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Université Bourgogne Franche-Comté
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Giuseppe Dito Université de Bourgogne Examinateur
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Résumé

Le but de ce mémoire d’Habilitation à Diriger des Recherches est de présenter les as-

pects géométriques et algébriques quantiques des théories de jauge supersymétriques,

qui émergent de la nature non perturbative de la structure du vide, induite par les

instantons. Nous commençons par un bref résumé de la localisation équivariante

de l’espace des modules d’instantons, et montrons comment obtenir la fonction de

partition d’instantons et sa généralisation aux théories de jauge de carquois et de

supergroupes de trois manières, par : la formule d’indice équivariant, la formule de

l’intégrale de contour et la formule combinatoire. Nous explorons ensuite la description

géométrique de la théorie de jauge N = 2 basée sur la géométrie de Seiberg–Witten du

point de vue de la théorie des cordes et de la M-théorie. Avec sa relation aux systèmes

intégrables, nous montrons comment quantifier une telle structure géométrique via

la Ω-déformation de la théorie de jauge. Nous discutons également de la structure

algébrique quantique sous-jacente aux vides supersymétriques. Nous introduisons la

notion de W-algèbre de carquois construite par double quantification de la géométrie

de Seiberg–Witten, et montrons ses spécificités : les W-algèbres de carquois affines,

les W-algèbres de carquois fractionnaires et leurs déformations elliptiques.

Mots-clés : Instanton, Localization équivariante, Théorie de jauje de carquois, Théorie

de jauje de supergroupe, Géométrie de Seiberg–Witten, Systèmes intégrables, qq-

caractère, W-algèbre de carquois, Algèbre vertex.
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Abstract

The aim of this memoir for “Habilitation à Diriger des Recherches” is to present quan-

tum geometric and algebraic aspects of supersymmetric gauge theory, which emerge

from non-perturbative nature of the vacuum structure induced by instantons. We start

with a brief summary of the equivariant localization of the instanton moduli space, and

show how to obtain the instanton partition function and its generalization to quiver

gauge theory and supergroup gauge theory in three ways: the equivariant index for-

mula, the contour integral formula, and the combinatorial formula. We then explore

the geometric description of N = 2 gauge theory based on Seiberg–Witten geome-

try together with its string/M-theory perspective. Through its relation to integrable

systems, we show how to quantize such a geometric structure via the Ω-deformation

of gauge theory. We also discuss the underlying quantum algebraic structure aris-

ing from the supersymmetric vacua. We introduce the notion of quiver W-algebra

constructed through double quantization of Seiberg–Witten geometry, and show its

specific features: affine quiver W-algebras, fractional quiver W-algebras, and their el-

liptic deformations.

Keywords: Instanton; Equivariant localization; Quiver gauge theory; Supergroup

gauge theory; Seiberg–Witten geometry; Integrable system; qq-character; Quiver W-

algebra; Vertex operator algebra.





v

Acknowledgements

First of all, I’d like to express my sincere gratitude to my collaborators involved in

my research, in particular, presented in this memoir: Heng-Yu Chen, Bertrand Eynard,

Toshiaki Fujimori, Koji Hashimoto, Norton Lee, Hironori Mori, Fabrizio Nieri, Muneto

Nitta, Keisuke Ohashi, Vasily Pestun, Yuji Sugimoto, Peng Zhao, Rui-Dong Zhu. In

addition, I’m also grateful to Yalong Cao, Martijn Kool, Sergej Monavari, Kantaro

Ohmori. I could not have materialized this memoir without stimulating discussions

and conversations with them, which provide a lot of clear insight for my understanding

of the universe of physics and mathematics.

I’m deeply grateful to Hiraku Nakajima, Alessandro Tanzini, Maxim Zabzine, who

kindly accepted to be the reporter of the memoir, Daniele Faenzi, who took the role of

the president of the jury committee, and Giuseppe Dito, Kenji Iohara, Stefan Hoheneg-

ger, Marcos Mariño, Boris Pioline, who participated the committee as the examinator.

I would appreciate their kind help provided even in the difficult pandemic period.
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“Habilitation à Diriger des Recherches” with a warm environment to carry out my

research there.

Finally, last but not least, it is my great pleasure to express my gratitude to my

family, 佳菜, 太智, 祥太, 紗弥子, for eternal encouragement, and for making my life

enjoyable and invaluable.





vii

List of works presented in this memoir

[Kim20] T. Kimura,

Integrating over quiver variety and BPS/CFT correspondence,

Lett. Math. Phys. 110 (2020) 1237–1255, arXiv:1910.03247 [hep-th].

[CKL20a] H.-Y. Chen, T. Kimura, and N. Lee,

Quantum Elliptic Calogero-Moser Systems from Gauge Origami,

JHEP 02 (2020), 108, arXiv:1908.04928 [hep-th].

[CKL20b] H.-Y. Chen, T. Kimura, and N. Lee,

Quantum Integrable Systems from Supergroup Gauge Theories,

JHEP 2009 (2020), 104, arXiv:2003.13514 [hep-th].

[KS20] T. Kimura and Y. Sugimoto,

Topological Vertex/anti-Vertex and Supergroup Gauge Theory,

JHEP 04 (2020), 081, arXiv:2001.05735 [hep-th].

[KP19a] T. Kimura and V. Pestun,

Super instanton counting and localization,

Preprint, arXiv:1905.01513 [hep-th].

[KP19b] T. Kimura and V. Pestun,

Twisted reduction of quiver W-algebras,

Preprint, arXiv:1905.03865 [hep-th].

[KZ19] T. Kimura and R.-D. Zhu,

Web Construction of ABCDEFG and Affine Quiver Gauge Theories,

JHEP 09 (2019), 025, arXiv:1907.02382 [hep-th].

[CK18b] H.-Y. Chen and T. Kimura,

Quantum integrability from non-simply laced quiver gauge theory,

JHEP 06 (2018), 165, arXiv:1805.01308 [hep-th].

[KP18a] T. Kimura and V. Pestun,

Fractional quiver W-algebras,

Lett. Math. Phys. 108 (2018) 2425–2451, arXiv:1705.04410 [hep-th].

https://doi.org/10.1007/s11005-020-01261-5
https://arxiv.org/abs/1910.03247
https://doi.org/10.1007/JHEP02(2020)108
https://arxiv.org/abs/1908.04928
https://doi.org/10.1007/JHEP09(2020)104
https://arxiv.org/abs/2003.13514
https://doi.org/10.1007/JHEP04(2020)081
https://arxiv.org/abs/2001.05735
https://arxiv.org/abs/1905.01513
https://arxiv.org/abs/1905.03865
https://doi.org/10.1007/JHEP09(2019)025
https://arxiv.org/abs/1907.02382
https://doi.org/10.1007/JHEP06(2018)165
https://arxiv.org/abs/1805.01308
https://doi.org/10.1007/s11005-018-1087-7
https://arxiv.org/abs/1705.04410


viii

[KP18b] T. Kimura and V. Pestun,

Quiver elliptic W-algebras,

Lett. Math. Phys. 108 (2018) 1383–1405, arXiv:1608.04651 [hep-th].

[KP18c] T. Kimura and V. Pestun,

Quiver W-algebras,

Lett. Math. Phys. 108 (2018) 1351–1381, arXiv:1512.08533 [hep-th].

[Kim18] T. Kimura,

Double quantization of Seiberg–Witten geometry and W-algebras,

Topological Recursion and its Influence in Analysis, Geometry, and Topology,

Proc. Symp. Pure Math. 100 (2018) 405–431, arXiv:1612.07590 [hep-th].

[KMS18] T. Kimura, H. Mori, and Y. Sugimoto,

Refined geometric transition and qq-characters,

JHEP 01 (2018), 025, arXiv:1705.03467 [hep-th].

[HK16a] K. Hashimoto and T. Kimura,

Band spectrum is D-brane,

PTEP 2016 (2016) 013B04, arXiv:1509.04676 [hep-th].

[HK16b] K. Hashimoto and T. Kimura,

Topological Number of Edge States,

Phys. Rev. B93 (2016) 195166, arXiv:1602.05577 [cond-mat.mes-hall].

[FKNO15] T. Fujimori, T. Kimura, M. Nitta, and K. Ohashi,

2d partition function in Ω-background and vortex/instanton correspondence,

JHEP 12 (2015) 110, arXiv:1509.08630 [hep-th].

[FKNO12] T. Fujimori, T. Kimura, M. Nitta, and K. Ohashi,

Vortex counting from field theory,

JHEP 1206 (2012), 028, arXiv:1204.1968 [hep-th].

[Kim12] T. Kimura,

β-ensembles for toric orbifold partition function,

Prog. Theor. Phys. 127 (2012), 271–285, arXiv:1109.0004 [hep-th].

https://doi.org/10.1007/s11005-018-1073-0
https://arxiv.org/abs/1608.04651
https://doi.org/10.1007/s11005-018-1072-1
https://arxiv.org/abs/1512.08533
https://dx.doi.org/10.1090/pspum/100/01762
https://arxiv.org/abs/1612.07590
https://doi.org/10.1007/JHEP01(2018)025
https://arxiv.org/abs/1705.03467
https://doi.org/10.1093/ptep/ptv181
https://arxiv.org/abs/1509.04676
https://doi.org/10.1103/PhysRevB.93.195166
https://arxiv.org/abs/1602.05577
https://doi.org/10.1007/JHEP12(2015)110
https://arxiv.org/abs/1509.08630
https://doi.org/10.1007/JHEP06(2012)028
https://arxiv.org/abs/1204.1968
https://doi.org/10.1143/PTP.127.271
https://arxiv.org/abs/1109.0004


ix

[KN11] T. Kimura and M. Nitta,

Vortices on Orbifolds,

JHEP 1109 (2011), 118, arXiv:1108.3563 [hep-th].

[Kim11] T. Kimura,

Matrix model from N = 2 orbifold partition function,

JHEP 1109 (2011), 015, arXiv:1105.6091 [hep-th].

https://doi.org/10.1007/JHEP09(2011)118
https://arxiv.org/abs/1108.3563
https://doi.org/10.1007/JHEP09(2011)015
https://arxiv.org/abs/1105.6091


x



Contents
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3.2.4 Â0 quiver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.3 ADHM construction of super instanton . . . . . . . . . . . . . . . . . . 83

3.3.1 String theory perspective . . . . . . . . . . . . . . . . . . . . . . 84

3.3.2 Instanton moduli space . . . . . . . . . . . . . . . . . . . . . . . 85

3.4 Equivariant localization . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.4.1 Equivariant index formula . . . . . . . . . . . . . . . . . . . . . 88

3.4.2 Instanton partition function . . . . . . . . . . . . . . . . . . . . 89

3.4.3 Contour integral formula . . . . . . . . . . . . . . . . . . . . . . 92



xiv CONTENTS

II Quantum Geometry 95

4 Seiberg–Witten geometry 97

4.1 N = 2 gauge theory in four dimensions . . . . . . . . . . . . . . . . . . 97

4.1.1 Supersymmetric vacua . . . . . . . . . . . . . . . . . . . . . . . 97

4.1.2 Low energy effective theory . . . . . . . . . . . . . . . . . . . . 99

4.1.3 BPS spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.2 Seiberg–Witten theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.2.1 Renormalization group analysis . . . . . . . . . . . . . . . . . . 101

4.2.2 One-loop exactness . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.2.3 SU(2) theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.2.4 SU(n) theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.2.5 N = 2 SQCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.3 Quiver gauge theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.3.1 A1 quiver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.3.2 A2 quiver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.3.3 A3 quiver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.3.4 Generic quiver . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.4 Supergroup gauge theory . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.5 Brane dynamics and N = 2 gauge theory . . . . . . . . . . . . . . . . . 112

4.5.1 Hanany–Witten construction . . . . . . . . . . . . . . . . . . . . 112

4.5.2 Seiberg–Witten curve from M-theory . . . . . . . . . . . . . . . 114

4.5.3 Quiver gauge theory . . . . . . . . . . . . . . . . . . . . . . . . 115

4.5.4 Higgsing and vortices . . . . . . . . . . . . . . . . . . . . . . . . 118

4.5.5 Higgsing in Seiberg–Witten geometry . . . . . . . . . . . . . . . 120

4.5.6 Supergroup gauge theory . . . . . . . . . . . . . . . . . . . . . . 122

4.6 Eight supercharge theory in higher dimensions . . . . . . . . . . . . . . 124

4.6.1 5d N = 1 theory . . . . . . . . . . . . . . . . . . . . . . . . . . 126

4.6.2 6d N = (1, 0) theory . . . . . . . . . . . . . . . . . . . . . . . . 131



CONTENTS xv

5 Quantization of geometry 137

5.1 Non-perturbative Schwinger–Dyson equation . . . . . . . . . . . . . . . 137

5.1.1 Add/remove instantons . . . . . . . . . . . . . . . . . . . . . . . 138

5.2 qq-character . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5.2.1 iWeyl reflection . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5.2.2 Supergroup gauge theory . . . . . . . . . . . . . . . . . . . . . . 146

5.2.3 Higher weight current . . . . . . . . . . . . . . . . . . . . . . . . 147

5.2.4 Collision limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

5.3 Classical limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

5.3.1 (Very) classical limit: ε1,2 → 0 . . . . . . . . . . . . . . . . . . . 149

5.3.2 Nekrasov–Shatashvili limit: ε2 → 0 . . . . . . . . . . . . . . . . 151

5.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

5.4.1 A1 quiver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

5.4.2 A2 quiver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
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Chapter 0

Introduction

Gauge theory in physics and mathematics

Since Yang–Mills’ proposal to extend gauge symmetry to non-Abelian symmetry [YM54],

gauge theory has been playing a crucial role in theoretical physics as a ubiquitous

framework to describe fundamental interactions: electroweak interaction [Gla61, Wei67],

quantum chromodynamics (QCD) [NN53, Nis55, GM56, GM61, Gre64, HN65, FGML73],

and gravity [Uti56]. In addition to the significant role in theoretical physics, the in-

fluence of gauge theory is not restricted to physics, but also extended to wide-ranging

fields of mathematics: The study of self-duality equations in four-dimensions [AHS77,

AHS78], which leads to the so-called Atiyah–Drinfeld–Hitchin–Manin (ADHM) con-

struction of the instantons [AHDM78]; Morse theory [AB82, Wit82] in the relation

to algebraic geometry; Donaldson invariants of four-manifolds [Don83]; Topological

invariants of knots, known as Jones polynomial [Jon85], from Chern–Simons gauge

theory [Wit89]; Seiberg–Witten invariant [Wit94] motivated by Seiberg–Witten theory

of N = 2 supersymmetric gauge theory [SW94a, SW94b]. In fact, these developments

have been motivating various interplay between physics and mathematics up to now.

The aim of this memoir is to present new mathematical concepts emerging from such

intersections of physics and mathematics.

Universality of QFT

In general, Quantum Field Theory (QFT) is a universal methodology to describe many-

body interacting systems, which involves quite broad applications to particle physics,

nuclear physics, astrophysics and cosmology, condensed-matter physics, and more.

In order to discuss the origin of its universality, one cannot say anything without

mentioning the role of symmetry on the low energy behavior in the vicinity of the

vacuum/ground state of the system, e.g., spacetime/internal symmetry, global/local

1



2 CHAPTER 0. INTRODUCTION

symmetry, and non-local symmetry.

One may obtain several constraints on the spectrum, and also the conservation

law from the symmetry argument, which provide useful information to discuss the

effective description of the low energy behavior. However, it is not straightforward to

understand the vacuum structure of QFT, since it would be strongly coupled in many

cases in the low energy regime, due to the so-called asymptotic freedom [GW73, Pol73,

Pol75], and one cannot apply the systematic approach based on the perturbation

theory with respect to a small coupling constant as in the weakly coupled regime.

In order to overcome this difficulty, it would be plausible to incorporate additional

symmetry, i.e., supersymmetry, which provides further analytic framework for the

study of QFT. In fact, supersymmetric extension of gauge theory, which we mainly

explore in this memoir, shows a lot of geometric and algebraic properties in the low

energy regime.

N = 2 supersymmetry

In this memoir, we mainly focus on N = 2 supersymmetric gauge theory in four

dimensions, and explore the associated geometric and algebraic structure emerging

from the moduli space of the supersymmetric vacua. N = 2 theory has two sets of

supersymmetries, which provide powerful tools to study its dynamics rather than non-

supersymmetric andN = 1 theories. At the same time, it still shows various dynamical

behaviors, e.g., the asymptotic freedom and the dynamical mass generation.

Actually, the instanton plays a crucial role to explore the vacuum structure of

N = 2 theory as well. Since the instanton provides a solution to the classical equation

of motion in the Yang–Mills theory, one may consider the perturbative expansion

around the instanton configuration [tH76]. Although it is still hard to control this

expansion, we can apply the so-called topological twist to localize the path integral

on the instanton configuration, if there exists N = 2 supersymmetry [Wit88a] (§1.3).

This drastically simplifies the analysis of gauge theory path integral, and one can deal

with the gauge theory path integral as a statistical model of the instantons. What

remains is to evaluate the configuration space of the instantons, a.k.a., the instanton

moduli space.

Instanton counting

From this point of view, we will provide the instanton counting argument with detailed

study of the instanton moduli space. We are in particular interested in the volume of

the instanton moduli space, which gives rise to important contributions to the partition
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function based on the path integral formalism. Since the naively defined moduli space

is non-compact and singular, we should instead define a regularized version of the

moduli space, and then apply the equivariant localization scheme to evaluate the

volume of the moduli space. The gauge theory partition function obtained by the

equivariant integral over the instanton moduli space is called the instanton partition

function [LNS98, MNS00b, LNS99] and also the Nekrasov partition function [Nek04,

NO06], which will be one of the main objects in this memoir (§1.8).

The instanton partition function provides a lot of suggestive insights in the relation

to various branches of mathematics: Combinatorics of (2d and also higher dimensional)

partitions; Geometric representation theory; τ -function and integrable systems; Vertex

operator algebra and conformal field theory, and more. The latter part of this memoir

is devoted to the study of quantum geometric and algebraic aspects of N = 2 gauge

theory based on such interesting connections between the instanton partition function

and various illuminating notions in mathematical physics.

Seiberg–Witten theory

A striking application of the instanton counting is the Seiberg–Witten theory forN = 2

gauge theory in four dimensions [SW94a, SW94b], which provides an algebraic geomet-

ric description for the low energy effective theory ofN = 2 theory (§4.2). A remarkable

property of N = 2 theory is the one-to-one correspondence between the Lagrangian

and the holomorphic function, known as the prepotential [Sei88]. Seiberg–Witten the-

ory provides a geometric characterization of the low energy effective prepotential based

on the auxiliary algebraic curve, called the Seiberg–Witten curve.

The instanton partition function depends on the equivariant parameters associ-

ated with the spacetime rotation symmetry denoted by (ε1, ε2) ∈ C2 (also called the

Ω-background/deformation parameters). The partition function diverges if we naively

take the limit ε1,2 → 0. In fact, Nekrasov’s proposal was that the asymptotic expansion

of the instanton partition function in the limit ε1,2 → 0 reproduces Seiberg–Witten’s

prepotential (§5.3). This proposal has been confirmed by Nekrasov–Okounkov [NO06],

Nakajima–Yoshioka [NY05], and Braverman–Etingof [BE06], based on different ap-

proaches.

Relation to integrable system

Seiberg–Witten’s geometric description implies a possible connection between N = 2

gauge theory and classical integrable systems. In fact, the Coulomb branch of the

moduli space of the supersymmetric vacua of N = 2 theory in four dimensions is
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identified with the base of the phase space of the algebraic integrable system [GKM+95,

MW96, DW96, SW97]. This correspondence is based on the identification of the

Seiberg–Witten curve with the spectral curve of the corresponding classical integrable

system. A primary example of the integrable system is the closed n-particle Toda

chain (Ân−1 Toda chain), corresponding to N = 2 SU(n) Yang–Mills theory. One can

also obtain the spin chain model from N = 2 theory with the fundamental matters,

a.k.a, N = 2 supersymmetric QCD (SQCD). In this context, the gauge symmetry

(and the flavor symmetry) is not reflected in the symmetry of the integrable system,

whereas the quiver structure does affect the symmetry algebra on the integrable system

side. These integrable systems are in general associated with the moduli space of

periodic monopole [NP12], obtained through a duality chain on the gauge theory

side (§4.3; §4.6). In addition, imposing additional periodicity, we will obtain the

trigonometric/elliptic integrable systems, corresponding to 5d N = 1 on a circle S1

and 6d N = (1, 0) theory on a torus T 2, respectively.

Quantization of geometry

Once the correspondence to the classical integrable system is established, it is natural

to ask: Is it possible to see a quantum version of the correspondence? If yes, how to

quantize this relation? Nekrasov–Shatashvili’s proposal was to use the Ω-background

parameter, which was originally introduced as a regularization parameter to localize

the path integral [NS09b]. See also [NS09a, NS09d, NS09c, NPS18]. In particular,

the limit (ε1, ε2) → (~, 0) is called the Nekrasov–Shatashvili (NS) limit, in which we

can see the quantization of the cycle integral over the Seiberg–Witten curve, namely

Bohr–Sommerfeld’s quantization condition (§5.6). In this situation, the spectral curve

is promoted to the quantum curve, which is now discussed in various research fields:

matrix model [EO07]1; topological string [ADK+06, DHSV08, DHS09], knot invariant

(AJ conjecture) [Gar08, Gar04], etc. In the context of gauge theory, the quantum

curve is identified with the TQ-relation of the quantum integrable system. Similarly,

the saddle point equation obtained from the instanton partition function is identified

with the Bethe equation of the quantum integrable system (§5.7).

Quantum algebraic structure

Quantum integrable systems in principle have infinitely many conserved Hamiltoni-

ans, which are constructed from the underlying infinite dimensional quantum algebra.

Then, the correspondence between gauge theory and integrable systems implies exis-

tence of such a quantum algebraic structure on the gauge theory side. Furthermore,

1See Appendix C.
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since the correspondence to the quantum integrable system is discussed in the NS

limit, it is expected to obtain a doubly quantum algebra with generic Ω-background

parameters (ε1,2). In fact, such a quantum algebra is then identified with Virasoro/W-

algebra, which is an infinite dimensional (non-linear) symmetry algebra of conformal

field theory (CFT) [BS93, BS94, DFMS97, Rib14]. From this point of view, the quan-

tum integrability is described by the Poisson algebra obtained in the classical limit of

W-algebras.

The algebraic correspondence between gauge theory and CFT is in general dubbed

as BPS/CFT correspondence [Nek16, Nek17a, Nek18, Nek19, Nek17b], with a lot of ex-

amples explored so far. The primary example is the Alday–Gaiotto–Tachikawa (AGT)

relation [AGT10, Wyl09], which states the equivalence between the instanton parti-

tion function of G-YM theory and the conformal block of W(G)-algebra. This relation

is generalized to various situations: 5d N = 1 theory and q-CFT [AY10a]; The sur-

face operator and the degenerate field insertion [AGG+10], and also the affine Lie

algebra [AT10]; The instanton partition function on the orbifold and the super/para-

CFT [BF11, NT11, BMT11, BMT12]. See also review articles on the topic [Tac16,

Tac17, LF20]. Another important example is the chiral algebra [GRRY11, BLL+15],

which is the correspondence between a class of the operators in N = 2 theory and

a two-dimensional chiral algebra (vertex operator algebra). From this point of view,

the superconformal index on the gauge theory side is identified with the character

of the corresponding module on the chiral algebra side. See also a recent review ar-

ticle [Lem20]. In fact, these two relations are motivated by the class S description

(compactification of 6d N = (2, 0) theory with a generic Riemann surface) of N = 2

gauge theory [Gai12].

Quiver W-algebra

Regarding the correspondence to the quantum integrable system, the symmetry alge-

bra is related to the quiver structure on the gauge theory side. From this point of

view, we may discuss a quantum algebraic structure from quiver gauge theory with

generic Ω-background parameters. The quiver W-algebra Wq1,2(Γ) (or simply W(Γ)) is

a doubly quantum algebra constructed from Γ-quiver gauge theory, and its algebraic

structure is associated with the quiver structure Γ of gauge theory [KP18c] (Chap-

ter 7). See also [Kim18]. In fact, this quiver W-algebra is linked to the AGT relation

through the duality.

The formalism of quiver W-algebra exhibits several specific features. Starting with

the finite-type Dynkin-quiver, quiver W-algebra reproduces Frenkel–Reshetikhin’s con-

struction of q-deformation of W-algebras for Γ = ADE [FR98]. Quiver W-algebra is
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also applicable to affine quivers, and in that case, it gives rise to a new family of

W-algebras (§7.5). In order to extend this formalism to arbitrary quiver, including

non-simply-laced quivers, we should consider the fractional quiver gauge theory, which

partially breaks the symmetry of ε1 ↔ ε2 [KP18a] (§7.4). Applying this formalism to

6d N = (1, 0) gauge theory, we obtain an elliptic deformation of W-algebras [KP18b]

(Chapter 8). This algebra has one more parameter corresponding to the modulus of

the torus, on which the gauge theory is compactified.

Organization of the memoir

This memoir is organized as follows.

Part I: Instanton Counting

Chapter 1 is devoted to describe basic aspects of instanton counting. We start with a

brief review on gauge theory, in particular, with emphasis on the role of the instantons

in the path integral. We then discuss the ADHM construction of the instantons and the

associated moduli space. After introducing basic ideas on the equivariant localization,

we apply it to the instanton moduli space to evaluate the equivariant volume, which

will be identified with the instanton partition function. In particular, we discuss how

to characterize the fixed point under the equivariant action, on which the path integral

will be localized. We show equivalent expressions for the instanton partition function

in the threefold way, the equivariant index formula, the contour integral formula, and

the combinatorial formula.

In Chapter 2, we generalize the instanton counting description to quiver gauge the-

ory, which consists of multiple gauge field degrees of freedom. We derive the instanton

partition function in the threefold way via the equivariant localization for quiver gauge

theory. We will also introduce the quiver variety and its relation to the moduli space

of instantons on the ALE space. We then discuss the fractional quiver gauge the-

ory, which is applied to describe a non-simply-laced quiver. We will similarly obtain

the instanton partition partition function for fractional quiver with the corresponding

instanton moduli space.

In Chapter 3, we study the gauge theory with supergroup gauge symmetry. Al-

though it is inevitably non-unitary due to violation of the spin-statistics theorem,

we will be able to explore its non-perturbative aspects of supergroup gauge theory.

We will show that supergroup gauge theory has several realizations in terms of non-

supergroup gauge theory in the unphysical parameter regime. We then discuss the

ADHM construction of instantons in supergroup gauge theory together with its string
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theory perspective. Based on this construction, we provide the threefold way deriva-

tion of the instanton partition function for supergroup gauge theory by applying the

equivariant localization scheme.

Part II: Quantum Geometry

Chapter 4 is devoted to geometric description of N = 2 gauge theory, a.k.a, Seiberg–

Witten theory. Starting with basic properties of N = 2 theory in four dimensions,

we explain how the low energy behavior of N = 2 theory is described in terms of

algebraic geometry. We also show its generalization to quiver gauge theory, and the

Seiberg–Witten curve for quiver theory is in general given as the spectral curve of

the corresponding algebraic integrable system. We then discuss the string/M-theory

perspective of the Seiberg–Witten geometry based on the brane description of N = 2

gauge theory in four dimensions. In particular, we see how the Coulomb branch

description turns to the Higgs branch with emphasis on the role of the vortices in

the brane configuration. We show that one can similarly discuss the Seiberg–Witten

geometry in 5d N = 1 theory and 6d N = (1, 0) theory compactified on a circle and

a torus, respectively. We will discuss several features specific to higher dimensional

theories.

In Chapter 5, we discuss quantization of Seiberg–Witten geometry based on the

Ω-deformation of gauge theory. In particular, we show that a doubly quantum de-

formation of the Seiberg–Witten curve is described by the qq-character generated by

the adding/removing-instanton operation. We then discuss the classical limit, which

reproduces the ordinary Seiberg–Witten curve discussed earlier. If one takes a partial

classical limit (NS limit), it would be reduced to the q-character, which is identified

with the transfer matrix of the corresponding quantum integrable system. We show

that the TQ-relation is interpreted as quantization of the Seiberg–Witten curve, and

the Bethe equation is obtained as the saddle point equation obtained from the instan-

ton partition function in the NS limit.

Part III: Quantum Algebra

In Chapter 6, we explain the operator formalism of N = 2 gauge theory based on

the holomorphic deformation of the prepotential to discuss the algebraic structure of

gauge theory. In this formalism, there are infinitely many harmonic oscillators, which

generate the Fock space, and one can discuss the free field realization of the quantum

algebra on it with the vertex operators. From this point of view, we introduce the

notion of the Z-state through the operator/state correspondence on the Fock space,
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and show that the instanton partition function is obtained as a chiral correlator of

the corresponding vertex operator algebra. We also clarify how to describe the pole

cancellation mechanism in terms of the operator formalism.

In Chapter 7, we introduce the quiver W-algebra based on the operator formalism

of gauge theory. We show that the operator analog of the qq-character, called the

T-operator, plays a role of the generating current of the algebra Wq1,2(Γ) with q1,2 =

eε1,2 ∈ C×, and it is reduced to the commuting transfer matrix in the NS limit (the

generating function of the conserved Hamiltonians). We extend this formalism to

fractional quiver gauge theory, and show that one can construct q-deformation of W-

algebras associated with non-simply-laced algebras. We then apply this formalism to

affine quivers, and demonstrate that a new family of W-algebras are generated by the

corresponding qq-character, which is an infinite series of the vertex operators. We also

discuss applications of the operator formalism to the contour integral formula of the

instanton partition function. We show that the partition function again has a chiral

correlator realization, and the summation over the topological sectors is concisely

described.

In Chapter 8, we discuss an elliptic deformation of W-algebra constructed from 6d

N = (1, 0) gauge theory compactified on a torus. In this case, the instanton partition

function is given as an elliptic chiral correlator expressed in two ways: The first is

based on the elliptic deformation of the vertex operators, and the second is as a torus

correlation function of the vertex operator without elliptic deformation. The relation

between these two descriptions is naturally understood from the duality. Applying the

formalism of quiver W-algebra to this elliptic theory, we can construct the holomorphic

generating current of the elliptic W-algebra denoted by Wq1,2,p(Γ), depending on the

elliptic parameter p ∈ C×.
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Chapter 1

Instanton counting and localization

The aim of this Chapter is to introduce the Yang–Mills (YM) theory, and explain how

the specific solution, called the instanton, plays an important role in four-dimensional

gauge theory.1 We will explain a systematic method to describe the instanton solu-

tion, a.k.a. ADHM construction [AHDM78], and discuss how the moduli space of the

instanton plays a role in the path integral formalism of the YM theory. In particular,

volume of the instanton moduli space is an important quantity, but we should regu-

larize it due to the singular behavior of the moduli space. We will then consider the

equivariant action on the instanton moduli space, and apply the equivariant localiza-

tion scheme to evaluate the volume of the moduli space [DH82, BV82, AB84], which

gives rise to the instanton partition function [LNS98, MNS00b, LNS99, Nek04, NO06].

1.1 Yang–Mills theory

Let us briefly review the basics of gauge theory. Gauge theory is mathematically

formulated as a principal bundle with the structure group G (G-bundle for short),

which is also called the gauge group in the physicists’ terminology. Let S be the

d-dimensional Riemannian manifold as a base of the G-bundle, then the Lie algebra

valued one-form, called the connection, is the fundamental ingredient of gauge theory,

A : S −→ T ∗S ⊗ C[g], with g = LieG. The curvature two-form is given as

F = dA+ A ∧ A ∈ Ω2(S)⊗ C[g] (1.1.1)

where Ωp(S) ⊗ C[g] = ∧pT ∗S ⊗ C[g] is a set of g-valued p-forms on S. Under the

G-gauge transformation A 7−→ gAg−1 + gdg−1 for g ∈ G, the curvature behaves as

F 7−→ gFg−1 = adg(F ).

1See [tH99] for introductory review on this topic, and also [FU91, DK97] for mathematical de-

scription of gauge theory.

11
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The Yang–Mills theory with the gauge group G (G-YM theory) is described with

the YM action functional:

SYM[A] =
1

g2

∫
S
dvol |F |2 = − 1

g2

∫
S

tr (F ∧ ?F ) (1.1.2)

where dvol is the volume form, ? is the Hodge star operator on S, and the inner

product is defined as 〈A,B〉 = − tr(AB), where the trace is with respect to the

defining representation of G.2 The gauge coupling constant is denoted by g. This YM

action is invariant under the G-gauge transformation.

We are interested in a specific configuration minimizing the YM action (1.1.2),

which is a solution to the equation of motion (e.o.m.; also referred to as the YM

equation):

δSYM[A]

δA
= 0 =⇒ D ? F = 0 (1.1.3)

where we define the covariant derivative

D = d+ A . (1.1.4)

The e.o.m. (1.1.3) is a second order non-linear PDE, which is difficult to solve in

general. Hence, instead of finding a general solution, we will deal with a class of more

tractable solutions.

For example, a naive solution is F = 0 (zero curvature), and the corresponding

connection is called the flat connection. However, the flat connection is not a good

solution in higher dimensions in the following sense: The two-form curvature F ∈

Ω2(S)⊗C[g] has

(
d

2

)
=

d(d− 1)

2
components, while the connection A ∈ Ω1(S)⊗C[g]

has (d − 1) components after gauge fixing. Therefore, the zero curvature condition

F = 0 overdetermines the connection A except for d = 2, so that it is difficult to

discuss the corresponding moduli space.

1.2 Instanton

From this point of view, we should find an alternative class of solutions in higher

dimensions. In the case of d = 4, there is a special property of the Hodge star operator,

which behaves as an endmorphism of the bundle of two-forms, ? : Ω2(S)→ Ω2(S). In

this case, since ?2 = 1, we can decompose it into the self-dual (SD) and anti-self-dual

(ASD) parts, Ω2(S) = Ω2
+(S) ⊕ Ω2

−(S), with respect to the eigenvalues of the Hodge

2We apply the convention s.t., the Lie algebra generators are anti-Hermitian.



1.2. INSTANTON 13

instanton anti-instanton

SD or ASD ?F = −F ?F = +F

topological # k > 0 k < 0

Table 1.1: Properties of instanton and anti-instanton.

star operator:

F± :=
1

2
(F ± ?F ) ∈ Ω2

±(S)⊗ C[g] =⇒ ?F± = ±F± (1.2.1)

where F± is called the (A)SD part of the curvature. If the SD (ASD) part is vanishing,

the curvature becomes ASD (SD):

F± = 0 ⇐⇒ ?F = ∓F . (1.2.2)

The vanishing SD (ASD) condition is called the ASD (SD) YM equation, and the

connection solving (A)SD YM equation is then called the (A)SD YM connection. In

fact, the (A)SD YM connection turns out to be a solution to the e.o.m. via the Bianchi

identity

D ? F
(A)SD

= ∓DF Bianchi
= 0 . (1.2.3)

Under this decomposition, the number of components of two-form correspondingly

splits into 6 = 3 + 3, so that the (A)SD condition (1.2.2) seems a good solution of

d = 4 YM theory.

Furthermore, the YM action is bounded by the topological term as follows:

SYM[A] = − 1

2g2

∫
S

tr (F ± ?F ) ∧ ? (F ± ?F )± 1

g2

∫
S

trF ∧ F

=
2

g2

∫
S
dvol |F±|2 ±

8π2k

g2
≥ 8π2|k|

g2
(1.2.4)

where k ∈ Z is the topological charge, called the instanton number, given by integrating

the second Chern class over the four-manifold S,

k := c2[S] =
1

8π2

∫
S

trF ∧ F . (1.2.5)

Here a solution with positive k is called the instanton, and with negative k is the anti-

instanton, respectively. The properties of instanton and anti-instanton are summarized

in Tab. 1.1.3

3We will discuss more refined version of the classification in §3.3 (See Tab. 3.1).
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1.3 Summing up instantons

1.3.1 θ-term

In addition to the YM action, one can incorporate the gauge invariant term in d = 4

theory, which is called the θ-term:

Sθ[A] = − iθ

8π2

∫
S

trF ∧ F . (1.3.1)

This term does not contribute to the e.o.m. since it is a topological term, which is

invariant under the infinitesimal variation. This means that the (anti-)instanton is

still a solution, providing a local minimum of the action. Then, expanding the total

action around the k-instanton configuration, A = A
(k)
inst + δA, we obtain

Stot[A] := SYM[A] + Sθ[A]

=
2

g2

∫
S
dvol |F±|2 +

(
± 1

g2
− iθ

8π2

)∫
S

trF ∧ F

=
8π2

g2
|k| − iθk + Sfluc[δA] (1.3.2)

where we introduce the fluctuation term Sfluc[δA] schematically. Since the instanton

is a solution to the e.o.m., there is no linear term in δA, so that Sfluc[δA] starts

with quadratic term O(δA2). Although computation of the fluctuation is in general

difficult [tH76], in some cases equipped with supersymmetry, the higher order terms

are suppressed, and we could manage the computation. See §1.3.2.

In the path integral formalism, this is rephrased as follows:

Z =

∫
[DA] e−Stot[A]

=
∑
k

qk
∫

[DA
(k)
inst]

∫
[DδA] e−Sfluc[δA] (1.3.3)

where [DA] is the path integral measure of the gauge field A, which splits into the

instanton part [DA
(k)
inst] and the fluctuation part [DδA]. The instanton counting pa-

rameter (fugacity) is defined as

q = exp (2πiτ) = exp

(
−8π2

g2
+ iθ

)
∈ C× (1.3.4)

with the complexified coupling constant

τ =
4πi

g2
+

θ

2π
. (1.3.5)
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SU(2)L SU(2)R SU(2)I

Qi
α 2 1 2

Qi
α̇ 1 2 2

Aµ 2 2 1

λiα 2 1 2

λ̃iα̇ 1 2 2

φ 1 1 1

twist
=⇒

SU(2)L SU(2)d

Gµ 2 2

(Q,Q+
µν) 1 1⊕ 3

Aµ 2 2

λµ 2 2

(η, χ+
µν) 1 1⊕ 3

φ 1 1

Table 1.2: SU(2) representations under the topological twist.

In principle, the path integral (1.3.3) also involves the anti-instantons contributions

counted with the complex conjugate q̄ = exp (−8π2/g2 − iθ), but we focus on the

instanton contributions which will be relevant in the context of N = 2 gauge theory.

See §1.3.2 and §4.1 for details. As seen in the expression of the fugacity (1.3.4), it

is invariant under the coupling shift, τ → τ + 1, corresponding to the shift of the

θ-angle, θ → θ + 2π. This is analogous to the modular T-transformation. In fact,

this complexified coupling constant would be related to the complex structure of the

Riemann surface associated with gauge theory (Seiberg–Witten curve), and the S-

transformation corresponds to the strong-weak duality of N = 2 gauge theory. See

§4.2 for details.

Let us then look at the path integral with the measure [DA
(k)
inst]. This is interpreted

as integral over all the possible k-instanton configuration in G-YM theory, namely

the configuration space of the k-instanton solution, a.k.a., the instanton moduli space

denoted by MG,k. We will discuss details of the moduli space in §1.5.

1.3.2 Topological twist

The gauge field path integral is schematically given as an infinite series over the dif-

ferent topological sectors as shown in (1.3.3). We can deal with this argument more

rigorously in supersymmetric gauge theory.

N = 2 supersymmetric gauge theory on R4 = C2 has global symmetries: Lorentz

symmetry, Spin(4) = SU(2)L × SU(2)R, and R-symmetry, U(2)I = SU(2)I × U(1)I .
4

We denote the supercharges of this theory by (Qi
α, Q

i
α̇), where the index (α, α̇, i) is

for (SU(2)L, SU(2)R, SU(2)I), so that there are 8 supercharges in total. The topolog-

4We will review more details of 4d N = 2 gauge theory in §4.1.
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ical twist is the procedure to mix these SU(2) symmetries [Wit88a]. In particular,

we consider the diagonal subgroup SU(2)d ⊂ SU(2)R × SU(2)I . Under this twist,

the representations of SU(2)’s are given for the supercharges and the vector multiplet

(Aµ, λ
i
α, λ̃

i
α̇, φ) as in Tab. 1.2. For example, we denote the two-dimensional represen-

tation of SU(2) by 2. The scalar supercharge Q is to be identified with the BRST

charge, which would be combined with the vector supercharge Gµ to construct a new

(equivariant) BRST charge [Nek04]. The tensor supercharge and the fermionic field

obey the SD condition, ?(Q+
µν , χ

+
µν) = (Q+

µν , χ
+
µν). In addition, we introduce the aux-

iliary field H+
µν corresponding to the tensor fermionic field χ+

µν , which plays a role of

the Lagrange multiplier implementing the constraint:

F+
µν = 0 , (1.3.6)

which is the ASD YM equation (1.2.2). Hence the path integral localizes on the ASD

YM configuration, and thus is reduced to the integral over the instanton moduli space.

In the presence of the hypermultiplet in the fundamental representation, the con-

straint (1.3.6) is replaced with the monopole equation, together with the additional

Weyl equation:

F+
µν + iψ†σ̄µνψ = 0 , (1.3.7a)

D/ ψα = 0 , (1.3.7b)

where we denote the Weyl fermion in the hypermultiplet by ψα. Therefore, the local-

ization locus of the path integral is the monopole configuration with the Weyl zero

mode.5 From the moduli space of this monopole equation, one can construct the

Seiberg–Witten invariant of the four-manifold. See [Mor95, Moo96] for details.

1.4 ADHM construction of instantons

In this Section, let us introduce the systematic construction of instantons, a.k.a. the

ADHM construction [AHDM78].6 Although the original ADHM construction is for

instantons on the four-sphere S4, we apply it to the case on R4 = C2 by conformal

compactification: Since we are interested in the instanton with finite action, the cur-

vature should vanish at infinity, F → 0, which implies A→ gdg−1 at infinity. One can

rotate the group element g ∈ G using the global part of the gauge symmetry, which is

called the framing of the connection at infinity.

5We can also deform the localization locus of the path integral to that on the instanton configu-

ration. See, for example, [Sha05] for details.
6See also extensive review articles [DHKM02, NY03] on this topic.
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1.4.1 ADHM equation

We consider the unitary gauge group G = U(n). Then, in order to construct the

k-instanton solution in U(n)-YM theory, we define the complex vector spaces:

N = Cn , K = Ck . (1.4.1)

We define the base manifold

X = Hom(K,K)⊕ Hom(K,K)⊕ Hom(N,K)⊕ Hom(K,N) . (1.4.2)

The ADHM variables (B1,2, I, J) ∈ X are the linear maps associated with these vector

spaces:

B1,2 ∈ Hom(K,K) = End(K) , I ∈ Hom(N,K) , J ∈ Hom(K,N) , (1.4.3)

which satisfy the ADHM equation

(µR, µC) = (0, 0) , (1.4.4)

with the moment maps (µR, µC) : X → R3 ⊗ u∗k

µR = [B1, B
†
1] + [B2, B

†
2] + II† − J†J , (1.4.5a)

µC = [B1, B2] + IJ . (1.4.5b)

Let G∨ = U(K) = U(k), which is called the dual gauge group in the ADHM construc-

tion. These ADHM variables are defined modulo G∨-action:

(g) · (B1,2, I, J) = (gB1,2g
−1, gI, Jg−1) , g ∈ U(K) . (1.4.6)

There is an additional group action on these variables, G = U(N) = U(n), which

corresponds to the gauge transformation of U(n)-YM theory at infinity (the framing):

(ν) · (B1,2, I, J) = (B1,2, Iν
−1, νJ) , ν ∈ U(N) . (1.4.7)

This global symmetry plays a role of the flavor symmetry for the ADHM variables.

1.4.2 Constructing instanton

Given the ADHM variables (1.4.3), the ASD connection is constructed as follows. Let

(z1, z2) ∈ S = C2 be a spacetime coordinate. Then, define the dual Dirac operator

D† =

(
B1 − z1 B2 − z2 I

−B†2 + z̄2 B†1 − z̄1 −J†

)
, (1.4.8)
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which is a map D† : K ⊗ S ⊕ N → K ⊗ S. Due to the ADHM equation (1.4.4), we

obtain

D†D = ∆⊗ 1S (1.4.9)

where

∆ = (B1 − z1)(B†1 − z̄1) + (B2 − z2)(B†2 − z̄2) + II† , (1.4.10a)

= (B†1 − z̄1)(B1 − z1) + (B†2 − z̄2)(B2 − z2) + J†J . (1.4.10b)

This is a map ∆ : K → K, which behaves ∆→ |z|21K at z →∞.

Let Ψ : N → K ⊗ S ⊕ N be a zero mode of the dual Dirac operator, D†Ψ = 0

(Ψ ∈ KerD†) with the normalization condition Ψ†Ψ = 1N . This zero mode defines

the projector from K ⊗ S ⊕N onto N :

P := ΨΨ† = 1K⊗S⊕N −D(∆−1 ⊗ 1S)D† , (1.4.11)

with PD = ΨΨ†D = 0. This follows from the completeness condition of the vector

space K⊗S⊕N , namely 1K⊗S⊕N = ΨΨ†+D(D†D)−1D†. Then, the ASD connection

is constructed as

A = Ψ†dΨ = −ΨdΨ† , (1.4.12)

which takes a value in un = Lie U(n) since it is anti-hermitian A† = −A with rank n.

Let us show the curvature constructed with this connection is ASD:

F = dA+ A ∧ A = dΨ†(1−ΨΨ†)dΨ = Ψ†(dD)(∆⊗ 1S)−1(dD†)Ψ . (1.4.13)

Recalling the definition of the Dirac operator (1.4.8), dD† and dD give rise to the

quaternion basis, σ and σ̄, respectively. Thus the curvature is proportional to σ̄ ∧ σ,

which is ASD. Changing the orientation of the four-manifold, we will instead obtain

the SD curvature proportional to σ ∧ σ̄.

Let us then compute the instanton charge based on the ADHM variables. We can

use Osborn’s formula [Osb81] to rewrite the integral,

1

8π2

∫
S

trF ∧ F =
1

16π2

∫
d4x ∂2∂2 trK log ∆−1 = trK 1K = k , (1.4.14)

where the Laplacian is denoted by ∂2. The second equality is due to the asymptotic

behavior of ∆ → |z|21K at z → ∞. This confirms that the ASD connection (1.4.12)

gives rise to k-instanton solution.
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1.4.3 Dirac zero mode

The Atiyah–Singer index theorem claims that there exist k Dirac (Weyl) zero modes

in the k-instanton background, which contribute to the path integral (See §1.3.2). We

construct such a zero mode with the ADHM variables [Osb78].

First we decompose the ADHM zero mode Ψ† = (v†1 v
†
2 u
†), where v1,2 : N → K, and

u : N → N . Then each component of the Weyl zero mode is given by ψα = v†α∆−1.

Since this is a bosonic solution to the Weyl equation, we define a fermionic map

λ : M → ΠK to construct the fermionic zero modes with the (fundamental) flavor

space

M = Cnf

. (1.4.15)

Then, nf flavor fermionic zero modes are given by ψα = v†α∆−1λ for α = 1, 2. The

antifundamental zero modes are similarly constructed by λ̄ : ΠK → M̃ with the

antifundamental flavor space

M̃ = Cnaf

. (1.4.16)

1.4.4 String theory perspective

Let us comment on the string theory perspective of the ADHM construction [Wit96,

Dou99].

The standard realization of gauge theory in string theory is to consider a stack of D-

branes. The k-instanton configuration in four-dimensional U(n)-YM theory, in which

we are interested, is realized as a bound state of k D0 and n D4 branes.7 In this setup,

the Chan–Paton vector spaces are Ck and Cn, which would be identified with the vector

spaces defined in the ADHM construction (1.4.1). The ADHM variables (B1,2, I, J)

are then identified with open string degrees of freedom connecting D0-D0, D4-D0, D0-

D4, respectively, and the ADHM equation is identified with the Bogomolnyi–Prasad–

Sommerfield (BPS) equation, the supersymmetry preserving condition for this brane

configuration. The U(k) symmetry of the ADHM variables is interpreted as gauge

symmetry of D0 brane world-volume theory, and the U(n) symmetry is the flavor

symmetry associated with the flavor D4 branes in this perspective.

This dual description is interpreted as a consequence of T-duality, which exchanges

7In general, we may consider k D(4− p) and n Dp branes.
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D0 and D4 branes on a four-torus T 4 and its dual Ť 4:

k-instanton in U(n)-YM theory on T 4

T-dual

n-instanton in U(k)-YM theory on Ť 4

(1.4.17)

Let R be the radius of T 4, and the radius of the dual torus Ť 4 is given by Ř = 1/R.

Then, in the limit R → ∞, we have T 4 → R4 and Ť 4 → pt. This zero dimensional

description gives rise to the ADHM construction, which does not involve the derivative

terms.

In addition to the correspondence shown above, the construction of the ASD con-

nection (1.4.12) also has an interpretation in the context of the tachyon condensa-

tion [HT06]. Furthermore, through the identification of the ASD connection as the

Berry connection, we could establish the Band/Brane correspondence [HK16a, HK16b],

which claims the equivalence of the band spectrum and the D-brane shape.

1.5 Instanton moduli space

We have seen that the instanton solutions are systematically obtained using the ADHM

construction, where the ADHM variables parametrize the configuration of the instan-

tons. Since it is defined modulo U(K) action (1.4.6), we define the ADHM instanton

moduli space as a hyper-Kähler quotient:

Mn,k = {(B1,2, I, J) | (µR, µC) = (0, 0)}///U(k)

= µ−1
R (0) ∩ µ−1

C (0)///U(k) . (1.5.1)

The reason why we call this hyper-Kähler is that the quotient is taken with three

conditions, (µ−1
R (0),Reµ−1

C (0), Imµ−1
C (0)). The (complex) dimension of the moduli

space is given by

dimC Mn,k = 2 dim Hom(K,K) + dim Hom(N,K) + dim Hom(K,N)

− 3

2
dim Hom(K,K)− dim U(K)

= 2nk . (1.5.2)

We remark the dimensions of the ADHM equations are given by 3
2

dim Hom(K,K) =
3
2
k2. The moduli space naively defined here is non-compact and singular, and thus we

should regularize this for the later purpose.
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1.5.1 Compactification and resolution

The first step is to compactify the moduli space by adding the point-like instanton,

a.k.a. the Uhlenbeck compactification:

k⊔
k′=0

Mn,k−k′ × Symk′ C2 (1.5.3)

where Symk′ C2 is the k′-th symmetric product of C2, corresponding to the point-like

instanton. This is analogous to the compactification of C2 to S4 by adding {∞}. This

point-like instanton gives rise to the so-called small instanton singularity, and the next

step is to resolve such a singularity in the moduli space. The resolution is then done

by modifying the ADHM equation (1.4.4) as follows [Nak94b]:

Mζ
n,k = µ−1(ζ)///U(K) , (1.5.4)

where we use the vector notation, µ = (µR,ReµC, ImµC) (= ~µ) and ζ = (ζ1K , 0, 0) (=
~ζ).8 The topological structure of the moduli space does not depend on the deformation

parameter as long as ζ 6= 0 [Nak99]. The deformed moduli space Mζ
n,k was also intro-

duced in the study of instantons on the noncommutative R4 = C2 [NS98]: There are

two noncommutative parameters, [zi, z̄i] = ζi (i = 1, 2), and identified with ζ = ζ1 +ζ2.

In this case, one can construct the U(1)-instanton without the small instanton singu-

larity, which is inevitable on the ordinary commutative space. Another (but slightly

different) situation, where the deformation parameter is incorporated, is the moduli

space of instantons on the asymptotically locally Euclidean (ALE) space [KN90]. The

ALE space is obtained by a blow-up resolution of the orbifold singularity, C2/Γ, where

Γ is a finite subgroup of SU(2), classified into the ADE type. See also §2.3.2. Physi-

cally, this blow-up is interpreted as insertion of magnetic fluxes, which also gives rise

to noncommutativity locally [SW99].

We introduce another moduli space, the framed moduli space of torsion-free sheaves

on P2, which is isomorphic to the resolved moduli space Mζ
n,k. It is given by the

quotient in the sense of geometric invariant theory (GIT) [Nak99]:

M̃n,k = µ−1
C (0)//GL(K) , (1.5.5)

together with the stability condition

K =

C[B1, B2] I(N) (ζ > 0)

C[B†1, B
†
2] J†(N) (ζ < 0)

. (1.5.6)

8In general, we may consider ζ = (ζR,Re ζC, Im ζC) ∈ R3⊗ u∗k with ad∗g(ζi) = ζi for any g ∈ U(K).

From this point of view, we should consider ζ → iζ to interpret ζ ∈ R, since ~ζ ∈ R3 ⊗ u∗k.
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The condition for ζ < 0 is also called the co-stability condition. See [LN21] for a related

discussion. Here GL(K) denotes the general linear group associated with the vector

space K = Ck, which is the complexification of U(K), and the condition µR = ζ6=01K

is replaced with the (co-)stability condition. Hence, the (complex) dimension of the

moduli space is given by

dimC M̃n,k = 2k2︸︷︷︸
B1,2

+ 2nk︸︷︷︸
I,J

− k2︸︷︷︸
µC=0

− k2︸︷︷︸
GL(K)

= 2nk , (1.5.7)

which is consistent with the previous case (1.5.2). We shall apply either the stability or

the co-stability condition to evaluate the equivariant volume of the instanton moduli

space, while for the instanton moduli space associated with supergroup gauge theory,

both of them have to be simultaneously taken into account (Chapter 3).

1.5.2 Stability condition

Derivation of the stability condition (1.5.6) from the ADHM equation is as follows:

We denote

K ′ = C[B1, B2] I(N) ⊆ K , K ′′ = C[B†1, B
†
2] J†(N) ⊆ K , (1.5.8)

and define

K ′⊥ = K −K ′ , K ′′⊥ = K −K ′′ . (1.5.9)

The projection operator, P • : K → K•⊥, obeys [P •, B1,2] = 0 and P ′I = P ′′J† = 0.

Then, from the condition µR = ζ6=01K , we obtain

ζ 1K•⊥ = P • µR P
• =


P ′
(

[B1, B
†
1] + [B2, B

†
2]− J†J

)
P ′

P ′′
(

[B1, B
†
1] + [B2, B

†
2] + II†

)
P ′′

. (1.5.10)

Taking a trace yields

0 ≤ tr ζ>01K′⊥
= − trP ′J†JP ′ ≤ 0 , (1.5.11a)

0 ≥ tr ζ<01K′′⊥
= trP ′′II†P ′′ ≥ 0 , (1.5.11b)

which implies K ′⊥ = 0 for ζ > 0 and K ′′⊥ = 0 for ζ < 0. This proves the (co-)stability

condition (1.5.6).

1.6 Equivariant localization of instanton moduli space

As mentioned in §1.3, we are interested in the volume of the instanton moduli space,

which gives rise to an important contribution to the gauge theory path integral. If we
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naively consider the moduli space, however, we may have a diverging volume due to

the small instanton singularity and non-compactness of the moduli space.

After the regularization as discussed before, we can now consider the equivariant

integral, which utilizes the equivariant group action on the manifold, together with

the localization formula, claiming that the integral localizes on fixed point loci under

the equivariant action. Duistermaat–Heckman’s formula [DH82] is the primary exam-

ple of the localization formula for a symplectic compact manifold equipped with U(1)

action associated with the moment map. This is then generalized by Berline–Vergne

and Atiyah–Bott to the case for a generic compact manifold with U(1) equivariant

action [BV82, AB84]. Although the localization formula is originally formulated for a

compact manifold, we would formally apply it to a non-compact and infinite dimen-

sional integral as well, as long as the equivariant fixed point is compact (equivariantly

compact).

There have been a lot of applications of the localization formula to the path in-

tegral [Wit82, Wit88a, Wit88b], and it turns out to be applicable to the instanton

moduli space [LNS98, MNS00b, LNS99, MNS00a, BFMT03], which leads to the in-

stanton partition function [Nek04]. The localization method is then applied to the path

integral of the supersymmetric gauge theory on a curved compact manifold [Pes12].

See review articles on this topic [Sza96, PZ+17] for more details.

1.6.1 Equivariant cohomology

Let us briefly review the equivariant cohomology. See the textbook on this topic [BGV03]

for more details.

Let X be a manifold equipped with a free group action G.9 Then the G-equivariant

cohomologies of X are isomorphic to the de Rham cohomologies of X/G:

H•G(X) ∼= H•(X/G) . (1.6.2)

This is constructed as follows. Let g = Lie(G), and we define the G-equivariant

differential forms (See also §1.1):

Ω•G(X) = (Ω•(X)⊗ C[g])G , (1.6.3)

9If the G-action is not free on X, X/G is not an ordinary manifold. Thus, in this case, the

G-equivariant cohomology is defined with the universal bundle EG, on which the group G freely acts:

H•G(X) = H•(X ×G EG) = H•((X × EG)/G) . (1.6.1)

In particular, for X = pt, it becomes H•G(pt) = H•(BG), where BG = EG/G is the classifying space.

See, for example, [Pes17] for details.
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where the induced action on α(x) ∈ Ω•G(X), x ∈ g, is given by the pullback:

g∗α(x) = α(ad(g)x) for ∀g ∈ G . (1.6.4)

Denoting the vector field representing a Lie algebra element on X by V (x), we define

the Lie derivative LV : Ω•(X)→ Ω•(X) with respect to the vector field V :

LV = dιV + ιV d (1.6.5)

with the nilpotent interior multiplication (also called the contraction) ιV : Ω•(X) →
Ω•−1(X). In addition, we define the equivariant exterior derivative dg : Ω•G(X) →
Ω•+1
G (X) with the interior multiplication ιV :

dg = d+ ιV , (1.6.6)

which leads to

d2
g = LV . (1.6.7)

Since the Lie derivative vanishes on the equivariant forms α(x) ∈ Ω•G(X):

LV α(x) = 0 , (1.6.8)

we define the equivariant cohomology based on the nilpotent equivariant derivative:

H•G(X) = Ker dg/ Im dg . (1.6.9)

In the following, we will consider the integral of the equivariant form, and show the

equivariant localization formula based on this argument.

1.6.2 Equivariant localization

We consider the integral of the G-equivariant closed form α(x, dx), s.t., dgα(x, dx) = 0,

on the manifold X: ∫
X

α(x, dx) . (1.6.10)

Let us evaluate this integral based on a physical argument in the following.

Let (xµ)µ=1,...,n be the coordinates of the manifold X with n = dimX, and define

the fermionic (anti-commuting) coordinates (ψµ = dxµ)µ=1,...,n for the fibers of the

odd (parity flipped) tangent bundle ΠTX (See also §3.1.1). In the QFT context,

we identify the nilpotent exterior derivative as the BRST charge, dg → Q, and the

corresponding BRST transformation is given as follows:

Qxµ = ψµ , Qψµ = V µ(x) = T aV µ
a (x) (1.6.11)



1.6. EQUIVARIANT LOCALIZATION OF INSTANTON MODULI SPACE 25

where (T a)a=1,...,dim g are the generators of the G-action on X, and V µ
a (x) is the corre-

sponding component of the vector field V µ(x). Namely, the operator Q2 generates the

infinitesimal G-transformation, which corresponds to the relation (1.6.7). The integral

is rewritten as ∫
X

α(x, dx) dx1 ∧ · · · ∧ dxn =

∫
X

α̃(x, ψ) dnx dnψ , (1.6.12)

where the new observable is given by

α̃(x, ψ) = α(x, ψ)ψ1 · · ·ψn (1.6.13)

which is again supposed to be closed Qα̃(x, ψ) = 0. Let us then deform the integral

with the Q-exact term as follows:∫
X

α̃(x, ψ) e−tQW dnx dnψ , (1.6.14)

where t is the deformation parameter, and the potential W is an arbitrary fermionic

function, so that QW becomes a bosonic term. Recalling Qα̃(x, ψ) = 0, Q2W = 0,

we obtain

d

dt

∫
X

α̃(x, ψ) e−tQW dnx dnψ = −t
∫
X

Q
(
α̃(x, ψ)W e−tQW

)
dnx dnψ . (1.6.15)

Since it is now written as the total derivative form, it turns out that the integral (1.6.14)

is independent of the deformation parameter t, and we can evaluate the integral with

arbitrary t.

A typical choice is t→∞, which allows us to apply the semiclassical analysis. We

set the potential W = Vµ(x)ψµ, and the corresponding contribution to the action is

given by

QW = ∂µVν(x)ψµψν + Vµ(x)V µ(x) . (1.6.16)

Hence, in the limit t → ∞, these quadratic terms are dominating in the action. The

corresponding critical point (xc, ψc) is then given by Vµ(xc) = 0 with ψc = 0, which is

the fixed point under the G-action on X. Actually this critical point equation is generic

as explained as follows: Because the potential W should be fermionic, it contains odd

number ψ variables. In order to obtain a Lorentz scalar, at least one of them should

be contracted with the vector field Vµ(x) as Vµ(x)ψµ. From this point of view, our

choice W = Vµ(x)ψµ is the minimal one.

In order to apply the semiclassical analysis, we expand the (x, ψ) variables around

the critical point:

x = xc + t−
1
2 ξ , ψ = ψc︸︷︷︸

= 0

+ t−
1
2η , (1.6.17)
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and the potential term (1.6.16) is given by

tQW = ∂µVν(xc)η
µην + ∂µVρ(xc)∂νV

ρ(xc)ξ
µξν +O(t−1) . (1.6.18)

We remark that, in this case, the non-linear terms in the BRST transformation (1.6.11)

are suppressed in the limit t→∞:

Qξµ = ηµ , Qηµ = ∂νV
µ(xc)ξ

ν . (1.6.19)

We then perform the Gaussian integral to obtain the contribution associated with the

critical point (xc, ψc) with the measure given by

dnx dnψ =
(
t−

n
2 dnξ

) (
t+

n
2 dnη

)
= dnξ dnη . (1.6.20)

Summing up all the fixed point contributions, we obtain the equivariant localization

formula:

Equivariant localization formula (Berline–Vergne–Atiyah–Bott formula)

Let Vµ(x) be the vector field associated with the G-action on the manifold X.

Then, the integral of the G-closed form α(x, dx) over X localizes on the critical

configurations denoted by {xc},∫
X

α(x, dx) =
∑
xc

α(xc, 0)√
det ∂µVν(xc)

, (1.6.21)

with the critical/fixed point equation

Vµ(xc) = 0 . (1.6.22)

Although we have implicitly assumed that X is compact so far, we could formally

apply the localization formula to non-compact manifolds, in particular, if the criti-

cal point is isolated and compact. Such a situation is called equivariantly compact.

In many examples in physics, we would like to deal with non-compact, infinite di-

mensional manifolds, but still equivariantly compact. We could apply the equivariant

localization formula to obtain exact results for such a case, which is used to discuss

non-perturbative aspects of QFT.

1.6.3 Equivariant action and fixed point analysis

In order to apply the equivariant localization formalism to the ADHM moduli space,

let us specify the equivariant action and the corresponding fixed point under it.
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Spacetime rotation

As shown in §1.4, there are G∨ = U(k) and G = U(n) actions on the ADHM vari-

ables, (1.4.6) and (1.4.7). In addition to these group actions, there is another action

corresponding to the spacetime rotation of gauge theory on S = C2:10

(q1, q2) · (B1, B2, I, J) = (q−1
1 B1, q

−1
2 B2, I, q

−1J) (1.6.23)

where

(q1, q2) = (eε1 , eε2) ∈ TQ := U(1)2 ⊂ Spin(4) (1.6.24)

and

q := q1q2 = eε12 , ε12 = ε1 + ε2 . (1.6.25)

The parameters (q1, q2) are the equivariant parameters for Spin(4), which are the

exponentiated (multiplicative) version of the Ω-background parameters.

Fixed point analysis

In order to apply the localization formula, we should specify the fixed point under

the equivariant action. Let us analyse the fixed point in the ADHM moduli space

explicitly.

We parametrize elements of U(k) and U(n) groups with the corresponding Lie

algebras:

g = eφ , ν = ea (1.6.26)

where φ ∈ uk, a ∈ un. Then the fixed point equations are given as follows:

[φ,B1,2]− ε1,2B1,2 = 0 , (1.6.27a)

φI − Ia = 0 , (1.6.27b)

−Jφ+ aJ − ε12J = 0 . (1.6.27c)

Namely, they are invariant under the U(n)× U(1)2 action modulo U(k) symmetry at

the fixed point. Here we can assume that the element a ∈ un is diagonal without

loss of generality, so that it is an element of the Cartan subalgebra of un. This is

because, under U(n) transformation, a 7→ hah−1 (h ∈ U(n)), we have φI− I(hah−1) =

0 ⇐⇒ φI ′ − I ′a = 0 with I ′ = Ih. Similarly, we have −Jφ + hah−1J − ε12J =

10This convention is chosen to be consistent with the equivariant character formula shown in §1.8.
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0 ⇐⇒ −J ′φ+ aJ ′− ε12J
′ = 0 with J ′ = h−1J . Hence, we can choose the basis which

diagonalizes a ∈ un. We decompose it into one-dimensional elements:

a =
n⊕

α=1

aα . (1.6.28)

We may focus on the maximal torus of G = U(n), TN = U(1)n ⊂ U(n), and also

decompose (I, J) with respect to the TN torus action:

I =
n⊕

α=1

Iα , J =
n⊕

α=1

Jα . (1.6.29)

The fixed point equations under the full torus action TN × TQ = U(1)n × U(1)2 are

given by

φIα = aαIα , (1.6.30a)

Jαφ = (aα − ε12)Jα . (1.6.30b)

Now (Iα)α=1,...,n and (Jα)α=1,...,n are the left and right eigenvectors of φ. Since the

corresponding eigenvalues do not coincide with each other for generic (ε1, ε2), aα 6=
aα′ + ε12 for α, α′ ∈ (1, . . . , n), we have

JαIα′ = 0 . (1.6.31)

Therefore, together with the ADHM equation µC = 0, B1 and B2 become commutative

at the fixed point:

[B1, B2] = 0 . (1.6.32)

Using the fixed point equation (1.6.27a) for m = 1, 2, we have

φBmIα = BmφIα + εmBmIα = (aα + εm)BmIα , (1.6.33a)

JαBmφ = JαφBm − εmJαBm = JαBm(aα − ε12 − εm) . (1.6.33b)

Hence we can generate the left and right eigenvectors by applying the matrices B1,2

to (Iα, Jα)α=1,...,n. Applying the same argument recursively, we obtain

φ
(
Bs1−1

1 Bs2−1
2 Iα

)
= (aα + (s1 − 1)ε1 + (s2 − 1)ε2)

(
Bs1−1

1 Bs2−1
2 Iα

)
, (1.6.34a)(

JαB
s1−1
1 Bs2−1

2

)
φ = (aα − s1ε1 − s2ε2)

(
JαB

s1−1
1 Bs2−1

2

)
, (1.6.34b)

for s1,2 ∈ (1, . . . ,∞). We remark that B1 and B2 are commutative at the fixed

point (1.6.32), so that the order of B1,2-multiplication does not matter in the eigen-

vectors. Although we obtain infinitely many eigenvectors formally, which are linearly
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independent with different eigenvalues, there should be only k independent eigenvec-

tors, since rkφ = k. This is actually consistent with the stability condition (1.5.6)

discussed in §1.5 (and the co-stability condition as well).

We denote the discrete set of the equivariant T-fixed points in the moduli space by

MT. Then, the fixed point is parametrized by the n-tuple partition λ = (λα)α=1,...,n

with |λ| =
∑n

α=1 |λα| = k, and each λα is a partition λα = (λα,1 ≥ λα,2 ≥ · · · ≥
0) [Nak99, Nek04, NO06]. Each box s = (s1, s2) ∈ λα11 is associated with a monomial

zs1−1
1 zs2−1

2 with s1 ∈ (1, . . . ,∞), s2 ∈ (1, . . . , λα,s1). Let Iλα ⊂ C[z1, z2] = I∅ be the

ideal generated by all monomials outside the partition, zs1−1
1 zs2−1

2 with s 6∈ λα, while

Kλα = I∅/Iλα is generated by those inside the partition. Then, we obtain

K =
n⊕

α=1

Kλα , (1.6.35)

and the eigenvalue of φ associated to each box s ∈ λα (1.6.34a), denoted by φs, is

given by

φs = aα + (s1 − 1)ε1 + (s2 − 1)ε2 . (1.6.36)

This is called the a-shifted content of the box (s1, s2) ∈ λα in the partition. We can

similarly formulate with the co-stability condition. In this case, we instead assign the

eigenvalue of φ (1.6.34b) to each box in the partition.

1.7 Integrating ADHM variables

Let us recall that the ADHM variables (B1,2, I, J) are the coordinates ofX = Hom(K,K)⊕
Hom(K,K)⊕Hom(N,K)⊕Hom(K,N) with G∨ = U(k) acting on these ADHM vari-

ables. The ADHM moduli space (1.5.4) is given by the quotient of the level set

N = ~s−1(0) ⊂ X as Mζ
n,k = N/G∨, where the section is defined as ~s = ~µ − ~ζ with

~ζ = (ζ, 0, 0).

Following the equivariant integral formalism presented in §1.6.2, we define the

fermionic coordinates corresponding to the anti-commuting one-forms: (ψB1,2 , ψI , ψJ) ∈
ΠTX. Furthermore, in this case, we shall apply the Mathai–Quillen formalism to incor-

porate the ADHM equation ~s = 0 into the equivariant integral [MNS00b, LNS99]. Let

(~χ, ~H) and (φ̄, η) be the anti-ghost multiplets,12 which take a value in g∨ = LieG∨.13

11This terminology makes sense based on the graphical representation of the partition with the

Young diagram. We may abuse some terminologies through this identification.
12The latter one (φ̄, η) is also called the projection multiplet.
13Not to be confused with the dual of the Lie algebra g denoted by g∗.
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Recalling the BRST transformation should be compatible with the equivariant ac-

tion (1.6.11), we define all the transformations as follows:

QB1,2 = ψB1,2 , (1.7.1a)

QI = ψI , (1.7.1b)

QJ = ψJ , (1.7.1c)

QχR = HR , (1.7.1d)

QχC = HC , (1.7.1e)

Qφ̄ = η , (1.7.1f)

QψB1,2 = [φ,B1,2]− ε1,2B1,2 , (1.7.1g)

QψI = φI − Ia , (1.7.1h)

QψJ = −Jφ+ aJ − ε12J , (1.7.1i)

QHR = [φ, χR] , (1.7.1j)

QHC = [φ, χC] + ε12χC , (1.7.1k)

Qη = [φ, φ̄] , (1.7.1l)

where (φ, a, ε1,2) ∈ Lie(U(k),U(n),U(1)2). We remark that the fixed point equa-

tion (1.6.27) is equivalent to the condition QψB1,2,I,J = 0. Since the ADHM variables

are complex, we have the conjugate variables obeying the following BRST transfor-

mations:

QB†1,2 = ψ̄B1,2 , (1.7.2a)

QI† = ψ̄I , (1.7.2b)

QJ† = ψ̄J , (1.7.2c)

Qψ̄B1,2 = −[φ,B†1,2] + ε1,2B
†
1,2 , (1.7.2d)

Qψ̄I = −I†φ+ aI† , (1.7.2e)

Qψ̄J = φJ† − J†a + ε12J
† . (1.7.2f)

We turn to the integral over the ADHM moduli space Mζ
n,k = N/G∨. In order

to perform this integral, we map the equivariant cohomology on X to the ordinary

cohomology on N/G∨ based on the inclusion map i : N ↪→ X. We define the map

I ◦ i∗, consisting of the pullback i∗ : H•G∨(X) ↪→ H•G∨(N), and the isomorphism

I : H•G∨(N) ∼= H•(N/G∨) (if the G∨-action is free on N). Then, we obtain the

cohomology class in N/G∨, α̃ = I ◦ i∗α(φ) with α(φ) ∈ Ω•G∨(X). The naive integral

of the equivariant form over X is the pushforward map Ω•G∨(X) → Ω•G∨(pt), which

descends to H•G∨(X) → H•G∨(pt). In addition, we should fix the constant factor due

to the translation invariance of the g∨-measure. This is done as follows [Wit92]: First

we take an arbitrary Haar measure on G∨. We define the measure drk g∨φ with the

Euclidean coordinates on g∨ to be consistent with the Haar measure of G∨ at the

identity. Then drk g∨φ/ volG∨ is a natural measure on g∨ independent of the choice of

the Haar measure on G∨. Hence, we define the equivariant integral H•G∨(X) → C as

an integral over X × g∨ with the measure on g∨ introduced above.
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1.7.1 Path integral formalism

We now consider the equivariant volume of the moduli space Mn,k. The “path integral

form” of the equivariant integral over the ADHM variables X is given as follows:

Zn,k(a, ε1,2) :=

∫
Mn,k

1 =

∫
g∨

dφ

volG∨

∫
X

e−S (1.7.3)

where the action S = S[B1,2, I, J, ψ, ~χ, ~H, φ̄, η, φ] is defined as

S[B1,2, I, J, ψ, ~χ, ~H, φ̄, η, φ]

= Q trK

[
i~χ · ~s+ gH~χ · ~H +

1

gV
ψ · V (φ̄) +

1

gη
η[φ, φ̄]

]
. (1.7.4)

The vector field V (φ̄) is associated with the G∨-action with the transformation pa-

rameter φ̄:

ψ · V (φ̄) = ψB1 [φ̄, B1] + ψB2 [φ̄, B2] + ψI φ̄I − Jφ̄ψJ
− ψ̄B1 [φ̄, B†1]− ψ̄B2 [φ̄, B†2]− I†φ̄ψ̄I + ψ̄J φ̄J

† . (1.7.5)

The action S is now written as the Q-exact form, so that the path integral is indepen-

dent of the formal coupling constants (gV , gH , gη).

Let us first deal with the H-term:

gHQ trK ~χ · ~H

= gH trK

[
HRHR +H†CHC + χR[φ, χR] + χ†C ([φ, χC]− ε12χC)

]
, (1.7.6)

which leads to the Gaussian terms for (HR, HC). Here, in particular, we have to take

care with the fermionic bilinear term of χR, which may be the zero mode, while the

parameter ε12 gives the mass for χC. In order to cure this issue, we introduce another

Q-exact term:

gχRQ trK χRφ̄ = gχR trK
[
HRφ̄+ χRη

]
, (1.7.7)

which gives rise to the mass term for the anti-ghost fermions at the large gχR limit.

In order to evaluate the χC integral, we take the diagonal basis for φ:

φ = diag(φ1, . . . , φk) , (1.7.8)

and the corresponding Haar measure is given by the Vandermonde determinant:

dφ

volG∨
=

1

k!

dkφ

(2πi)k

k∏
a6=b

(φa − φb) . (1.7.9)
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Then the bilinear term of χC is given in this basis by

gH trK χ
†
C ([φ, χC]− ε12χC) = gH

∑
1≤a,b≤k

(φab − ε12)|χC,ab|2 (1.7.10)

with φab = φa − φb. Hence, by integrating the χC variable, we obtain

gk
2

H

k∏
a,b

(φab − ε12) = gk
2

H (−ε12)k
k∏
a6=b

(φab − ε12) . (1.7.11)

On the other hand, the Gaussian integral of HC provides the factor g−k
2

H , so that the

coupling constant gH does not appear in the integral in the end. Similar cancellation

is found for the integral of (HR, χR).

The next step is to introduce the “kinetic term” for the remaining variables,

(B1,2, I, J) and their fermionic partners, as follows:

gkin

2
Q trK

[
B†1,2ψB1,2 − ψ̄B1,2B1,2 + I†ψI − ψ̄II + J†ψJ − ψ̄JJ

]
= gkin trK

[
B†1,2 ([φ,B1,2]− ε1,2B1,2) + I† (φI − Ia) + J† (−Jφ+ aJ − ε12J)

]
+ gkin trK

[
ψ̄B1,2ψB1,2 + ψ̄IψI + ψ̄JψJ

]
. (1.7.12)

This term does not affect the integral since this is Q-exact. Therefore, taking the limit

gkin → ∞, the mass terms (from the V -term) are relatively suppressed, and we may

focus on the kinetic terms. Diagonalizing (φ, a) as (1.7.8) and (1.6.28), the bosonic

part of this kinetic term is given as∑
1≤a,b≤k
m=1,2

(φab − εm)|Bm,ab|2 +
∑

a=1,...,k
α=1,...,n

(φa − aα)|Iaα|2 +
∑

a=1,...,k
α=1,...,n

(−φa + aα − ε12)|Jαa|2 .

(1.7.13)

Together with the overall gkin factor, the Gaussian integral of these terms yields

g−k
2−2nk

kin

∏
1≤a,b≤k
m=1,2

(φab − εm)−1
∏

a=1,...,k
α=1,...,n

(φa − aα)−1(−φa + aα − ε12)−1 . (1.7.14)

We remark that the fermionic Gaussian integral cancels the gkin factor similarly to the

previous case.

1.7.2 Contour integral formula

Gathering all the contributions, (1.7.9), (1.7.11), and (1.7.14), the path integral of

the ADHM variables (1.7.3) is given as the multi-variable contour integral [LNS98,

MNS00b, LNS99]:
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Losev–Moore–Nekrasov–Shatashvili (LMNS) formula

We define the gauge polynomials and the rational function:

P (φ) =
n∏

α=1

(φ− aα) , P̃ (φ) =
n∏

α=1

(−φ+ aα) , (1.7.15a)

S(φ) =
(φ− ε1)(φ− ε2)

φ(φ− ε12)
. (1.7.15b)

Then, the equivariant integral over the instanton moduli space (1.7.3) is localized

on the multi-variable contour integral,

Zn,k(a, ε1,2) =
1

k!

(−ε12)k

εk1,2

∮
TK

k∏
a=1

dφa
2πi

1

P (φa)P̃ (φa + ε12)

k∏
a6=b

S(φab)
−1 , (1.7.16)

where we denote the maximal Cartan torus of G∨ = U(k) by TK = U(1)k, and

ε1,2 = ε1ε2. The factor k! is the volume of the symmetric group Sk, which is the

Weyl group of U(k).

The function S(φ) has poles at φ = 0, ε12, and the following reflection formula holds

except at these poles:

S(ε12 − φ) = S(φ) . (1.7.17)

Then, the total partition function is obtained by summing up all the instanton sectors:

Zn(a, ε1,2) =
∞∑
k=0

qk Zn,k(a, ε1,2) (1.7.18)

where q ∈ C× is the instanton fugacity given by the complexified coupling con-

stant (1.3.4). We remark that the gauge polynomials are related to each other as

P̃ (φ) = (−1)nP (φ), so that the contour integral is also written only with the polyno-

mial P (φ):

Zn,k(a, ε1,2) =
(−1)nk

k!

εk12

εk1,2

∮
TK

k∏
a=1

dφa
2πi

1

P (φa)P (φa + ε12)

k∏
a6=b

S(φab)
−1 . (1.7.19)

We have a sign factor (−1)nk, which can be absorbed by the fugacity with the redefi-

nition, q→ (−1)nq. Therefore, whether we use P (φ) or P̃ (φ) is a convention issue in

this case.14

14As discussed in §1.8, we have a similar formulation for 5d N = 1 theory and 6d N = (1, 0) theory.

In this case, however, an additional factor is necessary to convert P (φ) and P̃ (φ).
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An interpretation of the contour integral formula from the equivariant integral

point of view is as follows. Each term in the denominator is exactly the eigenvalue of

the infinitesimal equivariant torus action TK × TN × TQ on the ADHM variables:

Bm,ab 7−→ (φab − εm)Bm,ab (m = 1, 2) (1.7.20a)

Iaα 7−→ (φa − aα) Iaα (1.7.20b)

Jαa 7−→ (−φa + aα − ε12) Jαa (1.7.20c)(
J†aα 7−→ (φa − aα + ε12) J†aα

)
(1.7.20d)

See also (1.6.27). Comparing with the localization formula (1.6.21), these factors in

the denominator are interpreted as the weight contributions at the fixed point.15 Then,

the first factor in the numerator is the Haar measure contribution. Recalling the torus

action on the moment map is given by

TK × TN × TQ : µC,ab 7−→ (φab − ε12)µC,ab , (1.7.21)

another factor is due to the ADHM equation µC = 0. Since, as mentioned above,

the equivariant integral over X is given as the integral over X × g∨, we first localize

the integral on X with the G∨-action, then perform the remaining g∨-integral. To

summarize, the ADHM path integral is in general given by [NS04]

ZN,K(a, ε1,2) =
1

|WG∨ | volTK

∮
TK

drk g∨φ
∏
α∈∆

〈α, φ〉 (ADHM equation)

(ADHM variables)
(1.7.22)

where WG∨ is the Weyl group of G∨, and ∆ is the set of roots for G∨. The factors,

(ADHM equation) and (ADHM variables), are the eigenvalues of the infinitesimal

equivariant torus action on them. We will also discuss the case if G (and also G∨) is

a supergroup in Chapter 3.

1.7.3 Incorporating matter

We consider the moduli space integral in the presence of the matter fields. In this case,

the path integral localizes on the locus of the Weyl zero mode (§1.3.2), and such a so-

lution is described by the additional fermionic variable (λaf )
f=1,...,nf

a=1,...,k and (λ̄fa)
f=1,...,naf

a=1,...,k ,

as shown in §1.4. In order to apply the path integral formalism, we define multiplets,

(λ, ξ) and (λ̄, ξ̄), with the BRST transformations:16

Qλ = ξ (1.7.23a)

Qλ̄ = ξ̄ (1.7.23b)

Qξ = φλ− λm (1.7.23c)

Qξ̄ = −λ̄φ+ m̃λ̄− ε12λ̄ (1.7.23d)

15If we instead consider the contribution of J†, it will be replaced as P̃ (φ+ ε12)→ P (φ+ ε12).
16We incorporate the ε12-shift for the antifundamental matter to be consistent with the equivariant

index formula discussed in §1.8.
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where m = (m1, . . . ,mnf) ∈ LieTM and m̃ = (m̃1, . . . , m̃naf) ∈ LieTM̃ with the

maximal Cartan tori of the flavor symmetry groups, TM = U(1)n
f ⊂ U(nf) and

TM̃ = U(1)n
af ⊂ U(naf). The infinitesimal equivariant torus actions on (λ, λ̄) are

given by

T : λaf 7−→ (φa −mf )λaf (1.7.24a)

T : λ̄fa 7−→ (−φa + m̃f − ε12) λ̄fa (1.7.24b)

where we denote the total torus action by T. Then we incorporate the additional

contributions to the action (1.7.4):

gλ
2
Q trK

[
λ†ξ − ξ†λ

]
= gλ trK

[
λ†(φλ− λm) + ξ†ξ

]
, (1.7.25a)

gλ̄
2
Q trK

[
λ̄†ξ̄ − ξ̄†λ̄

]
= gλ trK

[
λ̄†(−λ̄φ+ mλ̄− ε12λ̄) + ξ̄†ξ̄

]
, (1.7.25b)

which end up with the factors given by∏
a=1,...,k
f=1,...,nf

(φa −mf ) ,
∏

a=1,...,k
f=1,...,naf

(−φa + m̃f − ε12) . (1.7.26)

Hence, the LMNS formula (1.7.16) in the presence of the (anti)fundamental matters

is given by

Zn,k(a,m, m̃, ε1,2) =
1

k!

(−ε12)k

εk1,2

∮
TG∨

k∏
a=1

dφa
2πi

P f(φa)P̃
af(φa + ε12)

P (φa)P̃ (φa + ε12)

k∏
a6=b

S(φab)
−1 ,

(1.7.27)

where the matter polynomials are defined

P f(φ) =
nf∏
f=1

(φ−mf ) , P̃ af(φ) =
naf∏
f=1

(−φ+ m̃f ) . (1.7.28)

From the geometric point of view, the integral (1.7.27) is given by

Zn,k(a,m, m̃, ε1,2) :=

∫
Mn,k

eT(M∨ ⊗K⊕ det Q∨ ⊗K∨ ⊗ M̃) (1.7.29)

where eT(M∨ ⊗K⊕ det Q∨ ⊗K∨ ⊗ M̃) is the equivariant Euler class of the bundles

over the instanton moduli space whose fibers are given by the vector spaces (K,M, M̃).

We denote the spacetime bundle by Q introduced in §1.8.1. In fact, these bundles are

identified with the instanton part of the (anti)fundamental hypermultiplet bundles,

(Hf,inst,Haf,inst), over the instanton moduli space. See (1.9.11) in §1.8 for details.
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1.7.4 Pole analysis

We have derived the integral formula for the instanton partition function, as in (1.7.16)

and (1.7.27). Since it is a multi-variable contour integral, we should properly indicate

the integration contour as follows [Nak99, Nek04].17 We first assign the ordering as

1

k!

∮ k∏
a=1

dφa −→
∮
dφk · · ·

∮
dφ1 . (1.7.30)

Then we take the integration contour, which picks up the poles at

φa − aα , φab − ε1 , φab − ε2 . (1.7.31)

Hence, the first pole must be φ1 = aα for α ∈ (1, . . . , n), and the pole φab − ε1,2 for

a > b gives a relation φa = φb(<a) + ε1,2. Applying this procedure recursively, the

poles are consistent with the eigenvalues shown in (1.6.36), which are labeled by n-

tuple partition. This shows that the equivariant integral over the instanton moduli

space localizes on the fixed point loci under the equivariant action. Although we could

also specify the corresponding residues to these poles from this expression, we would

instead work with the equivariant character based on the localization formula in the

following section.

1.8 Equivariant index formula

The localization formula shown in §1.6.2 allows us to express the equivariant integral

only with the fixed point contributions. In this process, we first clarify the fixed point,

and then evaluate the weight corresponding to each fixed point. We here study the

fixed point weight based on the equivariant character, and write down the gauge theory

partition function explicitly.

1.8.1 Spacetime bundle

For the four-manifold S = C2, let Q be the cotangent bundle to S at the marked point

o,

Q = T ∗o S . (1.8.1)

17It is known in general that the Jeffrey–Kirwan (JK) residue formalism provides a correct pre-

scription for such a contour integral [JK95, JK97], and the argument below can be justified with

this JK formalism. See also [BV99, SV04] and [BEHT15, HKKP15, Nak15] for applications to gauge

theory partition functions.
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We denote the corresponding automorphism group by GL(Q), interpreted as complex-

ification of the subgroup of the Lorentz group Spin(4), and the marked point o is the

fixed point under this group action. We split Q = Q1⊕Q2 with respect to the Cartan

torus

TQ = GL(Q1)×GL(Q2) ⊂ GL(Q) , (1.8.2)

which is the complexification of (1.6.24). The associated characters at the T-fixed

point are given as follows:

chT Q1,2 = q1,2 , chT Q = q1 + q2 , chT ∧2Q = q1q2 =: q . (1.8.3)

We also denote ∧2Q = det Q. The parameters (q1, q2) are the equivariant parameters

for GL(Q), q1,2 = eε1,2 ∈ C×. We also define

∧Q1,2 =
∑
k

(−1)k ∧k Q1,2 , ∧Q =
∑
k

(−1)k ∧k Q , (1.8.4)

and their characters

chT ∧Q1,2 = 1− q1,2 , chT ∧Q = (1− q1)(1− q2) . (1.8.5)

We remark the relation

∧Q = ∧Q1 · ∧Q2 . (1.8.6)

1.8.2 Framing and instanton bundles

We denote the bundles on the instanton moduli space with the fibers, N and K, by N

and K, which we call the framing and instanton bundles (See §1.4). The corresponding

automorphism groups are denoted by GL(N) and GL(K). Let TN and TK be the

Cartan tori of these automorphism groups. They split into the direct sum:

N =
n⊕

α=1

Nα , K =
n⊕

α=1

Kα . (1.8.7)

Then the characters of these bundles at the T-fixed point λ ∈MT are given as

chT Nα = eaα , chT Kα =
∑
s∈λα

eaαqs1−1
1 qs2−1

2 . (1.8.8)

1.8.3 Universal bundle

Let YS be the universal bundle over Mn,k ×S, which splits into the direct sum of the

T-fixed ideals defined in §1.6.3:

YS =
n⊕

α=1

Nα ⊗ Iλα . (1.8.9)
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The character of the ideal parametrized by the partition λ is given by

chT Iλ =
∑
s 6∈λ

qs1−1
1 qs2−1

2 , (1.8.10a)

chT I∅ =
∑

s1,s2=1,...,∞

qs1−1
1 qs2−1

2 =
1

(1− q1)(1− q2)
. (1.8.10b)

Hence, the universal bundle character is given by

chT YS =
n∑

α=1

∑
s 6∈λα

eaαqs1−1
1 qs2−1

2 . (1.8.11)

We denote the inclusion map from the fixed point o to the spacetime S by io : o ↪→
S. Then the observable bundles over Mn,k is defined by the pullback of the universal

bundle Yo = i∗oYS . The localization formula gives rise to the relation

YS =
Yo

∧Q
⇐⇒ Yo = ∧Q ·YS , (1.8.12)

where the denominator ∧Q on the left equation plays a role of the equivariant Todd

class on S = C2:

Td(C2) =
ε1ε2

(eε1 − 1)(eε2 − 1)
. (1.8.13)

Thus, from (1.8.9) and (1.8.12), we obtain the observable bundle given in terms of the

framing and instanton bundles:

Yo = N− ∧Q ·K . (1.8.14)

Since the spacetime splits into S = S1 ⊕ S2 as in §1.8.1, there are two compatible

reductions:
YS

X := YS1 YS2 =: X̌

Yo

∧Q

∧Q1 ∧Q2

∧Q2 ∧Q1

(1.8.15)

Hence we have two equivalent expressions:

Yo = ∧Q1 ·X (1.8.16a)

= ∧Q2 · X̌ . (1.8.16b)

The characters of (X, X̌) = (YS1 ,YS2) are given as

chT X =
∑
x∈X

x , chT X̌ =
∑
x̌∈X̌

x̌ (1.8.17)
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where

X =
{
xα,k = eaαqk−1

1 q
λα,k
2

}
α=1,...n
k=1,...,∞

, X̌ =
{
x̌α,k = eaαq

λ̌α,k
1 qk−1

2

}
α=1,...n
k=1,...,∞

∈MT ,

(1.8.18)

with the transposed partition denoted by λ̌. Namely, these two reductions are related

through q1 ↔ q2 (ε1 ↔ ε2).18

1.8.4 Index formula

We define the Adams operation on the bundle E by E[p], s.t., the character is given

by ch E[p] =
rkE∑
i=1

epi for ch E =
rkE∑
i=1

ei. In terms of the Chern roots ei = exi , it is given

by xi → pxi. Then, we denote the dual of the bundle E by E∨, s.t., the character is

given by ch E∨ =
rkE∑
i=1

e−1
i . It is formally written as the Adams operation, E∨ = E[−1].

Given the character of the bundle ch E =
rkE∑
i=1

ni e
xi with ni ∈ Z, we define the

index functor, which converts the additive class to the multiplicative class, as follows:

I[E] =
rkE∏
i=1

[xi]
ni (1.8.19)

where

[x] =


x (Cohomology)

1− e−x (K-theory)

θ(e−x; p) (Elliptic)

(1.8.20)

We denote the theta function with the elliptic nome p = e2πiτ ∈ C× by θ(z; p) defined

in (A.3.1). The elliptic index is reduced to the K-theory in the limit p→ 0. In order to

obtain the cohomological index form the K-theory, rescaling the Chern roots xi → βxi,

then take the limit β → 0. The remaining factor βrkE should be compensated with

other parameters, e.g., the coupling constant. The index obeys the reflection formula:

I[E∨] =

(−1)rkE I[E] (Cohomology)

(−1)rkE(det E) I[E] (K-theory/Elliptic)
(1.8.21)

18This exchanging symmetry leads to a duality of the quantum algebras emerging from the moduli

space of quiver gauge theory (Langlands duality). See also §7.4.5.
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We may take another option for the index function instead of the previous one (1.8.20):

[x] =


x (Cohomology)

ex/2 − e−x/2 (K-theory)

ex/2 θ(e−x; p) (Elliptic)

(1.8.22)

which makes the reflection formulas homogeneous:

I[E∨] = (−1)rkE I[E] . (1.8.23)

From the gauge theory point of view, these index formulas are associated with 4d

N = 2 theory on S, 5d N = 1 theory on S ×S1, 6d N = (1, 0) theory on S × T 2. See

§4.6 for details. In particular, the K-theoretic index and the elliptic index are realized

as the Witten index of the supersymmetric quantum mechanics on S1 and the elliptic

genus on T 2 with the modulus τ .

1.8.5 Vector multiplet

We consider the vector multiplet (gauge field) contribution to the tangent bundle of the

instanton moduli space at the T-fixed point, TλM for λ ∈MT, that we call the vector

multiplet bundle V. The vector multiplet is in the adjoint representation of the gauge

group G, which is given by the tensor product of the fundamental representation and

its conjugate for G = U(n).19 Then, we define the vector multiplet bundle similarly

to the localization formula (1.8.12):

V =
Y∨o Yo

∧Q
. (1.8.24)

In terms of the partial reduction of the universal bundle YS1 = X, it is given by20

V =
∧Q∨1
∧Q2

X∨X , (1.8.26)

and the corresponding character is

chT V =
1− q−1

1

1− q2

∑
(x,x′)∈X×X

x6=x′

x′

x
(1.8.27)

19For O(n) and Sp(n) groups, the adjoint representation is given by the rank two antisymmetric

and symmetric representations, respectively. See [MW04, NS04, HKS11, HKKP15] for the instanton

partition function for O(n) and Sp(n) groups.
20There is an alternative expression based on the other reduction of the universal bundle YS2 = X̌:

V =
∧Q∨2
∧Q1

X̌∨X̌ . (1.8.25)
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where the diagonal term x = x′, removed here, may be interpreted as the singlet

term. Therefore the vector multiplet contribution to 4d N = 2/5d N = 1/6d N =

(1, 0) gauge theory partition function is given by applying the index formula to the

corresponding bundle:

Zvec := I[V] =



∏
(x,x′)∈X×X

x 6=x′

Γ1(log x′ − log x− ε1; ε2)

Γ1(log x′ − log x; ε2)
(4d)

∏
(x,x′)∈X×X

x 6=x′

Γq(q2x/x
′; q2)

Γq(qx/x′; q2)
(5d)

∏
(x,x′)∈X×X

x 6=x′

Γe(q2x/x
′; p, q2)

Γe(qx/x′; p, q2)
(6d)

(1.8.28)

where Γ1(z; ε) is the gamma function (A.1.2), Γq(z; q) is the q-gamma function (A.2.11),

and Γe(z; p, q) is the elliptic gamma function (A.3.7). The hierarchical structure of 4d,

5d, and 6d theories is obvious, which corresponds to the rational, trigonometric, and

elliptic functions (See §4.6). It is written more explicitly as

Zvec =
∏

α,α′=1,...,n
k,k′=1,...,∞
(α,k)6=(α′,k′)

(eaαα′q
λα,k−λα′,k′+1

2 qk−k
′+1

1 ; q2)∞

(eaαα′q
λα,k−λα′,k′+1

2 qk−k
′

1 ; q2)∞
(1.8.29)

where we define aαα′ = aα−aα′ . This is the K-theory convention, and we have a similar

expression for the cohomology (4d N = 2) and the elliptic (6d N = (1, 0)) cases.

We remark that, if we relax the non-increasing condition of the partitions, parametriz-

ing the fixed points in the instanton moduli space (§1.6.3), the partition function

vanishes:

λα,k < λα,k+1 =⇒ Zvec = 0 . (1.8.30)

This can be seen from the expression (1.8.29). Since (z; q)∞ = 0 at zqn = 0 (n ∈ Z≥0),

we have Zvec = 0 if λα,k − λα′,k′ + 1 ≤ 0 at (α′, k′) = (α, k + 1).

1.8.6 Fundamental and antifundamental matters

We denote the vector bundles over the instanton moduli space with the fibers, M and

M̃ , by M and M̃, that we call the matter bundles. The automorphism groups are

GL(M) and GL(M̃), and the corresponding Cartan tori are denoted by TM and TM̃

with the characters

chT M =
nf∑
f=1

emf , chT M̃ =
naf∑
f=1

em̃f . (1.8.31)



42 CHAPTER 1. INSTANTON COUNTING AND LOCALIZATION

We define the (anti)fundamental matter, the hypermultiplet in the (anti)fundamental

representation of G in N = 2 gauge theory, contribution to the (extended) tangent

bundle of the instanton moduli space:

Hf = −M∨Yo

∧Q
, Haf = −Y∨o M̃

∧Q
, (1.8.32)

with the characters given by

chT Hf = − 1

1− q2

∑
(x,x′)∈M×X

x′

x
, chT Haf = +

q−1
1

1− q2

∑
(x,x′)∈X×M̃

x′

x
, (1.8.33)

where we define the set of the (multiplicative; exponentiated) mass parameters:

M = (µ1, . . . , µnf) := (em1 , . . . , emnf ) , (1.8.34a)

M̃ = (µ̃1, . . . , µ̃naf) := (em̃1 , . . . , em̃naf ) . (1.8.34b)

Then the (anti)fundamental hypermultiplet contribution to the partition function is

similarly expressed in terms of the gamma functions,

Z f := I[Hf] =



∏
(x,x′)∈M×X

Γ1(log x′ − log x; ε2)−1 (4d)∏
(x,x′)∈M×X

Γq (q2x/x
′; q2)

−1
(5d)∏

(x,x′)∈M×X

Γe (q2x/x
′; p, q2)

−1
(6d)

, (1.8.35a)

Zaf := I[Haf] =



∏
(x,x′)∈X×M̃

Γ1(log x′ − log x− ε1; ε2) (4d)

∏
(x,x′)∈X×M̃

Γq (qx/x′; q2) (5d)

∏
(x,x′)∈X×M̃

Γe (qx/x′; p, q2) (6d)

. (1.8.35b)

For example, the fundamental matter contribution in the K-theory convention is ex-

plicitly given as

Z f =
∏

α=1,...,n
k=1,...,∞
f=1,...,nf

(emf−aαq
−λα,k+1
2 q−k+1

1 ; q2)∞ . (1.8.36)

This factor has zeros on the special locus of the parameter space. See §1.9 for details.

1.8.7 Adjoint matter

We consider the contribution of the hypermultiplet in the adjoint representation. We

denote the line bundle over the instanton moduli space by Madj with the character
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given by the adjoint mass parameter madj:

chT Madj = emadj =: µ ∈ C× . (1.8.37)

We define the adjoint matter contribution to the tangent bundle:

Hadj = −Madj
Y∨o Yo

∧Q
, (1.8.38)

and the character is given by

chT Hadj = −µ 1− q−1
1

1− q2

∑
(x,x′)∈X×X

x′

x
. (1.8.39)

Then the corresponding contribution to the partition function is obtained by the index

formulas:

Zadj := I[Hadj] =



∏
(x,x′)∈X×X

Γ1(log x′ − log x+madj; ε2)

Γ1(log x′ − log x+madj − ε1; ε2)
(4d)

∏
(x,x′)∈X×X

Γq(µ
−1qx/x′; q2)

Γq(µ−1q2x/x′; q2)
(5d)

∏
(x,x′)∈X×X

Γe(µ
−1qx/x′; p, q2)

Γe(µ−1q2x/x′; p, q2)
(6d)

(1.8.40)

The gauge theory with N = 2 supersymmetry, which consists of the vector multi-

plet and the adjoint hypermultiplet is called N = 2∗ theory, and the corresponding

partition function is given as

Z = ZvecZadj . (1.8.41)

Due to the relation

Zadj
∣∣∣
madj=0

=
1

Zvec
, (1.8.42)

the partition function becomes trivial in the limit madj = 0 because of the cancellation

between Zvec and Zadj. In fact, N = 2∗ theory is given as a mass deformation of N = 4

theory, and the supersymmetry is restored from 4d N = 2 to N = 4 in the massless

limit. In addition, the adjoint mass is also interpreted as the equivariant parameter

for a part of the R-symmetry, U(1) ⊂ SU(4) = SO(6). Realizing 4d N = 4 theory as

a stack of D3 branes in Type IIB string theory, this SO(6) symmetry is interpreted as

the rotation symmetry of the transverse spacetime of D3 branes. See also §2.2 for a

related discussion.
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1.9 Instanton partition function

1.9.1 Vector multiplet

The partition function contributions discussed in §1.8 are given as the infinite prod-

ucts. We can extract the finite product by the ratio, which is in particular called the

instanton part,

Zvec,inst =
Zvec

Z̊vec
(1.9.1)

where Z̊vec is the perturbative part obtained with the empty configuration λ = ∅, and

Zvec is the full partition function involving both the instanton and the perturbative

contributions. In the K-theory convention (1.8.29), for example, it is given by

Zvec,inst =
∏

α,α′=1,...,n
k,k′=1,...,∞
(α,k) 6=(α′,k′)

(eaαα′q
λα,k−λα′,k′+1

2 qk−k
′+1

1 ; q2)∞

(eaαα′q
λα,k−λα′,k′+1

2 qk−k
′

1 ; q2)∞

(eaαα′q2 q
k−k′
1 ; q2)∞

(eaαα′q2 q
k−k′+1
1 ; q2)∞

=
∏

α,α′=1,...,n
k,k′=1,...,∞
(α,k) 6=(α′,k′)

(eaαα′q2 q
k−k′
1 ; q2)λα,k−λα′,k′

(eaαα′q2 q
k−k′+1
1 ; q2)λα,k−λα′,k′

, (1.9.2)

where we use the formula (A.2.5).

We rephrase the relation (1.9.1) in terms of the vector bundles over the instanton

moduli space. The vector multiplet bundle is written with the framing and instanton

bundles as follows:

V =
N∨N

∧Q
− det Q∨ ·K∨N−N∨K + ∧Q∨ ·K∨K

=: V̊ + Vinst (1.9.3)

where we define the perturbative and the instanton contributions:

V̊ =
N∨N

∧Q
, (1.9.4a)

Vinst = − det Q∨ ·K∨N−N∨K + ∧Q∨ ·K∨K . (1.9.4b)

We remark that the dimension of the instanton part is given by

dim Vinst = 2nk , (1.9.5)

which agrees with the dimension of the instanton moduli space (1.5.2).

The perturbative and instanton parts are then given by

Z̊vec = I[V̊] , Zvec,inst = I[Vinst] . (1.9.6)
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For example, for the K-theory convention, the perturbative part is explicitly given as

Z̊vec =
∏

α,α′=1,...n

Γq,2(eaαα′q; q1, q2) (1.9.7)

where Γq,2(z; q1, q2) is the q-double gamma function (A.2.13). Similar expressions with

the double gamma function are available for the cohomology and elliptic cases as well.

The character of the instanton part is given by

chT Vinst = −
∑

α,α′=1,...,n

eaαα′ Ξ[λα, λα′ ] (1.9.8)

where we define

Ξ[λα, λα′ ] =
∑
s∈λα

q
`α′ (s)
1 q

−aα(s)−1
2 +

∑
s∈λα′

q
−`α(s)−1
1 q

aα′ (s)
2 . (1.9.9)

We denote the arm and leg lengths by (aα(s), `α(s)) defined in (B.1.3). See §B.2 for

details of the derivation. Hence, applying the index formula, the vector multiplet

contribution to the K-theoretic instanton partition function is given by

Zvec,inst =
∏

α,α′=1,...,n

∏
s∈λα

1

1− eaα′αq
−`α(s)
1 q

aα(s)+1
2

∏
s∈λα′

1

1− eaα′αq
`α(s)+1
1 q

−aα′ (s)
2

 .

(1.9.10)

This expression is analogous to the hook length formula for the (q-)dimension of the

irreducible representation of the symmetric group [Mac97]. We can combinatorially

show the equivalence to the previous formula (1.9.2).

1.9.2 Fundamental and antifundamental matters

We consider the instanton part of the hypermultiplet contribution to the partition

function. We split the hypermultiplet bundle into the perturbative and instanton

contributions:

Hf = −M∨N

∧Q
+ M∨K =: H̊f + Hf,inst , (1.9.11a)

Haf = −N∨M̃

∧Q
+ det Q∨K∨M̃ =: H̊af + Haf,inst . (1.9.11b)

Hence, the corresponding contributions are given by the index formula. For example,

the K-theory partition functions are given by

Z̊ f =
∏

α=1,...,n
f=1,...,nf

Γq,2(emf−aαq; q1, q2)−1 , Z̊af =
∏

α=1,...,n
f=1,...,naf

Γq,2(eaα−m̃f q; q1, q2)−1

(1.9.12a)
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Z f,inst =
∏

α=1,...,n
f=1,...,nf

∏
s∈λα

(1− emf−aαq−s1+1
1 q−s2+1

2 ) , Zaf,inst =
∏

α=1,...,n
f=1,...,naf

∏
s∈λα

(1− eaα−m̃f qs11 q
s2
2 ) .

(1.9.12b)

From the instanton partition function, we see the following property. Tune the

mass parameter as

mf = aα + (n1 − 1)ε1 + (n2 − 1)ε2 , (1.9.13)

then it obeys the pit condition [BFM18]:

(n1, n2) ∈ λα =⇒ Z f,inst = 0 . (1.9.14)

A similar statement holds for Zaf as well. In particular, in the case n1 = 0 (or n2 = 0),

the condition (1.9.13) provides the root of Higgs branch locus in the moduli space of

the supersymmetric vacua [Dor98, DHT99]. At this point, 4d N = 2 gauge theory is

reduced to 2d N = (2, 2) theory (similarly 5d N = 1 to 3d N = 2, 6d N = (1, 0) to

4d N = 1), which can be explicitly checked by the partition function [FKNO15]. See

also §4.5.4 for related discussions.

1.9.3 Adjoint matter

The adjoint matter contribution is almost the same as the vector multiplet up to the

adjoint mass parameter µ = emadj ∈ C×. For the K-theory convention, the perturbative

and instanton contributions are given as

Z̊adj =
∏

α,α′=1,...n

Γq,2(eaαα′−madjq; q1, q2)−1 , (1.9.15a)

Zadj,inst =
∏

α,α′=1,...,n

∏
s∈λα

(
1− eaα′α−madjq

−`α′ (s)
1 q

aα(s)+1
2

) ∏
s∈λα′

(
1− eaα′α−madjq

`α(s)+1
1 q

−aα′ (s)
2

) .

(1.9.15b)

Hence, we obtain a combinatorial expression for the instanton partition function of 5d

N = 1∗ theory (5d uplift of 4d N = 2∗ theory):

Z inst
n,k =

n∏
α,α′

∏
s∈λα

1− eaα′α−madjq
−`α′ (s)
1 q

aα(s)+1
2

1− eaα′αq
−`α′ (s)
1 q

aα(s)+1
2

∏
s∈λα′

1− eaα′α−madjq
`α(s)+1
1 q

−aα′ (s)
2

1− eaα′αq
`α(s)+1
1 q

−aα′ (s)
2

 .

(1.9.16)

We see that it becomes trivial in the limit madj → 0. In the case of n = 1, in particular,

the instanton partition function is given by

Z inst
1,k =

∏
s∈λ

(
1− µ−1q

−`(s)
1 q

a(s)+1
2

)(
1− µ−1q

`(s)+1
1 q

−a(s)
2

)
(

1− q−`(s)1 q
a(s)+1
2

)(
1− q`(s)+1

1 q
−a(s)
2

) . (1.9.17)
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See also §2.2.2.

1.9.4 Chern–Simons term

In particular for 5d gauge theory, we can incorporate the Chern–Simons term:

ZCS = (det YS)κ , (1.9.18)

which splits into the perturbative and the instanton contributions

Z̊CS =

(
det

N

∧Q

)κ
=

∏
α=1,...,n

∏
i,j=0,...,∞

(
eaαqi1q

j
2

)κ
, (1.9.19)

ZCS,inst = (det K)−κ =
∏

α=1,...,n

∏
s∈λα

(
eaαqs1−1

1 qs2−1
2

)−κ
. (1.9.20)

Comparing with the (anti)fundamental contributions (1.9.12b), we reproduce the Chern–

Simons term in the decoupling limit mf , m̃f → +∞: The fundamental and antifun-

damental matters induce the positive and negative shift of the Chern–Simons level,

respectively.

1.9.5 Relation to the contour integral formula

We remark the relation between the equivariant character formula and the LMNS

contour integral formula. The instanton part of the vector multiplet character is also

written as

chT Vinst = −
∑

α=1,...,n
a=1,...,k

(
e−φa+aα−ε12 + eφa−aα

)
+

∑
a,b=1,...,k

(
eφab − eφab−ε1 − eφab−ε2 + eφab−ε12

)
. (1.9.21)

Here the diagonal part of eφab , namely the zero modes should be removed, and, in

this expression, we do not yet impose the fixed point condition for (φi)i=1,...,k. Then,

we notice that the Chern roots of each factor coincide with the infinitesimal equiv-

ariant torus action on the ADHM variables (1.7.20). Hence, applying the index func-

tor (1.8.20), we obtain the integrand of the contour integral (1.7.16). We can similarly

reproduce the hypermultiplet contributions to the contour integral, and also obtain

the K-theory/elliptic analog of the LMNS formula with the corresponding index.
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Gauge and matter polynomials

In general, the gauge and matter polynomials appearing in the contour integral are

given as follows:

P (φ) =
n∏

α=1

[φ− aα] , P̃ (φ) =
n∏

α=1

[−φ+ aα] , (1.9.22a)

P f(φ) =
nf∏
α=1

[φ−mf ] , P̃ af(φ) =
naf∏
α=1

[−φ+ m̃f ] , (1.9.22b)

where the index function [x] is defined in (1.8.20). The polynomials, P (φ) and P̃ (φ),

P f(φ) and P̃ af(φ), have the same zeros, so that they are equivalent up to overall factors.

For example, in the K-theory convention, we have the relation:

P̃ (φ) =
n∏

α=1

(
1− eφ−aα

)
=

(
(−1)n

n∏
α=1

e−aα

)
enφ P (φ) , (1.9.23a)

P̃ af(φ) =
nf∏
f=1

(
1− eφ−m̃f

)
=

(−1)n
af
naf∏
f=1

e−m̃f

 en
afφ P af(φ) . (1.9.23b)

The polynomial part in the contour integral together with the Chern–Simons factor

(level κ) is given as

k∏
a=1

e−κφa
P f(φa)P̃

af(φa + ε12)

P (φa)P̃ (φa + ε12)
=

(−1)n+naf

e−(n−naf)ε12

n∏
α=1

eaα
naf∏
f=1

e−m̃f

k

×
k∏
a=1

e−(κ+n−naf)φa
P f(φa)P

af(φa + ε12)

P (φa)P (φa + ε12)
. (1.9.24)

Hence, we can convert the polynomial (P̃ (φ), P̃ af(φ)) to (P (φ), P af(φ)) by redefinition

of the coupling constant and the Chern–Simons level (q, κ):

q 7−→

(−1)n+naf

e−(n−naf)ε12

n∏
α=1

eaα
naf∏
f=1

e−m̃f

 q ,

κ 7−→ κ+ n− naf . (1.9.25a)

In particular, the coupling constant shift becomes simpler if we impose the special

unitary condition:
n∑

α=1

aα =
naf∑
f=1

m̃f = 0. In addition, one can convert the convention

of the [x] function from (1.8.20) to (1.8.22) with a similar shift of the coupling constant



1.9. INSTANTON PARTITION FUNCTION 49

and the Chern–Simons level:

k∏
a=1

e−κφa
P f(φa)P̃

af(φa + ε12)

P (φa)P̃ (φa + ε12)

∣∣∣∣∣
(1.8.20)

=

e−
1
2
nε12

nf∏
f=1

e
1
2
mf

naf∏
f=1

e−
1
2
m̃f

k
k∏
a=1

e−(κ+ 1
2
nf− 1

2
naf)φa

P f(φa)P̃
af(φa + ε12)

P (φa)P̃ (φa + ε12)

∣∣∣∣∣∣∣
(1.8.22)

=

(−1)n+naf

e−
1
2
nε12

nf∏
f=1

e
1
2
mf

naf∏
f=1

e−
1
2
m̃f

k
k∏
a=1

e−(κ+ 1
2
nf− 1

2
naf)φa

P f(φa)P
af(φa + ε12)

P (φa)P (φa + ε12)

∣∣∣∣∣∣∣
(1.8.22)

.

(1.9.26)

We have a similar relation in the elliptic case. In this case, we have to impose

the condition n = nf = naf and κ = 0, in order that the partition function shows

a modular property. Therefore, together with the special unitary condition, we can

freely convert the gauge and matter functions (not polynomials anymore in the elliptic

case), (P̃ (φ), P̃ af(φ)) to (P (φ), P af(φ)).

S-function

The S-function, appearing in the contour integral (1.7.15b), is replaced as follows for

the K-theory/elliptic cases:

S(φ) =
[φ− ε1][φ− ε2]

[φ][φ− ε12]
=


(1− q1z)(1− q2z)

(1− z)(1− qz)
(5d)

θ(q1z; p)θ(q2z; p)

θ(z; p)θ(qz; p)
(6d)

(1.9.27)

where z = e−φ. This expression is also obtained from the symmetric convention of the

[x] function (1.8.22). This S-function obeys the reflection formula except at the poles

z = 1, q−1 (φ = 0, ε12),

S(q−1z−1) = S(z) (⇐⇒ S(φ) = S(ε12 − φ)) . (1.9.28)

More precisely, we have the relation

S(z)− S(q−1z−1) =


(1− q1)(1− q2)

1− q
(δ(z)− δ(qz)) (5d)

θ(q1; p)θ(q2; p)

(p; p)2
∞θ(q; p)

(δ(z)− δ(qz)) (6d)

(1.9.29)

where we define the multiplicative delta function

δ(z) =
∑
n∈Z

zn , (1.9.30)
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such that ∫
dz δ(z) f(z) = f(1) . (1.9.31)

Therefore, we can replace δ(z)f(z) −→ δ(z)f(1) as long as concerning the integrand.

In order to show the relation (1.9.29), for the 5d case, we rewrite the S-function

S(z) =
(1− q1z)(1− q2z)

(1− q)z

(
1

1− z
− 1

1− qz

)
. (1.9.32)

Then we obtain

S(z)− S(q−1z−1) =
(1− q1z)(1− q2z)

(1− q)z

(
1

1− z
+

1

1− z−1
− 1

1− qz
− 1

1− q−1z−1

)
=

(1− q1z)(1− q2z)

(1− q)z

(
1

1− z
+

z−1

1− z−1
− 1

1− qz
− q−1z−1

1− q−1z−1

)
=

(1− q1z)(1− q2z)

(1− q)z
(δ(z)− δ(qz))

= RHS of (1.9.29) , (1.9.33)

where we replace the prefactor
(1− q1z)(1− q2z)

(1− q)z
−→ (1− q1)(1− q2)

(1− q)
due to the

property (1.9.31).

For the 6d case, we rewrite the S-function together with (A.3.2) and (A.3.6) as

follows:

S(z) =
θ(q1z; p)θ(q2z; p)

(p; p)2
∞θ(q; p)z

∑
n∈Z

zn

1− pn/qz

=
θ(q1z; p)θ(q2z; p)

(p; p)2
∞θ(q; p)z

( ∑
0≤n,m≤∞

zn(qz)−mpnm −
∑

1≤n,m≤∞

z−n(qz)mpnm

)
. (1.9.34)

Then, we can show the relation (1.9.29) similarly to the 5d case. We remark that the

O(p0) contribution to the double infinite series is given by

lim
p→0

( ∑
0≤n,m≤∞

zn(qz)−mpnm −
∑

1≤n,m≤∞

z−n(qz)mpnm

)

= 1 +
∞∑
n=1

zn +
∞∑
m=1

(qz)−m

=
1

1− z
− 1

1− qz
, (1.9.35)

which is consistent with the 5d expression (1.9.32).
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Quiver gauge theory

Quiver gauge theory is a gauge theory with a product-type gauge symmetry:

G =
∏
i∈Γ0

Gi , (2.0.1)

where Γ0 is a set of gauge nodes (vertices). Together with a set of edges (arrows) Γ1,

we define a quiver Γ = (Γ0,Γ1). For each edge e : i→ j, in 4d N = 1 gauge theory (4

SUSY) convention, we assign the chiral multiplet in the bifundamental representation

of (Gi, Gj). The loop edge e : i→ i denotes the adjoint chiral multiplet.

The 4dN = 2 (8 SUSY) vector multiplet consists of theN = 1 vector multiplet and

the chiral multiplet in the adjoint representation. Similarly, the N = 2 bifundamental

hypermultiplet consists of the chiral and anti-chiral multiplets associated with the

edges, e : i→ j and e : j → i, so that we combine a pair of these arrows into a single

unoriented edge, e.g.:

4 SUSY 8 SUSY

(2.0.2)

For less SUSY cases, we need a different type of arrows to distinguish specific multi-

plets, e.g., the Fermi multiplet in 2d N = (0, 2) theory (2 SUSY).

We remark that the quiver diagram in the 8 SUSY convention can be identified

with the simply-laced Dynkin diagram.1 For example, the diagram shown in (2.0.2) is

the Dynkin diagram of A3. This is not a coincidence, and we will show the quantum

algebraic structure emerging from the moduli space of quiver gauge theory in Part III.

1The non-simply-laced cases would be discussed in §2.4.
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2.1 Instanton moduli space

Let Gi = U(ni) be a gauge group of the node i ∈ Γ0. We consider the instanton

configuration in quiver gauge theory:

F+
i = 0 for ∀i ∈ Γ0 , (2.1.1)

where F+
i is the SD part of the curvature associated with the gauge node i ∈ Γ0.

Then, the instanton number is defined for each node:

ki =
1

8π2

∫
S

trFi ∧ Fi . (2.1.2)

Hence, the instanton moduli space for Γ-quiver gauge theory on S is given by

Mn,k =
⊔
i∈Γ0

Mni,ki , (2.1.3)

where Mni,ki is the instanton moduli space (1.5.4) for the node i ∈ Γ0, and we define

the dimension vector:

(n, k) = (ni, ki)i=1,...,rk Γ , (2.1.4)

where rk Γ = |Γ0|. In order to obtain the instanton partition function for quiver gauge

theory, we apply the equivariant character formula discussed in §1.8 to the instanton

moduli space Mn,k.

2.1.1 Vector bundles on the moduli space

We define the framing, instanton bundles, and also the matter bundles on the instanton

moduli space Mn,k for each node i ∈ Γ0:

N = (Ni)i∈Γ0 , K = (Ki)i∈Γ0 , M = (Mi)i∈Γ0 , M̃ = (M̃i)i∈Γ0 . (2.1.5)

The corresponding complexified automorphism groups are given by

GL(N) =
∏
i∈Γ0

GL(Ni) , GL(K) =
∏
i∈Γ0

GL(Ki) , (2.1.6a)

GL(M) =
∏
i∈Γ0

GL(Mi) , GL(M̃) =
∏
i∈Γ0

GL(M̃i) . (2.1.6b)

We denote the corresponding Cartan tori by TK , TN , etc. The dimensions of these

bundles are parametrized by the dimension vector:

(n, k, nf, naf) = (ni, ki, n
f
i, n

af
i )i=1,...,rk Γ , (2.1.7)
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so that

GL(Ni) = GL(Cni) , GL(Ki) = GL(Cki) , etc. (2.1.8)

In addition, we assign the line bundle (Me)e∈Γ1 to each edge. The automorphism

group is given by ∏
e∈Γ1

GL(Me) (2.1.9)

with the character

chT Me = eme =: µe . (2.1.10)

The parameter me ∈ C is the bifundamental mass associated with the edge e, and

µe ∈ C× is the multiplicative analog.

2.1.2 Equivariant fixed point and observables

Based on the vector bundles introduced above, we define the observable bundle for

each gauge node i ∈ Γ0 similarly to (1.8.14):

Yi := Yo,i = Ni − ∧Q ·Ki . (2.1.11)

Similarly to the discussion in §1.8, the fixed point under the equivariant action in the

moduli space MT is parametrized by a set of partitions:

λ = (λi,α)i∈Γ0, α=1,...,ni ∈MT . (2.1.12)

Then, the partial reduction of the universal bundle gives rise to the formula:

Yi = ∧Q1 ·Xi = ∧Q2 · X̌i (2.1.13)

where we define (Xi, X̌i) = (YS1,i,YS2,i) with the characters

chT Xi =
∑
x∈Xi

x , chT X̌i =
∑
x̌∈X̌i

x̌ , (2.1.14)

and

Xi =
{
xi,α,k = eai,αqk−1

1 q
λi,α,k
2

}
i∈Γ0

α=1,...ni
k=1,...,∞

, X̌i =
{
x̌i,α,k = eai,αq

λ̌i,α,k
1 qk−1

2

}
i∈Γ0

α=1,...ni
k=1,...,∞

.

(2.1.15)

We also define the union of these sets:

X =
⊔
i∈Γ0

Xi , X̌ =
⊔
i∈Γ0

X̌i , (2.1.16)

with

X , X̌ ∈MT . (2.1.17)
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2.2 Instanton partition function

The quiver gauge theory partition function is obtained through the equivariant lo-

calization of the instanton moduli space. In this Section, we derive the equivari-

ant index formula and the contour integral formula for the instanton partition func-

tion [Sha06, NP12, NPS18].

2.2.1 Equivariant index formula

The vector multiplet and the hypermultiplet contributions to the tangent bundle on

the instanton moduli space are given as follows:

Vi =
Y∨i Yi

∧Q
, (2.2.1a)

Hf
i = −M∨

i Yi

∧Q
, Haf

i = −Y∨i M̃i

∧Q
, (2.2.1b)

He:i→j = −Me
Y∨i Yj

∧Q
. (2.2.1c)

In this convention, the bifundamental hypermultiplet for the edge e : i→ j transforms

as the fundamental representation of Gj and the antifundamental representation of

Gi. We remark that the bifundamental matter associated with the loop edge e : i→ i

is interpreted as the adjoint matter. Then, the partition function is obtained by the

index functor of these contributions:

Zn,k = I [TλM] =
∏
i∈Γ0

Zvec
i Z f

iZ
af
i

∏
e∈Γ1

Zbf
e , (2.2.2)

with the total tangent bundle to the instanton moduli space M = Mn,k at the equiv-

ariant fixed point λ ∈MT given by

TλM =
∑
i∈Γ0

(
Vi + Hf

i + Haf
i

)
+
∑
e∈Γ1

He , (2.2.3)

where we formally include the matter bundles to the total tangent bundle. Instead of

this expression, similarly to the previous case (1.7.29), we can also express the total

instanton partition function with the equivariant Euler class of the matter bundles,

including both (anti)fundamental and bifundamental hypermultiplet bundles:

Zn,k =

∫
Mn,k

eT

(∑
i∈Γ0

H
(a)f
i +

∑
e∈Γ1

Hbf
e

)
. (2.2.4)
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In particular, for K-theory convention, corresponding to 5d gauge theory, we can

also incorporate the Chern–Simons term in addition to these contributions. The to-

tal partition function of Γ-quiver gauge theory is given as summation over all the

topological sectors:

Z(Γ,S) =
∑
k

qk Zn,k (2.2.5)

where the instanton counting parameter (fugacity) is defined

Ztop = qk =
∏
i∈Γ0

qkii =
∏
i∈Γ0

Ztop
i , qi = e2πiτi ∈ C× , (2.2.6)

with the complexified gauge coupling constants (τi)i∈Γ0 .

Each contribution to the (full) partition function is given by applying the index to

the vector multiplet and hypermultiplet bundles similarly to (1.8.28) and (1.8.40):

Zvec
i := I[Vi] =



∏
(x,x′)∈Xi×Xi

x 6=x′

Γ1(log x′ − log x− ε1; ε2)

Γ1(log x′ − log x; ε2)
(4d)

∏
(x,x′)∈Xi×Xi

x 6=x′

Γq(q2x/x
′; q2)

Γq(qx/x′; q2)
(5d)

∏
(x,x′)∈Xi×Xi

x 6=x′

Γe(q2x/x
′; p, q2)

Γe(qx/x′; p, q2)
(6d)

(2.2.7a)

Zbf
e:i→j := I[He:i→j] =



∏
(x,x′)∈Xi×Xj

Γ1(log x′ − log x+me; ε2)

Γ1(log x′ − log x+me − ε1; ε2)
(4d)

∏
(x,x′)∈Xi×Xj

Γq(µ
−1
e qx/x′; q2)

Γq(µ−1
e q2x/x′; q2)

(5d)

∏
(x,x′)∈Xi×Xj

Γe(µ
−1
e qx/x′; p, q2)

Γe(µ−1
e q2x/x′; p, q2)

(6d)

(2.2.7b)

Z f
i := I[Hf

i] =



∏
(x,x′)∈Mi×Xi

Γ1(log x′ − log x; ε2)−1 (4d)∏
(x,x′)∈Mi×Xi

Γq (q2x/x
′; q2)

−1
(5d)∏

(x,x′)∈Mi×Xi

Γe (q2x/x
′; p, q2)

−1
(6d)

(2.2.7c)

Zaf := I[Haf
i ] =



∏
(x,x′)∈Xi×M̃i

Γ1(log x′ − log x− ε1; ε2) (4d)

∏
(x,x′)∈Xi×M̃i

Γq (qx/x′; q2) (5d)

∏
(x,x′)∈Xi×M̃i

Γe (qx/x′; p, q2) (6d)

, (2.2.7d)
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where we define the sets of the multiplicative (anti)fundamental mass parameters

Mi = (µi,1, . . . , µi,nf
i
) := (emi,1 , . . . , e

m
i,nf
i ) , (2.2.8a)

M̃i = (µ̃i,1, . . . , µ̃i,naf
i

) := (em̃i,1 , . . . , e
m̃
i,naf
i ) . (2.2.8b)

The gamma functions are summarized in Appendix A. We will discuss the associated

geometric structure in Part II, and the quantum algebraic structure in Part III based

on these expressions.

2.2.2 Contour integral formula

As shown in §1.9, we can also derive the contour integral formula for the instanton

partition function from the equivariant character computation. The contour integral

formula for the instanton partition function of quiver gauge theory is given as follows:

Z inst
n,k =

Zn,k

Z̊n,k
=
∏
i∈Γ0

1

ki!

[−ε12]ki

[−ε1,2]ki

∮
TK

∏
i∈Γ0

zvec
i zf

iz
af
i

∏
e∈Γ1

zbf
e (2.2.9)

where each factor is given by

zvec
i =

ki∏
a=1

1

Pi(φi,a)P̃i(φi,a + ε12)

ki∏
a6=b

S(φi,ab)
−1 , (2.2.10a)

zf
i =

ki∏
a=1

P f
i (φi,a) , zaf

i =

ki∏
a=1

P̃ af
i (φi,a + ε12) , (2.2.10b)

zbf
e:i→j =

kj∏
a=1

Pi(φj,a +me)

ki∏
a=1

P̃j(φi,a + ε12 −me)
∏

a=1,...,ki
b=1,...,kj

S(φj,b;i,a +me) , (2.2.10c)

where φi,ab = φi,a − φi,b and φj,b;i,a = φj,b − φi,a. Due to the reflection formula of the

S-function (1.9.28), the last factor in the bifundamental hypermultiplet contribution

is also written as ∏
a=1,...,ki
b=1,...,kj

S(φj,b;i,a +me) =
∏

a=1,...,ki
b=1,...,kj

S(φi,a;j,b + ε12 −me) . (2.2.11)

We define the gauge and matter polynomials:

Pi(φ) =

ni∏
α=1

[φ− ai,α] , P̃i(φ) =

ni∏
α=1

[−φ+ ai,α] , (2.2.12a)

P f
i (φ) =

nf
i∏

f=1

[φ−mi,f ] , P̃ af
i (φ) =

naf
i∏

f=1

[−φ+ m̃i,f ] . (2.2.12b)
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This formula is available for 4d N = 2/5d N = 1/6d N = (1, 0) theories applying

the corresponding index function [x] defined in (1.8.20). More explicitly, the contour

integral is given as

Z inst
n,k =

∏
i∈Γ0

1

ki!

[−ε12]ki

[−ε1,2]ki

∮
TK

∏
i∈Γ0

ki∏
a=1

dφi,a
2πi

P f
i (φi,a)P̃

af
i (φi,a + ε12)

×
∏
i∈Γ0

ki∏
a=1

[∏
e:i→j Pj(φi,a +me)

∏
e:j→i P̃j(φi,a + ε12 −me)

Pi(φi,a)P̃i(φi,a + ε12)

]

×
∏
i∈Γ0

ki∏
a6=b

S(φi,ab)
−1
∏
e∈Γ1
e:i→j

ki∏
a=1

kj∏
b=1

S(φj,b;i,a +me) . (2.2.13)

Linear quiver: Ap

We consider the first nontrivial quiver gauge theory, which consists of two gauge nodes

with (anti)fundamental flavors. This is classified into A2 quiver, whose quiver diagram

is given as follows:

A2 :
U(n1) U(n2)U(n0) U(n3)

(2.2.14)

where the symbol� denotes the flavor node, so that the flavor symmetries for the nodes

i = 1, 2 are U(n0) and U(n3), respectively. For the edge e : i→ j, the hypermultiplet

transforms as the fundamental representation under Gj, and the antifundamental rep-

resentation under Gi. (This difference will be relevant in 5d theory.) In this case, the

contour integral formula for the instanton partition function is given by

Z inst
n1,2,k1,2

=
1

k1,2!

[−ε12]k1,2

[−ε1,2]k1,2

∮ k1∏
a=1

dφ1,a

2πi

k2∏
a=1

dφ2,a

2πi

∏b=1,...,k2

a=1,...,k1
S(φ1,a;2,b +m)∏k1

a6=b S(φ1,ab)
∏k2

a6=b S(φ2,ab)

×
k1∏
a=1

(
P f

1(φ1,a)P̃2(φ1,a + ε12 −m)

P1(φ1,a)P̃1(φ1,a + ε12)

)
k2∏
a=1

(
P1(φ2,a +m)P̃ af

2 (φ2,a + ε12)

P2(φ2,a)P̃2(φ2,a + ε12)

)
(2.2.15)

where m = m2→1 is the bifundamental mass parameter for the edge e : 1→ 2.

We can similarly consider the linear quiver consisting of p gauge nodes, classified

into Ap quiver:

Ap :
U(n1) U(np)U(n0) U(np+1)

(2.2.16)
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In this case, the instanton partition function is given by

Z inst
n,k =

p∏
i=1

1

ki!

[−ε12]ki

[−ε1,2]ki

∮ p∏
i=1

ki∏
a=1

dφi,a
2πi

Pi−1(φi,a +mi−1,i)P̃i+1(φi,a + ε12 −mi,i+1)

Pi(φi,a)P̃i(φi,a + ε12)

×
p∏
i=1

ki∏
a6=b

S(φi,ab)
−1

p−1∏
1=1

∏
a=1,...,ki
b=1,...,ki+1

S(φi+1,b;i,a +mi,i+1) (2.2.17)

where we denote P0(φ) = P f
1(φ) and P̃p+1(φ) = P̃ af

p (φ).

We remark that, in order to have asymptotically free theory in four dimensions,

the gauge and flavor group ranks have to obey the condition:

2ni − ni−1 − ni+1 ≥ 0 . (2.2.18)

This condition corresponds to the convergence condition for the contour integral: The

integrand does not diverge at φi,a →∞ under this condition.

Cyclic quiver: Âp−1

We consider the cyclic quiver with p gauge nodes, which is classified into Âp−1 quiver:

Âp−1 (p = 5) :

n0

n1

n2 n3

n4
(2.2.19)

The node index i is now defined modulo p, i ≡ i + p. We can at least formally

incorporate the (anti)fundamental matters, but we don’t consider them for simplicity.

The instanton partition function for Âp−1 quiver is then given as follows:

Z inst
n,k =

p−1∏
i=0

1

ki!

[−ε12]ki

[−ε1,2]ki

∮ p−1∏
i=0

ki∏
a=1

dφi,a
2πi

∏b=1,...,ki+1

a=1,...,ki
S(φi+1,b;i,a +mi,i+1)∏ki
a6=b S(φi,ab)

×
p−1∏
i=0

ki∏
a=1

Pi−1(φi,a +mi−1,i)P̃i+1(φi,a + ε12 −mi,i+1)

Pi(φi,a)P̃i(φi,a + ε12)
. (2.2.20)

The case with p = 1 is reduced to N = 2∗ theory in four dimensions, which consists

of the vector multiplet and the adjoint hypermultiplet:

Â0 :

U(n)

(2.2.21)
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We remark that, in this case, we cannot turn on the flavor node due to the convergence

of the partition function, similarly to (2.2.18). The contour integral formula for the

instanton partition function is given as follows:

Z inst
n,k =

1

k!

[−ε12]k

[−ε1,2]k

∮ k∏
a=1

dφa
2πi

P (φa +m)P̃ (φa + ε12 −m)

P (φa)P̃ (φa + ε12)

∏
1≤a,b≤k S(φab +m)∏

1≤a6=b≤k S(φab)
,

(2.2.22)

where we denote the adjoint mass parameter by m = madj, and µ = em. This integral

becomes trivial in the limit m→ 0, corresponding to enhancement of supersymmetry

from N = 2 to N = 4.

The gauge polynomial part in the integral is rewritten with 5d/6d convention as

P (φ+m)P̃ (φ+ ε12 −m)

P (φ)P̃ (φ+ ε12)
= µ−n

n∏
α=1

[φ− aα +m][φ− aα + ε12 −m]

[φ− aα][φ− aα + ε12]

= µ−n
n∏

α=1

S34(φ− aα) , (2.2.23)

where we define a generic S-function:

Sij(φ) =
[φ− εi,j]

[φ][φ− εij]
, (2.2.24)

with

(ε1, ε2, ε3, ε4) = (ε1, ε2,−m,m− ε12) , (2.2.25a)

εij = εi + εj , [φ− εi,j] = [φ− εi][φ− εj] , etc. (2.2.25b)

This S-function obeys the reflection formula similarly to (1.9.28):

Sij(φ) = Sij(εij − φ) (2.2.26)

except at the poles at φ = 0, εij. In this convention, the original S-function (1.9.27)

is denoted by S(z) = S12(z). Then, we obtain a more symmetric form of the contour

integral (2.2.22):

Z inst
n,k =

µ−kn

k!

[−ε12]k

[−ε1,2]k
S12(m)k

∮ k∏
a=1

dφa
2πi

n∏
α=1

S34(φa − aα)
k∏
a6=b

S12(φab +m)

S12(φab)

=
(−µ−n)k

k!

∮ k∏
a=1

dφa
2πi

n∏
α=1

S34(φa − aα)
∏

1≤a,b≤k

[φab − ε12,23,31]

[φab − ε1,2,3,4]
[φ(a6=b)] , (2.2.27)
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where the last factor in the second line [φ(a6=b)] means the product over 1 ≤ a 6= b ≤ k,

so that it gives rise to the Haar measure of U(K). Due to the reflection formula for

the S-function (1.9.28), we have

k∏
a6=b

S12(φab +m) =
k∏
a6=b

S12(φab + ε12 −m)

=
k∏
a6=b

S12(φab − ε3) =
k∏
a6=b

S12(φab − ε4) . (2.2.28)

As mentioned in §1.8.7, the adjoint mass m = madj is interpreted as the equivariant

parameter for the transversal spacetime rotation. For example, the partition func-

tion for Â0 quiver gauge theory with U(1) gauge symmetry (1.9.17) has the following

expression in terms of the S34-function:

Z inst
1,k [λ] = q

|λ|
3

∏
s∈λ

S34(q
`(s)+1
1 q

−a(s)
2 ) = q

|λ|
3

∏
s∈λ

S34(q
−`(s)
1 q

a(s)+1
2 ) , (2.2.29)

which suggests the 34-surface Cε3 ×Cε4 plays a role in this configuration. It has been

recently discussed that, embedding Â0 quiver gauge theory within eight-dimensional

setup, which is called the gauge origami (ゲージ折り紙) [Nek16], (εi)i=1,2,3,4 is inter-

preted as the equivariant parameter of Spin(8). Then, the zero sum relation

4∑
i=1

εi = 0 (2.2.30)

is a consequence of the Calabi–Yau condition for a (complex) four-fold. See also §2.3.3

and §5.5.

2.2.3 Quiver Cartan matrix

Half Cartan matrix

Given a quiver Γ = (Γ0,Γ1), we define the mass deformation of (half) q-Cartan matrix:

c+
ij = δij −

∑
e:i→j

M∨
e for i, j ∈ Γ0 , (2.2.31)

where (Me)e∈Γ1 is the line bundle defined in §2.1.1 with the character

chT c
+
ij = δij −

∑
e:i→j

µ−1
e . (2.2.32)

We will use (c+
ij)i,j∈Γ0 also for the character as long as no confusion. With this q-Cartan

matrix, we can write down the total tangent bundle (2.2.3) in a compact form:

TλM =
∧Q∨1
∧Q2

∑
(i,j)∈Γ0×Γ0

X∨i c
+∨
ij Xj . (2.2.33)
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In this expression, the (anti)fundamental matter contribution is reproduced as a bi-

fundamental factor associated with a flavor node, which is a frozen gauge node with

the zero coupling constant.

Full Cartan matrix

We also define the other half of the Cartan matrix:

c−ij = det Q∨ · c+∨
ji , (2.2.34)

which is combined into the full Cartan matrix:

cij = c+
ij + c−ij =

(
1 + q−1

)
δij −

∑
e:i→j

µ−1
e −

∑
e:j→i

µeq
−1 . (2.2.35)

Roughly speaking, from the gauge theory point of view, the half Cartan matrix de-

scribes 4 SUSY quiver theory, and the full Cartan matrix corresponds to 8 SUSY

quiver theory.

We denote the degree-n Cartan matrix obtained through the Adams operation by

c
[n]
ij = cij

∣∣∣
(q,µe)→(qn,µne )

. (2.2.36)

Then the limit n→ 0 corresponds to the classical quiver Cartan matrix:

c
[0]
ij := lim

n→0
c

[n]
ij = 2 δij −#(e : i→ j)−#(e : j → i) . (2.2.37)

The q-Cartan matrix is not a symmetric matrix in the current convention, but obeys

the following reflection relation:

c
[n]
ji = q−nc

[−n]
ij . (2.2.38)

See §2.4 for the q-deformation of the non-simply-laced case (fractional quiver).

Classification of UV complete theory

The quiver Cartan matrix provides a useful framework for classification of UV com-

plete theories, which are well defined for all energy scales. Typical examples are

asymptotically free theories and conformal field theories.

The quiver gauge theories discussed here consist of the vector multiplet and the

hypermultiplet in the (anti/bi)fundamental representation. In this case, the following

condition is required for UV completion:

nf
i + naf

i ≤
∑
j∈Γ0

c
[0]
ij nj . (2.2.39)
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The equality holds for superconformal theories. The condition (2.2.39) is equivalent

to the convergence condition of the contour integral (2.2.13), such that the integrand

is not singular (not diverging) at φi,a →∞. See [NP12, BT13, Bha15, BZ20] for more

details on the classification (even in higher dimensions).

2.3 Quiver variety

In this Section, we provide a quiver description of the instanton moduli space, which

is formulated in general as the quiver variety [Nak94a, Nak98]. See also [Kir16] for the

monograph on this topic. We also discuss its relation to quiver gauge theory mentioned

above.

Given a quiver Γ = (Γ0,Γ1), we define the dimension vectors (n, k) = (ni, ki)i=1,...,rk Γ,

and the corresponding vector spaces

N =
⊕
i∈Γ0

Ni , K =
⊕
i∈Γ0

Ki , Ni = Cni , Ki = Cki , (2.3.1)

with the automorphism group

U(K) =
∏
i∈Γ0

U(ki) , U(N) =
∏
i∈Γ0

U(ni) . (2.3.2)

We define

XΓ =

(⊕
i∈Γ0

Hom(Ni, Ki)⊕ Hom(Ki, Ni)

)
⊕

(⊕
e∈Γ1

Hom(Ki, Kj)⊕ Hom(Kj, Ki)

)
(2.3.3)

with the coordinates

Be:i→j ∈ Hom(Ki, Kj) , (2.3.4a)

Be:i→j ∈ Hom(Kj, Ki) , (2.3.4b)

Ii ∈ Hom(Ni, Ki) , (2.3.4c)

Ji ∈ Hom(Ki, Ni) . (2.3.4d)

The automorphism group action on these coordinates is given by

U(K) :
((
Be, Be

)
e:i→j , (Ii, Ji)i∈Γ0

)
7−→

((
gjBeg

−1
i , giBeg

−1
j

)
e:i→j ,

(
giIi, Jig

−1
i

)
i∈Γ0

)
,

(2.3.5a)

U(N) :
((
Be, Be

)
e:i→j , (Ii, Ji)i∈Γ0

)
7−→

((
Be, Be

)
e:i→j ,

(
Iih
−1
i , hiJi

)
i∈Γ0

)
. (2.3.5b)

We then define the moment maps,

µR =

(
IiI
†
i − J

†
i Ji −

∑
e:i→j

(B†eBe −BeB
†
e) +

∑
e:j→i

(BeB
†
e −B

†
eBe)

)
i∈Γ0

, (2.3.6a)

µC =

(
IiJi −

∑
e:i→j

BeBe +
∑
e:j→i

BeBe

)
i∈Γ0

, (2.3.6b)
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such that µR, µC : K → K. We use the vector notation µ = (µR,ReµC, ImµC), and

define the parameters ζ ∈ R3⊗u∗K . Then the quiver variety is defined as a hyper-Kähler

quotient, which is isomorphic to the GIT quotient, with the stability condition:

MΓ = MN,K = µ−1(ζ)///U(K) ∼= µ−1
C (ζC)//GL(K) . (2.3.7)

The stability is now taken into account with the remaining parameter ζR. We are in

particular interested in the case with ζC = 0.

2.3.1 ADHM quiver

As discussed in §1.4, the ADHM construction of instantons on S = C2 is described

using the ADHM variables (B1,2, I, J). From the definition (1.4.3), B1,2 is in the

adjoint representation of U(k), and I and J are in the fundamental/antifundamental

representation of U(k), and in the antifundamental/fundamental representation of

U(n). Hence, we have a quiver diagram for the ADHM variables (ADHM quiver) in

the 4 SUSY convention:

B1,2 K N

I

J

(2.3.8)

This is identified with Â0 quiver with the gauge node K and the flavor node N . The

reason of this coincidence is explained in the following.

2.3.2 ADHM on ALE space

So far, we have fixed the spacetime manifold S = C2. We now consider a family of

four-manifolds, called the asymptotically locally Euclidean (ALE) spaces, and gauge

theory defined on it. Let Γ be a finite subgroup of SU(2), to which we can apply

the ADE classification, summarized in Tab. 2.1. The ALE space is obtained through

resolution of the orbifold singularity of the form C2/Γ, denoted by SΓ = C̃2/Γ [EH78,

GH78, Kro89]. Then, it turns out that the ADHM construction on the ALE space

has a quiver description based on the McKay quiver [KN90], which is the affine ADE

quiver associated with the finite subgroup Γ = ADE, obtained through the McKay

correspondence [McK81]. See also [DM96, JM97] for its string theory perspective.

For example, the McKay quiver for the A-type ALE space SAp−1 = C̃2/Zp is a cyclic

quiver with p nodes, namely Âp−1 quiver (See Tab. 2.1 and (2.3.17)). The simplest

case is p = 1, which gives rise to C2/Z1 = C2. In this case, the McKay quiver is Â0

quiver shown in (2.3.8).



64 CHAPTER 2. QUIVER GAUGE THEORY

Finite subgroup of SU(2) ADE class McKay quiver Γ̂

cyclic group Zp+1 Ap

binary dihedral group BDp−2 Dp

binary tetrahedral group BT E6

binary octahedral group BO E7

binary icosahedral group BI E8

Table 2.1: ADE classification of finite subgroup of SU(2) and McKay quiver.

McKay correspondence

Let ρQ be the doublet (fundamental) representation of Γ ⊂ SU(2), and let cij =

2δij − aij be the Cartan matrix of the McKay quiver denoted by Γ̂ = (Γ̂0, Γ̂1) with the

adjacency matrix (aij) of the quiver. The statement of the McKay correspondence is

as follows [McK81]:

ρQ ⊗ ρi =
⊕
j∈Γ̂0

aij · ρj (2.3.9)

where (ρi)i∈Γ̂0
is the irreducible representation of Γ associated with the node i ∈ Γ̂0.

The extended node, also called the affine node, is depicted as a white node in Tab. 2.1,

which corresponds to the trivial representation of Γ.

ADHM moduli space

We consider k-instanton sector in G-gauge theory with G = U(n) on the ALE space

SΓ. The basic idea is to consider the Γ-invariant sector of the instanton configuration

in S, which is a universal cover of SΓ.2

We define the vector spaces (N,K) = (Cn,Ck) as before (1.4.1), which are decom-

posed with respect to the irreducible representations of the finite group Γ:

N =
⊕
i∈Γ̂0

Ni ⊗ ρi , K =
⊕
i∈Γ̂0

Ki ⊗ ρi . (2.3.10)

In this case, the dimension vectors are given by the multiplicity of each representation,

2A similar construction of vortices on the orbifold C/Zp is presented in [KN11].
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(n, k) = (ni, ki)i∈Γ̂0
. The automorphism group is given by

U(N) =
∏
i∈Γ̂0

U(Ni) , U(K) =
∏
i∈Γ̂0

U(Ki) . (2.3.11)

This is interpreted as gauge symmetry breaking U(n)→
∏

i U(ni) due to the holonomy

effect at the infinity of the ALE space, given as the lens space S3/Γ.

We define the ADHM variables for the ALE space SΓ:

XΓ = (Hom(K,K)⊕ Hom(K,K)⊕ Hom(N,K)⊕ (K,N))Γ , (2.3.12)

which is a Γ-invariant sector of X defined in (1.4.2). The first two terms form a doublet

ρQ in SU(2),3 so that we obtain

(ρQ ⊗ Hom(K,K))Γ = ρQ ⊗
⊕
i,i′∈Γ̂0

Hom(Ki, Ki′)⊗ (Hom(ρi, ρi′))Γ

=
⊕
i,i′∈Γ̂0

Hom(Ki, Ki′)⊗
⊕

i,i′,j∈Γ̂0

aij (Hom(ρj, ρi′))Γ

=
⊕
i,j

aij Hom(Ki, Kj) (2.3.13)

where we use the relation (Hom(ρi, ρj))Γ = δij as a consequence of Schur’s lemma.

Similarly, we obtain

(Hom(N,K)⊕ (K,N))Γ =
⊕
i∈Γ̂0

Hom(Ni, Ki)⊕ Hom(Ki, Ni) . (2.3.14)

This shows that the ADHM moduli space for the ALE space SΓ is given as the quiver

variety (2.3.7) with respect to the McKay quiver, namely the affine ADE quiver Γ̂.

In this case, the parameter ζ ∈ (R3)|Γ̂0| is incorporated with the condition ζ · δ =∑
i∈Γ̂0

ζi dim ρi = 0, where we denote the positive primitive imaginary root of Γ̂ by δ.

A-type ALE space

We consider the A-type ALE space SAp−1 = C̃2/Zp as an example. Let a be the gener-

ator of the cyclic group Zp = Z/pZ with ap = 1: Zp = 〈 a | ap = 1 〉 = {1, a, . . . , ap−1}.
The (one-dimensional) irreducible representation is given by ρi(a) = ωi for i = 0, . . . , p−
1, where we denote the primitive p-th root of unity by ω = exp (2πi/p). The doublet

representation is given by

ρQ(a) =

(
ω 0

0 ω−1

)
∈ SU(2) . (2.3.15)

3The ADHM variable (B1, B2) ∈ Hom(K,K) ⊗ Hom(K,K) behaves in the same way as the

complex coordinate (z1,2) ∈ C2 under SU(2) transformation as a doublet ρQ, which is a half of the

Lorentz transformation, Spin(4) = SU(2)× SU(2).
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Hence, we obtain the orbifold action Γ = Zp on the coordinate (z1, z2) ∈ C2 as follows:

Γ :

(
z1

z2

)
7−→

(
ω 0

0 ω−1

)(
z1

z2

)
. (2.3.16)

In this case, the McKay quiver is Âp−1, and the quiver diagram is given similarly to

the cyclic quiver (2.2.19):

Âp−1 (p = 5) :

N0

K0

N1
K1

N2

K2

N3

K3

N4
K4 (2.3.17)

where edges connecting Ki’s are (Be, Be), those connecting (Ni, Ki) are (Ii, Ji) as in

(2.3.4). These elements are concisely combined into the block matrix form:

B =


0 Bp−1

B0 0

B1 0
. . . . . .

Bp−2 0

 , B =


0 B0

0 B1

. . . . . .

0 Bp−2

Bp−1 0


(2.3.18a)

I =

I0

. . .

Ip−1

 , J =

J0

. . .

Jp−1

 , (2.3.18b)

where each of block elements is given by Bi ∈ Hom(Ki, Ki+1), Bi ∈ Hom(Ki+1, Ki),

Ii ∈ Hom(Ni, Ki), Ji ∈ Hom(Ki, Ni) with the index defined modulo p, i ≡ i+p. Then,

the moment maps (2.3.6) are described in the same form as the ordinary ones (1.4.5):

µR =
(
IiI
†
i − J

†
i Ji +Bi−1B

†
i−1 −B

†
iBi +BiB

†
i −B

†
i+1Bi+1

)
i∈Γ̂0

= II† − J†J + [B,B†] + [B,B
†
] , (2.3.19a)

µC =
(
IiJi +Bi−1Bi−1 −BiBi

)
i∈Γ̂0

= IJ + [B,B] , (2.3.19b)

with the identification (B1, B2) ↔ (B,B). Namely, this choice of the block matrix

structure properly implements the Zp-projection of the ADHM variables.
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Equivariant integral over quiver variety

We apply the equivariant localization to the instanton moduli space of the A-type ALE

space, which is given as the quiver variety associated with the McKay quiver [FMP04,

FM17]. The strategy is again to focus on the Γ invariant sector of the instanton moduli

space.

Let Γ = Zp. Since the Γ action on the SU(2) doublet is given as (2.3.16), it is given

for the equivariant parameters as

Γ : (q1, q2, e
aα) 7−→

(
ωq1, ω

−1q2, ω
rαeaα

)
(2.3.20)

where we define the index map r : (1, . . . , n) 7→ (0, . . . , p − 1). Recalling the de-

composition of N into the irreducible representations of Γ (2.3.10), the Γ action

on i-th sector is given by Γ : eai,α → ωieai,α , so that the multiplicity is given by

ni = #(rα = i, α = 1, . . . , n). Then, we obtain the Γ invariant part of the vector

multiplet character (1.9.8) as follows:

chT Vinst
Γ = −

∑
α,α′=1,...,n

eaαα′

∑
s∈λα

q
`α′ (s)
1 q

−aα(s)−1
2 δ

(p)
hαα′ (s),rα′α

+
∑
s∈λα′

q
−`α(s)−1
1 q

aα′ (s)
2 δ

(p)
hα′α(s),rαα′


(2.3.21)

where hαα′(s) is the relative hook length (B.1.4), and we define rαα′ = rα − rα′ (mod

p) with

δ
(p)
i,j =

1 (i ≡ j,mod p)

0 (i 6≡ j,mod p)
(2.3.22)

The vector multiplet contribution to the instanton partition function is obtained with

the index formula. For example, in the equivariant cohomology (4d gauge theory)

convention, it is given by

Zvec,inst
Γ =

∏
α,α′=1,...,n

∏
s∈λα

1

(aαα′ + ε1`α′(s)− ε2(aα(s) + 1))
δ
(p)
hαα′ (s),rα′α

×
∏
s∈λα′

1

(aαα′ − ε1(`α(s) + 1) + ε2aα′(s))
δ
(p)
hα′α(s),rαα′

 .

(2.3.23)

We remark that this expression is also obtained through the root of unity limit of the

5d gauge theory result on C2×S1 [Kim11, Kim12].4 The hypermultiplet contributions

from the Γ invariant sector of the instanton moduli space are similarly obtained.

4A similar reduction is discussed in [KP19b].
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We can also derive the instanton moduli space based on the ADHM variables (2.3.18).

In this case, the complexified equivariant action is given by

GL(Q) : (Bi, Bi, Ii, Ji) 7−→ (q−1
1 Bi, q

−1
2 Bi, Ii, q

−1Ji) (2.3.24)

GL(K) : (Bi, Bi, Ii, Ji) 7−→ (gi+1Big
−1
i , giBig

−1
i+1, giIi, Jig

−1
i ) (2.3.25)

GL(N) : (Bi, Bi, Ii, Ji) 7−→ (Bi, Bi, Iiν
−1
i , νiJi) (2.3.26)

where gi ∈ GL(Ki), νi ∈ GL(Ni) for i = 0, . . . , p − 1. Hence, we obtain the contour

integral formula for the instanton partition function as follows:

Z inst
n,k =

p−1∏
i=0

[−ε12]ki

ki!

∮
TK

p−1∏
i=0

ki∏
a=1

dφi,a
2πi

1

Pi(φi,a)P̃i(φi,a + ε12)

ki∏
a6=b

[φi,ab][φi,ab − ε12]

×
∏

a=1,...,ki
b=1,...,ki+1

1

[φi+1,b;i,a − ε1][φi,a;i+1,b − ε2]
(2.3.27)

where the gauge polynomials are defined as

Pi(φ) =

ni∏
α=1

[φ− ai,α] P̃i(φ) =

ni∏
α=1

[−φ+ ai,α] . (2.3.28)

In general, we can incorporate the hypermultiplets in addition to the vector multi-

plet contribution similarly to §1.7.3. We remark that this contour integral formula is

similar, but still different from Âp−1 quiver gauge theory partition function (2.2.20).

This contour integral formula is also derived from the equivariant characters. Re-

calling the Γ action on (q1, q2) (2.3.20), and also Γ : (eai,α , eφi,a)→ (ωieai,α , ωieφi,a), the

Γ invariant part of the vector multiplet bundle (1.9.4) is given by

Vinst
Γ =

∑
i∈Γ̂0

[− det Q∨ ·K∨i Ni −N∨i Ki

+(1 + det Q∨) ·K∨i Ki −Q∨1 ·K∨i Ki+1 −Q∨2 ·K∨i+1Ki

]
. (2.3.29)

Then, applying the index formula, we obtain the contour integral (2.3.27).

In addition to the vector multiplet, we can similarly incorporate the hypermultiplet

contributions. For example, the adjoint representation contribution is obtained as the

Γ invariant sector of the expression in §1.8.7:

Hadj,inst
Γ = Madj

∑
i∈Γ̂0

[det Q∨ ·K∨i Ni + N∨i Ki

−(1 + det Q∨) ·K∨i Ki + Q∨1 ·K∨i Ki+1 + Q∨2 ·K∨i+1Ki

]
.

(2.3.30)
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Therefore, the corresponding contour integral formula for Â0 quiver theory on SΓ with

Γ = Zp is given by

Z inst
n,k =

p−1∏
i=0

1

ki!

∮
TK

p−1∏
i=0

ki∏
a=1

dφi,a
2πi

Pi(φi,a +m)P̃i(φi,a + ε12 −m)

Pi(φi,a)P̃i(φi,a + ε12)

×
∏

1≤a,b≤ki

[φi,(a6=b)][φi,ab − ε12]

[φi,ab +m][φi,ab − ε12 +m]

×
∏

a=1,...,ki
b=1,...,ki+1

[φi+1,b;i,a − ε1 +m][φi,a;i+1,b − ε2 +m]

[φi+1,b;i,a − ε1][φi,a;i+1,b − ε2]

=

p−1∏
i=0

1

ki!

[−ε34]ki

[−ε3,4]ki

∮
TK

p−1∏
i=0

ki∏
a=1

dφi,a
2πi

ni∏
α=1

S34(φi,a − ai,α)

×
∏

1≤a6=b≤ki

S34(φi,ab)
−1

∏
a=1,...,ki
b=1,...,ki+1

S34(φi+1,b;i,a − ε1) (2.3.31)

where [φi,(a6=b)] means the product for 1 ≤ a 6= b ≤ ki. The last term is also written

as S34(φi+1,b;i,a − ε1) = S34(φi,a;i+1,b − ε2). This formula is reduced to (2.2.27) if p = 1.

See also §7.5.

2.3.3 Gauge origami

We now discuss the relation to the instanton partition function for cyclic quiver the-

ory (2.2.20). Although the gauge polynomial part is slightly different, these contour

integrals look quite similar after replacement (ε1,2)←→ (ε3,4): The roles of the bifunda-

mental mass and the equivariant parameter for the spacetime rotation are exchanged.

In fact, Âp−1 quiver theory on S = SA0 and Â0 quiver theory on SAp−1 have the same

gauge origami realization in 8d, C4/Zp(×Z1). Generalizing this configuration, we have

the following reductions [Nek18]:5

8d origami: SΓ12 × SΓ34

Γ̂34 quiver on SΓ12 Γ̂12 quiver on SΓ34

(2.3.32)

which explains why the relation Γ12 ←→ Γ34 is related to (ε1,2)←→ (ε3,4).

In order to realize gauge theory degrees of freedom, one may put D-branes on this

8d geometry. For example, if one puts n D3 branes on 12-surface, it realizes U(n)

5In general, we may consider the orbifold C4/Γ with Γ a finite subgroup of SU(4), Γ ⊂ SU(4).



70 CHAPTER 2. QUIVER GAUGE THEORY

gauge theory with quiver structure Γ̂34 on SΓ12 (§4.5.3). If one puts n D3 branes on

12-surface and n′ D3 branes on 34-surface simultaneously, the branes on 34-surface

play a role of the codimension-four defect in 12-theory, which realizes the qq-character

of Γ̂34 quiver (§5.2). This configuration is also interpreted as U(n′) theory with n

defects on 34-surface obtained through ε1,2 ↔ ε3,4 duality. See also §5.5.

2.4 Fractional quiver gauge theory

We consider the fractional quiver gauge theory, which enables us to construct quiver

gauge theory beyond the simply-laced type [KP18a]. The fractional quiver Γd = (Γ, d)

is a quiver with integer labels assigned to each node d = (di)i∈Γ0 ∈ Zrk Γ
>0 . We consider

the ring Ri = C[zdi1 , z2] for each node i ∈ Γ0, and the equivariant gauge theory counts

the associated Ri ideals.

We remark that there have been several studies on the non-simply-laced type gauge

theory in the context of the BPS quiver [APP11, MPS14], the Coulomb branch of the

3d N = 4 gauge theory [NW19], and also the related works [DHKM17, HK20, HZ20,

GH20, BHM21, BGH+20b, BGH+20a, BGG+21].

2.4.1 Instanton moduli space

The instanton moduli space of the fractional quiver gauge theory on S is defined as a

disjoint union as discussed in §2.1:

Mn,k =
⊔
i∈Γ0

Mni,ki , (2.4.1)

where (n, k) = (ni, ki)i∈Γ0 are the dimension vectors as in (2.1.4). Now each moduli

space (Mni,ki)i∈Γ0 is constructed with the spacetime bundle, which is the cotangent

bundle to S at the fixed point o with the modified fiber compared with the previous

case in §1.8.1:

Q1di2 = Q1di ⊕Q2 (2.4.2)

with the character

chT Q1di = qdi1 . (2.4.3)

We remark the relation to the previous convention Q112 = Q12 = Q = Q1 ⊕ Q2.

Similarly we have

chT ∧Q1di = 1− qdi1 , chT ∧Q1di2 = (1− qdi1 )(1− q2) . (2.4.4)
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Observable bundle

As discussed in §1.8.3 and §2.1.2, we define the observable bundle Yi = Yo,i for the

node i ∈ Γ0 as a pullback of the universal bundle (YS,i)i∈Γ0 over the moduli space

(Mni,ki)i∈Γ0 :

YS,i =

ni⊕
α=1

Ni,α ⊗ I1di2,λi,α
(2.4.5)

where the character of the ideal I1di2,λ for the ring Ri = C[zdi1 , z2] associated with the

partition λ is given by

chT I1di2,λ =
∑
s 6∈λ

q
di(s1−1)
1 qs2−1

2 . (2.4.6)

Then, we obtain the observable bundle assigned to the node i ∈ Γ0 through the

pullback of the universal bundle:

Yi := Yo,i = Ni − ∧Q1di2 ·Ki , (2.4.7)

where the bundles (Ni,Ki)i∈Γ0 are similarly defined as in §2.1.1, whereas the character

of the instanton bundle Ki =
⊕ni

α=1 Ki,α is given by

chT Ki,α =
∑
s∈λi,α

eaαq
di(s1−1)
1 qs2−1

2 . (2.4.8)

Partial reduction of the universal bundle

In this case, we have two distinct partial reductions of the universal bundle:

Yi = ∧Q1di ·Xi = ∧Q2 · X̌i (2.4.9)

where we define (X, X̌) = (Xi, X̌i)i∈Γ0 = (YS1,i,YS2,i)i∈Γ0 with the characters

chT Xi =
∑
x∈Xi

x , chT X̌i =
∑
x̌∈X̌i

x̌ , (2.4.10a)

Xi =
{
xi,α,k = eai,αq

di(k−1)
1 q

λi,α,k
2

}
i∈Γ0

α=1,...ni
k=1,...,∞

, X̌i =
{
x̌i,α,k = eai,αq

diλ̌i,α,k
1 qk−1

2

}
i∈Γ0

α=1,...ni
k=1,...,∞

.

(2.4.10b)

In fact, exchanging q1 ↔ q2 gives rise to the Langlands duality of the associated

quantum algebra. See also §7.4.5.
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Fractionalization

The expression (2.4.4) implies the fractionalization:

∧Q1di = Di · ∧Q1 (2.4.11)

where

chT Di = 1 + q1 + · · ·+ qdi−1
1 . (2.4.12)

Similarly we see a similar fractionalization of the observable bundle:

Yi = Di · ∧Q1 ·Xi =: Di · yi (2.4.13)

where yi = ∧Q1·Xi corresponds to the ordinary observable bundle as defined in (2.1.13).

2.4.2 Instanton partition function

We then compute the partition function of the fractional quiver gauge theory. The

vector multiplet and the hypermultiplet contributions are similarly obtained as in

§2.2.1 by replacing the spacetime bundle Q = Q12:

Vi =
Y∨i Yi

∧Q1di2

=
∧Q∨

1di

∧Q2

X∨i Xi , (2.4.14a)

He:i→j = −Me
Y∨i Yj

∧Q1dij 2

= −Me

∧Q∨
1di
· ∧Q1dj

∧Q1dij · ∧Q2

X∨i Xj . (2.4.14b)

Hf
i = −M∨

i Yi

∧Q1di2

, Haf
i = −Y∨i M̃i

∧Q1di2

, (2.4.14c)

where we define dij = gcd(di, dj).
6 Then, these contributions are concisely combined

with the quiver Cartan matrix as in §2.2.3:

∑
i∈Γ0

Vi +
∑
e:i→j

He:i→j =
∧Q∨

1di

∧Q2

∑
(i,j)∈Γ0×Γ0

X∨i c
+∨
ij Xj

=
∧Q∨1
∧Q2

∑
(i,j)∈Γ0×Γ0

X∨i b
+∨
ij Xj (2.4.15)

6We mainly consider the cases with dij = 1.
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where the half Cartan matrix and its symmetrization are given by7

c+
ij = δij −

∑
e:i→j

M∨
e

∧Q∨
1dj

∧Q∨
1dij

, (2.4.16a)

b+
ij =

∧Q1di

∧Q1

δij −
∑
e:i→j

M∨
e

∧Q1di

∧Q1

∧Q∨
1dj

∧Q∨
1dij

=
∧Q1di

∧Q1

c+
ij . (2.4.16b)

The (character of) full Cartan matrix is similarly defined:

cij = (1 + q−1
1di2

) δij −
∑
e:i→j

µ−1
e

1− q−dj1

1− q−dij1

−
∑
e:j→i

µeq
−1

1dij 2

1− q−dj1

1− q−dij1

(2.4.17a)

bij =
1− qdi1

1− q1

cij

=
1− qdi1

1− q1

(1 + q−1
1di2

) δij −
∑
e:i→j

µ−1
e

(1− qdi1 )(1− q−dj1 )

(1− q1)(1− q−dij1 )
−
∑
e:j→i

µeq
−1

1dij 2

(1− qdi1 )(1− q−dj1 )

(1− q1)(1− q−dij1 )

(2.4.17b)

where we denote

qidjd′ = qdi q
d′

j = exp
(
εidjd′

)
, εidjd′ = dεi + d′εj . (2.4.18)

In fact, the symmetrized Cartan matrix obeys a reflection relation analogous to (2.2.38):

b
[n]
ji = q−nb

[−n]
ij (2.4.19)

where we denote the n-th Adams operation to the symmetrized Cartan matrix by

(b
[n]
ij ). Namely, we can formulate the fractional quiver gauge theory just by replacing

the ordinary Cartan matrix with its symmetrization.

These relations between (cij) and (bij) are reduced to the standard one in the

classical limit n→ 0. For the simple root (αi) and the simple coroot (α∨i ), the Cartan

matrix is given by

cij = (α∨i , αj) =
(αi, αj)

(αi, αi)
, (2.4.20)

and its symmetrization

bij = dicij = (αi, αj) (2.4.21)

with

di = (αi, αi) . (2.4.22)

7As mentioned below, the symmetrized Cartan matrix is not symmetric in the strict sense, whereas

we call it the symmetrization, which obeys the reflection relation (2.4.19).
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Equivariant index formula

The full partition function is given by applying the index functor to the vector multiplet

and the hypermultiplet bundles (2.4.14). For the vector multiplet contribution, it is

given by replacing q1 with qdi1 , so that we obtain

Zvec
i := I[Vi] =



∏
(x,x′)∈Xi×Xi

x 6=x′

Γ1(log x′ − log x− diε1; ε2)

Γ1(log x′ − log x; ε2)
(4d)

∏
(x,x′)∈Xi×Xi

x 6=x′

Γq(q2x/x
′; q2)

Γq(q1di2x/x
′; q2)

(5d)

∏
(x,x′)∈Xi×Xi

x 6=x′

Γe(q2x/x
′; p, q2)

Γe(q1di2x/x
′; p, q2)

(6d)

(2.4.23)

For the bifundamental hypermultiplet contribution, on the other hand, we find a pe-

culiar structure. Since we have

chT

∧Q1dj

∧Q1dij

=
1− qdj1

1− qdij1

= 1 + q
dij
1 + · · ·+ q

dj−dij
1 , (2.4.24)

the character is given as

chT He:i→j = −µe(1 + q
dij
1 + · · ·+ q

dj−dij
1 )

1− q−di1

1− q2

∑
(x,x′)∈Xi×Xj

x′

x
, (2.4.25)

which implies multiplication of the bifundamental contribution with the mass shift,

(µeq
rdij
1 )r=0,...,dj/dij−1. Hence, the bifundamental hypermultiplet contribution to the

partition function is given by

Zbf
e:i→j := I[He:i→j] =



∏
(x,x′)∈Xi×Xj

dj/dij−1∏
r=0

Γ1(log x′ − log x+me + rdijε1; ε2)

Γ1(log x′ − log x+me + (rdij − di)ε1; ε2)
(4d)

∏
(x,x′)∈Xi×Xj

dj/dij−1∏
r=0

Γq(µ
−1
e q

di−rdij
1 q2x/x

′; q2)

Γq(µ−1
e q

−rdij
1 q2x/x′; q2)

(5d)

∏
(x,x′)∈Xi×Xj

dj/dij−1∏
r=0

Γe(µ
−1
e q

di−rdij
1 q2x/x

′; q2)

Γe(µ−1
e q

−rdij
1 q2x/x′; q2)

(6d)

(2.4.26)

which is asymmetric between the source and target nodes.

Contour integral formula

We can also derive the contour integral formula for the fractional quiver gauge theory

partition function similarly to §2.2.2.
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The instanton part of the fractional quiver bundles (2.4.14) are given by

Vinst
i = −N∨i Ki − det Q∨1di2 ·K

∨
i Ni + ∧Q∨1di2 ·K

∨
i Ki , (2.4.27a)

Hinst
e:i→j = Me

∧Q1dj

∧Q1dij

N∨i Kj + Me

∧Q1dj

∧Q1dij

K∨i Nj −Me

∧Q∨
1di2
· ∧Q1dj 2

∧Q1dij 2

K∨i Kj .

(2.4.27b)

Hence, we obtain the contour integral formula for the fractional quiver partition func-

tion:

Z inst
n,k =

Zn,k

Z̊n,k
=
∏
i∈Γ0

1

ki!

[−ε1di2]ki

[−ε1di ,2]ki

∮
TK

∏
i∈Γ0

zvec
i zf

iz
af
i

∏
e∈Γ1

zbf
e:i→j (2.4.28)

with each contribution

zvec
i =

ki∏
a=1

1

Pi(φi,a)P̃i(φi,a + ε1di2)

ki∏
a6=b

S1di2(φi,ab)
−1 , (2.4.29a)

zf
i =

ki∏
a=1

P f
i (φi,a) , zaf

i =

ki∏
a=1

P̃ af
i (φi,a + ε1di2) , (2.4.29b)

zbf
e:i→j =

kj∏
a=1

dj/dij−1∏
r=0

Pi(φj,a +me + rdijε1)

ki∏
a=1

di/dij−1∏
r=0

P̃j(φi,a + (di − rdij)ε1 + ε2 −me)

×
∏

a=1,...,ki
b=1,...,kj

dj/dij−1∏
r=0

S1di2(φj,b;i,a +me + rdijε1) , (2.4.29c)

and the S-function

Sidjd′ (φ) =
[φ− εid,jd′ ]

[φ][φ− εidjd′ ]
=

[φ− dεi][φ− d′εj]
[φ][φ− dεi − d′εj]

. (2.4.30)

Actually the multiplicity of the bifundamental contribution depends on the parame-

ter (di)i∈Γ0 as before. We remark that the instanton partition function of fractional

quiver shown above has (topological) string theory realization based on its algebraic

structure [KZ19].



76 CHAPTER 2. QUIVER GAUGE THEORY



Chapter 3

Supergroup gauge theory

Supergroup is a natural generalization of the concept of group, which describes symme-

try of systems involving both bosonic and fermionic degrees of freedom. Although it is

typically considered as a global symmetry of QFT, there are several situations where we

should consider a local supergroup symmetry, e.g., supergravity is interpreted as gauge

theory with super-Poincaré group symmetry. In fact, supergroup gauge theory has

been studied in particular from its string theory point of view [Vaf01, OT06, MW15,

DHJV18, NP19]. Although supergroup gauge theory is inevitably a non-unitary the-

ory, it provides an effective description of the intersecting branes constructed in higher

dimensions [Nek17b, CKL20a].

In this Chapter, we focus on gauge theory with unitary supergroup symmetry, and

discuss the role of instantons to explore non-perturbative aspects of supergroup gauge

theory [KP19a]. We will apply the equivariant localization analysis to supergroup

gauge theory, and obtain the instanton partition function. We will also discuss several

relations between supergroup gauge theory and non-supergroup quiver gauge theory.

3.1 Supergroup Yang–Mills theory

In this Section, we begin with some basic aspects of supervector space and super-

algebra. Then, we discuss the Yang–Mills theory with supergroup gauge symmetry.

We will also mention how to realize such a supergroup gauge theory in terms of non-

supergroup gauge theory in the unphysical parameter regime.

77
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3.1.1 Supervector space, superalgebra, and supergroup

Supervector space

Supervector space is a Z2-graded vector space:1

V = V0 ⊕ V1 . (3.1.1)

We denote the parity of an element x ∈ Vσ by |x| = σ for σ = 0, 1, which is called

even/bosonic for σ = 0, and odd/fermionic for σ = 1. We denote the parity flipped

vector space of V by ΠV with (ΠV )0 = V1 and (ΠV )1 = V0, and we define the

superdimension of V :

sdimV =
∑
σ=0,1

(−1)σ dimVσ = dimV0 − dimV1 . (3.1.2)

For supervector spaces, V and W , a linear map V → W defines a supermatrix

M =

(
M00 M10

M01 M11

)
∈ Hom(V,W ) (3.1.3)

with Mσσ′ ∈ Hom(Vσ,Wσ′). In particular, for V = W , namely M ∈ End(V ), it

defines general linear supergroup GL(V ) = GL(V0|V1), if invertible. We then define

the supertrace operation on the supermatrix M ∈ End(V ):

strM = tr0M − tr1M = trM00 − trM11 , (3.1.4)

and the superdeterminant, also known as the Berezinian,

sdetM =
det(M00 −M10M

−1
11 M01)

detM11

=
detM00

det(M11 −M01M
−1
00 M10)

. (3.1.5)

We remark that the superdeterminant is well-defined only if detM00 detM11 6= 0, and

the following identity holds for the supertrace and the superdeterminant,

log strM = sdet logM . (3.1.6)

For the supertrace, the following cyclic property holds:

strM1M2 · · ·Mn = strM2 · · ·MnM1 . (3.1.7)

1See, for example, [Kac77, Var04, QS13] for the mathematical introduction to the supervector

space and superalgebra.
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Superalgebra

Superalgebra is a Z2-graded algebra:

A = A0 ⊕ A1 . (3.1.8)

We denote the supercommutator for a, b ∈ A by

[a, b] = ab− (−1)|a||b|ba . (3.1.9)

In particular, the Lie superalgebra is a superalgebra, obeying the Jacobi identity,

[a, [b, c]] = [[a, b], c] + (−1)|a||b|[b, [a, c]] . (3.1.10)

For example, the special linear Lie superalgebra sln|m is defined with the supertraceless

condition:

sln|m = {a ∈ A = A0 ⊕ A1, dimA0 = n, dimA1 = m | str a = 0} , (3.1.11)

which is classified into An−1|m−1 according to the classification by Kac [Kac77].

3.1.2 Yang–Mills theory

We denote a Lie supergroup and the corresponding Lie superalgebra by G = G0|G1

and g = g0 ⊕ g1 = LieG. Let A be a g-valued one-form connection A ∈ Ω1(S)⊗C[g],

which behaves under the G-gauge transformation as G : A 7−→ gAg−1 + gdg−1 for

g ∈ G. The curvature F ∈ Ω2(S)⊗C[g] behaves F 7−→ gFg−1 as well as the ordinary

case shown in §1.1. Then the G-invariant YM action functional on the spacetime S is

defined similarly to (1.1.2):

SYM[A] =
1

g2

∫
S
d vol |F |2

= − 1

g2

∫
S

str(F ∧ ?F )

= − 1

g2

∫
S

tr0(F ∧ ?F )−
(
− 1

g2

)∫
S

tr1(F ∧ ?F ) . (3.1.12)

In this case, we replace the inner product with the supertrace 〈A,B〉 = − str(AB) =

− tr0(AB) + tr1(AB) in order to make the action gauge invariant together with the

cyclic property (3.1.7). We remark that this action is not positive semidefinite due

to the odd contribution, so that the spectrum of the supergroup YM theory is not

bounded. Indeed the supergroup YM theory violates the spin-statistics theorem be-

cause of the odd component of gauge field, which is a fermionic spin-1 field, and thus

supergroup theory is non-unitary. Even though it is unbounded, we can consider the
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equation of motion (1.1.3) with respect to the YM action. It does not provide a lo-

cal minimum in the configuration space in a usual sense, but we may regard it as a

complex saddle point to discuss a Lefschetz thimble in the complexified configuration

space [Wit11].

3.1.3 Quiver gauge theory description

The supergroup YM theory has a realization as a quiver gauge theory with the ordinary

gauge group symmetry. We consider a double copy of the YM action with the gauge

groups, G0 and G1:

SYM[A0, A1] = − 1

g2
0

∫
S

tr0(F0 ∧ ?F0)− 1

g2
1

∫
S

tr1(F1 ∧ ?F1) (3.1.13)

where (gσ)σ=0,1 are the gauge coupling constants, and (Fσ = dAσ+Aσ∧Aσ)σ=0,1 is the

curvature of each gauge node with the connection Aσ ∈ Ω1(S)⊗C[gσ]. Comparing with

the supergroup YM action SYM[A] shown in (3.1.12), we may assign the supergroup

condition:

1

g2
0

+
1

g2
1

= 0 . (3.1.14)

This implies that one cannot make both of the couplings positive simultaneously, and

thus the supergroup YM theory may be realized in a unphysical parameter regime of

the quiver gauge theory, G0×G1. This argument similarly applies to the Chern–Simons

action, and the levels of each node (kσ)σ=0,1 should obey the condition, k0 + k1 = 0.

In addition to the gauge connections, which correspond to the diagonal blocks

of the superconnection based on the expression (3.1.3), the supergroup theory also

incorporates the off-diagonal blocks, which transform under the bifundamental rep-

resentation of G0 × G1. Since these off-diagonal degrees of freedom are fermions (of

spin 1, so that violating the spin statistics theorem), they play a role of the bifunda-

mental matter fields, and thus the quiver gauge theory consists of two gauge nodes

and two bifundamental matters, G0 ×G1 and G0 ×G1. Hence, the supergroup gauge

theory with G = G0|G1 has a realization in the unphysical regime of the cyclic Â1

quiver gauge theory [DHJV18]:2

G0|G1

(g2, k)

G0 G1

(g2, k) (−g2,−k)

(3.1.15)

2We will see that other parameters (equivariant parameters, FI parameters) should be also flipped

for the negative gauge node in §3.4.
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This argument also has a natural interpretation in the D-brane description of super-

group gauge theory shown in §4.5.6. We remark that the ABJ(M) theory [ABJM08,

ABJ08] precisely matches these conditions, which is U(N0)k×U(N1)−k Chern–Simons

theory with bifundamental matters. In fact, the ABJM partition function looks the

form of the supergroup version of the Chern–Simons theory [KWY10, DT10, MP10].

3.2 Decoupling trick

3.2.1 Vector multiplet

The SU(n0|n1) vector multiplet consists of SU(n0) and SU(n1) vectors and two bifun-

damentals of SU(n0) × SU(n1) and SU(n1) × SU(n0), where two gauge couplings, q0

and q1, should obey (3.1.14):

Q := q0q1 = 1 . (3.2.1)

For example, A1 quiver with supergroup gauge symmetry is equivalent to Â1 quiver,

which exhibits modular properties with respect to the product of exponentiated gauge

couplings Q [NP12] in the context of the Seiberg–Witten geometry (Chapter 4). In

this sense, the supergroup condition Q → 1 seems singular because it’s a boundary

of the convergence radius. Instead of such a singular limit, we alternatively consider

the condition Q→ 0 using the modular transformation, which implies decoupling the

SU(n1) vector multiplet: q1 = 0.3 In this limit, Â1 quiver is reduced to A1 quiver with

two SU(n1) flavor nodes:

n0|n1

q0

q1

q1 → 0

n0

n1 n1

(3.2.2)

We will see this is consistent with another gauging argument from string theory point

of view (§4.5.6).

3.2.2 Bifundamental hypermultiplet

In order to apply this argument to generic quiver, we consider the hypermultiplet

in the bifundamental representation of SU(ni,0|ni,1) × SU(nj,0|nj,1). We consider A2

3Precisely speaking, there are two possibilities: q0 = 0 or q1 = 0. We assume q0 6= 0 since q0

would be interpreted as the physical gauge coupling.
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quiver as follows:

n1,0|n1,1 n2,0|n2,1

n1,0

n1,1

n2,0

n2,1

(3.2.3)

where the solid lines are the positive bifundamental hypermultiplets, while the dashed

lines are the negative (vector-like) bifundamental multiplets. Then, turning off the

negative gauge couplings, q1,1 and q2,1, with the assumption n1,1 = n2,1 =: n1, and

all the mass parameters (Coulomb moduli for the negative nodes) coincide with each

other, it becomes

n1,0 n2,0

n1 n1

n1,0 n2,0

n1 n1

(3.2.4)

which is consistent with the brane construction discussed in §4.5.6. If n1,1 6= n2,1, such

a cancellation does not occur, and the flavor nodes become different from each other.

This procedure is naturally generalized to Ap quiver theory.

3.2.3 Dp quiver

Let us apply the decoupling trick to Dp quiver with p = 4 as an example. Splitting

the SU(ni,0|ni,1) gauge nodes into positive SU(ni,0) and negative SU(ni,1) nodes, we

obtain the following:

n1,0|n1,1 n2,0|n2,1

n3,0|n3,1

n4,0|n4,1

n1,0

n1,1

n2,0

n2,1

n3,0

n3,1

n4,0

n4,1

(3.2.5)

We then turn off the gauge couplings of the negative nodes, qi,1 → 0. Applying the

condition n1,1 = n2,1 = 2n3,1 = 2n4,1 =: 2n1, and tuning the Coulomb moduli for the
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negative nodes, we obtain D4 quiver configuration with a single SU(2n1) flavor node:

(3.2.6)

where = SU(2n1) and = SU(n1) flavor nodes. This is consistent with the

brane description discussed in §4.5.6.

3.2.4 Â0 quiver

Let us then consider the affine quiver Γ = Â0. Here we have a parameter µ ∈ C× as-

signed to the loop edge, which is the multiplicative adjoint mass parameter. Applying

the decoupling trick, it becomes:

µ

n0|n1

q0

q1

q1 → 0

n0

n1 n1n1 n1

(3.2.7)

Then we have the SU(n0) gauge node, and with 2n1 positive and 2n1 negative fun-

damental matters. In this case, due to the adjoint mass parameter, the positive and

negative fundamentals cannot be canceled with each other.

3.3 ADHM construction of super instanton

For the supergroup YM theory, we can similarly consider an instanton as a solution to

the (A)SD YM equation (1.2.2), and apply the ADHM construction to the supergroup

YM theory similarly to §1.4 [KP19a].

ADHM data

As mentioned in §1.4.4, the ADHM construction is based on the duality between

the instanton number k and the gauge group rank n (the vector spaces, K and N).

Therefore, for the supergroup theory, the instanton number is promoted to Z2-graded



84 CHAPTER 3. SUPERGROUP GAUGE THEORY

(k0|k1) as well as the gauge group rank (n0|n1). We call the corresponding solution

the super instanton. In order to describe this super instanton configuration, we define

two supervector spaces:

N = Cn0|n1 = Cn0
0 ⊕ Cn1

1 =: N0 ⊕N1 , (3.3.1a)

K = Ck0|k1 = Ck0
0 ⊕ Ck1

1 =: K0 ⊕K1 . (3.3.1b)

We define the base manifold of the super instanton moduli space with the linear maps

between the supervector spaces:

X = Hom(K,K)⊕ Hom(K,K)⊕ Hom(N,K)⊕ Hom(K,N) , (3.3.2)

and the ADHM variables

B1,2 ∈ Hom(K,K) = End(K) , I ∈ Hom(N,K) , J ∈ Hom(K,N) . (3.3.3)

In this case, the moment maps (µR, µC) : X → R3 ⊗ u∗k0|k1
are given as the same

expression as before (1.4.5), and thus the ADHM equation is formally equivalent to

the ordinary case, ~µ = (µR,ReµC, ImµC) = (0, 0, 0).

Constructing instanton

Given the ADHM variables, the following process to construct the ASD connection is

the same as before. We start with the dual Dirac operator (1.4.8), D† : K ⊗S ⊕N →
K ⊗S, which behaves as D†D = ∆⊗1S with ∆→ |z|21K as z →∞. Then, the ASD

connection is constructed from the normalized zero mode of the dual Dirac operator

D†Ψ = 0 as A = Ψ†dΨ. In this case, the instanton charge is similarly computed with

a super-analog of Osborn’s formula (1.4.14):

k := c2[S] =
1

8π2

∫
S

strF ∧ F = strK 1K = k0 − k1 = sdimCK . (3.3.4)

Namely, the instanton charge is given as the superdimension of the supervector space

K, so that it could be negative. We call k0 and k1 the positive and negative instanton

numbers, respectively.

3.3.1 String theory perspective

Similarly to §1.4.4, the instanton configuration in the supergroup YM theory in four

dimensions has a realization as a D0-D4 brane system. In this case, we should use a

peculiar brane, the negative brane (also called the ghost brane [OT06]). The negative

brane has negative charge and negative tension, which is different from the anti-brane

having negative charge with positive tension.
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instanton anti-instanton negative instanton negative anti-instanton

SD or ASD ASD SD ASD SD

topological # positive negative negative positive

D-brane D0 (D0+) D0 (D0
+

) D0− D0
−

Table 3.1: Properties of instanton, anti-instanton, and negative instanton.

The properties of instanton, anti-instanton, and negative instanton are summarized

in Tab. 3.1, as a refined version of Tab. 1.1. It is known that the brane-anti-brane

configuration is not stable, namely non-BPS state. On the other hand, both positive

and negative instantons are ASD, and hence their bound state remains BPS. This is

why we can deal with the positive and negative instantons simultaneously using the

extended version of the ADHM construction as shown above.

3.3.2 Instanton moduli space

Since the ADHM equation µ = 0 has a symmetry U(K) = U(k0|k1), the super in-

stanton moduli space is given as a supergroup hyper-Kähler quotient for (n, k) =

(n0|n1, k0|k1):

Mn,k = µ−1(0)///U(K) . (3.3.5)

Since this moduli space is singular as before, we consider the resolution of the moduli

space in order to apply the equivariant integral over the moduli space similarly to §1.5:

Mζ
n,k = {µR = (+ζ6=0 1K0)⊕ (−ζ6=0 1K1), µC = 0}///U(K) . (3.3.6)

Namely, we assign the resolution parameters with opposite signs for the even and odd

sectors. The physical interpretation of this assignment is explained as follows: The

resolution parameter ζ has an interpretation as the noncommutative parameter on the

spacetime S, which is also interpreted as the background flux through the Seiberg–

Witten map. Since the negative sector has an opposite charge, as mentioned in §3.3.1,

the sign of the resolution parameter is now flipped compared to the positive sector.

Hereafter we assume ζ > 0.4 Then, the real moment map condition µR = ζ1K0 ⊕
(−ζ)1K1 is replaced with the stability condition, so that we have another description

of the instanton moduli space:

M̃n,k = µ−1
C (0)//GL(K) . (3.3.7)

4In the case with ζ < 0, we should exchange (I0, J
†
1)↔ (J†0 , I1) in the following argument.
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Since, in this case, the resolution parameters is positive +ζ > 0 and negative −ζ < 0

for the positive and negative sectors, we should consider both the stability and co-

stability conditions simultaneously:

K0 = C[B1, B2]I0(N0) , K1 = C[B†1, B
†
2]J†1(N1) , (3.3.8)

where we define

Iσ = Hom(Nσ, K) , Jσ = Hom(K,Nσ) , (σ = 0, 1) . (3.3.9)

The complex superdimension of the moduli space is given similarly to the ordinary

case (1.5.2):

sdim M̃n,k = 2 sdim Hom(K,K) + sdim Hom(N,K) + sdim Hom(K,N)

− sdim Hom(K,K)− sdim GL(K)

= 2(n0 − n1)(k0 − k1) = 2 sdimN · sdimK , (3.3.10)

which is a super analog of the formula (1.5.2).

3.4 Equivariant localization

Now we apply the equivariant localization scheme to the super instanton moduli space.

In fact, we can perform a parallel analysis as discussed in §1.6.3 to the super instanton

case.

Framing and instanton bundles

We define the graded framing and instanton bundles over the super instanton moduli

space:

N = (Ni)i∈Γ0 , K = (Ki)i∈Γ0 (3.4.1)

with

Ni = N0
i ⊕N1

i , Ki = K0
i ⊕K1

i (3.4.2)

which are further decomposed as

Nσ
i =

ni,σ⊕
α=1

Nσ
i,α , Kσ

i =

ni,σ⊕
α=1

Kσ
i,α . (3.4.3)

The automorphism groups are supergroups,

GL(N) =
∏
i∈Γ0

GL(ni,0|ni,1) , GL(K) =
∏
i∈Γ0

GL(ki,0|ki,1) (3.4.4)
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and the corresponding Lie superalgebras of the Cartan tori are denoted by

ai = diag(a0
i,1, . . . , a

0
i,ni,0

, a1
i,1, . . . , a

1
i,ni,1

) ∈ LieTNi ⊂ glNi ,

φi = diag(φ0
i,1, . . . , φ

0
i,ki,0

, φ1
i,1, . . . , φ

1
i,ki,1

) ∈ LieTKi ⊂ glKi . (3.4.5)

In this case, we apply the stability and co-stability conditions toK0 andK1 as discussed

in §3.3.2. Recalling the corresponding eigenvalues are given in (1.6.34), the equivariant

character for each bundle is given by

chT Nσ
i,α = ea

σ
i,α (3.4.6a)

chT Kσ
i,α =


∑
s∈λ0

i,α

ea
0
i,αqs1−1

1 qs2−1
2 (σ = 0)

∑
s∈λ1

i,α

ea
1
i,αq−s11 q−s22 (σ = 1)

(3.4.6b)

which are combined into the equivariant supercharacter:

schT Ni = chT N0
i − chT N1

i , schT Ki = chT K0
i − chT K1

i . (3.4.7)

Observable bundles

We then define the graded universal bundle:

YS = (YS,i)i∈Γ0 = (Y0
S,i ⊕Y1

S,i)i∈Γ0 (3.4.8)

with

Yσ
S,i =



ni,0⊕
α=1

N0
i,α ⊗ Iλ0

i,α
(σ = 0)

ni,1⊕
α=1

N1
i,α ⊗ I∨λ1

i,α
⊗ det Q∨ (σ = 1)

(3.4.9)

and also the observable bundle as the pullback at the fixed point o ∈ S:

Yo = i∗oYS = (Ni − ∧Q ·Ki)i∈Γ0 . (3.4.10)

Since N and K are graded, while ∧Q is the ordinary bundle, the observable bundle is

also graded. Together with the partial reduction of the universal bundle YS denoted

by X = YS1 = (Xi)i∈Γ0 , we obtain the expression

Yo = (Yo,i)i∈Γ0 = ∧Q1 ·X = ∧Q1 ·X0 ⊕ ∧Q∨1 ·X1 , (3.4.11)

where the corresponding supercharacter is given by

schT Yi := schT Yo,i = chT

(
∧Q1 ·X0

i

)
− chT

(
∧Q∨1 ·X1

i

)
= (1− q1) chT X0

i − (1− q−1
1 ) chT X1

i (3.4.12)
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with

chT Xσ
i =

∑
x∈Xσi

x (3.4.13)

and

X σ
i =

{
xσi,α,k = ea

σ
i,αq

(−1)σ(k−1)
1 q

(−1)σλσi,α,k
2

}
α=1,...,ni,σ
k=1,...,∞

, X σ =
⊔
i∈Γ0

X σ
i . (3.4.14)

We can similarly use the expression based on the other reduction X̌ = YS2 with the

transposed partition.

3.4.1 Equivariant index formula

The graded version of the vector multiplet and the hypermultiplet bundles are given

similarly to the ordinary case (2.2.1):

Vi =
Y∨i Yi

∧Q
, He:i→j = −Me

Y∨i Yj

∧Q
. (3.4.15)

These bundles have decomposition

Vi = V0
i ⊕V1

i , He = H0
e ⊕H1

e , (3.4.16)

where each part is given by

V0
i =
∧Q∨1
∧Q2

(
X0∨
i X0

i + X1∨
i X1

i

)
=: V00

i + V11
i , (3.4.17a)

V1
i = det Q∨

∧Q∨1
∧Q∨2

X0∨
i X1

i +
∧Q1

∧Q2

X1∨
i X0

i =: V01
i + V10

i , (3.4.17b)

H0
e = −Me

∧Q∨1
∧Q2

(
X0∨
i X0

j + X1∨
i X1

j

)
=: H00

e + H11
e , (3.4.17c)

H1
e = −Me det Q∨

∧Q∨1
∧Q∨2

X0∨
i X1

j −Me
∧Q1

∧Q2

X1∨
i X0

j =: H01
e + H10

e . (3.4.17d)

Hence, the supercharacter is given by

schT Vi = chT V0
i − chT V1

i =
∑

σ,σ′=0,1

(−1)σ+σ′ chT Vσσ′

i , (3.4.18a)

schT He = chT H0
e − chT H1

e =
∑

σ,σ′=0,1

(−1)σ+σ′ chT Hσσ′

e . (3.4.18b)

The full partition function contributions are obtained by applying the equivariant

index formula to these bundles:

Zvec
i =

∏
σ,σ′=0,1

Zvec
i,σσ′ , Zvec

i,σσ′ = I[(−1)σ+σ′Vσσ′

i ] , (3.4.19a)

Zbf
e =

∏
σ,σ′=0,1

Zbf
e,σσ′ , Zbf

e,σσ′ = I[(−1)σ+σ′Hσσ′

e ] , (3.4.19b)
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where each contribution in the 5d (K-theory) convention is

Zvec
i,00 =

∏
(x,x′)∈X 0

i ×X 0
i

x 6=x′

Γq(q2x/x
′; q2)

Γq(qx/x′; q2)
, Zvec

i,11 =
∏

(x,x′)∈X 1
i ×X 1

i
x 6=x′

Γq(q2x/x
′; q2)

Γq(qx/x′; q2)
,

(3.4.20a)

Zvec
i,01 =

∏
(x,x′)∈X 0

i ×X 1
i

Γq(qx/x
′; q2)

Γq(q1qx/x′; q2)
, Zvec

i,10 =
∏

(x,x′)∈X 1
i ×X 0

i

Γq(q
−1
1 q2x/x

′; q2)

Γq(q2x/x′; q2)
,

(3.4.20b)

Zbf
e:i→j,00 =

∏
(x,x′)∈X 0

i ×X 0
j

Γq(µ
−1
e qx/x′; q2)

Γq(µ−1
e q2x/x′; q2)

, Zbf
e:i→j,11 =

∏
(x,x′)∈X 1

i ×X 1
j

Γq(µ
−1
e qx/x′; q2)

Γq(µ−1
e q2x/x′; q2)

,

(3.4.20c)

Zbf
e:i→j,01 =

∏
(x,x′)∈X 0

i ×X 1
j

Γq(µ
−1
e q1qx/x

′; q2)

Γq(µ−1
e qx/x′; q2)

, Zbf
e:i→j,10 =

∏
(x,x′)∈X 1

i ×X 0
j

Γq(µ
−1
e q2x/x

′; q2)

Γq(µ−1
e q−1

1 q2x/x′; q2)
.

(3.4.20d)

We can similarly obtain the 4d and 6d results with the corresponding index, replacing

the q-gamma function Γq(z; q2) with Γ1(z; ε2) and Γe(z; q2, p).

3.4.2 Instanton partition function

The equivariant index formula provides the full partition function including both the

instanton and the perturbative contributions, which is given as an infinite product.

As discussed in §1.9, we can extract the instanton part from the full partition function

by subtracting the perturbative contributions.

The instanton part of the vector multiplet bundle and the (anti)fundamental hy-

permultiplet bundle (similarly obtained as (1.9.11)) are given as follows:

schT Vinst
i = chT Vinst

i,0 − chT Vinst
i,1 =

∑
σ,σ′=0,1

(−1)σ+σ′ chT Vinst
i,σσ′ , (3.4.21a)

schT Hinst
e = chT Hinst

e,0 − chT Hinst
e,1 =

∑
σ,σ′=0,1

(−1)σ+σ′ chT Hinst
e,σσ′ (3.4.21b)

schT H
(a)f,inst
i = chT H

(a)f,inst
i,0 − chT H

(a)f,inst
i,1 =

∑
σ,σ′=0,1

(−1)σ+σ′ chT H
(a)f,inst
i,σσ′ (3.4.21c)

where

Vinst
i,σσ′ = − det Q∨ ·Kσ∨

i Nσ′

i −Nσ∨
i Kσ′

i + ∧Q∨ ·Kσ∨
i Kσ′

i (3.4.22a)

Hf,inst
i,σσ′ = Mσ∨

i Kσ′

i (3.4.22b)

Haf,inst
i,σσ′ = det Q∨ ·Kσ∨

i M̃σ′

i (3.4.22c)
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with

chT Mσ
i =

nf
i,σ∑
f=1

em
σ
i,f , chT M̃σ

i =

naf
i,σ∑
f=1

em̃
σ
i,f . (3.4.23)

Then, the instanton part of the partition function is given by the index with the

corresponding supercharacter (3.4.21a),

Zvec,inst
i = I[Vinst

i ] =
∏

σ,σ′=0,1

Zvec,inst
i,σσ′ . (3.4.24)

Applying the combinatorial formula shown in Appendix B.2, we obtain the diagonal

parts of the vector multiplet contribution,

Zvec,inst
i,00 =

ni,0∏
α,β

Zvec
diag(ea

0
i,α , ea

0
i,β ;λ0

i,α, λ
0
i,β) , (3.4.25a)

Zvec,inst
i,11 =

ni,1∏
α,β

Zvec
diag(ea

1
i,α , ea

1
i,β ;λ1

i,α, λ
1
i,β) (3.4.25b)

where the combinatorial factor is given by

Zvec
diag(ν, ν ′;λα, λβ) =

∏
s∈λα

(
1− ν

ν ′
q
−`β(s)
1 q

aα(s)+1
2

)−1 ∏
s∈λβ

(
1− ν

ν ′
q
`α(s)+1
1 q

−aβ(s)
2

)−1

(3.4.26)

with the arm and leg lengths defined in (B.1.3). The off-diagonal contributions are

Zvec,inst
i,σσ′ =

ni,σ∏
α=1

ni,σ′∏
β=1

Zvec
σσ′(e

aσi,α , ea
σ′
i,α ;λσi,α, λ

σ′

i,β) (3.4.27)

for σ 6= σ′, where

Zvec
01 (ν, ν ′;λα, λβ) =

λ̌α,1∏
s1=1

λβ,1∏
s′2=1

(
1− ν

ν ′
q
λ̌β,s′2

+s1

1 q
λα,s1+s′2
2

)−1 (
1− ν

ν ′
qs11 q

s′2
2

)
×
∏
s∈λα

(
1− ν

ν ′
qs11 q

λβ,1+s2
2

) ∏
s′∈λβ

(
1− ν

ν ′
q
λ̌α,1+s′1
1 q

s′2
2

)
(3.4.28a)

Zvec
10 (ν, ν ′;λα, λβ) =

λ̌α,1∏
s1=1

λβ,1∏
s′2=1

(
1− ν

ν ′
q
−λ̌β,s′2

−s1+1

1 q
−λα,s1−s

′
2+1

2

)−1 (
1− ν

ν ′
q−s1+1

1 q−s2+1
2

)
×
∏
s∈λα

(
1− ν

ν ′
q−s1+1

1 q
−λβ,1−s2+1
2

) ∏
s′∈λβ

(
1− ν

ν ′
q
−λ̌α,1−s′1+1
1 q

−s′2+1
2

)
(3.4.28b)

The number of factors appearing in Zσσ′ is as follows: |λα|+ |λβ| factors in the denom-

inator of Z00 and Z11, |λα|+ |λβ|+ λ̌α,1λβ,1 factors in the numerator, λ̌α,1λβ,1 factors
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in the denominator of Z01 and Z10, so that the numbers of factors in the numerator

and the denominator are balanced in total.

We remark that the diagonal contribution is given by the well-known combinatorial

formula using the arm and leg lengths of the partition. The off-diagonal contributions

are still finite products written in terms of the partition, but do not have a compact

formula similar to the diagonal ones. This situation is similar to the BCD instanton

partition function, involving φa + φb in the contour integral [MW04, NS04].

The bifundamental hypermultiplet contribution is similarly given as follows:

Zbf,inst
e:i→j = I[Hbf,inst

e:i→j ] =
∏

σ,σ′=0,1

Zbf,inst
e:i→j,σσ′ (3.4.29)

where

Zbf,inst
e:i→j,00 =

ni,0∏
α=1

nj,0∏
β=1

Zbf
diag(ea

0
i,α , ea

0
j,β , µe:i→j;λ

0
i,α, λ

0
j,β) (3.4.30a)

Zbf,inst
e:i→j,11 =

ni,1∏
α=1

nj,1∏
β=1

Zbf
diag(ea

1
i,α , ea

1
j,β , µe:i→j;λ

1
j,β, λ

1
i,α) (3.4.30b)

Zbf,inst
e:i→j,σσ′ =

ni,σ∏
α=1

nj,σ′∏
β=1

Zbf
σσ′(e

aσi,α , ea
σ′
j,β , µe:i→j;λ

σ
i,α, λ

σ′

j,β) for σ 6= σ′ (3.4.30c)

with

Zbf
diag(ν, ν ′, µ;λα, λβ) =

∏
s∈λα

(
1− µ−1 ν

ν ′
q
−`β(s)
1 q

aα(s)+1
2

) ∏
s∈λβ

(
1− µ−1 ν

ν ′
q
`α(s)+1
1 q

−aβ(s)
2

)
(3.4.31a)

Zbf
01(ν, ν ′, µ;λα, λβ) =

λ̌α,1∏
s1=1

λβ,1∏
s′2=1

(
1− µ−1 ν

ν ′
q
λ̌β,s′2

+s1

1 q
λα,s1+s′2
2

)(
1− µ−1 ν

ν ′
qs11 q

s′2
2

)−1

×
∏
s∈λα

(
1− µ−1 ν

ν ′
qs11 q

λβ,1+s2
2

)−1 ∏
s′∈λβ

(
1− µ−1 ν

ν ′
q
λ̌α,1+s′1
1 q

s′2
2

)−1

(3.4.31b)

Zbf
10(ν, ν ′, µ;λα, λβ) =

λ̌α,1∏
s1=1

λβ,1∏
s′2=1

(
1− µ−1 ν

ν ′
q
−λ̌β,s′2

−s1+1

1 q
−λα,s1−s

′
2+1

2

)(
1− µ−1 ν

ν ′
q−s1+1

1 q−s2+1
2

)−1

×
∏
s∈λα

(
1− µ−1 ν

ν ′
q−s1+1

1 q
−λβ,1−s2+1
2

)−1 ∏
s′∈λβ

(
1− µ−1 ν

ν ′
q
−λ̌α,1−s′1+1
1 q

−s′2+1
2

)−1

(3.4.31c)

We remark that the total numbers of the factors appearing in the numerator and the

denominator are the same as well as the vector multiplet.
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The (anti)fundamental hypermultiplet contribution to the instanton partition func-

tion is given by

Z
(a)f,inst
i = I[H(a)f,inst

i ] =
∏

σ,σ′=0,1

Z
(a)f,inst
i,σσ′ (3.4.32)

where

Z f,inst
i,0σ′ =

ni,0∏
α=1

nf
i,σ′∏
f=1

∏
s∈λ0

i,α

(
1− ea

0
i,α

µσ
′
i,f

qs11 q
s2
2

)(−1)σ
′

(3.4.33a)

Z f,inst
i,1σ′ =

ni,1∏
α=1

nf
i,σ′∏
f=1

∏
s∈λ1

i,α

(
1− ea

1
i,α

µσ
′
i,f

q−s1+1
1 q−s2+1

2

)(−1)σ
′+1

(3.4.33b)

Zaf,inst
i,0σ′ =

ni,0∏
α=1

naf
i,σ′∏
f=1

∏
s∈λ0

i,α

(
1−

µ̃σ
′

i,f

ea
0
i,α

q−s1+1
1 q−s2+1

2

)(−1)σ
′

(3.4.33c)

Zaf,inst
i,1σ′ =

ni,1∏
α=1

naf
i,σ′∏
f=1

∏
s∈λ1

i,α

(
1−

µ̃σ
′

i,f

ea
1
i,α

qs11 q
s2
2

)(−1)σ
′+1

(3.4.33d)

3.4.3 Contour integral formula

Now we consider the contour integral formula for the instanton partition function. For

the moment, we focus on A1 quiver with the (anti)fundamental hypermultiplet for

simplicity.

From the instanton part of the bundles over the moduli space (3.4.22), we obtain

the contour integral formula as follows:

Z inst
n,k =

1

k0!k1!

[−ε12]k0+k1

[−ε1,2]k0+k1

∮
TK

∏
σ=0,1

a=1,...,kσ

dφσa
2πi

∏
σ,σ′=0,1

zvec
σσ′ z

f
σσ′ z

af
σσ′ (3.4.34)

where each contribution is

zvec
σσ′ =



kσ∏
a=1

Pσ(φσa)−1P̃σ(φσa + ε12)−1

kσ∏
a6=b

S(φσa − φσb )−1 (σ = σ′)

kσ′∏
a=1

Pσ(φσ
′

a )
kσ∏
a=1

P̃σ′(φ
σ
a + ε12)

∏
a=1,...,kσ
b=1,...,kσ′

S(φσ
′

b − φσa) (σ 6= σ′)
(3.4.35a)

zf
σσ′ =


kσ∏
a=1

P f
σ(φσa)

kσ∏
a=1

P f
σ(φσa)−1

zaf
σσ′ =


kσ∏
a=1

P̃ af
σ′ (φ

σ
a + ε12) (σ = σ′)

kσ∏
a=1

P̃ af
σ′ (φ

σ
a + ε12)−1 (σ 6= σ′)

(3.4.35b)
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with the gauge and matter polynomials

Pσ(φ) =
nσ∏
α=1

[φ− aσα] , P̃σ(φ) =
nσ∏
α=1

[−φ+ aσα] , (3.4.36a)

P f
σ(φ) =

nf
σ∏

α=1

[φ−mσ
f ] , P̃ af

σ (φ) =

naf
σ∏

α=1

[−φ+ m̃σ
f ] . (3.4.36b)

We remark that the contour integral formula (3.4.34) formally coincides with that

for quiver gauge theory (2.2.13) of Â1 quiver. However, we should be careful about

the integration contour since we impose different stability condition for the positive

and negative gauge nodes. We should take the contour to be consistent with the

eigenvalues (1.6.34a) for the positive node, while (1.6.34b) for the negative node. (We

should apply the contour corresponding to (1.6.34a) to both of the gauge nodes for

the ordinary Â1 quiver.)
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Chapter 4

Seiberg–Witten geometry

Seiberg–Witten theory is a geometric framework to describe the low energy effective

theory of N = 2 supersymmetric gauge theory in four dimensions [SW94a, SW94b].

This geometric point of view gives rise to various interesting insights on gauge theory,

including dualities in gauge theory, the brane dynamics in string/M-theory, connec-

tions with integrable system, etc. In this Chapter, we start with description of the low

energy behavior of 4d N = 2 gauge theory, and discuss the geometric analysis based

on Seiberg–Witten theory. We will then discuss its generalization to quiver gauge the-

ory and supergroup gauge theory, and address the string/M-theory perspective with

the brane description. We will also discuss the generalization to 5d N = 1 theory

compactified on a circle, and 6d N = (1, 0) theory compactified on a torus.

4.1 N = 2 gauge theory in four dimensions

In this Section, we briefly summarize the four-dimensional N = 2 supersymmetric

gauge theory, which has eight supercharges. See also introductory articles and refer-

ences therein for details on this topic [Ler97, AGH97, Pes97, DP02, Tac14].

4.1.1 Supersymmetric vacua

Let G be the gauge group, and its Lie algebra g ∈ LieG. As mentioned in §1.3.2,

the N = 2 vector multiplet consists of the g-valued components (Aµ, λ
i
α, λ̃

i
α̇, φ) in the

adjoint representation of the gauge group G. The potential function for the complex

scalar field φ is given by

V (φ) =
1

2g2
tr[φ, φ†]2 , (4.1.1)

97
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so that the supersymmetric vacuum requires the condition

[φ, φ†] = 0 . (4.1.2)

The solution to this vacuum condition is immediately given by the Cartan subalgebra

h ⊂ g, which is the commuting subalgebra of g. Namely, N = 2 gauge theory has a

flat direction in the potential V (φ), and the vacuum expectation value (vev) of the

complex scalar plays a role of the moduli of the supersymmetric vacua.

For the simplest example, G = SU(2), the solution to the condition (4.1.2) is given

by a diagonal traceless matrix:

φ =

(
a 0

0 −a

)
. (4.1.3)

In this case, the Cartan subalgebra of g = su2 is h = u1, which is parametrized by

the complex parameter a ∈ C. Since the scalar field φ itself is not gauge invariant,

we instead use the gauge invariant parameter to parametrize the moduli space of the

supersymmetric vacua:

u :=
1

2
trφ2 = a2 . (4.1.4)

We also use the same symbol for its vev u = 1
2
〈 trφ2 〉 as long as no confusion. We

remark that this is the second Casimir element constructed from the complex scalar

φ. In general, the chiral ring operators given by the Casimir elements of the scalar

field φ ∈ h provide the gauge invariant coordinates of the moduli space of the vacua.

If the scalar field has a non-zero expectation value, u 6= 0, the off-diagonal part

of the gauge field (W-boson) obtains mass, while the diagonal part (Coulomb field)

remains massless. Therefore, the gauge symmetry is broken into the Cartan subgroup

of G, denoted by H ⊂ G, due to the Higgs mechanism. Since only the Coulomb field

is massless in this case, it is called the Coulomb phase, or the Coulomb branch of the

moduli space of vacua. Hence, the Cartan element of the complex scalar is also called

the Coulomb moduli in this context.

We have focused on the vector multiplet, but in general, we can also incorporate

the hypermultiplet. In such a case, we may consider the vacua with u = 0, but with

a non-zero expectation value for the scalar component in the hypermultiplet. This

situation is instead called the Higgs phase or the Higgs branch of the moduli space of

the supersymmetric vacua (§4.5.4). We mainly focus on the Coulomb branch of N = 2

gauge theory in the following.
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4.1.2 Low energy effective theory

As discussed above, we have the massive W-boson and the massless Coulomb field in

the Coulomb branch of the moduli space of vacua. This implies that the W-boson

would be decoupled and only the Coulomb field becomes relevant in the low energy

regime ofN = 2 gauge theory. Let us thus consider the low energy effective description

of the Coulomb field in this situation.

We have the following field contents for N = 2 U(1) gauge theory:

λiα Aiµ

ai λ̃iα

(4.1.5)

for i = 1, . . . , dim h. In the N = 1 superfield formalism, these fields are organized in

terms of the adjoint chiral and vector multiplets:

Φi(ai, λ̃i) = ai + 2λ̃iαθ
α + · · · , (4.1.6a)

W i
α(Aiµ, λ

i) = λiα + F i
αβθ

β + · · · , (4.1.6b)

with the fermionic parameter (θ, θ̄). A generic Lagrangian of N = 2 gauge theory is

then given as

L =
1

8π2

[∫
d2θd2θ̄ K(Φi, Φ̄i)−

∫
d2θ (2πiτij(a))W i

αW
jα + c.c.

]
(4.1.7)

where K(Φ, Φ̄) is the Kähler potential, and (τij)i,j=1,...,dim h is a matrix analog of the

complex coupling (1.3.5). The kinetic matrices for the fermions (λi, λ̃i) are given as

follows:

λ̃i :
1

4π
gij̄ :=

1

4π
Kij̄ =

1

4π

∂2K

∂ai∂āj
(4.1.8a)

λi :
1

2π
Im τij =

1

4πi
(τij − τ̄ij) (4.1.8b)

The N = 2 supersymmetry requires the agreement of these kinetic matrices:

i−1 (τij − τ̄ij) = Kij̄ , (4.1.9)

which gives rise to the expression

τij(a) = Fij :=
∂2F

∂ai∂aj
, (4.1.10a)

K(a, ā) = i
(
āiDai − āia

i
D

)
. (4.1.10b)
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We here define a (at least locally) holomorphic function F(a), which is called the

prepotential, and the dual variable (the dual Coulomb moduli),

aD,i =
∂F

∂ai
. (4.1.11)

This means that there exists one-to-one correspondence between theN = 2 Lagrangian

and the holomorphic prepotential F(a). For example, the N = 2 Yang–Mills action is

given by the quadratic prepotential:

F(φ) =
1

2
τ trφ2 , (4.1.12)

which is the unique case providing a renormalizable action.

From this point of view, the moduli space of vacua is a Kähler manifold equipped

with the Kähler potential K(a, ā). Furthermore, we have shown that the Cartan part

of the complex scalar provides the coordinate of the Coulomb branch, and the moduli

space depends on it only through the prepotential. A Kähler manifold with such

an additional property is called the (rigid) special Kähler manifold, which plays an

important role in the relation to the complex algebraic integrable system [GKM+95,

MW96, DW96, SW97, Don98].

4.1.3 BPS spectrum

We discuss the role of (a, aD) from the supersymmetry algebraic point of view. As

mentioned in §1.3.2, the supercharges of N = 2 algebra are given by (Qi
α, Q

i
α̇) with

the index (α, α̇, i) for (SU(2)L, SU(2)R, SU(2)I). They obey the following relations:

{Qi
α, Q

†j̄
β̇
} = δij̄ Pµ σ

µ

αβ̇
, (4.1.13a)

{Qi
α, Q

j
β} = εij δαβ Z , (4.1.13b)

where (εij, εαβ) are the invariant tensors of SU(2)I,L, Pµ is the translation generator,

and Z is a central element of the algebra, which is peculiar to the extended supersym-

metry algebras. The center Z provides a bound for the mass spectrum, that is called

the BPS bound, so that Z itself is also called the BPS spectrum. In fact, the center

of N = 2 is given by a linear combination:

Z = n a + nD aD +
nf∑
f=1

nf mf , (4.1.14)

where (mf )f=1,...,nf are the fundamental mass parameters if there exists the funda-

mental hypermultiplet with n, nD, nf ∈ Z. We will see how these BPS spectra are

described from the geometric point of view.
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4.2 Seiberg–Witten theory

We have seen that the low energy effective theory of N = 2 gauge theory is written

using the prepotential F(a). The remaining problem is then how to determine the

prepotential describing such a low energy theory.

4.2.1 Renormalization group analysis

Let us start with the renormalization group analysis of the coupling constant. The

generic form of the one-loop β-function is given by

β(µ) = µ
d

dµ

8π2

g2

∣∣∣∣
µ

=
11

3
C(adj)− 2

3
C(RWeyl)−

1

3
C(Rscalar) (4.2.1)

where µ is the energy scale of the coupling constant. The representations of the Weyl

fermion and the complex scalar field under the gauge group G are denoted by RWeyl

and Rscalar. The coefficient C(R) is the second Casimir element of the representation

R under the gauge group G:

−1

2
trR
(
T aT b

)
= C(R) δab , a, b = 1, . . . , dim g , (4.2.2)

with the generators of the algebra g = LieG denoted by (T a)a=1,...,dim g. We apply the

normalization such that the coefficient for the adjoint representation is given by the

dual Coxeter number of the algebra g, C(adj) = h∨. For G = SU(n), the coefficients

for the adjoint and the (anti)fundamental representations are given by

C(adj) = n , C(n) = C(n) =
1

2
. (4.2.3)

In the case of N = 2 gauge theory, the vector multiplet consists of two Weyl

fermions and a single complex scalar in addition to the gauge field in the adjoint

representation. Incorporating the hypermultiplet contribution, the total one-loop β-

function is then given by

µ
d

dµ

8π2

g2
= 2C(adj)− C(hyp) =: b . (4.2.4)

For example, SU(n) YM theory with nf fundamental hypermultiplets yields b = 2n−nf

since N = 2 hypermultiplet consists of N = 1 chiral and anti-chiral multiplets. Hence,

the one-loop solution to the renormalization flow of the coupling constant is

exp

(
−8π2

g2

)
=

(
Λ

µ

)b
(4.2.5)

where Λ is a constant of the integration, interpreted as the dynamical scale of the

system. As long as the coefficient b is positive, the coupling constant becomes small

in the high energy regime compared to the dynamical scale (asymptotic freedom).
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4.2.2 One-loop exactness

We remark that, as mentioned earlier, it is natural to consider the complexified cou-

pling constant (1.3.5) in supersymmetric gauge theories, so that the instanton fugacity

(1.3.4) is interpreted as a complexification of (4.2.5). The imaginary part of the com-

plex coupling Im τ ∝ 1/g2 receives the quantum correction, while the real part Re τ ∝ θ

does not, since it is a coefficient of the total derivative (topological) term trF ∧ F .

Hence, requiring the holomorphy of the prepotential for N = 2 gauge theory, the

quantum correction to the coupling constant turns out to be one-loop exact: Higher

corrections are given by positive power terms of g2, which are not holomorphic any

more.

In fact, once we have a matter content with b = 0, it does not receive any quantum

correction to the coupling constant since the corresponding β-function shall be zero

at all orders. Such a theory may be interpreted as a marginal deformation of super-

conformal field theory. For G = SU(n), for example, we obtain such a situation, if

it contains 2n (anti)fundamental hypermultiplets, or a single adjoint hypermultiplet.

The latter theory is in particular given by a mass deformation of N = 4 theory, which

is called N = 2∗ theory: It is enhanced to N = 4 supersymmetric theory by turning off

the adjoint mass parameter. See also the behavior of the partition function discussed

in §1.8.7.

4.2.3 SU(2) theory

Let us focus on SU(2) theory for the moment. First of all, the bare U(1) and SU(2)

coupling constants have the relation, τU(1) = 2τSU(2) =: 2τ0. Applying the one-loop

renormalization equation, we obtain

τ(a) = 2τ0 −
8

2πi
log

a

Λ0

= − 8

2πi
log

a

Λ
(4.2.6)

where we denote the effective U(1) coupling by τ(a), and Λ0 is the energy scale corre-

sponding to the bare coupling constant τ0:

Λ4 = Λ4
0 e2πiτ0 . (4.2.7)

Therefore, the corresponding prepotential and the dual variable are given at the one-

loop level as

F(a) = τ0a
2 − 4a2

2πi
log

a

Λ0

+ · · · = −4a2

2πi
log

a

Λ
+ · · · , (4.2.8a)

aD = 2τ0a−
8a

2πi
log

a

Λ0

+ · · · = − 8a

2πi
log

a

Λ
+ · · · . (4.2.8b)
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There exist further corrections, but they are suppressed in the perturbative regime,

|a/Λ| � 1. In terms of the gauge invariant variable u (4.1.4), they are rewritten as

F(a) = − u

2πi
log

u2

Λ4
+ · · · , aD = −2u

1
2

2πi
log

u2

Λ4
+ · · · . (4.2.9)

Based on the expressions above, we then study the behavior of the Coulomb moduli

and its dual variable (a, aD) on the u-plane. Let u = eiϑ|u| and ϑ→ ϑ+2πi, we obtain(
a

aD

)
ϑ→ϑ+2πi−−−−−→

(
−a

−aD + 4a

)
= M∞

(
a

aD

)
(4.2.10)

where M∞ is called the monodromy matrix (of the infinity):

M∞ =

(
−1 0

4 −1

)
∈ SL(2,Z) . (4.2.11)

Hence, there exists a singularity on the complex u-plane. In fact, the expression of the

prepotential and the dual variable (4.2.9) implies the singularities at u = ±Λ2, which

correspond to the strong coupling limit τ(a)→ 0.

Seiberg–Witten curve

The essential part of Seiberg–Witten theory is to construct the algebraic curve, a.k.a.

the Seiberg–Witten curve, which geometrically encodes all the information about the

low energy behavior of N = 2 gauge theory. For this purpose, we take into account

the monodromy behavior on the u-plane discussed above. We begin with the algebraic

curve, that we call the Seiberg–Witten curve for SU(2) supersymmetric Yang–Mills

(SYM) theory:

Σ = {(x, y) ∈ C× C× | Λ2
(
y + y−1

)
= x2 − u} . (4.2.12)

Now the mass dimensions of the variables are

[x] = 1 , [y] = 0 , [u] = 2 , [Λ] = 1 . (4.2.13)

We will also use another convention by the shift, y → y/Λ2:

Σ : y +
Λ4

y
= x2 − u (4.2.14)

with the dimension [y] = 2.

Solving the algebraic relation (4.2.12), we obtain

y =
1

2Λ2

[
(x2 − u)±

√
(x2 − u)2 − 4Λ4

]
, (4.2.15)
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x−1 x+1 x−2 x+2

A

B

A
B

Figure 4.1: (Top) Compactification of the Riemann surface: from two cut sheets to a

torus. The torus has two non-contractable cycles, called A and B cycles. (Bottom) A

cycle and B cycle on the sheets. There are four branch points (x±1 , x
±
2 ) given by (4.2.16)

on the sheets.

where we find four branch points at

x±1 =
√
u± 2Λ2 , x±2 = −

√
u± 2Λ2 . (4.2.16)

Due to the square root singularity, we have two branch cuts between (x−i , x
+
i )i=1,2 on

the sheets, from which we obtain a torus via compactification as shown in Fig. 4.1.

There exist two non-contractable cycles on the torus, called A and B cycles as long as

all the branch points are not degenerated. In fact, at u = ±2Λ2 and u = ∞,1 two of

the branch points are degenerated, and this picture is not available any longer:

u→± 2Λ2 : x∓i −→ 0 (B cycle shrinks) (4.2.17a)

u→ ∞ : (x±1 , x
±
2 ) −→ (+∞,−∞) (A cycle shrinks) (4.2.17b)

This is consistent with the previous argument on the singularities on the u-plane based

on the prepotential.

Cycle integrals

Based on this geometric setup, we can obtain the information about the low energy

effective theory of N = 2 theory. We define a tautological one-form on the Seiberg–

1We may rescale the dynamical parameter 2Λ2 → Λ2 to obtain the agreement with the previous

convention.
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Witten curve:

λ = x
dy

y
= xd log y , (4.2.18)

and also the symplectic two-form

ω = dλ = dx ∧ d log y . (4.2.19)

Then, it is claimed that the Coulomb moduli and its dual are obtained by the contour

integrals along A and B cycles:

a =
1

2πi

∮
A

λ , (4.2.20a)

aD =
1

2πi

∮
B

λ . (4.2.20b)

Recalling the expression of the central element in the N = 2 algebra (4.1.14), the

contour integral computes the mass of a BPS state.2 For example, in the perturbative

regime |u| � |Λ|2, we see |y| ' 1 from (4.2.15), and x ' u
1
2 from (4.2.12). Therefore

the A cycle integral is given as

a ' 1

2πi

∮
|y|=1

u
1
2
dy

y
= u

1
2 , (4.2.21)

which reproduces the perturbative relation.

The complex coupling is then given as follows:

τ(a) =
∂aD
∂a

=
∂aD/∂u

∂a/∂u
. (4.2.22)

Taking the u-variable derivative of the one-form λ,

∂

∂u
λ =

(
∂x

∂u

) ∣∣∣∣∣
y: fixed

dy

y

(4.2.12)
=

1

2

dy

xy
, (4.2.23)

we obtain the expression as a ratio of the cycle integrals:

τ(a) =

(∮
B

dy

xy

)/(∮
A

dy

xy

)
, (4.2.24)

which is called the complex structure of the torus. Its imaginary part is always positive,

Im τ(a) ∝ 1/g2 > 0, which guarantees that the kinetic term of the action always has

a correct sign.

2At this point, we do not yet include the fundamental hypermultiplet. See §4.2.5 for the case with

fundamental matter.
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A1 A2 A3

B1 B2 B3

Figure 4.2: The hyperelliptic curve of genus g = 3 (the Seiberg–Witten curve for SU(4)

SYM theory). There exist 2g non-contractable cycles denoted by (Aα, Bα)α=1,...,g.

4.2.4 SU(n) theory

We start with a remark that the defining relation of the curve Σ (4.2.12) is written in

terms of the complex scalar field as3

x2 − u = det(x− φ) . (4.2.25)

This expression is in fact valid for generic SU(n) gauge theory. Hence, the Seiberg–

Witten curve for SU(n) SYM theory is similarly given by

Σ : Λn
(
y + y−1

)
= det(x− φ) . (4.2.26)

In this case, the right hand side is a degree-n polynomial in x, while the degree of the

variable y is still two. Thus, there exist n branch cuts on two sheets, which gives rise to

the hyperelliptic curve of genus g = n− 1 as shown in Fig. 4.2. In this case, there are

2g non-contractable cycles (Aα, Bα)α=1,...,g, for which we choose the canonical basis:

Aα ∩Bβ = δαβ , Aα ∩ Aβ = Bα ∩Bβ = ∅ . (4.2.27)

We define the one-form differential on the curve similarly to SU(2) theory

λ = x
dy

y
, (4.2.28)

and the Coulomb moduli and the dual variables are given by the contour integrals

along the non-contractable cycles:

aα =
1

2πi

∮
Aα

λ , aD,α =
1

2πi

∮
Bα

λ . (4.2.29)

In this case, the coupling matrix (ταβ(a))α,β=1,...,g is given by the period matrix of the

Seiberg–Witten curve Σ, whose imaginary part is positive definite, Im ταβ(a) > 0.

3The Seiberg–Witten curve for generic G is given by the spectral curve of the Toda integrable

system associated with the affinization of the Langlands dual group of G, denoted by L̂G [MW96].
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4.2.5 N = 2 SQCD

We discuss the geometric approach to the low energy effective theory in the presence of

the hypermultiplet in the fundamental representation, namely N = 2 supersymmetric

quantum chromodynamics (SQCD). From the renormalization group analysis in §4.2.1,

we may incorporate nf fundamental hypermultiplets for nf ≤ 2n (b = 2n − nf ≥ 0)

in SU(n) SYM theory. Let (mf )f=1,...,nf be the mass parameters for them. Then,

the mass parameter dependence of the Seiberg–Witten curve is incorporated as the

pole singularity on the curve [HO95, APS95]. This argument is consistent with the

correspondence between the BPS spectrum discussed in §4.1.3 and the non-trivial

cycle on the curve: Since we have the poles in addition to the A and B cycles, we

may consider the contour surrounding the pole, which gives rise to the fundamental

mass (mf )f=1,...,nf . Hence, the Seiberg–Witten curve for G = SU(n) with SU(nf) flavor

symmetry takes a form of

Σ : y + ΛbP (x)

y
= det(x− φ) (4.2.30)

where we define the matter polynomial P (x):4

P (x) =
nf∏
f=1

(x−mf ) . (4.2.31)

This matter polynomial is interpreted as the characteristic polynomial with respect to

the flavor symmetry group SU(nf). In this convention, the mass dimensions are given

as [y] = n, [x] = [Λ] = [mf ] = [φ] = 1.

4.3 Quiver gauge theory

The geometric implementation of the effective low energy theory is also possible for

quiver gauge theory. Let us briefly mention how to construct it here. The details of

the derivation will be provided in Chapter 5.

Let us recall the Seiberg–Witten curve for G = SU(n) theory (4.2.26), which

implies that the gauge group dependence is only found in the x-variable part, and

the y-variable structure is universal: It is in general given as the hyperelliptic curve

(degree two for y-variable). In fact, it has been pointed out that one obtains the cubic

curve for quiver gauge theory which consists of two gauge node (A2 quiver) [Sha06],

and afterward, its representation theoretical interpretation is clarified by Nekrasov–

Pestun [NP12]. We start with the observation that the combination of y-variable on the

4This is essentially the matter polynomials (2.2.12b) defined in §2.2.2 denoted by P f and P̃ af. We

do not distinguish the fundamental and antifundamental matters as long as concerning 4d theory.
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curve (4.2.26), y+y−1, is given by the character of the two-dimensional representation

of SL(2), whose Dynkin-quiver diagram is A1. This observation leads to the following

statement:

Seiberg–Witten geometry for Γ-quiver gauge theory [NP12]

Let GΓ be the simple Lie group, whose Dynkin diagram is given by the quiver

Γ = ADE. Then, the Seiberg–Witten curve is constructed by characters of the fun-

damental representations of GΓ (affine characters for Γ = ÂDE): χi(y1, . . . , yrk Γ)

for i ∈ Γ0. In addition, the character associated to the quiver node i ∈ Γ0 is given

by a polynomial in x, and its degree coincides with the rank of the gauge group

Gi = U(ni) assigned to the node i ∈ Γ0:

χi(y1, . . . , yrk Γ) = Ti(x) = xni + · · · (4.3.1)

Here the fundamental representation is given as the highest weight representation

associated with each fundamental weight assigned to the quiver node i ∈ Γ0. Let us

examine this statement with several examples.

4.3.1 A1 quiver

The simplest example is A1 quiver, which we have already discussed. In this case, the

Seiberg–Witten curve is given by the relation:

χ1(y) : y + y−1 = T1(x) (4.3.2)

where T1(x) is a polynomial in x of degree n for SU(n) gauge theory assigned to the

node i = 1. This is consistent with the previous expression (4.2.26), where we omit

the gauge coupling factor for simplicity. Now χ1(y) is the two-dimensional represen-

tation character of GA1 = SL(2). In general, one may consider the higher dimensional

representation character, but it would be redundant in the sense of Seiberg–Witten

theory because the higher representation curve is in principle reproduced from the

fundamental one by using the chiral ring relation. From the representation theoretical

point of view, it is related to the fact that any (higher) representations are constructed

by the tensor product of the fundamental representations.

We remark that the relation (4.3.2) is equivalent to

y2 − T1(x) y + 1 = 0 . (4.3.3)

We may rewrite this also in the following form:

det(y − L(x)) = 0 (4.3.4)
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where L(x) ∈ SL(2) is called the Lax matrix, such that

trL(x) = T1(x) , detL(x) = 1 . (4.3.5)

In fact, this expression implies the correspondence between gauge theory and (classical)

integrable system: The Seiberg–Witten curve is identified with the spectral curve

associated with the SL(2) Lax matrix.

4.3.2 A2 quiver

The next example is A2 quiver, which consists of two gauge nodes, SU(n1)× SU(n2),

with a single bifundamental hypermultiplet. In this case, we have two fundamental

characters:

χ1(y1,2) : y1 +
y2

y1

+
1

y2

= T1(x) , (4.3.6a)

χ2(y1,2) : y2 +
y1

y2

+
1

y1

= T2(x) , (4.3.6b)

where the polynomial in x is given by

Ti(x) = xni + · · · . (4.3.7)

These χ1,2(y1,2) are the characters of two three-dimensional representations of GA2 =

SL(3).

Since we have two relations with two y-variables, y1,2, we may eliminate either y1

or y2, and combine two relations to a single equation:

y3
1 − T1 y

2
1 + T2 y1 − 1 = 0 or y3

2 − T2 y
2
2 + T1 y2 − 1 = 0 . (4.3.8)

This is a cubic curve for A2 quiver, which is consistent with the known result [Sha06].

These cubic relations are formulated with the Lax matrix L(x) ∈ SL(3) as follows:

det(y1 − L(x)) = 0 or det(y2 − L(x)) = 0 . (4.3.9)

4.3.3 A3 quiver

We consider A3 quiver involving three gauge nodes:
SU(n1) SU(n2) SU(n3)

Now we have

three fundamental characters,

χ1(y1,2,3) : y1 +
y2

y1

+
y3

y2

+
1

y3

= T1(x) , (4.3.10a)

χ2(y1,2,3) : y2 +
y1y3

y2

+
y1

y3

+
y3

y1

+
y2

y1y3

+
1

y2

= T2(x) , (4.3.10b)

χ3(y1,2,3) : y3 +
y2

y3

+
y1

y2

+
1

y1

= T3(x) . (4.3.10c)
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We remark the symmetry

(χ1, χ2, χ3)
1↔3←→ (χ3, χ2, χ1) , (4.3.11)

which corresponds to the automorphism action of A3 quiver:

1 2 3

(4.3.12)

See also §7.4.10 for a related argument (the folding trick). Then, there are three

possible relations to define the algebraic curve:

y4
1 − T y3

1 + T y2
1 − T y1 + 1 = 0 , (4.3.13a)

y6
2 − T y5

2 + T y4
2 −

(
T + T

)
y3

2 + T y4
2 − T y2 + 1 = 0 , (4.3.13b)

y4
3 − T y3

3 + T y2
3 − T y3 + 1 = 0 , (4.3.13c)

where we apply the convention as follows:

T∅ = 1 (4.3.14a)

T = T1 (4.3.14b)

T = T2 (4.3.14c)

T = T3 (4.3.14d)

T = T T − T∅ (4.3.14e)

T = T T − T (4.3.14f)

T = T T − T (4.3.14g)

We remark the tensor product relations for GA3 = SL(4):

∧2 = =
(
⊗

)
− ∅ , (4.3.15a)

∧3 = ⊕ =
(
⊗ −

)
⊕
(
⊗ −

)
. (4.3.15b)

In this case, the second relation (4.3.13b) contains the higher representation characters,

which are constructed with the fundamental ones.

4.3.4 Generic quiver

For generic quiver Γ, we obtain the following algebraic relation for (yi)i∈Γ0 :

Σi : det
Ri

(yi − L(x)) = 0 (4.3.16)
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where L(x) is the GΓ-Lax matrix, and Ri is the fundamental representation associated

to the node i ∈ Γ0. The characteristic polynomial associated with generic representa-

tion R is defined

det
R

(y − L(x)) =
dimR∑
k=0

(−1)k ydimR−k tr∧kR L(x) =
dimR∑
k=0

(−1)k ydimR−k T∧kR(x)

(4.3.17)

where the k-th antisymmetric tensorial representation of R is denoted by ∧kR with

TR(x) = trR L(x) . (4.3.18)

For any representations except for the defining (also called the standard) representa-

tion R = (and its conjugate), the characteristic polynomial contains higher repre-

sentations. Hence, in order to discuss the Seiberg–Witten curve for Γ-quiver gauge

theory, we should use the defining representation, which ends up with the ordinary

characteristic polynomial,

Σ : det(y − L(x)) = 0 . (4.3.19)

This implies the correspondence between Γ-quiver gauge theory and the (classical)

GΓ-integrable system.

4.4 Supergroup gauge theory

We then consider a generalization of the geometric approach to supergroup gauge

theory. A crucial observation is that, as shown in §4.2.4, the polynomial function ap-

pearing in the Seiberg–Witten curve (4.2.26) is given as the characteristic polynomial

of the corresponding gauge group. This is also the case for the flavor symmetry group

(§4.2.5). For supergroup theory, the corresponding characteristic function is given

by the superdeterminant (3.1.5). Therefore, the Seiberg–Witten curve for SU(n0|n1)

gauge theory is given as follows [DHJV18]:

Σ : Λn0−n1
(
y + y−1

)
= sdet(x− φ) . (4.4.1)

We remark that n0−n1 is the superdimension of the supervector space Cn0|n1 because

the coefficient appearing in the β-function (§4.2.1) is replaced with the super analog

of the Casimir element.

The complex scalar transforms in the adjoint representation of the supergroup

SU(n0|n1). Imposing the vacuum condition (4.1.2), the scalar field φ should be diag-

onalized, and thus factorized, φ = φ0 ⊕ φ1, where each part belongs to the Cartan
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subalgebra of the subalgebra, φσ ∈ hσ ⊂ sunσ for σ = 0, 1. Hence, the supercharacter-

istic polynomial is given in this condition by

sdet(x− φ) =
det(x− φ0)

det(x− φ1)
=

∏n0

α=1(x− a0
α)∏n1

α=1(x− a1
α)

(4.4.2)

where (aσα)σ=0,1
α=1,...,nσ are the Coulomb moduli parameters for the supergroup gauge the-

ory:

φ =

(
φ0

φ1

)
, φσ = diag(aσ1 , . . . , a

σ
nσ) . (4.4.3)

We can similarly impose the superflavor contribution by the supercharacteristic poly-

nomial of the flavor supergroup SU(nf
0|nf

1) as in §4.2.5.

Let us then see the relation to other discussions on the supergroup gauge theory. We

change the variable y → y/Λn0−n1 det(x−φ1). Then the Seiberg–Witten curve (4.4.1)

together with the expression (4.4.2) is written in the following form:

y + Λb det(x− φ1)2

y
= det(x− φ0) , (4.4.4)

where b = 2(n0−n1) = 2 sdimCn0|n1 . Compared with the curve forN = 2 SQCD (4.2.30),

it agrees with that for SU(n0) gauge theory with nf = n1 +n1 flavors. In fact, the mat-

ter polynomial is given as the square of the characteristic polynomial of SU(n1), which

means that each flavor appears as a pair, and all the mass parameters are doubled

there. This is consistent with the argument based on the decoupling trick in §3.2.

We remark that the Seiberg–Witten curve (4.4.1) is also obtained by the unphysical

limit of the curve for Â1 quiver gauge theory, as discussed in §3.1.3. See [DHJV18] for

details.

4.5 Brane dynamics and N = 2 gauge theory

In this Section, we study N = 2 gauge theory from string/M-theory perspective. We

will see that the Seiberg–Witten curve encodes a geometric configuration of branes

from this point of view.

4.5.1 Hanany–Witten construction

As briefly mentioned in §1.4.4, a stack of D-branes realizes non-Abelian gauge theory,

where open string excitation in the parallel and transverse directions to the brane

world-volume gives rise to the gauge field and (real) scalar degrees of freedom: A
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6

45
789

(a) NS5 NS5

L ∝ 1
g2

a1

n D4

a2

a3
...

...
an

nf D4
m1

m2

mnf

...
...

(b) NS5 NS5

...

...
...

D6

(c) NS5 NS5

...

Figure 4.3: Type IIA brane configurations of four-dimensional N = 2 SU(n) gauge

theory with nf fundamental hypermultiplets with (a) semi-infinite D4 branes, (b) ex-

ternal D4 branes terminated by D6 branes, and (c) D6 branes inside the NS5 branes

via the Hanany–Witten move.

Dp brane has a (p + 1)-dimensional world-volume, and its codimension is given by

10 − (p + 1) = 9 − p. Let us take p = 3 to realize d = 4 gauge theory. Then,

there appear six real scalar fields, which are combined into N = 4 vector multiplet

together with the gauge fields (and also the corresponding fermionic partners). This is

the maximally supersymmetric gauge theory in four dimensions with 16 supercharges.

In this case, the R-symmetry SU(4) = SO(6) has an interpretation as the rotation

symmetry of the transverse directions to the D3 branes.

The N = 2 vector multiplet in four dimensions, on the other hand, contains a

single complex scalar field (two real components). Hence, we should freeze some of the

scalar fields to reduce the supersymmetry from N = 4 to N = 2 theory. A standard

way to do this is to consider D4 branes suspended between NS5 branes, which is known

as the Hanany–Witten construction of gauge theory with eight supercharges in string

theory [HW97]. See Tab. 4.1.

As shown in Fig. 4.3, D4 branes are now extending in five dimensions (01236), but

with a finite interval L in 6-direction. Therefore, if the interval is sufficiently small,

it would effectively behave as a four-dimensional theory. In fact, the interval L is

interpreted as the gauge coupling up to a constant factor, L ∝ 1/g2.

In this setup, the transverse modes of D4 branes in 789-directions are fixed by
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(IIA) 0 1 2 3 4 5 6 7 8 9

NS5 - - - - - -

D4 - - - - -

D6 - - - - - - -

Table 4.1: The brane configuration of four-dimensional N = 2 gauge theory in Type

IIA string theory.

the Dirichlet boundary condition with NS5 branes, which are not dynamical any

longer. There remain two real components in the scalar field, which correspond to

45-directions, combined into a single complex scalar field in the N = 2 vector multi-

plet, φ = φ4 + iφ5. As discussed before, the scalar field takes a value in the Cartan

subalgebra of the gauge algebra, φ ∈ h ⊂ g. In this picture, the diagonal values of the

scalar field, φ = diag(a1, . . . , an) for G = SU(n), are interpreted as the positions of D4

branes in 45-directions.

In Fig. 4.3(a), there are also external D4 branes outside the NS5 branes. In fact,

the open strings connecting these internal and external D4 branes transform under the

bifundamental representation of SU(n)×SU(nf). Since the external ones are infinitely

long, their transverse modes are not dynamical. Similarly, we may incorporate the

antifundamental matter by adding the external D4 branes going left of the NS5 brane.

Hence, a stack of external D4 branes gives rise to the flavor symmetry SU(nf), and thus

the configuration shown in Fig. 4.3 realizes N = 2 gauge theory with nf fundamental

hypermultiplets. It is also possible to terminate the external D4 branes with D6 branes

(0123789), keeping the dynamics of D4 branes in 45-directions frozen by D6 branes

(Fig. 4.3(b)). Taking the D6 branes inside the NS5 branes, the suspended D4 branes

are eliminated due to the Hanany–Witten effect. This shows that the same matter

content is realized only with the internal D4 and D6 branes (Fig. 4.3(c)).

4.5.2 Seiberg–Witten curve from M-theory

Let us remark the relation between the brane description of N = 2 theory and the

Seiberg–Witten geometry. First of all, since the complex scalar describes the positions

of D4 branes in 45-directions, the x-variable in the Seiberg–Witten curve is identified

with x ' x4 + ix5. Then, the y-variable is instead for the positions of NS5 branes.

(Recall the distance between NS5 branes corresponds to the gauge coupling constant.)

Furthermore, the brane configuration discussed above, which consists of NS5 and

D4 branes, is promoted to a single M5 brane after lifting up from IIA string theory

to M-theory. Let xM be the eleventh dimension with the periodicity xM ' xM + 2πR.
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Then, the M5 brane is extended in 0123-directions and a two-dimensional subspace of

456M, which are six dimensions in total. It has been shown in [Wit97] that the latter

two-dimensional subspace is precisely given as the Seiberg–Witten curve of SU(n)

gauge theory (4.2.26) with the identification:

(x, y) =

(
x4 + ix5, exp

(
x6 + ixM

R

))
∈ C× C× . (4.5.1)

We remark that the y-variable is now given as an exponential form to manifest the

periodicity in M-direction.

4.5.3 Quiver gauge theory

We have discussed the brane construction of a single SU(n) gauge theory. Let us show

how to generalize this construction to quiver gauge theory involving multiple gauge

nodes.

Linear quiver: Ap

We start with Ap quiver, which is a linear quiver with p gauge nodes. In this case, we

consider p + 1 parallel NS5 branes along 6-direction with suspended D4 branes. An

example with p = 3 is given as

NS5 NS5 NS5 NS5

L1 ∝ 1
g2
1

L2 ∝ 1
g2
2

L3 ∝ 1
g2
3

SU(n1) SU(n2) SU(n3)SU(n0) SU(n4)

(4.5.2)

The number of D4 branes in each interval between NS5 branes provides the rank

of gauge groups (ni)i=1,...,p. In this configuration, we can add the (anti)fundamental

hypermultiplet only to the first and the last nodes with the external D4 branes, where

the corresponding rank of the flavor symmetries are denoted by n0 and np+1. In order

to add the fundamental matter to the middle nodes, we have to use internal D6 branes

as in Fig. 4.3.

The open string degrees of freedom between i-th and (i + 1)-st intervals give rise

to the hypermultiplet in bifundamental representation of SU(ni) × SU(ni+1). The
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corresponding bifundamental mass is given by the relative difference between the D4

brane positions in 45-directions. In this sense, it is natural to regard the bifundamental

mass as a complex parameter, which can be compensated by the center-of-mass shift

of D4 branes, namely the U(1) gauge degrees of freedom of each gauge node.

Cyclic quiver: Âp−1

We can similarly formulate the cyclic quiver with p nodes (Âp−1 quiver). In this case,

we align p NS5 branes in periodic 6-direction:

NS5 NS5 NS5 NS5

SU(n0)

SU(n1) SU(n2) SU(n3)

(4.5.3)

Now the external D4 branes with red signs are identified with each other. We remark

that we cannot impose the fundamental hypermultiplet to this configuration using the

external D4 branes.

Since 6-direction is periodic in this setup, we may consider T-dual transformation

in this direction. The configuration obtained after T-duality is given as follows:

(IIB) 0 1 2 3 4 5 6 7 8 9

TNp - - - -

D3 - - - -

Table 4.2: The brane configuration of four-dimensional N = 2 gauge theory in Type

IIB string theory. We denote the p-centered Taub-NUT geometry by TNp in 6789

directions.

Compared to the previous one (See Tab. 4.1), NS5 branes are converted to the so-called

H-monopoles encoded in the Taub-NUT space (TN), which is locally asymptotic to
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R3 × S1 at infinity: The positions of NS5 branes in 789 directions correspond to the

multiple centers of the Taub-NUT space. See, for example, [GHM97, Ton02, Wit09]

for details. From this point of view, the supersymmetry is reduced from N = 4 to

N = 2 due to the H-flux of TN. We remark that, by taking the size of S1 to infinity,

we obtain the ALE space R4/Zp from TNp. This is the shrinking limit of 6-direction

on Type IIA side, and is the strong coupling limit from the gauge theory perspective,

qtot := q0q1 · · · qp−1 → 1, where qi = exp (2πiτi) for i = 0, . . . , p − 1. On the other

hand, in the large radius limit on Type IIA side, we may lose the periodicity in 6-

direction. This means the reduction from cyclic to linear quiver by freezing (at least)

one of the gauge nodes of the quiver, qtot → 0.

D-type quiver

The brane construction discussed above has a natural generalization to Dp and D̂p

quivers, by introducing the ON0 plane to the configuration [Kap98, HZ99, HKL+16],

which is related to a combination of O5− plane and a D5 brane through the duality

chain. For Dp quiver, the brane configuration is given as follows:

NS5 NS5 NS5 ON−

SU(2n) SU(2n)

SU(n)

SU(n)

(4.5.4)

Here the ON− plane is S-dual to an O5− plane, which would be combined into the

ON0 plane together with the NS5 brane. Furthermore, we can add the fundamental

hypermultiplet, but only to the left most node. We can similarly deal with D̂p quiver

by imposing ON0 planes also on the left end of the configuration, so that we cannot

incorporate the fundamental mattes for the affine case similarly to Âp−1 quiver.

Generic quiver

Although we can consider generic quiver in gauge theory, it seems not straightforward

to construct such a generic quiver in string theory. Let us just mention a geometric

realization for Γ = ADE: We may consider a stack of D3 branes with the transverse

Taub-NUT space TNΓ, which is reduced to the ALE space C2/Γ in the large radius
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limit as well. Then, in this case, we would obtain the affine quiver gauge theory

Γ̂ = ÂDE similarly to the discussion for the cyclic quiver. See also §2.3 for a related

discussion.

For Γ 6∈ ADE, we should apply the formalism of fractional quiver discussed in §2.4.

Based on the algebraic construction of the brane web formalism, we can construct

arbitrary quiver gauge theory for Γ = ABCDEFG and their affinization (including

twisted versions). See [KZ19] for details.

4.5.4 Higgsing and vortices

In §1.9.2, we have discussed a specific property of the (anti)fundamental matter part

of the instanton partition function: The partition function is truncated if one tunes

the fundamental mass parameter related to the Coulomb moduli (1.9.13). We now

discuss its brane perspective.

Turning off the Ω-background parameter ε1,2 → 0, the root of Higgs branch con-

dition (1.9.13) is simply given by equating the fundamental mass and the Coulomb

moduli parameter [Dor98, DHT99]:

mf = aα . (4.5.5)

Since they are interpreted as positions of the internal and external D4 branes in Type

IIA configuration (Fig. 4.3), under this condition, they come to the same place in 45-

directions to be a single semi-infinite D4 brane. Furthermore, from this configuration,

one can remove the right NS5 brane in 9-direction, and D2 branes suspended in 9-

direction may emerge as shown below:

NS5 NS5

Coulomb branch

D4 D4
NS5 NS5

aα = mf

D4
NS5 NS5

Higgs branch

D2

L6 L9

(4.5.6)

See also Tab. 4.3. A similar manipulation is possible with the internal D6 branes

describing the fundamental matter related through the Hanany–Witten move.

After removing the right NS5 brane, it is not in the Coulomb branch of the moduli

space, but in the Higgs branch, where the gauge symmetry is locked with the flavor



4.5. BRANE DYNAMICS AND N = 2 GAUGE THEORY 119

(IIA) 0 1 2 3 4 5 6 7 8 9

NS5 - - - - - -

(D6) - - - - - - -

D4 - - - - -

D2 - - -

Table 4.3: The brane configuration of four-dimensional N = 2 gauge theory in Higgs

branch.

symmetry by the condition (4.5.5). In this case, D2 branes are interpreted as BPS

vortex strings in 4d theory, and their length in 9-direction L9 is identified with the

Fayet–Iliopoulos (FI) parameter in four-dimensions [HT04].

This configuration has an alternative description as the world-volume theory of D2

branes, which is two-dimensional N = (2, 2) gauge theory in 01-directions. From 4d

N = 2 SU(n) gauge theory with nf = n fundamental and naf antifundamental matters,

we obtain the 2d N = (2, 2) theory with n fundamental, naf antifundamental, and a

single adjoint chiral multiplets:5

Higgsing

(4.5.7)

where the blue circle stands for the gauge node in two dimensions, while white

nodes are for four dimensions. The gauge group rank in two dimensions is given by the

number of vortices in 4d theory in the Higgs branch. In addition, the gauge coupling

and FI parameter for this 2d theory are identified with L9 and L6, respectively. In this

picture, the instanton in 4d realized using D0 branes is interpreted as an instanton

also in the 2d theory, i.e., a vortex in a vortex (a trapped vortex). Based on such a

relation between 4d and 2d theories, one can obtain the vortex partition function of

2d N = (2, 2) theory [DGH10, BTZ12]. See also [FKNO12] for another, but direct

derivation of the vortex partition function.

Quiver gauge theory

This manipulation is applied similarly in quiver gauge theory. We describe the Higgsing

process for A2 quiver in Fig. 4.4, and the corresponding quiver diagrams are given as

58 SUSY (4d N = 2) vector multiplet splits into 4 SUSY (2d N = (2, 2); 4d N = 1) vector and a

adjoint chiral multiplets.
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(a) NS5 NS5 NS5 (b) NS5 NS5
NS5

(c) NS5
NS5 NS5

(d) NS5
NS5

NS5

Figure 4.4: Higgsing process for A2 quiver. (a) Coulomb branch, (b) Higgsing the

second node, (c) Higgsing both nodes, similarly described as the configuration (d).

The intervals of NS5 branes in 9-direction are identified with the FI parameters.

follows:

(a) (b) (c) & (d)

(4.5.8)

In this way, we obtain the 4d-2d coupled quiver description from the Higgsing process.

See also [GLF16] for generic linear quiver theory.

4.5.5 Higgsing in Seiberg–Witten geometry

A1 quiver

We discuss the Seiberg–Witten geometric point of view of the Higgsing process. We

write the Seiberg–Witten curve for SU(n) gauge theory with (nf, naf) flavors (4.2.30)

as follows:

y2 − T1,x y − P1,xP̃1,x = 0 (4.5.9)
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where (P1,x, P̃1,x) are the matter polynomials of the degree (nf, naf).6 Since, from the

brane picture (4.5.6), there remains a single NS5 brane after the Higgsing process, the

algebraic curve would be given by a linear relation for the y-variable. Such a situation

is realized by imposing the condition

T1,x = P1,x + P̃1,x (4.5.10)

such that,

y2 − T1,x y − P1,xP̃1,x = (y − P1,x)(y − P̃1,x) = 0 . (4.5.11)

Then, the factorized curve implies the relation

y = P1,x or y = P̃1,x , (4.5.12)

which describes the Higgsed configuration with respect to the fundamental or the

antifundamental matter.

We remark that the condition (4.5.10) has a natural interpretation in the context

of the integrable system: According to the correspondence between gauge theory and

integrable system, T-function is identified with the (eigenvalue of) transfer matrix,

which is given by taking a trace of the monodromy matrix

Tx = tr Tx , Tx =

(
a(x) b(x)

c(x) d(x)

)
. (4.5.13)

In fact, the expression (4.5.10) implies that the diagonal elements (a(x), d(x)) are

identified with the matter polynomials (P1,x, P̃1,x) as shown in §5.8.

A2 quiver

This argument is straightforwardly generalized to quiver gauge theory. We consider

A2 quiver with fundamental matters. The Seiberg–Witten curve is described by a pair

of fundamental characters:

T1,x = y1 +
y0y2

y1

+
y0y3

y2

, (4.5.14a)

T2,x = y2 +
y1y3

y2

+
y0y3

y1

, (4.5.14b)

where (y0, y3) are the matter polynomials of the first and second gauge nodes. They

are combined into a single equation to define the algebraic curve:

y3
1 − T1,x y

2
1 + T2,x y0y1 − y2

0y3 = 0 or y3
2 − T2,x y

2
2 + T1,x y2y3 − y0y

2
3 = 0 . (4.5.15)

6Compared to the previous definition (2.2.12b), we simply denote them by (Pi,x, P̃i,x) as long as

no confusion.
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Similarly to A1 quiver, let us find a factorization condition for them. In this case, we

impose the condition

T1,x − y0 = T2,x − y3 =: T̃1,x , (4.5.16)

which leads to the factorization:

(y1 − y0)(y2
1 − T̃1,x y1 + y0y3) = 0 , (y2 − y3)(y2

2 − T̃1,x y2 + y0y3) = 0 . (4.5.17)

This shows that the A2 curve is factorized into the linear term and the A1 (quadratic)

curve. Imposing a further condition, T̃1,x = y0 + y3, the curve is completely Higgsed:

(y1 − y0)2(y1 − y3) = 0 , (y2 − y0)(y2 − y3)2 = 0 . (4.5.18)

Generalization to generic quiver theory is straightforward.

4.5.6 Supergroup gauge theory

Positive and negative branes

Following the discussion in §4.5.1, N = 2 SU(n0|n1) SYM theory in four dimensions

is realized as a world-volume theory of positive and negative branes, D4+ and D4−,

suspended between two separated NS5 branes [OT06, DHJV18]:

NS5 NS5

n0 D4+

n1 D4−

(4.5.19)

where D4+ and D4− branes are depicted as horizontal solid and dotted lines. It has

been pointed out in [DHJV18] that the negative branes are removed through gauging

process:

(4.5.20)

and the resulting configuration is equivalent to SU(n0) SYM theory with nf = 2n1

flavors. More precisely, there are n1 fundamental and n1 anti-fundamental hyper-

multiplets having the same masses because we imposed horizontal D4+ branes before
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gauging. This is consistent with the decoupling trick argument in §3.2. We remark

that such a reduction is possible only at the special locus of the Coulomb branch of

the moduli space of vacua, and this does not mean the agreement of the moduli spaces

themselves.

One-to-many correspondence

The non-Abelian gauge theory is realized as a stack of D-branes. In particular, we

should use both the positive and negative branes to realize the supergroup gauge

theory. Since, in this case, there are two different branes, we should be careful of the

ordering of the branes. For example, there are three possible realizations of SU(2|1)

gauge theory as follows:

(a) (b) (c)

(4.5.21)

This one-to-many correspondence between the gauge theory and the brane configura-

tions is a peculiar property to the supergroup theory, which is essentially related to the

ambiguity of the simple root decomposition of the supergroup. Besides the brane con-

figurations, we also show the corresponding Dynkin diagrams of SU(2|1): (a) ,

(b) , and (c) , where the node denoted by is the fermionic node [Kac77].

The correspondence is given as follows: We assign the ordinary node to the neighbor-

ing pair of D4+-D4+ or D4−-D4− branes, and the fermionic node is assigned to the

neighboring pair of D4+-D4− branes. This argument is also applicable to the external

flavor branes. Even though there are several different brane realizations, we can see

that the partition function does not depend on the ordering of positive and negative

branes from the topological string analysis [KS20, CKL20b].

Affine quiver realization

As discussed in §3.1.3, supergroup gauge theory has a realization in the unphysical

parameter regime of quiver gauge theory (Â1 quiver). This fact is also understood

from the brane configuration. We start with Â1 quiver gauge theory, which is a cyclic
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quiver with two gauge nodes, SU(n1)× SU(n2):

L1

L2

L2 → −L1

L1

SU(n1)× SU(n2) SU(n1|n2)

(4.5.22)

In order to obtain the supergroup gauge theory, we apply the analytic continuation

for the coupling constant 1/g2
2 → −1/g2

1, corresponding to L2 → −L1 in the brane

configuration. Then, the external branes are now interpreted as the internal negative

branes after the analytic continuation, which is consistent with the brane configuration

of the supergroup gauge theory based on the positive and negative branes.

Quiver gauge theory

This argument is easily generalized to quiver theory. The brane configuration of Ap

quiver with gauge group SU(n0|n1) is shown in Fig. 4.5.

For the moment, we assign the same super gauge group to all the gauge node for

simplicity. The negative branes are annihilated by gauging, and the resulting theory is

the linear quiver theory with gauge groups SU(n0) and flavor nodes SU(n1) attached

to the left and right most nodes. We can consider the situation with different super

gauge groups assigned to each node. However, in such a case, it is not possible to

annihilate all the negative branes at the same time in general. See also §3.2.

Similarly, we may consider the D-type quiver theory. Applying the previous argu-

ment, D-type quiver gauge theory is realized using the ON0 plane as in Fig. 4.6. Thus

the configuration is reduced to that for Dr quiver with non-supergroup gauge nodes

through the gauging process. Such a reduction is consistent with another approach

discussed in §3.2.3. We can similarly deal with D̂r quiver by imposing ON0 planes on

the both ends of the configuration.

4.6 Eight supercharge theory in higher dimensions

In this Section, we consider a higher dimensional analog of the geometric analysis

discussed in this Chapter [Nek98, Nek04, HIV08]. In fact, 6d N = (1, 0) theory has

eight supercharges, and is reduced to 4d N = 2 theory via toroidal compactification.
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SU(n0|n1) SU(n0|n1) SU(n0|n1)

SU(n0) SU(n0) SU(n0)SU(n1) SU(n1)

Figure 4.5: Reduction of supergroup quiver gauge theory via gauging.

The same argument is applicable to 5dN = 1 theory. In these cases, the corresponding

R-symmetry is given by Sp(1) = SU(2).

The bosonic components in the vector multiplet in d = 4, 5, 6 are in the following:

In d = 6, it contains the gauge field A0,1,2,3,4,5. In d = 5, it contains the gauge field

A0,1,2,3,4 and also the real scalar φ. In d = 4, it contains the gauge field A0,1,2,3 and

the complex scalar (φ, φ̄). The scalar fields in d = 4, 5 are obtained through the

dimensional reduction of the fourth and fifth components of the gauge field A4,5 in

d = 6:

(6d) (5d) (4d)

A4,5 A4, φ φ, φ̄

(4.6.1)

We explore the Seiberg–Witten approach to these higher dimensional theories based
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on the toroidal compactification.

4.6.1 5d N = 1 theory

We now consider 5d N = 1 gauge theory compactified on a circle S1. In this case, the

fourth component of the gauge field A4 and the real scalar play a similar role to the

complex scalar in 4d N = 2 gauge theory, which are combined into the Wilson loop

operator along the compactification circle S1:7

Φ := P exp

(∮
S1

(A4 + iφ dx4)

)
∈ G , (4.6.2)

where P stands for the path-ordering product. We remark that Φ is a G-valued chiral

ring operator (multiplicative), while the complex scalar in four dimensions takes a value

in g = LieG (additive). Imposing the supersymmetric vacuum condition as discussed

in §4.1.1, Φ takes a value in the Cartan subgroup of the gauge group, H ⊂ G, which

parametrizes the Coulomb branch of the moduli space of the vacua.

For G = SU(n) with (nf, naf) flavors, the Seiberg–Witten curve is given by the

multiplicative analog of the curve presented in (4.2.30):

Σ : y + Λb
5d

xn−κ

y
P (x)P̃ (x) = det(1− xΦ−1) , (x, y) ∈ C× × C× , (4.6.3)

where b = 2n − nf − naf, and Λ5d is the dynamical parameter for 5d theory. There

are several specific points to 5d theory. P (x) and P̃ (x) are the multiplicative (K-

theory) analogs of the matter polynomial for the fundamental and antifundamental

hypermultiplets (2.2.12b):

P (x) =
nf∏
f=1

(1− emf/x) , P̃ (x) =
naf∏
f=1

(1− x/em̃f ) . (4.6.4)

In fact, their asymptotic behaviors are different at x→∞, 0, and we should distinguish

the fundamental and antifundamental matters in five dimensions.

We denote the Chern–Simons level by κ ∈ Z, a coefficient of the topological term∫
tr (A ∧ F ∧ F ), which is reduced to the Wilson loop on S1 with the instanton back-

ground. There is an upper bound for the level κ ≤ n for SU(n) theory, concerning the

asymptotic freedom.

7In supersymmetric gauge theory, one should combine the gauge field and the corresponding scalar

field to preserve (a part of) supersymmetry. See, for example, [GY07] for details.
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In this case, the x-variable is a multiplicative variable, x ∈ C×. The one-form and

the associated symplectic two-form on the curve are now given by

λ = log x
dy

y
= log x d log y , (4.6.5a)

ω = dλ = d log x ∧ d log y . (4.6.5b)

Hence we can swap x and y as a symplectic transform. As discussed in §4.3, the x and

y variables are corresponding to the gauge and quiver structure on the Seiberg–Witten

curve. This x ↔ y symmetry implies an interesting duality between the gauge and

quiver structures. This argument will be also justified using the brane description

later.

Reduction to 4d theory

Let us discuss the reduction of the 5d Seiberg–Witten curve to the 4d curve. In

order to take this scaling limit, we put the scaling parameter R, s.t., x = eRz, Φ =

diag(eR aα)α=1,...,n. In addition, we impose the special unitary condition
n∑

α=1

aα = 0,

so that det Φ = 1, for simplicity. Then, one can rewrite the curve for 5d pure SU(n)

SYM theory in the form of

y +

(
Λ5d

R

)2n
x−κ

y
=

n∏
α=1

2

R
sinh

(
R

2
(z − aα)

)
(4.6.6)

where we shift the y variable as y → (−1)nRnxn/2y. Recalling lim
R→0

2

R
sinh

R

2
z = z and

lim
R→0

eRz = 1, it is reduced to the curve for 4d theory (4.2.26) in the limit R→ 0 under

the identification

lim
R→0

Λ5d

R
= Λ4d . (4.6.7)

In fact, the scaling parameter R is interpreted as the size of the compactification

circle. On the other hand, denoting x = eRz, it shows the periodicity z ' z + 2πi/R.

Namely, x is a coordinate of the cylinder, x ∈ C× = Š1×R, where Š1 is the dual circle

with the size Ř = 1/R. In general, for gauge theory defined on S × C, the x-variable

takes a value in Č, which is dual to C:

C =


pt = pt× pt (4d)

S1 = S1 × pt (5d)

T 2 = S1 × S1 (6d)

←→ Č =


C = R× R (4d)

C× = Š1 × R (5d)

Ť 2 = Š1 × Š1 (6d)

(4.6.8)
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This relation is explained as follows [SW97, NP12]: We take a further compactification

from 4d Γ-quiver gauge theory to 3d, S = R4 → R3 × S1. Then the resulting three-

dimensional theory is N = 4 sigma model, and the target space is given by the

moduli space of the periodic GΓ-monopole on S1 × Č as a result of the Nahm dual

transformation (3d mirror symmetry). In fact, the Seiberg–Witten curve is identified

with the spectral curve of the GΓ-monopole, and thus the x-variable plays a role of the

spectral parameter that takes a value in x ∈ Č. See also §5.8.3 for a related discussion.

Brane configuration

We can consider the brane configuration for N = 1 gauge theory in five dimensions

similarly to the discussion in §4.5. Suppose that we compactify 4-direction on a circle

S1 in Type IIA setup as in Tab. 4.1. Then, we can consider the T-dual transformation

in this direction to obtain Type IIB configuration [AHK98]:

(IIB) 0 1 2 3 4 5 6 7 8 9

NS5 - - - - - -

D5 - - - - - -

D7 - - - - - - - -

Table 4.4: The brane configuration of five-dimensional N = 1 gauge theory in Type

IIB string theory obtained through the T-dual transformation from the IIA setup.

Now NS5 and D5 branes are extended in 5 and 6 directions in addition to the common

world-volume, 01234. In this case, these branes are converted to each other through

S-duality in Type IIB string theory, and form the (p, q) 5-brane web in 56-directions:

(1,0)

(1,1)

(0,1)

x6

x5

(4.6.9)

where (0, 1) and (1, 0) stand for NS5 and D5 branes, and (p, q)-brane is a composition

of p D5 and q NS5 branes. In fact, (p, q)-brane goes to (p, q) direction in 56-plane in

order to balance tensions between the 5-branes. In this context, D7 branes are used

to terminate these 5-branes similarly to D6 branes in Type IIA setup.

The simplest example is pure SU(2) gauge theory realized with two NS5 and two

D5 branes. In this case, there are three possibilities providing different Chern–Simons
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level κ = 0, 1, 2:

(a) κ = 0 (b) κ = 1 (c) κ = 2

(4.6.10)

We remark that we cannot consider higher Chern–Simons level beyond κ = 2 as men-

tioned in the context of the Seiberg–Witten curve. Furthermore, this (p, q)-brane

web diagram is interpreted as a dual to the toric diagram of the non-compact toric

Calabi–Yau three-fold. Such a connection between gauge theory and Calabi–Yau ge-

ometry is known as the geometric engineering [KKV97, KMV98, DV02], and one can

see the agreement of 5d N = 1 instanton partition function and the topological string

amplitude on the corresponding Calabi–Yau three-fold [AKMV05, AK05, IKV09].

This construction is straightforwardly generalized to quiver gauge theory. Let us

consider A3 quiver as an example,

A3 :
SU(n1) SU(n2) SU(n3)

. (4.6.11)

The brane descriptions in Type IIA and IIB theories are given as follows:

(IIA)

T-dual

(IIB) (4.6.12)

Here we also incorporate the flavor nodes to the left most and the right most gauge

nodes. One can similarly consider the AD-type affine quiver by imposing the period-

icity in 6-direction, and taking into account O-planes as discussed in §4.5.3.
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Since S-duality exchanges NS5 and D5 branes in Type IIB string theory, the IIB

web diagram in (4.6.12) also has another equivalent description:

(a) (b)

S-dual

SU(2) SU(2) SU(2)SU(2) SU(2) SU(4)SU(4) SU(4)

(4.6.13)

These web diagrams provide

• Theory (a): A3 quiver with GA1 = SU(2) gauge symmetry

• Theory (b): A1 quiver with GA3 = SU(4) gauge symmetry

Namely, the gauge and quiver structures are exchanged through the S-duality [KMV98,

AHK98]. The agreement between the partition functions of both theories are explicitly

checked [BPTY12]. This duality is specific to 5d N = 1 gauge theory, and from

geometric point of view, it is interpreted as a consequence of the symplectic transform

on the Seiberg–Witten curve, x↔ y, as discussed before. In addition, it is also possible

to discuss the S-duality in the presence of the defect operators. See [AS18, NPZ18b]

for details.

Let us briefly mention the brane description for supergroup gauge theory. As

shown in [OT06], supergroup gauge theory is engineered using the negative brane,

also known as the ghost brane. Based on this argument, the 5-brane description of 5d

N = 1 supergroup gauge theory has been considered [KS20], and the partition function

is reproduced by a generalized version of the topological vertex formalism [AKMV05,

AK05, IKV09].
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4.6.2 6d N = (1, 0) theory

We then consider 6d N = (1, 0) theory compactified on a torus T 2. Since we have two

periodic directions, (x4, x5) ∈ T 2, the chiral ring operator is given as a combination of

the loop operators as follows:

(4d) (5d) (6d)

φ, φ̄

∮
x4

(A4 + iφ dx4)

∮
x4

A4 + τ

∮
x5

A5

(4.6.14)

where τ is the modulus of the torus T 2. See [BEHT15] for a similar argument in

two dimensions. In this case, the Seiberg–Witten curve for SU(n) gauge theory with

nf = 2n flavors is accordingly written with a doubly periodic variable [HIV08]:

Σ : y +
q

y

2n∏
f=1

θ(x/eRmf ; p) =
n∏

α=1

θ(x/eR aα ; p) , (x, y) ∈ C× × C× , (4.6.15)

where θ(x; p) is the theta function defined in (A.3.1) with the elliptic nome p =

exp (2πiτ) ∈ C×, and q ∈ C× is the (dimensionless) coupling constant. R is the

size of the circle S1 in 4-direction as before. In this case, we use the same one-form λ

and the symplectic two-form ω = dλ on the curve as in 5d theory (4.6.5). The theta

function shows a (quasi) modular property under the shift x → px. Hence, denoting

x = eRz, the variable z turns out to be doubly periodic under the shift:

z ' z +
2πi

R
, z +

2πi

R
τ (x ' px) . (4.6.16)

Namely, it takes a value in the elliptic curve

E = C×/pZ = C/ (Z⊕ τZ) . (4.6.17)

We remark that, since 6d N = (1, 0) theory is a chiral theory, we should impose the

anomaly free condition for the matter content. For SU(n) gauge theory, naf = 2n is the

unique possibility for the fundamental hypermultiplet.8 From the algebraic geometric

point of view, all the terms in the curve (4.6.15) should be elliptic functions with the

same degree. Assuming the y-variable has the degree n, the second term on the left

hand side should be also of degree n, which is possible only for nf = 2n.

The same argument is applicable to quiver gauge theory. In this case, the anomaly

free condition is given by

nf
i =

∑
j∈Γ0

nj cji (4.6.18)

8SU(n) gauge theory with a single adjoint matter is also possible in six dimensions. In addition,

we should also introduce the tensor multiplet to cancel the anomaly, similarly to the Green–Schwarz

mechanism [GSW85]. See, for example, [Ohm16, Tom20] for detailed reviews.
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where (cij)i,j∈Γ0 is the classical quiver Cartan matrix (2.2.37). We remark that this is

equivalent to the conformal condition in 4d N = 2 gauge theory, where the coupling

constant becomes a dimensionless parameter.

Branes and dualities

Let us discuss the brane description of 6d N = (1, 0) theory with the toroidal com-

pactification. Compared to 5d N = 1 theory, 5-direction is now periodic as well as

4-direction. Therefore, we can apply the T-duality along 5-direction to obtain Type

IIA description [BK98, HZ98]:

(IIA) 0 1 2 3 4 5 6 7 8 9

NS5 - - - - - -

D6 - - - - - - -

D8 - - - - - - - - -

Table 4.5: The brane configuration of six-dimensional N = (1, 0) gauge theory in Type

IIA string theory.

The corresponding brane diagram is given as

NS5 NS5 NS5

n D6

x6

(4.6.19)

for the chain of SU(n) gauge theories. Although we have such a Type IIA descrip-

tion, we can also describe 6d N = (1, 0) theory using a (p, q)-brane configuration by
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imposing the periodicity in 5-direction:

x6

x5

SU(4)SU(4) SU(4)

(4.6.20)

where (0, 1) 5-branes with red signs are identified along the periodic 5-direction. We

remark that other 5-branes than (0, 1)-brane cannot be compatible with the periodicity.

For example, the configuration for the pure SU(2) theory depicted in (4.6.10) cannot

be promoted to 6d theory since the directions of external legs are not compatible with

the periodicity in 5-direction. This is also consistent with the anomaly condition in

6d theory.

Since our description is based on (p, q) 5-branes, we can consider the S-duality for

this configuration as well. In this case, 6d gauge theory is dual to 5d theory with affine

quiver structure:

(a) 5d theory (b) 6d theory

S-dual

SU(2) SU(2) SU(2)

SU(2)

SU(4)SU(4) SU(4)

(4.6.21)
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More precisely, the matter contents obtained from these web diagrams are as follows:

• Theory (a): Â3 quiver with GA1 = SU(2) gauge symmetry in 5d

• Theory (b): A1 quiver with GA3 = SU(4) gauge symmetry in 6d

This implies that 5d theory with Ĝ gauge symmetry is interpreted as 6d theory with

G gauge symmetry, and the center of mass of the bifundamental mass parameters on

5d theory side is converted to the elliptic modulus on 6d side through the duality.

There exist similar dualities for DE- and D̂E-type quiver gauge theories. Let us

briefly comment on it. The dual theory of D-type quiver theory in 5d is A-type quiver

with SO-Sp gauge symmetries in 5d (also known as SO-Sp alternating quiver), and

its affinization, D̂-type quiver theory in 5d, is dual to the SO-Sp alternating quiver

in 6d [HKL+16]. For E-type theory, the dual theory is (E,E)-type conformal matter

theory in 6d. See [DZHTV15] for details.

Finally, let us consider affine quiver theory in six dimensions. In this case, the web

diagram becomes doubly periodic as follows:

(a) 6d Â3 quiver (b) 6d Â1 quiver

S-dual

SU(2) SU(2) SU(2)

SU(2)

SU(4)

SU(4)

(4.6.22)

The matter contents obtained from these diagrams are

• Theory (a): Â3 quiver with GA1 = SU(2) gauge symmetry in 6d
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• Theory (b): Â1 quiver with GA3 = SU(4) gauge symmetry in 6d

In this case, the duality connects two affine quiver gauge theories both in six dimen-

sions, which are described as the little string theory. Under this duality, the (center

of) bifundamental mass and the elliptic modulus are exchanged. This duality is also

interpreted as the T-duality in the context of the little string theory [BDZH+16].

In addition to the S-duality exchanging (1, 0) and (0, 1) 5-branes, we can also dis-

cuss the triality including (1, 1) 5-brane, which is specific to doubly periodic situation,

namely 6d affine quiver gauge theory. See [HIR17, BHIR18b, BHIR18c, BHIR18a,

BHIR19] for details. This triality is expected to be specific to the A-type theo-

ries [DZO21].
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NS5 NS5 NS5 ON−

SU(2n0|2n1) SU(2n0|2n1)

SU(n0|n1)

SU(n0|n1)

SU(2n0) SU(2n0)

SU(n0)

SU(n0)SU(2n1)

Figure 4.6: Reduction of supergroup gauge theory via gauging for D-type quiver.



Chapter 5

Quantization of geometry

The low energy effective behavior of N = 2 gauge theory has the geometric characteri-

zation due to the Seiberg–Witten theory. In particular, the algebraic curve, called the

Seiberg–Witten curve, geometrically encodes the information about the prepotential

of N = 2 theory. In this Chapter, we show how to obtain such an algebraic object

from the microscopic path integral formalism together with the instanton counting de-

scribed in Part I. As discussed there, the partition function obtained from the instanton

counting involves additional parameters, that we call the Ω-background parameters,

compared to the Seiberg–Witten geometry. We will see that these additional parame-

ters play a role of quantum deformation parameter in the Seiberg–Witten theory, and

also point out the correspondence to quantum integrable systems. In particular, we

will see that the quantization of Seiberg–Witten curve gives rise to the TQ-relation,

and the saddle point equation with respect to the instanton partition function is iden-

tified with the Bethe equation of the corresponding integrable system.

5.1 Non-perturbative Schwinger–Dyson equation

The Schwinger–Dyson equation is a functional relation between the correlation func-

tions in QFT. Its derivation is based on the invariance of the partition function in

the path integral formalism under infinitesimal deformation of the field. As discussed

in Chapter 1, the gauge theory partition function is given as a superposition of dif-

ferent topological sectors (θ-vacua), so that it would be covariant under the process

of adding/removing an instanton, which is similar to the coherent state in quantum

mechanics. Since changing the topological sector is a non-perturbative effect in gauge

theory, the functional relation obtained from such an operation is called the non-

perturbative Schwinger–Dyson equation [Nek16]. For this purpose, we consider the

adding/removing-instanton operation for the instanton partition function, and discuss

137
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its geometric interpretation.

5.1.1 Add/remove instantons

The instanton partition function localizes on a fixed point locus on the instanton mod-

uli space M under the equivariant actions. In this context, the instanton configuration

is combinatorially labeled by a partition λ, so that the adding/removing-instanton op-

eration gives rise to shift of its specific component, λi,α,k → λi,α,k ± 1. We study the

behavior of the instanton partition function under this partition shift.

Vector multiplet

We start with the vector multiplet bundle and its character given as1

V =
∧Q∨1
∧Q2

X∨X
chT−−→ 1− q−1

1

1− q2

∑
(x,x′)∈X×X

x6=x′

x′

x
. (5.1.1)

Then, we take the variation

δV := V[Xad:(α,k)]−V[X ] (5.1.2)

where we denote the configuration obtained by adding/removing an instanton by

Xad:(i,α,k) = (X\{xi,α,k}) t {q2xi,α,k} , Xrm:(i,α,k) = (X\{xi,α,k}) t {q−1
2 xi,α,k} .

(5.1.3)

We simply denote x = xα,k, hence the character of the variation is given by

chT δV =
1− q−1

1

1− q2

∑
x′∈X\{x}

(
(q−1

2 − 1)
x′

x
+ (q2 − 1)

x

x′

)

= (1− q−1
1 )

∑
x′∈X\{x}

(
q−1

2

x′

x
− x

x′

)

= (1− q−1
1 )

∑
x′∈X

(
q−1

2

x′

x
− x

x′

)
− (1− q−1

1 ) lim
x′′→x

(
q−1

2

x′′

x
− x

x′′

)
. (5.1.4)

We have to carefully deal with the last term since, in the limit x′′ → x, it gives rise to

the zero mode:

lim
x′′→x

I
[
x′′

x

]
= lim

x′′→x
[log x′′ − log x] = 0 . (5.1.5)

1Here we omit the node index i ∈ Γ0 for simplicity.
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In order to remove this zero mode, we replace the summation over the set X with the

summation over Xad,

(1− q−1
1 )

( ∑
x′∈Xad

q−1
2

x′

x
−
∑
x′∈X

x

x′

)
+ (1− q−1

1 ) lim
x′′→x

(
x

x′′
− x′′

x

)
= −(1− q1)

∑
x′∈Xad

q−1x
′

x
− (1− q−1

1 )
∑
x′∈Xad

x

x′
+ (1− q−1

1 ) lim
x′′→x

(
x

x′′
− x′′

x

)
= − chT (det Q∨x∨Y[Xad] + Y[X ]∨x) + (1− q−1

1 ) lim
x′′→x

(
x

x′′
− x′′

x

)
(5.1.6)

where we define a bundle x, s.t., chT x = x, and the last term is now given by

lim
x′′→x

I
[
(1− q−1

1 )

(
x

x′′
− x′′

x

)]
= lim

x′′→x

[log x− log x′′][log x′′ − log x− ε1]

[log x′′ − log x][log x− log x′′ − ε1]

= −1 . (5.1.7)

Applying the index formula, we then obtain the ratio of the vector multiplet contri-

butions to the partition function evaluated with X and Xad:

I[δV] =
Zvec[Xad]

Zvec[X ]
= − 1

Y∨qx[Xad]Yx[X ]
(5.1.8)

where we define Y-functions:

Yi,x = I[Y∨i x] , Y∨i,x = I[x∨Yi] . (5.1.9)

We will discuss properties of the Y-function shortly.

Vector multiplet: another derivation

Variation of the vector multiplet bundle is similarly considered in terms of the fram-

ing and the instanton bundles. Adding an instanton corresponds to the shift of the

instanton bundle:

K −→ K + x . (5.1.10)

Recalling the expression of the observable bundle Y in terms of (N,K) as in (1.8.14),

and the instanton part of the vector multiplet bundle is given as (1.9.4), the variation

is computed as follows:

δV = δVinst = − det Q∨x∨Y −Y∨x + ∧Q∨ . (5.1.11)

The last term will give a zero mode as well as the previous computation.
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In order to regularize the zero mode term, we define the shifted observable bundle:

Yad := N− ∧Q · (K + x) , (5.1.12a)

Yrm := N− ∧Q · (K− x) . (5.1.12b)

Then, the variation of the vector multiplet bundle is given as

δV = − det Q∨x∨Yad −Y∨x = − det Q∨x∨Y −Y∨adx , (5.1.13)

which is consistent with the previous argument.

Y-function: observable generating function

Let us discuss properties of the Y-function. Since the observable bundle (Yi)i∈Γ0 has

several expressions, correspondingly the Y-function also has several forms:

Yi,x[X ]
(2.1.11)

=

ni∏
α=1

(1− eai,α

x

) ∏
(s1,s2)∈λi,α

S

(
eaαqs1−1

1 qs2−1
2

x

)
(2.1.13)

=
∏
x′∈Xi

1− x′/x
1− q1x′/x

(5.1.14a)

Yi,x[X ]∨
(2.1.11)

=

ni∏
α=1

(1− x

eai,α

) ∏
(s1,s2)∈λi,α

S

(
eaαqs1−1

1 qs2−1
2

x

)
(2.1.13)

=
∏
x′∈Xi

1− x/x′

1− q−1
1 x/x′

(5.1.14b)

where we apply the K-theory convention, and the S-function is defined in (1.9.27).

They also have the following expressions:

Yi,x[X ] =

ni∏
α=1

 ∏
s∈∂+λα

(
1− eai,αqs1−1

1 qs2−1
2 /x

) ∏
s∈∂−λα

(1− eai,αqs11 q
s2
2 /x)−1

 ,

(5.1.15a)

Yi,x[X ]∨ =

ni∏
α=1

 ∏
s∈∂+λα

(
1− x/eai,αqs1−1

1 qs2−1
2

) ∏
s∈∂−λα

(1− x/eai,αqs11 q
s2
2 )−1

 ,

(5.1.15b)
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where ∂±λ is the outer/inner boundary of the partition:

(5.1.16)

One can add a box to the outer boundary ∈ ∂+λ, and one can remove a box from

the inner boundary ∈ ∂−λ of the partition λ. We remark |∂+λ| − |∂−λ| = 1 for ∀λ.

Furthermore, we may express the Y-function in terms of the observable bundle:

Yi,x = exp

(
−
∞∑
n=1

x−n

n
chT Y

[n]
i

)
. (5.1.17)

Since the character of the observable bundle is given as the chiral ring operator, the

Y-function plays a role of the chiral ring generating function.

Based on the finite product formula of the Y-function, we can see its asymptotic

behavior:

Yi,x −→


(−x)−n

ni∏
α=1

eai,α (x→ 0)

1 (x→∞)

(5.1.18a)

Y∨i,x −→


1 (x→ 0)

(−x)+n

ni∏
α=1

e−ai,α (x→∞)
(5.1.18b)

In addition, Yi,x and Y∨i,x have the same zeros and poles depending on the instanton

configuration X :

zeros : x = x′ , poles : x = q1x
′ (x′ ∈ Xi) . (5.1.19)

Hence they are related to each other up to an over all non-singular factor:

Yi,x[X ] =

ni∏
α=1

(−eai,α

x

)(
1− x

eai,α

) ∏
(s1,s2)∈λi,α

S

(
eaαqs1−1

1 qs2−1
2

x

)
=

(
(−x)−n

ni∏
α=1

eai,α

)
Yi,x[X ]∨ . (5.1.20)
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From this point of view, Y and Y∨ are interpreted to give the expansion around x =∞
and x = 0 of the same function, and the factor which converts from Y to Y∨ does not

depend on the instanton configuration X . See also its operator realization discussed

in §6.2.5.

We also remark that the expression (5.1.8) may be singular because of Yx[X ] = 0

for x ∈ X . However, this singularity is cancelled by the pole of Yqx[Xad]∨, then the

product Y∨qx[Xad]Yx[X ] itself remains regular. This regularity argument shall play an

important role in the derivation of the Schwinger–Dyson equation.

(Bi)fundamental hypermultiplet

Let us then consider the bifundamental hypermultiplet contribution. From (2.2.1), the

bifundamental hypermultiplet bundle is given as

He:i→j = −Me
∧Q∨1
∧Q2

X∨i Xj . (5.1.21)

The variation is similarly computed as follows:

δiHe:i→j := He:i→j[Xad:(i,α,k)]−He:i→j[X ] = Me det Q∨x∨Yj[X ] , (5.1.22a)

δiHe:j→i := He:j→i[Xad:(i,α,k)]−He:j→i[X ] = MeYj[X ]∨x , (5.1.22b)

with chT x = xi,α,k =: x. In this case, we do not need to take care of the zero mode.

Hence, applying the index formula, we obtain the ratio of the bifundamental matter

contributions to the partition function:

I[δiHe:i→j] =
Zbf
e:i→j[Xad:(i,:a,k)]

Zbf
e:i→j[X ]

= Y∨
j,µ−1

e qx
, (5.1.23a)

I[δiHe:j→i] =
Zbf
e:j→i[Xad:(i,:a,k)]

Zbf
e:j→i[X ]

= Yj,µex . (5.1.23b)

The (anti)fundamental hypermultiplet contribution is obtained from the bifundamen-

tal matter by freezing the gauge node:

I[δHf
i] =

Z f
i [Xad:(i,α,k)]

Z f
i [X ]

= Pi,x , (5.1.24a)

I[δHaf
i ] =

Zaf
i [Xad:(i,α,k)]

Zaf
i [X ]

= P̃∨i,qx , (5.1.24b)

where (Pi,x, P̃
∨
i,x) are the matter polynomials (2.2.12b) in the K-theory convention:2

Pi,x =

nf
i∏

f=1

(
1− x−1 emi,f

)
, P̃∨i,x =

naf
i∏

f=1

(
1− x e−m̃i,f

)
. (5.1.25)

2We omit the symbol (f, af) for the matter polynomials as long as no confusion.
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These are polynomials in x−1 and x, respectively, which are converted to each other

as follows:

Pi,x =

(−x)−n
f
i

nf
i∏

f=1

emi,f

P∨i,x , P̃∨i,x =

(−x)n
af
i

naf
i∏

f=1

e−m̃i,f

 P̃i,x . (5.1.26)

Adjoint hypermultiplet

In the case of the adjoint hypermultiplet, the computation is much similar to the vector

multiplet. For the adjoint hypermultiplet bundle given by

Hadj = −Madj
∧Q∨1
∧Q2

X∨X , (5.1.27)

we take the variation:

δHadj := Hadj[Xad:(α,k)]−Hadj[X ]

= Madj det Q∨x∨Y + MadjY
∨x−Madj ∧Q∨ . (5.1.28)

Then, the ratio of the adjoint matter contributions to the partition function is given

by

I[δHadj] =
Zadj[Xad:(α,k)]

Zadj[X ]
= S(µ−1)YµxY

∨
µ−1qx (5.1.29)

where chT Madj = µ ∈ C× is the adjoint mass parameter. Appearance of the S-function

is specific to the adjoint matter contribution.

Topological term and Chern–Simons term

The coupling constant part, namely the topological term, simply behaves as

Ztop
i [Xad:(i,α,k)]

Ztop
i [X ]

= qi (5.1.30)

under the adding-instanton operation.

In addition, for 5d gauge theory, we may have the Chern–Simons term. Based

on the expression in §1.9.4, we simply obtain the behavior of the partition functions

under the adding-instanton operation:

ZCS
i [Xad:(i,α,k)]

ZCS
i [X ]

= x−κi , x = xi,α,k . (5.1.31)
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5.2 qq-character

Gathering all the contributions, the total partition function (except for the adjoint

matter term) behaves under the adding-instanton operation as follows:

Z[Xad:(i,α,k)]

Z[X ]
= −qi x−κi

Pi,xP̃
∨
i,qx

Y∨i,qx[Xad:(i,α,k)]Yi,x[X ]

∏
e:i→j

Y∨
j,µ−1

e qx
[X ]

∏
e:j→i

Yj,µex[X ] (5.2.1)

for x = xi,α,k. This is also written in the following form:

Res
x=xi,α,k

[
Z[Xad:(i,α,k)]Y

∨
i,qx[Xad:(i,α,k)]

+ Z[X ]

(
qi x

−κi
Pi,xP̃

∨
i,qx

Yi,x[X ]

∏
e:i→j

Y∨
j,µ−1

e qx
[X ]

∏
e:j→i

Yj,µex[X ]

)]
= 0 , (5.2.2)

which means that the pole singularity of Y∨i,qx[Xad:(i,α,k)] at x = xi,α,k in the first term

is cancelled by the second term. Hence, summing up all the instanton configuration,

we obtain 〈
Y∨i,qx

〉
+ qi x

−κi Pi,xP̃
∨
i,qx

〈
1

Yi,x

∏
e:i→j

Y∨
j,µ−1

e qx

∏
e:j→i

Yj,µex

〉
. (5.2.3)

In this expression, it is guaranteed that all the pole singularities in the first term are

cancelled by the second contribution, which will play an important role to discuss the

analytic behavior.

5.2.1 iWeyl reflection

The procedure to add a term which compensates the pole singularity of the previ-

ous term is called the iWeyl reflection.3 The reason why we can interpret this as a

deformation of the Weyl reflection is explained in the following.

We denote the iWeyl reflection action:

iWeyl : Y∨i,qx 7−→ Y∨i,qx ×

(
qi x

−κi
Pi,xP̃

∨
i,qx

Y∨i,qxYi,x

∏
e:i→j

Y∨
j,µ−1

e qx

∏
e:j→i

Yj,µex

)

=: Y∨i,qx ×

(
qi x

−κi
Pi,xP̃

∨
i,qx

Ai,x

)
, (5.2.4)

where we define the A-function

Ai,x = Y∨i,qxYi,x

(∏
e:i→j

Y∨
j,µ−1

e qx

∏
e:j→i

Yj,µex

)−1

. (5.2.5)

3Here i is for instanton [NP12].
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It is also possible to write the reflection formula (5.2.4) only in terms of either (Yi,x)

or (Y∨i,x) as follows:

Y∨i,x 7−→
(

(−1)ni+
∑
j→i nj+n

f
ie

∑
j c
−[log]
ij njqn

f
i+κi
)
qi x

∑
j c
−[0]
ij nj−nf

i−κi

×
P∨i,q−1xP̃

∨
i,x

Y∨i,q−1x

∏
e:i→j

Y∨
j,µ−1

e x

∏
e:j→i

Y∨j,µeq−1x (5.2.6a)

Yi,x 7−→
(

(−1)ni+
∑
i→j nj+n

f
ie

∑
j c

+[log]
ij njqκi

)
qi x

∑
j c

+[0]
ij nj+n

f
i−κi

×
Pi,q−1xP̃i,x
Yi,q−1x

∏
e:i→j

Yj,µ−1
e x

∏
e:j→i

Yj,µeq−1x , (5.2.6b)

where (c
±[0]
ij ) is the classical version of the half Cartan matrices (See §2.2.3), and we

define the logarithmic analog:

c
+[log]
ij = δij −

∑
e:i→j

log µ−1
e , (5.2.7a)

c
−[log]
ij = log q−1δij −

∑
e:j→i

log(µeq
−1) . (5.2.7b)

We also impose the special unitary condition for simplicity:

ni∑
α=1

ai,α = 0

nf
i∑

f=1

mi,f = 0 ,

naf
i∑

f=1

m̃i,f = 0 . (5.2.8)

In particular, we can concisely (also schematically) express the A-function using

the (classical) quiver Cartan matrix (2.2.37):

logAi = logY2
i − log

(∏
e:i→j

Yj
∏
e:j→i

Yj

)
=
∑
j∈Γ0

logYj c
[0]
ji . (5.2.9)

In order to precisely deal with the argument shift of the Y-functions, we should use the

q-deformation of quiver Cartan matrix. See §6.2.6 for more precise relation. Hence,

identifying Yi as a fundamental weight corresponding to the node i ∈ Γ0, it is converted

to the simple root Ai corresponding to the node i, and thus this process is interpreted

as the Weyl reflection associated with a representation constructed on the quiver.

Then, in order to compensate the possible pole singularities from Y∨
j,µ−1

e qx
and Yj,µex

in (5.2.3), we may add further terms. In this way, the iWeyl reflection generates the

highest weight module on quiver Γ where the first term Y∨i plays a role of the highest

weight. Summing up all the contributions generated by the iWeyl reflection, we shall

obtain a pole-free function, which turns out to be a polynomial in the variable x, that

is called (the vev of) the qq-character [Nek16] (See also [KMZ12, KMZ13, BMZ16,
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BFM+16]):

Ti,x = Y∨i,x + qi

(
x

q

)−κi Pi,q−1xP̃
∨
i,x

Yi,q−1x

∏
e:i→j

Y∨
j,µ−1

e x

∏
e:j→i

Yj,µeq−1x + · · · . (5.2.10)

Such a relation for the Y-functions is interpreted as the non-perturbative version of the

Schwinger–Dyson equation in this context. Due to the Dynkin–Cartan classification,

the highest weight module is finite dimensional for the finite-type quiver (det c[0] > 0),

so that the iWeyl reflection terminates within finite times. For the affine and hyper-

bolic quivers (det c[0] ≤ 0), it becomes infinite dimensional, and the corresponding

qq-character is given by an infinite series expansion.

The qq-character has a physical interpretation as the codimension-four defect op-

erator in 4d gauge theory, which generates the chiral ring operators in the full Ω-

background [Nek16, Nek18]. This interpretation is also possible for 5d and 6d setups

by imposing the defect branes [Kim16, KMS18, AKKS18, AS18].

5.2.2 Supergroup gauge theory

We can apply a parallel analysis for supergroup gauge theory based on the instanton

partition function discussed in §3.4. Since we have two sets of partitions characterizing

the equivariant fixed point, we consider the partition shift for the positive and negative

ones:4

Z[Xad:(i,α,k,0)]

Z[X ]
= −qi x−κ

0
i

Pi,xP̃
∨
i,qx

Yi,qx[Xad]Y∨i,x[X ]

∏
e:i→j

Yj,µ−1
e qx[X ]

∏
e:j→i

Y∨j,µex[X ]

∣∣∣∣∣
x=x0

i,α,k

(5.2.11a)

Z[Xad:(i,α,k,1)]

Z[X ]
= −q−1

i (q−1x)+κ1
i

Yi,x[X ]Y∨i,q−1x[Xad]

Pi,q−1xP̃
∨
i,x

∏
e:i→j

Yj,µ−1
e x[X ]−1

∏
e:j→i

Y∨j,µeq−1x[X ]−1

∣∣∣∣∣
x=x1

i,α,k

(5.2.11b)

where we define the Y-functions

Yi,x =
Y0
i,x

Y1
i,x

, Y∨i,x =
Y0∨
i,x

Y1∨
i,x

, (5.2.12)

and the matter functions

Pi,x =
P 0
i,x

P 1
i,x

, P̃i,x =
P̃ 0
i,x

P̃ 1
i,x

, P∨i,x =
P 0∨
i,x

P 1∨
i,x

, P̃∨i,x =
P̃ 0∨
i,x

P̃ 1∨
i,x

, (5.2.13)

4See [KP19a] for details of the derivation.
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with

Yσi,x =
∏
x′∈Xσi

1− x′/x
1− q1x′/x

, Yσ∨i,x =
∏
x′∈Xσi

1− x/x′

1− q−1
1 x/x′

, (5.2.14a)

P σ
i,x =

∏
µ∈Mσ

i

(
1− µ

x

)
, P̃ σ

i,x =
∏
µ∈M̃σ

i

(
1− µ

x

)
, (5.2.14b)

P σ∨
i,x =

∏
µ∈Mσ

i

(
1− x

µ

)
, P̃ σ∨

i,x =
∏
µ∈M̃σ

i

(
1− x

µ

)
. (5.2.14c)

Then, we see that adding/removing for the positive/negative node is equivalent to

removing/adding for the negative/positive node if the two Chern–Simons levels coin-

cide κ0
i = κ1

i , as required for the supergroup gauge invariance. Hence, (5.2.11a) and

(5.2.11b) are essentially inverse operations. The analysis above shows that, using the

full Y-functions (5.2.12) and the matter functions (5.2.13), consisting of both the posi-

tive and negative ones, we can apply the same argument to construct the qq-character

with the supergroup gauge and flavor nodes as the ordinary (non-supergroup) gauge

theory.

5.2.3 Higher weight current

In general, it is possible to consider the qq-character starting with a generic product

of the Y-functions as the highest weight of the corresponding module:

Yw,x =
∏
i∈Γ0

wi∏
k=1

Yi,xi,k (5.2.15)

where w = (wi)i∈Γ0 ∈ Zrk Γ
≥0 are the Dynkin labels of the weight, and x = (xi,k)i∈Γ0,k=1,...,wi

are the associated parameters. Given Dynkin labels, one can construct a highest

weight representation on the quiver Γ. In particular, we call it a fundamental repre-

sentation if wj = δij: Only one of the Dynkin labels is one, and the others are zero,

w = (0, . . . , 0, 1︸︷︷︸
i-th

, 0, . . . , 0). Then, the corresponding qq-character consists of the

highest weight Yw,x with the remaining terms generated by the iWeyl reflections:

Tw,x = Yw,x + · · · . (5.2.16)

Let us consider the iWeyl reflection for such a generic weight. We take the highest
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weight, Y∨i,qxY
∨
i,qx1
· · ·Y∨i,qxk . Then, from the pole cancellation relation (5.2.2), we obtain

Res
x=xi,α,k

Z · Y∨i,qxY∨i,qx1
· · ·Y∨i,qxk

∣∣∣∣∣
Xad:(i,α,k)

+ Z ·
(
qi x

−κiPi,xP̃
∨
i,qx

Y∨i,qx
Ai,x

) ∣∣∣∣∣
X

× Y∨i,qx1
· · ·Y∨i,qxk

∣∣∣∣∣
Xad:(i,α,k)

 = 0 . (5.2.17)

One may rewrite the Y-functions evaluated with the configuration Xad:(i,α,k) using the

relation

Y∨i,x′ [Xad:(i,α,k)] = S
(xi,α,k

x′

)
Y∨i,x′ [X ]

(1.9.28)
= S

(
q−1x′

xi,α,k

)
Y∨i,x′ [X ] . (5.2.18)

which follows from the expression (5.1.14). Summing up the instanton configurations,

we obtain the reflection with respect to the first Y-function:〈
Y∨i,qxY

∨
i,qx1
· · ·Y∨i,qxk

〉
+ qi x

−κi Pi,xP̃
∨
i,qx S

(x1

x

)
· · · S

(xk
x

)〈 Y∨i,qxY
∨
i,qx1
· · ·Y∨i,qxk

Ai,x

〉
.

(5.2.19)

Applying this process recursively, the iWeyl reflection for the higher weight is given

by

iWeyl : Y∨i,qx1
· · ·Y∨i,qxk 7−→

∑
ItJ={1,...,k}

∏
i∈I, j∈J

S

(
xi
xj

)
Y∨i,qx1

· · ·Y∨i,qxk
∏
j∈J

A−1
i,xj

(5.2.20)

where we only focus on the Y and A-function structure, and omit the coupling constant

and the matter polynomials, for simplicity.

5.2.4 Collision limit

Let us consider the collision limit of the higher weight current. The degree-two weight

has the following iWeyl reflection structure:

Y∨i,qxY
∨
i,qx′ + S

(
x′

x

)
Y∨i,qxY

∨
i,qx′

Ai,x
+ S

( x
x′

) Y∨i,qxY
∨
i,qx′

Ai,x′
+

Y∨i,qxY
∨
i,qx′

Ai,xAi,x′
. (5.2.21)

Since S(z) has a pole at z = 1 (and also at z = q−1), we have to carefully deal with

the collision limit, x′ → x. In fact, in this limit, we have

Y∨2
i,qx +

(
c(q1,2)− (1− q1)(1− q2)

1− q
∂log x logAi,x

)
Y∨2
i,qx

Ai,x
+

Y∨2
i,qx

A2
i,x

(5.2.22)

where the constant c(q1,2) is given by

c(q1,2) = lim
z→1

(
S(z) + S(z−1)

)
=

1− 6q + q2 + (q1 + q2)(1 + q)

(1− q)2

q1(2)→1
−−−−→ 2 . (5.2.23)

We can similarly consider the collision limit for the higher weight with degree greater

than two.
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5.3 Classical limit

5.3.1 (Very) classical limit: ε1,2 → 0

The qq-character has two deformation parameters (q1, q2), and depends also on the

bifundamental mass parameters (µe)e∈Γ1 . In general (except for cyclic quivers), the bi-

fundamental mass can be gauged away using the U(1) gauge degrees of freedom of each

node,5 so that we just put µe → 1 for the moment. Then, in the classical limit q1,2 → 1

(ε1,2 → 0), there is no argument shift of Y-functions in the qq-character. It is reduced

to the ordinary character of the representation associated with the quiver [NP12],

which reproduces the Seiberg–Witten geometry of Γ-quiver gauge theory as discussed

in §4.3.

Partition function and saddle point analysis

As shown in §1.6.3, the Ω-background parameters (q1, q2) are introduced as the equiv-

ariant parameters with respect to the spacetime rotation, and the path integral local-

izes on the fixed point under the corresponding equivariant action, which regularizes

the non-compactness of the spacetime manifold (IR divergence). If the Ω-background

is turned off, the partition function defined through the path integral is expected to

diverge as a consequence of the IR singularity. Nekrasov’s proposal was that, although

it diverges, the asymptotic behavior of the partition function provides an important

information, which would be identified with the Seiberg–Witten prepotential [Nek04]:

Z
ε1,2→0−−−−→ exp

(
1

ε1ε2
F + · · ·

)
(5.3.1)

where the subleading terms are less singular in the limit ε1,2 → 0. This proposal has

been then confirmed by Nekrasov–Okounkov [NO06], Nakajima–Yoshioka [NY05], and

Braverman–Etingof [BE06].

The asymptotic behavior of the partition function (5.3.1) suggests that one can

apply the saddle point analysis in the limit ε1,2 → 0 as follows: The partition function

Z is given as a summation over all the possible instanton configurations, but in the

limit ε1,2 → 0, the saddle point configuration denoted by X∗ dominates in the instanton

sum:

Z =
∑
X∈MT

Z[X ] =:
∑
X∈MT

exp

(
1

ε1ε2
F[X ]

)
ε1,2→0−−−−→ exp

(
1

ε1ε2
F[X∗] + · · ·

)
. (5.3.2)

5See also the argument in §4.5.3 on the relation between the U(1) factor and the bifundamental

mass parameters.
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We see that the on-shell value of the prepotential F[X∗] derived in this way agrees with

the Seiberg–Witten prepotential. Similarly, under this limit, the expectation value of

the gauge theory observable is given by the on-shell value:

〈O 〉 =
1

Z

∑
X∈MT

Z[X ]O[X ]
ε1,2→0−−−−→ O[X∗] . (5.3.3)

Hence, the multi-point function is simply factorized

〈Om1
1 · · · Omnn 〉 −→ (Om1

1 · · · Omnn ) [X∗] . (5.3.4)

Let us discuss how to consider the saddle point analysis associated with the instan-

ton partition function. The partition function is given as a discrete instanton sum,

and thus the dynamical variable in this case is the discrete x-variable, X = (xi,α,k),

corresponding to two-dimensional partitions λ = (λi,α,k). Recalling the definition of

the x-variable (2.1.15), it will behave as a continuous variable in the limit ε1,2 → 0.

Therefore, the saddle point configuration X∗ is given as a solution to the saddle point

equation with respect to the x-variable,

x
∂F[X ]

∂x
= 0 for ∀x ∈ X . (5.3.5)

We remark that the x-variable is multiplicative x ∈ C×, so that the derivative is taken

with respect to log x, ∂log x = x∂x.

We then point out the relation between the saddle point equation and the iWeyl

reflection discussed in §5.2. The behavior of the partition function under the adding-

instanton operation (5.2.1) is also written as follows:

Z[Xad:(i,α,k)]

Z[X ]
= exp

(
1

ε1ε2

(
F[Xad:(i,α,k)]− F[X ]

))
ε2→0−−−→ exp

(
1

ε1
x
∂F[X ]

∂x

)
. (5.3.6)

We remark that the configuration Xad:(i,α,k) involves the q2-shift of the variable, x →
q2x. Therefore, the saddle point equation (5.3.5) is rephrased as the invariance of the

partition function under the adding-instanton operation:

Z[Xad:(i,α,k)]

Z[X ]
= 1 . (5.3.7)

In the limit ε1,2 → 0, the pole singularities of Y-function are promoted to the cut

singularities, thus the saddle point equation provides the cut-crossing relation for Y-

functions [NP12].
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5.3.2 Nekrasov–Shatashvili limit: ε2 → 0

We can also consider a partially classical limit, q1 = finite, q2 → 1 (ε1 = finite, ε2 → 0),

that is called the Nekrasov–Shatashvili (NS) limit in the gauge theory context [NS09b].

In this case, as shown in [NPS18], the qq-character is reduced to the q-character of

the corresponding affine Yangian/quantum affine algebra [Kni95, FR99], which plays

a central role in the connection to quantum integrable systems (§5.7).

As well as the (very) classical case ε1,2 → 0, in the NS limit, we turn off the

Ω-background parameter ε2 → 0, and the second complex plane C2 becomes non-

compact. Hence we similarly expect the diverging behavior of the partition function

Z
ε2→0−−−→ exp

(
1

ε2
W̃(ε1) + · · ·

)
, (5.3.8)

where W̃(ε1) is identified with the effective twisted superpotential of the corresponding

two-dimensional N = (2, 2) gauge theory on C2, and ε1 plays a role of the adjoint mass

parameter in 2d theory.6

Since we still have a small parameter ε2, we can apply the saddle point analysis as

well in the NS limit:

Z =:
∑
X

exp

(
1

ε2
W̃[X ]

)
ε2→0−−−→ exp

(
1

ε2
W̃[X∗] + · · ·

)
, (5.3.9)

where ε1W̃[X ] = F[X ]. Since the x-variable is still continuous, we can apply the same

argument to the limit ε1,2 → 0. Then, the invariance of the partition function under

the adding-instanton (5.3.7) ends up with the saddle point equation with respect to

the twisted superpotential

(5.3.7) ⇐⇒ x
∂W̃[X ]

∂x
= 2πiZ for ∀x ∈ X . (5.3.10)

From the 2d theory point of view, this equation provides the supersymmetric vacuum

condition, that is called the twisted F-term condition.

5.4 Examples

5.4.1 A1 quiver

We then focus on a specific example, 5d SU(n) gauge theory with (nf, naf) fundamental

flavors, which is classified into A1 quiver. Let us discuss details of the qq-character in

this case.
6In many cases, the adjoint mass parameter behaves as the equivariant parameter for the transverse

rotation symmetry. See §1.8.7.



152 CHAPTER 5. QUANTIZATION OF GEOMETRY

Fundamental character

Since A1 quiver consists of a single gauge node, denoted by i = 1, the iWeyl reflec-

tion (5.2.4) is reduced to

iWeyl : Y∨1,qx 7−→ Y∨1,qx ×

(
q1 x

−κ1
P1,xP̃

∨
1,qx

Y∨1,qxY1,x

)

= q1 x
−κ1

P1,xP̃
∨
1,qx

Y1,x

(5.1.20)
= (−1)n q1 x

n−κ1
P1,xP̃

∨
1,qx

Y∨1,x
(5.4.1)

where we impose the special unitary condition

n∑
α=1

aα = 0 . (5.4.2)

In this case, there is no Y-function in the numerator after the reflection: No further

pole singularities are generated, and the reflection terminates here. Therefore, the

fundamental qq-character for Γ = A1 is given as follows [Nek16]:

T1,x = Y∨1,x + q1 x
n−κ1

P1,q−1xP̃
∨
1,x

Y∨1,q−1x

(5.4.3)

with the shift of the coupling constant7

(−1)n

qn−κ1
q1 −→ q1 . (5.4.4)

Concerning the asymptotic behavior of Y∨-function (5.1.18), the instanton average of

the qq-character should be a polynomial in x of degree n (a regular function), which

can be written in the form:〈
T1,x

〉
=

〈
Y∨1,x + q1 x

n−κ1
P1,q−1xP̃

∨
1,x

Y∨1,q−1x

〉
= det

(
1− xΦ−1

1

)
(5.4.5)

for Φ1 ∈ SU(n).

Let us discuss the classical limit of this qq-character. As shown in §5.3, the gauge

theory observable is simply replaced with its on-shell value with respect to the saddle

point configuration X∗, which we denote

yx := lim
ε1,2→0

〈Y∨1,x 〉 = Y∨1,x[X∗] . (5.4.6)

7Since the coupling constant q ∈ C× is given by (1.3.4) together with (1.3.5), the sign change

q → −q corresponds to the θ-angle shift, θ → θ + π. This shift of the θ-angle may provide a subtle

difference of the global structure [Hao20].
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We remark that, due to the factorization property (5.3.4), we have〈
1

Y∨1,q−1x

〉
ε1,2→0−−−−→ 1

yx
. (5.4.7)

Simply denoting y = yx, we reproduce the Seiberg–Witten curve for 5d SU(n) gauge

theory with (nf, naf) flavors (4.6.3).

Higher character

We then consider generic higher character for A1 quiver. Applying the higher reflection

formula (5.2.20), the degree-w character is given as follows:

Tw,x = Y∨1,x1
· · ·Y∨1,xw + · · ·

=
∑

ItJ={1,...,w}

∏
i∈I, j∈J

S

(
xi
xj

)∏
i∈I

Y∨1,xi

∏
j∈J

Y−1
1,q−1xj

, x = (xi)i=1,...,w , (5.4.8)

where we do not write the coupling constant and the matter polynomials for simplicity.

We remark that A-function (5.2.9) is given for A1 quiver by

A1,x = Y∨1,qxY1,x . (5.4.9)

For example, the degree-two current w = 2 is given by

T(2),(x1,x2) = Y∨1,x1
Y∨1,x2

+ S

(
x2

x1

)
Y∨1,x2

Y1,q−1x1

+ S

(
x1

x2

)
Y∨1,x1

Y1,q−1x2

+ Y−1
1,q−1x1

Y−1
1,q−1x2

.

(5.4.10)

This expression corresponds to the tensor product of two-dimensional representations

of GA1 = SL(2), which is irreducible for generic (x1, x2) in the doubly quantum situ-

ation. Recalling S-function has zeros at S(z = q−1
1,2) = 0, one can eliminate one of the

zero weight terms in the degree-two qq-character, for example:

T(2),(x,q−1
1 x) = Y∨1,xY

∨
1,q−1

1 x
+ S (q1)

Y∨1,x
Y1,q−2

1 q−1
2 x

+ Y−1
1,q−1xY

−1

1,q−2
1 q−1

2 x
. (5.4.11)

Let us take further limit to see the relation to the three-dimensional representation of

GA1 = SL(2). Since S-function behaves

S(q1) =
(1− q2

1)(1− q)
(1− q1)(1− q2

1q2)
=

1− q
1− q2

1q2

(1 + q1) −→

2 (q1 → 1)

1 (q2 → 1)
, (5.4.12)
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we obtain two different results in the limit:8

T
(q1→1)
(2),(x,x) = Y∨1,xY

∨
1,x + 2

Y∨1,x
Y1,q−1

2 x

+ Y−1

1,q−1
2 x

Y−1

1,q−1
2 x

=
(
T

(q1→1)
1,x

)2

(5.4.13a)

T
(q2→1)

(2),(x,q−1
1 x)

= Y∨1,xY
∨
1,q−1

1 x
+

Y∨1,x
Y1,q−2

1 x

+ Y−1
1,q−1xY

−1

1,q−2
1 x

= T
(q2→1)
1,x T

(q2→1)

1,q−1
1

− 1 , (5.4.13b)

where T
(q1,2→1)
w,x is called the q-character (more precisely, q2,1-character) of A1 quiver

theory. In these expressions, the first limit corresponds to the tensor product, ⊗ ,

and the second one is the degree-two symmetric representation, = ⊗ − ∅.
In this way, the q-character obeys a functional relation, called the T-system, that

originates from the tensor product of the representations associated with quiver.9 See

also §7.4.10 for a related argument.

Let us briefly mention a gauge theory interpretation of the T-system. The q-

character is obtained in the NS limit of the qq-character, hence it is interpreted as a

2d reduction of the codimension-four defect, which is namely a codimension-two defect

(also called the surface defect). See §4.5.4 for a related argument. Since the T-system is

a functional relation for the q-characters, it is interpreted as a fusion rule for the surface

defects in this context. This would be a dual description of the bootstrap approach to

the surface defect based on the class S perspective [GRR13, ABFH13, BFHR14].

Supergroup gauge theory

Let us briefly mention the qq-character for supergroup gauge theory. As shown in

§5.2.2, the iWeyl reflection for supergroup theory is equivalent to the ordinary one,

if we replace the Y-function with its super analog (5.2.12). Recalling the super Y-

function is given as a ratio of Y0,1, the vev of the qq-character is not a polynomial, but

a rational function:

〈
T1,x

〉
=

〈
Y∨1,x + q1 x

n0+n1−κ1
P1,q−1xP̃

∨
1,x

Y∨1,q−1x

〉
= sdet

(
1− xΦ−1

1

)
(5.4.14)

for Φ1 ∈ SU(n0|n1). Taking the classical limit ε1,2 → 0, this reproduces the Seiberg–

Witten curve for supergroup gauge theory discussed in §4.4.

8We remark that a similar computation is also found in the twisted reduction (the root of unity

limit) of the qq-character [KP19b].
9Originally the T-system was introduced as a functional relation between the T-functions obtained

from the transfer matrices of the corresponding quantum integrable system. Afterward, it has been

realized that the T-function is identified with the associated q-character, and one can interpret it as

a decomposition of the tensor product between them. See a review article for details [KNS11].
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5.4.2 A2 quiver

Let us consider A2 quiver theory. We first rewrite the iWeyl reflection (5.2.4) in terms

of Y∨-functions,

Y∨1,x 7−→ qκ1q1 x
−κ1 P1,q−1xP̃

∨
1,x

Y∨2,µ−1x

Y1,q−1x

= (−1)n1qκ1−n1q1 x
n1−κ1 P1,q−1xP̃

∨
1,x

Y∨2,µ−1x

Y∨1,q−1x

(5.4.16)−−−−→ q1 x
−κ1 P1,q−1xP̃

∨
1,x

Y∨2,µ−1x

Y∨1,q−1x

(5.4.15a)

Y∨2,x 7−→ qκ2q2 x
−κ2 P2,q−1xP̃

∨
2,x

Y1,µq−1x

Y2,q−1x

= (−1)n1+n2qκ2−n2+n1µ−n1q2 x
n2−n1−κ2 P2,q−1xP̃

∨
2,x

Y∨1,µq−1x

Y∨2,q−1x

(5.4.16)−−−−→ q2 x
−κ2 P2,q−1xP̃

∨
2,x

Y∨1,µq−1x

Y∨2,q−1x

(5.4.15b)

where we denote the bifundamental mass by µ = µ1→2 = µ−1
2→1q, and we apply the

special unitary condition (5.2.8). We also shift the coupling constant and the Chern–

Simons level (qi, κi)i=1,2 as follows:

(−1)n1qκ1−n1q1 −→ q1 , (−1)n1+n2qκ2−n2+n1µ−n1q2 −→ q2 , (5.4.16a)

n1 − κ1 −→ −κ1 , n2 − n1 − κ2 −→ −κ2 . (5.4.16b)

Then, the fundamental qq-characters, in particular, for pure gauge theory (nf
i, n

af
i )i=1,2 =

0 with (κi)i=1,2 = 0 are generated by the iWeyl reflections [Nek16]:

T1,x = Y∨1,x + q1

Y∨2,µ−1x

Y∨1,q−1x

+ q1q2
1

Y∨2,µ−1q−1x

, (5.4.17a)

T2,x = Y∨2,x + q2

Y∨1,µq−1x

Y∨2,q−1x

+ q1q2
1

Y∨1,µq−2x

. (5.4.17b)

These are qq-characters of three-dimensional representations of GA2 = SL(3).

The instanton average of these qq-characters are polynomial functions, and their de-

grees are fixed by the asymptotic behaviors of the highest weight terms (Y1,2) (5.1.18):〈
Ti,x

〉
= det

(
1− xΦ−1

i

)
, i = 1, 2 (5.4.18)

with Φi ∈ SU(ni). Namely, they are polynomials in x of degree n1,2. We can see that,

in the classical limit q1,2 → 1, this is consistent with the Seiberg–Witten curve for A2

quiver (4.3.6) discussed in §4.3.
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5.4.3 Â0 quiver

We next consider SU(n) gauge theory with a single adjoint hypermultiplet, which

is classified into affine quiver theory Â0. We denote the adjoint mass parameter by

m ∈ C, and define the multiplicative analog µ = em ∈ C×. Taking into account

the adjoint matter contribution to the adding-instanton operation (5.1.29), the iWeyl

reflection for Â0 quiver is given by

iWeyl : Y∨1,x 7−→ q1 S(µ−1)
Y∨1,µ−1xY1,µq−1x

Y1,q−1x

= µ−nq1 S(µ−1)
Y∨1,µ−1xY

∨
1,µq−1x

Y∨1,q−1x

. (5.4.19)

This is derived from the pole cancellation with the adjoint matter (5.2.2):

Res
x=x1,α,k

[
Z · Y∨1,qx

∣∣∣
Xad:(1,α,k)

+ Z ·
(
q1 S(µ−1)

Y∨1,µ−1qxY1,µx

Y1,x

) ∣∣∣∣∣
X

]
= 0 . (5.4.20)

In order to see the reflection structure more concisely, we introduce the multiplicative

version of the eight-dimensional Ω-background parameters (2.2.25a):

(q1, q2, q3, q4) = (q1, q2, µ
−1, µq−1) (5.4.21)

obeying the Calabi–Yau condition,

q1q2q3q4 = 1 . (5.4.22)

Then, the iWeyl reflection (5.4.19) is rewritten as

iWeyl : Y∨1,x 7−→ Y∨1,x ×
(
qn3 q1 S(q3)

Y∨1,q3xY
∨
1,q4x

Y∨1,xY
∨
1,q34x

)
. (5.4.23)

In this case, there appear another Y-function in the numerator after the reflection, so

that we should apply further reflection to cancel the poles from the new contribution.

In fact, this process does not terminate, and the qq-character is given as an infinite

series, as a consequence of the infinite dimensionality of the affine Weyl group. As

mentioned below, it is interpreted as the character of the Fock representation of the

quantum toroidal algebra of gl1.

From the reflection structure (5.4.23), the weight appearing in O(qk1) contribution

to the qq-character is labeled by a partition λ with size k,

Λλ := Y∨1,x
∏

(s3,s4)∈λ

Y∨
1,q

s3
3 q

s4−1
4 x

Y∨
1,q

s3−1
3 q

s4
4 x

Y∨
q
s3−1
3 q

s4−1
4 x

Y∨
1,q

s3
3 q

s4
4 x

=
∏

(s3,s4)∈∂+λ

Y∨
q
s3−1
3 q

s4−1
4 x

∏
(s3,s4)∈∂−λ

Y∨−1
q
s3
3 q

s4
4 x

(5.4.24)
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where ∂±λ is the outer/inner boundary of the partition λ as defined in (5.1.16). Then,

the fundamental qq-character for Â0 quiver theory is given as a summation over the

partition [Nek16]:

T1,x = Y∨1,x + q1 S(µ−1)
Y∨1,q3xY

∨
1,q4x

Y∨1,q34x

+ · · ·

=
∑
λ

q
|λ|
1 Z34[λ] Λλ (5.4.25)

where we shift the coupling constant as qn3 q1 → q1, and Z34[λ] is the instanton partition

function of U(1) Â0 quiver gauge theory with respect to the equivariant parameters

ε3,4, evaluated with the configuration λ.

In order to show the formula (5.4.25), we again study the behavior under the

adding-instanton operation, x1,α,k 7→ q2x1,α,k (X → X ′). The expression (5.4.25)

implies the pole cancellation in the form of

Res
q−1
12 z=x1,α,k

[
Z[X ′] · Λλ[X ′] +

Z34[λ′]

Z34[λ]
· Z[X ] · Λλ′ [X ]

]
= 0 (5.4.26)

where we define q−1
12 z = q34z = qs3−1

3 qs4−1
4 x for (s3, s4) ∈ ∂+λ, and we denote a partition

with an additional box (s3, s4) ∈ ∂+λ by λ′ = λ⊕ (s3, s4). Then, Z34[λ] behaves as

Z34[λ′]

Z34[λ]
= −Z[X ′]

Z[X ]

Λλ[X ′]
Λλ′ [X ]

(5.4.23)
= q1 S12(q3)

Y∨1,z[X ]

Y∨1,z[X ′]
Λλ[X ′]
Λλ[X ]

. (5.4.27)

Recalling

Y1,x[X ′]
Y1,x[X ]

= S12

(x1,α,k

x

)
= S12

(q34z

x

)
, (5.4.28)

the weight factor gives rise to

Λλ[X ′]
Λλ[X ]

= S12 (q34z/x)
∏

(i,j)∈λ

S12(q34z/q
i
3q
j−1
4 x)S12(q34z/q

i−1
3 qj4x)

S12(q34z/q
i−1
3 qj−1

4 x)S12(q34z/qi3q
j
4x)

=
(1− q134z/x)(1− q234z/x)

(1− q34z/x)(1− z/x)

∏
(i,j)∈λ

S34(qi−1
3 qj−1

4 x/q134z)S34(qi−1
3 qj−1

4 x/q234z)

S34(qi−1
3 qj−1

4 x/q34z)S34(qi−1
3 qj−1

4 x/z)

=
Y34∨

1,q134z
Y34∨

1,q234z

Y34∨
1,q34z

Y34∨
1,z

∣∣∣∣∣
λ

(5.4.29)

where S34(z) is defined in (2.2.24), and we define the 34-version of the Y-function,

Y34
i,x[λ] =

n34
i∏

α=1

(1− ebi,α

x

) ∏
(s3,s4)∈λi,α

S34

(
ebαqs3−1

3 qs4−1
4

x

) (5.4.30a)

Y34
i,x[λ]∨ =

n34
i∏

α=1

(1− x

ebi,α

) ∏
(s3,s4)∈λi,α

S34

(
ebαqs3−1

3 qs4−1
3

x

) (5.4.30b)
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with the rank (n34
i ) and the corresponding Coulomb moduli (bi,α)α=1,...,n34

i
. In this

case, we have (n34
1 , b1,1) = (1, x). In fact, Y34∨

1,q34z′
[λ] has a pole, but it is cancelled as

lim
z′→z

Y34∨
1,q34z′ [λ] S12

(
z′

z

)
= −(1− q1)(1− q2)(1− q34)

(1− q3)(1− q4)(1− q12)
Y34∨

1,q34z
[λ′] . (5.4.31)

Therefore, we obtain

Z34[λ′]

Z34[λ]
= −q−1

3 q1 S34(q1)
Y34∨

1,q134z
[λ]Y34∨

1,q234z
[λ]

Y34∨
1,q34z

[λ′]Y34∨
1,z [λ]

= −q−1
3 q1 S34(q1)

Y34∨
1,q−1

1 z
[λ]Y34∨

1,q−1
2 z

[λ]

Y34∨
1,q−1

12 z
[λ′]Y34∨

1,z [λ]
,

(5.4.32)

which is equivalent to the iWeyl reflection (5.4.23) by replacing q1,2 ↔ q3,4. This

proves that Z34[λ] is the U(1) instanton partition function of Â0 quiver theory with the

equivariant parameters ε3,4. Such a relation between ε1,2 ↔ ε3,4 is naturally understood

from the gauge origami construction mentioned in §2.3.3. See also §5.5.

Higher character

We have shown that U(1) theory on 34-surface appears from the fundamental qq-

character of Â0 quiver. We discuss its higher rank generalization obtained from

the higher qq-character generated by the highest weight Y∨1,x1
· · ·Y∨1,xn′ with n′ =

n34. In this case, the weight function is parametrized by n′-tuple partition, λ34 =

(λ34
1 , . . . , λ

34
n′ ):

Λ[λ12, λ34] =
n′∏
β=1

Y∨1,xβ ∏
s∈λ34

β

Y∨
1,q

s3
3 q

s4−1
4 xβ

Y∨
1,q

s3−1
3 q

s4
4 xβ

Y∨
q
s3−1
3 q

s4−1
4 xβ

Y∨
1,q

s3
3 q

s4
4 xβ


λ12

=
∏

α=1,...,n
β=1,...,n′

(1− xβ
wα

) ∏
s∈λ12

α

S12

(
c12
α (s)

xβ

) ∏
s∈λ34

β

S34

(
c34
β (s)

wα

)
×

∏
α=1,...,n
β=1,...,n′

∏
s∈λ12

α

s′∈λ34
β

1−
(
c12
α (s)/c34

β (s′)
)±
q12,23,31

1−
(
c12
α (s)/c34

β (s′)
)±
q1,2,3,4

(
1−

(
c12
α (s)/c34

β (s′)
)±)

(5.4.33)

where we apply more symmetric convention: λ12 = (λ12
1 , . . . , λ

12
n ) is an n-tuple partition

parametrizing the U(n) instanton configuration on 12-surface. The Coulomb moduli

of U(n) theory are denoted by wα = ea1,α ∈ C×, and we define the q-content

c12
α (s) = wαq

s1−1
1 qs2−1

2 , c34
β (s) = xβq

s3−1
3 qs4−1

4 . (5.4.34)

We also use the convention

1− z±a = (1− z+1a)(1− z−1a) . (5.4.35)
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Then, we obtain exactly the same expression as (5.4.32) in this case by using the

Y34-function with rank n′ = n34, so that the expansion coefficient of the degree-n′

qq-character is given by U(n34) Â0 quiver theory with equivariant parameter ε3,4:

T(n34), x[λ
12] =

[
Y∨1,x1

· · ·Y∨1,xn34
+ · · ·

]
λ12

=
∑
λ34

q
|λ34|
1 Z34[λ34] Λ[λ12, λ34] . (5.4.36)

Now the weight parameters (xα)α=1,...,n′ are identified with the Coulomb moduli for

34-theory.

From the representation theoretical point of view, the qq-character presented in (5.4.25)

is associated with the Fock module, which is parametrized by a single partition λ, and

the higher weight generalization corresponds to the tensor product of the Fock spaces.

See also §7.5 for more details on the algebraic perspectives.

Classical limit: q-character

In the NS limit q2(1) → 1, the S-function becomes S(z) → 1, so that the rational

function Z34[λ] in (5.4.25) becomes trivial, Z34[λ] → 1. Thus, the fundamental q-

character of Â0 quiver theory is simply given by [NPS18]

T1,x =
∑
λ

q
|λ|
1 Λλ . (5.4.37)

In fact, this simplification has a close relation to the argument in §1.8.7: Taking

µ → 1 (madj = 0), the partition function contribution associated with each instanton

configuration becomes trivial in Â0 quiver theory. Since there is a symmetry of ε1,2 ↔
ε3,4 in Â0 quiver theory, the equivariant parameter q2(1) plays a role of the multiplicative

adjoint mass for 34-theory, and the NS limit exactly corresponds to the massless limit

on this side.

The q-character associated with Â0 quiver has been also obtained from the quan-

tum toroidal algebra [GKV95] of gl1 denoted by Uq(
̂̂
gl1) associated with the Fock

module [FJMM17b],10 which is also known as Ding–Iohara–Miki (DIM) algebra [DI97,

Mik07], elliptic Hall algebra [BS12, Sch12, SV10, SV13b], and (spherical) double affine

Hecke algebra (DAHA) [Sch11]. See also [FT11, FHH+09, FJMM15, FJMM17a] and

[MO19, BFN16] for related discussions. This relation implies the geometric Langlands

10Precisely speaking, the definition of the quantum toroidal algebra in [GKV95] does not apply to

gl1 since it is not a complex semisimple Lie algebra. Actually the presentation of the quantum toroidal

algebra of gl1 is more involved than that for a complex semisimple algebra. A relation between the

quantum toroidal algebras associated with a complex semisimple Lie algebra and affine quivers (not

only cyclic ones) is also discussed in [Nak02].
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correspondence between the quantum toroidal algebra and the affine quiver W-algebra

discussed in §7.5. The relation between the quantum toroidal algebra and the cyclic

quiver has been also pointed out in the literature [VV99, SV13b, SV13a, Neg13, Neg15,

Neg18].

5.5 Gauge origami reloaded

The qq-character of Â0 quiver theory shows a relation between ε1,2 ↔ ε3,4. We now

discuss it from the gauge origami point of view as in §2.3.3.

5.5.1 8d gauge origami partition function

We consider the gauge theory average of the qq-character,

Zn,n′;w,x := 〈Tn′;x 〉 =
∞∑
k=0

qk1 Zn,n′;k (5.5.1)

where

Zn,n′;k =
∑

|λ12|+|λ34|=k

Z12[λ12]Z34[λ34] Λ[λ12, λ34] . (5.5.2)

In fact, this expression is obtained from a contour integral

Zn,n′;k =
1

k!

∮ k∏
a=1

dφa
2πi

∏
α=1,...,n
β=1,...,n′

[aα − zβ]
n′∏
β=1

S12 (φa − zβ)
n∏

α=1

S34 (φa − aα)

×
∏

1≤a,b≤k

[φab − ε12,23,31]

[φab − ε1,2,3,4]
[φ(a6=b)] , (5.5.3)

where we apply the additive convention with xβ = ezβ . This expression has been also

introduced as the instanton contribution in the presence of n′ codimension-four de-

fects [Kim16, AKKS18]. Compared to the instanton partition function of Â0 quiver (2.2.27),

there are additional contributions: We see U(n) and U(n′) degrees of freedom with

their Cartan elements, (wα)α=1,...,n and (xβ)β=1,...,n′ , which are coupled with U(k) factor

with the Cartan element (φa)a=1,...,k. There is also an interaction term between U(n)

and U(n′) found in the first term of the integrand. In the string theory language, this

configuration consists of n D3 branes on 12-surface and n′ D3 branes on 34-surface, and

k D(-1) branes playing a role of the instanton [Nek17a]. Hence, Zn,n′;w,x is interpreted

as (a special case of) the partition function of the 8d gauge origami setup [Nek18].

The 8d partition function (5.5.2) is parametrized by a pair of 2d partitions, λ12

and λ34, because the gauge origami configuration considered here is given by C2×C2.
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In general, the partition function associated with a d-dimensional complex mani-

fold is parametrized by d-dimensional partitions [Nek09]. The case with d = 3 has

been explored as the topological string amplitude associated with Calabi–Yau three-

folds [AKMV05, ORV06, IKV09]. In addition, the case with d = 4 has been recently

proposed, and the corresponding partition function is parametrized by the solid (4d)

partition [Nek17c, NP19]. See also [CK18a, CKM19] for related works on Calabi–Yau

four-folds.

5.5.2 qq-character integral formula

From 8d gauge origami point of view, the generic qq-character (5.2.16) is obtained

by integrating the 34-surface degrees of freedom, namely integration over the quiver

variety [Nek16],

Tw,x =
∑
v

qv Tw,v;x (5.5.4)

where qv is defined in (2.2.6), and each contribution is given by

Tw,v;x = Y∨w,x
∏
i∈Γ0

1

vi!

[−ε12]vi

[−ε1,2]vi

∮ ∏
φ∈φ

dφ

2πiφ
A−1
i(φ),φ

∏
i∈Γ0

∏
a=1,...,vi
α=1,...,wi

S12

(
φi,a
xi,α

)∏
i∈Γ0

vi∏
a6=b

S12

(
φi,b
φi,a

)−1

×
∏
e:i→j

∏
a=1,...,vi
b=1,...,vj

S12

(
µeq

−1φj,b
φi,a

) ∏
e:j→i

∏
a=1,...,vi
b=1,...,vj

S12

(
µ−1φi,a

φj,b

)
(5.5.5)

where (w, v) = (wi, vi)i∈Γ0 are the dimension vectors used to define the quiver variety

MW,V (Γ) as in §2.3. x = (xi,α)i∈Γ0,α=1,...,wi and φ = (φi,a)i∈Γ0,a=1,...,vi are the Cartan

elements of U(W ) and U(V ). We will revisit this formula based on the operator

formalism in §7.6.2.

5.6 Quantization of cycle integrals

We have pointed out a relation between the Seiberg–Witten geometry and the classical

integrable system, in particular, the correspondence between the Seiberg–Witten curve

and the spectral curve of the associated classical integrable system. On the gauge

theory side, we have the Ω-background parameters, and it is natural to ask what is

the role of this deformation parameter on the integrable system side. In this Section,

we focus on the NS limit, ε2 → 0 (q2 → 1), and see the remaining Ω-background

parameter q1 plays a role of the quantum deformation parameter.
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5.6.1 Saddle point equation

We have discussed in §5.3.2 that, in the NS limit, we may apply the saddle point

analysis with respect to the twisted superpotential W̃. Since it is also related to

the prepotential F, we rewrite the saddle point equation (5.3.10) in terms of the

prepotential:

x
∂F

∂x
= 2πiε1Z , x ∈ X . (5.6.1)

Let us considerA1 quiver for simplicity, and recall the relation between the x-variable (2.1.15)

and the Coulomb moduli (aα)α=1,...,n. Then, this saddle point equation implies quan-

tization of the dual Coulomb moduli parameter (aαD)α=1,...,n,

aαD =
∂F

∂aα
= 2πiε1Z . (5.6.2)

Since the dual variable is given by B-cycle integral as shown in §4.2, the saddle point

equation in the NS limit leads to quantization of B-cycle integral:∮
Bα

λ = ε1Z , (5.6.3)

where we rescale the prepotential by the factor 2πi. In fact, such a quantization of the

contour integral of the tautological one-form is interpreted as the Bohr–Sommerfeld

quantization condition, and in this case, it implies that the Ω-background parameter

ε1 plays a role of the Planck constant, ε1 ' ~.

5.6.2 Y-function

There is another way to see quantization of the cycle integral from Y-function. Let us

consider the 4d (additive; cohomological) version of the Y-function (5.1.14):

Yx[X ] =
∏

x′∈logX

x− x′

x− x′ − ε1
= exp

(
∞∑
n=1

εn1
n

∑
x′∈logX

1

(x− x′)n

)
, (5.6.4)

where we define the additive version of the x-variables (2.1.15):

logX = {xα,k = aα + ε1(k − 1) + ε2λα,k}k=1,...,∞
α=1,...,n . (5.6.5)

Then, logYx shows pole singularities at x = x′, which contribute to the contour

integral, similarly to the resolvent in the matrix model (§C.4.2). Recalling that the

Y-function is identified with the y-variable in the Seiberg–Witten theory, and λ =

x d log y = − log y dx, we obtain quantization of the contour integral:

1

2πi

∮
C
λ = ε1Z , (5.6.6)
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where the quantum number is (minus of) the number of the poles surrounded by the

contour C. We remark that, in the classical limit ε1 → 0, the poles are condensed to

yield a cut singularity, and one can take the contour C to the non-contractable cycle

on the Seiberg–Witten curve.

5.7 Quantum geometry and quantum integrability

In addition to the quantization of the cycle integrals, there is a more direct way to see

quantization of the Seiberg–Witten geometry, which shows an interesting connection

to the quantum integrable system, that is called the Bethe/Gauge correspondence,

as proposed by Nekrasov–Shatashvili [NS09b]. See also [NS09a, NS09d, NS09c] and

[NPS18] for its quiver generalization.

5.7.1 Pure SU(n) Yang–Mills theory

Let us start with the q-character of pure SU(n) YM theory (A1 quiver) in 4d:

T1,x = Y1,x +
q1

Y1,x−
(5.7.1)

where T1,x is a polynomial in x of degree n.11 Here we use the conventions, Yi,x− =

Yi,x−ε1 , Yi,x−− = Yi,x−2ε1 , Yi,r = Yi,x+rε1 , etc. We then define the Q-function

Qi,x =
∏

x′∈logX

(x− x′) , (5.7.2)

and thus the Y-function is written as a ratio of Q-functions,

Yi,x =
Qi,x

Qi,x−
. (5.7.3)

This change of the variable is interpreted as a discrete analog of the logarithmic deriva-

tive, which is used to convert the Riccati-type differential equation to the linear dif-

ferential equation. See also §C.4. Writing the q-character in terms of the Q-function,

we obtain the so-called TQ-relation for the Toda chain:

Q1,x + q1 Q1,x−− = T1,xQ1,x− . (5.7.4)

In this context, the coupling constant q1 plays a role of the boundary condition (twist)

parameter of the periodic Toda chain.

11Precisely speaking, it must be considered as the vev of the q-character. In the NS limit, since we

can apply the saddle point analysis as discussed in §5.3.2, it is interpreted as the on-shell value with

respect to the saddle point configuration.
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This TQ-relation has a natural interpretation as a quantization of the Seiberg–

Witten curve. We may write the TQ-relation also in the following form:

0 = Q1,x − T1,xQ1,x− + q1 Q1,x−− = H(x̂, ŷ)Q1,x−− (5.7.5)

where we define the algebraic function

H(x, y) = y2 − T1,x y + q1 (5.7.6)

and the operator pair:

x̂ = x , ŷ = exp

(
ε1
∂

∂x

)
. (5.7.7)

Compared to the discussion in §4.3, we realize that the Seiberg–Witten curve for

A1 quiver theory (4.3.3) is given by the zero locus of the algebraic function, Σ =

{ (x, y) ∈ C × C× | H(x, y) = 0 }, so that H(x, y) is identified with the characteristic

polynomial of the corresponding Lax matrix. Furthermore, the operators obey the

following algebraic relation

[log ŷ , x̂] = ε1 , (5.7.8)

which is interpreted as the canonical commutation relation with respect to the sym-

plectic two-form on the curve, ω = dx ∧ d log y. Therefore, identifying ε1 ' ~, the

q-character provides the canonical quantization of the Seiberg–Witten geometry.

Such a quantization of an algebraic curve is called the quantum curve, which is

now discussed in various research fields: matrix model [EO07] (See also Appendix C),

topological string [ADK+06, DHSV08, DHS09], knot invariant (AJ conjecture) [Gar08,

Gar04], and gauge theory [Pog11, FMPP11, DLH11, CDHL11, NPS18], etc. While the

classical curve is defined as the zero locus of the algebraic function as a Lagrangian

submanifold of C × C×, the quantum curve is given as the kernel of the quantum

operator, KerH(x̂, ŷ), which is a subspace of the function space. We remark that,

since we may apply the symplectic transform, choice of the algebraic function H(x, y)

is not unique. In order to take into account such ambiguity, it is natural to consider

a ring A = C[x, y]/(H(x, y)), and from this point of view, quantization of the curve

corresponds to a noncommutative ring, which is formulated as the D-module, M =

C[x̂, ŷ]/(H(x̂, ŷ)) [DHS09].

5.7.2 N = 2 SQCD

Let us consider SU(n) gauge theory with fundamental flavors. The q-character is then

given by

T1,x = Y1,x + q1
P1,x−P̃1,x

Y1,x−
, (5.7.9)
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with the matter polynomials

P1,x =
nf∏
f=1

(x−mf ) , P̃1,x =
naf∏
f=1

(x− m̃f ) . (5.7.10)

We remark that we deal with the fundamental and antifundamental matters separately,

although in four-dimensional setup. For the latter convenience, we shift the Y-function,

Y1,x → P1,xY1,x, which leads to the shift of the Q-function,

Q1,x −→

 nf∏
f=1

Γ1(x−mf ; ε1)

Q1,x , (5.7.11)

where Γ1(z; ε1) is the (first) gamma function (A.1.2). After the shift, we obtain the

TQ-relation for XXX SL(2)-spin chain:

P1,x−Q1,x + q1 P̃1,xQ1,x−− = T1,xQ1,x− , (5.7.12)

which is also written in the form of quantum curve

H(x̂, ŷ)Q1,x− = 0 (5.7.13)

with the algebraic function

H(x, y) = P1,x− y
2 − T1,x y + q1 P̃1,x . (5.7.14)

Now the (anti)fundamental mass parameters are identified with the inhomogeneous

parameters of the spin chain model. The zero locus of this function defines the classical

Seiberg–Witten curve for SU(n) SQCD. As in the case of the pure SYM theory, We

obtain the TQ-relation of the XXX spin chain as a quantization of the Seiberg–Witten

curve. See also §5.8.2.

5.7.3 A2 quiver

We then discuss quantization of the Seiberg–Witten curve for quiver gauge theory. In

the NS limit, we have two fundamental q-characters for A2 quiver:

T1,x = Y1,x +
Y2,x

Y1,x−
+

1

Y2,x−
=

Q1,x

Q1,x−
+

Q1,x−−

Q1,x−

Q2,x

Q2,x−
+

Q2,x−−

Q2,x−
, (5.7.15a)

T2,x = Y2,x +
Y1,x−

Y2,x−
+

1

Y1,x−−
=

Q2,x

Q2,x−
+

Q1,x−

Q1,x−−

Q2,x−−

Q2,x−
+

Q1,x−−−

Q1,x−−
, (5.7.15b)

which are combined into a single Schrödinger-type difference equation (quantum curve)

H(x̂, ŷ)Q1,x−−− = Q1,x − T1,xQ1,x− + T2,xQ1,x−− + Q1,x−−− = 0 (5.7.16)
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with the Hamiltonian defined as

H(x, y) = y3 − T1,x y
2 + T2,x y − 1 = det(y − L(x)) . (5.7.17)

for L(x) ∈ SL(3) = GA2 . Compared to the previous expression of the curve (4.3.8),

the classical Seiberg–Witten curve is given as the zero locus of the Hamiltonian,

Σ = {H(x, y) = 0}. Hence, (5.7.16) is interpreted as a quantization of the Seiberg–

Witten curve for A2 quiver theory. We can similarly consider another Hamiltonian

that annihilates the Q-function for the second node, H(x̂, ŷ)Q2,x = 0. At this point,

we do not incorporate the hypermultiplets in the fundamental representations for sim-

plicity. If taking into account such fundamental matters, the quantum curve (5.7.16)

is promoted to the TQ-relation for XXX spin chain with the symmetry GA2 = SL(3).

5.7.4 Ap quiver

Let us move on to generic linear quiver, Γ = Ap. The first q-character for Ap quiver is

given as follows:

T1,x = Y1,x +
Y2,x

Y1,x−
+ · · ·+ Yp,x

Yp−1,x−
+

1

Yp,x−
=:

p+1∑
i=1

Λi,x , (5.7.18)

where the weights (Λi,x)i∈Γ0 appearing in the highest weight module with respect to

Y1,x are given by

Λi,x =
Yi,x

Yi−1,x−
, i = 1, . . . , p+ 1 , (5.7.19)

with the trivial nodes, Y0,x = Yp+1,x = 1. Compared to the construction shown

in §4.3, these weights (Λi,x)i∈Γ0 are identified with the eigenvalues of GAp-Lax matrix,

L(x) ∈ GAp = SL(p+ 1), s.t.,

T1,x = trL(x) . (5.7.20)

In general, the fundamental q-characters have a similar expression in terms of the

eigenvalues, associated with antisymmetric representation of GAp = SL(p+ 1),

Ti,x =
∑

1≤j1<j2<···<ji≤p+1

Λj1,xΛj2,x · · ·Λji,x = tr∧i L(x) . (5.7.21)

Then, the Hamiltonian is a generating function of these fundamental q-characters

H(x, y) = yp+1 − T1,x y
p + · · · ± Tp,x y ∓ 1 =

p+1∑
i=0

(−1)iTi,x y
p+i−i (5.7.22)



5.8. BETHE EQUATION 167

with T0,x = Tp+1,x = 1, which is also given as a characteristic polynomial of the Lax

matrix,

H(x, y) = det(y − L(x)) =

p+1∏
i=1

(y − Λi,x) . (5.7.23)

The classical Seiberg–Witten curve is given by the zero locus of this characteristic

polynomial, Σ = {H(x, y) = 0}, as shown in §4.3. In the NS limit, we instead obtain

the difference equation as a quantum curve:

H(x̂, ŷ)Q1,−p−1 = 0 , (5.7.24)

which is promoted to the TQ-relation for the spin chain with GAp = SL(p + 1) sym-

metry.

Since the quantum curve is a difference equation of degree p + 1, there should be

p+ 1 independent solutions, which could be obtained as follows:

H(x̂, ŷ)ψx =

p+1∏
i=1

(ŷ − Λi,x)ψx = 0 =⇒ (ŷ − Λi,x)ψi,x = 0 (5.7.25)

which implies

ψi,x+

ψi,x
= Λi,x . (5.7.26)

The first solution (i = 1) corresponds to the Q-function, ψ1,x = Q1,x−.

5.8 Bethe equation

We have seen that the correspondence between the gauge theory and the integrable

system is promoted to the quantum level by turning on one of the Ω-background

parameters under the identification ε1 = ~. In fact, the difference equation obtained

through quantization of the Seiberg–Witten curve agrees with the TQ-relation of the

corresponding quantum integrable system. In this Section, we then show that the

saddle point equation which determines the dominant configuration in the instanton

sum also has a crucial interpretation on the quantum integrable system.
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5.8.1 Saddle point equation

We revisit the saddle point equation in the NS limit. Together with the formula (5.2.1),

the saddle point equation (5.3.7) is given in terms of the Q-functions as follows:

1 = −qi
Pi,xP̃i,x+

Yi,x+Yi,x

∏
e:i→j

Yj,x−me+
∏
e:j→i

Yj,x+me

= −qi Pi,xP̃i,x+
Qi,x−

Qi,x+

∏
e:i→j

Qj,x−me+

Qj,x−me

∏
e:j→i

Qj,x+me

Qj,x+me−
, x ∈ Xi . (5.8.1)

After several shift of the parameters, e.g., Pi,x+ → Pi,x, me → 1
2
ε1, and also the redef-

inition of the function similar to (5.7.11), we obtain the equation, which is identified

with the Bethe equation for GΓ-XXX spin chain for Γ = ADE:

Pi,x

P̃i,x
= −qi

Qi,x−ε1
Qi,x+ε1

∏
j( 6=i)

Qj,x+ 1
2
ε1

Qj,x− 1
2
ε1

= −qi
∏
j∈Γ0

Q
j,x− 1

2
c
[0]
ij ε1

Q
j,x+ 1

2
c
[0]
ij ε1

, (5.8.2)

where (c
[0]
ij )i,j∈Γ0 is the classical quiver Cartan matrix (2.2.37).

Let us consider the simplest example, which is pure SU(n) gauge theory (A1 quiver).

In this case, the saddle point equation gives rise to the Bethe equation for the Toda

chain:

1 = −q Qi,x−ε1
Qi,x+ε1

. (5.8.3)

We remark that there is no non-trivial solution if the Q-function is a finite polynomial,

so that the Q-function must be an infinite product.

5.8.2 Higgsing and truncation

The Bethe equation obtained from the saddle point equation is still formal in the

following sense: The zeros of the Q-function are interpreted as rapidities of magnons

of the spin chain model. Since our Q-function constructed in gauge theory has infinitely

many zeros, it describes infinite magnons on the spin chain side. We discuss how to

obtain the finite magnon configuration from gauge theory in the following.

In order to realize such a situation, let us consider the root of Higgs branch condi-

tion:

mi,f = ai,α + ñi,α ε1 . (5.8.4)

Under this condition, as shown in §1.9.2, there is the restrictuion on the instanton

configuration, s.t., `(λi,α) = λ̌i,α,1 ≤ ñi,α. Then, in this case, the Y-function (5.1.14)
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becomes a finite product:

Yi,x =

ni∏
α=1

∞∏
k=1

x− (ai,α + (k − 1)ε1 + λi,α,kε2)

x− (ai,α + (k − 1)ε1 + λi,α,kε2)− ε1

=

ni∏
α=1

[
(x− (ai,α + ñi,αε1))

ñi,α∏
k=1

x− (ai,α + (k − 1)ε1 + λi,α,kε2)

x− (ai,α + (k − 1)ε1 + λi,α,kε2)− ε1

]

=: Pi,x
Qi,x

Qi,x−
(5.8.5)

where we define the truncated Q-function

Qi,x =
∏

x′∈log X̃i

(x− x′) (5.8.6)

with the truncated version of the instanton configuration (5.6.5),

log X̃i = {xi,α,k = ai,α + ε1(k − 1) + ε2λi,α,k}
k=1,...,ñi,α
α=1,...,ni

. (5.8.7)

As mentioned in §5.3.2, the saddle point equation is taken with respect to the effective

twisted superpotential of 2d N = (2, 2) theory. In this context, the x-variable is

identified with the Cartan element of the 2d gauge algebra, h2d ⊂ g2d. Hence, the

number of the x-variables associated with i-th node is given as the rank of the gauge

group G2d
i . Under the Higgs branch condition (5.8.4), it is given by

n2d
i =

n∑
α=1

ñi,α . (5.8.8)

In the brane configuration discussed in §4.5.4, this is interpreted as the number of D2

branes, namely the number of vortices appearing in the Higgs phase.

TQ-relation

Let us examine this prescription with A1 quiver with fundamental and antifundamental

matters. Starting with the q-character obtained in (5.7.9), we obtain

T1,x = P1,x
Q1,x

Q1,x−
+ q1P̃1,x

Q1,x−−

Q1,x−
, (5.8.9)

which leads to the TQ-relation

P1,xQ1,x − T1,x Q1,x− + q1 P̃1,xQ1,x−− = 0 . (5.8.10)

We remark that redefinition of the Q-function (5.7.11) is not necessary in this case.
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Bethe equation

We can similarly obtain the Bethe equation on the Higgs branch locus. In this case,

we obtain the truncated version of (5.8.2) from the TQ-relation by substituting a zero

of the Q-function,

P1,x+

P̃1,x+

= −q1
Q1,x−

Q1,x+

, x ∈ log X̃ . (5.8.11)

We focus on the case with nf = naf = L and parametrize (mf , m̃f ) = (νf − sfε1, νf +

sfε1). Let n2d = n and log X̃ = (xk)k=1,...,n, then the Bethe equation for the Bethe

root xk ∈ log X̃ is explicitly given as

L∏
f=1

xk − νf + sfε1
xk − νf − sfε1

= q1

n∏
k′=1

(k′ 6=k)

xk − xk′ − ε1
xk − xk′ + ε1

, (5.8.12)

where (νf , sf )f=1,...,L are identified with the inhomogeneous parameter and the spin of

the site f on the XXX spin chain.12 In addition, ε1 plays a role of the Planck constant,

and (n, L) are identified with the number of magnons and the length of the chain

under this correspondence.

Supergroup gauge theory

We can similarly derive the Bethe equation from the saddle point equation of super-

group gauge theory. In this case, we obtain two types of magnons and sites, corre-

sponding to the positive and negative gauge and flavor nodes. Since they have the

Planck constant with opposite signs, it is interpreted as a coupled system of n0 positive

and n1 negative magnons, L0 positive and L1 negative spin configurations.

Applying a similar analysis to pure SYM theory and Â0 quiver theory with super-

group gauge symmetry, we obtain the particle models (Toda, Calogero–Moser) instead

of the spin chain, which is associated with the super-type root system, e.g., the double

Calogero system [Ser01]. See [KP19a, CKL20b] for details.

Surface defect in two ways

As discussed in §4.5.4, we shall move to the vortex theory after the Higgsing procedure,

which is interpreted as the codimension-two defect of gauge theory, called the surface

defect [GW10]. In addition to the Higgsing, there is another way to incorporate

12This is the Bethe equation for the periodic (closed) spin chain. Starting from 2d SO/Sp gauge

theory, we obtain the spin chain with the open boundary condition [KZ20].
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the surface defect into gauge theory, based on the so-called ramified instanton moduli

space [FFNR11, FR14, KT11]: Instead of C2, one considers instantons on the (partial)

orbifold C×(C/ZM) for M = 1, . . . , n for SU(n) gauge theory. The case with M = n is

called the full defect, which is typically considered in the context of the Bethe/Gauge

correspondence. Since there is no fundamental hypermultiplet in pure SU(n) gauge

theory and N = 2∗ theory (Â0 quiver), we should utilize the ramified instanton moduli

space scheme to impose the surface defect. In this scheme, the Coulomb moduli

parameter (aα)α=1,...,n and the ramified coupling constant (qα)α=1,...,n are identified with

the momenta and the particle coordinates of the quantum integrable system [Nek17b,

CKL20a, CKL20b, LN21].

5.8.3 Dimensional hierarchy: periodicity of spectral parame-

ter

So far, we have focused on 4d N = 2 gauge theory to discuss its connection with

quantum integrable system through quantization of Seiberg–Witten geometry. We

can apply this quantization scheme also to 5d N = 1 theory and 6d N = (1, 0)

theory. Under the correspondence between gauge theory and integrable system, the x-

variable in the Seiberg–Witten geometry is identified with the spectral parameter of the

associated integrable system. Since, in higher dimensional cases, we impose periodicity

to the x-variable as discussed in §4.6, we would obtain the integrable system with the

spectral parameter with periodicity, x ∈ Č = C / C×/ E , as in (4.6.8). This is known as

the hierarchy of rational/trigonometric/elliptic integrable systems. In fact, we would

obtain the TQ-relation and the Bethe equation of XXX/XXZ/XYZ spin chain model

from 4d N = 2 / 5d N = 1 / 6d N = (1, 0) gauge theory on C2 × C.
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Part III

Quantum Algebra
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Chapter 6

Operator formalism of gauge theory

We have discussed classical and quantum geometric aspects of N = 2 gauge theory

in four dimensions in the relation to various fields of physics and mathematics. One

of the key ingredients in such aspects is the non-perturbative symmetry of gauge

theory incorporated by instantons, i.e., covariance of path integral partition function

under the adding/removing-instanton operation. In general, symmetry of the system

is rephrased as the invariance (covariance) under the corresponding transformation,

which is described as a group action, and we would be able to discuss the algebraic

structure from the infinitesimal version of the transformation (group action). The

purpose of this Part III is to explore the algebraic structure associated with the non-

perturbative symmetry of gauge theory, namely the symmetry algebra of the instanton

creation and annihilation.

In order to see the underlying algebraic structure of gauge theory, in this Chap-

ter, we introduce the operator formalism of the path integral. This formalism is in

fact based on the idea of BPS/CFT correspondence [Nek16], which claims the corre-

spondence between the gauge theory observable (chiral ring) and the vertex operator

in CFT. We will first discuss the holomorphic deformation of the prepotential of 4d

N = 2 gauge theory to introduce the infinitely many time variables. This allows us

to construct the Fock space, and we may discuss the notion of Z-state through the

operator/state correspondence. Then, we will see that various vertex operators acting

on the Fock space are used to construct the instanton partition function, and also the

gauge theory observables. We will also discuss the iWeyl reflection in the operator

formalism, and see how the pole cancellation is described with the vertex operators.
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6.1 Holomorphic deformation

As shown in §4.1, the low energy effective theory of N = 2 theory is described by the

prepotential.1 Although the quadratic prepotential (4.1.12) in particular gives rise to

the renormalizable YM action, we may consider a generic holomorphic function in the

context of the Seiberg–Witten geometry. Let us consider the holomorphic deformation

of the prepotential as follows [MN07]:

F 7−→ F(t) := F +
∞∑
n=1

tnOn , (6.1.1)

where the deformation parameters are called the time variables from the analogy with

the integrable hierarchy, and (On)n≥1 is the chiral ring operator (the Casimir elements

of the complex scalar). In particular, in the K-theory (5d N = 1 theory) convention,

it is given by the character of the observable bundle

On = chT Y[n] . (6.1.2)

See also [NO06, NY03].

Such a deformation is similarly considered for quiver gauge theory in general. Even

after the deformation, we can still apply the equivariant localization analysis to the

path integral, and the resulting partition function is given as2

Z =
∑
X∈MT

ZX 7−→ Z(t) =
∑
X∈MT

ZX (t) =
∑
X∈MT

ZXZ
pot
X (t) (6.1.3)

where the t-dependent term is called the potential term:

Zpot
X (t) = exp

(
∞∑
n=1

tnOn[X ]

)
. (6.1.4)

6.1.1 Free field realization

In the presence of the potential term, the vev of the chiral ring operator is given by

the derivative with respect to the conjugate time variable,

〈On 〉 =
1

Z

∑
X

ZX · On[X ] =
∂

∂tn
logZ(t)

∣∣∣
t=0

. (6.1.5)

1In this Chapter, we will mostly use the K-theory (5d N = 1 theory on a circle) convention.
2We also denote the partition function contribution associated with the instanton configuration

X by ZX = Z[X ].
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In this sense, the t-deformed partition function Z(t) plays a role of the generating

function of the chiral ring operators. Then, denoting ∂n := ∂tn , we obtain the identi-

fication:3

On ←→ ∂n . (6.1.6)

This identification leads to the operator formalism of gauge theory with the Fock space

F = C[[t1, t2, . . . , ∂1, ∂2, . . .]] | 0 〉 (6.1.7)

generated by the Heisenberg algebra H = (tn, ∂n)n≥1, s.t.,

[∂n, tn′ ] = δn,n′ . (6.1.8)

We define the vacuum state | 0 〉 as a t-constant annihilated by (∂n)n≥1 and its dual,

∂n | 0 〉 = 0 , 〈 0 | tn = 0 (n ≥ 1) . (6.1.9)

For quiver theory, we define a set of the Heisenberg algebras

H =
⊕
i∈Γ0

Hi , Hi = (ti,n, ∂i,n)n≥1 (6.1.10)

with

[∂i,n , tj,n′ ] = δi,jδn,n′ . (6.1.11)

We also define the zero mode to be identified with the instanton counting parameter

ti,0 = logq2 qi . (6.1.12)

Then, the Fock space is generated by these Heisenberg algebras

F =
⊕
i∈Γ0

Fi , Fi = C[[ti,n, ∂i,n]] | 0 〉 . (6.1.13)

We call this operator formalism based on the Heisenberg algebra the free field realiza-

tion of gauge theory.

6.2 Z-state

In the operator formalism, since the time variables (ti,n) are the operators, the t-

extended partition function Z(t) also behaves as an operator acting on the Fock

3This is similar to the Fourier transformation: In the presence of the factor eipx, the multiplication

of the variable p is equivalent to the derivative with the x-variable, p↔ −i∂x.
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space F. This observation motivates us to explore the Z-state through the operator-

state correspondence under the radial quantization in the operator formalism:

(Operator) (State)

Z(t) |Z 〉
(6.2.1)

where we define

|Z 〉 = Z(t) | 0 〉 =
∑
X

|ZX 〉 , |ZX 〉 = ZX (t) | 0 〉 . (6.2.2)

Recalling the property (6.1.9), the dual vacuum plays a role of the projector onto

the undeformed sector t = 0, 〈 0 | : F→ C,

Z = 〈 0 | Z 〉 = 〈 0 |Z(t) | 0 〉 . (6.2.3)

Namely, the instanton partition function is given as the vev of the operator acting on

the Fock space.4 In the following, we will see that the operator uplift of the instanton

partition function is realized using the vertex operators.

6.2.1 Screening current

Compared to the index formula of the partition function (2.2.3) together with the

quiver Cartan matrix (2.2.33), we arrive at the following expression of the Z-state for

5d N = 1 quiver gauge theory [KP18c]:5

|ZX 〉 = ZX (t) | 0 〉 =
�∏
x∈X

Si(x),x | 0 〉 (6.2.4)

where the product with the symbol � is the radial ordering product with respect to

the ordering in the set X ,6

�∏
x∈X

Sx = Sx1Sx2Sx3 · · · for |x1| > |x2| > |x3| > · · · , (6.2.5)

and we define a map i : X → Γ0, s.t.,

i(x) = i ⇐⇒ x ∈ Xi , i ∈ Γ0 . (6.2.6)

4The partition function for 6d theory is instead given by the trace over the Fock space, which

gives rise to the character of the corresponding module. See §8.2.
5A similar construction is available for 4d N = 2 theory [NZ20], and also for 6d N = (1, 0) theory

as discussed in Chapter 8.
6For example, we take |q1| � |q−12 | < 1 and |ea| ∼ |em| ∼ 1. Then, define the ordering x � x′ if

|x| > |x′|.
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The vertex operator (Si,x)i∈Γ0 is called the screening current

Si,x = : exp

si,0 log x+ s̃i,0 −
κi
2

(
logq2 x− 1

)
log x+

∑
n∈Z 6=0

si,n x
−n

 : (6.2.7)

with the free field modes

si,−n = (1− qn1 ) ti,n , si,0 = ti,0 , si,n = − 1

n
(1− q−n2 )−1 c

[n]
ji ∂j,n (n ≥ 1) ,

(6.2.8)

obeying the commutation relation

[si,n , sj,n′ ] = − 1

n

1− qn1
1− q−n2

c
[n]
ji δn+n′,0 (n ≥ 1) . (6.2.9)

The zero modes obey the relation

[s̃i,0 , sj,n] = −β c[0]
ji δn,0 , β = −ε1

ε2
. (6.2.10)

The symbol : • : means the normal ordering, s.t., the annihilation operators (∂i,n) are

placed on the right, while the creation operators (ti,n) are on the left.

We remark that, in the construction of the screening current above, the roles of q1

and q2 are not on equal footing. This is because the current convention of the partition

function is based on the partial reduction of the universal bundle, Yi = ∧Q1 ·Xi, as

shown in §2.1.2. Starting with the other reduction, Yi = ∧Q2 · X̌i, we will obtain the

swapped version of the screening current with q1 ↔ q2. See [NPZ18a] for a related

discussion in 3d gauge theory.

In order to see the agreement between the index formula (2.2.3) and the vertex

operator representation of the partition function, we evaluate the operator product

expansion (OPE) between the screening currents. Applying the Baker–Campbell–

Hausdorff formula

eX eY = eZ , (6.2.11)

with

Z = X + Y +
1

2
[X, Y ] +

1

12
[X, [X, Y ]]− 1

12
[Y, [X, Y ]] + · · ·

−→ X + Y +
1

2
[X, Y ] (if [X, Y ] is a center element) , (6.2.12)

the product of the screening currents is given as follows:

Si,xSj,x′ = Sij(x, x
′) : Si,xSj,x′ : (6.2.13)
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where the pair contribution is defined

Sij(x, x
′) = exp

(
−β c[0]

ji log x′ −
∞∑
n=1

1

n

1− qn1
1− q−n2

c
[n]
ji

(
x′

x

)n)
. (6.2.14)

Then, the Z-state associated with instanton configuration X is given by the pair

contributions and the normal ordering part,

|ZX 〉 =
∏

(x≺x′)∈X×X

Si(x)i(x′)(x, x
′) :
∏
x∈X

Si(x),x : | 0 〉 . (6.2.15)

Normal ordering factor

We first deal with the normal ordering part,

:
∏
x∈X

Si(x),x : | 0 〉

=
∏
x∈X

exp

(
si(x),0 log x−

κi(x)

2

(
logq2 x− 1

)
log x+

∞∑
n=1

(1− qn1 ) ti(x),n x
n

)
| 0 〉

=
∏
x∈X

q
logq2 x

i(x) e−
κi(x)

2 (logq2 x−1) log x exp

(∑
i∈Γ0

∞∑
n=1

ti,n ch Y
[n]
i

)
| 0 〉

=
∏
i∈Γ0

Ztop
i ZCS

i Zpot
i | 0 〉 . (6.2.16)

In order to see the identification of the first two parts, (Ztop
i , ZCS

i )i∈Γ0 , it is convenient

to see the behavior under the x-variable shift, x→ q2x for i(x) = i (x ∈ Xi), and obtain

the consistent behavior discussed in §5.1.1.7 The identification of the potential term

is immediately obtained from the expression (6.1.4). The vev of the normal ordering

part gives rise to the t-independent part,

〈 0 | :
∏
x∈X

Si(x),x : | 0 〉 =
∏
i∈Γ0

Ztop
i ZCS

i . (6.2.17)

OPE factor

We then evaluate the OPE factor:

Z[X ] =
∏

(x≺x′)∈X×X

Si(x)i(x′)(x, x
′) . (6.2.18)

7Precisely speaking, this agreement is up to the constant factor, which is independent of the

instanton configuration, and is interpreted as the perturbative contribution.
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We take the x-variable shift, x → q2x (X → X ′) for i(x) = i (x ∈ Xi), to see the

agreement with the instanton partition function,

Z[X ′]
Z[X ]

=
∏

x′(≺x)∈X

exp

(
∞∑
n=1

1

n
c

[n]
i(x′)i(1− q

n
1 )

(
x′

x

)n)

×
∏

x′(�x)∈X

exp

(
c

[0]
i(x′)i log q1 +

∞∑
n=1

1

n
c

[−n]
i(x′)i(1− q

−n
1 )

(
x′

x

)−n)

=
∏

x′(6=x)∈X

exp

(
∞∑
n=1

1

n
c

[n]
i(x′)i(1− q

n
1 )

(
x′

x

)n)
(6.2.19)

where we apply the analytic continuation formula:

exp

(
log q1 +

∞∑
n=1

z−n

n
(1− q−n1 )

)
= q1

1− q−1
1 z−1

1− z−1
=

1− q1z

1− z

= exp

(
∞∑
n=1

zn

n
(1− qn1 )

)
. (6.2.20)

Then, in terms of the Y-function, we can rewrite this as follows:

Z[X ′]
Z[X ]

= − 1

Yi,qx[X ′]Yi,x[X ]

∏
e:i→j

Yj,µ−1
e qx[X ]

∏
e:j→i

Yj,µex[X ]

=

(
(−1)ni+

∑
i→j nje−

∑ni
α=1 ai,αqni

∏
e:i→j

e
∑nj
α=1 aj,α(µ−1

e q)−nj

)
xni−

∑
i→j nj

× −1

Y∨i,qx[X ′]Yi,x[X ]

∏
e:i→j

Y∨
j,µ−1

e qx
[X ]

∏
e:j→i

Yj,µex[X ] , (6.2.21)

where we convert Y to Y∨ as (5.1.20). Compared to the behavior under the adding-

instanton operation (5.2.1), this agrees with the equivariant index formula of the in-

stanton partition function under the shift of the coupling constant and the Chern–

Simons level:

qi ←→

(
(−1)ni+

∑
i→j nje−

∑ni
α=1 ai,αqni

∏
e:i→j

e
∑nj
α=1 aj,α(µ−1

e q)−nj

)
qi , (6.2.22a)

κi ←→ κi − ni +
∑
e:i→j

nj = κi −
∑
j∈Γ0

c
+[0]
ij nj . (6.2.22b)

6.2.2 Instanton sum and screening charge

Combining the normal ordering factor and the OPE factor, we obtain the instanton

partition function associated with the configuration X as the chiral correlator of the
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screening currents:

ZX = 〈 0 |
�∏
x∈X

Si(x),x | 0 〉 . (6.2.23)

Therefore, the total partition function is given by summation over X ,

Z =
∑
X∈MT

〈 0 |
�∏
x∈X

Si(x),x | 0 〉 . (6.2.24)

In order to discuss the instanton sum, we define a set of extended configurations:

MZ =
{

eai,αqk−1
1 qZ2

}
i∈Γ0,α=1,...,ni,k=1,...,∞ , (6.2.25)

with the asymptotics eai,αqk−1
1 q0

2 at k → ∞. This is associated with an arbitrary

sequence of integers with the fixed asymptotic behavior, while the partition is a non-

increasing sequence of non-negative integers. Since the configuration violating the

non-increasing condition (1.8.30) does not contribute to the partition function, ZX = 0

for X ∈MZ\MT, we obtain the chiral correlator expression of the partition function:

Z =
∑
X∈MZ

〈 0 |
�∏
x∈X

Si(x),x | 0 〉 = 〈 0 |
�∏
x∈X̊

Si(x),x | 0 〉 , (6.2.26)

where we define the screening charge operator,8

Si,x =
∞∑
k∈Z

Si,qk2x . (6.2.27)

Then the t-extended partition function, which is an operator acting on the Fock space,

is given as an infinite product of the screening charges

Z(t) =
�∏
x∈X̊

Si(x),x , (6.2.28)

and the corresponding Z-state is given by

|Z 〉 =
�∏
x∈X̊

Si(x),x | 0 〉 . (6.2.29)

We have shown that the instanton partition function has a chiral correlator expres-

sion. Such a connection between the gauge theory, in particular, its BPS sector, and the

vertex operator algebra is referred to as the BPS/CFT correspondence [Nek16, Nek17a,

8This infinite series is justified using the Jackson integral with the base x denoted by

∮
x

dzq2 Si,z.

See [AY10b] for a related discussion in the context of q-deformation of Dotsenko–Fateev integral.
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Nek18, Nek19, Nek17b]. A primary example is the Alday–Gaiotto–Tachikawa (AGT)

relation [AGT10, Wyl09], and its q-deformation [AY10a], which states the equivalence

between the partition function of G-gauge theory and the chiral conformal block of

W(G)-algebra. Although our expression (6.2.26) looks similar to the AGT relation, it

depends only on the quiver structure, not on the gauge symmetry G. We will see the

underlying algebraic structure associated with the quiver structure in Chapter 7.

Another remark is that, in order to express the partition function, we have to

consider infinitely many screening charges. This is because the fixed point in the

instanton moduli space is parametrized by a partition, which is an infinite sequence

of non-negative integers. Recalling the argument in §5.8.2, one can truncate the in-

finite product to the finite one by imposing the Higgsing condition. The resulting

chiral correlator is then interpreted as the vortex partition function in 3d quiver gauge

theory [AHKS13, AHS14, AH15, NNZ17].

6.2.3 V-operator: fundamental matter

Although we have focused on the vector multiplet and the bifundamental hypermul-

tiplet contributions, we can also incorporate the (anti)fundamental hypermultiplet in

the operator formalism.

For this purpose, we define the V-operator:

Vi,x = : exp

 ∑
n∈Z6=0

vi,n x
−n

 : (6.2.30)

with

vi,−n = −c̃[n]
ij tj,n , vi,n =

1

n

1

(1− qn1 )(1− qn2 )
∂i,n (6.2.31)

for n ≥ 1, where we denote the inverse of the Cartan matrix by (c̃ij)i,j∈Γ0 . Compared

to the s-modes (6.2.8), we obtain

[vi,n , sj,n′ ] =
1

n(1− qn2 )
δij δn+n′,0 , (6.2.32)

which gives rise to the OPE between the V-operator and the screening current:

Sj,x′Vi,x = : Sj,x′Vi,x :×


(
q2
x

x′
; q2

)
∞

(i = j)

1 (i 6= j)
(6.2.33a)

Vi,xSj,x′ = : Vi,xSj,x′ :×


(
x′

x
; q2

)−1

∞
(i = j)

1 (i 6= j)

(6.2.33b)
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Therefore, the fundamental and antifundamental contributions to the partition func-

tion, presented in (2.2.7), are realized by the V-operator insertion:

Z f
i [X ] = 〈 0 | :

�∏
x∈X

Si(x),x : :
∏
x∈Mi

Vi,x : | 0 〉 , (6.2.34a)

Zaf
i [X ] = 〈 0 | :

∏
x∈M̃i

Vi,q−1x : :
�∏
x∈X

Si(x),x : | 0 〉 . (6.2.34b)

The t-extended partition function and the corresponding Z-state are then given by

Z(t) = :
∏
x∈M̃

Vi(x),q−1x :

 �∏
x∈X̊

Si(x),x

 :
∏
x∈M

Vi(x),x : , (6.2.35a)

|Z 〉 = Z(t) | 0 〉 = :
∏
x∈M̃

Vi(x),q−1x :

 �∏
x∈X̊

Si(x),x

 :
∏
x∈M

Vi(x),x : | 0 〉 , (6.2.35b)

where we similarly apply the map i(x) = i for x ∈ Mi, M̃i, and we obtain the chiral

correlator representation for the instanton partition function

Z = 〈 0 | :
∏
x∈M̃

Vi(x),q−1x :

 �∏
x∈X̊

Si(x),x

 :
∏
x∈M

Vi(x),x : | 0 〉 =: 〈V |
�∏
x∈X̊

Si(x),x |V 〉 ,

(6.2.36)

where we define the V-states

〈V | = 〈 0 | :
∏
x∈M̃

Vi(x),q−1x : , |V 〉 = :
∏
x∈M

Vi(x),x : | 0 〉 . (6.2.37)

This expression contains a factor coming from the OPE between the V-operators on

the left and on the right, but we just omit such a factor since it is independent of the

instanton configuration X , and does not affect the expectation values.

t-shift operator

The expression of the (positive part of) v-modes (6.2.31) implies that the V-operator

plays a role of the t-shift operator:

Vi,x : ti,n 7−→ ti,n +
xn

n(1− qn1 )(1− qn2 )
(n ≥ 1) . (6.2.38)

Therefore, the (anti)fundamental matter contribution is obtained as a specific back-

ground of the t-variables. A similar discussion is found in the context of topological

string: The t-dependent partition function corresponds to the open string amplitude,

which behaves as a wavefunction, a state in the corresponding Hilbert space, and de-

formation of the t-variables are induced by the vertex operator. See, for example,

[ADK+06] for details.
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6.2.4 Boundary degrees of freedom

As discussed above, we use the V-state 〈V | to incorporate the fundamental matter,

while the dual V-state |V 〉 is used for the antifundamental matter. This is related to

the discrepancy between the fundamental and the antifundamental matter contribu-

tions to the partition function in 5d gauge theory (the K-theory convention).

From the vertex operator point of view, the fundamental matter contribution corre-

sponds to the marked point around x = 0, while the antifundamental matter is around

x = ∞ for x ∈ C×. Namely, we apply the radial quantization with the identification

of the vacuum | 0 〉 and its dual 〈 0 | with x = 0 and x =∞, respectively. (Recall that

the Z-state is defined with the radial ordering (6.2.5).) In order to see more details of

this structure, we compare the fundamental and the antifundamental contributions to

the partition function (2.2.7) with nf
i = naf

i = 1 for simplicity:

Zaf
i

Z f
i

=
∏
x∈Xi

(
q2
µ̃

x
; q2

)−1

∞

(
x

µq−1
; q2

)−1

∞

µq−1=µ̃−−−−→
∏
x∈Xi

θ

(
x

µq−1
; q2

)−1

(6.2.39)

where θ(z; p) is the theta function defined in §A.3.1. Since this is an infinite product

of the theta functions, we should regularize it as follows.

Boundary 4d theory on S3 × S1 = ∂(C2 × S1)

The first option is to subtract the perturbative part. For this purpose, we focus on

the trivial configuration X̊i, and put ni = 1 again for simplicity. Then, the infinite

product becomes

∏
x∈X̊i

θ

(
x

µq−1
; q2

)−1

=
∞∏
k=1

θ

(
eai,1qk−1

1

µq−1
; q2

)−1

= (ξ; q1, q2)−1
∞
(
q2ξ
−1; q−1

1 , q2

)−1

∞

=
(qξ−1; q1, q2)∞

(ξ; q1, q2)∞
= Γe(ξ; q1, q2) , (6.2.40)

where ξ = eai,1/µq−1. In order to obtain the third line from the second line, we apply

the analytic continuation since the multiple q-shifted factorial (A.2.14) is defined for

|q1| < 1. Γe(z; p, q) is the elliptic gamma function defined in §A.3.2. This elliptic

gamma function is interpreted as 4d N = 1 chiral multiplet contribution to the super-

conformal index [Rom06, KMMR07] in terms of the elliptic gamma function [DO09].

See also a recent review [Gad20]. The superconformal index is evaluated with the

path integral on S3×S1, which is interpreted as the boundary of C2×S1. Hence, the

fundamental and the antifundamental matter contributions on C2 × S1 are converted

to each other by the boundary degrees of freedom on S3 × S1 = ∂(C2 × S1).
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Boundary 2d theory on T 2 = S1 × S1 = ∂(C× S1) ⊂ ∂(C2 × S1)

The other option is to impose the Higgsing condition to truncate the infinite product

as discussed in §5.8.2. Then, the instanton partition function for 5d N = 1 theory on

C2×S1 is reduced to the vortex partition function for 3d N = 2 theory on C×S1. In

this context, the finite version of the product (6.2.39) is interpreted as the N = (0, 2)

chiral multiplet contribution to the elliptic genus on S1 × S1 = ∂ (C× S1) [BEHT15].

We similarly obtain the N = (0, 2) Fermi multiplet contribution from Z f
i/Z

af
i . We can

again convert the fundamental and the antifundamental matter contributions by the

boundary degrees of freedom. See [HO15, HR13, YS20] for a similar argument.

6.2.5 Y-operator: observable generator

We discuss how to realize the Y-function in the operator formalism. Recalling the

expression of the Y-function in terms of the chiral ring operators (5.1.17), we define

the Y-operator as follows:

Yi,x = qρ̃i1 : exp

(∑
n∈Z

yi,n x
−n

)
: (6.2.41)

with the component of the Weyl vector in the basis of simple roots denoted by

ρ̃i =
∑
j∈Γ0

c̃
[0]
ji . (6.2.42)

If the quiver is of affine type (det c[0] = 0), we put ρ̃i = 0. The operators (yi,n)i∈Γ0,n∈Z

are defined as

yi,−n = (1− qn1 )(1− qn2 ) c̃
[−n]
ji tj,n , yi,0 = − log q2 c̃

[0]
ji tj,0 , yi,n = − 1

n
∂i,n (n ≥ 1) ,

(6.2.43)

with the commutation relation

[yi,n , yj,n′ ] = − 1

n
(1− qn1 )(1− qn2 ) c̃

[−n]
ji δn+n′,0 . (6.2.44)

The relation between the y-mode and the v-mode is given as follows:

yi,n = −(1− qn1 )(1− qn2 ) vi,n . (6.2.45)

We remark that, compared to the Y-function (5.1.17), one can only fix the positive

modes (yi,n)n≥1 in the Y-operator. The negative modes (yi,−n)n≥1 and the zero modes

are chosen to be consistent with the commutation relations to other oscillator modes.
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Relation between the operators Y and S

The commutation relation between the y-mode and the s-mode is given by

[yi,n , sj,n′ ] = − 1

n
(1− qn1 ) δij δn+n′,0 , [s̃i,0 , yj,n] = − log q1 δij δn,0 , (6.2.46)

which gives rise to the OPE between the Y-operator and the screening current.

Yi,xSj,x′ = : Yi,xSj,x′ :×


1− x′/x

1− q1x′/x
(i = j)

1 (i 6= j)

(6.2.47a)

Sj,x′Yi,x = : Sj,x′Yi,x :×

q
−1
1

1− x/x′

1− q−1
1 x/x′

(i = j)

1 (i 6= j)

(6.2.47b)

Naively speaking, these OPE factors coincide, q−1
1

1− x/x′

1− q−1
1 x/x′

=
1− x′/x

1− q1x′/x
, but this

is true except at the pole q1x
′/x = 1. In fact, we obtain a nontrivial commutation

relation between the Y-operator and the screening current,

[Yi,x , Sj,x′ ] =

(1− q−1
1 ) δ

(
q1
x′

x

)
: Yi,xSj,x′ : (i = j)

0 (i 6= j)

(6.2.48)

where δ(z) is the multiplicative delta function (1.9.30).

From the OPE factors (6.2.47), we obtain

〈 0 |Yi,x :
�∏
x∈X

Si(x),x : | 0 〉 = qρ̃i1

∏
x′∈Xi

1− x′/x
1− q1x′/x

〈 0 | :
�∏
x∈X

Si(x),x : | 0 〉 , (6.2.49a)

〈 0 | :
�∏
x∈X

Si(x),x :Yi,x | 0 〉 = qρ̃i1

∏
x′∈Xi

q−1
1

1− x/x′

1− q−1
1 x/x′

〈 0 | :
�∏
x∈X

Si(x),x : | 0 〉 , (6.2.49b)

which correspond to the Y-functions, Yi,x[X ] and Yi,x[X ]∨, respectively, although we

have to be careful of the identification of the latter case: The identification with the

dual Y-function, Y∨i,x, is up to the factor q−1
1 inside the infinite product.

The gauge theory average of the Y-function has a chiral correlator expression as

follows: 〈
Yi,x

〉
= 〈V |Yi,x

�∏
x∈X̊

Si(x),x |V 〉 / 〈V |
�∏
x∈X̊

Si(x),x |V 〉 . (6.2.50)

The expression of the vev of the Y-function as the ratio of the correlators implies

an analogy with the Baker–Akhiezer function of the integrable hierarchy under the

identification of the partition function as the corresponding τ -function. See also §C.4.1.

In fact, as shown in §5.7, the Y-function average plays a role of the wave function in

the context of the quantum Seiberg–Witten curve in the NS limit.
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6.2.6 A-operator: iWeyl reflection generator

As discussed in §5.2, the adding-instanton operator is concisely described in terms of

the A-function (5.2.5). We define the operator analog of the A-function, that we call

the A-operator:

Ai,x = q1: exp

(∑
n∈Z

ai,n x
−n

)
: . (6.2.51)

The a-mode is defined from the y-mode

ai,n =
∑
j∈Γ0

yj,n c
[n]
ji . (6.2.52)

From the representation theoretical point of view on the quiver, the operators Yi,x and

Ai,x correspond to the fundamental weight and the simple root associated with the

node i ∈ Γ0, which are converted to each other by the quiver Cartan matrix.

OPE factors

The a-modes are explicitly written as follows:

ai,−n = (1− qn1 )(1− qn2 ) ti,n , ai,0 = − log q2 ti,0 , ai,n = − 1

n
c

[n]
ji ∂j,n (n ≥ 1) ,

(6.2.53)

with the commutation relation

[ai,n , aj,n′ ] = − 1

n
(1− qn1 )(1− qn2 ) c

[n]
ji δn+n′,0 . (6.2.54)

The OPE between the A-operators is then given by

Ai,xAj,x′ = : Ai,xAj,x′ :×



S

(
x′

x

)−1

S

(
q−1x

′

x

)−1

(i = j)

S

(
µeq

−1x
′

x

)
(e : i→ j)

S

(
µ−1
e

x′

x

)
(e : j → i)

1 (otherwise)

(6.2.55)

The OPEs with other operators are similarly computed. From the commutation

relations

[yi,n , aj,n′ ] = − 1

n
(1− qn1 )(1− qn2 ) δij δn+n′,0 , (6.2.56a)

[vi,n , aj,n′ ] =
1

n
δij δn+n′,0 , (6.2.56b)
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we obtain the OPE factors as follows:

Yi,xAj,x′ = S

(
x′

x

)−δij
: Yi,xAj,x′ : , Aj,x′Yi,x = S

(
q−1 x

x′

)−δij
: Aj,x′Yi,x : ,

(6.2.57a)

Vi,xAj,x′ =

(
1− x′

x

)−δij
: Vi,xAj,x′ : , Aj,x′Vi,x =

(
1− x

x′

)−δij
: Aj,x′Vi,x : . (6.2.57b)

iWeyl reflection

Writing the A-operator in terms of the Y-operators, we obtain the consistent expression

with the A-function (5.2.5), up to the discrepancy between Y and Y∨,

Ai,x = : Yi,xYi,qx
∏
e:i→j

Y−1

j,µ−1
e qx

∏
e:j→i

Y−1
j,µex

: , (6.2.58)

which is the combination appearing in the iWeyl reflection (5.2.1). In addition, com-

pared to the s-mode (6.2.8), we have

ai,n = (1− q−n2 ) si,n , (6.2.59)

which leads to the relation between the A-operator and the screening current,9

Ai,x = q1 : Si,xS
−1
i,q2x

: . (6.2.60)

This is also consistent because, from (6.2.23), the adding-instanton schematically cor-

responds to inserting the A-operator,

ZX ′

ZX
=⇒ 〈 0 | : S−1

i,xSi,q2x :
�∏
x∈X

Si(x),x | 0 〉 = 〈 0 |A−1
i,x

�∏
x∈X

Si(x),x | 0 〉 . (6.2.61)

More precise statement is addressed in the following.

6.3 Pole cancellation mechanism

In order to discuss the qq-character in the operator formalism, we discuss the pole

cancellation mechanism with the vertex operators. We start with the relation between

the operators Ai and Sj for i = j,

[ai,n , sj,n′ ] = − 1

n
(1− qn1 ) c

[n]
ji δn+n′,0 , (6.3.1a)

[si,n , aj,n′ ] = − 1

n
(1− q−n1 ) c

[−n]
ij δn+n′,0 , (6.3.1b)

[s̃i,0 , aj,n] = − log q1 c
[0]
ji δn,0 , (6.3.1c)

9From this relation, we may also incorporate another zero mode in the A-operator (and also

Y-operator), Ai,x → xκi Ai,x, which corresponds to the Chern–Simons term.
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which, for i = j, gives rise to

Ai,xSi,x′ =
1− x′/x

1− q1x′/x

1− q−1x′/x

1− q−1
2 x′/x

: Ai,xSi,x′ : , (6.3.2a)

Si,x′Ai,x = q−2
1

1− x/x′

1− q−1
1 x/x′

1− qx/x′

1− q2x/x′
: Si,x′Ai,x : . (6.3.2b)

Then, we can show the pole cancellation in the following combination:

Res
x′→x

[
Yi,qxSi,q2x′ + : Yi,qxA

−1
i,x :Si,x′

]
= 0 , (6.3.3)

because

Yi,qxSi,q2x′ =
1− q−1

1 x′/x

1− x′/x
: Yi,qxSi,q2x′ : , (6.3.4a)

: Yi,qxA
−1
i,x :Si,x′ =

1− q−1x′/x

1− q−1
2 x′/x

1− q1x
′/x

1− x′/x
1− q−1

2 x′/x

1− q−1x′/x
: Yi,qxA

−1
i,xSi,x′ :

(6.2.60)
= q−1

1

1− q1x
′/x

1− x′/x
: Yi,qxSi,q2x′ : . (6.3.4b)

This pole cancellation is rephrased in more algebraic language. From the commutation

relations,

[Yi,qx , Si,x′ ] = (1− q−1
1 ) δ

(
q−1

2

x′

x

)
: Yi,qxSi,x′ : , (6.3.5a)

[
: Yi,qxA

−1
i,x : , Si,x′

]
= (1− q1) δ

(
x′

x

)
: Yi,qxA

−1
i,xSi,x′ : = −(1− q−1

1 ) δ

(
x′

x

)
: Yi,qxSi,q2x′ : ,

(6.3.5b)

we obtain[
Yi,qx + : Yi,qxA

−1
i,x : , Si,x′

]
= (1− q−1

1 )

(
δ

(
q−1

2

x′

x

)
: Yi,qxSi,x′ :− δ

(
x′

x

)
: Yi,qxSi,q2x′ :︸ ︷︷ ︸

total q2-difference for x′

)
. (6.3.6)

Since the right hand side is written as a total q2-difference for the variable x′, it will

vanish after the q2-shifted sum, which means replacing the screening current Si,x′ with

the screening charge Si,x′ . Namely, the pole cancellation is equivalent to the commuting

relation (kernel condition) to the screening charge. After the iWeyl reflection, there

may be another delta function from the second term, and we should apply another

reflection to cancel the new singularity, similarly to the argument in §5.2.



Chapter 7

Quiver W-algebra

We have shown that the instanton partition function has a realization as a chiral

correlation function of the vertex operators, whose algebraic structure depends on the

quiver structure of gauge theory. In this Chapter, we discuss the construction of the

underlying vertex operator algebra, that we call the quiver W-algebra [KP18c], and

show that an operator uplift of the qq-character plays a role of the generating current

of the W-algebra. We will see that, applying this formalism to the fractional quiver

theory discussed in §2.4, one can construct the quantum W-algebras associated with

the non-simply-laced algebra [KP18a]. In addition, the formalism of quiver W-algebra

is also applicable to affine quivers, which lead to a new family of W-algebras. We will

also discuss that the vertex operators introduced in this context will be utilized to

express the contour integral formulas associated with integration over the instanton

moduli spaces and quiver varieties.

7.1 T-operator: generating current

Applying the pole cancellation argument recursively, we can construct the T-operator,

an operator analog of the qq-character, which commutes with the screening charge:

[Ti,x , Sj,x′ ] = 0 , (7.1.1)

where the operator Ti,x is associated with the highest weight Yi,x for each node in the

quiver,

Ti,x = Yi,x + : Yi,xA
−1
i,q−1x : + · · · . (7.1.2)

Since the operator Ti,x is a commutant of the screening charges (Si,x)i∈Γ0 , it defines a

holomorphic conserved current

∂x̄Ti,x |Z 〉 = 0 , (7.1.3)

191
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with a well-defined Fourier mode expansion

Ti,x =
∑
n∈Z

Ti,n x
−n . (7.1.4)

Then, we arrive at the following definition:

Quiver W-algebra [KP18c]

We define the T-operator (Ti,x)i∈Γ0 associated with each node of quiver, i ∈ Γ0,

which is the operator analog of the fundamental qq-character. Then, the conserved

Fourier modes of the holomorphic current (Ti,n)i∈Γ0,n∈Z define the quiver W-algebra

Wq1,2(gΓ) (W(Γ) for short) as a subalgebra of the Heisenberg algebra H. Namely,

the T-operator is the generating current of the quiver W-algebra.

In fact, the algebra Wq1,2(Γ) agrees with the q-deformation of the Virasoro/W-algebra

for Γ = ADE [SKAO96, AKOS96, FF96, FR98], which is reduced to the ordinary

(rational; differential; additive) version of W-algebras, Wβ(Γ) with β = −ε1/ε2.1 This

formalism is also applicable beyond the finite-type quiver, affine and hyperbolic quiv-

ers, which gives rise to a new family of W-algebras. For Γ 6= ADE, we obtain a similar

statement based on the fractional quiver formalism [KP18a]. See §7.4 for details.

7.2 Classical limit: quantum integrability

The vertex operators used in the operator formalism are noncommutative operators

acting on the Fock space, and thus the T-operator is also a noncommutative current in

general. Regarding the y- and a-mode commutators, (6.2.44) and (6.2.54) (similarly

(7.4.6) and (7.4.11)), they have a factor (1 − qn1 )(1 − qn2 ), which vanishes in the NS

limit, q2 → 1 (or q1 → 1). As a result, the T-operator becomes commutative in the NS

limit, and the W-algebra is reduced to a classical Poisson algebra. Such a commuting

current can be identified with the transfer matrix of the quantum integrable system

[Ti,x , Tj,x′ ] = 0 . (7.2.1)

In this way, we obtain the quantum integrable system in the NS limit from the operator

formalism point of view.

There is another interesting aspect of the W-algebras in the NS limit. It has been

known that there is an isomorphism between the W-algebra Wq1,2(gΓ) in the classical

limit, where the algebra becomes commutative algebra, and the K-theory ring of the

1This reduction is obtained through the same limit as that from 5d to 4d theory discussed in

§4.6.1.
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category of representations of the quantum loop group [FR99]. This is interpreted as

a consequence of the geometric q-Langlands correspondence, and is promoted to its

quantum version with generic q1,2 [FH11, AFO18]. See also a review article [Fre07] on

this topic.

7.3 Examples

7.3.1 A1 quiver

We consider A1 quiver as a primary example to demonstrate the formalism of the

quiver W-algebra in detail. Since it consists of a single node, there exists a single

T-operator,

T1,x = Y1,x + Y−1
1,q−1x , (7.3.1)

with the mode expansion

T1,x =
∑
n∈Z

T1,n x
−n . (7.3.2)

In order to characterize the algebraic relation of the modes (T1,n)n∈Z, we evaluate

the OPE of the T-operator. The computation is in fact equivalent to that for the

degree-two qq-character,

T1,xT1,x′ = f

(
x′

x

)−1
(

: Y1,xY1,x′ :

+ S

(
x′

x

)
: Y−1

1,q−1xY1,x′ : + S
( x
x′

)
: Y1,xY

−1
1,q−1x′ :

+ : Y−1
1,q−1xY

−1
1,q−1x′ :

)
(7.3.3)

where we define the structure function

f(z) = exp

(
∞∑
n=1

1

n

(1− qn1 )(1− qn2 )

1 + qn
zn

)
=
∞∑
k=0

fk z
k . (7.3.4)

This structure function is obtained from the OPE between the Y-operators, so that

f(x′/x)T1,xT1,x′ agrees with the degree-two qq-character T(2),(x,x′). We also remark the

relation

f(z)f(qz) = S(z) . (7.3.5)
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Then, due to the identity of the S-function (1.9.29), we obtain the OPE between the

T-operators,

T(2),(x,x′) − T(2),(x′,x) = f

(
x′

x

)
T1,xT1,x′ − f

( x
x′

)
T1,x′T1,x

= −(1− q1)(1− q2)

1− q

(
δ

(
q
x′

x

)
− δ

(
q−1x

′

x

))
, (7.3.6)

which is equivalent to the algebraic relation for the Fourier modes,

[T1,n , T1,n′ ] = −
∞∑
k=1

fk (T1,n−kT1,n′+k − T1,n′−kT1,n+k)

− (1− q1)(1− q2)

1− q
(
qn − q−n

)
δn+n′,0 . (7.3.7)

We remark the commutator between (T1,n)n∈Z gives rise to non-linear terms. In this

sense, it is not a Lie algebra. It has been shown that this algebra satisfies the associativ-

ity condition, and is now known as the q-deformed Virasoro algebra, Virq1,2 [SKAO96].

The q-Virasoro algebra is thought of as the q-deformation of W-algebra associated with

A1 quiver, Virq1,2 = Wq1,2(A1).

We remark the representation theoretical interpretation of the OPE between the

T-operators (7.3.6). The OPE (7.3.6) computes the antisymmetric part of the degree-

two qq-character. Namely it is the degree-two antisymmetric tensor product of the

fundamental representation, which provides the trivial representation for A1 theory,

� ∧� = ∅.

7.3.2 A2 quiver

Let us consider the rank 2 case, A2 quiver. In this case, there are two fundamental

qq-characters as discussed in §5.4.2, so that we have two T-operators

T1,x = Y1,x + :
Y2,µ−1x

Y1,q−1x

: +
1

Y2,µ−1q−1x

, (7.3.8a)

T2,x = Y2,x + :
Y1,µq−1x

Y2,q−1x

: +
1

Y1,µq−2x

, (7.3.8b)
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where µ = µ1→2 = µ−1
2→1q is the bifundamental mass parameter. Then, we can show

that these T-operators obey the following OPEs:

f11

(
x′

x

)
T1,xT1,x′ − f11

( x
x′

)
T1,x′T1,x

= −(1− q1)(1− q2)

(1− q)

(
δ

(
q
x′

x

)
T2,µ−1x − δ

(
q−1x

′

x

)
T2,µq−1x

)
, (7.3.9a)

f12

(
x′

x

)
T1,xT2,x′ − f21

( x
x′

)
T2,x′T1,x

= −(1− q1)(1− q2)

(1− q)

(
δ

(
µq
x′

x

)
− δ

(
µq−2x

′

x

))
, (7.3.9b)

f22

(
x′

x

)
T2,xT2,x′ − f22

( x
x′

)
T2,x′T2,x

= −(1− q1)(1− q2)

(1− q)

(
δ

(
q
x′

x

)
T1,µq−1x − δ

(
q−1x

′

x

)
T1,µx

)
. (7.3.9c)

The structure function is defined as

fij(z) = exp

(
∞∑
n=1

1

n
(1− qn1 )(1− qn2 ) c̃

[−n]
ji zn

)
, (7.3.10)

by which the OPE between the Y-operators is described

Yi,xYj,x′ = fij

(
x′

x

)−1

: Yi,xYj,x′ : . (7.3.11)

The algebra characterized by the OPE (7.3.9) is called the q-deformed W3 algebra,

denoted by Wq1,2(A2) [AKOS96].

As in the case of A1 quiver (§7.3.1), the OPE between the T-operators (7.3.9)

computes the antisymmetric tensor product of the fundamental representations of A2

quiver:

∧ = , ∧ = ∅ , ∧ = . (7.3.12)

7.3.3 Ap quiver

We consider Ap quiver, which is a linear quiver with p gauge nodes,

1 2 p− 1 p (7.3.13)

The T-operators for Ap quiver can be constructed as the qq-characters of the funda-

mental representations of SL(p+ 1). Similarly to §5.7.4, we obtain

Ti,µ−1
i x =

∑
1≤j1<···<ji≤p+1

:
i∏

k=1

Λjk,q−i+kx : (7.3.14)
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where the weight operator (Λi,x)i=1,...,p1 is defined

Λi,x = : Yi,µ−1
i xY

−1

i−1,µ−1
i−1q

−1x
: (7.3.15)

with Y0,x = Yp+1,x = 1. The bifundamental mass is also defined

µi = µ1→2µ2→3 · · ·µi−1→i . (7.3.16)

These T-operators define the q-deformation of Wp+1 algebra, Wq1,2(Ap) [AKOS96].

The OPE between the T-operators provides the antisymmetric tensor product of fun-

damental representations.

7.3.4 Dp quiver

We consider D-type quiver gauge theory with the simplest example, Γ = D4,

1 2

3

4

(7.3.17)

This quiver has a symmetry exchanging 1 ↔ 3 ↔ 4, which is known as the SO(8)

(= GD4) triality. We denote the bifundamental mass parameters by µi := µ2→i for

i = 1, 3, 4. Then, the operator T1,x is given by

T1,x = Y1,x + :
Y2,µ1q−1x

Y1,q−1x

: + :
Y3,µ1µ

−1
3 q−1xY4,µ1µ

−1
4 q−1x

Y2,µ1q−2x

: + :
Y4,µ1µ

−1
4 q−1x

Y3,µ1µ
−1
3 q−2x

:

+ :
Y3,µ1µ

−1
3 q−1x

Y4,µ1µ
−1
4 q−2x

: + :
Y2,µ1q−2x

Y3,µ1µ
−1
3 q−2xY4,µ1µ

−1
4 q−2x

: + :
Y1,q−2x

Y2,µ1q−3x

: +
1

Y1,q−3x

.

(7.3.18)

The operators T3,x and T4,x are similarly obtained by permutation. These three T-

operators correspond to three 8-representations of SO(8). The remaining T2-operator,

corresponding to 28-representation (adjoint representation), involves collision and

derivative terms, (5.2.21) and (5.2.22),

T2,x = T+
2,x + T−2,x + S(q)

(
:

Y1,µ−1
1 x

Y1,µ−1
1 q−1x

: + :
Y3,µ−1

3 x

Y3,µ−1
3 q−1x

: + :
Y4,µ−1

4 x

Y4,µ−1
4 q−1x

:

)

+

(
c(q1, q2)− (1− q1)(1− q2)

1− q
∂log x log

(
Y2,q−1xY2,q−2x

Y1,µ−1
1 q−1xY3,µ−1

3 q−1xY4,µ−1
4 q−1x

))
:
Y2,q−1x

Y2,q−2x

:

(7.3.19)
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where

T+
2,x = Y2,x + :

Y1,µ−1
1 xY3,µ−1

3 xY4,µ−1
4 x

Y2,q−1x

: + :
Y3,µ−1

3 xY4,µ−1
4 x

Y1,µ−1
1 q−1x

: + :
Y1,µ−1

1 xY4,µ−1
4 x

Y3,µ−1
3 q−1x

:

+ :
Y1,µ−1

1 xY3,µ−1
3 x

Y4,µ−1
4 q−1x

: + :
Y1,µ−1

1 xY2,q−1x

Y3,µ−1
3 q−1xY4,µ−1

4 q−1x

: + :
Y3,µ−1

3 xY2,q−1x

Y1,µ−1
1 q−1xY4,µ−1

4 q−1x

:

+ :
Y4,µ−1

4 xY2,q−1x

Y1,µ−1
1 q−1xY3,µ−1

3 q−1x

: + :
Y2

2,q−1x

Y1,µ−1
1 q−1xY3,µ−1

3 q−1xY4,µ−1
4 q−1x

:

+ :
Y1,µ−1

1 xY1,µ−1
1 q−1x

Y2,q−2x

: + :
Y3,µ−1

3 xY3,µ−1
3 q−1x

Y2,q−2x

: + :
Y4,µ−1

4 xY4,µ−1
4 q−1x

Y2,q−2x

: , (7.3.20a)

T−2,x = :
Y1,µ−1

1 q−1xY3,µ−1
3 q−1xY4,µ−1

4 q−1x

Y2
2,q−2x

: + :
Y2,q−1x

Y1,µ−1
1 q−1xY1,µ−1

1 q−2x

:

+ :
Y2,q−1x

Y3,µ−1
3 q−1xY3,µ−1

3 q−2x

: + :
Y2,q−1x

Y4,µ−1
4 q−1xY4,µ−1

4 q−2x

: + :
Y3,µ−1

3 q−1xY4,µ−1
4 q−1x

Y1,µ−1
1 q−2xY2,q−2x

:

+ :
Y1,µ−1

1 q−1xY4,µ−1
4 q−1x

Y3,µ−1
3 q−2xY2,q−2x

: + :
Y1,µ−1

1 q−1xY3,µ−1
3 q−1x

Y4,µ−1
4 q−2xY2,q−2x

: + :
Y1,µ−1

1 q−1x

Y3,µ−1
3 q−2xY4,µ−1

4 q−2x

:

+ :
Y3,µ−1

1 q−1x

Y1,µ−1
1 q−2xY4,µ−1

4 q−2x

: + :
Y4,µ−1

4 q−1x

Y1,µ−1
1 q−2xY3,µ−1

3 q−2x

:

+ :
Y2,q−2x

Y1,µ−1
1 q−2xY3,µ−1

3 q−2xY4,µ−1
4 q−2x

: +
1

Y2,q−3x

. (7.3.20b)

In the classical limit, this operator T2,x is reduced to the character of 28 dimensional

representation of SO(8) with extension. The S-factor appears at the zero weight terms,

: Yi,µ−1
i x/Yi,µ−1

i q−1x :
q→1−−→ 1, for i = 1, 3, 4.

7.4 Fractional quiver W-algebra

The q-deformation of the W-algebra is given for arbitrary simple Lie algebras [FR98].

Applying the operator formalism to fractional quiver gauge theory introduced in §2.4,

we reproduce the q-deformed W-algebras beyond the simply-laced cases [KP18a].
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7.4.1 Screening current

We define the screening current similarly to §6.2.1,

Si,x = : exp

si,0 log x+ s̃i,0 −
κi
2

(
logq2 x− 1

)
log x+

∑
n∈Z 6=0

si,n x
−n

 : . (7.4.1)

In this case, the s-modes are slightly modified from (6.2.8) as follows:

si,−n = (1− qdin1 ) ti,n , si,0 = ti,0 , si,n = − 1

n
(1− q−n2 )−1 c

[n]
ji ∂j,n (n ≥ 1) ,

(7.4.2)

with the commutation relation

[si,n , sj,n′ ] = − 1

n

1− qdjn1

1− q−n2

c
[n]
ji δn+n′,0 = − 1

n

1− qn1
1− q−n2

b
[n]
ji δn+n′,0 (n ≥ 1) , (7.4.3a)

[s̃i,0 , sj,n] = −β c[0]
ji δn,0 (7.4.3b)

where (bij)i,j∈Γ0 is the symmetrization of the Cartan matrix (2.4.17b).

We remark that the V-operator is defined to obey the same commutation relation

as before (6.2.32).

7.4.2 Y-operator

The Y-operator for fractional quiver theory is modified from (6.2.43) in §6.2.5 as fol-

lows:

Yi,x = qdiρ̃i1 : exp

(∑
n∈Z

yi,n x
−n

)
: , (7.4.4)

with

yi,−n = (1− qdin1 )(1− qn2 ) c̃
[−n]
ji tj,n , yi,0 = − log q2 c̃

[0]
ji tj,0 , yi,n = − 1

n
∂i,n (n ≥ 1) .

(7.4.5)

They obey the commutation relation

[yi,n , yj,n′ ] = − 1

n
(1− qdjn1 )(1− qn2 ) c̃

[−n]
ji δn+n′,0 . (7.4.6)

The relation to the s-modes is given by

[yi,n , sj,n′ ] = − 1

n
(1− qdin1 ) δij δn+n′,0 , [s̃i,0 , yj,n] = −di log q1 δij δn,0 , (7.4.7)

and thus

[Yi,x , Sj,x′ ] =

(1− q−di1 ) δ

(
qdi1

x′

x

)
: Yi,xSj,x′ : (i = j)

0 (i 6= j)

(7.4.8)
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7.4.3 A-operator

We then consider the A-operator for fractional quiver theory following §6.2.6:

Ai,x = qdi1 : exp

(∑
n∈Z

ai,n x
−n

)
: . (7.4.9)

The a-modes are defined as

ai,−n = (1− qdin1 )(1− qn2 ) ti,n , ai,0 = − log q2 ti,0 , ai,n = − 1

n
c

[n]
ji ∂j,n (n ≥ 1) ,

(7.4.10)

with the commutation relation

[ai,n , aj,n′ ] = − 1

n
(1− qdjn1 )(1− qn2 ) c

[n]
ji δn+n′,0

= − 1

n
(1− qn1 )(1− qn2 ) b

[n]
ji δn+n′,0 . (7.4.11)

The a-modes are related to other oscillators as follows:

ai,n = (1− q−n2 ) si,n = yj,n c
[n]
ji , (7.4.12)

and thus

[yi,n , aj,n′ ] = − 1

n
(1− qdjn1 )(1− qn2 ) δij δn+n′,0 , (7.4.13a)

[vi,n , aj,n′ ] =
1

n
δij δn+n′,0 . (7.4.13b)

7.4.4 iWeyl reflection

Based on these vertex operators, we discuss the iWeyl reflection. The A-operator has

the expression in terms of the Y-operators

Ai,x = : Yi,xYi,q
1di2

x

∏
e:i→j

dj/dij−1∏
r=0

Y−1

j,µeq
rdij
1 x

∏
e:j→i

dj/dij−1∏
r=0

Y−1

j,µ−1
e q

1
dij 2

q
rdij
1 x

: (7.4.14)

where qidjd′ is defined in (2.4.18). Thus, the iWeyl reflection for fractional quiver is

given as follows:

iWeyl : Yi,q
1di2

x 7−→ : Yi,q
1di2

xA
−1
i,x :

= : Y−1
i,x

∏
e:i→j

dj/dij−1∏
r=0

Y
j,µeq

rdij
1 x

∏
e:j→i

dj/dij−1∏
r=0

Y
j,µ−1

e q
1
dij 2

q
rdij
1 x

: ,

(7.4.15)

and the T-operator is generated by the iWeyl reflection until it does not provide any

further singular term,

Ti,x = Yi,x + : Yi,xA
−1
i,q

1di2
x : + · · · . (7.4.16)
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7.4.5 T-operator: generating current

Based on the T-operators constructed above, we define the fractional quiver W-algebra

from their Fourier mode expansion:

Ti,x =
∑
n∈Z

Ti,n x
−n . (7.4.17)

For quivers of the finite-type, it reproduces the q-deformation of the W-algebras for

Γ = BCFG [FR98], and for affine (including the twisted version) and hyperbolic-type

quivers, we could construct a new family of the W-algebras.

Let us provide a comment on a duality of the W-algebras. For the rational W-

algebras, there is a duality between Wβ(g) and Wβ−1(Lg) [FF92], where we denote the

Langlands dual algebra of g by Lg. From the gauge theory point of view, this is a

symmetry of exchanging ε1 ↔ ε2. After the q-deformation, we have a similar duality,

Wq1,2(g) ∼= Wq2,1(Lg) only if Lg = g, namely for the simply-laced algebras. In fact, this

duality does not hold for the non-simply-laced algebras, Lg 6= g, since, in this case,

the corresponding gauge theory, i.e., fractional quiver gauge theory, discussed in §2.4,

is not invariant under exchange ε1 ↔ ε2.

7.4.6 BC2 quiver

Let us consider BC2 quiver
1 2

which is the simplest example for fractional quiver

theory.2 We assign

(d1, d2) = (2, 1) , (7.4.18)

corresponding to the root length of each node. The quiver Cartan matrix is in this

case given by

(cij) =

(
1 + q−2

1 q−1
2 −µ−1

−µq−1
1 q−1

2 (1 + q−1
1 ) 1 + q−1

1 q−1
2

)
(c

[0]
ij )
−−→

(
2 −1

−2 2

)
, (7.4.19)

with the bifundamental mass parameter µ = µ1→2 = µ−1
2→1q1q2, and its symmetrization

(bij) =

(
(1 + q1)(1 + q−2

1 q−1
2 ) −µ−1(1 + q1)

−µq−1
1 q−1

2 (1 + q−1
1 ) 1 + q−1

1 q−1
2

)
(b

[0]
ij )
−−→

(
4 −2

−2 2

)
. (7.4.20)

Then iWeyl reflection is given by

iWeyl : (Y1,x,Y2,x) 7−→

(
Y2,µ−1xY2,µ−1q−1

1 x

Y1,q−2
1 q−1

2 x

,
Y1,µq−1

1 q−1
2 x

Y2,q−1
1 q−1

2 x

)
, (7.4.21)

2We simply denote B2 and C2 by BC2 since they are indistinguishable in this context. Not to be

confused with other BCn systems.
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which generates the T-operators

T1,x = Y1,x +
Y2,µ−1xY2,µ−1q−1

1 x

Y1,q−2
1 q−1

2 x

+ S(q1)
Y2,µ−1x

Y2,µ−1q−2
1 q−1

2 x

+
Y1,q−1

1 q−1
2 x

Y2,µ−1q−1
1 q−1

2 xY2,µ−1q−2
1 q−1

2 x

+
1

Y1,q−3
1 q−2

2 x

, (7.4.22a)

T2,x = Y2,x +
Y1,µq−1

1 q−1
2 x

Y2,q−1
1 q−1

2 x

+
Y2,q−2

1 q−1
2 x

Y1,µq−3
1 q−2

2 x

+
1

Y2,q−3
1 q−2

2 x

(7.4.22b)

with the structure function

fij(z) = exp

(
∞∑
n=1

1

n
(1− qdjn1 )(1− qn2 ) c̃

[−n]
ji

)
. (7.4.23)

These characters correspond to the 5 (vector) and 4 (spinor) representations of SO(5)/Sp(2).

The OPEs of these T-operators are given as follows:

f11

(
x′

x

)
T1,xT1,x′ − f11

( x
x′

)
T1,x′T1,x

= −(1− q2
1)(1− q2)

1− q2
1q2

(
δ

(
q2

1q2
x′

x

)
f22(q−1

1 )T2,µ−1xT2,µ−1q−1
1 x

− δ
(
q−2

1 q−1
2

x′

x

)
f22(q1)T2,µ−1q1q2xT2,µ−1q2

1q2x

)

− (1− q2
1)(1− q2)(1− q1q

2
2)(1− q3

1q2)

(1− q1q2)(1− q2
1q2)(1− q3

1q
2
2)

(
δ

(
q3

1q
2
2

x′

x

)
− δ

(
q−3

1 q−2
2

x′

x

))
,

(7.4.24a)

f12

(
x′

x

)
T1,xT2,x′ − f21

( x
x′

)
T2,x′T1,x

= −(1− q2
1)(1− q2)

1− q2
1q2

(
δ

(
µq2

1q2
x′

x

)
T2,µ−1x − δ

(
µq−3

1 q−2
2

x′

x

)
T2,µ−1q1q2x

)
,

(7.4.24b)

f22

(
x′

x

)
T2,xT2,x′ − f22

( x
x′

)
T2,x′T2,x

= −(1− q1)(1− q2)

1− q1q2

(
δ

(
µq1q2

x′

x

)
T1,µq−1

1 q−1
2 x − δ

(
µq−1

1 q−1
2

x′

x

)
T1,µx

)
− (1− q1)(1− q2)(1− q2

1q
2
2)(1− q3

1q2)

(1− q1q2)(1− q2
1q2)(1− q3

1q
2
2)

(
δ

(
q3

1q
2
2

x′

x

)
− δ

(
q−3

1 q−2
2

x′

x

))
.

(7.4.24c)

These OPEs characterize the q-deformed W-algebra, Wq1,2(BC2). As mentioned in

§7.3.1, these OPEs correspond to the antisymmetric tensor product of the fundamental
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representations: 5∧5 = 10 (with extension), 5∧4 = 4, 4∧4 = 5⊕1. We remark the

factor appearing in the OPE between the T1-operators is the degree-two qq-character,

corresponding to the 10 representation,

f22(q−1
1 )T2,µ−1xT2,µ−1q−1

1 x = T(0,2),(µ−1x,µ−1q−1
1 x) . (7.4.25)

7.4.7 Bp quiver

We consider Bp quiver which consists of p nodes with di = 2 for i = 1, . . . , p − 1 and

dp = 1,

1 2 p− 2 p− 1 p (7.4.26)

In this case the local iWeyl reflection is given by

Yi,x 7−→
Yi−1,µi−1→iq

−2
1 q−1

2 xYi+1,µ−1
i→i+1x

Yi,q−2
1 q−1

2 x

(i = 1, . . . , p− 2) (7.4.27a)

Yp−1,x 7−→
Yp−2,µp−2→p−1q

−2
1 q−1

2 xYp,µ−1
p−1→px

Yp,µ−1
p−1→pq

−1
1 x

Yp−1,q−2
1 q−1

2 x

(7.4.27b)

Yp,x 7−→
Yp−1,µp−1→pq

−1
1 q−1

2 x

Yp,q−1
1 q−1

2 x

(7.4.27c)

where we put Y0,x = 1. We introduce the weight fields

Λi,x =
Yi,µ−1

i x

Yi−1,µ−1
i−1q

−2
1 q−1

2 x

(i = 1, . . . , p− 1) , (7.4.28a)

Λp,x =
Yp,µ−1

p xYp,µ−1
p q−1

2 x

Yp−1,µ−1
p−1q

−2
1 q−1

2 x

, (7.4.28b)

Λp+1,x =
(1 + q1)(1− q1q2)

1− q2
1q2

Yp,µ−1
p x

Yp,µ−1
p q−2

1 q−1
2 x

, (7.4.28c)

Λp+2,x =
Yp−1,µ−1

p−1q
−1
1 q−1

2 x

Yp,µ−1
p q−1

1 q−1
2 xYp,µ−1

p q−2
1 q−1

2 x

, (7.4.28d)

Λ2p+2−i,x =
Yi−1,µ−1

i−1q
−3
1 q−2

2 x

Yi,µ−1
i q−3

1 q−2
2 x

(i = 1, . . . , p− 1) (7.4.28e)

where we parametrize the mass parameters

µi = µ1→2µ2→3 · · ·µi−1→i =
i−1∏
j=1

µj→j+1 (7.4.29)

with µ1 = 1. Then the fundamental qq-character is given by

T1,x =

2p+1∑
i=1

Λi,x , (7.4.30)
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which corresponds to the (2p+ 1)-dimensional vector representation of SO(2p+ 1) =

GBp .

For example, we have three fundamental qq-characters for B3 quiver,

T1,x = Y1,x +
Y2,µ−1

2 x

Y1,q−2
1 q−1

2 x

+
Y3,µ−1

3 xY3,µ−1
3 q−1

1 x

Y2,µ−1
2 q−2

1 q−1
2 x

+ S(q1)
Y3,µ−1

3 x

Y3,µ−1
3 q−2

1 q−1
2 x

+
Y2,µ−1

2 q−1
1 q−1

2 x

Y3,µ−1
3 q−1

1 q−1
2 xY3,µ−1

3 q−2
1 q−1

2 x

+
Y1,q−3

1 q−2
2 x

Y2,µ−1
2 q−3

1 q−2
2 x

+
1

Y1,q−5
1 q−3

2 x

, (7.4.31a)

T2,µ−1
2 x

= Y2,µ−1
2 x +

Y1,q−2
1 q−1

2 xY3,µ−1
3
Y3,µ−1

3 q−1
1 x

Y2,µ−1
2 q−2

1 q−1
2 x

+
Y3,µ−1

3 xY3,µ−1
3 q−1

1 x

Y1,q−4
1 q−2

2 x

+ S(q1)
Y1,q−2

1 q−1
2 xY3,µ−1

3 x

Y3,µ−1
3 q−2

1 q−1
2 x

+ S(q1)
Y3,µ−1

3 xY3,µ−1
3 q−3

1 q−1
2 x

Y2,µ−1
2 q−4

1 q−2
2 x

+
Y2,µ−1

2 q−1
1 q−1

2 xY2,µ−1
2 q−2

1 q−1
2 x

Y1,q−4
1 q−2

2 xY3,µ−1
3 q−1

1 q−1
2 xY3,µ−1

3 q−2
1 q−1

2 x

+
Y1,q−2

1 q−1
2 xY1,q−3

1 q−2
2 x

Y2,µ−1
2 q−3

1 q−2
2 x

+ S(q1)
Y2,µ−1

2 q−1
1 q−1

2 xY3,µ−1
3 x

Y1,q−4
1 q−2

2 xY3,µ−1
3 q−2

1 q−1
2 x

+
Y1,q−2

1 q−1
2 xY2,µ−1

2 q−1
1 q−1

2 x

Y3,µ−1
3 q−1

1 q−1
2 xY3,µ−1

3 q−2
1 q−1

2 x

+ S(q1)S(q3
1q2)

Y3,µ−1
3 x

Y3,µ−1
3 q−4

1 q−2
2 x

+ S122(q1)
Y2,µ−1

2 q−1
1 q−1

2 xY3,µ−1
3 q−3

1 q−1
2 x

Y2,µ−1
2 q−4

1 q−2
2 xY3,µ−1

3 q−1
1 q−1

2 x

+ S122(q−1
1 )

Y1,q−3
1 q−2

2 xY2,µ−1
2 q−2

1 q−1
2 x

Y1,q−4
1 q−2

2 xY2,µ−1
2 q−3

1 q−2
2 x

+ S122(q1q2)
Y1,q−2

1 q−1
2 x

Y1,q−5
1 q−3

2 x

+ S(q1)
Y2,µ−1

2 q−1
1 q−1

2 x

Y3,µ−1
3 q−1

1 q−1
2 xY3,µ−1

3 q−4
1 q−2

2 x

+
Y1,q−3

1 q−2
2 xY3,µ−1

3 q−2
1 q−1

2 xY3,µ−1
3 q−3

1 q−1
2 x

Y2,µ−1
2 q−3

1 q−2
2 xY2,µ−1

2 q−4
1 q−2

2 x

+
Y2,µ−1

2 q−2
1 q−1

2 x

Y1,q−4
1 q−2

2 xY1,q−5
1 q−3

2 x

+ S(q1)
Y1,q−3

1 q−2
2 xY3,µ−1

3 q−2
1 q−1

2 x

Y2,µ−1
2 q−3

1 q−2
2 xY3,µ−1

3 q−4
1 q−2

2 x

+
Y3,µ−1

3 q−2
1 q−1

2 xY3,µ−1
3 q−3

1 q−1
2 x

Y1,q−5
1 q−3

2 xY2,µ−1
2 q−4

1 q−2
2 x

+
Y1,q−3

1 q−2
2 x

Y3,µ−1
3 q−3

1 q−2
2 xY3,µ−1

3 q−4
1 q−2

2 x

+ S(q1)
Y3,µ−1

3 q−2
1 q−1

2 x

Y1,q−5
1 q−3

2 xY3,µ−1
3 q−4

1 q−2
2 x

+
Y2,µ−1

2 q−3
1 q−2

2 x

Y1,q−5
1 q−3

2 xY3,µ−1
3 q−3

1 q−2
2 xY3,µ−1

3 q−4
1 q−2

2 x

+
1

Y2,µ−1
2 q−5

1 q−3
2 x

, (7.4.31b)

T3,µ−1
3 x = Y3,µ−1

3 x +
Y2,µ−1

2 q−1
1 q−1

2 x

Y3,µ−1
3 q−1

1 q−1
2 x

+
Y1,q−3

1 q−2
2 xY3,µ−1

3 q−2
1 q−1

2 x

Y2,µ−1
2 q−3

1 q−2
2 x

+
Y3,µ−1

3 q−2
1 q−1

2 x

Y1,q−5
1 q−3

2 x

+
Y1,q−3

1 q−2
2 x

Y3,µ−1
3 q−3

1 q−2
2 x

+
Y2,µ−1

2 q−3
1 q−2

2 x

Y1,q−5
1 q−3

2 xY3,µ−1
3 q−3

1 q−2
2 x

+
Y3,µ−1

3 q−4
1 q−2

2 x

Y2,µ−1
2 q−5

1 q−3
2 x

+
1

Y3,µ−1
3 q−5

1 q−3
2 x

.

(7.4.31c)

They correspond to 7 (vector), 21 (adjoint), and 8 (spinor) representations of SO(7) =

GB3 , respectively. There are several S-factors in the expressions which are peculiar to

the qq-character.



204 CHAPTER 7. QUIVER W-ALGEBRA

7.4.8 Cp quiver

The Cp quiver consists of p nodes with di = 1 for i = 1, . . . , p− 1 and dp = 2,

1 2 p− 2 p− 1 p (7.4.32)

The local iWeyl reflection is

Yi,x 7−→
Yi−1,µi−1→iq

−1
1 q−1

2 xYi+1,µ−1
i→i+1x

Yi,q−1
1 q−1

2 x

(i = 1, . . . , p− 1) (7.4.33a)

Yp,x 7−→
Yp−1,µp−1→pq

−1
1 q−1

2 xYp−1,µp−1→pq
−2
1 q−1

2 x

Yp,q−2
1 q−1

2 x

. (7.4.33b)

Introducing the weight fields

Λi,x =
Yi,µ−1

i x

Yi−1,µ−1
i−1q

−1
1 q−1

2 x

(i = 1, . . . , p) , (7.4.34a)

Λp+1,x =
Yp−1,µ−1

p−1q
−2
1 q−1

2 x

Yp,µ−1
p q−2

1 q−1
2 x

, (7.4.34b)

Λ2p+1−i,x =
Yi−1,µ−1

i−1q
−3
1 q−2

2 x

Yi,µ−1
i q−3

1 q−2
2 x

(i = 1, . . . , p− 1) , (7.4.34c)

the fundamental qq-character is given by

T1,x =

2p∑
i=1

Λi,x (7.4.35)

which corresponds to the 2p-dimensional representation of Sp(p) = GCp . Here we use

the same notation for the mass parameter as before (7.4.29).

The qq-characters for C3 quiver are explicitly given as follows:

T1,x = Y1,x +
Y2,µ−1

2 x

Y1,q−1
1 q−1

2 x

+
Y3,µ−1

3 x

Y2,µ−1
2 q−1

1 q−1
2 x

+
Y2,µ−1

2 q−2
1 q−1

2 x

Y3,µ−1
3 q−2

1 q−1
2 x

+
Y1,q−3

1 q−2
2 x

Y2,µ−1
2 q−3

1 q−2
2 x

+
1

Y1,q−4
1 q−3

2 x

,

(7.4.36a)

T2,µ−1
2 x

= Y2,µ−1
2 x +

Y1,q−1
1 q−1

2 xY3,µ−1
3 x

Y2,µ−1
2 q−1

1 q−1
2 x

+
Y3,µ−1

3 x

Y1,q−2
1 q−2

2 x

+
Y1,q−1

1 q−1
2 xY2,µ−1

2 q−2
1 q−1

2 x

Y3,µ−1
3 q−2

1 q−1
2 x

+
Y2,µ−1

2 q−1
1 q−1

2 xY2,µ−1
2 q−2

1 q−1
2 x

Y1,q−2
1 q−2

2 xY3,µ−1
3 q−2

1 q−1
2 x

+
Y1,q−1

1 q−1
2 xY1,q−3

1 q−2
2 x

Y2,µ−1
2 q−3

1 q−2
2 x

+ S(q1)
Y1,q−3

1 q−2
2 xY2,µ−1

2 q−1
1 q−1

2 x

Y1,q−2
1 q−2

2 xY2,µ−1
2 q−3

1 q−2
2 x

+ S(q2
1q2)

Y1,q−1
1 q−1

2 x

Y1,q−4
1 q−3

2 x

+
Y1,q−3

1 q−2
2 xY3,µ−1

3 q−1
1 q−1

2 x

Y2,µ−1
2 q−2

1 q−2
2 xY2,µ−1

2 q−3
1 q−2

2 x

+
Y3,µ−1

3 q−1
1 q−1

2 x

Y1,q−4
1 q−3

2 xY2,µ−1
2 q−2

1 q−2
2 x

+
Y1,q−3

1 q−2
2 x

Y3,µ−1
3 q−3

1 q−2
2 x

+
Y2,µ−1

2 q−1
1 q−1

2 x

Y1,q−2
1 q−2

2 xY1,q−4
1 q−3

2 x

+
Y2,µ−1

2 q−3
1 q−2

2 x

Y1,q−4
1 q−3

2 xY3,µ−1
3 q−3

1 q−2
2 x

+
1

Y2,µ−1
2 q−4

1 q−3
2 x

, (7.4.36b)
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T3,µ−1
3 x

= Y3,µ−1
3 x +

Y2,µ−1
2 q−1

1 q−1
2 xY2,µ−1

2 q−2
1 q−1

2 x

Y3,µ−1
3 q−2

1 q−1
2 x

+ S(q1)
Y1,q−3

1 q−2
2 xY2,µ−1

2 q−1
1 q−1

2 x

Y2,µ−1
2 q−3

1 q−2
2 x

+ S(q1)
Y2,µ−1

2 q−1
1 q−1

2 x

Y1,q−4
1 q−3

2 x

+
Y1,q−2

1 q−2
2 xY1,q−3

1 q−2
2 xY3,µ−1

3 q−1
1 q−1

2 x

Y2,µ−1
2 q−2

1 q−2
2 xY2,µ−1

2 q−3
1 q−2

2 x

+ S(q1)
Y1,q−2

1 q−2
2 xY3,µ−1

3 q−1
1 q−1

2 x

Y1,q−4
1 q−3

2 xY2,µ−1
2 q−2

1 q−2
2 x

+
Y1,q−2

1 q−2
2 xY1,q−3

1 q−2
2 x

Y3,µ−1
3 q−3

1 q−2
2 x

+ S(q1)
Y1,q−2

1 q−2
2 xY2,µ−1

2 q−3
1 q−2

2 x

Y1,q−4
1 q−3

2 xY3,µ−1
3 q−3

1 q−2
2 x

+
Y3,µ−1

3 q−1
1 q−1

2 x

Y1,q−3
1 q−3

2 xY1,q−4
1 q−3

2 x

+
Y2,µ−1

2 q−2
1 q−2

2 xY2,µ−1
2 q−3

1 q−2
2 x

Y1,q−3
1 q−3

2 xY1,q−4
1 q−3

2 xY3,µ−1
3 q−3

1 q−2
2 x

+ S(q1)
Y1,q−2

1 q−2
2 x

Y2,µ−1
2 q−4

1 q−3
2 x

+ S(q1)
Y2,µ−1

2 q−2
1 q−2

2 x

Y1,q−3
1 q−3

2 xY2,µ−1
2 q−4

1 q−3
2 x

+
Y3,µ−1

3 q−2
1 q−2

2 x

Y2,µ−1
2 q−3

1 q−3
2 xY2,µ−1

2 q−4
1 q−3

2 x

+
1

Y3,µ−1
3 q−4

1 q−3
2 x

.

(7.4.36c)

They correspond to the 6, 14, and another 14 dimensional representations of Sp(3) =

GC3 .

7.4.9 G2 quiver

We then consider G2 quiver, which is the minimal-rank exceptional-type quiver:

1 2
(7.4.37)

with the root length parameter

(d1, d2) = (3, 1) . (7.4.38)

The quiver Cartan matrix is in this case given by

(cij) =

(
1 + q−3

1 q−1
2 −µ−1

−µq−1
1 q−1

2 (1 + q−1
1 + q−2

1 ) 1 + q−1
1 q−1

2

)
(c

[0]
ij )
−−→

(
2 −1

−3 2

)
, (7.4.39)

with the bifundamental mass parameter µ = µ1→2 = µ−1
2→1q1q2, and its symmetrization

(bij) =

(
(1 + q1 + q2

1)(1 + q−3
1 q−1

2 ) −µ−1(1 + q1 + q2
1)

−µq−1
1 q−1

2 (1 + q−1
1 + q−2

1 ) 1 + q−1
1 q−1

2

)
(b

[0]
ij )
−−→

(
6 −3

−3 2

)
.

(7.4.40)

Then iWeyl reflection is given by

iWeyl : (Y1,x,Y2,x) 7−→

(
Y2,µ−1xY2,µ−1q−1

1 xY2,µ−1q−2
1 x

Y1,q−3
1 q−1

2 x

,
Y1,µq−1

1 q−1
2 x

Y2,q−1
1 q−1

2 x

)
, (7.4.41)
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which generates the T-operators

T1,x = Y1,x +
Y2,µ−1xY2,µ−1q−1

1 xY2,µ−1q−2
1 x

Y1,q−3
1 q−1

2 x

+
Y1,q−1

1 q−1
2 xY1,q−2

1 q−1
2 x

Y2,µ−1q−1
1 q−1

2 xY2,µ−1q−2
1 q−1

2 xY2,µ−1q−3
1 q−1

2 x

+
Y2,µ−1q−2

1 q−1
2 xY2,µ−1q−3

1 q−1
2 xY2,µ−1q−4

1 q−1
2 x

Y1,q−4
1 q−2

2 xY1,q−5
1 q−2

2 x

+
Y1,q−3

1 q−2
2 x

Y2,µ−1q−3
1 q−2

2 xY2,µ−1q−4
1 q−2

2 xY2,µ−1q−5
1 q−2

2 x

+
1

Y1,q−6
1 q−3

2 x

+ S122(q1)

[
Y2,µ−1xY2,µ−1q−1

1 x

Y2,µ−1q−3
1 q−1

2 x

+
Y1,q−2

1 q−1
2 xY2,µ−1x

Y2,µ−1q−2
1 q−1

2 xY2,µ−1q−3
1 q−1

2 x

+
Y2,µ−1xY2,µ−1q−4

1 q−1
2 x

Y1,q−5
1 q−2

2 x

+
Y1,q−1

1 q−1
2 x

Y2,µ−1q−1
1 q−1

2 xY2,µ−1q−5
1 q−2

2 x

+
Y2,µ−1q−2

1 q−1
2 xY2,µ−1q−3

1 q−1
2 x

Y1,q−4
1 q−2

2 xY2,µ−1q−5
1 q−2

2 x

+
Y2,µ−1q−4

1 q−1
2 x

Y2,µ−1q−3
1 q−2

2 xY2,µ−1q−4
1 q−2

2 x

]

+ S132(q1)
Y1,q−1

1 q−1
2 xY2,µ−1q−4

1 q−1
2 x

Y1,q−5
1 q−2

2 xY2,µ−1q−1
1 q−1

2 x

+ S132(q−1
1 )

Y1,q−2
1 q−1

2 x

Y1,q−4
1 q−2

2 x

+ S122(q1)S12(q4
1q2)

Y2,µ−1x

Y2,µ−1q−5
1 q−2

2 x

, (7.4.42a)

T2,x = Y2,x +
Y1,µq−1

1 q−1
2 x

Y2,q−1
1 q−1

2 x

+
Y2,q−2

1 q−1
2 xY2,q−3

1 q−1
2 x

Y1,µq−4
1 q−2

2 x

+ S12(q1)
Y2,q−2

1 q−1
2 x

Y2,q−4
1 q−2

2 x

+
Y1,µq−3

1 q−2
2 x

Y2,q−3
1 q−2

2 xYq−4
1 q−2

2 x

+
Y2,q−5

1 q−2
2 x

Y1,µq−6
1 q−3

2 x

+
1

Y2,q−6
1 q−3

2 x

. (7.4.42b)

These qq-characters correspond to the 14 (with extension) and 7 representations of

the exceptional Lie group G2 [BP98].

7.4.10 NS1,2 limit

Since the roles of q1 and q2 are not on equal footing for fractional quiver, there are

two possible NS limits: the NS1 limit q1 → 1, and the NS2 limit q2 → 1. Then, the

qq-character is reduced to q2-character in the NS1 limit, and q1-character in the NS2

limit. We discuss these two NS limits of the qq-character and its relation to quantum

integrable system.

q1,2-character

Let us examine BC2 quiver discussed in §7.4.6. The fundamental qq-characters are

given in (7.4.22). Recalling the behavior of the S-function in the NS limits (5.4.12),
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we obtain the q1-characters in the NS2 limit,

T
(q1)
1,x = Y1,x +

Y2,xY2,q−1
1 x

Y1,q−2
1 x

+
Y2,x

Y2,q−2
1 x

+
Y1,q−1

1 x

Y2,q−1
1 xY2,q−2

1 x

+
1

Y1,q−3
1 x

, (7.4.43a)

T
(q1)
2,x = Y2,x +

Y1,q−1
1 x

Y2,q−1
1 x

+
Y2,q−2

1 x

Y1,q−3
1 x

+
1

Y2,q−3
1 x

, (7.4.43b)

and the q2-characters in the NS1 limit,

T
(q2)
1,x = Y1,x +

(Y2,x)
2

Y1,q−1
2 x

+ 2
Y2,x

Y2,q−1
2 x

+
Y1,q−1

2 x(
Y2,q−1

2 x

)2 +
1

Y1,q−2
2 x

, (7.4.44a)

T
(q2)
2,x = Y2,x +

Y1,q−1
2 x

Y2,q−1
2 x

+
Y2,q−1

2 x

Y1,q−2
2 x

+
1

Y2,q−2
2 x

. (7.4.44b)

Counting the dimension of the modules, the q1-characters are still giving the 5 and

4 representations of SO(5)/Sp(2), while the q2-characters correspond to six and four

dimensional representations with degenerated weight terms, in particular, in T
(q2)
1,x .

This behavior of the q2-characters has a natural interpretation in the relation to AD3

quiver: They are obtained from the 6 and 4 representations of SU(4)/SO(6) = GAD3

via the folding with respect to the Z2-automorphism shown in (4.3.12).

Let us then consider G2 quiver. In this case, the fundamental qq-characters are

given in (7.4.42), and the corresponding q1,2-characters are described as follows:

T
(q1)
1,x = Y1,x +

Y2,µ−1xY2,µ−1q−1
1 xY2,µ−1q−2

1 x

Y1,q−3
1 x

+
Y1,q−1

1 xY1,q−2
1 x

Y2,µ−1q−1
1 xY2,µ−1q−2

1 xY2,µ−1q−3
1 x

+
Y2,µ−1q−2

1 xY2,µ−1q−3
1 xY2,µ−1q−4

1 x

Y1,q−4
1 xY1,q−5

1 x

+
Y1,q−3

1 x

Y2,µ−1q−3
1 xY2,µ−1q−4

1 xY2,µ−1q−5
1 x

+
1

Y1,q−6
1 x

+
Y2,µ−1xY2,µ−1q−1

1 x

Y2,µ−1q−3
1 x

+
Y1,q−2

1 xY2,µ−1x

Y2,µ−1q−2
1 xY2,µ−1q−3

1 x

+
Y2,µ−1xY2,µ−1q−4

1 x

Y1,q−5
1 x

+
Y1,q−1

1 x

Y2,µ−1q−1
1 xY2,µ−1q−5

1 x

+
Y2,µ−1q−2

1 xY2,µ−1q−3
1 x

Y1,q−4
1 xY2,µ−1q−5

1 x

+
Y2,µ−1q−4

1 x

Y2,µ−1q−3
1 xY2,µ−1q−4

1 x

+
Y1,q−1

1 xY2,µ−1q−4
1 x

Y1,q−5
1 xY2,µ−1q−1

1 x

+
Y1,q−2

1 x

Y1,q−4
1 x

+
Y2,µ−1x

Y2,µ−1q−5
1 x

, (7.4.45a)

T
(q1)
2,x = Y2,x +

Y1,µq−1
1 x

Y2,q−1
1 x

+
Y2,q−2

1 xY2,q−3
1 x

Y1,µq−4
1 x

+
Y2,q−2

1 x

Y2,q−4
1 x

+
Y1,µq−3

1 x

Y2,q−3
1 xYq−4

1 x

+
Y2,q−5

1 x

Y1,µq−6
1 x

+
1

Y2,q−6
1 x

.

(7.4.45b)
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T
(q2)
1,x = Y1,x +

Y3
2,µ−1x

Y1,q−1
2 x

+
Y2

1,q−1
2 x

Y3
2,µ−1q−1

2 x

+
Y3

2,µ−1q−1
2 x

Y2
1,q−2

2 x

+
Y1,q−2

2 x

Y3
2,µ−1q−2

2 x

+
1

Y1,q−3
2 x

+ 3

[
Y2

2,µ−1x

Y2,µ−1q−1
2 x

+
Y1,q−1

2 xY2,µ−1x

Y2
2,µ−1q−1

2 x

+
Y2,µ−1xY2,µ−1q−1

2 x

Y1,q−2
2 x

+
Y1,q−1

2 x

Y2,µ−1q−1
2 xY2,µ−1q−2

2 x

+
Y2

2,µ−1q−1
2 x

Y1,q−2
2 xY2,µ−1q−2

2 x

+
Y2,µ−1q−1

2 x

Y2
2,µ−1q−2

2 x

]
+ 4

Y1,q−1
2 xY2,µ−1q−1

2 x

Y1,q−2
2 xY2,µ−1q−1

2 x

− 2
Y1,q−1

2 x

Y1,q−2
2 x

+ 3
Y2,µ−1x

Y2,µ−1q−2
2 x

,

(7.4.46a)

T
(q2)
2,x = Y2,x +

Y1,µq−1
2 x

Y2,q−1
2 x

+
Y2

2,q−1
2 x

Y1,µq−2
2 x

+ 2
Y2,q−1

2 x

Y2,q−2
2 x

+
Y1,µq−2

2 x

Y2
2,q−2

2 x

+
Y2,q−2

2 x

Y1,µq−3
2 x

+
1

Y2,q−3
2 x

.

(7.4.46b)

From these expressions, we see that the NS2 limit provides the q1-characters of the 14

with extension and 7 of G2. On the other hand, the q2-characters obtained in the NS1

correspond to the 28 with extension and 8 representations of SO(8) = GD4 via the

Z3-folding:

1

2

3

4

1 2
(7.4.47)

TQ-relation and quantization

We then discuss the relation to the quantum integrable systems as in §5.7. We focus

on the NS2 limit of BC2 quiver for the moment. In this case, we define the Q-functions

as follows:

Y1,x =
Q1,0

Q1,−2

, Y2,x =
Q2,0

Q2,−1

, (7.4.48)

with

Qi,n = Qi,qn1 x
. (7.4.49)

The q1-characters (7.4.43) are written in terms of the Q-functions in the form of

T
(q1)
1,0 =

Q1,0

Q1,−2

+
Q1,−4

Q1,−2

Q2,0

Q2,−2

+
Q2,0

Q2,−1

Q2,−3

Q2,−2

+
Q1,−1

Q1,−3

Q2,−3

Q2,−1

+
Q1,−5

Q1,−3

, (7.4.50a)

T
(q1)
2,0 =

Q2,0

Q2,−1

+
Q1,−1

Q1,−3

Q2,−2

Q2,−1

+
Q1,−5

Q1,−3

Q2,−2

Q2,−3

+
Q2,−4

Q2,−3

, (7.4.50b)
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These expressions are combined into the TQ-relation

Q2,−1Q2,−4 − T2,0Q2,−1Q2,−3 + (T1,0Q2,−1Q2,−2 + Q2,0Q2,−3)

− T2,−1Q2,0Q2,−2 + Q2,1Q2,−2 = 0 , (7.4.51)

which is schematically interpreted as quantization of the algebraic curve (quantum

curve) given as the zero locus of the algebraic function

H(x, y) = y4 − T2,0 y
3 + (T1,0 + 1) y2 − T2,−1 y + 1 . (7.4.52)

This is the characteristic polynomial of the Lax matrix associated with the four-

dimensional representation of SO(5)/Sp(2).

Bethe equation

Applying the saddle point analysis to the NS2 limit of fractional quiver theory as in

§5.8, we obtain the Bethe equation for the spin chain with generic symmetry GΓ for

Γ = ABCDEFG [CK18b],

Pi,x

P̃i,x
= −qi

∏
j∈Γ0

Q
j,− 1

2
b
[0]
ij

Q
j,+ 1

2
b
[0]
ij

, x ∈ Xi , (7.4.53)

where (b
[0]
ij )i,j∈Γ0 is the (classical analog of) symmetrized Cartan matrix (2.4.17b) [RW87].

Compared to the simply-laced case (5.8.2), the Cartan matrix is replaced by its sym-

metrization.

Applying the saddle point analysis to the NS1 limit, on the other hand, we instead

obtain a degenerated Bethe equation obtained from a naive folding trick from the

corresponding simply-laced quiver. For example, we obtain the following equation

from BC2 quiver in the NS1 limit:

P1,x

P̃1,x

= −q1
Q1,−1

Q1,+1

(
Q2,+1/2

Q2,−1/2

)2

,
P2,x

P̃2,x

= −q2
Q2,−1

Q2,+1

Q1,+1/2

Q1,−1/2

. (7.4.54)

In particular, the Bethe equation for the node i = 1 contains a degenerated factor(
Q2,+1/2/Q2,−1/2

)2
. From the folding perspective, this term is obtained by identification

of the nodes i = 1, 3 of AD3 quiver. See also [DHKM17] for a related discussion.

7.5 Affine quiver W-algebra

The formalism of quiver W-algebra is applicable not only to the finite-type, but also

affine quivers. We now see that a new family of W-algebras is constructed from

affine quiver gauge theory. In this Section, we focus on the A-type affine quivers

for simplicity, but the formalism discussed here is applicable to any affine quivers,

including the twisted ones together with the fractional quiver formalism in §7.4.
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7.5.1 Â0 quiver

We consider Â0 quiver, which is the simplest affine quiver. Let µ = em ∈ C× be the

multiplicative adjoint mass parameter. The quiver Cartan matrix is given by

c = 1 + q−1 − µ−1 − µq−1 = (1− µ−1)(1− µq−1) = (1− q3)(1− q4) (7.5.1)

where q3,4 is defined in (5.4.21). Then, the oscillators for the screening current (6.2.9),

the Y-operator (6.2.44), and the A-operator (6.2.54) are given as follows:

[s1,n , s1,n′ ] = − 1

n

1− qn1
1− q−n2

(1− qn3 )(1− qn4 ) δn+n′,0 , (7.5.2a)

[y1,n , y1,n′ ] = − 1

n

(1− qn1 )(1− qn2 )

(1− q−n3 )(1− q−n4 )
δn+n′,0 , (7.5.2b)

[a1,n , a1,n′ ] = − 1

n
(1− qn1 )(1− qn2 )(1− qn3 )(1− qn4 ) δn+n′,0 . (7.5.2c)

In particular, the a-mode commutation relation is totally symmetric among (q1, q2, q3, q4),

and the OPE between the A-operators is given by

A1,xA1,x′ =
S(q3x

′/x)S(q4x
′/x)

S(x′/x)S(q34x′/x)
: A1,xA1,x′ :

=
1− (x′/x)± q12,23,31

1− (x′/x)± q1,2,3,4

(
1− (x′/x)

±
)

: A1,xA1,x′ : . (7.5.3)

We remark this OPE factor appears in the contour integral formula of the instanton

partition function for Â0 quiver theory (2.2.27). See also the discussion in §7.6.1. The

structure function is given in this case as

f(z) = exp

(
∞∑
n=1

1

n

(1− qn1 )(1− qn2 )

(1− qn3 )(1− qn4 )
zn

)
(7.5.4)

obeying the relation

f(z)f(q34z)

f(q3z)f(q4z)
= S12(z) . (7.5.5)

We define an operator analog of the weight function (5.4.24),

Λλ = : Y1,x

∏
(s3,s4)∈λ

Y
1,q

s3
3 q

s4−1
4 x

Y
1,q

s3−1
3 q

s4
4 x

Y
q
s3−1
3 q

s4−1
4 x

Y1,q
s3
3 q

s4
4 x

:

= :
∏

(s3,s4)∈∂+λ

Y
q
s3−1
3 q

s4−1
4 x

∏
(s3,s4)∈∂−λ

Y−1
q
s3
3 q

s4
4 x

: . (7.5.6)

Then, the generating current of the affine quiver W-algebra Wq1,2,µ(Â0) is given by the

qq-character derived in §5.4.3,

T1,x =
∑
λ

q
|λ|
1 Z34[λ] Λλ . (7.5.7)
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In contrast to the finite-type quiver W-algebras, the generating current is an infinite

series of the weight operators since it is associated with the Fock module parametrized

by the partition.

7.5.2 Âp−1 quiver

Let us briefly mention Âp−1 quiver W-algebra. In this case, the qq-character integral

formula (5.5.5) in §5.5.2 agrees with the contour integral formula (2.3.31) derived in

§2.3. Hence, the generating currents (Ti,x)i=0,...,p−1 are described as U(1) instanton

partition functions on Â0 quiver theory on C2/Zp with equivariant parameters ε3,4.

We remark that there are p possible realizations of U(1) theory with respect to the

irreducible representation of Zp as discussed in §2.3.2.

7.6 Integrating over quiver variety

We have discussed the quantum algebraic structure of gauge theory based on the in-

stanton partition function. As shown in §1.7 and §2.2, the instanton partition function

has the contour integral description as well. From this point of view, it is natural to

ask what is the role of the quantum algebra in such a contour integral formula of

the instanton partition function. In this Section, we show that the contour integral

formula associated with the instanton moduli space and the quiver variety has a con-

cise description in terms of the vertex operators used in the construction of quiver

W-algebras [Kim20].

7.6.1 Instanton partition function

We start with the contour integral formula of the instanton partition function for quiver

gauge theory (2.2.13). In particular, we are now interested in the 5d theory convention

to show its relation to the quantum algebraic perspective. Using the reflection formula

for the S-function (1.9.28), we have the following expression for the contour integral:

Z inst
n,k =

∏
i∈Γ0

1

ki!

(
1− q

1− q1,2

)ki ∮
TK

∏
x∈X

dx

2πix

P f
i(x),xP̃

af
i(x),qx

Pi(x),xP̃i(x),qx

∏
e:i(x)→j

Pj,µex
∏

e:j→i(x)

P̃j,µ−1
e qx

×
∏
i∈Γ0

∏
x≺x′∈X i×X i

S

(
x′

x

)−1

S

(
q−1x

′

x

)−1

×
∏
e∈Γ1
e:i→j

∏
(x,x′)∈X i×X j

S

(
µeq

−1x
′

x

) ∏
e∈Γ1
e:j→i

∏
(x,x′)∈X i×X j

S

(
µ−1
e

x′

x

)
, (7.6.1)
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where we define a set of the integral variables,

X =
⊔
i∈Γ0

X i , X i = {xi,α,a}α=1,...,ni,a=1,...,ki
. (7.6.2)

Compared to the OPE between the A-operators (6.2.55), all the S-factors are repro-

duced from the A-operator OPE, and the remaining factors are also obtained from

the OPE between the operators A and V. Hence, we arrive at the chiral correlator

representation of the contour integral formula:

Z inst
n,k =

∏
i∈Γ0

1

ki!

(
1− q

1− q1,2

)ki ∮
TK

∏
x∈X

dx

2πix
〈V(n,naf) | :

∏
x∈X

A−1
i(x),x : | V(n,nf) 〉/〈V(n,naf) | V(n,nf) 〉

(7.6.3)

with

|V(n,nf) 〉 = :
∏
x∈N

Vi(x),x

∏
e:i→j

∏
x∈Nj

Vi,x
∏
x∈M

V−1
i(x),x : | 0 〉 , (7.6.4a)

〈V(n,naf) | = 〈 0 | :
∏
x∈N

Vi(x),q−1x

∏
e:j→i

∏
x∈Nj

Vi,q−1x

∏
x∈M̃

V−1
i(x),q−1x : (7.6.4b)

where (M,M̃) is the set of the (anti)fundamental mass parameters (2.2.8), and we

define a set of the Coulomb moduli parameters

N =
⊔
i∈Γ0

Ni , Ni = (eai,1 , . . . , eai,ni ) . (7.6.5)

We remark this definition of the V-state (7.6.4b) is slightly different from the previous

one (6.2.37).

In order to express the contour integral more concisely, we define the A-operator

charge, denoted by (Wi)i∈Γ0 ,

Wi = qi

(
1− q

1− q1,2

)∮
dx

2πix
A−1
i,x . (7.6.6)

Then, the partition function has a formal expression

qk Z inst
n,k =

∏
i∈Γ0

1

ki!
〈V(n,naf) | :

∏
i∈Γ0

Wki
i : | V(n,nf) 〉/〈V(n,naf) | V(n,nf) 〉 . (7.6.7)

Furthermore, summation over all the topological sectors ki ∈ Z≥0 leads to the expo-

nential form,

Z =
∑
k

qk Z inst
n,k

=
∑
k

∏
i∈Γ0

1

ki!
〈V(n,naf) | :

∏
i∈Γ0

Wki
i : | V(n,nf) 〉/〈V(n,naf) | V(n,nf) 〉

= 〈V(n,naf) | :
∏
i∈Γ0

eWi : | V(n,nf) 〉/〈V(n,naf) | V(n,nf) 〉 . (7.6.8)
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Although it is a formal expression, we remark similarities of this expression to the

several formulas in the literature, e.g., the Dotsenko–Fateev integral formula for the

correlation function in 2d CFT [DF84, DF85], the Fourier transform of the gauge

theory partition function, known as the dual partition function [NO06], the W-operator

representation of the matrix integral [MS09], and the partition function as the norm

of the Gaiotto–Whittaker state [Gai13]. Actually such an expression is often found

in the context of the integrable hierarchy as the corresponding τ -function. It would

be interesting to pursue the connection between the formula presented here and other

similar formulas.

7.6.2 qq-character

Another application of the vertex operator formalism is the qq-character [Kim20],

which is given as the integral over the quiver variety as shown in §5.5.2. In fact, all

the factors in the integral formula (5.5.5) are reproduced by the OPE factors of the

operators Y and A shown in (6.2.55), and thus we arrive at a simple integral formula

qv Tw,v;x =
∏
i∈Γ0

qvii
vi!

[−ε12]vi

[−ε1,2]vi

∮ ∏
φ∈φ

dφ

2πiφ
Yw,xA

−1
i(φ),φ = Yw,x

∏
i∈Γ0

1

vi!
Wvi
i . (7.6.9)

Furthermore, the total qq-character, which is a summation over the dimension vector

v, is similarly expressed in the exponential form as before:

Tw,x =
∑
v

qv Tw,v;x = Yw,x
∏
i∈Γ0

eWi . (7.6.10)

From the representation theoretical point of view, Yw,x plays a role of the highest

weight operator, and the summation over the dimension vector v corresponds to the

summation over the Weyl orbit, and thus the operator
∏
i∈Γ0

eWi is interpreted as the

Weyl reflection generating operator, which terminates for the finite-type quiver, but

generates an infinite series for the affine quiver. Since the qq-character plays a role of

the generating current of the quiver W-algebra Wq1,2(Γ), all the generating currents

are written in the form of (7.6.10). In this sense, it provides a master formula for the

generating currents of the quiver W-algebra Wq1,2(Γ).
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Chapter 8

Quiver elliptic W-algebra

The quantum algebraic structure emerging from the moduli space of gauge theory is

not unique to 5d N = 1 gauge theory. As shown in §4.6.2, 6d N = (1, 0) gauge

theory compactified on a torus has a similar geometric description, and it is natural to

explore the underlying quantum algebraic structure of it.1 From the correspondence

between gauge theory and integrable system, 6d N = (1, 0) theory corresponds to

elliptic system. In this Chapter, applying the approach used in 5d theory, we will show

that an elliptic deformation of W-algebras, Wq1,2,p(gΓ), plays a role of the underlying

algebraic structure of 6d N = (1, 0) theory [KP18b]. We will also mention a possible

realization of elliptic theory based on the q-deformed vertex operator description, and

relation to the elliptic quantum group.

8.1 Operator formalism

In order to see the underlying algebraic structure of 6d gauge theory compactified on

a torus, we again apply the operator formalism discussed in Chapter 6. We will show

that the doubled Fock space is necessary to describe the elliptic correlation function.

8.1.1 Doubled Fock space

We define a pair of the Heisenberg algebras,

H =
⊕
σ=±

Hσ , Hσ = (t
(σ)
i,n , ∂

(σ)
i,n )i∈Γ0,n≥1 (8.1.1)

with the commutation relation

[∂
(σ)
i,n , t

(σ′)
j,n′ ] = δij δn,n′ δσ,σ′ . (8.1.2)

1The quantum algebra associated with 4d N = 2 has been recently discussed [NZ20].
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Then, we define the doubled Fock space generated by the Heisenberg algebras (the

doubling trick [CS73], also related to the thermofield double):

F =
⊕
σ=±

Fσ , Fσ = C[[t
(σ)
i,n , ∂

(σ)
i,n ]] | 0 〉 . (8.1.3)

8.1.2 Screening current

We define the doubled version of the screening current to construct the 6d gauge theory

partition function,

Si,x = : exp

si,0 + s̃i,0 −
κi
2

(log q2x− 1) log x+
∑
n∈Z6=0

(
s

(+)
i,n x

−n + s
(−)
i,n x

+n
) :

(8.1.4)

where the s-modes are explicitly given as

s
(±)
i,−n =

1− q±n1

1− p±n
t
(±)
i,n , si,0 = ti,0 , s

(±)
i,n = ∓ 1

n

1

1− q∓n2

c
[±n]
ji ∂

(±)
j,n (8.1.5)

obeying the commutation relation[
s

(±)
i,n , s

(±)
j,n′

]
= ∓ 1

n

1− q±n1

(1− p±n)(1− q∓n2 )
c

[±n]
ji δn+n′,0 ,

[
s̃i,0 , s

(±)
j,n′

]
= −β c[0]

ji δn,0 .

(8.1.6)

Then, following the same argument as in §6.2.1, the vev of the screening current pair

is given by

〈 0 |Si,xSj,x′ | 0 〉 = exp

(
−β c[0]

ji log x′ −
∞∑
m6=0

1− qm1
m(1− pm)(1− q−m2 )

c
[m]
ji

x′m

xm

)
. (8.1.7)

One can see that this pair contribution is rewritten in terms of the elliptic function

summarized in §A.3. In this case, we have the same parameter shift as before (6.2.22),

and we have to impose the condition for the bare Chern–Simons level

κi =
∑
j∈Γ0

c
+[0]
ij nj (8.1.8)

to cancel the “renormalized” Chern–Simons level due to the shift (6.2.22b).

8.1.3 Z-state

The t-extended partition function for 6d gauge theory is given as a summation over

the instanton configurations,

Z(t) =
∑
X∈MT

ZX (t) , (8.1.9)
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which defines the Z-state through the operator-state correspondence

|Z 〉 = Z(t) | 0 〉 . (8.1.10)

We can apply the same argument as in §6.2.2 to the current case, and we define the

screening charge (6.2.27). Then, we obtain the t-extended partition function as an

infinite radial ordering product (6.2.5) over the screening charges

Z(t) =
�∏
x∈X̊

Si(x),x , (8.1.11)

and the corresponding Z-state

|Z 〉 =
�∏
x∈X̊

Si(x),x | 0 〉 . (8.1.12)

The partition function at t = 0 is given as a chiral correlator of the screening charges

by closing with the dual vacuum,

Z = 〈 0 |
�∏
x∈X̊

Si(x),x | 0 〉 . (8.1.13)

The fundamental matter contributions are similarly reproduced by the V-operators as

discussed in §8.3.1.

We remark that the partition function consists of infinitely many screening charges.

As discussed in §6.2.2, the truncation corresponds to the Higgsing process to obtain

3d (2d) theory from 5d (4d) theory. Applying the same argument to 6d N = (1, 0)

theory, we obtain 4d N = 1 theory on C× T 2. See [LNZ18] for a related discussion.

8.2 Trace formula

The chiral correlator for 6d theory (8.1.13) can be written as the trace form in terms

of the operators of the 5d theory (up to a normalization factor, which can be absorbed

by redefinition of the gauge coupling constant),

Z = Tr

pL0

�∏
x∈X̊

S5d
i(x),x

 . (8.2.1)

Here the trace is taken over the Fock space F with respect to the 5d time variables

(ti,n)i∈Γ0,n∈Z>0 , and the screening charge is also defined with the oscillators used in 5d

theory discussed in Chapter 6. The energy operator L0 is defined

L0 =
∑
i∈Γ0

∞∑
n=1

n ti,n ∂i,n . (8.2.2)
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The derivation of the trace formula (8.2.1) is presented in the following.

Recall that the screening current correlator which gives the 5d gauge theory parti-

tion function is

〈 0 |S5d
i,xS

5d
j,x′ | 0 〉 = exp

(
−
∞∑
m=1

1

m

1− qm1
1− q−m2

c
[m]
ji

x′m

xm

)
. (8.2.3)

Here we omit the zero mode contribution for brevity. There are two options to deform

the 5d index to the elliptic 6d index (1.8.20).

The first option is to modify the oscillator algebra in such a way that the normal

ordering produces the elliptic correlation function, as defined in §8.1.2,

〈 0 |S6d
i,xS

6d
j,x′ | 0 〉 = exp

(
−
∑
m 6=0

1− qm1
m(1− pm)(1− q−m2 )

c
[m]
ji

x′m

xm

)
. (8.2.4)

The second option is to keep the free field oscillator commutation relations of the 5d

theory, but change the definition of the correlation function to the trace as follows:〈
S5d
i,xS

5d
j,x′

〉
torus

= Tr
[
pL0S5d

i,xS
5d
j,x′

]
. (8.2.5)

The proof of the equivalence

〈 0 |S6d
i,xS

6d
j,x′ | 0 〉 = Tr

[
pL0S5d

i,xS
5d
j,x′

]
, (8.2.6)

is shown in §8.2.2. Then the trace formula (8.2.1) follows.

The physical meaning is as follows. For 5d gauge theory we use the cylindrical

spacetime to compute the partition function, as shown in the top panel of Fig. 8.1.

For 6d gauge theory we use the toric spacetime obtained by the identification (4.6.16),

illustrated in the LHS of Fig. 8.1 (bottom). This corresponds to (8.1.13), and is

equivalent to taking the trace with the operator pL0 inserted. This trace formula (8.2.1)

is also consistent with the S-duality in elliptic theory [MMZ16, IKY15, Nie17] discussed

in §4.6.2 because the dual theory is N = 2∗ theory (or cyclic quiver theory), whose

partition function is given by the torus conformal block via the q-version of the AGT

relation [AGT10, AY10a].

8.2.1 Coherent state basis

In order to obtain the torus correlation function to show the equivalence (8.2.6), we

introduce the coherent state basis. The argument in this part is essentially based on

the textbook [GSW87].
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× ×

× ×〈 0 | | 0 〉
�∏
x∈X̊

S5d
i(x),x

= ×

×〈 0 |
∣∣Z5d

〉

· · · · · ·

· · · · · ·

=

=× ×〈 0 | | 0 〉
�∏
x∈X̊

S6d
i(x),x

p−1x x px

Tr pL0 ×

(8.2.1)

Figure 8.1: Conformal blocks as the partition function of 5d (top) and 6d theory

(bottom). The 6d block has two equivalent expressions.

For the oscillator algebra generated by (t, ∂t) with [∂t, t] = 1, we consider the

coherent state basis in the Fock space

|n 〉 =
tn√
n!
| 0 〉 , 〈n | = 〈 0 | ∂

n

√
n!
, |z) = ezt | 0 〉 , (z| = 〈 0 | ez∗∂ . (8.2.7)

The normalization is

〈n | m 〉 = δn,m , ( z | w ) = ez
∗w . (8.2.8)

The states in (8.2.7) are eigenstates of the filling number operator t∂ |n 〉 = n |n 〉 and

the annihilation/creation operators ∂|z) = z|z), (z|t = (z|z∗. Notice that the operator

at∂t acts on the states |z) and (z| as,

at∂t|z) = |az) , (z|at∂t = (a∗z| . (8.2.9)

The identity operator can be expressed in terms of the coherent state basis:

1 =
1

π

∫
d2z |z)e−|z|

2

(z| (8.2.10)

where

〈n | 1 | m 〉 = δn,m , (8.2.11)
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so that the trace of an operator over the Fock space is given by

TrO =
1

π

∫
d2z e−|z|

2

( z | O | z ) . (8.2.12)

Then we find the formula [Yam06]

Tr
[
at∂eb∂ect

]
=

1

1− a
exp

(
abc

1− a

)
(8.2.13)

since we have

1

π

∫
d2z e−|z|

2 (
z | at∂tebtec∂t | z

)
=

1

π

∫
d2z e−(1−a)|z|2+abz∗+cz . (8.2.14)

8.2.2 Torus correlation function

Let us compute the torus correlation function (8.2.5). The product of the 5d screening

currents is given by

S5d
i,xS

5d
j,x′ = exp

(
−
∞∑
m=1

1

m

1− qm1
1− q−m2

c
[m]
ji

x′m

xm

)
: S5d

i,xS
5d
j,x′ : . (8.2.15)

Then we compute the trace part

Tr
[
pL0 : S5d

i,xS
5d
j,x′ :

]
= Tr

[(∏
i′∈Γ0

∞∏
n=1

pnti′,n∂i′,n

)
exp

(
∞∑
n=1

(1− qn1 ) (xnti,n + x′ntj,n)

)

× exp

(
∞∑
n=1

− 1

n(1− q−n2 )

(
x−nc

[n]
ki ∂k,n + x′−nc

[n]
lj ∂l,n

))]

= exp

(
∞∑
n=1

(
− 1− qn1
n(1− q−n2 )

pn

1− pn
c

[n]
ji

x′n

xn
+

1− q−n1

n(1− qn2 )

1

1− p−n
c

[−n]
ji

xn

x′n

))
× const (8.2.16)

where we have used the formulas (8.2.13) and (2.2.38), and the constant term does

not contain x nor x′. Thus we obtain the torus correlator

Tr
[
pL0S5d

i,xS
5d
j,x′

]
= exp

(
−
∑
n6=0

1− qn1
n(1− q−n2 )(1− pn)

c
[n]
ji

x′n

xn

)
. (8.2.17)

This is equivalent to (8.2.4), and proves the relation (8.2.6).

8.2.3 Connection to elliptic quantum group

It has been known that the q-deformation of W-algebra has a close connection with the

elliptic quantum algebra Uq,p(ĝ): The screening current of Wq1,2(g) obeys essentially
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the same relation to the elliptic currents ei(z) and fi(z) of Uq,p(ĝ) [FF96].2 The

relations for generic g are found in [FKO15]. We see from (8.2.3) that the 5d screening

current yields

S5d
i,xS

5d
j,x′ = S5d

j,x′S
5d
i,x × exp

(
−
∑
m 6=0

1

m

1− qm1
1− q−m2

c
[m]
ji

(
x′

x

)m)
(8.2.18)

where we omitted the zero mode factors for simplicity. One can rewrite the OPE

factor using the theta function (A.3.1) as in §6.2.4. Swapping q1 ↔ q2 corresponds to

swapping the currents ei(z)↔ fi(z).

From (8.2.4), on the other hand, we obtain exactly the same relation for the 6d

screening currents

S6d
i,xS

6d
j,x′ = S6d

j,x′S
6d
i,x × exp

(
−
∑
m 6=0

1

m

1− qm1
1− q−m2

c
[m]
ji

(
x′

x

)m)
(8.2.19)

This coincidence implies that both the q-deformation Wq1,2(g) and the elliptic de-

formation Wq1,2,p(g) belong to the same realization of the elliptic quantum algebra

Uq,p(ĝ).

8.3 More on elliptic vertex operators

We then discuss the elliptic vertex operators to explore the algebraic structure for 6d

gauge theory. We will see that the previous argument in 5d is almost applicable to

the present case.

8.3.1 V-operator

We can incorporate the (anti)fundamental matter contribution in the operator formal-

ism by considering another vertex operator,

Vi,x = : exp

(∑
n6=0

(
v

(+)
i,n x

−m + v
(−)
i,n x

+m
))

: . (8.3.1)

The oscillators are taken to be

v
(±)
i,−n

n>0
= − 1

1− p±n
c̃

[±n]
ji t

(±)
j,n , v

(±)
i,n

n>0
= ± 1

n

1(
1− q±n1

) (
1− q±n2

)∂(±)
i,n , (8.3.2)

with the commutation relation[
v

(±)
i,n , s

(±)
j,n′

]
= ± 1

n(1− p±n)(1− q±n2 )
δij δn+n′,0 . (8.3.3)

2See also [Kon20] for a recent monograph on the elliptic quantum group.
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The product of the V-operator and the screening current behaves

Si,x′Vi,x = Γe

(
q2
x

x′
; p, q2

)−1

: Vi,xSi,x′ : , (8.3.4a)

Vi,xSi,x′ = Γe

(
x′

x
; p, q2

)
: Vi,xSi,x′ : , (8.3.4b)

which corresponds to the fundamental and antifundamental matter factors, respec-

tively, while the OPE of the V-operators does not yield dynamical contribution. The

t-extended partition function with the (anti)fundamental matter factors is given by

|Z 〉 = :
∏
x∈M̃

Vi(x),q−1x :

 �∏
x∈X̊

Si(x),x

 :
∏
x∈M

Vi(x),x : | 0 〉 (8.3.5)

which is formally equivalent to the previous expression (6.2.35).

We again remark that, for the modular invariance of the non-extended partition

function Z = 〈 0 | Z 〉, which is a conformal block of W(Γ)-algebra, we have to take

into account the conformal condition (4.6.18), although the Z-state (8.3.5) is not

necessarily modular invariant by itself.

8.3.2 Y-operator

In order to construct the W-algebras we define the elliptic analog of the Y-operators,

Yi,x = qρ̃i1 : exp

yi,0 + (c̃ji)
[0] κj log x+

∑
n∈Z6=0

(
y

(+)
i,n x

−n + y
(−)
i,n x

+n
) : , (8.3.6)

where ρ̃i is the Weyl vector defined by ρ̃i =
∑

j∈Γ0
c̃

[0]
ji , and (c̃ij) is the inverse of mass-

deformed Cartan matrix (cij) as before. In the following, we impose the condition

(8.1.8) for the Chern–Simons levels.

The oscillators y
(±)
i,n are defined in terms of (t

(±)
i,n , ∂

(±)
i,n ) similarly to (6.2.43),

y
(±)
i,−n

n>0
=

(1− q±n1 )(1− q±n2 )

1− p±n
c̃

[∓n]
ji t

(±)
j,n , (8.3.7a)

y
(±)
i,n

n>0
= ∓ 1

n
∂

(±)
i,n , (8.3.7b)

yi,0 = −tj,0 c̃[0]
ji log q2 , (8.3.7c)

with the commutation relation:[
y

(±)
i,n , y

(±)
j,n′

]
= ∓ 1

n

(1− q±n1 )(1− q±n2 )

1− p±n
c̃

[∓n]
ji δn+n′,0 . (8.3.8)
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We remark the same relation holds to the v-modes as before (6.2.45),

y
(±)
i,n = −

(
1− q±n1

) (
1− q±n2

)
v

(±)
i,n . (8.3.9)

In terms of the free field s
(±)
i,n , we have

y
(±)
i,n

n6=0
= (1− q∓n2 ) c̃

[±n]
ji s

(±)
j,n , yi,0 = − log q2 c̃

[0]
ji sj,0 , (8.3.10)

with the commutation relations between the y- and s-modes[
y

(±)
i,n , s

(±)
j,n′

]
= ∓ 1

n

1− q±n1

1− p±n
δn+n′,0δij , [s̃i,0 , yj,0] = −δij log q1 . (8.3.11)

This leads to the normal ordered product (with the ordering |x| > |x′|)

Yi,xSj,x′ = : Yi,xSj,x′ :×


θ(x′/x; p)

θ(q1x′/x; p)
(i = j)

1 (i 6= j)

(8.3.12)

The expectation value of the Y-function has infinitely many poles at x = x′q1p
Z for each

instanton configuration X ∈ MT that corresponds to the arguments of the screening

currents:

〈 0 |Yi,x
�∏

x′∈X

Si(x′),x′ | 0 〉 = qρ̃i1

(∏
x′∈Xi

θ(x′/x; p)

θ(q1x′/x; p)

)
〈 0 |

�∏
x′∈X

Si(x′),x′ | 0 〉 . (8.3.13)

On the other hand, for |x| < |x′|, we have

Sj,x′Yi,x = : Sj,x′Yi,x :×

q
−1
1

θ(x/x′; p)

θ(q−1
1 x/x′; p)

(i = j)

1 (i 6= j)

. (8.3.14)

Therefore the commutator gives rise to

[Yi,x , Si,x′ ] =

(
θ(x′/x; p)

θ(q1x′/x; p)
− q−1

1

θ(x/x′; p)

θ(q−1
1 x/x′; p)

)
: Yi,xSi,x′ :

=
θ(q−1

1 ; p)

(p; p)2
∞

δ(q1x
′/x) : Yi,xSi,x′ : , (8.3.15)

which reproduces the previous result (6.2.48) in the limit p→ 0. The last expression

is due to the relation

θ(az; p)

θ(z; p)
=
θ(a; p)

(p; p)2
∞

∑
n∈Z

zn

1− apn
, (8.3.16)

which is obtained from the identity (A.3.6). This means that, in the limit q1 → 1, the

Y-operator commutes with the screening current, and it reproduces a commutative

algebra [NPS18].
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8.3.3 A-operator

We then define the elliptic analog of the A-operator similarly to other vertex operators:

Ai,x = q1 : exp

ai,0 + κi log x+
∑
n∈Z 6=0

(
a

(+)
i,n x

−n + a
(−)
i,n x

+n
) : , (8.3.17)

with the free field realization

a
(±)
i,−n = (1− q±n1 )(1− q±n2 ) t

(±)
i,n , ai,0 = − log q2 ti,0 , a

(±)
i,n = ∓ 1

n
c

[±n]
ji ∂

(±)
j,n (n ≥ 1) ,

(8.3.18)

obeying the commutation relation[
a

(±)
i,n , a

±
j,n′

]
= ∓ 1

n
(1− q±n1 )(1− q±n2 ) c

[±n]
ji δn+n′,0 . (8.3.19)

We obtain the same OPE factors between the A-operators (6.2.55) and with the Y

operator (6.2.57) by replacing the S-function with the elliptic one (1.9.27). The OPE

with the V operator is given by replacing the rational factor with the theta function,

Vi,xAj,x′ = θ

(
x′

x
; p

)−δij
: Vi,xAj,x′ : , Aj,x′Vi,x = θ

( x
x′

; p
)−δij

: Aj,x′Vi,x : . (8.3.20)

8.4 T-operator

Since we have the same relation between the operators A, Y, and the screening current,

Ai,x = : Yi,xYi,qx
∏
e:i→j

Y−1

j,µ−1
e qx

∏
e:j→i

Y−1
j,µex

: = q1 : Si,xS
−1
i,q2x

: , (8.4.1)

we can apply the iWeyl reflection and the pole cancellation mechanism to construct

the holomorphic T-operator, as a generating current of the elliptic deformation of

W-algebra, Wq1,2,p(gΓ):

Ti,x = Yi,x + : Yi,xA
−1
i,q−1x : + · · · =

∑
n∈Z

Ti,n x
−n . (8.4.2)

Let us discuss the explicit construction with examples as follows.

8.4.1 A1 quiver

The generating current for A1 quiver is given as follows:

T1,x = Y1,x + Y−1
1,q−1 , (8.4.3)
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where the expression in terms of the Y-operators itself is formally equivalent to that

discussed in §7.3.1. This T-operator obeys the OPE relation:

f

(
x′

x

)
T1,xT1,x′ − f

( x
x′

)
T1,x′T1,x = −θ(q1; p)θ(q2; p)

(p; p)2
∞θ(q; p)

(
δ

(
q
x′

x

)
− δ

(
q−1x

′

x

))
,

(8.4.4)

where the structure function is given by

f(z) = exp

 ∑
n∈Z6=0

1

n

(1− qn1 )(1− qn2 )

(1− pn)(1 + qn)
zn

 (8.4.5)

with the relation f(z)f(qz) = S(z). This elliptic algebra is known to be an elliptic

deformation of the Virasoro algebra, Virq1,2,p = Wq1,2,p(A1) [Nie17].

8.4.2 A2 quiver

We then consider A2 quiver. In this case, as discussed in §7.3.2, we have two T-

operators,

f11

(
x′

x

)
T1,xT1,x′ − f11

( x
x′

)
T1,x′T1,x

= −θ(q1; p)θ(q2; p)

(p; p)2
∞θ(q; p)

(
δ

(
q
x′

x

)
T2,µ−1x − δ

(
q−1x

′

x

)
T2,µq−1x

)
, (8.4.6a)

f12

(
x′

x

)
T1,xT2,x′ − f21

( x
x′

)
T2,x′T1,x

= −θ(q1; p)θ(q2; p)

(p; p)2
∞θ(q; p)

(
δ

(
µq
x′

x

)
− δ

(
µq−2x

′

x

))
, (8.4.6b)

f22

(
x′

x

)
T2,xT2,x′ − f22

( x
x′

)
T2,x′T2,x

= −θ(q1; p)θ(q2; p)

(p; p)2
∞θ(q; p)

(
δ

(
q
x′

x

)
T1,µq−1x − δ

(
q−1x

′

x

)
T1,µx

)
. (8.4.6c)

with the structure function

fij(z) = exp

 ∑
n∈Z6=0

1

n

(1− qn1 )(1− qn2 )

1− pn
c̃

[−n]
ji zn

 . (8.4.7)

The OPE between the Y-operators is given by

Yi,xYj,x′ = fij

(
x′

x

)−1

: Yi,xYj,x′ : . (8.4.8)

The elliptic algebra generated by (T1,x,T2,x) is an elliptic deformation of W3 algebra,

Wq1,2,p(A2).
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Appendix A

Special functions

We summarize the special functions used in the manuscript.

A.1 Gamma functions

We define the Barnes zeta function for (εi)i=1,...,k for Re(s) > k and Re(εi) > 0:

ζk(s, z; ε1, . . . , εk) =
∑

n1,...,nk≥0

1

(z + n1ε1 + · · ·+ nkεk)s
. (A.1.1)

Then, the multiple gamma function is defined as

Γk(z; ε1, . . . , εk) = exp

(
∂

∂s

∣∣∣∣∣
s=0

ζk(s, z; ε1, . . . , εk)

)
=

∏
n1,...,nk≥0

1

z + n1ε1 + · · ·+ nkεk
. (A.1.2)

Precisely speaking, the infinite product in the second line should be a formal expression

since the corresponding series expansion is available only for Re(s) > k. Nevertheless,

we interpret this as the zeta function regularization of the infinite product. This

gamma function is constructed to obey a functional relation

Γk(z + εi; ε1, . . . , εk)

Γk(z; ε1, . . . , εk)
= Γk−1(z; ε1, . . . , ε̌i, . . . , εk) (A.1.3)

where ε̌i means that the dependence on εi on the right hand side is removed. We

remark that the gamma function Γk(z; ε1, . . . , εk) has poles at z+n1ε1 + · · ·+nkεk = 0

and no zero.

The degree-one case is related to the standard definition of the gamma function:

Γ1(z; ε) =
εz/ε−

1
2

√
2π

Γ(z/ε) . (A.1.4)
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Therefore, the asymptotic behavior is given by Stirling’s formula:

lim
ε→0

ε log Γ1(z; ε) = z log z − z . (A.1.5)

A.1.1 Reflection formula

Together with the infinite product formula of the sine function

sin πz

πz
=
∞∏
n=1

(
1− z2

n2

)
, (A.1.6)

and the zeta function regularization
∞∏
n=1

ε2n2 = 2π/ε, we obtain the reflection formula

Γ1(z; ε)Γ1(ε− z; ε) =
1

2 sinπz/ε
. (A.1.7)

It is also possible to derive this formula form the standard version of the formula

through the relation (A.1.4):

Γ(z)Γ(1− z) =
π

sin πz
. (A.1.8)

A.1.2 Multiple sine function

One may define multiple sine functions through the reflection formula for the multiple

gamma functions [KK03],

Sk(z; ε1, . . . , εk) =
Γk(ε− z; ε1, . . . , εk)

(−1)k

Γk(z; ε1, . . . , εk)
, (A.1.9)

where

ε =
k∑
i=1

εi . (A.1.10)

For example, the double sine function is given as follows:

S2(z; ε1, ε2) =
Γ2(ε1 + ε2 − z; ε1, ε2)

Γ2(z; ε1, ε2)
=
∏
n,m≥0

z + nε1 +mε2
ε1 + ε2 − z + nε1 +mε2

. (A.1.11)

In this case, it is defined as a ratio of the double gamma functions. We instead obtain

the Upsilon function with their product,

Υ(z; ε1, ε2) =
1

Γ2(z; ε1, ε2)Γ2(ε1 + ε2 − z; ε1, ε2)
. (A.1.12)
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A.2 q-functions

A.2.1 q-shifted factorial

We define the q-shifted factorial (also known as the q-Pochhammer symbol):

(z; q)n =
n−1∏
m=0

(1− zqm) . (A.2.1)

The multivariable analog is similarly defined as

(z1, . . . , zk; q)n = (z1; q)n · · · (zk; q)n . (A.2.2)

The q-shifted factorial for n→∞ is given for |q| < 1 as

(z; q)∞ =
∞∏
m=0

(1− zqm) = exp

(
−
∞∑
m=1

zm

m(1− qm)

)
. (A.2.3)

For |q| > 1, it is given through the analytic continuation:

(z; q)∞ = (zq−1; q−1)−1
∞ . (A.2.4)

We remark the relation

(z; q)n =
(z; q)∞

(zqn; q)∞
= exp

(
−
∞∑
m=1

zm

m

1− qmn

1− qm

)
. (A.2.5)

A.2.2 Quantum dilogarithm

Let q = eε, and consider the expansion around ε = 0 of the q-factorial. We remark the

expansion

1

1− q
= −1

ε

ε

eε − 1
= −1

ε

∞∑
n=0

Bn
εn

n!
(A.2.6)

where (Bn)n≥0 are the Bernoulli numbers. Then the q-shifted factorial is given by

(z; q)∞ = exp

(
1

ε

∞∑
n=0

Li2−n(z)Bn
εn

n!

)
= exp

(
1

ε
(Li2(z) +O(ε))

)
(A.2.7)

where we define the polylogarithm function for |z| < 1 as

Lip(z) =
∞∑
m=1

zm

mp
. (A.2.8)

In this sense, the q-shifted factorial is interpreted as a q-deformation of the diloga-

rithm, which is called the quantum dilogarithm [FK94]. We remark that this quantum

dilogarithm is related to, but different from Faddeev’s quantum dilogarithm [Fad95].
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A.2.3 q-gamma functions

The formulas shown above imply that the q-shifted factorial is interpreted as a q-analog

of the gamma function:1

Γq(z; q) :=
1

(z; q)∞
(A.2.11)

with poles at zqn = 1 for n ≥ 0. In this convention, the relation (A.2.5) is given by

Γq(zq
n; q)

Γq(z; q)
= (z; q)n = (1− z) · · · (1− zqn−1) . (A.2.12)

A q-analog of the multiple gamma function is defined as

Γq,k(z; q1, . . . , qk) = (z; q1, . . . , qk)
(−1)k

∞

= exp

(
(−1)k+1

∞∑
m=1

zm

m

1

(1− qm1 ) · · · (1− qmk )

)
(A.2.13)

with the multiple version of the q-shifted factorial for |q1|, . . . , |qk| < 1:

(z; q1, . . . , qk)∞ =
∏

0≤n1,...,nk≤∞

(1− zqn1
1 · · · q

nk
k )

= exp

(
−
∞∑
m=1

zm

m

1

(1− qm1 ) · · · (1− qmk )

)
. (A.2.14)

This q-gamma function obeys the functional relation

Γq,k(zqi; q1, . . . , qk)

Γq,k(z; q1, . . . , qk)
= Γq,k−1(z; q1, . . . , q̌i, . . . , qk) . (A.2.15)

From this point of view, we may also consider the multiple q-gamma function of

negative degree as follows:

Γq,−k(z; q1, . . . , qk) = exp

(
(−1)k+1

∞∑
m=1

zm

m
(1− qm1 ) · · · (1− qmk )

)
. (A.2.16)

The case with k = 2 is the (K-theoretic) S-function (2.2.24), and the case with k = 4

is used in the context of Â0 quiver. See §7.5.1.

1This is slightly different from the standard definition of the q-gamma function,

Γq(x) = (1− q)1−x (q; q)∞
(qx; q)∞

, (A.2.9)

which obeys the relation

Γq(x+ 1) =
1− qx

1− q
Γq(x) = [x]qΓq(x) . (A.2.10)
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A.2.4 Partition sum

Let λ be a (two-dimensional) partition. Then the summation over the partitions is

given by Euler’s product formula:∑
λ

q|λ| =
1

(q; q)∞
. (A.2.17)

A similar result is available for the sum over the plane partitions (three-dimensional

partitions) by the MacMahon function:

∑
π

q|π| =
∞∏
n=1

1

(1− qn)n
. (A.2.18)

A.3 Elliptic functions

A.3.1 Theta function

The theta function with the elliptic nome p = e2πiτ ∈ C× is given by

θ(z; p) = (z; p)∞(z−1p; p)∞ = exp

− ∑
n∈Z6=0

zn

n(1− pn)

 (A.3.1)

where (z; p)∞ is the p-shifted factorial (A.2.1). It obeys the reflection relation

θ(z−1; p) = (−z−1)θ(z; p) . (A.3.2)

We remark that, since the q-shifted factorial is identified with the q-gamma func-

tion (A.2.11), the relation (A.3.1) is a q-analog of the reflection formula of the gamma

function discussed in §A.1.1. In this sense, the theta function is interpreted as a

q-analog of the sine function having zeros at

log z

2πi
= Z + τZ . (A.3.3)

An identity

We start with Ramanujan’s identity (also known as 1ψ1 formula) for |b/a| < |z| < 1:

(az, p/az, p, b/z; p)∞
(z, b/az, b, p/a; p)∞

=
∑
n∈Z

(a; p)n
(b; p)n

zn = 1ψ1(a; b; z, p) (A.3.4)
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where we denote the bilateral basic hypergeometric series by rψs(a1,...,r; b1,...,s; z, q). We

put b = ap, then we obtain

LHS =
(az, p/az, p, p; p)∞
(z, p/z, ap, p/a; p)∞

=
θ(az; p)(p; p)2

∞
θ(z; p)θ(a; p)

(1− a) , (A.3.5a)

RHS =
∑
n∈Z

1− a
1− apn

zn , (A.3.5b)

which leads to the identity

θ(az; p)(p; p)2
∞

θ(z; p)θ(a; p)
=
∑
n∈Z

zn

1− apn
. (A.3.6)

A.3.2 Elliptic gamma functions

We define the elliptic gamma function for |p|, |q| < 1:

Γe(z; p, q) =
∏
n,m≥0

(z−1pq; p, q)∞
(z; p, q)∞

= exp

 ∑
m∈Z 6=0

zm

m

1

(1− pm)(1− qm)

 , (A.3.7)

which obeys the relation

Γe(zp; p, q)

Γe(z; p, q)
= θ(z; q) ,

Γe(zq; p, q)

Γe(z; p, q)
= θ(z; p) . (A.3.8)

In this case, the analog of the reflection formula (§A.1.1) is given by

Γe(z; p, q)Γe(pqz
−1; p, q) = 1 . (A.3.9)

We remark that the (inverse of) double sine function (A.1.11) is obtained in the scaling

limit of the elliptic gamma function with (z, p, q) = (eβx, eβε1 , eβε2) and taking β → 0.

Elliptic double gamma function

The elliptic analog of the double gamma function is given by

Γe,2(z; q1, q2, q3) = (z; q1, q2, q3)∞(z−1q1q2q3; q1, q2, q3)∞

= exp

− ∑
m∈Z 6=0

zm

m

1

(1− qm1 )(1− qm2 )(1− qm3 )

 , (A.3.10)

which obeys the relation

Γe,2(zq1; q1, q2, q3)

Γe,2(z; q1, q2, q3)
= Γe(z; q2, q3) , etc . (A.3.11)

We can similarly construct the elliptic analog of the multiple gamma functions,

Γe,k(z; q1, . . . , qk+1) = exp

(−1)k+1

∞∑
m∈Z6=0

zm

m

1

(1− qm1 ) · · · (1− qmk+1)

 , (A.3.12)

which obeys a similar shift relation to (A.2.15). See [Nis01, Nar04] for details.
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A.3.3 Elliptic analog of polylogarithm

We define an elliptic analog of polylogarithm function:

Lik(z; p) =
∑
n∈Z 6=0

zn

nk
1

1− pn
p→0−−→ Lik(z) . (A.3.13)

The first example is given by

Li1(z; p) = − log θ(z; p)
p→0−−→ Li1(z) = − log(1− z) . (A.3.14)

The elliptic gamma function has the asymptotic expansion in terms of the elliptic

polylogarithm functions:

Γe(z; p, eε) = exp

(
−1

ε

∞∑
n=0

Li2−n(z; p)Bn
εn

n!

)
= exp

(
−1

ε
(Li2(z; p) +O(ε))

)
,

(A.3.15)

which is analogous to the expansion (A.2.7).
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Appendix B

Combinatorial calculus

B.1 Partition

The partition λ is a sequence of non-increasing non-negative integers:

λ = (λ1 ≥ λ2 ≥ · · · ≥ 0) ∈ Z∞≥0 . (B.1.1)

We denote the transposed partition of λ by λ̌. The size of the partition is defined as

|λ| =
∞∑
i=1

λi =
∞∑
i=1

λ̌i = |λ̌| . (B.1.2)

For the partition λα, we define the arm and leg lengths for s = (s1, s2):

aα(s) = λα,s1 − s2 , `α(s) = λ̌α,s2 − s1 . (B.1.3)

We remark that not necessarily s ∈ λα, so that (aα(s), `α(s)) may be negative. Then

the relative hook length is defined

hαβ(s) = aα(s) + `β(s) + 1 = λα,s1 + λ̌β,s2 − s1 − s2 + 1 . (B.1.4)

B.2 Instanton calculus

We summarize the combinatorics calculus of the partition for the instanton partition

function. Summation over the partition is expressed in the following two ways,

∑
s∈λ

=

λ̌1∑
s1=1

λs1∑
s2=1

=

λ1∑
s2=1

λ̌s2∑
s1=1

. (B.2.1)
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B.2.1 U(n) theory

We consider the instanton contribution to the Chern character of the bifundamental

hypermultiplet (See §1.9):

chT Hbf, inst
e:i→j = −µe chT ∧Q∨ chT K∨i chT Kj + µe chT N∨i chT Kj + µeq

−1 chT K∨i chT Nj

=:

ni∑
α=1

nj∑
β=1

µe
νj,β
νi,α

Ξ[λi,α, λj,β] (B.2.2)

where we define

Ξ[λα, λβ] = −(1− q−1
1 )(1− q−1

2 )
∑
s∈λα

∑
s′∈λβ

q
−s1+s′1
1 q

−s2+s′2
2 +

∑
s∈λα

q−s11 q−s22 +
∑
s′∈λβ

q
s′1−1
1 q

s′2−1
2

(B.2.3)

From this expression, we obtain a combinatorial formula (See, for example, [Nak99])

Ξ[λα, λβ] =
∑
s∈λα

q
`β(s)
1 q

−aα(s)−1
2 +

∑
s∈λβ

q
−`α(s)−1
1 q

aβ(s)
2 . (B.2.4)

where the arm and leg lengths for each box s = (s1, s2) in the partition are defined in

(B.1.3). We remark

q Ξ[λα, λβ]
∣∣∣
q1,q2

= Ξ[λβ, λα]
∣∣∣
q−1
1 ,q−1

2

. (B.2.5)

The vector multiplet contribution has a similar expression

chT Vinst
i = chT ∧Q∨ chT K∨i chT Kj − chT N∨i chT Kj − q−1 chT K∨i chT Nj

= −
ni∑

α,β=1

νi,β
νi,α

Ξ[λi,α, λi,β] . (B.2.6)

Proof of the formula (B.2.4)

We prove the combinatorial formula (B.2.4). We partially perform the summation for

the first term in (B.2.3),

− (1− q−1
1 )(1− q−1

2 )
∑
s∈λα

∑
s′∈λβ

q
−s1+s′1
1 q

−s2+s′2
2 =

λ̌α,1∑
s1=1

λβ,1∑
s′2=1

(1− q
λ̌β,s′2
1 )q−s11 (1− q−λα,s12 )q

s′2−1
2

=

λ̌α,1∑
s1=1

λβ,1∑
s′2=1

[
q
λ̌β,s′2

−s1
1 q

−λα,s1+s′2−1
2 − q−s11 q

s′2−1
2 + (1− q

λ̌β,s′2
1 )q−s11 q

s′2−1
2 + q−s11 (1− q−λα,s12 )q

s′2−1
2

]
.

(B.2.7)
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The third and fourth terms in (B.2.7) are then given by

λ̌α,1∑
s1=1

λβ,1∑
s′2=1

(1− q
λ̌β,s′2
1 )q−s11 q

s′2−1
2 =

λ̌α,1∑
s1=1

λβ,1∑
s′2=1

λ̌β,s′2∑
s′1=1

(1− q1)q
−s1+s′1−1
1 q

s′2−1
2

= −
∑
s′∈λβ

(1− q−λ̌α,11 )q
s′1−1
1 q

s′2−1
2 , (B.2.8a)

λ̌α,1∑
s1=1

λβ,1∑
s′2=1

q−s11 (1− q−λα,s12 )q
s′2−1
2 =

λ̌α,1∑
s1=1

λβ,1∑
s′2=1

λα,s1∑
s2=1

q−s11 (1− q−1
2 )q

−s2+s′2
2

= −
∑
s∈λα

q−s11 (1− qλβ,12 )q−s22 . (B.2.8b)

Combining them together, (B.2.3) becomes

Ξ[λα, λβ] =

λ̌α,1∑
s1=1

λβ,1∑
s′2=1

[
q
λ̌β,s′2

−s1
1 q

−λα,s1+s′2−1
2 − q−s11 q

s′2−1
2

]
+
∑
s∈λα

q−s11 q
λβ,1−s2
2 +

∑
s′∈λβ

q
−λ̌α,1+s′1−1
1 q

s′2−1
2 . (B.2.9)

We divide it into the negative and positive parts

Ξ[λα, λβ] = Ξq<0
2

[λα, λβ] + Ξ
q≥0
2

[λα, λβ] (B.2.10)

where Ξq<0
2

consists of monomials with negative powers of q2, while Ξ
q≥0
2

consists of

positive ones. Let us focus on Ξq<0
2

with (B.2.9).

• For λβ,1 > λα,s1 , the first term in (B.2.9) may contribute to the negative part

Ξq<0
2

.

• For λβ,1 ≤ λα,s1 , the first and third terms may contribute to Ξq<0
2

.

In both cases, the negative part Ξq<0
2

is given by

Ξq<0
2

[λα, λβ] =
∑
s∈λα

q
λ̌β,s2−s1
1 q

−λα,s1+s2−1
2 =

∑
s∈λα

q
`β(s)
1 q

−aα(s)−1
2 . (B.2.11)

We can similarly obtain the positive part Ξ
q≥0
2

by utilizing the formula (B.2.5),

Ξ
q≥0
2

[λα, λβ] =
∑
s∈λβ

q
−`α(s)−1
1 q

aβ(s)
2 . (B.2.12)

This proves the formula (B.2.4).
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B.2.2 U(n0|n1) theory

For the supergroup theory, we consider the following contribution to the Chern char-

acter (See §3.4):

chT Hbf, inst
e:i→j,σσ′ = −µe chT ∧Q∨ chT Kσ∨

i chT Kσ′

j + µe chT Nσ∨
i chT Kσ′

j + µeq
−1 chT Kσ∨

i chT Nσ′

j

=:

ni∑
α=1

nj∑
β=1

µe
νj,β
νi,α

Ξσσ′ [λ
σ
i,α, λ

σ′

j,β] (B.2.13)

where the diagonal factors are written using (B.2.3) as

Ξ00[λα, λβ] = Ξ[λα, λβ] , Ξ11[λα, λβ] = Ξ[λβ, λα] . (B.2.14)

The vector multiplet contribution (3.4.22a) is given by

chT Vinst
i,σσ′ = −

ni∑
α=1

ni∑
β=1

νj,β
νi,α

Ξσσ′ [λ
σ
i,α, λ

σ′

i,β] . (B.2.15)

The off-diagonal factors are

Ξ01[λα, λβ] = −(1− q−1
1 )(1− q−1

2 )
∑
s∈λα

∑
s′∈λβ

q
−s1−s′1+1
1 q

−s2−s′2+1
2

+
∑
s∈λα

q−s11 q−s22 +
∑
s′∈λβ

q
−s′1
1 q

−s′2
2 (B.2.16a)

Ξ10[λα, λβ] = −(1− q−1
1 )(1− q−1

2 )
∑
s∈λα

∑
s′∈λβ

q
s1+s′1−1
1 q

s2+s′2−1
2

+
∑
s∈λα

qs1−1
1 qs2−1

2 +
∑
s′∈λβ

q
s′1−1
1 q

s′2−1
2 (B.2.16b)

We remark that these off-diagonal factors are symmetric under λα ↔ λβ,

Ξ01[λα, λβ] = Ξ01[λβ, λα] , Ξ10[λα, λβ] = Ξ10[λβ, λα] , (B.2.17)

and

q Ξ01[λα, λβ]
∣∣∣
q1,q2

= Ξ10[λα, λβ]
∣∣∣
q−1
1 ,q−1

2

(B.2.18)

We apply a similar computation to (B.2.16a) as discussed in §B.2.1. The first term

in (B.2.16a) yields

− (1− q−1
1 )(1− q−1

2 )
∑
s∈λα

∑
s′∈λβ

q
−s1−s′1+1
1 q

−s2−s′2+1
2

= −
λ̌α,1∑
s1=1

λβ,1∑
s′2=1

(1− q
−λ̌β,s′2
1 )q−s11 (1− q−λα,s12 )q

−s′2
2

= −
λ̌α,1∑
s1=1

λβ,1∑
s′2=1

[
q
−λ̌β,s′2

−s1
1 q

−λα,s1−s
′
2

2 − q−s11 q
−s′2
2 + (1− q

−λ̌β,s′2
1 )q−s11 q

−s′2
2 + q−s11 (1− q−λα,s12 )q

−s′2
2

]
.

(B.2.19)
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The third and fourth terms in (B.2.19) are given by

−
λ̌α,1∑
s1=1

λβ,1∑
s′2=1

(1− q
−λ̌β,s′2
1 )q−s11 q

−s′2
2 = −

∑
s′∈λβ

(1− q−λ̌α,11 )q
−s′1
1 q

−s′2
2 , (B.2.20a)

−
λ̌α,1∑
s1=1

λβ,1∑
s′2=1

q−s11 (1− q−λα,s12 )q
−s′2
2 = −

∑
s∈λα

q−s11 (1− q−λβ,12 )q−s22 . (B.2.20b)

Hence we obtain

Ξ01[λα, λβ] = −
λ̌α,1∑
s1=1

λβ,1∑
s′2=1

[
q
−λ̌β,s′2

−s1
1 q

−λα,s1−s
′
2

2 − q−s11 q
−s′2
2

]
+
∑
s∈λα

q−s11 q
−λβ,1−s2
2 +

∑
s′∈λβ

q
−λ̌α,1−s′1
1 q

−s′2
2 , (B.2.21)

and similarly

Ξ10[λα, λβ] = −
λ̌α,1∑
s1=1

λβ,1∑
s′2=1

[
q
λ̌β,s′2

+s1−1

1 q
λα,s1+s′2−1
2 − qs1−1

1 q
s′2−1
2

]
+
∑
s∈λα

qs1−1
1 q

λβ,1+s2−1
2 +

∑
s′∈λβ

q
λ̌α,1+s′1−1
1 q

s′2−1
2 . (B.2.22)

In contrast to the diagonal part Ξ00(11), further simplification does not occur for these

off-diagonal ones.
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Appendix C

Matrix model

In this Chapter, we summarize the geometric and algebraic aspects of the matrix

model, which exhibit similar perspectives to gauge theory discussed in this manuscript.

See also the manuscripts [EKR15, Mar15] for details on this topic.

C.1 Matrix integral

The partition function of the matrix model (the path integral of zero-dimensional QFT)

is given as an integral over the self-conjugate (real symmetric, complex Hermitian,

quarternion self-dual) matrix:

Z =

∫
dH e−

1
~ trV (H) (C.1.1)

where

rkH = N , H =


HT (real symmetric)

H† (complex Hermitian)

HD (quaternion self-dual)

, (C.1.2)

with the coupling constant ~. We define the potential function

V (x) =
d+1∑
k=1

tk
k
xk , (C.1.3)

which is a polynomial function of degree d + 1.1 The matrix measure dH is given as

a product of the Lebesgue measures of all real components of the matrix H, denoted

1We should impose a certain condition for the coefficients (tk)k=1,...,d+1 for convergence of the

matrix integral, which could be relaxed via complexification of the integration contour. See [EKR15]

for details.
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by H
(α)
ij for α = 0, . . . , 2β − 1:

dH =
N∏
i=1

dHii

∏
1≤i<j≤N
α=0,...,2β−1

dH
(α)
ij , (C.1.4)

where the symmetry parameter β is given by

R : β =
1

2
, C : β = 1 , H : β = 2 . (C.1.5)

C.1.1 Eigenvalue integral representation

The matrix measure and the potential term in the matrix integral (C.1.1) are invariant

under the similarity transformation:

H 7−→ UHU † , U ∈ (O(N),U(N), Sp(N)) . (C.1.6)

Utilizing this symmetry, we choose the basis diagonalizing the matrix (gauge fixing),

H = UXU † , X = diag(x1, . . . , xN) ∈ RN . (C.1.7)

Then, we can write the partition function (C.1.1) in terms of the eigenvalues:

Z =
1

N !

∫ N∏
i=1

dxi
2π

e−
β
~ V (xi) |∆N(X)|2β

=:
1

N !

∫ N∏
i=1

dxi
2π

e−
β

~2 S(X) (C.1.8)

where we rescale the potential function V (x), and the Jacobian term is given as the

Vandermonde determinant

∆N(X) =
N∏
i<j

(xj − xi) . (C.1.9)

We also define the effective action S(X) as

S(X) = ~
N∑
i=1

V (xi)− 2~2

N∑
i<j

log |xi − xj| . (C.1.10)

We discuss the properties of the matrix model mainly based on this eigenvalue integral

representation of the partition function in the following.
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C.2 Saddle point analysis

We are in particular interested in the asymptotic regime of the matrix model, which

is called the ’t Hooft limit:

N −→ ∞ , ~ −→ 0 , t : fixed , (C.2.1)

where t is the ’t Hooft coupling defined as

t = N~ = O(1) . (C.2.2)

In this limit, we can apply the saddle point analysis to the matrix model: A specific

configuration dominates in the integral satisfying the saddle point equation,

0 =
∂S(X)

∂xi

= ~V ′(xi)− 2~2

N∑
i=1

(i 6=j)

1

xi − xj
=: ~V ′eff(xi) (C.2.3)

for i = 1, . . . , N . We denote the effective potential by Veff(x), which consists of the

one-body potential and the interaction with other eigenvalues,

Veff(xi) = V (xi)− 2
N∑
i=1

(i 6=j)

log |xi − xj| . (C.2.4)

In order to solve the saddle point equation, we define an auxiliary function, called

the resolvent,2

W (x) = ~ tr
1

x−H
= ~

N∑
i=1

1

x− xi
x→∞−−−→ t

x
. (C.2.5)

We see that the saddle point equation (C.2.3) is equivalent to the differential equation

for the resolvent,

W (x)2 + ~W ′(x)− V ′(x)W (x) + P (x) = 0 (C.2.6)

where we define the polynomial function of degree d− 1,

P (x) = ~
N∑
i=1

V ′(x)− V ′(xi)
x− xi

. (C.2.7)

2Precisely speaking, we should distinguish the resolvent and its average, W (x) = 〈W (x) 〉, whereas,

in the ’t Hooft limit, the average of the observable is given by its on-shell value in general, 〈O 〉 =
1

Z

∫
dH e−

1
~ trV (H)O(H) ≈ O(H∗) with the solution to the saddle point equation denoted by H∗.
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Furthermore, in the semiclassical limit ~ → 0, we may omit the derivative term in

the equation (C.2.6), and thus the saddle point equation is reduced to the algebraic

equation

W (x)2 − V ′(x)W (x) + P (x) = 0 , (C.2.8)

which solves the resolvent

W (x) =
V ′(x)

2
− 1

2

√
V ′(x)2 − 4P (x) . (C.2.9)

We remark that the sign of the square root is fixed to be consistent with the asymptotic

behavior of the resolvent (C.2.5).

C.2.1 Eigenvalue density function

From the saddle point equation (C.2.8), we can construct the eigenvalue density func-

tion

ρ(x) =
1

N
tr δ(x−H) =

1

N

N∑
i=1

δ(x− xi) , (C.2.10)

satisfying the normalization condition∫
dx ρ(x) = 1 . (C.2.11)

Since the delta function is described as

δ(z) = ∓ 1

π
Im

1

z ± i0
:= lim

ε→0
∓ 1

π
Im

1

z ± iε
, (C.2.12)

the density function is given as the imaginary part of the resolvent,

ρ(x) =
1

2πi
(W (x− i0)−W (x+ i0))

=


1

2π
|M(x)|

√√√√− n∏
α=1

(x− x−α )(x− x+
α ) (x ∈ C)

0 (x 6∈ C)

, (C.2.13)

where we denote

4P (x)− V ′(x)2 = −M(x)2

n∏
α=1

(x− x−α )(x− x+
α )

> 0 (x ∈ C)

< 0 (x 6∈ C)
(C.2.14)

with

C =
n⊔
a=1

Cα , Cα = (x−α , x
+
α ) . (C.2.15)
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We remark that, since deg V ′(x) = d, we have 1 ≤ n ≤ d and the degree of the

polynomial function M(x) is degM(x) = d− n, which is called the n-cut solution. In

order to characterize the n-cut solution profile, we define the filling fraction

εα =
Nα

N
∈ R+ , α = 1, . . . , n (C.2.16)

where

Nα =

∫
Cα
dx ρ(x) = #{eigenvalues on the cut Cα} (C.2.17)

together with the normalization condition

n∑
α=1

εα = 1 . (C.2.18)

In fact, the filling fractions are the parameters characterizing the saddle point of

the matrix integral, which are interpreted as proper coordinates of the moduli space

associated with the matrix model.

C.2.2 Functional representation

Using the density function (C.2.10), the potential term in the effective action (C.1.10)

is written as

~
N∑
i=1

V (xi) =
t

N

N∑
i=1

∫
dx δ(x− xi)V (x) = t

∫
dx ρ(x)V (x) . (C.2.19)

Applying a similar argument to the interaction term, we obtain the functional repre-

sentation of the effective action

S[ρ(x)] = t

∫
dx ρ(x)V (x)− t2−

∫
x 6=x′

dxdx′ ρ(x)ρ(x′) log |x− x′|

+
n∑

α=1

`α

(
εα −

∫
Cα
dx ρ(x)

)
, (C.2.20)

where we denote the principal value integral by −
∫
dx, and (`α)α=1,...,n are the Lagrange

multipliers to impose the condition (C.2.17).

Let us consider the saddle point analysis in this functional representation. We take

the functional derivative of the effective action,

1

t

δS[ρ(x)]

δρ(x)
= V (x)− 2t−

∫
dx′ ρ(x′) log |x− x′| − t−1`α

= Veff(x)− t−1`α , x ∈ Cα , (C.2.21)
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where Veff(x) is the functional version of the effective potential given in (C.2.3). Thus,

from the equation of motion for the effective action, the effective potential takes a

constant value for each cut,

δS[ρ(x)]

δρ(x)
= 0 =⇒ Veff(x) = t−1`α , x ∈ Cα . (C.2.22)

Then, the (functional version of) saddle point equation (C.2.3) is obtained from the

effective potential,

V ′eff(x) = V ′(x)− 2t−
∫
dx′

ρ(x′)

x− x′
= 0 . (C.2.23)

In this formalism, the resolvent takes a form of

W (x) = t

∫
dx′

ρ(x′)

x− x′
. (C.2.24)

Namely, the resolvent is given by the Hilbert transform of the density function ρ(x).

Since the integrand of this expression has a singularity at x′ = x ∈ C, we define the

regularized version of the resolvent with the principal value integral,

W reg(x) = t−
∫
dx′

ρ(x′)

x− x′
(x ∈ C)

=
1

2
(W (x+ i0) +W (x− i0)) = ReW (x± i0) . (C.2.25)

Recalling the imaginary part of the resolvent is given by the eigenvalue density func-

tion (C.2.13), we obtain the Kramers–Kronig relation,

W (x± i0) =
1

2
V ′(x)∓ πiρ(x) (x ∈ C) , (C.2.26)

⇐⇒ V ′eff(x) = ±2πiρ(x) (x ∈ C) . (C.2.27)

C.3 Spectral curve

The algebraic equation (C.2.8) defines the spectral curve of the matrix model, which

describes the saddle point configuration of the matrix integral,

Σ = {(x, y) ∈ C× C | H(x, y) = 0} . (C.3.1)

The algebraic function H(x, y) is defined as

H(x, y) = y2 − V ′(x) y + P (x) (C.3.2)

where we identify y = W (x), and we define the one-form and the symplectic two-form

on the curve,

λ = y dx , ω = dλ = dy ∧ dx . (C.3.3)
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We also use another expression of the curve via the symplectic transform, y → y +

V ′(x)/2,3

H(x, y) = y2 − 1

4
V ′(x)2 + P (x) . (C.3.6)

The degree of the spectral curve is (2, 2d). From this expression, the spectral curve is

written in the form of the hyperelliptic curve

Σ : y2 = P (x)− 1

4
V ′(x)2 . (C.3.7)

In particular, the n-cut solution (C.2.13) gives rise to the spectral curve with genus

g = n− 1.

C.3.1 Cycle integrals

For the spectral curve of the matrix model with genus g = n−1, we define the A-cycle

and B-cycle as in Fig. 4.1 and Fig. 4.2. Namely, the A-cycle is a contour surrounding

the cut Cα, so that the filling fraction is given as

εα =
1

N

∫
Cα
dx ρ(x) =

1

2πit

∮
Aα

dxW (x) . (C.3.8)

The B-cycle is the contour from the α-th cut to (α+ 1)-st cut, then (α+ 1)-st to α-th

on the other sheet. Recalling (C.2.22), we obtain∮
Bα

λ =
`α − `α+1

t
. (C.3.9)

Thus, the contour integrals of the one-form λ along the A and B-cycles are given by

1

2πi

∮
Aα

λ = t εα , (C.3.10a)

1

2πi

∮
Bα

λ =
1

2πit
(`α − `α+1) . (C.3.10b)

We remark that, from the effective action (C.2.20), we have the relation

`α =
∂S

∂εα
. (C.3.11)

3This algebraic function is given as the characteristic polynomial of the Lax matrix, L(x) ∈ sl2,

associated with the orthogonal polynomials,

H(x, y) = det(y − L(x)) (C.3.4)

with

trL(x) = 0 , detL(x) = P (x)− 1

4
V ′(x)2 . (C.3.5)

See [EKR15] for details.
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This implies the relation between the A and B-cycle integrals through the effective

action, ∮
Bα

λ = t−1

(
∂S

∂εα
− ∂S

∂εα+1

)
, (C.3.12)

which is analogous to the Seiberg–Witten geometry discussed in §4.2.

In order to obtain a closer expression to the Seiberg–Witten geometry, we take a

linear combination,

ε̄α = εα − εα+1 , α = 1, . . . , n− 1, , (C.3.13)

which corresponds to the simple root of the Lie group SU(n). Similarly define the

modified A-cycle, Āα = Aα − Aα+1, then we obtain

1

2πi

∮
Āα

λ = t ε̄α ,
1

2πi

∮
Bα

λ =
1

2πit

∂S

∂ε̄α
, α = 1, . . . , n− 1 , (C.3.14)

where the modified filling fraction and the effective action correspond to the Coulomb

moduli and the prepotential of the Seiberg–Witten theory.

C.4 Quantum geometry

Let us discuss how to quantize the spectral curve of the matrix model. Recall the

saddle point equation at finite ~ (C.2.6) is a Riccati-type differential equation for the

resolvent. In order to linearize the differential equation, we write the resolvent as

W (x) = ~
ψ′(x)

ψ(x)
= ~

d

dx
logψ(x) , (C.4.1)

where ψ(x) is the characteristic polynomial, called the wave function in this context,

ψ(x) =
N∏
i=1

(x− xi) = det
N

(x−H) . (C.4.2)

Then, we obtain the second order linear ODE for the wave function,

~2ψ′′(x)− ~V ′(x)ψ′(x) + P (x)ψ(x) = 0 . (C.4.3)

This ODE is also written in the operator form,4

H(x̂, ŷ)ψ(x) = 0 , (C.4.4)

4Precisely speaking, we should properly impose the ordering of the operators since the operators

(x̂, ŷ) are noncommutative.
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where H(x, y) is the algebraic function defined in (C.3.2), and the operator pair is

given by

x̂ ψ(x) = xψ(x) , ŷ ψ(x) = ~
d

dx
ψ(x) , (C.4.5)

obeying the relation

[ŷ , x̂] = ~ . (C.4.6)

This is the canonical commutation relation with respect to the symplectic two-form

defined in (C.3.3). In this sense, this Schrödinger-type ODE is interpreted as quantiza-

tion of the spectral curve (quantum curve), and ψ(x) plays a role of the wave function.

C.4.1 Baker–Akhiezer function

In order to see the connection to the integrable hierarchy, we consider the expectation

value of the characteristic polynomial,

ψ(x) = 〈 det(x−H) 〉

=
xN

Z(t)

∫
dH exp

(
−1

~
trV (H)−

∞∑
k=1

x−k

k
trHk

)

=: xN
Z(t+ [x])

Z(t)
, (C.4.7)

where we explicitly show the t-dependence of the matrix integral, and we denote

[x] = ~
(
x−1, x−2, . . .

)
. (C.4.8)

From this point of view, we in practice consider the situation with d → ∞. We

remark that such a shift of the t-variable can be imposed by the vertex operator

(§C.5.4). In fact, the matrix integral Z(t) is identified with the N -soliton solution

to the τ -function of the KP hierarchy, and the wave function is the corresponding

Baker–Akhiezer function. See, for example, [JM83, BBT03] for more details.

C.4.2 Quantization of the cycle

We can also see quantization of the cycle at finite ~. As seen from the definition of the

resolvent (C.2.5), it has poles with the residue ~, so that the A-cycle integral counts

the number of eigenvalues on the cut Cα,

1

2πi

∮
Aα

λ = ~Z . (C.4.9)

This is the Bohr–Sommerfeld quantization condition with the quantum parameter ~.



252 APPENDIX C. MATRIX MODEL

C.5 Quantum algebra

In this Section, we explore the algebraic structure of the matrix model. We see that the

loop equation, which provides a relation for the correlation functions, is characterized

using the infinite dimensional algebra.

C.5.1 Loop equation

Let O(H) be a non-singular function of the matrix H (also called the observable).

Then, as long as its expectation value 〈O(H) 〉 is finite, the following identity holds:∫
dH

∂

∂H

(
e−

1
~ trV (H)O(H)

)
= 0 , (C.5.1)

because the boundary value of the integrand is suppressed by the exponential term

e−
1
~ trV (H). In the eigenvalue representation, we instead obtain the identity:∫

dX
N∑
k=1

∂

∂xk

(
e−

β
~ trV (X)∆N(X)2β O(X)

)
= 0 , (C.5.2)

where we can interpret β as an arbitrary parameter.

We consider the case with O(H) = trHk =
∑N

i=1 x
k
i =: pk(X), where pk(X) is the

k-th power sum polynomial of X = (xi)i=1,...,N . In this case, the identity (C.5.2) gives

rise to

0 = β

〈
N∑
i=1

k

β
xk−1
i − 1

~
V ′(xi)x

k
i +

N∑
j(6=i)

2xki
xi − xj

〉

= β

k−1∑
m=0

〈 trHm trHk−m−1 〉+ (1− β) k〈 trHk−1 〉 − β

~
〈 trHkV ′(H) 〉 . (C.5.3)

Then, the identity with

O(H) = tr
1

x−H
=
∞∑
k=0

x−k−1 trHk , (C.5.4)

is obtained from the relation (C.5.3) by multiplying the factor x−k−1 and summing

over k = 0, . . . ,∞,

0 = β

〈(
tr

1

x−H

)2
〉

+ (1− β)

〈
tr

(
1

x−H

)2
〉
− β

~

〈
tr
V ′(H)

x−H

〉

= β

〈(
tr

1

x−H

)2
〉

+ (1− β)

〈
tr

(
1

x−H

)2
〉

− β

~
V ′(x)

〈
tr

1

x−H

〉
+
β

~

〈
tr
V ′(x)− V ′(H)

x−H

〉
, (C.5.5)
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which is called the loop equation. Inserting more generic operator O(H), we obtain

various relations among the correlation functions.

C.5.2 Operator formalism

We then discuss the underlying algebraic structure of the loop equation obtained above.

For this purpose, we introduce the operator formalism as follows.

Recalling the potential function takes a form of (C.1.3), one may express the matrix

moment as

〈 trHn 〉 =
1

Z

∫
dH e−

β
~ trV (H) trHn = −n~

β

∂

∂tn
logZ , (C.5.6)

which implies the correspondence

trHn ⇐⇒ −n~
β

∂

∂tn
(C.5.7)

in the operator formalism. In order to apply this correspondence for ∀n ∈ Z>0, we

take d→∞ for the moment.

As in §6.1, we introduce the Fock space F = C[[tn, ∂n]] | 0 〉 with the vacuum state

∂n | 0 〉 = 0, generated by the Heisenberg algebra H = (tn, ∂n)n≥1 with the algebraic

relation [∂n, tn′ ] = δn,n′ . For the latter purpose, we introduce another set of the

oscillators,

an = n~
√

2

β

∂

∂tn
, a−n = ~−1

√
β

2
tn (C.5.8)

obeying the algebraic relation

[an, am] = n δn+m,0 . (C.5.9)

With these operators, the loop equation (C.5.3) is written as follows:

Lk−1Z = 0 , k ≥ 0 , (C.5.10)

which is called the Virasoro constraint. The operators (Lk−1)k≥0 are given in terms of

the a-modes,

Lk−1 =
1

2

k−1∑
n=0

anak−n−1 +
∞∑
n=1

a−nan+k−1 +
1√
2

(√
β −

√
β−1
)
k ak−1

=
1

2

∑
n∈Z

: anak−n−1 : +
1√
2

(√
β −

√
β−1
)
k ak−1 , (C.5.11)
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which obeys the algebraic relation for the Virasoro algebra,

[Ln, Ln′ ] = (n− n′)Ln+n′ . (C.5.12)

We remark that the full Virasoro algebra (Ln)n∈Z obeys the relation

[Ln, Ln′ ] = (n− n′)Ln+n′ +
c

12
n(n2 − 1) , (C.5.13)

where c is called the central charge. The current matrix model construction (C.5.12)

does not provide the central term, because it appears from the commutation relation

between the positive and negative modes, Ln and L−n; There appear only a half of the

generators from the matrix model. Nevertheless, we can formally define the negative

generators from (C.5.11) to realize the full Virasoro algebra with the central charge

c = 1− 6
(√

β −
√
β−1
)2

=

1 (β = 1)

−2 (β = 2±1)
. (C.5.14)

C.5.3 Gauge theory parameter

The expression of the central charge in terms of the symmetry parameter β implies

the correspondence to the Ω-background parameter [AGT10],

(ε1, ε2) =
(
~,−~β−1

)
⇐⇒ (~, β) =

(
ε1,−

ε1
ε2

)
. (C.5.15)

Under this identification, exchanging ε1 ↔ ε2 implies the following symmetry on the

matrix model parameters:

ε1 ←→ ε2 ⇐⇒ (~, β) ←→
(
−~β−1, β−1

)
. (C.5.16)

In fact, from the expression (C.1.8), we obtain the effective action in the asymptotic

limit

−~2

β
logZ = ε1ε2 logZ

~→0−−→ S(εα, `α) , (C.5.17)

which is analogous to the asymptotic behavior of the partition function discussed in

§5.3, and the effective action S(εα, `α) plays a role of the prepotential F(aα, a
D
α ) in

gauge theory. See also §C.3.1.
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C.5.4 Vertex operators

From the a-modes (C.5.8), we define the current operator, which is identified with the

(derivative of) effective potential through the identification (C.5.7),

J(x) =
∑
n∈Z

an x
−n−1

= −
√

2β tr
1

x−H
+ ~−1

√
β

2
V ′(x) = ~−1

√
β

2
V ′eff(x) . (C.5.18)

Similarly, we define the free boson operator

φ(x) = −
∑
n∈Z 6=0

an
n
x−n + a0 log x+ ã0

= −
√

2β tr log(x−H) + ~−1

√
β

2
V (x) + ã0 = ~−1

√
β

2
Veff(x) + ã0 (C.5.19)

with the zero mode

[an, ã0] = δn,0 . (C.5.20)

The free boson and the current operator have the relation

J(x) = ∂xφ(x) . (C.5.21)

We also define the vertex operator with the free boson,

Vα(x) = : eαφ(x) : (C.5.22)

where α is called the momentum parameter. Put α = ∓
√
β/2, then the vertex

operator gives rise to the characteristic polynomial in the matrix model

V∓
√
β/2

(x) =
(

e−
β
2~V (x) det(x−H)β

)±1

× const. (C.5.23)

Generating current

Let us consider the generating current of the Virasoro generators, which is called the

energy-momentum tensor, and also the stress tensor,

T (x) =
∑
n∈Z

Ln
xn+2

. (C.5.24)

In fact, this generating current has a realization in terms of the current operator,

T (x) =
1

2
: JJ :(x)− ρJ ′(x) (C.5.25)
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where

ρ =
1√
2

(
√
β −

√
β−1) . (C.5.26)

We remark ρ = 0 for β = 1. Since the current operator has the expression (C.5.18),

the generating current is given by

T (x) = β

(
tr

1

x−H

)2

− β

~
V ′(x) tr

1

x−H
+

β

4~2
V ′(x)2

+ (1− β) tr

(
1

x−H

)2

+
1− β

2~
V ′′(x) . (C.5.27)

The algebraic relation (C.5.13) is equivalent to the OPE between the generating cur-

rents,

T (x)T (x′) =
c/2

(x− x′)4
+

2T (x′)

(x− x′)2
+
T ′(x′)

x− x′
+ · · · . (C.5.28)

C.5.5 Z-state

The OPE between the generating current and the vertex operator is given by

T (x)Vα(x′) =

(
∆α

(x− x′)2
+

1

x− x′
∂

∂x′

)
Vα(x′) + · · · (C.5.29)

where the parameter

∆α =
1

2

(
(α + ρ)2 − ρ2

)
(C.5.30)

is called the conformal weight. We define the screening current with ∆−
√

2β = 1,

S(x) = V−
√

2β(x) . (C.5.31)

Then, the OPE becomes

T (x)S(x′) =
∂

∂x′

(
1

x− x′

)
S(x′) + · · · , (C.5.32)

which is a total derivative, so that the integral of the screening current commutes with

the generating current

[T (x), S] =

[
T (x),

∫
dx′ S(x′)

]
= 0 . (C.5.33)

We define the screening charge as the integral of the screening current,

S =

∫
dxS(x) . (C.5.34)



C.5. QUANTUM ALGEBRA 257

Then, the Z-state, obtained from the operator analog of the partition function

through the operator/state correspondence, is constructed from the screening charge

as follows:5

|Z 〉 = SN | 0 〉 =
1

N !

∫ N∏
i=1

dxi

N∏
i<j

(xi − xj)2β:
N∏
i=1

S(xi) : | 0 〉

=
1

N !

∫ N∏
i=1

dxi e
−β~ V (xi) ∆N(X)2β | 0 〉 . (C.5.35)

In order to obtain the partition function, which takes a value in C, we define the dual

state

〈 d+ 1 | an =

〈 d+ 1 |
(
~−1
√
β/2 tn

)
(n ∈ (1, . . . , d+ 1))

0 (n 6∈ (1, . . . , d+ 1))
(C.5.36)

having the same charge as the Z-state |Z 〉. We remark that the eigenvalue of the

oscillator an (namely, the parameter tn) is now a c-number. Then, the partition

function is given as a chiral correlator of the screening charges,

Z = 〈 d+ 1 | Z 〉 = 〈 d+ 1 | SN | 0 〉 =
1

N !

∫ N∏
i=1

dxi e
−β~ V (xi) ∆N(X)2β , (C.5.37)

where the potential function is now a polynomial of degree d+ 1.

Virasoro constraint revisited

Let us discuss the Virasoro constraint from the Z-state perspective. Applying the

Virasoro generating current to the vacuum, we have

T (x) | 0 〉 =
∑
n∈Z

Ln | 0 〉x−n−2 . (C.5.38)

Regularity at x→ 0 implies

Ln | 0 〉 = 0 , n ≥ −1 . (C.5.39)

Since the screening charge commutes with the generating current, the same argu-

ment is applied to obtain the Virasoro constraint (C.5.10). Actually, compared to the

expression of the generating current (C.5.27), the loop equation (C.5.5) implies the

negative power modes vanish in the generating current.

5Precisely speaking, we should take care of the ordering of the integral variables, x1 < · · · < xN .

Here we relax this condition via the analytic continuation, and multiply the factor 1/N !.
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and W-algebras, Astérisque 385 (2016), arXiv:1406.2381 [math.QA].

[BGG+21] A. Bourget, S. Giacomelli, J. F. Grimminger, A. Hanany, M. Sper-

ling, and Z. Zhong, S-fold magnetic quivers, JHEP 02 (2021), 054,

arXiv:2010.05889 [hep-th].

[BGH+20a] A. Bourget, J. F. Grimminger, A. Hanany, R. Kalveks, M. Sperling,

and Z. Zhong, Magnetic Lattices for Orthosymplectic Quivers, JHEP 12

(2020), 92, arXiv:2007.04667 [hep-th].

[BGH+20b] A. Bourget, J. F. Grimminger, A. Hanany, M. Sperling, G. Zafrir, and

Z. Zhong, Magnetic quivers for rank 1 theories, JHEP 09 (2020), 189,

arXiv:2006.16994 [hep-th].

[BGV03] N. Berline, E. Getzler, and M. Vergne, Heat Kernels and Dirac Operators,

Grundlehren Text Editions, Springer Berlin Heidelberg, 2003.

[Bha15] L. Bhardwaj, Classification of 6d N = (1, 0) gauge theories, JHEP 11

(2015), 002, arXiv:1502.06594 [hep-th].

[BHIR18a] B. Bastian, S. Hohenegger, A. Iqbal, and S.-J. Rey, Beyond Triality: Dual

Quiver Gauge Theories and Little String Theories, JHEP 11 (2018), 016,

arXiv:1807.00186 [hep-th].

[BHIR18b] , Dual little strings and their partition functions, Phys. Rev. D 97

(2018), no. 10, 106004, arXiv:1710.02455 [hep-th].

[BHIR18c] , Triality in Little String Theories, Phys. Rev. D 97 (2018), no. 4,

046004, arXiv:1711.07921 [hep-th].

[BHIR19] , Five-Dimensional Gauge Theories from Shifted Web Diagrams,

Phys. Rev. D 99 (2019), no. 4, 046012, arXiv:1810.05109 [hep-th].

https://doi.org/10.1093/ptep/ptw165
https://arxiv.org/abs/1606.08020
https://doi.org/10.1007/s00029-018-0389-z
https://arxiv.org/abs/1512.08779
https://doi.org/10.1088/1126-6708/2003/05/054
https://arxiv.org/abs/hep-th/0211108
https://doi.org/10.24033/ast.1012
https://arxiv.org/abs/1406.2381
https://doi.org/10.1007/JHEP02(2021)054
https://arxiv.org/abs/2010.05889
https://doi.org/10.1007/JHEP12(2020)092
https://doi.org/10.1007/JHEP12(2020)092
https://arxiv.org/abs/2007.04667
https://doi.org/10.1007/JHEP09(2020)189
https://arxiv.org/abs/2006.16994
https://doi.org/10.1007/JHEP11(2015)002
https://doi.org/10.1007/JHEP11(2015)002
https://arxiv.org/abs/1502.06594
https://doi.org/10.1007/JHEP11(2018)016
https://arxiv.org/abs/1807.00186
https://doi.org/10.1103/PhysRevD.97.106004
https://doi.org/10.1103/PhysRevD.97.106004
https://arxiv.org/abs/1710.02455
https://doi.org/10.1103/PhysRevD.97.046004
https://arxiv.org/abs/1711.07921
https://doi.org/10.1103/PhysRevD.99.046012
https://arxiv.org/abs/1810.05109


BIBLIOGRAPHY 263

[BHM21] A. Bourget, A. Hanany, and D. Miketa, Quiver origami: discrete gauging

and folding, JHEP 01 (2021), 086, arXiv:2005.05273 [hep-th].

[BK98] I. Brunner and A. Karch, Branes at orbifolds versus Hanany Witten in

six-dimensions, JHEP 03 (1998), 003, arXiv:hep-th/9712143.

[BLL+15] C. Beem, M. Lemos, P. Liendo, W. Peelaers, L. Rastelli, and B. C. van

Rees, Infinite Chiral Symmetry in Four Dimensions, Commun. Math.

Phys. 336 (2015), no. 3, 1359–1433, arXiv:1312.5344 [hep-th].

[BMT11] G. Bonelli, K. Maruyoshi, and A. Tanzini, Instantons on ALE spaces

and Super Liouville Conformal Field Theories, JHEP 08 (2011), 056,

arXiv:1106.2505 [hep-th].

[BMT12] , Gauge Theories on ALE Space and Super Liouville Correlation

Functions, Lett. Math. Phys. 101 (2012), 103–124, arXiv:1107.4609

[hep-th].

[BMZ16] J.-E. Bourgine, Y. Matsuo, and H. Zhang, Holomorphic field realization

of SHc and quantum geometry of quiver gauge theories, JHEP 04 (2016),

167, arXiv:1512.02492 [hep-th].

[BP98] P. Bouwknegt and K. Pilch, On deformed W-algebras and quan-

tum affine algebras, Adv. Theor. Math. Phys. 2 (1998), 357–397,

arXiv:math/9801112 [math.QA].

[BPTY12] L. Bao, E. Pomoni, M. Taki, and F. Yagi, M5-Branes, Toric Diagrams

and Gauge Theory Duality, JHEP 1204 (2012), 105, arXiv:1112.5228

[hep-th].

[BS93] P. Bouwknegt and K. Schoutens, W symmetry in conformal field theory,

Phys. Rept. 223 (1993), 183–276, arXiv:hep-th/9210010.

[BS94] , W-Symmetry , Advanced Series in Mathematical Physics, vol. 22,

World Scientific, Singapore, January 1994.

[BS12] I. Burban and O. Schiffmann, On the Hall algebra of an elliptic curve,

I, Duke Math. J. 161 (2012), no. 7, 1171–1231, arXiv:math/0505148

[math.AG].

[BT13] L. Bhardwaj and Y. Tachikawa, Classification of 4d N = 2 gauge theories,

JHEP 12 (2013), 100, arXiv:1309.5160 [hep-th].

[BTZ12] G. Bonelli, A. Tanzini, and J. Zhao, Vertices, Vortices & Interacting Sur-

face Operators, JHEP 06 (2012), 178, arXiv:1102.0184 [hep-th].

https://doi.org/10.1007/JHEP01(2021)086
https://arxiv.org/abs/2005.05273
https://doi.org/10.1088/1126-6708/1998/03/003
https://arxiv.org/abs/hep-th/9712143
https://doi.org/10.1007/s00220-014-2272-x
https://doi.org/10.1007/s00220-014-2272-x
https://arxiv.org/abs/1312.5344
https://doi.org/10.1007/JHEP08(2011)056
https://arxiv.org/abs/1106.2505
https://doi.org/10.1007/s11005-012-0553-x
https://arxiv.org/abs/1107.4609
https://arxiv.org/abs/1107.4609
https://doi.org/10.1007/JHEP04(2016)167
https://arxiv.org/abs/1512.02492
https://doi.org/10.4310/ATMP.1998.v2.n2.a6
https://arxiv.org/abs/math/9801112
https://doi.org/10.1007/JHEP04(2012)105
https://arxiv.org/abs/1112.5228
https://arxiv.org/abs/1112.5228
https://doi.org/10.1016/0370-1573(93)90111-P
https://arxiv.org/abs/hep-th/9210010
https://doi.org/10.1142/2354
https://doi.org/10.1215/00127094-1593263
https://arxiv.org/abs/math/0505148
https://arxiv.org/abs/math/0505148
https://doi.org/10.1007/JHEP12(2013)100
https://arxiv.org/abs/1309.5160
https://doi.org/10.1007/JHEP06(2012)178
https://arxiv.org/abs/1102.0184


264 BIBLIOGRAPHY

[BV82] N. Berline and M. Vergne, Classes caractéristiques équivariantes. Formule

de localisation en cohomologie équivariante, C. R. Acad. Sci. Paris Sér. I

Math. 295 (1982), 539–541.

[BV99] M. Brion and M. Vergne, Arrangement of hyperplanes. I: Rational func-

tions and Jeffrey–Kirwan residue, Ann. Sci. Éc. Norm. Supér. 32 (1999),
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