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Introduction

Introduction

(% the last decade, sub-Riemannian geometry has undergone a surge of interest, char-
acterized by a great variety of subject matters and techniques. From a theoretical view-
point, sub-Riemannian manifolds can be found as Gromov-Hausdorff limits of sequences
of Riemannian manifolds, as underlying geometries of hypoelliptic diffusion or as principal
G-bundles with a horizontal connection. In mechanics, sub-Riemannian manifolds model
non-holonomic constraints providing a good description of various mechanical systems,
such as rolling bodies without sliding or systems with conserved angular momentum. In
addition, in mathematical modeling, sub-Riemannian geometry proves to be an extremely
flexible and effective tool. For example, it has been employed in the problem of image
reconstruction to restore partially damaged pictures or to describe a biological model of
the vision explaining the pattern recognition in the visual cortex.

Our main interest in sub-Riemannian geometry is in connection with the asymptotic
analysis of hypoelliptic diffusion phenomena. Let us firstly illustrate, in the Riemannian
setting, how asymptotic analysis of partial differential equations can be a powerful tool to
investigate geometrical properties. Let (M, g) be a complete Riemannian manifold, and
consider the classical Cauchy problem for the heat equation on M:

(O — Ag)u(t,z) =0, V(t,z) € (0,00) x M,

g (1)

U(O,):f, in L (Mhu’g):
where Ay, 1y denote the Laplace-Beltrami operator and the Riemannian volume respec-
tively. It is well-known that there exists a unique solution u(t, z) to the problem (1), which
can be represented as follows:

ultx) = [ p@n)f@dugl). ¥ (@) € (0.00) x M,

where p;(x,y) is a smooth positive function on (0,4+o00) x M x M called heat kernel,
see [BGMT71,R0s97] for a comprehensive introduction on the topic. In the same spirit of
Riemann’s definition of curvature of a Riemannian manifold, the small-time asymptotics
of the heat kernel encode geometrical information of (M, g), unraveling a deep relation-
ship between the heat diffusion and the geometry of the underlying structure. Among
numerous interesting results regarding the asymptotic analysis of quantities related to the
heat diffusion, see for example [Kac66,Pat71, Cha84], we mention here the seminal result
of Minakshisundaram and Pleijel [MP49]: for each x € M, there is a complete asymptotic
expansion

pe(z,z) = t”% (ag(m) + a1 (2)t + ag(z)t? + .. ) ast — 0, (2)

where a;(z) are smooth functions on M, and are determined by the Riemannian curvature
tensor and its covariant derivatives at x, therefore they reflect the local geometry of M
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close to x. For example, the zero-order coefficient is just a constant, but already the
first-order coefficient a;(x) is proportional to the scalar curvature of M at the point x.

From a physical viewpoint, the heat equation (1) models an isotropic diffusion on
the manifold M. Hence, a natural generalization of this model can be obtained impos-
ing non-holonomic constraints on the manifold, describing in turn an anisotropic diffusion
phenomenon. This amounts to replace the Laplace-Beltrami operator A, in (1) with a sub-
elliptic operator £ of Hérmander type [Hor67,Str86], generated by a set of non-holonomic
constraints {Xi,..., Xy} C I'(T'M). More precisely, £ is a second-order differential op-
erator defined as the sum of squares of vector fields Xi,..., X,, , plus possibly a drift
term Xy € I'(T'M). Notice that in general, X1, ..., X,, need not be linearly independent
at any point, thus the symbol of £ may be degenerate, making it remarkably different
from Ay, which is instead an elliptic operator. Nevertheless, a fundamental result ob-
tained by Hormander gives a sufficient condition ensuring hypoellipticity of £, i.e. the
bracket-generating condition (also known as Héormander condition): the Lie algebra gen-
erated by the family {Xi,...,X,,} at any point x € M should coincide with the whole
tangent space T, M. From a geometrical viewpoint, differently from what happened for
the Laplace-Beltrami operator, the underlying geometrical structure of such an operator
L is no longer Riemannian. Indeed, it is possible to give a notion of length of tangent
vectors but only along the admissible directions dictated by the family {X,..., X,,}. The
resulting structure is what is called a sub-Riemannian manifold.

Sub-Riemannian manifolds form a rich class of metric spaces, generalizing the classical
concept of Riemannian manifold. A sub-Riemannian structure on M is defined by a couple
(D, g), where g is a smoothly varying scalar product defined on a subset of admissible
directions:

D, = span{X;(x),..., Xy (z)} C T, M, Vaoe M,

which is called distribution (even though its rank can depend on z) and must satisfy
the bracket-generating condition, see the monographs [Mon02, ABB20]. Since g is only
defined on a subset of preferred directions, not all smooth curves have finite length in
a sub-Riemannian manifold. Therefore, we have to restrict ourselves to the set of hori-
zontal curves, namely those curves which are tangent to the distribution and have finite
length. The Chow-Rashevsky’s connectivity theorem ensures that any two points (in the
same connected component of M) can be connected by a horizontal curve, thereby, the
sub-Riemannian distance function dgg between any two points, obtained as the infimum
of the length, among all the horizontal curves joining them, is finite. The resulting met-
ric spaces (M, dgr) exhibits remarkably different phenonemena compared to Riemannian
case: firstly, there exist points where it is not bi-Lipschitz equivalent to a Euclidean space,
and as a consequence its Hausdorff dimension is strictly greater than the topological one
in a neighborhood of those points. Secondly, (M, dgg) is a geodesic metric space as in
the Riemannian case, however not all geodesics satisfy a Hamilton equation, leading to
the existence of abnormal geodesics, which are connected to several open problems in the
field. Thirdly, there is no canonical way to define an intrinsic volume associated with a
sub-Riemannian manifold, in general, since ¢ is not defined on the whole tangent space,
thus the Riemannian procedure fails to produce a well-defined top-dimensional form.
Therefore, for a given hypoelliptic operator £ on a smooth manifold M, we consider
the underlying sub-Riemannian structure and we study its diffusion: once a smooth outer

measure w is fixed, we may consider the heat equation associated with L,
(0r — L)u(t,x) =0, V(t,z) € (0,00) x M, 3)
u(0,-) = f, in L?(M,w).

The hypoellipticity of £ ensures the existence of a heat kernel, which we still denote by
pe(x,y), however, the interplay between the geometry of the sub-Riemannian structure
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on M and the diffusion governed by L is more delicate than the Riemannian case. In
the first place, the diffusion is affected by the choice of the measure w, as £ may not
be symmetric with respect to the L?(M,w) scalar product: of particular relevance for
us will be the hypoelliptic diffusion governed by a specific hypoelliptic operator, called
sub-Laplacian and denoted by A, which is indeed symmetric in L?(M,w) and directly
generalizes the Laplace-Beltrami operator, when M is Riemannian and w = 4. Secondly,
in the general sub-Riemannian setting, an analogue to the Riemannian curvature tensor is
not available, making the problem of interest harder to solve. A definition of curvature in
the sub-Riemannian setting has been recently proposed in [ABR18]: the approach used by
the authors reminds Riemann’s one, and so is directly related with the asymptotics of the
sub-Riemannian distance. The downside of this approach is that explicit computations
are much harder compared to the Riemannian case.

A great effort in the study of the analytical properties of the heat diffusion (3) has
been carried out by several authors and a non-exhaustive list is [BA88, Léa92, Nee07,
BMO09,BBN12,Bar13,BBN19, CAVHT20|. For example, for what concerns the trace heat
kernel, the existence of a complete asymptotic expansion is proved in [BA89], however
the geometrical interpretation of the coefficients is still lacking. In this regard, a notable
result is contained in [Barl3], where the author is able to explicitly compute the first two
coefficients of the trace heat kernel asymptotic in 3D-contact sub-Riemannian manifolds:

pe(x, ) (1+ k(x)t+o0(1)), ast — 0, Vox € M, (4)

T 162
where k(x) is a curvature-type invariant of the sub-Riemannian structure. On the one
hand, (4) has a pole in ¢ of order @Q/2, where @ is the Hausdorff dimension of the manifold
and, in the 3D-contact case, is equal to 4 and greater than the topological dimension.
On the other hand, comparing (4) with the corresponding Riemannian result (2), we may
expect an invariant which resembles the scalar curvature of a Riemannian manifold, thus
we may define k(x) as the scalar sub-Riemannian curvature of M at the point . Moreover,
we also mention the recent developments of [CAVHT20], concerning the existence of the
small-time asymptotic expansion for hypoelliptic heat kernels, and the description of its
coefficients in terms of the nilpotent approximation of the underlying sub-Riemannian
structure.

Along these lines of research, our main goal is to further develop the relation between
hypoelliptic heat diffusion and geometrical invariants of the sub-Riemannian structure,
and we focus in particular on geometrical properties of embedded hypersurfaces. In the
Riemannian setting, a relevant quantity to investigate those kind of properties is the so-
called heat content: let Q@ C M be an open set with smooth boundary and consider ug(t, x)
the solution to (1), with Dirichlet boundary condition on 02, and initial datum given by
the indicator function of the set f = 1. Then, the heat content Qq(t) is the total amount
of heat contained in the set ) at time ¢, assuming that its boundary is perfectly insulated,
ie.

Qalt) = [ wo(t.0)dugla) V>0, (5)

The heat content has been thoroughly studied in the Euclidean and Riemannian setting,
see [vdBLG94,vdBD89,vdB91,vdBG94,vdBG99,Sav98,Sav01,Sav04] for the classical heat
content (5), see [vdBDG93,DG94] for the case where ug(t, z) satisfies Neumann bound-
ary conditions on 92 and [vdBG15, Sch21] for the case where boundary conditions are
dropped. In the sub-Riemannian setting, Tyson and Wang recently initiated the study
of heat content asymptotics in the Heisenberg group, which is a simple, yet non trivial
sub-Riemannian manifold, see [TW18]. As highlighted in their work, the presence of a
distinguished hypersurface in the sub-Riemannian manifold poses an additional technical
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difficulty with respect to the Riemannian case: the presence of characteristic points. If
M is sub-Riemannian manifold and S C M is a smooth embedded hypersurface, then
a characteristic point of S is a point where horizontal curves are never transverse to the
boundary and can be regarded as an intrinsic singularity of the sub-Riemannian structure.
Indeed, on the one hand, the existence of smooth tubular neighborhood is not guaranteed
at a characteristic point and, on the other hand, the heat diffusion loses regularity at
those points. The latter property heavily affects the behavior of the diffusion, making the
asymptotic analysis of quantities such as the heat content (5) difficult to study.

Structure and contents of the thesis

In Chapter 1, we introduce the basic definitions and we review some essential facts
in sub-Riemannian geometry, focusing, in particular, on geodesics in a sub-Riemannian
manifold, on the definition and main properties of the sub-Laplacian operator and finally
on the nilpotent approximation of a sub-Riemannian manifold. This introductory material
is not exhaustive on the topic but adapted to our needs.

In Chapter 2, we study the small-time asymptotics of the heat content of smooth non-
characteristic domains of a general rank-varying sub-Riemannian structure, equipped with
an arbitrary smooth measure. By adapting to the sub-Riemannian case a technique due
to Savo, we establish the existence of the full asymptotic series:

Qa(t) = > ayt*/?, ast — 0. (6)
k=0

As a particular case we recover, using non-probabilistic techniques, the order 2 formula
obtained by Tyson and Wang in the Heisenberg group [TW18]. We proceed by analyzing
the coefficients appearing in the asymptotics (6). Firstly, presenting the sub-Riemannian
manifold M as a Gromov-Hausdorff limit of a sequence of Riemannian manifolds, we
prove that every coefficient can be obtained as the limit of the corresponding Riemannian
one. Secondly, we compute explicitly the coefficients up to order k = 5, in terms of sub-
Riemannian invariants of the domain. A consequence of our fifth-order analysis is the
evidence of new phenomena in presence of characteristic points. In particular, we prove
that the higher-order coefficients in the asymptotics (6) can blow-up in their presence. A
key tool for this last result is an exact formula for the distance from a specific surface with
an isolated characteristic point in the Heisenberg group, which is of independent interest.

In Chapter 3, we further study characteristic points in the Heisenberg group. In par-
ticular, we address the problem of integrability of the sub-Riemannian mean curvature H
of an embedded hypersurface, around isolated characteristic points, in this setting. The
sub-Riemannian mean curvature is a geometrical invariant appearing in the asymptotic
expansion of the heat content and its integrability (with respect to the perimeter mea-
sure induced by the Euclidean structure) is relevant in many different areas of geometric
analysis. The main novelty is the introduction of a concept of a mildly degenerate char-
acteristic point for a smooth surface of the Heisenberg group. This new concept can be
regarded as a second-order condition for a characteristic point and it ensures the local
integrability of H. As a consequence we partially answer to a question posed by Danielli-
Garofalo-Nhieu in [DGN12|, proving that the mean curvature of a real-analytic surface
with discrete characteristic set is locally integrable.

In Chapter 4, we study the small-time asymptotics of the relative heat content asso-
ciated with smooth non-characteristic domains of a general rank-varying sub-Riemannian
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structure, equipped with an arbitrary smooth measure. The relative heat content asso-
ciated with @ C M, denoted by Hq(t), is the total amount of heat contained in the set
at time ¢, assuming that its boundary is no longer insulated, meaning that the heat can
flow also outside of €. In particular, under the assumption of not having characteristic
points, we prove the existence of the asymptotic expansion of Hg(t), up to order 4 in v/,
as t — 0. The strategy to obtain this result is along the lines of what we did in Chapter
2, however, new technical difficulties arise, the main one being related to the fact that the
heat can flow through 9€) and, as a consequence, we do not know the small-time behavior
of the temperature function u(t,x) at 9. At order zero, using symmetry properties of
the diffusion, we are able to describe the behavior of u(¢, ), which is, in a sense, averaging
the heat between 2 and its complement. Finally, we remark that the relative heat content
asymptotic expansion, although being similar to the one of the classical heat content, is
unrelated as showed by comparing the higher-order coefficients.

In Chapter 5, we prove the existence of a tubular neighborhood for submanifolds of any
codimension, assuming they do not have characteristic points. The existence of tubular
neighborhood for hypersurfaces has been established in [PRS18, FPR20] and has proved
to be a crucial tool for developing the results of Chapter 2 and 4. Thus, we generalize
this result to any codimension. Next, we propose a definition of relative heat content for
submanifolds of codimension k£ > 1 and we build a possible approximation of this quantity,
via tubular neighborhoods. For any step of the approximation, the resulting object is the
relative heat content associated with an open, smooth and non-characteristic subset of M,
for which we have an asymptotic expansion. However, we show that this approximation
fails to recover the asymptotic expansion of the relative heat content of the submanifold,
by comparing the two approaches in an example, in which it is possible to carry out explicit
computations.

Each chapter starts with a self-contained introduction, summarizing the results con-
tained therein. A summary in French of the thesis can be found in the résumé.

List of Publications

The research presented in this thesis appears in the following publications and preprints
in preparation:

e Rizzi, L., Rossi, T., Heat content asymptotics for sub-Riemannian manifolds, Journal
de Mathématiques Pures et Appliquées, v. 148, 2021. See [RR21].

e Rossi, T., Integrability of the sub-Riemannian mean curvature at degenerate char-
acteristic points in the Heisenberg group, Advances in Calculus of Variations, 2021.
See [Ros21].

e Rossi T., Relative heat content asymptotics for sub-Riemannian manifolds, in prepa-
ration.

vii






Contents

Introduction iii
Structure and contents of the thesis . . . . . . ... ... ... ... ....... vi
List of Publications . . . . . . . . . . . . . ... vii

Contents ix

1 Preliminaries of sub-Riemannian geometry 1
1.1 Sub-Riemannian geometry . . . . . . .. ... Lo 1
1.2 Geodesics and Hamiltonian flow . . . . . . . .. ... ... .. ... ..... 3
1.3 The sub-Laplacian . . . . . . . . . .. ... 5
1.4 Nilpotent approximation of M . . . . . . .. .. ... ... ... ... ... 6

2 Heat content asymptotics for sub-Riemannian manifolds 11
2.1 Introduction . . . . . . . . . . 12

2.1.1  Sub-Riemannian heat content asymptotics . . . . . . . . ... .. .. 13
2.1.2 Riemannian approximations . . . . . . ... .. ... 15
2.1.3 Characteristic points . . . . . . . .. ... o o L 16
2.2 Preliminaries . . . . . . . . ... 17
2.2.1 Dirichlet problem for the heat equation . . ... ... ... ... .. 17
2.2.2  Approximation via Riemannian structures . . . . . . . .. ... ... 18
2.3 Localization to the boundary of the heat content . . . . . . ... ... ... 19
2.4 Sub-Riemannian mean value lemma . . . . .. ... ... ... ....... 21
2.5 Heat content asymptotics . . . . . . .. .. L oL 23
2.5.1 First order asymptotic expansion . . . . . . . .. ... ... ... .. 25
2.5.2 Full asymptotic expansion . . . . . . . . ... ... L. 26
2.6 Riemannian approximations and asymptotic series . . . . .. ... ... .. 27
2.7 Blow-up of a5 in a domain with characteristic points . . . . . . . .. .. .. 31
2.7.1 Cut and focal locus from > . . . . . . ... ... ... . ... .. .. 33
2.7.2 An expression for the distance function from > . . . . ... ... .. 35
2.7.3 Blow-up of a5 and proof of Theorem 2.1.7 . . . . . . ... ... ... 38

3 Integrability of the sub-Riemannian mean curvature at degenerate char-
acteristic points in the Heisenberg group 41
3.1 Introduction . . . . . . . . . . ... 42
3.2 Preliminaries . . . . . . . . ... 43

3.2.1 Horizontal Hessian . . . . . . . . ... ... ... .. ... ...... 44
3.2.2 Sub-Riemannian mean curvature . . . . . . ... ... ... ..... 45
3.2.3  (Sub-)Riemannian induced measure . . . ... ... ... ... ... 45
3.3 A general estimate for horizontal mean curvature . . . . . . ... ... ... 46
3.4 Integrability for non-degenerate characteristic points in 3D contact sub-
Riemannian manifolds . . . . . . .. .. ... ... . 47
3.5 Integrability for mildly degenerate characteristic pointsin H . . . . . .. .. 48

ix



Contents

3.5.1 Integrability of the intrinsic Gaussian curvature . . . . . . . . . . .. 53
4 Relative heat content asymptotics for sub-Riemannian manifolds 56
4.1 Introduction . . . . . . . . L 57
4.1.1 Strategy of the proof of Theorem 4.1.1 . . . . . . .. ... ... ... 59

4.1.2  From the heat kernel asymptotics to the relative heat content asym-
ptotics . . . . . L 62
4.1.3 Characteristic points . . . . . . . . ..o 62
4.2 The relative heat content . . . . . . . .. ... ... oL 63
4.3 Small-time asymptotics of u(¢,z) at the boundary . . . . ... ... .. .. 64
4.4  First-order asymptotic expansion of Ho(t) . . . . . . . . ... ... ... .. 67
4.4.1 A mean valuelemma . . . . . .. ... 67
4.4.2 Localization principle . . . . . . . . ... oo 68
4.4.3 Duhamel’s principle for In¢ . . . . . . . . ..o 70
4.4.4 First-order asymptotics . . . . . .. ..o oo 71
4.5 Higher-order asymptotic expansion of Ho(t) . . . . . . . .. ... ... ... 72
4.5.1 The outside contribution and an asymptotic series for G,[¢] . . . . . 73
4.5.2  Fourth-order asymptotics . . . . . . . .. ... L oL 75
4.5.3 The weighted relative heat content . . . . . .. .. .. ... ... .. 76
4.6 An alternative approach using the heat kernel asymptotics . . . . . . . . .. 77
4.7 The non-compact case . . . . . . . . . ... e 80
4.7.1 Notable examples . . . . . . . . ..o 82
5 Relative heat content for submanifolds 85
5.1 Introduction . . . . . . . . . . . e 85
5.2 Tubular neighborhood for submanifolds . . . .. ... ... ... .. .... 87
5.3 Induced measure on S . . . . . ... 91
5.4 Heat content for submanifolds . . . . . . . ... ... oL 92
5.5 An example: closed simple curve in R® . . . . . .. ... ... 94
5.5.1 Asymptotic expansion of Hg(t) . . . . . . . . 94
5.5.2  Approximation via tubular neighborhoods . . . . . . . ... ... .. 95
5.5.3 Comparison between the two approaches . . . . . . . ... ... ... 96
A Convergence of the heat semi-group of the Riemannian variation 98
A.1 An alternative proof of Theorem 2.3.1 . . . . ... ... ... ... ..... 99
B Asymptotic expansion of I¢(¢,0) 102
C Algorithm for computing the coefficients of Theorem 2.1.1 108
C.1 Construction of the operators Dy . . . . . . . . . .. ... .. ... .. 108
C.2 The algorithm . . . . . .. .. . 109
D An alternative proof of Theorem 4.3.1 111
E Iterated Duhamel’s principle for In¢(t,0) 115
Résumé détaillé de la thése en francgais 121
Bibliography 154







Preliminaries of sub-Riemannian geometry

In this chapter, we introduce the basic definitions and we review some
essential facts in sub-Riemannian geometry. This introductory material
is not exhaustive on the topic but tailored to our presentation.

Contents
1.1 Sub-Riemannian geometry . . . . . .. ... ..., 1
1.2 Geodesics and Hamiltonian low . ... ... ........... 3
1.3 The sub-Laplacian . . . ... ... ... ..., 5
1.4 Nilpotent approximationof M . . ... ... ... ......... 6

1.1 Sub-Riemannian geometry

Let M be a smooth, connected finite-dimensional manifold. A sub-Riemannian struc-
ture on M is defined by a set of N global smooth vector fields Xi,..., Xy, called a
generating frame. The generating frame defines a distribution of subspaces of the tangent
spaces at each point x € M, given by

D, = span{X;(z),..., Xn(x)} C T, M. (1.1)

We assume that the distribution is bracket-generating, namely the Lie algebra of smooth
vector fields generated by Xy, ..., Xy, evaluated at the point x, coincides with T, M, for
all x € M. Recall that, by definition, the Lie algebra generated by a family of vector fields
{X1,..., XN} is the smallest sub-algebra of I'(T'M) containing the family itself, i.e.

Lie{Xl, - ,XN} = {[le, [ .. [Xjkwaij] ‘ Ji € {1, R ,N}, ke N}
Thus, the distribution (1.1) satisfies the bracket-generating condition if
Lie, (D) = {X(z) | X € Lie(D)} = T, M, Ve M. (1.2)



Chapter 1. Preliminaries of sub-Riemannian geometry

We sometimes refer to (1.2) as Hormander condition. The generating frame induces also
a norm on the distribution at =, namely

N N
9z (v,v) :inf{Zu? | Zule(x) :U}, Vv € Dy, (1.3)
i=1 i=1

which, in turn, defines an inner product on D, by polarization. We use the shorthand
|| - ||4 for the corresponding norm. Notice that the vector fields in the generating frame
(1.1) need not be linearly independent at any point, moreover, we can easily observe that
if D, = T, M, for all x € M, then g defined in (1.3) is a Riemannian metric on M. We
say that v : [0,T] — M is a horizontal curve, if it is absolutely continuous and

§(t) € Dy, for a.e.t € [0, 7.

This implies that there exists a control function u : [0,7] — R, such that
N
A(t) = Zui(t)Xi('y(t)), for a.e.t € [0,T].
i=1

Moreover, we require that u € L?([0,T],R™). We report [ABB20, Lem. 3.12], which
ensures the integrability of the map ¢t — ||§(t)]|4-

Lemma 1.1.1. Let M be a sub-Riemannian manifold, and let v: [0,T] — M be a hori-
zontal curve. Define the minimal control of v as

N N
u*(t)? = argmin {Z ui(t)? | 4(t) = Zuz(t)Xz(fy(t))} , fora.e. t€[0,T]. (1.4)
i=1

i=1
Then, the function [0,T] > t — u*(t) is measurable and square integrable on [0,T].

Notice that, by definition of minimal control, ||§(t)||y = |u*(t)| for a.e. t € [0,T],
therefore the map t — ||¥(t)||, is integrable on [0,7] and we can define the length of a
horizontal curve as follows:

()= [ 15l

Then, sub-Riemannian distance is defined by length-minimization procedure: for any
x,y € M, we set

dsg(z,y) = inf{l(v) | v: [0,T] — M, horizontal curve joining = and y}.

By Chow-Rashevsky’s Theorem, the bracket-generating assumption ensures that the dis-
tance dgg: M X M — R is finite, continuous and it induces the same topology as the
manifold one. Furthermore, this implies that the resulting metric space (M, dgsr) is locally
compact.

Remark 1.1.2. The above definition includes all classical constant-rank sub-Riemannian
structures as in [Mon02, Rif14] (where D is a vector distribution and ¢g a symmetric and
positive tensor on D), but also general rank-varying sub-Riemannian structures. Moreover,
the same sub-Riemannian structure can arise from different generating families.




1.2. Geodesics and Hamiltonian flow

1.2 Geodesics and Hamiltonian flow

We recall some basic facts about length-minimizing curves, and the Hamiltonian for-
malism.

A geodesic is a horizontal curve «: [0,7] — M, parametrized with constant speed,
and such that any sufficiently short segment is length-minimizing. We can formulate the
problem of finding a length-minimizer joining x,y € M as an optimal control problem of
the form:

N
Y(t) = ui(t) Xi((1)),
=1
0) =z, AT)=y, (1.5)

/OT \/Zu?(t)dt — min.

Problem (1.5) involves finding the local minima of a function subject to some constraints,
hence we can employ the method of Lagrangian multipliers.

Example 1.2.1. Let f, fo: R> = R be C! functions and consider the constrained opti-
mization problem
{fO(‘Tvy) — min7
fz,y) =0.

Applying the method of Lagrangian multipliers, we introduce the function A = Af + Ao fo,
then the extremal points are obtained solving the equation

Viagyah = 0. (1.6)
Therefore, we can distinguish two cases:

(i) Ao = 0, then (1.6) reduces to AV f = 0, with A # 0, which implies Vf = 0. These
are abnormal extremals;

(ii) Ao # 0, then we can assume Ao = —1, hence (1.6) becomes AV f — V fy = 0. These
are normal extremals.

This kind of difference between the extremals of a constrained optimization problem is
typical and appears also when studying an infinite-dimensional problem, such as finding
the geodesics joining two fixed points. The characterization of the extremals of Problem
(1.5) is given by the so-called Pontryagin maximum principle, cf. [ABB20, Sec. 4.3].

Given a sub-Riemannian structure on M with generating frame {X,..., Xy}, define
the fiber-wise linear functions on T*M associated with these vector fields

hi: T*M —R;  h(\)=(\X,), Vi=1,...,N,

where (),-) denotes the action of covectors on vectors. For a smooth function h €
C>°(T*M), the Hamiltonian vector field associated with h is the vector field hon T*M,
defined by ¢(-,h) = dh, where ¢ € A%(T*M) is the canonical symplectic 2-form on the
cotangent bundle.

Theorem 1.2.2 (Pontryagin maximum principle). Let M be a sub-Riemannian manifold
and let v: [0,T] — M be a horizontal curve parametrized by constant speed, which is a
length-minimizer and u*(t) the corresponding minimal control. Then there exists a lift of
v in T*M, i.e. an absolutely continuous curve \(t) € T;k(t)M, such that,

N

At) =" uf (A1),  for ae. t €[0,T], (1.7)
=1
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and one of the following condition holds:

hi(A(t)) = ul(t), Vt e [0,T] and for anyi=1,...,N, or (N)
hi(A(t)) =0, vVt e [0,T] and for anyi=1,...,N. (A)

Moreover in case (A), A(t) # 0, for any t € [0,T].

Among the solutions to (1.7), we distinguish between normal extremals, satisfying (IN),
and abnormal extremals, satisfying (A). In particular, normal extremals are solution to a
true Hamiltonian system: define the sub-Riemannian Hamiltonian as the smooth function
H:T*M — R, given by

1N
H(\) =5 STNX)?E, XeTM, (1.8)
i=1
where {X1,..., XN} is a generating family for the sub-Riemannian structure. Then, so-

lutions A : [0,T] — T*M of the Hamilton equations
A(t) = H(A(t)), (1.9)

are normal extremals in the sense of Theorem 1.2.2. As a consequence, normal extremals
are smooth and the Hamiltonian is constant along the motion. Their projections ~y(t) =
m(A(t)) on M, where 7w : T*M — M is the bundle projection, are locally length-minimizing
horizontal curves parametrized with constant speed, and are called normal geodesics. If
is a normal geodesic with normal extremal lift A, then its speed is given by ||§||4 = vV2H (X).

In particular
(Y]jo,) = ty/2H(A(0)), vt e [0,T].

The sub-Riemannian exponential map exp, : Th M — M, with base x € M is

exp,(\) = moef(N), Ae Ty M, (1.10)

where el denotes the flow of H in the cotangent bundle, and we can assume it is defined
up to time 1. This is the case, for example, when (M, dsr) is a complete metric space.
We remark that the sub-Riemannian exponential map (1.10) is a local diffeomorphism at
A = 0 if and only if D, = T, M, thus in a truly sub-Riemannian manifold we will always
find points in which the former property fails.

For what concerns abnormal extremals \: [0,T] — T*M, satisfying (1.7), together
with condition (A), we define abnormal geodesics their projections y(t) = w(A(t)) on
M. Differently from normal extremals, the curve A(f) may not follow the Hamiltonian
dynamics (1.9), hence we can not deduce any regularity property. Here we only observe
that condition (A) for an abnormal extremal A(t) € T*M is equivalent to

<)‘(t)7D7r(/\(t))> =0 and )‘(t) # 0, Vie [OaTL

that is H(A(t)) = 0. Notice that a geodesic may be abnormal and normal at the same
time.

Length-minimizers to the boundary. Consider now a closed embedded submanifold
S C M of positive codimension. Let 7 : [0,7] — M be a horizontal curve, parametrized
with constant speed, such that v(0) € S, y(T) = x € M \ S, and such that it minimizes
the distance to S, that is

l() = inf{dsr(z,z) | z € S}.




1.3. The sub-Laplacian

In particular, v is a geodesic. Any corresponding normal or abnormal lift, say A : [0,7] —
T*M, must satisfy the transversality conditions [AS04, Thm. 12.4]

(A\(0),v) =0, Yov e T,Y(O)S, (1.11)

in other words, the initial covector A\(0) must belong to the annihilator bundle A(S) =
A e T*M | (A, Tr(x)S) = 0} of S. An immediate consequence for the case of codimension
1 is the following, cf. [FPR20, Prop. 2.7].

Proposition 1.2.3. Consider a sub-Riemannian structure on a smooth manifold M. Let
S C M be a closed embedded hypersurface. Let v : [0,T] — M be a horizontal curve
such that v(0) € S, v(T) =p € M\ S, and that minimizes the distance to S. Then vy is
abnormal if and only if v(0) € S is a characteristic point, i.e.

Dy © Tyo)S

In particular, Proposition 1.2.3 implies that as soon has S has no characteristic points,
curves which are length-minimizing to S are all normal, that is y(t) = exp,(t\), for some
unique (up to reparametrization) A satisfying (1.11).

1.3 The sub-Laplacian

Let M be a sub-Riemannian manifold and let w be a smooth measure on M, defined
by a positive tensor density. The divergence of a smooth vector field is defined by

divy,(X)w = Lxw, VX el(TM),

where Lx denotes the Lie derivative in the direction of X. The horizontal gradient of a
function f € C°°(M), denoted by V f, is defined as the horizontal vector field (i.e. tangent
to the distribution at each point), such that

9. (Vf(z),v) =v(f)(x), Yov € Dy, (1.12)

where v acts as a derivation on f. In terms of a generating frame as in (1.1), one has

N
Vi=Y Xi(f)Xis, V[feC™M).
=1

We recall the divergence theorem (we stress that M is not required to be orientable): let
Q) C M be an open subset with smooth boundary, then

Fo(X,v)do = / (fdiv, X + g(Vf, X)) dw, (1.13)
o0 Q

for any smooth function f and smooth vector field X, such that the vector field fX is
compactly supported. In (1.13), v is the outward-pointing normal vector field to 992 and o
is the induced sub-Riemannian measure on 92 (i.e. the one whose density is o = |i,w|sq)-

The sub-Laplacian is the operator A = div,, o V, acting on C*°(M). Again, we may
write its expression with respect to a generating frame (1.1), obtaining

N
Af =Y {XHD+ Xu(Hdivo (X))}, ¥ feCe(M). (1.14)
i=1

If the distribution D, defining the sub-Riemannian structure on M, does not coincide with
the whole tangent space, the sub-Laplacian is not an elliptic operator, thus the classical
regularity theory is not available. Nevertheless, A is hypoelliptic, cf. [H6r67, Str86].
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Theorem 1.3.1. Let M be a smooth manifold and let {Yy,...,Yn} be a set of bracket-
generating vector fields on M. Then the operator

N
L=Yy+) Y’
=1
is hypoelliptic, which means that if v is a distribution defined on an open set Q C M, such
that Ly € C(Q), then ¢ € C™(Q).

In a sub-Riemannian manifold M, with generating frame (1.1) satisfying the bracket-
generating assumption, we immediately observe that the sub-Laplacian is hypoelliptic by
(1.14). Moreover, Theorem 1.3.1 also ensures that the heat operator is hypoelliptic, indeed

N N
L=0—A=0—> dive(X;)X; — Y X7, (1.15)
=1 =1

so choosing Yy = 0y — Zfil div,(X;)X; and Y; = X, for any i = 1,..., N, we conclude.
In particular, a solution to heat equation

Lo =(0:—A)p=0, in the sense of distributions on

is a smooth function in €2, for any open subset Q2 C M.

The Cauchy problem for the heat equation. Let M be a sub-Riemannian manifold,
equipped with a smooth measure w. We denote by L?(M,w) the space of real functions
on M which are square-integrable with respect to the measure w. Let f € L?(M,w) and
consider the Cauchy problem for the heat equation:

(0 — A)u(t,x) =0, Y(t,z) € (0,00) x M,

_ (1.16)
U(O,) =/ m L2(Maw)7
where u(0, -) is a shorthand notation for the L2-limit of u(t,z) as t — 0 and A is the sub-
Laplacian (1.14). Notice that A is symmetric with respect to the L?-scalar product and
negative, moreover, if (M, dsg) is complete as a metric space, it is essentially self-adjoint,
see [Str86]. Thus, there exists a unique solution to (1.16), and it can be represented as

u(t,z) = '™ f(x), Vee M, t>0,

where e®: L?(M,w) — L?*(M,w) denotes the heat semi-group, associated with A. We
remark that for all f € L?(M,w), the function e*2 f is smooth for all (t,z) € (0,00) x M,
by hypoellipticity of the heat operator, see Theorem 1.3.1, and there exists a heat kernel
associated with (1.16), i.e. a positive function p;(x,y) € C*°((0,+00) x M x M), such
that:

u(t,z) = /M pile, ) f()dwly), Vo€ M, t>0. (1.17)

1.4 Nilpotent approximation of M

We introduce the notion of nilpotent approximation of a sub-Riemannian manifold,
see [Jeald, Bel96] for details. This will be used in Chapter 4.
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Sub-Riemannian flag. Let M be a n-dimensional sub-Riemannian manifold with dis-
tribution D. We define the flag of D as the sequence of subsheafs D¥ € TM such that

D' =D, Dkl —pF 4 D, DY, VE>1,

with the convention that D° = {0}. Under the Hérmander condition, the flag of the
distribution defines an exhaustion of T,, M, for any point x € M, i.e. there exists r(x) € N
such that:

{0y=DcDlc...cD@tcpr® =T1,M. (1.18)

The number 7(x) is called degree of nonholonomy at x. We set nj(z) = dim D¥, for any
k > 0, then the collection of r(z) integers

(nl(ﬂj), sy () (ﬂ?))

is called growth vector at x, and we have n,(,)(v) = n = dim M. Associated with the
growth vector, we can define the sub-Riemannian weights w;(x) at z, setting for any
ie{l,...,n},

wi(z) = j, if and only if  nj_q1(z) +1 <i <nj(x). (1.19)

A point z € M is said to be regular if the growth vector is constant in a neighborhood of
x, and singular otherwise. The sub-Riemannian structure on M is said to be equireqular
if all points of M are regular. In this case, the weights are constant as well on M. Finally,
given any x € M, we define the homogeneous dimension of M at x as

r(z) n
Q(x) = Z i(ni(z) —ni—1(z)) = sz(x) (1.20)
i=1 i=1
We recall that, if x is regular, then Q(x) coincides with the Hausdorff dimension of
(M,dsr) at z, cf. [Mit85]. Moreover, Q(z) > n, for any « € M such that D, C T, M.

Privileged coordinates. Let M be a sub-Riemannian manifold with generating frame
(1.1) and f be the germ of a smooth function f at z € M. We call a nonholonomic
derivative of order k € N of f, the quantity

le .. X]kf(x),

for any family of indexes {j1,...,jx} C {1,..., N}. Then, the nonholonomic order of f
at the point z is

ord,(f) =min{k € N| 3{j1,...,jx} C {1,..., N} s.t. Xj, ... X, f(z) #0}.

Definition 1.4.1 (Privileged coordinates). Let M be a n-dimensional sub-Riemannian
manifold and x € M. A system of local coordinates (z1,...,2,) centered at x is said to
be privileged at x if

ord,(z;) = wy, Vi=1,...,n.

Notice that privileged coordinates (z1,...,z2,) at = satisfy the following property

Ouip €Dy 0o, €Dy, Vi=1,...,n. (1.21)

A local frame of T'M consisting of n vector fields {Z1, ..., Z,} and satisfying (1.21) is said
to be adapted to the flag (1.18) at x. Thus, privileged coordinates are always adapted to
the flag. In addition, given a local frame adapted to the sub-Riemannian flag at xz, say
{Z1,...,Z,}, we can define a set of privileged coordinates at z, starting from {Z1, ..., Z,},
i.e.

R™ 3 (21,...,2n) = €% 0. 0 e®?n(z). (1.22)

Moreover, in these coordinates, the vector field Z; is exactly 0., .
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Nilpotent approximation. Let M be a sub-Riemannian manifold and let x € M with
weights as in (1.19). Consider ¢ = (z1,...,2,): U — V a chart of privileged coordinates at
x, where U C M is a relatively compact neighborhood of x and V' C R" is a neighborhood
of 0. Then, for any € € R, we can define the dilation at x as

de: R" — R™; de(z) = (5w1($)z1, . ,5w"(x)zn) : (1.23)

Using such dilations, we obtain the nilpotent (or first-order) approximation of the gener-
ating frame (1.1). Following the construction of [CAVHT20], let Wi, Wa C R™ open and
relatively compact subsets of R™ such that W1 € Wy C W C V and §.(W;) C W;, for
i = 1,2 and for every |¢| < 1. Consider

x € CZ(R™), such that Xy, =1 and supp(x) C Wa, (1.24)

and set Y; = x(¢.X;), for any i = 1,..., N, where X;’s are the vector fields of (1.1).
Define the first-order approximation of X; as

X7 =limed: (Y;), Vi=1...,N, (1.25)

e—0 €

where the limit is taken in the C°°-topology of R™.

Theorem 1.4.2. Let M be a n-dimensional sub-Riemannian manifold with generating
frame {X1,..., XN} and consider its first-order approzimation at x as in (1.25). Then,
the frame {Xf, e ,)Z']“{,} of vector fields on R™ generates a nilpotent Lie algebra of step
r(x) = wy(x) and satisfies the Hormander condition.

The proof of this theorem can be found in [Jeal4]. Recall that a Lie algebra is said
to be nilpotent of step s if s is the smallest integer such that all the brackets of length
greater than s are zero.

Definition 1.4.3 (Nilpotent approximation). Let M be a sub-Riemannian manifold and
let © € M. Then, Theorem 1.4.2 implies that the frame {X¥,... ,)A(j{,} is a generating
frame for a sub-Riemannian structure on R™: we denote the resulting sub-Riemannian
manifold M?. This is the so-called nilpotent approximation of M at the point x.

Notice that the sub-Riemannian distance of M ¥ denoted by a?””, is 1-homogeneous with
respect to the dilations (1.23).

Remark 1.4.4. Up to isometries, the nilpotent approximation of M at x coincides with the
Gromov-Hausdorff metric tangent space of (M, dsgr) at x. Moreover, M is isometric to a
quotient of a Carnot group. See [Gro96, Bel96, Mon02] for further details.

Nilpotentized sub-Laplacian. Let M be a sub-Riemannian manifold, equipped with
a smooth measure w, and let ¢ = (z1,..., z,) be a set of privileged coordinates at = € M.
Consider a cutoff function x € C°(R") as in (1.24), and define a smooth measure p on
R?’L

(1w, f) = (w,xf),  VfeCRM. (1.26)
The nilpotentization & of w at x is defined as follows:
AT . 1 * oo n
@, f) —il_{%‘g‘m@e%f% v feCZ[RY). (1.27)

Notice that, denoting by dz = dz; ... dz, the Lebesgue measure on R"™, we have

55 (dz) = |e|2™ dz, Ve #0,
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thus, the limit in (1.27) exists. Finally, we can define the nilpotentized sub-Laplacian
according to (1.14), acting on C*°(R"), i.e.

AT = divgs (V7) = i(f(f)?. (1.28)

We remark that in (1.28) there is no divergence term, since
divg: (XF)=0  Vie{l,...,N}.

In the nilpotent approximation M=, we may consider the Cauchy heat problem (1.16) in
LQ(R", or):
(O — A%)u(t,z) =0, V(t,z) € (0,00) x R™,
u(0,-) = f, in L2(R™, &%).

We will the denote the associated heat kernel as
ﬁf(z,z’) € C™((0,400) x R™ x R™). (1.29)

Heat kernel asymptotics. Let M be a sub-Riemannian manifold, equipped with a
smooth measure w and denote by pi(x,y) the heat kernel (1.17). We have the following
result.

Theorem 1.4.5 ( [CAVHT20, Thm. A]). Let M be a sub-Riemannian manifold and let
Y: U =V be a chart of privileged coordinates at x € M. Then, for any m € N,

€190 pea, (52(2),0:()) = (=, #) + ' F (7,2, 2) +o(|e™), ase 0, (1.30)
=1

in the C*°-topology of (0,00) x V' x V', where f’s are smooth functions satisfying the
following homogeneity property: fori=20,...,m

f19@em £ (7, 6.(2),0:(2)) = fi(r 2 ), V(rz2) € (0,00) x R X R”, (131)

where, for i = 0, we set f§(r,z,2") = pX(z,2'). In (1.30), we are considering the heat
kernel p; in coordinates, with a little abuse of notation.

Remark 1.4.6. We will drop the dependence on the center of the privileged coordinates if
there is no confusion.







Heat content asymptotics for sub-Riemannian
manifolds

We study the small-time asymptotics of the heat content gemeral sub-
Riemannian manifold. Under the assumption of non-characteristic do-
main, we establish the existence of the full asymptotic series:

o0
Qat)=>_ at™’?, ast — 0.
k=0

We compute explicitly the coefficients up to order k = 5, in terms of
sub-Riemannian invariants of the domain. Furthermore, we prove that
every coefficient can be obtained as the limit of the corresponding one
for a suitable Riemannian extension. As a particular case we recover,
using non-probabilistic techniques, the order 2 formula recently obtained
by Tyson and Wang in the Heisenberg group [TW18]. A consequence of
our fifth-order analysis is the evidence for new phenomena in presence
of characteristic points. In particular, we prove that the higher order
coefficients in the asymptotics can blow-up in their presence. A key tool
for this last result is an exact formula for the distance from a specific
surface with an isolated characteristic point in the Heisenberg group,
which is of independent interest.
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2.1 Introduction

Let (M, g) be a complete Riemannian manifold, and Q@ C M be a relatively compact
open domain with smooth boundary. Consider the solution u(¢,z) of the heat equation
with Dirichlet boundary conditions and homogeneous initial datum:

(0r — A)u(t,z) =0, V(t,x) € (0,00) x £,
u(t,z) =0, V(t,z) € (0,00) x 0L,
u(0,2) =1, Vo € Q,

where A is the Laplace-Beltrami operator of (M, g). The Riemannian heat content of 2
is the function

Qalt) = /Q ult,2)dug(z), ¢ € [0,00),

where p4 is the Riemannian measure. From a physical viewpoint, Qq(t) represents the
total heat contained in €2 at time ¢, corresponding to a uniform initial temperature distri-
bution, and where the boundary 0f2 is kept at zero temperature. It turns out that Qq(t)
admits an asymptotic expansion as a function of /¢ whose coefficients encode geometrical
information about €2 and its boundary.

For Euclidean domains 2 C R", the asymptotics of Qq(t) at order 1 was computed
in [vdBD89], and up to order 2 in [vdBLG94], using probabilistic methods'. In particular,
under the condition that 02 is of class C?, it holds:

4t t
Qalt) = Q| — /=0 (89Q) + = | Hdo + O(t*?), (2.1)
™ 2 Jog
where | - | here denotes the Lebesgue measure, o is the corresponding surface measure on

0Q), and H is the mean curvature of 9. A first non-flat case was studied in [vdB91], where
the authors computed the heat content asymptotics to order 2 for the upper hemisphere,
exploiting the explicit knowledge of the heat kernel.

For smooth domains in a Riemannian manifold, the existence of an asymptotic ex-
pansion in v/t at arbitrary order was established in [vdBG94], where the authors also
computed all coefficients up to order 4. In this case, the volume, the perimeter, and
the mean curvature appearing in (2.1) are replaced by their corresponding Riemannian
counterparts, while the subsequent terms involve the second fundamental form of 92 and

'Here and throughout the chapter, the order is computed as a power-series in the variable v/%.
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the Riemann curvature tensor. We stress that the existence of a full asymptotic series
is non-trivial, as the heat content is not a smooth function of /¢ around ¢ = 0 (one can
easily verify this fact by computing the heat content of a Euclidean segment). Van den
Berg and Gilkey’s method in [vdBG94], which heavily exploits the functorial properties
of the coefficients and invariance theory for the Riemannian curvature, has been extended
to compute the heat content asymptotics up to order 5 in [vdBG99], and to the case of
Neumann boundary conditions, see [vdBDG93,DG94].

2.1.1 Sub-Riemannian heat content asymptotics

In this chapter we study the asymptotics of the heat content in sub-Riemannian geometry.
This study is interesting for several reasons. Firstly, there is no analogue of Levi-Civita
connection, curvature, or invariance theory for a general sub-Riemannian structure. These
were fundamental tools for the study of the Riemannian problem by Van den Berg and
Gilkey, and hence new methods must be used in the sub-Riemannian setting. Secondly, in
the general sub-Riemannian case, there is no canonical choice of measure. For this reason,
we must work with a general smooth measure w, which is necessary for the definition of
the sub-Laplacian, see Section (1.3). Notice that, if M is an equiregular sub-Riemannian
manifold, one can define the canonical Popp’s measure [Mon02, BR13], extending the Rie-
mannian volume. This construction is not possible for non-equiregular structures, e.g.
rank-varying ones. Thirdly, the study of the sub-Riemannian heat content can improve
our understanding of the intrinsic geometry of hypersurfaces, which is well-developed only
for the case of the Heisenberg group [Pau04,AF07,AF08, CDPT07,BFF*15a,BTV17] and
Carnot groups [DGNO07a] (see also [Vel20] for a concept of Gaussian curvature for sur-
faces in three-dimensional contact structures, generalizing [BTV17]). Lastly, a genuinely
new phenomenon occurs in the sub-Riemannian case: characteristic points, where the
distribution is tangent to 02, and whose presence is source of subtle technical problems.

The study of the small-time heat content asymptotics in the sub-Riemannian setting
was initiated recently by Tyson and Wang, in [TW18], where they studied the first Heisen-
berg group H. There, they established the existence of a small-time asymptotic series up
to order 2 in v/Z, for non-characteristic domains. The approach in [TW18] is probabilistic,
based on the interpretation of the solution of the Dirichlet problem in terms of the exit
time of the corresponding Markov process. This relation holds up to an error of order
o(t), cf. [TW18, Prop. 3.2], preventing the access to higher order terms in the heat content
asymptotics.

We use here a different method with respect to that of Tyson and Wang, by adapting
a technique developed in the Riemannian case by Savo [Sav98,Sav01,Sav04]. This method
allows us to prove the existence of an asymptotic expansion at arbitrary order, for non-
characteristic domains of general rank-varying sub-Riemannian structures. Our first main
result is the following. Precise definitions can be found in Chapter 1 and Section 2.2.

Theorem 2.1.1. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let & C M be an open relatively compact subset whose boundary is smooth and has
not characteristic points. Then, there exist ar € R such that for all m > 4 it holds

m—1
Qo) = w(@) — / Xo(o0) + f/ Hdo+ 3 axt™’? + O(™2),  ast 0,
T 2 Jon P

where o is the sub-Riemannian measure induced by w on 9L), and H is the sub-Riemannian
mean curvature? of 0.

2We recall that letting v the outward pointing horizontal normal of 9, the induced sub-Riemannian
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In order to report the first few coefficients, we introduce the operator N, acting on
smooth functions in a neighborhood of 9L, given by

N¢ =29(V¢, Vi) + ¢Ad,

where ¢ is the sub-Riemannian scalar product, V is the sub-Riemannian gradient, A =
div,, o V is the sub-Laplacian (symmetric with respect to the smooth measure w), and
0 is the sub-Riemannian distance from 9 (which, in absence of characteristic points, is
smooth on a neighborhood of d€2). We remark that for the sub-Riemannian horizontal
mean curvature it holds H = —Ad|sq.

Proposition 2.1.2. With the assumptions and notations of Theorem 2.1.1, for k > 1, we
have a, = — [30 Dr(1)do, where Dy, is an homogeneous polynomial of degree k — 1 in the
operators A and N. In particular, it holds

/4
ag = W(Q)¢ a1 = — *0(89)7
s
1 1
ag = ——= Addo, a3 = ——— NAbdo,
2 2 Jaq ’ 6v/7 Joo
1 1
=—— | A%d =_—— | (N?-8NA)Addo.
4 16 Joq o 5 240/m aQ( 8 ) 7

For all k > 1, the operators Dy are defined recursively in (2.28)—(2.30).

Remark 2.1.3. The integrands of a; and as have classical interpretation as the perimeter
and the mean curvature of 9€). We observe that the integrand of ag is the so-called effective
potential, a quantity introduced in [PRS18,FPR20] to describe the essential self-adjointness
properties of sub-Laplacians, in presence of singular measures.

Remark 2.1.4. The operators Dy belong to the algebra generated by A and N, and are
homogeneous of degree k — 1 in the generators, where N has degree 1 and A has degree
2. Since A(1) = 0 and N(1) = A4, for k > 2, we have that each ay = — [55, Di(Ad)do,
where Dy, is an homogeneous polynomial of degree k — 2 in A and N. In particular, each
ay, depends on the horizontal mean curvature of 92 and its derivatives.

Remark 2.1.5. The iterative construction of operators Dy, which is quite involved, has been
implemented in the software Mathematica in [Ros20], thanks to which the coefficients ay,
can be immediately computed. See Appendix C for details.

Before presenting further results, let us comment the proof of Theorem 2.1.1. Savo’s
method amounts to study the quantity

F(t,r) = /Q(T)u(t,m)dw(x),

where Q(r) = {6 > r}. Upon appropriate localization to deal with the non-smoothness of
Q(r) for large r, it turns out that F'(¢,r) satisfies a non-homogeneous one-dimensional heat
equation on the half-line [0, 00), with Neumann boundary condition at the origin. Then,
the whole asymptotics of Theorem 2.1.1 and the expression of the coefficients are obtained
by iterating the corresponding Duhamel’s formula. Some non-trivial modifications must
be implemented to adapt this technique to the sub-Riemannian setting. For example,
the Li-Yau estimate for the heat kernel of Riemannian manifolds with Ricci curvature

measure ¢ on 9% is the smooth and positive measure whose density is |i,w|sq. Furthermore the sub-
Riemannian mean curvature of 992 is given by H = div., (v)|an, where div,,(-) is the divergence of a vector
field, computed with respect to the measure w.
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2.1. Introduction

bounded from below are no longer available (sub-Riemannian manifolds have, in a sense,
Ricci curvature unbounded from below). Another important ingredient is the description
of tubular neighborhoods of 9. If, for the Heisenberg group, this can be achieved through
the explicit formulas for geodesics as done in [AF07,AF08,Rit17, AFM17], we must use a
different approach for the general case, based on the study of the Hamiltonian flow on the
annihilator bundle of 0.

We also remark that the same method can be used, with no modifications, to study
the weighted heat content associated with a non-characteristic domain €2, i.e.

Qot) = /Q u(t, 1) b(x)dw(x),  t>0,

with ¢ € C*°(Q2). In this case, using the same notation of Proposition 2.1.2, one has
ak = — [pq Di(d)do.

2.1.2 Riemannian approximations

Any sub-Riemannian structure can be obtained as a monotonic limit of Riemannian ones.
This approximation scheme can be easily implemented for constant-rank distributions. In
this case, a natural approximating sequence is obtained by taking any Riemannian metric
g extending the sub-Riemannian one, and rescaling it by a factor 1/e in the transverse
directions. This construction yields a one-parameter family of Riemannian structures g..
The associated Riemannian distance d. converges, uniformly on compact sets, to the sub-
Riemannian one dgg. Outside of the sub-Riemannian cut locus, one can actually prove that
d. — dgr in the C™ topology, see for example [BGMR19]. For totally geodesic foliations,
this scheme is known under the name of canonical variation [Bes08]. We remark though
that the Riemannian curvature of the approximating sequence is unbounded below, posing
some technical difficulties when taking the limit.

We introduce in this chapter a generalization of the canonical variation scheme which
works for general rank-varying sub-Riemannian structures. Our second result relates the
coefficients of the small-time asymptotics of the Riemannian heat content Qg (t) of the
approximating structure with the sub-Riemannian ones.

Theorem 2.1.6. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let Q@ C M be an open relatively compact subset whose boundary is smooth and has
not characteristic points. Then, there exists a family of Riemannian metrics g. such that
de — dsr uniformly on compact sets of M x M, and such that

li_% ag = ag, VEkeN, (2.2)
3

where ay, and aj, denote the coefficients of the sub-Riemannian small-time heat content
asymptotics, and the corresponding ones for the Riemannian approximating structure.

Even though Q% (t) — Qq(t) in the C* uniform topology on compact subsets of (0, o),
this fact alone does not imply (2.2). A direct proof of Theorem 2.1.6 would require (i)
an a-priori proof of the existence of the small-time sub-Riemannian asymptotics for Qq(t)
and (ii) a delicate inversion of the order of the two limits ¢ — 0 and t — 0. It is also
important to stress that Theorem 2.1.1 is not proved using an approximation scheme and
thus it is not a consequence of Theorem 2.1.6. The latter will be rather proved using the
explicit iterative formula for the coefficients of the Riemannian and sub-Riemannian heat
content expansions.

15



Chapter 2. Heat content asymptotics for sub-Riemannian manifolds

2.1.3 Characteristic points

One main assumption in all our results is that 92 does not contain characteristic points.
This is quite restrictive for the case of Heisenberg group, where the only non-characteristic
domains are homeomorphic to a torus. More generally, for any contact sub-Riemannian
manifold, the non-characteristic assumption and the contact structure imply that 9€2 must
have vanishing FEuler characteristic. On the other hand, the non-characteristic assumption
is less restrictive for general structures: it is not hard to prove that for any smooth
manifold M of dimension n > 4, and any smooth relatively compact domain  with
smooth boundary 912, there exists a possibly rank-varying sub-Riemannian structure on
M such that 0f) has no characteristic points.

The non-characteristic assumption is crucial for the smoothness of the distance from
0f) and for the existence of smooth tubular neighborhoods, cf. Theorem 2.4.2. Further-
more, even if the existence of solutions in L?(£,w) to the heat equation with Dirichlet
boundary conditions holds from general spectral theory (and thus Qq(t) is well-defined),
their smoothness up to the boundary may fail close to characteristic points [Jer81a,Jer81b).

Despite all these difficulties, one might wonder whether the small-time heat content
asymptotic formula of Theorem 2.1.1 makes sense, at least formally, for domains with
characteristic points. Firstly, we note that if ¥ is a smooth embedded hypersurface in a
sub-Riemannian manifold M, then the set of characteristic points have zero measure in
¥, see [Bal03]. Secondly, any choice of smooth measure w on M induces a smooth surface
measure ¢ on %, even in presence of characteristic points. It is sufficient to consider the
contraction of w with the horizontal unit normal to ¥ (see for example [DGNO07a, Sec. 8]
for the case of Carnot groups, where this notion is related with the horizontal perimeter
measure). Thirdly, the sub-Riemannian mean curvature is locally integrable with respect
o, even in presence of characteristic points, cf. [DGN12, Ros21]. As a consequence of all
these facts, all terms appearing in the order 2 formula for H in [TW18] are well-defined also
for characteristic domains. This seems to suggest that the same small-time asymptotic
formula might hold also for characteristic domains. Our analysis shows that this cannot
be true at higher order.

Theorem 2.1.7. Let H be the first Heisenberg group, and consider the plane ¥ = {z =
0}. Observe that the origin is an isolated characteristic point. Denote with o the sub-
Riemannian surface measure on 3 induced by the Lebesgue measure on H. Then the inte-
grand of the coefficient as of the small-time heat content expansion is not locally integrable
with respect to o around the characteristic point of X.

Theorem 2.1.7 shows that the asymptotic formula of Theorem 2.1.1 is false at order
k > 5 for domains with characteristic points. In the example of Theorem 2.1.7, it turns
out that the integrands of the coefficients a3 and a4 are still locally integrable with respect
to the sub-Riemannian surface measure. We expect, however, that one can build a less
symmetric example where also the integrand of a4 is not integrable close to a characteristic
point, cf. Remark 2.7.7. On the other hand, Theorem 2.1.1 might still be true at lower
order (it has already been remarked that the coefficients appearing therein remain well-
defined for characteristic domains in H up to k = 2).

Open problem. Is it true that, for smooth domains in H with characteristic points, the
asymptotic expansion of Theorem 2.1.1 remains valid up to some order 0 < k < 5%

To prove Theorem 2.1.7 we derived an exact formula for the sub-Riemannian distance
from the zy-plane in H. To our best knowledge, this is the first time such an explicit
global formula appears in the literature, and it has independent interest. For example, it
can be used to study the loss of regularity of the distance at characteristic points.
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2.2. Preliminaries

Theorem 2.1.8. The distance from the xy-plane in the first Heisenberg group H, for all

p € z-axis, is given by
d(p) = /27| 2],

while for all p ¢ z-axis, it is given in cylindrical coordinates by

4€p + yo(&p) |2p]
5 = B e 5 = T 9
(p)=r o (ﬁp)2 P 7,%

where & — yo(&) is the unique smooth function such that
4€ + yo + (1 4 y2) arctan(yo) = 0.

Remark 2.1.9. The proof of Theorem 2.1.8 consists in a non-trivial characterization of
minimal geodesics to the xy-plane, and the corresponding cut-locus. Local formulas are
easier to obtain, cf. [BFFT15a, Ex. 5.1], using the well-known minimality property of short
segments of normal sub-Riemannian geodesics. However, these local formulas and related
estimates do not hold uniformly when approaching characteristic points.

Structure of the chapter. In Section 2.2 we recall the basic definition of heat content,
and we explain how to approximate any sub-Riemannian structure with a Riemannian
one. In Section 2.3 and 2.4, we provide the key ingredients to obtain the heat content
asymptotic, i.e., the localization to the boundary of the heat content and the sub-Rie-
mannian version of the mean value lemma, respectively. Then, in Section 2.5, we develop
the asymptotic expansion of the heat content, concluding the proof of Theorem 2.1.1
and Proposition 2.1.2. In Section 2.6, we show how to obtain the coefficients through
a Riemannian approximation, proving Theorem 2.1.6. Finally, in Section 2.7 we show
that, in presence of a characteristic point, the integrand of the coefficient a5 is not locally
integrable, proving Theorem 2.1.7.

2.2 Preliminaries

In this section, we give the precise definition of heat content and we explain how to
build the Riemannian variation of a sub-Riemannian manifold. We refer to Chapter 1 for
general facts regarding sub-Riemannian geometry.

2.2.1 Dirichlet problem for the heat equation

Let M be a sub-Riemannian manifold, equipped with a smooth measure w, and let 0 C M
be an open relatively compact set with smooth boundary. This means that the closure Q
is a compact manifold with smooth boundary. We consider the Dirichlet problem for the
heat equation on €2, that is we look for functions u such that

(0 — A)u(t,z) =0, Y(t,z) € (0,00) x Q,
u(t,z) =0, V(t,z) € (0,00) x 0L, (2.3)
u(0,2) =1, Vr € Q,

where A = div,, o V is the sub-Laplacian defined in (1.14). We denote by L?(Q,w) the
space of real functions on 2 which are square-integrable with respect to the measure w.
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Chapter 2. Heat content asymptotics for sub-Riemannian manifolds

Notice that we can represent the unique solution to (2.3), as
u(t,) =e® (1lg),  Vt>0,

where et®: L?(Q,w) — L?*(Q,w) denotes the semi-group generated by the Dirichlet self-
adjoint extension of the sub-Laplacian on ), see Appendix A for further details. We
remark that for all ¢ € L?(Q,w), the function e!®y is smooth for all (¢,2) € (0,00) x €,
by hypoellipticity of the heat operator (1.15).

Definition 2.2.1 (Heat content). Let u(¢, ) be the solution to (2.3). We define the heat
content, associated with 2, as

Qa(t) = /Qu(t,:n)dw(:c), Vit > 0.

We recall here two properties of the heat semi-group that we will use in the sequel.
First of all, the solution to (2.3) satisfies a weak maximum principle, meaning that

0 <wu(t,x) <1, Vre, Vt>O0. (2.4)

Second of all, the domain monotonicity property holds. Let €’ C M be a relatively
compact domain, such that Q C €. Denoting with A’ the Dirichlet sub-Laplacian on €',
for any ¢ € L*(Q,w), we have

o) < e o), Ve eQ, Vt>0, (2.5)

where e’ is the semi-group generated by A’ on L?(Q',w). Properties (2.4) and (2.5) can
be proven following the blueprint of the Riemannian proofs (see [Gri09, Thm. 5.11, Thm.
5.23]). An alternative proof can be given using Riemannian approximations (see Section
2.2.2 for details) exploiting the respective properties for the Riemannian heat semi-groups

and then passing to the limit.

Definition 2.2.2. We say that = € 0€) is a characteristic point, or tangency point, if the
distribution is tangent to 02 at x, that is

D, C T,(9).

We will assume that 02 has no characteristic points. We say in this case that Q is
a non-characteristic domain. In this case, the solution u(t,x) of the heat equation with
Dirichlet boundary conditions and initial datum ¢ € C°(Q)) exists, is unique, and is
smooth on (0,00) x Q, see [GM18, Thm. 2.5]. This is a consequence of the analogous
result for the stationary problem considered in [KN65]. In the Riemannian case, this is a
classical textbook result, see [Eval0, Sec. 7, Thm. 7].

2.2.2 Approximation via Riemannian structures

We describe an approximation procedure of a sub-Riemannian metric structure via a
family of Riemannian ones, extending the classical canonical variation scheme, which we
will use in Section 2.6. See also [CC16] for a different approximation scheme.

Let (D, g) be a sub-Riemannian structure on M. Consider a global generating frame
for a Riemannian structure, i.e. a set of L global vector fields X1, ..., Xy, such that

T, M = span{Xi(z),..., Xr(z)}, Vo e M. (2.6)
For any € € R, consider the following family of global smooth vector fields:

{Xl,...,XN,&‘Xl,...,EXL}. (27)
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2.3. Localization to the boundary of the heat content

This is a global generating frame for the whole tangent space at each point, therefore,
it induces a scalar product on T, M, defined, as in the sub-Riemannian case, by formula
(1.3), which we denote by g.. Since (2.6) holds, g. is a Riemannian metric on M and the
corresponding Riemannian distance is denoted by d.. Furthermore it holds

de 20, dsr, uniformly on the compact sets of M x M.

An explicit proof of this fact in the constant-rank case can be found in [BGMR19, Lem.
A.1]. The same proof holds verbatim in the general rank-varying case, replacing local or-
thonormal frames with the generating frame (2.7), and replacing the controls of minimizing
geodesics with the minimal controls, defined in (1.4).

We may call the 1-parameter family of metric spaces {(M, d.)}-cr a Riemannian vari-
ation of (M,dggr). For the fixed smooth measure w we define the corresponding gradient
and the Laplacian, denoted respectively by V. and A.. The expression of V. acting on
f € C®(M), with respect to the generating frame (2.7), is given by

N L
Vef =Y XiNXi+ Y XalNXa=VIf+Vf  VfeCx(M),  (28)
i=1 a=1

while the expression of A, is given by

N L
Acf =3 X2 + Xi(Ddive (Xi) | +2 S {X2(F) + Kol f)diva(Xa) }
i=1 a=1

Here, V and A represent the sub-Riemannian gradient and sub-Laplacian, respectively,
while V and A represent the gradient and the Laplacian, computed with respect to the Rie-
mannian structure defined by the frame in (2.6), respectively. Fix now an open relatively
compact subset Q C M with smooth boundary. The sequence of Riemannian structures
yields naturally an approximation of the solution u(t,z) of the Dirichlet problem (2.3) on
Q). Indeed, applying Corollary A.0.3, we have:

ehepy 20, oA, Vo € L*(Q,w), uniformly in t € [0, 7], (2.10)

H'”LQ(Q,@

where et?< and €', for t > 0, denote the semi-groups associated with the Dirichlet self-
adjoint extension of A; and A, respectively. Integrating (2.10), with ¢ = 1|, we obtain
an analogous result for the heat content:

Q1) 20, Qa(t), uniformly on [0, 7],

where Q§ (t) denotes the Riemannian heat content of Q for the metric g..

2.3 Localization to the boundary of the heat content

The next result is an application of a hypoelliptic version of Kac’s principle of not
feeling the boundary [Hsu95]. It states that solutions of the heat equation, at any interior
point, are not influenced by the boundary conditions, up to a uniform O(t>°) term. As we
detail in the proof, the uniformity we need can be achieved through off-diagonal estimates
for Hormander-type operators as in [JSC86].
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Chapter 2. Heat content asymptotics for sub-Riemannian manifolds

Theorem 2.3.1. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let Q2 C M be an open relatively compact subset with smooth boundary. Then for
any compact set K C Q it holds

1—u(t,x) = O(t™) ast — 0, uniformly for x € K,
where u(t, ) denotes the solution to (2.3).

Remark 2.3.2. Here, the boundary 02 can contain characteristic points. An alternative
proof of Theorem 2.3.1 can be found in Appendix A.

Proof of Theorem 2.3.1. Without loss of generality we can assume that M is compact, as
any modification of the structure outside € does not change u(t,z). Denote by pM (x,v)
and p{*(z,%) the heat kernels on M and €, respectively (for the case of Q recall that we
impose Dirichlet boundary conditions). We have

tmuta)= [ ol epde) + [ () ) ds). @1

Let K as in the statement, and recall that in (2.11) z € K.
To estimate the first term of (2.11) we use the off-diagonal estimate for Hormander-type
operators in [JSC86, Prop. 3], that is

piM(m,y) < Cpe e/t Va,y with d(z,y) > a, t<1, (2.12)

for some positive constants Cy,c, > 0. Since in that first integral of (2.11) one has
d(xz,y) > d(K,0Q) = a > 0, we conclude that

/ pM (2, y)dw(y) < Vol(M)Cue !t = O(t>), uniformly for z € K.
M\Q

To estimate the second term of (2.11), let K/ C Q be another compact subset such that
K C K' C Q, so that d(K,Q\ K') = b > 0. We split the second term of (2.11) as

A(py(:r,y)—p?(a:,yw duw(y) :/

» (p" @, ) = iz, 9)) dw(y)

+ [ (b @) b)) doly). (2.13)
Q\K'

By domain monotonicity (2.5), we have 0 < p{*(z,y) < pM(x,y), whence

L @y sl do)] <2 [ ol (@, p)duty)
Q\K'’ Q\K'
< 2Vol(Q)Cre=/t = O(t>),

uniformly for x € K, using again (2.12). For the first term in (2.13), we use a hypoelliptic
version of Kac’s principle (cf. [JSC86, p. 836] or [CAVHT20, Thm. 3.1]). This means, in
particular, that

pil(z,y) — pi(z,y) = O(t™), VxyeK', t<l,

uniformly (we stress that this estimate cannot hold uniformly on Q, whence the reason for
the restriction to compact sets). We conclude easily. O
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2.4. Sub-Riemannian mean value lemma

2.4 Sub-Riemannian mean value lemma

Let M be a sub-Riemannian manifold with smooth measure w, and let {2 be a relatively
compact subset of M with smooth boundary, and assume that 02 has no characteristic
points. Denote with §(-) = dsr (912, ) and define, for r > 0, the open set (see figure 2.1)

Qr)y={zeQ|o(x)>r}.

2

(r)

Figure 2.1: The set Q(r) is highlighted in yellow. The gray set is Q' (r) = Q\ Q(r).

Notice that, in general, the distance function is only 1-Lipschitz, therefore the boun-
dary of Q(r), which we denote by 9€(r), may not be a smooth submanifold. Then, for
r € [0,00) and v € C*°(Q), consider the function

F(r) = /Q V@) (2.14)

The function F' represents the mean value of the function v on (7).

Theorem 2.4.1. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let Q& C M be an open relatively compact subset of M whose boundary is smooth
and has not characteristic points. Let §: Q — [0,00) be the distance function from OS).
Then there exists o > 0 such that the function F', defined as in (2.14), is smooth on [0, 10)
and, forr < rg

P = | ) Av@)da) - | ooy, (2.15)

oQ(r)
where A is the sub-Laplacian associated with w and o is the induced measure on 0Q(r).

Before giving the proof, we establish some basic properties of the distance function § for
general sub-Riemannian structures. We recall here the result we need, proved in [FPR20,
Prop. 3.1].

Theorem 2.4.2 (Tubular Neighborhood). Let M be a sub-Riemannian manifold, equipped
with a smooth measure w, and let @ C M be an open relatively compact subset of M whose
boundary is smooth and has not characteristic points. Let & :  — [0,00) be the distance
function from 0. Then, we have:

i) 0 is Lipschitz with respect to the sub-Riemannian distance and [|[Vé||y <1 a.e.;
i) there exists ro > 0 such that §: Q' (rg) — [0,00) is smooth, where Q' (r) = Q\ Q(r);
iii) there exists a smooth diffeomorphism G : [0,19) x 0Q — Q'(ro), such that
0(G(t,y)) =t and G0 = Vo, Y (t,y) € [0,79) x ON.
Moreover, |[Vé|g =1 on Q' (ro).
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Chapter 2. Heat content asymptotics for sub-Riemannian manifolds

The assumption on the characteristic set of 9 is crucial to guarantee the smoothness
of the distance around the boundary. On the contrary, if 9 has characteristic points, §
is not even Lipschitz in coordinates, see [ACS18] for more details.

Proof of Theorem 2.4.1. Thanks to Theorem 2.4.2, we get a co-area type formula in the
sub-Riemannian case: it is enough to compute the expression of the volume in the coor-
dinates induced by the diffeomorphism G. Namely, we obtain

/Ql(r)v(:c)dw(x) = /Or /89(5)v(y)da(y)ds, (2.16)

where o denotes the measure induced by w on 9€(s) via the diffcomorphism G. Since
G.0s = V0, for the corresponding smooth densities, we have o = |i,w|, where v = —V4.
Formula (2.16) holds as long as the function G is a smooth diffeomorphism, i.e. for any
r < rg. Consequently, in the interval [0,79), we can compute the first derivative of the
function F' as follows:

F(r) = /Q V(@) = /Q v(@)dw(x) — / o(@)dw(z)

@'(r)

= /QU(:U)dw(:U) —/Or /(m(s)v(y)da(y)ds.

Then, we have

Py =3 ( REZOE ' / » v(y)da(y)ds> -/ oy V)0 )

For the second derivative of F', let us rewrite its first derivative, using the divergence
theorem (1.13) on §(r), and the fact that ||V, = 1:

F'(r) = 7/ vdo = —/ vg(v,v)do = 7/ (vdivyr + g(Vo,v)) dw.
oQ(r) oQ(r) Q(r)

Using again the fact that Q'(r) = Q\ Q(r), and applying the co-area formula to the
previous expression, we obtain

F”(r) — _% /Q(T) (vdiver + g(Vu,v)) dw
0 . i
- __ / (vdiv,v + g(Vo,v)) dw — / (vdiv,v + g(Vu,v)) dw
or \Ja ¥ (r)
0 r .
__Y _/ / (vdivyv + g(V,v)) dods
or 0 JaQ(s)
_ / (—0AS + g(Vo,v)) do
oQ(r)
= [ Avla)deta) ~ [ vm)asm)doy)
Q(r) oQ(r)
where, in the last passage, we have used again the divergence theorem. -

Corollary 2.4.3. Under the hypotheses of Theorem 2.4.1, the function F, defined as
Flt,r) = / u(t, z)de(x), (2.17)
Q(r)

where u(t,z) denotes the solution to the heat equation on 2 (2.3), satisfies the non-
homogeneous one-dimensional heat equation

(0 — O2)F(t,r) = / u(t, ) AS(y)daly),  t>0, rel0,r),
o0(r)

with Neumann boundary condition 0,F(t,0) = 0.
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2.5. Heat content asymptotics

2.5 Heat content asymptotics

In this section, we compute the asymptotic expansion of the sub-Riemannian heat
content, associated with the Dirichlet problem on a non-characteristic domain.
Since Qq(0) = w(f2), we can reduce ourselves to the study of the quantity

Glt,r) = /Q(T)u — u(t, 2))dw(z). (2.18)

The small-time asymptotics of the heat content is then recovered by the asymptotics series,
as t — 0, of G(t,0), since we have G(t,0) = w() — Qq(t). Compare (2.18) with (2.17).
While F' satisfies a non-homogeneous heat equation on [0,7¢), cf. Corollary 2.4.3, the
advantage of G is that, upon localization, it satisfies a non-homogeneous heat equation
on the whole half-line. To this purpose, let ¢,7 : @ — R smooth functions with compact
support and such that

¢+n=1 supp(¢) C L(ro),  supp(n) C Qro/2),

where 79 is radius of the tubular neighborhood of 92 on which the sub-Riemannian dis-
tance § :  — R is smooth, cf. Theorem 2.4.2. We have then

G(t,r) = /Q (1 = u(t, z))p(x)dw(z) + (1 = u(t, z))n(z)dw(z)

Q(r)

(r)
= [ (- u(ta)o(@)do(a) + [ (1= ult,)n(@)dw(a)
Q(r) Q
= [ (- uta)dla)de@) + O)
Q(r)

where we used Theorem 2.3.1 to deal with the second term, having set K = supp(n). For
this reason, we focus on the quantity

T6(t,r) = /Q ) (L= ult.)o(@)du ).

Since the support of ¢ is contained in Q'(rg), it turns out that I¢(¢,r) is smooth for ¢ > 0
and r > 0, and it is compactly supported in the second variable. This discussion motivates
the following definition.

Definition 2.5.1. For all ¢ > 0, we define the one-parameter families of operators I and
A on the space C2°(€(r9)), by

1) = [ (1= ult,2)o(@de(a),
Aot,) = =0.10(t) = [ (1= ult,)ow)doy)

a90(r)
for any ¢ € C°(2'(rg)), and where o denotes the induced measure on 9Q(r).

Lemma 2.5.2. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let Q C M be an open relatively compact subset whose boundary is smooth and has
not characteristic points. Let L = 0; — 0? the one-dimensional heat operator. Then, as an
operator on C2° (X (1))

LI =AN+IA,

where N is the operator defined by
N¢ =2g(V$, Vi) +¢As, Ve (X (r)), (2.19)

and 6: Q — R is the sub-Riemannian distance function from OS).
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Chapter 2. Heat content asymptotics for sub-Riemannian manifolds

Proof. The computation of d;I¢ is direct, while for 92I¢ we apply Theorem 2.4.1 with
the function v = (1 — u)¢. Then apply the divergence formula, recalling that the sub-Rie-
mannian outward unit normal to 9(r) is v = —Vd|sq(). We refer the reader to Lemma
B.0.2 for a complete proof. O

Lemma 2.5.2, in particular, implies that I¢(t,r) satisfies a non-homogeneous heat
equation on the whole half-line, with Neumann boundary conditions.

Corollary 2.5.3. For any ¢ € C°(Q(rg)), the function 1¢, defined as

1ot = [ (1= u(t.))o()d()

Q(r)

where u(t,z) denotes the solution to the heat equation on 2 (2.3), satisfies the non-
homogeneous one-dimensional heat equation

(O — O Ig(t,r) = ANG(t,r) + IAG(t,7), t>0, r>0,
with Neumann boundary condition 0,1¢(t,0) =0, for all t > 0.

Thanks to Corollary 2.5.3, and an appropriate Duhamel-type principle, we can obtain
an explicit formula for I¢(t,r), which yields its asymptotic series for ¢ — 0. The next
lemma contains the general form of the Duhamel’s principle that we need.

Lemma 2.5.4 (Duhamel’s principle). Let f € C((0,00) %x[0,00)), vo,v1 € C([0,0)), such
that f(t,-) and vy are compactly supported and assume that

3lim £ (¢, 7). (2.20)

Consider the non-homogeneous heat equation on the half-line:

Lo(t,r) = f(t,r), fort>0, r>0,
v(0,7r) = wvo(r), forr >0, (2.21)
Orv(t,0) = vy (t), fort >0,

where L = 0y — 02. Then, for t > 0, the solution to (2.21) is given by

o) t oo
v(t,r) = /0 e(t,r, s)vo(s)ds + /0 /0 e(t —7,r,s)f(r,s)dsdr
— /0 e(t —7,r,0)v(1T)dr, (2.22)

where e(t,r, s) is the Neumann heat kernel on the half-line, that is

e(t,r,s) = (e_(r_s)z/“ + e_(r+s)2/4t) . (2.23)

Tt
Remark 2.5.5. The choice of the Neumann heat kernel in (2.22) is due to the fact that
Ip(t,r) satisfies Neumann boundary conditions, that is v;1 = 0, and thus it simplifies the
first step of the iteration for the computation of the small-time asymptotics. Subsequent
steps will need the general form of (2.22).

Proof of Lemma 2.5.4. We derive formula (2.22), assuming that all the functions are suf-
ficiently regular so that all steps are justified. Then, one can check that (2.22) holds true
under the regularity assumptions in the statement, concluding the proof by uniqueness
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2.5. Heat content asymptotics

of the solution to (2.21). Let us reduce problem (2.21) to a standard Neumann problem,
defining o(t,r) = v(t,r) — rvi(t). Now, ¥ satisfies:

0y — O2)o(t,r) = f(t,r) — rv)(t), fort >0, r >0,
0(0,7) = vo(r) — rv1(0), for r > 0,
0,0(t,0) =0, for t > 0.

Therefore, we know that o is given by
3(t,r) = / e(t,r,s) (vo(s) — sv1(0)) ds
0
—i—/ / —7,1,8) (f(r,8) — sv(7)) dsdr.

Recalling that v(t,r) = 0(t,r)+rvi(t), integrating twice by parts, and using the properties
of the Neumann heat kernel e(t, s,r), we obtain (2.22). O

We can now prove Theorem 2.1.1. We first prove it at first order (Theorem 2.5.6),
and then we iterate the construction obtaining the whole asymptotics (Theorem 2.5.8 and
Proposition 2.1.2).

2.5.1 First order asymptotic expansion

Theorem 2.5.6. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let Q C M be an open relatively compact subset whose boundary is smooth and has
not characteristic points. The heat content Qq(t) satisfies

4t
Qa(t) = w() — 1/ ?0(89) + O(t), ast—0,
where o is the sub-Riemannian measure induced by w on Of).

Proof. Let ¢ € C°(Q(rg)) and apply Lemma 2.5.4 to v(t,r) = I¢(t,r). On one hand,
using the definitions of the operators I and A, the initial conditions are:

vo(r) =v(0,7) = 14(0,7) =0
v1(t) = 0rv(t,0) = —A(t,0) / o(y)do(y

where we used the fact that «(0,-) =1 on ©Q and u(¢,-)|so = 0. On the other hand, for
the non-homogeneous term of the heat equation, we obtain using Lemma 2.5.2

f(t,r) = LIg(t,r) = AN@(t,r) + IAG(t, ).

Notice that vy, f(¢,-) are compactly supported, and w(t) is constant. Furthermore
limy_, f(t,7) is well-defined for all » > 0 since N¢ and A¢ belong to C°(€Y(r¢)). Having
checked the assumptions, we obtain from (2.22):

1p(t,0) = \F o o(y)d J(y)/o — / / —7,8,0)LIp(T, s)dsdr

:\/j [ ooy + /0 /0 e(t — 7,5,0)LI(r, s)dsdr.

We now prove that the second term in the right-hand side is a remainder of order O(t).
Notice that

[LIg(t, 5)| = |[ANG(t, 5) + TAG(E, 5)| < C1l[NG| Lo () + Cal| APl Lo () = C,
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Chapter 2. Heat content asymptotics for sub-Riemannian manifolds

having used the inequality 0 < 1—wu(¢,z) < 1 by the weak maximum principle (2.4). Thus,

we have
< C’/ / —7,8,0)dsdr

= C/ / e~ 40=T) dsdr
W

= Ct,

—7,8,0)LIp(T, s)dsdr

implying that:
4
6(£,0) = ,/?t [ ow)do(y) +00),  ast—0. (2.24)

We now apply the argument at the beginning of Section 2.5, by choosing ¢ to be a function
with supp(¢) C Q/(ro), and such that ¢ = 1 when restricted to €/(ro/2). In particular
®log = 1. In this case w(2) — Qq(t) has the same small-time asymptotics of I¢(¢,0) up
to an O(t*), and hence

Qa(t) =w(Q) —Ip(t,0) + O(t™) = w(Q2) — ﬁa(aﬁ) + O(t), ast — 0,

concluding the proof of the first-order asymptotics. O

2.5.2 Full asymptotic expansion

We would like to iterate the Duhamel’s principle (2.22) for the function I¢(¢, r) to obtain an
higher order asymptotic expansion of I¢(t, 0). However, the source term f(t,7) = LF¢(t,r)
for k£ > 2 may not satisfy the assumption (2.20), due to the non-differentiability of the
solution u(t,z) of the Dirichlet problem at ¢ = 0. To avoid this technical issue, one can
introduce a suitable mollification of the operators I and A, for which one can iterate
Duhamel’s principle at arbitrary order. There is no substantial difference with respect to
the Riemannian case developed by Savo in [Sav98]. In this section we only outline the
main passages leading to the proof of Theorem 2.1.1 at arbitrary order, and we included
more details, for self-consistence, in Appendix B.

The iterations of the Duhamel’s principle lead to define the following family of opera-
tors acting on smooth functions on Q with compact support around 9. Set

Royo = 1d, Soo = 0,

where Id denotes the identity operator. Recall the definition of N in (2.19) and set, for
allk>1,and 0<j <k
Rkj:—(N2—A)Rk 1,j + NSk_1;, (2.25)
Sk] NRy_ 1,j— 1 —ANRy_ 1J+AS]€ 1,55 (2.26)

and Ry; = Si; = 0, for all other values of the indices, i.e. k <0, j <0or k < j. Moreover,
for k > 0, define

k+1

k—1
Zy=> {k,j—1}Rpsj_1; and  Ap = {k,j}Skis;, (2.27)
._ j=0

with the convention that Zy = 0, and having set

Ik+j+1/2)
(k+)HIT(k+1/2)
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2.6. Riemannian approximations and asymptotic series

and I' denotes the Euler Gamma function. Finally, let Dy be the operators acting on
smooth functions on Q with compact support around 0f2, defined inductively by the
formulas:

Dy = ——1d, (2.28)

HE‘M

72":I’z+1/2 (n—1i+1/2)
flzl n!
1 z—i—l —i+1/2)

D2n —

DQZ',lAn,i, (2.29)

:q

DoiAn_i. (2.30)

The coefficients of the small-time asymptotic expansion of the heat content are computed
using the recursive formulas (2.28)—(2.30). See Appendix C for a Mathematica implemen-
tation of this algorithm.

Remark 2.5.7. The operators Dy, act on smooth functions on €2, ¢ compactly supported
around 0€). The restriction Di(¢)|gq is a smooth function on 92, which depends only
on the germ of ¢ at 9€2. Thus, the integrand Dy(1) appearing in the definition of the ag
in Theorem 2.5.8 is a slight abuse of notation to denote the action of Dy on a smooth
function, with compact support, such that ¢ = 1 in a neighborhood of 0f).

Theorem 2.5.8. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let Q@ C M be an open relatively compact subset whose boundary is smooth and has
not characteristic points. Then for all m > 1, the heat content Qq(t) satisfies

m—1
Qa(t) = > apt’? + O(t™?),  ast—0, (2.31)
k=0
where ag = w(Q) and a, = — [5q Di(1)do.

Proof. As in the proof of Theorem 2.5.6, we apply the argument at the beginning of Section
2.5, by choosing ¢ to be a function with supp(¢) C Q'(rg), and such that ¢ = 1 when
restricted to €'(r¢/2). Hence

Qa(t) = w(Q) — 1o(t,0) + O(t™), ast — 0. (2.32)

It is enough to compute the asymptotic expansion of I¢(t,0). Since ¢ € C°((rg)), we
can apply the iteration of the Duhamel’s formula to I¢(t,0), cf. Theorem B.0.7, obtaining,
for any m € N

I6(t,0) (/ Dyo(y)do(y )) t*2 L o™ty ast — 0. (2.33)

Since, by construction, ¢ = 1 close to 02, the coefficients in (2.33) simplify to

ap = — Dk(d))dcf = — Dk(l)dO', VEkeN.
o0 o0

We conclude the proof by replacing (2.33) in (2.32). O

2.6 Riemannian approximations and asymptotic series

In this section, we show that the coefficients of the sub-Riemannian heat content
asymptotics can be approximated by their Riemannian counterpart (cf. Theorem 2.1.6).
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Chapter 2. Heat content asymptotics for sub-Riemannian manifolds

Let (D, g) be a sub-Riemannian structure on M and fix a Riemannian variation,
{(M, ge)}ccr, of the type illustrated in Section 2.2.2. As we explained there, it holds

de =29, dsr, uniformly on the compact sets of M x M.

We begin with a result, of independent interest, on the corresponding approximation result
for the distance from the boundary of a compact set.

Lemma 2.6.1. Let M be a sub-Riemannian manifold, and let 2 C M be an open relatively
compact subset whose boundary is smooth and has not characteristic points. Let 8,0, : Q —
R the sub-Riemannian and e-Riemannian distances from 082, and fix € > 0. Then, there
exists U C Q, neighborhood of 99, such that 6,6, € C°(U) for any |e| < & and 6. — 6, as
e — 0, uniformly on the compact sets of U, with all their derivatives.

Proof. Let us consider the annihilator bundle of the tangent bundle to 0f2, i.e. the 1-
dimensional smooth vector bundle A(92) over 02 with fibers

A (09) = {\ e T;M | (\T,09) =0},  Vy e Q.

For all € € R, denote by E. the restriction to A(9) of the cotangent exponential map in
the e-Riemannian approximant, namely

—

E(\) = explpy(N) = o (N), A€ A@Q).

Here, H, : T*M — R is the one-parameter family of Hamiltonians for the e-Riemannian

structure, ﬁe the corresponding Hamiltonian vector field, and s the corresponding flow
(cf. Section 1.2). In terms of the generating frame (2.7), we have

1Y 1 -
H:(\) = S NX)+ 525 SINX)?, VAETM. (2.34)
=1 =1

Notice that the value € = 0 corresponds to the corresponding sub-Riemannian quantities,
so that the subscript is omitted when ¢ = 0.

Thanks to the non-characteristic assumption, for any A € A(9Q2), with A # 0, it holds
A(D) # 0, and hence H.(\) > 0. It follows that the H., for all € € R, are well-defined
norms on the one-dimensional fibers of A(92).

Define the map?

F: AQQ) xR — M xR,  F(\e) = (B-(\),e).

Let i : 0 — A(09) be the embedding as the set of zero covectors. Thanks to the non-
characteristic assumption, one can show that F' has full rank on 992 x R, that is around
points (i(y),0). Set I = (—¢,&). It follows that there exists a > 0 such that, letting

V={\e A0 | /2H()) < a},

the map F’ restricts to a smooth diffeomorphism from V' x I onto its image. In particular,
denoting by p1: M x R — M the projection onto the first factor, each map E.(-) =
p1 (F(-,¢)) is a smooth diffeomorphism from V' to its image, for all £ € I. Notice that, by
(2.34), it holds H < H, for all ¢, so that, letting

Ve={Ae A(0Q) | \/2H-(\) < a}, Veel,
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A(09) M

B

/

Figure 2.2: Domain and range of the diffeomorphism F(-). The sections V. (resp. Ug) are
monotonically non-increasing (resp. non-decreasing) family of sets as a function of |e|.

it holds V. C V and thus E. maps diffeomorphically V. to its image U. = E.(V;), see
figure 2.2. We claim that U. = {6. < a} and 4. is smooth on QN U..

In order to prove the claim, fix ¢ € I. For A € V., let 7\ : [0,1] — M be the
ge-geodesic with initial covector A, that is yx(t) = exp o) (tA). For the g.-length it holds

lo(vn) = /2H:(A). It follows that U, C {0, < a}. Furthermore, for any point z € {0 < a}
there exists by compactness at least one geodesic such that its length coincides with the
distance d.(x) of x from 9. Such a geodesic is necessarily normal by Proposition 1.2.3,
its initial covector A must be in A(0€2) by (1.11), and indeed \/2H.(\) < a. There is a
unique such a covector in V;, and any other covector not in V, yields a longer geodesic. It
follows that U, = {0, < a}, and furthermore

55(E5()‘)) =V 2HE()\)7 VAeV..

In particular 6. : Q — R is smooth on U. N, for all fixed € € I, proving the claim (notice
that 2H. is a homogeneous norm of degree 2, on a one-dimensional space, so that . is
smooth up to 9Q).
Let now
U::ﬂUE: ﬂ{55<a}:{5<a},
eel eel

where in the last equality we used the monotonicity of ., which follows from the analogue
property for the approximating distances d.. Notice also that U x I C F(V x I), in
particular F~! is a well-defined diffeomorphism on U x I. Therefore

5E(Q):\/2H50F*1(q,6), VgeU, el

The above formula, together with the smoothness of H. and the fact that it is a well-
defined quadratic form on the one-dimensional fibers A, (052), implies the joint smoothness
of (¢q,e) — 0-(¢) in both variables and up to the boundary on U N Q x I. O

We equip M with a smooth measure w, which will be the same for the sub-Rieman-
nian structure (D, g), and for the Riemannian variation g.. Let A. = div, o V. be
the corresponding weighted Laplace-Beltrami on (M, g.), where V., for all ¢ # 0, is
the Riemannian gradient for g.. Notice that the semi-groups associated with the Dirichlet
extensions of A and A are defined on the same L?(£2,w). Denote by Q5 the corresponding
e-Riemannian heat content. Recall that, as explained in Section 2.2.2, we have

Q5 (t) =0 Qa(t), uniformly on [0, 7.

3To avoid complications, we assume here that all the vector fields H. are complete. If this is not the
case, the domain of F' should be replaced by a suitable neighborhood of i(992) x R.
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Chapter 2. Heat content asymptotics for sub-Riemannian manifolds

We know that, for any € # 0, there exists a complete asymptotic series of Qg (t), namely
oo
Qat) ~ > ait*?,  ast—0.
k=0

Moreover, a recursive formula for the coefficients is provided in [Sav98] (notice that the
results therein hold for the Riemannian measure, but as we have proven in the previous
sections one can generalize these formulas for the arbitrary measure w). Define the oper-
ators Dj as in (2.28)—(2.30), replacing the sub-Laplacian A with the e-Riemannian one
A., and the operator N, with the corresponding Riemannian one ., defined by

Nep = 2g. (vid)? va(sa) + QbAa(Ssa

where 6.: Q — [0,00) is the e-Riemannian distance from 9. In particular, D;, belongs
the algebra generated by A. and N.. Then, as in the sub-Riemannian case, the k-th
coefficient is given by
aj = — | Dj(1)do., (2.35)
o0

where o, is the induced Riemannian measure on 0f).

Theorem 2.6.2. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let & C M be an open relatively compact subset whose boundary is smooth and has
not characteristic points. Then, there exists a family of Riemannian metrics g. such that
de — dsr uniformly on compact sets of M, and such that

lim aj, = ag, VkeN,
e—0

where ay, and aj, denote the coefficients of the sub-Riemannian small-time heat content
asymptotics, and the corresponding ones for the Riemannian approximating structure.

Remark 2.6.3. We believe that Theorem 2.6.2 can be strengthened and that the con-
vergence result actually holds for any one-parameter family of Riemannian structures
{(M, g:)} such that the corresponding Hamiltonians {H.} converge to the sub-Rieman-
nian one (uniformly on compact sets as € — 0), cf. (2.34). We refrained to prove this more
general result as it would not add new ideas. Furthermore, one advantage of the current
version of Theorem 2.6.2 is that the construction of the approximating family is explicit.

Proof. First of all, we have that A.6: — Ad as e — 0, uniformly on the compact sets of
U, with all the derivatives, where U is the set given by Lemma 2.6.1. Indeed, using the
explicit expression of the e-Laplacian provided in (2.9), with respect to a global generating
frame for the Riemannian variation, we have

A.=A+ %A, (2.36)

where A is a second order Eiifferential operator independent from e. Thanks to Lemma
2.6.1, we know that Ad. — Ad as e — 0, with all the derivatives, uniformly on the compact
subsets of U. Hence, we get

A, = A6, + £2A5. =% As, (2.37)

with all the derivatives, uniformly on the compact subsets of U.
Second of all, we claim that

Di(¢) =% Di(¢), Vo e (), (238)
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uniformly on the compact subsets of U. The operators Dj, and Dy are generated by
finite combinations of elements in { N, A.} and {N, A}, respectively. Then, it is sufficient
to prove that, for any sequence ¢. € C°(U) such that ¢. — ¢ uniformly with all the
derivatives on the compact sets of U, and for any s € N, it holds

Asp. =5 A% and  NPg. =% N%, (2.39)

uniformly on the compact sets of U, with all the derivatives. The first statement in (2.39)
follows directly from (2.36). To prove the second statement of (2.39), proceed by induction
on s € N: for s = 1, let us write explicitly

N:pe = 2g. (v€¢87 veés) + ¢AL0e. (2'40)

From (2.37), the second term in (2.40) converges as required. On the other hand, using
the definition of e-gradient, we have

e (vs¢sa vz—:(ss) = ddz—:(vsﬁbs)' (2'41)

Now, thanks to (2.8), we can write the e-Riemannian gradient with respect to the global
generating frame (2.7), as

Vepe = Voo + 2V ¢y, Ve >0,

where the sequence {@gbg} has coefficients which are uniformly bounded, together with all
the derivatives, on the compact subsets of U. Thus, using (2.41), we obtain

9= (Vete, Ved.) = do-(Voe) + £2d6:(Voe) = g(Vi., Voe) + £2d5-(Voe). (2.42)

Since the sequence of smooth functions {dd.(V¢.)} is uniformly bounded on the compact
subsets of U, together with all the derivatives, the second term in (2.42) converges to 0.
For the first term in (2.42), using Lemma 2.6.1, we have

0
9(Vé:, V) == g(V,V0)
with all the derivatives, uniformly on the compact sets of U, implying that (2.40) converges
as required. Assume that (2.39) holds for s—1, for any sequence {¢.}. Define ¢ = N5~ 1¢,
then, by induction hypothesis 1. — N*~1¢ = 1, with all the derivatives, uniformly on the
compact sets of U. Thus, applying the previous step, we have

N, =% Ny,

with all the derivatives, uniformly on the compact sets of U. This proves claim (2.38).
Finally, Lemma 2.6.1 implies that the sequence of Riemannian measures induced on 9f2,

i.e. {o.} converges weakly to o and, from the explicit expression of both the Riemannian

and sub-Riemannian coefficients, respectively (2.35) and (2.31), we conclude. O

2.7 Blow-up of a5 in a domain with characteristic points

We provide here an explicit example of a domain with an isolated characteristic point,
in which the fifth coefficient of the asymptotic expansion (2.31) blows up, proving Theorem
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Chapter 2. Heat content asymptotics for sub-Riemannian manifolds

2.1.7 in the Section 2.1. Let us consider the sub-Riemannian structure on R?, defined by
the global generating frame

X1 =0, - 20, Xy=0,+20.,
2 2

and we set { X1, X2} to be an orthonormal frame. The resulting sub-Riemannian manifold

is the well-known first Heisenberg group, H. We equip it with the standard Lebesgue

measure, and the corresponding sub-Laplacian is A = X % —|—X22 . Let 3 to be the zy-plane,

i.e. the zero-level set of the function

u(z,y, 2) = z.

The characteristic points are solution to X (u)(x,y, z) = Xa(u)(z,y, z) = 0. Thus, ¥ has
only one isolated characteristic point at (0,0,0). The sub-Riemannian distance from ¥,
denoted by ¢ : H — R, remains smooth in a neighborhood of non-characteristic points
but, at the origin, it is no longer smooth. Thus, to investigate the behavior of the heat
content coefficients, we need an explicit expression for 9.

Remark 2.7.1. The surface ¥ is not compact. Since we are interested in local integrability
properties of the coefficient a5 around a characteristic point, it is not restrictive to work
with a non-compact surface.

In order to study the function §, we employ the symmetries of the Heisenberg group,
to obtain a substantial dimensional reduction. First of all, the distance function d(-, -) is 1-
homogeneous with respect to the one-parameter family of anisotropic dilations introduced
in (1.23). To avoid confusion in the notation, only in this section, we will denote the
dilation by x; and set

Xt : H — H; xi(z,y, 2) = (tz, ty, t22), vt > 0. (2.43)

This means that
d(xt(p), xt(q)) = td(p, q), Vp,q € H.

Since the dilations y; are injective and fix 3, we obtain the analogous property for :

d(xt(p)) = qlgg d(xt(p), q) = thl)fe . d(xt(p); x¢(q)) = thl)fe . td(p, q) = té(p).

Second of all, an isometry L : H — H preserves the distance from ¥ if and only if
L(X) = ¥. Among the isometries of H, the rotations around the z-axis and the reflection

L:H— H, L(z,y,z2) = (z,—y, —2)

preserve Y. This means that, when expressed in cylindrical coordinates

T =TCOSp
y=rsinp (2.44)
z=1z

the function § does not depend on the angle ¢, nor on the sign of z.
Thus, letting p = (rp, ¢p, 2p) and assuming r, # 0, we have

E E
50) = 807y, 21 2) = 67y, 0, 25]) = 3 (10‘ —nr (B )
p p

for a suitable function F'.
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2.7. Blow-up of a5 in a domain with characteristic points

2.7.1 Cut and focal locus from X

We refer to the preliminaries in Section 1.2 for basic facts about geodesics in sub-Rieman-
nian geometry. The singular points of ¢ are related to where the geodesics spreading out
from ¥ lose optimality.

Recall that H has no non-trivial abnormal geodesics. Thus, by Proposition 1.2.3,
we may focus on Yy = ¥\ {0}. By the transversality condition (1.11), for any point
(z0,Y0,0) € Xp, there exists a unique normal geodesic parametrized by arc-length with
initial covector

A0) = #dz.

VR

Writing in coordinates A = (Az, Ay, Az; @, y, 2) the Hamiltonian system (1.9), we obtain

. Yy - 1
= Az — S\z x = A
=\ 2)\ A 2)\ ( + )\>
- z _ Yy
y—)\y—|—2)\z, Ay )\Z <)\ 2)\z>,
1 .
Zzi(xy—j:y), A, =0.

Imposing the initial condition A(0) = (0,0, %;xo,yg,()), we can explicitly compute the
geodesic starting from the point (zg, y9,0) € Xo

1+cos(2)) —yosin (2
Vaowo (t) = % ((1 + cos gﬂ)))) + 2o sin E{tg
(& ()
Define then the map F : [0,00) x ¥o — H, by
E(t;20,90) = Yoo (1)- (2.46)

We remark that (2.46) corresponds to the restriction of the sub-Riemannian exponential
map to the annihilator bundle of 3, given by (1.11). We define the focal locus to be the
set of critical values of F.

Lemma 2.7.2. The focal locus of ¥ coincides with the z-axis, minus the origin.

Proof. Representing the differential dE in polar coordinates, we get that

det(dE) = % (ro (1 + cos (Z)) + tsin (Z)) )

and we look for solutions to the equation det(dE) = 0. For any (z¢,yo) € Xo the critical
points are obtained at ¢t = t. = o (§ + kx), for k € Z, with critical values

r2
E(te;xo,y0) = (0 0, S (7r + 2k7r)> .

Thus, critical values are all points (0,0,&) € H with £ # 0. Notice that for all such points
there exists a one-parameter family of geodesics joining ¥ to that point. O

We define the cut locus of ¥ as the set of all those points in which the map F fails to
be injective, i.e. p € Cut () if and only if E(¢;z0,y0) = E(t; Zo, yo) = p, for some points
(‘T07 Yo, 0)7 (1_;07 g()? O) € 2.
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Lemma 2.7.3. For a point p € H, not lying on the z-axis, there exists a unique geodesic
which realizes the distance from ¥. Thus p ¢ Cut (X).

Proof. First of all, we notice that the cut locus is invariant under isometries which preserve
the horizontal plane.

Second of all, proceed by contradiction and assume there exists a point p € Cut () \
{z = 0}. Then, for any t € R, x:(p) € Cut (), where x; is the dilation defined in (2.43).
In an analogous way, the rotations around the z-axis preserve the cut locus. Therefore,
we get that if p € Cut (2), the cut locus contains a paraboloid with base point the origin,
passing through p, see Figure 2.3. The paraboloid, contained in the half-space containing

Figure 2.3: The paraboloid passing through p = (1,1,2) is contained in Cut (X).

p, separates it in two connected components, C'; to which ¥ belongs, and Cy. Now, pick
any point ¢ € Co\ Cut (X): since ¢ is not in the cut locus, there exists a unique minimizing
geodesic joining g and ¥, however this geodesic must cross the paraboloid, hence the cut
locus, losing minimality. This gives a contradiction.

Notice that the existence of a point ¢ € (5 \ Cut (X) is guaranteed by the fact that the
cut locus is a nowhere dense set (see [ACS18] and [Agr09], for further details). O

Corollary 2.7.4. The cut locus of ¥ coincides with z-axis, minus the origin. Moreover,
for all p on the z-axis, we have the following formula for the distance function from %

5(17) = 5(070, Zp) = \/%, Vp € z-axis.

Proof. By the last lines in the proof of Lemma 2.7.2, we see that the z-axis (minus the
origin) is contained in the cut locus of ¥ and, by Lemma 2.7.3, we conclude that Cut (X) =
{(0,0,2) | z # 0}. To explicitly compute §(p) for a point p = (0,0, 2,) in the z-axis, we
look for the smallest positive time ¢t = ¢y, for which E(t; xo,y0) = p, where E is defined in
(2.46). We may assume without loss of generality that z, > 0. In cylindrical coordinates
(2.44), E(tmin; xo,Y0) = p is given by

0 = (cos pg + cos (goo + ztr%)) ,

0= (sin o + sin (pp + Zain ), (2.47)

To
2
zp =0 (72'5;8‘“ + sin (—22{2“)) .
Using the first two equations of (2.47), we see that

2tmin 2tmin
= o+ 7+ 2km =
To To

wo + =7+ 2km,
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with k a positive integer. In particular, since ty,;, has to be minimal, £ = 0, therefore

tmin = "§" and 7o has to satisfy the third equation of (2.47)
2
ot
8

Notice that the above equation uniquely determines rq, while ¢ can vary in the interval
(0,27). Thus p € Cut (X) and

roT
d(p) = tmin = 07 = /22,

concluding the proof. O

2.7.2 An expression for the distance function from X

We are interested in an explicit expression of the distance function outside the z-axis,
where we expect it to be smooth.

Assume that p € H is not on the z-axis. This implies that 7, # 0 and, exploiting the
symmetries of the distance from ¥ as in (2.45), we may assume that p = (1,0, &), where
& > 0. Therefore, we rewrite the system (2.47) for p = (1,0,¢):

To 2tmin
1:5 CoS g + cos | po + . )

2tmi
0=rg <sin o + sin <<,00 + ;mn)> ) (2.48)
0

e="0 (Pmin i (2
8 To To

using again the cylindrical coordinates (2.44), for the point (zg,yo). Solving the second
equation of the system, we get two possible solutions:

2tmi 2t mi
ot U =g mk2hm, o+ S = g+ 2k
0 0

In the first case, we don’t have any solution of the system (2.48), since its first equation
is not verified. In the second case, we obtain

{1 =5 (cos ©o + cos (900 + 21%)) = T'0 COs ¥0, (2.49)

tmin = TO(kﬂ- - QOO),

where k is an integer parameter to be determined. Replacing the expression for tpi, in
the third equation of (2.48), we obtain the following equality for k:

2
€= %0 (2km — 200 + sin (—2¢)) = %0 (ro(km — o) — sin(eo)) -

Thus, the integer k, as a function of the base point (1,yo) and the final point (1,0,&) of
the geodesic ~, is given by
4¢ + rosin(pg) + 30 Aty +(1+ y2) arctan(yo)

k(&?JO) = 7"871' - (1 +y3)7f

Here we are using the first equation of (2.48), which tells us that ¢ cos(pg) = 1. Fur-
thermore, using (2.49), we can compute the length of the corresponding geodesic v as a
function of & and yq:

4§ + Yo

N

t(&,y0) = ro (k(&, yo)™ — o) =
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agm

—4¢ Yo o AJ? oo

(a) The function t(&,-)

-4 Yo 117 Y

(b) The function k(§,-)

Figure 2.4: Functions occurring in the determination of the distance from X.

Finally, to compute 6(p), we have to find yg, realizing the minimum

tmin = min {t(§,y) |y € R, k(§,y) € Z}.

We will refer to those points for which k(§,y) € Z, as admissible starting points.
For fixed ¢ > 0, we plotted in Figures 2.4a and 2.4b the graphs of the functions

y — t(€,y), Yy k(€ y).

First of all, we notice that the admissible starting points must satisfy y > —4¢. Second
of all, we see that the equation k(&,y) = 0 has a unique solution for every value of £, and
it lies in the interval (—4¢,0), being k(£,0) > 0 and k(&, —4&) < 0. Moreover, since both

these functions have a unique maximum at the point ﬁ, they are both increasing in the

interval [—4¢, flf) and decreasing in the interval [é, +00). Thus, among the admissible

starting points in [—4¢, ﬁ), the minimum time (for these starting points) is achieved at
the point for which k(¢, ) is the minimum integer. Therefore, since

Kew) > he —a9) = - vy s g

™

we have that in the interval [—4¢, 4—15), the minimum time is achieved at yg, such that
k(&,y0) = 0. On the other hand, in an analogous way, since

1

:5’
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2.7. Blow-up of a5 in a domain with characteristic points

in the interval [i,—i—oo), the minimum time is achieved at y;, such that k(&,y1) = 1, if
exists. Hence, we are left to compare, for ¢ = 0, 1

4 i ) .
HE ) = =Y with k() = i

Ji+v?

The existence of yi, such that k(&,y1) = 1, is guaranteed if the maximum of k(¢,-) is > 1.
Thus, if this is not the case, i.e. if

1 4¢ + arctan(é)
k(& —=] = <1, 2.50
(¢3¢) - (2:50)
we can immediately conclude that
4
tmin = M with k(gvyO) =0.

./1+y3’

Choosing ¢ < T, the above inequality (2.50) is satisfied and we conclude.

™

Consider the case § > g. Let us write explicitly the equation satisfied by yo,y1
respectively, defining

foly) =46+ y + (1 + y*) arctan(y),
fily) = (L4 y*)m — 4€ — y — (1 + y?) arctan(y).

In this way, we will have f;(y;) = 0. Recall that, since we are assuming { > 0, we have
Yo < 0, and y; € [é, +00), hence, we are looking for a negative zero of fy and a positive
zero of fi. Notice that

—g < arctan(y) <0, Vy <0,

therefore, we have the following estimate for fy:

s

i
2y2+y+4£—§§fo(y), Vy <0. (2.51)

Thus, replacing yo in (2.51), we are able to compare it with the zero of the parabola

1—/I—7(r—8
Yo S ﬂ-(ﬂ— 5) = < 0.
T

We remark that we are in the case £ > £, so ap is always well-defined, moreover, since
yo < ap < 0 and t(&, -) is increasing for negative arguments, ¢(&,y0) < t(£, ap), as one can
check computing its derivative. See figure 2.4a. Reasoning in an analogous way for fi, we

obtain
T

2
which implies, for 1, the following inequality:
1 14+ /1 —m(m — &)

— <y < = o,
A¢ Y1 = - o1

oyt A< AW, V=0, (2.52)

and, as before a; is always well-defined, if § > T. We remark that ap,; are the two

zeroes of the parabola appearing in the left-hand sides of the estimates (2.51), (2.52).
Since A% < y1 < ag and (&, -) is decreasing for positive arguments in [ﬁ, +00), we have
t(&, 1) < (&, y1), see figure 2.4a.
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Finally, to assert which point realizes the minimum time between yg, y1, it’s enough to
compare t(, ag), (&, a1). One can check that, for any £ > ¢

t(&ao) <€) = & yo) < UE o) <E ar) < yr).
This proves that, for points of the form p = (1,0, &),

4§ + Yo
V1+93

where F' has been defined in (2.45). Notice that this also provides an analytic proof of the
fact that p ¢ Cut (2). Putting together the results of this section and Corollary 2.7.4, we
prove Theorem 2.1.8.

5(p) = —F(¢),  where k(o) =0, (2.53)

2.7.3 Blow-up of a5 and proof of Theorem 2.1.7

Recall that for a domain 2 C M, whose boundary has no characteristic points, the fifth
coefficient in the asymptotic expansion of the heat content is defined by the formula

1

_ 3 _
= 5077 | (N?—8NA)Ado, (2.54)

as

where do is the sub-Riemannian measure, induced by a fixed volume on M, and N is
the operator defined in (2.19). We are going to show that, for the horizontal plane in the
Heisenberg group, the integrand in (2.54) is not locally integrable around the origin, which
proves Theorem 2.1.7.

Lemma 2.7.5. Let ¥ = {z =0} C H. Then, the integrand in (2.54) is

(Jﬁ) %4 (2.55)

whereas the sub-Riemannian measure do = r’drdy, in cylindrical coordinates on H. In
particular the integrand of the coefficient as is not locally integrable with respect to the
sub-Riemannian measure on X, around the characteristic point.

Remark 2.7.6. We explain the heuristic behind the order =% in (2.55). In cylindrical
coordinates, computing explicitly Ad, we have Adly, = O (%) Moreover, the operator

(N3 —8NA) has order 3, and it contains a third-order derivation in the r-direction.

Proof. By the symmetries of H, we can write § as in (2.45):

o(p) =rF <|;|> ,

where (r, ¢, z) are the cylindrical coordinates for p and F' has been explicitly computed in
Section 2.7.2. In particular, by equation (2.53)

4 +y(§)

F(§) = W, (2.56)
and the function y(¢) satisfies
46 +y(&) + (1 +y(&)?) arctan(y(€)) = 0. (2.57)
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2.7. Blow-up of a5 in a domain with characteristic points

We can now compute explicitly the integrand of as. Rewriting the operators N and A in
cylindrical coordinates, we obtain

C
(N? —8NA)Ad|s, = =

where C' is a constant depending only on the derivatives of F' computed at the origin, up
to order five. Hence, to obtain the integrand of as, it is enough to compute F (k)(O), for
k < 5, which, by (2.56), amounts to compute yk) (0), for k£ < 5. But this can be done
using equation (2.57) and iterating the formula for the derivative of the implicit function.
We omit the long but routine computation. O

Remark 2.7.7. The integrand of a3, which is proportional to NH, H the sub-Riemannian
mean curvature, is locally integrable on ¥ with respect to do, around the origin. Indeed,

it is given by
3 1
~(57)

and do = r2drdy. On the other hand, heuristically, each subsequent coefficient aj, requires
an extra derivative of 1/r. We may expect the first non-integrable coefficient to be a4, close
to a characteristic point. However, for the case of the xy-plane in H, one can check that
the integrand of a4 vanishes. Indeed, in this case, the function F' defining the distance, as
in (2.56), is an odd function, therefore the integrands of all coefficients ag;, which involve
only even-order derivatives, vanish.

Remark 2.7.8. In general, even in the Heisenberg group, the question of local integrability
of the integrand function of a3, with respect to sub-Riemannian perimeter measure is more
subtle than it appears at first glance. Indeed, as one can check by expressing NH using
a boundary defining function for 92, the former is almost equivalent to proving that H
itself is locally integrable with respect to the Riemannian perimeter measure. We address
this problem in the next chapter.
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Integrability of the sub-Riemannian mean

curvature at degenerate characteristic points in the

Heisenberg group

We address the problem of integrability of the sub-Riemannian mean
curvature H of an embedded hypersurface, around isolated characteristic
points. The main novelty is the introduction of a concept of a mildly
degenerate characteristic point for a smooth surface of the Heisenberg
group. This new concept can be regarded as a second-order condition
for a characteristic point and it ensures the local integrability of H.
As a consequence we partially answer to a question posed by Danielli-
Garofalo-Nhieu in [DGN12], proving that the mean curvature of a real-
analytic surface with discrete characteristic set is locally integrable.
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Chapter 3. Integrability of the sub-Riemannian mean curvature at degenerate
characteristic points in the Heisenberg group

3.1 Introduction

Let M be a sub-Riemannian manifold, and let ¥ C M be an embedded hypersurface.
The horizontal mean curvature H : ¥ — R is a geometrical invariant which arises naturally
in different areas of geometric analysis. It appears in the theory of minimal surfaces
[DGNO7b, HP08, Mon15,Pau04, CHMY05], in the study of the heat content asymptotics in
sub-Riemannian manifolds, see [TW18] and also Chapter 2, and in Steiner-type formulas
for the volume of tubes around hypersurfaces [BFFT15b].

Of particular relevance in all aforementioned applications is the (local) integrability of
‘H, either with respect to the horizontal perimeter measure or the Riemannian one (cf. Sec-
tion 3.2 for precise definitions). An important fact is that, even for smooth hypersurfaces
Y., the horizontal mean curvature blows up at characteristic points, where the subspace of
horizontal directions is tangent to 3, making the local integrability problem a non-trivial
one.

For what concerns the sub-Riemannian perimeter measure oy, as remarked first in
[DGN12] for the Heisenberg group, the blow-up of H is compensated by the degeneration
of oy, and thus H € Li (3, on).

The aforementioned compensation fails if one replaces the sub-Riemannian perimeter
measure oy on ¥ with the Riemannian one og, and in general H ¢ Li (3,0g). In
all known examples, however, either 3 is not very smooth, or the set of characteristic
points has positive dimension, cf. [DGN12]. On the other hand, if ¥ is at least C? and
the characteristic set is discrete, no counter-examples to local integrability are known.
Furthermore, a thorough analysis of many specific cases led the authors in [DGN12] to
conjecture that, under these assumptions, H € Llloc(Z, OR)-

In this chapter, we address the question of local integrability with respect to the Rie-
mannian perimeter measure in the Heisenberg group and in the more general context of
three-dimensional contact manifolds. The case of non-degenerate and isolated character-
istic points is elementary, and we can state the following result (proved in a setting that
includes the Heisenberg group).

Theorem 3.1.1. Let M be a three-dimensional contact sub-Riemannian manifold, equip-
ped with a smooth measure i and let ¥ C M be a C? embedded surface. Assume that all
characteristic points of ¥ are isolated and non-degenerate. Then,

H e Llloc (2, UR) ,
where oy denotes the Riemannian induced measure by p on 2.

The case of degenerate characteristic points is less understood, even for the case of
smooth surfaces in the Heisenberg group H (to which we restrict to for the rest of this
introduction). The main result of this chapter is the definition of a concept of a mildly
degenerate characteristic point for surfaces in the Heisenberg group, for which we are able
to prove local integrability. In the following, H is equipped with the Lebesgue measure,
which induces the Riemannian measure or on a smooth embedded hypersurface X.

Theorem 3.1.2. Let X C H be a smooth embedded surface. Assume that all characteristic
points of 2 are isolated and mildly degenerate. Then

H e Llloc (E,UR) ,
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where or denotes the Riemannian induced measure on X.

The concept of mild degeneration is based on a finite-order condition along an intrinsic
curve C C ¥ emanating from degenerate characteristic points, which, to the best of our
knowledge, does not appear in previous literature (cf. Definitions 3.5.1 and 3.5.4). In
particular, if 3 is real-analytic, all degenerate characteristic points are mildly degenerate.
As a consequence, we have the following corollary, which answers affirmatively to the
conjecture in [DGN12], at least for real-analytic surfaces.

Theorem 3.1.3. Let X C H be a real-analytic embedded surface. Assume that all char-
acteristic points of 3 are isolated. Then,

1
H S LlOC (E, O'R) y
where or denotes the Riemannian induced measure on 3.

Our results include and unify several previous examples of local integrability of the
horizontal mean curvature present in literature. In particular, one can compare our results
with Propositions 3.1-3.4 in [DGN12]: Propositions 3.1, 3.2 are included in Theorem 3.1.1,
while Proposition 3.3 is covered by Theorem 3.1.3.

Remark 3.1.4. Theorems 3.1.1, 3.1.2 and 3.1.3 are proved below in a slightly stronger form,
cf. Theorems 3.4.2, 3.5.5 and 3.5.7, respectively. Namely, in each case, we prove the local
integrability of %, where W denotes the norm of horizontal projection of the Riemannian
unit normal to . For this stronger result, the mild degeneration assumption is sharp and
cannot be improved, cf. Remark 3.5.6. In particular, it implies the local integrability of
the horizontal mean curvature, but also the local integrability of the intrinsic horizontal
Gaussian curvature as defined in [BTV17], yielding Gauss-Bonnet-type theorems for sur-
faces with isolated and mildly degenerate (or non-degenerate) characteristic points. We
refer to Section 3.5.1 for details.

Structure of the chapter. In Section 3.2 we recall the definitions of sub-Riemannian
mean curvature of a hypersurface, and of (non-)degenerate characteristic point. In Section
3.3, we provide a general estimate for the sub-Riemannian mean curvature, which can
be used to prove its integrability with respect to the sub-Riemannian induced measure.
In Section 3.4, we prove Theorem 3.1.1: the key ingredient will be a normal form of a
three-dimensional contact manifold. Finally, in Section 3.5, we introduce a notion of a
mildly-degenerate characteristic point in the Heisenberg group and we prove Theorem
3.1.2. Then, we show that any characteristic point of an analytical surface in H is mildly-
degenerate, proving Theorem 3.1.3.

3.2 Preliminaries

Let M be a smooth n-dimensional manifold and let (D, g) be a sub-Riemannian struc-
ture on M. Throughout this chapter, we assume that the distribution of M is defined by
a subbundle of the tangent bundle D C T'M of constant rank k£ < n, and g is a positive,
symmetric (0,2)-tensor on it. In particular, this means that the generating frame (1.1)
can be locally described by a local orthonormal frame, namely in an open set U C M,
there exist k vector fields such that

D, = span{X1(p),..., Xp(p)} C T,M, VpeUl. (3.1)
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Fix a smooth measure on M, which we will denote by p throughout the chapter. We
can express the horizontal gradient (1.12) and the sub-Laplacian (1.14) of a function
f € C?(M) in terms of the local orthonormal frame (3.1), obtaining

k k
V=Y (Xi)Xi,  Af = (XPf+ Xifdiva(Xy).
=1 =1

Let ¥ C M be a C! embedded hypersurface. We recall that p € ¥ is a characteristic point
if

D, CT,X%.
We denote by C(X) the set of characteristic points. Notice that C(X) C 3 is a closed set,
and it has zero measure if ¥ is at least C2. We refer to [Bal03, Der72] for fine results about
the size of C'(X) under suitable assumptions on the regularity of X.

The hypersurface ¥ can be locally described as follows: at p € M, there exists a
neighborhood U C M of p and u € C*(U) such that

Y¥NU = {u=0}, du|yny # 0.
When ¥ is locally given as the zero-locus of u, then p € C(X) if and only if
Xiu(p) =0, Vi=1,...,k.

3.2.1 Horizontal Hessian

Let (D, g) be a constant-rank sub-Riemannian structure on M. We introduce the hor-
izontal Hessian for classifying characteristic points (cf. also [BBCH20]). Fix an affine
connection V on the distribution D. Then, the horizontal Hessian of u € C2(M) is the
(0,2)-tensor on D, defined by

Hessg(u)(V,W) = g(Vy(Vu), W),  VV,W e (D).
While in general the definition of the horizontal Hessian depends on the choice of the
connection, it is intrinsic at characteristic points.

Lemma 3.2.1. Let (D,g) be a constant-rank sub-Riemannian structure on M and let
Y ={u =0} C M, where u: M — R is a C? submersion on ¥. If p € C(X), then
Hess(u)|, does not depend on the choice of the connection and thus is a well-defined
bilinear map on D,.

Proof. Let {X1,..., X} be a local orthonormal frame around p. Then, by the definition
of the horizontal Hessian, for V,W € T'(D), we have

k
Hessy (u)(V, W) = Z Viwig (%XiVU,XJ)
ij=1

K k
= Z Viwig (6){1 (Z(XZU)X€> »Xj>

ij=1 =1

k
= > VIWg (XiXeu)Xe + (Xeu)Vx, Xp, X; ),
i,j,0=1

using the linearity and the Leibniz formula for the connection. Finally, since p € C(X),
we obtain Xyu(p) =0 for any £ =1,..., k. Therefore, we conclude that

k
Hessy (u)(V,W)[, = Y VW X; X;u(p),
ij=1
and the right-hand side does not depend on the choice of the connection V. O
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Definition 3.2.2. Let (D, g) be a constant-rank sub-Riemannian structure on M and let
¥ C M be a C? embedded hypersurface in M. We say that p € C(X) is a non-degenerate
characteristic point if

det (Hessp(u)|p) # 0,

where v € C? is a local defining function for ¥ in a neighborhood of p. Notice that this
property does not depend on the choice of u.

Remark 3.2.3. This definition appears in literature with different names. In [FMS19, Def.
4.2], the authors introduce a flatness condition on u, at a characteristic point, while
in [BCXO09, Def. 1.1], the authors give the notion of regular characteristic point of order
2. Both definitions are equivalent to being a non-degenerate characteristic point.

3.2.2 Sub-Riemannian mean curvature

In Chapter 2, we encountered the sub-Riemannian mean curvature as the integrand func-
tion of the second-order coefficient of the heat content asymptotic expansion, cf. Theorem
2.1.1. In particular, for a smooth and non-characteristic domain 2 C M, the definition
of H was given through the distance function from 02, denoted by é. However, when
characteristic points are present, ¢ is no longer smooth at the boundary, hence we must
adapt accordingly the definition of H.

Definition 3.2.4 (Sub-Riemannian mean curvature). Let (D, g) be a constant-rank sub-
Riemannian structure on M and let ¥ C M be a C? embedded hypersurface in M. The
sub-Riemannian (or horizontal) mean curvature at p € ¥ is defined by

H(p) = — div, (Vu)

where u € C? is a local defining function for ¥ in a neighborhood of p. Notice that the
value of H does not depend on the choice of u.

)
p

Notice that, if p € ¥\ C(X) the vector field v = —Vu/||Vu|| is the (outward-pointing)
horizontal unit normal to ¥, thus as one can easily check, we recover the usual notion of
horizontal mean curvature as —AJ.

3.2.3 (Sub-)Riemannian induced measure

Let (D,g) be a constant-rank sub-Riemannian structure on M and let ¥ C M be a C?
embedded hypersurface in M. Let v be the horizontal unit normal to ¥. Then the sub-
Riemannian induced measure oy on ¥ is the positive smooth measure with density |, .
If w is a local defining function for ¥, then v is given by

Vu

Analogously, to define the Riemannian induced measure og, consider any Riemannian
extension of the sub-Riemannian structure, then replace v with the Riemannian unit
normal, which is given by (3.2) with the Riemannian gradient. Notice that or coincides
with the (n—1)-dimensional Hausdorff measure on ¥ induced by the Riemannian structure.
Moreover, it depends on the choice of a Riemannian extension, but this choice does not
play any role concerning the integrability of the horizontal mean curvature.
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3.3 A general estimate for horizontal mean curvature

We provide here a general estimate for the horizontal mean curvature. Let (D, g)
be a constant-rank sub-Riemannian structure on M and let ¥ C M be a C? embedded
hypersurface. Without loss of generality, assume that u € C?(M) is a global defining
function for ¥, that is u: M — R is a submersion on ¥ and ¥ = {u = 0}. Having fixed a
local orthonormal frame for the sub-Riemannian structure at a point p, say {X1,..., Xk},

recall that
k

Vu =Y (Xu)Xi, (3.3)

i=1
and its norm, which we denote by W, is given by

k
W2 = |Vu|? = g(Vu, Vu) = Z(Xiu)Q. (3.4)
i=1

Therefore, we can write the horizontal mean curvature explicitly in terms of Vu and W

e aiv (T) = L

1
W W WQ(V% w).

Using formulas (3.3) and (3.4), we obtain

1 1 &
1,j=
which gives the estimate
1 i Co
H < 5 | 18l ooy + Zl 1 X0l oo ) | < 777 (35)
1=

for a suitable constant Cy > 0, where we have used the inequality: |X;u| < W, for any
i =1,...,k. Here | - || denotes the supremum norm and U is a relatively compact
neighborhood of p.

We recover the well-known integrability result for the horizontal mean curvature with
respect to the sub-Riemannian perimeter measure (see also [DGN12, Prop. 3.5]).

Lemma 3.3.1. Let (D, g) be a constant-rank sub-Riemannian structure on M, and let p
be a smooth measure on M. Consider a C* embedded hypersurface in M, ¥ C M. Then

HeLl. (2 on),
where og denotes the sub-Riemannian induced measure on 2.

Proof. Let U be a neighborhood of p and consider v € C?, a local defining function for
Y on U. Then, setting W = ||Vul|, we have o & Wog, up to a smooth never-vanishing
function. Therefore, using (3.5), we obtain

/HdO'H
xNU

C
< c/ H|Wdo < C/ W dog < +oo.
£NU snu W

This concludes the proof. ]
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3.4 Integrability for non-degenerate characteristic points in
3D contact sub-Riemannian manifolds
In this section, we prove the first integrability result on the horizontal mean curvature,

Theorem 3.1.1. Let M be a smooth manifold of dimension 3. Let w be a contact one-form!,
that is such that w A dw # 0. Then, the contact distribution is

D, = ker(wy) C T, M, Vpe M.

By the non-degeneracy assumption on dw, D is a subbundle of rank 2 and is bracket-
generating. Any metric on D defines a sub-Riemannian structure on M. We will refer to M
as contact sub-Riemannian manifold. Recall the following normal form for an orthonormal

frame (see [ACEAG98, AG99)).

Theorem 3.4.1. Let M be a 3D contact sub-Riemannian manifold, with contact 1-form
w, and {X1, X2} be a local orthonormal frame for D = ker(w). There exists a smooth
coordinate system (x,y,z) such that

X1 =0, — %Bz + By(y0e — ©9y) + 71y0s,

Xp = 0, + 50: — Ba(yds — 29,) + a0,
where = p(x,y,z) and v = v(x,y, z) are smooth functions satisfying
£(0,0,2) =~(0,0,2) = 0,7(0,0, 2) = 9y¥(0,0, 2) = 0.

We now prove the first integrability result for isolated non-degenerate characteristic
points on general contact manifolds.

Theorem 3.4.2. Let M be a 3D contact sub-Riemannian manifold, with contact 1-form w,
and let ¥ C M be a C? embedded surface. Let p be an isolated non-degenerate characteristic
point and let u € C? be a local defining function for ¥ in a neighborhood of p. Denote
with W the norm of the horizontal gradient of u. Then

1
W € Llloc(z7aR)7 (3'6)

where o denotes the Riemannian induced measure on 3. In particular
H e LIIOC(E,O'R).

Proof. Introducing the normal form given by Theorem 3.4.1, we may assume that the
characteristic point is at the origin and that ¥ is locally a graph around the origin. Indeed,
recall that X NU = {u =0} and du # 0 on ¥ N U. However, since 0 € C(X), we obtain

0 = dpu(X1) = 0,u(0) and 0 = dpu(X2) = 9yu(0). (3.7)

Therefore, 9,u(0) # 0, which implies that, up to restricting U, X NU = {z = g(x,y)},
for some C? function g: R?> — R. Moreover, in these coordinates, relations (3.7) give
first-order conditions on g

g(0,0) = 8969(0’0) = 81/9(07 0) =0.

'In literature the contact form is typically denoted with the symbol w. So, only in this chapter, we will
adopt the notation w for the contact form, whereas the smooth volume will be denoted by pu.
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Chapter 3. Integrability of the sub-Riemannian mean curvature at degenerate
characteristic points in the Heisenberg group

Recall that we want to discuss the finiteness of the following integral

1 1
/E o= /V ooty )y (3.8)

where V' is a neighborhood of (0,0) and f is the Riemannian density in coordinates. Since
the characteristic point is non-degenerate, up to restricting V', the map

=N

x
p: — such that {

=

= Xlu(xa y7g($,y))
y= XQU(J?, yag(x7y)>

Y Y

defines a smooth change coordinate on V. Indeed, its Jacobian at (0,0) equals the deter-
minant of the horizontal Hessian at the origin

O X1u + g0, X1u 9, Xqu + g,0,X1u
det (T ) |00y = det [ 71 T IO AT A — det (Hessr(u)]o)
0 Xou + g0, Xou angu + gyf)ZXQu 0.0)

and by the non-degeneracy assumption is non-zero. Thus, after the change of variables,
the integral (3.8) becomes

1 1 )
— f(x,y)dudy = 7, §)didj < +oc.
/v L)y /<p<V> Idet(Jcp)lx/Wf(x Daedy < Foo

The claim (3.6) follows. Using estimate (3.5), we obtain the local integrability of #. O

Remark 3.4.3. A non-degenerate characteristic point need not to be isolated, however, this
situation is quite pathological. For example, in the Heisenberg group H (cf. Section 3.5),
the only situation in which this can occur is when we have a sequence of characteristic
points (z,, yn) accumulating at the origin, and not contained in any absolutely continuous
curve. Indeed, consider ¥ = {z = g(x,y)} in H and assume we have an absolutely
continuous curve 7y: (—¢,&) — X of characteristic points with 7(0) = 0, and such that 5/(0)
exists. Then, the origin is a degenerate characteristic point. Indeed for each t € (—¢,¢),
we have
72(t)

G (71(1),72(¢)) + =0,

Gy(1(t),72(t)) — ’let

Differentiating both equations with respect to t, and evaluating at t = 0, we have

{71(0)99%(0, 0) + 42(0)g2 (0,0) + 222 =0,
31(0) g2y (0, 0) + 42(0) gy (0,0) — 1 = 0,

~—

=0.

thus, (7&8%) € ker(Hessp(u)|o), implying that O is a degenerate characteristic point.

3.5 Integrability for mildly degenerate characteristic points
in H
In this section, we introduce the definition of a non-degenerate characteristic point in

the Heisenberg group H and we prove Theorems 3.1.2 and 3.1.3. We restrict ourselves to
H, since we are going to exploit its group structure.
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The Heisenberg group is the 3D contact structure on R3, defined by the 1-form
w=dz— %(xdy — ydzx).
A global frame for the contact distribution is given by {X, Y}, where
X =0, %az, Y:ay+gaz. (3.9)

Setting {X,Y} to be an orthonormal frame, the resulting sub-Riemannian manifold is the
well-known first Heisenberg group, H. We equip it with the Lebesgue measure.

Let us consider in H a surface ¥ = {u = 0}, where u € C*°(R?) with du # 0 on X.
Assume that p € C(X) is a degenerate characteristic point, meaning that the horizontal
Hessian of u has zero determinant at p. Notice that, in H, the horizontal Hessian at
p € C(X) coincides with the one introduced in [DGNO03], and, in terms of the orthonormal
basis {X, Y}, takes the form:

XXu(p) XYu(p)

Hessp (u)|p =
) Y Xu(p) YYu(p)

By the bracket-generating assumption, one of the entries of the Hessian must be non-zero
at p, thus, it has a one-dimensional kernel at p, spanned by some unitary vector, say
N, € D, which is unique, up to a sign. We extend N, to a left-invariant vector field
N € I'(D). Taking an orthogonal vector field to N in I'(D), we obtain an orthonormal
frame {N, T} for the distribution, which, up to changing sign, we assume to be co-oriented
with the standard one (3.9).

Definition 3.5.1. Let ¥ C H be a smooth embedded surface and let p € C(X) be
degenerate. The critical curve of p is defined as the set of points in 3 where N is tangent
to X, i.e.

C={qeX|N(q) € T,X}. (3.10)

We prove now that Definition 3.5.1 is well-posed.

Lemma 3.5.2. Let ¥ C H be a smooth embedded surface and let p € C(X) be degenerate.
Then, in a neighborhood of p, the set C as in (3.10), is a smooth curve in X through p.

Proof. Consider for ¥ a local defining function v € C*°. Then, N(q) € T;X if and only if
dqu(N) =0, thus
C={u=0}n{Nu=0}.

In the orthonormal frame {N, T}, Nu(p) = Tu(p) = 0 since p € C(X). However, d,u # 0,
therefore, by the bracket-generating assumption

[N, T]u(p) = NTu(p) — TNu(p) # 0.

We are going to show that NTu(p) = 0. First of all, since the frame {N,T'} is co-oriented
with {X, Y}, there exists R € SO(2), such that

- (3.11)

where we used the shorthands a = cos(f) and b = sin(6), for some 6 € [0, 27). Hence,

NTu(p) = (aX 4+ bY)(—bX + aY)u(p)
= —abX Xu(p) + a*XYu(p) — b*Y Xu(p) + abY Yu(p).
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Second of all, by the definition of N, N, € ker(Hessg(u)|p), thus we obtain

02(—b a) XXu(p) YXu(p)
XYu(p) YYu(p)) \b

= NTu(p).

Finally, TNu(p) # 0 so the differential of the map ¢ = (u, Nu) has maximal rank at p,
implying that C is a smooth curve in ¥, in a neighborhood of p. O

Remark 3.5.3. Notice that, in general, the critical curve C is not necessarily horizontal,
and it is not related to the characteristic foliation induced on ¥ by the contact structure.

Definition 3.5.4. Let ¥ C H be an embedded smooth surface, let p € C(X) be a de-
generate characteristic point and let u be a local defining function for ¥ around p. Let
v : (—€,e) — C be a regular parametrization of C, with v(0) = p. We say that p is mildly
degenerate if the function

s = Tu(y(s)),

has a finite order zero at s = 0. Notice that this definition does not depend on the choice
of u and the regular parametrization.

Theorem 3.5.5. Let X C H be an embedded surface, let p be an isolated mildly degenerate
characteristic point and let uw € C™ be a local defining function for ¥ in a neighborhood
of p. Denote with W the norm of the horizontal gradient of w. Then

1
W € Llloc(za UR)?

where or denotes the Riemannian induced measure on . In particular
H e LIIOC(E,O'R).

Proof. Without loss of generality, we may assume that u(x,y,2) = z — g(x,y), i.e. ¥ =
{2z = g(z,y)}, where g: R? — R is smooth, and that C(X) = {0}. This implies

9(0,0) = 8,9(0,0) = 9,9(0,0) = 0.

Notice that the local integrability of W is preserved by the action of isometries of H. We
can exploit this fact to reduce g to a normal form. Recall first that Heisenberg isometries
(preserving the origin and the orientation of the z-axis) are given by the standard action
of SO(2) on the xy-plane. Consider then the isometry

T T T

R
yl = lv]| = vl
z Z 1 z

where R € SO(2) is defined in (3.11). In this way the frame {/V, T} is sent to the standard
frame {X,Y}. In particular, since Ng € ker(Hessg(u)|o), IV is given by

1
~YXu(p)X + XXu(p)Y g1+ s5) X —g20Y
N ax apy — “YXUR)X + XXu)y (g +})

Y Xu(p)?2 + X Xu(p)? 2 ’
\/ Q (v) \/(911 + %) + g%o
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where g;; = 858§g(0, 0). Hence, the change of coordinates is given by

x g1+3 g0 z (911 + %) Z + g20Y

1
Yl =y | 90 9u +3 gyl = Wo —g20% + (911 + %) gl
z 1 Z z

2
where Wy = \/ (911 + %) + g3,. Therefore, expanding u, we have

920 go2
- 7952 - 7?/2 — g1y + 0(7“3)

. 92 << +1)~+ ~)2 902 < ~+( +1)~>2
=Z—- == — |z — == —g20% -
2W02 911 B 920Y 2W02 920 911 B Y
- g ((g +1>az~+g y) (—g 7+ (g +1)g> +0(r%)
W02 11 2 20 20 11 2 )
where r = /22 + y2, and the coefficients of the second-order terms become
. 1 920 ( 1>2 ( 1) 902
2 2
P _— — — _ — = O
=~ W2 ( 5 (g T5 ) Tgu{gun+g )90 = "5"9% ,

. 1 1 N 1 1
Y ~ W(% (—920 (gn + 2) 920 — 911 ((911 + 2) - 920> + 902920 (gu + 2)) =5

having used the fact that the characteristic point is degenerate, which gives the condition
920902 = g1y — %. Hence, the function g simplifies to

u(z,y,z) =z

ol o -

9(%,9) = 55 + 57" + h(F,9), (3.12)
where a € R and h € C*°(R?) with order > 3. Notice that the specific value of a will not
play any role in the integrability of .

We can then assume that u(z,y,2) = z — g(x,y) where g has the normal form (3.12),
and that N = X, T'=Y. For such a function u, the norm of the horizontal gradient is

W2 = (ay + hy)* + (y + ha)?,

so, since in these coordinates we have dog = f(x,y)dxdy, where f is a strictly positive
and smooth function, we focus on

| f @ y)dody, (313)

where V' is a neighborhood of (0,0). We may set f = 1, since its explicit expression plays
no role in the integrability. From Lemma 3.5.2, C = {Nu = 0} N X is a smooth curve,
whose expression in coordinates is {y + hy = 0} N X. Thus, we introduce the following
smooth change of variables around the origin, rectifying C

x x r=ux
@: — such that { (3.14)
y t t =y +he(z,y)

and the integral (3.13) becomes

1

/ 7 dtdx, (3.15)
V' ((at 4 (hy — ahy))? +62)777 1 + 2hyy|
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where the integrand is evaluated in ¢~ !(x,t). Here V' = (V). We expand in Taylor
series the function h, — ah,, with respect to the t-variable at the point (z,0), obtaining

hy(¢™ ! (2,1) = aha (9™ (2,1)) = &(2) + tR(x, 1),

where £ and R are smooth functions of order > 2 and > 1 respectively, since h was of
order at least 3 and the notion of order in ¢ is preserved by ¢. But now, parametrizing the
critical curve by x — v(z) = (x,y(z), g(z,y(x))) where y(z) + hz(x,y(z)) = 0, we have
that ¢ ~!(z,0) = (z,y(z)) and

£(x) = —aha (¢~ (2,0)) + hy(¢™ ! (2,0)) = —aha(z,y(x)) + hy(z,y(z)) = Tu(y(2)).

Thus, by assumption of mildly degenerate characteristic point, £ has a zero of finite order
at z = 0. So, we may write

E(x) = cor® (1 +1r(2)),
where k is an integer > 2, and r is a smooth function of order > 1. Thus, we introduce
the following weighted polar coordinates in the plane

T k_— 0
P — P such that COZ plcss( ) )
)7 e (a2 + 1)/t = psin(0)
whose Jacobian is m p'/*| cos(#)|'/*~1. In these new coordinates, the function W

becomes
asin(26)

W? = (at +&(2) + tR(,1))* +t* = p* <1 M

4 Rpal(p, 9)) ,

where Rpo1(p, 0) is a remainder term vanishing at p = 0. Therefore, the integral (3.15) is

controlled by
|pcos(6)[/*!

A” \/ asin 20)

ta2)/z + Rpol(Pv 0)

dpdb,

where V" = 9 (p(V)). But now this 1ntegral is finite, since

asin(20) ||
14— >1——7% >0
(a2 +1)1/2 (a2 +1)1/2
and thus the denominator, up to restricting V", is never-vanishing. O

Remark 3.5.6. The mild degeneration assumption is sharp for the local integrability of
W=t Consider the example taken from [DGN12, Prop. 3.4] where ¥ = {z = g(x,y)},
with

]. ]. 2 z 77_72
g(z,y) = ixy + §y +/0 e dr.

Here N = X and T =Y, with g being in the normal form (3.12). Then, the critical curve
of 0is C ={y + e = 0} N Y, which can be parametrized by

~v(x) = (;1:, —e_“fQ,g (x,e_“”%)) .

Thus, Tu(y(z)) = —e~* °, which has infinite order at 2 = 0. Therefore, 0 is not a mildly
degenerate characteristic point and one can check that W~! is not locally integrable.

Notice, however, that in the previous example, H is locally integrable. Thus, in general,
to prove the integrability of H, one should take into account also its numerator, which
vanishes at characteristic points.

52



3.5. Integrability for mildly degenerate characteristic points in H

Theorem 3.5.7. Let X C H be a real-analytic embedded surface, let p be an isolated
characteristic point and let uw € C* be a local defining function for 3 in a neighborhood of
p. Denote with W the norm of the horizontal gradient of u. Then

1
W € L1100<27 aR)?

where or denotes the Riemannian induced measure on 3. In particular
H e LIIOC(E,O'R).

Proof. If C(X) consists of non-degenerate characteristic points, the result follows from
Theorem 3.4.2. If p € C(X) is degenerate, we show that p is actually mildly degenerate.
We can assume that ¥ = {z — g(z,y) = 0}, where g € C¥(R?) has the normal form (3.12),
and 0 € C(X) is degenerate. In this case, in coordinates (z,t) = ¢(z,y) defined in (3.14),
the critical curve of 0 is C = {t = 0} and p € C(X) if and only if

Fm:a

t=0.

Since 0 is an isolated characteristic point, & is not identically zero. Thus, since & is
real-analytic it has finite order at « = 0. O

3.5.1 Integrability of the intrinsic Gaussian curvature

The results that we have proved for the horizontal mean curvature in the 3D contact case
and in the Heisenberg group can be extended to another geometrical invariant of surfaces,
namely the so-called intrinsic Gaussian curvature. Let M be a 3D contact manifold and
let {X1, X2} be a local orthonormal frame for the contact distribution. The intrinsic
Gaussian curvature for a C? surface ¥ C M is defined as

. XO’U, XQU Xou Xlu Xou
Ko =% <W>&<W>+<W>&<W»

where X is the Reeb field of the contact structure, u is a local defining function for ¥
at p and W = ||Vu|l. As was the case for the horizontal mean curvature, the definition
of Ky restricted at 3 is independent on the choice of the local defining function. The
intrinsic Gaussian curvature has been introduced in [BTV17] for the Heisenberg group
and in [BBCH20] for the general 3D contact case. We refer to those articles for further
details. Reasoning as in the case of the horizontal mean curvature, one can derive the
following estimate for Ky

for a suitable constant C7 > 0. Therefore, recalling that the induced sub-Riemannian
measure on Y is proportional to WoR, we see that there exists Co > 0 such that

C
|Koldoy < Wzd“R‘ (3.16)

Compare (3.16) to the estimate (3.5). By Theorem 3.1.1 and Theorem 3.1.3, we immedi-
ately obtain integrability for the intrinsic Gaussian curvature in the 3D contact case for
non-degenerate isolated characteristic points and in the Heisenberg group for the analytic
case and isolated characteristic points.

This integrability result is more significant for the Heisenberg group, indeed as proved
in [BTV17, Thm. 1.1}, a Gauss-Bonnet Theorem in H for C? surfaces holds, provided that
the following assumptions are verified:
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1. HE(C(D)) =0,
2. W1 is locally summable with respect to the Riemannian induced measure at C'(%),

where HL is the 1-dimensional Euclidean Hausdorff measure. Thus, if C(X) consists only
of isolated points and either ¥ is a real-analytic surface, or ¥ is C? and the character-
istic points are also non-degenerate, the assumptions of the Gauss-Bonnet theorem are
verified.
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Relative heat content asymptotics for
sub-Riemannian manifolds

In this chapter, we study the small-time asymptotics of the relative heat
content in sub-Riemannian geometry. This quantity is related, yet dif-
ferent, to the classical heat content. Indeed it is defined as the total
amount of heat contained in the domain at time t, allowing the heat to
flow outside the domain. Under the assumption of not having charac-
teristic points, we obtain a fourth-order asymptotic expansion in square
root of t. Significant difficulties emerges, as the boundary behavior of
the temperature function is no longer known, as opposed to the case of
the classical heat content. We use a symmetry argument of the heat dif-
fusion to obtain information on the small-time behavior of temperature
at the boundary of the domain.
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4.1 Introduction

Let M be a sub-Riemannian manifold, equipped with a smooth measure w, let Q C M
be an open relatively compact subset of M, with smooth boundary, and consider the
Cauchy problem for the heat equation in this setting:

(O — A)u(t,x) =0, V(t,z) € (0,00) x M,

u(0,-) = 1g, in LQ(M,w), (41)

where 1 is the indicator function of the set €2, and A is the sub-Laplacian, defined with
respect to w. By classical spectral theory, there exists a unique solution to (4.1),

u(t,z) = g (x), Vee M, t>0,

where e'® denotes the heat semi-group in L?(M,w), associated with A. The relative heat
content is the function

Holt) :/Qu(t,:n)dw(x), V> 0.

This quantity has been studied in connection with geometric properties of subsets of
R™, starting from the seminal work of De Giorgi [DG54], where he introduced the notion
of perimeter of a set in R™ and proved a characterization of sets of finite perimeter in terms
of the heat kernel. His result was subsequently refined, using techniques of functions of
bounded variation: it was proven in [Led94] for balls in R", and in [MPPPO07] for general
subsets of R™, that a borel set 2 C R™ with finite Lebesgue measure has finite perimeter
a la De Giorgi if and only if

E _
3 lim W(\QI — Hq(t)) = P(), (4.2)
where | - | is the Lebesgue measure and P is the perimeter measure in R™. Notice that

(4.2) is equivalent to a first-order! asymptotic expansion of Hq(t). A further development
in this direction was then obtained in [AMM13], where the authors extended (4.2) to an
asymptotic expansion of order 3 in v/, assuming the boundary of Q C R™ to be a C! set.
For simplicity, we state here the result of [AMM13, Thm. 1.1] assuming 952 is smooth?:

L

ﬁ

4 (n—1)°
127 Joq

Ho(t) = [0 — —=P()t'/?

21)2%9@)) dH (@) 4 o(B3)?), (4.3)

(#0la) + =

'Here and throughout the chapter, the notion of order is computed with respect to v/%.
2The statement of Theorem 1.1 in [AMM13] differs from (4.3) by a sign in the third-order coefficient:
the correct sign appears a few lines below the statement, in the expansion of the function K:(E, E¢).
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as t — 0, where H"! is the Hausdorff measure and, denoting by k:l-aQ the principal
curvatures of 02 at the point x,

1 n—1 n—1
Haqo(x) = o S k@), conlr) =D K2)?,
i=1 =1

In the Riemannian setting, Van den Berg and Gilkey in [vdBG15] proved the existence
of a complete asymptotic expansion for Hq(t), generalizing (4.3), when 02 is smooth.
Moreover, they were able to compute explicitly the coefficients of the expansion up to
order 4 in v/t. Their techniques are based on pseudo-differential calculus, and cannot be
immediately adapted to the sub-Riemannian setting. In particular, what is missing is a
global parametrix estimate for the heat kernel p;(x,y), cf. [vdBG15, Sec. 2.3]: for any
k € N, there exist J, C;, > 0 such that

where p{ (x,y) are suitable smooth functions, given explicitly in terms of the Euclidean heat
kernel and iterated convolutions. The closest estimate analogue to (4.4) in the sub-Rie-
mannian setting is the one proved recently in [CdVHT20, Thm. A] (see Theorem 1.4.5 for
the precise statement), where the authors show an asymptotic expansion of the heat kernel
in an asymptotic neighborhood of the diagonal, which is not enough to reproduce (4.4) and
thus the argument of Van den Berg and Gilkey. Moreover, in this case, p! (z, y) is expressed
in terms of the heat kernel of the nilpotent approximation and iterated convolutions, thus
posing technical difficulties for the explicit computations of the coefficients (which would
be no longer “simple” gaussian-type integrals).

In this chapter, under the assumption of not having characteristic points, we prove
the existence of the asymptotic expansion of Hq(t), up to order 4 in v/%, as t — 0. We
remark that we include also the rank-varying case. In order to state our main results, let
us introduce the following operator, acting on C°°(M),

pi(@,y) — > pl(z,y) < Cpt*,  ast—0, (4.4)

Jj=0

N =2¢(Vo, Vi) + ¢As, Ve C°(M),

where §: M — R denotes the sub-Riemannian signed distance function from 0f2, see
Section 4.4 for precise definitions.

Theorem 4.1.1. Let M be a compact sub-Riemannian manifold, equipped with a smooth
measure w, and let Q@ C M be an open subset whose boundary is smooth and has no
characteristic points. Then, ast — 0,

Ho(t) = w(Q) (0Q)t1/2 — (N(A8) = 2(A6)?) dot*’? + o(t?),  (4.5)

1
- —0
NG 12y/7 Jaq
where o denotes the sub-Riemannian perimeter measure.

Remark 4.1.2. The compactness assumption in Theorem 4.1.1 is technical and can be
relaxed by requiring, instead, global doubling of the measure and a global Poincaré in-
equality, see section 4.7 and in particular Theorem 4.7.3. Some notable examples satisfying
these assumptions are:

e M is a Lie group with polynomial volume growth, the distribution is generated by
a family of left-invariant vector fields satisfying the Héormander condition and w is
the Haar measure. This family includes also Carnot groups.
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4.1. Introduction

e M = R", equipped with a sub-Riemannian structure induced by a family of vector
fields {Y1,...,Yn} with bounded coefficients together with their derivatives, and
satisfying the Hérmander condition.

e M is a complete Riemannian manifold with metric g, equipped with the Riemannian
measure, and with non-negative Ricci curvature.

See Section 4.7.1 for further details. In all these examples, Theorem 4.1.1 holds.

The strategy of the proof of Theorem 4.1.1 follows a similar strategy of what we did in
Chapter 2, inspired by the method introduced in [Sav98], used for the classical heat content
(4.6). However, as we are going to explain in Section 4.1.1, new technical difficulties arise,
the main one being related to the fact that now u(t,-)|aq # 0. At order zero, we obtain
the following result, see Chapter 1 for precise definitions.

Theorem 4.1.3. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w and let @ C M be an open relatively compact subset, whose boundary is smooth and
has no characteristic points. Let x € 0 and consider a chart of privileged coordinates
Y: U — V CR" centered at x, such that y(UNQ) =V N{z >0}. Then,

1
lim u(t, ) — / 50, 2)de™(2) = =, Va € o9,
t—0 {21>0} 2

where & denotes the nilpotentization of w at x and pf denotes the heat kernel associated
with the nilpotent approrimation of M at x and measure &°.

This result can be seen as a partial generalization of [CCSGM13, Prop. 3], where the
authors proved an asymptotic expansion of u(t,z) up to order 1 in v/t for z € 99, for a
special class of non-characteristic domains in Carnot groups.

Remark 4.1.4. Our proof of Theorem 4.1.3 does not yield an asymptotic series for u(t, -)|aa
at order higher than 0. Indeed a complete asymptotic series of this quantity seems difficult
to achieve, cf. Section 4.6.

Structure of the chapter. In Section 4.2 we recall the basic definition of relative heat
content. In Section 4.3, we prove Theorem 4.1.3, using the nilpotent approximation of
a sub-Riemannian manifold. In Section 4.4, we the main tools to obtain the relative
heat content asymptotic and we use Theorem 4.1.3 to compute its first-order expansion
in a compact sub-Riemannian manifold. Then, in Section 4.5, we introduce the outside
contribution to develop the higher-order asymptotic expansion of the relative heat content
for a compact sub-Riemannian manifold, proving Theorem 4.1.1. In Section 4.6, we explain
why we are not able to adapt [CdAVHT20, Thm. A] to obtain a proof of Theorem 4.1.1.
Finally, in Section 4.7, we show how to extend the above results when M is non-compact.

4.1.1 Strategy of the proof of Theorem 4.1.1

To better understand the new technical difficulties in the study of the relative heat content
Hq(t), let us compare it with the classical heat content Qq(t), cf. Chapter 2, and illustrate
the strategy of the proof of Theorem 4.1.1.

The classical heat content. We highlight the differences between the relative heat
content Hq(t) and the classical one Qq(t): let 2 C M an open set in M, then for all t > 0,
we have

Ho(t) = [ u(t.o)do(a),  Qo(t) = [ wolt.)du(a) (4.6)
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Chapter 4. Relative heat content asymptotics for sub-Riemannian manifolds

where u(t, ) is the solution to (4.1) and wg(t, x) is the solution to the Dirichlet problem
for the heat equation, associated with €2, i.e.

(Or — A)ug(t,z) =0, Y(t,x) € (0,00) x £,
uo(t,z) =0, V(t,x) € (0,00) x 08, (4.7)
uo(0,2) =1, Vo € €,

The crucial difference is that ug(¢,-)|on = 0, for any ¢t > 0, whereas u(t,-)|gn # 0 in
general. Thus, there is no a priori relation between Hq(t) and Qq(t): the only relevant
information is given by domain monotonicity, which implies that:

Qal(t) < Hq(t), Vt>0

and clearly this does not give the asymptotics of the latter. See also [vdB13] for other
comparison results in the Euclidean setting.

Failure of Duhamel’s principle. In Chapter 2, we established a complete asymptotic
expansion of Qq(t), as t — 0, provided that 9 has no characteristic points. The proof
of this result relied on an iterated application of the Duhamel’s principle and the fact
that ug(t,z)|spo = 0. Following the same strategy, we apply Duhamel’s principle to a
localized version of Hq(t): fix a function ¢ € C°(M), compactly supported in a tubular
neighborhood around 92 and such that 0 < ¢ < 1 and ¢ is identically 1, close to 0f).
Then, using off-diagonal estimates for the heat kernel, one can prove that:

w() — Ho(t) = I9(t,0) + O(t™), ast — 0, (4.8)

where [¢(t,r) is defined for ¢ > 0 and r > 0 as

16(t7) = [ (1= u(t,))é(w)dw (@) (4.9)

T

here Q, = {z € Q| é(x) > r}, with 6: Q@ — R denoting the distance function from the
boundary. Hence, the small-time behavior of Hq(t) is captured by I¢(t,0). By Duhamel’s
principle and the sub-Riemannian mean value lemma, Theorem 2.4.1, we obtain the fol-
lowing:

—T_/ T as . .
16(t,0) f//m )) b(y)do (y)(t — 1)~ 2dr + O(1), 0. (4.10)

For the classical heat content, ug satisfies Dirichlet boundary condition, cf. (4.7), hence
(4.10) would give the first-order asymptotics (and then one could iterate). On the contrary,
in this case, we do not have prior knowledge of u(t,y) as y € 9Q and t — 0. Thus, already
for the first-order asymptotics, Duhamel’s principle alone is not enough, and we need some
information on the asymptotic behavior of u(t, -)|sq.

First-order asymptotics. We study the asymptotics of u(t,-)|gq. Using the notion
of nilpotent approximation of a sub-Riemannian manifold, cf. Section 1.4, we deduce the
zero-order asymptotic expansion of u(t,-)|apn as t — 0, proving Theorem 4.1.3. This is
enough to infer the first-order expansion of Hq(t), by means of (4.10). At this point, we
iterate the Duhamel’s principle to obtain the higher-order terms of the expansion of Hq(t).
However, already at the first iteration, we obtain the following formula for I¢:

1(t,0) f/ aQ1—u Nodo(t — 7)1 2dr

27r// /ml_“ ))Nodo((r —#)(t — 7))~ 2drdr + O(*?), (4.11)
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as t — 0. Therefore, the zero-order asymptotic expansion of u(t,-)|sqn no longer suffices
for obtaining the second-order asymptotics of Hgq(t).

The outside contribution 7°¢. We mentioned that the crucial difference between
Hq(t) and Qq(t), defined in (4.6), is related to the fact that w(t,-)|spo # 0, whereas
uo(t,)|aq = 0, for any ¢ > 0. From a physical viewpoint, this distinction comes from the
fact that, since the boundary 0f? is no longer insulated, the heat governed by the Cauchy
problem u(t, x), solution to (4.1), can flow also outside of €2, whereas ug(t, x), solution to
the Dirichlet problem (4.7), is confined in €2, and the external temperature is 0. Hence,
we can imagine that the asymptotic expansion of Hq(t) is affected by the boundary, both
from the inside and from the outside of (2.

Interpreting I¢ as the inside contribution to the asymptotics of Hg, we are going to
formalize the physical intuition of having heat flowing outside of €2, defining an outside
contribution, I°¢ to the asymptotics®. The starting observation is the following simple
relation: setting

Ko(t) = / u(t,2)dw(z),  Vi>0,
M\Q
we have, by divergence theorem,
Hq(t) + Kqo(t) = w(Q), Vi > 0. (4.12)

Similarly to (4.9), for a suitable smooth function ¢, one may define a localized version of
Kq(t), which we call I¢¢(t, ), so that

Kq(t) =I°%(t,0) + O(t>), ast — 0, (4.13)

see Section 4.5.1 for precise definitions. Using (4.8), (4.12) and (4.13), we show the fol-
lowing relation:
Ip(t,0) — I¢p(t,0) = O(t™), ast— 0,

for a suitable smooth function ¢. On the other hand, for the localized quantity 1¢(t,0) —
I¢¢(t,0) we have a Duhamel’s principle, thanks to which we are able to study the asymp-
totic expansion, up to order 3, of the integral of u(t,x) over 0%, cf. Theorem 4.5.4. The
limitation to the order 3 of the asymptotics is technical and seems difficult to overcome,
cf. Remark 4.5.5. Inserting this asymptotics in (4.11), we obtain the asymptotics up to
order 3 of the expansion of Hq(t), as t — 0.

Fourth-order asymptotics. Since we have at disposal only the asymptotics of the
integral of u(t,x) over 92, up to order 3, we need a finer argument to obtain the fourth-
order asymptotics of Hq(t). The simple but compelling relation is based once again on
(4.8), (4.12) and (4.13), thanks to which we can write:

W(Q) — Ho(t) = % (I6(1,0) + I°G(t,0)) + O(1®),  as t — 0.

Now for the sum of the contributions I¢(t,0) + I¢¢(t,0), the Duhamel’s principle implies

the following:

2

N
1 t rT _

+ = / / / (1 — 2u(?, 2)N(y)do(y) ((t — 7)(t — 7))~ d7dr + o(t).
27 Jo Jo Joo

Io(t,0) + I¢(t,0) = (00)t'/?

3The notation “superscript ¢” stands for complement. Indeed the outside contribution is the inside
contribution of the complement of 2, see Section 4.5.1.
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Chapter 4. Relative heat content asymptotics for sub-Riemannian manifolds

This time notice how the integral of u(t,z) over 0f2 appears in a first-order term (as
opposed to what happened in (4.10) or (4.11)), thus its asymptotic expansion up to order
3 implies a fourth-order expansion for Hq(t).

4.1.2 From the heat kernel asymptotics to the relative heat content
asymptotics

In [CAVHT20, Thm. A], the authors proved the existence of small-time asymptotics of
the hypoelliptic heat kernel, p;(x,y), see Theorem 1.4.5 below for the precise statement.
In Theorem 4.1.3 we are able to exploit this result to obtain the zero-order asymptotics
of the function

u(t,z) = e lg(z) = / pe(x,y)dw(y), Vt>0, xe€dl.
Q

However, we are not able to extend Theorem 4.1.3 to higher-order asymptotics since,
roughly speaking, the remainder terms in Theorem 1.4.5 are not uniform as ¢t — 0. If
we had a better control on the remainders, we could indeed integrate (in a suitable way)
the small-time heat kernel asymptotics to obtain the corresponding expansion for u(t, ).
Finally, from such an expansion, the relative heat content asymptotics would follow from
the localization principle (4.8) and the (iterated) Duhamel’s principle (4.10). This is done
in Section 4.6.

4.1.3 Characteristic points

In order to prove our main results, we need the non-characteristic assumption on the
domain 2. We recall that for a subset Q2 C M with smooth boundary, = € 09 is a
characteristic point if D, C T,(9). As was the case for the classical heat content, cf.
Chapter 2, the non-characteristic assumption is crucial to follow our strategy, since it
guarantees the smoothness of the signed distance function close to 02, c¢f. Theorem 4.4.1.
Nevertheless, one might ask whether Theorem 4.1.1 holds for domains with characteristic
points, at least formally.

On the one hand, the coefficients, up to order 2, are well-defined even in presence of
characteristic points, cf. [Bal03]. While, for what concerns the integrand of the third-
order coefficient, its integrability, with respect to the sub-Riemannian induced measure o,
is related to integrability of the sub-Riemannian mean curvature H, with respect to the
Riemannian induced measure, cf. Chapter 3 for further details.

On the other hand, differently from what happens in the case of the Dirichlet problem,
the heat kernel p;(z,y) associated with (4.1) is smooth at the boundary of Q, for positive
times, even in presence of characteristic points. Thus, in principle, there is no obstacle in
obtaining an asymptotic expansion of Hq(t) also in that case. Moreover, in Carnot groups
of step 2, a similar result to (4.2) holds, cf. [BMP12, GT20]. In particular, the charac-
terization of sets of finite horizontal perimeter in Carnot groups of step 2 is independent
of the presence of characteristic points, indicating that an asymptotic expansion such as
(4.5) may still hold, dropping the non-characteristic assumption.

4.1.3 Notation

Throughout the chapter, for a set U C M, we will use the notation C2°(U), even in the
compact case, so that all the statements need not be modified in the non-compact case,
when the generalization is possible, cf. Theorem 4.7.3. Moreover, in the non-compact and
complete case, the set ) C M is assumed to be open and bounded.
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4.2. The relative heat content

4.2 The relative heat content

We refer to Chapter 1 for general facts in sub-Riemannian geometry. Here, we recall
the precise definition of relative heat content.

Let M be a sub-Riemannian manifold. Let w be a smooth measure on M, i.e. by a
positive tensor density. Recall that the sub-Laplacian is the operator

Af =divyoVf,  VfeC®(M).

We denote by L?(M,w) the space of real functions on M which are square-integrable with
respect to the measure w. Let 2 C M be an open relatively compact set with smooth
boundary and u(t,z) the solution to the Cauchy problem for the heat equation on 2,
namely:

(O — A)u(t,x) =0, .V(t, 926) € (0,00) x M, (4.14)
u(0,-) = 1g, in L°(M,w),

where u(0,-) is a shorthand notation for the L?-limit of u(¢,z) as t — 0. We recall that,
by standard spectral theory, cf. Section 1.3, there exists a unique solution to (4.14), and
it can be represented as

u(t,z) = g (z), Vee M, t>0,

where e'®: L?(M,w) — L?*(M,w) denotes the heat semi-group, associated with A. More-
over, there exists a heat kernel associated with (4.14), i.e. a positive function p.(z,y) €
C*((0,400) x M x M), such that:

ult7) = [ pe)taldot) = [ pley)da).

Definition 4.2.1 (Relative heat content). Let u(¢, ) be the solution to (4.14). We define
the relative heat content, associated with €2, as

Hq(t) = /Qu(t,x)dw(a:), Vit >0.

Remark 4.2.2. If we consider, instead of €2, a set which is the closure of an open set,
then the Cauchy problem (4.14) has a unique solution and relative heat content is still
well-defined.

We recall here the following property of the solution to (4.14): it satisfies a weak
maximum principle, meaning that

0 <wu(t,x) <1, VeeQ, Vt > 0. (4.15)

This can be proven following the blueprint of the Riemannian proof (see [Gri09, Thm.
5.11]).

As in Chapter 2, we will assume that 02 has no characteristic points. We recall here
the definition.

Definition 4.2.3 (Characteristic point). We say that x € 09 is a characteristic point, or
tangency point, if the distribution is tangent to 9€) at x, that is

D, C T,,(9).

We will assume that 02 has no characteristic points. We say in this case that Q is a
non-characteristic domain.
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Chapter 4. Relative heat content asymptotics for sub-Riemannian manifolds

4.3 Small-time asymptotics of u(t,x) at the boundary

We prove here Theorem 4.1.3, regarding the zero-order asymptotics of u(t,-)|aq as
t— 0.

Theorem 4.3.1. Let M be a compact sub-Riemannian manifold, equipped with a smooth
measure w and let @ C M be an open subset, whose boundary is smooth and has no
characteristic points. Let x € 02 and consider a chart of privileged coordinates 1p: U —
V C R"™ centered at x, such that (U NQ) =V N{z > 0}. Then,

t—0

1
lim u(t, ) — / FE(0,2)do%(2) = =, Va €09,
{z1>0} 2

where & denotes the nilpotentization of w at x and pf denotes the heat kernel associated
with the nilpotent approximation of M at x and measure O°.

Remark 4.3.2. A chart of privileged coordinates, such that (U N Q) = VN {z > 0}
always exists, provided that 02 has no characteristic points. Indeed, in this case, there
exists a tubular neighborhood of the boundary, cf. Theorem 4.4.1, which is built through
the flow of V4§, namely

G: (=ro,r0) X 02 = Q5 Glt,q) = ¢V(q),

is a diffeomorphism such that G.0; = V§ and 6(G(t,q)) = t. Here §: M — R is the signed
distance function and Q% = {—ro < & < ro}, see Section 4.4.1 for precise definitions.
Therefore, choosing an adapted frame for the distribution at x, say {Z1,...,Z,} where
Zy = V9, we can define a set of privileged coordinates as in (1.22):

R™ 3 (21,...,2n) = €171 0222 0 ... 0 (1) = G(21, (22, . . ., Zn)). (4.16)

‘9(22»"-7271)

The resulting set of coordinates 1 satisfies 1,(Vd) = 0,, and, denoting by V' the neigh-
borhood of 0 in R™ where 1 is invertible, (U N Q) = {z; > 0} N V. Here, e*X(q) denotes
the flow of the vector field X, starting at ¢, evaluated at time s.

Proof of Theorem 4.5.1. Let pi(x,y) be the heat kernel of M, then we may write
ult.a) = [ pe)doty),  VoeM.
For a fixed x € M, denoting by U any relatively compact neighborhood of x, we have
uta)= [ e o)+ [ ne g

_ / pe(, y)dw(y) + O(t®),
UunQ

as t — 0. Indeed, since the heat kernel is exponentially decaying outside the diagonal,
cf. [JSC86, Prop. 3],

/ pr(x,y)dw(y) < w(Q\ U)C’Ue_CTU = O(t>), ast — 0. (4.17)
o\U

as t — 0. Now, for x € 09, fix the set of privileged coordinates 1: U — V C R", defined
as in the statement and assume without loss of generality that 0.(V) C V for any |e| <1,
where 0. is the dilation (1.23) of the nilpotent approximation of M. Also set

Ve=6(Vn{z1>0}), V<1
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when the limits exist, we have:

li t,x) =1 d =li d 4.1

timu(t,a) = Jim [ puley)do(y) = Jim [ pi(0,2)d(2) (4.18)
where, in the last equation, we are considering the expression of the heat kernel and the
measure in coordinates. We want to apply (1.30) at order 1 in &, so let us rephrase the
statement as follows: for any compact set K C V,

’5’910827(0, 0:(2)) = p-(0,2) + eR(e, 7, 2), as e — 0, (4.19)
where R is a smooth function such that

sup |R(e, 7, 2)| < C(r, K), (4.20)
e€[—1,1]
z€EK
with C(7, K) > 0. Notice that (4.20) is not uniform in 7, in the sense that 7 — C(7, K) can
explode as 7 — 0, in general. Moreover, without loss of generality and, up to restrictions
of U, we can assume that (4.20) holds globally on V. For a fixed parameter L > 1, we
set 7 =1/L and €2 = tL in (4.19), obtaining:

tLI92p(0,6 ;7 (2)) = p1/1.(0, 2) + VILR(VIL, 1/L, 2), ast — 0,

where the remainder R is bounded as ¢ — 0 on the compact sets of V', but with a constant
depending on L. Inserting the above expansion in (4.18), and writing the measure in
coordinates dw(z) = w(z)dz with w(:) € C*°(V}), we have:

u(t,z) = /V (0, ()i + O()

- / pt(07 Z)W(Z)dz + pt(oa Z)dw(z) + O(too)
Vi VI\V, i1
— /V1 |tL|Q/2pt(0,5\/t—L(z))w(6\/E(z))dz + Vl\vﬂpt(o,z)dw(z) + O(t™)
=/ (ﬁl/L(O,z) +VILR(WL,1/L, z))w(d vip(2))dz (4.21)
+ (0, z)dw(z) + O(t™)(4.22)
VI\V i1

where in the third equality we performed the change of variable z — ¢, / vit(#). Let us

discuss the terms appearing in (4.21) and (4.22). First of all, for any L > 1, by definition
of the nilpotentization of w given in (1.27), we get

timy | 1102006, () dz = /V B1y(0, 2)did(z).
1 1

t—0

Moreover, for a fixed L > 1, the integral of R is bounded as t — 0, therefore, using (4.20),

we have: ‘ ViL /V1 R(VIL,1/L,z)dw(z)

where C, > 0 is a constant depending on the fixed L. Secondly, by an upper Gaussian
bound for the heat kernel in compact sub-Riemannian manifold, [JSC86, Thm. 2], we
obtain the following estimate for (4.22):

<Cpvt,  Vt<i1,

Bd3p (0,2)
t

Cie™
tQ/2

(0, 2)dw(z) < /

/ dus(2), (4.23)
VI\V, i1
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where C1, 3 > 0 are positive constants. Now, by the Ball-Box Theorem [Jeal4, Thm.
2.1], the sub-Riemannian distance function at the origin is comparable with the sub-Rie-
mannian distance of M T denoted by d. In particular, there exists a constant ¢ > 0 such
that

d25(0,2) > c¢d?(0, 2), VzeV.
Since in (4.23) we are integrating over the set Vi \ V ;7 and d is 1-homogeneous with
respect to d., we conclude that

dig(0,2) > ctL,  VzeVi\ V.

Therefore the term (4.23) can be estimated as follows:

 Bd3g(0,2)
c 2 ~ c
/ pe(0, 2)dw(z) < Cre” e / %dw(z) < Ce~ B2L, (4.24)
VI\V,ir vt/

where C' > 0 is independent of ¢t and L. The last inequality in (4.24) follows from the fact
that, by a lower Gaussian bound for the heat kernel [JSC86, Thm. 4], there exists Cy > 0
such that

_ BdZR(0,2)

e 2t
| @) <6 | pi0.2), (4.25)

where £ > 0 depends on ¢. Then, thanks to the weak maximum principle, we conclude
that the integral (4.25) is bounded uniformly with respect to ¢ € [0, 00).
Therefore, for any L > 1, we obtain the following estimates for the limit of w:

limsup u(t, z) < / P1/1(0,2)do(2) + C'e_%,
t—0 Vi

(4.26)

liminf u(t, z) > / P1/0(0, 2)do(2) — Ce 5"
1

t—0

In order to evaluate the limits in (4.26), let us firstly notice that, since p enjoys upper
and lower Gaussian bounds (see for example [CdVHT20, App. C]), reasoning as we did
for (4.24), we can prove the following:

/ p1/0(0, 2)dis(z) = / P20, 2)do(z) + 0 (1), (4.27)
Vi {z1>0}
Secondly, thanks to (1.31) for p, we have the following parity property

ﬁt(O,Z) :ﬁt(o,(s_l(Z)), Vi>0, z € Rna

and, by the choice of privileged coordinates, 6_1({z1 > 0}) = {21 < 0}. Thus, using also
the stochastic completeness of the nilpotent approximation, we obtain for any ¢ > 0,

1 :/ (0, 2)dd(z) :/ (0, z)do(z) + (0, z)do(z)
n {z1>0} {z1<0}

=2 (0, 2)dw(z),
{z1>0}

having performed the change of variables z — d_1(z) in the last equality. Hence, the
integral in (4.27) is

1 /
. N 8L
/V1 P1/1(0,2)do(z) = 5 +0 (e ) .

Finally, we optimize the inequalities (4.26) with respect to L, taking L — oo and conclud-
ing the proof. O

Remark 4.3.3. In the non-compact case, if M is globally doubling and supports a global
Poincaré inequality, the proof above is still valid, cf. Theorem 4.7.3. Otherwise, a different
proof is needed, see Appendix D for details.
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4.4 First-order asymptotic expansion of Hg(t)

In this section, we introduce the technical tools that allow us to prove the first-order
asymptotic expansion of the relative heat content starting from Theorem 4.3.1. The new
ingredient is a definition of an operator I, which depends on the base set €.

4.4.1 A mean value lemma

Define 6: M — R to be the signed distance function from 0%, i.e.

Mx)::{&mcw zeil (4.28)

—Spalz) zeM\Q,

where 05 : M — [0,400) denotes the usual distance function from 9€2. Let us introduce
the following notation: for any a,b € R, with a < b, we set

Q={zreM]|a<dz)<b}, (4.29)

with the understanding that if b (or a) is omitted, it is assumed to be 400 (or —oo), for
example?

Q=0 ={zeM|r<dix)}

In the non-characteristic case, the existence of a tubular neighborhood, cf. Theorem 2.4.2,
can be extended without difficulties to the signed distance function. A proof of this result
can be found in Chapter 5, cf. Theorem 5.2.6.

Theorem 4.4.1 (Double-sided tubular neighborhood). Let M be a sub-Riemannian man-
ifold and let Q2 C M be an open relatively compact subset of M whose boundary is smooth
and has no characteristic points. Let § : M — R be the signed distance function from Of).
Then, we have:

i) 6 is Lipschitz with respect to the sub-Riemannian distance and ||Vé|ly <1 a.e.;

i) there exists ro > 0 such that §: Q"% — R is smooth;

iii) there exists a smooth diffeomorphism G : (—rg,rg) x O — Q™. such that

s
0(G(t,y)) =t and G0 = VG, V(t,y) € (—ro,r0) X O
Moreover, |[Vé|g =1 on Q7

—rg”

In particular, the following co-area formula for the signed distance function holds
‘a
/ v(x)dw(z) :/ / v(s,y)do(y)ds, Vr >0, (4.30)
Qr 0 Joa,

from which we deduce the sub-Riemannian mean value lemma, see Theorem 2.4.1 for a
proof.

Proposition 4.4.2. Let M be a compact sub-Riemannian manifold, equipped with a
smooth measure w, let 0 C M be an open subset of M with smooth boundary and no

4Notice that the set Qf‘;’; = M, thus omitting both indexes can create confusion. We will never do that
and € will always denote the starting subset of M.
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characteristic points and let §: M — R be the signed distance function from 0. Fiz a
smooth function v € C*°(M) and define

F(r)= / v(z)dw(z), Vr>0. (4.31)

r

Then there exists o > 0 such that the function F is smooth on [0,19) and, for 0 <r < ry:

Py = [ Av@do(@)+ [ vl)dive (v4(0) do (),

where v, is the outward-pointing unit normal to )., o is the induced measure on 0§2;.

Remark 4.4.3. If v € C2°(M), then neither M nor {2 is required to be compact for Propo-
sition 4.4.2 to be true, indeed its proof relies on (4.30), which continues to hold, and the
divergence theorem (1.13), which applies if supp(v) is compact. Moreover, we remark that
vy is equal to V4 up to sign. We prefer to keep v, in (4.31), since we are going to apply
it when the integral is performed over €2, or its complement.

If we choose the function v in the definition of F' to be 1—u(t, x), where u(t,-) = ¢ 1gq,
then, F' satisfies a non-homogeneous one-dimensional heat equation.

Corollary 4.4.4. Under the hypotheses of Proposition 4.4.2, the function

F(t,r) = / \ (1 —u(t,z)) dw(z), Vt>0, r>0, (4.32)

where u(t,x) = e®1qg(x), satisfies the following non-homogeneous one-dimensional heat
equation:

(0 — O2)F(t,r) = — / (1—u(t, ) divo(w)do,  t>0, rel0r),  (4.33)
oy

where v, is the outward-pointing unit normal to ., o is the induced measure on 082;.

Corollary 4.4.4 holds only for r < rg, however we would like to extend it to the whole
positive half-line, in order to apply a Duhamel’s principle. This can be done up to an
error which is exponentially small.

4.4.2 Localization principle

Proposition 4.4.5. Let M be a compact sub-Riemannian manifold, equipped with a
smooth measure w, and let Q@ C M be an open subset of M, with smooth boundary. More-
over, let K C M be a closed set such that K NOQ = 0. Then

Lo(x) — u(t,z) = O(t™), uniformly for x € K,
where u(t,r) = e g(x).

Proof. The statement is a direct consequence of the off-diagonal estimate for the heat
kernel in compact sub-Riemannian manifold (see [JSC86, Prop. 3]):

pi(z,y) < CoeCal?, Vz,y with d(z,y) >a, t<1, (4.34)

for suitable constants Cy,c, > 0, depending only on a. Now, since K N9 = (), we can
write K as a disjoint union

K=KiUKy with K7 C Q, KQCM\Q.
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At this point, for i = 1,2, set a; = dgg (K;,92) > 0 by hypothesis, and let € K;. Then,
using the stochastic completeness of M, we have:
o)~ ut, )| = 1= ult,) = [ pulep)de(y) < Cre V(M Q). (4.3))
M\Q

which is exponentially decaying, uniformly in K;. Analogously, if x € Ky, we have

La(@) = ult,o) = u(t.2) = [ pey)la@de() = [ pla.y)dely) < Coe /().
uniformly in K. O

Remark 4.4.6. In the non-compact case, Proposition 4.4.5 may fail. Indeed, on the one
hand the off-diagonal estimate (4.34) is not always available, on the other hand the measure
of M\ © appearing in (4.35) is infinite. Under additional assumption on M, we are able
to recover a localization principle, see Section 4.7.

Let M be compact. Thanks to Proposition 4.4.5, we can extend the function F' defined
in (4.32), to a solution to a non-homogeneous heat equation such as (4.33) on the whole
half-line. More precisely, let ¢,n € C°(M) such that

¢+n=1  supp(¢) CQ°,,  supp(n) C QATFUQ, ), (4.36)

where rg is defined in Proposition 4.4.2. We have then, for r € [0, ),
F(t,r) = /Q (1 —u(t,z)) ¢(x)dw(x) -i-/Q (1 —u(t,x)) n(x)dw(x)
= /Q (1 —u(t,z)) ¢(z)dw(z) + (1 —u(t,z)) n(z)dw(z)

r supp(n)N2r
_ /Q (1 — u(t, 2)) p(@)dw(x) + O(t™), (4.37)

where we used Proposition 4.4.5 to deal with the second term, having set K = supp(n)N<,.
For this reason, we may focus on the first term in (4.37).

Definition 4.4.7. For all ¢ > 0 and r > 0, we define the one-parameter families of
operators Ig and Ag, associated with © and acting on the space C°(Q"°. ), by

logltr) = [ (1= u(t.2)) 6(@)d().

T

AQ¢(t7r) = *aTIqu(taT) == /Q (1 - u(t)y)) ¢(y)da(y)7

T

for any ¢ € C2°(Q",), and where o denotes the induced measure on 09, and u(t,-) =
€tA]lQ(').

Lemma 4.4.8. Let L = 0, — 0 be the one-dimensional heat operator. Then, for any

¢ € C(Q5,,),
L (Iqp(t,r)) = InA¢(t,r) — AqNo(t,r), vt>0, r>Q0,
where N, is the operator defined by:
Ny = 29 (Vo,00) + bdiv(iy), Ve € C2(M), (4.38)
and vy is the outward-pointing unit normal to €.

Thanks to the localization principle, we can improve Corollary 4.4.4, obtaining the
following result for I¢(t,r).

Corollary 4.4.9. For any ¢ € C>(Q°. ), the function Ig¢(t,r), cf. Definition 4.4.7,

—ro
satisfies the non-homogeneous one-dimensional heat equation on the half-line:

(0r — 02 Iqo(t,r) = IgAg(t,7) — Ao N, b(t, 1), Vi>0, r>0.
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Chapter 4. Relative heat content asymptotics for sub-Riemannian manifolds

4.4.3 Duhamel’s principle for /¢

We recall for the convenience of the reader a one-dimensional version of the Duhamel’s
principle, see Lemma 2.5.4 for a proof.

Lemma 4.4.10 (Duhamel’s principle). Let f € C((0,00) x [0,00)), vg,v1 € C([0,00)),
such that f(t,-) and v are compactly supported and assume that

. >0
Elig%f(t,r), Vr >0

Consider the non-homogeneous heat equation on the half-line:

Lo(t,r) = f(t,r), fort >0, r>0,
v(0,7) = vo(r), forr >0, (4.39)
Orv(t,0) = vy (t), fort >0,

where L = 0y — 82. Then, for t > 0, the solution to (4.39) is given by

v(t,r):/o e(t,r, s)vo(s) ds+/ / —7,1,8)f(7,s)dsdr
— /Dt e(t —7,7,0)v1(T)dr, (4.40)

where e(t,r, s) is the Neumann heat kernel on the half-line, that is

e(t,r,s) = (e’(’"*s)g/“ - e’(’"JrS)Q/‘“) :

1
VAt
Finally, we apply Lemma 4.4.10 to obtain an asymptotic equality for In¢. The main
difference with Theorem 2.5.6 is that the former will not be a true first-order asymptotic
expansion.

Corollary 4.4.11. Let M be a compact sub-Riemannian manifold, equipped with a smooth
measure w, and let Q& C M be an open subset whose boundary is smooth and has no
characteristic points. Then, for any function ¢ € C(Q°, ),

—7Q

00 = = [ [ (1= () o)t - 7) ear + O),

as t — 0, where u(t,-) = e 1g(-).

Proof. By Corollary 4.4.9, the function Ig¢(t,r) satisfies the following Neumann problem
on the half-line:

Ligo(t,r) = f(t,r), fort >0, r >0,
Iao(0,7) =0, for r > 0,
Orlqop(t,0) = —Aqo(t,0), for t > 0,

where the source is given by Lemma 4.4.8, i.e. f(t,7) = IgA¢(t,r) — AgN,p(t,r). Thus,
applying Duhamel’s formula (4.40), we have:

t pr+oo t 1
Ino(t,0) :/0 /0 e(t—7,0,8)f(r,s)dsdr + — f M ———Aqo(t,0)dr

Since the source is uniformly bounded by the weak maximum principle (4.15), the first
integral is a remainder of order ¢, as t — 0, concluding the proof. 0

Remark 4.4.12. We mention that a relevant role in the sequel will be played by the oper-
ators Iq, cf. Definition 4.4.7, associated with either Q or its complement €.

70
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4.4.4 First-order asymptotics

In this section we prove the first-order asymptotic expansion of Hg(t), cf. Theorem 4.1.1
at order 1. We will use Corollary 4.4.11, for the inside contribution:

T6(t,r) = / (1 - u(t,z)) $(x)dw(z), Vt>0, r>0, (4.41)

r

for any ¢ € C2°(Q",), and where o denotes the induced measure on 09, and u(t,-) =

et 1g(-) is the solution to (4.14). The quantity (4.41) is just Definition 4.4.7, applied with
base set {} C M.

Theorem 4.4.13. Let M be a compact sub-Riemannian manifold, equipped with a smooth
measure w, and let Q& C M be an open subset whose boundary is smooth and has no
characteristic points. Then,

Hq(t) = w(Q) — L(;’(@Q)tl/2 +O(t), ast— 0.

3

Proof. Let ¢ € C2°(Q, ) be as in (4.36), namely

0<op <1, and p=1 in QTT/OQ/Q.
Then, by the localization principle, cf. (4.37), we have that
w() — Ho(t) = I9(t,0) + O(t™), ast — 0. (4.42)

Applying Corollary 4.4.11, we have:

T6(1,0) = \/17? /0 t /a (U= u(ry) 6o ()t =)+ O, ast—0. (443)

Thus, to infer the first-order term of the asymptotic expansion we have to compute the
following limit:

=y T [ 0= otot)c—n . (1)

Firstly, by the change of variable in the integral 7 +— t7, we rewrite the argument of the
limit (4.44) as

lim
t—0

\/177 /01 /BQ (1= u(tr,y)) $(y)do(y) (1 — 7) "/ *dr.

Secondly, we apply the dominated convergence theorem. Indeed, on the one hand, by
Theorem 4.3.1 we have point-wise convergence

(1= ulim ) o) =% Joly),  Vyeon, re (1),

and on the other hand, by the maximum principle

‘/ (1 —ultry)) d(y)do(y) (L — )71/ < / [¢ldo(1— 7)1 € L'(0,1),
o0 o0

for any t > 0. Therefore, we finally obtain that:

t
I6(t,0) =/ = | ¢(y)da(y) +o(t'/?),  ast—0.
™ JoQ
Recalling that ¢po = 1, we conclude the proof. O

Remark 4.4.14. The above technique used to evaluate the first-order coefficient causes
a loss of precision in the remainder, with respect to the expression (4.43), where the
remainder is O(t). This loss comes from the application of Theorem 4.3.1, which does not
contain any remainder estimate.
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4.5 Higher-order asymptotic expansion of Hq(t)

We iterate Duhamel’s formula (4.40) for the inside contribution to study the higher-
order asymptotics of Hq(t). We obtain the following expression for I¢, at order 3:

o0 f/ o0 = i Ddte =) 2dr
77_(./0 /0 /89(1 —u(’f',-))N(de'((T—'f—)(t_7-))—1/2d7cd7_+0(t3/2)7 (445)

where u(t, ) = e!®1q(-) denotes the solution to (4.14) and N is the operator acting on
smooth functions defined by

No¢ =2g(Ve,V8) + ¢AS, Ve C®(M), (4.46)

with 6: M — R the signed distance function from 0f2. The computations for deriving
(4.45) are technical. We refer to Appendix E for further details, and in particular to
Lemma B.0.6.

Motivated by (4.45), we introduce the following functional.

Definition 4.5.1. Let M be a sub-Riemannian manifold, equipped with a smooth mea-
sure w, let 2 C M be a relatively compact subset with smooth boundary and let v €
C*((0,+00) x M). Define the functional G,, for any ¢ € C°(Q°, ) as

—-ro

_\-1/2
Guld 2\F/ /69 Dedo(t — )~/ =dr, vVt >0, (4.47)

where o is the sub-Riemannian induced measure on 0f2.

Notice that the functional G, is linear with respect to the subscript function v, by
linearity of the integral. Moreover, when the function v is chosen to be the solution to

(4.14), we easily obtain the following corollary of Theorem 4.3.1, which is just a rewording
of (4.44).

Corollary 4.5.2. Let M be a compact sub-Riemannian manifold, equipped with a smooth
measure w, and let Q@ C M be an open subset whose boundary is smooth and has no
characteristic points. Let ¢ € C°(Q2°, ), then,

)

1

- 1/2 1/2
N o(y)do(y)t /' + o(t'/4), ast— 0.

Gulol(t) =

Then, we can rewrite (4.45) in a compact notation:
¢
16(t,0) = 2G1_u[6](t) + ;7? /0 G1-u[N¢|(t)do(t — 1)/ 2dr + O(*?). (4.48)

However, on the one hand, the application of Corollary 4.5.2 to (4.45) does not give
any new information on the asymptotics of Hq(t), as the first term produces an error of
o(tl/ 2). On the other hand, it is clear the an asymptotic series of G, is enough to deduce
the small-time expansion of Hq(t).
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4.5.1 The outside contribution and an asymptotic series for G,[¢]

In this section, we deduce an asymptotic series, at order 3, of G,[¢](t) as t — 0. This is
done exploiting the fact that the diffusion of heat is not confined in €2, and as a result we
can define an outside contribution, namely the quantity obtained from Definition 4.4.7,
applied with base set Q¢ C M:

I°6(t,r) = / (1 ul(t,2)) p(x)dw(z), Vt>0, r>0, (4.49)
(829)r

for any ¢ € C2°(Q", ), and where o denotes the induced measure on 9(2°),. and u°(t, z) =

em]ch( ).  We remark that, since © and its complement share the boundary, then

()15, = 2

el
It is convenient to introduce (4.49), because it turns out that the quantity I¢ — I°¢,
where ¢ is the inside contribution (4.41), has an explicit asymptotic series in integer

powers of .

Proposition 4.5.3. Let M be a compact sub-Riemannian manifold, equipped with a

smooth measure w, and let Q@ C M be an open subset with smooth boundary. Let ¢ €
C(Q™, ), then, for any k € N,

"
k

I6(t,0) — I°¢(t,0) = > ai(¢)t' + O™, ast— 0, (4.50)
i=1

where

ai(¢) :/BQg(V(Ai—lqs),va)da, fori > 1.

Proof. Recall that in the definition of the outside contribution (4.49), the integrand func-
tion involves u¢(t, ) = e**1qec(z). Since M is compact, and hence stochastically complete,
we have:

1—ul(t,z) = e®1(x) — ePlge(x) = u(t, z), Vt>0, zelM,

having used the point-wise equality 1 — 1ge = 1q in M \ 9€2. Therefore, we can write the
difference 1¢(t,0) — I¢¢(t,0) as follows:

16(,0) = 1(6,0) = [ (1= u(t, ) oo~ [ (1= u(t,) o

—/ (1 —u(t qbdw—/gcu(t,~)¢dw
- /Q () deo() — /Mu(t,x)qé(:z:)dw(m). (4.51)

Since u(t, x) is the solution to (4.14), the function (4.51) is smooth as t € [0, 00). Indeed,
the smoothness in the open interval is guaranteed by hypoellipticity of the sub-Laplacian.
At t = 0, the divergence theorem, together with the fact that ¢ has compact support in
M, implies that

01 ([ att.o)s@n@)) = [ 0 (ult,2)o(w) dota) = [ Au(t,)(w)do(a)
= [ ut.o)Ag(adu(@) =5 [ Ao

The previous limit shows that (4.51) is smooth at ¢ = 0, and also that its asymptotic
expansion at order k, as t — 0, coincides with its k-th Taylor polynomial at ¢ = 0. Finally,
we recover (4.50), applying once again the divergence theorem:

/ Al = / J(V(AT1), v)do = — / 9(V(A16), V) do
Q 15)9) [2)9]
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Chapter 4. Relative heat content asymptotics for sub-Riemannian manifolds

where we recall that v = —V§ is the outward-pointing normal vector to 2 at its boundary.
O

Applying the (iterated) Duhamel’s principle (4.40) to the difference I¢p — I°p, we are
able to obtain relevant information on the functional G,,.

Theorem 4.5.4. Let M be a compact sub-Riemannian manifold, equipped with a smooth
measure w, and let Q@ C M be an open subset whose boundary is smooth and has no
characteristic points. Then, for any ¢ € C(Q°, ),

ro
1

Gulo)(t) = 2 /7 Joa

1
Gdot!/? + - /8 _oAsdat+ ot (4.52)

ast — 0.

Proof. Let us study the difference of the inside and outside contributions I¢(t,0)—I¢4(t,0):
on the one hand, we have an iterated Duhamel’s principle, cf. Lemma E.0.6, which we
report here:

1
(16— 1) (1,0) = 261-2,06)(6) + 5 | Nodot (4.53)

1 t T _ R
o [ ] GalN2IE) (7 = )t = 1) 2 dar

m™Jo Jo

1 t

— 1—2u(r,-)) (4A — N? —7)l/2 2
tam |, (207 0) 48— N*)odo(t =) 2dr + O(#),
where we recall that N is the operator acting on smooth functions defined by

N¢ =2g(Vo, Vi) + ¢AS, Vo e C(M).

Using Corollary 4.5.2 and the linearity of G, with respect to v, we know that
Gro2u[g](t) = o(t'/?),  ast—0, Y¢eCrQr,). (4.54)

—70

In addition, an application of Theorem 4.3.1 and dominated convergence theorem implies
that

/t/ (1= 2u(r, ) (4A — N2)odo(t — )/ 2dr = o(t¥?)  ast — 0. (4.55)
0 JoQ
Thus, using (4.54) and (4.55), we can improve (4.53), obtaining
Io(t,0) — I°(t,0) = 2G1_24[0](t) + % / Nodot + o(t3/?). (4.56)
o0

On the other hand, the quantity I¢(t,0) — I°p(t,0) has a complete asymptotic series by
Proposition 4.5.3, which at order 3 becomes:

16(t,0) — I¢(t,0) = / 9(Vo, V) dot + o(t*?),  ast — 0. (4.57)
oN

Comparing (4.56) and (4.57), we deduce that, as t — 0,

1
2G1-2[0(6) =~ | Nodot+o(t¥?) + | (V6. V0)dot + o(t*?)
2 Joo o0
= —1/ Aot + o(t?/?).

2 Joa

Finally, using the linearity of the functional G,[¢] with respect to v, we conclude the
proof. O
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Remark 4.5.5. The asymptotics (4.52) for the functional G, [¢](t) is the best result that
we are able to achieve. In the expression (4.53), the problematic term is given by (4.55),
ie.

/t/ (1 —2u(r,-)) (4A — N*)¢do(t — )"/ ?dr,
0 Joa

which can not be expressed in terms of G,, hence the only relevant information is given
by Theorem 4.3.1. In conclusion, we can not repeat the strategy of the proof of Theorem
4.5.4, replacing the series of G, at order 3 in (4.53) to deduce the higher-order terms.

4.5.2 Fourth-order asymptotics

In this section we prove Theorem 4.1.1. We recall here the statement.

Theorem 4.5.6. Let M be a compact sub-Riemannian manifold, equipped with a smooth
measure w, and let Q@ C M be an open subset whose boundary is smooth and has no
characteristic points. Then, ast — 0,

1
Ho(t) = w(Q) — o)z - 1+ 2 AS)) — (AS)2 3/2 2y
lt) = w(@) = —zo (O — 55z || (20(V6 V(A8)) = (80)?) dot*” +o(?)

Before giving the proof of the theorem, let us comment on its strategy. Recall that,
on the one hand, for a cutoff function ¢ € C2°(27, ) which is identically 1 close to 952,
cf. (4.36), the localization principle (4.42) holds, namely

w(Q) — Ho(t) = I6(t,0) + O(t™®),  ast — 0. (4.58)

Moreover, by the iterated Duhamel’s principle for I¢(t,0), cf. Lemma B.0.6, we can deduce
expression (4.48), namely

16(t,0) = 2G1_u[6](t) + ¢17T /ot G1ou[N¢|(t)do(t — 1)/ 2dr + O(*?). (4.59)

On the other hand, we have an asymptotic series of the functional G, at order 3, cf.
Theorem 4.3.1. Therefore, if we naively insert this series in (4.59), we can obtain, at most,
a third-order asymptotic expansion of the relative heat content Hq(t), whereas we are
interested in the fourth-order expansion.

Using the outside contribution, we are able to overcome this difficulty. In particular,
applying Proposition 4.5.3, for a function ¢ € C°(Q", ) which is identically 1 close to
012, we have the following asymptotic relation:

I6(t,0) = I°6(t,0) + O(t®),  ast— 0. (4.60)

Notice that (4.60) is a direct consequence of Proposition 4.5.3 since all the coefficients of
the expansion vanish. Therefore, thanks to (4.60), we can rephrase (4.58) as follows:

W(Q) — Holt) = % (I6(,0) + I°6(1,0)) + O(t®),  as t — 0. (4.61)

The advantage of (4.61) is that we can now apply the iterated Dirichlet principle for the
sum I¢p + I°¢, cf. Lemma E.0.7. Already at order 3, we obtain

(I + 1) (¢ / ddot!/? + \/17?/0 G1o0u[NG)(7)(t — 1) 2dr + O(t*/62)

where N is the operator defined in (4.46). As we can see, in (4.62), the functional G,
occurs for the first time in the second iteration of the Duhamel’s principle, as opposed to
the expansion for I¢, where it appeared already in the first application, cf. (4.59). Hence
we gain an order with respect to the asymptotic series of G,. More generally, if we were
able to develop the k-th order asymptotics for G,, this would imply the (k + 1)-th order
expansion for Hq(t).
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Proof of Theorem 4.5.6. Following the discussion above, it is enough to expand the sum
Ip+ I, with ¢ € C°(Q'°, ). For this quantity, Lemma E.0.7 holds, namely we have the

“ro
following iterated version of Duhamel’s principle:

(I + I°¢) (t,0) = j% /8 odot'l? + ;7? /O G sl NOI(P)(t - 1) dr (4.63)

1
i AA + N2 pdot3/?
+ N 8Q( + N*)opdo

i Flw AtAT/OTgl—zu[N 59)(s) (7 = s)(r = 7)(t = 7))~ Pdsdrdr
! 45% /0 Gro2ul(BNA — N* —2AN)¢)(r) (¢ —7)'/2dr + O(t*"%),

where N is defined in (4.46). Moreover, recall that by Theorem 4.5.4, the functional
G1-24[¢] has the following expansion for any ¢ € C°(Q™°, ):

—7Q

Gi—24[0](t) = —i /89 pAddot + o(t3/?), ast — 0.

Thus, replacing the above expansion in (4.63), we obtain for any ¢ € C2°(Q™°, ),

—-7r0

I(t,0) + I°¢(t,0) = — |  ¢dot'/? —

2
NoASsd )t3/2
VT Jaa ( $A0dg

1

3vm \Joq

L1
67 Joo

In particular, if we choose ¢ € C2°(Q2"°, ) such that ¢ = 1 close to 0€2, then on the one
hand, from (4.64), we obtain, as t — 0,

(4A 4+ NH)pdot®? + o(t?). (4.64)

T6(t,0) + I°¢(t,0) = \/27?0(89)151/2

s [ (20(98,9(86) — (267) o2 + o().

On the other hand, the asymptotic relation (4.61) holds. This concludes the proof. O

Third-order vs fourth-order asymptotics. We stress that we could have obtained
the third-order asymptotic expansion of Hgq(t) without introducing the sum of the inside
and outside contributions I¢ + I°¢, and only using the Duhamel’s principle for ¢, cf.
Lemma B.0.6, and the asymptotic series for G,, cf. Theorem 4.5.4. However, for the
improvement to the fourth-order asymptotics, the argument of the sum of contributions
seems necessary.

4.5.3 The weighted relative heat content

Theorem 4.5.6 holds for any function ¢ € C°(€2", ) regardless of its value at the bound-
ary of 0€2. Indeed, we can prove a slightly more general result which we state here for

completeness.

Proposition 4.5.7. Let M be a compact sub-Riemannian manifold, equipped with a
smooth measure w, and let Q@ C M be an open subset whose boundary is smooth and has
no characteristic points. Let x € C°(M) and define the weighted relative heat content

HX(1) :/Qu(t,a;)x(a:)dw(a:), Vi > 0.
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4.6. An alternative approach using the heat kernel asymptotics

Then, ast — 0,

1 1
HX :/ o / 1/2_7/
alt) = | xdw NG |, Xdot 3 oo 9(Vx, Vé)dot
— 1 2 _ 1 3/2
(12ﬁ/89(4A+N Yxdo N 89(N><)A5da)t

— 5 [ o(V(8), V8ot + o)

Proof. Let us consider a cutoff function ¢ as in (4.36). Then, applying the usual localiza-
tion argument, cf. (4.37), we have:

| x@)diot@) = H(0) = 1ix(6.0) + O@),  ast =0,

where now the function ¢y € C(Q7, ) and ¢x = x close to 0Q.
As we did in the proof of Theorem 4.5.6, we relate HJ(t) with the sum of contributions.

Applying Proposition 4.5.3, we have the following asymptotic relation at order 4:

116 (,0) — I°[px](1, 0) = /a (VX Va)dat + /a _9(V (&%), V)dat® +oft),

as t — 0, having used the fact that ¢x = x close to 2. Notice that this relation coincides
with (4.60) when x = 1 close to 9. Thus, we obtain

[ @)oo — H3(6) = 5 (Tox2.0) + (6] 8,0)

—I-/ 9(Vx, Vd)dot —I—/ g(V(Ax), Vé)dot? + o(t?), ast — 0.
o0 o0

Finally, applying (4.64) for I[¢x](t,0) + I¢[¢x](t,0), we conclude. O

Remark 4.5.8. We compare the coeflicients of the expansions of Hq(t) and Qq(t), defined
in (4.6), respectively. On the one hand, by the results obtained in Chapter 2, and in
particular Proposition 2.1.2, the k-th coefficient of the expansion of Qq(t) is of the form

- Dk(X)dU’ VX € CSO(M)7
o0
where Dy, is a differential operator acting on C2°(M) and belonging to spang{A, N} as
algebra of operators. On the other hand, Proposition 4.5.7 shows that this is no longer
true for the third coefficient of the expansion of Hq(t), as we need to add the operator
multiplication by AJ.

4.6 An alternative approach using the heat kernel asymp-
totics

As we can see by a first application of Duhamel’s principle, cf. (4.10), and its iterations,
the small-time asymptotics of u(t, -)|sq, together with uniform estimates on the remainder
with respect to x € 912, would be enough to determine the asymptotic expansion of the
relative heat content, at any order.
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Chapter 4. Relative heat content asymptotics for sub-Riemannian manifolds

In Theorem 4.3.1, we studied the zero-order asymptotics of u(¢,-)|sqn. The technique
used for its proof does not work at higher-order, since the exponential remainder term in
(4.26) would be unbounded as ¢ — 0. In this section, we comment how such an higher-
order asymptotics of u(t,)|sq can be obtained exploiting the asymptotic formula for the
heat kernel proved in [CAVHT20, Thm. A].

Let M be a compact sub-Riemannian manifold and €2 C M an open subset with
smooth boundary. For z € 0%, let us consider ¢ = (z1,...,2,): U — V a chart of
privileged coordinates centered at x, with U a relatively compact set. Since the heat
kernel is exponentially decaying outside the diagonal, cf. (4.17),

u(t,r) = | pi(z,y)dw(y) = pe(z,y)dw(y) + O(t™)
/Q /””U (4.65)
- /V1 p(0, 2)dw(z) + O(t>),

where V1 = ¢(U NQ), and we denote with the same symbols w and p;(0, z) the coordinate
expression of the measure and heat kernel, respectively. For example, if € 0 is non-
characteristic, we may choose ¢ as in (4.16), then V; = VN{z; > 0}. Recall the asymptotic
expansion of the heat kernel of Theorem 1.4.5, evaluated in (0, z): for any m € N and
compact set K C (0,00) x V,

|e|9p.2,(0,0:(2)) = pr(0, 2) + ZEifi(T, 0,z) + o(lel™), as € — 0, (4.66)
i=0

uniformly as (7,2) € K, where Q, p and f;’s are defined in Section 1.4. We will omit the
dependance on the center of the privileged coordinates z, it being fixed for the moment.
At this point, we would like to integrate (4.66) to get information of u(t,x) as t — 0.
Proceeding formally, let us choose the parameters ¢, 7 in (4.66) such that:

@ 1
e2r =t, € = t2at1, T = t2a41, (4.67)
for some « > 0 to be fixed. For convenience of notation, set
VS:(SS(Vl) Vs e [—1,1],

then, split the integral over V; in (4.65) in two, so that the first one is computed on V.
and the second one is computed on its complement in Vi, i.e. V; \ V.. Notice that, by
usual off-diagonal estimates, see [JSC86, Prop. 3] and our choice of the parameter ¢ as in
(4.67), the following is a remainder term, independently of the value of «:

&2
/ pe(0, 2)dw(z) = O (e_ﬁt> = O(t™), ast — 0.
Vi\Ve

Thus, writing the measure in coordinates dw(z) = w(z)dz with w(-) € C*°(V}), we have,
ast — 0,

ult,z) = /V pe(0, 2)w(2)dz + O(t®) = / @p_a (0, 6.(2))w(6(2))dz + O(t>)

\%1
m—1 )
- [ (@(0, D+ Y €ilr,0,2) + " Rnle, z>> w(0.(:))dz + O(), (4.69)
Vi i=0
where R, is a smooth function on [—1,1] x (0,00) x R"™, such that
sup |Rp(e,7,2)| < Cp(1, K), (4.69)
e€[—1,1]
zeK
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for any compact set K C R", according to (4.66). Up to restricting the domain of privileged
coordinates U, we can assume that (4.69) holds on V. By our choices (4.67), we would
like the following term

mo /
t2a+1
Vi
m

to be an error term of order greater than T_l, as t — 0. Thus, assume for the moment

that VK C V compact and Vm € N, 3¢ = {(m, K) € N and Cy,,(K) > 0 such that

Roy (47557 7577, 2) | (8 ey (2) )2 (4.70)

Cm(K)
T

sup |Rp(e,7,2)| < V7 e (0,1). (H)

e€[—1,1] T
zeEK

Thanks to assumption (H), choosing a large enough, we see that (4.70) is a o(tmTfl).
Performing the change of variables z — ¢,/ 7(z) in (4.68), and exploiting the homogeneity
properties of p and f;, namely (1.31), we finally obtain the following expression for u as
t—0:

m—1
u(t,z) = / (ﬁl(o, z) + Z ti/zai(z)> w(0,5(2))dz + o(tmT_l), (4.71)
Vi—1/(2(2a+1)) i—0

having set a;(z) = fi(1,0,z), for all i € N. Therefore, we find an asymptotic expansion
of u(t,z) under assumption (H), which is crucial to overcome the fact that (4.66) is
formulated on an asymptotic neighborhood of the diagonal, and not uniformly as 7 — 0.
It is likely® that (H) can be proven in the nilpotent case, and more generally when the
ambient manifold is M = R"™ and the generating family of the sub-Riemannian structure,
{X1,..., Xy} satisfies the uniform Hérmander polynomial condition, see [CdVHT20, App.
B| for details. Although this strategy could be used to prove the existence of an asymptotic
expansion of Hq(t), we refrain to go in this directions since two technical difficulties would
arise nonetheless:

o Uniformity of the expansion of u(t,x) with respect to x € 0f). In the non-equiregular
case, cf. Section 1.4 for details, the expansion (4.66) is not uniform as x varies in
compact subsets of M, hence the same would be true for the expansion (4.71).

o Computations of the coefficients. The coefficients appearing in (4.71) depend on the
nilpotent approximation at x € 02 and are not clearly related to the invariants of
9.

Our strategy avoids almost completely the knowledge of the small-time asymptotics of
u(t,)sq, it being based on an asymptotic series of the auxiliary functional G,. Moreover,
we stress that our method to prove the asymptotics of Hq(t) up to order 4, cf. Theorem
4.1.1, holds for any sub-Riemannian manifold, including also the non-equiregular ones.

Remark 4.6.1. In order to pass from (4.71) to the asymptotic expansion of Hq(t), we
would use Duhamel’s formula, which holds under the non-characteristic assumption. This
means that, even though (4.66) of course is true even in presence of characteristic points,
we can’t say much about the asymptotics of Hq(t) in the general case.

5Personal communication by Yves Colin de Verdiére, Luc Hillairet and Emmanuel Trélat.
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4.7 The non-compact case

In the non-compact case, we have the following difficulties:
e The localization principle, cf. Proposition 4.4.5, may fail.

o Setu(t,z) = e®lg(z) and ue(t, x) = e®1qe(z). If the manifold is not stochastically
complete, the relation u(t,z) 4+ u®(t,z) = 1 does not hold.

e The Gaussian bounds for the heat kernel and its time-derivatives, a la Jerison and
Sanchez-Calle [JSC86, Thm. 3], may not hold, thus Lemma E.0.2 may not be true.

Definition 4.7.1. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w. We say that (M, w) is (globally) doubling if there exist constants Cp > 0 such that:

V(Qj‘,2p) < CDV($,p), VP > 07 T e M7

where V(z, p) = w(B,(x)). We say that (M,w) satisfies a (global) weak Poincaré inequality,
if there exist constants C'p > 0 such that,

L= tfePdo<Co® [ VIR, >0, ae .
By () Bap(z)

for any smooth function f € C*>°(M). Here f;, = ﬁp) pr(z) fdw. We refer to these
properties as local whenever they hold for any p < po.

Remark 4.7.2. If M is a sub-Riemannian manifold, equipped with a smooth globally dou-
bling measure w, then it is stochastically complete, namely

/ pe(x,y)dw(y) =1, Vt>0, e M.
M

This is a straightforward consequence of the characterization given by [Stu96, Thm. 4] on
the volume growth of balls.

Theorem 4.7.3. Let M be a complete sub-Riemannian manifold, equipped with a smooth
measure w. Assume that (M,w) is globally doubling and satisfies a global weak Poincaré
inequality. Then, there exist constants Cy,cr > 0, for any integer k > 0, depending only
on Cp,Cp, such that, for any x,y € M and t > 0,

Cpt™F d2p, (z,
0F pe(, )| < mexp <_SRc(kty)> , (4.72)

where we recall V (z,v/t) = w(B s (x)).
In addition, there exists constants Cyp,cy > 0, depending only on Cp,Cp, such that,
forany x,y € M andt > 0,

2 x
pi(z,y) > V(fg\[t)exp (—dSR(’y)> . (4.73)

cot

Proof. Following the notations of [Stu96], one can easily verify that
E(u,v) = / 2H (du, dv)dw, Vu,v e CF(M),
M

where H is the sub-Riemannian Hamiltonian (1.8) viewed as a bilinear form on fibers,
defines a strongly local Dirichlet form with domain dom(€) = C2°(M). Notice that the
Friedrichs extension of £ is exactly the sub-Laplacian, moreover, the intrinsic metric

dr(z,y) = sup{|u(z) — u(y)| s.t. v e CZ(M), |2H (du,du)| < 1}, Vo, y € M.
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coincides with the usual sub-Riemannian distance, as [2H (du, du)| = ||Vul|?, cf.

[BBS16, Ch. 2, Prop. 12.4]. Thus, £ is also strongly regular and, by our assumptions on
(M,w), [SC92, Thm. 4.3] holds true, proving (4.72). For the Gaussian lower bound (4.73),
it is enough to apply [Stu96, Cor. 4.10], cf. also [SC92, Thm. 4.2]. This concludes the
proof. O

Remark 4.7.4. Theorem 4.7.3 ensures that the time-derivatives of the heat kernel satisfy
Gaussian bounds, which are sufficient to prove Lemma E.0.2 in the non-compact case. This
lemma is crucial to obtain the asymptotics expansion of Hq(t) at order strictly greater
than 1.

We prove now the non-compact analogue of Proposition 4.4.5.

Corollary 4.7.5. Under the assumptions of Theorem 4.7.3, let & C M be an open and

bounded subset with smooth boundary. Then, for any K C M compact subset of M such
that K N0 = 0, we have:

1o(x) —u(t,z) = O(t>), ast — 0, wuniformly for x € K,
where u(t, x) = e®q(z) is the solution to (4.14).

Proof. Let us assume that K C € such that K N9 = (). The other part of the statement
can be done similarly.
Since M is stochastically complete, cf. Remark 4.7.2, for any x € K, we can write:

Lo(x) —u(t,z) =1 —ePlg(z) = e 1(z) — ePlg(z) = /M\Q pe(x,y)dw(y).

Thanks to Theorem 4.7.3, we can apply (4.72) for k = 0 obtaining

CO d2 (x,y)
/M\Q pe(z,y)dw(y) < /M\Q Vv P (—SRCO : > ,

for suitable constants Cj, ¢y > 0 not depending on z,y € M, t > 0. Now, fix L > 1: since
K C Q and is well-separated from 92, we deduce there exists a = a(K) > 0 such that
dsr(z,y) > a for any x € K, y € M \ 2, and so

CO _d% ('1:7 y) W
/M\Q P, y)dwly) < /M\Q V(z, V1) P ( Rcot ) dw(y)
, L

Cla, L) Co dgg (7,y)
< exp (— cof > /M\Q Wexp <_SQRLCOt> dw(y), (4.74)

where C(a, L) = a2(22LL_1) > 0. Thus, if we prove that the integral in (4.74) is finite, we
conclude. Firstly, recall the Gaussian lower bound (4.73), which holds thanks to Theorem
4.7.3:

2 T
pi(z,y) = V(fg\[t)exp (—dSR(’y)> : (4.75)

cot

for suitable constants constants Cy,cy > 0, not depending on x,y € M, t > 0. Secondly,
by the doubling property of w, it is well-known that there exists C,, s > 0 depending only
on Cp such that

Ve, R) < C (f)s Viz,p), Vp<R. (4.76)
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Therefore, choosing L > 1 so big that & = (2¥¢cg)/c, > 1 and applying (4.76) for p = v/t
and R = &/t, we have R > p and

v (x a/i) <COV(z,Vi), Vt>0, (4.77)

having denoted by C' = Ch¢& > 0. Finally, using (4.77) and the Gaussian lower bound
(4.75), we can estimate the integral in (4.74) as follows:

1 g (2, y)
/M\Q V(z,Vt) P ( S§Lcot ) do(y)

C dgg (=, y)
e (“EE e < G e

where t = é. Since the resulting constant does not depend on x € K, we conclude the
proof. O

Qo

Using Corollary 4.7.5 and adopting the same strategy of the compact case, one can
finally prove the following result.

Theorem 4.7.6. Let M be a complete sub-Riemannian manifold, equipped with a smooth
measure w. Assume that (M,w) is globally doubling and satisfies a global weak Poincaré
inequality. Let Q0 C M be an open and bounded subset whose boundary is smooth and has
no characteristic points. Then, ast — 0,

1
Ho(t) = w() — —o(0Q)t1/% — /
alt) = () = —=o ()2~ 15—
Remark 4.7.7. Theorem 4.7.6 holds true also for the weighted relative heat content, cf.
Section 4.5.3. In both cases, we do not know whether its assumptions are sharp in the
non-compact case.

29(V6, V(A8)) — (A5)2) dot*/? + o(t?),

4.7.1 Notable examples

We list here some notable examples of sub-Riemannian manifolds satisfying the assump-
tions of Theorem 4.7.3. For these examples Theorem 4.7.6 is valid.

e M is a Lie group with polynomial volume growth, the distribution is generated by
a family of left-invariant vector fields satisfying the Hormander condition and w
is the Haar measure. This family includes also Carnot groups. See for example
[Var96,SC92, GS12].

e M = R", equipped with a sub-Riemannian structure induced by a family of vector
fields {Y1,...,Yn} with bounded coefficients together with their derivatives, and
satisfying the Hormander condition. Under these assumptions, the Lebesgue measure
is doubling, cf. [NSW85, Thm. 1], and the Poincaré inequality is verified in [Jer86].
We remark that these works provide the local properties of Definition 4.7.1, with
constants depending only on the C*-norms of the vector fields Y;, for i = 1,..., N.
Thus, if the Ci-norms are globally bounded, we obtain the corresponding global
properties.

e M is a complete Riemannian manifold with metric g, equipped with the Riemannian
measure, and with non-negative Ricci curvature.
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We mention that a Riemannian manifold M with Ricci curvature bounded below by a
negative constant satisfies only locally Definition 4.7.1, i.e. for some pg < oo, depending
on the Ricci bound. Nevertheless, we can prove Corollary 4.7.5 in this case, as Li and
Yau provides an upper Gaussian bound, see [LY86, Cor. 3.1], and a lower bound as (4.73)
holds, cf. [BQ99, Cor. 2]. Thus, the first-order asymptotic expansion of Hgq(t), cf.
Theorem 4.4.13, is valid in this setting.
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Relative heat content for submanifolds

We prove the existence of a tubular neighborhood for submanifolds of any
codimension, assuming they do not have characteristic points. Next, we
propose a definition of relative heat content for submanifolds of codimen-
ston k > 1 and we build a possible approxzimation of this quantity, via
tubular neighborhoods. However, we show that this approximation fails
to recover the asymptotic expansion of the relative heat content of the
submanifold, by comparing the two approaches in an example.
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5.1 Introduction

In this chapter, we study the relative heat content for submanifolds. Up to our knowl-
edge, this quantity has never been systematically studied, not even in Riemannian ge-
ometry, so we propose the following definition. Let M be a sub-Riemannian manifold,
equipped with a smooth measure w, and let S C M be a smooth, compact submanifold of
codimension k > 0. Fix a smooth measure p on S as initial datum for the heat equation
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in the sense of distributions, and study the associated Cauchy problem:

(0y — A)u(t,z) =0, V(t,z) € (0,00) x M,
u(t,) 25 4, in D'(M),

where A = div, o V is the usual sub-Laplacian associated with w. A solution to this
problem, in the sense of distribution, is given by

u(t,x) = /Spt(:v,y)d,u(x), Y (t,x) € (0,00) x M,

where p;(x,y) is the usual heat kernel associated with A and w. We define the relative
heat content for a submanifold S as:

Hs(t) = /S /S (@, y)dp(@)du(y), V> 0. (5.1)

Notice that, on the one hand if S = {x¢} and p = d,,, we obtain the trace heat kernel
pt(xo, o). On the other hand, if S is a 0-codimensional submanifold, i.e. S is an open,
relatively compact and smooth set, and we choose as measure p = Iqw, then (5.1) coin-
cides with the usual relative heat content as defined in Chapter 4. Therefore, a small-time
asymptotic expansion of (5.1) would include many cases of interest, ranging from the trace
heat kernel asymptotics to the results of Chapter 4.

Our attempt to compute the asymptotics of (5.1) consists in building a suitable ap-
proximation of it, using tubular neighborhoods of S. Firstly, we introduce the general
definition of non-characteristic submanifold, which applies for any codimension k > 0, cf.
Definition 5.2.1, and we prove the following crucial result.

Theorem 5.1.1. Let M be a sub-Riemannian manifold and S C M be a compact smooth
non-characteristic submanifold of codimension k > 1. Then, there exists ro > 0 such that,
denoting by Sy, = {p € M |0 < ds < ro}, the following conditions hold:

i) 0g: Sy, — [0,00) is smooth and such that ||Vig|ly = 1;
ii) there exists a diffeomorphism G: (0,19) x {0s =10} — Sy, such that:
Is(G(r,p)) =r and G0, = Vig.

Theorem 5.1.1 generalizes the analogous result in [FPR20, Prop. 3.1], and [PRS18,
Lem. 23|, to submanifolds of any codimension. Its proof follows the blueprint of those
previous works.

Secondly, for any e < 7, sufficiently small, we consider the (rescaled) relative heat
content associated with S, namely the tubular neighborhood of S of radius e:

Hg(t) = w(;’a)z /E /SE pe(x,y)dw(x)dw(y), Vit > 0. (5.2)

We show that Hg converges point-wise to Hg, as ¢ — 0, cf. Proposition 5.4.1. However,
this convergence is too weak to recover any information regarding the small-time asymp-
totic expansion of the limit. Actually, we show that (5.2) fails to recover the asymptotic
expansion of the relative heat content of the submanifold, by studying an example in which
is possible to perform explicit computations.

Structure of the chapter. In Section 5.2, we give the definition of non-characteristic
submanifold and we prove Theorem 5.1.1. In Section 5.3, we build a specific smooth
measure on S, which is induced by the outer measure w. In Section 5.4, we introduce the
definition of relative heat content for a submanifold S, we build its approximation and we
prove its point-wise convergence. Finally, in Section 5.5, we show how the approximation
fails to recover the asymptotic expansion of the relative heat content of S.
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5.2 Tubular neighborhood for submanifolds

Let M be a sub-Riemannian manifold and let S € M be a smooth submanifold of
codimension k£ > 0. Consider the sub-Riemannian distance function from S, defined by:

ds(p) = inf{dsr(¢,p),q € S}, Vpe M.

We refer to Chapter 1 for the relevant definitions in sub-Riemannian geometry.

Definition 5.2.1 (Non-characteristic submanifolds). Let M be a sub-Riemannian ma-
nifold and let S C M be a smooth submanifold of codimension £ > 0. We say that a point
q € S is non-characteristic if

Dy +1T3S =T,M. (5.3)

We say that S is a non-characteristic submanifold if (5.3) holds for any point ¢ € S.

Notice that Definition (5.2.1) includes the one we gave for 0-codimensional subman-
ifolds, cf. Definition 2.2.2. Under the assumption of non-characteristic submanifold, we
can extend the regularity properties of the distance function to this situation.

Theorem 5.2.2. Let M be a sub-Riemannian manifold and S C M be a compact smooth
non-characteristic submanifold of codimension k > 1. Then, there exists ro > 0 such that,
denoting by Sy, = {p € M |0 < ds < ro}, the following conditions hold:

i) 0g: Sy, — [0,00) is smooth and such that ||Vig|ly = 1;
it) there exists a diffeomorphism G: (0,79) x {0s =10} — Sy, such that:

Is(G(r,p)) =7 and G0, = Vig.
Before giving the proof of the theorem, we need a preliminary lemma, which can be

regarded as a partial generalization of Proposition 1.2.3.

Lemma 5.2.3. Let M be a sub-Riemannian manifold and S C M be a smooth submanifold
of codimension k > 1. Let v: [0,1] — M be a minimizing geodesic such that

v0) €S,  A(1)=peM\S,  ds(p)=L(y)
If v is an abnormal geodesic, then v(0) is a characteristic point of S.

Proof. Let A: [0,1] — T*M be an abnormal lift of +: this means in particular that
m(A(t)) = ~(t) and
(A0), D) =0, with A(0) # 0, (5.4)

where (-, ) denotes the dual coupling. Moreover, since 7 is a minimizing geodesic, any lift
must necessarily satisfy the following transversality condition, cf. [AS04, Thm. 12.4],

(A0), Ty0)S) = 0. (5.5)
Thus, since A(0) # 0, conditions (5.4), (5.5) imply that (5.3) fails at ¢ = v(0). O

Proof of Theorem 5.2.2. Let us consider the annihilator bundle of S, AS, namely the
vector bundle of rank k, whose fibers are given by

AS={AeT;M | (\T,S) =0}, VgeSs.
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At a point g € S, let us fix a basis of the fiber A,S, say {\1,...,\;} and define, for any
Jj=1,...,k, the element v; € D, dual to \; via the Hamiltonian H, i.e.

N
vj=mH () =Y (N Xi(@)Xilg)  j=1,... .k (5.6)
i=1
(Step 1) If q is non-characteristic, then the set {vy,...,v;} is linearly independent.
Indeed assume there exists constants «; for i = 1,..., k&, such that Zle a;v; = 0. Then,
k k N N , k .
0= aye; = 30y Y K@) Xile) = 3 ( D, Xila) ) Xila) = m (N, (5.7
j=1 j=1 =1 i=1 \j=1

having set A = E?:l ajNj € A.S. Notice that, by the Lagrange multiplier rule, denoting

by vy = mH(X), for any A € T, M, we have

N N N

[ol]; = inf {2} uf |y = ZluiXi(Q)} = ;(A,Xi(qw =2H(}). (5.8)

Therefore, (5.7) implies that Hmﬁ()\)Hg = 2H(\) = 0, or equivalently:
(\, D) = 0. (5.9)
Since A € A,S and ¢ is non-characteristic, by (5.9), we deduce that A = 0. Thus:
k
0:)\:Zaj)\j:0 = a;j =0, foranyj=1,...,k,
j=1

since {A1,...,A\x} was a basis of the fiber of AS. This concludes the proof of the first
step. Define now the sub-Riemannian exponential map from S, i.e. the map

E:DNAS > M; E(\) =mnoel()),
where D C T*M is the open set where the flow of H is defined up to time 1. Consider
also the zero section of the annihilator bundle, namely

i S — AS; i(q) = (q,0) € A4S.

(Step 2) E is a local diffeomorphism at points of i(.S).
To prove the claim, we consider a point (¢,0) € i(S) and verify that d(, o) E is invertible.
Identifying T(,0)(D NAS) = T;,S & A4S, we have, on the one hand F oi = Idg, therefore
for a vector v = (v,0) € T,.S & A,S,
d d d

wB0) = 5| BO@) = g EBoite)= 4
since A\(t) = (v(¢),0), with v: (—¢,e) — S, such that v(0) = ¢ and 4(0) = v. On the other
hand, take an element A = (0,\) € T;,S @ A,S, then by definition, we obtain

(t) = v,
t=0

I —

roe(\) =1 H(\) = vy.
t=0

E(q,t\) = a

d
E(q,t\) = —
(g:t\) - o

t=0 dt

Thus, choosing any basis for 7,5 and the basis {\1,...,A\;} for A,S, as before, we may
write the n x n matrix representing the differential of E as

dgo) EQ) = —
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where the vectors v; are defined as in (5.6). Since, by the previous step, the set {v1,...,vx}
consists of linearly independent vectors of D,, we conclude that dE is invertible at i(.5).
(Step 3) There exists U C D N AS, such that E|y is a diffeomorphism on its image.
Moreover, U can be chosen of the form:

U={\Ae AS | \/2H()\) < ro}, for some ¢ > 0. (5.10)

The proof of this step follows verbatim what has been done in [FPR20, Prop. 3.1}, cf.
also [PRS18, Lem. 23], once we have verified that \/2H(-) is a fiber-wise norm on the
annihilator bundle. Since H is quadratic on fibers, it immediately follows that \/2H(-) is
positive, 1-homogeneous and sub-additive. We are left to prove that, for A € A4S,

2H(A) =0 &  A=0.

As already remarked in (5.9), an element A € A,S, such that \/2H ((¢, A)) = 0, annihilates
both the distribution and 77,5, thus, being ¢ non-characteristic, A = 0.

(Step 4) E(U) = {p € M | és(p) < ro} = Sy, U S and, for elements (¢, \) € U we have
ds(E(g,N)) = /2H(N). In particular, ds € C*°(S,,).

Firstly, we recall that, for an element A € U, the length of the curve

0,13t moeH(\) e M
is equal to \/2H(\) < 7o, as one can check using (5.8). Thus, E(U) C Sy, U S. Secondly,
we prove the opposite inclusion: up to restricting rp, we may assume that S,, C K, for a
compact set K C M. Therefore, for an element p € S,, there exists a minimizing geodesic
v:[0,1] — M such that

¥(0)=qe€ S, ~y(1)=p and L(y)=s(p).

Applying Lemma 5.2.3, we deduce that - is not an abnormal geodesic, meaning that there
exists a unique normal lift for v, with initial covector given by A € T M, which implies
that .

() =mo e (),

and in particular, E(q, \) = p. Moreover, A € U as, by optimality, it satisfies the transver-

sality condition (5.5), and also
L(y) = /2H(X) < 1o, (5.11)

being p € S,,. Finally, we conclude that p € E(U) and ds(E(q,\)) = 2H(X), by (5.11).
Since /2H (-) is smooth, as long as H(\) # 0, we also have that dg is smooth on the set
E(U\i(8)) = Sr.

(Step 5) There exists a diffeomorphism G: (0,79) x {0g = ro} — Sy, satisfying item (i)
of the statement. Moreover, ||[Vig|ly =1 in Sy,.

Once again, this part of the proof follows verbatim [FPR20, Prop. 3.1]. O

Remark 5.2.4. Consider the set U = AS N {\/2H(-) < ro} defined in (5.10). What we
proved in the previous Theorem is that E defines a diffeomorphism between U and S,,U.S.
In particular, choosing a local trivialization of the annihilator bundle, this means that

S, US> ASN { 2H (") < ro} = S BH(0), (5.12)
ocally

where B/1(0) denotes the ball of radius 7o, centered at the origin of the Euclidean space

(Rk sV 2H ()) Of course, in general, the annihilator bundle will not be globally trivializ-
able, however, this is the case when S is the boundary of an open set and we are able to
extend (5.12) to the whole submanifold.
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Whenever S is a boundary of an open set, we can refine Theorem 5.2.2 building a
double-sided tubular neighborhood of S, in which we are able to distinguish the inside
and the outside of the open set. This is done using the signed distance function (4.28).
We recall here its definition.

Definition 5.2.5 (Signed distance). Let M be a sub-Riemannian manifold and 2 C M
be an open subset. Define 6: M — R to be the signed distance function from 052, i.e.

5(p) = {589(19) p € €,
P —oaalp) peM\Q,

where dpq: M — [0, +00) denotes the usual distance function from the boundary of €.

Theorem 5.2.6 (Double-sided tubular neighborhood). Let M be a sub-Riemannian man-
ifold and 2 C M be an open, relatively compact subset, whose boundary is smooth and has
no characteristic points. Denote by Q' = {p € M | —ro < 0 < 1o}, consistently with
(4.29). Then, there exists ro > 0 such that, the following conditions hold:

i) 0: Q" — R is smooth and such that |[Vé|g = 1;
ii) there exists a diffeomorphism G: (—ro,ro) x 92 — Q. such that:

I(G(t,p)) =t and G0, = V6.

Remark 5.2.7. The main differences with respect to Theorem 5.2.2 are that ¢ is smooth
up to the boundary of €2, and the diffeomorphism is built starting from 0f2.

Proof of Theorem 5.2.6. By Theorem 5.2.2, applied with S = 9€), the sub-Riemannian
exponential map from 0€ is a diffeomorphism for small covectors, namely there exists
rg > 0, such that:

—70

E: A(0Q) N { 2H()) < ro} =

and |0(E(q, A))| = v/2H(N). Now, since 2 is an open set with smooth boundary, A(0)

is trivializable, i.e. there exists a never-vanishing and inward-pointing smooth section
+. : +
AT 00 — A(09Q); q— A

Furthermore, by non-characteristic assumption, \/2H (+) is a fiber-wise norm on the anni-
hilator bundle, hence we may assume without loss of generality that

\/m =1, VgeS.
Thus, we find a unique smooth function £(\) € C®°(A(99)) such that
)\25()\))\;, A€ A (09).
Hence, the annihilator bundle is trivializable via the map &, i.e.
F: A(0Q) = 00 xR;  F(\) = (7(A),€(N)).

Notice that, by definition, |{(\)| = /2H(X). Moreover, £(A) > 0, whenever E(g,\) € Q,
by definition of AT, £(0) = 0 and negative otherwise. Therefore, having defined the signed
distance such that it is positive inside of 2, we obtain that

S(E(g.N) = £(0), VA€ { 2H(N) < ro} ,
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proving the smoothness of § on the set Q. . Finally, define G as the composition of
E o F~! restricted to the set (—79,79) x 9. Since E and F are diffeomorphisms, also G

is and moreover,
G(t,q) = E(g,tAf) Y (t,q) € (—ro,m0) x 89,
therefore §(G(t,q)) = 6(E(q,tA})) = &(tA;) = t. This concludes the proof. O

5.3 Induced measure on S

Let w be a smooth measure on M. We define a measure on S induced by w, assigning
a tensor density. This construction specializes to the sub-Riemannian perimeter measure,
when S is the boundary of an open set. Recall that, by Theorem 5.2.2, there exists g > 0
such that (5.12) holds locally and define voly as the Riemannian measure associated with
(R¥, |- |l ), where | - |1 is a shorthand notation for /2H(-)|4,s. In particular, voly is

well-defined since || - || is induced by the fiber-wise bilinear form
N
A, A2) L =D (AL, X)X, Xi), VAL A2 € 4,8, ¢ €5, (5.13)
i=1

where (-, -) denotes the dual coupling.

Lemma 5.3.1. Let M be a sub-Riemannian manifold and S C M be a compact smooth
non-characteristic submanifold of codimension k > 1. Then, there exists a unique smooth
probability measure ug on S, such that,

| ho o) =% [ nans(a). (5.14)
M 5
for any h € C.(M), where,
.1
w _w(Sg)]ls“ Ve >0,

Proof. Proceeding with hindsight, we are going to define explicitly the measure ug and
then prove the convergence. We may define ug locally, hence, fix an open coordinate chart
V c S for S and a local trivialization of AS over V, so that

AS|y =V x Rk,
By Theorem 5.2.2, we have that, denoting by V,, = E(AS|y N{V2H(-) < ro}),

Vi, = ASly 0 { 2H() < 7«0} =~V x BH(0).

Consider on V,,, coordinates (z, z) where (21, ...,%,_) are coordinates on V and SNV,, =
{(z,2) | z=0}. Thus, since w is smooth, we have

dw(zx, z) = w(z, z)dxdz, with w(-) € C®(V,,),

where dzr and dz are the Lebesgue measures in coordinates. Moreover, since (5.13) is a
metric along the fibers, we can define canonically a volume associated with H, which in

coordinates is given by
dvoly (z) = \/det Hy(2)dz, Vqge s,
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with never-vanishing density. Therefore, we may rewrite w in terms of volg, obtaining

dw(z, z) = w(x, z)dzdz = wiz,2) dxdvoly (z) (5.15)
det Hy(2)
Finally, on the fiber, we can choose an orthonormal (w.r.t. y/2H (-)) basis of smooth local
sections {1, ..., A}, so that volg (A1, ..., A\x) = 1, and define fig in coordinates (z, z), to
be the contraction of (5.15) along these covectors, restricted to S, namely
0 0
s = MdlﬁdVOl}]()\l, Ce ) = Mdl‘.
det H,(0) det H,(0)

One can check that this procedure defines a smooth measure on S, independently on the
choice of the coordinates. We can now verify the convergence, using a partition of the
unity argument. Fix a covering of S with a finite number of open charts {V;}}¥, and
consider the associated covering {V;:} of S U S,,, defined by

_E <AS|VZ. N[ RH () < ro})  Wi=1,...N

Then, consider {p;}Y; to be a partition of unity subordinate to the covering {V;} of
S U S,,. Exploiting the coordinate expression of fig, we have, for any ¢ < r¢:

w(Se) = dw—/ sz )dw(q Z/ /B o) pi( MdvolH(z)dx

S. = det Hy(z)

k (f er, 0) k=1
=€ Z///Sk1 i(x,er,0) dfdrdz,

det Hy(er, 0)

having expressed the volume voly in polar coordinates r*~1d@dr. Therefore, up to a factor

e*, we see that

w(Se)
(EE =0 Z/Pzwodus Wk/dus
where w}, is the volume of the standard unit ball in R*. Finally, reasoning as above, since
for any h € C.(M), we are able to extract a factor e¥ from the integral of h over S., we
obtain the convergence in the weak-star topology (5.14), having normalized fis to obtain
a probability measure pg. O

Remark 5.3.2. Since w®, for any ¢ < rp, has compact support which is contained in S,,,
we can extend the convergence (5.14) to any continuous function on M.

5.4 Heat content for submanifolds

Let M be a sub-Riemannian manifold, equipped with a smooth measure w, and let
S C M be a smooth, compact submanifold of codimension k& > 1. We may consider p a
smooth probability measure on S as initial datum for the heat equation, in the sense of
distributions, and study the associated Cauchy problem:

(Or — A)u(t,z) =0, V(t,z) € (0,00) x M,
u(t, ) 2% p, in D'(M).
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A solution to this problem, in the sense of distribution, is given by

uwmzémmwwm, ¥(t,) € (0,00) x M,

which, by hypoellipticity, is a smooth function for positive times. Recall that, by definition
of the relative heat content associated with an open set 2 C M, we have

HQ(t):/Q/th(a:,y)dw(a:)dw(y), Vi > 0. (5.16)

Thus, a suitable generalization of (5.16) for a submanifold S seems to be:

1%@=Aém@wW@@@a vt 0. (5.17)

Moreover, when S is a non-characteristic submanifold, Lemma 5.3.1 provides with a nat-
ural probability measure on S, induced by w, i.e. pg. Henceforth, we shall assume S
non-characteristic and fix u = pg. In this setting, we can hope to obtain an asymptotic
expansion of (5.17).

Proposition 5.4.1. Let M be a sub-Riemannian manifold, equipped with a smooth mea-
surew, let S C M be a smooth, compact and non-characteristic submanifold of codimension
k > 1 and fix the probability measure ug on S. Define, for any € < rq,

HE() = /M /M pi(@,y)def (2)du(y),  Vi> 0. (5.18)

Then, for any t > 0,
HE(t) =% Hg(t). (5.19)

Proof. Firstly, notice that, applying Lemma 5.3.1, we have that

us(t, ) :/Mpt(w,y)dws(y) = (", pelw, ) = (s, pila, ), (5.20)

for any t > 0 and y € M. Secondly, since the heat kernel p; is smooth on M x M, there
exists a constant C(t) > 0 depending on ¢, such that:

() oo (arscnry < C (1), (5.21)

and we remark that the constant C(t) explodes as t — 0. Therefore, the convergence
(5.20) is locally uniform with respect to x € M. In conclusion,

[H5(t) — Hs(t)| = [{(w", u(t, ) — (us, ult, )]
< |<w57 (tv ) - u(t, )H + ’<w87 u(t7 )> - <,U/Sv u(ta ))’
< Ju(t, ) = ult, )l poo(s,0) K™, DI+ (w0 = ps, ult, )],

u&
uE

and taking the limit as € — 0 in the last line proves the desired result. O

Remark 5.4.2. The convergence (5.19) is never uniform as ¢t — 0, being the constant C(¢)
in (5.21) not bounded as ¢ — 0. This suggests that, while Hg seems to be the best
possible approximation of the heat content associated with S, using such a strategy to
deduce the asymptotics of Hg(t) is not correct. Indeed, we can show that the coefficients
of the expansion of Hg can not approximate those of Hg(t), in general.
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5.5 An example: closed simple curve in R?

In R? equipped with the Euclidean scalar product and the Lebesgue measure, let us
consider a biregular closed simple curve, parametrized by arc-length, v: [0, 4] — R3, where
¢ denotes the length of v. Recall that a smooth curve v: I — R? is biregular if

A(s) AF(s) # 0, Vsel,

where A denotes the cross product in R3. In this setting, define S = ([0, ¢]) C R?, subman-
ifold of codimension 2. The tubular neighborhood of S given by Theorem 5.2.2 coincides
with the usual Euclidean tubular neighborhood, which can be conveniently described by
the Frenet-Serret moving frame along <, it being biregular. In particular, denoting by
{T'(s), N(s), B(s)} the Frenet-Serret frame for s € [0, ¢], we have, for any & < rg

Se = {v(s) + r(cosON(s) +sinbB(s)) | s € [0,4], 0 € (0,27], r € (0,¢)}.
Thus, in coordinates (s,,0), the Lebesgue measure is
dzxdydz = r(1 — rk(s) cos 0)dsdrdd, (5.22)

where k(s) = [|5(s)|| is the curvature of v, and the procedure of Lemma 5.3.1 gives the
probability measure ug = ds/¢. Following the discussion of Section 5.4, we define the heat
content associated with S as

11 ol -2
Hs(t) = £2<4171—t)3/2/0 /0 e 4t deT, Vt > 0

5.5.1 Asymptotic expansion of Hg(t)
Denote by ¢-(s) = |v(s)—7(7)|?, then we can explicitly compute the asymptotic expansion
of Hg applying the Laplace method to the integral
0
I(\) = / e 97 ds as A — 4o0. (5.23)
0

In particular, since 7 is a simple curve, the phase ¢.(s) has a strict minimum at s = 7,
thus there exists ¢ = (1) such that ¢/.(s) > 0 for any s € [T —e,7 +¢| \ {7}. A direct
computation, building upon ||%|| = 1, yields:

o) =0, 1) =2, o) (r) = —50- (k(r)?),
V) =0, o) =—2k(r)?, (1) = 902 (k(r)?) + 2] 5 (1)

Therefore the phase has a Taylor expansion at its minimum and we can apply the Laplace
method, which gives a full asymptotic expansion, cf. [Olv97, Thm. 8.1],

0o 1 ;
I(\) ~ e 2o (7) ZF <Z; > a4 1(1—1) as A — 00,
i=0 2

where T' is the Euler Gamma function, and the a;(7) are given by explicit formulas in

terms of the derivatives of ¢, at its minimum. Moreover, since, for any 7 € [0, ¢], the

phase has an interior minimum, the odd coefficients of the expansion vanish. For the

even-order coefficients, we have
1

ag = 1, ag = */ﬂ(T)Q, ay

] = @ (3683 (k(T)Q) + 35]@‘(7-)2 _ 8” 7(7)“2) ) (5'24)
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To conclude, we have to integrate with respect to 7 the asymptotic expansion of (5.23).
In general, the expansion may not be uniform in 7 € (0, ), however, since + is uniformly
continuous on [0, ¢] and can be extended by periodicity on the whole real line, the choice
of e > 0 such that ¢.(s) > 0 for any s € [T —e,7+4¢]\ {7} can be made uniform, providing
uniform estimates of the remainder. In particular, we have

457'(3)
Hg(t) ~ 47rt 3/2 / / 1 dsdr, ast — 0,

where € > 0 is chosen uniformly with respect to 7. Hence, we conclude that:

21+1 2i41
Hs(0) ~ s gy / T (%5l

11 &

~ 2art Z ait',
i=0

as t — 0, where the coefficients «;’s are defined by

(5.25)

, ¢
o = 22712 + 1)/ agi(T)dr,  Vi>0,
0
and are given explicitly by (5.24), up to i = 2.

5.5.2 Approximation via tubular neighborhoods

We compute the asymptotic expansion of the approximation defined in Proposition 5.4.1
for a closed simple curve, and we compare its coefficients with those obtained in (5.25).
Recall the definition (5.18), when S = ~([0, £]):

o 1 1 -
HS(t) - ‘S€|2 /E /E (47Tt)3/26

By Theorem 4.1.1, we know there exists an asymptotic expansion up to order 4 in v/¢, of
the form

z—yl|?

dxdy, Vit > 0.

1

HE(t) = TR (af + 0Tt/ + a5t*/? + o(?)) (5.26)
where of = |S¢| and
of = — 10588, af=——! (2Vds - V(Ads) — (Ads)?) do®.  (5.27)
VT ’ P12y Jos.

Notice that, in tubular coordinates (s,r,0), Vds = 0., and, since (5.22) holds,
1
do” =r(1 —rk(s) cosf)dsdb, Adg = . + 0y (log(1 — rk(s) cosf)) .

Thus, we can explicitly compute the coefficients (5.27):

af = S /Z /%(1 — ek(s) cos 0)dsdd = —2el\/T
(5.28)

2 A
a5 = 12\f/ / <_3 1(566 .9) + Ao(s,e,G)) (1 — ek(s) cos 0)dsd®,
where Ag, A1 are smooth functions defined by

Ag(s,r,0) = 202 (log(1 — rk(s) cos 0)) — (9, (log(1 — rk(s) cos 0)))?,
Aq(s,r,0) = =20, (log(1 — rk(s) cosf)).
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5.5.3 Comparison between the two approaches

Let us compare the asymptotic expansion of the two quantities in exam: for a fixed € > 0
and as t — 0, we have from (5.25) and (5.26)

1
H5(0) = 15 (af + 0Tt/ + a5t*/? + o(1?)) ,
€
11
Hg(t) = 2 ant (040 + ot + asgt’ + 0(t2)> ’

t

where the coefficients are given by (5.28) and (5.24), respectively. At this stage, on the
one hand, we notice that the order in ¢ of the expansions doesn’t agree. On the other
hand, the coefficients af, a5 do not contain fine geometrical information of .S, indeed, the
functions Ay, A1 depend only the curvature of +, as opposed to (5.24), where derivatives
of k(s) appear. Moreover, at a formal level, af — 0 as ¢ — 0, whereas af explodes: it is
possible to give meaning to these limits, taking into account the parabolic scaling between
the space and time variables of the heat equation and formally replacing ¢ + €2t, in (5.26),
however, we do not recover any geometrical meaning.

Remark 5.5.1. The relative heat content is too coarse a tool to detect the geometry of
a submanifold of high codimension and a different strategy is needed. Inspired by the
construction of the tubular neighborhood for S, we may study the asymptotic expansion of
Hg(t) using a perturbative approach similarly to what has been done in [Bar13], presenting
the sub-Laplacian of S as a perturbation of a simpler operator. This will be object of future
research.
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Convergence of the heat semi-group of the
Riemannian variation

We recall some general facts about sequences of unbounded op-
erator and heat semi-groups and we give an alternative proof of
the localization result, i.e. Theorem 2.3.1, which does not make
use of the hypoelliptic version of Kac’s principle.

Throughout the appendix, ## denotes a Hilbert space and any unbounded linear op-
erator defined on JZ is tacitly assumed to be densely defined.

Definition A.0.1. Assume that A is a closed (possibly unbounded) operator on Z. A
linear dense subset D C dom(A) is called a core for A if A|p = A.

We state here Trotter-Kato’s Theorem, useful to deduce convergence of heat semi-
groups (see implication (a) = (d) in [EN0O, Thm. 4.8, Ch. IIIJ).

Theorem A.0.2. Let A., A be self-adjoint (possibly unbounded) operators on F, for
any € € R, such that their spectra are uniformly bounded, i.e. there exists v € R such
that N <7, VA € 0(A)Uo(A:). Assume that D is a core for A, such that the following
properties hold:

i) D C dom(A.), for any € < gp

it) Aep — A in F, as e — 0, for each v € D.

tA

Then, for any t > 0, et — et as e — 0, strongly in . Moreover, for any T > 0:

et 20, ey, Vo e A, uniformly on [0,T].

Corollary A.0.3. Let (D,g) be a sub-Riemannian structure on M and {(M, g:)}ccr be
a Riemannian variation. Fix a smooth volume w on M and let @ C M be an open,
relatively compact set. Let A., A be the weighted Dirichlet e-Riemannian and sub-Rie-
mannian Laplacian, defined in (2.9) and (1.14) respectively. Then, for any T > 0

elBep 20 A, Yo € L*(Q), uniformly on [0,T). (A.1)
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Proof. Set here 7 = L*(Q,w), while A. = A, for any ¢ € R and A = A are the Dirichlet
Laplacians of (M, g.) and the sub-Laplacian, i.e. the Friedrichs extensions of the Dirichlet
energy functionals, defined respectively by:

EAf) = [ 2H(dpdw,  E() = [ 2H(d)dw, Vf € CE),

where H., H are respectively the e-Riemannian and the sub-Riemannian Hamiltonian. It
is enough to check that these operators satisfy the hypotheses of Theorem A.0.2. First of
all, both A and A, have negative spectrum, so that their spectra is uniformly bounded
above by 0. Second of all, a core for A is the set

D ={fe Q)] floa = 0}.
This is a well-known fact in the Euclidean case, but the proof (e.g. see [RS78, Prop. 1, p.
264]) holds unchanged in the (sub-)Riemannian case, by the spectral theorem. Hence, we
also have D C dom(A;), for any ¢ > 0. Using the explicit expressions of A and A. on
smooth functions, in terms of a generating frame for the Riemannian variation (2.9), we
obtain:
e—0

Acp —= Ap, Vo e D,

uniformly on 2, and hence also on J#. Consequently, applying Theorem A.0.2, we finally
get the convergence (A.1). O

A.1 An alternative proof of Theorem 2.3.1

We prove now a weaker version of Theorem 2.3.1, which is enough to deduce the heat
content asymptotics, cf. Section 2.5. Here, we use the shorthand notation L? for the space
L?(Q,w).

Theorem A.1.1. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let Q@ C M be an open relatively compact subset with smooth boundary. Let n €
C°(Q), with support separated from 0. Then, for all m > 1,

/Q (1 = u(t, 2))n(z)dw(z) = O(E™), as t — 0, (A.2)

where u(t, ) denotes the solution to (2.3).
To prove the theorem, we need the following technical lemma.

Lemma A.1.2. Under the hypotheses of Theorem A.1.1 fix {(M, gc)}eer, a Riemannian

variation of M. Then, for any T > 0 and any integer k > 1, we have:
FetPen [”;% ket uniformly w.r.t. t € (0,T). (A.3)
g2

Proof. First of all, let {¢-}.~o C L? be a convergent sequence to 1) € L?, then, for any
p > 0, choosing ¢ suitably small, we have:

[€"2epe — e 2|2 < [P0 — e Beup|| 2 + [l enp — €| 12
< [l |l 2y l[ve — ¥l 2 + |29 — €| 2
< e — | 2 + [J€" e — e 2|2 < p, (A.4)
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Appendix A. Convergence of the heat semi-group of the Riemannian variation

where, in the last inequality, we have used the fact the heat semi-group is a contraction
semi-group for any ¢, therefore its operator norm is smaller than 1, and Corollary A.0.3.
We remark that, since the estimate (A.4) is uniform with respect to the time variable,
also the convergence remains uniform on [0, 7.

Let now n € C°(€Q2) be as in the statement. Since 7 is supported away from OS2,
Akp e 02(Q) € dom(A,) for all K > 1 and ¢ € R. Since on dom(A.) the heat semi-group
commutes with A, it holds:

Ofemsn = 8f_lAEetA€17 = Of_letAeAen =...= etAEA’;n = eBey,, Vit >0,

where we defined 7. = AFn € C°(Q). It follows directly from the expression (2.9) that:

e—0

ne = Ay == A,
uniformly on €, and in particular also in L?. Therefore, using (A.4):

—0
etAsna £ €tAAk77 _ 6tk€tA77,

-l 2

uniformly w.r.t. ¢t € (0,7,

concluding the proof. O

Proof of Theorem A.1.1. First of all, we can interpret the integral appearing in (A.2), i.e.

[ uttom@)du(a)
Q

as the heat content associated with the problem (2.3), with initial datum 7, instead of 1,
indeed, denoting with p? (z,y) the sub-Riemannian Dirichlet heat kernel, we have:

/Q w(t, z)n(z)dw(z) = /Q /Q P2 (@, 2)n(@)dw(z)dw(z) = /Q Wit )dw(z),  (AS5)

where u'l(t, x) is a shorthand notation for the solution to (2.3) with initial datum 7. The
existence of the heat kernel is guaranteed by the Schwartz kernel theorem. Second of all,
let us consider the Riemannian variation of M, i.e. a sequence of Riemannian manifolds
{(M, gc)}cer, defined as in (2.2.2). Notice that formula (A.5) holds without any changes
in the Riemannian case, since it relies only on the existence of the heat kernel. Hence,
using (A.5), we have:

| 0= utapn@dota) = [ (1 -t @@ + [ ((ta) = ot )n)do(@)

= [ (=t apm@pde(e) + [ @) =t ) du(a)
Q Q

where £ € R has to be suitably chosen. The first term can be estimated using the Rieman-
nian localization principle, see [Sav98, Prop. 5.1]. In details, for the fixed e-Riemannian
structure, we may choose a < min{ R, d-(supp(n), 9Q)}, where Rf; is the e-injectivity
radius of 0f) in ). Notice that a can be chosen to be positive, indeed the injectivity
radius Rf; is strictly positive, being 9 smooth, while d.(supp(7), 9Q) > 0 since supp(n)

is separated from the boundary. Then, for any x € €, such that d.(z,9Q) > a, we have:
11 —uc(t, )| < Chyet™, Vm>1, and t<1, (A.6)

where the constant C,, . depends only on 2 and the parameter a, which, in turn, depends
only n and the Riemannian approximant (M, g.), but not on m. We remark that the
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A.1. An alternative proof of Theorem 2.3.1

parameter € of the Riemannian approximant is fixed. To deal with the second term, for
t <1, write:

/ (W(t, ) — u"(t, 2))dw()
Q

to

tm

(O ul (7, z) — O u" (7, x))drdty, . . . dtedw(z)| . (A.T)

This can be done, since for any integer m > 1, we have:

/8mu’7 (0, z)dw(x /Gm TR ()| r—odw(x) = /QQTAEA?U(CC)‘Tzodw(.CL‘)

:/ Al'n(xz)dw(x) =0, (A.8)
Q

by the divergence formula (1.13). Notice that, in the second equality in (A.8), we used
the fact that the heat semi-group commutes with the Laplacian on dom(A.) and, for any
k, Akn € 0(Q) C dom(A.). Clearly, formula (A.8) holds when we replace u? with u”.
We may estimate (A.7), using Lemma A.1.2, indeed:

| @2t 0)—wr(t, ) do(a)
Q

(W?(r,-) — u"(r, ")) drdty, . . . dtydw

€

t7"/
/ //\am )=, )| dwdrdty . .. dts

gw(Q)1/2/ / 107 (1, ) — w7, )| 2 drdlton - .. i
0 0
< pt™, (A.9)

having chosen ¢ sufficiently small, such that:

()12
O o iir, ) (e, Dz <p - V7 (0,1).

We mention that the choice of € does not depend on ¢, as showed in (A.3), but only
on the function 7 and on the parameter p > 0. Finally, putting together (A.6) and (A.9),

/Q (1 — ult, 2))n(@)dw ()| < (Come + p)t™ = Cont™, V<1,

concluding the proof. O
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Asymptotic expansion of I¢(t,0)

We show how to prove Theorem B.0.7, following closely [Sav98]. The
proof consists in the application of an iterated version of the Duhamel’s
formula.

First of all, let us prove a general iterated Duhamel’s principle, that is an higher-order
version of Lemma 2.5.4.

Proposition B.0.1. Let F' € C*((0,00) x [0,00)) be a smooth function compactly sup-
ported in the second variable. Assume that the following conditions hold:

(i) LFF(0,r) = %in% L¥F(t,r) exists in the sense of distributions' for any k > 0;
H
(ii) LFF(t,0) and O0.L*F(t,0) converge to a finite limit as t — 0, for any k > 0.

Then, for allm € N and t > 0, we have

Z ( / e(t,r,0)LEF(0,7)dr — \/;Tk" /t O LFF(1,0)(t — T)k_1/2d7'>

m‘ / / — 7,7, 0) L™ F(r,7)(t — 7)™ drdr, (B.1)
where e(t,r, s) is the Neumann heat kernel on the half-line, cf. (2.23).

Proof. Define, for all € > 0, the function v(¢,r) = F(t+e€,r), for t > 0 and r > 0. We stress
that v(t,r) is smooth on the closed set [0,00) x [0,00). In particular all the assumptions
of Lemma 2.5.4 are verified with for the function v, and it holds

00 t
F(t+es) = / e(t,s,r)F(e,r)dr — / e(t—71,0,8)0.F (T +€,0)dr
0 0

t o]
+ / / e(t —7,s,7)LF (T + €,7)drdr,
0o Jo

!Namely, for any 1 € C°°([0, 00)), there exists finite lim;_o fooo ft,r)(r)dr. With a slight abuse of
notation, we define fooo £@0, 7)Y (r)dr = lim¢—o fooo ft,r)(r)dr.
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for all s > 0 and t > 0. Iterating the above formula, and using the semi-group property,
we obtain for all m € N and ¢ > 0

m k oo
F(t+es) = Z (Z'/ e(t,s,r)L*F(e,r)dr
k=0 \"* 70
1 t
“H / e(t —,0,5)0, L*F(r + ¢,0)(t — T>kd7>
"Jo

1 t oo
+— / / e(t — 1,7, s)L™ T F (1 + e, 7)(t — 7)™ drdr.
m! Jo Jo

Then we send € — 0 checking that, under the assumptions (i) and (i7), all terms on the
right hand side is well-defined. We set finally s = 0. O

Since we want to apply Proposition B.0.1 to the function I¢(t,0), first, we study in
detail the operators LFI, for any k > 1. Recall the definition of the family of operators
Ry, Sk in (2.25)~(2.26):

Rop = 1d, Soo =0,

while, for all k> 1, and 0 < j < k, define

Rkj = —(N2 — A)Rk—l,j + NSk—l,ja
Skj = NRk—l,j—l — ANRk—17j + ASk—l,j’

and Ry; = Si; = 0, for all other values of the indices, i.e. Kk <0, j < Oor k < j. In
addition, we define a second family, still lying in the algebra of operators generated by N
and A. We set first

Py =0, Qoo = 1d,

while, for all £ > 1, and 0 < j < k, we define

Pyj=—(N?* = A)P_1; + NQp_1,, (B-2)
Qrj = NPi1;-1—ANP;_1; + AQg-1,, (B-3)

and Py; = Qi; = 0, for all other values of the indices, i.e. £ <0, j <0 or k < j. These
operators, which may seem obscure, arise naturally in the iterative application of the one-

dimensional heat operator L to I¢ and A¢, as we show in the next lemma. Recall that
Q' (r9) =Q\ Qrg) ={z € Q| d(x) < ro}.

Lemma B.0.2. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let & C M be an open relatively compact subset whose boundary is smooth and has
not characteristic points. Denote by & : Q — [0,00) the sub-Riemannian distance function
from OY. Then, as operators on C2°( (rg)), we have:

(i) LI = AN + IA;
(ii) LA:A(—N2—|—A) + O IN — IAN;
(iii) For any k € N,
. ko . kg
L I:%W(Aij+Iij) and L A:%W(ARkijISkj).

Remark B.0.3. The time derivatives make sense, since, for any ¢ € C°(Q(rg)), the
functions I¢, A¢ are defined on (¢,7) € (0,00) x [0,79). Notice that only the operators A
and I are time-dependent, while the families P,Q, R, S do not depend on time.
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Appendix B. Asymptotic expansion of [¢(t,0)

Proof. Recall that L = 8; — 02, hence, we use formula (2.15) to compute

o 1o(t.r) = |

Q(r)

A((1 = u(t, 2))d(x))dw(z) — / (1 —u(t, y))o(y)Ad(y)do(y). (B.4)

a0(r)

Now, A((1 — u)¢p) = —pAu — 29(Vu, Vo) + (1 — u)Ag, therefore the first term in (B.4)

becomes

A((1 = w)@)dw = / (—Au — 2g(Vu, Vo) + (1 — u)Ad) dw

Q(r) Q(r)

- _/ (AU + (1 — 1) Ad) dw + 2/ (1= w)g(Ve, v)do,
Q(r) oQ(r)

where v = —V¢ is the outward-pointing unit normal and where we used the divergence
formula (1.13). Finally, (B.4) becomes

_021¢ = / (A + (1 — u)Ad) dw + (1= u) (~29(Vé, 1) + dAS) do
Q(r) oQ(r)

— [ $Oudw+IAs+ANG = —/ B,(1 — u)dw + IAG + AN
) o)

= —0iI¢+ IAp + AN¢. (B.5)

This concludes the proof of (i), recalling that L = 9; — 02.
To prove (i), we need to compute LA¢. Since by definition 9,1 = —A (cf. Definition
2.5.1), we rewrite the equality (B.5) as

OrNp = -0+ IAG + AN,
and we differentiate it with respect to r, obtaining

D2Ap(t, 1) = OpAp(t,7) — AAG(t, ) + O AN p(t,7)
= OAgp(t,r) — AAG(t,r) + (=0 + IA + AN) No(t,r),

yielding the statement of (iz). Point (iii) follow easily by induction on k. O

As suggested by Theorem 2.5.6, we would like to apply Proposition B.0.1 to I¢(t,r)
for kK > 2, in order to obtain higher-order asymptotics. However, by Lemma B.0.2, the
terms L*I¢ involve time derivatives of u(t,z) and these are not well-defined due to the
lack of smoothness of u at the boundary, at ¢ = 0. Therefore, we consider the following
approximations of I¢ and A¢:

Loftr) = | ) (1= el 2)o(@)d(a), (B.6)

Aed)(tv’r) = *81“Ie¢(ta7n) = / (1 - ue(tvx))gi)(x)dw(li)a

oQ(r)

where u.(t, z) denotes the solution to (2.3) with initial datum ¢(z) = Lo (x), where, we
recall Q(e) = {x € Q| d(x) > €}. Notice that, by the dominated convergence theorem, we
have

Lg(t,0) =% I6(t,0),

uniformly on [0,7]. Moreover, Lemma B.0.2 holds unchanged for I, and A., and both
I.o(t,r) and Ap(t,r) are compactly supported in the r-variable.
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Lemma B.0.4. Under the same hypotheses of Lemma B.0.2, let p € C*°([0,00)), € €

(0,70) and define
:/0 W(s)ds

Then, for any ¢ € C°(Q (r9)), the following identities hold:

| ewedds  ij=o,
Q\Q(e)

(i) hm o(t,r)Y(r)dr =
/ aw _/Q( )Aj(qﬁ(po(S))dw if j > 1;

o i ¢ (v os)d Fi—0,
(ii) hm/ ﬁf@(t?”)z/}(r)dr _ /52\9(6) ( ) w U}
t—0 ot f/ A7 (qb (¢(—1) o 6)) dw ifj>1;
Q(e)
¢do if j =0,

oI
(iii) Yt > 0, @Agb(t, 0) = oQ
0 if j > 1;

[ ede ifj=o.
2\

J
(iv) 2-1.6(0,0) = |
[ Agdw i
Q(e)

where, we recall, Q(e) = {z € Q| §(x) > €}.

Proof. The idea of the proof is to use the divergence formula (1.13) and the fact that wu.,
with all its derivative, converges to zero, as t — 0, uniformly on 9€). The proof is identical
to the Riemannian case and we omit it. See [Sav98, Lem. 5.6], for details. O

The next step is to obtain a small-time asymptotic expansion for the function I.¢(t, 0),
cf. (B.6), for fixed ¢ > 0. Then, passing to the limit as ¢ — 0, one obtains the complete
asymptotic series of I¢(t,0).

Lemma B.0.5. Under the same hypotheses of Lemma B.0.2, let ¢ € C°((rg)). Then,
for any m € N, we have

16(t,0) = 2 (1) + \}%BW (6) + O™ /2), agt 0,
with
_li%zkv/ e(t, 7, 0)L*L.$(0, r)dr

— lim Z " / LFA (7, 0)(t — 7)F=22ar,

e—>0

where LFI.$(0,r) = }in% L¥I.¢(t,r) in the sense of distributions, cf. footnote in Proposition
_>
B.0.1.

Proof. First of all, we should check that the function I.¢(t,r) satisfies the hypotheses of
Proposition B.0.1. This can be done employing the previous Lemmas. Indeed, thanks to
Lemma B.0.2, it is enough to check the hypotheses for the time derivatives of I.¢ and Ao,
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Appendix B. Asymptotic expansion of [¢(t,0)

and Lemma B.0.4 explicitly verifies them. Hence, we may apply the iterated Duhamel’s
principle. It remains to ensure that the last term in (B.1) is a remainder of order (m+1)/2,
as € — 0, i.e.

liII(l)/ / — 7,7, 0) L Lg(7, 1) (¢ — 7)drdr = Ot T1/2),
e—

as t — 0. This can be done using again Lemma B.0.4 and integration by parts. O

Lemma B.0.6. Under the same hypotheses of Lemma B.0.2, let ¢ € C°((rg)). Then,
for any m € N, as t — 0, we have

| Lmin/2
I9(t,0) = —= 3 Zp(y)do (y)th =1/

=1 o0
(m—1)/2]

+ Z / TARb(7, 0)(t — 7)F 247 + O™ +D/2) - (B.7)

where, Zy,, Ay are the operators (defined by compositions of A and N ) defined in (2.27).

We omit the proof, since it is a long computation formally identical to the Riemannian
case as done in [Sav98, Lem. 5.8]. The key idea is to express the operators Z(™)(t), BU™)(t)
of Lemma B.0.5 in terms of the operators Ay, Z.

Theorem B.0.7. Under the same hypotheses of Lemma B.0.2, let ¢ € C°(Y(rg)). Then,
for any m € N

T6(t,0) = (/ D (y)do(y ))tk/2+0(t<m+1>/2), ast—0.  (BS)

where the operators Dy, are given in (2.28)—(2.30).

Proof. Let us denote by fi(¢) the k-th coefficient in (B.8). We proceed by induction on
m € N. The case m =1 is given in formula (2.24), and the first coefficient is

4
520) =2 [ o= [ Dr(oyan

Assume that (B.8) holds for m — 1 and for any ¢ € C°(£(rp)). Using Lemma B.0.6, we
recognize that the only term that we should discuss in the equality (B.7) is

L(m 1)/2)
/ TARb(r, 0)(t — 7)F 1/ 2dr.

By the induction hypothesis, we obtain an asymptotic expansion of IAx¢, for any k =
0,...,[(m—1)/2], up to order m/2:

m—1
TARG(7,0) = > Bi(Apd)T/? + O(r™/2).
Jj=1

Inserting this expression in (B.7) and integrating with respect to 7, we obtain

| Lomsn/2)

— k—1/2
I(t,0) = NG kz /m Zyo(y)do(y)t
1 R /2 + )Tk +1/2) "
NG : (5+1)/2 (m+1)/2
TV k=0 ; L(k+(+3)/2) Bj(Ap)t™ TV TUE £ O TVE). - (B.9)
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Since, by induction hypothesis, we know that I¢(¢,0) admits an asymptotic expansion up
to order m/2, (B.9) already shows that an asymptotic expansion up to order (m + 1)/2
exists, moreover, it provides an explicit expression for the F-th coefficient. If m = 2n is
even, then the first sum does not give any contribution, since the highest power of ¢ is
(m—1)/2, while in the second sum, we have to consider only those indexes, k, j, such that
the power of t, k+ (7 + 1)/2 = n, thus j must be odd, i.e. j =2i—1, withi=1,...,n
and k = n — i. Therefore, we get

Ban (o Z i+ 1/2)0n —i + 1/2)52i—1(z4n—i¢)-

n!

Recalling the recursive definition of Da,, in (2.29) we obtain the result for even order. On
the other hand, if m = 2n + 1 is odd, then the first sum gives a contribution, whereas in
the second sum j must be even, i.e. j = 2i, with ¢ = 1,...,n, and kK = n — ¢. Hence, we
obtain

(i + 1)T(n—i + 1/2)
Bon+1(d f/ Znt19 + IZ T(n+3/2) B2i(An—i®).

Recalling the recursive definition of Da,11 in (2.30) we obtain the result for odd order,
concluding the proof. O
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Algorithm for computing the coefficients of
Theorem 2.1.1

In Theorem 2.1.1, we establish the existence of the full asymptotic series
for the classical heat content Qq(t). In this appendiz, we describe an
algorithm for computing the coefficients of the expansion at any order.

In Chapter 2, we study the small-time asymptotics of the heat content of smooth
non-characteristic domains of a general rank-varying sub-Riemannian structure, equipped
with an arbitrary smooth measure. In Theorem 2.1.1, we establish the existence of the
full asymptotic series:

oo
Qal(t) ~ Zaktk/Q, ast — 0.
i=1

As explained in Proposition 2.1.2, the coefficients a; can be computed explicitly via an
iterative procedure. In particular, for any k > 1, there exists an operator Dy acting on

the set C*°(Q2), such that
a = — Dy (1)do, (C.1)
o0
where the operators Dy are defined recursively in (2.28)—(2.30). We describe a Mathemat-
ica implementation of the algorithm for determining the operators Dj and the coefficients
ar. See [Ros20].

C.1 Construction of the operators D;

In the following script, we will set a non commutative algebra of operators. To properly
deal with non commutative formal operators, we will need the NCAlgebra package (for
download and further information, see the following link, Copyright (¢) Helton and de
Oliveira 2017, All rights reserved).

We are going to follow the procedure explained in Section 2.5.2. First of all, recall the
family of operators (2.25) and (2.26), (B.2) and (B.3). Those families can be compactly
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C.2. The algorithm

described introducing the following matrix formalism: for any k,j € Z, set

S
Mkj _ Qk] kj

Pyj Ry

Then, letting the 1-dimensional heat operator L = d; — 82 act on the vector v = (I, )7
where I, A are as in Definition 2.5.1, we obtain the initial conditions for {M};}, cf. Lemma
B.0.2, items (7) and (i7):

Q10 Sio A  —AN Q11 Su 0 N
My = = s My = =
Py Ry N A— N2 P11 Ry 0 O

Studying the iterations L*v, we obtain the following recursive formula for the family
{My;}: for any j,k such that 0 < j <k,

My; = MyoMy_1j + M1 Mg_1-1

and My; = 0 for any other couple of indexes. Having built the matrices {M};}, we can
extract the families of operators {Sj;} and {Ry;}, which allow us to define A and Z as
in (2.27). Finally, using (2.28)—(2.30) we find the operators { Dy }r>1.

C.2 The algorithm

We present a working code for the implementation of the algorithm above in Mathe-
matica. Once we have determined the operators Dy, we formally evaluate Dy (1) to obtain
the integrand of the k-th coefficients, see (C.1), according to the following calculus rules:

A(1)=0, N(1)=Ad=—H, (C.2)

where §: Q@ — [0,00) is the distance function from 092 and H is its horizontal mean
curvature. Note that (C.2) can be implemented treating 1 and #H as non-commutative
symbols.

(*Load NC packages*)

<< NC*;

<< NCAlgebra *;

<< NCTex ‘;

NCSetOutput [ NonCommutativeMultiply — True];

(xSet formal symbols to be mon commutative x)
ClearAll[M ,N,A ,1,§,A aux];
SetNonCommutative [A ,N,1,0 ,H];

(xIterative definition of the matrices Myj+*)
M[0,0] = IdentityMatrix [2];

M[1.0] = {{A,—AwN} {N—(N? = A)}};
M[lvl] = {{O,N},{0,0}};

Which[k>1 && 0<j<k, NCDot[M|[1,0] ,M[k—1,j]]+NCDot[M][1,1] ,M[k—1,j—1]],
]True, M|k, j]={{0,0},{0,0}}
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Appendix C. Algorithm for computing the coefficients of Theorem 2.1.1

(* Extraction of the operators Si; and Ryj*)

S{k_,j_] == Mf[k,j][[1,2]];

Rlk_,j_] = M[k,j][[2,2]];

(* Definition of auziliary pairings {,-}1,{,}2,{, }3%)
pl(k_,j_] := Gammalk+j+1/2]/((k+j)!Gammalk+ 1/2]);
p2(k_,j_] := (Ganmnalj+1/2]Gammalk—j+1/2])/(k!);

p3lk _,j ] := (Garmn[j—&—l}GaImm[k—j+1/2})/Garmn[k+3/2];

(x*Definition of Ar and Zyx*)
k41

Ak ] =) (p1[k,j]S[k+i,i]);
ZIk ] =Y (pl[k,i—1R[k+i—1,j]);

(xIterative construction of the operators Dyx)
OpD[1] = 2/Sqrt[Pi];
OpD[k_]| :=
Which[k<0, OpD[k]=0,
k/2

EvenQ[k], 1/Sart[Pi]) (p2[k/2,i]OpD[2i —1]x*A[k/2—i])),

=1

True,1/Sqrt [Pi] <Z[(k+l)/2]

(k—1)/2
+ Y <p3[<k—1)/27i]OpD[zu**Auk—l)/z—i]))

B

(xFormal evaluation of the operators on the function 1x)
aux [k ] := —OpD[k]**1//NCSimplifyRational;
A[k ] := NCReplaceRepeated [aux[k],{Nsx1— —H ,A*xx1—0}];

Finally the function A[k_] reproduce the integrand function of aj, for any k > 1.
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An alternative proof of Theorem 4.3.1

We give an alternative proof of Theorem 4.3.1 which holds also in the
non-compact case, without any additional assumption on lower Gaussian
estimates.

Let us recall the statement of Theorem 4.3.1.

Theorem D.0.1. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w and let Q C M be an open and relatively compact subset, whose boundary is smooth and
has no characteristic points. Let x € 0) and consider a chart of privileged coordinates

Y: U — V CR” centered at x, such that v(UNQ) =V N{z >0}. Then,

lim u(t, z) = / 50, et (2) = =, Va9,
{z1>0} 2

t—0

where &% denotes the nilpotentization of w at x and pf denotes the heat kernel associated
with the nilpotent approximation of M at x and measure W*.

Proof of Theorem 4.53.1. Let pi(z,y) be the heat kernel of M defined in (1.17), then we
may write

u(t,z) = ePlg(z) = /th(:r,y)dw(y), Vo e M.

For a fixed x € M, denoting by U any relatively compact neighborhood of x, we have

u(t,) = /U milay)da(y) + /. IR0 o
= pe(r,y)dw(y) + o(1),
UnQ

as t — 0. Indeed, since z ¢ Q\ U, we have

/Q P D)) = o (2) 20, g,

having used the fact that z € U is a point of continuity of 1g\yy. Now, for x € 99,
fix the set of privileged coordinates ¢: U — V C R", defined in (4.16). Following the
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Appendix D. An alternative proof of Theorem 4.3.1

notation of Section 1.4, let Wy, Wy C R™ open and relatively compact subsets of R™ such
that W1 C Wy € Wo C V and 6.(W;) C W;, for i = 1,2 and for every ¢ < g9. Consider
X € C°(R™) such that x =1 on W; and supp(x) C Wa, as in (1.24). Define ¥; € T'(R")

K:X(w*Xl)7 Vizlv"'an

where {X7,..., Xy} is a generating frame (1.1) for the sub-Riemannian structure at the
point x. Moreover, consider also the coordinate representation of w, i.e. the smooth
measure y on R™ as in (1.26).

Then, denoting by A the sub-Laplacian associated with the family {Y7,...,Yx} and
with the measure pu, and by p; its heat kernel, we have

pe(2,2') = pr(z,2') + O(t™), ast— 0,

uniformly on the compact subsets of Wi, cf. [CAVHT20, Thm. 3.1]. Therefore, using
again (D.1), we may restrict the domain of integration to W C Wi, a relatively compact
neighborhood of 0 € R”, obtaining

lim 0, 2)dw(z) = lim p¢(0, 2)du(z). D.2
t—0 Vn{z1>0}pt( Jdeo(2) t=0 Wm{z1>0}pt( () (D-2)

Starting from the family {Y;} and the measure p, for any |e| < eg, define the associated
perturbed family and measure:

1 ., .
= gl YE=e()Y Vis 1,

where Q is the homogeneous dimension of M at z, defined in (1.20) and 0. is the dilation
(1.23). The family {Y;"} generates a sub-Riemannian structure on d; /-(W1) and, denoting
by p§(z, 2') its heat kernel computed with respect to the measure ¢, we have the following
homogeneity property:

pi(2,2) = Egﬁgzt(és(z),és(z')), V(t,z,2") € (0,00) x Wy x Wh. (D.3)

Furthermore, notice that, by definition of perturbed family and measure, we can rewrite
(1.25) and (1.27) as follows: for any ¢ =1,..., N,

XF=1limYS  and &% = lim 4, (D.4)

e—0 e—0

in the C* topology of R™ and the weak™ topology of C~.(R™), respectively. Now, to evaluate
the limit (D.2), introduce the change of variables z — &, 4(z), for ¢ > 0. Thus, since the
set {z1 > 0} remains unchanged under anisotropic dilations,

/WQ{M} 0. () = |

= t9/25,(0, 6 s (2))du V"
/5 e [ POS G ()

5:(0, 6 (s
<w>n{Z1>o}pt( Vil ) z)

S

Sk

- pYH(0, 2)dpV"(2),
5% (W)ﬂ{zl >0}
t

where, in the last passage, we have used the homogeneity property (D.3). Let us evaluate
the limit:
lim Y (0, 2)dpuY(2).

t=0Js ; (W)N{z1>0}
Vit
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First of all, by (D.4), the sequence of smooth measures {pu®}.~¢ converges, in the weak*
topology of C/(R™), to the smooth measure @. Moreover, at level of densities, this con-
vergence is stronger indeed, since u®, & < dz (here dz is the Lebesgue measure) and are
smooth measures, there exist smooth positive functions f., f such that

@:fdza )uf-::fedza

for any |e| < g9. The sequence of smooth densities {f.} converges to f, uniformly on
the compact subsets of R", with all the derivatives. Second of all, since the heat kernel

p3(0, 2) is associated with the family {Y;°}, we have the following point-wise convergence,
VzeR™

L5, )n(a 025 (0, 2) o (2) % 12011 (0, 2) f(2), (D.6)

where p, defined in (1.29), is the heat kernel of M? the nilpotent approximation of M at
x. This convergence follows from an application of [CAVHT20, Thm. 3.2] and it is only
point-wise, since, for any z € R" we have to fix &y so small that 2z € 6, (W) and then
apply the result. Finally, for a sequence of times ¢t; — 0, define the following sequence of
positive functions:

hi(z) = ]16#(W)ﬂ{21>0}p1/g(07 2) f (%), VzeR"

ik

whose point-wise limit h(z) is given in (D.6), then, we can apply Fatou’s Lemma, obtaining:

/ P1(0, 2)dd(z) < liminf p}/ﬂ(o, 2)dpY (z)
{z1>0} k—o0 6 1 (W)N{z1>0}
Vi (D.7)
= lim inf ptk (1"7 y)dw(y)u
k—oo JUNQ

having used the homogeneity property (D.5) and relation (D.2) in the above equality. Now
we can exchange the role of €2 and its complement: in particular, by construction of the
set of privileged coordinates, we have

H(UNQY) =V N{z <0},

thus, repeating the above argument, we can prove (D.7) for U N Q€ i.e

/ 510, 2)dés(z) < lim inf 2V (0, 2)duV (2)
{z1<0} k—oo Js 4 (W)n{z1<0}
Vi

k—oo JUNQe

= liminf (/ Dty (2, y)dw(y / P (2, y)dw(y )>
k—o00 un
< lim inf (1—/ i, (2, y)dw(y))
Uun

k—o0

having used the maximum principle in last inequality. Therefore, we obtain:

k—o00

/{z1§0} P1(0, 2)do(z) < liminf (1 — /Umgptk(x,y)dw(y)> . (D.8)
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Appendix D. An alternative proof of Theorem 4.3.1

Putting together estimates (D.7) and (D.8), and using the stochastic completeness of the
nilpotent approximation, we conclude that

/ P1(0, 2)do(z) < lim inf P (2, y)dw(y) < lim sup/ P, (z,y)dw(y)
{z1>0} Q UnQ

k—oo JUn k—o00

<1- /{ gy P10,2)850) (D.9)

= ﬁl(oaz)dw('z)
{z1>0}

Finally, we can evaluate the quantity (D.9), using the homogeneity properties (1.31) of p,
as we did in the original proof. O

114



[terated Duhamel’s principle for In¢(t,0)

We study the iterated Duhamel’s principle for the Ig¢, cf. Definition
4.4.7.  The main result is Lemma B.0.6, which will imply formulas
(4.45), (4.53) and (4.63).

We want to apply Proposition B.0.1 to the function In¢(t,0), thus, we study in detail
the operators L*Iq, for any k > 1. Define iteratively the family of matrices of operators,
acting on smooth functions:

S
Mkj _ Qk] kj 7
Pyj Ry
as follows. Set
A AN, 0 —N,
Mo = and My = )
—N, —-N?+A 0 0

and, for all k> 1 and 0 < j <k, set

My; = MyoMpy_1,j + Mi1My_1-1, (E.1)

while M},; = 0, for all other values of the indices, i.e. k < 0, 7 <0 or k < j. Here N, is
the operator defined in (4.38), namely

Ny¢ =29 (Vo,v) + ¢ divy, (1), Vo e CXr(M), (E.2)

where v, is the outward-pointing normal from £2,.
Recall the definition of I and Ag: for any ¢ € C°(Q"°. ) and for all t > 0,7 > 0,

—79

logltr) = [ (1= u(t.2)) 6(@)d().

T

AQ¢(t7r) = _aTIQ(b(ta T‘) = _/ (1 - U(t,y)) ¢(y)do-(y)7

o

where u(t,-) = e!®1q. Tterations of LFIg¢ satisfy the following lemma.
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Appendix E. Iterated Duhamel’s principle for In¢(t,0)

Lemma E.0.1. Let M be a sub-Riemannian manifold, equipped with a smooth measure
w, and let Q C M be an open relatively compact subset whose boundary is smooth and has
no characteristic points. Then, as operators on Cg°(27°,), we have:

(i) Llg = InA — AqN,;
(ZZ) LAg = Aq (—NTZ + A) — IoN, + IgAN,;

(iii) For any k € N,
. ko . koo
L IQ = Z;] @(AQP]C] + IQij) and L AQ = z;) %(AQR]W + IQSkj).
j= j=

Here we mean that, for any ¢ € C°(Q'°, ), the operator L* acts on the functions Iap(t,r),

)

Aqo(t,r). Analogously the right-hand side when evaluated in ¢ is a function of (t,r).

Proof. The proof of items (i) and (i¢) follows from Proposition 4.4.2 and the divergence
theorem, see Lemma B.0.2 for a proof. We show how to recover the iterative law (E.1).
Consider the vector V' = (I, Aq), then by items (i) and (i7), we have

LV = (LIQ, LAQ) =V Mg+ 0V M. (E3)

Notice that the operator L* contains at most k derivatives with respect to ¢, therefore we
have

k
Z (VM) V>0,

On the other hand, we can evaluate L¥V, using (E.3):

k—1 k—1
LM = L(LV) = 3T L) (VMg 1) = 3 0 (LV My 1)
7=0 7=0

= Zat V MioMy,_1; + Za” VM My .
7=0

Reorganizing the sum, we find (E.1), concluding the proof. O

We want to apply Proposition B.0.1 to In¢(t,r) for k > 2, in order to obtain higher-
order asymptotics. However, Lemma E.0.1 shows that LFIq, for k > 2, involves time
derivatives of u(t,x) which are not well-defined at 92 as ¢ — 0. Therefore, we consider
the following approximation of In¢ and A, respectively: fix € > 0 and define, for any
t>0,r>0,

Lo(tr) == [ (1= udt,)) dla)du(),

T

Aeolt.) = =0.Lo(tr) = [ (1= uc(t.2)) $(u)do(y).

where uc(t,x) = e®1q, (x). We recall that, for any a € R, Q, = {x € M | §(z) > a}.
Notice that, by the dominated convergence theorem, we have

e—0

I.p(t,0) — Iq¢(t,0), uniformly on [0, 77,

and, in addition, Lemma E.0.1 holds unchanged also for I, and A..
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Lemma E.0.2. Let M be compact a sub-Riemannian manifold, equipped with a smooth
measure w, and let Q@ C M be an open subset whose boundary is smooth and has no
characteristic points. Let 1 € C*([0,00)), € € (0,79) and define

Py = /0 YP(s)ds, Vr > 0.
Then, for any ¢ € CX(QS,), the following identities hold:
(1) 0 §)dw if =0,
25
- | Ao iz
Qe
/ 6 (¥V 05) du ifj=0,
2%

_/QE N (¢ (v o06))dw i j>1;

(i) lim /OO g;Aecﬁ(t, r)(r)dr =

t—0

(ii) hm/ B Eqﬁ (t,r)(r)dr =

& odo if j =0,
(iii) 5=Ac(0,0) = § /o0
0 ifj>1
o [ odo  irj=o.
0

(iv) %Ie(b(oao) =
—Jo, Mdw if j =1

where, we recall, Qe = {x € M | §(z) > €} and Qf = Q\ Q.

Remark E.0.3. The only difference with respect to Lemma B.0.4 is item (#4i), which now
holds only as ¢ — 0 and not for all positive times.

Proof of Lemma E.0.2. We claim that, for any j > 1,

lim/ H(z) Al uc(t, x)dw(x / A p(z)dw(z). (E4)

t—0

Let us prove it by induction: for j = 1, applying the divergence theorem, we have
/ S A dw = — / g (Vue, V) do + / ueg (Vb V) do + / wApdw.  (E5)
Q o0 o0 Q

Let us discuss the first term in (E.5): by divergence theorem applied with respect to the
set Q2¢, we have

/ g (Vue, V) do — / SAUdw + / veg (V, V6 do — / wAdo,  (E6)
o0 Qc o0 Qc

then, using [JSC86, Thm. 3] and noticing that dsg(x,y) > €, for any z € Q, and y € Q°,
we conclude that in the limit as ¢ — 0, (E.6) converges to 0. This proves (E.4), for j = 1.
For j > 1, proceeding by induction, we conclude. Finally, using the co-area formula (4.30),
we complete the proof of the statement as in the usual argument of [Sav98, Lem. 5.6]. [

Remark E.0.4. In the non-compact case, under the assumption of Theorem 4.7.3, the
above lemma holds. In particular, on the one hand, the divergence theorem holds since ¢
has compact support. On the other hand, notice that the time derivative estimates (4.72)
are enough to ensure that (E.6) converges to 0 as ¢t — 0, regardless of the compactness
of the set of integration. The same is true for j > 1, where higher-order time derivatives
appear.
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Appendix E. Iterated Duhamel’s principle for In¢(t,0)

The next step is to finally apply Proposition B.0.1 to I, which now satisfies its assump-
tions, then, pass to the limit as ¢ — 0. The computations are long but straightforward:
we report here the result at order t%/2.

Lemma E.0.5. Under the same assumptions of Lemma E.0.2, let ¢ € C°(Q", ). Then,
ast — 0, we have:

126(,0) = 261,060 ~ 7= [ G Nad ()0 - 1) 2ar E7)
1// Gru[NGO|(7) (7 = #)(t — 7))/ drdr
7T3/2// / Gr_uNEP(s) (F — s) (1 — 7)(t — 7))/ dsdrdr
4f/ /aQ (1 —u(r,") (4A — N§)odo (t — )"/ 2dr

771_/0 gl—u[(GNoA—Ng - 2AN0)¢](T)(t_7—)1/2d7-_|_0(t5/2)’

where u(t,) = 1o and Gy[¢] is the functional defined in (4.47). We recall that Ny is
the operator defined in (E.2), associated with vy the outward-pointing normal to 2, namely

Nop = 29(Vo,9) + ¢pdiv, (o), V¢ e CF(M). (E.8)

The expression (4.45) is a direct consequence of B.0.6. Moreover, we can apply it,
when the base set is chosen to be Q€. Then, evaluating the difference between Iq¢(¢,0)
and Ige¢(t,0) we obtain (4.53). We use the shorthands I, I¢ for I and Ige respectively.

Lemma E.0.6. Under the same assumptions of Lemma E.0.2, let ¢ € C°(Q"°, ). Then,
ast — 0, we have:

(16~ 1°6) (1.0) = 201-2,[61(0) + 5 | Nodor
o= [ [ a2 = )2 drr
_ 2 1/2 2
4f/ [ (1= 2u(r,) (48 = N*)da(t — )2 + O(2),
where N 1is the operator given by
N¢ =2g(V$, Vo) + ¢AS, V¢ € C(M),

with §: M — R the signed distance function from 0f).

Proof. Firstly, we apply Lemma B.0.6 to I¢: we obtain exactly the expression (E.7), with
the operator Ny given by — IV, since the outward-pointing normal to €2 is —VJ. Secondly,
for the outside contribution, recall that we have the following equality of smooth functions:

1—ul(t,z) =1 —ePlge(z) = e 1g(z) = u(t, x), Vt>0, e M.
Therefore, when we apply Lemma B.0.6 to I°¢, we replace 1 — u®(t,-) = 1 — e!®1qe with

the function u(t, ) = e®1q(z). Moreover, the operator Ny defined in (E.8) is equal to N,
since the outward-pointing normal to Q¢ is V4. Therefore, writing the difference of the
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two contributions, and noticing that Q and its complement share the boundary, we have:
1t
(16— 1°0) (£,0) = 2612 [6)(0) + —= | GiINGI(r)(t = 1)~/ 2dr
VT Jo
1t _
o [ [ Gl I3) (7 = )t = ) drr
2w Jo Jo
1 t pTopT _
tam | [ SN (= s)(r = At - ) dsardr (E9)
4732 Jo Jo Jo
1 t
— 1— 2u(r,-)) (4A — N? t—1)42%d
t e ) L, (20 ) (A~ N*)odo(t — ) i
t
- / Gi6NA — N® — 2AN)](7)(t — 1)2dr + O(#2). (E.10)
4\/77' 0
To conclude, it is enough to notice that the functional G; can be explicitly computed:
1 1/2 T
= — Q).
Gilol(t) = = [ odot? Vo ecr@n,)

Thus, the terms in (E.9) and (E.10) are remainder of order O(t2). O

Applying Lemma B.0.6 to the sum of Ig¢(t,0) and Igep(t,0) instead, we obtain (4.63).
We state here the result and we omit the proof, it being equal to the one of Lemma E.0.6.

Lemma E.0.7. Under the same assumptions of Lemma E.0.2, let ¢ € C°(Q"°, ). Then,
ast — 0, we have:

(Ip+1°)(t,0) = ;7? /m pdot'/? + \/17? /Ot Gr_ou[NG|(7)(t — 7)Y 2dr

1
i 4A + N?)pdot?/?
+ N aQ( + N9)odo

1 t T T _
tam | [ ] GenlN ) (G = ) = )t = 1) 2 dsdrdr
4732 Jo Jo Jo
1 t
— _ou[(BNA — N3 — 2AN —r)l/2 5/2
g ) Gl )9l(7)(t = 7)'V2dr + O(°),
where N 1is the operator given by

N =29(Vé, Vi) + ¢As, Y€ C°(M).
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R.1 Introduction

Ces derniéres années, la géométrie sous-riemannienne a connu un regain d’intérét, ca-
ractérisé par une grande variété de sujets et de techniques. D’un point de vue théorique, on
peut trouver des exemples notables de variétés sous-riemanniennes comme limites Gromov-
Hausdorff de séquences de variétés riemanniennes, comme géométries sous-jacentes de la
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diffusion hypoelliptique ou encore comme fibrés G-principaux avec une connexion hori-
zontale. En mécanique, les variétés sous-riemanniennes modélisent des contraintes non-
holonomes fournissant une bonne description de divers systémes mécaniques, tels que des
corps qui roulent sans glisser ou des systemes a moment angulaire conservé. En outre,
en modélisation mathématique, la géométrie sous-riemannienne s’avere étre un outil ex-
trémement flexible et efficace. Par exemple, elle a été employée dans le probleme de la
reconstruction d’images partiellement endommagés, ou pour décrire un modele biologique
de la vision qui explique la reconnaissance des formes dans le cortex visuel.

Notre principal intérét pour la géométrie sous-riemannienne est lié a I’analyse asympto-
tique des phénomeénes de diffusion hypoelliptique. Tout d’abord, on montre, dans le cadre
riemannien, comment l'analyse asymptotique des équations aux dérivées partielles peut
étre un outil puissant pour étudier les propriétés géométriques. Soit (M, g) une variété
riemannienne complet, et on considére le probleme classique de Cauchy pour I’équation
de la chaleur sur M :

(O — Ag)u(t,z) =0, V(t,z) € (0,00) x M,

: (R11)
u(07 ) =/, dans L (M7 /j’g)a

ol Ay, g désignent respectivement 'opérateur de Laplace-Beltrami et le volume rieman-
nien. Il est bien connu qu'il existe une solution unique u(¢, z) au probleme (R.11), qui peut
étre représenté comme suit :

uta) = [ p@ ) f@dugly), Y (62) € (0,00) x M.

ou py(x,y) est une fonction positive lisse sur (0, +00) x M x M appelée noyau de la chaleur,
voir [BGM71,R0s97] pour une introduction compléte sur le sujet. Dans le méme esprit que
la définition de Riemann de la courbure d’'une variété riemannienne, les asymptotiques en
temps petit du noyau de la chaleur encodent des informations géométriques de (M, g), dé-
voilant une relation profonde entre la diffusion de la chaleur et la géométrie de la structure
sous-jacente. Parmi les nombreux résultats intéressants concernant ’analyse asymptotique
des quantités liées & la diffusion de la chaleur, voir par exemple [Kac66,Pat71,Cha84], nous
mentionnons ici le résultat séminal de Minakshisundaram et Pleijel [MP49] : pour chaque
x € M, il existe une expansion asymptotique compléte

pe(z,x) = t”% (ao(:c) + a1 ()t + ag(z)t* + .. ) ast— 0, (R.12)

ou aj(z) sont des fonctions lisses sur M, et sont déterminées par le tenseur de courbure
riemannienne et ses dérivées covariantes en x, donc elles refletent la géométrie locale de
M pres du point z. Par exemple, le coefficient d’ordre zéro est juste une constante, mais
déja le coefficient d’ordre 1 en ¢, c’est-a-dire a1 (x), est proportionnel a la courbure scalaire
de M au point x.

D’un point de vue physique, 1’équation de la chaleur (R.11) modélise une diffusion
isotrope sur la variété M. On peut donc obtenir une généralisation naturelle de ce modele
en imposant des contraintes non-holonomes sur la variété, décrivant a son tour un phéno-
mene de diffusion anisotrope. Cela revient a remplacer 'opérateur de Laplace-Beltrami A,
dans (R.11) par un opérateur sous-elliptique £ & la Hérmander [Hor67, Str86], généré par
un ensemble de contraintes non-holonomes {Xj,..., X,,} C I'(T'M). Plus précisément,
L est un opérateur différentiel du second ordre défini comme la somme des carrés des
champs de vecteurs X1, ..., X,,, plus éventuellement un terme de dérive Xy € I'(T'M).
On remarque qu’en général, Xy, ..., X,, n’ont pas besoin d’étre linéairement indépendants
en tout point, ainsi le symbole de £ peut étre dégénéré, ce qui le rend remarquablement
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différent de Ay, qui est au contraire un opérateur elliptique. Néanmoins, un résultat fonda-
mental obtenu par Hormander donne une condition suffisante garantissant I’hypoellipticité
de L, c’est-a-dire la condition de Hormander : I'algébre de Lie engendrée par la famille
{X1,...,X;n} en tout point = € M doit coincider avec 'espace tangent entier T, M. On
dit aussi que {X1, ..., X,,} est une famille de champs de vecteurs génératrice par crochets
de Lie. D’un point de vue géométrique, contrairement a ce qui se passe pour I’'opérateur de
Laplace-Beltrami, la structure géométrique sous-jacente d’un tel opérateur £ n’est plus rie-
mannienne. En effet, il est possible de donner une notion de longueur des vecteurs tangents
mais uniquement le long des directions admissibles dictées par la famille {X1,..., X}
La structure résultante est ce que ’on appelle une variété sous-riemannienne.

Les variétés sous-riemanniennes constituent une classe riche d’espaces métriques, gé-
néralisant le concept classique de variété riemannienne. Une structure sous-riemannienne
sur M est définie par un couple (D, g), ou g est un produit scalaire lisse défini sur un
sous-ensemble de directions admissibles :

D, =span{Xi(x),..., X;m(x)} C T, M, Ve M,

qui est appelée distribution et doit satisfaire la condition de Hérmander, voir les mono-
graphies [Mon02, ABB20]. Puisque g n’est défini que sur un sous-ensemble de directions
privilégiées, toutes les courbes lisses n’ont pas une longueur finie dans une variété sous-
riemannienne. Par conséquent, on doit se restreindre a I’ensemble des courbes horizontales,
a savoir les courbes qui sont tangentes a la distribution et de longueur finie. Le théoréme
de connectivité de Chow-Rashevsky garantit que deux points quelconques (dans la méme
composante connexe de M) peuvent étre reliés par une courbe horizontale. Ainsi, la fonc-
tion de distance sous-riemannienne dgr entre deux points quelconques, obtenue comme
Iinfimum de la longueur, parmi toutes les courbes horizontales les reliant, est finie. L’es-
pace métrique résultant (M, dgg) présente des phénomenes remarquablement différents par
rapport au cas riemannien : premierement, il existe des points ot il n’est pas bi-lipschitzien
a un espace euclidien, et par conséquent sa dimension de Hausdorff est strictement supé-
rieure a la dimension topologique dans un voisinage de ces points. Deuxiémement, (M, dsg)
est un espace métrique géodésique comme dans le cas riemannien, cependant toutes les
géodésiques ne satisfont pas une équation de Hamilton, ce qui conduit a l'existence de
géodésiques anormales, qui sont liés a plusieurs problémes ouverts dans le domaine. Troi-
siemement, il n’y a pas de maniére canonique de définir une mesure intrinséque associée a
une variété sous-riemannienne, en général, puisque g n’est pas défini sur ’espace tangent
entier, donc la procédure riemannienne ne produit pas une forme de volume bien définie.

Par conséquent, pour un opérateur hypoelliptique £ donné sur une variété lisse M,
on considere la structure sous-riemannienne sous-jacente et on étudie sa diffusion : une
fois qu’une mesure extérieure lisse w est fixée, on peut considérer I’équation de la chaleur
associée a L,

(0 — L)u(t,x) =0, V(t,x) € (0,00) x M,

u(0,) = f, dans L2(M, ). (R.13)

L’hypoellipticité de £ assure 'existence d’un noyau de la chaleur hypoelliptique, que 1'on
désigne toujours par pi(z,y), cependant, l'interaction entre la géométrie de la structure
sous-riemannienne sur M et la diffusion régie par £ est moins bien comprise que dans
le cas riemannien. En premier lieu, la diffusion est affectée par le choix de la mesure w,
car £ peut ne pas étre symétrique par rapport au produit scalaire L?(M,w) : on sera
intéressé en particulier a la diffusion hypoelliptique régie par un opérateur hypoelliptique
spécifique, appelé sous-laplacien et noté A, qui est en effet symétrique dans L%(M,w)
et généralise directement l'opérateur de Laplace-Beltrami, lorsque M est riemannien et
w = pig. Deuxiemement, dans le cadre sous-riemannien général, il n’existe pas d’analogue

123



Résumé détaillé de la these en francais

du tenseur de courbure riemannienne, ce qui rend le probleme d’intérét plus difficile a
résoudre. Une définition de la courbure dans le cadre sous-riemannien a été récemment
proposée dans [ABR18] : I'approche utilisée par les auteurs rappelle celle de Riemann, et
donc il est directement liée a 'asymptotique de la distance sous-riemannienne. L’incon-
vénient de cette approche est que les calculs explicites sont beaucoup plus difficiles par
rapport au cas riemannien.

Un grand effort dans 1’étude des propriétés analytiques de la diffusion de la chaleur
(R.13) a été réalisé par plusieurs auteurs et une liste non exhaustive est [BA8S, BA89,
Léa92,Nee07,BM09,BBN12,Bar13,BBN19, CdVHT20]. Par exemple, pour ce qui concerne
la trace du noyau de la chaleur, ’existence d’'une expansion asymptotique compléete est
prouvée dans [BA89], cependant I'interprétation géométrique des coefficients fait toujours
défaut. A cet égard, un résultat notable est contenu dans [Barl3], ot 'auteur est capable
de calculer explicitement les deux premiers coefficients de 'asymptotique de la trace du
noyau de la chaleur, dans les variétés sous-riemanniennes contact 3D :

pe(z,x) = #(14—%(@#{—0(&), ast— 0, Vo e M, (R.14)
ou k(z) est un invariant de type “courbure” de la structure sous-riemannienne. D’une part,
(R.14) est singulier en ¢ d’ordre /2, ou @ est la dimension de Hausdorff de la variété et,
dans le cas du contact 3D, est égal a 4 et supérieur a la dimension topologique. D’autre
part, en comparant (R.14) avec le résultat riemannien correspondant (R.12), on peut
s’attendre a un invariant qui ressemble & la courbure scalaire d’une variété riemannienne,
on peut donc définir k(x) comme la courbure sous-riemannienne scalaire de M au point z.
De plus, on mentionne également les développements récents de [CdVHT20], qui concerne
I'existence d’une expansion asymptotique en temps petit pour les noyaux de la chaleur
hypoelliptiques, et la description de ses coefficients en termes d’approximation nilpotente
de la structure sous-riemannienne sous-jacente.

Dans cette optique, notre objectif principal est de développer la relation entre la dif-
fusion hypoelliptique de la chaleur et les invariants géométriques de la structure sous-
riemannienne, en mettant I’accent sur les propriétés géométriques des hypersurfaces plon-
gées.

R.2 Préliminaires de géométrie sous-riemannienne

On rappelle quelques faits essentiels de géométrie sous-riemannienne. Pour plus de
détails, nous renvoyons le lecteur a [ABB20).

R.2.1 Variétés sous-riemanniennes

Soit M une variété lisse, connexe et de dimension finie. Une structure sous-riemannienne
sur M est définie par un ensemble de N champs des vecteurs lisses globaux Xi,..., Xy,
que on appelle famille génératrice. La famille génératrice définit une distribution de sous-
espaces de ’espace tangent en chaque point x € M, donnée par

D, = span{Xi(x),..., Xny(x)} C T, M. (R.15)

On suppose que la distribution est génératrice par crochets de Lie, a savoir que 1’algebre de
Lie des champs de vecteurs lisses engendrés par X1, ..., Xy, évalués au point x, coincide
avec T, M, pour tout x € M. On rappelle que, par définition, I’algebre de Lie engendrée
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par une famille de champs de vecteurs {X1,..., Xy} est la plus petite sous-algeébre de
['(TM) contenant la famille elle-méme, soit

Lie{X1,...,Xn} ={[Xj, [ [Xj,_, X5 )]l | 7s € {1,...,N}, ke N}
Donc, la distribution (R.15) est génératrice par crochets de Lie si
Liey (D) = {X(x) | X € Lie(D)} =T, M, Ve M. (R.16)

On se réfere parfois a (R.16) comme condition d’Hormander. La famille génératrice induit
également une norme sur la distribution en x, a savoir

N N
|v]|g = inf {Zﬁ > uiXi(z) = v} , Vv € Dy, (R.17)
=1 =1

qui, a son tour, définit un produit interne sur D, par polarisation, noté g,(-,-). On re-
marque que les champs de vecteurs dans la famille génératrice (R.15) n’ont pas besoin
d’étre linéairement indépendants en tout point, de plus, nous pouvons facilement obser-
ver que si D, = T,M, pour tout x € M, alors g défini par (R.17) est une métrique
riemannienne sur M.

On dit que 7 : [0,T] — M est une courbe horizontale, si elle est absolument continue
et

Y(t) € Dy, pour p.t. t € [0,T].

Ceci implique qu’il existe une fonction de contréle u : [0,T] — RN telle que
N
A(t) =Y wi(t)Xi(v(t)),  pour p.t. ¢ €[0,T].
i=1

De plus, on exige que u € L?([0,T],RY). On rappelle ici [ABB20, Lem. 3.12], qui assure
I'intégrabilité de la fonction t — [|¥(t)]|4.

Lemme R.2.1. Soit M une variété sous-riemannienne, et soit vy: [0,T] — M une courbe
horizontale. On définit le contréle minimal de v par

N N
u*(t)? = argmin {Z ui(t)? | (1) = Zul(t)Xl(y(t))} , pour p.t. t € [0,T]. (R.18)
i=1

i=1
Alors, la fonction [0,T] 5 t — u*(t) est mesurable et son carré est intégrable sur [0,T].

On remarque que, par définition du contréle minimal, [|¥(t)y = |u*(t)| pour presque
tout t € [0, T, donc la fonction ¢ — ||§(t)||4 est intégrable sur [0,T] et on peut définir la
longueur d’une courbe horizontale comme suit :

()= [ 15l

Ensuite, la distance sous-riemannienne est définie par la procédure de minimisation de
longueur : pour tout x,y € M, on définit

dsg(z,y) = inf{l(v) | v: [0,T] — M, courbe horizontale joignant x et y}.

Par le théoreme de Chow-Rashevsky, 'hypothese sur la distribution d’étre génératrice
par crochets de Lie garantit que la distance dsgr: M x M — R est finie, continue et
qu’elle induit la méme topologie que celle de la variété. De plus, cela implique que ’espace
métrique résultant (M, dsg) est localement compact.

Remarque R.2.2. La définition ci-dessus inclut toutes les structures sous-riemanniennes
classiques a rang constant comme dans [Mon02, Rif14] (ot D est définit un sous-fibré du
fibré tangent et g un tenseur symétrique et positif sur D), mais aussi les structures sous-
riemanniennes générales a rang variable. De plus, la méme structure sous-riemannienne
peut provenir de différentes familles génératrices.
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R.2.2 Géodésiques et flot hamiltonien

Nous rappelons quelques faits de base sur les courbes qui minimisent la longueur, et sur
le formalisme hamiltonien.

Une géodésique est une courbe horizontale ~y: [0,7] — M, paramétrisée a vitesse con-
stante, et telle que tout segment suffisamment court minimise la longueur. On peut formu-
ler le probleme de se trouver une courbe de longueur minimale joignant z,y € M comme
un probleme de controéle optimal de la forme :

N
() = ui(t)Xi(y(1)),
i=1
0 =z, AT =y, (.19)

/OT /D uZ(t)dt — min.

Le probleme (R.19) consiste a trouver les minima locaux d’une fonction soumise & certaines
contraintes, et donc on peut employer la méthode des multiplicateurs de Lagrange.

Exemple R.2.3. Soient f, fo: R> — R deux fonctions C' et on considére le probléme
d’optimisation avec une contrainte

{fO('xay) - min7
fz,y) =0.

En appliquant la méthode des multiplicateurs de Lagrange, on introduit la fonction A =
Af 4+ Ao fo, puis on obtient les points extrémes en résolvant 1’équation suivante

VA =0. (R.20)
On peut donc distinguer deux cas :

(i) Ao = 0, alors (R.20) se réduit a AV f = 0, avec A # 0, ce qui implique Vf = 0. Ce
sont des extrémes abnormal ;

(ii) Si l'on considére Ao # 0, on peut alors supposer que A\g = —1, d’ou (R.20) devient
AV f —Vfy=0.Ce sont des extrémes normal.

Ce type de différence entre les extrémes d’un probléme d’optimisation avec une con-
trainte est typique et apparait également lors de I’étude d’un probléme de dimension infinie,
comme celui de la recherche des géodésiques joignant deux points fixés. La caractérisation
des extrémales du probléme (R.19) est donnée par le principe du mazimum de Pontryagin,
cf. [ABB20, Sec. 4.3].

Etant donné une structure sous-riemannienne sur M avec une famille génératrice
{X1,..., XN}, on définit les fonctions h; € C°(T*M), associées a ces champs de vec-
teurs et linéaires sur les fibres, tels que

hi: T"M — R; hi(A) = (X, X3), Vi=1,...,N,
ou (A,-) désigne l'action des covecteurs sur les vecteurs. Pour une fonction lisse h €
C>®(T*M), le champ de vecteurs hamiltonien associé & h est le champ de vecteurs h sur
T*M, défini par (-, h) = dh, ot ¢ € A2(T*M) est la 2-forme symplectique canonique sur
le fibré cotangent.
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Théoréme R.2.1 (Principe du maximum de Pontryagin). Soit M une variété sous-
riemannienne, soit v: [0,T] — M une courbe horizontale paramétrisée a vitesse constante,
minimisant la distance entre y(0) et y(T), et soit u*(t) le contréle minimal correspondant.
Alors il existe un relévement de v dans T*M, c’est-d-dire une courbe absolument continue
A(t) € T;(t)M, telle que,

N
At) =" wi(t)hi(A(),  pour p.t. t €[0,T], (R.21)
i=1
et l'une des conditions suivantes est vérifiée :
hi(A\(t)) = ul(t), Vt e [0,T] et pour tout i =1,...,N, ou (N)
hi(A(t)) =0, vVt e [0,T] et pour tout i =1,...,N. (A)

De plus, dans le cas (A), A(t) # 0, pour tout t € [0,T].

Parmi les solutions de (R.21), on distingue les extrémales normales, satisfaisant (IN), et
les extrémales anormales, satisfaisant (A). En particulier, les extrémales normales sont les
solutions d’un véritable systeme hamiltonien : on définit le hamiltonien sous-riemannien
comme la fonction lisse H : T*M — R, donnée par

1
HO) =2 (A X)? ANeT*M
=5 20X ,
ou {X1,..., Xy} est une famille génératrice pour la structure sous-riemannienne. Ensuite,
les solutions A : [0, 7] — T*M des équations d’Hamilton
At = BOW), (R.22)

sont des extrémales normales au sens du Théoreme R.2.1. Par conséquent, les extrémales
normales sont lisses et ’hamiltonien est constant sur les trajectoires (R.22) . Leurs pro-
jections v(t) = w(A(t)) sur M, ou 7 : T*M — M est la projection canonique du fibré,
sont des courbes horizontales localement minimisant, paramétrisées a vitesse constante, et
sont appelées géodésiques normales. Si v est une géodésique normale avec un relévement
extrémal normal A, alors sa vitesse est donnée par ||§||; = v/2H (\). Notamment

(Yljo,) = ty/2H (X(0)), Vte[0,T].

L’ exponentielle sous-riemannienne exp, : Ty M — M, avec point de base x € M est

—

exp, () = 1o e (N), AeTrM, (R.23)

ot ef indique le flot de H dans le fibré cotangent, et on peut supposer qu’il est défini
jusqu’au temps 1. C’est le cas, par exemple, lorsque (M,dsr) est un espace métrique
complet. On remarque aussi que 1’exponentielle sous-riemannienne (R.23) est un difféo-
morphisme local a A = 0 si et seulement si D, = T,M, donc dans une variété vrai-
ment sous-riemannienne on trouve toujours des points dans lesquels la premiere propriété
échoue.

En ce qui concerne les extrémales anormales A: [0, T] — T M, satisfaisant (R.21), ainsi
que la condition (A), on définit géodésiques anormales leurs projections y(t) = w(A(t)) sur
M. A la différence des extrémales normales, la courbe A(t) peut ne pas suivre la dynamique
hamiltonienne (R.22), donc on ne peut en déduire aucune propriété de régularité. Ici, on
observe seulement que la condition (A) pour une extrémale anormale A(t) € T*M est
équivalente a

(A®); Drxy)) =0 et AEt)#0,  Vtel[0,T],

c’est-a-dire H(\(t)) = 0. On remarque qu’'une géodésique peut étre anormale et normale
en méme temps.
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Courbes minimisantes de la distance 4 une hypersurface. On considére main-
tenant une sous-variété fermée et plongée S C M de codimension positive. Soit v :
[0,7] — M une courbe horizontale, paramétrisée & vitesse constante, telle que v(0) € S,
Y(T)=x € M\ S, et telle qu’elle minimise la distance & S, soit

{() = inf{dsr(z,2) | z € S}.

En particulier, v est une géodésique. Tout relevement normal ou anormal correspondant
A:[0,T] — T*M, doit satisfaire les conditions de transversalité [AS04, Thm. 12.4]

(A\(0),v) =0, Vv € Ty)S, (R.24)

en d’autres termes, le covecteur initial A(0) doit appartenir au fibré annihilateur A(S) =
A€ T*M | (A, Tr(x)S) = 0} de S. Une conséquence immédiate pour le cas de codimension
1 est la suivante, cf. [FPR20, Prop. 2.7].

Proposition R.2.4. On considére une structure sous-riemannienne sur une variété lisse
M. Soit S C M wune hypersurface plongée et soit v : [0,T] — M wune courbe horizontale
telle que v(0) € S, v(T) =p € M\ S, et qui minimise la distance a S. Alors ~y est anormal
si et seulement si y(0) € S est un point caractéristique, c’est-a-dire

Dy € oS

En particulier, la Proposition R.2.4 implique que, dés que S n’a pas de points caracté-
ristiques, cf. définition (R.3.2), les courbes qui réalise la distance a .S sont toutes normales,
c’est-a-dire y(t) = exp,(t\), pour un certain A unique (& reparamétrisation pres) satisfai-
sant (R.24).

R.2.3 Le sous-laplacien

Soit M une variété sous-riemannienne et soit w une mesure lisse sur M, définie par une
densité tensorielle positive. La divergence d’'un champ de vecteurs lisse est définie par

divy,(X)w = Lxw, VX el(TM),

ou Lx indique la dérivée de Lie dans la direction de X. Le gradient horizontal d’une
fonction f € C°(M), noté V f, est défini comme le champ de vecteurs horizontal (c’est-
a~dire tangent & la distribution en chaque point), tel que

9z (Vf(x),v) =v(f)(x), Vv € Dy, (R.25)

ol v agit sur f comme une dérivation. En termes de la famille génératrice (R.15), on a

N
V=Y Xi(f)Xi, V[feC>M).
iz

On rappelle le théoreme de la divergence (on souligne que M n’est pas forcément orien-
table) : soit 2 C M un sous-ensemble ouvert avec bord lisse, alors

Fo(X,v)do — / (fdive X + ¢(Vf, X)) dw, (R.26)
o0 Q

pour toute fonction lisse f et tout champ de vecteurs lisse X, de sorte que le champ
de vecteurs fX ait support compact. Dans (R.26), v est le champ de vecteurs normaux
pointant vers l'extérieur de 0f2 et o est la mesure sous-riemannienne induite sur 9 (c’est-
a~dire celle dont la densité est o = |i,w|sq).
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Le sous-laplacien est 'opérateur A = div,, o V, agissant sur C*°(M ). De nouveau, on
peut écrire son expression par rapport a la famille génératrice (R.15), en obtenant

N
Af =3 {XAH) + XilHdive(Xa) ), Ve = (M). (R.27)
=1

Si la distribution D, définissant la structure sous-riemannienne sur M, ne coincide pas
avec tout l’espace tangent, le sous-laplacien n’est pas un opérateur elliptique, donc la
théorie classique de régularité n’est pas disponible. Néanmoins, A est hypoelliptique, cf.
[Hor67, Str6].

Théoréme R.2.2. Soit M une variété lisse et soit {Yp,...,Yn} un ensemble de champs
de vecteurs sur M qui satisfait la condition d’Hérmander. Alors l’opérateur
N
L=Yo+) Y}
i=1

est hypoelliptique, ce qui signifie que si @ est une distribution définie sur un ensemble
ouvert Q C M, telle que Ly € C*(Q), alors p € C°(Q).

Dans une variété sous-riemannienne M, avec la famille génératrice (R.15) satisfaisant
la condition d’Hérmander (R.16), on observe immédiatement que le sous-laplacien est
hypoelliptique grace a (R.27). De plus, le Théoréme R.2.2 assure également que 'opérateur
de la chaleur est hypoelliptique, en effet

N N
L=0—A=0—-> divy(X)X; — Y X7, (R.28)
=1 =1

donc en choisissant Yy = 9 — S0V, div,, (X;)X; et Y; = X;, pour tout i = 1,..., N, on
conclut. En particulier, toute solution de I’équation de la chaleur

Lo=(0:—A)p=0, au sens des distributions sur

est une fonction lisse dans €2, pour tout sous-ensemble ouvert 2 C M.

Le probléme de Cauchy pour I’équation de la chaleur. Soit M une variété sous-
riemannienne, munie d’une mesure lisse w. On désigne par L?(M,w) I'espace des fonctions
réelles sur M dont le carré est intégrable par rapport & la mesure w. Soit f € L?(M,w) et
on considéere le probleme de Cauchy pour l’équation de la chaleur :

(0 — A)u(t,z) =0, V(t,z) € (0,00) X M,

u(0,) = f, dans L*(M,w), (.29)

ot (0, -) est une notation abrégée pour la limite L2 de u(t, z) lorsque t — 0 et A est le sous-
laplacien (R.27). On remarque que A est symétrique par rapport au produit scalaire L? et
négatif, de plus, si (M, dsgr) est complet en tant qu’espace métrique, il est essentiellement
auto-adjoint, voir [Str86]. Ainsi, il existe une solution unique a (R.29), et elle peut étre
représentée par

u(t,z) = e f(x), VYee M, t>0,

ou e®: L?(M,w) — L?>(M,w) désigne le semi-groupe de la chaleur, associé & A. On
remarque aussi que pour tout f € L?(M,w), la fonction e!® f est lisse pour tout (t,z) €
(0,00) x M, par hypoellipticité de 'opérateur de la chaleur, voir le Théoréme 1.3.1, et il
existe un noyau de la chaleur associé a (R.29), c¢’est-a-dire une fonction positive py(z,y) €
C*((0,400) x M x M), telle que :

u(t,z) = /M P, y) f(y)dw(y),  VYae M, t>0.
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R.2.4 Approximation nilpotente de M

Nous introduisons ici la notion d’approximation nilpotente d’une variété sous-rieman-
nienne. Voir [Jeal4, Bel96] pour plus de détails.

Drapeau sous-riemannien. Soit M une variété sous-riemannienne de dimension n,
avec distribution D. On définit le drapeau de D comme la suite de sous-ensembles DF ¢ TM

tels que
D' =D, Dkl =Dk 4 D, DY, VE>1,

avec la convention que D° = {0}. Si D est génératrice par crochets de Lie, le drapeau de
la distribution définit un épuisement de T, M, pour tout point x € M, c’est-a-dire qu’il
existe r(x) € N tel que :

{3=DcDlc.. . co®tco® =1,M. (R.30)

Le nombre 7(z) est appelé degré de non-holonomie en . On pose ng(z) = dim D¥, pour
tout k& > 0, alors la collection de r(x) entiers donnée par

(nl (), N (2) (l’))

est appelé vecteur de croissance en x, et on a n, () (r) = n = dim M. Associé au vecteur
de croissance, on peut définir les poids sous-riemanniens w;(x) en x, en fixant pour tout
ie{l,...,n},

wi(z) = j, si et seulement si nj—1(x) +1 <1 < nj(x). (R.31)

Un point x € M est dit régulier si le vecteur de croissance est constant dans un voisinage
de z, et singulier autrement. La structure sous-riemannienne sur M est dite équiréguliér
si tous les points de M sont réguliers. Dans ce cas, les poids sont constants sur M. Enfin,
étant donné x € M, on définit la dimension homogéne de M en x comme

r(z) n
Q(z) = Y i(ni(x) — ni1(x)) = Y wi(x).
i=1 i=1
On rappelle que, si = est régulier, alors Q(x) coincide avec la dimension de Hausdorff de

(M,dsr) en z, cf. [Mit85]. De plus, Q(x) > n, pour tout x € M tel que D, C T, M.

Coordonnées privilégiées. Soit M une variété sous-riemannienne avec famille géné-
ratrice (R.15) et soit f le germe d’une fonction lisse en x € M. On appelle dérivée non-
holonome d’ordre k € N de f, la quantité

le e X]kf(ﬂj),

pour toute famille d’indices {j1,...,jx} C {1,...,N}. Alors, I'ordre non-holonome de f
au point x est

ord,(f) =min{k € N| 3{j1,...,jx} C{1,..., N} t.q. Xj, ... Xj, f(z) #0}.

Définition R.2.5 (Coordonnées privilégiées). Soit M une variété sous-riemannienne de
dimension n et soit x € M. Un systéme de coordonnées locales (z1,..., 2y,), centré en z,
est dit privilégié en x si

ord,(zj) = wy, Vi=1,...,n.
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On remarque que les coordonnées privilégiées (z1,...,2,) en x satisfont la propriété
suivante

Oy €D, By, (DY) =0, Vi=1,...,n (R.32)

Une base locale de T'M constitué de n champs de vecteurs {Z1,...,Z,} et satisfaisant

(R.32) est dit adapté au drapeau (R.30) en z. Ainsi, les coordonnées privilégiées sont
toujours adaptées au drapeau. De plus, étant donné une base locale adapté au drapeau
sous-riemannien en z, notée {Z1,...,Z,}, on peut définir un ensemble de coordonnées
privilégiées en x, a partir de celle-1a :

R™ > (zlv s 7zn) — 621Z1 0...0 eZ"Z"(;[;)'

De plus, dans ces coordonnées, le champ de vecteurs Z; est exactement 0,,.

Approximation nilpotente. Soit M une variété sous-riemannienne et soit z € M avec
poids définis dans (R.31). On considére un ensemble de coordonnées privilégiées en z,
Y= (21,...,2,): U— V,alors, pour tout £ € R, on peut définir la dilatation en x comme
suit

0.: R" — R"™; de(z) = (5w1($)z1, . ,aw"(x)zn) .

En utilisant ces dilatations, on obtient I’approximation nilpotente (ou du premier ordre) de
la famille génératrice (R.15). En suivant la construction de [CAVHT?20], soit Wy, Wy C R™
des sous-ensembles ouverts et relativement compacts de R™ tels que W1 C Wo C Wy C V
et 0.(W;) C W;, pour i = 1,2 et pour chaque |¢| < 1. On considere

x € C°(R"), tel que x|w, =1 et supp(x) C Wa, (R.33)

et on définit Y; = x(¢.X;), pour tout ¢ = 1,..., N, ou X; sont les champs de vecteurs de
(R.15). Alors, on définit I’approzimation de premier ordre de X; en x comme suit

X? =limed: (Y;), Vi=1...,N, (R.34)

e—0 £

ol la limite est prise dans la topologie C*° de R™.

Théoréme R.2.3. Soit M une variété sous-riemannienne de dimension n avec famille
génératrice {X1,...,Xn} et on considére son approzimation du premier ordre en x comme
dans (R.34). Alors, la famille {X?, ... ,)A(]{}} de champs de vecteurs sur R™ engendre une
algébre de Lie nilpotente de pas r(x) = wy(z) et satisfait la condition de Hérmander.

La preuve de ce théoréme peut étre trouvée dans [Jeald]. On rappelle qu'une algebre
de Lie est dite nilpotente de pas s si s est le plus petit entier tel que toutes les parenthéses
de longueur supérieure a s sont nulles.

Définition R.2.6 (Approximation nilpotente). Soit M une variété sous-riemannienne
et soit x € M. Alors, le Théoreme R.2.3 implique que la famille {X’f, . .,X’ X} est une
famille génératrice pour une structure sous-riemannienne sur R™ : on indique la variété
sous-riemannienne résultante M®. C'est ce qu’on appelle I’approxzimation nilpotente de M
au point x.

Remarque R.2.7. A isométrie prés, I'approximation nilpotente de M au point coincide
avec I'espace tangent métrique a (M, dgg) au sens de Gromov-Hausdorff. De plus, M* est
isométrique a un quotient d’un groupe de Carnot. Voir [Gro96, Bel96, Mon02] pour plus
de détails.
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Sous-laplacien nilpotentisé. Soit M une variété sous-riemannienne, munie d’une me-
sure lisse w, et soit ¢ = (21, ..., 2,) un ensemble de coordonnées privilégiées & = € M. On
consideére une fonction de troncature y € C°(R™) comme (R.33), et on définit une mesure
lisse p sur R™.

(. f) = (w.xf),  V[feC'®RY).

La nilpotentisation &* de w en x est définie comme suit

@) = Ny gy () VT €O R (R.35)

e—0
On remarque que, en indiquant par dz = dzj . ..dz, la mesure de Lebesgue sur R”, on a
5 (dz) = e]2® dz, Ve #£0,
donc, la limite en (R.35) existe. Finalement, on peut définir le sous-laplacien nilpotentisé,
agissant sur C°°(R™), comme suit :

Af::dw@z(ﬁf)::ﬁggifﬁ. (R.36)

On remarque que dans (R.36) il n’y a pas de terme de divergence, puisque
divge(XF) =0  Vie{1,...,N}.

Comme dans le contexte sous-riemannien général, dans ’approximation nilpotente M z
on peut considérer le probléeme de la chaleur de Cauchy (R.29) en L?(R™, &%).

(8 — A%)u(t,z) =0, V(t,z) € (0,00) x R,
u(0,z) = f, dans L?(R"™,&%).
On indique le noyau de la chaleur associé a ce probléme comme suit

P2, 2') € C((0, +00) x R™ x R™).

Asymptotiques du noyau de la chaleur. Soit M une variété sous-riemannienne,
munie d’une mesure lisse w et on dénote par pi(z,y) le noyau de la chaleur (R.54). On a
le résultat suivant.

Théoréme R.2.4 ( [CAVHT20, Thm. A]). Soit M une variété sub-Riemannian et soit
v: U — V un ensemble de coordonnées privilégiées en x € M. Alors, pour toute m € N,
m .
\E\Q(I)pagT(éa(z), 6-(2")) = pZ(z, z’)—l—z e fi(r, 2,2 ) +o(le|™), lorsque e — 0, (R.37)
i=1

dans la topologie C*° de (0,00) x V x V', ot les f{ sont des fonctions lisses satisfaisant la
propriété d’homogénéité suivante : pour 1 =0,...,m,

QWi (27 6, (2),0.() = (1,2, 7),  ¥(r,27) € (0,00) x R" x R,

ot, pour i = 0, on fixze f§(1,2,2') = pZ(z,2’). Dans (R.37), on considére le noyau de la
chaleur p; en coordonnées, avec un petit abus de notation.
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R.3 Asymptotiques du contenu thermique en variétés sous-
riemanniennes

R.3.1 Introduction

Soit (M, g) une variété riemannienne compléte, et @ C M un ensemble ouvert et relative-
ment compact avec bord lisse. On considére la solution u(t, z) de I’équation de la chaleur
avec des conditions aux limites de Dirichlet et une donnée initiale homogene :

(O — A)u(t,z) =0, V(t,xz) € (0,00) x Q,
u(t,z) =0, V(t,z) € (0,00) x 01,
u(0,2) =1, Ve,

ou A est opérateur de Laplace-Beltrami de (M, g). Le contenu thermique riemannien de
) est la fonction

Qolt) = /Q ult,2)dug(z),  t € [0,00),

ol ft4 est la mesure riemannienne. D un point de vue physique, Qq(t) représente la chaleur
totale contenue dans §2 au temps ¢, correspondant & une distribution initiale uniforme de la
température, et ou la frontiere 92 est maintenue a température nulle. On montre que Qq(t)
admet un développement asymptotique en fonction de v/t dont les coefficients encodent
des informations géométriques sur €2 et sa frontiere.

Pour les domaines euclidiens 2 € R", 'asymptotique de Qq(t) a l'ordre 1 a été calculée
dans [vdBD89], et jusqu’a l'ordre 2 dans [vdBLG94], en utilisant des méthodes probabi-
listes. En particulier, sous la condition que 99 est de classe C2, on montre que :

41 t
Qa(t) = Q| — 1/ =0 (8Q) + = [ Hdo + O(t>?), (R.38)
0 2 Jao
ou | - | désigne ici la mesure de Lebesgue, o est la mesure de surface induite sur 052, et H

est la courbure moyenne de 9€2. Un premier cas non plat a été étudié dans [vdB91], ou
les auteurs ont calculé I’'asymptotique du contenu thermique a 'ordre 2 pour ’hémisphere
supérieur d’'une sphere, en exploitant la connaissance explicite du noyau de la chaleur.

Pour les ensembles ouverts et lisses dans une variété riemannienne, ’existence d’une
expansion asymptotique en v/ & un ordre arbitraire a été établie dans [vdBG94], ou
les auteurs ont également calculé tous les coefficients jusqu’a 'ordre 4. Dans ce cas, le
volume, le périmetre et la courbure moyenne apparaissant dans (R.38) sont remplacés par
leurs homologues riemanniens, tandis que, dans les termes suivants, la deuxieme forme
fondamentale de 92 et le tenseur de courbure riemannienne interviennent. Il faut souligner
ici que l'existence d’une série asymptotique compléte n’est pas triviale, car le contenu
thermique n’est pas une fonction lisse de v/ en t = 0 (on peut facilement vérifier ce fait en
calculant le contenu thermique d’un segment euclidien). La méthode de Van den Berg et
Gilkey dans le [vdBG94], qui exploite fortement les propriétés fonctorielles des coefficients
et la théorie de I'invariance pour la courbure riemannienne, a été étendue pour calculer le
contenu thermique asymptotique jusqu’a 'ordre 5 dans [vdBG99], et au cas des conditions
aux limites de Neumann, voir [vdBDG93,DG94].

Asymptotiques du contenu thermique sous-riemannien

Dans le Chapitre 2, nous étudions 'asymptotique du contenu thermique en géométrie
sous-riemannienne. Cette étude est intéressante pour plusieurs raisons. Premieérement, il
n’existe pas d’analogue de la connexion de Levi-Civita, de la courbure riemannienne, ou de
la théorie de I'invariance pour une structure sous-riemannienne générale. Il s’agit d’outils
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fondamentaux pour I’étude du probléme riemannien réalisée par Van den Berg et Gilkey, et
de nouvelles méthodes doivent donc étre utilisées dans le cadre sous-riemannien. Deuxie-
mement, comme on ’a déja mentionné, dans le cas général sous-riemannien, il n’existe pas
de choix canonique de mesure. Pour cette raison, il faut fixer une mesure extérieure lisse w,
qui est nécessaire pour la définition du sous-laplacien, voir la Section R.2.3. On remarque
que, si M est une variété sous-riemannienne équiréguliére, on peut définir la mesure cano-
nique de Popp [Mon02,BR13], étendant le volume riemannien. Cette construction n’est pas
possible pour les structures non équirégulieres, par exemple les structures a rang variable.
Troisiemement, I’étude du contenu thermique sous-riemannien peut améliorer notre com-
préhension de la géométrie intrinséque des hypersurfaces, qui n’est bien développée que
pour le cas du groupe de Heisenberg [Pau04, AF07, AF08, CDPT07, BFF15a, BTV17]
et des groupes de Carnot [DGNO7a] (voir aussi [Vel20] pour un concept de courbure
gaussienne pour les surfaces dans les structures de contact tridimensionnelles, générali-
sant [BTV17]). Enfin, un phénomene véritablement nouveau apparait dans le cas sous-
riemannien : les points caractéristiques, ou la distribution est tangente a 0, et dont la
présence est source de plusieurs problemes techniques.

On introduit maintenant la définition précise du contenu thermique en géométrie sous-
riemannienne. Soit M une variété sous-riemannienne, munie d’une mesure lisse w, et soit
) C M un ensemble ouvert relativement compact avec bord lisse. Cela signifie que sa
cléture Q est une variété compacte avec bord. On considere le probléme de Dirichlet pour
l’équation de la chaleur sur 2, c’est-a-dire que on cherche des fonctions u telles que

(0y — A)u(t,z) =0, Y (t,z) € (0,00) x Q,
u(t,x) =0, Y (t,x) € (0,00) x 0L, (R.39)
u(0,z) =1, Vo e,

oit A = div,, o V est le sous-laplacien défini dans (R.27). On désigne par L?(2,w) l'espace
des fonctions réelles sur €2 dont le carré est intégrable par rapport a la mesure w. Si

fyh € C*°(9) satisfont la condition aux limites de Dirichlet, alors, par le théoréme de la
divergence (R.26), on obtient

(Af>h’)L2 = (f?Ah)L27

ot (-, )2 désigne le produit scalaire dans L?(,w). Ceci implique que I’on peut représenter
I'unique solution de (R.39), comme suit

u(t,) = e (1)q) , Vit >0,

ot e®: L?(Q,w) — L*(Q,w) est le semi-groupe généré par l’extension auto-adjointe de
Dirichlet du sous-laplacien sur Q. On remarque que pour tout ¢ € L?(Q,w), la fonction
e est lisse pour tout (t,z) € (0,00) x €, par hypoellipticité de 'opérateur de la chaleur
(R.28). De plus, les deux propriétés suivantes du semi-groupe de la chaleur sont vérifiées.
Tout d’abord, la solution de (R.39) satisfait un principe de maximum faible, ce qui signifie
que

0 <wu(t,x) <1, Vre, Vt>O0. (R.40)

Deuxiémement, on a une propriété de monotonicité du domaine. Soit 0 C M un ensemble
ouvert et relativement compact, tel que Q C . En indiquant par A’ le sous-laplacien de
Dirichlet sur Q’, pour tout ¢ € L?(Q,w), on a

o) < e p(a), VeeQ, Vt>0, (R.41)
ol e est le semi-groupe généré par A’ sur L?(Q,w). Les propriétés (R.40) et (R.41)
peuvent étre prouvées en suivant le schéma des preuves riemanniennes (voir [Gri09, Thm.
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5.11, Thm. 5.23]). Une preuve alternative peut étre donnée en utilisant des approximations
riemanniennes (voir la Section R.3.2 pour plus de détails) en exploitant les propriétés
respectives pour les semi-groupes de la chaleur riemanniens et en passant ensuite a la
limite.

Définition R.3.1 (Contenu thermique sous-riemannien). Soit u(¢,z) la solution du pro-
bléeme (R.39). On définit le contenu thermique sous-riemannien, associé a ), comme suit

Qalt) = /QU(t,:c)dw(m), Vit >0.

Afin d’obtenir l'existence d’un développement asymptotique du contenu thermique
sous-riemannien associé a €2 C M, on exige que I’ensemble soit non caractéristique.

Définition R.3.2 (Point caractéristique). On dit que x € 92 est un point caractéristique,
ou point de tangence, si la distribution est tangente a 9€) en x, c’est-a-dire :

D, C T,(00).

Si 99 n’a aucun point caractéristique, on dit que 2 est un ensemble non-caractéristique.

Si Q est un ensemble non-caractéristique, alors la solution ¢ du probléme de Di-
richlet, avec donnée initiale ¢ € C'*(€2), existe, est unique, et est lisse sur (0,00) x €,
voir [GM18, Thm. 2.5]. Il s’agit d’une conséquence du résultat analogue pour le pro-
bléme stationnaire considéré dans [KN65], tandis que dans le cas riemannien, il s’agit
d’un résultat classique, voir [Eval0, Sec. 7, Thm. 7]. De plus, si 2 est un ensemble non-
caractéristique, on a également des propriétés de régularité de la fonction distance au son
bord, ou celle-ci est définie par §: M — [0, 00) tel que

d(z) = inf{dsr(x,y) | y € 00}, Vae M. (R.42)

Alors, il existe un voisinage de 02 dans € ou ¢ est lisse. Précisément, on a le résultat
suivant, cf. [FPR20, Prop. 3.1], et [PRS18, Lem. 23].

Théoréeme R.3.1. Soit M une variété sous-riemannienne, munie d’une mesure lisse w,
et soit 0 C M un sous-ensemble ouvert et relativement compact de M dont le bord est

lisse et n’a pas de points caractéristiques. Soit 6: Q — [0,00) la fonction de distance da OS2.
Pour tout v > 0, on définit

Qr)={z Q| ) >r}, A(r)=Q\Qr)
On a donc :

i) 0 est lipschitzienne par rapport d la distance sous-riemannienne dsgr et |[Vi|g < 1
presque partout ;

ii) il existe ro > 0 tel que §: Q' (rg) — [0,00) est lisse;
iii) il existe un difféomorphisme lisse G: [0,19) x 9Q — Q/(r), tel que
IG(ty)) =t et G0 = Vo, Y (t,y) € [0,79) x ON.

De plus, ||Vl|lg =1 sur Q' (rg).
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On rappelle que pour un ensemble non-caractéristique €2, puisque § est lisse sur OS2,
la normale horizontale pointant vers I’extérieur de 92 est donnée par v = —V4. Dans ce
cas, la mesure sous-riemannienne induite o sur 0f2 est la mesure lisse et positive dont la
densité est |i,w|gn. De plus, on définit la courbure moyenne sous-riemannienne de 0f2 par

H = dive, (v)]gn = —Ad]oq. (R.43)

Nous pouvons maintenant énoncer nos principaux résultats concernant ’asymptotique du
contenu thermique en géométrie sous-riemannienne.

Théoreme R.3.2. Soit M une variété sous-riemannienne, munie d’une mesure lisse w,
et soit 2 C M un sous-ensemble ouvert et relativement compact dont le bord est lisse et
n’a pas de points caractéristiques. Alors, il existe ap, € R tel que, pour tout m > 4, on a

m—1
Qa(t) = w() —4/ ﬁ0(8(2) + E/ Hdo + > apt®’? + O(t™?), lorsque t — 0,
T 2 Joa P

ot o est la mesure sous-riemannienne induite par w sur OS2, et H est la courbure moyenne
sous-riemannienne de 0S).

Afin de reporter les premiers coefficients, on introduit I'opérateur IV, agissant sur les
fonctions lisses définies sur un voisinage de 0f2, donné par

N¢ =2g(Vop, V) + pAS. (R.44)
Proposition R.3.3. Avec les hypothéses et notations du Théoréeme R.3.2, pour tout k > 1,

on a ap = — [y Dp(1)do, ou Dy est un polynome homogéne de degré k — 1 dans les
opérateurs A et N. En particulier, on a

ap = w(Q), a; = —\/30(89),

1 1
=—= Add =——— [ NA
a2 2 56 g, as 6ﬁ 50 g,
_ 1 2 _ 1 3 _
a4 = —1g o A%ddo, as = 2407 (‘m(N 8NA)Addo.

Pour tout k > 1, les opérateurs Dy, sont définis récursivement dans (2.28)(2.30).

Remarque R.3.4. Les intégrandes de a; et as ont une interprétation classique comme le
périmetre et la courbure moyenne de 9€). On observe que 'intégrande de as est le soi-disant
potentiel effectif, une quantité introduite dans [PRS18, FPR20] pour décrire les propriétés
essentielles d’auto-adjonction des sous-laplaciens, en présence de mesures singulieres.

Remarque R.3.5. Les opérateurs Dy appartiennent a I'algebre engendrée par A et N, et
sont homogenes de degré k—1 dans les générateurs, ou IV a degré 1 et A a degré 2. Puisque
A(1) = 0 et N(1) = Ad, pour k > 2, on a que chaque a = — [5o Di(A8)do, ot Dy est
un polynéme homogene de degré k — 2 dans A et N. En particulier, chaque a; dépend de
la courbure moyenne horizontale de OS2 et de ses dérivées.

Remarque R.3.6. La construction itérative des opérateurs Dy, qui est assez complexe, a
été implémentée dans le logiciel Mathematica en [Ros20], grace auquel les coefficients ay,
peuvent étre immédiatement calculés. Voir I’Annexe C pour plus de détails.
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Stratégie de la preuve du Théoréme R.3.2

L’étude de l’asymptotique du contenu thermique en temps petit dans le cadre sous-
riemannien a été récemment initiée par Tyson et Wang, dans [TW18], ou ils ont étudié
le premier groupe de Heisenberg H. Ils y ont établi I’existence d’une série asymptotique
en temps petit jusqu’a 'ordre 2 dans v/t, pour des ensembles non-caractéristiques. L’ap-
proche de [TW18] est probabiliste, basée sur I'interprétation de la solution du probléme
de Dirichlet en termes de temps de sortie du processus de Markov correspondant. Cette
relation est valable si on produit une erreur d’ordre o(t), cf. [TW18, Prop. 3.2, empéchant
I’acces aux termes d’ordre supérieur dans I'asymptotique du contenu thermique.

Nous utilisons ici une méthode différente par rapport a celle de Tyson et Wang, en
adaptant une technique développée dans le cas riemannien par Savo [Sav98,Sav01,Sav04].
Cette méthode nous permet de prouver l'existence d’un développement asymptotique a un
ordre arbitraire, pour des ensembles non-caractéristiques de structures sous-riemaniennes
générales (éventuellement a rang variable). L’idée principale est d’étudier la quantité

Flt,r) = /ﬂ ()

ou 'on se souvient que Q(r) = {6 > r}. Apres une localisation appropriée pour traiter le ca-
ractere non lisse de Q(r) pour de grands 7, et en appliquant une version sous-riemannienne
d’un lemme de valeur moyenne pour la fonction F(¢,r), on est capable de montrer qu’elle
satisfait une équation de la chaleur unidimensionnelle non homogeéne sur la demi-droite
[0,00), avec une condition aux limites de Neumann & l'origine. Ensuite, l'asymptotique
du Théoreme R.3.2 et l'expression des coefficients sont obtenues en itérant la formule
de Duhamel correspondante. Certaines modifications non triviales doivent étre mises en
ceuvre pour adapter cette technique au cadre sous-riemannien. Par exemple, ’estimation
de Li-Yau pour le noyau de la chaleur des variétés riemanniennes dont la courbure de Ricci
est limitée par le bas n’est plus disponible (les variétés sous-riemanniennes ont, dans un
certain sens, la courbure de Ricci non limitée par le bas). Un autre ingrédient important
est la description des voisinages tubulaires de 02, donnée par le Théoreme R.3.1.

On remarque également que la méme méthode peut étre utilisée, sans modifications,
pour étudier le contenu thermique associé a une condition initiale non uniforme ¢ €
C>®(Q) N L3(,w). Dans ce cas, en utilisant la méme notation de la Proposition R.3.3, on

a ap = — [y Di(¢)do.

R.3.2 Approximation via des structures riemanniennes

Toute structure sous-riemannienne peut étre obtenue comme une limite monotone de struc-
tures riemanniennes, au sens de Gromov-Hausdorff. Ce schéma d’approximation peut étre
facilement mis en ceuvre pour les distributions a rangs constants. Dans ce cas, une séquence
d’approximation naturelle est obtenue en prenant n’importe quelle métrique riemannienne
g prolongeant la métrique sous-riemannienne, et en la multipliant par un facteur 1/e dans
les directions transversales. Cette construction donne une famille & un parametre de struc-
tures riemanniennes (M, gc), dont la distance riemannienne associée d. converge, uniformé-
ment sur les ensembles compacts de M, vers la distance sous-riemannienne dgg. En outre,
en dehors du lieu de coupure sous-riemannien, on peut en fait prouver que d. — dsgr dans
la topologie C'*°, voir par exemple [BGMR19]. Pour les foliations totalement géodésiques,
ce schéma est connu sous le nom de wvariation canonique, voir [Bes08]. On remarque ce-
pendant que la courbure riemannienne de la séquence d’approximation n’est pas bornée
par le bas, ce qui pose des difficultés techniques lorsqu’on prend la limite.

Nous introduisons dans le Chapitre 2 une généralisation du schéma de variation cano-
nique qui fonctionne pour des structures sous-riemanniennes générales a rang variable et
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on construit une approximation des coefficients de ’asymptotique du contenu thermique
de la Proposition R.3.3.

Soit (D, g) une structure sous-riemannienne sur M, avec famille génératrice (R.15). On
considere une famille génératrice globale pour une structure riemannienne, c’est-a-dire un
ensemble de L champs de vecteurs globaux Xi,..., X tels que

T, M = span{Xi(z),..., X ()}, Vre M. (R.45)
Pour tout € € R, on consideére la famille suivante de champs de vecteurs lisses globaux :
{Xl,...,XN,le,...,gXL}. (R.46)

Il s’agit d’une famille génératrice globale pour tout l’espace tangent en chaque point,
par conséquent, elle induit un produit scalaire sur T, M, défini, comme dans le cas sous-
riemannien, par la formule (R.17) et polarisation, que on désigne par g.. Puisque (R.45)
est vérifiée, g. est une métrique riemannienne sur M et la distance riemannienne corres-
pondante est notée d.. De plus, il est vrai que

0 . ,
d. == dgg, uniformément sur les ensembles compacts de M.

Une preuve explicite de ce fait dans le cas de variété sous-riemannienne a rang constant
peut étre trouvée dans [BGMRI19, Lem. A.1]. La méme preuve est valable, mot pour
mot, dans le cas général a rang variable, en remplagant la base orthonormée locale par
la famille génératrice (R.46), et en remplacant les controles des géodésiques minimisantes
par les controles minimaux, définis dans (R.18).

On appelle la famille d’espaces métriques & un parametre {(M, d;)}ccr une variation
riemannienne de (M,dsg). Pour la mesure lisse que on a fixée w sur M, on définit le
gradient horizontal et le laplacien correspondants, notés respectivement par V. et A..
L’expression de V. agissant sur f € C°° (M), par rapport a la famille génératrice (R.46),
est donnée par

N L
Vel =Y XX+ 2 Xa(NXa =V +3Vf, YV feC®M),
=1 a=1

tandis que 'expression de A, est donnée par

N L
Acf =3 {XA) + Xu(H)dive(X) |+ 2 30 {X2(f) + Xalf)diva(Xa) }
i=1 a=1
= Af +2A7f.

Ici, V et A représentent respectivement le gradient et le sous-laplacien, tandis que Vet A
représentent respectivement le gradient et le laplacien, calculés par rapport a la structure
riemannienne définie par la famille (R.45).

On fixe maintenant un sous-ensemble ouvert et relativement compact 2 C M avec bord
lisse. La séquence de structures riemanniennes donne naturellement une approximation
de la solution u(t,x) du probleme de Dirichlet (R.39) sur Q. En effet, en appliquant le

théoreme de Trotter-Kato (voir I'implication (a) = (d) dans [EN0O, Thm. 4.8]), on a :
ehep 20 4 oA, Vo € L*(Q,w), uniformément en t € [0, T, (R.47)

H'||L2(Q,w)

ol ' et et®, pour t > 0, désignent les semi-groupes associés a 'extension auto-adjointe
de Dirichlet de A, et A, respectivement. En intégrant (R.47), avec ¢ = 1|q, on obtient un
résultat analogue pour le contenu thermique :

Qa(t) =0 Qalt), uniformément sur [0, 77,

ol Q5 (t) désigne le contenu thermique riemannien de €2 pour la métrique ge.

138



Résumé détaillé de la these en francais

Approximations riemanniennes des coefficients

Notre deuxieme résultat met en relation les coefficients de 'asymptotique en temps petit du
contenu thermique riemannien Q§,(¢) de 'approximation riemannienne avec les coefficients
sous-riemanniens.

Théoréme R.3.3. Soit M une variété sous-riemannienne, munie d’une mesure lisse w,
et soit 2 C M un sous-ensemble ouvert et relativement compact dont le bord est lisse et
n’a pas de points caractéristiques. Alors, il existe une famille de métriques riemanniennes
ge telle que d. — dsr uniformément sur les ensembles compacts de M, et telle que

limaj, =a VkeN R.48
e—0 k ko ’ ( )
ou ay et ay, désignent les coefficients de l'asymptotique sous-riemannienne du contenu
thermique en temps petit, et les coefficients correspondants pour l'approzimation rieman-
nienne.

Méme si Q5 (t) = Qqa(t) dans la topologie uniforme C* sur les sous-ensembles com-
pacts de (0, 00), ce fait seul n’implique pas (R.48). Une preuve directe du Théoréeme R.3.3
nécessiterait (i) une preuve a-priori de l'existence de 'asymptotique sous-riemannienne en
temps petit pour Qq(t) et (ii) une inversion délicate de 1'ordre des deux limites € — 0 et
t — 0. Il est également important de souligner que le Théoréme R.3.2 n’est pas prouvé en
utilisant un schéma d’approximation et donc il n’est pas une conséquence du Théoréme
R.3.3. Ce dernier sera plutét prouvé en utilisant la formule itérative explicite pour les
coefficients des expansions du contenu thermique riemannien et sous-riemannien. En par-
ticulier, le Théoreme R.3.3 sera une conséquence du résultat suivant reliant les fonctions
de distance a 92 de la variété sous-riemannienne et de son approximation riemannienne,
respectivement.

Lemme R.3.7. Soit M une variété sous-riemannienne, et soit 2 C M un sous-ensemble
ouvert et relativement compact dont le bord est lisse et n’a aucun point caractéristique.
Soient 6,6.: Q@ — R les distances a 9Q sous-riemannienne et riemannienne de pas €,
respectivement et on fize € > 0. Alors, il existe U C Q, voisinage de 9Q, tel que 8,0, €
C*(U) pour tout |e| < € et : — 6, lorsque ¢ — 0, uniformément sur les ensembles
compacts de U, avec toutes leurs dérivées.

R.3.3 Points caractéristiques

Une hypothese cruciale dans tous nos résultats est que OS2 ne contient pas de points ca-
ractéristiques. Ceci est assez restrictif pour le cas du groupe de Heisenberg, ot les seuls
ensembles non-caractéristiques sont homéomorphes a un tore. Plus généralement, pour
toute variété sous-riemannienne de contact, I'hypotheése d’étre non-caractéristique et la
structure de contact impliquent que 0S) doit avoir la caractéristique d’Euler évanouis-
sante. D’autre part, ’hypothese d’étre non-caractéristique est moins restrictive pour les
structures générales : il n’est pas difficile de prouver que pour toute variété lisse M de
dimension n > 4, et tout ensemble ouvert et relativement compact € avec bord lisse, il
existe une structure sous-riemannienne, éventuellement & rang variable, sur M telle que
02 n’a pas de points caractéristiques.

Comme nous 'avons déja mentionné, 'hypotheése d’étre non-caractéristique est néces-
saire pour la régularité de la distance a 92 et pour I'existence de voisinages tubulaires
lisses, cf. le Théoréme R.3.1. En outre, méme si I'existence de solutions dans L?(Q,w) &
I’équation de la chaleur avec des conditions aux limites de Dirichlet est garantie par la
théorie spectrale générale (et donc Qq(t) est bien défini), leur régularité jusqu’au bord
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de ’ensemble peut échouer prés des points caractéristiques [Jer81a, Jer81b]. Malgré toutes
ces difficultés, on peut se demander si la formule asymptotique du contenu thermique en
temps petit du Théoreme R.3.2 a un sens, au moins formellement, pour les ensembles avec
points caractéristiques. On note tout d’abord que si ¥ est une hypersurface lisse plon-
gée dans une variété sous-riemannienne M, alors ’ensemble des points caractéristiques a
mesure nulle dans 3, voir [Bal03]. Deuxiémement, tout choix de mesure lisse w sur M
induit une mesure de surface lisse o sur X, méme en présence de points caractéristiques. Il
suffit de considérer la contraction de w avec la normale horizontale unitaire & ¥ (voir par
exemple [DGNOT7a, Sec. 8] pour le cas des groupes de Carnot, ou cette notion est liée a la
mesure de périmetre horizontal). Troisiemement, la courbure moyenne sous-riemannienne
est localement intégrable par rapport a o, méme en présence de points caractéristiques,
cf. [DGN12,Ro0s21]. En conséquence de tous ces faits, tous les termes apparaissant dans la
formule d’ordre 2 pour H dans [TW18] sont bien définis également pour les ensembles avec
des points caractéristiques. Cela semble suggérer que la méme formule asymptotique en
temps petit pourrait étre valable aussi pour les ensembles avec des points caractéristiques.
Notre analyse montre que cela ne peut pas étre vrai a un ordre supérieur : on trouve en ef-
fet une surface explicite dans le groupe de Heisenberg ot le cinquieme coefficient a5, défini
dans la Proposition R.3.3, explose. Avant d’énoncer le théoréme, on rappelle brievement
la définition du groupe de Heisenberg.

Définition R.3.8 (Groupe de Heisenberg). Soit M = R? et on consideére la famille géné-
ratrice globale donnée par

x
Xi =8, — %az, Xz =, + 50.. (R.49)
On remarque que { X1, X} satisfait la condition d’"Hérmander. De plus, le produit scalaire
induit par la famille est celui qui fait de {X;, X2} une base orthonormée. La variété sous-
riemannienne résultante est le premier groupe de Heisenberg, H. On le muni de la mesure
de Lebesgue standard : dans ce cas, le sous-laplacien correspondant est A = X12 + X22.

Théoreme R.3.4. Soit H le premier groupe de Heisenberg, et on considére le plan ¥ =
{z = 0}. Tout d’abord, on observe que l’origine est un point caractéristique isolé. On
désigne par o la mesure de surface sous-riemannienne sur X induite par la mesure de
Lebesgue sur H. Alors lVintégrande du coefficient as de l’expansion du contenu thermique en
temps petit n’est pas localement intégrable par rapport a o autour du point caractéristique
de X.

Le Théoreme R.3.4 montre que la formule asymptotique du Théoreme R.3.2 est fausse
a lordre k > 5 pour les les ensembles avec des points caractéristiques. Dans ’exemple
du Théoréme R.3.4, on montre que les intégrandes des coeflicients a3 et a4 sont encore
localement intégrables par rapport a la mesure de surface sous-riemannienne. On s’attend
cependant a ce que 'on puisse construire un exemple moins symétrique ou l'intégrande
de a4 n’est pas non plus intégrable pres d’un point caractéristique, cf. le Remark 2.7.7.
D’autre part, le Théoréme R.3.2 pourrait encore étre vrai & un ordre inférieur (il a déja été
remarqué que les coefficients qui y apparaissent restent bien définis pour les les ensembles
avec des points caractéristiques dans H jusqu’a k = 2).

probléme ouvert. Est-il vrai que, pour des ensembles ouvert et lisses dans H avec des
points caractéristiques, le développement asymptotique du Théoreme R.3.2 reste valide
jusqu’a un certain ordre 0 < k <5 7¢

Pour prouver le Théoreme R.3.4, nous avons dérivé une formule exacte pour la distance
sous-riemannienne du plan xy dans H. A notre connaissance, c’est la premiére fois qu’une
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telle formule globale explicite apparait dans la littérature, et elle présente un intérét in-
dépendant. Par exemple, elle peut étre utilisée pour étudier la perte de régularité de la
distance a X aux points caractéristiques.

Théoréme R.3.5. La distance au plan xy dans le premier groupe de Heisenberg H, pour

tout p dans l'axe z, est donnée par
d(p) = \ 27| zpl,

tandis que pour tous les p n’appartenant pas a l'aze z, il est donné en coordonnées cylin-

driques par

5(p) = 4€p + yo(&p) ¢ = @

p ’ 9
v/ 1+ yo(fp)2 "p

ot & — yo(&) est la seule fonction lisse telle que
46 4 5o + (1 4 y2) arctan(yo) = 0.

Remarque R.3.9. La preuve du Théoreme R.3.5 consiste en une caractérisation non-triviale
des géodésiques minimales qui sortent du plan xy, et le lieu de coupure correspondant.
Les formules locales sont plus faciles & obtenir, cf. [BFFT15a, Ex. 5.1], en utilisant la
propriété bien connue de minimalité des segments courts des géodésiques normales sous-
riemanniennes. Cependant, ces formules locales et les estimations associées ne tiennent pas
uniformément lorsqu’on s’approche des points caractéristiques. D’autre part, le Théoréme
R.3.5 est valable pour tous les p € H, méme ceux situés arbitrairement pres de 'origine.
Cette caractéristique est essentielle pour la preuve du Théoreme R.3.4.

R.4 Intégrabilité de la courbure moyenne sous-riemannien-
ne aux points caractéristiques dégénérés dans le groupe
de Heisenberg

R.4.1 Introduction

Soit M une variété sous-riemannienne, et soit > C M une hypersurface plongée. La cour-
bure moyenne horizontale H : ¥ — R est un invariant géométrique qui apparait naturelle-
ment dans différents domaines de I'analyse géométrique. Il apparait dans la théorie des sur-
faces minimales [DGN0O7b,HP08,Mon15,Pau04, CHMY05], dans I’étude de I’asymptotique
du contenu thermique dans les variétés sous-riemanniennes, voir [TW18] et [RR21], et dans
les formules de type Steiner pour le volume des tubes autour des hypersurfaces [BFF+15b].

L’intégrabilité (locale) de H est particulierement importante dans toutes les applica-
tions susmentionnées, que ce soit par rapport a la mesure du périmetre horizontal ou a la
mesure riemannienne, cf. la Définition R.4.3. Un fait important est que, méme pour les hy-
persurfaces lisses 3, la courbure moyenne horizontale explose aux points caractéristiques,
cf. la Définition R.3.2, ce qui rend le probleme de I'intégrabilité locale non trivial.

En ce qui concerne la mesure de périmeétre sou-riemannienne oy, comme cela a été
remarqué pour la premiére fois dans [DGN12] pour le groupe de Heisenberg, la singula-
rité de H est compensée par le fait que oy s’annule aux points caractéristiques, et donc
H € L%OC(Z,O’H). Cependant, cette compensation échoue si 'on remplace la mesure de
périmeétre sous-riemannienne oy sur X par la mesure riemannienne or, et en général
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H ¢ L%OC(E,UR). Dans tous les exemples connus, cependant, soit > n’est pas tres lisse,
soit 'ensemble des points caractéristiques a une dimension positive, cf. [DGN12]. D’autre
part, si 3 est au moins C? et que I’ensemble de points caractéristiques est discret, aucun
contre-exemple d’intégrabilité locale n’est connu. En outre, une analyse approfondie de
nombreux cas spécifiques a conduit les auteurs de l'article [DGN12] & conjecturer que,
sous ces hypotheses, H € Li (3, 0R).

Dans le Chapitre 3, nous abordons la question de I'intégrabilité locale par rapport a la
mesure de périmeétre riemannienne dans le groupe de Heisenberg et dans le contexte plus
général des variétés de contact tridimensionnelles.

R.4.2 Courbure moyenne sous-riemannienne

Soit M une variété lisse de dimension 3. Soit w une 1-forme de contact, c’est-a-dire telle
que w A dw # 0. Alors, la distribution de contact est

D, = ker(wy) C T, M, Vpe M.

Puisque dw est non-dégénérée, la distribution D est un sous-fibré de rang 2 du fibré tangent
et est génératrice par crochets de Lie. Toute métrique sur D définit une structure sous-
riemannienne sur M. On appelle M une variété sous-riemannienne de contact.

Remarque R.4.1. Si M = R3 et que 'on choisit comme forme de contact la suivant :
1
w=dz— 5(:L‘dy — ydz),

alors, une base globale pour la distribution des contacts est donné par {X;, X2}, ou les
champs de vecteurs X1, X sont définis dans (R.49). Si 'on considére que { X7, X5} est une
base orthonormeée, alors la variété sous-riemannienne résultante est le groupe d’Heisenberg
H.

Soit M une variété sous-riemannienne de contact tridimensionnelle et soit ¥ C M une
surface plongée de classe C? dans M. Puisque on s’intéresse aux propriétés locales de ¥,
on peut toujours supposer, sans perdre de généralité, que ¥ = {u = 0}, ou

u € C*(M) et duls, # 0.
Dans ce cas, on dit que p € 3 est un point caractéristique et on écrit p € C(X), si
D, CT,% ou de maniere équivalente Vu(p) = 0.

Définition R.4.2 (Courbure moyenne sous-riemannienne). Soit M une variété sous-rie-
mannienne de contact tridimensionnelle et soit ¥ C M une surface plongée de classe C?
dans M. La courbure moyenne sous-riemannienne (ou horizontale) en p € 3 est définie

par
Hip) = div, (o)

Tl (R.50)

p

On remarque que, d’une part, la valeur de (R.50) en p ne dépend pas du choix de la
fonction w qui définit X, et d’autre part, si p € X\ C'(X), on retrouve la notion habituelle
de courbure moyenne horizontale (R.43).

Définition R.4.3 (Mesures induites). Soit M une variété sous-riemannienne de contact
tridimensionnelle et soit ¥ C M une surface plongée de classe C? dans M. Soit v la
normale horizontale unitaire a ¥, a savoir

Vu

—_ R.51
IVl (R-51)

UV =
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ou V est le gradient horizontal (R.25). Alors, la mesure sous-riemannienne oy sur X est la
mesure lisse positive de densité i, p|. De maniére analogue, pour définir la mesure induite
riemannienne or, on considére une extension riemannienne quelconque de la structure
sous-riemannienne, puis on remplace v par la normale unitaire riemannienne, qui est don-
née par (R.51) avec le gradient riemannien.

On remarque que or dépend du choix d’une extension riemannienne, mais que ce choix
ne joue aucun role dans 'intégrabilité de la courbure moyenne horizontale.

Définition R.4.4 (Hessien horizontal). . Soit M une variété sous-riemannienne de contact
tridimensionnelle. On fixe une connexion affine V sur la distribution D. Alors, le hessien
horizontal de u € C%(M) est le tenseur (0,2) sur D, défini par

Hessy (u)(V, W) = g(Vy(Vu), W),  VYV,W e (D). (R.52)

Alors qu’en général la définition du hessien horizontal dépend du choix de la connexion,
il est intrinseque aux points caractéristiques. Plus précisément si X C M est une surface
plongée de classe C2, alors la valeur de (R.52) en p € C(X) ne dépend ni du choix de V,
ni de u.

R.4.3 Points caractéristiques non-dégénérés

On introduit maintenant une condition du second ordre sur les points caractéristiques, en
utilisant le hessien horizontal.

Définition R.4.5 (Point caractéristique non dégénéré). Soit M une variété sous-rieman-
nienne de contact tridimensionnelle et soit ¥ C M une surface plongée de classe C? dans
M. On dit que p € C(X) est un point caractéristique non-dégénéré si

det (Hessp(u)|p) # 0.
Sinon, on dit que p € C(X) est un point caractéristique dégénéré.

Le cas des points caractéristiques non-dégénérés et isolés est élémentaire, et on peut
montrer le résultat suivant.

Théoréme R.4.1. Soit M une variété sous-riemannienne de contact tridimensionnelle,
munie d’une mesure lisse et soit ¥ C M une surface plongée de classe C%. On suppose
que tous les points caractéristiques de X sont isolés et non-dégénérés. Alors ,

1
H S Lloc (Z, O'R) 5
ot oR désigne la mesure riemannienne induite par [ sur .

Le cas des points caractéristiques dégénérés est moins bien compris, méme pour le cas
des surfaces lisses dans le groupe de Heisenberg H. Le résultat principal de ce chapitre est
la définition d’un concept de point caractéristique modérément dégénéré pour les surfaces
du groupe de Heisenberg, pour lequel nous sommes capables de prouver l'intégrabilité
locale.

R.4.4 Points caractéristiques modérément dégénérés

On considere dans le groupe de Heisenberg H une surface lisse ¥ = {u = 0}, ou u €
C>®(R3) avec du # 0 sur ¥. On suppose que p € C(X) soit un point caractéristique
dégénéré, ce qui signifie que le hessien horizontal de u a déterminant nul en p. Ainsi, il
a un noyau unidimensionnel en p, engendré par un vecteur unitaire que on désigne par
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N, € D,. Celui-ci est unique, a signe pres, et donc on I'étend & un champ de vecteurs
invariant & gauche N € I'(D). En prenant un champ de vecteurs orthogonal & N dans
['(D), on obtient une base orthonormée {N,T} pour la distribution D, co-orienté avec
celui donné par (R.49).

Définition R.4.6 (Courbe critique). Soit ¥ C H une surface lisse plongée et soit p € C(X)
dégénéré. La courbe critique de p est définie comme I’ensemble des points dans ¥ ou N

est tangent a X, soit
C={g€ 3| N(g) € T,5}.

La Définition R.4.6 est bien posée et nous permet d’introduire la notion de point
caractéristique modérément dégénéré.

Définition R.4.7 (Point caractéristique modérément dégénéré). Soit ¥ C H une surface
lisse plongée, soit p € C(X) un point caractéristique dégénéré et C sa courbe critique.
Soit v: (—e,e) — C une paramétrisation réguliere de C, avec v(0) = p. On dit que p est
modérément dégénéré si la fonction

s = Tu(y(s)),

a un zéro d’ordre fini en s = 0. On remarque que cette définition ne dépend pas ni du
choix de u, ni de la paramétrisation réguliere de C.

Comme on peut le voir, le concept de point caractéristique modérément dégénéré est
basé sur une condition d’ordre fini le long de la courbe intrinseque C C ¥ émanant de
p € C(X) dégénéré. Pour les points caractéristiques isolés et modérément dégénérés, on
montre le résultat d’intégrabilité suivant.

Théoréme R.4.2. Soit X C H une surface lisse plongée. On suppose que tous les points
caractéristiques de X soient isolés et modérément dégénérés. Alors

1
He L. (X,0r),
ot oR désigne la mesure riemannienne induite sur 3.

En particulier, si ¥ est analytique réel, tous les points caractéristiques dégénérés sont
modérément dégénérés. En conséquence, on obtient le corollaire suivant, qui répond affir-
mativement a la conjecture de [DGN12], au moins pour les surfaces analytiques réelles.

Théoréme R.4.3. Soit 3 C H une surface analytique réelle plongée. On suppose que tous
les points caractéristiques de X soient isolés. Alors,

H e Llloc (Z,UR) ,

ot oR désigne la mesure riemannienne induite sur 3.

R.5 Contenu thermique relatif

R.5.1 Introduction

Dans le Chapitre 4, nous étudions 'asymptotique du contenu thermique relatif en géomé-
trie sous-riemannienne. Soit M une variété sous-riemannienne, munie d’une mesure lisse
w. On rappelle la définition du sous-laplacien sur M :

Af =divyoVf, VY feC®M).

144



Résumé détaillé de la these en francais

On désigne par L?(M,w) I'espace des fonctions réelles sur M dont le carré est intégrables
par rapport a la mesure w. Soit {2 C M un ensemble ouvert et relativement compact avec
bord lisse et on considere u(t, x) comme la solution du probleme de Cauchy pour I’équation
de la chaleur sur 2, c’est-a-dire :

(0 — A)u(t,z) =0 V(t,z) € (0,00) x M,

’ ) (R.53)
u(0,-) = 1q, dans L°(M,w),

ot u(0, -) est une notation abrégée pour la limite L? de u(t,z) lorsque ¢t — 0. On rappelle
que, par la théorie spectrale classique, cf. la Section R.2.3, il existe une solution unique au
probléeme (4.14), et elle peut étre représentée comme suit

u(t, x) :em]lg(:z:), VYee M, t >0,

ot e®: L?(M,w) — L*(M,w) désigne le semi-groupe de la chaleur, associé & A. De
plus, il existe un noyau de la chaleur associé a (4.14), c’est-a-dire une fonction positive
pe(z,y) € C°((0,4+00) x M x M), telle que :

u(t,z) = /Mpt(:n,y)]lg(y)dw(y): /Q e, y)dew(y). (R.54)

Définition R.5.1 (Contenu thermique relatif). Soit wu(t,z) la solution de (R.53). On
définit le contenu thermique relatif, associé a €2, comme suit

Hol(t) :/Qu(t,x)dw(yc), V> 0.

Dans le cadre euclidien, le contenu thermique relatif a été étudié en relation avec les
propriétés géométriques des sous-ensembles de R", & partir des travaux fondamentaux
de De Giorgi [DG54], ou il a introduit la notion de périmetre d’'un ensemble dans R™ et
il a prouvé une caractérisation des ensembles de périmetre fini en termes de noyau de
la chaleur. Ensuite, son résultat a été affiné en utilisant les techniques des fonctions a
variation bornée : il a été prouvé dans [Led94] pour les boules dans R™, et dans [MPPP07]
pour les sous-ensembles quelconques de R™, qu’un ensemble borel 2 C R™ avec mesure de
Lebesgue finie a un périmetre fini a la De Giorgi si et seulement si

_JE _
A lim W(|Q| — Hq(t)) = P(), (R.55)
ou | - | est la mesure de Lebesgue et P est la mesure de périmétre dans R™. On remarque

que (R.55) est équivalent a un développement asymptotique du premier ordre de Hq(t),
lorsque t — 0. Un développement supplémentaire dans cette direction a ensuite été obtenu
dans [AMM13], ott les auteurs ont étendu (R.55) & une asymptotique d’ordre 3 en v/, en
supposant que le bord de 2 C R” est un ensemble C'!. Pour simplifier, on énonce ici le
résultat de [AMM13, Thm. 1.1] en supposant que 9f est lisse :

Ha(t) = 18] - 2P
n — 2
i (1%/17?) /ag (Hgﬂ(””) * (n_21>2089(”3)) dH" (@)% + o(t*?),  (R.56)

lorsque t — 0, ott H" ! est la mesure de Hausdorff et, en désignant par kz?Q les courbures
principales de 92 au point x,

1 n—1 n—1
Hpg(z) = — Yok (@), conlz) =D K@)
=1 =1
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Dans le cadre riemannien, Van den Berg et Gilkey ont prouvé dans [vdBG15] I'existence
d’une expansion asymptotique compleéte pour Hq(t), généralisant (R.56), lorsque 02 est
lisse. De plus, ils ont réussi a calculer explicitement les coefficients du développement jus-
qu’a Pordre 4 en v/t. Leurs techniques sont basées sur des méthodes d’opérateurs pseudo-
différentiels, et ne peuvent pas étre immédiatement adaptées au cadre sous-riemannien.
En particulier, il manque une estimation de type paramétrice pour le noyau de la chaleur,
cf. [vdBG15, Sec. 2.3] : pour tout k € N, il existe Jy, Ci, > 0 tels que

ou pg (x,y) sont des fonctions lisses appropriées, données explicitement en termes de noyau
de la chaleur euclidien et de convolutions itérées. L’estimation la plus proche analogue a
(R.57) dans le cadre sous-riemannien est celle prouvée récemment dans [CdVHT20, Thm.
A] (voir le Théoreme R.2.4 pour ’énoncé précis), ou les auteurs montrent une expansion
asymptotique du noyau de chaleur dans un woisinage asymptotique de la diagonale, ce
qui ne suffit pas a reproduire (R.57) et donc 'argument de Van den Berg et Gilkey. De
plus, dans ce cas, p](z,y) est exprimé en termes de noyau de la chaleur de 'approximation
nilpotente et des convolutions itérées, ce qui pose des difficultés techniques pour les calculs
explicites des coefficients (qui ne seraient plus des intégrales “simples” de type gaussien).

Dans le Chapitre 4, sous I'hypotheése de l'absence de points caractéristiques, nous
prouvons I'existence du développement asymptotique de Hq(t), jusqu’a l'ordre 4 en v/,
lorsque t — 0. Nous remarquons que notre preuve inclut également le cas de variété sous-
riemannienne & rang variable. On rappelle la définition de 'opérateur auxiliaire (R.44),
agissant sur C*°(M),

< Cyt*, lorsque t — 0, (R.57)

Pl y) — Zpi(x,m\
=0

Ck(MxM)

N¢ =2g(V$,V6) + ¢AS, Ve (M),

ou d: M — R désigne la fonction de distance sous-riemannienne a 952, telle que définie
dans (R.42). Notre résultat principal est donc le suivant.

Théoreme R.5.1. Soit M une variété sous-riemannienne compacte, munie d’une mesure
lisse w, et soit 0 C M un sous-ensemble ouvert dont le bord est lisse et n’a pas de points
caractéristiques. Alors, lorsque t — 0,
Ho(t) = w(Q) — ——o (50112
f

s

N(AS)do (M)%) 12 4 o(2), (R.58)

< 1 1
12y/7 Jaa 6/ Joa
ot o représente la mesure de périmétre sous-riemannienne.

Remarque R.5.2. L’hypothese de compacité du Théoreme R.5.1 est technique et peut étre
relachée en exigeant, a la place, un doublement global de la mesure et une inégalité de
Poincaré globale, voir la Section 4.7 et en particulier le Théoréme 4.7.3. Quelques exemples
notables satisfaisant ses hypotheses sont :

e M est un groupe de Lie a croissance de volume polynomiale, la distribution est
engendrée par une famille de champs de vecteurs invariants & gauche satisfaisant
la condition de Hérmander et w est la mesure de Haar. Cette famille comprend
également les groupes de Carnot.

e M = R™, munie d’une structure sous-riemannienne induite par une famille de champs
de vecteurs {Y7,..., Yy} a coefficients bornés ainsi que leurs dérivées, et satisfaisant
la condition de Hérmander.
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e M est une variété riemannienne compléte, munie de la mesure riemannienne, et avec
la courbure de Ricci non négative.

Voir la Section 4.7.1 pour plus de détails. Dans tous ces exemples, le Théoréme R.5.1 est
valable.

La stratégie de la preuve du Théoreme R.5.1 suit une stratégie similaire de ce que nous
avons fait dans le Chapitre 2, inspiré par la méthode introduite dans [Sav98|. Cependant,
comme nous allons l'expliquer dans la Section R.5.2, de nouvelles difficultés techniques
apparaissent, la principale étant liée au fait que u(t,-)|sn # 0, ou u désigne la solution a
(R.53). A Dordre zéro, on obtient le résultat suivant, voir la Section R.2 pour les définitions
précises.

Théoréeme R.5.2. Soit M une variété sous-riemannienne, munie d’une mesure lisse w
et soit 0 C M un sous-ensemble ouvert et relativement compact, dont le bord est lisse et
n’a pas de points caractéristiques. Soit x € ) et on considére des coordonnées privilégiées
Y: U —V CR" centré sur x, tel que (U NN) =V N{z > 0}. Alors,

1
li t,x) = 7 (0, 2)dw*(z) = = v o
u(to)= [ 0.4 =5, Ve,
ot W* désigne la nilpotentisation de w a x et p} désigne le noyau de la chaleur associé a
Uapprorimation nilpotente de M a x et a la mesure w*.

Ce résultat peut étre considéré comme une généralisation partielle de [CCSGM13,
Prop. 3], ou les auteurs ont prouvé un développement asymptotique de u(t,x) jusqu’a
I'ordre 1 en v/t pour x € 02, pour une classe exceptionnelle d’ensembles non caractéris-
tiques dans les groupes de Carnot.

Remarque R.5.3. Notre preuve du Théoréme 4.1.3 ne donne pas une série asymptotique
pour u(t, -)|aq & un ordre supérieur a 0. En effet, une série asymptotique complete de cette
quantité semble difficile & obtenir, cf. la Section 4.6.

R.5.2 Stratégie de la preuve du Théoréme R.5.1

Pour mieux comprendre les nouvelles difficultés techniques dans I’étude du contenu ther-
mique relatif Hq(t), on le compare au contenu thermique classique Qq(t), cf. le Chapitre
2, et illustrons la stratégie de la preuve du Théoreme R.5.1.

Le contenu thermique classique. On met en évidence les différences entre le contenu
thermique relatif Hq(t) et le contenu thermique classique Qq(t) : soit  C M un ensemble
ouvert dans M, alors pour tout ¢ > 0, on a

Ho(t) = /Q u(t,2)dw(z),  Qalt) = /Q wo(t, ) dw (), (R.59)

ou u(t, x) est la solution de (R.53) et ug(t, z) est la solution du probléme de Dirichlet pour
I’équation de la chaleur, associée a 2, c’est-a-dire

(O — A)ug(t,z) =0, V(t,x) € (0,00) x £,
uo(t,z) =0, V(t,z) € (0,00) x 09, (R.60)
up(0,x) =1, YV €,

La différence essentielle est que ug(t, -)|gn = 0, pour tout ¢ > 0, alors que u(t,-)|go # 0 en
général. Il n’y a donc pas de relation a priori entre Hq(t) et Qq(t) : la seule information
pertinente est donnée par la monotonicité du domaine (R.41), qui implique que :

Qa(t) < Hq(t), Vi >0,
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et il est clair que cela ne donne pas 'asymptotique de cette derniére. Voir également
[vdB13] pour d’autres résultats de comparaison dans le cadre euclidien.

Echec du principe de Duhamel. Dans le Chapitre 2, on établit un développement
asymptotique complet de Qq(t), lorsque t — 0, & condition que 92 n’ait pas de points
caractéristiques. La preuve de ce résultat reposait sur une application itérative du principe
de Duhamel et sur le fait que ug(¢, x)|sq = 0. En suivant la méme stratégie, on applique le
principe de Duhamel & une version localisée de Hq(t) : on fixe une fonction ¢ € C°(M),
avec support compact dans un voisinage tubulaire autour de 9€ et telle que 0 < ¢ < 1 et
¢ est identiquement 1, proche de 0€2. Ensuite, en utilisant des estimations hors diagonale
pour le noyau de la chaleur, on peut prouver que :

w() — Ho(t) = I9(t,0) + O(t™), lorsque ¢ — 0, (R.61)

ou I¢p(t,r) est défini pour ¢t > 0 et 7 > 0 comme étant

T6(t,r) = /Q (1 ()0 d(e), (R.62)

ou Q(r) ={z € Q| d(x) > r}, avec : Q@ — R désignant la fonction de distance a 9.
Par conséquent, le comportement en temps petit de Hq(t) est capturé par 1¢(t,0). Par le
principe de Duhamel et le lemme de la valeur moyenne sous-riemannienne, on obtient ce
qui suit :

16(t,0) \F/ /89 W) b(y)do(y)(t — ) Y2dr + O(1), (R.63)

lorsque t — 0. Pour le contenu thermique classique, ug satisfait la condition aux limites
de Dirichlet, cf. (R.60), donc (R.63) donnerait ’asymptotique du premier ordre (et on
pourrait alors itérer). Au contraire, dans ce cas, on n’a pas de connaissance préalable de
u(t,y) siy € 0N et t — 0. Ainsi, déja pour 'asymptotique du premier ordre, le principe
de Duhamel seul ne parvient pas a donner un développement précis, et nous avons besoin
de quelques informations concernant le comportement asymptotique de u(t, -)|aq.

Asymptotique du premier ordre. On étudie 'asymptotique de u(t, -)|sq. En utilisant
la notion d’approximation nilpotente d’une variété sous-riemannienne, cf. la Section R.2,
on déduit 'expansion asymptotique d’ordre zéro de u(t, -)|spq lorsque ¢ — 0, en prouvant
le Théoreme R.5.2. Ceci est suffisant pour déduire le développement du premier ordre de
Hq(t), en utilisant (R.63). A ce stade, on itére le principe de Duhamel pour obtenir les
termes d’ordre supérieur du développement de Hq(t). Cependant, dés la premiére itération,
on obtient la formule suivante pour I¢ :

_ ~1/2
14(t,0) f/ aQ1 u(T,-))pdo(t — 1)~/ =dr

27r/ / /m (1 —u(#,-))Neda((t — 7)(t — 7)) V2d7dr + O(t%?), (R.64)

lorsque ¢ — 0. Par conséquent, le développement asymptotique d’ordre zéro de u(t, -)|sq
ne suffit plus pour obtenir 'asymptotique du second ordre de Hq(t).

La contribution extérieure I°¢. On a vu que la différence cruciale entre Hq(t) et
Qq(t) définis dans (R.59), est liée au fait que u(t, -)|aq # 0, alors que ug(t, )]s = 0, pour
tout ¢t > 0. D’un point de vue physique, cette distinction vient du fait que, puisque le bord
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00 n’est plus isolé, la chaleur régie par le probleme de Cauchy u(t, x), solution de (R.53),
peut se propager également a l'extérieur de 2, tandis que wug(t, z), solution du probléme
de Dirichlet (R.60), est confinée dans €2, et la température extérieure est toujours 0. Par
conséquent, on peut imaginer que ’expansion asymptotique de Hq(t) est affectée par 02,
aussi bien de l'intérieur que de 'extérieur de 2.

En interprétant I¢ comme la contribution intérieure a 'asymptotique de Hgq, on for-
malise U'intuition physique d’un flot de la chaleur a 'extérieur de €2, en définissant une
contribution extérieure, I°¢ a 'asymptotique. L’observation de départ est la simple relation
qui suit : en définissant

Ko(t) = /M\Q u(t,2)dw(z), Vi 0,

on a, par le théoreme de la divergence (R.26),
HQ(t) + KQ(t) = W(Q), Vit > 0. (R65)

De maniére similaire & (R.62), pour une fonction lisse appropriée ¢, on peut définir une
version localisée de Kq(t), que on appelle I¢¢p(t, ), de sorte que

Kq(t) =I°(t,0) + O(t™), lorsque ¢t — 0. (R.66)
En utilisant (R.61), (R.65) et (R.66), on montre la relation suivante :
Ip(t,0) — I°¢(t,0) = O(t™), lorsque ¢ — 0,

pour une fonction lisse appropriée ¢. Par contre, pour la quantité localisée I¢(t,0) —
I¢¢(t,0) on dispose d’un principe de Duhamel, grace auquel on peut étudier le développe-
ment asymptotique, jusqu’a l'ordre 3, de I’intégrale de u(t, x) sur €2, cf. le Théoréme 4.5.4.
La limitation a l'ordre 3 de I'asymptotique est technique et semble difficile & surmonter,
cf. Remark 4.5.5. En insérant cette asymptotique dans (R.64), on obtient ’asymptotique
jusqu’a l'ordre 3 du développement de Hq(t), lorsque t — 0.

Asymptotique d’ordre quatre. Puisque nous n’avons a notre disposition que I’asymp-
totique de 'intégrale de wu(t,x) sur 02, jusqu’a l'ordre 3, il nous faut un argument plus
fin pour obtenir 'asymptotique d’ordre quatre de Hq(t). La relation, simple mais contrai-
gnant, repose & nouveau sur (R.61), (R.65) et (R.66), grace auxquels on peut écrire :

W(Q) — Holt) = % (I6(£,0) + I°0(t,0)) + O(t),  ast — 0.

Maintenant pour la somme des contributions I¢(t,0) + I¢¢(¢,0), le principe de Duhamel
implique ce qui suit :

I$(t,0) + I°¢(t,0) = \/QEU(BQ)H/?

* % /Ot /OT /89(1 — 2u(#,2)Ng(y)do(y) (T — #)(t — 7)) /* drdr + oft).

Cette fois, on remarque comment l'intégrale de u(t,z) sur 02 apparait dans un terme
du premier ordre (contrairement a ce qui s’est passé dans (R.63) ou (R.64)), donc son
développement asymptotique jusqu’a ’ordre 3 implique un développement du quatriéme
ordre pour Hq(t).
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R.5.3 De Pasymptotique du noyau de la chaleur a ’asymptotique du
contenu thermique relatif

Dans [CAVHT20, Thm. A], les auteurs ont prouvé I'existence d’une asymptotique en temps
petit du noyau de la chaleur hypoelliptique, p;(x,y), voir aussi le Théoréme R.2.4 pour
I’énoncé précis. Dans le Théoréme R.5.2, on a été capable d’exploiter ce résultat pour
obtenir 'asyptote d’ordre zéro de la fonction

u(t,z) = e lg(z) = / pi(x,y)dw(y), Vt>0, xecod.
Q

Cependant, nous ne sommes pas en mesure d’étendre le Théoreme R.5.2 & une asymp-
totique d’ordre supérieur puisque, en gros, les termes de reste dans le Théoreme R.2.4
ne sont pas uniformes lorsque ¢ — 0. Si nous avions un meilleur controle sur les restes,
nous pourrions en effet intégrer (d’une maniére appropriée) l'asymptotique du noyau de
la chaleur en temps petit pour obtenir I’expansion correspondante pour u(¢,z). Enfin, a
partir d’'une telle expansion, I'asymptotique du contenu thermique relatif découlerait du
principe de localisation (R.61) et du principe (itéré) de Duhamel (R.63). Ceci est traité
dans la Section 4.6.

R.5.4 Points caractéristiques

Afin de prouver nos principaux résultats, nous avons besoin de I’hypothése de ne pas avoir
points caractéristiques dans le bord €2, voir la Définition R.3.2. Comme c’était le cas pour
le contenu thermique classique, cf. le Chapitre 2, cette hypothese est cruciale pour suivre
notre stratégie. Cependant, contrairement a ce qui se passe dans le cas du probléme de
Dirichlet, le noyau de la chaleur p;(x,y) associé a (R.53) est lisse sur le bord de €, pour
temps positifs, méme en présence de points caractéristiques. Ainsi, en principe, il n’y a
pas d’obstacle & obtenir un développement asymptotique de Hq(t) également dans ce cas.
De plus, dans les groupes de Carnot de pas 2, un résultat similaire a (R.55) est valable,
en remplagant la mesure de Lebesgue et la mesure de périmeétre par la mesure de Haar
du groupe et la mesure de périmétre horizontale, respectivement, cf. [BMP12, GT20]. En
particulier, la caractérisation des ensembles de périmetre horizontal fini dans les groupes de
Carnot de pas 2 est indépendante de la présence de points caractéristiques, ce qui indique
qu’une expansion asymptotique telle que (R.58) peut encore étre valable, en abandonnant
I’hypothese de ne pas avoir points caractéristiques.

R.6 Contenu thermique relatif associé a sous-variétés

Dans le Chapitre 5, nous étudions le contenu thermique relatif associé a une sous-
variété. A notre connaissance, cette quantité n’a jamais été étudiée de maniére systéma-
tique, méme pas en géométrie riemannienne, aussi nous proposons la définition suivante.
Soit M une variété sous-riemannienne, munie d’une mesure lisse w, et soit S C M une
sous-variété lisse et compacte de codimension k > 0. On fixe une mesure lisse p sur S
comme donnée initiale pour ’équation de la chaleur au sens des distributions, et on étudie
le probléeme de Cauchy associé :

(Or — A)u(t,z) =0, V(t,z) € (0,00) x M,
u(t, ) 2% p, dans D'(M),
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ou A = div,, o V est le sous-laplacien habituel associé & w. Une solution & ce probleme,
dans le sens des distributions, est donnée par

u(t,x) = /Spt(:v,y)d,u(a:), Y (t,x) € (0,00) x M,

ou pi(z,y) est le noyau de la chaleur (R.54), associé & A et & la mesure w. On définit le
contenu thermique relatif pour une sous-variété S comme :

Hs(t) = [ [ e pdn@duty),  ve>o. (R.67)

On remarque que, d’une part, si S = {z¢} et u = d,,, on obtient la trace du noyau de la
chaleur p;(xo, o). D’autre part, si S est une sous-variété de dimension 0, c’est-a-dire que
S est un ensemble ouvert, relativement compact et lisse, et si on choisit comme mesure
p = Low, alors (R.67) coincide avec le contenu thermique relatif habituel comme dans la
Définition R.5.1. Par conséquent, une expansion asymptotique en temps petit de (R.67)
comprendrait de nombreux cas d’intérét, allant de I’asymptotique de la trace du noyau de
la chaleur aux résultats du Théoreme R.5.1.

Notre tentative de calculer 'asymptotique de (R.67) consiste a en construire une ap-
proximation appropriée, en utilisant des voisinages tubulaires de S. Tout d’abord, nous
introduisons la définition générale d’une sous-variété non-caractéristique, qui s’applique
pour toute codimension k£ > 0.

Définition R.6.1 (Sous-variété non-caractéristique). Soit M une variété sous-rieman-
nienne et soit S C M une sous-variété plongée et lisse de codimension k£ > 0. On dit qu’un
point g € S est non-caractéristique si

Dy + 1,5 =T,M.
On dit que S est un sous-variété non caractéristique si (5.3) vaut pour tout point g € S.
On preuve le résultat suivant, au sujet de sous-variétés non-caractéristiques.

Théoreme R.6.1. Soit M une variété sous-riemannienne et S C M une sous-variété
compact, lisse et non-caractéristique de codimension k > 1. Alors, il existe rq > 0 tel que,
en désignant par Sy, = {p € M |0 < ds < ro}, les conditions suivantes sont vérifiées :

i) 0s: Spy — [0,00) est lisse et tel que ||Vog|lg =1
it) il existe un difféomorphisme G: (0,1r9) x {0s =ro} — Sy, tel que :

Is(G(r,p)) =r et G0, = Vis.

Le Théoreme R.6.1 généralise le résultat analogue dans [FPR20, Prop. 3.1], et [PRS18,
Lem. 23], aux sous-variétés de toute codimension k > 1.

Deuxiémement, pour tout € < rg, on considére le contenu thermique relatif (renorma-
lisé) associé a Se, qui désigne le voisinage tubulaire de S de rayon ¢ :

HE(t) = o@/s/gspt(x,y)dw(a:)dw(y), Vi 0. (R.68)

On montre que Hg converge ponctuellement vers Hg, lorsque ¢ — 0. En particulier, on
preuve le résultat suivant.
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Appendix E. Iterated Duhamel’s principle for In¢(t,0)

Proposition R.6.2. Soit M une variété sous-riemannienne, munie d’une mesure lisse w,
soit S C M une sous-variété lisse, compacte et non-caractéristique de codimension k > 1.
Alors, il existe une mesure de probabilité ug sur S telle que pour tout t > 0,

HE(t) =% Hs(1).
Cependant, cette convergence est trop faible pour récupérer quelque information con-
cernant l’expansion asymptotique en temps petit de la limite. En fait, on montre que
(R.68) ne parvient pas a récupérer ’expansion asymptotique du contenu thermique relatif

du sous-variété, en étudiant un exemple dans lequel il est possible d’effectuer des calculs
explicites.
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Asymptotiques en temps petit du con-
tenu thermique en géomeétrie sous-
riemannienne

Résumeé

La géométrie sous-riemannienne est une classe particulierement riche de
structures métriques, qui généralise la géométrie riemannienne. Une struc-
ture sous-riemannienne sur une variété lisse M est définie par un couple
(D,g), ou g est un produit scalaire lisse défini sur un sous-ensemble de
directions admissibles, qui est appelée distribution, et doit satisfaire la con-
dition de Hérmander. Dans ce cas, M est connexe par des courbes horizon-
tales, et la procédure habituelle de minimisation de la longueur donne une
métrique bien définie. Lopérateur de Laplace-Beltrami est généralisé par
le sous-Laplacien qui est sub-elliptique, mais posséde néanmoins des pro-
priétés de régularité appropriées (en particulier, il est hypoelliptique). Dans
cette thése, nous étudions I'asymptotique du contenu thermique et des su-
jets connexes en géométrie sous-riemannienne.

Pour un ensemble ouvert et relativement compact dans M, le contenu
thermique est défini comme la quantité totale de chaleur contenue dans
'ensemble au temps ¢, en supposant que son bord est maintenu a tem-
pérature nulle. Dans le groupe de Heisenberg, qui est 'exemple le plus sim-
ple de structure sous-riemannienne, Tyson et Wang ont étudié le comporte-
ment a petit temps de cette quantité, prouvant I'existence d’une expansion
asymptotique jusqu’a I'ordre 2 en racine carrée de t¢. Ici, en utilisant une ap-
proche différente, nous montrons I'existence d’'une expansion asymptotique
compléte du contenu thermique dans toute variété sous-riemannienne, four-
nissant également un algorithme pour calculer ses coefficients a tout ordre.
Comme dans le cas riemannien, le comportement en temps petit du contenu
thermique contient des informations géométriques sur le bord de 'ensembile.
Une hypothése cruciale sur I'ensemble pour développer une expansion
asymptotique compléte du contenu thermique est I'absence de points car-
actéristiques. En gros, un point caractéristique est un point de la frontiére du
domaine (que I'on suppose étre un sous-variété lisse de M) ou la fonction
de distance de la frontiere elle-méme perd sa régularité. Nous montrons
que, si des points caractéristiques sont présents, un nouveau phénomene
se produit dans I'expansion asymptotique du contenu thermique. En parti-
culier, 'asymptotique établie en absence de points caractéristiques ne peut
plus étre vrai a un ordre égal ou supérieur a 5, en général.

Ensuite, nous étudions la courbure moyenne horizontale du bord lorsque des
points caractéristiques sont présents. Dans le cas du groupe de Heisenberg,
nous introduisons la notion de point caractéristique modérément dégénéré,
prouvant de nouveaux résultats d’intégrabilité pour la courbure moyenne
horizontale des surfaces. Ce résultat, dans le cas de surfaces analytiques
dans le groupe de Heisenberg, répond affirmativement a une conjecture for-
mulée par Danielli, Garofalo et Nhieu.

Enfin, nous étudions le contenu thermique relatif. Pour un ensemble ou-
vert et relativement compact dans M, le contenu thermique relatif est défini
comme la quantité totale de chaleur contenue dans I'ensemble au temps
t, en permettant la chaleur de se propager a I'extérieur du domaine. Des
difficultés importantes apparaissent par rapport au contenu thermique “clas-
sique”, car cette fois-ci le comportement au bord de la fonction de tempéra-
ture n’est plus connu. Nous utilisons un argument de symeétrie “asympto-
tique” de la chaleur pour obtenir des informations sur le comportement en
temps petit de la température a la frontiére de 'ensemble et nous obtenons
une expansion asymptotique a ordre 4 en racine carrée de t.

Mots-clés

Geéometrie sous-Riemannianne, contenu thermique, analyse asymptotique,
points caracteristiques.




Heat content asymptotics in sub-
Riemannian geometry

Abstract

Sub-Riemannian geometry is a particularly rich class of metric structures,
which generalizes Riemannian geometry, where a smoothly varying metric
is defined only on a subset of preferred directions of the tangent space at
each point of a smooth manifold M (called horizontal directions). Under
the so-called Hérmander condition, M is horizontally-path connected, and
the usual length-minimization procedure yields a well-defined metric. The
Laplace-Beltrami operator is generalized by the sub-Laplacian which is sub-
elliptic, but has nonetheless suitable regularity properties (in particular, it is
hypoelliptic). In this thesis, we investigate the heat content asymptotics and
related topics in sub-Riemannian geometry.

For a domain in M, the heat content is defined as the total amount of heat
contained in the domain at time ¢, assuming that its boundary is kept at zero
temperature for all times. In the Heisenberg group, which is the simplest ex-
ample of sub-Riemannian structure, Tyson and Wang studied the small-time
behavior of this quantity, proving the existence of an asymptotic expansion
up to order 2 in square root of ¢. Here, using a different approach, we show
the existence of a complete asymptotic expansion of the heat content in any
sub-Riemannian manifold, also providing an algorithm for computing its co-
efficients at any order. As in the Riemannian case, the small-time behavior
of the heat content contains geometrical information of the boundary of the
domain.

A crucial assumption on the domain for developing a complete asymp-
totic expansion of the heat content is the absence of characteristic points.
Roughly speaking, a characteristic point is a point of the boundary of the
domain (which is assumed to be a smooth submanifold of A7) where the
distance function from the boundary itself loses regularity. We show that, if
characteristic points are present a new phenomenon occurs in the asymp-
totic expansion of the heat content. In particular, the latter can no longer be
true to order equal to or greater than 5, in general.

In addition, we study the horizontal mean curvature of the boundary when
characteristic points are present. In the particular case of the Heisenberg
group, we introduce the notion of a mildly degenerate characteristic point,
proving new integrability results for the horizontal mean curvature of sur-
faces. This result, in the case of analytic surfaces in the Heisenberg group,
answers affirmatively to a conjecture formulated by Danielli, Garofalo and
Nhieu.

Finally, we study a related, yet different, quantity called the relative heat con-
tent. For a domain in M, the relative heat content is defined as the total
amount of heat contained in the domain at time ¢, allowing the heat to flow
outside the domain. Significant difficulties emerges, as the boundary behav-
ior of the temperature function is no longer known, as opposed to the case
of the classical heat content. We use an “asymptotic” symmetry argument of
the heat diffusion to obtain information on the small-time behavior of temper-
ature at the boundary of the domain and we obtain a fourth-order asymptotic
expansion in square root of ¢.

Keywords

Sub-Riemannian geometry, heat content, asymptotic analysis, characteristic
points
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