2 ã2 ( r ε ) in radial coordinates, we search for the smallest eigenvalue, using the command "spec" of Scilab and can plot the associated eigenvector ϕ 0 and t a Gaussian approximation. The value of σ is √ 71.219, and the graph of ϕ 0 is given in Figure 4.3 in section 4.3.

Choice of the parameters

We start testing the convergence of our algorithm with c = 0.2 for the system (4.2). As in [2], we choose R 1 = R 2 = 0.2. This choice can inuence the precision of the numerical computations. In fact, the uniform grid in the mapped domain [0, π 2 ] 2 , is transformed in a non-uniform one in the real domain (R + ) 2 . Approaching to innity, the mesh is dilated and the cells become bigger. In [5], we can see that the physical parameters q and ε can be chosen as q = 0.41, (4.9)

ε = 0.187. (4.10)
In order to have a better approximation of the vortices, we choose Ñ such that we have enough points in the area where the modulus of the vortices varies. Taking Ñ ≥ 42, we have almost 5 points over a length of ε = 0.187. Indeed, in this case we have 5π 2 Ñ ≤ ε. We x Ñ = 60. For the mass m of the function ϕ, refering to the theoretical results, we have to choose it small enough. We set m = 0.1. Since we are working on [0, π 2 ] 2 that correspond to (R + ) 2 , the mass over this domain is in fact m 4 = 0.025. 

α 1 = 0.3447, α 2 = 0.0286, β 1 = 0.3333, β 2 = α 2 ,
or, the Padé used in [3], given by α 1 = 0.3350601, α 2 = 0.0494196, β 1 = 0.3725704,

β 2 = α 2 .
After several tests, it turns out that the choice of the second one leads to the convergence of the algorithm for more values of c. Hence, we choose the second option.

The results

From numerical approxiations of the eigenvalue, we could nd that the initialization of λ ε must be 0.165 and the variance of the Gauss function is σ 2 = 71.219. In other words, the code will start by initializing λ with 0.165399322252 Because of the condition number of the matrix, the Newton-Raphson method diverges on the full coupled system with small values of ε. It converges however very well for 0.8 ≤ ε ≤ 1. Hence, we had to work on separated iterations. In other words, we consider the following algorithm:

Step 1: Discretize in the stretched variables and divide into real and imaginary part the rst equation of the 

                         cR 1 cos 2 (x 1 ) ∂ b ∂ x1 +R 2 1 cos 4 (x 1 ) ∂ 2 â ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂â ∂ x1 +R 2 2 cos 4 (x 2 ) ∂ 2 â ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂â ∂ x2 -1 ε 4 | φ| 2 â -1 ε 2 â3 -1 ε 2 âb 2 + 1 ε 2 â = 0 -cR 1 cos 2 (x 1 ) ∂â ∂ x1 +R 2 1 cos 4 (x 1 ) ∂ 2b ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂ b ∂ x1 +R 2 2 cos 4 (x 2 ) ∂ 2b ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂ b ∂ x2 -1 ε 4 | φ| 2 b -1 ε 2 â2 b -1 ε 2 b3 + 1 ε 2 b = 0 (4.11)
Step 2: Fix φ in (4.11) as in (4.7) and solve in â and b using Newton-Raphson algorithm and starting from the initial data of ψ given by (4.3), to get an approximate solution of ψ denoted by ψ1 .

Step 3: Discretize in the stretched variables the second equation of the system (TW) to get

-R 2 1 cos 4 (x 1 ) ∂ 2 φ ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂ φ ∂ x1 -R 2 2 cos 4 (x 2 ) ∂ 2 φ ∂ x2 2 (4.12) -2 sin(x 2 ) cos 3 (x 2 ) ∂ φ ∂ x2 + q 2 ε 2 (â 2 + b2 ) φ -λ φ = 0.
together with the trapezoidal approximation of the L 2 norm of φ.

Step 4: Fix ψ = ψ1 in (4.12), and solve in φ and λ using Newton-Raphson algorithm and starting from the initial data of φ and λ given by (4.7) and 4.7298842 respectively. We get an approximate solution denoted by φ1 .

Step 5: Repeat Step 2 but with φ xed as φ1 , and get an approximate solution of ψ denoted by ψ2 .

Step 6: Repeat Step 4 but with ψ = ψ2 , and get a solution φ2 . We keep repeating Step 2 and Step 4 with φ2 , φ3 , . . . and ψ2 , ψ3 , . . . until we reach a relative error of order 10 -3 between two consecutive solutions ψi , ψi+1 and φi , φi+1 . In this case, the separated iterations method converges and gives the following results: λ ≈ 4.1808086. The modulus of the approximate solutions ψ and φ are represented in Figure 4.4 and Figure 4.5. In the physical variables, i.e. in R 2 , the graphics of |ψ| and |ϕ| are represented in Figure 4.6 and Figure 4.7. We choose also to represent the contour lines of these solutions in a 2D plot, as in Figure 4.8 and Figure 4.9, where we can clearly see that the vortices are radial. To be able to read the values of the countour lines, we changed the scale on the axis x 2 (see Figure 4.10 and Figure 4.11).

In order to have a better look on the vortices and the peak of the Gauss function, Figure 4.12 and Figure 4.13 present the modulus of the obtained solutions in the half-plane x 1 ≥ 0.

The energy-momentum diagram

The separated iterations method converges for several values of the speed c. For some c's, this method diverges, i.e. Newton diverges at some point while solving either in ψ or in (ϕ, λ). When we have convergence, we notice that when c is small, the vortices are well separated from each other, and we calculate the energy E(ψ, ϕ), and the momentum Q(ψ) of the solution, using the trapezoidal rule for the integral. The results are represented in Table 4.1: 

Conclusion

The method used numerically is quiet dierent than the one of the thoeretical proof of Chapter 3 for the existence of solutions for (TW). In Chapter 3, we proved the existence of small mass travelling waves solution for the system by minimizing the energy at xed momentum and mass. In this chapter, we approximated numerically the solutions of the same system with small mass constraint. We used the Newton-Raphson method, which is of continuation method and not minimization one. We don't have any armation that the numerical method used in this chapter captures the minimizers under constraints. They are two dierent methods. One could minimize the energy numerically under two constraints, and plot the energy-momentum diagram for the obtained solutions, and conclude from this diagram that these solutions are exactly the minimizers under two constraints. Moreover, the numerical minimization under constraints might give some local minimizers.

Chapter 5

Stationary and travelling waves to the Gross-Clark system

Introduction

In this chapter, we will present some numerical and theoretical results concerning the solution of the Gross-Clark system with a large mass of ϕ equal to 4π. We will present two branches of solutions: the ground state branch and the vortex branch. For each branch, we focus rst on some stationary solutions for this system (called ground state solutions and vortex solutions), then we study the travelling waves and construct numerically, through the Newton-Raphson method, the whole branches of solutions for rather small propagation speeds. We recall that this system is given by

(TW) -ic ∂ψ ∂x 1 = -∆ψ + 1 ε 2 ( 1 ε 2 |ϕ| 2 + |ψ| 2 -1)ψ -∆ + q 2
ε 2 |ψ| 2 ϕ = λϕ, where λ is unknown, and with the boundary conditions |ψ| → 1 and ϕ → 0 as |x| → ∞. We x the mass of ϕ by the constraint R 2 |ϕ| 2 dx = 4π. For the ground state branch, the solutions of the system with small speeds c are close to the minimizer of the energy corresponding to the stationary solutions. For the vortex branch, each vortex is close to the minimizer of some renormalized energy. These results are obtained for several values of the speed c. We are interested also in the energy-momentum diagram for the speeds c for which Newton-Raphson algorithm converges for the ground state branch and the vortex branch.

The numerical method 5.2.1 Change of variables

As in the previous chapter, we will look for solutions that respect two symmetries of the problem: ψ is thus assumed to satisfy for all x ∈ R 2

ψ(x) = ψ(x 1 , x 2 ) = ψ(x 1 , -x 2 ) = ψ(-x 1 , x 2 ). (5.1)
ϕ is a real function, and is assumed to satisfy the following symmetries:

ϕ(x) = ϕ(x 1 , x 2 ) = ϕ(x 1 , -x 2 ) = ϕ(-x 1 , x 2 ). (5.2) Hence we work in R + × R + instead of R 2 .
Using the change of variables we used in Chapter 4

R 1 x 1 = tan(x 1 ), R 2 x 2 = tan(x 2 ),
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we work in the bounded domain [0, π 2 ] 2 . We recall that we can rewrite the system (TW) in these variables: 

                           -icR 1 cos 2 ( x1 ) ∂ ψ ∂ x1 +R 2 1 cos 4 (x 1 ) ∂ 2 ψ ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂ ψ ∂ x1 +R 2 2 cos 4 (x 2 ) ∂ 2 ψ ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂ ψ ∂ x2 -1 ε 2 ( 1 ε 2 | φ| 2 + | ψ| 2 -1) ψ = 0 -R 2 1 cos 4 (x 1 ) ∂ 2 φ ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂ φ ∂ x1 -R 2 2 cos 4 (x 2 ) ∂ 2 φ ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂ φ ∂ x2 + q 2 ε 2 | ψ| 2 φ -λ φ = 0.

Discretization

We discretize the computational domain [0, π 2 ] 2 as in the previous chapter: N x 1 points in the direction x 1 and N x 2 points in the direction x 2 . and we take Ñ = N x 1 = N x 2 . The size of the mesh is then denoted by dx = π 2( Ñ -1) . We also choose to work in a Finite Dierence framework, using central approximations of derivatives that are of order 2.

The equations

We choose to write ψ as â + i b, and recall that the system becomes

                                           cR 1 cos 2 (x 1 ) ∂ b ∂ x1 +R 2 1 cos 4 (x 1 ) ∂ 2 â ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂â ∂ x1 +R 2 2 cos 4 (x 2 ) ∂ 2 â ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂â ∂ x2 -1 ε 4 | φ| 2 â -1 ε 2 â3 -1 ε 2 âb 2 + 1 ε 2 â = 0 -cR 1 cos 2 (x 1 ) ∂â ∂ x1 +R 2 1 cos 4 (x 1 ) ∂ 2b ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂ b ∂ x1 +R 2 2 cos 4 (x 2 ) ∂ 2b ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂ b ∂ x2 -1 ε 4 | φ| 2 b -1 ε 2 â2 b -1 ε 2 b3 + 1 ε 2 b = 0 -R 2 1 cos 4 (x 1 ) ∂ 2 φ ∂ x2 1 -2 sin(x 1 ) cos 3 (x 1 ) ∂ φ ∂ x1 -R 2 2 cos 4 (x 2 ) ∂ 2 φ ∂ x2 2 -2 sin(x 2 ) cos 3 (x 2 ) ∂ φ ∂ x2 + q 2 ε 2 (â 2 + b2 ) φ -λ φ = 0.
(5.6)

For i = 0, . . . , Ñ -1 and j = 0, . . . , Ñ -1, we denote by âi,j , bi,j , and φi,j the values of â, b, and φ on the points (x 1 , x2 ) = (idx, jdx). We will suppose that ϕ tends to 0 and ψ tends to a constant of modulus 1 when |x| → ∞, which is not proved for (GC), but for the Gross-Pitaevskii equation given by (GP) i ∂Ψ ∂t + ∆Ψ = Ψ(|Ψ| 2 -1)

(see [1], [4], and [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF]). Hence on the lines x1 = π 2 and x2 = π 2 , the values of â, b and φ are known: â = 1 and b = 0, φ = 0. On the line x1 = 0, we have b = 0, because of the symmetry (5.1). As in Chapter 4, we have the number of equations=the number of unknowns=( Ñ -1)(3 Ñ -4) + 1.

Choice of the parameters

We choose the parameters used in [6] and in Chapter 4: We look for the ground state solutions, these are radial solutions ψ GS and ϕ GS corresponding to (TW) with c = 0. In other words, we choose the radial minimizer of the energy E. To minimize this energy in the radial coordinates, we use the projected Gradient method and consider the problem Minimize

q = 0.
E(ψ rad , ϕ rad ) = 2π γ 0 ψ 2 rad + 1 2ε 2 (ψ 2 rad -1) 2 + 1 ε 4 ψ 2 rad ϕ 2 rad + 1 q 2 ε 2 ϕ 2 rad rdr (5.9) under the constraint 2π ∞ 0 r | ϕ rad | 2 dr = 4π,
and where γ is chosen large enough (we take γ = 30). Notice that in the energy, ψ rad and ϕ rad are given in the physical variables, and not the stretched ones.

To initialize the constrained minimization problem, we follow the computations of [6] in 2D for ϕ GS to get ϕ rad,i (r) = A 0 J 0 (kr) (5.10) whenever kr ≤ r 0 ≈ 2.4048256 (the rst zero of J 0 ), and ϕ rad,i (r) = 0 elsewhere, and where J 0 is the Bessel function of the rst kind, A 0 is a parameter chosen such that 2π ∞ 0 r|ϕ rad,i (r)| 2 dr = 4π. This last constraint gives us the value of A 0 = 1.6019872. For the initialization of ψ GS we choose a continuous function that is equal to zero in r = 0 and approaches to 1 when rk ≥ r 0 and as r → ∞. Hence we initialize ψ GS by the function

ψ rad,i (r) = 1 + tanh( r-r 0 /k ε ) 2 . (5.11)
In order to have a good approximation of the minimizers, we put enough points in the interval [0, γ], and choose Ñ = 600 the number of points so that every subdivision has a size of h = γ/( Ñ -1) ≈ 0.05. We choose the step size of the projected Gradient method ρ = h 4 . In the minimization problem, we work with the interval ]0, γ[ so we have 2 Ñ -4 unknown quantities, and then the values of ψ GS and ϕ GS on r = 0 and r = γ are obtained from the Dirichlet conditions (5.4) and (5.5). We minimize this energy by xing the mass or L 2 norm of ϕ GS at each iteration.

1. At some iteration n, we know (ψ n , ϕ n ); 2. we do the usual steepest descent for the function E that we are minimizing (without considering the constraint) (ψ n+1 , φn+1 ) = (ψ n , ϕ n ) -ρE (ψ n , ϕ n );

3. we normalize the function φn to satisfy the constraint : ϕ n+1 = φn+1 α n+1 , where α n+1 > 0 is such that R 2 ϕ 2 n+1 = 4π. The initial data ψ rad,i and ϕ rad,i are given in Figures 5.1 and Figure 5.2 respectively. After 40 000 iterations, we get an approximation of the minimizers of the energy that are given in Figure 5.3 and a nal relative error between two consecutive solutions equal to 1.31 × 10 -5 . The value of the energy at each iteration is given in Figure 5.4. The nal value of the coecient α n+1 is equal to 0.9999033. Knowing that the constrained minimizers satisfy φGS = ϕ GS -2ρλ ε 2 ϕ GS , the value of λ is calculated from the minimization algorithm by the formula

λ i = 1 -α n+1 ρ × ε 2 2 = 0.268662. (5.12)
We could nd some approximations of these minimizers, called ground state solutions, that are given by (5.13) ψ app GS (r) = 0.2941e rψ + 65.367e 2r ψ 1 + 25.678e rψ + 65. 367e 2r ψ ,

where rψ = r-3.7939 0.2057 and with L ∞ -error equal to 0.006, and

(5.14) ϕ app GS (r) = 1.8724e -rϕ + 0.19262e -2rϕ -0.30439e -3 rϕ + 2.5802e -4rϕ 1 + 1.9356e -rϕ + 0.93498e -2rϕ + 1.1382e -3rϕ + 2.9438e -4rϕ , where rϕ = r-2.314 0.60408 , with L ∞ -error equal to 0.018. These approximations are obtained by computing a rational function and an exponential that may be called exponential-Padé approximants. To do so, we chose randomly, several times, the coecients of the exponential Padés. Then, we optimize the coecients of the Padé, by minimizing the L ∞ -norm and starting from the random choice that we did. Once we nd the best approximations that conserve the convexity/concavity of the minimizers and the smallest error possible, we make the choice. We plot these approximations with the minimizers in the same graph (see Figure 5.5).

The Newton-Raphson algorithm for the ground state branch

The results of the previous section are some stationary solutions of (TW), given in polar coordinates. These solutions are used as initializations in the Newton-Raphson algorithm to nd the whole ground state branch of travelling waves for (GC), at least for small speeds c. The modulus of the stationary ground state solutions in the domain [0, π 2 ] 2 are respectively given in Figure 5.6 and Figure 5.7. First, we choose c = 0.2. Newton-Raphson algorithm converges very well for this value. The solutions ψ and ϕ in the stretched variables are given in Figure 5.8 and 5.9, and in all R 2 in Figure 5.10 and 5.11. The contour lines for the solutions are presented in Figure 5.12 and 5.13.

To have a better look on the solutions, we choose to present them in the half-space x 1 ≥ 0 in Figure 5.14 and Figure 5.15. The Newton-Raphson algorithm gives the approximate value of λ which is 0.3304393, that is close to the value (5.12) obtained in the constrained minimistion problem. These solutions are obtained after 10 iterations with a nal relative error equal to 3.8 × 10 -8 .

The energy-momentum diagram

The Newton-Raphson Algorithm converged for dierent values of c. Until c = 1.5 we could get the solutions of (TW) by Newton-Raphson starting from the initial conditions that are the ground state of (TW), in other words, the minimizer of the energy, and solution of (TW) with c = 0. For the values of c that are greater, we had to start from the solutions of (TW) with c larger than zero and closer to our c. For example, to approximate the solutions of (TW) with c = 1.55, we had to initialize our Newton-Raphson algorithm with the numerical solutions of (TW) with c = 1.5, that are obtained by Newton-Raphson starting from the ground state solutions. Hence, we could reach the value 2.35 for c. For c larger than 2.35, (2.36 for instance), Newton-Raphson algorithm did not converge, even if we initialize our system with the solutions obtained for c = 2.35. In this way, we could nd the ground state branch. For every value of c for which Newton-Raphson method converges, we calculated the Energy and the Momentum of the numerical solutions. Some of these quantities are represented in The Energy-Momentum diagram is then given in Figure 5.16. Figure 5.17 and 5.18 represent the solution of (TW) with c = 2.35 that is the greatest value of c for which Newton-Raphson algorithm converges. Comparing Figure 5.10 to Figure 5.17 we see that the modulus of the solution ψ has the same shape and did not vary very much by changing c. We then choose to represent the phase of the obtained solution by Newton-Raphson method for dierent values of c. The values of λ for each of these c are given in Table 5.2 below. (5.15)

+ 1 q 2 ε 2 ϕ 2 rad,3D r 2 dr under the constraint 4π ∞ 0 r 2 |ϕ rad,3D | 2 dr = 4π.
As we did for the dimension 2, we use the projected Gradient method, choose ξ = 30, and initialize the constrained minimization problem, refering to the computations of [6], by ϕ rad,3D,i (r) = A 1 j 0 (kr) (5.16) whenever kr ≤ π (the rst zero of j 0 ), and ϕ rad,3D,i (r) = 0 elsewhere, and where j 0 (x) = sin(x) x is the spherical Bessel function, A 1 is a parameter chosen such that 4π ∞ 0 r 2 |ϕ rad,3D,i (r)| 2 dr = 4π. This last constraint gives us the value of A 1 = 0.7978846. For the initialisation of ψ rad,3D we choose a continuous function that is equal to zero in r = 0 and approaches to 1 when rk ≥ π and as r → ∞. Hence we We choose Ñ = 600 the number of points so that every subdivision has a size of h = ξ/( Ñ -1) ≈ 0.05, and the step of the projected Gradient method ρ = h 4 . In the minimization problem, we work with the interval ]0, 30[ so we have 2 Ñ -4 unknown quantities, and then the values of ψ GS,3D and ϕ GS,3D on r = 0 and r = ξ are obtained from the Dirichlet conditions. We minimize this energy by xing the mass or L 2 norm the ϕ GS at each iteration, as we did in dimension 2. The initial data ψ rad,3D,i and ϕ rad,3D,i are given in Figure 5.23 and Figure 5.24 respectively. After 50 000 iterations, we get an approximation of the minimizers of the energy that are given in Figure 5.25 and a nal relative error between two consecutive solutions equal to 2.4 × 10 -6 . The value of the energy at each iteration is given in gure 5.26. The nal value of the coecient α n+1 is equal to 0.999855, which gives the numerical value of λ equal to 0.4029429. We could nd some exponential Padé approximations of these minimizers that are given by (5.18) ψ app GS,3D (r) = -0.0494058e rψ + 2.5128964e 2r ψ + 0.3986502e 3r ψ + 1.5034206e 4r ψ 1 + 26.946355e rψ + 4.5772491e 2r ψ + 6.6607466e 3r ψ + 1.5034206e 4r ψ ,

where rψ = r-2.5180959 0.2319942 and with L ∞ -error equal to 0.007, and

(5.19) ϕ app GS,3D (r) = 1.1231657e -rϕ + 2.2851536e -2rϕ + 0.0008586e -3 rϕ + 1.8603084e -4rϕ 1 + 4.464733e -rϕ + 2.8318444e -2rϕ + 3.6186793e -3rϕ + 3.0293949e -4rϕ , where rϕ = r-2.0897854 0.4742224 , with L ∞ -error equal to 0.004. We plot these approximations with the minimizers in the same graph (see Figure 5.27).

Bubble-vortices solutions

Stationary bubble-vortices

We look now for another branch for the system (TW). We start by the stationary solutions of this branch, called vortex solutions. These are solutions of the system: -∆ψ

+ 1 ε 2 ( 1 ε 2 |ϕ| 2 + |ψ| 2 -1)ψ = 0 -∆ϕ + q 2 ε 2 |ψ| 2 ϕ = λϕ with R 2 ϕ 2 dx = 4π.
For (GP) (or NLS), there exist some remarkable stationary solutions called vortices. These are stationary solutions to (GP) in 2d of the form

Ψ(t, x) = a n (r) exp(inθ),
in polar coordinates (r, θ), where n ∈ Z, n = 0 is the charge, or degree or winding number. Then, Ψ solves the elliptic equation ∆Ψ = Ψ(|Ψ| 2 -1), (5.21) which means that the prole a n : R + → [0, 1] is a solution to the ODE

a n (r) + 1 r a n (r) - n 2 r 2 a n (r) = a n (r)(a 2 n (r) -1). (5.22)
that increases from 0 at r = 0 to 1 for r 1. Concerning the (TW) model in 2d, we may look for solutions of (5.20) under the form (5.23) (ψ, ϕ)(x) = (V n,BV (x/ε), ϕ n,BV (x/ε)) = (a n,BV (r/ε) exp(inθ), ϕ n,BV (x/ε)), which yields the system (5.24)

       ∆V n,BV = V n,BV |V n,BV | 2 -1 + |ϕ n,BV | 2 ε 2 -∆ϕ n,BV + q 2 |V n,BV | 2 ϕ n,BV = λϕ n,BV ,
or, in the radial coordinate and with ϕ n,BV real-valued, (5.25)

         ∂ 2 a n,BV ∂r 2 + 1 r ∂a n,BV ∂r - n 2 r 2 a n,BV = a n,BV a 2 n,BV -1 + ϕ 2 n,BV ε 2 - ∂ 2 ϕ n,BV ∂r 2
-1 r ∂ϕ n,BV ∂r + q 2 a 2 n,BV ϕ n,BV = λϕ n,BV .

Here, the mass constraint will be replaced by

R 2 ϕ 2 n,BV dx = m,
and λ then depends on m.

Minimizing the energy

Notice that due to the phase factor, the kinetic energy of V n,BV is innite because of the contribution for large r, since we have

|∇V n,BV | 2 = |∇a n,BV | 2 + n 2 r 2 a 2 n,BV
and the second term will induce in the integral a logarithmic divergence since a n,BV → 1 when r is large. We shall then renormalize the energy by following [16]. Let χ = 1 D(0,1) . Then, for R > 0, we may write

D(0,R) n 2 r 2 A 2 + 1 2ε 2 (A 2 -1) 2 dx -2πn 2 ln R = D(0,R) χ n 2 r 2 A 2 + 1 2ε 2 (A 2 -1) 2 dx + D(0,R) (1 -χ) n 2 r 2 (A 2 -1) + 1 2ε 2 (A 2 -1) 2 dx = D(0,R) χ n 2 r 2 A 2 + 1 2ε 2 (A 2 -1) 2 dx + D(0,R) 1 -χ 2ε 2 A 2 -1 + ε 2 n 2 r 2 2 dx - ε 2 n 4 2 D(0,R) 1 -χ r 4 dx. Since (1 -χ)/r 4 ∈ L 1 (R 2 ), we therefore dene, for A ∈ 1 + H 1 (R 2 ) and ϕ ∈ H 1 (R 2 ), E n,BV (A, ϕ) = R 2 |∇A| 2 + 1 ε 2 q 2 |∇ϕ| 2 + 1 ε 4 A 2 ϕ 2 + χ n 2 r 2 A 2 + 1 2ε 2 (A 2 -1) 2 + 1 -χ 2ε 2 A 2 -1 + ε 2 n 2 r 2 2
(5.26)

- ε 2 n 4 (1 -χ) 2r 4 dx.
Then, E n,BV is a renormalization of the energy in the sense that

E n,BV (A, ϕ) = lim R→+∞ E D(0,R) (A exp(inθ), ϕ) -2πn 2 ln R .
For (TW), we look for stationary solutions that look like two vortices for ψ and a sum of two Gaussians for ϕ (as we did for the solutions with small mass). For χ = 1 D(0,1) , we consider the constrained minimization problem, for We will start minimizing this energy to nd a numerical stationary solution to (TW). The last term of E n,BV being constant, we can ignore it in the minimization problem.

A ∈ 1 + H 1 (R 2 ) , ϕ ∈ H 1 (R 2 ) Minimize E n,BV (A, ϕ) = R 2 |∇A| 2 + 1 ε 2 q 2 |∇ϕ| 2 + 1 ε 4 A 2 ϕ 2 (5.27) + χ n 2 r 2 A 2 + 1 2ε 2 (A 2 -1) 2 + 1 -χ 2ε 2 A 2 -1 + ε 2 n 2 r 2 2 - ε 2 n 4 (1 -χ) 2r 4 dx under the constraint 2π ∞ 0 | ϕ(x) | 2 dx = 4π.
To minimize this energy, we start from the same initializations (in radial coordinates) that we used in Newton-Raphson algorithm with separated iterations method with small mass (see Figure 5. Note that m = 4π, but could be taken 2π or any other value if necessary. The interval, the parameters and the step for the gradient method are equal to those chosen for the minimization of the energy for the ground state solutions, namely, we work in polar coordinates in the interval [0, 30], with ε = 0.187, q = 0.41, and ρ = 10 -4 . We search for vortices of degree 1 so that n = 1. We choose χ = 1 to simplify the energy and make some terms vanish, since 0 < r < 30. The constrained minimizers and the value of the energy at each iteration of the projected Gradient method are given in Figure 5.30 and Figure 5.31. The nal relative error is equal to 0.0000116, and the value of λ is calculated from the constrained minimization problem, as for the ground state solutions, and is equal to where rψ = r-3.5390 0.19470 , with L ∞ -error equal to 0.012, and

λ 1,BV = 1 -α n+1 ρ × ε 2 2 = 0.2549954.
(5.29) ϕ app 1,BV (r) = 2.2760e -rϕ + 4.9087e -2rϕ -0.86256e -3 rϕ + 1.1311e -4rϕ 1 + 8.9986e -rϕ + 6.7775e -2rϕ + 0.92214e -3rϕ + 1.6446e -4rϕ , where rϕ = r-2.2753439 0.3978393 , with L ∞ -error equal to 0.017.

The Newton-Raphson algorithm for the vortex branch

We now look for travelling wave solutions to system (GC). Since we have removed the transport term in the equation for ϕ, we are allowed to take ϕ real-valued.

To nd the vortex branch of (TW) with small c > 0, we used the Newton-Raphson Algorithm starting from the stationary solutions obtained in the previous section. In 2D the 2 vortices are obtained using the approximate minimizers obtained in the previous section and are presented in Figure 5.33 and Figure 5.34. For c = 0.2, the numerical solutions ψ 1,BV and ϕ 1,BV are obtained by Newton-Raphson algorithm after 28 iterations with a nal relative error of order 10 -5 , and presented in Figure 5.35 and Figure 5.36. The value of λ obtained by Newton-Raphson is equal to 0.4615025. The contour lines of these numerical solutions are presented in Figure 5.37 and Figure 5.38, and their modulus in the half-space x 1 ≥ 0 in Figure 5.39 and Figure 5.40.

If we compare the vortices of (GP) obtained in [5] and our vortices for (TW), we see that the ones of the system are much thicker, and the area where ψ is small is much larger. We could not nd any value of c between 0.19 and 0.7 for which the algorithm converges. We noticed that when c increases, the two vortices approach, and starting c = 0.7, they superpose and the initializations and the obtained solutions for the vortex branch do not present vortices, but are the same as the ground state branch, and have the same energy and momentum. The energy-momentum diagram for the vortex branch is presented in the upper part in Figure 5.41 with the one for the ground state branch. The upper branch correspond to the small values of c (0.12 -0.19) for the vortex branch, and the lower one corresponds to the great ones (0.7 -2.35), and similar to the branch obtained in Figure 5.16, and where the solutions are not vortices anymore. Proposition 37. Let c ∈ R and (ψ, ϕ) be a solution of (TW) of nite energy. Then the following hold.

1. The functions ψ and ϕ are bounded and C ∞ and ϕ, ∇ψ ∈ W k,p (R N ) for any k ∈ N and p 2.

2. There exist R * 0 and a real valued function Θ such that ψ = |ψ| exp(iΘ) on R N \ B(0, R * ) and ∇Θ ∈ W k,p (R N ) for any k ∈ N and p ≥ 2.

3. Let χ ∈ C ∞ (R N ) be a cut-o function such that χ = 0 on B(0, 2R * ) and χ = 1 on R N \B(0, 3R * ).

We have ψ 1

∂ψ 2 ∂x 1 -ψ 2 ∂ψ 1 ∂x 1 -∂ ∂x 1 (χΘ) ∈ L 1 (R N )
and the two following Pohozaev-type identites hold:

R N - ∂ψ ∂x 1 2 - 1 ε 2 q 2 ∂ϕ ∂x 1 2 + N j=2 ∂ψ ∂x j 2 + 1 ε 2 q 2 ∂ϕ ∂x j 2 dx + R N 1 2ε 2 (|ψ| 2 -1) 2 + 1 ε 4 |ψ| 2 |ϕ| 2 - k 2 ε 2 q 2 |ϕ| 2 dx = 0 (5.30) and (N -2) R N |∇ψ| 2 + 1 ε 2 q 2 |∇ϕ| 2 dx + N R N 1 2ε 2 (|ψ| 2 -1) 2 + 1 ε 4 |ψ| 2 |ϕ| 2 - k 2 ε 2 q 2 |ϕ| 2 dx = c(N -1) R N Re(ψ) ∂Im(ψ) ∂x 1 -Im(ψ) ∂Re(ψ) ∂x 1 - ∂ ∂x 1 (χΘ) dx (5.31) + 2cδ(N -1) ε 2 q 2 R N ϕ 1 ∂ϕ 2 ∂x 1 dx.
We have also the following non existence result (see [14], Theorem 4.7).

Theorem 38. Let N 2 and let (ψ, ϕ) be a nite-energy solution of (TW). Assume that either

1. c > 2 ε 2 , or 2. N = 2 and c 2 = 2 ε 2 , or 3. N 3, c 2 = 2 ε 2 , and ψ 1 ∂ψ 2 ∂x 1 -ψ 2 ∂ψ 1 ∂x 1 ∈ L 2N -1 2N -3 (R N ).
Then ϕ = 0 and ψ is constant on R N .

Formal aspects 5.7.1 Asymptotic expansion at innity

In this section, we will focus on the asymptotic expansion at innity for the travelling waves of the (GP) equation, because ϕ is considered exponentially small. This study was also done by Bouchel in [2] where he proved that under suitable assumptions on the parameters c, δ, q, and k, the solution (ψ, ϕ) of the three dimensional system (TW) is in C ∞ (R 3 ) × C ∞ (R 3 ), moreover, ψ tends polynomially to 1 and ϕ tends exponentially to 0. Travelling wave solutions for (GP) have to satisfy the equation

(5.32) ic ∂ψ ∂x = ∆ψ + ψ(1 -|ψ| 2 )
In this section we follow the strategy of [4] to study the asymptotic behaviour of the solution to the equation (5.32). 

(∆ 2 -2∆ + c 2 ∂ 2 ∂x 2 )(ψ r , ψ i ) = 0.
Considering that the ∆ 2 term is negligible to leading order, we see that we can discard the term ∆ψ r in (5.34) so that (5.37)

ψ r = c 2 ∂ψ i ∂x (5.38) ∆ψ i = c ∂ψ r ∂x and (5.39) (∆ - c 2 2 ∂ 2 ∂x 2 )(ψ r , ψ i ) = 0 We make the transformation x = x y = y(1 - c 2 
2 )

1 2
And this could be real if we consider that c < √ 2. We write ψ i as Fourier serie (5.40)

ψ i = a 0 2 + Σ n≥1 a n (r ) cos(nθ ) + Σ n≥1 b n (r ) sin(nθ ).
ψ i being even in θ we can suppose that b n = 0 for all n ≥ 1 and a 0 = 0 because ψ i → 0 as r → ∞.

Supposing that the terms a n are of the form αn r n we can write

ψ i = Σ n≥1 α n r n cos (nθ ).
Using this result, we can obtain ψ r from (5.37). For suciently large r we may therefore write

ψ r ∼ 1 + c 2 α 1 (x 2 + y 2 (1 -c 2 2 )) -2α 1 x 2 (x 2 + y 2 (1 -c 2 2 )) 2 ψ i ∼ α 1 x x 2 + y 2 (1 -c 2 2 )

Hamilton equation

For the travelling waves for the (GP) equation, a branch of solutions has been computed. It may be parametrized by the speed c of propagation, and the following Hamilton equation has been derived (see [8] The computation remains valid in our situation, with Q the momentum of ψ, Let us then assume that we have a smooth curve c → (ψ c , ϕ c ) such that, for any c, (ψ c , ϕ c ) solves (TW) for some λ depending smoothly on c and with, for some m > 0 given independent of c,

R N |ϕ c | 2 dx = m.
Then, taking the scalar product of the rst equation of (TW) by ∂ c ψ c and taking the scalar product of the second equation of (TW) by

∂ c ϕ c yields                        d dc R N |∇ψ c | 2 + 1 2ε 2 (|ψ c | 2 -1) 2 dx + 1 ε 4 R N ∂ c (|ψ c | 2 )|ϕ c | 2 dx = 2c R N ∂ψ c ∂x 1 , i∂ c ψ c dx d dc R N |∇ϕ c | 2 dx + q 2 ε 2 R N |ψ c | 2 ∂ c (|ϕ c | 2 ) dx = λ c d dc R N |ϕ c | 2 dx = 0,
in view of the normalisation of ϕ c . Consequently,

d dc E(ψ c , ϕ c ) = 2c R N ∂ψ c ∂x 1 , i∂ c ψ c dx = c d dc Q(ψ c ),
as claimed.

Stability issues

For the (GP) equation, it is conjectured that travelling waves are stable when d dc Q(ψ c ) < 0, that is Q → E is concave (by the Hamilton equation (5.41)), and unstable when d dc Q(ψ c ) > 0, that is Q → E is convex. In this direction, we may quote the works [10] (in 1d), [11] (in 3d). This is the usual stability criterion obtained in [17] and [7] for bound states for NLS. In [4], the travelling waves are obtained by minimization of the energy at xed momentum (when this problem has minimizers), and it follows from this result that the set of minimizers is orbitally stable by the Nonlinear Schrödinger ow. This result assumes in particular that the Hessian of the action at the travelling wave has only one negative eigenvalue. For our problem, the situation is quite dierent since on the one hand, the (scalar) momentum Q(Ψ) is not conserved by the (TW) ow, and on the other hand, due to the mass constraint on ϕ, the Hessian at the travelling wave (ψ c , ϕ c ) may have two negative eigenvalues, but it is not very clear to determine what happens on the constraint sphere for ϕ. Furthermore, the mass constraint R N |ϕ| 2 = m does not enter in the framework of [7]. Therefore, we do not make any claim concerning the stability of the travelling waves we obtain here.

Rigorous result

The next statement of this chapter is an existence result of a ground state and was done in Chapter 3, but we repost it here for a recall.

Theorem 39. Assume that 1 N 3 and that we work for the physical parameters (5.7) and (5.8).

Then, there exists at least one minimizer (ψ GS , ϕ GS ) for the problem

inf{E(ψ, ϕ), ψ ∈ E, ϕ ∈ H 1 (R N ) s.t. R N |ϕ| 2 dx = m}.
For m > 0 we consider the minimization problem

(GS m ) minimize E(ψ, ϕ) for ψ ∈ E, ϕ ∈ H 1 (R N ) satisfying R N |ϕ| 2 dx = m.
We dene Proof. (i) Since E(ψ, ϕ) 0 for any ψ and ϕ, it is obvious that 

(5.42) G min (m) = inf E(ψ, ϕ) ψ ∈ E, ϕ ∈ H 1 (R N ),
G min (m) 0. Consider φ ∈ C ∞ c (R N ) such that R N |φ| 2 dx = m and let ϕ σ (x) = 1 σ N/2 φ x σ . Then R N |ϕ σ | 2 dx = m and R N |∇ϕ σ | 2 dx = 1 σ 2 R N |∇φ| 2 dx.
G min (m) = inf R N |∇ψ| 2 + V (|ψ| 2 ) + m ε 2 q 2 |∇ φ| 2 + m ε 4 |ψ| 2 | φ| 2 dx ψ ∈ E, φ ∈ H 1 (R N ), R N | φ| 2 dx = 1 . For any (ψ, φ) ∈ E × H 1 (R N ), the mapping m -→ R N |∇ψ| 2 + V (|ψ| 2 ) + m ε 2 q 2 |∇ φ| 2 + m ε 4 |ψ| 2 | φ| 2
dx is concave and non-decreasing, and the inmum of a family of concave and non-decreasing functions is a concave and non-decreasing function, too.

In all what follows, the various constants C 1 , C 2 , etc. depend on ε.

(ii) Consider χ ∈ C ∞ c (R N ) such that 0 χ 1, χ = 1 on B(0, 1) and χ = 0 on R N \ B(0, 2). Denote A = χ 2 L 2 , B = ∇χ 2 L 2
, and D = R N χ 4 dx. Let κ ∈ (0, 1) (to be chosen later) and let

ψ a,b (x) = 1 -κa 2 χ 2 x b , ϕ a,b (x) = aχ x b . Fix m > 0. If a ∈ (0, 1) and b > 0 are chosen so that a 2 b N A = m, we have ϕ a,b 2 
L 2 = m. It is clear that ∇ϕ a,b 2 L 2 = a 2 b N -2 B and ∇ψ a,b 2 
L 2 = κ 2 a 4 b N -2 ∇(χ 2 ) 2 L 2 4κ 2 a 4 b N -2 B. There exists C > 0 such that V (τ ) C(1 -τ ) 2 for all τ ∈ [0, 2], hence, when κa 2 1, V (|ψ a,b | 2 ) C(1 -ψ 2 a,b ) 2 4Cκ 2 a 4 χ 4 x b and consequently R N V (|ψ a,b | 2 ) dx 4Cκ 2 a 4 b N D.
Using the above estimates and the fact that a 2 b N A = m we get

G min (m) - m ε 4 E(ψ a,b , ϕ a,b ) - 1 ε 4 R N |ϕ a,b | 2 dx = R N |∇ψ a,b | 2 + V (|ψ a,b | 2 ) + 1 ε 2 q 2 |∇ϕ a,b | 2 + 1 ε 4 |ψ a,b | 2 -1 |ϕ a,b | 2 dx 4κ 2 a 4 b N -2 B + 4Cκ 2 a 4 b N D + a 2 b N -2 B ε 2 q 2 -2κa 4 b N ε 4 R N 1 -1 2 κa 2 χ 2 (x) χ 4 (x) dx = m 4κ 2 m -2 N a 2+ 4 N A 2 N -1 B + 4κ 2 a 2 CD A + 1 ε 2 q 2 m -2 N a 4 N A 2 N -1 B -κa 2 D Aε 4 .
Choosing κ suciently small (for instance, κ min( C 8ε 4 , 1/a 2 ) will do) we see that there exist constants

C 2 , C 3 > 0 such that G min (m)- m ε 4 m C 2 m -2 N a 4 N -C 3 a 2 .
If N = 1 it suces to take a = m, where > 0 is suciently small, to see that there exists some C 4 > 0 such that G min (m) -m ε 4 -C 4 m 3 < 0 for all m > 0. If N = 1, for any η > 0 there exists e(η) > 0 such that for any ψ ∈ E satisfying E 1 (ψ) e(η) there holds |ψ| -

1 L ∞ (R) η. Fix η > 0. Let m ∈ (0, 1 2 ε 4 e(η)]. If ψ ∈ E and ϕ ∈ H 1 (R) are such that ϕ 2 L 2 = m and E(ψ, ϕ) 2m ε 4 , it is obvious that E 1 (ψ) 2m ε 4 e(η), hence |ψ(x)| ∈ [1 -η, 1 + η] for all
x ∈ R and consequently E(ψ, ϕ)

1 ε 4 R |ψ| 2 |ϕ| 2 dx (1-η) 2 m ε 4 . We conclude that (1-η) 2 ε 4 G min (m) m 1 ε 4
for any m ∈ (0, 

ψ ∈ E, φ ∈ H 1 (R N ), φ 2 L 2 = m and E( ψ, φ) E(ψ, ϕ). Suppose that ψ ∈ E and ϕ ∈ H 1 (R N ) are real-valued, 0 ψ 1 on R N , ϕ 2 L 2 = m
, and E(ψ, ϕ) 2m ε 4 . Consider rst the case N 3. Using Hölder's inequality, then Sobolev's inequality we get (5.44)

R N |ψ| 2 -1 |ϕ| 2 dx 1 -|ψ| 2 L N 2 ϕ 2 L 2 * C 2 S 1 -|ψ| 2 L N 2 ∇ϕ 2 L 2 .
Since 0 |ψ| 1, using Lemma 4.1 p. 171 in [4] (see estimate (4.1) there), we infer that there exists

C 1 > 0 such that (5.45) R N |ψ| 2 -1 2 dx 4 R N V (|ψ| 2 ) dx + C 1 ∇ψ 2 * L 2 4E(ψ, ϕ) + C 1 E(ψ, ϕ) 2 * 2 8m ε 4 + C 1 8m ε 4 2 * 2 .
If N 4, by Hölder's inequality we get

1 -|ψ| 2 L N 2 1 -|ψ| 2 4 N L 2 • 1 -|ψ| 2 1-4 N L ∞   8m ε 4 + C 1 8m ε 4 2 * 2   4 N
.

Then using (3.5) we infer that there is C 2 > 0 such that for any m ∈ (0, 1] and for all ψ and ϕ as above there holds

R N |ψ| 2 -1 |ϕ| 2 dx C 2 m 4 N ∇ϕ 2 L 2
and consequently

E(ψ, ϕ) - m ε 4 E 1 (ψ) + 1 ε 2 q 2 - C 2 m 4 N ε 4 ∇ϕ 2 L 2 . The last quantity is nonnegative if m min(1, C -N 4 2 ε N 2 q -N 2 
). If N = 3, using Hölder's inequality, estimate (5.45) above and Sobolev's inequality we get

R N |ψ| 2 -1 |ϕ| 2 dx 1 -|ψ| 2 L 2 ϕ 1 2 L 2 ϕ 3 2 L 6 C 3 2 S 1 -|ψ| 2 L 2 ϕ 1 2 L 2 ∇ϕ 3 2 L 2 C 3 2 S 4 R N V (|ψ| 2 ) dx + C 1 ∇ψ 6 L 2 1 2 ϕ 1 2 L 2 ∇ϕ 3 2 L 2 .
If ψ and ϕ are as above we have ∇ψ 2

L 2 E 1 (ψ) 2m ε 4 . If m 1, we infer that there exist C 3 , C 3 > 0 such that R 3 |ψ| 2 -1 |ϕ| 2 dx C 3 E 1 (ψ) 1 2 ∇ϕ 3 2 L 2 ϕ 1 2 L 2 C 3 E 1 (ψ) + 1 ε 2 q 2 ∇ϕ 2 L 2 ∇ϕ 1 2 L 2 ϕ 1 2 L 2 .
Then we get

E(ψ, ϕ) -m ε 4 E 1 (ψ) + 1 ε 2 q 2 ∇ϕ 2 L 2 1 - C 3 ε 4 ∇ϕ 1 2 L 2 ϕ 1 2 L 2 E 1 (ψ) + 1 ε 2 q 2 ∇ϕ 2 L 2 (1 -C 5 m 1 2 )
for some C 5 > 0 and the last quantity is non-negative for all m suciently small. Consider next the case N = 2. Using Plancherel's theorem and Hölder's inequality, we get

ϕ Ḣs ϕ 1-s L 2 ∇ϕ s L 2
for all s ∈ (0, 1) and all ϕ ∈ H 1 (R 2 ).

If p ∈ (2, ∞) and s ∈ (0, 1) satisfy 1 p = 1 2 -s 2 (that is, s = 1 -2 p ), using the Sobolev inequality we see that there exists C p > 0 such that

ϕ L p C p ϕ Ḣs C p ϕ 1-s L 2 ∇ϕ s L 2 for any ϕ ∈ H 1 (R 2 ).
In particular, for p = 4 we get ϕ

L 4 (R 2 ) C 4 ϕ 1 2 L 2 ∇ϕ 1 2 L 2 for any ϕ ∈ H 1 (R 2 ), hence (5.46) R 2 |ψ| 2 -1 |ϕ| 2 dx 1 -|ψ| 2 L 2 ϕ 2 L 4 C 2 4 1 -|ψ| 2 L 2 ∇ϕ L 2 ϕ L 2 .
Using Lemma 4.1 p. 171 in [4] (see estimate (4.2) there) we infer that there exists C > 0 such that for any ψ ∈ E satisfying |ψ| 2 we have

1 4ε 2 -C ∇ψ 2p 0 +2 L 2 (R 2 ) R 2 |ψ| 2 -1 2 dx R 2 V (|ψ| 2 ) dx.
In particular, there exists m 0 > 0 such that whenever |ψ| 2 and E(ψ, ϕ) 2m 0 ε 4 , there holds

R 2 |ψ| 2 -1 2 dx 8ε 2 R 2 V (|ψ| 2 ) dx.
Coming back to (5.46) we see that there exists C 7 > 0 such that for all m ∈ (0, m 0 ] and for any ψ ∈ E and any ϕ ∈ H

1 (R N ) with |ϕ| 2, ϕ 2 L 2 = m and E(ψ, ϕ) 2m ε 4 we have R 2 |ψ| 2 -1 |ϕ| 2 dx C 7 R 2 V (|ψ| 2 ) dx + 1 ε 2 q 2 ∇ϕ 2 L 2 ϕ L 2 .
As previously, we conclude that E(ψ, ϕ) -m ε 4 0 if ψ, ϕ are as above and m is suciently small. Notice that (5.47) holds for any R > 0, hence we may optimize with respect to R. The function f m is convex in (0, ∞) and tends to +∞ when R → 0 + and when R → +∞; it then has a unique minimum on (0, ∞) at a point R m satisfying f m (R m ) = 0, that is A(N -2)R N m + BN R N +2 m = 2C P m ε 2 q 2 . It is easily seen that for large m the unique positive root R m of this equation is of order of magnitude R m ∼ m Moreover,

2ε 2 B = H N -1 (S N -1 ) 2 1 
(r -2) 2 r N -1 dr.

In addition, we know that C P = π 2 /4 if N = 1; C P = 2.4048 2 < 5.8 if N = 2 (≈ 2.4048 is the rst zero of the Bessel function J 0 ) and C P = π 2 if N = 3 (π is the rst zero of the modied Bessel function j 0 ). If N = 2, then f m (R) = A + BR 2 + C P ε 2 q 2 R 2 m, R m = (C P m/ε 2 q 2 B) 1/2 and f m (R m ) = A + 2(BC P m/ε 2 q 2 ) 1/4 with A = 3π and ε 2 B = 5π/12, thus If N = 1, then f m (R) = A/R+BR+ C P ε 2 q 2 R 2 m with A = 2, ε 2 B = 1/3. Choosing R = (2C P m/ε 2 q 2 B) 1/3 as an approximation of R m , we obtain (5.49) G min (m) f m ((2C P m/ε 2 q 2 B) 1/3 ) 0.45 m 1/3 + 63.62m 1/3

If N = 3, then f m (R) = AR + BR 3 + C P ε 2 q 2 R 2 m, with A = 28π/3 and ε 2 B = 16π/15. Choosing R = (2C P m/(3ε 2 q 2 B)) 1/5 = ( 5π 8q 2 m) 1/5 = 3.5m 1/5 as an approximation of R m , we obtain (5.50) G min (m) f m ((2C P m/(3ε 2 q 2 B)) 1/5 ) 102.63m 1/5 + 4245.71m 3/5 .

Theorem 41. Assume that G min (m) < m ε 4 . Then there exist minimizers for the problem (GS m ). Moreover, if (ψ n , ϕ n ) n 1 is any sequence in E × H 1 (R N ) such that then there exists a subsequence, still denoted the same, there is a sequence (x n ) n 1 ⊂ R N and there are ψ ∈ 1 + H 1 (R N ) and ϕ ∈ H 1 (R N ) such that

|ψ n (• -x n )| -1 -→ ψ -1 and |ϕ n (• -x n )| -→ ϕ in H 1 (R N ), V (|ψ n | 2 )(• -x n ) -→ V (|ψ| 2 ) in L 1 (R N ) and |ψ n | 2 |ϕ n | 2 (• -x n ) -→ |ψ| 2 |ϕ| 2 in L 1 (R N ) as n -→ ∞.
Remark 42. 

f n = |∇ψ n | 2 + | |ψ n | -1| 2 + | |ψ n | -1| 2p 0 +2 + |∇ϕ n | 2 + |ϕ n | 2 .
Obviously, (f n ) n 1 is a bounded sequence in L 1 (R N ) and

R N f n (x) dx ϕ n 2 L 2 .
Passing to a subsequence we may assume that R N f n (x) dx -→ α 0 as n -→ ∞, where α 0 m > 0. Let Λ n : [0, ∞) -→ [0, ∞) be the concentration function of f n , that is

Λ n (t) = sup y∈R N B(y,t) f n (x) dx.
Proceeding as in [12], it is straightforward to show that there exists a subsequence of ((ψ n , ϕ n , Λ n )) n≥1 , still denoted the same, there is a nondecreasing function Λ : [0, ∞) -→ R and there is α ∈ [0, α 0 ] such that (5.51)

Λ n (t) -→ Λ(t) a.e on [0, ∞) as n -→ ∞ and Λ(t) -→ α as t -→ ∞.

As in [START_REF] Mari³ | Traveling waves for nonlinear Schrödinger equations with nonzero conditions at innity[END_REF] (see the proof of (5.12) p. 156 there) one can prove that there is a nondecreasing sequence t n -→ ∞ such that (5.52)

lim n→∞ Λ n (t n ) = lim n→∞ Λ n t n 2 = α.
Our aim is to show that α = α 0 . The next step is to prove that α > 0. By assumptions (A1) and (A2) there exists C > 0 such that V (s) C (s -1) 2 + (s -1) 2p 0 +2 . We have |ψ n,i | -1

|ψ n | -1 , i = 1, 2, and we infer that (5.55) Passing to a subsequence (still denoted the same) we may assume that ϕ n,i 2 L 2 -→ m i as n -→ ∞ for i = 1, 2, and (5.53) implies that m 1 + m 2 = m. Let us show that m 1 > 0 and m 2 > 0. We argue again by contradiction and we assume, for instance, that m 2 = 0. Then we have necessarily m 1 = m. If there is a subsequence (n k ) k 1 such that E(ψ n k ,2 , ϕ n k ,2 ) -→ e > 0 as k -→ ∞, by (5.57) we have E(ψ n k ,1 , ϕ n k ,1 ) -→ G min (m) -e. On the other hand, E(ψ n k ,1 , ϕ n k ,1 ) G min ϕ n k ,1 2 L 2 , and letting k -→ ∞ and using the continuity of G min we nd lim inf k→∞ E(ψ n k ,1 , ϕ n k ,1 ) G min (m), a contradiction. Therefore a sequence (n k ) k 1 as above cannot exist, and this implies that E(ψ n,2 , ϕ n,2 ) -→ 0 as n -→ ∞. Then we deduce that ϕ n,2 H 1 (R N ) -→ 0 and E 1 (ψ n,2 ) -→ 0 as n -→ ∞, and using Lemma 4.8 p. 177 and Corollary 4.3 p. 172 in [4] we infer that |ψ n,2 |-1 L 2 (R N ) -→ 0. The Sobolev embedding gives then |ψ n,2 | -1 L 2p 0 +2 (R N ) -→ 0. Since (ψ n , ϕ n ) = (ψ n,2 , ϕ n,2 ) on R N \ B(x n , t n ), we see that R N \B(xn,tn) f n (x) dx -→ 0, hence B(xn,tn) f n (x) dx -→ α 0 , and this implies Λ n (t n ) -→ α 0 . Recall that the sequence (t n ) n 1 has been chosen so that Λ n (t n ) -→ α, thus we get α = α 0 , contradicting the assumption that α ∈ (0, α 0 ). So far we have shown that we cannot have m 2 = 0, and similarly we show that m 1 = 0. We conclude that m 1 , m 2 ∈ (0, m). It is clear that E(ψ n,i , ϕ n,i ) G min ( ϕ n,i We conclude that we cannot have α ∈ (0, α 0 ), and consequently we must have α = α 0 . Since α = α 0 , it is standard to prove that there is a sequence (x n ) n 1 ⊂ R N such that for any ε > 0 there are R ε > 0 and n ε ∈ N such that Since ψ ∈ E, ϕ ∈ H 1 (R N ) and ϕ 2 L 2 = m, we have E(ψ, ϕ) G min (m). From (5.60) and ( 5.61) we get E(ψ, ϕ) lim inf n→∞ E( ψn , φn ). On the other hand, since ψ ∈ E, ϕ ∈ H 1 (R N ) and ϕ 2 L 2 = m, we have E(ψ, ϕ) G min (m). We deduce that necessarily ∇ ψn as n -→ ∞.

R N V (|ψ n | 2 ) -V |ψ n,1 | 2 ) -V (
Moreover, we must have equalities in (5.61) and the lower limits there are in fact limits. We show that ψn -1 L 2 -→ ψ -1 L 2 in the same way as we proved that ϕ 2 L 2 = m. Then the weak convergence and the convergence of norms give ψn -1 -→ ψ -1 and φn -→ ϕ in H 1 (R N ). The last assertion in Theorem 41 is a consequence of the following well-known and elementary result, known as Riesz-Scheé lemma: if φ n and φ are nonnegative integrable functions on a measure space (X, A, µ), if φ n -→ φ almost everywhere and if (5.62) and a standard boot-strap argument imply that ϕ ∈ W 2,p (R N ) for any p ∈ [2, ∞). In particular, ϕ ∈ C 1,α (R N ) for any α ∈ (0, 1) and ϕ is bounded on R N . Since |ψ| 1 a.e., we have F (|ψ| 2 ) ∈ L ∞ (R N ). The rst equation in (5.62) can be written as -∆ψ + A(x)ψ = 0, where A = F (|ψ| 2 ) + 1 ε 4 |ϕ| 2 ∈ L ∞ (R N ). Standard elliptic regularity theory implies that there exists C > 0 such that ψ W 2,p (B(y,1)) C for any y ∈ R N . In particular, ψ is C 1 on R N . (iii) Since any minimizer (ψ, ϕ) for the problem (GS m ) is C 1 in R N , (iii) follows from Theorem 2 p. 314 in [13].

(iv) Given a non-negative, measurable function w : R N -→ [0, ∞) such that L N ({x ∈ R N w(x) > t}) is nite for any t > 0, we denote by w * the symmetric decreasing rearrangement of w. It is well-known that for p ∈ (1, ∞) we have

R N |∇w * | p dx R N
|∇w| p dx, and equality may occur if and only if for any t ∈ (0, sup ess(w)), the level set {x ∈ R N | w(x) > t} is equivalent to a ball. The last statement is a consequence of Lemma 3.2 p. 163 in [3]. It is also well-known that for w 1 , w 2 as above we have 

Chapter 6 Conclusion and some perspectives

The main goal of this thesis was the analysis of the Gross-Clark-Schrödinger system given by (GC)

     i∂ t Ψ = -∆Ψ + 1 ε 2 ( 1 ε 2 |Φ| 2 + |Ψ| 2 -1)Ψ iδ∂ t Φ = -∆Φ + 1 ε 2 (q 2 |Ψ| 2 -ε 2 k 2 )Φ in R × R N ,
with the "boundary conditions" |Ψ| → 1, Φ → 0 as |x| → ∞.

First, in Chapter 2, we have shown that the Cauchy problem associated to this system in dimension N ∈ {1, 2, 3} is locally well posed in E ×H 1 (R N ) using Strichartz type estimates and a xed point theorem. The global well posedness was obtained from the conservation of the energy and the L 2 norm of Φ.

Second, the existence of the travelling waves solutions of speed c for the system (GC) was the aim of Chapter 3, where we have studied several minimizing problems to prove the existence of solutions for the system (TW) -ic ∂ψ

∂x 1 = -∆ψ + 1 ε 2 ( 1 ε 2 |ϕ| 2 + |ψ| 2 -1)ψ -∆ + q 2 ε 2 |ψ| 2 ϕ = λϕ,
The minimizers of the energy at xed mass for ϕ has given us the ground states solutions of the system. We have then obtained some minimizers of energy at xed mixed momentum. The existence of minimizers for the energy at xed mass for ϕ and momentum for ψ was obtained under some condition on the strict sub-additivity of E min (see (3.70) in Chapter 3). It would be very fascinating to nd the values of p and m for which this condition holds. The existence of these minimizers is restricted to some values of c in terms of the right and the left derivatives of the minimal energy.

Numerically, in Chapter 4 we have found the travelling waves solutions of small mass for (GC) and an approximation for the eigenvalue λ, using a Newton-Raphson algorithm with seperated iterations. These solutions were obtained for speeds 0.165 ≤ c ≤ 0.355. One can search for other numerical methods to nd an algorithm that converges for a larger speed range.

Finally, in Chapter 5, two branches of solutions for (TW) were studied numerically for small speeds c and with mass equal to 4π: the ground state branch, issued from the stationary solutions of type ground state, and the vortex branch issued from the stationary solutions of type vortex of degree 1. We could plot the energy-momentum diagram corresponding to each type of these solutions.

For the ground state branch, the diagram is obtained for speeds c ∈ [0, 2.35], while it is found for 141 speeds c ∈ [0.12, 0.19] for the vortex branch. Moreover, we have noticed that for the vortex branch, if c ∈ [0.7, 2.35], the algorithm converges, but the obtained solutions are the same as the ones of the ground state branch and do not present vortices anymore. The proof for the existence of the ground states solutions was recalled in this Chapter. A similar one could be adapted to prove rigorously the existence of the stationary solutions of type bubble-vortices. An interesting study is to test the convergence of the algorithm of minimizing the normalized energy for the vortices of degree 2 and 3 and study the issued branch of these minimizers.
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 11112 Figure 1.1: The energy-momentum diagram for the small mass solutions with m = 0.1

  ) avec une masse xée m de ϕ. Il est facile de voir que (ψ, ϕ) satisfait (1.21) pour une certaine vitesse c si et seulement si (ψ, ϕ)(-x 1 , x ) satisfait (1.21) avec -c au lieu de c. On peut donc supposer que c ≥ 0.
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 13114 Figure 1.3: Le diagramme énergie-moment pour les solutions à petite masse avec m = 0.1

  and we continue the process. If u k has been constructed such that sup t∈[a,b]

1 4 2 4

 12 for any m ∈ (0, 1 e(η)], hence lim m→0 g min (m) m = 1 4 . (iii) We already know that g min (m) m 4 (see part (i)) and it suces to show that for m suciently small and for any ψ ∈ E and any ϕ ∈ H 1 (R N ) satisfying ϕ 2 L 2 = m and E(ψ, ϕ) 2m 4 there holds E(ψ, ϕ)

m 4 .

 4 It also suces to consider the case when ψ and ϕ are real-valued and 0 ψ 1 on R N . Indeed, denoting φ = |ϕ| and ψ = min(|ψ|, 1)

  , 2, and (3.26) implies that m 1 + m 2 = m. Let us show that m 1 > 0 and m 2 > 0. We argue again by contradiction and we assume, for instance, that m 2 = 0. Then we have necessarily m 1

.

  The result of Brothers and Ziemer implies that for almost all t > 0, the sets {x ∈ R N | u(x) > t} and {x ∈ R N | |ϕ|(x) > t} are equivalent either to a ball or to ∅. Since we already know that u and |ϕ| are radially symmetric, we infer that the functions ũ = 1 -| ψ| and | φ| are non-increasing on [0, ∞). The fact that | φ| is nonincreasing implies that the set D = {x ∈ R N |ϕ(x)| > 0} is either a ball or R N . On this set we have a lifting ϕ = |ϕ|e iβ(x) , where β ∈ H 1 loc and |∇ϕ| 2 = |∇|ϕ| | 2 + |ϕ| 2 |∇θ| 2 . Since R N |∇ϕ| 2 dx = R N |∇|ϕ| | 2 dx we must have ∇β = 0 a.e. and we infer that β is constant, β(x) = β 0 for a.e. x ∈ D. Therefore ϕ(x) = e iβ 0 |ϕ(x)| = e iβ 0 | φ|(|x -x 0 |). A similar argument holds for ψ.

p 2 m 2 L 2

 222 achieves its minimum on (0, ∞) at m * = ϕ * and (ψ, e i(p/m * )x 1 ϕ * ) is a solution of the minimization problem (GS m * ).(vi) There exists C > 0 such that h min (p) Cp N N +1 for all p > 0.

E

  β,min (s) s -→ S β as s -→ 0+ (see Proposition 25 (ii)), we infer that E β,min (s) = S β s on [0, p], thus E β,min (p) = S β p, contradicting the assumption E β,min (p) < S β p in Theorem 26.

From ( 3 .

 3 51)-(3.54) we get (3.55) E(ψ, ϕ) lim inf k→∞ E( ψn k , φn k ) = E β,min (p).

( 3 .

 3 63) max(E 1,min (|p|), g min (m)) E min (p, m) E 1,min (|p|) + g min (m).

1 N - 1

 11 and c 2 = mp -N N -1 we get (iv). Fix p 0 > 0. Let a = b = 1 and c = m

1 2 .

 2 Using (3.66) and (3.67) we see that(3.68) 

(vi) Assume that N 3 . 1 N - 1 ,

 311 Fix p 0 and m 0 . Let a = c = 1 and b = t where t > 0. From (3.66) we get(3.69) 

  and we deduce that B(xn,tn)
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 41 Figure 4.1: The initial data of ψ in the stretched variables for c = 0.2

ε 2 and ϕ as in ( 4 . 7 ), with α = 1 ε m 2σ 2 π

 2472 . Now we can plot these data (see Figure4.1 and Figure4.2). For the initialization of λ, we will present the eigenvector ϕ 0 associated to this eigenvalue in Figure4.3.
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 42243 Figure 4.2: The initial data of ϕ in the stretched variables for c = 0.2
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 44245 Figure 4.4: The approximate solution of ψ in the stretched variables for c = 0.2
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 46247 Figure 4.6: The approximate solution of ψ in all R 2 for c = 0.2
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 48249 Figure 4.8: The contour line of the approximate solution of ψ for c = 0.2
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 4102411 Figure 4.10: The contour line of the approximate solution of ψ for c = 0.2

Figure 4 . 12 : 2 Figure 4 . 13 :

 4122413 Figure 4.12: The approximate solution of ψ in the half-plane x 1 ≥ 0 for c = 0.2
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 414 Figure 4.14: The energy-momentum diagram with m = 0.1
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 41 Numerical values of the momentum and the energy for the small mass solutions of (TW) Hence the energy-momentum diagram is a concave curve (see Figure 4.14). We could not have any value of the energy or the momentum for c > 0.355. The solutions corresponding to ψ and ϕ for the rst and the last points of this curve (i.e. for c = 0.355 and c = 0.165) are represented in Figure 4.15 -Figure 4.26. For c = 0.165, we have λ ≈ 4.2082464. For c = 0.355 the algorithm gives λ ≈ 4.1518133.
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 415416 Figure 4.15: The approximate solution of ψ in the stretched variables for c = 0.165
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 417418 Figure 4.17: The contour line of the approximate solution of ψ for c = 0.165
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 419420 Figure 4.19: The approximate solution of ψ in the half-space x 1 ≥ 0 for c = 0.165
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 421422 Figure 4.21: The approximate solution of ψ in the stretched variables for c = 0.355

Figure 4 .Figure 4 .

 44 Figure 4.23: The contour line of the approximate solution of ψ for c = 0.355

Figure 4 .Figure 4 .

 44 Figure 4.25: The approximate solution of ψ in the half-space x 1 ≥ 0 for c = 0.355

  the boundaries x1 = π 2 and x2 = π 2 .

3

 3 The ground state branch 5.3.1 The ground state solutions. Minimizing the energy
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 51 Figure 5.1: The initial data ψ rad,i for the constrained minimization problem (5.9)
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 5253 Figure 5.2: The initial data ϕ rad,i for the constrained minimization problem (5.9)
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 54 Figure 5.4: The value of the energy at each iteration of the minimization problem (5.9)
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 5556 Figure 5.5: The approximation of the constrained minimizers of (5.9)
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 57 Figure 5.7: The initial data for ϕ in the Newton-Raphson algorithm
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 592510 Figure 5.9: The numerical solution for ϕ in the stretched variables with c = 0.2
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 5112512 Figure 5.11: The numerical solution for ϕ in R 2 with c = 0.2
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 5132514 Figure 5.13: The contour lines of the numerical solution of ϕ in R 2 with c = 0.2
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 515 Figure 5.15: The numerical solution of ϕ in the half-space x 1 ≥ 0 with c = 0.2
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 516 Figure 5.16: The Energy-Momentum diagram for the ground state branch
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 5185195202521522 Figure 5.18: The numerical solution for ϕ in R 2 with c = 2.35

Figure 5 .

 5 Figure 5.23: The initial data ψ rad,3D,i for the constrained minimization problem (5.15)

  )

Figure 5 .

 5 Figure5.24: The initial data ϕ rad,3D,i for the constrained minimization problem(5.15) 
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 5 Figure 5.26: The value of the energy at each iteration of the minimization problem (5.15)

Figure 5 .

 5 Figure 5.28: The initial data ψ rad,BV,i for the minimization problem

28 and 5 . 1 + α 2 r 2 1 + β 1 r 2 + β 2 r 4 where α 1

 511241 29). In other words, we initialize ψ or A by ψ rad,BV,i (r) = r α = 0.3350601; α 2 = 0.0494196; β 1 = 0.3725704;β 2 = α 2 .and ϕ by ϕ rad,BV,i (r) = 2αe

Figure 5 .

 5 Figure 5.29: The initial data ϕ rad,BV,i for the minimization problem
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 5252525255 Figure 5.32: The exponential-Padé approximants of the constrained minimizers of the energy E 1,BV

Figure 5 .

 5 Figure 5.41: The energy-momentum diagram for the vortex and the ground state branches

Clearly ψ = 1

 1 obeys to (GP) with the boundary condition ψ → 1 as |(x, y)| → ∞. Neighbouring states are obtained by writing (5.33) ψ = 1 + ψ = 1 + ψ r + iψ i substituting into (5.32), linearising these with respect to ψ , and separating their real and imaginary parts, we obtain (5.34) c ∂ψ i ∂x = -∆ψ r + 2ψ r (5.35) c ∂ψ r ∂x = ∆ψ i where (ψ r , ψ i ) → 0 for r = |(x, y)| → ∞. Thus ψ r and ψ i obey (5.36)

R N |ϕ| 2 GN 2 ,

 22 dx = m . Proposition 40. The function G min has the following properties: (i) G min is non-decreasing and concave on (0, ∞), and 0 G min (m) m ε 4 for all m > 0. (ii) If N = 1 we have G min (m) < m ε 4 for any m > 0 and lim m→0 there exists m 0 > 0 such that G min (m) = m ε 4 for any m ∈ (0, m 0 ].(iv) There exists C > 0 such that G min (m) Cm N N +2 .

1 2 ε 4 ε 4 4 .

 444 e(η)], hence lim m→0 G min (m) m = 1 ε 4 . (iii) We already know that G min (m) m ε 4 (see part (i)) and it suces to show that for m suciently small and for any ψ ∈ E and any ϕ ∈ H 1 (R N ) satisfying ϕ 2 L 2 = m and E(ψ, ϕ) 2m there holds E(ψ, ϕ) m ε It also suces to consider the case when ψ and ϕ are real-valued and 0 ψ 1 on R N . Indeed, denoting φ = |ϕ| and ψ = min(|ψ|, 1) we have

(R N/2 φ 1 xR

 1 iv) Fix a radial function χ ∈ C ∞ c (R N ) such that χ = 1 on B(0, 1), 0 χ 1 and supp(χ) ⊂ B(0, 2). For R > 0 denote ψ R (x) = 1 -χ x R . Denote A = R N |∇ψ 1 | 2 dx and B = R N V (|ψ 1 | 2 ) dx. We have R N |∇ψ R | 2 dx = AR N -2 and R N V (|ψ R | 2 ) dx = BR N . Since ψ R is radial we have Q(ψ R ) = 0.Let φ 1 be an optimizer for the Poincaré inequality on B(0, 1), that isφ 1 ∈ H 1 0 (B(0, 1)), B(0,1) |φ 1 | 2 dx = 1 and B(0,1) |∇φ 1 | 2 dx = C P . Extend φ 1 by zero outside B(0, 1). Let ϕ R (x) = √ m , so that R N |ϕ R | 2 dx = m, R N |∇ϕ R | 2 dx = C P R 2 m and supp(ϕ R ) ⊂ B(0, R), hence R N |ψ R | 2 |ϕ R | 2 dx = 0. Then we have (5.47) G min (m) E(ψ R , ϕ R ) = AR N -2 + BR N + C P ε 2 q 2 R 2 m = f m (R).

1 N 1 r

 11 +2and there is some constantC > 0 such that f m (R m ) Cm N N +2 . Coming back to (5.47) we conclude that G min (m) Cm N N +2 .Let us now provide some explicit ε-dependent bounds C when N = 1, 2 or 3 andF (s) = 1 -s, hence V (s) = (1 -s) 2 /(2ε 2 ).First, we may take, by density,χ(x) = 1 if |x| 1, χ(x) = 0 if |x| 2, χ(x) = 2 -|x| if 1 |x| 2, so that A = H N -1 (S N -1 )2 N -1 dr = L N (B(0, 1))(2 N -1).

( 5 .

 5 48) G min (m) f m (R m ) 3π

ϕ n 2 L 2

 22 -→ m and E(ψ n , ϕ n ) -→ G min (m),

Let κ = m -ε 4 G 2 L 2

 422 min (m) > 0. Choose d ∈ (0, 1) such that mε 4 (1-d) 2 G min (m) > κ 2 . Denote A n = {x ∈ R N | |ψ n (x)| < 1 -d}, m 1,n = An |ϕ n | 2 dx and m 2,n = R N \An |ϕ n | 2 dx. It is obvious that m 1,n + m 2,n = ϕ n -→ m and m 2,n 1 (1 -d) 2 R N \An |ψ n | 2 |ϕ n | 2 dx ε 4 (1 -d) 2 E(ψ n , ϕ n ) -→ ε 4 (1 -d) 2 G min (m) Since |ψ n,i | max(|ψ n |, 1) and |ϕ n,i | |ϕ n | for i = 1, 2, we have (5.54) R N |ψ n | 2 |ϕ n | 2 -|ψ n,1 | 2 |ϕ n,1 | 2 -|ψ n,2 | 2 |ϕ n,2 | 2 dx 3 Ωn |ϕ n | 2 + |ψ n | 2 |ϕ n | 2 dx 3h n .

2 L 2 ) 2 .

 222 and letting n -→ ∞ we nd, by continuity of G min ,lim inf n→∞ E(ψ n,i , ϕ n,i ) G min (m i ) for i = 1,Then using (5.57) we get G min (m) G min (m 1 ) + G min (m 2 ). On the other hand, the concavity ofG min implies G min (m i ) m i m G min (m)and equality may occur in this inequality if and only if G min is linear on [0, m]. Summing up the last two inequalities and comparing to the previous inequality we see that necessarily G min (m i ) = m i m G min (m) for i = 1, 2, and therefore G min must be linear on [0, m]. Then Proposition 40 (ii) and (iii) implies that G min (m ) = m ε 4 for all m ∈ [0, m], contradicting the fact that G min (m) < m ε 4 .

( 5 . 2 L 2 lim inf n→∞ ϕ n 2 L 2 =| φn | 2 dx > φn 2 L 2 - 2 L 2 2 L 2 .

 52222222222 58)R N \B(xn,Rε)f n (x) dx < ε for all n n ε .Denoting ψn = |ψ n |(• -x n ) and φn = |ϕ n |(• -x n ), it is easily seen that ψn -1 and φn are bounded in H 1 (R N ). Passing again to a subsequence (still denoted the same), we infer that there exist ϕ ∈ H 1 (R N ) and ψ ∈ 1 + H 1 (R N ) such that (5.59) ψn -ψ 0 and φn ϕ weakly inH 1 (R N ), ψn -→ ψ and φn -→ ϕ in L p loc (R N ) for any 1 p < 2 *and almost everywhere.The weak convergence implies ϕ m. On the other hand, x ε > 0. Using (5.58),for n n ε we haveR N \B(0,Rε) | φn | 2 dx < ε, hence B(0,Rε) ε for all n n ε . Since φn -→ ϕ in L 2 (B(0, R ε )), we obtain B(0,Rε) |ϕ| 2 dx m -ε. Since ε > 0 is arbitrary, we infer thatR N |ϕ| 2 dx m. Thus we have shown that ϕ The convergence almost everywhere and Fatou's lemma give (5.61) R N V (|ψ| 2 ) dx lim inf n→∞ R N V (| ψn | 2 ) dx and R N |ψ| 2 |ϕ| 2 dx lim inf n→∞ R N | ψn | 2 | φn | 2 dx.

2 L 2 -→ ∇ψ 2 L 2 , and ∇ φn 2 L 2 -→ ∇ϕ 2 L 2

 22222222 

X 2 F

 2 φ n dµ -→ X φ dµ, then X |φ n -φ| dµ -→ 0.Proposition 44. Assume that (ψ, ϕ) ∈ E × H 1 (R N ) is a solution of the minimisation problem (GS m ).Then:(i) There exists γ ∈ [G min,r (m), G min, (m)] (where G min, and G min,r are the left and right derivatives of the concave function G min , respectively) such that (5.62)-∆ψ + 1 ε (|ψ| 2 )ψ + 1 ε 4 |ϕ| 2 ψ = 0, -∆ϕ + q 2 ε 2 |ψ| 2 ϕ -ε 2 γϕ = 0 in R N .(ii) We have |ψ| 1 almost everywhere andψ ∈ W 2,p loc (R N ), ϕ ∈ W 2,p (R N ) for any p ∈ [2, ∞).In particular, ψ and ϕ are C 1 functions.(iii) The function (ψ, ϕ) is radially symmetric (after translation). That is, there exist x 0 ∈ R N and ψ, φ : [0, ∞) -→ C such that ψ(x) = ψ(|x -x 0 |) and ϕ(x) = φ(|x -x 0 |) for all x ∈ R N .(iv) If (ψ, ϕ) is a minimizer and ψ, φ are as in (iii), then the function | ψ| is nondecreasing on [0, ∞), | φ| is nonincreasing on [0, ∞) and there exist constantsθ 0 , β 0 ∈ R such that ψ = e iθ 0 | ψ|, φ = e iβ 0 | φ| on [0, ∞). Proof. (i) is standard. (ii) If (ψ,ϕ) is a minimizer, then (|ψ|, |ϕ|) is also a minimizer. It is clear that E(min(1, |ψ|), |ϕ|) E(|ψ|, |ϕ|). Since (|ψ|, |ϕ|) is a minimizer, we must have E(min(1, |ψ|), |ϕ|) = E(|ψ|, |ϕ|). This implies ∇|ψ| = 0 a.e. and V (|ψ| 2 ) = 0 a.e. in the set {x ∈ R N |ψ(x)| > 1}, and we deduce that (|ψ|-1) + = 0 a.e. on R N . Thus |ψ| 1 a.e. on R N . Then the second equation in

R N w 1 2 L 2 = |ϕ| 2 L 2 = ϕ 2 L 2 =

 1222222 w 2 dx R N (w 1 ) * (w 2 ) * dx. Obviously, we have (|ϕ| 2 ) * = (|ϕ| * ) 2 . Let u = 1 -|ψ|. Since 0 u 1 and the mapping s-→ 2s -s 2 is increasing on [0, 1], we have (2u -u 2 ) * = 2u * -u 2 * . Therefore R N (1 -u * ) 2 (|ϕ| * ) 2 dx = R N (|ϕ| * ) 2 dx -R N (2u * -u 2 * )(|ϕ| * ) 2 dx = R N |ϕ| 2 dx -R N (2u -u 2 ) * (|ϕ| 2 ) * dx R N |ϕ| 2 dx -R N (2u -u 2 )|ϕ| 2 dx = R N |ψ| 2 |ϕ| 2 dx. We infer that E(1 -u * , |ϕ| * ) E(|ψ|, |ϕ|) E(ψ, ϕ). Since (ψ, ϕ) is a minimizer and |ϕ| * m, we must have E(1 -u * , |ϕ| * ) = E(|ψ|, |ϕ|) = E(ψ, ϕ), and consequentlyR N |∇u * | 2 dx = R N |∇u| 2 dx and R N |∇|ϕ| * | 2 dx = R N |∇|ϕ| | 2 dx. The result of Brothers and Ziemer implies that for almost all t > 0, the sets {x ∈ R N | u(x) > t} and {x ∈ R N | |ϕ|(x) > t} are equivalent either to a ball or to ∅. Since we already know that u and |ϕ| are radially symmetric, we infer that the functions ũ = 1 -| ψ| and | φ| are non-increasing on [0, ∞). The fact that | φ| is nonincreasing implies that the set D = {x ∈ R N |ϕ(x)| > 0} is either a ball or R N . On this set we have a lifting ϕ = |ϕ|e iβ , where β ∈ H 1 loc (R N ) and |∇ϕ| 2 = |∇|ϕ| | 2 + |ϕ| 2 |∇β| 2 . Since R N |∇ϕ| 2 dx = R N |∇|ϕ| | 2 dx we must have ∇β = 0 a.e. and we infer that β is constant, β(x) = β 0 for a.e. x ∈ D. Therefore ϕ(x) = e iβ 0 |ϕ(x)| = e iβ 0 | φ|(|x -x 0 |). A similar argument holds for ψ.

  

  

  

  

  

  

  

  

  

  

  

  

  2.3.1 Estimates on the nonlinear driftsLemma 6. Assume that 1 ≤ N ≤ 4. Consider p ≥ 4 such that H 1 (R N ) is continuously embedded into L p (R N ).Then F and G are continuous from

  for all t. Notice that Proposition 2.3 in[5] is valid for N = 1, 2, 3 and it implies that there existsT 1 (R) > 0 such that for |t| ≤ T 1 (R) we have E 1 (e it∆ Ψ 0 ) ≤ 2R.Using(2.19) and (2.20) in the particular case when Ψ 2 is constant of modulus 1 and Φ 2 = 0, we get sup

	|t|≤T

  conclusion of Theorem 19 is only a statement about |ψ n | and |ϕ n |. More information should be available here. Indeed, if (ψ n , ϕ n ) is a minimizing sequence, then E(ψ n , ϕ n ) -E(|ψ n |, |ϕ n |) -→ 0, hence ψ n should be "close" to e iθn |ψ n | and ϕ n should be "close" to e iβn |ϕ n | for some θ n , β n ∈ R. Proof. Let (ψ n , ϕ n ) n 1 be a sequence as in Theorem 19. In particular, E 1 (ψ n ) and ϕ n H 1 (R N ) are bounded. It follows from Lemma 4.8 p. 177 and Corollary 4.3 p. 172 in

  This is no longer true if N 4. Under the assumptions of part (ii), R N |ψ n | 2 |ϕ n | 2 dx remains bounded but does not necessarily tend to zero if N = 4, and this quantity may be arbitrarily large if N 5.

  Cp n ), let φn = 1 √ p n,2 ϕ n . It is obvious that Q( φn ) =1 and p n,2 Cp n C * E(ψ n , ϕ n ) and we have

contradicting the fact that E(ψ n , ϕ n ) < * p n for all n. We conclude that there is C > 0 such that C p n,2 pn 2 1-β for all n suciently large.

If n is large enough (so that p n,2

  and equality may occur if and only if E β,min is linear on [0, p]. Summing the above inequalities and comparing to (3.48) we see that equality must occur, and thus E β,min must be linear on [0, p]. Since

a contradiction. Thus p > 0. Similarly we prove that p > 0, thus p , p ∈ (0, p). The concavity of E β,min (see Proposition 25 (iv)) implies that E β,min (p ) p p E β,min (p) and E β,min (p ) p p E β,min (p)

  a standard bootstrap argument gives the desired regularity result. If N 4, bootstrap doesn't work anymore because of the terms | φ| 2 ψ and | ψ| 2 φ even if the nonlinearity F is subcritical (that is, assumption (A2) is satised). In the case

	N = 3, the standard nonlinearity F (s) = 1 2 (1 -s) appearing in (GC) becomes critical and prevents
	bootstrap to work. If N	3, we use assumption (A3) and Proposition 2.2 (i) p. 1078 in

  1 

	c	Momentum	Energy
	0.355	30.622562	76.433487
	0.345	32.88967555	77.58745292353
	0.335	34.25260209	78.2507466199
	0.315	37.73496833	79.79338513551
	0.3	40.89830567	80.98027299029
	0.27	46.96893883	82.74749393678
	0.24	51.39760595	83.92101094292
	0.225	54.89109151	84.70760002663
	0.215	58.362908	85.370019
	0.175	71.032636	87.01579
	0.165	75.788422	87.262036

Table 5 .

 5 1 below.

	c	Momentum	Energy
	0.05	1.1400364	1261.0252
	0.35	8.0255292	1262.4817
	0.7	16.3374398	1267.0911
	0.9	21.341026	1271.2986
	1.4	15.288228	1288.1487
	1.5	38.441068	1292.8946
	1.7	45.280566	1304.221
	1.95	55.188544	1322.8241
	2.2	67.554076	1349.0038
	2.35	77.308418	1371.3961

Table 5 .

 5 1: Numerical values of the momentum and the energy for the ground state branch of (TW)

Table 5 .

 5 

	2: Numerical values of λ for the ground state branch
	5.4 Ground state in 3D					
	In dimension 3, the ground state solutions are radial. We consider the minimization problem
	Minimize					
	E 3D (ψ rad,3D , ϕ rad,3D ) = 4π	0	ξ	ψ 2 rad,3D +	1 2ε 2 (ψ 2 rad,3D -1) 2 +	1 ε 4 ψ 2 rad,3D ϕ 2 rad,3D

Table 5 . 3

 53 

	:

Table 5 .

 5 3: Numerical values of the momentum and the energy for the vortex branch

  The conclusion of Theorem 41 is only a statement about |ψ n | and |ϕ n |. More information should be available here. Indeed, if (ψ n , ϕ n ) is a minimizing sequence, then E(ψ n , ϕ n ) -E(|ψ n |, |ϕ n |) -→ 0, hence ψ n should be "close" to e iθn |ψ n | and ϕ n should be "close" to e iβn |ϕ n | for some θ n , β n ∈ R.Remark 43. For the physical values (5.7),(5.8) of the parameters, and by using the upper bounds (5.49), (5.48) and (5.50), we may check that the conclusion of Theorem 41 with F (s) = 1 -s holds at least when (i) N = 1 and m > 0.0245; (ii) N = 2 and m > 0.25; (iii) N = 3 and m > 62.14.Proof. Let (ψ n , ϕ n ) n 1 be a sequence as in Theorem 41. In particular, E 1 (ψ n ) and ϕ n H 1 (R N ) are bounded. It follows from Lemma 4.8 p. 177 and Corollary 4.3 p. 172 in[4] that |ψ n | -1 L 2 (R N ) is bounded. Let p 0 be as in assumption (A2). Denote

  |ψ n,2 | 2 ) dx Ωn |V (|ψ n | 2 )| + |V |ψ n,1 | 2 )| + |V (|ψ n,2 | 2 )| dx 3C a similar equality holds for ψ n,2 . If n is suciently large, so that N |∇χ| 2 t 2 n on R N , we get Ωn ∇|ψ n | 2 + |ψ n | -1 2 dx 5h n .It is obvious that a similar estimate holds for ϕ n . From (5.54)-(5.56) we infer that there exists a constant C > 0 such that for all n suciently large we have(5.57) E(ψ n , ϕ n ) -E(ψ n,1 , ϕ n 1 ) -E(ψ n,2 , ϕ n 2 ) Ch n .

										2p 0 +2	3Ch n .
	We have	∂ψ n,1 ∂x j = ∂|ψn| ∂x j χ x-xn tn	+ 1 tn (|ψ n | -1) ∂χ ∂x j	x-xn tn				
		Ωn	∂ψ n,1 ∂x j	2	dx 2	Ωn	∂|ψ n | ∂x j	2	+	1 N	|ψ n | -1	2 dx
	and summing up we infer that								
	(5.56)										

Ωn

|ψ n | -1 2 + |ψ n | -1 and R N |∇|ψ n | | 2 -|∇ψ n,1 | 2 -|∇ψ n,2 | 2 ) dx Ωn (|∇|ψ n | | 2 + |∇ψ n,1 | 2 + |∇ψ n,2 | 2 ) dx 5

Dans un second temps nous nous sommes intéressés aux ondes progressives de ce système. Ces solutions spéciales ont été étudiées dès 1974 par des physiciens à l'aide des développements asymptotiques formels et de quelques simulations numériques. En dimension un d'espace l'existence de ces solutions et quelques propriétés ont été établies rigoureusement en 2006. Malgré plusieurs tentatives, il n'existe dans la littérature aucune preuve rigoureuse de l'existence des ondes progressives en dimension supérieure ou égale à deux. Nous avons utilisé plusieurs approches pour montrer l'existence, basées sur des idées et des outils récemment développés en Calcul des Variations. Une d'elles consiste à minimiser l'énergie associée au système sous deux contraintes, à masse constante et à moment constant. Nous avons montré que les ondes progressives minimisantes existent pour tout couple (moment, masse) qui vérie une condition de stricte sous-additivité de l'énergie minimale comme fonction de deux variables.En parallèle, nous avons eectué des simulations numériques qui ont bien mis en évidence les ondes progressives dans les cas qui correspondent aux applications physiques, nous avons obtenu leurs prols et nous avons calculé leurs niveaux d'énergie.Nous avons étudié également d'autres types de solutions spéciales, notamment les états fondamentaux de moment nul et les solutions de type bulle-vortex.

1.2. VERSION FRANÇAISE

See (2.27) for a more precise statement.

2.2. THE ENERGY SPACE

* -1 2 if N ≥

3,C 6 ε + C 7 √ ε (E 1 (ψ)) p 0 +1 if N = 2.

Remerciements

as n -→ ∞. It follows that

Hence there exists

Denoting by L N the Lebesgue measure in R N and using Hölder's inequality we get

for all n n 0 .

The above inequality implies that there exists η 0 > 0 such that L N (A n ) η 0 for all n n 0 . Using Lieb's Lemma for (1 -|ψ n |) + (see Lemma 6 p. 447 in [9]) we infer that there exists η 1 > 0 and for any n n 0 there is

Then we get

B(yn,1)

for all n n 0 .

The above inequality implies that Λ(1) η 1 d 2 4 , and consequently α > 0. To prove that α ∈ (0, α 0 ) we argue by contradiction and we assume that 0 < α < α 0 . Let

) and χ = 0 on R N \ B(0, 1). Denote