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Abstract

In the last decades, Apollonian packings have drawn increasing attention due to
their applications in number theory, geometric group theory, hyperbolic geometry,
fractal structures and discrete geometry. In this thesis, we study a class of sphere
packings where the combinatorics is carried by an edge-scribed polytope. Through
this connection, Apollonian packings can be generalized in different geometric set-
tings and in higher dimensions. The polytopal structure also allows us to obtain a
generalization of the Descartes” Theorem for the sphere packings which are based
on the regular polytopes in every dimension. We use the polytopal generalization
of the Descartes” Theorem to find integrality conditions of the Apollonian packings
based on the Platonic solids. Then, we introduce the notion of Apollonian section,
and we use it to show that the set of curvatures of any integral tetrahedral, octahe-
dral or cubical Apollonian packing is contained in the set of curvatures of an integral

orthoplicial Apollonian packing.

The polytopal approach that we propose also allows us to extend the appli-
cations of Apollonian packings into a novel direction in the area of topology. In
this thesis, we introduce two methods of construction of necklace representations
of knots and links. The first method follows directly from the Koebe-Andreev-
Thurston Circle Packing Theorem and gives a linear upper bound on the minimum
number of spheres needed to construct a necklace representation in terms of the
crossing number. In the second method, we use the fractal structure of orthopli-
cial Apollonian packings to construct necklace representations of rational links with

interesting arithmetical properties.






Résumé

Les empilements apolloniens ont attiré 1'attention des mathématiciens en raison
de leurs applications en théorie des nombres, théorie géométrique des groupes,
géomeétrie hyperbolique, structures fractales et géométrie discrete. Dans cette these,
nous introduisons une classe d’empilements de spheres o1 la combinatoire est don-
née par un polytope inscrit aux arétes. A travers cette connexion, nous généralisons
les empilements apolloniens dans d’autres contextes géométriques et en dimensions
supérieures. Cette structure polytopale permet également d’obtenir une générali-
sation du théoreme de Descartes pour les empilements de spheres provenant des
polytopes réguliers dans toutes les dimensions. Nous utilisons ce résultat pour car-
actériser l'intégralité des empilements apolloniens provenant des solides platoni-
ciens. Puis, nous introduisons la notion de section apollonienne, et nous 1'utilisons
pour montrer que 'ensemble des courbures de tout empilement apollonien intégral
tétraédrique, octaédrique ou cubique est contenu dans 1’ensemble des courbures

d"un empilement apollonien orthoplicial intégral.

L’approche polytopale que nous proposons nous permet également d’étendre les
applications des empilements apolloniens dans une nouvelle direction dans le do-
maine de la topologie. Dans cette thése, nous introduisons deux méthodes de con-
struction de représentations en colliers de nceuds et d’entrelacs. La premiere méth-
ode découle directement du théoreme d’empilements de cercles de Koebe-Andreev-
Thurston, et donne une borne supérieure linéaire sur le nombre minimal de spheres
nécessaires pour construire une représentation en collier en termes du nombre min-
imal de croisements. Dans la seconde méthode, nous utilisons la structure fractale
des empilements apolloniens orthopliciaux pour construire des représentations en

collier des entrelacs rationnels avec des propriétés arithmétiques intéressantes.






Résumé étendu

Les empilements de sphéres sont des objets qui apparaissent trés souvent, non seule-
ment en mathématiques, mais aussi en divers champs scientifiques comme la chimie
pour les structures cristallines, la physique pour la modélisation des milieux granu-
laires ou l'informatique pour les codes correcteurs. Parmi la variété infinie des con-
figurations possibles, les empilements apolloniens ont attiré 1’attention des mathémati-
ciens en raison de leurs applications en théorie des nombres, théorie géométrique de
groupes, géométrie hyperbolique, structures fractales ou géométrie discréte. Dans
cette these, nous utilisons la combinatoire des polytopes pour généraliser les em-
pilements apolloniens et les appliquer dans la construction polygonale des nceuds

et entrelacs dans l'espace.

En premier lieu, nous introduisons les différents modeles géométriques qui sont
utilisés pour étudier les empilements de spheres. Nous rappelons la bijection qui
existe entre 'ensemble des boules euclidiennes en dimension d et 'ensemble des
vecteurs unitaires dans 1’espace lorentzien en dimension d + 2. Cette bijection fait
de I’algebre linéaire, appliquée aux espaces lorentziennes, un outil tres adapté pour

étudier les empilements de spheres.

Nous continuons avec les notions basiques de la théorie des nceuds, en faisant
un point sur les entrelacs rationnels introduits par Conway, et finissons cette section
en décrivant les invariants géométriques qui sont liés aux représentations polygo-
nales des nceuds. La longueur en spheres est I'un de ces invariants, défini comme le
nombre minimal de spheéres dans un collier ayant la forme d"un nceud ou entrelacs
donné. Dans le chapitre 2, en utilisant la géométrie lorentzienne et le théoréme de
Koebe-Andreev-Thurston sur les empilements de cercles, nous prouvons une borne
linéaire de la longueur en spheres en fonction du nombre minimal de croisements
d'un noeud. La méthode utilisée dans la preuve inspire un premier algorithme de
construction des représentations de nceuds en collier a partir d'un diagramme de
neceuds planaire. Ce type de représentations a été récemment utilisée pour I'étude

du volume hyperbolique de 3-variété hyperbolique.
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Dans le chapitre 3, nous faisons le lien entre les empilements et les polytopes.
Pour cela, nous voyons d’abord les définitions classiques associées aux polytopes et
le modele projectif de I'espace de boules. Dans ce modele, une boule d-dimensionnelle
correspond a un point dans l'espace euclidien de dimension d + 1 ayant une norme
strictement plus grande que 1. De maniere analogue, un empilement de boules d-
dimensionnelles correspond a un polytope de dimension d + 1 vérifiant certaines
propriétés géométriques. Les empilements issus de cette correspondance seront ap-
pelés polytopaux. Nous étudions ensuite 1'unicité sous transformations de Mobius et
la dualité des empilements polytopaux. Cette derniere permet de bien généraliser
les empilements apolloniens dans d’autres combinatoires et en dimensions plus

grandes.

L’application des empilements apolloniens dans la théorie des nombres vient du
fait qu’il existe une infinité d’empilements apolloniens intégraux dont les courbures
de tous les cercles contenus dans 1'empilement sont des entiers. C’est le théoréme
de Descartes sur les courbures d’un empilement de 4 cercles deux-a-deux tangents
qui permet de créer le lien, car il donne les conditions nécessaires pour qu’un em-
pilement apollonien soit intégral. Dans le chapitre 4, nous utilisons la géométrie
lorentzienne pour donner une généralisation du théoreme de Descartes pour les
empilements polytopaux réguliers. Nous appliquerons ce résultat pour caractériser
I'intégralité des empilements apolloniens polytopaux, lorsque le polytope corre-

spondant est 1'un des solides de Platon.

Le chapitre 5 est dédié a 1’étude d'une famille d’empilements polytopaux réguliers
en dimension 3: les empilements orthopliciaux. Ceux-ci sont des empilements ayant
la combinatoire de l'orthoplex, 'analogue de 1’octaédre en dimension 4. La ver-
sion apollonienne pour les empilements orthopliciaux a été introduite par Dias et
Nakamura en 2014, comme une généralisation des empilements apolloniens trois
dimensionnelles ayant une structure algébrique plus riche. Cela leur a permis de
résoudre des problémes arithmétiques, dans les cas des empilements apolloniens
orthopliciaux, qui restent toujours ouverts pour les empilements apolloniens clas-

siques en dimension 2. Avec les outils développés dans les chapitres précédents,
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nous montrons 1'unicité de Mobius des empilements orthopliciaux et nous calcu-
lons les groupes apolloniens associés. Puis, nous introduisons la notion de section
apollonienne qui généralise, d'une maniere algébrique, I’action d’intersecter un em-
pilement avec un hyperplan. Les sections apolloniennes nous permettent de mon-
trer que les ensembles des entiers qui se trouvent dans les empilements apolloniens
intégraux venant d’un tétraédre, un octaedre ou un cube sont toujours contenus
dans I’ensemble des entiers d"un empilement apollonien intégral ayant la combina-

toire de l'orthoplex.

Dans le chapitre 6, nous regardons les questions évoquées au chapitre 2 sur
les représentations en collier et la longueur en spheres des noeuds, dans les em-
pilements apolloniens orthopliciaux. En utilisant les structures obtenues dans le
chapitre 5, nous prouvons plusieurs résultats. Tout d’abord, nous montrons que
tout entrelacs admet une représentation en collier contenue dans les empilements
apolloniens orthopliciaux. Puis, avec une projection déterminée, nous perfection-
nons ce résultat en montrant que tous les entrelacs rationnels, et plus généralement
les entrelacs algébriques, admettent une représentation en collier dans une section
apollonienne cubique d"un empilement apollonien orthoplicial. Ce dernier résultat
nous permet d’améliorer la borne supérieure de la longueur en spheres qui a été
donnée au chapitre 2, dans les cas des entrelacs rationnels. Enfin, nous montrons

deux corollaires arithmétiques du dernier résultat.

Nous finissons ce manuscrit par une discussion sur les résultats obtenus dans
cette these, le travail qui est en cours et les perspectives sur les possibles applications

dans la théorie des nombres et la théorie des nocuds.






Introduction

Sphere packings appear diversely in chemistry, physics, computer science and math-
ematics. There is a long trajectory on numerical and analytic approaches, but many
questions about the algebraic and combinatorial aspects of non-congruent sphere
packings remain open to date. Among the great variety of possible configurations,
the Apollonian packings have drawn increasing attention by mathematicians due to
their applications in number theory, geometric group theory, hyperbolic geometry,

fractal structures or discrete geometry.

The origin of the term Apollonian packings goes back to a problem apparently
raised by Apollonius of Perga around 230 BCE, following the writings of Pappus of
Alexandria on Apollonius” works [31]. The problem of Apollonius concerned the
number of circles that can be added to be tangent to three given circles. If the three
given circles are pairwise tangent, then the answer is two. The packing made by
these five circles gives the first step towards an Apollonian packing, which is made
by inscribing a new circle at the interstice made by each triplet of circles, and then
repeating this process ad infinitum. The first record of the whole picture belongs
to Leibniz, in a fragment of a letter to Des Bosses in 1706 [70] on his attempts to

illustrate the notion of infinitesimal.

Beyond mathematics, the space-filling property of the three-dimensional ana-
logue of Apollonian packings has been used in the modelling of granular systems
[4], foam structures [86], fluid emulsions [67] and in many other applications [103,
94, 65].

In number theory, research on Apollonian packings has been increasing in the
last decades, due to the interesting properties of the integral and algebraic structures
behind Apollonian packings revealed in a foundational series of papers by Graham,
Lagarias, Mallows, Wilks and Yan [44, 45, 46, 47]. Chen, in his PhD thesis [21],
proposed a combinatorial approach to study Apollonian packings by relating them
with stacked polytopes. In this thesis, we develop a line of research close to Chen’s,
by using a polytopal approach to generalize the structure of Apollonian packings in

different geometric settings and in higher dimensions.
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The approach that we propose allowed us to obtain new results in number theory
on Apollonian packings, and also to extend the applications of Apollonian packings
into a novel direction in the area of topology. For a given knot K (resp. link), a
necklace representation is a cyclic chain (resp. chains) of consecutive tangent spheres
which are ambient isotopic to K. Necklace representations of knots and links have
been recently used for the study of hyperbolic volume of hyperbolic 3-manifolds
[41]. In this thesis, we used the fractal structure of polytopal Apollonian packings to
construct necklace representations of links and knots with interesting arithmetical

properties.

Organization of the manuscript

In Chapter 1, we discuss the classic results and definitions in sphere packings

and knots that will be used throughout the rest of the manuscript.

In Chapter 2, we present an upper bound on the minimum number of spheres
needed to construct a necklace representation of a given knot or link. We finally
describe an algorithm to construct necklace representations, which is based in the

constructive proof of the upper bound.

In Chapter 3, we explore the connection between polytopes and sphere pack-
ings in any dimension by introducing a class of packings whose combinatorics is
based on edge-scribed polytopes. We then study the unicity under Mdbius trans-
formations and the duality of these packings. The latter allows us to generalize the

Apollonian group and the Apollonian packing within new settings.

In Chapter 4, we generalize the Descartes’ theorem for polytopal d-ball packings
obtained from a regular polytope. The latter allows us to construct integral Apollo-

nian packings based on the Platonic solids.

In Chapter 5, we review the orthoplicial Apollonian packing, introduced by Dias
[33] and Nakamura [79], with the tools developed in the previous chapter. After
introducing the notion of Apollonian section, we show that the set of curvatures of
every integral tetrahedral, octahedral and cubical Apollonian packing is contained

in the set of curvatures of an integral orthoplicial Apollonian packing.
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Chapter 6 connects the two main objects of this thesis: Apollonian packings and
necklace representations. We use the orthoplicial Apollonian packing to produce
necklace representations efficiently. The latter reveals interesting geometric and

arithmetic properties.
A final section presents general conclusions of our work and includes discus-

sions on some current developments and future perspectives.

The first section of Chapter 1 and the content of Chapter 2 were published in
[81]. Chapters 3, 4 and 5 are based on the submitted preprints [82, 84] and Chapter

6 is a part of a preprint in preparation [83].






CHAPTER 1

General background

Contents
1.1 The space of oriented hyperspheres . . . . . ... ... ......... 5
1.1.1 Thesphericalmodel . . ... .................... 6
1.1.2  The hyperbolicmodel . . .. ... .. ... ............ 8
1.1.3 The Lorentzianmodel . . ... .. ... .. ............ 8
114 TheMobiusgroup . ... ... ... ... ... .......... 11
1.1.5 Coordinatesystems . . . . ... .... ... ............ 12
1.1.6 Packings . .. ... ... .. ... .. ... o 14
1.1.7 Mobius uniqueness of d-ball packable graphs. . . . . . ... .. 16
1.2 Preliminariesonknottheory . . ... ... .. ... .. ......... 17
121 Diagramsof knotsand links. . . . .. ............... 17
122 Tangles . . . . ... .. ... .. 19
1.2.3 Rationaltangles . . . . .. ... ... ... ... ... .. .. .. 21
124 Braids . ... ... ... ... 23
1.2.5 Polygonal representations . . . . ... ... .. ... ... .. .. 24

In this chapter, we discuss a general background needed throughout the manuscript.

1.1 The space of oriented hyperspheres

In this section, we review the space of d-dimensional oriented hyperspheres (or
d-ball) in the Euclidean space through different classic models. The majority of the

notations and definitions were adapted from [18, 104, 20].



6 Chapter 1. General background

1.1.1 The spherical model

Let d > 1 be an integer. We denote R? the Euclidean space of dimension d. Let
S? be the unit d-sphere of R4 endowed with the induced metric || - ||s from R+ A

d-spherical cap « of center v € S? and spherical radius p € (0,27) is a subset given by
a={res'| o —1ls < p} (1.1)

which gives a partition of S? in three disjoint subsets: the interior of «, points of
S? satisfying (1.1) strictly, the exterior of «, points of S¢ not satisfying (1.1) and the
boundary of o, da, points of S¢ satisfying the equality of (1.1). Let Caps(S?) denote the
family of d-spherical caps. It is well known that S? is homeomorphic to R? under the
stereographic projection, where RY .= RY U {o0} is the one-point compactification
of R%. We call a d-ball of R? the image of a d-spherical cap under the stereographic
projection. We denote by BaIIs(I@d) the space of d-balls, isomorphic to Caps(S?) given
by the above construction. A d-ball b is called solid sphere, hollow sphere or half-space
depending on whether the pole of the stereographic projection lies in either the exte-
rior, the interior or the boundary of the corresponding d-spherical cap ;. Therefore,
we have that a d-ball of R? of curvature x € R corresponds to one of the following

subsets:

- Solid sphere: {x € R? | ||z — ¢|| < 1/x} when & > 0.

It is also a standard d-ball of R? with center ¢ € R% and radius %

- Hollow sphere: {x € Re | ||z — ¢|| > —1/k} when k < 0.

It can be regarded as the closure of the complement of a solid sphere.

- Half-space: {x € Re |z -7 < 8} when k = 0.
By convention, we choose the normal vector n pointing towards the interior.
The real number ¢ represents the signed distance from the boundary to the ori-

gin (positive if the origin is contained in the interior and negative otherwise).

There is a natural embedding of Balls(R%) — Balls(R%+!) where a d-ball b of center ¢
and curvature x (resp. normal vector 7 and signed distance ¢) is mapped to a (d+1)-
ball b of center (¢,0) and curvature x (resp. normal vector (72, 0) and signed distance

9). We call this embedding the inflate operation.
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1.1.1.1 The intersection angle

For d > 1,let b and b be two d-balls with intersecting boundaries. We define the
intersection angle of b and ¥/, denoted by £(b,V’) € [0, ], as the angle formed by the
vectors pé and p¢’ where ¢ and ¢ are the centers of b and ¥ and p € 9b N OV (see
Figure 1.1). The intersection angle does not depend on the choice of the point in the

intersection.

D

L1

Figure 1.1: The intersection angle of two disks.

Two d-balls b and b’ with intersecting boundaries are said to be:
- Internally tangent if £(b,b") = 0.

- Orthogonal if £(b,V) = 7.

- Externally tangent if £(b,b') = 7.

When the boundaries of b and 0’ do not intersect the intersection angle £(b,t') is
not well-defined. In this case we say that b and ' are disjoint if they have disjoint

interiors and nested if one is contained in the other.
Remark 1. The inflate operation preserves intersection angles.

We notice that the definition of intersection angle does not apply when d = 1,
since the boundary of a 1-ball is not simply connected. In this case, we can define
the intersection angle of two 1-balls as the intersection angle of the corresponding

2-balls given by the inflate operation.
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1.1.2 The hyperbolic model

Let H4! be the Poincaré ball model of the hyperbolic space of dimension d + 1
embedded in R% as the standard unit (d + 1)-ball. The boundary OH* is ex-
actly the unit sphere S?. A d-hyperbolic half-space of H*™' is the intersection h :=
H*! Ny, where by, is a (d + 1)-ball orthogonal to H*!. We denote by Halfs(H®t!) the
space of hyperbolic half-spaces of H?*!. At the boundary of H"!, the intersection
OHY Ny, = SN by isa d-spherical cap a; which corresponds to a d-ball by, by the
stereographic projection. For any d-ball, the mapping h +— «y, — by, can be reversed

so we can define the following isomorphisms:
Balls(R?) —=— Caps(S%) —=— Halfs(H"+!) (1.2)

The notions of interior, exterior and boundary are easily extended for d-hyperbolic
half-spaces. For d > 1, two d-balls b and b’ have intersecting boundaries if and only if
the corresponding d-hyperbolic half-spaces h;, and h; have intersecting boundaries.
Moreover, the intersection angle of b and ¢’ is equal to the dihedral angle of h, and hy

measured at a non-common region.

1.1.3 The Lorentzian model

The Lorentzian space of dimension d + 2, denoted by L%+, is a real vector space
of dimension d + 2 equipped with a bilinear symmetric form (-, -) of signature (d +

1,1). The Lorentzian product of two vectors x and y of L?*11 is the real number (x, y)

and the Gramian of a collection of vectors B = {x, ..., x,} of L4*l! is the matrix
<X17X1> e <X17Xn>
Gram(B) =
<Xn7X1> T <Xnaxn>
If B={x1,...,Xq42} is a basis of L*!! then Gram(B) is the matrix of the Lorentzian

product in the basis B. The Lorentzian product of two vectors x,y € L*"!! can be

computed by

(x,y) = cg(x)" Gram(B)cs(y) (1.3)
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where cp(x) is the column matrix of the coordinates of x in the basis B. By a fun-
damental theorem of bilinear forms (see [18, Theorem 2.1]), there is always an or-
thonormal basis By = {ey, . .., eqro} of L¥ 11 such that Gram(By) = diag(1,...,1, —1).
From now on, we fix an orthonormal basis 3, which we shall refer to as the canonical

basis of L4111, A vector x € L4*1! is called:

Space-like if (x,x) > 0.

Time-like if (x,x) < 0.

Light-like if (x,x) = 0.

Future-directed (resp. past-directed) if (eq+2,%) > 0 (resp. < 0).

Normalized if |(x,x)| = 1.

The space of all the normalized space-like (resp. time-like) vectors of L+ is usu-
ally called de Sitter space (resp. anti de Sitter space). We denote it by S(L4T11) (resp.
T(L**1Y). The anti de Sitter space can be regarded as the generalization of a two-
sheets hyperboloid with two connected components TT(L4""!) and THL4!) formed
by the future-directed and the past-directed vectors of T(L*"!!) respectively. The hy-
perboloid model of the (d + 1)-hyperbolic space is obtained by taking TT(L4™!') with
the metric induced by the restriction of the Lorentzian product of L™, The iso-
morphism which maps the hyperboloid model to the Poincaré ball model can be

regarded as the projection 7 : TTH(LH) — {ey2 = 0} from —e 2 (see Figure 1.2).

A time-like half-space is a subset t, = {y € L' | (x,y) > 0} where x €
S(L11). The set of time-like half-spaces is in bijection with S(L?*!1). The image
7(tx N TT(L4T11)) is a hyperbolic half-space of H**! and every hyperbolic half-space

can be obtained in this way. We can then extend the isomorphisms of (1.2) by
Balls(RY) —=— Caps(S?) —=— Halfs(H"+!) —=— S(LL4+L1) (1.4)

The Lorentzian vector of a d-ball b, denoted by x;, is the normalized space-like

vector obtained by the previous isomorphisms.
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Figure 1.2: Geometric interpretation of the isomorphisms between the different
models of the space of d-balls.

The inversive product of two d-balls b and ¥/, denoted by (b, V') := (xp,xy), is
the Lorentzian product of their corresponding Lorentzian vectors. Equivalently, we
define the Gramian of a collection of d-balls as the Gramian of the collection of the
Lorentzian vectors of the d-balls. We denote by —b the d-ball corresponding to the
Lorentzian vector —x;, which is also the d-ball obtained by taking the closure of
the complement of b. We notice that (—b,V') = —(b,0'). The inversive product is a

fundamental tool to encode configurations of d-balls [104]. Indeed,

cosh dy(hy, hy) if band V' are nested
bty = cos £(b,b) if 9b and OV’ intersect
— cosh dg(hy, hy) if band b’ are disjoint

where h;, and hy are the corresponding hyperbolic half-spaces and dy(hs, hyy) is the
hyperbolic distance between 0h;, and Ohy,. In particular, if the Lorentzian vectors of

band b’ are not both past-directed, then
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< —1 if band ¥’ are disjoint
= —1 ifband ¥ are externally tangent
(b, ) =0 if band ¥ are orthogonal (1.5)

=1 ifband ¥ are internally tangent

> 1 if b and ¥’ are nested

1.1.4 The Mdbius group

The Mobius Group Méb(]@d) can be defined as the group of the continuous auto-
morphisms of R¢ mapping d-balls to d-balls [101]. An element of the M6bius Group
is called a Mobius transformation. For every solid or hollow (resp. half-space) d-ball b
we define the inversion on b, denoted by s,, as the sphere inversion (resp. Euclidean
reflection) on the boundary of b. Alternatively, s, can be defined as the only Mobius
transformation that maps b to —b and fixes a d-ball ¢’ if and only if ' is orthogonal
to b [101]. It is well-known that Méb(R¢) is generated by the set of inversions. The
product s,s; of the inversions on two d-balls centered at the origin with non-zero
curvatures x and ' gives a rescaling of R? with scaling factor (x//x)% Thus, the

group of Euclidean isometries and rescalings of R? is a subgroup of Mob(R?).

The Mobius Group defines a group action (on the left) on the space of d-balls.
The following group isomorphisms and equivariant group actions can be obtained

by using the isomorphisms given in (1.4)

Balls(]lAQd) —= 5 Caps(S?) —— Halfs(H!) —=— S(L411)

U U U Y )

M&b(R?Y) —=— M&b(S?) —=— Isom(H%+!) —=— Of(L4+L1)

where Mob(S?) is the Mobius group defined on S acting on the family of d-spherical
caps, Isom(H*™) is the group of hyperbolic isometries acting on the space of hy-
perbolic half-spaces and OT(IL?*!1) is the Orthochronous Lorentz Group which is the
group of linear maps of L*™!! preserving the Lorentz product and the time ori-
entation. The latter acts on the space of normalized space-like vectors of L4+11.
Moreover, for any b € Balls(R?), the isomorphism Mab(R?) — O'(L%!) maps the
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inversion s, to the Lorentzian reflection on the boundary of the time-like half-space

tx,, which corresponds to the linear map

Y=y —2(y, X)X (1.7)

Since the Orthochronous Lorentz Group preserves the Lorentz product, the Mobius

Group preserves the inversive product of d-balls.

1.1.5 Coordinate systems

Based on the previous models, we shall describe two different systems of coor-

dinates for the space of d-balls.

1.1.5.1 Inversive coordinates

In [104], Wilker defined the inversive coordinates of a d-ball b as the column-matrix
i(b) given by the Cartesian coordinates of the Lorentzian vector of b with respect to
the canonical basis. We shall use these coordinates for most of the computations.
The inversive coordinates can be obtained in terms of the curvature x and center ¢

(normal vector n and signed distance ¢ for half-spaces) by

(e Sl = n7 = R), S(allel? = w7 4 )T if k£,

R (1.8)
(7,8,0)" ifk=0

where || - || denotes the Euclidean norm. The curvature of b can be deduced from its

inversive coordinates by

k(D) = — (XN, Xp) (1.9)
= kar2i(D) (1.10)

where xy = eg11 + eq4y2 and e; denotes the i-th vector of By and kg, is the row-
matrix (0,...,0,—1,1) of length d + 2.

Points of R? can be seen as d-balls of infinite curvature. By extending continu-

ously the isomorphism between Balls(R?) and S(L%+!) we have that points of R
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correspond to asymptotic directions in the light cone L(L?*1) made by all the light-
like vectors of L1, Each direction corresponds to a point in the projective space
PL(RT11). Therefore, we can assign (homogeneous) inversive coordinates to a point
n € Réby

@2n, [l = 1, [In]* + 1)"  if n # oo
i(n) = (1.11)
(Oda]-yl) ifn:OO

where 0y is the null vector of length d. Homogeneity means that for every A # 0,
Ai(n) are valid inversive coordinates of the same point of R (see [104] for more
details).

The following formula to compute the inversive product in inversive coordinates

follows from Eq. (1.3)
(b,V) = i(0)" Quai (V) (112)

where Q.o = diag(l,...,1, —1) is the Gramian of By. Therefore, the Mobius group

is isomorphic to the following group of matrices
Oli11(R) = {M € GLgs2(R) IM"Qq42M = Qqs2  and  Mgiaa2 >0} (1.13)
where the isomorphism is obtained by applying Eq. (1.7), which gives the map
sp = Lo — 2i(0)i(b)" Qaro (1.14)

where s, is the inversion on the boundary of b € Balls(RY) and I, is the identity

matrix of size d + 2.

1.1.5.2 Polyspherical coordinates

These coordinates were introduced by Boyd in [14]. Let B = {x,..., X412} be a
basis of L4+11. The polyspherical coordinates of a vector x € L*1! with respect to B,

are the column matrix

ps(y) = (Gxy) o Gunay)) (1.15)
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The polyspherical and Cartesian coordinates with respect to B3 are related by

cs(x) = Gram(B) 'pp(x) (1.16)

By combining Equations (1.3) and (1.16), we can compute the Lorentzian product in

polyspherical coordinates by

(x,y) = ps(x)" Gram(B) 'ps(y) (1.17)

In practice, we shall use Eq. (1.17) to compute the inversive product in a different

basis.

Remark 2. In the literature, the most used system of coordinates is the augmented-curvature-
center coordinates introduced by Graham et al. in [45]. This system of coordinates shall not

be used in this manuscript.

1.1.6 Packings

We shall say that an arrangement of d-balls B is a d-ball packing if every two
b;,b; € B are either externally tangent or disjoint. The tangency graph of a B is the
simple graph where the vertices represent the d-balls and the edges represent the
tangency relations. Reciprocally, a simple graph G is said to be d-ball packable if
there is a d-ball packing B, whose tangency graph is G [21]. If G is d-ball packable
then G admits an embedding in R? which is obtained by taking the centers of the
d-balls of B¢ and the straight segments between the centers of any tangent pair (see
Figure 1.3). This embedding is usually called the carrier of the d-ball packing. The

Mobius Group preserves tangency graphs and maps carriers to carriers [98].
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Figure 1.3: A circle packing with its carrier.

In this manuscript, we shall study d-ball packings for d = 2,3. Following the
tradition, we shall refer to them as circle and sphere packings, respectively. Circle
packable graphs were fully characterized in 1936 by Koebe [61]. The latter was redis-
covered by Thurston by using some results of Andreev on hyperbolic 3-polytopes.
The well-known Koebe-Andreev-Thurston Circle Packing Theorem (KAT theorem)
is stated below. For a detailed survey on the applications of the KAT theorem we

refer the readers to a paper of Bowers [13].

Theorem 1.1.1 (KAT theorem). A graph G is circle packable if and only G is simple and
planar. Moreover, if G is a triangulation of S?, then all the circle packings whose tangency

graph is G are equivalent under Mobius transformations.

The KAT theorem implies that the family of d-ball packable graphs is fully char-
acterized for d = 1, 2. Such characterization is still unknown nowadays when d > 3.
Indeed, d-ball packable graphs are closely related to the (d — 1)-ball packable graphs
which can be made by (d — 1)-balls of the same size. It has been proved that the
recognition of the tangency graphs of circle packings made by equal disks (and more
generally disks with a bounded ratio between all the curvatures) is NP-hard (see
[15, 50]). However, many properties of sphere packable graphs have been found
(see [66, 73,75, 8, 23]).

A packing B is said to be standard if it contains the half-spaces b; = {z4 > 1}
and b; = {4 < —1}. We denote this property by [B];. We notice that the tangency
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point b; N b; is at the infinity and the rest of the d-balls of [B]; must lie inside the
region {—1 < z, < 1}. For any d-ball packing B whose tangency graph contains
at least one edge ij, a Mobius transformation ¢ : B +— [B]} will be called a standard
transformation. Standard transformations exist for every edge ij of G and they can
be obtained as the product of an inversion in a d-ball centered at the tangency point

b; N b;, a Euclidean isometry and a rescaling of R? (see Fig. 1.4).

Standard
transformation
—_—
by = {zq < -1}
l Inversion Rescaling T
_ \bi Euclidean isometry bi
\ - b‘j

b

Figure 1.4: Example of a standard transformation.

1.1.7 Mbobius uniqueness of d-ball packable graphs

We say that two d-ball packings are Mobius equivalent if one can be sent to the
other by a Mobius transformation. If such a Mobius transformation is a Euclidean
isometry then we say that the two packings are Euclidean congruent. A d-ball pack-
able graph G will be Mobius unique if all the d-ball packings whose tangency graph
is G are Mobius equivalent. A useful result to detect Mobius uniqueness is the fol-

lowing:

Lemma 1.1.1. Let B¢ and By, be two d-ball packings with same tangency graph G and let
ij be an edge of G. Then Bg and By, are Mobius equivalent if and only if (B, and [Bg]!
are Euclidean congruent.

Proof. Let ¢ : Ba +— [Bgls and ¢ : B, — [B]; be two standard transformations.
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(Sufficiency) If there is a Euclidean isometry v : [Bg]; — [Bg]; then ="' oyo ¢ defines

a Mobius transformation mapping B to By,.

(Necessity) Let us suppose that there is a Mobius transformation y : B — B, Then
0 ;=1 opo¢"isaMobius transformation mapping [B¢]} to [B(,]; and leaving fixed
the half-spaces b; and b;. Therefore,  is generated by inversions on d-balls which
are simultaneously orthogonal to b, and b;. A d-ball simultaneously orthogonal to
two parallel half-spaces must also be a half-space. Therefore, § can be expressed as

a product of Euclidean reflections so ¢ is a Euclidean isometry. O

1.2 Preliminaries on knot theory

The main results and notations were adapted from the classic books of Adams
[1] and Cromwell [30].

1.2.1 Diagrams of knots and links

A link L with n components consists of n disjoint simple closed curves in R? (or
S%). A knot K is a link with one component. Two links are said to be equivalent if
there is an ambient isotopy of R? which carries one to the other. A link diagram L
is a regular projection of a link L onto a plane in such a way that the projection of
each component is smooth and at most two curves intersect at any point. At each
crossing point of the link diagram, the curve which goes under the other is specified
by deleting a small neighbourhood as in Figure 1.5. The crossing number of a L,
denoted by cr(L), is the minimum number of crossings among all the diagrams of

links which are equivalent to L.
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& D)

Figure 1.5: (Left) A knot diagram of the trefoil (denoted by 3; in the Alexan-
der-Briggs notation): the simplest non-trivial knot, (right) a link diagram of
the Hopf link (denoted by 2?) : the simplest non-trivial link.

A link diagram £ is said to be:

(i) alternating if the crossings in the diagram alternate between under and over-

passes when one travels along each component.

(i) reduced if it has no nugatory crossings (also called reducible or removable cross-
ings). Those are, crossings in the diagram such that a closed curve can be
drawn meeting the diagram transversely at that crossing, but not meeting the

diagram at any other point.
A link L is said to be:
(i) alternating if it admits an alternating diagram.

(ii) trivial if it is equivalent to a link admitting a diagram without crossings. Oth-

erwise, L is said to be nontrivial.

(iii) splittable if a plane can be embedded in R3 such that it separates one or more

components of L. Otherwise, L is nonsplittable.

(iv) amphichiral if L is equivalent to its mirror, i.e. the link obtained from L after

applying a reflection. Otherwise, L is chiral.

The main result concerning the crossing number of alternating links was conjec-
tured by Tait [99] and proved independently by Kauffman [59], Murasugi [77] and
Thistlethwaite [100].

Theorem 1.2.1 (Tait’s conjecture on the crossing number). Reduced alternating dia-

grams have the minimum number of crossings.
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1.2.2 Tangles

A n-tangle is a pair (U,t) where U is a compact set of R* homeomorphic to a 3-
ball and ¢ is a collection {71,72,...,7m} of 1 < n < m disjoint arcs contained in ¢/

satisfying the following conditions:

(1) Forevery 1 <i <m,~;is closed if and only if i > n.

(2) The endpoints of ; for every 1 < i < n lie on U (these are called the endpoints
of the tangle).

Two n-tangles (U, t) and (U, ) are said to be equivalent if there is an isotopy of
R? carrying U to U’, ¢ to t' and the endpoints of (U, t) to the endpoints of (', ). We
shall denote this equivalence relation ¢ ~ ¢'. Up to equivalence, we may consider
that the endpoints of ¢ lie on a same plane H. A tangle diagram of (U, t) is a regular
projection of ¢t on H, together with &/ N H and the crossing information (see Fig. 1.6).
The equivalence of tangles corresponds to the equivalence of their tangle diagrams
via Reidemeister’s moves [30]. In order to simplify the notation, we shall refer to
a tangle (U, t) by t when there is no ambiguity. From now on, we shall focus our
attention on 2-tangles and their derived constructions. We shall name the endpoints
in a 2-tangle diagram by the cardinal points NE, NW, SE and SW.

NW NE

SW SE

Figure 1.6: A 2-tangle diagram.

The elementary tangles t,, t; and t, are the 2-tangles given in the Figure 1.7.
NW ; NE NW % NE NW : NE
SW SE SW SE SW SE
to t1 loo

Figure 1.7: The elementary tangles.
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Let us now recall some classic operations of 2-tangles. For any 2-tangles ¢ and ¢’

we have the following binary operation

(i) the sumt + ¢/, obtained by connecting the East endpoints of ¢ to the West end-

1L

t+t

points of ¢/,

Figure 1.8: Sum of tangles.

and the unary operations:

(ii) the mirror —t is the image of ¢ under the reflection on the plane containing the

equator,

(iii) the flip F'(t) is the image of ¢ under the reflection on the plane perpendicular
to the equator and passing through the endpoints SW and NE,

iv) the positive half-twist H' : t — t, + ¢,
p

(v) the negative half-twist H™ : t — —t; + .
t —t F(t) H*(t) H=(t)

Figure 1.9: Unary operations of tangles.

The closure of a 2-tangle (U, t) is the link formed by joining the endpoints by
two disjoint and unlinked paths at the exterior of &/. Up to equivalence, there are

two possible closures, the numerator N(t), obtained by joining the northern and the
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southern endpoints separately, and the denominator D(t), obtained by joining the

western and the eastern endpoints (Fig. 1.10).

Figure 1.10: The tangle closures.

1.2.3 Rational tangles

Rational tangles were introduced by Conway in his work on enumerating and

classifying knots and links [26]. For a given sequence of integers a,, ..., a, all non-
zero except maybe a,, we denote by t(ay, - - - , a,) the rational tangle give