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Résumé

Le but de ce mémoire d’Habilitation a Diriger des Recherches est de présenter les as-
pects géométriques et algébriques quantiques des théories de jauge supersymétriques,
qui émergent de la nature non perturbative de la structure du vide, induite par les
instantons. Nous commencons par un bref résumé de la localisation équivariante
de l'espace des modules d’instantons, et montrons comment obtenir la fonction de
partition d’instantons et sa généralisation aux théories de jauge de carquois et de
supergroupes de trois manieres, par : la formule d’indice équivariant, la formule de
I'intégrale de contour et la formule combinatoire. Nous explorons ensuite la description
géométrique de la théorie de jauge N = 2 basée sur la géométrie de Seiberg—Witten du
point de vue de la théorie des cordes et de la M-théorie. Avec sa relation aux systemes
intégrables, nous montrons comment quantifier une telle structure géométrique via
la €2-déformation de la théorie de jauge. Nous discutons également de la structure
algébrique quantique sous-jacente aux vides supersymétriques. Nous introduisons la
notion de W-algebre de carquois construite par double quantification de la géométrie
de Seiberg—Witten, et montrons ses spécificités : les W-algebres de carquois affines,

les W-algebres de carquois fractionnaires et leurs déformations elliptiques.

Mots-clés : Instanton, Localization équivariante, Théorie de jauje de carquois, Théorie
de jauje de supergroupe, Géométrie de Seiberg—Witten, Systemes intégrables, ¢g-

caractere, W-algebre de carquois, Algebre vertex.
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Abstract

The aim of this memoir for “Habilitation a Diriger des Recherches” is to present quan-
tum geometric and algebraic aspects of supersymmetric gauge theory, which emerge
from non-perturbative nature of the vacuum structure induced by instantons. We start
with a brief summary of the equivariant localization of the instanton moduli space, and
show how to obtain the instanton partition function and its generalization to quiver
gauge theory and supergroup gauge theory in three ways: the equivariant index for-
mula, the contour integral formula, and the combinatorial formula. We then explore
the geometric description of N' = 2 gauge theory based on Seiberg-Witten geome-
try together with its string/M-theory perspective. Through its relation to integrable
systems, we show how to quantize such a geometric structure via the 2-deformation
of gauge theory. We also discuss the underlying quantum algebraic structure aris-
ing from the supersymmetric vacua. We introduce the notion of quiver W-algebra
constructed through double quantization of Seiberg—Witten geometry, and show its
specific features: affine quiver W-algebras, fractional quiver W-algebras, and their el-

liptic deformations.

Keywords: Instanton; Equivariant localization; Quiver gauge theory; Supergroup
gauge theory; Seiberg-Witten geometry; Integrable system; gg-character; Quiver W-
algebra; Vertex operator algebra.
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Chapter O

Introduction

Gauge theory in physics and mathematics

Since Yang—Mills’ proposal to extend gauge symmetry to non-Abelian symmetry [YM54],
gauge theory has been playing a crucial role in theoretical physics as a ubiquitous
framework to describe fundamental interactions: electroweak interaction [Gla61, Wei67],
quantum chromodynamics (QCD) [NN53, Nish5, GM56, GM61, Gre64, HN65, FGMLT73],
and gravity [Uti56]. In addition to the significant role in theoretical physics, the in-
fluence of gauge theory is not restricted to physics, but also extended to wide-ranging
fields of mathematics: The study of self-duality equations in four-dimensions [AHS77,
AHST78], which leads to the so-called Atiyah-Drinfeld-Hitchin-Manin (ADHM) con-
struction of the instantons [AHDMT78]; Morse theory [AB82, Wit82] in the relation
to algebraic geometry; Donaldson invariants of four-manifolds [Don83]; Topological
invariants of knots, known as Jones polynomial [Jon85], from Chern—Simons gauge
theory [Wit89]; Seiberg—Witten invariant [Wit94] motivated by Seiberg—Witten theory
of N' = 2 supersymmetric gauge theory [SW94a, SW94b]. In fact, these developments
have been motivating various interplay between physics and mathematics up to now.
The aim of this memoir is to present new mathematical concepts emerging from such

intersections of physics and mathematics.

Universality of QFT

In general, Quantum Field Theory (QFT) is a universal methodology to describe many-
body interacting systems, which involves quite broad applications to particle physics,
nuclear physics, astrophysics and cosmology, condensed-matter physics, and more.
In order to discuss the origin of its universality, one cannot say anything without
mentioning the role of symmetry on the low energy behavior in the vicinity of the

vacuum/ground state of the system, e.g., spacetime/internal symmetry, global/local

1
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symmetry, and non-local symmetry.

One may obtain several constraints on the spectrum, and also the conservation
law from the symmetry argument, which provide useful information to discuss the
effective description of the low energy behavior. However, it is not straightforward to
understand the vacuum structure of QFT, since it would be strongly coupled in many
cases in the low energy regime, due to the so-called asymptotic freedom [GW73, Pol73,
Pol75], and one cannot apply the systematic approach based on the perturbation
theory with respect to a small coupling constant as in the weakly coupled regime.
In order to overcome this difficulty, it would be plausible to incorporate additional
symmetry, i.e., supersymmetry, which provides further analytic framework for the
study of QFT. In fact, supersymmetric extension of gauge theory, which we mainly
explore in this memoir, shows a lot of geometric and algebraic properties in the low

energy regime.

N = 2 supersymmetry

In this memoir, we mainly focus on N' = 2 supersymmetric gauge theory in four
dimensions, and explore the associated geometric and algebraic structure emerging
from the moduli space of the supersymmetric vacua. N = 2 theory has two sets of
supersymmetries, which provide powerful tools to study its dynamics rather than non-
supersymmetric and N/ = 1 theories. At the same time, it still shows various dynamical

behaviors, e.g., the asymptotic freedom and the dynamical mass generation.

Actually, the instanton plays a crucial role to explore the vacuum structure of
N = 2 theory as well. Since the instanton provides a solution to the classical equation
of motion in the Yang—Mills theory, one may consider the perturbative expansion
around the instanton configuration [tH76]. Although it is still hard to control this
expansion, we can apply the so-called topological twist to localize the path integral
on the instanton configuration, if there exists A/ = 2 supersymmetry [Wit88a] (§1.3).
This drastically simplifies the analysis of gauge theory path integral, and one can deal
with the gauge theory path integral as a statistical model of the instantons. What
remains is to evaluate the configuration space of the instantons, a.k.a., the instanton

moduli space.

Instanton counting

From this point of view, we will provide the instanton counting argument with detailed
study of the instanton moduli space. We are in particular interested in the volume of

the instanton moduli space, which gives rise to important contributions to the partition



function based on the path integral formalism. Since the naively defined moduli space
is non-compact and singular, we should instead define a regularized version of the
moduli space, and then apply the equivariant localization scheme to evaluate the
volume of the moduli space. The gauge theory partition function obtained by the
equivariant integral over the instanton moduli space is called the instanton partition
function [LNS98, MNS00b, LNS99] and also the Nekrasov partition function [Nek04,
NOO06], which will be one of the main objects in this memoir (§1.8).

The instanton partition function provides a lot of suggestive insights in the relation
to various branches of mathematics: Combinatorics of (2d and also higher dimensional)
partitions; Geometric representation theory; 7-function and integrable systems; Vertex
operator algebra and conformal field theory, and more. The latter part of this memoir
is devoted to the study of quantum geometric and algebraic aspects of N' = 2 gauge
theory based on such interesting connections between the instanton partition function

and various illuminating notions in mathematical physics.

Seiberg—Witten theory

A striking application of the instanton counting is the Seiberg—Witten theory for N' = 2
gauge theory in four dimensions [SW94a, SW94b], which provides an algebraic geomet-
ric description for the low energy effective theory of N' = 2 theory (§4.2). A remarkable
property of N' = 2 theory is the one-to-one correspondence between the Lagrangian
and the holomorphic function, known as the prepotential [Sei88|. Seiberg—Witten the-
ory provides a geometric characterization of the low energy effective prepotential based

on the auxiliary algebraic curve, called the Seiberg-Witten curve.

The instanton partition function depends on the equivariant parameters associ-
ated with the spacetime rotation symmetry denoted by (e, €3) € C? (also called the
-background /deformation parameters). The partition function diverges if we naively
take the limit €; » — 0. In fact, Nekrasov’s proposal was that the asymptotic expansion
of the instanton partition function in the limit € 5 — 0 reproduces Seiberg-Witten’s
prepotential (§5.3). This proposal has been confirmed by Nekrasov—Okounkov [NOOG6],
Nakajima—Yoshioka [NY05], and Braverman—Etingof [BE06], based on different ap-

proaches.

Relation to integrable system

Seiberg-Witten’s geometric description implies a possible connection between N = 2
gauge theory and classical integrable systems. In fact, the Coulomb branch of the

moduli space of the supersymmetric vacua of N' = 2 theory in four dimensions is



4 CHAPTER 0. INTRODUCTION

identified with the base of the phase space of the algebraic integrable system [GKM*95,
MW96, DW96, SW97|. This correspondence is based on the identification of the
Seiberg—Witten curve with the spectral curve of the corresponding classical integrable
system. A primary example of the integrable system is the closed n-particle Toda
chain (A,_; Toda chain), corresponding to A" = 2 SU(n) Yang-Mills theory. One can
also obtain the spin chain model from N = 2 theory with the fundamental matters,
ak.a, N = 2 supersymmetric QCD (SQCD). In this context, the gauge symmetry
(and the flavor symmetry) is not reflected in the symmetry of the integrable system,
whereas the quiver structure does affect the symmetry algebra on the integrable system
side. These integrable systems are in general associated with the moduli space of
periodic monopole [NP12], obtained through a duality chain on the gauge theory
side (84.3; §4.6). In addition, imposing additional periodicity, we will obtain the
trigonometric/elliptic integrable systems, corresponding to 5d A/ = 1 on a circle S*

and 6d N = (1,0) theory on a torus T2, respectively.

Quantization of geometry

Once the correspondence to the classical integrable system is established, it is natural
to ask: Is it possible to see a quantum version of the correspondence? If yes, how to
quantize this relation? Nekrasov—Shatashvili’s proposal was to use the Q-background
parameter, which was originally introduced as a regularization parameter to localize
the path integral [NS09b]. See also [NS09a, NS09d, NS09¢, NPS18|. In particular,
the limit (e1,€2) — (A,0) is called the Nekrasov—Shatashvili (NS) limit, in which we
can see the quantization of the cycle integral over the Seiberg-Witten curve, namely
Bohr-Sommerfeld’s quantization condition (§5.6). In this situation, the spectral curve
is promoted to the quantum curve, which is now discussed in various research fields:
matrix model [EO07]}; topological string [ADK™06, DHSV08, DHS09], knot invariant
(AJ conjecture) [Gar08, Gar04], etc. In the context of gauge theory, the quantum
curve is identified with the TQ-relation of the quantum integrable system. Similarly,
the saddle point equation obtained from the instanton partition function is identified

with the Bethe equation of the quantum integrable system (§5.7).

Quantum algebraic structure

Quantum integrable systems in principle have infinitely many conserved Hamiltoni-
ans, which are constructed from the underlying infinite dimensional quantum algebra.
Then, the correspondence between gauge theory and integrable systems implies exis-

tence of such a quantum algebraic structure on the gauge theory side. Furthermore,

ISee Appendix C.



since the correspondence to the quantum integrable system is discussed in the NS
limit, it is expected to obtain a doubly quantum algebra with generic €2-background
parameters (e;2). In fact, such a quantum algebra is then identified with Virasoro/W-
algebra, which is an infinite dimensional (non-linear) symmetry algebra of conformal
field theory (CFT) [BS93, BS94, DFMS97, Rib14]. From this point of view, the quan-
tum integrability is described by the Poisson algebra obtained in the classical limit of
W-algebras.

The algebraic correspondence between gauge theory and CFT is in general dubbed
as BPS/CFT correspondence [Nek16, Nek17a, Nek18, Nek19, Nek17b], with a lot of ex-
amples explored so far. The primary example is the Alday—Gaiotto—Tachikawa (AGT)
relation [AGT10, Wyl09], which states the equivalence between the instanton parti-
tion function of G-YM theory and the conformal block of W(G)-algebra. This relation
is generalized to various situations: 5d A" = 1 theory and ¢-CFT [AY10a]; The sur-
face operator and the degenerate field insertion [AGGT10], and also the affine Lie
algebra [AT10]; The instanton partition function on the orbifold and the super/para-
CFT [BF11, NT11, BMT11, BMT12]. See also review articles on the topic [Tacl6,
Tacl7, LF20]. Another important example is the chiral algebra [GRRY11, BLL*15],
which is the correspondence between a class of the operators in NV = 2 theory and
a two-dimensional chiral algebra (vertex operator algebra). From this point of view,
the superconformal index on the gauge theory side is identified with the character
of the corresponding module on the chiral algebra side. See also a recent review ar-
ticle [Lem20]. In fact, these two relations are motivated by the class S description
(compactification of 6d N = (2,0) theory with a generic Riemann surface) of N = 2
gauge theory [Gail2].

Quiver W-algebra

Regarding the correspondence to the quantum integrable system, the symmetry alge-
bra is related to the quiver structure on the gauge theory side. From this point of
view, we may discuss a quantum algebraic structure from quiver gauge theory with
generic Q-background parameters. The quiver W-algebra W, ,(I') (or simply W(I')) is
a doubly quantum algebra constructed from I'-quiver gauge theory, and its algebraic
structure is associated with the quiver structure I' of gauge theory [KP18¢| (Chap-
ter 7). See also [Kim18]. In fact, this quiver W-algebra is linked to the AGT relation
through the duality.

The formalism of quiver W-algebra exhibits several specific features. Starting with
the finite-type Dynkin-quiver, quiver W-algebra reproduces Frenkel-Reshetikhin’s con-
struction of ¢-deformation of W-algebras for I' = ADE [FR98]. Quiver W-algebra is
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also applicable to affine quivers, and in that case, it gives rise to a new family of
We-algebras (§7.5). In order to extend this formalism to arbitrary quiver, including
non-simply-laced quivers, we should consider the fractional quiver gauge theory, which
partially breaks the symmetry of €; <+ e; [KP18a] (§7.4). Applying this formalism to
6d N = (1,0) gauge theory, we obtain an elliptic deformation of W-algebras [KP18b]
(Chapter 8). This algebra has one more parameter corresponding to the modulus of

the torus, on which the gauge theory is compactified.

Organization of the memoir

This memoir is organized as follows.

Part I: Instanton Counting

Chapter 1 is devoted to describe basic aspects of instanton counting. We start with a
brief review on gauge theory, in particular, with emphasis on the role of the instantons
in the path integral. We then discuss the ADHM construction of the instantons and the
associated moduli space. After introducing basic ideas on the equivariant localization,
we apply it to the instanton moduli space to evaluate the equivariant volume, which
will be identified with the instanton partition function. In particular, we discuss how
to characterize the fixed point under the equivariant action, on which the path integral
will be localized. We show equivalent expressions for the instanton partition function
in the threefold way, the equivariant index formula, the contour integral formula, and

the combinatorial formula.

In Chapter 2, we generalize the instanton counting description to quiver gauge the-
ory, which consists of multiple gauge field degrees of freedom. We derive the instanton
partition function in the threefold way via the equivariant localization for quiver gauge
theory. We will also introduce the quiver variety and its relation to the moduli space
of instantons on the ALE space. We then discuss the fractional quiver gauge the-
ory, which is applied to describe a non-simply-laced quiver. We will similarly obtain
the instanton partition partition function for fractional quiver with the corresponding

instanton moduli space.

In Chapter 3, we study the gauge theory with supergroup gauge symmetry. Al-
though it is inevitably non-unitary due to violation of the spin-statistics theorem,
we will be able to explore its non-perturbative aspects of supergroup gauge theory.
We will show that supergroup gauge theory has several realizations in terms of non-
supergroup gauge theory in the unphysical parameter regime. We then discuss the

ADHM construction of instantons in supergroup gauge theory together with its string



theory perspective. Based on this construction, we provide the threefold way deriva-
tion of the instanton partition function for supergroup gauge theory by applying the

equivariant localization scheme.

Part II: Quantum Geometry

Chapter 4 is devoted to geometric description of N' = 2 gauge theory, a.k.a, Seiberg—
Witten theory. Starting with basic properties of N' = 2 theory in four dimensions,
we explain how the low energy behavior of N' = 2 theory is described in terms of
algebraic geometry. We also show its generalization to quiver gauge theory, and the
Seiberg-Witten curve for quiver theory is in general given as the spectral curve of
the corresponding algebraic integrable system. We then discuss the string/M-theory
perspective of the Seiberg—Witten geometry based on the brane description of N' = 2
gauge theory in four dimensions. In particular, we see how the Coulomb branch
description turns to the Higgs branch with emphasis on the role of the vortices in
the brane configuration. We show that one can similarly discuss the Seiberg-Witten
geometry in 5d A = 1 theory and 6d N' = (1,0) theory compactified on a circle and
a torus, respectively. We will discuss several features specific to higher dimensional

theories.

In Chapter 5, we discuss quantization of Seiberg—Witten geometry based on the
)-deformation of gauge theory. In particular, we show that a doubly quantum de-
formation of the Seiberg-Witten curve is described by the gg-character generated by
the adding/removing-instanton operation. We then discuss the classical limit, which
reproduces the ordinary Seiberg—Witten curve discussed earlier. If one takes a partial
classical limit (NS limit), it would be reduced to the g-character, which is identified
with the transfer matrix of the corresponding quantum integrable system. We show
that the TQ-relation is interpreted as quantization of the Seiberg—Witten curve, and
the Bethe equation is obtained as the saddle point equation obtained from the instan-

ton partition function in the NS limit.

Part III: Quantum Algebra

In Chapter 6, we explain the operator formalism of NV = 2 gauge theory based on
the holomorphic deformation of the prepotential to discuss the algebraic structure of
gauge theory. In this formalism, there are infinitely many harmonic oscillators, which
generate the Fock space, and one can discuss the free field realization of the quantum
algebra on it with the vertex operators. From this point of view, we introduce the

notion of the Z-state through the operator/state correspondence on the Fock space,
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and show that the instanton partition function is obtained as a chiral correlator of
the corresponding vertex operator algebra. We also clarify how to describe the pole

cancellation mechanism in terms of the operator formalism.

In Chapter 7, we introduce the quiver W-algebra based on the operator formalism
of gauge theory. We show that the operator analog of the gg-character, called the
T-operator, plays a role of the generating current of the algebra W, ,(I') with g2 =
e2 € C*, and it is reduced to the commuting transfer matrix in the NS limit (the
generating function of the conserved Hamiltonians). We extend this formalism to
fractional quiver gauge theory, and show that one can construct ¢-deformation of W-
algebras associated with non-simply-laced algebras. We then apply this formalism to
affine quivers, and demonstrate that a new family of W-algebras are generated by the
corresponding gg-character, which is an infinite series of the vertex operators. We also
discuss applications of the operator formalism to the contour integral formula of the
instanton partition function. We show that the partition function again has a chiral
correlator realization, and the summation over the topological sectors is concisely
described.

In Chapter 8, we discuss an elliptic deformation of W-algebra constructed from 6d
N = (1,0) gauge theory compactified on a torus. In this case, the instanton partition
function is given as an elliptic chiral correlator expressed in two ways: The first is
based on the elliptic deformation of the vertex operators, and the second is as a torus
correlation function of the vertex operator without elliptic deformation. The relation
between these two descriptions is naturally understood from the duality. Applying the
formalism of quiver W-algebra to this elliptic theory, we can construct the holomorphic
generating current of the elliptic W-algebra denoted by Wy, ,,(I'), depending on the
elliptic parameter p € C*.
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Chapter 1

Instanton counting and localization

The aim of this Chapter is to introduce the Yang-Mills (YM) theory, and explain how
the specific solution, called the instanton, plays an important role in four-dimensional
gauge theory.! We will explain a systematic method to describe the instanton solu-
tion, a.k.a. ADHM construction [AHDMT78], and discuss how the moduli space of the
instanton plays a role in the path integral formalism of the YM theory. In particular,
volume of the instanton moduli space is an important quantity, but we should regu-
larize it due to the singular behavior of the moduli space. We will then consider the
equivariant action on the instanton moduli space, and apply the equivariant localiza-
tion scheme to evaluate the volume of the moduli space [DH82, BV82, AB84], which
gives rise to the instanton partition function [LNS98, MNS00b, LNS99, Nek04, NOO6].

1.1 Yang—Mills theory

Let us briefly review the basics of gauge theory. Gauge theory is mathematically
formulated as a principal bundle with the structure group G (G-bundle for short),
which is also called the gauge group in the physicists’ terminology. Let S be the
d-dimensional Riemannian manifold as a base of the G-bundle, then the Lie algebra
valued one-form, called the connection, is the fundamental ingredient of gauge theory,

A:S — T*S ® Clg|, with g = LieG. The curvature two-form is given as
F=dA+ANA€Q*S)®Clg] (1.1.1)

where QP(S) ® Clg] = APT*S @ Clg] is a set of g-valued p-forms on S. Under the
G-gauge transformation A — gAg~—! + gdg=! for ¢ € G, the curvature behaves as
F+— gFg™' =ad,(F).

1See [tH99] for introductory review on this topic, and also [FU91, DK97] for mathematical de-

scription of gauge theory.

11
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The Yang—Mills theory with the gauge group G' (G-YM theory) is described with

the YM action functional:
1 9 1
Sym[A] = - dvol |F|” = —— [ tr (F'N*F) (1.1.2)
g° Js g Js

where dvol is the volume form, x is the Hodge star operator on &, and the inner
product is defined as (A, B) = —tr(AB), where the trace is with respect to the
defining representation of G.2 The gauge coupling constant is denoted by ¢g. This YM

action is invariant under the G-gauge transformation.

We are interested in a specific configuration minimizing the YM action (1.1.2),
which is a solution to the equation of motion (e.o.m.; also referred to as the YM

equation):

(SSYM [A]
A 0 = * 0 (1.1.3)
where we define the covariant derivative

D=d+A. (1.1.4)

The e.o.m. (1.1.3) is a second order non-linear PDE, which is difficult to solve in
general. Hence, instead of finding a general solution, we will deal with a class of more

tractable solutions.

For example, a naive solution is F' = 0 (zero curvature), and the corresponding
connection is called the flat connection. However, the flat connection is not a good
solution in higher dimensions in the following sense: The two-form curvature F' &€

d d(d—1)

0?(S) ® Clg] has (2> = ——5— components, while the connection A € Q'(S)® Clg|

has (d — 1) components after gauge fixing. Therefore, the zero curvature condition
F' = 0 overdetermines the connection A except for d = 2, so that it is difficult to

discuss the corresponding moduli space.

1.2 Instanton

From this point of view, we should find an alternative class of solutions in higher
dimensions. In the case of d = 4, there is a special property of the Hodge star operator,
which behaves as an endmorphism of the bundle of two-forms, x : %(S) — Q*(S). In
this case, since ** = 1, we can decompose it into the self-dual (SD) and anti-self-dual
(ASD) parts, Q*(S) = Q2(S) @ Q2(8), with respect to the eigenvalues of the Hodge

2We apply the convention s.t., the Lie algebra generators are anti-Hermitian.
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instanton anti-instanton
SD or ASD *F = —F *F = +F
topological # k>0 k<0

Table 1.1: Properties of instanton and anti-instanton.

star operator:

Py % (F++F) e Q2(S)®Clg] —> #Fs—+F, (1.2.1)

where FY is called the (A)SD part of the curvature. If the SD (ASD) part is vanishing,
the curvature becomes ASD (SD):

Fi=0 <« «F=%F. (1.2.2)

The vanishing SD (ASD) condition is called the ASD (SD) YM equation, and the
connection solving (A)SD YM equation is then called the (4)SD YM connection. In
fact, the (A)SD YM connection turns out to be a solution to the e.o.m. via the Bianchi
identity

D« AEP £ pp Bianhi (1.2.3)

Under this decomposition, the number of components of two-form correspondingly
splits into 6 = 3 + 3, so that the (A)SD condition (1.2.2) seems a good solution of
d =4 YM theory.

Furthermore, the YM action is bounded by the topological term as follows:

1 1
SYM[A]:——Q/tr(F:I:*F)/\*(F:I:*F):I:—Q/trF/\F
29° Js 9° Js
2 872k _ 8n2lk
:—2/dvol\Fi\2i kST IH
7 Js g g

(1.2.4)

where k € Z is the topological charge, called the instanton number, given by integrating
the second Chern class over the four-manifold S,

k= [S] = SL/trF/\F. (1.2.5)
S

T2

Here a solution with positive k is called the instanton, and with negative k is the anti-

instanton, respectively. The properties of instanton and anti-instanton are summarized
in Tab. 1.1.3

3We will discuss more refined version of the classification in §3.3 (See Tab. 3.1).
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1.3 Summing up instantons

1.3.1 O-term

In addition to the YM action, one can incorporate the gauge invariant term in d = 4

theory, which is called the 6-term:

i0
SplA] = trF ANF. 1.3.1
=2 (131)
This term does not contribute to the e.o.m. since it is a topological term, which is
invariant under the infinitesimal variation. This means that the (anti-)instanton is
still a solution, providing a local minimum of the action. Then, expanding the total

action around the k-instanton configuration, A = AW 4 0A, we obtain

inst

Stot [A] = SYM [A] + S@ [A]

2 , 1 i

2
_ 8—|k\ i6) + Shuc[5A] (1.3.2)

where we introduce the fluctuation term Sg,.[0A] schematically. Since the instanton
is a solution to the e.o.m., there is no linear term in 0A, so that Spy..[0A] starts
with quadratic term O(5A?). Although computation of the fluctuation is in general
difficult [tH76], in some cases equipped with supersymmetry, the higher order terms

are suppressed, and we could manage the computation. See §1.3.2.

In the path integral formalism, this is rephrased as follows:
Z = / [DA] e Sterl4]
= Z q / (DAY / [D3A] e S04 (1.3.3)

where [DA] is the path integral measure of the gauge field A, which splits into the
instanton part [DA® ] and the fluctuation part [D5A]. The instanton counting pa-

rameter (fugacity) is defined as
. ST y
q=exp (27iT) =exp | ——5 +1i0 | €C (1.3.4)
g
with the complexified coupling constant

= . (1.3.5)
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SU(2). SU@2)z SU(2): SU2), SU(2)
Q. 2 1 2 G, 2 2
Q. 1 2 2 @gt) 1 1e3
A, 2 2 1 = A, 2 2
X2 1 2 A 2

N 1 2 2 (7, %) 1 153
¢ 1 1 1 ¢ 1 1

Table 1.2: SU(2) representations under the topological twist.

In principle, the path integral (1.3.3) also involves the anti-instantons contributions
counted with the complex conjugate q§ = exp (—8xr?/g* —if), but we focus on the
instanton contributions which will be relevant in the context of N = 2 gauge theory.
See §1.3.2 and §4.1 for details. As seen in the expression of the fugacity (1.3.4), it
is invariant under the coupling shift, 7 — 7 4+ 1, corresponding to the shift of the
f-angle, # — 0 + 2w. This is analogous to the modular T-transformation. In fact,
this complexified coupling constant would be related to the complex structure of the
Riemann surface associated with gauge theory (Seiberg—Witten curve), and the S-

transformation corresponds to the strong-weak duality of N' = 2 gauge theory. See
§4.2 for details.

Let us then look at the path integral with the measure [DA.(k)

inst

as integral over all the possible k-instanton configuration in G-YM theory, namely

]. This is interpreted

the configuration space of the k-instanton solution, a.k.a., the instanton moduli space
denoted by Mg . We will discuss details of the moduli space in §1.5.

1.3.2 Topological twist

The gauge field path integral is schematically given as an infinite series over the dif-
ferent topological sectors as shown in (1.3.3). We can deal with this argument more

rigorously in supersymmetric gauge theory.

N = 2 supersymmetric gauge theory on R* = C? has global symmetries: Lorentz
symmetry, Spin(4) = SU(2). x SU(2)g, and R-symmetry, U(2); = SU(2); x U(1);.
We denote the supercharges of this theory by (@Y, Q%), where the index (a,¢,1) is
for (SU(2)r,SU(2)g,SU(2);), so that there are 8 supercharges in total. The topolog-

4We will review more details of 4d ' = 2 gauge theory in §4.1.
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ical twist is the procedure to mix these SU(2) symmetries [Wit88a]. In particular,
we consider the diagonal subgroup SU(2); C SU(2)g x SU(2);. Under this twist,
the representations of SU(2)’s are given for the supercharges and the vector multiplet
(A, \L, 5\;, ¢) as in Tab. 1.2. For example, we denote the two-dimensional represen-
tation of SU(2) by 2. The scalar supercharge Q is to be identified with the BRST
charge, which would be combined with the vector supercharge G, to construct a new
(equivariant) BRST charge [Nek04]. The tensor supercharge and the fermionic field
obey the SD condition, x(Q},,x};,) = (2,,X,,). In addition, we introduce the aux-
iliary field Hlfl, corresponding to the tensor fermionic field X,wa which plays a role of

the Lagrange multiplier implementing the constraint:
+ _
F,, =0, (1.3.6)

which is the ASD YM equation (1.2.2). Hence the path integral localizes on the ASD

YM configuration, and thus is reduced to the integral over the instanton moduli space.

In the presence of the hypermultiplet in the fundamental representation, the con-
straint (1.3.6) is replaced with the monopole equation, together with the additional
Weyl equation:

Fi +iplo,0 =0, (1.3.7a)
Dipa =0, (1.3.7b)

where we denote the Weyl fermion in the hypermultiplet by .. Therefore, the local-
ization locus of the path integral is the monopole configuration with the Weyl zero
mode.” From the moduli space of this monopole equation, one can construct the
Seiberg—Witten invariant of the four-manifold. See [Mor95, Moo96] for details.

1.4 ADHM construction of instantons

In this Section, let us introduce the systematic construction of instantons, a.k.a. the
ADHM construction [AHDM?78].5 Although the original ADHM construction is for
instantons on the four-sphere S*, we apply it to the case on R* = C? by conformal
compactification: Since we are interested in the instanton with finite action, the cur-
vature should vanish at infinity, F' — 0, which implies A — gdg~! at infinity. One can
rotate the group element g € GG using the global part of the gauge symmetry, which is

called the framing of the connection at infinity.

®We can also deform the localization locus of the path integral to that on the instanton configu-

ration. See, for example, [Sha05] for details.
6See also extensive review articles [DHKMO02, NY03] on this topic.
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1.4.1 ADHM equation

We consider the unitary gauge group G = U(n). Then, in order to construct the

k-instanton solution in U(n)-YM theory, we define the complex vector spaces:
N=C", K=C". (1.4.1)
We define the base manifold
X = Hom(K, K) ® Hom(K, K) ® Hom(N, K) ® Hom(K, N) . (1.4.2)

The ADHM variables (Bi 2,1, J) € X are the linear maps associated with these vector

spaces:
By € Hom(K,K) =End(K), € Hom(N,K), Je&Hom(K,N), (1.4.3)
which satisfy the ADHM equation
(r; pic) = (0,0), (1.4.4)
with the moment maps (ug, uc) : X — R3 @ uf

pig = [Bi, BI] + [Bo, BY) + 11T — JTJ (1.4.5a)

Let G¥ = U(K) = U(k), which is called the dual gauge group in the ADHM construc-
tion. These ADHM variables are defined modulo GV-action:

(9) - (Bio,I,J) = (gBi2g ', g1, Jg7"), g€ UK). (1.4.6)

There is an additional group action on these variables, G = U(N) = U(n), which
corresponds to the gauge transformation of U(n)-YM theory at infinity (the framing):

(v) - (Bia,I,J) = (Bia, Iv ' vJ), v e U(N). (1.4.7)

This global symmetry plays a role of the flavor symmetry for the ADHM variables.

1.4.2 Constructing instanton

Given the ADHM variables (1.4.3), the ASD connection is constructed as follows. Let

(21,22) € S = C? be a spacetime coordinate. Then, define the dual Dirac operator

Bl — 21 B2 — 29 I
Dt = , 1.4.8
(—Bg +7 Bl -z —JT> (1-48)
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which is a map DT : K@ S@® N — K ® S. Due to the ADHM equation (1.4.4), we
obtain

DD =A@l (1.4.9)

where
A= (By —2) (Bl — 7)) + (By — 2)(B — 2) + 111, (1.4.10a)
— (Bl — 2)(By — 21) + (BY — 2)(By — 2) + JJ. (1.4.10b)

This is a map A : K — K, which behaves A — |2]?1 at z — .

Let ¥ : N = K ®S @® N be a zero mode of the dual Dirac operator, D'¥U = 0
(U € Ker DY) with the normalization condition WIW¥ = 1. This zero mode defines
the projector from K ® S & N onto N:

P:= 00" = lposen — DA™ ® 15)DT, (1.4.11)

with PD = WUTD = 0. This follows from the completeness condition of the vector
space K@ S® N, namely 1ggsey = YU+ D(DTD)~1DT. Then, the ASD connection
is constructed as

A=Td¥ = —Wdu't (1.4.12)

which takes a value in u,, = Lie U(n) since it is anti-hermitian AT = —A with rank n.

Let us show the curvature constructed with this connection is ASD:
F=dA+ANA=dV'(1 - 0¥V = U'(dD)(A ® 1s) "' (dD")V. (1.4.13)

Recalling the definition of the Dirac operator (1.4.8), dD' and dD give rise to the
quaternion basis, ¢ and &, respectively. Thus the curvature is proportional to o A o,
which is ASD. Changing the orientation of the four-manifold, we will instead obtain

the SD curvature proportional to o A 7.

Let us then compute the instanton charge based on the ADHM variables. We can

use Osborn’s formula [Osb81] to rewrite the integral,

|
— | wFAF=
8n2 Jg 1672

/d4x PP trglog A~ =trg 1 =k, (1.4.14)

where the Laplacian is denoted by 9%. The second equality is due to the asymptotic
behavior of A — |z|*1x at z — oo. This confirms that the ASD connection (1.4.12)

gives rise to k-instanton solution.
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1.4.3 Dirac zero mode

The Atiyah—Singer index theorem claims that there exist k& Dirac (Weyl) zero modes
in the k-instanton background, which contribute to the path integral (See §1.3.2). We
construct such a zero mode with the ADHM variables [Osb78].

First we decompose the ADHM zero mode ¥f = (UI v; u'), where vy 5 : N — K, and
u: N — N. Then each component of the Weyl zero mode is given by ¢, = vI AL
Since this is a bosonic solution to the Weyl equation, we define a fermionic map
A M — TIK to construct the fermionic zero modes with the (fundamental) flavor

space
M=C". (1.4.15)

Then, n! flavor fermionic zero modes are given by v, = vIA7'\ for a = 1,2. The
antifundamental zero modes are similarly constructed by A : IIK — M with the

antifundamental flavor space

M=C"™, (1.4.16)

1.4.4 String theory perspective

Let us comment on the string theory perspective of the ADHM construction [Wit96,
Dou99.

The standard realization of gauge theory in string theory is to consider a stack of D-
branes. The k-instanton configuration in four-dimensional U(n)-YM theory, in which
we are interested, is realized as a bound state of £ DO and n D4 branes.” In this setup,
the Chan-Paton vector spaces are C¥ and C", which would be identified with the vector
spaces defined in the ADHM construction (1.4.1). The ADHM variables (Bj 2,1, J)
are then identified with open string degrees of freedom connecting D0-D0, D4-D0, DO-
D4, respectively, and the ADHM equation is identified with the Bogomolnyi—Prasad—
Sommerfield (BPS) equation, the supersymmetry preserving condition for this brane
configuration. The U(k) symmetry of the ADHM variables is interpreted as gauge
symmetry of DO brane world-volume theory, and the U(n) symmetry is the flavor

symmetry associated with the flavor D4 branes in this perspective.

This dual description is interpreted as a consequence of T-duality, which exchanges

"In general, we may consider k£ D(4 — p) and n Dp branes.
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DO and D4 branes on a four-torus 7% and its dual T*:

L k-instanton in U(n)-YM theory on 7" }

ITdual (1.4.17)

{ n-instanton in U(k)-YM theory on 7* }

Let R be the radius of 7%, and the radius of the dual torus 7% is given by R = 1/R.
Then, in the limit R — oo, we have 7% — R* and T* — pt. This zero dimensional
description gives rise to the ADHM construction, which does not involve the derivative

terms.

In addition to the correspondence shown above, the construction of the ASD con-
nection (1.4.12) also has an interpretation in the context of the tachyon condensa-
tion [HT06]. Furthermore, through the identification of the ASD connection as the
Berry connection, we could establish the Band/Brane correspondence [HK16a, HK16b],

which claims the equivalence of the band spectrum and the D-brane shape.

1.5 Instanton moduli space

We have seen that the instanton solutions are systematically obtained using the ADHM
construction, where the ADHM variables parametrize the configuration of the instan-
tons. Since it is defined modulo U(K) action (1.4.6), we define the ADHM instanton

moduli space as a hyper-Kéahler quotient:
My = {(Br2, 1, J) | (pw, pc) = (0,0)} fU(K)
= g (0) N e (0) /U (k) . (1.5.1)

The reason why we call this hyper-Kahler is that the quotient is taken with three
conditions, (pg'(0), Re uz'(0),Im ps'(0)). The (complex) dimension of the moduli

space is given by
dime M, = 2dim Hom(K, K') + dim Hom(N, K') + dim Hom(K, N)
— g dim Hom(K, K') — dim U(K)
= k. (1.5.2)

We remark the dimensions of the ADHM equations are given by %dim Hom(K, K) =
%k’z. The moduli space naively defined here is non-compact and singular, and thus we

should regularize this for the later purpose.
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1.5.1 Compactification and resolution

The first step is to compactify the moduli space by adding the point-like instanton,
a.k.a. the Uhlenbeck compactification:

k
| | 9 4—p x Sym*' € (1.5.3)

k'=0

where Sym"* €2 is the &-th symmetric product of C2, corresponding to the point-like
instanton. This is analogous to the compactification of C? to S* by adding {co}. This
point-like instanton gives rise to the so-called small instanton singularity, and the next
step is to resolve such a singularity in the moduli space. The resolution is then done
by modifying the ADHM equation (1.4.4) as follows [Nak94b|:

m; = Q) JUK), (1.5.4)

where we use the vector notation, u = (ug, Re puc, Im puc) (= f£) and ¢ = ((1g,0,0) (=
5 ).8 The topological structure of the moduli space does not depend on the deformation
parameter as long as ¢ # 0 [Nak99]. The deformed moduli space zmgk was also intro-
duced in the study of instantons on the noncommutative R* = C? [NS98]: There are
two noncommutative parameters, [z;, Z;] = ¢; (i = 1,2), and identified with { = (; + (.
In this case, one can construct the U(1)-instanton without the small instanton singu-
larity, which is inevitable on the ordinary commutative space. Another (but slightly
different) situation, where the deformation parameter is incorporated, is the moduli
space of instantons on the asymptotically locally Euclidean (ALE) space [KN90]. The
ALE space is obtained by a blow-up resolution of the orbifold singularity, C*/T", where
[ is a finite subgroup of SU(2), classified into the ADE type. See also §2.3.2. Physi-
cally, this blow-up is interpreted as insertion of magnetic fluxes, which also gives rise

to noncommutativity locally [SW99].

We introduce another moduli space, the framed moduli space of torsion-free sheaves
on P2, which is isomorphic to the resolved moduli space szlk It is given by the

quotient in the sense of geometric invariant theory (GIT) [Nak99]:
Mo = 15! (0)/GLK), (15.5)
together with the stability condition

o _ JCBLBII(N)  (¢>0) (15:6)
C[B], Bj| J'(N) (¢ <0)

®In general, we may consider ¢ = ((g,Re (c,Im(c) € R3 @ u} with ady((;) = ¢; for any g € U(K).
From this point of view, we should consider ( — i{ to interpret ¢ € R, since 5 eR3®@u;.
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The condition for ¢ < 0 is also called the co-stability condition. See [LN21] for a related
discussion. Here GL(K) denotes the general linear group associated with the vector
space K = C*, which is the complexification of U(K), and the condition g = (4olx
is replaced with the (co-)stability condition. Hence, the (complex) dimension of the

moduli space is given by

dime My, = 2K + 20k — k* — K> = 2nk, (1.5.7)

which is consistent with the previous case (1.5.2). We shall apply either the stability or
the co-stability condition to evaluate the equivariant volume of the instanton moduli
space, while for the instanton moduli space associated with supergroup gauge theory,

both of them have to be simultaneously taken into account (Chapter 3).

1.5.2 Stability condition

Derivation of the stability condition (1.5.6) from the ADHM equation is as follows:
We denote

K'=C[B;,B,)]I(N)C K, K'=C[BI,BlJJI(N)CK, (1.5.8)
and define
K/=K-K', K/ =K-K". (1.5.9)

The projection operator, P* : K — K¢, obeys [P®*, B15] = 0 and P'I = P"JT = 0.

Then, from the condition pur = (0lx, we obtain

P ([Bl, Bl] + (B, Bl — JU) P

P ([Bl, Bi] + B, Bi] + m) P
Taking a trace yields
0 <tr{solx, =—tr PJTJP <0, (1.5.11a)
0> tr{colygy =tr P'II'P" >0, (1.5.11b)

which implies K| =0 for ( > 0 and K’/ = 0 for ¢ < 0. This proves the (co-)stability
condition (1.5.6).

1.6 Equivariant localization of instanton moduli space

As mentioned in §1.3, we are interested in the volume of the instanton moduli space,

which gives rise to an important contribution to the gauge theory path integral. If we
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naively consider the moduli space, however, we may have a diverging volume due to

the small instanton singularity and non-compactness of the moduli space.

After the regularization as discussed before, we can now consider the equivariant
integral, which utilizes the equivariant group action on the manifold, together with
the localization formula, claiming that the integral localizes on fixed point loci under
the equivariant action. Duistermaat—Heckman’s formula [DH82] is the primary exam-
ple of the localization formula for a symplectic compact manifold equipped with U(1)
action associated with the moment map. This is then generalized by Berline-Vergne
and Atiyah-Bott to the case for a generic compact manifold with U(1) equivariant
action [BV82, AB84]. Although the localization formula is originally formulated for a
compact manifold, we would formally apply it to a non-compact and infinite dimen-
sional integral as well, as long as the equivariant fixed point is compact (equivariantly

compact).

There have been a lot of applications of the localization formula to the path in-
tegral [Wit82, Wit88a, Wit88b], and it turns out to be applicable to the instanton
moduli space [LNS98, MNS00b, LNS99, MNS00a, BFMTO03], which leads to the in-
stanton partition function [Nek04]. The localization method is then applied to the path
integral of the supersymmetric gauge theory on a curved compact manifold [Pes12].

See review articles on this topic [Sza96, PZ117] for more details.

1.6.1 Equivariant cohomology

Let us briefly review the equivariant cohomology. See the textbook on this topic [BGV03]

for more details.

Let X be a manifold equipped with a free group action G.° Then the G-equivariant

cohomologies of X are isomorphic to the de Rham cohomologies of X/G:
HXM(X)= H*(X/G). (1.6.2)

This is constructed as follows. Let g = Lie(G), and we define the G-equivariant
differential forms (See also §1.1):

08(X) = (Q*(X) @ Clg])” | (1.6.3)

9Tf the G-action is not free on X, X/G is not an ordinary manifold. Thus, in this case, the

G-equivariant cohomology is defined with the universal bundle EG, on which the group G freely acts:
H:(X)=H*(X xg EG) = H*((X x EG)/G). (1.6.1)

In particular, for X = pt, it becomes H(pt) = H*(BG), where BG = EG/G is the classifying space.
See, for example, [Pes17] for details.
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where the induced action on a(x) € Q%(X), x € g, is given by the pullback:
g a(x) = a(ad(g)x) for  Yged. (1.6.4)

Denoting the vector field representing a Lie algebra element on X by V' (z), we define
the Lie derivative Ly : Q*(X) — Q*(X) with respect to the vector field V:

,CV = dLV + Lvd (165)

with the nilpotent interior multiplication (also called the contraction) ¢y : Q*(X) —
Q*1(X). In addition, we define the equivariant exterior derivative d, : Q%(X) —

Q% (X) with the interior multiplication ¢y
dyg = d+ vy, (1.6.6)
which leads to
di =Ly . (1.6.7)
Since the Lie derivative vanishes on the equivariant forms «(x) € Q& (X):
Lya(x) =0, (1.6.8)
we define the equivariant cohomology based on the nilpotent equivariant derivative:
HZ(X) =Kerdy/Imd, . (1.6.9)

In the following, we will consider the integral of the equivariant form, and show the

equivariant localization formula based on this argument.

1.6.2 Equivariant localization

We consider the integral of the G-equivariant closed form «a(z, dz), s.t., dga(z, dz) = 0,
on the manifold X:

/ a(z,dr). (1.6.10)

Let us evaluate this integral based on a physical argument in the following.

Let (z*),=1,..» be the coordinates of the manifold X with n = dim X, and define
the fermionic (anti-commuting) coordinates (¢* = da*),=1,., for the fibers of the
odd (parity flipped) tangent bundle IIT'X (See also §3.1.1). In the QFT context,
we identify the nilpotent exterior derivative as the BRST charge, dy — Q, and the

77777

corresponding BRST transformation is given as follows:

Qi =gk, Qi = VFi(z) = T°Vi(x) (1.6.11)
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sponding component of the vector field V#(z). Namely, the operator Q2 generates the
infinitesimal G-transformation, which corresponds to the relation (1.6.7). The integral
1s rewritten as

/ afx,dr)de' A+ Ndx" = / a(x, ) d "z d™y, (1.6.12)
X

X

where the new observable is given by

a(z,9) = alz, )Pt Y" (1.6.13)

which is again supposed to be closed Qa(x,1) = 0. Let us then deform the integral

with the O-exact term as follows:
/ a(z, ) e W drz d™y, (1.6.14)
X

where t is the deformation parameter, and the potential W is an arbitrary fermionic

function, so that QW becomes a bosonic term. Recalling Qa(z, 1) = 0, Q*W = 0,

we obtain
d

— [ a(z,)e W drw d™p = —t / Q (a(z,v) We W) dx d™p. (1.6.15)
dt |

X

Since it is now written as the total derivative form, it turns out that the integral (1.6.14)
is independent of the deformation parameter ¢, and we can evaluate the integral with

arbitrary t.

A typical choice is t — oo, which allows us to apply the semiclassical analysis. We
set the potential W = V,(x)y*, and the corresponding contribution to the action is

given by
QW =90, V, (x)y"” + V,(x)VH(x) . (1.6.16)

Hence, in the limit ¢ — oo, these quadratic terms are dominating in the action. The
corresponding critical point (x, 1.) is then given by V, (z.) = 0 with ¢, = 0, which is
the fixed point under the G-action on X. Actually this critical point equation is generic
as explained as follows: Because the potential W should be fermionic, it contains odd
number ¢ variables. In order to obtain a Lorentz scalar, at least one of them should
be contracted with the vector field V,(x) as V,(z)y*. From this point of view, our

choice W = V,,(z)y* is the minimal one.

In order to apply the semiclassical analysis, we expand the (z, 1) variables around

the critical point:

xsz—I—t_%f, V= Y. + t_%n, (1.6.17)
—~
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and the potential term (1.6.16) is given by
tOW = 9, V., (x )" n” + 0V, (2)0, VP (2)E"E" + Ot ™). (1.6.18)

We remark that, in this case, the non-linear terms in the BRST transformation (1.6.11)

are suppressed in the limit ¢ — oo:
ot =n", Ot =0, VF(z.)E". (1.6.19)

We then perform the Gaussian integral to obtain the contribution associated with the

critical point (z.,1.) with the measure given by
d"zd"™) = (t72d"¢) (tT2d™y) = d"¢d™. (1.6.20)

Summing up all the fixed point contributions, we obtain the equivariant localization

formula:

~ Equivariant localization formula (Berline—Vergne—Atiyah—Bott formula)
Let V,(z) be the vector field associated with the G-action on the manifold X.
Then, the integral of the G-closed form «a(z,dx) over X localizes on the critical

configurations denoted by {z.},

(1.6.21)

xC?
a(z,dr)
/ Z /det 9, V (xc)

with the critical/fixed point equation

V() =0. (1.6.22)

. J

Although we have implicitly assumed that X is compact so far, we could formally
apply the localization formula to non-compact manifolds, in particular, if the criti-
cal point is isolated and compact. Such a situation is called equivariantly compact.
In many examples in physics, we would like to deal with non-compact, infinite di-
mensional manifolds, but still equivariantly compact. We could apply the equivariant
localization formula to obtain exact results for such a case, which is used to discuss
non-perturbative aspects of QFT.

1.6.3 Equivariant action and fixed point analysis

In order to apply the equivariant localization formalism to the ADHM moduli space,

let us specify the equivariant action and the corresponding fixed point under it.
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Spacetime rotation

As shown in §1.4, there are G¥ = U(k) and G = U(n) actions on the ADHM vari-
ables, (1.4.6) and (1.4.7). In addition to these group actions, there is another action

corresponding to the spacetime rotation of gauge theory on & = C?:1°

(q1,q2) - (B1, B, I,J) = (¢;*B1,q5 ' Ba, I,q7 1) (1.6.23)
where
(q1,q2) = (e7,e?) € Tq := U(1)? C Spin(4) (1.6.24)
and
q:=qge =€, €12 = €1+ €2 (1.6.25)

The parameters (qi,q2) are the equivariant parameters for Spin(4), which are the

exponentiated (multiplicative) version of the Q-background parameters.

Fixed point analysis

In order to apply the localization formula, we should specify the fixed point under
the equivariant action. Let us analyse the fixed point in the ADHM moduli space
explicitly.

We parametrize elements of U(k) and U(n) groups with the corresponding Lie

algebras:
g=c¢*, v=e (1.6.26)

where ¢ € ug, a € u,. Then the fixed point equations are given as follows:

(¢, Bio] —€12B12 =0, (1.6.27a)
¢ —Ia=0, (1.6.27b)
—J¢+3J—€12J:O. (1627C)

Namely, they are invariant under the U(n) x U(1)? action modulo U(k) symmetry at
the fixed point. Here we can assume that the element a € u, is diagonal without
loss of generality, so that it is an element of the Cartan subalgebra of u,. This is
because, under U(n) transformation, a — hah™' (h € U(n)), we have ¢I — I(hah™!) =
0 < o¢I' — I'a =0 with I’ = Th. Similarly, we have —J¢ + hah™'J — €3] =

10This convention is chosen to be consistent with the equivariant character formula shown in §1.8.
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0 < —J'¢+aJ —epJ =0with J = h~'J. Hence, we can choose the basis which

diagonalizes a € u,,. We decompose it into one-dimensional elements:

a=Pa.. (1.6.28)
a=1

We may focus on the maximal torus of G = U(n), Ty = U(1)"” C U(n), and also

decompose (I, J) with respect to the Ty torus action:

I:éla, J:éJa. (1.6.29)
a=1 a=1

The fixed point equations under the full torus action Ty x Tq = U(1)" x U(1)? are

given by
oly = anl,, (1.6.30a)
Ja¢ = (aa — 612)Ja . (1630]3)
Now (In)a=1,.n and (Jo)a=1,..n are the left and right eigenvectors of ¢. Since the
corresponding eigenvalues do not coincide with each other for generic (e, €s), a, #
Ay + €12 for a, o € (1,...,n), we have
Joloy = 0. (1.6.31)

Therefore, together with the ADHM equation uc = 0, By and By become commutative
at the fixed point:

[By, Bs] = 0. (1.6.32)

Using the fixed point equation (1.6.27a) for m = 1,2, we have

6Bl = Bt la + enBla = (a0 + e) Bl (1.6.332)
‘]OéBm(b = Jad)Bm - 6mJozBm = JaBm<aa — €12 — Gm) . (1633b)

Hence we can generate the left and right eigenvectors by applying the matrices B; o

n- Applying the same argument recursively, we obtain

.....

¢ (B "B 'L,) = (ag + (51— L)er + (5o — 1)ea) (B ' B3> '1,) | (1.6.34a)
(JuB3 ' B3 1) ¢ = (aq — sie1 — s262) (Ju By ' B2 ) | (1.6.34b)
for s10 € (1,...,00). We remark that B; and B, are commutative at the fixed

point (1.6.32), so that the order of B;;-multiplication does not matter in the eigen-

vectors. Although we obtain infinitely many eigenvectors formally, which are linearly
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independent with different eigenvalues, there should be only & independent eigenvec-
tors, since rk¢ = k. This is actually consistent with the stability condition (1.5.6)

discussed in §1.5 (and the co-stability condition as well).

We denote the discrete set of the equivariant T-fixed points in the moduli space by
9NT. Then, the fixed point is parametrized by the n-tuple partition A = (Ay)a=1..n
with [A] = Y0 _ |Aa] = k, and each A, is a partition A\, = (Ag1 > Ago > -++ >
0) [Nak99, Nek04, NOO06]. Each box s = (s1, $2) € A, ! is associated with a monomial
27125 with s; € (1,...,00), 85 € (1,...,Aass,)- Let I, C Clz1,25] = Iy be the
ideal generated by all monomials outside the partition, 25 '252~! with s & \,, while

K, =1Iy/I,, is generated by those inside the partition. Then, we obtain

K =K., (1.6.35)
a=1

and the eigenvalue of ¢ associated to each box s € A, (1.6.34a), denoted by ¢, is
given by

¢s = aq + (51— 1)ey + (52 — 1)eg . (1.6.36)

This is called the a-shifted content of the box (s1,s2) € A, in the partition. We can
similarly formulate with the co-stability condition. In this case, we instead assign the

eigenvalue of ¢ (1.6.34b) to each box in the partition.

1.7 Integrating ADHM variables

Let us recall that the ADHM variables (B 2, I, J) are the coordinates of X = Hom(K, K)®
Hom(K, K)®Hom(N, K) @ Hom(K, N) with G¥ = U(k) acting on these ADHM vari-
ables. The ADHM moduli space (1.5.4) is given by the quotient of the level set

N =350) C X as Sﬁik = N/GV, where the section is defined as § = i — { with
¢=1(¢.0,0).

Following the equivariant integral formalism presented in §1.6.2, we define the
fermionic coordinates corresponding to the anti-commuting one-forms: (¢p, ,,v¥r, 1) €
I[ITX. Furthermore, in this case, we shall apply the Mathai—Quillen formalism to incor-
porate the ADHM equation §= 0 into the equivariant integral [MNS00b, LNS99]. Let

(X, H) and (¢,n) be the anti-ghost multiplets,'2 which take a value in g¥ = Lie G¥.13

HUThis terminology makes sense based on the graphical representation of the partition with the
Young diagram. We may abuse some terminologies through this identification.

12The latter one (¢, n) is also called the projection multiplet.

13Not to be confused with the dual of the Lie algebra g denoted by g*.
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Recalling the BRST transformation should be compatible with the equivariant ac-

tion (1.6.11), we define all the transformations as follows:

QB2 =1vB,,, (1.7.1a)  Qip,, = [¢, B12] —€12B12, (1.7.1g)
QI =4y, (1.7.1b) QY = ¢l — Ia, (1.7.1h)
QJ =1y, (1.7.1¢) Qy=—Jop+al —ept, (L7.1i)

Oyr = Hg, (1.7.1d) OHy = [¢, xz], (1.7.1j)
Oxc = Hc, (1.7.1e) QHc = [¢, xc] + €12xC (1.7.1k)
Qo =1, (1.7.1f) Qn = ¢, 9], (1.7.11)

where (¢,a,€12) € Lie(U(k),U(n),U(1)?). We remark that the fixed point equa-
tion (1.6.27) is equivalent to the condition Qvp, , ;s = 0. Since the ADHM variables

are complex, we have the conjugate variables obeying the following BRST transfor-

mations:
QB-II.,Q = ,J)BLQ ) (172&) QZEBl,z = _[¢, BI,Q] + 61’2312 s (172(1)
QI =4y, (1.7.2b)  Qdy = —I'p+all, (1.7.2¢)
QJt =4y, (1.720) Qi =oJ = Jlateptt.  (17.26)

We turn to the integral over the ADHM moduli space Qﬁik = N/GY. In order
to perform this integral, we map the equivariant cohomology on X to the ordinary
cohomology on N/GY based on the inclusion map i : N < X. We define the map
I o i*, consisting of the pullback i* : H2\(X) — H&v(N), and the isomorphism
I : HM(N) =2 H*(N/GY) (if the GV-action is free on N). Then, we obtain the
cohomology class in N/GY, & = I o i*a(¢) with a(¢) € Q& (X). The naive integral
of the equivariant form over X is the pushforward map Qg (X) — Q% (pt), which
descends to Haw(X) — Hgv(pt). In addition, we should fix the constant factor due
to the translation invariance of the g¥-measure. This is done as follows [Wit92]: First
we take an arbitrary Haar measure on GV. We define the measure d'*? ¢ with the
Euclidean coordinates on g¥ to be consistent with the Haar measure of GV at the
identity. Then d™®?"¢/vol GV is a natural measure on g¥ independent of the choice of
the Haar measure on GV. Hence, we define the equivariant integral Hg, (X) — C as

an integral over X x gV with the measure on gV introduced above.
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1.7.1 Path integral formalism

We now consider the equivariant volume of the moduli space 9, ;. The “path integral

form” of the equivariant integral over the ADHM variables X is given as follows:

Zny(a,€12) / . Vole - (1.7.3)
nk

where the action S = S[By 2,1, J, 9, X, H,¢,n, ¢] is defined as

S[Bl,27[7 J7w>iaﬁ7(57n>¢]
— Quui it s+ gu{ 4 v V@) + Talodl] . ()

The vector field V(@) is associated with the GV-action with the transformation pa-

rameter gE:

V- V() = ¥p, [0, Bi] + ¥, [0, Ba] + 19l — Jnby
— Up, @, B] — Up,[6, BY] — I' g0 + 0,071 . (1.7.5)

The action S is now written as the Q-exact form, so that the path integral is indepen-

dent of the formal coupling constants (gv, g, gy).

Let us first deal with the H-term:
gHQtI'K )Z . ]‘7
= gutrg [HRHR + HLHe + xgl¢, xz] + x5 (6, xc] — 612X<c)] ,  (1.7.6)

which leads to the Gaussian terms for (Hg, Hc). Here, in particular, we have to take
care with the fermionic bilinear term of ygr, which may be the zero mode, while the
parameter €15 gives the mass for xc. In order to cure this issue, we introduce another

Q-exact term:

e QK XRO = Gyo tric [HrO + Xw1] (1.7.7)

which gives rise to the mass term for the anti-ghost fermions at the large g,, limit.

In order to evaluate the y¢ integral, we take the diagonal basis for ¢:

¢ = diag(¢1, ..., r) (1.7.8)

and the corresponding Haar measure is given by the Vandermonde determinant:

dep 1 db¢
volGY Kl (2mi)* g(¢a — ). (1.7.9)
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Then the bilinear term of y¢ is given in this basis by

gn trie XE (6. xel —eoxe) =gn D (w — €12)[xc.al’ (1.7.10)

1<a,b<k

with ¢ = ¢, — ¢p. Hence, by integrating the x¢ variable, we obtain

k k
a5 [[ (0w — €12) = gl (—€12)* [[(@as — €12) - (1.7.11)
a,b a#b

On the other hand, the Gaussian integral of H¢ provides the factor g,}kQ, so that the
coupling constant gy does not appear in the integral in the end. Similar cancellation
is found for the integral of (Hg, xr).

The next step is to introduce the “kinetic term” for the remaining variables,

(B12,1,J) and their fermionic partners, as follows:

T Qtrye Bl g, — UpaBra+ I — Ul 4+ Ty = 6|

— g trx [BLQ ([6, Bro] — €12B12) + IT (6] — Ta) + J' (—=J¢ + aJ — e12J)

+ Gxin T [1/_}31,21/)31,2 + s + @/_)Jl/u] . (1.7.12)

This term does not affect the integral since this is Q-exact. Therefore, taking the limit
Jkin — 00, the mass terms (from the V-term) are relatively suppressed, and we may
focus on the kinetic terms. Diagonalizing (¢,a) as (1.7.8) and (1.6.28), the bosonic
part of this kinetic term is given as

Z (¢ab_€m)’Bm,ab’2+ Z (¢a_aa)‘laa’2+ Z (_¢a+aa_€12)‘<]aa|2-

1<a,b<k a=1,....k a=1,....k
m=1,2 a=1,...,n a=1,..,n

(1.7.13)

Together with the overall gy, factor, the Gaussian integral of these terms yields

Gl T (G —em)™ [ (da—20) H(~a+aa—€) . (1.7.14)

1<a,b<k a=1,...,
=1,2 a=1,...n

We remark that the fermionic Gaussian integral cancels the gy, factor similarly to the

previous case.

1.7.2 Contour integral formula

Gathering all the contributions, (1.7.9), (1.7.11), and (1.7.14), the path integral of
the ADHM variables (1.7.3) is given as the multi-variable contour integral [LNS98,
MNSO00b, LNS99:
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— Losev—Moore—Nekrasov—Shatashvili (LMNS) formula
We define the gauge polynomials and the rational function:

n n

P@)=T[@¢—a). P@)=][(~¢+au), (1.7.15a)

a=1 a=1

(¢ —e1)(d —e)
(¢ —e12)

Then, the equivariant integral over the instanton moduli space (1.7.3) is localized

8(¢) = (1.7.15b)

on the multi-variable contour integral,

k

da 1 )
ﬁK H 211 P(¢,) HS<¢ab) L (1.7.16)

(qba + 612) a#b

Zn k(a €1 2

. 612

where we denote the maximal Cartan torus of GV = U(k) by Tx = U(1)*, and
€12 = €1€62. The factor k! is the volume of the symmetric group &y, which is the
Weyl group of U(k).

The function 8§(¢) has poles at ¢ = 0, €12, and the following reflection formula holds

except at these poles:

S(e12 — @) = 3(9). (1.7.17)

Then, the total partition function is obtained by summing up all the instanton sectors:
a 612 Zq an a 612 (1718)

where ¢ € C* is the instanton fugacity given by the complexified coupling con-
stant (1.3.4). We remark that the gauge polynomials are related to each other as

P(¢) = (=1)"P(¢), so that the contour integral is also written only with the polyno-
mial P(¢):

-1 nk _k
un(a,era) = Y Gﬁ]{

k
kU efy

k

o, 1
155 05m0, 70 HS%” - (L719)

We have a sign factor (—1)"*, which can be absorbed by the fugacity with the redefi-
nition, ¢ — (—1)"q. Therefore, whether we use P(¢) or P(¢) is a convention issue in

this case.'

14 As discussed in §1.8, we have a similar formulation for 5d N = 1 theory and 6d N = (1,0) theory.
In this case, however, an additional factor is necessary to convert P(¢) and P(¢).
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An interpretation of the contour integral formula from the equivariant integral
point of view is as follows. Each term in the denominator is exactly the eigenvalue of

the infinitesimal equivariant torus action Tx X Ty x Tgq on the ADHM variables:

(1.7.20a
Lo > (G0 — aa) Lo (1.7.20b
Joa V> (—0q + aq — €12) Joa (1.7.20c

(Jfy ¥ (60— aa+en) i) (1.7.20d

Bm,ab — (¢ab - em) Bm,ab (m - 17 2)

)
)
)
)

See also (1.6.27). Comparing with the localization formula (1.6.21), these factors in
the denominator are interpreted as the weight contributions at the fixed point.'® Then,
the first factor in the numerator is the Haar measure contribution. Recalling the torus

action on the moment map is given by

TexTyxTq: pea — (¢ab - 612) C,ab 5 (1.7.21)

another factor is due to the ADHM equation uc = 0. Since, as mentioned above,
the equivariant integral over X is given as the integral over X x g¥, we first localize
the integral on X with the GV-action, then perform the remaining g"-integral. To

summarize, the ADHM path integral is in general given by [NS04]

1 v (ADHM equation)
7 — rkg

1.7.22
ADHM variables) (1.7.22)
a€A

where Wgv is the Weyl group of GV, and A is the set of roots for GV. The factors,
(ADHM equation) and (ADHM variables), are the eigenvalues of the infinitesimal
equivariant torus action on them. We will also discuss the case if G (and also GV) is

a supergroup in Chapter 3.

1.7.3 Incorporating matter

We consider the moduli space integral in the presence of the matter fields. In this case,
the path integral localizes on the locus of the Weyl zero mode (§1.3.2), and such a so-
lution is described by the additional fermionic variable (A, f){:j}jf and (A fa)f::,z :

as shown in §1.4. In order to apply the path integral formalism, we define multiplets,
(A, €) and (), €), with the BRST transformations:

oN=¢ (1.7.23a) Q¢ = dpA — Am (1.7.23c)
ON=¢ (1.7.23b) Qf = — A+ MA — €10 (1.7.23d)

I5]f we instead consider the contribution of JT, it will be replaced as P(¢ + €12) — P(¢ + €12).
16We incorporate the e;9-shift for the antifundamental matter to be consistent with the equivariant

index formula discussed in §1.8.
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where m = (my,...,m,) € LieTy and m = (my,...,m,s) € Lie Ty with the
f

maximal Cartan tori of the flavor symmetry groups, Ty, = U(1)® < U(n!) and
Ty = U(1)"™" ¢ U(n*). The infinitesimal equivariant torus actions on (A, ) are

given by

T Aap = (P —my) Ay (1.7.24a)
T: Ao = (=@a 7 —€12) Apa (1.7.24b)

where we denote the total torus action by T. Then we incorporate the additional

contributions to the action (1.7.4):
%QtrK [NE = €M) = gatrre [M(0A — Am) +£1¢] (1.7.25a)
L Qe [Ng = €] = gatric [N (—A¢ +mA — ) + 7€) (1.7.25b)

which end up with the factors given by

H (o —my), H (—¢a +myp —€12) . (1.7.26)

Hence, the LMNS formula (1.7.16) in the presence of the (anti)fundamental matters
is given by

d¢a Pf ¢a (¢a + €12) ﬁs((b b)il

Znr(a,m,m, e o)

Tov o1 271 P (¢a -+ 612) ab
(1.7.27)
where the matter polynomials are defined
TL naf
H o—my),  PY¢)=]](~o+my). (1.7.28)
=1 f=1
From the geometric point of view, the integral (1.7.27) is given by
Zpr(a,m,m, e ) = / er(MY @ K@ det Q¥ @ KY ®M) (1.7.29)
E)-nn,k

where er(MY ® K @ det Q¥ ® K ® M) is the equivariant Euler class of the bundles
over the instanton moduli space whose fibers are given by the vector spaces (K, M, M ).
We denote the spacetime bundle by Q introduced in §1.8.1. In fact, these bundles are
identified with the instanton part of the (anti)fundamental hypermultiplet bundles,
(Hbnst Habinst) " gver the instanton moduli space. See (1.9.11) in §1.8 for details.
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1.7.4 Pole analysis

We have derived the integral formula for the instanton partition function, as in (1.7.16)
and (1.7.27). Since it is a multi-variable contour integral, we should properly indicate

the integration contour as follows [Nak99, Nek04].!” We first assign the ordering as

%j{}id% . j{dqbk---j{dd)l- (1.7.30)

Then we take the integration contour, which picks up the poles at

Go— a0,  Pab— €1,  Pap— €2. (1.7.31)

Hence, the first pole must be ¢; = a, for a € (1,...,n), and the pole ¢q, — €2 for
a > b gives a relation ¢, = ¢y(<q) + €12. Applying this procedure recursively, the
poles are consistent with the eigenvalues shown in (1.6.36), which are labeled by n-
tuple partition. This shows that the equivariant integral over the instanton moduli
space localizes on the fixed point loci under the equivariant action. Although we could
also specify the corresponding residues to these poles from this expression, we would
instead work with the equivariant character based on the localization formula in the

following section.

1.8 Equivariant index formula

The localization formula shown in §1.6.2 allows us to express the equivariant integral
only with the fixed point contributions. In this process, we first clarify the fixed point,
and then evaluate the weight corresponding to each fixed point. We here study the
fixed point weight based on the equivariant character, and write down the gauge theory

partition function explicitly.

1.8.1 Spacetime bundle

For the four-manifold S = C2, let Q be the cotangent bundle to S at the marked point

0,

Q="T:S. (1.8.1)

17Tt is known in general that the Jeffrey-Kirwan (JK) residue formalism provides a correct pre-
scription for such a contour integral [JK95, JK97], and the argument below can be justified with
this JK formalism. See also [BV99, SV04] and [BEHT15, HKKP15, Nak15] for applications to gauge
theory partition functions.
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We denote the corresponding automorphism group by GL(Q), interpreted as complex-
ification of the subgroup of the Lorentz group Spin(4), and the marked point o is the
fixed point under this group action. We split Q = Q; & Qs with respect to the Cartan

torus

Tq = GL(Q1) x GL(Q2) € GL(Q), (1.8.2)

which is the complexification of (1.6.24). The associated characters at the T-fixed

point are given as follows:

chrt Q1,2 =12, chtQ=q + q, chrt /\2Q =q192 = ¢ . (1-8-3)

We also denote A?Q = det Q. The parameters (g, g2) are the equivariant parameters

for GL(Q), ¢12 = e? € C*. We also define
Az =Y (-1 A*Qia,  AQ=) (-DFAFQ, (1.8.4)
k

k

and their characters
ChT /\Ql,g =1 C]l’z, ChT /\Q = (1 — q1>(1 — q2) . (185)

We remark the relation

AQ = AQ; - AQ, . (1.8.6)

1.8.2 Framing and instanton bundles

We denote the bundles on the instanton moduli space with the fibers, N and K, by N
and K, which we call the framing and instanton bundles (See §1.4). The corresponding
automorphism groups are denoted by GL(N) and GL(K). Let Ty and Tg be the

Cartan tori of these automorphism groups. They split into the direct sum:

N=@PN.. K=FPK.. (1.8.7)
a=1 a=1
Then the characters of these bundles at the T-fixed point A € IMMT are given as

cht N, = e, chrt K, = Z gt gt (1.8.8)

Se)\a

1.8.3 Universal bundle

Let Ys be the universal bundle over 9, , X S, which splits into the direct sum of the
T-fixed ideals defined in §1.6.3:

Ys=PN. oI, . (1.8.9)

a=1
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The character of the ideal parametrized by the partition A is given by
chrI, = qul Yot (1.8.10a)
SEN

1
hy Iy = silgsel — : 1.8.10b
chT 1g Z q qs (1_q1)(1_q2) ( 8.10 )

Hence, the universal bundle character is given by

chr Ys = Z D gy lge (1.8.11)

a=1 s¢Aq

We denote the inclusion map from the fixed point o to the spacetime S by i, : 0 —

S. Then the observable bundles over 9, ;, is defined by the pullback of the universal
bundle Y, =i)Ys. The localization formula gives rise to the relation

Y,

ANQ

where the denominator AQ on the left equation plays a role of the equivariant Todd

class on S = C?:

Ys =

~— Y, =ANQ-Ygs, (1.8.12)

€1€2
(1 — Do — 1)

Td(C?) = (1.8.13)

Thus, from (1.8.9) and (1.8.12), we obtain the observable bundle given in terms of the

framing and instanton bundles:

Y, =N-AQ- K. (1.8.14)
Since the spacetime splits into S = &1 ® Ss as in §1.8.1, there are two compatible
reductions:
Ys
ANQu \Qz
X = Y31 ANQ YS2 = X (1815)
NQz2 AQ1
Y,

Hence we have two equivalent expressions:

Y,=/AQ;-X (1.8.16a)
= AQy-X. (1.8.16b)

The characters of (X,X) = (Ys,,Ys,) are given as

chrX =)z, drX=> i (1.8.17)

reX FeX
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where

_ o aa k=1 Aak S an Mk k-1 T
X = {.Ta’k = e O‘ql q2 } a=1..n X = {I‘a’k = e O‘ql q2 } a=1,.n - m y
k=1,...,00 k=1,...,00

(1.8.18)

with the transposed partition denoted by A. Namely, these two reductions are related

through q; <> ¢ (€1 <> €3).18

1.8.4 Index formula

We define the Adams operation on the bundle E by EP!| s.t., the character is given
rk E rk E

by ch EP = Z e? for chE = Z e;. In terms of the Chern roots e; = €*, it is given

=1 =1
by x; — px;. Then, we denote the dual of the bundle E by EV, s.t., the character is
rkE

given by chEY = Z e; . Tt is formally written as the Adams operation, EY = E[-1.
i=1
rk E
Given the character of the bundle chE = Zn, e" with n; € Z, we define the
i=1
index functor, which converts the additive class to the multiplicative class, as follows:

rk E
I[E] = [ [lzi]™ (1.8.19)
=1
where
x (Cohomology)
[z] =¢1—e" (K-theory) (1.8.20)

f(e~";p) (Elliptic)

We denote the theta function with the elliptic nome p = e?™™ € C* by 0(z; p) defined
in (A.3.1). The elliptic index is reduced to the K-theory in the limit p — 0. In order to
obtain the cohomological index form the K-theory, rescaling the Chern roots x; — Sx;,
then take the limit 3 — 0. The remaining factor A™E should be compensated with

other parameters, e.g., the coupling constant. The index obeys the reflection formula:

IEY] - (—1)<E[E] (Cohomology) (1.821)
(—1)™ E(det E)I[E] (K-theory/Elliptic)

18This exchanging symmetry leads to a duality of the quantum algebras emerging from the moduli

space of quiver gauge theory (Langlands duality). See also §7.4.5.
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We may take another option for the index function instead of the previous one (1.8.20):

x (Cohomology)
[7] = { e*/? —e™/2  (K-theory) (1.8.22)
e*/20(e=";p) (Elliptic)

which makes the reflection formulas homogeneous:

IEY] = (-1)"*FI[E]. (1.8.23)

From the gauge theory point of view, these index formulas are associated with 4d
N =2 theory on S, 5d N' =1 theory on § x S!, 6d N' = (1,0) theory on & x T?. See
§4.6 for details. In particular, the K-theoretic index and the elliptic index are realized
as the Witten index of the supersymmetric quantum mechanics on S* and the elliptic

genus on 7?2 with the modulus 7.

1.8.5 Vector multiplet

We consider the vector multiplet (gauge field) contribution to the tangent bundle of the
instanton moduli space at the T-fixed point, Ty9 for A € MT, that we call the vector
multiplet bundle V. The vector multiplet is in the adjoint representation of the gauge
group G, which is given by the tensor product of the fundamental representation and
its conjugate for G = U(n).!? Then, we define the vector multiplet bundle similarly

to the localization formula (1.8.12):

Y'Y,
=0 _° (1.8.24)
ANQ
In terms of the partial reduction of the universal bundle Ys, = X, it is given by?
A \Y%
v = 291 x| (1.8.26)
AQ;
and the corresponding character is
1—qt x
htV=—"- — 1.8.27
chy T > " ( )
(z,2')eX xX
r#x’

YFor O(n) and Sp(n) groups, the adjoint representation is given by the rank two antisymmetric
and symmetric representations, respectively. See [MW04, NS04, HKS11, HKKP15] for the instanton
partition function for O(n) and Sp(n) groups.

20There is an alternative expression based on the other reduction of the universal bundle Y, = X:

AQy

V =
AQ

XVX. (1.8.25)
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where the diagonal term = = 2/, removed here, may be interpreted as the singlet
term. Therefore the vector multiplet contribution to 4d N = 2/5d N = 1/6d N =
(1,0) gauge theory partition function is given by applying the index formula to the

corresponding bundle:

( H [y (loga’ —logz — €15 €3) (4d)
[y (log 2’ — log x; €3)

('rvx/)EXXX
x#x’
[ leder/rie) (5

gvee . H[V] = (z,0)EXXX Fq(ql'/x/; Q2) (1-8.28)
x#x’
11 Le(goz/2';p, go) 6)
/.
(xa")eXxX Fe(QQi/x 3 D, Q2)
\ x#a!

where I'; (2; €) is the gamma function (A.1.2), [';(2; ¢) is the g-gamma function (A.2.11),
and I'.(z; p, q) is the elliptic gamma function (A.3.7). The hierarchical structure of 4d,
5d, and 6d theories is obvious, which corresponds to the rational, trigonometric, and

elliptic functions (See §4.6). It is written more explicitly as

Aak Aol k1 Bk 1
a ’ ) a’, .
Zvec — (e e q2 1 7qQ)00 (1 8 29)
a A&,k_)‘a’,k"i_l k—k'. U
a,a’=1,...,n (e aat(y a1 aQQ)OO
k,k'=1,...,00
(o) (e K")

where we define a, = a5, —an. This is the K-theory convention, and we have a similar
expression for the cohomology (4d N = 2) and the elliptic (6d N/ = (1,0)) cases.

We remark that, if we relax the non-increasing condition of the partitions, parametriz-
ing the fixed points in the instanton moduli space (§1.6.3), the partition function

vanishes:
)\a,k < )\a’k+1 = ¥ =0. (1830)

This can be seen from the expression (1.8.29). Since (z;¢)oo = 0 at 2¢™ = 0 (n € Z>o),
we have ZV° =0if A\ — Ao +1 <0 at (¢, F) = (o, K+ 1).

1.8.6 Fundamental and antifundamental matters

We denote the vector bundles over the instanton moduli space with the fibers, M and
M, by M and M, that we call the matter bundles. The automorphism groups are
GL(M) and GL(M), and the corresponding Cartan tori are denoted by Ty and Tz

with the characters

naf

’flf
cht M = Zem-f , cht M = Zemf . (1.8.31)
f=1 f=1
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We define the (anti)fundamental matter, the hypermultiplet in the (anti)fundamental
representation of G in N' = 2 gauge theory, contribution to the (extended) tangent

bundle of the instanton moduli space:

MY, YYM
H = - R HY = — /\OQ : (1.8.32)
with the characters given by
1 / -1 /
ChTHf:_l_q 3 % chTHaf:+1C]_1—q 3 % (1.8.33)
2 (2 )EMXX 2 (a:,w’)eé’(xﬂ

where we define the set of the (multiplicative; exponentiated) mass parameters:

M= (1, pr) = (€M™, €M) (1.8.34a)
M = (i, ..o Jige) = (€™, ... ™t (1.8.34D)
Then the (anti)fundamental hypermultiplet contribution to the partition function is

similarly expressed in terms of the gamma functions,

( H I (loga’ —logx;er)™ ! (4d)
(z, 2" ) EMXX
= Il Teles/die)™ (5d) (1.8.35a)
(zx,x)eEMxX
H e (qaw/a'; p, Q2)_1 (6d)
\(I,LE’)GMX-X
( H I'i(logz’ —logx —e€1;€62) (4d)
(z,x/)EXX.XAV
7o) =) 1l Teler/o'ie) (5d) (1.8.35b)
(x,x’)EXXMV
I  Telaw/a'ip,0) (6d)
L (z,0)eX x M

For example, the fundamental matter contribution in the K-theory convention is ex-

plicitly given as

mf—aq ,~Aaktl — .
Zf - H (e ! 42 e aq k+17 q2)oo . (1836)

This factor has zeros on the special locus of the parameter space. See §1.9 for details.

1.8.7 Adjoint matter

We consider the contribution of the hypermultiplet in the adjoint representation. We

denote the line bundle over the instanton moduli space by M,q; with the character
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given by the adjoint mass parameter m,q;:
cht Myg; = e =: e C*. (1.8.37)

We define the adjoint matter contribution to the tangent bundle:

H* = —Made"—Q, (1.8.38)
and the character is given by
chy HMY — 1 G’ 3 7 (1.8.39)
1= (z,2')EXXX

Then the corresponding contribution to the partition function is obtained by the index

formulas:
( H I'1(log 2’ — log & + Maa;; €2) )
(z,2)€X XX I'i(log 2’ —logx + magj — €1 €2)
724 .= T[H*] = H Uo(p gz /2" qo) ) s

Lo a2 /2 ¢o)
Le(pqz/2'ip, q2) (6)
Le(ptgex/a's p, q2)

(z,2")eX x

\ (z,2/)EX XX

The gauge theory with A/ = 2 supersymmetry, which consists of the vector multi-
plet and the adjoint hypermultiplet is called N/ = 2* theory, and the corresponding

partition function is given as
AN ALY AR (1.8.41)

Due to the relation

1

madj :0 ZVEC

A : (1.8.42)
the partition function becomes trivial in the limit m,q; = 0 because of the cancellation
between ZV°¢ and Z24. In fact, NV = 2* theory is given as a mass deformation of N = 4
theory, and the supersymmetry is restored from 4d N = 2 to N’ = 4 in the massless
limit. In addition, the adjoint mass is also interpreted as the equivariant parameter
for a part of the R-symmetry, U(1) C SU(4) = SO(6). Realizing 4d N = 4 theory as
a stack of D3 branes in Type IIB string theory, this SO(6) symmetry is interpreted as
the rotation symmetry of the transverse spacetime of D3 branes. See also §2.2 for a

related discussion.
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1.9 Instanton partition function

1.9.1 Vector multiplet

The partition function contributions discussed in §1.8 are given as the infinite prod-
ucts. We can extract the finite product by the ratio, which is in particular called the
instanton part,

vec

vec,inst __
Z b

(1.9.1)

where ZV¢ is the perturbative part obtained with the empty configuration A = ), and
ZV¢¢ is the full partition function involving both the instanton and the perturbative

contributions. In the K-theory convention (1.8.29), for example, it is given by

Aa k=AM o+l g o
a a, ok k—k'+1, Ao k—k'.
Zvec,inst - H (e aa,QQ q1 ) q2)oo (e 'CI2 qq y q2)oo
- A ,k:_Aa’ /+1 L/ a k—k'+1.
a,a’=1,...,n (eao‘a/ q2a " qlf F ,(]2)00 (e o2 ¢y ) Q2>°°
k,k'=1,...,00
(k) # (e k")
a k—k'.
B (€% G2 ¢ 5 G2) Ag k=N 199
= 1 , (1.92)
a,a’=1,...n (e a2 gy ’q2)>\a,k_)‘a’7k’
k,k'=1,...,00

(a,k)# (e’ k")
where we use the formula (A.2.5).

We rephrase the relation (1.9.1) in terms of the vector bundles over the instanton
moduli space. The vector multiplet bundle is written with the framing and instanton

bundles as follows:

N\/N \Y% Vv \Y Y \Y
V= 0 —det Q- KN —N'K + AQ" - K"K
=V 4 Vit (1.9.3)

where we define the perturbative and the instanton contributions:

. NVN
V 1.9.4
ANQ (1-940)
Vit — —det QY- KN - NYK + AQ" - K'K. (1.9.4b)

We remark that the dimension of the instanton part is given by
dim V' = 2nk | (1.9.5)

which agrees with the dimension of the instanton moduli space (1.5.2).

The perturbative and instanton parts are then given by

Zovec — H[\O[] 7 Zvec,inst — H[vinst] . (196)
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For example, for the K-theory convention, the perturbative part is explicitly given as
ZV¢ = H Ly a(e®q q1, q2) (1.9.7)

a,a’'=1,...n
where I'; 2(2; ¢1, ¢2) is the g-double gamma function (A.2.13). Similar expressions with

the double gamma function are available for the cohomology and elliptic cases as well.

The character of the instanton part is given by
chy V™ = — 3" e E[A,, Ao/ (1.9.8)
a,a’=1,....n
where we define
o L.1(s) —aa(s)—1 —lo(s)—1 ayr(s
Zadar] = Y g g T 3T g g ) (1.9.9)
SEAa SEA

We denote the arm and leg lengths by (a,(s),fa(s)) defined in (B.1.3). See §B.2 for
details of the derivation. Hence, applying the index formula, the vector multiplet

contribution to the K-theoretic instanton partition function is given by

vec,ins 1 .
Zveenst — H H —a(8) aa(s)+1 H fa(3)+1q*%’(s)

a
o L —eeqy b sen, 1 —€%eq 2

(1.9.10)

This expression is analogous to the hook length formula for the (g-)dimension of the
irreducible representation of the symmetric group [Mac97]. We can combinatorially

show the equivalence to the previous formula (1.9.2).

1.9.2 Fundamental and antifundamental matters

We consider the instanton part of the hypermultiplet contribution to the partition

function. We split the hypermultiplet bundle into the perturbative and instanton

contributions:
MYN . .
H' = - Q" MK = H'+ H"™", (1.9.11a)
NYM ~ .
HY = — ~ + det Q"KYM =: H* 4 Habinst | (1.9.11b)

Hence, the corresponding contributions are given by the index formula. For example,
the K-theory partition functions are given by
7= H Lyo(€™ g q1,q0) 7", Z7 = H Lya(e® ™ q; q1,q2) "

a=1,...n a=1,...n
f:17"'7nf f:17"'7naf

(1.9.12a)
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Zf,inst _ H H 1 o emf—aaql—$1+1q2—82+1> ’ Zaﬁinst — H H (1 . eaa—ﬁzququQ) )

1,. nSE)\a a=1,...n s€Aq
f 1,. f=1...,n af

(1.9.12b)

From the instanton partition function, we see the following property. Tune the

mass parameter as
ms =aq+ (n1 — 1)eg + (ng — 1ea, (1.9.13)
then it obeys the pit condition [BFM18]:
(ny,m9) € Ay = 2" =0, (1.9.14)

A similar statement holds for Z* as well. In particular, in the case n; = 0 (or ny = 0),
the condition (1.9.13) provides the root of Higgs branch locus in the moduli space of
the supersymmetric vacua [Dor98, DHT99]. At this point, 4d N' = 2 gauge theory is
reduced to 2d N = (2,2) theory (similarly 5d N =1 to 3d N' = 2, 6d ' = (1,0) to
4d N = 1), which can be explicitly checked by the partition function [FKNO15]. See

also §4.5.4 for related discussions.

1.9.3 Adjoint matter

The adjoint matter contribution is almost the same as the vector multiplet up to the
adjoint mass parameter y = e € C*. For the K-theory convention, the perturbative

and instanton contributions are given as

Zoadj — H qu(eaaa’_madjq; q1, qz)_l , (1915&)
a,a'=1,..n
Zadj,inst _ H H (1 — e?a madjq o (8 )q2 als )+1> H <1 B eaa/a*madjqfa(8)+1q2—aa/(s))
a,a’'=1,...,n | sEXq SEN
(1.9.15b)

Hence, we obtain a combinatorial expression for the instanton partition function of 5d
N = 1* theory (5d uplift of 4d N' = 2* theory):

n ( ) +1 Ao/ o —Madj qf&(s)+1q;aa’(5)

«/(8) a
1 — e maqu 5" 1—e
z -1 |1 1 II
m, —£_1(8) aa(s)+1 la(s)+1 —ay/(s
aal | sern 1 _ eaa/aql « ( )q2 ( )+ SGAQI 1 _ eao‘/aq1 ( )+ q2 ( )

(1.9.16)

We see that it becomes trivial in the limit m,q; — 0. In the case of n = 1, in particular,

the instanton partition function is given by

s) a(s _1 £(s —a(s

ey (1) (1)
Lk = —L4(s) a(s)+1 L(s)+1 —a(s
SEX <1_Q1 ()92( * > (1_%( " ds ()>

(1.9.17)
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See also §2.2.2.

1.9.4 Chern—Simons term

In particular for 5d gauge theory, we can incorporate the Chern—Simons term:
79 = (det Yg)" , (1.9.18)

which splits into the perturbative and the instanton contributions

708 (det—) H 1 (edd)". (1.9.19)

? 7nl7j 07 7
Z5mst — (det K) ™" H IT (gt )™ (1.9.20)
M SE€EAq

Comparing with the (anti)fundamental contributions (1.9.12b), we reproduce the Chern—
Simons term in the decoupling limit my,m; — +oo: The fundamental and antifun-
damental matters induce the positive and negative shift of the Chern—Simons level,

respectively.

1.9.5 Relation to the contour integral formula

We remark the relation between the equivariant character formula and the LMNS

contour integral formula. The instanton part of the vector multiplet character is also

written as
ChT Vinst — _ Z (e—¢a+aa—€12 + e¢a—aa)
a=1,.. ,
a=1,....,k
+ Z ¢ab — ePab—e1 _ gPab—e2 | e¢ab—612) _ (1.9.21)
a,b=1,....k

Here the diagonal part of e®e, namely the zero modes should be removed, and, in
this expression, we do not yet impose the fixed point condition for (¢;);=1.. k. Then,
we notice that the Chern roots of each factor coincide with the infinitesimal equiv-
ariant torus action on the ADHM variables (1.7.20). Hence, applying the index func-
tor (1.8.20), we obtain the integrand of the contour integral (1.7.16). We can similarly
reproduce the hypermultiplet contributions to the contour integral, and also obtain

the K-theory/elliptic analog of the LMNS formula with the corresponding index.
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Gauge and matter polynomials

In general, the gauge and matter polynomials appearing in the contour integral are

given as follows:

P(¢) = []l¢ - adl, P(¢) = []I-¢+adl. (1.9.22a)
Po)=]Jle—ms.  P¢)=]]l-¢+ml, (1.9.22b)

where the index function [z] is defined in (1.8.20). The polynomials, P(¢) and P(¢),

Pf(¢) and ]Baf(qb), have the same zeros, so that they are equivalent up to overall factors.

For example, in the K-theory convention, we have the relation:

P@g)=]](1-e") = ((—1)” 1T e_a°‘> e"? P(¢), (1.9.23a)
Py =[] (1 —e*™) = [ (=)™ [[e™ | ™ P*(¢). (1.9.23b)
f=1 f=1

The polynomial part in the contour integral together with the Chern—Simons factor

(level k) is given as

k

f Paf n n
H e_m;&a P ((ba)Pi/ (Qba + 612) _ (_1)n+nafe—(n—naf)e12 H ea H e—ﬁv,f
a=1 P<¢a)P(¢a + 612) a=1 f=1

_ _af Pf(¢a>Paf<¢a + 612)
(k+n—n2)pq
< [Ie PP T (1929

a=1

Hence, we can convert the polynomial (P(¢), P*(¢)) to (P(¢), P*(¢)) by redefinition

of the coupling constant and the Chern—Simons level (g, k):

af

q — (—1)”+”afe_(”_"af)mHeaa e ™ | q,
1

3

a=1

T

K o— k+n—n (1.9.25a)

In particular, the coupling constant shift becomes simpler if we impose the special
n naf

unitary condition: Z Ay = Zfﬁ ¢ = 0. In addition, one can convert the convention
a=1 =1

of the [z] function from (1.8.20) to (1.8.22) with a similar shift of the coupling constant
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and the Chern—Simons level:

ﬁ . Pf(%)f'zaf(% + €12)
a=1 P(¢a)P(da + €12) (1.8.20)
f k ~
LA Lot 1patys, PH(0a) P (0 + €12)
_ n612 smy amy (ktgn'=3n")da —
}le =) 1 P(60) (90 + 1)

(1.8.22)
k

— (_ n+n % f[ % H e_%’;ﬁf H e K‘+ nf %naf)(z)a Pf(¢a)Paf(¢a + 612)

P(¢a>P(¢a + 612)

a=1
(1.8.22)

(1.9.26)

We have a similar relation in the elliptic case. In this case, we have to impose

the condition n = nf

= n* and k = 0, in order that the partition function shows
a modular property. Therefore, together with the special unitary condition, we can

freely convert the gauge and matter functions (not polynomials anymore in the elliptic

case), (15(¢),ﬁaf(¢)) to (P(¢), P*(¢)).

S-function

The 8-function, appearing in the contour integral (1.7.15b), is replaced as follows for
the K-theory/elliptic cases:
(1—qz)(1 — g2)
[p—eallp—e] | (1=2)(1—-g¢2)
[Bllé — ezl ) Olarz:p)0(a27:p)
0(z;p)0(qzp)

where z = e~?. This expression is also obtained from the symmetric convention of the

(5d)

8(¢) = (1.9.27)

(6d)

[z] function (1.8.22). This S-function obeys the reflection formula except at the poles
Z = 17q_1 (¢ = 07 612)7

S =) =8() (= 8(6) =S(ez—9)) . (1.9.28)

More precisely, we have the relation

B WICZR) (5e) b)) (50
8(z) —8(q¢ 'z = (1.9.29)

0(q1;p)0(q2; p)
(p;p)2.0(q;p) (0(z) = olg=)) - (6d)

where we define the multiplicative delta function

0(z) =) 2", (1.9.30)
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such that
/dz 5(2) f(2) = £(1). (1.9.31)

Therefore, we can replace 6(z)f(z) — d(z)f(1) as long as concerning the integrand.

In order to show the relation (1.9.29), for the 5d case, we rewrite the 8-function

(1 —q12)(1 — g22) 1 1
= — . 1.9.32
8(2) (1—¢q)z 11—z 1-—g¢qz (1.9.32)
Then we obtain
o1y (1—q12)(1 — q22) 1 I 1
8(2) =8lq7=7) = (1—9q)z 1—z+1—z*1 l—qz 1—q 1tz
(I =—qx)(1—q2) [ 1 N R
(1—4q)z l—2z 1—2z1 1—-¢qz 1—gqlz7!
1—q12)(1 — g2z
- a l<q)z ) (5(2) - (02))
— RHS of (1.9.29), (1.9.33)
where we replace the prefactor (1= ai2)(1 — ) — (1-a){1 ~ ) due to the
(1-q)z (1—q)

property (1.9.31).
For the 6d case, we rewrite the S-function together with (A.3.2) and (A.3.6) as

follows:

n

9(6112;19)9(@2;29)2 z
pip)3O(aip)z £ 1 —p"/qz

(pip
Hquz;pW(qQZ;p) ( S - Y Z—n(qz)mp"m> . (1.9.34)

8(2) =
B p; )goe(Q?p)z 1<n,m<oo

0<n,m<oo
Then, we can show the relation (1.9.29) similarly to the 5d case. We remark that the
O(p®) contribution to the double infinite series is given by

lim < Z Zn(qz)—mpnm _ Z Z—n(qz)mpnm>

p—0
0<n,m<oo 1<n,m<co

SRS
n=1 m=1
1 1
_ 1.9.35
1—2z 1—gqz’ ( )

which is consistent with the 5d expression (1.9.32).



Chapter 2
Quiver gauge theory

Quiver gauge theory is a gauge theory with a product-type gauge symmetry:

G¢=1]¢:. (2.0.1)

i€lg

where I’y is a set of gauge nodes (vertices). Together with a set of edges (arrows) I'y,
we define a quiver I' = (T'y,T';). For each edge e :i — j, in 4d N' = 1 gauge theory (4
SUSY) convention, we assign the chiral multiplet in the bifundamental representation
of (G;,G;). The loop edge e : i — i denotes the adjoint chiral multiplet.

The 4d N = 2 (8 SUSY) vector multiplet consists of the N” = 1 vector multiplet and
the chiral multiplet in the adjoint representation. Similarly, the N' = 2 bifundamental
hypermultiplet consists of the chiral and anti-chiral multiplets associated with the
edges, e : i — j and e : 7 — i, so that we combine a pair of these arrows into a single

unoriented edge, e.g.:

Q Q Q O—O0—0 (202)

4 SUSY 8 SUSY

For less SUSY cases, we need a different type of arrows to distinguish specific multi-
plets, e.g., the Fermi multiplet in 2d A = (0, 2) theory (2 SUSY).

We remark that the quiver diagram in the 8 SUSY convention can be identified
with the simply-laced Dynkin diagram.! For example, the diagram shown in (2.0.2) is
the Dynkin diagram of As. This is not a coincidence, and we will show the quantum

algebraic structure emerging from the moduli space of quiver gauge theory in Part III.

'The non-simply-laced cases would be discussed in §2.4.

51
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2.1 Instanton moduli space

Let G; = U(n;) be a gauge group of the node i € T'y. We consider the instanton

configuration in quiver gauge theory:

Fr=0 for YieTly, (2.1.1)

7

where F" is the SD part of the curvature associated with the gauge node i € T.

Then, the instanton number is defined for each node:

1
ki= g | rRAR. (2.1.2)

Hence, the instanton moduli space for I'-quiver gauge theory on § is given by

mﬂak = |_| mni,ki ) (213)

i€lg

where 9, x, is the instanton moduli space (1.5.4) for the node i € Iy, and we define

the dimension vector:
(n, k) = (ni, ki)iz1,.r s (2.1.4)

where rkI" = |T'g|. In order to obtain the instanton partition function for quiver gauge
theory, we apply the equivariant character formula discussed in §1.8 to the instanton

moduli space 9M,, .

2.1.1 Vector bundles on the moduli space

We define the framing, instanton bundles, and also the matter bundles on the instanton

moduli space 9, ;, for each node ¢ € I'y:

N = (Ny)ier,, K= (K)ier,, M= M,)ier,, M= (M,)er, - (2.1.5)

The corresponding complexified automorphism groups are given by

=[] L), GLK) =[] GL(K,), (2.1.6a)
=[[eLom), L) = [T GLovy). (2.1.6h)

We denote the corresponding Cartan tori by Tg, Ty, etc. The dimensions of these

bundles are parametrized by the dimension vector:

(n, k0, n™) = (ng, ki, g, niizy e (2.1.7)
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so that

GL(N;) = GL(C™), GL(K;) = GL(C*), etc. (2.1.8)

In addition, we assign the line bundle (M, )cer, to each edge. The automorphism

group is given by

I] crov) (2.1.9)

ecl’y

with the character
cht M, =e™ =: p, . (2.1.10)

The parameter m, € C is the bifundamental mass associated with the edge e, and

te € C* is the multiplicative analog.

2.1.2 Equivariant fixed point and observables

Based on the vector bundles introduced above, we define the observable bundle for

each gauge node i € T'y similarly to (1.8.14):
Yi = Yo,i :N'Z—/\(Q]E{Z (2111)

Similarly to the discussion in §1.8, the fixed point under the equivariant action in the
moduli space 9T is parametrized by a set of partitions:

A = (Nia)ieTo, azt,..n; € M. (2.1.12)
Then, the partial reduction of the universal bundle gives rise to the formula:

where we define (X;,X;) = (Ys,.i, Ys,i) with the characters

ChTXi = E x, ChTXZ‘ = i’, (2114)
reX; je/{/i
and
X — _ Adia k1 Ai,a,k . X‘ . ~, Qi j‘i,a,k k—1 .

i = Y Tia,k =€ 7741 (g i€lo i = Y Tia,k — € 77 ( ) i€y -
a=1,..n; a= n;
k=1,...,00 k=1,...,00

(2.1.15)

We also define the union of these sets:

x=||x, x=|]|x, (2.1.16)

i€lp 1€l

with

X, Xxem'. (2.1.17)
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2.2 Instanton partition function

The quiver gauge theory partition function is obtained through the equivariant lo-
calization of the instanton moduli space. In this Section, we derive the equivari-
ant index formula and the contour integral formula for the instanton partition func-
tion [Sha06, NP12, NPS18].

2.2.1 Equivariant index formula

The vector multiplet and the hypermultiplet contributions to the tangent bundle on

the instanton moduli space are given as follows:

Y)Y,
MY, Y/'M,;
Hj = ——'", e (2.2.1b)
ANQ ANQ
Y'Y,
He:i—)j = —Me /’L\QJ . (221C)

In this convention, the bifundamental hypermultiplet for the edge e : i — j transforms
as the fundamental representation of G; and the antifundamental representation of
G;. We remark that the bifundamental matter associated with the loop edge e : i — ¢
is interpreted as the adjoint matter. Then, the partition function is obtained by the
index functor of these contributions:

Zni =10 = [ 222" || 2" (2.2.2)

i€l ecl’y

with the total tangent bundle to the instanton moduli space 9t = 9, ;, at the equiv-
ariant fixed point A € 9T given by

T => " (Vi+H +HY) + > H,, (2.2.3)

i€l eel’y
where we formally include the matter bundles to the total tangent bundle. Instead of
this expression, similarly to the previous case (1.7.29), we can also express the total
instanton partition function with the equivariant Euler class of the matter bundles,

including both (anti)fundamental and bifundamental hypermultiplet bundles:

Zps = / et (Z HY 4+ Hgf) . (2.2.4)
Mk 1€lg

ecl’y
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In particular, for K-theory convention, corresponding to 5d gauge theory, we can
also incorporate the Chern—Simons term in addition to these contributions. The to-
tal partition function of I'-quiver gauge theory is given as summation over all the

topological sectors:

Z(0,8)=> ot Zuy (2.2.5)
k
where the instanton counting parameter (fugacity) is defined
70 =q=[lar=[]2" a=e"ec, (2:2.6)
iclg el

with the complexified gauge coupling constants (7;);er,-

Each contribution to the (full) partition function is given by applying the index to
the vector multiplet and hypermultiplet bundles similarly to (1.8.28) and (1.8.40):

H [ (logx’ —logx — €1; €2) (1d)

(o e, [y (log ' — log x; €3)

x#x’

I'y(qex/2"; go)
vec ,__ _ H —. (5d)
7 = ]I[Vz] ) (@a)eXixX; Fq(qx/x’, 92) (2‘2‘7a)
x#x’
I, " p,
H - (Qﬂ/xﬁ D5 q2) (6d)
(z,x")EX; X X; e(qx/l' D,y q2)
\ x#z!
| 11 Diloga’ —logz + meiea) 4y
(z,2")€X; X X; I'y(log 2" —logx + me — €15 €2)
Ly (potqe/a'; go)
bf . _ . q\He ; )
Ze:z—>j : ]I[He:z—m] (@2 EXi X X, Fq(ugqux/x/; q2) (2.2.7b)
T il 'qz/7";p, ¢2) (6d)

-1 /.
(2,2')EX; X X, Fe(lue QQ.I/.I’ D, QQ)

( H I (logz’ —logx;ey)™ ! (4d)

(z,x")EM; X X5
1

ot ={ I Telwr/i'e) (5d) (2.2.7¢)
(z,2")EM; X X;

[ relee/aipae)™  (6d)

\ (z,2")eEM; xX;

[ J] Tilloga’ —logz —ecise) (4d)

(m,x’)eXiX./\,Zi

zo=qm =) 1 Tile/eie) G 2
(x,x’)GXiXMvi

II  Teter/a'spa) (6d)

\ (:E,wl)GXiX,/’\/lvi
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where we define the sets of the multiplicative (anti)fundamental mass parameters

Mz' = (,ui,h s Hui,ng) = (emi’17 s 7emi’n£) ) (228&)

—~ - ~ m

M= (s o Fyger) 7= (€70, e ) (2.2.8b)

The gamma functions are summarized in Appendix A. We will discuss the associated
geometric structure in Part II, and the quantum algebraic structure in Part III based

on these expressions.

2.2.2 Contour integral formula

As shown in §1.9, we can also derive the contour integral formula for the instanton
partition function from the equivariant character computation. The contour integral

formula for the instanton partition function of quiver gauge theory is given as follows:

H k‘ Zyec f af H be (229)

i€l’g i€l el

Zﬂ

Tw

inst __
Z nk T

Y
B

Tk

where each factor is given by

ki

LVeC i a -1 , 2.2.10
H ¢7, a) (qbza + E12) g (¢7 b) ( a)

ki

4= H P (¢ia), 0= T P(dia + 1) (2.2.10b)

a=1

ki
67,4)] HP ¢ja+me H ¢za+€12_me H S¢]bza+me)7 (2210C>
a=1 ki

a=1,..., %

where ¢ 0 = @iq — ¢ip and @jpi0 = @jp — Piq. Due to the reflection formula of the
S-function (1.9.28), the last factor in the bifundamental hypermultiplet contribution

is also written as

H 8(¢jbiia + Me) = H 8(Piajp + €12 — Me) . (2.2.11)
Zill .......... k:] Zil 7777777777 k]

We define the gauge and matter polynomials:

Po) = [[16—aal,  Pd) = [[1~6+aual, (2.2.12)
P =T[l6—mfl.  B¥0) =[]0+ sl (2.2.12)

f=1 f=1
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This formula is available for 4d N' = 2/5d N’ = 1/6d N' = (1,0) theories applying
the corresponding index function [z] defined in (1.8.20). More explicitly, the contour

integral is given as

k.
ins 612] ] dgzsi,ll f Daf
Zn, kt - H kil | E J{K H H o P (¢i0) P (i + €12)

—€
ieTy 1,2 i€Tp a=1

e:i— ¢Z at me) He: —i ﬁj((bi,a + €12 — me)
X J J
H H [ Pi(¢ia) z‘(¢i,a + €12)

i€y a=1

k; ki kj
< [TTI8@a)™" T TITIS(¢sba +me)- (2.2.13)

1€y a#d e€cl’'; a=1b=1
e—j

Linear quiver: A,

We consider the first nontrivial quiver gauge theory, which consists of two gauge nodes
with (anti)fundamental flavors. This is classified into Ay quiver, whose quiver diagram

is given as follows:

(2.2.14)

where the symbol [ denotes the flavor node, so that the flavor symmetries for the nodes
i = 1,2 are U(ng) and U(ng), respectively. For the edge e : ¢ — j, the hypermultiplet
transforms as the fundamental representation under G, and the antifundamental rep-
resentation under G;. (This difference will be relevant in 5d theory.) In this case, the

contour integral formula for the instanton partition function is given by

Zinst _ 612 f H d¢1 a d¢2 a HZle .......... 1;;21 S(¢1 a;2,b + m)
m1,2:51,2 k1 ol [—€1 0]k 2mi 5 27 I ’;;b S(P1.a) H’;‘f;b S(o.an)
% H <P1f<¢1,a)P2(¢1,a + €12 — m)) <P1(¢2a + m) (¢2a + 612))
a=1 a=1

P1(¢1,a)ﬁ1(¢1,a + €12) P2(¢2,a)P2(¢2,a + €12)
(2.2.15)

where m = mq_,; is the bifundamental mass parameter for the edge e : 1 — 2.

We can similarly consider the linear quiver consisting of p gauge nodes, classified

into A, quiver:

(2.2.16)
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In this case, the instanton partition function is given by

Z;ant ﬁ 1 d(bza 1 (Gia + Miz14) z’+1(¢i,a + €12 — My it1)
i kil 27” Pi(¢i,0) z(¢za + €12)
k; p—1
X H H 8(¢i,ab)71 H H S8(Dit1piia +Miiy1)  (2.2.17)
i=1 a#b 1=1 a=1,...k;
b= ,‘..,ki_‘_l

where we denote Py(¢) = Pi(¢) and P,,1(¢) = ﬁ;f(gb).
We remark that, in order to have asymptotically free theory in four dimensions,
the gauge and flavor group ranks have to obey the condition:

27’L7; — N1 — Nj1 2 0. (2218)

This condition corresponds to the convergence condition for the contour integral: The
integrand does not diverge at ¢; , — oo under this condition.

o~

Cyclic quiver: A, ,

We consider the cyclic quiver with p gauge nodes, which is classified into A\p_l quiver:

()
A, (p=5): ) () (2.2.19)

The node index 7 is now defined modulo p, ¢ = ¢ + p. We can at least formally
incorporate the (anti)fundamental matters, but we don’t consider them for simplicity.

The instanton partition function for Ep,l quiver is then given as follows:

p—1 p—1 k;

Zinst _ i kz 7{1—[ H dpia ook S(Git1 piia + Miit1)
nk
B i k kz i=0 a=1 2mi Ha7£b (gbz ab)
p—1 k;

% HH Py ¢za + my;— 11) z‘+1(¢z‘,a + €12 — mi7i+1) ' (2'2'20)
i=0 a=1 z(¢za> z(¢za + €12)

The case with p = 1 is reduced to N/ = 2* theory in four dimensions, which consists

b 17--‘J€¢+1
a 1

of the vector multiplet and the adjoint hypermultiplet:

Ao : @ (2.2.21)

U(n)



2.2. INSTANTON PARTITION FUNCTION 99

We remark that, in this case, we cannot turn on the flavor node due to the convergence
of the partition function, similarly to (2.2.18). The contour integral formula for the

instanton partition function is given as follows:

d¢a ¢a + m)P(an + €12 —m) nga,bgk 8(¢ap +m)
[ 2mi $a) P(d0 + €12) [Licorocr $(Ba)
(2.2.22)

inst
Zn,k -

where we denote the adjoint mass parameter by m = ma,q;, and g = ™. This integral
becomes trivial in the limit m — 0, corresponding to enhancement of supersymmetry
from N =2 to N = 4.

The gauge polynomial part in the integral is rewritten with 5d/6d convention as

P(¢+m)]5(¢+512— _ ﬁ —aa—irm [0 —an + €12 — M|
P(Cb)ﬁ(ﬁb + €12) iy —a,[¢ — aq + €12]
= p " [ 8s4(¢ —2a) (2.2.23)
a=1

where we define a generic 8-function:

[Qb - Gi,j]
8ij(¢) = =7, 2.2.24
)= Q6= e (2:2.24)
with
(€1, €2, €3,€1) = (€1, €2, —m, M — €12), (2.2.25a)
ej=¢et+e, [p—eyl=[p—ellp—¢l, etc (2.2.25b)

This 8-function obeys the reflection formula similarly to (1.9.28):

8ij(¢) = Sijlei; — @) (2.2.26)

except at the poles at ¢ = 0,¢;;. In this convention, the original 8-function (1.9.27)
is denoted by 8(z) = 812(2). Then, we obtain a more symmetric form of the contour
integral (2.2.22):

—kn
inst M [—e d% S12(¢ap +m)
Znk = K [—e k Siz( j[H 1_[1834 H S12(Par)

_ )k do, b —
= /;m ) j{}_[ 2ﬁ1 HS34 - 11 O 612’23’31} D@z, (2:2:27)

_ 1<ab<k [Pab — €1,2,3.4]
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where the last factor in the second line [¢(q)] means the product over 1 < a # b < k,
so that it gives rise to the Haar measure of U(K). Due to the reflection formula for
the 8-function (1.9.28), we have

k k
H S12(Pap +m) = H 812(Pap + €12 —m)

a#b a#b
k k
= HSlg(gbab — 63) = HSlg(gbab — 64) . (2228)
a#b a#b

As mentioned in §1.8.7, the adjoint mass m = m,q; is interpreted as the equivariant
parameter for the transversal spacetime rotation. For example, the partition func-
tion for Ay quiver gauge theory with U(1) gauge symmetry (1.9.17) has the following
expression in terms of the 834—function:

2N = a5 T 8sa(al™ ™) = a5 T Ssalar Va5 (2.2.29)

SEA SEAN

which suggests the 34-surface C,, x C,, plays a role in this configuration. It has been
recently discussed that, embedding EO quiver gauge theory within eight-dimensional
setup, which is called the gauge origami (77’ — ¥ #1  #k) [Nek16], (€;)i=12.34 is inter-

preted as the equivariant parameter of Spin(8). Then, the zero sum relation

d e=0 (2.2.30)

i=1
is a consequence of the Calabi-Yau condition for a (complex) four-fold. See also §2.3.3
and §5.5.
2.2.3 Quiver Cartan matrix

Half Cartan matrix

Given a quiver I' = (I'g, I'y ), we define the mass deformation of (half ) q-Cartan matriz:

= > M/ for i,jeTy, (2.2.31)
e—j
where (M,)cer, is the line bundle defined in §2.1.1 with the character
chref =065 — Y n'. (2.2.32)
en—]

We will use (C;-;)Ljel"o also for the character as long as no confusion. With this ¢g-Cartan

matrix, we can write down the total tangent bundle (2.2.3) in a compact form:

TN = QY > XV X;. (2.2.33)
NQa ’

(z 7 EroXFO
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In this expression, the (anti)fundamental matter contribution is reproduced as a bi-
fundamental factor associated with a flavor node, which is a frozen gauge node with

the zero coupling constant.

Full Cartan matrix

We also define the other half of the Cartan matrix:

c; = det Q" - ¢} (2.2.34)

ji
which is combined into the full Cartan matrix:
Cij = ¢ ey = (1+q7") 6y — Z ot — Z feq . (2.2.35)
e—j e:j—1
Roughly speaking, from the gauge theory point of view, the half Cartan matrix de-
scribes 4 SUSY quiver theory, and the full Cartan matrix corresponds to 8 SUSY

quiver theory.

We denote the degree-n Cartan matrix obtained through the Adams operation by

[n]
K M (que) = (am ) ( )
Then the limit n — 0 corresponds to the classical quiver Cartan matrix:
)= lim =28 —#ei— ) —H#(e:j—1). (2.2.37)
n—

The ¢g-Cartan matrix is not a symmetric matrix in the current convention, but obeys

the following reflection relation:

M = gl (2.2.38)

v

See §2.4 for the g-deformation of the non-simply-laced case (fractional quiver).

Classification of UV complete theory

The quiver Cartan matrix provides a useful framework for classification of UV com-
plete theories, which are well defined for all energy scales. Typical examples are

asymptotically free theories and conformal field theories.

The quiver gauge theories discussed here consist of the vector multiplet and the
hypermultiplet in the (anti/bi)fundamental representation. In this case, the following

condition is required for UV completion:

nt+nit < Z cgj)»] n;. (2.2.39)

Jj€lo
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The equality holds for superconformal theories. The condition (2.2.39) is equivalent
to the convergence condition of the contour integral (2.2.13), such that the integrand
is not singular (not diverging) at ¢;, — oco. See [NP12, BT'13, Bhal5, BZ20] for more

details on the classification (even in higher dimensions).

2.3 Quiver variety

In this Section, we provide a quiver description of the instanton moduli space, which
is formulated in general as the quiver variety [Nak94a, Nak98|. See also [Kirl6] for the
monograph on this topic. We also discuss its relation to quiver gauge theory mentioned

above.

Given a quiver I' = (I'g, I'y ), we define the dimension vectors (n, k) = (n;, ki)i=1,.._skr
and the corresponding vector spaces
N=N. K=PkK. N=C%  K=Ck (2.3.1)
i€lg i€lg

with the automorphism group

UK) =] Uk:),  UW)=]] Un). (2.3.2)

i€l’g i€l
We define
Xr = <@ Hom(N;, K;) & Hom(K;, NZ-)> ® (EB Hom(K;, K;) ® Hom(k, Ki)>
i€y ecl’y
(2.3.3)

with the coordinates

B..i,; € Hom(K;, Kj), (2.3.4a) I; € Hom(N;, K;) , (2.3.4c)

Be.iyj € Hom(Kj, K;), (2.3.4b) J; € Hom(K;, N;) . (2.3.4d)

The automorphism group action on these coordinates is given by
_ — -1 5 -1 -1
U(K) . ((Be’Be)e:i—U' ) (‘[’L) Ji)igrb) L ((ngegi 7giBegj )e:i—>j ) (gzlza ngz )iEF()) ’
(2.3.5a)
) B B -1
UN) = (B Be) sy Ui Bdicr, ) = (Bes Bo) oy (B0 1) oy ) - (23.5D)
We then define the moment maps,

ji = (@1} ~Jf5, =Y (BIB.~B.B)+ Y (B.B! —EE)) . (2.3.6a)
i€lg

en—jJ e:j—1

fic = (IiJi ~ > BBt Y. Be§e> : (2.3.6b)
IS )

en—] e:j—i
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such that pgr, puc : K — K. We use the vector notation u = (ugr, Re pc, Im pc), and
define the parameters ¢ € R®*®u}.. Then the quiver variety is defined as a hyper-Kéhler
quotient, which is isomorphic to the GIT quotient, with the stability condition:

Mr = My = p~ (O JUK) = g (¢e) JGL(K) . (2.3.7)

The stability is now taken into account with the remaining parameter (g. We are in

particular interested in the case with (¢ = 0.

2.3.1 ADHM quiver

As discussed in §1.4, the ADHM construction of instantons on S = C? is described
using the ADHM variables (Bjo,/,J). From the definition (1.4.3), B is in the
adjoint representation of U(k), and I and J are in the fundamental/antifundamental
representation of U(k), and in the antifundamental/fundamental representation of
U(n). Hence, we have a quiver diagram for the ADHM variables (ADHM quiver) in
the 4 SUSY convention:

(2.3.8)

This is identified with ﬁo quiver with the gauge node K and the flavor node N. The

reason of this coincidence is explained in the following.

2.3.2 ADHM on ALE space

So far, we have fixed the spacetime manifold S = C2. We now consider a family of
four-manifolds, called the asymptotically locally Euclidean (ALE) spaces, and gauge
theory defined on it. Let I' be a finite subgroup of SU(2), to which we can apply
the ADE classification, summarized in Tab. 2.1. The ALE space is obtained through
resolution of the orbifold singularity of the form C? /T, denoted by Sp = 62\/? [EHTS,
GHT78, Kro89]. Then, it turns out that the ADHM construction on the ALE space
has a quiver description based on the McKay quiver [KN90], which is the affine ADE
quiver associated with the finite subgroup I' = ADE, obtained through the McKay
correspondence [McK81]. See also [DM96, JM97| for its string theory perspective.

e~

For example, the McKay quiver for the A-type ALE space S4,_, = C?/Z, is a cyclic
quiver with p nodes, namely /Alp_l quiver (See Tab. 2.1 and (2.3.17)). The simplest
case is p = 1, which gives rise to C?/Z,; = C2%. In this case, the McKay quiver is gg

quiver shown in (2.3.8).
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Finite subgroup of SU(2) ADE class McKay quiver I'
cyclic group Lpia A, S
binary dihedral group  BD,_ D, }k 4{
binary tetrahedral group BT Eg »FL
binary octahedral group BQO E; N S

binary icosahedral group BI Eg R S

Table 2.1: ADE classification of finite subgroup of SU(2) and McKay quiver.

McKay correspondence

Let pq be the doublet (fundamental) representation of I' C SU(2), and let ¢;; =
28;; — a;; be the Cartan matrix of the McKay quiver denoted by I' = (T, T';) with the
adjacency matrix (a;;) of the quiver. The statement of the McKay correspondence is
as follows [McK81]:

pQ @ pi = P ai; - p; (2.3.9)

j€lo

where (p;);cp, is the irreducible representation of I' associated with the node i € T
The extended node, also called the affine node, is depicted as a white node in Tab. 2.1,

which corresponds to the trivial representation of I'.

ADHM moduli space

We consider k-instanton sector in G-gauge theory with G = U(n) on the ALE space
Sr. The basic idea is to consider the I'-invariant sector of the instanton configuration

in S, which is a universal cover of Sp.?

We define the vector spaces (N, K) = (C", C*) as before (1.4.1), which are decom-

posed with respect to the irreducible representations of the finite group I':

N=PnNop, EK=PKop. (2.3.10)

iefo iefo

In this case, the dimension vectors are given by the multiplicity of each representation,

2A similar construction of vortices on the orbifold C/Z, is presented in [KN11].
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(n, k) = (ni, ki) The automorphism group is given by

UN)=JJuvy),  UE)=]JJu). (2.3.11)

iEfo iefo

Z'Gfo'

This is interpreted as gauge symmetry breaking U(n) — [[. U(n;) due to the holonomy
effect at the infinity of the ALE space, given as the lens space S3/T.

We define the ADHM variables for the ALE space Sr:
Xr = (Hom(K, K) ® Hom(K, K) ® Hom(N, K) & (K,N))r , (2.3.12)

which is a I'-invariant sector of X defined in (1.4.2). The first two terms form a doublet
pq in SU(2),® so that we obtain

(pq © Hom(K, K))p. = pq ® @) Hom(K;, K;1) ® (Hom(pi, pir))p

i,i’elo
= @ HOII](KZ‘7 Ky) X @ Q5 (Hom(pj,pi,))r
i,i'elo i,i’ je€To

i?j
where we use the relation (Hom(p;, pj)) = d;; as a consequence of Schur’s lemma.

Similarly, we obtain

(Hom(N, K) & (K, N))p. = @) Hom(N;, K;) & Hom(K;, N;) . (2.3.14)

ieTo
This shows that the ADHM moduli space for the ALE space Sr is given as the quiver
variety (2.3.7) with respect to the McKay quiver, namely the affine ADE quiver T.
In this case, the parameter ( € (]RS)'fO' is incorporated with the condition { - § =

Zz‘efo (; dim p; = 0, where we denote the positive primitive imaginary root of r by 0.

A-type ALE space

—_——

We consider the A-type ALE space Su, , = C?/Z, as an example. Let a be the gener-
ator of the cyclic group Z, = Z/pZ with a? = 1: Z, = (a | a? =1) = {1,a,...,a?"'}.
The (one-dimensional) irreducible representation is given by p;(a) = w' fori =0, ..., p—
1, where we denote the primitive p-th root of unity by w = exp (27i/p). The doublet

representation is given by

pala) = (;’ w&) € SU(2). (2.3.15)

3The ADHM variable (Bi, B2) € Hom(K,K) ® Hom(K, K) behaves in the same way as the
complex coordinate (z12) € C? under SU(2) transformation as a doublet pq, which is a half of the
Lorentz transformation, Spin(4) = SU(2) x SU(2).
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Hence, we obtain the orbifold action T' = Z,, on the coordinate (z1, 22) € C? as follows:

I (2) — (“5 w&) (2) (2.3.16)

In this case, the McKay quiver is A\p_l, and the quiver diagram is given similarly to

the cyclic quiver (2.2.19):

(2.3.17)

where edges connecting K;’s are (B, B.), those connecting (N;, K;) are (I, J;) as in

(2.3.4). These elements are concisely combined into the block matrix form:

0 By 0 B,
By 0 0 B
B = B, 0 , B =
0 B,
B, s 0 B, 0
(2.3.18a)
Iy Jo
I= : J = : (2.3.18b)
I, 1 Jp—1

where each of block elements is given by B; € Hom(K;, K;11), B; € Hom(K;,,, K;),
I, € Hom(N;, K;), J; € Hom(K;, N;) with the index defined modulo p, i = i+ p. Then,

the moment maps (2.3.6) are described in the same form as the ordinary ones (1.4.5):

HR = (Il]j - J;rjz + Bi—lBg_l - B;fBZ + EZEI — EI—HEH—l)

i€lg
—I1I' - J'J+ B, B + [B,B', (2.3.19a)
pe = (LiJ; + Bi1Biy — EiBi)iefo
=1J+[B,B], (2.3.19b)

with the identification (By, By) <> (B, B). Namely, this choice of the block matrix
structure properly implements the Z,-projection of the ADHM variables.
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Equivariant integral over quiver variety

We apply the equivariant localization to the instanton moduli space of the A-type ALE
space, which is given as the quiver variety associated with the McKay quiver [FMP04,
FM17]. The strategy is again to focus on the I" invariant sector of the instanton moduli

space.

Let I' = Z,. Since the I" action on the SU(2) doublet is given as (2.3.16), it is given

for the equivariant parameters as
U (q1q2,0%) ¥ (wgr,w ™ go,w™e™) (2.3.20)

where we define the index map r : (1,...,n) — (0,...,p — 1). Recalling the de-
composition of N into the irreducible representations of I' (2.3.10), the I' action
on i-th sector is given by I' : e*e — wie®<, so that the multiplicity is given by
n; = #(ro, = i, = 1,...,n). Then, we obtain the I' invariant part of the vector

multiplet character (1.9.8) as follows:

ins , Lo(s) —aa(s)—1 —Lla(8)—1 a,(s
R ST >R NS Y T

" aa
a,a’=1,...,n SEAq 8€Ay

(2.3.21)

where hao(s) is the relative hook length (B.1.4), and we define r,o = 7, — 7o (mod
p) with

(i = j,mod p)

s _ )1
0 (i # j,mod p)

274]

(2.3.22)

The vector multiplet contribution to the instanton partition function is obtained with
the index formula. For example, in the equivariant cohomology (4d gauge theory)

convention, it is given by

Zvec,inst . H H 1
T - 5(17)

a,o/=1,...n | 5€Aa (Aqar + €10a/(S) — €3(an(s) + 1)) Mo’ 7ara

1
s€)y (aaar — €1(la(s) + 1) + €2a4/(8)) "o'al®aar
(2.3.23)

We remark that this expression is also obtained through the root of unity limit of the
5d gauge theory result on C? x St [Kim11, Kim12].* The hypermultiplet contributions

from the I' invariant sector of the instanton moduli space are similarly obtained.

4A similar reduction is discussed in [KP19b].



68 CHAPTER 2. QUIVER GAUGE THEORY

We can also derive the instanton moduli space based on the ADHM variables (2.3.18).

In this case, the complexified equivariant action is given by

GL(N): (B, E I J) — (Bi, By, Lv; Y vilJ;) (2.3.26)

where g; € GL(K}), v; € GL(;) for i = 0,...,p — 1. Hence, we obtain the contour

integral formula for the instanton partition function as follows:

p 1 p 1 k: d¢ 1 k‘i
Z = = = (Bi,ab) [Biap — €12]
o 1:0 Tk i 0 27” Pi(¢ia) Pi(@ia + €12) (ZH#

X H L (2.3.27)

k; [¢i+17b;i,a - El][¢i,a;i+1,b - 62]

where the gauge polynomials are defined as

o) =[[16 -] Bio)=[[1~6+ aua]. (23.95)

In general, we can incorporate the hypermultiplets in addition to the vector multi-
plet contribution similarly to §1.7.3. We remark that this contour integral formula is

similar, but still different from Ep_l quiver gauge theory partition function (2.2.20).

This contour integral formula is also derived from the equivariant characters. Re-
calling the ' action on (g1, ¢2) (2.3.20), and also T : (ee, e?ia) — (wiee wie?ia) the
[ invariant part of the vector multiplet bundle (1.9.4) is given by

Vit =) [~ det Q' - KYN; - NYK;
iE/F\o

H(1+det Q) KVK, - Q) - KK — Q) K/ K] . (23.20)

Then, applying the index formula, we obtain the contour integral (2.3.27).

In addition to the vector multiplet, we can similarly incorporate the hypermultiplet
contributions. For example, the adjoint representation contribution is obtained as the

I" invariant sector of the expression in §1.8.7:

H%dj,inst = Mg [det QY- KivNi + Niv K;
iefo
—(1+det Q") - K/K; + Q- K/Kip1 + Qy - K K]
(2.3.30)
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Therefore, the corresponding contour integral formula for 121\0 quiver theory on Sr with
I' = Z, is given by

1nst ﬁ i 7{ p d¢i,a Pi(¢ia + m)é((bla + €19 —m)
kil Jrc i=0 a=1 Qm Pi(Cbi,a)]Bi(ébi,a + €12)
(i, (a0)] [Piab — €12]
[Giab + M [Giap — €12 + M|

1 k;

X
1<a,b<k;

y H [it1bii,0 — €1 + M) [Pigiiv1p — €2 + M

a=1,...k; [¢i+1:b;i,a - 61] [¢i,a;z’+1,b - 62]

b=1,....ki+1
p—1 p—1 k;

634 d¢i,a
:Hﬁ %FK}IOIH o H834 ¢za aza)

o kil [—eaal” a=1

X H S34 Qﬁi,ab)il H 834 ¢i+1,b;i,a — 61) (2.3.31)

1§a7£b§kl a:l,...,ki
b:1,...,ki+1

where [@; ()] means the product for 1 < a # b < k;. The last term is also written
as S34(¢i+1,b;i,a — 61) = S34(¢i,a;i+1,b - 62). This formula is reduced to (2227) lfp =1.
See also §7.5.

2.3.3 Gauge origami

We now discuss the relation to the instanton partition function for cyclic quiver the-
ory (2.2.20). Although the gauge polynomial part is slightly different, these contour
integrals look quite similar after replacement (e 5) <— (€34): The roles of the bifunda-
mental mass and the equivariant parameter for the spacetime rotation are exchanged.
In fact, Ep_l quiver theory on § =S4, and 121\0 quiver theory on Sy, , have the same
gauge origami realization in 8d, C*/Z,(xZ;). Generalizing this configuration, we have
the following reductions [Nek18]:?

8d origami: Sp,, X Sp,,

(2.3.32)

L F34 quiver on Sr,, F12 quiver on Sr,, }

which explains why the relation I'1o +— '3y is related to (e12) «— (€3.4).

In order to realize gauge theory degrees of freedom, one may put D-branes on this

8d geometry. For example, if one puts n D3 branes on 12-surface, it realizes U(n)

°In general, we may consider the orbifold C*/T" with T" a finite subgroup of SU(4), I' C SU(4).
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gauge theory with quiver structure T34 on Sr,, (84.5.3). If one puts n D3 branes on
12-surface and n’ D3 branes on 34-surface simultaneously, the branes on 34-surface
play a role of the codimension-four defect in 12-theory, which realizes the gq-character
of T3y quiver (85.2). This configuration is also interpreted as U(n’) theory with n
defects on 34-surface obtained through €; 5 <+ €34 duality. See also §5.5.

2.4 Fractional quiver gauge theory

We consider the fractional quiver gauge theory, which enables us to construct quiver
gauge theory beyond the simply-laced type [KP18a]. The fractional quiver I'y = (T', d)
is a quiver with integer labels assigned to each node d = (d;);er, € Z%, . We consider
the ring R; = (C[zld", 2zo] for each node i € I'y, and the equivariant gauge theory counts

the associated R; ideals.

We remark that there have been several studies on the non-simply-laced type gauge
theory in the context of the BPS quiver [APP11, MPS14], the Coulomb branch of the
3d N = 4 gauge theory [NW19], and also the related works [DHKM17, HK20, HZ20,
GH20, BHM21, BGH"20b, BGH"20a, BGG*21].

2.4.1 Instanton moduli space

The instanton moduli space of the fractional quiver gauge theory on S is defined as a

disjoint union as discussed in §2.1:

mﬂuk = |_| mni,ki ) (241)

i€lg

where (n,k) = (n;, ki)ier, are the dimension vectors as in (2.1.4). Now each moduli
space (M, k, )ier, is constructed with the spacetime bundle, which is the cotangent
bundle to S at the fixed point o with the modified fiber compared with the previous

case in §1.8.1:
Qg = Qi ® Qo (2.4.2)
with the character
chr Qua; = ¢ . (2.4.3)

We remark the relation to the previous convention Qi3 = Q12 = Q = Q1 ® Qo.

Similarly we have

chr AQue, =1 — g, chr AQuap = (1 — ¢f)(1 — go). (2.4.4)
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Observable bundle

As discussed in §1.8.3 and §2.1.2, we define the observable bundle Y; = Y, ; for the
node i € I'y as a pullback of the universal bundle (Ys,)icr, over the moduli space
(gﬁm,ki)iGTo:

Ysi =P Nia @Liug, (2.4.5)
a=1

where the character of the ideal I 45 , for the ring R; = C[2{, 2,] associated with the

partition A is given by

chr Ly = Z in(srl)qgrl : (2.4.6)
SEA

Then, we obtain the observable bundle assigned to the node 7 € I'y through the

pullback of the universal bundle:
Yi = Yo7i = Nl — /\Qldi2 . Kz y (247)

where the bundles (N;, K;);er, are similarly defined as in §2.1.1, whereas the character
of the instanton bundle K; = @"" | K, , is given by

hrKio = Y g Vgt (2.4.8)

SG)\iya

Partial reduction of the universal bundle
In this case, we have two distinct partial reductions of the universal bundle:
Y. = AQu - X; = AQy - X (2.4.9)

where we define (X,X) = (Xi,X,-)iepO = (Ys,.i; Ys,.)ier, With the characters

cht X; = E x, cht X; = T, (2.4.10a)
reX; je/fi
_ — ndia,dilk=1) Aiak R o aie diNiak k-1
Xi - {xi,a,k =€ q D) i€l ; Xi = 1Tiak =€ qlZ qs i€l .
a=1,..n; a=1,...n;
k=1,...,00 k=1,...,00
(2.4.10Db)

In fact, exchanging q; <> ¢» gives rise to the Langlands duality of the associated
quantum algebra. See also §7.4.5.
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Fractionalization
The expression (2.4.4) implies the fractionalization:
ANQuy; = Dy - AQy (2.4.11)

where

chyDy =1+q +-+¢F ", (2.4.12)
Similarly we see a similar fractionalization of the observable bundle:

Y, =D, -ANQ;-X; =D, y; (2.4.13)

where y; = AQ;-X; corresponds to the ordinary observable bundle as defined in (2.1.13).

2.4.2 Instanton partition function

We then compute the partition function of the fractional quiver gauge theory. The
vector multiplet and the hypermultiplet contributions are similarly obtained as in
§2.2.1 by replacing the spacetime bundle Q = Qq5:

Y'Y, AQL

V= = ~ XX, 2.4.14a
AQyd;o AQ2 ( )
YVY /\de. : /\Q d;
He,j=-M—"2 = M —% "L XVX.. 2.4.14b
11— /\Qldi]’Q /\Qldij i /\QQ 1 J ( )
Hi=-——*  Hf=-—"" (2.4.14c)
/\Qldi2 /\Qldi2

where we define d;; = ged(d;, d;).° Then, these contributions are concisely combined

with the quiver Cartan matrix as in §2.2.3:

Z Vi, + Z Hei;= /\/\%/: Z X i X

1€l en—jJ (3,7)€ToxTo
/\ \Y
Qi > XX (2.4.15)
/\Q2 ’Lj EFoXFO

®We mainly consider the cases with d;; = 1.
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where the half Cartan matrix and its symmetrization are given by’

Q\/
Z M\/ 7 (2416&)
eri—j d
AQu AQui ANQJs; — AQu,
b+ 2% 6 MV 1% 179 _ 1% + . 2.4.16b
ij /\Q elz_;j e /\Ql /\Q\l/dz‘j /\(Q1 C; ( )

The (character of) full Cartan matrix is similarly defined:

_ S 1—q 4i 1—gq,
cij = (L4 dby) 05— > ! id” > e, 1 (2.4.17a)
e—j 1— e:j—>i 1- C]
1-— q‘li"
bij = Cij
J 1— ¢ J

)

1 d; . 1—qdz 1—q7dj ]-_qu 1_q
:—1—q1(1+q1d12)5“_2“61( 1)( 1 )—Zueqdl ( 1) 1

(2.4.17b)

where we denote

Qajor = qqu/ = exp (eidjd/) , €z = de; +d'e; . (2.4.18)

In fact, the symmetrized Cartan matrix obeys a reflection relation analogous to (2.2.38):

b [n] _

Ji

g b (2.4.19)

where we denote the n-th Adams operation to the symmetrized Cartan matrix by
(bg?]) Namely, we can formulate the fractional quiver gauge theory just by replacing
the ordinary Cartan matrix with its symmetrization.

These relations between (c;;) and (b;;) are reduced to the standard one in the
classical limit n — 0. For the simple root («;) and the simple coroot ('), the Cartan

matrix is given by

cij = (o)) = %, (2.4.20)
and its symmetrization
bij = dicij = (04, o)) (2.4.21)
with
d; = (ay, ) . (2.4.22)

7 As mentioned below, the symmetrized Cartan matrix is not symmetric in the strict sense, whereas
we call it the symmetrization, which obeys the reflection relation (2.4.19).

—dl 1, _di'
eii—sj I-—g)1—q ") ej—vi J2(1_CI1>(1_Q1 ’)
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Equivariant index formula

The full partition function is given by applying the index functor to the vector multiplet
and the hypermultiplet bundles (2.4.14). For the vector multiplet contribution, it is
given by replacing ¢; with qfi, so that we obtain

(

[ Dleer —loer—dieve) )
(2,2)EX; X X; I'1(log 2’ — log x; €2)
vec gﬁ Uy(ge/2"; go) (54)
A =1vi = (z,2')EX; X X; Ly(qranz/7'; q2) (2.4.23)
xﬁ Fre(cm /x’;?7 ) .
e, L2t /25D, o)
(2

For the bifundamental hypermultiplet contribution, on the other hand, we find a pe-

culiar structure. Since we have

/\Qlj o 1- QI

chy — — =g g (2.4.24)
/\Ql d;; 1 — ql ! !
the character is given as
d: s di—d.: ; 1 —q_di x’
cht Heziﬁj = —ﬂe(l + Q1U 4+ 4 qu l])ﬁ Z —, (2425)
— Q2

(x,CE,)GXi XXj

which implies multiplication of the bifundamental contribution with the mass shift,
(MeQIdij)rzo,...,dj Ja;;—1- Hence, the bifundamental hypermultiplet contribution to the
partition function is given by

( d;j/d;
H ﬁ I'i(log 2’ — log x + me + rd;jer; €2) (40)
(zx')eX;xXx; r=0 Fl logaz B IOgZL‘ +me + (lej dl)ela 62)
dj/dij— s q rdijq /7 )
Z0 =1 . ={ ] H e 01 T (5d)
(z,@)eX;xX; =0 Me Ch Q2$/ZF;QQ)
d;/d; —rd;;
11 ]1—1 ue gy g /2" o) (6d)
(za')eX;xXx; r=0 l’[’e QI iijx/x/; Qz)

(2.4.26)
which is asymmetric between the source and target nodes.
Contour integral formula

We can also derive the contour integral formula for the fractional quiver gauge theory

partition function similarly to §2.2.2.
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The instanton part of the fractional quiver bundles (2.4.14) are given by

ViRt — _NYK; — det QY - KYN; + AQVa, - KVK; (2.4.27a)
A AQ,4; AQYa,, - A
H;nfl] _ M Ql J N\/Kj + Me Qldﬂ K;/N] . Me Q1d12 Ql 72KVK
Q1 ij /\Qldij Ql ij 92
(2.4.27Db)
Hence, we obtain the contour integral formula for the fractional quiver partition func-
tion:
Zinst — Zﬂ@ — H €1d12 f H Svec, f af H P (2428)
T g iery it ' —€rai o] Jr ' e

’LEF() eel’y

with each contribution

ki

k:

1 T

Z;IBC e — SldiQ((ﬁi,ab)il 5 (2429&)
al:[l Pi(¢i,0) Pi( @i + €10:2) aH#

k/‘i ki
o =] P(6ia), o = [ P(0ia + ). (2.4.29D)
=1 e
kj dj/di;—1 k; di/dij—1
ez—>y H H P ¢]a+me+rdu€1 H H P] sza i_ 13)61+62—me)
a=1 r=0 a=1 r=0
dj/dij—1
H H Sldi2(¢j,b;i,a + me + Tdi]fl) ) (2.4.29C)
a=1,...,k; r=0
b=1,....k;

and the 8-function

(¢ — Eid,jd’] _ (¢ — deil[¢p — d'ej]
(9]l — Eidjd'] (9]¢ — de; — d'ej] .

Actually the multiplicity of the bifundamental contribution depends on the parame-

Sjaju (@) = (2.4.30)

ter (d;)ier, as before. We remark that the instanton partition function of fractional
quiver shown above has (topological) string theory realization based on its algebraic
structure [KZ19].
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Chapter 3
Supergroup gauge theory

Supergroup is a natural generalization of the concept of group, which describes symme-
try of systems involving both bosonic and fermionic degrees of freedom. Although it is
typically considered as a global symmetry of QFT, there are several situations where we
should consider a local supergroup symmetry, e.g., supergravity is interpreted as gauge
theory with super-Poincaré group symmetry. In fact, supergroup gauge theory has
been studied in particular from its string theory point of view [Vaf0l, OT06, MW15,
DHJV18, NP19]. Although supergroup gauge theory is inevitably a non-unitary the-
ory, it provides an effective description of the intersecting branes constructed in higher
dimensions [Nek17b, CKL20a].

In this Chapter, we focus on gauge theory with unitary supergroup symmetry, and
discuss the role of instantons to explore non-perturbative aspects of supergroup gauge
theory [KP19a]. We will apply the equivariant localization analysis to supergroup
gauge theory, and obtain the instanton partition function. We will also discuss several

relations between supergroup gauge theory and non-supergroup quiver gauge theory.

3.1 Supergroup Yang—Mills theory

In this Section, we begin with some basic aspects of supervector space and super-
algebra. Then, we discuss the Yang—Mills theory with supergroup gauge symmetry.
We will also mention how to realize such a supergroup gauge theory in terms of non-

supergroup gauge theory in the unphysical parameter regime.

7
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3.1.1 Supervector space, superalgebra, and supergroup

Supervector space

Supervector space is a Zg-graded vector space:!

V=V,eW. (3.1.1)

We denote the parity of an element x € V, by |z| = o for 0 = 0,1, which is called
even /bosonic for o = 0, and odd/fermionic for 0 = 1. We denote the parity flipped
vector space of V' by IIV with (IIV)y = V; and (IIV); = Vj, and we define the
superdimension of V:

sdimV = (—1)?dimV, = dim Vj — dim V] . (3.1.2)

c=0,1

For supervector spaces, V' and W, a linear map V' — W defines a supermatrix

Moy M
= (Moo Mio
Moy My

) € Hom(V, W) (3.1.3)

with M,,» € Hom(V,,W,/). In particular, for V. = W, namely M € End(V), it
defines general linear supergroup GL(V) = GL(Vy|V1), if invertible. We then define

the supertrace operation on the supermatrix M € End(V):
StI’M:troM—trlM:tI'M(]O—tI'MH, (314)

and the superdeterminant, also known as the Berezinian,

det(M()O — M10M1_11M01) _ det MOO
det M11 det(M11 — MglM&)lMl()) ’

sdet M = (3.1.5)

We remark that the superdeterminant is well-defined only if det My, det M, # 0, and

the following identity holds for the supertrace and the superdeterminant,
log str M = sdet log M . (3.1.6)
For the supertrace, the following cyclic property holds:

StI'MlMQ"'Mn:StI'MQ"'Man. (317)

1See, for example, [Kac77, Var04, QS13] for the mathematical introduction to the supervector

space and superalgebra.
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Superalgebra

Superalgebra is a Zsy-graded algebra:
A=Ay DA . (3.1.8)
We denote the supercommutator for a,b € 2 by
la,b] = ab — (—1)1"lpq . (3.1.9)
In particular, the Lie superalgebra is a superalgebra, obeying the Jacobi identity,
a, [b, c]] = [[a, b], c] + (1)1 [b, [a, ]]. (3.1.10)

For example, the special linear Lie superalgebra sl,,,,, is defined with the supertraceless

condition:
Slym = {a € A=Ay ® Ay, dim Ay = n,dim A, =m | stra = 0} , (3.1.11)

which is classified into A,_1},—1 according to the classification by Kac [Kac77].

3.1.2 Yang—Mills theory

We denote a Lie supergroup and the corresponding Lie superalgebra by G = Gy|G4
and g = go ® g; = LieG. Let A be a g-valued one-form connection A € Q'(S) @ Clg],
which behaves under the G-gauge transformation as G : A — gAg~' + gdg~' for
g € G. The curvature F € Q*(S) ® C[g] behaves F —— gFg~! as well as the ordinary
case shown in §1.1. Then the G-invariant YM action functional on the spacetime S is
defined similarly to (1.1.2):

1
Sym[A] = —Q/dvol |F)?
9°Js

1
:——2/Str(F/\*F)
g° Js

_ —E%/Stro(F/\*F) - (—giz) /Strl(F/\*F). (3.1.12)

In this case, we replace the inner product with the supertrace (A, B) = —str(AB) =
—tro(AB) + tr;(AB) in order to make the action gauge invariant together with the
cyclic property (3.1.7). We remark that this action is not positive semidefinite due
to the odd contribution, so that the spectrum of the supergroup YM theory is not
bounded. Indeed the supergroup YM theory violates the spin-statistics theorem be-
cause of the odd component of gauge field, which is a fermionic spin-1 field, and thus

supergroup theory is non-unitary. Even though it is unbounded, we can consider the
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equation of motion (1.1.3) with respect to the YM action. It does not provide a lo-
cal minimum in the configuration space in a usual sense, but we may regard it as a
complex saddle point to discuss a Lefschetz thimble in the complexified configuration
space [Wit11].

3.1.3 Quiver gauge theory description

The supergroup YM theory has a realization as a quiver gauge theory with the ordinary
gauge group symmetry. We consider a double copy of the YM action with the gauge
groups, Gy and Gy:

1 1
SYM[A07A1] = / tro(F() /\*F()) - / tl"l(Fl /\*Fl) (3113)
90 Js 91 Js
where (g,)o—0,1 are the gauge coupling constants, and (F, = dA,+A; NAy)s—0,1 is the
curvature of each gauge node with the connection A, € Q'(S)®C|g,]. Comparing with
the supergroup YM action Syy[A] shown in (3.1.12), we may assign the supergroup

condition:
1 1
—+—5=0. (3.1.14)
490 g1

This implies that one cannot make both of the couplings positive simultaneously, and
thus the supergroup YM theory may be realized in a unphysical parameter regime of
the quiver gauge theory, Gox G;. This argument similarly applies to the Chern—Simons
action, and the levels of each node (k,),—01 should obey the condition, ko + k1 = 0.

In addition to the gauge connections, which correspond to the diagonal blocks
of the superconnection based on the expression (3.1.3), the supergroup theory also
incorporates the off-diagonal blocks, which transform under the bifundamental rep-
resentation of Gy x G. Since these off-diagonal degrees of freedom are fermions (of
spin 1, so that violating the spin statistics theorem), they play a role of the bifunda-
mental matter fields, and thus the quiver gauge theory consists of two gauge nodes
and two bifundamental matters, Gy x G and Gy x G;. Hence, the supergroup gauge

theory with G = Gj|G; has a realization in the unphysical regime of the cyclic 121\1

GolGr O Go O G (3.1.15)

(927k) (927k) (—92,—k)

quiver gauge theory [DHJV18]:2

2We will see that other parameters (equivariant parameters, FI parameters) should be also flipped

for the negative gauge node in §3.4.
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This argument also has a natural interpretation in the D-brane description of super-
group gauge theory shown in §4.5.6. We remark that the ABJ(M) theory [ABJMOS,
ABJO08] precisely matches these conditions, which is U(Ng)x x U(Ny)_j Chern—Simons
theory with bifundamental matters. In fact, the ABJM partition function looks the
form of the supergroup version of the Chern—Simons theory [KWY10, DT10, MP10].

3.2 Decoupling trick

3.2.1 Vector multiplet

The SU(ng|n1) vector multiplet consists of SU(ng) and SU(n;) vectors and two bifun-
damentals of SU(ng) x SU(n;) and SU(ny) x SU(ng), where two gauge couplings, qo
and gy, should obey (3.1.14):

N:=qoq1=1. (3.2.1)

For example, A; quiver with supergroup gauge symmetry is equivalent to ﬁl quiver,
which exhibits modular properties with respect to the product of exponentiated gauge
couplings Q [NP12] in the context of the Seiberg—Witten geometry (Chapter 4). In
this sense, the supergroup condition  — 1 seems singular because it’s a boundary
of the convergence radius. Instead of such a singular limit, we alternatively consider
the condition Q — 0 using the modular transformation, which implies decoupling the
SU(n;) vector multiplet: q; = 0.3 In this limit, A quiver is reduced to A; quiver with

two SU(n,) flavor nodes:

no

— 0
O : S (3.2.2)
no\nl T

ny n

We will see this is consistent with another gauging argument from string theory point
of view (§4.5.6).

3.2.2 Bifundamental hypermultiplet

In order to apply this argument to generic quiver, we consider the hypermultiplet

in the bifundamental representation of SU(n;g|n;1) x SU(n;o|n1). We consider A,

3Precisely speaking, there are two possibilities: qo = 0 or q; = 0. We assume qg # 0 since qo

would be interpreted as the physical gauge coupling.
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quiver as follows:

O———O (3.2.3)

n1,0|n1,1 n2,0’n2,1

where the solid lines are the positive bifundamental hypermultiplets, while the dashed
lines are the negative (vector-like) bifundamental multiplets. Then, turning off the
negative gauge couplings, qi; and qo, with the assumption n,; = ng; =: n;, and

all the mass parameters (Coulomb moduli for the negative nodes) coincide with each

ni,0 n2.0
— (3.2.4)
nq s

which is consistent with the brane construction discussed in §4.5.6. If n; # ng 1, such

other, it becomes

N1 N2

a cancellation does not occur, and the flavor nodes become different from each other.

This procedure is naturally generalized to A, quiver theory.

3.2.3 D, quiver

Let us apply the decoupling trick to D, quiver with p = 4 as an example. Splitting
the SU(n;o|ni1) gauge nodes into positive SU(n; ) and negative SU(n; ) nodes, we

obtain the following:

n3,0(M3,1
n1,0(M1,1 N2.0(M2,1

N4,0{M4,1

(3.2.5)

We then turn off the gauge couplings of the negative nodes, q;17 — 0. Applying the

condition ny 1 = n91 = 2n31 = 2ny41 =: 2n4, and tuning the Coulomb moduli for the
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negative nodes, we obtain D, quiver configuration with a single SU(2n;) flavor node:

. (3.2.6)

0 [
where [ ] =SU(2n;) and []= SU(n;) flavor nodes. This is consistent with the
brane description discussed in §4.5.6.

3.2.4 Ay quiver

Let us then consider the affine quiver I' = 121\0. Here we have a parameter y € C* as-
signed to the loop edge, which is the multiplicative adjoint mass parameter. Applying

the decoupling trick, it becomes:

(3.2.7)

n0|n1

Then we have the SU(ng) gauge node, and with 2n; positive and 2n; negative fun-
damental matters. In this case, due to the adjoint mass parameter, the positive and

negative fundamentals cannot be canceled with each other.

3.3 ADHM construction of super instanton

For the supergroup YM theory, we can similarly consider an instanton as a solution to
the (A)SD YM equation (1.2.2), and apply the ADHM construction to the supergroup
YM theory similarly to §1.4 [KP19a].

ADHM data

As mentioned in §1.4.4, the ADHM construction is based on the duality between
the instanton number &k and the gauge group rank n (the vector spaces, K and N).

Therefore, for the supergroup theory, the instanton number is promoted to Z,-graded



84 CHAPTER 3. SUPERGROUP GAUGE THEORY

(kolk1) as well as the gauge group rank (ng|n;). We call the corresponding solution
the super instanton. In order to describe this super instanton configuration, we define

two supervector spaces:

N =Crlm =C0o g CP =: Ny @ N, (3.3.1a)
K=Chh —chocCh = Ko K,. (3.3.1b)

We define the base manifold of the super instanton moduli space with the linear maps

between the supervector spaces:
X = Hom(K, K) & Hom(K, K) & Hom(N, K) & Hom(K, N), (3.3.2)
and the ADHM variables
By € Hom(K,K) =End(K), [ € Hom(N,K), Jé&Hom(K,N). (3.3.3)

In this case, the moment maps (ug,uc) : X — R*® Uj 1, 8re given as the same
expression as before (1.4.5), and thus the ADHM equation is formally equivalent to
the ordinary case, fi = (ug, Re puc, Im uc) = (0,0,0).

Constructing instanton

Given the ADHM variables, the following process to construct the ASD connection is
the same as before. We start with the dual Dirac operator (1.4.8), D' : K@ SO N —
K ® 8, which behaves as DD = A® 1 with A — |2|*1x as 2 — oo. Then, the ASD
connection is constructed from the normalized zero mode of the dual Dirac operator
D' =0 as A = UidVU. In this case, the instanton charge is similarly computed with

a super-analog of Osborn’s formula (1.4.14):

1
k:=c[S] = —/strF/\ F =strglg = ko — k; = sdime K . (3.3.4)
S

872

Namely, the instanton charge is given as the superdimension of the supervector space
K, so that it could be negative. We call ky and k; the positive and negative instanton

numbers, respectively.

3.3.1 String theory perspective

Similarly to §1.4.4, the instanton configuration in the supergroup YM theory in four
dimensions has a realization as a D0-D4 brane system. In this case, we should use a
peculiar brane, the negative brane (also called the ghost brane [OT06]). The negative
brane has negative charge and negative tension, which is different from the anti-brane

having negative charge with positive tension.
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instanton anti-instanton negative instanton negative anti-instanton
SD or ASD ASD SD ASD SD
topological # | positive negative negative positive
D-brane | DO (D0*) D0 (D0") DO~ DO

Table 3.1: Properties of instanton, anti-instanton, and negative instanton.

The properties of instanton, anti-instanton, and negative instanton are summarized
in Tab. 3.1, as a refined version of Tab. 1.1. It is known that the brane-anti-brane
configuration is not stable, namely non-BPS state. On the other hand, both positive
and negative instantons are ASD, and hence their bound state remains BPS. This is
why we can deal with the positive and negative instantons simultaneously using the

extended version of the ADHM construction as shown above.

3.3.2 Instanton moduli space

Since the ADHM equation p = 0 has a symmetry U(K) = U(kg|k1), the super in-
stanton moduli space is given as a supergroup hyper-Kéhler quotient for (n,k) =

(n0|n1,k‘0\k‘1):

M, =p ' (0)JU(K). (3.3.5)

Since this moduli space is singular as before, we consider the resolution of the moduli

space in order to apply the equivariant integral over the moduli space similarly to §1.5:

M, = {m = (+C20 1) @ (—Coo Ly ), pic = 0} JJU(K). (3.3.6)

Namely, we assign the resolution parameters with opposite signs for the even and odd
sectors. The physical interpretation of this assignment is explained as follows: The
resolution parameter ¢ has an interpretation as the noncommutative parameter on the
spacetime S, which is also interpreted as the background flux through the Seiberg—
Witten map. Since the negative sector has an opposite charge, as mentioned in §3.3.1,

the sign of the resolution parameter is now flipped compared to the positive sector.

Hereafter we assume ¢ > 0.* Then, the real moment map condition ug = (lg, ®
(—()1g, is replaced with the stability condition, so that we have another description

of the instanton moduli space:

M, = 1z (0)JGL(K) . (3.3.7)

4In the case with ¢ < 0, we should exchange (Io, J]) (Jg7 1) in the following argument.
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Since, in this case, the resolution parameters is positive +¢ > 0 and negative —( < 0
for the positive and negative sectors, we should consider both the stability and co-

stability conditions simultaneously:
Ko =C[By, Bo]Io(No), K1 =C[B], BJJ{(Ny), (3.3.8)
where we define
I, = Hom(N,, K), J, = Hom(K, N,), (c=0,1). (3.3.9)

The complex superdimension of the moduli space is given similarly to the ordinary
case (1.5.2):

sdim 9, , = 2sdim Hom (K, K) + sdim Hom(N, K) + sdim Hom (K, N)
— sdim Hom(K, K') — sdim GL(K)
=2(ng —n1)(ko — k1) = 2sdim N - sdim K, (3.3.10)

which is a super analog of the formula (1.5.2).

3.4 Equivariant localization

Now we apply the equivariant localization scheme to the super instanton moduli space.
In fact, we can perform a parallel analysis as discussed in §1.6.3 to the super instanton

case.

Framing and instanton bundles

We define the graded framing and instanton bundles over the super instanton moduli

space:
N=Ner,, K= (K;)er, (3.4.1)

with
N, =NoN;, K =K' oK; (3.4.2)

which are further decomposed as

N7 = ééNZa, K7 = @K"a (3.4.3)

The automorphism groups are supergroups,

GL(N) = [] GL(niolnin),  GL(K) = [ GL(kiolkin) (3.4.4)

i€l i€lg
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and the corresponding Lie superalgebras of the Cartan tori are denoted by

a; = diag(ayy,...,a},, ,a; a;, ) €LieTy, Cgly ,

» im0 C41 0 Ging g
: 0 0 1 1 :
¢i = diag (@1, -+ Digy g Pt s Piky,) € Lie Tr, C gl . (3.4.5)

In this case, we apply the stability and co-stability conditions to K and K as discussed
in §3.3.2. Recalling the corresponding eigenvalues are given in (1.6.34), the equivariant

character for each bundle is given by

cht N7, = e (3.4.6a)
0 s1—1 _so—
Z eeg gt (0=0)
seNY
hrKJ, =" (3.4.6b)
D eteg g (0=1)
56)\%’(l

which are combined into the equivariant supercharacter:

scht N; = cht N? — cht N% , scht K; = cht K? — cht KZ1 . (3.4.7)

Observable bundles

We then define the graded universal bundle:

Ys = (Ysi)iero = (Y, ® Y&, )icr, (3.4.8)
with
ni,0
PN oLy, (0=0)
Y3, =14, (3.4.9)

PN, eI ®detQ’ (o=1)
a=1 “

and also the observable bundle as the pullback at the fixed point 0 € S:
Y,=iYs=(N; — ANQ - K,)ier, - (3.4.10)

Since N and K are graded, while AQ is the ordinary bundle, the observable bundle is
also graded. Together with the partial reduction of the universal bundle Y s denoted
by X =Yg, = (X,)ier,, we obtain the expression

Y, = (Yoi)ier, = AQ; - X = AQ; - X" @ AQY - X*, (3.4.11)
where the corresponding supercharacter is given by

SChT Yz = SChT YOJ‘ = ChT (AQl . X?) — ChT (/\QY . le)
=(1—q)cht X — (1 —¢q ) cht X] (3.4.12)
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with
chr X7 = > =z (3.4.13)
zeX]
and
.)C’Z-U _ {xza’k _ ea‘i”aqgfl)d(kfl)q; DAY ok }aZI 77777 . |_| )C-O' (3414)
k=1,..., e ] i€l

We can similarly use the expression based on the other reduction X = Y, with the

transposed partition.

3.4.1 Equivariant index formula

The graded version of the vector multiplet and the hypermultiplet bundles are given
similarly to the ordinary case (2.2.1):

YVY, Y'Y,
o) i) Q ( )

These bundles have decomposition
V.=V'ae V], H.=H ¢oH!, (3.4.16)

where each part is given by

/\QV

V) = Qs (XPVX7 + X VX)) = VP + Vi (3.4.17a)
2
A A
V! =de tQV Q XWVX) + —— Q X} VXY = V@4V  (3.4.17b)
ANQJ NQq
A \Y
H? = M, gl (XPVXO + X[VXT) = HY +H!'  (3.4.17¢)
2
A A
H' = —M, det Q¥ —=L Q1 XVXE — M, Q XPVXY =HI!+HP. (3.4.17d)
ANQY ANQ:2
Hence, the supercharacter is given by
schy Vi =chr V! —chr VI = Y~ (=1)7"" chy V77, (3.4.18a)
o,0'=0,1
schy He = chy HY —chr H! = ) (—=1)7" chr HI” . (3.4.18D)
o0,0'=0,1

The full partition function contributions are obtained by applying the equivariant

index formula to these bundles:

ze= 1] 2. zvs, =1(-17' v, (3.4.19a)
o,0'=0,1
25— I 2%, 2%, —1(-1)7He], (3.4.10b)

o,0'=0,1
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where each contribution in the 5d (K-theory) convention is

vec I <Q2l’/$/, q2)
Zi700 = H Fq (q.%'/fﬂ/ q2) )
(z,2")ex? xx? 4 ’
rH#x’
vec Ug(qz/a'; go)
Zi,Ol = H ;

(w,z)eX?xXx}

Ly(pe'ar/a's 2)

(r,x’)GXiOXXJQ

H Uo(py ' qrqe/2'; qo)
Ly(ptqr/a’; o)

Ly(qigz/z';q2)

U, (u g /2 qo)

89
vec r (qu/x/J QQ)
i = H W,
(@ahyextxxr — NI/ 0
r#x’
(3.4.20&)
- I rwel
2710 (z,2')eX} x X0 Ly @T/7'; q2)
(3.4.20b)
Z = Lyl g /s g2)
wmt H r ( -1 / /. ) )
(:E,g:’)e/\{‘il XX].l q H’e QT /T {2
(3.4.20¢)
Ly(ke ' gor/a'; g2)
bf i :
e:1—7,10 - H

—1.—1 . :
(z,2")eX} x X9 Fq(ﬂe lql QQJI/J,”, q2>

(3.4.20d)

We can similarly obtain the 4d and 6d results with the corresponding index, replacing

the g-gamma function I';(2; ¢2) with I'y(z; €2) and T'e(z; g2, p).

3.4.2 Instanton partition function

The equivariant index formula provides the full partition function including both the
instanton and the perturbative contributions, which is given as an infinite product.
As discussed in §1.9, we can extract the instanton part from the full partition function

by subtracting the perturbative contributions.

The instanton part of the vector multiplet bundle and the (anti)fundamental hy-

permultiplet bundle (similarly obtained as (1.9.11)) are given as follows:

schy V™ = chr VIF' — chr VIS = ) (=1)7" chy V5t (3.4.21a)
o,0'=0,1

schy HI™' = chy HIY' — chy HIS' = ) (=1)7" chy HIL, (3.4.21D)
o,0'=0,1

SChT HZ(-a)ﬂinSt _ ChT Hl(jao)f,inst . ChT ngal)f,inst _ Z (_1)U+o'/ ChT Hgizilinst (3421C)

o,0'=0,1
where

Vil = —det Q¥ - KIVN? — N7VKY + AQY - KIVKY (3.4.22a)

H ™ = M7VKY (3.4.22b)

HE = det QY- KIVMY' (3.4.22¢)
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with
cht MY Ze o chTM Ze o (3.4.23)

Then, the instanton part of the partition function is given by the index with the

corresponding supercharacter (3.4.21a),

Zyec,inst Vmst _ H Zvec lnSt (3424)

7 i,00’
o,0’'=0,1

Applying the combinatorial formula shown in Appendix B.2, we obtain the diagonal

parts of the vector multiplet contribution,

4,0

Zygo™™ = HZXfig (e, €3 A0 AD) (3.4.25a)
ni1

Z5m = Hzgf;g oo, e AL ML) (3.4.25D)

where the combinatorial factor is given by

v 5(6) ano)1) 7! Vgt as) !
2y vidah) = T (1= 20 ") T (1= Sa @ e ™")

SEAq SENB

(3.4.26)

with the arm and leg lengths defined in (B.1.3). The off-diagonal contributions are

nzo‘ i,07

szzcalnst _ H H ZVGC Za e 4 fa? fﬁ) (3427)

a=1 =1

for o # o', where

a,l AB,1 -1
v A 9/+s s
Z5 /) ~ 1 [T (1= 2o ") (1 Zarag)

s1=1g,=1
vV 3\ ’ /
<11 (1 - Q?q“ﬁ”) I1 (1 - ;qfa’”slqi“’) (3.4.282)
SEAq s’E)\B
o v —Aga—sitl =1
N sh o1 —Aa,s1 ! _ _
Z]\_/SC(V, I//; )\a, )\B) = H H <1 —_ ;ql B,s5 q2 A 81 52+1) (1 . q1 81+1q 32+1>
s1=1sh=1
A V. Seiosit1 et
XH(l_Jqll d> )H(l—;ql 1 q22 )
SE)\a SIEAB
(3.4.28D)

The number of factors appearing in Z,, is as follows: |A,|+|As| factors in the denom-
inator of Zyy and Z11, |Aa| + [As] + 5\0471)\5,1 factors in the numerator, 5\%1)\571 factors
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in the denominator of Zy; and Zg, so that the numbers of factors in the numerator

and the denominator are balanced in total.

We remark that the diagonal contribution is given by the well-known combinatorial
formula using the arm and leg lengths of the partition. The off-diagonal contributions
are still finite products written in terms of the partition, but do not have a compact
formula similar to the diagonal ones. This situation is similar to the BCD instanton
partition function, involving ¢, + ¢3 in the contour integral [MWO04, NS04].

The bifundamental hypermultiplet contribution is similarly given as follows:

bf,inst bf,in t bf,inst
Zez%j = Hezas] = H Zez—>;a'cr (3.4.29)
o,0'=0,1
where
ni,0 15,0
bf,in: a0 0
2000 = [T T Zhae(e®e, 6%, e Moy A2 5) (3.4.30a)
a=1 =1
M5,1 Mgl
bf,inst 1
ZE3i—>j711 = H H dlag e he, e ]'6 ) Hei—g) /\j B8 /\i,a> (3430b)
a=1p=1
Ni,o 0!
Z:iiljtaa = H H be e la , € ]B s He: z—)y,)\za, jﬁ) for g 7£ O'/ (3430C)
a=1 g=1
with
_V—Zsa5+1 +1 —ag(s
Zdlag(yal/nu;)\om)\ﬁ) - H (1—[11 1l/q 8(s) (s) > H (1 () s a( ))
S€Aa SE)‘B
(3.4.31a)
Nal Agi1
v Aﬁsl—&-sl Aa,s +5 4V 4 s -1
Zo1 (v, V' 15 Ay Ag) = (1—u a6t 2) (1-n 1;q11q22)
s1=1sl=1
s A +s -1 — v 5‘&, +S/ S/ -1
X (1—u Zara ) T (1w g )
s€Aa S’G)\B
(3.4.31Db)
Aol A
o T R A IR A
2103V, 15 e Ag) = H [I(1-r"Sa 2 (1—M S0 )
: sl =1
8=
Csi+1 ~Aga—saH1) 1 s+l —sh1) "1
X 1—/1, ql 1+1q B,1—52 > H(l—ﬂ _ql 1— q22 )
SE)\a 5,6)\5
(3.4.31c)

We remark that the total numbers of the factors appearing in the numerator and the

denominator are the same as well as the vector multiplet.
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The (anti)fundamental hypermultiplet contribution to the instanton partition func-

tion is given by

Zi(a)f,inst _ ]I flnst . H Z@z;)ilnst (3432>
0,0'=0,1
where

nio0 "ol eaQ (_1)0’

Ziow =11 H 11 ( — qiquZ’) (3.4.332)
a=1 f=1sex?, 'ulf
4,1 ”L o! eal (_1)0’+1

Zig =1I11 1 (1 - 81“q‘”“> (3.4.33b)
a=1 f=1 86)\1 'ulf
14,0 ’LG‘ /:,La.l (71)0/

ziet =11 H IT (1-=fa e ”“) (3.4.33¢)
o=l =1 50 e e
ni1 nl o /10' (_1)(,/+1

=111 I (1- =2 qf1q§2> (3.4.33)
a=1 f=1sexl .

3.4.3 Contour integral formula

Now we consider the contour integral formula for the instanton partition function. For
the moment, we focus on A; quiver with the (anti)fundamental hypermultiplet for

simplicity.

From the instanton part of the bundles over the moduli space (3.4.22), we obtain

the contour integral formula as follows:

1 k0+k1 d¢0’
inst vec T af
Zoy = k‘o'lﬁ k0+k1 ﬁK GH Ugl,__IO 12 o 2ot o (3.4.34)
a=1,... ko T
where each contribution is
HP (67) " Po(¢g + €12)” Hs ¢ — &7)" (0 =0")
a#b
Z;‘ZC/ — B (3435&)
HPU(GbZ ) HPUI(GbZ +en) [ S5 40 (0#0)
a=1 a=1 a=1,....,ks
L b=1,....k s
( ko ko
| J EACH) 11 P(¢ + ) (0=0)
e = 4 % 2o =14 %! (3.4.35b)
| JEACHE [[ 2265 + €)™t (0 #0"
\ a=1 a=1
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with the gauge and matter polynomials

No No

P,(¢)=[[l6—aZl, Pu(¢)=]]l-0+2a%]. (3.4.36a)
Plo)=T[l6-m3l.  Po(o) = [[l-o+ ). (3.4.36h)

We remark that the contour integral formula (3.4.34) formally coincides with that
for quiver gauge theory (2.2.13) of A, quiver. However, we should be careful about
the integration contour since we impose different stability condition for the positive
and negative gauge nodes. We should take the contour to be consistent with the
eigenvalues (1.6.34a) for the positive node, while (1.6.34b) for the negative node. (We
should apply the contour corresponding to (1.6.34a) to both of the gauge nodes for

the ordinary A; quiver.)
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Chapter 4
Seiberg—Witten geometry

Seiberg—Witten theory is a geometric framework to describe the low energy effective
theory of N = 2 supersymmetric gauge theory in four dimensions [SW94a, SW94b].
This geometric point of view gives rise to various interesting insights on gauge theory,
including dualities in gauge theory, the brane dynamics in string/M-theory, connec-
tions with integrable system, etc. In this Chapter, we start with description of the low
energy behavior of 4d N’ = 2 gauge theory, and discuss the geometric analysis based
on Seiberg—Witten theory. We will then discuss its generalization to quiver gauge the-
ory and supergroup gauge theory, and address the string/M-theory perspective with
the brane description. We will also discuss the generalization to 5d NV = 1 theory

compactified on a circle, and 6d N = (1,0) theory compactified on a torus.

4.1 N =2 gauge theory in four dimensions

In this Section, we briefly summarize the four-dimensional N' = 2 supersymmetric
gauge theory, which has eight supercharges. See also introductory articles and refer-
ences therein for details on this topic [Ler97, AGH97, Pes97, DP02, Tacl4].

4.1.1 Supersymmetric vacua

Let G be the gauge group, and its Lie algebra g € LieG. As mentioned in §1.3.2,
the N = 2 vector multiplet consists of the g-valued components (A, X, 5\;, ¢) in the
adjoint representation of the gauge group GG. The potential function for the complex

scalar field ¢ is given by
1
Vi(g) = 2—th1"[¢> o', (4.1.1)

97
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so that the supersymmetric vacuum requires the condition

(¢, 0T =0. (4.1.2)

The solution to this vacuum condition is immediately given by the Cartan subalgebra
h C g, which is the commuting subalgebra of g. Namely, N' = 2 gauge theory has a
flat direction in the potential V(¢), and the vacuum expectation value (vev) of the

complex scalar plays a role of the moduli of the supersymmetric vacua.

For the simplest example, G = SU(2), the solution to the condition (4.1.2) is given

b= (3 _Oa> | (4.1.3)

In this case, the Cartan subalgebra of g = su, is h = uy, which is parametrized by

by a diagonal traceless matrix:

the complex parameter a € C. Since the scalar field ¢ itself is not gauge invariant,
we instead use the gauge invariant parameter to parametrize the moduli space of the

supersymmetric vacua:
N TS
u.—étrgb =a’. (4.1.4)

We also use the same symbol for its vev u = %(tr ¢*) as long as no confusion. We
remark that this is the second Casimir element constructed from the complex scalar
¢. In general, the chiral ring operators given by the Casimir elements of the scalar

field ¢ € bh provide the gauge invariant coordinates of the moduli space of the vacua.

If the scalar field has a non-zero expectation value, u # 0, the off-diagonal part
of the gauge field (W-boson) obtains mass, while the diagonal part (Coulomb field)
remains massless. Therefore, the gauge symmetry is broken into the Cartan subgroup
of G, denoted by H C (G, due to the Higgs mechanism. Since only the Coulomb field
is massless in this case, it is called the Coulomb phase, or the Coulomb branch of the
moduli space of vacua. Hence, the Cartan element of the complex scalar is also called

the Coulomb moduli in this context.

We have focused on the vector multiplet, but in general, we can also incorporate
the hypermultiplet. In such a case, we may consider the vacua with « = 0, but with
a non-zero expectation value for the scalar component in the hypermultiplet. This
situation is instead called the Higgs phase or the Higgs branch of the moduli space of
the supersymmetric vacua (§4.5.4). We mainly focus on the Coulomb branch of ' = 2
gauge theory in the following.
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4.1.2 Low energy effective theory

As discussed above, we have the massive W-boson and the massless Coulomb field in
the Coulomb branch of the moduli space of vacua. This implies that the W-boson
would be decoupled and only the Coulomb field becomes relevant in the low energy
regime of NV = 2 gauge theory. Let us thus consider the low energy effective description
of the Coulomb field in this situation.

We have the following field contents for N = 2 U(1) gauge theory:

Ay —— A,
/ / (4.1.5)
SUp—

fori=1,...,dimb. In the N’ = 1 superfield formalism, these fields are organized in

terms of the adjoint chiral and vector multiplets:
di(a’, N = a' + 2N 0% + - - -, (4.1.6a)
WE(ALN) =Ny 4+ Flgh’ + - (4.1.6b)

with the fermionic parameter (6,6). A generic Lagrangian of A" = 2 gauge theory is

then given as

872

1 _ oo L
L=— U d*0d*0 K (@', d") — /d20 (2miT;; (a))WIWI* + c.c. (4.1.7)

77777

complex coupling (1.3.5). The kinetic matrices for the fermions (A", \’) are given as

follows:
-, 1 1 1 9’°K
N —gr=—Ks = ————— 4.1.8
4n% T 4 T 4n gaiow ( 2)
S| 1 .
)\ . % Im Tij = _47'('1 (Tij — Tij) (418}3)

The N = 2 supersymmetry requires the agreement of these kinetic matrices:

it (mi; — 7)) = Ky, (4.1.9)
which gives rise to the expression
0*F
Tij(a) = gjij = m, (4110&)

K(a,a) =1i(apa; — aza)) . (4.1.10b)
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We here define a (at least locally) holomorphic function F(a), which is called the
prepotential, and the dual variable (the dual Coulomb moduli),

Lo
D= 9ai

(4.1.11)

This means that there exists one-to-one correspondence between the NV = 2 Lagrangian
and the holomorphic prepotential F(a). For example, the N' = 2 Yang-Mills action is
given by the quadratic prepotential:

F(p) = %Ttr *, (4.1.12)

which is the unique case providing a renormalizable action.

From this point of view, the moduli space of vacua is a Kahler manifold equipped
with the Kéhler potential K (a,a). Furthermore, we have shown that the Cartan part
of the complex scalar provides the coordinate of the Coulomb branch, and the moduli
space depends on it only through the prepotential. A Kahler manifold with such
an additional property is called the (rigid) special Kéhler manifold, which plays an
important role in the relation to the complex algebraic integrable system [GKMT95,

MW96, DW96, SW97, Don9s].

4.1.3 BPS spectrum

We discuss the role of (a,ap) from the supersymmetry algebraic point of view. As
mentioned in §1.3.2, the supercharges of ' = 2 algebra are given by (Q!, Q%) with
the index («, &, 1) for (SU(2)z,SU(2)g,SU(2);). They obey the following relations:

{Qi,QY} =487 Po",, (4.1.13a)
{QL, QL = €645 2, (4.1.13b)

where (€, €,53) are the invariant tensors of SU(2); 1, P, is the translation generator,
and Z is a central element of the algebra, which is peculiar to the extended supersym-
metry algebras. The center Z provides a bound for the mass spectrum, that is called
the BPS bound, so that Z itself is also called the BPS spectrum. In fact, the center

of N'= 2 is given by a linear combination:

nf

Z:na—l—nDaD+anmf, (4.1.14)
f=1

-----

mental hypermultiplet with n,np,ny € Z. We will see how these BPS spectra are
described from the geometric point of view.
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4.2 Seiberg—Witten theory

We have seen that the low energy effective theory of NV = 2 gauge theory is written
using the prepotential F(a). The remaining problem is then how to determine the

prepotential describing such a low energy theory.

4.2.1 Renormalization group analysis

Let us start with the renormalization group analysis of the coupling constant. The

generic form of the one-loop S-function is given by

d 82 11 2 1
=pu— —| = —C(adj) — =C(Rwey1) — =C(Rscalar 4.2.1

B0 = by | =5 ) = 50 Ron) = 50 Reir)  (42)
where p is the energy scale of the coupling constant. The representations of the Weyl
fermion and the complex scalar field under the gauge group G are denoted by Ryyey
and Rgcalar- The coefficient C'(R) is the second Casimir element of the representation
R under the gauge group G:

1

—5 tre (T°T") = C(R) 6", a,b=1,...,dimg, (4.2.2)
with the generators of the algebra g = Lie G denoted by (7%),—;
normalization such that the coefficient for the adjoint representation is given by the
dual Coxeter number of the algebra g, C'(adj) = h¥. For G = SU(n), the coefficients

for the adjoint and the (anti)fundamental representations are given by

dimg- We apply the

77777

C(adj) =n, Cn)=C(n)==. (4.2.3)

In the case of N = 2 gauge theory, the vector multiplet consists of two Weyl
fermions and a single complex scalar in addition to the gauge field in the adjoint
representation. Incorporating the hypermultiplet contribution, the total one-loop (-

function is then given by
—— =2C(adj) — C'(hyp) =: b. (4.2.4)

For example, SU(n) YM theory with nf fundamental hypermultiplets yields b = 2n—nf
since N = 2 hypermultiplet consists of N' = 1 chiral and anti-chiral multiplets. Hence,

the one-loop solution to the renormalization flow of the coupling constant is

exp (_8gi) - (%)b (42.5)

where A is a constant of the integration, interpreted as the dynamical scale of the
system. As long as the coefficient b is positive, the coupling constant becomes small

in the high energy regime compared to the dynamical scale (asymptotic freedom).
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4.2.2 One-loop exactness

We remark that, as mentioned earlier, it is natural to consider the complexified cou-
pling constant (1.3.5) in supersymmetric gauge theories, so that the instanton fugacity
(1.3.4) is interpreted as a complexification of (4.2.5). The imaginary part of the com-
plex coupling Im 7 oc 1/¢? receives the quantum correction, while the real part Re 7 oc 6
does not, since it is a coefficient of the total derivative (topological) term tr F' A F.
Hence, requiring the holomorphy of the prepotential for N' = 2 gauge theory, the
quantum correction to the coupling constant turns out to be one-loop exact: Higher
corrections are given by positive power terms of g2, which are not holomorphic any

more.

In fact, once we have a matter content with b = 0, it does not receive any quantum
correction to the coupling constant since the corresponding (-function shall be zero
at all orders. Such a theory may be interpreted as a marginal deformation of super-
conformal field theory. For G = SU(n), for example, we obtain such a situation, if
it contains 2n (anti)fundamental hypermultiplets, or a single adjoint hypermultiplet.
The latter theory is in particular given by a mass deformation of N' = 4 theory, which
is called N = 2* theory: It is enhanced to N/ = 4 supersymmetric theory by turning off
the adjoint mass parameter. See also the behavior of the partition function discussed
in §1.8.7.

4.2.3 SU(2) theory

Let us focus on SU(2) theory for the moment. First of all, the bare U(1) and SU(2)
coupling constants have the relation, Ty) = 27sy2) =: 279. Applying the one-loop

renormalization equation, we obtain

8
7(a) = 2719 — o log Aio = —5— log + (4.2.6)

where we denote the effective U(1) coupling by 7(a), and Ay is the energy scale corre-

sponding to the bare coupling constant 7y:
A* = Age?™™ (4.2.7)

Therefore, the corresponding prepotential and the dual variable are given at the one-

loop level as

432 a 422 a
Fla) a2 s, @ 4 Al 42.8
8a a 8a a
g g, 02, a _ &, a 4.2.8b
ap = 2702 — 5 plog - F ori 8N T ( )
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There exist further corrections, but they are suppressed in the perturbative regime,

la/A] > 1. In terms of the gauge invariant variable u (4.1.4), they are rewritten as

u u? 2u3 u?
IC I L P 4.2,

Based on the expressions above, we then study the behavior of the Coulomb moduli

and its dual variable (a,ap) on the u-plane. Let u = e"|u| and ¥ — o +27i, we obtain

<a> 99+ 2ri ( —a ) L ( a) (4.2.10)
ap —ap +4a ap

where M, is called the monodromy matrix (of the infinity):

~1 0
My = ( ) _1> € SL(2,7Z). (4.2.11)

Hence, there exists a singularity on the complex u-plane. In fact, the expression of the
prepotential and the dual variable (4.2.9) implies the singularities at u = £A?, which

correspond to the strong coupling limit 7(a) — 0.

Seiberg—Witten curve

The essential part of Seiberg—Witten theory is to construct the algebraic curve, a.k.a.
the Seiberg—Witten curve, which geometrically encodes all the information about the
low energy behavior of N' = 2 gauge theory. For this purpose, we take into account
the monodromy behavior on the u-plane discussed above. We begin with the algebraic
curve, that we call the Seiberg—Witten curve for SU(2) supersymmetric Yang-Mills
(SYM) theory:

S ={(z,y) eCxC* | A’ (y+y ') =2 —u}. (4.2.12)
Now the mass dimensions of the variables are
[z] =1, yl=0, [u=2, [A]=1. (4.2.13)

We will also use another convention by the shift, y — y/A?:
A4
Y y+—=2a’—u (4.2.14)
)

with the dimension [y] = 2.

Solving the algebraic relation (4.2.12), we obtain

y = ﬁ [(a:2 —u) £ /(22 — u)? — 4N | (4.2.15)
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- 5K - (&

A

Figure 4.1: (Top) Compactification of the Riemann surface: from two cut sheets to a
torus. The torus has two non-contractable cycles, called A and B cycles. (Bottom) A
cycle and B cycle on the sheets. There are four branch points (27, #3) given by (4.2.16)

on the sheets.

where we find four branch points at
of =Vu+2A?, oFf = —Vu£2A2. (4.2.16)

Due to the square root singularity, we have two branch cuts between (z;,x;);=1 2 on
the sheets, from which we obtain a torus via compactification as shown in Fig. 4.1.
There exist two non-contractable cycles on the torus, called A and B cycles as long as
all the branch points are not degenerated. In fact, at u = +2A? and v = 00, two of

the branch points are degenerated, and this picture is not available any longer:

u—£20*: a7 — 0 (B cycle shrinks) (4.2.17a)

u—  oo: (af,75) — (+00,—00) (A cycle shrinks) (4.2.17b)

This is consistent with the previous argument on the singularities on the u-plane based

on the prepotential.

Cycle integrals

Based on this geometric setup, we can obtain the information about the low energy

effective theory of N = 2 theory. We define a tautological one-form on the Seiberg—

"'We may rescale the dynamical parameter 2A%2 — A2 to obtain the agreement with the previous

convention.
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Witten curve:
A= x% = zdlogy, (4.2.18)
and also the symplectic two-form
w=d\=dxANdlogy. (4.2.19)

Then, it is claimed that the Coulomb moduli and its dual are obtained by the contour

integrals along A and B cycles:

Y (4.2.202)
27'('1 A
1
— ¢ 4.2.20b
W0 ( )

Recalling the expression of the central element in the N' = 2 algebra (4.1.14), the
contour integral computes the mass of a BPS state.? For example, in the perturbative
regime |u| > |AJ?, we see |y| ~ 1 from (4.2.15), and x ~ uz from (4.2.12). Therefore

the A cycle integral is given as

1 1 d 1
ar~ — w — 3 (4.2.21)
2mi ly|=1 Y

which reproduces the perturbative relation.

The complex coupling is then given as follows:

8aD 8aD/8u
= = , 4.2.22
@)= 55 = Dajou (42.22)
Taking the u-variable derivative of the one-form A,
dy (1.212) 1

2)\ — Oz 4y (212) Ldy 7 (4.2.23)

ou ou Y 2y

y: fixed

we obtain the expression as a ratio of the cycle integrals:

(/L. e

which is called the complex structure of the torus. Its imaginary part is always positive,
Im7(a) o 1/g* > 0, which guarantees that the kinetic term of the action always has

a correct sign.

2 At this point, we do not yet include the fundamental hypermultiplet. See §4.2.5 for the case with

fundamental matter.
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Figure 4.2: The hyperelliptic curve of genus g = 3 (the Seiberg—Witten curve for SU(4)
SYM theory). There exist 2g non-contractable cycles denoted by (Aa, Ba)a=1,...¢-

4.2.4 SU(n) theory

We start with a remark that the defining relation of the curve ¥ (4.2.12) is written in

terms of the complex scalar field as?
7? —u = det(x — ¢). (4.2.25)

This expression is in fact valid for generic SU(n) gauge theory. Hence, the Seiberg—

Witten curve for SU(n) SYM theory is similarly given by
YA (y+yt) =det(z—9). (4.2.26)

In this case, the right hand side is a degree-n polynomial in x, while the degree of the
variable y is still two. Thus, there exist n branch cuts on two sheets, which gives rise to
the hyperelliptic curve of genus g = n — 1 as shown in Fig. 4.2. In this case, there are

2g non-contractable cycles (A, By)a=1,.. g, for which we choose the canonical basis:

A, N Bg =043, A,NAg=B,NBz=10. (4.2.27)
We define the one-form differential on the curve similarly to SU(2) theory
A=z—, (4.2.28)

Y

and the Coulomb moduli and the dual variables are given by the contour integrals

along the non-contractable cycles:

1 1
dg = — )\, AdDa — T A (4229)
271 J 4, ’ 27 Jpg,

-----

Seiberg-Witten curve X, whose imaginary part is positive definite, Im 7,5(a) > 0.

3The Seiberg-Witten curve for generic G is given by the spectral curve of the Toda integrable
system associated with the affinization of the Langlands dual group of G, denoted by LG [MW96].



4.3. QUIVER GAUGE THEORY 107

4.2.5 N =2 SQCD

We discuss the geometric approach to the low energy effective theory in the presence of
the hypermultiplet in the fundamental representation, namely N/ = 2 supersymmetric
quantum chromodynamics (SQCD). From the renormalization group analysis in §4.2.1,
we may incorporate n' fundamental hypermultiplets for nf < 2n (b = 2n — nf > 0)
in SU(n) SYM theory. Let (my);—; . be the mass parameters for them. Then,
the mass parameter dependence of the Seiberg—Witten curve is incorporated as the
pole singularity on the curve [HO95, APS95]. This argument is consistent with the
correspondence between the BPS spectrum discussed in §4.1.3 and the non-trivial
cycle on the curve: Since we have the poles in addition to the A and B cycles, we
may consider the contour surrounding the pole, which gives rise to the fundamental
mass (my) ;. n:. Hence, the Seiberg-Witten curve for G = SU(n) with SU(n') flavor

symmetry takes a form of
P
Xy+ Ab% = det(z — ¢) (4.2.30)

where we define the matter polynomial P(z):*

P(z) = [[(z = my). (4.2.31)
F=1
This matter polynomial is interpreted as the characteristic polynomial with respect to

the flavor symmetry group SU(nf). In this convention, the mass dimensions are given
as [y] = n, [z] = [A] = [my] = [¢] = 1.

4.3 Quiver gauge theory

The geometric implementation of the effective low energy theory is also possible for
quiver gauge theory. Let us briefly mention how to construct it here. The details of

the derivation will be provided in Chapter 5.
Let us recall the Seiberg-Witten curve for G = SU(n) theory (4.2.26), which

implies that the gauge group dependence is only found in the x-variable part, and
the y-variable structure is universal: It is in general given as the hyperelliptic curve
(degree two for y-variable). In fact, it has been pointed out that one obtains the cubic
curve for quiver gauge theory which consists of two gauge node (A, quiver) [Sha06],
and afterward, its representation theoretical interpretation is clarified by Nekrasov—
Pestun [NP12]. We start with the observation that the combination of y-variable on the

4This is essentially the matter polynomials (2.2.12b) defined in §2.2.2 denoted by P! and P We

do not distinguish the fundamental and antifundamental matters as long as concerning 4d theory.
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curve (4.2.26), y+y~!, is given by the character of the two-dimensional representation
of SL(2), whose Dynkin-quiver diagram is A;. This observation leads to the following

statement:

— Seiberg—Witten geometry for I'-quiver gauge theory [NP12]

Let Gr be the simple Lie group, whose Dynkin diagram is given by the quiver
I' = ADE. Then, the Seiberg—Witten curve is constructed by characters of the fun-
damental representations of Gr (affine characters for I' = @) Xi(Y1, - Yekr)
for i € I'y. In addition, the character associated to the quiver node ¢ € I'y is given
by a polynomial in x, and its degree coincides with the rank of the gauge group
G; = U(n;) assigned to the node i € ['y:

Xi(Y1, - yr) = Ti(w) = 2™ + -+ (4.3.1)

Here the fundamental representation is given as the highest weight representation
associated with each fundamental weight assigned to the quiver node i € I'y. Let us

examine this statement with several examples.

4.3.1 A; quiver

The simplest example is A; quiver, which we have already discussed. In this case, the

Seiberg—Witten curve is given by the relation:

xiy) : y+y ' =Ti(z) (4.3.2)

where T;(x) is a polynomial in = of degree n for SU(n) gauge theory assigned to the
node i = 1. This is consistent with the previous expression (4.2.26), where we omit
the gauge coupling factor for simplicity. Now x;(y) is the two-dimensional represen-
tation character of G4, = SL(2). In general, one may consider the higher dimensional
representation character, but it would be redundant in the sense of Seiberg—Witten
theory because the higher representation curve is in principle reproduced from the
fundamental one by using the chiral ring relation. From the representation theoretical
point of view, it is related to the fact that any (higher) representations are constructed

by the tensor product of the fundamental representations.

We remark that the relation (4.3.2) is equivalent to
v —Ti(z)y+1=0. (4.3.3)
We may rewrite this also in the following form:

det(y — L(z)) = 0 (4.3.4)
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where L(x) € SL(2) is called the Lax matrix, such that
tr L(z) = Ty(x), det L(z) = 1. (4.3.5)

In fact, this expression implies the correspondence between gauge theory and (classical)
integrable system: The Seiberg-Witten curve is identified with the spectral curve
associated with the SL(2) Lax matrix.

4.3.2 A, quiver

The next example is As quiver, which consists of two gauge nodes, SU(n;) x SU(ny),

with a single bifundamental hypermultiplet. In this case, we have two fundamental

characters:
1
Xi1(y12) : yi+ L Ti(z), (4.3.6a)
U1 Y2
Y1 1
X2(y12) 1 Yo+ =+ — =Ts(x), (4.3.6b)
Y2 U

where the polynomial in x is given by
Ti(z) =a™ 4--- . (4.3.7)

These x12(y12) are the characters of two three-dimensional representations of G4, =

SL(3).

Since we have two relations with two y-variables, y; », we may eliminate either v,

or 15, and combine two relations to a single equation:
i -Tiyi+Tayn—1=0 or  ys—Toys+Tiya—1=0. (4.3.8)

This is a cubic curve for Ay quiver, which is consistent with the known result [Sha06].

These cubic relations are formulated with the Lax matrix L(x) € SL(3) as follows:

det(y1 — L(x)) =0 or det(yo — L(z)) = 0. (4.3.9)

4.3.3 Az quiver

Now we have

We consider Az quiver involving three gauge nodes:
SU(T’LL) SU(TLZ) SU(TL(;)

three fundamental characters,

1
Xilos): i+ 2484 — =Ti(x), (4.3.10a)
Y Y2 Y3
1
Xo(ros): yo+ DB I8 B 2 — Ty(z), (4.3.10D)
Yo Ys 1 Nnys Y2
y2  yr 1
X3(Y123) 0 ys+ =+ =+ — = Ts(x). (4.3.10c)

Ys Y2 Y1
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We remark the symmetry

1653
(X1, X2 X3) ¢ (X3, X2: X1) » (4.3.11)

which corresponds to the automorphism action of Az quiver:

@ (4.3.12)

1 2 3

See also §7.4.10 for a related argument (the folding trick). Then, there are three

possible relations to define the algebraic curve:

vi =Ty +Tout _Tﬁ y+1=0, (4.3.13a)

6 5 4 3 4
Yo _TH Yo —f‘T@j Yy — (TD]—FT@) Ys +T@j Yo —TH yo+1=0, (4.3.13b)

s —T@ s +TH ys—Toys+1=0, (4.3.13¢)

where we apply the convention as follows:

Tp=1 (4.3.14a) T=T-T-T (4.3.14e)
To=T, (4.3.14b) T 7 H

=T, (4.3.14c) Tm=Too- T (4.3.141)
TE ~ T, (4.3.14d) T@ = T@TE —Tg (4.3.14g)

We remark the tensor product relations for G4, = SL(4):

/\ZH:@j: (D@@) -0, (4.3.15a)
A3H:m@@=(D®D—H)@<@®@—H> . (4.3.15b)

In this case, the second relation (4.3.13b) contains the higher representation characters,
which are constructed with the fundamental ones.
4.3.4 Generic quiver

For generic quiver I', we obtain the following algebraic relation for (y;)ier,:

Xi+ det(y; — L(x)) = 0 (4.3.16)
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where L(z) is the Gp-Lax matrix, and R; is the fundamental representation associated
to the node 7 € I'y. The characteristic polynomial associated with generic representa-
tion R is defined

dim R dim R
det(y — L(@)) = Y (=) g™ trpep L(z) = ) (=1)F ™ 5 T up(a)
k=0 k=0

(4.3.17)
where the k-th antisymmetric tensorial representation of R is denoted by A*R with
Tr(z) = trg L(x). (4.3.18)

For any representations except for the defining (also called the standard) representa-
tion R =[] (and its conjugate), the characteristic polynomial contains higher repre-
sentations. Hence, in order to discuss the Seiberg-Witten curve for I'-quiver gauge
theory, we should use the defining representation, which ends up with the ordinary

characteristic polynomial,
Y det(y — L(z)) =0. (4.3.19)

This implies the correspondence between I'-quiver gauge theory and the (classical)

Gr-integrable system.

4.4 Supergroup gauge theory

We then consider a generalization of the geometric approach to supergroup gauge
theory. A crucial observation is that, as shown in §4.2.4, the polynomial function ap-
pearing in the Seiberg—Witten curve (4.2.26) is given as the characteristic polynomial
of the corresponding gauge group. This is also the case for the flavor symmetry group
(§4.2.5). For supergroup theory, the corresponding characteristic function is given
by the superdeterminant (3.1.5). Therefore, the Seiberg—Witten curve for SU(ng|n;)
gauge theory is given as follows [DHJV18]:

N AT (y4y7t) = sdet(z — ). (4.4.1)

We remark that ng — n; is the superdimension of the supervector space C™/™ because
the coefficient appearing in the S-function (§4.2.1) is replaced with the super analog

of the Casimir element.

The complex scalar transforms in the adjoint representation of the supergroup
SU(ng|n1). Imposing the vacuum condition (4.1.2), the scalar field ¢ should be diag-
onalized, and thus factorized, ¢ = ¢y @ ¢, where each part belongs to the Cartan
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subalgebra of the subalgebra, ¢, € h, C su,,_ for o =0, 1. Hence, the supercharacter-

istic polynomial is given in this condition by

i~ 0) = o) = [ (142

o=0,1 _ are the Coulomb moduli parameters for the supergroup gauge the-

where (a2)7—

ory:

¢ = (gbo ) . ¢, =diag(af,...,a7 ). (4.4.3)
o

We can similarly impose the superflavor contribution by the supercharacteristic poly-

nomial of the flavor supergroup SU(nf|n!) as in §4.2.5.

Let us then see the relation to other discussions on the supergroup gauge theory. We
change the variable y — y/A" " det(x — ¢1). Then the Seiberg—Witten curve (4.4.1)
together with the expression (4.4.2) is written in the following form:

Y+ Ab det(x — ¢1)2

= det(x — ¢y) , (4.4.4)
where b = 2(ng—n;) = 2sdim C™/™ . Compared with the curve for A" = 2 SQCD (4.2.30),
it agrees with that for SU(ng) gauge theory with n' = ny +n; flavors. In fact, the mat-
ter polynomial is given as the square of the characteristic polynomial of SU(ny), which
means that each flavor appears as a pair, and all the mass parameters are doubled

there. This is consistent with the argument based on the decoupling trick in §3.2.

We remark that the Seiberg—Witten curve (4.4.1) is also obtained by the unphysical
limit of the curve for /All quiver gauge theory, as discussed in §3.1.3. See [DHJV18] for
details.

4.5 Brane dynamics and N = 2 gauge theory

In this Section, we study N' = 2 gauge theory from string/M-theory perspective. We
will see that the Seiberg-Witten curve encodes a geometric configuration of branes

from this point of view.

4.5.1 Hanany—Witten construction

As briefly mentioned in §1.4.4, a stack of D-branes realizes non-Abelian gauge theory,
where open string excitation in the parallel and transverse directions to the brane

world-volume gives rise to the gauge field and (real) scalar degrees of freedom: A
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a
45 (&) NS5 - Da

I 789 nt D4
a1 —————m
6 do !
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(b) NS5 NS5 (©) NS5 NS5

Figure 4.3: Type IIA brane configurations of four-dimensional N' = 2 SU(n) gauge
theory with n fundamental hypermultiplets with (a) semi-infinite D4 branes, (b) ex-
ternal D4 branes terminated by D6 branes, and (¢) D6 branes inside the NS5 branes

via the Hanany-Witten move.

Dp brane has a (p + 1)-dimensional world-volume, and its codimension is given by
10— (p+1) =9 —p. Let us take p = 3 to realize d = 4 gauge theory. Then,
there appear six real scalar fields, which are combined into N/ = 4 vector multiplet
together with the gauge fields (and also the corresponding fermionic partners). This is
the maximally supersymmetric gauge theory in four dimensions with 16 supercharges.
In this case, the R-symmetry SU(4) = SO(6) has an interpretation as the rotation

symmetry of the transverse directions to the D3 branes.

The N = 2 vector multiplet in four dimensions, on the other hand, contains a
single complex scalar field (two real components). Hence, we should freeze some of the
scalar fields to reduce the supersymmetry from N = 4 to N/ = 2 theory. A standard
way to do this is to consider D4 branes suspended between NS5 branes, which is known
as the Hanany—Witten construction of gauge theory with eight supercharges in string
theory [HW97]. See Tab. 4.1.

As shown in Fig. 4.3, D4 branes are now extending in five dimensions (01236), but
with a finite interval L in 6-direction. Therefore, if the interval is sufficiently small,
it would effectively behave as a four-dimensional theory. In fact, the interval L is

interpreted as the gauge coupling up to a constant factor, L oc 1/¢°.

In this setup, the transverse modes of D4 branes in 789-directions are fixed by
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(IA) 0 1 2 3 45 6 7 8 9
NS5 - - - - - -
D4 - - - - -
D6 - - - -

Table 4.1: The brane configuration of four-dimensional N/ = 2 gauge theory in Type
ITA string theory.

the Dirichlet boundary condition with NS5 branes, which are not dynamical any
longer. There remain two real components in the scalar field, which correspond to
45-directions, combined into a single complex scalar field in the A/ = 2 vector multi-
plet, ¢ = ¢4 + i5. As discussed before, the scalar field takes a value in the Cartan
subalgebra of the gauge algebra, ¢ € h C g. In this picture, the diagonal values of the
scalar field, ¢ = diag(ay, . ..,a,) for G = SU(n), are interpreted as the positions of D4

branes in 45-directions.

In Fig. 4.3(a), there are also external D4 branes outside the NS5 branes. In fact,
the open strings connecting these internal and external D4 branes transform under the
bifundamental representation of SU(n) x SU(nf). Since the external ones are infinitely
long, their transverse modes are not dynamical. Similarly, we may incorporate the
antifundamental matter by adding the external D4 branes going left of the NS5 brane.
Hence, a stack of external D4 branes gives rise to the flavor symmetry SU(nf), and thus
the configuration shown in Fig. 4.3 realizes N' = 2 gauge theory with n! fundamental
hypermultiplets. It is also possible to terminate the external D4 branes with D6 branes
(0123789), keeping the dynamics of D4 branes in 45-directions frozen by D6 branes
(Fig. 4.3(b)). Taking the D6 branes inside the NS5 branes, the suspended D4 branes
are eliminated due to the Hanany—Witten effect. This shows that the same matter
content is realized only with the internal D4 and D6 branes (Fig. 4.3(c)).

4.5.2 Seiberg—Witten curve from M-theory

Let us remark the relation between the brane description of N' = 2 theory and the
Seiberg—Witten geometry. First of all, since the complex scalar describes the positions
of D4 branes in 45-directions, the z-variable in the Seiberg-Witten curve is identified
with © ~ x4 + ixr5. Then, the y-variable is instead for the positions of NS5 branes.

(Recall the distance between NS5 branes corresponds to the gauge coupling constant.)

Furthermore, the brane configuration discussed above, which consists of NS5 and
D4 branes, is promoted to a single M5 brane after lifting up from ITA string theory
to M-theory. Let x); be the eleventh dimension with the periodicity xy\ ~ x\ + 27 R.
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Then, the M5 brane is extended in 0123-directions and a two-dimensional subspace of
456M, which are six dimensions in total. It has been shown in [Wit97] that the latter
two-dimensional subspace is precisely given as the Seiberg—Witten curve of SU(n)
gauge theory (4.2.26) with the identification:

(z,y) = <x4 + 1z5, exp (@)) eCxC”. (4.5.1)

We remark that the y-variable is now given as an exponential form to manifest the

periodicity in M-direction.

4.5.3 Quiver gauge theory

We have discussed the brane construction of a single SU(n) gauge theory. Let us show
how to generalize this construction to quiver gauge theory involving multiple gauge

nodes.

Linear quiver: A,

We start with A, quiver, which is a linear quiver with p gauge nodes. In this case, we
consider p 4+ 1 parallel NS5 branes along 6-direction with suspended D4 branes. An

example with p = 3 is given as

NS5 NS5 NS5 NS5
(4.5.2)
Ll X é L2 X % L3 X é
[] O O O (]
SU(ng) SU(nq) SU(n2) SU(n3) SU(ny)

The number of D4 branes in each interval between NS5 branes provides the rank

of gauge groups (n;)i=1,.,. In this configuration, we can add the (anti)fundamental
hypermultiplet only to the first and the last nodes with the external D4 branes, where
the corresponding rank of the flavor symmetries are denoted by ny and n,4;. In order
to add the fundamental matter to the middle nodes, we have to use internal D6 branes

as in Fig. 4.3.

The open string degrees of freedom between i-th and (7 4 1)-st intervals give rise

to the hypermultiplet in bifundamental representation of SU(n;) x SU(n;y1). The
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corresponding bifundamental mass is given by the relative difference between the D4
brane positions in 45-directions. In this sense, it is natural to regard the bifundamental
mass as a complex parameter, which can be compensated by the center-of-mass shift

of D4 branes, namely the U(1) gauge degrees of freedom of each gauge node.

~

Cyclic quiver: A, ,

We can similarly formulate the cyclic quiver with p nodes (A\p_l quiver). In this case,

we align p NS5 branes in periodic 6-direction:

NS5 NS5 NS5 NS5
+— —+
+—— —+
(4.5.3)
C\V
SU(no)

Now the external D4 branes with red signs are identified with each other. We remark
that we cannot impose the fundamental hypermultiplet to this configuration using the

external D4 branes.

Since 6-direction is periodic in this setup, we may consider T-dual transformation

in this direction. The configuration obtained after T-duality is given as follows:

(IIBy 0 1 2 3 45 6 7 8 9
TN,
D3 - - - -

Table 4.2: The brane configuration of four-dimensional N/ = 2 gauge theory in Type
IIB string theory. We denote the p-centered Taub-NUT geometry by TN, in 6789

directions.

Compared to the previous one (See Tab. 4.1), NS5 branes are converted to the so-called
H-monopoles encoded in the Taub-NUT space (TN), which is locally asymptotic to
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R3 x S! at infinity: The positions of NS5 branes in 789 directions correspond to the
multiple centers of the Taub-NUT space. See, for example, [GHM97, Ton02, Wit09]
for details. From this point of view, the supersymmetry is reduced from N = 4 to
N = 2 due to the H-flux of TN. We remark that, by taking the size of S* to infinity,
we obtain the ALE space R*/Z, from TN,. This is the shrinking limit of 6-direction
on Type IIA side, and is the strong coupling limit from the gauge theory perspective,
Jtot ‘= qoq1---qp—1 — 1, where q; = exp (27ir;) for ¢ = 0,...,p — 1. On the other
hand, in the large radius limit on Type IIA side, we may lose the periodicity in 6-
direction. This means the reduction from cyclic to linear quiver by freezing (at least)

one of the gauge nodes of the quiver, g, — 0.

D-type quiver

The brane construction discussed above has a natural generalization to D, and lA)p
quivers, by introducing the ON? plane to the configuration [Kap98, HZ99, HKL*16],
which is related to a combination of O5~ plane and a D5 brane through the duality

chain. For D, quiver, the brane configuration is given as follows:

NS5 NS5 NS5 ON~

(4.5.4)

SU(n)

SU(2n) SU(2n) SU(n)

Here the ON™ plane is S-dual to an O5~ plane, which would be combined into the
ONY plane together with the NS5 brane. Furthermore, we can add the fundamental
hypermultiplet, but only to the left most node. We can similarly deal with ﬁp quiver
by imposing ON? planes also on the left end of the configuration, so that we cannot

incorporate the fundamental mattes for the affine case similarly to A\p,l quiver.

Generic quiver

Although we can consider generic quiver in gauge theory, it seems not straightforward
to construct such a generic quiver in string theory. Let us just mention a geometric
realization for I' = ADFE: We may consider a stack of D3 branes with the transverse
Taub-NUT space TNr, which is reduced to the ALE space C?/T" in the large radius
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limit as well. Then, in this case, we would obtain the affine quiver gauge theory
['= ADE similarly to the discussion for the cyclic quiver. See also §2.3 for a related

discussion.

ForI' ¢ ADE, we should apply the formalism of fractional quiver discussed in §2.4.
Based on the algebraic construction of the brane web formalism, we can construct
arbitrary quiver gauge theory for I' = ABCDEFG and their affinization (including
twisted versions). See [KZ19] for details.

4.5.4 Higgsing and vortices

In §1.9.2, we have discussed a specific property of the (anti)fundamental matter part
of the instanton partition function: The partition function is truncated if one tunes
the fundamental mass parameter related to the Coulomb moduli (1.9.13). We now

discuss its brane perspective.

Turning off the (2-background parameter € 5 — 0, the root of Higgs branch con-
dition (1.9.13) is simply given by equating the fundamental mass and the Coulomb
moduli parameter [Dor98, DHT99:

my = aq.- (455)

Since they are interpreted as positions of the internal and external D4 branes in Type
ITA configuration (Fig. 4.3), under this condition, they come to the same place in 45-
directions to be a single semi-infinite D4 brane. Furthermore, from this configuration,
one can remove the right NS5 brane in 9-direction, and D2 branes suspended in 9-

direction may emerge as shown below:

NS5 NS5 NS5 NS5 NS5 NS5
D4 D4 D4
N D2
\ (4.5.6)

N
N

L6 : Lg

Coulomb branch Ao = My Higgs branch

See also Tab. 4.3. A similar manipulation is possible with the internal D6 branes

describing the fundamental matter related through the Hanany—Witten move.

After removing the right NS5 brane, it is not in the Coulomb branch of the moduli
space, but in the Higgs branch, where the gauge symmetry is locked with the flavor
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(IA) 0 1 2 3 45 6 7 8 9
NS5 - - - - - -
(D6) - - - -
D4 - - - - -
D2 - - -

Table 4.3: The brane configuration of four-dimensional A/ = 2 gauge theory in Higgs

branch.

symmetry by the condition (4.5.5). 1In this case, D2 branes are interpreted as BPS
vortex strings in 4d theory, and their length in 9-direction Lg is identified with the
Fayet-Iliopoulos (FI) parameter in four-dimensions [HT04].

This configuration has an alternative description as the world-volume theory of D2
branes, which is two-dimensional N' = (2,2) gauge theory in 01-directions. From 4d
N = 2 SU(n) gauge theory with n' = n fundamental and n*' antifundamental matters,
we obtain the 2d N = (2,2) theory with n fundamental, n® antifundamental, and a
single adjoint chiral multiplets:®

Higgsing
[ O (] e

(4.5.7)

where the blue circle © stands for the gauge node in two dimensions, while white
nodes are for four dimensions. The gauge group rank in two dimensions is given by the
number of vortices in 4d theory in the Higgs branch. In addition, the gauge coupling
and FI parameter for this 2d theory are identified with Lg and Lg, respectively. In this
picture, the instanton in 4d realized using DO branes is interpreted as an instanton
also in the 2d theory, i.e., a vortex in a vortex (a trapped vortex). Based on such a
relation between 4d and 2d theories, one can obtain the vortex partition function of
2d N' = (2,2) theory [DGH10, BTZ12]. See also [FKNO12] for another, but direct

derivation of the vortex partition function.

Quiver gauge theory

This manipulation is applied similarly in quiver gauge theory. We describe the Higgsing

process for As quiver in Fig. 4.4, and the corresponding quiver diagrams are given as

58 SUSY (4d N = 2) vector multiplet splits into 4 SUSY (2d N = (2,2); 4d N = 1) vector and a

adjoint chiral multiplets.
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(a) NS5 NS5 NS5 (b) NS5 NS5
NS5

NS5 NS5 NS5
S - NS5

Figure 4.4: Higgsing process for Ay quiver. (a) Coulomb branch, (b) Higgsing the
second node, (c) Higgsing both nodes, similarly described as the configuration (d).

The intervals of NS5 branes in 9-direction are identified with the FI parameters.

follows:

(a) (b) (c) & (d)

O0—oO0—o0—1 (4.5.8)

In this way, we obtain the 4d-2d coupled quiver description from the Higgsing process.

See also [GLF16] for generic linear quiver theory.

4.5.5 Higgsing in Seiberg—Witten geometry
Aj quiver

We discuss the Seiberg—Witten geometric point of view of the Higgsing process. We
write the Seiberg—Witten curve for SU(n) gauge theory with (nf, n®!) flavors (4.2.30)

as follows:

v~ Tiwy— PP, =0 (4.5.9)
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where (P, ,, Pi,) are the matter polynomials of the degree (nf,n).6 Since, from the
brane picture (4.5.6), there remains a single NS5 brane after the Higgsing process, the
algebraic curve would be given by a linear relation for the y-variable. Such a situation

is realized by imposing the condition
Tio=P,+ 151,3; (4.5.10)
such that,
v =T,y — Pl,xﬁl,x =(y— Py — ﬁu) =0. (4.5.11)
Then, the factorized curve implies the relation
y="h, o y= P, (4.5.12)

which describes the Higgsed configuration with respect to the fundamental or the

antifundamental matter.

We remark that the condition (4.5.10) has a natural interpretation in the context
of the integrable system: According to the correspondence between gauge theory and
integrable system, T-function is identified with the (eigenvalue of) transfer matrix,

which is given by taking a trace of the monodromy matrix
b
T, =trT., T.= a(z) b)) (4.5.13)
c(x) d(z)

In fact, the expression (4.5.10) implies that the diagonal elements (a(z),d(z)) are
identified with the matter polynomials (P ., ﬁlx) as shown in §5.8.

Ay quiver

This argument is straightforwardly generalized to quiver gauge theory. We consider
As quiver with fundamental matters. The Seiberg—Witten curve is described by a pair

of fundamental characters:

YoY2 YoYs

Tio =y + 222 4 N9 (4.5.14a)
Y1 Y2

To, =y + 208 4 Y005 (4.5.14b)
Y2 Y1

where (yo,ys3) are the matter polynomials of the first and second gauge nodes. They

are combined into a single equation to define the algebraic curve:

Y= Tioyi+ Towvour —yoys =0 or ¥y — Tou s+ T1atays — Yoys = 0. (4.5.15)

6Compared to the previous definition (2.2.12b), we simply denote them by (P; ., ﬁw) as long as

no confusion.
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Similarly to A; quiver, let us find a factorization condition for them. In this case, we

impose the condition
Tie—Yo=Toz—ys = Tiz, (4.5.16)
which leads to the factorization:
2 2 _

(1 — o) (2 — T1ay1 + yoys) =0, (2 — y3) (2 — Tia vz +yoys) = 0. (4.5.17)

This shows that the Ay curve is factorized into the linear term and the A; (quadratic)

curve. Imposing a further condition, :i:l,a: = yo + y3, the curve is completely Higgsed:

(y1 — yO)Q(yl —y3) =0, (Y2 — yo)(y2 — y3)2 =0. (4.5.18)

Generalization to generic quiver theory is straightforward.

4.5.6 Supergroup gauge theory
Positive and negative branes

Following the discussion in §4.5.1, N' = 2 SU(ng|n;) SYM theory in four dimensions
is realized as a world-volume theory of positive and negative branes, D4 and D4~
suspended between two separated NS5 branes [OT06, DHJV18]:

NS5 NS5

}”0 D4* (4.5.19)

.............................. }nl D4-

where D4" and D4~ branes are depicted as horizontal solid and dotted lines. It has
been pointed out in [DHJV18] that the negative branes are removed through gauging

process:

(4.5.20)

and the resulting configuration is equivalent to SU(ng) SYM theory with nf = 2n,
flavors. More precisely, there are n; fundamental and n; anti-fundamental hyper-

multiplets having the same masses because we imposed horizontal D41 branes before
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gauging. This is consistent with the decoupling trick argument in §3.2. We remark
that such a reduction is possible only at the special locus of the Coulomb branch of
the moduli space of vacua, and this does not mean the agreement of the moduli spaces

themselves.

One-to-many correspondence

The non-Abelian gauge theory is realized as a stack of D-branes. In particular, we
should use both the positive and negative branes to realize the supergroup gauge
theory. Since, in this case, there are two different branes, we should be careful of the
ordering of the branes. For example, there are three possible realizations of SU(2|1)

gauge theory as follows:

This one-to-many correspondence between the gauge theory and the brane configura-
tions is a peculiar property to the supergroup theory, which is essentially related to the
ambiguity of the simple root decomposition of the supergroup. Besides the brane con-
figurations, we also show the corresponding Dynkin diagrams of SU(2|1): (a) O—®,
(b) ®—®, and (¢) ®—O, where the node denoted by ® is the fermionic node [Kac77].
The correspondence is given as follows: We assign the ordinary node to the neighbor-
ing pair of D41t-D4" or D47-D4~ branes, and the fermionic node is assigned to the
neighboring pair of D47-D4~ branes. This argument is also applicable to the external
flavor branes. Even though there are several different brane realizations, we can see
that the partition function does not depend on the ordering of positive and negative

branes from the topological string analysis [KS20, CKL20b].

Affine quiver realization

As discussed in §3.1.3, supergroup gauge theory has a realization in the unphysical
parameter regime of quiver gauge theory (/All quiver). This fact is also understood

from the brane configuration. We start with El quiver gauge theory, which is a cyclic
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quiver with two gauge nodes, SU(n;) x SU(ng):

— | Lo L o
— — (4.5.22)
< Ll > < Ll &
-t >
Ly
SU(?’Ll) X SU(TLQ) SU(?’L1|TL2)

In order to obtain the supergroup gauge theory, we apply the analytic continuation
for the coupling constant 1/g5 — —1/g?, corresponding to Ly — —L; in the brane
configuration. Then, the external branes are now interpreted as the internal negative
branes after the analytic continuation, which is consistent with the brane configuration

of the supergroup gauge theory based on the positive and negative branes.

Quiver gauge theory

This argument is easily generalized to quiver theory. The brane configuration of A,

quiver with gauge group SU(ng|n;) is shown in Fig. 4.5.

For the moment, we assign the same super gauge group to all the gauge node for
simplicity. The negative branes are annihilated by gauging, and the resulting theory is
the linear quiver theory with gauge groups SU(ng) and flavor nodes SU(n,) attached
to the left and right most nodes. We can consider the situation with different super
gauge groups assigned to each node. However, in such a case, it is not possible to

annihilate all the negative branes at the same time in general. See also §3.2.

Similarly, we may consider the D-type quiver theory. Applying the previous argu-
ment, D-type quiver gauge theory is realized using the ON? plane as in Fig. 4.6. Thus
the configuration is reduced to that for D, quiver with non-supergroup gauge nodes
through the gauging process. Such a reduction is consistent with another approach
discussed in §3.2.3. We can similarly deal with lA)T quiver by imposing ON? planes on
the both ends of the configuration.

4.6 Eight supercharge theory in higher dimensions

In this Section, we consider a higher dimensional analog of the geometric analysis
discussed in this Chapter [Nek98, Nek04, HIV08]. In fact, 6d N = (1,0) theory has

eight supercharges, and is reduced to 4d N' = 2 theory via toroidal compactification.
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SU(n0|n1) SU(TL0|TZ1) SU(nO\nl)
[] O O O L]
SU(ny) SU(no) SU(ng) SU(no) SU(n1)

Figure 4.5: Reduction of supergroup quiver gauge theory via gauging.

The same argument is applicable to 5d N' = 1 theory. In these cases, the corresponding

R-symmetry is given by Sp(1) = SU(2).
The bosonic components in the vector multiplet in d = 4,5, 6 are in the following:

Ap 1234 and also the real scalar ¢. In d = 4, it contains the gauge field Ay 123 and
the complex scalar (¢,¢). The scalar fields in d = 4,5 are obtained through the
dimensional reduction of the fourth and fifth components of the gauge field A45 in
d=6:
(6d) (5d) (4d)
(4.6.1)

Ayg — Ay, —— ¢a¢_5

We explore the Seiberg—Witten approach to these higher dimensional theories based



126 CHAPTER 4. SEIBERG-WITTEN GEOMETRY

on the toroidal compactification.

4.6.1 5d N =1 theory

We now consider 5d A/ = 1 gauge theory compactified on a circle S'. In this case, the
fourth component of the gauge field A4 and the real scalar play a similar role to the
complex scalar in 4d A/ = 2 gauge theory, which are combined into the Wilson loop

operator along the compactification circle S*:”

® :=Pexp (}il (Ay+ i dm)) €eqd, (4.6.2)

where P stands for the path-ordering product. We remark that ® is a G-valued chiral
ring operator (multiplicative), while the complex scalar in four dimensions takes a value
in g = LieG (additive). Imposing the supersymmetric vacuum condition as discussed
in §4.1.1, ® takes a value in the Cartan subgroup of the gauge group, H C G, which

parametrizes the Coulomb branch of the moduli space of the vacua.

For G = SU(n) with (nf,n) flavors, the Seiberg—Witten curve is given by the
multiplicative analog of the curve presented in (4.2.30):

n—kK

Yooy 4+ AL P(z)P(z) = det(1 — 2 &), (x,y) e C* xC*, (4.6.3)

f— na and Asq is the dynamical parameter for 5d theory. There

where b = 2n —n
are several specific points to 5d theory. P(x) and P(x) are the multiplicative (K-
theory) analogs of the matter polynomial for the fundamental and antifundamental

hypermultiplets (2.2.12b):

H (1—e™/x), H (1 —x/e™). (4.6.4)

In fact, their asymptotic behaviors are different at x — 00, 0, and we should distinguish
the fundamental and antifundamental matters in five dimensions.

We denote the Chern—Simons level by x € Z, a coeflicient of the topological term
/ tr (AA F A F), which is reduced to the Wilson loop on S! with the instanton back-

ground. There is an upper bound for the level x < n for SU(n) theory, concerning the
asymptotic freedom.

"In supersymmetric gauge theory, one should combine the gauge field and the corresponding scalar

field to preserve (a part of) supersymmetry. See, for example, [GY07] for details.
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In this case, the z-variable is a multiplicative variable, x € C*. The one-form and

the associated symplectic two-form on the curve are now given by

d
A=logx 9 _ logxdlogy, (4.6.5a)
Y

w=d\=dlogz Ndlogy. (4.6.5b)

Hence we can swap x and y as a symplectic transform. As discussed in §4.3, the z and
y variables are corresponding to the gauge and quiver structure on the Seiberg-Witten
curve. This x <> y symmetry implies an interesting duality between the gauge and
quiver structures. This argument will be also justified using the brane description

later.

Reduction to 4d theory

Let us discuss the reduction of the 5d Seiberg-Witten curve to the 4d curve. In
order to take this scaling limit, we put the scaling parameter R, s.t., z = eft?, & =
n

a=1
so that det ® = 1, for simplicity. Then, one can rewrite the curve for 5d pure SU(n)

SYM theory in the form of

- (%Y” v ﬁ }%sinh (? (2 — aa)) (4.6.6)

2 R
where we shift the y variable as y — (—1)"R"2"/?y. Recalling 11:3“6 o sinh gE =% and
H
lim e®* = 1, it is reduced to the curve for 4d theory (4.2.26) in the limit R — 0 under

R—0 . . .
the identification

Asq
lim — = Ayq. 4.6.
ng%) R 4d (4.6.7)
In fact, the scaling parameter R is interpreted as the size of the compactification
circle. On the other hand, denoting x = e®*, it shows the periodicity z ~ z + 27i/R.
Namely, z is a coordinate of the cylinder, z € C* = S* x R, where S is the dual circle
with the size R = 1/R. In general, for gauge theory defined on S x C, the z-variable

takes a value in C, which is dual to C:

pt =pt x pt  (4d) C=RxR (4d)
C=XS5'=8"xpt (5d) +— C=4C*=8"xR (5d) (4.6.8)
T2 =S'x S* (6d) 72 =8"x S' (6d)
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This relation is explained as follows [SW97, NP12]: We take a further compactification
from 4d I-quiver gauge theory to 3d, S = R* — R3 x S'. Then the resulting three-
dimensional theory is A/ = 4 sigma model, and the target space is given by the
moduli space of the periodic Gp-monopole on S* x C as a result of the Nahm dual
transformation (3d mirror symmetry). In fact, the Seiberg-Witten curve is identified
with the spectral curve of the Gr-monopole, and thus the z-variable plays a role of the

spectral parameter that takes a value in 2 € C. See also §5.8.3 for a related discussion.

Brane configuration

We can consider the brane configuration for N' = 1 gauge theory in five dimensions
similarly to the discussion in §4.5. Suppose that we compactify 4-direction on a circle
St in Type IIA setup as in Tab. 4.1. Then, we can consider the T-dual transformation
in this direction to obtain Type IIB configuration [AHK98]:

(IIB) 0 1 2 3 45 6 7 8 9
NS5 - - - - - -
D5 - - - - - -
D7 - - - - -

Table 4.4: The brane configuration of five-dimensional N' = 1 gauge theory in Type
IIB string theory obtained through the T-dual transformation from the ITA setup.

Now NS5 and D5 branes are extended in 5 and 6 directions in addition to the common
world-volume, 01234. In this case, these branes are converted to each other through

S-duality in Type IIB string theory, and form the (p, q) 5-brane web in 56-directions:

x5 (1,1)
L» Ze (1,0)

(0,1)

(4.6.9)

where (0,1) and (1,0) stand for NS5 and D5 branes, and (p, ¢)-brane is a composition
of p D5 and ¢ NS5 branes. In fact, (p, ¢)-brane goes to (p, q) direction in 56-plane in
order to balance tensions between the 5-branes. In this context, D7 branes are used

to terminate these 5-branes similarly to D6 branes in Type IIA setup.

The simplest example is pure SU(2) gauge theory realized with two NS5 and two

D5 branes. In this case, there are three possibilities providing different Chern—Simons
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level Kk =0,1,2:
(a) k=0 (b) k=1 (c) k=2

(4.6.10)

We remark that we cannot consider higher Chern—Simons level beyond x = 2 as men-
tioned in the context of the Seiberg—Witten curve. Furthermore, this (p,q)-brane
web diagram is interpreted as a dual to the toric diagram of the non-compact toric
Calabi—Yau three-fold. Such a connection between gauge theory and Calabi—Yau ge-
ometry is known as the geometric engineering [KKV97, KMV98, DV02], and one can
see the agreement of 5d A/ = 1 instanton partition function and the topological string
amplitude on the corresponding Calabi-Yau three-fold [AKMV05, AK05, IKV09].

This construction is straightforwardly generalized to quiver gauge theory. Let us

consider Az quiver as an example,

Asz: O O O . (4.6.11)
SU(nq) SU(ng) SU(ng)
The brane descriptions in Type IIA and IIB theories are given as follows:
(ITA)
IT-dual
(IIB) (4.6.12)

Here we also incorporate the flavor nodes to the left most and the right most gauge
nodes. One can similarly consider the AD-type affine quiver by imposing the period-

icity in 6-direction, and taking into account O-planes as discussed in §4.5.3.
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Since S-duality exchanges NS5 and D5 branes in Type IIB string theory, the I1B

web diagram in (4.6.12) also has another equivalent description:

— S-dual
~—

] O O O ] [} O ]
SU(2) SU(2) SU(2) SU(2)  SU(2) SU(4) SU(4)  SU(4)
(4.6.13)

These web diagrams provide

e Theory (a): As quiver with G4, = SU(2) gauge symmetry

e Theory (b): A; quiver with G4, = SU(4) gauge symmetry

Namely, the gauge and quiver structures are exchanged through the S-duality [KMV98,
AHKO8]. The agreement between the partition functions of both theories are explicitly
checked [BPTY12]. This duality is specific to 5d N/ = 1 gauge theory, and from
geometric point of view, it is interpreted as a consequence of the symplectic transform
on the Seiberg—Witten curve, x <> y, as discussed before. In addition, it is also possible
to discuss the S-duality in the presence of the defect operators. See [AS18, NPZ18b]

for details.

Let us briefly mention the brane description for supergroup gauge theory. As
shown in [OTO06], supergroup gauge theory is engineered using the negative brane,
also known as the ghost brane. Based on this argument, the 5-brane description of 5d
N = 1 supergroup gauge theory has been considered [KS20], and the partition function
is reproduced by a generalized version of the topological vertex formalism [AKMV05,
AKO05, IKV09].
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4.6.2 6d N = (1,0) theory

We then consider 6d N' = (1,0) theory compactified on a torus 7?. Since we have two
periodic directions, (z4,75) € T?, the chiral ring operator is given as a combination of

the loop operators as follows:

(4d) (5d) (6d)
(4.6.14)
¢,¢—>% (A4+1¢d$4)—>%144+7% A5

where 7 is the modulus of the torus T2. See [BEHT15] for a similar argument in
two dimensions. In this case, the Seiberg-Witten curve for SU(n) gauge theory with
n! = 2n flavors is accordingly written with a doubly periodic variable [HIVO0S]:

2n n
Syt [0/ p) = [[0/e™p),  (wy) €CF x T, (4.6.15)
Y
f=1 a=1
where 0(x;p) is the theta function defined in (A.3.1) with the elliptic nome p =
exp (2mit) € C*, and q € C* is the (dimensionless) coupling constant. R is the
size of the circle S* in 4-direction as before. In this case, we use the same one-form \
and the symplectic two-form w = d\ on the curve as in 5d theory (4.6.5). The theta
function shows a (quasi) modular property under the shift  — px. Hence, denoting
x = ef'*  the variable z turns out to be doubly periodic under the shift:
27i 27i
z z+%, Z—f—%lT (x ~ pzx). (4.6.16)
Namely, it takes a value in the elliptic curve

E=C*)p"=C/(ZDTZ) . (4.6.17)

We remark that, since 6d ' = (1, 0) theory is a chiral theory, we should impose the
anomaly free condition for the matter content. For SU(n) gauge theory, n® = 2n is the
unique possibility for the fundamental hypermultiplet.® From the algebraic geometric
point of view, all the terms in the curve (4.6.15) should be elliptic functions with the
same degree. Assuming the y-variable has the degree n, the second term on the left

hand side should be also of degree n, which is possible only for nf = 2n.

The same argument is applicable to quiver gauge theory. In this case, the anomaly
free condition is given by

nt = Z n;j Cj; (4.6.18)

Jjelo

8SU(n) gauge theory with a single adjoint matter is also possible in six dimensions. In addition,
we should also introduce the tensor multiplet to cancel the anomaly, similarly to the Green—Schwarz
mechanism [GSW85]. See, for example, [Ohm16, Tom20] for detailed reviews.
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where (c;;); jer, is the classical quiver Cartan matrix (2.2.37). We remark that this is
equivalent to the conformal condition in 4d N' = 2 gauge theory, where the coupling

constant becomes a dimensionless parameter.

Branes and dualities

Let us discuss the brane description of 6d N' = (1,0) theory with the toroidal com-
pactification. Compared to 5d A/ = 1 theory, 5-direction is now periodic as well as
4-direction. Therefore, we can apply the T-duality along 5-direction to obtain Type
ITA description [BK98, HZ98]:

(IIA) 0 1 2 3 45 6 7 8 9
NS5 - - - - - -
D6 - - - - - - -
D8 - - - - - -

Table 4.5: The brane configuration of six-dimensional ' = (1, 0) gauge theory in Type
ITA string theory.

The corresponding brane diagram is given as

NS5 NS5 NS5
n D6 < (4.6.19)

— T

for the chain of SU(n) gauge theories. Although we have such a Type ITA descrip-
tion, we can also describe 6d N' = (1,0) theory using a (p, ¢)-brane configuration by
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imposing the periodicity in 5-direction:

Ty /1

(4.6.20)

SU(4) SU(4) SU(®4)

where (0, 1) 5-branes with red signs are identified along the periodic 5-direction. We
remark that other 5-branes than (0, 1)-brane cannot be compatible with the periodicity.
For example, the configuration for the pure SU(2) theory depicted in (4.6.10) cannot
be promoted to 6d theory since the directions of external legs are not compatible with

the periodicity in 5-direction. This is also consistent with the anomaly condition in
6d theory.

Since our description is based on (p, q) 5-branes, we can consider the S-duality for
this configuration as well. In this case, 6d gauge theory is dual to 5d theory with affine

quiver structure:

(a) 5d theory (b) 6d theory
B I 4 S-dual L
L ] — (4.6.21)

SU(2) SU(2) SU(2) SU(4) SU(4) SU(4)

ovo —O0—0

SU(2)
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More precisely, the matter contents obtained from these web diagrams are as follows:

e Theory (a): A, quiver with G 4, = SU(2) gauge symmetry in 5d

e Theory (b): A; quiver with G4, = SU(4) gauge symmetry in 6d

This implies that 5d theory with G gauge symmetry is interpreted as 6d theory with
G gauge symmetry, and the center of mass of the bifundamental mass parameters on

5d theory side is converted to the elliptic modulus on 6d side through the duality.

There exist similar dualities for DFE- and l/)E—type quiver gauge theories. Let us
briefly comment on it. The dual theory of D-type quiver theory in 5d is A-type quiver
with SO-Sp gauge symmetries in 5d (also known as SO-Sp alternating quiver), and
its affinization, ﬁ—type quiver theory in 5d, is dual to the SO-Sp alternating quiver
in 6d [HKL"16]. For E-type theory, the dual theory is (E, E)-type conformal matter
theory in 6d. See [DZHTV15] for details.

Finally, let us consider affine quiver theory in six dimensions. In this case, the web

diagram becomes doubly periodic as follows:

(a) 6d Aj quiver (b) 6d Ay quiver +
N | |
. | — -
T ] I+ S-dual
+— L 1
I . _I_ _I_
+— -+ |
+ -I—' 1
SU(2) SU(2) SU(2)
O<27© SU(4)
SU(4)
SU(2)
(4.6.22)

The matter contents obtained from these diagrams are

e Theory (a): A, quiver with G 4, = SU(2) gauge symmetry in 6d



4.6. EIGHT SUPERCHARGE THEORY IN HIGHER DIMENSIONS 135
e Theory (b): A; quiver with G4, = SU(4) gauge symmetry in 6d

In this case, the duality connects two affine quiver gauge theories both in six dimen-
sions, which are described as the little string theory. Under this duality, the (center
of) bifundamental mass and the elliptic modulus are exchanged. This duality is also
interpreted as the T-duality in the context of the little string theory [BDZH'16].

In addition to the S-duality exchanging (1,0) and (0, 1) 5-branes, we can also dis-
cuss the triality including (1,1) 5-brane, which is specific to doubly periodic situation,
namely 6d affine quiver gauge theory. See [HIR17, BHIR18b, BHIR18c, BHIR18a,
BHIR19] for details. This triality is expected to be specific to the A-type theo-
ries [DZO21].
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NS5 NS5 NS5 ON-
SU(no[n1)
SU(2n0|2n1) SU(2n¢|2n1) SU(ng|n1)
SU(’I’L())

[} O
SU(2n1)  SU(2ne)  SU(2np) SU(no)

Figure 4.6: Reduction of supergroup gauge theory via gauging for D-type quiver.



Chapter 5
Quantization of geometry

The low energy effective behavior of AV = 2 gauge theory has the geometric characteri-
zation due to the Seiberg—Witten theory. In particular, the algebraic curve, called the
Seiberg—Witten curve, geometrically encodes the information about the prepotential
of N' = 2 theory. In this Chapter, we show how to obtain such an algebraic object
from the microscopic path integral formalism together with the instanton counting de-
scribed in Part 1. As discussed there, the partition function obtained from the instanton
counting involves additional parameters, that we call the 2-background parameters,
compared to the Seiberg-Witten geometry. We will see that these additional parame-
ters play a role of quantum deformation parameter in the Seiberg—Witten theory, and
also point out the correspondence to quantum integrable systems. In particular, we
will see that the quantization of Seiberg—Witten curve gives rise to the TQ-relation,
and the saddle point equation with respect to the instanton partition function is iden-

tified with the Bethe equation of the corresponding integrable system.

5.1 Non-perturbative Schwinger—Dyson equation

The Schwinger—Dyson equation is a functional relation between the correlation func-
tions in QFT. Its derivation is based on the invariance of the partition function in
the path integral formalism under infinitesimal deformation of the field. As discussed
in Chapter 1, the gauge theory partition function is given as a superposition of dif-
ferent topological sectors (6-vacua), so that it would be covariant under the process
of adding/removing an instanton, which is similar to the coherent state in quantum
mechanics. Since changing the topological sector is a non-perturbative effect in gauge
theory, the functional relation obtained from such an operation is called the non-
perturbative Schwinger-Dyson equation [Nek16]. For this purpose, we consider the

adding/removing-instanton operation for the instanton partition function, and discuss

137
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its geometric interpretation.

5.1.1 Add/remove instantons

The instanton partition function localizes on a fixed point locus on the instanton mod-
uli space 9t under the equivariant actions. In this context, the instanton configuration
is combinatorially labeled by a partition A, so that the adding/removing-instanton op-
eration gives rise to shift of its specific component, A; o — Aior £ 1. We study the

behavior of the instanton partition function under this partition shift.

Vector multiplet

We start with the vector multiplet bundle and its character given as!

/\ 1_ —1 /
V= AQl XVxX & : Loy Z (5.1.1)
Q2 ¢ (z,z")EX XX v
x#x’

Then, we take the variation
OV := V[Xad.(ak)) — V[X] (5.1.2)
where we denote the configuration obtained by adding/removing an instanton by

Xad (3,00,k) (X\{xlak}) U {Q2$2ak} X :(4,0,k) (X\{xzak}> U {QQ Ti o k}

(5.1.3)
We simply denote z = z, 4, hence the character of the variation is given by
P e T Y (@' D 4 (- 1)
c = — — 1= — 1=
T 1— q2 n p) 7
z'eX\{z}
¥z
— (1 — gt -1z =
( ) Z (CIQ - x’)
'eX\{z}
1 7z T 2"z
=(1—-q ) ;{ <q2 P ;) — (1 =g ) lim <q2 P g) . (5.1.4)

We have to carefully deal with the last term since, in the limit 2”7 — x, it gives rise to

the zero mode:

' —x T ' —x

"
lim 1 {x—} lim [logz” —logx] = 0. (5.1.5)

'Here we omit the node index i € Ty for simplicity.
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In order to remove this zero mode, we replace the summation over the set X with the

summation over X,q,

- ST NN TN )t (S
- (T - R ) v (5-7)

' EXaq r'eX
/ /!
_ 1T -1 x 1y 1 r x
—(l=aq) >, ¢ —0-g¢") Y —+0-gq )xl,}glx(g—;)
LI?/EXad ‘r/EXad
T w//
= —chr (det Q"x"Y[Xoq] + Y[X]VX) + (1 — ¢ 1) $1/}g$ (ﬁ - ;) (5.1.6)

where we define a bundle x, s.t., cht x = z, and the last term is now given by

im 1| (1— ) (& = )] = i Loge —loga"llloga” — logz —
! —x x" x ! —x [log x! — log x] [logx — 1Og " — 61]

= 1. (5.1.7)

Applying the index formula, we then obtain the ratio of the vector multiplet contri-

butions to the partition function evaluated with X and X,q:

Zvec [Xad] 1
IyVl=n-n-—=—-—+—+—— 51.8
{ ] VACS [.)C'] Yg/:c [Xad]Yx [X] ( )
where we define Y-functions:
Yie =1Y/x], Y/ =Ix"Y]. (5.1.9)

We will discuss properties of the Y-function shortly.

Vector multiplet: another derivation

Variation of the vector multiplet bundle is similarly considered in terms of the fram-
ing and the instanton bundles. Adding an instanton corresponds to the shift of the

instanton bundle:
K — K+x. (5.1.10)

Recalling the expression of the observable bundle Y in terms of (N, K) as in (1.8.14),
and the instanton part of the vector multiplet bundle is given as (1.9.4), the variation

is computed as follows:
SV =6Vist — _det QVxYY — YVx + AQY. (5.1.11)

The last term will give a zero mode as well as the previous computation.
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In order to regularize the zero mode term, we define the shifted observable bundle:
Yu =N-AQ - (K+x), (5.1.12a)
Ym =N-AQ: - (K—x). (5.1.12b)

Then, the variation of the vector multiplet bundle is given as
OV =—detQ"x" Yo — Y'x=—det Q"x"Y — Y ;x, (5.1.13)

which is consistent with the previous argument.

Y-function: observable generating function

Let us discuss properties of the Y-function. Since the observable bundle (Y;);er, has

several expressions, correspondingly the Y-function also has several forms:

i a0 an ,S1—1 _s2—1
ot ey s(ee

a=l (51,52)€Xi,a

(2.1.13) 1—2a/x

= m (5.1.14a)
' eX,
n; s1—1 so—1
v (21.11) T S
YialA]Y P (1-==) II s (—x )

a=1 (51,52)ENi o

(21.13) l—z/d
H TR (5.1.14b)
' €X; 1

where we apply the K-theory convention, and the S-function is defined in (1.9.27).

They also have the following expressions:

n;

Yz’,x[X] _ H H (1 _ eai,aqfl_quQ—l/x) H (1 _ eaiv“qflq?/x)_l :

a=1 \ s€diAa SED_ A

(5.1.15a)

Yi@[X]v: H (1_1,/eai,a i91 1q§2 1) H (1—%/63”"(]81(];2) 1 :

a=1 \ s€d4\a SED_Na

(5.1.15b)
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where 01 is the outer/inner boundary of the partition:

0 e

@
@

(5.1.16)

@0

0 e
@

One can add a box to the outer boundary @ € 04\, and one can remove a box from
the inner boundary @ € 9_ of the partition \. We remark [0, A\| — [0_A| = 1 for V.

Furthermore, we may express the Y-function in terms of the observable bundle:

Y. = exp <— > = chr YE’”) . (5.1.17)
n

n=1

Since the character of the observable bundle is given as the chiral ring operator, the

Y-function plays a role of the chiral ring generating function.

Based on the finite product formula of the Y-function, we can see its asymptotic

behavior:
r ni
(—x)™" e (x —0)
Yiz — < (HL (5.1.18a)
\ 1 (x — 00)
4
1 (x —0)
Y/ — i 5.1.18b
. (—z)™™ H e e (z— 00) ( )
a=1

\

In addition, Y;, and YZV,x have the same zeros and poles depending on the instanton

configuration X

/

zeros: r =1a, poles: z=qa’ (' € X)). (5.1.19)
Hence they are related to each other up to an over all non-singular factor:
s1—1 so—1

e | (—eza)@‘eia) 11 S(%)

(s1,52)ENi o

((—x)‘" H e) YialX]". (5.1.20)
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From this point of view, Y and YV are interpreted to give the expansion around x = oo
and x = 0 of the same function, and the factor which converts from Y to YV does not
depend on the instanton configuration X. See also its operator realization discussed
in §6.2.5.

We also remark that the expression (5.1.8) may be singular because of Y,[X] = 0
for x € X. However, this singularity is cancelled by the pole of Y, [Xaa]”, then the
product Y, [Xaq]Y.[X] itself remains regular. This regularity argument shall play an

important role in the derivation of the Schwinger—Dyson equation.

(Bi)fundamental hypermultiplet

Let us then consider the bifundamental hypermultiplet contribution. From (2.2.1), the

bifundamental hypermultiplet bundle is given as

ANQY
H.;,; = —M, AQl XX . (5.1.21)
The variation is similarly computed as follows:
5iHe:Hj = He;Hj [Xad:(z‘,a,k)] - He:Hj [X] = M. det QvaYj [X] ) (5.1.22&)
5iHe:j%i = He:j%i [Xad:(i,a,k)] - He:j%i[‘)(] = MeYj [X]vxa (5122b)

with chrx = z; ., =: . In this case, we do not need to take care of the zero mode.
Hence, applying the index formula, we obtain the ratio of the bifundamental matter

contributions to the partition function:

Zb [Xad:(i,:a,k)]

o e: l—>] . \V4
I[0:iHe:i ] = A Y e (5.1.23a)
Zsf l[Xad:(i ‘a k)]
I[6;He:ji] = ]be i Y- (5.1.23b)

e:j—i

The (anti)fundamental hypermultiplet contribution is obtained from the bifundamen-

tal matter by freezing the gauge node:

ZH  Xoariom))
I[oH] = = 2b — p o 5.1.24
[ ’L] Zf[x] Ly ( a’)
7 Xodtiam)]
[[oH] = 22 adlbak)]l By 5.1.24b
[ 7 ] Z,Laf[X] 1,qx 7 ( )

where (P, ., PV ) are the matter polynomials (2.2.12b) in the K-theory convention:?

af
;

H (1—ztems),  PL=][(1-ze ™). (5.1.25)

f=1

2We omit the symbol (f, af) for the matter polynomials as long as no confusion.
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1

These are polynomials in 7" and z, respectively, which are converted to each other

as follows:

4,29 1,T

ol
Py=|(=z) ™ []em™ | P BY = | (—ay " [[e™ | Pa. (5.1.26)
i=1

Adjoint hypermultiplet

In the case of the adjoint hypermultiplet, the computation is much similar to the vector

multiplet. For the adjoint hypermultiplet bundle given by

. AQY
H*Y = —M, 4 —LXVX, 5.1.27
dJ /\Q2 ( )

we take the variation:

SH* Y = H*[ X, 4.0 p)] — H[X]
= M,gidet Q"x"Y + M,g;YVx — Mg A QY. (5.1.28)

Then, the ratio of the adjoint matter contributions to the partition function is given

by

Z2 [Xad:(a,k:)]

oH™) = =7

=81 ") YY1 g (5.1.29)

where cht M,g; = o € C* is the adjoint mass parameter. Appearance of the S-function

is specific to the adjoint matter contribution.

Topological term and Chern—Simons term

The coupling constant part, namely the topological term, simply behaves as

Zitop [Xad:(i,a,k)]
Z;PX)

under the adding-instanton operation.

In addition, for 5d gauge theory, we may have the Chern—Simons term. Based
on the expression in §1.9.4, we simply obtain the behavior of the partition functions
under the adding-instanton operation:

ZiCS[Xad:iak] ks
ZCS[‘)((:] £ =z 7, T = Tiak- (5131)
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5.2 gg-character

Gathering all the contributions, the total partition function (except for the adjoint

matter term) behaves under the adding-instanton operation as follows:

Z[Xad:(i « k)] _ R $szqm
“ oz " YjpalX] (521
Z[X] q x Y\/ [Xa (Z Oé,k)]Y’L,CL‘ [X] H 7s ,ue .7: H J>le )

49T eri—j e:j—i

for = x; k. This is also written in the following form:

Res Z[Xad:(i,a,k)]Yz\‘{qw[Xad:(i,a,k)]
T=Tj,0,k
: Pi,wf)iv T
+ 21X (g2 Xq Y o) T YiselX] ) | =0, (5.2:2)
1,1[ ] en—jJ e:j—i

which means that the pole singularity of Y/ [Xad:(i,0.k)] at & = T4 in the first term
is cancelled by the second term. Hence, summing up all the instanton configuration,

we obtain
1
\Y —Ki DV \Y
<Y1 o > T BB < Yie 1Y 1 Yise > - (5.2.3)
7 en—g e:j—i
In this expression, it is guaranteed that all the pole singularities in the first term are

cancelled by the second contribution, which will play an important role to discuss the

analytic behavior.

5.2.1 iWeyl reflection

The procedure to add a term which compensates the pole singularity of the previ-
ous term is called the iWeyl reflection.* The reason why we can interpret this as a

deformation of the Weyl reflection is explained in the following.
We denote the iWeyl reflection action:

1Weyl szqgc — szqx (qz Y\/ Yq H Y;/,MEIQI H Yj,,uex>

5Her BT ey e:j—si

v e Pra P
= Yz ,qx ql A ) (524)

where we define the A-function

-1
Ao =YW Yis (H Y 1T Yj,ﬂegC) : (5.2.5)

ei—j e:j—i

3Here i is for instanton [NP12].
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It is also possible to write the reflection formula (5.2.4) only in terms of either (Y; )

or (Y/,) as follows:

) o —[log]
Yiv,x — <(_1)nz+zj”in]+”iezjcij

7(1—1:1: z:r: H . . H Y e (526&)

Ly ei—j e j—i

0]
Yie — (( )it i gt g2y el ng g )q-xim njnf—rs

P g lxl i,z H Y],ue . H Yeqz (5.2.6b)

e:—j e j—i

N -o]
”Jq”ﬁ"‘%) qAIZ]’Cij L )

where (cl:-?[o}) is the classical version of the half Cartan matrices (See §2.2.3), and we

define the logarithmic analog:

Hlog = 0;; Z log u ', (5.2.7a)
eri—j
cl_[log] log q 85 Z log(peq™"). (5.2.7b)
e:j—i

We also impose the special unitary condition for simplicity:
n; nf n;_lf
daa=0 > mip=0, > ;=0 (5.2.8)
a=1 f=1 f=1

In particular, we can concisely (also schematically) express the A-function using

the (classical) quiver Cartan matrix (2.2.37):

log A; = log Y2 — log ( JIRZEII Y,-) = logV; . (5.2.9)

e:—j e:j—i j€lo

In order to precisely deal with the argument shift of the Y-functions, we should use the
g-deformation of quiver Cartan matrix. See §6.2.6 for more precise relation. Hence,
identifying Y; as a fundamental weight corresponding to the node i € I'y, it is converted
to the simple root A; corresponding to the node ¢, and thus this process is interpreted

as the Weyl reflection associated with a representation constructed on the quiver.

Then, in order to compensate the possible pole singularities from Yv,#;lq and Y, .o
n (5.2.3), we may add further terms. In this way, the iWeyl reflection generates the
highest weight module on quiver I" where the first term Y plays a role of the highest
weight. Summing up all the contributions generated by the iWeyl reflection, we shall
obtain a pole-free function, which turns out to be a polynomial in the variable x, that

is called (the vev of) the gq-character [Nekl16] (See also [KMZ12, KMZ13, BMZ16,
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BFM*16]):

2\ _Pi’qflxﬁv
Tiw =Y, +a (E) ~ 1Y o T Yiseg o+ (5.2.10)

i g—1
naT e—jg e:j—1

Such a relation for the Y-functions is interpreted as the non-perturbative version of the
Schwinger—Dyson equation in this context. Due to the Dynkin—Cartan classification,
the highest weight module is finite dimensional for the finite-type quiver (det cl’ > 0),
so that the iWeyl reflection terminates within finite times. For the affine and hyper-
bolic quivers (detc® < 0), it becomes infinite dimensional, and the corresponding

gq-character is given by an infinite series expansion.

The gg-character has a physical interpretation as the codimension-four defect op-
erator in 4d gauge theory, which generates the chiral ring operators in the full -
background [Nek16, Nek18]. This interpretation is also possible for 5d and 6d setups
by imposing the defect branes [Kim16, KMS18, AKKS18, AS18|.

5.2.2 Supergroup gauge theory

We can apply a parallel analysis for supergroup gauge theory based on the instanton
partition function discussed in §3.4. Since we have two sets of partitions characterizing
the equivariant fixed point, we consider the partition shift for the positive and negative

ones:*

Z[Xad:(iak())] _.0 PZxPVq
- 7 = i K 2,qT Y. X YV pY
Z[X] o Yi,qx[‘)(ad]YXx[X] H Jobe qz[ ] H J,uex[ ]

ei—j e:j—1

1,0,k
(5.2.11a)
Vv
Z[Xad;(i,a,k;,l)] _ —q»fl (qfla:)Jm% Yi,x[X]qu 1$[Xad] H H B 1
ZE o RS R
(5.2.11b)
where we define the Y-functions
YO 2%
. 1,T V . 1,T
Yiﬂf - 1 ) Yi,z - Yl\/ ) (5212)
and the matter functions
PO _ PO oV _ pov
S XY S V; i,x VAR X
-P'L,:L’ - Pllyx 9 -Pz,ar - él’x ) Pi,m - Pl\/ ) Pi”r - é%;:/ 9 (5213)

1See [KP19a] for details of the derivation.
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with

YO’

- 1 — /2
o= [ —- /2 vor= 11 /L (5.2.14a)

1,2

1—qa/x’ 1—qlz/z’
a'eXxy Q'/ a'exy @ o/

= 1] (1— g) . =11 (1— %) , (5.2.14b)

peM7 ueﬂf
oV T DoV z
pry =1 (1- L) Py =1] 1—; : (5.2.14c)
peM7 ,LLG/\A/{?

Then, we see that adding/removing for the positive/negative node is equivalent to
removing/adding for the negative/positive node if the two Chern—Simons levels coin-
cide k¥ = k!, as required for the supergroup gauge invariance. Hence, (5.2.11a) and
(5.2.11b) are essentially inverse operations. The analysis above shows that, using the
full Y-functions (5.2.12) and the matter functions (5.2.13), consisting of both the posi-
tive and negative ones, we can apply the same argument to construct the gg-character
with the supergroup gauge and flavor nodes as the ordinary (non-supergroup) gauge

theory.

5.2.3 Higher weight current

In general, it is possible to consider the gg-character starting with a generic product

of the Y-functions as the highest weight of the corresponding module:

Yoo =[] ﬁY” (5.2.15)

1€l k=1

where w = (w;);er, € Zg‘or are the Dynkin labels of the weight, and z = (2, )ierg k=1.....w;
are the associated parameters. Given Dynkin labels, one can construct a highest
weight representation on the quiver I'. In particular, we call it a fundamental repre-
sentation if w; = d;;: Only one of the Dynkin labels is one, and the others are zero,

w = (0,...,0,_1 ,0,...,0). Then, the corresponding gg-character consists of the
i-th
highest weight Y,, , with the remaining terms generated by the iWeyl reflections:

Twe = Yua +--- - (5.2.16)

Let us consider the iWeyl reflection for such a generic weight. We take the highest
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weight, Y, YY . - YY . . Then, from the pole cancellation relation (5.2.2), we obtain

iqx Vi,qry 1,qTE "

Res Z-YY YY LYY

=ik 1,qT 'qu‘l 1,dT
o ad:(i,a,k)
YV
—K; DV 1,4 \2 Vv _
+ Z- (qi PP, Aiz) X Yo Yigen =0. (5.2.17)
’ ad:(i,a,k)
One may rewrite the Y-functions evaluated with the configuration &,q.; q k) using the
relation
—1,./
Vil =8 (225) YL “ s (T2) vyal G2y
' x Li ok ’

which follows from the expression (5.1.14). Summing up the instanton configurations,

we obtain the reflection with respect to the first Y-function:

oy T Y’L a:Y;/x Y;/ac
<Y;/qu;/qm1 Y;/qfk > + ql ‘sz‘PZ\/q:C 8 (;) o 8 <;> < . quz,x . '

(5.2.19)

Applying this process recursively, the iWeyl reflection for the higher weight is given
by
iWeyl: Yy - Y — > ]| 8 ( ) Ve Y JTALL (5.2.20)
IuJj={1,...,k} iel,jeJ JjeJ

where we only focus on the Y and A-function structure, and omit the coupling constant

and the matter polynomials, for simplicity.

5.2.4 Collision limit

Let us consider the collision limit of the higher weight current. The degree-two weight

has the following iWeyl reflection structure:

/ Y\/ YV YV YV YV YV
Y;/quzvqx, + 8 (m ) —zq:\ DT 1S ( /) “Z e Al\ququ . (5.2.21)
T 2, T x 2,2/ i,x V2!

Since §(z) has a pole at z = 1 (and also at z = ¢~ '), we have to carefully deal with

the collision limit, " — z. In fact, in this limit, we have

1—q)(1— YY2ve2
Yz\/gx“‘(C(QLQ)_( qf)_(q QZ)aogzlogAi,x> qu + A; (5.2.22)

where the constant ¢(g2) is given by

H) = 1-60+¢+ (@ +@)(l+q ap-t
(1-q)?
We can similarly consider the collision limit for the higher weight with degree greater

¢(q12) = lim (8(z) +8(=~ » 2. (5.2.23)

than two.
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5.3 Classical limit

5.3.1 (Very) classical limit: ¢ 9 — 0

The gg-character has two deformation parameters (¢, ¢2), and depends also on the
bifundamental mass parameters (i.)eer,. In general (except for cyclic quivers), the bi-
fundamental mass can be gauged away using the U(1) gauge degrees of freedom of each
node,” so that we just put p, — 1 for the moment. Then, in the classical limit ¢; » — 1
(€12 — 0), there is no argument shift of Y-functions in the gg-character. It is reduced
to the ordinary character of the representation associated with the quiver [NP12],
which reproduces the Seiberg—Witten geometry of I'-quiver gauge theory as discussed
in §4.3.

Partition function and saddle point analysis

As shown in §1.6.3, the Q-background parameters (q1, ¢2) are introduced as the equiv-
ariant parameters with respect to the spacetime rotation, and the path integral local-
izes on the fixed point under the corresponding equivariant action, which regularizes
the non-compactness of the spacetime manifold (IR divergence). If the 2-background
is turned off, the partition function defined through the path integral is expected to
diverge as a consequence of the IR singularity. Nekrasov’s proposal was that, although
it diverges, the asymptotic behavior of the partition function provides an important
information, which would be identified with the Seiberg-Witten prepotential [Nek04]:

z 220 exp (ng—l— . ) (5.3.1)

€1€2

where the subleading terms are less singular in the limit € 3 — 0. This proposal has
been then confirmed by Nekrasov—Okounkov [NOO06], Nakajima—Yoshioka [NY05], and
Braverman-Etingof [BE06].

The asymptotic behavior of the partition function (5.3.1) suggests that one can
apply the saddle point analysis in the limit €, 5 — 0 as follows: The partition function
Z is given as a summation over all the possible instanton configurations, but in the
limit €;  — 0, the saddle point configuration denoted by X, dominates in the instanton

sum:

Z2=% z¥]= Y exp (i&“[)ﬁ]) a0 (i?[x*wm) . (5.32)

Xemt Xem'v

5See also the argument in §4.5.3 on the relation between the U(1) factor and the bifundamental

mass parameters.
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We see that the on-shell value of the prepotential F[X,] derived in this way agrees with
the Seiberg—Witten prepotential. Similarly, under this limit, the expectation value of

the gauge theory observable is given by the on-shell value:

1

61,2—>0

(0)=~ > Z[x]0olx] olx,]. (5.3.3)
Xem’
Hence, the multi-point function is simply factorized
(O - Oy — (O ---O) [ X (5.3.4)

Let us discuss how to consider the saddle point analysis associated with the instan-
ton partition function. The partition function is given as a discrete instanton sum,
and thus the dynamical variable in this case is the discrete z-variable, X = (x;4.x),
corresponding to two-dimensional partitions A = (X; k). Recalling the definition of
the x-variable (2.1.15), it will behave as a continuous variable in the limit ;5 — 0.
Therefore, the saddle point configuration X, is given as a solution to the saddle point

equation with respect to the z-variable,

OF[X]

5 0  for "re X. (5.3.5)

X

We remark that the x-variable is multiplicative x € C*, so that the derivative is taken

with respect to logx, Giogz = 20,

We then point out the relation between the saddle point equation and the iWeyl
reflection discussed in §5.2. The behavior of the partition function under the adding-

instanton operation (5.2.1) is also written as follows:

Z[Xad:(i,a,k)] o 1
W = exp E (?[Xad:(i,a,k)] - ?[X])
e2—0 exp (lx(‘?&"[é\,’]) ) (536)
€ Ox

We remark that the configuration X,q.(;q ) involves the go-shift of the variable, z —
¢ox. Therefore, the saddle point equation (5.3.5) is rephrased as the invariance of the

partition function under the adding-instanton operation:

Z[Xad:(i,a,k)]

=1 (5.3.7)

In the limit €5 — 0, the pole singularities of Y-function are promoted to the cut
singularities, thus the saddle point equation provides the cut-crossing relation for Y-
functions [NP12].
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5.3.2 Nekrasov—Shatashvili limit: ¢ — 0

We can also consider a partially classical limit, ¢; = finite, go — 1 (¢; = finite, €5 — 0),
that is called the Nekrasov—Shatashvili (NS) limit in the gauge theory context [NS09b].
In this case, as shown in [NPS18], the gg-character is reduced to the g-character of
the corresponding affine Yangian/quantum affine algebra [Kni95, FR99], which plays

a central role in the connection to quantum integrable systems (§5.7).

As well as the (very) classical case €15 — 0, in the NS limit, we turn off the
)-background parameter e — 0, and the second complex plane C, becomes non-
compact. Hence we similarly expect the diverging behavior of the partition function

€ 1~
7 220 exp (—W(el) + - ) ; (5.3.8)
€2
where W(el) is identified with the effective twisted superpotential of the corresponding
two-dimensional N' = (2, 2) gauge theory on Cy, and €; plays a role of the adjoint mass

parameter in 2d theory.®

Since we still have a small parameter €5, we can apply the saddle point analysis as
well in the NS limit:
1~ ¢ 1~
7z =: Zexp (—W[X]) 270 exp (—W[X*] + - ) , (5.3.9)
gy €9 €2
where e, W[X] = F[X]. Since the z-variable is still continuous, we can apply the same
argument to the limit €; 5 — 0. Then, the invariance of the partition function under

the adding-instanton (5.3.7) ends up with the saddle point equation with respect to

the twisted superpotential

OW[X]
ox

From the 2d theory point of view, this equation provides the supersymmetric vacuum

(5.3.7) <= =z =2mZ for reX. (5.3.10)

condition, that is called the twisted F-term condition.

5.4 Examples

5.4.1 A; quiver

We then focus on a specific example, 5d SU(n) gauge theory with (nf, n®) fundamental
flavors, which is classified into A; quiver. Let us discuss details of the gg-character in

this case.

6In many cases, the adjoint mass parameter behaves as the equivariant parameter for the transverse

rotation symmetry. See §1.8.7.
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Fundamental character

Since A; quiver consists of a single gauge node, denoted by i = 1, the iWeyl reflec-
tion (5.2.4) is reduced to

PP
iWeyl : Y}/’qx — Ylv’qx X <q1 :L’_“lYt—Ylf)

1,qx

o PaPror 6120 (—1)"q xnfmpm—plvm
Vi VL

’ )

—qa (5.4.1)

where we impose the special unitary condition

z”: a, =0. (5.4.2)
a=1

In this case, there is no Y-function in the numerator after the reflection: No further
pole singularities are generated, and the reflection terminates here. Therefore, the

fundamental gg-character for I' = A, is given as follows [Nek16]:

DV
1 P]wq_lxpl,f

Tie =Y, +qa"™ —= (5.4.3)
7 Yl,qfla:
with the shift of the coupling constant”
—1)

qn—m

Concerning the asymptotic behavior of YY-function (5.1.18), the instanton average of
the gg-character should be a polynomial in x of degree n (a regular function), which

can be written in the form:

Py 1, P
<T1,x > = <Y{x + g 2" % > =det (1 —z®;") (5.4.5)

1,712

for &, € SU(n).

Let us discuss the classical limit of this gg-character. As shown in §5.3, the gauge
theory observable is simply replaced with its on-shell value with respect to the saddle
point configuration X,, which we denote

v = Tim (YY) = Yy, [X]. (5.4.6)

61’2~>0

"Since the coupling constant q € C* is given by (1.3.4) together with (1.3.5), the sign change
q — —q corresponds to the #-angle shift, § — 6 + w. This shift of the #-angle may provide a subtle
difference of the global structure [Hao20].



5.4. EXAMPLES 153

We remark that, due to the factorization property (5.3.4), we have

1 €1.0—0 1
: —. 0.4.7
< Yy e > Ya ( )

Simply denoting y = y,, we reproduce the Seiberg—Witten curve for 5d SU(n) gauge
theory with (nf, n®) flavors (4.6.3).

Higher character

We then consider generic higher character for A; quiver. Applying the higher reflection

formula (5.2.20), the degree-w character is given as follows:

1,21

- Y I g(%)nvxxinv;;lxj, r= (@ e, (548)

IUJ={1,..w}iel,je] iel jeJ

where we do not write the coupling constant and the matter polynomials for simplicity.
We remark that A-function (5.2.9) is given for A; quiver by
A=Y Y. (5.4.9)

1,qz

For example, the degree-two current w = 2 is given by

x2 Yix ! Ylv,oc ~1 ~1
T(2)’($1’$2) = YY,MYY,JH + S (JI_1> zjl " S ('r_Q) Yl q*llacg + Yl,q—llel,q—le .
(5.4.10)

This expression corresponds to the tensor product of two-dimensional representations
of G4, = SL(2), which is irreducible for generic (xy,x2) in the doubly quantum situ-
ation. Recalling 8-function has zeros at 8(z = ¢ ;) = 0, one can eliminate one of the
zero weight terms in the degree-two gg-character, for example:

M
4 Vv , L —1 —1
T(2)7($’q1—1x) = Yl,IYLq;lI + 8 (ql) Y + Yl;q_leLq_Q —1 - (5411)

o 1 1 92 T
17‘11 4y T

Let us take further limit to see the relation to the three-dimensional representation of
G4, = SL(2). Since 8-function behaves

1-a)1-q _ 1-g
(1= —¢qe) -4

8(qr) = 1+q) —
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we obtain two different results in the limit:8

\/

2
(@1 —1) VARVAY, 1 -1 _ (q1—=1)
TN =YY, Y, 42 -y FYILLYL = (Tw ) (5.4.13a)
2
\/
(g2—1) IRV ARVAY, 1 -1 _ 1le2—=1)5(g2—1)
(2)7(‘%7(];11) —_— 1,33 1,q;1$ + Yl q _I_ Y 7q 1-77Y1,q;2x — Tl,.I Tl,qfl 1 9 (5.4.13b)
dq ’z
where T(q1 21 is called the g-character (more precisely, ¢o1-character) of A; quiver

theory. In these expressions, the first limit corresponds to the tensor product, [ J®[],
and the second one is the degree-two symmetric representation, [ [ | = [J® [ ] — 0.
In this way, the g-character obeys a functional relation, called the T-system, that
originates from the tensor product of the representations associated with quiver.? See

also §7.4.10 for a related argument.

Let us briefly mention a gauge theory interpretation of the T-system. The ¢-
character is obtained in the NS limit of the gg-character, hence it is interpreted as a
2d reduction of the codimension-four defect, which is namely a codimension-two defect
(also called the surface defect). See §4.5.4 for a related argument. Since the T-system is
a functional relation for the g-characters, it is interpreted as a fusion rule for the surface
defects in this context. This would be a dual description of the bootstrap approach to
the surface defect based on the class S perspective [GRR13, ABFH13, BFHR14].

Supergroup gauge theory

Let us briefly mention the qg-character for supergroup gauge theory. As shown in
§5.2.2, the iWeyl reflection for supergroup theory is equivalent to the ordinary one,
if we replace the Y-function with its super analog (5.2.12). Recalling the super Y-
function is given as a ratio of Y%, the vev of the gg-character is not a polynomial, but

a rational function:

Py 1, P
<T1,m > = <Y¥,x + g ot 1Yqv—1 > =sdet (1 — z ®7") (5.4.14)

1,g7 1z

for @, € SU(ng|ny). Taking the classical limit €, » — 0, this reproduces the Seiberg—

Witten curve for supergroup gauge theory discussed in §4.4.

8We remark that a similar computation is also found in the twisted reduction (the root of unity

limit) of the gg-character [KP19b].
90riginally the T-system was introduced as a functional relation between the T-functions obtained

from the transfer matrices of the corresponding quantum integrable system. Afterward, it has been
realized that the T-function is identified with the associated g-character, and one can interpret it as

a decomposition of the tensor product between them. See a review article for details [KNS11].
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5.4.2 A, quiver

Let us consider Ay quiver theory. We first rewrite the iWeyl reflection (5.2.4) in terms

of YV-functions,

\Y
24 s g1 —K1 P ﬁ\/ Y27M_1$
1,z g N 1,71z l,zY
1,712
~ Yy
_ ni , K1—ni ni—~K1 vV 2u'z
= (—1) q g1 Pl,qfll‘Pl,aj YV
1,g7 1z
\
(5.4.16) ke =v YQ,,flac
Qo Py, P 2 (5.4.15a)
1,g- 1z
~, Y1 ot
v K2 —Ka v T lugT iz
Y2,z q 92T P2»q71$P2,x Y.
2, 1z
~ Yy
_ ni+ng  Ke—n2+ni , —ni na—ni—rKa2 v lLugTx
- (_1) q 2 Q2T P2,q*1wP2,x YV
2,g- 1z
Y
6410, i py Py Vs 5.4.15h
Q2 @ 2,71z 2.z Yv ( s )
2,g7lz

where we denote the bifundamental mass by g = 1o = p55,¢, and we apply the
special unitary condition (5.2.8). We also shift the coupling constant and the Chern—

Simons level (q;, k;)i=1.2 as follows:

(—D)™g™ g, — qq,  (=1)mtmegrernetn g, gy, (5.4.16a)

ny—Ky — —Ki, Ng — N1 — Ky —> —Ko. (5416b)

Then, the fundamental gg-characters, in particular, for pure gauge theory (nf, naf),_; » =

0 with (k;);=12 = 0 are generated by the iWeyl reflections [Nek16]:

Yy i, 1
Tie= Ylv,z + Y%/M + q192 VR (5.4.17a)
gtz 2,u" g tx
v
Top =Yy Yipata ! 4.17h
20 = Yoo 1+ 02 VY + q192 v . (5.4.17b)
2,7tz 1,uq—2z

These are gg-characters of three-dimensional representations of G4, = SL(3).
The instanton average of these gg-characters are polynomial functions, and their de-
grees are fixed by the asymptotic behaviors of the highest weight terms (Y;3) (5.1.18):
(Tia) =det(1-2@;?), =12 (5.4.18)

with ®; € SU(n;). Namely, they are polynomials in = of degree ny 2. We can see that,
in the classical limit ¢; » — 1, this is consistent with the Seiberg-Witten curve for A,
quiver (4.3.6) discussed in §4.3.
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5.4.3 121\0 quiver

We next consider SU(n) gauge theory with a single adjoint hypermultiplet, which
is classified into affine quiver theory 121\0. We denote the adjoint mass parameter by
m € C, and define the multiplicative analog u = €™ € C*. Taking into account
the adjoint matter contribution to the adding-instanton operation (5.1.29), the iWeyl

reflection for fAlo quiver is given by

YY Yt YV OLYY o
iWeyl: YV, — qi8(u") “‘Ylf T gy () s e (5 4 1)
e 1,7z

This is derived from the pole cancellation with the adjoint matter (5.2.2):

Y\/ -1 Yl T
+Z-< S(pt) ez M ’“)
Xad:(l,a,k) ql (H ) Yl,.’E

In order to see the reflection structure more concisely, we introduce the multiplicative

Z-YY

1,qx

Res

=21, 0,k

] —0.  (5.4.20)

version of the eight-dimensional Q-background parameters (2.2.25a):

(QI7qQ7Q37q4> (QIaQ%/Lilyﬂqil) (5421)

obeying the Calabi—Yau condition,

01924394 = 1. (5.4.22)

Then, the iWeyl reflection (5.4.19) is rewritten as

Weyl: YV Vs (g (g Ve Ve
iWeyl: Yy, — Y/, x{q¢gaqd(g )YV R . (5.4.23)

1,q347

In this case, there appear another Y-function in the numerator after the reflection, so
that we should apply further reflection to cancel the poles from the new contribution.
In fact, this process does not terminate, and the gg-character is given as an infinite
series, as a consequence of the infinite dimensionality of the affine Weyl group. As
mentioned below, it is interpreted as the character of the Fock representation of the

quantum toroidal algebra of gl;.

From the reflection structure (5.4.23), the weight appearing in O(g¥) contribution
to the gg-character is labeled by a partition A with size k,

Vv

Y
Y]. q53q54 1SCY1 q55 lqs4
A)\ — Ylv | | 43 94 93 4
' » L V Y
(s3,84)EX q? 1qi4 e 11‘1;3(]24:3

= ] \(531541 11 Yqv%;s% (5.4.24)

(83,84)€0+ A (53,54)€0_X
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where 04\ is the outer/inner boundary of the partition A as defined in (5.1.16). Then,
the fundamental gg-character for EO quiver theory is given as a summation over the
partition [Nek16]:

Y\/

Y xT x
Tie =Y. + @ S(i) % +

1,q347

Z Al Zsu[n (5.4.25)

where we shift the coupling constant as ¢¥q; — qi, and Zs4[A] is the instanton partition
function of U(1) 20 quiver gauge theory with respect to the equivariant parameters

€34, evaluated with the configuration A.

In order to show the formula (5.4.25), we again study the behavior under the
adding-instanton operation, =145 — @Z1ax (X — A’). The expression (5.4.25)
implies the pole cancellation in the form of

Z3a[N]
Res ZIX'] - Ay X .
G15 2=71 0k [ ] /\[ ] Z34[)‘]

Z[X] - Ay [X]| =0 (5.4.26)

where we define ¢,z = gsuz = ¢5* ' q5* 'a for (s3, s4) € 94\, and we denote a partition

with an additional box (s3, s4) € 04\ by X' = XA @ (s3,54). Then, Z34[A\] behaves as

Zaa[ N Z[X') A\[X"] (5.4.23 YA A
34[ ]:— [ ] /\[ ](: )q1512(CI3) i[ ,] /\[ ] (5-4'27)
Z34[A] Z[X] Ay [X] YL (X ANX]
Recalling
Yl,x[X,] . Tlok\ q34%2
Y o () =80 (%7) (5.4.28)
the weight factor gives rise to
A\ [X! S 2/diq )8 2/
A[ ] — S0, (q34z/x) H 12(6134 /q§q411 J ) 12(%4 /Q3 iqj‘ )
Ay [X] (1) 512(Q34Z/q )512(61342/@361435)
_ (1 —Q134Z/$)(1 —Q234Z/l“) 534( - ] 95/611342)534(613 Q4 :):/q234z)
(1= gaaz/a)(1 = z/x) (i)er 834 (5 g/ q342) 834 (i g} ) 2)
Y34\/ Y34\/
= e e (54.29)
Yl Q34zY

where 834(2) is defined in (2.2.24), and we define the 34-version of the Y-function,

i ebi’a ebaqs;g 1q54 1
YN = (1— - ) I s (3#4) (5.4.30a)

(83,84)€ENi o

s3—1 s4—1

bo
Yial\Y = (1 - ef) IT s (%) (5.4.30b)
a=1 (83,54)ENi o
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with the rank (nj*) and the corresponding Coulomb moduli (b;a)a—1,. n3t. In this
case, we have (ni*,by 1) = (1,2). In fact, Y3 ,[A] has a pole, but it is cancelled as
' 1—q)(1 —g2)(1 —g34)
lim Y3 N8y (2 ) = = Y3 N 5.4.31
21£n>z 1,q342’ [ ] 12 (Z (1 _ (]3)(1 — q4)(1 _ (]12) 1,!1342’[ ] ( )
Therefore, we obtain
ZuN _ g g oo Yo o Vi DY
= —(q3 J1934\G1 = —(¢3 q1o34((1 )
Zu vh VI Vo VR
(5.4.32)

which is equivalent to the iWeyl reflection (5.4.23) by replacing g1 <> ¢34. This
proves that Zs4[A] is the U(1) instanton partition function of Ay quiver theory with the
equivariant parameters €3 4. Such a relation between €; 5 <+ €3 4 is naturally understood

from the gauge origami construction mentioned in §2.3.3. See also §5.5.

Higher character

We have shown that U(1) theory on 34-surface appears from the fundamental gg-
character of A\O quiver. We discuss its higher rank generalization obtained from
Y\/

the higher gg-character generated by the highest weight Y/ 1, with n/ =

n34. In this case, the weight function is parametrized by n/-tuple partition, \3* =

(M, 3.

l,xy

n’ Y¥q53qs CC Y¥q53 1qs4
12 34 V d3 94 B 3 4 T8
e e U B o | B T
B=1 sGA%‘l 433 qyt xp Laztaytwp 12
c
- 1|0~ )HSH< ) I (55)
Wo
2(9)/ ()" qazm
K b :t
<11 11 200 T (1= (25)/e(s))7)
o<1 seni2 1— (cl2(5)/c3(s) ™ qr,2.34
B=1,....n ’6>\34
(5.4.33)
where we apply more symmetric convention: A2 = (A2, ... A\12) is an n-tuple partition

parametrizing the U(n) instanton configuration on 12-surface. The Coulomb moduli

of U(n) theory are denoted by w, = > € C*, and we define the g-content

2(s) = wagd g™t B(s) = g g (5.4.34)

We also use the convention

1—z2fa=(1-2"a)(1—-2""a). (5.4.35)
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Then, we obtain exactly the same expression as (5.4.32) in this case by using the

34

Y34 function with rank n’ = n3*, so that the expansion coefficient of the degree-n’

qq-character is given by U(n®?) /Alo quiver theory with equivariant parameter e 4:

T(n34)7£[)\12} = [Yixl - Yxxnu 4+ .. e
34
= q Zaa [N A2 03], (5.4.36)

234

Now the weight parameters (24)a=1,. are identified with the Coulomb moduli for
34-theory.

From the representation theoretical point of view, the gg-character presented in (5.4.25)
is associated with the Fock module, which is parametrized by a single partition A\, and
the higher weight generalization corresponds to the tensor product of the Fock spaces.

See also §7.5 for more details on the algebraic perspectives.

Classical limit: g-character

In the NS limit gp(1y — 1, the S-function becomes 8(z) — 1, so that the rational
function Zs4[A] in (5.4.25) becomes trivial, Zs4[A] — 1. Thus, the fundamental g¢-
character of /Alo quiver theory is simply given by [NPS18§]

Tio=» ) Ax. (5.4.37)
A

In fact, this simplification has a close relation to the argument in §1.8.7: Taking
p — 1 (maug; = 0), the partition function contribution associated with each instanton
configuration becomes trivial in fAlo quiver theory. Since there is a symmetry of €; 9 <>
€34 1N 121\0 quiver theory, the equivariant parameter go(1) plays a role of the multiplicative
adjoint mass for 34-theory, and the NS limit exactly corresponds to the massless limit

on this side.

The g-character associated with A\O quiver has been/\also obtained from the quan-
tum toroidal algebra [GKV95] of gl; denoted by Uq(gll) associated with the Fock
module [FIMM17b],'® which is also known as Ding-Iohara-Miki (DIM) algebra [DI97,
Mik07], elliptic Hall algebra [BS12, Sch12, SV10, SV13b], and (spherical) double affine
Hecke algebra (DAHA) [Schll]. See also [FT11, FHH*09, FIMM15, FJMM17a] and
[MO19, BFN16] for related discussions. This relation implies the geometric Langlands

O0Precisely speaking, the definition of the quantum toroidal algebra in [GKV95] does not apply to
gl; since it is not a complex semisimple Lie algebra. Actually the presentation of the quantum toroidal
algebra of gl; is more involved than that for a complex semisimple algebra. A relation between the
quantum toroidal algebras associated with a complex semisimple Lie algebra and affine quivers (not

only cyclic ones) is also discussed in [Nak02].
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correspondence between the quantum toroidal algebra and the affine quiver W-algebra
discussed in §7.5. The relation between the quantum toroidal algebra and the cyclic
quiver has been also pointed out in the literature [VV99, SV13b, SV13a, Negl3, Negl5,
Negl8].

5.5 Gauge origami reloaded

The qg-character of ﬁo quiver theory shows a relation between €; 9 <+ €34. We now

discuss it from the gauge origami point of view as in §2.3.3.

5.5.1 8d gauge origami partition function

We consider the gauge theory average of the gg-character,

Znwrwe = (Twra) = > _ % Zuw (5.5.1)
k=0
where
Zn,n’;k - Z Zl?[)\lg] Z34[)‘34] A[)\127 >‘34] . (552)

D

In fact, this expression is obtained from a contour integral

doq -
nn’k ]{H Qﬁl _Z,B H512 —25)01211534 (¢

,,,,,

% H ¢ab — €12,23 31] [(b(a#)] ’ (5.5.3>

1<ap<k L7ab €1,23.4]

where we apply the additive convention with xz = e*. This expression has been also
introduced as the instanton contribution in the presence of n’ codimension-four de-
fects [Kim16, AKKS18]. Compared to the instanton partition function of Ay quiver (2.2.27),
there are additional contributions: We see U(n) and U(n') degrees of freedom with
their Cartan elements, (wy)a=1,.» and (2g)g=1,. ., which are coupled with U(k) factor
and U(n’) found in the first term of the integrand. In the string theory language, this
configuration consists of n D3 branes on 12-surface and n’ D3 branes on 34-surface, and
k D(-1) branes playing a role of the instanton [Nek17a|. Hence, Z,, .4y, is interpreted
as (a special case of) the partition function of the 8d gauge origami setup [Nek18|.

The 8d partition function (5.5.2) is parametrized by a pair of 2d partitions, A'?

and \**, because the gauge origami configuration considered here is given by C? x C2.
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In general, the partition function associated with a d-dimensional complex mani-
fold is parametrized by d-dimensional partitions [Nek09]. The case with d = 3 has
been explored as the topological string amplitude associated with Calabi—Yau three-
folds [AKMV05, ORV06, IKV09]. In addition, the case with d = 4 has been recently
proposed, and the corresponding partition function is parametrized by the solid (4d)
partition [Nek17c, NP19]. See also [CK18a, CKM19] for related works on Calabi-Yau
four-folds.

5.5.2 gg-character integral formula

From 8d gauge origami point of view, the generic gg-character (5.2.16) is obtained
by integrating the 34-surface degrees of freedom, namely integration over the quiver
variety [Nek16],

Twa = Z 0" Twa (5.5.4)

where q¥ is defined in (2.2.6), and each contribution is given by

-1
T = Vae 1] 2m¢ st IT T1 s (2) T (52)
i€l 161“0&1 11::5}2 i€l a#b
X H H 812 (Meq_l(b]b) H H S12 (M_l(bi’a)
eii—ja=1,..., ¢i,a e:j—ia=1,...,v; ¢j’b
b=1,..., 'U] b=1,..., vy

(5.5.5)

where (w,v) = (w;, v;)ier, are the dimension vectors used to define the quiver variety
My, (') as in §2.3. = (Tia)iers,a=1,..w; a0d ¢ = (ia)icry,a=1,...,; are the Cartan
elements of U(W) and U(V). We will revisit this formula based on the operator

formalism in §7.6.2.

5.6 Quantization of cycle integrals

We have pointed out a relation between the Seiberg-Witten geometry and the classical
integrable system, in particular, the correspondence between the Seiberg—Witten curve
and the spectral curve of the associated classical integrable system. On the gauge
theory side, we have the 2-background parameters, and it is natural to ask what is
the role of this deformation parameter on the integrable system side. In this Section,
we focus on the NS limit, e — 0 (¢o — 1), and see the remaining €-background

parameter ¢; plays a role of the quantum deformation parameter.
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5.6.1 Saddle point equation

We have discussed in §5.3.2 that, in the NS limit, we may apply the saddle point
analysis with respect to the twisted superpotential W. Since it is also related to
the prepotential &, we rewrite the saddle point equation (5.3.10) in terms of the
prepotential:

F
a:g—x = 27ie 7, reX. (5.6.1)

Let us consider A; quiver for simplicity, and recall the relation between the xz-variable (2.

and the Coulomb moduli (a4 )a=1...n. Then, this saddle point equation implies quan-

77777

oF
alh = F = 2mie 7. (5.6.2)

Since the dual variable is given by B-cycle integral as shown in §4.2, the saddle point

equation in the NS limit leads to quantization of B-cycle integral:

]{ A= aZ, (5.6.3)

where we rescale the prepotential by the factor 27i. In fact, such a quantization of the
contour integral of the tautological one-form is interpreted as the Bohr-Sommerfeld
quantization condition, and in this case, it implies that the (2-background parameter

€1 plays a role of the Planck constant, €; ~ A.

5.6.2 Y-function

There is another way to see quantization of the cycle integral from Y-function. Let us

consider the 4d (additive; cohomological) version of the Y-function (5.1.14):

v.x = I mf;x = exp (Zel Z ) (5.6.4)

z'€log X x ElogX

where we define the additive version of the z-variables (2.1.15):

logX = {zar =an+e(k—1)+ e, k} """ i (5.6.5)

.....

Then, logY, shows pole singularities at = 2/, which contribute to the contour
integral, similarly to the resolvent in the matrix model (§C.4.2). Recalling that the
Y-function is identified with the y-variable in the Seiberg—Witten theory, and A =

rdlogy = —logydx, we obtain quantization of the contour integral:

1
— P \N=¢Z 5.6.6
27ri - €144, ( )

1.15)
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where the quantum number is (minus of) the number of the poles surrounded by the
contour C. We remark that, in the classical limit ¢; — 0, the poles are condensed to
yield a cut singularity, and one can take the contour C to the non-contractable cycle

on the Seiberg—Witten curve.

5.7 Quantum geometry and quantum integrability

In addition to the quantization of the cycle integrals, there is a more direct way to see
quantization of the Seiberg—Witten geometry, which shows an interesting connection
to the quantum integrable system, that is called the Bethe/Gauge correspondence,
as proposed by Nekrasov-Shatashvili [NS09b]. See also [NS09a, NS09d, NS09¢| and
[INPS18] for its quiver generalization.

5.7.1 Pure SU(n) Yang—Mills theory

Let us start with the g-character of pure SU(n) YM theory (A; quiver) in 4d:

q1
Ti.=Yi.
1, e+ Yo,

(5.7.1)

11

where T, , is a polynomial in x of degree n.”* Here we use the conventions, Y, ,_ =

Yiz—ers Yiaee = Yiz—2e,s Yir = Yiztre, etc. We then define the Q-function
Q.= J] (=—2, (5.7.2)
z’/Elog X
and thus the Y-function is written as a ratio of Q-functions,

Qi,x
Qi,z—

This change of the variable is interpreted as a discrete analog of the logarithmic deriva-

tive, which is used to convert the Riccati-type differential equation to the linear dif-
ferential equation. See also §C.4. Writing the g-character in terms of the Q-function,

we obtain the so-called TQ-relation for the Toda chain:

Ql,x +q Ql,sz = Tl,w Ql,xf . (574)

In this context, the coupling constant q; plays a role of the boundary condition (twist)

parameter of the periodic Toda chain.

" Precisely speaking, it must be considered as the vev of the g-character. In the NS limit, since we
can apply the saddle point analysis as discussed in §5.3.2, it is interpreted as the on-shell value with

respect to the saddle point configuration.
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This TQ-relation has a natural interpretation as a quantization of the Seiberg—
Witten curve. We may write the TQ-relation also in the following form:

0=Qio—T1:Qus +91 Quo = H(Z,9) Qro— (5.7.5)

where we define the algebraic function

H(z,y) =y’ —Tiy+ | (5.7.6)
and the operator pair:
T=ux y=e 0 (5.7.7)
= =exp | 15— | - 7.
) Y p 18I

Compared to the discussion in §4.3, we realize that the Seiberg-Witten curve for
A; quiver theory (4.3.3) is given by the zero locus of the algebraic function, % =
{(z,y) e Cx C* | H(xz,y) = 0}, so that H(z,y) is identified with the characteristic
polynomial of the corresponding Lax matrix. Furthermore, the operators obey the

following algebraic relation
logy, &] = €1, (5.7.8)

which is interpreted as the canonical commutation relation with respect to the sym-
plectic two-form on the curve, w = dx A dlogy. Therefore, identifying ¢; ~ h, the

g-character provides the canonical quantization of the Seiberg-Witten geometry.

Such a quantization of an algebraic curve is called the quantum curve, which is
now discussed in various research fields: matrix model [EO07] (See also Appendix C),
topological string [ADK™06, DHSV08, DHS09], knot invariant (AJ conjecture) [Gar08,
Gar04], and gauge theory [Pogll, FMPP11, DLH11, CDHL11, NPS18], etc. While the
classical curve is defined as the zero locus of the algebraic function as a Lagrangian
submanifold of C x C*, the quantum curve is given as the kernel of the quantum
operator, Ker H(z,¢), which is a subspace of the function space. We remark that,
since we may apply the symplectic transform, choice of the algebraic function H (z,y)
is not unique. In order to take into account such ambiguity, it is natural to consider
a ring A = Clz,y]/(H(z,y)), and from this point of view, quantization of the curve
corresponds to a noncommutative ring, which is formulated as the D-module, M =
Cla, 3]/ (H (@, ) [DHS09).

5.7.2 N =2 SQCD

Let us consider SU(n) gauge theory with fundamental flavors. The g-character is then

given by

Pl,mfpl,x

T x:Y T s
1, lLe T Vi

(5.7.9)
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with the matter polynomials

f af

P,=[[@=my), P=]]@—m. (5.7.10)
f=1 f=1

We remark that we deal with the fundamental and antifundamental matters separately,
although in four-dimensional setup. For the latter convenience, we shift the Y-function,
Y1z — P1,Y1., which leads to the shift of the Q-function,

TLf
Qe — | [[Tiz—mpea) | Que, (5.7.11)
f=1

where T'1(z;€1) is the (first) gamma function (A.1.2). After the shift, we obtain the
TQ-relation for XXX SL(2)-spin chain:

Plo Qo+ ProQio = T12Quo- (5.7.12)
which is also written in the form of quantum curve
H(Z,9) Que- =0 (5.7.13)
with the algebraic function
H(z,y) =Proy’ = Tioy+ i Pro- (5.7.14)

Now the (anti)fundamental mass parameters are identified with the inhomogeneous
parameters of the spin chain model. The zero locus of this function defines the classical
Seiberg—Witten curve for SU(n) SQCD. As in the case of the pure SYM theory, We
obtain the TQ-relation of the XXX spin chain as a quantization of the Seiberg—Witten

curve. See also §5.8.2.

5.7.3 Ay quiver

We then discuss quantization of the Seiberg-Witten curve for quiver gauge theory. In

the NS limit, we have two fundamental g-characters for Ay quiver:

Y T 1 T T—— T T——
o, 1 Qe Qe Qo Qo
Yl,m— Y2,m— Ql,x— Ql,x— QQ,&?— Q2,r—
Yl,x— 1 o Q2,.’,E Ql,z— QQ,x—— Ql,:v———

+ = + + :
Y2,m— Yl,r—— QQ,x— Ql,m—— Q2,z— Ql,m——

which are combined into a single Schrédinger-type difference equation (quantum curve)

Tl,x = Yl,:v +

(5.7.15a)

T2,x = Y2,:v +

(5.7.15D)

H(j:7 ?)) Ql,m——— = Ql,w - Tl,m Ql,x— + T2,z Ql,w—— + Ql,m——— =0 (5716>
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with the Hamiltonian defined as
H(x,y) =9* — T1ay* + Tory — 1 =det(y — L(z)). (5.7.17)

for L(x) € SL(3) = G4,. Compared to the previous expression of the curve (4.3.8),
the classical Seiberg-Witten curve is given as the zero locus of the Hamiltonian,
¥ = {H(z,y) = 0}. Hence, (5.7.16) is interpreted as a quantization of the Seiberg—
Witten curve for A, quiver theory. We can similarly consider another Hamiltonian
that annihilates the Q-function for the second node, H(Z,4)Qqz, = 0. At this point,
we do not incorporate the hypermultiplets in the fundamental representations for sim-
plicity. If taking into account such fundamental matters, the quantum curve (5.7.16)
is promoted to the TQ-relation for XXX spin chain with the symmetry G4, = SL(3).

5.7.4 A, quiver

Let us move on to generic linear quiver, I' = A,,. The first ¢g-character for A, quiver is

given as follows:

Y Y 1 G
Ti. =Y. 2T 4. P, =N TA,, 5.7.18
e =Y b g b g le o (5.7.18)

where the weights (A; ;):er, appearing in the highest weight module with respect to
Y, . are given by
Yi T

Nig=—2—,  i=1,...,p+1, (5.7.19)
Yi—17ac—

with the trivial nodes, Yo, = Ypi1, = 1. Compared to the construction shown
in §4.3, these weights (A;;)icr, are identified with the eigenvalues of G 4 -Lax matrix,
L(xz) € Ga, = SL(p + 1), s.t.,

T, =trL(z). (5.7.20)

In general, the fundamental g-characters have a similar expression in terms of the

eigenvalues, associated with antisymmetric representation of G4, = SL(p + 1),
Ti,x = Z Ajl,xAjz,:v cee Aj“w = tr/\i L(IE) . (5721)
1< <jo<<ji<p+1
Then, the Hamiltonian is a generating function of these fundamental g-characters

p+1
H(z,y) =y = Tia/ +- £ Ty Fl=) (1) Ty (5.7.22)

1=0
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with To, = Tp41, = 1, which is also given as a characteristic polynomial of the Lax

matrix,

p+1

H(z,y) = det(y — L(z)) = [ [(y = Aie) - (5.7.23)

=1

The classical Seiberg—Witten curve is given by the zero locus of this characteristic
polynomial, 3 = {H (z,y) = 0}, as shown in §4.3. In the NS limit, we instead obtain

the difference equation as a quantum curve:
H(i‘, g) Ql,—p—l - 0 y (5724)

which is promoted to the TQ-relation for the spin chain with G4, = SL(p + 1) sym-

metry.

Since the quantum curve is a difference equation of degree p + 1, there should be

p + 1 independent solutions, which could be obtained as follows:

p+1

H(i, §) e = [[(0 = Mot =0 = (§— Nia)thie =0 (5.7.25)

i=1

which implies

Yiat _ p, (5.7.26)

wi,x+
djiﬂ:

The first solution (¢ = 1) corresponds to the Q-function, ¢4 , = Qy 4—.

5.8 Bethe equation

We have seen that the correspondence between the gauge theory and the integrable
system is promoted to the quantum level by turning on one of the €2-background
parameters under the identification ¢; = h. In fact, the difference equation obtained
through quantization of the Seiberg—Witten curve agrees with the TQ-relation of the
corresponding quantum integrable system. In this Section, we then show that the
saddle point equation which determines the dominant configuration in the instanton

sum also has a crucial interpretation on the quantum integrable system.
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5.8.1 Saddle point equation

We revisit the saddle point equation in the NS limit. Together with the formula (5.2.1),

the saddle point equation (5.3.7) is given in terms of the Q-functions as follows:

l=—q; Pmpm+ H Yja—met H Yjatme

7
YZ‘T+ b ei—j e:j—i
szf ij Me+ Q_] T+m
qz 1,X z:c—i— H : H < S Xz . (581)
szJr erisj 7,L—me ej—si Q]:c+me

After several shift of the parameters, e.g., P, ,+ — Piz, me — %61, and also the redef-
inition of the function similar to (5.7.11), we obtain the equation, which is identified
with the Bethe equation for Gp-XXX spin chain for I' = ADE:

Pix i,x—€ QHC 1e Q ,I**C[O]El
, g, e P o g T R (5.8.2)

P, Q’L JT+e€1 (0]

. 1
, ) ;éz) QJ,$*§€1 j€ly ],x+2CU €1

where (cg]

)ijer, is the classical quiver Cartan matrix (2.2.37).
Let us consider the simplest example, which is pure SU(n) gauge theory (A; quiver).
In this case, the saddle point equation gives rise to the Bethe equation for the Toda

chain:

Qz Xi,x—€1
Qz ,T+€1

We remark that there is no non-trivial solution if the Q-function is a finite polynomial,

1= — (5.8.3)

so that the Q-function must be an infinite product.

5.8.2 Higgsing and truncation

The Bethe equation obtained from the saddle point equation is still formal in the
following sense: The zeros of the Q-function are interpreted as rapidities of magnons
of the spin chain model. Since our Q-function constructed in gauge theory has infinitely
many zeros, it describes infinite magnons on the spin chain side. We discuss how to

obtain the finite magnon configuration from gauge theory in the following.

In order to realize such a situation, let us consider the root of Higgs branch condi-

tion:
My f = i + N €1 - (5.8.4)

Under this condition, as shown in §1.9.2, there is the restrictuion on the instanton
configuration, s.t., {(\; o) = 5\1@1 < Njq. Then, in this case, the Y-function (5.1.14)
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becomes a finite product:

ﬁ al e + (k’ — 1)61 + )\Z‘,mkEQ)
Pl (aia+ (K —1)e1 + Niag€a) — €1

||
5 H: 3

_ ~ T T — (ai,a + (k? - 1)61 + /\i,a,kEQ)
— 11 («I (az,a + nz,aEI)) IH xr — (a@a + (k‘ — 1)61 =+ Ai,a,kEQ) —€
Q.
= Piag— 5.8.5
7 Qi,:v— ( )

where we define the truncated O-function

Q.= [[ (z—2 (5.8.6)

z'€log X;
with the truncated version of the instanton configuration (5.6.5),

k=1,.., ni,a

log X; = {Ziap = dia+ €1(k—1) + €2 Xiak s (5.8.7)

-----

As mentioned in §5.3.2, the saddle point equation is taken with respect to the effective
twisted superpotential of 2d N = (2,2) theory. In this context, the z-variable is
identified with the Cartan element of the 2d gauge algebra, h?¢ C g?d. Hence, the
number of the x-variables associated with i-th node is given as the rank of the gauge

group G2, Under the Higgs branch condition (5.8.4), it is given by

= zn: Mo (5.8.8)
a=1

In the brane configuration discussed in §4.5.4, this is interpreted as the number of D2

branes, namely the number of vortices appearing in the Higgs phase.

TQ-relation

Let us examine this prescription with A; quiver with fundamental and antifundamental
matters. Starting with the g-character obtained in (5.7.9), we obtain

Tiz=Pi, P — 5.8.9
1 lex_ + qut7, 0. ( )

which leads to the TQ-relation
P29 —T12Q. +qiPaQi, _=0. (5.8.10)

We remark that redefinition of the Q-function (5.7.11) is not necessary in this case.
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Bethe equation

We can similarly obtain the Bethe equation on the Higgs branch locus. In this case,
we obtain the truncated version of (5.8.2) from the TQ-relation by substituting a zero
of the Q-function,

Pl T+ Ql,x—

Lt = ., ax€logX. 5.8.11
Pla:+ qlgl,:c-f— ( )

We focus on the case with n' = n® = L and parametrize (mg, m;) = (v; — sper, vy +
srer). Let n?! = n and log X = (xx)g=1, n, then the Bethe equation for the Bethe

root zy € log)? is explicitly given as

L n
T — Vs + Sre€q T — T — €1
H:p _yf—sfe :qln—x — (5.8.12)
f=1 k f fe1 k=1 k K’ 1
(K'#k)

where (v, s¢) =1, 1, are identified with the inhomogeneous parameter and the spin of
the site f on the XXX spin chain.'? In addition, €; plays a role of the Planck constant,
and (n, L) are identified with the number of magnons and the length of the chain

under this correspondence.

Supergroup gauge theory

We can similarly derive the Bethe equation from the saddle point equation of super-
group gauge theory. In this case, we obtain two types of magnons and sites, corre-
sponding to the positive and negative gauge and flavor nodes. Since they have the
Planck constant with opposite signs, it is interpreted as a coupled system of ng positive

and n; negative magnons, Ly positive and L; negative spin configurations.

Applying a similar analysis to pure SYM theory and 121\0 quiver theory with super-
group gauge symmetry, we obtain the particle models (Toda, Calogero-Moser) instead

of the spin chain, which is associated with the super-type root system, e.g., the double
Calogero system [Ser01]. See [KP19a, CKL20b] for details.

Surface defect in two ways

As discussed in §4.5.4, we shall move to the vortex theory after the Higgsing procedure,
which is interpreted as the codimension-two defect of gauge theory, called the surface
defect [GW10]. In addition to the Higgsing, there is another way to incorporate

12This is the Bethe equation for the periodic (closed) spin chain. Starting from 2d SO/Sp gauge
theory, we obtain the spin chain with the open boundary condition [KZ20].
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the surface defect into gauge theory, based on the so-called ramified instanton moduli
space [FFNR11, FR14, KT11]: Instead of C?, one considers instantons on the (partial)
orbifold Cx (C/Zyy) for M =1, ..., n for SU(n) gauge theory. The case with M = n is
called the full defect, which is typically considered in the context of the Bethe/Gauge
correspondence. Since there is no fundamental hypermultiplet in pure SU(n) gauge
theory and A" = 2* theory (Ay quiver), we should utilize the ramified instanton moduli
space scheme to impose the surface defect. In this scheme, the Coulomb moduli
» are identified with
the momenta and the particle coordinates of the quantum integrable system [Nek17b,
CKL20a, CKL20b, LN21].

parameter (a,)a=1

..........

5.8.3 Dimensional hierarchy: periodicity of spectral parame-

ter

So far, we have focused on 4d N/ = 2 gauge theory to discuss its connection with
quantum integrable system through quantization of Seiberg-Witten geometry. We
can apply this quantization scheme also to 5d A/ = 1 theory and 6d N = (1,0)
theory. Under the correspondence between gauge theory and integrable system, the x-
variable in the Seiberg-Witten geometry is identified with the spectral parameter of the
associated integrable system. Since, in higher dimensional cases, we impose periodicity
to the z-variable as discussed in §4.6, we would obtain the integrable system with the
spectral parameter with periodicity, = € C = C / C*/ £, as in (4.6.8). This is known as
the hierarchy of rational/trigonometric/elliptic integrable systems. In fact, we would
obtain the TQ-relation and the Bethe equation of XXX /XXZ/XYZ spin chain model
from4d N =2 /5d N =1/ 6d N = (1,0) gauge theory on C? x C.
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Chapter 6

Operator formalism of gauge theory

We have discussed classical and quantum geometric aspects of N/ = 2 gauge theory
in four dimensions in the relation to various fields of physics and mathematics. One
of the key ingredients in such aspects is the non-perturbative symmetry of gauge
theory incorporated by instantons, i.e., covariance of path integral partition function
under the adding/removing-instanton operation. In general, symmetry of the system
is rephrased as the invariance (covariance) under the corresponding transformation,
which is described as a group action, and we would be able to discuss the algebraic
structure from the infinitesimal version of the transformation (group action). The
purpose of this Part III is to explore the algebraic structure associated with the non-
perturbative symmetry of gauge theory, namely the symmetry algebra of the instanton

creation and annihilation.

In order to see the underlying algebraic structure of gauge theory, in this Chap-
ter, we introduce the operator formalism of the path integral. This formalism is in
fact based on the idea of BPS/CFT correspondence [Nek16], which claims the corre-
spondence between the gauge theory observable (chiral ring) and the vertex operator
in CFT. We will first discuss the holomorphic deformation of the prepotential of 4d
N = 2 gauge theory to introduce the infinitely many time variables. This allows us
to construct the Fock space, and we may discuss the notion of Z-state through the
operator/state correspondence. Then, we will see that various vertex operators acting
on the Fock space are used to construct the instanton partition function, and also the
gauge theory observables. We will also discuss the iWeyl reflection in the operator

formalism, and see how the pole cancellation is described with the vertex operators.
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6.1 Holomorphic deformation

As shown in §4.1, the low energy effective theory of A" = 2 theory is described by the
prepotential.! Although the quadratic prepotential (4.1.12) in particular gives rise to
the renormalizable YM action, we may consider a generic holomorphic function in the
context of the Seiberg-Witten geometry. Let us consider the holomorphic deformation
of the prepotential as follows [MNO7]:

Fr— Ft)=F+> t,0,, (6.1.1)
n=1

where the deformation parameters are called the time variables from the analogy with
the integrable hierarchy, and (O,,),>1 is the chiral ring operator (the Casimir elements
of the complex scalar). In particular, in the K-theory (5d N/ = 1 theory) convention,
it is given by the character of the observable bundle

O, = chy Y (6.1.2)

See also [NO06, NY03].

Such a deformation is similarly considered for quiver gauge theory in general. Even
after the deformation, we can still apply the equivariant localization analysis to the

path integral, and the resulting partition function is given as?

Z=Y Zx v Z(t)= ) Zx(t)= > ZxZ¥(t) (6.1.3)

xemv xXem’v xXem’

where the t-dependent term is called the potential term:

7% (t) = exp (i tn On[X]> : (6.1.4)

6.1.1 Free field realization

In the presence of the potential term, the vev of the chiral ring operator is given by

the derivative with respect to the conjugate time variable,

(0,) = %;ZX L Op[X] = a%logzu) . (6.1.5)

t=0

In this Chapter, we will mostly use the K-theory (5d A/ = 1 theory on a circle) convention.
2We also denote the partition function contribution associated with the instanton configuration

X by Zy = Z|X)].
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In this sense, the t-deformed partition function Z(t) plays a role of the generating
function of the chiral ring operators. Then, denoting 9, := d;,, we obtain the identi-

fication:?
O, <— 0O,. (6.1.6)
This identification leads to the operator formalism of gauge theory with the Fock space
F=Cl[t1,t2,...,01,02,...]]|0) (6.1.7)
generated by the Heisenberg algebra H = (t,,, 05 )n>1, s-t.,
O tr] = G - (6.1.8)
We define the vacuum state |0) as a t-constant annihilated by (9,),>1 and its dual,
0,10) =0, (0]t,=0 (n>1). (6.1.9)

For quiver theory, we define a set of the Heisenberg algebras

H= @:}Ci, Hi = (tin: Oin)n>1 (6.1.10)
i€lg
with
[8i7na tj,n’] = 5i,j5n,n’ . (6111)

We also define the zero mode to be identified with the instanton counting parameter
tio = log,, q; . (6.1.12)
Then, the Fock space is generated by these Heisenberg algebras

F=@Fi.  Fi=Clltin, 0] [0) . (6.1.13)

i€lp

We call this operator formalism based on the Heisenberg algebra the free field realiza-

tion of gauge theory.

6.2 “-state

In the operator formalism, since the time variables (t;,) are the operators, the t-

extended partition function Z(t) also behaves as an operator acting on the Fock

3This is similar to the Fourier transformation: In the presence of the factor e’?®, the multiplication

of the variable p is equivalent to the derivative with the xz-variable, p <> —i0,.
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space F. This observation motivates us to explore the Z-state through the operator-

state correspondence under the radial quantization in the operator formalism:

(Operator) (State)
(6.2.1)
Z(t) | Z)
where we define
1Z)=2(1)]0) =) 1Zx), |Zx)=2x(t)]0). (6.2.2)

Recalling the property (6.1.9), the dual vacuum plays a role of the projector onto
the undeformed sector t =0, (0|: F — C,

Z=(0]2)=(0]Z()]0) . (6.2.3)

Namely, the instanton partition function is given as the vev of the operator acting on
the Fock space.® In the following, we will see that the operator uplift of the instanton

partition function is realized using the vertex operators.

6.2.1 Screening current

Compared to the index formula of the partition function (2.2.3) together with the
quiver Cartan matrix (2.2.33), we arrive at the following expression of the Z-state for
5d A/ =1 quiver gauge theory [KP18c]|:

—

| Zx) = Zx(t)[0) = [] Siwy 10) (6.2.4)

zeX

where the product with the symbol > is the radial ordering product with respect to
the ordering in the set X

-
I Se = SeiSeaSay -+ for o] > |za| > [as] > -+, (6.2.5)

reX

and we define a map i : X — Iy, s.t.,

i(z) =i <= zedi, 1ely. (6.2.6)

4The partition function for 6d theory is instead given by the trace over the Fock space, which
gives rise to the character of the corresponding module. See §8.2.

A similar construction is available for 4d A/ = 2 theory [NZ20], and also for 6d A" = (1, 0) theory
as discussed in Chapter 8.

SFor example, we take |¢1| < |¢g5*| < 1 and |e?| ~ |e™| ~ 1. Then, define the ordering z > ' if
|z > |2'|.
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The vertex operator (S, ):er, is called the screening current

K _n
Siz=:exp | siologx + 80 — 5 (logq2 T — 1) log z + Z Sin T : (6.2.7)
nEZ#)

with the free field modes

1 1 n
Si—n = (1—q) tin, $i0 =tio Sin = —5(1 —q")! Cg'i] Djn (n>1),
(6.2.8)
obeying the commutation relation
I 1- qn n
[Si,n7 Sj,n’] = _E 1_ q2_1n CB’L] 5n+n/70 (n Z 1) . (629)
The zero modes obey the relation
. €
[Sio, Sjn] = =B Cﬁ] 0n0, p= —6—1- (6.2.10)
2

The symbol : @ : means the normal ordering, s.t., the annihilation operators (0, ,,) are

placed on the right, while the creation operators (¢;,) are on the left.

We remark that, in the construction of the screening current above, the roles of ¢;
and ¢ are not on equal footing. This is because the current convention of the partition
function is based on the partial reduction of the universal bundle, Y; = AQ; - X;, as
shown in §2.1.2. Starting with the other reduction, Y; = AQs - X;, we will obtain the
swapped version of the screening current with ¢; <> ¢o. See [NPZ18a] for a related

discussion in 3d gauge theory.

In order to see the agreement between the index formula (2.2.3) and the vertex
operator representation of the partition function, we evaluate the operator product
expansion (OPE) between the screening currents. Applying the Baker—Campbell-

Hausdorfl formula

eXe¥ =e?, (6.2.11)
with
1 1 1
2 12 12
1
— X+Y + ﬁ[X’ Y] (if [X,Y] is a center element), (6.2.12)

the product of the screening currents is given as follows:

Si,ij,x/ = Sij(l’, ZL’/) . SZ'@SJ'@/ . (6213)
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where the pair contribution is defined

11— . n
Sij(x, ') = exp <—ﬁcg-2] log z" — Znﬁ e (x) ) : (6.2.14)
2

Then, the Z-state associated with instanton configuration X is given by the pair

contributions and the normal ordering part,

| ZX> = H Si(x)i(:c’)(xa l‘l) . H Si(x),x . | 0> . (6.2.15)

(z<x')eXx X zEX

Normal ordering factor

We first deal with the normal ordering part,

: H Si(r),m

zeX

= H exp <Si(x),0 logx — ~iz) (logq2 z—1)logz + Z —q7) ti@)n T ”) 10)

reX n=1

_ H logq2 (z) longw 1 log:fcexp (Zztln ChY ) |O>

xeX iclg n=1

=[[ z*zHz o) . (6.2.16)

1€’y

In order to see the identification of the first two parts, (Z,°°, Z&5)icr,, it is convenient
to see the behavior under the z-variable shift, + — goz for i(x) =i (z € &;), and obtain
the consistent behavior discussed in §5.1.1.7 The identification of the potential term
is immediately obtained from the expression (6.1.4). The vev of the normal ordering

part gives rise to the t-independent part,

0f: [] Siww :10) =[] 227 . (6.2.17)

reX i€l

OPE factor

We then evaluate the OPE factor:

Z[X] = H S;(x);(x/)(x, 1‘/) . (6.2.18)

(z<a")eX xX

"Precisely speaking, this agreement is up to the constant factor, which is independent of the

instanton configuration, and is interpreted as the perturbative contribution.
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We take the z-variable shift, © — gz (X — X’) for i(x) = i (x € AX]), to see the

agreement with the instanton partition function,

Z[X v~ Lo n(Z)
E LL o (Z adieoi1 =) <_> )

! (<) n=1
2\ "
X H exp i log @1 +Z ,)Z —q") (;)
! (-x)eX
I1 ilm (1-q} AN 6.2.19
= ex —C./ )\ — —_— L.
p nc|(x )i Q1) T ( )
o/ (#z)eX n=1

where we apply the analytic continuation formula:
| +§:z_”(1 ) l—qg'z7" 1-—qz
exp | lo - (1- - —
p gq1 24"y a4y q1 1 1 11—~

= exp (Z %(1 — q?)> . (6.2.20)

n=1

Then, in terms of the Y-function, we can rewrite this as follows:

Z[X]
- Y ac ] Y', EJB[X
Z[X| YigalX 81;1] dme ' elj__[>Z Jom
eri—j
—1
v . H : :v H Y ez X (6.2.21)
Yl ,qx [X/]Y'Lax [X] en—j T q e:j—1i

where we convert Y to YV as (5.1.20). Compared to the behavior under the adding-
instanton operation (5.2.1), this agrees with the equivariant index formula of the in-
stanton partition function under the shift of the coupling constant and the Chern—
Simons level:

qi ¢ <<—1)””2Hf'"je‘zzi=la”q"i eZZilaj*“(ugch)_nj) 0, (6.2.22a)

en—j

Ki < K; —n; + Z n; = ki — Z C+[O] ) (6.2.22b)

en—j j€lg

6.2.2 Instanton sum and screening charge

Combining the normal ordering factor and the OPE factor, we obtain the instanton

partition function associated with the configuration X as the chiral correlator of the
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screening currents:

-
Zx = (0| ] Siw10) - (6.2.23)

reX

Therefore, the total partition function is given by summation over X,

Z=> (0[]] Swal0). (6.2.24)

xXemT reX

In order to discuss the instanton sum, we define a set of extended configurations:

7/ i k—1 7
mt = {eav Q1 QZ }ieFo,a:I nik=1,....00 ’ (6225)

.....

with the asymptotics eawaf’lqg at k — oo. This is associated with an arbitrary
sequence of integers with the fixed asymptotic behavior, while the partition is a non-
increasing sequence of non-negative integers. Since the configuration violating the
non-increasing condition (1.8.30) does not contribute to the partition function, Zy =0

for X € MZ\MT, we obtain the chiral correlator expression of the partition function:

Z = Z <O|H5i(ac)7:c’0>:<O|Hsi(ac)7ac|0>7 (6226>

Xemz X rEX

where we define the screening charge operator,®

Sia =Y Siga- (6.2.27)

kEZ

Then the t-extended partition function, which is an operator acting on the Fock space,

is given as an infinite product of the screening charges

Z(t) = ﬁ Si(z).z » (6.2.28)

zEX

and the corresponding Z-state is given by

1Z) =[] Siw10) - (6.2.29)

zEX

We have shown that the instanton partition function has a chiral correlator expres-
sion. Such a connection between the gauge theory, in particular, its BPS sector, and the
vertex operator algebra is referred to as the BPS/CFT correspondence [Nek16, Nek17a,

8This infinite series is justified using the Jackson integral with the base = denoted by 7{ dzq, Si, -

See [AY10b] for a related discussion in the context of g-deformation of Dotsenko—Fateev integral.
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Nek18, Nek19, Nek17b]. A primary example is the Alday—Gaiotto—Tachikawa (AGT)
relation [AGT10, Wyl09], and its g-deformation [AY10a], which states the equivalence
between the partition function of G-gauge theory and the chiral conformal block of
W(G)-algebra. Although our expression (6.2.26) looks similar to the AGT relation, it
depends only on the quiver structure, not on the gauge symmetry G. We will see the

underlying algebraic structure associated with the quiver structure in Chapter 7.

Another remark is that, in order to express the partition function, we have to
consider infinitely many screening charges. This is because the fixed point in the
instanton moduli space is parametrized by a partition, which is an infinite sequence
of non-negative integers. Recalling the argument in §5.8.2, one can truncate the in-
finite product to the finite one by imposing the Higgsing condition. The resulting
chiral correlator is then interpreted as the vortex partition function in 3d quiver gauge
theory [AHKS13, AHS14, AH15, NNZ17].

6.2.3 V-operator: fundamental matter

Although we have focused on the vector multiplet and the bifundamental hypermul-
tiplet contributions, we can also incorporate the (anti)fundamental hypermultiplet in

the operator formalism.

For this purpose, we define the V-operator:

Viz =:exp Z Vinx "] (6.2.30)
TLGZ;AO
with
n 1 1
Vion = =G tin,  Vip = 0, (6.2.31)

Tl -gp) "
for n > 1, where we denote the inverse of the Cartan matrix by (¢;;); jer,. Compared
to the s-modes (6.2.8), we obtain

[Ui,n ) Sj,n'] =

1
—————— 04 Ontn 0 5 6.2.32
n—gg) o (0:2:32

which gives rise to the OPE between the V-operator and the screening current:

(C]2£,SQ2) (i =J)
SjaVig =1 Sja Vi ¥ xr 00 (6.2.33a)
1 (1 # )
x -1
=, i=i
Vi,xsj,x’ = Vi,ij,x’ X (33' QQ>OO ( j) (6233b)

1 (i # J)



184 CHAPTER 6. OPERATOR FORMALISM OF GAUGE THEORY

Therefore, the fundamental and antifundamental contributions to the partition func-

tion, presented in (2.2.7), are realized by the V-operator insertion:

>—
71X = (0] [ Siww =+ [ Viw:10), (6.2.34a)
zeX zeEM;
—
ZMX) = (0]: J[ Vet [ Siwpa :10) - (6.2.34b)
xeﬁ/lvi rxeX

The t-extended partition function and the corresponding Z-state are then given by

—
Z(t) =: H Vi@),g1z H Si).e | H Viw),s ts (6.2.35a)

TEM TEX TEM

—
1Z2)=21)]0) =: [] Vicra—a | [[ Siwe |+ ] Viw :10) (6.2.35h)
zeM zeX zeEM
where we similarly apply the map i(z) =i for x € M,, Mi, and we obtain the chiral

correlator representation for the instanton partition function

- -
Z=(0]: [] Viwnate | II St | = 11 Viewrw :10) = (VI T] Sicone V)

zeM zEX reEM zeX

(6.2.36)

where we define the V-states
(VI=(0]: I Viw.aa : V) =: ] Viwa:10) . (6.2.37)
zeM reEM
This expression contains a factor coming from the OPE between the V-operators on

the left and on the right, but we just omit such a factor since it is independent of the

instanton configuration X', and does not affect the expectation values.

t-shift operator

The expression of the (positive part of) v-modes (6.2.31) implies that the V-operator
plays a role of the t-shift operator:

x?’L

n(l—gr)(1 —g3)
Therefore, the (anti)fundamental matter contribution is obtained as a specific back-

Vie: tin —> tin+ (n>1). (6.2.38)

ground of the t-variables. A similar discussion is found in the context of topological
string: The t-dependent partition function corresponds to the open string amplitude,
which behaves as a wavefunction, a state in the corresponding Hilbert space, and de-
formation of the t-variables are induced by the vertex operator. See, for example,
[ADK™06] for details.
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6.2.4 Boundary degrees of freedom

As discussed above, we use the V-state (V| to incorporate the fundamental matter,
while the dual V-state | V) is used for the antifundamental matter. This is related to
the discrepancy between the fundamental and the antifundamental matter contribu-

tions to the partition function in 5d gauge theory (the K-theory convention).

From the vertex operator point of view, the fundamental matter contribution corre-
sponds to the marked point around x = 0, while the antifundamental matter is around
x = oo for x € C*. Namely, we apply the radial quantization with the identification
of the vacuum |0) and its dual (0| with 2 = 0 and = = oo, respectively. (Recall that
the Z-state is defined with the radial ordering (6.2.5).) In order to see more details of
this structure, we compare the fundamental and the antifundamental contributions to

the partition function (2.2.7) with nf = n? =1 for simplicity:

VA 1 A e x -
7f = H <Q2g;Q2) (—_12612) = H 0 (F;%) (6.2.39)

i TEX; o0 Mq S TEX;

where 0(z;p) is the theta function defined in §A.3.1. Since this is an infinite product

of the theta functions, we should regularize it as follows.

Boundary 4d theory on 5% x St = 9(C? x S!)

The first option is to subtract the perturbative part. For this purpose, we focus on
the trivial configuration )a-, and put n; = 1 again for simplicity. Then, the infinite

product becomes

-1 o a1 k-1 -1
T e
He(—_l;qz) :He(—‘{z ;qz)
x4 prie 1gq

_ _ _ —1
= (Gaa)n (et e)

(€ aqr,q2)

= m = Fe(g; qi, Q2) ) (6'2'40)

where £ = e*1 /ug~!. In order to obtain the third line from the second line, we apply
the analytic continuation since the multiple g-shifted factorial (A.2.14) is defined for
lg1| < 1. Te(z;p,q) is the elliptic gamma function defined in §A.3.2. This elliptic
gamma function is interpreted as 4d A/ = 1 chiral multiplet contribution to the super-
conformal index [Rom06, KMMRO7] in terms of the elliptic gamma function [DO09].
See also a recent review [Gad20]. The superconformal index is evaluated with the
path integral on S® x S, which is interpreted as the boundary of C? x S'. Hence, the
fundamental and the antifundamental matter contributions on C? x S! are converted
to each other by the boundary degrees of freedom on S* x S' = 9(C? x S*).
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Boundary 2d theory on 72 = S! x S' = 9(C x S') Cc 9(C? x S?)

The other option is to impose the Higgsing condition to truncate the infinite product
as discussed in §5.8.2. Then, the instanton partition function for 5d N' = 1 theory on
C? x S is reduced to the vortex partition function for 3d A = 2 theory on C x S!. In
this context, the finite version of the product (6.2.39) is interpreted as the N = (0, 2)
chiral multiplet contribution to the elliptic genus on S* x S = 9 (C x S*) [BEHT15].
We similarly obtain the N = (0,2) Fermi multiplet contribution from Z!/Z*. We can
again convert the fundamental and the antifundamental matter contributions by the
boundary degrees of freedom. See [HO15, HR13, YS20] for a similar argument.

6.2.5 Y-operator: observable generator

We discuss how to realize the Y-function in the operator formalism. Recalling the
expression of the Y-function in terms of the chiral ring operators (5.1.17), we define

the Y-operator as follows:
Yie = q7: exp (Z Yin x_") ; (6.2.41)
nez
with the component of the Weyl vector in the basis of simple roots denoted by
pi=y . (6.2.42)
Jj€lo

If the quiver is of affine type (det c® = 0), we put p; = 0. The operators (i )icromez

are defined as

l-n 5 1
Yin = (1 —q7)(1 — q3) CE@' }t]}ny Yio = —log gz Cﬁ] tio, Yin= _Eai,n (n>1),

(6.2.43)
with the commutation relation
1 n ny -7
[?Ji,n 7yj,n’] = _5(1 —q)(1 —q3) Cji Ontn' 0 - (6.2.44)
The relation between the y-mode and the v-mode is given as follows:
Yim = —(1=q0)(1 = ¢3) Vi - (6.2.45)

We remark that, compared to the Y-function (5.1.17), one can only fix the positive
modes (¥;)n>1 in the Y-operator. The negative modes (y; —n)n>1 and the zero modes

are chosen to be consistent with the commutation relations to other oscillator modes.
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Relation between the operators Y and S

The commutation relation between the y-mode and the s-mode is given by

1 -
[yi,n 5 Sj,n'] = —5(1 — Q?> (51']' 5n+n’,0 , [Si,(] s yj,n] = — IOg a1 61‘]’ 5,170 , (6246)
which gives rise to the OPE between the Y-operator and the screening current.
(1—2/x o
S =)
Yi,ij,x’ = YiJSj,x/ X 1- Q1 /SE (6247&)
1 (i #J)
(q‘l—l —ofw (i =)
] - =
Sj,a:’Yi,aj = Sj,g:’Yz’,m X - d, 1;(,’/13/ (6247}3)
1 (i # J)

\
l—z/2'  1-2'/x

1—qglz/zr 1—qa'/z
is true except at the pole ¢;2'/x = 1. In fact, we obtain a nontrivial commutation

Naively speaking, these OPE factors coincide, ¢;*

, but this

relation between the Y-operator and the screening current,

/

x o
) (ChE) YiwSie o (1=17)

[Yi,ara Sj,x’] = (6248)
0 (i # J)
where 0(2) is the multiplicative delta function (1.9.30).
From the OPE factors (6.2.47), we obtain

- 5. 1—2a/x -

(0Yio: ] Sy :10) = T] (0] I S :10), (6.2.49a)
—qa'/x
reX ' eX; reX
- 5 1—x/2 -
(01 T S :Yiul0) =" ] ql—lﬁ (0]: T Siww :10) . (6.2.49b)
’ — a4 'CE/‘CE
zeX x'eX; zeX

which correspond to the Y-functions, Y;.[X] and Y;,[X]", respectively, although we
have to be careful of the identification of the latter case: The identification with the

dual Y-function, Yy, is up to the factor ¢; * inside the infinite product.

2,

The gauge theory average of the Y-function has a chiral correlator expression as

follows:

<Yx> =(V|Yis H Sitwy. | V) / (V] H Siwe | V) - (6.2.50)

zeX reX
The expression of the vev of the Y-function as the ratio of the correlators implies
an analogy with the Baker—Akhiezer function of the integrable hierarchy under the
identification of the partition function as the corresponding 7-function. See also §C.4.1.
In fact, as shown in §5.7, the Y-function average plays a role of the wave function in

the context of the quantum Seiberg—Witten curve in the NS limit.
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6.2.6 A-operator: iWeyl reflection generator

As discussed in §5.2, the adding-instanton operator is concisely described in terms of
the A-function (5.2.5). We define the operator analog of the A-function, that we call
the A-operator:

Ais = qi: exp (Z Qi x‘") 3 (6.2.51)

nez
The a-mode is defined from the y-mode
Gin = YinC5. (6.2.52)
Jj€lo

From the representation theoretical point of view on the quiver, the operators Y; , and
A; . correspond to the fundamental weight and the simple root associated with the

node i € I'g, which are converted to each other by the quiver Cartan matrix.

OPE factors

The a-modes are explicitly written as follows:

I
A, =1—=q")1=q)tin, apo=—1ogqtio, an= - E-i] Ojm (n2>1),
(6.2.53)
with the commutation relation
1 n
[@in @] = _ﬁ(l —q1)(1 —q%) cg-i} Ontns 0 - (6.2.54)
The OPE between the A-operators is then given by
( N\ —1 N —1
s 3) s (qlf) (i = )
x x
$/
S| peg 1= e:1—7J
APy = AaAs x4\ x) ( J) (6.2.55)
8 ueli) (e:j—1)
x
1 (otherwise)
\

The OPEs with other operators are similarly computed. From the commutation

relations

1
[Yin» Q] = —;(1 —q1)(1 = q3) 04 Sngnr 0 (6.2.56a)

1
Wi s @] = — 0 dntnr o (6.2.56b)
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we obtain the OPE factors as follows:

AR A
Yiahw =8 (;) Nichiar s AoYia =8 (7 5) 7 AV
(6.2.57a)
A X\ i
Vi,zAj,a:’ = (1 - ;) : Vi,:ij,x’ <y Aeri,x = <1 - ;) : Am/Vm T (6257b)

iWeyl reflection

Writing the A-operator in terms of the Y-operators, we obtain the consistent expression
with the A-function (5.2.5), up to the discrepancy between Y and YV,

—_ . -1 -1 .
Ai,x - - Yz’,sz',q:B H Yj,lle_qu H Yj,uex ) (6258)
ern—j e:j—i

which is the combination appearing in the iWeyl reflection (5.2.1). In addition, com-
pared to the s-mode (6.2.8), we have

A = (1= q3") Sip (6.2.59)
which leads to the relation between the A-operator and the screening current,’

Ai,x ={(q1: Si7xS<_1 - (6260)

1,42
This is also consistent because, from (6.2.23), the adding-instanton schematically cor-

responds to inserting the A-operator,

Z
Zx

- -
(01: 8t Sigue || S 10) = (OJAZ T Sicwra [0) - (6.2.61)

zeX reX

More precise statement is addressed in the following.

6.3 Pole cancellation mechanism

In order to discuss the gg-character in the operator formalism, we discuss the pole
cancellation mechanism with the vertex operators. We start with the relation between

the operators A; and S; for i = j,

1 oy [0
[ai,n ) Sj,n’] = _5<1 - ql) Cg‘i} 6n+n’,0 s (6.3.1&)
1 -
[Si,n ) aj,n’] = _E(l — )ng ] Ontn/.0 5 (6.3.1Db)
5i0, ajn] = —logq W 6,0, 6.3.1c
) s 71 )

9From this relation, we may also incorporate another zero mode in the A-operator (and also

Y-operator), A; , — xi A; ,,, which corresponds to the Chern—Simons term.
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which, for ¢ = j, gives rise to

1—a'/z 1—q ' /x
l—qa'/zl — g 'al Jx

Si,:c’Ai,x — q1—2 1-— -T/,’L', 1-— C]l’/x/

Ai,zSi,z/ =

. Ai,xS’i,x’ . (632&)

1—q ' lw/a'l—gou/a’ " """ ( )

Then, we can show the pole cancellation in the following combination:

Res [Yi,qui,qgr’ +: Yl’qu;; 252‘@/} = 0, (633)

' —x
because

1—q ' )x
Yi,qxsi,qzm/ = 1 —1.1’//56 : Yi,q:cSi,qu’ o (634&)
Y. A-l.g 1—q_lx’/xl—qlx’/xl—qz’lx’/m‘Y A-lg
s ViqeRig P’ — T 7 el =1 - VigeM\g g Pia -
1—q¢'v'fx 1—a'/z 1—ql2'/x
(6.260) 11 —qa'/x

N

: Yiyquivqﬂ/ . (634b)

This pole cancellation is rephrased in more algebraic language. From the commutation

relations,
1 @
Yige Sia] =1 —q )0 (qz‘ ;) YigeSiar : (6.3.5a)
1 x . ) 2
Voot 52 == 008 (2) Yot (2) VS
(6.3.5b)
we obtain

[Yi’qf +: Yz,qu;; Sy Si,x’}

_ 7 @
= (1 —q 1) (5 (q2 1;> : Yi,qxsi,x/ ) (;) : Yi,qa:Si,qu’ Z) . (636)

.

total go-difference for x’

Since the right hand side is written as a total go-difference for the variable z’, it will
vanish after the go-shifted sum, which means replacing the screening current S; ,» with
the screening charge S, ,». Namely, the pole cancellation is equivalent to the commuting
relation (kernel condition) to the screening charge. After the iWeyl reflection, there
may be another delta function from the second term, and we should apply another

reflection to cancel the new singularity, similarly to the argument in §5.2.



Chapter 7
Quiver W-algebra

We have shown that the instanton partition function has a realization as a chiral
correlation function of the vertex operators, whose algebraic structure depends on the
quiver structure of gauge theory. In this Chapter, we discuss the construction of the
underlying vertex operator algebra, that we call the quiver W-algebra [KP18c|, and
show that an operator uplift of the gg-character plays a role of the generating current
of the W-algebra. We will see that, applying this formalism to the fractional quiver
theory discussed in §2.4, one can construct the quantum W-algebras associated with
the non-simply-laced algebra [KP18a]. In addition, the formalism of quiver W-algebra
is also applicable to affine quivers, which lead to a new family of W-algebras. We will
also discuss that the vertex operators introduced in this context will be utilized to
express the contour integral formulas associated with integration over the instanton

moduli spaces and quiver varieties.

7.1 T-operator: generating current

Applying the pole cancellation argument recursively, we can construct the T-operator,

an operator analog of the gg-character, which commutes with the screening charge:
[Tiw, Sjar] =0, (7.1.1)

where the operator T, , is associated with the highest weight Y, , for each node in the

quiver,

5

Since the operator T, is a commutant of the screening charges (S; . )ier,, it defines a

holomorphic conserved current

0:Tix| Z) =0, (7.1.3)

191
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with a well-defined Fourier mode expansion

nez

Then, we arrive at the following definition:

— Quiver W-algebra [KP18c]

We define the T-operator (T;,)ier, associated with each node of quiver, i € Ty,
which is the operator analog of the fundamental gg-character. Then, the conserved
Fourier modes of the holomorphic current (7; ,)ier, nez define the quiver W-algebra
Wi, . (gr) (W(T) for short) as a subalgebra of the Heisenberg algebra J{. Namely,

the T-operator is the generating current of the quiver W-algebra.

In fact, the algebra W, ,(I') agrees with the g-deformation of the Virasoro/W-algebra
for ' = ADE [SKAO96, AKOS96, FF96, FR98], which is reduced to the ordinary
(rational; differential; additive) version of W-algebras, Wg(T") with 8 = —e; /€. This
formalism is also applicable beyond the finite-type quiver, affine and hyperbolic quiv-
ers, which gives rise to a new family of W-algebras. For I' # ADFE, we obtain a similar

statement based on the fractional quiver formalism [KP18a]. See §7.4 for details.

7.2 Classical limit: quantum integrability

The vertex operators used in the operator formalism are noncommutative operators
acting on the Fock space, and thus the T-operator is also a noncommutative current in
general. Regarding the y- and a-mode commutators, (6.2.44) and (6.2.54) (similarly
(7.4.6) and (7.4.11)), they have a factor (1 — ¢7")(1 — ¢&), which vanishes in the NS
limit, g — 1 (or ¢ — 1). As a result, the T-operator becomes commutative in the NS
limit, and the W-algebra is reduced to a classical Poisson algebra. Such a commuting

current can be identified with the transfer matrix of the quantum integrable system

[Tiw, Tjar] =0. (7.2.1)
In this way, we obtain the quantum integrable system in the NS limit from the operator
formalism point of view.

There is another interesting aspect of the W-algebras in the NS limit. It has been
known that there is an isomorphism between the W-algebra W, ,(gr) in the classical

limit, where the algebra becomes commutative algebra, and the K-theory ring of the

IThis reduction is obtained through the same limit as that from 5d to 4d theory discussed in
§4.6.1.
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category of representations of the quantum loop group [FR99]. This is interpreted as
a consequence of the geometric ¢-Langlands correspondence, and is promoted to its
quantum version with generic ¢; o [FH11, AFO18]. See also a review article [Fre07] on

this topic.

7.3 Examples

7.3.1 A; quiver

We consider A; quiver as a primary example to demonstrate the formalism of the
quiver W-algebra in detail. Since it consists of a single node, there exists a single

T-operator,

Tie=Yi.+ Y, (7.3.1)

)

with the mode expansion

Tl,:c = Z Tl,n z . (732)

In order to characterize the algebraic relation of the modes (7} ,)nez, We evaluate
the OPE of the T-operator. The computation is in fact equivalent to that for the

degree-two qq-character,

2\ 7!
Tl,le,z/ = f (;) <: Yl,xYl,:p’ :

7Yy . . -1
+8( S ) Vi Y+ 8 (5) VY
, -1y 17q—1

—|—:Y;; Yl :) (7.3.3)

where we define the structure function

f(z) = exp (Zl % i ??J)r(;n_ %) z") = ’; fu 2 (7.3.4)

This structure function is obtained from the OPE between the Y-operators, so that
f(a'/2)T1,T1 4 agrees with the degree-two gg-character T (o) ;4. We also remark the

relation

f(2)f(qz) = 8(2). (7.3.5)
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Then, due to the identity of the S-function (1.9.29), we obtain the OPE between the

T-operators,

x’ x
T(2),(x,x’) - T(2),(x/,x) = f ; Tl,le,x’ - f <;> Tl,x’Tl,z
1 1 / /
0w (o) () e
1—gq T z

which is equivalent to the algebraic relation for the Fourier modes,

[Tl,n s Tl,n’] = - Z fk (Tl,n—le,n’—i-k - Tl,n’—k:Tl,n—‘rk)
k=1
1 - 4q 1— q n —n
— ( 11)_( . 2) (q —q )5n+n”0. (7.3.7)

We remark the commutator between (77 ,,)nez gives rise to non-linear terms. In this
sense, it is not a Lie algebra. It has been shown that this algebra satisfies the associativ-
ity condition, and is now known as the g-deformed Virasoro algebra, Vir,, , [SKAO96].
The ¢-Virasoro algebra is thought of as the g-deformation of W-algebra associated with
Ay quiver, Virg , = W, ,(41).

We remark the representation theoretical interpretation of the OPE between the
T-operators (7.3.6). The OPE (7.3.6) computes the antisymmetric part of the degree-
two gg-character. Namely it is the degree-two antisymmetric tensor product of the
fundamental representation, which provides the trivial representation for A; theory,
OAO=0.

7.3.2 A, quiver

Let us consider the rank 2 case, Ay quiver. In this case, there are two fundamental

qq-characters as discussed in §5.4.2, so that we have two T-operators

YQ 1 1
Tio=Yis e , 7.3.8
' e ¥ Y11z " Y2,;F1q*1:ff ( ?)
Y1 ta 1
Tow = Yoo +: 4 : (7.3.8b)
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where 1 = 1,2 = p3%,q is the bifundamental mass parameter. Then, we can show

that these T-operators obey the following OPEs:

' x
fi (—) TieTiw = fun (5) TiarTh
T X

_ _<(]11)_(1q)_ G2) (5 (q»’%) Totz—0 (q_lg) Tg,uq1$> , (7.3.92)

x T
fi2 <—) Ti2Tow — fa <—,> TonTig
x x

O (D) ().

x! x
f22 <_> T2,2T2,1’/ - f22 <_,) T2,x’T2,x
xr xr

__a _<‘111¥1q)_ a) (5 (q%) T pgta — 0 (q_1%> TW) . (7.3.90)

The structure function is defined as

fis(2) = exp (Z (- g ) ) , (7.3.10)

n=1
by which the OPE between the Y-operators is described

x/

-1
YiaYie = fij (;) YiaYjar - (7.3.11)

The algebra characterized by the OPE (7.3.9) is called the g-deformed W3 algebra,
denoted by W, ,(A2) [AKOS96].

As in the case of A; quiver (§7.3.1), the OPE between the T-operators (7.3.9)

computes the antisymmetric tensor product of the fundamental representations of A,

D/\D—H, D/\H—@, H/\H—D. (7.3.12)

7.3.3 A, quiver

quiver:

We consider A,, quiver, which is a linear quiver with p gauge nodes,

The T-operators for A, quiver can be constructed as the gg-characters of the funda-

mental representations of SL(p 4+ 1). Similarly to §5.7.4, we obtain

Ti,,u;lx = Z : HAjk,q_H'kl’ : (7314)

1< <<gi<p+1 k=1
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where the weight operator (A;;)i1,. ,, is defined

Nipg=:Y; 1, Y1 _ : (7.3.15)

L, @ ifl,uijlq—lx
with Yo, = Y, 41, = 1. The bifundamental mass is also defined
M = 12253 " "+ fhim1— - (7.3.16)

These T-operators define the g-deformation of Wy, algebra, Wy, ,(A,) [AKOS96].
The OPE between the T-operators provides the antisymmetric tensor product of fun-

damental representations.

7.3.4 D, quiver

We consider D-type quiver gauge theory with the simplest example, [I' = Dy,

3
(7.3.17)

4

This quiver has a symmetry exchanging 1 <> 3 <> 4, which is known as the SO(8)
(= Gp,) triality. We denote the bifundamental mass parameters by p; := po_y; for

t =1,3,4. Then, the operator T, , is given by

T.. -V Youugia Y3,u1u§1q*11Y4,mu4‘ gtz Y4,uw11q*1m )
1,z — 17x+- Y . . v, —|——Y :
lg~ 1z 2,u197 % 3,u1y§1q*2m
. Y3,#1u§1q’1$ C Youq2 . Ve 1
+: P y, Y T4 V, D+ Y .
dpipy g2z 3apy g2 A pipy g2 2,19 3 Lg%z

(7.3.18)

The operators Ts, and T4, are similarly obtained by permutation. These three T-
operators correspond to three 8-representations of SO(8). The remaining Ts-operator,
corresponding to 28-representation (adjoint representation), involves collision and
derivative terms, (5.2.21) and (5.2.22),

1 Y4 -1

Lypi gl YS,uglq‘lm g tg

Y —1, Y -1, Y 1,
Tow =T3, +To, +8() (: T M :)

1—q)(1—gq Yoo-12Y2 022 Yo o1z
+ C(Ql,QQ) - ( 1)( 2)alogxlog Y 2;1 24 Y : YQL :
1-— q l,ul_qula: 3,,11,3_1q*1;t 4,uZ1q*1$ 2,q7 2%z
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where

Yl,u 1xY Y4,M71x Y3u 1zY Yl,u’lch47u 1
T+ _ Y _|_ . 1 4 . + . 3 . + . 1
20 — T2z . Y : v . . Y
2,q-1z 1,u;1q*1x 3.3 'q 'z
+ ] Y 7”1 le x ' ) YlM 1 Y27q 1p ' + ) Y3M 1 Y2’q 1n
Y4u lg—la Y3,u§ qflacY4u tg—lx Yl,ul_ qflacY4u lg—la
2
+ Y47“21IY2’(I71$ s Yz’q_lx
Yl,uflq‘le&u;lq‘lx Yl,uflq‘le&u;1q‘1xY4,u21q‘1x
. Yl,ufleLuflq‘lx . Y37u§1xY37u§1q‘1x . Y4,u21xY47u21q‘1x )
+: 4 4 :, (7.3.20&)
Y2,q*2m Y2,q*2m Y2,q*2r
- . Yiurtete Vauslete Vaugle e | Yogta
2,$ - 2 . .
Y27q*2»’v Yl,uflq”le,uflq*%
. Y2,q*1:p . . Y2,q*1x . . Y3,H§1Q_I$Y47#ZIQ_11 X
B 2 T 2 S v A
3y q e T 3uz g2 dpy g te Ay g% Luy q 2z 2,97 %
) Yl,uflq‘leél,uZlq‘lz o Yl,uflq‘le?»,uglq‘lz o Yl,uflq‘lx
N oY TN, v, Y LY o
3,3 q 2z ' 2,97 dpyq 2z 2,97 By q 2 Ay g2
Y3,uf1q‘lw Y4,u21q‘1w
S 2 R
Lpi g2z 4uy q %z Lpy q=2z " 3,u3 ¢ 2z
Yy 2 1
R T
tig v 4 v; Tty . (7.3.20b)
Lpy tq=22 '35 g 22 T4 g2 2.4 %

In the classical limit, this operator Ty, is reduced to the character of 28 dimensional
representation of SO(8) with extension. The S-factor appears at the zero weight terms,

Vit Yip gt 1, for i = 1,3,4.

7.4 Fractional quiver W-algebra

The g-deformation of the W-algebra is given for arbitrary simple Lie algebras [FR9S].
Applying the operator formalism to fractional quiver gauge theory introduced in §2.4,

we reproduce the g-deformed W-algebras beyond the simply-laced cases [KP18a).
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7.4.1 Screening current

We define the screening current similarly to §6.2.1,

~ Rj “n
Siw =1 exp | siologa + 50— 5 (log,, = — 1)logz + Y sipx Lo (7.4.0)
n€Z¢0

In this case, the s-modes are slightly modified from (6.2.8) as follows:

. L
sion = (L= g tin, $i0 = tio, Sin = —5(1 —q") CE-Z»] Ojn (n>1),
(7.4.2)
with the commutation relation
d:n
11—q1] [n] 1 1—q? [n]
[Si,n7 Sj,n/] = —E 1_ q;n Cji 5n+n/,0 = —E 1_ qgn bj?, 5n+n’,0 (n 2 1) , (743&)
(510, Sjn) = =B} Gno (7.4.3b)

where (b;;); jer, is the symmetrization of the Cartan matrix (2.4.17b).

We remark that the V-operator is defined to obey the same commutation relation
as before (6.2.32).

7.4.2 Y-operator

The Y-operator for fractional quiver theory is modified from (6.2.43) in §6.2.5 as fol-

lows:
Yie = qi": exp (Z Yin x‘”) :, (7.4.4)
nez
with
Yi :(1_qdin)(1_ n)é['_'n]t‘ 0= —1 ~[9]t- : :_la. >1
) 1 4o ji 3mn s Yi0 0g g2 C]Z 7,0 5 Yin n i,n (n - ) .
(7.4.5)
They obey the commutation relation
1 djn ny ~[—n]
Win Y] === —a"" ) (1 = g3) &5 Onrwo - (7.4.6)
n
The relation to the s-modes is given by
1 . ~
Wi s Sjm] = _5(1 - Qfl ) 0ij Ot 0 5 805 Yjn] = —dilog q1 65 9np (7.4.7)
and thus
d a7
l—q™ 5(qi—>iYi@S'@/Z 1=7
Yoo, 5] = I-a™)d{a'~ jar s (1=17) (7.4.8)

0 (i # J)
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7.4.3 A-operator

We then consider the A-operator for fractional quiver theory following §6.2.6:

Aix=qi': exp (Z Ui x‘”) 3 (7.4.9)

ne”L

The a-modes are defined as

=1 =" =) tin, aio=—loggtio, ain= _%CE‘?] Jjn (n>1),
(7.4.10)
with the commutation relation
i ] = = (1= 7)1~ ) e e
= ()1~ ) B G (T411)
The a-modes are related to other oscillators as follows:
Gin = (1= 63") Sim = Yjm Cor (7.4.12)
and thus
i @] = = (1= ) (U= ) By B (74.130)
[Vin s Q] = %5@' Ongn’ 0 - (7.4.13b)

7.4.4 iWeyl reflection

Based on these vertex operators, we discuss the iWeyl reflection. The A-operator has

the expression in terms of the Y-operators

. I I I I -1 I I I I -1 .
Ai,x - Yi,in,qldwx Y rd;j Y 1 rdi; - (7414)
3 x T s .. €T
eri—j =0 Jottedy ej—i =0 Dte 4 dij,N

where gq;o is defined in (2.4.18). Thus, the iWeyl reflection for fractional quiver is

given as follows:

. AL
04, d; T VT

iWeyl : Yi7q1di2x — Y

.yl .
:,Yix | | | | Y rd; | | | | Y rdi; L
’ Jleqy " T Jbe 4.d;;, 9 %
eii—j r=0 e:j—i r=0 2

(7.4.15)
and the T-operator is generated by the iWeyl reflection until it does not provide any

further singular term,

Tiv=Yiz+:Yi Al o4, (7.4.16)

hydio®
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7.4.5 T-operator: generating current

Based on the T-operators constructed above, we define the fractional quiver W-algebra

from their Fourier mode expansion:
Tio=)> Timz " (7.4.17)
ne”Z

For quivers of the finite-type, it reproduces the g-deformation of the W-algebras for
[' = BCFG [FR9§], and for affine (including the twisted version) and hyperbolic-type

quivers, we could construct a new family of the W-algebras.

Let us provide a comment on a duality of the W-algebras. For the rational W-
algebras, there is a duality between Wg(g) and Ws-1(*g) [FF92|, where we denote the
Langlands dual algebra of g by “g. From the gauge theory point of view, this is a
symmetry of exchanging €; <> €;. After the ¢-deformation, we have a similar duality,
W, (9) = Wy, (Fg) only if g = g, namely for the simply-laced algebras. In fact, this
duality does not hold for the non-simply-laced algebras, “g # g, since, in this case,
the corresponding gauge theory, i.e., fractional quiver gauge theory, discussed in §2.4,

is not invariant under exchange €; <> ¢€,.

7.4.6 B(C5 quiver

Let us consider BCy quiver c==0 which is the simplest example for fractional quiver
172

theory.? We assign
(d17 dQ) - (27 ]-) ) (7418)

corresponding to the root length of each node. The quiver Cartan matrix is in this

case given by

1+ %" —p! @ (2 -1
(ci3) = _1+_q11 & 1 u_l L] ; (7.4.19)
—pgr gy (L+q7) 144 ¢ -2 2

with the bifundamental mass parameter u = i1 5 = ji5 5,q1Go, and its symmetrization

(bs;) = A+a)A+g ) —n ' (I+aq)) o (4 =2 (7.4.20)
K —nay ' (1 +at)  1+aie” -2 2
Then iWeyl reflection is given by
Yo,u-12Yo p10-1n Y1 po—to—1s
iWeyl : (Yia,You) — ( T T TR L PR > : (7.4.21)
Yl,ql_2q2_1m Y2,q1_1q2_1x

2We simply denote By and Cs by BCs since they are indistinguishable in this context. Not to be

confused with other BC,, systems.
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which generates the T-operators

Y2 -1 Y -1 Y
BT T2 um g 2,u" e
Tie = Yio + +8() "
Lay %qy ' 2,0 1q; 2qy '
Y -1 _—1 1
g7 g5
+ v 1Y2 + v , (7.4.22a)
20 gy Yy e 20 g gy La%ay
Y -1 _—1 Y -2 —1 1
Lpng “gqp " 2,qy g5 T
Tow = VYo, + v —— + y L v (7.4.22b)
2,47 a3 ' Lugy %qy 2,41 %q5 %

with the structure function

fij(z) = exp (Z %(1 — "M (- ) "]> : (7.4.23)

These characters correspond to the 5 (vector) and 4 (spinor) representations of SO(5)/Sp(2).
The OPEs of these T-operators are given as follows:

P
fll(x)Tlelx’_fll( )Tlm/le

1—qi)(1—¢q 2’ -
= _{ ik ’ (5 (q%fp;) fo2(ay 1)T27u‘1wT2au*1Q1—11

1 —CI%Q2

o 7
-9 (‘h 0 1;) fo2(@1) To 141002 To, y—1q2q2x>

g () o ().
(7.4.24a)

x x
fl? <_> Tl,xTQ,:c’ - f21 <_,> T2,1"T1,x
Xz Xz

—_ — (5 ILLQ] q2 xr 2,” 1z L 21 22 Z 1 ’

far (gj)TuTM—fm( ) TowTan

1—q¢)(1—¢q x! !
- _( 1 i)f]ﬂ]z ! (6 (Mqlng) Tlv#qflqglx —0 (MQI 1Q2 — ) T

=l (12) s ()
(7.4.24c)

These OPEs characterize the g-deformed W-algebra, W, ,(BC;). As mentioned in

§7.3.1, these OPEs correspond to the antisymmetric tensor product of the fundamental
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representations: 5A 5 = 10 (with extension), 5A4 =4, 4A4 = 5@ 1. We remark the
factor appearing in the OPE between the Ti-operators is the degree-two gg-character,

corresponding to the 10 representation,

f22(QIl)TQ,u—lez,#flql—lm = T(O’g)’(“—lx’#flql—lm) . (7.4.25)

7.4.7 B, quiver
We consider B, quiver which consists of p nodes with d; =2 for7 =1,...,p —1 and

d, =1,
Q @ pQQ p—=1 ; (7426)

In this case the local iWeyl reflection is given by

Y

i—1pio1iay 2q5 e il ,
Yo o Hicloity @2 b (i=1,....,p—2) (7.4.27a)
i,q1_2q2_la:
Y e Yp*lupfzapf1qf2q;1xYp,u;,1szYp,u;,alqlflr (7.4.27b)
—1,z 4.
Ypfl,qIqulm
Y. — Yo tutperopi o (7.4.27¢)
pay eyt
where we put Yy, = 1. We introduce the weight fields
Yi ,u-_lm
Ay = v - (it=1,...,p—1), (7.4.28a)
i=Lp e ey e
Y -1 Y -1 -1
A= Dty © Pl 9 x, (7.4.28b)
1t g2
P=Lbp 191 42 T
P 1 — q%q2 Yp,p;Iql_QqQ_lx
Y B SR Dt
Apron = ot % (7.4.28d)
pw;lqflqglep,ugqu%fx
Yi—l =1 ,=3,72,
Noproip = ——ih B2 (i=1,....,p—1) (7.4.28¢)
’ Yi,pi_lql_3q2_2m
where we parametrize the mass parameters
i—1
Hi = 1223 - Him1—i = H,Uj—>j+1 (7.4.29)
j=1

with gy = 1. Then the fundamental gq-character is given by

2p+1

Tl,z - Z Ai,z 5 (7430)
=1
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which corresponds to the (2p 4 1)-dimensional vector representation of SO(2p + 1) =
Gp

p*

For example, we have three fundamental gg-characters for B3 quiver,

Y —1 Y —1 Y -1 _—1 Y —1
2y T 3pug T 3pz g T 3pg T
Tio=Yiat g +8(a)
Lay %qy ' 2,05 tay 2ay ' 3.3 tar 2ay '
Y27#2_1q1_1q2_11 Yl,q1‘3q2‘2w 1
+ v v + Y y, R (7.4.31&)
35 qy tay e B e Pey e 2,5 a5 2ay % Lg; °q
2,/.L2_1.’E
_v 1,q;2q;1xY3,ug1Ys,ugqulx Yz,uglez,ugqulx 3 Yl,q#q;le&u;lx
- 2 ,uflx + + + (QI)
2 o uLlgm20-1 Y. _4 o -1 -2 —1
Mo g7 4o T 17‘]1 4y T 3:#3 9 45 T
S Y3,u§1xY3,u§1qf3q;1x Y2,u;1qf1q{leQ,ugququlx Yl,qf2qglel,qf3q;2$
+ (ql) 1 4 2 + Y 4 2 Y 1 1 1 Y 1 2 1 + Y 1 3 2
2,p9 791 3T 1,g1 79 " " 3,3 7q) Gy T 33 qy 4y T 2,09 741 gy T
+ S( Y27M;1q;1q;1xY3”u371I Yl,qf2q;1xY2,u;1qflq;1x
QI)Y 4 2 Y 1 2 1 Y 1 1 1 Y 1 2 1
1,y "y " "3z gy e T 33 q; 9 T 33 4] Gy T

Y —1 Y -1 _ -1 _—1 Y -1 -3 —1 Y -3 -2 Y -1 -2 -1
+S(91)S(Q?92)—3’M3 - +5122(Q1) iy D T S 0 0 T +5122(Qf1) SR,

-1 —4 — 1 —4 — -1 -1 — —4 — —-1 -3 —
3u3 qy Y45 % 2,05 ay a5 2xY3,u31q1 Yot Yqu ‘a5 21Y2,u21q1 35 %
S Vi 3 Yous'ar ey Vg% s e e g ey e
+ 8120(1q2) o——— + <Q1>Y v + v, v
-5 —3 -1 -1 — —1 —4 — —1 —3 — -1 —4 —
1,g,°q " 3,u31q1 Yoy ta 37u31q1 Y45 % 2,05 a7 a5 % V2,05 ey Yy P
Y2,u51qf2q51x IS Yl,qf3q§2wY3,u§1qf2q51x Y3,u§qu2q51IY3,u§1qf3q§1w
+ Y 4 2 Y 5 3 + (ql) 1 3 2 Y 1 4 2 + Y 5 3 Y 1 4 2
1,g17q; "z " 1,qy g5 " 2,09 G173 T " 3374y G T 1,g1°9 "% " 2,u5 gy gy T
Y17q;3q;2x S Y3,u§1qf2q51x
+ Y 1 3 2 Y 1 4 2 + <Q1)Y 5 3 Y 1 4 2
3p3 gy 79 T 33 g Gy T 1,g1°g " "33 qy g T
Y -1 -3 -2
2,15 Gy "G T 1
+5 vy +3 , (7.4.31b)
La;’ay %z ' 3.5 q Pay % Bg e ey P 2,5 a5 °a; %
B YZ,ugqulqglx Yl,qf?’q;QmYS,ugquzqglx Y3,u§1qf2q;1:c
Ty 1, =Yg, 1.+ +
Ha T My X -1 -1 -1 Y, -1 -3 —2 Y., 5 _3
33 g G T 2,49 791 G T 1,g1°¢; "
Lay gy % 2,u5 qy 2y P Y3,u§1qf4q§2w 1
+ + Y Y + Y + Y
3.z tay ey % R A NV s 2.5 q; °q; °w 3.3 ta; eyt

(7.4.31c)

They correspond to 7 (vector), 21 (adjoint), and 8 (spinor) representations of SO(7) =
G g,, respectively. There are several S-factors in the expressions which are peculiar to

the gg-character.
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7.4.8 (), quiver

The C), quiver consists of p nodes with d; =1fori=1,...,p—1and d, = 2,

The local iWeyl reflection is

Yi— ) -1 71:1:Yi -1
Yi’z = 1,szl—>;]1 4o Lot 50 (Z =1,....,p— 1) (7.4.33&)
i,qflqgla:
Y —1 —1wY -~ -2,-1,
Yy oy et e T b (7.4.33b)
pq; 4 T
Introducing the weight fields
Yi ,u-flcr:
Ny = v — (i=1,...,p), (7.4.34a)

=Ly hay tay e
-1 -2 -1
p=Lp, 14y "q;

Mprie =~ : (7.4.34b)

-1 -2 -1
Dlp Gy 4y T

Yot g%y 2 (i

A2p+1_i7$ = = 1, ey P — 1) y (7434C)

1 3 2
LK, 41 49 T

the fundamental gg-character is given by

2p
= Aia (7.4.35)
=1

which corresponds to the 2p-dimensional representation of Sp(p) = G¢,. Here we use

the same notation for the mass parameter as before (7.4.29).

The gg-characters for C'5 quiver are explicitly given as follows:

B Y27M2—1w Y37M§1$ Y27M§1Qf2qglx Yl,qf3q;2x 1
Lay'ey ' 2,5 qy tay ' 37u§1qf2q51x 2,5 qy 2ay P Lay ‘a5
(7.4.36a)
T2,,u2_ T
. Yl,ql Qs 1ch 'z Y37u§1x Yqulq;leZu;quzq;lx Y2,u a 'ty ! Y 2,05 tay 2ay '
=Y Ty Y Y oy
2.5 ' 'y ' La %q; 33 a ey ' La %ey %z '35 q Pay '
Yl,qflqglchl,quq;% S Y17qf3q;2xY2,u;1qf1q;1x S 9 YLq;lq;lx
2,15 qy 2ay P Lay 2ay %2 ' 2,05 tay P gy P Lay ‘a5
Y17q1 - Y3 M3 Yoty Y3 u;lq*lqglw Yl,qf?’qfﬂc Y27u51qf1q51w
+Y 777Y -1 -3 -2 +Y SY -1 -2 -2 +Y -1 -3 -2 +Y 7272Y —4 -3
2,05 a2y % V2,05 ey Py P Lay Yoy x V2,05 My 2 ay % 3p3 g gy T gy %q; "z " 1,qy g5 "
Y -1 -3 —2 1
2,49 Q1 G T
+ Y 2Y1 2 _'_ Y , (7436b)
Lay ey 3 3,u§1qf3q§2w 2,05 ay Yay P
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TS,uglx
B Y Y2,u;1qf1q;le2,M;1qf2q;1x S Yl,qf3q;2xY2,u;1qflq;1x S Y2,u;1qf1q;1x
- 3,,uglx+ + (ql) + ((h) Y
37u§1qf2q51x 2,05 tay Py % Lay ‘a5
qu :le R IYS M3 Ygrtay ' S Yl,QJQqQQIYS,ugqulqglx Yl,QIQQQZwYLQISq;Qw
+ Y Y + (q1> 4 3 Y 1 2 2 _'_ Y 1 3 2
2,5 a2y % V2,05 ey By P 1,g1 79" " 2,u5 qy “gy T 33 gy T
IS YlvquqQZxYlu;lq*Sq*?x Y3,u§1qf1q71x Y27u51q72q52xY27u§1qf3q52x
R a—— L 7P 2P A A -
Lay%e; 3= 3u3 a2ay Lay%g5 %z V1,47 %¢5 3 Lay3q Lay a5 3u3 4 %a5 %
I Yquzqux S Y2 Sy tay%a P Y3,u§1qf2q52x
+ (ql)Y 1 4 3 + (Q1)Y Y 4 3 + Y 1 3 3 Y 1 4 3 + Y 1
2,49 7q1 G T Lay a2 V2,05 My ey P 2,9 41 TG T 2,5 Q) gp T 3,03 41 9y
(7.4.36¢)

They correspond to the 6, 14, and another 14 dimensional representations of Sp(3) =
Ge,.

7.4.9 G, quiver

We then consider G5 quiver, which is the minimal-rank exceptional-type quiver:

@ (7.4.37)

1

with the root length parameter
(dy,dy) = (3,1). (7.4.38)

The quiver Cartan matrix is in this case given by

1+ " —pt @ (2 1
(cij) = R, e (7439
—ngy @ (I4+q +q17) 14+4q7 ¢ -3 2

with the bifundamental mass parameter p = 5 = /L;ilqlq% and its symmetrization

(b)) = I+a+ad)1+a’e’) —p ' A+at+d)) ¢ (6 -3
’ —pg ' L+ g+ q%) 1+qr'g! -3 2
(7.4.40)

Then iWeyl reflection is given by
1, Yy,

Yo, 1.Y o Yy
iWeyl: (Y1, You) — ( 2w 2y | ) (7.4.41)

Ylvqf 9 'z Y2,q1_1q2_1:v
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which generates the T-operators

T —v Y102 1q700 2 tg % Yigre e VLg% e
le — Tl + + Y Y Y
La gy ' 207 gy Ty e V2 g P ey e T 2 g P gy e
n Y2,u*1qf2q51»’vY27u*1qf3q;1wY2,u*1qf4q51x 1 Yl,qf?’qfx
Yl,qf4q52xY17qf5q52x Y27M*1q173q52xY2,u*1qf4q52xY27u*1qf5q52$
1
_|_
La; %qy
Y27,U‘71IY2,,U,_IQ;ICE Yl’qIquleghu—lz Y2’H71$Y2,u—1qf4q;1x
+8m(a)| — 1Y Y Y
2u~tq; %y ' 2.0 gy %y e V2 q gy La°qy
La ey ' Y2,u‘1qf2q511Y2,u‘1qf3q§1:v Yz,u—lq;4q;1x
+ Y —1,—1 -1 Y —-1,—5,—2 + Y —4 -2 Y —-1,—5,—2 + Y —1,—3 —2 Y —1,—4, -2
2,u7rq gy T 2,pm gy Tgy Cw 1,qy gy "z " 2,u7 " q; "qy " 2,07 gy " 2,uT gy gy T
Y -1 -1 Y —4 -1 Y —2 —1
1,q7 g5 " 2,u7 gy Ty -1\ Lg gz
+ Sunla) g + Sreala )
Lay%ay %z "2 u g gyt Lay Yy %
Yy -1
4 2,p '
+ 8122(ql)812(q1QQ)— 5 (7442&)
2,u" g °qy %
T, =Y YLuqflq;lx Y2,qf2q51xY2,qf3q51x
20 — 12z + Y Y
2,0y gy ' Lugy a5 %z
-2 — Y -3 —2 Y, -5 —2 1
2,47 %q; ' Lugy *qy % 2,041 °q5 %
+812(q1)Y 1 =2 Y 1Y2 + Y 1 =2 Y (7.4.42b)
2,0, Y5 % 2,0, %q; %2 L gy ey % Lpgy %qy 2,q; °q; %

These gg-characters correspond to the 14 (with extension) and 7 representations of

the exceptional Lie group Gy [BP9S|.

Since the roles of ¢; and ¢ are not on equal footing for fractional quiver, there are
two possible NS limits: the NS; limit ¢; — 1, and the NSy limit g — 1. Then, the
qq-character is reduced to gg-character in the NS; limit, and g;-character in the NS,
limit. We discuss these two NS limits of the gg-character and its relation to quantum

integrable system.

¢12-character

Let us examine BC5 quiver discussed in §7.4.6. The fundamental gg-characters are
given in (7.4.22). Recalling the behavior of the 8-function in the NS limits (5.4.12),
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we obtain the ¢;-characters in the NSy limit,

T = v, + Vorloaita | Yoo | Vrate |1 (7.4.43a)
’ ' Yl}q;2x Y2,q;2x Y2,q;1xY2,qum Yl,qux
Y -1, Y -2, 1
T = ¥y, 4 0ty POt , (74.43D)
Y2’q;1$ Yl,q;?’x Yz,q;

and the ¢o-characters in the NSy limit,

\"2 Y., Y1 oots 1
T =Y, + $Z>+2YZ + sty (7.4.44a)
Y Y -1 1
Tl _y, Loy 'e 2,4y , 7.4.44b
2,z 2, Y + Yl,q;2x + Y27q2*2x ( )

Counting the dimension of the modules, the g;-characters are still giving the 5 and
4 representations of SO(5)/Sp(2), while the go-characters correspond to six and four
dimensional representations with degenerated weight terms, in particular, in Tg‘f;).
This behavior of the go-characters has a natural interpretation in the relation to ADs
quiver: They are obtained from the 6 and 4 representations of SU(4)/SO(6) = Gap,
via the folding with respect to the Zs-automorphism shown in (4.3.12).

Let us then consider Gy quiver. In this case, the fundamental gg-characters are

given in (7.4.42), and the corresponding ¢ o-characters are described as follows:

(q1) Y27u’1wY2,u‘quleZu‘qu% M Lay 1“3Y
Tl,z = Yl@ + + Y Y Y
Ly ’x 2u g e V2 g% V2,0 1g e
n Yoyt Yo tqr%s Yo u-tgr's Yigrs
Y 7q1 4$Y ,(11 5$ Y27M71 1—3 Y — 1_41‘Y2,p,71q1_5$
i 1 YZ,M71$Y2,;L_1q;1x Yl N :):Y2 pte + Y2=M71$Y2,M_1q174:):
Y170 Youtgrta Yoyt 2 tgr s Lagi 'z
Yl,q*lx Y27u*1q 2 Y2u 1%z Y2,;F lg e
Ty v R v
2p gy e T 2,0t ;% Lay 'z ' 2,u~1q % 2u7 g e T2, tg
Y 1 Y Y, Y
1,9, 2,u~ gy g "z 2,u~ 1z
+ 5 — +Y1 +3 £z (7.4.45a)
Lay P ' 2,0 Lg o 2,u~tq; P
T@) _ vy Yipgte | Yog2aYoge  Yog%s Y1 gr®a Yo 1
20 = Yea BT Y Y, . Y, Ly .ty Ty
249, Lugy *z 2,q, 2,q,° q; 1,uq 2,9
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2 3
Y3 Y Yo Y, -
T(Qz) =Y, + 2,1 + Lgy = + 2,u"lqy + L,y "z + 1
Le = ey T Ys Y2 Y3 s
g5 "z Q,p—lqglx 1,q;2x 2.0 g5 %z 1,572
2
43 Yg,u—lx Y1,q2—1xY27u‘1x i Y2,#_135Y2,,uf1q2_1$ " Yl,q2_1:z:
Y —1,,—1 Y2 1 Y -2 Y —1,,—1 —1,—2
2pT gy 2,n1g; 'z 1,5 " 2pTrgy T 2uT gy
Y2 _ _ _ _ _
i 2,u~1g; 'z Y2,u‘1q2 'z 4Y1,q21xY2,u‘1q2 'z _9 Yl,qQ g 3 Y2,u_1z
2
Yig2a Y2 165% Y2,p_1q;2x Yig?a 2 ta5'e Vi Yoyt
(7.4.46a)
_ Y2 _ _ _
-I-(qg) Y, + Yl,uqz 'z + 2,45 'z 9 Y2,q2 'z Yl,qu %z Y27q2 *z + 1
2 — 2@ 2
Y2,q;1z Yl,uq52x Yz,q;“’x Y2,q;2x Yl,uq;% Y2,q;3x
(7.4.46b)

From these expressions, we see that the NSy limit provides the ¢;-characters of the 14
with extension and 7 of G5. On the other hand, the gs-characters obtained in the NS;
correspond to the 28 with extension and 8 representations of SO(8) = Gp, via the
Zs-folding:

I —_— —0 (7.4.47)

TQ-relation and quantization

We then discuss the relation to the quantum integrable systems as in §5.7. We focus

on the NSy limit of BC5 quiver for the moment. In this case, we define the Q-functions

as follows:
Q10 Q2,0
Yo, = 0y, = 20 7.4.48
b Q1 —2 . Q2,1 ( )
with
Qin = Qigre - (7.4.49)

The ¢i-characters (7.4.43) are written in terms of the Q-functions in the form of

qu(l)) _ Q10 n Q1,4 Qa0 n Q20 Q23 n Q1,1 Q23 I Q1,75’ (7.4.50a)
’ Q2 Qi 2Q 2 Qo 1Q2 QL 3Q -1 Q3
T%) Qo n Q1,1 Q22 n Q1,5 Q2,2 n Q2,4 (7.4.50b)

Qo1 Qi3Q2-1 Qi1,3Q2-3 Q23 ’
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These expressions are combined into the TQ-relation

Q2,-1Q2,—4 — T20Q2-1Q2,—3 + (T1,0Q2,-1Q2,—2 + Q2,0Q2,—3)
—T2-1Q20Q2,—2 + Q2,1Q2,—2 =0, (7.4.51)

which is schematically interpreted as quantization of the algebraic curve (quantum

curve) given as the zero locus of the algebraic function
H(z,y) =y —Tooy’ + (Tro+1)y> —Toay+1. (7.4.52)

This is the characteristic polynomial of the Lax matrix associated with the four-

dimensional representation of SO(5)/Sp(2).

Bethe equation

Applying the saddle point analysis to the NS, limit of fractional quiver theory as in
§5.8, we obtain the Bethe equation for the spin chain with generic symmetry Gr for
I'=ABCDEFG [CKle]

j _%bm
—a [] Q. T e X, (7.4.53)

j€lo ]+2 Z]

P

where (bg)i,jepo is the (classical analog of ) symmetrized Cartan matrix (2.4.17b) [RW87].
Compared to the simply-laced case (5.8.2), the Cartan matrix is replaced by its sym-

metrization.

Applying the saddle point analysis to the NS; limit, on the other hand, we instead
obtain a degenerated Bethe equation obtained from a naive folding trick from the
corresponding simply-laced quiver. For example, we obtain the following equation

from BC5 quiver in the NS; limit:

P, - ’ Py,
Pio _ Q1 1 (Q2,+1/2) | Prw _ Q2 1 Q Q12 (7.4.54)
P, Q1 41 \Qz—1/2 P, Q2 41 Qu —1/2

In particular, the Bethe equation for the node ¢ = 1 contains a degenerated factor

(QQ,H 12/ Qa1 /2) ?. From the folding perspective, this term is obtained by identification
of the nodes ¢ = 1,3 of AD3 quiver. See also [DHKM17] for a related discussion.

7.5 Affine quiver W-algebra

The formalism of quiver W-algebra is applicable not only to the finite-type, but also
affine quivers. We now see that a new family of W-algebras is constructed from
affine quiver gauge theory. In this Section, we focus on the A-type affine quivers
for simplicity, but the formalism discussed here is applicable to any affine quivers,

including the twisted ones together with the fractional quiver formalism in §7.4.
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7.5.1 121\0 quiver

We consider A\o quiver, which is the simplest affine quiver. Let u = €™ € C* be the

multiplicative adjoint mass parameter. The quiver Cartan matrix is given by

c=1dq " —pt—pgt =1 —p )1 —pg™) = (1—g)(1 - q) (7.5.1)

where g3 4 is defined in (5.4.21). Then, the oscillators for the screening current (6.2.9),
the Y-operator (6.2.44), and the A-operator (6.2.54) are given as follows:

11-—4}

[Sl,na Sl,n’] - _ﬁ 1— q2—n (1 - q3)(1 - qzll) 5”-’-”'707 (7528’)
I (1—g)(1—g)
n s n| — T 671 n’.0 752b
T (e [ R (7:20)
1
[al,n ) al,n’] = _5(1 —qr)(1 —qy)(1 — qg)(l —qy) 5n+n’,0 . (7.5.2¢)

In particular, the a-mode commutation relation is totally symmetric among (q1, g2, g3, G4),

and the OPE between the A-operators is given by

3(gs2’/7)S(qu’ /)
A A = S AL AL
1,2\, S(z'/1)8(gsaz’ /1) Lz .z
1— (a/ /)"
_ (2/ /) j[(112,23,31 (1 _ (ajl/x)i> ALLAL (7.5.3)
1—(2'/2)" 1234

We remark this OPE factor appears in the contour integral formula of the instanton
partition function for Ay quiver theory (2.2.27). See also the discussion in §7.6.1. The

structure function is given in this case as

10— -d) ,
f(z) =exp (Z =)= z ) (7.5.4)

n=1
obeying the relation

f(2)f(gza2)
flg32) f(qu2)

We define an operator analog of the weight function (5.4.24),

. Yl q33q34 1ZBY1 q53 1(]54(2 .
A)\ - . Ylvl’ I I

Y sae _ 53
(s83,84)EX et e Lag’a,te

=: ] Y gt 11 Y i (7.5.6)

(s3,54)€04+ A (s3,84)€0_A

= $15(2). (7.5.5)

Then, the generating current of the affine quiver W-algebra qu,g’u(;{\o) is given by the
qq-character derived in §5.4.3,

Z A\ Zsa[A (7.5.7)
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In contrast to the finite-type quiver W-algebras, the generating current is an infinite
series of the weight operators since it is associated with the Fock module parametrized

by the partition.

7.5.2 A\pfl quiver

Let us briefly mention gp_l quiver W-algebra. In this case, the qg-character integral
formula (5.5.5) in §5.5.2 agrees with the contour integral formula (2.3.31) derived in
§2.3. Hence, the generating currents (T;.)i—o,.. ,—1 are described as U(1) instanton
partition functions on ;1\0 quiver theory on C?/Z, with equivariant parameters €s 4.
We remark that there are p possible realizations of U(1) theory with respect to the

irreducible representation of Z, as discussed in §2.3.2.

7.6 Integrating over quiver variety

We have discussed the quantum algebraic structure of gauge theory based on the in-
stanton partition function. As shown in §1.7 and §2.2, the instanton partition function
has the contour integral description as well. From this point of view, it is natural to
ask what is the role of the quantum algebra in such a contour integral formula of
the instanton partition function. In this Section, we show that the contour integral
formula associated with the instanton moduli space and the quiver variety has a con-
cise description in terms of the vertex operators used in the construction of quiver
We-algebras [Kim20].

7.6.1 Instanton partition function

We start with the contour integral formula of the instanton partition function for quiver
gauge theory (2.2.13). In particular, we are now interested in the 5d theory convention
to show its relation to the quantum algebraic perspective. Using the reflection formula

for the 8-function (1.9.28), we have the following expression for the contour integral:

dx >
1nst H ( ) f H I(:B)r |93)qu H P H P
= — Jrbte® Joe qz
e Bl \1—qie 2mix By xpl(x) 9T eii(a)—sj e:j—i(z)
x _1 2\
1
SR s(;) 3(s1)
1€l0 g<a/eX; x X;

T 11 s(ueq )H I s(ﬂg> (7.6.1)

e€l'1 (z,2")€X; x X e€F1 (z,2")EX; X X ;
en—j ej—
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where we define a set of the integral variables,

X = |_|Z-, Xi ={Tioatacs. mact. b - (7.6.2)

Compared to the OPE between the A-operators (6.2.55), all the 8-factors are repro-
duced from the A-operator OPE, and the remaining factors are also obtained from
the OPE between the operators A and V. Hence, we arrive at the chiral correlator

representation of the contour integral formula:

7 1—g¢q I f ) f
inst __ | | | | (n,n®) : A1 . V(n,n ) V(@,@ ) V(n’n )
u ieTo k! (1 qw) j 27T1:E | le_!( o | A | )

(7.6.3)
with

Ve = T Vi [] T Vie [ Vi :10) - (7.6.4a)

zeN ei—j x€N; reEM
nn) | _ ) _ )
V) = 015 [[Vigoe I TV TTVibys (70
TeEN e:j—i rEN; reM

where (M, M) is the set of the (anti)fundamental mass parameters (2.2.8), and we

define a set of the Coulomb moduli parameters
N=|]|N, Ni=(e, .. ). (7.6.5)
i€l’g
We remark this definition of the V-state (7.6.4b) is slightly different from the previous
one (6.2.37).

In order to express the contour integral more concisely, we define the A-operator
charge, denoted by (W,)icr,,

1—g¢q dr 4
q (1_%2) [P (7.6.6)

Then, the partition function has a formal expression

-2 = T (Ve [ TLwee s Vet vins vty -z

i€lg i€lo

Furthermore, summation over all the topological sectors k; € Z>( leads to the expo-

nential form,

Z=) a5
k

n,n>t i n,nf n,n? n,nt
= (Ve | T e s | vy (vime®) |y (7.6.8)
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Although it is a formal expression, we remark similarities of this expression to the
several formulas in the literature, e.g., the Dotsenko—Fateev integral formula for the
correlation function in 2d CFT [DF84, DF85], the Fourier transform of the gauge
theory partition function, known as the dual partition function [NOO06], the W-operator
representation of the matrix integral [MS09], and the partition function as the norm
of the Gaiotto-Whittaker state [Gail3]. Actually such an expression is often found
in the context of the integrable hierarchy as the corresponding 7-function. It would
be interesting to pursue the connection between the formula presented here and other

similar formulas.

7.6.2 qg-character

Another application of the vertex operator formalism is the gg-character [Kim20],
which is given as the integral over the quiver variety as shown in §5.5.2. In fact, all
the factors in the integral formula (5.5.5) are reproduced by the OPE factors of the

operators Y and A shown in (6.2.55), and thus we arrive at a simple integral formula

qz — _ Uz
Tuve = [ =5 o f]_[ 2rig e Ao = Yur o W (7.6.9)

1€ly ¢eg i€ly

Furthermore, the total qg-character, which is a summation over the dimension vector

v, is similarly expressed in the exponential form as before:

Zq Twwe = Yus [ [ (7.6.10)

i€lg

From the representation theoretical point of view, Y, , plays a role of the highest
weight operator, and the summation over the dimension vector v corresponds to the

summation over the Weyl orbit, and thus the operator H eVi is interpreted as the
i€lg
Weyl reflection generating operator, which terminates for the finite-type quiver, but

generates an infinite series for the affine quiver. Since the gg-character plays a role of
the generating current of the quiver W-algebra W, ,(I"), all the generating currents
are written in the form of (7.6.10). In this sense, it provides a master formula for the

generating currents of the quiver W-algebra W, ,(I').
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Chapter 8
Quiver elliptic W-algebra

The quantum algebraic structure emerging from the moduli space of gauge theory is
not unique to 5d N/ = 1 gauge theory. As shown in §4.6.2, 6d NV = (1,0) gauge
theory compactified on a torus has a similar geometric description, and it is natural to
explore the underlying quantum algebraic structure of it.! From the correspondence
between gauge theory and integrable system, 6d AN/ = (1,0) theory corresponds to
elliptic system. In this Chapter, applying the approach used in 5d theory, we will show
that an elliptic deformation of W-algebras, Wy, , »,(gr), plays a role of the underlying
algebraic structure of 6d N' = (1,0) theory [KP18b]. We will also mention a possible
realization of elliptic theory based on the g-deformed vertex operator description, and

relation to the elliptic quantum group.

8.1 Operator formalism
In order to see the underlying algebraic structure of 6d gauge theory compactified on

a torus, we again apply the operator formalism discussed in Chapter 6. We will show

that the doubled Fock space is necessary to describe the elliptic correlation function.

8.1.1 Doubled Fock space

We define a pair of the Heisenberg algebras,

H= @ I, Ho = (tz(,il)a ai(:;))ieFo,nzl (8.1.1)

o=%

with the commutation relation
[ai(;) ) t§07;’)] = 5ij 5n,n’ 5070/ . (8.1.2)

!The quantum algebra associated with 4d N’ = 2 has been recently discussed [NZ20].
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Then, we define the doubled Fock space generated by the Heisenberg algebras (the
doubling trick [CS73], also related to the thermofield double):

F=@F,. F,=C[t7,09]]0). (8.1.3)
o=4

8.1.2 Screening current

We define the doubled version of the screening current to construct the 6d gauge theory

partition function,

K _ -
Siz=:1exp | 80+ 380 — 5(10g @pr —1)logx + Z (sl(-;) x"+ sl(-m) x+">
7162750

(8.1.4)
where the s-modes are explicitly given as

ORI Sk ruieS

11 .
R — G =Fo—— e (8.15)
) 1_p n )

5i,0 = lip Sim = i O
) i,n nl— q;in ji im

obeying the commutation relation

+n
() <.i>] S ek I [l g [ <.i>] — g9
|:SZ,71, ’ S']’n/ :Fn (1 - pin)<1 - Q;Fn> C],L n+n 70 ’ SZ’O ’ Sj7n, /B Cjz TL,O ’

(8.1.6)

Then, following the same argument as in §6.2.1, the vev of the screening current pair
is given by

o0

1 —q" )
0]SizSj|0) =exp —60[2] logz’ — —— !l (817
(0]Si28;00) ( j %m(l_pm)(l_% o | - (817)

One can see that this pair contribution is rewritten in terms of the elliptic function
summarized in §A.3. In this case, we have the same parameter shift as before (6.2.22),

and we have to impose the condition for the bare Chern—Simons level

Ki = c;-;[o] n; (8.1.8)
j€lo

to cancel the “renormalized” Chern-Simons level due to the shift (6.2.22b).

8.1.3 “-state

The t-extended partition function for 6d gauge theory is given as a summation over

the instanton configurations,

Z(t)= > Zx(t), (8.1.9)

Xem?
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which defines the Z-state through the operator-state correspondence
| Z)=2Z(t)|0) . (8.1.10)

We can apply the same argument as in §6.2.2 to the current case, and we define the
screening charge (6.2.27). Then, we obtain the t-extended partition function as an

infinite radial ordering product (6.2.5) over the screening charges

.
Z(t) = [[ Siw - (8.1.11)
zeX
and the corresponding Z-state
.
1Z) = ][ Siw) 10) - (8.1.12)
zeX

The partition function at ¢ = 0 is given as a chiral correlator of the screening charges

by closing with the dual vacuum,

Z= (0 T] S 0) - (8.1.13)

ze./'é'
The fundamental matter contributions are similarly reproduced by the V-operators as
discussed in §8.3.1.

We remark that the partition function consists of infinitely many screening charges.
As discussed in §6.2.2, the truncation corresponds to the Higgsing process to obtain
3d (2d) theory from 5d (4d) theory. Applying the same argument to 6d N' = (1,0)
theory, we obtain 4d N'= 1 theory on C x T?. See [LNZ18] for a related discussion.

8.2 Trace formula

The chiral correlator for 6d theory (8.1.13) can be written as the trace form in terms
of the operators of the 5d theory (up to a normalization factor, which can be absorbed

by redefinition of the gauge coupling constant),

-
Z =Tr |pl H Si‘r’é)’z : (8.2.1)
zeX

Here the trace is taken over the Fock space F with respect to the 5d time variables
(tin)ieromez-o, and the screening charge is also defined with the oscillators used in 5d

theory discussed in Chapter 6. The energy operator L is defined

iGFO n=1
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The derivation of the trace formula (8.2.1) is presented in the following.

Recall that the screening current correlator which gives the 5d gauge theory parti-

tion function is

!
1,T ,T xm

[e’e] 1 1_ m - m
(0] 82957, 10) = exp (— ——%c?.]x—> . (823)

Here we omit the zero mode contribution for brevity. There are two options to deform
the 5d index to the elliptic 6d index (1.8.20).

The first option is to modify the oscillator algebra in such a way that the normal

ordering produces the elliptic correlation function, as defined in §8.1.2,

1—q¢m x’m
0]56456d 10Y = - 1 miZ 8.2.4
< | i, g,z | > exXp mz?;() m<1 _ pm)<1 . qz—m)cﬂ m ( )

The second option is to keep the free field oscillator commutation relations of the 5d
theory, but change the definition of the correlation function to the trace as follows:

(sms3) =T |phospesi]. (8.2.5)

i, g2’ i,z g2’

The proof of the equivalence

(0]5%45%,10Y = Ty [p%sﬁs?d} , (8.2.6)

1,z g, L,z j,x

is shown in §8.2.2. Then the trace formula (8.2.1) follows.

The physical meaning is as follows. For 5d gauge theory we use the cylindrical
spacetime to compute the partition function, as shown in the top panel of Fig. 8.1.
For 6d gauge theory we use the toric spacetime obtained by the identification (4.6.16),
illustrated in the LHS of Fig. 8.1 (bottom). This corresponds to (8.1.13), and is
equivalent to taking the trace with the operator p™ inserted. This trace formula (8.2.1)
is also consistent with the S-duality in elliptic theory [MMZ16, IKY 15, Niel7] discussed
in §4.6.2 because the dual theory is N' = 2* theory (or cyclic quiver theory), whose
partition function is given by the torus conformal block via the g-version of the AGT
relation [AGT10, AY10a].

8.2.1 Coherent state basis

In order to obtain the torus correlation function to show the equivalence (8.2.6), we
introduce the coherent state basis. The argument in this part is essentially based on
the textbook [GSW8T].
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X X = X
—
5d
(0] x  IIsi. = o) (0] x | Z°)
TEX
p iz x pr
= Tr|ph x
— ~ _/
-
6d
(0] x 1155 x [0y = (8.2.1)
zEX

Figure 8.1: Conformal blocks as the partition function of 5d (top) and 6d theory

(bottom). The 6d block has two equivalent expressions.

For the oscillator algebra generated by (t,0;) with [0;,t] = 1, we consider the

coherent state basis in the Fock space

j%\om <nr—<0|%, ) =et0), (e = (0], (82.7)

The normalization is

|n) =

(n|m)="0um, (z|w)=¢e"". (8.2.8)

The states in (8.2.7) are eigenstates of the filling number operator t0|n) = n|n) and
the annihilation/creation operators 0|z) = z|2), (2|t = (z|z*. Notice that the operator

a'® acts on the states |z) and (2] as,

a'?|z) = |az), (z]a™ = (a*z]|. (8.2.9)

The identity operator can be expressed in terms of the coherent state basis:

1= l/alQ,z 12)e ™17 (2| (8.2.10)

™

where

(n|1]m)=6dum, (8.2.11)
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so that the trace of an operator over the Fock space is given by

TrO = %/aﬂze"ZI2 (2|0 |z2). (8.2.12)
Then we find the formula [YamO06]

1 b
Ty [a0e¥e] = 1—exp( abe ) (8.2.13)

since we have

= /dQ,z e’ (z]a®ee® | 2) = 1 /d2z ¢ (1malafPtabam+ez (8.2.14)
T T

8.2.2 Torus correlation function

Let us compute the torus correlation function (8.2.5). The product of the 5d screening

currents is given by

i,z j,x i, g,z

> 1 1—¢" 4, m
§946%d, — oxp (— P, ) §odgad . (8.2.15)
Then we compute the trace part

< H Hp"t“ n it "> exp (Z(l —qr) (x"tin + x'”tj,n)>

T [pho : 53453, ] =

R e 4
i'eTy n=1 n=1
S 1 —n_ln] )—n_In]
X exp (;—m <.T Ckza m‘{‘ﬂf Cl] aln>
B > 1 —q} A '™ 1—q¢" 1 (—n] Z"
- <; ( n(l—q¢")1 —p“cji " + n(l—q¢y)1 —p*”cji '
X const (8.2.16)

where we have used the formulas (8.2.13) and (2.2.38), and the constant term does

not contain x nor z’. Thus we obtain the torus correlator

1 —qf T
Lo ¢5d obd 1 [n]
[ S”ij} = exp ( E 21— )ch J:”) . (8.2.17)

n#0

This is equivalent to (8.2.4), and proves the relation (8.2.6).

8.2.3 Connection to elliptic quantum group

It has been known that the g-deformation of W-algebra has a close connection with the

elliptic quantum algebra Uy ,(g): The screening current of W, ,(g) obeys essentially
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A~

the same relation to the elliptic currents e;(2) and fi(z) of U,,(g) [FF96].2 The
relations for generic g are found in [FKO15]. We see from (8.2.3) that the 5d screening

current yields

1 1—¢q 2\"
5d @5d __ @obd @bd 2: 1 [m]
SLDTS]-@/ = Sj,a:’Si,a: X exp (- Emcﬁ <;> ) (8218)
m#0

where we omitted the zero mode factors for simplicity. One can rewrite the OPE
factor using the theta function (A.3.1) as in §6.2.4. Swapping ¢; <> g» corresponds to
swapping the currents e;(2) <> fi(2).

From (8.2.4), on the other hand, we obtain exactly the same relation for the 6d

screening currents
1 1—qp o (2\"
Siﬁ,isfyi/ = Sﬁilsﬁi X exp (- Z ——q_lmcg-i} <£> ) (8.2.19)

This coincidence implies that both the g-deformation Wy, ,(g) and the elliptic de-

formation Wy, ,,(g) belong to the same realization of the elliptic quantum algebra

A~

Uyp(9)-

8.3 More on elliptic vertex operators

We then discuss the elliptic vertex operators to explore the algebraic structure for 6d
gauge theory. We will see that the previous argument in 5d is almost applicable to

the present case.

8.3.1 V-operator

We can incorporate the (anti)fundamental matter contribution in the operator formal-

ism by considering another vertex operator,

Vie = : oxp (Z (v + vin*’”)) > (83.1)

n#0

The oscillators are taken to be

(£) n>0 | S S e () n>0 , 1 1 (+)
D — S O] = _ 9 (832
with the commutation relation
() <i>] _ 1
/UZTL 3 S-n/ — :i: n 6Z5n TLI,O . (8.3.3)
[ e n(l—pt)(1—g") 7"

2See also [Kon20] for a recent monograph on the elliptic quantum group.
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The product of the V-operator and the screening current behaves

1
Si@,viﬂ? = Pe <q2£,7p7 QQ) . Vi,xSi,m’ ty (834&)
xXr
/

Vi,lBSi,ﬂE’ =T (%7137 Q2> : Vi,wSi,a:’ “ (834b)

which corresponds to the fundamental and antifundamental matter factors, respec-
tively, while the OPE of the V-operators does not yield dynamical contribution. The

t-extended partition function with the (anti)fundamental matter factors is given by

—
1Z) =[] Viwrara: | ] Si@e |+ [ Viewe :10) (8.3.5)

zeEM zeX zeM

which is formally equivalent to the previous expression (6.2.35).

We again remark that, for the modular invariance of the non-extended partition
function Z = (0 | Z), which is a conformal block of W(I")-algebra, we have to take
into account the conformal condition (4.6.18), although the Z-state (8.3.5) is not

necessarily modular invariant by itself.

8.3.2 Y-operator

In order to construct the W-algebras we define the elliptic analog of the Y-operators,

Yie= ¢ :exp | yio + (@i)[ﬂ] Kk;logx + Z (yl(;) "4 yi_) x+”> 5, (8.3.6)
’I’LEZ#D

where p; is the Weyl vector defined by p; = > €T éﬁ]
deformed Cartan matrix (c;;) as before. In the following, we impose the condition
(8.1.8) for the Chern—Simons levels.

()

, and (¢;) is the inverse of mass-

The oscillators y, .’ are defined in terms of (t(i) 8&)) similarly to (6.2.43),

+n +n
o >0 (1 =" = ") 30 &
yf7_)n B 11 — ptn : C?ZF | t;n) ’ (8.3.7a)
n 1
v, = 05 (8.3.7h)
) n ’
Yio = —tjo 5;2] log gz, (8.3.7¢)

with the commutation relation:

11— = ¢ rn
|:yz(::.) ﬁ)] - jFﬁ( f—)i)in : >CE Pouino- (8.3.8)



8.3. MORE ON ELLIPTIC VERTEX OPERATORS 223

We remark the same relation holds to the v-modes as before (6.2.45),

o =— (1= q™) (1— ™) v, (8.3.9)

In terms of the free field Sz(,j:z)’ we have

~[£n] (L)

n#0 ~
g2 (1 gyl = —log g @ s, (8.3.10)

with the commutation relations between the y- and s-modes

11— N
(i) (i)} — = q1 G 005 3.0, Yjo] = —0ijlogq . (8.3.11)

This leads to the normal ordered product (with the ordering |x| > |z/|)

Yi,mSj,m’ = YZ'@SJ'@/ X G(QIx//x7p) (8312)
1 (i # J)

The expectation value of the Y-function has infinitely many poles at x = 2’q;p” for each
instanton configuration X € 9" that corresponds to the arguments of the screening

currents:

—
(01Yia [] Siwnar 10) = (

r’'ex

T EX; x’/x p) z'eX
On the other hand, for |z| < |z'|, we have

flw (2 - j)

SiaYia =1 SjaYia : X 0(qy 'x/a"; p) . (8.3.14)
1 (1 # )

Therefore the commutator gives rise to

0(z'/z;p) _ O(x/2;p) )
Yia:a Si,a;’ = 7 - — . Yi,msi,;t’ :
Y | ( O(qa’/z;p) 1 O(g /o p)
9<Q1 7p)

= 0(q2'/x) 1 YizSiw (8.3.15)
(p;p)% /)
which reproduces the previous result (6.2.48) in the limit p — 0. The last expression

is due to the relation

n

0(az;p) _ 60(a;p) T z

- 8.3.16
0(zip)  (pip)% i1 —ap®’ ( )

which is obtained from the identity (A.3.6). This means that, in the limit ¢ — 1, the
Y-operator commutes with the screening current, and it reproduces a commutative
algebra [NPS18].
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8.3.3 A-operator

We then define the elliptic analog of the A-operator similarly to other vertex operators:

Aio= q:exp | aio+ Kilogz + Z (al(;) "+ ag;) x+”> - (8.3.17)
TLEZ#O

with the free field realization

L [an
az(,i—)n =(1-¢™1—-g") tg,j;) ;a0 = —logqatip, &Z(i) = :FECEF ](9]%) (n>1),
(8.3.18)
obeying the commutation relation
1
+ n n +n
[a’gan) 7a;%n/:| - :Fﬁ“' - qit )(1 - QSZ )ng ] 6n+n’,0 . (8319)

We obtain the same OPE factors between the A-operators (6.2.55) and with the Y
operator (6.2.57) by replacing the 8-function with the elliptic one (1.9.27). The OPE

with the V operator is given by replacing the rational factor with the theta function,

x T

—0ij —8ij
Vi,:ﬂAj’x/ = 9 <;7p> . Vi,zAj,x’ Ly Ajw/Vi’r = 6 (;,p) ’ . Aj,x'vi,r T, (8320)

8.4 T-operator

Since we have the same relation between the operators A, Y, and the screening current,

. -1 -1 . _ . -1 .
Ao =:YiaYige [[ Y0 TT Yoo - = @12 SiaSige (8.4.1)
en—j e:j—1
we can apply the iWeyl reflection and the pole cancellation mechanism to construct
the holomorphic T-operator, as a generating current of the elliptic deformation of
W-algebra, W, ,,(gr):

Tio=Yia+:YiaA Lyt => Tipa™. (8.4.2)

neL

Let us discuss the explicit construction with examples as follows.

8.4.1 A, quiver

The generating current for A; quiver is given as follows:

Tie =Y+ Y 0, (8.4.3)
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where the expression in terms of the Y-operators itself is formally equivalent to that
discussed in §7.3.1. This T-operator obeys the OPE relation:

' T ~ O0(q1;p)0(q2; ) 7’ 7
/ (;> TaTiar =1 <?) T Tie == (p;p)%.0(q; D) (5 (q;) -0 <q 15)) ’

(8.4.4)

where the structure function is given by

f(z) =exp Z 10— )l —d3) 2" (8.4.5)

weze, ML =p")(1+q")

with the relation f(2)f(gz) = 8(z). This elliptic algebra is known to be an elliptic
deformation of the Virasoro algebra, Virg, ,, = Wy, , (A1) [Niel7].

8.4.2 As quiver

We then consider A, quiver. In this case, as discussed in §7.3.2, we have two T-

operators,

T

P
fll (;) Tl,:ch,a:’ - fll (_> Tl,x’Tl,:c

.,L./
_ (an;)g 9(((;27, )) (5 ( q%> Topts—0 (qﬁ;) Tm_lx> . (8.4.6a)
fio (ﬂ) TioTow — f2 (ﬁ,) TowTie
€T T
~ 8(qi;p)0(q2:p) ' 2
 (mp)%0(gp) (5 (qu) ’ (W x )> ’ (5460
oo () TauTowr = fin (5) TarTas

~ Gty (7o) T =0 (75 ) T ) - 000

with the structure function

1(1—-¢)(1—¢q nl n
fij(z) = exp Z ﬁ( 111( 2) CEZ P (8.4.7)
TLEZ¢0

The OPE between the Y-operators is given by

/

-1
YiaYja = [ij (%) YiwYia (8.4.8)

The elliptic algebra generated by (T; ., T2) is an elliptic deformation of W3 algebra,
WQLQ,;D(A?)'
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Appendix A

Special functions

We summarize the special functions used in the manuscript.

A.1 Gamma functions

We define the Barnes zeta function for (¢;);=1,.x for Re(s) > k and Re(e;) > 0:

,,,,,

1
el ) = . A1l
Ck(S,Z, €1, 7€k) Z (z+n1€1+"'+nkek’)s ( )

Then, the multiple gamma function is defined as

0
Li(z;€1, ..., €x) = exp (%

Ck<8, Zi€1y ..., Ek))
s=0
= ]I ! (A.1.2)

Oz+n161—|—---—|—nkek

Ry >
Precisely speaking, the infinite product in the second line should be a formal expression
since the corresponding series expansion is available only for Re(s) > k. Nevertheless,
we interpret this as the zeta function regularization of the infinite product. This
gamma function is constructed to obey a functional relation
Te(z +€5€1,. .., €k)
Ti(zrer, ... €x)

=T 1(zer, o 6y €k) (A.1.3)

where €; means that the dependence on ¢; on the right hand side is removed. We
remark that the gamma function 'y (z; €y, ..., €x) has poles at z+nje; +- - +nge =0
and no zero.
The degree-one case is related to the standard definition of the gamma function:
6z/ef%

V2r

[y(z€) = [(z/e). (A.1.4)

229
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Therefore, the asymptotic behavior is given by Stirling’s formula:

limelogM'(z;€) = zlog z — z. (A.1.5)

e—0

A.1.1 Reflection formula

Together with the infinite product formula of the sine function

sinmz et 22
= | | 1—— A1.6
TZ ( n2> ’ ( )

n=1
and the zeta function regularization H en? = 27 /e, we obtain the reflection formula
n=1
Li e = 26) = 57— (AL7)
zie)1(e — z€) = ——. 1.
! ! 2sinmz/e

It is also possible to derive this formula form the standard version of the formula
through the relation (A.1.4):

D(z)0(1 - 2) = (A.1.8)

A.1.2 Multiple sine function

One may define multiple sine functions through the reflection formula for the multiple

gamma functions [KKO03],

Tr(e—zi€r,. .. e) D
Sk(z;€q, ... = A19
k(zaeh 7€k) Fk(z;El,...,Ek) ) ( )
where
k
€= € . (A.1.10)
i=1
For example, the double sine function is given as follows:
Do(eg + €2 — 25 €1, €2) Z 4+ nep + mey
So(z;€1,69) = = ) A.1.11
(761, 6) [y (z; €, €) H €1+ €3 — 2z + nep + mes ( )

n,m>0

In this case, it is defined as a ratio of the double gamma functions. We instead obtain

the Upsilon function with their product,
1

[o(z;€1,€)Ta(e1 + €3 — 25 €1, €2) '

Y (z;€,€) = (A.1.12)
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A.2 g¢-functions

A.2.1 ¢-shifted factorial

We define the g-shifted factorial (also known as the g-Pochhammer symbol):

n—1

(z:@)n = [J(1—24™). (A2.1)

m=0

The multivariable analog is similarly defined as

(21 26 On = (21O -+ (205 @) - (A.2.2)
The g-shifted factorial for n — oo is given for |¢| < 1 as

(2:Q)00 = H(l — 2q™) = exp (— Z m(lzfmqm)> . (A.2.3)

0 m=1

For |¢q| > 1, it is given through the analytic continuation:

(2:0)00 = (2475071 (A.2.4)

We remark the relation

(z;q)n = ((Z’ﬂ = exp (— 2l qmn> . (A.2.5)

29" Q) o m 1—qm

A.2.2 Quantum dilogarithm

Let ¢ = e°, and consider the expansion around € = 0 of the g-factorial. We remark the

expansion

1 1 e I, €&
—_— = = —= B, — A.2.6
1—gq eec— 1 6; n! ( )

where (B,,)n>0 are the Bernoulli numbers. Then the g-shifted factorial is given by

n

%) ~ exp e (Lis(2) + O(e))) (A2.7)

1 o
74)o0 = - Li -n Bn
(e = s (13 L)
where we define the polylogarithm function for |z| < 1 as
. = 2"
Liy(z) = v (A.2.8)
m=1

In this sense, the g-shifted factorial is interpreted as a ¢-deformation of the diloga-
rithm, which is called the quantum dilogarithm [FK94|. We remark that this quantum

dilogarithm is related to, but different from Faddeev’s quantum dilogarithm [Fad95].
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A.2.3 ¢-gamma functions

The formulas shown above imply that the ¢-shifted factorial is interpreted as a g-analog

of the gamma function:!

Ly(z;9) = (A.2.11)

(25 @)oo
with poles at z¢q" = 1 for n > 0. In this convention, the relation (A.2.5) is given by

I'y(2¢";q)

0(a) (z:@)n=(1—2)-(1—2¢""). (A.2.12)

A g-analog of the multiple gamma function is defined as

Cor(zian, - ra) = (a1, a0) S
—exp | (=1)F! f: = ! (A.2.13)
mzlm(l—(h) (I—q)
with the multiple version of the g-shifted factorial for |¢1],...,|q| < 1:
(g )= ] = zg - gi)

2, zm 1
= exp <_mz_ TG —qlT)) . (A.2.14)

This g-gamma function obeys the functional relation

Lor(zqiiq1, - qw)
Loe(ziqn, - Qi)

=Tor1(zq1, - G, Q) - (A.2.15)

From this point of view, we may also consider the multiple ¢-gamma function of

negative degree as follows:

m

= "
L, (201, qx) —exp< h g —(1—q")- ~(1—q,T)> : (A.2.16)
—1

The case with k£ = 2 is the (K-theoretic) 8-function (2.2.24), and the case with k =4

is used in the context of 121\0 quiver. See §7.5.1.

IThis is slightly different from the standard definition of the g-gamma function,

I() = (1 - (G D A.2.9
which obeys the relation
1—4q*
Lz +1) = Fy(z) = [z]gTg(x) . (A.2.10)
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A.2.4 Partition sum

Let A be a (two-dimensional) partition. Then the summation over the partitions is

given by Euler’s product formula:

S = - ;) ' (A.2.17)
)\ bl o

A similar result is available for the sum over the plane partitions (three-dimensional

partitions) by the MacMahon function:

AT 1
;ql LEW. (A.2.18)

A.3 Elliptic functions

A.3.1 Theta function

The theta function with the elliptic nome p = e?™™ € C* is given by

n

0(z:p) = (5:P)oe(z ' PiD)o =exp | = > ol ° (A.3.1)

TLGZ?gO 1 o pn)

where (z;p)s is the p-shifted factorial (A.2.1). It obeys the reflection relation
0z p) = (—zH0(z;p). (A.3.2)

We remark that, since the g¢-shifted factorial is identified with the ¢-gamma func-
tion (A.2.11), the relation (A.3.1) is a g-analog of the reflection formula of the gamma
function discussed in §A.1.1. In this sense, the theta function is interpreted as a

g-analog of the sine function having zeros at

log z

=L+ 7L. (A.3.3)

21

An identity

We start with Ramanujan’s identity (also known as 11, formula) for |b/a| < |z| < 1:

(az,p/az,p,b/2;p)e (a;p)n o bes
(2,0/az,b,p/a;p)s =2 (b;p)n 11(a;bs 2, p) (A.3.4)

neL
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where we denote the bilateral basic hypergeometric series by ,¢s(a1, ;b1 s;2,q). We
put b = ap, then we obtain
D)oo 0 . . M) 2
LHS — (az,p/az,p,p,p) — (az7p)(pap)oo (1 _ G), (A35a)
(2,p/2,ap,p/a;p)s  O(2;p)0(a;p)
1—-a
RHS = " A.3.5b
> (A3.50)
nez
which leads to the identity
0 . M2 n
(CLZ?p)(pap)oo — Z ? (A36)

0(z;p)f(a;p) £ 1—ap*’

A.3.2 Elliptic gamma functions

We define the elliptic gamma function for |p|, |¢| < 1:

2 Yq: D, @)oo z™m 1
Lz = 1] %:e}ip 2 m(I—pm)(1—qm) |’ (A.3.7)

n,m>0 mMmEZxg

which obeys the relation

Le(2p;p. q) Ie(2¢;p. q)
——— =0(zq), ——= =0(z;p). A.3.8
Le(2:p,q) (=9) Le(2:p,q) (=) (A38)
In this case, the analog of the reflection formula (§A.1.1) is given by
Le(2:p,@)Te(paz""ip,q) = 1. (A.3.9)

We remark that the (inverse of ) double sine function (A.1.11) is obtained in the scaling

limit of the elliptic gamma function with (z,p, q) = (e°%, e’ e’¢) and taking 8 — 0.

Elliptic double gamma function

The elliptic analog of the double gamma function is given by

Fe,z(Z;CI1,CI2>Q3) = (2’3Q1>CI2>C]3)oo(271Q1Q2Q3;Q1,Q27QS)oo

m 1
=exp | — Z : , (A.3.10)

ez, ™ (1= a1 —a')(1 —a3)

which obeys the relation
Lea(2q15 01, 2, g3)

Leo(ziq1, 2, 03)
We can similarly construct the elliptic analog of the multiple gamma functions,

=Te(2;92,43) , etc. (A.3.11)

o
z™m 1

FE,]C(Z; qi, .- ;Qk—H) = eXp (_1)k+1 - m m ) (A312)
ng:#o m (L—=qi")--- (1= q}y)

which obeys a similar shift relation to (A.2.15). See [NisO1, Nar04] for details.
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A.3.3 Elliptic analog of polylogarithm

We define an elliptic analog of polylogarithm function:

|
Lix(zip) = Y %1_13” 220 Liy(z). (A.3.13)
TLEZ;&O

The first example is given by

Liy(z;p) = —log6(z;p) Lina Li;(z) = —log(l — 2). (A.3.14)

The elliptic gamma function has the asymptotic expansion in terms of the elliptic

polylogarithm functions:

n

Fe(2;p,e) = exp (—% > Lisn(2;p) By %) = exp (—% (Lia(2;p) + 0(6))) ,

n=0

(A.3.15)

which is analogous to the expansion (A.2.7).
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Appendix B

Combinatorial calculus

B.1 Partition

The partition A is a sequence of non-increasing non-negative integers:

We denote the transposed partition of A by A. The size of the partition is defined as

A =D N=> A=I\. (B.1.2)
=1 =1

For the partition \,, we define the arm and leg lengths for s = (sq, s2):

ao(s) = Aa,sy — S2, lo(S) = Aasy — S1- (B.1.3)

We remark that not necessarily s € A\, so that (as(s),.(s)) may be negative. Then
the relative hook length is defined

hap(s) = aa(s) +€5(8) +1 = gy + Agoy — 51 — 82+ 1. (B.1.4)

B.2 Instanton calculus

We summarize the combinatorics calculus of the partition for the instanton partition

function. Summation over the partition is expressed in the following two ways,

A1 Asy A1 5‘52

D=3 => > (B.2.1)

SEN s1=1 s2=1 so=1s1=1

237
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B.2.1 U(n) theory

We consider the instanton contribution to the Chern character of the bifundamental
hypermultiplet (See §1.9):

chy HYE™ = — i, chy AQY chy K chy K + 1 chy NY chy K + p10¢7* chy K chy N;

en—rj
n; 1y
Vig _
— Zﬂeljjﬁ E[Nias Ajis) (B.2.2)
a=1 g=1 hex

where we define

—_ — — —s1+8] —so+st —51 _—§ sh—1
e e e [ B N N P A S N AR S S S

S€EXa 8'ENg SEAq s'€Xg

(B.2.3)

From this expression, we obtain a combinatorial formula (See, for example, [Nak99])

2g(s) —an(s)— —lo(s)—1 ag(s
e hs] = 3 @ Vg O 1 ST g g (B.2.4)

SEA SE)‘B

where the arm and leg lengths for each box s = (s1, s3) in the partition are defined in
(B.1.3). We remark

¢ZAas Agl| = Eg Aa])

q1,92 q1 492

(B.2.5)

The vector multiplet contribution has a similar expression

cht Vi™" = cht AQ" cht K} cht K; — cht N} cht K; — ¢~ ' cht K} cht N;
== Z L ENias Aigl- (B.2.6)

a,B=1 Vi?a

Proof of the formula (B.2.4)

We prove the combinatorial formula (B.2.4). We partially perform the summation for
the first term in (B.2.3),

a1 Mg
—s1+s8] —sa+s B, — Aa,s s5—1
et [ e B I I TRy ”2—221—% g (1= gy )G
SE€EXa 8'ENg s1=1 s),=1
Aoyl A1
B,sh, 51 —Aab-&-s—l —s1 51 As.s —s1 551 Aayspy $p—1
—ZZ{ R T ()T (g
s1=1sh=1

(B.2.7)
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The third and fourth terms in (B.2.7) are then given by

a1 Mgt a1 Mgt 552
s —s -1 —s1+s7—1 sh—1
I BETASEIES 5D DD DTS i
s1=1 =1 s1i=1s4=1s]=1
== > 0—a"a e, (B.2.8a)
yGXﬁ
a,l )\Bl a,l )\31 Aa 51
Aa,s sh—1 s2+s
ZZQ (1—g""")g5 Zzzqu (1—q;")g "
s1=1s,=1 s1=1s,=1 sa=1
=— Z q (1 — q2 gy 2. (B.2.8b)
IS

Combining them together, (B.2.3) becomes

a1 Ag,1
—S1 7)\013 +sh—1 _ -1
Z[Aas Ag] = Z > [ T gy }

s1=1s4=1
Ag1— 32 O41—5—5—15 -1
+3 gt T Y g e g (B.2.9)
SEAa SEAﬁ

We divide it into the negative and positive parts
E[)\a, )\5] = Eq2<o [)\a, )\5] + Eq;op\a, )\5] (B.Q.lO)

where Eq2<0 consists of monomials with negative powers of ¢y, while quo consists of
2

positive ones. Let us focus on = <o with (B.2.9).

o For \g1 > Ay, the first term in (B.2.9) may contribute to the negative part

—
<0.
_@2

e For Ag1 < Aas,, the first and third terms may contribute to = <o.

In both cases, the negative part Eq2<0 is given by

—_ M\g,s0—8 —Aa,s;+s2—1 l3(s) —aq(s)—1
Zeolhan g = Y g7 g T = 3T gy et (B.2.11)
SEAa SEAa
We can similarly obtain the positive part Eq;o by utilizing the formula (B.2.5),

- -1 ag(s)
=20 Aas As) = > g g (B.2.12)

SEAB

This proves the formula (B.2.4).



240 APPENDIX B. COMBINATORIAL CALCULUS
B.2.2 U(ng|n;) theory

For the supergroup theory, we consider the following contribution to the Chern char-
acter (See §3.4):

chy HUG ™ = —pie chy AQY chy KY chr K7 + pie chy N7V chr K + f1eg™" chy K7V chy NY
S Vi — o
ZZH’E - =oo’ zoz’ jﬁ] (B213)
a=1 =1 hex

where the diagonal factors are written using (B.2.3) as

Eoo[)\a, )\5] == EP\a, )\ﬁ] 3 511[)\@, /\5] == E[)\g, )\a] . (B214)
The vector multiplet contribution (3.4.22a) is given by
ng »
hy VISt — — 2= o B.2.15
¢ 1,00 ;;Vza zom zﬁ} ( )

The off-diagonal factors are

Sl ] = —(1 )15 ) 30 30 a g

S€EAa S'EN
D D e T (B.2.16a)
SEANq S/E)\,g
= — — s1+s8f—1 so+sh—1
Siodas Ml = —(1 =g )1 =g ) D Y g g
SEAa SIE/\B
I o S (B.2.16b)
SEAa s'Eg

We remark that these off-diagonal factors are symmetric under \, <+ A,
Eo1[Aas As] = Z01[As, Aol E10[Aas As] = E10[As, Aa) 5 (B.2.17)
and

qZo1 P\m )\ﬁ]

(B.2.18)

q1,92 q1 499

We apply a similar computation to (B.2.16a) as discussed in §B.2.1. The first term
in (B.2.16a) yields

. (1 . ql 1 . q Z Z —81— 51+1 2—52 52—1—1

$€Aa 8'ENg
Aol Mg,
=-> > (-a 6’5/2 )i (1= g5 gy ™
s1=lsh=1
Aol Ag,1
:_ZZ[ 5.5/ —51 —>\031 s, ql—slq 52+(1_q1 ﬂ 2)(]1 q2—s’2+q (1—C] )\asl)q25’2
s1=1sh=1

(B.2.19)
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The third and fourth terms in (B.2.19) are given by

al >\ﬁ 1
—s1 —Sh Ao —sh —s
=) > =g "5 =N g g (B.2.20a)
s1= 152_1 S/E)\B
al >\Bl
)\a s —S, —8 —s
D D I T e e Ve e N Tl ¢ A ol (B.2.20b)
S1= 182—1 SeAa

Hence we obtain

cxl Aﬁl
—S1 —)\ag —g s
=D Ao = zz[ g }

s1=1s4=1
3 g Y g g (B.2.21)
SEAa s E)\B
and similarly
a 1 >\ﬁ 1 +s 1
B, sl 1= )\a s1+s5—1 — r—1
SENEVENL o8 o i g
s1=1s4=1
I AT S (B.2.22)
SEAq S’E)\B

In contrast to the diagonal part Zgo(11), further simplification does not occur for these

off-diagonal ones.
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Appendix C

Matrix model

In this Chapter, we summarize the geometric and algebraic aspects of the matrix
model, which exhibit similar perspectives to gauge theory discussed in this manuscript.
See also the manuscripts [EKR15, Marl5] for details on this topic.

C.1 Matrix integral

The partition function of the matrix model (the path integral of zero-dimensional QFT')
is given as an integral over the self-conjugate (real symmetric, complex Hermitian,

quarternion self-dual) matrix:
Z = /dHe-%“WH) (C.1.1)

where
H?T  (real symmetric)
tkH=N, H =4 H" (complex Hermitian) , (C.1.2)

HP  (quaternion self-dual)

with the coupling constant h. We define the potential function

V(z) = Z%fv’“ (C.1.3)

k=1

which is a polynomial function of degree d + 1.! The matrix measure dH is given as

a product of the Lebesgue measures of all real components of the matrix H, denoted

'We should impose a certain condition for the coefficients (tz)x—=1.. a1 for convergence of the

.....

matrix integral, which could be relaxed via complexification of the integration contour. See [EKR15]

for details.

243
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byHi(;-l) fora=0,...,20 —1:

N
dH = [[d#: [ a4z, (C.1.4)
i=1 1<i<j<N
a=0,....28—1

where the symmetry parameter [ is given by

R:ﬁz%, C:. p=1, H: g=2. (C.1.5)

C.1.1 Eigenvalue integral representation

The matrix measure and the potential term in the matrix integral (C.1.1) are invariant

under the similarity transformation:
H — UHU', U € (O(N),U(N),Sp(N)). (C.1.6)
Utilizing this symmetry, we choose the basis diagonalizing the matrix (gauge fixing),
H=UXU'" X =diag(zy,...,on) € RV, (C.1.7)

Then, we can write the partition function (C.1.1) in terms of the eigenvalues:

1 N dr;, _s
4= ﬁ/ 15 7 a0
’ i=1
N
1 dx; _ 8
e [ TT e (C.18)
’ i=1

where we rescale the potential function V' (z), and the Jacobian term is given as the

Vandermonde determinant
Ay(X) = ]](a; — ). (C.1.9)

We also define the effective action S(X) as

N

S(X)=hY_ V(z;)—2hn*) log|z; — /. (C.1.10)

i=1 i<j

We discuss the properties of the matrix model mainly based on this eigenvalue integral

representation of the partition function in the following.
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C.2 Saddle point analysis

We are in particular interested in the asymptotic regime of the matrix model, which
is called the 't Hooft limit:

N — oo, h — 0, t: fixed, (C.2.1)
where t is the 't Hooft coupling defined as
t=Nh=0(1). (C.2.2)

In this limit, we can apply the saddle point analysis to the matrix model: A specific

configuration dominates in the integral satisfying the saddle point equation,

o _ 95(X)
Yoo
. o\ 2 _. / ]
= WV (z;) — 2h z; P - BV () (C.2.3)
(i)

for i = 1,..., N. We denote the effective potential by Vig(x), which consists of the

one-body potential and the interaction with other eigenvalues,
N
V(i) = V() —2 Y logla; — ] (C.2.4)
i=1
(i#7)

In order to solve the saddle point equation, we define an auxiliary function, called

the resolvent,?

(C.2.5)

t
r—H T — x; x’

1 Sl
W(z) = htr =h)y_ T
=1

We see that the saddle point equation (C.2.3) is equivalent to the differential equation

for the resolvent,
W(2)* + hW'(z) = V'(2)W (2) + P(z) = 0 (C.2.6)
where we define the polynomial function of degree d — 1,

V(@) —Vi(x)

r — T

(C.2.7)

2Precisely speaking, we should distinguish the resolvent and its average, W (z) = (W (x) ), whereas,
in the 't Hooft limit, the average of the observable is given by its on-shell value in general, (O) =

1
A /dH e n rV(H) O(H) =~ O(H,) with the solution to the saddle point equation denoted by H..
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Furthermore, in the semiclassical limit A — 0, we may omit the derivative term in
the equation (C.2.6), and thus the saddle point equation is reduced to the algebraic

equation
W(x)* = V'(x)W(z) + P(x) =0, (C.2.8)

which solves the resolvent

V/

W(z) = 2(‘”) - %\/V’(x)Q —iP(r). (C.2.9)

We remark that the sign of the square root is fixed to be consistent with the asymptotic
behavior of the resolvent (C.2.5).

C.2.1 Eigenvalue density function

From the saddle point equation (C.2.8), we can construct the eigenvalue density func-

tion
1 1
pla) = S trd(e — H) = + Zl 6(x — ), (C.2.10)
satisfying the normalization condition
/dw plx)=1. (C.2.11)
Since the delta function is described as
1 1 i 1 1
d(z) :$;Imz:i:i() = lg%:F;Imz:i:ie’ (C.2.12)
the density function is given as the imaginary part of the resolvent,
1
p(x) = — (W(x —i0) — W(z +10))
2mi
1 n
—|M(z)|, | — r—a;)(x—af relC
gl - Ile-me - @eo o
0 (x ¢ C)
where we denote
i >0 (zxecC
4P(z) — V'(2)* = =M (x)? H(x — ) (x —z}) ( ) (C.2.14)
a=1 <0 T C
with
C=|]C, Co=(a7.2). (C.2.15)
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We remark that, since degV’(z) = d, we have 1 < n < d and the degree of the
polynomial function M (x) is deg M (x) = d — n, which is called the n-cut solution. In

order to characterize the n-cut solution profile, we define the filling fraction

Na
€a:WER+, a=1,...,n (C.2.16)
where
N, = [ dxp(x) = #{eigenvalues on the cut C,} (C.2.17)

Ca

together with the normalization condition

Zea =1. (C.2.18)
a=1

In fact, the filling fractions are the parameters characterizing the saddle point of
the matrix integral, which are interpreted as proper coordinates of the moduli space

associated with the matrix model.

C.2.2 Functional representation

Using the density function (C.2.10), the potential term in the effective action (C.1.10)

1s written as

nY Viw) = % > / do S(z — 2:) V() = t/d:z:,o(:v) Viz). (C.2.19)

Applying a similar argument to the interaction term, we obtain the functional repre-

sentation of the effective action

Slp(@)] =t [ doplo)Vie) = f  dad’ pa)pla) loglz '
+i£a (8“_/ca dxp(:r)) (C.2.20)

.....

multipliers to impose the condition (C.2.17).

Let us consider the saddle point analysis in this functional representation. We take

the functional derivative of the effective action,

105[p(x)]

T 3p() =V(x)— 2t][dx’p(x') log |z — a'| — t7 4,

= eﬁ(x) - t_l‘ga 5 T € Ca 5 (C221)
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where Vog(z) is the functional version of the effective potential given in (C.2.3). Thus,
from the equation of motion for the effective action, the effective potential takes a

constant value for each cut,

dS[p()]
op(x)

Then, the (functional version of) saddle point equation (C.2.3) is obtained from the

=0 = Vglr)=tY,, z€C,. (C.2.22)

effective potential,

/
(@) = V(x) — 2t][d:c’ Pz ), ~0. (C.2.23)
-z
In this formalism, the resolvent takes a form of
p(z)
W(z)=t [ di' ——=. C.2.24
@) =t [ a 2 (C220)

Namely, the resolvent is given by the Hilbert transform of the density function p(z).
Since the integrand of this expression has a singularity at 2’ = x € C, we define the

regularized version of the resolvent with the principal value integral,

Wres(z) = t][ dx’ p(m’), (x eC)

r—x
1

=3 (W(x +1i0) + W(x —i0)) = Re W (z +10). (C.2.25)

Recalling the imaginary part of the resolvent is given by the eigenvalue density func-

tion (C.2.13), we obtain the Kramers-Kronig relation,

W(z +0) = %V/(@ T mip(z) (x€C), (C.2.26)
< Vig(z) = £27ip(x) (xeC). (C.2.27)

C.3 Spectral curve

The algebraic equation (C.2.8) defines the spectral curve of the matrix model, which

describes the saddle point configuration of the matrix integral,
Y={(x,y) e CxC| H(z,y) =0}. (C.3.1)
The algebraic function H(z,y) is defined as
H(z,y)=y*—V'(z)y + P(x) (C.3.2)

where we identify y = W (z), and we define the one-form and the symplectic two-form

on the curve,

A =vydz, w=d\=dyNdz. (C.3.3)
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We also use another expression of the curve via the symplectic transform, y — y +
V'(z)/2,?
1
H(z,y) = y* = 7V'(2)" + P(x). (C.3.6)

The degree of the spectral curve is (2,2d). From this expression, the spectral curve is

written in the form of the hyperelliptic curve
1
Y y*=P(x) — ZV'(:E)Q. (C.3.7)

In particular, the n-cut solution (C.2.13) gives rise to the spectral curve with genus

g=mn—1.

C.3.1 Cycle integrals

For the spectral curve of the matrix model with genus g = n— 1, we define the A-cycle
and B-cycle as in Fig. 4.1 and Fig. 4.2. Namely, the A-cycle is a contour surrounding

the cut C,, so that the filling fraction is given as
—1/d()—1 dr W (x) (C38)
€a_NCQ vp() =5 Aax x). 3.

The B-cycle is the contour from the a-th cut to (aw+ 1)-st cut, then (a+ 1)-st to a-th
on the other sheet. Recalling (C.2.22), we obtain

lo — Ly
}{ A= % : (C.3.9)
Thus, the contour integrals of the one-form A along the A and B-cycles are given by
1
— A=te,, (C.3.10a)
271 Ja,
L=l —u (C.3.10b)
omi Jp. o 2mit ¢ Y e

We remark that, from the effective action (C.2.20), we have the relation

s

by = —.
Oe,,

(C.3.11)

3This algebraic function is given as the characteristic polynomial of the Lax matrix, L(z) € sly,

associated with the orthogonal polynomials,
H(z,y) = det(y — L(x)) (C.3.4)
with
tr L(z) =0, det L(z) = P(x) — iv’(x)2 : (C.3.5)

See [EKRI15] for details.
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This implies the relation between the A and B-cycle integrals through the effective

4, (0S 08
]{ A=ttt (5— e +1) : (C.3.12)

which is analogous to the Seiberg-Witten geometry discussed in §4.2.

action,

In order to obtain a closer expression to the Seiberg-Witten geometry, we take a

linear combination,

o =E€a — €atl, a=1,....n—1,, (C.3.13)
which corresponds to the simple root of the Lie group SU(n). Similarly define the
modified A-cycle, A, = Ay — Aai1, then we obtain

1 1 1
—p N=t&,, A 05

- - =1,....n—1 C.3.14
o L ori 5. ot 8§a7 (0% 5 , 1L ) ( )

where the modified filling fraction and the effective action correspond to the Coulomb

moduli and the prepotential of the Seiberg—Witten theory.

C.4 Quantum geometry

Let us discuss how to quantize the spectral curve of the matrix model. Recall the
saddle point equation at finite & (C.2.6) is a Riccati-type differential equation for the
resolvent. In order to linearize the differential equation, we write the resolvent as

V@ e (), (C.4.1)

Y(x) dx

where 1(z) is the characteristic polynomial, called the wave function in this context,

Wi(z)=nh

N
W(x) = H(x — ;) = det(z — H). (C.4.2)

Then, we obtain the second order linear ODE for the wave function,
2" (2) — V' (2) (2) + P(z)w(z) = 0. (C.4.3)

This ODE is also written in the operator form,*

H(z,9)¢(z) =0, (C.4.4)

4Precisely speaking, we should properly impose the ordering of the operators since the operators

(Z,9) are noncommutative.
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where H(x,y) is the algebraic function defined in (C.3.2), and the operator pair is
given by

d
EP(a) =2y(z),  Go()=hoi(2), (C.4.5)
obeying the relation
g, 2] =h. (C.4.6)

This is the canonical commutation relation with respect to the symplectic two-form
defined in (C.3.3). In this sense, this Schrodinger-type ODE is interpreted as quantiza-

tion of the spectral curve (quantum curve), and () plays a role of the wave function.

C.4.1 Baker—Akhiezer function

In order to see the connection to the integrable hierarchy, we consider the expectation

value of the characteristic polynomial,

P(x) = (det(z — H))

N 1 = xk &
= m/dH exp (—ﬁtrV(H) _;TUH )
=: xNM , (C.4.7)

Z(t)

where we explicitly show the t-dependence of the matrix integral, and we denote
@] =h(z""27%..). (C.A4.8)

From this point of view, we in practice consider the situation with d — oco. We
remark that such a shift of the t-variable can be imposed by the vertex operator
(§C.5.4). In fact, the matrix integral Z(t) is identified with the N-soliton solution
to the 7-function of the KP hierarchy, and the wave function is the corresponding
Baker—Akhiezer function. See, for example, [JM83, BBT03] for more details.

C.4.2 Quantization of the cycle

We can also see quantization of the cycle at finite h. As seen from the definition of the
resolvent (C.2.5), it has poles with the residue A, so that the A-cycle integral counts

the number of eigenvalues on the cut C,,
1

This is the Bohr-Sommerfeld quantization condition with the quantum parameter h.
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C.5 Quantum algebra

In this Section, we explore the algebraic structure of the matrix model. We see that the
loop equation, which provides a relation for the correlation functions, is characterized

using the infinite dimensional algebra.

C.5.1 Loop equation

Let O(H) be a non-singular function of the matrix H (also called the observable).
Then, as long as its expectation value ( O(H) ) is finite, the following identity holds:

0
/dHa—H (e*%“V(H) O(H)) =0, (C.5.1)
because the boundary value of the integrand is suppressed by the exponential term
e #TVH) Ip the eigenvalue representation, we instead obtain the identity:

N
0 [ By
/dXZa—xk <e R VXA LX) O(X)) =0, (C.5.2)
k=1

where we can interpret [ as an arbitrary parameter.

We consider the case with O(H) = tr H* = 32N 2% =: p,(X), where p(X) is the

=11

k-th power sum polynomial of X = (z;);=1....~. In this case, the identity (C.5.2) gives

-----

rise to
N N
| & 2x¥
0=7 < Z Fh ;LV'(%')% + Z P
i=1 3(#0)
k—1 3
=By (trH™tr H*™ ') + (1 = B) k(tr H* 1) — ﬁ<tr H*V'(H)).  (C.5.3)
m=0
Then, the identity with
1 o0
O(H) = tr — = 2 e R (C.5.4)

-1

is obtained from the relation (C.5.3) by multiplying the factor x7*~! and summing

over k=0,...,00,

o (otn) Yoo (Ha) )3 ()
:B<(trij>2>+(1_6)<tr(ﬁ)2>

oo ) R s
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which is called the loop equation. Inserting more generic operator O(H), we obtain

various relations among the correlation functions.

C.5.2 Operator formalism

We then discuss the underlying algebraic structure of the loop equation obtained above.

For this purpose, we introduce the operator formalism as follows.

Recalling the potential function takes a form of (C.1.3), one may express the matrix

moment as

1 h
(trH") = — /dH e n V) g g = —ngaitnlogZ, (C.5.6)

which implies the correspondence
tr A" <— —-n—— (C.5.7)

in the operator formalism. In order to apply this correspondence for "n € Z-,, we

take d = oo for the moment.

As in §6.1, we introduce the Fock space F = C[[t,,, 0,]] | 0) with the vacuum state
On|0) = 0, generated by the Heisenberg algebra H = (t,,,0,)n>1 with the algebraic
relation [0,,t,] = 0,,. For the latter purpose, we introduce another set of the

oscillators,

_ 20 _ _1\/5
a, = nh 5or. a_y, =h 5 tn (C.5.8)

obeying the algebraic relation
[@n, @m) = 1 Ot - (C.5.9)
With these operators, the loop equation (C.5.3) is written as follows:
Ly 172 =0, k>0, (C.5.10)

which is called the Virasoro constraint. The operators (Lg_1)r>0 are given in terms of

the a-modes,

k—1 o0
Lk—l = %nz% o i ;a—nan+k—1 + % <\/B — \/F) kzak_l
- %Z Unk—n—1 * =+ % (x/B - \/6‘1) kap1, (C.5.11)

neL
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which obeys the algebraic relation for the Virasoro algebra,
[Lp, L) = (n—n) Ly - (C.5.12)
We remark that the full Virasoro algebra (L, ),cz obeys the relation
[Ly, L)) = (n—n') Ly + 1—62n(n2 - 1), (C.5.13)

where c is called the central charge. The current matrix model construction (C.5.12)
does not provide the central term, because it appears from the commutation relation
between the positive and negative modes, L,, and L_,; There appear only a half of the
generators from the matrix model. Nevertheless, we can formally define the negative

generators from (C.5.11) to realize the full Virasoro algebra with the central charge

c:1—6<\/3—\/ﬁ)2: boG=1 (C.5.14)

—2 (f=2*)

C.5.3 Gauge theory parameter

The expression of the central charge in terms of the symmetry parameter 3 implies

the correspondence to the Q-background parameter [AGT10],

€1

(€1,€9) = (h,—hﬁfl) — (h,p) = <61,——> ) (C.5.15)

€9

Under this identification, exchanging €; <> €5 implies the following symmetry on the

matrix model parameters:

€+ €& <= (hB) «— (=h87,57"). (C.5.16)

In fact, from the expression (C.1.8), we obtain the effective action in the asymptotic
limit
2

h ;
—ElogZ:eleglogZ 220 S(ea, ), (C.5.17)

which is analogous to the asymptotic behavior of the partition function discussed in
§5.3, and the effective action S(e,,l,) plays a role of the prepotential F(a,,a?) in
gauge theory. See also §C.3.1.
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C.5.4 Vertex operators

From the a-modes (C.5.8), we define the current operator, which is identified with the
(derivative of) effective potential through the identification (C.5.7),

J(z) = Z apx "

ne’l
1
= —\/28r —+ hl\/g‘//(:c) = hl\/g () . (C.5.18)

Similarly, we define the free boson operator

an _p 3
o(z) = — Z 2 + aglogz + ao
TLEZ#()
_ _1 B _ .4 B .
= —y/20trlog(x — H)+ h EV(m) +ay=nh E‘/eﬂ‘(x) +ay (C.5.19)
with the zero mode
[@n, Qo) = dnyp - (C.5.20)
The free boson and the current operator have the relation
J(x) = 0,0(x). (C.5.21)
We also define the vertex operator with the free boson,
Vo(z) = : @ . (C.5.22)

where « is called the momentum parameter. Put a = F./(/2, then the vertex

operator gives rise to the characteristic polynomial in the matrix model

_BV(z +1
V;, /5/2(37) = (e aV( )det(:v - H)ﬁ> X const. (C.5.23)

Generating current

Let us consider the generating current of the Virasoro generators, which is called the

energy-momentum tensor, and also the stress tensor,

T(r) =Y x{j_’;? | (C.5.24)

nel

In fact, this generating current has a realization in terms of the current operator,

T(z) = %; 1T (x) — pJ(2) (C.5.25)
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where
1
p= EWB — VB, (C.5.26)

We remark p = 0 for § = 1. Since the current operator has the expression (C.5.18),

the generating current is given by

1\’ 1
T(x)=p (trx—H) —%V’(m)tr$_H +4L;12V'(x)2

+(1-B)tr (ﬁ) + %V”(z) | (C.5.27)

The algebraic relation (C.5.13) is equivalent to the OPE between the generating cur-
rents,
c/2 2T (2’ T (2
2w | T
(x—a)t  (x—2a)? x—2a

TR (C.5.28)

C.5.5 Z-state

The OPE between the generating current and the vertex operator is given by

, A, 1 0 ,
T(x)VOf(x) = ((l’ _ J}/)Q x — x/%) Va(x ) +-- <C529>
where the parameter
1
Ay == ((a+p)* —p?) (C.5.30)

2
is called the conformal weight. We define the screening current with A_ 55 = 1,

S(z) =V_ z5(z). (C.5.31)

Then, the OPE becomes

1
x—x

T(x)S(z") = % ( ) S+, (C.5.32)

which is a total derivative, so that the integral of the screening current commutes with

the generating current

T(x),S] = {T(@, / i’ S(:c’)] 0. (C.5.33)
We define the screening charge as the integral of the screening current,

S— / dz S(z) . (C.5.30)
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Then, the Z-state, obtained from the operator analog of the partition function
through the operator/state correspondence, is constructed from the screening charge

as follows:®

| Z) =5S"|0) :%/dein(mi—xj)%:HS(xi) :10)

i<j
1 N 8
- = / T dose 7V AN (X)27]0) (C.5.35)
’ i=1

In order to obtain the partition function, which takes a value in C, we define the dual

state

(d+1]a, =

(d+11(hVB2t) (e (....d+1) (C.5.36)
0

(nd(1,....d+1))

having the same charge as the Z-state | Z). We remark that the eigenvalue of the
oscillator a,, (namely, the parameter t,) is now a c-number. Then, the partition

function is given as a chiral correlator of the screening charges,
N
N 1 —By(zy) 28
Z=(d+1]Z)=(d+1|S"|0) =1 [[dwie ") Ap(X)*,  (C5.37)
' i=1
where the potential function is now a polynomial of degree d + 1.

Virasoro constraint revisited

Let us discuss the Virasoro constraint from the Z-state perspective. Applying the

Virasoro generating current to the vacuum, we have
T(x)[0) =Y L,|0)a""". (C.5.38)
ne”Z

Regularity at  — 0 implies
L,|0)=0, n>-—1. (C.5.39)

Since the screening charge commutes with the generating current, the same argu-
ment is applied to obtain the Virasoro constraint (C.5.10). Actually, compared to the
expression of the generating current (C.5.27), the loop equation (C.5.5) implies the

negative power modes vanish in the generating current.

®Precisely speaking, we should take care of the ordering of the integral variables, z; < --- < zy.

Here we relax this condition via the analytic continuation, and multiply the factor 1/N.



258 APPENDIX C. MATRIX MODEL



Bibliography

[ABS2]

[AB84]

[ABFH13]

[ABJOS]

[ABJMOS]

[ADK™06]

[AFO1§]

[AGG*10]

[AGH97]

M. F. Atiyah and R. Bott, The Yang—Mills equations over Riemann sur-
faces, Phil. Trans. Roy. Soc. Lond. A 308 (1982), no. 1505, 523-615.

_, The Moment map and equivariant cohomology, Topology 23
(1984), 1-28.

L. F. Alday, M. Bullimore, M. Fluder, and L. Hollands, Surface defects,
the superconformal index and q-deformed Yang-Mills, JHEP 10 (2013),
018, arXiv:1303.4460 [hep-th].

O. Aharony, O. Bergman, and D. L. Jafferis, Fractional M2-branes, JHEP
0811 (2008), 043, arXiv:0807.4924 [hep-th].

O. Aharony, O. Bergman, D. L. Jafferis, and J. Maldacena, N = 6 su-
perconformal Chern—Simons—matter theories, M2-branes and their gravity
duals, JHEP 0810 (2008), 091, arXiv:0806.1218 [hep-th].

M. Aganagic, R. Dijkgraaf, A. Klemm, M. Marifio, and C. Vafa, Topolog-
ical strings and integrable hierarchies, Commun. Math. Phys. 261 (2006),
451-516, arXiv:hep-th/0312085 [hep-th].

M. Aganagic, E. Frenkel, and A. Okounkov, Quantum q-Langlands
Correspondence, Trans. Moscow Math. Soc. 79 (2018), 1-83,
arXiv:1701.03146 [hep-th].

L. F. Alday, D. Gaiotto, S. Gukov, Y. Tachikawa, and H. Verlinde, Loop
and surface operators in N = 2 gauge theory and Liouville modular ge-
ometry, JHEP 01 (2010), 113, arXiv:0909.0945 [hep-th].

L. Alvarez-Gaumé and S. Hassan, Introduction to S duality in N = 2 su-
persymmetric gauge theories: A Pedagogical review of the work of Seiberg
and Witten, Fortsch. Phys. 45 (1997), 159-236, arXiv:hep-th/97010609.

259


https://doi.org/10.1098/rsta.1983.0017
https://doi.org/10.1016/0040-9383(84)90021-1
https://doi.org/10.1016/0040-9383(84)90021-1
https://doi.org/10.1007/JHEP10(2013)018
https://arxiv.org/abs/1303.4460
https://doi.org/10.1088/1126-6708/2008/11/043
https://doi.org/10.1088/1126-6708/2008/11/043
https://arxiv.org/abs/0807.4924
https://doi.org/10.1088/1126-6708/2008/10/091
https://arxiv.org/abs/0806.1218
https://doi.org/10.1007/s00220-005-1448-9
https://arxiv.org/abs/hep-th/0312085
https://doi.org/10.1090/mosc/278
https://arxiv.org/abs/1701.03146
https://doi.org/10.1007/JHEP01(2010)113
https://arxiv.org/abs/0909.0945
https://doi.org/10.1002/prop.2190450302
https://arxiv.org/abs/hep-th/9701069

260

[AGT10]

[AH15]

[AHDM7S]

[AHK9S]

[AHKS13]

[AHST77]

[AHSTS]

[AHS14]

[AKO05]

[AKKS18]

[AKMV05]

[AKOS96]

[APP11]

BIBLIOGRAPHY

L. F. Alday, D. Gaiotto, and Y. Tachikawa, Liouville Correlation Func-
tions from Four-dimensional Gauge Theories, Lett. Math. Phys. 91
(2010), 167-197, arXiv:0906.3219 [hep-th].

M. Aganagic and N. Haouzi, ADFE Little String Theory on a Riemann
Surface (and Triality), arXiv:1506.04183 [hep-th].

M. F. Atiyah, N. J. Hitchin, V. G. Drinfeld, and Y. I. Manin, Construction
of instantons, Phys. Lett. A65 (1978), 185-187.

O. Aharony, A. Hanany, and B. Kol, Webs of (p,q) five-branes, five-
dimensional field theories and grid diagrams, JHEP 01 (1998), 002,
arXiv:hep-th/9710116 [hep-th].

M. Aganagic, N. Haouzi, C. Kozcaz, and S. Shakirov, Gauge/Liouville
Triality, arXiv:1309.1687 [hep-th].

M. Atiyah, N. J. Hitchin, and 1. Singer, Deformations of Instantons, Proc.
Nat. Acad. Sci. 74 (1977), 2662—2663.

, Selfduality in Four-Dimensional Riemannian Geometry, Proc.
Roy. Soc. Lond. A 362 (1978), 425-461.

M. Aganagic, N. Haouzi, and S. Shakirov, A,,-Triality, arXiv:1403.3657
[hep-th].

H. Awata and H. Kanno, Instanton counting, Macdonald func-
tions and the moduli space of D-branes, JHEP 0505 (2005), 039,
arXiv:hep-th/0502061 [hep-th].

P. Agarwal, J. Kim, S. Kim, and A. Sciarappa, Wilson surfaces in M5-
branes, JHEP 08 (2018), 119, arXiv:1804.09932 [hep-th].

M. Aganagic, A. Klemm, M. Marino, and C. Vafa, The Topological ver-
tex, Commun. Math. Phys. 254 (2005), 425478, arXiv:hep-th/0305132
[hep-th].

H. Awata, H. Kubo, S. Odake, and J. Shiraishi, Quantum Wy algebras
and Macdonald polynomials, Commun. Math. Phys. 179 (1996), 401-416,
arXiv:q-alg/9508011 [math.QA].

S. Alexandrov, D. Persson, and B. Pioline, Wall-crossing, Rogers
dilogarithm, and the QK/HK correspondence, JHEP 12 (2011), 027,
arXiv:1110.0466 [hep-th].


https://doi.org/10.1007/s11005-010-0369-5
https://doi.org/10.1007/s11005-010-0369-5
https://arxiv.org/abs/0906.3219
https://arxiv.org/abs/1506.04183
https://doi.org/10.1016/0375-9601(78)90141-X
https://doi.org/10.1088/1126-6708/1998/01/002
https://arxiv.org/abs/hep-th/9710116
https://arxiv.org/abs/1309.1687
https://doi.org/10.1073/pnas.74.7.2662
https://doi.org/10.1073/pnas.74.7.2662
https://doi.org/10.1098/rspa.1978.0143
https://doi.org/10.1098/rspa.1978.0143
https://arxiv.org/abs/1403.3657
https://arxiv.org/abs/1403.3657
https://doi.org/10.1088/1126-6708/2005/05/039
https://arxiv.org/abs/hep-th/0502061
https://doi.org/10.1007/JHEP08(2018)119
https://arxiv.org/abs/1804.09932
https://doi.org/10.1007/s00220-004-1162-z
https://arxiv.org/abs/hep-th/0305132
https://arxiv.org/abs/hep-th/0305132
https://doi.org/10.1007/BF02102595
https://arxiv.org/abs/q-alg/9508011
https://doi.org/10.1007/JHEP12(2011)027
https://arxiv.org/abs/1110.0466

BIBLIOGRAPHY 261

[APS95]

[AS1S]

[AT10]

[AY'10a]

[AY10b]

[BBT03]

[BDZH*16]

[BE06]

[BEHT15]

[BF11]

[BFHR14]

P. C. Argyres, M. Plesser, and A. D. Shapere, The Coulomb phase of
N = 2 supersymmetric QCD, Phys. Rev. Lett. 75 (1995), 1699-1702,
arXiv:hep-th/9505100.

B. Assel and A. Sciarappa, Wilson loops in 5d N = 1 theories and S-
duality, JHEP 10 (2018), 082, arXiv:1806.09636 [hep-th].

L. F. Alday and Y. Tachikawa, Affine SL(2) conformal blocks from 4d
gauge theories, Lett. Math. Phys. 94 (2010), 87-114, arXiv:1005.4469
[hep-th].

H. Awata and Y. Yamada, Five-dimensional AGT Conjecture and the
Deformed Virasoro Algebra, JHEP 01 (2010), 125, arXiv:0910.4431
[hep-th].

, Five-dimensional AGT Relation and the Deformed [-ensemble,
Prog. Theor. Phys. 124 (2010), 227-262, arXiv:1004.5122 [hep-th].

O. Babelon, D. Bernard, and M. Talon, Introduction to Classical Inte-
grable Systems, Cambridge Monographs on Mathematical Physics, Cam-
bridge Univ. Press, 2003.

L. Bhardwaj, M. Del Zotto, J. J. Heckman, D. R. Morrison, T. Rudelius,
and C. Vafa, F-theory and the Classification of Little Strings, Phys. Rev. D
93 (2016), no. 8, 086002, arXiv:1511.05565 [hep-th], [Erratum: Phys.
Rev. D 100, 029901 (2019)].

A. Braverman and P. Etingof, Instanton counting via affine Lie al-
gebras II: From Whittaker vectors to the Seiberg—Witten prepoten-
tial, Studies in Lie Theory, Progress in Mathematics, vol. 243, 2006,
arXiv:math/0409441, pp. 61-78.

F. Benini, R. Eager, K. Hori, and Y. Tachikawa, Elliptic Genera of 2d N
= 2 Gauge Theories, Commun. Math. Phys. 333 (2015), no. 3, 1241-1286,
arXiv:1308.4896 [hep-th].

V. Belavin and B. Feigin, Super Liouville conformal blocks from N = 2
SU(2) quiver gauge theories, JHEP 07 (2011), 079, arXiv:1105.5800
[hep-th].

M. Bullimore, M. Fluder, L. Hollands, and P. Richmond, The supercon-
formal index and an elliptic algebra of surface defects, JHEP 10 (2014),
062, arXiv:1401.3379 [hep-th].


https://doi.org/10.1103/PhysRevLett.75.1699
https://arxiv.org/abs/hep-th/9505100
https://doi.org/10.1007/JHEP10(2018)082
https://arxiv.org/abs/1806.09636
https://doi.org/10.1007/s11005-010-0422-4
https://arxiv.org/abs/1005.4469
https://arxiv.org/abs/1005.4469
https://doi.org/10.1007/JHEP01(2010)125
https://arxiv.org/abs/0910.4431
https://arxiv.org/abs/0910.4431
https://doi.org/10.1143/PTP.124.227
https://arxiv.org/abs/1004.5122
https://doi.org/10.1017/CBO9780511535024
https://doi.org/10.1017/CBO9780511535024
https://doi.org/10.1103/PhysRevD.93.086002
https://doi.org/10.1103/PhysRevD.93.086002
https://arxiv.org/abs/1511.05565
https://doi.org/10.1007/0-8176-4478-4_5
https://arxiv.org/abs/math/0409441
https://doi.org/10.1007/s00220-014-2210-y
https://arxiv.org/abs/1308.4896
https://doi.org/10.1007/JHEP07(2011)079
https://arxiv.org/abs/1105.5800
https://arxiv.org/abs/1105.5800
https://doi.org/10.1007/JHEP10(2014)062
https://arxiv.org/abs/1401.3379

262

[BFM*16]

[BFM18]

[BFMTO03]

[BFN16]

[BGGT21]

[BGH'20a]

[BGH*+20D)

[BGV03]

[Bhal5)

[BHIR18a)

[BHIR18b)]

[BHIR18(|

[BHIR19]

BIBLIOGRAPHY

J.-E. Bourgine, M. Fukuda, Y. Matsuo, H. Zhang, and R.-D. Zhu, Co-
herent states in quantum W, algebra and qq-character for 5d Super
Yang-Mills, PTEP 2016 (2016), 123B05, arXiv:1606.08020 [hep-th].

M. Bershtein, B. Feigin, and G. Merzon, Plane partitions with a “pit”:
generating functions and representation theory, Sel. Math. 24 (2018), 21—
62, arXiv:1512.08779 [math.CO].

U. Bruzzo, F. Fucito, J. F. Morales, and A. Tanzini, Multiin-
stanton calculus and equivariant cohomology, JHEP 05 (2003), 054,
arXiv:hep-th/0211108.

A. Braverman, M. Finkelberg, and H. Nakajima, Instanton moduli spaces
and W-algebras, Astérisque 385 (2016), arXiv:1406.2381 [math.QA].

A. Bourget, S. Giacomelli, J. F. Grimminger, A. Hanany, M. Sper-
ling, and Z. Zhong, S-fold magnetic quivers, JHEP 02 (2021), 054,
arXiv:2010.05889 [hep-th].

A. Bourget, J. F. Grimminger, A. Hanany, R. Kalveks, M. Sperling,
and Z. Zhong, Magnetic Lattices for Orthosymplectic Quivers, JHEP 12
(2020), 92, arXiv:2007.04667 [hep-th].

A. Bourget, J. F. Grimminger, A. Hanany, M. Sperling, G. Zafrir, and
Z. Zhong, Magnetic quivers for rank 1 theories, JHEP 09 (2020), 189,
arXiv:2006.16994 [hep-th].

N. Berline, E. Getzler, and M. Vergne, Heat Kernels and Dirac Operators,
Grundlehren Text Editions, Springer Berlin Heidelberg, 2003.

L. Bhardwaj, Classification of 6d N = (1,0) gauge theories, JHEP 11
(2015), 002, arXiv:1502.06594 [hep-th].

B. Bastian, S. Hohenegger, A. Igbal, and S.-J. Rey, Beyond Triality: Dual
Quiver Gauge Theories and Little String Theories, JHEP 11 (2018), 016,
arXiv:1807.00186 [hep-th].

, Dual little strings and their partition functions, Phys. Rev. D 97
(2018), no. 10, 106004, arXiv:1710.02455 [hep-th].

_, Triality in Little String Theories, Phys. Rev. D 97 (2018), no. 4,

046004, arXiv:1711.07921 [hep-th].

, Five-Dimensional Gauge Theories from Shifted Web Diagrams,
Phys. Rev. D 99 (2019), no. 4, 046012, arXiv:1810.05109 [hep-th].


https://doi.org/10.1093/ptep/ptw165
https://arxiv.org/abs/1606.08020
https://doi.org/10.1007/s00029-018-0389-z
https://arxiv.org/abs/1512.08779
https://doi.org/10.1088/1126-6708/2003/05/054
https://arxiv.org/abs/hep-th/0211108
https://doi.org/10.24033/ast.1012
https://arxiv.org/abs/1406.2381
https://doi.org/10.1007/JHEP02(2021)054
https://arxiv.org/abs/2010.05889
https://doi.org/10.1007/JHEP12(2020)092
https://doi.org/10.1007/JHEP12(2020)092
https://arxiv.org/abs/2007.04667
https://doi.org/10.1007/JHEP09(2020)189
https://arxiv.org/abs/2006.16994
https://doi.org/10.1007/JHEP11(2015)002
https://doi.org/10.1007/JHEP11(2015)002
https://arxiv.org/abs/1502.06594
https://doi.org/10.1007/JHEP11(2018)016
https://arxiv.org/abs/1807.00186
https://doi.org/10.1103/PhysRevD.97.106004
https://doi.org/10.1103/PhysRevD.97.106004
https://arxiv.org/abs/1710.02455
https://doi.org/10.1103/PhysRevD.97.046004
https://arxiv.org/abs/1711.07921
https://doi.org/10.1103/PhysRevD.99.046012
https://arxiv.org/abs/1810.05109

BIBLIOGRAPHY 263

[BHM21]

[BK9S]

[BLL*15]

[BMT11]

[BMT12]

[BMZ16]

[BPYS]

[BPTY12]

[BS93)

[BS94]

[BS12]

[BT13]

[BTZ12]

A. Bourget, A. Hanany, and D. Miketa, Quiver origami: discrete gauging
and folding, JHEP 01 (2021), 086, arXiv:2005.05273 [hep-th].

[. Brunner and A. Karch, Branes at orbifolds versus Hanany Witten in
siz-dimensions, JHEP 03 (1998), 003, arXiv:hep-th/9712143.

C. Beem, M. Lemos, P. Liendo, W. Peelaers, L. Rastelli, and B. C. van
Rees, Infinite Chiral Symmetry in Four Dimensions, Commun. Math.
Phys. 336 (2015), no. 3, 1359-1433, arXiv:1312.5344 [hep-th].

G. Bonelli, K. Maruyoshi, and A. Tanzini, Instantons on ALE spaces
and Super Liouville Conformal Field Theories, JHEP 08 (2011), 056,
arXiv:1106.2505 [hep-th].

, Gauge Theories on ALE Space and Super Liouville Correlation
Functions, Lett. Math. Phys. 101 (2012), 103-124, arXiv:1107.4609
[hep-th].

J.-E. Bourgine, Y. Matsuo, and H. Zhang, Holomorphic field realization
of SH® and quantum geometry of quiver gauge theories, JHEP 04 (2016),
167, arXiv:1512.02492 [hep-th].

P. Bouwknegt and K. Pilch, On deformed W-algebras and quan-
tum affine algebras, Adv. Theor. Math. Phys. 2 (1998), 357-397,
arXiv:math/9801112 [math.QA].

L. Bao, E. Pomoni, M. Taki, and F. Yagi, M5-Branes, Toric Diagrams
and Gauge Theory Duality, JHEP 1204 (2012), 105, arXiv:1112.5228
[hep-th].

P. Bouwknegt and K. Schoutens, W symmetry in conformal field theory,
Phys. Rept. 223 (1993), 183276, arXiv:hep-th/9210010.

, W-Symmetry, Advanced Series in Mathematical Physics, vol. 22,

World Scientific, Singapore, January 1994.

[. Burban and O. Schiffmann, On the Hall algebra of an elliptic curve,
I, Duke Math. J. 161 (2012), no. 7, 1171-1231, arXiv:math/0505148
[math.AG].

L. Bhardwaj and Y. Tachikawa, Classification of 4d N' = 2 gauge theories,
JHEP 12 (2013), 100, arXiv:1309.5160 [hep-th].

G. Bonelli, A. Tanzini, and J. Zhao, Vertices, Vortices & Interacting Sur-
face Operators, JHEP 06 (2012), 178, arXiv:1102.0184 [hep-th].


https://doi.org/10.1007/JHEP01(2021)086
https://arxiv.org/abs/2005.05273
https://doi.org/10.1088/1126-6708/1998/03/003
https://arxiv.org/abs/hep-th/9712143
https://doi.org/10.1007/s00220-014-2272-x
https://doi.org/10.1007/s00220-014-2272-x
https://arxiv.org/abs/1312.5344
https://doi.org/10.1007/JHEP08(2011)056
https://arxiv.org/abs/1106.2505
https://doi.org/10.1007/s11005-012-0553-x
https://arxiv.org/abs/1107.4609
https://arxiv.org/abs/1107.4609
https://doi.org/10.1007/JHEP04(2016)167
https://arxiv.org/abs/1512.02492
https://doi.org/10.4310/ATMP.1998.v2.n2.a6
https://arxiv.org/abs/math/9801112
https://doi.org/10.1007/JHEP04(2012)105
https://arxiv.org/abs/1112.5228
https://arxiv.org/abs/1112.5228
https://doi.org/10.1016/0370-1573(93)90111-P
https://arxiv.org/abs/hep-th/9210010
https://doi.org/10.1142/2354
https://doi.org/10.1215/00127094-1593263
https://arxiv.org/abs/math/0505148
https://arxiv.org/abs/math/0505148
https://doi.org/10.1007/JHEP12(2013)100
https://arxiv.org/abs/1309.5160
https://doi.org/10.1007/JHEP06(2012)178
https://arxiv.org/abs/1102.0184

264

[BVS2]

[BV99]

[BZ20]

[CDHL11]

[CK18a]

[CK18b)]

[CKL20a)]

[CKL20b)]

[CKM19]

(CS73]

[DF84]

[DF85]

[DFMS97]

BIBLIOGRAPHY

N. Berline and M. Vergne, Classes caractéristiques équivariantes. Formule

de localisation en cohomologie équivariante, C. R. Acad. Sci. Paris Sér. [
Math. 295 (1982), 539-541.

M. Brion and M. Vergne, Arrangement of hyperplanes. I: Rational func-
tions and Jeffrey—Kirwan residue, Ann. Sci. Ec. Norm. Supér. 32 (1999),
no. 5, 715-741, arXiv:math/9903178 [math.DG].

L. Bhardwaj and G. Zafrir, Classification of 5d N = 1 gauge theories,
JHEP 12 (2020), 099, arXiv:2003.04333 [hep-th].

H.-Y. Chen, N. Dorey, T. J. Hollowood, and S. Lee, A New 2d//d Duality
via Integrability, JHEP 09 (2011), 040, arXiv:1104.3021 [hep-th].

Y. Cao and M. Kool, Zero-dimensional Donaldson—Thomas invariants of
Calabi—Yau 4-folds, Adv. Math. 338 (2018), 601648, arXiv:1712.07347
[math.AG].

H.-Y. Chen and T. Kimura, Quantum integrability from non-simply laced
quiver gauge theory, JHEP 06 (2018), 165, arXiv:1805.01308 [hep-th].

H.-Y. Chen, T. Kimura, and N. Lee, Quantum FElliptic Calogero-Moser
Systems from Gauge Origami, JHEP 02 (2020), 108, arXiv:1908.04928
[hep-th].

, Quantum Integrable Systems from Supergroup Gauge Theories,
JHEP 2009 (2020), 104, arXiv:2003.13514 [hep-th].

Y. Cao, M. Kool, and S. Monavari, K-theoretic DT/PT correspondence
for toric Calabi—Yau 4-folds, arXiv:1906.07856 [math.AG].

L. Clavelli and J. A. Shapiro, Pomeron factorization in general dual mod-
els, Nucl. Phys. B57 (1973), 490-535.

V. S. Dotsenko and V. A. Fateev, Conformal algebra and multipoint cor-
relation functions in 2D statistical models, Nucl. Phys. B240 (1984), 312—
348.

, Four-point correlation functions and the operator algebra in 2D

conformal invariant theories with central charge ¢ < 1, Nucl. Phys. B251

(1985), 691-734.

P. Di Francesco, P. Mathieu, and D. Senechal, Conformal Field Theory,
Graduate Texts in Contemporary Physics, Springer-Verlag, New York,
1997.


https://doi.org/10.1016/s0012-9593(01)80005-7
https://arxiv.org/abs/math/9903178
https://doi.org/10.1007/JHEP12(2020)099
https://arxiv.org/abs/2003.04333
https://doi.org/10.1007/JHEP09(2011)040
https://arxiv.org/abs/1104.3021
https://doi.org/10.1016/j.aim.2018.09.011
https://arxiv.org/abs/1712.07347
https://arxiv.org/abs/1712.07347
https://doi.org/10.1007/JHEP06(2018)165
https://arxiv.org/abs/1805.01308
https://doi.org/10.1007/JHEP02(2020)108
https://arxiv.org/abs/1908.04928
https://arxiv.org/abs/1908.04928
https://doi.org/10.1007/JHEP09(2020)104
https://arxiv.org/abs/2003.13514
https://arxiv.org/abs/1906.07856
https://doi.org/10.1016/0550-3213(73)90113-2
https://doi.org/10.1016/0550-3213(84)90269-4
https://doi.org/10.1016/S0550-3213(85)80004-3
https://doi.org/10.1016/S0550-3213(85)80004-3
https://doi.org/10.1007/978-1-4612-2256-9

BIBLIOGRAPHY 265

[DGH10]

[DHS2]

[DHJV18]

[DHKMO2]

[DHKM17]

[DHS09)

[DHSV08]

[DHT99]

[DI197]

[DK97]

[DLH11]

[DMY6]

T. Dimofte, S. Gukov, and L. Hollands, Vortex Counting and Lagrangian
3-manifolds, Lett. Math. Phys. 98 (2010), 225-287, arXiv:1006.0977
[hep-th].

J. J. Duistermaat and G. J. Heckman, On the Variation in the cohomology
of the symplectic form of the reduced phase space, Invent. Math. 69 (1982),
259-268.

R. Dijkgraaf, B. Heidenreich, P. Jefferson, and C. Vafa, Negative Branes,
Supergroups and the Signature of Spacetime, JHEP 02 (2018), 050,
arXiv:1603.05665 [hep-th].

N. Dorey, T. J. Hollowood, V. V. Khoze, and M. P. Mattis, The
Calculus of Many Instantons, Phys. Rept. 371 (2002), 231-459,
arXiv:hep-th/0206063 [hep-th].

A. Dey, A. Hanany, P. Koroteev, and N. Mekareeya, On Three-
Dimensional Quiver Gauge Theories of Type B, JHEP 09 (2017), 067,
arXiv:1612.00810 [hep-th].

R. Dijkgraaf, L. Hollands, and P. Sulkowski, Quantum Curves and D-
Modules, JHEP 11 (2009), 047, arXiv:0810.4157 [hep-th].

R. Dijkgraaf, L. Hollands, P. Sulkowski, and C. Vafa, Supersymmetric
Gauge Theories, Intersecting Branes and Free Fermions, JHEP 02 (2008),
106, arXiv:0709.4446 [hep-th].

N. Dorey, T. J. Hollowood, and D. Tong, The BPS spectra of gauge the-
ories in two-dimensions and four-dimensions, JHEP 9905 (1999), 006,
arXiv:hep-th/9902134 [hep-th].

J. Ding and K. Iohara, Generalization and deformation of Drin-
feld quantum affine algebras, Lett. Math. Phys. 41 (1997), 181-193,
arXiv:q-alg/9608002 [math.QA].

S. K. Donaldson and P. B. Kronheimer, The Geometry of Four-Manifolds,
Oxford Univ. Press, 1997.

N. Dorey, S. Lee, and T. J. Hollowood, Quantization of Integrable Systems
and a 2d/4d Duality, JHEP 10 (2011), 077, arXiv:1103.5726 [hep-th].

M. R. Douglas and G. W. Moore, D-branes, Quivers, and ALE Instantons,
arXiv:hep-th/9603167.


https://doi.org/10.1007/s11005-011-0531-8
https://arxiv.org/abs/1006.0977
https://arxiv.org/abs/1006.0977
https://doi.org/10.1007/BF01399506
https://doi.org/10.1007/JHEP02(2018)050
https://arxiv.org/abs/1603.05665
https://doi.org/10.1016/S0370-1573(02)00301-0
https://arxiv.org/abs/hep-th/0206063
https://doi.org/10.1007/JHEP09(2017)067
https://arxiv.org/abs/1612.00810
https://doi.org/10.1088/1126-6708/2009/11/047
https://arxiv.org/abs/0810.4157
https://doi.org/10.1088/1126-6708/2008/02/106
https://arxiv.org/abs/0709.4446
https://doi.org/10.1088/1126-6708/1999/05/006
https://arxiv.org/abs/hep-th/9902134
https://doi.org/10.1023/A:1007341410987
https://arxiv.org/abs/q-alg/9608002
https://doi.org/10.1007/JHEP10(2011)077
https://arxiv.org/abs/1103.5726
https://arxiv.org/abs/hep-th/9603167

266

[DO0Y]

[Don&3|

[Don9g|

[Dor9s]

[Dou99]

[DP02]

[DT10]

[DV02]

[DW96]

[DZHTV15]

[DZ0O21]

[EHTS]

BIBLIOGRAPHY

F. Dolan and H. Osborn, Applications of the Superconformal Index for
Protected Operators and q-Hypergeometric Identities to N' =1 Dual The-
ories, Nucl. Phys. B818 (2009), 137-178, arXiv:0801.4947 [hep-th].

S. K. Donaldson, An Application of gauge theory to four-dimensional
topology, J. Diff. Geom. 18 (1983), 279.

R. Y. Donagi, Seiberg-Witten integrable systems, Surveys in Differential
Geometry 4 (1998), no. 1, 83-129.

N. Dorey, The BPS spectra of two-dimensional supersymmetric gauge the-
ories with twisted mass terms, JHEP 9811 (1998), 005, hep-th/9806056.

M. R. Douglas, Branes within branes, Strings, Branes and Du-
alities, NATO Sci. Ser. C, vol. 520, Springer Netherlands, 1999,
arXiv:hep-th/9512077, pp. 267-275.

E. D’Hoker and D. Phong, Lectures on supersymmetric Yang—Mills
theory and integrable systems, Theoretical Physics at the End of
the Twentieth Century, CRM Series in Mathematical Physics, 2002,
arXiv:hep-th/9912271, pp. 1-125.

N. Drukker and D. Trancanelli, A Supermatriz model for N = 6 super
Chern—Simons—matter theory, JHEP 1002 (2010), 058, arXiv:0912.3006
[hep-th].

R. Dijkgraaf and C. Vafa, Matriz models, topological strings, and
supersymmetric gauge theories, Nucl. Phys. B644 (2002), 3-20,
arXiv:hep-th/0206255.

R. Donagi and E. Witten, Supersymmetric Yang—Mills the-
ory and integrable systems, Nucl. Phys. B460 (1996), 299-334,
arXiv:hep-th/9510101 [hep-th].

M. Del Zotto, J. J. Heckman, A. Tomasiello, and C. Vafa, 6d Conformal
Matter, JHEP 02 (2015), 054, arXiv:1407.6359 [hep-th].

M. Del Zotto and K. Ohmori, 2-Group Symmetries of 6d Little String The-
ories and T-duality, Annales Henri Poincaré (2021), arXiv:2009.03489
[hep-th].

T. Eguchi and A. J. Hanson, Asymptotically Flat Selfdual Solutions to
FEuclidean Gravity, Phys. Lett. B74 (1978), 249.


https://doi.org/10.1016/j.nuclphysb.2009.01.028
https://arxiv.org/abs/0801.4947
http://projecteuclid.org/euclid.jdg/1214437665
https://doi.org/10.4310/sdg.1998.v4.n1.a2
https://doi.org/10.4310/sdg.1998.v4.n1.a2
https://doi.org/10.1088/1126-6708/1998/11/005
https://arxiv.org/abs/hep-th/9806056
https://doi.org/10.1007/978-94-011-4730-9_10
https://doi.org/10.1007/978-94-011-4730-9_10
https://arxiv.org/abs/hep-th/9512077
https://doi.org/10.1007/978-1-4757-3671-7_1
https://doi.org/10.1007/978-1-4757-3671-7_1
https://arxiv.org/abs/hep-th/9912271
https://doi.org/10.1007/JHEP02(2010)058
https://arxiv.org/abs/0912.3006
https://arxiv.org/abs/0912.3006
https://doi.org/10.1016/S0550-3213(02)00766-6
https://arxiv.org/abs/hep-th/0206255
https://doi.org/10.1016/0550-3213(95)00609-5
https://arxiv.org/abs/hep-th/9510101
https://doi.org/10.1007/JHEP02(2015)054
https://arxiv.org/abs/1407.6359
https://doi.org/10.1007/s00023-021-01018-3
https://arxiv.org/abs/2009.03489
https://arxiv.org/abs/2009.03489
https://doi.org/10.1016/0370-2693(78)90566-X

BIBLIOGRAPHY 267

[EKR15] B. Eynard, T. Kimura, and S. Ribault, Random matrices,
arXiv:1510.04430 [math-ph].

[EO07] B. Eynard and N. Orantin, Invariants of algebraic curves and topo-
logical expansion, Commun. Num. Theor. Phys. 1 (2007), 347-452,
arXiv:math-ph/0702045 [math-ph].

[Fad95] L. D. Faddeev, Discrete Heisenberg—Weyl group and modular group, Lett.
Math. Phys. 34 (1995), 249-254, arXiv:hep-th/9504111 [hep-th].

[FF92] B. Feigin and E. Frenkel, Affine Kac—Moody algebras at the critical level
and Gelfand—Dikii algebras, Int. J. Mod. Phys. A 7S1A (1992), 197-215.

[FF96] , Quantum W-algebras and elliptic algebras, Commun. Math.

Phys. 178 (1996), 653-678, arXiv:q-alg/9508009 [math.QA].

[FFNR11] B. Feigin, M. Finkelberg, A. Negut, and L. Rybnikov, Yangians and co-
homology rings of Laumon spaces, Selecta Math. 17 (2011), 573-607,
arXiv:0812.4656 [math.AG].

[FGML73] H. Fritzsch, M. Gell-Mann, and H. Leutwyler, Advantages of the Color
Octet Gluon Picture, Phys. Lett. B 47 (1973), 365-368.

[FH11] E. Frenkel and D. Hernandez, Langlands duality for finite-dimensional
representations of quantum affine algebras, Lett. Math. Phys. 96 (2011),
217261, arXiv:0902.0447 [math.QA].

[FHHT09] B. Feigin, K. Hashizume, A. Hoshino, J. Shiraishi, and S. Yanagida, A
commutative algebra on degenerate CP' and Macdonald polynomials, J.
Math. Phys. 50 (2009), no. 9, 095215, arXiv:0904.2291 [math.CO].

[FIMM15] B. Feigin, M. Jimbo, T. Miwa, and E. Mukhin, Quantum toroidal gly and
Bethe ansatz, J. Phys. A48 (2015), no. 24, 244001, arXiv:1502.07194
[math.QA].

[FIMM17a] , Finite Type Modules and Bethe Ansatz Equations, Annales Henri

Poincaré 18 (2017), no. 8, 2543-2579, arXiv:1609.05724 [math.QA].

[FIMM17b] _ | Finite Type Modules and Bethe Ansatz for Quantum Toroidal gl,,
Commun. Math. Phys. 356 (2017), no. 1, 285-327, arXiv:1603.02765
[math.QA].

[FK94] L. D. Faddeev and R. M. Kashaev, Quantum Dilogarithm, Mod. Phys.

Lett. A9 (1994), 427-434, arXiv:hep-th/9310070 [hep-th].


https://arxiv.org/abs/1510.04430
https://doi.org/10.4310/CNTP.2007.v1.n2.a4
https://arxiv.org/abs/math-ph/0702045
https://doi.org/10.1007/BF01872779
https://doi.org/10.1007/BF01872779
https://arxiv.org/abs/hep-th/9504111
https://doi.org/10.1142/S0217751X92003781
https://doi.org/10.1007/BF02108819
https://doi.org/10.1007/BF02108819
https://arxiv.org/abs/q-alg/9508009
https://doi.org/10.1007/s00029-011-0059-x
https://arxiv.org/abs/0812.4656
https://doi.org/10.1016/0370-2693(73)90625-4
https://doi.org/10.1007/s11005-010-0426-0
https://arxiv.org/abs/0902.0447
https://doi.org/10.1063/1.3192773
https://doi.org/10.1063/1.3192773
https://arxiv.org/abs/0904.2291
https://doi.org/10.1088/1751-8113/48/24/244001
https://arxiv.org/abs/1502.07194
https://arxiv.org/abs/1502.07194
https://doi.org/10.1007/s00023-017-0577-y
https://doi.org/10.1007/s00023-017-0577-y
https://arxiv.org/abs/1609.05724
https://doi.org/10.1007/s00220-017-2984-9
https://arxiv.org/abs/1603.02765
https://arxiv.org/abs/1603.02765
https://doi.org/10.1142/S0217732394000447
https://doi.org/10.1142/S0217732394000447
https://arxiv.org/abs/hep-th/9310070

268

[FKNO12]

[FKNO15]

[FKO15]

[FM17]

[FMPO4]

[FMPP11]

[FROS)

[FRO9]

[FR14]

[Fre07]

[FT11]

[FU91]

BIBLIOGRAPHY

T. Fujimori, T. Kimura, M. Nitta, and K. Ohashi, Vortex counting from
field theory, JHEP 1206 (2012), 028, arXiv:1204.1968 [hep-th].

, 2d partition function in Q-background and vortez/instanton cor-
respondence, JHEP 12 (2015), 110, arXiv:1509.08630 [hep-th].

R. M. Farghly, H. Konno, and K. Oshima, FElliptic algebra U,,(g)
and quantum Z-algebras, Alg. Rep. Theor. 18 (2015), 103-135,
arXiv:1404.1738 [math.QA].

S. Fujii and S. Minabe, A Combinatorial study on quiver varieties, SIGMA
13 (2017), 052, arXiv:math/0510455.

F. Fucito, J. F. Morales, and R. Poghossian, Multi instanton calculus on
ALE spaces, Nucl. Phys. B703 (2004), 518-536, arXiv:hep-th/0406243
[hep-th].

F. Fucito, J. F. Morales, D. R. Pacifici, and R. Poghossian, Gauge theories
on Q-backgrounds from non commutative Seiberg—Witten curves, JHEP
1105 (2011), 098, arXiv:1103.4495 [hep-th].

E. Frenkel and N. Reshetikhin, Deformations of VW-algebras associ-
ated to simple Lie algebras, Comm. Math. Phys. 197 (1998), 1-32,
q-alg/9708006 [math.QA].

, The q-characters of representations of quantum affine algebras
and deformations of WW-algebras, Recent Developments in Quantum Affine
Algebras and Related Topics, Contemp. Math., vol. 248, Amer. Math.
Soc., 1999, math/9810055 [math.QA], pp. 163-205.

M. Finkelberg and L. Rybnikov, Quantization of Drinfeld Zastava in
type A, J. Eur. Math. Soc. 16 (2014), no. 2, 235-271, arXiv:1009.0676
[math.AG].

E. Frenkel, Lectures on the Langlands program and conformal field theory,
Les Houches School of Physics: Frontiers in Number Theory, Physics and
Geometry, 2007, arXiv:hep-th/0512172, pp. 387-533.

B. Feigin and A. Tsymbaliuk, Heisenberg action in the equivariant K-
theory of Hilbert schemes via Shuffle Algebra, Kyoto J. Math. 51 (2011),
no. 4, 831-854, arXiv:0904.1679 [math.RT].

D. S. Freed and K. K. Uhlenbeck, Instantons and Four-Manifolds,
Springer New York, 1991.


https://doi.org/10.1007/JHEP06(2012)028
https://arxiv.org/abs/1204.1968
https://doi.org/10.1007/JHEP12(2015)110
https://arxiv.org/abs/1509.08630
https://doi.org/10.1007/s10468-014-9483-x
https://arxiv.org/abs/1404.1738
https://doi.org/10.3842/SIGMA.2017.052
https://doi.org/10.3842/SIGMA.2017.052
https://arxiv.org/abs/math/0510455
https://doi.org/10.1016/j.nuclphysb.2004.09.014
https://arxiv.org/abs/hep-th/0406243
https://arxiv.org/abs/hep-th/0406243
https://doi.org/10.1007/JHEP05(2011)098
https://doi.org/10.1007/JHEP05(2011)098
https://arxiv.org/abs/1103.4495
https://arxiv.org/abs/q-alg/9708006
https://doi.org/10.1090/conm/248/03823
https://doi.org/10.1090/conm/248/03823
https://arxiv.org/abs/math/9810055
https://doi.org/10.4171/JEMS/432
https://arxiv.org/abs/1009.0676
https://arxiv.org/abs/1009.0676
https://doi.org/10.1007/978-3-540-30308-4_11
https://doi.org/10.1007/978-3-540-30308-4_11
https://arxiv.org/abs/hep-th/0512172
https://doi.org/10.1215/21562261-1424875
https://arxiv.org/abs/0904.1679
https://doi.org/10.1007/978-1-4613-9703-8

BIBLIOGRAPHY 269

[Gad20]

[Gail2]

[Gail3]

[Gar04]

[Gar08]

(GHTS]

[GH20]

[GHMO7]

[GKM™95]

(GKV95]

[Gla61]

[GLF16]

[GM56]

A. Gadde, Lectures on the Superconformal Indexr, arXiv:2006.13630
[hep-th].

D. Gaiotto, N' = 2 dualities, JHEP 08 (2012), 034, arXiv:0904.2715
[hep-th].

., Asymptotically free N = 2 theories and irreqular conformal
blocks, J. Phys. Conf. Ser. 462 (2013), no. 1, 012014, arXiv:0908.0307
[hep-th].

S. Garoufalidis, On the characteristic and deformation varieties of a
knot, Geom. Topol. Monogr. 7 (2004), 291-309, arXiv:math/0306230
[math.GT].

, Difference and differential equations for the colored Jones func-
tion, J. Knot Th. Ram. 17 (2008), no. 04, 495-510, arXiv:math/0306229
[math.GT].

G. Gibbons and S. Hawking, Gravitational Multi-Instantons, Phys. Lett.
B78 (1978), 430.

J. F. Grimminger and A. Hanany, Hasse diagrams for 3d N' = / quiver
gauge theories — Inversion and the full moduli space, JHEP 09 (2020),
159, arXiv:2004.01675 [hep-th].

R. Gregory, J. A. Harvey, and G. W. Moore, Unwinding strings and t
duality of Kaluza—Klein and H-monopoles, Adv. Theor. Math. Phys. 1
(1997), 283-297, arXiv:hep-th/9708086.

A. Gorsky, I. Krichever, A. Marshakov, A. Mironov, and A. Morozov,
Integrability and Seiberg—Witten exact solution, Phys. Lett. B355 (1995),
466-474, arXiv:hep-th/9505035 [hep-th].

V. Ginzburg, M. Kapranov, and E. Vasserot, Langlands Reciprocity
for Algebraic Surfaces, Math. Res. Lett. 2 (1995), no. 2, 147-160,
q-2lg/9502013.

S. Glashow, Partial Symmetries of Weak Interactions, Nucl. Phys. 22
(1961), 579-588.

J. Gomis and B. Le Floch, M2-brane surface operators and gauge theory
dualities in Toda, JHEP 04 (2016), 183, arXiv:1407.1852 [hep-th].

M. Gell-Mann, The interpretation of the new particles as displaced charge
multiplets, Nuovo Cim. 4 (1956), no. S2, 848-866.


https://arxiv.org/abs/2006.13630
https://arxiv.org/abs/2006.13630
https://doi.org/10.1007/JHEP08(2012)034
https://arxiv.org/abs/0904.2715
https://arxiv.org/abs/0904.2715
https://doi.org/10.1088/1742-6596/462/1/012014
https://arxiv.org/abs/0908.0307
https://arxiv.org/abs/0908.0307
https://doi.org/10.2140/gtm.2004.7.291
https://arxiv.org/abs/math/0306230
https://arxiv.org/abs/math/0306230
https://doi.org/10.1142/s0218216508006245
https://arxiv.org/abs/math/0306229
https://arxiv.org/abs/math/0306229
https://doi.org/10.1016/0370-2693(78)90478-1
https://doi.org/10.1016/0370-2693(78)90478-1
https://doi.org/10.1007/JHEP09(2020)159
https://arxiv.org/abs/2004.01675
https://doi.org/10.4310/ATMP.1997.v1.n2.a6
https://doi.org/10.4310/ATMP.1997.v1.n2.a6
https://arxiv.org/abs/hep-th/9708086
https://doi.org/10.1016/0370-2693(95)00723-X
https://arxiv.org/abs/hep-th/9505035
https://doi.org/10.4310/MRL.1995.v2.n2.a4
https://arxiv.org/abs/q-alg/9502013
https://doi.org/10.1016/0029-5582(61)90469-2
https://doi.org/10.1016/0029-5582(61)90469-2
https://doi.org/10.1007/JHEP04(2016)183
https://arxiv.org/abs/1407.1852
https://doi.org/10.1007/BF02748000

270

[GM61]

[Gre64]

(GRR13]

[GRRY11]

[GSWS5]

(GSW87]

(GWT3]

[GW10]

[GY07]

[Hao20)]

[HIR17]

[HIVOS]

[HK164)]

[HK16b)]

BIBLIOGRAPHY

_, The FEightfold Way: A Theory of strong interaction symmetry,
Office of Scientific and Technical Information (OSTI) (1961).

O. Greenberg, Spin and Unitary Spin Independence in a Paraquark Model
of Baryons and Mesons, Phys. Rev. Lett. 13 (1964), 598-602.

D. Gaiotto, L. Rastelli, and S. S. Razamat, Bootstrapping the superconfor-
mal index with surface defects, JHEP 01 (2013), 022, arXiv:1207.3577
[hep-th].

A. Gadde, L. Rastelli, S. S. Razamat, and W. Yan, The 4d Superconfor-
mal Index from g-deformed 2d Yang- Mills, Phy. Rev. Lett. 106 (2011),
241602, arXiv:1104.3850 [hep-th].

M. B. Green, J. H. Schwarz, and P. C. West, Anomaly Free Chiral Theories
in Siz-Dimensions, Nucl. Phys. B 254 (1985), 327-348.

M. B. Green, J. H. Schwarz, and E. Witten, Superstring Theory, Cam-
bridge Univ. Press, 1987.

D. J. Gross and F. Wilczek, Ultraviolet Behavior of Nonabelian Gauge
Theories, Phys. Rev. Lett. 30 (1973), 1343-1346.

S. Gukov and E. Witten, Rigid Surface Operators, Adv. Theor. Math.
Phys. 14 (2010), no. 1, 87-178, arXiv:0804.1561 [hep-th].

D. Gaiotto and X. Yin, Notes on superconformal Chern—Simons—Matter
theories, JHEP 0708 (2007), 056, arXiv:0704.3740 [hep-th].

N. Haouzi, Quantum geometry and 6-angle in five-dimensional super
Yang-Mills, JHEP 09 (2020), 035, arXiv:2005.13565 [hep-th].

S. Hohenegger, A. Igbal, and S.-J. Rey, Dual Little Strings from F-
Theory and Flop Transitions, JHEP 07 (2017), 112, arXiv:1610.07916
[hep-th].

T. J. Hollowood, A. Igbal, and C. Vafa, Matriz models, ge-
ometric engineering and elliptic genera, JHEP 03 (2008), 069,
arXiv:hep-th/0310272 [hep-th].

K. Hashimoto and T. Kimura, Band spectrum is D-brane, PTEP 2016
(2016), 013B04, arXiv:1509.04676 [hep-th].

, Topological Number of Edge States, Phys. Rev. B93 (2016),
195166, arXiv:1602.05577 [cond-mat.mes-hall].


https://doi.org/10.2172/4008239
https://doi.org/10.1103/PhysRevLett.13.598
https://doi.org/10.1007/JHEP01(2013)022
https://arxiv.org/abs/1207.3577
https://arxiv.org/abs/1207.3577
https://doi.org/10.1103/PhysRevLett.106.241602
https://arxiv.org/abs/1104.3850
https://doi.org/10.1016/0550-3213(85)90222-6
https://doi.org/10.1017/CBO9781139248563
https://doi.org/10.1103/PhysRevLett.30.1343
https://doi.org/10.4310/ATMP.2010.v14.n1.a3
https://doi.org/10.4310/ATMP.2010.v14.n1.a3
https://arxiv.org/abs/0804.1561
https://doi.org/10.1088/1126-6708/2007/08/056
https://arxiv.org/abs/0704.3740
https://doi.org/10.1007/JHEP09(2020)035
https://arxiv.org/abs/2005.13565
https://doi.org/10.1007/JHEP07(2017)112
https://arxiv.org/abs/1610.07916
https://arxiv.org/abs/1610.07916
https://doi.org/10.1088/1126-6708/2008/03/069
https://arxiv.org/abs/hep-th/0310272
https://doi.org/10.1093/ptep/ptv181
https://doi.org/10.1093/ptep/ptv181
https://arxiv.org/abs/1509.04676
https://doi.org/10.1103/PhysRevB.93.195166
https://arxiv.org/abs/1602.05577

BIBLIOGRAPHY 271

[HK20]

[HKKP15]

[HKL*16]

[HKS11]

[HN65]

[HO95]

[HO15]

[HR13]

[HT04]

[HTO6]

[HW97]

[HZ98]

[HZ99]

A. Hanany and R. Kalveks, Quiver Theories and Hilbert Series of
Classical Slodowy Intersections, Nucl. Phys. B 952 (2020), 114939,
arXiv:1909.12793 [hep-th].

C. Hwang, J. Kim, S. Kim, and J. Park, General instanton counting and
5d SCFT, JHEP 07 (2015), 063, arXiv:1406.6793 [hep-th], [Adden-
dum: JHEP04,094(2016)).

H. Hayashi, S.-S. Kim, K. Lee, M. Taki, and F. Yagi, More on 5d descrip-
tions of 6d SCFTs, JHEP 10 (2016), 126, arXiv:1512.08239 [hep-th].

L. Hollands, C. A. Keller, and J. Song, From SO/Sp instantons to W-
algebra blocks, JHEP 03 (2011), 053, arXiv:1012.4468 [hep-th].

M. Han and Y. Nambu, Three Triplet Model with Double SU(8) Symmetry,
Phys. Rev. 139 (1965), B1006-B1010.

A. Hanany and Y. Oz, On the quantum moduli space of vacua of N = 2
supersymmetric SU(N,) gauge theories, Nucl. Phys. B 452 (1995), 283
312, arXiv:hep-th/9505075.

D. Honda and T. Okuda, Exact results for boundaries and domain walls
in 2d supersymmetric theories, JHEP 09 (2015), 140, arXiv:1308.2217
[hep-th].

K. Hori and M. Romo, Ezact Results In Two-Dimensional (2,2)
Supersymmetric Gauge Theories With Boundary, arXiv:1308.2438
[hep-th].

A. Hanany and D. Tong, Vortex strings and four-dimensional gauge dy-
namics, JHEP 04 (2004), 066, arXiv:hep-th/0403158.

K. Hashimoto and S. Terashima, ADHM s tachyon condensation, JHEP
02 (2006), 018, arXiv:hep-th/0511297.

A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles, and
three-dimensional gauge dynamics, Nucl. Phys. B 492 (1997), 152-190,
arXiv:hep-th/9611230.

A. Hanany and A. Zaffaroni, Branes and siz-dimensional supersymmetric
theories, Nucl. Phys. B 529 (1998), 180-206, arXiv:hep-th/9712145.

, Issues on orientifolds: On the brane construction of gauge
theories with SO(2n) global symmetry, JHEP 07 (1999), 0009,
arXiv:hep-th/9903242 [hep-th].


https://doi.org/10.1016/j.nuclphysb.2020.114939
https://arxiv.org/abs/1909.12793
https://doi.org/10.1007/JHEP07(2015)063, 10.1007/JHEP04(2016)094
https://arxiv.org/abs/1406.6793
https://doi.org/10.1007/JHEP10(2016)126
https://arxiv.org/abs/1512.08239
https://doi.org/10.1007/JHEP03(2011)053
https://arxiv.org/abs/1012.4468
https://doi.org/10.1103/PhysRev.139.B1006
https://doi.org/10.1016/0550-3213(95)00376-4
https://arxiv.org/abs/hep-th/9505075
https://doi.org/10.1007/JHEP09(2015)140
https://arxiv.org/abs/1308.2217
https://arxiv.org/abs/1308.2217
https://arxiv.org/abs/1308.2438
https://arxiv.org/abs/1308.2438
https://doi.org/10.1088/1126-6708/2004/04/066
https://arxiv.org/abs/hep-th/0403158
https://doi.org/10.1088/1126-6708/2006/02/018
https://doi.org/10.1088/1126-6708/2006/02/018
https://arxiv.org/abs/hep-th/0511297
https://doi.org/10.1016/S0550-3213(97)00157-0
https://arxiv.org/abs/hep-th/9611230
https://doi.org/10.1016/S0550-3213(98)00355-1
https://arxiv.org/abs/hep-th/9712145
https://doi.org/10.1088/1126-6708/1999/07/009
https://arxiv.org/abs/hep-th/9903242

272

[HZ20]

[TKV09)]

TKY15]

[JK95]

[JKO7]

[JMS83]

[IMO7]

[Jon85]

[KacT77]

[Kap98]

[Kim11]

[Kim12]

[Kim16]

[Kim18]

BIBLIOGRAPHY

A. Hanany and A. Zajac, Ungauging Schemes and Coulomb Branches
of Non-simply Laced Quiver Theories, JHEP 09 (2020), 193,
arXiv:2002.05716 [hep-th].

A. Igbal, C. Kozcaz, and C. Vafa, The Refined topological vertex, JHEP
0910 (2009), 069, arXiv:hep-th/0701156 [hep-th].

A. Igbal, C. Kozcaz, and S.-T. Yau, Elliptic Virasoro Conformal Blocks,
arXiv:1511.00458 [hep-th].

L. C. Jeffrey and F. C. Kirwan, Localization for nonabelian group ac-
tions, Topology 34 (1995), no. 2, 291-327, arXiv:alg-geom/9307001
[alg-geom].

, Localization and the quantization conjecture, Topology 36 (1997),
no. 3, 647-693.

M. Jimbo and T. Miwa, Solitons and Infinite Dimensional Lie Algebras,
Publ. Res. Inst. Math. Sci. Kyoto 19 (1983), 943-1001.

C. V. Johnson and R. C. Myers, Aspects of type IIB theory on ALE spaces,
Phys. Rev. D55 (1997), 6382-6393, arXiv:hep-th/9610140.

V. Jones, A polynomial invariant for knots via von Neumann algebras,
Bull. Am. Math. Soc. 12 (1985), 103-111.

V. G. Kac, Lie Superalgebras, Adv. Math. 26 (1977), 8-96.

A. Kapustin, D, quivers from branes, JHEP 12 (1998), 015,
arXiv:hep-th/9806238 [hep-th].

T. Kimura, Matriz model from N = 2 orbifold partition function, JHEP
1109 (2011), 015, arXiv:1105.6091 [hep-th].

, B-ensembles for toric orbifold partition function, Prog. Theor.
Phys. 127 (2012), 271-285, arXiv:1109.0004 [hep-th].

H.-C. Kim, Line defects and 5d instanton partition functions, JHEP 03
(2016), 199, arXiv:1601.06841 [hep-th].

T. Kimura, Double quantization of Seiberg—Witten geometry and W-
algebras, Topological Recursion and its Influence in Analysis, Ge-
ometry, and Topology, Proc. Symp. Pure Math., vol. 100, 2018,
arXiv:1612.07590 [hep-thl, pp. 405-431.


https://doi.org/10.1007/JHEP09(2020)193
https://arxiv.org/abs/2002.05716
https://doi.org/10.1088/1126-6708/2009/10/069
https://doi.org/10.1088/1126-6708/2009/10/069
https://arxiv.org/abs/hep-th/0701156
https://arxiv.org/abs/1511.00458
https://doi.org/10.1016/0040-9383(94)00028-j
https://arxiv.org/abs/alg-geom/9307001
https://arxiv.org/abs/alg-geom/9307001
https://doi.org/10.1016/S0040-9383(96)00015-8
https://doi.org/10.2977/prims/1195182017
https://doi.org/10.1103/PhysRevD.55.6382
https://arxiv.org/abs/hep-th/9610140
https://doi.org/10.1090/S0273-0979-1985-15304-2
https://doi.org/10.1016/0001-8708(77)90017-2
https://doi.org/10.1088/1126-6708/1998/12/015
https://arxiv.org/abs/hep-th/9806238
https://doi.org/10.1007/JHEP09(2011)015
https://doi.org/10.1007/JHEP09(2011)015
https://arxiv.org/abs/1105.6091
https://doi.org/10.1143/PTP.127.271
https://doi.org/10.1143/PTP.127.271
https://arxiv.org/abs/1109.0004
https://doi.org/10.1007/JHEP03(2016)199
https://doi.org/10.1007/JHEP03(2016)199
https://arxiv.org/abs/1601.06841
https://doi.org/10.1090/pspum/100/01762
https://doi.org/10.1090/pspum/100/01762
https://arxiv.org/abs/1612.07590

BIBLIOGRAPHY 273

[Kim20]

[Kir16]

[KK03]

[KKV97]

[KMMRO7]

[KMS18]

[KMVOS]

[KMZ12]

[KMZ13]

[KN90]

[KN11]

[Kni95]

[KNS11]

, Integrating over quiver variety and BPS/CFT correspondence,
Lett. Math. Phys. 110 (2020), no. 6, 1237-1255, arXiv:1910.03247
[hep-th].

A. Kirillov, Quiver Representations and Quiver Varieties, American
Mathematical Society, August 2016.

N. Kurokawa and S.-y. Koyama, Multiple sine functions, Forum Mathe-
maticum 15 (2003), 839-876.

S. H. Katz, A. Klemm, and C. Vafa, Geometric engineering of quantum
field theories, Nucl. Phys. B497 (1997), 173-195, arXiv:hep-th/9609239
[hep-th].

J. Kinney, J. M. Maldacena, S. Minwalla, and S. Raju, An Index for 4
dimensional super conformal theories, Commun. Math. Phys. 275 (2007),
209254, arXiv:hep-th/0510251.

T. Kimura, H. Mori, and Y. Sugimoto, Refined geometric transition and
qq-characters, JHEP 01 (2018), 025, arXiv:1705.03467 [hep-th].

S. Katz, P. Mayr, and C. Vafa, Mirror symmetry and exact solution of
4-D N = 2 gauge theories: 1., Adv. Theor. Math. Phys. 1 (1998), 53-114,
hep-th/9706110.

S. Kanno, Y. Matsuo, and H. Zhang, Virasoro constraint for Nekrasov
instanton partition function, JHEP 10 (2012), 097, arXiv:1207.5658
[hep-th].

, Fxtended Conformal Symmetry and Recursion Formulae for
Nekrasov Partition Function, JHEP 1308 (2013), 028, arXiv:1306.1523
[hep-th].

P. B. Kronheimer and H. Nakajima, Yang—Mills instantons on ALE grav-
itational instantons, Math. Ann. 288 (1990), 263-307.

T. Kimura and M. Nitta, Vortices on Orbifolds, JHEP 1109 (2011), 118,
arXiv:1108.3563 [hep-th].

H. Knight, Spectra of Tensor Products of Finite Dimensional Represen-
tations of Yangians, J. Algebra 174 (1995), 187-196.

A. Kuniba, T. Nakanishi, and J. Suzuki, T-systems and Y-systems
in integrable systems, J. Phys. A44 (2011), 103001, arXiv:1010.1344
[hep-th].


https://doi.org/10.1007/s11005-020-01261-5
https://arxiv.org/abs/1910.03247
https://arxiv.org/abs/1910.03247
https://doi.org/10.1090/gsm/174
https://doi.org/10.1515/form.2003.042
https://doi.org/10.1515/form.2003.042
https://doi.org/10.1016/S0550-3213(97)00282-4
https://arxiv.org/abs/hep-th/9609239
https://arxiv.org/abs/hep-th/9609239
https://doi.org/10.1007/s00220-007-0258-7
https://arxiv.org/abs/hep-th/0510251
https://doi.org/10.1007/JHEP01(2018)025
https://arxiv.org/abs/1705.03467
https://doi.org/10.4310/ATMP.1997.v1.n1.a2
https://arxiv.org/abs/hep-th/9706110
https://doi.org/10.1007/JHEP10(2012)097
https://arxiv.org/abs/1207.5658
https://arxiv.org/abs/1207.5658
https://doi.org/10.1007/JHEP08(2013)028
https://arxiv.org/abs/1306.1523
https://arxiv.org/abs/1306.1523
https://doi.org/10.1007/BF01444534
https://doi.org/10.1007/JHEP09(2011)118
https://arxiv.org/abs/1108.3563
https://doi.org/10.1006/jabr.1995.1123
https://doi.org/10.1088/1751-8113/44/10/103001
https://arxiv.org/abs/1010.1344
https://arxiv.org/abs/1010.1344

274

[Kon20]

[KP18a]

[KP18b]

[KP18c]

[KP19a]

[KP19b)]

[Kro89)

[KS20]

[KT11]

[KWY10]

(KZ19]

(K720

[Lem?20]

[Ler97]

BIBLIOGRAPHY

H. Konno, FElliptic Quantum Groups, SpringerBriefs in Mathematical
Physics, vol. 37, Springer Singapore, 2020.

T. Kimura and V. Pestun, Fractional quiver W-algebras, Lett. Math.
Phys. 108 (2018), 2425-2451, arXiv:1705.04410 [hep-th].

, Quiver elliptic W-algebras, Lett. Math. Phys. 108 (2018), 1383~
1405, arXiv:1608.04651 [hep-th].

, Quiver W-algebras, Lett. Math. Phys. 108 (2018), 1351-1381,
arXiv:1512.08533 [hep-th].

, Super instanton counting and localization, arXiv:1905.01513
[hep-th].

. Twisted reduction of quiver W-algebras, arXiv:1905.03865
[hep-th].

P. B. Kronheimer, The Construction of ALE Spaces as hyper-Kdhler Quo-
tients, J. Diff. Geom. 29 (1989), 665-683.

T. Kimura and Y. Sugimoto, Topological Vertex/anti-Vertex and Su-
pergroup Gauge Theory, JHEP 04 (2020), 081, arXiv:2001.05735
[hep-th].

H. Kanno and Y. Tachikawa, Instanton counting with a surface opera-
tor and the chain-saw quiver, JHEP 06 (2011), 119, arXiv:1105.0357
[hep-th].

A. Kapustin, B. Willett, and 1. Yaakov, Ezact Results for Wilson Loops in
Superconformal Chern—Simons Theories with Matter, JHEP 1003 (2010),
089, arXiv:0909.4559 [hep-th].

T. Kimura and R.-D. Zhu, Web Construction of ABCDEFG and Affine
Quiver Gauge Theories, JHEP 09 (2019), 025, arXiv:1907.02382
[hep-th].

, Bethe/Gauge Correspondence for SO/Sp Gauge Theories and
Open Spin Chains, arXiv:2012.14197 [hep-th].

M. Lemos, Lectures on chiral algebras of N > 2 superconformal field
theories, arXiv:2006.13892 [hep-th].

W. Lerche, Introduction to Seiberg—Witten theory and its stringy origin,
Nucl. Phys. B Proc. Suppl. 55 (1997), 83-117, arXiv:hep-th/9611190.


https://doi.org/10.1007/978-981-15-7387-3
https://doi.org/10.1007/s11005-018-1087-7
https://doi.org/10.1007/s11005-018-1087-7
https://arxiv.org/abs/1705.04410
https://doi.org/10.1007/s11005-018-1073-0
https://arxiv.org/abs/1608.04651
https://doi.org/10.1007/s11005-018-1072-1
https://arxiv.org/abs/1512.08533
https://arxiv.org/abs/1905.01513
https://arxiv.org/abs/1905.01513
https://arxiv.org/abs/1905.03865
https://arxiv.org/abs/1905.03865
http://projecteuclid.org/euclid.jdg/1214443066
https://doi.org/10.1007/JHEP04(2020)081
https://arxiv.org/abs/2001.05735
https://arxiv.org/abs/2001.05735
https://doi.org/10.1007/JHEP06(2011)119
https://arxiv.org/abs/1105.0357
https://arxiv.org/abs/1105.0357
https://doi.org/10.1007/JHEP03(2010)089
https://arxiv.org/abs/0909.4559
https://doi.org/10.1007/JHEP09(2019)025
https://arxiv.org/abs/1907.02382
https://arxiv.org/abs/1907.02382
https://arxiv.org/abs/2012.14197
https://arxiv.org/abs/2006.13892
https://doi.org/10.1016/S0920-5632(97)00073-X
https://arxiv.org/abs/hep-th/9611190

BIBLIOGRAPHY 275

[LEF20] B. Le Floch, A slow review of the AGT correspondence,
arXiv:2006.14025 [hep-th].

[LN21] N. Lee and N. Nekrasov, Quantum spin systems and supersymmetric
gauge theories. Part I, JHEP 2021 (2021), no. 3, arXiv:2009.11199
[hep-th].

[LNS98] A. Losev, N. Nekrasov, and S. L. Shatashvili, Issues in topological
gauge theory, Nucl. Phys. B534 (1998), 549611, arXiv:hep-th/9711108
[hep-th].

[LNS99] ,  Testing Seiberg—Witten solution, Strings, Branes and Du-
alities. NATO ASI Series, vol. 520, Springer Netherlands, 1999,

arXiv:hep-th/9801061 [hep-th], pp. 359-372.

[LNZ18] R. Lodin, F. Nieri, and M. Zabzine, Elliptic modular double and 4d par-
tition functions, J. Phys. A 51 (2018), no. 4, 045402, arXiv:1703.04614
[hep-th].

[Mac97] I. G. Macdonald, Symmetric Functions and Hall Polynomials, 2nd ed.,
Oxford University Press, 1997.

[Mar15] M. Marino, Instantons and Large N, Cambridge University Press, 2015.

[McK81] J. McKay, Graphs, singularities, and finite groups, The Santa Cruz
Conference on Finite Groups (B. Cooperstein and G. Mason, eds.),
Proc. Symp. Pure Math., vol. 37, American Mathematical Society, 1981,
pp. 183-186.

Mik07] K. Miki, A (q,7) analog of the Wi, algebra, J. Math. Phys. 48 (2007),
no. 12, 123520.

[MMZ16]  A. Mironov, A. Morozov, and Y. Zenkevich, Spectral duality in elliptic sys-
tems, six-dimensional gauge theories and topological strings, JHEP 1605
(2016), 121, arXiv:1603.00304 [hep-th].

[MNO7] A. Marshakov and N. A. Nekrasov, Fxtended Seiberg—Witten theory and
integrable hierarchy, JHEP 01 (2007), 104, arXiv:hep-th/06120109.

[MNS00a] G. W. Moore, N. Nekrasov, and S. Shatashvili, D particle bound states
and generalized instantons, Commun. Math. Phys. 209 (2000), 77-95,
arXiv:hep-th/9803265 [hep-th].

[MNS00b] , Integrating over Higgs branches, Commun. Math. Phys. 209

(2000), 97-121, arXiv:hep-th/9712241.


https://arxiv.org/abs/2006.14025
https://doi.org/10.1007/JHEP03(2021)093
https://arxiv.org/abs/2009.11199
https://arxiv.org/abs/2009.11199
https://doi.org/10.1016/S0550-3213(98)00628-2
https://arxiv.org/abs/hep-th/9711108
https://arxiv.org/abs/hep-th/9711108
https://doi.org/10.1007/978-94-011-4730-9_13
https://doi.org/10.1007/978-94-011-4730-9_13
https://arxiv.org/abs/hep-th/9801061
https://doi.org/10.1088/1751-8121/aa9a2d
https://arxiv.org/abs/1703.04614
https://arxiv.org/abs/1703.04614
https://doi.org/10.1017/CBO9781107705968
https://doi.org/10.1090/pspum/037/604577
https://doi.org/10.1090/pspum/037/604577
https://doi.org/10.1063/1.2823979
https://doi.org/10.1007/JHEP05(2016)121
https://doi.org/10.1007/JHEP05(2016)121
https://arxiv.org/abs/1603.00304
https://doi.org/10.1088/1126-6708/2007/01/104
https://arxiv.org/abs/hep-th/0612019
https://doi.org/10.1007/s002200050016
https://arxiv.org/abs/hep-th/9803265
https://doi.org/10.1007/PL00005525
https://doi.org/10.1007/PL00005525
https://arxiv.org/abs/hep-th/9712241

276

[MO19]

[Mo096]

[Mor95]

[MP10]

IMPS14]

[MS09]

IMWO6]

IMWO04]

IMW15]

[Nak94a]

[Nak94b)]

[Nakog]

[Nak99)

[Nak02]

BIBLIOGRAPHY

D. Maulik and A. Okounkov, Quantum Groups and Quantum Cohomol-
ogy, Astérisque 408 (2019), arXiv:1211.1287 [math.AG].

J. D. Moore, Lectures on Seiberg—Witten Invariants, Lecture Notes in
Mathematics, vol. 1629, Springer Berlin Heidelberg, 1996.

J. W. Morgan, The Seiberg—Witten Equations and Applications to the
Topology of Smooth Four-Manifolds, Mathematical Notes, vol. 44, Prince-
ton University Press, 1995.

M. Marino and P. Putrov, Ezact Results in ABJM Theory from Topolog-
ical Strings, JHEP 1006 (2010), 011, arXiv:0912.3074 [hep-th].

J. Manschot, B. Pioline, and A. Sen, Generalized quiver mutations
and single-centered indices, JHEP 01 (2014), 050, arXiv:1309.7053
[hep-th].

A. Morozov and S. Shakirov, Generation of Matriz Models by W-
operators, JHEP 04 (2009), 064, arXiv:0902.2627 [hep-th].

E. J. Martinec and N. P. Warner, Integrable systems and supersymmetric
gauge theory, Nucl. Phys. B459 (1996), 97112, arXiv:hep-th/9509161
[hep-th].

M. Marinio and N. Wyllard, A Note on instanton counting for N' =
2 gauge theories with classical gauge groups, JHEP 05 (2004), 021,
arXiv:hep-th/0404125 [hep-th].

V. Mikhaylov and E. Witten, Branes And Supergroups, Commun. Math.
Phys. 340 (2015), no. 2, 699-832, arXiv:1410.1175 [hep-th].

H. Nakajima, Instantons on ALFE spaces, quiver varieties, and Kac—Moody
algebras, Duke Math. J. 76 (1994), 365-416.

. Resolutions of Moduli Spaces of Ideal Instantons on R*, Topology,
Geometry and Field Theory, World Scientific, 1994, pp. 129-136.

, Quiver varieties and Kac—Moody algebras, Duke Math. J. 91
(1998), 515-560.

, Lectures on Hilbert Schemes of Points on Surfaces, American
Mathematical Society, 1999.

, Geomelric construction of representations of affine algebras, Pro-
ceedings of the International Congress of Mathematicians 2002, vol. 1,
World Scientific, 2002, arXiv:math/0212401 [math.QA], pp. 423-438.


https://doi.org/10.24033/ast.1074
https://arxiv.org/abs/1211.1287
https://doi.org/10.1007/bfb0092948
https://doi.org/10.1007/JHEP06(2010)011
https://arxiv.org/abs/0912.3074
https://doi.org/10.1007/JHEP01(2014)050
https://arxiv.org/abs/1309.7053
https://arxiv.org/abs/1309.7053
https://doi.org/10.1088/1126-6708/2009/04/064
https://arxiv.org/abs/0902.2627
https://doi.org/10.1016/0550-3213(95)00588-9
https://arxiv.org/abs/hep-th/9509161
https://arxiv.org/abs/hep-th/9509161
https://doi.org/10.1088/1126-6708/2004/05/021
https://arxiv.org/abs/hep-th/0404125
https://doi.org/10.1007/s00220-015-2449-y
https://doi.org/10.1007/s00220-015-2449-y
https://arxiv.org/abs/1410.1175
https://doi.org/10.1215/S0012-7094-94-07613-8
https://doi.org/10.1142/2407
https://doi.org/10.1142/2407
https://doi.org/10.1215/s0012-7094-98-09120-7
https://doi.org/10.1215/s0012-7094-98-09120-7
https://doi.org/10.1090/ulect/018
https://doi.org/10.1142/4962
https://doi.org/10.1142/4962
https://arxiv.org/abs/math/0212401

BIBLIOGRAPHY 277

[Nak15]

[Nar04]

[Neg13]

[Negl15]

[Neg18]

[Nekog]

[Nek04]

[Nek09]

[Nek16]

[Nek17al

[Nek17b]

[Nek17c]

[Nek18]

[Nek19]

S. Nakamura, On the Jeffrey—Kirwan residue of BCD-instantons, PTEP
2015 (2015), no. 7, 073B02, arXiv:1502.04188 [hep-th].

A. Narukawa, The modular properties and the integral representations of
the multiple elliptic gamma functions, Adv. Math. 189 (2004), no. 2, 247—
267, arXiv:math/0306164 [math.QA].

A. Negut, Quantum toroidal and shuffle algebras, arXiv:1302.6202
[math.RT].

, Quantum  Algebras  and  Cyclic  Quiver  Varieties,
arXiv:1504.06525 [math.RT].

, Affine Laumon spaces and a conjecture of Kuznetsov,
arXiv:1811.01011 [math.AG].

N. Nekrasov, Five dimensional gauge theories and relativistic integrable
systems, Nucl. Phys. B531 (1998), 323-344, arXiv:hep-th/9609219.

_, Seiberg-Witten Prepotential from Instanton Counting, Adv.
Theor. Math. Phys. 7 (2004), 831-864, arXiv:hep-th/0206161.

_, Instanton partition functions and M-theory, Japan. J. Math. 4
(2009), 63-93.

, BPS/CFT correspondence: non-perturbative Dyson—Schwinger
equations and qq-characters, JHEP 03 (2016), 181, arXiv:1512.05388
[hep-th].

, BPS/CFT correspondence II: Instantons at crossroads, moduli
and compactness theorem, Adv. Theor. Math. Phys. 21 (2017), 503583,
arXiv:1608.07272 [hep-th].

, BPS/CFT correspondence V: BPZ and KZ equations from qq-
characters, arXiv:1711.11582 [hep-th].

, Magnificent Four, arXiv:1712.08128 [hep-th].

__, BPS/CFT Correspondence III: Gauge Origami partition function
and qq-characters, Commun. Math. Phys. 358 (2018), no. 3, 863-894,
arXiv:1701.00189 [hep-th].

, BPS/CFT correspondence IV: sigma models and defects in gauge
theory, Lett. Math. Phys. 109 (2019), no. 3, 579-622, arXiv:1711.11011

[hep-th].


https://doi.org/10.1093/ptep/ptv085
https://doi.org/10.1093/ptep/ptv085
https://arxiv.org/abs/1502.04188
https://doi.org/10.1016/j.aim.2003.11.009
https://arxiv.org/abs/math/0306164
https://arxiv.org/abs/1302.6202
https://arxiv.org/abs/1302.6202
https://arxiv.org/abs/1504.06525
https://arxiv.org/abs/1811.01011
https://doi.org/10.1016/S0550-3213(98)00436-2
https://arxiv.org/abs/hep-th/9609219
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://arxiv.org/abs/hep-th/0206161
https://doi.org/10.1007/s11537-009-0853-9
https://doi.org/10.1007/s11537-009-0853-9
https://doi.org/10.1007/JHEP03(2016)181
https://arxiv.org/abs/1512.05388
https://arxiv.org/abs/1512.05388
https://doi.org/10.4310/ATMP.2017.v21.n2.a4
https://arxiv.org/abs/1608.07272
https://arxiv.org/abs/1711.11582
https://arxiv.org/abs/1712.08128
https://doi.org/10.1007/s00220-017-3057-9
https://arxiv.org/abs/1701.00189
https://doi.org/10.1007/s11005-018-1115-7
https://arxiv.org/abs/1711.11011
https://arxiv.org/abs/1711.11011

278

[Niel7]

[Nis55]

[NisO1]

[NN53]

INNZ17]

INOO6]

INP12]

[NP19]

[NPS18]

[NPZ18a]

[INPZ18b]

[NS9g]

INS04]

BIBLIOGRAPHY

F. Nieri, An elliptic Virasoro symmetry in 6d, Lett. Math. Phys. 107
(2017), no. 11, 2147-2187, arXiv:1511.00574 [hep-th].

K. Nishijima, Charge Independence Theory of V Particles, Prog. Theor.
Phys. 13 (1955), no. 3, 285-304.

M. Nishizawa, An elliptic analogue of the multiple gamma function, J.
Phys. A 34 (2001), 7411-7421.

T. Nakano and K. Nishijima, Charge Independence for V-particles, Prog.
Theor. Phys. 10 (1953), 581-582.

A. Nedelin, F. Nieri, and M. Zabzine, q-Virasoro modular double and 3d
partition functions, Commun. Math. Phys. 353 (2017), no. 3, 1059-1102,
arXiv:1605.07029 [hep-th].

N. Nekrasov and A. Okounkov, Seiberg—Witten Theory and Random Par-
titions, The Unity of Mathematics (P. Etingof, V. Retakh, and I. M.
Singer, eds.), Progress in Mathematics, vol. 244, Birkh&duser Boston, 2006,
pp. 525-596, arXiv:hep-th/0306238 [hep-th].

N. Nekrasov and V. Pestun, Seiberg—Witten geometry of four dimensional
N = 2 quiver gauge theories, arXiv:1211.2240 [hep-th].

N. Nekrasov and N. Piazzalunga, Magnificent Four with Colors, Commun.
Math. Phys. 372 (2019), no. 2, 573-597, arXiv:1808.05206 [hep-th].

N. Nekrasov, V. Pestun, and S. Shatashvili, Quantum Geometry and
Quiver Gauge Theories, Commun. Math. Phys. 357 (2018), no. 2, 519
567, arXiv:1312.6689 [hep-th].

F. Nieri, Y. Pan, and M. Zabzine, 3d Fxpansions of 5d Instanton Partition
Functions, JHEP 04 (2018), 092, arXiv:1711.06150 [hep-th].

, 8d Mirror Symmetry from S-duality, Phys. Rev. D 98 (2018),
no. 12, 126002, arXiv:1809.00736 [hep-th].

N. Nekrasov and A. S. Schwarz, Instantons on Noncommutative R* and
(2,0) Superconformal Siz Dimensional Theory, Commun. Math. Phys.
198 (1998), 689703, arXiv:hep-th/9802068.

N. Nekrasov and S. Shadchin, ABCD of instantons, Commun. Math.
Phys. 252 (2004), 359-391, arXiv:hep-th/0404225.


https://doi.org/10.1007/s11005-017-0986-3
https://doi.org/10.1007/s11005-017-0986-3
https://arxiv.org/abs/1511.00574
https://doi.org/10.1143/PTP.13.285
https://doi.org/10.1143/PTP.13.285
https://doi.org/10.1088/0305-4470/34/36/320
https://doi.org/10.1088/0305-4470/34/36/320
https://doi.org/10.1143/PTP.10.581
https://doi.org/10.1143/PTP.10.581
https://doi.org/10.1007/s00220-017-2882-1
https://arxiv.org/abs/1605.07029
https://doi.org/10.1007/0-8176-4467-9_15
https://doi.org/10.1007/0-8176-4467-9_15
https://arxiv.org/abs/hep-th/0306238
https://arxiv.org/abs/1211.2240
https://doi.org/10.1007/s00220-019-03426-3
https://doi.org/10.1007/s00220-019-03426-3
https://arxiv.org/abs/1808.05206
https://doi.org/10.1007/s00220-017-3071-y
https://arxiv.org/abs/1312.6689
https://doi.org/10.1007/JHEP04(2018)092
https://arxiv.org/abs/1711.06150
https://doi.org/10.1103/PhysRevD.98.126002
https://arxiv.org/abs/1809.00736
https://doi.org/10.1007/s002200050490
https://doi.org/10.1007/s002200050490
https://arxiv.org/abs/hep-th/9802068
https://doi.org/10.1007/s00220-004-1189-1
https://doi.org/10.1007/s00220-004-1189-1
https://arxiv.org/abs/hep-th/0404225

BIBLIOGRAPHY 279

[INS09a]

INS09b]

[NS09c]

INS09d]

[NT11]

[INW19]

INY03]

INYO05]

INZ20]

[Ohm16]

[ORV06]

[Osb78]

[Osb81]

[0T06]

N. Nekrasov and S. Shatashvili, Bethe Ansatz and supersymmetric vacua,
AIP Conf. Proc. 1134 (2009), no. 1, 154-169.

, Quantization of Integrable Systems and Four Dimensional Gauge
Theories, XVIth International Congress on Mathematical Physics, 2009,
arXiv:0908.4052 [hep-thl, pp. 265-289.

, Quantum integrability and supersymmetric vacua, Prog. Theor.
Phys. Suppl. 177 (2009), 105-119, arXiv:0901.4748 [hep-th].

, Supersymmetric vacua and Bethe ansatz, Nucl. Phys. B Proc.
Suppl. 192-193 (2009), 91-112, arXiv:0901.4744 [hep-th].

T. Nishioka and Y. Tachikawa, Para-Liouville/Toda central charges from
Mb5-branes, Phy. Rev. D84 (2011), 046009, arXiv:1106.1172 [hep-th].

H. Nakajima and A. Weekes, Coulomb branches of quiver gauge theories
with symmetrizers, arXiv:1907.06552 [math.QA].

H. Nakajima and K. Yoshioka, Lectures on instanton counting, CRM Proc.
Lec. Notes 38 (2003), 31-102, arXiv:math/0311058 [math.AG].

, Instanton counting on blowup. I. j-dimensional pure gauge
theory, Invent. Math. 162 (2005), 313-355, arXiv:math/0306198
[math.AG].

F. Nieri and Y. Zenkevich, Quiver W, ., algebras of 4d N = 2 gauge theo-
ries, J. Phys. A 53 (2020), no. 27, 275401, arXiv:1912.09969 [hep-th].

K. Ohmori, Siz-Dimensional Superconformal Field Theories and Their
Torus Compactifications, Ph.D. thesis, Tokyo U., 2016.

A. Okounkov, N. Reshetikhin, and C. Vafa, Quantum Calabi-Yau and
classical crystals, Progr. Math. 244 (2006), 597, arXiv:hep-th/0309208
[hep-th].

H. Osborn, Solutions of the Dirac Equation for General Instanton Solu-
tions, Nucl. Phys. B140 (1978), 45-53.

, Semiclassical Functional Integrals for Selfdual Gauge Fields, An-
nals Phys. 135 (1981), 373-415.

T. Okuda and T. Takayanagi, Ghost D-branes, JHEP 03 (2006), 062,
arXiv:hep-th/0601024 [hep-th].


https://doi.org/10.1063/1.3149487
https://doi.org/10.1142/9789814304634_0015
https://arxiv.org/abs/0908.4052
https://doi.org/10.1143/PTPS.177.105
https://doi.org/10.1143/PTPS.177.105
https://arxiv.org/abs/0901.4748
https://doi.org/10.1016/j.nuclphysbps.2009.07.047
https://doi.org/10.1016/j.nuclphysbps.2009.07.047
https://arxiv.org/abs/0901.4744
https://doi.org/10.1103/PhysRevD.84.046009
https://arxiv.org/abs/1106.1172
https://arxiv.org/abs/1907.06552
https://doi.org/10.1090/crmp/038/02
https://doi.org/10.1090/crmp/038/02
https://arxiv.org/abs/math/0311058
https://doi.org/10.1007/s00222-005-0444-1
https://arxiv.org/abs/math/0306198
https://arxiv.org/abs/math/0306198
https://doi.org/10.1088/1751-8121/ab9275
https://arxiv.org/abs/1912.09969
https://arxiv.org/abs/hep-th/0309208
https://arxiv.org/abs/hep-th/0309208
https://doi.org/10.1016/0550-3213(78)90312-7
https://doi.org/10.1016/0003-4916(81)90159-7
https://doi.org/10.1016/0003-4916(81)90159-7
https://doi.org/10.1088/1126-6708/2006/03/062
https://arxiv.org/abs/hep-th/0601024

280

[Pes97]

[Pes12]

[Pes17]

[Pog11]

[Pol73]

[Pol75]

[PZ*17]

[QS13]

[Rib14]

[Rom06]

[RWS7]

[Sch11]

[Sch12]

BIBLIOGRAPHY

M. E. Peskin, Duality in supersymmetric Yang—Mills theory, Theoreti-
cal Advanced Study Institute in Elementary Particle Physics (TASI 96):
Fields, Strings, and Duality, 1997, arXiv:hep-th/9702094, pp. 729-809.

V. Pestun, Localization of gauge theory on a four-sphere and super-
symmetric Wilson loops, Comm. Math. Phys. 313 (2012), 71-129,
arXiv:0712.2824 [hep-th].

, Review of localization in geometry, J. Phys. A50 (2017), no. 44,
443002, arXiv:1608.02954 [hep-th].

R. Poghossian, Deforming SW curve, JHEP 04 (2011), 033,
arXiv:1006.4822 [hep-th].

H. Politzer, Reliable Perturbative Results for Strong Interactions?, Phys.
Rev. Lett. 30 (1973), 1346-1349.

A. M. Polyakov, Interaction of Goldstone Particles in Two-Dimensions.
Applications to Ferromagnets and Massive Yang—Mills Fields, Phys. Lett.
B 59 (1975), 79-81.

V. Pestun, M. Zabzine, et al., Localization techniques in quantum field
theories, J. Phys. A50 (2017), no. 44, 440301, arXiv:1608.02952
[hep-th].

T. Quella and V. Schomerus, Superspace conformal field theory, J. Phys.
A46 (2013), 494010, arXiv:1307.7724 [hep-th].

S. Ribault, Conformal field theory on the plane, arXiv:1406.4290
[hep-th].

C. Romelsberger, Counting chiral primaries in N = 1, d = 4
superconformal field theories, Nucl. Phys. B747 (2006), 329-353,
arXiv:hep-th/0510060.

N. Yu. Reshetikhin and P. B. Wiegmann, Towards the Classification of
Completely Integrable Quantum Field Theories, Phys. Lett. B189 (1987),
125-131.

O. Schiffmann, Drinfeld realization of the elliptic Hall algebra, J. Alg.
Comb. 35 (2011), no. 2, 237-262, arXiv:1004.2575 [math.QA].

, On the Hall algebra of an elliptic curve, II, Duke Math. J. 161
(2012), no. 9, 1711-1750, arXiv:math/0508553 [math.RT].


https://doi.org/10.1142/9789814529730
https://doi.org/10.1142/9789814529730
https://doi.org/10.1142/9789814529730
https://arxiv.org/abs/hep-th/9702094
https://doi.org/10.1007/s00220-012-1485-0
https://arxiv.org/abs/0712.2824
https://doi.org/10.1088/1751-8121/aa6161
https://arxiv.org/abs/1608.02954
https://doi.org/10.1007/JHEP04(2011)033
https://arxiv.org/abs/1006.4822
https://doi.org/10.1103/PhysRevLett.30.1346
https://doi.org/10.1103/PhysRevLett.30.1346
https://doi.org/10.1016/0370-2693(75)90161-6
https://doi.org/10.1016/0370-2693(75)90161-6
https://doi.org/10.1088/1751-8121/aa63c1
https://arxiv.org/abs/1608.02952
https://arxiv.org/abs/1608.02952
https://doi.org/10.1088/1751-8113/46/49/494010
https://doi.org/10.1088/1751-8113/46/49/494010
https://arxiv.org/abs/1307.7724
https://arxiv.org/abs/1406.4290
https://arxiv.org/abs/1406.4290
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://arxiv.org/abs/hep-th/0510060
https://doi.org/10.1016/0370-2693(87)91282-2
https://doi.org/10.1007/s10801-011-0302-8
https://doi.org/10.1007/s10801-011-0302-8
https://arxiv.org/abs/1004.2575
https://doi.org/10.1215/00127094-1593362
https://doi.org/10.1215/00127094-1593362
https://arxiv.org/abs/math/0508553

BIBLIOGRAPHY 281

[Sei88]

[Ser01]

[Sha05]

[Sha06]

[SKAO96]

[SV04]

[SV10]

[SV13a]

[SV13b]

[SW94a]

[SW4b)

[SW97]

N. Seiberg, Supersymmetry and Nonperturbative beta Functions, Phys.
Lett. B206 (1988), 75-80.

A. Sergeev, Superanalogs of the Calogero Operators and Jack Polyno-
mials, J. Nonlin. Math. Phys. 8 (2001), 59-64, arXiv:math/0106222
[math.RT].

S. Shadchin, On certain aspects of string theory/gauge theory correspon-
dence, Ph.D. thesis, Ecole Polytechnique, 2005, arXiv:hep-th/0502180
[hep-th].

, Cubic curves from instanton counting, JHEP 03 (2006), 046,
arXiv:hep-th/0511132.

J. Shiraishi, H. Kubo, H. Awata, and S. Odake, A Quantum deformation
of the Virasoro algebra and the Macdonald symmetric functions, Lett.
Math. Phys. 38 (1996), 33-51, arXiv:q-alg/9507034 [math.QA].

A. Szenes and M. Vergne, Toric reduction and a conjecture of Batyrev and
Materov, Invent. Math. 158 (2004), no. 3, 453-495, arXiv:math/0306311
[math.AT].

O. Schiffmann and E. Vasserot, The elliptic Hall algebra, Cherednick
Hecke algebras and Macdonald polynomials, Comp. Math. 147 (2010),
no. 1, 188-234, arXiv:0802.4001 [math.QA].

, Cherednik algebras, W-algebras and the equivariant cohomology
of the moduli space of instantons on A%, Publ. Math. IHES 118 (2013),
no. 1, 213-342, arXiv:1202.2756 [math.QA].

, The elliptic Hall algebra and the equivariant K-theory of the
Hilbert scheme of A%, Duke Math. J. 162 (2013), no. 2, 279-366,
arXiv:0905.2555 [math.QA].

N. Seiberg and E. Witten, Monopole condensation, and confinement in
N =2 supersymmetric Yang-Mills theory, Nucl. Phys. B426 (1994), 19
52, arXiv:hep-th/9407087.

., Monopoles, duality and chiral symmetry breaking in
N = 2 supersymmetric QCD, Nucl. Phys. B431 (1994), 484-550,
arXiv:hep-th/9408099.

, Gauge dynamics and compactification to three-dimensions, The

mathematical beauty of physics: A memorial volume for Claude


https://doi.org/10.1016/0370-2693(88)91265-8
https://doi.org/10.1016/0370-2693(88)91265-8
https://doi.org/10.2991/jnmp.2001.8.1.7
https://arxiv.org/abs/math/0106222
https://arxiv.org/abs/math/0106222
https://arxiv.org/abs/hep-th/0502180
https://arxiv.org/abs/hep-th/0502180
https://doi.org/10.1088/1126-6708/2006/03/046
https://arxiv.org/abs/hep-th/0511132
https://doi.org/10.1007/BF00398297
https://doi.org/10.1007/BF00398297
https://arxiv.org/abs/q-alg/9507034
https://doi.org/10.1007/s00222-004-0375-2
https://arxiv.org/abs/math/0306311
https://arxiv.org/abs/math/0306311
https://doi.org/10.1112/S0010437X10004872
https://arxiv.org/abs/0802.4001
https://doi.org/10.1007/s10240-013-0052-3
https://arxiv.org/abs/1202.2756
https://doi.org/10.1215/00127094-1961849
https://arxiv.org/abs/0905.2555
https://doi.org/10.1016/0550-3213(94)90124-4
https://arxiv.org/abs/hep-th/9407087
https://doi.org/10.1016/0550-3213(94)90214-3
https://arxiv.org/abs/hep-th/9408099

282

[SW99]

[Sza96]

[Tac14]

[Tac16]

[Tacl7]

[tH76]

[tH99)]

[Tom20]

[Ton02]

[Uti56]

[Vaf01]

[Var04]

BIBLIOGRAPHY

Itzykson, Adv. Ser. Math. Phys., vol. 24, World Scientific, 1997,
arXiv:hep-th/9607163 [hep-th], pp. 333-366.

, String theory and noncommutative geometry, JHEP 09 (1999),
032, arXiv:hep-th/9908142 [hep-th].

R. J. Szabo, Equivariant Cohomology and Localization of Path Integrals,
Lecture Notes in Physics Monographs, vol. 63, Springer Berlin Heidelberg,
1996, arXiv:hep-th/9608068 [hep-th].

Y. Tachikawa, N=2 supersymmetric dynamics for pedestrians, Lecture
Notes in Physics, vol. 890, 2014, arXiv:1312.2684 [hep-th].

, New Dualities of Supersymmetric Gauge Theories, Mathemati-
cal Physics Studies, ch. A review on instanton counting and W-algebras,
pp. 79-120, arXiv:1412.7121 [hep-th], 2016.

, A brief review of the 2d/4d correspondences, J. Phys. A 50 (2017),
no. 44, 443012, arXiv:1608.02964 [hep-th].

G. 't Hooft, Computation of the Quantum Effects Due to a Four-
Dimensional Pseudoparticle, Phys. Rev. D14 (1976), 3432-3450, [Erra-
tum: Phys. Rev.D18,2199(1978)].

, Monopoles, Instantons and Confinement, National Summer
School for Graduate Students: We-Heraeus Doktorandenschule Saalburg:
Grundlagen und Neue Methoden der Theoretischen Physik Saalburg, Ger-
many, September 4-15, 1999, arXiv:hep-th/0010225 [hep-th].

A. Tomasiello, Supersymmetric QFT in Siz Dimensions, Oxford Research
Encyclopedias (2020).

D. Tong, NS5-branes, T duality and world sheet instantons, JHEP 07
(2002), 013, arXiv:hep-th/0204186.

R. Utiyama, Invariant theoretical interpretation of interaction, Phys. Rev.
101 (1956), 1597-1607.

C. Vafa, Brane/anti-brane systems and U(N|M) supergroup,
arXiv:hep-th/0101218.

V. S. Varadarajan, Supersymmetry for mathematicians: An introduction,
Courant Lecture Notes, vol. 11, American Mathematical Society, Provi-
dence, R.I, 2004.


https://arxiv.org/abs/hep-th/9607163
https://doi.org/10.1088/1126-6708/1999/09/032
https://arxiv.org/abs/hep-th/9908142
https://doi.org/10.1007/3-540-46550-2
https://arxiv.org/abs/hep-th/9608068
https://doi.org/10.1007/978-3-319-08822-8
https://arxiv.org/abs/1312.2684
https://doi.org/10.1007/978-3-319-18769-3_4
https://doi.org/10.1007/978-3-319-18769-3_4
https://arxiv.org/abs/1412.7121
https://doi.org/10.1088/1751-8121/aa5df8
https://arxiv.org/abs/1608.02964
https://doi.org/10.1103/PhysRevD.18.2199.3, 10.1103/PhysRevD.14.3432
https://arxiv.org/abs/hep-th/0010225
https://doi.org/10.1093/acrefore/9780190871994.013.62
https://doi.org/10.1093/acrefore/9780190871994.013.62
https://doi.org/10.1088/1126-6708/2002/07/013
https://doi.org/10.1088/1126-6708/2002/07/013
https://arxiv.org/abs/hep-th/0204186
https://doi.org/10.1103/PhysRev.101.1597
https://doi.org/10.1103/PhysRev.101.1597
https://arxiv.org/abs/hep-th/0101218
https://doi.org/10.1090/cln/011

BIBLIOGRAPHY 283

[VV99]

[Wei67]

[Wit82]

[Wit88al

[Wit88b]

[Wit89]

[Wit92]

[Wit94]

[Wit96]

[Wit97]

[Wit09]

[Wit11]

[Wyl09]

[YamO6]

[YM54]

M. Varagnolo and E. Vasserot, On the K-theory of the cyclic
quiver variety, Internat. Math. Res. Notices 1999 (1999), 1005-1028,
arXiv:math/9902091 [math.AG].

S. Weinberg, A Model of Leptons, Phys. Rev. Lett. 19 (1967), 1264-1266.

E. Witten, Supersymmetry and Morse theory, J. Diff. Geom. 17 (1982),
no. 4, 661-692.

, Topological Quantum Field Theory, Commun. Math. Phys. 117
(1988), 353.

, Topological Sigma Models, Commun. Math. Phys. 118 (1988),

411.

, Quantum field theory and the Jones polynomial, Commun. Math.
Phys. 121 (1989), 351-399.

, Two-dimensional gauge theories revisited, J. Geom. Phys. 9
(1992), 303-368, arXiv:hep-th/9204083 [hep-th].

, Monopoles and four manifolds, Math. Res. Lett. 1 (1994), 769
796, arXiv:hep-th/9411102.

, Small Instantons in String Theory, Nucl. Phys. B460 (1996),
541-559, arXiv:hep-th/9511030.

, Solutions of four-dimensional field theories via M-theory, Nucl.
Phys. B500 (1997), 3-42, arXiv:hep-th/9703166.

, Branes, Instantons, And Taub-NUT Spaces, JHEP 0906 (2009),
067, arXiv:0902.0948 [hep-th].

, Analytic Continuation Of Chern—Simons Theory, AMS/IP Stud.
Adv. Math. 50 (2011), 347-446, arXiv:1001.2933 [hep-th].

N. Wyllard, Ax_1 conformal Toda field theory correlation functions from
conformal N = 2 SU(N) quiver gauge theories, JHEP 11 (2009), 002,
arXiv:0907.2189 [hep-th].

Y. Yamada, Introduction to conformal field theory (3% 55 ¥ im AFT),
Baifukan, Tokyo, 2006.

C.-N. Yang and R. L. Mills, Conservation of Isotopic Spin and Isotopic
Gauge Invariance, Phys. Rev. 96 (1954), 191-195.


https://doi.org/10.1155/S1073792899000525
https://arxiv.org/abs/math/9902091
https://doi.org/10.1103/PhysRevLett.19.1264
https://doi.org/10.4310/jdg/1214437492
https://doi.org/10.1007/BF01223371
https://doi.org/10.1007/BF01223371
https://doi.org/10.1007/BF01466725
https://doi.org/10.1007/BF01217730
https://doi.org/10.1007/BF01217730
https://doi.org/10.1016/0393-0440(92)90034-X
https://doi.org/10.1016/0393-0440(92)90034-X
https://arxiv.org/abs/hep-th/9204083
https://doi.org/10.4310/MRL.1994.v1.n6.a13
https://arxiv.org/abs/hep-th/9411102
https://doi.org/10.1016/0550-3213(95)00625-7
https://arxiv.org/abs/hep-th/9511030
https://doi.org/10.1016/S0550-3213(97)00416-1
https://doi.org/10.1016/S0550-3213(97)00416-1
https://arxiv.org/abs/hep-th/9703166
https://doi.org/10.1088/1126-6708/2009/06/067
https://arxiv.org/abs/0902.0948
https://doi.org/10.1090/amsip/050/19
https://doi.org/10.1090/amsip/050/19
https://arxiv.org/abs/1001.2933
https://doi.org/10.1088/1126-6708/2009/11/002
https://arxiv.org/abs/0907.2189
https://doi.org/10.1103/PhysRev.96.191

284 BIBLIOGRAPHY

[Y'S20] Y. Yoshida and K. Sugiyama, Localization of 3d N' = 2 Supersymmetric
Theories on S' x D?, Prog. Theor. Exp. Phys. 2020 (2020), 113B02,
arXiv:1409.6713 [hep-th].


https://doi.org/10.1093/ptep/ptaa136
https://arxiv.org/abs/1409.6713

Index

g-shifted factorial, 231 D-module, 164

't Hooft limit, 245 delta function, 246

(A)SD YM multiplicative—, 49
—connection, 13, 18, 84 doubling trick, 216
—equation, 13, 16, 52 dual Dirac operator, 17, 84

A-function, 144, 145 effective twisted superpotential, 151, 162

A-operator, 188 equivariant
—charge, 212 —action, 26, 34, 47, 53, 68
elliptic—, 224 —cohomology, 23, 30
fractional—, 199 —form, 23, 30

Adams operation, 39, 61, 73 —index, 36, 54, 74, 88

ADHM construction, 16, 63 —localization, 24, 33, 67, 86
ALE space, 63 equivariantly compact, 23, 26
supergroup, 83 framing, 16

AGT relation, 5, 183, 218 ~ bundle, 37, 52, 86

ALE space, 63, 117 fugacity (instanton), 14, 33, 55, 102

Baker—Akhiezer function, 187, 251 gamma function, 229

Baker—Campbell-Hausdorft formula, 179 g—, 232

Bethe equation, 168, 209 elliptic—, 234

Bianchi identity, 13 multiple—, 229

BPS spectrum, 100, 107 gauge origami, 60, 69, 160

BPS/CFT correspondence, 182
holomorphic deformation, 176

Cartan matrix )
instanton bundle, 37, 52, 86

lassical—, 61
classical—, iWeyl reflection, 144, 189, 199

full—, 61
half—, 60 Lax matrix, 109, 110, 164, 166, 209
inverse of—, 183 LMNS formula, 33, 47
symmetrized—, 73 —with flavor, 35
Coulomb moduli, 98, 103, 105, 112, 158, fractional quiver gauge theory, 75
162, 171, 250 gauge origami, 160
dual—, 100 quiver gauge theory, 56, 211

285



286

supergroup, 92
loop equation, 253

Mathai—Quillen formalism, 29

matter bundle, 41, 52

McKay correspondence, 64

moduli space of vacua
Coulomb branch, 98, 100, 119, 126
Higgs branch, 98, 119

multiple sine function, 230
normal ordering, 179

operator product expansion (OPE), 179

A and A, 188

A and S, 190

A and V, 189, 224

A and Y, 189

S and S, 180, 216

S and V, 183, 222

S and Y, 187, 198, 223

Tand T (Ay), 194
Tand T (A4y), 195
T and T (BCy), 201
T and T (elliptic 4,), 225
T and T (elliptic Ay), 225

operator-state correspondence, 178, 217

pit condition, 46
potential term, 176, 180, 243
prepotential, 100, 149, 162, 176, 250

g-character, 151, 154, 163-166, 206
Q-function, 163, 169
qq-character, 146, 161, 213

Ay, 152, 193, 224

Ag, 155, 194, 225

Ay, 195

B3, 203

BCs, 201

Cs, 204

INDEX

Dy, 196
G, 206
Ay, 157, 210
quantum curve, 164, 165, 167, 209, 251
quantum dilogarithm, 231
quiver, 51
—variety, 62, 65, 161, 211
—W-algebra, 191
fractional—, 70
fractional—W-algebra, 197

radial ordering, 178, 185, 217
resolvent, 245, 248, 250
root of Higgs branch, 46, 118, 168

S-duality, 128, 130
S-function, 33, 49, 59, 75
saddle point analysis, 149, 168, 209, 245
screening current, 179, 256
elliptic—, 216
fractional—, 198
Seiberg—Witten curve
5d theory, 126
6d theory, 131
Ag quiver, 109
Az quiver, 110
SQCD, 107
SU(2), 103
SU(n), 106
supergroup, 111
stability condition, 21, 29, 63, 85

T-operator, see gq-character
T-system, 154
Taub-NUT space, 117
theta function, 233
time variable, 176, 217
topological twist, 15
TQ-relation

Toda chain, 163

XXX spin chain, 165, 169



INDEX 287

Uhlenbeck compactification, 21

V-operator, 183

elliptic—, 221
vacuum expectation value (vev), 98
Vandermonde determinant, 244

Virasoro constraint, 253

Y-function, 140

Y-operator, 186
elliptic—, 222
fractional—, 198

Yang—Mills action, 12
supergroup—, 79

Z-state, 177, 256



	Résumé
	Abstract
	Acknowledgements
	0 Introduction
	Organization of the memoir

	I Instanton Counting
	1 Instanton counting and localization
	1.1 Yang–Mills theory
	1.2 Instanton
	1.3 Summing up instantons
	1.3.1 -term
	1.3.2 Topological twist

	1.4 ADHM construction of instantons
	1.4.1 ADHM equation
	1.4.2 Constructing instanton
	1.4.3 Dirac zero mode
	1.4.4 String theory perspective

	1.5 Instanton moduli space
	1.5.1 Compactification and resolution
	1.5.2 Stability condition

	1.6 Equivariant localization of instanton moduli space
	1.6.1 Equivariant cohomology
	1.6.2 Equivariant localization
	1.6.3 Equivariant action and fixed point analysis

	1.7 Integrating ADHM variables
	1.7.1 Path integral formalism
	1.7.2 Contour integral formula
	1.7.3 Incorporating matter
	1.7.4 Pole analysis

	1.8 Equivariant index formula
	1.8.1 Spacetime bundle
	1.8.2 Framing and instanton bundles
	1.8.3 Universal bundle
	1.8.4 Index formula
	1.8.5 Vector multiplet
	1.8.6 Fundamental and antifundamental matters
	1.8.7 Adjoint matter

	1.9 Instanton partition function
	1.9.1 Vector multiplet
	1.9.2 Fundamental and antifundamental matters
	1.9.3 Adjoint matter
	1.9.4 Chern–Simons term
	1.9.5 Relation to the contour integral formula


	2 Quiver gauge theory
	2.1 Instanton moduli space
	2.1.1 Vector bundles on the moduli space
	2.1.2 Equivariant fixed point and observables

	2.2 Instanton partition function
	2.2.1 Equivariant index formula
	2.2.2 Contour integral formula
	2.2.3 Quiver Cartan matrix

	2.3 Quiver variety
	2.3.1 ADHM quiver
	2.3.2 ADHM on ALE space
	2.3.3 Gauge origami

	2.4 Fractional quiver gauge theory
	2.4.1 Instanton moduli space
	2.4.2 Instanton partition function


	3 Supergroup gauge theory
	3.1 Supergroup Yang–Mills theory
	3.1.1 Supervector space, superalgebra, and supergroup
	3.1.2 Yang–Mills theory
	3.1.3 Quiver gauge theory description

	3.2 Decoupling trick
	3.2.1 Vector multiplet
	3.2.2 Bifundamental hypermultiplet
	3.2.3 Dp quiver
	3.2.4 Affine A0 quiver

	3.3 ADHM construction of super instanton
	3.3.1 String theory perspective
	3.3.2 Instanton moduli space

	3.4 Equivariant localization
	3.4.1 Equivariant index formula
	3.4.2 Instanton partition function
	3.4.3 Contour integral formula



	II Quantum Geometry
	4 Seiberg–Witten geometry
	4.1 N = 2 gauge theory in four dimensions
	4.1.1 Supersymmetric vacua
	4.1.2 Low energy effective theory
	4.1.3 BPS spectrum

	4.2 Seiberg–Witten theory
	4.2.1 Renormalization group analysis
	4.2.2 One-loop exactness
	4.2.3 SU(2) theory
	4.2.4 SU(n) theory
	4.2.5 N = 2 SQCD

	4.3 Quiver gauge theory
	4.3.1 A1 quiver
	4.3.2 A2 quiver
	4.3.3 A3 quiver
	4.3.4 Generic quiver

	4.4 Supergroup gauge theory
	4.5 Brane dynamics and N = 2 gauge theory
	4.5.1 Hanany–Witten construction
	4.5.2 Seiberg–Witten curve from M-theory
	4.5.3 Quiver gauge theory
	4.5.4 Higgsing and vortices
	4.5.5 Higgsing in Seiberg–Witten geometry
	4.5.6 Supergroup gauge theory

	4.6 Eight supercharge theory in higher dimensions
	4.6.1 5d N = 1 theory
	4.6.2 6d N = (1,0) theory


	5 Quantization of geometry
	5.1 Non-perturbative Schwinger–Dyson equation
	5.1.1 Add/remove instantons

	5.2 qq-character
	5.2.1 iWeyl reflection
	5.2.2 Supergroup gauge theory
	5.2.3 Higher weight current
	5.2.4 Collision limit

	5.3 Classical limit
	5.3.1 (Very) classical limit: 1,2 0
	5.3.2 Nekrasov–Shatashvili limit: 2 0

	5.4 Examples
	5.4.1 A1 quiver
	5.4.2 A2 quiver
	5.4.3 Affine A0 quiver

	5.5 Gauge origami reloaded
	5.5.1 8d gauge origami partition function
	5.5.2 qq-character integral formula

	5.6 Quantization of cycle integrals
	5.6.1 Saddle point equation
	5.6.2 Y-function

	5.7 Quantum geometry and quantum integrability
	5.7.1 Pure SU(n) Yang–Mills theory
	5.7.2 N = 2 SQCD
	5.7.3 A2 quiver
	5.7.4 Ap quiver

	5.8 Bethe equation
	5.8.1 Saddle point equation
	5.8.2 Higgsing and truncation
	5.8.3 Dimensional hierarchy: periodicity of spectral parameter



	III Quantum Algebra
	6 Operator formalism of gauge theory
	6.1 Holomorphic deformation
	6.1.1 Free field realization

	6.2 Z-state
	6.2.1 Screening current
	6.2.2 Instanton sum and screening charge
	6.2.3 V-operator: fundamental matter
	6.2.4 Boundary degrees of freedom
	6.2.5 Y-operator: observable generator
	6.2.6 A-operator: iWeyl reflection generator

	6.3 Pole cancellation mechanism

	7 Quiver W-algebra
	7.1 T-operator: generating current
	7.2 Classical limit: quantum integrability
	7.3 Examples
	7.3.1 A1 quiver
	7.3.2 A2 quiver
	7.3.3 Ap quiver
	7.3.4 Dp quiver

	7.4 Fractional quiver W-algebra
	7.4.1 Screening current
	7.4.2 Y-operator
	7.4.3 A-operator
	7.4.4 iWeyl reflection
	7.4.5 T-operator: generating current
	7.4.6 BC2 quiver
	7.4.7 Bp quiver
	7.4.8 Cp quiver
	7.4.9 G2 quiver
	7.4.10 NS1,2 limit

	7.5 Affine quiver W-algebra
	7.5.1 Affine A0 quiver
	7.5.2 Affine Ap-1 quiver

	7.6 Integrating over quiver variety
	7.6.1 Instanton partition function
	7.6.2 qq-character


	8 Quiver elliptic W-algebra
	8.1 Operator formalism
	8.1.1 Doubled Fock space
	8.1.2 Screening current
	8.1.3 Z-state

	8.2 Trace formula
	8.2.1 Coherent state basis
	8.2.2 Torus correlation function
	8.2.3 Connection to elliptic quantum group

	8.3 More on elliptic vertex operators
	8.3.1 V-operator
	8.3.2 Y-operator
	8.3.3 A-operator

	8.4 T-operator
	8.4.1 A1 quiver
	8.4.2 A2 quiver



	IV Appendices
	A Special functions
	A.1 Gamma functions
	A.1.1 Reflection formula
	A.1.2 Multiple sine function

	A.2 q-functions
	A.2.1 q-shifted factorial
	A.2.2 Quantum dilogarithm
	A.2.3 q-gamma functions
	A.2.4 Partition sum

	A.3 Elliptic functions
	A.3.1 Theta function
	A.3.2 Elliptic gamma functions
	A.3.3 Elliptic analog of polylogarithm


	B Combinatorial calculus
	B.1 Partition
	B.2 Instanton calculus
	B.2.1 U(n) theory
	B.2.2 U(n0|n1) theory


	C Matrix model
	C.1 Matrix integral
	C.1.1 Eigenvalue integral representation

	C.2 Saddle point analysis
	C.2.1 Eigenvalue density function
	C.2.2 Functional representation

	C.3 Spectral curve
	C.3.1 Cycle integrals

	C.4 Quantum geometry
	C.4.1 Baker–Akhiezer function
	C.4.2 Quantization of the cycle

	C.5 Quantum algebra
	C.5.1 Loop equation
	C.5.2 Operator formalism
	C.5.3 Gauge theory parameter
	C.5.4 Vertex operators
	C.5.5 Z-state


	Bibliography
	Index


