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Introduction

1 Contexte et motivation physique

1.1 Contexte physique

Dans un systeme de particules comme un gaz, plusieurs niveaux de description existent.
La premiere est la description microscopique qui consiste a étudier les trajectoires de
chaque particule du systeme en se basant sur le principe de Newton. Cependant, cette
derniere présente des inconvénients, d’une part du fait du grand nombre de particules
considérées, d’autre part 1’absence d’informations sur les observables macroscopiques du
systtme comme la masse, la vitesse moyenne et la température qui sont des grandeurs
physiques intéressantes et mesurables. La deuxieme description est la description macro-
scopique qui décrit les grandeurs macroscopiques de ce systeme (quantités mentionnées
précédemment). La troisieme description est la description mésoscopique, qui se situe
entre les descriptions microscopique et macroscopique, c¢’est a ce niveau que se situent
les équations de la théorie cinétique des gaz. Cette théorie a pour objectif de modéliser
tout systeme formé d’un grand nombre de particules. C’est une description statistique,
I’inconnue est la densité de probabilité d’une particule, oi nous nous intéressons au com-
portement typique d’une particule plutdt qu’a 1’étude détaillée de chacune tout en pré-
servant les informations physiques du systeme. Le schéma suivant résume les différentes
descriptions :
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[Différentes descriptions}

[Microscopique} Mésoscopique [Macrosoopique]
| | |

Trajectoires Evolution de la densité Evolution des observables
de chaque particule de particules (masse, vitesse, température)
I I

Equations Equations de Boltzmann, Landau, Equations de
de Newton Fokker-Planck, Vlasov...

Navier-Stokes, d’Euler...

Dans cette these, nous nous intéressons dans un premier temps au niveau mésoscopique.
En particulier, nous nous intéressons a [’équation de Landau. Plus précisément, on consi-
dere un systeme formé d’un tres grand nombre de particules qui subissent des collisions
entre elles. L’état du systéme est alors décrit par une densité de probabilités f = f(¢,x,v)
représentant au temps ¢ € R la densité de particules a la position z € Q0 C R? et a une
vitesse v € R®. Dans un deuxieéme temps, nous nous intéressons au passage du niveau
mésoscopique au niveau macroscopique. Ce lien est établi dans un régime ou les colli-
sions sont tres nombreuses. Plus précisément, nous mettons notre équation cinétique sous
une forme adimensionnée en introduisant un parametre physique tres petit, le nombre
de Knudsen. C’est I’'inverse du nombre moyen de collisions pour chaque particule par
unité de temps. Prendre le nombre de Knudsen petit a pour effet de renforcer le role des
collisions et donc lorsque ce parametre tend vers zéro, nous obtenons un modele en mé-
canique des fluides. Plus précisément, nous justifions le passage de [’équation de Landau
vers [’équation de Navier-Stokes incompressible.

1.2 Quelques modéeles cinétiques

Nous présentons ici plusieurs modeles cinétiques qui sont pour des raisons historiques
et mathématiques des modeles centraux en théorie cinétique des gaz : les équations de
Vlasov, Boltzmann, Landau et Fokker-Planck. La présentation de 1’équation de Landau
est la plus exhaustive car il s’agit du modele étudié dans cette these.

Equation de Vlasov

C’est I’équation cinétique fondamentale qui décrit un systeme pour lequel les particules
ne subissent ni forces ni chocs. D’apres les lois de Newton, les particules se déplacent en
ligne droite a vitesse constante :

dz/dt =v
dv/dt = 0.

10
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La densité de particules f est alors solution de 1’équation dite de transport libre :
Of +v-Vuf =0, (1.1)

ou v - V, est I’opérateur de transport. Lorsqu’il y a des forces et des chocs, cette équation
doit étre modifiée. Lorsque nous considérons une force ' = ¢F, ou q est la charge (prise
égale a 1) et £ est un champ auto-consistant de type Poisson associé a la distribution
f(t,x,v) donné par :

T

1
E(t,x) = _@W *x/ f(t,z,v) do,

R3

alors on obtient I’équation de “Vlasov-Poisson”, équation non linéaire et donnée (lorsque
q=1)par:

Ohf+v-V.f —E-V,f=0. (1.2)

En considérant un systeme de particules qui subissent des chocs entre elles, modélisés
par un noyau de collision (), le modele cinétique (sans force auto-consistante) est donné
comme suit :

ou () agit uniquement sur la variable vitesse. Dans ce cas 1a, on aboutit alors a des équa-
tions cinétiques variées, les plus célebres étant celles de Boltzmann, Landau (voir [47,
128] par exemple) et Fokker-Planck (voir [114] par exemple). Nous détaillons ci-dessous
ces modeles.

Equation de Boltzmann

[’équation de Boltzmann joue un role important dans la théorie cinétique, c’est une équa-
tion intégro-différentielle qui décrit I’évolution d’un gaz raréfié hors équilibre. C’est la
plus ancienne des équations cinétiques dérivée formellement par Boltzmann [14] et Max-
well [100]. L’inconnue est une fonction de distribution positive f = f(¢,z,v) > 0. Elle
représente au temps ¢ > 0 la densité de particules a la position x € 0 C R? avec une
vitesse v € R3. Cette équation est donnée par

atf"'v'vxf:QB(fvf)a (1.4)

et doit étre complétée par une donnée initiale f;—o = fo. Ici, Q) est I'opérateur de col-
lision de Boltzmann, c’est un opérateur bilinéaire qui agit uniquement sur la variable de
vitesse v et modélise les interactions entre particules. Plus précisément, I’opérateur de
Boltzmann est défini par

Qulg. f) = [, Blo—v.,0)(dlf — g.f) dvudo,

R3 xS2

11
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oll o est un vecteur unité sur la sphere S?. Nous utilisons les notations standards sui-
. — ! / _ ! / : !/ /
vantes : [ = f(t,z,v), f' = f(t,z,0'), g = g(t,z,v,) et . = g(t,z,v)). Ici, v/, v] sont
les vitesses avant collision entre deux particules et v, v, sont les vitesses apres collision
de deux particules. Dans le cas ou les collisions sont élastiques (il y a conservation de
I’énergie cinétique et de la quantité de mouvement) :
Vv =0+,
72 12 — (]2 2
‘U‘ + ’U*| - ‘U‘ + |U*‘ )
ol | - | est la norme canonique euclidienne dans R?. Les vitesses avant collision (v',v))
sont alors données par les formules suivantes :

U,_v+v* v — v,

2 2
U,_v+v*_ |v — v,
2 2

La fonction B est appelée le noyau de collision de Boltzmann. Elle est positive et dépend
seulement de la vitesse relative |v — v,| et du cosinus de I’angle de déviation formé par
les deux vecteurs v — v, et v' — v, (voir par exemple [47, 128] pour plus d’informations
sur I’équation de Boltzmann).

Equation de Landau

L’équation de Landau est un modele cinétique qui peut étre dérivé de I’équation de Boltz-
mann. Ce modele a été introduit par Landau en 1936 et est utilisé pour la modélisation
de plasmas. Le terme plasma, appelé aussi “quatrieme état de la matiere”, a été utilisé
en physique pour la premiere fois par le physicien américain Irving Langmuir en 1928 et
désigne un gaz ionisé. Ce phénomene n’est visible sur Terre qu’a tres haute température,
par exemple si nous chauffons assez un gaz et s’il est soumis a un champ électrique assez
puissant, les électrons sont arrachés de leur atomes (voir Figure 1.1). On observe alors une
sorte de "soupe" dans laquelle baignent des €lectrons libres et des noyaux d’atomes. Du
fait de ces électrons libres, le plasma est un fluide qui conduit bien I’électricité contrai-
rement au gaz. Les plasmas sont extrémement répandus dans I'univers puisqu’ils repré-
sentent plus de 99% de la matiere connue.

12



Introduction

FIGURE 1.1: Transformation d’un gaz chauffé en plasma. Les noyau des atomes sont
représentés en rouge et les électrons en vert.

Source : https://www.epfl.ch/research/domains/
swiss—-plasma-center/fr/plasma-et—-fusion/
#fag-item-057af5a7aed103b311fb%alb5fd8439a

Dans [88], Landau a établi par des procédures formelles une asymptotique du noyau de
Boltzmann dans le cas de collisions rasantes. On appelle “collision rasante” une colli-
sion dans laquelle I’angle de déviation est proche de z€ro. La limite de collisions rasantes
permet de rendre toutes les collisions rasantes. Plus précisément, nous considérons une
suite de noyaux de collision B. telle que la partie angulaire se concentre sur les collisions
rasantes quand £ — 0. Dans ce cas 1a, I’opérateur de Boltzmann associé a B. tend vers
I’opérateur de Landau (voir par exemple [33, 31] pour plus de détails sur la limite de
collisions rasantes). De plus, I’approximation de Landau est comprise mathématiquement
dans le cas d’asymptotique des collisions rasantes (nous renvoyons a [2] pour plus de dé-
tails). Passons maintenant a la présentation de 1’équation de Landau.

[’équation de Landau est un modele cinétique en physique des plasmas qui décrit 1’évolu-
tion de la fonction de densité f = f(¢,z,v) aun temps ¢ € RT, une position z € 2 C R?
et a une vitesse v € R3. Cette équation est donnée par

atf+v'vxf:QL(faf)7 (L.5)

et doit étre complétée par une donnée initiale f;—o = fo. Ici 1, noyau de collision de
Landau, est un opérateur intégro-différentiel, bilinéaire, non-local qui agit seulement sur
la variable v et qui contient de la diffusion en vitesse. Plus précisément, 1’opérateur de
Landau est défini par

Qug: 1) = 0 [ ais(v = v.)[g.0,f = f359.] do. (1.6)
ou nous utilisons la convention de sommation pour les indices répétés et les dérivées sont

des dérivées par rapport a la variable de vitesse v i.e. J; = 0,,. Nous utilisons également
les notations g, = g(v.), f = f(v), 09, = &,Mg(v*), 0;f = 0y, f(v). La matrice A(v) =

13
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(a;;(v))1<i,j<3 est symétrique définie positive et dépend du type d’interaction entre les
particules que 1’on considere. Elle est donnée par (voir [128] pour plus d’informations) :

U;Uj

ai,j(v) = |’UP+2 <5ij - |’U‘2> . v Ee[=31] (1.7)

Par analogie avec ’équation de Boltzmann : on parle de potentiels durs si v € (0, 1], de
molécules Maxwelliennes si v = 0, de potentiels faiblement mous si 7 € [—2,0), de
potentiels mous si v € (—3,—2) et de potentiel Coulombien si 7 = —3. Nous notons
que le modele physique correspond au cas v = —3 (le cas de potentiel Coulombien),
cas le plus difficile compte tenue de la singularité présente dans (1.7). Les autres cas
—3 < v < 1 sont aussi intéressants et importants du point de vue mathématique.
Maintenant, on va discuter des propriétés de I’opérateur de Landau (il est a noter que
I’opérateur de Boltzmann vérifie le méme type de propriétés excepté la diffusion). Soit
¢ = ¢(v) une fonction test, en utilisant (1.6) et la symétrie de la matrice A(v) nous
obtenons formellement la formulation faible suivante pour I’opérateur de Landau :

[, @ulf ew)do = oo =) (2 = 55 (0,0 - 0,011, vt

f Je
(1.8)

2 JR3xR3

Si on prend ¢ = 1 ou ¢(v) = v avec k € {1,2,3}, nous observons facilement que
djp—0;p. = 0 ainsi (1.8) s’annule. De méme, si on choisit ¢(v) = |v|* ona d;p—0;p. =
2(vj — v,;) puis en utilisant (1.7), on a a;;(v — v.)(v; — v4;) = 0. On en déduit ainsi que
I’opérateur de collision de Landau (), défini dans (1.6) possede la propriété suivante :

RS QL(f7 f)SO(U) dv = 0, pour QO(U) = 1,v, |U|2. (1.9)

Dans le cas ol nous travaillons avec = T? (les particules sont confinées dans le tore),
en intégrant (1.9) par rapport a z € T3, nous obtenons alors que si f solution de (1.5) :

d
dt Jr3xT3

= (QL(f(ta Z, ')7 f(ta Z, ))(U> —v- V:ch(tv xvv))90<v) dzdv

R3 XT3
=0, pour ¢(v)=1,v, %

ft,x,v)p(v)dedo

Donc I’équation de Landau (1.5) conserve respectivement la masse globale, la quantité de
mouvement globale et I’énergie globale :

/1r3xR3 f(t,z,v)dadv = /1erR3 fo(z,v)dzdv, Vit =0,

/ vf(t,z,v)dzdv = / vfo(z,v)dzdv, Vit=0, (1.10)
T3 xR3 T3 xR3

2 — 2
[y WPt dudo = [ P folev)dede, 130
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Maintenant, on définit la fonctionnelle d’entropie
H(f) ;:/ Flogf dadv 1.11)
T3 xR3
ainsi que la fonctionnelle de dissipation d’entropie
D(f) =~ [ Qu(f. ) log/ dv.

Formellement, en prenant ¢ = logf dans (1.8) et en utilisant le fait que la matrice A(v)
est définie positive, on obtient :

D(f) ! aij(v — v,) (aif - aif*) <ajf - ajf*) ffodv,do >0, (1.12)

2 Je [ AV AN
On déduit alors formellement que si f solution de (1.5),
d
S H) = —/ D(f) dz <0. (1.13)
dt T3

D’autre part, une distribution f vérifiant D(f)(¢,z) = 0 est une Maxwellienne locale de
la forme (voir par exemple [128]) :

_ 2
flt,z,v) = Mexp (—W) = M0t z,v), (1.14)

ol p(t, x), u(t, z), 6(t, =) sont respectivement la densité locale, la vitesse macroscopique
locale et la température locale de f au point (¢, x) définies comme suit :

p(t,x) :/R3 flt,z,v)do,  wu(t,x) = ;/RS vf(t,z,v) do,

1 (1.15)
o) =5 /R v — u(t, ) 2f (¢, 2, v) do.

Lorsqu’on cherche des états d’équilibres globaux, il faut étudier les maxwelliennes M
vérifiant

VeeT®, VveR® v-V,M=0. (1.16)

La résolution de cette équation montre que la solution est donnée par une Maxwellienne
M = M(v) indépendante des variables de temps ¢ et d’espace . De plus, M est définie
de maniere unique lorsque la masse totale, la quantité de mouvement totale et I’énergie
totale sont fixées. Nous notons p I’'unique équilibre global de masse 1, quantité de mou-
vement nulle et énergie 3 donné par :

p(v) = (2m) 732112, (1.17)
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Ces deux propriétés, décroissance de 1’entropie et états d’équilibres Maxwelliens sont la
version de Landau du célebre Théoréeme H de Boltzmann (pour plus de détails voir [36,
127]).

Equation de Fokker-Planck

L’équation de Fokker-Planck est un modele simplifié de celles de Boltzmann ou de Lan-
dau. Ce modele décrit un systeme de particules qui subissent un mouvement brownien.
Cette équation est donnée par :

of+v-Vof =Qrp(f). (1.18)

Ici, Qpp est le noyau de collision de Fokker-Planck, c’est un opérateur linéaire qui agit
seulement sur la variable v et est défini par :

Qrpf =V, - (Vo+0)f =A,f+V, - (vf). (1.19)

La masse est la seule quantité conservée par cette équation (voir par exemple [128]). Fai-
sons I’analogue avec I’opérateur de collision de Landau défini au paragraphe précédent.
Soit b(v) := V,, - A(v), la divergence de la matrice A(v) (ot A(v) est définie dans (1.7)) .

En utilisant (1.7) on a b(v) = —2|v|"v. Alors nous pouvons réécrire 1’opérateur de Landau
(1.6) de la maniere suivante :
Qr(g, f) = Vo - {(A(W) %, 9)Vo f — (b(v) %, 9) [ }. (1.20)
Si on prend g = 4 (ol p est défini en (1.17)) dans (1.20), on obtient
Qulf, 1)(©) = V- {(A(W) %0 J)Vuf — (b(0) 0 ) f}. (1.21)

Nous remarquons que I’opérateur dans (1.21) ressemble beaucoup a I’opérateur de Fokker-
Planck donné par (1.19) mais qu’il est plus compliqué a cause de la matrice du diffusion
A(v) %, . Cet opérateur apparait naturellement lorsqu’on linéarise 1’équation de Landau
pres de 1I’équilibre p et sera central dans cette these.

Il est important aussi de regarder d’autres versions de cette équation, par exemple une
étude en changeant le laplacien par un laplacien fractionnaire est intéressante. Cette der-
niere équation, peut étre vue comme un modele jouet de I’équation de Boltzmann linéa-
risée sans troncature angulaire. Une étude de cette équation peut ainsi étre considérée
comme une premiere étape pour comprendre un modele plus compliqué de I’équation de
Boltzmann sans cut-off (voir par exemple [3]).

2 Problémes mathématiques abordés

Nous présentons ici des problemes historiques importants concernant ces modeles ciné-
tiques ainsi que leur lien avec les équations de la mécanique des fluides.
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A) Existence de solutions. Pour faire une étude mathématique de ces modeles, 1’étude
du probleme de Cauchy est la premiere étape. Nous donnons ici rapidement 1’idée de dif-
férents cadres possibles pour étudier la théorie de Cauchy.

A-1) Le cadre des solutions spatialement homogénes est le premier cadre qui a été étudié
dans cette théorie. Il s’agit de considérer une densité de particules f = f(¢,v) qui ne
dépend pas de la variable position x. Cette hypothese permet de simplifier le probleme
étudié, le terme de transport disparait, ainsi nous évitons les difficultés liées au domaine
spatial et aux conditions aux bords associées. Ce probleme a été étudié tres largement,
nous n’entrerons pas ici dans les détails, nous mentionnons par exemple Carleman [21,
20] qui a introduit ce probléme pour une équation de Boltzmann avec spheres dures.

A-2) Le deuxieme cadre est le cadre des solutions perturbatives. L.e Théoreme H de
Boltzmann suggere que les solutions de I’équation convergent lorsque ¢ — oo vers un
équilibre global. Il est donc important d’étudier les solutions autour de cet état d’équi-
libre. Nous citons Hilbert [72, 74], Carleman [21] et Grad [55, 53] pour les études fon-
damentales de cette théorie. Dans ce cadre, Ukai [124] a construit les premieres solutions
globales fortes de I’équation de Boltzmann et a obtenu le premier résultat de convergence
exponentielle vers I’équilibre global. De plus, des justifications rigoureuses de limites hy-
drodynamiques ont été aussi obtenues en utilisant ce cadre (voir [40] par exemple).

A-3) Parlons maintenant d’un autre cadre qui est celui des solutions petites. Ce cadre a été
développé a la suite des travaux de Shinbrot, Kaniel, Illner a partir des années 1980 sur
I’équation de Boltzmann. Kaniel et Shinbrot [84] ont construit pour la premiere fois des
solutions régulieres en temps petit. Illner et Shinbrot [78] ont travaillé sur les solutions
globales proches du vide dans 1’espace tout entier (2 = R?).

A-4) Finalement, mentionnons la théorie des solutions renormalisées qui a été dévelop-
pée par DiPerna et Lions dans la fin des années 80 (voir I’article fondateur [37]). D une
maniere générale, cette méthode fournit une théorie d’existence globale en temps de solu-
tions faibles sans hypothese de petitesse sur la donnée initiale. Cette méthode s’applique
aussi a des variantes de 1’équation de Boltzmann, citons par exemple I’article d’ Alexandre
et Villani [1] ou un résultat d’existence de solutions renormalisées a la DiPerna-Lions a
été obtenu pour les cas des équations de Boltzmann sans cut-off et de Landau.

B) Comportement en temps long. Une des motivations de Boltzmann quand il a construit
son équation était d’étudier le retour vers I’équilibre des solutions, dans le but de donner
une base mathématique claire au second principe de la thermodynamique. Le Théoreme
H de Boltzmann était la solution formelle pour ce probleme. La premiere partie du Théo-
reme H nous informe que la fonctionnelle d’entropie (1.11) est décroissante en temps
(1.13). D’autre part, il nous dit également que les distributions Maxwelliennes maxi-
misent cette fonctionnelle. On obtient formellement que la solution converge vers 1’équi-
libre quand il y en a un, lorsque ¢ — oo . Le probléme du retour a 1’équilibre consiste a
étudier rigoureusement cette convergence ainsi qu’a quantifier la vitesse de convergence.
Il existe plusieurs méthodes pour répondre a ce probleme :

B-1) Une des méthodes pour montrer la convergence vers 1I’équilibre est la méthode de
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compacité. Cette méthode est basée sur des arguments non constructifs et ces résultats ne
donnent pas d’informations sur la vitesse de convergence.

B-2) La deuxieme méthode est la méthode de linéarisation (méthode perturbative). ’idée
de cette méthode est de linéariser 1’équation étudiée autour de 1’équilibre (si 1I’équation
n’est pas linéaire) puis d’étudier les propriétés spectrales de 1’opérateur de collision li-
néarisé€ (plus précisément, une étude sur I’existence du trou spectral). Cette étude se fait
dans un espace qui convient avec le probleme non linéaire. Ainsi nous pouvons obtenir
une vitesse de convergence pour I’équation non linéaire mais seulement dans un certain
voisinage de 1’équilibre dans lequel les termes non linéaires sont absorbés par les termes
linéaires de I’équation.

Soulignons que I’hypocoercivité est une sous-méthode de la méthode de linéarisation qui
permet d’étudier des équations linéarisées dans un cadre non homogene. Cette méthode
a pour but d’étudier le retour a I’équilibre ainsi de déterminer explicitement le taux de
convergence. Cette convergence est dlie aux interactions mathématiques entre 1’opérateur
de collision (dissipatif en vitesse) et I’opérateur de transport (conservatif). Cette méthode
rappelle la problématique de 1I’hypoellipticité en terme de la régularité des équations aux
dérivées partielles (voir par exemple [63, 67, 126]). La notion d’hypocoercivité provient
d’un parallele avec la notion d’hypoellipticité. En effet, I’opérateur de collision fournit
de la coercivité dans la variable de vitesse et le but de la théorie de 1’hypocoercivité est
de comprendre comment I’interaction avec I’opérateur de transport permet de récupérer
de la coercivité en variable de position aussi. La théorie hypoelliptique s’intéresse a des
opérateurs n’ayant pas d’ellipticité globale c’est a dire la partie elliptique de 1’opérateur
est dégénérée et a pour but d’obtenir un effet régularisant pour 1’équation globale suite a
I’interaction entre la partie elliptique et la partie transport. De plus, un opérateur différen-
tiel P est dit hypoelliptique si pour toute distribution v qui vérifie Pu = f dans le sens
des distributions avec f une fonction réguliere donnée alors u est réguliere également
(voir par exemple [75, 86] pour plus de détails sur I’hypoellipticité¢). Nous donnons plus
de détails sur I’hypocoercivité dans la Section 3.

B-3) L'utilisation des méthodes d’entropie est une maniere pour aborder ce probleme.
L’idée est d’obtenir une inégalité entre la dissipation d’entropie et I’entropie relative pour
obtenir le retour vers 1’équilibre. La vitesse de convergence dépend alors de I’inégalité
obtenue. Par exemple, la conjecture de Cercignani est I’inégalité suivante :

D(f) = K¢H(f|w)

ot D(f) la dissipation d’entropie, K s une constante et 1’entropie relative H ( f|u)

= H(f) — H(p) (ici p I’équilibre de 1’équation). Cette inégalité permet d’obtenir la
convergence exponentielle vers I’équilibre avec un taux déterminé par Ky (voir [35, 128]
pour plus de détails sur cette inégalité).

C) Probleme de limite hydrodynamique. Une des motivations de 1’étude de la limite
hydrodynamique est le sixieme probleme de Hilbert : peut-on obtenir les équations fon-
damentales de la mécanique des fluides a partir d’'un modele microscopique dirigé par
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les lois de Newton ? De nombreux travaux ont été réalisés (voir par exemple [119, 85])
pour étudier ce célebre probleme. Jusqu’a maintenant sa solution n’est connue que pour
quelques modeles simplifiés non réalistes. Dans ce contexte, Hilbert [73] suggérait de
passer en premiere étape des équations de Newton a 1’équation de Boltzmann puis en
deuxieme étape de 1’équation de Boltzmann aux différentes équations de 1’hydrodyna-
mique. Une autre motivation est que I’espace des phases est beaucoup plus grand dans
une description cinétique, ce qui rend cette derniere a priori plus complexe qu’une des-
cription hydrodynamique. Les équations cinétiques nécessitent des calculs assez coliteux
dans les applications pratiques, d’ou I'intérét de remplacer un modele cinétique par un
modele hydrodynamique lorsque cela est possible.

Pour étudier la limite hydrodynamique, nous devons écrire les équations cinétiques sous
une forme adimensionnée en introduisant le nombre de Knudsen (qu’on le notera dans
cette these par ). C’est I’inverse du nombre moyen de collisions pour chaque particule
par unité de temps (voir [9] par exemple pour plus de détails sur le nombre de Knudsen). 11
est important aussi de souligner que le Théoreme H de Boltzmann suggere que la solution
ressemble de plus en plus a un équilibre thermodynamique local (1.14) dans un régime
physique ot les collisions entre les particules sont tres fréquentes, i.e. de faible nombre de
Knudsen. L’étude des limites hydrodynamiques pour les équations cinétiques consiste a
montrer la validité d’une forme d’équilibre thermodynamique local lorsque le nombre de
Knudsen tend vers zéro et obtenir les équations limites (Navier-Stokes, Euler...). Parlons
brievement du contexte des limites hydrodynamiques.

C-1) Dérivation basée sur des développements asymptotiques. Les premieres justifications
mathématiques des limites hydrodynamiques de I’équation de Boltzmann sont données
par Hilbert [73] et Chapman-Enskog [28]. Ces méthodes sont purement formelles, basées
sur les développements asymptotiques et permettent d’obtenir formellement les équations
d’Euler et Navier-Stokes (compressible ou non). Grad [54, 53] a introduit une autre mé-
thode formelle dite méthode des moments pour dériver les équations hydrodynamiques.
Plusieurs résultats de limites hydrodynamiques sont obtenus en utilisant ces méthodes,
citons par exemple Caflisch [19] ou sont utilisés les développements asymptotiques pour
montrer les premieres preuves de convergence vers le systeme d’Euler compressible (voir
aussi [87] et [29]). Finalement, mentionnons également qu’il existe un autre type de ré-
sultats concernant la connexion aux équations fluides également obtenus dans le cadre de
solutions classiques. L’idée générale est d’obtenir d’abord les solutions des équations li-
mites, puis de construire une suite de solutions (autour de la Maxwellienne) pour les équa-
tions cinétiques adimensionnées (Boltzmann ou Landau) lorsque le nombre de Knudsen
est petit. Citons dans ce contexte le travail de Guo dans [58].

C-2) Dérivation dans un cadre de solutions faibles. Parlons maintenant du programme
BGL. Ce programme a ét€ initié par Bardos, Golse et Levermore [9] dans les années 80 et
le premier résultat de convergence sans 1’hypothése de compacité a été donnée par Golse
et Saint-Raymond dans [49], suite a une série de travaux de Bardos, Golse, Levermore,
Lions, Masmoudi et Saint-Raymond [10, 96, 50]. La liste donnée ici n’est pas exhaus-
tive. Plus récemment, ce programme a été abordé dans diverses géométries (avec bord
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dans [99, 79, 81]). Tous ces résultats sont obtenus dans un cadre de solutions tres faibles :
les solutions renormalisées pour 1’équation de Boltzmann (de DiPerna-Lions [37] ou Mi-
schler [102] pour les domaines bornés) et les solutions de Leray pour les équations de
Navier-Stokes. Citons aussi [7] et [115] dans lesquels la théorie de la dérivation des équa-
tions macroscopiques des fluides a partir des équations cinétiques a été traitée de maniere
exhaustive.

C-3) Dérivation dans un cadre de solutions fortes. Dans le cadre de solutions fortes, ci-
tons par exemple les résultats les plus récents [5, 17, 18] pour I’équation de Boltzmann
avec cut-off (avec collisions inélastiques pour [5]) et [83] pour 1’équation de Boltzmann
sans cut-off dans lesquels un résultat de la convergence faible vers le modele fluide est
obtenu. En général, ces résultats sont obtenus en utilisant des estimations uniformes en
nombre de Knudsen sur les équations cinétiques (voir les introductions des Chapitres 3
et 4 pour plus de détails sur les méthodes utilisées). Il existe également des preuves de
convergence basées sur 1’analyse spectrale dans le cadre de solutions fortes proches de
I’équilibre introduites par Grad [52] et Ukai [125] pour I’équation de Boltzmann. Dans
ce contexte, nous renvoyons aux travaux dans [108, 11, 44]. Ces résultats utilisent la
description du spectre de 1’équation de Boltzmann linéarisée dans 1’espace de Fourier en
variable spatiale x effectuée dans [107, 27, 41].

3 Objectifs de la these et outils utilisés

Dans cette these, nous nous intéressons au modele cinétique représenté par [’équation de
Landau. En se basant sur les problemes mathématiques présentés dans la Section 2, nous
traitons les deux questions suivantes liées a ces problemes :

e Question A : Localisation du pseudo-spectre et estimations de résolvante [111],
e Question B : Etude de la limite hydrodynamique [112, 25].

A) Localisation du pseudo-spectre et estimations de résolvante. La notion de pseudo-
spectre a été introduite par des numériciens depuis une dizaine d’années (voir [121] pour
plus de détails). Cette notion provient du fait que dans plusieurs problemes d’ingénierie
mathématique ol les opérateurs non auto-adjoints apparaissent naturellement, il existe
souvent des différences entre les résultats théoriques prédits par 1’analyse spectrale et les
résultats obtenus par simulation numérique. Ce constat permet de penser que la connais-
sance du spectre de I’opérateur seule est insuffisante pour comprendre son action. Pour
cela, de nouveaux sous-ensembles du plan complexe (pseudo-spectre) ont été introduits
pour résoudre ce manque d’information sur le spectre. L’idée principale de cette notion
est d’étudier d’une part la région ou se trouve le spectre de 1’opérateur, d’autre part d’étu-
dier quantitativement 1’endroit ot la norme de la résolvante est contrdlée.

Dans cette these, nous montrons dans [111] une propriété de localisation du pseudo-
spectre de 1’opérateur de Landau linéarisé associé a I’équation de Landau. Il est de type
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cuspidal a I'infini (voir Figure 1.2). De plus, nous donnons une description d’une ré-
gion tres large ou la résolvante est contrdlée. Nous répondons a cette question en utili-
sant une méthode posée par F. Hérau et F. Nier dans I’article [67] puis par B. Helffer
et F. Nier dans le livre [62]. Cette méthode est basée sur des outils de calcul pseudo-
différentiels (nous renvoyons par exemple a [117] pour une introduction aux opérateurs
pseudo-différentiels). Cette méthode leur permet d’obtenir une forme cuspidale du pseudo-
spectre pour 1’opérateur de Fokker-Planck associé a I’équation de Fokker-Planck dans [62,
67], ainsi pour des opérateurs quadratiques généraux par [109] puis étendue a des opéra-
teurs apparaissant en mécanique statistique dans [39]. Nous soulignons que la motivation
principale de cette méthode est de pouvoir comprendre les zones de pseudo-spectre et en
déduire le cas échéant le retour a 1’équilibre ou la régularisation pour 1’équation d’évo-
lution associée grace aux formules de Cauchy (voir par exemple [67] pour un résultat
complet pour le cas Fokker-Planck et [109] pour le cas des opérateurs quadratiques gé-
néraux). L’idée générale de cette méthode est de trouver un opérateur pseudo-différentiel
auto-adjoint (A, D(A)) ayant un symbole de Weyl A, A > Id et des constantes C' > 0,
0 < m < M telles que

IA™ £ < CUP =) fII* + If1?), Vv eR, VfeDP),
PP < CIAYFIZ, Vf € DAY),

ou || - || désigne la norme sur un espace de Hilbert H et (P, D(P)) désigne 1’opérateur
cinétique (sur I’espace de Hilbert H) linéaire ou linéarisé associé au modele étudié. Ces
estimations hypoelliptiques sont des estimations clés qui nous permettent, en appliquant
la Proposition B.1 dans [67], d’obtenir un résultat de localisation du pseudo-spectre de
I’opérateur cinétique étudié.

Enfin, notons que dans [111], afin de montrer le résultat de localisation du pseudo-spectre,
nous proposons un cadre pseudo-différentiel trés robuste et autonome (voir le Théoreme
2.40 dans I’Appendix A du Chapitre 2). Notre espoir est qu’il puisse étre utilisé pour de
nombreux autres modeles cinétiques. Ces outils sont inspirés par de travaux précédents
(voir [4], [68], [71]) concernant les équations cinétiques et en suivant les idées fonda-
mentales de [91] sur les calculs pseudo-différentiels de Wick et Weyl. L’idée générale
est d’introduire des symboles pseudo-différentiels avec un parametre ' > 0 tres large
qui vérifient certaines hypotheses (voir Théoreme 2.40) tels que les opérateurs pseudo-
différentiels associés a ces symboles admettent de bonnes propriétés (inversibilité, puis-
sances des opérateurs...). Nous renvoyons le lecteur au Théoreme 2.40 dans le Chapitre 2
pour plus d’informations.

B) Etude de la limite hydrodynamique. Nous étudions dans [112, 25] la limite hydro-
dynamique de I’équation de Landau. Nos études sont basées sur plusieurs méthodes que
nous présentons ci-dessous.

(B1) Méthode d’énergie non linéaire. Cette méthode a été développée par Guo (voir
[60] par exemple). L’idée de cette méthode est d’utiliser tout d’abord la décomposition
microscopique-macroscopique de la solution (voir (1.39)) puis d’établir des estimations
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microscopiques et macroscopiques grace a I’étude des 13 moments classiques de Grad
(voir [61] par exemple pour plus de détails) uniformément par rapport au nombre de
Knudsen ¢ dans notre cas. Ensuite, on construit une norme équivalente a la norme usuelle
(uniformément par rapport a <). Les estimations microscopiques et macroscopiques avec
I’équivalence des normes nous permettent d’obtenir des estimations d’énergie globales
(uniformes en ¢) vérifiées par la solution globale et elles sont obtenues directement pour
I’équation non linéaire. Dans [112], un processus de convergence faible pour 1’équation
de Landau dans les cas de potentiels durs, molécules maxwelliennes et potentiels modé-
rément mous vers I’équation de Navier-Stokes-Fourier incompressible avec la relation de
Boussinesq a ét€ montré en utilisant cette méthode.

Dans [25], nous améliorons le résultat obtenu dans [112] pour un certain type de données
initiales. Plus précisément, nous obtenons un résultat de convergence forte vers 1’équation
de Navier-Stokes-Fourier incompressible avec la relation de Boussinesq. Pour montrer ce
résultat, nous utilisons la méthode d’hypocoercivité-L? (B2) et des estimations de régula-
risation en temps court (B3) pour 1’équation de Landau (adimensionnée) linéaire et non
linéaire.

(B2) Parlons maintenant brievement de la méthode d hypocoercivité-L?2. Rappelons que
le défi de I’hypocoercivité est de comprendre I’interaction entre 1’opérateur de collision
qui fournit la dissipativité dans la variable de vitesse et celui de transport qui est conserva-
tif, afin d’obtenir le retour a 1’équilibre pour I’ensemble du probleme linéaire (voir [126,
64] pour plus de détails sur ce sujet). La méthode d’hypocoercivité-L? a été introduite
par Hérau [63] (voir aussi [38]) pour I’espace des invariants collisionnels de dimension
un et introduite par Guo dans [59] pour un espace d’invariants collisionnels de dimension
supérieure a un (y compris les cas de Boltzmann et Landau dans les cas avec symétrie).
L’idée de cette méthode est de construire une fonctionnelle de Lyapunov G sans poids en
temps qui est adaptée au modele étudié, équivalente a la norme L? et telle que G(f (1))
décroit en temps si f = f(t) est une solution du probleme linéaire. La décroissance de
G(f(t)) et I'équivalence avec la norme L? nous permettent d’obtenir la convergence de la
solution du systeme étudié dans 1’espace L?.

Remarque 1.1. Notons qu’il y a un lien fort entre la méthode (B1) et la méthode (B2),
pourtant on applique la méthode (B1) sur les équations non linéaires alors que la méthode
(B2) s’applique sur les équations linéaires. En effet, dans [112], on a que I’opérateur de
Landau linéarisé (voir (1.26)) donne la coercivité sur la partie microscopique (voir (3.32)
dans le Chapitre 3). Pour cela nous appliquons la méthode (B1) dans le but de récupérer la
coercivité sur toute la solution c’est a dire sur la partie microscopique et macroscopique.

(B3) La stratégie que nous utilisons pour prouver des estimations de régularisation est
assez classique pour les équations hypoelliptiques linéaires et a été introduite par Hérau
[65] pour I’équation cinétique de Fokker-Planck. Cette méthode a été utilisée pour de
nombreuses équations, citons par exemple [101] pour 1’équation cinétique classique de
Fokker-Planck, [71] pour I’équation de Fokker-Planck fractionnaire, [22, 26] pour I’équa-
tion de Landau linéarisée, [70] pour 1’équation de Boltzmann linéarisée sans cut-off...
Dans [25], nous utilisons cette stratégie pour obtenir les estimations de régularisation
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pour les équations linéarisée et non linéaire. L’idée de cette méthode est d’introduire une
fonctionnelle £(f(t),t) (pour un temps ¢ petit) avec des poids en temps qui soit une fonc-
tionnelle de Lyapunov adaptée a 1’équation étudiée, griace a laquelle il est possible de
récupérer des estimations de régularisation en temps.

Remarque 1.2. Nous notons que les résultats obtenus par la méthode (B3) peuvent ressem-
bler a ceux obtenus par la méthode présentée dans (A) lorsque ces derniers existent. Plus
précisément, en utilisant la méthode (B3) nous avons obtenu dans [25] le gain optimal
de régularité qui correspond aux estimations hypoelliptiques (1.31) (obtenus en utilisant
la méthode présentée dans (A)) sur I’opérateur de collision de Landau linéarisé fournies
dans [111].

4 Le plan et les résultats obtenus dans la these

Le but de cette these est d’étudier I’équation de Landau en utilisant les outils mathéma-
tiques présentés dans la section précédente. Avant de présenter plus en détails les modeles
étudiés, on va introduire les espaces fonctionnels qui seront utilisés dans les Chapitres 3
et 4 respectivement.
e Espaces fonctionnels introduits dans les Chapitres 3 et 4. Nous allons consi-
dérer des fonctions a deux variables f = f(z,v) avec x € T? et v € R?. Nous
écrivons pour p € [1, +0o0]

IP = IP(T%), LP=IP(R®), IPIP = L[P(T? x R%).

Pour m = m(v) une mesure de Borel réelle positive et 1 < p, ¢ < 0o, on définit
I’espace L2LP(m) comme ’espace de Lebesgue associé a la norme, pour f =

f(z,v)

1l zg 226my == NS 2oyl

= lImfllzellc

_ ( /T 3 <| f(z, U)|Pm(v)f"ow)gdgc>é .

On définit également 1’espace H}, pour s € N comme I’espace de Sobolev usuel
sur T3 et H:L2(m) par la norme

If1

1
2
H3L3(m) = (Z HaffH%ng(m)) .

|k|<s

Nous en venons maintenant a la présentation détaillée des équations étudiées dans cette
these ainsi que les résultats principaux obtenus. Ces résultats seront présentés d’une ma-
niere plus détaillée dans les Chapitres 2, 3 et 4.
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4.1 Estimations hypoelliptiques et spectrales pour I’opérateur de Lan-
dau linéarisé (Chapitre 2)

Dans cette partie, nous nous intéressons a 1I’équation cinétique de Landau inhomogene en
espace, qui décrit I’évolution de la fonction de densité de particules F' = F'(¢,z,v) a un
temps ¢t € R, une position z € R3 et a une vitesse v € R3. Cette équation est donnée par

{ OF +v-V,F=Q(F,F) (1.22)

ﬂtZO = F07

avec () le noyau de collision de Landau qui agit sur la variable v et qui contient de la
diffusion en vitesse (voir Section 1.2). Dans le travail présenté dans cette partie, seuls les
potentiels durs, les molécules Maxwelliennes sont traités, ¢’est-a-dire les cas v € [0, 1].
Nous rappelons que p est I’'unique équilibre global de masse 1, quantité de mouvement
nulle et énergie 3 donné par :

p(v) = (2m) % e M2,
Nous linéarisons alors I’équation de Landau autour de v avec la perturbation suivante :
F =+ pt?f.
L’équation de Landau (1.22) pour f = f(t,z,v) prend la forme suivante :

{ Of+v-Vaof = 2Qu 2 f, 1) — = 2Q(p, p2 f) = p2Q(uA f, 2 f)
firmo = fo = p=2(Fy — p),

(ol nous avons utilisé que Q(, 1) = 0). En utilisant la notation suivante :

D(f1, f2) = w=2Q(u' fr, 12 fo), (1.23)
nous pouvons réécrire 1’équation ci-dessus comme
(3127gme
ou P est I’opérateur de Landau linéaire :
P=v-V,-L (1.25)
avec
L=L1+Ly Li=T(/i,f), Lo=T(f, /1) (1.26)

L’opérateur P, qui agit uniquement sur les variables (z,v), est un opérateur non auto-
adjoint, qui consiste en une partie de transport (anti-adjointe), une partie de diffusion qui
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agit uniquement sur la variable v et une partie compacte (voir par exemple la proposition
2.1 dans [30]).

Le but de Iarticle [111] est d’étudier les propriétés spectrales de 1’opérateur de Landau
linéarisé P. La difficulté de I’étude de 1’opérateur P vient du fait qu’il n’est ni auto-
adjoint, ni elliptique, ni sectoriel. Nous montrons une propriété de localisation du pseudo-
spectre de 1’opérateur de Landau linéarisé P, c’est-a-dire de localisation de la région du
plan complexe ol sa résolvante est a priori grande, plus précisément nous donnons une
description d’une grande région ou la résolvante est controlée, qui est incluse dans le
complémentaire du pseudo-spectre.

Ce résultat est donné par le théoreme suivant :

Théoréme 1.3. Soit P I’opérateur de Landau sur L?(R3 x R3) défini dans (1.25) avec
~ € [0, 1]. Alors il existe deux constantes C» > 0 et Qp > 0 telles que :
a) Le spectre de P vérifie

o(P) C Spn{Rez > 0},
avec
Sp:{zec, |2+ 112 < Cp(Rez + 1), ?Rez}—;}. (1.27)
b) Pour z ¢ Sp avec Rez > —%, la résolvante est estimée par

1z = P) M lgrz,y < Qplz+ 11772, (1.28)

2

T,

ou B (wa) est I’espace vectoriel des opérateurs bornés de Li,v dans L
Notons que si fte z < —% alors

1z = P) Mg,y < [Rez ™ (1.29)

Les résultats du Théoreme 1.3 peuvent étre illustrés par la figure suivante :
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Rez

DO | =

FIGURE 1.2: Localisation du pseudo-spectre de 1’opérateur de Landau P.

Dans cette figure, 0Sp est orienté de +ioco a —ioco. La partie hachurée est 1’endroit ou le
spectre est localisé et la partie non hachurée est la zone ou 1’on a de bonnes estimations de
résolvante (voir (1.28)-(1.29)). La stratégie de la preuve pour démontrer le Théoréeme 1.3
est celle présentée dans (A) dans la Section 3 avec I’opérateur de Landau linéarisé P dé-
fini dans (1.25). Parlons brievement de la construction de 1’opérateur pseudo-différentiel
qu’on le notera Ax. On définit pour tout (v,n) € R® le symbole pseudo-différentiel

suivant (voir Appendix A du Chapitre 2 pour plus d’informations sur le calcul pseudo-
différentiel)

Me(v,n) i= [0 (14 [of? + [nf? + I+ o Al + o A 62)] "+ K@) 3, (1.30)

oll le symbole A désigne le produit vectoriel entre deux vecteurs dans R3, £ € R3 joue le
role d’un parametre et ' > 0 une constante tres large (uniforme en &) construite dans le
Théoreme 2.40 dans I’Appendix A du Chapitre 2. Ce symbole vérifie les hypotheses du
Théoreme 2.40, ce qui implique que I’opérateur pseudo-différentiel (voir (2.44)) associé
a ce symbole a de bonnes propriétés (voir le résultat du Théoreme 2.40). Donc on définit
Ak comme étant 1’opérateur pseudo-différentiel associé au symbole \x en considérant
la transformée de Fourier inverse par rapport a la variable x € R3. Ainsi nous obtenons
en utilisant la méthode présentée dans (A) les estimations hypoelliptiques suivantes : il
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existe C' > 0 tel que pour tout f € S(RS ) (espace de Schwartz)

1AL FIP < C (1P — i) FIP +1IFI%) . Vv eR, (an
IPFII* < ClIARSI,
ou || - || désigne la norme sur I'espace L?*(R2 x R3). Ces estimations hypoelliptiques sont

les estimations clés qui nous permettent d’obtenir 1’expression de Sp donné par (1.27)
dans le théoreme précedent ainsi la localisation du pseudo-spectre de 1’opérateur de Lan-
dau linéarisé P comme montre la Figure 1.2. Cette stratégie a été utilisée dans [62], [67]
pour I’opérateur de Fokker-Planck (avec un potentiel extérieur), puis étendue aux opé-
rateurs apparaissant en mécanique statistique dans [39]. De plus, des premiers éléments
et estimations sous-elliptiques ont été obtenus dans [68] et [66]. Dans notre situation,
I’opérateur étudié est plus compliqué a cause de fortes propriétés d’anisotropie.

4.2 La limite faible vers I’équation de Navier-Stokes-Fourier incom-
pressible a partir de I’équation de Landau (Chapitre 3)

Dans cette partie, nous étudions la limite hydrodynamique de 1’équation de Landau. Nous
mettons cette équation sous une forme adimensionnée en introduisant un parametre €. La
forme adimensionnée de 1’équation de Landau est :

Of +v-Vof = 2Q(f. )
{ fit=0 = Jo, (152)

ol f = f(t,z,v) est la fonction de densité de particules & un temps ¢t € R™, une position
x € T3 le tore de dimension 3 et a une vitesse v € R3. Ici ¢ > 0 est le nombre de
Knudsen, quantifiant I’inverse du nombre moyen de collisions pour chaque particule par
unité de temps et () est I’opérateur de collision de Landau (voir Section 1.2). Dans le
travail présenté dans cette partie, seuls les potentiels durs, les molécules Maxwelliennes
et les potentiels faiblement mous sont traités, c’est-a-dire que nous nous restreignons a
v € [—2, 1]. Prendre ¢ petit a pour effet de renforcer le rdle des collisions : lorsque ¢ — 0,
au vu du Théoreme H de Boltzmann, la solution ressemble de plus en plus a un équilibre
thermodynamique local (1.14).

En utilisant par exemple les travaux dans [9], nous introduisons I’échelle du temps et de
I’espace et la densité des particules suivante :

t x

fg(t,a:,v):f(g,g,v), t>0

dans le but de pouvoir exhiber I’équation de Navier-Stokes a la limite. L’équation de
Landau adimensionnée prend alors la forme :

Ouf-+1v-Vof. = 5Q(f. )
{ fa\tzo - fE’O. (133)
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Comme mentionné précédemment, les équilibres globaux de 1’équation de Landau sont
des Maxwelliennes locales en vitesse (voir (1.14)-(1.16)-(1.17)). Pour relier I’équation de
Landau a I’équation de Navier-Stokes incompressible, nous considérons la linéarisation
d’ordre ¢ suivante autour de la Maxwellienne p définie en (1.17)

fot,z,v) = p+ep'?g.(t, z,v).
Si f. vérifie (1.33), alors de maniere équivalente g. vérifie

{ atga + %U : nga - g%»cge = %F(gm ga)

1.34
ga|t:0 = Ge,05 ( )

oll g. o est donné par f. o = p+ep'/?g. o, ’'opérateur de collision non linéaire I est défini
dans (1.23) et I’opérateur de collision linéarisé L est défini dans (1.26).
Dans ce travail, nous supposons que la donnée initiale f o vérifie :

1 1
/]1‘3><R3 feo(z,v) |:|2 daxdv = /TSXR3 w1(v) |:|2 dxdo, (1.35)
ce qui implique que
1 0
Ang3 ge(t, x,v) 2 (v) ’;;’2 dzdv = 8 Vit >0,

puisque notre équation conserve la masse totale, la quantité de mouvement et 1’énergie
(voir (1.10)).

Le but de I’article [112] est d’étudier le processus de convergence faible pour 1’équation
de Landau dans le cas ot v € [—2,1] et de vérifier sa limite vers 1’équation de Navier-
Stokes-Fourier incompressible avec la relation de Boussinesq sur le tore. Cette équation
a de fortes propriétés de diffusion, ce qui implique des difficultés liées aux espaces fonc-
tionnels. Avant de présenter les résultats obtenus dans ce travail, nous présentons d’abord
quelques notations utilisées (voir également le début de la Section 4). Il est bien connu
que le noyau de £ est un sous espace vectoriel de L? de dimension 5 et est engendré par
I’ensemble des invariants de collision (voir [60] par exemple) :

Ker £ = Span {\/ﬁ, V1 I, Van/ b, Vs /1L, \v|2\//7} ) (1.36)

On introduit I’espace Hi* associé a la norme
X X X
., = )2 T £l + 10)? PV fllzz + Iv)> T (1d =P) Vo fllzs, (137

ot (v) = (1 + |v|>)¥/? et P, désigne la projection sur la droite engendrée par v, i.e.

Pn = (n . ﬁ) ‘:j—‘ Cette norme est naturelle dans 1’étude de I’équation de Landau. On

définit aussi I’espace x* pour s € N associé a la norme

1 F2n ooy = 2 [ 021y da (1.38)

laf<s
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Rappelons la décomposition dite macro-micro des solutions
f=1f + (Id—Ily) f, (1.39)

ou 11 est la projection orthogonale a Ker L, I1; f est appelée la projection macroscopique
de f et (Id —II) f la partie cinétique ou microscopique de f. On a alors

Iy f(t, x,v) = {a(t,z) + v - b(t, ) + |[v[c(t, 2) } /1, (1.40)

avec

._ ) ’U|2 1/2 . 1/2 o ‘UP 1 1/2
a = Rsf(Q_ 2)/1 dw, b.—/Rgf’U/L dv, C'_/RSf(G —2)u dv.

Enfin, nous introduisons respectivement la fonctionnelle d’énergie instantanée et la fonc-
tionnelle de dissipation suivantes

EXf) = 1 f 1tz

= Mo f | Fars + I1(1d =TTo) f1I7rs 12
D(f) = [|(Id —Io) f[| 3 (T3 x3),
C(f) = ||VxH0f||H§Lg-

On a alors le résultat d’existence et d’estimation globale d’énergie suivant.

(1.41)

Théoréme 1.4. 1l existe M, > 0 tel que pour € € (0, 1) et ||g-o||gsr2 < Mo, le probleme
de Cauchy (1.34) admet une solution globale unique

g € L=([0, 00); H7L7)

avec ’estimation globale d’énergie

oo ] o)
sup E2(1) + Cy /U S D1t + Co /0 C2(1)dt < CE2(0), (1.42)

t20

ou Cy, C > 0 sont indépendantes de .

La stratégie de la preuve pour démontrer le Théoreme 1.4 est d’utiliser la méthode d’éner-
gie non linéaire présentée en (B1) en introduisant une norme (on la notera £ dans le Cha-
pitre 3) qui dépend des quantités macroscopiques a, b et ¢ (1.40) et est équivalente a la
norme usuelle £ uniformément par rapport au parametre €. Le but est d’obtenir 1’estima-
tion d’énergie globale (1.42) et ainsi de montrer 1’existence de la solution globale (voir
(3.57) dans le Chapitre 3 pour plus de détails sur la norme F). Cette stratégie a été utilisée
dans [60, 58] pour I’équation de Landau dans le cas € = 1 ou les résultats ont été obtenus
dans H), avec N > 8 (la régularité sur huit dérivées dans les deux variables et v y est
nécessaire). Dans notre travail nous élargissons 1’espace dans lequel un tel résultat existe
et nous ne travaillons qu’avec trois dérivées en x et aucune dérivée en v.
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Dans la deuxieme partie de ce travail, nous étudions la limite vers le systeme de Navier-
Stokes-Fourier incompressible associée a 1’équation de Boussinesq qui s’ écrit

O+ u - Vau+ Vop = vAgu,
0 +u-V,0 =rA0,

Ve u=0,

p+6=0.

(1.43)

Dans ce systeme 6 (la température), p (la densité) et p (la pression) sont des inconnues
scalaires et u est un champ de vecteur vitesse a 3 composantes. Le coefficient v (resp. k)
est la viscosité (resp. la conductivité thermique). On note que dans le systeme précedent,
le terme “incompressible” correspond a la relation d’incompressibilité V, - u = 0, le
terme “Fourier” correspond a la deuxieme équation qui est une équation de type chaleur
et p + 0 = 0 est la relation de Boussinesq.

Le deuxieme résultat principal de ce travail est le suivant.

Théoreme 1.5. Soit 1, la constante utilisée dans le Théoreme 1.4. Pour tout € € (0, 1),
supposons que la donnée initiale g. ( dans (1.34) vérifie

1) go0 € HALZ,

2) [|geollmsre < My,

3) 1l existe des fonctions scalaires pg, 6y € H? et une fonction vectorielle uy € H>

telles que
90 —2 o, fortement dans H>L?, (1.44)
ol go(x,v) est de la forme
v 3
ol v) = pola) (e) o) o) +00(r) (10— 2) ). 145

Soit maintenant g. la famille de solutions de 1’équation de Landau (1.34) construite dans
le Théoreme 1.4. Alors, lorsque € — 0,

2 3
ge—*Pvﬁz+‘U'Uvﬁz*‘9<hQ_‘2)qu (1.46)

faiblement-x dans L>([0, c0); H2L?). Ici
(p,u,0) € C(R*; HY) N L™(R*; H) (1.47)

est une solution de I’équation de Navier-Stokes-Fourier incompressible (1.43) avec la
donnée initiale :
2

3
uli=o = Pug(x), 0= = 590(:1:) — gpo(a:), (1.48)
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ou P est la projection de Leray (c’est la projection sur les champs de vecteurs a divergence
nulle). De plus, la convergence des moments suivante est vérifiée :

P(gg,v\/ﬁ)L% — U (1.49)
v]?
0. (M5~ 1)VAE) 6, (1.50)
L3

fortement dans C'(R™; H?), faiblement-+ dans L>(R™; H3).

La stratégie de la preuve pour démontrer le Théoreme 1.5 est d’utiliser les estimations
obtenues dans le Théoreme 1.4. Ces estimations sont uniformes en € et nous permettent
également d’obtenir un résultat de la convergence faible vers le systeme limite (1.43). En
termes d’espaces fonctionnels, notre résultat est comparable a celui de [83] dans lequel
les auteurs ont utilisé cette méthode pour dériver 1’équation de Navier-Stokes-Fourier
incompressible mais pour 1’équation de Boltzmann sans cut-off dans I’espace tout entier.
La différence avec notre cas concerne le choix de I’énergie instantanée et la fonctionnelle

de dissipation pour capturer la structure de I’équation adimensionée (voir (1.37), (1.38) et
(1.41)).

4.3 Estimations de régularisation et limite hydrodynamique forte
pour I’équation de Landau (Chapitre 4)

Dans cette partie, nous poursuivons 1’étude de la limite hydrodynamique de 1’équation
de Landau en améliorant le résultat présenté dans la partie précédente. Plus précisément,
nous donnons un résultat de convergence forte des solutions de I’équation de Landau
(présentée dans la partie précédente) vers des solutions fortes et globales du systeme de
Navier-Stokes-Fourier incompressible. Comme dans la partie précédente, seuls les po-
tentiels durs, les molécules Maxwelliennes et les potentiels faiblement mous sont traités,
c’est-a-dire les cas v € [—2, 1]. Nous introduisons quelques notations ainsi que des es-
paces fonctionnels dans lesquels on travaille dans cette partie.

On note par A, I’opérateur de Landau linéarisé associé a (1.34) et donné par :

1 1
Aei= 5L~ ~v-V,, (1.51)
15 15

ou L est défini dans (1.26). En utilisant par exemple la Proposition 3.1 dans [17], le noyau
de A, est donné par :

Ker A, = Span {\/ﬁ, V1 Var/ b, U3/ I |U|2\/ﬁ} .

En considérant la base orthogonale dans L? du noyau Ker £ (voir (1.36)) suivante :
{ Vi Vi, Vi(lo]® = 3)/3},
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on peut réécrire 11y défini dans (1.40) sous la forme suivante :

Mo f(v) = (/Rgf(w)\/ﬁ(w) dw+/RS wi(w)y/a(w) dw - v

[ R sy ) aw 3) Vi), (152

Pour une distribution cinétique donnée f = f(z,v), on note f sa partie microscopique
et donnée par
= 1d-TIly) f (1.53)

et par (pg,uy,0;) ses quantités macroscopiques définies par
pi(@) i= [ fwv)Vi(v) dv,
u(a) = [ v f(e,v) /i) do (154)
0p(0) =5 [ (0 =) (e, 0) V(o) do

Ainsi [y f = (pf +up-v+0f |”|22_3) /. Notons que les notations sont différentes du
cas présenté dans la Section 4.2 mais que 1’esprit est le méme.

On définit les espaces de type Sobolev
2 = L), = (H,,),

comme les espaces associés aux normes suivantes :

1A% == 1@)*E I fZe + (@) IV £
Yilo ena 4 o (1.55)
+ ()2 Vefllia, +1IVaflliz,
et
X2 X2
1£1%, = 10> E f 2y + 10 EIVL f 12 w56

ol
+ )2V ey + IVaF T2 s

ol (v) = (1 + |v[*)¥/2, |v| est la norme euclidienne canonique de v dans R? et I’espace
Hi* associé a la norme définie dans (1.37). Notons que I'introduction de ces espaces de
Sobolev dans lesquels les poids dépendent de 1’ordre de la dérivée en x, nous permet
d’avoir les estimations non linéaires.

Soient X; et X5 deux espaces de fonctions. On définit I’espace X; + X5 comme 1’en-
semble de fonctions f qui s’écrivent sous la forme f = f; + f; avec f; € Xjet fo € Xy
et qui est associé a la norme suivante :

[fllxiex, == min | fillx, + [|f2]x,-
=f1+f2

f
fieX;
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On a alors le résultat d’existence et de régularisation suivant.

Théoréme 1.6. 11 existe 7 > 0 assez petit tel que pour tout ¢ € (0,1), si g.o € 2
satisfait

/ﬂ‘3><]R3 geo(z,v) p(v)dvder =0 pour @(v) = /1, v/1t, \v|2\/ﬁ, (1.57)

2 < 1o alors ce qui suit est vrai :

et Hgs,O

(i) I existe une solution globale unique g. € L>°(R™; 27) N L?(R™; #1) a (1.34) associée
a la donnée initiale g. o, qui vérifie en plus

1 > g > ag
) A (O R A PR

sup e*!|g-(t) o dt < Cllgeoll%,

=

(1.58)
ou o, C' > 0 sont indépendantes de ¢ et (g.)" est défini dans (1.53).
(i1) De plus, la solution satisfait 1’estimation de régularisation suivante
C efat
(U)o L C—————||gcoll2, VE>0, 1.59
loeOllr < €t lgeoll (1.59

ou C' > 0 est indépendante de ¢.
Remarque 1.7. On note que la condition (1.57) est équivalente 2 g. o € (Ker A.)*.

La stratégie de la preuve pour démontrer le Théoreme 1.6-(1) est basée sur I’étude de
I’équation linéarisée puis du probleéme non linéaire. Concernant 1’étude du probleme li-
néaire, nous utilisons la méthode d”hypocoercivité- L? présentée dans (B2) en introduisant
une norme || - [[|zz , (associée au produit scalaire ((-,-)) ;. ) qui dépend de € et est équi-

valente a la norme usuelle || - ||;2 uniformément en e (voir (4.53) dans le Chapitre 4
pour plus de détails sur la construction de la norme || - || 12,). Le choix de cette norme
permet également d’obtenir le gain de 1 /¢ sur la partie micro’scopique de la solution (voir
(1.58)). Cette méthode nous permet d’obtenir la dissipativité pour 1’opérateur linéarisé A,
dans I’espace 2. En combinant la dissipativité avec les estimations du terme non linéaire
I, nous obtenons (1.58). Concernant I’estimation de régularisation dans le Théoreme 1.6-
(i1), nous utilisons la méthode présentée dans (B3) pour I’équation non linéaire en intro-
duisant une fonctionnelle (on la notera par %.(t) dans le Chapitre 4) avec des poids en
temps. Nous montrons que %.(t) est décroissante en temps ce qui nous permet d’obtenir
(1.59). A notre connaissance, c’est la premiere fois que cette stratégie est utilisée pour
une équation non linéaire (méme dans le cas le plus simple € = 1) et pour une équation
adimensionnée (avec des estimations uniformes en ¢). Cette fonctionnelle a été construite
particulierement pour gérer les dépendances de . Les différences de comportements entre
les parties microscopiques et macroscopiques de la solution ont aussi été prises en compte
en introduisant certains termes de la fonctionnelle qui dépendent seulement de la partie
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microscopique de la solution (voir (4.114) pour la définition de la fonctionnelle % (t)).
Ce choix convenable de cette fonctionnelle permet également d’obtenir 1’estimation de
régularisation (1.59) qui est optimal (le gain optimal de régularité obtenu correspond aux
estimations hypoelliptiques (1.31) obtenus dans [111] sur I’opérateur de collision de Lan-
dau linéarisé).

On va alors étudier la convergence forte de (1.34) lorsque ¢ tend vers 0 vers le systeéme
de Navier-Stokes incompressible (1.43). Pour cela, on introduit g, définit de la maniere
suivante :

[o]* =3

90(93)>

avec V,-up=0 et py+6,=0, (1.60)

ol 1) i= Vo) () + (o) 04

ol (po, ug, Bo) sont les quantités macroscopiques associées. Ici go est appelé une donnée
bien préparée (voir le Chapitre 4 pour plus d’informations). Notons que dans cette partie,
on suppose que la donnée initiale fluide gy soit bien préparée (voir (1.60)), cette condi-
tion est nécessaire pour obtenir une convergence forte. Tandis que les hypotheses faites
sur la donnée initiale fluide dans la Section 4.2 (voir Théoréme 1.5) sont un peu moins
restrictives puisque cette condition n’est pas supposée et n’est pas nécessaire pour avoir
une convergence faible (voir aussi I’introduction du Chapitre 3 pour plus de détails).

Remarque 1.8. Notons qu’il existe 771 > 0 tel que si gy est de la forme (1.60) et satis-
fait || go|| 2~ < m1, alors il existe (p, u, ) € H? une solution du systeme (1.43) définie sur
R* (voir I’introduction du Chapitre 3 pour plus de détails).

On définit aussi la distribution cinétique dans Ker £ comme suit :

[o]* =3

g(t, x,v) = /p(v) <p(t, x)+u(t,z) v+ 9(t,x)> , (1.61)
ou (p,u, @) sont les quantités macroscopiques associées et une solution du systeme de
Navier-Stokes-Fourier incompressible (1.43) . On a alors le résultat de convergence sui-
vant.

Théoréme 1.9. Soit g., € 2 N (Ker A.)* pour e € (0,1) tel que [|geoll2= < o (ou
1o est définie dans le Théoréme 1.6) et g° € L°(Z2") étant la solution associée a (1.34)
avec la donnée initiale g. o construit dans le Théoreme 1.6. Considérons aussi go € 2 N
(Ker A.)* tel que ||goll2- < 11 (ol 7, est définie dans la Remarque 1.8) et g définis
respectivement dans (1.60) et (1.61).

Il existe 7y € (0, min(no,71)) tel que si max (||geoll 2, [[goll 2) < 7o et

9e0 — goll2- — 0, (1.62)
e—0
alors on a
lge = gllzge(2) —5> O- (1.63)
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1TToge,0 — goll 22 — 0, (1.64)
e—0
alors on a
llge — 9||L§(%)+Lgo(gg‘) — 0. (1.65)

La stratégie de la preuve pour démontrer le Théoreme 1.9 est d’utiliser les estimations
de régularisation pour 1’équation de Landau linéarisée, les estimations (1.58), (1.59) ob-
tenues dans le Théoreme 1.6 sur 1’équation de Landau non linéaire (1.34). De plus, nous
utilisons I’analyse spectrale réalisée par Yang et Yu dans [130] pour plusieurs équations
cinétiques (dont I’équation de Landau), basée sur la description du spectre de I’équation
linéarisée (équation de Landau dans notre cas) dans 1’espace de Fourier en variable x (voir
[107, 27, 41] pour plus de détails sur ce contexte). Cette analyse spectrale nous permet
de reformuler I’équation fluide d’une fagcon cinétique et d’étudier 1’équation satisfaite par
la différence entre la solution cinétique et la solution fluide. Tous ces outils avec les es-
timations uniformes en nombre de Knudsen nous permettent d’obtenir une convergence
forte vers I’équation de Navier-Stokes incompressible. Cette approche rappelle celle uti-
lisée dans [11, 44] ou I’équation de Boltzmann dans le cas des spheres dures a été traité.
Notre résultat améliore les résultats obtenus dans [58, 112] en termes de type de conver-
gence ou de cadre fonctionnel. Plus précisément, Guo dans [58] a justifié la limite vers le
systeme de Navier-Stokes a partir de 1’équation de Boltzmann et de Landau (également
pour le cas de potentiels mous) dans le tore en utilisant la méthode d’énergie non linéaire.
Notre résultat sur la limite hydrodynamique rappelle celui obtenu dans [58] dans les cas
de potentiels durs, molécules Maxwelliennes et potentiels faiblement mous dans le sens
ou nous travaillons avec des solutions fortes et nous prouvons un résultat de convergence
forte. On note que notre cadre fonctionnel est moins restrictif (nous ne travaillons qu’avec
trois dérivées en x et aucune dérivée en v alors que dans [58], 1a régularité sur huit dérivées
dans les deux variables x et v est nécessaire) et il n’y a quasiment pas de perte de régula-
rité dans les estimations quantitatives de convergence (voir Théoreme 4.43). Finalement,
notre résultat dans [25] améliore le résultat obtenu dans [112] dans lequel la convergence
faible-x vers le systeme de Navier-Stokes-Fourier incompressible a été obtenue.

5 Liste de travaux rassemblés dans la these

Les travaux de cette these sont composés de trois chapitres :
e Chapitre 2 : article [111].
e Chapitre 3 : article [112], paru dans Kinetic and Related Models.
e Chapitre 4 : article [25], €crit en collaboration avec Kleber Carrapatoso et Isabelle
Tristani.
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Hypoelliptic and spectral estimates for
the linearized Landau operator

Résumé

Dans cette partie, nous nous intéressons a I’équation de Landau inhomogene qui décrit
I’évolution d’une densité de particules f = f(¢,x,v) représentant au temps ¢ > 0 la den-
sité de particules 2 la position z € R? et la vitesse v € R3. L’étude est motivée par la
linéarisation de 1’équation de Landau pres de la distribution maxwellienne. Nous établis-
sons des estimations hypoelliptiques, une localisation du spectre et des estimations de la
résolvante de I’opérateur de Landau linéarisé dans les cas de potentiels durs et molécules
maxwelliennes. La preuve est basée sur une méthode de multiplicateur et nécessite des
outils de calcul pseudo-différentiels raffinés.

Abstract

In this part, we are interested in the inhomogeneous Landau equation which describes the
evolution of a particle density f = f(t,z,v) representing at time ¢ > 0, the density of
particles at position x € R? and velocity v € R3. The study is motivated by the lineariza-
tion of the Landau equation near Maxwellian distribution. In this article, we establish
hypoelliptic estimates, a localization of the spectrum and estimates of the resolvent of the
the linearized Landau operator with hard potentials and Maxwellian molecules. The proof
is based on a multiplier method and requires refined pseudo-differential calculus tools.
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1. Introduction

1 Introduction

1.1 The model.

In this paper, we study hypoellipticity and spectral properties associated to the spatially
inhomogeneous Landau equation. This equation is a kinetic model in plasma physics
that describes the evolution of the density function F' = F'(t,z,v) representing at time
t € R, the density of particles at position z € R? and velocity v € R3. This equation is
given by

{ OF +v-V,F=Q(FF) o0

-F||t=D = F07

where () is the so-called Landau collision operator which acts on the variable v and which
contains diffusion in velocity. More precisely, the Landau operator is defined by

Q(G,F) =0, /R a0 —v)[C.OF — FO,G.) du.. 2.2)

where we use the convention of summation of repeated indices, and the derivatives are
in the velocity variable v i.e. 0; = 0,,. Hereafter we use the shorthand notations
G. = G(v.), I' = F(v), 0,G. = 0,,,G(vs), O;F = 0,,F(v), etc. The matrix A(v) =
(a;j(v))1<i,j<3 is symmetric, positive, definite, depends on the interaction between parti-
cles and is given by

V;V;

a;;(v) = o]+ <5z‘j - |U|2> , v €[=3,1].

We recall the standard classification: we call hard potentials if v € (0, 1], Maxwellian
molecules if 7 = 0, moderately soft potentials if v € [—2,0), very soft potentials if
v € (=3, —2) and Coulombian potential if ¥ = —3. Hereafter we shall consider the cases
of hard potentials, Maxwellian molecules, i.e. v € [0, 1]. We denote by

(o) = (2m) 2P/

the normalized Maxwellian which is a global equilibrium. We linearize the Landau equa-
tion around g with the perturbation

F=p+pf
The Landau equation (2.1) for f = f(¢, x, v) takes the form

{ OWf+v-Vaof —p 1 2Qu' 2 f, 1) — = 2Qu, p2 f) = p 2Q(u A f, nt 2 f)
fii=o = fo = pV*(Fy — p),
(2.3)
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since (1, ) = 0. Using the notation

T(f,9) =p " 2Qu'? f, 1" ?g),

we may rewrite the above equation as

of +Pf =T}, )
{hmzh, 4

where the linearized Landau operator P takes the form
P=v-V, L (2.5)

with
L=L1+Ly Li=T(/i,f), Lo=T(f, /1)

Operator P acts only in variables (z, v), is non selfadjoint, and consists of a transport part
which is skew-adjoint, a diffusion part acting only in the v variable and a compact part
(see for example Proposition 2.1 in [30]). Using for example [129], [120], the diffusion
part £, is written as follows

()

)1+ 9 [awd] s,

Lif = Vo [A@)VS) - (A -
where A (v) = (@;;(v))1<i,j<3 is @ symmetric matrix with
Ayj = Qg5 *y [

and the compact part L is given by

Lof = —p 10, {M [aij *y {M1/2

or 3}

Remark 2.1. Here we do not follow the same convention as the one in [60] for operators
ﬁl and £2.

1.2 Notations.

Throughout the paper we shall adopt the following notations: we work in dimension
n = 3 and denote by (z,v) € R3 x R? the space-velocity variables. For v € R® we
denote (v) = (1 4+ |v|?)"/2, where we recall that |v| is the canonical Euclidian norm of v
in R3. The gradient in velocity (resp. space) will be denoted by 9, (resp. 9,). We shall
also denote D, = %61, (resp. D, = %am), and denote ¢ the dual variable of z, 7 the dual
variable of v. For simplicity of notations, a ~ b means that there exist constants ¢y, c; > 0
such that ¢1b < a < cob; we abbreviate “< C'” to “<”, where C' is a positive constant
depending only on fixed number. Finally, the space of distributions on () is denoted by
D'(2) where ©2 C R™ is an open set.
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1.3 Main results and comments.

In this article, we will show a localization property of the pseudospectrum of the Landau
operator P, that is to say the region of the complex plane where its resolvent is a priori
large (in fact we more precisely give a description of a large region where the resolvent is
controlled, which is included in the complementary of the pseudospectrum). This result
is given by the following theorem.

Theorem 2.2. Let P be the Landau operator on L*(R3 x R3) defined in (2.5) with v €
[0, 1]. Then there are two constants Cp > 0 and Qp > 0 so that:
a) The spectrum of ‘P verifies

o(P) C SpN{Rez > 0},
with
Sp:{zetc, |2+ 112 < Cp(Rez+1), %ez}—;}. (2.6)
b) Forany z ¢ Sp with Rez > —%, the resolvent is estimated by
1z =P) Mgz, < Qplz+11712 2.7)
Notice that if Re z < —% then

1(z = P)ilﬂs(Lgﬁv) < [Re 2|7 (2.8)

The results of Theorem 2.2 can be illustrated by the following figure:
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Figure 2.1: Localization of the pseudospectrum of the Landau operator P.

In this figure 0.Sp oriented from +ioo to —ioo. The hatched part is where the spectrum
is localized and the non hatched part is the zone where we have good resolvent estimates
(see (2.7) and (2.8)).

Let us give now some comments and motivations of this result. The cuspidal form of the
pseudospectrum of linear or linearized kinetic operators was first shown in [62], [67] for
the Fokker-Planck operator, and then extended to operators appearing in statistical me-
chanics by [39]. The main motivation for this type of study is to be able to understand the
so-called pseudospectrum properties and derive possible trend to the equilibrium or reg-
ularization properties for the related evolution equation thanks to Cauchy formulae (see
e.g. [67] for a complete result in the Fokker-Planck case). Anyway in this article, as a first
step of a complete study of properties of this type, we only focus on the pseudospectral
localization, but in the case of the much more complicated linearized Landau operator.

The aim of this article is double. First we show that the linearized Landau operator has
indeed a pseudospectrum of cuspidal form, which is a good clue for thinking that this
is a very general property of general linear or linearized kinetic operators. Second we
propose a very robust and self contained pseudo-differential framework (see Section 3.1)
in order to show this type of result. Our hope is that it can be used for many other
kinetic models. These tools are greatly inspired by previous works (see [4], [68], [71])
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concerning kinetic equations, following fundamental ideas in [91] on Wick and Weyl
pseudodifferential calculus. Indeed the main remark done in all these works, following
preliminary works by Alexandre and Villani [2] is that the linearized Landau operator L
is, up to controlled/bounded operators, a pseudodifferential operator, namely that there
exists a symbol, in a Hérmander-type class of symbol (see Section 3.1) such that

L = a" + controlled terms,

where w stands for the Weyl quantization. The equivalence above can be rigourosly stated
and we will do it in section 2 below. The understanding of Landau type operators has been
greatly improved in the past twenty years, following in particular works by Guo (see [60]).

Using these tools, the proof of the result given in Theorem 2.2 will follow the lines of
[68] (see also [4], [67]), where a multiplier method is used for proving regularization
(hypoelliptic) properties of the linearized landau operator. Let us emphasize here that no
regularization property is shown in this article, since we only focus on spectral estimates.
Mention anyway - and this is a remarkable feature of all these hypoelliptic/hypocoercive
techniques - that the same (in spirit) methods give very strong and precise results as the
one given in the main theorem.

Let us highlight that a perspective of our work is to use our spectral analysis of the Lan-
dau operator to show that the solutions of the Landau equation are asymptotically equiv-
alent in time (with some time decay rate when ¢ — o0) to the ones of the compressible
Navier—Stokes equations, following ideas used for example by Yang-Yu in [130].

Organization of the article. In Section 2 we give some properties of the Landau operator.
In Section 3, we prove hypoelliptic estimates with respect to the velocity variable for a
parametric operator. In Section 4 we give hypoelliptic estimates for the linearized Landau
operator. Section 5 is devoted to the proof of Theorem 2.2. An appendix is devoted
to a short review of some tools used in this work (Weyl-Hormander quantization, Wick
quantization and the proof of the Theorem 2.40 (Basic Theorem)).

2 Properties of the Landau operator

In this section, we first present the decomposition of the linearized Landau operator P
then we exhibit a simpler form of this operator. To end up we show that P is a generator
of a strongly continuous semigroup. Throughout this section, we work with v € [—3, 1].

2.1 Splitting of the linearized operator.

Consider a smooth positive function y € C>(R3) such that 0 < x(v) < 1, x(v) = 1

for [v| < 1and x(v) = O for |[v| > 2. For any R > 1 we define xr(v) = x(%) and
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in the sequel we shall consider the function M x g, for some constant M > 0. Then, we
introduce the decomposition of the operator P as P = A + K with

A:—£1+U~Vx+MXR, ]C:_£2_MXR, (29)

where M > 0 and R > 0 will be chosen later.
We define the function F'(v) as

Fv) = (A(v);’ - ;’) _v,. [A(fu)ﬂ + Myx. (2.10)
Then, we can rewrite A as follows
Af =v-Vof =V, - [A@)V, f]+ F(0) f. 2.11)

2.2 Preliminaries.

We have the following results concerning the matrix A (v).

Lemma 2.3. The following properties hold:
a) Forv € R3\{0}, the matrix A(v) has a simple eigenvalue ((v) > 0 associated
with the eigenvector v and a double eigenvalue (3(v) > 0 associated with the
eigenspace v. Moreover, when |v| — 400 we have

6 (v) ~ 2(0)" and ly(v) ~ (v)72

b) The function a;; is smooth, for any multi-index o € N3, there exists C, > 0 such
that for all v € R3, we have

0515 (0)| + 105 (@5 (v)v;)| < Ca (0)7T71,
c) Forv € R3\{0}, we have
a;j(v)viv; = él(v)|v|2,

a;;(v) = tr(a(v)) = l1(v) + 205(v),
aij(v)min; = G ()| Panl® + G(0)[(1 = Po)nl?,

with n € R3 and P, is the projection on v, i.e. Pyn = (77 : ﬁ) ﬁ
d) For|v| > 1, we have

1090, ()| < Co ()71 and 10%05(v)| < Cyy ()7 7271,

Proof. See for example [26, Lemma 2.4], [60, Lemma 3] and [129, Proposition 1]. ]
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Lemma 2.4. For all v € R3 with |v| > 1, we have

L) 2 (v)" and by(v) Z ()77,

Proof. Using (a) in Lemma 2.3, when |v| — 400, we have ¢;(v) ~ 2(v)”. In particular,
there is a constant N > 0 such that for all |[v| > N, we have

1 (v) = (v)7.

We have that ¢, (v) is continuous since A (v) is a positive definite symmetric matrix and
continuous (due to convolution with 1), hence the existence of a constant C' > 0 such that
for1 < v <N

l1(v) = C(v)",
and then for all v € R?, perhaps with changing C,
l1(v) = C{v)".
The proof will be the same for /5(v). O

Lemma 2.5. Let F'(v) be defined in (2.10). Then, we can choose M and R big enough
such that for all v € R3, we have

Proof. Since

according to Lemma 2.3, we have

(%

V.- [y

So, using Lemma 2.4 and (2.12), there exist two positive constants C', Cs such that

< (u)7 (2.12)

F) >y <v>7+2 — Cg<v>7+1 + Mxr,
then there exist M and R such that for all v € R3

F(v) 2 ()2,

~Y

]

Lemma 2.6. For any multi-index o € N3, there exists Cy, > 0 such that for all v € R?,
we have

105 F (v)] < Co (w)7+27190,
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Proof. For |v| > 2R, using Leibniz’s formula, we have

00 F(v) = i 3 (“) 0750, (v) % (v)? — iaazl(v) pe <vv - [A@);’D,

o \P
Then, using Lemma 2.3 and Lemma 2.4 we obtain
05 F (v)] < ca (0)77270,
The function F'(v) being C™ on |v| < 2R, the estimates for |v| < 2R are immediate. [
Lemma 2.7. i) A(v) is written as follows
A(v) = B"(v)B(v), (2.13)

where B(v) = (b;;(v))1<i j<3 is a matrix with real-valued smooth entries.
ii) For any multi-index oo € N3, there exists C,, > 0 such that for all v € R3, we have

102 (v)] < Cy (w) 2710 (2.14)
iii) There exists ¢, C' > 0 such that for all v € R3, for all n € R? we have
() (Inf* + lo Anl*) < A(v)n-n = [B)n]* < C ) (|n]* + [v Anf?) (2.15)

Proof. i) As A(v) is a positive definite symmetric matrix (denoted S3*(IR)) and accord-
ing to the spectral theorem, there exists Q an orthogonal matrix such that

A(v) = Q' (v)D(v)Q(v).

On {\v[ > 1}, v — Q(v) can be calculated explicitly and can be chosen to be smooth. If

we set
B(v) = Q'(v)y/D(v)Q(v)
with /D(v) = diag(\/ﬁl(v), \/Eg(v), \/Kg(v)). We have that v — /D(v) is of class

C for |v| > 1 (because ¢1(v), l(v) are of class C™ for |v| > 1). Then the application
v +— B(v) is of class C*° on {|v| > 1}. Regarding the case where |v| < 1, we consider
the following two applications:

6 : R® = Sit(R)
v o= A(w)

v S{T(R) — S{T(R)
M = VM
we note that ¢, are of class C°°, moreover B(v) = 1 o ¢(v). Then we have that the
application v — B(v) is of class C*°.

44



2. Properties of the Landau operator

ii) For |[v| > 1, we have B(v) = \/{1(v)P, + \/l2(v)({ — P,), moreover using Lemma

2.3, we have
102 /0 ()] S @31 100\ ()] < ) (2.16)

and the fact that |09 P,| < 1 (P, and all its derivatives are bounded), so we get that for
lv| > 1,

02055 (0)] S (0)2 171, (2.17)
where the constants in (2.16), (2.17) depend on «.

The function b;;(v) being C* on |v| < 1, the estimates for |v| < 1 are immediate. Then,
for all « € N3, there exists C,, > 0 such that for all v € R?, we have

100b;;(v)] < Cy (0)2H 710 (2.18)

iii) The estimate is immediate on |v| < 1 because A(v) is a positive definite symmetric
matrix and A = BT B. For |v| > 1, using Lemma 2.3, we have

aij()min; = ()| Pnl? + L) (1 = Pl
yi2 U A n|?
o]
Z () [nfPcos*(v,m) + (v)|o Al + () |nf* sin® (v, )
2 @) (Inl* + v Anl),

vV

() nf*cos®(v,m) + (v)

on the other hand, we have
i (v)min; = L(0)[Pon]? + La(0) (I — Py)nl®

< Y 2 7+2’1)/\77‘2
Sl )T
).

S ) (I + v Anf?

Hence the proof of (iii). L]
Using Lemma 2.7, we can rewrite A in the form

A=v-V,+ (B(v)V,)" - B(v)V, + F(v), (2.19)

where (B(v)D,)* = D,B(v)’, is the formal adjoint of B(v)D,,.
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2.3 Study of the operator P.

In this part, we will study the following problem:

{ f|t:0 = f07 (220)

we show that the above problem is well-posed in the space L?*(R? x R?) in the sense
of semi-groups. By Hille-Yosida Theorem, it is sufficient to show that .4 is maximal
accretive in the space L*(R3 x R3?), then using the Bounded Perturbation Theorem in
[42, Theorem 1.3], we get that the operator P is a generator of a strongly continuous
semigroup (for more details on the semi-group theory see also [110]). First, we start by
recalling the basic definition of hypoellipticity.

Definition 2.8. Let P be a differential operator with C'*° coefficients in an open set {2 C
R™. We say that P is a hypoelliptic operator on €2, if, for any open w C 2, any u € D'(12),
such that Pu € C*°(w) belongs to C'*(w).

Lemma 2.9. Let A be the operator defined in (2.9). Then, A is a hypoelliptic operator.

Proof. Using formula (2.19), we can rewrite .4 in the following form:

.A—U 8 —|—<Zb13 ) (Zblj )+(;bQJ(’U)avj)*(;bZJ’(U)avj)

Xo
X7, X3 Xs
(Zbﬁu )(stj ) +F )
X3 X3
3

i=1

In addition, the coefficients b;;(v) and F'(v) are of class C*°, taking the vector field square
brackets we get

Y, = Xk,XO Zbkﬂ Ij, for k € {1,2,3}

From the above, A is a “type Il Hormander’s operators” (see for example [62], [75]).
Moreover, the vector fields {Xi, Y, i=1,... ,3} generate all the space tangent to ngv
so A is hypoelliptic operator. [

Theorem 2.1. Let v € [—3,1] and A be the operator defined in (2.9). Then, its closure A
on the space S (Rg’v) is maximally accretive.
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2. Properties of the Landau operator

Proof. We adapt here the proof given in [62, page 44]. We apply the abstract criterion by
taking H = L*(RY ) and the domain of A defined by D(A) = S(RS ). First, we show
the accretivity of the operator .A. We want to prove that e (Au, u),, > 0 for u € D(A).
Indeed, from (2.19)

e (Au,u),, = Re(v-Vou,u)y, —RNe(V,- (A()Vou),u)y, + Re (F(v)u,u),,
=0 since v-V is skew-adjoint

— BO)Vul, + IIF )l
0.

>

=

Since A is an accretive operator then its closure A exists and it is accretive (see [62,
Proposition 5.3]). Let us now show that there exists A; > 0 such that the operator

has dense image in H. We take \; = 1. Let f € H satisfy
(f,Tu)y; =0, Yu € D(A), (2.21)

we want to prove that f = 0.
Since T is a differential operator then his formal adjoint 7% exists (in the sense of distri-
butions). According to (2.21) we obtain

Tif = (= Vo A(W)V, + F(v) + 1 - Xo) f =0, in D'(R%). (2.22)

Using Lemma 2.9, we have —V, - A(v)V, + F(v) + 1 — X is a hypoelliptic operator,
so f € C(IRY) (see [62, Chapter 2]).
Now we introduce the family of truncation functions (, defined by

Gl v) = g(;)g(é) Vk = (k1 ko) € (N°)2,

where ( is a C* function satisfying the following conditions:

0<¢<,

¢(=1on B(0,1),
supp ¢ C B(0,2),

¢ is aradial function.

The expression of T#((y. f) is

TG f) = =V - (A@)VW(Gh)) + (F(0) + 1) G f = Xo(Gif)
= =V, (AO)(VoGl ) = Vol - A)Vof = Xo(G)f = GT*.
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by using (2.22), we obtain

TG f) = =Vo - (AQ)(VoGlf)) = Vol - A@)Vof = Xo(GO)f. (223)

We note that T#((;.f) € H, taking the scalar product with (;, f we obtain

(T#(Ce ), e f) z—//v (VoG ) G f d:cdv—//Xo Co)Cel fI? dadv
—// VoG - A(0)V, f)Gef ddv,

By doing an integration by parts, we obtain

(TG0 G ), =[] 1BVAGP dadv— [[ Xo(G)GilS P dado.

On the other hand, using (2.22), we obtain

(TG0 G ), = [[1BVuGHI dedv+ [[ (F(0) +1)1Gif[* dodv
~ [[ Xo(Ge)Gef dwdv

=0 since Xy is skew-adjoint

—//va (Gef)I? dacdv+// v) + 1) |G f? dadv.

Using the fact that
/ BV (G f)|? dadv > 0,

we obtain

] (P@) +1)IGf P dadv < [[ 1BVu(GFP dedo— [[ Xo(G)Gilf1? dudo. 2.24)
(i) (i0)

Estimate of (i): Using Lemma 2.3-(b)-(d) and taking into account that the function ( is a
radial function we obtain

//IBV () fI? dxdu_//zl PGl |f\2dxdv+//£2 (1 — P)VoGl?|f|? dado

=0 since v is parallel to V,(x
C
e
2

where Cp > 0 and &, = C(%)C/(é) Using the fact that v € [—3, 1] and the fact that O,

is a bounded function we have the existence of a constant C'; > 0 such that,

[ 1BVGs P o < (55 + 1)
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2. Properties of the Landau operator

Estimate of (ii): we have

’/ Xo(C)CklfI? daxdv

where ¢, = C'(%)g(é)
Now, taking into account that the functions ®;, and (; are bounded, we have the existence
of a constant C'y > 0 such that,

‘/ Xo(Cr) Skl f1? dadv| <

1 ~
<[] Wl®eGul 112 dadv,
1

Cz ||f||2

Finally, coming back to (2.24) we obtained the existence of a constant C' > 0 such that,

2 1 1 2
/ﬂwwmmgqﬁ+?+ LT (2.25)
Taking k1 — +o0 in (2.25) we obtain
U\ L9 1 1 9
i <O(=— + — )
JJ1cGo 1 axdo < (5 + )1 (226)

and taking ks — 400 in (2.26) we obtain

//|f]2dxdv:0,

then f = 0. O]

From now on, we write A for the closure of the operator A.

Corollary 2.10. Let v € [—3,1] and P be the operator defined in (2.5). Then, —P is a

generator of a semi-group (S(t))t>0 strongly continuous on H = L*(RY ) verifying
IS < ™ for t > 0, 2.27)

where IC the operator defined in (2.9).

Proof. Using (2.9), the operator —P is written as follows
-P=-A-K.

According to Theorem 2.1, A is a maximally accretive operator. According to the Hille-
Yosida Theorem, —.A is a generator of a strongly continuous semi-group of contraction.
On the other hand, —K is a bounded operator in H (we have L, a compact operator
and M is bounded). Using the Bounded Perturbation Theorem in [42, Theorem 1.3],
we have that —P is a generator of a semi-group (S(t))t>0 strongly continuous on H,
moreover we have B

1St < el™t for ¢ > 0. (2.28)
O
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3 Hypoelliptic estimates for the operator with parame-
ters

In the following discussion, we work with v € [0, 1]. In this section, we will study the
operator acting on the velocity variable v:

Ae =iv- £+ (B(v)V,)" - B(v)V, + F(v), (2.29)

where ¢ is the parameter in R®. The operator A is obtained by the partial Fourier trans-
formation in x. The goal of studying the operator .4, and considering £ as a parameter,
is to obtain estimates of the velocity variables v uniformly with respect to £. Then by
using the inverse Fourier transform with respect to =, we can obtain global estimates in
all variables. We note that the operator A, verifies for all u € S(R?),

1B(w)Vaullz + [/ F( HL2 < Re (Agu, u) 1 (2.30)

Notations. Throughout this section, we will use || - ||z2 to denote the norm in the space
L?*(R3) and € is a parameter. We use p™'* to denote the Wick quantization of p in the
variables (v, n) (for more details on Wick quantization see [92] and Appendix (Section
6.3).

The main result in this section is Proposition 2.29 and Proposition 2.30.

3.1 Pseudo-differential parts

In this part, we will show several lemmas concerning pseudo-differential symbols. We
need to build these symbols, who verify assumptions of Theorem 2.40, such that the
pseudo-differential operator associated to these symbols has good properties. These op-
erators play an important role in hypoellipic estimates. The standard concepts on pseudo-
differential calculus are explained in Appendix (Section 6). We define for (v,n) € RS
the following symbols, they depend on the parameter £ but we do not mention it in our
notations since £ is seen as a parameter.

Aw,m) = [0 (14 [0 + [ + €2 + [0 AP + o A g?)] " 231)
a(v,n) =1+ > + > + & + o Aql* + o A€ (2.32)
gi(v,m) =1+ (v) + (n), (2.33)
g2(v,m) = L+ () + (), (2.34)
gs(v,m) =1+ ()Y + (n)*. (2.35)

Lemma 2.11. The above symbols are admissible weights in the sense of Definition 2.35
uniformly with respect to the parameter & in R3.
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3. Hypoelliptic estimates for the operator with parameters

Proof. We have to check A is an admissible weight. It is sufficient to verify that there
exists two constants /N and C, both depending only on +, such that for all
Y = (v,n), Y = (v,1n), we have

AY) <CANY)(1+T(Y = Y)Y,
where I is the metric defined by I' = dv? + dn?. We have

S CI/) N A e e ] S el RN el AR 3 (236)
X)W\ R+ P+ R+ o AP+ [ Ag)R ) '
We now use Peetre’s inequality
W) <25 ) y-y)", TeR (2.37)
to get
<,U>,y ¥ Ny
oy < 27(v — ')
Using (2.37), we obtain
1+ |v|* + |nf? 2 2
‘U’ |T]| <U> +<T]> <4(<'U—U/>+<77—77/>)2

< <
L+ P+ [P+ R+ AR P+ AL T )2 ()2
and

IS& <
L+ W2+ 72+ €2+ v A2+ [ AE2 T

1< (=) + =17

Using the relation
vAE=(v—V)ANE+V AE,

we obtain

2 L N2/¢\2
vAg] Ll e
T+ [P+ P+ 6P + [0 AP+ [ AP GE

Moreover using the relation
vAn=w—=")AMm—=n0)+@Ww—=0)A0 +VANn—10)+0 A7,
we compute
v An?
L+ [P+ P+ 67+ [ AP+ [ AP
Ao — /Pl — '] +Alv — Pl P + 4 Pln — '[P + 4" AP
1 + ’,UIP + ‘nIP + ‘5’2_'_ ‘,U//\TII‘Z + ’UI/\SP
<Afp =Pl =P + Al = + 4l -/ * +4
<10 ((v =) + (n—n)"

N
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Chapter 2 — Hypoelliptic and spectral estimates for the linearized Landau operator

Combining the above inequalities, we get

AY) a4y
<C,(1+T(Y -Y")) =,
so A is an admissible weight. The proof will be the same for a, g;, g2 and gs. [

Lemma 2.12. For m € R,
e S(A™ T,

uniformly with respect to the parameter & in R3, where S(\™,T) is defined in Definition
2.36 in Appendix (Section 6.1).

Proof. We can rewrite \ as follows

Av, ) = (v)%a

To prove the wanted result, we use induction on |« + /3| to prove that for any & € R and
any |a + | > 0,

D=

(v, m).

05073k (v,m)| < a”(v,n), (2.38)

which obviously holds for |« + /3| = 0. Now suppose |« + 5| > 1, then we have either
la| = 1or |B] > 1, and suppose |3 > 1 without loss of generality. So we can write
97 = 050, with |5| = |3 — 1 and thus

8385ak(v, n) = 8;185 {k‘ak_l (277]- +2(v A N0y, (v A 77))} :
which along with Leibniz’ formula and the induction assumption yields

05052 (w,m)| < a* =t (1+ [nl + Jvllnl + [vllo Anl + [v]?)
< af(v,n),

on the other hand, we have for all & € R,
(W)F e S((v)*,1). (2.39)
Finally, using (2.38), (2.39) and Leibniz’ formula we conclude for all |a + | > 0,
|050) X (v,m)| < Cag A" (v, 7). (2.40)
O]

Lemma 2.13. For m € R,
€ O S A,

uniformly with respect to the parameter £ in R3.
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3. Hypoelliptic estimates for the operator with parameters

Proof. Lemma 2.13 follows directly from (2.31) and the fact that

X
2

€002 = Moyza 2|E oA uan S A

we can conclude that for all m € R,
€+ Op AT S AT,
uniformly with respect to the parameter £ in R3. [

Lemma 2.14. We have
g; € S(gi,l“),for = 1,...,3,

uniformly with respect to the parameter £ in R3.

Proof. Using the fact that for all m € R, (v)™ € S((v)"™,T), ()™ € S((n)",T) we
obtain
VOé,B S N37 |838591(U777)‘ < Caﬁgia

uniformly with respect to the parameter £ in R3. O
Lemma 2.15. Forall € > 0,
i) O A€ S(EA+e W)LY, i) dyg1 € S(egr +e 1T,

iii) 9,92 € S(egs +e (W) T), iv) Dyg5 € Slegs +e M v)s T T);

uniformly with respect to the parameter & in R3.

Proof. We have

Using Young’s inequality we get for all € > 0,

X _ X
0491 (v, )| S g1+, Oyga(v,m)| S e+ W) [0yga(v, )| S egs e H(v)P T,

then arguing as above we can use induction on |«| + || to obtain, for || + |5]| = 0,
ok
105070,91(0,m)| Segu+et, 1050)0,95(v,m)| S ega + v,

and |02020,g3(v,m)| S egs + e H{v) 3T
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Regarding the symbol A, we have

|0y A (v, )|

X
2

(v)
(w)2a="2(|n| + vljv A )

() T2\V2,

a2y + (v A )y (v An)

AN N

Using Young’s inequality we get for all € > 0,
DA, m)| S A+ (o) FH,
then arguing as above we can use induction on |«| + || to obtain, for || + 5] = 0,
02050, M(v,m)| S ed+eH(v)2th,

]

From the above, we have shown that the symbols g1, ¢g», g3 and A verify the hypotheses
of Theorem 2.40, so we can apply the results of Theorem 2.40 to the following operators

gk =(n+K)", (2.41)
g = (g2 + K(w)s™)", (2.42)
gk = (g5 + K @)5)", (2.43)

A= (A4 K(v)aHh)”, (2.44)

where K the fixed constant given by Theorem 2.40. In Section 3.2, we will apply the
results of Theorem 2.40 on the operators above.

Let ¢ be a C§°(RR, [0, 1]) function such that
¢ =1on [—1,1], supp? C [-2,2]. (2.45)

Definition 2.16. Define the real-valued symbol
_Bv)¢- B(v)%(IB(v)nl2 + F(v)>7

9= NG 273 (2.46)

where A is the symbol defined in (2.31).
Lemma 2.17 (Lemma 3.3 in [68]). We have

o F) ¢

uniformly with respect to the parameter & in R3.
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3. Hypoelliptic estimates for the operator with parameters

Lemma 2.18. The symbol g belongs to the class S(1,1") uniformly with respect to the
parameter & in R3.

Proof. Notice from (2.45) that

|B(o)n|* + F(v) < 227, (2.47)
on the support of the function
B(v)n|* + F(v
NECrest} o

By recalling (2.31) and using (2.15), we obtain
[B)EI S ()2 [l + () Flo A€l S A (249)
We deduce from the Cauchy-Schwarz inequality that one can estimate
[B(v)¢ - Bo)n| S [B)E]|Bv)n| < A7, (2.50)

on the support of ). The symbol g is therefore a bounded function uniformly with respect
to the parameter £ in R3. Using (2.14) and (2.15), we can estimate

0°B)E] S ()2 €] S [Bw)E] S A (2.51)
where o € N? with || > 1. Using again (2.14) and (2.15), we can estimate
02 Bw)n| < @)y < |Bo)n| S AV? (2.52)

on the support of ¢). Morever, one can estimate from above the modulus of all the deriva-
tives of the term B(v)n by a constant times A\'/3 on the support of the function

w(‘B(“”Q’;j F<v>>.

Using Leibniz’s formula, Cauchy-Schwarz inequality (2.51), (2.52) one can estimate from
above the modulus of all the derivatives of the term B(v)¢- B(v)n by a constant times A\*/3
on the support of the fonction ). According to Lemma 2.12 and Lemma 2.17, this proves
that the symbol g belongs to the class S(1,I") uniformly with respect to the parameter £
in R, O

Lemma 2.19. We have

-0 o P EEON | < 4kt + )

uniformly with respect to the parameter & in R3.
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Proof. Letw = W#. We may write

¢ onfuto) = ) [P EO L (gt + r)e- o))

Notice from (2.31) and (2.45)

2B(v)¢ - B(v)y| _ |B)E|[B)n| _ A )
2\2/3 ~ 2\2/3 ~oN2/3 Y ~

on the support of the function ¢’ (w). One can then deduce Lemma 2.19 from
Lemma 2.13. u

3.2 Hypoelliptic estimates

We shall consider the multiplier G = ¢"* defined by the Wick quantization of the symbol
g. We refer the reader to Appendix (Section 6.3) on Wick calculus. We begin by notic-
ing from (2.133) that there exists a real-valued symbol g belonging to the class S(1,T")
uniformly with respect to the parameter £ in R? such that

G — gWick = v (2.53)

where g denotes the operator obtained by the Weyl quantization of the symbol g given
by

~ 1 i(v—v')m + ' / /
") = s e ’”"g(” — m)u(v)dv di. (2.54)

We shall sometimes closely follow [68] and refer to appendix (Section 6) for the main
features of the Wick and the Weyl quantizations.
We begin by a series of Lemmas whose proof is exactly the same as the one in [68].

Lemma 2.20. There exists ¢c; > 0 such that for all u € S(R?),
| (F(v)u, Gu) 2 |+ | (Ve - (A(v)Vou), Gu) e | < e Re (Aeu,u),.

uniformly with respect to the parameter £ in R3.

Proof. See Lemma 3.7 in [68]. ]

Lemma 2.21. There exists c5 > 0 such that for all u € S(R3),

1B) s + Iy F@uls - (4B + FE)" wu)

< e Re (Aeu,u);s
uniformly with respect to the parameter & in R3.
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3. Hypoelliptic estimates for the operator with parameters

Proof. See Lemma 3.11 in [68]. O

Let 0 be a positive parameter such that 0 < § < 1. We use a multiplier method and write
that

Re (Agu, (1 — 0G)u) o =|| B(v)VoullLz + [\ F()ullz2 — 0Re (iv - fu, Gu) s
+ 0Re (V- (A(v)Vyu), Gu) o — dRe (F(v)u, Gu) . -

(2.55)
Lemma 2.22. We have for any s € R
{B(v)§) (1 = 6G)ullL2 S I{B(v)S) ullzz,
uniformly with respect to the parameter & in R3.
Proof. See Lemma 3.8 in [68]. ]

Proposition 2.23. There exists C' > 0 such that for all u € S(R3),
(A3 Wik, ) o < € (Re(Acu, u)re + Re(Aeu, (1 - 0G)u)2),
uniformly with respect to the parameter £ in R3.

Proof. Using (2.55), we have for 0 < § < 1 and u € S(R?),

1B)VoulLz + Iy F(v)ullfz — 0Re (iv - gu, Gu)
= Re (Aeu, (1 = 6G)u) . — 0Re (V, - (A(v)Vyu), Gu) 2 + 0Re (F(v)u, Gu) 2,
(2.56)

uniformly with respect to the parameter ¢ in R®. Recalling (2.53) and noticing from
(2.133) and (2.134) that vVt = v, we may rewrite (2.56) as

2 2 o Wick
|B(v)Vyu|2 + [\ F(v)u||72 — dRe (zf cp Ty, Gu)L2

= Re (Aeu, (1 = 0G)u) . — 0Re (V, - (A(v)Vyu), Gu) . + 0Re (F(v)u, Gu) ;. -
(2.57)

Using Lemma 2.20, we deduce that there is a constant ¢3 > 0 such that forall 0 < 6 < 1
and u € S(R?),

| B(v)VoullZs + [|\/F(v)ul/3s — dRe (if pWicky, Gu)L2
< cs(Re (Acu, u) o + Re (Aeu, (1 - 0G)u) 2 ), (2.58)
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uniformly with respect to the parameter ¢ in R3. We deduce from Lemma 2.18 and (2.135)
that

—oRe (z§ pWiky, GU)L = —0Re (gWiCk(if c0)Viky, u)

= 5417r ({f -0, g}V, u)

L2

(2.59)

2’

Using (2.46) with a direct computation of the Poisson bracket gives that

(6 0.0) = (Blole- ByE oy (1)

BT (1B P | BRI B0 g (BT F0)]

\4/3 2\2/3 \4/3 \2/3
(2.60)
We notice from Lemma 2.13, Lemma 2.19, (2.46) and (2.50) that
[B@)¢* (1B)nl* + F(v)
‘{évmg}_ \4/3 1/} \2/3 5 1+|B(U)T]|2+F(U)7 (261)

uniformly with respect to the parameter £ in R3. It follows from (2.59), (2.58) and the
fact that the Wick quantization is a positive quantization (2.132) that there exists constante
¢y > O such that forall 0 < § < 1and u € S(R?),

Wick
UU) + 1 B()Voul[72 + IV F(v)ull72
.2

< cs(Re (Acu, u) o +Re (Agu, (1 - 6G)u) ., )

5 Q\B(v>srz¢<18<v>m2+F<v>>

47 )\4/3 )\2/3

+ dey ({1 + |B(v)n)* + F(v)}wmk u, u> e (2.62)

uniformly with respect to the parameter ¢ in R3. It follows from Lemma 2.21 that there
exists c5 > 0 such that forall 0 < § < 1 and u € S(R3)

5 ([|B(v>£l2¢<\3(v)nl2 + F(v)ﬂwmku, u) 2+(47r2 1B + F(0)] " ) e

2\4/3 \2/3
+ Jullfe < es(Re (Acu, v) 2 + Re (Agu, (1 = 6G)u)s ), (2.63)

uniformly with respect to the parameter £ in R3.
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Notice from (2.31), (2.45) and (2.15) that

B(v)¢|? B(v)n|> + F(v 2
5! A(4/>3§| w(‘ ()T;'Z/j ()>+4w218(v)n\ +Fw)+1>

s BOES + [Bnl® + F(v) + 1¢<!B(v)n\2 + F(U))

\4/3 2\2/3

Z

(B 1 Fo) + 1) [1 - ¢(|B<U>Zy2/3+ F@))

e ¢<|B(v)nA|2/3+ F(v)) 4 532l [1 ) w(IB(v)U/\IQ/;r m))

> 5)\2/3’

when 0 < ﬁ < 1; since
|Blo)nl” + F(v) > X2,
on the support of the function

| —¢('B<”)Z|;§f F(”)>.

By using again that the Wick quantization is a positive quantization (2.132), we deduce
that there exists C' > 0 such that forall 0 < § < 1 and u € S(R?),

(AE)Yiky, ) 2 < C(Re(Acu, u)re + Re(Agu, (1 - 0G)u)z2),
uniformly with respect to the parameter £ in R3. [
Lemma 2.24. There exists C' > 0 such that for all v € R3 and ¢ € R?,
(B)§)'* < Cm(v,8),

with
1/2

(v, 6) = ( [ (B +0)e w2 av)
Proof. We have that
m(v,€)? 2 /R (14 |Bw+ 0)e[nde 1 as,
therefore by using (2.15), we obtain that
m(v,€)? 2 /Rs(l + (0 + DV 4 (o + BV (0 + D) A€ r eI ap,

and using Peetre’s inequality (2.37), we have

(0)7/3

< ~\7/3
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so we get

me € 2 1 @71 [ ivii (04 8) A €A% dp

214 e [

7/3

(v +0) A& Pr e do

where B(0, 1) stands for the closed unit ball in R?. By noticing that we have
- . 1
(W +0) AEL = Agl = [oAE] > v g —[E] > Slvngl,

when || < 1 and 2[¢| <

, it follows that

/
e E”ii/;@ ) AEPPRSe d 2 (o) Bl AP,

when 2|¢| < v A€]. Since
WPIEPE Z ()Pl n gl
when 2|¢| > |v A £|. Based on the above and using (2.15), we obtain

m(v,€)? 2 1+ () P13 + ()Pl AP 2 1+ |B(u)e]”* 2 (B(v))™?.

]
Lemma 2.25. For all u € S(R3),
5y ol
(o) PullZ2 + 1(0) 7 B(v) Dyullze < | Agullze + [fu| 72 (2.64)
Proof. See Lemma 3.3 in [66]. ]
For the rest, we need to improve this estimate. We have the following Lemma.
Lemma 2.26. For all u € S(R3),
() 2 ullfe + (o) B) Doullfe S [l AcullZz + [[ull72. (2.65)

Proof. We will start by estimating the term

([.Ag, (v)gﬂ} u, <v>%+1u)L2 :
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3. Hypoelliptic estimates for the operator with parameters

Letu € S(R3), we have

([Ae, )3, (@) )

+
+

~
M

)
(B(w)Dyu, Bv) [ Dy, (0)7] (0)7 )
(

(NI

using the fact that the symbol of the operator {DU, (v) %H} belongs to the class S((v)2,T")

uniformly with respect to the parameter £ and using the following notations

Hy = B() [Dy, ()2 "] ()7,

eB(L?)
Hy = (v) 2 ' B(v) [ Dy, (v) 2] (0) 2,
eB(L?)
we obtain
[([Ae @) 3w, )3 )| < |(Ba ), By (o))

+ | (Hyfw)u, ()2 Bv) Dyu)
+ ’(<U>%+IB(?})D1,U, H2<v)%+lu)

using the fact that v +1 < 2 + % and Lemma 2.25, we obtain for all ¢ > 0

[([Ae @) s (03 70) | S 210} ul3a+ ()2 B(0) Dyull3s)

Ce(lAgullZ> + [[ullZ2)-

On the other hand, we have

[(Ac(w)? ™, (0)2 ) |

and

< (e ) 2),.

([Ae, )7 u, (0)7 )

L2

[(Aet, (o)) | < ell () 2ul2 + Cell AcullZe.

Now using (2.30), we can write

1) 222 + [ (v) > B(v) Dyul|2,
< )T @) ullFa + || B(0)Dy(0) T 3z + | B(v) [Dy, (0)F | w3

< (Aelw) ¥ u (0)2 ) |+ IB) [ Doy (0)F o
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For the last term, we have
IB(©) [Do, ()| ullfe < [Hi(w)  ullfa S el (w)Pulla + C-(| Aeull?2 + [|ull?2).
Finally, taking ¢ small enough, we obtain for all u € S(R3),
(o) *ull72 + [[(0)* T B(v) Dyull?2 S | AculF + [[ull72. (2.66)
O
Proposition 2.27. There exists C' > 0 such that for all u € S(R3),
@3 I€ullzz < C (I Aeulliz + lullzz),
uniformly with respect to the parameter & in R3.
Proof. We deduce from Proposition 2.23, Lemma 2.24 and Lemma 2.22 that
I(B@)&) Pull 2 S [(B)€) ™" Acul| 2| (B(0)€)ull 2,

uniformly with respect to the parameter £ in R3. By substituting (B(v)¢)**u to u in this
estimate, we obtain that

(B@)E* ullze S [(B©)6)* Ae(B0)&) Pl 2l|(B))* ull 2, (267)
uniformly with respect to the parameter ¢ in R3. First, we have

(B)e) " [Dy- A@)Dy, (B0)E)"]

= (B@)&)™* 3 Dy; - (v) [Duy, (B)E)]

jk=1

= (B)&)™* 3 Dyaju(v) [Du, (B)E)"]

J,k=1

+(B@E Y au(v)Dy, ([, (B0)E)])

3
J,k=1
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3. Hypoelliptic estimates for the operator with parameters

Symbolic calculus shows that

Dy, (B0)&)] = 29,((Bw)e)),

and using the following notations

€B(L?)
Hs = <B(U)§>—l/3bm(v)avk<B(U)§>1/3< >_§_17
eB(L?)
He = <B(/U)€>_1/3bij(?})av] <B(v)§>1/3< >_%_17
eB(L?)

where we used the fact that A (v) = BT(v)B(v). Then, going back to (2.67), we have

I(B@)&)* ul2
S (B)E) > A B@)E) ull 2 | (B)E) ul) 12,
S BE ™ [Ae, (B)E)] ullZs + [ Acull2e,
S IAeulls + | Hs(o >”“u||L2 el

+ZHH5(Z i (v >Dv]u)HL2+ZHH6(

7j=1 =1

Mw

ol
()2 b (v) D) |32,

M B(v)Dyul|2,

2
Il
—_

1 2
S IMAgullze + [[w) ™ ullZe + [1€0) ullf + 1 (v)
We finally conclude from Lemma 2.26 that for all u € S(R3),
2/3
{B)&)*ullfe < IMeullfa + IlullZ.
This ends the proof of Proposition 2.27. [

Lemma 2.28. Let \i be the symbol defined in (2.44). Then for any £ > 0 there exists a
constant Cs, such that for all u € S(R?),

Re <A§(>\}</3)wu, (A}f“)wu) Lo+ Re (A (A%g)wu, (1-6G) (A}f’)wu)

L2
. (2.68)
S EI(NL) ull3e + Co(ll Al + flull?:).
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Proof. As a preliminary step we firstly show that for any ¢, £ > 0 there exists a constant
C. &, such that

Re ([Ae, () w0 (W) )
SEl(A) “ullta + Cee (I Acull?a + flull?:)

e {Re (A (\L) Tu, (W) ), + e (A (M) "u, (1= 8G) (0) ) L}
(2.69)

where a is an arbitrary symbol belonging to S(1,T") uniformly with respect to the param-
eter £. Using the notation

2, = ([Do- A@)Dy, (M) (V) )

Lz’
We have
2= > ([l D )] i) Doy (L) )
ij.k=1
FY (D |8 by(0)Dy @ ()W)

igk=1

<.

Using the fact that

{B(U)DU, ()\%5>w} u= B(v) {DU, (/\}(/S)w} u— [()\%3)111, B(v)} D,u,

we obtain

1] 32 (540 [P (W) 01000 () )
o g_ (O3 )] Do bs0) D (58 "),
+| JZZ: 1 (bir(0) Do by (v) [Duy, (ML) ] @ (V) ")
o i (o) Do (68" 0] Doy (58 ),

< |Z1a] + 1212 + | 213 + | Z14]-

Estimate of Z; ;: Observing a € S(1,T), N € S((v)”’/ﬁjgg,K,F) and using (2.14)
with symbolic calculus shows that

R

[Dy,.a"] € U(1,T), [by(v),a”] € U((v)%,T) and [D,,, (\L*)"] € T((0) ¥ ga. T)
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3. Hypoelliptic estimates for the operator with parameters

uniformly with respect to the parameter £, where gy’ j the operator defined in (2.42).
Now using the following notation

= 0 Do O3] (350) 00075

eB(L2)
we obtain
3 2y _a_ ol w
2l <| X (B0 g b (0) [Dy @] ()7 0 () )
i,5,k=1
3 2y _a 1 w
| (H )T g (0.0} ) T 0) 1D, (M) ")
i5,k=1
3 2y w
+H Y (H7(v>3+19;Ku,awbij(v)va()\}</3) u)L2
i5,k=1
< (1) 2ula + 1) Dyl + 1) e ull32)

+eRe (AN, (V)W)
Moreover using Lemma 2.26 and Proposition 2.27, we obtain
Z01] S eRe (A (ML) Tu, () "), + Ce(Aeull3e + Ilull32).-

Estimate of Z; 5: Observing 8,7/\}(/3 €S ((v>%+%, I') and using (2.14) with symbolic cal-

culus shows that the symbol of the commutator )\}(/3 w, bik(v)] belongs to S({(v) QT“F%, )
uniformly with respect to the parameter £. Now using the following notation

2

Hy = [(A\)" b)) (0) 7575,

eB(L?)
we obtain
2l €| 3 (D000 [P0 070 () )

ot

sl il (H8<U>2;+§kauv [bi;(v), @] (v) "% (v) 2 D,, ()‘}K/g)w@ L2
ot

+| i:l (Hs(0) 5 Dy, by () Dy, (V) .
o

S CLll ) Dyulle + e (Ae(ME) u, (M) )
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moreover using Proposition 2.27, we obtain
1/3 1/3
[212] S eRe (Ae(N) Tu, () ), + Co([l Al + [lull32).

Estimate of Z; 5: Using the following notation

Hy = (v)" ¥ "by(0) [Doys (M) 0 (g5) " (0) 7%,

€B(L?)

we obtain

3 e
|Z13] < Z <<U>§Hbivak.U,H9<U>gg§”7K()\}(/3) u)L2

ol
6

sk () ),

S| (@ baDyu, (v)

ES
Il
-

+ C.[|(0) T B(v) Dyul |22,

moreover using Lemma 2.26 and Proposition 2.23, we obtain

23] S eRe (Ae(N) Tu, (M) "), + eRe (AN u, (1= 6G)(AL) ")

Ce (I Agull3z + llull?2).

Estimate of Z; 4: Using the following notations

Hyo = (o) F7 [(A) 0 (0)] [ Dy a®] (0)7F,

€B(L?)

w2

wl2

Hy = (v) 37 [(AP)" by (0)] a(w) 73,

€B(L?)

we obtain

2l < | 3 (0 D o) ()",

()3 i Do, Hia (v)¥ Do, (V) ")

>
13

< e (I1)F () “ull?e + 114w) Do (XL) "l 12)
+ C.||(v) 3" B(v) Dyul 35,
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3. Hypoelliptic estimates for the operator with parameters

Moreover using Lemma 2.25, we obtain
1/3 1/3
214l S eRe (A (ML) Tu, (M) "), + Ce(Aeull3e + Ilull32).
so using the estimates of Z; ,, forn =1, ..., 4, we obtain

21| S ee (A (M) w, (V) "u) |, + Ce(llAgullZ + [lull3z).-

Zy = ([F(v), (/\}(/g)w} u,a® <)‘}</3>wu)L2 ’

observing the symbol &M}(/?’ € S((v) %Jr%, I'), and using Lemma 2.6 with symbolic calcu-

lus shows that the symbol of the commutator [F (v), (A}(/g)w} belongs to S (<U>377+27 T
uniformly with respect to the parameter £. Now using the following notation

Hyy = (o) 27 [F (o), () )

€B(L?)

Let’s look now

we obtain

2o < ()2 Hioo) 7 o) e (0°) )
\(H12<v>”“u,aw )
[ (Hiafo) ™, [0 0] ) @I () ),

in addition, we have that the symbol of the commutator [<v> EaR a“’] belongs to S((v) EARS )
and using Lemma 2.26, we obtain

N

9

2] S eRe (Ac(AL) "u, (M) "), + Celll AculFa + [[ull32)- (2.70)

2o = ([iv-& (W) Juwa” () )

using Lemma 2.13 with symbolic calculus shows that the symbol of [iv e (A%B)w}

Let’s look now

belongs to S (A%3, I') uniformly with respect to the parameter £. Now using the following

notation w w wy —1
His = (\E)" (@) [iv- €, (0) "] (3)")

€B(L?)

we obtain

|Zg| < ‘(ng()\i(/g)wu u)

S (V) e + O (Il Acul 32 + ulf:). @71
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From the above, using the estimates of Z; for [ = 1,..., 3, we obtain (2.69). Next we
prove (2.68), we have the following relation

Re (Ae(M8) "u, (N8) )+ Re (AN Tu, (1= 66) (NE) )
= e (Aeu, (w») (N) 1) o+ e ([ Ao, (M) ] o (M) ).
+ e (A, (M) (1 =66 (A)” ) +Re ([Ae, (\) ] w (1= 06) (M) u)L2
(e ()" ()" ()" ()" u)Lﬁ%e([ () (V) ),
+ Re (Agu (M) = ()T ((F)T) (Aig?’)"”u)m
+ e ([Ae, (W) } (1= () )
Re (Ae (M) "u, () )+ Re (Ac(NE) Tu, (1= 6G) (W) )
S E(A) "ullie + Ce(IAcull3a + llulli) +Re ([Ae, (A") ] w (W) )
+Re ([Ae, (M) w, (1= 86 (NE) ") -

We could apply (2.69) with @ = 1 and a = 1 — ¢ to control the last term in the above
inequality; this gives, with £, £ > 0 arbitrarily small,

Re (Ac(Mi) u, (\) )+ Re (Ac(A) T, (1= 6G) (AE) ")
S () ullfe + eRe (A (ML) ", (V) ) L, + CeallAcullfe + [ull?2)
+eRe (Ac(N) u, (1= oG (M) ) -

= Re )\}(/3
1/

L2

Letting ¢ small enough yields the desired estimate (2.68). [

Proposition 2.29. Let A\ be the symbol defined in (2.44). Then there exists Cy > 0 such
that for all u € S(R3),

2/3\W
I(X) ull22 < Co(llAcull?2 + [[ull3:). (2.72)
Proof. Using Proposition 2.23, we have for all u € S(R?),
(YW 02 < Re(Aeu,u) 2 + Re(Aeu, (1 — 6G)u) 12, (2.73)

w
uniformly with respect to the parameter £ in R3. By substituting ()\%3) u to u in the
above estimate, we obtain that for all £ > 0,

(3™ () ", () ") | S 2l (35°) "l + Co(l el + ull=).
(2.74)
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3. Hypoelliptic estimates for the operator with parameters

Notice from (2.133) that we may write
(NRLByWick — (\23yw 4w, (2.75)
with

1 2
V)= [ [0 = 008 oy vie P ay

where Y = (v,7),Y1 = (v1,m) in RS and (\2/*)"(Y') is the Hessian of A%/ at the point
Y. Define

1
e ”_3/0 /R@-(l — V2N (Y + 0V - e M dy; do,

3 1 )
=m0ty /0 /R6(1 — 0)00, 0, )Y + 0Y1) (011 + vim e dY; d6,

k=1
and )
rg=m [ (=) +0¥)or e ay; do.
0 JR

Using Lemma 2.15 with symbolic calculus shows that the symbol
VaOR), VoV, () € S((0)2 1),

uniformly with respect to the parameter &, then 71, 75 belong to S((v)"** T'). Using the
following notations

o= (OF)) 0 ) 0

eB(L2)
s = (5" 4 e )
eB(L?)

we obtain for all £ > 0,

() () ) ]+ (8 () e () )
(o)™ (3)"0) o -+ (o), (7)),
SN2 "ull?e + Co(IlAcull?e + Ilull32)-

<
S

Taking into account that the symbol V%(A%S), belongs to S ((v) ¥ g3, , 1) uniformly with
respect to the parameter £, where g3 i the operator defined in (2.43), then the symbol 73

belongs to S((v) 3 gs.x,1"). Using the following notation

His = (%)) () e (V)" (gx) ()3,

€B(L?)
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we obtain

(5 () " () ).

(o) g, (V) "w)
EN(N2) “ull3e + C(1Acull3a + [lul2).

<
S

From the above, using the estimates of r; for [ = 1, ..., 3, we obtain
() () ).

By applying Theorem 2.40 with p = A, we obtain
(5 () 0 (W) 0) o~ [ONE) Tl ~ 1)l 270

uniformly with respect to the parameter £. Using (2.76), then taking & small enough, we
get forall € > 0,

SN ullfe + Co(llAeulZ + [lullf=).  (2.76)

HOE2) "3 < all(A3) “ull3a + Ce (Il Acul 22 + [lull?2).

now taking £ small enough, we obtain that there is a constant C;, > 0 such that for all
u € S(R?),

I(X") "ullzz < Co(llAcullza + llull32). (2.78)
[

Proposition 2.30. Let \i be the symbol defined in (2.44). Then there exists Cy > 0 such
that for all u € S(R3),

| Acul?> < Coll (X%) “ull3. (2.79)

Proof. We denote by ¢ the symbol of the operator .4.. We will show that & belongs to
S(A2,T) uniformly with respect to the parameter &.
Using Lemma 3.11 in [68], we can write ¢ as follows

& =iv-&+ B + F(v) + Ry + Ry,

where R; (resp Ry) is a symbol belongs to S((v)"™(n), ') (resp S((v)”,T)) uniformly
with respect to the parameter &.
For iv - £&: Taking into account the fact that v > 0, we have

For [a| =0, [iv-&| < [0’ + €[ S (o) + () [ < A%,
for [a] =1, |97 (iv - €)] = €]  (0)"*]€] S A%,
for |o| > 2, |05 (iv-€&)| =0.
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3. Hypoelliptic estimates for the operator with parameters

For |B(v)n|*: Using (2.14), we have
for [a] > 1, |97 B)nl” < (o) [nl* < [Bw)nl’, (2.80)
then, using Cauchy-Schwarz we get
Vo€ N°, (07 (IB()nl)| S 1B(o)nl” S X°. (2.81)
On the other hand, also using (2.14), we have

pour |a| =0, [B(v)n|* < N,
pour [af =1, [93(|B(v)n|*)| < [B0)|[B(v)n] < A%,
) S IBT(v)Bv)] S A

pour |af =2, [07(|B(v)n|
pour |a =3, [85(|B(v)nf*)| =0,
so we get
Vo e N, [02(| B(v)n|*)] S A°. (2.82)

Moreover, one can estimate from above the modulus of all the derivatives of the term
| B(v)n|® by a constant times A\2.

For F(v): Using Lemma 2.6, we have
Va € N, |00 F ()] S (v)*2 71 < 2, (2.83)

which gives that F'(v) € S(\?,T') uniformly with respect to the parameter &.
In addition, we have that R;, Ry € S(A\? T). From the above, we can deduce that & be-
longs to S(A\?, T") uniformly with respect to the parameter &. Using the following notation

wy —1
Hiz = Ae((X%)")
—_———
€B(L?)
Then there exists Cy > 0 such that
|Hizol172 < Collellze Yo € L*(RY), (2.84)

uniformly with respect to the parameter £, which implies for all u € S(R3),

| Acul2> < Coll (X%) " ull3. (2.85)
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4 Hypoelliptic estimates for the whole linearized Landau
operator

In this section, we show hypoelliptic estimates with respect to the velocity and position
variables for the Landau operator P. These estimates allow us to locate the spectrum and
estimate the resolvent of the Landau operator. We denote by Ay the operator associated
to the symbol A by considering the inverse Fourier transform with respect to the variable
x.

Theorem 2.31. There exists C' > 0 such that for all u € S(ng),
I ull?e, < C (I1Pullfz, +Ilullfz,). (2.86)
Proof. Using Theorem 2.40, we have for all u € S(R?),

DO “ullzs ~ (%) ull2s,

so using the Proposition 2.29, there exists a constant C; > 0 such that for all u € S(R?),

w\2/3
1(X%) " ull?z < C (IAeull?z + [lull?z) (2.87)

uniformly with respect to the parameter £. By integrating the previous inequality with
respect to the parameter £ in R? and considering the inverse Fourier transform with respect
to the variable x, we obtain for all u € S(RY ),

A% ullz, < O (IAullzs, + llulzs,) - (2.88)
Using (2.9), the operator P is written as follows
P=A+K.
Consequently, using (2.88), we have
1253, < (I(A+K = K)ulZe, + ul%a)
<O (IPullzz, + IKullz -+ lullz: )

and using the fact that /C is a bounded operator, we obtain that there exists a constant
C > 0 such that for all u € S(RS ),

2/3
IAZLull?, < C(IPullfs, + Il

z,v x,v

) . (2.89)
0
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4. Hypoelliptic estimates for the whole linearized Landau operator

By adding a term ik to P with x € R, the proof doesn’t change due to the never changing
of the real part of P as mentionned crucially in Remark 2.2 in [67]. So Theorem 2.31
admits the following extension.

Theorem 2.32. There exists C' > 0 such that for all u € S(RS ),
Vi e R, A ull?: < C(I(P =il + [ull?: ) (2.90)
Theorem 2.33. There exists C > 0 such that for all u € S(RY ),

[Pulliz, < CllAKulli: - (2.91)
Proof. Using Theorem 2.40 , we have for all u € S(R?),
w 2
1M ) “ullze ~ 1(A%) ullZs,
so using the Proposition 2.30, there exists a constant C; > 0 such that for allu € § (]Rfj),
2 w\2 2
lAcull?z < Cill(A%) ullZz, (2.92)

uniformly with respect to the parameter £. By integrating the previous inequality withre-
spect to the parameter £ in R? and considering the inverse Fourier transform with respect
to the variable =, we obtain for all u € S (jov),

[ Aull?; | < CullARullZs - (2.93)
Using (2.9), the operator P is written as follows
P=A+K.
Consequently, using (2.93), we have
1Pul?s < [l Auls, + [Kuls,
< ClHA%UH%g,U + C2H“H%gyv,

with Cy > 0. Using the fact that the operator A% > Id (see for instance Theorem 2.40 in

the Appendix (Section 6.2)), we obtain that there exists a constant C > 0 such that for all
ue SRS ),

[Pull3:, < ClA%ul? (2.94)

O
We srongly think the estimate in (2.86) is optimal in term of the index 2/3 appearing in
the left hand side, although we don’t prove that. This index 2/3 is classical for kinetic

model. We refer for example to Proposition 5.22 in [62], partial results in this direction
in the Fokker-Planck case.
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S5 Localisation of the spectrum for the Landau operator

In all that follows, we denote by o (P) the spectrum of the operator P, p(P) The resolvent
set of P and || - || 2 to denote the norm in the space L*(R? ). The following lemma holds
for any maximally accretive operator.

Lemma 2.34. Let (A, D(A)) be a maximally accretive operator in the Hilbert space H.
Foranyn € 10, 1], the estimate

2 1P ul)” < 4(((A+ 1) (A+ 1)"u,u), + 4] (A= 2)ul|”
holds for all u € D(A) and z € C with Rez > —1.
Proof. See Proposition B.1 in [67]. OJ

Proof of Theorem 2.2.

Proof. The proof will be divided into two steps.

First step:

Using (2.90) and the triangle inequality we therefore get for all z = v 4 ik € C, with
v="=Rez>-1/2andu € S(RY ),

1A ullz: < CUIP — im)ull7 + [lull32).
< C(I(P =ik —v +v)ulfz + [[ullZ2)
<C

(P = 2)ullz2 + (20 + 1)lull72).
But we have v > —1/2 implies 2v + 2 > 1, so we get

1A ull72 < C6II(P = 2)ullzz + 6(v + 1)*|lu]72)
<6C(I(P = 2)ullze + (v + 1)*|lullZ),

By taking C' = 6C, we finally obtain the following estimate
183 ulFe < C(II(P — 2)ulle + (Rez + 12|lullf:), (2.95)

forall u € S(RS ) and z € C with Re z > —1.
Second step:
First, we will show that there exists a constant C such that for all u € S (]Rgv), we have

0< ((A +1)"(A+ 1)u, u)L <G (Aé{mu) (2.96)

2 L2’

where A the operator defined in (2.9). Indeed, letu € S (Rg’v), we have

(L +4) (1 +Au,u) = ((1+ A, (1+A)u) |, =[[(1+ Al > 0.

2
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On the other hand, we have

2

(L+A) 1+ Au,u) =11+ Aulffe < [l AulFz + [[ulf.
Using (2.9), the operator P is written as follows
P=A+K,
we obtain

(1 + A A+ A, u) , < |Pullf + [Kullfz + [[ull3,

L2

finally, using the fact that K is a bounded operator, A > Id and the estimate (2.91), we
obtain

(L +A) 1+ Au,u) , < (1 +w0)[Akul3z + Cl[ASul3

<
L2
< (141 + O)||A%ul|7,

where 1, > 0. By taking C; = (1 + v9 + C), we obtain the estimate (2.96).
According to the monotonicity of the operator functional 4 — A“ for o € [0, 1], in

particular with o = 3 we obtain

0< ((1+A)(1+A)Pu,u) L < O (A uu) .

According to Theorem 2.1, A is maximally accretive, then by applying Lemma 2.34 with
1
n=3 for Rez > —1/2 and u € S(RY ), we obtain

|2+ 1P fullfe < 4(((1+ A (1 +A)Pu,u) L+ 4 (A= 2)ulf
<ACTP (A u,u) |, + 4[1(A = 2)ul2
<ACTP AP ull? + 4l (A = 2)ulf3s
<ACY A ulle + 4P — 2)ullfa + dv [lul 3.

With the inequality (2.95), we obtain

|2+ 1123 ][ul 2. < (4CTPC + )| (P — 2)ul22 + (ACTPC + 160) (Re z + 1)|ul 2.

By taking C'p = \/8 (4vy + i N) Qp = /8(1+ 02/36') we finally get
VzeC, Rez > —1/2, Vu € S(RY,),
QQ 02
|2+ 1123|ulj2: < TPH(P — 2)ul|3. + ?p(%ez 4+ 1)3|ul)3.. (2.97)
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Now let z ¢ Sp such that Rez > —1/2, so according to the definition of Sp given in
(2.6) we have

1
(Rez+1)* < E‘Z + 1)%/3,
P
then for all u € S(RY ,), inequality (2.97) implies
|2+ 1P ullZe < QNP = 2)ulli, (2.98)

we deduce that P — z is injective, moreover we can replace P — z by (P — z)* in (2.98),
which gives (P — 2)* is injective and consequently P — z is bijective with dense image
in L?, therefore z € p(P). By taking v = (P — z)u in the estimate (2.98) we get

(P = 2) " wllZ2 < Qplz + 1172 |lv]lZ> Vv e L?,

then we obtain the resolvent estimate (2.7).
On the other hand, we have that if z € ¢(P) then z € Sp and taking into account that
the numerical range of the operator P is the half plan {Rez > 0}, we deduce that the
spectrum o (P) satisfies

o(P) C SpN{Rez > 0}.

Concerning estimate (2.8), we have
Re (P — 2)u,u) . = —Rez|ul|3. with Rez < —; <0,
which implies that
1z = P) Hlggrz ) < 1Rez| ™

The proof is then complete. [

6 Appendix A

6.1 Weyl-Hormander calculus

We recall here some notations and basic facts of symbolic calculus, and refer to [91] and
[76] for detailed discussions on the pseudo-differential calculus.
We introduce on R?" the following metric

[ = dv® + dn’.

Definition 2.35. Let m > 1 be a C™ function on R*". We say that m is an admissible
weight for I if there exist two constants C' > 0 and N > 0 such that

VX,Y e R, m(X)<C(X =YYW m(Y). (2.99)
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Definition 2.36. Let m be an admissible function. We denote by S(m,I") the symbol
class of all smooth functions p(v,n) (possibly depending on parameter &) satisfying

Vo, 3 € N*,3C, 5 > 0; Y(v,n) € R*, [970]p(v,n)| < Capgm(v,n).

The space of symbols S(m, I') endowed with the semi-norms

IPlssonr) = sup - sup fm(v,n) " 20,p(vn)l; b € N (2.100)
« <k (v,m)eR™

becomes a Fréchet space.
For such a symbol p in S(m, ") we may define its Weyl quantization p* by

1 i(v—0')- + ' / /
Vu € S(R™), (p“u)(v) = 2n)" /R?n el )”p<v 5 v ,n)u(v )dv'dn.  (2.101)

The Weyl quantization of S(m, I") is denoted by ¥ (m, I').

Theorem 2.37. (Calderon-Vaillancourt)
Let p® be an operator in V(1,T'). We have p* a continuous operator on L*(R™) and

vue LX(R"), |p"ullzz < Cllpllnisamllullze, (2.102)

where C' > 0 and a positive integer N depending only on the dimension.

Proof. See Section 18 in [76]. ]
Theorem 2.38. Let p® be an invertible operator in W(m,T'), then its inverse [p*]™! be-
longs to U(m~1,T).

Proof. See Lemma A.2 in [67]. O

Definition 2.39. Let p € WU (m,I"). We say that p" is an elliptic operator if there exists
C' > 0 such that
Ip| = Cm.

Let us also recall here the composition formula of Weyl quantization. Let a € S(my,T")
and b € S(my, ), the compositions of the pseudo-differential operators a* and b" are
pseudo-differential operators whose symbol, denoted afb, belongs to S(mimas, I') and has
the following development:

ath = ab+ /0 1 / / e~ (Y YLy -Y2)/ <29>;a(ayl, By, )a(Y1)b(Ya)dYidYadd/ ()2, (2.103)
where o is the symplectic form in 7*R™ = R?" given by
o(Z,7') = i G2y — ;G- (2.104)
=0
As we work with pseudo-differential operators which belong to classes associated to the
metric I, all operators will be defined as continuous operators of S(R™) to S(R™) or from

S'(R™) to S'(R").
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6.2 Basic theorem

This theorem aims at giving a uniform statement for Weyl Hormander tools with a large
parameter /. This theorem gives very important results which can use these results to
establish estimates which requires pseudo-differential operators. Part (I) in the theorem
below has been shown in [4] with 7 = 1, but here we have improved this result for all
7 € R. In general, these results give a general and robust framework to techniques already
used as well for work that requires these kinds of properties.

Theorem 2.40. Let p,q > 1 be two symbols which verify the following hypotheses:
i) pis an admissible weight.
ii) p~gq.
iii) p, g € S(p,T).
iv) There exists M € R such that for all ¢ > 0 we have 0,p, 0,q € S(ep +
e )M ).
We define the symbols py, qi as px = p + K(v)M and g = q + K<U>M. Then there
exists Ky such that for all K > Kj :
1) ForallT € R, (p))" and (¢} )" are invertible.
1) For all T € R, [(p3)”] " and [(q})"]”" are pseudo-differential operators that
belong to V(py",T') uniformly in K.
IIl) Forall T € R and for all k > 0, [(p%)™"]" and [(¢%)"]" are pseudo-differential
operators belong to V(p57 | T') uniformly in K.
IV) Forall T € R and for all k > 0, Yu € S(R"), we have

1P5)* T ullZz ~ [R5 ullZz

uniformly in K.
V) Forall T € R, Yu € S(R"™), we have

I(px) ullze ~ (pR) " ullzz ~ (k) ullze ~ [1(gi)ullz2,

uniformly in K.
VI) Yu € S(R"), we have
(PR, uw)r2 ~ (qgu, u)r2,
uniformly in K.
VII) If M > 0, we have pY, g > 1d.

Proof. Let K > 0 and let p and g two symbols and M & R such that the hypotheses from

(1) to (iv) are verified. For simplification, we will prove (I, II, III) just for the operator
(pk )™, and we reason in the same way for (¢ )".
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I. We will show that (p})" is invertible for all 7 € R. We note that px is an admissible
weight (p is an admissible weight). We have py € S(pg,I") uniformly in K. Indeed,
using (iii) we have for all o, § € N",

0508 pic| < [050;p| + 10505 K ()|
< Copp+ KCopar(0)
<

Ca ,6,M PK -
More generally we can show, by induction on |«/| and Leibnitz’s formula that for 7 € R,
Va €N2n ‘ npK’ aBTpK7

which gives pj. € S(pjk, ') uniformly in K.
Using formula (2.103), we may write

()" (p" )" =1d — Ry, (2.105)

where
1 1
i = = [ @uw)to (00)) 40 + [ @urc)to (00(0) 00
with gtph defined by

1
gﬁé // —2ic(Y-Y1,Y-Y>2)/0 Zg(m)h(y'z)d}/ldy'z/(ﬂ_e)%z’ (2106)

with Y, Y], Y; € R?*" and o a symplectic form defined in 2.104.

Let now N be the integer which is given in (2.102). By [15, Proposition 1.1], we can find
a constant C'y and a positive integer [, both depending only on N but independent of K
and 6, such that

(9P o (31}(29?{)) sy < Onll0npk s .0 100 (PR 5070y

where the semi-norm ||. ||,s(a,r) is defined by (2. 100).
Moreover, using (iv), we have d,p € S(ep+e~ 1( Y T), by taking ¢ = K /2, we obtain
Onp € S(K~Y2pg,T'). By writing 8,p = Tp} ' 9,p, we obtain

|anpK‘ CNK 1/2 -
Then arguing as above we can use induction on || + | 5] to obtain, for |o| + |5] = 0
]8385877]3[{\ CnvK~ 1/2]9;{,
which gives 0,p} € S(K~/2p%, T) uniformly in /&, moreover we have
1@ llsso ry < Cn K2
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On the other hand we have p” € S(px”,I'), and thus
Hav(Pf(T)“zN;S(p;g,r) < O,

with C'y a constant depending only on N but independent of /. As a result,

1070 (00 (PRI n:sry < CxCRE 2. (2.107)
Similarly, N
100720 (00 (7)) iy < CnCRE 2, (2.108)

Using the estimates (2.107), (2.108) we will estimate the semi-norm || Rx || n;sa1,r). In-
deed,

! 1
”RKHN;S(I,F) < /0 H (avp;()ﬂe (an(p[_(T)> HN;S(LI‘) ded + /0 H(@np;()ﬁe (81)(]7]_(7)) HN;S(LF) a6.
Then )
HRKHN;S(I,F) < QCNCJQVKV_I/z7
and thus by (2.102) )
| RE |52y < 2CCNC3 K12

~ 2
with C' a constant depending only on the dimension. Taking K; = (4C’CNC’]2V> , SO we
get forall K > K,

w 1
IRk llses) < 5 < 1,
this implies Id — RY is invertible in the space B(L?). In addition, its inverse is given by
(Id— Ry)™ =" (RY)" € B(LY). (2.109)
=0

Based on (2.105) we obtain
()" ((px7)"(1d = Ryp)™") = 1d.
Similarly we can find a Rx € S (1,T") such that

((1d = By) ™' (b)) (7)™ = 1d.

Based on the above (p} )" is invertible and its inverse [(p5)*] " is written in the form

[(0)*] ™" = (px")*(1d = Ri) ™" = (1d = Rig) " (pi)".

We have proved the conclusion in (I).
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II. According to (I), we have [(p})*] " has the form

()] = (px7)*(1d — Rig) ™

By taking Hx = (Id — R%)~! and using (2.109), we have H is a continuous operator
in L? uniformly in K. So based on Theorem 2.38, we have Hy is a pseudo-differential
operator. We note by J(Hy) its symbol. We have d(H ) belongs to S(1,1") uniformly
in K. From the above, we have [(p7-)*]~! is a pseudo-differential operator (compositions
of pseudo-differential operators). We denote hy its symbol, hx has the form hx =
P 10(H ) and belongs to S(pg”, I') uniformly in K.

We have proved the conclusion in (II).

III. Using the Theorem 2.38, we have [(p’;()w]‘l is a pseudo-differential operator. Tak-
ing into account that the composition of the pseudo-differential operators is a pseudo-
differential operator, we obtain

¥n € Z, ()] € U(ps2,T). 2.110)

Now consider the case of the exponents 7 € R. By pseudo-differential calculus the
problem will be reduced to

vrel, [(pk)*]" € Y(py,T),

where I an open interval of R. Note that the operator (p% )" is self-adjoint because its
symbol p% is real. Now we will show that (p%. )" is a positive operator for K sufficiently
large, wich is equivalent to show that

(W) u,u) , >0, Yue SR"). (2.111)
Using again the formula (2.103), we can write
(i) W) = (k)" — Ri, (2.112)
where
Rg = — / (0up3 )0 (0u(p3?)) A0 + / (03 )0 (0y(p3%) ) d6

with gfigh defined in (2.106). Based on the proof of (I), we have
it € S(K=1p}l% 1)
uniformly in K. Moreover we have &,p“ €S (p w5 T), so we get
(D05 )80 (0u(03)). (Oupi "o (0,(p3)) and Ric € S(K™*pf.,T)
uniformly in K. Writing R% in the following form

R = K252y K202 ) RE (031 (0i2)™,

€B(L?) uniformly in K
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we obtain
K/2 w
(R, w) 2] < CoK 2| (p5%) w2,

with Cy some constant independent of K. Let K, = 16CZ, then using the relation (2.112)
we get forall K > K,

(D), u) 2 *||( "/2ywy)12, > 0.

Then, using the following formula (see for example [131]) we can write

()] = —Snr) /0°° s7(s+ (pi)") " ds, 7€ (=1,0). (2.113)

7
First, s + (p4 )" is a pseudo-differential operator and its symbol ay ; verifies
Vs € (0,1), aks € S(pk,T)
and
Vs > 1, aks € S(s(pk),I") uniformly in K and s.

So using the Theorem 2.38, (s+ (p%;)”) ! is a pseudo-differential operator and its symbol
bi s verifies
Vs € (0,1), br,s € S((pk)"T)

and
Vs > 1, bxs € S(s ' (p5) ", T) uniformly in K and s.

Then, taking v € S(R™) we have

[(PF)"T u = —

using the formula (2.101), we get

K \WIT, _Sin(ﬂ-T) e T 1 i(v—v').m U—I—UI / /
()" = 75 (e o e (5t avan) s

™

1 . sin(7rr) [o° v+
_ i(v=v")m [ / ™ d " dv'dn.
(2m)" fon ( r o el S) ul’) dofdy

sin(7)

| s+ R s,

™

So [(p5-)*]" is a pseudo-differential operator and its symbol dx given by

dy — —Sn() /0 " $bicy ds.

™

Then we will show that dir € S(p%7,T). Indeed, let a, 3 € N”, (v, 1) € R*",

oot < ([ T|aaaﬁst|ds+/°°sf|aaaﬁbK,S|ds>,

< Cus ( / s [T ds)

~ o1
< Ca,,@ (pK) )
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which gives that di € S(p47,T"). Take I = (—1,0), then we get
vrel, [(pk)"]" € ¥(pi,T). (2.114)

In addition, [(p)“]" is a bounded operator in L? uniformly in K. Indeed,
(s + (p5)¥)~t € ¥(1,T) uniformly in K, then there exists a constant C'; > 0 such that

Vs € (0,1), [I(s+ (pi)") llse) < Ci. (2.115)
On the other hand we have
Vu e SR"), ((s+ (pk)")u, w2 > sllullz,
which gives
Vs 21, |l(s + (5)") " lse) <
Using (2.115), (2.116) and the formula (2.113), we obtain
11(P%)“] lB(z2) < Co, (2.117)

with C5 some constant independent of K.
Then based on (2.110), (2.114) we obtain for all 7 € I,

, (2.116)

W | =

Yn € Z, [[(pi)“]]" € YR, T), (2.118)
so we have
vreR, [(pk)"“]” € ¥(p¥,T). (2.119)
IV. We will show that
Yu e SR™), [[(p5)"] ull7z ~ [1(F) " ulz:, (2.120)

otherwise we will show that there are two constants ¢, C' > 0 independent of K such that
for all u € S(R™), we have:

(i) ull72 < e |[(P5) "] ull7-, (2.121)
and
1P5) T ull72 < CPF) ull7 (2.122)

We will start with inequality (2.121), using the conclusion (III), we have that [(p%)“]" is
a pseudo-differential operator belongs to ¥ (p47, I") uniformly in K. Taking
v=[(p%)"] "u, show inequality (2.121) is equivalent to showing that

13 [(p5) "] Tollie < Callvllz. Vo € L2 (2.123)

Using the Theorem 2.37, we have (pi7)“[(p5)*] " € ¥(1,T) < B(L?) uniformly in K,
hence the inequality (2.121).

Similarly, using the fact that [(p)*]"[(p%7)*] " € ¥(1,T) < B(L?) uniformly in K,
then taking v = [(p§7)*]~'u, we get the inequality (2.122), so the estimate (2.120) is true.
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V. We will first show that
Vu e S(R™), |[(pk)"“ullie ~ Il(qk) " ull7e, (2.124)

otherwise we will show that there are two constants C, Cs > 0 independent of K such
that for all u € S(R")
() ullze < Chll(ak) " ullz2, (2.125)

and
1(qk) " ull72 < Call(pk)“ull72. (2.126)

We will start with inequality (2.125), using hypothesis (iii) we have that

(gx)" € Y(pk,I') uniformly in K. Using the conclusion (II), we have (g% )" is an
invertible operator, moreover its inverse [(¢%)*]~* belongs to ¥(p%”, ') uniformly in K.
Taking v = [(¢}%)"] 'u, show inequality (2.125) is equivalent to showing that

1(pk) " [(g7)"] ol < Chllvllz. Vv € L7, (2.127)

Using the Theorem 2.37, we have (p7)”[(¢5)”] " € ¥(1,T) < B(L?) uniformly in K,
hence the inequality (2.127).
Similarly, using the fact that (¢} )“[(p%)*]™' € ¥(1,T') — B(L?) uniformly in K, then
taking v = [(p})"]'u, we get the inequality (2.126), so the estimate (2.124) is true.
In the same way we have

Yu € S(R), [I(gk) ullzz ~ [l(gx) ullZ=- (2.128)

Finally, using conclusion (IV) with k = 1, we get that
vu e S(R"), [I(pk) ullze ~ l(pk) " ullZ-. (2.129)
VI. We will show that
Vu € S(R™), (pru,u)pz ~ (qpu,u)re:. (2.130)
Indeed, let u € S(R") we have
(Picw,w)re = ((0R)?u, () ?u) 12 = | (0R) " 2ull 22,

using the result (IV) with 7 = % we obtain that

w 1/2\w 1/2\w w w
1) )22 ~ () ul|2e ~ [0 %) ul 22 ~ [[(q)Yul22 ~ (qu, ) 2.

So the estimate (2.130) is true.
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VII. We will show that
Vu € S(Rn)v (pllléuau)LQ 2 HUH%Q

Indeed, let u € S(R™)

M

(Pru, w)re = (Pr_1t; w)rz + ({0) 7w, )2,

based on the proof of (2.111), we can show that there exists a positive constant /'3 such
that for all K > K3 we have

(pﬁflfu@ U>L2 2 07
Which gives

M/2

(i, )z = (D _yu w)re +((0)u,w)pe > [ (0) " 2|2,

—_———
=0

With the condition M > 0 we finally obtain
(PR, u)r2 = |ul?..

Finally, for a symbol p which verifies the hypotheses of Theorem 2.40, we can fix

K = maX(Kl,KQ,Kg) (2131)
Ko
and we apply the results of Theorem 2.40 to the operator p%-. 0

6.3 Wick quantization
Finally let us recall some basic properties of the Wick quantization, which is also called
anti-Wick in [118]. The importance in studying the Wick quantization lies in the facts

that positive symbols give rise to positive operators.
Let Y = (v,n) be a point in R®. The Wick quantization of a symbol ¢ is given by

¢V = (2m)73 /RG q(Y)IIy dY,
where Ily is the orthogonal projection associated to the Gaussian ¢y which is defined by
vy (z) = 7T_3/4e_%|z_”|2eiz'"/2, Vz € R3.
More precisely, for any u € S(R?) we have

Iy u)(2) = (u, py)r2@npy(2), Vz € R
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The main property of the Wick quantization is its positivity, i.e.,
q(v,n) =0, Y(v,n) € R® implies ¢"“'* > 0. (2.132)

According to Theorem 24.1 in [118], the Wick and Weyl quantizations of a symbol q are
linked by the following identities

gVick = <q % 7T_36_H2)w =q¥ +rv (2.133)
with
1 2
r(Y) = 7{3/ /6(1 —0)g"(Y + 0v1)|vy|*e "1 dy; do), (2.134)
0o Jr

where ¢”(Y') is the Hessian of ¢ at the point Y. Therefore, according to (2.102), if ¢ €
S(1,T) then ¢V is a bounded operator in L? .

We also recall the following composition formula obtained in the proof of Proposition 3.4
in [93]

4 . 1 ;
q}’\hckq;\’mk = [Q1QQ - q’l . q; + ; {Ch, QQ}]WICk + T, (2135)

with 7" a bounded operator in L?(IR%) and ¢’ is the gradient of ¢ with respect to Y, when
q1 € L*(R%) and ¢, is a smooth symbol

whose derivatives of order > 2 are bounded on R®. The notation {q;, ¢} denotes by the
Poisson bracket defined by

oq ) 0qo oq %

= — = — — ) 2.1
{th]z} on v dv  on (2.136)

Acknowledgement. I would like to thank my supervisors Frédéric Hérau and Isabelle
Tristani for their encouragements, helpful discussions and support during the maturation
of this paper.

86



Incompressible Navier-Stokes-Fourier
limit from the Landau equation

Résumé

Dans cette partie, nous fournissons un résultat sur la dérivation du systeéme de Navier-
Stokes-Fourier incompressible a partir de 1’équation de Landau pour les potentiels durs,
maxwelliens et modérément mous. Pour obtenir ce résultat, nous étudions d’abord la
théorie de Cauchy associée a 1’équation de Landau adimensionnée pour des petites don-
nées initiales. Notre approche est basée sur le fait de prouver des estimations pour
quelques normes de Sobolev adaptées a la solution qui sont uniformes en nombre de
Knudsen. Ces estimations uniformes nous permettent également d’obtenir un résultat de
convergence faible vers le systeme limite fluide.

Abstract

In this part, we provide a result on the derivation of the incompressible Navier-Stokes-
Fourier system from the Landau equation for hard, Maxwellian and moderately soft po-
tentials. To this end, we first investigate the Cauchy theory associated to the rescaled
Landau equation for small initial data. Our approach is based on proving estimates of
some adapted Sobolev norms of the solution that are uniform in the Knudsen number.
These uniform estimates also allow us to obtain a result of weak convergence towards the
fluid limit system.
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1 Introduction

1.1 The model.

We start by introducing the Landau equation. This equation is a kinetic model in plasma
physics that describes the evolution of the density function f. = f.(¢, z,v) representing
at time ¢ € R* the density of particles at position z € T? the 3-dimensional unit periodic
box and velocity v € R3. This equation is given by

O fe+v-Vuf. = %Q(f& )
{ fejt=0 = feo, (3.1)

where € > 0 is the Knudsen number which is the inverse of the average number of col-
lisions for each particle per unit time and () is the so-called Landau collision operator
which acts on the variable v and which contains diffusion in velocity. More precisely, the
Landau operator is defined by

(G, F) =, /R a0 —v)[G.OF — FO,G.) du., (3.2)

and we use the convention of summation of repeated indices, and the usual derivatives
are in the velocity variable v i.e. 0; = 0,,. Hereafter we use the shorthand nota-
tions G, = G(v.), F' = F(v), 0;Gyx = 0,,,G(v.), 0;F = 0,,F(v), etc. The matrix
A(v) = (ai;(v))1<ij<3 is symmetric, positive, definite, depends on the interaction be-
tween particles and is given by

VU5

aij(v) = [v]"*? <5z’j - |U|2> , v €[-3,1].

We recall the standard classification: we call hard potentials if v € (0, 1], Maxwellian
molecules if 7 = 0, moderately soft potentials if v € [—2,0), very soft potentials if
v € (—3, —2) and Coulombian potential if ¥ = —3. Hereafter we shall consider the cases
of hard potentials, Maxwellian molecules and moderately soft potentials, i.e. v € [—2, 1].
We consider the fluctuation around the centered normalized Maxwellian distribution

lv) = (2m) 2P
by setting f.(t,z,v) = pu +ep/?g.(t, z,v), and

T(f,g9) = p ' PQ(u'*f, u'g)
= 0 |(aij * p'? )09 — (aij %M”Qf)ajg

U;
— [ (ai % 120, 1) g + (aiy + 1019,
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the homogeneous linearized Landau operator £ takes the form

£=-T(/i )~ T(/, Vi)
= —El — LQ.

The operator L acts only in variable v, is selfadjoint, and consists of a diffusion part and
a compact part. Using for example [60], [129], we show that the diffusion part £, writes
as follows

v v

L1f = Vo [A@V.S] - (@) 5 )+ V.-

v

Alv)~
3]s

where A (v) = (@;;(v))1<i j<3 IS a symmetric matrix defined through

Ajj = Q5 *y [,

and the compact part L is given by

Lof = —p 1?0, {M [aij *y {M1/2

os+ 3}

Now the original problem (3.1) is reduced to the Cauchy problem for the fluctuation g.

{ Org= + %U +Vage + E%Egs = ér(gm 9:) (3.3)

Gelt=0 = Ge,0;

where g. o is given by f.o = ¢ + 5u1/ 2 g-0- From now on, we will always assume that

1 1
/ feo(z,v) | v | dadv = / pwv) | v | dedo, (3.4)
T3 xR3 |U|2 T3 xR3 |’U|2
which implies that
1 0
/ ge(t,z,0)p?(v) | v |dedv=[0]| forallt >0,
T3 xR3 |U’2 0

since our equation preserves the total mass, momentum and energy.

1.2 Notations and functional spaces.

Throughout the paper we shall adopt the following notations. For v € R3 we denote
(v) = (14 |v]?)"/2, where we recall that |v]| is the canonical Euclidian norm of v in R5.
The gradient in velocity (resp. space) will be denoted by 0, (resp. 0,). For simplicity
of notations, a ~ b means that there exist constants ¢y, c; > 0 depending only on fixed
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

number such that ;b < a < cob; we abbreviate “< C'” to “<”, where C' is a positive
constant depending only on fixed number that may change from line to line.
In what follows, we shall write for p € [1, +0o0]

[P = [P(T?), LP=LP(R%), LPLP = LP(T®x R?).

For p = 2, we use the notations (-, )2, (+,) 2 and (-, -) ;2 7. to represent the inner product
on the Hilbert spaces LZ, L7 and L?  respectively.

For m = m(v) a positive Borel weight function and 1 < p, ¢ < oo, we define the space
LiIPr(m) as the Lebesgue space associated to the norm, for f = f(x,v)

I lcazeemy = WA lpemyllie = Wllmefllee e

We define for s € N the spaces H? to be the usual Sobolev space on T® and H:L? by the
norm

1f1

1
HsL2 = ( > H@!ifﬂig,f-

|k|<s

It is well known that the null space N of L is spanned by the set of collision invariants:

N (L) = Span {\/ﬁ, (IRVITROSVITIR VSV ]v[Q\/ﬁ} : (3.5)

We also let N+ denote the orthogonal space of N with respect to the standard inner
product (-, -) ;.. Following [60], we introduce the H, 57*—norm defined by

1f]

this norm naturally arises in the study of the Landau equation. P, is the projection on v,
re. Pw = (w z )l We define the space H;Hjj* for s € N associated to the norm

Jol ) Tol*

t, = (o) Iz + 1) PV fllZs + [0)> T (L = P)Vufllzs,  (B6)

/]

T /T |02 f12, da. 3.7)

laf<s

We also define the space H3(H,),)’ (is the dual of H;H, , w.r.t. H;L?2) in the following
way

Hf| Hs(HS L) = sup (f, ¢)H;Lg
Iollgs 1 <1
| (3.8)
= sup > (85]‘, 0£¢)L2L2 :
II¢HH§:H%,*<1 ‘ﬁ|<5 x v
Let us recall the so called macro-micro decomposition of solutions
9 =1Ilog + (I —o)g := g1 + g2, (3.9)
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ou I, est appelée la projection macroscopique de N, g; = Ilyg is called the macro-
scopic projection of g and g, = (I — Ilg)g is called the kinetic or microscopic part of g.
Furthermore, we often use the following notation:

Mog(t, z,v) = {a(t,x) + v - b(t,z) + [v|*c(t,z)} /1, Alg) = (a,b,c),  (3.10)
where
a = ng(g — ’1}2’2)#1/2 dv, b:= /}RB gup’? dv, c:= R3g(‘06‘2 — ;);ﬂﬂ dv.
We introduce the following instant energy functional and dissipation rate functional re-
spectively
E%(9) = llgllzzzez = llorllzzara + llg2llzar2
~ Al + g2l Lz
D(g) = ||92||x3(Tngg),
C(9) = IVallogllmziz ~ (V2 A(g)l| 2
These quantities will be in the heart of the coming study and the main results we present
below.

(3.11)

1.3 Main results.

The first result is about the existence and uniqueness of the solution of the Landau equa-
tion. Notice that in the subsequent analysis, the Knudsen number ¢ is always supposed to
be less than 1 and in our Cauchy theory, we have a smallness condition on our initial data,
which is independent of ¢.

Theorem 3.1. There exists My > 0 such that for e € (0,1) and ||go||uzr2 < Mo, the
Cauchy problem (3.3) admits a unique global solution

9. € L>([0,00); HL7)
with the global energy estimate
oo ] 00
sup E2(t) + Cy / ~D2(1)dt + G / C2(1)dt < C1£2(0), (3.12)
0

>0 g2 0

where Cy, C|, > 0 are independent of ¢.

In the second part of this work, we study the limit to the incompressible Navier-Stokes-
Fourier system associated with the Boussinesq equation which writes

ou—+u-Vyu+ Vep =vAu,
00 +u-V,0=rA0,
Ve-u=0,

p+6=0.

(3.13)
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

In this system 6 (the temperature), p (the density) and p (the pressure) are scalar unknowns
and u (the velocity) is a 3-component unknown vector field. The pressure can actually be
eliminated from the equations by applying to the momentum equation the Leray projector
P onto the space of divergence free vector field (precisely which is defined in (3.96)).
This projector is bounded over HY for all N, and in L? for all 1 < p < co. The viscosity
coefficients are fully determined by the linearized Landau operator £ (see Section 4).
The derivation theorem from (3.3) to (3.13) is the following.

Theorem 3.2. Let My be as in Theorem 3.1. For any € € (0,1), assume that the initial
data g. in (3.3) satisfy
1) g € H3LZ,
2) [|geollmzr2 < Mo,
3) there exist scalar functions py, 0y € H i’ and vector-valued function ug € H g such
that

9.0 — go, Strongly in Hng (3.14)
as ¢ — 0, where go(x,v) is of the form

v> 3
ol v) = pola) (e) o) o) +00(0) (10— 2) ). 315
Let now g. be the family of solutions to the Landau equation (3.3) constructed in Theorem

3.1. Then, as ¢ — (),

v 3
g5—>p\/ﬁ+u~v\/ﬁ+9<|2|—2)\/ﬁ (3.16)
weakly-* in L= ([0, 00); H3L?). Here
(p,u,0) € C(R*; H) N L=(R*; H) (3.17)

is a solution of the incompressible Navier-Stokes-Fourier equation (3.13) with initial data:

3 2
uli=o = Pug(x), 0li=o = gﬁo(m) — gpo(l‘), (3.18)

where P is the Leray projection. Moreover, the following convergence of the moments
holds:

P (gg,v\/ﬁ)L% — u, (3.19)

0]

<ga> (5 — >\//_A) p — 0, (3.20)

strongly in C'(R"; H?), weakly-x in L®(R™; H3) as e — 0.
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1. Introduction

The history of derivation of Navier-Stokes equation from kinetic equations is very rich.
This has been an active research field since the 70’s with some major breakthrough. In
particular Bardos, Golse and Levermore [9] initiated this program in the 80’s, and the
first convergence result without compactness assumption was given by Golse and Saint-
Raymond in [49], following a series of hard works by Bardos, Golse, Levermore, Lions,
Masmoudi and Saint-Raymond [10, 96, 50] the list given here is not exhaustive. More
recently this program was tackled in various geometries (with bondary in [99, 79, 81]).
All these results are obtained in a framework of weak solutions: the renormalized solu-
tions for the Boltzmann equation (from DiPerna-Lions [37] or Mischler [102] for bounded
domains) and the Leray solutions for the Navier-Stokes equations. Let us also mention
[7] and [115] in which the theory of derivation of macroscopic fluid equations from ki-
netic equations has been treated exhaustively (although the Landau equation is not studied
there). In what follows, we present previous results obtained in a framework of strong so-
lutions and also comment the results obtained in the present paper.

In this framework of strong solutions, we first refer to [5, 17, 18] for Boltzmann equation
with cutoff (with inelastic collisions for [5]) and to [83] for Boltzmann equation without
cutoff in which a result of weak convergence to the fluid model is obtained. Briant in [17]
justified the convergence from the Boltzmann equation with cutoff in the case of hard
or Maxwellian potential to the incompressible Navier-Stokes equations on the torus. He
used hypocoercivity to obtain a proof of existence and exponential decay (uniformly in
the Knudsen number) for solutions around a global equilibrium in Sobolev spaces H. f&\fv
for N > 3. These results allow him to obtain a derivation of the incompressible Navier-
Stokes equations as the Knudsen number tends to 0. In addition, he obtained strong con-
vergence by adding additional conditions on the initial data and using a decomposition of
the semigroup associated to the linearized equation coming from [40]. Roughly speaking,
this analysis is based on the study of the spectrum of the Fourier transform in the space
variable of the linearized operator. Let us also mention that all the hypocoercivity theory
assumptions hold for several different kinetic models which include the Landau equa-
tion with hard, Maxwellian and moderately soft potentials. Briant, Merino-Aceituno and
Mouhot in [18] obtained similar results in larger Sobolev spaces with polynomial weights
using an “enlargement method” coming from [56] that takes into account the dependen-
cies on the Knudsen number (which allowed them to weaken the assumptions on the data
down to Sobolev spaces with polynomial weights). Notice that in the present paper, since
our linearization is based on the following decomposition: f. = 1 + eu'/?g., our original
data f. o are supposed to enjoy an exponential decay.

We also mention that there is another type of results about the connection to fluid equa-
tions that are also obtained in the context of classical solutions. The general idea is to
obtain first the solutions for the limiting fluid equations, then constructing a sequence of
solutions (around the Maxwellian) of the scaled Kinetic equations (Boltzmann or Lan-
dau) for small Knudsen number ¢. These solutions are of the form f. = p 4 eu'/?(g" +
eg® + - - -+ ¢&"g"), where g', g% - - - can be determined by the Hilbert expansion, and
g~ 1s the error term. There is a large literature in this context, let us point out the work
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

[58] in which Guo verified the diffusive expansion (around the Maxwellian) for the Boltz-
mann equation with angular cutoff (hard and soft potential) and for Landau equation in
the Coulombian case on the torus using a nonlinear energy method. This expansion is
beyond the Navier-Stokes limit in the following sense: the coefficient g' is determined
by the incompressible Navier—Stokes—Fourier equations and ¢ - - - g" ! are determined
by the linearized incompressible Navier—Stokes—Fourier equations with source term from
the known kinetic part. In addition, he studied the decay in time uniformly in ¢ for the
error term by nonlinear energy method, such a result is obtained in /. fc\fv for N > 8.

Our aim in this article is to study the weak convergence process for the Landau equation
in the cases of hard potentials, Maxwellian molecules and moderately soft potentials and
verify its limit to the incompressible Navier-Stokes-Fourier equation with the Boussinesq
relation on the torus. This equation has strong diffusion properties, which implies difficul-
ties linked to the functional spaces. The convergence proof is based on a nonlinear energy
method which is similar to [60, 58]. The idea is to establish microscopic and macro-
scopic estimates (thanks to the study of the classical 13-moments) uniformly in ¢ for our
equation. These estimates allow us to obtain a global energy estimate (uniformly in ¢)
in H3L?. Notice that in [60, 58], this type of results was obtained in H i\fv with N > 8,
we have thus enlarge the space in which such a result is available. In terms of functional
spaces, our result is comparable to the one in [83] in which the authors used this method
to derive the incompressible Navier-Stokes-Fourier equation but from Boltzmann without
cutoff on the whole space. Hence the difference with our case concerns the choice of the
instant energy and the dissipation rate functional to capture the structure of the rescaled
equation, see (3.6), (3.7) and (3.11) for our case. We shall sometimes follow the line of
the proof of [83]. But we pay very much attention to the construction of local solutions
(uniformly with respect to the Knudsen number), the linear problem being handled thanks
to Lion’s theorem (see [95]). A special focus is also given on the weak-« limit at the very
end of this article using in particular the Aubin-Lions-Simon theorem and some compen-
sated compactness argument from [97] (see [5, 49] for similar approaches).

We finally emphasize that a great challenge in this field would be to get strong conver-
gence, that we hope to do in the future using the hypoelliptic properties of the Landau
operator.

Organization of the article. In Section 2, we study the construction of the local solution.
In Section 3, we show the global existence and we establish the uniform energy estimate.
Section 4 is devoted for the incompressible Navier-Stokes limit. In Appendix (Section 5),
we give a proof for the existence of a local solution for the linear Landau equation.

2 Construction of Local Solutions

In this section, we show the existence of a local solution to equation (3.3). First, we start
with nonlinear estimates where we use the idea of the proof of Lemma 3.5 in [26]. Then,
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2. Construction of Local Solutions

we are interested in the construction of local solutions for Landau equation where we use
the technique presented in section 2 in [83].

2.1 Nonlinear estimates.

We prove in this section some estimates on the nonlinear operator I'.

Lemma 3.3. We have:

|(@ij* ' ) (v)] +

(% * 2M1/2f) (0)] + (@i * 720, f) (v) |+ (% s — p'20; f)( )
+ [(ai; * p ) ()vivg] + |(as; = 12 F)(v)vy] S <U>7+2HfHLg-

Proof. For the first term, we have

[(as 2 f) ()] =

In a similar way we get

R R O VA B B O i O VA P Ol T

v;
|(aij * §u1/2f)(v)| S ) fllrs
For the third term, we have
aij * /,Ll/zajf = ajaij *x /L1/2f — aij * ajul/zf,
then
|(ai; * 1720 f)(v)] < 055 * p'/* f ( )|+ lai; = " f ()]
/ VL (0, 2| +/ V20 Y1812 £

S (v >””HfHLg-
In a similar way we get

S @

Recall that 0 is an eigenvalue of the matrix A(v) = (a;;(v))1<; j<3 With corresponding
eigenvector v so that a;;(v—v.)v; = a;;(v—0v,)v,; and a;;(V—0,)v;v; = ;5 (V—04) Vs Vsj.
Using this we can easily obtain,

(g p 2P vis] = | [ (v = vuanl £ = | [ a0 = v)vavsulf.
</ ’Y+2 v+4 1/2‘f’

S (v >7+2Hf||Lg
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In a similar way we get

[(ag; * 1) 0)os| S 0) 2 Ne

Lemma 3.4. The following estimate holds:
T, 9) )2 S ezllgla 0l - 3.21)
Proof. We write
(T'(f9).h)p2 = — /(%‘ * 172 )0, 90;h — / (%‘ * 2M1/2f> digh
+ /(aij x 1120, f) gOih + / (az’j * ?Mmajf)gh
=~ [(A@) + W2 1)V0g- Voh = [ X(0) - Vugh
+/Y th—k/(aw 1/26’f>
=T +T+T5+ 1Ty
Here X (v) (resp. Y (v)) are vectors with coefficients X;(v) (resp. Y;(v)) which are written
in the following form:
X;( ;a,] x 5 p?f and Yi(v leaw x 120, f.

Step 1. For the first term, since the estimate for |v| < 1 is evident, we only consider the
case |v| > 1. We decompose V,g = P,V,g9+ (I — P,)V,g, and similarly for V,,», where
we recall that P,V ,g = v|v| (v - V,g). We hence write

T = / (A(v) * u'2 )P,V g - P,V oh + / )« p! 2 f)P,V g - (I = P,)Vyh
+/ ) (2T = P)Vag - PV, h+/ )2 = P)Vog - (I — P)Voh
=Ty +Tio +Ty3+ Ty,

Therefore we have

= ot o &5, 250,

thanks to Lemma 3.3, we obtain

Tl SISz [ @) 1012 Vo] V0]
S 1712l 0) 3 Vg a2 10 9l
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Moreover
Ty = /(A(U) * /ll/Qf)L i;vg)v (I — P,)Vyh,
then
Tha| S Hf!hg/@)””\v\‘l Vgl [(I = P,)V,h|
S e l0) 2 Vgl oz | (0) 2 (T = PV bz
Similarly

X

Tl S 11 £ 1122l 0) Vogllzall(0) (T = P,)Vohlz.
For the term 774 we obtain
Ty = / (A@) % 2F)(I — P)Vug - (I — P)V,h,
then
Tl SIS llzz [ @)1 = P)ugl |1 = R)VA)
SNzl (T = P)Vaugllzall(w) 2 (1 = P)Vhl| 2.

Step 2. Let us investigate the second term 75, and again we only consider |[v| > 1. The
same argument as for 77 gives us

T, = — /X(v) AP,Vyg+ (I — P)Vogth
= T21 + T22.

We have

then

Tl S 1 fllz [ @) ol Vgl [0
X X
S 1712l @) Vaglzal o) bl

For the other term we get

Ty = —/X(v) (I = PV h
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then
Tl S Ifllzz [ o)1 = P Vgl 1
S A2 ll(0) 2T = B)Vougll izl (0)3 0|
Step 3. For the term 75,
Ty = —/Y(v) AP,Vh+ (I — P,)V,hlg
= T3 + T3s.
Using the same proof in step 2, we have
Ty < 1F ezl () gllall(0)2 Vol s
and
I Tsal < 112 ll(0)2 gl ll0) 2 (1 = P)Vuh]| 1.

Step 4. We finally investigate the term 7, and we have

v;
Ty = —/ (aij * 2M1/23jf)h9>

then

X ol
ITal S W Nz ll€w) > gllall(o)® .

]

The next lemma gives an estimate on the nonlinear collision operator I in terms of instant

energy functional and dissipation rate.

Lemma 3.5. Consider f such that / , Iy f dx = 0, we have
T

(CCF ) W sse S ECHCF) + DUYDR),

therefore

ICCH I azar oy S Wz | azm.

(3.22)

(3.23)

where we recall that the space Hg’(H;*)’ is defined in (3.8) and £, D, C are defined in

(3.11).
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Proof. We have that

(O prg = O D h2)pagg + > (90T(f,9).00ha)

1<|8|<3

because
(F(fa f)?d’)[,% =0 for q’) = \/ﬁ7vi\/ﬁ7 |U|2\/ﬁ
and
OT(f. )= > Copl(0]f.07f).
B1+B2=5

The proof of the lemma is a consequence of Lemma 3.4 together with the following
inequalities, that we shall use in the sequel when integrating in z € T?

1/2 1/2
el oorsy S lellazeesy, Nulloesy S lullaesy, Nullzss) S lull s el )
Step 1. Using Lemma 3.4 we easily get,
(T(f, ) h2) 2z S / (U o, hola. Iz Nhallzs,)

S W lmzee 1 f2llzzms,

furthermore, Iy f has zero mean on the torus, thus we can apply Poincaré inequality on
the torus and we obtain

(C(f5 f) h2) 212 S EFHC(S) + D(F)}D(R).
Step 2. Case || = 1. Arguing as in the previous step, from Lemma 3.4, it follows
(F(f7 aff)? aghz)Lng
5/ 1 llez 19 follm, 1Vehallmy, + 1f ez 1Vefillez 1 Vehollmy.)

S HfHH2L2 IVulollpzm, 1Vahellpzmy, + | fllazez Ve fillzzrz I Vahallp2m:
E(N{C(f) +D(f)}¥D(h).

Moreover, we have
(@25, 1), 00ha) ,
S [ (09 Al 1ol IV ehall, e [¥ahallg.)
T3 ’ ’ s

SIVaefllmzee | follzm, Vahollizm, + Vafllmzee [ fillrzez ([ Vahollrzm

using Poincaré inequality on the torus, we get

(L@f.£).00h2) ,,, < EDICW) + DUYD(D).

hollpzmy, + 1 f a2z ([ fill 2oz |Pall 2 s, s

99



Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

Step 3. Case || = 2. When /3, =  we have
(0, 020),00m,) ,

S [ (U 192 fllmy IRl + 17 19251 192 el )

S W a2 V3 fall 2, 1V2hall 2y + 1 f 2z V2 fill 2oz V3Rl 2w

S EWLC) +D)ID(h).
If |51 = | 52| = 1 then we obtain

(r@ 1,02 0),00ms)
S [ (192l 190 follie, I 2halliy, + 192l [V filsz [192Ra 1y )

SIVelllmzee IVefellizm, 1Vahallzmy, + Ve fllazee | Vefillizee 1Vaholl 2,
S EHACS) +D(f)}D(h).

Finally, when 5, = (§ we get
(P2, 1),00hs) ,

< [, (192l 1 el
S IV sz I fellemn,

1/2
S IV lizes 12l

13

Vahallmy. + 1V ez I alloz 1V2Ra )

V?:h2”L§H7},* + V2 fllzsze |1 fillzarz HVihQHL%H%’*
1/2

fQHP{%HU{* vazc}lZHLgHg,*

1/2 1/2
+ V2 Ml AN lte 1V2hel2my.

S ELC(f) +D(f)}D(h).
Step 4. Case |3| = 3. When 3, = (3 we have obtained

(C(£.008).00ha) ,
5 ”f”H%L,% Hvifan%H&,* HVihzlngHg,* + ||fHH§L% HvileLiL% ||V§ch2HL§H%7*
S EAC) +DHID(R).

If | 51| = 1 and | 53| = 2 then we obtain

(T(@f,022f),00hs)

L212
< [ (92l 192l
S ||fo||Hng ||Vif2||LgHg,*

S EWNLC) + D)D)

Vihallmy. + 1Vafllzz V2 Al 1V3hallmy. )
Volollpzuy, + Vo flluzez [IV3 fill 2oz 1VEhellzmy,
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When |3;| = 2 and |52| = 1 then we get
(T (@5 f,002 1), 07hs)

LZL3

< /T (V22 Ve Fall g, (93hally, + IV2 fllez (V2 Fill ez 195Ra 1)
1/2 1/2

SIV2fllme IVafall o |Va:f2||héH,gy* IV3hall L2m,

Ve fllmez IVafi

52 IV filliaseg [V okl s
S EWHC) +D)ID(h).
Finally, when 5, = £, it follows
S [, (937 ez Wl I93Ralliy + I3 F ez il 975l )
5 ”VifHLiL% Hf2||HgHg,* HVihzlngHg,* + ||vif”L§L% HleHgL% ||Vih2HLgHg,*
S EWAC) +DNHID(R).
Regarding estimate (3.23): Using (3.22), we have
(O ) M gsre S W llagea 2

using now (3.8), we obtain for ||h||gs g < 1,

ICCH Pz S W lazez [z, -

LL3

2
LU

hHHgH%,*’

2.2 Linear problem

We consider now the linear Cauchy problem

O+ v Vag+ HLg = 1T(f, )
{ G0 = go € HL? (3-24)

where f is a given function such that

sup 52(f(t))+/OTD2(f(t))dt < 00 (3.25)

o<t<T

for some 1" > ( and verifies
/ My f dz = 0. (3.26)
T3

We study the existence of a solution to the equation (3.24) in the space L>([0, T]; H2L?)N
L*([0,T); H3H, ).
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Remark 3.6. We note that by using (3.23), (3.25) and (3.26), we obtain that I'(f, ) €
L2([0,T]; H3(H,,)")-

Definition 3.7. We call weak solution of (3.24) any function g € L*([0,T]; H3L?) satis-
fying

T T /1
[ 9900z dt = (90,00 ss = [ (CTF 1)) dt (327)

H3(H}.)' \H3HL,
forall o € C°([0, T[x T2 x R3), where Q is defined in (3.142) in Appendix (Section 5).

Proposition 3.8. Let g0 € H3L? and f satisfy (3.25) and (3.26). Then the Cauchy
problem (3.24) admits a weak solution

g € L=([0,T); HyLy) N L*([0, T); HH, )
which satisfies
c, (T 407 T
s, 060+ [ D00 < s ) { s )+ [ D}
0<t<T e Jo O, o<t<T 0<t<T 0

+28%(go) (3.28)

for some T > 0, where C, C., are independent of 0 < ¢ < 1.

Proof. We will show the existence of a solution to the Cauchy problem (3.24) by us-
ing Proposition 3.23 in Appendix (Section 5). By applying Proposition 3.23 with U, =
ID(f, f) (we have from Remark 3.6 1['(f, f) € L*([0,T]; H3(H,,)') for ¢ a fixed
parameter, then there exists a solution g € L*([0,T]; H2H, ) such that for any ¢ €
C=([0, T[x T3 x R3)

T T /1

| 9. Q) szt = [ (ST 0 At + (g0, #(0) g . (3:29)
where Q is defined in (3.142). Then, g € L*([0,T]; H}H, ) is a weak solution of the
Cauchy problem (3.24). Now, we will show that the weak solution g satisfies (3.28). We
only sketch the proof which could be done using mollifiers of g and supposing therefore
dyg,v-Vgand Lg are in L*([0, T]; H3L?) and that g and its derivatives in z have traces in
times. For elements of proof see [32, Appendix A], [61] and [83]. We define the operator
G by

1 1 1
we also suppose Gg € L*([0,T]; H2L?). We have g € L*([0,T|; H2L?), then
1
(99, 9) 12(0m1312) = z (LCf )2 9 peqorpmzre) -
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2. Construction of Local Solutions

Using (3.30) and the fact that v - V, is skew-adjoint, we have

1 1
(99: Drzrz = (019, 9 ars + - (0 Vag 9 parg + 5 (L9, 9)prars
_1d
S 2dt

1 (3.31)
19 Ezr2 + =5 (£9:9) yars -
€

Returning to Theorem 1.2 in [105], we have the following estimate:
(Lf, )z = C ., Ve N(L) (3.32)

where C., > 0. Then,

1 C
=5 (£9:9) 312 > 5 D(9)- (3.33)

From the above, we get for ¢ €]0, 77,

t 1 1 c, rt
| 999312 ds > 5190 sez = 519 iz + = [ Do)

Using Lemma 3.5 and the fact that C(f) < £(f), we have

oezs + 52 [ D(g)ds
C 1,
<7 | EDED) + DNIDI9)ds + 5€%(a0)

€

<< [1E0) + eNDUNIDlo)s + 58 (w)

<& [lEOEm +Das+ 5 [ Dos + )

Thus, we get

o)+ G [ Daois < 5 [ EUNE) + D(1as + o).

This implies that for 7" < 1

s &a0)+ G [Pt <°C s 0] s e+ [ D]

0<t<T 0 07 0<t<T 0<t<T

+ 2E%(go)-

Finally, (3.28) and (3.29) show that g € L>([0, T]; H}L2) N L*([0,T]; H2H, ) is a weak
solution of the Cauchy problem (3.24). [
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

2.3 Local existence for nonlinear problem.

We consider now the following iteration

n+1 1., n+1 1 n—&-lzlr n .n
{ atg + E’U V:Eg —0—8259 & (g g ) (334)

9" =0 = 9o,
with ¢° = 0.

Proposition 3.9. There exists 0 < 09 < 1, 0 < T < 1, such that for any 0 < ¢ < 1,
Jdo € Hi’le) with

gollmzr2 < do

then the iteration problem (3.34) admits a sequence of solutions {g" },>1 satisfying

C’ T
sup £2(g") + 5—;/0 D2(g")dt < 462. (3.35)

0<t<T

Proof. For the linear Cauchy problem (3.34), given ¢g" satisfying (3.35), the existence of
g™ is obtained by the Proposition 3.8. So that it is enough to prove (3.35) by induction.
Using estimate (3.28) with ¢" = f and g"™! = g, we obtain

T 40?2 T
/ D*(g" ") dt < —— sup E%(g™){ sup E*(¢") +/ D*(g™)dt}
0 0

C’y 0<t<T 0<t<T

+ 282(90)

sup E2(g") + ﬁ

0<t<T g2

Then, using (3.35), we obtain

T 2
sup E2(g"tH) + Q/ D (g™ Hdt < 67 (2 + 64582).

2
0<t<T €2 J0 ~

We complete the proof of the Proposition by choosing 9, such that

CQ
2+ 646%2— < 4.

0o~ X
&
Theorem 3.10. For T' > 0, such that for any 0 < € < 1, g.o € H2L? with
1ge.0ll 22 < do,

then the Cauchy problem (3.3) admits a unique solution g € L> ([0, T|; H2L?) satisfying

2 O’Y T 2 2
sup E2(g.) + —/0 D2(g.)dt < 482, (3.36)

te[0,71] €2
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2. Construction of Local Solutions

Proof. We will show that {¢"} defined in Proposition 3.9 is a Cauchy sequence in
L=([0,T); L*(T3 x R3)). We set w™ = g™ — g™ and deduce from (3.34),

n 1. n 1 n_ 1 n . n\ __ n—1 ,n—1
w ‘t:() = 0
Using the fact that, for any h € L?
= 0’

(F<gn7gn) o F(gn 1 n 1) HOh)L
(g™ g") —T(g" g ) =T(¢",g" —g" ")+ T(¢"¢" ") —T(¢" " g" ")
— F(gn7wn—1) +F(wn—1’gn—1),

we obtain
(P(gn’ gn> - F<gn71’ gnfl)7 wn)L2
where wj = (I — Ilp)w™. Using Lemma 3.4, we have

(C(g" w™™) + D™ g™ "), u})

C .
< =E(g") (Il llzz,, + 1w~ o) 1wl

C n— n— n— n
+ M ez, (g8 ey +D(g" ) gy

< GoE2(g") (lwp 172, + llws ™ |2)
+C§”wn71HLgm(Hgl 1HH§L%+D2(Q” 1))

5 n
+ St
Thus, fix a small § > 0, we get
1 d n O n n— n—
S0, + o5l 2 < Cog? (g (ud I, + g™ 12)

+ Csllw M (Igr 3sre + D2(g" ).

Using the fact that
lwi ™ Zz, = ITow™ 7z,

CE (g™ ),

<Ol iz, o iz <

we obtain t €]0, T,
ni|2 1 ! n||2
s, + 5 | lwg e ds
T
< C sup E9") (Tl wgara,y + [ eI ds)

t€[0,T]
4 Ol gz (T sup &™)+ [ D) ).
te[0,7)
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

Using now (3.35) with §, > 0 small enough, we get that forany 0 < ¢ < 1

1 (T 1 1 /T
n|2 n|2 n—1|2 n—12
o oz + 25 [ Ieslo dt <5 (e Mmoo, + 5 [ ™30 dt).
(3.38)

Thus we have proved that g" is a Cauchy sequence in L>([0,77]; L2 ). Combining with
the estimate (3.35), the limit g is in L>([0, T]; H2L?). If we note

C T
Flg") = swp &g+ [ DgMar,

0<t<T 0

then from weak lower semicontinuity, we have

F(g) <lim inf F(g") < 453.

n—oo

Then we obtain the estimate (3.36). Now, we will show the uniqueness of the local so-
lution. Let g™ and g® be two solutions to (3.3) with same initial data ggo) = ggg that

satisfy (3.36). The difference h, = g(!) — ¢(? satisfies

. 1 h = 1T(g® 1 M
{3ths+av Vihe + 5 Lh. = (T(gf), ho) + 2T (he, g1) (3.39)

hs\t:O = 07

using the same argument in Theorem 3.10 in [26], we can show that h, = 0, hence the
uniqueness of the weak solution. [

3 Uniform estimate and global solutions

In this section, we establish microscopic and macroscopic energy estimates for the Landau
equation. These estimates with Theorem 3.10 allow to prove the existence of global
solutions in the space L°°([0, 00); H3L?).

3.1 Microscopic energy estimate.

Proposition 3.11. Let g € L>([0,T); H3L?) be a solution of the equation (3.3) con-
structed in Theorem 3.10, then there exists a constant C' independent of € such that the
following estimate holds:

d 2 C’Y 2 {1 2 2}
—E2 4 AP O -€ED , 4
TR C{-€D° + (£C) (3.40)

where for simplicity, we note £ = £(g), D = D(g) and C = C(g).
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3. Uniform estimate and global solutions

Proof. We apply 02 to (3.3) and take the L?(T? x R3) inner product with 9%g. Since the
innerproduct including v - Vg vanishes by integration by parts, we get

1d 1 1

7782—{_7 Z (Eaag’aa ) =~ Z (agr(g7g>7a§g)L2

2dt g2 al<3 <3 zw

Returning to Theorem 1.2 in [105], we have

3 (£029.089)2 . > CyllgalZsms cny) = O D

laf<3

Since / . [Tpg dx = 0, Lemma 3.5 implies that,
T

1
~ Z (agr(gag)vagg)[g < gg(CD—I—D2) ClgDQ Cl (gC) 77021D2
< |l <3 v € 9z
Taking n = %, we have
C
1 d 2 C 2 Cl 2 CQ
9 d+ 772) < D —_—
2’ T e EREe (£c),
then
d 2 C’y 2 {1 9 2}
dtg EQD <O 557) +(EC)° .

3.2 Macroscopic energy estimates

We study now the energy estimate for the macroscopic part I1,g where g is a solution of
the equation (3.3). First we decompose the equation (3.3) into microscopic and macro-
scopic parts, i.e. rewrite it into the following equation

1 1 1
d{a+bu + vt + v Vo{a+ b+ clo}u? = —0,9, — JU Vo — gﬁgz
1
(3.41)

Lemma 3.12. Let 0% = 0%, a € N3, |a| < 2. If g is a solution of the Landau equation
(3.3), and A = (a,b,c) defined in (3.10), then

|00 Al 2 S C+ D, (3.42)
where £ = E(g) and D = D(g).
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

Proof. Let g be a solution to solution of the scaled Landau equation (3.3). The second set
of equations we consider are the local conservation laws satisfied by (a, b, ¢). To derive
these we multiply (3.41) by the collision invariants that are the elements of N'(£) in (3.5)
and integrate only in the velocity variables to obtain

1
O(a+3c)+ sz -b=0, (3.43)
1 1
8tb + g(vma + 5Vx0) = _g (U : vaZy U\/ﬁ)L% ) (344)
5 1 )
@@a+1&ﬁ+gvxlh:—gO%Vﬂmhﬂvﬂ%@. (3.45)

Taking linear combinations of the first and third local conservation laws results in

1 2
ata = ?8 (U : ng27 ’U‘ \/,E>L% )

1 1
Oib + E(an +5V.c) = —z (V- Vaga, 03/11) 5
1 1 2
8tc+ gvx b= —& ('U : vx927 |U| \/E)L% :

These are the local conservation laws that we will study below. From the first equation,
we have

1
[0:0%al[r2 < g”vzaagQHLng, (3.46)
the second equation gives that

1 1 1
10:0%0]1 22 S Z1Va0®allrz + ZIVa0%cllzz + Z[IVa0®gallr2s

1 1
S g”vzaaAHLg + g’\vxaangLng

and the last equation implies that

1 1
||8taa0||Lg S g”anabHL% + g||vx8ag2||L%L%
1 1
. g”vxaaAHLg + g||Vz5a92||L§Lz-

Then, we obtain

el|0 0% Al Lz S [V20*All L2 + ([ V2092|1212
<C+D.
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3. Uniform estimate and global solutions

We start with the macroscopic energy estimate where we use the so-called 13-moments.
The set of 13-moments is 13-dimensional subspace of L?(R3) and given by

{e; }11 = {\/ﬁa Vin/ Iy ViV 1, UiMZ\/ﬁ}'

It is well-known [61] that the macroscopic component g; = [Iog ~ A = (a, b, ¢), satisfies
the following set of equations

vi|vPpt’? %Vwc = —0Ore + mc + 2 0.+ %h
V2t D Qe+ 10 = =0y + mZ + 2 f + %hz
vt ? L0y + 10, = —0pry; ~|— mw + Slij+ thy, i #£j,  (34T)
Uiu1/2 : O + 18 a = —0ry; + mbl —l— ﬁb %h
ut/? : Qa = —0yrq + tmg + - € + Lh,
where
T:(g%e)L%? m:(_v'vmg%e)[,%a h:(F(g,g),e)L%, (3 48)
= — (£927 6)L% '
stand for r,, - - -, h,, while
e € Span{v|v|2 "%, v vt vt 2, pt Y, for i, 5 =1,2,3.

Lemma 3.13. Let r,m, (, h be the ones defined by (3.48), 0% = 0%, 0; = 0,, a € N3,
|a| < 2. Then, one has

10:;0% ||z < min{|| gzl zz22, D}, (3.49)
[0%m||zz S min{]|gall w3z, D}, (3.50)
10%¢|r2 < min{l|gallmzr2, l|92]lx2(ms xrs) }s (3.51)
10D 2 < Nlgllazee (g2l re xrs) + [ Vallogllmc2). (3.52)

Proof. We have

10:0%r (|2 = [| (0:0% 92, €) 2 Iz < [|0:0 g2 2 S llg2lmzrz,

L2 ||92||H2L2

1%z = 11 (892, Le) 1z Iz < 110%92l a1z (| Lel

10%m|| 2 = [ (V20%ga,ve) 1z |2 S (V20 gallr2r2 llvellzz S llg2llmzrz-
The fact that for f € H, , and v € [-2, 1],

2z (quyrvrzy < Wflla L

implies (3.49), (3.50) and (3.51). For the estimate (3.52), we have
9%h = (0°T(g,9),€)p2 ,
then using the same method of proof of Lemma 3.5, we get (3.52). [
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

Lemma 3.14. Let [a| < 2, and let g be a solution of the scaled Landau equation (3.3).
Then there exists a positive constant C' independent of €, such that the following estimate
holds:

85125 { Z (0%, V,0%(a,b, C))L% + (0D, vzaaah%} 1< C {;'D2 N 5(62 N ’D2)} |
lal<2

(3.53)
Proof. Recall that
C*= > V0" AllLz = > [Ve0%all7z + [[Vo0"bl[7z + [[Va0cll ;.

l|<2 lo]<2

(a) Estimate of V,0%a. From the macroscopic equations (3.47),
||Vx5°‘a||%% = (V,0%,V,0%) 2
1
— (aa( — 0 — O+ m -+~ + h) , vmaaa)

L2

1 x
S el +[(0%m, V,0%) 2 | + E| (0%, V30%) 2 | + [ (0%h, Vo0%a) 2 |-
Here,
eRy = —£(9°0b + 0%0ir, V,0%a) 1

- —ec‘ft (0°(b+ 1), Vod%a) 1 — & (Vo0 (b +7),0,0%) 1 -

Note that, from (3.46) and (3.49) ¢ (V,0%r, 8,0%a),, < D?, and

1
e (V,0°,0,0%) o Sl V.07 + %DQ.

Furthermore, Lemma 3.13 implies that
[ (0%m, V20%a) 5 | S D|Va0allz S PIIVL0"Allnz S DC,
10V | S 2ol ey V20" Al S 2DC.
| (0%h, V:C@aa)Li | S E(C+ D)C.

Hence, for some small 0 < 7 < 1

d

“a

1
(0%(b+ 1), Vad¥a) 5 + IV.0%all72 S 1l V.0b]17; + %DQ +DC
1
+ gDC +E(C+D)C (3.54)

<0+ 71] {61292 L +D2)}.

110



3. Uniform estimate and global solutions

(b) Estimate of V,0“b. Recall b = (by, b, b3). From the macroscopic equations (3.47),

A, 0°b+ 020%b; = 0° 3 0;(D;bi + 0iby) + 0,(20,b; — > 9;b;)]

JF#i JF#i
1
= 80‘ [Z 6]< — 5&7"1-]- + my; + *ei]’ + hl])
J#1
1
+ 0, ( — 2e0r; + 2m; + E + 2h; + Ze@trj —mj — géj — hjﬂ
J#i

:80‘[61(—5(9t7“+m+€€+h)]

where 1, ¢, h stand for linear combinations of r;, ¢;, h; and 7,5, {;;, h;; for 4,5 = 1,2,3
respectively. Then

IV20°bill72 + 10:0°bil| 72 = — (A.0%b + 07070, 0°b;)
=eRy + R3 + Ry + Rs, !
where
eRy = £ (0;0%0r, 8°‘bi)L%
= —ejt (0%, 0;:0%b;) 12 + £ (07, 0:0,0°b:) 15

moreover, we have from (3.42) and (3.49) that
1
e| (9;0%r,0,0°b;) > | < nC*+ =D
’ Ui
Furthermore, Lemma 3.13 implies that

1
[ (0%m, 0;0%b;) 5 | < EHaamH%g +1)|0:07; |72

N

1 8} (6%
5“8 ml[zz +nlVo0bill12

N

1

;DZ —1—77HV;,;(9‘161H%3,

1 1

~1(0%6.0,0%b) 5 | S <1102z [ Va0" Al S pc
| (80‘]1, ai(?abi)L% | § S(C —+ D)C

< E(C* + D).

Hence, for some small 0 < n < 1

d 11
e (0°1.0:0°0) 13 + IV 0°bll3y S nC + . {521)2 +EC+ D?)} :
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

summing up for 1 < ¢ < 3, we obtain that

d 11
8& (30‘7“, Vzﬁo‘b)L% + ”anabuii S 7762 + 5 {gj2D2 + (C:(C2 + D2>} . (355)

(c) Estimate of V,0%c. From the macroscopic equations (3.47),
||Vx8ac\|%3 = (V40%¢, V,0%) 5
1
_ (8“(—58,57“ Fmt S04 h), vm%)
€

LE

1 11
SeRe+nC* + —D* + -5 D>+ £(C* + D7),
Ul ne

where
eRg = —e (0%0Oyr, Vmﬁac)Lg
= —5;5 (0%, Va;@o‘c)L% — e (V0% 8&9&6)@
< —5(?t (0%, V,0%¢) 2 +nC* + 1275122)2.
Thus
e (07, V,0%¢) 13 + [[V20%c||7 S nC* + 717 {;zﬂ + £(C* + 172)} : (3.56)

By combining the above estimates (3.54), (3.55), (3.56) and taking n > 0 sufficiently
small, then we get the estimate (3.53) uniformly for 0 < ¢ < 1, thus complete the proof
of Lemma 3.14 . O

Let

1/2
B = 52+n15{ S (0%, V.0%(a,b,¢)) s + (0%, vxaaa)@}] . (357

|| <2

with 7; > 0 to be chosen later.

Theorem 3.15 (Global Energy Estimate). If g is a solution of the scaled Landau equa-
tion (3.3), then there exist constants cy,c3 > 0 independents of € such that if £ < 1,

then
d 2 1 2 2 1 2 2
g +c3(7> +c ) < COE{D +C } (3.58)
dt g2 €

holds as far as g exists.
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3. Uniform estimate and global solutions

Proof. Based on the microscopic estimate (3.40) and the macroscopic estimate (3.53), we
can derive the uniform energy estimate. Indeed, estimates (3.40) and (3.53), imply that

; C
dt (52 +me {|z<:2 (0%, V0%(a,b, C))Lg + (8, anaa)ﬁ} ) " ?;Dz e

1 > .
< C(gEDQ - (56)2) - 77;207)2 +mCE(C* + D?).

We first choose 7; small enough so that C', — mC > 0, it gives that for 0 < e < 1

d 2 el o o o = 1 2 2

T E+me Y (0°r,V,0%(a,b, ¢))rz + (070, Vi0%a) 2 o + (C, —7710)5—21) +mC
|al<2

-1 N
< (C+ ?710)?‘3792 + (CE +mC)EC?.
(3.59)

Using (3.49), we have

| Y (0%, V.0%(a,b,¢)) 3 + (9°b, Va0"a) 1

jaf<2

S IVe0rl7s + 1Al

S Ngellfrrs + IAllHs S €7

~J

Thus, we can choose 77; > 0 small such that, forany 0 < ¢ < 1
C1 E < E < Co 5, (360)

for some positive constants c¢; and co. Finally, using (3.59) and (3.60) we have

d C—l—nlC)l

1
S 4 (Cy = C) 5D P < (

C 7’}16
—-ED? ( )E 2
g ; + |5+ c?,

C1 1 C1

then there exist constants ¢y, cs > 0 independent of € such that

d 1 1
7E2 —|— C3 <D2 ‘I— C2> < C()E {D2 + CQ} .
dt g2 €

]

We recall that g, co, ¢, c3 are defined respectively in Proposition 3.9 and Theorem 3.15.

Lemma 3.16. If we choose the initial data g. ¢ such that

E(0) = [|geollmare < M,
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where M is defined as

1
M = min {50,, G } 3.61)
402 40002
then,
2 g (Tl 2 2
E(T) + 5 ?D +C*pdt < E(0), (3.62)
0

for someT' > 0.

Proof. Note that £(0) < M < &y, then from Theorem 3.10 there exists a solution g. €
L>=([0,T); H3L?) for some T > 0, and from the local estimate (3.36), we have £(t) <
2M for 0 < t < T. Note that on [0, 7], E(t) < 2E(t) < 2caM < 1. Then the global
energy estimate (3.58) implies that

d 1
£E2 + (Cg — 2CQC2M> {&‘QDZ + CQ} < 0.

From the choice of M, ¢35 — 2cqco M > % Thus

C3

E*(T) +
2 Jo

s
{SD*+ethar < B0)
S
0

Proof of Theorem 3.1. Now, we are ready to prove Theorem 3.1 by the usual continuation
argument. We set M, := %M , where M defined in (3.61). Let

€(0) = |geollmprz < Mo,

which implies that £(0) < M < d&p. Then from Theorem 3.10 there exists a solution
g on [0, 7] for some 7" > 0. Furthermore, using (3.63), we have E(T) < cyM, then
E(T) < M < &. Using again Theorem 3.10 with initial data £(7), we obtain the
existence of the solution on [T, 27| and so on. Finally, the local solution constructed in
Theorem 3.10 can be extended globally. Now, we will show the estimate (3.12). Using
(3.63) and the fact that we can iterate the process in [T, 27, [2T,3T] ..., we get for all
teR*

t(1
E?(t) + % ; {527)2 + 02} ds < E*(0). (3.63)
We get therefore
o (1
sup E*(t) + % {2192 - 62} ds < 2E%(0). (3.64)
t>0 0 5

Next, using (3.60) we get

2 cs (1 5 263 o
sup £°(t) + D+ C"rds < —E7(0). (3.65)
0

t>0 QC% g2 C1
2

2
Finally, we can choose Cy = % and C, = %, hence the estimate (3.12) is true.
€1 €1
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4. Limit to fluid incompressible Navier-Stokes-Fourier

4 Limit to fluid incompressible Navier-Stokes-Fourier

In this section, we study the convergence of the perturbed Landau equation (3.3) to the
fluid incompressible Navier-Stokes-Fourier system (3.13) as ¢ — 0. We will present a
well explained and detailed proof. The approach is reminiscent of the one in [83] (see
also [5] for a related problem) but here, we aim to provide a fully rigorous proof. Note
that most of the arguments have already been used in [49] but our framework of strong
solution allows us to develop a simpler proof than the one in [49].

In the rest of the paper, our convergences hold up to extracting subsequences. Note that
for a vector function w = w(z) € R?, V,w is a matrix defined by (9,,W;)1<;j<3. We
also write (V, - M)" = 3=, 0, M;;(x), if M is a matrix defined by M = (M;;(z))1<i j<s-

4.1 Local conservation laws

We first introduce the following fluid variables
ol _

Pe = (gsa \/H)L% y Ue = (967 U\/ﬁ)L% s 96 = (967 (3 1) \/ﬁ) . (3.66)
L3

Then we can derive the following local conservation laws from the solutions g. con-
structed in Theorem 3.1.

Lemma 3.17. Assume that g. is the solutions to the perturbed Landau equation (3.3)
constructed in Theorem 3.1. Then the following local conservation laws hold

atpe + %Vx cUe = Oa
Otz + 1V (pe + 02) + 1V, - (A(0) /I, ﬁ(ga))L2 =0, (3.67)
O+ 21V, ue + 21V, - (B) i, £(ge)) , = 0.

Proof. Step 1. Conservation law of p.. We multiply the first g.-equation of (3.3) by
VI € N(L) and integrate over v € R*. Then we obtain

1 1 1
atpa + g (U : vmg&‘? \/IE)L% + ? (‘Cgé‘a \/ﬁ)L% = 572 (F(gé‘a 96)7 \/IE>L% ' (368)

I 15=0 13=0

For the term [;, we have

1 1
L = gvx ) (967U\/ﬁ)[,12, = gvx * Ue. (3.69)

Collecting the above relations, we deduce that

1
8tps + 7Vz CUe = 0, (370)
£
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hence the first equation of (3.67) holds.
Step 2. Conservation law of u.. We multiply the first g.-equation of (3.3) by v\/it € N'(L)
and integrate over v € R3, we have

1 1 1
atus + g (U ! V:chsy U\/ﬁ)L% + ? (ﬁgea U\/ﬁ)L% = 672 (F(gz-:a 95)7 U\/ﬁ)L% . (371)

]:[1 ]:[220 ]:[320

For the term II;, we introduce the matrix A(v) == v ® v — %Hg. We have that A,/ €
NL(L) and there exists A(v) such that £(\/A) = /A with A\/ii € N(L) and I3 is
the 3 x 3 unitary matrix (see for exemple [49]). Then we can write that

1
]Il = *vx . (g{_:?U ® IU\//_L)Lg

15
1 2 1 2
= *va: | Ges <U U — M]Ii‘])\/ﬁ + *Vac | e M:|I3\/ﬁ
€ 3 2 € 3 12
v v (3.72)
1 1 |v]?
==V (geuA<U)\/ﬁ)L% + gvx (9e \/ﬁ)L% + | Yes (? - 1)\/ﬁ
L3

1 1
= 7Vz . (g€7A<U)\/IE)L% + EVIGE + gvxps
Finally, using that E(\/ﬁfl) = /1A and that £ is self-adjoint in L2, we have

1 N 1

Collecting the previous calculations, we obtain

1 1 R
Ortic + —Valpe +02) + ~V, (Aw) vz, c(gg))p =0, (3.73)

then the second equations of (3.67) holds.

Step 3. Conservation law of #.. We multiply the first g.-equation of (3.3) by (% -
1)\/ﬁ € N(L) and integrate over v € R?, we have
1 0] 1 0]
i (o0 (1)) L (e ()
o+ 2 (005 (- 1)va) o+ 5 (oo (B -1)va)
L ) mﬂf (3.74)
v
= 5 (T(g.090), (5 — 1 :
€2<(gg)<3 )\/E>L2
]:[[3:0
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4. Limit to fluid incompressible Navier-Stokes-Fourier

For the term IIl,, we introduce B(v) := v(z’; — g) We have that B,/ € N*(L) and

there exists B(v) such that E(\/ﬁf?) = /iB with é\/ﬁ € N(L). Then, we can write
1 [0]”

I, = —V, - <ga>v<3 a >\//7>L2

21 W 5 ) 21
:**vz' e:v(_> +**Vx' e, U
(9 2 To)VE) TaeVe Vi

21 21
= **vz ) (957 B(U)\/ﬁ)[; + 77vm * Ug
€ v 3¢
N 21
=2 Ve (BOWA L)), + 57 Vet
Collecting the above relations, we deduce that

21 21 \
00, + ggvx “Ue + gng : (B(U)\/l_% E(Qa))L% =0, (3.76)

hence the third equation of (3.67) holds. L]

4.2 Limits from the global energy estimate

Based on Theorem 3.1, the Cauchy problem (3.3) admits a global solution g. belonging
to L°°([0, 00); H2L?) which is subject to the global energy estimate (3.12), namely, there
is a positive constant, independent of £, such that

sup [|g: (8) 7225 < © (3.77)
>0
and
/0 12,2 () 2z eyt < C2, (3.78)
From the energy bound (3.77), there exists g € L*°([0, 00); H2L?), such that

g-—gas e—0 (3.79)

where the convergence is weak-x in L>([0, 00); H2L?) (the limits may hold for some
subsequence). From the energy dissipation bound (3.78), we have

{I —Tlp}g. — 0 strongly in L*([0, 00); H2L?) (3.80)

as ¢ —»> 0. We thereby deduce from combining the first convergence in (3.79) and (3.80)
that

{I —Ty}g = 0. (3.81)

117



Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

Indeed, we have {/ — Ily}g. converges in the sense of distributions to {I — Ily}g as ¢
tends to zero. By uniqueness of the limit, we obtain the proof. Then, it immediately gives
that there are (p, u,6) € L°°(]0, 00); H3(T?)) such that

9= ol + (o) v+ 0 (- 2) U (3.8

Via the definitions of p.,u. and 6. in (3.66) and the uniform energy bound (3.77), we
obtain

U (lp=larz) + Nuellirary) + 16=lFrscry) S sUp Ngellirans < €. (3.83)

We thereby deduce the following convergences from the convergence of (3.79) and the
limit function g(t, z, v) given in (3.82) that

pE = (967\/E)L% — (g7 \/ﬁ)L% = p7
Ue = (ga,U\/ﬁ)L% — (971}\//7)@% = u,

o )8), = o (5 0)

weakly-x in L>([0, 00); H3(T2)).

(3.84)

4.3 Convergences to limiting equations

In this subsection, we will derive the incompressible Navier-Stokes-Fourier system (3.13)
from the conservation laws (3.67) in Lemma 3.17 and the convergences obtained in the
previous subsection.

Incompressibility and Boussinesq relation: From the first equation of (3.67) in Lemma
3.17 and the energy uniform bound (3.77), it is easy to deduce

Ve u. = —e0ip. — 0 (3.85)

in the sense of distributions as ¢ — 0. By using the convergence (3.84), we have V. - u.
converges in the sense of distributions to V, - u as ¢ tends to zero. By uniqueness of the
limit, we obtain

V., -u=0. (3.86)

Via the second equation of (3.67), we have

A

Valpe +62) = —edu. — Vo - (A(v) Vi, L(g2)) - (3.87)

v
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4. Limit to fluid incompressible Navier-Stokes-Fourier

Notice that
Voo ()i £(92)) , = Vo (A AT = Tho}e)

where the self-adjointness of £ and the fact that A,/ € N*(L) are utilized. Then we
derive from the Holder inequality, and the uniform energy dissipation bound (3.78) that

LIV (A)VE £(0) , It = [ 1HA@)VE VAT = Tobgo) [t
S ; I{I — Mo} ge||7s 2 dt
< [~ D¥t)at
< [ P
< 0e?,

then, V,. - (A(U)\/ﬁ, C(g€)>L2 — 0 strongly in L*([0, 00); H*(T2)). Consequently, it

is easy to deduce that
Va.lpe+6.) — 0 (3.88)

in the sense of distributions as ¢ — 0. By using the convergence (3.84), we have V,(p-+
0.) converges in the sense of distributions to V. (p + 6) as ¢ tends to zero. By uniqueness
of the limit, we obtain the Boussinesq relation

V.(p+6)=0. (3.89)

Now, we will show that Boussinesq relation can be strengthened. Using (3.4) and (3.66),
we have that

/ (p- +6.)dx = 0.
’]I‘S

Furthermore, using also (3.84), we obtain

/T3 (pe +6.)dx — /11‘3 (p+0)dz inD,,
from which we deduce that
/Ts(p +0)dx =0, forae.t > 0.
Finally (3.89) yields the strengthened form
p+6=0. (3.90)

Convergence of 20. — 2p.: Before doing this, we introduce the following Aubin-Lions-
Simon Theorem, a fundamental result of compactness in the study of nonlinear evolution
problems, which can be found in Theorem I1.5.16 in [16].
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

Lemma 3.18 (Aubin-Lions-Simon Theorem). Let By C B; C Bs be three Banach
spaces. We assume that the embedding of B, in B is continuous ans that the embed-
ding of By in By is compact. Let p,r be such that 1 < p,r < 4+oo. ForT > 0, we
define

E,, ={ue LP(0,T;By),0u € L"(0,T; Bs)}.

1) If p < 400, the embedding of E,, in LP(0,T; By) is compact.
2) If p=+ooand ifr > 1, the embedding of E,, in C(0,T; By) is compact.

On the one hand, the third equation of (3.67) multiplied by % minus % times of the first
equation of (3.67) gives

030~ 20) + 220 (B)VE £() , =0 (391)

We thus have that

3 2
0 795_7 €
t(5 5p>

- H OVEAT - Tolan)
S g”B(U)\/ﬁHL%H{I — o} gellmzr2

1
N g||{f — o} ge|lmsre

HE

which immediately implies from the uniform energy dissipation bound (3.78) that

3 2
(- 20)

o 1 1/2
S ( / 5Dt )dt> <C (3.92)
5 L2(0,T;H2) 0

e2

forany 7" > 0 and 0 < € < 1. On the other hand, we easily have from (3.83) that

3 )
H(ee—m) <C (3.93)
o i) L2 (0,T;H3)
forall 7 > 0 and 0 < € < 1. One notices that
H? s H? — H? (3.94)

where the embedding of H32 in H? is compact and the embedding of H? in H? is natu-
rally continuous. Then, from Aubin-Lions-Simon Theorem in Lemma 3.18, the bounds
(3.92), (3.93) and the embeddings (3.94), we deduce that there is a e C(R*; H? (']I‘i)) N
L>(R™; H3(T?)) such that

3 2 ~
(505 - 5,05) 0
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4. Limit to fluid incompressible Navier-Stokes-Fourier

strongly in C'(R*; H?(T%)) as ¢ — 0. On the other hand, we have that (26. — 2p.)
converges in the sense of distributions to ( 00—z p) as ¢ tends to zero. By uniqueness of
the limit, we obtain that (20 — 2p) = 6. Now we can write § = (20 — 2p) + 2(p + ),
which gives us 6 = 0, since p + 6 = 0 according to the relation (3.90). As a result,

3 2
(36.—s0.) —0 (395)

strongly in C(R™; H*(T?)) as e — 0, where § € C(R™; H*(T2)) N L>(R*; H*(T?)).
Convergence of Pu.: Here P is the Leray projection operator given by

P—T-V,A;'V, (3.96)
where 7 is the identical mapping. Taking P on the second equation of (3.67) gives
O Pu. + inl, (Aw)va, E(ge))L% =0, (3.97)
where we used PV, (p. + 6-) = 0. We thus have that
0Pucllnz = |2PV. - (A AT - Todgo),s
< Hlvx (AWVEAT =T} |
gll )Vl [{T — Mo}t ge [ ez

1
g”{f o} gel mzr2

H

which immediately implies from the uniform energy dissipation bound (3.78) that

o 1

e2

1/2
0Puclormy S ([ 5D0dt) < (3.98)

forany 7" > 0 and 0 < € < 1. We easily have from (3.83) that
| Pucll Lo omm3) S el oo o,r:m3) < C. (3.99)

Then, from Aubin-Lions-Simon Theorem in Lemma 3.18, the bounds (3.98), (3.99) and
the embeddings (3.94), we deduce that there isa @ € C(R™*; H*(T3)) N L>(R*; H3(T?))
such that

Pu. — u

strongly in C'(R*; H?(T2)) as ¢ —» 0. On the other hand, we have Pu, converges in the
sense of distributions to Pu as € tends to zero. By uniqueness of the limit, we obtain that
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

@ = Pu. Using that where we used V- u = 0 according to the incompressibility relation
(3.86), we get

Pu. — u (3.100)

strongly in C(R*; H?(T2)) as ¢ —» 0, where u € C(R*; H2(T3)) N L= (R*; H3(T3)).
Regarding the convergence of P-. We have

Pru. — 0 (3.101)
weakly-x in L>°([0, 00); H3(T?)). Indeed, on the one hand we have
||PJ_UEHL°°(0,T;H§) N ||Us||Loo(0,T;Hg) <C. (3.102)

On the other hand, we have Ptu, converges in the sense of distributions to 0 as ¢ tends
to zero, hence the relation (3.101) is true.
Equation of v and 6: We first calculate the term

(E(v)\/ﬂ, iﬁgE>L%

where £ = A or B. Following the standard formal derivations of fluid dynamic limits of
Boltzmann equation (see [9] for instance), we obtain

|2

. 1 .
<A(v)\/ﬁ, €£g€> = U ® U — |“3 Iy — v3(us) — Ren, (3.103)
12
and
. 1 5 5
(B (V)1 Ege> = U — kV,0: — Re g, (3.104)
9 L2 2 2
where
2
Y(u.) = Vyu, + Vou! — 3V - el (3.105)
1 .
V=15 (vaA, \/ﬁA)L% , (3.106)
2 ,
ho= (vaB, \/,EB)L% . (3.107)

For E = A or B, R, p are of the form
Rep = (Ew)Vmag:),, + (@) Vo{l ~Th}g:) ,
+ (B} P{T = Totge, {T = Tho})ge )
+ (E(v) Vi D(Hoge, {1 = To}ge))
+ (B@)VET({I = Hobge Thoge)) -

(3.108)
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4. Limit to fluid incompressible Navier-Stokes-Fourier

For the vector field u., we decompose u. = Pu. + PLu.. Then, plugging the relation
(3.103) into the equation (3.97), we have

0Puc + PV, - (Pu. ® Pu.) — vA,Pu. = R, , (3.109)
where,
R..,=PV.-R.a—PV,  (Pu-® Prue. + Pru. ® Pu. + Pru. ® PLuE). (3.110)

Noticing that 6. = (%05 — %pg> + %(Pe + 0.), we substitue the relation (3.104) into the
equation (3.91) and then obtain

3.2 32 32
co. -2 : 20— Zp )| - 2. —Zp.) = 3.111
at(595 5,05) +V, {79%(595 5pg>} mm<596 5p6> R.y  (3.111)

where

5 5 3 9
Rep= =V, Rop— =V, [Pulp. +0.)] -V, - {PLua(Qa _ pg)]
S0 o0 55 (3.112)
] .

2
-V, [PLuc(pe +0.)] + (e + 62).

Our final goal is now to perform the limit € to 0 in (3.109) and (3.111) in order to deduce
the u and # equations in (3.13). We first focus on (3.109).

Now, we take the limit from (3.109) to obtain the u-equation of (3.13). For any 7" > 0,
let a vector-valued test function ¢ (¢, z) € C'(0,T; C2°(T?)) with V,, - ¢ = 0, (0, z) =
Yo(z) € C(T?) and ¥(t,x) = 0 for t > T where T' < T. We multiply (3.109) by
¥ (t, ) and integrate by parts over (¢, z) € [0,T] x T3. Then we obtain

/OT /T3 O Pu. - (t, x)dzdt = / Pu.(0, ) (O,x)dx_/OT /Ts Pu. - Opp(t, z)dadt .
IV, IV,

(3.113)

From the initial condition (3.14) in Theorem 3.2 and the convergence (3.100) , we deduce
that

/T Puc - it x)dedt — /T - Oab(t, w)dadt (3.114)
and

/Pue - olz dx%/ Pug - to(z)de (3.115)

as ¢ — 0. Indeed, for the term IV, we have

T
; /TS (Pus —u) - 9b(t, il?)dl‘dt‘ S max [[Pue = ul g2 [0l 10,722

< C¢,Tr§1>aox | Pue — ul|p2 — 0.
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

For the term IV, we have,

S [Puc(0) = Puollzz [[vo(2) |22

< [[Pus(0) — Pugl|r2 — 0.

[ Pu0) = Pupintolas

As a consequence, we have

T
/ / atPuE-w(t,x)dxdt—>—/ Puo-%(x)dx—/ w- (t, )dadt (3.116)
0 T3 T3 T3

as ¢ — 0. Now, we will study the convergence of terms PV, - (Pu. ® Pu.) and vA, Pu.
in the following lemma.

Lemma 3.19. It holds that
PV, - (Pu. ® Pu.) = PV, - (u®u) stronglyin C(R*; H}),

3.117
v, Pu. — vAu  stronglyin - C(R*; L2), ( )
as € — 0, where v is defined in (3.106).
Proof. Using that V, - Pu. =V, - u = 0, we have
Va - (Pue ® Pu. —u @ u)|| g2
S IVa(Pue = u) - Puel|rz + [[Vou - (Pue — u)| 2
+ Ve Vo (Pue = u) - Puc| 2 + [|Va(Pue — u) - Vo Pue| 2
+ |V Vot - (Pu. — w2 + [|Vou - Vo (Pue — u)| 12
S (lull ez + 1Puell e g ) 1 Puc = ulloges iz
5 ||IPU,‘S — UHC(RJr;H%) — O,
where we denote by V, A with A = (\;;)1<; j<3 the matrix defined by
B 81'1 >\11 arl )\12 axl )\13
VmA = a:cg /\21 aazg )\22 aa;g)\23
8x3 )\31 8:(:3 >\32 ax5 )\33
In addition, we have
1A (Pue — u)llc@+12) S [[Pue — ullo@+;mz) — 0.
O

The limit of the last term R, is handled in the following lemma.
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4. Limit to fluid incompressible Navier-Stokes-Fourier

Lemma 3.20. In the distributional sense,
R.,—0

as € — 0, where R, ,, is defined in (3.110).

Proof. First, we have

PV, - (Pue @ Prue + Pru. @ Pue)|| oo 2

SN Pucll oo 2 1P e Lo s,
and by employing the convergences (3.100) and (3.101), one can obtain
PV, - (Pu. @ Pru. + Pru. @ Pu.) — 0
in the sense of distributions as ¢ — 0. Let us now show that
PV, - (Pru. @ Pru.) — 0
in the sense of distributions as ¢ — 0. To this end, we set
B = p +0..

One observes that, Equation (3.73) reads

ehu + VoB. = =V - (A() VI, E(gg))L% .

(3.118)

(3.119)

(3.120)

(3.121)

Now, we multiply the first g.-equation of (3.3) by %\/ﬁ € N(L) and integrate over

v € R3, we have

2
gatIBE + V$ : <g87 v”U’\/ﬁ> - Oa

3 12

where we check easily that

[o* _2 (H? 5) 5
V. (gg,v 3 N —3% 95 v\ 5 5 VI L2+3Vx

L3
2

Using [98, Proposition 1.6], we can write

Ptu. = V,U.

125
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= 3Ve (B L)), + 5 Ve Phue.

(3.122)
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Chapter 3 — Incompressible Navier-Stokes-Fourier limit from the Landau equation

with U, € L>=([0,00); H*(T?)). After applying P~ to (3.121) and reformulating (3.122),
we obtain that U, and 3, satisfy

{ e V,U. +V,B.=F (3.123)

0B, +2A,U. = G,

with

2
Fe=—P'Vo (AW AT =To}ge) ;. Ge = =3V (B(o)v/im AT —Tho}ge)
We get from the uniform energy dissipation bound (3.78) that
IF]2(0,000:22(m3)) S € and |G|l z2(o,00)iz2(r2)) S €

then F. and G. converge strongly to 0 in L?([0, 00); L?(T?3)) which implies that F. and
G. converge strongly to 0 in L}, .(dt; L} (dz)). Moreover, returning to (3.83), (3.102)
we have U, € L*(]0,00); H*(T?)), B. € L>([0,00); H*>(T2)). Then, according to [49,
Lemma 13.1] we deduce that (3.120) is true. From the above, we conclude that

PV, - (Pu. ® Pru. + Pru. @ Pu. + Plu. @ Pru) — 0 (3.124)
in the sense of distributions as ¢ — (. Next we prove that & = A or B
R.p—0 (3.125)

in the sense of distributions as € — 0, where R,  are defined in (3.108). Indeed, For any
T > 0, let a vector-valued test function ¢ (¢, z) € C*(0,T; C(T?)) , ¥(0,x) = o(z) €
C>°(T?) and ¢ (t,z) = 0 for t > T where T" < T. Then, from the uniform bound (3.77)
and the initial energy bounds given in Theorem 3.2 that

T3 ( atgs) -(t, x)dxdt'

<

~Y

/]1‘3 (E( )V Hs 950) (0, x)dz| + ‘/ / V)VI, gs) aﬂﬂ(t,x)dxdt‘

S el Byl (||g€7o||Lm||wo||Lg + ngnLoo(o,T;Lng)||atw||L1<o,T;Lg>)

S Cpr f(Hga”Lm(o,T;H‘;‘L%) + Hga,o||Hng) — 0,
(3.126)

as ¢ — 0, which implies that ¢ (E (v)V M, Gth)LQ — 0 in the sense of distributions
as ¢ — (. Holder inequality yields that ’

2
H2 ™~

| (E@) VA0 VAL - To}ae)

S T = Tobge sz
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4. Limit to fluid incompressible Navier-Stokes-Fourier

which immediately derives from the uniform energy dissipation bound (3.78) that

00 1/2
< </ D?(t)dt) <Ce—s0.
0

L2(0,T;H2) ™

|(E@) v/, v- VAT - Mo}ge ),

Then we have
(E(U)\/ﬁ7 v - vx{j - HO}QE)L2 — 0

strongly in L*(R*; H?) as ¢ —» 0. For any T > 0, we take any vector-valued test
function ¢(t, ) € C>([0,T] x T?). Then, by employing the uniform bound (3.78) and
Lemma 3.17 we get that

/OT /11,3 (E(U)\/ﬁ’ F{I - H0}987 {I — Ho}ga) L2 : Qb(t, Z)?)dl‘dt‘
S B @)Vl 2 18]li=(oixr) ( / * DQ(t)dt)

< CqS,T 82 — 0.
Thus, we know that

(B()v/iT{I = Hobge, {T = To}ge) , — 0

in the sense of distributions as € — 0. Analogously, one easily derives that

/OT /T (E(v)ﬂ, L({I — o}ge, Hog:) + T (Toge, {1 — no}ga))Lg L o(t, x)dxdt|

N o0 1/2
S VBV Wl lolimormy ([ D0r)

<Cyre— 0,
which immediately implies that
(E(0)vET({I = To}ge. Tog.) + T (Toge. {1 —To}ge) ), — 0
in the sense of distributions as € — 0. [

Collecting the limits (3.116), (3.117) and (3.118) gives thatu € L>®(R*; H2)NC(R'; H?)
satisfies
Ou+ PV, - (u®u) —vAu=0 (3.127)

with the initial data
u(0, ) = Pug(x). (3.128)
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Finally, we take the limit from (3.111) to the third #-equation in (3.13) as ¢ — 0. For
any T > 0, let £(t,z) be a test function satisfying £(¢t,z) € C(0,T;C°(T?)) with
£(0,2) = &(z) € C(T?) and £(¢,x) = 0 for t > T’ where T" < T. We have that

/ ! [, at<395 2 ) (, 2)E(t, 2)dzdt
_ _/ /T< )(t 2)0,&(t, ) dadt

v, (3.129)
(o)D), i

v,

From the initial condition (3.14) in Theorem 3.2 and the convergence (3.95) , we deduce
that

/ /1r3 ( )(t x) 0 (t, x)dadt —>/ / (t, 2)0,& (t, z)dadt

and

[ o ()2 e £ o (1) 2)8) e

Indeed, for the term V;, we have

T 3 9
((eg - p5> - 9) L9t x)da:dt’
T \\D 5!

3 2
< < max ((595 — 5/)5) - 9) LgHatfHLl(O,T;Li)
3 2
OETI?%( ((59‘S B 5/)5) B 6) e 0

x

For the term V5 we have,

‘/ gao go,< (’1;' 1)—?)\//7>L%§0(m)dx

As a consequence, we have

/OT /11‘3 % (265 - §p€> (t,r)&(t, z)dzdt

— - /0 ! /T 0(t, 2)D& (¢, x)dadt — /T i (?90 - ipo)éo(@dx

as ¢ — 0. Now, we will study the convergence of terms V, - [Pue(%& — %pgﬂ and

S 19e0 = gollzz, [1§o(2) || 2 — 0.

(3.130)

KA, (%65 — %ps) in the following lemma.
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Lemma 3.21. It holds that

3

V- [Pue (595 — ips)] — V.- (uf) stronglyin C(R"; HY),

) (3.131)
mx<595—5pa>—>mx9 strongly in C(R"; L),

as € — 0, where k is defined in (3.107).

Proof. Indeed, we have

3 2 3 2
w8250~ 50 = )| ey 158 = 5= gy —©
5 5 C(R+;L2) 5 5} C(R+;H2)

In addition, we have

(o3 3) 5. o2 200)

Hj
3 2 3 2
S e "V 795_7 5) H : x(ga_ 5_0)
< ‘(Pu u) -V (5 =P L%%— u-V - =P .
3 2 3 2 T
+ ‘ Va(Pu. —u)' -V, (95 — ps> + HVI (Vm (95 — ,05)> (Pu: — u)
) 5 L2 5 5 L2
3 2 3 2 T
o) el o )
+‘v“ (5 5° g T Vel Velgle =57 Ul
3 2 3 2
< N %0 2, _ 2 _ 2 _ ,
S lellpems (59‘5 5 9> c(R+;H£)+H<59€ 5p€> Lgo H3 [Pue = ullogez)

3 2
S Pue — ullo@+;m2) + H (95 TP 9) H -
5 5 C(Rt;H2)

O
The limit of the last term R,y is handled in the following lemma.
Lemma 3.22. In the distributional sense,
Repg— 0 (3.132)
as € — 0, where R, g is defined in (3.109).
Proof. First, we have
2 2 3 2
SV [Puap + 6]+ -V [Phuc(p. + 6] + V- [P (50 - 20 )| = 0
(3.133)
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weakly-x in L>([0, 00); H*(T2)) as e — 0. Indeed, we have

2 2 3 9
H5Vm [Puclpe + 0] + £ Vo [Prup + 0] + Voo [Pruc(Z6.— 2p. )|

L§° H2
<C
and by employing the convergence (3.100) and (3.101) we derive that
Ve [Pucpe +0] + 2 [Pructp. + 6] + V- [Phuc (3.~ 2p0)] >0
(3.134)
in the sense of distributions as ¢ — 0. Let us now show that
kA (pe +0:) = 0 (3.135)
weakly-x in L>°([0, 00); H*(T?)) as € — 0. We have
[18s(pe + 0:) || oo er;mrz) S |lpe + Ocl| oo e 2y < C (3.136)

and by employing the convergence (3.88) we derive that

in the sense of distributions as ¢ — (0. Consequently, the convergences (3.125), (3.133)
and (3.135) imply the convergence (3.132). ]

Collecting the limits (3.130), (3.131) and (3.132) gives that§ € L>=(R"; H3)NC(R*; H?)
satisfies

00+ V, - (ub) = kA0 (3.137)
with the initial data 5 5
0(0,z) = 5«90(33) — gpo(x). (3.138)

S Appendix A

5.1 Study of the linear Landau equation

In this section, we show a local existence of the solution of the linear Landau equation.
We use the technique introduced by Degond in [32] for the linear Fokker-Planck equation.
We consider now the linear Cauchy problem

(3.139)

g+ Lv-Vug+ 5Lg="U.
g(O,x,v) = 90($7U)
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where go(z,v) and U.(¢, z, v) are given functions.

For simplicity denote X := L*([0,T}; H;H,,) and X' := L*([0,T]; H3(H,,)") (see
(3.8)), where X' is the dual of X w.r.t. H_i’L%. We denote by Y the set of functions
defined by

1
Y:{gEX,(?tg+€v-Vzg€X’}.

We will construct a local solutions of the problem (3.139) on Y. In what follows, we
consider ¢ as a fixed parameter.

Proposition 3.23. Let ¢ > 0, we assume that gy € H3L? and U, € X'. Then the Cauchy
problem (3.139) admits a weak solution g € Y.

Proof. We take the change of unknown as follows
g(t,z,v) = e Mg(t, x,v).

The linear Landau equation (3.139) for § = §(t, =, v) takes the following form

o+ ly. V.o Llrs G — =M = T
{@g—l—av VoG + 2Ly +Ag=e MU, = U, (3.140)

§(07$7U) - 90<I>U)‘

We introduce the following Lions Theorem, that we will use to prove the existence of
solution, which can be found in [95].

Theorem 5.1 (Lions Theorem). Let F be a Hilbert space, provided with a norm || - ||, and
an inner product (-, )p. Let V be a subspace of F, provided with a prehilbertian norm
|| - [[v, such that the injection V < F, is continuous. We consider a bilinear form E

E : FxV —» R
(9,¢) +— E(g,9)

such that E(-, ¢) is continuous on F for any fixed ¢ € V, and such that
[E(¢,¢)| = alglly, YoeV, witha>0.
Then, given a linear form L in V', there exists a solution g in F' of the problem

E(g,¢) =L(¢), Vo€ V. (3.141)

In the remaining part of the proof, to lighten the notations, we will drop the tildes. Let
F = X be a Hilbert space with norm

T
115 = [ 071y,
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where || f||y3(rsxr3) is defined in (3.7). Let V be the space C°([0,T[xT3 x R?) of
infinitely differentiable functions, with compact support in [0, T[x T2 x R3. 'V is provided
with a norm defined by

1
61 = llolx + SOz, Vo€V
We define the operator Q as follows:
1 1

with domain C°([0, T[x T3 x R?). We also define the bilinear form E, and the linear
form L as following
T
E(g, ¢) = /0 ((9. Q) masz + A (9 B)pazz )t
L(¢) := (Uc,0) xr x + (90, 9(0)) gz -

The mapping E(-, ¢) is continuous on X: let g € X, we have

1E(g.¢)
The mapping E is a bilinear and coercive form on V: let ¢ € V, using (3.33), we have

1 2 C’Y r 2 r 2
E(6.0)| > 5160 + = [ D)t + 2 [ lolradt,

< ([[Qallx + Mlollx)llgllx < Csllgllx-

by using that

161135 (v xray < Cllll7rs 2,

where C' > 0 and ¢; = Ily¢ ( see (3.9)), we obtain

1 T )\ T
B0 0)| > 100Nrs +C: [ DO+ 5 [ 11l amy oyt
| M [T 1
> min (1,0, 5 ) ([ 161Racrgryt + 51000 sz )

then
E(¢,0)| = alloll3

The mapping L is a linear continuous form on V: let ¢ € V, we have

IL(&)| < [[Ucllxll9llx + llgollmzrzl|#(0) |z L2
<Uellxrllglv + v2lgolluzrzllolv
<

(10 xr + V2l gollmz22) 1€l
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then
IL(¢)| < C'||9]|v-

Finally thanks to Lions Theorem, there exists a solution g € X for the variational problem
(3.141) and in particular, we deduce that

1 1
Gtg+gv-vzg:U5—?£g—)\g€X’,

then g belongs to Y. Now, to prove that g satisfies the initial condition, we use the
following Lemma:

Lemma 3.24. 1) If g belongs to Y, g admits (continuous) trace values (0, z,v),
g(T,z,v)in H3L2.
2) Forgand ginY, we have

1 1
8 + - 'Va:7~> +<a~+ 'VCL‘~7 >
< WL Vel d) TN VeI (3.143)
= (9(T), 9(T)) g3z — (9(0),9(0) s 2 -

We note that the proof of Lemma 3.24 is similar to the proof of Lemma A.1 in [32] by
considering H3L? as a pivot space. Now, using (3.140) and (3.143), we obtain that the
solution g of the variational problem (3.141) satisfies

(9(0) = 90, 9(0)) a2 =0, Vo€ V.

Then, the initial condition is satisfied in H> L2 O
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of this paper.
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Regularization and hydrodynamical
limit for the Landau equation

Résumé

Dans cette partie, nous étudions 1’équation de Landau sous 1’échelle de Navier-Stokes
dans le tore dans les cas de potentiels durs et modérément mous. Plus précisément, nous
étudions la théorie de Cauchy dans un cadre perturbatif et établissons de nouvelles es-
timations de régularisation en temps court pour notre équation de Landau non linéaire
adimensionnée. Ces estimations sont quantifiées en temps et optimales, en effet, on ob-
tient le gain de régularité anisotrope instantané attendu (voir [111] pour les estimations
hypoelliptiques correspondantes a 1’opérateur de collision de Landau linéarisé). De plus,
les estimations donnant le gain de régularité en variable vitesse sont uniformes en nombre
de Knudsen. En combinant ces nouvelles estimations sur I’équation de Landau avec des
estimations sur le systeme Navier-Stokes-Fourier, nous sommes alors en mesure d’obtenir
un résultat de convergence forte vers ce systeme fluide.

Abstract

In this part, we study the Landau equation under the Navier-Stokes scaling in the torus for
hard and moderately soft potentials. More precisely, we investigate the Cauchy theory in
a perturbative framework and establish some new short time regularization estimates for
our rescaled nonlinear Landau equation. These estimates are quantified in time and opti-
mal, indeed, we obtain the instantaneous expected anisotropic gain of regularity (see [111]
for the corresponding hypoelliptic estimates on the linearized Landau collision operator).
Moreover, the estimates giving the gain of regularity in the velocity variable are uniform
in the Knudsen number. Intertwining these new estimates on the Landau equation with es-
timates on the Navier-Stokes-Fourier system, we are then able to obtain a result of strong
convergence towards this fluid system.
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1 Introduction

In this paper, we are interested in the link between the Landau and Navier-Stokes equa-
tions. It has been a major challenge to establish rigorous links between microscopic and
macroscopic equations for many years, this problem goes back to Hilbert [73] and the
main goal is to obtain a unified description of gas dynamics. The equations of kinetic
theory (including the Boltzmann and the Landau equations) can be seen as an interme-
diate step between the microscopic and macroscopic scales of description. In order to
link the Landau and Navier-Stokes equations, we study a suitable rescaling of the Landau
equation, as described in Subsection 1.1.

The first part of our paper is dedicated to the study of this rescaled Landau equation thanks
to hypocoercivity methods, (linear and nonlinear) regularization estimates and sharp non-
linear estimates on the Landau collision operator. We study the Cauchy theory in a close-
to-equilibrium framework for this equation and establish new and sharp regularization
estimates in short time. The second part of our paper focuses on the aforementioned hy-
drodynamical limit problem. More precisely, we give a result of strong convergence of
the solutions to the Landau equation constructed in the first part of the paper towards
strong and global solutions to the incompressible Navier-Stokes-Fourier system. Our ap-
proach is reminiscent of the one used in [11, 44] for the hard spheres Boltzmann equation
and improves the result obtained in [58, 112] in terms of type of convergence or func-
tional framework in the case of not too soft potentials. Our analysis heavily relies on
the estimates on the Landau equation established in the first part of the paper as well as
on results of spectral analysis for the linearized Landau equation performed in [130] and
some refined estimates on the fluid problem (as in [44]).

1.1 The kinetic model

We start by introducing the Landau equation which models the evolution of charged par-
ticles in a plasma through the evolution of the density of particles f = f(¢,x,v) which
depends on time t € R*, position x € T? the 3-dimensional unit periodic box and ve-
locity v € R?, when only binary collisions are taken into account. The Landau equation
reads:

O +v-Vaf = QU S,

where € > 0 is the Knudsen number which is the inverse of the average number of colli-
sions for each particle per unit time and () is the Landau collision operator. It is defined
as

Qo> 1)) = By, [ ais(v =) [9(0)00, (1) = F@), 9w vy @D
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

where we use the convention of summation of repeated indices. The matrix a;; is sym-
metric, semi-positive and is given by

V;V;

ai(v) = [v[7*? (c% ) , —3<~y<1. (4.2)

[v]?
We have the following classification: We call hard potentials if v € (0, 1], Maxwellian
molecules if v = 0, moderately soft potentials if v € [—2,0), very soft potentials if
v € (—3,—2) and Coulomb potential if ¥ = —3. Hereafter, we shall consider the cases
of hard potentials, Maxwellian molecules and moderately soft potentials, i.e.

-2<y< L

The Landau equation preserves mass, momentum and energy. Indeed, at least formally,
for any test function ¢, we have

[ QU He)ew)aw

-3 aij(v—v*)f(v)f(v*)<' - )(aujso@)—avjso(v*)) dv. do,

2 JrR3xR3

from which we deduce that

d
= e dvdr= [ i@(ﬁf)(mw)—v-vzﬂx,v)} o(v) dvda

=0 for o(v)=1,v,|v]°

(4.4)
Moreover, the Landau version of the Boltzmann H-theorem asserts that the entropy

H(f) = [[‘3><R3f log f dvdx

is non increasing. Indeed, at least formally, since a;; is nonnegative, we have the following
inequality for the entropy dissipation D(f):

DUY = —SH() = [yl ) )0
Oy, [ (v) . Do, f (vs) &jf(v) _ &,jf(v*) v. dv du
( Fo) ) )( Fo) S )d sdvdr =0

The second part of the H-theorem asserts that local equilibria of the Landau equation
are local Maxwellian distributions in velocity. In what follows, we shall consider the
following centered normalized Maxwellian independent of time ¢ and space x which is a
global equilibrium of our equation defined by
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Taking ¢ small has the effect of enhancing the role of collisions and thus when ¢ goes
to 0, in view of the above mentioned Landau version of the Boltzmann H-theorem, the
solution looks more and more like a local thermodynamical equilibrium. As suggested in
previous works (see for example [9]), we consider the following rescaled Landau equation
in which an additional dilatation of the macroscopic time scale has been done in order to
be able to reach the Navier-Stokes equation in the limit:

af* + iv V= ;QUE, f7) i RTX T xR, (4.5)

To relate the Landau equation to the incompressible Navier-Stokes equation, we look at
equation (4.5) under the following linearization of order ¢:

fe(t,x,v) = M(v) + 6\/M(v)g€(t, z,v). (4.6)

Let us recall that taking € small in this linearization corresponds to taking a small Mach
number, which enables one to get in the limit the incompressible Navier-Stokes equation.
If f¢ solves (4.5), then equivalently g° solves

1 1 1 .
g+ —v- Vot = 5Lg" + -T(g%,9°) in RT xT° xR 4.7)
€ € €
where the nonlinear collision operator I is defined by

L(f1, f2) == \/1MQ (\/Mfla \/Mﬁ) (4.8)

and the linearized collision operator L by
Lf =T (VM f)+T(f,VM). (4.9)
Notice that the property (4.3) implies that for any suitable functions f; and fs,

/]R3 L(f1, f2)(0) p(v)dv =0 for ¢(v) = VM, vvV/M,|v|*VM. (4.10)

We also define the full linearized operator A, as

1 1
Aei=5L—-v-V,. 4.11)
€ €

It is well known that the kernel of L is given by
Ker L = Span {\/M,Ul\/M,UQ\/M, vV M, |v\2\/]\/[} ,

and we shall denote by 7 the orthogonal projector onto Ker L which is defined by:

mf(v) = (/RSf(w)\/M(w)dw—l—/stf(w)\/M(w)dw-v

lw|? — 3 v — 3
—|—/R3 2 Fw)VM (w) dw 5 )\/M(U) (4.12)
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Throughout the paper, we shall also use the following notation: For a given kinetic distri-
bution f = f(z,v), we denote by f= its microscopic part, namely

fr=>0d-m)f (4.13)
and by (py, uy, 0) its first macroscopic quantities defined through
pi@) = [ flao)VM () dv, @14
us(z) = /R3 v f(z,v)VM(v) do, (4.15)
and .
(@) =5 /RSQUP — 3)f(z, v)VM(v) dv, (4.16)

sothatwf = (pf +up-v+ QfWT*Sj v M. Using for example Proposition 3.1 from [17],
we also have:

Ker A. = Span {\/M, 01V M, vV M, 03/ M, |v|2\/M}

and the projector II onto Ker A, is given by

T3 xR3

If(v) = (/I‘3><]R3 flz, w)VM(w) dw dz + flz, w)ywvM(w) dwdz - v

|w|? — 3 lv]? — 3
+/I‘3><]R3 3 f(x,w)m(w) dw dz 5 )\/M(U) (4.17)

Notice that [1f(v) = /T3 7w f(z,v)dz.

1.2 Cauchy theory, decay and regularization for the Landau equa-
tion

We introduce the following H'-norm in velocity which naturally arises in the study of the
Landau equation:

T, o= 1) fllEs + 10) 2 PVl + 1(0) 2 (1d =P) Vo fll72, (418)

where P, stands for the projection on v, namely, P,w = (w : ﬁj—‘) Y. We define the

m .
weighted Sobolev-type spaces 2~ and %] as the spaces associated to the following norms:

1A% = 1@ FFVfII, + 1) E IV fIIZe + 1) 2 VEFIZ, + IVEf 72,
(4:19)
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and 1) 2"’ 1
1715 = 1Y D Fla gy + 10 E OV

v (4.20)
5
+ [|{v) ZHVif”Lg(H;*) + “VifHLf:(HA*)

Remark that as in [60, 26], we work with “twisted” Sobolev spaces in which the weights
depend on the order of the derivative in z, it allows us to close our nonlinear estimates.

Let us now state our main result on the well-posedness, decay and regularization of the
rescaled Landau equation (4.7).

Theorem 4.1. There is g > 0 small enough such that for any ¢ € (0,1), if g5, € 2
satisfies

Lo g ey dvdr =0 for () = VMLoVM VM, @21)

and ||g5,|| 22 < no, then the following holds:

(i) There is a unique global solution ¢° € L*(R,; 2") N L*(Ry; %) to (4.7) associated
to the initial data g;,, which verifies moreover

TG @) I e+ [ g @13 dt S gl
(4.22)

for any 0 < o < o, where oq is the decay rate of linearized operator A. given in
Proposition 4.16, and where we recall that (¢°)* is defined in (4.13).

sup e*!||g° (¢t

(ii) In addition, the solution satisfies the following regularization estimates, for all t > (),

—ot

e ? —~ e
SOl < ——— g% || 4 d V.9 (Ol S ———Ilg5 1|2, (4.23
IOl S v 19l and Vs Ol Lo ol @29

where V, is a weighted anisotropic gradient defined in (4.39).

Remark 4.2. Itis worth noticing that the condition (4.21) is equivalent to g5, € (Ker A.)*.

Remark 4.3. Let us point out that the results obtained in Theorems 4.1 could be obtained
in larger spaces of the type & := H>L?((v)*\/M) for k large enough. More precisely,
due to the linearization (4.6), working in spaces like & means that the original data f¢
lie in polynomially weighted Sobolev spaces, which is more relevant from a physical
point of view. We chose to only present the proof in the functional space 2~ because
this functional framework is compatible with the second part of the paper which is about
hydrodynamical limit of the Landau equation (4.7). Let us though explain the strategy to
perform such an extension of our results from the functional space 2" to &. The strategy is
the same as the one used in [18] by Briant, Merino-Aceituno and Mouhot where uniform
in € estimates on solutions to the hard-spheres Boltzmann equation have been obtained.
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The trick is to rewrite the equation (4.7) as an equivalent system of two equations thanks
to the splitting of the linearized operator A, = A, + B, introduced in Section 5: We write
g9° = g7 + g5 with

1 1 1
orgs = Begi + gf(gi}gi) + EF(gigé) + gf(gé,gi) and ¢i(t=0)=g;, €&

and
1
0ig5 = Nogy + gf(gg,gg) + A5 and g5(t=0)=0€ 2.

The first equation can be studied in the large space & thanks to the nice properties of B, in
all type of spaces and the second one can be studied in the smaller space 2~ since it starts
from 0. Moreover, we have some nice estimates on this equation because the operator .4,
enjoys some regularizing properties, it is bounded from & into Z°, we can thus use the
estimates obtained for the first equation satisfied by g7. Following those ideas, one can
obtain some nice nested a priori estimates on the system, which allow to conclude.

Remark 4.4. Our method should be robust enough to also treat the case of very soft and
Coulomb potentials —3 < v < —2 in which the linearized operator does not have a
spectral gap (in this case, the inequality (4.43) does not provide coercivity anymore).
More precisely, we should be able to obtain a similar result of Theorem 4.1 with the
exponential time-decay in (4.22) being replaced by a sub-exponential one, by combining
the arguments developed in this paper together with the study made in the case ¢ = 1
in [22] by Carrapatoso and Mischler. We do not treat this case in the present paper.

The Cauchy theory and the large-time behavior of the Landau equation for ¢ = 1 have
been extensively studied. We here give a small sample of the existing literature: Let
us mention [1] for renormalized solutions with defect measure, [34] for the convergence
to equilibrium for a priori smooth solutions with general initial data, [60, 104, 26, 22]
for strong solutions in a perturbative framework. Concerning the well-posedness of our
rescaled equation, it has already been obtained in [58, 111] respectively by Guo and
Rachid in Sobolev spaces (respectively in Hé\fv with N > 8 and in H2L?) thanks to
nonlinear energy methods. In [17], Briant has obtained a similar result in A, gv with N > 4
thanks to the so-called H!-hypocoercivity method at the linear level.

Our global strategy to prove Theorem 4.1-(1) is based on the study of the linearized equa-
tion. And then, we go back to the fully nonlinear problem. This is a standard strategy to
develop a Cauchy theory in a close-to-equilibrium regime. However, we have to empha-
size here that our study is quite involved as explained below.

At the linear level, our strategy is based on a L?-hypocoercivity method which heavily
relies on the micro-macro decomposition and is thus particularly adapted to the study of
hydrodynamical problems. Recall that the challenge of hypocoercivity is to understand
the interplay between the collision operator that provides dissipativity in the velocity
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variable and the transport one which is conservative, in order to obtain global dissipa-
tivity for the whole linear problem (see [126, 64] for a presentation of this topic). The
L2-hypocoercivity method has been introduced by Hérau [63] (see also [38]) for one di-
mensional space of collisional invariants and introduced by Guo in [59] for a space of
collisional invariants of dimension larger than one (including the Boltzmann and Landau
cases). Let us explain into more details the strategy, we first define a norm ||| - [||2
(associated to the scalar product ((-,-)),, ) which is equivalent to the usual one || - || ngv
uniformly in € and is such that h

1
(At iy, S =7 Baguy, — 1B,

Such a norm is defined in Subsection 3.1 and is inspired by [59] (see also [13]) in which
the more complex case of bounded domains with various boundary conditions is treated.
Due to the fact that derivatives in x commute with A_, it is easy to deduce a similar result
on the space H3L2. However, it is not an easy matter to recover such an energy estimate
in larger or smaller spaces than H32 L2, Actually, the methods presented in [56, 101] by
Gualdani, Mischler and Mouhot to develop shrinkage or enlargement arguments at the
level of energy estimates is not easily adaptable to rescaled equations if one wants to get
uniform estimates in the parameter of rescaling. To develop an enlargement argument,
one can use the trick introduced in [56, 101] of splitting the original equation into several
ones. This trick was already used in [18, 5] to obtain uniform in ¢ estimates on the
rescaled Boltzmann equation for respectively elastic and inelastic hard spheres in a large
class of Sobolev spaces (see also Remark 4.3). However, we do not have such a method
of splitting to perform a “shrinkage” argument. In the present paper, we exhibit a norm
equivalent to the usual one that provides dissipativity for A, in a smaller space than H>L?
(namely in the space 2~ defined in (4.19)) and that also preserves the gain of 1/ on the
microscopic part of the solution. This is done in Subsection 3.1. Notice that it is also
possible to obtain decay estimates directly on the semigroup associated to A. thanks to
Duhamel formula once one has exhibited a nice splitting of A, (see Section 5).

We then prove some new and sharp nonlinear estimates on the Landau collision operator
(see Subsection 4.1) to be able to develop our Cauchy theory for the whole nonlinear
problem in a close-to-equilibrium framework. It is worth mentioning that to prove good
a priori estimates on the nonlinear problem, we use the hypocoercive norm defined in
Subsection 3.1 and we only perform energy estimates. It is actually important that our
analysis does not rely on the use of Duhamel formula because of the rescaling parameter
(see the beginning of Section 4 for more details).

The strategy that we use to prove the regularization estimate in Theorem 4.1-(ii) is quite
classical for linear hypoelliptic equations and has been introduced by Hérau and Nier [67]
for the kinetic Fokker-Planck equation. Such a method has been used for many hypoellip-
tic equations: In [71] for the fractional kinetic Fokker-Planck equation, in [26, 22] for the
linearized Landau equation, in [70] for the linearized Boltzmann equation without cutoff
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etc... To our knowledge, it is the first time that such a strategy is used for a nonlinear equa-
tion (even in the simpler case € = 1) and for a rescaled equation (with uniform estimates
in the rescaling parameter). Roughly speaking, the idea is to introduce a functional with
weights in time which is a Lyapunov functional for our equation for small times. From
this property, we are then able to recover some regularization estimates quantified in time
as stated in Theorem 4.1-(ii). Here, the difficulties are threefold:

- First, we study a nonlinear equation, our computations are thus much more intri-
cate, the idea behind our computations being that we work with small data which
allows us to absorbe the nonlinearity. Our proof also requires some new and sharp
nonlinear estimates on the collision operator (see Subsection 4.1).

- Then, the functional has to be suitably defined to handle the dependencies in ¢.
The differences of behaviors between microscopic and macroscopic parts of the
solution have to be taken into account and in the spirit of the definition of the H'-
hypocoercive norm of Briant [17], some terms of the functional only involve the
microscopic part of the solution (see (4.114) for the definition of the functional).

- Finally, since we want to obtain the optimal gain of regularity (the corresponding
hypoelliptic estimates are provided in [111] by Rachid), our functional has to be
defined accordingly. For example, in [26] in which the authors were not interested
in getting the optimal gain of regularity (and in which only the case ¢ = 1 was
treated), only classical derivation operators were involved in the definition of the
functional. Here, the definition of the functional is much more intricate: We have to
work with the anisotropic operators V, and V. defined in (4.39) and our functional
also involves additional terms which are necessary to close our estimates.

To end this part, we mention that our proof also provides a regularization estimate in the
space variable which is not uniform in ¢ (see (4.23)). The non-uniformity in ¢ of such a
gain is expected since the transport operator and the linearized collision operator (which
gives the gain of regularity in velocity) do not act at the same scale.

1.3 The fluid model

In the second part of the paper, we shall prove that the hydrodynamical limit of (4.5)
as € goes to zero is the incompressible Navier-Stokes-Fourier system associated with the
Boussinesq equation which writes

ou~+u-Veyu—1Agu=—Vyp
0,0 +u-V,0—1vs/A0 =0
div,u=0
Va(p+6)=0.

(4.24)

In this system, the temperature 6, the density p and the pressure p are scalar unknowns,
whereas the velocity v is an unknown vector field. The pressure can actually be eliminated
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from the equations by applying to the momentum equation the projector P onto the space
of divergence-free vector fields. This projector is bounded over H’ for all £, and in L? for
all 1 < p < oo. To define the viscosity coefficients v;, let us introduce the two unique
functions ® (which is a matrix-valued function) and ¥ (which is a vector-valued function)
orthogonal to Ker L such that

(\/M\If) = 5~ uf* .

1 [v]? 1
— (\/M@):?Id—w}bv and —— 5

L L
vVM vV M
The viscosity coefficients are then defined by

1/1::i @:L(W@)mdv and 1/2::2/ \I/-L(\/M\IQ\/Mdv.
15 Jrs

10 Jgrs3
In what follows, we call well-prepared data the class of functions f € Ker L that write

v]* =3

o) = VT (pr(o) 4 usto) -0+ L2000
with V,-uy=0 and py+60;=0 (4.25)
where we recall that ps, u; and 0 are defined in (4.14), (4.15), (4.16).

It is known that for mean free (pg, uo, 0y) € H2 small enough and satisfying
Ve ug=0 and py+ 6y =0, (4.26)

there exists a unique solution (p,u,0) € H? to (4.24) defined on R* with associated
initial data (po, uo, 0p) (see [43, 89, 90, 44]). For such an initial data, we also define go a
well-prepared data with (p, ug, fy) as associated first macroscopic quantities, namely

go(x,v) = VM(v) <P0<5"> + up(x) - v+ 4 2_ 360(55))

with V,-ug=0 and pg+6y=0. (4.27)

Notice that from the definition of the space 2, we in particular have that g, € 2" and
the mean-free assumption made on (py, ug, dp) implies that gy € (Ker AE)L. Notice also
that due to the definition of 2, the smallness assumption made on (py, ug, dp) can be
translated into a smallness assumption on gy. Indeed, given the form of gy, by triangular
inequality, it is clear that

g0l < 11(po o, 00) |1z

Moreover, since {\/M, vV Muv, VM (Jv]? — 3)/2} is an orthogonal system in L2, we also
have that

lgoll2 Z llgollmsrz 2 || (o, uo, 00) || ms-
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As a consequence, there exists 77; > 0 such that if gy is of the form (4.27) and satis-
fies ||goll2- < m1, then there exists (p,u,0) € H? defined on RT solution to (4.24).
We define the kinetic distribution lying in Ker L with associated macroscopic quanti-
ties (p, u, 0)

g(t,z,v) == VM(v) <p(t,x) +u(t,z) v+ MQQ_ 39(15, x)) : (4.28)

We also have the following estimate

19152y < Clllgoll2) (4.29)

where C(||go|| 2-) is a constant only depending on the 2 -norm of the data go. The afore-
mentioned results on the system (4.24) can be found in [44, Appendix B.3] in which more
details and references on the subject are given.

1.4 Hydrodynamical limit result

For the statement of the main hydrodynamical result, we first introduce the following
notation for functional spaces: If X; and X, are two function spaces, we say that a func-
tion f belongs to X; + X if there are f; € X; and f, € X, such that f = f; + f; and
we define

ller, = min (b, + 1flx).
fi € X4

Theorem 4.5. Let g5, € 2 N (Ker A, for e € (0,1) such that ||, || 2 < 1o (where g

is defined in Theorem 4.1) and g° € L°(Z") being the associated solutions of (4.7) with

initial data g, constructed in Theorem 4.1. Consider also gy € % N (Ker A.)* such

that ||go|| 2= < m1 and g defined respectively as in (4.27) and (4.28).

There exists 1y € (0, min(ng, 1)) such that if max (||¢5,|| 27, |90l 27) < 12 and

95 — 90ll 22 — 0, (4.30)
e—0
then we have
l9" = gllLze () —5 O (4.31)
Ifmax (|| gl 2, |90l 2) < 12 and
| 7g5, — goll 22 — 0, (4.32)
e—0
then we have
197 = 9llzy @)+ 2502 5 O- (4.33)
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Remark 4.6. One can get a rate of convergence in (4.31) and (4.33) if we suppose that
go has some additional regularity in -, namely a rate of £° if the regularity is supposed
to be H3™ for § € (0,1/2]. We refer to Theorem 4.43 for a quantitative version of this
result.

Remark 4.7. As explained in Remark 4.3, the results of Theorem 4.1 could be obtained
in larger spaces & = H2L?((v)*\/M). A similar approach as the one used by Gervais
in [46, 45] in which the hard spheres Boltzmann equation is treated in “large” Sobolev
spaces, might yield the associated hydrodynamical result.

Remark 4.8. As explained in Remark 4.4, the strategy of the proof of Theorem 4.1 should
also work in order to treat the case of very soft and Coulomb potentials. However, in order
to obtain the associated hydrodynamical result, our method employs some fine spectral
estimates that are known to hold only for the case —2 < v < 1 by [130]. Therefore, if we
are able to extend the results of [130] to the case of very soft and Coulomb potentials, we
might then be able to obtain the analogous result of Theorem 4.5.

We first give a short overview of the existing literature on the problem of deriving fluid
equations from kinetic ones (we refer to the book by Saint-Raymond [115] for a thor-
ough presentation of the topic). The first justifications of the link between kinetic and
fluid equations were formal and based on asymptotic expansions by Hilbert, Chapman,
Enskog and Grad (see [73, 28, 53]). The first rigorous convergence proofs based also on
asymptotic expansions were given by Caflisch [19] (see also [87] and [29]). In those pa-
pers, the limit is justified up to the first singular time for the fluid equation. By using the
nonlinear energy method introduced by himself in [60], Guo [58] has justified the limit
towards the Navier-Stokes equation and beyond in Hilbert’s expansion from Boltzmann
and Landau equations (see below for more details on this result).

There has also been some convergence proofs based on spectral analysis in the framework
of strong solutions close to equilibrium introduced by Grad [52] and Ukai [125] for the
Boltzmann equation. In this respect, we refer to the works by Nishida, Bardos and Ukai,
Gallagher and Tristani [108, 11, 44]. These results use the description of the spectrum
of the linearized Boltzmann equation in Fourier space in the space variable performed
in [107, 27, 41]. Our approach is reminiscent of these ones and relies on the generalization
of the paper [41] to several kinetic equations (including the Landau one) made in [130]
by Yang and Yu. Notice also that such a spectral result has recently been obtained in [46]
by Gervais for the hard-spheres Boltzmann equation in a larger class of Sobolev spaces.

More recently, some uniform in ¢ estimates on kinetic equations have allowed to prove
(at least) weak convergence towards the Navier-Stokes equation. Let us mention [83,
112] in which the cases of Boltzmann equation without cutoff and the Landau equations
are treated. In [17, 18], the authors have obtained convergence to equilibrium results for
the rescaled Boltzmann equation (and also the Landau equation in [17]) uniformly in the
rescaling parameter using respectively hypocoercivity and enlargement methods. In [18],
the authors are able to weaken the assumptions on the data down to Sobolev spaces with
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polynomial weights. We also refer to [5] in which a similar approach combined with per-
turbative arguments has been used to derive a fluid system from the inelastic Boltzmann
equation. Notice that Briant [17] has combined this with Ellis and Pinsky result [41] to
recover strong convergence in the case of the Boltzmann equation.

Finally, let us mention that this problem has been extensively studied in the framework of
weak solutions, the goal being to obtain solutions for the fluid models from renormalized
solutions introduced by DiPerna and Lions in [37] for the Boltzmann equation. We shall
not make an extensive presentation of this program as it is out of the realm of this study,
but let us mention that it was started by Bardos, Golse and Levermore at the beginning
of the nineties in [9, 8] and was continued by those authors, Saint-Raymond, Masmoudi,
Lions among others. We mention here a (non exhaustive) list of papers which are part of
this program (see [49, 48, 94, 96, 115]).

Let us focus on the Landau equation for which the literature is scarcer. As mentioned
above, in [58], Guo justifies the limit the Navier-Stokes limit and beyond in the Hilbert’s
expansion from (the Boltzmann and) the Landau equations (even for the case of very soft
potentials) in the torus by using his nonlinear energy method. Our result on the hydro-
dynamical limit is reminiscent of the one obtained in [58] for the hard and moderately
soft potentials in the sense that we work with strong solutions and we prove a strong
convergence result. It is however worth noticing that our functional framework is less
restrictive (we only work with 3 derivatives in x and no derivative in v whereas in [58],
regularity on 8 derivatives in both variables x and v is required). Moreover, there is an
important loss of regularity in the estimates of convergence proven in [58] whereas we
only lose § derivatives in = and there is no loss in v to get a rate of convergence of &’
from Landau to Navier-Stokes equation (see Theorem 4.43). In the present paper and
in [58], the fluid initial data are supposed to be well-prepared, namely the divergence free
condition and the Boussinesq relation (4.26) are supposed to hold. We refer to [82] by
Jiang and Xiong for an extension to the case where the fluid part is not supposed to be
well-prepared and the creation and propagation of initial layers is studied. In [58, 82],
the kinetic initial data is supposed to have a specific form so that there is no creation of
kinetic initial layers. Our presentation is slightly different since we do not use Hilbert
expansion to study the limit towards the Navier-Stokes equation, our assumption being
the following: The projection of the kinetic initial data onto the kernel of the linearized
operator L is supposed to converge towards the well-prepared fluid initial data as ¢ — 0.
Finally, in [112], Rachid obtained a result of weak-x convergence in L (H3L?) towards
the incompressible Navier-Stokes-Fourier system, we have thus strengthen this result for
the type of initial data that we consider here. One can notice that the assumptions made
on the fluid initial data in [112] are a bit less restrictive since the divergence free condition
for u and the Boussinesq relation for py and 6, are not supposed to hold. The initial layer
that such an initial condition creates is absorbed there in the weak convergence. In our
framework, we can not hope to absorbe it in a strong convergence framework because
the initial layer is propagated over time in the periodic domain (see [82]). Note also that
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in [44], the authors were able to treat this type of “completely ill-prepared” data only in
the case of the whole space since those terms has some dispersive properties in the whole
space.

Let us describe into more details our strategy to obtain strong convergence. It is inspired
by the ones used in [11, 17, 44]. Indeed, as in [44], using the spectral analysis performed
in [130] by Yang and Yu, in order to prove our main convergence result, we reformulate
the fluid equation in a kinetic fashion and we then study the equation satisfied by the dif-
ference satisfied between the kinetic and the fluid solutions. However, let us point out that
we are not able to perform a fixed point argument as in the aforementioned paper. This is
due to the fact that the structure of the Landau bilinear operator is more complicated than
the hard-spheres Boltzmann one. Indeed, there is an anisotropic loss of derivatives and
weights in the nonlinear estimates which prevent us from closing a fixed point estimate.
To circumvent this difficulty, we use some new a priori estimates on the solution of the
linearized rescaled Landau equation and on the nonlinear rescaled Landau equation (4.7)
that are uniform in the Knudsen number and that have been presented in Theorem 4.1. By
intertwining these refined and sharp kinetic estimates and fluid mechanics ones, we are
able to prove a result of strong convergence from the solutions of the Landau equation to
the Navier-Stokes one as stated in Theorem 4.5.

1.5 Outline of the paper

In Section 2, we give some technical results on the Landau collision operator that will
be used all along the paper. In Section 3, we develop hypocoercivity and regularization
estimates for the linearized problem. In Section 4, we develop our perturbative Cauchy
theory for the whole nonlinear problem as well as some regularization estimates on it. In
Section 5, we develop some new estimates on the linearized problem that are useful to
prove our hydrodynamical result, which is proven in Section 6.

Acknowledgements. The authors thank Frédéric Hérau for his valuable advice and fruit-
ful discussions. This work has been partially supported by the Projects EFI: ANR-17-
CE40-0030 (K.C. and 1.T.) and SALVE: ANR-19-CE40-0004 (I.T.) of the French Na-
tional Research Agency (ANR).

2 Preliminary results

In this section, we present some technical results and tools that will be useful throughout
the paper.
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

2.1 Collision operator

Recalling the definition of the matrix a = (a;;);; in (4.2) and that we use the convention
of summation of repeated indices through the paper, we define the following quantities

bl('l}) = Gjaij('u) = -2 "U”y Vi
c(v) = Oijaij(v) = =2(y + 3) |v[7,

in such a way that one can rewrite the Landau operator (4.1) as

Q(.%f) = (aij * g)awﬂ)jf - (C * g)f
= 0, {(ai x 9)0u, f — (b x 9) ],

where * denotes the convolution in the velocity variable v.

(4.34)

We now state a technical lemma in which we provide a rewriting of the nonlinear opera-
tor I defined in (4.8) and the linearized collision operator L defined in (4.9).

Lemma 4.9. There holds

C(f1, f2) = B, { (s * VM) Doy o} = 0o { (b x VM A]) £}
~—@w[¢_ﬂnm@Ja @”[¢Mﬁmeﬁ (4.35)
(% VMfi)) fo,

and

Lf =0y, {(ay* M)d,, [} + {—le (aij * M) viv; + ;avi[(aij * M) Uj]} f
(% [\/_f]> viv; VM — (aii * [\/Mf]) VM — (c* [\/Mf]) VM.

(4.36)

Proof. From the definition of I" in (4.8) and using the formulation (4.34) for (), we first
obtain

N%M=J% Alay = [VMg)]) 0, (VM) — (b [VMgi]) VMg, }

By writing 9, (VM gs) = vV M&,,go — 5v;v/ M go we thus obtain

I'(g1,92) = \/1M {(aw [\/_gl]) \/_37,]92} Vlﬁam {(aij * [\/Mgl]) vjmgg}

_Vﬁ%{@*wﬂmﬁﬂ@*'
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Applying the derivative 0,, inside the brackets to the term v/ M/ we then get

[(g1,92) = {(au [\/_91]) &J]gz} (a” [\/_91]) 00y, g2
_ ; {(az] [\/_91]) U]g2} (aw [\/_gl]) ViV G2

— O, {(bz * [\/M!h]) 92} + B (bi * [\/Mng Viga.

Finally, we apply the derivative to the third term in the right-hand side of the above equa-
tion and thus we get

F(gl, 92) {(aw [\/_QID ang2} (azj [\/_91]) v;0, 192

( \/_gl ) Vjga — (CL” [\/_gl]) g2 — (alj [\/_ng Uyavlg2
(a” * \/_91 ) ViVjg2 — Oy, {(bz * [\/Mgﬂ) 92} + ; (bi * [\/Mgl]) Vg2

vl {(azj * \/_91 ) avJQQ} - (aij [\/_ng UiavJ,QQ

(CL“ * \/_91 ) g2+ — (azj [\/_91]) ViVjg2 — Oy, {(bl * [\/Mgl]) 92}

»l;\r—l\:ﬂi—

—_

which completes the proof of (4.35).
We now prove (4.36). From (4.35) we get

D(VM, f) = 0y {(as; % M) Dy, f | — 00 {(bs M) f}
~ (M) oy f + (a1 M) vit f = 3 (ai e M) f.
For the second term in the right-hand side of above equation, we observe that
—0u {(bi x M) [} = — (cx M) f — (b x M) Dy, f,
as well as
— (bix M) 0y, f = = (D5 % M) Dy, f = (ai; ;M) Oy, f = (agj % M) v;0, f

by using that a;; (v —w)(v; —w;) = 0. We also remark, using that a;; (v —w) (v; —w;)(v; —
w;) =0,

—(C * M) = _(CLU * aviava) = (CL” * (SIJM> — (CL” * Ui'l}jM)
= (aii % M) — (aij * M)’Uﬂ)j,

as well as
Oy [(aij ¥ M)vs] = —(ai; ¥ M)viv; + (i * M).
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Putting together previous equalities, we finally obtain
1 1
DOVM, £) = 00 {(as + M) D1y £} + { = (a5 M) vy + S0l M) |

Moreover, from (4.35) we get
D(f. VM) = 0, { (asy * VILS1) 0, VAT} = 0, { (b« [VALF]) T}
- (aij « [VMfi]) v, .m+ 1 (i * VM £]) viv; VM
(a“ « [VMf]) VM
so that, developing the derivatives 0,,, we get

D(f, VM) = (b * [VM f]) 90, VM + (ai; % [VMf]) 8,0,V M

- (ai]’ * [\/Mf]) 'Uia \/M—F le ((Iij * [\/Mf]) 'Uﬂ}j\/M
(an [\/_f]) VM.

Observing that

1 1
Oy, VM = — v]vM and 0,,0,,VM = —§5iij+ Zvivij,

we then get
L(f, VM) = (ay; * [VMf]) viv, VM = (a5 * [VMf]) VM = (e [VMf]) VM,
which concludes the proof. [

For v € R3, we define the symmetric matrix A (v) = (A;;(v))1<; <3 Whose coefficients
are given by
Aij(v) = (ag #, M) (v).

We can decompose A(v) as A(v) = B'(v)B(v), where B(v) = (By;(v))1<ij<s3 is a
matrix with real-valued smooth entries (see [111]). Recall also that from [30], forv € ]RS\
{0}, the matrix A (v) has a simple eigenvalue ¢,(v) > 0 associated with the eigenvector
v and a double eigenvalue /5 (v) > 0 associated with the eigenspace v-. Moreover, when
|v| = 400, we have

01(v) ~2(v)? and  lo(v) ~ (V)72 (4.37)
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As such, one can write that for any v € R? \ {0},

AW) = 60) " L+ o) (Id—” . ) |

ol [l ol [0l

where Id denotes the identity matrix and

B(v) = \/Z(v)’:j' ® ’Z’ +1/65(v) (Id —’” ® qu,) . (4.38)

vl
In what follows, we will use the following differential operators
V,:=B®)V, and V,:=B()V, (4.39)

as well as their adjoint operators in L? given by, for ' : R? — R,

(Vo)'F ==V, - (B(v)F) and (V,)'F=-V,-F (4.40)

Using the formulation (4.36) of the linearized collision operator L, we can therefore
rewrite it as

Ly = =i%0f - {{BO0P - 59, (BB 1
_ {(aij * \/Mf) Vivj — (a,-,- * \/Mf) + (C* \/Mf)} NGvi

(4.41)

The functions A;;, B;; verify the following properties (see for example [58, 111]): For
any multi-index o € N we have, for all v € R3,

102 Ay (0)] S ()P 109 By ()] S (v) 2 (4.42)

From [30, 60, 103, 105], we also know that L has a spectral gap, more precisely, there
is o, > 0 such that

(LS, )iy < —orllf =z, (4.43)
for any f € Dom(L), where we recall that 7 is the projector onto the kernel of L defined

in (4.12) and the Hq}’*—norm is defined in (4.18). Notice that in the case —2 < v < 1
which we study in the present paper, the previous inequality is indeed a coercivity estimate
because || - [y > | - |2

2.2 Functional spaces

We first notice that the H, 3’*—n0rm in velocity defined in (4.18) is also equal to

N _
1Ay, = o) =" flIZs + V£l
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where V, is defined in (4.39). We also introduce some H? norm in velocity defined
through the following norm:

.. = 1) 2 FlIZs + IV ((0) 2 ) Zs + o) TV fllZ + IV VoS 12

Similarly to the definitions of 2" and %4, we define the weighted Sobolev-type space %,
as the space associated to the norm

J J
1£1%, = 10> E 2z + 1) EIVL f 12 2
1 G
+ [|{v) 2+1V§f|’%g(H,g,*) + Hvifﬂig(flg,*)'

(4.44)

We then introduce the spaces Z;° for i = 1, 2 that involve derivatives in x: 27 is associ-
ated with the norm

115 = N5 + 115 + 2 IVar 15, (4.45)
and 25 is associated with
1% = 115 + 1 F N3 + e IVEFI- (4.46)
2 1

For the sequel, it is worth noticing that if f € 25, then eV, V, f € 2. Indeed, a simple
computation based on integrations by parts shows that

ellVoVafllz S VLS

2+ || fll2-

For i = 1,2, we also define the associated dual spaces (%;)" and (Z°)" with 2" as a pivot
space, more precisely, they are associated with the following norms:

1fllay == sup (f, ) (4.47)
llla, <1
and
I fllzey = sup (f, 9z (4.48)
lelze <t
where (-, -) 4 is the scalar product associated to || - || »- defined in (4.19). Notice that we
have the following interpolation result:
(2 (25) 1p0 = (7). (4.49)

The notation used above is the classical one of real interpolation (see [12]). For sake of
completeness, we briefly recall the meaning of this notation. For C' and D two Banach
spaces which are both embedded in the same Hausdorff topological vector space, for any
z € C + D, we define the K -function by

K(t,2) = inf (Jele +ldlp), Vt>o0
The space [C, D]y, for 6 € (0,1) and p € [1, +00] is then defined by:

(C, Doy = {2 € C+ D, t s K(t,2)/t" € LP (dt/t)} .
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2.3 Basic estimates

We gather in this subsection some basic estimates concerning the collision operator L that
will be useful in the sequel.

In order to simplify, we recall the formulation of the operator L in (4.41) and we introduce
the function

b(v) = i|B(v)v|2 _ ;vv . [BT()B(w)e] (4.50)

as well as the operators

Lif = =V;Vof —0f (4.51)

and
Lyf :=— {(aij * \/Mf) v;U; — (aii * \/Mf> + (c* \/Mf>} VM (4.52)
so that we have L = L + L.

We start with some basic commutator estimates.

Lemma 4.10. For any suitable function f = f(x,v) and any (z,v) € T3 x R3, there
holds:

(i) [V, v Va f(2,0) = Ve f(2,0).
(ii) For any a € Rand 1 < j < 3, one has

[0)*, Vol fl(@,0) = |[(0)*, V5 1f1(2,0) S ()27 fl(,0).

(iii) For any 1 < i,j < 3, one has

[Voir Vi (2, 0) S (0) Vo fl(2,0):

(iv) Forany 1 < 1,7 < 3, one has

Vo Vi 1 1(2,0) S () V0 fl(2,0) + (0)] /] (2, 0).

(v) Forany 1 < 1,7 < 3, one has

Vo, Vo £ 12, 0) = [V, Vi I f|(,0) S (o) VS |2, 0).

(vi) For any o € R, one has
[[0)*, V51, V| £] (2,0) S @) fl(z, v).
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(vii) For any 1 < 1, j, k < 3, one has
[V, 90, V] ] 2,0) € () 5|9, f (2, 0).
and - , ,
V0 V2,0, Vo] ] (20) S @) F Vo f (2, 0) + () F (2. 0).
(viii) For any 1 < 1, 7,k < 3, one has
[V V). Voo £ @,0) = [V, V3 1, V] ] (,0) S (0) 3V £, 0).
Proof. Recall that we denote B(v) = (B;;)1<i j<3 and that we have

%/vif = Bimavmf? fv/xlf = Bimazvmfu %/zlf = _avm (Bsz)7
Vi = =BinOunf ==V f.

(1) We have

[vv“ UZa{E@]f = Bimavm (Uﬁamgf) - Uéamg (Bzmavmf>
= Bifa:r:gf =+ Bimvﬁavmang - UEBimaxgavmf

(i) We easily compute

as well as - N
[<U>a7 V:J]f = (ij <v>a)f‘

We conclude the proof by remarking that AVSU]. (V)

= «a(B(v)v);{v)*? and using that
IB(v)v| < (v)2*" thanks to the definition (4.38) of B(v).

(i11) We easily compute

[/v/viy%/vj]f - Bimavm<BjZavzf) - ijave (Bzmavmf)
= BimBjéavmavgf + Bim(avaj )avgf - BjéBimavgavmf - ij(aveBim)avmf
- Bzm(a B]E)a’l)ef - ng(aUZBim)a'Uan’

Um

and we conclude the proof using (4.42).
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(iv) We have

Voo Vi lf = =Bim0u,,00,(Bjef) + 0o, (Bj¢BimOh,, f)
= —BinBj10y,, 00, — Bim(0v,, Bje)Ou, f
— Bin(00,,00,Bje) f — Bim(0u,Bjt) O, f
+ Bin (0w, Bje)Ou,,, f + Bje(0y, Bim )0, f + Bjt Bim Oy, 00, f
= —Bin(0y,, Bjt)0v, f + Bje(0p,Bim) O, f — Bim(0y,,00,Bje) f

We can simplify last expression by relabelling the indices m and ¢ of the second term,
which gives

Voi Vi lf = [Bjn(9u,, Bie) = Bian (90, Bj2) 0o — Bim (s, 00, Bie) f-
We then conclude the proof by using using (4.42).
(v) We have

[%Jvi?%xj]f = Bimavm (ijang) - Bjﬂaa:g (Bzmavmf)
- BimBjZavmamzf + Bim(aUmBﬂ)@ng - BjZBimﬁxgavmf
= Bim(0v,, Bje) Oz, f

as well as

— V3. Vo, ) f = Ou,.(BiwBje0s, f) — Bje0s, s, (Bimf)
= jéaxgavk (Bsz> + Bim<8vaj )ang - Bjéaxgavm (Bsz)
= Bun(0, By0)0 .

Um

We then obtain the estimate by using (4.42).
(vi) Thanks to the proof of item (ii), we write
(), ViV, f = (Vo (0)*) Vo, f
= ij<<vvj <U>a>f) - (ij (ij <U>a>>f
Vi,

= Vi, [0 VI = (Vo (Vo (0)) f-
We conclude the proof by using %Uj (v)* = a(B(v)v); (v)*~* and the upper bound (4.42).
(vii) Thanks to the proof of item (iii), we first write

[fvjvmfv/vj]%/ka = Bim(avajZ)avg (kaavpf> - Bj@(awBim)avm<kaavpf)
= Bim(avajé)vvka’vgf + Bim(aUmBﬂ)(akap)aUpf
- jf(avgBim)vvkavmf - Bﬂ(avgBim)(avakp)avpf'
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

We then obtain

[/ﬁvia%/vj],ﬁka = /€Uk [Bim(avajf)aveﬂ - (%Jvk Bim(avajf)])awf

[
= Vo, [Bje( v, Bim) 0o, f1 + (Vo [Bje(Ou, Bim)]) s, f
+ [Bim (0o, Bje) (0u, Brp) = Bje(u, Bim) (Dv, Brp) 10w, f
= Vo Vi, Vo, I f = (Vo Bim (9, Bio)) oo f + (Vo [Bje (D Bim))) Do f
+ [Bim(avaj )(aveka> - Bjé(aveBim)(avakp)]avpf

and we conclude the proof of the first estimate using (4.42). The second estimate is
obtained in a similar way by using the computation of item (iv), thus we omit it.

(viii) Thanks to the proof of item (v), we write

Vais VoV f = =Bju(00,, Bit) 05, Vo, f
=~V (Bjm (00, Bit)u, ) = (Vo [Bim(u,, Bie)]) O, f
= Vol Var, Vi Jf = (Voo [Bim(Ds,, Bit)]) s, f.
The estimate then follows from (4.42).
]

Using the above result, we shall now compute some commutators related to the L; term
defined in (4.51) of the collision operator L.

Lemma 4.11. There holds

(i) For any o € R, one has

(W), Lalf = =V, [(0)%, Vo I f = Vo [(0)%, Vi1 = [[(0)% V3], Vi £

(ii) For any 1 < k < 3, one has

[%/Ukv Ll]f = _/v/:‘)g [/vvvmfvvw]f - /€vz [6%’%/;]]1 - “/v/vw%;]v/v/w} f - (%/vkw)f

(iii) For any 1 < k < 3, one has
[Av/ﬂik? Ll]f - _’VV:Z [%/Sﬂmfvvw]f - Av/vz [/szk:v/;]f - [[Av/ﬂik?%/:g]?/vvw} f

and

[(0)2 00y, L] = =V, [(0)

[

axk,AV/v[]f—/VVW[<U>%(9%,/VV:£]JC— [[<U>%azk’%/zg]7fv/w} f
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Proof. (i) We first write

() (Lif) = =)V, Vo f —(0)*f

and

We now observe that
<U>a,vjzgfvvvef = %/:g <v>afﬁvef + [<U>a7fvvzg]$vef
= VY, (07 F) + Vi [0)% Vol f + Vo [0, V3,17 + [[0)°. V3,1, ] £,

which completes the proof.

(i1) We first compute

Vo (Lif) = =V, Vi, Vo, f = Vi (0 f)

and - - -
Ll(vka) = _v;k)evvg(vka) - @vakf
We conclude the proof by observing that

AVJUICAVJ:@AV/WJC = fv/::gAvJvkﬁvaf + [AVJUM AVJ;]AVJWJC
=V, Vo Vo f + Vi [V, Vo I f 4 Vi, Voo, Vi If + [[Va Vi), V| £

and writing %vk (Wf) = @ﬁ,vaukf + (,Vvvk%b)f-
(iii)) We compute N o .
Vo, (L f) = =V, Vi, Vo, f —UVe, f

and - - -

We now observe that
/v/zk%/:[%/vlf - /v/:‘)g%xk%vlf + [/ﬁ/iﬂk ’ %/::g]/v/véf

= Vi VoV f + V3, Voo, Vol f 4 Vo Ve, Vi I + [V, V3,1 V] £
which gives the first estimate.

The computation for [(v)2d,,, Li] can be obtained in a similar fashion, thus we omit
it. [

157



Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

Lemma 4.12. For any suitable function f = f(v) and any v € R3 there holds:
(i) For any i,j € {1,2,3} one has

[(aij * F)()] + (ai; = f)w)vi] + [(ai; + f)(w)viv] S (@) [|(v)"f]

2
Ln

(ii) For any i, j, ¢ € {1,2,3} one has

(Do, + F) )]+ 1(bi = ()] S W) 0) fl ez

and

| (Queaij * f) (W)vil + [ Dueaig * f) (v)vivs] S (0)*2|[(0)* f 2
(iii) If v = 0, for any { € {1,2, 3} one has

[ (e f) ()] + 1 (Bl * f) ()] S (W) [0 £l 2.

(iv) If vy € [—2,0), forany { € {1,2,3} one has
[ (e £) )] +1(Du,bi = f) (0)] S () 1{0)° fll -

Proof. All estimates in point (i) come from [26, Lemma 3.4]. The estimates on the term
|(b; % f)(v)| in point (ii) and on the term |(c * f)(v)| in (iii)—(iv) also come from [26,
Lemma 3.4], and the proof of the estimates on |(0,,a;;* f)(v)| in (ii) and on | (0,,,b; * f) (v)|
in (iii)—(iv) follow the same lines since |9,,a;;| < [v|7*! and |0,,b;] < |v].

We thus only prove the second estimate in (ii). Using that a;;(v — v.)v;v; = a;;(v —
v,)(v4)i(vs);, we observe that

(Oyaij * f) (V)viv; = (aij * Oy, f)(v)viv;
= (aij * viv;0y, f)(v)
= (Oy,aij * [viv; f])(v) = (aij * [0y, (vivy) 1) (V).

Using the the estimate in (1) and the first estimate in (i), we thus deduce

(o, i * f)(v)vivg] < () I(v)" (W) 2| (v)* |

L2
O]
Lemma 4.13. For any function f = f(v) smooth enough and o € R, there holds:
I(cx (VM) ()" VMg < M7 S|z
Proof. See [26, Proof of Lemma 2.12]. O
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We are now able to obtain some upper bounds on the term L, defined in (4.52) of the
collision operator L as follows.

Lemma 4.14. For any function f = f(x,v) smooth enough, there holds:

(i) For any o € R, one has

{0 Lofllcz, S 1M S|z,

(ii) For any 1 < k < 3, one has

Vo (Lo lrz, SUMfllze, + 1MIVfllz2 -

(iii) For any 1 < k < 3, one has

__ [

IV (Lo f)llz, SIMiVflz, -
Proof. (i) We write

(V) Lo f = — {(aij *y \/Mf) v;U; — (aii *, \/Mf) + (c *y \/Mf)} <v>a\/ﬂ
from which, thanks to Lemma 4.12, we deduce
(W) Laf| S M5 £l 1z () 2V M + |(c %, VMF)|(0)°VM.
We conclude the proof by taking the L? norm of the last estimate and using Lemma 4.13.

(i1) Writing /Vvvk = By,0,, we compute
,Vvvk (Lgf) = —Bkg{ (aij *y aW(\/Mf)) ViU + (aij *y \/Mf) &,Z (Ui'l}j)

— (aii ) 8UZ(\/Mf)) + (c o aw(\/Mf)) }\/M
— {(aij *y \/Mf) Vv — (aii *, \/Mf) + (C*U \/Mf)}”vvvk\/ﬁ

Thanks to Lemmas 4.12 and 4.13, we obtain that
. 5 -
IV (Lo, Mz S IME fa )z + 1MV f () 2,
and we conclude by integrating in x this last estimate.

(iii) Writing gxk = B0, we compute
/ﬁxk(LQf) = —Bu{ (aij *yp V Mang) VU5 — (aii *y V Maocgf) + (C *y V M@x[f) } VM,
and we obtain the wanted result thanks to Lemmas 4.12 and 4.13. O]
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

3 Estimates on the linearized problem

We recall that the functional spaces 2, %, and Z° are respectively defined in (4.19), (4.20)
and (4.45), that the operator A, is given in (4.11) and that II is the projector onto the ker-
nel of A, (see (4.17)). We consider U#(t) the semigroup associated with A, and study its
decay and regularization properties.

Theorem 4.15. For any o € (0, 0¢), we have:
U= @) Ad =) 2—2r S ™",

—ot —ot

e e
Ust)(Id -1 o iy < ———~— d (|US)Id-ID|gge < ————

where oy is defined in Proposition 4.16.

Our proof is based on hypocoercivity tricks and thus on direct energy estimates on the
whole problem 0;f = A.f. Our method to prove this theorem is of particular interest
when one wants to extend the analysis to the whole nonlinear problem (see the paragraph
at the beginning of Section 4). Indeed, it is based on a micro-macro decomposition of
the solution and thus allows to identify the different behaviors of the microscopic and
macroscopic parts of the solution. We will use this approach in Section 4 in which we
develop a Cauchy theory for the nonlinear Landau equation as well as some regularization
estimates on it.

Let us finally notice that we are actually able to prove Theorem 4.15 by using a splitting of
A, as presented in Section 5. By establishing nice estimates on each part of the splitting,
we are then able to recover the wanted estimates on the whole semigroup U¢(¢) thanks to
Duhamel formula. Such an analysis does not allow us to develop our Cauchy theory and
regularization estimates for the nonlinear problem but will be useful to study our problem
of hydrodynamical limit, we thus postpone it to Section 5.

3.1 Hypocoercivity estimates

In this part, we state some hypocoercivity results for our linearized operator A. defined
in (4.11). The first one provides a result of hypocoercivity in wa and the proof is a
mere adaptation of the one provided in [13, Theorem 5.1] in the more complicated case of
bounded domains with various boundary conditions. For sake of completeness, we give

the proof of Proposition 4.16 in Appendix (Section 7).

Proposition 4.16. There exists a norm ||| - |||z, on L7, (with associated scalar prod-
uct (-, -)) 12 ) equivalent to the standard norm || - || 2 which satisfies the following prop-
erty: Forany f € Dom A, N (Ker A, )+,

Ko
(DS, iz, < =00l Nz, = ol Tz ey — I N2z
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3. Estimates on the linearized problem

for some constructive constants 0 < oy < o, (where oy is defined in (4.43)), ko > 0 and
where f is defined in (4.13).

Roughly speaking, the norm || - |||z , is of the following form
3
ANz, = 12z, +edXom (Ou S f 7 ), (4.53)
i=1 @

where 7; : L2, — L2 is some suitable moment operator, the inverse laplacian A" is
suitably defined and the constants 7); are chosen to be small enough (see (4.166) in the
proof). The norm ||| - |||z = thus depends on ¢ but is equivalent to the usual norm || - || 2
uniformly in €, this expléins the fact that we do not mention the dependency in € in our

notation.

In the following proposition, we provide a result of hypocoercivity in 2. Notice that ob-
taining hypocoercivity in H3L? is a straightforward consequence of the previous propo-
sition since derivatives in x commute with A.. Due to the presence of additional weights
in the definition of the space 2°, we have to exhibit a new norm equivalent to the usual
one for which we can recover a suitable energy estimate.

Proposition 4.17. There exists a norm ||| - ||| 2 on 2~ (with associated scalar product
denoted by {(-,-)) o) equivalent to the standard norm || - || o~ which satisfies the following
property: For any f € Dom A, N (Ker A.)4,

(AL 1) < =0l = 1A = S04 s (4.54)

forany 0 < o < o( (where oy is defined in Proposition 4.16) and for some k > 0. As a
consequence there holds, for all t > 0,

|U=(#)(1d —IT)

AR < Ce_"t. (455)

Proof. We define the inner product ((,-)) ,- on 2~ by

(f q) , = Z (5 <<U>(3—i)(%+1) vift <U>(3—z')(%+1) V;gL> + <<Vi~f, Vig>>L2 )

2
i=0 Lz,v x,v

(v v,

xT,v

(4.56)
so that its associated norm is given by

2

1% = X2 (BN eIV T+ IIVefllie,) + VI,  @5D)

i=0
for some constant § € (0, 1) to be chosen small enough, and where (-, -)) > and ||| [[|zz ,

are defined in Proposition 4.16 (see (4.166)). We first observe that this norm is equivalent
to the norm || - || 4.

161



Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

Let o’ € (0,00) be fixed and f € 2" N (Ker A.)*. We shall prove

(A, o < =o' IIFIN% — *QIIfLII?}1 (4.58)

for some constant " > 0, which readily implies (4.54) with some constant £ € (0, min(o’—
o, k')) by decomposing the first term with ¢’ = ¢ + (¢’ — o) and using the fact that
7 fllzs < |l|7flll2 - Estimate (4.55) is then a dlrect consequence of (4.54).

Step 1. We first compute

2
3—i)(F+1) \7i 1 (B=i)(Z+1) y7i ¢L
(A 1) o ;M Vi) (v) Vel Vs
3

L (VAL VL)),

1=

and we observe that, thanks to Proposition 4.16 and the fact that V, commutes with A_,
we already have

3
S (VAL VL))
i=0 x,v
3
i i RO || i
<=2 {ullVifIs, + Rl o B + SNV B |-
i=0

Step 2. We first observe that

1 1

(Acf)r = (Id—7m)Af = ?(Id —7)Lf — g(Iol —m)(v-Vaf),

from which we obtain, since 7L = 0 and Lf = Lf*, that

(Agj.)L = é’:‘lZLfl - i {U . foj_ +v- Vz(ﬂ'f) - 7T(’U : sz)} . (459)

We therefore get, for any ¢ € {0, 1,2} and using that the transport operator v - V, is
skew-adjoint,

—)(2 i —3) (X 3 1 i 1 i 1 i
(@G TN @I = SR = R R
with
Rzi _ <<U>(3—i)(%+1) V;LfL,( > —i)(1+1) ) V' fJ_> ’

va

Ry = ((0)C GV (0 Vol f)), (0) VGV
Ry = (o) IGD V(o - V. f)), (0) VGV

x,v
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3. Estimates on the linearized problem

and we treat each term separately. For simplicity we denote w; = (v)®~9G+1) in the
sequel.

Step 3. We deal with the term R}. Since V, commutes with L we have

Rli = <L(in;fL), in;fL>L2 + <[Wia Ll]V;fL, in;fL>L2

+ ([wi, L] Ve wi VL)
=: R}, + Riy + Rlﬁv

2
Lz,v

where we recall that L; and L, are defined in (4.51) and (4.52), respectively. Thanks to
the spectral gap estimate (4.43), we have

R, < —op||wiVEf+ — W(WivifL)Hig(H%‘,*)
< —ULHini«le%g(Hg,*) + CHV;fLH%%,U’

for some constant C' > 0. From Lemma 4.11 we get
to = — ([ Vol Vil Vi @iV ), = (lwi VaIVEFS Vi, (@i VEFY)
- <“wi7’€:€)@]a’v¥v[} V;fj_a C«JZV;]CJ_>L3 )

Using Lemma 4.10 and observing that H%UQHLCQM + H%ZQHL;M S llgllz2 e ), we then

obtain
Ryl < Cllwi Vi f 2y <U>%_1wivifl||L§ﬂ, + C[{v)
<

(01 = " Nwi VoS N2,y + CIVLS*

35,V 2,

x,v

’2
L3,

for any ¢’ € (¢’,00), where we have used Young’s inequality in last line. For the term
R}, we use Lemma 4.14 to obtain

Rig| < CIVLF 2 .
Gathering previous estimates we finally get

R: < —U/IHUJiV;fLHii(H%,*) + O”Vifﬂﬁi,v‘

Step 4. We deal with the terms R5 and RY. Observing that
lwi Vi (v Va(m )z, + i Vel Vaf)llzz, S NVE fllez

x,v
we obtain

|Ry| + | Ry| < CIVE fllz N Vi Iz,
(0” o O_///)

3

< i Vot Nz o,y + CElIVET FIZ:
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

for any 0" € (o',0"), where we have used Young’s inequality and that || - |[;2 and

Il Hngw are equivalent in last line.

Step 5. Gathering previous estimates we then obtain

3

(Aef 1) < = {0l Ve ISz, + woll VoS Iz + SIS Bz }

=0

7

2 ///5 i Cé i rLn2 i+1 2
T2 lwiVef iz + Ve llis, + CONIVET fllz, | -

Recalling that || - || 2

z,v

< |- ||L3(H7}7*), it follows

/ 2
(Af, ) o < —00llfllZz, — (00 — C9) ZH'vZf‘HL? - 72 WiV flzz,
i=0

i=1
(K

0—Co) s
e IV s —
=0

O_/// / 2
S ¥ g,

=0

We then choose § € (0, 1) small enough such that oy — C§ > ¢’ and kg — C§ > 0,
therefore we obtain (4.58) with " = min((¢"”’ — ¢’)d, kg — C0) > 0, which completes the
proof. 0

3.2 Regularization estimates

Proposition 4.18. The solution f(t) = U(t) fin to the equation

atf = Asf
f(0) = fn € Z N (Ker At

satisfies, for all t > (),

—ot

e
1f ()2 < m | finl 2 (4.60)

and
—at

< (——m——
7@l < O

forany 0 < o < o( (where oy is defined in Proposition 4.16).

| finll 2 (4.61)

Remark 4.19. Notice that thanks to the second inequality, one can in particular recover
a gain of one derivative in the spatial variable (with the associated anisotropic gain of
weight in velocity), at the price of loosing a 1/¢. As already mentioned, this is explained
by the fact that the gain comes from the transport operator which does not act as the
same scale as the collision operator in velocity. Notice also that in [18], the authors were
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3. Estimates on the linearized problem

facing a similar singularity in € when wanting to obtain a gain of regularity in the spatial
variable for the hard-spheres Boltzmann equation. The latter equation is not hypoelliptic
but thanks to a suitable use of averaging lemmas, the authors were also able to obtain
regularization properties in the spatial variable with the same singularity in €.

Proof of Proposition 4.18. We shall prove that for any ¢ € (0, 1] there holds

C
1fOllan < NG | finll 2 (4.62)
and
C
1f ()] 2 < ey | finll 2, (4.63)

which readily imply (4.60) and (4.61) thanks to the exponential decay of U in 2~ from
Proposition 4.17.

Step 1. Define the functional

Ut f) = A1 + ont ([ Vuf M5 + K@) 343
t+zat® (Vo Vo f ), + st (IVf 1% + K[(0)2 Ve l% )
with constants 0 < a3 € @y € a7 <K 1 so that ap < Jajasz and K > 0. The
constants «; will be chosen small enough and K large enough during the proof.

We easily observe that

W2 + ¢ (Vo 1% + 1) F %) + 28IV, I S 20 ).

Remarking that || f||2, < ||f*]l# + ||7f]| 2> we thus obtain

1 las S IVf 1% + 1) fH 2 + i f

X
from which we deduce the following lower bounds: For all ¢ € [0, 1] there holds

tIfll% S %(t.f) and ¢ f

Y SUL ). (4.64)
Therefore, in order to prove (4.62) and (4.63), it is sufficient to show that

d
&%(taf) <O, Vte [07 1]7
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

which we shall do next. We thus compute

d d ) _
U ) = S + o (1)1 + V015 )

et (I P + 19,1 )
+ 2055t (Vo f, Vo f ), + anst®— 2 d o Vol Vaf), (465
<v>§vxf )

d/ = bt
+ g (V1% + K0 VLA

and we estimate each term separately in the sequel. In order to simplify, we introduce the
notations ¢; = Vi f, g- = (VLf)t = Vi f+ and w; = (v)3~DE+D 50 that

3
= Z sz‘giﬂigm,
1=0

+ 3a352t2(

3
% = D llwigilltz gz -
e i=0

3
?71 = Z Hwigiuig(m},*)a 17113

Step 2. From Proposition 4.17, we already have

—roll FII%, — %Hfﬂ@l, (4.66)

for some constant g > 0.

Step 3. We deal in this step with the term (K ||(v)3 1 fL[|% 4 ||V, f+
computations into two parts.

2.). We split the

Step 3.1. We first compute

1d, 4 13.d N
ST = 53 o) g2

Observing that f satisfies the equation 0, f~ = (A.f)*, with (A.f)* given by (4.59),
using that the transport operator is skew-adjoint and that derivatives in z commute with 7
and A., for any i € {0, 1,2, 3} we obtain

1d
2dt

with

o X 1 ) 1 ) 1 )
Tl @I, = ()i agh ) el), = Sal - S+ 2]

e i) 2T Lt wi ()2 T g
Jii= ()Lt wi()gh)
i 241 3+l
T o= (i) o0 Valrg)) ()36

Ji = <wi(v>%+1(7r(v - Vagi) wifv) 2! 'L>L2



3. Estimates on the linearized problem

For the first term, we write

Ji = (Llwrv) ) + o (0) 7, Lalgt + lwndo) 7, Lalgl, o) 746

= 1i1 + sz + Jf3a

where we recall that L; and L, are defined in (4.51) and (4.52), respectively. Thanks to
the spectral gap estimate (4.43), one has

—2nl|wi(0) 3 g — m(wi(v)? I

T <
< —26l|wi ()3 g 1 Fa gy + Cllgi 172

>”+1 J.)

for some constants «, C' > 0. From Lemma 4.11, we get
Ty = = ([wi(0)?, Vo Jgt, Vo, (wi(0) 7 g1))
— (lwi(@)F, V3 Jgt, Vi, (wi(0) 3 gh))
— ([l @) ¥ V), V0| g wiko) ),

Using Lemma 4.10 and observing that ||V, Az, + VR[22

20 HhHL%(H%’*), we then
obtain

i J_ y_1
[Tl < Cllwi ()T gtz o 10} 2 i (0) gt 122, + Cll (o)~ 20i{v) 2 g 12,

ol J
Kllwiw) g Ty + Cllwi(v) 2 i (172,

where we have used that v < 1 and Young’s inequality in last line. For the term Ji;, we
use Lemma 4.14 to obtain
[Jis] < Cllwigs |12z, -

We deal with the terms .J and J;. Observing that

lwi(v) 2 (v Vo (mgi) iz, + lwi(0) T (m(0 - Vag))liz, S lwiVagillzz, -

we obtain
. ‘ __ 5
T3] + 5] < CllwiVagillzz, lwi(v) > gi" || 2

ﬂ') ’U
7+ FL

Gathering previous estimates and using that || (v) 2 S 1f* |2, we obtain

2 K

v C C =
< =SB S+ I Il Vel @6D)

S Sl

for some constants x, C' > 0.
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Step 3.2. We now compute

Ryt liiuw- 4P
2dt > =g 2 g Vet

3
1. 1. 1. 1.
=S (I — L+ -1} - - T
i:0(21 82+€3 54>

c
with
I} = (Vo Lot Vgt ),
I o= {wiV,, (v V(7). Tt Vi
I = (wiV, (7(v - Vagi)),w zvvkgﬂL%
I} o= (wiVy, (v Vag), w szkgﬂLgv

For the first term, we write

L= <L(wz‘fvvvkgf)vwifvvvk9il>Lgv + <[wi’Ll]v”kgil’wiv”kgil%%v
+ (@ilVo Lilgh @iV ogt ), + (@i LV gt wiVagt)
+ (wilVay, Lolgi wiV, g7 )
=t 01y + Iy + Iis + Iy + 15

L2

T,V

Thanks to the spectral gap estimate (4.43), one has
Il < —2|w; Ve, g W(wi/Vvvkgfﬂﬁg(H;,*)
< —2k||w; Vo, g7 HLg(H,},*) + Cng’L“%g,U,
for some constants x, C' > 0. From Lemma 4.11, we get
Ty = = (i Vel Vst Vo @iV, 6)) 1, = (lon ViVt Vi, @Vuald)
([0 920, Vo] Vst s,
and

Iy = (Vo Voo Vo @2V0,00) = (90, Vi g V5, 02V060)

T,V x,v

< [[Vvk, v* ] fﬁw} g#awi,v/vkgil>llgw - <wi(,€vk¢)g#7wiﬂv/vkgz+>L%v

For I',, using Lemma 4.10 and observing that ||V, hllzz, + ||V*h||L“ S Il 2 (asys we
obtain

J_
2

o E—— 1 =
[Tal < CllwiVu g 2o 1(0) 2 ' wiVa gt 2, + Cll{0) 3 20,V 6 (172 -
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For I{,, we first observe that writing

Vo (wih) = wiV,, (wih) + (Vy,wi)wih
Vi, (WPh) = —w;Vy, (wih) — [(0u, Bep)w: + (Vu,wi)] wih
and using the bounds (4.42), we have
i Vo (@iD 2z, + i Vi @iz, < lwibllzz oy, (4.68)
Therefore, using Lemma 4.10 and noticing that
Vool £ @F IVl S )T

we obtain

Wi<?f>79ff||Lg,,,

/\

wiv) Vg iz, + CllwiVe, gt |z
)i+

13| < OllwiVa gz ol
+ Cllwi(v) Vogi'llzz WiV g iz,
+ Cllwso) g iz I 0) 3wV g iz,

)
+ Cllwi(0) ™ g |z, I (0) 2 iV

Putting together the estimates for I}, and I}, and using Young’s inequality, it follows

—~

v

wl v 9i ||Lg2c v

[ Bal + 5] < Kllwi Vo g7 12 + Cllwio) ™ g 172, + Cllwio) ™ Vgl lIZe -
For the terms I}, and [}, Lemma 4.14 yields
1l +11is] < Cllwigi 172, + CllwiVogit 172 -
The terms I 5 and 1. § can be dealt as before in Step 3.1, and we obtain

5]+ 15] < CllwiVagiliz

x,v

@iV g ez, -

For the remainder term I, we use Lemma 4.10 and the fact that the transport operator is
skew-symmetric to obtain

Ii = <wiv$kg7%’wivvkgil>Lg sz z,9; ”L?H,sz v 9i HL2 .

x,v

Gathering previous estimates, we obtain

K~ C C
S IV < I B+ S+

C —
+ gvafl X

(o)™ Vo f 1%
(4.69)
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

Finally, we observe that || (v)7*' f]|% 4+ [|(0)" IV, fH% < [[(v)zH!fr
gathering (4.67) and (4.69) and taking K > 0 large enough, we obtain

2, and thus,

1d

53 (EI@F 5+ IV 1)

(4.70)
K1 pe12 C ol C .
S, + S+ S

{lyl
for some constants k1, C' > 0.

Step 4. We deal in this step with the derivative in time of term (%v f, V. f) 2. We compute

vmgz>L% )

dc.it <fv/vf7 fv/xf>£, ;j < ifv/vgiy Wi

MngMw

1 iy lg g
(-t di- 1)

=0 62
with
R = <wivavk(L9f ) Wifvvzkgi> 2.
Sio= <wifvvvkgi7wifvvwk(Lgil)>L%w
Ry = (V0 (v Vagi) 0V 9:)
S = (wiVu g5, @iV (v Vagi))

z,v

Recalling that va; . = —/vak, we then write
R + 81 = (Lot V3, @iV,00) = Vi (0IV0,9))
< lwiLg N1z, (Ilwr ' Vi, @I Vag0)llzz,, + o7 Vay (07 Vi) 122, ) -
Observe that
w; Vo W2V, 05) = Vi, (wiVa, 61) + [wis Vo Ve gi + wi[Vay, Vo, s
so that using Lemma 4.10, we get

lwi Vo, (Wi V9022, S wiVagillL2qat.)- (4.71)

Writing w; Lg;- = w;L1gi- + w;Log;- and using the explicit formula (4.51) of L, together
with the bound of Lemma 4.14 for L5, we obtain

lwiLgi ez, S llwigi lzzmz.). (4.72)
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3. Estimates on the linearized problem

Together with (4.68), we hence get

R} + Sj| < CHM‘QML%(HE,*)

Vagill L2 mz)-

For the remainder terms, we observe that using Lemma 4.10 and the fact that the transport
operator is skew-adjoint,

R; + S% = szgxkng%gv + <Wiv ) viﬂ(%vkgi% Wi?xkg»y

+ (WiVugsswiv - Va(Va,9)) ,, = loiVagillis

Gathering previous estimates we obtain

C ~ __
Vol Vaf) , < S5l Vells — ZIIVe (4.73)

ai ¥

for some constant C' > 0.

Step 5. We deal in this step with the derivative in time of the term (K|[|(v)2V,f|% +
IV fI%). We first compute, using that the transport operator is skew-adjoint,

13 d y )
LSV = 53 5 o) Vil

=0

(wil©)20s, (Lgs), wi(v)2 D)

€ ac,v

Since 9, commutes with L, we can argue as for the term J{ in Step 3.1 above to obtain
X X e
(wi(0)2 0y, (Lgi), wil0)2 i) |, < —llwi(0)F VagilFa s ) + CllenVagil 72

for some constants x, C' > 0, therefore

K

, C
<~ S I VLSI, + 474

S Slwiv

Using that the transport operator is skew-adjoint and commutes with /szk Wwe now com-
pute

13.d, =
v Vil
LIV = 22 gillnVasillz,
3 1 ~ N 3 1 ]
= ;)872 <Wivxk(Lgi)awivzkgi>L%,U = ggN .
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

We then write

Nt = <L(Wivxkgi)7wivwkgi>L%v + <[Wia Ll]vxkghwivvkg»%’v
+ <Wz' [fv/xk, Ll]gi7 wigmkg»%v + <[Wz'7 L2]fv/xkgz’ wz§zkgl>ll% ,

+ (wi[Vay, Lolgs, iV i)
=: Nj + Nj + Ni+ N} + N:.

Thanks to the spectral gap estimate (4.43), one has

N < 2””“@ a,9i — (Wifvv:vkgﬁnig(m}’*)
< -2k ||wz‘ zYi ||L%(H%7*)+C||wivxkgi”%gyva

for some constants x, C' > 0. From Lemma 4.11, we get

N2Z == <[wi7 vvz]vmkgia vv4<wiv$k9i)>L2 - <[wi7%/:4]/vv$kgi7%/ze (wi/vvzkgi)>[]2

— < [[wi, gié]afﬁvz} %Jxkg“ wi’v“xkgi>L2 ’

T,v

Nj = = Vau Vadlgio Ve @i Var9)) 1, = (Vs V3o V3, @0V a9))
< [[vmm Vs ] /VVW} gi7wi/vvzkgi>[/%
Arguing in a similar way as in Step 3.2 above (for the term I, and I},), it follows
N3l + 1N < 6wV, gill 22 .+ Cllwi (o) Vagill 22 -
For the terms N} and N¢, Lemma 4.14 yields
N} + [NE| < CllwiVagill 7z -

Gathering previous estimates, we obtain

1d

4.75
2dt *73)

C
—IVefll% < - IIV o + 1)

Finally, we observe that ||(v)7*'V,f||% < [[(v)2V.f|ls and thus, gathering (4.74)
and (4.75) and taking K > 0 large enough, we obtain

S (Kl

for some constants ko, C' > 0.

Ko 1= C =
%) S SVl + SIVaFI @79

172



3. Estimates on the linearized problem

Step 6. Conclusion. Gathering (4.66)—(4.70)—(4.73)—(4.76), we thus obtain

d K
G20 < =l fI5 — 1

m %+ on (K@) T + IV 1)
K C C =~
ot (=SP4 + S 1B + S 1l Vs 2 )

I C _ 1 -
+ 2006t (Vof. Vaf) . + st (S NIV flos = <19 1)

2
Z

Ro = C =
+ase®t® (2T 1B + LIV )

+ 3032 (V. Iy + KIw) 3V

Observe that

K[[@) 2 %+ IV 1% S I

and N —
IVafll% + K () 2 Vol S IVafIl%

and also that, thanks to Young’s inequality, there holds

atC = Q2 91 112 of 1 102
N VoAl < RNV + OS2 11
athC' Q3k9

2
1 = 3 12 az b
Vel < ROV + O S,

—_— —_— a P
2056t (Vo f, va>% < ftQHsz 2+ Cane?||f1%.

We therefore deduce that, for any ¢ € [0, 1], there holds

d 1
a%@(tf) < = (ko — Caa) || fII3, — 2

t ol a ~
(avmr = ) 1, - (5 - Coa) 1911 47D

04% 112
'fo—cal—cg2 ILf 1%

c2

Olgligtg

V.

2
-

We now choose a; = 7, ap = n%, and a3 = n%, with € (0, 1) small enough such that
each quantity appearing inside the parentheses in above inequality is positive. We hence
obtain that £% (¢, f) < 0 for any ¢ € [0, 1], which concludes the proof as explained in
Step 1. [
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

4 Cauchy theory and regularization estimates for the non-
linear problem

In this section, we provide a Cauchy theory for (4.7) for small initial data as well as
some new regularization estimates for this equation. Notice that our proofs are based on
the results developed in Subsection 3.1. It is actually crucial to be able to avoid the use
of Duhamel formula to obtain nice estimates on the nonlinear problem because of the
singularity in ¢ that is in front of the nonlinear term in (4.7). Our strategy is to perform
direct energy estimates with the norm ||| - ||| o~ introduced in Subsection 3.1 (see (4.166)
and (4.57) for the precise definition) and exploit the facts that I'(f, g) = (I'(f, g))* and

<F<fa g)a h>L§’U - <F(f, g), hJ'>L%’U so that
(T(f,9), 1)1, = (D(F.9).07),,

T,v

and thus

(L(f,9), h) o = i6< B-0GHVIT(f,g), (0) DG Vi)
=0
3

+Z< (f,9),V: hﬁ%,

=

2
Lz,v

s

where we recall that 6 € (0,1) is a small enough constant chosen in Proposition 4.17.
Notice also that we used the particular form of || - |||z , defined in (4.166) and the fact
that 7I'(f, g) = 0. Rearranging terms, we then deduce

(V90 k) =0 (T(Lg)s b ), + 3 (VET(f9), Vi)

(4.78)
+(1—6) (Vi(f,9), V3n'")

2
Lz,v

4.1 Bilinear estimates for the Landau operator

In this part, we start by establishing some new and sharp nonlinear estimates on the Lan-
dau collision operator, we recall that the matrix B(v) is defined in (4.38) and that the
spaces 2, %, % and %]’ are respectively defined in (4.19), (4.20), (4.44) and (4.47).

We start by establishing some convolution estimates for the coefficients a;; and b;:

Lemma 4.20. For any suitable function f = f(v), vector fields G = G(v), H = H(v)
and ( € {1,2,3} there holds, for any v € R3:

[(ai; * )GiH;|(v) < [[{v)" fllz2 [B(v)G(v)|[B(v)H(v)] (4.79)
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4. Cauchy theory and regularization estimates for the nonlinear problem

[(Bupai; % [)GiHj|(v) S 1{0)* ]l 22/B(v) G (v)[|B(v) H (v)] (4.80)
|(Du,bs * £)Gil(v) S 1) fllra (0)2[B0)G)| if 0<v<1 (4.81)

(Do i F)Gil(0) S (1) Fllarz (o)™ + W) fllzz) ()2 B)G)| if —2<v<0.
(4.82)

Proof. We split the proof into three steps.

Step 1. Proof of (4.79). We only prove the estimate for |v| > 1, the case |v| < 1 being
trivial. Recalling that P, denotes the projection onto v, we decompose

Gi = (P)i(G) + (Id — P,)i(G) = v (G : ”) +(1d - P)i(G)

[ol?

and
)

H; = (P,)i(H) + (Id — P,)i(H) = v; (H : W) + (Id — P,);(H).

We thus obtain

[ol?

(a5 % £) ()G () Hy (0) = (ay * (o), (G(v) - H) (H(v) - )

v

+(ay* ), (G(v) - H) (14— ), (H(v))

4 (ay * )y — P (G () (H(v) - H)
£ (ay % ) (I P)(G)(1d = P, (H()).

Using Lemma 4.12, we estimate each term of the previous splitting. First,

(i * F)(0)vw; (G(v) - @]2) (H(v) - |vU!2>
S ) fll2 (0) 2 |G (v) [(v) 2| H(v)).

Then,

(a5 % 1) (0 (G(v) - ||> (10— P),(H(v))
< 1) Flia )16 ) ) (1d = P)H ()]

and

(as; * F)(©)v;(1d = P,)(G(v)) (H(v) : H)
S (1) Fll2 ()3 (1d = P)G ()| (v)3 | H(v)].
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

Finally,
(@i f)(v)(Ad = B,)i(G(v))(Id = F,);(H (v))]
S o) Fllzz (0)F (1 = P)G ()| (v) 2H(1d — P)H (v)].
We conclude the proof of (4.79) by gathering previous estimates and recalling that
B(0)G(v)] S (0)F|R,G ()| + (0)7|(ld = R,)G(v)] < [B(v)G(v)].

Step 2. Proof of (4.80). The proof of (4.80) is similar to the one of (4.79) by using
the bounds on (0,,a;; * f), (Op,ai; * f)vi, (Op,ai; * f)v; and (Oy,a;; * f)v;v; given by
Lemma 4.12. We thus skip it.

Step 3. Proof of (4.81) and (4.82). Again, we only prove the estimate for |v| > 1. Recall
that |0,,b;| < |v|7. If 0 < 7 < 1, then using Lemma 4.12, we have

|(uebi # F)(@)Gi ()] S [1(0)* Fll22 (v) |G (w)].

If —2 < v < 0, we use the above decomposition of GG to write

(Ousbi* F)()Ca(v) = (Dugby * (o), (G(v) - ”2) (b x )1 — P (G)).

0|
Remarking that (0,,b; x f) = (b; * 0,,f), we also observe that
(i * Oy, ) (0)vi = (Ou; 045 % Do, f) (V) s
= (aij * Uiavjavef) <U>
= (bi * (V00 f)) (V) = (@i * Oy, f) (),

from which we obtain

(bi s Oy, f) (0)vi = (bi * Oy, [vi f1) (V) = (b * (Du,0:) ) (0) = (@i * Ou, ) (v)
= (Ou,bi * [vi f])(0) = (be % f)(v) = (Dupii * [)(v)-

From Lemma 4.12 and using classical Sobolev embeddings, we have

[(Du,bi % )(©)] < W) 1) fllzs S (o) lI(v)*f]

Therefore, using once more Lemma 4.12, we obtain

[@u,bi * F) (vl S ()1 (0)* Ly + () [0} s

1.
Hv

Hence,
(Db * [)(v)Gi(v)]
S0 Fllay <<v>7|(1d — P,)G(v)[ + <v>”‘llG(v>l> + [ (0) fllz (0) |G ()],

which concludes the proof. [
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4. Cauchy theory and regularization estimates for the nonlinear problem

We shall now establish bilinear estimates for the nonlinear operator I' in Propositions 4.21,
4.22,4.23 and 4.24 below. Recall from (4.35) that

I'(g1,92) = T1(91,92) + T2(91, 92) + T's(91, 92) + Talg1, 92) + T'5(91, 92)

with
Ti(g1,92) = Oy, { (a5 % [VMg1]) Doy 90} (4.83)
Ta(g1,92) = =0, { (b x [VMa1]) g2} (4.84)
Ts(g1, 92) = — (ai; % [VMgi]) vid, g2, (4.85)
1(91,92) jl( « [VMg]) vivsgo. (4.86)
Ts(91. 92) = (au « [V M) g». (4.87)

Proposition 4.21. Let g1, go and g3 be smooth enough functions. For any o € R, there
holds

()T (91, 92), 93) o < Nlgall 2 1(0) " 92124 || g3l - (4.88)

As a consequence, one has by duality

HF(91792)

2 S ol 2l g2l - (4.89)
Proof of Proposition 4.21. We shall first prove that for any o € R, there holds

1 «a
()T (g1, 92), 93) 2 S M3 g1l 2 [l ()92l 11

v, %

93l (4.90)

Once this estimate is established, we shall prove (4.88) in the final step of the proof
by integrating it in = and using Sobolev embeddings. Estimate (4.89) is then a direct
consequence of (4.88). We thus write T'(g1,92) = T'1(g1,92) + -+ + I's(g1,92) as in
(4.83)—(4.87), and we estimate each term separately in the sequel.

Step 1. We write, from (4.83) and making an integration by parts,
() T'1(g1, 92), 93>L2 = - <(aij * [V Mgl]) &Jjgza avi(<v>o‘g3)>L2

=~ (o * [VMa1]) 00,92, (0)*0ugs)) |, — (i % VD)) Doy 92: (80, (0))gs)
=. Il + IQ‘

For the term I, we use Lemma 4.20, which yields

L < ||Mig

2 <<U>a|ﬂv/v92|7 |,€UQS|>L%

1 oS =
S Mgyl 2 ][{0)*Vugal 22 [V ogsll 2

177



Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

In a similar way, thanks to Lemma 4.20 and using that |V, (v)?| < (v)2~1%2 we obtain
1 y_ p—
L S IIM3g ez ((0)2 7 (0)*Vogal, lgsl)

1 P ¥
S M3 gy 2] () Vogall 2 || (0) 2~ gs|

L2-
We therefore obtain

1 =
() T1(g1,92), 93) 12 S [IM g1 22[[(v)* Vg2

2 2llgsll a1, - 4.91)

Step 2. Starting from (4.84) and making an integration by parts, we get
(0)°Ta(91,92), 95) 1z = { (b % VM 1] 92,00 ((0)°90)),
= (b [VMa1]) g2, <v>°“0vigs>L2 + ( (b % [VMg1]) g2, (9, <v>o‘)93>L2
=:11; + IL,. U U
For the term 11, we use Lemma 4.12 to obtain
I S 1135 g g (o) () gal. [Vogal ),

1
SIMAg 2 [1(0)* (0) 2 gall 2 [1(0) 2 Vg5 | 2.

In a similar fashion, Lemma 4.12 yields
1 o
My S Mgz (o) @) gal, lgsl)

1 o)\ a_
S M3 gy 2l (0)* ()2 gl 21 (v) 2~ gl 2

We thus get

((0)°T2(91,92), 982 S 1M 31l [1(0)* ()2 gl 2 N gall .. (4.92)

Step 3. All the remainder terms associated to I's, I'y and I'5 can be estimated directly
thanks to Lemma 4.12 or Lemma 4.20 and Cauchy-Schwarz inequality. Indeed we first
have, using Lemma 4.20 and |B(v)v| < (v)2+,

((0)*T3(g1, 92), 93>Lg == <<aij * [mgl]) 0;0y, 92, <U>ag3>L%
S IME gl (@) ()3 Vagal sl ) (4.93)
S M g 221 (0)* Vgl 22 [ (0) 3 g5l 2.
In a similar way, we also get
«wﬁumggyag=i<@ww¢ﬂmewwxwwaﬁ
S IMEgilliz (20092l gs) (4:54)
< M gl [ () (0)E gl 2 | (0) 3 g -
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4. Cauchy theory and regularization estimates for the nonlinear problem

Finally, now using Lemma 4.12, we obtain

1
<<U>04F5(91792),93>L% = _5 <<,U>a (aii * [\/Mgl]) 92’93>L%
Sl (0" 0l ) 45

1 a2 Bt
S Mgyl (0)* ()7 gl 21 (v) 2 sl 2.

We thus conclude the proof of (4.90) by gathering estimates (4.91)—(4.92)—(4.93)—(4.94)—
(4.95) and observing that

e avy o 1 o
1{0)*galli . < W) Vugallzz + [(0)*(0)2  g2ll72 S [(v)*g2ll2 -

Step 4. Proof of (4.88). Recalling the definition of (-, -) ,- in (4.19), we have
3
((0)"T(91,92): 98} = D_ {(0)* (@) VEIVIT (g1, 2), (0)EVige)
i=0 &
= T0+T1 +T2—|—T3

Thanks to (4.90) and the fact that || - || < [ - || 52, we get

1 «@ > 2
Ty 5 [ Il () E gall ) E sy

1 N 3
SIME g2z [[(0)* @) E D gl 2 gy

S llgullz 1(v)* g2ll24 l| gl 21 -

J
<U>3( 2 +1)g3 HL%(H%,*)

Using that 0,, (g1, g2) = I'(0x, 91, g2) + I' (g1, Ox, g2), Holder inequality and the fact that
from classical Sobolev embeddings, || - |[zs + || - [|z3 S || - | a2, estimate (4.90) yields

TS [ 1MV 0230 0) gl I 0)*F Vg s da

1 2 ey
- /n 107 g 22 1| (0)*E 0 (0) Voo |y
1 2z a
S M3V ogl a1 (0) =0 (0) gl 111 . Vaogsllzz ()

1 ¥ o 3
+ M3y [|2 211 (0)* = (0) Vgl 2 ) | (0) 22 Vagsll 2
S gl 2 M1{v)“ g2l | g3l 24 -

(0)?@ Vg3 da

<,U>2(%+1)

2
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

Moreover, for the term 75, similarly, we have

1 X 1 ol
5 [, (Il 0l + 1MVl )50l

1 3 a 1

+ (| M gy g2l (0) 3+ () viman,*)||<v>¥“vigg||ﬂg,* dz

L o> a
S <||M4vigl||L§L%||<U>;+1<U> 92||H§(Hg,*)

1 e e

+ MV a2 (0 30V ol s
1 e a e

+ | Mgy || w2z ]| (0) 2+ (0) VngHLz(Hs,J) 1) Vigsllzz s

S llgall 2 [{0)* g2l 24 | g3l 24 -

Finally, for the term 73, we have

1 1
T3 5 /Ts <||M4V§91||Lg||<v>"92||Hg,* HIM Vi 2 1 (0)* Vagall sy

Hl dl’

v, %

1 a 1 a
+ IM Vg1 || 2 [[(0) V2 gal Lz, + 1M gy ]| 2] () V§92||H},,*> V3 g5
l o l «
S (HM“VingLmWW gollmze ) + IMIVEg1 a2 [1(0) VY agall i )

1 (0% 1 [e%
HIMEVogll a2zl () Vagell raay ) + 1 M5 gall 22l (v) Vigzlng(H,g,*)> IV2gsllez iy )

S lgallz [1{0)* gallon llgsllas

which concludes the proof of (4.88).

Step 5. Proof of (4.89). The result is immediate using the definition of the norm of %/
given in (4.47) and (4.88). [

Proposition 4.22. Let g1, g2 be smooth enough functions and G5 a smooth enough vector
field, then

(VuPl01,92),Ga) , S (loal el + nllnloell o )| Galor (496

Proof of Proposition 4.22. We shall only prove that for any a € R, there holds

<<v>afvvvr(91,92>vG3>L%

(4.97)
1 o 1 a
S (IME gzl 0)*gallaz, + 1M 3 g1l l1(0)gal22) |Gl ...
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4. Cauchy theory and regularization estimates for the nonlinear problem

from which we obtain the desired result by integrating in = and arguing as in Step 4 of
the proof of Proposition 4.21. We thus write I'(g1, 92) = I'1(g1,92) + - -+ + T's(g1, 92) as
in (4.83)—(4.87), and we estimate each term separately in the sequel. We shall use during
the proof the following equivalence:

(o) g2llmz. S 1(0)* (W) gallzz + () (0) 3" Vol 2
+ [{0)* Vo (Vugs)|

L2 S [{v)* 92||H5,*-

Step 1. Term associated to T'y. Writing ,Vvvk = Bj0,, and observing that [,Vvvk, Oy;] =
—(0y, Bie)0,,, we first get that for any k € {1, 2, 3},

Av/vkrl(gla 92) {(aw [\/_91]) ( vk92)} + avi {’Vvvk (aij * [\/Mng aujgz}
O, { (i3 % [VM1]) (D, Bie)Du92 } — (90, Bre)Du, { (aiy + [VMg1]) Dy, 90 )

whence -
<<U>avvkr1(91, 92), G3,k>L2 =0 + I+ 13+ 1

where (s ;, denotes the k-th component of Gs.

For the term I, we first make an integration by parts, then we use Lemma 4.20 and the
fact that |V, (v)*| < (v)2~!(v)* together with Cauchy-Schwarz inequality to obtain

11=—<<> (aw [\/_91]) ( kaZ) 8v1G3k>
= ((ayy * [VMag]) 0, (V vkgg>a<>,G3,k>Lg

S Iz ({0 R Fuugall. G, + (050 R Pl G,
< Il 0 T (o) 12 (u’leguLg n ||<v>¥1G3HLg).
We argue in a similar fashion for the term I,. We first make an integration by parts

and write that /vauk (a,-j * [V Mgl]) = By (&,Eaij * [V/ Mg1]>, then we use Lemma 4.20
together with | Bys| < (v)2*!, thus we obtain

ILh=- <<U>aBkg (81,[&1‘]‘ * [\/Mgl]) angQy av,-G3,k>L2
— <Bkz (awaij * [\/Mgﬂ) angzaui@)a? G3’k>L2
S Il (10)°10) 0ol 90l + (0000 Fageh Gl )
S IMT g1z 1) (0) 7V gl 1z ("'Vvaz\!L% * H<“>“G3”L3>‘
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

X
2

For the term I3, arguing similarly as above using also that |V, Bg,| < (v)3+1(v)2, we get

13:<< ) (aw [\/_91]) (8UjBke)awgz,aviG3,k>L%
+ ((as * [VMg1]) (D0, Bue)Duygoe, (0)°, G,

S Il (0010050 9l .Gl
{0 0 9.l o),
S Il 01" ()3 Tt 19l + 0003l )

We treat the term I, in the same way, first performing an integration by parts and using
also that |9,,0,, Bie| < (v)2 " and (v)2|V,Gs| < |V,Gsl, it gives us

Iy = <<’U>a (a'ij * [\/Mgl]) 8vj92(8vinf)7 aveG37k>L%
(e * [VM1]) 02,92(0, Bre) 0o, (v)*, Gae)
+ ((0)° (ai * [VMar]) 90,92, (00,00, Bre) G

S Iz ({10007 0 Dl 9,6l + (01" 03720 s 6l )
S Il 01" ()3 Fogal 190l + 0003 Gl )

Finally, gathering previous estimates, we get

<<U>Q/VVUF1(917Q2)7G3>L2 S ||M491

2|l {v)* 92 llmz | G3ll a2, - (4.98)

Step 2. Term associated to I'y. We write gvk = Bj0,, so that [%vk, Oy;] = —(0u; Bie) O,
thus we get, for any k € {1, 2,3},

ﬁjkfz = —ﬁj,ﬁ ) {(b * [\/Mgﬂ) 92}
= —0, {(b * [\/_ng vk92} O, { vk (b * [\/_91]) 92}
(aleké) vy {(b * \/_gl )92}

whence -
((0)*V,Ta(g1, 02), Gax) =TIy + g + I,
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4. Cauchy theory and regularization estimates for the nonlinear problem

For the term II;, we make an integrating by parts and then use Lemma 4.12 together with
(v)2|V,Gs| < |V,Gs|, which yields

I = (()* (b % [VMa1]) Vi, 92,0,,Gs, k>L (0% [VMa1)) $vk92avi<v>aaG3,k>L%
S Iz ({00 0 el 196l + (0 Rl Gl

< 1M gall e 0)° () 1T g (H’lezuLg ; H<v>31G3||Lg).

For the term I, we first make an integration by parts using that %vk (bi * [V M gﬂ) =
Bt (Ou,bi + [VMgi]), which yields
I, = <<U>QBM (&J% * [V Mgﬂ) 92, aviG3,k>L2
+ <Bk€ (awbi * [v Mgl]) G20y, (V) GS,k>L2 .

We now split into two cases according to the estimates of Lemma 4.20: If 0 < v < 1,
: EV4 a I-1+a
using that |V, (v)%| < (v)2 we get

1 % 1083l (100007 03 el (9,6l + (0030l G,
S Izl 01" () el (I Gall + 16} F "Gl ),

and if —2 < v < 0 we get, using also that (v)? < 1,

Iy S [ Mgz <<v>a<v>%+1<v> 921, VoGl )
)*(0)

1 v

1025 ({0 0)F (0l 9, Gl

+ Mg |z ()2 (0)F ”+a\92|,|G3|>L%

+ M3 gy ()3 (0)F )2l (Gl

S 1M gl gl (0) )+ g2l g (IVoCllag + 1)~ Gl 3)
+ 105 gu g 1) gellzz (V0 Gsllzg + () Galzz)

We deal with the term II3 by first making an integration by parts and then using Lemma 4.12
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

together with |0, Bye| < (v)% and |0,,0,, Bie| < ()27, which yields
s = — ((v)* (bi [V Mgi]
- <(bz *[v 91]> 92(0 2

) Oy, Bre), 5WG3 k>
- <<U>a (bz * [\/_91]) 92(00,00,Be), G5 k>

2( 2
Bip) 0y, (0)%, G
(

L2
1 a ol a ¥_
S Il (10010 el (). 192Gl + 00" el ()3 ),
SIMEgillzzll(0)* (0) g2l 22 (H’VVUGsHLz + H<v>zleHLz>-
Finally, gathering previous estimates, we get

<<v>“§vfz(gl,gz),G3>L2 S 1M gz (o) 9ol 2. |Gl

+ 1M 5 g1 |3 1) gl 2 [1Gs L .-

(4.99)

Step 3. Term associated to I'3. We write /Vvvk = B0, so that [/Vvvk, Op;] = — (0w, Bre) O,
thus we get, for any k € {1, 2, 3},

fvvukr3(917g2) = —;ﬂvv {(aij * [\/Mgﬂ) v;0, -92}

<aw [\/_91]) Vg v( UkQQ) _; (aw [\/_91]) Uzav]92
D) (azg [\/_ng (Vvkvz‘)aung + ; (aij * [mgl]) Ui(av]-Bké)aw.QQ

whence -
((0)*¥,,Ds(g1. 92), G ) = 111, + Iy + 115 + 111,

We now bound each term separately using Lemma 4.20. For the term III;, using that
IB(v)v| < (v)2+, we first obtain,

1
ML = —2 () (@i * VM) vidy, (Vi 92), G ),
SIM gz () (0) 3V o(Vag2)l. [Gail)
S 1M g 221 (0) Vo (Vugo) 221l (0) 2 Gl 2.

Using also that | Bye| < (v)2*!, we then get

—_

I, = —3 <<U>aBké (@;eai]’ * [V Mgl]) 00y, Go, G37k>L2
1 o A1 =
S IMagy|z () )2 (0) 5 [Vogal, \G3\>L2
S NIM 3 g2 [[(0) (0) 3V o ga 2 | (0) EH G 2.
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4. Cauchy theory and regularization estimates for the nonlinear problem

Since ’Vvvk v; = By,;, we obtain
1 «
I3 = 5 <<U> (aij * [V Mgﬂ) Bkiang2> GS,k>L%

S M3 gl <<U>a<v>7+2|vvgz|7 !G3!>L2

S Mg 2]l () () 3TV oga | 2]l (v) 2 Gl 2.
Using now that |§UBM| < (v)%“@)% and <v)% Vega| < lgvggl, we thus get

1
L = 5 (o) (ai; * [VMai]) 00y, Buudo, g2, Gar)
S MAg| e <<U>a<v>%+1<v>%+1<v>%!vazla |G3|>L2

1 N = y
SNIM gl [[(0)* (0) 2 Vouga | 21 (v) 2+ G 2.

L3
Finally, gathering previous estimates, we get

<<v)a’VVUF3(g1, 92), G3>L2 < |Mig|

2[l(0)* g2l 2 NGl ez .- (4.100)

Step 4. Term associated to T'y. Writing ’Vvvk = Bj0,, and observing that [,Vvvk, Oy;] =
—(0y, Bre)0,, we first get, for any k € {1,2, 3},

ﬁkm = igvk {(aij * [\/Mgl]) UinQQ}

1 = 1=

=1 ( ij * [V Mgﬂ) 00; Vo, g2 + Zvvk (aij * [v Mgl]) ViV g2
1 .

+3 (aij * [VMg1]) Vi (v10) g0

whence N
(()°V,,Da(g1, 92), G ) = IV1 + 1V, + IV,

We now bound each term separately using Lemma 4.12. For the term IV, we first obtain
1 —

IV1 = 1 <<U>a (ai]’ * [\/ Mgl]) Ui’l}jvvkgg, Gg,k>

S IM 5 gz ((0)* ()| Vool [Ganl)

1 N z
S NIM gl [ (0)*(0) 2 Vgl 2| (0) 2+ G 3.

L3

For the term IV, we also use that | By,| < (v)2 7! to obtain
1 (0%
IVy = 1 <<U> By (avgaij Y Mgl]) ViV g2, GS,k>L%
SIM gz (@) ()3 (0)|gs], |Gl
S IM g2l (o) (@) gl 12 || () 2 G| 2.
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

For the last term IV, we write ’Vvvk (viv;) = v; Byj + v; By, and thus we get

1
V3 = 1 << e (a” [v 91]) [v; Br; + v; Bii] g2, GS,k:>L%
S IMAgllzz ((0)* (@) (0)2 | gal, Gal)
S gu 2 o) ()2 gol 2| (0) 3+ G 2.

Finally, gathering previous estimates we get

()" VuTa(91,92). Gs) , < 1M 3|z | (0) g2,

Gsllm1,- (4.101)

Step 5. Term associated to I's. We write V,,, = B0, s0 that [V, , 8, ] = —(8y, Bie) 8y,
thus we get, for any k € {1, 2,3},

Vo Ls(g1,95) = — ;N { (@i [VMg1]) g2}

= e V) W 190 (a0 V)

whence N
<<U>avvk1—‘5(gl7 92), GS,k>L2 =Vi+ Vo

We now bound each term separately using Lemma 4.12. For the term V, we get

Vi = —; << ) (sz [\/_91]> kaZaG3k>
S IMEgiz ((0)°(0) 72|V g, |Ga,k\>L%
S IME g 3]l (0) (@) 3 Vagallz 1 (0) 2T Gl 12,
and, for the term V, we use | Bye| < (v)2*! to deduce

VQ = —; <<U>aBkZ (81)50/1'1' * [mgl}) g2, G3,k>L%

S Mgz (0)* ()7 (0) 7 al, |Gal)

< 1M ga |2 [ (o) () g 12 | (0) T G| 2.

Finally, gathering previous estimates we get

((@0°9.T5(91,02), Ga) ., S 1Ml l60) 02l

Gslluz,- (4.102)

Step 6. Proof of (4.97). We gather estimates (4.98)—(4.99)—(4.100)—(4.101)—(4.102). [
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4. Cauchy theory and regularization estimates for the nonlinear problem

Proposition 4.23. Let g1, g2 be smooth enough functions and G5 a smooth enough vector
field, then

<$$F<g1, g2)7 G3>%

— _ (4.103)
S (lgill 2 1 Vagelles + IVagill 2 llg2llos + llgall llg2llss ) Gsllas.

Proof of Proposition 4.23. We shall first prove that for any « € R, there holds

<<U)Q’VVIF(91, 92), G3>L%

< (M7 g1l 10)* Vagallay, + M3V agu 22 l1(0) (0) 3 gall iy ) G-
(4.104)
We thus write I'(g1,92) = ['1(g1,92) + -+ + I'5(g1,92) as in (4.83)—(4.87), and we es-
timate each term separately in the sequel. The desired result (4.103) is then obtained by
integrating in z, the proof is given in Step 7 because it differs from Step 4 of the proof of
Proposition 4.21.

Step 1. Term associated to 1';. Writing ,vak = By0,,, observing that [/vak,&,i] =
—(0Oy; Bie) Oz, and using that V, (aij * [\/Mgl]) = By (aij * [\/ﬁaxegl]), we first get
that for any k € {1,2,3},
’Vkafl(gl, 92) {(a'z_] [\/_91]) ( szQ)} + avi {Bke (aij * [\/Maxegl]) angz}
— O, {(aij * [\/_ng (avj BM)&J:ZQQ} - (&;iBM) (aij * [\/M&wgﬂ) avj92
— (00 Bre) (aiy % [VM1]) 9y, (D2,95).

whence -
<<U>avxkrl(91, 92), G3,k>L2 =L +L+L+1L+1s

We can then estimate each term separately using Lemma 4.20 and arguing similarly as in
Step 1 of the proof of Proposition 4.22, which we brief explain below.

For the term I;, we make an integration by parts and use the fact that |V, (v)?| <
(v) 2~ (v)* to obtain

L= = ()" (ay * [VMa]) 0.,(Va,92).00,Cax)
= (0 * VMg]) 01, (Vo 92000 (0)° . Gii)

< ||Mi91||L3||<U>Q/Vvv(/vvx92)||Lg (Hvaz&HL% + [[(0) 2 TGy

)
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

In a similar way, for the term I, we make an integration by parts and use that |Bys| <
(v)2*+1, which yields

I, =— <<U>aBkg (CL,']‘ * I:\/Ma$[g1]) ang% aviG37k>L%
— <<’U>aBkg (CL” [\/_8r¢gl]> 113928111< > ,G3,k>L%

< MV g 2 00 (0} 3 T gl 1 (WUGSHLg . H<v>%“G3HLg).

For the term I5, arguing as above and using also that |V, Bg,| < (v)371(0) 2, we get
Iy = <<U>a (aij *[v Mgl]) (Ov; Bre) O, 92, aviGS,k>L2
+ ((as; % [VMau]) (D, Bre) Oz, 9205, (0)*, Gs )

< M gl | (0 () 3 Vg (ngrug ; \|<v>¥“Gs||Lg).

For the term I, we use that |V, By| < (v)7* to get
I = — ((0)* (aij % [VM,,01]) (90, Bre) 0oy 9, G,
S IMAV.g 22 [[(0) () Vogall 2]l () 2 7 G 2.

Performing an integration by parts in the term I5, we first obtain
<<U> (% [\/Mgl]) (Ov, Bre) 0v; (02, 92), G3,k>L%
<<v>“ (a1 * [VM91]) (00 Bie)9r,92,0,, G,
+ <<U (% \/_ng (Ou; O, Br) 0z, 92, G3,k>L%
+ (i # [VM@1]) (90 Bue) 92, 92)0,, (0)° G,
+ <<U>a <b * [\/_91]) (Ov, Bre) 0z, 92, G3,k>L% .

~
31

Using Lemmas 4.12 and 4.20 together with |9,, Bye| < (v)% and [9,,0,, Bre| S (v)271,
we hence obtain

I S | Mgy s <<v>a<v>v+l|vzgg||v Gsl),,
+ Mgy <<v>a<v 2(0)3 1|vxg2||ag|>
+ [ Mgy 1z { v)
((v)(

+ ||M491||L2

)T ) Vagel Gal)
(o) |vmgg||ag|>

v

v
L3

< ||M%gluLgH<v>a<v>%+l’v1gz|ug (H’vi,aguLg ; H<v>3“03nLg).
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4. Cauchy theory and regularization estimates for the nonlinear problem

Finally, gathering previous estimates, we get

<<U>a/€mr1(g1, 92), G3>L%
1 e 1
S (||M491||L5||<U> Vegollms, + | M3Veg1]

(0)* ()2 Vogall12) 1 Gsll ..
(4.105)

13

Step 2. Term associated to T's. Similarly as for I'y, we have that for any k € {1,2, 3},

= —0,, {(bl * [\/M!h]) fv/xkg2} — O, {BM (bi * [\/Mﬁxegl]) 92}
+ (0, Bie) (bi # [VMg1)) Oz, g2 + (0, Be) (bi  [VMOs,01]) go.

We can then estimate each term separately using Lemma 4.20 and arguing as in Step 2 of
the proof of Proposition 4.22, which yields

<<v)a’VV;¢F2(91, 92), G3>L%

S (M5 g1l 2210} Vagallas . + M3 Vg a2 [(0) (@) g5l 2 ) |G .-
(4.106)

Step 3. Term associated to I's. As previously, we first get that for any k € {1, 2, 3},

karzz = _,v/xk {(aij * [\/Mgﬂ) UiavaQ}
= - (aij * [\/Mgﬂ) Uiav]- (€$k92> — By (aij * [\/Ma;wgl]) UiavaQ
+ (aij * [\/Mgl]) Ui(avau)axggz-

We can then estimate each term separately using Lemma 4.20 and arguing as in Step 3 of
the proof of Proposition 4.22, which yields

<<U>a§zr3(91> 92), G3>L2
S (IMEqll 2l (0)*Vagallmy, + M3 Vagy |22 () (0) 2!V, g5

22) 1Gsll ..
4.107)

Step 4. Term associated to T'y. As previously, we first get that for any k € {1, 2, 3},

?ka = 1$xk {(aij * [\/Mgl]) UinQQ}

4
1 —~ 1
=1 (aij * [V Mng 0;0;Vy, g2 + ZBM (aij * [V M@weng V;V;G2.
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

We can then estimate each term separately using Lemma 4.12 and arguing as in Step 4 of
the proof of Proposition 4.22, which yields

<<U>QAV/$F4(91; 92), G3>L%

1 OéN 1 (0%
S (M3 gl 2l () Vagally, + 1M3Vagy |22 (0)° (@) g2l 12) Gl ..
(4.108)

Step 5. Term associated to I's. As previously, we first get that for any k& € {1, 2, 3},

%/mkFS = _;%/xk {(@n’ * [\/Mgh]) 92}

We can then estimate each term separately using Lemma 4.12 and arguing as in Step 5 of
the proof of Proposition 4.22, which yields

<<v)a’vaF5(91, 92), G3>L%

< (M5 g1l 2210} Vagallas . + M7 Vg a2 [(0) (@) g5l 2 ) |G s,
(4.109)

Step 6. Proof of (4.104). We gather estimates (4.105)—(4.106)—(4.107)—(4.108)—(4.109).

Step 7. Proof of (4.103). We first write

— 3 . o4 .~ . Yy .
(VaT(91,92), Gs) , = > ((0)IEIVIV,T (g1, g0), (0)*IE IV Gy)

=0
= T0+T1—|—T2—|—T3

2
Lz,v

and recall that 0,,1'(¢1, 92) = I'(04,91, 92) + I'(1, Ox,92) and that V, and V., commute.
In the remainder of the proof, we shall use (4.104) as well as some classical Sobolev
embeddings as in Step 4 of the proof of Proposition 4.21 without no further mention.
We here point out that in estimate (4.104), it is important to keep ||(v)*(v)2* gy | 51
in our estimate instead of bounding this term by ||(v)®g2| 2, and also that to close our
estimate, we widely use that the weights in our functional spaces depend on the order of
the derivatives in x.

For T}, we have:

1 5 —
Ty < (”M‘lngHng”<U>3(g+1)vx92HL§(H1},*)
0l

1 ok ok ok
1MV g1 | 22| ()G D (o) z“gQHLg(Hg,g) [ E D Galliz gy,

S (gl 2 1V 2g2llas + Ngall 2 llg2llss ) 1Gsllas -
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4. Cauchy theory and regularization estimates for the nonlinear problem

For T}, we have:

S <HM}191HH%L%H<U>2(g+1)vx($m92)HL%(Hﬁ,*)
+ IV gl s [(0)2F IV oga (H1.) )H<U>2(3H)VIG3HL3(H;*)
" (HMivmglnHm||<v>2<¥+1>vm<<v>3+192>HL;<H5,*>

+ || M V21|l g || (0) 2@ ()2 Ygall ma s ) >||< REREAY +Gll 2 (a1

l9s ) 1Gslls.

< (lgull 2 V292l + llgn 2

For 75, we have:
1 ~ —
25 <||M491||H§L%||<U>;+1V§(ng2)||L%(H5,*)
1 ~ —~
MV og1 |z | (0) 7 Vo (Vag2) i .y

1 Y1 ol
+IMEV2g: | 212 ||<v>%+lvzgz||Hg<Hg,*>> )V Gsllz .

" (llMivxgl 2 [[(0) V2 ((0)E ) | 2 .y
+IMAV2 g prage || (0) 2TV, ((0) 3+

1 ok ok ok
+IMEVE g | a2 ||<v>%+1<v>%+lg2||Hg<Hg,*>> [) ¥V Gslliz s

92)HH§(H%7*)

S (91112 1Vagallas + llgrll 21192l ) Gl -

For T3, we have:

1
T < (||M491 N o) 2t + 1M Vaga 22 V2 (V) s
1 B
+ IMV2 91| 2231V (Vaga) 2.

. _
+ |M3Vig 2. ||Vm92||H§(H;*)> IV3Gsll 2 )

- (nMivmgluH;Lg||vi<<v>%+lg2>||Lg(H1 + | MEV21 2 V2 (0)E g2) s
+ | M3V 22 Vo (0) 2 go) |l iz
A gl 0 )nvingLg(Hg,*>
S (g1l 2 1V agellas + lgall - llgallas + IMFVigs |l 222 (0) 3 gall magars ) ) 1Gsllas
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

We conclude the proof by gathering previous estimates and observing that

1 bt =
IMEVegillzrz ]l (002 gall iz .y S IVegill oz llg2llas-

Proposition 4.24. For any smooth enough functions g, and g, there holds

|2

+ Hgl

1T (g1, 92) [l 2 < Ml gnll 2
Proof. We shall only prove that for any o € R, there holds

1 o 1 «
()T (g1, 92)ll 2 S IMFgall22l(0)*g2llmz, + 1M B gillmy [[(0)%g2llrz, (4110

from which we obtain the desired result by integrating in x and arguing as in Step 4 of the
proof of Proposition 4.21.

Starting from the formulation (4.35) of I'(g1, ¢2), we perform the 0,, derivative in the first
two terms, which gives

;au‘ + C} * [\/Mgl]> 92

1
['(g1,92) = (az’j * [V Mgl]) {aviaujgz - Uiaujgz + 41)in92} - ({
=:T1(g1, 92) + Talg1, 92) + Ts(91, 92) + Talg1, 92),
and we estimate each term separately in the sequel.

The terms I'5(g1, g2) and I's(g1, g2) can be easily estimated thanks to Lemma 4.20. In-
deed, we have

||<U>af‘2(g1792)||[/% — ||<U>a (CLZ] * [\/ Mgﬂ) Uiavj.QZHL%
SIMigillzll(0)* ()27 Vogallz S [ Mgy

1) g2l a2,

and also

~ 1
)" Ta(gn, 92z = 711 (0)* (i * [VDg]) viviga g
S IMigi |l (0} (0) 2 gall 2z S M7 gullz | (v)*all -

Moreover, we can easily estimate f4 (91, g2) thanks to Lemma 4.12. We have

1) (@i % [VMa]) gallzz S 1M 7 gu [l 0)*(0) "+ g5 2

1
S IMAg|el[(0)* g2l a2,

as well as, if v > 0,

[0 1 «
1) (e VM) gallzz S M7 gallz | (v)* (0) 2|2
S M3z [[(0)* g2l a2 .
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4. Cauchy theory and regularization estimates for the nonlinear problem

and, if —2 <y < 0,since || - [[za S| - ||, we have

1) (cx [VMa]) gallrs S 1M gyl | (0)*(0) ol 2

1
S AIME g, 1(0) g2l 2

We now prove (4.110) for fl(gl, g2). When |v| < 1, the result is straightforward using
Lemma 4.12. Consider now |v| > 1. We first write
v; v
angg | J| | Z| ve 92 + (Id Pv) vvg2

and
V; Vg

Ol = 1110l

&,kangg—i—(ld P)Vv(angg),
thus we obtain
V; U Vi Uy V; Vg
0.0y g5 = ——0,, | —+—0, ——0,, ((Id — P,);V,
= o ([ uss) + i on (00 R Fea

V5 Uy
[o] [v]

Thanks to a straightforward computation, we remark that

—HM—RM7< %W>HM—RﬂAM¢JMNMJ

am¢wv<ﬁﬁﬁw>

_ U v —(Id — P,); Vu(ang) + Oy, (ij> (1 _ UZU’“) By -

~[ol vl [0l o] ol vl

V; Uk V; Uy V; Vi [ Vp Up

R Y e By =2 (=-—9,0 .

o] To] 7 (rvuvr g) ol ol (\vuvr g g)
Therefore, we get

()T (g1, 92)(0) = (0)° (aw [VAg)) 2 (200,0,0)

ol [ol \ Jo] [v]

and

Oé

v; U
ai; + [V Mg)) ooy 2o l1d = P); Vo)

Y Y qq— p).
1 ) |U| |U| (Id P’U>ZV’U<87J£g2>

Mg
Uj (7 V; Uk
gl 1-— > av g2
o <HWO< vl o] )
Mgi]) (1d = P,);V, ((Id = P,);V.g)
= L+ L+ I3+ I, + Is.

) (@ * |

0)* (4

v)* (@i % [VMg)]
O‘(a”* \/_
O‘(aw* \/_
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

We can now estimate each of these terms using Lemma 4.12 and Lemma 4.20. We obtain
1 a 1 a
1 1llze < IM3 g1z [[{v)*(0) Vo Vugallrz S M7 a1]r2][(v)* g2l a2,

1]z S UM Egulles [(0)* ()™ Vo [(Id = Po)Vegollz S IIM3gulles [(0) g2l ..
1 o 1 o
1]z S M3 gulle [{0)* ()™ (1d = P)Vo(Vogo)llzz S 1M1 g1l 2 ll{0)* g2l 2.,
1allzz S NIM3gullez [(0)* (@) Vogallzz S 1M 3gullezll(v)golluz .,
and finally
1 o L a
1]z S UM Tgilles [[{0)* ()2 (1d=P,) Vo [(Id=P,)Vogalllzz S M 0ull22]l(v) g2l .-

We conclude the proof of (4.110) by gathering previous estimates. 0

4.2 Well-posedness for the Landau equation
In this section, we shall prove the well-posedness part of Theorem 4.1.

Proof of Theorem 4.1-(i). Let ¢g° be a solution to (4.7) associated to g, € 2 satisfy-
ing (4.21). Notice that it implies that g5, € (Ker A.)* and thus ¢°(¢) € (Ker A.)* for
all £ > 0 from the conservation laws (4.4). We shall use the norm ||| - ||| 2 (and the as-
sociated inner product ((-, -)) ,-) defined in (4.57) during the proof of Proposition 4.17, in
order to establish below an a priori estimate for g°.

Let o € (0, 09) be fixed and compute

;(;it = (Mg ) o + i (C(g%,9). 9N 5 -

For the linear part, estimate (4.54) in Proposition 4.17 already gives us

g g g () K g
(Aeg", 0% < =0lllg"ll% — #llg"Na — N(97) Il

For the nonlinear part, from (4.78), we get

(T(s".97). 97 o = 5 (T(o7, ). ()", +Z<v2 )Vl ) ),
+(1-9) <vir<g .9, Vi(g* >L>L2

x,v

Thanks to Proposition 4.21, we have

(e, 9. ()") . SN Nl gl l1(9°)
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and also

(V3L (o7 4°). V3(o)") (6°) Nl

Arguing as in Step 4 of the proof of Proposition 4.21, we also obtain

2 ~
Lz,v

2
S (ViT(e% ), Vilg)") . Sl llgllon () 1o
=0 v
In summary, and recalling that || - || - and ||| -

Lt ), < &

c “[las|1(9%) Nl @.111)

for some constant C' > 0.

Denoting e, : ¢t — €°" and g5 = e, g, we therefore obtain

1d
2dt

Thanks to Young’s inequality we write

gz ll% < —rllgzls, — ||( )15 + *IlgiH%HgiH%H(gi)l!l%-

o < Cllgs I

wll(g5)"

which then gives the following a priori estimate

AL

C () K g
gzl I3 + 51l (92 134,

K
5~ 5l (95) - (4.112)

1d
5 5llgE % < = (5 = Cligs 2

At least formally, from this differential inequality we easily obtain that if |||¢5, ||| 2~ is small
enough then ¢° satisfies the uniform in time estimate (4.22). The proof of existence and
uniqueness of a solution g° to (4.7) satisfying (4.22) for small data ||¢;, || 2~ < 7o follows
a standard iterative scheme that uses estimate (4.112) (see for example [26]). ]

4.3 Regularity for the Landau equation

In this part, we provide a result of regularization for the solutions to the nonlinear Landau
equation which is quantified in time, namely the regularization estimate of Theorem 4.1.
Notice here that if we only wanted to handle the case ¢ = 1, we could have used the
triple norm introduced in [56] (see [26] for the Landau equation) which is dissipative
for the whole linearized operator and equivalent to the usual one. Here, to handle the
e-dependencies, we have to use our hypocoercive norm defined in Proposition 4.17 and
separate carefully the behaviors of microscopic and macroscopic parts of the solution.
Some additional remainder terms coming from the fact that the transport operator and the
projector 7 onto the kernel of L (see (4.12)) do not commute have to be treated. The
computations are thus much more intricate.
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

Proof of Theorem 4.1-(ii). Let g° be a global solution to (4.7) associated to the initial
data g5, € 2 satisfying (4.21), with ||¢5,||2= < 710, provided by Theorem 4.1-(i). As
in the proof of Theorem 4.1-(1), we shall only obtain an a priori estimate implying the
desired regularization estimates.

We recall that the spaces % and Z7° are defined in (4.20)-(4.45) and we shall prove that
for any ¢ € (0, 1], one has

1 1
lgllsn S 7 lgall - and llg"@ll2; S 5575 gl (4.113)

which readily implies that, for all ¢ > 0, there holds

—ot —ot

€ (&
“Olloy < ——— il and  [[g5()]|2e < ————— |65 |2
I Oll S oy Wl and ") S oy il

by using the exponential decay in 2~ given by Theorem 4.1-(i) and hence concludes the
proof of Theorem 4.1-(ii). We split the proof of (4.113) into several steps. We shall
use without no further mention that since 7 € A(2,%;), we have ||¢°||% < ||6°]|2 +
(9]l fori = 1,2.

Step 1. We consider the same functional % as defined in Step 1 of Proposition 4.18,
which we recall is given by

Ut 9°) = lg° 1% + ant (||’Vvu(96)l 5+ K||(v)2 T (g°)*
+ eqot? <AVVUgE, ’vagg>%_ + 2aut? (H’vagE

2
Z

Y+ Kll[(0)2V.g°

ﬁg) . (4.114)

with constants X' > 0 and 0 < a3 < ap < a3 < 1o that ay < /ajas. We recall
that the constant X' > 0 is chosen large enough in the proof of Proposition 4.18. The
constants «; will be chosen small enough during the proof here. We also recall that for
any ¢ € (0, 1], one has the lower bounds

tholl < %(t.g°) and |g°

Y S Ut g°). (4.115)

Step 2. Thanks to the proof of Theorem 4.1-(i) we already have

1d 1
——g°l1% = (Ag®, 9N o + = (C(s%. 9°), 9°)
24t ¥ e . (4.116)

1> 1> K 1>
<= (5= Cllgl%) o713 — 55016 1%

for some constants s, C' > 0.

Step 3. We first observe that since 7I'(g, g°) = 0, (¢°)* satisfies the equation
1
(g)t = (Id — m)Ag® + gr(gf, 7).
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4. Cauchy theory and regularization estimates for the nonlinear problem

We then compute

5 LRI M + 19,060 1 )

= K ((0)31(1d = m)A.g%, (v)3 1 (g) ")+ (Vo(ld = m)Ag®, V(7))
+ f ()" T(g", 7)., ()2 ()" ), + i (Vul(9%.9°), Valg)")
= ]1+Ig+[3+14.

From (4.70) in the proof of Proposition 4.18, we already know that

K1 C C =
L+ I <= 10 W5 + Z67) Ml + Z(0) Va7l o

for some constants k1, C' > 0. Thanks to (4.88) in Proposition 4.21, we have

1
5
210 g sl () 3 (9  lan S <o ll9° e (9°) s

Moreover, thanks to (4.96) in Proposition 4.22, we have

1 = 1
L S Zllg o 197192l Vo(g) o S Zllo7llo- 9%l (9) 1

1 1
S 21 I s + <Ilg7ll 15" 135

5 [1hllsg
1d 7+1 2
s VI ) S + V(o) ||£-}
<SG 1B, + S B + 16 e I9

C
+ — Mgl gl l1(97) s + ;Ilgalwll(ggfll?%-

4.117)

Step 4. We compute

Vi, Vad > <vav(Asge),AVVx98>% + <Avvx(A€95)’AVV“gE>%
+ i (VL") Vag®) . + i (Val'(s",9°), Ves™)
= Ji+ o+ J3+ Jy.

d
iV

Thanks to (4.73) in Proposition 4.18, we already have

C c 1 = €
Ji+J2 < 87”(9 )L 2 _EHV@«Q HQEK
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

fo some constant C' > (. For the term .J3, estimate (4.96) in Proposition 4.22 yields

J3 S : |’€Iga”@1

~

£
2019

lg %

N ll(9) oI Vag® o

19111V o7 |24 +

m\»—tm\r—t

Moreover, for the term Jy, estimate (4.103) in Proposition 4.23 gives us

1 . __ .
S (a E o P A O P P P P P A

“llas ) l197 15

1 — —
<~ (1512 1Vegllas + Vol 2197
<1
~e

+lg°l%

(9°) " llae + gl IV

N IVeglla () llae + 1(9%) as I Vag™ll oMl (97) 2

172
% .

Mlon +1lg7ll IV

o) Nl + g7l 1 (97)

Putting together previous estimates, we get
d & £ 7 £
T (Vg Va7 o

1l = C = C =
< —EHV 7+ SVedllaill(97) Mo + Z1(0)  lan I Vag 2 11(g7) 1o

(Hng - 11(9%) s + Nlg° M2 + Nl Nlan IV 26"l

() 1 + [¥27 1 ) %+H(95)HI?%>-
(4.118)
Step 5. We compute
1 d Y
51 UV=g % + K[[(0) 2 Vag |15 |
:<’€ (Aeg®), Vag®) , + K ((v >%vx<A ) (0)3Vag®) .
<V P(o%.9%). Vag) , + — ()2 VL (67 9). () Var?)

—.R1+R2+R3—|—R4.

From (4.76) in the proof of Proposition 4.18, we already know that

Ri+R; < ||vxg I3+ = ||’vvxg€||é;
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4. Cauchy theory and regularization estimates for the nonlinear problem

for some constants k9, C' > (0. Thanks to (4.103) in Proposition 4.23 for the term R3 (and
a slight adaptation of it for the term R,), we obtain

5+ |V “llas) IV

&g
%

Rg,+R4§1(
9

1 —~ N _
S 8<||9€||5»‘5'||Vaa§f||% + IVes |2 1612 + (IVag 211 () " Nl 24

o <g€>L||%)||vxg€||%

We therefore obtain

1d
2dt

R = 2 —
—;QHVa:QSH% +;2||V

{IVag° 115 + K1) 2 Vag 1% }

gll(ga)Lll%IﬁzgaH%II%gaH% (4.119)

C _ _ _ _
+ Mol (IV2g 2 1Vag® s + IVa07 13 + Va7l () 122 -

Step 6. Conclusion. Gathering estimates (4.116)—(4.117)—(4.118)—(4.119) and using that
sup ||g°(t)|| 2= < mo from Theorem 4.1-(i), we then obtain
t=0

d 1
SU(t, %) < — (5 — O = Cast™mo) |g° I, — = (s — Cant = Can) ()5,
t Ca t =
~ 2 (K,lOél — Celantny — Caamo) 1(g°)+ H% 1 1(9°) Nl [ Vag® || 22
COélt

Mollg® 12 1 (9) llas + 2200t (Vg ngs)%
COézt

+

— (az — Ceay — Cast) | Vo' | + ———Valloi | (9) 25
+ Cast®|[(9°) 124 | Vag® 211 (9°) 1o

+ C@Qtzno(HngEH%H(gg)LH% 9o Vag®llan

2 +H’VV

1>
%

ull(9°)* (9°)* %)

— 1% (waay — Ceagi) [ Vag |5 + Ceast®||(9°) 1ot | Vas® |2 Vag” 14
+ Ceast®no ([IVag™ |2 1Ved o + 197110411 Vag™llag + IV () Nlas ) -
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

We now use Young’s inequality to write

T g o) o < 2T %L 13,
O s 0 s < 22 ) 3 +ca1m3ngfuél
Caﬂzuvxg Nocll(67) las < 22T + C2 1 (67) 3
Omoast? gl | Vag®llon < S5 IVage |3 + Cingtﬂgeﬂ?@l
Cmas?lg (67 s < S0 13, + Ot 2713,
Cmost® ¥l (69 o < 2555 9,713, + Ot 2”( )"
Cenoast® || g7 | | Vool < KiggtSHVmgsH% +Ce noa3t3||9 1%
Hgagt

Cenoast®|Vag ||| (9°) || os < IVogf 113 + Cn2ast?||(9°) 1113,
Ceaznot®|Vogf |l o | Vad®llon < Casnot3||Vx9 1% + ot Voot |12,
<

2eqnt ‘<§m957 %vg€> —t2||V

. %+ Cane? |63,

as well as

Coat?||Vag®[I%1(97)1I%, + Contll(97) 15,
Ro(3
12

Coot? | Vool 211 (0%) |24 1 (0°) Nl 25 <
Ceast® | Vool 211 (9°) | | Vad®llom < C2ast?||Vag® |51 (65) 113, +
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4. Cauchy theory and regularization estimates for the nonlinear problem

We thus obtain

d
&%(t, J°) < — <I{ — C’ng - Ca2t2n0 — Cage? — C’ozltng

0‘% 2 2,3 204% 2.9 .3 2
— C—=ngt — Cengt 22 _Ce Nocust )Hga %
Q3 (03]

1 o?
(m ~Cont cl) 16412,
Qy

c2

2
@2

t
- (Klal — C*antny — Cearny — C
£ 2 (0%}

a?
- R~ Cetifant - Ctan (6

« —~
—t? (22 — Ce’az — Cast — Ca3n0t> Va5 1%

Koy -
— ¢ (23 — Ceazny — Casﬁo) V297112

2
+ Ot (0 + e%a3) (67) 13 V9" 1%

We now choose a; = 1, ay = n%, and a3z = ng, with n € (0,1) small enough as well as
no small enough, so that we deduce, for all ¢ € [0, 1],

d K t — __
—U(t,9°) < —QH(Q&)H@/1 — & |lg* N5 — 'f’gH(ge)HlZJQ — KV |15 — K| Vag®ll 5,

dt
31 12
+ CEIVag™ 1% 1(97) "5
for some constants ', C' > 0. Integrating in time the last inequality, we hence obtain that
for any ¢t € [0, 1], there holds

€ El ! e\L
Ut g )+€2/0 (%)

k!t to
+ 5 [ sl B ds + ' [ 521Vt

2
o

t
?yl ds + /4,//0 Hgsl@1 ds

¢

|2%-d8—i—l{,/0 $°|Vag° |5, ds
t .

SUO)+C [ SV 15167 13 ds

- £ 1 t €
< w0+ ¢ (s PV ) & [ 160" 13, 0

te(0,1]
< U(0) + O ( sup ti”\mg%)
te(0,1]

where we have used that % [§ [|(¢°)*||%, ds < n¢ from Theorem 4.1-(i) and we have
denoted %.(0) = %.(0, ¢, ). Since

(i 1015 )+ sup el (o

te[0,1]

EJI>+€2 (Sup fs\ﬁzgg(t)!l?{) S sup %(t, g°)
1€[0,1] tef0,1]

)
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

if 7o > 0 is small enough (independently of ), we finally obtain

thg* % < %0) = llgall’ < lgall% vt e(o,1]
and
tllg" (Ol < %0) = llgalls < llgnlls vt € [0,1],
which gives estimates (4.113) and concludes the proof. U

S Refined semigroup estimates on the linearized operator

In this part, we go back to the linearized problem and give some new and refined estimates
on it. The first and second subsections are dedicated to the introduction of a nice splitting
of the linearized operator A. coming from [23, 26] and to the proof of dissipativity, regu-
larization and boundedness estimates. Roughly speaking, the linearized operator A. splits
into two parts: A, = A. + B., the first part 4. having some good regularizing properties,
the second one B. having some nice dissipativity (and also regularizing) properties. It
is worth mentioning that the regularization estimates on 3. that we develop are sharp (it
was not the case in [26] where the authors did not intend to obtain optimal regularization
estimates on B.) and only the case ¢ = 1 was treated in [26]. As already mentioned,
from those properties and Duhamel formula, we can give a new proof of Theorem 4.15.
More importantly, Duhamel formula applied with this splitting will be used to prove our
hydrodynamical limit theorem in Section 6.

In the last three subsections, we study the semigroup U¢(t) associated with A, from an-
other point of view which is based on a careful spectral analysis carried out in Fourier in x
of Ay in [130], it in particular allows us to give a decomposition of the semigroup U¢(t),
study its limit as € goes to 0 and give another type of estimates on it.

5.1 Splitting of the operator
We now introduce a splitting of the full linearized operator A.. Let x € C°(R) be a

smooth cutoff function such that 0 < x < 1, x = 1 on [~1/2,1/2] and x = 0 on
R\ [—1, 1], consider positive constants R, R > 0 and define x z(v) = x(|v|/R) as well as

m2(v) = in(v)UP - ;vv [BT()B(0)] + Rxz(v) (4.120)

where B(v) is defined in (4.38). Recalling the formulation of L in (4.41), we then decom-
pose A, = 5L — v -V, as

1 1.1
A=A +B. with A=A and B.:=—B— vV, 4.121)
g g 9
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5. Refined semigroup estimates on the linearized operator

where
Af = —{(aij * VMf) Vivj — (au' * VMf) + (C* VMf)}VM+RXRf 4.122)
= (Lo + Rxp)f
and o
Bf = —ViVuf —m*(v)f = (L — Rxp)/. (4.123)
Let us now give a lemma providing estimates on m and its derivatives. We fix
if —2 <1
o= T <7 (4.124)
3 if y=-2.

Lemma 4.25. Let 0 < 0 < 0.

(i) There are Ry and R, large enough so that for any R > Ry and R > Ry, one has
m2(v) = o+ k)", Vv eR?,

for some ) < Kk < 01 — 0.

(ii) For any a € R, we define
m2 (v) = m(v) — (0) 2V, {0} .

There are Ry and Ry large enough so that for any R > Ry and R > Ry, one has
m2(v) = o+ k(v)"?, Yu e RS,

for some ) < Kk < 01 — 0.

(iii) For any multi-index o« € N® we have, for all v € R?,

@xm(v)] S (v)F 1ol

Hereafter in the paper, for any 0 < ¢ < o, we then fix R, R > 0 large enough so that the
results of Lemma 4.25 are in force.

Proof of Lemma 4.25. (i) See [26, Lemma 2.6].

(i1) We have

m () = 1Bl — 2V, - [BT)B()0] — a?[B)ol(w) ™ + Rxa(v)
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

therefore

ma(0) = 7@ = 5V, [A0)] - PhEI P + Rxa(v),

Now observe that

0P = 39, 6] - a2t )P )

1 1
= Z61(1))|v|2 — ivvﬁl(v) ‘U —

| o

bi(v) = @*i(v)|vf*(v)

2

and from (4.37), £, (v)|v]?(v) = < (v)772, hence if —2 < 7 < 1 we have

1 1

Sl = =V, - {el(v)v] — %0 ()02 () —— +o0,

4 2 |v| =00
and if v = —2, one has

1 2 1 2 2 —4 1

—l(v)|v]* — =V, - [El(v)v] —a“ly(v)|v]*(v) ™ —— = > 0.

We then conclude the proof by taking Ry, Ry > 0 large enough.

(ii1) Direct consequence of (4.42). O

Arguing as in Lemma 4.11 and recalling that [%Ui,v : VI] = %x and [%z, v - Vz} =0,
we also obtain

Lemma 4.26. There holds
(i) For any 1 < 1 < 3, one has
[va B&]f = _?vvj [vvia V'Uj]f - ?v'l)j [V'Ui? vvj]f

1 ~— 2 1"“ 1 e oy —~
= 5 (V) = Vaf = 5 [Vo. Vi 1.V, | f.

(ii) For any 1 < 1 < 3, one has

[vww BS]f = _?vvj [VIN V’Uj]f - ?vvj [Vﬂﬂw vvj]f - ? [[vrw ij]7 vv]} f

Let us recall that the spaces 2, %;, (%;)', 2 and (Z°)" are respectively defined in (4.19),
(4.20), (4.44), (4.47), (4.45), (4.46) and (4.48).

We also have the following bounds on the operator A:
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5. Refined semigroup estimates on the linearized operator

Lemma 4.27. For any o € R one has

1) Afllz, S 1M flze

ERYNQY

1)V oA fllrz, SUMTflla, + |MIV, £l

c, v MY z,v

1) VoVl Sz, SIMiflle, + 1MV, fllz2, + M5V, YV, fllz,
1) VoA fllzz, S IMIVaflz,

0 N

(o) Vo VoA fllre, S IMAVV.f1z2..

ERINQY

In particular, one has A € B(Z"), A € B(%;) and A € B(ZF) fori = 1,2 and since
A is self-adjoint in L2, we also have A € B(%;) and A € B((ZF)') fori=1,2.

v

Proof. The terms coming from R are easily treated because ) 5 has compact support.
The first, second and fourth estimates thus directly come from Lemma 4.14. The proofs
of the other estimates are completely similar and rely on Lemmas 4.12 and 4.13. [

5.2 Decay and regularization estimates for Sz
In this section we provide several results on the dissipatition and regularization properties

of the operator .. We start with the dissipative ones.

Lemma 4.28. Let 0 € (0,07) (where oy is defined in (4.124)). Then for any o € R, one
has

[ « o a 2 K a 2

(), )" Befs, < =510l = S0z (4.125)

€ v,

or some constant k > 0. As a consequence, one has for all t > 0,
q
1S5, (8)]] 22 < 77"

Proof. We compute:

(021,81 = {0 {590 = s = LoV}

> (Tl 2).908),,

1 2
= Sl m i, - -

Observing that

(Voo 1), Vo), = (Vol@) ) 0 Vef) , +(Vel0))f, (0)° VoS ),
= IV Dz, = (Vol@)"), (Vol0)) ), + ((Volo)) 40} VoS )
= Vo) Hlzz,, = I(Vulo))fI1Es,
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

and recalling that mn,, is defined in Lemma 4.25 so that (v)20m2 = (v)20m? — |V, (v)*|2,
we obtain the estimate

1 1, =
(o)1, Bof ),y = =Sl maflizg, = SIVu(@) DIz,

We then conclude the proof of (4.125) by using the bound by below on m,, of Lemma 4.25.

The exponential decay estimate of Sg. on 2 is then a consequence of (4.125) together
with the fact that V, commutes with B.. L]

In what follows, we prove regularization results for the semigroup Sg..

Lemma 4.29. Let o € (0,01) (where oy is defined in (4.124)). For any t > 0, one has

3

e _, e .

||SB€(25) X SJ — e t/e? and ||SB€(25) P SJ — e t/sQ‘ (4.126)
t 13/2

as well as the dual estimates

3
€ —ot/e? € —ot/e?
185 (oo S e and S5 Ollizpyonr S oy e ™ @127)

~ \/% $3/2

The proof follows similar ideas as the proof of Proposition 4.18 but is somewhat simpler
because, the operator B, provides 1/s2-dissipativity and regularity on both macroscopic
and microscopic parts of the solution whereas the operator A, only provided a gain of 1/£2
on the microscopic part. We thus do not need to separate microscopic and macroscopic
parts when defining our functional that will be a Lyapunov functional for our equation
O.f = B.f (see (4.169)). For sake of completeness, the proof is given in Appendix (Sec-
tion 8).

Using the same method, we can push our previous result up to the next notch of regularity
(we only mention the dual results because they are the only ones that will be used in the
sequel) and the proof is also postponed to Appendix (Section 8):

Lemma 4.30. Let 0 € (0,01) (Where 0y is defined in (4.124)). For any t > 0, one has

6

62 —ot/e? € —ot/e?
195 ()llag—2 S 7€ "< and 198, (Dl (zgy—2 S € Ve

We also have the following dissipativity properties, the proof of which relies on the same
line of proof as the above regularization results. Indeed, the idea is to use the same
functionals without the weights in time. We thus skip the proof since the computations
are the same. As previously, the result is only given in the dual framework which will be
the only one useful in the sequel.
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5. Refined semigroup estimates on the linearized operator

Lemma 4.31. Let o € (0, 01) (where oy is defined in (4.124)). Foranyt > 0andi = 1,2,

one has
—at/e?

IS8, ()| (zey—(zey Se

In our forthcoming analysis, we will use an iterated Duhamel formula based on the split-
ting A. = A. + B.. We introduce the following definition of convolution of semigroups:
If S; and S, are two semigroups, their convolution product is defined by

t
S % Sa(t) ;:/ S1(5)Ss(t — s) ds.
0
We also introduce the semigroups Vf(t) defined through:
Vo (1) == Sp.(t),  Vip(t) = (S« AV7)(t) = (Vi x ASp.)(t), j € N

so that for any n € N and any ¢ > 0, we have:

US(8) = SO VA + (V; + AUP)(0) 4.128)

As a consequence of the previous results on 4. and B., we obtain:

Corollary 4.32. Let o € (0,04) (where oy is defined in (4.124)). For any t > 0, any
j€Nandi=1,2, we have:

—ot/e?

Vi ()

Pas 5 e—ot/e2 and ’|‘/;E(t)||(’@j€)/_>(g;6)/ 5 (&

Proof. Fix 0 € (0,07). The first estimate for j = 0 is given by Lemma 4.28. We then
argue by induction and thus suppose that the property is satisfies for some 7 € N. Then,
we consider 0’ € (0, 01). From Lemmas 4.27 and 4.28 and the induction hypothesis, we
have:

1 t
IVia®lroo S 5 [ 158zl ALz IV (= )]l ds
< 1/t 67013/52670678)/52 ds < iefg't/EQ /t 67(0170)8/52 ds < efot/sQI
~ 52 0 ~ 52 0 ~

The second estimate can be proven in a similar way by using Lemmas 4.27 and 4.31. [

Corollary 4.33. Let 0 € (0,01) (where oy is defined in (4.124)). For any t > 0 and
any j € N, we have:

€ e~ —ot/e? € 0¥ —ot/e?
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

Proof. Fix 0 € (0,01). We focus on the proof of the first estimate, the second one
is treated in a similar way. We proceed by induction. The case j = 0 is given by
Lemma 4.29. Suppose then that the estimate holds for some j € N and consider o/ €
(0,01). From Lemmas 4.27-4.28, Corollary 4.32 and the induction hypothesis, we have:

WVia@lyar S [ 1S5
+/ Ve gre
V@l

1 .

< — /t/2 e“””gi —o(t=9)/e* 45 + L e e8I gmoli=s)/e® 4 g
0 (

7= 8)l(zey—ads

e (61 )/%(%E)/HSBE (t — S)|’(ffls)/_>(£ﬂls)/ dS

_e .
3—2j 3-2j
~ g2 t—s)z g2 Jij2 g5

From this, we deduce that

_ 2 1 o t/2 ds t ds 8172]‘ _ 2
IVia@llzpy-sar S €775 </o (+/ ) S =o'

t—s) 2 t/2 52

which yields the wanted result. 0

5.3 Spectral study in Fourier space

We denote by F, the Fourier transform in z € T3 with £ € Z3 its dual variable. Since we
will only be working with Fourier transform in z, we will also interchangeably use the
classical “hat” notation. Moreover, to lighten the reading, for any operator that acts only
on velocity, with a little abuse of notation, we will omit the “hat” in the notation for its
x-wise Fourier transform.

In this part, we are going to look at the Fourier transform in x € T? of the operator A;:
Al(f) = —ZS v+ L

and study the spectrum of /AXl(f ) for & € Z3. This type of analysis was initiated in [107,
27, 41] for the Boltzmann equation for hard spheres and then with hard cutoff potentials
(see also [123]). In [130], Yang and Yu were then able to adapt it to more general kinetic
equations including the linearized Landau one for hard and moderately soft potentials.

Roughly speaking, for small frequencies, the spectrum of /AXl(f ) is a perturbation of the
one of the homogeneous collision operator L (which acts only on velocity). As already
mentioned, in the case of hard and moderately soft potentials (y > —2), the operator L
has a spectral gap and in [130], the authors then prove that for small frequencies &, the
spectrum of Ay (€) is made of “small” eigenvalues around 0 in the right part of the plan.
They also provide Taylor expansions of those eigenvalues as well as for their associated
projectors. For large frequencies, they prove that the operator /A\l(f’ ) has no spectrum in
some suitable right part of the plan. All those spectral results provide a decomposition of
the semigroup which is given in Lemma 4.34.
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5. Refined semigroup estimates on the linearized operator

In what follows, we write R
U (t) = F,U () F, !
so that U¢ is the semigroup associated with the operator

A(€) = 812(—7;55 v+ L).

We also introduce the bilinear operator ¥¢(¢) defined by

V() (i, f2) = = [ U= )T (Ai(5), ols) s (4.129)

We recall that x is a fixed, compactly supported function of the interval (—1, 1), equal to
one on [—1/2,1/2].

Lemma 4.34. There exists k > 0 such that one can write

ZU€ t) + U(t)

with Ue(t €)= ( 2,5§> and U%(t,€) = ﬁﬁ<;,8§),

where for 1 < j < 4,
~ f v
%@é%zx(!é“@ﬂ@)

with \; satisfying
2i(6) = daylg] = 51>+ (1€)),
ar >0, ay>0, az=a4=0, Bj>07 (4.130)
% (I8]) =1es0 O(EP)  and  ~;(I€]) < Bilél*/2 for ¢l < r

B© -7 () +r (5) + ez,

with P} bounded linear operators on L? with operator norms uniform for || < k

and

We also have that the orthogonal projector m onto Ker L (see (4.12)) satisfies

— PO
” 23 <m>
and is independent of £/ |€|.

Moreover, P)(£/|€]), P}(£/|€]) and P} (€) are bounded from L into L2((v)") uniformly
in |¢| < Kk forany { > 0.

Finally, for any ¢ > 0, Ut satisfies
HU ||L2 YO L2 ((v < Ce™™ 4.131)

for some positive constants C' and o zndependent of t and &.
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

Proof. The decomposition of ¢ () follows that of U} (¢): We recall that according to [130,
Theorem 3.2 and Remark 5.2], one can write

4

=Y U;(t,&) + U, 6),

J=1

0.9 =x () »one

and \;(&) € C are the eigenvalues of A1 (€) with associated eigenprojections P;(¢) on L2,

where for 1 < j <4,

satisfying the expansions stated in the lemma. The fact that 7 = PO ( ) also comes

from [130, Theorem 3.2].

4

Let us now prove that P} ( ), P!(&/1¢]) and P?(&) are bounded from L2 into L2 ({v)")
uniformly in |£| < « for any ¢ > 0. We first prove that this property is satisfied for P;(&).
Recall that for |£] < &,

A(OP; () = M(&) Py (&)
Thanks to the splitting A; = A; + B; introduced in Section 5, denoting l§1 (&) = —i€ -
v + By, we have for [£| < k:

Pi(&) = (\(&) = Bi(&)) AP (8)-

The dissipative properties of By in L2((v)") and the regularization properties of A; (from L>
into L2((v)")) established respectively in Lemmas 4.28 and 4.27 and the fact that from [130,
Theorem 3.2], we already know that P;(¢) is uniformly bounded in |¢| < & from L2 into
itself, imply that P;(¢) is bounded from L2 into L2((v)") for any ¢ > 0 and uniformly
in [¢| < k. To conclude that the same properties hold for P)(¢/[€]), P} (£/|€]) and P7(€),
we notice that P} ( ), P;(&/1€]) are given by explicit formula (see the proof of Theo-

rem 3.2 in [130]) that clearly define bounded operators from L2 into L2((v)") for €] < &

Finally, the estimate (4.131) comes from [130, Remark 5.2] for £ = 0. We can also prove
it for any ¢ > 0 thanks to Duhamel formula applied with the splitting Ay = A; + B;
introduced in Section 5. We write that

Ul(t) =U'(t)F, " (Id —X <’£‘> et’\j(S)Pj(g)> F,
= (Sgl(t) + (Ss, *AlUl)(t)) F! <Id Y <’§‘> i@ p, (g)) F,.

We are able to get the wanted estimate in L%((v)ﬁ) thanks to the uniform boundedness
in || < k of the projectors P;(§) in L2, the dissipativity properties of 13; in L2((v)Y
and the regularization properties of A; (from L2 to L2(({v)")) established respectively in
Lemmas 4.28 and 4.27. [
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5. Refined semigroup estimates on the linearized operator

Remark 4.35. Denoting

2 é _ pl é 2
PJ(’m)‘ Pf(m)*'g'%) @.132)

for 1 < 7 < 4, we can further split U j (t) into four parts (a main part and three remainder
terms):
Us = Usy + Ut + U5, + UG,

where

[ 7€ i €l —B.t€)12 f
051, €) = cioslelt=ael* po (\fl |

ﬁjsg(tg) = (X (6!5|> — 1) emjméfﬁjﬂﬁijo <|§|> 7
ﬁjl(t,f) =X <65|> eiaj|§|§—5jt\5|2 (et’Yj(;f) B 1) PJO <|§|> |

v, (leD)

e e R T )

€]

One can notice that Usy := U, and Uy := Ug, do not depend on ¢ since oz = ay = 0.
We set
U .= Ugo + U40.

We shall see that the operator U(¢) is in some sense the limit of U¢(t) (see Lemma 4.38).

The decomposition of the semigroup U¢(t) also gives us a decomposition of the opera-
tor W_(t) defined in (4.129) (see [44, Lemma A.4] and its proof).

Lemma 4.36. The following decomposition holds
4
A SR
j=1

with
V) (o f2) = = [ 04— T (fi(s), fols)) ds

g Jo

and
€ € et € €
R N R L
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

where

R e ] () LI GNATOES

ALHOINNIGES (x (‘f') - 1) [ ezt e (@) L(fi. 1o) (s) ds.
Fo (L5 0)(f.) ()

— (55\> /Ot iail€l 5 =5 (t—s)Igl? (e(t—ﬁ”ff') — 1> <P} (é) f(fl, fQ)(s) ds,
Fo (T5(0)(f. ) ()

- (*ﬂ?) /Ot gios 1A 0=+ 2D 2 P2 (e T (fy, £, () .

Remark 4.37. Let us notice that as in Remark 4.35, there holds
\Ijgo = \Ijgo and \Ijio = \Ij40

and we set
\I] = \1130 + \1140.

5.4 Limit operators U () and V()

The following lemma studies the limit of U¢(t) as ¢ goes to 0, its proof is completely
similar as the one of [44, Lemma 3.5], the only difference being that we use that the

projectors are bounded from L? into L2 ((v)?’(%ﬂ)) (see Lemma 4.34), we thus skip the
proof.

Lemma 4.38. Let f be a well-prepared data as defined in (4.25). Then, we have that

IO=@) = U g2y S 1 a2 (4.133)

and
[(U(t) =UD) fllzzec2y S el fllmarz- (4.134)

In the following lemma, we study the convergence of We(t)(f, f) towards W(¢)(f, f)
when f is a well-prepared data and its associated macroscopic quantities solve the limit
system (4.24). The proof is similar to the one of [44, Lemma 4.1], we thus omit the proof
(notice that this result relies on refined estimates on quantities related to f that can be
found in [44, Lemmas B.6 and B.7]).
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5. Refined semigroup estimates on the linearized operator

Lemma 4.39. Consider f a well-prepared data as defined in (4.25) with associated
macroscopic quantities solving the limit system (4.24) on R and with mean free ini-
tial data (po,ug,0y) € H? and associated kinetic distribution fo € 2 (as in (4.27))
satisfying || foll 2= < m1 (so that [ is defined globally in time), then

=@ (5 ) = YOS, Do) S e Clllfollmzrs),

where C(|| fo|lmsr2) is a constant only depending on || fo|| g3 2.

5.5 Decay estimates on the linearized Landau semigroup

We recall that 7 is the projector onto the kernel of L and is given in (4.12) and that the
spaces %, and (Z°) are respectively defined in (4.20) and (4.48). From Lemma 4.34, as
in [44, Lemma 3.2], we can prove some new decay estimates on the linearized Landau
semigroup:

Lemma 4.40. Let 05 := min(a, (1, ..., B4) (Where o and f; for j = 1,...4 are defined
in Lemma 4.34). Then, for any o € (0, 03), we have
e—at
\/E )
Combining this with Corollaries 4.32-4.33, one can deduce the following result which
mixes decay and regularization estimates:

U ()(Id —m)|| 22 Se Vi > 0.

Corollary 4.41. For any o € (0,min(oy, 02)), there holds

e—at
U@ Ad =) || 2o S v Vi >0,

where o4 is defined in (4.124) and o4 in Lemma 4.40.

Proof. Let o € (0, min(oq, 03)). From Duhamel formula, we have:
Us(t)(Id —7) = Sp.(t)(Id —7) + (Sp. * AU®)(t)(I1d —).
From Lemma 4.29, since o < o, we have:

e —ot

ot e
195, (t)(1d —m) LR RN

7

Zom SE
For the second term, we use Lemmas 4.27 and 4.29:

t
[(Se. * AU =) | 7-sn S [ (1S58 = )ALV ()(1d =) -, i

temolt=s)
< [ Il as.
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

Finally, from Lemma 4.40,

t e—a(t—s) e 0

(S5, * AU 1 =m0y S [

which yields the conclusion. ]

By using an interpolation argument, one can deduce the following result:

Lemma 4.42. For any o € (0, min(oy, 01, 02)), we have:

—ot

3 (&
1O (&) (Ad =) 2y 2y <\/EW’ Vit >0,

where 0, 01 and o4 are respectively defined in Proposition 4.16, in (4.124) and Lemma 4.40.

Proof. Step 1. First, by using an enlargement argument (from [56]), we prove that
JUS () (Id ~T0) || 25y 25y S e (4.135)

For sake of completeness and in order to carefully handle the e-dependencies, we write
the proof. From Duhamel formula, we have that

= ;Vf(t) + (UF+ Vi)(0).

Moreover, we have U¢(t)(Id —II) = (Id —II)U¢(¢). Then, from Corollary 4.32 and the
fact that [1 € A((Z5)'), forany j =0, ..., 3, we have:
I(Id —ID)VE (8| 25y 25y S e (4.136)

For the last term, using that 2~ — (25°)’ (independently of ¢) and Theorem 4.15, we
have:

t
(14 =T % Vi)W 2525 S [ 10d=TDU=(E = )VE (), s

) R O

Corollary 4.33 allows us to conclude that

[(Id =ID (U= * V) ()]

2y S / o gs S et (4.137)
From estimates (4.136) and (4.137), we can conclude that (4.135) holds.

Step 2. From (4.135) and the fact that U¢(¢)I1 = II € A((Z5)’), we deduce
1U=(#)

Since 7 € A((Z5)'), it implies that
U@ Ad =)l 2y -2y S 1.

Consequently, combining this with Lemma 4.40, we can conclude the proof by interpola-
tion because from (4.49), we have (27°)" = [27, (Z5)']1/2,2- O

(%E)/ﬁ(%e)/ S 1.
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6. Hydrodynamical limit

6 Hydrodynamical limit

We first state a quantitative result which provides estimates on the difference on the so-
lution ¢° to the Landau equation constructed in Theorem 4.1 and the solution g defined
in (4.28) whose first macroscopic quantities are solution to the fluid system (4.24). As
explained in Subsection 6.2, this theorem combined with a density argument allows to
prove Theorem 4.5. It is important to notice that thanks to the estimates obtained on the
kinetic equation in Theorem 4.1, under some suitable smallness assumptions on the initial
data of both kinetic and fluid equations, only extra-regularity in x on the initial data of
the fluid system is needed to obtain a quantitative rate of convergence in €, as can be seen
in (4.138) and (4.139).

Theorem 4.43. Let g5, € 2" N (Ker A.)* fore € (0,1) such that || g5, || 2 < 1o (where g
is defined in Theorem 4.1) and g° € L°(Z") being the associated solutions of (4.7) with
initial data g5, constructed in Theorem 4.1. Consider also go € H>L? N (Ker A.)* for
some § € [0,1/2] such that ||go|| 2 < m1 and g defined respectively in (4.27) and (4.28).

There exists 1y € (0, min(ng, 1)) such that if max (||¢5,1| 2 || goll 2) < 12, then we have

lg° = gllzze) S €°C (llgoll s - 195 ll27) + N9 — 9ol (4.138)

and
l9° = gll @)+ 15002y S €°C (Ilgollggwg, Ilganﬁr) + 1795 — goll 2 (4.139)

where C <“90HH3+5L37 Hgfnﬂgy) is a contant only depending on || go|| ys+s 12 and || g5, | 2

Remark 4.44. Since g, € Ker L, it decays better than any polynomial in velocity at infin-
ity, it explains the fact that we only use classical Sobolev spaces for g, in the RHS of the
above inequalities, as already noticed, we have

llgollzzzz S llgoll 2 S Nlgoll mzes

and similar inequalities could be obtained for higher order Sobolev spaces.

Remark 4.45. We restrict ourselves to the case 0 € [0,1/2] in our estimates but one can
of course suppose more regularity on the initial data gy, notice however that we will still
have a rate of /. It should be noted that we did not look for optimality in terms of rate
in our estimates.

6.1 Reformulation of the hydrodynamical problem
Before starting the proof of Theorem 4.43, we reformulate the problem. Using the defini-

tion of the operator W¢(t) in (4.129), we have that the solution g° of (4.7) constructed in
Theorem 4.1 writes

g7 (1) = U (t)gin + V(1) (9", 9°)-

215



Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

It also follows from [11] that given a well-prepared data gy € 2~ of the form (4.27), the
function ¢ defined in (4.28) satisfies

g(t) =U(t)go + ¥(t)(g,9), (4.140)

where, as explained in Subsection 5.4, the operators U (t) and W(¢) (defined respectively
in Remarks 4.35 and 4.37) are in some sense the limiting operators of U¢(¢) and W (t).
Formulation (4.140) is thus a way to reformulate the fluid equation in a kinetic fashion.

L°-estimate

We first reformulate the problem in order to prove the estimate (4.138). To this end, we
write the relation satisfied by h° := ¢° — ¢:

h® = U(t)gi, + V°(t)(9%, %) — U(t)go — ¥(t)(9,9)
= (U°(t) = U(t))go + U()(g5 — 90) + (¥°(t) — ¥(t))(9,9)
+ U () (7)) + () () mg7) + U (8) (g, () )
+ UE(t)(mh, mg%) + WE(t) (g, whe).

In the next subsection, we are going to study each term in the RHS of the above equality.
Some terms are going to vanish in the limit ¢ — 0 and other ones will be absorbed in
the LHS under suitable smallness assumptions on the initial data. Let us underline that
the singularity in € in the definition of V¢ is going to be handled thanks to Lemma 4.40
which provides a gain of ¢ when the semigroup U¢(¢) acts on microscopic quantities.
Using that 7I'(f1, f2) = 0 for any suitable functions f, f», we are thus going to be able
to remove the singularity in ¢ in the operator W°. In what follows, we shall prove that:

- The three first terms tend to 0 as £ go to 0 (see Lemmas 4.46 and 4.47): For this
purpose, we use that the limits of U¢(t) and W¢(¢) as ¢ — 0 are U(t) and W (¢)
(see Lemmas 4.38 and 4.39).

- The third, fourth and fifth terms tend to 0 as ¢ — 0 (see Lemma 4.48) because
those three terms involve the microscopic part of the kinetic solution g°, which
provides us some extra smallness in € in L?(%;) thanks to Theorem 4.1.

- The last two terms are bounded by some quantity that involves the norms of the ki-
netic and fluid initial data multiplied by the L{°(.Z")-norm of h¢ (see Lemma 4.50).
It will thus be absorbed in the LHS of the equality if initial data g;, and g, are cho-
sen to be small enough. Notice that one can not hope smallness in ¢ for those
terms because they only involve macroscopic quantities.

(4.141)

L; + Ly°-estimate

We now reformulate the problem in order to prove (4.139). To this end, we introduce
Re(t) == Us(t)(g5,)* and we write that

U(t)gin — U(t)go = (U (t) = U(t))g0 + U (t) (g5, — 9o) + B(1).
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6. Hydrodynamical limit

From Corollary 4.41, we have that for o € (0, min(cy, 03)),

19
Rl S —=e " Ngill 2 4.142
| ()Ilym\/E | ginll 2 ( )
and thus
1B | Lr ) S ellginll 2 (4.143)

To conclude, it is thus enough to prove that for 6 € [0, 1/2],
lg° = g = Bl S €°C (Ilgoll gavoa, 195l ) + gy — goll -

We then write the relation satisfied by he = g° —g— R

he = (U(t) = U(t))go + U (t)(mgh, — go) + (V5(t) — ¥(¢))(g,9)
+ W) (97 (9)7) + () ((9°) 7, mg") + o () (g, (9°) )
+ W (t) (TR, mg®) + WE(t) (g, TRY)
+ WE(t) (whE, mgF) + WE(t) (g, whe).

(4.144)
T
T
In what follows, we shall study each term in the RHS of this equality, the ideas between
this decomposition being the same as the ones explained after (4.141). Notice furthermore

that thanks to estimate (4.142), we are also going to be able to prove that the seventh and
eighth terms tend to 0 when € — 0 (see Lemma 4.49).

6.2 Proofs of Theorems 4.43 and 4.5

From now on, assumptions of Theorem 4.43 are supposed to hold. As explained above,
in order to prove Theorem 4.43, we have to estimate the L{°(.2")-norm of each term of
the decompositions (4.141) and (4.144).

In both decompositions, concerning the first and third terms, Lemmas 4.38 and 4.39 im-
mediately give by interpolation the following lemma:

Lemma 4.46. We have: Foranyt > 0and ¢ € [0,1/2],
IU=(t) = U)goll 2 + 1(¥°(1) = ¥(0)(g, 9l S & C(llgollzvoz) -

Concerning the second terms of (4.141) and (4.144), from Theorem 4.15, we have that
U%(t) is bounded in 2" uniformly in time and . As a consequence, we obtain:

Lemma 4.47. We have:

1U=(E)(gia=90) L= () S lga—90ll2 and  |U*(#)(wg5—g0) g2y S 17 —3oll2-
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

The third, fourth and fifth terms of decompositions (4.141) and (4.144) are the most dif-
ficult ones to estimate. Indeed, they involve microscopic quantities, we thus have to be
sharp in terms of regularity in velocity in order to obtain the following lemma:

Lemma 4.48. We have: For anyt > 0,

1= () ((9°) ", (9°) D)l + 15 () ((9°) 797 | + 15 () (7™, (9°)) |2 S VENlgill%-

Proof. In the whole proof, we fix o € (0, min(cg, 01, 03)) where o; for j = 0,1,2 are
respectively defined in Proposition 4.16, (4.124) and Lemma 4.40. We focus on the first
term which is the most intricate. We are going to use (4.128) with n = 2 to decompose
Ve (t) into several parts, it yields

" i/ot(‘/f « AUS)(t = )T ((9°) " (97) " )(s) ds
=: ;)‘I’E(t)((!f)ﬂ (99)7) + T (7)™ (97))-

We first estimate W5(t)((g°)", (9°)*) for j = 0,1,2. From Propositions 4.21 and Corol-
lary 4.33, we obtain:

R e e (AR O P P RE T

»

Then, from (4.22)-(4.23) in Theorem 4.1, we have:

t efo(tfs)/s2 67303/2 1/2

1506 ) S [ e S 10 ) as

3/2
% .

Using Holder inequality and (4.22), we obtain

1

3/2
7S H (t — s)1/2s1/4

Ay

15(6)((9°)~, (9°)F)

c 1/2
(g ()11
LY (o4)

3/4
t 1 ds
< - ex1(1/2 c
~ </0 (t —s)2/3 31/3> 1(g°) HL%(%)Hgm
S Vellgalls

Let us now deal with W¢(¢)((¢°)*+, (¢°)*). Performing a change of variable and recalling
that 7'((g°)+, (¢°)*) = 0, one can notice that

3/2
F3

V() () = - [ [ Vi) AU (=)= ((g) " (67) ) (7) dr s
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6. Hydrodynamical limit

Remark then that Corollary 4.33 for 7 = 2 implies that for o’ € (o, 01 ), we have

\/E —o’ —0
Vs @) l(zey—2 S —e Y et

Using now Lemma 4.27, it implies that
II\Ifi(t)((g‘g)L ( )5l
S5 [ [ e s = I =m0 () )0z drds

Lemma 4.42 and the fact that % — (27°)’ (independently of ¢) then imply that

125 ()((97) () Dl 2
/ / o(t—s)/e? \/5)1/4 G(S—T)HF((ga)J_’(QE)J_MT)H@{ dr ds.

From Proposition 4.21 and the fact that ||(g°)*

1) (99" () )
O’(S T)
65/2/ / )1/4”9 (T )”%”(QE)L(T)HQ/I drds.

2 < |l¢9°|| 2-» we deduce that

Using Cauchy-Schwarz inequality in the variable 7 and (4.22) in Theorem 4.1, we obtain

1t e
156 (6 (6) 2 S 3/2/ eV ds [|gn, 1% S Ve llgnl%s

which concludes the proof of the term W¢(¢)((g°)*, (¢°)4).
The proof for the second and third terms W& (¢)((¢°)*, 7¢°) and W& (¢)(7g°, (¢°)*) is com-
pletely similar once one has noticed that from Proposition 4.21,
IT((g") " 7g7)lag + T (mg", (97) )y
SN asllmglla + 1097 o lmgllan < (97 as

where we used the facts that #; — 2" and 7 € B(Z", ). O

For the proof of (4.139), we also need the following lemma:

Lemma 4.49. We have: For anyt > 0,

W= (@) (w R, mg™) || + ([ (0) (9, 7R) | 2 < € (lgiall 2 + llgoll2) gl 2--
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

Proof. From Lemma 4.40, Proposition 4.24, the fact that 7 € AB(2", %;) and g = 7g, we
obtain:

= (@) (w R, mg7) | 4

() (g, 7Rl 2
te o(t—s)
S [ S IO (lg(s) + g7l r) ds

Using now (4.142), (4.22) from Theorem 4.1 and (4.29), we obtain:

W () (mR7, 7?98)”1 + [P () (g, 7R o
—Jt s)e os te —o(t— s) —0os

< ds g]n +€ ds gln ra g %7
D Vs 5 | D Vs /5 g5l 2 [lgoll

which yields the final result. ]

Concerning the last two terms of (4.141) and (4.144), we prove the following lemma:

Lemma 4.50. Forany f € L°(Z"), we have: For anyt > 0,
@) (mf, mg%) | + [V () (g9, 7 )2 S (giall2 + llgoll2) [ fllLge )

Proof. The proof is similar to the one of Lemma 4.49. We use Lemma 4.40, Proposi-
tion 4.24, the fact that 7 € A(Z", %) and g = g, and we conclude thanks to (4.22)
and (4.29). ]

End of the proof of Theorem 4.43

Gathering results from Lemmas 4.46, 4.47, 4.48 and 4.50, we can conclude the proof
of (4.138) by taking ||¢5,||2 and ||go|| 2~ small enough. Concerning (4.139), Lemmas
4.46,4.47,4.48, 4.49 and 4.50 imply that

lg° = 9 — B2y S €°C (Ilgoll yaes sz, 195l ) + g — goll o
The estimate (4.143) then allows to conclude the proof of (4.139). ]

Proof of Theorem 4.5

As mentioned above, in order to obtain results of convergence in Theorem 4.5, we are
going to use a density argument that is explained in what follows. We consider a smooth
family (go,,)ne(0,1) such that

2y <n, Vne(1). (4.145)

Hgo -
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7. Appendix A. Proof of Proposition 4.16

We also have stability for the Navier-Stokes-Fourier system (see for example [44, Ap-
pendix B.3]), we know that

gn(t) = U(t)gon + W(t) (9777 9n)

satisfies
7171_{1(1) 19 — gllLee(2) = 0. (4.146)

Then, to study the convergence of g° towards g, we write
F=9=9 g+ g—g (4.147)

We then apply estimate (4.138) from Theorem 4.43 with g, ,, and g, instead of gy and g.
Notice that for gy and 7 small enough, gy, will also satisfy ||go,||2 < 72. Coming back
to (4.147), we deduce that

195 =gl 2) S Nlg— gnllzeec2y +E°CUlgiall o 1| gomll ) + 195 — goll 2 + |90 — go.nll 2

Using (4.146), we can conclude the proof of (4.31). The proof of (4.33) is similar. ]

7 Appendix A. Proof of Proposition 4.16

We start by recalling that for any suitable function g, we write
v]? —3
9=g" + 70, mor.0) = pyeIL(0) + ug(x) - AT(0) + () TP VAT ()

with p,, u,, 0, defined in (4.14), (4.15) and (4.16). In what follows, we also use the
following notations: plg] = pg, ulg] = ug, 8lg] = 0.

For g € L2(T?), we introduce the following notation: (g) := [1s g dz. Recall the follow-
ing classical result. For any ¢ € L2(T?) with null mean (i.e. (¢) = 0), there is a unique
solution u € HZ(T?) to the equation

~A,u=¢ in T? with (u)=0.
Denote by (—A,) ! the following bounded operator:

(=A.)7" + LUT)N{() =0} — HXAT*)n{() =0}

$ — u. (4.148)

Notice that in particular, we have that the operator (—A, )~ is also bounded from L2 (T¢)N
{(-) = 0} into H(T%) N {(-) = 0},

Let f € Dom A, N (Ker A.)*. Remark that in particular we have for k = 1,2, 3:
(pLf]) = (urlf]) = (0[f]) = 0
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

where we have denoted by uy [ f] the k-th coordinate of u[f]. We thus deduce that (—A,) ! p[f],
(—A,) tug[f], and (—A,)~10[f] are well-defined, and more precisely we have

1(=22)" plf]llzzz < NloLf1l 22
1(=20) un[ Iz < Iluwl A1l 22
1(=2a) 7 0Lz S NOLF]l 2

In what follows, we shall use without further mention the following explicit computations:
for k € {1,2,3},

/ viM dv =1, / [v]PM dv = 3,
R3 R3
/ vilv|*M dv = 5, / lv[*M dv = 15,
R3 R3
/ vilv|*M dv = 35, / |v|®M dv = 105,
R3 R3

as well as that for any odd polynomial function p = p(v), one has [gs p(v)M dv = 0.
We split the proof into five steps.

Step 1. Microscopic part. From (4.43) and the skew-adjointness of the transport operator
one has

1 1
Aef fhra, = SALS g, = 2 W Valf, s,

4.14
~ZE N B e
PS) LE(Hy)"
Step 2. Energy estimate. Define for any k& € {1, 2, 3} and any suitable function g
2
-5
Yrlg] = /Rg Uk (’1}’3) gV M dv (4.150)
and remark that
Yilg] = vilg]. (4.151)
We first compute
11
O[Af] = ge[Lf ] - EQ[U V. f]
1 2 _
g B8,
R (4.152)

2 _
:—12%-/ vf\/Mdv—lvx-/ (P =5) /A7 do
€3 R3 € R3 3

12 1
= —ggvmu[f] _gvm’¢[f]a
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and using some aforementioned classical results on the moments of M, we also obtain
1 01
= gwk[[«f ] — glﬂk[v -V f]

= lwk,[LfL _ia“/ vkvgmf\/ﬂdv

Ivl2 —5)
3

2
8@,/ UkUg L\/_d
1
8”/ vkvg f VM dv.

*W[LfL - ia”/ VRV ———— (p[f] +ulf] v+ H[f]w_g)> M dv

2

*wk[LfL] 3
(4.153)

We now estimate the term
(Va(=20) T 0[A f1, 0 [f])
We start by estimating /;. First, using integrations by parts and (4.152), we have

IV2(=20)'0[A- )2 = (O[A-f), (- A0)'6[AS])

= = (Ve ul)+ Vel (A0 Ol

3

= 2 (Zulfl + ¥/, Val-A0) 6N S D

+(Val=20) O, 0[AST) , = Do+ Lo

LE

x

Using now Cauchy-Schwarz inequality in = and (4.151), we obtain:

_ 1
IV2(=22) 7000z S = (lulfllez + 101Nz
Then, from (4.151) and Cauchy-Schwarz inequality in velocity, we have:

[l ez = 10l Mz S UF ez,

We deduce that 1
1615 < (Nl flllee + 05 e, ) 14 ls,, -

Concerning /5, from the computation (4.153), we have:

Iy = 5 (00 (=82 011 0hlLF) 1, — — (00, (~ ) 011), 0,611

1 _ (Jv* = 5)
- - <8$k(—A$) 16[f},8xe /R3 Vg Up ?fL\/MdU
=: Iy + Iyg + I3.
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

We treat each term of the above splitting in succession. For /5;, we notice first that from
the self-adjointness of L in L?:

2 5 2
e s f, ([ e (0002 ) a
° T3 \JR3 3
so that from Cauchy-Schwarz inequality:

IOILf ez S Nl - (4.154)

We thus have:

1 B 1
by S SlIVa(=20) 70Uz 1/ Wz, S 6L ezl ez,

where we used (4.148). The term I3, is computed exactly thanks to an integration by
parts:

15 1 15 9

=5 (0000, (= 20) 7 011D, 01£1) , = — S 10LAI1Z-

We bound the last term /53 using an integration by parts, (4.148) and Cauchy-Schwarz
inequality:

I =
L3

I = <8x[8xk(—Ax)‘l(0[f]),/Rd vy (’”'23_5) fWMdu>

L2

x

< ZIVE(=22) 70U el f e,

0Lzl e, -

S

M| =0 =

Finally, we have obtained for some «, C' > 0:
(Va(=20) 001010, + (Va(=20) 0] A

K C C (4.155)
< =00z + ZlulMlellf e, + S 171122,

Step 3. Momentum estimate. Define, for any k, ¢ € {1,2, 3} and any suitable function g

1
Ol ?/WUWAUFQVM(M if k#Y, i 156
kel9] = (4.156)
1 1
/ (+v,§—\v|2>g\/Mdv it k=,
R3 \2 2

and remark that, using some classical aforementioned results on the moments of M, we

have
Okelg] = Orelg'] if kAL (4.157)
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and
2 _
Ouldl = Ol + [, (5 + 12— 510F) (olal + ala -0+ 0 =Y
= Owmlg] - 59[9]-
(4.158)
We now compute for any k € {1,2,3}, writing f = 7 f + f+,
uslAef] = SuelLf] = Zuglo - V.
(Jv[* —3)
~ 20, [ o (st uls -0+ o1 T2
2t o e 2 (4.159)

— 18”/ Ve fEV M dv
£ R3
1 1 1
= =00 plf) = 0, 01] ~ ~0s, [ vevef VM do.
I I [ R3

We also obtain

OulAef] = OuILS "] ~ LOulv - Vumf] — ~Oulu- V.of ]

1 1 1 (4.160)
= 67@M[Lfﬂ ~ Oy v+ Vo (ulf] - vVM)| - ~Ouelv- V..
If k£ # ¢, then
1
- 6xpuq[f]? /3 VRV VG|V P M dv @161

1 1
:(?ka[f]?/ V202 |o]? Mdv+8wuk[f]7/R V202 |02 M dv
= Oy el f] + O upf]

because
/]R vivZ|v]PM dv = /R‘ vpvp (Vg +vp +v2)M dv = T.
If kK = ¢, then
Ok [U Ve ( Lf]- U\/M)}
= Oy, Uqf] (; +v > vpve M dv

1 1 1
= Oy, ui[f] /R3 (2 + v — —|v| ) veM dv + Y 0y uy[ f] /]RB (2+v,3 — 2|v|2) v2M dv

pFk
= O urlf] = D O, up[f]
p#k
4.162)
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because

[ (5 +0t

p— U —
R3 \ 2 k
We now estimate the term

(Due(=00) M ur[Ac ), Onel 1), + (Ore(—A0) 7
For J;, we first notice that using (4.157) and (4.158) and Cauchy-Schwarz inequality, one

1
|v\2> Mdv=1 and /( —I—vk—|v|2)v§Mdv:—1.

ug[f], @M[Aaf]>L% = J + Js.

can prove that
1Okl f1llzz S NOLAN 2 + Iz -
Performing integrations by parts and using (4.159), we also have that
IVa(=20) unlAc 172 = (unlAef], (—A2) el Acf])
< xkp + axke + a:vz / vkvﬁfL v dU ( ac)_luk[Aszﬂ>
L3

—_

™

< (_Ax)_luk[AngL%
+ i </]Rg 'Uk'UéfL\/MdU, aa:g(_AI)_luk[AEf]>L2 '

From Cauchy-Schwarz inequality (in = and also in v for the third term), we obtain

m\»—t

1
IVu(=80) " ualAef 2z S < (Mol ez + 16012z + 1 zz,)

Gathering the two previous estimates, by Cauchy-Schwarz inequality, we deduce

A S 120 A 22 Oe 12
< 2 (ol sz + 10Uz + 150z, ) (10112 + 140z, )

For the term J,, the computation made in (4.160) yields

T2 = o5 (0 (-0 il 1, OlLF )

- i (O (=000) a1, One [+ Valulf] - VM) ),

1 —1 1
= (Oa (= 20) w11, Ouslo - VS )
=: Jo1 + Jag + Jo3.

To bound J5;, we first notice that as in (4.154), one can prove that

1Oke[ L M2z S £ 2z -
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Then, (4.148) and Cauchy-Schwarz inequality give

1 1
I S 10 (=A0) "l flllez 1 Mz, S Slulf ezl Nz,

The term Jo is computed explicitly thanks to (4.161) and (4.162) and integrations by
parts:

T = = 0 (O () w1, el )+ Dl 1),

€% 4k

Z<%(—Ax>—1uk[f Onvtinlf] — 3 sy f >
L2

p#k

T

so that
Joy = _iz (= Ao (=A0)  unlf], uilf > = ——Z lur[fIll72 = —i\lu[fﬂl%g
k

The term .J53 is treated thanks to an integration by parts, (4.148) and Cauchy-Schwarz
inequality:

oy S ZIIVE(=A) Tl Alleallf ez,

1
N gHu[fWL%HfLHL%,v'

Finally, we have obtained for some constants «, C' > 0
(Dee(=20) " ur[Af), Okl 1), + (O (—20) [ ], Oke[A-f])
K C C
< =Sl + el OU sz + Zolflllo e, (4163)
C C
+ 210U + S

Step 4. Mass estimate. We first compute

pIAf) = SplLf*] ~ Lol Ve

_ —1vx~/ v fv/M dv (4.164)
19 R4
1

=——V,-ulf].
19

227



Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

We now estimate the term
(0, (—Am)‘lp[/\ef],uk[fDLz + <3mk(—Ax)‘1p[f],Uk[Aef]>L2 =: Ry + Ry.
For Ry, from the computation (4.164) and (4.148), we have

1
Ry S N(=A0) 7 oAl [l fTllaz S <l 1z

From (4.159) we rewrite the term R as

1

Ry = == (0 (=) 0171, 0ueplf1) 1, =~ 5 (o= 20) 0171, 0206111)
1

(O (=210, [ s VM dv)

=: R91 + Rag + Ras.

2
x

The first term Ro; is computed exactly thanks to an integration by parts:

R =~ (=0, (-0 0111, 0111),, = — ol

L3
The second one is estimated thanks to and integration by parts, Cauchy-Schwarz inequal-
ity and (4.148):

1 _
Ras 5 ZIIVE(=22) pyllz 101112

1
S ZIolflllez 10151 2z
Similarly, we obtain
1
Ras S ZIIVA(=22) " plflllaz | [, owves VM do
€ R4 L2
1
S ZlelMlezll Mz,

Gathering the previous estimates, we obtain for some constants x, C' > 0

(00 (=00 Il 1), + (Do (= 20) 7" LT, el A1)

K C C C
< =ZNolAI: + ZIulflE: + N6 + 1B,

LE

(4.165)

Step 5. Conclusion. We introduce the following inner product on L?
(f, ez,
= (1 )1a,, + me (O (~20) 0] wila]) , + me (O, (=20) " 0lg] wnlS])
+ 722 (O (— ) M uslf], @M[Q]>L% + 122 (Da,(— ) M unlgl, Okelf])
o+ 152 (O (= B2) "ol unlg]) , + e (O (= 200) 7 pl). w11,

LE

(4.166)
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with constants 0 < 73 < 172 < 7 < 1 to be chosen below, and denote by |[||g][?. =
((9,9)) 2 the associated norm. We observe that

lgllez, < Mgllzz, < Nlgllzz,

where the multiplicative constants are uniform in € € (0,1]. The norms || - [[zz  and || -
Iz, are thus equivalent independently of ¢ € (0,1]. Gathering estimates (4.149)-
(4.155)—(4.163)—(4.165) and using Young’s inequality, we obtain:
1 oy,
(S, D2, < = (2 —Cnm —Cny — 0773) 1412

K
— (" on - Cns) 101111

— (kms — O} — Cs) |[ul£1172

2
N
(s - € = 2 ) ot
m
By choosing 7, := 7, 72 = 773, N3 = 77% with n > 0 small enough and recalling that
1£1Z2, = 15122, + LAz + lulflZ: + 160f1]17:. we thus obtain

K
(At Pz, < =0 llFIEs, — S0P B

for some constants o, £ > 0, which completes the proof. U

8 Appendix B. Proofs of Lemmas 4.29 and 4.30

Proof of Lemma 4.29. Let us first recall that B, = ¢ 2B — ¢ v -V, with Band v - V,,
that are respectively self-adjoint and skew-adjoint operators in L;?c,v' Proving that Sg.
regularizes from %/ to .2 and from () to 2" is similar to prove that Sp_ regularizes
from 2" to #; and from 2" to Z with same rates. We will only focus on the proof
of (4.126) and explain the adaptation to make to prove (4.127) in the first step of the
proof.

Moreover, to prove (4.126), it is sufficient to prove that for any o € R and (v)* fin € L2 .,
one has: For any ¢ € (0,&?],

€
[{(0)*Sp. () finll L2z ) S —5=11(0) finll 22, (4.167)
: Vi
and

(o) S () finll ez, + 1{0)* S5, (&) finll 2 s .y + €l Vi ((0)* S (8) fin) 12,

3
€ (0%
< all0) il @168)
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Indeed, since V, commutes with B., from estimate (4.167) (resp. (4.168)), we already
obtain the first (resp. second) estimate of (4.126) for ¢t € (0,&2]. Then, fix o € (0,0y).
We obtain the estimates given in (4.126) for all £ > 0 by using the exponential decay
of Sp. in 2" given in Lemma 4.28. More precisely, using that for ¢ > €%, Sp_(t) =
Sp.(e2)Sp. (t — £2), we obtain that for o’ € (0, 0;) and for any ¢ > 0,

53 —o't/e?
min (g3, 3/2) '

19 1472
S (O oom < ————— 7Y and  ||Sg. (8)|| 93— e <
156,013 S o E s 1. () 25 %

It implies the wanted conclusion using that ¢’ > o.

For the remainder of the proof, we let « € R and f;, be such that (v)* f;, € L? . and

consider the solution f(t) = Sp_(t) fin to the equation 9, f = B, f with initial data f;m and
we shall prove (4.167) and (4.168).

Step 1. Define the functional

(K@) 113, + 10)°Vos 1B, )
2 — —
+ can (52> <<U>avvf7 <U>avxf>L% )
t\? = ol
et () (10°Vafls, + Kl V.13, ). @169)

where o, as, ag, K > 0 are positive constants such that 0 < a3 < as < a7 < 1 and
ay < y/ajas. Notice that in order to prove (4.127), one just has to change the sign in
front of the term which mixes derivatives in x and v in the definition of the functional &..
It will allow to conclude that (4.126) holds for the adjoint of B. instead of B, and thus
imply (4.127). The constants «; will be chosen small enough in Step 6, and /K will be
chosen large enough in Step 3 and Step 5. We remark that

ey o 1 avr ey
) FllZe ) S K0 @) flIZe, + 10V fllzz, S 1) 7z

and
1) Vo3, S 1) Vaf 2, + KN @) Vas B S 1)Vl s .

Therefore, we can already observe that for any ¢ € (0, %], one has the following lower
bounds

t «
;2H<U> f”%g(H,},*) S E(t)
and

3 —
(5) (o)1, + N0y F By + 2 10) Vel Iy ) S £t
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Therefore, in order to prove (4.167) and (4.168), it is sufficient to prove that 46 <
for all ¢t € (0, £%. We then compute

d d o} <
80 = GO+ S (KN 0, + 100 sl
d 5 =
+ St (K@ 1, + 1007913 )
+ 25t (0 Vol () V), + 222 (), Ve,

Q aw «a X
#3582 (10)"Vaf Iz, + K@) 03V S )

043

+ 208 2 () VeI, + Kl () 3V 113 )

and we shall estimate each term separately in the sequel.

Step 2. From Lemma 4.28, we already have

K

2 a |12
2dtH< 0 iz, <=1 Fliaae.) (4.170)

for some constant x > 0.

Step 3. We prove in this step that, choosing K > 0 large enough, we have

d Y4 2 aw— 2
LN I, + M), )

2dt i c “4.171)
< =5 ) gqan.) + 210D Py 10)" VS L,
for some constants x, C' > 0. From Lemma 4.28, we already have
a K o/ 2
S )T, < ) ) s
for some x > 0. Moreover, we have
Sl I, = (090 VuB0)),,
_ 20w - 2007 v
= (Vo Bo(Vai)) o+ (@ VoS [Vu BAS)

Thanks to Lemma 4.28, there holds

K

(0P V£ BV f)) < =10 Vol Iz
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for some constant x > 0. From Lemma 4.26-(1), we have

() Voo, [V, BIS)

L3
= (T (), s Tl — 5 (T (000, B Vo)),
- {0Vl s, = {0 Tt (M T D] ),
- i ()Y f. VS >L
_. _512(7’1 + T+ T3+ Ty) — i <<v>20§vif> ’vaif>L§’v '

Writing V., (0)22%,./) = (0)2%,, ((0)7%, )+ (o, (0)7)(0)27,, /. using that [V, (1)°] S
(v)z " (v)* and thanks to Lemma 4.10-(iii), we obtain

K a a
T < gl Vol lzz gy, + Cll@)* @) Vo fllzz -
In a similar way, observing now that

,€Zj(<v>2af€vif) = _<U>a,vvvj(<v>afvvv¢f) - [(aijf)<U>a + (61)]- <U>a)} <U>afvvvif

and using Lemma 4.10-(iv), we get

K o @ ey
Ty < S0 gy + Ol £, + ) 0) ™V, s

Using that |V,,m?| < (v>377+2 from Lemma 4.25, we also get
K

T3 <

NVl + Cllw) @) A

2 .
T,v

For the term 7}, we use Lemma 4.10-(vii) to obtain

K e @/ A\y— @
T < S0 Vol sy, + ClO) ) 1B, + O} (0 Vo g,

Hence, we obtain

1d e K s C o
SPTL Vofllzz, < —2?2H<v> Voflzam, +;2H<’U> () fll72
C N C e e
+ ;H(v) OV flzz, + ;II(U> Vo fllez J[0)*Vafllre, -

We conclude to (4.171) by gathering previous estimates, observing that || (v)*(v) """ f|| 2 +
1) @)1V, fllzz , < 1) ()3 fll s s and taking K > 0 large enough.

T N
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Step 4. In this step, we show that

d «a aw 1 as C o
() Vol (0 Vaf),, < =N Vel 7+ 5100 ez,

<U>a§xf‘|L§(H%7*)a
(4.172)

dt

for some constant C' > 0. We compute, using (4.123),

SOt 0as),, = (0t T { 5B~ 20 9]

{0, Vo {58 - 20 Vs )

1 = = 1 —* ) awr 1 avy
= =5 (Ve Vul), Bf), + 5 (Va0 Vaf),BE) = 10 Vel

where we have used Lemma 4.10-(1). We hence conclude to (4.172) by using the fact
that [[{(v)*Bfllcz, < [1{v)*fllL2mz.) (see (4.72) for a similar estimate) together with
estimates (4.68) and (4.71).

L2

T,V

Step 5. We prove in this step that, choosing K > 0 large enough, we have

o a 3 K avy
S Ty, + KN 03V, } < o) T sy, 4173
for some constants x,C' > 0. We first remark that, since V, commutes with 5., we
already have from Lemma 4.28 that

K

LS )3V, <~ )3V g

for some constant s > 0.

We then write

5 dtH< 0)*Vaflis, = () Veif,Vai(Bo) 1y

= ((0)*Va £, B-(Varf)),, + ((0)*Varf [Vai BIS)

T,V T,V

Thanks to Lemma 4.28, there holds
T £V K ay
(W Vaif B(Ve) < =510 Vel iz,
for some constant £ > 0. From Lemma 4.26-(ii), we have

(01, e B,

= (Vo (V). e Fulf) s, = o (V5 (02 F0 ), 92, 95,))

S GER A AR R ]f>

62

1
=: —g(Rl + Ry + R3).

2
Lz,v
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Writing V., (0)2°V,, f) = (0)°V,,, ((0)°V,, f)+(V,, (v)*)(0)*V,, f, using the fact that
|V, (0)] < (v)2 1 (v)* and thanks to Lemma 4.10-(v), we obtain

K a «
Ry < Sl Ve f 7z, + CI@*(0) Ve fl2s
In a similar way, observing now that
Vs, (00 Vo f) = —(0)° Vo, (0°Var ) = [(80, Bye) (0)* + (Vo (0))] (0)°V s, f,

we get
K — o
Ry < Sl Vaf 7z, + CI@*0) T Vo l2s

For the term R3, we use Lemma 4.10-(viii) to obtain
K a a
Ry < ¢ llw) Vafllzzem.y + CllWY* (W) Vaflliz -

Hence, we obtain

1d

C
5@”@0

avy K avy o
Vsl <~ 0ol By, + S0 0V

We conclude to (4.173) by gathering previous estimates as well as noticing the fact that
(WY ()TV, fll2 . < H(v)“(v)%vfoLi(H%’*) and taking K > 0 large enough.

To N

Step 6. Proof of (4.167) and (4.168). Gathering (4.170)—(4.171)—(4.172)—(4.173), we
obtain

d
dt

0610 o
?H@) f||%g(H},,*)

a K N .
+ St (=510 By + S 100z

+25 (), V),

2K o
E(t) < =10 Flla ) +

(©)° V. ]1x)

Q2 1 ay C o ay
+ —t? <—€||<U> Va:f||%gw + g”(@ fllzzcaz ) |I{v) sz||Lg(Hﬂ1,*))

23
azC o fl12 gz gk aw f2
+ ?t [{v)*Vafllz2, — gt ;H(U) Va2
Using Young’s inequality, we have
t o = g 12 e a1 o
Calg”@ﬁ fleza )0)*Vafllzz, < Zg”@) szH%g,v + C;;;H@) Az
9 s s (6] t2 — [6%) a
25t <<U> Vo f, {v) Va:f>L3w < Zg”(v) Voflzz, + C;H(W 2
2 . = sk t® e

CO@;H(”) f||L§(H3,*) <U>avxf||Lg(Hq},*) < 73”(”) Vacf”%g(yg’*)

2
aj t 2
+ 0&73674“<U>af||L%(H3’*)‘
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8. Appendix B. Proofs of Lemmas 4.29 and 4.30

We thus deduce, for any ¢ € (0, €], that

d 1 Oé% a £12
&ge(t> < _? 2K — Cal - CaQ - COZ72 H<U> fHL%(H%ﬁ*)
t ol N t? [y oS
- (M - Cé) 1) Flizcez.) — = (2 - Cozg) I(0)*Vafllz,
Rt =
- 75\“”) vwf”%%(H%’*)'

We now choose o, = 7, ap = 1*/2, and a3 = 1°/® with ) € (0, 1) small enough such that
each quantity appearing inside the parentheses in above inequality is positive. Therefore
one obtains that L&.(¢) < 0, for any ¢ € (0, %], which concludes the proof as explained
in Step 1. O

Proof of Lemma 4.30. The proof follows the same lines as the proof of Lemma 4.29.
More precisely, as explained in the Step 1 of the proof of Lemma 4.29, in order to obtain
the desired result it is sufficient to prove that %551 (t) < 0 for all ¢ € (0,&?] for some
well-chosen functional £!.

Let o € R and fi, be such that (v)*fi, € L7 ,. We then consider the solution f(t) =
Sp.(t) fin to the equation 0,f = B.f with initial data f;,. Recalling that &, is defined
in (4.169), we then define the functional

ELNt) = E.(t)
+ B ( !

2 — —
) (K@) )21y, + Kall )2 0}V fIs, + 10V s )
t\* .
128 () (K@) @ Vs By, + Kall) 031V, fIR:

WCRAAAY

5 —~ ~ ~ ~
+38 () (@0t (0)V.91)
6 —~
+e19y (5) (K@) @ VaVafls, + Kl ()3 9,918,
+ 0T, )

where 31, B2, B3, B4, (1, Ko > 0 are positive constants to be chosen later such that 0 <
B K B3 K By K P K 1, By < /P62 and K1 > Ky > 1.

Step 1. From the proof of Lemma 4.29 (Step 6), we already have that for any ¢ € (0, 2],
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there holds
d K o 77/€t
S <~ B — o 10 g
n3/2t2 - 5/3,€ 43 - (4.174)
— g Mo Vaflis, — Sl Va2
for some constant x > 0 and where 7 € (0, 1) is small enough.
Step 2. From Lemma 4.28, we already have
d « K «
@ Lz, < =S 10 @) Il ) (4.175)

for some k > 0. Moreover, from the proof of Lemma 4.29 (Step 3), we already know that
d ) NIl
LA (W“vallig,v
11T p)2 C a2 42 2
252 ) @3V Ry + ) =" fllze,

o 3y C @ I41S @ 141S
+;||<v> ()= 2 fle, + 1) )3 Vo f e, 1(0)* () Vo fll1z,
(4.176)

\

for some constants x, C' > (0. We now compute

<U>a,€v,€vf”%§,v
= ((v)*V,, Vi, f, (v

2 dt
VoV, B-f)

L2

o+ <<U>a,€vi,€v~f7 () V[V, B‘E]f> 2,

i
= () Vu Vo, £ ) VBV, 1)), + (0 Va0, f () Ve, BIVaT )
B

x,v

) )
= ((0)"Vo, Vo, £, (0) Vi B (Vo f
) )
<

(00,5, 1. (0 (9,9, B Vis
= Il + ]2 + [3.
From the proof of Lemma 4.29 (Step 3), we already know that

K ~ = C =
L+ I < =5 10 VoV 2y ) + S 1) @)V f s,

C - C e S
e (RO A PR R A A PR TR A AT

For the term I35, we use Lemma 4.10 to get

Vo [V, B| f = - [v%,v* Ve, V| f-= [vvl,vvk[vvj,v* ]| £
1 L= - -,
-5 Vo [Ve,, Vi), Ve ]]f—;Q(vwvvjm )f
¥Vl



8. Appendix B. Proofs of Lemmas 4.29 and 4.30

Expanding the first two terms, we observe that
Voo Vi Vs Vo | + [ Ve Vi [V, V3]
= %/vz%/:;k [/VV'U]' ) /v/vk] - /vv:k [/v/vj ’ %/Uk]/vvvi + /vvvi/vvvk [%/Uj ) /szk] - /v/vk [/v/vj ) %/Zk]fvlvz
= Vi (Voo Vor, Vo | + Vi (Vo Vo, Vi I+ [V, V3V, Vi)
Vo, Vi [V, V3,

whence

,V

<U>afvvvifvvvj [ <U>a(§vi§vjm2>f>

2
Lz,v

2
La;,v

1 1 -
: _g(liﬂ + Ig + I3z + I3y + I35 + I36) — z <<U>avuz-vujf, ()% V,, sz]f>

L2

T,V

Now remark that

(o)~ V5, ({0 Vo Vo, Lz, HI0) ™ Vo (00 Vo Vo, Nz, S 10 Vo Vo iz

0 N

and using Lemma 4.10, we obtain

I + Ip S 1)V Vo f iz (10)%0) 27V, Lz, + 1)) 7 flz, )
Thanks to Lemma 4.10, we observe that
Voo Vil Vg, Vol FL Vo Vol [V, VRIS )2V Vf 4 (0)2H 9, f]
and thus we obtain

Iy + Ins S ) ) 39,90z, (1000 T 0,V iz, + 10 (0) Vo s,
< VoVl (103 (0) BTz, + 10)* @) FTufl1z, )
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

For the term I35, we write
Iy = (Vo (0 VoV ). [V, Vi Vo lF)
— () VoV, £ 0 (Ve Vi VIV f)
and using Lemma 4.10, we thus get
s S 100 VuV g (100 @F IVl + 140)" @) sz,
N RCRA AN
Using that |V, V,,m?| < (v)27*2, we also obtain

= < 3y
Is S 10)* VoV fllaa oy {0)* (@) 2 flzz -

Gathering previous estimates and using Young’s inequality, we thus get

S P Coovnr iy
S VTSI, < @ VT e + 5 1) 0TIV SR,

C o = C o) (B
+ S @V T, + S0 () TV AT,

C «a 3y C o 3y
+ S 1)@ TV fllze, + Sl )T L,

Col e = .
+ z||<v> vvvfoL%’v“(i» foHL%(H%’*)
4.177)

Observing that

1) (W) 2 2 f 2, + 1) () 2 2V fllzz, + [(0)* @)V flLe
S ||<U>Q<U>V+2f||Lg(Hg7*)

and

1) @Y IV fllez, + 1) (o) TV f Lz, S 1) )3 Vo f L2y,

we then gather (4.175)—(4.176)—(4.177) choosing /1 > K5 > 1 large enough, which
yields

(K1||< (@2 AR, + Kall @) @FV I, + 10)"VoVuf I )
(1) @) 2 A B sy + 100V iy + 1) VoV f s )

+ = 10)* Fllzz ) 1) Vo f iz

K

=]
¢
9

(4.178)

238
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Step 3. From the proof of Lemma 4.29 (Step 5) we already have, with K large enough
with respect to Ko,

d

K VLI, + Kol 0 () A )

o (4.179)
—;QH<U>a<v>§+lvxf||ig(1{,}7*)

We now compute

)V Yt IZ2.,
= ((0)*Vo, Vo, £, (0)°Vo Vo Bof)

) )
<<U>avvi%/1'j e <U>a/€vi85(%/fﬂj f)>L§’v + <<U>a€v¢€zj e <U>a€vi [/v/mj? Bs]f>
) )

(

2d

u-

2
Lz,v

= ()" Vo Vo, £, Vo BV, 1), + (@) Voo, £ (0) Ve, BIVLT)

T,V

+ <<U>a/vvv1:/€:cj s U>a[/vvvm [/vva:j’Bs]]f>

2
L:v,v

From the proof of Lemma 4.29 (Step 3), we already know that

C —
Ji+Jp < —7||< ) VoVa T2y + S 1)@V f:,
+ gl!(v>“(v>”+lvﬁxf!|@,v + ;H<v>“§ﬁmf\l%l\<v)“§ﬁxf|hgm.

The term J3 can be estimated as the term I3 in Step 2 above. Therefore, we obtain,
gathering these estimates and using Young’s inequality,

d = = K C =
g VeVallzz, < =5l 0V Ve f 2. + S0 @V,

Co - C
+ I @V Ve Sz, +

?H<U>a<v>%+lvvvxf||%gm
0 ) EVL 2+ 10T Tl | (0) T T
-2 T L%’v - vVe L%,u v z Ve L%’v~
(4.180)
Observing that

1) W) Ve f iz, + 1) (0) T Vo Va2,
+ {0)* () TV Ve fllz, + 100 0) 2 Ve fllz, S o)) 2V Lz
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Chapter 4 — Regularization and hydrodynamical limit for the Landau equation

we then gather (4.179)—(4.180) and choose /; > K5 > 1 large enough, which yields
d o) IS =S
. (K1H< IV, + Kall) @V |+ 109V s )
<=5 (100" @3 Vaf iz + 10V Vol )

Co\ e —
+ 0 Ve fllrz o (0 Ve Ve fllz -
(4.181)

Step 4. Arguing as in the proof of Lemma 4.29 (Step 4), we obtain
() VuVof, () VoVof)

(e Cli\rae
< =" VoVl lze, + S 10 Vel liza,.)

d
dt (4.182)

(0)*VoVafllrzam.)

Step 5. Since V, commutes with %x and B., we already know from the proof of Lemma 4.29
(Step 5) that, with K large enough with respect to K,

d L
(K0 (0 VaVaflli, + Kall(0)* ()2 V. Vo fll3s )

dt
S —?H (v)C“(v)%VmefH%%(HUl,*)

for some constant £ > 0. We now compute

(4.183)

2dt|r<v> Vi,

= Rl + R2 + R3.
From the proof of Lemma 4.29 (Step 5), we already know that
K = = C —
Ry + Ry < —2—€2||<U)O‘vaxf||%g(%,*) + €—2||(v>°‘(v>7+lvmvxf||%§w.

The term R3 can be estimated in a similar way as the term /5 in Step 2 above. Therefore
we obtain, using Young’s inequality,
d = K e C “ =~
&H@) Vxfollig,v < —2?2||<U> vaxf”%g(H%,*) + g||<”> <U>7+1vaxf||%gw
C o) B
+ I @) 7TV fs
(4.184)
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Observing that

we then gather (4.183)—(4.184) and choose K7 > K, > 1 large enough, which yields

(W) 0V Ve, + 1)) TV Va2, S 1)) 2 VaVaf iz

T N

d el @ 2 N2 v v
T CICRUR AN A [OROE AN P (DR AN
K =
< —§||<U> vaxfﬂig(ma*)
(4.185)
Step 6. We can then conclude the proof as in Step 6 of the proof of Lemma 4.29. [
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Conclusion

Cette these est concentrée sur I’étude de 1’équation de Landau. Plus précisément, dans
le Chapitre 2 , nous avons linéarisé cette équation pres de la distribution maxwellienne
et nous avons établi des estimations hypoelliptiques, une localisation du spectre et des
estimations de la résolvante de I’opérateur de Landau linéarisé associé a cette derniere
équation dans les cas de potentiels durs et molécules maxwelliennes. La preuve est basée
sur une méthode de multiplicateur et nécessite des outils de calcul pseudo-diftérentiels
raffinés. Ensuite, dans le Chapitre 3, nous avons étudié la limite hydrodynamique de
I’équation de Landau. Nous avons obtenu un résultat sur la dérivation du systeme de
Navier-Stokes-Fourier incompressible a partir de I’équation de Landau dans les cas de
potentiels durs, maxwelliens et modérément mous. Pour obtenir ce résultat, nous avons
étudié d’abord la théorie de Cauchy associée a 1I’équation de Landau adimensionnée
pour des petites données initiales, puis nous avons prouvé des estimations pour quelques
normes de Sobolev adaptées a la solution qui sont uniformes en nombre de Knudsen en
utilisant la méthode d’énergie non linéaire. Ces estimations uniformes nous ont permis
d’obtenir un résultat de convergence faible vers le systeéme limite fluide. Finalement, dans
le Chapitre 4, nous avons étudié également la limite hydrodynamique pour I’équation de
Landau en améliorant le résultat du Chapitre 3. Plus précisément, nous avons montré
un résultat de convergence forte des solutions de I’équation de Landau vers des solu-
tions fortes et globales du systeme de Navier-Stokes-Fourier incompressible. Nous avons
étudié d’abord la théorie de Cauchy dans un cadre perturbatif, puis nous avons montré des
estimations de régularisation en temps (uniformes en nombre de Knudsen) pour I’équation
de Landau (adimensionnée) linéaire et non linéaire ol la méthode d’hypocoercivité-L?
joue un rdle important. Ces estimations uniformes avec le résultat sur 1’analyse spectrale
réalisée par Yang et Yu dans [130] pour plusieurs équations cinétiques (dont I’équation de
Landau) nous ont permis d’obtenir ce résultat.
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Perspectives

I- Estimations hypoelliptiques et spectrales pour I’opérat-
eur de Landau avec un potentiel extérieur

Dans [111], nous avons montré une propriété de localisation du pseudo-spectre de I’opé-
rateur de Landau linéarisé et établi des estimations importantes pour la résolvante. Il est
possible également de regarder 1’équation de Landau en ajoutant un potentiel extérieur
comme suit :

f|t:0 = f07 .

ol f = f(t,z,v) est la fonction de densité de particules a un temps ¢t € R*, une position
x € R3 et 2 une vitesse v € R3. Ici Q est I’opérateur de collision de Landau (voir Section
1.2 sur la présentation complete de 1’opérateur () ainsi que 1’équation de Landau) et V/
désigne le potentiel électrique. Notre objectif est de donner des hypotheses suffisantes
sur le potentiel V' comme dans les travaux dans [62, 67, 66] et d’utiliser des outils de
calculs pseudo-différentiels (comme dans [111]) dans le but de montrer une propriété de
localisation du pseudo-spectre pour I’opérateur de Landau linéarisé P associé a (5.1) (voir
la figure ci-dessous) et d’estimer la résolvante.
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Figure 5.1: Localisation du pseudo-spectre de 1’opérateur P associé a (5.1).

La figure ci-dessus est une conjecture suite au résultat obtenu dans [111] (voir Figure 1.2)
dans le cas de I’opérateur de Landau linéarisé sans potentiel extérieur. De plus, grace
aux hypotheéses qu’on va supposer sur le potentiel extérieur V' comme dans les travaux
dans [62, 67], nous envisageons que le spectre de I’opérateur P associé a (5.1) soit discret
comme montre la figure ci-dessus au lieu du spectre continu donné par la Figure 1.2.

II- Etude de la limite hydrodynamique du systeme de
Vlasov-Poisson-Landau

Dans [112, 25], nous avons étudi€ la limite hydrodynamique de 1’équation de Landau et
nous avons obtenu les équations limites qui correspondent au systeéme de Navier-Stokes-
Fourier incompressible. Une étude intéressante est de coupler I’équation de Landau adi-
mensionnée avec 1I’équation de Poisson et d’étudier la limite du systeme obtenu. Plus
précisément, nous nous intéressons au systeme adimensionné suivant :

{ 58th +v- fog + EO&VI¢E(.T) : vvf& = %Q(f&v fs)

fe\t:o = fE,O; (5.2)
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ol f. = f.(t,z,v) estla fonction de densité de particules a un temps ¢t € R, une position
r € R3 et a une vitesse v € R3. Ici ¢ > 0 est le nombre de Knudsen qui est I’inverse
du nombre moyen de collisions pour chaque particule par unité de temps, o > 0 est le
rapport de la répulsion électrique suivant la loi de Gauss et le nombre de Knudsen (voir
[7] pour plus de détails) et () est I’opérateur de collision de Landau (ici la présentation
complete de 1’opérateur () ainsi que 1’équation de Landau sont les mémes que dans la
Section 1.2). On note ¢. = ¢.(t,z) € R est le potentiel électrique auto-consistant couplé
avec la fonction de densité f. (¢, z, v) par I’équation de Poisson

Ax@:j(/RSfEdv—l). (5.3)

Dans I’article [57], les auteurs ont étudié la limite hydrodynamique du systeme de Vlasov-
Poisson-Boltzmann et ils ont montré que le systeme limite est le systeme Navier-Stokes-
Fourier-Poisson suivant :

O+ u - Vau + Vop = vAzu + pV, 0,

0 (20— 2p) +u- V. (20— 2p) = kA0,
Ve -u=0,

Au(p+0) = a?p,

(5.4)

ou dans le systeme précedent  (la température), p (la densité) et p (la pression) sont des
inconnues scalaires et v est un champ de vecteur vitesse a 3 composantes. Le coefficient
v (resp. k) est la viscosité (resp. la conductivité thermique). Il est envisageable d’obtenir
le méme systeme limite (5.4) pour le systeme de Vlasov-Poisson-Landau (5.2)-(5.3) en
combinant les outils utilisés dans [25] ainsi dans [57].

III- Etendre le résultat du Chapitre 4 au cas de potentiels
mous et de potentiel Coulombien

La méthode utilisée dans [25] doit étre suffisamment robuste pour étendre le résultat au
cas de potentiels mous et de potentiel Coulombien —3 < v < —2. Plus précisément, on
doit pouvoir obtenir un résultat similaire au Théoreme 1.6 avec une décroissance sous-
exponentielle au lieu de la décroissance exponentielle en temps (1.58) en combinant les
arguments développés dans [25] avec I’étude faite dans le cas ¢ = 1 par Carrapatoso et
Mischler dans [22]. Pour obtenir le résultat hydrodynamique dans [25] (voir Théoréeme
1.9), nous avons utilisé des estimations spectrales fines qui ne sont valables que pour
le cas —2 < v < 1 par [130]. Si nous pouvons étendre les résultats de [130] au cas
—3 < v < —2, nous pouvons obtenir un résultat analogue au Théoreme 1.9 et ainsi
étendre le résultat au cas de potentiels mous et de potentiel Coulombien.
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IV- Etude du probléeme de Vlasov-Poisson-Fokker-Planck
fractionnaire

Il serait intéressant d’étudier le probleme de Cauchy pour le systeme de Vlasov-Poisson-
Fokker-Planck fractionnaire donné sur R* x RZ x R ot d = 2 ou d = 3 par

8z‘,f +v- vmf - €0E : vvf + (_Av)sf - vv ' (Uf) =0
1
B(t,2) = g f A60), o p(ta) = [ f(to0)de,59)

f(O,x,v) = f0<x7v>7

ou f = f(t,z,v) est la distribution de particules, (—A,)* est le laplacien fractionnaire en
vitesse avec s € (0, 1] et défini pour ¢ € S'(RY) par

(A 6(0) = G L eI o o) = [ o). 56

La constante €y € R est la charge totale du systeéme.

Dans un travail en cours en collaboration avec Frédéric Hérau et Isabelle Tristani, nous
nous intéressons a étudier la régularité nécessaire de la donnée initiale pour pouvoir prou-
ver un résultat d’existence de solutions du probleme (5.5). Nous planifions d’utiliser
des estimations de régularisation en temps court et le théoreéme du point fixe en suivant
la méthode utilisée par F. Hérau et L.Thomann dans [69] pour étudier le probleme de
I’existence de solution pour le cas non fractionnaire.
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