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ABSTRACT. Ce manuscrit est dédié a ’étude des gaz d’anyons. Il s’agit de dérivations
rigoureuses d’énergies fondamentales de ces systémes dans la limite de champs moyen, i.e
quand le nombre de particule tend vers I’infini.

Au sein des systemes bi-dimensionnels le choix de la statistique des particules n’est pas
limité a la dichotomie boson/fermion. Le parametre statistique peut prendre n’importe
quelle valeur entre 0 et 1 extrapolant entre bosons (parametre statistique nul) et fermions
(parametre statistique égal & 1). Ces quasi-particules sont décrites comme d’authentiques
fermions ou bosons interagissant via un potentiel magnétique longue portée généré par
des charges magnétiques de rayon R que les particules transportent. En d’autres termes,
nous ajoutons aux particules un tube de flux fictif de type Aharonov-Bohm. Nous avons
donc affaire & un probléeme a N-corps ou toutes les particules interagissent entre elles.
Nous considérons de plus que les anyons sont piégés dans un potentiel V' et soumis a un
champ magnétique extérieur. Nous étudions ici deux limites appelées quasi-bosonique et
quasi-fermionique ou le parametre statistique tend respectivement vers celui des bosons
puis des fermions.

Dans le premier cas le parametre statistique est vu comme une perturbation du cas
bosonique. Nous le prenons égal & 1/N. Le rayon R tend aussi vers zéro quand N tend
vers 'infini. Notre méthode permet d’obtenir la convergence de ’énergie fondamentale
de ces gaz ainsi que la convergence des états associés. Nous obtenons une énergie de
Hartree. La validité de ce résultat dépend de la vitesse de convergence de R qui ne doit
pas décroitre trop vite. La discussion autour de la taille des anyons sera centrale dans le
manuscrit. L’outil principal dans I'obtention du modele effectif est la version du théoréme
de de Finetti de Brandao et Harrow combiné a une localisation dans ’espace de Fock.

Dans le cas quasi-fermionique le parametre statistique tend vers un. Nous travaillons
donc sur une perturbation du cas fermionique. Cette fois-ci nous introduisons la constante
de Planck que nous prenons proportionnelle & 1/N 1/2 pour nous trouver dans une limite
semi-classique. Nous obtenons a la limite une énergie Thomas-Fermi. La validité de ces
résultats est aussi tributaire d’une contrainte sur la taille des charges R. Nous utilisons
les états cohérents et les fonctions de Husimi combinés au théoreme de Diaconis-Freedman
pour obtenir I’énergie effective. Le point central de la preuve est ’obtention d’un principe
de Pauli quantitatif semi-classique.

This thesis is dedicated to the study of an anyon gas. We derive ground states effective
models in the large number of particle limit.

In two-dimensional space there are possibilities for quantum statistics continuously
interpolating between the bosonic and the fermionic one. Quasi-particles obeying such
intermediate statistics are called anyons. They can be described as ordinary bosons and
fermions with interactions through long-range magnetic potentials, generated by magnetic
charges carried by each particle. We study the almost-bosonic and almost-fermionic limit.
Anyons are seen as usual bosons or fermions interacting through a magnetic potential
whose strength converges to zero in the limit of large particle number. We obtain rigorous
results for the convergence of their ground state energies and the associated minimizers to
those of effective models.

The ground state of almost-bosonic anyons converges to the infimum of a Hartree-
like functionnal and its minimizers to a convex superposition of factorized pure states.
The particles behave like independent, identically distributed bosons interacting via a self-
consistent magnetic field. The proof is based on an information theoretic version of the
quantum de Finetti theorem due to Brandao and Harrow combined with a Fock-space
localisation technique.

The ground state energy of almost-fermionic anyons converges to the infimum of a
Thomas-Fermi energy and its minimizers to measures associated with the corresponding
semi-classical problem. More precisely, the ground state of our Hamiltonian converges to
that of a classical modified Vlasov energy whose minimization leads to the Thomas-Fermi
functional. The Vlasov energy is endowed with a self-consistent magnetic field, a landmark
of anyonic statistics. The ground state of the Vlasov energy displays anyonic behavior in
its momentum distribution. The proof is based on coherent states, Husimi functions, the
Diaconis-Freedman theorem and a quantitative version of a semi-classical Pauli pinciple.
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CHAPTER 1
Introduction

C’est une loi de la nature; toutes les particules constitutives de notre monde physique
sont soit des bosons, soit des fermions. Les bosons décrivent les interactions entre par-
ticules, ils sont les intermédiaires par lesquels les autres particules agissent les unes sur
les autres. On compte parmi eux les photons de l'interaction électromagnétique, le gluon
de linteraction forte, échangé par les quarks au cceur des nucléons ou encore le gravi-
ton, coursier de ’attraction gravitationnelle. D’un point de vue mathématique les fonc-
tions d’onde utilisées pour décrire les particules sont symétriques pour les bosons et an-
tisymétriques pour les fermions. Cette contrainte de symétrie rend compte d’un grand
nombre de propriétés des systémes macroscopiques. A trés basse température nous obser-
vons par exemple le phénomene de condensation de Bose-Einstein [45), [31]. Dans cet état
particulier de la matiere presque toutes les particules se trouvent dans le méme état quan-
tique. Cette tendance a peupler un seul et méme état permet la construction de lasers aux
rayons de photons tres cohérents. Cela ne se pourrait produire avec des fermions. Ceux-la
sont soumis au principe de Pauli et ne peuvent en conséquence jamais occuper le méme
état. C’est 'argument fondamental dans 'explication de la stabilité de la matiere usuelle
[42), 110, 43]. C’est aussi la raison de la plupart des propriétés chimiques des atomes.
A ces deux comportements, bosonique et fermionique, sont respectivement associées les
statistiques de Bose-Einstein et de Fermi-Dirac. A I’équilibre thermodynamique la statis-
tique dicte aux particules comment se distribuer parmi les niveaux d’énergie du systeme.
Considérons plus précisément un systéme avec les niveaux {E;};°, de dégénérescence g; a
température 1" et potentiel chimique y. Le nombre de particules d’un groupe de bosons ou
de fermions peuplant en moyenne un état i est donné par les distributions NBF et NFP
suivantes

i

BE et o
NEBE — ¢, (e kpT _ 1) pour les bosons (1.1)

]

et

E;—p -1
NP = g <e kT + 1) pour les fermions (1.2)
avec kp la constante de Boltzmann. Quand la température T devient tres basse nous
observons que
NPE — 0o alors que NfP — gilg,<,.

Le premier phénomene est appelé condensation. Le second décrit ’apparition de la mer de
Fermi, i.e les fermions s’empilent jusqu’a atteindre ’énergie p.

Cette stricte dichotomie boson/fermion nous améne & nous questionner sur son indu-
bitabilité. Existerait-il une particule fondamentale avec une statistique différente 7 la
réponse expérimentale est non. Jusqu’a aujourd’hui seules ont été mesurées des particules

13



14 1. INTRODUCTION

bosoniques et fermioniques. La réponse apportée par la théorie est tout aussi claire, non.
La découverte des anyons tire son origine d’une question naturellement associée aux dernieres
réponses: pourquoi ? La aussi nous trouvons une réponse nette: parce que notre monde est
au moins tri-dimensionnel. Mais alors, qu’adviendrait-il si nous vivions dans un plan 7
Les espaces R3 et R? présentent d’intrinseques différences topologiques. Celle qui nous
intéresse plus particulietrement est le fait que l'espace R3\ {0} est simplement connexe
alors que R?\ {0} ne l'est pas. Les groupes fondamentaux de ces espaces sont alors dis-
tincts ce qui, dans le cas de la dimension deux, ouvre la voie & de nouvelles possibilités
de symétrisation de la fonction d’onde dés lors que la mécanique quantique est formulée
d’une maniere géométrique [126]. Une fonction d’onde décrivant des particules vivant dans
un plan peut donc étre dotée d’une propriété de symétrie plus exotique que la symétrie
ou l'antisymétrie. Mais, comme nous ’avons dit, notre monde physique est constitué de
trois dimensions. Nous aurions pu penser que ces particules resteraient d’intrigants objets
théoriques pour toujours. Il n’en est rien. Des systéemes quasi-bidimensionnels peuvent
habriter d’authentiques quasi-particules deux-dimensionnelles qui elles, n’ont a priori pas a
étre bosoniques ou fermioniques.

Les pionniers de cette découverte théorique furent Leinas et Myrheim [78, 28] en 1977,
Wilczek [165], 163, 164] et Goldin, Menikoff, Sharp [62, 63] dans les années 80. Les
dernieres décénies ont vu s’accroitre l'intérét porté aux anyons, notamment grace aux
progres en physique des atomes froids et en informatique quantique. Plusieurs systemes
suspectés d’habriter des anyons ont vu le jour. L’effet Hall quantique fractionnaire (EHQF)
est peut-étre un des plus connus et étudiés [61], [67, [66), [77]. Des anyons ont été mesurés
pour la premiere fois en 2020 dans le régime de 'EHQF [12], [127]. 1l existe aussi plusieurs
espoirs de créer des anyons dans les gaz d’atomes froids [30, 121, 160, 167, 168, 169].



CHAPTER 2
Physique a N corps

1. Physique classique

Nous nous intéressons dans cette these a un gaz d’anyons. Notre approche combine
champ-moyen et limite semi-classique. Nous rappellons ici les bases de la physique a N
corps classique. L’espace des configurations d’un gaz de N particules évoluant dans R? est
RN L’espace des phase est le produit cartésien de I'espace des configurations des positions
et des vitesses R¥™ x R, On appelle état pur une configuration du systéme oll nous
connaissons la vitesse et la position de toutes les particules. Il s’agit d’un point de I’espace
des phases Zny = (X, Py). La mesure empirique associée est

N
1
Empy, = > 6, (2.1)
i=1

ou z; = (x4,p;j) € R? x R%. Les états d’équilibre & température nulle sont des états purs.
Dans les autres cas le bruit thermal étale la mesure empirique, on parle alors d’un état
mixte décrit par une mesure de probabilité uy € P (]RdN x RN ) telle que puyn > 0 avec

/ dpy = 1. (2.2)
RAN xRaAN

Les observables physiques sont calculées a partir d'un état (pur ou mixte) de la maniere
suivante. Prenons par exemple un Hamiltonien

N N
[p;|”

Hy (X;P) = Z -t Z V (x;) (2.3)

Jj=1 J=1
de N particules qui n’interagissent pas dans un potentiel V. L’observable énergie est alors
iy @)= [ Hy(XGP)duy (X P). (2.4)

RAN xRAN

Afin de prendre en compte 'indicernabilité des particules nous imposons que uy satisfasse
pN (Z) = pn (Zs) (2.5)

pour toute permutation o telle que

Zo = (Xa(1)7po(1)7 o0y Xo‘(N)apa(N)) : (26)
Cette propriété de symétrie permet d’exprimer un grand nombre d’observables en utilisant
seulement les densités réduites

1 (%1, P1, - Xk, Pk) :/ UN (X1, P1; -, XN, PN) dXpr1dPpy1...dxndpy
RA(N—k) y RA(N—k)
2.7)

15



16 2. PHYSIQUE A N CORPS

2. Mécanique quantique

En mécanique quantique a N corps un état pur est une fonction complexe de carré
sommable sur l'espace des configurations des positions R*V. L’évolution d’un état ¥y €
L? (RdN ) est pilotée par ’équation de Schrodinger

iflat\I/N (X, t) = HN\I’N(X, t) (28)

ot h = h/27 est la constante de Planck réduite avec h = 6,62 x 1073*m2kg/s. Hy est le
Hamiltonien du systeme. La plus petite valeur de son spectre (quand elle existe) est appellée
énergie fondamentale. Le carré |Uy|? est interprété comme la densité de probabilité de
trouver les particules dans un volume donné de ’espace des configurations. Nous imposons
que le carré de sa transformée de Fourier (définie comme isométrie de L?), |¥x|? soit la
probabilité de trouver les particules dans une certaine configuration de vitesses. Cette
interprétation probabiliste demande que

/ |Un|*dx = 1. (2.9)
RaN
Les particules doivent aussi étre indiscernables. Cela implique que I’étiquetage des particules
Xy = (x1,...,xn) soit arbitraire et que

U, Un|* = U] (2.10)

pour toute permutation ¢ € Sy du groupe des permutations de N éléments avec U,
l'opérateur unitaire permuttant les indices

UsUN(X1, ., XN) = YN (Xp(1)s o) X (W) - (2.11)

L’indiscernabilité doit étre effective relativement a toutes les mesures envisageables. La
valeur moyenne d’un opérateur A étant donné par

(Un, AV y) (2.12)

celle-ci ne doit pas dépendre des indices. La dichotomie boson/fermion suit alors [132]
Lemma 7.1.1]

LEMME 2.1 (Bosons et fermions).
Considerons Uy € L2 (]RdN ) avec

/ |Un]?dx =1 (2.13)
RaN

satisfaisant, pour n’importe quel opérateur auto-adjoint A sur L? (RdN ) et n’importe quel
o €Sy

(Un, AU N) = (Us VN, AU,V ) (2.14)
alors soit
U, Wy =UyN Vo €Sy Bosons (2.15)
ou
Uy Uy = (—1)"8) ¥y Vo € Sy Fermions (2.16)
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PROOF. Prenons A = |¥y) (¥y|. Selon (2.14) nous avons
(Un, Uy Tp)* =1 (2.17)

pour tout o € Sy et donc

U,y =coVUpn (2.18)
avec ¢, un nombre complexe de module un. Nous avons aussi pour des raisons de consistence
que

Cooo! = CoCqy’ (219)
pour tout o et ¢’ € Sy. L’application o — ¢, est donc une représentation scalaire du
groupe des permutations. Il s’ensuit que ¢, = 1 ou ¢y = (—1)Slgn(a). O

Nous devons restreindre I’espace des fonctions d’onde L? (RdN ) en conséquence.

N
Lgym (RdN ) o~ ® L? (RN ) pour les bosons
sym

et

N

LZSym <RdN ) ~ ® L? (RN ) pour les fermions.
asym

En mécanique quantique a N corps, un état pur ¥y s’identifie avec la matrice densité

|¥n) (Un|. Un état mixte est alors définit comme une superposition d’états purs. Il s’agit

d’une combinaison convexe de projecteurs orthogonaux. Eu égard au théoréme spectral,

I’ensemble des états mixtes correspond a celui des opérateurs auto-adjoints, positifs et de

trace un
Sl <L2 (RdN>> - {r e (L2 (]RdN)) T=I"T>0TT = 1} (2.20)

ot &1 () est la classe de Schatten-von Neumann des opérateurs a trace sur I'espace de
Hilbert $). Nous pouvons aussi identifier un état mixte avec son noyau I' (X;Y) de manieére
que

r\p:/ I'(X;Y)¥(Y)dY (2.21)
RAN

avec

M'X;Y)=9y(Y)¥y (X) (2.22)
dans le cas d’'un état pur identifié avec Wy. Nous définissons la k-ieme matrice densité
réduite en prenant la trace partielle sur les dernieres N — k particules

r*®) =Ty, ,nT. (2.23)

Cela signifie que pour tout opérateur borné Aj, agissant sur L2 (de)
Tr [Amk)] =Tt [Ak ® 19N ’kl“} (2.24)

avec 1 l'identité de L2 (]Rd). La mécanique quantique habituelle peut alors étre exprimée
en terme de matrices densité. La valeur moyenne d’une observable A dans I’état I" est ainsi

(A)p = Tr [AT] (2.25)
avec, dans le cas d'un état pur I' = |[¥y) (U],
Tr[AT] = (U N, AUN) . (2.26)
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Dans le langage des matrices densité les symétries bosoniques et fermioniques sont imposées
via

U,I' =TU, =T pour les bosons (2.27)
U, =TU, = (—1)*#*“) T pour les fermions. (2.28)

3. Approximation de champ-moyen

Un Hamiltonien comprenant N particules interagissant par I'intermédiaire d’un poten-
tiel d’interaction wy, et piégées dans un potentiel V' a la forme

N

Hyp =Y (R*A;+V (%)) + A DY wilx; — %) (2.29)
j=1 1<k<j<N

ot A repréente la force des interactions. Cet opérateur non borné agit sur L? (]RdN ) Il est
tres difficile de calculer ’énergie fondamentale

eN = inf <\IJN,HN\I’N> (230)
UyeL?(RIN)

pour un Hamiltonien tel que lorsque le nombre de particules est grand. Nous in-
troduisons souvent en physique statistique des grandeurs émergentes macroscopiques telles
que la température ou la pression. Ces quantités sont définies en moyenne et peuvent étre
étudiées par des équations effectives comme celle de Navier-Stokes ou d’Euler en mécanique
des fluides. Cette méthode est applicable a la mécanique quantique. Nous introduisons des
modeles effectifs décrivant le systeme dans son ensemble dans le but d’obtenir des théories
plus maniables. Le modele le plus simple et peut-étre le plus connu est celui obtenu par
approximation de champ moyen. Le but est de se ramener & un probleme a un corps
auto-consistant en partant d’un probleme a N corps.

3.1. Approximation de Hartree pour les bosons. Dans le cas du Hamiltonien
agissant sur des bosons nous allons illustrer trois régimes, chacun menant a un modele
effectif différent. Le modele limite obtenu dépend directement de la compétition entre la
force des interactions A et leur portée L. Le nombre typique de particules interagissant avec
une particule donnée est pL? ot p est la densité de celles-ci. Dans un espace de volume 1
(la taille du systeme) nous avons p = N/1. L’énergie d’interaction moyenne par particule
est d’ordre NAL®. Cette énergie doit étre d’ordre 1 pour que les termes de (2.29) soient
comparables lorsque N — oo. Nous introduisons un parametre de scaling 5 > 0 pour
décrire la compétition entre L et A

NP
L=N" = N1 (2.31)
Le Hamiltonien ([2.29)) devient
al 1
Hy =Y (=8 +V )+ 17— > NV (N —xi). (2.32)

j=1 1<k<j<N
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Nous avons pris h = 1, cette constante ne sera utile que dans le cas fermionique. L’énergie
fondamentale pour un gaz de bosons est

ey = inf (Un, HNUN) . (2.33)
ey (R27)

L’approximation de champ moyen se base sur l'intuition que dans un gaz avec un grand
nombre de particules, chacune d’entre elles interagit avec un potentiel global et non plus
avec toute les autres. Elles peuvent ainsi étre vues comme indépendantes et identiquement
distribuées. La fonction d’onde prend donc la forme

TR (%1, .00, xN) = u(x))u(x2)..u(xy) (2.34)

avec u une densité & une particule de L? (Rd). Cet ansatz couplé avec

wi(x) =L (X) - ( /R d w> 5 (2.35)

au sens des distributions quand L — 0 nous amene aux régimes qui suivent.

Régime champ moyen (CM). Quand § = 0 Iénergie obtenue par insersion de
lansatz (2.34]) est
il Hy ol
n lu] = (W, Hx¥y) / (\Vu(x)]Q +V(x) ]u(x)\2> dx (2.36)
N Rd
N -1
—i—)\()/ lu(x)]? (w * |ul?) (x)dx. (2.37)
2 R4
L’énergie &y est une énergie de Hartree associée au probleme de minimisation
eq = ueig(fned) & [u] . (2.38)
llull o=1
Nous obtenons alors que
sym
% —en quand N — oo (2.39)

comme énoncé dans [136, Section 6] ou encore [52} 87, 140, 47, 54, 55, [81), 83, [85].

Régime Schriédinger non linéaire (NLS). Lorsque 0 < § < 1 'ansatz (2.34) reste
pertinent. Le potentiel wy, tend vers une masse de Dirac. Si nous le remplagons simplement

dans (2.37)) nous obtenons la fonctionnelle NLS

Ents [u] = /R (IVuG) P + Ve [uGoP + Slu(x)|*) dx. (2.40)

Ici

a= / w. (2.41)
Rd
L’énergie fondamentale associée est

enr.s = inf  &Enis [u] . (2.42)
ueL2(R%)
lull 2 =1
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Nous avons transformé un probleme linéaire avec une fonction d’onde a N corps en un
probleme cubique avec une fonction d’onde & un corps. Nous obtenons aussi la convergence
sym
‘N
N — enLs quand N — oco. (2.43)

Nous référons a [136, Section 7] pour plus de détail. Ce régime contient deux situations
physiques tres différentes mais aboutisant au méme modele effectif.

e (8 < 1/d) correspond au cas ou les particules interagissent souvent (L est grand)
via de faibles interactions A < 1. Nous sommes dans le régime de champ moyen.

e (8 > 1/d) correspond au cas ol les particules interagissent fortement mais rarement.
Nous somme dans un régime dilué.

La transision & lieu quand 8 = 1/d c’est-a-dire 8 de l'ordre de la distance inter-particules.

Le régime Gross-Pitaevskii (GP). Quand § = 1 la fonctionnelle limite est toujours
(2.40) mais
a =47 x (longueur de diffusion de w). (2.44)

La longueur de diffusion est définie [95, Appendix C|. L’ansatz (2.34)) doit alors étre corrigé
pour prendre en compte des correlations courte-portées. Un bon candidat serait

N
Uy (xt,exn) = [Julxs) [ f (Nﬁ (xi — xj)) (2.45)
j=1 1<i<j<N
ou f vient du probleme de diffusion & deux corps défini par w. Nous parlons de régime
Gross-Pitaevskii (GP) étudié dans la série de papiers [107, 106, [145], 97, 96, 98]. Pour
plus de details a propos de la condensation de Bose-Einstein et des théories de champ moyen

nous référons a [137, 87, 136, 81, 95].

3.2. Approximation de Hartree-Fock pour les fermions. Dans le cas des fermions,
I’énergie cinétique augmente plus vite lorsque N grandit en raison du principe de Pauli. Pour
équilibrer celle-ci vis-a-vis des autres termes du Hamiltonien nous prenons h = N~1/4,
C’est ce que l'on appelle approche semi-classique. Nous n’investigons dans ce qui suit que
le régime champ moyen ou A = 1/N et L = 1. Le Hamiltonien devient

N
—A; 1
HN:Z<W+V(XJ)> ty Z w(xj — Xp) (2.46)
j=1 1<k<j<N
avec un potentiel d’interactions w fixé. L’état fondamental de (2.29) est
easym = inf \I/N, HN\I/N . 2.47
i ) (2.47)

Le principe de Pauli ne permet pas de completement décorréler les particules au sens de
(2.34). L’ansatz de champ moyen pour les fermions consiste a prendre une fonction d’onde
sous forme d’un determinant de Slater

WiV (x1, . xv) = det (u; (%k))1<jr<n (2.48)

ol les fonctions {u]};vz 1 des fonctions a 1 corps de L? (Rd) orthogonales entre elles. Nous
définissons la premiere matrice densité associée au determinant de Slater par
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N N

2

7= Jug) (us] avee py = D Juy
j=1 j=1

et calculons I’énergie Hartree-Fock

Ear ] = Tr[=Aa) + | V6, (x)ax
v L =) (210 (3) — x.y)P) dxdy

dans laquelle nous utilisons le noyau de

N
v(z,y) = Zuj(X)uj(Y)-

En notant

eHF = 2imf Enr [7]
yE=y=*
Try=N
nous pouvons, supposant que V est confinant
lim V (x) =400

|x|—00

et que w e L114/2 (Rd) + L® (Rd), obtenir la convergence

asym
en
N

—egr| — 0 quand N — oc.
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(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

Dans la plupart des cas nous n’obtenons que le premier ordre de la convergence ci-dessus.

Il s’agit d’une énergie Thomas-Fermi, minimum de la fonctionnelle

QW/]RZpQ(x)dx+/RQV(x)p(x)dx.

(2.56)

Des exemples de résultats similaires peuvent étre trouvés dans [147, [99] 103, 50, 91, 90].






CHAPTER 3

Modélisation de la statistique anyonique

1. L’espace de configurations

Nous commencerons par discuter des arguments habituels justifiant la dichotomie bo-
son/fermion. L’espace des configurations classique d’un systéme de N particules en dimen-
sion d est R4, Un vecteur de cet espace sera noté Xy = (xy,...,xy) avec chaque X, € R,
Pour construire une théorie quantique sur cet espace nous introduisons les fonctions d’onde
Uy € L? (RdN ) puis symétrisons la théorie obtenue comme en ([2.10). De cette maniere le
Lemme fournit une preuve solide de cette dichotomie. Il y a néanmoins certains choix
implicites dans la construction présentée ci-dessus [58), [62], 148, [149]. Nous avons en effet

(1) quantifié i.e introduit les fonctions d’onde sur 1’espace des configurations.
(2) symétrisé i.e imposé une condition de symétrie sur les fonctions d’onde.

Il n’y a cependant aucune nécessité logique imposant d’effectuer (1) puis (2). Etudions ce
qui arrive lorsque que nous réalisons (2) puis (1).

1.1. Symétrisation d’un systéme classique. Considerons N particules impénétrables
vivant dans R, Un point dans cet espace est

Xy = (Xl,...,XN) ERdN. (31)
Deux particules ne pouvant s’interpénétrer, nous retirons les diagonales de RV
D:= {XN c RW, x; =x for some j # k} . (3.2)

L’espace des configurations de N particules identiques dans R est alors formellement
donné par

RdN \]D)
C% = 3.3
. (33)
ol Sy est le groupe des permutations de N éléments agissant sur R*V de la facon suivante
o(Xn) = (XU(I), - XU(N)) ) (3.4)

Dans l’espace C’f{, tout point Xy est identifié avec tous les o (Xy) pour tout o € Sy. Un
échange de particules doit maintenant étre appréhendé comme un processus physique au
sein de cet espace. En d’autres termes ’échange de deux particules est associé a un chemin
dans C]‘%, qui se trouve étre une boucle puisque le point de départ est identifié avec le point
d’arrivé.

Afin de mieux se représenter ’espace C’j‘f, nous introduisons la coordonée du centre de
masse

N
1
X (Xy) = > x; eR? (3.5)
j=1

23
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satisfaisant a
X (0 (Xn)) =X (Xn).
Nous pouvons donc factoriser
C4 ~ R x rd (3.6)
avec
L {Xy e R™\D, X (Xy)=0}
SN

n’étant rien d’autre que la coordonée relative.

1.2. Quantification d’un systéme classique. Les fonctions d’onde de N particules
identiques sont définies comme des fonctions complexes de carré sommables sur C’j‘fl munies
de conditions de recollemet appropriées

V(o (Xn)) =™ ¥ (Xn). (3.8)

L’amplitude doit étre la méme mais la phase peut changer & chaque recollement. Nous
introduisons le premier groupe d’homotopie de Cf{,

l (c]dv) —T/~ (3.9)
ou I est I’ensemble des boucles de C’j‘(f et oll ~ désigne la relation d’équivalence entre boucles

Y1 ~7Y2 < 1 peut étre déformé continiiment en . (3.10)

Le premier groupe d’homotopie est doté de la loi de concaténation entre boucle. Remar-
quons que, l'espace Cj‘(, étant connexe, le groupe d’homotopie reste le méme quelque soit
le point de départ des boucles. Nous ne notifions donc pas ce point dans nos notations.
L’ensemble I' contient toutes les boucles que les particules peuvent suivre durant un échange.
Comme énoncé dans [28), [78] la phase acquise lors d'un échange ™ doit correspondre &
une représentation scalaire du groupe ! (C]C\l[). C’est une chose bien connue en topologie
7] que

7l (lev) ~ Sy si d> 3. (3.11)

Dans le cas d = 2 l'espace R?\{0} n’est plus simplement connexe. Le groupe fon-
damental s’en trouve fortement affecté puisqu’il s’agit dans ce cas du groupe des tresses
9]

7' (C%) ~ Bn. (3.12)

Lorsque nous nous trouvons en dimension supérieure ou égale a trois nous n’avons que deux
représentations scalaires possibles pour le groupe fondamental. Il existe en revanche une
infinité de telles représentations pour le groupe des tresses. Celles-ci sont indexées par un
réel a € [0, 2].

Afin d’illustrer cette différence topologique entre les espaces des configurations en deux
et trois dimensions nous allons considérer le cas de deux particules en dimension 3 et en
dimension 2. Les espaces de configurations en question sont C% and C§. Selon C3 ~
R3 x r3 avec la coordonnée relative

X1 — X2
r=———-¢€r’
2
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oll X; et Xy peuvent prendre n’importe quelle valeur de R? satisfaisant x; # X et telles que
les points r et —r soit identifiés. Notons que

o] = ¢/ [x1[* + [x2]? (3.13)

nous utilisons alors les coordonées sphériques pour écrire r sous la forme (|r|, 6, ¢) et fac-
toriser
3 +
r? ~ R X Sp e (3.14)
avec Sy une sphere de rayon un dont les points diamétrallement opposés sont identifiés.
Le schéma représente ’espace Sp 4, un hémisphere nord avec les points de I’équateur

FIGURE 3.1. Espace projectif Sy 4

diametrallement opposés identifiés. En partant d’un point x, il y a deux types de boucles
non équivalentes modulo homotopie. La rouge (équivalente a la boucle nulle) et la verte
passant d’un coté de I’hémisphere a 'autre. Nous voyons sur le schéma que 7; ne peut
pas étre déformé en o mais que tout autre boucle basée en x peut étre déformée en 'une
des deux. La boucle «3 peut étre transformée en o et 72 o y3 en ;. Le premier groupe
d’homotopie est alors
7'1'1 (CS) ~ SQ = {11,0'12} .

Remarquons qu’'un double échange est ici toujours équivalent & la boucle nulle. En effet,
si nous suivons la courbe rouge (ou l'un de ces équivalents) n fois, la courbe obtenue est
toujours équivalente a la boucle nulle. Si nous suivons s deux fois nous revenons par un
équivalent de 3, la courbe obtenue est 9 0 y3 ~ ~v;. Les échanges exécutés un nombre pair
de fois sont donc représentés par la phase € et les impairs par e '".

Dans le cas de la dimension 2 nous avons C3 = R? x 72 avec r € 72 un point de R?
identifié & —r. Nous pouvons identifier 7 avec le demi-plan supérieur privé de zéro au
sein duquel la demi-droite R} est identifiée & la demi-droite R, . Nous obtenons donc un
cone sans sommet en repliant le plan de sorte que R} se superpose & R, . Le résultat est
schématisé figure Ici, v1 peut aussi étre réduite a un point alors que 2 ne le peut
pas. Le nouvel aspect topologique du cone sans sommet est l'existence d’une autre sorte
de boucle 3. Deux boucles, I'une exécutant n tours et 'autre m # n tours ne peuvent pas
étre déformées 'une en 'autre. Ainsi, chaque nouveau tour définit une nouvelle classe de
boucles.

Nous obtenons un groupe fondamental constitué d’une infinité de boucles différentes
idexées par le nombre de tours qu’elles exécutent autour du cone. Nous voyons donc que

l (022) ~ By ~ 7.
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FIGURE 3.2. Cone sans sommet 72

Une différence notable entre Sp ~ ({0,1},+) et By =~ (Z, +) concerne leur générateurs. Les
générateur s; de S, et de Sy en général, ont la propriété s? = 1 ce qui n’est plus le cas pour
les générateurs de By. Dans By un double échange de deux particules n’est pas équivalent
a l'identité et sa repréentation peut ne pas étre le scalaire e?. L’échange de deux particules
voisines (n’encerclant pas d’autres particules) induit une phase ¢™®. Il est représenté sur
la figure ou chaque brin tient lieu d’'une particule. Ce schéma décrit un échange ou les
particules 1 et 3 encerclent la particules 2

(4] [®]

12 263 \ 12

Ficure 3.3. Diagramme des tresses décrivant 1’échange 1 — 3 encerclant la
particule 2.

Sur ce diagramme le temps évolue du haut vers le bas. Afin d’échanger les brins 1
et 3 trois échanges entre voisins sont nécessaires. Le premier correspond au générateu b
agissant sur A pour donner B en échangeant les brins 1 et 2. Notons que le brin 1 passe
en-dessous. C’est pour cela que la répétition de cette action en B ne nous ramene pas en
A. Les brins 1 et 2 ont été noués, b3, # 1. En D, trois échanges de voisinnage ont été
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exécutés. La phase correspondante est €37, En généralisant le processus décrit ci-dessus
nous voyons que lorsque p particules sont encerclées par la trajectoire des deux particules
que nous échangeons la phase acquise est €' i@pth7ma  Quand une seule particule fait les tour
de p particules la phase est /(2P

2. La formulation par jauge magnétique

2.1. Anyons idéaux. Dans la pratique les anyons sont modélisés comme des bosons
ou des fermions munis d’une interaction magnétique de type Aharonov-Bohm entre chaque
paire de particules. La fonction d’onde anyonique doit formellement se comporter de la
fagon suivante lors d’un échange entre deux particules

W (x, oy Xy oy Xy oy XN) = eio”r\i/(xl, ey Xy ooy Xy oy XN)

ceci s’obtient en écrivant
. — — X,
U (X1, ..., XN) = H ik (X1, ..., XN) OU Gjk = anglei
; |x; — x|
i<k
avec ¥ une fonction bosonique, symétrique par échange de particules. Notons que les cas
a = 1 et a = 0 correspondent respectivement aux fermions et aux bosons. Nous définissons
la transformation de jauge singuliere U,

x) =[] %" ¥(x) (3.15)

i<k
Ainsi,
2N 2N
Ui Lasym/sym (R ) - Lsym/asym (R ) (3'16)
est un isomorphisme. De plus U; est continu sur R2Y \D. Soit I'opérateur p; = —ihV;,
nous observons que
Xk)l
kAj
Nous obtenons 'opérateur magnétique
D;=pj+aA; (3.18)

et I’énergie cinétique associée

N
T =) (pj+aA;) Z D? (3.19)
j=1

agissant sur des fonctions bosoniques. Cette formulatlon via la jauge magnétique permet
de décrire des anyons en modifiant I’énergie cinétique de simples bosons. Les anyons peuvent
alors étre vus comme des bosons interagissant par le biais d’un champ magnétique fictif

curlA(x;) = 21 ) 6(x; — Xp). (3.20)

k#j
Chaque boson transporte un solénoide infiniment fin perpendiculaire au plan. La force de
ce flux est 2wa. La formulation en jauge magnétique permet aussi de travailler avec des
fonctions fermioniques. En définissant o = 1+ & et usant du changement de jauge U; ([3.15))
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nous pouvons transformer 7y, agissant sur Lgym en Ty agissant sur Lgsym. Nous observons

que lorsque o — 0 nous retrouvons ’énergie cinétique des bosons et de la méme facon celle
des fermions lorsque o — 1. Ces limites seront dénommeées

e La limite quasi-bosonique : a@ — 0 et T, agit sur Lgym (RQN )
e La limite quasi-fermionique : & — 0 et T agit sur L2 (]R2N ) Formellement,

asym
o — 1 et T, agissant sur Lgym (]R2N )

Pour tout a € [0, 2[ I"énergie cinétique anyonique agit sur le domaine Dév en tant que
forme quadratique

do : L* (R*?) - R (3.21)
N
— — )2
u gou) = ; /RQN uDjudx (3.22)

definie sur
2N 2 2N
Co° (R*V\D) N L, (R*Y)
I’ensemble des fonctions continues de carré intégrable sur R2V avec support en dehors des
diagonales et dotées des propriétés de symétrie adaptées. L’espace des fonctions de NV anyons
a énergie cinétique finie Dév correspond au domaine de la fermeture de la forme quadratique
(3:22). Un autre domaine d’intérét est DY définit comme le domaine de I'extension de
Friedrichs de 'opérateur auto-adjoint (3.19)) associé a la fermeture de la forme (3.22)). 11 a
été montré dans [118] que ce dernier correspond au domaine maximal de la form g, (3.22)).
Voir [118] pour plus de détail. Nous pouvons remarquer que lorsque « € 2Z et o € 2Z + 1,

DX est équivalent par changement de jauge & DY = HSly]m et & DY = H;sym, I'espace de
Sobolev
1/2
H' =Wl .={ypeC™ (]RQN) : Z |’Da¢‘|%2(R2N) < oo
lal<1

restreint aux fonctions symétriques ou antisymétriques.

3. Les inégalités de Lieb-Thirring

Nous savons que le comportement des anyons est plus proche de celui des fermions que
des bosons. Cette proximité est justifiée par le fait que les anyons, comme les fermions, sont
sujets a I'inégalité de Lieb-Thirring. Une conséquence du principe d’exclusion de Pauli est
I'inégalité suivante énoncant que

N N-1
2/ (\vjuﬁ + V(%) W) dx > =" |a(h)] = —ch/ Vo(x)|" e dx  (3.23)
j=1 /R k=1 Re

pour un certain potentiel V' donné avec Ai(h) les valeurs propres négatives de I'opérateur
de Schrodinger

hi=—Aga+V (3.24)
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agissant sur L? (]Rd) et V_ la partie négative de V', V_ := max(—V,0). La premiere inégalité
(3.23) exprime que I’énergie minimale pour N fermions est obtenue en les distribuant dans
les N premieres orbitales du probleme & un corps h. En d’autres termes

asym

u:®uk

k=14 N—1
est un produit antisymétrique de fonctions propres a une particule ug(h) (appelé determi-

nant de Slater). La seconde inegalité concerne la trace sur la partie négative du spectre de
h. De plus I'inégalité (3.23))

N
Z/ \Vju\QdXZCCIf/ p(x)H%dx (3.25)
=1 RdN Rd

N
2
p(x) := Z/ lu(x1, ..., X5 =X, ..., XnN)| H dxy, (3.26)
- RA(N-1) .
J=1 k#j
est interprétée comme une forme du principe d’exclusion pour les fermions. D’un autre coté
le mieux que nous puissions obtenir pour des bosons est

d

N
Z/ (170 + V() ) x> —NOC%T/ V()| dx (3.27)
J=1 RIN R4

en mettant toutes les particules dans le méme état ug, u = ug ® ... ® ug avec ug qui satisfait
(3.23]). Nous obtenons alors directement des inégalités de Sobolev [92] le résultat

N c, .
2w > 142
]El /RdN |Vjul”dx > N2/ /Rd p(x) Tdadx (3.28)

devenant trivial quand N — oo.

L’énergie cinétique anyonique (3.19) étant un authentique opérateur a N corps, rend dif-
ficile la transposition des méthodes usuelles pour dériver les inégalités de Lieb-Thirring. En
particulier n’est plus équivalent a . Aucun résultat de ce type n’état disponible
jusqu’a la série de publications [115], 118, 113] donnant acces a plusieurs résultats concer-
nant les énergies fondamentales des gaz d’anyons. Il a été dérivé en particulier I'inégalité
suivante

THEOREME 3.1 (Inégalité de Lieb-Thirring pour des anyons idéaux (Lund-
holm-Seiringer)).
I existe une constant C' > 0 telle que pour tout 0 < a <1, N > 1et ¥y € DY

N
> / |D;¥n|*dz > Ca / pwy (x)2dx (3.29)
j:1 RAN Rd

Une conséquence directe de cette derniere inégalité appliquée a un gaz d’anyons dans
un potentiel V' (xq,..,xy) = Zjvzl V (x;) avec V un potentiel a un corps est que

) 1
eV .= inf spec (Ta + V) >~ | Vo(x)ax (3.30)
R2
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indépendament de N. En appliquant ceci au cas de 'oscillateur harmonique nous obtenons
4N3/2
3

Les anyons idéaux sont donc soumis au principe de Pauli. Ils sont en ce sens plus proche
des fermions que des bosons.

el >C Va. (3.31)



CHAPTER 4

Les anyons dans 'EHQF

Il fut montré par Laughlin [77, [76], Halperin [67] et Arovas- Schrieffer-Wilczek [8]
que 'EHQF pouvait étre décrit par le truchement d’une fonction d’onde particuliere dont
les excitations sont des anyons. En 2020 deux expériences [127] et [12] ont mesuré des

particules présentant la caractéristique d’avoir une phase d’échange el?ﬂ, signe irréfutable de
la statistique anyonique. Les deux expériences utilisent un gaz d’électrons 2D dans le régime
de 'EHQF. Nous détaillons dans ce chapitre les caractéristiques principales de 'EHQF
permettant de comprendre comment les anyons peuvent y apparaitre. Nous terminerons en
décrivant a grands traits les expériences [127] et [12].

1. L’effet Hall quantique

L’effet Hall fut découvert par Edwin Hall en 1879. Lorsqu'un courant électrique [
est appliqué & une plaque conductrice bi-dimensionnelle soumise a un champ magnétique
perpendiculaire a celle-ci, une tension Vy apparait perpendiculairement au courant et au
champ magnétique. Cette tension est due a I’accumulation d’électrons sur les bords de la
plaque déviés par la force de Lorentz. Les découvertes de l'effet Hall quantique entier et
fractionnaire, respectivement dénotés EHQE et EHQF, sont plus récentes. L’EHQE fut
découvert par von Klitzing en 1980. L’EHQF [60, [61], [74] fut mis en évidence par Tsui,
Stormer et Gossard [159] en 1982. Ces effets doivent leur nom au fait que la conductivité
de Hall

Vi e?

OH = I =V h (4.1)
prend des valeurs quantifiées indexées par le nombre v pouvant étre entier (EHQE) ou frac-
tionnaire (EHQF). La précision de la quantification est d’une robustesse impressionnante.
Elle est utilisée pour établir le standard de résistivité. Pour mieux comprendre la descrip-
tion quantique des phénomenes évoqués ci-dessus nous nous intéressons au cas d’'un gaz
d’électrons planaire soumis a un champ magnétique constant perpendiculaire au plan.

2. Les niveaux de Landau

Le Hamiltonien de N électrons évoluant dans le plan (avec charge 1 et masse m = 1/2)
interagissant avec le champ magnétique B perpendiculaire au plan s’écrit

N 2
Hy = (~inv; + Bx*) (4.2)

j=1
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avec x+ = (—y, ) lorsque x = (z,y). Le spectre de (&.2)) est bien connu [74]. Il présente

des niveaux d’énergie
1
E,=hB (n + 2> . (4.3)

Les états d’énergie Ey forment le plus bas niveau de Landau (LLL). Dans cet espace les
fonctions sont de la forme ,
2|
UL (x) = f(z)eF F (4.4)
ot x € R? est identifié avec z € C et ol f est une fonction holomorphe. La dégénérescence
du LLL est infinie et peut étre estimée en unités d’aire de fagon heuristique en notant que

>l

Blz2 )%
LLL = span {gi)n = z”e_ﬁ4} . (4.5)
n=0
Les densités radiales \(bn\Q sont localisées au niveau du rayon rmax tel que
0 :ar |¢n|2 (rmax) (46)
_ B\ _Bl=?
0= <2nrl2nnaxl — riﬁglh> e ha (4.7)
2nh
Tmax — ? (48)

Nous pouvons ainsi loger n états dans un disque de centre 0 et de rayon ry .. La dégénérescence
par unité d’aire est alors

n B
D ~ ~ — 4.9
i 2mh (4.9)

Le facteur de remplissage est défini en comptant combien de niveaux de Landau sont remplis
en présence de N particules

y=Lr (4.10)

3. La fonction d’onde de Laughlin

I’EHQE s’explique par la quantification de 1’énergie cinétique des électrons soumis au
champ magnétique. L’EHQF est di aux fortes corrélations entre électrons peuplant un
niveau de Landau partiellement rempli. Dans ce dernier régime Laughlin montra [76] que
les interactions entre électrons devaient étre prises en compte et décrit le gaz comme un
liquide imcompressible d’électrons fortement corrélés. L’idée principale de Laughlin fut la
proposition d’une fonction d’onde prenant en compte ces corrélations

\I/Lau (Z17 ceny ZN) = CLau H (Zi — Zj)n G_B‘zj‘2/4 (411)
1<i<j<N

ol la position des électrons y; € R? est identifiée avec z; € C et oll ¢, est une constante
de normalisation. Le parametre n est un entier (impair pour antisymétrie). Le facteur de
remplissage v peut étre identifié avec 1/n [134].

Nous observons que la forme (4.11]) assure que I’énergie n’explose pas lorsque deux électrons
se rapprochent. On voit aussi qu’a grand B plus de particules sont localisées pres du centre
Zn = (z1,...,z5) = 0. On s’attend donc a ce que le facteur n augmente en conséquence.
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3.1. Les quasi-trous. Il a déja été proposé dans [169, [30] (et revisité dans [121])
que des particules avec des statistiques fractionnaires pouvaient émerger dans ce contexte.
Selon [121], sous des hypothéses raisonnables, la fonction d’onde décrivant N particules
immobiles Yy = (y1, ..., yn) formant un bain, couplé avec M quasi-trous aux emplacements
Xy = (x1,...,xp7) devrait avoir la form:

\I/(XM,YN) = th\I’qh (XM,YN)CI)(XM) (4.12)
ou ¥, est la fonction de Laughlin
\I’qh XM,YN H H - Zk H (Zi — Zj)n e—B|z]~\2/4 (4.13)
j=1k=1 1<i<j<N

avec x; € R? et y; € R? respectivement identifiés avec ¢; € C and z; € C. La constante
Cqn > 0 est choisie telle que

can (Xar)? / T (X, YN) P dYy =1 (4.14)
R
pour tout Xjs. La fonction d’onde totale ¥ est normalisée par
/ | (Xar)* dXpy = 1. (4.15)
R2M
Une des caractéristiques de 'ansatz (4.12)) est de mettre toute la physique restante dans la

fonction ®. Prenons le champ magnétique B tel que curlA = B et les quasi-trous x;, alors
I’énergie cinétique du systeme total

BN
<\I/, (—iV; + A (x)))? \I/> ~ <q>,Heff<I>> + 5 (4.16)
est gouvernée par le seul Hamiltonien effectif
H = (—iVy, + A (%)) + A, (x)) + Aq (x5))° (4.17)
ol deux nouveaux potentiels vecteur ont fait leur apparition. Le premier est
B |
A, (xj) = 5% (4.18)
B
curlA, = — (4.19)
n

générant un champ magnétique constant ayant pour effet de diminuer le champ extérieur.
On parle alors de charge fractionnaire puisque le couplage au champ se fait via une charge
réduite. Le second potentiel vecteur apparaissant dans est le potentiel anyonique
(3.17) étalé sur une échelle R correspondant & une statistique o = 1/n

4.
sz /RQ x; _y|2 1pe,m) (¥)dy (4.20)
k#a
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avec une longueur magnétique de R = 1/2/B. Le champ est I’équivalent de tubes de flux
de type Aharonov-Bohm transportés par les quasi-trous.

M B 2 1px,,R)
curlAq(x;) = =Y peem) (%) = =2 > — p5 (X)) (4.21)
ok pok

Nous avons donc retrouvé la description en jauge magnétique avec la contrainte supplémentaire
que les disques ne doivent pas s’interpénéter. Nous pouvons voir les quasi-trous comme des
anyons libres étendus sur une échelle de longueur R dans un champ magnétique A + A,.

4. Résultats expérimentaux

11 existe & ce jour deux mesures expérimentales d’anyons. Ces deux expériences [127] et
[12] se déroulent dans le contexte de TEHQF. Elles utilisent un gaz d’électrons 2D soumis
a un fort champ magnétique de sorte que le facteur de remplissage soit v = 1/3. Les exci-
tations élémentaires de ce systéme sont alors des anyons de statistique o = 1/3. Nous n’en
présenterons que les concepts directeurs.

4.1. Mesure par les interférences. Dans [127] la statistique anyonique est mise
en évidence a l'aide d’un interférometre Fabry-Perot. Le schéma décrit le montage
expérimental. Les régions bleues représentent le gaz, les régions jaunes le matériau. Dans
le régime v = 1/3 de leffet Hall quantique fractionnaire, le courant circule a 1’état de
quasi-particules le long des bords dans le sens des fleches rouges. Ces particules ont deux
occasions de sauter du coté opposé. Celles qui sautent sont représentées par des pointillés.
Elles interférent & la sortie de 'interférometre ou les deux lignes pointillées se rejoingnent.
D’autres quasi-particules sont quant a elles localisées par le désordre a l'intérieur de la
chambre. Ce sont les tourbillons sur le schéma. De cette maniere une des deux particules
qui interferent a fait le tour de Ny, autres particules a la sortie de l'interférometre. La
différence de phase acquise en faisant le tour est la somme de la phase Aharonov-Bohm ¢ap
due au champ magnétique extérieur et de la contribution anyonique 2raNy,

0 = ¢aB + 2maNgp. (4.22)

Le courant total a la sortie de la chambre dépend de cosf. On mesure donc la conductance
G (). Tandis que la phase Aharonov-Bohm varie continiment lorsque B s’intensifie, les
quasi-trous s’ajoutent discontintiment. Les sauts de Ny, se traduisent par des discontinuités
dans la mesure de G (B). Nous en déduisons le € correspondant & l’ajout d’une particule.
La valeur mesurée dans ’article est alors de @« = v = 0.31 £ 0,04 ~ 1/3 et correspond
parfaitement aux prédictions théoriques.

4.2. Mesure via le principe d’exclusion. L’expérience [12] est basée sur la fait
que, selon leur statistique, les anyons s’excluent plus ou moins au sens du principe de Pauli.
Cette expérience a elle aussi lieu dans le régime v = 1/3 de PEHQF. Les quasi-particules
étudiées sont donc aussi des excitations élémentaires des états de Hall fractionnaires.

Le schéma présente le montage expérimental. Le matériau est en jaune et le gaz
d’électrons en bleu. Les courants Iy et I9 sont envoyés des points 1 et 2. Ils évoluent
ensuite le long des parois du matériau jusqu’aux points de contact quantiques QPC; et
QPC5 tenant lieu de générateurs Poissonien aléatoires d’anyons. Les courants d’anyons
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Isource

=

FIGURE 4.1. Représentation schématique de l'interférometre extraite de [127]

FIGURE 4.2. Représentation schématique du collisionneur extraite de [12]

sont donc I et I». La collision a lieu au centre de 'image avec la probabilité T a l’aide
des points cQPC. Les particules (mélange de celles ayant sauté ou non) poursuivent leur
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chemin jusqu’aux détecteurs 3 et 4 qui mesurent les courants Iy et I3. La mesure des
corrélations Sr,7, entre les deux courants I3 et I; dépend alors de la statistique des quasi-
particules ayant franchi le gap. Deux fermions, ne pouvant pas se trouver dans le méme
état quantique engendrent une corrélation croisée Sr,;, = 0. Dans les autres cas Sr,7, doit
étre proportionnel au courant d’entrée I, = I + I§ avec une pente directement reliée au
nombre «. Nous laissons de coté un certain nombre de détails mais il n’est pas faux de dire
que les expérimentateurs mesurent directement la pente et en déduisent une valeur o ~ 1/3
excellemment proche de la valeur théorique.



CHAPTER 5

Résultats

L’objectif de cette section est d’introduire les objets nécessaires a 1’énoncé des résultats
principaux.
Un gaz d’anyons est un systeme a N corps. Ne serait-ce qu’un metre cube d’air ambiant
contient approximativement 10%° particules. Les expériences utilisant des atomes froids
en comptent dans les 10> — 10% et PEHQF autour de 10! par em?. Les résultats exacts
se comptent sur les doigts de la main. Le fondamental de deux anyons dans un piege
harmonique peut étre résolu analytiquement [28]. Les valeurs propres d’énergie dépendent
alors linéairement du parametre statistique «. Le signe de la pente changeant a chaque
valeur bosonique o = 2. Nous trouvons aussi dans [33, 35] une étude concernant deux
anyons soumis a un champ magnétique externe perpendiculaire au plan. Un calcul direct
de I’état fondamental de notre systeme a N particules est hors de portée. Nous entreprenons
donc la dérivation de modeles effectifs comme ceux décrits a la section[3] Dans ce qui suit les
anyons seront vus comme des bosons ou des fermions interagissant via le potentiel vecteur
d’intensité o — 0 lorsque N — oco. Le Hamiltonien du systeme est

N
2
Hy =) (pf+ahA;)” +V (x)) (5.1)
j=1
ou
pit = —ihV; + A. (x;) (5.2)

avec A, tel que
curlA, = B,

et le potentiel confinant V. Nous envisagerons deux scénarios:

Le cas quasi-bosonique: Dans cette situation, # = 1 et le Hamiltonien agit
sur des fonctions d’onde bosoniques. Le parametre statistique @« — 0 quand N — oo. La
phase d’échange des anyons tend donc vers 1. Nous retrouvons au premier ordre de
cette limite une fonctionnelle de type Hartree. Il s’agit d’une fonctionnelle a un corps avec
champ magnétique auto-consistant. L’état fondamental de notre systeme converge vers le
minimum de cette fonctionnelle et ses minimiseurs vers une combinaison convexe d’états
purs de type Hartree

/ ‘U®N> <’U,®N| d,u(u)
M

ou M est I’ensemble des minimiseurs de la fonctionnelle limite.

Le cas quasi-fermionique: Le Hamiltonien agit ici sur des fonctions fermion-
iques. Le principe de Pauli nous impose d’aussi considérer la limite A~ — 0 quand N — oo
pour contrebalancer la rapide augmentation de I’énergie cinétique. La limite @ — 0 nous
permet par de retrouver a la limite un Hamiltonien fermionique. Nous obtenons
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que I'état fondamental converge vers celui d’une énergie Vlasov semi-classique a un corps.
Sa minimisation nous donne acces a une mesure de probabilité m sur ’espace des phases
R? x R?. Nous montrons que les k-ieme fonctions de Husimi réduites, (qui sont les versions
semi-classiques de la densité de probabilité quantique) construites a partir d’une suite de
minimiseurs ¥y, tendent vers un produit tensoriel de mesures semi-classiques m.

1. Anyons étendus

Le Hamiltonien décrit des anyons idéaux. Cependant, les anyons émergeant au
sein de '’EHQF ne sont pas des particules dépourvues d’épaisseur. Dans les expériences,
nous nous attendons a ce que les anyons soient étalés sur une échelle de longueur comme
discuté section [d] Nous introduisons donc un parameétre R. Le flux attaché aux particules
est ainsi étalé sur un cercle centré sur la particule. Dans notre approche, la limite R — 0
nous permettra de retrouver la description des anyons idéaux. Ce modele d’anyons étendus
est discuté dans [122, 158, [22]. Le rayon R est assimilable au rayon des particules, i.e. une
échelle de longeur au-dela de laquelle la decription en terme de quasi-particules n’est plus
valable. Dans 'EHQF, R est identifié dans avec la longueur magnétique ip ~ /2/B.

Nous introduisons le potentiel Coulombien 2D généré par une charge étalée sur le disque
de rayon R

wr(x) = (log| . | * xr) (x), avec la convention wy = log| . | (5.3)
et xg(x) un fonction régularisante positive et de masse unité

1 . /72 si x| <1
= x (%) e /sz LX) {Osi VI (5.4)

Nous prenons Y lisse, positive, radiale et décoissante de 1 et 2. Nous avons alors que

L

VLwo(x) = ’);?, avec By(x) = VivVtwy = Awy = 276.

Nous retrouvons le champ magnétique de (3.20)) des anyons idéaux (au sens des distribu-
tions) a la limite R — 0 en définissant

AR(x)) = 3 Vhwp(x; — xi). (5.5)
k#j
L’opérateur d’énergie cinétique est alors modifié en conséquence
N N
T =3 (DF)* =3 (-ihV; + aAT(x)))”. (5.6)
Jj=1 Jj=1

Nous travaillons avec le Hamiltonien régularisé décrivant N anyons étendus de rayon R
dans un potentiel confinant V' et soumis a un champ magnétique extérieur A,

N 2
Hip=>" ((p;.‘e + aAR(Xj)> + V(Xj)) : (5.7)

J=1
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L’opérateur A¥ est & R > 0 une perturbation bornée du laplacien magnétique. T est
donc essentiellement auto-adjoint sur son domaine D, g = Hg /sym (R2N) (se référer a [129)

Theorem X.17] et [10]). Son spectre possede une plus petite valeur & R > 0, nous la notons
ER(N) =info (Hf). (5.8)

Sous nos hypotheses H ]@ aura en fait une résolvante compacte. La valeur ci-dessus est donc
une valeur propre. Mais la limite de cet opérateur quand R — 0 avec N fixé n’est pas
unique. Le Hamiltonien & R = 0 (discuté dans [119]) n’est pas essensiellement auto-adjoint
(exemples dans [35), 38, 17]). Cependant, dans les limites conjointes R — 0 et N — oo
nous obtenons un unique modeéle non-linéaire bien défini.

Il peut étre pratique de développer (5.7 pour traiter ses termes un par un

N
Hﬁ = Z ((p;.*e)2 + V(xj)> “Terme d’énergie cinétique”
j=1

+a Z (pf‘e.VLwR(xj — xp) + V%iwg(x; — xk).pf") “Terme a deux corps mixte”

ik
+a? Z V4iwr(xj — xx).V3wpg(x; — x;) “Terme & trois corps”
iARA
2 i 2
+a Z ’V wr(x; — xk)’ “Terme a deux corps singulier”. (5.9)
7k

Ce Hamiltonien contient des termes peu communs. Nous voyons dans une interaction
a trois corps ainsi qu’'un terme mélangeant une dépendance en espace et en moment. Notons
que le dernier terme de est d’un ordre inférieur a tous les autres. Il disparaitra donc
a la limite. Nous sommes maintenant armés pour traiter des limites qui motivent notre
intérét.

2. Limite quasi-bosonique

2.1. Modele quasi-bosonique. Notre premier résultat s’inscrit dans la continuité
des approches de champ-moyen basées sur les théoremes de de Finetti. Nous avancons
plus particulierement dans les pas de article [I112]. Notre but est d’étendre ses résultats
selon deux directions. La premiere amélioration concerne la situation physique. Nous
prenons en compte un champ magnétique extérieur B, absent dans [112]. Le second
concerne ’élargissement des hypotheses de validité de 'approche de champ-moyen. Nous
nous basons sur une version des théoremes de de Finetti tout droit venue de I'informatique
théorique. Cette version est due a Brandao et Harrow [18), 88], et a été revisitée dans [135].

Nous rappelons que le Hamiltonien régularisé (5.7) de NV anyons piégés dans un potentiel
V sous un champ magnétique A, est

N

HE = (<p§~e i aAR(Xj)>2 + V(xj)) (5.10)

j=1
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2

Sym (RdN ) Nous fixons le parametre

B=a(N-1) (5.11)

agissant sur U € L

afin de garder une trace du caractére anyonique. Le parametre S € R quantifie la force du
champ magnétique porté par le gaz d’anyons. De cette maniere, la statistique anyonique
laisse une trace au premier ordre se manifestant par I’apparition d’un champ magnétique
auto-consitant au sein de la fonctionnelle de champ moyen

Alp] = Viwg * p and AF[p] = V3iwg * p. (5.12)
Ainsi A devient indépendant de la position précise des x;. Ici p est la densité a un corps
normalisée dans L'(R?) associée & la fonction d’onde Wy

p(x1) :/ W (X1, X2, o0y X)) |* dX2...dx
R2(N-1)

En remplacant A (x;) par A®[p] (x;) nous obtenons le Hamiltonien champ-moyen & N

corps
N

H =" (0 + (V= DAl )" +V (x)) . (5.13)
j=1

Le champ magnétique devient

B(x) = curlfA[p](x) = 276p(x) (5.14)
avec un flux total de 275. Nous pouvons maintenant insérer ’ansatz

U(x1,...,xn) = u(x1) ...u (XN)

avec I’équation de consistance
2 _
ul=p

et obtenir la fonctionnelle champ-moyen a une particule
a . 2
€3l sl = /R (|19 + A+ AR a2 + V]u?) (5.15)
qui, lorsque R = 0, devient
2
€3t fu] = /R () (o + BA[jul?]) u‘ + V\u|2> (5.16)

avec A [.] défini en (5.12)). Nous notons son infimum
Effs:= inf &4[u] and Ej :=Ey;= inf €3 [u] (5.17)

llull 2=1 l[ull p2=1

/ lul? = 1.
R2

EX [u] :/ <|pAeu|2 + Vlul* + 28A ul*] - (;(uvu—uvu) + Aclul® + gARHu|2]|u|2>> dx.
R2

sous la contrainte de masse

Nous pouvons aussi écrire
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Notre but est alors de montrer que
ER(N) inf(UyN, HNU
]\(] ) _ inf( NN RN mnf{ggf[u],/w - 1} (5.18)

quand N — oo et R — 0. En d’autre mots, la fonctionnelle de champ-moyen est une bonne
approximation pour I’état fondamental de notre systeme piloté par H ﬁ.

2.2. Résultats pour les anyons quasi-bosoniques. Nous énoncons notre premier
théoreme démontrant la validité de ’approche champ-moyen pour I’état fondamental. Nous
supposons que le potentiel de piégeage est confinant

V(z)>clx]*-C, s>0, (5.19)
pour des raisons techniques ainsi que

HypoTHESES 2.1 (Potentiel magnétique extérieur).
Le champ magnétique extérieur satisfait aux conditions suivantes

e A c 2 (R?

loc

e curlA, = B, = Bj + B avec By constant et B € Wh2+e

Nous demandons aussi que la taille R des anyons ne tende pas trop vite vers zéro i.e
R ~ N7 pour quelques 7.

THEOREME 2.1 (Validité de ’approximation de champ-moyen).
Supposons R ~ N~ avec

0<n< % (5.20)
est prenons le parametre statistique
az P
(N —1)
avec 8 € R fixé. Alors, dans la limite N — oo nous avons
ER]\([N) — E. (5.21)
De plus, si ¥y est une suite approchée de minimiseurs H ﬁ,
(Un, HRON) < ER(N) +0(N) (5.22)
avec les matrices de densité associées
W = Triaon [[0x) (] (5.23)
alors, le long d’une sous-suite, nous avons
N [ e autw (521

fortement dans la classe trace quand N — oo, avec p une mesure de probabilité de Borel
sur I'ensemble des minimiseurs de £,

M= {ue L2(R?) : ||ull > =1, EF'[u] = B}

L’étude de cette limite de champ moyen présente plusieurs aspects nouveaux eu égard
a l'approximation de Hartree habituelle décrite dans la section [3.1}
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e Nous combinons les deux limites R — 0 et &« — 0 quand N — co. Cela fait écho
aux limites NLS et GP pour les gaz de bosons [96), 93, [85]. Les paramertres R
et a sont assimilables & L et A de la Section Bl La nouveauté est l'interaction
magnétique impliquant un terme & trois corps et une terme mélangeant opérateurs
en espace et en moment .

e La contrainte n < 1/4 est une idéalisation du scénario physique attendu. La
distance inter-particules d’un gaz dans un volume d’ordre 1 fixé par le potentiel V
en deux dimensions est 1/v/N. Puisque R = N~" avec n < 1/4 notre théoreme
n’est valide que dans le régime de champ moyen ou les particules s’interpénetrent
largement. Il n’est pas évident de savoir si cette contrainte sur R est une condition
irrémissible de la validité de notre approche. La borne supérieure de 1’énergie est
obtenue via I’ansatz u®" sans aucune restriction sur 7 [I12, equation 3.19)].

e Il serait souhaitable d’élargir la condition sur 7 pour atteindre n > 1/2 et le régime
dilué. Dans ce cas, nous aurions de bons candidats pour décrire les quasi-particules
de PFEHQF.

e La méthode de réguarisation de [112] equation 1.4] utilisait

1p(0,r)
s (x).

Le x que nous avons pris dans ce travail en est une version lissée

/ R(p)ldp < oo
RZ

avec X la transformée de Fourier de .

XR =

3. Limite quasi-fermionique

Notre second résultat traite d’'une limite dans laquelle la statistique tend vers celle
des fermions. Nous utilisons une approche de champ-moyen et démontrons que 1’état
fondamental est atteint au premier ordre par celui d’une énergie Vlasov semi-classique.
La statistique anyonique est visible a la limite dans la distribution en moment de cette
derniere. Nous sommes donc dans une limite quasi-fermionique @ — 1 quand N — oo.
Notre situation est tres proche des limites champ-moyen /semi-classiques pour des fermions
usuels [100, 147, 13}, 17}, 46|, 53].

3.1. Mode¢le quasi-fermionique. Nous rappelons que le Hamiltonien (5.7) de N
anyons piégés dans une potentiel V' et soumis a un champ magnénique extérieur B, = curlA.
est

N 2
HE =Y ((p;*e + aAR(Xj)> + V(xj)> (5.25)

j=1

agissant sur Uy € Lgsym (RdN ). Plutot que d’étudier 'état fondamental d'un Hamiltonien
agissant sur des fonctions d’onde bosoniques nous agissons sur des fonctions fermioniques.
La phase d’échange est maintenant e!™(@+1) (voir (3.15))) et tend vers la statistique des

fermions lorsque o — 0.
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Nous nous intéressons a la limite jointe N — oo, a — 0 dans laquelle le systeme
présentera une dépendance non triviale en . Comme nous travaillons avec des quasi-
fermions, le principe de Pauli implique que I’énergie cinétique croisse plus vite que N. Ce
comportement est mis en exergue par 'inégalité de Lieb-Thirring [94, Theorem 4.1] qui,
pour toute fonction antisymétrique de N particules W a support dans un domaine borné
QN nous dit que

N
Z/ IV, 02 > C|Q| aNta. (5.26)
j=179"

ou d est la dimension de ’espace physique. A cause de cette croissance rapide de I’énergie
cinétique, la limite de champ-moyen naturelle pour des fermions [13|, 14, 147] consiste a
prendre i ~ N~1/4 Ici d = 2 et nous obtenons une énergie cinétique proportionnelle & N2
et donc, a la louche —iV; ~ N /2 Nous concentrant sur la dépendance en N de chaque
terme de nous prévoyons que

(U, HyU ~CN(hN1/2 )2
N, HyUn) = Cy +aN) + CyN

ol les termes entre parentheses représentent 1’énergie cinétique, incluant I'influence de (|5.5)).
Le second terme est I’énergie du potentiel V. Afin d’obtenir une limite non triviale quand
a — 0, un choix possible est

_ _F
h= Wi et a= N (5.27)

avec B € R une constante nous permettant de garder une trace de I'influence de la statistique
anyonique. Nous nous intéressons donc a la limite
ER(N
tim 22
N—oco N
avec

E®(N) := inf {(\I/N,Hﬁ\I/N>,\I/N S Lgsym(RQN),/ W y|? = 1}. (5.28)
R2N

Cette approche combine deux limites (voir la remarque ci-dessous), la limite semi-
classique h — 0 et la limite quasi-fermionique o — 0. Nous nous attendons, comme dans
d’autres types de limite de champ-moyen e.g. [137] et références associées) a ce que, pour
N grand, les particules se comportent indépendament

Y Viwr(x; —xp) & /RQ V>wr(x; —y)p(y)dy = V3w * p(x;)
j#k

ot p est la densité de particule. Etant donnée une densité p normalisée dans L'(R?), nous
définissons,

Alp] = Viwg*p and AR[p] = Viwg xp
avec

wr = log|.| * xgp and wp = log|.| (5.29)
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explicité en (5.3). Les fonctionnelles de champ-moyen naturellement associées a (5.9) sont

bl = 5 T [(of + oA )* 5]+ 5 [ Vipdn (530)
£ = - T [(pf + &) 0] + /R V() () dxs (5.31)

avec v la matrice densité a un corps de I'état I'y = |V ) (V|

V= 7](\}) =NTrounTy, py(x) :=7(x,%).

Notons que les conventions de normalisation ont changées. Dans le cas bosonique nous
travaillions avec (5.23) ou Tr v = 1. Nous avons désormais Try()) = N. L’analogue
semi-classique de la fonctionnelle ((5.31]) est

1

= —5 X X 2mx X X X )ax .
Bl = o [P AGO + BAII e B+ [V G0pm ()b (582

avec m(x, p) une mesure positive sur I’espace des phases R* des positions et vitesses

1
(2m)? Jre

pm(X) = m(x, p)dp. (5.33)

Notre convention sur la masse de m est
/ / m(x,p)dxdp = (27)2. (5.34)
R2 xR2

et le principe de Pauli prend alors la forme

‘O <m(x,p) <1 p.p. ‘ (5.35)

Le principe d’exclusion est imposé au niveau classique par le fait qu’un état classique (x, p)
ne peux pas étre occupé par plus d’un fermion. En utilisant le principe de la baignoire [92]
Theorem 1.14] nous pouvons minimiser 1’énergie Vlasov dans la variable p explicitement
(ce qui rejoint les considérations de [147]). Nous trouvons des minimiseurs de la forme

my(x,p) = 1( [P+ Ac(x) + BA[p] (%) < 4mp(x) )

ol p minimise ’énergie Thomas-Fermi

Errlp] = Evialmy] = 27 /

P2 (x)dx + / V (x)p(x)dx. (5.36)
R2

R2
Le minimum de I’énergie Thomas-Fermi est

eTr = inf {ETF[p] 0<pe L' RN LQ(R2),/

o= 1}. (5.37)

Notre premiere intention est d’obtenir la convergence du fondamental de H ]@ vers cette
énergie.
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3.2. Résultats pour 1’énergie fondamentale quasi-fermionique. Nous travail-
lons sous les hypotheses suivantes

HYPOTHESES 3.1 (Potentiels extérieurs).
Les potentiels extérieurs de satisfont
A, € L*(R?) N W*>(R?)
|A.]> € WHe(R?) N L2(R?)
V(x) > ¢|x|* —C pour s>1
IVV(x)] < d|x|*71 4+ C" et AV (x)] < |x[572 + C”

THEOREME 3.1 (Convergence de ’énergie fondamentale quasi-fermionique).
Nous considérons N anyons étendus de rayon R = N~ et parametre statistique o = /N
dans les potentiels V et A.. Sous les hypotheses (3.1)), avec R = N~"

0< <1
=7

nous avons, dans le régime ({5.27)

ET(N)

lim

= €TF
N—oo

ott I’énergie EX(N) et le minimiseur Thomas-Fermi sont respectivement définis en (5.28))

et 37,

L’étude du régime ([5.27)) ressemble & une limite Thomas-Fermi d’un systie fermionique
a N corps [100} 147, 155, 90], avec de nouveaux aspects:

e [’interaction effective comprend un terme a trois corps et un terme mélangeant
position et moment (voir I’équation (/5.9)).
e Le probleme limite ([5.32) comprend un champ magnétique effectif auto-consitant

A [p].
e Nous devons traiter les limites R — 0, @ — 0 et A — 0 en méme temps que
N — oo.

Nous faisons, a propos de ce dernier point, la

REMARQUE 5.1 (Scaling des parametres).
Modulo extraction d’un facteur N dans ’énergie, le régime ([5.27)) est équivalent a
h=1cet a= (5.38)
pourvu que nous remplacions le potentiel V(x) par NV (x) (et faisions de méme pour
A.). Le scaling (5.38) illustre mieux le caractére quasi-fermionique de notre limite. Il

fut cependant préférable de travailler avec (5.27) d’un point de vue technique. Le coté
semi-classique étant plus apparent.

REMARQUE 5.2 (Cas des anyons authentiques).
Un autre régime est d’un grand intérét. Pour en discuter, comparons ’énergie cinétique
d’une particule dans un domaine Q tel que Q] =1ah=1

E.= (=ihV 4 aA)? (5.39)
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avec I'énergie de Landau (4.2))
2
E; = (—ihV n BXL> . (5.40)

Si nous approximons A par A [p] dans ([5.39) nous obtenons un champ magnétique d’ordre
ap avec

/ dp=N. (5.41)
Q

Faisons I’hypothese que p est constant et nous obtenons que le cas anyonique est approximé
dans la limite N — oo par celui de particules soumisent & un champ d’intensité B = aN.
Rappelons que la dégénéréscence par unité d’aire d’un niveau de Landau est (4.9))

B B
~ - 5.42
2rh 2w ( )

nous comparons deux régimes :
(1) a=1/VYN, B =0 (vN). C’est le régime de notre étude. La dégénérescence

d’un niveau de Landau est d’ordre /N < N. Nous nous attendons qu’a la
limite N — oo, tous les niveaux soient remplis. L’énergie finale étant une énergie
Thomas-Fermi pour électron usuelle .

(2) B = N qui est équivalent a fixer a. La dégénérécence du LLL est alors d’ordre N.
Un seul niveau de Landau devrait étre rempli. L’énergie finale devrait alors étre
modifiée et devenir une énergie Thomas-Fermi magnétique [51), 101, 102].

REMARQUE 5.3 (Condition de validité).
Concernant le parametre R, il serait souhaitable d’accéder au régime dilué n > 1/2 ou
le rayon des flux magnétiques devient plus petit que la distance inter-particule. Nous
pourrions élargir la contrainte n < 1/4 4 n < 1/3 (partie [5|) en supposant une inégalité a la
Lieb-Thirring pour les anyons étendus similaire a celle du Théoreme . Elle serait de la
forme

N
<\I’N,Z (—iV; + ozAR(Xj))2 \I'N> > Cy /2 pw y (x)%dx.

=1 R
et serait valable pour toute fonction d’onde fermionique ¥y de densité py, . La constante
C,, serait alors uniformément bornée inférieurement pour tout a # 1. Une telle inégalité est
rendue possible par les travaux [75] sur le gaz homogene d’anyons étendus et par I'inégalité
de Lieb-Thirring pour les anyons idéaux [116), 117, 119}, 114]. Nous planifions d’étudier
ce probleme dans un futur proche. o

L’énergie limite eTr ne présente pas de caractéristique anyonique, i.e. ne dépend de «
en aucune sorte. Ce fait est trompeur car le caractére anyonique apparait en fait dans la
seconde partie de nos résultats.

3.3. Mesures semi-classiques. Etats cohérents déformés

Prenonsﬂ -
f(x) = —=e 2 (5.43)

INous choisissons ici une gaussienne f mais toute autre fonction de L? pourrait étre utilisée.
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Pour tout (x,p) dans Iespace des phases R? x R? nous définissons ’état cohérent squeesé

Fply) = et (22) &% (5.44)

Cet état a la propriété d’étre étalé sur une échelle v/, en espace et |/h, en moment, ces

deux échelles étant reliées par
h= /Iy Typ. (5.45)

En général les états cohérents sont utilisés [147, Section 2.1] avec vk, = \/E = Vh. Ces
états saturent le principe d’incertitude d’Heisenberg. Ils sont en ce sens, les plus classiques
des états quantiques. En effet, prenons les deux observables x; et p; = —i0,, et évaluons
les dans cet état, nous trouvons

ho . 2
Az Ay, = 5 ot Ag = <Fx,pva2Fx,p> — (Fxp,aFxp)”.
Nous prendrons dans notre preuve h, < h, — 0, choix commode étant donné que notre
Hamiltonien est singulier en x mais pas en p. Nous définissons la transformée de Fourier
de parametre h

1 7iE
Ful¥l(p) = 9k - Y(x)e " w dx (5.46)
et notons ,
1 x
Fi, (x) = Foo(x) = ——e™ 502, (5.47)

La transformée de Fourier de(/5.47))(voir les calculs dans I’appendice [3)) est

1 _In?
G = FulF = ———e 2. 5.48
Elle rend claire la localisation en p dont nous parlions a I'instant.
Nous associons a Fx , le projecteur orthogonal Py p,

Pyp = ’Fx,p><Fx7p|- (5.49)

Nous obtenons ainsi la

LEMME 5.4 (Résolution de I’identité sur L* (R?)).

Nous avons )
—_— Pypdaxdp=1 5.50
(271'7‘2)2 /]R? /R? p CLAP ( )

La preuve est rappelée dans 'appendice [3| on peut aussi la trouver dans [92, Theorem
12.8].
Convergence des fonctions de Husimi

(%)

Les fonctions de Husimi my (X1,P1,-- -, Xk, Pr) [T3, 27, 154] décrivent comment les

particules sont distribuées dans les k boites semi-classique de taille \/h; X \/h, centrées en
(x1,P1),-- -, (XK, Px). Une fonction d’onde ¥y étant donnée, nous définissons

k
k N!
m\(llj)v(xbph e Xk, PE) = m <‘I/N,®ij,pj ® ]lNk\I/N> . (5.51)
! i1
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Ou alternativement,

2

<FX17P1®"'®ka7pk7\p]\7('vz)> dz

(k) _ N!
m\pN(lepla o 7Xk7pk) — (N _ k)' R2N—)

ou encore, en terme d’opérateurs de création et d’annihilation fermionique (voir (5.53)) ci-
dessous)

k * *
m&;])V(Xhle-,Xk,Pk) = (Un,a" (Fxyp,) - - 0" (Fxypi) @ (Fxypy) - - @ (Fxy py) U)

L2 (RQk)

ol a et a* satisfont les relations canoniques d’anticommutation [146], [64]

a*(f)alg) + alg)a™(f) = (g, f) (5.52)
a*(f)a*(g) +a*(g)a*(f) = 0. (5.53)
Nous utiliserons aussi les matrices densités réduites a k particules de ¥y, i.e. les opérateurs

'yg?j avec le noyau intégral

7&2(){1, o XE X, X)) = <]Z> /2(Nk) Un(x1, . XN)UN(X], - X Xpg 1, XN )AX g1 - dXN.
. (5.54)
Les fonctions de Husimi s’expriment aussi sous la forme
k
mgcl)v(xl,pl, ce Xg, Pi) = k! T ®ij’pﬂ\(1,k11 . (5.55)
j=1

Ces objets définissent a leur tour des marginales de densités en espace et en moment

N
PS5 (xi,. . xp) = <k>/ W (x1, ., xn) 2 dxpsr . .. dxy (5.56)
R2(N—k)
N
tsli)\;(ph s PR) = (k) / \FalUn](P1,- .- PN)1* APt - - dpw. (5.57)
R2(N—k)

Nous définissons aussi la fonction de Wigner a k particules [52], [108]

(k) ) ik o
W\I/N (X1, P1, ey Xk, P) 1= e 1 221m1 Py
R2k JR2(N—Ek)

X VUN (%1 + hy1/2, ... Xk + hyr/2, Xp41, .., XN)

X WUN (x1 = hy1/2, ., X — Ay R/2, Xp g 155 XN)
x dy1...dyrdxgsq...dxy (5.58)

qui n’est pas nécessairement positive mais qui admet la méme limite que mgck\)I,N [147,

Theorem 2.1]. Nous sommes fin préts pour énoncer la convergence des états du théoréme
(3-2)) & 'aide des objets ci-dessus. Notons le minimiseur de I’énergie Vlasov([5.32))

m e (p,x) = 1{|p + Ac(x) + BA[p "] (x)]* < 4mp"™" (%)} . (5.59)

Sa marginale en espace étant

PTF(x) = = (ATF ~V(x)) (5.60)

47 +
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avec AT le multiplicateur de Lagrange assurant la normalisation, et la marginale en moment

TF _
£ p) = RQ]l{|P+Ae(X)-‘:—,BA[pTF](X)|2§4TrpTF(x)}dX' (5.61)

3.4. Convergence des états dans la limite quasi-fermionique.

THEOREME 3.2 (Convergence des états quasi-fermioniques).
Soit {Wn} C L2,,,,(R2N) = A™(R2) une suite de fonctions normalisées de L? telle que

asym
(Un, HyUy) = EE(N) + o(N)

dans la limite N — oo avec ([5.27). Pour n’importe quel choix hy, h, — 0, tel que (5.45)),
et sous les hypotheses les fonctions de Husimi définies via W convergent vers celles de
I’énergie Vlasov
k

k
mfljj)\,(xlapla ce 7Xk'7pk) — HmpTF(pj7Xj)

j=1
pour la convergence faible des mesures de probabilité et £ > 1, i.e.

(k) ®k
[ o= [ )

pour toute fonction continue et bornée ¢ € Cy (R4k).
Nous obtenons conséquemment la convergence des marginales en position et en moment

M7 e i
<k> P (1 oxi) = [ o™ ()

j=1
-1 k
N k
j=1

pour la convergence faible des mesures de probabilité. La fonction de Wigner W\(I,kj\)] définie
dans (5.58)), présente le méme comportement

(k) ok
.62
i W\IJN¢ — ik (mpTF) (;5 (5 6 )
pour toute fonction test ¢ telle que
ot Ok 0o € 1 (R, (5.63)
max (a;, 5;) < 1. (5.64)

REMARQUE 5.5.

e La convergence des fonctions de Wigner découle directement de celle des
fonctions de Husimi par [147, Theorem 2.1].

e Nous pouvons aussi montrer que la convergence ne dépend pas de la fonction f
choisie pour construire les états cohérents [147, Lemma 2.8].

e Dans la preuve du résultat ci-dessus nous travaillerons avec h, < h, pour mieux
controler les singularités en x.
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e [’énergie Thomas-Fermi ne dépend pas de la statistique anyonique. C’est en re-
vanche le cas des minimiseurs de la fonctionnelle Vlasov. La statistique se retrouve
ainsi dans l'objet limite de la distribution en moment ({5.61).

4. Tllustrations numériques

Nous illustrons les résultats des sections précédentes a I'aide de simulations numériques.
Nous commencerons par parler de résultats existants [32] pour le cas quasi-bosonique. Nous
retrouverons ces résultats a l’aide du code qu’Antoine Levitt m’a aimablement prété. Dans
un second temps, nous utiliserons ce méme code (au centre d’un travail en cours d’Antoine
Levitt et Nicolas Rougerie) pour montrer la cohérence entre les prédictions théoriques et
les calculs numériques. Je tiens a les remercier chaleureusement de m’avoir laissé accéder a

leur travail ce qui m’a permis d’obtenir les tracés 5.1} 5.2 5.3} -4 et 5.5 .

4.1. Simulations pour les bosons. L’état fondamental de la fonctionnelle de champ-
moyen ([5.15)) peut étre étudié numériquement avec A, = 0 pour simplifier. Nous rappelons
que

£205 [y] = /R (-1 + 5a [1u?)) al 4V juf? (5.65)

est la fonctionnelle limite dans le cas des anyons quasi-bosoniques. Nous notons 1’état

fondamental associé
inf {ng’B [u] ,/R2 luf? = 1}. (5.66)

Le champ magnétique de ([5.65]) est
BeurlAf[ul?] = 2n3 |ul? (5.67)

d’un flux total 275. Cette énergie présente des similarités avec la fonctionnelle Gross-
Pitaevskii

£5P [y] ::/ (I-iVu -+ Auf> + V [uf? + g [ul") (5.68)
RQ

de potentiel vecteur A. La fonctionnelle ci-dessus décrit un gaz de bosons en rotation [95),
97]. Le terme quartique d’intensité g provient d’interaction de paires courtes portées. La
différence principale entre et est que nos interactions sont purement magnétiques.
Cela implique que la phase de la fonction d’onde se comporte de fagon plus compliquée. En
écrivant u = pe'® nous voyons plus clairement comment nous pouvons minimiser 1’énergie

19Vt + plvo+ oA (5.69)

Le second terme ci-dessus sera minimal si
Vo~ —BA[p]. (5.70)

Lorsqu’on en prend le curl, nous obtenons
curlVo ~ —278p (5.71)

ce qui n’est possible que si ¢ présente des singularités a circulation non triviale i.e des
vortex. Notons que la valeur de 8 tout comme la forme du piege V dans peuvent
facilement altérer la distribution des vortex. A champ magnétique faible, le condensat GP
ne présente aucun vortex. Ceux-ci commencent a appairaitre lorsque nous augmentons
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le champ magnétique jusqu’a ce que la force centrifuge compense la force de piégeage et
que le gaz s’étale completement. Nous verrons que la fonctionnelle (5.65) présente un

comportement similaire.

L’état fondamental de (5.65)) a été calculé numériquement dans [32] pour différentes
valeurs de et différentes formes de potentiel. Nous présentons ici des simulations similaires

obtenues avec le code d’Antoine Levitt?l

0.056
0.048
0.040
0.032
0.024
0.016

0.008

0.000

0.027

0.024

0.021

0.018

0.015

0.012

0.009

0.006

0.003

0.000

FiGURE 5.1. Densité du FIGURE 5.2. Densité du
minimiseur de (5.65) 5 = minimiseur de (5.65) 5 =
25, V(x) = |x/|? 95 et V (x) = ||

Les figures et présentent la densité du minimiseur de avec V(x) = |x|%
Nous observons en premier lieu que le gaz s’étale lorsque [ augmente. Le condensat
dévoloppe de nombreux vortex répartis selon une maille triangulaire similaires a ceux des
condensats de Bose-Einstein en rotations [2}, [29), [36), 37, 49] ou aux superconducteurs de
type 11 [139, 156, 157].

4.2. Simulations pour les fermions. Nous nous tournons maintenant vers la fonc-

tionnelle (5.31])
afFp oy L P\ p~(x1)
£ =5Tr |:<|p1 + BA [ND 7} +/RQV(X1) Sdxi. (5.72)

Le champ magnétique associé est

Py 278 al 2
B curlA [N} = ; ;| (5.73)
d’un flux total 2r3. Nous définissons son énergie fondamentale par
E;f’F = inf {ng’F [v],Tr[y] =N, 0<+ <1,vderang N} . (5.74)

2Son code est congu pour des fermions. Nous pouvons cependant retrouver les résultats de [32] en ne
considérant qu’une seule particule N = 1.
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Ce probléme de minimisation est équivalent a ([5.65)) quand N = 1. Ici v est un projecteur,
nous minimisons donc ’énergie originelle en nous restreignant & un dérterminant de Slater.
Le modele limite est

Evia [m] = (271T)2 /RQXRQ lp + BA[p] (X)]2 m(x, p)dxdp + /R2 V(%) pm (x)dx (5.75)

avec m(x,p) < 1 une mesure positive, de masse 472 'espace des phases R* des positions et
moments. Les minimiseurs sont de la forme

m™ (x,p) = 1( |p + BA[™I(x)|” < 4mp™F (x))

) = = (N - V()

ot ATF = 2/2 dans le cas V (x) = |x|? assurant la normalisation. La fonction p™F minimise
I’énergie

N (5.76)

Errlp] = Eviam™Y] = 27r/ P2 (x)dx + V(x)p(x)dx. (5.77)

Nous obtenons aussi

! /R2 mTF (x, p)dx = (271)2 /]R2 1 <|p + BA [pTF] (X)‘2 < 4mp™¥ (x)) dx

(2m)?
(5.78)
qui sera calculée numériquement en utilisant la densité explicite . Nous comparons
numériquement les états fondamentaux de avec p'F et ¢t1TF,

tTF (X) —

025 N=105, B=15 .
— plz)
_ _TF
0.20} P ||
— tp)
— t7()
0.15 N 1
010}
0.05 |
0.00 |
_0_05 L L L L L L
0.0 05 10 15 2.0 25 3.0 35

Tl P

FIGURE 5.3. Densités radiales des minimiseurs de ([5.32)) comparées a celles
de (5.72) 8 =15 N =105 et V (x) = |x|*.
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Les simulations confirment bien les résultats du Théoreme La figure [5.3| présente
un tres bon accord entre théorie et calcul avec seulement N = 105 particules.
Il suffit de prendre N > 1 pour remarquer sur les tracés et que les vortex
disparaissent. Le champ magnétique créé par la premiere particule v € L? (RQ) via le

potentiel SA est B = 27 \u!Q A cet instant, le champ magnétique est fort la ou la
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premiere particule se trouve. La seconde particule v € L? (RQ) va donc essayer d’éviter ces
zones ce qui explique le remplissage progressif des trous observés en et
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5. Perspectives: vers une inégalité de Lieb-Thirring pour anyons étendus et
quelques autres idées

Nous terminerons en décrivant a larges traits un travail en cours avec Nicolas Rougerie.
Nous donnerons ensuite quelques suggestions concernant les études du gaz d’anyons a venir.
Inégalité de Lieb-Thirring pour des anyons étendus
Notre but est 'obtention d’une inégalité similaire a celle du Théoreéme mais pour tout
R. Nous avons mentionné a la remarque qu’un tel résultat était possible et nous allons
expliquer pourquoi. L’inégalité

N
<\I/N, Z (p; + ozAR(xj))2 \I/N> > Cy /R? pw (x)2dx (5.79)

j=1

devrait étre valide pour toute fonction fermionique ¥ de densité a un corps

N
2
POy = Z /2(1\7 b ’\I/N (Xl, e X1, X, X541, ...,XN)| H ka (580)
j=1"R ki
avec une constante Cy,, uniformément bornée inférieurement pour tout
a#1 mod 2.

. L’inégalité a déja été démontrée dans le cas particulier R = 0 [114], Theorem 2.2].
La méthode combine une borne inférieure sur I’énergie de Neumann locale avec un
procédé de localisation décrit dans [I115]. Des bornes similaires pour 1’énergie de Neumann
locale des anyons étendus sont disponibles dans [75] mais nous allons voir que la méthode
utilisée pour obtenir le cas R = 0 ne s’applique pas directement dans le cas R # 0.

5.1. Le cas R = 0. La preuve de ’équation a R = 0 de [114] combine [114,
Theorem 2.1] et la méthode de [115]. Le théoreme [114, Theorem 2.1 fournit une borne
inférieure sur ’énergie fondamentale avec conditions de Neumann de N anyons idéaux dans
un domaine 2 C R?

N
EN (a;Q) := inf Z/ |(—iVj—|—ozAj)\I!]2;\IJ€DJO{,,/ =1 (5.81)
=179 o

ou l'opérateur D; = —iV; + aA; est définit en (3.18) et ou le domaine DY, est celui de la
forme quadratique (3.22)), les fonctions d’ondes considérées sont bosoniques. Nous notons

EY (a) = B} (a; Q)
dans le cas particulier ot Qp = [0,1]%. De cette maniére
-1
By (@) = |QI 7" BY (0) (5:82)
Nous ne citons ici que la partie du [114] Theorem 2.1] relative & notre discussion

THEOREME 5.1 (Bornes pour le gaz d’anyons idéaux).
Il existe une constante C' telle que pour tout 0 < a <1

EY (o)
N2

Cette borne combinée a [115] permet d’obtenir

> Ca(1-0(N7?)) (5.83)
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THEOREME 5.2 (Inégalité de Lieb-Thirring pour les anyons idéaux).
I existe une costante C' > 0 telle que pour tout 0 <a <1, N > 1et Uy € Dy

N
> / |D;Ty|*dz > Ca / Py (X)2dx (5.84)
=1 RAN Rd

Le théoréme (valide pour des fonctions d’ondes bosoniques) est une preuve de (5.79
dans le cas R = 0 pourvu que nous remplacions ¥y — U1 ¥y et @« — 1 — « puisque ((5.79
est énoncé pour des fonctions d’onde fermioniques.

5.2. Le cas R > 0. Dans le cas R > 0 il existe une borne inférieure pour la limite
thermodynamique du gaz d’anyons [75, Theorem 1.5]. Les bornes intermédiaires utilisées
afin de 'obtenir sont locales comme en mais ici ’énergie Eﬁ perd sa propriété
d’homogénéité qui était importante dans I'approche de [114]. Une des bornes locales
est [75, Lemma 5.3] et est valide pour tout R

Ca?
B (:Q) = 5 [ ous (5.55)
QI Jg
avec
= A}gnoo an (5.86)
ay = min min |(2p + 1) o — 2¢| . (5.87)

pc{0,1,...,N—2} q€Z
Le probleme est que a, = 0 & moins que « soit une fraction avec un numérateur impair.
Dans les autres bornes le probleme est que le ratio v (Q) = R/|Q| devient important [75)],
Lemma 5.1,5.2]. Ces bornes sont de la forme

Q) ’fQ p‘I’N>
Q)

ou la dépendence en «y (Q)) ne permet pas de suivre exactement le méme chemin que dans
le cas R = 0. Nous rappelons que le champ porté par les anyons est

EY (:Q) > (2 (5.88)

curl AR (x;) = curlZlog\ ] x ﬂi(]%f)( Xj — = 27?2 ]IBTS%’“Q’ X;) (5.89)
k#j k#j
et observons que dans le cas ou le rayon est plus grand que la diagonale de la boite @), les
particules a l'intérieur de celle-ci induisent un champ constant alors que celles se trouvant
A une distance d’au moins R + 1/2Q ne jouent aucun role dans ’énergie. Les particules que
nous devons controler se trouvent entre ces deux zones. Il semble que ce soit la derniere
étape avant l'obtention de I'inégalité désirée.

Autres suggestions: Nous pouvons aussi imaginer poursuivre I’étude des anyons selon
trois différents chemins.

e Tenter d’investiguer le cas « fixe et obtenir une énergie Thomas-Fermi magnétique
modifiée. Voir remarque
e Tenter d’atteindre le régime dilué n > 1/2 dans le cas bosonique. Voir remarque

B.1
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e Etudier la dynamique des anyons fermioniques ou bosoniques comme dans [4, [5],

6, 52} 53, 54, 56), 57, 69, 131}, 142} 141, 14, 150, 152} 151] .






CHAPTER 6

Méthodes de preuve

Notre méthode pour prouver se base sur le Théoreme de de Finetti quantique [136].
Le Théoreme [3.1] utilise quant & lui les versions de Finetti classiques comme le théoréme de
Diaconis-Freedman [41] ou celui d’'Hewitt-Savage [70]. Ils consistent tous & transformer une
probabilité symétrique a k particules en une combinaison convexe de mesures a un corps
factorisées. Nous introduisons ces théoremes avant de commencer les preuves.

1. Théorémes de de Finetti classiques pour les cas fermionique

La preuve du Théoreme utilise une approche semi-classique basée sur les états
cohérents. Les mesures mises en jeu ont pour domaine I'espace des phases R?V x R2V
des positions et vitesses.

1.1. Le Théoréme d’Hewitt-Savage. Ce théreme énonce que toute mesure de prob-
abilité symétrique sur Iespace QY = Q x ... x Q se rapproche d’une combinaison convexe
de mesures produits sur {2 a mesure que N augmente. Nous notons P (QN ) I’espace des
mesures de probabilité sur Q. Une mesure de probabilité symétrique py € P (QN ) satis-
fait a

N (A1 X ..o X AN) = UN (Ag(l) X ..o X AJ(N)) (61)
pour tout domaine borélien Ay, ..., Ay C Q et toute permutation de N indices o € Sy. Cet
ensemble est noté Psym (QN ) Nous définissons aussi

P (P (2N)) (6.2)

I’ensemble des mesures de probabilité sur ’ensemble P (QN ) Une mesure produit de terme
principal p € P () est de la forme

PPN (A] X ... x AN) = p (A1) ..p(AN). (6.3)

Une telle mesure est symétrique. Dans la limite N — oo nous pouvons considérer des
mesures avec un nombre infini de variables yu € P (QN) dotées de la notion de symétrie

1% (Al, AQ, ) = U (AU(1)7 Ao’(2)7 ) (64)

pour toute suite de domaines boréliens {Ax} ey C ON et toute permutation avec un

nombre infini d’indices 0 € Ss. Notons Psym (QN) I’ensemble des mesures satisfaisant
(6.4). Nous pouvons énoncer le théoréme

THEOREME 1.1 (Hewitt-Savage 1955).
Soit pt € Psym (QV) satisfaisant (6.4). Notons 1) sa k-ieme marginale,

B (A AR = (AL, o, A, QL) (6.5)

59



60 6. METHODES DE PREUVE

Il existe une unique mesure de probabilité P, € P (P (Q2)) telle que
W= [ panp). (6.6)
pEP(Q)

La preuve originelle de ce théoreme est géométrique. L’ensemble des mesures de proba-
bilité symétriques sur QY est convexe. Le théoreme de Choquet-Krein-Milman énonce que
tout point d’un ensemble convexe est une combinaison des points extrémaux. Il suffit alors
de montrer que les points extrémaux de Psym (QN) coincident avec les mesures produit,
correspondant & des suites de marginales de la forme { p(k)}k N Cette approche n’est pas
constructive, et la preuve du fait que les suites {p(k)} pen Sont les points extrémaux de
Psym (QN) est par contradiction. Le théoreme de Diaconis-Freedman [41] est une approche
constructive de ce dernier résultat. Lions developpa une approche similaire pour les besoins
du champ-moyen en théorie des jeux [109]. Voir [124] pour une discussion plus détaillée.

1.2. Le théoréme de Diaconis-Freedman. Le théoréeme précédent est vrai lorsque
N = 400 mais une version plus quantitative existe. A N fixé U'erreur est quantifiée par la
norme en variation totale des mesures de probabilité sur .S

ey = [ i = sup / ¢du‘ (6.7

PECy (2
avec Cy (§2) espace des fonctions continues et bornées définies sur €. Définissons alors la
mesure

Powi= [ Bpmpuny (2)dZ (6.5)
dans P (P (€2)) dont le sens précis est

6(p) APy (p / 6 (pz) v (2)dZ
P(Q)

pour toute fonction ¢ continue et bornée sur les mesures de probabilité et avec

1 N
=% I — (6.9)
j=1

une mesure empirique définie par

|
/Qu(:v)dpz = N;u(zj)

pour tout u € Cp, (2). Nous pouvons alors énoncer le

THEOREME 1.2 (Diaconis Freedman).
Soit N € Psym (QN ) une mesure de probabilité symétrique, en posant

iy = / p*NAP,, (6.10)
pEP(2)

nous obtenons que
k(k—1)

I (6.11)

(k)
[ =¥ <2
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De plus, lorsque la suite (u%?)N est tendue,

lim sup sup / dus\l,) =1, (6.12)
R—oco NENJB(0,R)

il existe une sous-suite et une unique mesure P € P ((P(R4)) telle que, modulo sous-suite,
P,y — P

testée contre toute fonction continue et bornée définie sur P(R*). La mesure P ici obtenue
n’est rien d’autre que celle du théoreme de Hewitt-Savage [70]. Pour tout n € N* fixé

Ay - P dP(p). (6.13)
pPEP(Q)
Observons que
iy (X) ::/ pn (2) > N Nox_z dz (6.14)
an vel'n

ou I'y est l'ensemble des applications (autorisant les indices répétés) de {1,..., N} dans
lui-méme

Xy = (%15 0 Xy()
avec v € I'y. Le point crucial est que la mesure symétrique py peut étre écrite

iy (X) = / v (2) S (V) ox_z,dZ (6.15)
N cESN
et donc
(k) (k)
T :/ > (NY)ox—g, — . N Nox—z, py (Z)dZ. (6.16)
QN
og€SN vel'n

Ce résultat se comprend en interprétant
(k)
Z (N) ™' ox—z, (6.17)

gESN

comme la probabilité de tirer k£ boules au hasard d’une urne en contenant N sans remplace-
ment, alors que

(k)

Z N*N(SX:ZV (618)
vel'n

est la loi de probabilité pour un tirage de k boules avec remplacement. Intuitivement,
il est clair que lorsque k est petit devant N, le remplacement des boules n’affecte que
trés peu le résultat final. Nous référons a [136][Theorem 2.2] pour une preuve compleéte.
Nous remarquons que nous fournit les marginales de . C’est une conséquence de
I’approch de Dicaonis-Freedman.
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LEMME 6.1 (Premiéres marginales de la mesure de Diaconis-Freedman).
Soit uy € Psym(QN ) et sa mesure associée par le Théoreme de Diaconis-Freedman py.
Nous avons

AV () = uly (X9) (6.19)
N -1

~ 1
i (X1, Xo) = =) (X1, Xo) + o) (X)oxiox, (6:20)

N(N _]1[)3(]\7 — 2)u§3)(X1’X2’ X3)
(N-1) [M@

N2 N) (X1, X3)0x,=x, + Mg\%) (X2, X1)0x,=x5 + MS\?)(X& X2)0x,=x,

/75\37)(X17X27X3) -

_l’_

1
+ ﬁu%) (X1)0x,=x,0x,=x3 (6.21)

PRrROOF. Nous pouvons trouver (6.19)) et (6.20)) dans [136, Remark 2.3]. Il suit de [136),
Equation 2.16] que

Tv(Xy) = / in(2) Y N Nox_y dz (6.22)
or vel'n
N QRN
_ /Q () [N 6 |42 (6.23)
j=1

ou Z, est le 4N-uplet (xa(1)7p0(1)7-~'7$0'(N)7p0'(N)) - (Za(l)a“-zoN)a (Zz = (xiapi» et I'y
I’ensemble des applications de {1, ..., N} dans lui-méme. Nous exprimons la n-iéme marginale

Xmn

N
ggg><XN):/ un(2) [N 6,x, | a4z (6.24)
j=1

QN

Nous trouvons en particulier

N
ﬁg\lf)(fflapl):N_l un(Z) Z%:Xl dz
=

N N
/75\?)(56171?1,3627172):]\[72 QN“N(Z) Z5zjle Zézj:)ﬁ dz
j=1 Jj=1

N N N
ﬁﬁ)(Xl,Xg,Xg):N_3 NMN(Z) g 0z=x, Z5Zj=Xz Z‘S@:Xs dz
j=1 j=1 Jj=1

en éveloppant la n-ieme puissance de ﬁg\?) en termes de py par un calcul explicite. (Il

2. Théorémes de de Finetti quantiques pour les bosons

Le théoreme [2.1] utilise le Théoremes de de Finetti quantiques, combiné avec une local-
isation dans ’espace de Fock. Ces deux points font 'objets de la partie suivante.
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2.1. Théorémes de de Finetti quantiques. En mécanique quantique a N corps un
état n’est plus une fonction d’onde mais une matrice densité de la classe trace (2.20]) sur

lespace de Hilbert L? (RdN ) ~ [? (Rd) N Un tel opérateur I'y est dit symétrique (ou
bosonique) si I'y € S (L2, (RY))

St <L2 (RdN>> - {F e 0! (L2 (RdN)) T =T"T>0,Trl = 1}. (6.25)

Nous définissons un état bosonique avec une nombre infini de particules comme une suite
{'y(k)}keN d’opérateur de S satisfaisant

e Chaque état & k particules %) ¢ St (Lgym (RdN )) est auto-adjoint, positif et de
trace 1.

Tr [Wﬂ)] ~ 1. (6.26)

e La suite {v(k)}keN est consistante

Tryy |75 = 4 (6.27)

ot Try, 1 est la trace partielle par rapport a la derniére variable L? (Rd)®(k+l) .

la proprité (6.27]) assure que la suite décrit un véritable état physique. Un cas particulier
de ces états bosoniques sont les états produits. Un état produit avec un nombre infini de
particules est une suite d’opérateurs de classe trace {'y(k)}k N satisfaisant

e Pour tout k£ > 0 7*) = 4®% ol 4 est un état & un corps.
e Cet état prend alors la forme

) = (Jup Gul)®* = [u*) (] (6.28)

avec u € SL? (Rd) la sphere unité de I'espace de hilbert a un corps.

Les états produits bosoniques sont tous de la forme (6.28)). En effet, si v € S* (Lgym (RdN ))
n’est pas un projecteur v¥2 ne peut pas avoir la symétrie bosonique [72]. Le Théoreme de

de Finetti quantique fort ci-dessous est du & Hudson et Moody [72] et Stormer [153].

THEOREME 2.1 (Théoréme de de Finetti quantique fort).
Soit $ un espace de Hilbert complexe séparable et {'y(k)} ey un état bosonique avec un
nombre infini de particules sur $). Il existe une unique mesure de probabilité de Borel
p € P(SH) sur la sphere SH = {u € H, ||lul| =1} de $, invariante sous l'action de S*
(multiplication par un complexe de module un el e R) telle que

1o [ eyt

pour tout k > 0.

Ce théoreme permet de prouver 'exactitude de 'approximation de champ-moyen au
niveau de 'état fondamental (2.39)) assez facilement, voir [136][Theorem 3.6] ou [87]. Des
résultats plus forts existent [136][Theorem 3.7 et Theorem 3.16] mais nous suivront le
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chemin menant a la version en dimension finie. Le premier avantage de travailler en dimen-
sion finie est la possibilité d’obtenir des estimations explicites comme celle du théoreme de
Diaconis-Freedman. Nous définissons la kieme matrice densité réduite de I'y € S* (f)N )

sym
'y](\];) = TrkJrl*)N PN. (630)

Nous introduisons un espace de Hilbert de dimension finie £
dim$ =d (6.31)

et énoncons

THEOREME 2.2 (Théoréme de de Finetti quantitatif).

Soit I'y € St (ﬁg,m) un état bosonique sur ﬁé\yfm et ’y](\?) ses matrices densité réduites. Il

existe une mesure de probilité puy € P (S$) telle que, en notant
Iy = / ‘u®N> <u®N‘ dpn (u) (6.32)
ueSH
I’état associé et 7y'](\];) sa matrice de densité réduite, nous ayons
~ 2n (d+2
Try 70 — 70| < ”(]\J;") (6.33)

pour tout n = 1...N.

Nous devons ce résultat a Christandl, Kénig, Mitchison et Renner [23]. Il y a aussi
quelques développement dans [21), (68, [84] mais nous seront plus intéressé par les vari-
antes de l'informatique théorique [20} 23], [24]. Ici l'erreur dans ne dépendra plus
linéairement de la dimension de ’espace de Hilbert & un corps mais logarithmiquement. La
contrepartie est que ’erreur ne sera plus quantifiée en terme de norme de la classe trace et
que la mesure construite ne chargera plus seulement des états bosoniques. Cette version du
Théoréeme de de Finetti est due a Brandao et Harrow [18], [88] ou encore [135][Proposition
3.2].

THEOREME 2.3 (Représentations & la de Finetti des matrices densité pro-
jetées).
Soit $) un espace de Hilbert complexe séparable avec l’espace bosonique correpondant
Ay = H®¥mN - GQpit 7}\7;) la n-ieme matrice densité réduite de I’état & N corps ¥ € $Hy ou
d’un état mixte général:
SY(LE, (R*M)) ={Tre&! (L2

sym sym

(R*M)), T =T*T>0,TrT" = 1} (6.34)
Soit P un projecteur orthogonal de dimension finie.

Il existe une mesure de Borel positive ,ug\r;) sur I’ensembe des états mixtes & un corps

Sp =38 (PLZ,, (R*Y))

sym
telle que
sup Tr|Ai 04 ®..Q A, <P®n'y](\7)P®" — 'y®"d,u§\?) (’y)) '
0<A;1,A2,..An<1 Sp
log(dim(P
< ¢,/ losdim(P)) (6.35)

N
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ou le sup est pris parmi les opérateurs de P$) bornés et auto-adjoints.

Comme dans le Théoreme ([2.1)) 'erreur obtenue dans ([6.35)) implique de travailler dans
un espace de Hilbert de dimension finie est donc de localiser les états de la fagon suivante

Py pen, (6.36)
Nous voulons voir P®”7](\7,L)P®” comme la densité réduite d'un état localisé I'p dont toutes
les particules sont dans P$
peny W pen — (Tp)™) (6.37)
L’état I'p doit donc vivre dans ’espace de Fock car des particules peuvent étre perdues
dans le processus de localisation.

2.2. Localisation dans 1’espace de Fock. nous définissons I'espace de Fock en tant
que somme infinie d’espaces de Hilbert symétriques a k particules

FH)=Canan. (6.38)
Dans notre cas nous avons
Fom (L (RY)) =Co L2, (RY) & 12, (R*) .. (6.39)
Nous définissons I'espace de Fock tronqué
FN (Lgym (Rd)) —Ca L2, (Rd) oI, (RQd) & .. @ L (RdN ) (6.40)

Un état bosonique sur 1’espace de Fock est un opérateur auto-adjoint, positif de trace 1 sur
Fsym- Nous notons I’ensemble de tels états

§ (Fom (9)) = {T € 8" (Fuau (9)) , T =TT > 0, Tez, (5 [[] = 1} (6.41)
Un état est dit block-diagonal s’il peut étre mis sous la forme

=G G1®..0G, @ ... (6.42)
avec G, € S! (ﬁg”ym). Un état block-diagonal sur I'espace tronqué fg,fx ($) aura la forme
I'=Gon®GIND...DGNN (6.43)

et sa k-ieme matrice de densité réduite Fg\l;) sera un opérateur sur ﬁ];ym défini par

1 N ,.

ry = (f) > <‘,Z:> Tijer15 [GN,] (6.44)

j=k
Pour un état diagonal, les matrices de densité réduites (6.44)) caractérisent completement
I’état.

LEMME 6.2 (Localisation d’un état & N corps).
Soit 'y € S (S’JN ) un état bosonique a N corps et P un opérateur auto-adjoint sur $ avec

sym
0 < P? < 1. 1l existe un unique état diagonal ', € S (fg,ﬁ ($)) tel que
(%)W = pekp() pok (6.45)

pour tout 0 < n < N. De plus, en écrivant F]]\D, sous la forme
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nous avons la relation fondamentale

Tree [Gﬁ,k] =Tr. N [GN}J;fz] . (6.47)

sym Yszm
une preuve de ce qui précede se trouve dans [136][Lemma 5.2]. La relation (6.47) est
centrale dans la méthode. Elle énonce qu’étant donné un état 'y, la probabilité d’avoir k
particles P-localisées est égale a celle d’en avoir N —k /1 — P2-localisées. Ce résultat vient

de [80] mais d’autre versions existent [3), 39, 65]. Dans ce formalisme, un état (6.36)) est
donné par

Py pen — (GR)™ = <N >_1 i <’“> Tr [GR ] (6.48)

n n
k=n

pour tout 0 <n < N.
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CHAPTER 7

Introduction

It is a law of nature that all the particles constitutive of our physical world are either
bosons or fermions. The first kind of particles are forces carriers, as the photon describing
the electromagnetic interactions between charged particles, or the gluon describing the
strong interaction between quarks. The fermions constitute matter, as the electron, and the
quarks forming nuclei. From a mathematical point of view the wave function describing such
particles has to be symmetric for bosons and antisymmetric for fermions. This implies huge
differences in the behavior of macroscopic systems. For instance, at very low temperature
Bose-Einstein condensation [45], [31] can be observed for bosons. In this particular state of
matter almost all particles populate the same quantum state. This bunching feature also
allows to construct lasers made of coherent beams of photons. This could not happen with
fermions. The latter are subjected to the Pauli principle, stating that two of them cannot
occupy the same quantum state. This is the fondamental reason for the stability of usual
matter [42], 110}, [43]. This is also the cause of most of the chemical properties of atoms.
The bosonic and fermionic behavior are also respectively called the Bose-Einstein statistics
and the Fermi-Dirac statistics. In thermal equilibrium each statistics implies a particular
distribution of particles among energy levels. More precisely, if we consider a system with
energy levels {E;}:;°, of degeneracy g; at temperature 7" and chemical potential ;¢ then the
number of particles of a bunch of bosons or fermions will expectively follow the NP and
NFDP distributions

)

Ei—p -1
NBE — gi <e kpT _— 1) for bosons (7.1)
and
E;,—n -1
NZFD =g <e kT 4 1) for fermions (7.2)
where kp is the Boltzmann constant. When T is very low we observe that
N(?E — o0 whereas NZ-FD — 9ilE,<u

The first phenomenon is called condensation. The second leads to the Fermi sea, i.e the
fermions pile up until they reach the energy u.

The dichotomy presented above can lead to the question: Is there a possibility for fun-
damental particles being neither bosons nor fermions ? The experimental answer is clear, all
fundamental particles which have been mesured until now were either bosons or fermions.
The theoretical answer is also clear, no.

The breakthrough leading to the discovery of anyons comes when we try to understand
the last result. Why ? and we also find an unambiguous response: because our physical
world is at least three dimensional. Then dawns the next question: would it still be the
case if we were living on a plane ? The answer is no. The spaces R? and R? present an
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intrinsic topological difference. The punctured space R3\ {0} is simply connected whereas
the punctured plane R?\ {0} is not. It implies that the fundamental groups of configuration
spaces are different in two and three or more dimensions, and induces new possible sym-
metries for the wave function when quantum mechanics is stated in a geometrical way see
for instance [126]. In two dimensions there is no inconsistency in demanding that the wave
function to be something else than symmetric or antisymmetric. But our physical word is
three dimensional and we could think that these particles will stay curious abstract objects
forever. This is not the case. Indeed two-dimentional systems do not exist but almost two
dimensional systems do. In these systems guenuine two dimentional quasi-particles can
emerge. These need not a priori to be bosons or fermions.

Pioneers in this theoretical discovery were Leinas and Myrheim [78), (28] in 1977, Wilczek
[165), 163, 164] and Goldin, Menikoff, Sharp [62], [63] in the 80’s. The last decades have
seen an upsurge of interest for anyons with the developement of cold atoms physics and
quantum computation. Several two dimensional systems presenting quasiparticles looking
like anyons have emerged. The fractional quantum Hall effect (FQHE) is maybe the most
well-known and the most studied [61], [67), [66), [77]. Anyons have actually been mesured for
the first time in 2020 in the FQHE regime [12), 127]. There are also several hopes to create
anyons in cold quantum gases [30}, 121], 160}, 167, 168, 169].



CHAPTER 8
Many-body physics

1. Classical physics

In this thesis we will be interested in anyon gases, in a semi-classical approach and
mean-field descriptions thereof. We recall for convenience the basics of many-body classical
physics. The configuration space of a gas of N distinguishable particles is R*Y where d is
the dimension of the physical space where particles move. The phase space is the position
configuration space times the momemtum configuration space R4 x RN A pure state is a
configuration where all positions and velocities of each particle are specified. It corresponds
to a unique point Zy = (Xn, Py) in the phase space. The associated empirical measure is
then

N
1
EmpZN == N Z5Zi (81)
7j=1

where z; = (x;,p;) € R? x R?. Equilibrium states at zero temperature are such states but
in other cases the thermal noise usually spreads the measure into a mixed state described
by a probability measure uy € P (RdN x RNV ) such that puy > 0 with

/ dpy = 1. (8.2)
RAN xRAN

When we know this measure, the expected values of physicals observables can be computed.
For instance the energy

Y pl e
Hy (X;P) =) =0-+) V(%) (8.3)
j=1 i=1

of N non-interacting particles in a potential V' can be expressed by

(y @)= [ Hy(XGP)duy (2). (8.4)

RAN xRAN

To take into account the indistinguishability we need py to satisfy
un (Z) = pn (Zo) (8.5)
for any permutation o such that

ZU = (XU(1)7pU(1)7"'7X0'(N)7p0(N)) (86)
71
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Using this symmetry property many expected values can be expressed using only the first
marginal of the state

u®) (%1, 1, oy Xpy PE) = / KN (X1, P15 -, XN, PN) dXp1dPgt1...dxydpy
RAN —k)  RA(N—K)
(8.7)

2. Quantum physics

In many-body quantum mechanics pure states are complex-valued wave-functions over
the configuration space R%Y. The evolution of a given state ¥y € L? (RdN ) is governed by
the Schrodinger equation

ihat\I/N (X, t) = HN\I’N(X, t) (88)
where h = h/27 is the reduced Planck constant with h = 6,62 x 1073*m?kg/s and Hy is
the Hamiltonian of the system. The bottom of its spectrum (when it exists) is called the
ground state energy. The square |Wy|? is interpreted as a probability density for finding
some particles in a certain volume of the configuration space. We also impose that the
square of the Fourier tranform of ¥ (defined as an isometry of L?), |\il ~|? is the probability
of finding the particles to have certain velocities. This probability density interpretation
enforces that

/ Uy[Pde =1 (8.9)
RaN

Particles also need to be considered as indistinguishable. This implies that the labeling
Xn = (x1,...,xy) is arbitrary and thus that

U, Uy |* = U] (8.10)

for any permutation o € Sy the permutation group of N elements with U, the unitary
operator which permutes labels

UU‘IIN(Xla-'-aXN) = \I’N(Xa(l)""vxo(N)) (811)

The indistinguishability has to be implemented for all observables. The expectation value
of an observable A being given by
(Un, AU N) (8.12)

should not depend on the labeling. With this additional constraint the boson/fermion
dichotomy actually follows from [132), Lemma 7.1.1]

LEMMA 8.1 (Bosons and fermions).
Consider Uy € L? (RdN) with

/ Wy[2dx =1 (8.13)
RaN
satisfying, for any bounded self-adjoint operator A on L? (RdN ) and any permutation o € Sy
(Un, AU N) = (Us VN, AU,V ) (8.14)
then either
U,y =¥y Vo€ Sy Bosons (8.15)

or
U, U N = (—l)Sign(a) Uy Vo €Sy Fermions (8.16)



2. QUANTUM PHYSICS 73

PrOOF. Take A = |Uy) (¥ n|. According to (8.14) we must have

(Un, U TN =1 (8.17)
for all o € Sy and hence
U, Yy =coVUpn (8.18)
for some complex number ¢, of modulus one. For consistency we also have that
Coog! = CoCo’ (8.19)

must hold for all o and ¢/ € Sy. The map o — ¢, is a thus one-dimensional representation
of the permutation group and it follows that either ¢, = 1 or ¢, = (—1)Slgn(”). O

We have consequently to restrict the space L? (RdN ) to

N
L? (RdN) ~ ® L? (]RN) for bosons

sym
sym

and to

N

Lisym (RdN ) o~ ® L? (]RN ) for fermions.
asym

In many-body quantum physics a pure state Wy is then identified with the density

matrix |¥y) (Uy|. We define quantum mixed states by the statistical superpositions of

pure states, that is, the convex combinations of orthogonal projectors. Using the spectral

theorem, it is clear that the set of mixed states coincides with that of positive self-adjoint

operators having trace one
S! <L2 (]RdN)> - {F ca! (L2 (RdN)) T=T*T>0TT = 1} (8.20)

where G (§) is the Schatten-von Neumann class of trace-class operators on a Hilbert space
$. A mixed state can also be identified by its kernel I' (X;Y") such that

r\p:/ I'(X;Y)¥(Y)dY (8.21)
RaN

with

M'X;Y)=9y(Y)¥y (X) (8.22)
for a pure state identified with Wy. We also define the k-th reduced density matrix by
taking a partial trace over the last NV — k particles

r*) = Trp 8T (8.23)

which means that for any bounded operator A, acting on L? (de)
Tr [Akr“f)] = Tr [Ak ® 19V *kr} (8.24)

with 1 is the identity on L? (]Rd). Usual quantum mechanics can now be formulated in
terms of density matrices. The mean value of an observable A in the state I' being given by

(A)p = Tr [AT] (8.25)
which, in the case of a pure state I' = |Uy) (U], is nothing else than
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In the language of density matrices the bosonic and fermionic symmetries are enforced by
imposing

U,I' =TU, =T for bosons (8.27)
U, I =TU, = (=1)") T for fermions. (8.28)

3. Mean field approximation

A usual Hamiltonian describing N particles interacting via a potential wy, and trapped
in a potential V' is of the form

N

Hyp =) (P2 +V(x))+ A > wnl(xj —xx) (8.29)
j=1 1<k<j<N

where A\ describes the strength of the interactions. This operator acts on L? (RdN ) as an
unbounded operator. Finding the ground state energy

eN = inf (YN, HNUy) (8.30)

UyeL2 (RdN)

for a N-body Hamiltonian like is a very difficult task when the particle number N
gets large. In classical statistical mechanics we usually introduce macroscopic emergent
quantities such as the temperature, or the pressure. Such quantities are well defined in
average and can be studied via effective equations as for instance Navier-Stokes’ or Euler’s.
In quantum mechanics we also follow that route by finding effective models describing the
whole system in order to obtain more tractable theories from which useful information can
be extracted. The simplest and most well-known of these are obtained through mean-field

approximation. The goal is to obtain a self-consistent one-body problem starting from the
N-body problem.

3.1. Hartree approximation for bosons. In the case of acting on bosons we
will illustrate three regimes leading to three different effective models. The limit model is
directly linked to the competition between the strength of the interaction A and its range L.
The typical number of particles interacting with a single particle is pL? with p the density
of particles. In a space of volume one (the size of the system) we have p = N/1. The
expected interaction energy per particle is of order NALY. This energy has to be of order
one to make the terms of of the same order when N — oco. We introduce a scaling
parameter 5 > 0 to describe the competition between L and A

NP
L=N7%, A=No1 (8.31)
The Hamiltonian becomes
al 1
Hy =) (-8, +V )+ v— >, NVw (Nﬁxj - xk) (8.32)
j=1 1<k<j<N
where we took h = 1. The ground state energy for a gas of bosons is
ey = inf (Un, HNU ) (8.33)

\IINELQ

sym

(RY)



3. MEAN FIELD APPROXIMATION 75

The mean-field approximation is based on the intuition that when the number of particle
is very large all particles behave as if independent and identically distributed. The wave
function is then expected to be of the form

TR (x1, .0 %) = u(x))u(xs9)..u(xy) (8.34)
with u a single particle density belonging to L2 (Rd). This ansatz is coupled with the

convergence
_g-d, (X
wr,(x) = L™ %w (L) — </Rd w) ) (8.35)

in the sense of distribution when L — 0 and gives rise to three distinct regimes.

Mean-field regime (MP). When § = 0 computing the energy of the system with
such a wave function (8.34) gives

it [u] = <‘PN’§N‘P ) / (|Vu< )2+ V(60 fuso)?) dx (3.36)

x)|? (w * |ul?) (x)dx (8.37)
The energy &y is called the Hartree energy assomated with the minimization problem
= inf & . 8.38
e ueigl(Rd) H [u] ( )
llull p2=1
and we can state
£Sym
% —eng when N — oo (8.39)

see [136], Section 6] and references therein [52] [87, 40}, 47, [54, 55|, 81, 83, [85].

Non-linear-Schrédinger regime (NLS). When 0 < § < 1 the ansatz (8.34) is still
relevant. The potential wy tends to a Dirac mass. If we simply replace it in (8.37) we
obtain the NLS functional

a
Suslu = [ (IVaGOP + Ve luf + §luGa)) dx (8.40)
R4
Here
a= / w. (8.41)
Rd
The associated ground state
eNLS = ueiIQI(fRd) SNLS [U] . (842)
llull 2 =1

We have transformed a linear problem for the N-body wave-function into a cubic problem

for the one-body wave-function. We also obtain the convergence

sym

N 5 exps when N — o0 (8.43)

N
See for details [136l, Section 7]. This regime presents two interesting sub-regimes.

e (8 < 1/d) corresponds to case when particles interact often (L is large) with a
weak strength A < 1. We are still in a mean-field regime.
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e (8 > 1/d) makes particles interact strongly but rarely. It is a dilute regime.
The transition happens at 5 =1/d.

Gross-Pitaevskii regime (GP). When § = 1 the limit functional is still (8.40) but
a = 4m x (scattering length of w). (8.44)

The scattering length is defined in [95 Appendix C]. The ansatz (8.34) has to be corrected
to include short-range correlations. A candidate would be

N
Uy Garexn) = [Jut) [T £ (37 00— xy) (8.45)
j=1

1<i<j<N

where f comes from the two-body problem defined by w. This case is called the Gross-
Pitaevskii limit (GP) studied in [107, [106], 145, 97, 96, 98]. For more details about
Bose-Einstein condensation and mean field theories see also [137, 87, 136, [81], [95].

3.2. Hartree-Fock approximation for fermions. In the case of fermions, due to
the Pauli principle, the kinetic energy increases faster than other terms of the hamiltonian
(8-29) when N — oo. This issue can be circumvented by taking h = N~V¢ leading to a
semi-classical regime. In the following we only investigate the mean-field regime: A = 1/N
and L = 1. The Hamiltonian becomes

N
Hy=Y_ <—Aj +V (xj)) + % S wixg - xp) (8.46)

N1/d
1<k<j<N

j=1
with a fixed interaction potential w. The ground state of (8.29)) is

e = inf Uy, HyW 8.47
N o (RdN)< Ny HNUN) (8.47)

asym

Because of Pauli’s principle fermions can never completely be uncorrelated in the sense of
(8.34]). The mean-field ansatz for fermions rather consists in taking the Slater determinant

WV (x1, . xy) = det (u; (%k))1<jren (8.48)
where the functions {u; };V: | are orthogonal one-body functions of L? (RY).
H, = _Axl + V(Xl) (849)

We define the first density matrix associated with the Slater determinant

N N
v = Z luj) (uj| with py, = Z |u;|? (8.50)

j=1 j=1

and compute the Hartree-Fock energy
e 1) = Tr[-89) + [ Vo, ()i (8.51)
R
tow [ w—y) (0o )~ e y)P) dxdy  (8.52)
2N RAdxRd K K ’ ’
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where we used the kernel of ~y

N
Y(z,y) = Zuj(x)uj(y) (8.53)
j=1
Calling
egr = _inf Enr[v] (8.54)
Y2=y=ry*
Try=N

we can, assuming that V is confining

lim V (x) =400 (8.55)
|x|—00
and that w e L114/2 (Rd) + L (Rd) to get the convergence
asym
eN —epr| — 0 when N — oc. (8.56)

In most of the cases the above convergence only holds for the first order, a Thomas-Fermi
energy, minimum of the functional

277/ p? (x)dx —|—/ V (x) p (x) dx. (8.57)
R2 R2
Examples of such results can be found in [147, 99}, 103, (50, 91, [90].






CHAPTER 9

Models of anyonic statistics

1. The space of configurations

We shall first review the usual theoretical argument supporting the bosons/fermions
dichotomy. The classical configuration space of N particles in d dimensions is R¥. A vector
of this space will be denoted Xy = (x1,...,xy) with each x; € R?. To build a quantum
theory on this space we introduce a wave function ¥y € L? (]RdN ) and symmetrize it as in
. This way Lemma seems to provide a proof for the boson fermion dichotomy but
there was an implicit choice made in this argument [58), 62, 148|, 149]. We have indeed

(1) quantized i.e introduced a wave function on the space of configurations

(2) symmetrized i.e imposed the symmetry condition on the wave function
There is no logical or physical necessity to implement (1) before (2). We shall discuss what
happens the other way, when we perform (2) before (1).

1.1. Symmetrization of a classical system. Consider N hard-core particles living
in R A vector of this space is

Xy = (Xl, ...,XN) S RdN (91)

Two particles cannot be located at the same point, so we need to remove the diagonals of
RdN

D:= {XN e R¥W, x; =x, for some j # k} . (9.2)

The classical configuration space of N identical particles living in R*V is then formally given
by

RdN\]D)
C% = 9.3
o~ (0.3
where Sy is the permutation group of N elements acting on R4V the following way

g (XN) = (Xg(l), ...,XU(N)) . (94)

In C¢, any point X is identified with o (Xy) for all ¢ € Sy. An exchange of particles must
now be seen as a physical process. In other words, to exchange two particles the system has
to follow a path in C’f{, which is actually a loop since the starting point is identified with
the arrival.

To better understand what is C’j‘ff we introduce the center of mass coordinate

N
1
X (Xy) = > x; R (9.5)
j=1

which satisfies
X (0 (Xn)) =X (Xn)

79
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and can be factored out to write
C4 ~ R x rd (9.6)

where

L {Xy e RI\D, X (Xy)=0}
— S,

(9.7)
is the relative coordinate space.

1.2. Quantization of a classical system. Wave functions of N identical particles
are defined as square-integrable complex-valued functions on C]‘%, with appropriate gluing
conditions

(0 (Xy)) =™ (Xy). (9.8)
The amplitude has to be the same but the phase may differ under exchange of particles.
We indroduce the first homotopy group of C’j‘(f

% (%) =Tx/ ~ (9.9)

where I"x is the set of all loops in C’f{, starting at X and ~ the equivalence relation between
loops
v1 ~ Y2 < 1 can be continuously deformed into - (9.10)

The first homotopy group is endowed with the concatenation law. The space C’j{, being
connected the starting point does not affect the homotopy group, we then drop it from the
notation. I'y = I contains all the different loops the system can follow when it performs an
exchange. As claimed in [28] [78] the exchange phase ¢™ has to be a scalar representation
of the group 7! (C]‘{,). It is a well known topological fact [7] that

l (c;lv) ~ Sy if d> 3. (9.11)

But in the case d = 2 the punctured space R\{0} is not simply connected. This affects
drastically the first homotopy group which becomes the braid group

' (C}) ~ By (9.12)

see [9]. In three or higher dimension there are only two unitary scalar representations
of the fundamental group, corresponding to the usual boson/fermion dichotomy. In two
dimensional systems there exists a continuum of scalar representations of By, indexed by
an integer « € [0, 2].

To illustrate the topological difference between the configuration spaces in three an
two dimensions we will consider only two partices and describe C2 and C§ in more detail.
According to C3 ~ R3 x r3 with the relative coordinate

X1 — X2
r=——=¢y3
2

where x; and x, can take any value in R? satisfying x; # X9 and the points r and —r being

identified. Notice that
e[ = /[x1]? + [x2|? (9.13)

we then use spherical coordinates to write r under the form (|r|,8, ¢) and factorize

¥ ~ RF x Sy, (9.14)
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with Sp 4 a sphere of radius one where two points are identified by the central symmetry.
Figure@ depicts the space Sp 4, a northern hemisphere with opposite points on the equator

FIGURE 9.1. Projective space Sy ¢

identified. There are two kinds of non homotopicaly equivalent loops starting at x, the red
one, equivalent to the empty loop, and the green one. This picture makes clear that v,
cannot be continuously deformed into 2. Any other loop is then either equivalent to o,
this is case of 73, or equivalent to 7, this the case of 72 o 73. We notice that a double
exchange is equivalent to the identity. Indeed, 73 01 =~ v and 72 0 y3 ~ 71. The first
homotopy group is then
7'1'1 (CS) ~ SQ = {11,0'12} .

On the other hand we have C2 = R? x r? with r € r? being a point in R? identified with
—r. Then 72 is equivalent to the half-plane without zero, with the half line R} identified
with R, and can be seen as a cone without tip as represented in Figure Here, 1 can
be also shrunk to a point whereas v cannot. The new topological aspect of the cone is the
fact that, without the tip, the blue loop cannot be deformed into v; or 5. A loop can turn
around the cone any times, which defines each time a new non equivalent loop.

FIGURE 9.2. Cone without tip 72
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We then obtain an infinite set of different loops up to homotopy. Each of them is
identified by counting the number of time a loop encircle the cone. We then have that

! (022) ~ By ~ 7.

The exchange of particles is here described by the unitary scalar representation of
Bs. The main diffence of interest between Sy ~ ({0,1},+) and By ~ (Z,+) is that any
generator s; of So, and Sy in general, has the property that 512 = 1 which is not the case
for the generators of By. In By a double exchange of two particles is not equivalent to
the identity. For instance, y9 o0 72 =~ 73 # 1. Its representation has consequently not to be
the scalar e’. The exchange of two neighbouring (not encircling other particles) strands is
represented by €. We illustrated in Figure the exchange of particles 1 and 3 encircling
particle 2.

[2]

12 263 \ 12

1 2 3 1 2 3 1 2 3

Fi1GURE 9.3. Braid diagrams corresponding to the exchange 1 — 3 encircling
particle 2.

On these braid diagrams the evolution in time is downwards. To exchange braids 1
and 3 three neighbouring exchanges are needed. The first generator bis leads from A to
B by exchanging braids 1 and 2. Notice that the braid 1 goes underneath. Consequently
the repetition of exchange 1 — 2 at B does not brink back the diagram A. Strands 1 and 2
have been knotted, b2, # 1. In D, three neighbouring exchanges have been achieved. The
corresponding phase is €3, As a generalization of the above process, when p particles are
encircled by the trajectory of the two exchanged particles the phase is elZpt)ma When a
single particle makes a loop around p others the phase is el(Zp)ma

2. Magnetic gauge picture

2.1. Ideal anyons. For a convenient and rigorous treatment of anyons, one can model
them as identical bosons or fermions in the plane, but with a magnetic interaction of
Aharonov-Bohm type between each pair of particles, giving rise to the correct statistics
phase as the particles encircle each other. In other words we want the wave function to
formally behave as

U(X1, .y X, ooy Xy o0y XN) = eio”r\i/(xl, ey Xy ooy Xy oy XN)
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and we can obtain this by writting
- . X; — X
U (X1, ..., XN) = H €% W(x1, ..., xy) where ¢jx = angle—~ K
. %5 — Xk|
i<k
with ¥ a bosonic wave function, symmetric under particle exchange. Note that cases a =1
and a = 0 are respectively the fermionic and the bosonic one. We define the singular gauge
transformation U,

(UL T) (x) = [[ €9 ¥ (x) (9.15)
i<k
Note that
Ur: Lisym/sym (RQN) - Lgym/asym (RQN) (916)
is an isomorphism. Furthermore U; is smooth on R?N\DD. Define the operator pj = —ihV;

we observe that, formally

_ (x; —xk)L
U, 1ija =p;+ az A TR
k#j

We have added a new vector potential

oy 2 P +aA(x)) =p;+ad;. (9.17)

X; — X))t
A(Xj)izzi(] )

(9.18)
= X il

We then get the new magnetic operator
Dj =p;+ OéAj (9.19)
and the associated kinetic energy of N anyons
N N
To=) (pj+oah)*=) D (9:20)
j=1 J=1
acting on bosonic wave functions. The above describes anyons via the magnetic gauge
picture. Anyons are seen as usual bosons or fermions with a vector potential corresponding
to the magnetic field

curlA(x;) =27 Z d(x; — xx) (9.21)
k#j

Each boson or fermion carries an infinitely thin solenoid perpendicular to the plane. In
other words we have added fictitious Aharonov-Bohm-like flux tubes whose vector potential
influences the other particles. The strengh of the magnetic flux is 2wr«. The magnetic gauge
picture also allows to work with fermionic wave functions. Defining a = 1 4+ & and using
the change of gauge Uy we transform 77, acting on Lgym into T acting on Lgsym. We
observe that when o« — 0 we recover the kinetic energy for free bosons and when o — 1 the
kinetic energy of free fermions. These limits will be respectively called in the following:

e The almost bosonic limit : @ — 0 and 7, acts on L2 (RQN )

sym
e The almost fermionic limit : & — 0 and Ty acts on L2 (RZN ) Formally, a — 1

asym
and T, acts on Lgym (R?Y),
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For « € [0,2] the anyionic kinetic energy acts on the domain DY as a quadratic form

do 1 L* (R*?) - R (9.22)

N
U go(u) = Z /R?N ﬂDJQ-udx (9.23)
j=1

defined on
Cs° (R*M\D) N L%, (R*N)

sym
the smooth symmetric or antisymmetric square-integrable functions on R?Y with support
away from diagonals. The space of finite kinetic energy N-anyonic wave functions DY is
the domain of the closure of this quadratic form. Another space of interest is ﬁév defined
as the domain of the Friedrichs extension of the self-adjoint operator associated to
the closure of the quadratic form . It was shown in [118] that it corresponds to the
maximal domain of the quadratic form g, (9.23). We refer to [118] for more detail. We
can notice that in the cases a € 27 and respectively a € 2Z + 1, Dév is gauge-equivalent to
the Sobolev space D(]]V = H! and respectively to DY = H]

sym asym-

3. Lieb-Thirring inequality

We know that anyons are closer to fermions that bosons in the sens that they obey
a Lieb-Thirring type inequality. A consequence of the Pauli principle for fermions is the
Lieb-Thirring inequality which, given a potential V on R¢, states that

N N—-1
> / (19l + V) Jul) dx = = 3 Dw(n)| = —CiT / Vo) Edx  (9.24)
=1 RaN =1 R4

where A\ (h) are the negative eigenvalues of the one particle Schrédinger operator
h = —ARd -+ V (925)

acting on L2 (Rd) and V_ the negative part of V', V_ := max(—V,0). The first inequality
of (9.24)) shows that the lowest possible energy for N fermions is obtained by distributing
them in the N first orbitals of the one body operator h. In other words

asym

u = ® U

k=1to N—1

is an antisymmetrized product of the one-particles eigenfunctons ug(h) (also called a Slater
determinant). The second inequality concerns the trace over the negative spectrum of the
one body operator h. Furthermore the inequality (9.24]) is equivalent to the kinetic energy
inequality

N
Z/ \Vju|2dXZCCII{/ p(X)H—%dX (9.26)
=1 RIN Rd

N
p(x) :_Z/ lu(x1, ..., X; :X,...,XN)\2dek (9.27)
j=1 TR ki
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which is often interpreted as a form of the Pauli principle for fermions. On the other hand,
the best we can achieve with bosons is

N
Z/ (|vjuy2+V(xj) W) dx > —NCC%T/ V. (x)]"+2 dx (9.28)
j:1 RIN R4

by putting all particles in the same state u = ug® ... ® ug with wug satisfying (9.24) and then
get a kinetic inequality

N
C 2
12 d 1+5
jEZl /RdN |V jul”dx > N2/ /Rd p(x) Tadx (9.29)

which becomes trivial as N — co. The inequality is actually the Sobolev inequality.

The anyonic kinetic energy being a genuine many-body operator, a bound as
cannot be found because there are no one-body operator eigenvalues to sum. The
usual approach for obtaining Lieb-Thirring inequalities (to use to get ) fails
in the case of anyons. No such results were available for anyons until the series of paper
[115, 118, 113] which gave birth to several results concerning anyonic ground states. In
particular the following Lieb-Thirring inequality for ideal anyons

THEOREM 9.1 (Lieb-Thirring inequality for ideal anyons (Lundholm-Seiringer)).

There exists a constant C > 0 such that for any 0 <o <1, N >1 and Yy € DY

N
S / DUy de > Ca / pu . (x)2dx (9.30)
j:l RdN Rd

A simple consequence of the above Theorem concerns the ground-state energy of a
trapped gas of anyons in a potential V (xy,..,xy) = Z;V:1 V (x;j) with V' a single particle
potential which is

~ 1
eV .= infspec (Ta + V) > T1Ca Je V_(x)%dx (9.31)
independent of N. Applying this to an oscillator potential we get
4N3/2
eV > Va (9.32)

Ideal anyons are thus submited to the Pauli principle. In this sense they are closer from
fermions than bosons.






CHAPTER 10

Anyons arising as quasi-particles in the FQHE

It was shown by Laughlin [77, [76], Halperin [67] and Arovas- Schrieffer-Wilczek [8]
that the FQHE may be described in terms of a particular highly correlated wave function,
whose excitations are anyons. In 2020 two experiments [127] and [12] measured particles
presenting an anyonic behavior. They both used a 2D electron gas device in the FQHE
regime. In this section we will explain some features of the FQHE in order to understand how

anyons can theoretically emerge. We will conclude by quickly describing the experiments
[127] and [12].

1. Quantum Hall effect

The Hall effect was discovered by Edwin Hall in 1879. If an electric current I is im-
posed on a 2D sample in the presence of a perpendicular magnetic field, a voltage drop Vi
perpendicular to both the current and the magnetic field develops, due to the Lorentz force
acting on charge carriers. The discoveries of the integer and the fractional quantum Hall
effect (IQHE) and (FQHE) are more recent. The IQHE was dicovered by von Klitzing in
1980. The Fractional quantum Hall effect |60}, 61, [74] was discovered by Tsui, Stormer
and Gossard [159] in 1982. They are named from the fact that the Hall conductivity takes
quantized values

Vi e?
op = =vy (10.1)
depending on v which can take integer (IQHE) or fractional (FQHE) values. The precision
of the quantization is impressively independent of the sample’s details. It is nowadays used
to set the resistivity standard. In order to understand the quantum description of the
above phenomenon we will begin with the case of a planar free electron gas submitted to a
constant perpendicular magnetic field.

2. Landau Levels

The Hamiltonian of N 2D free electrons of charge one and mass m = 1/2 interacting
with a constant magnetic field B perpendicular to the plane is

N
Hy=Y" (—ihvj + Bxi)2 (10.2)
j=1

with x+ = (—y, ) if x = (z,y). The spectrum of (10.2) is well known [74] and presents
energy levels of the form

E, = hB <n + ;) (10.3)
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The states of energy Ej form the lowest Landau level (LLL). LLL wave functions take the

form
|z|2

UL (x) = f(z)e ™ n 1+ (10.4)
where x € R? is identified with z € C and where f is an holomorphic function. The LLL
is infinitely degenerated. We can estimate heuristically its degeneracy per unit area by
selecting a basis

>t

Blz2 )™
hoa : (10.5)
n=0

Each radial density |¢,|* is localized around rpay such that

LLL = span {gzﬁn =z"e”

0 =0y |én|* (rmax) (10.6)
z 2
0= (2nrﬁgxl - r?,{;glg) e 7 (10.7)
2nh
Tmax = % (108)

Intuitively we can accomodate n states in a disc of center 0 and radius ry.x. The degeneracy
per unit area is then

B
D~ o 2 (10.9)
Tréi..  2mh
The filling factor counting how many Landau levels are filled is approximatively
p  2nNh
P . 10.10

where we assumed the density p to be constant.

3. Laughlin’s wave function

Whereas the IQHE is understood as the result of the kinetic energy quantisation of
independent electrons in a magnetic field, the FQHE is due to strong electronic correlations
when a Landau level is only partially filled. In this regime Laughlin showed [76] that
Coulomb interactions between the electrons become relevant and described the gas as a
correlated incompressible electron liquid. The main idea of Laughlin was to suggest that
the ground state energy of a 2D electron gas could be described by the Laughlin wave
function

(USSR (Zl, ey ZN) = CLau H (Zi - Zj)n efB‘zj‘z/Ll (10.11)
1<i<j<N

where the electron positions y; € R? are identified with z; € C and cpa, is a constant
ensuring the normalization. Here n is an odd integer for symmetry reasons. The filling
factor v can be identified with 1/n [134].

The ansatz (10.11)) is very good at reducing repulsive interaction energy. We observe from
the expression ((10.11)) that the larger B is, the more particles will be located near Zy =
(21, ...,25) = 0. In this case the Coulombian interactions would increase drastically. The
polynomial factor in front of the gaussian in allows to avoid this scenario.
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3.1. Quasi-holes. It has been proposed [169), B0] (and revisited in [121]) that the
fractional statistics of anyons could emerge in the context of test particles immersed in
an atomic gas forming a quantum Hall droplet. According to [121], under reasonable
assumptions, the wave function describing N bath particles Yy = (y1,...,yn), coupled to
M quasi-holes at the locations X = (21, ..., z3s) should have the form:

\I/(XM,YN) = th\I/qh (XM,YN>(I)(XM) (10.12)

where W, is the Laughlin state with quasi-holes

M M
Vo (Xar,Ya) = [[T] (G —2) ] (zi—z)me Bl (10.13)
j=1k=1

1<i<j<N

with x; € R? and y; € R? respectively identified with ¢; € C and z; € C. In the Laughlin
approach quasi-holes are first seen as classical parameters. In Equation we see them
as real quantum quasi-holes interacting repulsively with the particles. We choose cq, > 0
to enforce

cqh (Xar)? /w (o (Xas, YN [P dYy = 1 (10.14)
R
for any Xj; and normalize the full wave function ¥ by imposing that
/ 1@ (Xp)* dXpy = 1. (10.15)
R2M
One of the virtues of the ansatz ((10.12)) is to relegate the physics in the quasi-holes wave

function ®. Denote B the perpendicular magnetic field and A the associated vector poten-
tial curlA = B, take a quasi-hole x;, its kinetic energy

(0, (195 + A (7)) W) = (@, H®) + ? (10.16)
is only governed by an effective Hamiltonian taking the form
H = (—iVy, + A (%)) + A, (x)) + Aq (x5))” (10.17)
where two vector potentials have appeared. The first
A, (x;) %xji (10.18)
curlA, ~ g (10.19)

generates a new constant magnetic field with the effect of reducing the external one. This
can be seen as a change of the charge into an effective fractionnal one. The second vector
potential to appear in is the anyonic vector potential spread over a disc of
radius R with a statistics « = 1/n

M
Ag(xj) == = / ey — y)LﬂB r)(y)dy (10.20)
J £~ 21n Jpe x; — y|? (xk, 1)

oy
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with the magnetic lenght R = \/2/B. This field corresponds to Aharonov-Bohm-like units
of flux carried by the tracer particles

M B 2 1px,,R)
curlA,(x,) ~ — Z E]IB(XIWR)(X]') = Z T’;’(xj) (10.21)
oy oy

We retrieve the magnetic gauge picture of anyons with the requirement that the discs don’t
overlap to be able to recover the ideal anyonic potential

2 : (Xj Xp)
’ ‘Xj Xk‘Q ( )

k<j
via Newton’s Theorem [92], Theorem 9.7]. The above allows us to see the quasi-holes as
extended (spread over a lengh R) interacting free anyons in a magnetic field A + A,.

4. Experimental results

We can find at least two experimental measurements [127] and [12] of particles in the
FQHE regime presenting an anyonic behavior. Both of them use a 2D electron gas device
at filling factor v = 1/3 and study its elementary excitations, expected to be anyons with
statistics &« = 1/3. We briefly present the basic ideas behind these experiments.

4.1. Measure of braiding statistics. In [127] anyonic braiding statistics are ob-
served using a Fabry-Perot interferometer. Figure describes the experimental setup.
Blue regions indicate the gas and the bulk is highlighted in yellow. When operated at the
v = 1/3 fractional quantum Hall state, the current is carried by quasiparticles traveling in
chiral edge states (red arrows), and dotted arrows indicate the backscattered quasiparticle
paths which may interfere. Quasiparticles may be localized inside the chamber of the in-
terferometer by disorder, as represented by the red vortices, and the backscattered paths
enclose a loop around these quasiparticles, making the interferometer sensitive to the phase
of anyons. By means of quantum point contacts one uses the edge current to make quasi-
particles tunneling currents (dashed lines on Figure turn around the N, particles
located inside the interferometer symbolized by vortices on the picture. This way we expect
the phase difference 6 of the total system to be the sum of the Aharonov-Bohm phase ¢ap
due to the external magnetic field and the anyonic contribution 2raNy,

0 = paB + 2Ny (10.23)

The total current backscattered by the interferometer will depend on cosf. One then
measures the conductance G of the interferometer, directly depending on §. Whereas the
Aharonov-Bohm phase continuously varies when B increases, quasi-holes are created dis-
continuously. The jumps of Ng, correspond to leaps in the measured conductance G (B).
We can deduce from these jumps the change of # when a particle is added or subtracted,
leading to the experimental value « = v = 0.31 £ 0,04 ~ 1/3 in good agreement with the
predicted one.
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Isource

=

F1GURE 10.1. Schematic representation of the interferometer extracted from

[27]

4.2. Measure via the exclusion principle. The experiment [12] is rather based on
the fact that, depending on their statistics parameter a anyons are more or less submitted
to the Pauli principle. In this experiment one also works with elementary excitations of the
fractional quantum Hall effect at v = 1/3.

Figure[10.2] describes the experimental setup. The material is in yellow and the electron
gas in blue. Two currents I and I3 are sent from 1 and 2, are carried by the edges, split
by the quantum point contacts QPC; and QPC5 acting as random Poissonian sources of
anyons I1 and Is. These two currents finally collide via the beam-splitter of transmission
T made of two cQPC in the center of the figure and continue their path to the detectors 3
and 4 measuring the currents /4 and /3. One measures the correlations S7,7, between two
quasiparticles currents I3 and I generated by the collision of the two currents I; and I5. The
point is that two genuine fermions cannot be found in the same state. This case corresponds
to Sr,1, = 0. Otherwise, in a specific regime we expect Sr,7, to be proportionnal to the input
current I, = I + I9 with a slope directly related to the statistics parameter a.. One finds
the statistic parameter a« = 1/3, which corresponds to the theoretical expectations. See
[111), 19| for more detail about the exchange and exclusion properties of anyons involved
by the two above experiments.
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(0V30Va) =vS1,1,

FIGURE 10.2. Schematic representation of the collisioner extracted from [12]



CHAPTER 11

Results

This section is dedicated to the main statements of the thesis. We first introduce the
complete model we want to study and state the results.

A gas of anyons is a many-body system. One cubic meter of usual air contains approxi-
matively 10%° particles. The experiments in cold atoms deal with ~ 103 — 10° particles and
the FQHE with 10! electrons per cm?. Exact results are rare. The two-anyons ground state
energy problem in a harmonic trap can be solved analytically [28]. The energy eigenvalues
then depend linearly on the statistics parameter o with a fixed slope. The sign of the slope
changes at every bosonic value & = 2. On can find in [33, B5] the study of a Hamiltonian
describing two anyons moving inside a plane in presence of an external magnetic field. We
cannot expect to directly calculate the ground state of a general anyon system. We then
aim at deriving approximate models. Here anyons are seen as bosons or fermions in the
magnetix gauge picture with the statistical parameter « — 0 and N — oo. The
Hamiltonian of the system is

N
Hy =Y (pf‘e + aAj)2 +V (%) (11.1)
j=1
where
pie = —ihV; + A, (x;) (11.2)
with V' a trapping potential and A, chosen such that
curlA, = B,.

We consider two scenarios in the sequel:

Almost-bosonic case: h = 1 and the Hamiltonian acts on bosonic wave-
functions. The statistical parameter & — 0 when N — oo so the exchange phase ((9.15))
tends to 1 making our system more and more bosonic. In the limit we recover at leading
order a Hartree-type functional. More precisely, the ground state of the system is well
approximated by that of an effective one-body self-consistent magnetic functional. The
associated minimizers are shown to converge in a certain sense to a convex combination of
Hartree minimizers of the form

/ ’u®N> <u®N{ dp(u)
M

where M is the set of average-field energy functional minimizers.

Almost-fermionic case: the Hamiltonian acts on fermionic wave functions.
The Pauli principle requires to take h — 0 at the same time as N — oo to balance the
kinetic energy increasing faster than any other term. The limit o — 0 allows by to

93
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recover guenuine fermions in the limit. We obtain that the ground state converges to that
of a semi-classical one-body Vlasov energy. The minimization of this functional involves
probability measures m on the phase space R? x R%2. The marginals of the k-reduced
Husimi functions (semi-classical version of the quantum probability density) constructed
from a minimizing sequence Wy are shown to converge to a tensor product of those of the
semi-classical minimizer m.

1. Extended anyons

The Hamiltonian describes ideal anyons. However, anyons arising as quasi-
particles in condensed-matter systems are not point-like objects. In physics experiments
we expect extended anyons to arise, see Section Consequently we introduce a length
R over which the magnetic flux attached to our particles is smeared. In our approach,
the limit R — 0 will make us recover the point-like anyons point of view. This “extended
anyons” model is discussed in [122), [158), [22]. The radius R corresponds to the size of the
quasi-particle, i.e. a length-scale below which the quasi-particle description breaks down.
In the FQHE context R is identified in to the magnetic length lp ~ /2/B.

We introduce the 2D Coulomb potential generated by a unit charge smeared over the
disc of radius R

wr(x) = (log| . | * xr) (x), with the convention wy = log]| . | (11.3)

and xp(x) a positive, regularizing function of unit mass

1 : 1/72 for |x| <1
= v (= d =1, = - 114
xR R?X(R) an /RQX x(x) {o for |x| > 2. (11.4)
We take x to be smooth, positive, radial and decreasing between 1 and 2. Remark that
-
VJ‘wo(x) = W’ with By(x) = Vivtwy = Awy = 278
X

and that we will recover the same magnetic field as in (9.21) for the ideal anyon case (in a
distributional sense) in the limit R — 0 by defining

AR(x) = Viwr(x; — i), (11.5)
k#j
We also define the extended kinetic energy operator
N N
T =Y (DF)* =3 (-ihV; + aAR(x)))”. (11.6)
j=1 j=1

We work with the regularized Hamiltonian of NV extended anyons of radius R in a trapping
potential V feeling an exterior magnetic field A,

N

HE =) <(p]‘.’*e - aAR(xj)>2 - V(xj)) : (11.7)

J=1
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Since AR is for R > 0 a bounded perturbation of a usual magnetic laplacian the kinetic
energy T2 is essentially self-adjoint on its domain Dy g = H2 /Sym(RQN ) (see [129] Theorem

X.17] and [10]). The bottom of its spectrum exists for any fixed R > 0, we denote it
ER(N) =info (HE). (11.8)

Under our assumptions H ﬁ will actually have compact resolvent, so the above is an eigen-
value. However, this operator does not have a unique limit as R — 0 with NV fixed and the
Hamiltonian at R = 0 (discussed e.g. in [119]) is not essentially self-adjoint (see for instance
[35), B8, 17]). Nevertheless, in the joint limit R — 0 and N — oo we recover a unique
well-defined (non-linear) model. It is convenient to expand and treat summands
separately

N
Hﬁ — Z ((pf‘e)2 + V(xj)> “Kinetic and potential terms”
j=1

+ Z (pf‘e.VLwR(xj —x3) + Viwg(x; — xk).pf‘e) “Mixed two-body term”

7k
+ a? Z V4iwr(x; — xx).VEiwg(x; — x;) “Three-body term”
JERA
2
+a? Z ‘VLU)R(XJ' —Xg)| “Singular two-body term”. (11.9)
J#k

This Hamiltonian contains unusual terms. Indeed, we see in (11.9) a three-body term as
well as a mixed term containing both space and momentum dependency. We are now ready
to discuss the two limits we shall consider.

2. Almost-bosonic limit

2.1. The almost-bosonic model. Our first result is a continuation of the quantum
de Finetti-based approach to the mean-field limit of anyonic ground states of [112]. The
motivation is to extend this result in two different ways. The first extension concerns the
physical situation. We take into account an external magnetic field B., absent in [112].
The second concerns the improvement of the range of valididy of the average field approxi-
mation. It is based on an information-theoretic variant of the quantum de Finetti Theorem
due to Brandao and Harrow [18], [88], and revisited in [135].

We recall the regularized Hamiltonian ((11.7) of N trapped anyons under an external

magnetic field A,
N

2
HE =) <<p?e + aAR(xj)) + V(xj)> (11.10)
j=1
acting on Wy € Lgym (RdN ) We fix the parameter

B=a(N-1) (11.11)

to enforce the almost-bosonic limit. The fixed parameter § € R quantifies the strenght of
the magnetic field carried by the total anyons gas. In this way the anyon statistics has a
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leading order effect manifest through the average field approximation we now introduce.
We set

Alp] = V*twy xp and A[p] = VViwg xp (11.12)

which makes A independent of the precise positions z;. Here p is the one-body density
normalized in L!(R?) of the bosonic wave function Wy

i) = [ Nl P e
R2(N-1)

We obtain by replacing A% (x;) by A% [p] (x;) the average field N-body Hamiltonian,
N

o =% ((p;“ + (N —1)aAR[p))* +V (xj)) . (11.13)
j=1
the magnetic field becomes
B(x) = curlfA[p](x) = 27 8p(x) (11.14)

with a total flux of 275. We can now consider the usual mean field ansatz, taking
U (X1, ..y XN) = u(X1) .t (XN)
with the consistency equation
ul> = p

and obtain the one particle average-field energy functional

sl = [, (1039 + A+ BAR[aP Dl + ViP) (11.15)
and when R =0
€5 [ul = /RZ (10 + BA [Jul]) uf* + ViuP) (11.16)
with A% [] defined in (TI.12). We denote the corresponding infima
Edg = ||u|i|?2leggf[u] and Ej = Ey 4 = Huli&leggf [u] (11.17)

under the unit mass constraint
lul? = 1.
]RQ
Alternatively, we can write
EX[u) = / <|pAeu|2 + Viul* + 28A ul*] - (;(uvu —uVu) + Aclul? + SARUUFHUP)) dx
R2
Our aim is now well defined and consists in proving

R inf (U, HY W
E ]\SN) _ mn < N}V R N> %inf{é’ﬁf[u],/\mz— 1} (11.18)

when N — oo and R — 0. In other words, the average mean field energy is a good
approximation for the ground state energy of H ﬁ.
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2.2. Results for the almost-bosonic case. We state our first main theorem, justi-
fying the average field approximation in the almost-bosonic limit at the level of the ground
state. For technical reasons we assume that the one-body potential is confining

V(z) > cx|*—=C, s>0, (11.19)
and

AssuMPTION 11.1 (External Magnetic Potentials).
The external magnetic field satisfies

e A c 2 (R?)

loc

e curlA, = B, = By + B with By constant and B € W12+e

We also need that the size R of the extended anyons does not go to zero too fast in the
limit N — oo i.e R ~ N~" for some 1.

THEOREM 11.1 (Validity of the average field approximation).
Assume R ~ N~ for some

1
0<n< 1 (11.20)
and set the statistics parameter
ae P
(N —-1)
for some fized B € R. Then, in the limit N — oo we have for the ground-state energy
E(N) f
N — Ef. (11.21)
Moreover, if Uy is a sequence of approximate minimizers for Hﬁ
(Un, H§UN) < ER(N) +0(N) (11.22)
with associated reduced density matrices
k
Y = Trpp o [[O8) (U] (11.23)
then along a subsequence we have
k
= [ ) dua) (11.24)

strongly in the trace-class when N — oo, where p is a Borel probability measure supported
on the set of minimizers of £,

M= {ue L2(R?) : ||ull > =1, EF'[u] = B}
The study of this average field limit presents several new aspects compared to a usual

Hatree approximation as sketched in Section [3.1

e We need to deal with the limit R — 0 at the same time as N — oo which is
reminiscent of the NLS and GP limits for trapped Bose gases [96], 93, 85]. The
new feature is the magnetic interaction involving a mixed two-body term and a

three-body term (11.9)).
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e The constraint 7 < 1/4 is an idealization of the expected physical scenario. The
inter-particle space in a volume of order one fixed by the potential V' in two dimen-
sions is 1/ V/N. Since R= N~ we only reach in the above Theorem the mean-field
regime. It is in fact not clear if some lower bound on R is an unavoidable condition
for the average field description to be correct. The energy upper bound can be ob-
tained by computing a trial state u®" without any restriction on 1 [I12, equation
3.19].

o It would be desirable to relax the condition to reach n > 1/2 and reach the di-
lute regime. In this case anyons would be good candidates to describe the quasi-
particles of the FQHE.

e The regularization method in [112] equation 1.4] where

_ 1p0,r)
XR = —p3 (x)

was used. The x we use in this work is a smooth version of the former, namely,

/ R(p)ldp < oo
R2

with X the Fourier tranform of .

3. Almost-fermionic limit

Our second result concerns a limit situation where the statistics/magnetic interaction is
seen as a “perturbation from the fermionic end”. We vindicate a mean-field approximation,
proving that the ground state of a gas of anyons is described to leading order by a semi-
classical, Vlasov-like, energy functional. The ground state of the latter displays anyonic
behavior in its momentum distribution. We study an “almost fermionic limit” o« — 1 in
dependence with the particle number. The relevant scaling in dependence of N leads to a
problem resembling the usual mean-field /semi-classical limit for interacting fermions [100,
147, 13, (11, 46, 53].

3.1. The almost-fermionic model. We recall the regularized Hamiltonian (11.7) for
N trapped anyons under an external magnetic field B, = curlA.

N 2
HE =Y <(pr + OzAR(xj)> + V(xj)> (11.25)

j=1

acting on ¥y € Lgsym (RdN ) Instead of looking at the ground state of an Hamiltonian

acting on bosonic wave-functions we now consider fermionic wave functions. The exchange
phase is now €@t due to the fermionic nature of ¥ in .

We are interested in a joint limit N — oo, o — 0 in which the problem would simplify
but still display signatures of anyonic behavior, i.e. a non-trivial dependence on «. Since
we perturb around fermions, the Pauli principle implies that the kinetic energy grows faster
than N. This behavior is encoded in the Lieb-Thirring inequality [94], Theorem 4.1] which,
for any N-particles normalized antisymmetric function Wy with support in a bounded
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domain OV, implies
N
Z/ IV, 02 > C|Q|"aN"* i, (11.26)
j=1 7

where d is the dimension of the physical space. Because of this rapid growth of the kinetic
energy, the natural mean-field limit [13), 14, 147] for fermions involves a scaling i ~ N -1/,
Here with d = 2 we get a kinetic energy proportional to N2 and thus, roughly speaking
—iV; ~ N 172 Investigating the N-dependence of each term of we thus expect

(U, HyU ~CN<hN1/2 )2
N, HyVy) =~ C1 +aN) +CoN

where the terms in parenthesis account for kinetic energy, including the influence of (11.5]),
and the second term is the energy in the external potential V. To obtain a non trivial limit
when a — 0, a natural choice is to take

1 p
h=— and a= — 11.27
VN N (127
with 8 € R a constant allowing to keep track of the anyonic behavior. We consider the limit
ER(N
lim (V)
N—o0 N

with
ER(N) := inf {<\I!N,Hﬁ\I/N> Uy € Lgsym(RQN),/ TN |? = 1} . (11.28)
R2N

Such an approach combines two limits (see also Remark below), the semi-classical
h — 0 and the almost-fermionic & — 0. We expect (as in other types of mean-field limits,
see e.g. [137] and references therein) that, for large IV, particles behave independently, and
thus
> VEunle; —x) & ||V wa(x - )oly)dy = V4w o)
. RQ

JFk
where p is the density of particles. Therefore, it is convenient to define, given a one-body
density p normalized in L!(R?)

Alp] = Vtwg s p and AR[p] = Viwg xp

with
wgr = log|.| * xgp and wy = log|.| (11.29)
defined in ([11.3]). Natural mean-field functionals associated with ((11.9) are
a 1 2 1
bl = T [(0F + aafp )’ 5] + - [ Vg bt (1130
N N Jgo
1 2 1
af A
e) = 5 T (o + @A) + 7 [ Voo (xa)dx (11.31)

with = the 1-body reduced density matrix of a state I'y = |Un) (U]

o= 7](\}) = NTronyI'y and py (x) :=7(x,%).

Note that conventions have changed. In the bosonic case we worked with (11.23)) where
Try(®) = 1. Now we have Try() = N. Similar Hartree-like functionals were obtained in
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the almost-bosonic limit above. Here we simplify things one step further by considering a
semi-classical analogue

1
Evia[m] = 2/ Ip + Ac(x) + BA[p] (x)|2 m(x, p)dxdp + / V(%) pm(x)dx
(2m)° Jr2xR? R2
(11.32)
with m(x, p) a positive measure on the phase-space R* of positions/momenta and
1
m(X) = m(x, p)dp. 11.33
pm () (QW)QRz(p)p (11.33)

Our convention is that m satisfies the mass constraint
/ / m(x, p)dxdp = (27)%. (11.34)
R2 xR?

and the semi-classical Pauli principle

0<m(x,p) <1 ac.| (11.35)

The latter is imposed at the classical level by the requirement that a classical state (x,p)
cannot be occupied by more than one fermion. By the Bathtub principle [92], Theorem 1.14]
we can perform the minimization in p explicitly (this parallels the considerations in [147]).
We find minimizers of the form

my(x,p) = 1{[p + Ac(x) + BAl)(x) < dmp(x) |

where p minimizes the Thomas-Fermi energy

Etr[p) = Evialmy] = 27 /]R )

We define the minimum of the Thomas-Fermi functional
eTr = inf {ETp[p] :0<pe LN(R*)N LQ(RQ),/ p= 1}. (11.37)
]RZ

Our first purpose is to obtain the above as the limit of the true many-body energy.

pz(x)dx—i—/ V(x)p(x)dx. (11.36)
R2

3.2. Results for the almost-fermionic ground state. We shall work under the
following assumptions

AssuMPTION 11.1 (External Potentials).
The external potentials entering satisfy
A. € L*(R?) N W2>(R?)
|A.]> € WH(R?) N L2(R?)
V(x) > c|x|* = C for some s>1
IVV(x)] < d|x|*71 4+ C" and |AV (x)| < "|x|572 + C”

THEOREM 11.2 (Convergence of the almost-fermionic ground state energy).
We consider N extended anyons of radius R = N~ and statistical parameter o = 3/N in
an external potential V. Under Assumption (11.1) and setting

1
0 —
<n<g
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we have, in the parameter regime (|[11.27))

EE(N
lim ( )

N—oo

= €TF

where the many-anyon ground state energy ET(N) and the Thomas-Fermi energy are defined

in (11.28) and (11.37)), respectively.

The study of the regime ([11.27)) resembles the usual Thomas-Fermi limit for a large
fermionic system [100}, 147, 155, [90], but with important new aspects:

e The effective interaction comprises a three-body term, and a two-body term (see
Equation ) which mixes position and momentum variables.

e The limit problem comprises an effective self-consistent magnetic field A [p].

e One should deal with the limit R — 0, @« — 0 and A~ — 0 at the same time as
N — o0.

Regarding the last point, we make the

REMARK 11.3 (Scaling of parameters).
Extracting a multiplicative factor N from the energy, the parameter regime we
consider is equivalent to
1

VN
provided we replace the external potential V(x) by NV (x) and a similar replacement for
the external vector potential A.. The scaling better highlights the quasi-fermionic
character of the limit we take. We however find it preferable technically to work with ,
where the semi-classical aspect is more apparent.

h=1 and a= (11.38)

REMARK 11.4 (Guenuine anyonic case).
Another regime could be of interest. Let us we compare the kinetic energy of one particle
in a domain € such that Q| =1at h=1

E. = (—ihV + aA)? (11.39)
with the Landau energy (10.2)
2
Ep = (—ihV + BXJ‘> . (11.40)

Approximating A by A [p] in (11.39)) we find a magnetic field of order ap with

/ dp=N (11.41)
Q

Assuming p to be a constant we find in the limit N — oo that the anyonic case can be
seen as usual particles with a constant magnetic field of strengh B = aN. Recall that the
degeneracy per unit area of a Landau level (10.9)) is
B B

~ = 11.42
2rh 2w ( )

We compare two regimes :
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(1) a=1/V/N,B=0 (\/N ) The regime of our study. The degeneracy of a Landau

level is of order VN < N. In the limit N — oo we expect all the Landau
levels to be filled, leading to a usual Thomas-fermi energy for electrons.

(2) B ~ N equivalent to fixing . The degerancy of the LLL would be of order N. In
this case the final energy should be modified to become a magnetic Thomas-Fermi
energy [51, 107], 102].

REMARK 11.5 (Range of validity).
Regarding the scaling of R, it would be highly desirable (and challenging) to be able to deal
with a dilute regime 1 > 1/2 where the radius of the magnetic flux is much smaller than
the typical inter-particle distance. We can relax our constraint n < 1/4 to n < 1/3 (see
Chapter [5)) if we assume a Lieb-Thirring inequality for extended anyons similar to Theorem

(9.1)) of the form
al 2
<\1’sz (-iV; + aAf(x;)) ‘I’N> > Ca/ pw y (x)%dx.
R2

J=1

The inequality would hold for any fermionic wave-function Wy with one-particle density
pw, - In the above we would need a C, uniformly bounded from below for any a # 1. Such
an inequality is made very plausible by the results of [75] on the homogeneous extended
anyon gas and the known Lieb-Thirring inequalities for point-like anyons [116], 117, 119,
114]. We plan to return to this matter in the future. o

The limit ground state energy etr does not reveal any anyonic behavior, i.e. it does
not depend on «. This is however deceptive, for the behavior of the system’s ground state
does depend on a and shows the influence of the non-trivial statistics. This will become
apparent when we state the second part of our result, the convergence of ground states. It
is expressed in terms of Husimi functions, constructed using coherent states. We discuss
this next.

3.3. Semi-classical measures. Squeezed coherent states

Letl]

1 P
For every (x, p) in the phase space R? x R? we define the squeezed coherent state
1 y—x Py
Fyp(y) := f( )elﬁ. 11.44
XP( ) \/E \/E ( )

It has the property of being localized on a scale \/h; in space and y/h, in momentum, these

two scales being related by
h = /hgr\/Dp. (11.45)

The usual coherent state [147, Section 2.1] is the particular case v/, = /b, = Vh. Any
such state saturates Heisenberg’s uncertainty principle, and is thus as classical as a quantum

1We make the standard choice that f is a gaussian but any radial L? function could be used instead.
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state can be. Indeed, for the two observables x1 and p; = —i0,, evaluated in this state we
get

h
Ap Ay = B where A, = <Fx,p, aQFx,p> — (Fx,p, an7p>2.
In our proofs we will take h, < h, — 0, which is convenient because our Hamiltonian is
singular in z but not in p.
We define the h-Fourier tranform

Falt](p) = —

Py R2w(x)e ndx (11.46)

and denote ,
1 _ Il
Fy, (x) = Fopo(x) = N W = (11.47)

The Fourier transform of (11.47))(see the calculation in Appendix [3) is

2
|

P

Gy (P) = FilFn,](P) = 2hp (11.48)
P \/7\/*
makes apparent the localization in momentum space we just claimed.
To Fxp we associate the orthogonal projector Py p
Pup = [Fip)(Fxpl- (11.49)

Then we have the well-known

LEMMA 11.6 (Resolution of the identity on L* (R?)).

We have
Py, dzd 1 11.
27rh /]Rz /Rz P CEEP = (11.50)

The proof is recalled in Appendix [3] see also [92], Theorem 12.8].

3.3.1. Convergence of Husimi functions. The Husimi function mfli)v (X1,P1,- -+, Xk, Px)[T3}
27, [154] describes how many particles are distributed in the k semi-classical boxes of size
Vhaz % \/E centered at its arguments (x1,p1),..., (X, Pr). A wave function ¥y being

given we define

k N
my) (X1,P1, .- -, Xp, D) = wow <\11N,®ij,pj @1y k\IfN> (11.51)
7=1
Alternatively,
2
. N!
mEIl])V(le P1,...,Xg, pk) - m /I\K?(Nk) <Fx1,p1 ®...® ka,pk’ \IIN(, Z)>L2(R2k) az

or, in terms of fermionic annihilation and creation operators (see (11.53)) below)

k *
mEIl])\,(thl?"'vxk?pk) (U, a* (Fx, Pl) -a (Fxmpk)a(FXk,Pk)"’a(FX17p1)\IIN>

where a and a* satisfy the Canonical Anticommutation Relations [146), 64]

a*(f)alg) + alg)a”(f) = (9, f) (11.52)
a*(f)a*(g) +a*(g)a”(f) = 0. (11.53)
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for f,g € L?. We will also use the k-particles density matrices of U, i.e. the operator 7&2

with integral kernel

k N
7\(1!]3;()(17 o Xk Xll? " X?g) = <k’> / Uy (x1, . xN) VN (X], - X;, Xkt 1y, XN )dXpy1 - .. dxp.
R2(N—k)

(11.54)

We can also express the Husimi function in terms of it

k b k
mEI/])\,(Xlapla"'7xk7pk) :k' TI‘ ®PX11PJV§I’137 . (1155)
j=1

These objects are further related to the density marginals in space and in momentum,
respectively defined as

N
Py (X1, xp) = <k> / U N (1, %) P Xy - dxy (11.56)
R2(N—k)
N
tslic])v(P17-~-,Pk) = <k> / \Ful®n](P1, - -, PN)|* dPrs1 - - - dp (11.57)
R2(N—k)

We also define the k-particle Wigner function [52), 108]

k ok .
W&fﬁ, (X1, P1y ey Xpgy P) 1= / / e 1 221=1 Py
R2k JR2(N—kK)

x Wy (Xl + h}’1/2> oy Xgp hyk/vak-i-b "'aXN)

X Wy (Xl - hY1/2> cy X h}’k/2,xk+1, "'aXN)
x dyi...dygdxgiq...dxn (11.58)

which is not necessarily positive but has the same limit as mgck\)I,N see [147, Theorem 2.1].

We can now express the convergence of states corresponding to Theorem ([11.2) using the
above objects. Let the minimizer of the Vlasov energy (11.32)) be

e (p.x) = 1{|p + A.(x) + BA[™](x)]” < 4mp™ ()} (11.59)

Its marginals in space and momentum are respectively given by

1
pTF(x) = g AT -V(), (11.60)
where \TF is a Lagrange multiplier ensuring normalization, and
TF _
)= /R L{ip+A.Go-+8A1TFI00 P <amp™ (0} X (11.61)

3.4. Convergence of states in almost-fermionic limit.

THEOREM 11.7 (Convergence of states).
Let {Un} C L2, (R2N) = AN(R2) be any L2-normalized sequence such that

asym

(Un, HyUy) = ER(N) + o(N)
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in the limit N — oo with (11.27). For any choice of hy,h, — 0, related by (11.45)),
and under Assumption the Husimi functions of W converge to those of the Vlasov

minimaizer

k
k
mSIJJ)V(prla CIEEE 7xk7pk) — HmpTF(p],X])

j=1

weakly as measures for all k > 1, i.e.

(k) k
/RM m@N¢k — /R%(mpTF)(@ b

for any bounded continous function ¢ € Cy, (R4k).
Consequently we also have the convergence of the k-particles marginals in position and
momentum

N % b
(k> o) (xa, - oxi) = [ o™ (%))
j=1
-1 k
N k
(k) 19 o1, pw) = [ (o)
j=1

weakly as measures. For the Wigner function W\(I,kji defined in (11.58)), we have the same

limit

() ok
11.62
i Wy @ — ” (mpTF) 10 ( )
for every test function ¢ such that
ot OO Do € 1 (R, (11.63)
max (a;, 5;) < 1. (11.64)
REMARK 11.8. e The converge of the Wigner functions (11.62)) directly follows

from the convergence of the Husimi functions via [147, Theorem 2.1].

e We could also have proved that the result does not depend on the choice of function
f used to construct the coherent states [147, Lemma 2.8].

e In our proof of energy convergence it will however be convenient to make a partic-
ular choice, and in particular use squeezed coherent states, h, < hy,.

Recall that the semi-classical Thomas-Fermi energy does not depend on «, but the
Vlasov minimizer does. Anyonic features are retained e.g. in the limiting object’s momen-
tum distribution (|11.61)).

4. Numerical illustrations

We illustrate our results with numerics. First we describe some numerical results of [32]
for the almost-bosonic case. In a second time we use a code from a joint work in progress
of Antoine Levitt and Nicolas Rougerie to illustrate the almost-fermionic results. I thank
them for allowing me to play with the code and obtain Figures and
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4.1. Numerics for bosons. The ground state of the averaged field functional (11.15))
can been studied numerically with A, = 0 for simplicity. We recall for convenience

£255 [u] = /R (-7 + A []u|2})u‘2+V\u|2 (11.65)

the energy for almost-bosonic anyons. We define the associated ground state

inf {E;f’B [u] ,/R2 lul? = 1} (11.66)

The associated magnetic field is
BeurlAf[ul?] = 2n3 |ul? (11.67)

of total flux 27 5. These two energy present similarities with the Gross-Pitaevskii functional
€57 [y] ;:/ (1-iVu + Auf? + V [uf? + g [ul") (11.68)
R2

with a constant vector potential A. It describes a rotating gas of interacting bosons [95, [97].
The new quartic term of strength ¢ originates from short-range pair interactions. The main
difference between and average field functionals for anyons like is that in
this last case interactions are purely magnetic. This involves the phase of the wave function
in a more complicated way. Writing u = pe'® makes clearer how the kinetic energy can be
minimized

19V + pIVo -+ 5A LI (11.69)

by separating density p and phase ¢. The minimization of the second term would demand
that

Vo~ —BA[p|. (11.70)
Taking the curl
curlVo = —27fp (11.71)

which is possible only if ¢ has singularities with non-trivial circulation i.e vortices. Note
that the value of 5 and the shape of the trap V in can alter a lot the distribution
of the vortices. For small 3 a GP condensate does not present any vortices. By increasing
it more and more vortices appear and when the centrifugal force compensates that of the
trap the gas complety spreads out. We will see in the following that such behaviors can be
encoutered with anyonic functionals.

The ground state of has been numericaly calculated in [32] with different trap-
ping potentials. We will present similar plots obtained with Antoine Levitt’s codeﬂ

Figure and show the density of the minimizer of with V(x) = |x|2. We
first observe that the spreading of the gaz increases with 5 as expected. The condensate
develops triangular vortex lattices [34] similar to those found in rotating trapped Bose-
Einstein condensates [2], 29} 136}, 137, [49] or type II superconductors [139, 156, 157].

2This code is for fermions. It simulates (11.72)) below. However, it allows to recover the bosonic results

of [32] by setting N =1 in (11.72) below.
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F1GURE 11.1. Density of FIGURE 11.2. Density of
the minimizer of (11.65]) the minimizer of (11.65])
B =25 V(x)= x| B =95and V (x) = |x|

4.2. Numerics for fermions. We now turn to the average field functional ((11.31]

af,Fp o 1 ( [MDQ py(x1)
=—T AL ———=d 11.72
el = 1| (w04 [2]) 5]+ [ veoia am
The associated magnetic field is
N
p 273 2
B curlA [Nq =N ]Zl || (11.73)
with total flux 27 3. We define the ground state energy
ng’F = inf {ng’F [v],Tr[y] =N, 0<~ <1,vof rank N} . (11.74)

Note that this energy is equal to (11.65)) for N = 1. Here +y is a projector, thus we minimize
the original energy over Slater states. We recall the limit model

Evia [m] = (2; /R [+ BAGOP mixphixdp + [ Vpu(xdx  (1L75)

with m(x, p) < 1 a positive measure of mass 472 on the phase-space R* of positions/momentas.
We find minimizers of the form

m™ (x,p) = 1( [p+ BAL™](x)|* < 47p™ (x))
with

PTF(x) = = (ATF ~V(x)) (11.76)

47 +
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where A\TF is set by the normalisation of p™F (21/2 in the case V (x) = |x|?). The function

o™ minimizes

Errlp] = Eviam™Y) = 27r/ P2 (x)dx + V(x)p(x)dx. (11.77)
R2 R2

We also obtain

1
(2m)?

1 2
t(x) = /]1@2 mF (x, p)dx = W /R2 1 (‘p + BA [pTF] (x)|" < 4mp ¥ (X)) dx.

(11.78)
numerically calculated using the explicit density (11.76)). We can numerically compare the

ground state of (11.72) with p™" and ¢TF.

025 N=105, B=1.5 .
—  pla)
_ _TF
0.20} P ||
— tp)
J— tTE(p)
0.15 1
010}
0.05 |
0.00 |
_0_05 L L L L L L
0.0 05 10 15 2.0 25 3.0 35

Tl P

FI1GURE 11.3. Density of the minimizers of the LDA (11.32)) compared to
those of the energy (11.72) = 1.5 N =105 and V (x) = |x|".

Numerics confirm the convergence of measures of Theorem We can observe on
Figure that the agreement is rather good with only N = 105 particles.

It suffices to take N > 1 to notice on Figures [I1.4] and that vortices disappear.
Indeed, the magnetic field created by the first particle with the wave function u € L? (RQ)

is B=2np |u]2 The magnetic field is strong where the first particle density is. The second
particle v € L? (RQ) will try to avoid these locations and preferably chose the centers of the



4. NUMERICAL ILLUSTRATIONS

180

160 0.064

140 0.056

120 0.048

100 0.040
>

80 0.032

60 0.024
40 0.016

20 0.008

0 0.000

0 20 40 60 80 100 120 140 160 180

x

FiGurE 11.4. Density of
the minimizer of (|11.72)
=25 N=2andV (x) =
[/

FiGure 11.5. Density of
the minimizer of (|11.72)
=25 N=3andV (x)
[/

109

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

0.00

vortices created by u. Increasing N more and more will then lead to a complete averaging
of the vortices. This behavior is well illustrated on Figure [L1.5
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5. Outlook: Towards a Lieb-Thirring inequality for extended anyons and some
suggestions

We close this introduction by describing a joint work in progress with Nicolas Rougerie.
We also quickly propose a few future research directions.

We claimed in Remark that a Lieb-Thirring inequality for extended anyons would
be very plausible. We here explain why, simplifying the discussion by taking A, = 0. The
inequality

N
<‘1’N’ Z (pj + OLAR(X]'))Q \IJN> > C, /R2 pwy (x)%da (11.79)
j=1

should be valid for any fermionic wave-function Wy with the one-particle density

N
POy = Z/ ’\I/N (X17"'7Xj—17X7Xj+17"'7XN)|2dek’ (1180)
j=1 TR k]

and C,, uniformly bounded from below for any
a#1 mod 2

Equation has already been proved for the particular case R = 0 [114), Theorem 2.2].
The method uses a lower bound on the local Neumann energy, see below. Such
bounds are available for the extended case in [75] but we will below see that the method
for R = 0 does not directly provide the bound for R # 0.

5.1. The case R = 0. Actually, Equation ((11.79)) has been proved in the particular
case R = 0 in [114], Theorem 2.2]. This article provids lower and upper bounds on the
Neumann ground-state energy for N ideal anyons in a domain Q C R?

N
EN (a;Q) := inf Z/ [(=iV; + aA;) T ;¥ eDj‘{,,/ o> =1 (11.81)
=17y Lo

where the operator D; = —iV; + aA; is defined in (9.19). Recall that the domain DY, is
that of the quadratic form (9.23]) and contains symmetric wave functions. We denote

EN () = EY (o; Q)
in the special case Qy = [0,1]%. This way
EN (0 Q) = QI BN (o). (11.82)
We only state the part of [114] Theorem 2.1] related to our concerns

THEOREM 11.9 (Bounds for the ideal anyon gas).
There exists a constant C such that for any 0 < a <1

By (o)
N2
This last bound, combined with the method of [115] provides

>Ca(1-0(N7?)) (11.83)
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THEOREM 11.10 (Lieb-Thirring inequality for ideal anyons (Lundholm-Seiringer)).

There exists a constant C > 0 such that for any 0 <o <1, N >1 and Yy € DY

N
Z/ 1Dy dz > Ca/ Py (x)2dx (11.84)
j=1 /R Re

The above Theorem (valid for bosonic wave-functions) provides a proof of (11.79) in
the case R = 0 by remplacing ¥y — U1 ¥y to obtain o — 1 — « since (11.79) is stated for
fermionic wave-functions.

5.2. The case R > 0. In the case R > 0 we can find a lower bound on the thermody-
namic energy of the system in [75, Theorem 1.5]. The intermediate bounds used to prove
it are local as but without the energy E% homogeneity property . We have
indeed a first bound [75, Lemma 5.3]

Ca?
B (:Q) = 5 [ pus (11.85)
Q Jg
with
a, = lim ay (11.86)
N—o00
an = min min |(2p + 1) o — 2¢|. (11.87)

pC{0,1,...N—2} q€Z
A problem is that a, = 0 unless « is an odd-numerator fraction. In the other bounds[75]
Lemma 5.1,5.2] the range of the ratio v (Q) = R/|Q| becomes relevant. They are of the

form
Q) ) fQ pq’N)

Q|
where e is a function providing a bound similar to (I1.83) except in the case v > /2.
Recalling the magnetic field carried by anyons

~ 1 1
curl Af(x;) = curlZlog| N i(lgbf)( —Xp) = 27’[‘2 frj(?k? X;) (11.89)
k#j k#j
we see that in the case v > 2 the radius of anyons is larger than the diagonal of the square
(. The particles inside @) create a constant magnetic field. The particles apart from @ by
a distance larger than R + 1/2Q do not play a role in the energy and can be gauged away.
The particles we really need to control are between these two areas. It seems to be the last

step before obtaining Lieb-Thirring inequalities for extended anyons.

e (a,
EN (s Q) >

(11.88)

Other research directions:

e Try to investigate the « fixed case in the fermionic picture to obtain an magnetic
Thomas-Fermi energy. See Remark

e Try to reach the dilute regime 7 > 1/2 in the bosonic case. See Section

e Investigate the dynamic of fermionic or bosonic anyons as in [4}, 5] 6}, 52, 53], 54,
56, 57, 69, 131, 142, 141, 14|, 150, 152, 151] .






CHAPTER 12

Methods of proof

The method used to prove Theorem is based on the Quantum de Finetti theorem
[136]. Theorem utilizes classical de Finetti theorems instead, the Diaconis-Freedman
[41] and Hewitt-Savage [70] theorems. They all aim at transform a k-body symmetric
probability measure into a convex combination of 1-body facrorized measures. We will
introduce these theorems before starting the proofs.

1. Classical de Finetti theorems for the fermionic case

The proof of Theorem follows a semi-classical approach, using coherent states. The
measures we deal with are classical probability measures on the phase space R?Y x R2V of
positions and momemta. We consequently need the classical versions of the de Finetti type
theorems.

1.1. The Hewitt-Savage theorem. Roughly speaking this theorem states that ev-
ery symmetric probability measure over a space QY = Q x ... x Q approaches a convex
combination of product probability measures when N becomes large. We denote P (QN )
the set of probability measures over V. A symmetric probability measure puy € P (QN )
satisfies

N (Al X ... X AN) = UN (Ag(l) X ... X Ao(N)) (12.1)
for every borelian domains Aj,..., Ay C  and every permutation of N indices o € Sy.
The set of these symmetric measure is denoted Peym (QN ) We also define

P (P (oY) (12.2)
the set of probability measure over probability measures P (QN ) We call a product measure
built on p € P (£2) a measure of the form

PPN (AL X .. x AN) = p (A1) ..p(AN) (12.3)

such a measure is symmetric. In the limit N — oo we will consider a probability with
infinitely many variables p € P (QN ) with the inherited notion of symmetry

,u(Al,AQ,...) = M(Ag(l),AU(z),...) (12.4)

for every sequence of borelian domains {Af } ey C ON and every permutation of infinitely

many indices 0 € S. Denoting Psym (QN) the set of measure satisfying (12.4]) we can state
the theorem

THEOREM 12.1 (Hewitt-Savage 1955).
Let 1 € Psym (QN) satisfy (12.4)). Denote by u® its k-th marginal,

B (A, Ay = (AL, o A, QL) (12.5)

113
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There exists a unique probability measure P, € P (P () such that
W= [ parp) (12.6)
pPEP(Q)

The original proof of the above theorem is geometrical. The set of symmetric probability
measures over Q% is convex. The Choquet-Krein-Milman theorem says that any point of a
convex set is a convex combination of the extremal points. It thus suffices to show that the
extremal points of Pgym (QN) coincide with product measures, corresponding to sequence

of marginals of the form { p(k)} kEN® This approach is not constructive, and the proof that

the sequences { p(k)} pen are the extremal points of Psym (QN) is by contradiction. The
Diaconis-Freedman theorem [41] is a constructive approach of the same result. Lions also
developed an approach for the needs of mean-field game theory [109] which is close to the
method of Diaconis and Freedman. See [124] for a more detailed discussion.

1.2. The Diaconis-Freedman theorem. The above theorem is true when N = 400
but a more quantitative approach exists. At fixed N the error will be quantified in the
natural norm for probability measures over a set .S, the total variation norm

Il = / dipl = sup / o
Q é Q

€Cy(Q)
Py ::/ Sp=pyin (Z)dZ (12.8)
QN

in P (P (£2)) whose the precise meaning is

/ 6 (p) APy (p) = / 6 (pz) v (2) A2
P(Q) QN

(12.7)

Define the measure

for all bounded continuous function ¢ on P (£2) and with

1 N
pz(x) = Nz(szj:z (12.9)
j=1

an empirical measure defined by

1 N
[ w@ oz =y

for any u € Cy (2). We can state the theorem

THEOREM 12.2 (Diaconis Freedman).
Let pn € Psym (QN) be a symmetric probability measure. Setting

N = / p*NdP,, (12.10)
PEP(Q)
we have
~ k(k—1
HME@ - MS\’;)H <Ml (12.11)

™V — N
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Moreover, if the sequence (,u%?)N 1s tight,

lim sup sup / dus\l,) =1, (12.12)
R—oo NeNJB(0,R)

there exists a subsequence and a unique probability measure P € P ((P(R4)) such that (up

to extraction)

P,y — P

tested against any ¢ € Cy (P (). The measure P obtained in the limit is that appearing
in the Hewitt-Savage theorem [70]. For any fized n € N*

MEES pP"dP(p). (12.13)
pPEP(Q)
Observe that
iy (X) = / v (2) Y N Vo742 (12.14)
Q
vel'n

where 'y is the set of all map (allowing repeated indices) from {1, ..., N} to itself and

Xy = (Xv(l)’ "'7X7(N))
with v € I'y. The point is that the symmetric function puy can be written

pn (X) ;:/ pn (2) > (N ox—z,dZ (12.15)
QN
cESN
and thus
(k) (k)
) _ ) _ / S ) Toxes | [ S N Noxes | | un(2)dz
QN
cESN vyel'n
(12.16)

We can understand the result by interpreting
(k)
> (N ox—yg, (12.17)

geSN

as the probability law for drowing k balls at random from an urn containing N balls without
replacement, whereas

(k)

Y N Nox_g, (12.18)
vel'N

is the probability law for drawing k balls at random from an urn containing N , with
replacement. Intuitively it is clear that when k is small compared to N, replacing the balls
or not after each drawing does not significantly influence the result. See [136l, Theorem
2.2]for the full proof. We remark that easily gives the first marginals of gy as a
consequence of the Diaconis-Freedman construction.
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LEMMA 12.3 (First marginals of the Diaconis-Freedman measure).
Let uny € Psym(QN) and the associated Diaconis-Freedman approrimation iy be given by
the previous theorem. We have

AV (X)) =l (x) (12.19)

- N -1 1
(X1, Xs) = T#ﬁ)(Xl,Xz) + NM%)(X1)5X1:X2 (12.20)

N(N —-1)(N —-2) (3)
N3 =

ﬁg\?;)(Xl,Xz,Xg) = (X1, X2, X3)

N -1
( ) [M%)(le X3)8x,=x, + 159 (X, X1)8 x5 + 10 (X3, X2)5X3:X1}

1
+ WME\P (X1)0x1=X,0x,=X3 (12.21)

PROOF. One can find (12.19) and (12.20)) in [136, Remark 2.3]. It follows from [136],
Equation 2.16] that

In(Xy) = /NMN(Z) > N Nox_zdZ (12.22)
@ vel'n
N QN
_ /Q D) (NS b | a2 (12.23)
j=1

where Z, is the 4N-uple (Z,(1); Po(1)s -+ Ta(N)s Po(N) = (Zo(1), Zon), (2i = (i, pi)) and
Iy the set of applications from {1, ..., N} to itself (which allows repeated indices). We look
at the n-th marginal

Xn
N
~(n) _ -1
i (XN)_/QNMN(Z) N ;azjzxj dz. (12.24)

In particular

N
~(1) _ ar—1
N (x1,p1) =N o un(2) ;%Xl 4z

N N
/75\2/)(5517171, w3,p2) = N7 /QN un(Z) Z 0zj=X1 Z 0z=x, | 42
j=1 J=1

N N N
i (X1, Xy, Xg) = N3 N () Db | (DG | [ D8, | 42
J=1 J=1 J=1

Expanding the n-th tensor power yields ﬁg\?) in terms of the marginals of uy by an explicit

calculation. i
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2. Quantum de Finetti theorems for the bosonic case

Theorem [13.1] requires the use of a quantum de Finetti theorem, combined with a Fock-
space localisation. We explain these two points in the following.

2.1. Quantum de Finetti theorems. In quantum mechanics a state is no longer a
density but a trace-class operator (8.20) over the Hilbert space L2 (RdN ) ~ [? (Rd)®N.
Such an operator 'y is said symmetric or bosonic if I'y € S! (Lgym (]RdN ))

S! (L2 (RdN>) — {F e ! (L2 <RdN>> T=T*T>0TT = 1}. (12.25)

We define a bosonic state with infinitely many particles as a sequence {'y(k)} keN of trace-
class operator satisfying

e Each bosonic k-particle state ’y(k) e St (L2 (RdN )) is self-adjoint, positive and

sym
trace one
Tr [y(’ﬂ =1 (12.26)
e The sequence {fy(k)} pen 18 consistent
Tri1 [v(’““)] = y(*) (12.27)
. . . . 1o md) ®(k+1)
where Trg1 is the partial trace with respect to the last variable in L (R )

Property (12.27)) ensures that the sequence describes a real physical state. A particular case
of these bosonic states are product states. A product state with infinitely many particles is
a sequence of trace-class operators {7(’“) } kEN satisfying

e For all k > 0 4*) = 4®% where ~ is a one-particle state.
e This state is of the form

70 = (Ju) () = [u*) (ut] (12.28)

with v € SL? (Rd) the unit sphere of the one-body Hilbert space.
Bosonic product states are all of the form (12.28)). Indeed, if v € S! (L2 (RdN )) is not

sym
a projector then 7®2 cannot have bosonic symmetry [72]. The strong quantum de Finetti

theorem below is due to Hudson and Moody [72] and Stérmer [153].

THEOREM 12.4 (Strong quantum de Finetti).
Let $ be a complex separable Hilbert space and {V(k)}keN a bosonic state with infinitely
many particles on $. There exists a unique Borel probability measure p € P (S$H) on the
sphere S$ = {u € 9, ||ul| = 1} of 9, invariant under the action of S* (multiplication by a

constant phase €%, § € R) such that

) /S [ (| s (u) (12.29)
)
for all k > 0.

This theorem allows to prove the exactness of the mean-field approximation at
the level of the ground state relatively easily see [136][Theorem 3.6] or [87]. Stronger
results exist [136][Theorem 3.7 and Theorem 3.16] but we will follow the route of the finite
dimensional one. The main advantage of working in finite dimensions is the possibility to
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obtain explicit estimates, in the spirit of the Diaconis-Freedman theorem. We define the
k-reduced density matrices of I'y € S! (f_)g,m)

(k)

vy = Trppi5n D (12.30)
We introduce a finite dimensional complex Hilbert space $
dim$ =d (12.31)

and state the

THEOREM 12.5 (Quantitative quantum de Finetti).
Let Ty € St (ﬁg,m) be a bosonic state over ﬁé\}f,m and 7](\7) its reduced density matrices.

There exists a probability measure uy € P (S9) such that, denoting

Iy = / ‘u®N> <u®N’ dpn (u) (12.32)
ueSH

the associated state and %(\];) its reduced density matrices, we have

m _ ]  2n(d+2n)

Tyﬁk IN —IN | = N

(12.33)

for alln=1...N.

This result is due to Christandl, Konig, Mitchison and Renner [23]. There also exists
developments in [21, [68], [84] but we will be more interested in the quantum information
variants [20}, 23}, [24]. There, the error in which depends on the dimension linearly
will only depends logarithmically on the dimension of the one-body Hilbert space. The
trade-off is that the error is not quantified in the usual trace-class norm, and that the
measure constructed there does not charge only bosonic states. This version of the de
Finetti theorem is due to Brandao and Harrow [18), [88] see also [135][Proposition 3.2].

THEOREM 12.6 (de Finetti representation of projected density matrices).
Let $ be a complex separable Hilbert space with the corresponding bosonic space Hy =
H®symN - Let fy](\?) be the n-body reduced density matriz of a N-body state vector W € Hn
or a general mized state in:

S' (L (R?Y)) ={T e &' (L2, (R*Y)) ., I =I*,T >0, TrT = 1} (12.34)

Sym
Let P be a finite dimensional orthogonal projector.

There exists a positive Borel measure ug\?) on the set of one-body mized states

Sp =8 (PLL,, (R*N))

sym
such that
sup Tr|Ai® A ®...0 A, <P®”71(\?)P®" — / ’y®"du§$) (fy)) ‘
0<A1,Az,...An<1 Sp
1 im(P
<, Og(dﬁ‘( D (12.35)

where the sup is over bounded hermitian operators on P$.
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As in Theorem ([12.4)) the right hand side of (12.35]) requires to work with a finite Hilbert
space and then with localized states
Py pen, (12.36)
We want to see P®"fy](\7)
living on P#$), i.e

P®" as the reduced density of a localized state I'p with all particles

Py pen — (1) (12.37)
The state I'p has then to live on the Fock space because particles can be lost in the locali-

sation procedure.

2.2. Fock-space localisation. We define the symmetric Fock space as an infinite sum
of k-particles symmetric Hilbert spaces

Fam (H) =CaHDH.. (12.38)
In our case we will work with
Fom (1 (RY)) =Co I? (R!) & L? (R¥) & .. (12.39)
We then define the truncated Fock spaces
FEN (L2 (Rd>) —CoI? (Rd) oI (R*) o..0 L (RdN ) (12.40)

We define a bosonic state on the Fock space to be a positive self-adjoint operator with trace
one on Fgyn,.We denote the set of such states

S (Foym (9)) = {T € " (Fym (9)) , T =T*,T >0, Trz, (5 [[] =1} (12.41)
A state is called block-diagonal if it can be written in the form

with G, € ' ( ;‘ym). A block-diagonal state on the truncated space fséyg ($) will be of
the form

F=Gon®GiND... D GNN (12.43)
and its k-th reduced density matrix Fgl\;) an operator on ngym defined by
k) _ (N) o i (J) Trpers; [G5 ] (12.44)
N L =~ L k+1—j [V N,j

For a diagonal state, the reduced density matrices (|[12.44]) characterize the state completely.

LEMMA 12.7 (Localisation of a N-body state).
Let 'y € S (ﬁé\;m) be a bosonic N-body state and P a self-adjoint operator on $ with

0 < P2 <1. There exists a unique diagonal state T, € S (FSX (9)) such that

Sym
() ® = perp(®) por (12.45)
for all0 <n < N. Moreover, writing Fﬁ in the form

IN=Giy®Giy®...0 Gy (12.46)
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we have the fundamental relation
Trgg,, [GR] = Troy-r [GXN ] (12.47)

A proof of the above can be found in [136][Lemma 5.2]. The relation is central
to the method. It says that in the state I'y the probability of having k particles P-localized
is equal to the probability of having N — k particles v/1 — P2 localized. This result comes
from [80] but other versions exist [3), 39, 65]. In this formalism the state is given
by

-1 N
peEny{m pen — (GRym) = <n> ]CZ: <n> Tr [GN.] (12.48)

forany 0 <n < N.



Part 3

Average field approximation for
almost-bosonic anyons in a magnetic field



ABSTRACT. We study the ground state of a large number N of 2D extended anyons in an
external magnetic field. We consider a scaling limit where the statistics parameter « is
proportional to N~! when N — oo which allows the statistics to be seen as a“perturbation
around the bosonic end”. Our model is that of bosons in a magnetic field and interacting
through long-range magnetic potential generated by magnetic charges carried by each
particle, smeared over discs of radius R. Our method allows to take R — 0 not too
fast at the same time as N — co : R = N~ Y%+, We use the information theoretic
version of the de Finetti theorem of Brandao and Harrow to justify the so-called “average
field approximation”: the particles behave like independent, identically distributed bosons
interacting via a self-consistent magnetic field.



CHAPTER 13

Introduction

This first study is a continuation of the quantum de Finetti-based approach to the
mean-field limit of anyonic grounds states of [112] with the motivation to extend its re-
sults in two different ways. The first extension concerns the physical situation. Indeed
we take into account an external magnetic field B, absent in [I12]. The second concerns
the improvement of the range of valididy of the average field approximation thanks to an
information-theoretic variant of the quantum de Finetti theorem due to Brandao and Har-
row [18, 88|, and revisited in [135].

In lower dimensions there are possibilities for quantum statistics other than the bosonic
one and the fermionic one, so called intermediate or fractional statistics. Such particles,
termed anyons (as in anything in between bosons and fermions), could arise as effective
quasiparticles in many-body quantum systems confined to lower dimensions. For an ex-
ample of these intermediate exchange statistic properties see [117, 119] or [116]. These
quasiparticles have been conjectured [8] to be relevant for the fractional quantum Hall effect
(see [61], [77), 120] for review) and that is why we study the behavior of their ground state
in a magnectic field.

1. The model

4

To describe anyons, the “wave function” has to (formally) behave as

\if(xl, vy Xy ooy Xy ...,XN) = eimr\i’(xl, vy Xy oeey Xy ...,XN)

with a € [0,1] and we can obtain this by writing:

. . X —X
U (X1, ..., XN) = H ela¢fk\P(x1, ...,XN) where ¢, = arg J k

o %) — x|

with ¥ a bosonic wave function, symmetric under particle exchange. Note that cases a =1
and a = 0 are respectively the fermionic and the bosonic one. Let us now consider an usual
Hamiltonian with a magnetic field B, = curl A, and a trapping potential V:

N
Hy =D (—iV; + Ac(x))” + V(x;))
=1
with:
V(x) > x| =C, s>0.

123
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One can show that acting with it on U is equivalent to acting on ¥ with the Hamiltonian:

N
Hy =Y (0 + Aclxy) + A (x)))” + V() (13.1)
j=1
where, denoting xt = (x,y)i = (—y, ),
o 1
pj = —iV; and A(x;)) = M (13.2)
Ixj — x|

J#k
The operator A(x;) is the statistical gauge vector potential felt by the particle j due to the
influence of all the other particles. The statistics parameter is denoted by «, corresponding
to a statistical phase €™ under a continuous simple interchange of two particles. In this
so-called “magnetic gauge picture”, 2D anyons are thus described as bosons, each of them
carrying an Aharonov-Bohm magnetic flux of strength «.
We henceforth work with the Hamiltonian Hy acting on symmetric wave functions

Uen=1L2 (R*M).

sym
In this work we will assume that &« — 0 when N — oo, a limit that we call “almost bosonic”.
More precisely we define a fixed constant 8 such that

B
CENTT o D (13:3)

In this way, the anyon statistics has a leading order effect manifest through the average field
approximation.

2. Extended anyons

The Hamiltonian ([13.1)) is too singular to be considered as acting on a pure tensor
product u®V ¢ ®g,m.6, and, consequently, to consider a mean field limit. In order to
circumvent this problem we will introduce a length R over which the equivalent magnetic

charge is smeared. In our approach, R — 0 will make us recover the point-like anyons point
of view.

Let us consider the 2D Coulomb potential generated by a unit charge smeared over the
disc of radius R:

wr(x) = (log| . | * xr) (x), with the convention wy = log| . | (13.4)

and xgr(x) a positive regularizing function with a unit mass and built as follows

e () i f 2

1y x[ <1
x(x) = {0 x| > 2 (13.5)

being smooth, positive and decreasing between 1 and 2. Since the magnetic field associated
to A(x;) is:

such that

curlA(x;) =27 Z d(x; — xp)
oy
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we will recover the same magnetic field in a distributional sense in the limit R — 0 defining
the magnetic potential vector:

AR(x)) = VViwr(x; — xx) (13.6)
k#j

leading to the regularized Hamiltonian

N
2
H =) ((Pj + A (x)) +aAf(x))" + V(Xj)> : (13.7)
j=1
We denote
ER(N) =info (Hﬁ) (13.8)
with HI acting on Lgym(RQN ).
For R > 0 this operator is essentially self-adjoint on Lgym(Rﬂv ) (see [129 Theorem

X.17] and [10]). It does however not have a unique limit as R — 0 and the Hamiltonian at
R =0 (discussed e.g. in [119]) is not essentially self-adjoint (see for instance [35], 38, [17]).
Nevertheless, in the joint limit R — 0 and N — oo we recover a unique well-defined (non-
linear) model. This regularization method is a generalization of the one used in [112]
equation 1.4] or in [75] where many-body magnetic Hardy inequalities and local exclusion
principles are obtained. There,

_ 1per

was used but we will need a smoother x, namely,

/ R(p)ldp < oo
]RZ

with X the Fourier tranform of .
We denote :

pf‘ =p; + Ac(x5).
We expand (13.7)) in four terms that we will treat one by one:

N
Hg = Z ((p;")2 + V(xj)) “Kinetic and potential terms”
j=1

+ Z (p?.VJ‘wR(Xj — xg) + V+iwg(x; — xk).pﬁ) “Mixed two-body term”

ik
+ a? Z V4iwr(xj — xx).V>3wg(x; — x;) “Three-body term”
A
2
+a? Z )VLU}R(XJ' —xi)| “Singular two-body term”. (13.9)

JF#k
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3. Average field approximation

The model we have built until now is still hard to study. That is why we will set:
Alp] = Viwg*p and ARp] = Viwg xp (13.10)

which makes A independent of the precise positions x;. Here p is a fixed one-body density
normalized in L!(R?). We obtain from this the average field N-body Hamiltonian:

N
Hy = ((pf + (N = DaA"[g])* + V(x;))) . (13.11)
j=1

This average field approximation Hamiltonian is the usual way to describe almost-
bosonic anyons. It has also been studied in [34}, [32] with, in these cases,  as a parameter.
In this way, the magnetic field becomes:

B(x) = curldA[p](x) = 2n6p(x).

We can now consider the usual mean field ansatz taking ¥(xi,...,xy) = u®" with the
consistency equation:

) = [ 1k ey
R2(N-1)

which means |u|? = p and get the one particle average-field energy functional:

il = [ (19 + Ao+ BAR Pl + VP (13.12)
R2
with
EY = inf £ [u] (13.13)

under the unit mass constraint:

/ lul? = 1.
R2

exftul = [ (IwAul + vil? + 26A5uP] - (07w - 070) 4 Adlul + S AT PP ) ax

Alternatively, we can write

Our aim is now well defined and consists in proving:

inf (U, HEW
I IR et [ =1) (13.14)

N

when N — oo. In other words, the average mean field energy is a good approximation
for the ground state energy of H ﬁ (see Proposition ((15.7)) in the appendix for a discussion
about the existence of such minimizers).
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4. Main results

We state our main theorem, justifying the average field approximation in the almost-
bosonic limit at the level of the ground state. For technical reasons we assume that the
one-body potential is confining

V(x) > x| - C, s>0, (13.15)
and
A, e L2 (R?), curlA, =B, =By + B, By=Cst, Be Wh?te, (13.16)

loc

We also need that the size R of the extended anyons does not go to zero too fast in the
limit N — oo i.e R = N~ for n having to be determined.

THEOREM 13.1 (Validity of the average field approximation).
Assume that we have N extended anyons of radius R = N~ for some

1
0<n< 1 (13.17)
and with the statistics parameter
_ B
-
for fixed 5 € R. Then, in the limit N — oo we have for the ground-state energy
Er(N
ERIN) _, pat _ pot (13.18)

N

Moreover, if U is a sequence of ground states for Hﬁ, with associated reduced density
matrices ®
v = T n [[UN) (U]

then along a subsequence we have

= [ ) duu) (13.19)

strongly in trace class norm when N — oo, where i is a Borel probability measure supported
on the set of minimizers of £,

MM = {u € L2(R?) : ||ull ;2 = 1, E¥u] = E*}.

There are two main improvements in this theorem compared with [112] Theorem 1.1].
The first is the removal of the constraint

1 1\ !
n<mno=4 {1+~
4 S

providing us a less restritive result holding for every s > 0. We achieve this using the method
of [135] which revisits the quantum de Finetti theorem due to Brandao and Harrow [18].
This implies to write the operators in in a tensorized form (see ([15.1))). This forces
us to use a smooth y complicating the estimate of the 3-body term (third line in )
The second improvement is the addition of an external magnetic term A, in Hpy. Trans-
forming p? in pf‘ the estimates of the cross product term becomes more difficult. The non

commutativity
[2),, 02),] #0
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causes this difficulty.

The needed new bounds will be the aim of the second section. Indeed, we will obtain a
control of the Hamiltonian terms as a function of the kinetic energy in the limit R — oo.
In the third section we combine these results with an a priori bound on the kinetic energy
also derived in Section 2 and the de Finetti theorem to get a lower bound on EX(N)/N as
E* plus an error depending on R, N and a kinetic energy cut-off A that we finally optimize
in the limit N — co. We also prove the convergence of states in this section.

We finally derive some auxiliary results such as the convergence Ej‘%f — E2f or the existence
of minimizers for £2f in the appendix.
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The extended anyon Hamiltonian

In this section we establish some bounds allowing to control the Hamiltonian (13.7)).
We can expand it as in (and for the energy expression) in order to estimate
it term by term.

Because of the boundness of the interaction at fixed R, H ]@ is defined uniquely as a self-
gym(RQN ) with the same form domain as the non-interacting bosonic
Hamiltonian, (see [92, Proposition 7.20] for a definition of Hy ):

adjoint operator on L

N

Z ((p?)Q + V(Xj)> , Ac € Ll2oc'

j=1
As we will finally take the limit R — 0 we need to deduce precise bounds depending on
R assuming R < Ry, Ry > 0 a fixed reference length scale. In the following, the generic
constant C' may implicitly depends on Ry. Bounds are here similar to [112] but with pf
instead of p; which complicates the proof of lemma concerning the mixed two-body
term. As for the three-body term (lemma [14.4)), the new regularizing function x makes its
proof based on the Hardy inequality harder.

1. Operator bounds for the interaction terms

Exploiting the regularizing effect of taking R > 0 we will estimate the different terms
in (15.41) .

LEMMA 14.1 (The smeared Coulomb potential).
Let wg be defined as in (13.4). There is a constant C > 0 depending only on Ry such that

su2p|VwR| < % and [|Vwg||rp@2) < CpR2/p*1 (14.1)
R

for any 2 < p < 0.
PRrROOF. We apply Newton’s theorem [92] Theorem 9.7] to calculate wg in each domain:
/x|, |x| € 2R, +o0]
[Vwpr(x)| = q 1/]x] fB(0,|x\) Xr(u)du, [x| €]R,2R] (14.2)
|x|/7R?, |x| € [0, R]

For |x| between 0 and 2R the given formula comes from:

2m  rlx| 2r 2R
wr = log |x| /O /O Xr(y)ydydo + /0 /I | log(y)x r(y)ydydo

which gives the first conclusion of the lemma.
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130 14. THE EXTENDED ANYON HAMILTONIAN
To obtain the second we need to compute

» R 7P +o0 . D D2p
||vaHLp(R2)§27T ; mrdr—i—%r . r~Prdr < CPR (14.3)

with C}, > 0 only depending on p > 2. O

LEMMA 14.2 (Singular two-body term).
For any € > 0 we have as multiplication operators on L?*(R*):

Vwn(xi — %) < C.R™ ((p)? +1) (14.4)
[Vwr(x1 — xa)|* < C.R™° (p} + 1) (14.5)
PROOF. Taking any w: R? — R and f € C°(R*) with u = |f|, we compute
(fiw(x —x2)f) = (u, w(x1 —X2)u)

= // w(x; — x2)|u(x1,x3)|2dx;dxy because w does not see the phase
R2xR2

1 1
< / < |w(x) — X2)|de1> ' (/ |u(x1,x2)|2qul> ! dxob
r2 \JR2 R2

by Holder’s inequality. Then, using Sobolev’s inequality [92] Theorem 8.5 ii]
(e =x2)f) < lollis [ JuCxa) Fanc

<Cllullr [ | (Va0 + luCx)l) dxe

= C||lw||L» / (IVu(x1,x2)[* + [u(x1, x2)[?) dx;dxs
R2xR2

< C||lwl|re < 7 ((p$)2 + 1) f > using the diamagnetic inequality ([15.37))

with p > 1 and ¢ = —=—. We now use ) with w = |Vwg|” and p =1+ ¢ to ge
ith p > 1 and ¢ = ;2. Wi [[41) with Vwg|? and p=1+¢ t

lwl|zr = ||Vwrl|72 < C3,R*P7? < C.R™*

with a constant C. > 0 for given € > 0. The proof of the second inequality is the same
without the diamagnetic inequality step. ]

We next deal with the term mixing the position and the momentum. The first inequality
we will get will have a bad R-dependence but a better behavior for large momenta than the
other.

LeEMMA 14.3 (Mixed two-body term).
Consider a magnetic field
B, =curlA, = By + B
with By = Cst and B € Wh2te,
For R < Ry and € > 0 we have, as operators on Lgym(R‘l):

‘p{x.VLwR(xl — x9) 4+ Viwp(x) — XQ).pH < CR7'pd| (14.6)

‘p{*.VLwR(Xl —xo) + V%iwg(x) — x2).p‘ﬁ‘ < C.R° ((p{*)2 + 1) (14.7)
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)pl.vj‘wR(Xl . XQ) + vle(Xl — Xg).pl < Cngs(p% + 1) (14.8)

PROOF. Proof of (14.6]):

We first note that Vy,.V+wg(x; — X2) = 0, consequently
p Viwg(x1 — x2) = V3iwg(x) — x2).pf

and we square the expression we want to estimate
2
<p‘f‘.VLwR(x1 —X2) + V%iwp(x) — x2).p?> = 4pP V4t wr(x) — x2)V3iwg(x) — x2).pi.

Then for any f(x1,x2) € C°(R*)
2
‘<f, (pf‘.VLwR(xl —xp) + V%iwg(x) — }Q).pf‘) f>’
2
< 4// |p‘iAf(X1,X2)’2 ‘VLwR(xl - XQ)‘ dx1dxo
R2 xR2
using ((14.4) we get
2 C
<f, (p‘f.VLwR(xl —x9) 4+ Viwg(x;, — x2).p{&> f>' < = // |p?f(x1,x2)‘2dx1dx2
R2ZxR2
2 C

2
(P?-Vle(Xl — x2) + V5 wg(x1 — Xz)-P‘f‘) < (p)
and we deduce (|14.6) because the square root is operator monotone, see [15, Chapter 5].

For the proof of (14.7), writing x = (x,y) the coordinates of the particle located in x,
we start from

T = <f7 (P{*-Vle(Xl — X3) + V%iwp(xy — Xz)-P‘f‘>2 f>‘

9 2
< 4// ’p‘ff(xl,XQ)’ ‘VLwR(xl — Xg)‘ dx;dxa
R2xR2

2
= 4// (‘pﬁf(xl,xz)f + ‘p;f(xl,x2)‘2) )VLU}R(XI - Xz)’ dxidxs
R2xR2

=4 <<p§?f,

C:
< o= (P2 £, (1) + 1)p £) + (o £ (0 + 1)y )
Using the bound .
2

In order to recover (p:,f‘,y)2 we have to calculate commutators involving p2 and (p‘f) .

<& (£ (@2 +1) (02) ) + % (7 (2 o) + ot (o2) 100 £)

<&
(5 (@2 + 1) £) + St F)

< G
To control F we calculate:

V4iwg(x) — X2)’2prf> + <Pf}f7

Vle(Xl — XQ)’QPyAf>)

= ke

[p?,pyA] =-i(VAA,) =-iB,
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Note that we are in two dimensions and that is why B, is a scalar (physically carried by
the axis perpendicular to the plane). We compute:
[p2,—iB] = —0,B. and [p;",—iB.] = 9,B..
Thus we obtain:
F = pj(=iBe)pst — iBepyph — pi (—iBe)py + iBepiph
= (0yBe — iBepi )pt — iBepprpst — (0:Be — iBep)plt + iBeplpy
= 0,Bepa + 9, Beplt — 2iB.(phpt — pipl)
= 2B + (9,B)py + (0Be)py

1

<2BZ+ - ((0:Be)” + (9,Be)” + (02)° + (9)7)
1 1

= 2B + | VB.[* + 5 |p* [’

Here VB, is the vector (0,B¢,9,B.). Splitting the magnetic field as B, = By + B with
By = Cst we get for the B2 = B2 + 2Bo.B + B? and the (VB,)? = (VB)? terms:

(f.B2f) =B +2B (f,BS) + (£, B)
<BZ+ <2B0||BHLP(R2) + IIEH%Q,,(RQ)) /R2 </R2 !f(x,y)\qux> l/qdy . C’<f, ((p?)Q N 1) f>

(FTBPF) < UTBRl [ 111ty < CUTBII (1. ((08)" +1) 1)

using Holder’s inequality with 1 = 1/p+1/q, that B and (VB)? are multiplicator operators
and the Sobolev’ inequality [92, Theorem 8.5 ii|:

191 320q2) < Ca (9912 2qg2) + 1191 32(e)

for 1 < g < 0. ~
So because we have B € Wl2te.

F<C((p)?+1)

and we get
T (5 (0h) 1))
= RE 9 pl
2 _C 2
(Pf‘-vle(Xl —X2) + V>™wg(x1 — X2).P‘1A> < ﬁi () +1)
and the result follows by taking the square root. The proof of the third inequality (14.8) is
a simpler version of what we just did. (|

LEMMA 14.4 (Three-body term).
We have that, as multiplication operators on L%, (R%):

‘VLMR(xl — x2).Viwp(x) — X3)‘ <C ((p‘f‘)Q + 1) (14.9)

‘VLwR(Xl — XQ).VJ—wR(Xl — X3)’ <C (p% + 1) (1410)
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To prove this lemma we will use the three-particle Hardy inequality [71, Lemma 3.6] as
done in [112] Lemma 2.4] but with our new x # 1 (g ) which implies to take into account
the sign of each considered term. The second difference is that we do not use Clifford
algebra.

LEMMA 14.5 (Three-body Hardy inequality,[71].).
Letd = 2 and u : RS — C. Let R(x,y,2z) be the circumradius of the triangle with ver-
tices x,y,z € R%, and p(x,y,z) == /[x—y]2+|y — 22+ |z —x2. Then R™2 < 9p~2
pointwise, and, for all u € H'

2
3/ |“(X’y’z)|2dxolydzg/ (IVxul® + [Vyul + |V,ul®) dxdydz (14.11)
R6 P(X,Yaz) RS

ProoF OF LEMMA [I4.4] Since we consider the multiplication operator as acting on
symmetric wave functions it is equivalent to estimate the sum:

S = Z Vwgr(x —y).Vwr(x —2z) Z |x y| S v(x —y)v(x—2z) (14.12)

X,y ,Z X,y ,Z |X |

where x,y,z under the sum means cyclic in x,y,z and v(u) = d,wr(u) is a radial function

whose expression has been calculated in (14.2]) such that
1/x|, |x| € 2R, o0
0 (Ix]) = [Vwr(0)l = LI [0, X(u)du, [x| €]R, 2] (14.13)
|x|/mR?, |x] € [0, R]

In general, let each x,y, z € R? denote the vertices of a triangle. Then we claim the following
geometric fact:

B X—y X—12 B B C
S1= 12 oy g YA S (1414

X,Y,Z

where C' is a positive contant independent of R. Observe that for R < |x| < 2R, v(x) >0

and that

9w <2
R R

where C7 < () are two non-negative constants independent of R. We will proceed in several
steps respectively considering the cases:

(1) All lengths of the triangle are larger than 2R
(2) All lengths are smaller than 2R
(3) Two of the lengths are smaller than 2R and one greater.

(4) Two of the lengths are larger than 2R and one smaller.

and establish for each the inequality S < Cp~2. The second, S > —Cp~2 being easy or
similar, depending on the case, will not be treated.
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Step 1. All lengths of the triangle are greater than 2R i.e |x| > 2R. Then

X—y X—%
S:Z| : (14.15)

We proceed as in [71, Lemma 3.2]: a = x —y, b = x — z and ¢ the angle between a and b.
A simple computation of S leads to:

a.b a (b—a) b (a—0b)

~alPlo? al?T[b—al* b7 [b— af?

2P b2 — (@b)?)  2sin(6)? 1,
p— — e <
aPbPo—aP  Jy—zf 2 o¥ES

p2

N} N}

by Lemma [14.5

Step 2. Before initiating the proof we need to enlight some general facts about this
geometric configuration. Indeed we will need to know which term of the sum is positive or
negative in each case we will study. First, as the sum of the triangle’s angles is m we know
that if one of them is larger than 7/2 the others have to be smaller. That implies that only
one of the scalar products of the sum can be negative in each configuration and we are able
to identify it. For example if Xyz > 7/2 then the first term of the sum has to be negative
and the two others positive. If all of them are under 7/2, then the sum only consists of
positive terms. This case being easier and involving the same reasonning than the others
we will systematically ignore it.

Here all lengths are smaller than 2R and the negative term is the second. This term
can be bounded in three different ways. First:

(y—2)-(y —x)
7T2R4

(y —2)-(y —x)

ly —zlly — x|

if [y — z| and |y — x| are smaller than R (here the inequality is actually an equality). Or it
can be bounded as

(y —2).(y =%)

ly — zlly — x|

v(y —z)v(y —x) <

My—@wy—X)SCJy_ng_w

if only |y — z| or |y — x| is smaller than R and by

Ot (y—2).(y —x)
4 RA

(y —2)-(y —x)
ly —zlly — x|

v(y —z)u(y —x) <

if |y —z| and |y — x| are between R and 2R. Arguing similarly for the positive terms we get
R'S <max (1,C5,03) (x — y).(x — z) + min (1,C1/2,C}3/4) (y — 2).(y — %)
+ max (1,C2,C3) (z — x).(z — y)

—max (1, C, C3) (x - y)-(x — 2) + (y — 2)-(y — %) + (2 - X).(z ~ ))
+ (min (1,01/2,012/4) — max (1,02,022)) (y —2).(y —x)



1. OPERATOR BOUNDS FOR THE INTERACTION TERMS 135

and we obtain two positive constants C3 and C} such that
C3 9
|S] < Tl < Cyp~. (14.16)
Step 3. We consider the case where two of the edges are short and one long. Let’s take
|x—y|, |y —2z| < 2R and |x —z| > 2R. In this configuration the negative term is the second.
As we did in Step 2 we start by writing

S3 <max(1,Cs) (X];TZ‘EXZTQ 2) + min (1, C1/2, 012) v = zggy —x)

(y —2).(y —x)
R2|x — z|?

+ max(1, C)

x-y).x-2) F-2-%x -2

= 1
max(1, C) R2|x — z|? R4 * R2|x — z|?

+ vy = Z;Sly —X) [min (1,C4/2, 012) — max(1,Cy)]

From there, we proceed as in [112] Lemma 2.4]. For the first term of the above
(x—y).(x—2)R* + (y —2).(y - x)[x — 2> + R*(z — x).(z — y)
=x—z(y-2).(y %)+ R*(x—z)(x—y —z+y)
< 5R*x —z|?

and for the second

4

(y —2)-(y =%)
’ Ri Ix —z> < ﬁ\x—z\Q.
Comparing to
]x—z]2R4p’2 |X—Z|2R4
x—z]? + [x —y|* + |y — z?
RYx — z|?
T 4R? + |x —z|?
R2
> olx —zf”
20
because |[x —z| < [x —y|+ |y — z| < 4R, we conclude that
S| < Csp2

Step 4. We now study the last case when only one edge is short and the two others
long. Let’s take [x —y| < 2R and |y — z|, |z — x| > 2R. We first notice that the two longer
edges have to be of the same order:

ly —z| <l|y — x|+ |x — 2| <2|x — gz
x—z| < |x—y|+ |y —z| < 2|y — 2

1
i\x—z\ <l|ly—z| <2|x—z| (14.17)
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We write

x —yPlx—zf’ly —z’S = ) (x—y).(x —2)ly — 2’|x — ylIx — zo(x — y)u(x — 2)
x?y’z
where |x — z|v(x —z) = 1. We can now evaluate the right side of the inequality (14.14))
multiplied by |x — y|?|x — z|?|y — z|*.

|x — 2

p P x —y|’|x —z’lz — y|* > CoR? > CR*[x — z|?

x — 2> + [z -y
because |x — y|? < |x — z|%. All that is left is to show that
(x=y)-(x=2)z =y +(y —2).(y —x)|x — 2

=lz —yPlx—y[? + |z -y (x —y).(y —2) + [x — 2’ [x —y[* + [x — z[*(x — y).(z — %)

=lx —z’lx —y[" + (x = ¥).(z = x) [[x — 2|* — [z~ y "]

=|x —z’lx —y[* + (x ~ ¥).(z = x) [(]z = x| + |z — y|) (|2 — x| — |z — y])]

<C7R*|x — z|?
Using the triangular inequality

lz—x[—|z-yll < |z —x—(z-Yy)|
so we deduce
x =y lx —2ly — 2*S = [x — ylo(x — y) [(x —y)-(x — z)|z = y[* + (y — 2).(y — x)[x — 2]
+(z—x).(z - y)|x — y|* < CsR?*|x — z|?
and conclude that
S| < Cp2.
Now we have
‘VJ_QUR(XI — x2). V5 wpr(x1 — X3)‘ <C ((P1>2 + 1)

using Lemma Then, as a multiplication operator V4wg does not see the phase so

<u ‘VLwR(Xl — Xg). V5 wg(x) — Xs)‘ u> = <|U| ’vaR(Xl —Xg). V5 wg(x1 — Xs)‘ |U|>

<C (IV]ul* + |uf?)
<C <u, ((p‘{&)2 + 1) u>

which gives the expected result using the diamagnetic inequality.

2. A priori bound for the ground state

For the estimates of the previous subsection to apply efficiently, we need an a priori
bound on ground states (or approximate ground states) of the N-body Hamiltonian (13.7]),
provided in the following:
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PROPOSITION 14.6 (A priori bound for many-body ground states).
Let Uy € L2, (R?N) be a sequence of approzimate ground state for Hﬁ that is:

sym
(Un, HRUN) < EE(N)(1+0(1)) when N — oo

(1)

Denote by vy’ the associated sequence of one-body density matrices. In the regime o =
B/(N —1) — 0, assuming a bound R > N~" for some n > 0 independent of N, we have:

T [((0%)* + V)] < o+ o)my (14.18)

PROOF. We proceed in two steps:
Step 1. Using a trial state u®Y such that Efzf[u] = E;}f we can obtain from ([15.41)),

(15.44),(15.45) and from the bounds (14.5)), (14.8) and (14.10) plus the diamagnetic in-
equality (|15.38)):

EE(N) N 32 af(3
N < ERf — N 1T1" [(VLMR(Xl - x2).Vle(x1 - X3)) 'VN( )]
62 2 af(2
+ N 1Tr ‘VLwR(Xl — x2)’ VN( )

CB2  C.B*R
§E7§+(E7§+1)(Nf1+ jvﬁ_l )

=FE¥ +on(1) — EM (14.19)

since R = N~ with N — oo, and we used Proposition ([15.9)).
We now use the diamagnetic inequality in each variable to obtain:

(o, i) = 231 /R?N (‘(_ivj +Ac+aAl)uy[ 4+ V(Xj)N’N’Q) dx;..dxy
J
N
- 2 . 2
=z j;/R?N (‘VJ‘WNH +V(Xj)‘\IIN’ )dxl...de

We deduce

Tr (9% + V) W, | < OB (14.20)
where we denote the reduced k-body density matrix of | ]|

k
Tk = Tregaoy [[12n]) (]
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Step 2. We expand the Hamiltonian and use the Cauchy-Schwarz inequality for operators
to get:

2
((pf‘) +ap® AR+ o AR pA 4 o2 AR 4 V(xj))

Z
I
M=

<.
Il
—_

M=

(=257 ()" + (1 - 20)0?AS 2+ V (x;))

j=1
N
L a2 B R|2
7=1
choosing § = 4. Thus using ((14.19)) we have:
2 (1) CB al
Tr [<(p ) +V) TN ] — CER + N(N— 1)2 <\IIN7JZ::1‘A] ‘ \IIN> (14 21)

and since the second term is a purely potential term which does not see the phase:

N N
<wN,z rA;wN> _ <mfN,z yAfr2wN>.
i=1

Jj=1

We can now expand the square and use (14.5)) and (14.8) to obtain:

N
1
Ol S AR O (7t 7w ) o)
7j=1
2
+ONTr [‘VLwR(Xl ) ,y](vz7>+]

< CTr [(pf +)ele llfy](f,’ﬂ +C.R°N~'Tr [(p% +1)® 11’71(\?,)+}

<C(1+C.R°N )T [(p% + 1)7](;}4 .

Recalling that V + C > 0, we conclude by inserting the estimate (14.20)) and coming back

to (T4.21).
O



CHAPTER 15

Mean-field limit

We start the study of the mean-field limit. We use the same strategy as in [112] but
another version of the quantum de Finetti theorem. This version comes from quantum
information theory (see [88), [18]) and provides us with less restrictive constraint for the
domain of validity of our main theorem but forces us to put all operators under a tensorized
form. We mean: each N-particles operator © will be written under the form:

0= /@1(p) ® O3(p)... ® On(p)dP(p) (15.1)

where each ©; is a 1-particle operator.
The rest is similar to what is done in [112] combining with the methods of [135] Results
and discussion].

1. Energy cut-off

We introduce the spectral projector P of the operator h = (pA)2 + V below an energy
cut-off A to be eventually optimized later.

P=15<cp, Q=1-P (15.2)
We denote
Ny = dim (PL*(R?))

the number of energy levels obtained in this way and recall the following Cwikel-Lieb-
Rozenblum type inequality proved in [83] Lemma 3.3|(see [26], 143] for more details).

LEMMA 15.1 (Number of energy levels below the cut-off).
For A large enough we have

Np < CAVF/s (15.3)

2. Localisation in Fock space

Let vn be an arbitrary N-body mixed state. The Fock space

F®)=Cenon’e..
Fam(L) =CoL* (R?) @ L, (R") @ ...
A (diagonal) state on the truncated Fock space FSN($) can be written in the form
I'n=Gon®GinD ... OGN N (15.4)

139
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which is a positive self-adjoint trace-class one operator on ]-'S%,ﬁ ($3). Associated with the

. . P
projector P, there are localisated states G Nk

Gty = <ZZ ) Tres1N [P®k ® QW= PPk g QOW —’“)} (15.5)
The property that the density matrices satisfy is
-1 N
n . \n n n N k
Pena M pen — (GRym) = <n> > <n> Tr (G ] (15.6)
k=n

forany 0 <n < N.
We use the convention that
’Yz(?) =Trp N8 (Y]

The localized state G% corresponding to the projector @ is defined similarly. The relations

(15.6) determine the localized states Gﬁ and G% uniquely ensuring they are mixed states
on the projected Fock spaces F(P$)) and F(Q$)), respectively:

EN:TY el =1 (15.7)
k=0

The precise construction can be found in [I133, Chapter 5]. We will now apply the de
Finetti representation of projected density matrices of [135] Proposition 3.2] in order to
approximate its three-body density matrix. This inequality combine Fock-space localisation
and the information-theoretic quantum de Finetti theorem ([135] Appendix A]) as we can
find in the proof of [135l, Proposition 3.2].

3. Quantum de Finetti theorem
We call &' the set of trace-class operators.

THEOREM 15.2 (de Finetti representation of projected density matrices).
Let $ be a complex separable Hilbert space with the corresponding bosonic space Hy =

H®symN - Let fy](\?) be the 3-body reduced density matriz of a N-body state vector Wy € Hn
or a general mized state in:

S (L2, (R*Y)) ={T e &' (L%, (R*)), T =T*T>0,Trl" =1}

Sym sym
Let P be a finite dimensional orthogonal projector on L? (Rz).
3)

There exists a positive Borel measure (15’ on the set of one-body mized states
Sp=38'(PL* (R?))
such that for all A, B and C hermitian operators:

log(dim(P))
N

Tr IAILIBILC

(15.8)

A®B®C <P®37§3)P®3 - /S 73 duly (’y)) ‘ <C
P

where the norm ||Allop is the operator norm defined as usual by: supjj, =1 [|Aul|r2(g2).-
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The theorem gives us a better dependency in dim(P). This comes at the cost of the
measure charging general mixed states 7®3 instead of (|u) (u])®3. Comparing to [135]
Proposition 3.2] we extend the theorem to all hermitian operators.

Proor. To begin, we call

A’Y(S) — (p®3,y](\i;>)P®3 _/ ®3du(3)( )>

where the measure py is defined as in [135] and A = AT + A~ =4>0A + [T4<pA with II
an orthogonal projector acting on P$) defined by the projection on the positive and negative
part of A (recall that this operator describes an observables and is thus hermitian). The
first term is then

Tr

A®B&C <A7<3>)‘

® Bl @ CF (Ay®)
AL [1BI|C]]

. . A
=Tr| Y [[AIBYLICH]

log(dlm(P)) i k
N S IALIBLCH
(i,5,k)e{+,—}

using the fact that is a bounded by 1 operator which allows us to use [135 Theorem

IIAZII
A.3] with the method of [135] Proposition 3.2] but considering three operators instead and

using that [|AT|| < [[A[], [|A7]] < [|A]l O

3.1. Truncated Hamiltonian. Our aim is now to find an energy lower bound to H ﬁ.
We introduce the effective three-body Hamiltonian H&¥ such that for ||ul| = 1:

(u®s, Afu®*) = Exf[u] > BY

and denote
Tr [ Hf5*) = €5 1]
Posing
h= ()’ +V (15.9)
we note:
~ 1
o = 5 (h1 + ha + h)
> (P}A-VLWR(XJ' —xp) + V5iwg(x; — Xk)-Pf)
1<j#k<3
+ B2V wr(x) — x2). Viwg(x) — x3) (15.10)
We denote for shortness
Wy = pl.VJ‘wR(Xl — Xg) + VLwR(xl — Xg).pl (15.11)

the two-body part and
W3 = VLwR(Xl — Xz).vaR(Xl — X3) (15.12)
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the three-body part. Thus

Hi' = (h1+h2+h3 Z Wa(j, k) + B W3
1<j;ék<3

We now bound the full energy from below in terms of a projected version of flf.

LEMMA 15.3 (Truncated three-body Hamiltonian).
Let Wy be a sequence of approximate ground states for H ﬁ with associated reduced matrices

'y](\’;). Then for e > 0 and R small enough:

) C.R< C
-1 R > R p®3, (3) p®3 Wl et 1
N~ Uy, HREON) > Tr [H?,P +Ip }+CTr [hQ’yN Q} o\ ~xg *am) O
(15.13)

PROOF. The proof is quite the same as in [112], Proposition 3.3]. We just have to use
our new bounds ([14.4)),(14.7), (14.9) and Proposition instead of those of the original
paper. ]

4. Application of the de Finetti theorem

We need to apply the de Finetti Theorem to the first term of (15.13)) in order to
get our energy

- 3
/ Te[ A9 dpy) (4)
Sp
with a controled error.

LEMMA 15.4 (Error for the truncated Hamiltonian).

- C log IV,
Tr H§P®37§§’>P®3} > [ & du (v) - o <R2A+R\/X+1> N OgN A (15.14)

Sp

PRrROOF. The only thing we have to do to apply Theorem [15.2] is to put our operators
under a tensorized form (15.1)).

Step 1. Our first operator is h; defined in ((15.9). As it is a one particle observable its
tensorized form is simply

hi®1®1
ifi=1.

Step 2. To put Ws defined in ([15.11]) in the form ([15.1]) we will use the Fourier transform
(FT[.]) of Vtwg(x). We can then write

e . . . e | . .
Wy = —27&/553fme_lp'mpfelp'xldp — 27?1/5(\R|pp’e_lp'x261p'x1pfdp

where Xr = FT[xr] and with e . being the direction of the vector p* such that |le,.|| = 1.
In order to bring together the two parts of W5 we note that

p‘feip'xl\IJ = (p1 + Ae)eip'xlklf = (ipeip"‘1 + eip'xlp‘ﬁ) 04
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and obtain
(S} . .
Wy = —2ir / QR(p)ﬁe—‘P*%lP*l. ip + 2pt] dp (15.15)
= —dir / ><ﬁ)(|r’)e—ip~x2 ® ePXle .pf @ 1dp (15.16)

because e, .p = 0. The last problem is that elP* is a complex number and we need hermitian
operators. We rewrite

ie P X2lPX1 —  [cos(p.x1 ) 4 isin(p.x;)] [cos(p.x2)) — isin(p.x2)] (15.17)
= i[cos(p.x1) cos(p.x2) + sin(p.x1) sin(p.x2)] (15.18)
+ [sin(p.x2) cos(p.x1) — sin(p.x1) cos(p.x2)] (15.19)

Here the imaginary part is an even function whereas X R(p)% is odd. Consequently this
part of the integral gives zero and we get:

Wy = 47r/ T%T (cos(p.x2) ® sin(p.x1) — sin(p.x2) ® cos(p.x1)) epl.p? ® 1dp. (15.20)
Step 3. We now consider the three-body operator W3 defined in (15.12]).
e . . e L .y
Wy = /QR(p)pielp'(xl_xz)dp. /X\R(P/) P olP .(xl—X3)dp/
p| p'|
Then, rewriting the exponential term as in ((15.19|) we obtain the tensorized form:
e . €L
Wa= [ Se(e)ta(e) 2
p| [Pl
{cos(p.xl) cos(p’.x1) ® sin(p.x2) ® sin(p’.x3)

+ sin(p.x1) sin(p’.x1) ® cos(p.x2) ® cos(p’.x3)
— cos(p.x1) sin(p’.x1) @ sin(p.x2) ® cos(p’.x3)

— sin(p.x1) sin(p’.x1) ® cos(p.x2) @ cos(p’.x;;)} dpdp’

Step 4. All that is left is to compute the entire Hamiltonian and to apply (p being fixed)
Theorem Thus we get

<c log N log Na

- N

3
‘ﬁ [; Y P1wh; © 1P <A7(3)> |PRP|| < CA (15.21)

=1

Recalling that

Ay® = <P®3v§3)P®3 - / v®3dﬂﬁ)(7))
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We do the same for W5 and W3 using that || cos(x.p)||op < 1 as for the sine, and the triangle
inequality

log N 0
T |2 > PWy(i,j) @ 1P (A’y(3)) < Cp OgNAHpeprApH/ XR(p)'dp
1<j#k<3 p
CsvA [logN,
< GoVA, flog Ny (15.22)

R N
where we used

~

Xr(P) = X(Rp)

and for the third term
5% Yr(p’ Cs [log N
Xr(P) Xr(P') dpdp’ < &8, /1oe Na
P p’ R? N

e [rewses (329 < o5 |
(15.23)

We now combine (|15.21f), (|15.22)) and (|15.23)) to get (15.14)) by the triangle inequality.

0

5. Energy bound
As we did in (14.19)) we test (15.41)) against a factorized trial state ¥y = (u?{ )®N such
as E¥[Vy] = EY to get an energy upper bound.
E"(N)

—— < Edud] + o(1) — B (15.24)

as R = N7 with N — oo we also used (|15.40|) to get E?{ — E* when R — 0.

We derive the lower bound by using the quantitative quantum de Finetti for localized
states Theorem on the first term of the estimate ([15.13) and we get for any sequence
of ground states W that

N~ Wy, HRO ) Z/S XML (7) + CATr [Q14]
P
Cs
- R?
1 CR= 1
—Cs <N+ VAR +AR2)

To get this result we used ([15.14)) and will use ((15.3) to bound Ny.
We now choose A to minimize the error in (15.13) with R behaving at worst as

R=NT"

Changing a little bit 1) to n—e we can ignore the R® factor. Our choice of A has to minimize

C. 1 1 VA 1
<\/KR+ARQ>+\/N<A+R+R?>

log Np
N

(RQA + RVA + 1)

(15.25)
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We see that the limiting terms are \;\N and R2 We pick A = N?7 to minimize their sum,
with
- 1
TS

Under this assumption we can get rid of the C'Tr [Qv}v] when A — oco. Indeed, we claim
that:

Edy >0 (15.26)
Then it follows from ([15.25)) that for a constant C'

C>ATr [Q’yj(\})] — Cyon(1)
and the only way the last inequality remains true when A — oo is
Tr (@] . 15.2
r@w| o0 (15.27)

To see that (15.26]) holds and because v can be a mixed state it is convenient to write its
kernel

X17X2 Z)\ u] X1 uj Xg) /\i Z 0

Then

{ ] Z)\ / hlui(x1)] dX+BZ“ // W2‘Uz x1)|?[uj(x2)|*dx1 dxo

Y )\k/// Wilua (1) 2 (x2) 2 ot () el dcadlxs
R2xR2xR2

1,5,k

S (e wont )
EZAi/WmiHQ >0

by (15.38]). We conclude that:

2

N1 <\IIN,H}$\I/N> > /5 S%f[v]dﬂgs) (7) + o(1).
P

6. Convergence of states

We first prove that the de Finetti measures converge to a measure living on Sp. We
next show that it only charges pure states.

Convergence of the de Finetti measure.

Given the previous constructions and energy estimates, the proof of follows almost
exactly the one used in [135].

From Proposition we know that

(%4 7)Y
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is uniformly bounded in trace-class. Under our assumptions,

2 -1
(6% +v)
is compact (see [10, Theorem 2.7]) and we may thus, modulo a further extraction, assume

that

(1)

w — AW

N—o0
strongly in trace-class norm. Modulo extraction of subsequences we have

A )

weakly-* in the trace-class as N — co. So by [87, Corollary 2.4] we have

k
7 =

strongly in class-trace norm for k£ > 0.
Returning to the proof of [135, Proposition 3.2] we have that

N
. @ (-1 -2)
/S duy'(7) =T (PP = Z: Tevd NN -9

zﬁj [GR —><ZTrG )3—2

- (Tr (P%(Vl)P» —% (15.28)
where we used Jensen’s inequality.
But (15.27)) implies
Tx (Py'P) 1
PPk and
and then o
3
Hy (Sp) — 1. (15.29)
Recall that the de Finetti theorem provides
Tr | P23 () P23 — / Y3 duld (y )‘ =0 (15.30)
Sp

for the above choice of A = N2, < 1/4. This last equation combined with (15.29) gives

- [ v®3du§3)(7)' 0 (15.31)
P

by using the triangle and Cauchy-Schwarz inequalities. Testing this with a sequence of finite
rank orthogonal projectors
P w — 1
K—o0
(3)

and using the strong convergence of vy, we obtain that

lim lim ,u( )(PKSP) =1 (15.32)

K—o00 N—oo
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This tightness condition allows to use Prokhorov’s theorem and [144] Lemma 1] to ensure
3)

that, up to extraction, u,’ converges weakly to a measure 13 on the unit ball
B = {’y positive trace class operator on L? (RQ) ;Try < 1} .
But 'y](\é) — ~B) strongly in trace-class so u® only charges
S = {'y positive trace class operator on L? (Rz) ;Try = 1} .

de Finetti measure charges pure states.
Applying the weak quantum de Finetti theorem [86, Theorem 2.2] we deduce that there
exists a measure v on the unit ball of L?(R?) such as

/‘u®k ®k’dl/( )

But since 4(!) must have trace 1, the measure v must actually live on
SL*(RY) = {u e L*(R?), [ |u*= 1} :
R2

the unit sphere of L?(R?).
Next we claim that the two measures p = u(3) of above and v just found are related by

/u®3 (3| (u) /|u®3 (3| d (). (15.33)

Indeed, let R
P=1,_3

where A is a fixed cut-off (different from A abgve). Testing ([15.8]) with Aj, Ao, A3 finite
rank operators whose ranges lie within that of P we get

Tr (Al ® As ® A3’Y](\§)) N Tr (A1 ® As ® A3/

Sp

’y®3du(v)>

using the convergence of ug\?;) to p. On the other hand, by the convergence of fy](?) to v

we also have

(A1 ® Ay ® Az )) T (A1 ® A2 ® A37(3))

. <A1 @ Ay ® Ay / yu®3><u®3|du(u)>
SL2(R?)
Thus

Tr <A1 ® Ay ® Ag/ ’y®3d,u(’7)) =Tr (Al ® Ao ® Ag/ |u®3><u®3\du(u)>
Sp SL2(R?)
(15.34)

for any A, Ay, A3 with range within that of P. Letting finally A — oo yields P — 1 and

thus ([15.34]) holds for any compact operators Ay, As, As. This implies (15.33)). In particu-
lar, since the left-hand side of (15.33]) is 7(3), a bosonic operator, ;4 must be supported on
pure states v = |u)(u|, see [T2].
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Final passage to the liminf. Let us return to (|15.25). We split the integral over one-body
states v between low and high kinetic energy states:

S ={yeS Tr(hy) <L}, St=8\8".
Using Lemma we obtain

a0 =L [ Q)+ [ efhiand o) - on()

Sp
> [ min (L&) ¥ () - ox (1)
Inserting in and passing to t}ie liminf in N — oo this implies
E* > lim infE(N) > / min (L,Eaf[’y]) dp(y)-
N—oo N S

Finally, we pass to the limit L. — oo to deduce

B> liminng\jfv) > /Sé’af[’y]du(*y). (15.35)

N—oo

But as we saw above p must be supported on pure states v = |u)(u| which yields both the
energy lower bound concluding the proof of (13.18) and the fact that u Inust be supported
on M. Because £ [7] is a linear function of 7¥3 we can also comblne ) with (15.33)
to deduce that also ¥ must be supported on M? | which proves and

E(N
E* > lim infg > pof,
N—oo N

7. Appendix for the almost-bosonic limit

In this appendix we etablish some of the fundamental properties of the functional 5?{
and its limit B — 0. We call VAo, = V + iA. the covariant derivative. For g € R,
A, € Ll e (RQ) and V : R? = R we define the average-field energy functional

£ ::/ (1(Va. +1BAL) uf* + VIuP) (15.36)
RR2
with the self-generated magnetic potential
Alp)i= Vo p = [
R

LEMMA 15.5 (Bound on the magnetic term).
We have for any u € L*(R?) that

2 3 3
/ AT ful? < 2 2 ey / V[l < 2 ulla g, / Va,ul?
R2 2 R2 2 R2

PROOF. See [112] Lemma A.1] combined with (15.37)). O

1
X1 — X9
. (]X1—X2)\2p(x2) dxa, curl A[p] = 2mp.

Using the same reasonning than in [112] Equation A2] we can, using ([15.5]) define the
domain of £ to be (see [92][Proposition 7.20]) and otherwise let £%f[u] := +o0

2 .= {u € Hy (R?): / Viu* < oo} :
: o



7. APPENDIX FOR THE ALMOST-BOSONIC LIMIT 149

We find using Cauchy-Schwarz and Lemma 5 that for v € 2
0 < &¥u] < 2||Va,ull® + 2| Acull® + 38%(|Aljul*ul® + /VIUI2

< (24 38%ul) [V aul? + C / Viuf? < oo.

The ground-state energy of the average-field functional is then given by

E* = inf {5af[u] u€ @af,/ lul? = 1} :
R2

For convenience we also make the assumption on V that V(x) — +oo as |z| — oco. Note
that C°(R?) C 2 is dense in Hj. (R?).

LEMMA 15.6 (Basic magnetic inequalities).
We have for u € 2* that (diamagnetic inequality)

/y(v+iAe)uyzz/ V|2 (15.37)
R2 R2
/\(v+iAe+iﬁA[|u|2])uy2z/ IV u|?, (15.38)
R2 R2
and
/ [(V +iAc +iBA[Jul?) /B\u12+2w151/ |ul*. (15.39)
RQ

ProoF. This is an application of [Lemma 3.2][34].

ProposITION 15.7 (Existence of minimizers).
For any value of B € R there exists u™ € 2°0 with [g, [u™|? =1 and £ [u™] = E.

PRrROOF. First note that for u € 2*, by Lemma and Lemmam
IVa.ully = [|Va,u+iBA[ullu — iBAuPlull, < £u]"? + 5] | Allul*Jul,

a 3 3 a
< &Mt 4131y i 19l < (1 v a2 uu||§> £ fu] 2

Now take a minimizing sequence
(tn)nsoc © 2, |lunlly =1, lim E%fuy] = B,
Then clearly (u,) is uniformly bounded in both L?*(R?), L%, and H}&e (R?) and therefore
there exists u™ € 2 and a weakly convergent subsequence (still denoted u,,) such that
up, = in L2(R?)NLL N Ha (R?), Va,u, — Va,u™ in L*(R?).
Moreover, since ((pA)2 +V+ 1)_1/ 2 is compact we have that

Up = ((pA)2 +V + 1>_1/2 ((pA)2 +V + 1)1/2 Un,

is actually strongly convergent (again, extracting a subsequence), hence

un — u® in LQ(Rz).
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It then follows that

(VA +iBAuP))ull; = (Va, +iBA[ul)u, (Va, +iBA[ul*))u)
with

liminf (VA _un, VA, upn) > /|VAEU|2

n—oo

lim (VA un, Allug2un) = (Va,u, Alu*u)

n—oo

hn1<zxnunﬁ1un,szunP]un>::L/sznu21uﬁ

n—oo

by the weak lower semicontinuity of the norm, the weak-strong convergence and the fact that
the functions A [|u,|?]u, are strongly converging to A [|u|?Ju in L?(R?), see [112] Proposition
A.3]. And since ||| 2, 18 also weakly lower semicontinuous (see, e.g., [I128] Supplement to

IV.5]), we have liminf, o £¥[u,] > E¥[u]. Thus, with |u®] = limy e [[un| = 1, we
also have £ [u2!] = Eaf. O

ProprosITION 15.8 (Regularized functional).
Let us now consider the corresponding situation for the regularized functional (extended
anyons)

EF [u] :=/ (I(V +iAc +iBARuP) uf* + VIul?), AR[p] = VEwgsp, R >0,
R2
Since Vwg € L®(R?) we have AR[|u|?] € L= (R?) with
C
AR < i
and instead of Lemma we have
A" [[ul?lull, < Cllulillulll

using Lemma [1.4}

Hence the natural domain is again 2* and all properties established above for £ are
also found to be valid for £ j‘%f (except (15.39)) which now has regularized versions). Denoting

EY = min{E¥[u] : u e 2%, ||ul]y = 1},
we furthermore have the following relationship:

PrOPOSITION 15.9 (Convergence to point-like anyons).
The functional Eﬁf converges pointwise to E% as R — 0. More precisely, for any u € 2

E¥[u] — £ )| < CLB2EM [W]Y2(1 + £¥[u])'/?R, (15.40)
where C,, depends only on ||ul|,. Hence,
Eaf Eaf
By ™

and if (ur)r—o C 2™ denotes a sequence of minimizers of Sj“%f, then there exists a subse-
quence (g )gr—o S-t. ug — u as R — 0, where u® is some minimizer of £,
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PrOOF. This is an easy variant of the proof of [112] Proposition A.5]. O

PropPosITION 15.10 (Link with the regularized functional).
The Hamiltonian (13.7) can be expanded (with the notation p; + A, = p}A ) and corresponds
to the energy:

N HY ) = T [((P1)? + V() 7|

+ BTr [(p{*.vaR(xl —X2) + VVwp(x) — xz)-pi*) %(3)]

N -2
+ BQN — 1TI‘ [(VLwR(Xl — XQ).VLwR(Xl — X3)> ’)/](\Z;)}
1 2
+ ﬁQN — 1Tr [‘VLMR(Xl - Xg)‘ ’y](\?)] (15.41)

In particular, taking a trial state ¥y = u®N we observe that:

Tr [(pi“-vlwzz(xl —X3) + V5 wg(x) — XQ)'p{\> |u®?) <u®2”
=1 / /R - Va(x1)u(xz). VS wg (%1 — xa)u(x1 )u(xz)dx1dxs (15.42)
+ / /R . A (1) YV wr(x — x2)|u(x) | |u(xs) | *dx dxs
- i//RQX]R2 (1 )u(x2). V5 wg (31 — x2) Vu(x1 )u(xg)dx; dxs (15.43)
T //RR A (x1).VFEwg(x1 — xo) u(x) [ u(xz)[2dxidxs
- / /RR [ux2) PV wr(xn = x2). (i [u(x) Vai(x1) = (1) Vu(x)] + 24 (k1) lu(x) ) dxydxy

=2 . Al [jul?. (Ju(x1)] + Ae(xr)|u(x1)]?) dxy (15.44)

where )
Ju] = %(uVﬂ —uVu)

3] = 3] + Aclul’
with
ATl = [ fube) PV entx - x2)dx,
R

for the second term and:

Tr [(VLwR(Xl —xp).V4iwpg(x) — X3)) 'y](?)]

:///2 5 ma |U(X1)‘2|U(X2)|2‘U(X3)|2-VLU)R(X1 _X2)~vldX1dX2dX3
R?xR? xR

:/R2 Juf? [AR [l dxy (15.45)
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for the third.



Part 4

Semi-classical limit for almost-fermionic
anyons



ABSTRACT. In two-dimensional space there are possibilities for quantum statistics contin-
uously interpolating between the bosonic and the fermionic one. Quasi-particles obeying
such statistics can be described as ordinary bosons and fermions with magnetic interac-
tions. We study a limit situation where the statistics/magnetic interaction is seen as a
“perturbation from the fermionic end”. We vindicate a mean-field approximation, proving
that the ground state of a gas of anyons is described to leading order by a semi-classical,
Vlasov-like, energy functional. The ground state of the latter displays anyonic behavior in
its momentum distribution. Our proof is based on coherent states, Husimi functions, the
Diaconis-Freedman theorem and a quantitative version of a semi-classical Pauli pinciple.



CHAPTER 16

Model and main results

1. Introduction

In two dimensional systems there are possibilities for quantum statistics other than the
bosonic one and the fermionic one, so called intermediate or fractional statistics. Particles
following such statistics, termed anyons (as in anything in between bosons and fermions),
can arise as effective quasi-particles in correlated many-body quantum systems confined to
two dimensions. They have been conjectured [8), 121, 132] to be relevant for the fractional
quantum Hall effect (see [61), (77, [74] for review and [12, 127] for recent experimental
developments). They can also be simulated in certain cold atoms systems with synthetic
gauge fields [44), [25), 161), 166, 167, 32, 12, 127].

The statistics of anyonic particles is labeled by a single parameter a € [0,2[ where
the cases @ = 0,1 correspond to ordinary bosons and fermions, respectively. Since the
many-anyon problem is not exactly soluble (even in the absence of interactions other than
the statistical ones) except for the latter special values, it makes sense to study limiting
parameter regimes where reduced models are obtained as effective descriptions.

The “almost bosonic” limit @ — 0 is studied in [59), M12], in the joint limit of the
particle number N — oco,a ~ N~!, which turns out to be the relevant one for the non-
trivial statistics to have an effect at leading order [34, B2]. Here we study an “almost
fermionic limit” o — 1 in dependence with the particle number. The relevant scaling in
dependence of N leads to a problem resembling the usual mean-field /semi-classical limit for
interacting fermions [100, 147, 13, 11}, (46, 53].

Our starting point is a gas of anyonic particles evolving in R? subjected to a magnetic
field

B. = curlA,
and a trapping external potential

Vi) - oo
|z| =00

To model anyonic behavior we introduce the statistical gauge vector potential felt by particle
7 due to the influence of all the other particles

() —ap) "
j#k TR
The associated magnetic field is
curlA(z;) =27 Z d(xj — ). (16.2)
k#j

155
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The statistics parameter is denoted by «, corresponding to a statistical phase e?™(1+) under
a continuous simple interchange of two particles. In this so-called “magnetic gauge pic-
ture”, 2D anyons are thus described as fermions, each of them carrying an Aharonov-Bohm
magnetic flux of strength «. Instead of looking at the ground state of an non-interacting
Hamiltonian acting on anyonic wave-functions we thus study the following Hamiltonian

N
Hy = Z ((—iﬁvj + Ac(z;) + aA(acj))2 + V(acj)) acting on Lgsym(R2N). (16.3)
j=1

Note that in the above we view the anyons statistics parameter a couting from the fermionic
representation of anyons. The limit o — 0 for (16.3)) is then formally equivalent to o — 1
in the bosonic representation alluded to above [59, 112].

We are interested in a joint limit N — co, & — 0 in which the problem would simplify
but still display signatures of anyonic behavior, i.e. a non-trivial dependence on «. Since
we perturb around fermions, the Pauli principle implies that the kinetic energy grows faster
than N. This behavior is encoded in the Lieb-Thirring inequality [105), [104] which, for any
N-particle normalized antisymmetric wave function ¥y with support in a bounded domain
QN gives

N
Z/ IV, 02 > C|Q|"aN*a (16.4)
j=1 7

where d is the dimension of the physical space. Because of this rapid growth of the kinetic
energy, the natural mean-field limit [13), 14}, [147] for fermions involves a scaling i ~ N —1/d,
Here with d = 2 we get a kinetic energy proportional to N? and thus, in expectation value
—-iV; ~ N /2 Investigating the N-dependence of each term of we thus expect for
any Uy € L? (R?Y)

(U, HyU ~CN(hN1/2 )2
N, HyVy) = C1 +aN) +CoN

where the terms in parenthesis account for kinetic energy, including the influence of ([16.1),
and the second term is the energy in the external potential V. To obtain a non trivial limit
when a — 0, a natural choice is to take

L Fo

h=— and a=

JN N

Bo € R a constant allowing us to keep a track of the anyonic behavior and consider the limit

. E(N)
1 I S
Nggo N

(16.5)

with
E(N) := inf{(\IIN,HN\IIN) Uy € Lgsym(RQN),/ W% = 1} . (16.6)
R2N

Such an approach combines two limits (see also Remark below), the semi-classical
h — 0 and the quasi-fermionic oo — 0.
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2. Extended anyons: energy convergence

The Hamiltonian is actually too singular. Consequently we introduce a length R
over which the magnetic flux attached to our particles is smeared. In our approach, R — 0
will make us recover the point-like anyons point of view. This “extended anyons” model is
discussed in [122), [158], 22]. Anyons arising as quasi-particles in condensed-matter systems
are not point-like objects. The radius R then corresponds to their size of the quasi-particle,
i.e. a length-scale below which the quasi-particle description breaks down.

We introduce the 2D Coulomb potential generated by a unit charge smeared over the
disc of radius R

wr(z) = (log| . | * xr) (x), with the convention wy = log]| . | (16.7)

and xr(z) a positive smooth function of unit mass

1 : /72 |z| <1

We take x to be smooth, positive, radial and decreasing between 1 and 2. The choice of this
particular y in (16.8)) is made for convenience. Others regularizing functions could be used.
We will recover the magnetic field (16.2) (in a distributional sense) in the limit R — 0 by
defining

Af(z;) = ZVLwR(xj — T)- (16.9)
k#j

We henceforth work with the regularized Hamiltonian of N anyons of radius R confined in
a trapping potential V (z) = [z]®, s > 1

N
2
HE =Y ((p;* +aAR(z)))? + V(a;j)) (16.10)
j=1
denoting
pit = —ihV; + Al(a;). (16.11)

It is essentially self-adjoint on L2, (R?V) (see [129, Theorem X.29] and [10]). The bottom

asym
of its spectrum then exists for any fixed R > 0, we denote it

ER(N) =info (HE). (16.12)

Under our assumptions H ﬁ will actually have compact resolvent, so the above is an eigen-
value. However, this operator does not have a unique limit as R — 0 and the Hamiltonian
at R = 0 is not essentially self-adjoint, see for instance [119}, 35, [38}, 1), 17]. Nevertheless,
in the joint limit R — 0 and N — oo we recover a unique well-defined (non-linear) model.
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It is convenient to expand ((16.10)) and treat summands separately

N
HE = Z ((1!)?)2 + V(z;)) “Kinetic and potential terms”
j=1
+a Z (pf‘.VLwR(a:j —a3,) + VViwg(z; — x;ﬁ.pﬁ) “Mixed two-body term”
J#k
+ a2 Z V4iwg(xj — x1).V+iwg(z; — 2;) “Three-body term”
AR
2
+ a? Z ‘VLwR(:cj — k)| “Singular two-body term”. (16.13)
ik

The fourth term of the above, being N times smaller than the others in the regime ,
will easily be estimated. Further heuristics will only involve the mixed two-body term
and the three-body term. These being of the same order, we expect (as in other types of
mean-field limits, see e.g. [I38] and references therein) that, for large N, particles behave
independently, and thus

ZVLwR(xj — 1) & /2 V4twr(z; —y)p(y)dy = VVwg * p(z;)

i#k R

where p is the density of particles. Therefore, it is convenient to define, given a one-body
density p normalized in L'(R?)

Alp] = Viwp * p and AB[p] = V4iwg * p.
Natural mean-field functionals associated with ([16.13]) are then

Ex = %TY [(10‘1A + aAR[pw])zv] + ]17/11@ V(1) py(21)da (16.14)
£4y] — %Tr (o +aalp,))?2] + ;f/RZ V(a1)p, (21)der (16.15)

with
pr (@) = 7 (@,)
and where the argument is a trace-class operator
ve&'(L*(R?)),0<y<1,Try=1 (16.16)
Similar Hartree-like functionals were obtained in the almost-bosonic limit [59, 112]. Here
we simplify things one step further by considering a semi-classical analogue
1
Sl = [ 1o+ Adla) + A o p)dadpt [ Vie)pn(a)de (16.17)
(2m)° JR2xR2 R2

with m(z,p) a positive measure on the phase-space R* of positions/momenta and

1
(27)? Jr2

pm(z) = m(z, p)dp. (16.18)
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Our convention is that m satisfies the mass constraint
// m(z, p)dedp = (2r)? (16.19)
R2 xR2
and the semi-classical Pauli principle

0<m(z,p) <1 ac| (16.20)

The latter is imposed at the classical level by the requirement that a classical state (z,p)
cannot be occupied by more than one fermion. By the Bathtub principle [92], Theorem 1.14]
we can perform the minimization in p explicitly (this parallels the considerations in [147]).
We find minimizers of the form

mp(@,p) = 1( |p+ Ac(2) + BoAlp)(2)]* < 4mp(a))
where p minimizes the Thomas-Fermi energy
Errlp] = Evialm,) = 27 /
R2
We define the minimum of the Thomas-Fermi functional

erp = inf {5TF[p] 0<peL'RHNn LQ(RQ),/ p= 1}. (16.22)
R2

Our first purpose is to obtain the above as the limit of the true many-body energy. We
shall prove this under the following assumptions

p2(:v)d:L‘+/ V(x)p(x)de. (16.21)
R2

AssumpTION 16.1 (External Potentials).
The external potentials entering satisfy
o A, € L*(R?) N W2>(R?)
o [A)? € WI=(R?) N L?(R?)
and, for some s > 1 and ¢,C,c,C",¢",C" >0
o V(z)>clz|* - C
o [VV(2)| < ||t +C
o [AV(z)| < |z]*2 4+ C"

THEOREM 16.1 (Convergence of the ground state energy).
We consider N extended anyons of radius R = N~ in an external potential V. Under

Assumption (16.1]) and setting

1
0 —
<n<g

we have, in the parameter regime (|16.5))

ER(N)

lim

= €TF
N—oo

where the many-anyon ground state energy ET(N) and the Thomas-Fermi energy are defined
in (16.12) and (16.22)), respectively.

The study of the regime (16.5)) resembles the usual Thomas-Fermi limit for a large
fermionic system [100], 147, 155], [90], but with important new aspects:
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e The effective interaction comprises a three-body term, and a two-body term (see
Equation (16.13])) which mixes position and momentum variables.

e The limit problem comprises an effective self-consistent magnetic field A [p].

e One should deal with the limit R — 0, « — 0 and &~ — 0 at the same time as
N — oo.

Regarding the last point, we make the

REMARK 16.2 (Scaling of parameters).
Extracting a multiplicative factor N from the energy, the parameter regime we con-
sider is equivalent to
b

VN
provided we replace the external potential V(x) by NV (z) and a similar replacement for
the external vector potential A.. The scaling better highlights the quasi-fermionic
character of the limit we take. We however find it preferable technically to work with ,
where the semi-classical aspect is more apparent.

h=1 and a= (16.23)

REMARK 16.3 (Improvement on R).
Regarding the scaling of R, it would be highly desirable (and challenging) to be able to deal
with a dilute regime 1 > 1/2 where the radius of the magnetic flux is much smaller than the
typical inter-particle distance. As we will show in Chapter [5 we can relax our constraint
n < 1/4 ton < 1/3if we assume a Lieb-Thirring inequality for extended anyons of the form

N
<\IJN, Z (p;A + OéAR(J?j))Q \IJN> > Co,r /R2 p\pN(x)zd:U
j=1
for any fermionic wave-function Wy with one-particle density py, . In the above we would
need a Cy, g uniformly bounded from below when N — co,a — 0 and R > N —1/2 Such an
inequality is made very plausible by the results of [75] on the homogeneous extended anyon
gas and the known Lieb-Thirring inequalities for point-like anyons [116l, 117, 119}, 114].
We plan to return to this matter in the future. o

The limit ground state energy etr does not reveal any anyonic behavior, i.e. it does
not depend on «. This is however deceptive, for the behavior of the system’s ground state
does depend on o and shows the influence of the non-trivial statistics. This will become
apparent when we state the second part of our result, the convergence of ground states. It
is expressed in terms of Husimi functions, constructed using coherent states. We discuss
this next.

3. Squeezed coherent states

Let(l .
fla) = \}Ee_g. (16.24)

For every (x,p) in the phase space R? x R? we define the squeezed coherent state

Fapli) = = (L22) % (16.25)

1We make the standard choice that f is a gaussian but any radial L? function could be used instead.
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It has the property of being localized on a scale \/h; in space and y/h, in momentum, these

two scales being related by
h = /hgr\/Dp. (16.26)

The usual coherent state [T47, Section 2.1] is the particular case vA, = 1/, = Vh. Any
such state saturates Heisenberg’s uncertainty principle, and is thus as classical as a quantum
state can be. Indeed, for the two observables x; and p; = —i0,, evaluated in this state we
get

h
Ap Ay = 5 where A, = <Fx7p,a2Fx,p> — <Fx7p,an7p>2.

In our proofs we will take h, < h, — 0, which is convenient because our Hamiltonian is
singular in « but not in p.
We define the hA-Fourier tranform
1

Fulv](p) = 9h oo Y(z)e " m da (16.27)
and denote .
1 _ =7

Fi, (z) = Fopo(z) = e 2. (16.28)

Vha /T

Its Fourier transform (see the calculation in Appendix

G, (p) = FilFp,|(p) = —=—=e (16.29)

Vo

makes apparent the localization in momentum space we just claimed.
To F,, we associate the orthogonal projector P, ,

Prp = |Fop){(Fupl. (16.30)
Then we have the well-known

LEMMA 16.4 (Resolution of the identity on L? (R?)).

We have .
W /]R2 /1%2 P3;7p dmdp = ]1L2(R2) (1631)
The proof is recalled in Appendix [3] see also [92] Theorem 12.8].

4. Convergence of Husimi functions

(k)

The Husimi function my,’ (21, p1, . . . , T, pr ) [T3) 27, 154] describes how many particles
are distributed in the k semi-classical boxes of size \/h, X /R, centered at its arguments
(1,p1),-- -, (zg, pk). A wave function ¥y being given we define

(k) N! .
my  (21,P1, -, T, D) = N =) <‘1’N,®ij,pj ® ﬂN—k‘I’N> (16.32)
j=1
Alternatively,

<Fl‘17p1 ® ... ®F$k»pk’\PN('7z)>

N!
m&f) (xl)p17"'7xk7pk): /
N (N —k)! Jpev-r) L2(R2F)
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or, in terms of fermionic annihilation and creation operators (see ((17.2) below)

k * *
mSI/J)V(:prl’-“vxk:pk) = <\IJN7a (F:Bhpl)"'a (ka:pk)a(kavpk)"‘a(leapl)\IlN>

where a and a* satisfy the canonical anticommutation relations [146), [64]

a*(f)alg) +alg)a”(f) = (g, /)
a*(f)a*(g) + a*(g)a”(f) = 0.
(k)

We will also use the k-particle density matrices of Wy, i.e. the operator Yy with integral
kernel

k ’ ’ N
7\(1,13](‘%1, T X, o T)) = <k> /2(1\1 . Un(zy, . on)UN (2], . 2, Thgts - TN )ATpqr - .. day.
R2(N—

(16.33)
We can also express the Husimi function in terms of the k-particle density matrices of above

k
my) (1,p1,- 2 p) = kT Q) Poyoy vy | - (16.34)
j=1

These objects are furthermore related to the density marginals in space and in momentum,
respectively defined as

N
Py (a1, 2p) = (k>/ Uy (21, ..., 28> doges . . . doy (16.35)
R2(N—k)
N
0 0reem) = () [ 1Nl dpy. (1630
R2(N—k)

We can now express the convergence of states corresponding to Theorem ([16.1)) using the
above objects. The minimizer of the Vlasov energy (16.17) is

myrr(p,z) =1 (Ip+ Acz) + BoAlp™(z)|? < 4mp™ (2)) . (16.37)

Its marginals in space and momentum are respectively given by

1
TF(, .\ _ TF
p(a)= - (AT V@), (16.38)
where ATV is a Lagrange multiplier ensuring normalization, and
TF/ \ _
)= /RQ Lt A @)+ B0 A [T () [P <dmpTF (2) } 32 (16.39)

We will prove the

THEOREM 16.5 (Convergence of states).
Let {¥n} C Lgsym(RQN) = ®i\gym L?(R?) be any L*-normalized sequence such that
(Un, HRUN) = ER(N) 4 o(N)
in the limit h = 1/v/N, a = By/N, N = co. Let R = N7" for some 0 < n < 1/4. For any
choice of hy, hy, — 0, related by (16.26), and under Assumption the Husimi functions
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of Un converge to those of the Vlasov minimizer

k
k
mEIJI)V(xhpla o 7xk)pk) — HmpTF(pj,l‘])
j=1

weakly as measure for all k > 1, i.e.

(k) ok
/szk mq/N¢k — /RM(mpTF) o

for any bounded continous function ¢ € Cy (R4k).
Consequently we also have the convergence of the k-particles marginals in position and
momentum

N\ ! k b
<I<:> P&L(ﬂ?lvm,ﬂfk)ﬁHPTF(%)

j=1

M7 i
(k> ty) (o1, --ooe) = []#7F ()

Jj=1
weakly as measures.

The convergence of Wigner functions follows [147, Theorem 2.1]. The result above
does not depend on the choice of function f used to construct the coherent states [147),
Lemma 2.8]. Likewise, the result is the same with any choice of scaling of Ay, , — 0 as
long as is satisfied. In our proof of energy convergence it will however be convenient
to make a particular choice, and in particular use squeezed coherent states, h, < hy,.

Recall that the semi-classical Thomas-Fermi energy does not depend on «, but the
Vlasov minimizer does. Anyonic features are retained e.g. in the limiting object’s momen-

tum distribution (|16.39)).

5. Outline and Sketch of the proof

Our general strategy is inspired by works on mean-field limits for interacting fermions [100),
102, 103, 50, 82, 155], in particular by the method of [147]. Several improvements are
required to handle the singularity of the anyonic Hamiltonian that emerges in the limit
R — 0. In particular

e we replace the use of the Hewitt-Savage theorem by that of its’ quantitative version,
the Diaconis-Freedman theorem.
e we implement the Pauli principle quantitatively at the semi-classical level.

To obtain an energy upper bound (Section we use a Slater determinant as trial state,
leading by Wick’s theorem to a Hartree-Fock-like energy. We then discard exchange terms
to get to the simpler Hartree energy . Finally, a suitable choice of the trial state’s
one-body density matrix + allows to take the semi-classical limit and establish an upper
bound in terms of the Vlasov energy.

For the correponding lower bound we first express (Section the energy semi-classically,
in terms of the Husimi functions. The remainder terms are shown to be negligible when
N — oo. The use of squeezed coherent states with h, < h;, takes into account the singu-
larities of the Hamiltonian, more severe in position than in momentum space.
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Section |19| contains the main novelties compared to [147]. There we tackle the mean-
field limit of the semi-classical functional expressed in terms of Husimi functions. We use
the Diaconis-Freedman theorem [41] to express the latter as statistical superpositions of
factorized measures, with a quantitatively controled error. We then estimate quantitatively
the probability for the Diaconis-Freedman measure to violate the Pauli-principle .
This leads to the sought-after energy lower bound and completes the proof of Theorem [16.1]
The convergence of states Theorem follows as a corollary.

Acknowledgments. Funding from the European Research Council (ERC) under the Eu-
ropean Union’s Horizon 2020 Research and Innovation Programme (Grant agreement COR~
FRONMAT No 758620) is gratefully acknowledged.



CHAPTER 17

Energy upper bound

In this section we derive an upper bound to the ground state energy . We first
introduce a Hartree-Fock trial state and apply Wick’s theorem to calculate its energy. We
next discard lower contributions (exchange terms) to obtain a regularized (R > 0) Hartree
energy in Lemma and use Lemma to send the regularization to 0. We conclude
by using a particular sequence of semi-classical states, which will make the Hartree energy
converge to the Thomas-Fermi one. All in all this will prove the

PRrOPOSITION 17.1 (Energy upper bound).
Under Assumption setting R = N~ with n < 1/2, we have

ER(N)

lim sup
N—oo

S ETF. (17.1)

1. Hartree-Fock trial state

We recall the definition of creation and annihlation operators of a one-body state f €
L?(R?) (for more details about second quantization see [146), [64])

a(f) D OB L@@ Loy = VN Y (DO foy) fo) @ - ® fory

TEXLN UGEN
a'(f) D 1T Ly @8 oy = NI S EDE L0 @@ fove)-
oEDN U€2N+l

(17.2)

Sums are over the permutation group and sgn(o) is the signature of a permutation. Let now
{¥j}j=1.n € L?(R?) be an orthonormal family. We use it to construct a Slater determinant
UL (also called Hartree-Fock state)

1 N
W3 (21, ., 2n) = mdet (i(xj)) = Z (_1)Sgn(o)j1_[1¢a(j)(xj). (17.3)

oEX N

Denoting a} = al(y;) and a; = a(v);) we have:

T SL\ _ .
<ajak>SL <\I/N,a A\ >— k-
Hence the associated 1-particle reduced density matrix (16.33)) and density are
1
Tom = N Tros [[ U3 )25 ] Z [3) (Wils oy =D 15 (17.4)
J

165
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with Tro_, ;v the partial trace. Replacing the last formula in (16.34]) gives us the 1-particle
reduced Husimi measure

N
il w0) = 3 (i Fe)|
j=1

We will use Wick’s theorem, see [125l, Corollary IV.6] or [146].
THEOREM 17.2 (Corollary of Wick’s theorem).

Let a%, . ,agn be creation or annihilation operators. We have that
n
i i _ § §
<a1 e a2n>SL = Z(—l)sgn(a) H <aa(2jfl)ao(2j)>SL
o j=1

where the sum is over all pairings, i.e. permutations of the 2n indices such that o(2j —1) <
min {o(2j),0(2j + 1)} for all j.
We evaluate
(U, HNON) = (Hi g,
term by term as in (16.13). Until the end of this section (-) means (-)q;,. We will use the
following notation (recall (16.11))

2
Wy = (p)" + V(zy) (17.5)
Wik = p}A V4iwr(z; —a1) + Viwg(r; — ) -pf‘ (17.6)
Wike = Viwg(zj — ) - VViwg(z; — z0). (17.7)

Recalling the definition of the Hartree energy functional

1 2 1
af A R
) = 5 T [ +aa o) o]+ 5 [ Vi@ (o)da
we have the following

LEMMA 17.3 (Hartree-Fock energy).
With UST as above and ~y the associated one-particle density matriz (17.4) we have

<Hﬁ>SL = Ng]%f ['7] —aTr (W12U12’7 2 7)
2 1L 2 2
+ta | |VTwg(a —552)‘ (Pv(xl)Pv(@) — (21, 72)] )dﬂfldxz
R
—a? /6 Wias [pw(flfl)!’v(m’ w3)|* + py(@2) [y (@1, 23)* + oy (w3) [y (1, 962)|2} dzydaadrs
R
+ o? /6 Wias [2?}%(7(361, x2)y (22, x3)Y (23, xl))} dzidzodrs. (17.8)
R
In the first line we have denoted by Uyo the exchange operator
(U121/J) (1’1, l‘Q) = T,Z)(IL‘Q, :L‘1). (17.9)

PROOF. By definition

N
<Z(p§*>2 + V(wj)> =Tr [((p*)*+ V)]

j=1
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For the two- and three-body terms we express higher density matrices of ¥S¥ using Wick’s
theorem. To this end, let (¢;); € L*(R?) be an orthonormal basis, and a;, a; the associated
annihilation and creation operators.

Two-body terms. We have

<a3a2asao> = 00008: — 0acdpp

(1S)L. It follows that

where d;; is the Kronecker delta. Recall that v := ~,,

7\(1,23)L =7®7—-Ui2y®~y (17.10)

with the exchange operator defined as in (17.9)). Using [146, Lemma 7.12] we have
S Wik=Y" (tha® s, Wiz o ® 1) alyaacag

ik onfif,e
on ®i\£ym L? (R?) and thus
<Z Wj,k> = Tr [(p* AT p,] + AT[p,].p%) 7] = Tr (Wi2Ui2y ©7) . (17.11)
ik

Similarly we obtain

<Z [V wn(z; —xk>)2> — /R

i#k

2
VEhwa(as —a2)| (o (@), (22) = (@) )dasdas

(17.12)
Three-body term. Using [146, Lemma 7.12] again we write
S Wim= Y. (tha ® s ® g, Wiag the @ th¢ @ ¢bp) aLaLaZanagaa.
JFkA a,B3,0,6,,¢
Applying Wick’s theorem ((17.2)) we obtain
<ajlaga$ana¢ag> = 5(1555(5977 + 504451377595 + 5‘17765559C - 505557769C - 50‘45,355977 — (50”7(55(:595

and we deduce the expression

VEl?s)L = (1 + UoUaz + UssU1a = Uia — U1z — Unz) Y @y @ 7y (17.13)

for the 3-body density matrix of the Slater determinant, where the exchange operators U;;
are natural extensions of ((17.9) to the three-particles space. Gathering the above expressions
yields

< Z ijz> = /R6 Wia3 [Py(wl)Pv(Iz)Pw(flf?))}d$1d$2d$3

JEkA
+ /6 W123 [23‘8<’y($1,xg)’y(:vg,:cg)’y(:vg,xl)>]d:c1dx2dx3 (1714)
R

- /6 Wias [py(an)W(xz, 23)[* + py(22) |y (21, 23) [ + py(23)|7(21, 22) |° | dz1 dzadas.
R
(17.15)
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O

We now want to discard the exchange terms and the singular two-body terms to reduce
the above expression to the Hartree functional.

LEMMA 17.4 (From Hartree-Fock to Hartree).
Recalling the notation (16.11f), assume that

Tr (|pA\2'y) < CN.

Then o
ER(N) < Ne¥[y) + T (17.16)
Proor. We recall the bound
C
L < = 17.17
[v4wr] . < 7 (17.17)

from [59, Lemma 2.1] and the identities v = v? = v* with

Trvy = / py()dx = / v(x,z)de = N
R2 R2
for the density matrix ((17.4) of a Slater determinant. It follows that

J.

Next we use Cauchy-Schwarz to obtain

2

N
<(C—.
- R

2
Vi wg (@ - 962)‘ (Pv(xl)pv(m) = [y(z1, x2)!2>dx1d$2 3

2
Wiz + War| < e (Ipf? + [p5]%) + E|VLwR(w1 — a9)|?
and hence, since both sides commute with Uso,
Ce C 2
|aTr (Wi2Uj2y ® 7)| < ~ Tr (]pA|2’y) + Ne /4 ‘VLwR(xl - xg)‘ Iy (21, zo)|*dzyday
R

where we used that
Tr (IpPUr2y @ 7) = Tr (Ip™%) -
Optimizing over € gives

w1 Q)

la Tr (Wi2Ur2y ® 7)| <
Next, using ((17.17)) again,

C N?
/ Wigspy (1) |y(22, 23)|*derdaedas| < — / py(z)da / y(z,y)|? dedy | < C—5
R6 R R2 R4 R
and we obtain a similar bound on the last term of ((17.8) noticing that

[v(w1, 22)y(22, ¥3) 7 (23, 71)| < Z [v(w1, 22)Y5(3)] [v(22, 23) 95 (21)]
1

<

S bt w) B () + 5 3 s, as) P ()
J J

N~ N

1
|v(z1, 902)|2 Pw(ﬂ%) + B |y (22, 953)|2 ,07(371)-
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We now want to take R — 0 in (|17.16)) and show that Sja%f can be replaced by £,

LEMMA 17.5 (Convergence of the regularized energy).

The functional S%f (16.14) converges pointwise to £ (16.15) as R — 0. More precisely,
for any fermionic one-particle density matriz vn with

Tryy =N
and associated density pn we have
Exlyn] — €[ ]| < CREM [yw]*?. (17.18)

PROOF. In terms of
¥=N"lyyand p= N_lpVN

we have the expression
Eflyn] = Tr ((p + BoAR ﬂ / Vp (17.19)

and similarly for £, which is the case R = 0. The Lieb-Thirring inequality [94], Theorem
4.3] yields

Tr (0™ + BoARlp])*7) = € 7
and
T (@Y)5) 2 | 7

while the weak Young inequality (see e.g. similar estimates in [59, Appendix A], [112]
Appendix A] or Appendix [1| below) gives

1 (|ARAIFT) = [ 1ArPr<C [ 7
R2 R2
Hence a use of the Cauchy-Schwarz inequality implies
2
Ex ] > CTr ((pA) 7) :

We now expand the two energies of (17.19) and begin by estimating the squared terms
using the Holder and Yound inequalities

2 ~ ~
|(Ja%@]" - A1) ?|| 17022
< (Vwr = Vo) * 7l 1 (T + Fuwo) + 7l 17l 2
< |[Vewr — Vaoll s [IVwg + Vag|l s 17122 < CREX [yn]*/?

< [1afE)” - 1Al
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as per the above estimates, and bounds on Vwg following from [59, Lemma 2.1]. As for
the mixed term

T (AR - Al 23] < [ VA || (A% - Al VA,
< e {2 ||| ARG - A[|] . 15155
<ce'ly

]
12 /(Vwr = Vo) * 5l 7],
< CEM [ || Vwr = Vuollpass (7175
< CRgaf [:}7]3/2
where ||W||gr = Tr[|W|p]% is the Schatten norm [140, Chapter 2] and where we used
Young’s inequality. g
Inserting (17.18)) in (17.4) we get
EE(N) C
— < — 17.2
N <& [VN]+CR+NR2 (17.20)

for a sequence yy with uniformly bounded Hartree energy. The last step consists in con-
structing such a sequence ~y, whose energy will behave semi-classicaly.
2. Semi-classical upper bound for the Hartree energy

We use [147, Lemma 3.2], whose statement we reproduce for the convenience of the
reader.

LEMMA 17.6 (Semi-classical limit of the Hartree energy).
Let p > 0 be a fized function in C°(R?) with support in the square C, = (—1/2,7/2)* such
that p > 0 and fCr p=1. Let A € L*(C,) be a magnetic vector potential. If we define

=1 ( (—ihV + A, — dmp(z) < o) (17.21)

where ((—ihV + A)a is the magnetic Dirichlet Laplacian in the cube and h = 1/v/N we
have

lim N~!'Tr <(—ihV + A)zny) = 277/ p(z)?dx (17.22)
N—o0 R2
and
lim N~ ! Tryy :/ p(x)dz with Py —p (17.23)
N—o0 R2 N

and weakly-* in L>(R?), strongly in L'(R?) and L?(R?). Furthermore, the same prop-
erties stay true if we replace vy by YN the projection onto the N lowest eigenvectors of

(—ihV + A)Z, — dmp(x).

The convergences we claim for N _lpw\, are stronger than in the statement of [147,
Lemma 3.2]. They easily follow from the proof therein.
We are now able to complete the proof of Proposition We take

N = ]1( (~ihV + Ac + BoA[p™F))7, — dmp™ (2) < 0) (17.24)
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and vy the associated rank-N projector, as in the above lemma. Therefore we know by the
above theorem that pu
B
weakly-* in L>(R?), strongly in L'(R?) and L?*(R?). We have that (the definition of the
weak L? space is recalled in Appendix [1| below)
V4w = VElog|z| € L (C,) N L2 (R?).
We deduce that
aAlpsy] = BoAlp™T]
strongly in L>°(R?), by the weak Young inequality [92] Chapter 4]. We thus have
af i~ 1+on(1
e vy = (A;V())T [(p + BoA[p™T]) N/ z)psy (z)dz + oy (1) (17.25)

We now use (17.22) to take the limit of the trace and m to take the limit of the
potential term (V € L] (R?) by assumption).
Combining with the bounds from Lemmas and we finally obtain

E"(N) f c
< a
N <E"AN]+CR+ =5+ N
§27r/ p2TF($)d$+/ V(z)prr(z)dx + on(1)
R2 R2

=err + on(1)

provided R=N""7 with 0 <n < %, completing the proof of Proposition m






CHAPTER 18

Energy lower bound: semi-classical limit
In this section we first derive some useful a priori bounds and properties of the Husimi
functions. Next we express our energy in terms of the latter and obtain a classical energy
approximation on the phase space, plus some errors terms that we show to be negligible.
We will use this expression in Section [19| to construct our lower bound.

1. A priori estimates.

LemMA 18.1 (Kinetic energy bound).
Let Uy € Lasym (RZN) be a fermionic wave-function such that

(Un, HfUyN) < ON.

Then
N
1 c
N2<\I/N, (Z—Aj>x1/N> <= (18.1)
j=1
and
M\ 2
Py C
—N < —. 18.2
/Rz ( N ) ~ R? (18.2)
Moreover
V(x)psl,l) (z)dx < CN. (18.3)
R2 N

PRrROOF. We expand the Hamiltonian and use the Cauchy-Schwarz inequality for oper-
ators to get

2
I
WE

2
((pf) + ()zp}A . Af + ozAf.p}A + aQIAfIQ + V(a:j))

.
Il
-

WE

(=257 (p)” + (1 = 20)02| AT + V()

<.
Il
—

I
M=

(5002 + V(w)) - 702l (18.0
1

<.
Il

choosing § = 4. Thus we have

Tr [((pA)2 n V) *y](\})} < CN +7a? <\I/N, EN: \Af\Z\I;N>
j=1

173
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where 'y](\}) is the 1-particle reduced density matrix

NTron [|[¥N) (PN]]-

We estimate the second term of the above using [59, Lemma 2.1]:

N
CN3
<\1:N,Z|A§|2\1;N> <

=1

Recalling that o = N~! we get

Now we use that
2

| —ihV + A ? > —%A — A
and that 2 = N1 to obtain

N
CN C 2 (1)
R <\11N, <§ :—A]) \yN> Ty [|Aey e }

j=1

recalling that V + C > 0. But |A.|?> € L>(R?), we thus deduce (18.1). We obtain (18.2)
by using the Lieb-Thirring inequality [104}, 105]

T [-a0] = € } () @) da

combined with (18.1)).
Finally (18.3) is a straightforward consequence of the positivity of the full kinetic energy
(first term in (|16.3)). O

2. Properties of the phase space measures

The following connects the space and momentum densities ((16.35) and (16.36)) with the
Husimi function and is extracted from [147, Lemma 2.4]. The generalization to squeezed
states we use does not change the properties of the phase space measures.

LEMMA 18.2 (Densities and fermionic semi-classical measures).

Let Fy,, Gp, be defined as in (16.28)) and (16.29) (recall that h = Vhgr/Ty). Let Uy €

L2, (R2NY) be any normalized fermionic wave function. We have

asym
! ; k ®k
(271-)2]6 R2k msp])\,(ﬂﬁ,ph 7xk7pk)dp1dpk = k'thpEp])v * (’th|2) (185)
and
! k
@)% Jon my) (@1, p1, ooy i, pr)der..day = KBRS 5 (|G, 2)” (18.6)

The proof is similar to considerations from [147]. We recall it in Appendix [3| for com-
pleteness.
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LEMMA 18.3 (Properties of the phase space measures).

Let ¥ € Lzsym(RzN) be a normalized fermionic wave function. For every 1 <k < N the

function msli)v defined in (16.32)) is symmetric and satisfies

k)

0< mEI, <1 ae. on R, (18.7)

JS
In addition
1 k)

G Jon M) (21, D1 o Ty P} @1 cdpp = N(N = 1) (N — k + DA% = 1

(18.8)
when N tends to infinity and

1 k E—
(27‘(’)2 /]1{4 mEI/])\,(xlvph 7xk7pk)dxkdpk = h2(N —k+ 1)m£I/N 1)(x1,p1, ooy xk*lypkfl>

We refer to [147, Lemma 2.2] for the proof.

3. Semi-classical energy

We now define a semi-classical analogue of the original energy functional, given in terms
of Husimi functions. We denote dz;; = dx;dx;:

e (] = gz [, (p+ Ao+ V@) ml) . oy

2
* (27€§4 /8(]31 + Ac(1)) - Viwg(a — 552)7”51?; (212, p12)dz12dp12
R
1 - . o) dzy55d
- 27)8 Jpro V>wpg(r1 — x2) - Vowg(z1 — 23)my (2123, p12s)dzizsdpizs.

(18.9)

Our aim is to show that it correctly captures the leading order of the full quantum
energy.

PROPOSITION 18.4 (Semi-classical energy functional).
Pick some € > 0 and set

Vhe = N"Y2+e /h, = N5 (18.10)
Pick a sequence Wy of fermionic wave-functions such that
(Un, H§Uy) < CN. (18.11)
Under Assumption we have
Uy, HEW g 3 _ _ _
<NN> > (1 - on(1)) ER [mggv} _ONW142E _oNIl_OoNT2E (18.12)

We first derive an exact expression, whose extra unwanted terms will be estimated
below.
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LEMMA 18.5 (Semi-classical energy with errors).
In order to lighten the notation, we denote in this lemma and its proof

(A) = (In, AU y).

Let W be a fermionic wave-function satisfying the bound (18.11)), we have the semi-classical
bound

N
<Z (P} + oA (@) + V<xj>> > Nl [m) ]

j=1
N
+ 2ok <ZZ (VLwR — Viwg « |Fy, | |th|2) (xj —ap) - (—ihvj)> (18.13)
=1 kAj
N
+2a <Z Y Ac(w)) - VEiwg(z; — )
i=1 k#j
— | Ac(wj—u) (Viwg |Fy, *) (v — ) — u)|F(u)\2du> (18.14)
R2
N
+ a? Z <Vle(xj —xp) - Viwg(z; —2y) — / <VJ_'IUR * \Fhmlz) (xj —x —u)
=17kl R?
(Vhwr s 1B ) (5 — o = w)| By (u)Pdu) (18.15)
+ Erry + Erry (18.16)
with
N
Err; = 2R <Z(Ae — A By ) (zy) - (—ihvj)> (18.17)
j=1
N
+ <§:(|Ae|2 — |Ac® % | P, [*) () +V = V IFhJQ)(J«"j)> (18.18)
j=1
and
N
Erry = o’ <Z}§ IV wpg(z; — xk)|2> — Nhy /R IV £ (y)[Pdy. (18.19)
J=1 k#j

ProoOF. We expand the whole energy as in ((16.10)) and express each term using Husimi’s
function ([16.32)). We begin with calculations involving the p variable. Using (|16.36))
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and ((18.6) we can write, for the purely kinetic term,

N
<‘I’N, > A ‘I’N> /\P’Qt
=1

1 (1) 9 / (1) NIZ(nl2 (a2
i Lo @lpPdadp [ 18 )Gy (0= p)P (ol ~ I

)

2 ([ o) ([ rcnoka).

We now use that Gp,(—p) = Gy, (p) which makes |Gy, (p)[* an even function (recall that
Gh, is the Fourier tranform of I, (16.28)) to discard the last term of the above. On the

other hand, using (|16.36]) we find

/ ty) (9)|Gn, (0 — p)I*(lg — p*)dpdg = N/ (G, (p) I[Pl *dp
R2 xR2 R

N ’p|2 X x/ ip-x _ip»m/ ’
_ B e B dpdad
(27Th)2 /Rﬁ hip f i ! T e n e o odpdrdr

NﬁZ ‘p\(;‘F”) 5
=N SV we Vi dpdudo = —Nh, [V 5()Pdy,
(2mh)” JRre R2

thus concluding that

! (1) 5 _/ (1) V2 (la — pl?
~@nne /szqu,,v(w,p)lp\ dadp RQX]R?%N(P)’G@(Q p)I*(lg — p|*)dpdg

N
1
2 1) 2 _ 2
<\PN, > A, \IJN> e /R s p ™0 (@ D)IPPdedp — N, /R IVFw)Pdy.
J=1
(18.20)
For the magnetic cross term (I8.17) we use (20.24) to obtain, for any u € L?(R?),

1
/ p- Au@)] (u, Fp) [Pdadp = / p - Au(2)| FlFa o) (p) Pdpda
(277)? Jr2 2 R2 xR?

/ A (z)- /R Zp’fh[Fx,ou](p)Pdpdx = h /R Ac(2)-S /R  Feo(0)u(y) VI Feoul (y)dyda.

Then since Fy o and |u|? are real we obtain

(27rlh)2 /RQXWP'AG(SU)’ (u, Fa?p>| dzdp = h/ A ( / | Fp, (y S u(y)Vu(y)] dydz

—h / (Ae(z) * o P)(y) - S [0(y) Vuly)] dy.
RQ

Combining the spectral decomposition of the one-particle reduced density matrix with the
above we get

N

N . |
hj; (pj - Ae(j)) = (%h)g/ p- Aedm‘(l,l])v +R <Z(Ae — A x| F, ) () - (—1hvj)> _

j=1
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Now for the mixed two-body term ([18.13]):

1 1
M SNV 1) @) /R4 » m$) (x1,22,p1,p2) (Pl - V& wg(z - I2)> dz1dzadpidps
X
= o Lo o1 T (e = 20) (P © Prap (00 9) ey drradprady
- X

ih _
= —/ — | Viwg(z) —22) / [Vy = V] (FILO(yl)Fm,O(zl)\I/(ylay2ay)
RQ(N72) 2 R4 R8

U (21, 22, Z/)Fz2,0(y2)Fa;2,o(Z2)>5(y2 — 22)0(y1 — 2z1)dx12dy12d212dy

and since —3 (u — 1) = S[u], we get

M=- h/ / V4iwg(zr — 2)|Fr, (y1 — 1) | By, (y2 — 22) % - %[@Nvm ‘I’N} dz12dy12dy
R2(N-2) JR4 xR4
:/ / ((VLwR * |th\2) * |Fﬁ$|2> (x1 — .CEQ)%[ — ihvxl\I'N@N} dxidaody
R2(N-2) JR4

and conclude

hz Z <pj . VJ—wR(CUj - xk)> = (27r1h)4 /]R4><R4 <p1 . Vin(m — xg)) dmsli)V

N
+R <Z Z (Vin — Vtwg |Fy, |2 * ’th|2) (z; — ) - (—ihvj)> ‘

For the terms which do not involve the variable p we only discuss the three-body term (|18.15]),
the others being treated in the same way. We apply Lemma ((18.2))

1

—_— Wios(x1, 2, x m(g)x, , -, X3, p3)da123d
(2rh)? /RGX]RG 123(21, T2, 23) My (%1, 1, -, T3, p3)dT123dp123

= W123(961,962,9€3)P\11N # ([, | dz123
R6 xRR6

=/ V¥iwr(u—v+y —y2) - V>wr(u—w+y1 — y3)
R

5 (u,v,0) By, 1P (1) [, (32) | B, | (y3)dyrasdudvdw

:/6 (VJ‘wR * |th]2)(v —u—y) - (VJ‘wR * ]th|2)(w —u—yp) |th(y1)\2p$1)vdudvdwdy1
R
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and then

i ZZ <VLwR(xj — ) V+wp(z; — xl)> = (271’171)6 /R12 (vaR . Vle> dm&i)v

§=1 k#j I#k

N
+ Z <VLwR(:):j — ) - VLwR(xj —x) — / (VLwR * \th]2> (xj —xp —u)
pa——— R?
(Vhwr « | B ?) (2 — 21— w)] By, (w)Pdu ).

O

We now show that all errors in (I8.16]) are smaller than the classical energy £C. This
conclude the proof of Proposition [18.5

LEMMA 18.6 (Convolution terms).
For any function W on L™ (RQ), consider the n-fold convoluted product of W with |Fy,|?.

W sk |[Fi, |2 = W |Fy, |? % |Fp, |2 % ... % | Fp, |2
We have the estimate
|W s | F, |2 = W | oo < Crlia [|AW | oo (18.21)

PRrROOF. For any z,y € R? there exists some z € R? such that
2

W (2~ Viy) = W(a) ~ VEIW (@) -y + 2 (y, HessIV (2)y)

and hence
1 _ i
W = W 1P = W) - o [ WG e B
1
- ’W(m) - / W (g; - \/hxy> ey|2dy’
Vs R2
< Chy | AW ||

using the radial symmetry of y — e~1W* to discard the term of order Vhe. It follows that
for any n > 2

|W s | Fp, |7 = W | oo < Crli [|AW | oo
because

| AW sy |F, = [[(AW) 1 | Fp, < ClAW|| o -

e *ll

O

PROOF OF PROPOSITION . Let ¥ be a sequence of fermionic wave functions
such that
(Un, HRUN) = O(N).
We will systematically use the bounds (18.2)) and ([18.1)

CNZ N CNQ
Hp'yNH%z(Rz) < ? and <\I’]\[7 (Z—A]> \IIN> < RQ

J=1

to deal with our error terms. Recall that the main term in the energy ((18.16)) is of order N.
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Estimate of . ‘We have
I Tr ((Ae — Ac * |F3, [7) - (=i0V) ) | < [(iAV) AN llgz [|(Ae = Ac * [Fi|*) VAN | o2
< A/ Tr(=A)yw H(Ae — A x ‘FHIIQ)\/P“/NHB(Rz)

N 2 1/2
< Chﬁ HAe — A x| Fy,| HLOO(RZ) ||p’}’N”Ll(R2)
CN

< S lAC — Ak |y Pllpoeqes)

where ||W||gr = Tr [|W|p]% is the Schatten p-norm. We used ([18.1)) to bound the kinetic
term and we now use Lemma [18.6] to deduce
CNhy

= |AA| o < CNTT2E (18.22)

| Tr ((Ae = Ac % | Fp, [* - (=iV) yw) | <

Estimate of (|18.18]). We have

(1A = (Al 5 [Fhe )y | 1 ey < (1Al = [Ael 5 1By [*[] oo gy 109 [ 122y
< ON|[[|Acl® = |Acl® * B, ]| oo )
< CNhg || AJAcP|| oo g2y < ON* (18.23)

where we used Cauchy-Schwarz’s inequality and the estimate of Lemma ([18.6). For the
second term of (18.18) we use Assumption and Lemma to write

[(V =V *[Fn*) p(@) < Cha /R AV (2)] p(z)dz
<y [ (12 1) pado
< C’h;v/ (2]’ +1) p(z) < CN% (18.24)
R2

by using Young’s inequality
TszS 5_2745_‘_2
s s
the choice (18.10)) and the a priori bound (18.3)).
Estimate of (18.19). We have
al C
(S5 Wuntey - s} £ <o
J=1 k#j

and
ﬁp/ IV f(y)|?dy < CN 2
R2

recalling that f is a fixed function and the choice (18.10]).
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Estimate of (18.13)):

4o ‘Tr [(VJ‘wR — Viwg * |, |? * ’th|2> : (—ihVﬂ’yﬁ)} ’

< Co||(~inV)Anllgs || (VHwr = VEwn x| By 2 | B ) /2

< Cah— pr ‘ (Vle — V4iwg * | Fy,|? |th\2) HL
< Comf H (vin — Vhwp x| B, | \thﬁ) HL (18.25)
where we used (18.2). We then use Lemma and the estimate ) to get

hh

4o ‘Tr [(VLwR — V4iwg * |Fy,|? \th|2> . (—ith)'y](\?)] ‘ <C

Estimate of ([18.14]). we denote

1= A (2;)-VViwg(zj—zy)— Ae(xj—u)-(VLwR*\th|2)(xj—a:k—u)|Fhm (u)*du. (18.26)

R2
Then
1aTr (0] < Ca D] 1A |VEwr - Vrug s (B, P e 1B
< CaN? - wRH
CNh,
< R < CN3t2e (18.27)

where we used ((18.2]) and combined with the estimate (20.12)).
Estimate of ([18.15). We denote

IT = Wigs (w1, v2, x3)
— / (VLwR * ’Fﬁz‘2> (x1 — o — u) - (Vle * \FhIIQ) (z1 — 23 — w)|Fp, (u)]*du. (18.28)
R2

Then

CNa
602 Tr {H*y](\‘;’)} < H(VLwR Viwg * |Fhw‘2 * |, | )pgﬂ‘ I
CNa
<% |l Bl .
N h
< Ca*—= H
< Cu R WR oo
CNh,
< =~ < CN'tE (18.29)

where we used [59] Lemma 2.1] and (18.21)) combined with (20.12]) to bound the last norm.
Collecting all the previous estimates leads to the result. (I






CHAPTER 19

Energy lower bound: mean-field limit

This section is dedicated to a lower bound on . We have reduced the problem
to a classical one in the previous section. We now perform a mean-field approximation
of the classical energy , showing that its infimum is (asymptotically) attained by a
factorized Husimi function. The crucial point is to keep track of the semi-classical Pauli

principle .

We first recall the Diaconis-Freedman theorem. We use it to rewrite many-particle
probability measures as statistical superpositions of factorized ones. We then estimate
quantitatively the probability for the measures in the superposition to violate the Pauli
principle. This is the main novelty compared to the approach of [147]. We finally prove
the convergence of the energy and states, Theorems and

1. The Diaconis-Freedman measure

For Zy € R*N a set of points in the phase space, we define the associated empirical
measure

N
1
i=1

The following originates in [41].

THEOREM 19.1 (Diaconis-Freedman).
Let uy € Psym(R4N) the set of symmetric probability measures over R*Y. Define the
probability measure P, over P(R%)

Pyy(o) = 0o=Emp,, dpn(z1,.- -, 2N) (19.2)

R4N

which means

6(9)APay (0) = [ 0 (pz) i (242
P(Q) QN
for all g € C, (P(RY)), and set
fin = #Nap,
fin /7> Y (p)

with associated marginals

O A N} (19.3)
pEP(RY)
Then an( 0
HMN K ™V = N ( 9. )
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fo

with Cy, () the set of continuous bounded functions on .

Moreover, if the sequence (,u%?)N is tight, there exists a subsequence and a unique

probability measure P € P ((P(R*)) such that (up to extraction)

in total variation norm

HM”TV = sup
HECH(RY),|| 9] oo <1

PHN - P
and, for any fixed n € N*

[ ), (19.5)
pEP(R*)

The measure P obtained in the limit is that appearing in the Hewitt-Savage theo-
rem [70]. See [133], 136], Theorems 2.1 and 2.2] for proofs and references. We will use the
following consequence of the Diaconis-Freedman construction.

LEMMA 19.2 (First marginals of the Diaconis-Freedman measure).
Let uy € Psym(R4N) and the associated Diaconis-Freedman approximation iy be given by
the previous theorem. Using the notation X; = (x;,p;) we have

A (@1, p1) = ) (@1, 91) (19.6)
Ay (21,01, w2, p2) = %ﬂﬁ) (X1, X3) + %M%) (X1)0 (w1 p1)=(22,p2) (19.7)
i (X1, X, X3) = NN _;)3(]\[ — 2);43) (X1, X2, X3)
+ (NN_Q 2 M%)(leXS)(SXl:Xg + H%)(X27X1)5X2:X3 + ,uE\Q,)(Xg,Xg)@(g:Xl
+ %M%) (X1)0x,=x,0x,=X3 (19.8)

PROOF. One can find (19.6) and (19.7)) in [136, Remark 2.3]. It follows from [133), 136,
Equation 2.16] that

N
N &

un(2) S NNox_pdZ = / in(2) [ NS0 | 4z

4N
vel'n R

fiv () = [

R4N =1

(19.9)

where Z, is the 4N-uple (T, (1), Po(1)s -+ To(N)s Po(N) = (Z0(1), 2oy ), (2i = (2i,pi)) and

I'x the set of maps from {1, ..., N} to itself (which allows repeated indices). We look at the
n-th marginal

XN
N
ﬂ%)(XN)Z/ un(2) [N 6,ox, | Az (19.10)
RAN =



1. THE DIACONIS-FREEDMAN MEASURE 185

In particular

N
A (@1, p1) = N7! un(Z) (D 6u-x, | 42
i=1

RAN

R4N

N N
/753)(9517201,3?27292) =N N (2) Z%:Xl Zazf:X? dz
=1 j=1

R4AN

N N N
ﬁg\?,’)(Xth,Xg) —_ N3 N (2) Z(szjle Zézj:XQ Z5zjzx3 dz
j=1 j=1 J=1

Expanding the n-th tensor power yields ﬁg\?) in terms of the marginals of px by an explicit

calculation. OJ

We now apply the above constructions to the probability measure

(N)

my  (T1,P1, . TN,
My = \IJN(]\;!(Z?;WH)QNN PN) 10.10)
to obtain an approximation of the marginals (cf Lemma
(k) mg?](xl,pl,,.,,mk’pk)
MmN = (19.12)

" N(N—1)...(N —k+1)(2rh)?*

We use the notation Wiy and Wias respectively defined in (17.6) and (17.7) to denote the
two and the three body operators. In the former case, this is with a slight abuse of notation:
we replace p® by the classical vector p; + A.(z) in the phase space.

LEMMA 19.3 (Energy in terms of the Diaconis-Freedman measure).

Let my € Psym(R*?) be as in ([19.11). Let PRY € P(P(RY)) be the associated Diaconis-
Freedman measure, as in Theorem |19.1. FEvaluating each term of (18.12)) gives

1 (1 _
Gt o PP V@) iy et = [ ] (AR V) dpepia PR )

(19.13)
1/ Wia m'?) (12 p12)d9612dp12—/ / Wia du®2dPRY (1) — ¢
(2m)* Jgs A RS JueP(R4) N NR?
(19.14)
1 (3) / / ®3 1 pDF C
o6 Wias d = Wioz du®3dP, —
(27T)6 R12 123 mf7\le R12 HEP(R4) 123 :LL N (ILL) NR2
(19.15)

PROOF. To apply the Diaconis-Freedman theorem ([19.1]) to the measures mgf;)\I,N, 1=

1,2,3 they have to be normalized as in ((19.12). We then use the measure mg\i,) instead of
mgf)\I,N in our expressions, keeping track of the adequate normalization factors. Denoting

Z; = (x4, p;) and recalling
2rR)PN(N — 1)...(N — k + 1)ymy) = m{) .
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Using Lemma [19.2] we calculate

1 / A2, (1) / / A2 DF
) Py m x1,p1)dxidpr = p1 "z, pr)deidpid Py (1
i L I Em{ls, (ar) [ o P O PE o

and
1 A 1 (2)
(2m)? /Rg(m ) Vowg(@r — x2)myy (21, Z2)dZ1dZ;
= N(N — 1)h4/ (P2) - VEiwg(zy — 22)m'P (21, 2,)d 2,42
R8
B N2h4/ / (p) - VViwr(z1 — 22)dp®*dPy" (1)
R8 J pueP(RY)
— NK* / () Viwr(e - 22)m\ (X1)8 7, —2,d 2,4 Zs. (19.16)
R
Moreover
vaR(xl — 562) . vaR(l‘l — xg)mg\?;)(Zl, ZQ, Zg)ledZQdZ:),
R12

N2
~(N-DH(V -2) /R / psy ¥t = 2) - V(e — ws) PN ()
e

1
)] /12 Wias (mﬁ?)(Zl, Z3)07,—2, + mg\?)(Z% Z1)07y=2, + m%)(z?n Z2)523:21)
-2)Jr
(19.17)

1
B (N — 1)(N — 2) R12 Wngmg\lf)(Zl)5Z1:Z2622=Z3' (1918)

We will discard the error terms in ((19.16]) (19.17) and (19.18)) using [59, Lemma 2.1]

v, < 27

and the kinetic energy bound ([18.1)). The latter, combined with equation ((18.20)) gives

C
//R4 pPdmi, (2.p) < 2 (19.19)

Applying the Cauchy-Schwarz inequality to the two particles term we obtain

1
L0 untes — e ()01 2
R

_CllAd~ 1 /
P B S— + J—
- NR N \ Jgs

C
<
~— NR?

2 1 1/2 1 1/2
VLwR(:L‘l - .1'2)‘ mgv)(le:szZIdZ2> (/4 ]p|2dmgv)>
R
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As for the three-particles term we have

= (2) C
N = < —
N /Rl2 Wias <mN (Z1,Za)5zl_22>‘ < v
L (1) C
W /R12 W23 (mN (21)521:22522223)’ < NTRQ

2. Quantitative semi-classical Pauli principle

Lemma (19-3) allows to write the energy as an integral of &F over P(R*) plus some
negligible error terms. Assuming R = N~ for some n < 1/4, we get from Proposition
and the above lemma:

(U, HRO )
N2 /7><R4> VAP (1) = on (1) (19.20)
where
R R 9
Evlul = /R4 |p + Ac(z) + BoA [p](ac)‘ w(z, p)dzdp + /]1&2 V(z)p(x)dx (19.21)
with
pla) = [ ey (1922
Note that

H R
o[-
1% (27r)2 Via ]
defined in (16.17)). However, P]]\D,F only charges empirical measures, which do not satisfy the
Pauli principle ((18.7)). To circumvent this issue we divide the phase-space

Upen Qm = R? (19.23)

in hyperrectangles labeled (,,,)men. We take them to have side-length [, in the space
coordinates and [, in the momentum coordinates, ensuring that

7272 _ AT—
Q| =212 = N7 (19.24)

The parameter 8 > 0 and the lengths [, [, will be chosen in the sequel.

If each €2, contains less than (1 + €)(27)2|Q,,| points (for some small €) our measure
will approximately satisfy the Pauli principle. We thus have to estimate the probability for
a box to have the right density of points. This is the purpose of the following lemmas. We
denote for a given measure u:

P, () = /Q dp. (19.25)

THEOREM 19.4 (Probability of violating the Pauli principle in a phase-space
box). Let my be as in (19.11) and PRY the associated Diaconis-Freedman measure. Recall

the tiling (19.23|) and assume (19.24) with 8 < 1. For any

1-p
0<6<T
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we have, for constant Cs > 0,cs > 0, that

1+¢ —¢sNon
]PJPJI\DIF ({EmpZ]\U/Q EmpZN 2 ((2 )2)|Qm|}> < 0(56 5N (1+€)' (1926)

Note that the condition 8 < 1 means lgli > N~!. Since the average interparticle
1/4

distance in phase-space is N~/%, our hyperrectangles typically contain a large number of

particles.
We start the proof of the above theorem with the

LeMMA 19.5 (Expansion of the Diaconis-Freedman measure).

Let
v = [ WAPR )
(R*)

be associated to (19.11)) as in Theorem and ﬁzg\?) the associated marginals. For any

Q c R* we have
k
/ < N- Z‘Q’S"k (19.27)
2k :
n 1 (27h)

with S(n, k) the Stirling number of the second kind, the number of ways to partition a set
of n objects into k non-empty subsets.

We refer to [16] for combinatorial definitions and estimates.

Proor oF LEMMA [19.5l The measure iy constructed from a puy € Psym(R4N ) in The-

orem [19.1] satisfies (19.9). Hence
i =N~ Z 3 /M N (Z)oxy=z,47 (19.28)

k=1~ely,,

with I';, , the set of ordered samples of n indices amongst N (allowing repetitions) with
exactly k distinct indices. Integrating on each side of (19.28)) and using the symmetry of
(recall Lemma [18.3))

0 Z @) < 1
N N T @) NN —1)..(N —k+1)

we obtain

~ (n) ‘Pnka
/n =N 2(2 M*N(N=1)..(N—k+1)

Now we calculate the cardinal |I';, ;|. For a given k, choose k indices among N (without
order) to, next, be distributed in n boxes. The first step gives us

N!
(N — E)k!
choices. For each of these choices we have to distribute n balls in k boxes (boxes can be
empty) which corresponds to the number of surjections from {1,2,...,n} to {1,2,...,k},
M(n, k) (with k& <n). Then
N!

Torl= - M(n,k
il = =gy M F)
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with [16, Theorem 1.17]
M(n, k) = k!S(n, k)
and S(n, k) is the Stirling number of the second kind [16, Lemma 1.16]. Thus
N!

Lo = 7
okl = =y

S(n, k).
U

We now need a rough control of the sum appearing in ((19.27) when the set 2 is not too
small.

LEMMA 19.6 (Control of the sum).
Take |Q,| = N=8 with B < 1. Choose some
1-p
<O< —5—
0 2

and define
n = LN‘SJ
the integer part of N°. We have that

2n Q| S (n, k) %
(2m) Z TR <CN

for some exponent & > 0 depending only on 4.

PRrROOF. We recall Stirling’s formula
N\Y N\Y
C1VN <> < N!' < CyVN () (19.29)
e e
and a bound for the Stirling number of the second kind from [130](see also [123), [89])
S(n,k) < C <Z> (k). (19.30)
Inserting these bounds we have that

(k=n) G(n n
— nmml(m)glg k) T e o(k)

with

fa(k) =(n—k)( logk+ (8 —1)log N + 210g(27r)> +nlogn — klogk — (n — k)log(n — k)

k

=(n—k) <2logk+logn+ (8 —1)log N + 2log(2m) — log(n — k)) + klogn —nlogk
<logk+ logn + (8 —1)log N + 2log(27) — log(n — k:)> + klog <1 + n;)

< (n—k)( logk +1logn+ (8 —1)logN + 2log(2m) + 1 —log(n—kz)),
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using log(1 + 2) < z. Since k < n ~ N° we find that the leading order of the above is
fa(k) S(n—k)(26+ B8 —1)log N <0

under our assumptions. Hence we find

)2 mﬂbﬂsnk = n
< -
N Z _C; k(n—k)’

which yields the result. U

Now we can complete the

PRrROOF OF THEOREM [19.4] We call

I'= {EmPZNa/Qm Empy, > ((2;)i)| m\} (19.31)

the set of all empirical measure violating the Pauli principle in €2, by a finite amount. We
have, using (19.3) that, for any n < N,

((f)iim PP < [ (/ ) P ) AR (o) = [

Next, using Lemma [19.5| we obtain

Q,
PPEF (F)S(l—i-&) 27T 27L Z’ ’ 2 th )

Choosing n as in Lemma [19.6] and inserting the 1atter result we deduce
N 5 N In(1+<)
P por M <C—->5 <CN n
N (1+¢)"

and the result follows. O

3. Averaging the Diaconis-Freedman measure

We divide R* into hyperrectangles
O = Qi X U,y
as in . We set
|| = [, [, | = l2lz NP (19.32)
for some 0 < 8 < 1 to be fixed later. We know from Theorem that the probability for

one such hyperrectangle to violate the Pauli principle is exponentially small. This means

that the contribution to (19.20)) of empirical measures

1 N
=% Zazj
j=1

with Zy = (21,...,%;) € I' (see (19.31))) will be negligible (by the union bound), provided
the number of hyperrectangles is not too large. The next steps of our proof are thus
e to reduce estimates to the contribution of a finite set of phase-space.
e in the latter set, to average empirical measures to replace p in by true
Pauli-principle abiding measures (in the sense of )
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As for the first step, let L > 0 be a number of the form
L=nN"1 (19.33)
for some n € N and define the hypercube
Sy =[-L,L)*

of side 2L centered at the origin. This way the number of €),,-hyperrectangles contained
within Sy, is 24n?. We first discard the energetic contribution of S¢.

LEMMA 19.7 (Reduction to the energy in the phase-space hypercube Sp).
Let 0 > 0 and p a probability measure satisfying

/R4 (Ipl* + V(2)) du(z,p) < D. (19.34)
Its energy can be bounded from below as
8= (1 -0) [ (1A + A" sl +V) sy aute) — O D 1035)
R4 oR?inf (L4, L?9)
where
Al [Ls,p) = » V>wr(e — y)Ls, (v, p)duly, p) = AT [pnsw} :
and

pA =p+ Ac(x).

The parameter o will tend to 0 at the very end of the proof (after we take N — oo, L —
o0, R — 0 while ensuring RS inf(L*, L?*) — o0).

PROOF. First, the positivity of the integrand gives
2
EF [u] > /S (\pA + AT )"+ V) du(, p)
L

Then we split A [y] into a contribution from Sy and one from its complement,
AT [u) = AT [Lg, ] + AT [Lsg ]

obtaining

(0™ + AT [Ls, ] + A [Lsg )" = (P + AR [Ls, )" + [A7 [L5p] |
+2 (pA + AR [Ls,p]) - AR []lgz,u} .

Next we use that ab < % + "sz to deduce

1
2(p* + AT [Ls, ) - AR [Lsp ] > o (p* + AT [Ls, )" — — |AT [Lsg ][
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But
2 2
[, AR sl @) o) < | AR (53]
2
< [[7tene s,

2
< Jussul2, [V

C
< < sl

where we used Young’s inequality combined with [59, Lemma 2.1]. The measure p satisfies

(119.34)) so, using Assumption m

D
1ge doedp < ——
/R4 ss p(x, p)dzdp < (L% L)

which concludes the proof. ]

We now turn to the averaging procedure turning empirical measures based on configura-

tions from I'“ (recall (19.31))) into bounded measures satisfying the Pauli principle (16.20)):

DEFINITION (Averaging map).
Let u be a positive measure on the phase-space hypercube S, = [—L, L]*. We associate to
it its local average with respect to the grid ((19.23):

16n*

Ave[u an/ m (19.36)

with the associated position-space density (recall that Q= QX Qi)

16nt

PAvelu] = /Ave dp_ Z ]]-sz/ |Qm ‘ (1937)

Note that Ave [u] lives on Sz, by definition. We next quantify the energetic cost of the
above procedure:

THEOREM 19.8 (Averaging the empirical measure).

Assume < 1 in (19.24) as well as

l, <R, [, <1 in the limit N — oc. (19.38)
Let ZN = (xluplv "'7xN7pN) with EmpZN € Fg7
(1+¢)
Qm 7T

Assume that (19.34) holds for p = Empy, . Then, for any o >0,

EEmpy,] > (1 - 0) (1— on(1)) EF [Ave [Emp, ]]
D2
R i (L, 1)

—on(1) - (19.40)
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PROOF. In this proof we denote
pp=Empg,
for brevity. We first use Lemma to write
D2
Flul > (1 —o0)&f g u - C
&yl = (1 —0)&y [, pl oRZinf(L*, L?)

and now estimate |Eff[Ls, p] — EFF [Ave [u]]|. We expand & (19.21)) and proceed term by
term. Recall from ((19.33]) that

244

St =U, 20

We first calculate
/ (™) + V(@) d(u — Ave [p]) = / ((pA)2 + V(a:)) Emp, dzdp
St St

16n

NZ/ ’Qm’ dxdp/ Z(Szfxpdxdp

Qm =1
We denote
Gy ={i,z; € S1.}
N =1,z € 57}
and let m(7) be the label of the box ), particle z; is in. This way

Z/ Osimwpydzdp = Y S

i€eGN

and

/SL ((pA)2 + V(JJ)) d(p — Ave [EmpZN]) = % Z <(p;A)2 + V(a:z))

€GN

A2

v

—/ —(p ) + (w)da:dp
my |l

By the mean value theorem applied in each €, there exists a point z; = (74,0i) € Q)

such that )
A
Vv
/ P AVE) 4y = 52 4+ V)

and we have, using Assumption [I6.1] to control the variations of A.,

/S ((p™)* +V(x)) d(Ave [Empy, | ’< () )+ V() — V()]

€GN

( sup lp‘p| + 1z sup ‘VV@:)’) + Cly
icGy \F=(@P)EQm ) 2=(2,p) EQm i)

Z (N l, sup |p|+ Nply sup |VV(CU)|> + Cly
mCS

2=(z,p)€0m 2=(x,p)EQm
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where we denote

Ny i=t8{z € Zn N Qn} < C|Q]- (19.41)
Since our assumptions imply that for any €,, C S,
N, < C|Q (19.42)

we may recognize Riemann sums and use Assumption [16.1] again to deduce

/S ((p™)* + V(x)) d(Ave [Emp, | — p)
s—1
< Cl, /R | IpldAve[p] + Cl, /R z[*~tdAve [u] + O,

<, /R IpPdAve ] + Ot /R VdAve ] + CL +Cl,

using Young’s inequality
o1 . s—1 . 1
o < ——rt -
S S
We next treat the two body operator Wiy defined in (17.6)) (understanding now p as a
momentum variable rather than an operator) in the same way. We set
dz = dzidxs, dp = dpidps.

By the mean-value theorem, for each (z;,p;) € {2,,(;) there exists some z; = (T4, i) € Qs
such that

Wiz d (Ave [EmpZN]®2 - (]lsL,u)®2> = /

Wha [,u®2 — Ave [EmpZN]m} dxdp
SL XSL

RS

- % Z Z [(pl + Ac(2;)) Viwg(zs, ) — (55 + Ac(@)) .VLwR(ii,ij)}
€GN JEGN
(19.43)

Expanding the functions around the points z; of the sum there exists a ¢; € {1,,,(;) such that

< Jvwg(ci) - (@i — i)

Ipi —pil <1y
with Jv,, the Jacobian matrix of Vwg. We denote

W = 02wg (19.44)
where 0, is the radial derivative explicitly calculated in . We then use and

estimate

\vin(xi) — Viwg()

Wiz d (Ave [Empy, | = (15,0)*?)

RS
C
S5 O 2 LNaNg s pul [W(am — )]

QmCSL Q,CS, #m €8hm,2q €4lq

c
tam 2 O NNy swp|Viwp(en - ag)| (19.45)
QmCSL QqCSL Z’m«EmequQq
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where we used that A, and its derivatives are in L*° by assumption and use the convention
z; = (i, p;) systematically. We denote

Wiz — z2) = sup {|W(y1 — y2)|, ¥1 € U, (1), Y2 € U, (2)}
Wa(ws = 22) = sup { |V wr(ys = y2)lsv1 € o, (21,92 € U, (22) }
P(p1) = sup{|p|,p € Qm,(p)}

with Qp,, (z) C R? and Q,,(p) C R? the square of our grid (19.32) that z belongs to
(respectively €,,,(p) the square p belongs to). Hence

‘/RS Wia d (Ave [EmpZN]®2 — (]lSL,u)®2)

<Cl. || Po)Wi(es — e Aveli(ar.pr) Avelp) (2, p2)dardazdprdpe
+Cl, //RS Wa(x1 — z2)Ave[p](x1, p1) Ave[u](z2, p2)dzidzedpidpy =: T+ 1L
Recognizing a Riemann similarly as above yields, using the properties of W (see ),
1<t [ mlaveld(enm) [ (G900 =22l + gl aicr) o) dndod

le
< C ol [ IplAvelul (e p)dodp

Ly 1/2
< O sl (| 19 Avelil o p)acy

where we also used the weak Young and the Cauchy-Schwarz inequality. Similarly, since
Vwgr € LQ’w,

< Clp //]R4 ’va(ml - IL‘2)| pAve[u](xl)pAve[u}(:cg)dwlde < Clp HpAve[u]HL2 :

We next turn to the three-body term ([17.7])

III := ’/Rm Wiasd ((]]'SLIU’)®3 — Ave [EmpzN]@)g)‘
with
Wiz = V3iwg (1 — 29) Viwg (21 — 23) .
We denote (with W as in (19.44)))
G(x1, 20, 73) = |W(x1 — 22)] ‘VJ‘wR(:cl - xg)\ + \VLwR(xl — )| W1 — z3)]

G(x1,22,73) = sup {G(Y1,Y2,Y3) Y1 € Qm, (1), 92 € Yy, (22),y3 € U, (23)}
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and observe that G gives a pointwise upper bound to gradients of Wis3 in any variable.
Hence, arguing as above

I < Cly . G(1, 22, T3) PAave[u] (1) PAavelu) (T2) PAvel) (#3)dz1 daadas

< C H/’Ave[u]HH

where we used the weak Young inequality twice. Collecting the previous inequalities we
conclude

EF ) > (1 = 0)&F [Avelu]] = C(Ly + 1)

L, 1/2
= 0% llpavepull <HﬂAve[u1HL2 + (/ !pleAve[u]> )

D2
- Clp HpAVC[M]HL2 B CO'R2 inf(L4, L2s)

D2
oRZinf (L4, L%s)’

> (1 - 0)&8 [Avelu] — on(1) — ox(1) / pPdAvely] — C

inserting our assumptions on the various parameters involved 12 = N~/** < R? and
lg = N7¢. We have also used the fact that, since

(19.46)

the bathtub principle [92] Theorem 1.14] implies that
2
[ Pasvelu = . losuull*

Finally, arguing as in Appendix [1| below (using ((19.46) again),
2 2
5V [Ave|u /|p\ dAve[u CHPAve H

and we can absorb an error term in the main term to obtain

2
811/% [:u] > (1 - U)(l - ON(l))g\]/% [AVG[IU]] - ON(l) - ON(l) HpAve[u] H2 - CO’R2 inleL‘l LQS) .

A last use of the bathtub principle gives

& [Avel]] 2 C[lpavep”-

Thus the proof is concluded by absorbing one last error term in the main expression. [
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4. Convergence of the energy

Going back to our lower bound ((19.20)), assuming R = N~"7,0 < n < 1/4, we have

ER(N) (¥n,H§¥n)
N N

> / EFUAPRY (1) — on(1)
P(RY)

> [ o EVIAPRE G0 —on () (19.47)
where
el = [, (1o + BA™ i @F + V(@) di, (19.48)
I¢ is as in ([19.31),
= = {ueP®): [ (0P + V) o) < 75 ).

and we have used the positivity of the integrand to go to the second line of (19.47). We
next pick [, 1, to enforce

. <R, <1, BI2=N7F

for some 3 < 1. This is certainly compatible with our other requirements, since R > N~/4

by assumption. We can then use Theorem to deduce

ER(N) R DF 7
= (=) —ov() [ o SV el APRE G — on (1) = O e
(19.49)
Next, denote, for some v > 0

0, = {M € P(R%) such that / o< 7} (19.50)

St

the set of measures whose mass lie mostly in Sy, and note that, as per Lemmas[20.4 and
&R [Avelu]] = (1 — CR)(1 — 2¢)(1 — Yers

for any pu € I't N ©,,. Clearly, if we set

T

e T 19.51
“R2inf(L?, L%) (19:51)

Y

with a suitable ¢ > 0 we have that
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Hence, with this choice,

ER(N

B> a-ema 20 -9)0- o) —ox(Wyers [ aPRE () —on(1)

ren=-
B Cr?
o RS inf(L?, L?9)
(1=26)(1 =7)(1 = 0)(1 —on(1))err (1 = PRY (Te) = PRY(ES))
_ Cr?
oRSinf (L2, L2s)’

with a self-explanatory notation for IP’EJ;V. There remains to estimate the probability of the
“bad events” in the last inequality. First, there is a § > 0 such that

14¢
PBEV (Ie) = PEEV (USKESL {EmpZNu/ Emp,, > ( )‘Qk‘}>

Y

(19.52)

Qp, (27r)2
16n+
1+¢
<> P ({EmpZN,/ Emp, > (Qlﬂkl}>
k=1 Qp (2m)
< C5LANPemesN In(lte) (19.53)

We used the union bound, the bound on the probability of violating the Pauli principle in
a single box from Theorem and the relation ((19.33)).
On the other hand, using Markov’s inequality, (18.1), Lemma and (19.6)) we find

e < et [ (P V) duten) ) arkE

P(R%)
= CR*r ! /]1{4 (Ipl* + V() dmg\l,) (z,p)

<cr L (19.54)

There remains to insert and (19.54) in (19.52). We can now set L = N" with
k > 0 a suitably large, fixed number and 7 = N* with »’ a suitably small, fixed number.
This makes all errors depending on N negligible because, crucially, contains an
exponentially small term in N. In particular, recalling (19.51)), v — 0 with such a choice of
a parameters. Hence we can pass to the limit in letting N, R~ L — oo with

the previously specified scalings, and finally let €, 0 — 0, obtaining the energy lower bound
claimed in matching the upper bound from Section

5. Convergence of states

We turn to the proof of Theorem Coming back to (19.49) and inserting the
previous choice of parameters we have that

¢ > (1-0)(1-ox(1)) /P o 1 T ()8 [Ave ) APRE ()~ (1)(1+07). (1955)

It follows from (|19.55)) and results of Appendixthat mg\l,) is tight. Applying the last part of
Theorem we thus obtain that the Diaconis-Freedman measure P)gg weakly converges
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to a probability measure P € P(P(R*)) (this is the Hewitt-Savage measure). It follows
from Theorem [19.4] (or [147], Theorem 2.6]) that P is concentrated on probability measures
satisfying p < (27) 2. Combining with Lemma [18.3|and (19.12)) we have that, for any fixed

k>0
L / ok
(277)2k m‘IIN Njoo fp(RzL) ILL dP(u)

weakly as measures. We now identify the limit measure P to conclude the proof of Theo-
rem [10.9)
To this aim it is convenient to write the integral above as

[tz teey e () dP G0 = [ ey (Aveld)dQu(n)  (1950)
P(RY) P(RY)
with

dQn[p] =1z, (1) Ire ()dPR" (). (19.57)
We will see Ey [Ave[u]] as a lower semi-continuous function on the space (P (R*),d}")
where

a¥ ()= s | [ odu- [ odv
[éllLip<1 /R R

is the Monge-Kantorovitch-Wasserstein distance, known to metrize the weak convergence
of measures [162, Theorem 6.9] (and we use Kantorovitch-Rubinstein duality [162, Re-
mark 6.5]). We have

LEMMA 19.9 (Limit of Ave).
Let € P(RY). In the dYV metric,

d
Avelu] = 3 ILQM/Q IYTMI o, (19.58)

when N — oo and L — oo.

PrOOF. We pick a function ¢, ||V¢|;~ <1 and denote

¢(z,p)
alg),, = dzdp
w2l
its average over a box (2,,. We have that, for any x € Qpy,
[¢(z) —alg],| < CUIVE| (19.59)

where | = max(ly, 1)) is the largest dimension of the box €,,. We thus have

16n?

gb )dAve [u Z/ d,u:Z/Q ¢dp+ on(1)

where the oy(1) is uniform in |[V¢||;« by (19.59). O

It follows that, if we take a sequence u, — u when N — oo,
4y (Ave [pn], p) < di (Ave[un], 1) + di” (pn, 1) < on(1)
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Hence, combining with Lemma (20.1]), we deduce
liminf &y [Ave [i/]] > &v 1] (19.60)

N—oo, p/—pu

We turn to the convergence of Qn defined in (|19.57)). For any continous bounded function
® € Cy(P(R*)) over probability measures,

— 0
N—oo

[ @) (4Qy () ~ aPEE (1)
P(RY)

by (19.53) and (19.54). Hence, applying Theorem we have that
QN - P

as measures over P(R*), where P is the limit of the Diaconis-Freedman measure. Combining

with (19.60)) we may apply the improved Fatou Lemma of [48 Theorem 1.1] to (19.56]),
obtaining

lin inf /p o B A ] Q) > /P o BV AP )

Combining with (19.55)) and letting o — 0 after N — oo we conclude
Tz [ e lap()
P(R4)

Recall that P is concentrated on probability measures satisfying x4 < (27)~2 and that e™F
is the infimum of &y [u] over those. Hence P must be concentrated on the unique minimizer
of &y [u], and this concludes the proof.



CHAPTER 20

Appendix for the almost-fermionic case

1. Properties of the Vlasov functional

In this appendix we etablish some of the fundamental properties of the functional &y
and some useful bounds on the vector potential Af[p] associated to a measure p. Note that
sometimes use the same letter C' for different constants.

LEMMA 20.1 (Lower semicontinuity of &y ).
Let (pin)n>0 be a sequence of positive measures on R* satisfying

0 < pin < (2m)72, / fin < C
R4

with C' independent of N. If u, converges to p as measures we have

lim inf €y ] > Ev ] (20.1)
PrOOF. We recall that the marginal in p of pu, is
pn(z) = /R2 pin (2, p)dp. (20.2)

It follows from applying the bathtub principle [92] Theorem 1.14] in the p variable that
v lna) 2 & ) i= 27 [ pbla)do+ [ Viz)pa(a)da.
R2 R2

Hence we may assume that ||p, | ;> is uniformly bounded and that p, — p weakly in L* (R?).
We then deduce from the weak Young inequality [92], Chapter 4] that
182pnlpn| 0 < C [V pu

2 9 2
L <Cllel v, <c.

VLw‘

We recall that the weak LP(R?) space is the set of functions

w2 _ {f | Leb ({:c eR?:|f(z) > A}) = <§>p}

with the associated norm
J 1/2
|l s = sup A Leb (2 € RY, [ f(2)] > A)
A>0
where Leb is the Lebesgue measure. We expand the energy

&l = [ (%) + 280" Alpu] + A2 + V) e pddadp (203)

201
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and use that ab < % + ”TZ’Q to get
1 2
2(p™) - Alpa] = —olp™* — ~ |A[pa]

and hence
&v [pn] +C HA2 [on] PnHLl > C/]R‘l (|pA|2 + V) dpin.

Thus (i) is tight and, up to extraction, converges strongly in L' (R4). In order to obtain
the convergence of A2[p,|u, we write

P (1) pn(w2) pin (23, p3) — p(x1)p(w2)p(23,p3) = (pu(w1) — p(21)) (Pn(w2) — p(22)) pin (23, P3)
+ (pn(21) = p(21)) p(2)11n (23, P3)
+ p(x1) (pn(22) — p(22)) pin (23, p3)
— p(x1)p(22) (un(x3,p3) — (23, p3)) (20.4)

and treat each resulting term separately. The first term yields

HAQ[pn - P]“nHLl < ”:UnHLl - <llpn — p”%ﬁ

V4w  (pp — )2 ?
Pn — P 2w

L
using that ||u,||1 < C and the weak Young inequality. For the second term of (20.4])

VLw’

2
|Alon = plAlplunlze < IALRl |40 < (0n = p)|| < Iolle low = plle ||V,
and for the last one
2
A (o) (kn = )] 1 < Mt = el oo [|[AZ[0]]| oo < bn = nall 1 VLw‘ Lo 1Pll2

For the cross term of (20.3), p®.A [p,] ptn we observe that

VJ‘fw)

[Alp = pulll 2 < llp = pnll s Lo

so A[p,] converges strongly in L?. We have || (pA)2 |1 < C so p™pu, converges weakly in
L? and by weak-strong convergence we deduce that the cross term converges. We conclude
using Fatou’s lemma for V' and the kinetic term

iiminf [ [p+ Au(o) (e p)dodp > [ Ip-+ Aule)Pite,p)dodp
R4 R4

n—oo

liminf [ V(z)pp(z)dz > /R2 V(z)p(z)dz

n—o0 R2
O
LEMMA 20.2 (Measures mgi)v are tight).
Taking any normalized sequence {¥ n} of N-particles wave functions satisfying: <\IJN, Hﬁ\IfN> =
O(N). The associated Husimi function mg?v is tight for all k:
lim limsup/ m$) (X1 ooy Thy D1y oovy P )dxy ... dagdpy...dpp = 0 (20.5)
B¢(0,K)

K—o0 Nooo N
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PROOF. We have:

+on(1)>C" inf 21V 1—/ O (21, pr)dad 20.6
etr +on(1) > |z|2+lle>l22K (p +(93)) B(0.K) m\pN(l‘l p1)dz1dpy ( )

which gives that mgl)v is tight.
For k = 2 we call B = B(0, K) C R* and observe that:

R* x R* = (B x B)U (B x B°) U (B® x B) U (B° x B (20.7)
We can deduce that:

m§) (B xB)>1- 2/ my) (20.8)

B¢(0,K)
because mgj)v is symmetric. The tightness of mfI,l ) allows us to conclude that m f2‘)1’N is tight
to. The tightness of all other marginals follows. O

LEMMA 20.3 (Existence of minimizers).
There exists a minimizer for the problem

¢TF _ inf {evm o<u<en?| [ u= 1}
R4

ProOOF. We consider a minimizing sequence (j,),, converging to a candidate minimizer
loo- By Lemma (20.1]) we have
et = inf Ey [Nn] > &y Luoo] :
n—oo

We also found during the previous proof that (), must be tight, hence
/ Moo = 1.
R4

LEMMA 20.4 (Convergence to & when R — 0).
For any measure p < (271)_2 such that [p. p < C we have that

ER 1] — €Y ()| < CR (EY ) + EF 1)
where
&l = [ (o7 + BoAR 1] (2)” + V(o)
R4
PROOF.
&) — 21ul| = || (0™ + BoA" ] (@) V72 = | (™ + BoA® [1] () Vil
< [ (@™ + BoA" (1] () /il 2 — || (0™ + BoA° [] () Vi) 2]
(EF W+ & [)'7?)

< [I(A® ]~ Al]) Vil o (8 1072 + v [0]2)
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where we have used the triangle inequality. Moreover we have that

2 ||1/2
A% = A t)® o < ol [[ (- 0m = Vo) 5]
< Nl ||V wn = Vo,

by the weak Young inequality and because

/ / 1X(U)du—/ i><(u)du dscg/ Laz=cr
r2 \Jre 2] B(.R) 17| B(02R) ||

Using that the minimizer in p

p = 2m) 1 (It + Alpl| < /)

is explicit we have

vl = Enelp) =27 [ oo+ [ Vizplaps
RQ RQ

and the minimization problem is now formulated in terms of

p(r) = /]R , p(z, p)dp.

This gives
Eviul = Cllplz2
and concludes the proof. O

LEMMA 20.5 (Dependence on the upper perturbed constraint).
The infimum of & does not depend on € nor ~y at first order

inf{Ev[uHOSug(lQ:;, /M=1—7}2(1—25)(1—7)6TF

PROOF. We calculate the infimum with the Bathtub principle [92, Theorem 1.14]. This
infimum is achieved for

p= 1T = (2m) 2 (14 )1 (jpA + BoAlpl? < s(2)
where s(z) = fﬂT’; because
[ i = pla) = [ @+ (1A + BoAl] < o) dp = 7(1+)s(a)
R2 R2

So, evaluating the energy

™) = il =2 |
R2

P’ (z) Vi@)p(e) o
(1+5)2d$+/ug2 (1+e) 4
(20.9)

but we can see that
Errlp] = Errlp] (1 — 2¢) (20.10)

where Etp[p] is given in (16.21])). O
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2. Bounds for A%

LEMMA 20.6 (Bounds linked to Af).
All second-order directional derivative of the function

wr(uy, ug) : R? — R?
are bounded in absolute value by the radial derivative:

|0, 0u, wr(T)| < C 02w (v)| (20.11)

for any (i,7) € {1,2}%. We also have the estimates

v, < 5 i
ot < s
favien], <& iy

Hv (VJ‘wR(u))i < RQ (20.15)
(o )] < o

PRrROOF. Recall that
wr(z) = (log| . | * xr) ()

with g defined as in ([16.8]). We call u; and uy the two components of the vector 4 and u
its norm. Using Newton’s theorem [92], Theorem 9.7] we write

—+00

wr(u) = /R2 log |t — ¥|xr(v)dv = 27 log(u)/o Xr(r)rdr + 27T/ rlog(r)xr(r)dr

hence
Oywr(u) = 1/ Xr(v)dv
D*wr(u :—/ o (v)dv + 2w\ R(u) (20.17)
Pwn(u) = /B(O e )dv+CXR( ) 4 Conu) (20.18)

where ¢p(u) = dyxr(u) is bounded with compact support. We observe that regardless of
whether u is smaller or greater than 2R we have

C 9 C
|Opwr(u)| < v and ‘OuwR(u)‘ < o (20.19)
and get (20.13]). Moreover
Ou .
V4wpg(ug,up) = Viwg(u) = MUJ‘ (20.20)
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We compute the two derivatives of the second component of (20.20)

2
OuwR | W1,

C
00y (10,00 = Down| < G [ xato)w+ Oxatw) (2021)
u U= JB(0,u)
U uLU UL C
Ao Do) = |52 0on) + 2 wntw)] < 7 [ o)+ Oxato)

(20.22)

we do the same with the first component of V+wp and get ([20.11)). If we differentiate once
again we get

Ul

Xr(u)

C

( OuWR) ’] <= / xXr(v)dv r(u)
U= JB(0,u)

which is also the case for the other component and derivative. We deduce

AV H < —
H Y|l = RSB
We can also compute
o
which gives (20.14]). To get (20.15)) we combine (20.19)) and (20.22)). For the third inequality
(20.16)) we expand a little bit our first expression

5w, <

Ouwr(u)Oywr(v)

uv

VLwR(u).VLwR(v) = (u1v1 + ugv2)

so the first component of the gradient is

o Ouwr(w)Ovwr(v) LPy {%wR(U)avWR(U)

Ouy Viwr(u).Viwg(v) =

} (u1v1 + ugvs)
uv u uv

Now

— Z <6mVLwR(u)-VLwR(U)>2

T=Uu1,u2,V1,V2

HV(Vle(u).V wr(v )HLOO

The rest of the proof consists of the computation of the above term using basic inequalities.
O

3. Computations for squeezed coherent states
We give for completeness three proofs that we skipped in the main text.

Proof of Lemma [16.4.
For any u € L%(R?),

(Fep) = [ Py =o)utn)e ™ Hay
= 20 [P, (-~ 2)u()] () = 270 (Fa B~ )] O () (20.23)

- /R G,k — D) Fll(R)e™ % dk = 270 (G, -~ p)Filul] (@) (2024)
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It follows that
1 1
— P, dad = )2 Fyop,u) [2dzd
i oy L, @ Pea) vty = sy [ [ () Paadp

/ (/ 74 1P -~ )] () dp ) o
- [ ([t ouPay) as

= 1P |2 oy 1l 22y = [l 72 o)

O
Fourier transform of F'.
We need to calculate the Fourier Transform of the Gaussian
2
1 Vi 1 /“21?“ 11
G =Yz - 2 Vg — — a2
hp(p) 271'71@#( Re U 27_‘_\/@\/% 1(p)
with )
Gi(p) = / e 2 Vidu
R
but we also have 4Gy (p)
1 b
=—-—=G
dp hp 1(17)
which gives the result. O

PRrOOF OF LEMMA [I8.2l We use ([20.24) and write for every fixed y € R2N—F)
(Foimn () oy (00, U8 (52)) o

=(210)* Fiy [Fy 0() © e @ Foy 0 (VUN (- 2)] (P, -oes D)
=(27h) 2 Fy [Gopy (-) @ e @ Gopp () Fn [ON] (- 2)] (w1, e Th).-
Next we sum over the p;’s using :

1 k
2m)2F Jgor m&,])v (21,01, -, Tk, D& )dp1...dpg

S () dp1...d F F v “a
_(27")2k<k>/]1g2k pr--- pk/]Rz(NkK w1 () @ e ® Fayp (), N(’z)>‘ ‘

N
k() [t [ B0 © e Pyl 2] ) s

N
k! <k> / Fi (1 — 1) Fi (5 — 20) Uy ()] gy
R2k

ok
k'h2k (’th| ) (a:l,...,xk).
which gives . The proof of ((18.6) is similar. O
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Improvement of the almost-fermionic
theorem assumptions






CHAPTER 21

Almost-fermionic limit with a Lieb-Thirring inequality for
extended anyons

We present here the proof of the result mentioned in Remark The assumption
R = N7" with 0 < n < 1/4 of Theorem is unsatisfying in view of the description of
the quasi-particles of the FQHE (see Remark . Is this context particles should not
overlap. We would thus like to relax the assumption on n until n > 1/2. Here is presented
a method allowing any 1 < 1/3 assuming the valididy of a Lieb-Thirring inequality for
extended anyons.

1. Lieb-Thirring inequality for extended anyons
In this Chapter, we shall assume a Lieb-Thirring inequality for extended anyons

THEOREM 21.1. For any Uy € L2 . (R*N) and o € 0,2[\ {1} there exists an uni-

asym
formly bounded below constant Cyo g N such that

N
<\I’N’Z (_ivj + aAR(Xj))2 \I’N> > Co,R,N /R2 p\pN(X)2dﬂC (21.1)

j=1
Recall that

N
AR (x;) =) VEwr(x; — xp) (21.2)
k=1
is the anyonic vector potential defined in ([13.6) and that
puy(x) =N Wy (%, Xg, ..., X)) |* dxo...dxy (21.3)
R2(N-1)

is the one-body density.

2. Improved results

THEOREM 21.2 (Improved convergence of the energy and associated states).
We consider N extended anyons of radius R = N~ and statistical parameter o = /N in

an external potential V. Under Assumption (16.1) and setting

1
0< < =
=73

we have, in the parameter regime ({16.5))

L ER(N)
1m =
N—oo N eTF

211
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where the many-anyon ground state energy ER(N) and the Thomas-Fermi energy are defined

in (16.12) and (16.22)), respectively.

Moreover, let {Un} C L2, (R2N) = AN(R2) be any L2-normalized sequence such that

(Un, HyWy) = ER(N) + o(N)

in the limit N — oo with (16.5)). For any choice of hy, hy, — 0, related by (16.26), and under
Assumption the Husimi functions of W converge to those of the Viasov minimizer

k
k
mEIJJ)V(xl)plu o 7xk)pk) — H mpTF(pj,:Ej)
j=1

weakly as measure for all k > 1, i.e.

(k) Qk
/szk mmN¢k — /RM(mpTF) Ok

for any bounded continous function ¢ € Cy (R4k).
Consequently we also have the convergence of the k-particles marginals in position and
momentum
k

~1
N
<k> p&f“}v(wl, ) = [ o™ ()

j=1
—1 k
N k
(k,> ty) (o1, o) = [[ 17 ())
j=1
weakly as measures. For the Wigner function W\(I,kji defined in (11.58]), we have the same

limit
®k

(k) 21.4
" W\I/N¢ — " (mpTF) 0] ( . )
for every test function ¢ such that
9oL D0k € L (R4k> , (21.5)
max (a;, 55) < 1. (21.6)

We derive new estimates for (21.1)) in order to prove

3. New estimates and proof of the improved convergence

We will use (21.1]) to improve the a priori estimates and the control of the error in
Lemma, To this end we first establish the following lemma

LEMMA 21.3 (Bound on two-body interactions).
For any Uy € L? (R2N) such that

asym
(Un,HRUN) < CN (21.7)
with R = N~", 1 < 1/2 and any potential w € L* (R2) we have that

[ =300, 6oy <l (N 40 (V%)) (215)
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where pfli)v is the second reduced density matrix defined in (16.35)).

We will apply this to w = V+wg obtaining the estimate

/4 Viwg (x—y)pgj)v (x,y) < N?log N (1 +on (1)) (21.9)
R
instead of )
1 (2) N
- Viwr (x —y) pyy, (%,¥) < = (21.10)
We will use (21.9)) to improve several other bounds in our proof.
Proor. We introduce the kinetic operator
K; = —ihV; + aAf(x;). (21.11)
Note that (21.7]) implies that
N
<‘IIN,ZK]2‘IIN> <CN +o0(N). (21.12)
j=1

Using the method of [147, Proof of Proposition 3.5] we define for any ¢ > 0 (to be fixed
later) the N-body Hamiltonian
al 1
~ )
Hy = sZKj - Y w(xk—x) (21.13)
j=1 1<k<I<N
Following Lévy-Leblond [79] we use that

N N
N
<\11N,§ Kf\pN> =T <\11N§ KJZ\IJN> (21.14)

j=1 j=2
1 1
<\I/N,N Z w(Xk—Xl)\I/N> = <\I/N,2Zw(X1—Xl)\I/N> (21.15)
1<k<I<N 1=2
to replace the two terms of (21.13)) and get
<‘I’N,E[N\I’N> = / <q1N,ﬁIN_1\PN> (xl)dxl (21.16)
RQ
with the (N — 1)-body Hamiltonian
N I 1
7 _ 2
Hy_1(x1) = ngKj - §Zw(x1 - x)) (21.17)
j=2 =2
The operator KJ2 still contains the variable x;. We then isolate it
N 2
KJ2 = <—ith +a Z V4iwg (x5 — x1) + aViwg (x5 — X1)> (21.18)
k=2

N 2
1 ) a? 2
> 3 (—1th +a E V4iwg (x5 — xk)> iy ‘VLwR (xj — X1)’ (21.19)

k=2
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For Un_; € Lasym (R2(N_1)) we use ([21.1) to obtain that
2 2 2
<\I’N1,JZ;KJ~\I'N1> > Ch /RQ Py, (x)dx
'’ 2
- N . PO N_y (Xg) VJ'U)R (X2 - Xl)’ XmdXQ

c C" 11 4

> | = -

= ( 2N5> / P () dx = S ||V wRH4

0/2
> — - -
= 9N / Py () dx — 5o

where we chose § = C'/C and used that HVLwRH4 < %. We then obtain that

~ Ce
<‘I’N71aHN71\I’N71> (x1) > N P%pN,l (x)dx
RQ

1 Ce
) - Puy_ (X2) w (X1 — X2) — NRZ

Ce 1 9 n 9 Ce
> (S 3) [ o= Tt -

where we used Young’s inequality for any 1 > 0 in the last term of (21.25))

a2 2
ab < — 4+ — s
2n 2
We pick
N
€= —
4Cn
and use ) to get
N 1
iCn <\I/N,ZK2\I’N> N | x2) plp (X1, %9) dxidxy > —Z |72 —

Inserting (21.7)) implies that

1
N w (X1 — X3) pgj)v (x1,%2) dxdxy <

where choosing n = N/ ||w|| ;2 gives the result.

e
nR?

We can now upgrate our a priori estimates from Lemma in Chapter

LEMMA 21.4 (Improved a priori estimates).
For any Uy € L? (RzN) such that

(Un, H§UN) < ON

N 2
<\PN, <Z—Aj> ‘I’N> < Cg log(N) (1 + on (1))

j=1

asym

we have

(21.20)

(21.21)

(21.22)

(21.23)

(21.24)
(21.25)

(21.26)

(21.27)

C

nR2

(21.28)

(21.29)

O

(21.30)

(21.31)



3. NEW ESTIMATES AND PROOF OF THE IMPROVED CONVERGENCE 215

and
P 2
/ (WN) < ClogN (1+on(1)). (21.32)
e\ N
Moreover
/ V(x)py) (x)dx < CN (21.33)
R2

The new bounds are better than the former. We have indeed

N? N?
CR log(N) instead of %

for (21.31]) and

Clog N instead of }22
for (21.32)).

PRrROOF. We expand the Hamiltonian and use the Cauchy-Schwarz inequality for oper-

ators as in ([18.4]) to obtain

N
Te [((0*)° + V) 2W] < ON + 702 <\11N, 3 \Af\2x1/N> (21.34)
J=1

where ’y](\}) is the 1-particle reduced density matrix

NTr2_>N H\I/N> <\I/NH .

We estimate the second term of the above using [59, Lemma 2.1]:

N
Uy, g ‘AR|2 Uy ) < V4iwg (x1 — X2) - V4iwg (x1 — X3) pg’) dxjdxodxs (21.35)
J R3x2 N

i=1
i ? @
+ V-iwg (x1 — Xg)‘ Py, dx1dxo (21.36)
R4
N n 2) CN?
< J— —_— .
SR oo V>wg (x —y) py, (X, y) dxdy + 2 (21.37)

where we used (20.13)) to estimate the last term os the above inequality. We now use (21.8)
combined with the tightness of Pspl])\, (same argument as in (20.2)), but using (21.33))

N
N 2) CN?
Uy, AfPPoy ) < = Viwg (x—y p( X,y)dxdy + ——
< JZ:; ;| R JB(0,K)uB<(0,K)xR? ( )Py () R?
N3 N? 1 CN?
<2 - ‘ / M (x)d 21.38
) H B(0,K)V WR L2+ 22 Be(0.1) Py (x) dx + R2 ( )

N3
< Cflog(N) (I1+on(1)). (21.39)
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where we used (21.8)) to obtain the first term (21.38]). Wee then used (20.13)) and integrated

over y to get the second. In the last we have chosen K = N*>3 combined with the tightness
of pEI,l])v Recalling that & = N~! we insert in (21.34) and deduce

CN
Tr [((pA)Z + V) ’Y](\})} <~ log(NV) (1 +on (1))
Now we use that
2
| — iV + A |? > —%A —|A.)?
and that 72 = N~! to obtain
N
CN C 2,.(1)
?108;(]\7) > N <‘I’Na (;_Aj> ‘I’N> —Tr [|Ae| N }
recalling that V' > 0. But since |A|? € L®°(R?), we deduce (21.31)). We obtain (21.32)) by
using the Lieb-Thirring inequality [104), 105]

Tr [—A%(\P} > C’/R2 (pfl,l])V (x))de

combined with ([21.31)).
Finally (21.33) is a straightforward consequence of the positivity of the full kinetic
energy (first term in ((13.1)). O

We can now improve the estimates on some remainders we had in the first proof. To this
end, we recall the Hausdorff-Young inequality [92][Theorem 5.7] and Plancherel’s Theorem.

THEOREM 21.5 ( Hausdorff-Young inequality).
Let 1 <p<2and f€LP(R")NL (R"). Then with 1/p+1/p' =1

1F1 Il o < Crp (1l 2o (21.40)

LEMMA 21.6 (Plancherel theorem).
For any function W € L? (RQ) such that AW € L? (RQ) the n-convoluted product of W
with |Fhm‘2:
W s |Fi, |2 = W o |Fy, |? % |Fp, |2 % ... | Fp, |2 (21.41)
converges to W in L? (]RZ) when hy tends to 0. Precisely we have the estimate:
W s [, |2 = W |2 < Crha [|AW]] 12 (21.42)
PROOF. We first check that W s, |Fy, |* is in L? (R?):
IW 5 1B o < IW I 1B 2] = 77 (21.43)

by Young’s inequality. We calculate the 1-Fourier tranform of Fj, recalling that h =
Vg By

1  halpl?
2

G(p)zfl[th](p):\/h»ﬁe

(21.44)
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We can now apply the Plancherel theorem:

W s B P = W[e = (|2 [ 5 | P 2 = W (21.45)
2
= / |71 (W] (p)[? (e*”“"?hz —~ 1) dp (21.46)
R2

= hy /Rz Ip|2F: (W] (p)|* dp + O (%) (21.47)

and we deduce:
W 5 | Fr, |2 = W |2, < Cuhi2 | AW (21.48)
by applying Plancherel’s Theorem again. O

The estimates we need to improve are ((18.13)), (18.14) and (18.15]).

Recall before starting that

Viwp(x) =V (log| . [ xr) (x) (21.49)
with
Xn = %X (7) (21.50)
We then have
‘fl [VL“’R} (p)‘ - Efl [xrl (p) = ,2;?1 [X] (Rp) (21.51)

with y € C°°(R?).
Estimate of (18.13):

s 1 [(V-ur = Thun B P ¢ | ) - (it 1))

) 1/2
< Ca||(=ihV) /N || g2 [/4 (VLwR — Viwg | Fy, |* + ’th|2> dpS\Qf)]
R

N+/log N
VR

where we used (21.31)) to bound the kinetic energy term and applied Lemma (21.3) to the
term with the second reduced density matrix. We now apply the Hausdorff-Young inequality
Lemma (21.5) to the L* norm of above

H (Vle — Viwg « |Fy, | |Fﬁx|2) HL4 < HE [VLU}R} (p) (1 - e_lePhw) HL4/3

4/3 3/4
dp) (21.54)

ha 4/3 5/4
< Cpr </RQ lIp| 71 [x] ()| dp) (21.55)

< Cah N[ (FHwr = FHwg « B, ? | B )|

(21.52)

LA

(21.53)

—rF1[x] (Rp)

(21.56)

where we used (21.51)).
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Combining (21.56) and (21.52) with h, = N~'*?¢ o = 1/N and h = N—1/2 we finally
get

4o

Te [(VEwn = V5own « | Fi, 2 B, [2) - (<inVa)a) || < 9792012 (o167)
Estimate of ([18.14]). We denote

1= Ae(Xj) . VJ"U}R(X]' — Xk) — /R2 Ae(Xj — u) . (Vle * ‘Fh ‘ )( — X — u)’Fﬁ ( )]2du.

(21.58)
Then
daTr [m@] < CaN? Al Hvin ~ V¢wr s B2 B
< CaN?h, wR) )
N
< ¢ h < ONt2e (21.59)

where we used lemma (21.3)) in the first line, the Plancherel formula (21.6)) and then the
estimate (20.12]).
Estimate of (18.15). We denote

IT = Wiaz(x1, X2, X3)

- / (vin % | Fh, 12) (X1 — X2 — 1) - (vaR x |th|2) (x1 — X3 — w)|Fy, (w)[2du.
R

(21.60)
Then
CN
602 Tr [117(3)} o H <Vle V4iwg * ’fo|2 * | P, | ) P(ﬁ@) It
0N3 2
< ||V wn — Vg < By P+ B
N h
2 T
<Cu T wR’ 12
< CNfz < CN3t2e (21.61)

where we used [59], Lemma 2.1] and (21.42)) combined with (20.12]) to bound the last norm.
Collecting all the previous estimates we have proved the following statement

PROPOSITION 21.7 (Improved semi-classical bounds).
Pick some € > 0 and set

Vhe = N7V24e /b, = N7=. (21.62)
Pick a sequence YV of fermionic wave-functions such that
(Uy, HRTN) < ON.
Under Assumption we have
(Wn, Hy )

~ > (1 - on(1)) ER [mg’;} _ONSnTIH2E _oNIIl_ONT2E (21.63)



3. NEW ESTIMATES AND PROOF OF THE IMPROVED CONVERGENCE 219

From there on the proof follows the same route as above (from Lemma ([18.4) of Part
with the constraint n < 1/3 instead of n < 1/4.
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