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Résumé

Cette these est consacrée a 1’étude de différents graphes aléatoires, définis par des propriétés
locales (comme la distribution des degrés des sommets ou la probabilité que deux sommets
donnés soient reliés par une aréte), et dont on cherche a déterminer des caractéristiques globales,
notamment leur géométrie et le comportement de marches aléatoires. Elle se compose de trois
parties indépendantes. A chaque fois, le graphe aléatoire étudié admet un arbre comme limite
locale, et une comparaison fine entre l'arbre et le graphe permet de transposer des propriétés

du premier au second.

e La premiere partie (Chapitre [2|) porte sur la limite d’échelle d’un graphe aléatoire critique,
un modele de configuration avec des degrés indépendants et distribués selon une méme
loi de puissance a queue lourde : elle a une variance, mais pas de troisieme moment. Il
était connu que les plus grandes composantes connexes de ce graphe ont une taille ©(n®)
pour un graphe a n sommets, le paramere a dépendant du modele. On montre que leur
structure converge vers une version biaisée d’un arbre aléatoire continu particulier, 'arbre

stable, auquel on rajoute un nombre fini de cycles.

e La seconde partie (Chapitre |3) est consacrée au champ libre gaussien sur des graphes
aléatoires d-réguliers. On étudie la percolation du champ libre au-dessus d’un niveau fixé.
Si on baisse ce niveau en-dessous d’un certain seuil critique, on établit I’émergence avec
grande probabilité d’une unique composante connexe géante englobant une proportion
positive des sommets, entourée d’ilots de taille logarithmique, tandis que seuls ces derniers
survivent au-dessus du seuil critique. On montre alors que ce grand continent admet
de remarquables similitudes avec la composante géante d'un graphe aléatoire célebre, le
modele d’Erdds-Rényi.

e La troisieme partie (Chapitre 4)) traite de marches aléatoires sur des relevements aléatoires
("random lifts”) d’un graphe fini quelconque donné. Ces relevements sont des graphes peu
denses mais avec de bonnes propriétés de connectivité et une structure assez réguliere,
I’arbre associé étant périodique. On prouve que la marche aléatoire sur ces graphes admet
un cutoff, c’est-a-dire qu’il y a une transition brusque entre le moment ou le marcheur
est encore localisé autour de son point de départ, et celui ou on a définitivement perdu sa

trace.

Les deux dernieres parties ont été réalisées a Paris sous la direction de Justin Salez entre 2017 et
2021. La premiere est issue d’une collaboration avec Christina Goldschmidt (Oxford Statistics),

initiée en 2016 lors d’un stage de recherche et poursuivie jusqu’en 2020.

Mots-clés : graphes aléatoires, limites d’échelles, champ libre gaussien, chaines de Markov,

temps de mélange.



Abstract

This thesis is devoted to the study of different random graphs, defined by local properties (such
as the distribution of the degrees of the vertices, or the probability that two given vertices share
an edge). We investigate some of their global characteristics, in particular their geometry and
the behaviour of random walks. It consists of three independent parts. In each of them, the
local limit of the random graph is a tree, and a fine comparison between the tree and the graph

allows to implement properties of the former on the latter.

e The first part (Chapter [2]) is about the scaling limit of a critical random graph, more pre-
cisely a configuration model with independent and identically distributed degrees having
power-law heavy tail behaviour: there is a variance, but no third moment. It was known
that the largest connected components of this graph scale like ©(n®) if the graph is on n
vertices, for some model-dependent constant a. We prove that their structure converges
to a biased version of a particular random R-tree, the stable tree, to which one adds a

finite number of cycles.

e The second part (Chapter [3]) is devoted to the Gaussian free field on random d-regular
graphs. We study its percolation above a fixed level. If this level is below a certain critical
threshold, we establish the emergence with high probability of a unique giant component
containing a positive proportion of the vertices, surrounded by islets of logarithmic size,
while only the latter survive above the critical threshold. We show that this big continent
shares remarkable similarities with the giant component of a famous random graph, the

Erdés-Rényi model.

e The third part (Chapter deals with random walks on random lifts of an arbitrary
finite base graph. Random lifts are sparse graphs with good connectivity properties and
a regular structure, the associated tree being periodic. We prove that the random walk
on these graphs admits a cutoff, i.e. there is a brutal transition between the time when it
is still localised around its starting point, and the time when we have completely lost its

track.

The last two parts have been realised in Paris under the supervision of Justin Salez, between
2017 and 2021. The first part stems from a collaboration with Christina Goldschmidt (Oxford

Statistics), started in 2016 during a research internship and continued until 2020.

Keywords: random graphs, scaling limits, gaussian free field, Markov chains, mixing time.
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Chapter 1

Introduction

For over half a century, a wide variety of random graphs have been studied. They were initially
introduced as combinatorial and probabilistic objects. The randomness allows to bypass the
difficulty to build explicit instances, when one wants to prove the existence of graphs satisfying
a given property (P): it suffices to show that (P) is satisfied with positive probability by a
graph chosen in a certain random way. We refer the interested reader to the book of Alon and
Spencer [19] for pioneering examples of this probabilistic method, in the works of Szele and
Erdés in the 1940s.

Nowadays, many random graphs play a central role in the modelling of real-world networks.
Popular examples include epidemic spreads, the Internet, interactions between proteins, social
networks, and so on. The survey of Newman [II§], published in 2003, gives a taste of this
diversity. Many applications have been developed since, so that an exhaustive state-of-the-art
review would probably be very difficult.

To this inter-disciplinarity corresponds an intra-disciplinarity in probability: recent works on
random graphs mix techniques from combinatorics, stochastic analysis, branching processes
or ergodic theory for instance. On March 8, 2021 in the MathSciNet database (https://
mathscinet.ams.org/mathscinet/index.html), there were 12315 papers containing the words
“random graphs” in the review text, 2531 of them dating from 2016 or later. 820 and 209 of
them respectively had the MSC category 60G (Stochastic processes) as primary or secondary.
For the category 05 (Combinatorics), these numbers were 2738 and 713, for the category 37
(Dynamical systems and ergodic theory), 244 and 78.

Both this wide range of applications in various sciences and these numerous connections between
different areas of mathematics make random graphs a rich field of study. This thesis illustrates
the latter phenomenon. It consists of three parts on purely theoretical models of sparse random
graphs, each related to different perspectives and research communities within probability. They
are united however by the interaction of several techniques coming from these environments.

In this Introduction, we present some essential features of sparse random graphs, and set the
results of this thesis in that context (Section for Chapter [2| Section for Chapter |3 and

Section for Chapter .

11


https://mathscinet.ams.org/mathscinet/index.html
https://mathscinet.ams.org/mathscinet/index.html

1.1 Sparse random graphs

Large sparse random graphs. Many probabilistic results on random graphs only hold asymp-
totically with respect to the ”size” of the graph, which is often defined as its number of vertices
or edges. In this Introduction, (G, ),>1 will denote a sequence of (possibly random) undirected
graphs, with vertex set V,, and edge set E,,, and such that |V;,| = n. This sequence is said to be
sparse if |E,| = o(n?). In other words, only a vanishing proportion of the potential n(n —1)/2
edges exist. In this Introduction, all graphs will satisfy |E,| = ©(n).

One fundamental example of sparse random graph that will illustrate several of the points below
is the Erd6s-Rényi random graph, simultaneously introduced by Gilbert [79] and Erdés and
Rényi [75] in 1959. For n > 1 and ¢ € [0,n], ER(n,c/n) is the graph on n vertices such that for
every pair of vertices z,y, there is an edge between x and y with probability ¢/n, independently
of all other pairs of vertices. We set ¢ to be a positive constant: the average number of edges
isc/n x n(n—1)/2 =c(n—1)/2 = ©(n) so that by the law of large numbers, ER(n, ¢/n) is
sparse with high probability.

From local rules to global behaviour. Many models are defined by the local interac-
tions between vertices. One knows typically the probability that two vertices share an edge, as
in the Erd6s-Rényi graph, or the distribution of the degrees of the vertices. A generic example
in this case is the configuration model: one assigns (in a deterministic or random way) a
degree d; to the i-th vertex of V,,, for every 1 < i < n. Then G,, is sampled uniformly at random
among all graphs with this degree distribution (this requires that the sum of the d;’s be even,
one can for instance replace d,, by d,, + 1 if this is not the case).

Then, one tries to infer properties on the global behaviour of G,, as n — 400. The questions

investigated are often among the following.

e Size: what is the size of the largest of connected components? For instance, what is the

probability that GG, is connected as n — +00?

e Connectivity: what are the diameter or the typical distance between vertices? How many

edges should one remove to disconnect a component?

e Geometry: consider a connected component as a metric space embedded with the standard
graph distance (the distance between two vertices being the length of the shortest path),
rescaled by the typical distance. Does its distribution converge to some (compact) metric

space? If yes, in which metric(s) does the convergence hold?

e Random walks: at what speed does the distribution of a random walker converge to the

invariant distribution on a connected component of G,,7

Exploration and comparison with a branching process. A natural way to infer these

global properties is to explore the graph neighbour by neighbour, using the random local con-
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struction rules. To keep track of this exploration, one records some statistics, for instance the
sum of the degrees of the first k vertices visited, £ = 1,2, ... Due to the sparsity, it is frequently
the case that there are few or even no cycles on large parts of the graph. Moreover, the con-
struction rules often entail that each exploration step is almost independent of the previous
ones, or only depends on a simple parameter such as the number of vertices already discovered.
Hence the part of the graph that we explore can be compared to a branching process 1. The
latter turns out to be the local limit of G,,, i.e. if z is a uniform vertex of GG,, and k£ € N an
arbitrary radius, the distribution of the ball B(x, k) converges to that of B(T,k). See [59] for
a very accessible lecture on this crucial notion. For instance, it is known that the local limit of

ER(n,c/n) is a Galton-Watson tree with a Poisson reproduction law of parameter c.

1.2 The phase transition

Phase transition. Changing some parameters of the model can lead to spectacular modifi-
cations of the global picture of G,,. There is often an abrupt phase transition, depending on
whether a vertex discovered in the exploration leads in average to more or less than one new
neighbour. Generally, if this average is below 1, a typical component that we explore will be
close to a subcritical branching process, for instance a subcritical Galton-Watson tree, whose
size has exponential moments. Hence, the largest connected components of the graph encom-
pass only O(logn) vertices. This is the subcritical phase.

On the contrary, if we see more that one new neighbour in average, a connected component
of GG, has a positive chance to grow exponentially, until a positive proportion of the vertices
have been discovered (which substantially affects the law of the number of new neighbours of
each vertex). Then, there is a unique ”giant” component of size O(n), with good connectivity
properties. This is the supercritical phase. The limit case, when this number is close to 1, is
generally harder to characterize. The possible existence and properties of a critical regime that
would drastically differ from both the subcritical and supercritical ones usually offer thrilling
research directions.

For instance, Erdés and Rényi [74] showed in 1960 that ER(n,c/n) undergoes such a phase

transition. The supercritical regime corresponds to ¢ > 1 and the subcritical regime to ¢ < 1.

Random graphs at criticality. When the average number of new neighbours is 1, we might
expect that the part of the graph that we explore is close to a critical branching process.

In the critical phase ¢ = 1, Aldous [13] established in a celebrated paper in 1997 that the
largest connected components of ER(n,1/n), whose number grows to infinity with n, are of size
@(nz/ 3). To do so, he built an exploration process, that roughly counts the number of vertices
"seen” (i.e. we have explored one of their neighbours) but not yet explored. It converges to

a slightly modified Brownian motion when suitably rescaled. This exponent 2/3 comes in fact
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2/3 vertices have been seen, each

from the fractal invariance of the Brownian motion: after n
discovered vertex leads in average to (n — n%/3)/n =1 — n~1/3 new vertices. If we want a con-
nected component to survive, we should discover at least 1 new vertex at each explored vertex,
so that there is a ”deficit” of order n?/3 x n=1/3 = nl/3 vertices, that can be compensated by
the Brownian fluctuations of order (n?/3)'/2 = nl/3 of the stack of vertices seen but not yet
explored.

Fifteen years later, Addario-Berry, Broutin and Goldschmidt [6] found a scaling limit for the
structure of these largest components: when scaling the distances by a factor n=1/3, they con-
verge to a sequence of random trees, with a finite number of identifications of pairs of vertices
to create cycles. These random trees are modifications of the Continuum Random Tree (CRT),
a random tree which is coded by an excursion of the Brownian motion above 0. The CRT is an

unavoidable bridge between random graphs and stochastic calculus, and has been thoroughly
studied since the 1990s (see [10], 1], 12} 95]).

Universal scaling limits. This phase transition has been investigated on various other random
graphs: configuration models, inhomogeneous random graphs, preferential attachment models,
and so on (see for instance [36} 50, 61} [76 [1T5], we give a detailed bibliographical account in
Section of Chapter [2). The book of van der Hofstad [I35] gives a modern panorama of

these models. It turns out that in most cases, one of the following two scenarii happens:

(I) the degree distribution of a vertex = € V;, chosen uniformly at random has a finite third
moment. Then the largest connected components have size ©(n?/ 3), the diameter and

typical distances between vertices are ©(n'/3).

(IT) this degree distribution has a finite second moment but its third moment is infinite. If

P(deg(x) = k) ot L(k)k~(@*2) for some o € (1,2) and some slowly varying function
—+00

L (for simplicity, think of it as a positive constant), then the largest connected compo-

nents have size ©(n®/(@*1Y), The diameter and typical distances between vertices are
@(n(a—l)/(a-i-l)).

When the degree distribution has infinite variance, there are enough ”hubs” (vertices with
arbitrarily large degrees as n — +00) so that all pairs of hubs are connected, and every vertex
is connected to a hub, hence distances in G, are drastically shrunk.

In both and one usually shows that the exploration process, when suitably rescaled,
converges to a (possibly modified) Lévy process. The case is often the hardest from a
technical point of view: there are many large degrees that make some key functionals non-
integrable but not enough to simplify the structure of G, as in the infinite variance case.

In Chapter we study a natural generic model that belongs to this case. It is a critical
configuration model with i.i.d. degrees whose distribution v satisfies We prove that the

rescaled largest connected components converge to modifications of a random tree coded by an
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a-stable Lévy process, the a-stable tree, with a finite number of vertex identifications to create
cycles (Theorem . These limiting spaces are new objects for a € (1,2), whose study has
recently been initiated in [82]. This convergence generalizes what happens in the special case
a = 2 (which belongs to |(I)|- the CRT is the a-stable tree for a = 2).

The originality and interest of our method lies in a measure-change that gives the law of the
degrees met in the exploration w.r.t. a sequence of i.i.d. degrees distributed as v, the size-bias
of v. It quantifies naturally an intuitive phenomenon, the progressive ”degree depletion” of the
vertices met during the exploration. In the latter, each new vertex is picked with a probability
proportional to its degree, hence according to the size-bias of the distribution of the remaining
degrees. But v dominates stochastically v, so that we tend to visit the vertices with a larger
degree first. This measure-change converges in the limit, to express how our limiting spaces are
obtained from stable trees. It would be interesting to look for a generalization of this procedure
to other graphs.

Contrary to many works on similar models, our approach is independent from the multiplicative
coalescent. The latter dynamic, already studied by Aldous in his seminal paper [9], is suited to
models with a monotonicity w.r.t. their parameters, like ER(n,p/n): edges are progressively
added as one raises the value of p, and the probability that a link appears between two connected

components is approximately proportional to the product of their sizes.

1.3 The Gaussian Free Field

The Gaussian Free Field on transient graphs. On an infinite transient graph G, one can
define a centred Gaussian process (¢(x))zec indexed by its vertices, such that its covariances

are given by the Green function I'g: for two vertices z,y of G,

Cov(p(a). p(y)) = Tal.y) = Y P(Xe = p),
k>0

where (Xj)r>0 is a Simple Random Walk (SRW) on G, starting at 2. This process is called
the Gaussian Free Field (GFF) on G. By this construction involving the Green function,
the GFF is deeply connected to structural properties of G and to the behaviour of SRWs on G.
In the past two decades, several generalizations of the second Ray-Knight theorem have been
found [73| 97, 104], 125], linking the distribution of the GFF with that of the local times of
the random walk on G. In the same spirit, connections with random interlacements have been
established [130, 131].

One way to study the GFF is to look at its level-sets. For h € R, the level-set above h of
¢, denoted E=" is the subgraph of G' induced by the set of vertices {z, p(z) > h}. Level-set
percolation of the GFF has been investigated since the 1980s [48, I11]. The last decade has
witnessed blossoming literature on classical graphs, in particular Z¢ ([65], 68, 104, 121, 123])
and transient trees ([3 130}, 132]).
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One central question is whether there exists (with positive probability) an infinite connected
component in EZ", depending on h. In particular, is there a phase transition, i.e. does a non-
degenerate threshold hg € R exist, such that the answer is yes for h < hg and no for h > hg?
Compared to classical percolation models, such as Bernoulli bond percolation where all edges
are independent, the GFF level-set percolation brings long-range correlations that may play an
important role, in particular in graphs like Z¢ where the Green function decays only polynomi-
ally w.r.t. the distance between vertices. Very recently, GFF percolation has even been used to

show a result on Bernoulli bond percolation [67].

GFF level-sets on finite graphs. If GG, is connected, one can define an analogous field on
Gy, the zero-average Gaussian Free Field. Its covariance is given by the zero-average Green

function I'g,,: for x,y € V,,

+00 .
Pe, (z,y) = /0 (B(X: = y) — maly) dt,

where (X;);>0 is a continuous-time SRW on G,,: its trajectory is that of a SRW, and the time
intervals between two consecutive jumps are i.i.d. with law Exp(1). 7, is the invariant distri-
bution of the SRW on G,,.

If (Gn)n>0 has a local limit G, a natural question is whether some characteristics of the GFF
on GG can be transferred to the zero-average GFF on G,,. For instance, one might ask whether
a phase transition for the existence of an infinite connected component of the level-set EZ" in
G corresponds to a phase transition for the emergence of a ”macroscopic” component of size
O(n) in the level-set E-" above h in G,.

For G = T, the d-regular tree, Sznitman [I132] showed that there exists a level-set percolation
threshold hy € (0,00). Abécherli and Cerny [4] proved that if G,, is a typical d-regular graph,
then for h > h, (subcritical phase), the connected components of EZ" have size O(logn), and
for h < hy (supercritical phase), a positive proportion of the vertices are in mesoscopic compo-
nents of size at least ©(n®), for some non explicit constant a > 0. The question on the existence
of a macroscopic component (i.e. a = 1) was left open.

In Chapter [3] we give a positive answer for most regular graphs: if G, is a uniform random
d-regular graph, then w.h.p. E-" has a unique giant component C{") of size O(n). More pre-
cisely, |C£n)| =n(h)n(l+o(1)), where n(h) > 0 is the probability that the connected component
C" of a given vertex of T, in the level-set above h is infinite (Theorem .

We also show that Cin) shares several ”global” properties with the giant component of ER(n, p/n)
for p > 1 (hence in the supercritical regime), concerning the diameter, the typical distance be-
tween vertices, the core and the kernel (Theorem. The local limit of Cin) is C" conditioned
to be infinite.

Our proofs rely on an annealed exploration of a new kind, in which we reveal progressively the

structure of G,, and the zero-average GFF on it. We also need to refine some properties of
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the component C" in Ty shown in [3]. In a work in progress [57], we study closely C* and the
random walk on it, proving its ballisticity.
It would be exciting to determine what happens when h = h,: are we in |(I)|or [(II), or does the

GFF level-set percolation lead to a new universality class of critical random graphs?

1.4 The mixing time

Mixing time and cutoff. A natural way to explore a graph and record information on its
structure is to study random walks on its vertices. A quantity of great interest is the mixing
time, i.e. the time it takes for a random walk to be approximately distributed according to the
invariant probability measure on the graph. Formally, let P, be the transition matrix of the
discrete-time Simple Random Walk (SRW) on V,,. Suppose that G,, is connected, so that there

is a unique invariant distribution m,. For € > 0 and for a vertex x of GG, the e-mixing time

from z is
t0(e) = inf{t € NU{0}, [|P}(z, ) — mallrv < e}
One often examines the worst-case mixing time tﬁ,’;lw(g) = sup{tg;n) (e), z € V,,}. Other

distances than the total variation distance might be considered.

The mixing time delivers essential information on the geometry of the graph. For instance, it
provides a lower bound for the typical distance between vertices. If the latter is much smaller
than the mixing time, then the graph may have a weak expansion, or traps that delay the
random walk. If the 1/10-mixing time is much larger than the 1/2-mixing time, then there
might be a bottleneck in the graph that is hard to cross for the random walk, and so on.

The mixing time also plays a crucial role in Monte Carlo simulations, as it gives a good estimate
for their running time. The books of Levin, Peres and Wilmer [98] and of Montenegro and
Tetali [114] give a broad panorama of both historical and modern techniques on mixing times.

We say that there is cutoff when for all €,&" € (0,1),
tgggx(a)/t%gm(e’) —1asn — +oo.

In other words, the cutoff means that the mixing of the random walk happens abruptly. First
examples of this phenomenon were given in the 1980s for random walks on finite groups (see
[14] or [63] on the symmetric group) or on spaces that can be factored into a n-product of a
base space (such as Z% in [9]). This "algebraic” direction is still investigated nowadays. See for

instance [83] [85] on random Cayley graphs of abelian groups.

Expanders. A wide class of graphs where random walks mix fast and cutoff might happen
are the expander graphs. We say that the sequence (G,,),>1 is expanding if its isoperimetric
constant is bounded away from 0, i.e. there exists ¢ > 0 such that for large enough n,

|05

Cp 1= inf — >c
" scvalSins2 |S] T
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where 05 C V,,\ S is the set of vertices having one neighbour in S. The very accessible survey of
Hoory, Linial and Widgerson [87] provides a good overview of the study of these graphs. Some
explicit constructions of expanders have been achieved since the 1980s, using number theory
and combinatorial arguments. The book of Lubotzky [103] gives a good account on it. Finding
such constructions is a difficult task. It is much easier to prove the existence of expanders
via a probabilistic argument. If G, is a d-regular graph on n vertices (i.e. all vertices have
degree d) chosen uniformly at random, then a combinatorial computation shows that with high
probability, G,, is an expander.

This expansion property is equivalent to the existence of a spectral gap: let A\, be the second
largest eigenvalue of P, (the largest is 1, P, being a stochastic matrix). Then liminf,, o ¢, > 0
if and only if liminf,,_, 1o Ay, > 0. The implication (expansion = spectral gap) was first for-
mulated by Cheeger [53] in 1969, for Riemannian manifolds. To our knowledge, the earliest
adaptation to random walks on discrete graphs is due to Alon and Milman [I7] in 1984. It is
classical that a spectral gap bounded away from 0 implies in turn that the SRW on G,, mixes in
O(logn) steps, provided we make it lazy, i.e. at each step, the random walker flips a balanced
coin and stays on its position if and only if the result is heads. Conversely, if the mean degree of
a vertex of G, is bounded, and the degree distribution is sufficiently regular, one might expect
that the SRW does not mix in less than ©(logn) steps. Therefore, the mixing should happen
after ©(logn) steps.

Cutoff on sparse expanders. A major breakthrough came in 2010, when Lubetzky and
Sly proved that the SRW on the random d-regular graph has a cutoff [I0T].

Theorem [Lubetzky & Sly, 2010] If G,, is a uniform d-regular random graph, then for every
e €(0,1),

7(—2(;3&(5) - d%‘lQIOgd—ln L 2 d(d_ 1) (I)_l(&")
Viogsin TEPRE

where ®(x) = fx+oo(27r)*1/2 exp(—u?/2)du for x € R is the tail distribution of the standard
normal.

Rather than a simple asymptotic on the mixing time, this result is very similar to a central
limit theorem, with a precise cutoff window ©(y/logn). In fact, it reflects the behaviour of
the entropy of the SRW on Ty. If Py is the transition matrix of the SRW on Ty, then
t=1/2(log,_4 P(t d)(X()’ Xi) — d%‘l?t) converges in distribution to a centred Gaussian variable as
t — +o0o. Then, by counting arguments limiting w.h.p. the occurrence of cycles around the
trajectory of the SRW on G,,, one can show that log,_; P(td) (X0, X:) and log,_; P!(Xo, X¢) are
close. The mixing happens when P! (X, X;) ~ 1/n, and this occurs with positive probability
for t = ;%5 logy 1 n+ O(y/logg_i n).

Since then, several results were proved on similar models, following roughly this pattern: cutoff

happens at an entropic time, the constant being given by a law of large numbers for the entropy
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of the random walk on the local limit of (G)n>1. In the same article, Lubetzky and Sly also
showed a cutoff for the Non-Backtracking Random Walk (NBRW, i.e. a SRW conditioned at
each step on not going back along the edge it has just crossed). See also [29] for the SRW
on the largest component of a supercritical Erd6s-Rényi random graph, or [27] for the NBRW
on a configuration model. Very recently, Hermon, Sly and Sousi [84] found a generic way to
produce cutoff by adding new edges to a deterministic graph G,, (on which one makes mild
assumptions), via a perfect matching of its vertices.

Over the last few years, there has been increasing interest in mixing times on dynamical graphs
(typically, edges are re-sampled at random at a given rate), when the mixing time profile is
already well-known on a static version of the graph, see [24] 511, [12§].

In Chapter 4] we study the random walk on random lifts of a fixed graph G, which is a natural
way to combine the "product of a base space” and the ”expanding sparse graph” perspectives
for cutoff. To obtain a uniform random n-lift of G, take n copies of the vertices of G, and for
every pair of vertices u, v sharing an edge e in G, draw an edge from the i-th copy of u to the
oe(i)-th copy of v, the o.’s being independent uniform random permutations of {1,...,n}.
Our main result is Theorem [4.1.1} we prove the cutoff for the random walk at entropic time,
with a cutoff window ©(y/logn) (with an explicit Gaussian profile only for the lower bound).
We make very few assumptions on the base graph G. In particular, we allow weights on the
edges that make the random walk non-reversible. The proof relies on a fine understanding of
the random walk on the universal cover of GG, a periodic tree Ty, which is the local limit of
G,,. Then, a careful exploration, where the structure of G,, is revealed along the trajectory of
a random walk, allows to transpose properties from T to G,,. A byproduct of our method is
the computation of the diameter of random lifts (Theorem [4.3.1)).

In addition, we prove that the NBRW on non-weighted random lifts has a cutoff, with a Gaussian
profile for the cutoff window (Theorem [4.2.3)).
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Chapter 2

Scaling limit of a critical
configuration model with power-law

degrees

This chapter stems from the preprint [58], that has been submitted to Annals of Probability

and accepted with major revisions.

Abstract. We prove a metric space scaling limit for a critical random graph with independent
and identically distributed degrees having power-law tail behaviour with exponent «+ 1, where
a € (1,2). The limiting components are constructed from random R-trees encoded by the
excursions above its running infimum of a process whose law is locally absolutely continuous
with respect to that of a spectrally positive a-stable Lévy process. These spanning R-trees
are measure-changed a-stable trees. In each such R-tree, we make a random number of vertex-
identifications, whose locations are determined by an auxiliary Poisson process. This generalises
results which were already known in the case where the degree distribution has a finite third
moment (a model which lies in the same universality class as the Erdés—Rényi random graph)

and where the role of the a-stable Lévy process is played by a Brownian motion.
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Contents

2.1 Introduction

2.1.1 Overview

In recent years, a wide variety of random graph models have been introduced and studied. Many
of these models undergo a phase transition of the following type: below some threshold, the
connected components are microscopic in size (in the sense that they each contain a negligible
proportion of the vertices) and possess few cycles, whereas above the threshold, there is a
component which occupies a positive fraction of the vertices and contains many cycles, and all
other components are again microscopic. We are particularly interested in the behaviour exactly
at the point of the phase transition, and in a precise description of the sizes and geometric
properties of the components, which is typically much more delicate than in the sub- and
supercritical cases. We will first give a brief overview of the setting in which we are interested,
and of our main results, deferring a more detailed account with proper definitions, as well as a
summary of the pre-existing literature, to the next section.

We consider a uniform random graph on n vertices with a given degree sequence, where the
degrees themselves are independent and identically distributed random variables, Dy, ..., D,.
(If 3>, D; is odd, we replace D,, by D, + 1.) For simplicity, we impose the condition that
P(D; > 1) = 1, so that there are no isolated vertices. We also assume that P(D; =2) < 1
(otherwise we have a random 2-regular graph, which contains many cycles of macroscropic
size [23]) and that var (D;) < oo (otherwise the graph behaves very differently; see [129]). The
phase transition then occurs when the parameter 6 := E[D;(D; — 1)] /E[D;] passes through
1: if # < 1 then the proportion of vertices in the largest component tends to 0 in probability
as n — 0o, whereas if § > 1, this proportion instead converges to a strictly positive constant,
again in probability as n — oo.

At the critical point # = 1, there is a sequence of components whose sizes are comparable
(rather than a single giant component, as in the supercritical case) and which, even after
rescaling, retain some randomness in the limit. The sizes and geometric properties of these

components depend on the tail of the distribution of D;. In particular,

2/3

o if E [Dzl”] < oo then the largest components have sizes on the order of n*/° and diameters
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on the order of n'/3;

o if P(D; = k) ~ ck~(®*2) for some constant ¢ > 0 and « € (1,2) then the largest compo-

nents have sizes on the order of n®/(@+1) and diameters on the order of n(@—1/(a+1)

(It will be convenient to refer to the first of these as the “a = 2 case”.)
These scaling properties are either proved or conjectured to be universal, that is to hold for
whole families of random graph models with similar asymptotic degree distributions. We will

discuss the issue of universality in some detail below.

2.1.2 Our results

Let us now state our scaling limit theorem. Let G}, GY, ... be the (vertex-sets of the) compo-
nents of the critical random graph, listed in decreasing order of size, with ties broken arbitrarily.
We think of these as measured metric spaces, by endowing G with the graph distance, d}', and
the counting measure on its vertices, p;'. Formally, each is an element of the Polish space of
isometry-equivalence classes of measured metric spaces endowed with the Gromov—Hausdorff-

Prokhorov distance, which we will define properly below.

Theorem 2.1.1. Fiz o € (1,2]. Then under the conditions above, there exists a sequence of
random compact measured metric spaces (Gi,d1, p1), (G2, da, p2), ... (whose law depends on «)

such that, as n — oo,
(G- temn/teDgp el > 1) 5 (G, di, ) i 2 1)
in the sense of the product Gromov—Hausdorff-Prokhorov topology.

The same result also holds for a multigraph with the same degree sequence generated ac-
cording to the configuration model (see Section for more details).

In the terminology of [7], (G;, d;) is a random R-graph for each i > 1. For reasons which will
shortly become clear, we refer to the whole limiting object as the a-stable graph if a € (1,2) or
the Brownian graph (instances of which have already occurred several times in the literature)
if a =2.

This theorem, in particular, implies the scaling properties mentioned above. The o = 2 case
may be deduced from a more general theorem due to Bhamidi and Sen [37], proved by different
methods. For a € (1,2), Bhamidi, Dhara, van der Hofstad and Sen [36] considered the setting of
critical percolation on a supercritical uniform random graph with given degree sequence, having
similar tail behaviour to ours, and proved a scaling limit theorem in the sense of the product
Gromov-weak topology. (We understand that this will be improved to a convergence in the
product Gromov—Hausdorff—~Prokhorov topology for critical degree sequences satisfying certain
conditions in forthcoming work [35].) We will describe the results of [36] in more detail below

and will, for the moment, simply observe that there are situations which are covered by both
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theorems, and where the limit objects must therefore be the same, but where this is certainly
not obvious from their respective constructions.

One of the most striking aspects of our results is the characterisation of the limit spaces
which we are able to give, which is completely new for a € (1,2), and generalises one which was
already known for o = 2. In order to give this characterisation, we must first introduce some
stochastic processes which play a key role.

Let u = E[D;]. For a € (1,2), let L be a spectrally positive a-stable Lévy process with
Laplace transform

I'(2—a)
E —AL)| = — )\ > >
lexp(—ALy)] = exp <,u,a(a — 1))\ t) , A>0, t>0,

where ¢ > 0 is the constant such that P (D; = k) ~ ck~(®*2). Such a process can be thought
of as encoding a forest of continuum trees; the standard way to do this goes via a (somewhat
complicated) functional of L called the height process H (we will define this properly below).

Let ( )
(2 -«
Cop=——-7.
7 ala—1)

We will create a new pair (Z, H ) of processes via change of measure as follows: for suitable

test-functions f : D([0,¢],R)? — R, let

~ L[t Cat*t
E|f(Ly, Hy,0 <u < t)} =E [exp (_M/o sdLs — WW) J(Ly, Hy, 0 <u < t)| .
(2.1)

For oo = 2, letting p =E [Dq] and = E[Dy(D; — 1)(D; — 2)], we instead take

Lt = \/EBt and Ht = 2\/g (Bt — Oigr;it BS> y

where B is a standard Brownian motion (in the Brownian setting, the associated height process
has the same distribution as a reflected Brownian motion, up to a scaling constant). In this

case, define

E [f(fu,ﬁu,() <u< t)] =E [exp <—; /Ot sdLgs — g;) f(Ly, Hy,0 <u < t)} . (2.2)
In either case, let
R; = Et — Oigr;f%tzs, t>0.

Now write (;,7 > 1) for the ordered sequence of lengths of excursions of R above 0. These
excursions give rise to spanning R-trees for the limiting components. For i > 1, let &; : [0, (;] —
R4 be the ith longest excursion of R (with its argument translated in the natural way to [0, (]).
For i > 1, let h; : [0,¢] — Ry be the corresponding (continuous) excursion of H above 0 (which
has the same length as ;). Let (’7’1,671,/71), (73,[1;,;72), ... be the measured R-trees encoded

by hi, ha, ... respectively, and write p; for the canonical projection from [0, (;] to 7;, for i > 1.
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Conditionally on R, now consider a Poisson point process on R xR of intensity i]l {z<Ry)dtdz.
(Equivalently, we can think of this as a Poisson point process of intensity 1/ in the area under
the graph of R.) The points tell us how to identify vertices in the R-trees in order to create
cycles. For ¢ > 1, suppose that a number M; > 0 of points fall within the i¢th longest excursion
g;. Given &;, we then have M, ~ Poisson (i fooo é(u)du). If M; > 1, write

(si1, 1), (8i2,@i2), .-, (Si My, TiM;)

for the points themselves (with their first co-ordinates translated to the interval [0, (;]). For
i>1land 1 <k < M;, let
ti,k = inf{t > Sik - gz(t) < zi,k}‘

Now for i > 1, let (G;, d;, ;) be the measured metric space obtained from (’73, c?i, ;) by making
no change if M; = 0 or, if M; > 1, by identifying the M; pairs of points

(Pi(8i,1),0i(tin)) s - -5 (Pi(siong,), piltiong)) -

(Formally, this is done by taking the quotient metric space in a standard way which is described
in detail, for example, just before Lemma 21 of [6].)

Conditionally on the ordered lengths (i, (o, . .. of the excursions and numbers M7, Ms, ... of
Poisson points, we may give an attractive alternative description of the excursions encoding the
spanning forests of the a-stable and Brownian graphs. These are closely related to the canonical
family of random R-trees encompassing the Brownian continuum random tree [10} 1], 12] and
a-stable trees [70, [69], which are the scaling limits of critical Galton—Watson trees conditioned
to have size n with offspring distribution in the domain of attraction of a Normal or a-stable
distribution respectively.

First consider o € (1,2), and let @ be a normalised (i.e. length 1) excursion of the stable
process L, and let h be the associated normalised excursion of the height process, which would

encode an a-stable tree. Now for m € Z, define tilted excursions &) and L™ via
E [g(e,b) (f e(u)du)" |
E [(fol e(u)du) }

for suitable test-functions g : D([0,1], R,) x C([0,1],Ry) — R. Let (7™ d™ (™) be the
R-tree (%(m),g(m)) encoded by ]E(m), along with its natural mass measure (™. Write p(™

E [g(@m),n}(m))] - (2.3)

for the projection [0,1] — T I m > 1, now sample m pairs of points in the tree as
follows. First pick (s1,21),..., (Sm,Zm) independently and uniformly from the area below the
excursion &™) and above the z-axis according to the normalised Lebesgue measure. Define
t; = inf{t > s; : @™ (t) < x;}. Finally, identify p(™(s;) and p™(t;) for 1 < i < m in order to
obtain (G, d™) (™). Set (G0, ;,(0)) = (7~'(0)7 67(0)7 7).

Something very similar works in the Brownian case. Here, we take & to be a normalised

Brownian excursion (which is, in particular, continuous); in this context, h = 2e, so there is
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no need to consider two different excursions. The function 2e encodes the Brownian continuum
random tree (in the normalisation adopted by Aldous [I0]). Again define &™) as at
and let (%(m),oi(m),ﬁ(m)) be the measured R-tree encoded by 2&("™), and write p(™ for the
projection [0,1] — 7). If m > 1, now sample m pairs of points in the tree as follows. First
pick (s1,21),...,(Sm,Tm) independently and uniformly from the area below the excursion alm)
and above the z-axis according to the normalised Lebesgue measure. Define t; = inf{t >
s; @™ (t) < x;}. Finally, identify p(™(s;) and pU"™(t;) for 1 < i < m in order to obtain
(G dtm) 1)) Set (GO, d©) 4,0y = (7~'(0)7 67(0)7/](0)).

Theorem 2.1.2. Conditionally on the lengths (1,(o,... of the excursions and the numbers

My, My, ... of points, the measured R-graphs (Gi,d1, 1), (Ga,da, 12), ... are independent with
d ) a—1)/a ) ,
for each i > 1.

This shows that, in order to understand further the geometric properties of our limit object,
a key role will be played by the family of random R-graphs ((G),d™ (™)) m > 0). These
are studied in depth for @ € (1,2) in the companion paper [82]; the Brownian case was the
subject of the earlier paper [5]. From the absolute continuity relation (2.3), for any a € (1,2]
it is straightforward to see that (G(™),d(™ (™) has Hausdorff dimension o/(cx — 1) almost
surely, since this is true of the appropriate Brownian/a-stable tree and one cannot change the
fractal dimension by making finitely many vertex-identifications.

The branch-points of the a-stable tree are almost surely all infinitary (i.e. removing any of
them breaks the tree into infinitely many connected components), and this property is inherited,
via absolute continuity, by (%(m),ci(m)) for a € (1,2). It follows from the properties of the
excursion e(™ (see [82] for an in-depth discussion) that the vertex-identifications in (7™, (™)
are almost surely all from a leaf to a branch-point of infinite degree. In contrast, in the a = 2
case, the vertex-identifications are almost surely all from a leaf to a point of degree 2 (see [0, 5]).

In [5,R2], it is further shown that one may explicitly determine the law of the kernel of G (m)
(that is, the multigraph with edge-lengths which encodes its cycle structure), and that G (m) may
be constructed by gluing together randomly rescaled Brownian/stable trees. Finally, it is shown
in [0, [82] that G (m) possesses a line-breaking construction, that is, a recursive construction which
starts from the kernel and successively glues on line-segments of random lengths to random

points, obtaining a convergent sequence of approximations to the final R-graph.

2.2 Background

In this section, we give some background material on our random graph model, and discuss the

previously known results on its critical behaviour. We also give a brief account of the scaling
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limit theory for Galton—Watson trees. We then give an overview of the proof of Theorem [2.1.1]
This is followed by a brief summary of some related literature, and some open problems. Finally,
at the end of this section, we give a plan of the rest of the paper.

For a sequence of random variables (A,),>0 and a sequence (a)n>0 of real numbers, we
write A, = Op(ay) to mean that (A4, /ap)n>0 is tight. We write A,, = Op(a,) to mean that

A, = Op(a,) and A;' = Op(a;'). We write A, = op(ay,) to mean A,/a, 2 0 as n — co.

2.2.1 The configuration model

We wish to sample a graph uniformly at random from among the graphs with the given degrees
Dy, Dy, ..., D,. There is a standard method for doing this, which originated (in varying degrees
of generality) in the work of Bender and Canfield [28], Bollobés [43] and Wormald [139], called
the configuration model. (We refer the reader to the recent book of van der Hofstad [135] for a
full account of the configuration model and for proofs of the results quoted below.) We begin by
first describing the setting where the vertex degrees are deterministic. More precisely, suppose
that we have vertices labelled 1,2,...,n where vertex ¢ has degree d;, for 1 < i < n. Suppose
that d; > 1 for all 1 < 4 < n and that Z?:l d; is even. To vertex i, attach d; stubs or half-
edges. Label the > | d; half-edges in some arbitrary way, and then choose a pairing of them,
uniformly at random. Join the paired half-edges together to make full edges, and then forget the
labelling of the half-edges. In general, this procedure yields a multigraph (i.e. with self-loops,
or multiple edges). However, if there exist one or more simple graphs with the given degree
sequence (that is, if the degree sequence is graphical) then, conditionally on the event that the
configuration model yields a simple graph, that graph is uniform among the possibilities.

We are concerned with the setting where the degrees themselves are independent and identi-
cally distributed random variables D1, Do, ..., D,. An immediate issue is that we cannot guar-
antee that » ;" | D; is even. We get around this problem by always assuming that if ;" | D;
is odd, then we in fact give vertex n degree D, + 1. For the regime and properties in which
we are interested, this makes only a negligible difference, and we will ignore it in the sequel.
Write v = (vg)r>1 for the probability mass function of Dy, that is vy =P (D = k), k > 1. Let
M,,(v) be the multigraph resulting from the configuration model with these degrees. It remains
to resolve the issue that the degree sequence may, in principle, be non-graphical. However, it is
possible to show that if D; has finite variance and 6 = (v) = E [D;(D; — 1)] /E [D;] then

lim P (M, (v) is simple) = exp(—0/2 — */4),

n—oo

and the right-hand side is strictly positive (see for instance Proposition 7.13 of [135]). Let G, (v)
be a graph with the distribution of M,,(v) conditioned to be simple; this is our uniform random
graph with i.i.d. v-distributed degrees, and is the main object of study in this paper.

If vy ~ ck= (@2 for some a € (1,2) as k — oo, we will have that maxj<j<n, D; =

Op(n/(@+1D)). We will see in the sequel that vertices of degree ©(n!/(®+1) play an important
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role in the structure of the graph, and “show up” in the scaling limit as vertices of infinite degree
(often known as hubs). However, since o > 1, with high probability we will not observe edges
directly joining two vertices of degree @(nl/ (O‘H)) and, indeed, the vertices of highest degree will
be typically well-separated. If E [D:f] < 00, on the other hand, then maxj<;<, D; = Op(nl/g)
and there are no hubs in the limit.

An important property of the configuration model is that the pairing of the edges may be
generated in a progressive manner. This makes possible the use of an exploration process in order
to capture properties of the (multi-)graph. We do this in a depth-first manner, conditionally on
the vertex-degrees, and making use of the arbitrary labelling we gave the half-edges, as follows.
Start from a vertex v chosen with probability proportional to its degree D,. We will maintain
a stack, namely an ordered list of half-edges which we have seen but not yet explored. Put
the D, half-edges attached to v onto this stack, in increasing order of label, so that the lowest
labelled half-edge is on top of the stack. At every subsequent step, if the stack is non-empty,
take the top half-edge and sample its pair uniformly at random from those available (i.e. the
others on the stack and those which we have not yet observed in our exploration). If the pair
half-edge belongs to a vertex w which has not yet been observed (i.e. if the pair half-edge does
not lie in the stack), remove the paired half-edges from the system, and add the remaining
D,, — 1 half-edges attached to w to the top of the stack, again in increasing order of label. If
ever the stack becomes empty, select a new vertex with probability proportional to its degree,
and put all of its half-edges onto the stack. Repeat until the whole graph has been exhausted.
Notice that the stack is empty at the end of a step if and only if we have reached the end of
a component, and that in each step except the one at the start of a component, we pair two
half-edges. Let R"™(k) be the size of the stack at step k. Then, for example, we may read off the
numbers of edges in the successive components as the lengths minus 1 of the excursions above
0 of the process (R™(k),k > 0). It turns out that this process, as we shall explain below, in fact
encodes much more information about the multigraph.

Write |G| for the size of the vertex set of a graph G. For a connected graph G, write s(G) for
its surplus, that is how many more edges it has than any of its spanning trees (which necessarily
have |G| — 1 edges). Write GT,GY, ... for the connected components of Gy, (v), in decreasing
order of size, with ties broken arbitrarily. Similarly, write M7, MJ', ... for the ordered connected

components of M, (v).

2.2.2 The phase transition and critical behaviour of the component sizes

As we have already mentioned, G, (v) undergoes a phase transition in its component sizes
depending on its parameters [112) 113, 90]. Indeed, if O(r) < 1, then the largest connected
component G7 of G,(v) is such that |G?|/n 2 0. On the other hand, if #(v) > 1 then
|G?|/n B p(v), where p(v) is some strictly positive constant. These results also hold for

M,,(v). To give an idea of why the quantity 0(v) is important, imagine performing the depth-
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first exploration outlined above, but ignoring any edges which create cycles. Then it is not hard
to see that, at each step which is not the start of a component, the degree of the vertex to which
the half-edge on the top of the stack connects (as long as it does not connect to something on
the stack and thus create a cycle) is a size-biased pick from among the remaining possibilities.
So, at least close to the beginning, the exploration process should look approximately like a
branching process with offspring distribution given by D* — 1, where P (D* = k) = kv /E [Dy].
But then (v) = E[D* — 1], and so the critical point for the approximating branching process
is indeed f(v) = 1. Our interest is in this precisely critical case, and a significant part of this
paper is devoted to making the heuristic argument just outlined precise.

The following theorem, due to Joseph [91], summarises some of the possible behaviours for
the component sizes in the case §(v) = 1. A version of part (i) was proved independently by

Riordan [122] (see below for further discussion). Let

i

Theorem 2.2.1. (i) Suppose that P (D;=2) < 1, E[D] = w o and
E[Dy(Dy —1)(D1 —2)] = . Let B be a standard Brownian motion, and let
B

~ /8 9 ~ . ~
Lt = \/;Bt - TIU,Qt y t> 0 and Rt = Lt — O%I;f%t LS, t> 0. (24)

Then
— n n d
n (|GG, ) == (LG

asn — oo in Ef, where (C1,Ca,...) are the lengths of the excursions above 0 of the process
(Rt)t>0. The same result holds with (|G|, |Gy |, ...) replaced by (|M7|,|MZ],...).

(ii) Suppose that limy_ oo k%T2P (D1 = k) = ¢ for some constant ¢ > 0 and some o € (1,2),
and that E[Dq] = p. Let X be the process with independent increments whose law is
specified by its Laplace transform

t [ee] 1
E [exp(—AX}:)] = exp </ ds/ dr(e™ — 1+ )\LL‘)E | e_“/“> , A>0,1>0,
0 0 Hx

and let

re— - _
LC=) o o0 and R=T— inf L, t>0.  (25)

Ly=X; —
! Y ala —1)pe 0<s<t

Then
—a/(a+ M™| . | M —>d
n= /O (IMP, [ MB, ) (1, G2, )

asn — 0o in 02, where ((1,(s,...) are the lengths of the excursions above 0 of the process
(Rt)i>0-
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The sequences ((1, (2, ...) appearing in Theorem must, of course, have the same dis-
tributions as the lengths of the excursions above 0 of the processes (R, t > 0) from the Intro-
duction. Indeed, the processes L defined in and have the same distributions as those
defined at and , respectively. We prove this in Proposition below.

Joseph [91] conjectures that Theorem (ii) should also hold with M,,(v) replaced by
G, (v). We show in the sequel (Section that this is indeed true (this has been proved
independently by Dhara, van der Hofstad, van Leeuwaarden and Sen [62]). In consequence, all
of our scaling limit results hold interchangeably for G, (v) and M, (v).

The common structure exhibited by the two parts of Theorem[2.2.1]is no coincidence. In both
cases, the proof proceeds via an exploration of the graph similar to the one described earlier.
As outlined above, locally, the components resemble critical branching processes. Since the
components have small surplus, the excursions of the stack-size process above 0 approximately
encode the component sizes. Moreover, the stack-size process behaves approximately like a
reflected random walk. A weak convergence result for the stack-size process then yields the
convergence of the component sizes.

Riordan [122], in fact, proves a more refined version of Theorem (i), but under the
(non-optimal) assumption that the degrees are bounded. Firstly, his results are stated for a

uniform random graph with a given n-dependent deterministic degree sequence (d(n))izl, where

i
the moment conditions on D; are replaced by appropriate convergence results for the moments
of the degree of a uniformly chosen vertex. In particular, he is able to consider the components
anywhere in the critical window, rather than precisely at § = 1. (We refer the reader to [122]
for the details.) Secondly, he takes account also of the surplus of each component. Jointly with

the convergence of the rescaled component sizes, he shows that
d
(s(GT),s(G3),...) — (M, My, ...)

for a non-trivial random sequence (Mj, Ma,...) € Zli. The sequence (Mj, Ms,...) is again
obtained using the process R in : on top of the graph of the random function R, superpose
a Poisson point process of intensity 1/u in the plane. Then M; is the number of points falling
in the area beneath the excursion ; and above the x-axis, for i > 1.

The first result of this kind was proved by Aldous [13] for the Erdds-Rényi random graph,
G(n,p) at its critical point. More precisely, consider the graph GER obtained by taking n
vertices and connecting any pair of them by an edge independently with probability p = 1/n.
Write G?R’”, GER’", ... for the components listed in decreasing order of size. Define L and R as
in with 8 = p =1, let (1,(a,... be the lengths of the excursions of R and let M, M, ...

be the numbers of points of a Poisson process of intensity 1 falling in each excursion.

Theorem 2.2.2 (Aldous [13]). As n — oo,
(n_2/3(|G?R’”], G5, (s(GY™™), s(GYR™), .)) L (G, o), (M, M, L))

31



where the convergence is in €% for the component sizes and in the sense of the product topology

for the surpluses.

The limit is the same as in Theorem (i) in the case § = p = 1. This should be intuitively
unsurprising, since the vertex degrees in the Erdés—Rényi random graph approximately behave
like i.i.d. Poisson(1) random variables, for which Theorem would apply with 8 = pu = 1.
(Aldous’ theorem in fact treats the whole critical window, i.e. G(n,1/n + An=%/3) for A € R.
The effect is to introduce an extra drift of A\t into the process E; we omit the very similar details

for the sake of brevity.)

2.2.3 Branching processes and their metric space scaling limits

As alluded to above, the components of our critical random graphs behave approximately like
critical branching process trees. It will be useful to spend a little time now exploring what
happens in the true branching process setting, since what we do later will be analogous. Suppose
that we take a sequence of i.i.d. Galton—Watson trees, with offspring distribution represented by
some non-negative random variable Y with E[Y] = 1 and P(Y = 1) < 1. (This entails that each
of the trees has finite size almost surely.) We use the standard encoding of this forest in terms
of its Lukasiewicz path or depth-first walk, given by S(0) = 0 and S(k) = Ele(ﬁ —1)fork>1
(see Le Gall [95] or Duquesne and Le Gall [70] for more details). Here, as usual, we explore the
vertices of the forest in depth-first order, and Y; is the number of children of the ith vertex that
we visit; these get added to the stack to await processing. The stack-size process is essentially a
reflected version of S, given by (1 + S(k) — ming<;<x S(j))k>0. It is straightforward to see that
the individual trees correspond to excursions above the running minimum of (S(k))g>o; it is
technically easier to work with the depth-first walk than with the stack-size process, since S it
is an unreflected random walk. An even more convenient encoding of the forest is given by the
height process, which tracks the generation of the successive vertices listed in depth-first order.
(It is, however, considerably harder to understand its distribution.) In terms of the depth-first
walk, the height process (G(n)),>0 is defined by G(0) = 0 and

G(n) :=# {j €{0,1,...,n—1}:5(j) = min S(k)} . (2.6)

J<k<n

The different trees now correspond to excursions above 0 of G.
The following generalised functional central limit theorem indicates some of the possible

scaling limits for S in this setting (see, for example, Theorem 3.7.2 of Durrett [71]).

Theorem 2.2.3. (i) Suppose that E[Y] = 02 < co. Then
nY2(S(|nt]), t > 0) % o(By, t > 0)

as n — oo, in D(R4,R), where B is a standard Brownian motion.
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(i) Suppose that limy_,o k*HP (Y = k) = ¢ for some constant ¢ > 0 and some a € (1,2).
Then
n(S(nt]),t 2 0) < (Lust > 0)

asn — 00, in D(Ry, R), where L is a spectrally positive a-stable Lévy process, with Laplace

transform
I'(2— )

ala—1)

We now turn to the behaviour of the height process. In the Brownian case, this turns out to

E [exp(—AL¢)] = exp ( )\at> , A>0, t>0.

be asymptotically the same as that of the reflected depth-first walk, up to a scaling constant.
In the stable case, however, matters are a little more complicated. Consider the a-stable Lévy
process L. Chapter 1 of Duquesne & Le Gall [70] shows that it is possible to make sense
of a corresponding continuous height process, defined as follows. First, for 0 < s < ¢, let
ﬁgt) = L; — L;_s)— and let Mégt) = SUPp<,<s ﬁﬁ,”. Then define H; to be the local time at level

0 of the process L®) — M® . We may choose the normalization in such a way that

t

1
Ht = lim —

a0 € Jy IL{Ms(t)—igt>§e}dS (2.7)

in probability. Theorem 1.4.3 of [70] shows that H has continuous sample paths with probability
1, and so we may (and will) work with a continuous version in the sequel. Corollary 2.5.1 of

[70] entails the following joint convergences.

Theorem 2.2.4 (Duquesne & Le Gall [70]). (i) Suppose that E[Y] = 02 < co. Then
2
(Y28 (|nt]), n"2G(|nt)),t > 0) - (aBt, = <Bt — inf BS> > o> :
o 0<s<t
as n — oo in D(R,, R?).

(ii) Suppose that limy_,oo K*TP (Y = k) = ¢ for some constant ¢ > 0 and some a € (1,2).

Then we have
n=Yes(nt]), n~ @ V/2q(nt ), t > 0) % (Ls, Hy,t >0
(728t (Int)),t > (Lo, Het > 0)
as n — oo in D(Ry, R?).

There is also a conditional version of Theorem [2.:2.4] for the depth-first walk S™ and height
process G" of a single Galton—-Watson tree, conditioned to have total progeny m. (Let us
assume that P(Y =k) > 0 for all £ > 0, so that the event of having total progeny n has
positive probability for all n; this is not really necessary, but will facilitate the statement of the

theorem.)

Theorem 2.2.5. (i) (Marckert & Mokkadem [107]). Suppose that E[Y] = 0% < co. Then

02 )2 (e 0 £ 21) 5 (0, 2o, 0 202 1).

g

as n — oo in D([0, 1], R?), where @ is a standard Brownian excursion.
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(i) (Duquesne [69]). Suppose that limy_,oo kTP (Y = k) = ¢ for some constant ¢ > 0 and

some a € (1,2). Then we have
(n—l/asmmj),n-<a—1>/aG"(LntJ>,t > o) 4 (e(t),h(t),0 <t <1)

as n — oo in D([0,1],R?), where e is a normalised excursion of L and h is the corre-

sponding normalised excursion of H.

We now describe briefly how a limiting height process excursion may be used to define a
limit R-tree (and the reader to the survey paper of Le Gall [95] for more details). Suppose
first that h : [0,¢n] — Ry is any continuous function such that h(0) = h((;) = 0. Define a
pseudo-metric on [0, 1] via

dn(z,y) = h(z) + h(y) — 2Wrgnngyh(2), z,y € [0, Cpl-

Define an equivalence relation ~ on [0, (] by declaring x ~ y if dy(x,y) = 0. Now let T, =
[0, (p]/~ and endow it with the distance dj, in order to obtain a metric space (which is compact:
one checks easily that it is a Hausdorff space, and that it is sequentially compact). Then
(Th,dp) is the R-tree encoded by h. Write py : [0,(y] — Tp, for the canonical projection. We
may additionally endow (7j,dy) with a natural “uniform” measure pp having total mass (j,
obtained as the push-forward of the Lebesgue measure on [0, (] onto the tree (and concentrated
on the leaves of 7p). Write M for the space of compact metric spaces each endowed with a
finite (non-negative) Borel measure, up to measure-preserving isometry. We equip M with the
Gromov—Hausdorff-Prokhorov distance dgpp, defined as follows. (See Section 2.1 of [7] for more
details and proofs of the results claimed below, as well as further references to the literature.)
Let (X,d,n) and (X', d’, i) be elements of M. We say that C' is a correspondence between X
and X' if C C X x X’ and, whenever = € X, there exists 2’ € X’ such that (z,z") € C and vice

versa. The distortion of the correspondence C' is
dist(C) := sup{|d(z1, x2) — d' (2}, 25)| : (x1, 7)), (v, 25) € C}.

Write C(X, X') for the set of correspondences between X and X'. Write M (X, X’) for the set
of non-negative Borel measures on X x X’. Write p and p’ for the canonical projections from
X x X' to X and X' respectively. We define the discrepancy of m € M (X, X’) with respect to
wand p’ to be

disc(m; p, p') = |l — por|| + |1 — P,

where ||v|| is the total variation of the signed measure v. We define the Gromov—Hausdorff-

Prokhorov distance by

deup (X, d, p), (X', d' 1)) : inf {;dist(C’) vV disc(m; p, 1) Vv W(Cc)} :

T Cec(X,X1), meM(X,X')
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Then (M, dgpp) is a Polish space. We observe a very useful upper bound for the Gromov—

Hausdorff-Prokhorov distance between R-trees encoded by continuous excursions:
dGHP((ﬁLv dha Mh)v (7;7 dg7 ,U’g))

1
<2maxq sup |h(z) —g(z)l, sup h(z)+ = sup g(z),5lCh —Gol 0y (28)
0<z<(p Ny Ch\Cg<z<(n ChA\Cg<z<(y

The random R-trees encoded by 2e for « = 2 and h for « € (1,2) are known as the Brownian
continuum random tree, for which we will write (73, d®)) (with mass measure x(?), and the
a-stable tree, for which we will write (7(®),d(®) (with mass measure p(®), respectively. (Note
that because of our choice of Laplace exponent, this is a constant multiple of the usual a-stable
tree.)

Let T, be our Galton—Watson tree conditioned to have size n. The natural way to take a
scaling limit of the tree itself is to consider it as a metric space using the graph distance d,,.
Create a (probability) measure p, by assigning mass 1/n to each vertex of 7,,. An important
consequence of Theorem and the bound is the following.

Theorem 2.2.6. (i) Suppose that E[Y] = 02 < co. Then

9 d 2 42 2
<Tn,\/ﬁdn,un>ﬁ<7' ,dY >

as n — oo for the Gromov—Hausdorff—Prokhorov topology.

(ii) Suppose that limy_,oo k*T P (Y = k) = ¢ for some constant ¢ > 0 and some « € (1,2).
Then
(T =@y ) < (TE, d), (),

as n — oo for the Gromov—Hausdorff—Prokhorov topology.

Returning now to the setting of Theorem the excursions of the limiting height process
can heuristically be thought of as defining a forest of random R-trees. (Since there is neither a
shortest nor a longest excursion, there is no sensible way to list these trees. For definiteness, let
us instead think of restricting to an interval [0, ¢] in time, for which there is a longest excursion,
and then list the trees in decreasing order of size.) Using the scaling properties of the underlying
Lévy processes, these consist of randomly rescaled copies of the Brownian continuum random
tree in case (i) or a-stable trees in case (ii), respectively. We refer to these as the Brownian and

stable forests.

2.2.4 Our method

Our approach to proving Theorem [2.1.1] is as follows. Firstly, we show that the law of the
depth-first walk of the graph is (up to a small error) absolutely continuous with respect to that

of a centred random walk which is in the domain of attraction of the spectrally positive a-stable
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Lévy process L. This enables us to give an alternative (and perhaps more “conceptual”) proof
of Theorem We also show that the convergence of the depth-first walk can be boosted to
a joint convergence with the corresponding height process. The joint convergence of this pair
of coding functions in the setting of a sequence of i.i.d. Galton—Watson trees, Theorem is
a highly non-trivial result. The corresponding result in our setting, however, follows relatively
straightforwardly from Theorem [2.2.4] via absolute continuity and some integrability lemmas.
The height process is the key ingredient in proving a metric space convergence for these
graphs, and allows us to show the convergence of a spanning forest of our graph. In order to
obtain the full metric space convergence, we must also control the edges which form cycles. We
call these back-edges. We prove that the number of back-edges edges in the “large components”
is a tight quantity. This firstly allows us to resolve Conjecture 8.5 of Joseph [91], by showing
that all of the above results extend to the case where the multigraph is conditioned to be simple.
Secondly, we are able to capture the full graph structure by tracking also the locations of these
back-edges in the spanning forest. We finally show that all of these quantities can be passed

through to the limit in such a way that we get convergence to the stable graph.

2.2.5 Related work on scaling limits of critical random graphs, universality,

and open problems

This paper is a contribution to a now extensive literature on scaling limits of critical random
graphs. In this section, we will place our work in context by giving a summary of related results.

As mentioned above, the first critical random graph to be studied from the perspective of
scaling limits was the Erdés-Rényi random graph, in the work of Aldous [13], who considered
both component sizes and surpluses. Addario-Berry, Broutin and Goldschmidt [6, 5] built on
Aldous’ work in order to prove convergence to the 8 = u = 1 Brownian graph, in the sense
of an ¢4 version of the Gromov-Hausdorff distance. (It is straightforward to improve this to a
convergence in an ¢* version of the Gromov-Hausdorff-Prokhorov distance, which appears as
Theorem 4.1 of Addario-Berry, Broutin, Goldschmidt & Miermont [7].)

Several models have been proved to lie in the same universality class as the Erdés—Rényi
random graph, which is roughly characterised by the property that the degree of a uniformly
chosen vertex converges to a limit with finite third moment. Already in [I3], Aldous had, in
fact, also considered another model: a rank-one inhomogeneous random graph in which, for each
n > 1, we are given a sequence of weights w() = (wgn),wén), . ,wé")) and each pair of vertices
{i,7} is connected independently with probability 1 —exp(—q(”)wgn)w](n)), for 1 <4,j <n. Such
graphs may be constructed dynamically by assigning an exponential clock to each potential edge
and including the edge when the clock rings. It is straightforward to see that, in consequence,
the component sizes then evolve according to the multiplicative coalescent. In his Proposition

4, Aldous gave conditions on sequences (W("), q("))nzl for which one gets convergence of the

rescaled component weights to the same limit as for the component sizes in the Erdés—Rényi
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case. These results were generalised by Bhamidi, van der Hofstad and van Leeuwaarden [40] to
give convergence of the rescaled component sizes in the Norros—Reittu model [119] (for which
¢™ above is replaced by 1/ Yoy u)gn)) to the sequence ({1, (o, ...) appearing in Theorem m
(i), with a general § and p. The convergence of the component sizes was also treated in a

similar setting but with i.i.d. vertex weights by Turova [134].

Nachmias and Peres [I15] proved the convergence of the rescaled component sizes for critical
percolation on a random d-regular graph, for d > 3, to the excursion lengths of the reflected
Brownian motion with parabolic drift for appropriate S and u. As we have already detailed
above, Riordan [122] and Joseph [9I] proved analogous results for the critical configuration
model with asymptotic degree distribution possessing finite third moment, with Riordan treating
the surpluses as well as the component sizes. Dhara, van der Hofstad, van Leeuwaarden and
Sen [61] improved these results to give the scaling limit of the sizes and the surpluses under a
minimal set of conditions on the (deterministic) vertex degrees, which essentially amount to the
convergence in distribution of the degree of a uniform vertex, along with the convergence of its
third moment. In a somewhat different direction, Bhamidi, Budhiraja and Wang [33] considered
critical random graphs generated by Achlioptas processes [42] with bounded size rules. They
again proved convergence of the rescaled component sizes, along with the surpluses, as a process
evolving in the critical window, building on results for the barely subcritical regime proved in
[34]. Federico [76] has recently proved a scaling limit for the component sizes of the random

intersection graph which is related to that of the Erd6s—Rényi model.

Turning now to the metric structure, very general results concerning the domain of attraction
of the Brownian graph have been proved by Bhamidi, Broutin, Sen and Wang [32], building
on earlier work for the Norros-Reittu model by Bhamidi, Sen and Wang [38]. In particular,
[32] gives a set of sufficient conditions under which one obtains convergence in the Gromov—
Hausdorff-Prokhorov sense to the Brownian graph. It is also demonstrated in that paper
that these conditions are fulfilled for certain critical inhomogeneous random graphs (of the
stochastic block model variety), and for critical percolation on a supercritical configuration
model with finite third moment degree distribution. A crucial role is played by dynamical
constructions of the graphs in question, and by the idea that some pertinent statistic of the
evolving graph may be well approximated by the multiplicative coalescent. Bhamidi and Sen [37]
later proved convergence to the Brownian graph for the critical configuration model (rather than
for percolation on the supercritical case) in the Gromov-Hausdorff-Prokhorov sense, under the
same set of minimal conditions as in [61], and used it to deduce geometric properties of the

vacant set left by a random walk on various models of graph.

We have mentioned a few examples of critical percolation on graphs for which the resulting
cluster sizes lie in the universality class of the Brownian graph. This is expected to be true in
much greater generality: for a wide variety of finite base graphs which are sufficiently “high

dimensional”, although the percolation critical point will be model-dependent, the behaviour
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in the vicinity of that critical point should essentially be the same as in the mean-field case
of percolation on the complete graph, i.e. the Erd6s—Rényi model. We refer the reader to the
book of Heydenreich and van der Hofstad [86] for an in-depth discussion of this universality
conjecture.

The results of the present paper primarily concern cases where the degree of a uniformly
chosen vertex has infinite third moment and a power-law tail with exponent a4+ 1 € (2, 3), and
in this context the picture is more complicated. As in the Brownian case, it is to be expected
that, as long as the degree of a uniformly chosen vertex has the right properties, we should get
the same scaling limit irrespective of precisely which model we consider. It is technically more
straightforward to consider rank-one inhomogeneous random graphs than the configuration
model. In the context of component sizes, this was first done by Aldous and Limic [I5] for
the rank-one model treated by Aldous in [13] but with appropriately altered conditions on the
weight sequence. These different conditions correspond to different extremal entrance laws for
the multiplicative coalescent. Aldous and Limic obtained the analogue of Theorem for the
component weights, where the limit is now given by the ordered lengths of the excursions above

the running infimum of the thinned Lévy process,

KBy + At + Z ﬁi(]l{Eigt} — ﬁit) , (29)

izl >0

where F; ~ Exp(;) for each i > 1, k > 0, A € R, and 91 > 2 > ... > 0 is a sequence such
that >~ 93 < oo and, if k = 0, also D>t ¥? = co. This was extended in the x = 0 case by
Bhamidi, van der Hofstad and van Leeuwaarden [41] to give the convergence of the component
sizes for the Norros—Reittu model with a specific weight sequence. Heuristically, the choice
of entrance law for the multiplicative coalescent is determined by the properties of the barely
subcritical graph. For the configuration model, the first work in the power-law setting was that
of Joseph [91] detailed above for the case of i.i.d. degrees. The convergence of the sizes and
surpluses for much more general (deterministic) degree sequences were treated by Dhara, van
der Hofstad, van Leeuwaarden and Sen [62], with the possible scaling limits being driven by the
same k = 0 thinned Lévy processes as in the Norros—Reittu model.

A significant challenge in obtaining a metric space convergence in the power-law setting is
that one often does not have direct access to a scaling limit result for the height process of
the spanning forest discovered by a depth-first exploration. (That we have such a result in
the case of i.i.d. degrees is of considerable help to us.) The first metric space scaling limit in
the power-law setting was obtained by Bhamidi, van der Hofstad and Sen [39] for the Norros—
Reittu model with the specific weight sequence used in [41]. Here, the convergence is in the
product Gromov-Hausdorff-Prokhorov sense, and the limit object is constructed by making
vertex identifications in tilted inhomogeneous continuum random trees (of the sort introduced
by Aldous and Pitman in [16]).
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Broutin, Duquesne and Wang [50),49] use a very different approach in order to prove a unified
metric space scaling limit for the Norros—Reittu model with very general weight sequences.
They are able to treat situations where the scaling limit of the depth-first walk is a thinned
Lévy process for any £ > 0, A € R and sequence (1,12, .. .), recovering the generality of Aldous
and Limic’s paper [15]. They embed spanning subtrees of the components of the graph inside a
forest of Galton—Watson trees, and exploit the convergence of this (bigger) forest on rescaling
to the sequence of R-trees encoded by a Lévy process (as in Duquesne and Le Gall [70]), whose
height process also converges. This enables them to obtain the convergence of the height process
of the true spanning forest in the Gromov-Hausdorff-Prokhorov sense; the surplus edges can
also be tracked, in order to obtain a product Gromov-Hausdorff-Prokhorov convergence of the
whole ordered sequence of graph components.

Let us finally turn to the work of Bhamidi, Dhara, van der Hofstad and Sen [36], who proved
a metric space scaling limit analogous to that of [39] for critical percolation on a supercritical
configuration model. Among the settings studied so far, theirs is the closest to ours, although
the technical content is very different (their work relies on the analysis of some susceptibility
functions in the barely subcritical regime, while we do not study the latter). We will describe

it precisely, in order to provide a comparison with Theorem They take a (deterministic)

degree sequence 37,04, ...,0 such that > . ;9 is even and, if ©,, is the degree of a typical
vertex, then
(i) n_l/(o‘“)by — ¥; as n — oo for each ¢ > 1, where ¥1 > 99 > ... > 0 is such that

2121 93 < oo but Zizl ¥? = oo;

(ii)) D, 4 Dasn — 0o, along with the convergence of its first two moments, for some
random variable ® with P(® =1)>0,E[®]|=p and E[D(D —1)] /E[®] =6 > 1, and

lim lim sup n~%/(@+1) Z (d™)3 = 0.

T nooo i>K+1

Let 6, = E[9,(®, —1)] /E[®,] (which, by (ii), converges to § > 1). They then perform
percolation at parameter

1
pa(N) = ™ + )\n—(a—l)/(a-i-l)’

for some A € R, which yields a graph in the critical window. In this setting, their Theorem 2.2 is
the precise analogue of our Theorem [2.1.1|but with the convergence in the product Gromov-weak
topology and with the limit object ((G;,d;, i1i),i > 1) constructed by making vertex identifica-
tions in the tilted inhomogeneous continuum random trees mentioned above. (We understand
that this convergence will be improved to a product Gromov-Hausdorff-Prokhorov convergence
under an extra technical condition in work in preparation [35].) A precise description of the
limit object would be too lengthy to undertake here, but it is instructive to compare the scaling

limit of the depth-first walk in the two settings. For us, this is the measure-changed stable Lévy
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process E; for Bhamidi, Dhara, van der Hofstad and Sen it is the thinned Lévy process in
with x = 0. To make the connection between the results, suppose now we take ® such that
PO=1)>0ED =, E@®D-1)]/E[®]=0>1and P(D =k) ~ck 2 Let d},...,0"
be an ordered sample of i.i.d. random variables ®1,...,%, with the same distribution as ©.
Then conditions (i) and (ii) above are satisfied almost surely for some sequence of random vari-
ables 1,72, ... (see Section 2.2 of [62]). Perform percolation at parameter p = 1/6 to obtain
new degrees D1, Ds, ..., D, which are mildly dependent but whose ordered version behaves very
similarly to the order statistics of a i.i.d. sample which satisfy the conditions of our theorem. (In
particular, using results of Janson [89], such mild dependence can be shown to have a negligible
effect on the properties of the graph.) Then it should be the case that Bhamidi, Dhara, van
der Hofstad and Sen’s limit object is the same as the stable graph. In particular, the process
defined at with kK = 0 and A = 0 should, for this particular random sequence (91, 92,...),
have the same law as L. Similarly, if it is the case that the scaling limit is the same as for the
analogous inhomogeneous random graph setting, then our limit object should also coincide with
a particular annealed version of that of Broutin, Duquesne and Wang [50, 49].

It is perhaps worth emphasising that, in contrast to the bulk of the other papers cited here,
the multiplicative coalescent (and its relationship to percolation) appears nowhere in our proofs,
and is conceptually absent from our approach.

Let us now give a list of open problems and conjectures arising from our work.

(i) Prove that the stable graph is, indeed, an annealed version of the limit object from [36]

or [50, 49].

(ii) The convergence in our main theorem occurs with respect to the product Gromov—
Hausdorff-Prokhorov topology. For sequences A = (Aj, Ag,...) and B = (By, By, ...) of
compact measured metric spaces, we may obtain stronger topologies using the distances

1/p
dist,(A,B) = | ) _danp(Ai, Bi)? (2.10)
i>1
for p > 1. For the Erd6s—Rényi random graph, the analogous convergence to the Brownian
graph holds in the sense of dist4. We conjecture that it should be possible to improve our

main result for a € (1,2] to a convergence in the sense of distaq /(a—1)-

(iii) One reason for wanting to prove such a result is that it would imply the convergence in
distribution of the diameter of the whole graph (i.e. the largest distance between any two
vertices in the same component). In order to prove convergence in distaq /(q—1), We would
need bounds on the component diameters in terms of powers of their sizes for the whole
graph (we can do this for the parts explored up to time O(n®(®*t1)) using the methods
of this paper, but that is not sufficient). A finer understanding of the barely subcritical

regime for the configuration model would presumably help to resolve this issue.
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(iv) As shown in Proposition the measure change used in this paper makes sense for a
large family of spectrally positive Lévy processes (see Section for the precise con-
ditions). Any such Lévy process may be intuitively thought of as encoding a forest of
continuum trees, although the analogue of Theorem holds only with the imposition
of extra regularity conditions (see Theorem 2.3.1 of [70]). Is it possible to find a sequence
of degree distributions (v"),>1, depending now on n and such that the regularity con-
ditions are satisfied, so that if we take Dgn), e ,Dgn) to be i.i.d. random variables with
distribution v™ then we get convergence of our discrete measure change to its continuum
analogue? Or does the self-similarity inherent in the Brownian and stable settings play a
key role? If a generalisation to the Lévy case is possible, what is the connection to thinned

Lévy processes, or to the approach of Broutin, Duquesne and Wang [50, [49]?

For simplicity we have restricted our attention in this paper to the case where 6(v) = 1.
The critical window is obtained by considering the situation where the degrees DT, ..., D] are
i.i.d. but now with some n-dependent degree distribution ™, such that E[D}] — p for some
pasn— oo, 0") =1+ An~ @D/t and P(D} = k) ~ k=2 as k — oo, for some fixed

A € R. This regime is the subject of work in progress by Serte Donderwinkel.

2.2.6 Plan of the rest of the paper

In Section we study the process L which gives rise to the stable graph. In particular, we
establish the local absolute continuity relation between L and L, and present some results in
excursion theory. The section concludes with the proof of Theorem In Section [2.4} we
study a forest which is closely related to M,,(v). We show that the absolute continuity relation
, may be seen as the limit of a discrete measure change between the degrees in the
order we observe them when we explore this forest in a depth-first manner and an i.i.d. sequence
of random variables whose law is the size-biased version of v. The main result of this section is
Theorem [2.4.1], which gives the joint convergence of the depth-first walk and height process of
the discrete forest to their continuum counterparts. In Section [2.5] we explore the multigraph
M, (v) in a depth-first manner, and record its structure via coding functions close to those of
the forest in Section [2.4] and show their convergence in law. We also deal with the occurrence
of the back-edges, and prove that M,,(v) and G, (v) cannot have different scaling limits. We
must then extract the individual components of the graph in decreasing order of size, and prove
that their individual coding functions converge. We adapt an approach of Aldous [13] using

size-biased point processes; this is perhaps the most technical part of the paper. Section [2.5

culminates in the proof of Theorem [2.1.1] The [Appendix| contains various technical results. In
particular, in Section we give a formulation of the measure change in (2.1 and (2.2) for

a general class of Lévy processes, which may be of independent interest. In Section [2.6.4] we

show the natural result that a single component of G, (v) or M,,(v) conditioned to have size
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|2n®/(®+1) | has a component of the a-stable graph of size z as its scaling limit.

2.3 The limit object: the stable graph

2.3.1 An absolute continuity relation for spectrally positive a-stable Lévy

processes

We begin by discussing the coding function R discovered by Joseph [91], which was defined in
(2.5). Fix a € (1,2), u € (1,2) and ¢ > 0. Recall that L is the spectrally positive a-stable Lévy

process having Lévy measure 7(dx) = ﬁx_(o‘ﬂ)dac. This process has Laplace transform

E [exp(—ALy)] = exp(t¥(N)), A>0, t>0,

where
@(A)—L/‘ fx*@ﬂﬂhmxeka—-1+-Ax)::QEAQ,
0o M K
with ( )
(2 —«
Ce = aa=1)

Recall also that X is the unique process with independent increments such that

t 00 1
E [exp(—AX})] = exp (/ ds/ dz(e ™ — 1+ )\x)cﬂe_m/“) , A>0, t>0.
0 0 pe

Let
ta
A =-Co—

&7

and define
L= X, + A

We observe that X is a martingale and A is a finite-variation process, so this is, in fact, the

Doob—Meyer decomposition of the process L.

Proposition 2.3.1. We have

Ly — —o0  a.s.
ast — oo.

Proof. Lemma B.3 of Joseph [91] gives the convergence in probability; we adapt his argument.

Since A; is deterministic and tends to —oo, it will be sufficient to prove that

limsupt™®X; =0 a.s.
t—o0

Consider a Poisson point process on Ry x R of intensity

C (ot gmas/u g dx,
1
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with points {(s, As)}. Let X() be the martingale arising from compensating the jumps of
magnitude at most 1, formally defined as the ¢ — 0 limit of the family {X(19 e > 0} of
processes given by
(Le) _ ! ! C —a —axs/u
X, = ZASIL{€<AS<1)} — [ ds | dr—xz"“e ,
<t 0 € 12

and let . -
Xt(2) = ZASH{Aszl} _/0 als/1 dm%x_%_”/“.

s<t

Then X; = XV + X By Doob’s L%-inequality, we have

2 t 1
< sup ‘Xél)’> ] < 4E [(Xt(l))g:| = 4/ ds/ dxgl.—(oé—l)e—ars/u'
0<s<t 0 0 1

The integral on the right-hand side is bounded above by Ct*~! for some constant C' > 0.

E

Indeed, for every s > 0,

1 s
/ dmgwf(afl)efzs/,u — Sa2/ /u ¢ uf(afl)efudu < CF(Z — a) @2
o M 0o M I

Hence, applying Markov’s inequality, we get
IP( sup Xs(l)‘ > n(o‘+1)/2> < g
n—1<s<n o n2
As this is summable in n, the Borel-Cantelli lemma gives that
}P’< sup Xél)‘ > ploth)/2 i.o.) =0.
n—1<s<n

Since a > 1, it follows that

lim sup t_O‘Xt(l)

t—o00

=0 a.s.
Turning now to X @, for all ¢ > 0 we have the straightforward bound

sup XS(2) S Z AS]]‘{AsZI}‘
t20 s>0

The right-hand side has expectation

/ ds/ dxgx_“e_“/“ = c/ dx a:_(o‘+1)/ dsfe_”/“ = c/ p @t gy — E.
0 1 2 1 0 n 1 G

This computation also entails that

inf Xt(z) > —E.
>0 Q@

Hence by Markov’s inequality, we have for all n > 1:
IP’< sup X(Z)‘ > n(o‘+1)/2> < ¢
n—1<s<n ®

= gplarD/z
As for X(1)| the Borel-Cantelli lemma gives that

lim sup t_O‘Xt(Q) =0 a.s.

t—o0

The result follows. O
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The main purpose of this section is to expand considerably our understanding of the pro-
cesses L and R. Our first new result says that the law of the process Lis absolutely continuous

with respect to the law of the Lévy process L on compact time-intervals.

Proposition 2.3.2. For every t > 0, we have the following absolute continuity relation: for
every non-negative integrable functional f : D([0,t],R) — R,
tCH—l

E [f(Zs,o <s gt)] —E [exp (—;/tdes - Ca
0

) (B0 <9 <0

This proposition is a consequence of a more general change of measure for spectrally positive

Lévy processes, Proposition which is proved in the below.

In the Brownian case, we instead have L; = \/g B;, where B is a standard Brownian motion,
Li=/%B - itz, (2.11)
0 2u?

~ 1 t
]E[f(Ls,ogsgt)} :E[exp <_M/0 deS—(ngti’))f(Ls,ogsgt) .

and Proposition [2.6.2] gives

In order to harmonise notation, let us define Cy := /3/2, so that Proposition is valid as
stated for all a € (1,2].

Remark 2.3.3. The absolute continuity cannot be extended to t = co: the process (L, t > 0)

is recurrent whereas, by Proposition fora € (1,2) or for o = 2, we have Ly — —o0

a.s. ast — oo. (In particular, <exp (—% fot sdLg — CO‘(aff%) ,t > 0) 1s a martingale which

is not uniformly integrable.)

Recall that H is the height process which corresponds to L. Then for any « € (1, 2], we may
define a pair (ZNL, H ) of processes via change of measure as follows: for suitable test-functions
£ :D(0,4,R)? = R,

~ ~ 1 [t CataJrl

2.3.2 Excursion theory

We begin with some notation. Write D4 (R, R, ) for the space of cadlag functions f : Ry — Ry

with only positive jumps. We write £ for the space of excursions, that is
E={eeDi(Ry,Ry): Tt >0s.t.2(s) >0 for s € (0,¢) and £(s) = 0 for s > ¢}.

For € € &, let ((¢) be the lifetime of ¢, that is the smallest ¢ such that e(s) = 0 for s > t. Let
E* = £ U {0}, where the extra state, 0, represents the empty excursion, with (9) = 0.
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Let I; = info<g<¢ Ls. It is standard that the process —I acts as a local time at 0 for the
reflected Lévy process (L; —info<s<¢ Ls,t > 0) (see Chapter VII of Bertoin [31] or Section 1.1.2
of Duquesne and Le Gall [70]). Indeed, we may decompose the path of the reflected process

into excursions above 0. Now write
op=inf{t>0:1; < -1},

so that (oy,¢ > 0) is the inverse local time. We observe that oy is a stopping time for the (usual
augmentation of the) natural filtration of (L:)s>0. For £ > 0, write
(E—FLUE__H“OSUSO'(—O'(,) ifop—0op_ >0

0 —
0 otherwise.

Then the following theorem is standard (see Theorem VII.1.1 of Bertoin [3I], converting from

the spectrally negative case, or Miermont [I09] for a convenient reference).

Theorem 2.3.4. The inverse local time process (o¢,€ > 0) is a stable subordinator of index

1/« and, more specifically, with Lévy measure

Ml/a

a p gy,
Co/"al'(1 —1/a)

Moreover, the point measure on Ry x & given by

D e (2.12)

§>0:05—0s—>0

is a Poisson random measure of intensity d¢ @ N(de), where the excursion measure N satisfies

1/
N(((e) € dz) = s K A )
Cy/"al'(1 —1/a)

Consider the excursions occurring before time g,. With probability 1, only finitely many
of these are longer than n in duration for any n > 0. So, in particular, they may be listed in
decreasing order of length as (51@,2‘ >1).

Since L is self-similar, it is possible to make sense of normalised versions of N i.e. N(*)(.) =
N(:|¢(e) = x), which are probability measures. (Again see Miermont [109] for more details.)

For example, the law of @ under N®) is the same as the law of

(@/cenec(e)s/x).0 < s <)

under N(:|¢(e) > n) for any fixed 7 > 0. In particular, we have that under N(*), the rescaled
excursion (z~Y%(zu),0 < u < 1) has the same law as @ under N, It follows that the
excursions ¢(®) appearing in may be thought of in two parts: as their lengths C(E(s)) =
0s — 05— and their normalised “shapes” e(®) := (C(e(s))_1/0‘5(5)(§(5(5))u),O <u <1) where,
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crucially, the collection of shapes (e(s),s > 0) is independent of the collection of excursion
lengths (C(¢®)), s > 0).

We observe that the excursions of the Lévy process L above its running infimum and the
excursions of the height process H are in one-to-one correspondence and have the same lengths.
In particular, we can make sense of an excursion of the height process h derived from e, under
N or its conditioned versions. The scaling relation for the height process is that under N(*) the
rescaled excursion (z~(*~D/®h(zu),0 < u < 1) has the same law as h under N(), The usual
stable tree is encoded by (a scalar multiple of) a height process with the distribution of h under
N,

Much of this structure can be transferred into our setting, by absolute continuity. Recall
that

Rt:ft— inf ES, tZO
0<s<t

We will make use of the following properties.

Lemma 2.3.5. The following statements hold almost surely.
(i) For each € >0, R has only finitely many excursions of length greater than or equal to €.
(i) The set {t: Ry = 0} has Lebesque measure 0.

(iii) If (I1,r1) and (Iy,r2) are excursion-intervals of R and Iy < ly, then Ly, > Ly,.

(iv) For a >0, let B, = {b > a: Eb_ = inf,<s<p Es} Then B, does not intersect the set of

jump times of L.

Proof. Part (i) is a consequence of Lemma B.3 of Joseph [91]. For parts (ii), (iii) and (iv), we
first argue that the claimed properties are almost surely true for the Lévy process L and then
use absolute continuity to deduce them for L.

The analogues of both (ii) and (iii) are standard for L (see, for example, Chapter VII of
Bertoin [31]; indeed, these properties are necessary for Theorem to work). It follows by
absolute continuity that P (Leb({s <t: R; =0}) =0) =1 and

P (Ell > EZQ for all (I1,71), (l2, r2) excursion-intervals of R with I} <y < t) =1,

for fixed ¢ > 0. But then (ii) and (iii) follow by monotone convergence.

By the stationarity and independence of increments of L, it is sufficient to prove (iv) for
a = 0. But this then follows from Corollary 1 of Rogers [124]. In particular, if we let J be the
set of jump-times of L, by absolute continuity we get P (B, N[0,¢]N T # () =0 for any ¢t > 0.
By monotone convergence again, we obtain P (B, N J # () = 0. O

Let ft = info<s<s ES. As for the reflected stable process, we have that —T acts as a local

time at 0 for R. We write (54,¢ > 0) with &, = inf{t > 0 : I, < —£} for the inverse local
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time, (), ¢ > 0) for the collection of excursions above 0, indexed by local time (with &) = 9
if 7 — &, = 0), and (e1,¢ > 0) for their shapes. In order to understand the laws of these

quantities, we first need to prove two preliminary results, Lemma and Proposition [2.3.

Lemma 2.3.6. Let o € (1,2]. Then for any 6 > 0,

Eya) [exp (9 /0 1 e(t)dt)] < oo,

Proof. This is well known in the a = 2 case; see, for example, Section 13 of Janson [88]. For

a € (1,2), observe that

/1 e(t)dt < sup e(t).
0

te[0,1]

By Theorem 9 of Kortchemski [92] (see also the discussion at the top of the 12th page), for
any 0 € (0, =%+), there exist constants C7,Cy > 0 such that

Y a—1

Eya ( sup e(t) > u) < Oy exp(—Couf),
te(0,1]

for every u > 0. (Note that since Kortchemski works with the Lévy process having Laplace
exponent A%, his normalised excursions are a constant scaling factor different from ours. But

this changes the bound only by a constant.) Since we may take ¢ > 1, the result follows. O

1 t CatoHrl
d(t) .= - dLg — ———+—— | .
) eXp( u/os (a+1)ua+1)

Proposition 2.3.7. Let a € (1,2]. For any ¢ > 0 we have that (P(t Aoy),t > 0) is a uniformly

For t > 0 write

integrable martingale and, thus, E[®(oy)] = 1.

Proof. By Lemma with 6 = %, v =460 =0 and w(dx) = ﬁx_(o‘“)dx, (®(t),t > 0)
is a non-negative martingale of mean 1. Since for any ¢ > 0, oy is a stopping time for L
and since ® has right-continuous trajectories, (®(t A o/),t > 0) is a martingale (w.r.t to the
natural filtration of L). So by the almost sure martingale convergence theorem, we must have
O(t A oy) = P(oy) almost surely as ¢ — oco. Then (®(t A oy),t > 0) is uniformly integrable if
and only if this convergence also holds in L!. By Fatou’s lemma, we get E [®(0/)] < 1, so that
®(oy) is integrable. Now, for any ¢ > 0,

E[|®(0r) — ®(t Aoy)l] = E [|®(0r) — @) 15,51 ] < E [@(00) Lioysry] + E[P(E)Lig,5e] -

Observe that by the definition of the measure-changed process, we have E [®(t)1 {apt}] =
P (g, > t). So
E[|®(o¢) — @t Aog)|] <P (5 >t) + E [(00)Lig,51] -
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Since ®(oy) is integrable (and hence uniformly integrable) and since oy < oo almost surely, we
have lim;_, o E [@(ag)]l{apt}] = 0. By Proposition we have that L; — —oo almost surely

as t — 00, and so gy < oo almost surely. So lim;_,o, P (6y > t) = 0 and we get
E[|®(0¢) — ®(t Aoy)|] = 0

as t — oco. Hence, (®(t A oy),t > 0) is uniformly integrable and, in particular, we may deduce

that E [®(cy)] = 1. 0

We are now in a position to characterise the joint law of (55,0 < s < £) and ((), s < £). We
will find it convenient to list the excursions occurring before local time £ has been accumulated
in decreasing order of length, as (Ey),i > 1). Proposition m implies that we may use the
Radon-Nikodym derivative ®(t) to change measure at the random times o;. As earlier, we
write (51@,1' > 1) for the excursions of L occurring before time oy in decreasing order of length.

For an excursion € € £* = £ U {9}, write a(e) = OC(E) e(u)du for its area.

Proposition 2.3.8. For suitable test functions f and g1, 92,93, ..., and any n > 1, we have

E

G0 s <0 o (5)
i=1
1 [ Cpodt!
exp (/ opdr — (@) flos,0< s <)
0

=E [ a4 1)pett
ex (ate) ) o (=) ‘ae%]

e k>n| []E

=1

1
xE |exp ;Za(ey))

i>n

In particular, the excursions (é(ie),z’ > 1) are conditionally independent given their lengths.

Moreover, for any i > 1 and any suitable test function g,
~(0) 0y _ ] _ By [QXP <i fox ‘B(t)dt) 9(“3)}
E [9 (@ ) ’ G x} Eye) [eXp (% fox@(t)dtﬂ
Eqe exp (255 [ e(t)dt) g(/ e (-/2))]
By [exp (xltj/a Jo <B(t)dt)]

Proof. By integration by parts and writing Ly = Is + (Ls — I), noting that L,, = —¢, we get

1 [or lo, 1 [ lo, 1 [ 1 [oe
—/ des:”Jr/ Lsds:”+/ Isds+/ (Ls — I,)ds.
K Jo H K Jo H K Jo K Jo

Changing variable in the middle term, and using the fact that I,, = —s, we obtain
0 1 [t 1 [o 0 I 1 [o
U“+/ Igsd05+/ (Ls—Is)ds:‘”—/ sdas+/ (Ls — I)ds.
2 KJo K Jo K K Jo K Jo

Another integration by parts yields that this is equal to

1 /[t 1 [o
/ asds—l—/ (L, — I,)ds.
mJo ®Jo
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Finally, we can integrate the excursions of L — I separately to obtain that this is equal to

I 1 (®)
— | osds+ — Z a(e'™).
0

H ] s<t
Hence,
1 ¢ 1 () O'?+1
D(0y) = exp /Urdr—i— a(eV¥) - Cp—-Etr—— 2.13
(o) 1 Jo uszg( ) (a4 1)patt (2.13)
Now,
. T (=0
E f(08>035§€)]_—[92 &
i=1
| 1 [f 1 oot - 0
=E |exp / opdr + — a(e® -C,—t flos,0< s </ Gi 52(-
1 Jo ; =) (a+ 1)pett ( )E ( )
E-e 1/£ dr — C, i flos,0 < s<¥)
== X - 0-7" - a7 . AN 1 087 = =
P #Jo (a+ 1)pett

xE |exp ;Ea(s(s)) ﬁfi (61@)) ](as,ogs <0ll,
=1

s</t

As discussed below Theorem the excursions of the stable Lévy process are condition-
ally independent given their lengths, which yields the first expression in the statement of the
proposition. The final statement is an immediate consequence of the scaling property for sta-

ble excursions; we observe that this change of measure for the excursions is well-defined by

Lemma 2.3.6 O

Lemmam (i) implies that we can list all the excursions of R in decreasing order of length:

write (£;,4 > 1) for this list. Write (hs,i > 1) for the corresponding height process excursions.

Proposition 2.3.9. The pairs of excursions (@,ﬁi,i > 1) are conditionally independent given
their lengths (((€;),1 > 1), with law specified by
En) [exp (i Iy e(t)dt) g(e,]h)}

Exe) [exp (i fom e(t)dt)]

Eyo [exp (255 [y e(t)dt) g(@!/*e(-/z), 2@~ D/on( /z))

- Eya {eXP (mlt/a Jo ‘B(t)dt)}

Elg(50h) | @) =2] =

Proof. The excursions of R occurring before local time ¢ has been accumulated are a strict

subset of all the excursions that ever occur. By Lemma we have that

sup{C(e) : ¢ is an excursion of R starting after time ¢} - 0
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as t — oo and —.Tt — 00 as t — oo. The latter implies that o, < oo a.s., and since —E < oo for

each t > 0, we also have gy — 0o as £ — oo. Hence,
sup{¢(g) : € is an excursion of R starting after time o} 20
as { — oo. It follows that
(CED),i21) > (E)i=1)  as

in the product topology, as £ — oco. The result then follows from Proposition [2.3.8| since the

expressions there do not depend on the value of /. ]

This enables us to give the proof of Theorem assuming the definition of ((G;, d;, j1;), 1 >
1) from L given following Theorem m

Proof of Theorem[2.1.3. With Proposition [2.3.9] in hand, it remains to deal with the Poisson
points which give rise to the vertex-identifications. We have straightforwardly that, given &;,
the number M; of points falling under the excursion is conditionally independent of the other
excursions and has a Poisson distribution with parameter - fo g;(u)du. Moreover, conditionally
on the number of points, their locations are i.i.d. umform random variables in the area under

the excursion. For any suitable test function g,

8o () 10 | 20 =]

g (5.7) exp (;/Oma(u)du) = (; /Oooaw)du)m
Exne) [exp( Iy e( ) (e,h) exp (—ffo ) L (i foxe(t)dt)m]

B En) [exp (ﬁ Iy e(®) dt)]

=E (E) = x]

and so

Epe) {(i I e(t)dt)mg(e,lh)}
Ene) [(l foxe(t)dt)m]
wor [ (Jy edt) " g(aV/ee(/z), 2D/ (. /x))
Eyo) {( fole(t)dt>m} '

The claimed result follows. O

Elg(50) | ¢E) =0 =m] =

2.4 Convergence of a discrete forest

The multigraph M,,(v) contains cycles with probability tending to 1 as n — co. However, its

components will turn out to be tree-like, in that they each have a finite surplus, with probability
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1. In this section, we study an idealised version of the depth-first walk of the multigraph,
ignoring cycles.
Let (f)?,f)’g, e ,f)g) be D1, Do, ..., D, arranged in size-biased random order. More pre-

cisely, let ¥ be a random permutation of {1,2,...,n} such that

D1y Do) Do)
> im1 Do) 25=2 Do)y Do)

P(S =o|Dy,...,D,) =

and define
( A7117 Aga"wDZ) = (DE(1)7DE(2)7"~ 7D2(n))

Now let S™(0) = 0 and, for k > 1,
N k
S™(k) =Y (D} —2).

Then S™ is the depth-first walk of a forest of trees in which the ith vertex visited in depth-first
order has ﬁf — 1 > 0 children. Define the corresponding height process,

G"(k) = #{j €{0,1,...,k—1}: 8"(j) :jg{k@(z)}.

The purpose of this section is to recover Theorem 8.1 of Joseph [91] and, indeed, to strengthen
it by adding the convergence of the height process to that of the depth-first walk. We will prove
the following.

Theorem 2.4.1. We have
(n™ = S ([naTe)), 055 G (nw¥e)), ¢ > 0) <% (Ly, Hivt 2 0)
as n — oo in D(Ry,R)2.

In order to prove this theorem, we will begin by showing that there is an analogue in the

discrete setting of the change of measure used to define L.

Write 21, Zs, ..., Zy, for i.i.d. random variables with the size-biased degree distribution, i.e.
k
P(Zy=k)= £ k>1.
1

Observe that p € (1,2) since, firstly, D; > 1 and, secondly, E [D%] = 2u and we must have
var (D1) = u(2 — ) > 0. Then we have E[Z1] = 2, P(Z1 > 1) = 1 and P(Z1 = k) ~ £k~ 0+
as k » oo if a € (1,2), or var (Z;) = B/p if o = 2.

Proposition 2.4.2. For any k1, ka,...,k, > 1, we have

n

. A ~ —i+1
P <D§L = thg = kz, .. ,D:LL = kn> = kll/klkgl/kQ . ]{an/kn H W
i1 Zj:i J
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Moreover, for 0 <m <n and ki,ko,...,kyn >1, let

gf)?n(kil,kg,. . ,km) =E

=1 Lej=i "]
where 2y, has the same law as Dyyy1 + Do+ - - -+ Dy Then for any suitable test-function

g: 27" =Ry,
E[g(D}.D5..... D3| = El6(Z1. 2. Zu)a(Z1. B Z)]. (2.14)

We have not found a precise reference for the contents of Proposition 2.4.2] The analogue
of for continuous random variables is equation (1) of Barouch & Kaufman [25]; see
Proposition 1 of Pitman & Tran [120] for a proof. The proof of Proposition is elementary
and may be found in the

We now show that the Radon—Nikodym derivative in the change-of-measure formula con-
verges in distribution under appropriate conditions. Until the end of this section, we restrict

our attention to the case o € (1,2); the proof for the Brownian case is similar but a little more

involved, so we defer it to Section in the

Proposition 2.4.3. Let
(I)(TL, m) = ¢nm(Zl, ZQ, ey Zm)

and recall that . C ot
1 ¢
(1) = —— L. — )
(f) = exp ( 1 /0 siks (a+ 1)u“+1)

Then for fized t > 0, ®(n, Ltna%lj) N ®(t) as n — oo. Moreover, the sequence of random

variables (®(n, Ltn%ﬂj))nzl is uniformly integrable.

In order to prove this, we will need some technical lemmas.
First, we consider the asymptotics of S(k) = Zle(Zi — 2). The generalised functional
central limit theorem, Theorem [2.2.3] (ii), entails that

n~1/(a+1) (S (Ltna/(a“)J) > 0) s (Lt > 0) (2.15)

as n — oo in D(R4,R), where L is the spectrally positive a-stable Lévy process introduced in
the previous section. We will need to deal with functionals of S converging, which we will do
via the continuous mapping theorem (Theorem 3.2.4 of Durrett [71]). We give here the details

for the functional which will arise most frequently in the sequel.

Lemma 2.4.4. For anyt >0,

as n — 0.
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Proof. We have
ltnaiT |—1

1 1 \_tn%ﬂj n_%‘ﬁ‘l\_tn%ﬂj 1 o
LS s = / S(lv])dv :/ 0~ S(luns |)du,
o0 0 0

n

by changing variable. Then the convergence in law follows from the fact that n” et Ltn%ﬂj —t

and the continuous mapping theorem. O

Lemma 2.4.5. Let L()\) := E[exp(—AD1)]. Then as A — 0,

(2 - ,LL) )\2 . Ca)\a+1 + 0()\a+1)> ) (216)

w
L(\) = exp <—u)\ + 5 (@t 1)

Proof. First observe that

L"(\) = -E [D:{’ exp(—ADy)] = — Z ke .
k=1

Since vy, ~ ck~(@*t2) the right-hand side is finite and, by the Euler-Maclaurin formula, asymp-

totically equivalent to -
/ cxl™% Mdr = eXTI0(2 — a),
0

as A\ = 0. In other words,
L"(N) = —eX* 702 — a) + 0o(A\*7?),

where o is for A — 0. We also have E[D;] = p and E [D?] = 2u. So integrating three times,

we obtain

cI'(2—a)
(a—Da(a+1)

and it is straightforward to see that this implies

L) =1—pA+p\? — Xt o(ae )

(2 B /,L) )\2 o Ca)\a+l
2 (a+1)

L()\) = exp (W\ + £ - o()\“+1)> . O

Lemma 2.4.6. For m = O(n®/(®+1)) we have

exp <m - (““)mQ) [E ( m )]nm — (1+ o(1)) exp <—C“ma+1> .

2u n np (a4 1)potina

Proof. By (2.16)), it is sufficient to show that

2 4 1) m? m 2 — m? C mat!
m—wf-i-(n—m) _L+M( ) 55 — = TR
2u  n nu 2 n’u (o + 1) notlyat
C.met!
e o),

(a + 1)Ma+1na

as n — oco. But this is now easily seen to be true on cancellation and using m = O(na/ (O‘H)).

The result follows. O
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Lemma 2.4.7. Let s(0) =0 and s(i) = Z§:1(kj —2) fori>1. Then if m = O(n®/ (@) we

have
m 1 <&, . C,motl
O (k1, k2, ... k) > exp (W ;(S(Z) —s(m)) — (04‘*'1)/ﬂ+1”°‘> (1+o0(1)),

where the o(1) term is independent of ky,..., kp > 1.

Proof. First rewrite

m

m—1 . m —_
=E |exp Zlog(l—i)—Zlog Hn_m%—iij
j i=1

npy Ul

Now note that for any z € (—1,00), we have log(1 + z) < x. We also have log(1 —i/n) >
—i/n—m?/n?for 1 <i<m—1. So

ot (ki, ko, .oy km)

XQXP(M"_’”S).

2un n?

We have m3/n? = O(nz%r?) = 0(1) and so the final exponential tends to 1 as n — oco. The
desired result then follows from Lemma 2.4.6] O

Lemma 2.4.8. Let (X;,)n>1, (Yn)n>1 be two sequences of non-negative random variables such
that X,, > Y, and E[X,,] = 1 for alln. Suppose that X is another non-negative random variable
such that E[X] =1 and Y, 4y X, Then X, 4y X and (Xn)n>1 is uniformly integrable.
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Proof. We first prove that X, Ay x , using Portmanteau’s theorem. Let f be a bounded
and uniformly continuous function, we have E [f(Y,)] — E[f(X)]. It is enough to show that
E[f(Yn+ Z,)] — E[f(Yn)] — 0, where Z,, := X,, — Y,,. Z, is a non-negative random variable
such that E[Z,] — 0, hence Z, converges to 0 in probability. Fix ¢ > 0, and let § > 0 be
such that |f(z1) — f(z2)| < € for all z1,z2 € R satisfying |z; — 22| < 6. For n large enough,
P(|Z,| > 0) <. Thus,

E[f(Yn+ Zn)] —E[f(Ya)] ]| <&+ 0] fllco-

Since € and § can be chosen arbitrarily small, this yields X, NS

Now, we prove that X,, — X in L', which implies the uniform integrability. By Skorokhod’s

representation theorem, we may work on a probability space where X,, — X almost surely.
Consider (X — X,)+. For any given € > 0, we may choose K such that E [X]I{XZK}] < €

(since E[X] < 00). So E[(X — X,,)+1(x>ky] < e But also E[(X — X,,)11ixcky] — 0 as

n — oo because it is less than 0 + KP ((X — X,,)4+ > ¢) for any 6 > 0. So E [(X — X,,)4+] — 0.
Since E[X] = E[X,], we also have E[(X,, — X)y] = E[(X — X,,)+] — 0. So finally

E[|X, — X]|] — 0. O

Proof of Proposition[Z2.4.3 Recall that S(k) = 2% | (Z;—2). By Lemma form = |tnatt |,

1 m . Cama—l-l
®(n,m) > ®(n,m) := exp (W ;(S(Z) = 8(m)) — W) (1+0(1)).
By (2.15) and Lemma we have
1 & a 1 [t
o 2500 = 5(m) > M/O (L — Lo)ds

Hence, by the continuous mapping theorem,

_a d 1 [t o, totl
P tn« — Ly —L)ds — ————
®(n, [tno+1|) = exp (M/o ( ¢)ds (a+1),u0‘+1>

1 t Cata+1
—exp (== [ sdly— — ),
eXp( M/os (a+1)u“+1>

and the right-hand side is, of course, ®(¢), which has mean 1. We also have
E [@(n, Ltnﬁrlj)} =1 for all n. So by Lemma [2.4.8 we must have

®(n, [tn=1]) 5 @ (1)
as n — 0o, as well as the claimed uniform integrability. O

We are now ready to prove Theorem [2.4.1
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Proof of Theorem[2.7.1]. Tt is sufficient to show that for any ¢ > 0 and any bounded continuous
test-function f : D([0,],R)? — R,

a—1 ~

E[f (n_#lgn(mﬁluj) n” e G" (Ln%ﬂuj),ogugt)] %E{f(zu,ﬁu,ogugt) ,

as n  —  oo. Let us write S (u) = n~ S ([n=+iu)) and, similarly,
G (u) = n_%G( Lna%luj) Then, by changing measure, we wish to show that for any ¢ > 0
and any bounded continuous test-function f : D([0,¢],R)? — R,

E[@(n, (10557 ) (5" (), G"(w),0 < u < 0)] = E[®(6)f (L, Hu 0 < u < 1)),

as n — oo. From the proof of Proposition we have that
H@ [tnat1 |) — B(n, Lmﬁj)u =0

as n — oo, and so it will suffice to show that

E [@(n, [tna¥T ) F(8™ (w), G (1), 0 < u < t)} S E[®(t)f(Ly, He, 0 < u < 1)
But .

®(n, [tnatt ]) = exp (i/ (8" (u) — §"(t))du — %) .
R), 1

In particular, for a path z € D(][0,¢], et

a+1
O(z,t) = exp ( ))du — Cat )

(a+ Dpett
and observe that © is a continuous functional of its first argument. Then we have
E H@(n, [tnatt|) — @(?",t)H 0.
So it suffices to show that
E [0(S",t)f(S"(v),G"(u),0 <u<t)] = E[O(L,t) f(Ly, Hy, 0 < u < t)].

But this now follows from Theorem and uniform integrability. O

2.5 The configuration multigraph

The processes S™ and G™ encode a forest of trees where the numbers of children of the vertices,
visited in depth-first order, are ﬁf —1,4 > 1. Let us write f‘n(u) for this forest. In this section,
we wish to encode similarly the multigraph M, (v). Let us first describe the organisation of this
section.

In Section we simultaneously generate and explore M,,(v) using the depth-first ap-

proach outlined in the Introduction: we view each connected component of the graph as a
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spanning tree explored in a depth-first manner plus some additional edges, creating cycles, that
we call back-edges. In Section [2.5.2] we prove that the exploration process is close enough to
S™ in order to have the same scaling limit, and add the joint convergence of the locations of
the back-edges in Section (Theorem . In Section we split the multigraph into
its components by showing that the (rescaled) ordered sequence of component sizes converges
to the sequence of ordered excursion lengths of the continuous process R (Proposition .
We improve this result in Section by adding in the locations of the back-edges under
each excursion (Proposition . In Section we study the height process and show in
Proposition the joint convergence of the height process excursions and the locations of
the back-edges. This finally allows us to prove Theorem in Section [2.5.

2.5.1 Exploration of the multigraph

We work conditionally on the sequence
(D7, D%,...,Dm). Let us declare that the vertex of degree D is called v;. This means that we

have already determined the (size-biased by degree) order in which we will observe new vertices.
We will couple f‘n(u) and M,,(v) by using the same ordering on the new vertices we explore.

Recall that we start from vertex vy with degree D{‘ We maintain a stack, namely an ordered
list of half-edges which we have seen but not yet explored (remember that the half-edges come
with an arbitrary labelling for this purpose). We put the ﬁ? half-edges of v; onto this stack,
in increasing order of label, so that the lowest labelled half-edge is on top of the stack. At
a subsequent step, suppose we have already seen the vertices vi,vs,...,vg. If the stack is
non-empty, take the top half-edge and sample its pair. This lies on the stack with probability
proportional to the height of the stack minus 1 or belongs to v;1 with probability proportional
to> ., 1 ﬁ? In the first case we simply remove both half-edges from the stack. In the second,
we remove the half-edge at the top of the stack (which has just been paired) and replace it by
the remaining half-edges (if any) of viy1. If the stack is empty, we start a new component at
Vk+1-

Let us now describe the forest F,,(v) from which we will recover M,,(v). Whenever there is
a back-edge in M, (v), say from vertex vy to vertex v; with i < k, remove the back-edge and
replace it by two edges, one from v; to a new leaf and the other from v; to a new leaf. To
recover M, (v) it is then sufficient to remove the edges to the new leaves and put in a new edge
from v; to vy.

Our aim is to encode the forest F,,(v), firstly via its depth-first walk and then by its height
process. We will simultaneously keep track of marks which tell us which vertices we should
identify in order to recover the multigraph.

Our first observation is that the vertex-sets of pairs of components in F,(v) correspond
precisely to the vertex-sets of subcollections of components in M,,(v). (This is illustrated in

Figure to which the reader is referred in the following argument.) More precisely, without
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loss of generality, let the pair of components of f‘n(l/) be the first two, on vertices vy, va, ..., Um,
and U, 41, Umy+25 - - - » Umy+my- Suppose that the same vertices in M, (v) are adjacent to b
back-edges. Now vertices v; and v,,,+1 each possess one more half-edge in M,,(v) than they
do in Fp,(v) (since in F,(v), if v; is the first vertex of a component, it has D; — 1 edges and
not f)z) In particular, adding an edge between v; and vy, 41 clearly produces a tree with
mi1 + mo vertices and %Z?ilfr"” Df = my + my — 1 edges. We now “rewire” this tree to
obtain the relevant components of M, (v). The effect of adding a back-edge is to shunt all of
the subsequent subtrees along in the depth-first order. (See Figure ) The overall effect is
that each back-edge causes a new component to come into existence. Each time we observe a
back-edge, it occupies two half-edges, so there are two subtrees which get pushed out of the
component. The earlier of these subtrees in the depth-first order becomes the basis for the
next component of M, (v). The root of this component has one more child than it had in the
original tree. This allows the absorption of the second subtree, whose root gets attached by its
free half-edge to the root of the component. Subsequent back-edges similarly each generate one
new component. Following this through, we see that we end up with b+1 components of M, (v).
(For the purposes of intuition, note that because the vast majority of vertices lie in components
of size o(n®/(@+1), with high probability at most one of them will be of size ©(n®/(®+1)) and
thus show up in the limit. So, at least heuristically, this rewiring process cannot affect what we
see in the limit.)

It is clear that the effects of adding back-edges are relatively local and so it is at least
intuitively clear that the depth-first walk of the forest F,,(v) should be similar to that of f‘n(u),
as long as there are not too many back-edges. Let X™ denote the depth-first walk of F,,(v). We
will now describe how to construct X™ from g”, and also how to keep track of the back-edges.
We will write R"™(k) for the number of half-edges on the stack at step k. We will let N™ count
the occurrences of back-edges, and U™ the positions of their targets on the stack. We will write
M" (k) for a set of marks (in N) at step k, indicating back-edges which have not yet been closed,
and 7, (k) for the number of vertices already seen at step k (note that we see a new vertex if
and only if the current step does not involve a back-edge). Finally, let C™(k) be the number
of components of F,, () we have fully explored by time k. So we will have that for all £ > 1,
C™(k) = —ming<y<i X" (¢), and that R"(k) = X" (k) + C"(k).

We start from X™(0) = N"(0) = 0, M"(0) = 0 and 7,(0) = 0. For k > 0, we might

encounter the following three situations.

¢ New component.
If X™(k) = ming<;<p—1 X™(i) —1or k=0,let 7,(k+1) = 1,(k) + 1, N*(k+1) = N"(k),
M (k+1) = M™(k) and

X"k +1) = X"(k) + 8™(1a(k) + 1) — S* (1 (k)) + 1.
e Start a back-edge or not.
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Figure 2.1: For simplicity, the labels given are those corresponding to the depth-first order.
Top: the first two components of the forest f‘n(y) Middle: the first four components of M,,(v),
on the same vertices. Three back-edges are marked in red. The subtree surgery required to get
from F, () to M,,(v) is indicated. The back—e?i?ge from 5 to 8 moves the subtree from 9 to the
next available half-edge, also belonging to 5. This shifts further the subtrees from 13 and 16:
13 is connected to 1, which has one more edge in M, (v) than in F,(v) (D instead of D; — 1),

as any first vertex of a connected component of M,,(v). 16 starts a new component. Bottom:



If Xn(k?) > minogigk_l Xn(l) — 1 and Xn(k) ¢ Mn(k‘),

— With probability

X" (k) — ming<;<x X" (k) — |M" (k)|
X7 (k) — ming<icp X7(k) — [MP(k)| + 20 40 D7

let 7,,(k+1) = 7, (k) and X" (k+1) = X"(k)—1. Let N"(k+1) = N"(k)+1, sample
U™(k + 1) uniformly from
{OglilgkX (0),...,X"(k) — 1} \ M"™(k),
and let M"(k+1) = M"(k) U{U"(k+1)}.
— With probability

2 jra(ky1 Dj
X () — mingzier X (k) — [MA(E)] + S0, s D

let 7, (k+ 1) = 7 (k) + 1,
X"(k+1) = X"(k) + S™(ra (k) + 1) — S™(14(K)),
N™(k+1) = N"(k) and M"(k+ 1) = M"(k).
e Close a back-edge?
If X™(k) > ming<j<p—1 X"(i) — 1 and X" (k) € M"(k) then let 7,(k + 1) = 7,(k),
X"k+1)=X"(k)—1, N*"(k+1) = N"(k), and M™(k+ 1) = M"(k) \ {X"(k)}.

It is straightforward to check that this is the depth-first walk of the forest F"(v). We observe
that for £ > 1 we have
XM(K) + min, X"(3) = 8 (ma (k) + 1= N"(k) = #{i < b+ |M ()] < | MG = 1)}
<i<
Hence, X" (k) 4+ ming<;<; X" (7) is the number of half-edges seen but not yet paired or reserved
for back-edges, in the currently explored connected component (the (j + 1)-th component if

—ming<;<; X" (i) = j). Indeed,
S"(ra(k) +1=(D1 —1) =1+ Dy —2+...4 D, 91— 2+ D, ) — 1

is the number of half-edges seen and not paired in the spanning forest of the components explored

so far. N™(k) + #{i < k : IM"(i)| < |[M"(i — 1)|} is the number of half-edges that have been

paired in or reserved for back-edges. Note that [M"(7)| increases (resp. decreases) by 1 exactly

when a back-edge is initiated (resp. closed). N™(k) counts the number of back-edges started.
In particular,

S" (ra(R)) = 2N"(k) < X" (k) + min X"() = 1 < §"(7a(k)). (2.17)
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2.5.2 Convergence of the depth-first walk and marks

Let us first prove a bound on the number N"(k) of back-edges which have occurred by step k.

Lemma 2.5.1. For every t > 0, the sequences of random variables (N”(Ltna/(a+1)J))n>1 and

(supogkﬂtna/mﬂw |70 (k) — k\>n>1 are tight.

Proof. Fix t > 0. We observe that k — 2N"(k) < 7,,(k) < k so that it is enough to prove that
(N”(Ltno‘/(o‘+1)J))n>l is tight. At time ¢, the number of half-edges on the stack is R" (i), and
the total number of unpaired half-edges is Z?:Tn(i) 11 ﬁ?, so that the probability to start a
back-edge is

R

2 j=ratiyr1 DF
Note that if the component we are exploring at step i began at step j, then R"(i) < 2 +
Z;i;i(])(ﬁg — 2), since at most bﬁn(j) +...+ bﬁn(i) half-edges have been seen, and at least
2(1p (i) — 7 (j)) of them have been used to connect the first 7,,(i) — 7,(j) + 1 vertices of the
component. Hence,

n . < ~n . _ . ~n . < ~n . _ . ~n .
R" (1) —2+52§%S (Ta(4)) Orgjlgis (7 (4)) _2+012%.S (4) 0%21-5 (4),

since 7, ({1,...,1}) C{1,...,i}.

As underlined in the beginning of Section we can realize M, (v) by first drawing
the sequence (ﬁ?)lgign, and then proceeding to the pairings of the half-edges through the
exploration. Conditionally on (D?)lgign, for every i > 1 and whatever happened in the first

1 — 1 steps of the exploration, the probability to create a back-edge at time ¢ is at most

Z?:Tn(i)Jrl D;l

Note also that 7,(i) + 1 < [tn®/ (@] 41 for every i < [tn®/(@F1)]. Therefore, conditionally

on (D?)i<i<n, the random variable N™(|tn®/(®+1) |} is stochastically dominated by a Binomial
random variable with parameters [tn®/(“+1 | and

2 + maXOSjSLtna/(oH—l)J STL(]) — mlnog‘ygttna/(a+l)J Sn(])

Hn
J

n
> i |tne/ta+n) |41 D

For K > 0, define

& = {2 + max gn(z) — min §”(1) < Knl/(aH)}
1<i< Ltnoc/(a+1)J 0<i< \_tna/("“rl)]
and
& = Z ﬁjn >n

j=[tno/(a+1) |41

61



Fix € > 0. Theorem [2.4.1] Lemma [2.6.5] and the fact that ¢ > 1 imply that there exists K > 0
such that for n large enough,

P(glﬁgg) >1—e.

On the event £ N &, we have
2 + maXOSjSLtna/(a+l)J Sn<j) — manS]SLtna/(a+1)J Sn(J) K

A —_ 1 *
E?:Ltna/(a"’l)J—i-l Djn na/(a"r )

Let Y ~ Bin([tn®/(@+1) | 2K /n®/(@+1)) Then there exists K’ > 0 such that for n large enough,
P(N%umwwﬂpgzv)gp@fqu+P«&mggﬂ326
Since € > 0 was arbitrary, the result follows. O

In particular, the steps on which back-edges occur are negligible on the timescale in which

we are interested. Write 1:; = info<s<t Es for t > 0 and recall that
Ry =L; - I
Proposition 2.5.2. Asn — oo,
(n—1/<a+1> S ([ @D ), p= L@+ D) gr(| e/ (1) ) =t/ @t on( e/ (et |y ¢ > 0)
4, (Et,Ru _%Evt > 0) )
in D(R,, R)3.

Proof. Let k > 1, and let j be such that X™(j) = ming<y<x X" (¢). Then X" (j)+ming</<; X" ({) =
2X"™(j), and by (2.17)), we have

ZX”U)Zl%—&gggsm@hwﬂ-—QN“@D

>1+ min S"(7,(£)) — 2N"(k
=1+ min 5% (7 (f)) (),
since (N"(7))i>0 is non-increasing. Thus, by (2.17)), we have

. ~n _ n < . n < . Nn .
1+&$&S@M@)2N(@72%%f¥wy,kmg@ﬁ(mwﬂ

By Theorem and the continuous mapping theorem,

<n1/(a+1) min §”(£)7 s> 0) LN (fs, s> 0)
0<e< | sno/ (a+1) |

and combining this with Lemma and recalling that C"(k) = — ming<y<j X" () yields
(n—l/(a+1)cn(Lsna/(oﬁl)n’ s> 0) i> (_%ffs’ 5>0)
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Another application of (2.17)) gives

1+ S™(7u(k)) — 2N™(k) — 2 min X"(i) < R™(k) <1+ S™(7(k)) — 2 min X" (i)

0<i<k 0<i<k
and since
(n VDG (7 (|0 @D ) £ > 0) =% (Lp t > 0)
we have
<n_1/(a+1)R"(Ltno‘/(o‘+l)j),t > 0) L (Ry,t > 0),
jointly with the convergence of the minimum. O

Thus the exploration of f‘n(y) sees approximately twice as many components as that of
F,.(v) but the limiting reflected process is the same for both. In particular, asymptotically the
two processes have the same longest excursions. This fact will play an important role in the

sequel.

2.5.3 Back-edges

We will now show that the parts of the multigraph we observe up until well beyond the timescale
in which we are interested are, with high probability, simple. To this end, let A™(k) be the
number of loops and edges created parallel to an existing edge, up until step k of the depth-first

exploration of F,,(v). Call these anomalous edges.

Proposition 2.5.3. Suppose ;95 < 8 < §. Then we have

P (A”(Lnﬂj) > 0) =0
as n — oQ.

Proof. We adapt the proof of Lemma 7.1 of Joseph [91] (which applies in the finite third moment
setting). Self-loops are obviously associated with a unique vertex. We associate extra edges
created parallel to an existing edge with their vertex which is discovered first in the depth-first
exploration. Consider a particular vertex of degree d in the exploration before time |n?]. Its
kth half-edge (in the order that we process them) creates a self-loop with probability bounded
above by
d—k

Z?:Lnﬁjﬂ D?.

It creates a multiple edge with probability at most

kE—1
Z?:Lnﬁj+1 D?.
This vertex therefore possesses an anomalous edge with probability bounded above by
d(d—1)
Z?:Lnﬁj-&-l f)?'
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Hence, by the conditional version of Markov’s inequality,
~ “ N [n” ] D
P (471" >0 | D1, g,...,pg)§<zw>m
> ie|nf)+1 DF

But > LngJ_H =" D - Ztnﬁj Dr >y Dr— ZLnB (D)2, By Lemmas [2.6.4] and

2.6.9| and the bounded convergence theorem, we obtain that

P(A”(Lnﬁj) > 0) =0

as n — oo. O

Let p(n) = inf{k > 0: A"(k) > 0} and note that the event that M, (v) is simple is equal to
{p(n) = co}. The last proposition shows that we observe any anomalous edges long after the
timescale in which we explore the largest components of the graphs. This allows us to conclude
that all of the results we prove using only the timescale n®/(®t1) for the multigraph are also true
conditionally on {p(n) = co}. In this way, we may give a proof of Conjecture 8.6 of Joseph [91].
(See also Theorem 3 of [62].)

Theorem 2.5.4. Conditional on {p(n) = oo}, as n — oo,
(n—l/(““)R”(Lsn“/("‘“)J (et om( | g/ @D | g > 0) _d, (Rs, 15> 0) :
in D(Ry, R)2.

Proof. Given Propositions and this follows in exactly the manner as Joseph’s The-

orem 3.2 follows from his Theorem 3.1. OJ

Henceforth, using exactly the same argument, statements about our processes should be
understood to hold either unconditionally or conditionally on the event {p(n) = oo}.

We now turn to the locations of the back-edges that do occur. Recall that if a back-edge
occurs at step k, then U™ (k) is its index in the stack. For steps k such that N™(k)—N"(k—1) = 0,

declare U™ (k) = 0, where 0 denotes that no mark occurs.
Theorem 2.5.5. We have
(/TR (st ), =Y @HDCR (sl @D | N7 (st ]),
n~ YDy (| spatt ]), s > 0)
d

— (R57 _%fS7N87U3,S Z 0)’

where ((Ns,Us), s > 0) is a marked Cox process of intensity Rs/u at time s > 0, and the marks

are uniform on [0, Rs] i.e

;=0 if Ng— No_ =0
~U[0,Ry] if Ng— Ny =1

64



Equivalently, conditionally on (Rs,s > 0),

Yo S

0<s<t:
Ne—N;_=1

is a Poisson point process on {(s,x) € Ry x Ry : & < R} of constant intensity 1/u. Here, the
convergence is in the Skorokhod topology for the first three co-ordinates and in the topology of

vague convergence for counting measures on ]R%_ for the fourth.

We observe that, in particular, for fixed ¢ > 0 we have supy< <, s < 00 a.s. and so Ny < oo

a.s.

Proof. We refine the argument from the proof of Lemma At step k, conditionally on the
sequence (ﬁi)lgign and on the first k — 1 steps of the exploration, the probability of seeing a

back-edge is
R"(k) — |M" (k)|

R (k) = IMM(R)| + Y0, 41 D2
where |[M™(k)| < N™(k). Now
ZD”<R” — M &)+ > Dp<> Dp+R'k)
i=k+1 =17 (k)+1 i=1

But then by Lemma [2.5.1, Proposition u Lemma [2.6.5) - in the |Appendix|) and Slutsky’s

lemma, we obtain

n a/(a+1) 1) _ n a/(a+1)
na/<a+1>< (|0 )) = Mm@ D)) A ’0§5§t>
R ([sn®/ @) [) — | M ([sne/ D))+ 7 stasn i DY

I

1
LN (R0 <) (2.18)

Let 7 = o((D}, D3, ..., D), X"(i), N"(i), M"(i),0 < i < k). Then (N"(k),k > 0) is a

counting process with compensator

k—1 ‘ .
R"(j) — IM"(5)
Neomp (k) = , : - L xen (VM ()1
p ;R”(j) — IM"(5)] +Zi:7'n(j)+1 Dr {Xn(G)gM™(5)}
Since
k—1 "
"(j) = IM™(5)] Legremte)
" n An (4 n(j
j=1 R( ’./\/l )+ Zi:Tn(j)+1 D;
< N™(k—1) max R"(j) — IM"(5)|

0<3<k-1 R (j) — [MP()] + S0y D

and n~o/(@FD N1 (|pe/(@tD) |y B 0 by Lemma using (2.18) and the continuous mapping
theorem we get that

[tno/(aF+1) | 1 (i M
En(\_tna/(oﬁ‘l”) = Z - ('7)._ ‘ ELJ)’ =
=0 R(j) = M)+ Xoier )41 DF
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So by (2.18) and another application of the continuous mapping theorem, we obtain

k-1 neay -
Ng)mp(l_tna/(a-‘rl)b — Z . R (]) ’M EL])’ _ En(Ltna/(a+1)J)
S RG) MG+ St gy DF

t
i>1/ Ryds.
HJo

Finally, Theorem 14.2.VIII of Daley and Vere-Jones [60] (with 7\ = ¢(DF k,i > 1) for all
n > 1, recall the construction of M,,(v) in the beginning of Section [2.5.1]) yields that

(n D R (|sne/ 0 ), N7 ([sn®/ @D )0 <5 < 1) <5 (R, Ny, 0 < 5 < 1),

The marks are uniform on the vertices of the stack which do not already carry marks, and so it

is straightforward to see that they must be uniform in the limit. O

2.5.4 Components of the finite graph

We now turn to the consideration of the individual components of the multigraph. Let ¢™(0) = 0
and for k > 1, write
o"(k) =inf{j > 0:C"(j) > k}.

This is the time at which we finish exploring the kth component of the forest F,(v). Let
¢"(k) = 0" (k) —o"(k—1),

the corresponding length of the excursion, which is equal to the total number vertices within
the component, since precisely one of these is killed at each step. But then ("™ (k) is also equal
to the number of vertices in the corresponding component of M, (v), plus twice the number of

back-edges. Let
en(t) = n~Y/(a+l) (X”(a"(k —1) + [tn®/ @V ) — X"(o™ (k — 1)))

for 0 <t < n=®/(@+1¢7 (k) be the kth rescaled excursion of X™, with length ¢(e7') = n=/(e+D¢n (k)
and rescaled left endpoint g;' = n-/ (et Dgn(f —1).

Recall from Section the notation (£;,7 > 1) for the ordered excursions of R above
0 and ((&;) for the lifetime of £;. Denote by g; the left endpoint of £;. Recall also that
éf ={(z1,72,...) ERN iy > 29> ... >0, Ei21 z? < co}. Let T be a countable index set and

write £% (') for the set of non-negative sequences (- : vy € I') such that Y ng < oo. Write

~yel’
ord : £2(T) — Eﬁ for the map which puts the elements of (z, : v € I') into decreasing order. For
a sequence (e, A)r>1 where ¢ is an excursion of length ((e;) and Ay, is some other random
variable, write

ord (C(ex), Ak, k = 1)

for the same sequence put in decreasing order of ((ey).

This section is devoted to proving the following proposition.
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Proposition 2.5.6. We have (((&;),i > 1) € £2,
ord (C(ef), k> 1) -5 (¢(E),i > 1)

asn — 0o in Ei, and
n n d ~ .
ord (C(Ek)hgk?k 2 1) (C(gi)vgiuz 2 1)7

where the convergence is in ﬁﬁ for the first coordinate and in the product topology for the second.

We apply a method outlined in Proposition 15 of Aldous [13], which is most conveniently
recounted in Section 2.6 of Aldous and Limic [I5]. This is very similar to Theorem 8.3 of
Joseph [91], who omits many of the details of the proof. We feel that the argument is sufficiently
subtle to merit a full account, which we now give.

Essentially, there are two steps to proving the desired convergence. First, we need to show
that the longest excursions of R™ and R occurring before some finite time match up for large
enough n. Then we need to show that long excursions of R cannot “wander off to time oo”.
Proposition below is designed to deal with these issues.

Following Aldous, we introduce the concept of a size-biased point process. Suppose we have
random variables Y = (Y, : v € I) in ¢2(I'). Given Y, let E, ~ Exp(Y,) independently for
different v € I'. Set

S(a) =Y Yylip <q) (2.19)
~yel

and note that X(a) < oo a.s. Let ¥, = X(F,). Then E = {(X,,Y;) : v € '} is the size-biased

point process (SBPP) associated with Y. Write 7 for the projection onto the second co-ordinate,
so that 7({(s,,5,)}) = {9}

Proposition 2.5.7 (Proposition 15 of [I3] and Proposition 17 of [15]). Let Y™ € (2 (T"™) for
each n > 1, let X" be the analogue of and let Z™ be the associated SBPP. Suppose that

oo
Y

(1]

ni>

(1]

as n — 00, for the topology of vague convergence of counting measures on [0, 00) x (0, 00), where

= 1s some point process satisfying

1. sup{s: (s,y) € E° for some y} = c© a.s.
2. if (s,y) € B then 3y y)emoo.s<s Y =s a.s.
3. max{y : (s,y) € 2% for some s >t} 50 as t — co.
Then Y™ := ord(n(Z2)) € £ and ord(Y") N ord(Y>) in (7. In addition,
ord(Y, 5%,y € ") -5 ord(Y,, 2,7 € T)

as n — 0o, where the convergence is in Eﬁ for the first coordinate and in the product topology

for the second.
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The original statement does not mention the last convergence. It is, in fact, implicitly
contained in the proof of Proposition 15 given in [13], more precisely in the assertion that
the tightness of the sequence (X"(a)),>1 for arbitrary a > 0 and the convergence =" 4, goo
together imply the convergence ord(Y™) N ord(Y>®) in ¢2.

For k > 1, we let

Yt =D [ (k) — (N (0" (k) = N™ (0" (k — 1)) + 1)] .

Recall that at the end of the exploration of the (kK — 1)th component of M, (v) in depth-
first order, we choose a new vertex from the unexplored parts of the graph with probability
proportional to its degree. So we pick a component with probability proportional to the sum of
its degrees, which is twice the number of its edges. Since the number of steps it takes to explore
a component of M,,(v) is the number of its vertices (which is the number of its non-back-edges
plus one) plus twice the number of back-edges (unlike the non-back-edges, a back-edge takes

one step to create and another step to close), it follows that Y} is the number of edges of the

kth component of M, (v) times n~®/(+1),
For k > 1, let
k—1
= SOV = @) [on (k= 1) = N"(o" (k- 1)) — k+ 1],
i=1
and put

B =A{ER YY) k=1

It is easy to see that =" then has the same distribution as the SBPP associated with
0=/ @+ (¢n(k) — N7 (g (K)) + N (0™ (k — 1)) — 1,k > 1),

Recall from Section the notation (E(Z),é > 0) for the excursions of the reflected process
(R¢,t > 0) indexed by local time ¢, and (o, ¢ > 0) for the inverse local time process. Let =
be the point process given by

=% = {(G-.CEY)) : £ 0,5, — 5 > 0},

By Proposition and Lemma[2.3.5] properties (1), (2) and (3) from Proposition [2.5.7 above
hold for Z*°. In order to apply Proposition [2.5.7] it thus remains to establish the convergence
of 2" to Z°°. We do this by first proving a deterministic result for a suitable class of functions,
extending Lemma 7 of Aldous [I3] from the setting of continuous functions to the setting of
cadlag functions satisfying certain conditions.

For a cadlag function f : [0,00) — R with only positive jumps, let E(f) be the set of non-
empty intervals e = (I,7) such that f(l) = infs,<; f(s) = f(r) and f(s) > f(I) for all s € (I, 7).
We say that such intervals are excursions of f. Let S denote the set of functions f : [0,00) — R

satisfying the following conditions:
1. f is cadlag and has only non-negative jumps.
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2. f(x) » —oc0 as ¢ — 0.
3. If 0 <a < band f(b—) = inf,<s<p f(s) then f(b) = f(b—).

4. For each ¢ > 0, E(f) contains only finitely many excursions of length greater than or

equal to e.
5. The complement of U e p( f)(l, r) has Lebesgue measure 0.
6. If (ll,rl), (lz,?“g) € E(f) and [ < lg, then f(ll) > f(lQ)

Lemma 2.5.8. Let f € S and let (fn)n>1 be a sequence of cadlag functions such that fp, — f
as n — oo in the Skorokhod sense. For eachn € N, let (t,;)i>1 be a strictly increasing sequence

such that
(1) tn1 =0 and lim;_ t,,; = 00,
(1) fn(tng) = infs<y, ; fu(s),
(i) for each s < 0o, limy oo maxi.,, ;<s(fa(tni) — fn(tnis1)) = 0.

Write == {(l,r = 1) : (I,r7) € E(f)} and ZE,, = {(tn,i, tni+1 — tns) 11 > 1} forn > 1. Then

—_
—

-
=, ==

as n — 0o, where the convergence holds in the topology of vague convergence of counting mea-

sures on [0, 00) x (0,00).

Proof. We adapt the proof of Lemma 4.8 of Martin & Réth [I08]. Suppose that (I,7) is an
excursion of f. Fix e € (0,7 — ). Since f € S, there exists > 0 such that

f(x) > f(l)+ 0 for all x € [0, — ¢/2]
flx)> f()+dforall x € [+ €/2,r —€/2]
f(z) < f(l) — 6 for some z € (r,r + €/2].

The first line is a consequence of conditions (1) and (6) in the definition of the set S: if for
every n > 0, there exists z,, € [0,1—¢/2] such that f(x,) < f(I)+1/n, then by condition (1) there
would be an accumulation point z+ € [0,1—¢/2] of the sequence (z,,)n>1 such that f(zs) < f(1),
and hence there would exist an interval (I, ) with ' < r such that f(r') < f(r~) < f(r). But
this contradicts (6).

The second line follows from a similar argument (there cannot be an accumulation point
Too € [l +€/2,7 — €/2] such that f(z) < f(I) since (I,r) is an excursion interval). The third

line is again a consequence of condition (6) in the definition of the set S.
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Since we have f, — f in the Skorokhod sense, there exist ng and a sequence of continuous
strictly increasing functions A, : [0,00) — [0,00) such that A, (0) = 0, limy_,oc A\, (t) = 0o and
for all n > ng,

|fn(An(x)) — f(x)] < d/2 for all z € [0, + €/2]

and

Mn(z) — 2| < €/2 forallze[0,r+¢/2.
Then for n > no,

Fan(z)) > (1) +6/2 for all z € [0,1 — ¢/2]

FaOn(z)) > f(I) = 8/2 for all € [l — ¢/2,1 + ¢/2]

Jan()) < (1) +6/2

Fan(z)) > F(I) +6/2 for all 3 € [l + €/2,7 — ¢/2]

FaOn(z)) < F(1) — 6/2 for some z € [, + €/2].

For the second point, note that f,(An,(z)) > f(z) — /2 > f(r) — /2 = f(I) — /2 for every
x <1+ ¢€/2 < r. Therefore,

Ful@) > (1) +6/2 for all z € 0,1 — ¢]

ful@)> fl) —6/2 forall z € [ — €,1 + €]

Fful@) < (1) +6/2 for some x € [l — ¢/2,1+ ¢/2)].
fulz) > F()+06/2forallz €[l +e,7 — ¢

Ful@) < f(1) — 6/2 for some = € [r — ¢/2,7 + .

From the first and third inequalities, the set I := {x € [l — e,7 + €|, fn(x) < infy<;— fu(y)} is
not empty. Let [(®) := inf I and let (xk)k>1 be a decreasing sequence in I converging to 1),
Since f, is right-continuous, fn(l(")) = limg 00 fn(zk), and fn(l(")) < inf,<;_¢ fn(z), so that
(") = min I. Clearly,

Fa(0™) = inf fo(x)

z<I1(n)
Similarly, from the first, second, fourth and fifth inequalities, we obtain the existence of (™ e
[r — €, 7 + €] such that
fo(r™) = inf fo(z).

xS’r‘(”)
Now fix n > 0. We can find ¢t > 0 such that there are no excursions of length exceeding 7
in E(f) which intersect [t,00). Then there exists a finite collection {(l;,r;) : 1 < i < m} of
excursions in E(f) with I; < t+n for 1 < i < m and such that Uj<;<m,(l;, ;) covers all of
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[0,t + n] except for a set of Lebesgue measure at most 17/2. Set € = n/4m and apply the above
argument for each excursion, to see that for n sufficiently large, there exist disjoint intervals
(lgn),r§n)), cee (lgf),n(g)) such that

|l§") —lil <n/4m and |r§n) —ri| <n/dm for 1 <i<m.

But then the remaining length in [0,¢ + 5] is at most 7 and so, in particular, we must have
captured all possible intervals (¢, i,y i+1) with ¢, ; < t+n and t,, ;41 —t,; > 1, up to an error of

at most 7/4m at each end-point. The required vague convergence follows straightforwardly. [

Lemma 2.5.9. We have L € S almost surely. Moreover,

d

=n emle'e)
= — =

as n — 0o, where the convergence holds in the topology of vague convergence of counting mea-
sures on [0, 00) x (0,00).
Proof. Lis clearly cadlag with only non-negative jumps almost surely. The other conditions
required for a function to lie in S follow from Proposition and Lemma [2.3.5

Now let f = L and f, = n= /(@) xn(|n/(eF1).]), It is clear that 2 is = of the previous
lemma for this f. Forn >1,i >0, let t,,; = n~=/ (@t g (7). Then tno =0 and lim; o0ty =

0o. By construction, the ¢, ; are times at which new infima of f,, are reached. Moreover,
Faltng) = Faltngrr) = n~ V@D (X (0™ (1)) — X"(0™ (i + 1)) = n~ 1/ (@4,
Hence, the (¢,,;)i>1 satisfy the conditions in Lemma It follows that
Sn = {(tnistnipt — tna),i > 1} —5 =
as n — oco. Now we have
S = tni =~ ETDIN (0" (i) + ]

and
Y =tpi — tni1 —n Y CFV[N(o"(i)) — N" (0" (i — 1)) + 1].

(2
Since n~*/(@+tUN™(g"(i)) — 0 for each i > 0, it is straightforward to see that =" and
{(tn,i,tni+1 — tni),@ > 1} can be made arbitrarily close in the vague topology by taking n

—_ d - .
large. Hence, =" — = as desired. O

Proposition tells us that we may now extract the ordered excursion lengths, and that
we can add the convergence of the starting points of the excursions. This completes the proof
of Proposition As an aside, we observe that Proposition [2.5.6] gives us an analogue of
Corollary 16 of [13], as follows.

Corollary 2.5.10. The point process Z° = {(5),¢(EY)) : £ > 0,5, — 5o— > 0} consisting of
the left endpoints and the lengths of the excursions of R is distributed as the SBPP associated
with the set of excursion lengths of R.
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2.5.5 Marked excursions

We now strengthen the convergence in Proposition to a convergence of ordered marked
excursions. Let us first prove a deterministic analytic result, similar in spirit to Lemma
which we shall use to handle the positions of the back-edges (recall that when a back-edge is
discovered, its other endpoint is explored at the first time when the corresponding mark in the

stack reaches the top of the stack).

Lemma 2.5.11. Let f € S and let (fn)n>1 be a sequence of cadlag functions such that f, — f
as n — oo in the Skorokhod sense. For each n € N, let (sp,yn) be a pair of points such that
sp > 0 and yp, < fn(sn). Let (s,y) be such that s > 0, f(s—) = f(s) and 0 <y < f(s). Let
tn, = inf{u > s, : fo(u) < yn} and t = inf{u > s: f(u) < y}. Suppose that (sn,yn) — (S,7),
that t is not a local minimum of f and that f(t—) = f(t). Then t,, —t as n — oo.

Proof. Fix 0 < e <t—s. Since f € S, y < f(s), f(s—) = f(s), f(t—) = f(t) and ¢ is not a

local minimum of f, there exists § > 0 such that
flx)>y+d foralxes—e/2,t—¢/2]
fx) <y—4§ for some z € (t,t+ €/2].

As f, — f, there exist ng and a sequence of continuous strictly increasing functions A, :

[0,00) — [0, 00) such that A, (0) = 0, limg_,00 Ap(z) = 00 and, for all n > ny,
|fn(An(2)) — f(z)| < 0/2 forall z € [0,t+ €/2]

and
|An(z) — x| <e/4 forall z €[0,t+ €.

Then

fn(n(x)) >y+46/2 forallze[s—e/2,t—¢€/2
fa(An(z)) <y—46/2 for some z € (t,t+€/2].

By taking ng larger if necessary, we also have
|s —sp| <€/4 and |y —yn| <d/2
for all n > ng. Then for all n > ng, we have |\, '(s,) — s| < ¢/2 and so
fu(x) >y+4d/2 forall x € [sy,,t — €.

It follows that
fu(x) >y, forall z € [s,,t— €.

Moreover, it must be the case that f,, goes below y,, in the time-interval [\, (t—€/2), A, (t+€/2)],
i.e. we must have t,, € [\, (t — €/2),\,(t + €/2)]. But then t,, € [t —€,t+ €] for all n > ng. Ase

was arbitrary, the result follows. O
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Let
M"(k) = N"(o"(k)) = N"(¢"(k — 1)),

be the number of back-edges falling in the excursion €}. Suppose that M™(k) > 1. Then for
1 <r < M"(k), let g; + sj,. be the rescaled time at which the rth back-edge is discovered in
the kth component and let nl/(a“)xzm > 0 be its position on the stack. Let g; + tg, be the
rescaled time at which the corresponding marked leaf in the stack is killed, thus closing the rth
back-edge. It is the first time that the stack size goes below the height of that leaf after its
discovery (the stack being a LIFO queue), so that we have

Rp=inf{t > sy e (t) <af, —no VOV

)

Finally, if M"(k) > 1, let P} = Zi\g(k) 5(8%7%9 define a point measure on [0,((s}))%. If
M"™(k) =0, let P}! be the null measure. Let

M (k)
n __
Q" =3 D Olgpren, gptip):

k>1 r=1
the point measure encompassing all of the pairs of rescaled times at which a back-edge is opened
and closed.
Turning now to the limiting process, recall that (£;,7 > 1) are the excursions of R listed
in decreasing order of length, and that the sequence (((&;),i > 1) lies in Ef. Let M; be the
number of marks falling in the excursion &;, and if M; > 1, write s;1,...,5s;a, for the times

and x;1,...,x; v, for the positions of the marks, respectively. For 1 <r < M;, let
tiﬂf = inf{t Z Sz‘,r : gz(t) S xi,r}-

If M; > 1, write P; = Zi\/ill O(s; potsr)» and if M; =0, let P; be the null measure. Finally, let

M;
Q= Z Z 5(gi+5i,rvgi+tim)'

i>1 r=1
Recall that
&"(i) = min{k : S"(k) < —i}

and let ¢"(i) = 6™(i) — 6"(i — 1) be the length of the ith excursion of 5™ above its running
minimum. Since the components of f‘n(u) again appear in size-biased order, an argument com-
pletely analogous to that above gives that n~®/ (O‘“)ord(g”(k), k > 1) converges in distribution
to (¢(&;),i>1) in Ef. In particular,

=) max ¢(i) <5 (@),

where we recall that ((£7) is the length of the longest excursion of R above 0; in particular, by

Proposition and Lemma we have ((€1) < oo a.s.
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For i > 1, let M "(i) be the number of back-edges falling among the vertices corresponding
to the (2i — 1)th and 2ith components of F,(v), and let N* = Maxy>1 M”(k:) On the pair
formed of the (2 — 1)th and 2ith components of f‘n(y), at corresponding vertices, we have that

the size of the stack in F,,(v) is bounded above by the size of the stack in F,(v) plus 1.

Proposition 2.5.12. We have
ord (C(ef), e, Pk > 1) = (C(E), &5, Piyi > 1)

as n — oo. Here, for each k > 1, the convergence in the second co-ordinate is for the Skorokhod
topology and in the third for the Hausdorff distance on Ri; then we take the product topology

over the different indices.

Proof. Because the points {(s;,,x;,) : 1 <1 < M;} are picked uniformly from the Lebesgue
measure under the excursion &; (recall that these points are the marks of a uniform Cox process
under R, Theorem , for each ¢ > 1, and such an excursion has only countably many
discontinuities (all of which are up-jumps), the conditions of Lemma are fulfilled almost
surely. Combining this with Theorem [2.5.5] we may deduce the joint convergence in distribution

as n — oo of

(n VDR (|0 (@D ) £ > 0) = (R, t > 0)

in the Skorokhod topology and Q™ — Q in the topology of vague convergence on R%r.

By Skorokhod’s representation theorem, we may work on a probability space such that this
joint convergence holds almost surely. Fix K € N. We have already shown that, given § > 0,
there exist M > 0 and ng sufficiently large such that, with probability at least 1 — 4, the K
longest excursions of both n=/(@+) R (|. ne/(@+1) |} and R occur in the time-interval [0, M] for
all n > ng. Since Q" — Q and Q has only finitely many points in [0, M]?, we may deduce that
the K smaller point processes obtained by restricting Q" to each of the K longest excursion-
intervals converge in the sense of the Hausdorff distance to Py, ..., Px respectively. The result
follows. O

We conclude this section with some technical bounds on the number of back-edges in a given

component, of which we will make use later.
Lemma 2.5.13. Almost surely, we have #{i > 1: M; > 2} < 00 and Npax := sup;>; M; < oo.

Proof. We will bound

E [#{Z >1:M; > 2}‘@(5@'))@1} = ZP (Mz > 2‘((5)) ;

i>1
where we have used the independence of the excursions given their lengths. We use the crude
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bound P (Po(\) > 2) < A2. For any i > 1, we have

P (Mi > z‘g(a) - x) —P (Po <; /Omgi(u)du> >92 | () = g;>
Ex) [(}L Iy e(u)du)2 exp (i Iy e(u)du)]
Ey [eXp (i & @(u)du)}

(o) ez )]

by the Cauchy—Schwarz inequality and the fact that the denominator is bounded below by 1.

S EN(z)

By the scaling property of the excursion e,

1/2

1 /= 4
(/ e(u)du) < Cg?0H1/e)
K Jo
for some constant C' > 0. Define

F(@) = Exn [exp (Z /O xe(u)duﬂ v Eya) |exp (21,1;1/& /0 1@(u)du>]

This is clearly an increasing function of x, so that for x < {(£1) we have f(x) < f({(€1)), which
is almost surely finite by Lemma since ((€1) < oo a.s. By Proposition we have

>is1 (()? < oo a.s. and so

Ey@)

1/2

E[#{i > 1 M 2 2}|(CE)iz | < FCED Y CEPMHD <0 s,

i>1
It follows that
#{i>1:M;>2} <0 as.

Since the area of any individual excursion &; is finite, it contains an almost surely finite number
of points and this, together with the fact that only finitely many excursions contain more than

2 points, gives that Npax < 00 a.s. O

2.5.6 Height process

In order to deal with the metric structure, we also need to know that the height process asso-

ciated with X™ converges. Let

H"™(k) = #{j €{0,1,...,k—1}: X"(5) :jé%ikXW)}

so that H™(k) is the distance from the root of the component being explored to the current
vertex at step k. See Figure [2.2] for an illustration. (Recall that M, (v) is obtained from F,,(v)
by replacing pairs of marked leaves by back-edges.)
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Xn(k)

4 5 6 7 8 9 1011 12 13 , 1 2 3 45 6 7 8 9 101112 k
o o [ ]
e Oe

Figure 2.2: Top: three components of F,(v). Left: X"(k) drawn with the vertices on the
stack indicated. Empty squares represent half-edges which are available to be connected to as
back-edges. Filled squares are marked vertices. Right: the corresponding height process (with

the extra vertices in red).

Our aim in this section is to prove that H™ has H as its scaling limit, and that we can

extract its marked excursions as for the exploration process. Recall that
G"(k)=+# {j €{0,1,....,k—1}:5"(j) = ]érl}ikS”(ﬁ)} ,

which is the height process corresponding to the forest I'N“n(y) We will compare H™ and G". It
will be sufficient to do this for pairs of components of f‘n(y) To this end, suppose that for a > 0
and m > 1, vertices vq41, Uq42, - - - , Vg+m form a pair of components of f‘n(y), and that there are
b back-edges on these vertices in M,,(v). Then the corresponding collection of components in
F,, (v) together have m+2b vertices, which are visited at times c+a, c+a+1,...,c+a+m+2b—1
in the depth-first exploration, where ¢ > 0 is such that a = 7,,(c+ a). We compare H" with Gn
at the times 7,(c +a), Tn(c+a+1),...,7(c+a+m+2b—1).

Lemma 2.5.14. We have

max  |[H"(a+c+i)— G (ta(a+c+1))| <1+b+2b max |G"(a+i)—G"(a+i—1)|
0<i<m+2b—1 1<i<m

Proof. Suppose first that b = 0. Until we come to the end of the first component of f‘n(u), we

have
H"(a+ i) = G"(t(a +1)).

Thereafter, we have H"(a+i) = 14+G" (1, (a+1)), since the second component of F,,(v) becomes

a subtree attached to the root of the first component of F,,(v).
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For b > 0, we encourage the reader to refer back to Figure [2.1]

Write A = maxi<i<m |G"(a + i) — G™(a + i — 1)]. The occurrence of a head or tail of
a back-edge at time k implies 7,,(k + 1) = 7,(k). To get from F,(v) to F,(v), we unplug
a sequence of subtrees and plug them back in further along in the depth-first order. Within
subtrees containing no back-edges, the increments of the height process remain the same as
they are in the corresponding subtrees of f‘n(u). Finally, every time we start a new subtree
there is an extra difference of 1. It follows that the most by which the height process can be
altered in going from F,(v) to F,(v) is an additive factor of 1+ b+ 2bA. O

We are now ready to state and prove the main result of this section.
Proposition 2.5.15. Jointly with the convergence in Theorem|2.5.5, we have that as n — oo,
(n—%m(una/(a“m,t > o) 9, (ﬁt,t > o)
in D(Ry,Ry).
Proof. By Theorem [2.4.1] we have
(n*%ﬁé"(m%ﬂup,u > o) s (Hyou>0).

By Theorem 1.4.3 of Duquesne and Le Gall [70], (H,,u > 0) is almost surely continuous. By
the absolute continuity in Proposition the same is true of (lflu7 0 <u <t). It follows that
for any t > 0,

-

n” T sup IG™(j) — G"(j - 1)] -5 0 (2.20)
1<j<[tne/ (a4 D)
as n — o0.

By Lemma [2.5.13] if 6 > 0, there exists K5 < oo such that
P(¢(e1) > K5) <6 and P (Nmax > Ks) < 6.

In particular, starting from any time k, the number of steps until we next reach the beginning
of an odd-numbered component is bounded above by 2Ksn®/ (@t with probability at least
1—0+o(1).

Now fix ¢ > 0 and € > 0. Then by Lemma we have

P (ml sup  |H"(k) — G™(a(k))| > e>

0<k<[tno/(a+1) |

<P <n—a/<a+1> a7 (i) > Ka) P (N > K5)

+]P) 1+K§+2K5 sup ‘én(])_én(]_1)|>6n% '
1<G<| (tH2Ks)ne/ (e+1) |
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Using (2.20)), we obtain that

P 1+ Ks+2K; sup IG"(j) — G™(j —1)] > enat1 | =0
1< <[ (t+2Ks)ne/ (a+1) |
as n — oo. It follows that
lim sup P n” e sup |H" (k) — (NJ"(Tn(k‘))\ >e | < 26.
n—o0 0<k< Ltna/(oﬂ»l)J

But § > 0 was arbitrary and so by Lemma we may deduce that
(n_%ﬂn(tuna/(aH)J),O§u§t) 4, (ﬁu,ogugt). O
Now let
hp(t) = n~ @D/ gn(en(k — 1) + [/ D)), 0 <t < n/ (k).
Proposition 2.5.16. We have
ord (e, A, Pitsk = 1) =5 (8, R, Py > 1)

as n — oo. Here, for each k > 1, the convergence in the first co-ordinate is for the Skorokhod
topology and in the second for the topology of vague convergence of counting measures on [0, 00)?;

then we take the product topology over different k.

Proof. We derive this from Proposition [2.5.15] by applying the same reasoning as in the proof
of Proposition [2.5.12] using the fact that R™ and H" have the same excursion-intervals. O

2.5.7 The convergence of the metric structure

We have now assembled all of the ingredients needed in order to prove Theorem[2.1.1] Recall that
M7, M3, ... are the components of the random multigraph M,,(v), listed in decreasing order of
size. We will make the distance and measure explicit in each by writing (M, d}, u7");>1. Recall
also that F,,(v) is the forest encoded by H™. In order to recover M,,(v) from F,,(v) we remove

pairs of marked leaves and replace them by back-edges as described above.

Proof of Theorem [2.1.1]. Write (h?i),P(’;)) for the idith element of the sequence

ord (R, Pi,k > 1). Write (T}%,d}, pi') for the tree with rescaled height process h{;y and with

mass n~%/(@+1) on each vertex. (For i > 1, these are the trees of the forest F,, () listed in de-
creasing order of mass.) By Skorokhod’s representation theorem, we may work on a probability

space where the convergence
occurs almost surely. By ([2.8)), this entails that
dane (T, d7, ), (Ti, di, Jii)) = 0 as.
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™)

as n — oo. In order to obtain (M, d!,ul) from (T, d?, u') if Py = =1 53?2_)”,%” we

must remove the vertices encoded by SZ) , and t?i) , and replace them by a single edge between

their parents, for each 1 < r < m?). Since edges have rescaled length p(e=D/(a+l) (it is

)

straightforward to see (in the same manner as in the Proof of Theorem 22 in [6]) that we get
danp (M7, ', 1), (Gis dis pi)) — 0 as. (2.21)

as n — o0o. The conclusion follows. O

2.6 Appendix

2.6.1 A change of measure for spectrally positive Lévy processes

Let L be a spectrally positive Lévy process with Lévy measure m satisfying
o0
/ (z A x?)m(dr) < oo. (2.22)
0
Then we may write the Laplace transform of L, as
E [exp(—ALt)] = exp(t¥ (X)),

where
52)\2 0 v
TU(N) =92+ 5 + m(dx)(e” ™ — 1+ Az).
0
We impose also that

v>0, §>0 (2.23)

and that at least one of the two following conditions holds:

o0
0>0 or / z7(dx) = oo. (2.24)
0

As observed by Duquesne & Le Gall [70], assumptions (2.22)), (2.23]) and (2.24) together ensure
that L does not drift to +o0o and has paths of infinite variation.
We note that fg U(fs)ds < oo for all § > 0 and all ¢ > 0.

Lemma 2.6.1. For any 0 > 0, we have

E {exp (—9 /Ot des>] = exp (/Ot W(Qs)ds) —F {exp <9 /Ot(LS - Lt)dsﬂ .

In consequence, the process

(oo (-0 sl - / t w(os)ds ) 1> 0)
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Proof. Let M (ds,dz) be a Poisson random measure on Ry of intensity ds ® w(dx), and let

M (ds, dz) be its compensated version. Then

t o) . t 00
E [exp <—0/ / S$M(d$,d$)>:| = exp (/ ds/ m(dz)(e %% — 1+ 953})) .
0o Jo 0 0
If B is a standard Brownian motion, we obtain

t 1 t
E [exp (—9/ sst>] = exp <62/ 82d8> .
0 2 0

Since we may, in general, realise L as
t oo
Ly = —~vt+ 6B —1—/ / xM(ds,dx),
0 Jo

where B and M are independent, we obtain

t
E [exp <—9/ des>}
0
t t t poo
=E [exp (0/ vsds — 9/ dsdBs — 0/ / xsM(ds, daz))}
0 0 0o Jo
t t t o0
1 2 2.2 —0Osx
=exp |y [ Osds+ =¢ 0°s°ds+ [ ds m(dx)(e — 1+ 0sx)
0 2 Jo o Jo

o ([ t\Il(Os)ds) .

The second equality in the statement of the lemma follows on integrating by parts, and the

martingale property follows since L has independent increments. O

This martingale plays an important role as a Radon—Nikodym derivative. Fix 6 > 0 and

consider the process X with independent (but non-stationary) increments and Laplace transform

E [exp(—AX;)] = exp < /0 t ds /0 ” m(dz)(e ™ — 1+ )\1:)6_9“> .

(The process X may again be realised as a stochastic integral with respect to a compensated

Poisson random measure on Ry x R, but this time with intensity exp(—xs)dsm(dz).) Let
1 oo 1 [ —tx
A = —5\1'(1%) = —t — 595 t* — 9 m(dx)(e — 1+ 6tx)
0

and Et = 0B, + Xy + A;. (Note that this is expressed as the Doob—Meyer decomposition of 57
with dB; + X; the martingale part.)

Proposition 2.6.2. For any 0 > 0 and every t > 0, we have the following absolute continuity

relation: for every non-negative integrable functional F,
_ t t
E [F(LS,O <s< t)} —E [exp (—e/ sdLy — / qf(es)ds> F(L,0<s<t)|.
0 0
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Proof. Observe first that Lemma entails that the change of measure is well-defined for
each t > 0.
Let us first deal with the case where v = § = 0. We use a decomposition of the Lévy measure

similar to that in Bertoin [30] or the proof of Proposition 1 in Miermont [110]:

¢ o0
/ ds/ m(dz) (e — 14 Az)e 0
/ds/ m(dx)(e” 097 _ 1 4 (A +0s)z /ds/ m(dz) (e — 1 + fzs)
/ ds/ m(dz) (1 — e~ 07%)
:/O ()\+«95)ds—/ T(0s) ds—/ ds/ m(dz) Az (1 — e 0%).

The last integral on the right-hand side makes sense because of the integrability condition ([2.22]).

Indeed, it may be calculated as follows:

/Ot ds /Ooo m(dz)Az(l — e 9% = )\/OOO am(dz) /Ot(l — 03) g

_A / r(dz) (e — 1+ tz) — 20(01).
7 ), 7

E [exp(—AX})] = exp (/ot ds /OOO F(daj)(e%x 14 )\x)eem>

= exp (—2\11(915) + /Ot V(A +6s)ds — /Ot W(@s)ds)

Hence,

and we obtain

E [exp(—A(X; + A¢))] = exp </Ot V(A +0s)ds — /Ot \11(95)d3> .

Consider the stochastic integral

t t
/(/\+93)dLS = /\Lt+9/ sdLs.
0 0

B o (- [ O o). )| e ( [ Wt bs))ds)

E [exp(—A(X; + 4;))] = E [exp <—)\Lt - e/ot sdLy — /Ot \I/(Hs)dsﬂ .

Suppose now that 0 =tg <t} < --- <ty =t. Let A1,..., A\, € Ry. Then, by the fact that

We have

and so

X has independent increments,

[exp ( Z)\ Li, — ))] - ﬁIE [exp(—)\i(zti - EtH))} .

i=1
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By the same argument as above, we then have

exp (_ i)\i(zti - Enﬁ)] = ﬁE [exp (— /ti (A\i +0s)dLs — /ti W(Qs)ds)]
i=1 i=1 ti—1 tio1
exp (- ;/tll(/\z +0s)dLs —/0 \Il(es)ds>] ,

since L also has independent increments. Again by integration by parts, we then get that the

E

=E

right-hand side is equal to

(zm o [ [ ws>>] |

This yields the claimed result for v = § = 0.

E

Now let us instead suppose that v > 0, § > 0 and there is no jump component i.e. L; =
—~vt+ 0By and Li = —~t + 8B, — 00t%/2. Then by the Cameron-Martin-Girsanov formula (see,
for example, Section 5.6 of Le Gall [96]),

E [f(f/s,Ogs St)} =E [exp (—59/0tsst—6292/0t52d5> f(Ls,0<s St)]

—E [exp (—9 /Ot sdLy — /Ot qz(es)ds> F(Ls,0< s < t)] .

The result for general v, and m now follows using the independence of X and B. O

The a-stable case stated in Proposition is obtained by setting v = 6 = 0, 7(dx) =
ﬁx*(o‘“)d:c and 6 = 1/u. The Brownian case is obtained by taking v =0, 6 = \/f/u, 0 = 1/u

and no Lévy measure 7.

2.6.2 Size-biased reordering

In this section, we prove some elementary results about the size-biased reordering (f)?, ﬁ%, e ﬁﬁ)

of the degrees. First, we prove Proposition [2.4.2
Proof of Proposition [2.4.2 Denote the set of permutations of {1,2,...,n} by &,,. By definition,
]P’(A’f :kl,Dg:kQ,...,f),’;:kn)

=P (Dz(l) = kl)-DE(Q) = kQ, . ,Dz(n) = kn)
= Z P (Dg(l) = k17Da(2) =ko,... 7Da(n) =kp, X = 0—)

O'GGn
k1 ko kny,
= P (Dgy1) = k1, Do(2) = k2, -« s Dy(n) = kn, n n e
2z PP =k Dot ) SR SR
| kq ko kn,
=n! vk, Vg, -

Uk, =7 7 R
Zj:l kj Zj:Q k; kn
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since Dy, ..., Dy, are i.i.d. with law v. Rearrangement of this expression yields

n

n—z+1

nykn ~n 1.
i=1 E] =1 .7

n

_klykleVkQ_. kyan(n_Z+1
T poot o ik

P (D? = klaﬁg = k27"'7D;r-LL = kn) = klykleVkQ

Now

P(A{‘:kl,ﬁ’g:kg,...,ﬁ;‘l:km)
- ¥ P(ﬁ’f:kl,ﬁgzkg,...,f)ﬁzkn)
k’m+17---7kn21

. lekl kQVk2 kakm m

n
1
PEEEEY M n! k +11/kn1/ . ..k l/kn —
oo p 2 e g ik

an»lv“"anl

_ kivg, koviy, ki,
wooop n

Mnl

ke
P Hz ;sz R
!

F ks
Emt1,eeskn>114=1 =41 3=t
. kll/kl k2vk2 o kml/km m n:

m

pooop o (n— m)!

Y H P(ﬁ?’m:kmﬂ,...,ﬁZ:ﬂ:kn).

km+17 7k’n>1l 1 Z kj +ZJ m+1
We have that » 77" D" m 4 = iemi1 Dj = En—m. It follows that the last expression is equal
to
klykl kgl/kz o kmykm n' H
pooop 0 P k +En-m |’

and the claimed result follows. O

A simple consequence of Proposition is the following stochastic domination.

Lemma 2.6.3. We have
(DY, D3, ....D") <4 (Z1,Za, ..., Z0).

Proof. By Proposition [2.4.2] we have

n .
A - - n—i+1
P (D’f >dy, Dy > da,..., Dy > dn) =E |[] ( 7 )#R{Z1>d1 Zo>ds,....Zn>dn}

=1 Z] ZZ]
Let
(=it p
flki ko, k) = [[ ="
=1 Zj:i kj
and

gk, k2, kn) = Ly >dy ko>do,.. kn>dn}-
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Then f is a decreasing function of its arguments and g is an increasing function of its arguments.

It follows from the FKG inequality that
E[f(Z1,Z2y ..., 2Z0)9(Z1, Zay ..., Zn)] <E|[f(Z1,Za,...,Z)|E[9(Z1, Z2y. .., Z0)].
But E[f(Z1,Z2,...,Zy)] =1 and so
P (D} =di,Df > dyy. Dy 2 dn) SP(Z1 20, o 2 s Zn 2 ),
as required. O

Lemma 2.6.4. Fiz a € (1,2) and suppose m = O(nP) for some B < o /2. Then as n — oo,
1 m
> (D)’ 5o,
[t

In particular, the above holds for m = Ltna/(oﬂrl)J_

Proof. By Lemma [2.6.3] it is sufficient to prove that

1 m
=> "z 5.
ni:l

By Theorem 2.5.9 of Durrett [71], we have

1 m
lim sup Z Z? =0 as.
i=1

m—o0 ml/ﬁA

if and only if

iP(Zf >m1/6> < 00.

m=1

But P (Z7 > ml/ﬂ) =P (2 > m1/25) = O(m~/?8), which is summable since @ > 23. O

Lemma 2.6.5. Asn — oo,

1 R
Loy
" i ltne/ D 41

Proof. We have

n Ltna/<a+l)J Ltna/(a+l)J

> Dp = iby— > Dy = iDi— > Dy
=1 =1 =1

i=[tne/(+1) | 41 i=1

By the weak law of large numbers,

n

1
=Y D; BE[D)] =p
=1

n-

and, since f)f > 1 for 1 <i <n, by Lemma we have that

1 Ltna/(a_'—l)J A
- Y  Drbo
n i=1
The result follows. O
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2.6.3 Convergence of the measure-change in the Brownian case

Recall that we have p := E[Dq], E[D?] = 2u and 8 := E[Dy(Dy — 1)(Dy — 2)], so that
E [D}] = B+ 4p.

Lemma 2.6.6. Let L()\) := E [exp(—=AD1)]. Then as A — 0,

Nu(2 - A3
L(A) = exp (—M + “(2”’) - B+ 6% + 241°) + o()\3)> . (2.25)
Proof. The first three cumulants of Dy are
E[Di|=up, var(Dy)=p2—-p), E [(D1 _ ///)3] = B+4u— 6M2 i 2u3,

and the result follows immediately. O

Recall from Proposition that

Cb (k17k2>"‘7 [HZWCL_]{ZIi ]

We prove the following lemma.

Lemma 2.6.7. Let s(0) =0 and s(i) = Zé-:l(k:j —2) fori > 1. Suppose that |s(i) — s(m)| <
n'/3logn for all 0 < i < m. Then if m = ©(n*?), we have

m X 1 Y s(i) — s(m —ng 0
qsn(kl,kg,...,km)z(ep(w;(<> (m) 6M3n2)<1+ (1)),

where the o(1) term is independent of ki, ..., ky > 1 satisfying the conditions.

Proof. The method of proof is similar in spirit to, but somewhat more involved than, that of
Lemma Let us first introduce some useful notation. Let D, = D; — 1, the centred degree
random variables, and let A,,_,, := Z,,_,, — u(n —m) be their sum. Let 1) be the log-Laplace
transform of Df,

»(A) = log E [exp(~AD1)] ,
so that as A — 0, we have

P(N) = W(Z_“) - Aj(/3 +4p — 6p% + 21°) + o(N%). (2.26)

B [exp (_Zlog <1+ Apm + s(m) — s(i —IulT)l—l—Q(m—i—l—l)—um))] |
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We use Taylor expansion in order to approximate the exponent:

Y (10g (1 . ;1) log (1+ A+ 5(m) = s(i = 1) + (2 wm — 20 — 1)
1

) e

i= pn

= —Zi - g;; +o0(1)
S ;:;(s(l) st - B LI o
N m(ﬁ;;znﬁ 2/;”2 g(s(w _s(m))? + (2 2—;;7)1227713 317;1;2 (2 ;2;;)27713
+o0(1)

m

“ — 1)m? n—m — p)m .
B S (s (m) — (i) — LI B BT SRy — )

202 2,2
n n n
H =0 K K 1=0

As A,_,, is a centred sum of i.i.d. random variables with finite variance, the central limit
theorem applies and we have that n=1/2A,_, —= N(0, /(2 — 1)) as n — oo. The desired

lower bound will, however, be obtained by restricting to the moderate deviation event

En = {—(2 —wm—=—n"? <A, < —(2 —u)m—i—nwm}.

On this event, for any 0 <17 < m, we have

[An—m| = O0(n*?), |s(m) —5(i)| = O(n'logn) and |2 - pjm —2(i —1)| = O(n*?).

So we have
2[;712 Z(S(Z) - S(m))2 = 0(1)7 (QM_QSQ)m Z(S(m) o S(Z)) = 0(1)7
=0 i=0
Agﬂ; E (s(m) —s(i)) =o(1), and — 22 5 E i(s(m) —s(i)) =
s L

and that the remainder term (hidden in the ellipsis) in the expansion of (2.27)) is o(1). Using

these facts we see that, on &,, the exponent (2.27)) is equal to F,, + o(1), where

& 2—pm®  (2-p)(p—1)m?
Fy = m ;(S(l) - S(m)) - Q/LTL - 3M2n2
m(An_m)? B <m n (n— 1)m2> A

2n2 2 /Tn 112n2

_|_

In order to find a lower bound on E [exp(F,)1¢, |, we first consider the expectation of the

stochastic part,

N S UL NP

202y pn - pPn?
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Let 6 > 0 (we shall choose a specific value for 6 shortly) and define an equivalent measure Q
via
dQ

di[P = exp (—QAnfm - (n - m)¢(9)) :

Because the Radon—Nikodym derivative has a product form, under QQ the random variables
Dy, D, ..., D,

n—m are still i.i.d. and each have mean

E [D] exp(=6D1)]

PP = S ewpanpy =

and variance varg(D}) = ¢"(0). Now fix

o=~ 4+ 2
oun o pn?’
so that
Eg[An—m] = —(n —m)y/(0)
2—wm  2—pm® (B+4dp— 64>+ 2u%)m?
= —(n-m) n * n? B 2u%n?
(B4 4p — 6> + 23 )ym? m3
B 2u2n3 to nd
— @ pym+ O
and

varg(Ap—m) = (n —m)"(0) = p(2 = p)(n —m) + O(n'/?).
Using Chebyshev’s inequality and the fact that n'/3 < n7/12 it follows that

ovarg(An—m _
Q(ES) < Q(An_m + (2 — pym| > 1nT/12) < %(7/6) = O(n5).

So

o (25 () o)

2n2 2 [n 11202

m  m? m(An_m)?>  m2A,_m
e (0= mo (5 + 27 ) ) o oo (P + 2 e
2

> exp <(n—m)z/1<m + = ))Q(&z)

T
(2= wm 12?2 w22~ pym 4 n72)
X exp 222 - 1202

— 1+ o) exp (0 mpw ( 22+ m2> L @opim® <2‘“>m3) |

@ un? 2n2 2 12n2
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Now,

np - pn?
2—pm*  (2—pm® (B +4p—6p® + 2p%)m?
:(n—m)[ 52 + = 33 +o0(1)
un un 6u°n

_@opm?  @-pm® (Bt dp = 6u® + 20mE o(1)
2un 2un? 644312 ’

It follows that

O (ks k)
> (14 0(1))E [exp(Fy,)1¢g, ]

> (1+0(1)) exp <(2 — wm? n 2—wm®  (B+4p — 64> + 2p%)m?

Q'un 2,Lm2 6#3712
@ @ wmd @-pm’ (@— w— Dd
22 1202 2un 3p*n?
+nlﬂ > (o0 - s<m>>>
1 &, pm?
= (1+0(1)) exp (W ;(s(z) —s(m)) - 6;;;2> ’
as claimed. -

The event {|S(i)—S(m)| < n'/3logn for 1 < i < m} has probability tending to 1 as n — oo,
and so the analogue of Proposition now follows exactly as in the o € (1,2) case.

2.6.4 Convergence of a single large component for « € (1,2)

In this section, we consider a large component of the graph conditioned to have size Lazno‘/ (O‘H)L
for a € (1,2) only, and do the main technical work necessary to prove that it converges in dis-
tribution to a single component of the stable graph conditioned to have size x. By arguments
analogous to those in Section [2.5] it is essentially sufficient to consider a single tree in the
forest F,,(v) of size |zn®/ (@) | described by an excursion of the corresponding coding func-
tions S and G™. The main result of this section, Theorem is a conditioned version of
Theorem which says that these excursions converge jointly in distribution to normalised
excursions of L and H of length z. (This is precisely the analogue of Theorem in the
measure-changed setting.) At the end of the section, we sketch how to obtain the metric space
scaling limit of a single large component of the graph.

For simplicity, we will make the assumption that the support of the law of D; is Z, so that
excursions of any strictly positive length occur with positive probability. This assumption is not
necessary, since the condition P (D; = k) ~ ck~(®+2) implies that the greatest common divisor

of {k>2:P(D; —1=k) >0} is 1, so that the claimed results all hold for n sufficiently large.
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Recall that (S(k),k > 0) is a random walk which is skip-free to the left and in the domain

of attraction of an a-stable Lévy process. Let
Em = {S(k:) >0for 0 <k <m,S(m)= —1},

the event that the first m steps form an excursion above the running minimum. If m =
|n®/(@+ Dz | then, by Theoremm
E |:f (n_l/(a+1)S(Lna/(a+1)tJ),n_(a_l)/(a+1)G(Lna/(a+1)tJ),0 <t< $> ‘gm:|

— N@ [f(e,h)].
More generally, write

Emmy = {Sm1) = _min (k) = S(mz) +1}

(so that &, = &ym) and, similarly,

Esma = {S (mi) = _min  §"(k) = §"(ma2) + 1},

so that &7

1y ms 1S the event that there is an excursion of S™ above its running minimum between

times my and ms (recall that S" and G™ have the same excursion intervals). This, of course,
corresponds to a component of size mo — m;. Observe that the corresponding excursion of the

height process starts and ends at 0. We will prove the following result.

Theorem 2.6.8. For any bounded continuous test function f, 0 <t <ty such thatts—1t1 = x,

and m; = Ltlna/(o‘+1)J, mo = Ltgna/(o‘+1)J, m = mg — my then

E {f <n_1/(a+1)[§”(L(t1 + t)na/(a“)j) _ 5"(Lt1na/(a+1)J)],
n @ D/@EDGr(| (4 4 /@D ) o<t < n—a/(a+1)m) g

oo
N(@) [exp( Iy e( ) (e Ih)}

N e (5 et

—

as n — o0.

We need to prove a refinement of Lemma [2.4.7] to show that the change of measure is

well-behaved at times when the process attains a new minimum.

Proposition 2.6.9. FizT > 0. Forn >1 and m < Tna%l let k(n), kén), e k,(,?) > 1 and let
s (i) = Z;Zl(k](n) —2) be such that s (0) = 0 and s™ (i) > s (m) for 1 <i <m—1. Then

m a+1
myp(n) () (n)y _ LZ )y _ o)y _ Cam®t
(bn (kl 7k2 7"'7km ) (1 +5n) €xXp (TL,U (S (2) S (m)) )

P (a + 1)Ma+1no¢
where 6, depends only on n and T, and 6, — 0 as n — oo.
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We start with a technical lemma.

Lemma 2.6.10. Suppose that m = O(n®/@+V)). Let E1, Fs, ... be i.i.d. standard exponential

random wvariables. Suppose that for each m we have a sequence agn),aén),...,agg) such that

al(-n) € (0, Km/n) for all 1 <i < m for some constant K.

(a) We have

in L2,

(b) For any p > 1, there exists a constant C' > 0 such that

9 K2 3
exp(pZa —1) SC’exp(anm>.

(n))

Both the convergence in (a) and the bound in (b) are uniform in sequences (a; ') satisfying the

above conditions.

Proof. (a) Since the sum is centred, we have

2
ol N o K2
(ZaE )(Ei—1)> —var(Za i—l):Z(al( ))2§T72n_>0
i=1 :

as n — Q.

(b) For 0 < a < 1/2 we have

E [exp(aE) — a)] = € e (1 + 1aa) < exp (—a + 1?@) < exp(2a?).

So for sufficiently large n we have

m n ImK2m3
exp (pZa —1) )] < exp (2p2(a£ ))2> < exp <anm> . O
i=1

Proof of Proposition[2.6.9. The lower bound does not rely on s(™ attaining a new minimum at

time m, and has already been proved in Lemma [2.4.7} we need a matching upper bound. To

ease readability, we will suppress the superscripts on kl(n) and s (7). Now,

(n—i+1)p
o|eraae
m—1
— _ ny
B z1;[1 (1 n>E L[ls(m)—3(z’—1)+2(m—i+1)+5n_m]

)

ex <_Z{(s(m) —s(i—l)—l—jim—i—{—l)—{—Enm _1}Ei>
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where Fq, Fo, ... are i.i.d. standard exponential random variables, independent of =,_,,. We

shall first consider the expectation conditionally on F1, Fo, ..., E,,. Write A,, for the quantity

(-

=1

B lexp <_§:{(s(m)—S(i—l)—I—Q(m—i-l-l)—l-Enm _1}Ei>
=1

np

Ei,...,En

Let C > 0 be a constant to be chosen later. We will split E [A,,] into two parts, so that
H (n—i+1)p
jei Kj & En—m

We deal with the first term on the right-hand side first. Since k; > 1 for all j and Z,,_,,, > n—m

[Am]l{ZZ’;l Ei>0n“/(°‘+1)}:| +E [Amﬂ{Zle Eiﬁcno‘/(a+1)}:| ’

a.s., we have the crude bound
s(m)—s(i—1)+2m—i+1)+=Z,_p>n—i+1>n—m>n/2

for 1 <i <m and all n sufficiently large that m/n < 1/2. Then
1\
E Aml{zgll Ei>Cna/(0<+1)}:| <E [exp <<1 - 2#) ;Ez> ﬂ{zg’ilEana/(aH)}]
) )\ e—Tpm—1
B /Cna/<a+1> P (x - 2M> L'(m) o
) z\ g1
N /()na/(a“) P <_2M> %dw
= (2u)"P (1 Zm:E > Cna/<a+1>> .
M 2% 2 i
By Markov’s inequality, this last quantity is bounded above by

1 m

as n — 0o, as long as we take C' > T'(2log(2u) — log(2p — 1)), which we henceforth assume.
Let us now turn to the expectation of A,, on the event {31, F; < Cn®/(@+D}. Since

I (- (252).

2p)?2 \™
(2p)"E exp (—Cna/(a+1)) = <(,u)> exp(—Cn®/(@+1)) 5 0

2u—1

we have

Amlsm | Bigone/einy

< exp <—m(”;n_1) S s = sm)E - Y (2(7”_’“) - 1) E)

n n
K =1 i=1 K

1 m
x E [exp (— ( ZE) En—m)
(gt

E]_,. ..,Em ]]_{217;1 EigCnO‘/(fX“)}'




On the event {37 E; < Cn®/(@+D} we have ﬁzgl E; = o(1). Hence, we may apply
the asymptotic formula (2.16]) for the Laplace transform of D; to obtain that on the event
{3, B < Cn®/(@+D 1 we have

1 m

m m 2 m a+1
n—m 2 — Cy
= exp _(n) ;1 B + 7( 21“5) ( E 1 El> — —(a T Dnepetl <E E,) +o(1)

E Ei,...,Em

1=

It follows that

Am]]_{z;ﬂil Eigcna/(a+1)}

m m a+1
f@mleFﬂ—WWE—WH%WM<ZE> +o(1)

S
(2—p) [ ? 2 m ~— m?

RS s E | - = — i+ 1DE + — B — —

X exp 2m (; z) - Z(m i+ 1)E; + n z; T on

X ]1{2?;1 EiSCn“/(a‘H)}'

Observe that

2'un =1 H =1 =1
(2_H) m m 9 m
=5 +) E Z(Ei—l)—n—Z(m—H—l)(E—l)
r =1 =1 ® =1
i m
+ N E -+
=1 np

So
Amﬂ{Z?;l E;<Cne/(a+1)}

< exp (1 Z(S(Z) — s(m)) — _ Cam®™™ + o(l)) eXP(Xn)]l{Z;';I Bi<Cne/(eatnys  (2.28)

nu — (Ct + 1)Ma+1na
where
X = 2 D (sli = 1) = s(m)) (- 12 —iE DB -+ TS (B - 1)

i=1

=1 i=1

2 — i T Com®tt ot
+<2Wi‘)<m+ZE> (Ei—l)—m ( ZE) -1

We need to understand the asymptotics of the expectation of the right-hand side of ([2.28)).

Recall that s has steps down of magnitude at most 1, so that we have the crude bound s(i) —
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(m)<m—i+1<mforall 0 <i<m. Soby Lemma [2.6.10(a), we get

1 YU LIS S RN YRR

i=1
in L2, as n — 0o. We have

m m 2
2—p
<(2,un) (m t ZE1> Z(E’ - 1)> H{Z;ZIEZ'SCna/(O"‘Fl)}
i i=1

2
(2 _ H)Q(T + C«)QnQa/(a—i—l) m

(T + C)2Tn3a/(oz+1)
< 4202 E Z(EJ -1 =

22 — 0,
Jj=1

since n®/(@t1) /p? = ple=2)/(e=1) — 4(1). If m — oo as n — oo, it follows straightforwardly
from the weak law of large numbers that

1 m a+1
( > EZ> 2
mi4

and so, for any m < Tn®/ (@) we have

a+1
C’am atl P
(a + Dnopott ( ZE> -1 =0
These results imply that x, = 0 on {3 B < Cn®/e+ D} as n — oo and so

exp(xn)ﬂ{zgl E;<Cne/(a+1)} 51

It remains to show that

E [EXP(Xn)l{ZZI EiSCTLO‘/<°‘+1>}] —1

as n — 0o, for which we require uniform integrability. Now, we have

exp << ( + ZE> Z 1)) ]1{21_11 By <Cne/(at1)}

=1

<1+exp <( 2;: (C+1)m i(Ez - 1)) :
i=1

Hence,

exp(Xn) Liym | g <oneserny

Cama—H
SeXp<(a+ ) a—i—lna)

x[exp i{ sE-1) <m))—2(m_i+1)+m}(&—1)>

n n
1 H

e (i{ s(i=1) = s(m) 2Am—it1l) m (2—u)(0+1)m}(Ei_1))] |
=1 np

n 2un
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Applying Lemma [2.6.10(b), we see that both terms are bounded in L? for p > 1. Hence, the

sequence (exp(xn)1 (Xm, Bi<Cnal/(atny, T2 1) is uniformly integrable and we may deduce that
E [eXp(Xn)ﬂ{zz’;lEisc:naﬂw} -1,
which concludes the proof. O

We will also need the following lemma.

Lemma 2.6.11. Fiz 6 > 0 and let m = LTnO‘/(O‘H)J. Then we have the following uniform
integrability: for K >0,

limsupsup E
K—oo n2>1

0 — '
exp (n Z; (S(i) — S(m))) Liisom (s6)-S(m))>K} Em] —0.

Proof. The proof uses similar ingredients to the proof of Lemma On the event &,, we

have

Zi(s@) — S(m)) < om <1 + max S(z’)) < griletD/apy -1/« (1 + max S(i)> :

0<i<m

gm] “o

So it will be sufficient to show that we have

lim sup sup E

K—oo m2>1

exp <0m_1/01 max S(Z)) ]l{m_1/a maxo<i<m S(i)>K}

0<i<m
We have
gm]

E

exp <(9m—1/a Orgnlaé)gn S(Z)) H{m—l/a maxo<i<m S(i)>K}

o0

= Z efm™kp < max S(i) = k‘&n)

0<i<m
k= I_Kml/o‘j—i-l

< K0P <m_1/°‘ max S(i) > K‘Em>

0<i<m
+ Z gL/ fm ™ kp < max S(i) > k‘8m> ,

0<i<m
k= I_Kml/aj—f—Q

by summation by parts and the fact that eIk m= VA (k=1) < yp=1/agefm=tk Theorem
9 of Kortchemski [92] gives that for any § € (0,a/(av — 1)), there exist universal constants
C1,C5 > 0 such that

P (ml/a max S(i) > U‘5m> < Cy exp(—Cau’).

0<i<m
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We take 6 € (1,a/(a —1)). So then

—1/a .
E eXp <9m 01%11%)’!(71 S(2)> H{m_l/a maxogism S(Z)>K} gm]

< KFDIp (ml/a max S(i) > K‘€m>

0<i<m
+/ 9eP* P (m_l/o‘ max S(i) >z — 1‘57”) dz
K 0<i<m
[e.e]
< Crexp((K 4+1)0 — CLK?) + / C10 exp(x — Oz — 1)°)dz,
K

which clearly tends to 0 as K — oo since § > 1. The result follows. O

Proof of Theorem[2.6.8. Recall that S(k) = 2% (Z; — 2), where Zy, Zy, ... are i.i.d. with the

size-biased degree distribution. Then we have .
E[f (0@ [§([ (0 + )0t ]) = 8 (|tanaT1 )], G (L + )0 1)) ) (&,
E[f (n~ a1 [S"((t1 + InaTT]) = §(|tin a5 )] SH G ([0 +JnatT ) 1, ]
Ef1g |

my,mg

Using the change of measure, this is equal to

[

o—

| #(nLtana ¥ 7 (0" T[S 40T ) =512 D TG0 )1y, |

E [@(n, ltan T | Vg, ,m2]

IE[<I><n,Ltzn%+1J)f(n*#1 [S(L<t1+->nﬁu>fs<Ltmﬁu)},n*%ﬁcmw-)nﬁn) ‘smm}

_ (2.29)
E {fb(n, [tona+T |)

5m17m2:|

By Proposition we have that on the event &, .,
o 1 & . Catg_H

®(n, [tanas1 ) = (1+o(1)) exp | — > (S(i) = S(ma)) — — 25 |, (2.30)

pn = (a+ 1)pett

where the o(1) is uniform on &, m,. But using that S(msg) = S(m1) — 1, we get

®(n, [tana+1]) = (1+ o(1 LS~ (s 8 m__Cal3™
(n, [tgnet1]) = (1 4 o(1)) exp W;( (1) — (ml))JF/Tn_W
X exp (:n Z ([S(@) = S(m1)] = [S(ma) — 5(m1)])> :

The increments of the random walk S are independent, and so the first and second terms in this
product are independent. The first term is also independent of the argument of the function f.

So in both the numerator and denominator of the fraction (2.29)), we may cancel a factor of

1 m ! . mq Cathrl
E [exp <m izg (S(i) = S(m1)) + m (ot et Emimo | -
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Using also the stationarity of the increments of S and the fact that m = my — mq, we then
obtain that (2.29) is equal to (1 + o(1)) times

B exp (14 Sro(5(0)-50m) 1 (0~ T (L0 7T o 87 G((an 7T ) 0200”7 ]em}

E [exp(ﬁn ST (5(0)-S(m)) \sm]

Lemma [2.6.11] gives us the requisite uniform integrability in order to now deduce the result from

Theorem [2.2.5| and the continuous mapping theorem. O

Let us briefly sketch how this result gives a scaling limit for a single component of M, ()
or G, (v) conditioned to have size |2n®/(®*t1)]. First note that for any € > 0 there exists a time
T > 0 such that any component of size |zn®/(“*+1 | is discovered before time |Tn®/ (1) ] with
probability exceeding 1 — €, uniformly in n sufficiently large. Any such component discovered

af (O‘H)J corresponds to a tree of size = zn®/(@+1) in the forest encoded by Sn

before time |Tn
and G" and, indeed, this tree is asymptotically indistinguishable in the Gromov—Hausdorff-
Prokhorov sense from a spanning tree of the graph component. The locations of the back-edges

can then be handled in exactly the same way as in the unconditioned setting.
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Chapter 3

Gaussian Free Field level-set
percolation on regular random

graphs

This chapter stems from the preprint [56], that has not yet been submitted.

Abstract. In this chapter, we study the level-set of the zero-average Gaussian Free Field on a
uniform random d-regular graph above an arbitrary level h € (—o0, hy), where hy is the level-set
percolation threshold of the GFF on the d-regular tree T;. We prove that w.h.p as the number n
of vertices diverges, the GFF has a unique giant connected component C%n) of size n(h)n+o(n),
where n(h) is the probability that the root percolates in the corresponding GFF level-set on
T4. This gives a positive answer to the conjecture of [4] for most regular graphs. We also prove
that the second largest component has size ©(logn).

Moreover, we show that C%n) shares the following similarities with the giant component of the
supercritical Erdés-Rényi random graph. First, the diameter and the typical distance between
vertices are ©(logn). Second, the 2-core and the kernel encompass a given positive proportion
of the vertices. Third, the local structure is a branching process conditioned to survive, namely

the level-set percolation cluster of the root in Ty (in the Erdés-Rényi case, it is known to be a

Galton-Watson tree with a Poisson distribution for the offspring).

3.1 Introduction

3.1.1 Overview

The Gaussian Free Field (GFF) on a transient graph G is a Gaussian process indexed by the
vertices. Its covariance is given by the Green function, hence the GFF carries a lot of informa-

tion on the structure of G and on the behaviour of random walks, giving a base motivation for
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its study.

Level-set percolation of the GFF has been investigated since the 1980s ([48], 111]). Lately, one
important incentive has been to gain information on the vacant set of random interlacements
([104], 131]), via Dynkin-type isomorphism theorems ([73, [125]). It was subject to much atten-
tion in the last decade on Z¢ ([65, 104, 121} 130]). On such a lattice where the Green function
decays polynomially with the distance between vertices, it provides a percolation model with
long-range interactions.

More recently, level-set percolation was studied on transient rooted trees ([3| 2, [132]). There is
a phase transition at a critical threshold h, € R: if h < hy, the connected component of the
root in the level-set above h of the GFF has a positive probability to be infinite, and if A > hy,
this probability is zero.

One can define an analogous field on a finite connected graph, the zero-average Gaus-
sian Free Field, whose covariance is given by the zero-average Green function (see Sec-
tion . A natural question is whether some characteristics of the GFF on an infinite graph
G can be transferred to a sequence of finite graphs (G, ),>0 whose local limit is G. For instance,
one might ask whether a phase transition for the existence of an infinite connected component
of the level-set in G corresponds to a phase transition for the emergence of a ”macroscopic”
component of size O(|G,|) in the level set in G,,. For G = Z¢, Abicherli [I] studied the zero-
average GFF on the torus.

Abicherli and Cerny recently investigated the GFF on the d-regular tree Ty [3], and the zero-
average GFF on some d-regular graphs (large girth expanders) in a companion paper [4]. In
this setting, many essential questions (such as the value of hy, or the sharpness of the phase
transition at h, for the zero-average GFF) remain open. In this paper, we answer some of
them, and relate the percolation level-sets to other classical random graphs, in particular the
Erdés-Rényi model (Section [3.1.4)).

To do so, we refine some properties of [3] on T4. In a work in progress [57], we study further

the GFF on T, and the random walk on the level-sets.

3.1.2 Setting

In all this work, we fix an integer d > 3. We denote Ty the infinite d-regular tree rooted at an
arbitrary vertex o, and G, a uniform d-regular random graph for n > 1 (if d is odd, consider
only even n). Let V,, be its vertex set and 7, be the uniform measure on V,,, i.e. m,(x) =1/n

for every x € V.

Gaussian Free Field on regular trees

The GFF o1, on Ty is a centred Gaussian field (¢1,(x))zeT, indexed by the vertices of Tg,

and with covariances given by the Green function Gr,: for all vertices xz,y € Tq, we set
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Cov(er,(z), ¢1,(y)) = Gr,(x,y). Recall that

G'JI‘d (z,y) = E’l:i:d Z 1{Xk:y}
k>0
where (X})r>0 is a discrete-time SRW (Simple Random Walk) on T,4. In general, we will denote
Pg the law of a SRW on a graph G with initial distribution pu.

Gaussian Free Field on finite graphs
If G,, is connected, the zero-average GFF g, on G, is a centred Gaussian field (vg, (z))zeg,,
indexed by the vertices of G,,, and with covariances given by the zero-average Green function

Gg, on Gy,: for all z,y € G,, we set

n

Covtis, (), 1) = oy e.) = B8 | [ (13, — %) o]

where (X¢);>0 is a continuous time SRW on G,, started at = with Exp(1) independent jump-
times. Precisely, let (¢;);>1 be a sequence of independent exponential variables of parameter
1. Let (Xi)r>0 be a SRW started at z, independent of (&;);>1. Then for all ¢ > 0, we define
Xy := Xy, with k(t) := supgsg Zle G <t.

The function Gg, is symmetric, finite and positive semidefinite. This ensures that g, is well-

defined (see [I] for details, in particular Remark 1.2).

Two layers of randomness
Denote Py, and Eg,, the annealed law and expectation for the joint realization of G,, and of

g, on it. For a fixed realization of G,,, denote P9 and E9 the quenched law and expectation.

3.1.3 Results

Define the level set E%{; .= {z € Tq|pr,(x) > h}. Let C* be the connected component of E%{;
containing the root o. Similarly, define the level sets Eighn = {z € G, |¢g,(x) > h} forn > 1.
For i > 1, let Ci(n) be the i-th largest connected component of Eighn In [I32], Sznitman showed
that there exists a constant h, > 0 such that

if b > hy, n(h) =P (|C" = 400) = 0, and if h < hy, n(h) > 0. (3.1)

In [3] (Theorems 4.3 and 5.1), Abécherli and Cerny showed that if h > h,, the size of C* has
exponential moments, and if h < hy, C* has a positive probability to grow exponentially. In
[] (Theorems 3.1 and 4.1), they proved that Pepp-w.h.p.: if b > hy, [C\™| = O(logn), and if
h < hy, at least &n vertices of Ei;ﬂ are in components of size at least n°, for some constants

0,€ > 0 depending on h. They even found deterministic conditions on G, satisfied w.h.p., so
that these events hold P97 -w.h.p. (see the discussion in Section [3.1.4)).
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Thus, in the supercritical case h < hy, a positive proportion of the vertices is in at least
"mesoscopic” components (there is no explicit lower bound for 4).
This paper focuses exclusively on the supercritical case. We prove the existence of a giant

component:

Theorem 3.1.1. Let h < hy. It holds:

C(”) P,
)] (32

where "% stands for convergence in Pgp,y,-probability as n — —+o0o. Moreover, there exists
Ko > 0 such that
Pann (Ko_l logn < |C§n)| < Kylog n) — L (3.3)

n—+oo

Note that by Markov’s inequality, for any € > 0 and any sequence of events (&,),>1 such that
Punn(En) — 1, w.h.p. G, is such that P9 (€,) > 1 —e. Thus, w.h.p. on G,, the conclusions of
Theorem hold with arbitrarily large P9»-probability.

We also establish some structural properties of an). Let C™ be the 2-core of an), obtained
by deleting recursively the vertices of degree 1 of C%n) and their edges. Let K(™ be the kernel
of C%n), i.e. C") where simple paths are contracted to a single edge, so that the vertices of K

are those of C(™) with degree at least 3.

Theorem 3.1.2. Global structure of Cfn)
Fix h < hy. There exist K1, Ko > 0 such that

c)
[C Pag e, (3.4)
n
and )
K n
| - | Pong g (3.5)

Moreover, there exists K3 > 0 such that if Dgn) is the diameter of C%n), then

Ponn(D\™ < Kylogn) — 1. (3.6)

n—-+o0o

Last, there exists A\p, > 1 such that for every e > 0,

mon({(z,9) € (€)%, (1 =€) logy, n < dypu () < (1 +€)logy, n}) =251, (3.7)

clm
(n) (n)

where T, s the uniform measure on (C; )2 and dc<n> the usual graph distance on C; 7. In
1

other words, the typical distance between vertices of C§n) is logy, n.

We will see in Section that )y, is the growth rate of C? conditioned on being infinite.

Say that a random graph G is the local limit of the random graph sequence (Gy)n>1 if G,
converges to G in distribution w.r.t to the local topology (see for instance the lecture notes of
Curien [59] for a precise definition). We prove that the local limit of C%n) is C* conditioned to

be infinite.

100



Theorem 3.1.3. Local limit of C%n)

For every radius k > 1, for every rooted tree T of height k, let V,gT) ={z € C%n), Bc(n) (x,k) =T}
1

and pr == ]P’Td(Bcg (o,k) =T |Ct| = +00). Then

V0| g,
™|

pr.

3.1.4 Discussion and open questions

GFF percolation versus bond percolation

The graph Ei;n undergoes the same phase transition as some classical bond percolation models
for the size of the largest connected component. We draw a comparison with the Erdos-Rényi
random graph (i.e. bond percolation on the complete graph), introduced by Gilbert in [79]: for
a constant ¢ > 0 and n € N, ER(n,¢/n) is the graph on n vertices such that for every pair of
vertices x,y, there is an edge between z and y with probability ¢/n, independently of all other
pairs of vertices. Erd6s and Rényi [74] showed that the supercritical regime corresponds to
¢ > 1 and the subcritical regime to ¢ < 1. Theorems [3.1.1} [3.1.2| and [3.1.3| hold for ER(n,c¢/n)

as n — 400, for any fixed ¢ > 1, the tree C* being replaced by a Galton-Watson tree whose

offspring distribution is Poisson with parameter ¢, and A being replaced by c.
As for Bernoulli bond percolation on G, (each edge of G, is deleted with probability 1 — p, in-
dependently of the others), the same phase transition holds for the size of the largest connected

component, the critical threshold being p = 1/(d — 1) (Theorem 3.2 of [1§]).

The structure of Cin)

It was shown recently in [64] that the distribution of the giant component of ER(n,p/n) is con-
tinuous w.r.t. to a random graph which can be explicitly described. Its kernel is a configuration
model whose vertices have i.i.d. degrees with a Poisson distribution (conditioned on being at
least 3). In particular, it is an expander. The lengths of the simple paths in the 2-core are i.i.d.
geometric random variables. See Theorem 1 of [64] for details. This implies a result analogous
to Theorem for ER(n,p/n).

We conjecture that the kernel K™ is an expander for every h < h,. The main obstacle to
gathering information on its global structure is that if ¢)g, is revealed on a positive proportion
of the vertices of K(™ (and hence of G,), then it could affect substantially t)g, on the remaining
vertices. In particular, if A > 0 is large enough, we could imagine that the average of 1g, on the
discovered vertices is positive. But by , the average of the GFF on the remaining vertices
would be negative, hence below the threshold h.

Deterministic regular graphs

The results of [4] and [I8] hold in fact for any deterministic sequence of large-girth expanders
(conditions and in Proposition [3.2.1)), which is w.h.p. the case for G,. Very recently,
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after a first preprint of our work, Cerny [I36] gave another proof of that holds under
these deterministic conditions. He also showed that |C§n)] = o(n) w.h.p. His approach is very
different, and uses notably a novel decomposition of the GFF as an infinite sum of fields with
finite range interactions, introduced in [68] and [67].

In our proofs, averaging on the randomness of G, is a crucial ingredient to control the presence
of cycles on large subgraphs of G,,, and allows us to extend some arguments of [4], where g, is
locally approximated by T, .

We conjecture that those deterministic conditions are not sufficient for to hold. This was
shown for the Bernoulli bond percolation in [93] (Theorem 2): for every a € (0, 1), one can build
a sequence (Gy)n>1 satisfying and such that the second largest connected component
has at least n® vertices (the second largest component first grows exponentially on a tree-like
ball until it has a polynomial size, and then is "trapped” in zones where the expansion of the

graph is close to an arbitrarily small constant).

Behaviour at criticality

Almost nothing is known about C** (even the value of hy), though one might conjecture that
it is a.s. finite, as critical Galton-Watson trees. In the Erdos-Rényi model, the critical case is
by far the most interesting. When p =1+ @(nil/ 3), the i-th largest connected component has
size ¢;n?/3, where ¢ is an a.s. finite random variable (see the celebrated paper by Aldous [13]).
Its structure is similar to a modified Brownian tree [6]. Hence, there is a finite but arbitrary
large number of components of the biggest order, and some of their main characteristics, such
as their cardinality, are random.

It would be interesting to look for the size and shape of \Ci(n)] for h = hy, or for an hypothetical

critical window (hy —ep, hi+€p) for a sequence (e5,),>1 converging to 0 at an appropriate speed.

3.1.5 Proof outline

Our proofs rely on two main arguments:

1) An annealed exploration of Ei; (Proposition [3.2.4)), where the structure of G, is progres-

sively revealed (there is a standard sequential construction of G,, see Section [3.2). Each
newly discovered vertex is given an independent standard normal variable. Then g, is

built via a recursive procedure, using these Gaussian variables (Proposition [3.2.3]).

2) A comparison of g, and ¢r, (Proposition [3.4.1)) : on a tree-like subgraph T of G,,, such
that there are no cycles in G, at distance kloglogn of T for a large enough constant k,
there is a bijective map ® between 1" and an isomorphic subtree of Ty and a coupling of

g, and T, so that

sup [1hg,, (y) — 1, (®(y))] < log™' n.
yeT
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We stress the fact that we reveal ¥g, only after having explored G,: if we reveal 1)g, at a given
vertex, it conditions the structure of G, and thus the pairings of the still unmatched half-edges,
so that we cannot use the sequential construction any more to further explore the graph. Hence,
during the exploration, we will need to build an approximate version of vg,, depending on the
Gaussian variables of This makes some proofs tedious, in particular that of .

The base exploration

The exploration that we will perform in all proofs, with some modifications, is as follows: pick
x € V,,, and reveal its connected component ng”’h in Eighn in a breadth-first way, as well as its
neighbourhood up to distance a,, = kloglogn. Until we meet a cycle, the explored zone is a
tree T}, growing at least like C” Hog™! " and at most like C ~log™!n by

On one hand, c?“f’g_l " has a probability ~ n(h +log™' n) = n(h) + o(1) to be infinite, with a
growth rate A, > 1 (Section [3.3.2). On the other hand, the probability to create a cycle is o(1)
as long as we reveal o(y/n) vertices (since we perform o(y/n) pairings of half-edges having each
a probability o(y/n)/n to involve two already discovered vertices). Thus, with P,,,-probability
n(h) + o(1), T and 8T, will reach a size ©(y/nlog™" n) for some constant ' > 0 (Proposi-
tion (3.5.1)).

Conversely, Ch1o8™' " Yag probability 1 — n(h —log™*n) = 1 — n(h) + o(1) to be finite, and

with Pgpn-probability 1 — n(h) + o(1), [C§™"| = o(y/n) (Proposition [3.5.4).

Proof of (3.2)).

First, we show that for any two vertices x,y € V,,, there is a Pyp,-probability 7(h)? + o(1) that

they are connected in Eigh . To do so, we explore cfmh and Cyg "’h, that we couple with indepen-

n

dent copies of chtlog™ ", so that with probability n(h)?+o(1), 8T, and 9T, have O(v/nlog™ n)
vertices. The explorations from z and y are disjoint with probability 1 — o(1), since o(y/n) ver-
tices have been explored. Then, we draw multiple paths between T, and T}, (with an ”envelope”

of radius ©(loglogn) around each of them to allow the use of the approximation , the join-

ing balls (Section |3.6.1). The probability that Eigh percolates through at least one of these
paths is 1 — o(1).

Second, we prove by a second moment argument that Pg,,-w.h.p., the number of couples
(z,y) € V2 such that y € C§™" is (n(h)? + o(1))n? (Lemma [3.6.4).
Third, knowing that |CS""| = o(y/n) with Pgu,-probability 1 — n(h) + o(1), we deduce in the

same way that at least (1 — n(h) 4+ o(1))n vertices are in connected components of size o(y/n)

(Lemma 3.6.3)).

Those two facts together force the existence of a connected component of size (n(h) + o(1))n.

Proof of (3.3).

The most difficult part is the upper bound. We show that for Ky large enough, for x € V,,
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Ponn(Kologn < \ng"’h| < K;'n) = o(1/n), and conclude by a union bound on z and a corollary
of the proof of 1) namely that \Cén) |/n Pang

The greater precision o(1/n) requires three additional ingredients:

e the size of C conditioned on being finite has exponential moments (Proposition [3.3.6)), in

particular, PT¢(|C?| > clogn, |C!| < +00) = o(1/n) for a large enough constant c;

e when exploring k vertices around z, there is a probability ©(k?/n) that a cycle arises, so

that we will need to handle at least one cycle to fully explore ng”’h;

e we need a better approximation of tg, than log™'n in with probability at least
©(1/n), we will meet too many vertices with an approximate value of vg, that are in
[h —log™' n, h 4+ log=!n], so that we can not tell whether they are in ¢ or not before
the end of the exploration. To remedy this, we replace the ”security radius” a,, in [2)| by

some 1, = ©(logn), so that we approximate g, up to a difference n=W,

Other proofs.
The proofs of Theorems [3.1.2] and [3.1.3| are based on slightly modified explorations, and are

much simpler.

3.1.6 Plan of the rest of the paper

In Section we review some basic properties of G, (structure, Green function and GFF). In
Section [3.3] we study the GFF on T,4. In Section we establish a coupling between recursive
constructions of the GFF on Ty and on a tree-like neighbourhood of G,. In Section [3.5] we
explore the connected component of a vertex in Eigh . In Section we prove . In

Section we prove (3.3). In Section we prove Theorems and

3.1.7 Further definitions

In this paper, edges are non-oriented, and thus graphs are undirected. For any graph G, denote
da the standard graph distance on its vertex set V, and for every vertex x and R > 0, let
Bg(z, R) :=={y, dg(z,y) < R} and 0Bg(x,R+ 1) = Bg(z, R+ 1) \ Bg(z, R). For any S C V,
let similarly Bg (S, R) := UzesBg(z, R) and 0Bg(S,R+1) = Bg(S,R+ 1)\ Ba(S,R). If A is
a subgraph of G with vertex set S, denote Bg(A, R) = Bg(S,R). If x and y are neighbours,
we denote Bg(x,y, R) the subgraph of G obtained by taking all paths of length R starting at x
and not going through y.

The tree excess of a finite graph G is tx(G) = e —v+1, where v := |V| and e is the number of
edges in G.An important remark (in particular for Proposition is that for any subgraph
A of G and R € N, tx(Bg(A, R)) > tx(A), with equality if and only if Bs(A, R) has the same
number of cycles and the same number of connected components as A. Note also that if G is

connected, tx(G) = 0 if and only if G is a tree, i.e. has no cycle.
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A rooted tree is a tree T" with a distinguished vertex o, the root. The height hr(z) of a
vertex x in T is dp(o,x). If T is finite, its boundary OT is the set of vertices of maximal
height. The subtree from z is the subtree made of the vertices y such that z is on any path
from o to y. The offspring of x is the set of vertices of its subtree. For r > 0, the r-offspring
of x is its offspring at distance r of z, and its offspring up to generation r is its offspring
at distance at most r. If y is in the 1-offspring of xz, then y is a child of x, and x is its parent.
In this case, write x = 7.

If z,y are neighbours in 7', the cone from x out of y is the rooted subtree of T" with root x
and vertex set {z € T'|y is not on the shortest path from x to z}.

An isomorphism between two rooted trees T and T” is a bijection ® : T' — T” preserving the
root and the height, and such that for all vertices x,y € T, there is an edge between x and vy if
and only if there is an edge between ®(x) and ®(y).

Unless mention of the contrary, all random walks are in discrete time. We will write T4 (resp.
H 4) for the first exit (resp. hitting) time of A by a SRW.

For two probability distributions u,u’ on R, we write u < p’ (or p/ > p) if ¢/ dominates
stochastically p, i.e. there exist two random variables Xft.r\/ u and )?i ~ 4/ on the same

probability space such that X < X’ a.s.

3.2 Basic properties of G,

3.2.1 Structure and Green function

The graph G, can be generated sequentially as follows: attach d half-edges to each vertex of
V,,. Pick an arbitrary half-edge, and match it to another half-edge chosen uniformly at random.
Choose a remaining half-edge and match it to another unpaired half-edge chosen uniformly
and independently of the previous matching, and so on until all half-edges have been paired.
The resulting multi-graph M,, is not necessary simple, i.e. it might have loops and multiple
edges. The probability that M,, is simple has a positive limit as n — 400, and conditionally
on {M,, is simple}, M,, is distributed as G, (see for instance Section 7 of [I35], in particular
Proposition 7.13 for a reference).

In particular, an event true w.h.p. on M, is also true w.h.p. on G,, so that it is enough to
prove all our results on M,,. In the rest of the paper, we will even write G,, for M,, for the sake
of simplicity.

This Section is devoted to proving this result:
Proposition 3.2.1. There exists K3 > 0 such that w.h.p. as n — 400, G, satisfies:

(1) G, is a Ks-expander, i.e. the spectral gap Ag, of Gy is at least K3 (the spectral gap is the
smallest eigenvalue of I — P where I is the identity matrix and P the transition matriz of
the SRW on G,,),
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(II) for all x € Gy, Bg, (z,|K3logn|) contains at most one cycle.

Moreover, there exists K4 > 0 such that w.h.p. on Gy, it holds: for all x € V, such that
tx(Bg, (z, | K4loglogn])) =0,

-1
‘ng (x,z) — % <log ®n. (3.8)

If moreover y is a neighbour of x,
1 -6

Say that a given realization of G, is a good graph when and hold. The

equations and illustrate the fact that Gg, is close to G, on a tree-like neighbourhood:

it is well-known that for all x,y € Ty,

(d— 1)1—d1rd(907y)
d—2

A quick computation can be found in [I138], Lemma 1.24.

By Proposition 1.1 of [4], and imply that for some K5, K¢ > 0 and for n large enough,

for all x,y € V,,,

Gr,(z,y) = (3.10)

K5 7K6
(d — 1)do. @) vn

Throughout this paper, we will often make binomial estimations, because the number of edges

G, (z,y)| < (3.11)

between two sets of vertices in G, is close to a binomial random variable, as highlighted in the
Lemma below. We will use repeatedly the following classical inequalities: for n > m > 0 and
€ (0,1), if Z ~ Bin(n, p), one has
m
pzzm< () mzsm s (Da-pm (D) <tosam e
m m m

m!

The following Lemma is an important consequence of the sequential construction of G,.

Lemma 3.2.2 (Binomial number of connections). Let m € N, let Wy, W, be disjoint
subsets of V,,. Write mgy := |Wy| and my := |Wi|. Suppose the only information we have on
Gn is a set E of its edges that has been revealed. Let mp := |E| and denote P¥ the law of G,
conditionally on this information. Repeat the following operation m times: pick an arbitrary
vertex v € Wy having at least one unmatched half-edge, and pair it with an other half-edge.
Add its other endpoint v' in Wy, if it was not already in it. Let s be the number of times that
v' € Wy. Suppose that mg +m +mq < n. Then
m

s § Bin <m, n—(m;—i—m)) , (3.13)

In particular,

a) for any fired k € N, there exists C(k) > 0 so that for n large enough, if mg +m < n/2,

PP(s > k) < C(k) (mlm)k

(3.14)

n
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b) for k = k(n) — 400 and n large enough, if we have mg +m < n/2 and kn > 6(m1 +mg +
mpg)m, then

PE(s > k) < 0.99%. (3.15)

Proof. Pick v € Wy, such that v has an unmatched half-edge e. There are at most m; vertices
in W7, so that there are at most dm; unmatched half-edges that belong to its vertices. And the
total number of unmatched half-edges is at least dn — 2(|E| +m) > d(n — mg — m). Thus, the
probability that e is matched with a half-edge belonging to a vertex of Wi is not greater than

d(n_‘i’%";_m) = n—(;anl ) The successive matchings are performed independently, and 1)
follows.
Let Z ~ Bin (m %) By (3.12), for k € N, we have

k k koo k
E 2k
PEZ 2 K) < (7) (o) < () (28) < B
This yields (3.14). Moreover, if & — 400 as n — +oo and kn > 6(m; + mog + mg)m, by
k
Stirling’s formula, we have that for n large enough: P¥(Z > k) < ((QGJF%M) < 0.99%, and

n

(3.15)) follows. O

It is straightforward to adapt this when s counts the number of times that v" was in Wy (and
there is no set Wy). my is replaced by mo+m in (3.13)) and (3.14)), and (3.15)) does not change.
Throughout this paper, we will refer to these equations without mentioning explicitly if we

count the connections from Wy to Wi or from Wy to itself.

Proof of Proposition[3.2.1. By Theorem 1 of [44] and the Cheeger bound, G, satisfies w.h.p.
As for fix K3 > 0. For all z € V,,, one obtains Bg, (z, [ K3logn|) by proceeding to at most
d(d — 1)Ks1ogn] pairings of half-edges. If K3 is small enough, d(d — 1)slo8n) < »p1/5 _ 1 50
that by with mg =1, mg =0, m = d(d — l)LK3 logn| and k = 2, for n large enough:

P(tx(Bg, (z, [ K3logn])) > 2) < C(2) (ni/5>2 < p-11/10,

By a union bound on z € V,,, w.h.p. G, is such that for all x € V,,, tx(Bg,, (z, | K3logn])) < 1.
We now establish (3.8)). Note that U := Bg, (x, | K4loglogn]) and W := Br,(o, | K4loglogn]|)

are isomorphic. Then GY (z,z) = G%‘;(o, o), where we let
Gén (y,2) :== Egn [ZZ’QO 1{x,=}] for every y,z € V;, and A C V.

Recall that T4 is the exit time of A by the SRW (Xj)r>0. Similarly for every B C T, and
y,z € Ty, we define

Tp
GE (y,2) =By 1ix,—s). (3.16)
k=0
On one hand, by the strong Markov property applied to the exit time Ty,
GY(0,0) = Gr,(0,0) — Eo®[Gr,(0, X1y, )] = 95 — Bo? (G, (0, Xy )].
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On the other hand, by Lemma 1.4 of [1], for all y,z € V,, and A C V};:

G4 (y,2) = Gg, (y,2) — EJ"[Gg, (2, X1,)] + —L—, (3.17)

Gn
so that GY (z,z) = Gg, (z,z) — E9"[Gg, (v, X1,)] + E“”T[TU] Therefore,

d—1 E9"[T;
G ) — =) < (B2 (G, (o, Xy, ]| + B (G, (a, X, )] + 0]

By (3.10) and (3.11)), if K4 is large enough, then for large enough n:
o (G, (0, X1y )]| + [ES" (G, (@, X1,)]| < log™" m.

Note that Ty is stochastically dominated by the hitting time H of | K4loglogn]| by a SRW
(Zk)k>0 on Z starting at 0, whose transition probabilities from any vertex are d%dl towards the
right and 1/d towards the left. By Markov’s exponential inequality, there exists a constant

¢ > 0 such that for n large enough and every k > n!/19,

P(H > k) < P(Zy, < |Kyloglogn]) < P(Zy < (42 — 1/100)k) < e~<*.

Hence for n large enough, E9»[Ty;] < E[H] < n'/10 4 > k>nl/10 ke=°k < n'/2. Thus,

Gg, (z,x) — ﬁ <log7 " n+n""? <log™%n
for large enough n, and this yields (3.8]). One proves (3.9) by the same reasoning. O

3.2.2 GFF on G,

The name ”zero-average” for the GFF on G,, (or on any finite connected graph) comes from the

fact that a.s.,

> g, (z) =0 (3.18)

$€Vn

since Var (ZweVn g, (a:)) = Zm,ern Gg, (z,y) = 0.
This prevents the existence of a domain Markov property. However, there exists a recursive

construction of g, :

Proposition 3.2.3 (Lemma 2.6 in [4]). Let A C V,,, x € V,, \ A. Write o(A) := o({¢g, (y), y €
A}). Let (Xy)g>0 be a SRW on G, and let Hy be the hitting time of A. Conditionally on o(A),

g, (x) is a Gaussian variable, such that

E9 [y, (2)|o(4)] = B9 [, (Xi1,)] — MEQ (e, (Xi1,)] (3.19)
and
Gn
Var9n (4, () o(A)) = G, (. 7) — B9 (G, (z, Xi1,)] + EQEEG G, (. X)), (3.20)



Combining this Lemma and the sequential procedure to build G,, we obtain the following

construction.

Proposition 3.2.4 (Joint realization of G, and g, ). A realization of (Gn,vg, ) is given
by the following process. Let (&)i>1 be a sequence of i.i.d. standard normal variables. A move

consists in:

e choosing an unpaired half-edge e and matching it to another unpaired half-edge chosen

uniformly at random (independently of (&;)i>1), or

e choosing x € V,, and k € N such that &, has not yet been attributed, and attributing & to

x.

At each move, the choice of e, x or k might depend in an arbitrary way on the previous moves,
i.e. on the matchings and on the value of the normal variables attributed before, but not on
the value of the remaining normal variables. Perform moves until all half-edges are paired, and
every vertex x € V,, has received a normal variable, that we denote &,. Erase loops and replace
each multiple edge by a single edge.

To generate g, , let x1,...,x, be the vertices of V,, listed in the order in which they received
their normal variable. Let g, (z1) := \/Gg, (z1,21)&,. Fori = 2,...,n successively, define
A; = {z1,...,zi—1}. Recall that we write o(A;) for c({¢g, (y),y € A;}). Let

g, (i) = B9 [yg, (2:)|0(A)] + &, v/ Var (dg, (2:) o (4y)).
It might be confusing that g, (z;) appears on both sides of the equation. Note that the

conditional expectation and variance on the RHS are o(A;)-measurable random variables.

Proof. Clearly, the graph obtained after pairing all the half-edges is distributed as G,,. &;, is a
standard normal variable independent of the realization of G,. Finally, remark that for every
i > 2, &, is a standard normal variable, independent of the realization of G,, and of o(4;), so
that we can conclude by Proposition [3.:2.3 O

Last, we prove that the maximum of [ig, | on G, has a subexponential tail.

Lemma 3.2.5 (Tail for the maximum of [ig,|). Suppose that max,cy, Gg, (z,z) < Ks.
Then for all A > 0, if n is large enough,

P9 <mf‘i/X g, ()| > log?/3 n) <n A, (3.21)
reVn

In particular, by Proposition|3.2.1 and (3.11]), w.h.p. G, satisfies .

Proof. Let N ~ N (0, K5). If n is large enough, then for all x € V,,,

1 4/3
po- (‘wgn(x)| > log?/? n) < PO (’N] > log?/3 n) < 2exp (— OiK n) <n A1
5

. . . . 2/3 .
by Markov’s inequality applied to the function u — exp (log e "u) By a union bound on all

x € Vy,, we get P9n (maxxegn g, ()| > log?/3 n) <n A, O
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3.3 The Gaussian Free Field on Ty

In Section we characterize C* as a branching process, with a recursive construction (Propo-
sition |3.3.1). Then, in Section we establish its exponential growth, conditionally on
{|Ch| = +00}. The main results are Propositions [3.3.4} [3.3.6/ and [3.3.8|

3.3.1 (! as a branching process

There is an alternative definition of ¢, starting from its value at o and expanding recursively

to its neighbours. It shows that C” is an infinite-type branching process, the type of a vertex z
being ¢, ().

Proposition 3.3.1 (Recursive construction of the GFF,[3]). Define a Gaussian field ¢ on
Ty as follows: let (&)yet, be a family of i.i.d. N'(0,1) random variables. Let (o) := 1/%50.

For every y € Ty \ {o}, define recursively p(y) := fflgy + dfllso(@), where 7 is the parent of
y. Then

d.
¥ = PTy-

Proposition is the corollary of a more general domain Markov property (see for instance
Lemma 1.2 of [123] where it is stated for Z%, but the proof can readily be adapted to any transient
graph). Let G be a transient graph, Gg the Green function on it and g the associated GFF.
For U C G, and x,y € G, let

GE (z,y) == EY

Ty
d iy, = y] . (3.22)
k=0

Define the field @3 on G by oY (z) = pg(z) — EY [pg(X71,)] for all z € G, Ty being the exit

time from G.

Proposition 3.3.2 (Domain Markov property). The field golg] is a Gaussian field, indepen-
dent from (¢g(x))zeg\v, with covariances given by Cou(¢Y (x),¢Y (y)) = G (z,y).

We apply it with G = Ty and U = T,, the subtree from y in Ty, for every y € Ty \ {o}, to get
Proposition [3.3.1] See [3], (1.4)-(1.9) for details.

Write PTe for the law of or,, and PLe for PTe(|pr, (o) = a), @ € R (such conditioning is
well-defined, (¢r,(2))zeT, being a Gaussian process). This construction gives a monotonicity
property for pr,. A set S C R4 is said to be increasing if for any (@21))Z€Td, (@gz))zeqyd € RTd
such that CDQ) < CI>9 for all z € Ty, (@gl))zeqyd € S only if (@22))26Td € S. Say that the event

{¢T, € S} is increasing if S is increasing.

Lemma 3.3.3 (Conditional monotonicity). If E is an increasing event, then the map a

P4 (E) is non-decreasing on R.

110



Proof. Let a1,a2 € R such that a; > ao. It suffices to give a coupling between a GFF gpq(rld)

conditioned on @%le (o) = a; and a GFF (p%TQd) conditioned on cpgfd)(o) = ay such that a.s., for
every z € Ty, goq(rld)(z) > goq(r?(z). To do this, let (§y)yeT, be i.i.d. standard normal variables, and
define recursively gp%d) and gpr%) as in Proposition |3.3.1} Then for every z € Ty of height k£ > 0,

cp%rld)(z) = cp%rzd)(z) + (a1 — a)(d — 1)7*. ]

3.3.2 Exponential growth

Let Z,? =Chn O0Br, (o, k) be the k-th generation of Ch. We first prove the following:

Proposition 3.3.4. There exists A\, > 1 such that
lim PY(|Zf| > Np/k%) = n(h)
k——+o0
and
lim PT(| 2} < EAF) = 1.
k——+o0

Moreover, h +— Ap, is a decreasing homeomorphism from (—oo, hy) to (1,d —1).

We will need the following Lemma (whose proof is immediate from Propositions 3.1 and 3.3 of

[132] and Proposition 2.1 (ii) of [3]), from which A, originates. Let & be an arbitrary neighbour

of o. Let T;r be the cone from o out of 5. Write CQ’JF = CC}} N ']I':lr. For k > 1, let Z,?’Jr =
h,

chtn OB+ (o, k).

Lemma 3.3.5. Fiz h < hy. There exist \, > 1 and a function xp that is continuous with a

positive minimum Xmin on [h,+00), that vanishes on (—oo,h) and such that

My =N xaler, ()
TEZ,”

15 a martingale w.r.t. the filtration Fi := o (gon(l‘),x € B+ (o,k;)), k >0, and has an a.s.
d

limit M.

Proof of Proposition [3.3.4 We first establish that limg_, 4 oo PT¢(| 20 > A /E?) = n(h). Clearly,
lim supy_, 4 oo PT¢(| 28] > AE/k%) < PTa(|Ch| = +o0) = n(h).

Conversely, denote £+ = {|C"| = +o0} and & = {|Z,?+| > A\ /k?}. By Theorem 4.3 of [3],

lim PT(gF) =Pre(eT) > 0. (3.23)

k—+o0

Hence, for any € > 0, for k large enough,
Ple(gr) > Ple(e™) —e. (3.24)
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Let T, be the cone from © out of o, C'~ := CANT,, and 2}~ := C' NOBy— (5, k) for k > 1. Let
- = {7 = +oo} and & = {|Z]"7| > Ak /k?}. Define € := {¢r,(0) > h}N{ CL" is finite}
and & := {¢r,(0) > h}N{ ZQ’JF = (}. We have
P&, N&) >PI(E"NE) —PT(E NEN (&)Y —PT(E™ NEN(E,)).

Define M:™ on Cg’_ as M on C'". From the proof of Theorem 4.3 in [3], we get that
PTa({M%~ > 0} N (£7)°) — 0. And, by Proposition 4.2 in [3], PT¢(£~ N {M&™ = 0}) = 0,
so that PT¢(£~ N (£,)°) — 0. Moreover, (£)k>0 is an increasing sequence of events and
€ = Ug>1&k, so that PT¢(£ N (E)¢) — 0. Hence, for k large enough,

P&, N&) >PT(E™NE) — 2e. (3.25)
Note that {|C"| = +o0} = EF L(E7NE), so that P(ET) +P(E~NE) = n(h). And for all k > 2,
EFU (&, N&) CH{|2]] > A} /k?}, therefore, if k is large enough, by (3.24) and (3.25), one has
Pra(1Z)| > Nj k%) = n(h) — 3.
Since € > 0 was arbitrary, limg_ o PT¢(|Z0| > AF/K?) = n(h).
Now, we show that PTe(| 2| < kAF) — 1. For all k > 1, by definition of M},
M]? > Xh,min)\}:k ‘Z]?‘

From the proof of Proposition 3.3 in [I32], M/ is a.s. finite. Therefore, k=A% |Z]| = 0 as.,
and
PTa(| 2] > kAE/2) — 0.

In the same way, IP’Td(|Z£’:1| > kAF/2) — 0. Since 2 C Z,?’Jr U Z]?’:l, we are done.

The last part of the Proposition comes directly from Propositions 3.1 and 3.3 in [132]. O

Next, we establish finer results on the growth of C*. |C?| has exponential moments:

Proposition 3.3.6. There exists a constant K7y > 0 such that as k — 400,

mgchP’gd(k < |Ch < 400) = o(exp(—K7k)). (3.26)

Since {Z] # 0} C {|C!| > k}, we have the following straightforward consequence:

Corollary 3.3.7. For k large enough, for every a > h,
PTa(|Ch| = +00) < PTe(Z] £ 0) < PTa(|Ch| = +o00) + e K7,

In addition, there are large deviation bounds for the growth rate of Z,i’:

Proposition 3.3.8. For every e > 0, there exists C' > 0 such that for every k € N large enough,

max Pq? (k" log | 2| & [log(Mn —e), log(M +¢) + k™" log xa(a)] | Zit # 0) < exp(=Ck). (3.27)

a>

This also holds when replacing C by C(I}’Jr, and Z,’j by Z,?’Jr.
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A crucial idea to prove Propositions [3.3.6] and [3.3.8 is to make a finite scaling, in order to

get a branching process that is uniformly supercritical w.r.t. to the value of ¢, (o). Indeed,
the fact A\, > 1 does not ensure that the expected number of children of o in T (or even in
T4) conditionally on ¢r,(0) = a is more than one for every a > h, in particular if a is small.
However, due to the exponential growth of C? (and ch ’+) of Proposition it turns out that
for £ € N large enough, even conditionally on ¢r,(o) = h, the expected number of vertices in

the f-offspring of o is more than one, as stated in the Lemma below.
Lemma 3.3.9. There exists £ € N such that for every a > h,
R, Tar| =h,

Eqt(120]] = Egt(|12, ) 2 B (12,7 > 1.

We will use it in the proofs of Propositions [3.3.6] and [3.3.8] looking at the branching process

whose vertices are those of C at height 0, £, 2¢, etc.

Proof of Lemma([3.3.9. Write & := {]Z,?ﬂ > M\/K*}. By 1' there exists ¢ > 0 small
enough such that for every k > ¢!, PTa(&,) > e. For ay large enough, PT¢(pr, (o) > a;) < ¢/2.
Note that & is an increasing event, so that by Lemma the map da' — Pg,d (&) is non-

decreasing. Therefore, for every @' > ay and k > M, if v ~ N(0, %) denotes the law of

SOTd(O)’

ai

P(E) 2 P 2 [ B (Emdb) = BRHE) — P, (o) 2 ar) 2 ¢/,

From the construction of Proposition [3.3.1] it is straightforward that
pi= Pgd(o has one child z in C*", and or,(2) > a1) > 0.

Hence for ¢ € N large enough,

)\E
Efe[| i) > %5 x b

In addition, for every M € R, {|{Z£L | > M} is an increasing event. By Lemma for every
a>h, EgdHZgL’JF | > EgdHZgL’ﬂ] Since Z?”L C 2} a.s., the conclusion follows. O

Proof of Proposition|3.3.6, Fix a > h, and let £ € N be such that the conclusion of Lemma|3.3.9
holds. Let Fy := 0Bgn(o,¢). For j > 1, if Fj # (), choose an arbitrary vertex z; € Fj. Let O;
be the (-offspring of z; in C* and let Fj1 := O; U Fj \ {z;}. Thus, we explore C* by revealing
subtrees of height < ¢, so that at each step, we see at most (d — 1) + ...+ (d — 1)* < d*t! new
vertices. Hence, if [C?| > k for some k € N, there will be at least |k/d‘*!| steps before C" is
fully explored.

By Lemma m (applied to {\Zzh’ﬂ > k} for every k > 1), for every j > 1, |Fj| dominates

stochastically a sum S; of j i.i.d. random variables of law pyj — 1, where

pe, is the law of |Z£L’+

conditionally on ¢r,(0) = h. (3.28)
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Therefore,
+oo

Fpi(k < [Cl < +o00) < ) B(S;<0).
j=liefd+1)
But a variable of law pgj, — 1 is bounded and has a positive expectation by Lemma [3.3.9
therefore there exist ¢, ¢’ > 0 such that P(S; <0) < ce=¢ for all j > 1. Hence,

+oo
Pli(k<|Chl<+o0)<ec > e < cexp(—c U{://de"'lj)
j=lk/d+1] I—e

and (13.26)) follows. O
Proof of Proposition[3.3.8 Let ¢ > 0. By definition of M} and Lemma m
{12271 = xn(@) O +)*} € (M > 3 X0 minxn (@) (M + )"

so that by Markov’s inequality, for any a > h,

A+ e b
Pla(|1 2] > xn(a)(M, +&)F) < Ph (Ml? > Xh,minXh (@) < h)\h ) >

_ Mo\
< vk (52 ) vl BT

This yields the upper large deviation for ZZ’JF (and for Z,?, using the facts that Z,? C Z,?’JFUZZ’_E
and that \Z,?fl\ and \Z};’j\ have the same law).

It remains to prove that for some C' > 0 and k large enough,
max ET4(k~" log | 2} < log(\, <) | 2} # 0) < exp(~CH). (3.29)
az

We proceed in two steps. We first initiate the growth of C* by showing that if 2, # 0, the
probability that |Z,| = o(n) decays exponentially with n, where ¢ is such that Lemma [3.3.9]
holds. Then, if Z, has at least O(n) vertices, each of them has a positive probability to have a
Kn-offspring of size at least A5 /(Kn)3 > (A, —e)* with k := (K +£)n and for a large enough
constant K, independently of the others vertices. Hence the probability that | 25| < (A\y — ¢)¥
decays exponentially with n, and thus with k.

First step. Recall the exploration of C? of the proof of Proposition but perform it in
a breadth-first way: reveal first the f-offspring of o, then the /f-offspring of each vertex of Zél ,
then the f-offspring of each vertex of Zélg, and so on. For n > 1, if ZZL # (), let j + 1 be the first
step at which we explore the offspring of a vertex of Zg,. Note that j > n. As in the proof of
Proposition there exist ¢, ¢, > 0 such that P(S; < ei) < ce=¢" for every i > 1. Hence,

for every n > 1,

gEPEdOZgH >en|Z} #0)>1— Zce_” >1- e " (3.30)

i>n
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Second step. Let K be a positive integer constant, and let F' be the set of vertices z € Zg‘n
such that the Kn-offspring of z has at least )\hK" /n3 vertices. This step mainly comes down to
showing that the probability that F' is empty decays exponentially with n.

Define the events
Eni={|Zier| 2 N0} and &) = {| 2| 2 N /0.
We first show that

pi= ggpgd(en) > 0. (3.31)

By (3.23), liminf,_, o PT¢(&) =: p'> 0. Let a1 be such that P(¢r,(o)>a1)<p’/4. For n large

enough,
Jash PYe(E))v(da) > p'/2, hence [ Pha(E))v(da) > p'/4,
where we recall that v is the density of ¢, (o). Since &, is an increasing event, by Lemma m
Mmingsq, Pad(E) > p' /4.
By Lemma [3.3.3] again,
mings, PTe(3z € ZM7F, or (2) > a1) = Pgd(flz € ZMF or,(2) > a1) =: p" > 0.

Hence p > p'p”/4 and (3.31)) is proved.
Note that |F| > Bin(|2[ |,p"). Thus by (3.30)), for n large enough,
st.

minF1(1F| 2 112}, £ 0) 2 1~ P24 < enl2f, £0) — (1 -p)9 21— e,
up to changing the values of the constants ¢ and ¢’. Therefore,
rggg[@gd (‘Z(hKJrZ)n’ < NEn 3| 2R 4 @) <ce I < cem ™,
If K is large enough, then for n large enough, AX"/n? > (), — ) (K+O(n+1) "5 that
mas By (| gl < (n = &) KO0 2, £9) < e

We adjust the conditionning: {Z(hK—i-Z)n £ 0} C {Zéln # (0}, and |Z(hK+€)n| < (A — &) EFO®+Y

on {Z} #0}\ {Z(hKH)n # (0}. Therefore, there exists ng > 1 such that for all n > no,
max Pl (IZ(LKMMI O R B-7 P @) < cexp(—c (K +0)(n+1)), (3.32)

where the new value of ¢’ depends on the constants K and ¢. This yields for large enough
multiples of K + £. One can readily replace each Z by 2T in this reasoning (for any m > 1),
to get the same result for Z(h [’(trg)n instead of Z(hK +on-
It remains to show the result for non multiples of K + ¢. Let k > (K + {)ng. Write k =
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(K + £)n +m, with 0 <m < (K + £) — 1. Note that on {Z}! # 0}, Z!* has at least one vertex

whose (k — m)-offspring is not empty. Hence

max P (|z,§| <(n—e)k|2h 2 (2)) < max P (|zg;+,n| < —e)k|2ht 2 (2))
a> az

< max Pgd <\Z£’_tn’ < (An — 5>(k7m)+(K+€) | Zl}cljn 7 ®>

< cexp(—c (K +£)(n+1))

where the third inequality comes from 1) Adapting this last computation for Z,?’Jr is
immediate. This concludes the proof of (3.27)). O

3.4 Approximate recursive construction of g

Let k > 0 be a constant, and let
an = |klog,_; logn]. (3.33)

The following statement is the main result of this section. It shows that a recursive construction
of 9g,, under some assumptions on the subset A C V;, of vertices where 1)g, is already known,
is very close to the construction of ¢r, in Proposition It is a crucial tool for comparing
g, and @1, in the exploration in the next section. It is analogous to Proposition 2.7 of [4l,
where the assumptions on A are slightly different: they are suited to a deterministic d-regular
graph satisfying and while ours will be adapted to an annealed exploration, where the
randomness of G,, plays a role. Our proof is very similar, but we feel that the general argument

is sufficiently subtle and interesting to merit a full account.

Proposition 3.4.1. If the constant k from is large enough, then the following holds for n
large enough. Assume that Gy, is a good graph as defined in Proposition and that A C 'V,

satisfies
o |A| <nlog ®n,
o tx(Bg, (A, a,)) =tx(A), and
e max.c g, (2)] < log?3n.

For every y € 0Bg, (A, 1), writing y for the unique neighbour of y in A, we have:

9 i, (lo(A)] ~ 5106, 3) < og (3.3)

and

Var9n (g, (y)|o(A)) — d%‘ll ’ <log™*n. (3.35)
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We stress that the result holds deterministically in G,.

Figure 1. The unicity of ¥ comes from the fact that when building Bg, (A, a,,) from A, no

cycle appears and no connected components of A join, since tx(Bg, (A, a,)) = tx(A).

In the proof, we will need the fact below, which is a consequence of Lemma 3.3 in [140] and of the
following observation. If (X;);>0 is a SRW on Ty, then the trajectory of its height (br,(X;));>0
is distributed as a random walk on N U {0} with transition probabilities 1/d towards the left
neighbour and (d — 1)/d towards the right neighbour, and reflected at 0.

Lemma 3.4.2 (Geometric repulsion). Let s € N, and A C V,, such that tx(Bg, (A,s)) =
tx(A). Let x € V;, \ Bg, (A, s), let (X;)j>0 be a SRW started at x and T its first hitting time of

A. Then T dominates stochastically a geometric random variable of parameter (d —1)7%.

Proof of Proposition[3.4.1. Let us first prove (3.34). By Proposition
E9 (g, (y)|o(A)] = EJ" [Yg, (Xu,)] — ———
! Y Efn[Ha

where (X;);>0 is a SRW on G,,. Write T}, for Bg, (y,y,an, — 1), which is a tree rooted at y by

EgZ WJQn (XHA)] )

our assumptions on A and y (it consists of the paths of length a, — 1 starting at y and not
going through 7).

Let 0T}, be the (a, — 1)-offspring of y in T,. Let 7 be the hitting time of 0T}, by (X;). Then
splitting the first term of the RHS above into two terms, we obtain

E9 [ipg,, (y)|o(A)] = BY" g, (Xu,) Lia<e] + By Vg, (Xu,) L, >r]

E9» [H 4] (3.36)
- m]ﬂm W’gn (XHA)] :

On {Hs <7}, Xg, =7. And, Pgn (Ha < 7) is the probability that a SRW on Z started at 1
with transition probabilities 1/d towards the left and (d — 1)/d towards the right hits 0 before
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an. It is classical that its difference with 1/(d—1) decays exponentially with a,, (see for instance

Theorem 4.8.9 in [72]). Hence, if « is large enough,

1
g’ﬂ, 6
‘Py (Ha<7)— o= | <log™°n, (3.37)

and since max,e4 |¥g, (2)] < log?/3n
Gn 1 _ 4
Ey Wgn (XHA) 1HA§T] - ﬁwgn (y) < log n

Therefore, to establish (3.34)), it is enough to show that

d—2

5" [, (Xin) Tt1or] = 385 [, (X )| < 3108 (3.38)
and
d—2 EJ"[H4]
- EJr X <log % n. 3.39

By the strong Markov property, letting p, := Pg" (Hp > T, XHBTy =z) for z € aTy, we have
E{" [Vg, (X1,) Liasr] = X.cor, P-EE" Vg, (Xm,))-
For all z € 9T, by Lemma (with s = ay,), if k is large enough, then for large enough n,
PIn(Hy <log?n) <1—(1—(d— 1))’ " < 2log%n (d — 1)~ < log S n.
Therefore,

Egn [wgn (XHA 1HA>T Z pz Z P Xl_log n - Z/)Eg’n [wgn (XHA)]
z€0Ty 2'eVy

< P (Hy < log® n) max|yg, (2)|

<log™®n

By Corollary 2.1.5 of [126] and ‘Pg" (XLlogQ n| = z’> — 1 (2)
large enough and all z, 2" € V,,, so that

2
< e Aanlog™n < # for n

EJ" (06, (X)) Luase — Y pBI [Yg, (Xu,)]| < 2log P n

2€0Ty
Finally, note that ‘ZzeaTy Dz — %) = ‘Pg”(HA >T)— % < log=®n by (3.37), and this
yields (|3
Let 7/ be the hitting time of 9T, U {g} by (X;). By the strong Markov property again, we have
EJ" [Hal =EJ" [7] + > PY(X, = 2)EJ" [Ha]. (3.40)
z€0Ty
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If (Z;)j>0 is a SRW on Z starting at 1 with transition probabilities 1/d towards the left and
(d—1)/d towards the right, then 7" has the law of the hitting time of {0, a,,} by (Z;). Hence, for
all k > 0, Py(7" > k) <P(Z < a,). But Zj is the sum of j i.i.d. increments that are bounded
a.s. and with mean (d—2)/d > 0. We apply the exponential Markov inequality and obtain that
for some v > 0 and n large enough, for all k& > logn, P(Zy < a,) < exp(—vk). Thus,
Eg" [7'] <logn Pg" (7' <logn) + Z kexp(—~k) < 2logn. (3.41)
k>logn

By (3.20) of [140], ES" [Ha] > ;4 > log® n /4, so that dividing by ES" [H4] in -) we get

| |
Egn
o [H -

81
5 Bl Sogn
2€0Ty Eﬂ—z [H log™n

where pl, := PJ" (X, = z). By (3.37),

d—2 —6
d.zeor, v — m‘ <log™ " n. Therefore,

< 2log %n 4 max

E9r[Hal  d—2 ES" [Ha] _,
20Ty .

Er[Ha) d—1 1 [H ]

To conclude the proof of , and thus of (3 m, it is enough to show that
ES [Ha]
E7;[Ha)
We adapt for this the proof of Proposition 3.5 in [I40)]. For all z € 0T, we can write

BY [Ha] B9 [Haly, o] + Sy, PO (Xjoge g =22 Ha > log?n)(BE [Ha] + log?n)
hence using Corollary 2.1.5 of [126] and the fact that m, is uniform on V;,,

— 1| <5log %n. 3.42
ZGBTy ’ =208 7 ( )

E9" [H ] < log?n + Z(ﬂ'n + e Aon log” ”) Eg,” [Ha] <log?n+ (14 ne ?9n logQ”)EgZ [H 4].

A
(3.43)
Recall that E9"[H 4] > log®n/4. For n large enough, we have by (3.43):
EJ" [Ha] _ 4log?
2 [Hal <298 T4 4 peAonlog’n <1+5log %n. (3.44)

E¢" [Hy] ~— log®n
Conversely,
Egn [HA] 2> Z Pgn (‘XVUog2 n|] = ZI)Eg’n [HA] _Z Pgn (‘XVUog2 n] ZI?‘HA < 10g2 ”)Eg/n [HA]
2'eVy 2'eVhy

> Z (Tn(2') — e Aon 1°g2")Eg," [Ha] — P9"(H4 < log?n) sup Eg,” [H 4]
2'€Vn

>(1 — ne 90 198° MYEGn [ 4] — P9 (H, < log®n) sup B [H.].
2'eVy

(3.43) and (3.44)) are in fact true for all z € V,,, so that for large enough n,
EJ" [H ]

—= AL 51 petonlog®n _ pon (Hy <log?n)(1+5log=®n)
E7; [Hal ’

>1 —2log™"

provided that x is large enough: by Lemma applied as below (3.39)), we have
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P9 (H, <log®n) <log=%n for every z € oT,.

Here lies the main difference with Proposition 3.5 of [140], where there might be more cycles in
Bg, (A, ay) than in A (i.e. the trees planted on the boundary of A might intersect). One has to
use a weaker version of Lemma and the lower bound becomes 1 — |A|log™ n, A being
any positive constant (k has to be large enough w.r.t. A).

Thus, the proof of is complete (note that the required lower bounds on x given by
Lemma are uniform in y and A).

We prove in the same fashion. Note in particular that by ,

E{» [H 4]

Var9" (yg, (y)|o(A)) = Gg, (y,y) — " [Gg,, (v, X1,)] + —g

—Y w9 (G (y, X

so that we get, noticing that H4 > 7’ (the hitting time of 9T, U {7}) a.s.,

d d
Vet (g, ()l () — 5 | < |G 00) ~ B G (0 Xy 1w, = 70
+ By [Ga, (Y, Xbr) Lise] — mEgZ (G, (v, Xn,)]

(3.45)

We have

Eg” (Gg,, (v, Xu,) 1HA:T’] = Egg/n (Gg, (v, X7) 1HA:T’]
= Eg” [ng (y7 XT/)] — Egn [ng (y, X’T’) 1HA>7—/] .

Remark that

|Egn [ng (y7 XT/) ]'HA>7—/] | S maxzeaTy ’ng (y7 Z)| S log_5 n

if s is large enough, by (3.11). Now, by (3.17) applied to the tree T, (note that T, = 71’), we
get

gn T,
Gg, (y,y) — ES" [Gg, (y, X)) — G (y,y)| < BT

Gn /
By (3.41)), Bo O(log™® n), therefore, the first term of the RHS of ([3.45) is

n

T, _
G5! (y:y) — 75| + O(log ™ n).
But T, is isomorphic to B := BTI(O7 an — 1), so that
ng (y7 y) = G%d(07 O) = GTd (07 O) - Plrd(TB = G)GTd (076) - Plrd(TB ;é S)GTd(Ov Z)

for any z € ’JI‘;r at distance a,, — 1 of o, by cylindrical symmetry of ']I‘:[. By 1) if K is large

enough:
T, _ P.4(Tp=5 -
Gg’;(y,y) =41 %—7"5 g )+O(log 5n).
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By the same reasoning as that leading to ( , Pl (Tp =53) = ﬁ + O(log™n) for k large
enough, hence

T, -
|Ggi (y.9) — g% = O(log ™ n).
All in all, we get that the first term of the RHS of (3.45) is O(log™ n).

One applies to the second term of the RHS of (3.45]) the same reasoning as that for (3.38]) and

(3.39). In particular, since G, is a good graph, (3.11)) yields max, yev;, |Gg, (z,y)| < Ks, an
upper bound easier to use than max.c4 [Yg, (z) | < logz/3 n. 0

3.5 Exploration of 1)g, around a vertex

3.5.1 Successful exploration

In this section, we prove that with Pg,,-probability arbitrarily close to n(h) as n — +o0,
|C§”’h > pl/2 log*’{*6 n, Cg’“h being the connected component of a given vertex = in Eigh

(Proposition [3.5.1]), and « the constant defined in (3.33)).

To do so, we explore a tree-like neighborhood T, of x in Eigh . We reveal T, generation by

n

—1
generation, and couple it with a realization of chtlos™ n C T, that is independent of the pairing
of the half-edges of G,. By Proposition [3.2.4] a realization of 1g, is given by a recursive

construction with the same normal variables as those of the realization of ¢r,. When:

o that realization of C2°%" ™ is infinite (which happens with probability n(h 4 log™! n) ~

n(h)), and

e the conditions of Proposition hold for each vertex of T}, until a generation at which
0T > n'/?log=""%n (which happens with probability 1 — o(1), mainly because we have
a probability o(1) to create a cycle when pairing o(y/n) half-edges),

we can apply Proposition to bound the difference between ¢, and g, by log~! n, ensur-
ing that T, C Cg"’h, the connected component of z in Eigh .

The exploration. Fix x € V},. Let
by = (d — 1) log~®n, (3.46)

where we recall the definition of a, from . Let (&y)yet, be a family of independent
variables, each of law N (0,1), independent of the pairing of the half-edges in G,. Define the
GFF ¢r, as in Proposition [3.3.1}

At every step of the exploration, T, will be a tree rooted at x, ¥, its respective counterpart
in Ty, rooted at o, and ® an isomorphism from T, to ¥,. At step k, we will reveal the k-th
generation of T, and T,.

Precisely, the exploration from z consists of the following steps:
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e at step 0, T, = {z} and T, = {o}. Reveal the pairings of the half-edges of Bg, (z,ay).

Stop the exploration if tx(Bg, (z,a,)) > 0 or if ¢r,(0) < h +log™ ! n.

e at step k > 1, reveal the edges of Bg, (T, a, + 1) that were not known at step k — 1. Let
Ox_1 be the set of the vertices of T}, of height £k — 1. Stop the exploration if at least one

of the following conditions holds:

C1 a cycle appears in Bg, (Ty,a, + 1),
C2 |Ok_1| Z nl/an,
C3 Op_1 =0 (i.e. no vertex was added to T, during the (k — 1)-th step),

C4 k> logAh n.

Else, denote w1, k2, ..., Tk, the neighbours (in G,) of vertices of Oy_; that are not
in Op_q, for some m € N (note that m = (d — 1)|Og_1], each vertex of Ox_; having one
neighbour in Oy_o, its parent, and d—1 other neighbours at distance k of o). Add to T}, the
vertices xy,; of Op_1 such that o1, (®(2r,)) > h+ log~'n. Add to T, the corresponding

vertices ®(xy ;).

3,3 L3,4 -
a 31 \T3,2 3,5
" ’ ’ 3,6
,

0.53

1.8 1.7 /
an

2.4
0.1 0.6 0.2

PTq (o) =07

Figure 2. Tllustration of the exploration with k = 3, a,, = 2, h = 0.3 and n = 148 (so that
log™'n ~ 0.2). Thick vertices and edges represent T} after two steps. Red vertices have not

1

been included in T} because o, at their counterparts in Tyq is below h 4 log™" n. Any number

near a vertex v is ¢r,(®(v)).

If the exploration is stopped at some step k, at which only [C2]is met, say that it is successful.
In this case, by Proposition we can sample 1)g, as follows: we reveal the remaining pairings
of half-edges in G,,. We set 9g, () = ¢1,(0). For all k,i > 1, if Ay; = {x} U{xze;|((,7) < (k, i)}

where < is the lexicographical order on N2, let

v, (wri) = B9 [g, (21,)|o (Ap)] + §k,i\/ Var(yg, (2x,:)|0(Ax,i))- (3.47)

122



Note that the conditional expectation and variance of the RHS are o(Ay, ;)-measurable random
variables, so that this definition makes sense, even if 1g, (x1,;) appears on both sides of the
equation.

Let S(x) := {the exploration from xz is successful}. We prove the following:

Proposition 3.5.1.
Punn(S(z) N {T, C C9"M)y — n(h). (3.48)

n—-+00
Remark 3.5.2 (Exploration size). Denote R, the set of vertices seen during the exploration

(i.e. such at least one of their half-edges has been paired). Note that for n large enough, for
every x € Vp, by and , T, contains less than
n'/2(d — 1)~ log 6 nlogy, n < n'/2(d — 1)~ log~*n
vertices, so that
IR.| <n'?(d—1)"%log*nx (1+(d=1)+...4+ (d—1)**1) <nl/2log=3n.

In order to prove Proposition we first show that C'*'8 ™ cither has an exponential
growth at rate > /A, with probability close to n(h), or dies out before reaching height log Ap T
with probability close to 1 — n(h). Although the proof is slightly technical, it relies merely on
Proposition and on the continuity of the maps h’' — Ay and h' — n(h/).

1

Lemma 3.5.3. Let ]__]gn) = {n'/?p, < |Z£+log_1”| < dn'/?b,} and ]-"](C”) = {Z]ilﬂog_ " =0}
for k > 1. Let ko := inf{k > 1, .7-",5”) or ]-"’én) happens}, F*™) = {ky < logy, n} N ]:15:) and
FrEm = {ko <log,, n} N ]-"’,(cz). Then, as n — +00:

Prn (F*™) = n(h) and Pann(F*™) = 1 — n(h). (3.49)

Proof. Remark first that by construction, Py, acts like P, on events that only depend on ¢r,.
Note that for every n > 1, Fr o ) = ¢, implying Pann(]:’*(")) + Popn (F*™) < 1. Hence

it is enough to prove that

imi «(n)
lim inf Popn (F7) 2 1(h) (3.50)
and
.. 7% (n) .
lim inf Ponn (F77) 2 1 = n(h) (3.51)

Let € € (0,n(h)). Let 6 > 0 be such that |n(h +6) —n(h)| < e and log,, ., > 9log,, /10. The
map h' — n(h') is continuous on R\ {h,} by Theorem 3.1 of [3] and the map h' — Ay is an
homeomorphism from (—oo, h,) to (1,d—1) by Proposition hence such § exists. It is clear
that

. h+log™?! ..

lrlbg}rg Ponn (Elk <log,, n, |ZkJr 8N > nl/zbn> > %g}rgofpann (Elk <logy, n, ]Z,?M] > nl/an)

. ) 1/2
> lim o Bonn (12137, > "/%00)

. h+6 9/10 2
e (245, 1, )
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hence by the first equation of Proposition [3.3.4] applied to h + 4,

lim inf Py, (ak <logy, n, |2 ) nl/zbn> > n(h +8) > n(h) —e. (3.52)
n——+00

. . h—',—log*1 n h-i—log*1 n .
Since each vertex of T4 has at most d children, we have |Z} |<d| 2.7 | determin-
istically for all & > 1. Hence, letting k' := inf{k > 0, |Z]?+l°g71n| > n'/2b,} when this set is

_ (n) h+log™' n 1/2 (n)
non-empty, F,,” holds, so that {3k <log,, n,|Z; | >n'/%b,} C Uk<togy n Fj, - Thus
lim inf Py (F*™) > liminf Pypp <Uk<10gA n]:,gn)) >n(h) —¢

n—-+o0o n—-+00

by (3.52)), and this shows ({3.50)).

1
For n > ¢l/3, ¢h+d C ¢htloe™ " C ¢h. Note that for n > 1,

ann(]:l*(n))
h+log= ' n h+log='n h+log= ' n
= P“”"(Zujgf n-1 @> ‘”m({z 10+g)\gn =0n{3k>1, (27 "2 ”I/an})

fe) 177, h-+lo 7177,
> Pann( Zfiog, nj-1 = 0) = Pann ({IC2H5 7] < o} N {3k 2 1, |20 7|2 0!/, } )

Z Pann(ZUog)\h nJ—l = @> - ]P)ann <|Cc}>l+log71n| < 400 | Ek‘ 2 1, ‘Z’2L+10g_ln| 2 nl/an> .

The first term of the RHS converges to 1 — n(h) as n — 4o00. For any k£ > 1 and for any
v € Br,(o,k), denoting T, the possible subtree from v in CI°8" n (if v € Z,?Jrlog_ln) and

Co(h,d) the connected component of o in ({o} U Eg{;*‘s) NTS,
—1
Ponn(|To| < +oo v € ZPT%8 ™) < B(ICo(h, 8)] < +00)
h+log™'n
by Lemma independently of the other vertices of Z, . Thus,
Pann(IC1] < 400 | Tk > 1, |Z] > n'/?b,) < PL(|Co(h, 6)] < +o0)™ b,

Therefore, it only remains to prove that ]P’Ed(]Co(h, 0)] < +o0) < 1. By Lemma the map
a > PLa(|Co(h, 0)| = +00) is non-decreasing. By (3.23)),

s PYa(|Co (h, )| = +oo)v(da) > 0

where we recall that v is the density of ¢t (o). Hence for some a1 > h + 4, for every a > aq,
P24(|Cs(h, 8)| = +00) = Pid(|Co(h, )| = +00) > 0. And, there exists p > 0 such that

Pgd(o has one child z such that ¢r,(2) > a1) > p.

Therefore, P, %(|Co(h,8)| = +00) > pPLe(|Co(h, 8)| = +00) > 0, and P, (|Co(h, 8)| < +00) < 1.

(3.51)) follows. O

Proof of Proposition|3.5.1. We first establish that happens with Pg,,-probability o(1). Then,
if there is no cycle in Bg, (T, a,), we can apply Proposition to bound the difference be-

tween T, and g, .
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By Remark at most dn'/2log™® n matchings of half-edges are performed during the ex-

ploration. By 1) with & = mg = 1, mg = 0 and m < dn'/2log™3 n, the probability to create

1

at least one cycle during these matchings is less than log™" n for large enough n. Therefore,

Pann (CI] happens) — 0. (3.53)

Note that if does not happen, then on F*(")_ (resp. ]:’*(”)), (resp. is satisfied, but
not M Moreover, on F*(") (resp. .7-"'*(”)), (resp. does not hold, so that

]P)ann(s(x)) 2 Pann(F*(n)) - IP)ann happens)
and, since F*™ 0 7+ = (;
Pann (S()) < Papn ((F*M)e) + Pann (CI happens) < 1 — IP’am(}"’*(")) + Py (CI) happens).

Thus, by (8:49) and (3:53),
Ponn(S(x)) — n(h). (3.54)

Now, we compare 1)g, with ¢, (supposing that the exploration is over and that S(z) holds).
Note that by [C4] T has a maximal height logy, n so that by the triangle inequality,

(T, € C8""y € {3y € Ty, g, (y) — 1, (B(y))] = log ™' n} C Uyer, £(y),

where & () := {|¢g, (z) — ¢r,(®(z))| > log™*n} and

E(y) = g, (y) — o1, (2W))| = ¥, () — ¢1,(2(y))| +2log ™ n} for y # z.
Suppose that G,, is a good graph. For xj,; € T} \ {z}, we can apply Proposition [3.4.1| on the
event 5,57;.) = {maxyea,, [¥g, (V)] <log?3n }, (note that |Ay ;| < n'/? by Remark [3.5.2 and
that tx(Bg,, (Ak,i,an)) = tx(Ag;) by . Writing y = @k, and § = gy, ;). We get for n large

enough:

Yg, (U) — o1,(P(y))
d—1

(%m%w%@wm»— ff)%

+log™3n

Vg, (y) — 1, (2(y))] <

_l’_

and

‘wm%w%@wm»—Vﬁf

<

d—1 d—1

11 /d—-1 d

< . e _4
SV d @-pe "
<log~*n.
Let &'(y) :==E(y) N SIEZ). We have
P9 (£ (y)) < P(|¢]log™*n > log™®n) <n~? (3.55)
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by the exponential Markov inequality used as in the proof of Lemma Moreover, by (3.8),

if k is large enough, we obtain in the same manner:
P9 (E(z)) < P9 (|&|log™4n > log™2n) < n73. (3.56)

By Remark we have |T,| < n'/2. By , and a union bound on y € T,
P9 (Uyer,£'(y)) < n~>/2 with '(z) := £(z). And P9 (U(k,z‘):xk,ieTz&gZ)) < n~2 for large enough
n, by Lemma [3.2.5

Thus for n large enough, if G, is a good graph,

P9 (T, & C9") < P9 (Uyer, E(y)) <n 2 +n72 <n7!,

so that by Proposition [3.2.1{ and (3.54)):

Pann (S(2) N {Ty C CI™"Y) = n(h).

3.5.2 Aborted exploration

For x € V,,, the lower exploration is the exploration of Section modified by replacing
h+log™'n by h —log™* Cf_log_l
k at which only [C3]is met, say that it is aborted. Write

A(z) := {the lower exploration from z is aborted} N {CZ"" C T, }.

n, so that we compare T, and " If it is stopped at some step

Proposition 3.5.4.
Pann(A(z)) — 1—n(h). (3.57)

n—-+o0o
The proof follows from a direct adaptation of Lemma and Proposition Note in
particular that Py, (CI] happens) = o(1), and that Py, (A(x)) = Pann(Zgo__kig_l "=0)+o(1) =
1 —n(h) + o(1).

3.6 Existence of a giant component

In Section [3.6.1], we prove that two vertices x,y € V,, are in the same connected component of

Eih with Py,,-probability — n(h)? (Proposition [3.6.2). Then in Section [3.6.2, we use a
Gn n——+oo

second moment argument to get concentration and to show (3.2)).

3.6.1 Connecting two successful explorations

Let us describe our strategy to establish Proposition [3.6.2] We perform explorations as in
Section from x and y. If they are both successful and do not meet (which happens
with probability ~ n(h)?), we develop disjoint balls, denoted ”joining balls”, from 97} to T,
(Section . Each of them is rooted at a vertex of 0T}, hits 0T, at exactly one vertex,
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and has a ”security radius” of depth a, around its path from 0T, to 0T, (see Figure 3). The
construction of the joining balls only depends on the structure of G,, and not on the values
of 1¥g,. Then, we realize 1)g, on T, T, and those balls (Section . If they are all disjoint
and tree-like, once we have revealed g, on T, and T, this security radius allows us to apply
Proposition to approximate vg, on the paths from 07} to dT, by ¢r,.

Let us explain with a back-of-the-envelope computation how the joining balls allow to connect
T, and T}, in Eighn Since |T},| ~ n/2p, by the probability that for a given z € 9T, exactly
one of the vertices at distance |vylog,_;logn]| (and no vertex at distance < |7ylog,_;logn])

from z is in 0T} is
~ P(Bin((d — 1)7108a-1loan 22 — 1) ~ 1og7 n x n=1/2p,,.

And there are ~ n!/2b, vertices in 9T, hence we can expect that that the number of joining
balls is at least ~ n'/2b, x log”n x n=/2p, = b2 log” n, provided that we can control some
undesirable events (such as an intersection between balls, or a cycle in a ball). This is the
purpose of Lemma [3.6.1

Moreover, we know that for large r € N and v € dBr, (o, 1), PT4(v € C?) is of order (\,/(d—1))",
by Proposition [3.3.8] Taking r = ~ylog,_; logn, the probability that Eighn percolates from 0T,

to 0T, through a given joining ball is ~ log?(1°8a—1An =1) iy " if we can approximate g, by T,
For v large enough w.r.t x (recall (3.46) and (3.33)), and recall that A, > 1),

b2 log” n x log?108d-12n =)y > Jog =213y ¢ JogV108a-12n pp > 1,
so that with high probability, Eigh will percolate through at least one joining ball from 9T, to
oT,.
The joint exploration

For z,y € V,, write x & yify € comh. et (§20)ze{z,y}weT, De an array of iid. standard
normal variables independent from everything else. Define the joint exploration from x and
y as the exploration from z (with the (&, ,)’s), then the exploration from y (with the (&,,)’s),

as in Section [3.5.1 with the additional condition
C5 the exploration is stopped as soon as R, N R, # 0,

where R, (resp. R,) is the set of vertices seen during the exploration from z (resp. from y), as
defined in Remark Note that the families (§;,0)ver, and (§v)veT, generate two indepen-

dent copies of pr,.

If both explorations are successful and does not happen (denote S(z,y) this event), we
add the following steps to the joint exploration. Let v > 0 and

a, = |ylogy_,logn]. (3.58)
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Denote z1,...,2gr,| the vertices of 0T,. For j = 1,2,...,[0T;| successively, build B*(z;,ay,)
the subgraph of G,, obtained as follows (see Figure 3 for an illustration). Write

B} :=Uji<;B*(zj,a;) and Q; := R, U R, U B}, (3.59)
so that @; is the set of vertices seen in the exploration before the construction of B*(z;,a),).
Let initially B*(z;,a;,) be the subtree from z; of height a, in the tree Bg, (1%, ay) (in blue in
Figure 3). For k < aj,, write B*(z;,k) := B*(2j,a,) N Bg,(zj,k). If B*(zj,a,) N B} # 0, say
that j is spoiled, and the construction of B*(zj,a;,) stops.

Else, for k = an,an +1, ..., a;, — 2a, — 2 successively, while tx(B*(z;, k) UQ;) = tx(Q;) (i.e. no
cycle has been discovered) and B*(z;, k) N Bg, (Ty,an) = 0, add to B*(zj,al,) the neighbours of
B*(z;, k) and the corresponding edges (in red in Figure 3). If for some k € {a,,...,a, —2a,—2},
tx(B*(z, k) UQ;) > tx(Q;) (i.e. at least one cycle is discovered) or B*(z;, k)N Bg, (T, an) # 0,
the construction of B*(z;,a;,) stops.

If the construction has not been stopped for some k < a), — 2a, — 1, add the neighbours of
B*(zj,al, — 2a, — 1) to B*(zj,a,) (also in red in Figure 3). If

’B*(Z]’ a;L - 20/774) m Bgn(Ty7 a’n)’ 7£ 17

the construction of B*(z;,a;,) stops.

Else, let v;(0) be the unique vertex of B*(z;, a,, — 2a,) N Bg, (Ty, an). If

tx((B*(2j, a5, — 2an) U @5) \ {v;(0)}) > tx(Q;),

the construction of B*(z;,a),) stops.
Else, for k = aj,—2ay, . .., al,—1 successively, while tx(B*(z;, k)UQ;) = tx(B*(zj, a,,—2a,)JQ;),
add the neighbours of B*(z;, k) to B*(zj,a;,) (in green in Figure 3). Then, the construction of

B*(zj,a},) is completed. In this case only, and if

tx(B*(zj,a),) U Q) = tx(B*(zj,a], — 2a,) U Qj),

say that B*(z;,a,) is a joining ball. In other words, we obtain a joining ball if, revealing the
offspring up to generation aj, of z;, the (a;, — 2ay,) offspring of z; intersects 9T} at a unique ver-
tex vj(0), and no cycle is discovered in the whole construction (except when B*(z;, al,) reaches
0Bg, (Ty,an) at v;(0), if T,, and T}, were already connected in Q; by B*(zj/, a;,) for some j' < 7).
Write J := {j < |0T,|, B*(z;,4dl,) is a joining ball} and S'(z,y) := S(z,y)N{|J| > log?** ¥ n}

(S(x,y) was define above (3.58)).
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Figure 3. Illustration of a joining ball B*(z;,a,,). Here a, = 2 and a], = 9. Dashed lines
represent subtrees that have not been fully pictured. The blue tree has total height a,,, the red

trees a), — 3ay, and the green trees 2ay,.
Lemma 3.6.1. Fiz v > 3k + 18.

Pon(S' (z,y)) — n(h)2.

n—-+00

Proof. Denote F*™(z) (resp. F*™(y)) the event F*(™ for x (resp. y). Remark that the
realization of F*(")(z) (resp. F*(™(y)) only depends on the version of r, defined by (&;.)ver,
(resp. by (£44) vet,) and not on the pairings of G,,. Hence, F*("(z) and F*(™ (y) are indepen-
dent. As in the proof of Lemma we get that

Pann(]:*(n) (z) N Fr) () = Pann(}-*(n) ($))Pann(f*(n) (y) — U(h)Q

and Py (F7*™ () U 7™ (y)) = 1 = n(h)2.
Moreover, Py, (C1] or [CH happens) — 0. Indeed, by Remark less than 2dn'/2log™3n

half-edges are revealed during the explorations from = and y, which allows to control |C5| as we

did for in (3.53)). Thus,

lim sup |Pypn (S’ (2, y)) — n(h)z\ <lim sup Popn (S(z,y) N {|J]| < log'y_?’”_18 n})

n—-+4o0o n—-+o0o
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and it remains to prove that

lim sup Popn (S(z,9) N {|J] < log? ™38 n}) = 0. (3.60)

n—-+o00

We proceed in two steps: in step 1, we control the number of spoiled vertices, and the number
of vertices of dBg, (T, a,) that are hit when building the B*(z;,a},)’s (if a large proportion of
those vertices are in @, then it significantly affects the probability that B*(z;,a],) is a joining
ball). In step 2, we estimate the probability that for a given j, B*(zj,a),) is a joining ball,
provided that the bounds of step 1 hold. This gives a binomial lower bound for |J|.

Step 1. Note that by Remark and (3.33), |0Bg, (Tx, an)| +|0Bg, (Ty, an)| < 2n'/?log™! n.
Note also that for every j < |9T%|, B*(z;,dl,) contains less than (d — 1) < log? n half-edges.

n

Hence:

1/2

at every moment of the exploration, less than n'/“log” n half-edges have been seen. (3.61)

Let

To reveal the edges of B*, one proceeds to at most n'/?log? n pairings of half-edges by (3.61)).
Any pairing that results in an edge e between some B*(z;, k) and Bg, (T, ay) then leads to at

most

L+ (d—1)4...+(d—1)% < 3(d —1)% <log* T n <log” 'n

/

vertices of B*(zj,al,) N Bg, (Ty,ay), since the construction of B*(z;,al,

) stops if such an edge
happens at distance less than a], — 2a,, of z; (and recall that we choose v > 3k + 18 > 2k + 2).
Thus, by with k = |[log?? ™ n], m < n'/?log” n and m; +mo +mg < n'/?log? n (due to
, for n large enough:

Pann(S(z,y) N {|Bg, (T, an) N B*| > 1log® n}) < 0.99°8°" < =3, (3.63)
Let N be the total number of spoiled vertices. By with the same parameters,
Punn (S(z,y) N{N >1log®' n}) <n~3. (3.64)
Step 2. Recall the definition of BJ’-‘ from . For j < m, denote
Sj = S(z,y) N {|Bg, (Ty,an) N B;| < log®” n} N {z; is not spoiled}. (3.65)
Suppose that for every j > 1,
Pann(B*(2j,dl,) is a joining ball | S;) > n~/21og? 210y, (3.66)

On & := {|Bg, (T,,an) N B*| < log® n} N {N < log® n}, the number of j’s such that S; holds

is at least
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|0T| — log® n > n'/?log™" " n
by 1) and 1' Thus, if Z ~ Bin (Lnl/2 log™* "], n"1/21og? 25~ 10 n),

Pann (S(z,y) N{|J] <log? ¥ n}) <P(Z <log? > n) + Papn(S(z,y) N E°).

For large enough n, Py, (S(x,y) N ES) = o(n~2) by (3.63) and (3.64). Moreover, one checks
easily (using v > 3k + 18 and (3.12])) that for n large enough:

maXOSkSUOg’yf?ﬂﬁflS nJ ]P)(Z = k) S 1/n

This yields (3.60]). Hence, it only remains to prove (3.66)).
Remark that Pupn,(B*(zj,a},) is a joining ball | S;) > pipops where:

n

o pi = Pun(&1]S;) and & = S; N {no cycle is created and no connection to @; is made

when revealing B*(z;,a], — 2a, — 1)},

! —2a, —1) and
D := 0Bg, (1y,an)\{Bg, (Bg, (T, an)N B}, 2a,)} }N{no cycle is created and no connection
to 9Bg, (Ty,an) U B} is made when revealing the other edges of B*(zj,a; — 2ay)},

n

o o = Pupun(&2|&1) where & := & N {exactly one edge connects B*(z;,a

o p3 = Pupn(E3]E2) where & := E2N{no cycle is created and no connection to dBg,, (T}, an)J

B is made when revealing the remaining edges of B*(2;, az,)}.

This definition of D guarantees that B*(z;,a;,) will not intersect a previously realized joining

ball when growing the subtree from v;(0) in Bg, (Ty, a).
(3.14) with k = 1, mg,m < log”n and mg,m; < n'/?log” n due to (3.61)) yields for n large

enough:

max(n'/2log” n,2log” n)

pi>1—C(1)log"n >1—n/3 (3.67)

n
for i € {1,3}. Therefore, p1ps > 1/2 for n large enough.
On &1, reveal the pairings of the half-edges of dB*(z;, a;, — 2a,, — 1) one by one. & holds if:

e one given half-edge is matched to a half-edge of D, which happens with probability at

least %, and

e cach other half-edge is matched to a half-edge that had not been seen before (by (3.61)),
for each half-edge this happens with probability at least 1 — - n'/?logl n 1— ”1/2;&)

n—nl/2log" n —
Since 0B*(zj,a], — 2a, — 1) has (d — 1)|0B*(zj,a], — 2a, — 1)| unpaired half-edges,
|0B*(z;,a}, —2an—1)|—1
P2 > (d—1)|0B" (25, a), — 2a, — DI (1 - 220 ) 70
By (3.33) and (3.58)), one checks easily that on &,

log?™ %1 n < |0B*(zj,a

and that on S; (defined in (3.65))),

~2a, — 1)| <log"n,

/
n
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|D‘ > |aBgn(2Ty’an)‘ > n1/2 log_7n

by (3.46[) and Hence for n large enough,

log” n
1/21 -7 1/21 ¥
pa > (d—1)log? 2 1p nooe (1 _n o8 n)

V

dn dn

1/2 Y—26—9

| \/

1
ot o8

With (3.67)), this entails

Punn(B*(2j,ay,) is a joining ball | S;) > pipaps > n~1/?log? >+ 10

for n large enough (uniformly on the realization of B7), and thus (3.66), so that the proof of

the Lemma is complete. O

The field g, on the joint exploration

Suppose that we are on S’(z,y). By Proposition we can realize 1g, on T, as in (3.47))
with the (&;,)ver,. Then we can realize it in a similar way on T} with the (&,)ver,, letting

recursively

VG, (Yr.i) = B9 [1hg,, (yr.i)|o (Ari)] + &y.o.) v/ Var (e, (ki) o (Ax))

where Ay; = T, U {ye;|(¢,§) < (k,i)}, < being the lexicographical order on N2, and @ is the
isomorphism between T}, and T,.

Recall that J = {j > 1, B*(zj,a,) is a joining ball} and that for j € J, we denote v;(0) the
unique vertex of B*(zj,a), — 2a,) N Bg, (Ty,a,). Since no cycle is discovered when revealing
B*(zj,a},)\ B*(zj,a], —2ay), the intersection of B*(z;, a;, —ay) and T}, is a unique vertex vj(a,),

which is in the a,-offspring of v;(0) in the tree B*(z;, a;,) rooted at z;. Then we realize 1g, on
B*(zj,a}, — 2a,) and on the shortest path P; from v(0) to v(a,) as in (3.47)), via a family of
iid. N(0,1) random variables (£ ;)k,i>0. In the tree T; := B*(z;, al, Qan) U P; with root zj,

denoting z; 1 ; the i-th vertex at generation k and
Ajpi = To UTy U{Ujro T} ULy | (K1) < (k,0)}

the set of vertices where ¢g, has already been revealed before z;; ;, we let

Y6, (2i) = B9 [, (2j) |0 (Ajna)] + fj,k,i\/Var(T/Jgn (Y ki) 0 (Aj.i))- (3.68)

Write S*(z,y) € S'(x,y) the event that there exists jo > 1 and a path from zj, to vj,(a,) such
that g, (v) > h for every vertex v of that path. In particular, on §*(z,y), = and y are in the

same connected component of Eigh

n

Recall the definitions of x (3.33) and v (Lemma [3.6.1)).
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Proposition 3.6.2. If k and v/k are large enough, then

Ponn(S*(2,9)) — n(h)>.

n—-+o0o

Proof of Proposition[3.6.3 Let v > 3k + 18. By Lemma [3.6.1
1 5Py 400 Pann(S*(2,9)) < 1t o0 Pan(8'(2)) = 0(R)2.
Let &, := {Gn is not a good graph} U {max.cy, |¢g, (z)| > log?*n}. By Proposition and
Lemma Pann(En) — 0. Therefore, it is enough to show that
lim sup,, 4 o0 Pann(E5 N (S (z,y) \ S*(x,y)) ) = 0.
By a straightforward adaptation of the reasoning below ,
limy, s 4o Pann (€5 0 (S (2,y) \ 8"(2,y)) ) = 0,

where S"(z,y) := S'(x,y) N {Vz € T, UTy, g, (2) > h + (log” ' n)/2}. Hence, we are left with
proving that
lim sup Papnn (ES N (8" (z,y) \ S*(z,y))) = 0. (3.69)

n——+o0o

We use again a binomial argument. For j € J in increasing order, generate the GFF on 7} as in

3.68). Denote E; the event that z; and v;(ay,) are in the same connected component of Eigh NT}.
Note that on 8”(z,y), T, C Ci™" and T, C cimh . so that 8”(z,y) N (UjesEj) C S*(z,y).
Suppose that for every j € J,

Ponn (E; |S" (z,y) NES) > log'V(KS/?’*l) n, (3.70)

where Kg :=logy_1((1+An)/2). Then, letting Z ~ Bin([log? =318 n|,log?%s/3=1 ) we have
Parn (€5, 0 (8" (z,y) \ 8 (x,9)) ) <P(Z = 0).
But if k and «y/k are large enough so that
v—3k—18+~(Kg/3—1) =vKg/3 — 3k — 18 > 0,

we have lim,,_, 1 P(Z = 0) = 0 and this yields (3.69)). Thus, we are left with showing (3.70).
We split the proof of (3.70)) in two parts. First, we prove that

Pann(v;(0) € C; [(§"(z,y) N &) ) > IOg(’yizn)(KS/Qil) n, (3.71)

where C,, is the connected component of z; in Eighn N B*(z;,a,, — 2a,). Second, we show that

for some constant Ky > 0 (uniquely depending on d and h),
Pann (Yo € Pj,1pg, (v) > h | (8" (z,y) N & N{v;(0) € C.,}) ) > log—Kom p, (3.72)

We prove that both hold for n large enough, uniformly in v € T; and on realization of the g,
on Ty U...UTj_q, as long as we are in £ (so that we can apply Proposition [3.4.1)).

(3.71) and (3.72)) imply indeed that
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Ponn(Ej 8" (z,y) NES) > 1Og(7—2n)(K8/2—1)—K9nn > logv(Ks/i%—l) n

if v/k is large enough, which yields .

Part 1: proof of .

Since |A; ;| < n?/? and tx(Bg, (A; i, an)) = tx(A;x;) for all k,i > 0, we can apply Proposi-
tion as below to bound the difference between 1g, on C,; and ¢r, on an isomorphic
subtree of Ty, with the following coupling: ¢r,(0) := g, (), and then ¢r, is defined as in
Proposition[3.3.1|via (£ 4.i)r.i>0. Recall that on S”(z,y), we have that g, (z;) > h-+(log™" n)/2.
By Proposition [3.3.8] for any § > 0 and for large enough n,

pPH(ET)

min ]P)Td (’Zh+ log 1 )/27+| Z ()\h o 6)&%720,”) 2 2

a>h+(log™1 n)/2 ~2an

where PT¢(£%) > 0 (recall (3.23)) and

p=milgsp 1og—11)/2 Pa Ta(Fw € BT+(0 1), p1,(2) > h+1)>0.
log 'n guch that Ahtor > Ap — 0 (such ¢ exists by Proposi-

h+6 + h+(log™ ' n)/2,+
—2an C Za —2an .

Note in particular that for §’ >

tion [3.3.4] if n is large enough), Z
Proposition yields then

(2, y) mf:;;) > pmjﬂ +o(l) >

ann <|ac | > ( 6)a’n—2an

By cylindrical symmetry of BTI (o,al, — 2a,), we even have

PPET) (=)™

3 |8BT;-(07 al, — 2a,)|
JPP(EY) (Ah - 5)%—2% |
-3 d—1
Since Kg = logy_1((1+ Xy)/2), taking § small enough yields (3.71)).

Part 2: proof of (3.72]).
Denote v;(1),...,vj(a, — 1) the vertices from v;(0) to vj(ayn) on the path P;. Remark that it

P.on (’U(O) € 9C,;

' (z,y) ms;) >

suffices to prove that there exists a constant Kg9 > 0 such that for n large enough, for every
kEe{l,...,an},

Pann (Y., (v(k)) = k| (S"(z,y) N &; N {vg, (v;(k = 1)) = h})) = (d— 1)~ (3.73)

In the notation of (3.68), v;j(k) = Yjkta, 24,1 for 1 <k < ap. Write Ay = Ajpiar —2a,,1-
Suppose that for n large enough and all k € {1,...,a,}, on 8" (z,y)NE; N{vg, (vj(k—1)) > h}:

E9" [1hg, (v; (k))|o(Ag)] > —|h| — 1 (3.74)

and
1

Var" (g, (v (k)| (Ar)) > ——. (3.75)

Then (3.73) holds with
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Ko = —logg_ P(Y > (|0 + G /va=T1),

where Y ~ N(0,1). Thus, it is enough to establish and ([3.75).

For k > 1, note that by construction of B*(z;,al,), vj(k — 1) and vj(ay) are the only vertices
of 0Ay, at distance less than a, of vj(k). Let (Xy)s>0 be a discrete time SRW started at v;(k),
and 7 :=inf{s > 0, dg, (v;(k), Xs) > a,}. Write H for the hitting time of A; by (X,). Letting

ay = Pg;(k)(XH =vj(k—1),H <) and ay := Pg;(k)(XH =vj(an), H <),

we get as in the proof of Proposition [3.4.1] that for large enough n, for every realization of G,
and g, (A) in 8" (x,y) N ES N {vg, (vj(k — 1)) > h}:

E9" [1hg, (v; (k) |o(Ar)] > arvg, (v;(k — 1)) + azthg, (vj(an)) — log ™' n.

Since 0 < a1 + az < 1 and min(vg, (v;(k —1)),v¢g, (vj(an))) > h > —|h|, (3.74) follows.
Split V' := Var9 (¢g, (v;(k))|o(Ag)) as follows:

V =G, (vy(k). v;(k)) — BZ ) [Ga, (v;(k). Xir) Lsery] — BT [Ga (v3(R). Xir) Lirsny]

+—E§f““)[H]Eg G, (v;(k), X)]
n rl) R .
EgZ[H] Tn g’n J H

By (3.11)), (3.8) and (3.9)), if x is large enough, for n large enough,

d—1 a1+a _
Ga, (vj(k),vj (k) — a1Ca, (v;(k),v;(k — 1)) = a2Cg, (v; (k) vj(an))>7—5 — == —log™'n
1 -1
>_ -
275 log™ n

As below ([3.45), we get that
B [Go, (03 (), Xi) prcry] = 1Gig, (03(k), vk = 1)) = a2Gg, (5(k), v3(an))| <log ™' n

and that

H
E . [Gg, (v;(k), X#)1 |- —u |
vj(k) L7Gn \Wj\R)s AH) H{H>7}

R [H] EJ" [Gg, (vj(k), Xp)]

<log~'n.

These three inequalities imply that for large enough n, for every realization of G,, and g, (Ag)
in 8"(x,y) N & N {vg, (vj(k —1)) > h}:

Var9" (1hg,, (vj (k))|o(Ag)) > 755 = 3log ™' n > 15

This shows (3.75) and the proof is complete. O
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3.6.2 Average number of connections in Eigh

Write = &5 y if z and y are in the same connected component of E* , for x,y € V,,. In this
section, we prove of Theorem via an argument on the number of pairs of vertices
such that o & y. Let S, be the set of pairs of distinct x,y € V,, such that z & y. Let A, CV,
be the set of vertices = such that [C§""| < n!/2

We first suppose that the following two Lemmas hold, and show . Then, we derive them
from Propositions and using a second moment argument.

Lemma 3.6.3. For every ¢ > 0, limy,—s 1 o0 Pann (|4n| > (1 —n(h) —e)n) = 1.
Lemma 3.6.4. For every ¢ > 0, limy, sy oo Pann(|Sn] > (n(h)?/2 — e)n?) = 1.

Proof of . Fix € > 0. Remark that every connected component of Eigh is either included

in A, or does not intersect A,. Let (/7\1-("))121 (resp. (%-(n))izl) be the sizes of the connected

components in A4, (resp. not in A4,), listed in decreasing order of size.
Let &, := {|A,| > (1 —n(h) —e)n} N {|S,| > (n(h)?/2 — €)n?}. On &,, we have that

Tt 3G =) + L 1O = 1) = 28, 2 n(h)*n? - 2en?.
Moreover, we have by definition of A,:

ZZ>1 ’Yz(n) (Az(n) ) S 2221 :Y\Z(n)\/ﬁ S n7/4.

Thus, for n large enough,

W (WVal = [A)) = S (8 = 1) = (n(R)? - 3e)n?.

1>1
But |V,,| — |A,| < (n(h) +¢)n, so that

n(h)* — 3¢
n(h) +

Since vfn) is the cardinality of a set included in V,, \ Ay, one has ’yYL) < (n(h) 4+ ¢)n. Note that

W > n > ((n(h) — 4n(h)"Le)n.

for n large enough, fyl N Vn > 7 Therefore, nyL) = |C§n)|, and we have

((n(h) — dn(h)"Le)n < IC1M] < (n(h) + e)n

on &,. By Lemmas and limy, 400 Pann(En) = 1. Since € was arbitrary, the proof is
complete. O

Remark 3.6.5. Note that we have |C§n)| = max(’yé"),% )) Since on &, 7 fyl ) < vnoand
25" < Vol = 14n] = " < (14 dn(h)~en,
we get that |C§n)|/n Zang ),
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Proof of Lemma[3.6.3 Let Al be the set of vertices such that their lower exploration (Sec-
tion [3.5.2)) is aborted. By Remark for n large enough, A/, C A,,, and it is enough to prove
the Lemma for A/, instead of A,,.

Let € € (0,1). By Proposition for n large enough and every x € V,,, we have
Pann(z € A7) — (1 —n(h))| <e. (3.76)
We claim that for n large enough, for all distinct z,y € Vi,
|CoVann(1eear , 1ycar )| < 4e. (3.77)
Indeed, Covann(lecar, 1ycar) = Pann(z,y € ALY —Papn(z € AL Pann(y € Al). Then by ,
we have
IPann(x € A Pupn(y € AL) — (1 —n(h))?| < 26 + 2 < 3e.

Perform successively the lower explorations from z and then from y as in Section m (with

the additional condition . We get Py, (CH happens) = o(1) in the same way than ([3.53)).
Then, revealing g, on R, U R, and comparing it to o1, as below (3.54)), we obtain

Pann(z,y € A7) — (1 - "7(h))2’ Se.

This shows (3.77)).

We now apply Bienaymé-Chebyshev’s inequality:
Pann(l45] < (1= (k) = 26)n) < Pan(| |47] = Eannl| AL ]] | 2 €"/*n)
1
Ven?
L ntnln—1)de
< Jen?
< by/e

<

g COVann(lxeA’nu 1yEA;L)
z,yeVn

for n large enough. Since € can be taken arbitrarily small, the proof is complete. O

Proof of Lemmal[3.6.4 Let ¢ € (0,1). Denote S; the set of pairs z,y € V;, such that S*(z,y)
holds. Since S;; C S,, it is enough to prove the Lemma for S; instead of S,. First, by

Proposition [3.6.2]

Eannl|S5]] > (n(h)? — €)™ 51 > (n(h)?/2 — €)n?

for large enough n. Second, we claim that for n large enough and all distinct z,y, w,t € V,,,
’COVann(]-S*(Ly); ]-S*(w,t))’ < 2¢. (378)

Remark that if this holds, then we can conclude by a second moment computation as in the
proof of Lemma We have
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COVann(]-S*(:c,y)7 18*(w,t)) = Pann(S™(z,y) N S* (w0, 1)) = Payn (S* (@, y))Pann (S (w, 1)).

By Proposition for n large enough,
Pann(S* (2, 9))Pann(S* (w, 1)) — n(h)*| < e. (3.79)

Now, perform successively the exploration of Section from z, then from y, then from z
and finally from ¢ (via an array of i.i.d. standard normal variables (&uw)ue{z,yw i} vet,). We
add the following condition: for any u € {z,y,w,t}, the exploration from v is stopped as soon

as it meets a vertex seen in a previous exploration. The probability that this happens is o(1)

by Remark [3.5.2[ and (3.14]), since o(y/n) vertices and half-edges are revealed during these four
explorations. Therefore, as for (3.54]), we get that for n large enough,

Punn (the explorations from z,, z,t are all successful) € (n(h)* —¢/2,n(h)* +¢/2).  (3.80)

If these explorations are successful, develop balls from 0T}, to 9T, as described in Section m
with Q; := R, URyUR,U Ry U B;'f for z; € OT,. Then do the same from 0T, to 97}, this time
with Q; := Ry U Ry U (U.eor, B*(2,a;,)) U Ry U Ry U B for z; € 0T, Finally, reveal g, on
T,,Ty,,Ty,T; and on the joining balls from 7, to T and from T}, to T}, in that order.

One can adapt readily the proof of Lemma to show that with Pg,,-probability 1—o(1), if the
four explorations are successful then there are at least log? 3+~ 18
0T,,) to 0T, (resp. 0T;). Note in particular that the estimations of (3.61), (3.63) and (3.64)

still hold. It is also straightforward to carry the arguments of the proof of Proposition [3.6.2

n joining balls from 9T}, (resp.

and we finally have

|Pann(S*(x,y) N S*(w,t)) — Pypn(the explorations from z,y, w, t are all successful)| < /2.

Together with (3.79) and (3.80]), this yields (3.78)). O

3.7 Uniqueness of the giant component

In this Section, we prove . We start by the lower bound in Section m showing the
existence Pgp,-w.h.p. of a component (different from Cfn)) having ©(logn) vertices.

Then, to show that |C§n)] = O(logn) Pgpp-w.h.p., we perform an exploration of a new kind,
starting from some x € V,,. It consists of three phases (Sections to , during which
we assign a pseudo-GFF TZg\n to the vertices that we visit. TZQ\" is defined via a recursive
construction that mimics Proposition as long as there are no cycles (in Section the
analogous of the pseudo-GFF was T, on ¥,). Finally, in Section we reveal the true
values of 9g, one by one on the set of vertices we have explored via Proposition and show
that either [C§™"| = O(logn), or |CY™"| = O(n), in which case Cs"" = C§n) by Remark [3.6.5
Contrary to Section [3.5] we need this alternative to hold for every x € V,, Punn-w.h.p. By a

138



union bound, it is enough to prove that
for z € Vi, Pann ({|CS"| = O(logn)} U {|C9""| = ©(n)}) = o(1/n). (3.81)

Let us sketch this exploration in the lines below.

First phase (Section [3.7.2)). We explore the connected component C of x € V,, in the set
{y € Vn,KZg\n(y) > h —n~*} for some constant a > 0. More precisely, we give a mark to each
vertex y such that @g\n(y) — h] < n~% and explore each connected component C’ of C \ M,
where M is the set of marked vertices, until

- (i) ' is fully explored and has no more than O(logn) vertices, or

- (ii) [ K logn] vertices of C' have been seen but not yet explored, for some constant K fixed in
the second phase.

We replace a, of by a ”security radius” r, = ©(logn). Adapting Proposition m
(Lemma , this allows us in Section to bound the difference between IZg\n and g, by
n~% so that for every connected component C' of C \ M, either ¢’ C ng”’h or C'N ijmh = (.
If we kept a,, Jg\n would approximate g, only with precision log*@(l) n. With probability
©(1/n), there would be too much vertices y such that |1Zg\n(y) —h| < log=®®M n, hence for which
we cannot know by anticipation whether they will be in Cmg"’h or not.

Moreover, we do not have P(CI] happens) = O(1/n) as soon as the number of vertices explored
goes to infinity with n. We will need to accept the possible occurrence of one cycle. When
this happens, we have to define Jg\n in a slightly different manner. In Section we need a
variant of Lemma to control the difference between Jg\n and 1g, (Lemma .
Second phase (Section . If (i) happens for every component C’, the exploration is
over. For each C’ such that (ii) happens, we explore its | K logn] remaining vertices, this time
in a fashion similar to Section [3.5.1] Each of these explorations has a probability bounded away
from 0 to be successful. If K is large enough, with probability at least 1 — o(1/n), at least one
of these explorations is successful, and has a boundary of size @(nl/ 2b,,).

Third phase(Section . For every C’ such that (ii) happens, we show that the successful
exploration of the second phase is connected to a positive proportion of the vertices of V,,, via
an adaptation of the joint exploration in Section m This yields .

3.7.1 Lower bound

In this section, we prove the existence of Ky > 0 such that
Ponn(ICSV] > K logn) — 1. (3.82)

To show the existence of x € V,, such that the size of its connected component is exactly of

-1 -1
order log n requires an exploration in which we compare c% »h to both CAT8™ ™ and ¢hles
Then, the proof strategy simply consists in performing explorations from different vertices of V,,,

one after another, until one of them is successful. Proposition hints that the probability
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that C? has size clogn should be of order n=f (©), where f is an unknown function of ¢ > 0,

/10 explorations will

with f(c) — 0. Hence, for K ! — ¢ small enough, performing at most n
be enough.

The exploration. Let K > 0. For z € V,,, we modify the lower exploration of Section [3.5.2
replacing by \Bcg,logfln(o, kE—1)] > 2K logn. If at some step k, the lower exploration is
stopped exclusively because of and if |Bcf;+1°g71 w(0,k—1)| > Klogn, say that it is success-
ful.

Pick 29 € V,,. Denote Sy the set of vertices seen during its lower exploration (i.e. vertices
having at least one half-edge paired during the exploration). For 0 < i < |n'/19], if the lower
exploration from z; is not successful, let .S; be the set of vertices seen in the lower explorations of
xo, ..., 2. Pick ;41 € V,, \ S; and perform its lower exploration, stopping it if a vertex of S; is
seen, in which case it is not successful. Let &; ,, := {the lower exploration from z; is successful}
and &, := UZLZB”OJSW.

Suppose that the following result holds:
Lemma 3.7.1. If K is small enough, then lim,_, 1 oo Pann(En) = 1.

On &,, let ip > 1 be such that the lower exploration from z;, is successful. Applying Proposi-

tion as below (3.54)), we get that

Pann (€577 " C @(Cin?)y c el

3:1-0
where ® is an isomorphism from Cmgi’;’h to T4. In this case, Klogn < |ng1’;| < 2K logn. With
high Pgy,-probability, [C{")| > 2K logn by (3.2), so that CZ" # C{"™). This yields (3.82) with

K =Kj L Tt remains to establish the Lemma.

Proof of Lemma|[3.7.1] Clearly, it is enough to show that for K small enough, for n large enough
and every 1 < i < nl/w,

Pann (Eim| MiZb €5,) = 711, (3.83)

since it would imply that Papn(En) > 1 — (1 — n=1/11) 0] — 1.
n——+0o0
Forn>1land 1<i< Lnl/loj, we have

gi,n 2 8line,n \ ( happens} U gz‘,n,meet)7

where

Ei nmeet:={the lower exploration from z; meets Si,l},é'hne,n::{CfHOgil ":C(}f*logiln:LLK lognJ}
and for any k£ > 1, Ly is a "line” subtree of Ty, i.e. it is rooted at o, has k4 1 vertices and total
height k.

During each exploration, less than n
Thus |S;] < n/5. Hence, for i > 1, by with k = 1, m < nt19 mg =1 and mpg, my < n'/5,

for n large enough:

/10 yertices and half-edges are seen for n large enough.
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Peann(Einmeet) + Pann (CI] happens) < n—1/2,
Thus to establish , it only remains to show that for K small enough and n large enough,
Pann(Elinen) > n~ /12,
Let v1,...,vq be the children of o in T;. Remark that for n large enough,
Pann(Eiine,n) = PT(pry(0) € [h+1/2,h + 1])pp/ LK 181",
where
P i= infacquit o nsn PR ({on, () € [h+1/2,h + 10} 0 {¥i € {2,...., d}, or, () < h—1}),
P = infoepni1ont Pat({er,(v1) € [h+1/2,h + 1]} n{Vi € {2,...,d — 1}, pr,(v;) < h —1}),
p" = infocihy1/2,n41) PLa(vie {1,...,d — 1}, ¢r,(v;) < h —1).

Using Proposition one checks easily that p,p’,p” > 0. Taking K < —(12logp’)~! yields
the result. O

3.7.2 First phase

In this section, we define the first phase of the exploration, and show that it is successful with
Ppnn-probability 1 —n—>/4 (Proposition . We will need a variant of Lemma namely
Lemma We postpone its statement and proof to the end of this section.

Let a, K, K’ > 0. For every n € N, define

Ty := [0.05logy_; n| (3.84)

Let 6 € (0,hy — h) and ¢ € N be such that the conclusion of Lemma holds.

The exploration. Let x € V,.

I - We first assume that we do not meet any cycle throughout the exploration. Let M be the
set of marked vertices. Initially, M = (). Let @(SE} ~ N(0,%=4). If o () < h —n~, stop
the exploration. Else, give a mark to = (hence add it to M).

While M # 0, pick y € M in an arbitrary way and proceed to its subexploration.

The subexploration of y. Let T, be the subexploration tree, that we will build by adding
subtrees of depth ¢ in a breadth-first way. Initially 7, = {y}.

While 1 < |0T| < K logn, perform a step: take y; € 97, of minimal height and if y; # z, let 1
be its only neighbour where Q,Zg\n has already been defined. Note that if y; # y, 71 is the parent
of y1 in T),. Reveal all the edges of Bg, (y1, Y1, +¢), where we recall that Bg, (y1,71,rn +£) is
the graph obtained by taking all paths of length r,, + £ starting at y; and not going through 7.
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Since we suppose that no cycle arises, Bg, (y1, 1, £) is a tree, that we root at y1. If y1 =y = =z,
replace Bg, (y1,71,m + ) and Bg, (y1,71,{) by Bg, (z,m, + ¢) and Bg, (z, ) respectively.

We construct T, (y1), the subtree of Bg, (y1,71,¢) in {z,izg\n(z) > h+n~%. We start with
Ty(y1) = {m}-

For k = 1,2, ...£ —1 successively, denote y 1, ..., Yrm the children of the (k—1)-th generation of
Ty(y1). Let (&, ki)k,i>0 be an array of i.i.d. variables of law N(0, 1), independent of everything

else. Set

— 1 — d
Vg, (Yri) == ﬁ@bgn (Uri) + 1/ ﬁfyhk,i‘ (3.85)

Add yi,; to Ty(y1) if Jg\n(y;”) > h+n~% and give a mark to y;; (and thus add it to M) if
h—n~% < g, (yrs) < h+n"
Finally, include Ty (y1) in Ty, add the vertices of 9T (y1) to N, and take y; away from 9T;. The

step is then over.

If |0T,| ¢ [1, K logn], the subexploration is finished. Say that it is fertile if |0T}| > K logn,
and infertile else (hence if 9T, = 0).

If M = (), the exploration from y is finished.

IT - Suppose now that a unique cycle C arises in the subexploration of y, when revealing the
pairings of Bg, (y1,71, 7 + £) in the step from y;, for some y,y; € V,,. Let m := |C| be the
number of vertices in C. There are two cases.

Case 1: When C is discovered, there are already k consecutive vertices y1, ...,y of C where
1Zg\n has been defined, for some 1 < k < m — 1. Reveal Bg, (C,r,). Denote zi,...,zy,_k the
remaining vertices of C, such that z; # yo is a neighbour of y1, and z; is a neighbour of z;_; for
i > 2. Give a mark to z1,...,2,_ and y;. Take y; away from OT,. If y was in 9Ty for some

y whose subexploration was performed previously, take it away from that set.
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Figure 4. Case 1. Marked vertices are in red. C' consists of the thick edges. T, and T} are

delimited by the purple contours. Remark that we could have y = y (it is not the case here).

We now define IZg\n on the z;’s. To do so, we mimic a recursive construction of the GFF on
G, the infinite connected d-regular graph G, having a unique cycle Cy, of length m (such a
construction always exists on a transient graph by Proposition |3.3.2] Proposition being a
particular case of that on T4). Gy, consists of a cycle C,, of length m, with d — 2 copies of ’IF:;
attached to each vertex of C,, thus it is clear that the SRW is transient and that the Green
function and the GFF are well-defined.

Let ug, ..., ui,v1,...,vy_k be the vertices of Cy,, listed consecutively. Let U:=G,\{u1, ..., ux},
(X;)j>0 a SRW on G, and recall that Ty is the exit time of U. Define

o =P (Xp, = uy, Ty <+00), B := PSm (Xq, = up, Ty <+00)Lijs13

and v := EGm [ 100 1y, oy,

and let (&;);>1 be a family of i.i.d standard normal variables, independent of everything else.
Define

Vg, (21) 1= ondg, (1) + g, (ye) + /761
Then for ¢ > 2, define recursively
Vg (2) = Oém—(k+i—1)$g\n(z7;71) + Bm—(k—&-i—l)ag\n(yk’) + /Im—(ti-1)i (3.86)
where we set
Ui =G \ {u1, ., U, 015 Vi1 )y Qo (i) = Pg’;m(XTUi =vi_1, Ty, < +00),
Bin—(hti-1) = PS™ (X1, = up, Ty, < +00) and Yy (jpiz1) = ES™ [Z?ZZ{I Lix,—v}]-
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Case 2: Jg\n has not been defined on any vertex of C'. There exists a unique path of consecutive
vertices y1,...,y; for some j > 2 such that y; € C, and for 2 < ¢ < j —1, Jg\n(yl) has not
been defined and y; ¢ C. Reveal Bg,({y1...,yj-1} U C,ry,). Give a mark to the vertices of
{y1,...,yj—1} UC. Take y; away from 0T,.

Figure 5. Case 2. Marked vertices are in red.

We define %\n on {y1,...,yj—1} UC in a way similar to Case 1. Let (&);>1 be a sequence of

i.i.d. standard normal variables, independent of everything else. For i = 1,2,..., 7, set
Yg, (Yi) = g, (yi-1) +\/V}_&, (3.87)
Hn—1
where af_; = PZG"L(H{Z/} < +o0) and v} _; = ESm| l_{g} 1{x,=:}]; 2,2 being two neigh-

bours in G, such that z (resp. 2’) is at distance j —i (resp. j —i+1) of Cy,. Then, define Jg\n
on C as in Case 1 with k£ = 1.

After the discovery of C. Resume the subexplorations as before, starting by the subex-
ploration interrupted when C was discovered. For any marked vertex y: when proceeding to
the step from y; in the subexploration from y, do not reveal the edges of Bg, (y1,91, 7 + £) in

the direction of any already marked neighbour of ;.
III - If a second cycle arises, the exploration from x is over, and is not successful.

If at some point,
D1 M =0,
D2 IZg\n has been defined on at most | K’ logn| vertices, and
D3 at most one cycle has been discovered,

say that the first phase of the exploration from z is successful. Denote S;(x) this event. If all
subexploration trees were infertile, then the exploration from x is over, and said to be successful.

Denote Si stop(2) this event.
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Proposition 3.7.2. Fiz K,a > 0. If K’ is large enough, then for large enough n and every
z €V, Popn(S1(x)) > 1 —n=5/4,

Proof. In a nutshell, the argument is as follows: by our choice of £ and Lemma the same
reasoning as that in the beginning of Proposition shows that the size of a subexploration
tree has a bounded expectation (as n — +00) with exponential moments. Hence if K” > 0 is
large enough, with probability > 1 —n"2, the first K" logn subexplorations encompass less than
K"?logn vertices. The total number of vertices seen is at most K”?logn x (d—1)%"» < n3/10, In
that case, Lemma entails that we see at most one cycle, with probability at least 1— n=4/3,
This allows to control | M|, since a cycle brings less than 2d“r, = ©(logn) marked vertices.
Without cycles, each vertex where Jg: is defined has a chance O(n™%) to get a mark. Hence for
K" large enough, with probability at least 1 — n=5/4, less than K” logn vertices get a mark in
the first K" logn explorations, ensuring that the exploration from z is finished - and successful.

3/10

Let &1, be the event that two cycles are discovered before n vertices have been seen during

the exploration from x. By 1} with k=2, mg =1, mg = 0 and m < n3/10,
IP)ann(gl,n) < TL74/3. (388)

Suppose that we perform the subexploration from some vertex y. Let y; € 0Ty, with y; #y. If
no cycle arises when revealing the (r,, 4+ ¢)-offspring of y;, then |07, (y1)| — 1, the increment of
|0T, | during that step, dominates stochastically pg 5 s —1, by definition of pyp, 5 at Lemmam7
as soon as n~% < 6. If a cycle arises (which happens at most once on Sfm), at most two
vertices are marked and taken away from 0T,. After j steps (if the subexploration is not over),
|0T| Zt S;—1—2, where S;_1 is the sum of j — 1 i.i.d. random variables of law p;; s — 1, hence
taukingS values in the bounded interval [0,d"], and with a positive expectation by Lemma m
(the —1 in j — 1 comes from the fact that we do not include the step from y, and the +2 from

the possibility that two vertices can be taken away from OT, if there is a cycle). Hence
Pann (the subexploration from y lasts more than j steps) < P(Sj_1 < Klogn + 2)
By the exponential Markov inequality, there exist constants ¢, ¢’ > 0 such that
for every j > 2K (E[pgns] — 1) 'logn, P(S;_1 < Klogn +2) < ce™7.

Now, let K" > 0 and focus on the first | K" logn| subexplorations (or on all subexplorations
if there are less than | K" logn] of them). Let N be the total number of steps during those
subexplorations. On £F,,, N is stochastically dominated by a sum S of | K" logn| i.i.d. variables
of some law p (independent of n) such that

;.

for every j > 2K (E[pep,s] — 1)~ logn,  u([j, +00)) < ce™J.

Hence, letting &, := {N > K"?logn}, by the exponential Markov inequality,
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Ponn(E2n NET,) < Pann(S > K" K"logn]) < (E[e'Y/2]e¢ K" 1/2) K" logn]
for large enough n and for Y ~ p. Taking K” large enough, we have for n large enough:
Pann(E2n N EF ) <72 (3.89)

In a step of a subexploration, less than (d — 1)? < n'/19 new vertices are seen. When a cycle
C' is revealed, there are at most 2r,, new vertices in C' (and on the path leading to C, in Case
2), so that less than 3r,(d — 1)™ < n!/19 new vertices are seen. Therefore, on EnNES,, less

3/10 vertices are seen during the first | K" log n| subexplorations.

than n
Moreover, in a step of a subexploration, less than d’ vertices are added to the subexploration
tree. Hence if K’ > K"?d’, on &5, [D2 holds.
We now estimate the total number of vertices that will receive a mark. When a cycle C' appears,
our construction implies that less than 3r, vertices receive a mark. When performing m steps
in a subexploration, the number of marked vertices obtained is stochastically dominated by a
binomial random variable Bin(m,d‘n~?). Indeed, at each step, we reveal lZg: (and thus ¢r,)
on less than d’ vertices. And for any vertex y € T4\ {0}, by Proposition m
max BT (pr, (4) € [h— = bt~ [ o, (7) = o) €~ <07
@>h V2md/(d 1)
Hence, if &3, is the event that more than 3r, + KT”logn marks are given during the first
| K" logn| subexplorations and if Z ~ Bin([K"?logn], Cad‘n=%),

"2 "
<|V[I{(” log ’I’L—|> (CQdZTL_a)KT logn7
=5 logn

K//
Pann(é’f,n nés, N Ep) <P (Z > > log n) <
thus by(3.12)), for large enough n,

<n72 (3.90)

K logn
Pann (€T N E2n N Esn) < ((KHZ logn] CngnJL) 2 -

Taking K" > 1, on &f,, N &S5, NES,,, less than 1 + 31y, + K logn < | K"logn| vertices receive
a mark during the first | K" logn| subexplorations, so that M = () after at most | K" logn|

subexplorations. Therefore, on &f,, N &3, N &S, conditions and hold. By (3.88)),
(3.89) and ({3.90)), for large enough n

Pann(glc’n N 520771 N g:in) >1- mT2 — 77,74/3 >1-— n75/4’
and this concludes the proof. B

We state here the variant of Lemma Let 0 € [0, hy — h). For £ > 1, write Z; for the ¢-th

generation of the connected component of o in ({o} U Egﬁ*"s) NTy. Let peps be the law of

| Z¢| conditionally on ¢t (o) = h, so that psn = peno (recall (3.28)). The following result is a
straightforward consequence of Lemma m (applied to h + 6 instead of h) and from the fact
that P, (Jv € dB(o,1), ¢r,(v) > h + 8) > 0.

Lemma 3.7.3. For every ¢ € [0, h, — h), if  is large enough,

Elpens) > 1.
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3.7.3 Second phase

If Sistop(z) holds, i.e. all subexploration trees are infertile, the exploration is over. In this
Section, we suppose that S (2)\S1 stop(«) holds. For every fertile tree, we perform an exploration
similar to that of Section from each vertex of its boundary, and show that with probability

—6/5_ at least one exploration per fertile tree is successful, and hence has a boundary

at least 1—n
of size ©(n'/2b,,) (Proposition . We illustrate this second phase in Figure 6 below.

Let T1,...T,, be the fertile subexploration trees for some positive integer m. For every ¢q €
{1,...,m}, denote yq 1,q,2, - - - the vertices of 9T;. For ¢ = 1,2, ... successively, we perform the
explorations from y, 4, ¢ > 1 as defined in Section (using an array of independent standard

normal variables (£, ; k.j)k,j>0)- If y is the j-th vertex of the k-th generation in the exploration

?Zg\n(y) wgn \/ 5yqu k.j>

so that Jg\n plays the role of ¢r, on T4 in Section We implement two modifications:

tree of y, i, let recursively

e we do not explore towards ¥, ;, the parent of y,; in 7j, (hence we identify Jg\n to the GFF

on a subtree of ']I‘;r instead of Ty), and

-1

e we do not stop the exploration if Jg\n(y%i) < h+log™" n (we only know a priori from the

first phase that @Zg\n(yq,i) > h+n~%), and

e we stop the exploration if it meets a vertex already discovered in the first phase or during

the previous exploration of some y, ; (thus with ¢’ < ¢, or ¢ = ¢ and j < 7).

A vertex y,; whose exploration is successful is back-spoiled if one vertex of its exploration is

seen later during the exploration of y, ;. Let
Ean = {3q < m, all successful explorations of y;1,¥q2, .., are back-spoiled}
On Sz(x) := (S1(2) \ Sistop(w)) N EF,,, say that the second phase is successful.

Proposition 3.7.4. If K of Proposition s large enough, then for n large enough and

every x € Vp,
Pann(SZ(x) U Sl,stop(x)) >1- n_6/5 (391)

Proof. Say that y,; is spoiled if it is met during the previous exploration of some y, ;. Define
Esn = {at least [1000logn| vertices are spoiled or back-spoiled}. We claim that for n large

enough,
Pann(g5,n) < n—Z’ (392)

and for some constant K19 > 0 (that only depends on d and h), for each of these vertices yq i,
Ponn (the exploration from y,; is successful |y,; is not spoiled) > Kjo. (3.93)
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On &, if holds, there are at least (& —1000) log n non-spoiled vertices on each 97 (and
at most (K + 1) logn since each step of a subexploration brings less than log n vertices to 97}),
where K was defined in the beginning of Section And, if more than [1000logn| vertices
of each 0T, are successful, one of them will be successful and not back-spoiled, thus fulfilling
the requirement of Sa(z).

If K is large enough, for n large enough, the probability that no more than |1000logn| explo-

rations from 0T, are successful is at most

logn

(L(K+1)lognJ)(1 — Ky)(E—1000)logn < ( (K+1)K+1K7999 1- Klo)K—moo)

— (=3
11000 log n | 10007000 (K —999) =o(n™")

by Stirling’s formula. Hence by a union bound on 1 < g < m, noticing that m < 2K’/K for n
large enough by [D2] we have:

Pann((SQ(x) U Sl,stop(x))c) < ]P)ann(sl («T)C) + Pann(ggjn) + mn_3 < 2n_5/4

by Proposition and (3.92), and this concludes the proof. Hence, it remains to establish
(3-92) and (3.93).

infertile
subtree

infertile subtree

Figure 6. Marked vertices are in red. There are four fertile subexploration trees (7} rooted at
y1, To rooted at yo, T3 rooted at x and Ty rooted at y4), and two infertile ones. Lightgray
areas correspond to the explorations of the y,;’s in the second phase. ys 2 is spoiled by ¥ 2.
Y32 is back-spoiled by y3 3. Each of the subxploration trees will be either included in Cg"’h or

have no common vertex with Cg”’h, depending on the value of g, on the marked vertices.
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Proof of (3.92]). Note that by by Remark and by (3.84]),

1/2 1

less than n'/“log™ " n vertices and half-edges have been seen in the first two phases. (3.94)

1

In particular, less than n'/2log™! n edges are built during second phase. Since there are at most

K'logn yq:’s by each new edge has a probability at most
K'logn/(n —n'?log™tn) < 2K'n"'logn

to spoil a vertex. Thus, the number of spoiled vertices is stochastically dominated by a random

variable Z ~ Bin(nl/2 log™! n,2K'n"'logn). For n large enough,

1/2 11 ' 10 20 _
]P(Z > 10) < (n 1100g n) <2Kéogn) < n5lo;glmn <n 3'

Moreover, by (3.15) with k = [9991logn| and mg, m1, mg, m < n'/2log™ ' n due to (3.94)),

Pann (more than |999logn| vertices are back-spoiled) < n=3.

(3.92)) follows.
Proof of {) By 1' and 1} with & = 1 and mg, m1, mg,m < n'/? log=tn, for n

large enough,

Punn(a cycle is created during the exploration from y, ;) < log~ ! n.

The law of T,Zg\n on the exploration tree from y,; is that of ¢, on an isomorphical subtree of

T} (and not Ty, since we do not explore towards ¥,;), with ¢, (o) = Jg\n(yq’i). Denote CJ the
-1

connected component of o in EET}; Hog™ nt | f6}, and 2, its k-th generation for every k > 0.

Then

Punn(the exploration from Yq,i 1S successful]yq,i is not spoiled) > p,, — logf1 n,

where p, 1= miny>j,,-a ]P’de(E!k <logy, n,|2k| > n'/2b,) (recall that Jg\n(yq,i) >h+n7%).
Let 6 € (0, hy — h). Clearly, there exists p’ > 0 such that for n large enough,

mingsp, ,—a ]P’Ed(Elv € Z1, or,(v) > h+6) >7p.

For € > 0 small enough so that log,;_;(Ant+s — &) > (3logy_; An)/4 (such e exists by continuity
of b’ — A\ps, Proposition [3.3.4)), for n € N,

"o . Ty . h+log™! n,+ 1/2 . T, h+6,+ 1/2
Dy = bglhlﬂépb (3k <logy,n —1, |Z; | >n/?b,) > brznhlist (|ZLlOgAth I =n7by)

. Ty /| ~h+3,+ _ \logy, n]—1
2 min Py (120, ) 2 (Anes — )50,

By Proposition liminf, o0 pl, =: p” > 0. Since p, > p'pl for all n > 1,

Pgnn (the exploration from y,; is successfully,; is not spoiled) > p,, — log=tn > plé’”

for n large enough, and we can take Ko = plgn. This shows l) O
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3.7.4 Third phase

Suppose now that we are on Sy(x). For 1 < ¢ < m, denote y, one vertex of 97, whose
exploration was successful and not back-spoiled in the second phase, T}, its exploration tree,
and B, the boundary of T,. In this section, we connect each B, to ©(n) vertices in a fashion
similar to Section [3.6.1] However, revealing the GFF on a positive proportion of the vertices
would prevent us to use an approximation of the GFF as in Proposition [3.4.1

To circumvent this difficulty, denote R; 2 the set of vertices seen in the first two phases, and

partition V;, \ Ry 2 arbitrarily in sets Dy, Do, ..., D, for some r € N such that
|D1| = [Do| = ... = [Dy—1| = [ K11 logn], (3.95)

for some constant K11 > 0. We will connect each B, to a positive proportion of the vertices
of Dy only, with Pg,,-probability 1 —n~3 (Proposition [3.7.5)), before revealing the GFF on the
vertices of the first two phases, and on the connection from D; to B, in Section [3.7.5 The

result will follow by symmetry of the D;’s and a union bound on 1 <7 <r —1.

The exploration.

1) The w-explorations. Let wy, ... s WK, logn) D€ the vertices of Dq. We proceed successively
to the w-explorations of wi,wo, ..., i.e. for ¢ > 1, we perform the exploration from w; as in
Section but stop it if we reach a vertex seen in the first two phases or in the w-exploration
of some wj, j < ¢ — 1. In particular, if w; was discovered during the exploration of some
wj,j < i — 1, say then that w; is w-spoiled and do not proceed to its w-exploration. Denote
R, the set of vertices seen during all the w-explorations.

For ¢ > 1, if we explore w; and happens, say that the w-exploration from w; is w-successful.

Let sp be the number of w-successful vertices. Let w;,, ..., w; o be the w-successful vertices with

s

11 < ...<lig. Let Twi]. be the exploration tree of w;;, for j € {1,...,s0}. Take away
e from each 0T, : the vertices that are seen in the w-exploration of some w;, for i > i,
J
e from each By,: the vertices z such that Bg, (2,7%, ay) intersects R,,.

Say that those vertices are w-back-spoiled.

2) The joining balls. For ¢ =1, ..., m successively, we develop balls from B, to the 8Twij ’s,
1 < j < sp, with a few modifications w.r.t the construction of Section let z1,4,224,... be
the vertices of By. For z; , € By, let

* .- * /
Bi,q = Ui q'):q'<q or ¢'=q,i'<i B (zirq's @),

and let R; 4 := R12 U Ry, U B be the vertices seen before building B* (zi,al).
Replace B}, Q; and Bg, (Ty, an) of Section by B}, Riq and Ujolegn (Twi]. , ap,) respectively.
Say that B*(2i4,ay,) is a J-joining ball if it hits Bg, (T, ,,an) at one vertex after aj, — 2an

steps, and no other intersection with vertices seen previously is created.

150



Proposition 3.7.5. For n large enough, we have
Punn(S2()N{3(J,q), there are less than log? > n J-joining balls from B,}) <n~* (3.96)
and if Kq1 s large enough, then for large enough n:

Punn(Sa2(z) N {sg <logn}) <n~ % (3.97)

Proof. Proof of (3.96)). We adapt the proof of Lemma, Since there are less than log®n
w;’s (and |R; 2| is controlled by (3.94))), we can replace (3.61)) by

1/27 . y+2

less than n*/“log”™“ n vertices are seen during the three phases. (3.98)

Let B* := Ui’y Usep, B*(2,a;,). (3.63) becomes
Pann(S2(x) N {|B* N (U2, Bg, (T, , an))| > log™ n}) <0~ (3.99)

Let N be the number of vertices of Upl, B, that are spoiled, i.e. the vertices z such that

B*(z,a,) = Bg, (2,7, a,) is hit by a previously constructed B*(2/,a’,). becomes
Pann(Sa(z) N{N >log3'n}) < n=5. (3.100)
In addition, by with k& = log?n, mg = 1, mi, mp,m < nl/2 log_l/2 n,
Pann (E6.n) < 077, (3.101)

where &5, = Sa(x) N {more than log? n vertices are w—back—spoiled}. Then, define
Siq = Sa(2) N &S, N{|(U3L, Bg, (Twij san)) N BY | < log®” n} N {2, is not spoiled}.

It is straightforward to adapt the proof of (3.66)) to get that for every 1 < J < sg, the probability
that B*(z;4,al,) is a J-joining ball, conditionally on S; 4, is at least n~1/210g? =210 On

So(z) N{N <log®’n}N &Gy at least
n'/2b,, —log?n —log® n > n'/?|log™" " n|
2i 4's are neither spoiled nor w-back-spoiled by (3.46)). As in the end of the proof of Lemmam
if v > 3k + 18, we get that for n large enough: for every (J,q) € ({1,...,s0} N {1,...,m}) and
Z ~ Bin(n'/?|log™* " n],n"1/?log? 25710 p):
Punn(S2(2) N {there are less than log? 2" ~'®n J-joining balls from B,})

< Pann (S2(w) N ({1B" 1 (UL, By, (T,

Lan))| = 1og¥ n} U{N > log® n} U &«,m))
+P(Z <log? 318 p)
<3n " +n max P(Z =k) by (3.99), (3.100) and (3.101))

0<k<log?—3x—18

< 4n~°,
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Since so < |D1| < log?n by (3.95) and m < K'logn by a union bound on (.J, ¢) yields (3.96).

Proof of (3.97)). We now estimate the probability that at most log, w-explorations are w-
successful. Note that by Remark [3.5.2| and (3.94)),

|R12| + | Ru| < n'/?log™ /% n, (3.102)
Hence if C' > 0 is large enough, by (3.15) with k = |C'logn| and mq, m1, mg, m < n'/2log=/?n,
Pann (S2(z) N {more than C'logn w;’s are w-spoiled}) < n™°. (3.103)

Moreover, for every ¢ > 1, conditionally on the fact that w; is not w-spoiled, the probability that

the w-exploration from w; is stopped because it reaches a vertex of Rj 2 or a vertex seen in the
exploration of some wj, j < i1is o(1) by 1) with k =1, mg = 1, m1, mp, m < nt/? log_l/2 n.
Hence, a straightforward adaptation of the proof of (3.54) yields

Punn (the exploration from w; is w-successful | Sa(z) N {w; is not w-spoiled}) > n(h)/2.
(3.104)

Take K11 > 3C. By (3.103), (3.104) and (3.95)), if Z ~ Bin([(Ki1logn)/2],n(h)/2) and n is

large enough,
Ponn(Sa(x) N {sg < logn})< n=5 +P(Z < logn).

One checks easily that if K77 is large enough, then for large enough n,
P(Z <logn) < n~",

and (3.97) follows.

3.7.5 Revealing ¢)g, on the three phases

Let qu (resp. R;p) be the set of vertices where QZg\n has been defined during the first (resp.
second) phase, and R;f’ be the set of vertices in the w-successful w-explorations and on the
J-joining balls, for all 1 < J < m, on which we will realize 1)g, on the third phase.

By Proposition we can realize 1g, jointly with G,, by

e proceeding to the three phases of the exploration from z,
e revealing the remaining pairings of half-edges of the G,

e defining g, on Rllp U R;p, in the same order as Jg\n has been defined, using the same

standard normal variables: we let

Vg, (z) =Yg, (1)y/ 9=2/Gg, (z, 1),
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and for every y, we let A, := {2z € V},, @Zg\n(z) was defined before @Zg\n(y)} and

Vg, (y) = B9 [vg, (y)lo(Ay)] + &/ Var Vg, (y)[o (4y)),

for every y € Rllp, where &, is the normal variable used when defining KZg\n (y),
; ) 1 ) )
e revealing 1, on R, and finally on V,, \ (R] URS U Ry).

Let &7, := {G,, is a good graph} N {max_cy, |¢g, (2)| < log?/? n},

S (@) = Su(@) N {sup, o ¥, (4) — Vg, (v)| < n~/2},

83 (x) = Sa(w) N Y () N {sup, o 5, (¥) = Y, ()] < (log™" ) /2}, and

S;f’z(x) = S;p(ac) N{Vq € {1,...,m} at least logn vertices of D; are connected to Tj in Ei;n}
for every ¢ > 1.

Suppose that for a > 0 (defined in the beginning of Section small enough, and for n large

enough:

Pann((S1(2) \ Y (x)) N Ern) <073, (3.105)
Pann((Sa(2) \ Y (x)) N Ern) <073, (3.106)
and for every 1 <i <r —1,
Pann((Sa(@) \ S§5(2)) N Ern) <175 (3.107)
Letting S{yop (%) 1= Sistop(®) NS (x), (3.108), (3.106), 3.107) and (3.91) imply that
Pann (ST stop(@) U (NIZ{ 85(2)) ) N Er) = 1=~ T/0, (3.108)
On Sﬁstop(x) U (ﬁ::_llSépz(x)), we have the following alternative:

e either Cg"’h contains a subexploration tree T; whose exploration was fertile, the explo-
ration from g, is successful and connected to at least log n vertices of every D;, 1 < i <r—1

: >h
in Ewg ;

n

e or Cg”’h contains no such tree, and an’h - R%, so that \Cg"’h

Ko > K', and where K' is the constant of Proposition [3.7.2]

< Koplogn, where we take

¥

Note that the second case comprises Sy .,

(z) but is a priori not included in it: there could
exist fertile subexploration trees not connected to x in Eigh if 1g, is below h on the appropriate
marked vertices.

In the first case, ng”’h contains at least logn vertices of each D;, 1 <¢ < r—1, so that by |i
and (3.95) for n large enough:

n—|Rip| = [Di] _ n
Kiilogn - 2K11.

IC9h| > (r — 1)logn > logn
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Letting thus Kj2 := (2K11) 7, for every n large enough, we have on Sﬁstop(a:) U (ﬂ;:llS;fz(x))
IC9n" < Kologn or [CI""| > Kian.
By and a union bound on all x € V,,,
Ponn(Kologn < ICén)I < Kipn) <n Y6+ Pann (7 5)-

By Remark \Cén)\ < K191 Papn-w.h.p. By Proposition and Lemma we have

]P)ann(g%n) — 0 so that

Ponn(ICSY] < Kologn) — 1,

yielding (3.3). Hence, it remains to show (3.105)), (3.106]) and [3.107]).

The field ¢g, on the first phase: proof of (3.105|

Proposition 3.7.6. Let a, Ky, £ be such that Proposition holds with K' = K, and such
that the conclusion of Lemmas|3.7.7 and|3.7.§ hold. Then for n large enough, holds.

To prove Proposition [3.7.6] we need two variants of Proposition [3.4.1] The first consists in

replacing the ”security radius” a,, = ©(loglogn) by r, = ©(logn).

Lemma 3.7.7. If a > 0 is small enough, then the following holds for n large enough. Assume
that G, is a good graph, that A C'V,, satisfies

o Al < n2/3,
o tx(Bg, (A, ) = tx(A), and
o max.e [vg, (2)| < log¥?n.

For every y € 0Bg, (A, 1), writing y for the unique neighbour of y in A, we have:

% o, (o (4,)] - v, ()] < 7 (3.100)

and

Var (g, ()l (4y)) — - | <m0 (3.110)

Proof. We follow the argument of Proposition with a few adjustments.

First, the bounds in and are in fact e for some constant ¢ > 0, and one can
replace a,, by 7,.

Second, concerning the proof of , note that still holds for large enough n since for
k > 0.3logn and a constant v > 0 that depends neither on k£ nor on n,

P(Zy < 1) < P(Zy < 0.05logn) < P(Z; < $2k) < ek,
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The condition |A| < n?/3 implies that E,, [H4] > n'/3/4, so that we can adapt the argument

below (3.40]), as well as the proof of (3.42]). O

The second variant of Proposition [3.4.1] corresponds to Case 1 and Case 2 of the first phase of
the exploration. Let us introduce some notations before stating the Lemma. Recall that for

m > 3, G, is the connected (and infinite) d-regular graph with a unique cycle Cy, of length m.

Recall the definitions of oy, Bk, Y, ), and ~;, from (3.86) and (3.87).
For k£ > 0, let z; be a vertex at distance k of the cycle Cy, in G,,, and Zr be a neighbour

of z at distance k + 1 of Cy,. Note that Bg, (zk,Zg,mn) (the subgraph of G,, obtained by
taking all paths of length 7, starting at zj; and not going through zj) contains C,, if and only
if k <r,—[m/2].

Lemma 3.7.8. If a > 0 is small enough, then the following holds for n large enough (uniformly
inm>3).
Assume that Gy, is a good graph, that A C 'V, is such that

o |A] <n?/3,

e A is a tree, and

e max.c g, (z)] < log?3n.
Case 1. Let y € V,,, and suppose that

— y has a neighbour gy in A,

— for some 1 < k < m, there exists i in A, a path P of length m —k from y to § whose only
vertez in A is §, and a path P' in A of length k—1 from y to Y, so that C := PUP'U(7,y)
is a cycle of length m (and y=79y if k=1), and

- tx(Bg, (AUC, 1)) = 1.
Then

BT [4hg, ()]0 (A)] — awtbg, (9) — Bribg, (§)] < n~ 2" (3.111)

and

|Var9" (4g, (y)|o (A)) = | < 0> (3.112)
Case 2. Let y € V,, and suppose that

— y has a unique neighbour gy in A,

— for some 1 <k <r,—[m/2], Bg, (y,Y,) is isomorphic to Bg,, (2k,Zk, ), and

- tx(Bg,(AUPUC, 1)) =1, where C is the cycle in Bg, (y,Y,m) and P the path from y
to C.
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Then
[E9" [y, ()]0 (A)] = ajtbg, (@) < n~> (3.113)

and
|[Var9™ (4, (y)|o(A) — v, | <n 2 (3.114)

Proof. We will only show (3.113)) and (3.114)). The other proofs are very similar and left to the

reader.
We start with the proof of (3.113]). We follow the proof scheme of (3.34). Let 7 be the hitting
time of 0Bg, (v,7,mn) \ {y} by a SRW (Xj)r>0. Note that {Hs <7} C{Xpy, = y}. We write

E9[Yg, (y)|o(A)] =PI (Xn, =7, Ha < 7)¢g, (1) + EJ" [V, (X, ) 1i,>r]
Ef"[Hal_ g,

Since Bg, (y,7y,rn) and Bg,, (2k, Zk, ™) are isomorphic,

Pgn(XHA =, HA < ’T) = PZka(XHaBGm(Zk»%yTn) = a) = Oé%

Since
Xu — =zt CH{H " /
{ 0BG, (2175 7n) Zk} C{Hzy < +oo}, we have oy < ay.

Reciprocally, on { Hzy < 400} \ {Xn, Be, (cpmEm) = Zkt, a SRW starting at distance r,, of Cp,
has to reach C,,. As in the proof of , a comparison with a biased SRW on Z shows that
this happens with a probability O(e™“") for some constant ¢ > 0 uniquely depending on d and
we get that if @ small enough, then for large enough n, \Pg" (Xp, =7, Ha <7)—a}| <n3.
It remains to establish

E{"[H )
EZ; [HA]
To do so, one adapts the proofs of and exactly as in the proof of Lemma m if
Hy > 1, (Xi)k>0 leaves Bg, (AU C U P,ry,) before hitting A. By Lemma with s = 7y, if
a is small enough, (X}) does not hit A within the next log? n steps with probability at least

EJ" (16, (X)L 5] — E9" [yg, (Xu,)]| < n 5. (3.115)

(1—(d—1)""n)loe’n > 1 _2log?n (d—1)""™ >1—nla,

Then, we use Corollary 2.1.5 of [126] as six lines above (3.40): after |log?n| steps, the fact

that G,, is an expander forces the empirical distribution of X} to be very close to the uniform

distribution m,. (3.113]) follows.
For (3.114)), we follow the proof scheme of (3.35)). If 7/ is the exit time of Bg, (v, 7, ), we have

|Var9™ (vg, (y)|o(A)) — | < |G, (v,y) — E{" [Gg, (v, X)) Lig=r] — k]
E{"[H ]

Y RYn X .
E7rn[HA] T [ng (ya HA)]

+ Egn [ng (y7XHA) 1HA>T,] -
(3.116)
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We deal with the second term of the RHS as (3.115)) to show that it is O(n=3%). As below
(3.45)), we have

Ej" [Gg, (v, Xn,) Li,=r] = By [Gg, (y, Xp)] = O(n™5%)

if a is small enough, by (3.11]). Now, by (3.17) applied to D := Bg, (y, 7y, ) (note that Tp = 7')
and (3.41) (which still holds, as remarked in the proof of Lemma [3.7.7)), we get

Egn 7_, _ a
Ga, (y,9) — B [Gg, (4, X-)] = GB (y,9)| < B = O(n~39).
But D is isomorphic to E := Bg,, (2k, Zk, ™), S0 that
GE (y,y) = GE (2, 21) = Ga, (20, 20) —PS™ (T = 2Z)Ga,, (2, Z6) —PSm (T # 21)Ga,, (205 2)

for any z € 0Bg,,(E, 1) \ {Zx}, by cylindrical symmetry of Bg,, (E,1). One checks easily that

if a is small enough, then for n large enough,
GG (y,y) = GE, (2, 2) = Ga,, (2, 2) — PS™ (T = %) Ga,, (21, Z) + O(n39).
One easily adapts the reasoning leading to , despite the presence of one cycle, to get
P (Tp = %) = PSm (Hzy < 400) + O(n™3) for a small enough.

Note indeed that {Tr = Zt} C {Hz; < +o0o}. Reciprocally, if z € 0Bg,,(F,1) \ {Z;}, a SRW
starting at z has a probability decaying exponentially with 7, to reach Zzj, since there are at
most two injective paths from z to zx, and each contains at least r,, — 3 vertices where the SRW
has a positive probability (only depending on d) to enter a subtree isomorphic ']I‘; and to never
leave it.

Since v;, = Ga,, 2k, 21) — Pszm(H{%} < 4+0)Ga,, (2k, 2k ), we obtain

GG, (y,y) = %l = O(n=5).
All in all, we get that the first term of the RHS of ([3.116)) is O(n=3%), and (3.114)) follows. [
Proof of Proposition[3.7.6. We proceed as below (3.54)) in the proof of Proposition Denote

En = {Ty € RY, [, (y) — Yg,()| = n"%} N, NSi(2).

On &,, ’(Zg\n is defined on at most Kqlogn vertices by (and our choice of K’ = Kj), so that

2 n, or there exists y such that

by the triangle inequality, either |Q,Zg\n(£l?) — g, ()| > n"%log™
Y6, (y) — g, (y)| = n~*log™* n +sup, Ry [V6, (W) = g, (@),
where RZ’ is the set of vertices where zfg\n has been defined before Jg\n(y) Let

E(y) = {1, (y) — ¥, (y)| = n~"log™* n+ sup,_pu [0, (7) — Yo, @)} N En
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For y # =, we can apply Lemma (if Jg\n(y) is defined in Case 1 or Case 2) or Lemmam

(in the other cases), so that
Pann(E(y)) < Pann(n_za‘gy’ >n""log*n — n_Qa) < Pann([&y] = na/z) <n*

by the exponential Markov inequality, and P, (€(z)) < n~* by the same argument, where we
set £(z) = {‘@Zg:((r) — g, ()] > n"%log 2 n} NE,. Hence, we get by a union bound on y € R%
that for large enough n,

Pann(gn) < n74K0 IOgn < nig,

The conclusion follows. O

The field g, on the second phase: proof of (3.106))

It is enough to show that for each y,; whose exploration in the second phase is successful,

_ o .
Pann ({supze:ryq,i\{yq,i} ¥g, (2) — Yg, ()] > &5-"1 N 577n) <n 4,

where T, ; is its exploration tree, and to conclude by a union bound on y, ;. This follows from
a straightforward adaptation of the reasoning below (3.54). Note that the n=3 in the RHS of
(3.55)) can be replaced by any polynomial in n.

The field ¢g, on the third phase: proof of (3.107))

By symmetry, it is enough to consider the case i = 1. Following readily the argument of the

proof of (3.70f), we get that the probability that Eigh percolates through a given J-joining ball
is at least logV(Kg/ 3-1) n, for any J. By 1) and 1) and a union bound on every couple
(J,q) € {1,...,s50} x {1,...m},

Parn ((S2(2) \ 8§ () N E7,) < 2071 + somP(Z = 0),

where Z ~ Bin(|log? 318 | 1og"®s/3=D ). If k and ~/k are large enough, then for n large
enough,

P(Z=0)=(1- logV(KS/Sfl) n) Llog7 =" n] ) —4

—_— )

and (3.107)) follows.

3.8 Properties of Cfn)

3.8.1 The local limit: proof of Theorem |3.1.3

Proof of Theorem[3.1.3 The proof mimics the reasoning of Lemma Let k > 0 and let T

be a rooted tree of height &k, with no vertex of degree more than d. Let x € V,,. We perform an
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exploration as in Section m Denote Sy (z) the event that the exploration is successful, that
Sr(z) C CI™" and that Bg, (z,k) =T. We claim that

Punn(Sr(z)) — PT4(Br,(0,k) = T,|C| = +00). (3.117)

n—-4o00

The proof goes as those of Lemma and Proposition In the proof of Lemma [3.5.3

replace F\" by Fi") := F\") 0 {Ben(0,k) = T} and F'\ by F'&) = F\" U {Bey(o, k) # T},

for every 5 > 1. We also check easily that
PTd (C(]}+10g—1 n N B’]I‘d(o, ]{7) _ Cél*log_l n N B’]I‘d(o, ]{2)) 1

-1
in order to determine Bg, (z, k) Pyppn-w.h.p., as Proposition only ensures that 278 "
Br, (o, k) C Bg, (z,k) w.h.p.
Moreover, we get as for (3.77)):

sup |Covann(Sr(x),Sr(y))| — 0. (3.118)

x,yEVn n—-+oo

Let € > 0. Applying Bienaymé-Chebyshev’s inequality as in Lemma we get
Punn(] |Sr| — PT4(Br, (0, k) = T,|C| = +o0)n| <en) — 1, (3.119)
n—-4o00
where Sy is the set of vertices x € V,, such that Sp(x) holds. Let S C V,, be the set of vertices

such that their exploration is successful. By Theorem [3.1.1] and a reasoning as in the proof of
Lemma with Pyp,-probability 1 — o(1),

(i) eS| < nt/3, so that Sp € SN,
(i1) 1C5™] = n(h)n| < en,
(i) S| = n(h)n| < en.

Suppose that these three assumptions and (3.119)) hold. By Sr =8N VTST). Therefore,
171 < Vi < 18r] + (€™ N 8, so that by [Gii)] [(iii) and (3.119),

(P™(Br, (o, k) = T, |C}| = +00) — e)n < [V, < (B™4(Br, (0, k) = T, |C¢| = +00) + 3¢)n.
Moreover, | |C§n)| —n(h)n| < en by |(ii)| so that for € small enough,

PT4(Br, (o, k) = T,|C}| = +o0)

_ VAT _ PTe(Br, (o, k) = T, [CE| = +o0)
n(h)

T ey T n(h)

— /e + vE.

But
P"¢(Br,(0,k) = T.|C| = +o0) _ PM(Br, (o, k) = T,|C2| = +c0)
n(h) PTa(|C2| = +o0)
— P"4(By, (o, k) = T| |C}] = +o0).

And since we can take € arbitrarily small, the conclusion follows.

159



3.8.2 The core and the kernel: proof of (3.4]) and ((3.5))

We now prove (3.4) and (3.5) of Theorem starting with (3.4). Let Ky (resp. K3) be the

probability that o has at least 2 (resp. 3) children with an infinite offspring in C”, under P74,
Suppose that for z,y € Vi,

Ponn (z € C™) . (3.120)
and
CoVann (Lyecm: Lyeom) = 0. (3.121)

Then (3.4]) follows by a second moment argument as in Lemma m Hence, it is enough to
prove (3.120) and (3.121)).

Proof of . For z € V,,, we perform the exploration in Section from z, replacing
by the following condition: for every neighbour v of z, stop exploring the subtree from v at step
k+1 if the k-offspring of v has at least n'/2b,, vertices. Stop the exploration if this happens for
at least two neighbours of . In this case, say that the exploration is successful.

We adapt easily the proofs of Lemma and Proposition to show that for x € V,,,

Punn(the exploration from z is successful) = K. (3.122)
n—-+00o

Indeed, K7 is the probability that the realization of ¢, to which we couple vg, is such that o has
at least two children with an infinite offspring. Then, as in Lemma there is a probability

1 — o(1) that the offspring of these children grows at an exponential rate close to A, (Propo-

sition [3.3.8]). Thus, letting .7-"1%) := Ui<j<i{the j-offspring of v has at least n!/2b,, vertices} for

every child v of o, and ]:(E:r)e,k := Uy, vy children Ofo(./_';gi)kil N f527)k71), we get that

Pann(ulgkg\_logAh n| 'Fc(gr)&k) njoo K

and

IP’ann(U1<k<UogAh nJ{at most one child of o has a non-empty k-offspring}) T 1—Kj.
S n—-+00

As for , we see that we do not meet any cycle with Pg,,-probability 1 — o(1). This yields
B122).

If the exploration from z is successful, let x1, 2 be two children of x such that the exploration
subtrees T, and Ty, from z; and xy satisfy min(|0Ty, |, |0Ty,|) > n'/?b,. Then, let K > 0 and
let wy, ..., W K10gn) € Va be vertices that have not been met in the exploration from z. Proceed
to their w-exploration as described in the first part of the construction in Section [3.7.4

By Remark o(y/n) vertices are seen during the exploration from x and the w-explorations.
Applying with k = 1, mg, m1, mg, m = o(y/n), we get that with Pg,,,-probability 1—o(1),
none of the w-explorations intersects the exploration from x, and no w; is spoiled or back-spoiled.
As in , we get that for each w;, its w-exploration has probability at least n(h)/2 to be
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w-successful. Hence with Pg,,-probability at least 1 — (1 — n(h)/2)K18n) = 1 — (1), there
exists ig such that the w-exploration from wj, is successful. Denote 07, wig the boundary of its

exploration tree. Write

Score(7) :={the exploration from x is successful }N

{Jip > 1, the w-exploration from wj, is successful}.
We have just shown that

lim inf Py (Score(x)) > lim inf Py, (the exploration from z is successful) > Kj. (3.123)

n—-+o0o n—-+4o0o

Next, we grow joining balls from 0T}, to 8Twio, and then from 07T, to aTin. We proceed as

in the second part of the construction in Section [3.7.4] with m = 2 and sy = 1. Similarly to

(13.96)), we get that

]P)ann(score(x) N (Score,joining,l U Score,joining,Q)) = 0(1)7

with Score joining,i 1= {there are less than logy_?”"_18

1,2.
Finally, we reveal ¢g, on the exploration from z, on the w-exploration from w;,, on the joining

balls from 07, to 8Twi0, and on the joining balls from 97, to aTinv in that order. Denote

n joining balls from 9T, to 0Ty, } for i =

Score,connect the event that there exists a joining ball B from 07}, to 0T wig and another By

from 0T, to 8Twi0 such that minyer, ur,, UT; UB1UB: ¥g, (y) > h. As in the proof of Proposi-
tion we get that Pann(Score(T) N Sore connect) = 0(1). Hence

lim inf,, s 1 oo Papn (2, 71, T2, 2 are in a cycle of 9" and |C9»| > nl/3)
> liminf,, oo Pann (Score(x))'
If ]Cén)| < n!/3, this cycle is in Cfn), and thus in C™ so that by 1) for large enough n and
any x € V,, one has by (3.123)):
lim inf,, 4 oo Papn(x € C(”)) > liminf,, 1 0o Pann (Score()) > K7 .
Reciprocally, for € Vj,, turn the exploration into a lower exploration, replacing h + log~!n
by h —log~'n (as in Section [3.5.2)). Say that the lower exploration from z is aborted if for

some k < loglogn, at most one child of z has a non-empty (k — 1)-offspring. Let Acore() :=
{the lower exploration from z is aborted}. We get as in the proof of (3.122]):

Pann(Acore(z)) —> 1—Kj. (3.124)

Moreover, revealing 1g, on T,, we can apply Proposition as below ([3.54) to get that

Pann(Acore(x) N {CI" N Bg, (z, |loglogn|) C T,}) — 1— K. (3.125)

n—-+0o
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For each neighbour y of x, denote C, its connected component in C9» \ {x}. If the exploration
is aborted and ¥ N Bg, (z, [loglogn]) C T, then = has at most one neighbour y such that
CyU{z} is not a tree. Hence = ¢ C™. Thus, liminf,_, | o Papn(z ¢ C™) > 1— K, and (3.120))

]

follows.

Proof of (3.121]). By (3.120)), for x,y € Vi,

Ponn(z € C(”))Pam(y € C(”)) — K12

n—-+0o0o

It remains to show that Py, (z,y € C(”)) n_)—+>oo K2.

Perform the exploration from z as in the beginning of the proof of , then do the same
from y (and stop the latter if it reaches a vertex of the exploration from z). Since o(y/n) vertices
are revealed during these explorations (see Remark , then by , the probability that

the exploration from y meets that of = is o(1). Thus by (3.122]),

Pann (the explorations from x and y are both successful) —+> K 12
n—-—+0oo

Then, let 1,29 (resp. yi,y2) be the children of x (resp. y) whose exploration is successful.
We complete the exploration in a fashion similar to that above . Let K > 0 and let
Wi, ., W Klogn| € Vn be vertices that have not been met in the explorations from z and y,
and proceed to their w-exploration. If there exists ¢y > 1 such that the w-exploration from wj,
is successtul, build joining balls from 915, , 01%,, 0Ty, and 0T, to Ty, . Finally, reveal ¢g, on
Ty, on Ty, on Ty, and on the joining balls from 0Ty, ,0T,,,0T,, and 0T,,, in that order. As in
the proof of and below, we get that

lim inf oy, (z,y € C™) > K2, (3.126)

n—-+4o0o

Conversely, if we perform the lower explorations from x and y as defined in the end of the proof

of (3.120]), we easily get that

Punn(3z € {z,y}, the lower exploration from z is aborted) —+> 1—- K2
n—-+0oo

Then, we reveal g, on T,. Following the reasoning below (3.54)), we get that Pgy,,-w.h.p.,
Bogn.n(z, [loglogn|) C T, and thus

Pann({the lower exploration from z is aborted} N {z € C(™}) = o(1).
This yields
liminf, oo Pann (32 € {z,y}, 2 & C(”)) >1- K2

Together with (3.126]), this concludes the proof. O

This reasoning can be readily adapted to prove (3.5, with a modification of the exploration

(requiring that at least three children of z have a successful exploration).
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3.8.3 The typical distance: proof of (3.7))

The proof of goes as that of , with a slight modification of the explorations of Sec-
tion Those explorations were indeed stopped after at most logy,, n steps. But since around
V/n vertices were explored, and since the growth rate of C” is close to \j, we can expect that
a successful exploration lasts in fact (1/2 + o(1))log,, n steps. Then, connecting two such
explorations as in Proposition (adding an additional distance ©(loglogn) = o(logn))
yields the diameter (since reciprocally, explorations lasting less steps will be too small to be

connected).

Proof of . Fix e € (0,1). We start by the upper bound. In the exploration of Section
replaceby the condition: stop the exploration if k > (1/2+¢/3) logy, n. By Propositionm

as n — +o00:
T h 1/2 ht+log™tn| _
B <‘ZL(1/2+5/3)1ogAh nyl >0t | 1CT08 T = +OO> — 1.

Thus, Propositions and Lemma remain unchanged. Note that if =,y are

connected in Eigh via the successful explorations from z and y and the joining balls from 0T,

n

to 0T, then for n large enough:

dgon (2,9) < 2(1/2+ </3)logy, n+d), < (1+)logy, n.

Then, Lemma implies that

IPJcmn(gl,n N 52,71 N SS,n) n—> 1;

where &1, = {|{(z,y) € Vn,dE>h (z,y) < (1 +¢)logy, n}| > (n(h)* —e)n?}.

We have to check that only o(n ) of the couples (z,y) described in &; 5, are not in C§n), and that
\C{n)\ /n is indeed close to n(h). Note that by || and 1 ,

IP)ann(gl,n N 52,71 N SS,n) n—> 1;

where &1, = {|{(z,y) € Vn,dE>h (z,y) < (1 +¢)logy, n}| > (n(h)* —e)n?},
Eo = {Vi > 2, |C"| < Kologn} and &, = {(n(h) —e)n < |C”| < (n(h) +&)n}.

On &, we have |{(z,y) € V2 \ (CYL))Q, dp=n (z,y) < (1 +¢)logy, n}| < n 3/2 5o that on
Yan
EinNEn,

{(@,y) € ()2 dow (2,y) < (1+¢) logy, n}| = (n(h)? — 2¢)n?

Thus, on &1, N E2p N E3p:

2 2
mon ({(29) € (€)% do (0,9) < (1+ ) logy, n}) > <77 (<hh)> +2> 21 ?5(2;;}22; 6
(3+2n(h)
=1 -~ on(h)?2
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(n)

It remains to show that the typical distance in C; " is at least (1 — ¢) log,, n. Modify the lower

exploration of Section [3.5.2} say that it is aborted if

o did not happen, and

1/2—¢/10

e it is stopped at some step k& < (1/2 — ¢/2)logy, n, or less than n vertices and

half-edges have been seen at step [(1/2 —¢/2)log,, n].

Suppose that
Pann (the lower exploration from x is aborted) = 1 — o(1). (3.127)

For x,y € V,,, perform the lower exploration from x, then that from y, and stop it if it meets a

vertex of the exploration from z. This happens with Pg,,-probability o(1) by (3.14]) with & = 1,
mg, m1,m,mg = o(y/n) (recall Remark [3.5.2)). Hence by (3.127):

Pann(Eab(x,y))=1 — o(1), with E,p(x, y):={the lower explorations from = and y are aborted},

Then, reveal 1g, on the exploration trees T, and T,. Applying Proposition as below
(3.54]), we get that:

Pann(Ean(z,y) N € NEY) =1 —o(1),
with &:={B,gn.n(z, [(1/2—¢/2)logy, n])C T} and £ ::{chgn,h (y, [(1/2—¢/2)logy, n])C T}
On &p(z,y) NENEy, if x,y € Cin), then dci’” (z,y) > (1 — ¢)logy, n. Therefore, for ev-
ery z,y € Vi, Pann(Ery) = o(1), with
Eoy i ={z,y € an), dqn) (z,y) < (1 —¢)logy, n}.
Similarly, for all distinct z,y, z,t € V},, we get that Pgpn,(Exy NE.1) = 0(1), so that
Cova,m(lgz’y, ].gz’t) =o(1).
Thus by Bienaymé-Chebyshev’s inequality,
Pann(Esn N {{(z,) € V2, doon (w,y) < (1 =) logy, n}| Z en?}) — 1.

n—-+o0o

For € > 0 small enough and n large enough, on
E3n N {H{(2,) € VI, doo (2,y) < (1 =€) logy, n}| > en?},

Ton ({(:L', y) € (C§”))2’ dc(”) (z,y) < (1 —¢)log,, n}) ) This concludes the proof of (3

Thus, it remains to establish (3.127). Note first that Pgp, (CI] happens) = o(1) by (3.14) with
k=1, mo=1, mg=0and m = o(y/n) by Remark- 3.5.2l Therefore, it is enough to prove that

PTd(|B h—log ™ 1,(0, [(1/2 —¢/2)logy, n] +an)| < nt/2-e/8) 51
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since if this event happens, less than n'/27¢/10 vertices and half-edges have been seen at step

[(1/2 —¢/2)logy, n]. By , it suffices to show that
P™(|B, noto-10 (0, [(1/2 = £/2) logy, n )| < nt/27ElTy 51, (3.128)
To do so, we first prove that for n large enough and every loglogn < k < (1/2 —¢/2)log,, n,
pTa <|Z,?_1°g71”\ > nl/H/ﬁ) < e~ Ok 473, (3.129)

Let 6 > 0 such that A, < \p,_s < A\, + /10 (which is possible since h' — \p/ is decreasing and
continuous, Proposition [3.3.4). By Proposition there exists C' > 0 (depending on ¢) such
that for n large enough, for every loglogn <k < (1/2 —¢/2)logy, n and a > h,

—log™!n —€ - —€
]p'gd <]Z£ log ’ > nl/2 /Sthé(a)) < Pgd <\Z£ 6‘ > nl/2 /5Xh76(a)>

< By (log |2} 7°| > (1/2 = £/5) M logy, n + log Xa5(a) )
1/2—¢/5

= /2k‘ + log Xh—a(a))

< pla <1 12079 > (Ap—s — £/10)

< Pl (1 1Z2179] > (A — £/10)(1 —I—35/5)k+logxh_5(a))

SIF’E (log\Zh ‘5| > A—s(1 —¢/10)(1 + 3¢/5)k + log xn— 5((1))
< P1 (log| Z/°1 = Mn-s(1 + £/5)k + log xi—s(a)

< e*Ck

By Proposition 2.1 of [4], there exists ¢ > 0 such that for all A’ < h, and a > d — 1, one has
xw(a) < ca'™198a-1M < cq. Since yy is continuous on [h, +00) (Lemma [3.3.5)), we have for n

large enough max;, ., <,,2 , Xn—s(a) < n¢/3% so that
IP)Td (|Z]il—log*1n| > n1/27€/6> < eka + PTd(SOTd(O) > 10g2 n)

Using the exponential Markov inequality as in Lemma we get PTd (o, (o) > logZn) <n~
This yields (3.129)). Then, for n large enough, this implies

PT‘idBCZ;(Oa \_(1/2 — 6/2) logAh nJ)| 2 n1/2—5/7)
S ]P)Td(zlk; € [10g10g n, (1/2 — 5/2) log)\h ’I’L], ’Z’ililog_lﬂ > n1/2—€/6)

[(1/2-¢/2)logy,, n]

< R Ca o )

k=|loglogn]|

< 1/loglogn.

(3.128)) and the conclusion follow. O
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3.8.4 The diameter: proof of (3.6))

Recall that Dgn) is the diameter of C%n) . In Section we have in fact proven that there exists
a constant K13 > 0 such that for &, := {Vz € C%n), |B,m (@, [Ki3logn])| > Kian}, we have
1

Ponn(En) — 1

n—-+o0o

Namely, one can take K13 = Ko + 3log_1 Ap.

Hence it is enough to show that on &,, DYL) < 6Kf21K13 logn, which will imply . We do
this by a short deterministic argument.

Let 21 € C\". If OB (1,2 K13 log ] + 1) = 0, then

Dgn) <4Kjzlogn + 2.
Else, let x5 € 8Bc§n) (x1,2| Kislogn] + 1). For i = 1,2, we have
|Bc£”> (i, [ K13logn])| > Kio2n and BC%") (x4, | K13logn]) C BC%") (x1,4| Ki3logn]).
Moreover, BCYL) (1, [ Kizlogn]) N Bc%") (w2, [Ki3logn]) = 0. Thus, we have
‘BCY”) (x1,4[ Ki3logn]|)| > 2Kan.

For i > 2, if 0B, (21, (3i —4)| Kyzlogn| + 1) = 0, then Dgn) < 2(3i — 4)Kq3logn + 2. Else,
1
let zi11 € OB, (1, (3i — 4)[Kizlogn] +1). As for i = 2, we get that
1

| Begm (21, (3¢ = 2) [ Kz logn))| | B

Cin) (xl, <3i — 5) LK13 log nJ)] > |BCYL) (aci, K13 log n)] > Klgn.

But there are only n vertices in V,,. Therefore, 0B, ) (21, (3io —4) [ K13logn] +1) = 0 for some
1
i < Kﬁl, and
D\ < 6K, Ky3logn.

This shows (3.6).
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Chapter 4

Cutoff for random walks on random
lifts

Section stems from the preprint [55], that has been accepted for publication by Annals of
Probability. Sections [4.2] and [4.3] are original material of this thesis.

4.1 Generic cutoff for random lifts of weighted graphs

Abstract. We prove a cutoff for the random walk on random n-lifts of finite weighted graphs,
even when the random walk on the base graph G of the lift is not reversible. The mixing time
is w.h.p. tmiz = h~'logn, where h is a constant associated to G, namely the entropy of its
universal cover. Moreover, this mixing time is the smallest possible among all n-lifts of G. In the
particular case where the base graph is a vertex with d/2 loops, d even, we obtain a cutoff for a
d-regular random graph, as did Lubetzky and Sly in [I01] (with a slightly different distribution

on d-regular graphs, but the mixing time is the same).

4.1.1 Introduction
The cutoff phenomenon

The way random walks converge to equilibrium on a graph is closely related to essential ge-
ometrical properties of the latter (such as the typical distance between vertices, its diameter,
its expansion, the presence of traps or bottlenecks, etc.), giving an important motivation for
studying mixing times.

For a Markov chain on a discrete state space €2, with transition matrix P, that has an invariant

distribution 7, the e-mixing time from =z is

to(e) == inf{t > 0, |Pt(z, ) — 7ll7v < e}, (4.1)
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where [|v1 — va||Tv = supgcgq (V1(S) — v2(S5)) is the total variation distance between the proba-
bility measures 11 and v5 on Q. The worst-case mixing time t,,,.(¢) := sup{t,(¢), z € Q} is
often the quantity of main interest. Other distances than the total variation distance might be
considered. A straightforward computation shows that ¢ — || P!(x, ) — 7|7y is a non-increasing
function, so that the definition of mixing time is relevant.
For a sequence of Markov chains (Qy,, P,, T, )n>0, there is cutoff when for all ¢,¢/ € (0,1),
1 (€) /t5ma(e') — 1 as n — +o0.
While the cutoff phenomenon remains far from being completely understood, first examples of
it were given in the 1980s for different random walks on finite groups (see [63] or [14] on the
symmetric group) or on spaces that can be factored into a n-product of a base space (such as
2 in [9]), and this direction is still investigated nowadays (see for instance [83],[85] on random
Cayley graphs of abelian groups).
A class of graphs where random walks mix fast and where cutoff is expected are the expander
graphs. These are sequences (Gj)n>1 of graphs whose size goes to infinity (say G, has n ver-
tices) and whose isoperimetric constant is bounded away from 0: there exists ¢ > 0 independent
of n such that for any subset S of at most n/2 vertices of G, |0S| > ¢|S|, where 9S C 5S¢ is
the set of vertices adjacent to vertices of S. The very accessible survey of Hoory, Linial and
Widgerson [87] provides a good overview of the study of these graphs. This expansion property
entails the existence of a spectral gap (this implication is called the ”Cheeger bound”, see [17]
for instance): the second largest eigenvalue of the transition matrix P, of the SRW on G, is
bounded away from the largest one as n — +o00. It is classical that this spectral gap implies in
turn that the SRW on G, mixes in O(logn) steps.
The simplest expander model is the random d-regular graph (i.e. Gy(d) is chosen uniformly
among graphs with n vertices having all degree d). Friedman [45] proved in 2002 that w.h.p.,
G (d) almost achieves the largest possible spectral gap, while Lubetzky and Sly [I01] proved in
2008 that the SRW and the NBRW (Non-Backtracking Random Walk, i.e. a SRW conditioned
at each step on not going back along the edge it has just crossed) on G,(d) admit a cutoff.
Several papers followed on cutoffs for other sparse graphs: see for instance [29] for the SRW on
the largest component of a supercritical Erdés-Rényi random graph, [27] for the NBRW on a
configuration model, or [84] for a generic perspective.
Very recently, there has been increasing interest in mixing times on dynamical graphs (typi-
cally, edges are re-sampled at random at a given rate), when the mixing time profile is already
well-known on a static version of the graph (for instance [24], [128] and [51]).
A natural way of combining the ”product of a base space” and the ”expanding sparse graph”
perspectives for cutoff is to consider random walks on random n-lifts of a fixed graph G, that

we define now.

168



Random walks on weighted graphs

For a multigraph G (multiple edges and multiple loops are allowed), denote Vg its vertex set
and Eg its edge set. Every edge e € Eg gives rise to two opposite oriented edges. Denote ﬁg
the set of oriented edges of G. For each ¢ € Eg, note ¢! its opposite. We study weighted

random walks by giving to each € € Bg a nonnegative weight w(?), so that

e cvery e € Eg has at least one orientation with positive weight,

e for all u € Vg, the sum of the weights of the oriented edges going out of u is 1.

We define the random walk (RW) on G as a discrete-time Markov Chain (X3);>¢ on Vg with

transition matrix Pg such that for all u,v € Vg,

1 1
Pg(u,v) = il{u:v} + 5 Z w(?%

? U—v

_>

where "¢ :u — 0"

means that the initial vertex of @ is u and its end vertex is v.

Random lifts

Fix now a finite multigraph G. A n-lift of G is a graph G,, with vertex set Vg, := Vg X [n], and
edge set Eg, as follows: fix for each e € Eg an arbitrary ordering (u,v) of its endpoints and a
permutation o, € &, and draw the edges {u;, vy, (;)} for all 1 <7 < n (see Figure 1). Say that
u (resp. v) is the type of u; (resp. v,(;)) and that e is the type of {u;, vo(;)}-

When the o.’s are uniform independent permutations, G,, is a random n-lift of G.

For simplicity of the notations, write V,,, £, and En for the vertex set, edge set and oriented
edge set of G,,. Define as previously the type of an element of ﬁn as the corresponding oriented
edge of ﬁg7 and give to each = En the weight of its type.

Denote 7 the invariant probability measure of the RW on G (if it exists). Note that the RW
on G, has an invariant measure 7, such that m,((z,7)) = m(x)/n for all x € Vg, i € [n]. Write
P, for the transition matrix of the RW on G,. Let m,;, and 7,4 be the smallest and largest
values taken by m on Vg. Finally, we denote wy,;, > 0 the smallest positive weight in G and A
the largest degree in G (the degree of a vertex being the number of edges attached to it).
The graph structure of random lifts has been studied since the early 2000s (see [20], [21], [22]
and [99]). In particular, it is proved in [20] that random n-lifts are expanders w.h.p. as n goes to
infinity, as long as G has at least two cycles. More recently, spectral properties of lifts have been
investigated (see for instance [8], [66], [L02]): Bordenave [45] generalized Friedman’s theorem to
the NBRW on random n-lifts of a finite graph, then Bordenave and Collins [46] established a
similar result for the SRW. Bordenave and Lacoin [47] proved that if the RW associated to G is
reversible, and if the invariant measure is uniform, then the RW on G,, admits a cutoff, with a

mixing time in A~ ! logn + o(logn) steps, for some constant h (the ”entropy”) depending on G.
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Figure 1: a weighted graph G and a 3-lift of G (not all weights are written on the picture).
Oluu} = (23 1)a O{uw} = (2 1) (3)7 Olua} = (1 32)7 O{v,x,red} — (1) (2) (3)7 O {v,x,black} = (2 1) (3)

Results

We characterize all (finite) irreducible graphs G such that there is w.h.p. cutoff for the random
walk on a random n-lift of G, and we prove that the cutoff window is of order /logn.

We introduce the following assumptions:

A.1 the RW on G is irreducible,
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A.2 [Two-cycles property| G has at least two oriented cycles which are not each other’s
inverse, where an oriented cycle of length m > 1 is a cyclic order C' = (?1, ceey ?m)
of m oriented edges with positive weight such that the end vertex of ¢ is the initial
vertex of ?Hl and €; #+ ?;_:1 for all ¢ (mod m), and the inverse of this cycle is the

cycle 71 = (€t ¢,

mosc

Theorem 4.1.1. Suppose that G satisfies[A.1) and[A.2, and that G, is a uniform random lift
of G. For any e € (0,1), there exists K(g) > 0 such that if t,(ffc)m(e) is the worst-case mixing
time of the RW on G,,, then w.h.p. on the realization of G, as n — +oo,

[t () — h~logn| < K(e)y/logn (4.2)
the constant h > 0 being the entropy of the universal cover of G (see Section .

@ = 2 .
( TN e U

for A € R be the tail distribution of the standard normal. The following lower bound shows

that the mixing time of Theorem is almost the smallest possible among all n-lifts of G:

Proposition 4.1.2. There exists o > 0, uniquely depending on G, such that for any ¢ € (0,1),

for any arbitrary sequence (Gp)n>1 of n-lifts of G,

™ () —h~'logn

lim inf 72 >od(e), 4.4
n—-+0o ,/logn - ( ) ( )
where tfgl)n(s) = mingey, ¢ (€) is the best-case e-mizing time (ie, the shortest mixing time

among all possible starting vertices).

Assumption [A.2]is necessary in Theorem remark that if G has at most one oriented cycle,
inf ey, m, ({y € V,,, there is no oriented path from x to y}) is w.h.p. bounded away from 0.
We conjecture that the lower bound of Proposition [4.1.2] is optimal, so that the cutoff window
would have a Gaussian profile. This was established for the SRW on the random d-regular
graph G, (d) in [I0I]. In this case, there is randomness for the speed of the walk (since it can
backtrack), but the degree of the vertices met by the walk is constant. Conversely, for the
NBRW on the configuration model whose cutoff window also exhibits this behaviour [27], there
is randomness for the degrees met by the walk, but not for the speed. In our setting, as for the
SRW on the configuration model [29], both the environment and the speed of the walk might
vary, and the result of this combination is not clear.
Theorem is also true for a lazy random walk on V,, with any holding probability a €
(0,1), i.e. for all u,v € V,,, the transition matrix is pl® (u,v) = ol +(1=a) Doz, w(e)
(hence, the RW we defined in Section and that we will study throughout this paper is lazy
with holding probability 1/2). This gives a new value of the entropy:

h

ho = m. (4.5)
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The question whether this holds in the case a = 0 remains unsolved, see Appendix 2 (Section
for a discussion.

One might also investigate to what extent Theorem holds when G changes with n. It is
proven in [I0T] that there is still cutoff for the RW on G,,(d) if d = n°™).

Examples

Our setting is very general, since it includes lifts of any finite Markov chain with positive holding

probability. We highlight two special cases below.

Random walks on the d-regular random graph

We can recover an approximate version of the result of [I0I] for the RW on d-regular graphs,
when d is even: in the very particular case when G consists of a single vertex and d/2 loops
having weight 1/d on both orientations, a random n-lift of G is a random d-regular multigraph
(but its distribution is neither that of a uniform d-regular multigraph, nor that of G,,(d)). Our
results allow us to conjecture the cutoff for the SRW (which is a RW with holding probability
a = 0): Proposition holds for « = 0 and gives the lower bound,. The upper bound would
come from Theorem with a > 0 arbitrarily small, but it is not clear that the arguments
would work for o = 0 (see Appendix . One gets hy = % (tools for its compu-
tation are in Section [4.1.3). This is exactly the value of h in Theorem 1 of [101] for the SRW
on Gy(d). Their theorem states in addition that the cutoff window is of order y/logn with a

Gaussian profile, hence corresponding to our lower bound.

Cutoff for non-Ramanujan graphs

It was recently proven that on every sequence of d-regular weakly Ramanujan graphs, the SRW
admits a cutoff [100] (a sequence G,, of d-regular graphs is said to be weakly Ramanujan
whenever for all € > 0, every eigenvalue of the adjacency matrix of G, is either +d or in
[—2v/d —1—¢,2v/d — 1+¢] for n large enough). This was even extended to graphs having n°()
eigenvalues anywhere in (—d 4+ ¢’,d — &’) for an arbitrary & > 0.

Theorem [£.1.1] gives an alternative proof for the existence of sequences of non weakly Ramanujan
graphs having a cutoff. Indeed, take for G a connected d-regular graph which is not Ramanujan.
One computes easily that all eigenvalues of G are also eigenvalues of G,,, so that G, is not weakly

Ramanujan.

Tools and reasoning

The graph we study has locally few cycles, so that the behaviour of the RW on G, is closely
linked to that of a RW on its universal cover (7g,o), the infinite rooted tree obtained from
G by 7unfolding” all its non-backtracking paths starting at a given distinguished vertex o, the

root. A non-backtracking path is an oriented path (?1, e ?m) such that ;41 # ?;1
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for all i < m — 1. Two vertices in 7g are neighbours if and only if the non-backtracking path of
one of them is the non-backtracking path of the other without its last edge, see Figure 2 for an

example.

We will write abusively 7g instead of (7g, o) when the root is irrelevant.

Figure 2: the first levels of the universal cover of G in Figure 1 (not all weights are on the
picture), rooted at u. Note that two non-backtracking paths start from wu, since the blue edge

in G gives rise to two oriented edges opposite to each other.

This object, also called ”periodic tree”, has been thoroughly studied since the 1990s. We
postpone a precise history to Section [£.1.3] Our main references are an article on trees with
finitely many cone types [117], and another on regular languages [S1].

Let (X)t>0 be a RW on (7g,0) starting at the root. A key observation is that this RW is
transient. This is intuitive, since (7g, o) has an exponential growth by (that is, for some
C > 1 and all R large enough, there are more than C vertices at distance R from the root) and

has a "regular” structure for the RW ({A.1| guarantees the existence of an invariant measure).

Thus, we can define its loop-erased trace, or "ray to infinity” & := (&)¢>0, & being the last
vertex visited by the RW at distance ¢ of the root.
Let W; := —log W(X};) where for x € (7g,0), W(x) = P(x € ). The following central limit

theorem sums up almost all the information we need on 7g.

Theorem 4.1.3 (CLT for the weight on 7g). There exist two constants hy; > 0,07; > 0,
only depending on Tg, such that

Wy — h’Tgt law 2

with the convention that N'(0,0) = &y is the Dirac distribution in 0.

The proof relies on the regularity of the structure of 7g, that allows us to cut the trajectory of
(X;)e>0 into i.i.d. intervals between regeneration times at oriented edges of a certain fixed type.
This gives us almost directly a proof of Proposition The proof of Theorem proceeds

in three steps:

a ) we couple (X;)i>0 to a RW (Xi)i>0 on G,, imitating the analogous construction in [29]

for the configuration model. This coupling is viable as long as (X;) does not meet cycles.
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We can ensure this almost until the mixing time, for most starting points of the RW in

Gn. We stress that the RW on (7g, o) is strongly "localized” around &:

Proposition 4.1.4 (Ray localization).

VR,t > 1, P(¢ N B(X,, R) = 0) < Cy exp(—C3R),

where for all y € (7g,0) and r > 0, B(y,r) is the set of vertices y' such that there is
an oriented path of length < r from y to 3. This crucial observation allows us to reveal
a limited number of edges while coupling RWs on (7g,0) and G, hence reducing the
probability to meet a cycle. This leads to an ”almost mixing” of the RW on G, after
h~tlogn + O(y/logn) steps: the mass of P!(Xy,-) is concentrated on values of order
n~1ePV181) for some t = h=!logn + O(v/Iogn).

Corollary 4.1.5 (Almost mixing). Lete, K > 0 and a < 0. If —a and K are both large
enough (depending on G and €), then for n large enough, with probability at least 1 — e,
Gn, is such that for all x € V,,

v (V) > 1 —¢,

where vy (2') := Pf,}’ (x,2") A exp(K viogn) for all ' €V, , and t', := h='logn + a+/logn.

n

b ) Asin [29], a spectral argument relying on the good expanding properties of random lifts
(generalizing a little the result of [20]) allows us to make the last jump until the mixing
time. We emphasize the fact that this spectral property holds even if the RW on G is not

reversible.

¢ ) Finally, we extend the mixing to every starting point for the RW in G,,, proving that
(Xt)t>0 quickly reaches a vertex to which we can apply a). We adapt the technique in

[26], which was originally designed for the configuration model considered in [29].

Plan

We start with basic but essential properties in Section We study the universal cover of

G in Section and prove Proposition and Theorem in Section under some
additional assumptions on G introduced in Section We show in Section that those

assumptions on G are not necessary. We discuss the computation of the constant h in Section
and the case @ = 0 in Section

4.1.2 Basic properties

Three Lemmas

The next property is an essential tool for building G,, while exploring it via a walk on its vertices.

It is analogous to the classical construction of a configuration model.
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Lemma 4.1.6 (Edge by edge construction). A random lift G, of G can be generated se-
quentially as follows. Consider n copies of G, split every edge e in two half-edges, respectively
attached to the first and second vertexr of e. Define their respective type as the type of the

orientation of e starting at the first (resp. second) vertex. Perform the following operations:

1. pick arbitrarily an unmatched half-edge, say of type = ﬁg,

2. match it with another unmatched half-edge, uniformly chosen among those of type @1,

3. repeat steps 1. and 2. until all half-edges are matched.

Proof. One checks easily that the obtained structure is a n-lift of G, and that all permutations

along edges of G are uniform and together independent, as in the definition. O
Random walks on lifts admit a natural projection property (whose proof is straightforward):

Lemma 4.1.7 (Projection of the lift). Fizn € N. Let G, be a n-lift of G and let (X¢)i>0 be
a RW on G,,. Let (X¢)i>0 be the projection of (Xt)i>0 on G, obtained by mapping X; to its type
for allt > 0.

Then (Xt)t>0 is a RW on G.

Hence, walks on lifts inherit much of the structure of walks on the base graph.

It is well known that for a Markov chain (X;)¢>0 on a finite set € with invariant measure 7, for
any u € Q, lim_, - P(Xy = u) = m(u) provided that the chain is aperiodic. We finally state a
CLT refining this ergodic property (and not requiring aperiodicity):

Lemma 4.1.8 (CLT for Markov chains). Let f be a function from Q to R. Forn € N, let
Sp = S0 f(Xy). Let m = Youwco fw)m(u). Fizu e Q, Xo =u a.s. and let 7, be the first
hitting time of v after 0. Let

o= w( | (SE9 70 -~ m(@EEES ™ )|

Then v does not depend on the choice of u and

Sp, —mn
vn

where N'(0,0) is the Dirac mass in 0. Moreover, if v =0, |S,, — mn| is bounded.

— N(0,v),

This is a direct application of Theorem 16.1 and Corollary 16.1 (p.94) in [54].

Additional assumptions on G

Let us make the following additional assumptions on G (we will prove in that they are in fact

not necessary, in Section [4.1.5)):

A.3 All oriented edges have a positive weight,
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A.4 every oriented edge lies on an oriented cycle.

For all w € G and R > 1, let 0B(u, R) := B(u, R) \ B(u, R — 1) be the boundary of B(u, R).
When holds on G, every non-oriented path gives rise to two oriented paths of positive
weight (opposite to each other). We can define the distance d(z,y) between two vertices x,y
as the length of the shortest path with positive weight from x to y (and d is indeed a metric).
We state those definitions for G but might use them for other graphs.

4.1.3 Study of the universal cover

The goal of this Section is to prove Theorem Fix an arbitrary vertex v, € Vg and an
arbitrary oriented edge e going out of v, (this choice has no importance for the sequel), and

root the universal cover of G at a vertex o with label v,.

Definitions for labelled rooted trees

Label each vertex x € V7, by the vertex v € Vg such that the non-backtracking path in G
starting at v, and corresponding to the path from o to z in (7g, o), terminates at v (see Figure
2). Give similarly a label in Eg (resp. Bg) to each edge (resp. oriented edge) of (7g,0). In
the literature, (7g, o) is sometimes called the directed cover of G, or periodic tree arising
from G. Remark that the universal cover of an irreducible n-lift of G is also (7g, o).

Due to the RW on (7g, o) is an irreducible Markov chain with invariant measure 7 defined
as follows: for all x € V7, with label u, #(z) = 7(u). Denote Py, its transition matrix.

An isomorphism ¢ between two rooted trees (T,0) and (1”,0’) is a bijection between the
vertices of (T,0) and those of (7”,0") such that ¢(o) = o' and such that there is an edge

between z1 and x9 in (T, 0) if and only if there is an edge between ¢(z1) and ¢(x2) in (177,0).

Lemma 4.1.9 (Projection of the cover). If one projects (7Tg,o) on G by mapping each verter,
edge and oriented edge to its label, then the projection of a RW on (Tg,o) is a RW on G.

Remark that this result is analogous to Lemma Its proof is straightforward. Note that
there exists at most |V| distinct rooted trees (7g, o) up to isomorphism. Indeed, two vertices in
V7, with the same label induce isomorphic rooted trees.

For x € V7, let he(z) := d(o,z) be the height of x in (7g,0). The (rooted) subtree 7,
from 2 in (7g, o) is rooted at x, has vertex set V, := {y € V;, x is on any path from o to y},
and the same edges, weights and labels as (7g,0) on V,. Note as previously that there exist
finitely many such subtrees up to isomorphism. V, is the offspring of z. If y € V,, it is a
descendant of = at generation he(y) — he(x), and x is the (he(y) — he(x))-ancestor of y. If
in addition he(y) = he(x) + 1, y is a child of z and z is its parent. The height-R level of
T denotes 0B(x, R), and B(z, R) NV, (resp. 0B(z, R) N'V,) is also called the offspring of x

up to generation R (resp. offspring of generation R, or R-offspring).

176



An oriented edge in a rooted tree is upward if the height of its initial vertex is smaller than
the height of its end vertex, downward else. Its height is the height of its initial vertex. An
oriented path of upward (resp. downward) edges is an upward (resp. downward) path. In
a tree, there is at most one edge between two vertices x,y. We will denote {x,y}, (x,y) and

(y,x) the corresponding edge and oriented edges.

A little history and plan of Section [4.1.3

Lyons [105] and Takacs [I33] have studied RWs on rooted periodic trees arising from simple
graphs, with weights corresponding to the SRW with a positive or negative bias towards the
root. Thus, this intersects our setting only when the bias vanishes, the RW being a SRW (hence,
it is reversible). The more general case of trees with finitely many cone types has been studied
by Nagnibeda and Woess [117] in 2002: these rooted weighted trees have finitely many subtrees
up to isomorphism (periodic trees obviously have finitely many cone types, whereas the converse
is not true). Their work relies on a fine understanding of the Green function initiated in [116],
which satisfies a finite system of (non-linear) equations, due to the repetitive structure of the
tree. Among others, they give a transience criterion for the RW in terms of the eigenvalues
of a matrix associated to the tree, and obtain a CLT for the rate of escape (or speed, i.e.
limy—, oo he(X;)/t) when it exists) in the transient case. Similar formulas for Green functions
were derived around the same time by Lalley [94] in the broader setting of regular languages.
Gilch [8T] later gave a formula for the entropy of the RW on regular languages, i.e. a law of
large numbers for (log P*(Xo, X)))r>0 where P is the transition matrix of the RW.

We extend slightly some of those results in the setting of periodic trees. We first give in Section
a simple transience criterion for the RW on the universal cover in terms of the base
graph (Proposition , which we have not found in the literature. In particular, under
assumptions [A.1] [A.2] [A.3] and [A.4] on G, the RW on (7g,0) is transient (Corollary [4.1.12).

A crucial argument from [78] is that whether the RW is reversible or not is irrelevant as soon

as the RW is irreducible and there exists an invariant measure (in our case, 7). Hence, we
can apply a classical transience criterion for reversible RWs (see [106]), noticing that |B(o, R)|
grows exponentially with R by

Thus, the loop-erased trace (&):>0 of the RW is an infinite injective path. It is a Markov chain
on (7g,0) with an easy description (Proposition [4.1.15). We can then define the entropic
weight of a vertex x € V7; as the probability W(z) that x is in ¢ if the RW starts at o. The
regularity of the structure of (7g, ) gives us a CLT for (log W (&))s>0 (Corollary 4.1.16). Note
that in the analogous Proposition 3 of [29] (in this case, the graph is locally a Galton-Watson
tree), there is only a law of large numbers and a domination for the variance, and this prevents
already to determine the profile of the cutoff window.

It remains to prove, in Section that the RW on (7g,0) has a positive speed. Precise
estimates on the Green function obtained by Lalley [94] and Nagnibeda and Woess [117] show in
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particular that for fixed z,y € 7g, P771g (x,y) decays exponentially with n. We prove that there
exist random times (7;) with exponential moments (Proposition such that in (7g, o),
he(X;,) > i and he(X:) > he(X;,) for all ¢ > 7;. Moreover, the trajectory of the RW after 7; is
independent of the trajectory until 7;. Hence we can decompose the RW into i.i.d. excursions
whose durations have exponential moments. This regularity allows us to prove that (he(X;)):>0
and (log W(X}))t>0 admit a CLT with nonzero mean (Theorem and Proposition [4.1.20).

Transience of the RW on 7g

In this section, we give necessary and sufficient conditions on G for the RW on (7g,0) to be

transient, and we prove Proposition

Proposition 4.1.10. Suppose that holds for G. Then the RW on (Tg,o) is transient if
and only if:

e cither G satisfies Assumption[A.2)

(€1,..., €m) for some m > 1 such that

—— 1).

e or G has one oriented cycle

w(e1) x ... xw(€m) #w(E@;) x ... xw(e

Proof. If G has no oriented cycle, then (7g,o) is finite and isomorphic to G, and the RW is
recurrent.
From now on, assume that G has at least one oriented cycle. Lemma below deals with
the case where [A.4] does not hold for G. Hence, suppose now the contrary.
If- A.2| does not hold, then by . A.4l G is reduced to a cycle. Denote C' = (e Lsenoes ?m) one
orientation of this cycle. (7g,o) is a line, and the transition probabilities along this line are
periodic and are given by the w(€;)’s and w(_> 1ys. It is recurrent if and only if w(€;) X

coxw(m) =w(@5N) .. xw(E ), see Woess [137] for a proof and a detailed study of this
one-cycle case. In a nutshell, one can compute that the probability that a RW on G starting at
the initial vertex x of ¢ runs through C before running through C~! is

w(€) X ... xw(en)
w(er) X ... X w(@m) +w(@m') x ... x w(erh)

If (X¢)t>0 is a RW on (7g,0), the law of its visits to the copies of x is that of a RW on Z
(where each integer represents a copy of x, and each interval between two consecutive integers

represents a copy of C') with transition probabilities

. P (?1)><
p(Z,l + 1) =1 p(l,l 1) - w(e1) < (?m) ( ) X ... X w(?fl)

for all ¢ € Z. Therefore, it is recurrent if and only if the above ratio is equal to 1/2, i.e

_>)>< — ) ——1 —— 1).

w( €y Xw(€m) =w(e, ) x...xw(e
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Assume now that [A.2] holds.

If|A.3] - 3| does not hold, then at least one edge of G has exactly one orientation ¢ with posmve
weight. In this case, the RW on (7g,0) is not irreducible. However, due to Lemma and
A.1} a RW (X}):>0 started at o has probability at least wlﬁﬁ' to cross an oriented edge with label
@ after at most ’Eg’ steps. Hence, if T := inf{t > 0, X, has label €}, then T is stochastically

dominated by a geometrical random variable of parameter p € (0,1) depending on G. After
this crossing, since 7g is a tree, the RW can never come back to its starting point. Hence, it is
transient.

Assume now that holds, so that the RW on (7g, o) is irreducible (since all oriented edges
have a positive weight). By Lemma 5.1 in [7§], it is enough to prove Proposition when
the RW associated to G (and hence to (7g,0)) is reversible. Indeed, this result states that
if a discrete irreducible Markov chain admits an invariant measure, then it is transient if the
additive reversibilization of the chain is. The additive reversibilization of the RW on (7g, o) is

the RW on (75, 0), where (75,0) is obtained from (7g, o) by modifying its weights as follows:

wle) = 5 (w6 + 20wl

(’73, o) is the universal cover of the graph G* defined as follows. Define

w* (@) =1 (w(?) v %w(?‘l))

for all z,y € Vr;, set

for every € € ﬁg with initial vertex u; and end vertex us. Let G* be the weighted graph
with the same vertex and edge sets as G, and with edge weights w*(?) for every e e ﬁg. By
construction of G*, the RW on G* is reversible. Therefore, the RW on (7g, o) is transient if the
RW on the universal cover of a reversible base graph G* is transient.

Now, we can apply a classical transience criterion for discrete reversible Markov chains. The
earliest proof we found traces back to 1983 (see [106]), and is derived from an analogous theorem
of Royden for Riemannian surfaces. It states that if a discrete reversible Markov chain has state
space 2, transition matrix P and invariant measure n, and if there exists a collection of weights

vV = (Vi,j)i,jEQ such that:
(1) VZ,] (S Q, Vij = —Vji,

. L . Lif ¢ = o,
(ii) there exists ig € 2 such that for alli € Q, 3, qvi; = 0l
else,

2
(iii) Zi,jeQ m < 00,
then the Markov chain is transient (here, we use the convention 0/0 = 0). Looking at conditions
(7) and (7i), we can interpret u as a current flow entering at iy and spreading to infinity through
an electrical network. The condition (iii) states that the kinetic (or electric) energy of the flow

is finite.
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In our setting, we consider the flow generated by a symmetric NBRW starting at o, i.e. moving
at each step to a uniform random child of its current position (hence not regarding the weights
w(?)): for all x € (7g, o) of height R > 2, let x; be 2’s parent and x3 be x1’s parent, and let

v — l/-'E27-'E1

T deg(xy) — 17

and set Vg, = —Vz, .. For every child x of o, let vy, = —vp 0 = 1/deg(o). For all 2,y € Vg
such that none is the parent of the other, let v, , = 0.
Then (i) holds obviously. (éi) is also straightforward. As for checking (iii), note that vy, , is
the probability that a symmetric NBRW started at o visits . Hence the sum of the transitions

from one generation to the next is always 1, that is, for all R > 0,

Z Vey = 1.

2€0B(o,R),ycdB(o,R+1)

Remark that there exists € > 0, only depending on G, such that for all neighbours z,y € V7,
7(x) Py, (x,y) > €. Therefore,

2

DT R D DY (D DY

eV ()P (2,9 720 \ (2,4)€0B (o, R)

< 2¢71 Z max Ve.y,
50 (@) €0B (0,R)

where 8?(0,}2) is the set of oriented edges with initial vertex in dB(o, R) and end vertex in
0B(o, R+1). Hence to check (#ii), it is enough to prove that the sequence (sg)r>1 is summable
with sp = Max B (o R) Vov"

One checks easily that the irreducibility of the RW on G, and together imply that
every non-backtracking path on G, after at most |Bg‘ steps, meets an oriented edge e leading
to at least two other oriented edges. Hence for all x € (7g,0), if R = he(z) and z; is the parent

of x, the shortest path from o to x; contains at least |[R — 1/ ‘Egu such edges €, so that
R/Eg|
Vg .z < K(1/2) (4.7)

for some positive constant K. Hence sp < K(1 — wmin)R/@g' for all R > 0, so that (sr)r>0

decays geometrically and the transience is proved. This concludes the proof. O

Suppose now that does not hold. G can be decomposed into a core ¢(G) satisfying
and ”branches” attached to it. ¢(G) is constructed as follows: erase all vertices x of G such that
deg(x) = 1 (call them leaves), and delete the edge attached to x. Perform this process again
on the resulting multigraph, and so on, until no more vertex is erased. Denote G’ the graph

obtained by this algorithm. For every oriented edge € of ¢, change its weight to w(€)/w'(x),
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where z is the initial vertex of € and w'(z) is the total weight of the edges in G’ starting at
this modified graph is ¢(G). Clearly, holds on ¢(G). Moreover, the RW associated to ¢(G)

is also irreducible (erasing a leaf from G does not affect the irreducibility).
Lemma 4.1.11. The RW on g is transient if and only if the RW on Tg) is.

Proof. Remark that ¢(7g) = T.(g), the erased vertices in Tg being exactly those whose labels are
erased in G. Let (X;);>0 be a RW on Tg. Note that a.s., (X;);>0 visits infinitely many distinct
vertices and edges of 7). The trace of (X;,) on 7, g) is defined as follows: for all p >m > 1
such that (Xp—1, &), (Xp, Xpr1) € Teg) and (X, Xi1) € Teg) for all m < i < p — 1, erase
Xy Xmt1, - .., Xp—1. Denote (X/)i>0 the sequence of remaining A;’s (ordered by increasing
labels). Remark that the way the weights are chosen in the definition of ¢(G) implies that (X})
is a RW on 7g), and it is transient if and only if (X}) is. O

From now on and until the end of Section assume that G satisfies [A.1] [A.2] [A.3] and
Then Proposition [£.1.10] implies the following:

Corollary 4.1.12. The RW associated to (7g,o) is transient.
In Section we defined the ray to infinity £ of a RW (A});>¢ in (7g, o) as:
§={z eV |35 >0, =z and Vt > s, X; € V,.},

with & := ENOB(AXp,t). The next Proposition expresses the following fact: due to the regularity
of 7g, the RW is "uniformly transient” and the probability to make R steps in a given direction

decreases exponentially w.r.t. R.

Proposition 4.1.13. For every base graph G, there exist two positive constants C1,Co so that
if (X)e>0 is a RW on (Tg,0), then for all R > 0 and x ¢ B(o, R),

P(3t > 0, X; = z) < Cjexp(—C2R).

Since those constants are independent of the choice of o, the Markov Property gives the following

generalization: for all s >0, y € (Tg,o) and x ¢ B(y, R),
P(3t > s, Xy = 2| X, = y) < Crexp(—CaR).
The proof of this proposition requires the following intermediate result.

Lemma 4.1.14. There exists a positive constant Cy, independent of the choice of vy, such that

for every child x of o, if (Xt)i>0 is a RW starting at o, then:
]P)(Vt >1, & € Vx) > Ch.
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Proof. Since the RW on 7g is transient, there exists an oriented edge (x1,z2) € 37—9 such that
a RW started at x1 has a probability p > 0 to visit xo at its first step and to never come back to
x1. Note that this holds with the same value of p if one replaces 1 (resp. x32) by any z € Vz
(resp. any x4 € V) such that (27, x5) has the same label as (z1,22). Let @ be this label.
We claim that [A.T] [A 2] and [A4] together imply that:

for any ?a, ?b € Eg with positive weight, there exists a non-backtracking path

(T1,..., @m) in G with m < |Eg| such that @1 = @4 and € = .

(4.8)

We apply this with the label of (o, z) as Caand €, =¢. Together with the projection property
of (7g,0) on G (Lemmal[d.1.9), it implies that there is an upward path (€1,..., €m) in T such
that m < \ﬁg\, 1 = (o,z) and €, has label € (recall the definition of upward path from the
end of Section[d.1.3). Note that we have {(X;) follows (€¢1,...,€m) and then remains in Ty, }
C{Vvt > 1, X, € V,}. Hence the Markov Property of the RW on 7g implies that

Bt > 1, % € Vi) > (wnin)™ % p > w29

min P>

Egl
mmgz D

It remains to prove 1) Let €4, € € ﬁg. The irreducibility of the RW 1) implies that

there is a non-backtracking path starting from €, and leading to an oriented edge whose end

and we can take Cy = w

vertex is the initial vertex x; of ?b. Hence, the NBRW can reach ?b or ?;1 (note that if
the NBRW reaches x; through ?b—l, its next step cannot be ?b). If w(?b_l) = 0, then the
NBRW might arrive at zj through another edge than ?b_l, hence its next step can be .

It remains to show that if w(?b)w(?b_l) # 0, there is a non-backtracking path from ?b_l to
. By there is a cycle C through @, and a cycle C’ through ?b_l, and we can impose by
that none of them is reduced to {€y, 7;1}.

If ¢’ is not the inverse of C, let €. be the first oriented edge of C (starting from ¢}) such
that ?c_l is not in C’, and =z its initial vertex. Then z. is the end vertex of an oriented edge
&4 of C. Therefore, a NBRW can go from ?gl to ?d, then to €. and finally to ¢} since
., €y eC.

If C’ is the inverse of C, by there is another oriented cycle in G. Since G is connected,
for some vertex . of C, there is an oriented edge €. € ﬁg \ {C U}, with initial vertex z..
By there exists a non-backtracking path starting at . and ending at some oriented edge
qc Eg \ {CUC’} whose end vertex x4 is on C. Note that there is a non-backtracking path
from €4 to any oriented edge of C. Hence, there is a non-backtracking path from ?b_l to e,
then to ?d and finally to ?b-

Moreover, one might impose that this path from Ty to @y is injective (by deleting its cycles),

so that m < |Eg| O

Proof of Proposition[{.1.13. Let R > 0 and x € V;. By the same reasoning as in the paragraph
above 1) on the shortest path p from o to z, there are at least m := [(R — 2)/|ﬁg|J vertices
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(excluding o and x) that are the initial vertex of two upward edges in (7g, o). Denote x1, ...z,
the first m such vertices by increasing height, and y; the child of x; that is on p. Let FE;
(resp. E!) be the event that (X;);>0 hits x; (resp. y;). By Lemma after hitting x;,
the RW has a probability at least Cy to escape through the child of z; that is not on p,
and to never hit y;. Hence by the strong Markov property, P(E!|E;) < 1 — Cjy. Note that
E, CE,CE ,C...CE CE. Therefore,

<P(MiZ, (E; N E7))

m—1
<P(Ey) x ] P(E}|E)P(Ei1| Ef) x P(E},|Eyn)
i=1
<(1—-Cp)™.
The conclusion follows. O

As a corollary, we can prove Proposition

Proof of Proposition[{.1.4. Note that £ N B(X;, R) = () implies that there exists y ¢ B(X:, R)

such that for some s > t, Xs = y, so that we can apply the previous Proposition. ]

CLTs for the RW on the universal cover

For z,y € Vg, such that w(z,y) > 0, let w(x,y) := P(y € {|Xo = x) be the probability that
the ray to infinity of a RW (X}):>0 started at = goes through a given neighbour y of z. Note
that this quantity only depends on the label of (x,y) (denote it ?), so that one might define
(7€) = w(z,y). Let G be G with weights (w(?))?eﬁg instead of (w(?»?eﬁg'

Define the Non Backtracking Random Walk (NBRW) on G as a RW (Zt)e>0 on Eg, such
that for all ?1, ?2 € Eg and ¢t > 0,

S =
% if the end vertex of ?1 is the initial
- 1
P(Ziy1 = ?2|Zt = €>1) = vertex of ?2 and ?2 % 7{1, (4.9)
0 else.

Lemma [4.1.14] ensures that for all € & Eg, w(€) > 0if w(€) > 0. In particular, by our
assumptions on G, and the claim in the proof of Lemma 4.1.14] the NBRW associated to 5 is

irreducible, so that it has a unique invariant probability measure 7.

Proposition 4.1.15. (Theorem F’ in [117]) Let (X;) be a RW on Tg with Xy = o, and let
pt = (&, &+1) be the t-th upward edge of its ray to infinity . Then (pt)i>0 is a NBRW on Ts-

Its first oriented edge is chosen among those with initial vertex o, with probability given by w.
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Proof. The assertion on the choice of the first oriented edge of (p;) is clear by definition of w.
It is then enough to prove that for all £y > 1, for all x € V7, of height ¢y + 1, and x; the vertex
of height 7 in the shortest path from o to z, i € {tx — 1,%0}:

w(xyy, )
Plpto+1 = (210, 2)| pto = (t9-1,21y)) = 1= w(xto P (4.10)
0 0—

For simplicity, write p := P(piy+1 = (Ttg, T)| pty = (Ttg—1,%1,))- Let 7 = inf{t > 0, Xy = x4, }

and denote (pgT))tZO the ray to infinity of (Xri¢)i>0. We have {py, = (xty—1,24)} = {7 <

00} N {p{"”) # 24y-1} and {prys1 = (215, 2)} = {7 < +00} N {p{” = z}. Let (pY)sz0 be the ray
to infinity of a RW started at xy,. Then

_ P{r < +oo}n{p” =a})
P({7 < +00} N {p{” # xt1})
_ P(1 < +o0)P(p! = )
P(r < +00)P(s # 1,-1)

W(Ty, T)
1 - (':Utoa xto 1)
by the Strong Markov Property applied to the stopping time 7. O

We define the entropic weight of a vertex x € V7, as the probability that = is in the ray
to infinity of a RW started at o, and denote it W(z). Let (xo,...,zH) be the vertices on the
shortest path from o to x, where H = he(x), so that 9 = o and xy = x. By Proposition4.1.15

w(xg, x
W (z) = (o, 1) X H — Zx ’;1 3 (4.11)
1y &

Remark that the transition probabilities for the first step of the ray to infinity are different,
since one does not condition on the event that the RW starting at z; will not go to infinity

through z;_;.

Corollary 4.1.16. There exist hyy > 0, ow > 0 such that for all x € V; and (Xy)>0 a RW
on (Tg, o) with Xy = o,

—log W (&) — hyyit )
\/E t—>—+>oo N(O’ UW)

i distribution.

t—1 )
Proof. From equation (4.11)), we have W (&) = %, so that

t—

—log W (&) = logw(€(pi-1)) + ) [log w(£(pi)) —log(1 — w((p:)))]
where E(?) is the label of @ for every oriented edge €. By Proposition and Lemma
4.1.9 (¢(p;))i>0 is a NBRW on G. We conclude by Lemma where the Markov chain is the
NBRW on G (hence 2 = Eg), and with f(€) = log () — log(1 — @(?)). 0

[\

Il
o
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It remains now to derive a similar result for (log W(AX}))t>0, which requires in particular to
prove that the RW has a positive speed. Since (X})¢>0 is transient, 6; := sup{t > 0| he(X;) =i}
is a.s. well-defined and finite for all i € N. Let 6; := 0;+1 — 0; be the time between the last
visits of the walk at level ¢ and at level i + 1, for ¢ > 1. Let 50 := 0. Note that = Xp,. We
have the following corollary of Theorem 2.5 in [94] (or Theorem C in [117]):

Proposition 4.1.17. There exist C3,Cy > 0 such that for alln >0 and z € (7g,0),
Pr(z,z) < Cyexp(—Cyn). (4.12)
We deduce the following:

Corollary 4.1.18. There exists Cs > 0 such that for all i,n > 0, and for all = Eg such
that P((Xp, 1, Xp,) has label €) > 0,

P(6; > n| (X, 1, Xp,) has label @) < Cs exp(—Cyn) (4.13)
when 1 > 0 and IP’(9~0 >n) < Csexp(—Cyn).

Proof. For ¢ = 0, this is a direct application of the above Proposition Now, for i > 1,
note that the law of (X;);>p, is that of a RW started at Ap, conditioned on making its first step
not towards the parent of Xp,, and then never coming back to &p, after the start. If A denotes
the event that this conditioning happens, then P(A) > wy,;Co by Lemma Therefore,

(4.12) implies that for all n > 1,

P(él > n) < Z P(Xgri-m = X0i+1)

m>n
1
o wminCO

Z C3 exp(—Cym)

m>n

<C5exp(—Cyn)

for Cp > —C3 O

WininCo

We say that ¢ € N is an exit time if the oriented edge (X}, Xi41) is upward, has label €. and
if X5 # X, for all s > t+ 1 (recall that 7, € ﬁg was arbitrarily picked at the beginning of
Section. For i > 1, let 7; be the i-th exit time and ¢; the corresponding exit edge. Note
that the ?i’s are exactly the edges of type e in p. Let 79 := 0 and 7; := 7,41 — 7; for i > 0 be
the i-th renewal interval. Remark that Proposition implies that 7, < oo for all ¢ > 1
a.s.

Let ¢; := (Xt)fﬁlgtgnH be the i-th excursion between two exit times. Let x, be the end ver-
tex of the oriented edge of label €, starting at o. Let €; be the projection of ¢ on (Tz., %), the
subtree of (7g, o) rooted at x,: for every i > 1, there is an isomorphism ¢; from (7x, ,,, Xr+1)
to (Tz., ) since Xy, 11 and x, have the same label. Let X; := ¢;(X;) for t > 7; + 1 and define

€ = (Xt)rt1<t<ry-
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Proposition 4.1.19. The random variables (€;);>1 are i.i.d., and there exist Cs,C7 > 0 such
that for all m,i > 0,

P(7; > m) < Cgexp(—Crm). (4.14)

Proof. Note that for all 1 > 1,

- law

(Xritt)>1 = (X)eo, (4.15)

where (X;) is a RW on (7g,0) starting at z, and conditioned on never visiting o. Hence the
variables €; all have the same distribution.

As for the independence, note that for all ¢ > 1, conditionally on 71,...,7 and &Ap,..., X,
holds. In particular, €; is independent from the sigma-algebra o (eq, ..., €;—1). From this,
we deduce that the €;’s are together independent.

We now prove . Remark that conditionally on the label of the oriented edge (Xp,_1, Xp,),
671- is independent of o ((QNk)ogkg,l) By Corollary|4.1.18] there exists a probability distribution
© on N with expectation £ := E[O] < 400 such that P(© > n) < Csexp(—Can) for all n > 1

and such that 0; is stochastically dominated by Z1 + ...+ Z;, where the Z;’s are i.i.d. variables
of law ©.
For allt >0 and all n > 1,

P(0|1j2e) = 1) <P(Z1+ ...+ Z|pjoc) > 1)

< Elexp(tZ1)] Ln/2€]
— etn

< (E[exp(tzl)]> [n/2¢]

021

for all £ > 0 by Markov’s inequality. Note that for ¢ < Cjy, E[exp(tZ1)] is finite, and that for
t = 0, Elexp(tZ1)] = > ;50 thE[jZ!ﬂ = 1+ &t + O(t?). Thus, there exists tp > 0 such that
0 <r < 1 where 7 := E[exp(toZ1)] exp(—2&1p), and we have P(0|,,/2¢] > n) < rln/28]

Let 9 := inf{k > 1,p; has type €}. Remark that @(€’) > 0 if and only if @(e/) > 0, for
every oriented edge ¢’. Hence holds on Bg, and there exists p > 0 such that for any
e Eg, a NBRW on Eg starting at ¢’ has a probability at least p to visit @ after at most

‘ﬁg‘ steps. By Proposition 4.1.15( and Lemma ¥ is stochastically dominated by |E')g|

times a geometrical variable whose parameter only depends on G (recall that the NBRW on 6

is irreducible, so that a NBRW on G will go through ¢ after a geometrical time, independently
of its starting position).
Thus, there exist constants «, 8 > 0 such that for all m > 0, P(?l,?g Z {p1,---,pm}) <

aexp(—Fm), implying that
P(r > 0,,) < avexp(—Lpm).
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Hence, for all ¢ > 0, since the (7;);>1 are i.i.d.,

P(7; > n) <P(70 + 71 > n)
S P(Opnj2e) > n) +P(12 > 01, 0¢))
< rln/28] 4+ arexp(—B[n/2£)).

This concludes the proof. ]
Recall that W; := —log W (AX}) is the log-weight of the RW. We now prove Theorem m

Proof of Theorem [{.1.3. Let WZ@ =1log W(X,,) —log W (X, ,) for every i > 1, and define the

quantity Wyn 1= mlneeﬁ w(?) Remark that for every ¢ > 1, Wi(e) < —7; log Wmin.

A(€)>0
By Proposition thiz (WZ)( ))Zzl’s are i.i.d., and for some constant C’ > 0 and all n > 1,
]P’(Wl(e) >n) < P(7; > —n/logWmin) = O(exp(C'n/log Wmin)), so that Wl(e) has moments of
any order. Let hy, := E[Wl(e)]. Clearly, WI(E) > 0 a.s., so that hy, > 0.

Now, cutting the trajectory of the RW into excursions between exit edges, we have

re—1

Wi = —log W(Xy,) — log W(X;) +log W (X,,,) + Y W
=1
where 7, := max{i > 0, ; <t} for all ¢ > 0.

By Proposition |4.1.19] again, log W (X~,) + log W (X;) — log W (-, ) = o(v/t) with high proba-
bility, so that by Slutsky’s Lemma, it is enough to show the existence of h,o > 0 such that

Z:t:_ll W( ) — ht law

Vit
Let 7 := E[r1] € (0,00), W(9); := Wi(e) — hy and T; ;= 7, — 7. For all A € R, if we set

Tt IW-(6>—M
D :z[P’(ZZl\/%T < A ), we have

WN(,0?).

’I’tfl
c hyt
pAzlP(Z Wi < +A\/£>
i=1 T
T‘z*l 7) ’I"tfl =~
) wTH’Z . ZXZzzl nghiw_i_i
Tre+ S T t TVt

_p hfw 14 Z:t:zl w 6)’i/(hw"ﬂt) Z: El Ti < hl + i
AT ST o)

The sequence (Wi(e))izl is i.i.d., and E[W ()] = 0. Since r; < t a.s., we have by Doob’s maximal

inequality:
P(| 205 WO = 3/7) < Plsupy <y | 31, W[ 2 £3/7) = o(1).
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Therefore, 377" W(©); = o(t2/3) with high probability as t — +oo, and Y7 ' 7 = o(t*/?)
for the same reason. In addition, the strong law of large numbers implies that r,/t — 1/7 a.s.

Hence,

1 7'=t—1 WO,/ (hy 1 el @, 7
+ 2z L /( ”):1+fz W% _Ti) 4 R, (4.16)
L+ 5 7i/(re) "t ’

where R; = o(t~%/?) in probability.

Sty (T, —t)—T1
si=l ' — ] + tf

; = 1+ o(t~%/3) in probability, according to Proposition

Furthermore,
4.1.191 Hence

= — 4+ —
1+ 30050 7/ () t TS

ho (1407 WO/ (hyre) N SHTMF by he &= )
tw 1= — 7
. ( > Zi+R

where Z; := M;L(;)Z — Zi and R} = o(t~2/?) in probability, and

S W et (S ,
IP’( L 7 S)x) < ZZ_h\f R,
re—1
_P<\Fzzl—h [_ :ﬁﬁ)

re—1
. i . \/>)\ /!
—P <\/ﬁ Z Z; < - + R )

where R} = o(1) in probability.

The Z;’s are i.i.d. variables, and we have E[Z;] = 0 and 0% := Var(Z;) > 0. Indeed by for
a fixed trajectory of £1 (hence a given value of Wl), 71 can take different values with positive
probability, so that Z; is not deterministic. And Z; has exponential moments by Proposition
so that o is finite.

Let r; := [t/7]. A consequence of the CLT applied to the series associated to the sequence
(7;)i>1 is that |r, — r}| < ¢¥/® w.h.p., so that

re—1 Té_l el
S 2= 32| < (B <5 and |z <40
, —1 i=1

w.h.p. by the same argument using Doob’s maximal inequality as above (4.16]). Moreover, we

have w.h.p. ﬁ — 1r£ < \/172 w/% — 1‘ < +72/3 and NTE t4/9. Therefore,
ry—1 re—1 rp—1 re—1 ry—1
LS S L s LS Y
t i=1 2:1 i=1

< ¢72/343/5 4 t_4/9t2/5

= o(1)
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w.h.p. so that

€ ri—1

Sop W) Y

P = L T <A| =P Z; < —+R
< Vit a Vi ; hw '

where RE?’) = o(1) with high probability. Applying the CLT to the series associated to the
sequence (Z;);>1 concludes the proof, and we have
hao%

hr = —~ and 0% = .
Tg T Tg T

Note that we could not have applied directly the CLT to ﬁ Z:t:_ll Z; since r¢ is random and
not a priori independent of the Z;’s (both depend on the 7;’s). ]

Proposition 4.1.20. (Theorems D and E in [117]) There ezist s,0s > 0 such that

h X a.s.
e(t QR (4.17)

and

W l%u N(O,U?,) (4.18)

Proof. The proof is similar to that of Theorem [4.1.3] Again, the fact that o5, > 0 is due to
A.3l O

Remark 4.1.21. The convergences in Theorem[{.1.3 and Proposition do not depend on
the choice of vi. Moreover, Theorem Proposition and Corollary give

h

o = shw. (4.19)

We discuss ways of computing h7; and s in the Appendix 1 (Section 4.1.6]).

4.1.4 Proofs of Proposition 4.1.2| and Theorem {4.1.1
The lower bound: Proof of Proposition [4.1.2

For all n > 1, let G,, be an arbitrary n-lift of G. The proof goes as follows: we couple a RW
(Xt)e>0 on G, with a RW (X});>0 on Tg. The estimate provided by Theorem on W; implies
that X} is concentrated on o(n) vertices with positive probability for ¢ close to h~!logn, and so
is Xy: cycles in G,, can only reinforce this concentration. This implies a lower bound on d,(t),
where

dy(t) = drv (PL(z,), 7), (4.20)

since , is almost uniform on V;,.
Fix z € V,, and o € V7, such that the label of o is the type of x. Let (&X;);>0 be a RW on
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(Tg, o) starting at the root. We couple (X;) with a RW (X¢);>0 on G, in the following manner:
let Xg = x a.s. For all t > 0, X;41 is the unique vertex of V,, such that there is an oriented
edge from X; to X;y1 whose type is the label of (X}, X;4+1). Clearly, (X;) is well defined and is
indeed a RW on G,.

We define a map ¢ from the set of oriented paths starting at x in G,, to that of oriented paths

starting at o in 7g: for all m > 1 and p := (?1, .. ?m) an oriented path of length m in G,,
d(p) = (€%,..., ") where €/ is the unique oriented edge such that its initial vertex is o, and

the label of € _>’ is the type of €1, and for all i > 2, € is the unique edge such that its initial

)

vertex is the end vertex of € ', and the label of ?; is the type of e

Remark 4.1.22. For all y € Vg, if p1 (resp. p2) is an oriented path of length t > 1 from o to
y, then ¢~ (p1) and ¢~ *(p2) end at the same vertex of V,,. The converse is not true as soon as
Gn has cycles: for every x' € V,, there are two distinct non-backtracking paths p1 and ps from x

to y', and the oriented paths ¢p(p1) and ¢(p2) lead to two different vertices yj and yh of (Tg, o).

Now, let A > ) € R and define t,, := Uog" + XN 3 ¢+v/logn|. By Theorem 4.1.3|and Proposition

T, v

lim inf P({W3,, < hrgtn — Aorg Vin} N {lhe(Xs,) — stp] > t23)}) > ®(N). (4.21)

2/3

For n > 1, define the sets A, := {W;, < hygtn — AorgvV/En} N {lhe(Xy,) — stu| > 7} and

Uy :={y € V15 | An N {&}, = y} # 0}. Note that for all R > 0,

> ep(-W(y) =1

er’Tg 7he(y):R

Hence for n large enough,
Un| <223 + 1) exp(hrtn — Ao1gvEn)

log
Sh exp(logn+(>\/—)\)2g7—g \/logn>

Tg

<nexp (()\’ - )\) 775 V log n) .

hrg

Let B, = {2’ € V,| A, N {Xy, =2’} # 0}. By Remark 4.1.22 |B,| < |U,|, hence

de(tn) = Y (Pl (x,2") — m(2'))

' €Bn

EP(ATL) - 7Tma:tn_l |Bn|

Z]P(An) — Tmax €XP <()‘, - )‘) T V log 7’L> )

4h7’g
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where we recall that mp,q, := max,cy, 7(v). Thus, by (4.21)),

liminf d, (t,) > ®(N).

n—-+oo
Note that this result is uniform in x, due to Remark [£.1.21] This concludes the proof with

3/2
th

h:h7;j and o =

The upper bound: Proof of Theorem [4.1.1

From now on, we focus on the case where G,, is a uniform random lift of G. The proof consists
of three parts, as detailed in Section

a) Almost mixing for a typical starting point

In this paragraph, we prove that with a large probability, G, is such that a RW (X;);>¢ started
at a uniformly chosen vertex x € V,, has a large probability to stay on a subtree T of G, for
t! = h~llogn + ay/Togn steps (hence not seeing cycles), where a is a constant given by Propo-
sition This allows us to couple (X¢)i>0 with a RW (X%):>0 on Tg (keep all the notations
of Section for (Xy)).

As underlined in the Introduction, by Proposition (X;) stays close to its ray to infinity
(at distance O(loglogn) during the first ¢, steps), and this reduces the number of vertices of

Gn that (X;) could explore. This ray localization also ensures that W (X;) and P!(z, X;) are

close quantities, so that for some constant K, for most 2’ € V,,, Pir(z,2) < e nlogn, and this
allows to deduce Corollary
Let 8 > 0 be an arbitrary positive constant.
The exploration.
Let n € N and N(8) := {y € V,, W(y) > n~texp(By/Iogn)}. Set
R :=|Cloglogn] (4.22)

with C' large enough so that C; exp(—C2R) = o(log™! n). Let (X;)¢>0 be a RW on (7g, o) started
at the root, independent of the realization of G,,. For every j > 1, let t; be the hitting time of
B(o,R+ j) by (X;). We reveal the structure of G, edge by edge, starting from x and making
systematic use of Lemma At every moment of the exploration, let ¢ be an isomorphism
between 7" and a subtree T of (7g,0), and denote Ly, and £ the respective height-k levels of T'
and T for all k > 0.

At step 0, T and ¥ are reduced to their respective roots xz and o, so that ¢(z) = o. Let
Xo=¢"'(X) ==

Reveal B(z, R + 1). If there is a cycle in B(xz, R + 1), stop the exploration. Else, include
B(z,R+1) in T. If ¢(B(z, R+ 1)) € N(B), stop the exploration. Else, let X; := ¢~ 1(X;) for
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t <t

For j > 1, if the exploration has not been stopped before time ¢;, set x; := X;, and let a; be
the R-ancestor of z;. Reveal the pairings of the yet unmatched half-edges of the non-marked
vertices of L ;. Erase the edges closing a cycle, and place a mark at their endpoints. Extend
¢ to Lryjt1, and place a mark at vertices y such that ¢(y) & N(B). Let then O; be the
(R + 1)-offspring of «j in T'. Stop the exploration at time t; if there is a marked vertex in O;.
Else, for t; <t < tj1, let X; := ¢~1(X;) and stop the exploration at time ¢ if X; = «;.

Stop the exploration at time ¢/, if it was still running.

For k£ > 1, we say that the exploration is k-successful if it does not stop before time k. If the
exploration is k-successful, then (X;)o<i<i is a RW on G,,.

Remark that by construction, T is indeed a tree. Informally, we take at each level all possible
vertices v such that W (¢(v)) is above a certain threshold, without creating a cycle. In fact,
it will turn out in the sequel that by Theorem m (X:) has a negligible probability to visit
before time ¢/, a vertex whose counterpart in 7g has a small weight (provided a is small enough),
and keeping these vertices in T' could create cycles, which we want to avoid. This construction
of T" depends on 3 (but it will turn out that the choice of § is not important for the results of
this Section).

Remark also that the purpose of stopping the exploration if (X;) visits a; after x; is to ensure
that (X;) stays at distance < R of its ray to infinity.

We insist that there are two sources of randomness: the matchings of the half-edges in G,, and
the trajectory of (X;). Denote Py, the annealed probability on G, and (X;), and Pg, the
quenched probability on (X;) conditionally on the realization of G,,.

Proposition 4.1.23. Fiz e > 0. There exists a < 0 such that for n large enough,
Punn (the exploration is t),-successful) > 1 — e.

Proof. Remark that for every j > 1, if the exploration is t;-successful, then it is not ¢;1-

successful only if:
e (X;) visits a; between its respective first visits at «; and x;41, or
e a cycle appears while matching the (R + 1)-offspring of 11, or
o W(p(aj)) <n~! exp(ﬁ\/@)w;ggﬂ), or
o i1 >t

Note in particular that if the third point does not hold, ¢(O;) C N(8) and no vertex in O; is

marked because its counterpart would have a too small weight. For all j > 1, let
E; := {the exploration stops at a time t € {¢t;_1 +1,...,t;}} N {t; <t}
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It is enough to prove that for a < 0 small enough, for n large enough, there exists Jy > 1 such
that
Papn({ts, < th}U {U}]LEJ'}) Se.

For n > 1, let Jy := |h~'slogn + vy/logn| where the constant v < 0 is such that we have
P(W(&y,) > n~texp(ByIlogn)) > 1—¢/8. By Corollary and by , this is possible if
one takes v small enough. Then if a < 0 is small enough, by Proposition we have that
for n large enough,

Pann (tJo < tiz) < 5/4

Thus, it remains to prove that
Pann (U721 E;) < 32/4. (4.23)
The probability that a cycle arises while revealing B(x, R + 3) is at most
AR+4

R+4 — 2C log A
A |Eg|n YN O ((logn) /n) :

Indeed, the set Lj contains at most A¥ vertices for all k& > 0, so that we proceed to at most
A+ A%+ 4+ AR < ABH pairings of half-edges. Hence for each pairing, there remain at
least ]Eg]n — 2A 4 ynmatched half-edges belonging to vertices not in 7', and at most Af+4
unmatched half-edges belonging to vertices in 7.

If B(x, R+ 3) has no cycle, for n large enough, for every y € ¢(B(z, R + 2)),

Wi(y) > wf‘lm >nt exp(B+v/logn),

so that there is no marked vertex in B(z, R + 2). Thus,
Punn(E1) = o(1).

Now, for j > 1, let E; - Ej be the event that (X;) visits «; between its respective first visits
at x; and z;41, let Y C Ef N (E7)° be the event that a cycle arises while revealing Oj1, and
let B C BN (B)°N (EY)° be the event that W (¢(a;)) < n~'exp(8y/Iogn)w, . Remark
that we have Ej41 C E; U EY U EJ(.?’).

On B, (Xi)i>r; visits ¢(a;), a vertex at distance R of its initial position. Thus, by the sec-
ond part of Proposition and our choice for R in , Pann(Eg-) < Cyexp(—C2R) =
o ((logn)™!), and this bound is uniform in j.

The R-offspring of ;41 contains at most AT vertices. Hence, at most Af*! pairings of half-
edges are performed to reveal Oj11. We claim that Lp,; contains at most Anexp(—/3+/logn)
vertices. If y € Lryj and y' is its parent, then ¢(y') € N(8) N £r4j—1. Since

oooooweh<s Y W) =1,

y"EN(B)NLRYj—1 y""€dB(o,R+j—1)
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and since W (¢(y')) > n~!exp(Bv/logn), there are at most nexp(—B+/logn) such vertices y’
(recall that ¢ is a bijection). Each has at most A children, and this proves the claim. Thus,

the probability to create a cycle while revealing Oj41, i.e. to connect a vertex of O;41 with a

vertex of Ojy1 U LRy is

O(n AT (|Lpyj] +|0j41]) = O(AT exp(—py/logn)) = o ((logn) ™) .

Hence Ponn(E]) = o ((logn)~!). Again, this is uniform in j.
We have E](-3) C E*, with E* := {3k <t/, W (X)) < n'exp(By/logn)w 2 }. Note that

min

E*C {3k <t,dX, &) > RyU{W(Ey) <n texp(By/logn)} U {ty, <t.}.

By Proposition 4.1.13|and (4.22)), a union bound on all 0 < k < ¢/, yields

Pann(ak < t%,d(.)(k,f) > R) = 0<1)
Moreover, by our choice of v and a, we know that

Pann({W(€5,) < n~exp(BvIogn)} U {ts, < ,}) < 3¢/8.

Hence, for n large enough, Pgp, (E*) < /2.
All in all, we have
Jo—1
]P)ann(ujilEj) § Pann(El) + Z Pann(EJ, U E;, U E](3))
j=1
Jo—1

S IP)ann(El) + Z (Pann(E;) + Pann(E;'/)) + Pann(E*)
j=1

<e/2+0(1)
< 3e/4

for n large enough. This establishes (4.23) and concludes the proof.

O

Remark 4.1.24. For large enough n, less than n exp(—28+/logn/3) vertices and edges of G,, are
discovered during the exploration. Indeed, as shown in the proof of Proposition[{.1.23, each level
of T has at most Anexp(—B+/logn) vertices, and there are no more than h=1logn levels, since
we stop the exploration after t!, < h='logn steps. Hence, T has less than nexp(—38+y/logn/5)

vertices. Fach vertex seen in the exploration is either in T or a neighbour of a vertex of T, and

every vertex of G, has at most A edges and A neighbours.

The result of Proposition [4.1.23]is annealed, and leads to a quenched result for "most” realiza-

tions of G, Corollary
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Proof of Corollary[{.1.5. Let €, K > 0. Take a such that Proposition [£.1.23 holds. We have
L—vn(Va) = X ey, Pir (z,2") — vp(2'). Remark that for all a,b,m € R, such that a > b,
a—aAm<(a—Db)+ (b—bAm), so that

L—vn(Va) < Y Plr(a,a) — va(a)
' eV \T

+ > (Pi@,a) - P (@2, 1)) + (P (o2, T) = v (o))
z'eT
where P (z,2',T) is the probability that a RW on G, started at = reaches 2’ in k steps without
leaving the exploration tree T', and v}, (z) := Pln (x,2',T)A M. Note that if the explo-
ration is #) -successful, then (X})1<;<¢ stays in T'. Applying Markov’s inequality to Proposition
we get that with probability at least 1 —+/, Gy, is such that Pg, ((X¢)1<i<y, leaves T') <
Ve. For such G,
> Pi(@a) —va@) + Y (Piw,a)) - P22/, 7)) < VE,
' eVp\T 2'eT

thus 1 — v, (Vi) < Ve + S, with Sy :=3>" L cp (Pf;% (x,2!,T) — V{L(az’)) . We now prove that for
n large enough and for any realization of G, that satisfies Pg, ((X¢)1<i<s, leaves T) < /e,

Sn < Ve, (4.24)

Note that for all 2’ € T, we have Pir (z,2',T) = P%(o,qﬁ(x’),i) where Pff-g(o,qb(x’),i) is the
probability that a RW on (7g, o) started at o reaches ¢(z’) in k steps without leaving ¥, the
subtree of (7g, o) corresponding to T'. Thus,

’ ’ exp(K+/logn
Sn < Z P’;’Z(Ovy/7{s) - <P’§g(oaylvz) N (n)>
y'eTg
/ / exp(K+/logn
<Y Plo,y) - (P;g<o,y’>A<n>
y'€Tg
¢ exp(K+/logn)
1= 5 (Ao ST
y'€Tg

<1 - (1-Pg, (P(Xo, Xy) > exp(Kv/logn)/n))
< Pg, (P%(Xoy Xy ) > exp(K+/log n)/n) :

Since (X})>0 is independent of the realization of G, we have that

/ exp(K+/logn / exp(K+/logn
IP’gTL(P%(XO,Xt%)Z p( n\/ g )>_pam (pf,g(xo,x%)z p( nx/ 8 )>
/ exp(K+/logn
ZIP’(P%(XO,X,:;L)ZW)

where P is the probability associated to (A;). Let A, be the R-ancestor of X} . Clearly,
W(A,) < w;an(X%) < exp(vlogn)W (A&} ) for n large enough. Hence if K is large enough,

then by Theorem for large enough n:
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P (W(Ay) < exp(KyIogm/2)/n) > 1 - V&,
And for every y,y’ € Tg such that ¢’ is in the R-offspring of y, we have that
{Ay =y, Ap € &} D {Ay, = '} N {(X4)>, does not visit y}.
Since d(y,y’) = R, by Proposition and the Markov property applied to (X;) at time ¢/,
P(An =y, An € €) > P2 (Xo,y') x (1 — Crexp(—CaR)),

s0 that W(A,) > (1 — Cy exp(~C2R)) Py (X, &) P-as.
Hence, with P-probability at least 1 — /e, Xy is such that

< exp(K+/logn/2)/n < exp(K+/logn)
~ 1—-Ciexp(—CyR) — n

P (X, Xy,

Therefore, Pg, (P% (Xo, Xy ) > exp(K+/logn) /n) < /e and (4.24) is established. Thus, we
have proved that with probability at least 1 — /e, G, is such that v,(V;,) > 1 — 24/e. Since

€ > 0 was chosen arbitrarily, this concludes the proof. O

b) The last jump for mixing

In this section, we complete the mixing initiated in Corollary proving a weak version of
Theorem for most starting points of the RW on G,,: for all ¢ > 0, there exists K(g) > 0
such that if S C V}, is the set of vertices s satisfying ]tgn) (6) — h=tlogn| < K(g)y/Iogn, then
T (S) = 1 as n — +o0.

We use the fact that w.h.p., G,, is an expander:

Proposition 4.1.25 (Expansion). Let L(Gy) := mingcy, r,(s)<1/2 Vtrﬁg)c) for n > 1, where

for all A,B C Vy,, W(A,B) = 3 cayen @ ay Tn(2)w(€) is the total weight from A to B.
There exists L > 0 such that w.h.p. as n — 400,

L(Gn) > L. (4.25)

We postpone the proof to the end of the section. In the literature, L(G,) is usually called the
conductance of G,,. The largest L such that (4.25]) holds is the Cheeger constant of (G,,)n>0.

An interesting application of this property is the contraction of L? norms:

Proposition 4.1.26. There exists K > 0, only depending G, such that for all n,t > 1, and all
x € Vy,

Vars, (k") — 1) < Varg, (5" , = 1)(1 — kL(Gy)?),

t,x

where k:]gz,)(a;’) = if‘:fj)/) Jor x, @' € Vi, and t > 0, and Vary, (f) == Y ey f(x)?ma(z) for
f:Va—R.
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This is a classical property. Arguments for the proof can be found in Section 2.3 (see in particular
(2.11) and (2.12)) and in Theorem 6.8 of [114]. We stress that it is not necessary for P, to be
reversible, as long as it is lazy.

It remains to link the total variation distance and the L? distance. By Corollary for n
large enough and for all p > 0, with probability at least 1 — e, G,, is such that:

do(th +p) = |Pi (@, ) = m()lrv < &+ [vaPE(-) = mal-)llrv
<e+ DlvnPp(,-) = ()l L2(x,)s

for some positive constant D (where v, PP (,y) = > ey Vnl, ') P (2',y) for every vertex y,
and recall the definition of d,(t],+p) from (4.20))). The last inequality is due to Cauchy-Schwarz
and the fact that m, min = infyev, Tn(u) = Tpmin/n. By definition of v, ||v, — 7rn||L2(7rn) <

exp(2K v/logn). Hence by Propositions [4.1.25( and |4.1.26] there exists a constant D’ such that
for ¢ > D'+/logn,

lnPR(, ) = Tl L2,y < € (4.26)

so that d,(t), + ¢) < 2e. This concludes the proof of this weak version of Theorem [£.1.1]

Proof of Proposition[[.1.25. The proof is a corollary from that of Theorem 1 in [20], which
states that there exists 6 > 0 such that w.h.p.,
E C
min 1PN
SCVa,ISI<IVal/2 |5

where E(S, S) is the set of non-oriented edges with one endpoint in S and one in its complement.
Noticing that |E(S, S€)| = |E(S¢,S)|, one might extend this property in the following way: for
all 0 € (0,1), there exists §(¢) > 0 such that w.h.p., mingcy, |sj<g|v,| |E(ﬁ9’fc)‘ > 0(6).

Let now S C V,, such that 7,(S) < 1/2. Recall that the invariant distribution of the RW

associated to Gy, is mp(z) = w(u)/n for all z € V,, of type u. Then there exists 6y € (0,1) such
that for any S C V,,, if m,(S) < 1/2, then |S| < 6y|V,,|. But W(S,5°) > WminTmin |E(ﬁ5’,‘|gc)|.

Tn (S) - Tmax

This implies (4.25), with L > §(00)WiminTmin/Tmaz- O

c) Extending the starting point

Fix e € (0,1). Let r := |C'loglogn| for some constant C’ > 0 such that r > 2R, where R was
defined in . Say that x € V,, is a root if B(x,r) contains no cycle, and denote R,, the set
of roots. Denote A\, the hitting measure on 0B(z,r) of a RW started at x.

This section is organized as follows: first, we prove that with high probability on G,,, the random
walk has a high probability to reach a root in O(loglogn) steps, uniformly in the starting point
(Proposition . Second, we prove that with high probability on G, for every root x of
Gn, a RW starting at = has a probability at least 1 — 3¢ to leave B(x,r) at a vertex y from
which the exploration described in Section a) is t -successful. This relies on the fact that
conditionally on {z € R, }:
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e the exploration from any given vertex y € dB(x,r) has a probability at most € not to be
successful (Lemma [4.1.30)), so that the mean value of

Az(y € OB(x,r), the exploration from y is successful)

is at least 1 — ¢,

e and the explorations from two vertices y,y’ € 0B(z,r) whose common ancestor in B(z,r)
is at distance at least R (which is the case for most such couples (y,y’) ) are almost inde-
pendent, so that for every x € R,,, A\;(y € 0B(x,r), the exploration from y is successful)

is concentrated around its mean.

Third, we give a proof of Theorem [4.1.1] “ (under |A.3] - 3| and |A.4 -, using the results of Sections

a and_b.

Lemma 4.1.27. W.h.p. as n — +o0, for every x € V,,, B(x,5r) contains at most one cycle.

Proof. We proceed via a counting argument similar to the beginning of the proof of Proposition
while estimating the probability that the exploration stops at step 0: take x € V,,, proceed
to the O(A®") successive matchings of half-edges to generate B(x,5r). Each matching has a
probability O(A®" /n) to close a cycle. Hence, the probability that at least two matchings close
a cycle is O ((A°")2 x (A% /n)?) = o(1/n). By a union bound, P(3z € V,,, z & B,,) = o(1). O

Proposition 4.1.28. Let ¢ := 5., where s is the constant of Proposition . For all 6 >0,
there exists ng > 1 such that for all n > ng and for all realizations of G such that Lemma

holds,

ma‘L/XPL (2, Vi \ Rn) < 6. (4.27)
xEVn

As a consequence, maxgcy;, pier] (x, Vo \ Rn) 5o.

Proof. Fix 6 > 0 and a realization of G,, such that Lemma holds, for some n > 0.

Let x € V;,. If B(x,5r) contains no cycle, then it is isomorphic to (7g, o) for some o € V7, on
its first 5r levels. For n large enough, for all o € V,, P(47/3 < he(X|o)) < 5r/3) > 1 -6 if
(X)i>0 is a RW on (7g,0) started at the root. Hence if (X;):>0 is a RW on G, started at z,
P(X|er) € Ru) =14

Else, there is only one cycle in B(x, 5r). Hence B(z,5r) is a cycle C' with trees T, attached to
its vertices v of degree at least 3. Let L € N be such that for all o € V7, for all y € (7g, o) such
that he(y) > L, P(3t > 0, &; = y) < 0 where (X})¢>0 is a RW on (7g,0) started at the root
(for any &, such L exists, by Proposition [4.1.13)). Let C(L) be the set of vertices at distance
at most L of C, and let ¢y := inf{t > 0,X;, &€ C(L)}. We claim that for n large enough,
P(tg > [logr]) < 0.

By the triangle inequality, all trees in B(z,5r) rooted on C that X; might visit for some
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t < |logr| have a maximal height at least 5r — |logr| > L for n large enough. Hence for every
0<t<|logr],

e cither X; ¢ C, and is at distance less than L from B(z,5r) \ C(L),

e or it is on C, and it is at distance at most |V| from a vertex v of C' of degree at least 3,
so that v is the root of a tree planted on C: a cycle in G cannot contain a path of |V + 1|

consecutive vertices of degree less than 3, and this holds for any n-lift of G,,.

Therefore, we have d(X, B(z,5r)\ C(z, L)) < |V|+ L. Hence P(Xyy |y |+ € O, L)) > wVIE

for all 0 <t <logr. Decomposing {1, |logr]|} into intervals of length |V| + L, we have
[logr/(IVI+L)]
) <

P(X1, Xa,..., X|1ogr € C(L)) < (1 - wl};‘:L =
for n large enough, and this proves the claim.
Suppose now that ¢y < |logr|. Note that there exists some (random) y € C such that Xy, is on
Ty. As remarked in the proof of the claim, T}, has height at least 5r — [logr|. Moreover, on its
first 57 — |log r| levels, (Ty,y) is isomorphic to a copy of (7g, o,) where o, is the type of y, from
which two branches starting at o, have been removed (corresponding to the two edges from y in
C). Recall that d(Xy,,C) > L+1. By definition of L and Proposition [4.1.20} for n large enough,
with probability at least 1 — 26, (X¢) does not visit y (and hence C) for tg <t <ty + cr, and
we have 47/3 < d(Xyy4er, C) < 57/3. On this event and on {to < [logr]}, B(X|.|,7) contains
no cycle so that X|..| € Ry,. Therefore, on this realization of G,, Pg, (X[, € Rn) > 1346
uniformly in the starting point x.
Hence, we have shown that for all § > 0, for n large enough and G,, such that B, = V,,,

max Pl (z, v, \ R,,) < 36.

$€Vn "

(4.27)) follows, and we conclude by Lemma O

For z € R, let P, be the probability distribution of G,, conditionally on the fact that x is a
root, and for all y € B(x,r), denote a(y,x) the vertex at distance R of y on its shortest path
to .

In addition, if at most nexp(—pB+v/logn/2) edges of G, have been revealed (where 3 is the
constant fixed at the beginning of Section , and if all revealed paths starting from y and
leading to revealed cycles go through a(y,x), say that G, is a good context for y.

Define the cut exploration from y as the exploration performed in [£.1.4] except that some
matchings may have already been revealed, and give a mark to a(y, z) (hence don’t explore the
offspring of ¢(«) and stop the exploration if the RW hits a(y,x)). If the cut exploration from

y is t/ -successful, we say that it is good.

Proposition 4.1.29. With high probability on G,, for all x € Ry,
Az({y| the cut exploration from y is good}) > 1 — 3e.
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To prove this statement, notice first that a cut-exploration from a good context has a large

probability to be good.

Lemma 4.1.30. Forn € N, let x € Ry, and y € 0B(x,r). Suppose that G,, has been partially
revealed and is a good context for y. Then we have

P (the cut exploration from y is good) > 1 — e.

Proof. One checks that all the arguments in the proof of Proposition remain valid. In
particular, the probability of creating a cycle while matching the (R + 1)-offspring of the R-
ancestor of the RW in the first ¢/, steps is o(1) and on the event that the exploration is not

stopped, the RW has a probability o(1) to visit a(y, x). O

Proof of Proposition[{.1.29. Let z be a root. Let aq,...,a, be the vertices of dB(z,r — R),
with ¢ = |0B(z,7 — R)|. For all i € {1,q}, let A; be the set of vertices y € dB(z,r) such that
«; is on the shortest path from x to y. We say that A; is intact whenever for all y € A;, for all
Jj <iandy € Aj, no vertex in the cut exploration from gy’ is matched to y. On the contrary, if
such a matching exists, say that the relevant edge is a mismatch. Denote V,, the set of vertices
a; such that A; is not intact. Denote V,,,;5 (resp. B) the set of y € 9B(x,r) which are not intact

(resp. which are intact and whose cut exploration is not good). It is enough to prove that
Pr(Az(B U Viis) > 3¢) = o(1/n),

where the o(1/n) is uniform in z € R,,.

Let I,, be the cardinality of V,,, and J,, the number of mismatches. Clearly, I,, < J, a.s. and
there exists K’ > 0, independent of x, such that for large enough n, |[0B(z,r)| < logk "n. Hence
by Remark while performing the cut explorations of all y € A; for all i < ¢, less than
nexp(—B+/logn/2) edges are created for n large enough. Edges arise from independent match-
ings, so that for n large enough, J,, is stochastically dominated by a sum of n exp(—3+/logn/2)
independent Bernoulli random variables of parameter 2log™ n /m. This entails for all integers
U>1:

P,(I, >U) <Pu(J, >U) < (

nexp(—/mo@/m) (2 log’ n) Y
U n

, U
< 21ogk’ n
=\ ow(avizn/2)
since () < MY for M,N € N. Letting U = |3/Togn/3], we obtain P, (I, > U) = o(1/n),
and this is uniform in x € R,,. But if I,, < |3y/logn/j3], by Proposition 4.1.13
Az(Vimis) < P((X}) hits a non-intact a; before leaving B(z, ) )

-0 (@e—czv—m) .
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For C' large enough in the definition of 7, y/logne~©2("—f) = o(1).
Therefore,

uniformly in z € R,,. Hence, it remains to prove that P, (A, (B) > 2¢) = o(1/n).

For i < g, let F; be the o-field generated by the cut explorations of the vertices in U;‘:lAja and
define ); := A, (BNA;), Z; := Y, — E (V| Fi1) and W; = 23:1 Z;. According to Lemma
for all 7 < ¢,

Ez(yz| -Fi—l) = 1{Ai is intact} Z )\$(y)P$(By|fz—1)
yeEA;

S 6)\33(141),

where B, = {the cut-exploration from y is not good}. In particular, \;(B) < e+ W,. And for
all ¢+ > 0,

Wis1 = Wi)? = 221 <2002, + Eo(Vipa| F)?)
< 222 (Aig1)” + 262 A (Aig1)?
< 4N (Ai1)?,

so that

—_

=}

q
Wit —W)? < 42 Ao(Aj)? < 4 max A (4).
j:

@
I
=)

By Proposition 4.1.13] max;j<ij<q Az(A4;) < Cre=2(r=R) 'We apply Azuma-Hoeffding’s inequal-
ity to the martingale (W;)i1<i<q to get

82

Px(Wq Z 5) S exp <—W> = 0(1/”),

so that P;(A\z(B) > 2¢) = o(1/n), the o(1/n) being uniform in all z € R,,. This concludes the
proof. O

From this and the conclusions of b), we deduce the following:

Corollary 4.1.31. For every € > 0, with high probability on Gy, for all x € R,
Ae ({yldy(t, + D'Viogn]) < e}) =1~
where D' is defined as in and dy is defined in .

Proof of Theorem[{.1.1 Let e > 0. Define T, := t), + D'y/log n+cr+2s~1r. For any realization

of G, and all vertices ,y € Vi, P1"(z,y) = Y ey, P (z,2')PI"="(2/,y), so that the distance
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to equilibrium starting from x satisfies

2d,(T),) = Z Z P,fr(:n,x’)PT?"_CT(:E',y) — 7n(y)

yeVy |2'eV,

< Y P )| P, ) —
' eVy,
by the triangle inequality. Thus by Proposition w.h.p. as n — +oo, G, is such that for
all x € V,,,

d.(T,,) < e+ sup dy (T, —cr). (4.28)
z'€Rn

Fix a realization of G,,. For all 2’ € R,,, again by the triangle inequality,

25~ 1p
dy (T, — er) < Z Z Pi(x y)d(T, —cr —0) | +Pg, (te(z)) > 257 1r)
yedB(a!,r) \ (=0

where 7.(z’) is the hitting time of dBg, (2/,r) by a RW started at z’. But ¢t — d,(t) is a

non-increasing function for all y € V,,, so that

do (T — cr) < Pg, (re(2’) > 257 'r) + > Aw(2)dy(t), + D'y/logn).
yedB(z',r)
By Corollary w.h.p. Gy, is such that 3 cpp(pr ) A (y)dy(t,+D'\/logn) < 2e. Moreover,
by Proposition for n large enough, Pg, (7e(2') > 2s71r) < ¢ for all 2/ € R,: since
Bg, («',r) is isomorphic to the ball of radius 7 in T by definition of R,, a RW on Bg, (2, r)
behaves like a RW on T until it hits dBg, (2’,7). Combining this with (4.28)), we obtain that
w.h.p., G, is such that

sup d,(7},) < 3e.
IEVn

This concludes the proof of Theorem [£.1.1] when [A3] and [A.4] hold. O

4.1.5 Relaxing the assumptions

We now establish that assumptions and are not necessary for Proposition and
Theorem [£.1.1]

Getting rid of [A.3]

Without loss of generality, we can assume that each edge admits at least one orientation with
positive weight. Suppose that does not hold, hence, that at least one edge has exactly one
orientation € with positive weight. In this case, the RW on (Tg, o) is not irreducible any more.
It is still transient by Proposition Moreover, assumptions and are enough to

imply that the RW can reach every isomorphism class of subtrees, independently of the choice
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of o, so all constants in Section can be made independent of v, and €.
As a consequence, all results of Section hold, with the following exceptions. Introduce the

assumption (weaker than [A.3|):
A.3*% At least one edge has both orientations with positive weight.
Then

o if does not hold, (X;) can not backtrack and Proposition [4.1.20| becomes he(X;) =t

a.s. for all ¢ (hence s = 1),

o if does not hold and oy = 0 in Corollary 4.1.16} there exists K7; only depending
on G such that Theorem becomes sup;ey |Wi — hgt| < K. Indeed, & = & for

all £ > 1 so that Wy = W (&) and hy, = hy, and by Lemma ow = 0 implies that
|W; — h;t| is bounded.

This implies straightforwardly Proposition possibly with ¢ = 0. One checks readily that
the reasoning of Sections a), b) and c) is still true, so that Theorem holds.
For Proposition[4.1.25]in particular, the original proof of Amit and Linial for simple non-directed
graphs is based on an argument that only requires and pick V' C V,,, that contains say
k vertices of a given type u. Those vertices lead to k vertices of type v by irreducibility of the RW
associated to G. Hence if V' has less than k(1 — ¢) vertices of type v, W/(V', V') /7, (V') Z €,
and we can suppose that every type is represented in V' ’almost’ in the same proportion as
the others. By there exist two cycles C1 and Cy # C| L of G such that from each of
those k vertices of type u, we can go along two trajectories featuring the types of C7 and Cy
respectively. If we want W(V', V') /7, (V') < e, then at least (1 — €)k of the k C;-like (resp.
Cs-like) trajectories should end in those k vertices of type u. Denote E; (resp. E3) this event.
Remark that we can suppose that C; and Cs don’t lie on the same set of non-oriented edges, so
that F; and Es are independent, and the probability that ;1 happens is the probability that a
uniform permutation of {1,...,n} sends at least k(1 — ¢) elements of {1,...,k} in {1,...,k}.
An estimation of this quantity via a union bound on the choice of the k(1 — &) elements and
Stirling’s formula, and a union bound over all possible subsets V/ C V,, of cardinality at most
Vy,/2 finishes the proof.

The fact that B(z, R) contains more vertices than
B(z, R) := {y| there is an oriented path of length at most R from = to y}

does not change anything to our reasoning (we only need that \E(m, R)| grows exponentially
with R, which is the case by |A.2]).

Getting rid of [A4]
As in Lemma {4.1.11] one can decompose G into a core ¢(G) satisfying and ”branches”

planted on this core. A similar decomposition holds for G,, as a n-lift ¢(G), of ¢(G) and
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branches isomorphic to those of ¢(G). By Lemmas [4.1.7| and [4.1.8) after ¢y steps of a RW
(X¢)t>0 in Gy, the number n(tg) of steps in ¢(G), follows a CLT: (n(to) — ato)/v/o — N(0, b?)
for some constants a > 0,b > 0 depending on G only. Moreover, the trajectory of (X;) on ¢(G),,
is a RW associated to ¢(G),, by the strong Markov property, so that Theorem holds (h is
replaced by ha). As for Proposition the excursion theory presented in Section is still

true, and so is Proposition [4.1.2

4.1.6 Appendix 1: computing i = h7, and s

In general, computing exact values for hr; and s is a difficult problem. Nagnibeda and Woess

[117] give two formulas for s depending on Green functions. The first one (equation (5.8)) is

L ) Fo1(1)
s = ﬁ% O @ (1= Py

where # is the invariant distribution of the NBRW associated to G (defined in Section ,
and
Fo(2) = Fpy(z) == Z}P’(Xn =y and Ak <n, Xy =yl =z)z",

n>0
for all z € C and z,y € V7, such that the oriented edge (z,y) exists and has label @, is the
"first passage” Green function. Note that the series F» has a positive radius of convergence.

The functions (F?)? cFo satisfy a non-linear system of equations given by

Fooi(2) = zw(@ ) + 2 Z w( € Fzr-1(2)Foo1(2)

g

for all € € Eg (Proposition 2.5 in [117]), where €’ < € means that the end vertex of € is
the initial vertex of ¢/. One can establish this by decomposing the trajectory of a RW (X}):>0
as follows: if x,y are such that (x,y) has label ¢, and if X, = y, then either Xip1 = z, or
X1 = v/ for some y' € Tg \ {x}, which happens with probability w(€’) where €" is the label
of (y,4). Now, (X;) can come back to z in k steps only by reaching y in k' < k — 1 steps and
then reaching = in k — k' steps.

Letting q(7,y) := F(;,)(1) the probability that (X;) reaches y at least once if it starts at x, the
transition matrix @ of the NBRW on TQ satisfies

w(@)(1—q(@')

(e, e = . 4.29
Q( €€ ) Z?”%?,?”;ﬁ? w(?ﬂ)(l — q(?ﬂ_l)) ( )

Indeed, if (z,7) and (y,y') have respective labels € and €”, if (X;) starts at y, in order to leave
to infinity through y':

e either it goes through (y,y’) and never returns back from w to v: this has probability
w(@)(1—q(e')),
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e or it goes through any (y,y”), comes back to y, and will leave to infinity through y': this

has probability > -, _— w(@")q(@" 1w (e).

Recall that @(€") is the probability that (X;) leaves to infinity through y. Hence
() = w(@)(1—q(@ ) + gz w(@)e(@" )i (e,
thus

(E)/) _ w(?/)<1 B Q(?,_l))

1= Y on 2 w(@)g(e"-1)
Recall that @\(_},?’ ) = %Z—l), from which we derive the formula (4.29). Note that
Yoon w(€)g(€" 1) < 1 since ¢q(¢) < 1 for all ¢ € Eg. Then, it remains to com-

pute the unique invariant probability measure of @

Knowing (F?(l))?eﬁg and 7, one can compute s. However, those quantities are the solutions
of non-linear systems of equations, for which no explicit general solutions have been found.
Even for the seemingly simple case where G has only one oriented cycle (and the inverse cycle),
continuous fractions are involved to derive non simple expressions for the F'z’s in [I37]. The
second formula for the speed in [I17] is derived from a powerful theorem in [127], and involves
again those series. For the SRW on periodic trees, Takacs obtains similar equations and gives
explicit solutions for three particular cases (examples 4.7, 4.8 and 4.10 in [133]).

hw has a simple expression in terms of () and 7, namely

hw =Y #(¢)(log(l—(€)) —log(e), (4.30)
2eEg

hence once one manages to compute s, computing hy; is straightforward (recall that hy, =
shw).
Gilch [81] studies transient random walks in the more general context of regular languages, and

obtains a law of large numbers:
— log Pr_(Xo, X;)/t =5 I (4.31)

for some positive A’ if the random walk is transient. He proves that A’ is an analytic function
of the weights in G and discusses the possibilities to compute the entropy. He obtains a formula
that reduces to in our particular context: A’ is given as the product of three factors,
h' = A71H(Y) (Theorem 2.5), where in our particular setting, A = 1 is the expected distance
between Xy, and Ay, ,, h(Y) = hy and £ = s is the rate of escape, whose computation in [S0]
is the equivalent of that of [I17] for regular languages.

Note that in our setting, can be deduced from Kingman’s subadditive ergodic theorem.
We have P%—g(?c'g, X) = Py (X, XS)P;-;S(XS, X) a.s. for all 0 < s < t. Moreover, if the label of
Xy is distributed according to 7 (hence, so is the label of A, for all » € N), the random variables
P;-; 5(Xs, X;) and P;-; *(AD, Xi—s) have the same distribution that only depends on ¢ — s, and we
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can apply Kingman’s theorem to obtain (4.31)). Since 7 is strictly positive on all labels and the
convergence is a.s., the result holds if the label of X} is chosen arbitrarily. Note that this does

not imply that A’ > 0.

Remark 4.1.32. Comparing the formula in [81)] with , we get h' = hy;. However, one
can prove this equality without using the results of [§1]. The fact that hy; < h' is a consequence
from the ray localization of Proposition[{.1.4 Indeed, for all e >0 w.h.p. ast goes to infinity,
P7t-g (Xo, X) > exp(—(h' +e€)t), and (X,)n>t has a probability o(1) to visit the (loglogt)-ancestor
of X, (the o(1) is uniform conditionally on X, by Proposition , so that w.h.p., this ancestor
and X, itself have a probability at least exp(—(h' + 2¢)t) to be in the ray to infinity, so that
hry < ' + 2e.

Conwversely, by , there exists a set Sy of at least exp((h' — e)t) vertices, such that Xy € Sy
w.h.p. ast — +oo and such that for all x € St, exp(—(h' +¢e)t) < P%—g (Xp, ) < exp(—(h' —e)t).
By , we can impose that st — et?/3 < he(z) < st + et?/3. The fact that the vertices of Sy
are localized in less than 3¢t?/3 consecutive levels implies that we can decompose Sy = U™ S!,
for some m > \St]/A?’EtQ/B > exp((h' — 2¢e)t) fort large enough, where S. is a subtree of (Tg, o)
with some root x;, and of height less than 3¢t*/3. x; mazimizes W (z) for x € S], which implies
that W(x;) > exp(—(h7g —€)t) for all i < m, and that 3, W(xi) > mexp(—(h7; — €)t).
Moreover, we can impose that x; is in the offspring of no other z;, so that Zlgigm W(z;) < 1.

From this, we deduce that hyg; > h' — 3¢. Further details are left to the reader.

4.1.7 Appendix 2: is laziness necessary?

It is easily checked that the fact that a > 0 is not necessary except for the proof of Proposition
so that the rest of our reasoning still holds for « = 0 with minor changes (for instance,
one might have ¢ = 0 in Proposition if G does not satisfy and if Tg has a cylindrical
symmetry, and the RW on G might have a period d > 1, in which case one should look at the
RW (X¢)¢>0 at times {t = kd + r, k € N}, for each residue r modulo d, details are left to the
reader).
A sufficient condition to guarantee that the results of [I14] required for the proof of Proposition
hold would be that there exists ¢ > 0 such that for all n large enough,
f7va331f(f):15pgpn(fv f)= Cf,Vari:}Lf(f):lgpn(f’ f) (4.32)

where Ep, (f, f) = 5 yevs (F(2) = F())* Pu(z,y)m(2) and By(z,y) = = Py(y,z), and
Ep: p, is defined analogously (note that 7, is invariant for P, and P;P,).

This is clearly true for a > 0: for all z,y € V,,,
P:Pn(xay) Z P;(.%‘,y)Pn(IE,JJ) Z OCP;(J},y),
hence Epxp, (f, f) = afp,(f, f) for all f (note that Ep, (f, f) = Epx(f, f) for all f).
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4.2 An example with a precise cutoff window: the NBRW on
non-weighted graphs

4.2.1 Setting

Let G be a finite multigraph such that[AT] [A.2]and [A.4]hold. Suppose that for every u € Vg, all
oriented edges going out of u have the same weight (this uniformity on the weights is also called
the "non-weighted” case). In particular, is satisfied. Denote N = ’I’L|Eg| the cardinality of
E,.

Let P (resp. P,) be the transition matrix for the NBRW on ﬁg (resp. ﬁn), defined as in .
It is irreducible by . We suppose that it is also aperiodic. One checks easily that P is
bistochastic, so that its invariant measure is the uniform distribution. The same holds for P,.
We will denote (Y%)r>0 a NBRW on ﬁn and (Yj)k>o its projection on Eg. Note the following
analogue of Lemma with an identical proof:

Lemma 4.2.1 (Lemma for a NBRW). (Y)r>0 is a NBRW on ﬁg.

We denote p the pairing of the half-edges of ﬁn. We will abusively identify each half-edge u
with the oriented edge starting at u. We define t, (), ™" (¢) and ¢ () as the e-mixing
times from u € ﬁn, in the worst and in the best case, as in |i

Let

1
W= log deg(x)

be the average log-degree of an element of Eg (and thus of Bn), where we set, for € € Eg:
deg(x) :={y € Eg, P(z,y) > 0}|. Define similarly deg(z) for x € Bn Fix @ € E and let

1 1 2

0'2 = ! 5 O e — ! 5 O e T
=FE D log(deg(2)) — =—E | ) log(deg(Z) | 72 | |

t=0 ’ g ’ t=0

where (Z;)i>0 is a NBRW on ﬁg with Zy = € a.s. and T is the first hitting time of @ after
0. Note that deg(z) > 1 for all x € ﬁg by and that the maximal degree of an oriented
edgeis A —1> 2 by (recall that A is the maximal degree of a vertex in G). Thus p and
o are well-defined, and p > 0. By Lemma o2 does not depend on the choice of 7. We

make the additional assumption
A5 02> 0.

Note that o2 = 0 iff 7,* Zzo_l log(deg(Z;)) is constant a.s., so that many graphs G satisfy
For instance, it is enough that there are two cycles containing @ on which the average
log-degree is not the same.

Without loss of generality, we impose o > 0. For n > 1, let

oo logn logn

n

and w¥ ;=0 .
I " 3

(4.33)
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4.2.2 Results

The results that we obtain are similar to those of Section 1]

Proposition 4.2.2. For any deterministic sequence (Gn)n>1 of n-lifts of G, and for any ¢ €
(0,1),

tmin —
lim inf &) ~ o1 (e), (4.34)

n—-+o0o u);"L

where ® was defined in .

Note that this does not depend on the lift structure. For a typical lift (when n is large), this

lower bound is attained:

Theorem 4.2.3. Suppose G, is a uniform random lift. Then for any e € (0,1),

fmax _—

e~ B o1 (e). (4.35)
Remark 4.2.4. One can derive easily from our proofs below that Zf does not hold (for
instance if all vertices have the same degree), then for all & > 0, [tT9% () — ¢ |+ |tMn(e) — tF| =
o(v/logn). By comparison, in the case of a uniform regular graph, it has been shown in [101)

that the window around the mizing time is of constant size.

In Section [4.2.3] we give a short proof of Proposition [4.2.2] using a geometric growth argument,
estimating the weight of a typical path by Lemma[4.1.8 This also gives a lower bound for Theo-
rem In Section we show the upper bound. The proof is similar to the corresponding
theorem in [27], for the NBRW on configuration models.

4.2.3 Proof of Proposition 4.2.2]

Let u € En and take Yy = w a.s. For k > 0, let wy be the weight of the path (Yp,...,Y%),
i.e. the probability that (Y});>o follows this path on its first k& steps. Note that wy, is also the
weight of (Yo,...,Y}), since deg(Y ;) = deg(Y;) for all j. From Lemma and Lemmam

we deduce that

lim P(logwy € (—uk + aocVk, —uk + boV'k)) = ®(a) — (b). (4.36)

k—+o0

Fix ¢ € (0,1), take ¢/ > ¢ and a < ®71(¢'). If k = |t} + d/w};| for some constant a’ < a, we
have for n large enough by (4.33):

1 1 1 1
H 1 iz iz

1
<logn — (a—ad)o 08T
w
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Thus (4.36]) with b large enough such that ®(a) — ®(b) > & yields

P(wy, > 1) > €

for n large enough, where 7, := exp(C+/logn)/n for some arbitrary constant C € (0, (a;\%)").

In other words, the NBRW has a probability at least ¢’ to stay on paths of weight at least
T, during the first k£ steps. Since the probability that the walk took indeed a given path is
equal to its weight, there are at most €’/7, such paths. Thus, there exists T}, C ﬁn such that
|Ty| < &'/7, and P[Y, € Ty] > €.

Thus for n large enough, the distance to equilibrium (defined as in ) satisfies

du(k) > > e, (PE(u,v) — %) > € — Ng—;n >&'(1 —exp(—Cylogn)) > e,

so that k < t,,,(¢). This is uniform in w, so that liminf, | Mﬁ > a/. Since &7 is

continuous, we can take a’ arbitrarily close to ®~1(g), and the proof is complete.

4.2.4 Proof of Theorem [4.2.3

The lower bound is a consequence of Proposition [4.2.2, We first suppose that the following
Propositions [£.2.5] and [£:2.6] hold to establish the upper bound, before proving them.
We say that u € En is a root if the ball g(u, r) made of the oriented paths of length r starting

at u is a tree (i.e. it does not contain any cycle, even non-oriented), where
r:= |loglogn|.

Let R, C ﬁn be the set of roots. It is not true (even with high probability only) that all oriented
edges are roots, however, most of them are and the NBRW quickly reaches a root (Proposition
, independently of the starting point. And from any given root u, the probability of
reaching any given root v after approximately ¢! + Aw} steps is close to (1 — ®(\))/N for any
constant A (Proposition. From there, we can go quickly to any other oriented edge, again
due to Proposition [£.2.5] and to the fact that P is doubly stochastic.

Proposition 4.2.5. It holds that
max P, (u, En \ Rn) 5o. (4.37)
uc Ln

Proposition 4.2.6. For an even integer t =t + Aw} + o(w},), it holds that

min min Pz, p(y)) > 1= () + O]P(l).
2€Rn yeR,,\ B (w,r) N

Now, consider ¢’ even such that ¢’ = ¢} + w} +o(w};), and let t := ' —2r (note that t—t' = o(w;,)).

(4.38)

Since the pairing p of the half-edges is an involution and thus is bijective, we have for u € Bn:

du(t') = dy(t +2r) = Z <]1f — P (y, p(o))) . (4.39)

veEn, *

But for all v € En,
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PE (u, p(0) > e, P ) S erBan) Pt(z, p(y) P (p(y), p(v)).

By Proposition m Pl(z,p(y)) > % forall x € Ry, and y € Ry, \ ﬁ(m,r), and by
symmetry, PL(p(y), p(v) = P}(0,y). Thus,

P (u, (o)) > LN S~ i g LSS pre )y - ST P |

N
TER, YERR ZGB(J?,T‘)

where the op(1) does not depend on u or v. Let S, be the set of oriented edges whose initial
vertex is in B(sy,4r), where s, is the initial vertex of u. If v € En \ Sy, for every z € V,, and
z € ﬁ(m,r), P! (u,x)Pl(v,2z) =0, so that

2
o 1— 0\ + op(1) T L— 20 + 0e(1)
Pn+2 (u, p(v)) = N (1 - Znela}i P (z, ﬁn \ Rn)) > N

by Proposition Plugging this in (4.39)), we get
du(t') < B(X) + 0op(1) + 5 |Sul < B(N) + 0p(1),

since |Sy| < 14+A+...+ AYHl < /N (recall that the maximum degree of a vertex is A). This
is uniform in u, and we have

max dy (') < ®(\) + op(1),

uc bin

which yields the upper bound for Theorem

Proof of Proposition [4.2.5

We say that u € ﬁn is a bulb if ﬁ(u, 2r) contains at most one cycle (non necessarily oriented).
Let B,, C En be the set of bulbs. We first prove that

w.h.p., By = En. (4.40)

Proof of . Let u € Bn Each oriented edge leads to at most A — 1 others, hence ﬁ(u, 2r)

contains at most
I+ A-D+...+(A-Dr<(A-1)>H =K

oriented edges. Starting from u, we can explore its neighbourhood as described in Lemma [4.1.6
proceeding to no more than K pairings. Each pairing has a probability at most K/(n — K) to
create a cycle, since at every moment of the construction, for each type in ﬁg, there are at
most K unpaired half-edges in ﬁ(u, 2r) and at least n — K unpaired half-edges in En Thus,
if p is the probability that ﬁ(u, 2r) contains at least two cycles, a union bound on the couple

of pairings (i, j) where the first two cycles happen gives

_ K \? _ K* - CK*
r< > (ixw = m—K)2 = N2
1<i<j<K

210



for some constant C' > 0 since K = o(n) and N/n = |ﬁg| Note that K* = o(IN), so that there
is a probability o(1/N) that w is not a bulb. A union bound on u € ﬁn yields the result. O

Second, we prove that starting from a bulb, the probability that the NBRW is not on a root
after r steps is o(1), where the speed of convergence to 0 only depends on G (in particular, it
neither depends on the choice of the initial bulb, nor on the lift structure).

Let u € ﬁn and take Yy = u a.s. If ﬁ(u, 2r) contains no cycle, then the NBRW is in R,, at
each of the first r steps and we are done. Suppose that there is a unique cycle C in ?(u, 2r).
Let Cy C En be the set of states from which the probability to be in R,, after r — ¢ steps is less
than 1. For 1 <t < r, let p; be the probability that Y; € C;. It is enough to prove that

pr—0 (4.41)

uniformly in v and the structure of B(u, 2r). Remark that from any v € B(u, 2r), there is
at most one transition that the NBRW can take in order to keep a chance to attain C before
leaving ?(u, 2r): else, there would be another cycle. There is one exception: when v is just
outside C and points toward a vertex on it. Again, due to the uniqueness of C, the walk can
meet such a v only once. Moreover, if (Y}) leaves this path to C, then Y, will surely be in R,,.

Therefore, for at least r — 1 steps,

Pit1 = pi/ deg(Yr).

Note that by and there exists an oriented edge on ﬁg that the NBRW (Y,) cannot
avoid oriented edges of degree at least 2 for more than |ﬁg| — 1 consecutive steps. Hence, the

same is true for (Yy), so that
. < 2=/ 1Esl],

This yields (4.41]) and the conclusion follows.

Proof of Proposition [4.2.6

Consider two distinct half-edges z,y. Recall the sequential construction of G, from Lemma
4.1.6 Pairing half-edges one after another, we grow a couple of trees 7, and 7, starting from
x and y respectively. These trees will have final height ¢/2 (recall that ¢ is even), and are made
of non-backtracking paths. We then estimate the probability that at least one half-edge of 7T,
is matched with one of 7,, and this yields a lower bound of P!(z,y). This procedure is called
”exposure process”. It was already used in [101] and then [27], which we follow more closely.
A noticeable difference with [27] is that one has to pay attention to the type of the leaves since

one can match two half-edges if and only if their types correspond.
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The construction

At the start, all half-edges are unpaired, and 7, and 7, are reduced to x and y respectively. A
move consists of three steps:

Step 1: pick an unpaired half-edge u € T, where T := T, U Ty, of height less than ¢/2 and of
maximal weight. The height of v in T is the height of its vertex in 7, or 7,. The weight of
u, denoted w(u), is the weight of the path from = or y to u, depending on whether v € T, or
u € Ty. Choose any total order of the half-edges to break possible ties.

Step 2: match u with a random (uniform) unpaired half-edge v.

Step 3: add the vertex of v and all its half-edges in 7, if none of them was already in 7. This
condition ensures that both 7, and 7, will not contain any cycle.

The construction ends when no half-edge remains available for Step 1.

After the construction, let F be the set of remaining unpaired half-edges in 7, called leaves of
the trees. A leaf u is said to be good whenever w(u) > n~%/%. Let £, and L, be the sets of
good leaves of T, and 7,. Denote H the set of the other leaves.

For any e € ﬁg, let Eg and £y? be the subsets of good leaves of type € in 7, and type €

in 7, respectively. Define

T% = Z w(u)w(v)lw(u)w(v)>97 (442)
(uw)eL? x L7
T% = Z w(u)w(v)lw(u)w(v)gg, (443)
(uw)eLE xLZ
and
To =15+ 73, (4.44)
where 0 := —1 We claim that it is enough to prove the following three Lemmas.

nlog?n’

Lemma 4.2.7. For all € > 0,
1
P | nPi(z,y) < Z T5 —¢e|=o0 <> . (4.45)
ﬁ
Lemma 4.2.8. For all e > 0, and = Eg,

P {Zw(u)<@%e}m{z,yenn} :0<7112>, (4.46)

ueﬁf g
- . —
and the same holds for L7 instead of L .

Lemma 4.2.9. For all € > 0,

Pl > T%Z?—i—a :0<n12). (4.47)



Fix indeed ¢ > 0, and suppose that the conclusions of these Lemmas hold. Note that the
0(1/n?) is uniform over the pairs x,y € R, in every Lemma (since the events considered might
only depend on the types of x and y, for which we have no more than ‘Bg‘ choices). Hence, by

a union bound, these conclusions hold w.h.p. for all pairs z,y € R,,. Then

Pi(x,y)=n" [ Y Y5 -
?Eﬁg
d(A
>n ! ZT:@H— ZTt—(%—i—a)—s
2cEg 2cEg | Egl

. . o(\) 2(Egle
1 +

Zn Z T?+ Z T? "N N
?EEQ ?EEQ

by Lemmas and Moreover,

Z T%—l—T:g: Z Z w(u) Z w(v)

Cckg PeBg \ueLy veLy
> \ﬁg\| ' Tt
g

1
S B
| Eg]
by Lemma [4.2.8] This yields

t 1 |Egle ®(0\)  2/Egle
Pn(x7y)ZN_ N - N - N
_1-80) _ 3Egle

- N N

Since € > 0 was arbitrary, the conclusion follows.

The remaining subsections are devoted to establishing these Lemmas.

Proof of Lemma [4.2.7]

Fix ¢ > 0. We use Stein’s method on concentration inequalities for exchangeable pairs, as
presented in [52]. We need the weights to be not too large, and this is the reason why we

needed to introduce T=, and Ti;). Since good leaves have height ¢/2, we have
Ple o) > Yoz, Wo
with
Wz = Zueﬁf7veﬁy? w(u)w(v)luzp(v)1w(u)w(v)§6'
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Now, fix € € ﬁg. The sets of half-edges of type ¢ (resp. ?_1) that are still unpaired at the
end of the construction have the same cardinality m. A uniform random matching between
those sets shall take place in order to complete the construction of the random lift (due to
Lemma . We apply Proposition 1.1 in [52] to the random variable W? = %: for any
a >0,

— N )
P([W— —E[W=]| > a) <2exp | ——— a4 ,
AEW—] + 2a

where the expectation is taken with respect to the pairing. Note that IE[V[N/?] = ﬁT% and
that m = n + o(n) uniformly over all possibilities for the exposure process. Therefore, taking

a = 5x7 in the previous inequality for all e, we get

nPi(z,p(y) > Y Y5 —¢
?Eﬁg

with probability at least 1 — exp(—c%e) for some constant C' (note that Y= is bounded above
by 1, so that E[W@] < -L2). Since p = 1/(nlog®n), this probability is 1 — o(1/n%) and we are
done.

Proof of Lemma [4.2.8|

By symmetry, it is enough to prove the Lemma for 53. Fix € > 0. Take Yy = = a.s. Then

Z w(u) = Pgp(Yy)s is of type ¢ and is on F\ H)
ueLly?

> Ppp(Yyo is of type €) — P(Yy/o & F \ H),

where Pgp is the law of (Y}) conditionally on the exposure process. Suppose that

P{ ) w(u)<2-¢/2}N{z,y € Ru}) =0 <1> . (4.48)

n2
ue€F\H

This entails that the event {Pgp(Y;/5 is not located on F\H) > ¢/2} N{x,y € R, } has proba-
bility o(1/n?). Since P is bistochastic and irreducible, (Y;) has a unique stationary distribution,

which is uniform. For n (and thus ¢) large enough,
Prp(Yys is of type €) = Ppp(Yy)s is of type €) > 1/[Egl—¢/2,

for every realization of the exposure process. Hence,

P {Zw(u)<’%—e}ﬂ{x,y€7€n} = o(1/n?).

ueﬁf g’

Therefore, it only remains to establish (4.48)).

214



Proof of . Take § = ¢/4. We split the proof into two natural parts: first, we prove that

P (%w(u) > 5) =0 (;2) .

]P’({Z w(u) <2-6yn{z,y € R,}) =0 (;) . (4.49)

ueF

Second, we show that

As for the first part, set Yy = z a.s. Then

t/2—1

1
u;;zw(u) <P jl;[o Tea ¥ <n 34
where H, := T, NH. By Lemma [£.1.§
t/2—1 ) -1 »
Il W Gy =)=

for n large enough. We treat ZueHy w(u) the same way, and the conclusion follows.

It remains to prove , which we do by introducing a martingale of which we control the
first and second moments.

Suppose that z,y € R,,. Let 7 be the random number of moves in the exposure process, and
(Fj)j>0 be the natural filtration associated to this process: 7 is a stopping time with respect
to this filtration. Let U; be the set of unpaired half-edges in 7 after j moves for j > 0, and
K; = Zuer w(u). Observe that the sequence (Kj);>¢ is non-increasing, and that we have
Ky = K, = 2 since z and y are roots. Then, when we pick an unpaired half-edge u € 7 and
match it with another half-edge v, it might happen that v is also in 7. Thus, we lose w(u) and
w(v). Formally, for j > r + 1,

Kj=Kj1—1j<:1yev, , (w(uy) + @(v))) (4.50)

where u; is the unpaired half-edge picked at the j-th move and v; is the half-edge to which it

is matched. Remark that w(u;) is F;_1-measurable. It holds:

E[Kj — Kj|Fj1] = = Licr | @(u))P(o; € Uil Fia) + Y w(v;)P(v; = v|Fj-1)

’UEUJ'71
> 1. w(u]')|Uj71|+Kj,1
- T n—2j+1 '

Indeed, 2j — 2 half-edges have been paired, so that there are still at least n — 25 + 1 unpaired

half-edges (other than u;) of each type. Hence, for every v € Uj_1, P(v; = v|Fj_1) < #H,
which implies
U;_ 2vev;_; @(v) K;_
P(v; € Uj—1]|Fj-1) < n|_j2j_1|-|1 and 3 e, , @(v)P(v; = 0| Fj1) € — 25— = b7

215



We also have
(K — vafl)2 = Li<rlyeu; (@ (uy) + w(vj))2’

hence

w(u)?|\U;_1| + 2w (u;) Ki_1 + - w(v)?
E [(K; — Kj-1)*|Fp1] §1j<T< e R :

n—25+1

Since half-edges are selected in decreasing order of weight, for every u € U;_1, its parent has
weight at least w(u;), thus w(u) > %. But the total weight of the elements of U;_q is

K;_1 <2,s0 that |Uj_1| < %. Note also that w(v)? < w(v) for any v. Hence
J

2A + 2
E [Kj — Kj71|f]€_1] Z _1]§T m, and
QAw(u]‘) +6
n—2j+1 "
We sum those inequalities for j = 1,...,7. Observe that the sum of the weights of all the

E[(K; — Kj—1)?|Fr-1] < 1j<;

half-edges u1, ..., u, that were once selected in the exposure process is at most ¢+ 2, since there
are t/2 4 1 generations on each tree 7, 7,, the total mass on each generation being at most 1.

Hence

.
<Y () <t 2.
j=1

Since t = o(n'/®), we have 7 = o(n) and we get for n large enough:

Y E[K; — Kj1|Fe1] = —3Atn~ 1/ (4.51)
k=1
and .
> E[(Kj— Kj1)*|Fro1] < 3Atn~ V4 (4.52)
k=1

Denote a and 8 the RHS of (4.51)) and (4.52)) respectively. Fix v > 0 and define the martingale
M, by setting M,(0) = 0 and

k

M (k) = (Kjo1 = Kj) Ay = E[(Kj1 — Kj) Ay|Fj-1] (4.53)
j=1

for k € N. It is straightforward that P(|M, (k) — M, (k —1)] < v) = 1, and we may apply

Proposition 2.1 (p.5) in [77] with a = 97, b= 8 and K = v to get:

0 3 9+8/7* 0
P(My(1) >9y) <e (5 n 9’yQ> <Cp
for some constant C' > 0 uniquely depending on 7. And 8 = O(n~Y/ 40y by definition of ¢ in

Proposition and by (4.52)), so that
1

P(M, (1) > 97) = o () . (4.54)

n2
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To conclude, it is enough to show that for n large enough,
max |K;j—1 — Kj| <~ almost surely. (4.55)
IST

Indeed, on {maxj<, |K;_1 — K;| < v}, K; > Ko — M, (7) + .. Moreover, Ko = 2 and a = o(1).
Together with , where we can take v > 0 arbitrarily small, this yields the result.

The irreducibility of P and the existence of a half-edge with degree at least A — 1 > 2 imply
that every non-backtracking path on G meets an oriented edge with degree at least 2 every |Eg|
steps at most. The same holds on the balls of radius r around = and y, which are included in
7. and T, respectively since z,y € R,. This divides the weight of each path in T by at least 2
after at most |ﬁg| steps. Hence, for n large enough, for every j > r, max(w(u;), w(v;)) < v/2
almost surely, so that maxj<, |K;_1 — Kj| <~ (recall that Ky = ... = K, = 2). This yields
(4.55]). O

Proof of Lemma [4.2.9]

We proceed as in the first part of the proof of (4.48)). Fix ¢ > 0 and ¢ € ﬁ Let (Yj);>1 and
(Z;)j>1 be independent NBRWs starting at = and y respectlvely. Let & be the event that Y}/,
is of type ?, that Z; is of type ?_1, and that

Clearly, it holds that

Denote (Z)r>o the projection of (Zg)g>o on ﬁg, which is a NBRW by Lemma ??. Note that
Y;, and Y, are of the same type for all k, and similarly for (Z;), so that

t/2—r

1 1
Il @z =0 ) =P\ U awaaz) =)

where we recall that » = loglog n. The proof of Lemma in [54], which relies on an excursion
decomposition of the trajectory of the random walk, allows the following slight modification:
in the random walk (X¢)o<i<n, we can replace (Xt), 2<t<n by a random walk (X})o<i<pn/2+1
starting at an arbitrary state in 2. We apply this version of the Lemma by concatenating the

trajectories of (Yj)1<j<t/o—r and (Z;)1<j<t/2—r-

t/2—r t/2—r
1 x > —
F =" 20| =P log(deg(Y;)) + log(deg(Z;)) < —log 6
s g(Y;)deg(Z;) — ; og(deg(Y;)) + log(deg(Z;)) < —log

Z og(deg(Y;)) + log(deg(Z;)) < u(t — 2r) + A/t — 2r + o(v/t — 2r)
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Then, uniformly on Y, J2—rs Y, is of type € with probability ? + o(1) since the stationary
distribution of the NBRW on Bg is uniform, and the same holds for Z; (independently of Y7).

Hence
O(\) +¢

<
T |EgP

and we obtain the desired result by summing on € € ﬁg.

~
ol +

4.3 Diameter of random lifts
In this section, we compute the oriented diameter D,, of G,,. For n > 1, we set

D, = _max min{k > 0,y € ﬁ (z,k)} (4.56)
7y€ n

We make the assumptions [A.T], [A.2] and [A.4) on G. Note that the distribution of D,, only

depends on n and on which oriented edges of G have a positive weight. To compute the non-

oriented diameter, it is enough to give a positive weight to both orientations of every edge,
hence our setting already includes this case.
Let Ag be the oriented adjacency matrix of G: it is a matrix indexed by EJF E+ where

EJF C ﬁg is the set of oriented edges with a positive weight, and for every ( _> _>’ ﬁJ“

— N
Ag( €, € ) - 1{?_1 and €’ start at the same vertex, and €’ # ¢ 1}

Note that Ag is irreducible by (4.8)). Let D be the Perron-Frobenius eigenvalue of Ag, i.e. its

largest eigenvalue, which is positive and simple by the Perron-Frobenius theorem. Then

Theorem 4.3.1. As n — 400,

Let us give a brief intuition on this result. Since G, is an expander (Proposition |4.1.25)) with
bounded degrees, its diameter should be of order logn. The constant log~! D comes from the
fact that D is the growth rate of the universal cover, and that there are too few cycles in G, to

reduce this rate.

Remark 4.3.2. Using the same core/branches decomposition than in Section we see
easily that the result holds without and that Ag and A.g) have the same Perron-Frobenius

etgenvalue.

4.3.1 The growth rate of the universal cover

As in Section root Tg at some vertex o. Denote B (o, R) the oriented ball centred at o of
radius R, i.e. it consists of all oriented paths of length R started at o.
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Lemma 4.3.3. _
log(|0B(o, R)|) -1
_— 1 D.
R Rj—oo 8

Naturally, this result is independent of the choice of o.

Proof. For R > 1, let ap := |8B(o, R)]|, and for every € & Eg, let ag(€) be the number of
vertices z in |9B(o, R)| such that if y is the parent of z, then (y,z) has type €. Denote @ g
the vector (aR(?))?eﬁg' Then for every R > 1, @y = Agd g so that by an immediate

induction:

?R = Agilﬁl.

D is the largest eigenvalue of Ag and has multiplicity 1. Moreover, by |B(o, R)| grows
exponentially with R so that D > 1. Therefore, there exist constants ¢, > 0, uniquely
depending on G, such that for every R > 1,

ar = Z?eﬁg ar(€) € [eD®, ¢ DF).

The conclusion follows. O

4.3.2 Proof of Theorem [4.3.1

Lemma and the fact that |B(z, R)| < |B(o, R)| for every x of the type of o and every
R > 1 imply that

lim inf > log™!' D.
n—+oo logn a.s.

It remains to prove that this lower bound is optimal. We proceed in three steps. Fix ¢ > 0.
First, we show that w.h.p., for every z € V,,, the ball B(x, R,,) for R,, := |(1/2—¢)log™' Dlogn|
has no more than [2/e| + 1 cycles, so that its successive generations grow exponentially at rate
log D, as E(o, R) when R — +o00. Second, for y ¢ E(a:, R,), we build similarly the ”adjoint”
ball E*(y, R,), made of the oriented paths reaching y. The corresponding adjacency matrix is
the transpose of Ag, so that it has the same Perron-Frobenius eigenvalue D. Third, we use the
expansion to connect B (z, Ry) to B* (y, Ry,) in Kgelogn steps, Kg being a constant uniquely
depending on G.
Step 1 Let R, := |(1/2 —¢)log™! Dlogn|. We claim that w.h.p., G, is such that for every
eV,

n'/272 < |0B(z, Ry)| < n'/?7¢/2, (4.57)

Proof. Let ke = |2/e| + 1. We first show that w.h.p., for every = € V,,,
B(z, R,,) contains at most k. (non-oriented) cycles. (4.58)

Let z € Vj,. Reveal B (z, Ry) in a breadth-first way, by successive pairings of half-edges. Since
B (z, Ry,) contains no more vertices of each type than B (o, Ry,), the total number s of pairings

satisfies
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s < A|B(o, Ry)| < nl/27¢/2

for n large enough, by Lemma [4.3.3] Hence, the probability that more than k. cycles appear

during those pairings is less than

e
(”1/26/2> (L”WWJ) < oken(1/2=8/2)2key—ke < n=3/2,

n — nl/2—€/2 k.

1/2—¢/2

Note indeed that at each step of the construction, at most n unpaired half-edges have

been discovered and at least n — n'/27¢/2 half-edges of each type have not been paired. This
yields .

Then, let 7, be a spanning tree of E(x,Rn): when building E(w,Rn), do not include in 7T,
the edges that close a cycle. For k = 1 to R,, and every € € E, let ak’n(?) be the num-
ber of oriented edges of 7, from the k-th to the (k 4 1)-th generation, and E}km the vector
(akvn(?))?eﬁg' It satisfies the same recursive equation as (@ g)r>o in LemmaEEI, with

at most k. 7—1” distributed arbitrarily to some ak,n(?), for k> 1and @ € E g. Unless

Ay 1= Z?efg akm(?) = 0 for some k > 1 (w.h.p., this happens for no =z € V,,, by Proposi-
tion , a bounded number of ”—1"’s does not prevent the exponential growth of ay,, at
rate log D. Indeed, in the first loglog n generations, there are at least (2k.)~! loglog n consecu-
tive generations without a —1, during which akm(?) becomes larger than log logn for every e
(for n large enough). Then, each subsequent —1 divides the size of ak,g(?) by a factor less than
2. Therefore, as in Lemma, there exist constants c,¢’ > 0 such that for n large enough,

ar, n € [eDfn ¢ DEn]. The conclusion follows. O

Step 2 Let y € V;,\ B(z, R,) and v*(y, Ry,) be the ball centred at y made of the oriented paths
of length R, arriving at y. Define similarly B*(o, R,,). We can readily adapt Lemma and
thus (4.57)), Ag being replaced by its transpose Af;, the latter having the same Perron-Frobenius

eigenvalue.

Step 3 If B*(y, R,) intersects B(z, R,), then there exists an oriented path from z to y of

length at most 2R, < llgggg. Suppose that this is not the case. We expand B(z, R,) until we
hit B*(y, Ry,).
Let Kg := Lmnin/2, where we recall that 7,y is the smallest weight of the invariant probability

distribution 7w of the SRW on G, and where L was defined in (4.25). By Proposition {4.1.25
w.h.p. G, is such that

for every z € V,, and for i > 1, |B(z, Ry 4 i)| > (1 + Kg)'|B(z, Ry)|, (4.59)
as long as |B(z, Ry + )| < n7tmin/2. Let
R! :=10elog™ (1 + Kg)logn.
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Starting from B(z, Ry,), reveal B(z, R, + R, — |Bg|) in a breadth-first way. If we hit B*(y, R,,),
then there is an oriented path from z to y of length at most 2R, + R],. Else,

0B(x, Ry + R, — |Eg|)| > nl/2+6:

by 1) Then, by Step 1, Step 2 and the pigeon-hole principle, there exist ?, A= ﬁ such
that

e there are at least |0B*(y, Rn)\/|ﬁg| > nl/273¢ vertices of B*(y, R,,) that are the initial
vertex of an oriented edge of type @ (and that edge does not belong to B*(y, Ry)),

e there are at least |0B(z, R,+R,,— |Eg|)|/‘ﬁg‘ > nl/2+5¢ yertices of OBz, Rn+R%—|Eg|)

that are the initial vertex of an oriented edge of type e’ (and that edge does not belong

to B(z, Ry + R, — | Eg|)).

Denote respectively A, and A, these sets of vertices. Now, we build a path of length at most
|ﬁg| from A, to A, via a binomial argument. Let 21, 22, ... be the vertices of A, listed in an
arbitrary order. For ¢ = 1,2, ... successively, if no oriented path has been discovered from some
zj,J <1 to Ay, reveal one path from z; to some oriented edge of type e (such a path exists by
applied to €,="¢ and € = ?) The probability that this path ends on A, is at least
nl/2—3¢ /n. Therefore, the probability that for some ¢ > 1, one of these oriented paths lands on

A, is at least
1 —P(Z = 0), where Z ~ Bin(|n!/2+5 | n=1/273¢),
But for n large enough,
P(Z=0)=(1- n_1/2_38)L"1/2+55J < exp(|n!/?1%¢ | log(1 — n~1/273%)) < exp(—n®) < n=5.

By a union bound on z,y € V,, the probability that such a connection does not exist for some
x,y € V, is o(1).
All in all, we have shown that w.h.p., G, is such that for every x,y € V,,, there is an oriented

path of length at most
2R, + R, <log ! Dlogn + 10elog~1(1 4+ Kg)logn

from x to y. Since € > 0 can be taken arbitrarily small, this concludes the proof of the upper
bound and hence of Theorem E.3.11
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