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Abstract

This thesis focuses on the mathematical analysis of an anaerobic digestion model
involving three species and three resources in a chemostat. The model includes several
specific ecological interactions between these species, such that competition, syntrophy,
and inhibition. More precisely, we analyze the mechanistic model describing the anaerobic
chlorophenol mineralization in a three-tiered microbial food-web. We investigate the effects
of including three inflowing concentrations, the mortality of the species, together with the
inhibition of the third substrate on the first species. In this general case, we prove that
the system can have up to eight types of steady states and we give a complete analysis by
determining the necessary and sufficient conditions for their existence, according to the
operating parameters. Then, we study the local stability in the case when the maintenance
is ignored, where we can reduce the system to a three-dimensional one. We examine the
effect of adding the hydrogen input concentration to the chlorophenol mineralization model
and analyze the bifurcation diagrams by varying the input concentration of chlorophenol
as a bifurcation parameter. We show that the positive steady state, which corresponds to
the coexistence of the three microorganisms, can be unstable and that the system exhibits
rich behaviors including bistability, coexistence, and emergence of a limit cycle through
a supercritical Hopf bifurcation. When the mortality terms are present in the model,
we use the Liénard-Chipart stability criterion to determine explicitly the necessary and
sufficient local stability properties, when the eigenvalues of the Jacobian matrix can not be
calculated. Subsequently, we give a numerical analysis of the bifurcation diagrams which
suggested the presence of a supercritical Hopf bifurcation emerging through the positive
steady state with the appearance of a stable periodic solution. Finally, we focus on the
study of the operating diagrams which illustrate the existence and stability regions of the
steady states. Our analytical study results in the discovery of several interesting regions,
namely the existence of an instability region of the positive steady state, a fact that has
not been detected, previously, by the numerical study.
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Résumé

Cette these porte sur I'analyse mathématique d’'un modele de la digestion anaérobie
qui comprend trois especes microbiennes et trois ressources dans un chémostat. Le modele
implique plusieurs interactions écologiques spécifiques entre ces especes, telles que la
compétition, la syntrophie et 'inhibition. Plus précisément, nous analysons mathématique-
ment un modele décrivant la minéralisation anaérobie du chlorophénol dans une chaine
alimentaire microbienne a trois niveaux. Nous étudions les effets des trois substrats en
entrée, de la mortalité des especes, ainsi que celui de l'inhibition du troisieme substrat
sur la premiere espece. Dans ce cas général, nous prouvons que le systeme peut avoir
huit types d’équilibres et nous donnons une analyse complete en déterminant les condi-
tions nécessaires et suffisantes pour leur existence, en fonction des parametres opératoires.
Ensuite, nous étudions la stabilité locale du modele sans termes de mortalité qu’on a pu
réduire a un modele en dimension trois. Nous examinons l'effet de I’ajout de I'’hydrogene
en entrée au modele de minéralisation du chlorophénol et nous analysons les diagrammes
de bifurcation en faisant varier la concentration du chlorophénol en entrée en tant que
parametre de bifurcation. Nous montrons que 1’équilibre positif, qui correspond a la
coexistence des trois microorganismes, peut étre instable, et que le systeme présente
des comportements tres riches comprenant la bi-stabilité, la coexistence et I’émergence
d’un cycle limite a travers une bifurcation de Hopf super-critique. Lorsque les termes de
mortalité sont présents dans le modele, nous utilisons le critere de stabilité de Liénard-
Chipart pour déterminer explicitement les conditions nécessaires et suffisantes de la sta-
bilité locale, quand on ne peut pas calculer les valeurs propres des matrices Jacobiennes.
Par la suite, nous donnons une analyse numérique des diagrammes de bifurcation qui a
suggéré la présence d’une bifurcation de Hopf super-critique émergeant a travers 1’équilibre
positif avec 'apparition d’une solution périodique stable. Enfin, nous nous concentrons
sur ’étude des diagrammes opératoires qui illustrent les régions d’existence et de sta-
bilité des équilibres. Notre étude analytique aboutit a la découverte de plusieurs régions
intéressantes, comme ’existence d’une région d’instabilité de 1’équilibre positif, qui n’a pas
été détectée, auparavant, par I’étude numérique.
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General introduction

The protection of the environment and the preservation of natural resources are major
concerns of our world. The fight against pollution is in fact an important issue that
requires knowledge of the functioning of microbial ecosystems and an understanding of the
mechanisms that allow different microbial species to maintain themselves in ecosystems
involved in human or animal health. These microorganisms are sources of contamination
of surface water and groundwater, but can also be used to treat wastewater. Water is
a renewable resource and the quality of the water is more and more important. Lack
of water and/or quality is a big problem in some parts of the world. Consequently, to
maintain and improve the quality of water resources we can use biological reactors. As
explained in [25], a bioreactor is an enclosure containing a nutrient medium consisting of
a cocktail of various substrates which one or more populations of microorganisms grow.
Bioreactors are used to perform operations for transforming matter through biological
pathways. These bioreactors are classified according to their mode of operation, in other
words, the way in which they are supplied with the matter, and depending on whether
microorganisms are free in the medium or fixed on support; the latter could itself be fixed
or mobile. As a result, it is possible to distinguish continuously-fed systems, systems
whose supply is semi-continuous, and those operating in closed mode. For example, the
chemostat is a closed biological reactor which makes it possible to reduce the quantity of
polluting substances contained in the wastewater so that the water finally released into
the natural environment does not degrade the latter. The use of wastewater in agriculture
often reduces the environmental impact it would have and can help communities increase
their harvests and preserve precious resources of water and nutrient.

Today, treatment techniques and treatment plants are constantly evolving. One of the
effective methods for the treatment of wastewater is anaerobic digestion. This process
transforms the organic matter in absence of oxygen, into methane and carbon dioxide
(biogas) considered as a new form of energy. To understand the biological reactions and
to predict the behavior of the processes, we use mathematical theories to model these
reactions by nonlinear ordinary differential equations systems. Several models of anaerobic
digestion have been proposed in the literature [7, 10, 29, 65, 67, 68]. We list in review
some of them in chapter 1.

In this thesis work, we study mathematically some of these models developed around
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the decontamination of wastewater and their use, and we propose a model relevant to
improvements for applications, that is more in tune with reality. The aim of this thesis
is to perform the mathematical analysis of a model of three microbial species and three
substrates in a chemostat. The study of these models allows us to understand the dif-
ferent mechanisms that could lead to improve the bioprocesses and control the metabolic
pathways of some ecosystems of interest. More precisely, we are interested in a mech-
anistic model describing the anaerobic mineralization of chlorophenol in a three-tiered
food-web in the chemostat. This model has been studied numerically in the literature in
[64] and mathematically in the particular cases where the second and the third substrate
concentrations are neglected in [51] and where the maintenance is not considered in [57].
We reconsider in this work the three-tiered model and we give the theoretical study in
the general case including the three input substrate concentrations as well as maintenance.

The thesis is structured as follows:

In chapter 1, we begin with a working definition of a chemostat and present the min-
imal model of the chemostat which is a two-dimensional model that describes a single
substrate and a single biomass interaction. We expose, as well, extensions of this mini-
mal model which are widely studied in the chemostat literature. We then put in review
some two-tiered models and provide some definitions of biological interactions between
the species of microorganisms as competition, commensalism, mutualism, and syntrophy.
Finally, we briefly describe the process of anaerobic digestion and explain the different
phases of this process.

Chapter 2 is dedicated to the analysis of the mathematical model of the three-tiered
microbial species in competition on three resources in the chemostat from [64], which takes
into account three inflowing concentrations, including the terms of mortality and inhibi-
tion of the third substrate on the first species. By considering a general class of growth
functions, we provide a complete theoretical description of the steady states of the model
and we determine the necessary and sufficient conditions of their existence.

Chapter 3 is devoted to the theoretical analysis of the local stability of the three-tiered
model according to the operating (control) parameters in the particular case without main-
tenance (decay) terms. We give the necessary and sufficient properties of the stability of
the steady states. Then, we study the asymptotic behaviors of the chlorophenol model ac-
cording to the control parameters. Thus, we analyze numerically the bifurcation diagram
by varying one-parameter. We prove that the coexistence steady state can be unstable
and we give numerical evidence for a supercritical Hopf bifurcation with the appearance
of a stable periodic orbit.

In chapter 4, we are interested in analyzing the local stability of the model, by consid-
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General introduction

ering the general case including maintenance terms. We give the necessary and sufficient
conditions of the stability of the steady states, with respect to the operating parameters
of the process. In previous studies, this stability analysis was performed only numerically.
Moreover, we analyze the dynamical behavior of the model with maintenance and we ap-
ply our theoretical results on the existence and stability of steady states. We give two
bifurcation diagrams, showing that the model can present rich behavior including bista-
bility, coexistence and emergence of the limit cycle due to Hopf bifurcation.

The final chapter 5 deals with the mathematical description of the operating diagrams
of the three-tiered model in both cases: with and without decay terms. Using the theoret-
ical results on the existence and local stability of the steady states, provided in previous
chapters, we construct the operating diagrams with respect to four operating parameters
(the dilution rate and the three input concentrations of the substrates) to analyze the
dynamic behavior of the process according to the regions of these diagrams.

Finally, we give a general conclusion on the results obtained and we present perspectives
and possible extensions of our work.
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Chapter 1. Introduction to competition models in a chemostat

1.1 Introduction

In this chapter, we introduce and discuss the fundamental notions that will be used
throughout the thesis. We start to define the experimental device “the chemostat”, we
present the minimal model of the chemostat, and we expose the extensions of this model
which are widely studied in the chemostat literature. Next, we recall some two-step
models studied in the literature which describe the different biological interactions between
microbial species that are the competition, commensalism, mutualism and syntrophy, and
we describe the effects of the maintenance (or decay). Finally, we briefly describe the
process of anaerobic digestion by explaining, in the same way, their different phases.

1.2 The Chemostat

The chemostat is an experimental device that is a basic piece of laboratory appara-
tus. It is used to study microorganisms and especially their growth characteristics on a
substrate. We consult [25], which describes in some details the theory of the chemostat,
and from which this part was elaborated.

The continuous culture of the species of microorganisms or plant cells produced in
a laboratory device called “Chemostat”, which is defined as an enclosure containing the
reaction volume, in which microorganisms (biomass) are put in the presence of a limiting
substrate and the other non-limiting resources essential to their development and repro-
duction. It is used in scientific areas related to the acquisition of knowledge that is both
fundamental, such as ecology or evolutionary biology, and applied such as wastewater
treatment. There are several works in the literature relating to chemostats both in the
biological journals [37, 43] and in mathematical journals [25, 56, 63]. It is also very useful
in different fields as explained in [56]. This device presents two main characteristics: its
content is assumed to be perfectly homogeneous and its volume V' is kept constant. In
fact, it is a bioreactor whose mode of feeding is continuous, i.e, the input flow and outflow
rates are identical (Fj, = F,y), see [25].

In the chemostat, a nutrient element or a substrate s, that is necessary for the growth
of a biomass x (bacterium), enters the chemostat with an input flow Fj,, and concentration
s™ . The dilution rate is equal to

which describes the relationship between the flow of the medium Fj, and the culture
volume in the bioreactor V.

We schematize the chemostat as follows:
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Chapter 1. Introduction to competition models in a chemostat

Pump

F out

Figure 1.1: The Chemostat.

1.2.1 Simple chemostat model

To establish the chemostat equations, we will start by introducing the simplest possible
model of chemostat that is called the “minimal model” of the chemostat, which is based
on the transformation of substrate s by the presence of a microorganism z, which is
schematized as follows:

s
s Mg,

where p is a harvesting rate in the first equation of (1.1) and a specific growth rate in the
second, which only depends on the substrate concentration s. This schema leads to obtain
the minimal model which is written as:

dS n M(S)

— =D (" —5) — T

;Z ( )75 (1.1)
o —(u(s) - D),

where s is the inflowing substrate concentration, v is the yield of the conversion of
substrate into biomass, which is constant. Furthermore, we assume that the function
s — u(s) is continuous, has a continuous derivative, is positive and is equal to zero at 0.
In the literature there exist several types of growth functions. The most known are the
growth functions of Monod-type and Haldane-type.

e Monod-type function:

The most classic growth function of Monod (or function of Michaelis-Menten) is

written as follows:
S

K,+s’

where fiyax i the maximum growth rate of 4 and K is the semi-saturation constant,

N(S) = Hmax

noticing that p(Ky) = fimax/2.
A growth function p is said to be of Monod-type if it satisfies the following properties:

- p is defined for s > 0 and is bounded.
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- p(0) = 0.
- is strictly increasing.
e Haldane-type function:

The growth function of Haldane is written as follows:
s

/"L(s) :MmaXS_I_KS_I_SQ/KIJ

where K is the inhibition constant.

A growth function p is said to be of Haldane-type if it satisfies the following prop-
erties:
- p is defined for s > 0, is positive and p(0) = 0.

- There exists s,,, > 0, such that for s € [0, s,,,[, //(s) > 0 and for s € [s,,, +00[, t/'(5) <
0.

- limg o0 p(s) = 0.

HMmax fm——————— e m oo oo -

u(s) p(sm)

|
|
|
|
|
|
|
|
|
|
s L s
Sm

Figure 1.2: Growth functions: On the left, ‘Monod-type” and on the right ‘Haldane-type’.

The behavior of system (1.1) is well known. Thus, we summarize the behavior of this
model in following Tables 1.1 and 1.2 for both types of growth function. The details are
given in [25].

Table 1.1: Existence and stability of steady states of (1.1) for the growth rate u of Monod-
type.

Condition st < st | sF > g
SSo = (s™,0) Unstable | GAS
SS1 = (s*,2%), s* = s*(D)
is solution of u(s) = D and | GAS Does not exist
¥ = (s — 5%)

GAS and LES mean globally asymptotically stable and locally exponentially stable,
respectively. In the next section, we will propose two possible extensions of the minimal
model.
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Table 1.2: Existence and stability of steady states of (1.1) for the growth rate p of Haldane-
type.

Condition s < s st < g | 5P < gt
SSo = (s™,0) LES Unstable LES

SSl — (81*71,1*)7 Sl* — Sl*(D) < 82*(D)

is solution of u(s) = D and Does not exist | LES LES

2 = (s — 1)

SSy = (%, 2%*), s** = s**(D) > s™(D)

is solution of p(s) = D and Does not exist | Does not exist | Unstable
2 = (s — 52%)

1.2.2 Model with several species in the chemostat

In this section, we assume that n species of microorganisms (n > 2) compete for a
single substrate in the chemostat. We assume that the dilution rates of the substrate and
species are different, so the minimal model (1.1) becomes:

dS_ in . - HZ(S) )
%—D(s s) Zzl ” T;

dz i
dt

(1.2)

:(,UZ(S)—Dl)sz, izl,...,n,

where z; is the concentration of the i** species, p; is the growth function and D; represents
the disappearance rate of bacteria i, which can be modeled by:

Di = O{iD + a;,

where «a; represents the bacteria proportion that leaves the reactor, and a; represents the
mortality rate of species 1.

The mathematical analysis of the competition model of two or more species for a
limiting resource can be found in [25, 28, 56]. Using same dilution rates D = D; and
monotonic growth rates, the classical result well-known as the Competitive Exclusion
Principle (CEP) is shown, in a generic case, where the microorganism that has the lowest
breakeven concentration of substrate outweighs the competition on all other species. Other
approaches have been expanded in the literature: a model with the input microorganism
concentrations at the chemostat [25, 48]. For example, when bioreactors for the treatment
of wastewater with waters to be treated obviously contain all kinds of bacteria. In [25], the
authors studied the case of n different species consuming a single substrate in a chemostat
with D = D, and density-dependent growth rates.
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1.2.3 Model with several species and multiple substrates in the
chemostat

The general model of n species x; competing for m resources s; proposed in [36] is

dS] Hi ] .
=D, : jg=1...,m,
dt ; 'yw
m (1.3)
dx; .
di = (Z,U/z,](s)_Dz> Xy, zzl,...,n,
j=1
where S = (s1,...,8m), s; is the concentration of the j' substrates, z; is the concentration

of the " species, sé-” > 0 is the j** input substrate concentration.

In ecosystems, it is common to note that microorganisms occupying the same ecological
niche feed on several limiting resources. Resources are defined as entities that stimulate
population growth, at least over some range of availability, and which are consumed and
include various forms of materials and energy. So it is necessary to introduce important
distinctions between resources. Among the different classifications of limiting resources
introduced in ecology, we will cite two classifications that are widely used in competi-
tion models: substitutable substrates and complementary or essential substrates. Two
substrates are called substitutable if one can be replaced by the other. Two substrates
are called complementary(essential) if they are both essential for growth (see [33, 59]).
There was a lot of research, both experimental and theoretical, concerning the growth of
microorganisms on substitutable resources (see [33, 38| and the references therein): the
authors have shown that coexistence is possible. There are relatively few studies regarding
growth on complementary resources (see [8, 9, 59]).

Several approaches have been proposed in the literature to analyze mathematically
models of competition several species on multi-substrates, see for example [34, 36, 60],
and more recent works [13, 50] where the authors con&dered competition models between
two species for two resources. In [18, 40, 41, 51, 57, 64], the authors study model (1.3)
restricted to three organisms and three substrates. This study has suggested the emergence
of interesting dynamical behavior through its specific ecological interactions, which include
competition, syntrophy, and product inhibition.

In this thesis, we do not consider this type of competition models.

1.3 Two-tiered models

A two-tiered models are commonly used to describe relationships between two bacterial
populations. Several of these models have been proposed in the literature, see for example
[4, 6, 11, 15, 45, 53, 58, 70]. They take the form of four-dimensional mathematical models
with a cascade of two biological reactions where one substrate sq is consumed by one
microorganism x in a chemostat to produce a product s; that serves as the main limiting
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substrate for a second microorganism x;. This is represented by the following reaction
scheme:
Ho 751
S0 — To + S1, 51 — Z1,

where o and py are the bacterial growth rates, depending eventually on one or both
substrates. The substrate concentrations sg and s; are introduced in the chemostat with
the input concentrations sit and s, respectively. The model for a two-tiered “food chain”,
can be written as the following dynamical system of ODEs:

§0 =D (S})n — So> — Mo () Zo

T = [po (-) — aoD — aglzg
s10= D (s —s1) + o (o — g () 1 (14)
&y = [ () =D —ai]z

where D is a dilution rate. ay and «y are coefficients that belong to [0, 1], with agzo and
a;z; are the maintenance (decay) terms, ap and a; are positive parameters.

If the growth rate py depends only on substrate sy and gy depends only on s;, that
is, po(.) = po(so), p1(.) = p1(s1), then the system describes a commensalism relationship.
The system has a cascade structure and the number of steady states and their stability as
functions of model inputs and parameters have be investigated, [4, 5, 47, 53, 55, 58]. An
important contribution to the modeling of a two-tiered as a commensalism system is the
model of [5]. If up depends on both substrates so and sy, and p; depends on substrate
s1, that is, uo(.) = po(so,s1), p1(.) = pi(s1), then the system describes a syntrophic
relationship. The mathematical analysis of such two-tiered models is more delicate than
for commensalism models (see [23] and the references therein).

In [23], the authors have studied a two-tiered microbial food chain, by analyzing the
joined effects of syntrophy, mortality, substrate inhibition and input concentrations. Using
a general class of growth rates, the operating diagrams illustrate the effects of inhibition
and the new input substrate concentration on the reduction of the coexistence region
and the emergence of a bi-stability region. They proved that for a large class of models
and despite the additional complication of substrate inhibition and distinct removal rates,
the maintenance cannot destabilize a two-tiered microbial ‘food chain’, regardless of the
biological parameters.

The two-tiered models may involve several relationships between species, such as com-
petition, commensalism, mutualism, and syntrophy, and may include, maintenance (or
decay) terms, which we will detail in the following subsections.

1.3.1 Competition

The competition is a natural biological interaction between two or more organisms
or species in which all species are damaged. Competition means a mutually negative
interaction between populations. There are two types of competition: the interaction
is said to be intraspecific competition when the two microorganisms are of the same
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Chapter 1. Introduction to competition models in a chemostat

species, while competition between individuals of different species is known as interspecific
competition. This interaction can be represented schematically by:

Tog <— Sog — T1.
Nt S

According to the scheme above, this interaction can be mathematically formalized as
follows: both species denoted xy and z; grow on two substrates sy and s;.

The chemostat model predicts that the coexistence of two or more microbial popu-
lations competing for a single non-reproducing nutrient is not possible, in the generic
case. Only the species with the lowest ‘break-even’ concentration survives. This result,
known as the Competitive Exclusion Principle (CEP), has a long history in the liter-
ature of bio-mathematics, [46] and the references therein. Several mathematical mod-
els in the literature with competition relationship have been considered, see for instance
[1, 19, 20, 22, 30, 56].

In [1], the authors have considered a model with several species in competition for a
single resource, they have taken into account the intra-specific interactions. Using a growth
rates are increasing and the dilution rates are distinct, the operating diagram illustrates
the effect of the intra-specific competition on the coexistence region of the species. In [22],
the authors have studied the model of two species competing for a single resource in the
chemostat, by taking into account the inter- and intraspecific interactions. The growth
functions are monotonic and the dilution rates are distinct. They gave the results of global
asymptotic stability for the competition model of two species. The operating diagrams
describe the effect of the intra- and interspecific interference on the disappearance of
coexistence region and the occurrence of bi-stability region.

1.3.2 Commensalism

The commensalism is a natural biological phenomenon between two living beings. In
biology, commensalism means a lasting interaction between individuals of different species
where one of the partners derives a benefit from the association while the other finds
neither advantage nor real inconvenience. If the host and the commensal populations
are indicated by xy and zq, respectively, then the interaction of commensalism can be
represented schematically by:

Sog —> Tog —> S1 — T1.

According to the scheme above, the primary substrate sq is utilized by the host popula-
tion xp, with the simultaneous production of the secondary substrate s; which is further
consumed by the commensal population z; for growth.

There are several examples of mixed cultures of commensal populations [4, 5, 47, 53, 58].
The first of the above cultures have been proposed in [47] for the direct conversion of
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cellulosic and hemicellulosic biomass to ethanol. In this paper, the authors have given
a mathematical study of a commensalism type model (1.4), where they considered two
substrates and two species, with ag = a; =0 and ap = a; = 1.

1.3.3 Mutualism

The mutualism is a natural biological phenomenon occurring between two or more
organisms (or populations) that belong to different species, in which the organisms both
benefit from this relationship. During this interaction, there is an interplay benefit (it is
not therefore commensalism). Similar actions that occur between individuals of the same
species are called cooperation, that is, two organisms mutually cooperate to produce the
necessary substrate for the growth of the other type.

If two populations of bacteria are indicated by zy and xy, respectively, then, this
interaction can be represented schematically by:

g —> S1 — T1.
N o

According to the scheme above, this reaction can be mathematically formalized as follows:
the first species denoted zy grows on a substrate sy forming an intermediate product s;.
This intermediate product is necessary for the growth of a second species x1. Producing
substrate sy as product which is necessary for the growth of xg, so the second species 1
can not develop if the first species xq is not present and the first species xy can not develop
if the second species x1 is not present.

There are several models in the literature with mutualism relationship, see for instance
[2, 16, 61, 66, 72]. In [61], the authors have studied the dynamics of two interacting
microbial species in the chemostat. Both species compete for a common resource, while
also being mutualists through cross-feeding. They derived an extended Lotka-Volterra
model, which has a quadratic term modeling the competition, while the typical linear
term describes the mutualistic interaction. They showed that bistability occurs when the
mutual dependence on the cross-feeding nutrients is sufficiently high.

1.3.4 Syntrophy

The syntrophy is a biological phenomenon that allows two or more bacteria to multiply
in an environment that the necessary growth factors are missing for one of them. A
syntrophic relationship is a biological relationship of necessity between bacterial species
that can not develop separately.

If two populations of bacteria are indicated by xy and 1, respectively, then, the inter-
action of syntrophy can be represented schematically by:

Sg — T + Sq, S§1 —> X1.

Doctoral thesis Page 13|142 Sarra Nouaoura



Chapter 1. Introduction to competition models in a chemostat

According to the scheme above, the first species denoted x( grows on a substrate sq forming
an intermediate product s;. This intermediate product is necessary for the growth of a
second species x1. Then, the second species x; can not grow if the first species x( is not
present, it is a relation of trophic interest.

A syntrophic relationship between two organisms refers to growth functions where py
depends on both substrates so and s; and py depends only on sy, i.e ug(.) = po(so, $1)
et u1(.) = pi(s1). There are several models in the literature describing a syntrophic
relationship, see for instance [17, 31, 32, 52, 62, 69, 71]. In [69], the authors have studied
the interactions of a growing bacterial population on methane. The important results of
this study focused on the conditions under which a stable coexistence equilibrium could
occur. In [31], the authors have studied model (1.4) for syntrophic associations between Ho-
producing acetogenic bacteria and Hs-utilizing bacteria, they have considered the growth
functions g and @y of Monod-type in sy and the function pg is decreasing in s;, ag =
a; = 0 and o9 = oy = 1, with the absence of an input term of s; (s{* = 0). An
extension of this work studied in [32], which considers the case where sy also appears in
w1, (pi(.) = p1(so,s1)). The authors have showed a bistability behavior that can not
be observed when p(.) depends only on sg. In [52], the authors considered the general
situation of a growth function pq(.) = p1(so, $1), which increases in s; and decreases in s
with s = 0 and have shown, contrary to the case where p;(.) only depends on s;, that
a multiplicity of positive equilibria can occur. Other models for which po(.) = po(so, $1)
and p1(.) = p1(so, s1), present the multiplicity of positive equilibria, are found in [62]. All
these studies do not take into account the terms of maintenance. In [13], using a general
class of growth rates, the authors have analyzed the joined effects of syntrophy, mortality,
and new input concentrations. The operating diagram shows that, whatever the region of
space considered, there exists only one locally exponentially stable steady state.

1.3.5 The effects of decay

As explained in [50], maintenance is the consumption of energy by an organism that
is used for all biological processes other than growth. It is modeled either by adding a
negative term on the substrate dynamic without associating it to growth or by considering
a decay term on the biomass dynamics. For more information about the modeling of
maintenance, [39].

Several works have focused on the effect of maintenance (mortality) on the behavior of
the system, see for instance [13, 21, 50, 68, 71]. A previous study investigated the effect of
maintenance on the stability of a model comprising two species and two substrates [71].
In this work, the authors were the first to consider the effects of maintenance terms in
the system (1.4), in particular, in the case where the growth functions are of the form
(o(.) = po(s0,81), m1(.) = p1(s1)), where pg is increasing in sy and decreasing in s; and
the Monod function for u, and (ag > 0,a; > 0), and si* = 0 and ag = a; = 1. The
authors asserted the possibility of the Hopf bifurcation of the positive steady state in the
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case with maintenance.

In [50], the authors have generalized [71] by allowing a larger class of growth functions
and they have generalized [17] by taking account the maintenance terms, in particular, in
the case where iy is increasing in s; with ap = a3 = 1 and s = 0. They proved that
the positive steady state is stable as long as it exists, that is to say, maintenance does
not affect the stability of the considered two-tiered microbial ‘food chain’. Important and
interesting extensions of the two-tiered models are the eight-dimensional mathematical
models, which include syntrophy and inhibition [67, (8], and the model with five state

=~

variables studied in [7, 17].

1.4 Anaerobic digestion

Introducing an additional microorganism and substrate to the two-tiered model of
[71] leads to a three-tiered model describing the chlorophenol mineralization, [64]. This
model is considered in the next chapters. This mineralization may occur under aerobic
(in presence of oxygen) or anaerobic (in absence of oxygen) conditions. The anaerobic
process is called anaerobic digestion or methanisation which is a natural biological process
of decomposition of organic matter by microorganisms (bacteria) that are activated under
anaerobic conditions. On an industrial scale, this process takes place in a closed bioreactor,
to produce biogas rich in methane and some carbon dioxide. This biogas is a source of
energy that can be used directly to replace natural gas. This natural process is used mainly
for the depollution of wastewater or for converting surplus sludge produced in wastewater
treatment plants into more stable products [29], it also makes it possible to treat waste
while recovering a renewable energy source.

Under the action of microbial populations, the organic matter converts into biogas
through a sequence of stages. Indeed, the process of anaerobic digestion takes place
through four stages:

- The first stage is hydrolysis which is very important for the anaerobic digestion
process since in this phase the organic macromolecules (cellulose, polysaccharides, protein,
lipids,...) converts into monomer (sugars, amino acids, fatty acids,...). This step is limiting
in the case of anaerobic digestion of insoluble complex substrates.

- In the second stage acidogenesis, acidogenic bacteria transforms the products of the
previous phase into carbon dioxide, hydrogen, organic acids, alcohols. Acetic acid is a
volatile fatty acid.

- The third stage is acetogenesis and allows to convert the molecules that result from the
second stage into carbon dioxide. But their activity is inhibited by an excess of hydrogen
in the medium.

- The final step methanogenesis (methane formation) is the anaerobic degradation of
organic matter. The microorganisms that perform this step are hydrogenophilic methano-
genesis bacteria which convert carbon dioxide to methane with the help of hydrogen and
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acetoclate methanogenesis bacteria convert acetate to methane.

The complexity of the anaerobic digestion process has motivated the development
of complex models. Several models of anaerobic digestion exist in the literature, see
[7, 10, 29, 65, 67, 68], such as the widely used Anaerobic Digestion Model No.1 (ADM1)
[29]. In engineered biological systems, mechanistic modeling reached consensus with the
development of the Activated Sludge Models [26, 27], for wastewater treatment processes,
followed by the Anaerobic Digestion Model No.1, a few years later. The development
of ADM1 was enabled largely due to the possibilities for better identification and char-
acterization of functional microbial groups responsible for the chemical transformations
within anaerobic digesters. The full (ADM1) model is highly parameterized with a large
number of physical, chemical and biological processes described by 32 state variables and
numerous algebraic expressions. Whilst suitable for dynamic simulation, a more rigorous
mathematical analysis and the control of the model are very difficult which were made on
sub-models or reduced models of this model. To the author’s knowledge, only numerical
investigations of the full model are available in [7]. Due to the analytical intractability of
the full (ADM1), simpler mechanistic models of microbial interaction have been proposed
in view of a better understanding of the anaerobic digestion process. For a recent review
of mathematical modeling of anaerobic digestion, the reader is referred to [65].

1.5 Conclusion

In this first chapter, we gave an overview of some mathematical models of the chemo-
stat. First, we presented the chemostat and its minimal model and exposed some ex-
tensions of this minimal model. We then recalled the two-tiered models, treated in the
literature. Finally, we described anaerobic digestion and its different phases.

In the next chapters, we will study the extensions of [71], by introducing an additional
microorganism and substrate to create a three-tiered feeding chain model, considered in
[64]. In chapter 2, we begin by listing all the possible steady states of the system, followed
by conditions for their existence and uniqueness. The local stability and the bifurcation
diagrams of the model in both cases without and with maintenance terms are presented
in chapter 3 and chapter 4. In final in chapter 5, we perform the operating diagrams for

showing the asymptotic behaviors of this model.
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Chapter 2. Three-tiered microbial food-web model

2.1 Introduction

In this chapter, we study a three-tiered microbial food-web model of the anaerobic
digestion in the chemostat, involving three species and three resources, with three input
substrates, including the terms of maintenance and inhibition of the third substrate on
the first species. The model is a six-dimensional system of ordinary differential equations.
This model has recently been proposed and investigated numerically in [64]. Then, by
considering the case of a large class of growth rates, we generalize and extend these ana-
lytical studies.

This chapter is organized as follows. In section 2.2, we start by presenting the mathe-
matical model of the three-tiered microbial species from [64], which takes into account the
phenol and the hydrogen inflowing concentrations as well as the maintenance terms. Next,
in section 2.3, we give the general assumptions on the microbial growth functions and we
give a preliminary result on positivity and boundedness of solutions, we then describe
the steady states of the model and determine the necessary and sufficient conditions of
existence of these steady states in the case with maintenance.

2.2 Three-tiered food-web model

The mathematical model developed in [64], by introducing an additional microorgan-
ism and substrate into a two-tiered feeding chain model in previous work [71], has six
components, three substrate (chlorophenol, phenol and hydrogen) and three organisms
(chlorophenol-dechlorinating bacterium, the phenol degrader and the hydrogenotrophic
methanogen) variables. As explained in [64], the chlorophenol degrader utilizes both
chlorophenol and hydrogen for growth, producing phenol as a product. Phenol is con-
sumed by the phenol degrader forming hydrogen, which also is inhibitory to its growth.
The hydrogenotrophic methanogen scavenges this hydrogen and acts as the primary syn-
troph, as shown in a schematic representation in Figure 2.1. This form of the interaction
between microorganisms is called a food-web, that is, an interconnection of food chains,
see [44].
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Hydrogen inhibition

Chlorephenol
Chlerophencl degrader Hy¥rogen Methanogen

S T = 5, = Xph SHq KHg
Phenol Phenol
degrader

Figure 2.1: The three-tiered chlorophenol mineralizing food-web.

Following [51, 64], the three-step model that we propose to study is:
(Xch :(chth (Sch7 SHQ) - D — kdec,ch)Xch

Xon=Ypnf1 (Sphs Stty) — D = kdee,ph) Xph

Xt =Y, f2 (St1,) = D — Kaee 1) X,

Sen =D (SB = Sen) = fo (Sen, Sty) Xen (2.1)
Spn =D ( = Sph) + 222 (1 — Yen) fo (Sen, Stry) Xen — f1 (Sons St,) Xph

Sp, =D (S — Su,) — 39 fo (Sens Sty) Xen + 505 (1= Yon) f1 (Spn, Shz) Xon

\ —f2 (Su,) Xu,,

where X, Xpn and Xy, denote, respectively, the chlorophenol, phenol and hydrogen

degrader concentrations; S, Spn and Sy, are the chlorophenol, phenol and hydrogen sub-
strates concentrations; S2, Ii)‘;l and S, are the substrate concentrations in the feed bottle;
Edec,chs Kdec,ph and Kqec 11, Tepresent the decay rates; D is the dilution rate of the chemostat;
Yo, Ypn and Yy, are the yield coefficients. 224/208 (1 — Yyy,) is the fraction of chlorophe-
nol converted to phenol; 32/224 (1 — Y,;,) is the fraction of phenol that is transformed to
hydrogen and 16/208 is the fraction of hydrogen consumed by the chlorophenol degrader
Xen. The functions fy, fi and fs, are the following specific growth rates that take the

form:
km ChSCh SH
Sc 75 2) = 7 2 >
Jo (Sen; Sine) Kgeon + Sen K tyc + S, (2.2)
km,phSph 1 km7H2 SH2 '

J1 (Spn, Sn,)

Kgpn + Spn 1 + Su, /K1 n, J2(Sho)

where ky,; for ¢ = {ch,ph,Hy} are the maximum specific growth rates related to the

Ksn, + Su, ’

chlorophenol, phenol, and hydrogen degraders, respectively. Kg; are the half-saturation
coefficients, respectively, for each organism. Kgp,. is the half-saturation constant for
hydrogen in the chlorophenol degrader. K7y, is the inhibition term, and 1/(1+Su, /K1 1,)
represents the inhibition of phenol degrader by the hydrogen.
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Several authors have studied this three-tiered model (2.1), see recent works [18, 40, 41,
51, 57, 64]. In [64] most of the results on the existence and stability of steady states of
model (2.1) were obtained only numerically, using specific growth rates given in (2.2). They
have numerically performed several operating diagrams with respect to the four operating
parameters, showing the role, and the importance of each control parameter. Recently, a
rigorous mathematical analysis of this model (2.1) was done in [51] with general growth
rates but only the chlorophenol inflowing concentration has been taken into account. In
this work, the authors show that the system can have at most three types of steady states
when S > 0 and S}, = Sjf, = 0: the washout steady state, a coexistence steady state of
three species and a steady state where only the hydrogen degrader is extinct. The local
stability analysis is achieved when the maintenance is excluded from the model, where this
six-dimensional model is reduced to a three-dimensional one. A numerical evidence shows
that, when maintenance is included, the positive steady state can destabilize through a
supercritical Hopf bifurcation with the appearance of a stable periodic orbit [51] which
was not depicted in [64]. In [57], the authors have considered the three-tiered model in
the case without maintenance and persistence results were analytically proved. Using
numerical estimation, it is shown in [57] that the system has a rich dynamics including
Hopf, Bogdanov-Takens and Bautin bifurcations. In [18], the three-tiered model of [64]
was studied by neglecting the part of hydrogen produced by the phenol degrader as well
as maintenance terms, which gives rise to a less realistic model. However, the existence
and stability of steady states were analytically studied and a global analysis is performed,
proving the asymptotic persistence of the three bacteria. We extende here the results of
[51], by considering the three inflowing concentrations (S > 0, S} > 0 and Si, > 0).
We analytically determine the necessary and sufficient conditions of the existence of the
steady states in the case with maintenance, for a large class of growth rates, instead of
specific kinetics, as in [64].

2.3 Analysis of the model

We use the following simplified notations in (2.1), as given in [51].
Xo=Xan, Xi=Xpn, Xo=Xu,, So=05m OS1=>5n ©52=>"5mu,. (2.3)
The inflowing concentrations are given by:
0= Sd, S =Sh, S =S, (2.4)

the death rates are ag = kgecchs @1 = Kdecph, @2 = Kdec, (with units d7'), and the yield
coeflicients are

224 32

Y():Y;h) K:tha YQZYH27 }/‘3:@(1_}/0)7 Yzlz_(l_yi)
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With these notations, (2.1) can be written as follows:

( Xo=—DXg + Yo fo (S0, S2) Xo — apXo
Xi==DX1 + Y1 f1 (81, 5) X1 — a1.X3
Xo=—DXs+ Yaf> (S2) Xa — a2.X>
So=D (Si* = Sy) — fo (So, Sa) Xo
S1 =D (S" — S1) + Y30 (S0, S2) Xo — f1(S1, S2) X1

Sy =D (S — S5) + Yif1 (S1, S2) X1 — Y5 fo (S0, S2) Xo — f2 (S2) Xo.

(2.5)

\

To reduce the number of yield parameters and ease the mathematical analysis, we can
rescale system (2.5) using the following change of variables proposed in [50, 51]:
Y Yy

1
To = ?OXO, T = Y1X1, Ty = EX% so=YSy, s1=YyS, s2=25, (2.6)

where Y = Y3Y}, with
16 1
w = =
208 2(1-Yp)(1—-Yq)

which is a positive constant.

S 0 TR ) (2.7)

We obtain the following system:

( Ty = (M0(307 52) - D - ao)fL‘o

Ty = (M1(31752) - D — al)xl
By = (p2(s2) — D — ag)zy

. . (2.8)
$o = D (si—s0) — po(s0, 52)wo
$1 = D (st —s1) + po(so, 52)m0 — pa(s1, s2)a1

( S2 = D (Sizn - 52) — who (80, 82)T0 + p1(s1, 52)1 — p2(s2) T2,

where s;, i = 0,1,2 are the three substrates concentrations (chlorophenol, phenol and
hydrogen, in the application); x; are the three microbial species concentrations; pu; are
the specific growth rates given by (2.9), usually take the form of a double Monod, a
Monod with hydrogen inhibition acting on the phenol degrader and represented in p; (see
(2.9)), and a Monod kinetics, respectively; si is the input substrate concentration in the
chemostat; a; are the maintenance (or decay) rate for ¢ = 0,1,2 and corresponding to
chlorophenol, phenol and hydrogen, respectively. All the yield coefficients in (2.5) are
normalized to one except of w.

The specific growth functions (2.2) become the following functions satisfying Hypothe-
ses H1 to HS:

M0(30782) = Yo fo (%w‘ﬁ) ) M1(51,82) =Y fi (%,82) ) M2(52) = Y2f2(52)-
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Therefore, the growth functions take the form:

mi1S1 1 m252

mopSo So
s S
K1+811+82/K1 ,UZ( 2) K2+82

Ko+ sg Lo + s2

(2.9)

Ko (30,32) ) M1(31732) =

where

mo = Yokmeh, Ko=YKgen, Lo=Ksnye, M1 = Yikppn,
Kl = }/ZIKS,phy KI = KI,H27 myg = }/2km,H27 K2 KSHz'

2.3.1 Assumptions and preliminary result

In this work, we consider a large class of growth rates. Following [50], we assume that
the bacterial growth functions are continuously differentiable (C') and satisfy the following
conditions:

H1 For all 5o > 0 and sy > 0, it exists mgy > 0, such that 0 < po(so, s2) < my < +00 and
110(0, 52) = 0, o (s0,0) = 0.

H2 For all s; > 0 and sy > 0, it exists m; > 0, such that 0 < py(sy,s2) < my < 400 and
p1(0, s2) = 0.

H3 For all s, > 0, it exists my > 0, such that 0 < pa(s2) < me < 00, p2(0) = 0.

0 0

H4 For all 59 > 0 and s > 0, Ho —— (80, 52) > 0, ﬂ(80752) > 0.
880 882
0 0

H5 For all s; > 0 and sy > 0, ﬂ(le,Sg) >0, g (s1,82) < 0.
881 0 2

dps
H6 For all s, > 0, —(s5) > 0.
d82
H7 The function sg +— p(400, s2) is monotonically increasing and the function sy +—
1 (400, s9) is monotonically decreasing.

Hypothesis H1 means that the function pg is uniformly bounded, and that no growth can
occur for species xg without substrates sg and s;. Hypothesis H2 means that there is a
uniform bound for p;, and that no growth can occur for species x; without substrate s;.
Hypothesis H3 means that the function s is uniformly bounded, and that the production
of s is necessary for the growth of the species x5. Hypothesis H4 means that the growth
rate of species z increases with substrates so and s,. Hypothesis H5 means that the
growth rate of the species x; increases with the substrate s; but is auto-inhibited by the
production of s,. Hypothesis H6 means that the growth rate of species x5 increases with
substrate so. Hypothesis H7 means that the maximum growth rate of the species xy and
x1 increase and decreases, respectively, with the concentration of substrate s,.
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Firstly, we give the next result on the solutions of model (2.8), where we prove that
they are non-negative and bounded, which is a prerequisite for any reasonable model of
the chemostat.

Proposition 2.1. For any non-negative initial conditions, all solutions of system (2.8)
are bounded and remain non-negative for allt > 0. Moreover, the set

Q= {(zo,xl,xg, S0, 81, $2) € Ri :J = wxo+ T+ T+ 289 + 281 + 89 < 2310“ + 2311“ + si2n
is positively invariant and is a global attractor for the dynamics (2.8).

Proof. Since the vector field defined by (2.8) is C!, the uniqueness of solution to initial
value problems holds. From (2.8), for i = 0,1, 2,

xi(r) =0, forany 720 = 4;(7)=0.

If 2;(0) = 0, then z;(¢) = 0 for all ¢ since the boundary face where z; = 0 is invariant
in the vector field C' by system (2.8). If z;(0) > 0, then z;(t) > 0 for all ¢ since z; = 0
cannot be reached in finite time by trajectories such that z;(0) > 0 by the uniqueness of
solutions. On the other hand, one has

0 >0 = $(r)=Dsy
si(1) =0, forany 7>0 = $.(7) = Ds™ + uo(so(7), 52(7))w0(7)
0 >0 = 5y(1) = DsP 4 pi(s1(7),0)z1 (7).

Similarly to case z;, if $;(7) = 0, then s;(t) > 0 for all ¢. In addition, if $;(7) > 0, then
si(t) = 0 for all . Indeed, for example, consider the case of sy where D and s are
positive with so(0) > 0. Assume that it exists 7 > 0 such that so(7) = 0 and so(¢t) > 0
for all ¢ € (0,7). It follows that $o(7) < 0, which is the desired contradiction with
$0(T) = Ds > 0.

Further, by considering z = wxg + 1 + T2 + 259 + 251 + S2, we obtain from (2.8)

=D (238“ + 2811“ + 31211 — Z) — WagTo — A1 — Aoy < D (236“ + 2311n + s;n — z) )
Using Gronwall’s lemma, we have
2(1) < 258" + 250" + sb" + (2(0) — (25 + 251" + s')) e P!, forall t>0. (2.10)

Consequently,
z(t) < max (2(0), 2sg" + 281 + s3'), forall ¢>0. (2.11)

Thus, the solutions of (2.8) are positively bounded and are defined for all ¢ > 0. From
(2.11), it can be deduced that the set €2 is positively invariant and from (2.10), it is a
global attractor for (2.8).

U
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2.3.2 Analysis of the steady states

A steady state of (2.8) is obtained by setting the right-hand sides equal to zero:

[0 (S0, 82) — D — agl xg = 0 (2.12)

(1 (s1,82) — D —ag)z; =0 (2.13)

[t2 (s2) — D — aglxg =0 (2.14)

D (sg' = s0) — o (S0, 52) 70 = (2.15)

D (s = s1) + po (S0, 82) o — 1 (51, 82) 1 = (2.16)

D (Sign — 52) + 1 (81, 82) w1 — Whto (S0, S2) To — o (89) T3 = (2.17)

A steady state exists (or is said to be ‘meaningful’) if and only if all its components are
non-negative. This predicts eight possible steady states, that we denote by F;j, 1,7,k = 0
or 1, with ¢ = 0 if the species o = 0, 7 = 0, if the species ;1 = 0 and k& = 0 if the species
T = 0:

Egog, where g = 0, x1 = 0 and x5 = 0: the washout steady state where all populations
are extinct. This steady state always exists.

Ego1, where g = 0, 1 = 0 and x5 > 0: only the hydrogenotrophic methanogen population
is maintained.

E100, where o > 0, 1 = 0 and x5 = 0: only the chlorophenol degraders are maintained.

Eq10, where o > 0, z; > 0 and 2o = 0: the hydrogenotrophic methanogens are washed
out.

Ei01, where o > 0, x1 = 0 and x5 > 0: only the phenol degraders are washed out.

Eq11, where xg > 0, 1 > 0 and x5 > 0: all three populations are present.

Eo19, where zqg =0, 1 > 0 and x5 = 0: only the phenol degraders are present.

Eo11, where g = 0, 1 > 0 and x5 > 0: only the chlorophenol degraders are washed out.

These steady states are denoted in [64], respectively, by SS1, SS2,..., SS8.

Notice that the steady states Ego1, E100, E101, Eoio and Eg;; do not exist in the case
considered in [51]. In this particular case, only the steady states Egyo, E110 and Eq;; exist,
they were labeled in [51] by SS1, SS2 and SS3, respectively.

For the description of steady states, we need to define some auxiliary functions. The
existence and definition domains of these functions are all relatively straightforward and
can be found in [51].
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Definition 2.1. Let My(y, s2), M1(y, s2), Ma(y) and Ms(so, z) be defined by:

o Forsy >0 and0 <y < po(+00, 82), so = Mo(y, s2) is the unique solution of equation
to(so0, 82) = ¥.

o Forsy >0 and0 <y < pi(+00,82), s1 = Mi(y, s2) is the unique solution of equation
p(s1, s2) =y

o For 0 <y < ps(+00), so = Ms(y) is the unique solution of equation us(sz) =y.

e Forsy>0and0 < z < pp(se, +00), s2 = M3(so, 2) is the unique solution of equation

to(S0, S2) = 2.
Then, we have the next result.

Lemma 2.1. Under assumptions H4, H5 and H6, we have:

e For ally € [0, pi(+00,82)), i =0,1 and s3 >0 : %J\Sio (y,s2) <0, %Zl (y,s2) > 0.

e Forally € [0, pi(4+00,82)), i =0,1 and s > 0 : aé\jo (y,s2) >0, aé\jl (y,s2) > 0.

e Forally € [0, ua(+00)), we have: djl\;[Q (y) > 0.

o For all z € [0, po(sp, +00)) and so > 0 : ]\j?’ (s0,2) > 0.
Proof. According to the equivalence

si=M;(y,s2) <= y=pu(s;s2), 1=0,1,
we have, for all y € [0, p;(4+00, s2)) and sy > 0
pi (Mi(y, s2), 52) = - (2.18)

The derivative of (2.18), with respect to s, implies that

-1

oM, Op; O
032 (ya 82) = - 852 (Ml(ya 32)782):| |:a/; (Mi(y782)a32)
From H4 and H5, it follows that,
oM, M
8320 (y,82) <0 and 521 (y,s2) > 0.

On the other hand, the derivative of equation (2.18), with respect to y, implies that

oM, O -
5y s = | 5 (Mg, 52)52)
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From H4 and H5, it follows that 881\51' (y,s2) >0, for i =0, 1.

Next, from the equivalence:
so=M(y) <= y=pas2),

we have, for all y € [0, uz(+00))
p2(Ma(y)) = y. (2.19)
Derivating (2.19), with respect to y and using H6 implies that,

dM,
dy

= |2 0n0)] T

Finally, according to the equivalence
Sg = M3 (s9,2) <= 2z = (S0, 52),
we have, for all z € [0, ug (S0, +00)) and so > 0,
o (S0, M3 (s0,2)) = 2. (2.20)
Derivating (2.20), with respect to z and using H4, we obtain

OMs
0z

9 -1
(s0,2) = @—'uo (s0, M3 (s0,2)) > 0.
52

]

For D > 0 satisfying the conditions D + ag < (400, +00) and D + a; < pq(+00,0),
there exist unique values s§ = s3(D) and s} = s3(D) (see Figure 2.2), such that:

tio (400, s3(D)) = D + ag, 1 (+00,s5(D)) = D + a. (2.21)
po(+o0, 52)
D+ ag
D+ ay -/ p1 (400, s2)
SO 31 o2
2 2

Figure 2.2: Existence conditions of sy and s}.

Let I; and I, be the intervals defined by:

L={D>0: sy<s3}, L={Del: sy<M(D+as)<sy}. (2.22)
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Notice that I; is not empty, since for D small enough, s9 is close to 0, while s} goes to
+00 (see Figure 2.2 and Table 3.4 for the expressions of s and s} as functions of D).
Using these notations, we consider the function ¥ defined for s, € (s9,s}) and D € I,
by:
U (s9,D) = (1 —w)Mo(D + ag, $2) + M1(D + ay, $2) + sa. (2.23)

Lemma 2.2. The function V satisfies the following properties:

o [fw <1, then, for all D € Iy the function sy — W(sq, D) is positive and

lim U(sy, D) =400, lim W(sy, D) = +00.
32_>33 SQ-)S%

o [fw =1, then, for all D € Iy the function sy — V(sy, D) is positive, monotonically

increasing and
U (s9,D) >0, lim ¥(sy, D) = +oo.

82—%5%

o [fw>1, then, for all D € I the function sq — V(sy, D) is monotonically increasing

and

lim W(sq, D) = —o0, lim U(sy, D) = +o0.

SQ*}SS 824)8%

(©)
v(

52)

|
| (L= w)sip s 4 sl
|

=

sYl S; s

(1 — w)kt

|
|
|
|
|
|
|
|
|
(1 — w)4 1
2

¢1(D)

|
152
82

Figure 2.3: Graphical definition of W: (a) case w < 1, (b) case w = 1, (c) case w > 1.

S2

N e e e

»

Proof. From (2.21), we have
M, (D + ao, sg) = +oo and M, (D + al,sé) = 4o00.
It follows that (see Figure 2.3):

for all w > 0, we have lim U(sq, D) = +o0.

82—>S%

for all w > 1, we have lim W(s;, D) = —oo.
82—>82
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for all w < 1, we have lim U(sqg, D) = +o0.

Sg—)sg

From Lemma 2.1, we have,

ov oM,
8_52(82’1)) =(1-w) D5y

M
YD+ay,s)+1>0, forw>1 (2.24)

D
( + aOaSZ) 882

Therefore, for w > 1 the function sy — W(sy, D) is monotonically increasing.

]

Following [51], we add a hypothesis on the function ¥ which then assures that there
are at most two steady states of the form Eq1q.

HS8 In the case w < 1, the function ¥ has a unique minimum 3, on the interval (s9, s1),

ov ov
such that — (s, D) < 0 on (s9,55) and —(s9, D) > 0 on (3o, 53).
382 a52

Hypothesis H8 is fulfilled with the specific growth rates (2.9) of chapter 3.

Definition 2.2. The functions ¢1 be defined for Iy, ¢o and ¢3 be defined for Iy and p;, i =
0,1 are defined for D € {D >0: 3 < Ma(D +as)} and D € {D > 0: My(D + as) < s3}
by:

¢1(D) = inf W(sy, D)= V(5y(D), D),

s9<sa<sd

62(D) = W (My(D + a3), D), (D) = gj’ (Ma(D + a2), D), (2.25)

QD[)(D) = M()(D + ao, MQ(D + (12)), QOl(D) = Ml(D + ai, MQ(D + CLQ)).

Remark 2.1. From Lemma 2.2, we have ¢1(D) = —oo ifw > 1 and ¢1(D) > 0 if w <1 (see
Figure 2.3). Moreover, if w = 1 then, ¢;(D) = ¥ (s, D). Since V¥ is convex, the equation

U(s9, D) = (1 —w)sp* + s + si* (2.26)
has a solution s, = s, (D, s, s, si') if and only if
(1 —w)sy + 8" + sb* > ¢y (D).

If w > 1 then, so, if it exists, is unique. If w < 1 then, there exist at least two solutions
syl < 532 in the interval (s, s3), which are equal when (1 —w)si + s 4 si' = ¢ (D), such
that

ov | ov ,
9% (321,D) <0 and 9% (822,D) > 0.

The solutions s3' and s3? lead to two steady states Ei;, and E?,,.

Definition 2.3. Let 1y and ) be the functions defined for sy € [max (0 s — s /w) )
and sy € [0, s+ 512“}, respectively, by:

lpg <80> = Uo (80, Si2n — W (Sion — SQ)) s 1?1 <81> = U1 (81, Siln + SiQH - Sl) . (227)
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Lemma 2.3. The equation ¢ (so) =y has a solution in the interval
Jo = [max (0, sg" — s5'/w) , s5')

if and only if o (sbn, sizn) > y. If it exists, this solution is unique. The equation ¥ (s1) =y
has a solution in the interval
Jl = |:O, Siln)

if and only if 1y (siln, 35“) > y. If it exists, this solution is unique.
Proof. We have

dibg 20 (5, Do

dso 8_50 (307 52 - W(SBH — 50)),

. o o

(80, 85" — w(sg' — s0)) +w 95
S2

which is positive thanks to H4. Therefore, 1y is monotonically increasing. Moreover, if

si —wsi > 0, one has

Yo (0) = po (0, 83 — wsy') =0,

and if si' — ws < 0 one has si' — s /w > 0, so that,

w(so—SZ/w): (30—52/w )—O.

Thus, 1o (max (0, si* — si*/w)) = 0. On the other hand, o (s') = o (s, s5*). Therefore,
there exists a unique sy € Jy satisfying v (so) = y, if and only if o (s, s5') > y. We
have

Wiy = 9m i
dsy 0s; 0sy

which is positive thanks to H5. Therefore, ¢); is monotonically increasing. On the other
hand,

in in in in
(81751 + 5y — 81) - (81,81 +8y — 81) )

Y1(0) =y (0,87 +s5) =0 and  (s?) = (sP, s5)) .

Thus, there exists a unique s; € J; satisfying ¢, (s1) = y if and only if p (s, sit) > .
]

2.3.3 Existence of the steady states

We can state now the necessary and sufficient conditions of existence of the steady
states in the following Theorem.

Theorem 2.1. Assume that Hypotheses H1 to H6 hold. The steady states Eggo, Egot,- - -,
Eo11, of (2.8) are given in Table 2.1. Assume also that H7 and H8 hold. The necessary
and sufficient conditions of existence of the steady states are given in Table 2.2.
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Table 2.1: The steady states of (2.8). The functions My, M; and M, are given in Defini-
tion 2.1, o and ¢, are given in Definition 2.2 and W is defined by (2.23).

S0, S1, 52

Lo, T1, T2

__ oin __ ,in __ oin
Eooo S0 = Sp's S1 = 81, S2 = Sy

$0:0,$1:0,l’2:0

Eoo1 so = sy, s1 =87, sa = Mao(D +ay) 20 =0, 21 =0, 25 =

D (s — My(D + as))

n n D+as
0= 50 (D7) o= o (o)
is a solution of ¥y (sg) = D + ao +ao
E100 _ .in in ry =0
§1 =81 +Sy — So =0
SQISizn—w(Sbn—So) 2
o = 5 (D, s, si, s |
is a solution of | ‘ | Zo Dfao (s%)n — 30)
Eiip U (s2, D)= (1 —w)sf + s+ 1= —Dfal (sbn — 80+ s — 31)
SOZMo(D+CL0,SQ) IQ_O
S1 = M1 (D + ai, 82)
o so = o(D), s1=sI+ s — s To = Dfao (sbn 80), T = 0
sy = My (D + a) xg = Dfaz (stn — 53 —w (sf' — s0))
So = SDO(D) Ty = D-gao (Sbn . 30)
Einn 51 =¢(D) T1 = Fra: (sbn + 57t — 51 — so)

S9 = MQ(D + CLQ)

50 = Sp', 851 = 51 (D,slln, 512]“)
Eo1o is a solution of ¥(s1) = D + ay

I .
o =0, 21 = Dra; (311“ — 31)

Sg = 81" — 81 + sy
— in — D ) in _
EO . So =S¢, 51 = 901( ) Lo = 0’ T1 = D+ay (Sl 81)
1 _ _ D in in
8o = My(D + ay) T2 = Dias (31 — 51+ sy — 32)

Proof. Adding (2.15) to (2.12), substrating (2.12) from (2.13)+(2.16) and adding (2.12)
multiplied by w to (2.14) and (2.17) and substrating (2.13), we obtain the set of equations

D (s — s9) — (D + ag) xo = 0

D (s —s1) + (D4 ap) mg — (D +ar)z; =0 (2.28)
D (s8 —s3) —w (D +ag) o+ (D +ar)z1 — (D + as) 25 = 0.
We can solve (2.28) and obtain g, x1 and x5 with respect of sg, s; and sa:
D in
Ty = Dt ag (50 — S (2.29)
= D (sg" — s0+ 57" — 51) (2.30)
D + ap
D . .
n= 5o (1 —w) (s —s0) + 8" — 51+ 85" — s2) . (2.31)
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Table 2.2: The necessary and sufficient existence conditions of steady states of (2.8). The

functions My, M; and M, are given in Definition 2.1, ¢1,¢2, ¢o and ¢; are given in
Definition 2.2, while p; and W are given by (2.9) and (2.23).

Steady states

Existence conditions

Eooo Always exists
Eoo1 fh2 (Sizn) > D+ ay
E100 fio (s, s58) > D+ ay

(1 —w)sit + st + st > ¢y (D), s > My (D + ag, s9) and
E110 s+ s > My (D + ag, s2) + My (D + ay, s2)

with sq is solution of W(sy) = (1 — w)si® + s 4 si
Eio1 s> po(D) and sy — ws > My(D + az) — wipo(D)
B, (1 — w)sion + s+ s > ¢y (D), s > (D) and

s¢' + 81 > @o(D) + 1 (D)
Eoo [ (sif‘, siQH) >D+aq
Eon s> (D) and s + s > (D) + Ma(D + as)

We can also solve (2.28) and obtain sg, s; and se with respect of xy, x; and xo:

. D

5= s — ;a%o (2.32)
w D+a D+a

s = s+ D %2y — D L, (2.33)
. D D D

Sy =8y —w l—;aoxo + ;lel — l—;@xg. (2.34)

For Ego, x9g = 71 = 22 = 0. Hence, (2.32), (2.33) and (2.34) result in

S0 =15y, s1=s57 and Sy =sy.

This steady state always exists.
For Eg1, zog = 21 = 0 and x2 > 0. Hence, (2.32) and (2.33) result in

so =15, and s =s].

Therefore, (2.31) results in

D
_D+a2

X2

(55— s2) . (2.35)

Since x5 > 0, (2.14) results in ps(s2) = D + ag. Therefore,

So = My(D + as). (2.36)

Ego1 exists if and only if x5 > 0, that is to say si' > My (D + ay), which is equivalent to

j25) (SiQH) > D + a2,
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thanks to H6.
For Ejgg, ©1 = ©5 = 0 and xy > 0. (2.29) results in

(sg" = so) - (2.37)

Using this expression together with x; = 25 = 0 in (2.33) and (2.34) result in

s1 =580+ s —s9 and sy = sy — w(sy — sp). (2.38)

Since zg > 0, (2.12) results in
/Lo(So, 82) =D+ agp. (239)

Replacing sy by its expression (2.38) with respect of sg in (2.39) results in
Yo(D) = D + a, (2.40)

where 1)y is the function defined in (2.27). Ejgg exists if and only if equation (2.40) has a
positive solution and z, s; and so defined by (2.37) and (2.38), respectively, are positive.
This condition is equivalent to say that

in in in
0<sp<sy and sg> sy — s /w.

Therefore, (2.40) must have a solution in the interval Jy. Using Lemma 2.3, (2.40) has a
unique solution in the interval Jj if and only if

140 (s%)n, 312“) > D+ ag.
For Ej10, o > 0, 21 > 0 and z, = 0. Hence, (2.29) and (2.30) result in

D : D

(33“ - so) and 17 = Dia (sgn — 59+ s — 31) . (2.41)

Using zp > 0 and z; > 0, (2.12) and (2.13) result in
to(s0,52) = D +ag and  p(s1,s2) = D+ ay.
Therefore, using the definitions of M, and M;, we have
so = Mo(D + ag,s2) and s = Mi(D + ay, $2). (2.42)
Using (2.41) together with xo = 0 in (2.34), we have
s = sy —w (s — s0) + 5 — S0+ 8" — s1. (2.43)

Replacing sy and s; by their expressions (2.42) with respect of s, in (2.43), it follows that,
S, is a solution of
U(s9, D) = (1 —w)si + s + b, (2.44)
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where W is the function defined by (2.23). According to Remark 2.1 Eqq exists if and only
if

(1—w)sg + 81" + s > ¢1(D),
and the solution s, of (2.44) is such that zy and x;-components are positive, which is
equivalent to

st > My(D + ag, s3) and s + s > My(D + ag, s2) + M1 (D + ay, s3).

The existence of a unique or two steady states of the form E;;9 according to w follow
immediately from Remark 2.1.
For Ejo1, g > 0, 29 > 0 and z; = 0. (2.29) results in

D
_D+a0

Zg (58— so) - (2.45)

Using this expression together with x; = 0 in (2.33) results in
s1= 8" — 50+ s (2.46)

Using this expression in (2.34) results in

D
7D—|—CL2

T2 (sh— s —w(sg — s0))- (2.47)

Using zp > 0 and x2 > 0, (2.12) and (2.14) result in
to(s0,82) = D +ag and  po(s2) = D + as.
Therefore, using the definitions of My, Ms and ¢, we find that
Sg = My(D +az) and so= po(D). (2.48)

Eq01 exists if and only if zy, s; and xo-components are positive. This condition is equivalent
to
st > @o(D) and sy —wsy > Ma(D + az) — wpe(D).

For Eiy1, zg > 0, 1 > 0 and x5 > 0. Then, as a consequence of (2.12)-(2.14), we
obtain
po(80,82) = D +ag, pi(s1,82) =D +ay, pa(sx) =D+ as.

Using the definitions of My, M, Msy, pg and ¢, yields
SQZMQ(D+CL2), SOZQOQ(D), S1 :(p1<D)

The z-components of Ejq; are given by (2.29), (2.30) and (2.31). Thus, Ei; exists if and
only if its x-components are positive, that is,

s})n > po(D), siln + s})“ > po(D) +¢1(D) and (1 — w)si)“ + siln + s;n > ¢o(D).
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For Eg0, ©og = ©9 = 0 and x; > 0. Hence, (2.32) results in

s0 = s
From (2.30), we have
T = D (Siln — 51) .
D + ay

Using this expression together with xg = xo = 0 in (2.34) results in
Sy = s — 51 + s

Since x1 > 0, then, as a consequence of (2.13), we obtain
p1(s1,82) = D + ay.

Replacing sy by its expression (2.50) with respect of s; results in

(D) =D + ay.

(2.49)

(2.50)

(2.51)

(2.52)

Eo10 exists if and only if (2.52) has a positive solution and z; and ss defined by (2.49)

and (2.50), respectively, are positive. This last condition is equivalent to 0 < s; < si.

Consequently, (2.52) must have a solution in the interval J;. Using Lemma 2.3, there

exists a unique s; € Ji, satisfying (2.52), if and only if
pi (s, sy > D+ ay.
For Ep11, zo = 0, 1 > 0 and x5 > 0. Hence, (2.32) results in
S0 = s
Using this expression in (2.30) and (2.31) results in

D (50— ) D
Ry > R

(s — 51+ 55" — 50) .

Since z1 > 0 and x2 > 0, as a consequence of (2.13) and (2.14), we have
pa(s1,82) = D+a; and  po(s2) = D + as.

Therefore, using the definitions of the functions M, and ¢, it follows that

sp = My(D + az), s1=p1(D).

For the components x; and x5 to be positive, the necessary and sufficient condition is that

s> (D) and s+ s > (D) + My(D + a).

O
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Remark 2.2. Recall from Remark 2.1 that ¢;(D) = —oo when w > 1. Therefore, in this
case, the condition (1 — w)si® + s + st > ¢, (D) of existence of Eyjq is always satisfied.

In the particular cases, where si* = 0 or s = 0, some of the steady states described
in Theorem 2.1 do not exist and the existence conditions of the existing steady states can
be simplified. More precisely, we have the following result.

Proposition 2.2. If si* = 0 then, Eqig and Egy1 do not exist. If si' = 0, Ego1, Eigo and
Ei01 do not exist. If si* = si' = 0, we have:

e The steady states Egp1, Ei00, E101, Eoo and Eg11 do not exist.

o Ifw>1, Eyg and Eq11 do not exist. If w < 1, Eq19 and Eq11 exist, respectively, if
and only if
(1—w)si = ¢1(D) and (1 —w)si > ¢o(D). (2.53)

Proof. If s = 0, then g (s}, s5') = 0, so that the conditions
pi (st sh) >D+a; and s > (D)

of existence of Eg9 and Egq1, respectively, cannot be satisfied. Therefore, Eg;g and Eg;
do not exist. If s = 0, then po (s5) = 0 and po (si,s5') = 0, so that the existence
conditions

po (s5) > D +as and  po (si',s5) > D+ ag
of Eqg1 and Ejg9 cannot be satisfied, respectively. Moreover, the second existence condition

of Eqp1 implies that

My (D + as)

sg < po(D) — < o(D),

which is in contradiction with the first existence condition of Eqp;. Therefore, Egg1, Eiqg
and Ejp; do not exist. This confirms the results obtained in [51] in the case where si* =
sit = (), where the steady states Eoo1, E100, E101, Eo10 and Egp; do not exist.

Assume that s = sl = 0. If w = 1, the first existence condition of Ejjq in Table 2.2 is
written 0 > ¢ (D). This condition cannot be satisfied, since ¢ (D) = ¥ (s9, D) > 0 from
Remark 2.1. Thus, Eq;¢ does not exist if w = 1. When w > 1, we have s is solution of
equation

(1 —w) (s — s0) = s1 + 5.

Since s; > 0 and sy > 0, then we have necessarily
(1—w) (sg'—s0) >0,

so that s — so < 0, which contradicts the positivity of the zg-component of Ejyg in
Table 2.1. Thus, E;;o does not exist if w > 1. When si* = sl = 0, the sy-component of
E119 becomes the solution of equation

M1 (D + as, 82) + So

sion = My (D + ag, s2) + (1—w)
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Chapter 2. Three-tiered microbial food-web model

If 0 <w <1, then
S'Bn > M() <D+(10,82) + M1 <D+(11,82) > MO (D—f—ao,SQ),

thus, the second and the third existence conditions of E;;g in Table 2.2 are satisfied when
w < 1. Therefore, E;jq exists if and only if (1 —w)si* > ¢ (D).

Regarding the steady state Eyj; in the particular case s = sl = 0, the first existence
condition in Table 2.2 becomes

(1 —w)sg > da(D), (2.54)
which is equivalent to
(1—-w) (sgn — @O(D)) > p1(D) + May(D + as).

When w > 1, this last inequality cannot hold, since s > (D), so that Ej;; does not
exist. If w < 1, condition (2.54) implies that

(1 —w)sg' > (1 = w)po(D) + (1 = w)pr(D),

that is,
s > ¢o(D) + p1(D) > ¢o(D),

which are the second and the third existence conditions of E{j; in Table 2.2. Thus, (2.54)
is the only existence condition of Eji;.
O

Remark 2.3. From Tables 2.1 and 2.2, we can see that:
- Egoo and Eqgo; coalesce, when D + ay = pis (s).
- Eggo and Ejgg coalesce, when D + ag = 1 (sif', si').
- Egoo and Egig coalesce, when D + a; = i (s, si').
- Ego1 and Ejg; coalesce, when si' = ¢g(D).
- Eig0 and Ejg; coalesce, when si' — wsi = My(D + as) — wpo(D).
- Eo11 and Egg; coalesce, when si* = ¢, (D).
- Ei,, and E%,, coalesce, when si'(1 — w) = ¢ (D) — si* — s
- Eo11 and Ejp; coalesce, when si' = ¢g(D).
- Ej01 and Ejy; coalesce, when s + s = ¢q(D) + ¢4 (D).

- Ej10 and Ej1; coalesce, when s (1 — w) = ¢o(D) — s — sit,
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Chapter 2. Three-tiered microbial food-web model

- Ep19p and Egq; coalesce, when Siln + 812“ = My(D + as) + ¢1(D).

Remark 2.4. Assume that s = si* = 0. Then, only the steady states Eqpo, E110 and Ejy;
can exist. The existence conditions (2.53) of Eq19 and Eq;1, respectively, are equivalent to
the following conditions given in Lemmas 3 and 4 of [51]:

_a(D)

, D
T and sy > Fy(D) = 02(D)

n> F(D): = .
S0 1(D) I —w

Hence, we recover the results of [51] where the study is restricted to the case si* = si = 0.

2.4 Conclusion

In this chapter, we have investigated mathematically the steady states of the three-
tiered chlorophenol mineralizing “food-web” model proposed by [64] involving three or-
ganisms and three substrates with general growth functions and by considering the effects
of the phenol and the hydrogen inflowing concentrations as well as the maintenance terms.
We have described all steady states of system (2.8) and we have provided the existence
conditions according to the control parameters. The analysis of the steady states of system
(2.8) proves the existence of eight types of steady states: the washout steady state which
always exists, a coexistence steady state where all degrader populations are maintained
and six other steady states corresponding to the extinction of one or two degrader popula-
tions. Each type of steady state is unique, if it exists, except that of the exclusion only of
the hydrogen degraders (Ej19). Using Hypothesis H8 which satisfies the specific growth
rates (2.9), there are at most two steady states of type Eq1.

In the following chapter, we determine the local stability analysis of the three-tiered
model in the particular case, when the maintenance (decay) is excluded from the model.
We illustrate the change in the asymptotic behavior of the chlorophenol model by bifur-
cation diagrams according to one-parameter, by using the results of this chapter.

The results of this chapter have been published in [410].
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Chapter 3. Stability of the three-tiered food-web model without decay

3.1 Introduction

In this chapter, we are interested in analyzing the local stability of the three-tiered
microbial model, by considering a large class of growth rates, instead of specific kinetics,
when the maintenance is excluded.

This chapter is organized as follows. In section 3.2, we present the three-step food-
web model with three input substrate concentrations, when the terms of maintenance are
zero and describe the steady states of the model and their existing conditions. Next, in
section 3.3, we determine explicitly the necessary and sufficient local stability conditions
of the steady states according to the operating parameters, followed by the bifurcation
diagram with respect to the chlorophenol input concentration as a bifurcating parameter in
section 3.4. In section 3.5, we give some numerical simulations to illustrate the theoretical
results.

3.2 Three-tiered model without decay terms

Putting the mortality terms equal to zero a; = 0, for i = 0, 1,2 in model (2.8), which
corresponds to (Kdec.ch = Kdeeph = Kdect, = 0) of model (2.1), leads to the following model:

(9 = po(so,s2)9 — Do
1 = pi(s1,$2)r1 — Dy
o = p2(se)ry — Dy (3.1)
S0 D (sb — 50) Lo (S0, $2)To
$1 D ( sin — 51) + po(s0, S2)xo — 1181, S2) 21
[ 5% = D ( sin — 52) — wito(So, S2)To + p1(s1, S2)x1 — pa(S2)xs.

We suppose that the growth functions p;, ¢ = 0, 1, 2 in system (3.1) satisfy the assump-
tions H1 to H8 of chapter 2. The solutions of system (3.1) verify Proposition 2.1, with
the set €2 in this case is given by

Q= {xo,xl,:pg,so,sl,Sg)GR Z—wx0+x1+x2+230+251+32—230+23 +312n

In Table 3.1, the steady states of (3.1) and their necessary and sufficient existence
conditions are easily deduced from Table 2.1 and Table 2.2, respectively, in chapter 2 by
putting a; = 0,7 =10,1, 2.

3.3 Local stability of the steady states

In this section, we determine the local stability conditions of steady states of model
(3.1). Any reference to steady state stability should be considered as local exponential
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Table 3.1: The steady states of (3.1) and their necessary and sufficient existence conditions.

Steady state Existence condition
Egoo = (O, 0,0, sion, siln, 512“) Always exists
EOOI - (07 07 SiQH - M?(D)v Si0n7 Si1n7 MQ(D>) H2 (SiQH) > D

E100 = (s — %0,0,0,50,51,82),
where sy = 50 (D, o) s  soluton of t(s0) = D, i (55 > D

s$1 = siln + Sion — 80, S9 = 51211 —w (881 — 50)

Ei10 = (sion — so,sion —s0 + siln — 81,0, 80,81, sz) , (1-— w)sg‘ + siln + siQH > ¢1 (D)
where so = My (D, s2), s1 = M (D, s2) and the solution sy satisfies

and so = S9 (D, sin g sizn) is a solution of s> My (D, s2) and

W (s2,D) = (1 — w)sit + st + sip s 4 sl > Mo (D, s2) + My (D, s9)
Eign = (S})n — s, 0, si2n —S9 —w (sg‘ — So) ,80,51,52) , sbn > ¢o(D) and

where sg = My(D, s3), 51 = s + st — 50, 859 = My(D) st — wsion > Ms(D) — wpo(D)
Elll - (XO,Xl,XQ,SO,Sl,SQ),
where S0 — M()(D,SQ), S1 = Ml(D,SQ), S9 = MQ(D)

To = Sy — S0, T1 = 8] + 85" — 51 — So,

(1 —w)sit + st + st > ¢y (D)
s> vy(D) and

. . . sin 4 gin > o(D) 4+ ©1(D
132:(].—W)(SBH—SO)+811n—81+812n—82 0 1 90< ) QO( )

Eoio = (O,s‘ln —51,0,8¢", 81,81 — 81 + s12n)7

where 51 = 51 (D, s, 51211) is a solution of ¥ (s1) = D

11 (siln,sizn) >D

Eo11 = (0,81 — 51,8 — 51 + s — 9,81, 51, 89),, s > ¢1(D) and
where s1 = M (D, s2), s2 = My (D) siln + si2n > p1(D) + Ma(D)

stability (LES). Indeed, the local exponential stability is given by the sign of the real parts
of the eigenvalues of the Jacobian matrix of system (3.1) evaluated at the steady states, or
by the stability criterions in the more complicated cases, as the Routh-Hurwitz criterion
and the Liénard-Chipart stability criterion. These stability criterions allow us to conclude
to the local stability of a steady state without explicitly calculating the eigenvalues of the
Jacobian matrix.

The study of the stability of E;;; requires the following definition.

Definition 3.1. Let (D, s, s\, s5') > ¢4 (D, si, s, ) be defined by:

o4(D, sgl, siln, s;n) =(FElzxoxs + EGp3(D)xox1)({zy + (G + H)xy + (E + wF)xo)

3.2
+ (Izg + (G+ H)xy + wF2)Glz 29, (3.2)
where

0 0 0
E = ﬂ(80782), F = ﬂ(so,sﬂ, G= ﬂ(81,32)7

880 052 881 <3 3)
H = —%(81 82) I = %<82>. |

882 ’ ’ d82
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Chapter 3. Stability of the three-tiered food-web model without decay

and are evaluated at the steady state Ei11. We have used the opposite sign of the partial
derivative H = —0py/0s2, such that all constants involved in the computation become

positive.

Now, we state our main result.

Theorem 3.1. Assume that H1 to H8 hold. The necessary and sufficient stability con-
ditions of the steady states of (3.1) are given in Table 3.2.

Table 3.2: The necessary and sufficient conditions of local stability of steady states of

(3.1).
Stability conditions
Eooo 1o (s})n, 512“) <D, (Siln, 512“) < D and po (55‘1) <D
Eoor s < ¢o(D) and s < ¢1(D)
By H (sir 4 st ~ S0, s — w'(sbn —50)) < D and s — wsl < Ma(D) — weo(D),
with s¢ solution of equation ¥y(sg) = D
(1 —w)si + st + s < ¢y(D), ¢p3(D) > 0 and ov (s2,D) >0,
E110 Osy "~ .
with s9 solution of equation W(sqg, D) = (1 —w)sy* + s + sy
Eior s + s < po(D) 4+ ¢1(D)
Ein  ¢3(D) >0 or  ¢3(D) <0 and ¢o(D, s¢', st s3) > 0
Eoip s+ s < M (S})n, D) + M, (D, M (sg‘, D)) and s\ + sl < My(D) + ¢1(D)
Eoir 85" < ¢o(D)

Proof. To facilitates the local stability analysis, we use the following change of variables:

2o = o+ Sg, 21 =1+ S — Ty, 2o =wWIyg— L1+ Tg+ So. (3.4)

Therefore, model (3.1) can be reduced to a cascade system which takes the form:

( i’o = —Dl’o—i—,uo (20—]}0,22 — Wrg + T —.’L'Q) X
i‘l = —Da:l + (21 + 2o — 1,22 — Wxg + X1 —.1'2) T
%;2 — —ini + pg (22 — wxg + 1 — X2) Ty (3.5)
o = D (50 — zg)
21 = D (Siln — Zl)
L 22 = D (Sizn — 22)
The steady states Egoo, Eoo1,- - -, Eo11 of (3.5) now take the form (xo, Ty, g, S, ST 35“),

where the x;-components of each steady state are given by those in Table 3.1. The Jacobian
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matrix of (3.5) has the block triangular form:

Ji Js
j - )
0 Js
where
o (S0, 82) — D — (E 4+ wF)x Fxq —Fx
J1: (G+WH)LU1 M1 (81,82)—D—(G+H)5L’1 Hl’l
—wlzs Iz pa (s2) — D — Iy
(3.6)
El’o 0 F.I’O -D 0 0
J2 = 0 G.Z'l —H.%’l R J3 = 0 -D 0 y
0 0 Iz, 0 0 -D

where the functions E, F', G, H and I, defined by (3.3), are evaluated at the steady state.
Since J is a block triangular matrix, its eigenvalues are —D with multiplicity 3, together
with the eigenvalues of the 3 x 3 upper-left matrix J;. Thus, the local exponential stability
(LES) of the steady states is determined by the sign of the real parts of the eigenvalues of
Ji.

For Eggg, the matrix Jq is:

tio (s, s5) — D 0 0
Ji = 0 5 (511“, 512“) - D 0
0 0 Lo (312“) - D

The eigenvalues of J; are
A1 = o (SB“, 512“) —D, =y (siln, 312“) —D and A3= o (312”) —D.

Therefore, for Egyy to be stable, it is necessary and sufficient that \; < 0, Ay < 0 and
A3 < 0. Thus, Egg is stable if and only if

po (s5,85') <D, i (st',83') <D and  ps (s3) < D,

which are the same as the stability conditions of Eqgy in Table 3.2.
For Egg1, the matrix Jq is:

o (Sion, MQ(D)) - D . 0 0
Jl = 0 M1 (Slln, MQ(D)) —D 0
—wlzy Izo —Izs

The eigenvalues of J; are

)\1 = Mo (Si)n, MQ(D)) — D, )\2 = U1 (Siln, MQ(D)) —D and )\3 = —IZEQ.
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Therefore, for Eqg; to be stable, it is necessary and sufficient that \; < 0 and Ay < 0.
Thus, Egg; is stable if and only if

to (sg, Ma(D)) < D and  py (s\*, Ma(D)) < D.
Since My and M, are increasing (see Lemma 2.1), these conditions are equivalent to
sl < Mo(D, My(D)) and s < M,(D, My(D)),

which are the same as the stability conditions of Eqy; in Table 3.2.
For Eiqg, the matrix Jq is:

—(F +wF)xg Fo —Fzo
=0 (s s - e (s ) - D 0
0 0 2 (Sign —w (86“ - 50)) -D

The eigenvalues of J; are

M =—(E4wF)zy, A= (sg+s"— 50,85 —w(sy —s0)) — D
and A3 = o (81211 —w (sg‘ - 30)) —D.

Therefore, for Eioy to be stable, it is necessary and sufficient that Ay < 0 and A3 < 0.
Thus, Ejqg is stable if and only if

1 (sg 4 s — so, 88 —w (s§' —s0)) <D and po (s —w (sg —s0)) <D, (3.7

where s is the solution in the interval Jy of equation 1y (s9) = D. Since M, is increasing
(see Lemma 2.1), the second condition of (3.7) is equivalent to

sy —w (sg'—s0) < Ma(D) <= 59 < (Mz(D) —sb') Jw+ si). (3.8)
As the function vy is increasing, (3.8) is equivalent to
wO(SO) < wo ((MQ(D) — SiQH) /UJ + Sion) . (39)

From the definition of the function 1y together with the condition ¢ (so) = D defining s,
we deduce that (3.9) is equivalent to

D < pio ((M2(D) — s3') Jw + s, Ma(D)) .
Since M, is increasing (see Lemma 2.1), then E;q is stable if and only if
p1 (s + ST — so, 85 —w (s§' — 50)) < D and Mo(D, Ma(D)) < (Ma(D) — s5') Jw + g,

which are the same as the stability conditions of Eqqp in Table 3.2.

Doctoral thesis Page 44|142 Sarra Nouaoura



Chapter 3. Stability of the three-tiered food-web model without decay

For Eq19, the matrix Jq is:

—(E + (A)F)I‘O FZ'O —F.CL’Q
J1: (G+WH)$1 —(G+H)I1 HIL’l
0 0 /LQ(SQ) - D
The eigenvalue is simply
)\1 = ,LLQ(SQ) —D.

The others are those of the matrix
—(E+wF)zg Fxg
(G+wH)r; —(G+ H)xy
The eigenvalues of this matrix are A\ and A3, such that
M3 = (E(G+ H) — (1 —w)FG) zoxy and Ao+ A3 = — ((F + wF)xo + (G + H)zy) < 0.
Hence, the eigenvalues Ay and A3 are of a negative real part if and only if
E(G+H)-(1-w)FG >0. (3.10)

Let us prove that this condition (3.10) is equivalent to 2 T (s2, D) > 0. Using (3.3) and
Lemma 2.1, we obtain

oM, F oM, H
D.s)) = —— D 7
95, W)= and G D)=
Using (2.24), it follows that
o F H E(G+H)+ (w—1)FG
= —(w — — 4+ 1= . .
95, D) =pl-D+ o+ Fole (3.11)

Since E and G are positive, condition (3.10) is equivalent to (52, D) > 0. Consequently,
as [io is increasing, Fjqq is stable if and only if

ov

Sy < My(D) and (s2, D) > 0. (3.12)

882
When si < My(D), the sy-component of Ejjo satisfies sy < st < My(D). Thus, Eqg is
stable if and only if the first and the second conditions of (3.12) hold. When My (D) < s3,
we will prove that (3.12) is equivalent to the stability conditions of E1q given in Table 3.2.
To this end, assume first that w > 1. If sy < My(D), then s§ < sy < My(D) < si. From
Lemma 2.3, the mapping so — W(s, D) is increasing for all s, € (s, s3) (see Figure 2.3(b-
c)). Hence, the condition s, < My(D) is equivalent to

(1 —w)sy + 81" + 85" = U(s2, D) < ¥ (Ma(D), D) = (D). (3.13)
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In addition, sy < Ms(D) implies that ¢3(D) > 0 for all D € I[,. Now, when w < 1,
from Lemma 2.3 and using H8, equation (2.44) has at most two solutions s3' < s3?, such

v v
that 2— (s31,D) < 0 and g— (s52,D) > 0 (see Figure 2.3(a)). Thus, the steady state
So 52

Ei;, corresponding to s3' is unstable. For the steady state E?,, corresponding to s3?,
the condition s3?> < My (D) implies the first and the second stability conditions of Ejqq
since the mapping sy — U(sy, D) is increasing on (5, s3). On the other hand, if the first
stability condition of Ei19 or equivalently (3.13) holds, then

532 < My(D) or s9< My(D) < s3'.

This last condition is in contradiction with the second condition of stability of E{19. There-
fore, Eq1¢ is stable if and only if

: . . ov
(1 —w)sg + s7 + 55 < d2(D), ¢3(D)>0 and —— (s9,D) > 0.

882
For Ejg1, the matrix Jq is:
—(E+ wkF)xg Fux —Fx
Ji = 0 pu (85 + 8" — Mo(D, My(D)), My(D)) =D 0
—wlx, Izs —1Ixs

Its known eigenvalue is
A = (sg + s — Mo(D, Ms(D)), M(D)) — D.
The two other are those of the matrix:
—(E+wF)xg —Fuxo
—wlxs —Izq
The eigenvalues of this matrix are Ay and A3 such that,
M3 = Elzgre >0 and Ao+ A3 = — ((F+wF)xo + [x3) < 0.

Hence, the real parts of the eigenvalues A\ and A3 are negative. Therefore, E1q; is stable
if and only if
p1 (s + st — Mo(D, My(D)), My(D)) < D,

which is equivalent to
s+ 51" < My(D, My(D)) + My(D, My (D)),

which is the same as the stability condition of E;y; in Table 3.2.
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For Eq11, the matrix Jq is:

—(E+WF>ZE'0 F[Eo —F(L’Q
J1: (G+WH)I’1 —(G—I—H)l'l HfL’l
—wlxy B —Ixy

The eigenvalues are given by the characteristic polynomial Pj, which is given by:
P3:>\3+Cl>\2—|—62>\+C3:0, (314)

where

cp =Ixo+ (G+ H)xy + (E 4 wF)x,

3.15
co=(E(G+H)— (1 —-w)FG)xoxr) + Elrgry + Glz1z9, 3 = EGlzoz20. ( )

To satisfy the Routh-Hurwitz criterion, we require ¢; > 0, for ¢ = 1,3 and c;cs — ¢3 > 0.
Notice that:

c109 — c3 =(Elxgres + EGo3(D)xoxy) (s + (G + H)xy + (E + wF)xo)

(3.16)
+ (oo + (G+ H)xy + wFx)Gla s,

Then, we always have ¢; > 0 and ¢3 > 0. From (3.11), we deduce that

(E(G+ H) — (1 —w)FG) = EGds(D).

Therefore, if ¢3(D) > 0, then, (E(G+ H)— (1 —w)FG) > 0. Hence, ¢jco —c3 > 0, so that
Eq11 is LES.

On the other hand, since we always have ¢; > 0 and ¢35 > 0, according to the Routh-
Hurwitz criterion, Eqq; is LES if and only if

o (D, s st 312“) ‘=109 —c3 > 0,

where the function ¢4 can be written as its expression (3.2).
For Egig, the matrix Jq is:

fo (s, st — sy + s¥) — D 0 0
J1: (G+WH)JI1 —<G—|—H>ZE1 HIl
0 0 2 (siln — 51+ 812“) - D

The eigenvalues of J; are
M=o (sg, 57 —s14+s3) =D, A=—(G+H)zy and 3= ps(s]' —s14s3) — D.

Therefore, for Egyy to be stable, it is necessary and sufficient that A\; < 0 and A3 < 0.
Thus, Egqo is stable if and only if

fo (sg s —s1+s5) <D and pp (s — s1+s3') < D, (3.17)
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where 7 is the solution in the interval J; of equation 11 (D) = D. Recall that the functions
M, and M3 are increasing (see Lemma 2.1). Thus,

po (sg, " —s1+85) <D < s3> s+ sy — Ms(sg, D)
and
o (sP —s1485) <D <= s> 8"+ s5 — My(D).
As the function v is increasing, then, we deduced that
Yi(s1) > (s + sy — Ma(sg', D)) and (1) > 1 (s7' + sy — Ma(D)).

From v (s1) = 11 (81, 311“ — 8]+ 312“) = D, then, the conditions of the stability of Eg;o are
equivalent to

H1 (Silrl + 3i2n - M3(82)n7 D)a MB(S:)na D)) <D and 251 (Siln + 8i2n - MZ(D)a MQ(D)) <D.
Since M is increasing. Thus, Egq is stable if and only if
s©+ s < My (D, Ms(sg, D)) + Ms(sg', D) and s" + si* < My (D, M2(D)) + Ms(D),

which are the same as the stability conditions of Egg in Table 3.2.
For Egi1, the matrix Jq is:

to (s, Ma(D)) — D 0 0
J1: (G+WH)ZE1 —(G—I—H)l'l HZL‘l
—wlxy B —Ixs

Its known eigenvalue is
A = o (sg', Ma(D)) — D.
The two other are those of the matrix:
—(G+ H)xry, Hxy

]ZEQ —]ZEQ
The eigenvalues of this matrix are Ay and A3 such that,
MAz = Glrizeg >0 and Mg+ A3 = — ((G"F H)l‘l + Il‘g) < 0.

Hence, the real parts of the eigenvalues Ay and A3 are negative. Therefore, Egy; is stable
if and only if

fo (s, M2(D)) < D,
which is equivalent to

sy < My(D, My(D)),

which is the same as the stability condition of Egy;; in Table 3.2.
O

Remark 3.1. From Remark 2.1, when it exists, E},, is unstable. When E? , exists, the
ov

third stability condition 8—(532, D) > 0 in Table 3.2 is always satisfied. However, the
S2

other stability conditions can be not satisfied, so that, this steady state can be unstable.
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Chapter 3. Stability of the three-tiered food-web model without decay

3.4 Bifurcation diagram

In this section, we study numerically the qualitative behavior of system (3.1) when
considering S¥ as the bifurcation parameter. Throughout this section, we assume that
the biological parameters are fixed at the values provided in Table 3.3.

Table 3.3: Nominal parameter values, where i = {ch,ph,Hy}. Units are expressed in
Chemical Oxygen Demand (COD).
Parameter =~ Wade et al. [64]  Unit

Em.ch 29

K ph 26 kgCODg/kgCODx /d
Fm.Hs 35

Ksen 0.053

K57H27C 106

Kgph 0.302 kgCOD/m?

Krn, 3.5x107°

Ks, 2.5x107°

Yen 0.019

Yon 0.04 kgCODx /kgCODg
Yi, 0.06

kdec,i 0 d_l

For the specific kinetics (2.9), straightforward computations show that the various
functions M;, s, s, U, ¢;, ¢; and 1); are given by the expressions in Table 3.4. Notice
that, from the expression of ¥ in Table 3.4, a straightforward calculation shows that, for
all sy € (59, s3),

8%

P
0s3

(1 —w)2K0(D—|—a0) L0+S(2) 2K1(K[+8%)

$9, D) = ,
B ) = T D T a s (s m)

which is positive since w < 1 and mg > D+ag. Thus, the function sy — W(ss, D) is convex
and fulfills H8 (see Figure 2.3(a)). Furthermore, model (2.1) is of the form (2.8) where the
growth functions (2.9) satisfy Hypotheses H1 to H8, where kgo.; = 0. Consequently, the
results of this section apply to model (2.1). For this section, we put a; = 0, for ¢ = 0,1, 2
in Table 3.4.

Now, we fix the following input concentrations with the dilution rate

S =0, S =267x10"" and D =0.01,

corresponding to Figure 3(a) in [64] when kgec; = 0, @ = {ch,ph, Hy} and plot the one-

in

parameter bifurcation diagram in S)}.. As a consequence of Table 3.1 and Theorem 3.1, we
obtain the following result which determines the existence and the stability of the steady

states of (2.1) with respect to the input concentration S2.
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Table 3.4: Notations, intervals and auxiliary functions in the case of growth functions
given by (2.9).

Auxiliary functions Definition domain
yKo(Lo + s2)

moS2

M, — Defined for 0 < y < .
0(% 52) 059 —(y(Lo I 3)2) Yy Lo + 59
y K (K7 + 59 mi K
Mi(y, s9) = Defined for 0 <y < .
1y 52) mi K — y(K; + s3) =Y K+ s9
K.
Msy(y) = yo2 Defined for 0 <y < ma.
mg — Y
2Lo(Ko + so) mpSo
M = Defined for 0 < z < .
(50, 2) moso — 2(Ko + So) Ko+ so
s9(D) = LoD +a0) Defined for D + ag < my.

mo—D—ao

— Ki(m — D — a)) Defined for D + a; < m;.

D+ aj
(D -+ CL())K()(LO + 52)
U(sy, D)= (1—
(s2, D) ( w)mosg — (D 4 ag)(Lo + s5)  Defined for D € I; and
n (D + a1) K1 (K7 + 89) + s s9(D) < sy < s3(D).
le] — (D + al)(KI + 82)
0 (D) = g (D);gi o) U(s2, D) Defined for D € I.
¢2(D) = \IJ(MQ(D + &2), D) Defined for D € IQ.
¢3(D) = g—i(MQ(D +ay), D) Defined for D € I,.
Defined for
po(D) = Mo(D + ag, (Ma(D + a2))) De{D>0:s)< My(D+ a)}.
Defined for
D) = M,(D Ms(D
(D) =MD+ a1, (Mao(D +2))) De{D>0: My(D+ap) < s}.
dols0) moso (55— w (s — s0)) Defined for
Sg) = . : . .
O (K + s0) (Lo + s — w (s — sp)) so € [max (0, it — s /w) , +00).
K . .
1(s1) = TSR Defined for s; € [0, s+ 312n).

(K1 + s1) (K7 + sit + sl — 1)

Proposition 3.1. Assume that the biological parameters in (2.1) are given as in Table 3.3.
Assume that Si = 0, Si, = 2.67x107°, D = 0.01 and kgeech = Kdec,ph = Kdee i, = 0. Let
oi, 1 =1,...,6 be the bifurcation values defined in Table 3.5. The existence and stability
of steady states of (2.1), with respect to the input concentration S is given in Table 3.6.
The nature of the bifurcations when S2 crosses the values o;, i = 1,...,6 is given in
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Table 3.7.
Table 3.5: Definitions of the critical values of o;, i = 1,...,6. All functions are given in
Table 3.4, while ¢, is given by (3.2).

Definition Value

o1 = My (D, Sﬁg) Y 0.001017

o2 = (p1(D) — Si,) /(1 —w)Y) 0.009159

o3 = po(D)/Y 0.010846

oy = (S, — My(D) + wepo(D))/(wY) 0.011191

o5 = (¢2(D) — Sit.) /(1 —w)Y) 0.016575

o6 is the solution of equation ¢4(S®) =0 0.029877

Table 3.6: Existence and stability of steady states, with respect to S2. In the following,
the letter S (resp. U) means that the corresponding steady state is stable (resp. unstable).
No letter means that the steady state does not exist.

Interval of Sg}ll EOOl E100 E%l() E%l() E101 Elll

an—l)

caccccacaam

ccacwvunwn

(

(01,02)
(02, 03)
(03,04)
( )
(05, 06)
(

ccaaca
ccaaca

06, —|—OO)

Table 3.7: Nature of the bifurcations corresponding to the critical values of o;, 7 = 1,...,6,
defined in Table 3.5. There exists also a critical value o* ~ 0.029638 corresponding to the
value of S where the stable limit cycle disappears when S3 is decreasing.

Type of the bifurcation

o1 Transcritical bifurcation of Egyg and Eqgo

oy Saddle-node bifurcation of E},, and E%,

o3 Transcritical bifurcation of Eqgg; and Eqg;

o4 Transcritical bifurcation of Eigg and Ejg;

o5 Transcritical bifurcation of E};, and E;
*

o* Disappearance of the stable limit cycle
o¢ Supercritical Hopf bifurcation
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Proof. Using the change of variables (2.7) and from Tables 3.1 and 3.2, the necessary and
sufficient conditions of existence and stability of steady states of (2.1) are summarized in
Table 3.8 when Il)‘;l =0 and kgec; = 0. Since si* = }/45;‘;1 =0, Eg19 and Egq; do not exist,
as shown in Proposition 2.2. Using Table 3.8, we see that:

Table 3.8: Existence and local stability conditions of steady states of (2.1), when S}iﬂl =0
and Kqec; = 0. All functions are given in Table 3.4, while p; and ¢4 are given by (2.9) and
(3.2).

Existence conditions Stability conditions
Eooo  Always exists 140 (YSg‘l, Siﬁ;) <D, ps (Sﬂg) <D
Eoor 2 (Si,) > D YSh < ¢o(D)
p1 (VS — s0, S, —w (YSR —s0)) <D
Eio po (YSH,S) > D S —wY S < My (D) — weo(D)

with sg solution of vg(sg) = D

(1) S5 + S, > ar(D),
Y S > Mo(D, s3) + My (D, s2) (1 —w)YSG + S, < ¢2(D),
with sy solution of &% (s2,D) >0, ¢3(D) >0
U(s9,D) = (1 -w)YSH + Sh,
Y'S& > wo(D),

E . : Y St < oo(D D
O g Y SIS My(D) —wpo(D) R #o(D) +e1(D)
1—w)Y S 4 gin > 4, (D), o
Ein (1= W)Y, + S, > #2(D) ¢3(D) =0 or ¢3(D) <0 and ¢4(D, S, SF)>0

YS& > ¢o(D) + ¢1(D)

e Egoo always exists and is unstable since the second stability condition in Table 3.8
does not hold, as
pio (Si) =~ 1.0845 > D = 0.01. (3.18)

e Eyo; exists, since the existence condition in Table 3.8 holds from (3.18). It is stable
if and only if
ah < o(D)/Y =: 0.

e Eiqo exists if and only if po (Y'S%, Si) > D, which is equivalent to
> (My(D, S2))/Y =: 01

For gﬁ = o1, there is a transcritical bifurcation of Eiqg and Egyy, which have the
same components at o; (see Table 3.1). Consider the function y = F(S®) defined
by:

F(Sq) = m(YSeh — s0, S, — w(Y'Ser, — 50)), (3.19)
where sy depends also on éﬁ The first stability condition of Eigg in Table 3.8 is
written F' (S%) < D. Figure 3.1 shows that this condition holds for all S3 > oy,
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since the maximum of the function F' is smaller than 0.0013 and D = 0.01. From
the second stability condition, Eiq is stable if and only if

in glz _MZ(D)—i_w()OU(D)
ch wY

0.00157 0.0015 7

F (S
\ ; (Sin

ck

0.0005 0.0005

in Sin
o S 0 h
0 0.01 0.02 0.03 0.04 0.05~ch 0 200000 400000 600000 800000 1000000 C
o1 g1

Figure 3.1: Curve of the function y = F (S%) showing that F (S3) < 0.0013, for all
érfl > 01.

e Recall that w ~ 0.53 < 1 for the set of parameters given in Table 3.3. Therefore,

I and s3? which

equation W(sy, D) = (1 —w)Y' S + Sif, admits two solutions s}
correspond to two steady states Ei;, and E?,,, respectively. When it exists, Ej;, is
unstable, as stated in Remark 3.1. From Table 3.8, the first existence condition of

these steady states holds if and only if

in > ¢1(D) T Sﬁl? =0
h=T 1wy 7

Figure 3.2 shows that the second existence condition of E};, and E?, in Table 3.8
holds, for all S € [02,0.05], since the straight line of equation y = Y'SI is above the
curves of the functions y = My (D, s3") + M; (D, s3'), for i = 1,2, respectively. E3,
is unstable since the third stability condition does not hold as ¢3(D) ~ —6513 < 0.
Therefore, Ej,, and E?,, exist and are unstable for all S > 5. They disappear for

M < gy, For S® = oy there is a saddle-node bifurcation. For S® = o5 there is a
transcritical bifurcation of Eho and Eqq;.

e From Table 3.8, Ejg; exists if and only if

D S — My (D) + wpo(D
o3 1= 9005(/ ) < Sy < H 2(0(}; o(D) =:0y.

For S = o3, there is a transcritical bifurcation of Ejg; and Egp;. For S = oy, there
is a transcritical bifurcation of Ei9; and E;9g. When it exists, E;g; is stable since

©0o(D) + ¢1(D)
Y

< o, ~0.011191 < ~ 0.013717.
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0.007

0.006

0.005

0.004

0.003

0.002

0.001

Sin

o +
o 0.01 0.02 0.03 0.04 0.057ch

in

Figure 3.2: The green line of equation y = Y S} is above the red and blue curves of the
functions My (D, s5') + My (D, s3?), i = 1,2.

e From Table 3.8, E;1; exists if and only if

. 6o(D) - Sk i _ Po(D) +¢1(D)
h> =2 =105 ~0.01 -
o> oY o5 =~ 0.016575, ST > %

~ (0.013717.

Then, Ejp; exists if and only if S® > 5. For the stability of Ej1, we have ¢3(D) < 0
and we plot the functions ¢, with respect to S2. Figure 3.3 shows that the equation
$4(S®) = 0 has a unique solution o¢ ~ 0.029877 such that ¢,(S%) < 0, for all

o5 < S < g5 and ¢4(S2) > 0, for all ST > gy.

(a) (b)

2000 1207
Sin (Sin])
¢4 ( ck 1009 ¢)4 ck

1500 4 807
60+
1000 409
20+

05 in

5004 0.018 0.020 0.022 0.024 0.026 0.028 /030 0.032 0.034 Ch

g
~204 6
in -40+
o sin
0.02 0.03 0.04 0.05 C

o5 o6

Figure 3.3: (a) Curve of the function ¢4, for S > o5 and the solution o4 of equation
¢4 (SB) = 0. (b) Magnification for S € (073,0.034).

To give numerical evidence of the Hopf bifurcation occurring through the positive

steady state E;i; as g; varies, we determine the eigenvalues of the matrix J; defined

by (3.6) and evaluated at this steady state. Figure 3.4(a) shows that one eigenvalue

A1 (S3) remains negative for all S& € (05,0.05]. Figure 3.4(b) shows that the

two other eigenvalues are real and distinct for all S& € (05,0*) and we denote

them by A ( é‘ﬁ) and A3 ( i‘ﬁ), then, they become a complex-conjugate pair for all
€ (6*,0.05), and we denote them by

Ao (S) = o (Sa) 6 ()
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(a) (b)
in
0.02 0.03 0.04 0.05 Ch 0.008

0.006 -
-1004
0.004

0.002

A1

in
0.04 0.05 ch

0
o5/

~300 -0.002+

-0.004

-0.006-

Figure 3.4: Three eigenvalues of the matrix J; evaluated at Ej;; as functions of fﬁ. (b)
Real part of the pair of eigenvalues Ay 3, for S € (0*,0.05] where o* = 0.018.

which becomes purely imaginary for the particular value S} = o such that a(og) =
0, with 5(og) # 0. Moreover, one has

da

d—gﬁ((fﬁ) < 0.

Therefore, Eq17 changes its stability through a supercritical Hopf bifurcation with
the emergence of a stable limit cycle.

]

To detect the limit cycle, we take an initial condition closes enough to the positive
steady state Eq;; of size order ¢ = 1072.  Figures 3.5 and 3.6 depict the bifurcation

(a) (b)
oot Xeh e “Xch
eeeeeee
SSSSSS
5 T s
10,7 F113 o] 1E100
'r' L}
<Rl o0
o o E‘-E-llﬂ .............................. :
. 152000 oot th100 e sin oo 412000 Eoo1 I . gin
o 000 /40 oo1s \002 0025 /f\ 0035 004 o045 005 O 0% oo ome  ome oo oo
o1 02/ /l03\04 \O5 o \o6 1 304

Figure 3.5: (a) Projections of the w-limit set in variable X, as a function of S € [0, 0.05].
(b) Magnification of the transcritical bifurcations occurring at o1, o3 and o4 when S €
[0,0.015).

diagrams of system (2.1) where X, and Xy, are represented as functions of the bifurcation
parameter S and show the existence of a stable limit cycle for a certain range of the values
of S1. Figures 3.5(b), 3.6(b) and 3.7 show magnifications of the bifurcation diagrams
illustrating the transcritical bifurcations occurring at oy, o3, o4 and o5, the saddle-node
bifurcation occurring at o9, the Hopf bifurcation occurring at og, and the disappearance
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(a) (b)

e Xu, Xm, Bor

oo ]

oo ]

o]

,,,,,,

ffffff

666666

55555 - ]—‘:lll

ffffff

ffffff

20005

o5 ] ol R2 ]

=1 Eoo0Eo01E100.." F110 FT1g gin Eooo___Eioo gin

0e00 = 0e00 - r r - - -
o oos /40 0015\002 P /&\ Gom oo oom oo CD T e e owe | oms | ob_ ot  ch
o1 0o/ o304 \o5 o* \og 1 304

Figure 3.6: (a) Projections of the w-limit set in variable Xy, as functions of S € [0,0.11],
reveal the occurrence and disappearance of stable limit cycles. (b) Magnification of the
transcritical bifurcations when S € [0,0.018].

Xch . ee0s - Xch 2
s50-01 ] I cenon L
2 .
- o
Biyy o
P
_______________________________________
Bty %‘_1_19 _______________________________
I -
Eoo0 Eoo1 E100 in **7 Eooo Eoo1 E100 in
""" A A Sy T " ™ ) Sch 0e00 * - = = ? " = \ Sch
oo
o2 0 ARG o gg e o T Ty R
3 o4

Figure 3.7: (a) Magnification of saddle-node bifurcation at S = o5 and the transcritical
bifurcation at S = o5 when S¥ € [0.006,0.02]. (b) Magnification of the appearance and
disappearance of stable limit cycles when S& € [0.0294, 0.0302].

of the cycle occurring at o*. In Figure 4.13(b), the steady states Eggp and Egy; cannot
be distinguished since they have both a zero X-component. Since for éﬁ < 03, Ego1 is
stable and Egg is unstable, the X4, = 0 axis is plotted in blue, which is the color for Egy;
in Table 3.9. In Figure 3.6(b) Eqgo and Egg; are distinguished but it is not the case for
Eooo and Eqqp, since they have both a zero Xp,-component. As Ejg is stable and FEgg
is unstable for S > oy, the Xy, = 0 axis is plotted in purple as the color of Ejgy in
Table 3.9.

Table 3.9: Colors used in Figures 3.5 and 3.7. The solid (resp. dashed) lines are used for
stable (resp. unstable) steady states.

Ewo Eon  Eiwo  Eiyg Efy Eior  Em

Red Blue Purple Dark Green Magenta Green Cyan

In [57], a numerical study of the bifurcation diagram with respect to the parameter D
is given in the case without maintenance and s = si* = 0. Figure 6 in [57] shows that
the disappearance of the stable limit cycle occurs through a saddle-node bifurcation with
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another unstable limit cycle. We conjecture that in our case also the stable limit cycle

disappears by a confluence with an unstable limit cycle at S = o*.

3.5 Numerical simulations

We present in this section, several numerical simulations which illustrate the main
results of the last section namely the bistability with convergence either to Eiog or to a
stable limit cycle according to the initial conditions, when S € (0%, 0g), and bistability
with convergence toward Ejgg or Eyj1, when S2 > 0.

For the numerical simulations presented in the following figures, we used the dimen-
sionless form of (2.1) used in [64]. Indeed, in the original form (2.1), numerical instabilities
arise in numerical schemes. To reduce the number of parameters describing the dynamics
and facilitate numerical simulations, the following rescaling of the variables was used in
[64]:

X, X X
Ny = —— le—Ph7 Ny= 1
Ks chYen Ks pnYpn Ks w, Y,
Ry— 20 g S p o S Kem.cn Yent o2
= = = T = m.c ¢l .
0 KS’Ch’ 1 Ks7ph7 2 KS7H2’ ,chdch
Then, with these changes of variables, the system given in (2.1) reduced to system
( % = (l/()(R(), Rg) — O — ko)No
% = (V1<R17R2) — o — /ﬁ)Nl
% = (VQ(RQ) — X — kQ)NQ (3 21)
% = CY(UO - Ro) - VO(ROa R2)N0 .
Ui = a(uy — Ry) + woro(Ro, Ro) Ny — v1(Ry, R2) Ny
L % = CY(UQ — RQ) — C«JQV()(R(), RQ)NO + wlyl(Rl, RQ)Nl — VQ(RQ)N .

The operating parameters are

o = D uo = —éﬁ Ul = ;rﬁ u2 = —Ii{rlz
Km,cnYen’ Ksen’ Kspn' Ksn,
The yield coefficients are
Kq o, 224 Kgpn 32 16 Kgu
= ——(1—-Ya), = ———(1-Y,), = ———"
W= g maog\ L Ya)wi= gttt Y)W = o
The death rates are
ko — kdec,ch . kdec,ph o kdec,Hz
0= ) 1= 7 2= T
km,chyrch km,ch}/;h km,chY’ch
The growth functions are
Ry Ry 1Ry Ry 2Ry
vo( Ry, Ra) = , 11(Ry1, Ro) = , o(Rs) = , (3.22
o(Fo, Fz) 14+ Ry Kp + Ry 1P, o) 14+ R 1+ KR, >(F2) 1+ R, (322)
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where the biological parameters are given by

K, ph Yo
)
km,chY;h

km,Hg YH2

Kp=—"-"
k'm,chY;:h 7 r

¢1 = P2 =
For this section, we put k; = 0, for ¢ = 0,1,2 in (3.21). In the following, the projec-
tions of the orbits of the six-dimensional phase space into the three-dimensional space
(Xecn, Xph, Xn,) illustrate the appearance and disappearance of limit cycles for different
values of S where Egoo, Eoo1, Ef;y and E?;, are unstable. Then, we have the following

possible pictures.

e For S € (05,0%), Ei1; is a saddle-focus and the numerical simulations show the
convergence for any initial condition to the stable node Eyq, where there is the com-
petitive exclusion of the second and third species. Figure 3.8 shows the convergence
to

Eigo =~ (6.582 x 107%,0,0,0.029204, 3.660 x 10™*,5.38 x 107%),

for an initial condition in a neighborhood of
Ei1 ~ (3.55 x 107%,6.69 x 107*,5.29 x 107°,0.0108, 0.00303,1.2 x 1077),

of size order 2 x 1073.

9e-05

8e—-05 —.
7e-05 —-
6e—05 -.
5e-05 —-
4e—-05 —.

3e-05 —

2e—05 —

1le—-05 —

0e00 T T T T T
6e-04 5e—-04 4e-04 3e-04 2e-04 le—04 0e00

Xch

Figure 3.8: Case S = 0.02955 < ¢*: the solution of (2.1) converges to Eigg.

e For S® € (0% 0¢), the system exhibits sustained oscillations, which implies that
limit cycle is stable. Figure 3.9 shows bistability with two basins of attraction: one
toward the limit cycle and the second toward Eqgy. Indeed, for initial conditions in
a neighborhood of

Eq11 ~ (0.539, 0.089, 59.995, 0.257,0.032, 0.014),
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9e-05

8e—05 —
7e—05 —
6e—05 —

5e—05 —

X H 1
2 se-05
3e-05
2e-05
1le-05
1 2
000 . . Ell(] 001 XPh
T T T T
6e—04 5e—04 4e-04 3e-04 2e-04 le—04 0e00
Xch

Figure 3.9: Case S = 0.029639 € (0%, 0g): bistability of the limit cycle (in red) and Eqqp.

of size order 5.5 x 1072 and 9.8 x 1073, the trajectories in yellow and blue converge
toward the stable limit cycle in red, while the green trajectory converges toward the
steady state

E100 >~ (0.002,0,0,1.870,0.001, 0.003),

for the initial condition in a neighborhood of E;;; of size order 1.001 x 1072,

e For ngl > 0¢, E111 changes its stability and becomes a stable focus point via a
supercritical Hopf bifurcation. Figure 3.10 shows the bistability of

Eio0 ~ (4.8 x 107%,0,0,0.0347,3.66 x 107*,0.00351) and
Eip &~ (4.59 x 107,8.99 x 107*,7.51 x 107°,0.0108,0.00303,1.2 x 10~7),

where the blue trajectory converges to the stable focus E;;; for the initial condition
in a neighborhood of Eq;; of size order 2.1 x 1072, and the green trajectory converges
to Ejgo for the initial condition in a neighborhood of E;q; of size order 4 x 1072,

Figure 3.11 illustrates the time course of system (2.1) in the case of exclusion of the
second and the third species and the convergence to the steady state Ejgy. Figure 3.12
illustrates a positive, periodic, solution representing the coexistence of the three species.
The sustained oscillations prove the stability of the limit cycle. However, Figure 3.13
shows the time course of the green trajectory in Figure 3.9. Finally, Figure 3.14 illustrates
the convergence of the positive steady state which becomes a stable focus. Figure 3.15
shows the time course of the green trajectory in Figure 3.10.

Remark 3.2. The plots of Figures 3.1 to 3.4 were performed with Maple [35], which is used,
in particular, for the computations the eigenvalues of the Jacobian matrix evaluated at
E111. The plots of Figures 3.5 to 3.7 were performed with Scilab [54] by using the formulas
of the steady state components given in Table 3.4. The plots of Figures 3.8 to 3.15 were
performed with Scilab [54], which the trajectories in these figures presented according to
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2e—-04
1.8e—-04
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1
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& ® Eooo
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Figure 3.10: The case 04 < é‘ﬁ = 0.035: bistability with convergence either to Eqq; or to
E100.

the variables of model (2.1), using the change of variables (3.20). The plot of the limit
cycle was obtained by solving the ordinary differential equations using the default solver
“Isoda” from the ODEPACK package in Scilab.
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Figure 3.11: Trajectories of Scn, Spn, Sty; Xen, Xpn and Xp, for éﬁ = 0.02955 (in
kgCOD/m?): Convergence to the stable steady state Ejgg.
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3.6 Conclusion

In this chapter, we were interested in determining the local stability of the steady
states of the three-tiered model (2.1), in the particular case where maintenance is ignored.
We consider general growth rates. The phenol and the hydrogen input concentrations are
taken into account. We analytically determined the necessary and sufficient conditions
of stability of all steady states according to the operating parameters. We have analyzed
the bifurcation diagrams of system (2.1) by varying the chlorophenol input concentration
when s = 0. It shows that the system exhibits a bi-stability where the coexistence steady
state can destabilize undergoing a supercritical Hopf bifurcation with the occurrence of a
stable limit cycle. These interesting phenomena have been already depicted in [51], in the
particular case s > 0 and si* = si* = 0. The possibility of the Hopf bifurcation of the
positive steady state is analytically proved in [57], in the case without maintenance. The
destabilization of the positive steady state was not detected by the numerical analysis of
the operating diagrams in [64].

We focus in chapter 4 on the analysis of the stability of system (2.1), by considering
the maintenance terms, where the system cannot be reduced to a three-dimensional one,
and we illustrate the effects of the maintenance terms on the behavior of the process.

The results of this chapter have been published in [40].
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Chapter 4. Stability of the three-tiered food-web model with decay

4.1 Introduction

In this chapter, we describe the local stability analysis of the three-tiered microbial
model in the case including decay terms. In this case, we cannot reduce it to a three-
dimensional one.

This chapter is structured as follows. In section 4.2, we give the necessary and sufficient
local stability properties of all steady states. We give the bifurcation diagrams with
respect to the dilution rate, first, and then to the chlorophenol input concentration as the
bifurcating parameters in section 4.4. We illustrate our results by numerical simulations
in section 4.5.

4.2 Local stability of the steady states

In this section, we are interested to study analytically the local stability of each
steady state of system (2.8). In view of using the Liénard-Chipart stability criterion. The
asymptotic stability of E;1; requires a new definition and notations.

J = po(s0,52), K = pi(s1,82), L= pa(sz). (4.1)

Definition 4.1. The characteristic polynomial of the matriz Jacobian for system (2.8)
evaluted at E111 1s given by:

P6(>\) = >\6 + Cl>\5 + CQ>\4 + Cg)\3 + C4/\2 + C5/\ -+ cg,
where the ¢; are defined in Table 4.1.

Our main result is stated in Theorem 4.1. To prove our statement, we need the Liénard-
Chipart stability criterion (see Gantmacher [24], Theorem 11) which represents almost half
that of the Routh-Hurwitz theorem which facilitates the study of the asymptotic behavior
of dynamic systems especially for dimensions beyond five. It is known that for a polynomial
of degree four the Routh-Hurwitz conditions can be written as in the following Lemmas,
see, for instance, Theorem 11 [12].

Lemma 4.1. Consider the fourth-order polynomial P(\) with real coefficients given by:
P(A) = coA + N 4 o\ + e3)\ + ¢y
All of the roots of the polynomial P(\) have a negative real part if and only if
ci>0, for i=1,3,4 and 7 = c3rg—cicy >0, (4.2)

where rg = c1ca — CpCs.
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Table 4.1: The Liénard-Chipart coefficients for E{1;. The functions E, F, G, H, I, J,
K and L, defined by (3.3) and (4.1), are evaluated at the components of Ej;; given in
Table 2.1. Notice that they are depending on the operating parameter D.

c1 =3D+ (E+ Fw)xg+ (G + H)xy + Txg

c2 =3D% + (2D + J)(E + wF)xg + (2D + K)(G + H)x1 + Elxgry + Glz2o
+(2D + L)z + (E(G+ H) — (1 —w)FGQ)xox:

c3 = D3+ D(D+2J)(E+wF)xg+ D(D +2K)(G + H)x1 + D(D + 2L) 129
+EI(D + J + L)xoxg + GI(D + K + L)x129 + EGlzoxi122 + (E(G + H)
—(1-w)FG)(D+ J + K)xox:

cy = D*(E + wF)Jxg + D*(G + H)Kx + D*ILzy + EI(DJ + DL + JL)zox2
+GI (DK + DL+ KL)z129 + EGI(J + K + L)zoz129 + (E(G + H)
—(1-w)FG)(DJ + DK + JK)zox

cs = DEIJLxory + DGIK Lx1xy + D(E(G+ H) — (1 — w)FG)JKxoxy
+EGI (JK + JL + KL) zoz129

cg = EGIJK Lroxi29

— — _ _ 2
o =Ci1C2 —C3, T1 =1C1C4 —C5, T2 =0C370— C1T1, T3 = Cs5T0 — C1C6

_ _ 2
T4y =T1T2 —ToTr3, T5 =734 — C1C6Ty

Proof. From the Liénard-Chipart stability criterion (see Gantmacher [24], Theorem 11),
all of the roots of the polynomial P have a negative real part if and only if

¢ >0, =134, det(Ay) >0 and det(Ay) >0, (4.3)

where A, and A4 are the Hurwitz matrices defined by:

C1 C3 0 0
0
Ay = C1 C3 and A, = Ch C2 C4
Co Co 0 ¢ e O
0 co co ¢y
Conditions (4.3) are equivalent to
>0, i=1,34, ro=cico—cocs >0 and 1| = csrg— cicy > 0. (4.4)

When all conditions (4.4) hold, the condition 7 > 0 implies that ro > 0. Thus, conditions
(4.4) are equivalent to (4.2).
[l

Lemma 4.2. Consider the siz-order polynomial P(\) with real coefficients given by:

P(A) = CO/\6 + Cl/\5 + C2)\4 + Cg)\3 + 04)\2 + 65)\ + cg.
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All of the roots of the polynomial P(\) have a negative real part if and only if
>0, i=1,3,5,6, r,>0 and r5>0, (4.5)
where T4y = 1179 — ror3 and r5 = 374 — C1C6T3, With
To = C1Cy — CoC3, T1 = C1C4 — CoCs, Tg = C37g — 17, and T3 = 5T — CiCg.

Proof. From the Liénard-Chipart stability criterion (see Gantmacher [24], Theorem 11),
all of the roots of the polynomial P have a negative real part if and only if

¢ >0, 1=1,3,5,6, det(Ay) >0, det(Ay) >0 and det(Ag) >0, (4.6)

where Ay, A, and Ag are the Hurwitz matrices defined by:

[ C1 C3 Cs 0 0 0 1
C1 C3 Cs 0 Ch Co Cq4 Cg 0 0
AQ _ |: C1 C3 ‘| 7 A4 _ Co Cy Cq4 Cg , A6 _ 0 C1 C3 Cj 0 0
Co Co 0 ¢ c3 c5 0 ¢cg ¢ ¢cu cg O
0 co ca ¢y 0 0 ¢ 3 ¢5 O
i 0 0 Co C2 C4 Co |

Conditions (4.6) are equivalent to
ci>0,i=1,3,56, 10 >0, ry = 1179 — 113 > 0, 15 = 7374 — C1C675 > 0. (4.7)

When all conditions (4.7) hold, the condition r5 > 0 implies that rs > 0, that is, c5rg > cgc?

which implies that ro > 0. Hence, conditions (4.7) are equivalent to (4.5).
0

We can now state and prove our main result.

Theorem 4.1. Assume that H1 to H8 hold. The necessary and sufficient conditions of
local stability of the steady states of (2.8) when the maintenance is included are given in
Table 4.2.

Proof. The local stability of the steady states is determined by the eigenvalues of the
Jacobian matrix of system (2.8) evaluated at the steady state. The Jacobian matrix of
(2.8) corresponds to the 6 x 6 matrix:

J—D —ag 0 0 FExq 0 Fxq
0 K—-D—a 0 0 Gz1 —Hzq
0 0 L—D—as 0 0 Ixzo
J = —J 0 0 —D — Exg 0 —Fxq
J —-K 0 FExg —D — Gz, Fxo+ Hxy
—wdJ K —L —wExqg Gz —D —wFzxg— Hx1 — [22

where the functions F, F', G, H, I, J, K and L are defined by (3.3) and (4.1), and are
evaluated at the steady state.
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Table 4.2: The necessary and sufficient conditions of local stability of steady states of
(2.8).
Stability conditions
Eooo o (s, s5) < D+ ag, p1 (s, 55) < D+ ar, po (s5) < D+ as
Eoor s < o(D) and s < ¢1(D)
1 (s 4 s — so, 88 —w (s — s0)) < D +a; and
Ejgp  sY' — wsl < My(D + ay) — wpo(D),
with s¢ solution of equation ¥y (sg) = D + ao.
(1 —w)si + s + s < ¢o(D), ¢p3(D) > 0 and (%I] (s2,D) >0,

Ei10 2
with s, solution of equation W(sy, D) = (1 — w)si + s + s

Ein s34+ 81" < wo(D) + 1 (D)

Fii1 e3>0,¢5>0,ry,>0and r5 >0

s+ s < Ms (s, D + ag) + My (D + ar, M5 (s, D + a))
s+ st < My(D + az) + ¢1(D)

Eon 5§ < ¢o(D)

For Eqgg, the Jacobian matrix J evaluated at Eggq is:

[ J— D — ag 0 0 0 0 0
0 K—-—D-—a 0 0O 0 0
B 0 0 L—-D-a, 0 0 0
J = —J 0 0 -D 0 0
J -K 0 0 —-D 0

| —wJ K —L 0 0 -D |

Thus, Eqg is stable if and only if
po (sg,85') < D4ag, i (stsy') <D+a and ps(sy) < D+ a,

which are the same as the stability conditions of Eqgy in Table 4.2.
For Eqg1, the Jacobian matrix J evaluated at Eqg; is:

[ J— D —aq 0 0 0 0 0
0 K-D-a, 0 0 0 0
e 0 0 0 0 0 Iz,
—J 0 0 -D 0 0
J ~K 0 0 -D 0
| —wJ K —L 0 0 —D-—1Izy

By developing the determinant of the matrix J — Ay, where I; is the 6 x 6 identity
matrix, with respect to the first, second, fourth and fifth lines, respectively, we obtain, the
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eigenvalues
)\1 = Mo (S%]n, MQ(D + CLQ)) —D— agp, )\2 = U1 (Siln,MQ(D + 0/2)) —D— ai, /\3 = )\4 =—-D.

The other eigenvalues A5 and g are given by the characteristic polynomial of the following

matrix:
0 Izo
Jo =
—L —D —Ixy
Thus,
AsA¢ = LIzg >0 and A5+ Ag = —(D + [x3) < 0.

Hence, the eigenvalues A5 and \g are of negative real parts. Therefore, Eg; is stable if
and only if
140 (sg‘, Ms(D + a2)) <D+ay and (siln, My (D + ag)) < D+a.
Since My and M, are increasing (see Lemma 2.1), these conditions are equivalent to
and

Sbn < M()(D + agp, MQ(D + (lg)) Siln < Ml(D + a, MQ(D + (12)),

which are the same as the stability conditions of Egyy; in Table 4.2.
For Eqqg, the Jacobian matrix J evaluated at Eqq is:

[0 0 0 Ex, 0 Fx, ]
0 K—-D-q 0 0 0 0
7 0 0 L—D—a, 0 0 0
| —=J 0 0 —-D—Ezy 0 —Fz
J —-K 0 FExg —-D Fxg
| —wJ K —L —wklEzxq 0 —D—wkFx |

By developing the determinant of the matrix J — Al;, with respect to the second and
third lines, and the fifth column, respectively, we obtain, the eigenvalues

A= (s})n — 5o+ 8PS —w (sbn — 30)) — D —ay,
Ay = g (sizn —w (sgn - 50)) — D —ay, MN=-D.

The other eigenvalues are given by the characteristic polynomial P of the following matrix:

0 E[IZ’Q Fxo
T3 = —J —D — FExg —Fxg
—wdJ —wFExry —D—wFx

Denote C; and L;, i = 1,2,3, the columns and lines of the matrix J3 — Al;. The re-
placements of L3 by L3 — wLy and Cy by Cy + wC's preserve the determinant and lead

to
-

Ps(\) =—-(\+ D)
—J —(A+D+ (E+wF)xy)

(E + wF)xo
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The eigenvalues of J3 are Ay = —D, A5 and Ag such that
Mg = J(E+wF)xg >0 and A5+ A¢=—D — (F +wF)xy < 0.
Hence, the real parts of A5 and A\g are negative. Therefore, Eiqq is stable if and only if
p1 (g — 0+ 87, 85 —w (s — s0)) < D4ay and ps (s5 — w (s — s9)) < D+as, (4.8)

with so is the solution in the interval Jy of equation i (sg, s5' — w (sl — s0)) = D + aq.

Since M, is increasing, we have the following equivalence:

MQ(D + CLQ) — Si2n
w

MQ(D + ag) — Si2n

po (85 —w (s§' —50)) <D+ay <= sp< + sg.

As the function vy is increasing, we deduce that, ¥ (sg) < 1o ( + 8%)“).
From v (s9) = o (so, s — (s})n — 30)) = D + ag, we deduce that, the second condition
of the stability of Ejq is equivalent to

M(D + ap) — st
W

D +ag < po + s, Ma(D + az)) -

Hence, we have

s — wsit < My(D + ay) — wMy (D + ag, My(D + ay)) .
Consequently, Eqq is stable if and only if
151 (86“ — 50+ s, 50— w (S})n —s0)) < D+ay, s —ws < My(D+az)—wMy(D+ag, Ma(D-+as)).

Then, these conditions are the same as stability conditions of Ejgy in Table 4.2.
For Eq19, the Jacobian matrix J evaluated at Eqq is:

0 0 0 FExg 0 Fxq
0 0 0 0 Gy —Hx
7= 0 0 L—D—ay 0 0 0
| -7 0 0 —D — Exq 0 —Faq
J =K 0 Exq —D — Gx, Fxy+ Hxy
| —wJ K —L —wlxg Gy —D —wFxg— Hxy |

By developing the determinant of the matrix J — A\l;, with respect to the third line,
we obtain the eigenvalue A\; = us(s2) — D — as. The other eigenvalues are given by the
characteristic polynomial Ps5 of the following matrix:

[0 0 Exg 0 Fag |
0 0 0 Gny —Hx
J=| —-J 0 —D-— Eux 0 —Fx
J =K Ex —-D—Gny Frg+ Hxy
| —wJ K —wklxg Gy —D —wFzo— Hry |
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Denote C; and L;, © = 1,..., 5, the columns and lines of the matrix J5 — Al;. The replace-
ments of L5 by L5 + L4 + (]_ - w)L37 03 by 03 - 04 —|—(,L)C5, 04 by 04 - 05 and then L4 by
L3 + L4 preserve the determinant and lead to

-2 0 (E+ wkF)xg —Fxq
0 = —(G+wH)zy (G+ H)zy
Ps(A\)=—-(\+D
SN ==C+D) LD (Bt wF)n Fao
Hence, we obtain, the eigenvalue Ay = —D. The other eigenvalues are given by the

following characteristic polynomial:
Pi(A) = M+ e\ + e\ Fesh+cey =0,
where the coefficients ¢; for © = 1,...,4 are given by

¢ =2D + (E+wF)xg+ (G + H)xy,

co =D*+(E +wF)(D + J)xo+(G + H)(D + K)z1+(E(G + H)— (1—-w)FG)zoz1,
cs =D(E+wF)Jxg+D(G+ H)Kay+ (E(G+ H) — (1 —w)FG)(J + K)xoz,

c4s =(E(G+H)—(1-w)FG)JKxyz.

From Lemma 4.1, all of the roots of the fourth-order polynomial have negative real parts
if and only if

c;>0, for i=1,3,4 and 7, = cicecs — ciey — 3 > 0. (4.9)
We always have ¢; > 0. Moreover, c¢3 > 0 and ¢4 > 0 if and only if
E(G+H)—(1-w)FG > 0. (4.10)

Let us denote

E(G+H)—-(1-w)FG and O — G+wH

= —FF.
G+ H G+ H

A=G4+H, B-=

Note that B > 0 if and only if condition (4.10) is satisfied. Then, we can write ¢;, for
1=1,...,4 and r; as follows:

C1 = 2D —|— (B + C)ZEO —f- A?L’l,
co=D?+ (B+C)(D+ J)xog+ A(D + K)x; + ABxo1:,
c3=D(B+C)Jrg+ DAKz) + AB(J + K)zox1, ¢4 = ABJKxg1y,
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We can write r; as follows:

r=DJ[(D+ J)(B+ C)’ = B*J] z} + D*A’Ka} + B*’A*(B+ C)(J + K)zja}
+ B*A*(J + K)xga} + BA[D(2J + K)(B+C)* + CJ*(2B + C)] ajx,
+ DBA?*(J 4 2K)zox} + 3D*A’Kz} + D*J [3D(B 4+ C)* + CJ(2B + C)] z}
+ BA? [D(J + K)(5B +3C) + C (J* + K*)] x3a} + DA[C (DC(2J + K)
+CJ(J +2K) 4+ DB(9J + 5K) + 2BJ?) + DB*(7J 4+ 4K)| x3x1 + DA*[DB(4.J
+7K)+ CK(2J + K) + DC(J + 2K)|zoz] + 2D*J(B + O)xo + 2D*AK x,
+ D*A[D(J + K)(5B + 3C) 4+ 2CJ Kz, + (D* + DBz + DAz, + BAzgz:)
(BJxg — AKx1)?

Hence, conditions (4.9) are verified if and only if (4.10) is satisfied. Let us prove that

condition (4.10) is equivalent to E. (s2, D) > 0. Using (3.3), we obtain
52

M F M
OMo (D + ag,s2) = —— and OM,
082

FE 882
Using (2.24), it follows that

(D + a1782) = 5

ov _F H _E(G+H)-(1-wFG
asz<82’D)_ E(1 w)+G+1_ o .

ov
Since E and G are positive, condition (4.10) is equivalent to E. (s2, D) > 0. Consequently,
s

2
since 1o is increasing, it follows that Eq1o is stable if and only if

ov
Sy < My(D + ap) and Ee (s2, D) >0, (4.11)
S92
which are equivalent to the stability conditions in Table 4.2 because this first condition
of (4.11) is equivalent the first and the second one of Ej;q in Table 4.2 (similarly to the
proof of Theorem 3.1 in previous chaptre).

For Eqg1, the Jacobian matrix J evaluated at Eq; is:

[0 0 0 Ex 0 Fx, i
0 K—D-a 0 0 0 0
7 0 0 0 0 0 I,
| —=J 0 0 —-D—FEz, 0 —Fz
J —-K 0 Exg —-D Fxg
| —wJ K —L —wkx 0 —D—-wFxy— Iy |

By developing the determinant of the matrix J — Al4, with respect to the second and fifth
lines, respectively, we obtain, the eigenvalues

)\1 = U1 (si)n—l—siln—MO(D+a0,M2(D—|—a2)),M2(D—I—a2)) —D—a1 and )\2 =—D.
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The other eigenvalues are given by the characteristic polynomial:
Pi(N) = X+ X + oA + esh + ¢4 = 0,
where

c1 =2D+ (E 4 wF)xy + Iz,
co =D+ (E+wF)(D + J)xo+ (D + L)xy + Elzgzs,
cs = D(E+wF)Jxg+ DILxy + EI(J + L)xoxs,
cs = EIJLxoxs.
From Lemma 4.2 the roots of the fourth-order polynomial are of negative real parts if and
only if
i >0, for i=1,3,4 and 7 = cicecs — Ciey — c§ > 0. (4.12)
We always have:
c; >0, for i=1,34.
We show that: r; > 0. Indeed, we can write that:
r =DJ [(D+ J)(E 4+ wF)* — E*J] aj + D*I° Lz} + E*I*(E 4+ wF)(J + L)z}
+ E*I*(J + L)agal + [DEI(2J + L)(E + wF)* + EFwlJ*(2E + wF)| 2z,
+ DEI’(J + 2L)xox3 + 3D*I?La3 [3D° J(E + wF)? + D*FwJ?(2E + wF)| z}
+ EI? [D(J + L)(5E + 3wF) + Fw (J* + L?)] 323 + DI [Fw (DFw(2J + L)
+FwJ(J +2L) + DE(9J + 5L) + 2EJ?) + DE*(7J + AL)| x3xs + DI? [DE (4.J
+7L) + FwL(2J + L) + DFw(J + 2L)] wox5 + 2D*J(E + wF)xg + 2D*I Lz
+ D*I[D(J + L)(5E + 3wF) + 2FwJL] 2oz + (D2 + DExo+ DIzy + E[xozl:g)
(EJxg — I Lxo)*.

Thus, r; > 0. Consequently, the conditions (4.12) are satisfied. Therefore, Ejq; is stable
if and only if A\; < 0, that is to say

M1 (Sion + Siln — M()(D + Qag, MQ(D + 0,2)), MQ(D + (12)) <D + aq.
Since M, is increasing (see Lemma 2.1), this condition is equivalent to
Si)n + Siln < M()(D + ag, MQ(D + &2)) + Ml(D + ap, MQ(D + CLQ)),

which is the same as the stability condition of Eq¢; in Table 4.2.
For Ej11, the Jacobian matrix J evaluated at Ej11 = (%o, X1, X2, So, 81, S2) is given by:

0 0 0 Ex 0 Fxq
0 0 0 0 G —Hux,y
7 - 0 0 0 0 0 Vg
| -J 0 0 -D- Ex 0 —Fxq
J =K 0 Ex —D — Gx; Fxy+ Hxq
| —wJ K —L —wEx Gz —D —wFxg— Hry — Iy |
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Chapter 4. Stability of the three-tiered food-web model with decay

The characteristic polynomial is given by:
Ps(\) = AP 4+ 1A% + cod* + 30 + e\ + s\ + ¢,

where ¢; are defined in Table 4.1. Note that, ¢; and c¢g are positive. From Lemma 4.2 all
of the roots of the sixth-order polynomial have the negative real part if and only if

>0, 1=3,5 and r; >0, j=4,5, (4.13)
where r; are defined in Table 4.1.
For Eg19, the Jacobian matrix J evaluated at Egq is:
[ J—D—ay 0 0 0 0 0
0 0 0 0 Gﬂjl —H.fﬁl
7 - 0 0 L—-—D-—-ay 0 0 0
B —J 0 0 D 0 0
J -K 0 0 —-D — GIl HIl
| —wdJ K —L 0 Gz —D — Hzy |

By developing the determinant of the matrix J — Al;, with respect to the first, third and

fourth lines, respectively, we obtain, the eigenvalues
A =0 (sy, 57 —s14s5) —D—ag, Aa=po (s —s1+s))—D—ay and I3=—D.

The other eigenvalues are given by the characteristic polynomial Pj of the following matrix:

0 G.Tl —Hﬂfl
jg = —-K -D-— GZEl H[El
K Gl‘l —-D — Hl‘l

Denote C; and L;, i = 1,2, 3, the columns and lines of the matrix [J3 — Al;. The replace-
ments of L3y by Lo + Lz and Cy by Cy — C3 preserve the determinant and lead to

P30‘) = _()\ + D)
—-K —(A+D+(G+H)x)

The eigenvalues of J3 are Ay = —D, A5 and Ag such that
M =K(G+H)x; >0 and A+ X¢=—-D —(G+ H)x, <0.
Hence, the real parts of A5 and A\g are negative. Therefore, Eg1q is stable if and only if
140 (sg‘, siln — 81+ sizn) <D+ayg and o (siln — 51+ 312“) < D+ as,

with s; is the solution in the interval J; of equation p (31, s — 5 + 512“) = D+a;. Recall
that, the functions M, and Mj are increasing thanks to Lemma 2.1. Thus,

fo (sg 8" —s1+88) <D+ag <= s> 8" +sy — Ms(sg, D+ ag),
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po (sP —s1485) <D+ay <= 51> 5]+ sy — Ma(D + an).
As the function 1 is increasing, then, we deduced that
Ui(s1) > U1 (s + s — My(sg, D+ ag))  and  ¢i(s1) > (81 + s3° — My(D + az)) .

From t1(s1) = pu1 (1,59 — s1 + s5') = D+ ay, then, the conditions of the stability of Egq
are equivalent to

M1 (Siln + Si2n - M3<Sgn, D + CL(]), Mg(sgl, D + CL())) <D+ ai,

1 (Siln + Si2n — MQ(D -+ CLQ), MQ(D + CLQ)) <D+ a;.
Since M, is increasing (see Lemma 2.1), then, Egq is stable if and only if
Siln + 8i2n < Ml (D + aq, Mg(S})n, D+ CLO)) + Mg(SBn, D+ ao),

s st < My (D + ar, My(D + ay)) + My(D + ay),

which are the same as the stability conditions of Egyjo in Table 4.2.
For Eg11, the Jacobian matrix J evaluated at Egi; is:

[ J-D—-a 0 0 0 0 0 ]
0 0 0 0 Gz —Hux
7= 0 0 0 0 0 Iz,
—J 0 0 —-D 0 0
J K 0 0 —D-—Guxy Haxy
i —wdJ K —-L 0 Gz —D — Hxy — Ty |

By developing the determinant of the matrix J — Al,, with respect to the first and fourth
lines, respectively, we obtain, the eigenvalues

A1 = o (sg’, Ms(D + a2)) —D—ay and My = —D.
The other eigenvalues are given by the characteristic polynomial:
Pi(N) = X'+ X’ + A + esA + ¢4 = 0,
where

Cc1 = 2D—|— (G+H>$1 +[f]32,
co =D?+(G+ H)(D+ K)x, + (D + L)y + Glz129,
¢3s=D(G+ H)Kzy+ DILxy + GI(K + L)x29,
Cy = G[KLwlxz
From Lemma 4.2 the roots of the fourth-order polynomial are of negative real parts if and

only if
>0, for i=1,34 and 7, =cicocs — Ciey —c3 > 0. (4.14)
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We always have:
¢ >0, for i=1,34.

We show that: r; > 0. Indeed, we can write that:

r =DK [(D+ K)(G+ H)? — G*K| 2} + D*I’Lai + G*I*(G + H)(K + L)z}z}
+ G°I*(K + L)ata + [DGI(2K + L)(G + H)* + GHIK*(2G + H)] 2z,
+ DGI*(K + 2L)x123 + 3D* 1Lz + [3D*K(G + H)* + D’HK*(2G + H)| 2}
+ GI* [D(K 4+ L)(5G + 3H) + H (K* + L*)] 2723 + DI [H (DH(2K + L)
+HK(K 4+ 2L) + DG(9K + 5L) + 2GK?*) + DG*(7TK + 4L)| 23izs + DI? [DG(4K
+7L) + HL(2K + L) + DH(K + 2L)| x123 + 2D*K (G + H)xy + 2D*I Lz,
+ D*I[D(K + L)(5G + 3H) + 2HK L] 2135 + (D* + DGxy + DIxs + Glzy2s)
(GKxy — I Lxy)*.
Thus, 1 > 0. Consequently, the conditions (4.14) are satisfied. Finally, Eq; is stable if

and only if
Mo (831, MQ(D + CLQ)) <D+ ap.

Since M, is increasing (see Lemma 2.1), this condition is equivalent to
Sgn < Mo(D + ayp, MQ(D + ag)),

which is the same as the stability condition of Egy;; in Table 4.2.
n

Remark 4.1. For all steady states, except for the positive one E;;1, we see that —D is an
eigenvalue whose multiplicity corresponds to the number of extinct species.

From Tables 2.2 and 4.2, we have the following results, which are also valid in the case
without maintenance (see Tables 3.1 and 3.2).
Corollary 4.1. o [f Eqgg1 or Eqgo or Egio exists then, Egg is unstable.

o [f Eq11 emists then, Eqo1, E110, E101 and Eqi1 are unstable.

o [f Eqg1 exists then, Eqo1 and Eqgg are unstable.

o [f Egi9 exists then, Eg19 is unstable.

Proof. 1f Egg; exists then, its condition of existence s (si;) > D + ay holds. Therefore,
the condition uo (812“) < D + as of stability of Egyy is not satisfied.

If Eqgo exists then, its condition of existence g (sbn, sizn) > D + ag holds. Therefore,
the condition s (sf, s5') < D + ag of stability of Egg is not satisfied.

If Eg19 exists then, its condition of existence (siln, 312“) > D + a; holds. Therefore,
the condition (siln, 312“) < D + a; of stability of Eyy is not satisfied.
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If Eq11 exists then, the conditions
(1 —w)sg + s + s > ¢o(D), st > @o(D), sgt + s > (D) + p1(D)

hold. Therefore, the condition s{)“ < @o(D) of stability of Egy or Eg; is not satisfied,
the condition (1 — w)si + s + si' < ¢y(D) of stability of E;jg is not satisfied, and the
condition s + s < (D) + ¢1(D) of stability of Ejg; is not satisfied.

If Eqp1 exists, then, its conditions of existence

st > @o(D) and  sh — ws > My(D + ay) — weo(D)

hold. Therefore, the condition si' < (D) of stability of Eqgy or Egy; is not satisfied and

the condition si' — wsi < My (D + as) — wipo(D) of stability of Ejgg is not satisfied.
If Eg1; exists, then, its conditions of existence s + si' > ¢ (D) + My(D + ay) holds.
Therefore, the condition s + s < (D) + My(D + ay) of stability of Egq is not satisfied.
[

4.3 Proofs for the results of [64] on existence and
stability of the steady states of the model

The aim of this section is to give rigorous proofs for the results of [64] on existence
and stability of the steady states of model (2.1). Notice that the results in [64] were given
with respect to the dimensionless form (3.21) of (2.1) by using the variables (3.20) and
the growth functions (3.22). The variables (3.20) are related to our variables (2.6) by the
formulas

xo = NoKo, 1 = N1 K1, 29 = NoKs, so = RoKy, s1 = 1Ky, sp = RaKy, t = T/mo-

Hence, results given in variables (3.20) can be easily translated into results given in vari-
ables (2.6) and vice versa.

From Tables 2.2 and 4.2, the existence and stability of steady states of model (2.1) can
be determine for the specific growth functions (2.9). Using the functions and notations
given in Table 3.4, we have the following results:

Eooo = (0,0,0, s, s, s5) always exists. It is stable if and only if

140 (sgn, 512“) <D+ay, 1 (511“, 512“) <D+a; and puo (5;“) < D+ as.

These conditions are equivalent to the conditions of Egy (SS1) were established in [64],
section C1, given in terms of variables (3.20) and growth functions (3.22).
Eoo1 = (0,0, x2,80,51,82) is given by:

KQ(D + az) Ty = D
D+CL2

so =8y, s =8, Sy3= (sh' — s0) . (4.15)

TTLQ—D—CLQ’
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It exists if and only if sl > sy, where sy is given by (4.15). It is stable if and only if
140 (sion, 32) <D+4ay and (siln, 52) <D+ay.

Formulas (4.15) together with the conditions of existence and stability of Egg (SS2) were
established in [64], section C2, using variables (3.20) and growth functions (3.22).
E100 = (Xo, O, O, So, S1, 82) iS given by

D
_D+a0

T (sg"—s0), s1=s"+50—50, S2=s55—w(sy—s0), (4.16)

where sq is a solution of equation

moSo (sg‘ —w (s})“ — 30))
(Ko + s0) (Lo + 85" — w (sg" — s0))

— D+ ay. (4.17)

Notice that (4.17) is a quadratic equation. Only its solution in the interval
Jo = [max (0, sg' — s5'/w) , s3)
is to be considered. Eqgg exists if and only if the following condition holds
1o (sg, s5') > D + a. (4.18)
It is stable if and only if

1 (sg‘ — 50+ 8, s — w (sg‘ —50)) < D+ ay,

. . 4.19
sy’ —wsy < Ma(D + az) — wMy (D + ag, Ma(D + az)), (419

where sg is the solution in the interval Jy of equation (4.17). Formulas (4.16) together
with equation (4.17) giving so and the stability condition (4.19) were established in [64],
section C3, using variables (3.20) and growth functions (3.22). However, neither condition
(4.18) of existence of Ejgo (SS3) nor the signs of other eigenvalues of the Jacobian matrix
were explicitly established in [64], section C3, where the existence and stability of Ejgq
(SS3) were checked only numerically by considering the roots of polynomials of degrees 2
and 3, respectively, see formulas (C.3) and (C.7) in [64].
E110 = (X0, X1, 0,80, 81,82) is given by:

5 — <D+a0)K0(L0+82) . (D+a1)K1(K1+52)
- ) 1 — )
" mosy — (D + a)(Lo + 52) miK; — (D + a1)(K; + s2) (4.20)
D . D . ‘ :
To = m(sbn—so), T = D+ a (Sbn—50+311n—51),
where s5 is a solution of equation
(1 w) (D + ao)Ko(Lo + 82) (D + al)Kl(K[ + 82) s
- 2
mopSo — (D —+ CLO)(LQ + 82) le[ — (D + al)(K] + 82) (421)

= (1 —w)si + s + si.

Doctoral thesis Page 79142 Sarra Nouaoura



Chapter 4. Stability of the three-tiered food-web model with decay

Notice that (4.21) reduces to a cubic equation in s,. Only its solutions in the interval
(s9,s3) are to be considered. The steady states Ei;, and E;, exist if and only if the

following conditions hold
s> 50, SE A s >s0+s and (1 —w)sp + s+ s > ¢y (D), (4.22)

where sg and s; are defined by (4.20). E};, is unstable whenever it exists and E?,, is stable
if and only if
(1 —w)sg + s + s < ¢o(D), and ¢3(D) > 0. (4.23)

Here ¢ and ¢3 are defined in Table 3.4. Formulas (4.20) together with equation (4.21)
giving s, were established in [64], section C4, using variables (3.20) and growth functions
(3.22). However, neither condition (4.22) of existence of Ej1o9 (SS4) nor its condition of
stability (4.23) have been established explicitly in [64], section C4, where the existence
and stability of Eq19 (SS4) were checked only numerically by considering the roots of a
polynomial of degree 5, see formula (C.20) in [64].

E101 = (X0, 0,X2, 80, 81,52) is given by:

oo (DHag)Ky (D4 ao)Ko(Lo +52) G — g g 4gh
2 — —7 - Y 1 — - )
mg—D—CLQ 0 moSg—(D+a0)(L0+82) 0 0 ! (424)
Zo D (56“ —50), Tp= b (sg‘ — S —Ww (sg‘ —50)) - |
D + ag ’ D + a9
It exists if and only if the following conditions hold
S >80, Sa—wsh > sy — wsp, (4.25)
where sy and sy are given by (4.24). E; is stable if and only if
sg + s < Mo (D + ag, Ma(D + ag)) + My (D + ay, Ma(D + az)) . (4.26)

Formulas (4.24) together with conditions (4.25) of existence and (4.26) of stability of Ejp;
(SS5) were established in [64], section C5, using variables (3.20) and growth functions
(3.22). However, the signs of other eigenvalues of the Jacobian matrix have been checked
only numerically by considering the roots of a polynomial of degree 4, see formula (C.31)
in [64].

E111 = (X0, X1, X2, S0, S1, S2) 18 given by:

6 — (D + GQ)KQ 6 — (D + &0)K0(L0 —+ 82) 6 — (D + a1>K1(K] + 82)
2= 5 0 — ) 1= ;
mg—D—ag mosg—(D+a0)(L0+82) le[—(D+&1)(K]+82)
Ty = D (SBH — 30) T = D (SBH — 8o + Siln — 51)
D+a0 ’ D—|—CL1 ’
D . . .
Ty = ((1 —w) (sgl — so) + 51— 51+ sy — 32) .

D + as
(4.27)
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It exists if and only if the following conditions hold
S >80, Sp ST >80+ 51, (1—w)sh + s+ s > ¢y(D), (4.28)
where s and s; are given by (4.27). Eq; is stable if and only if
¢ >0, 1=3,5, and 7, >0, j=4,5, (4.29)

where ¢; and r; are defined in Table 4.1. Formulas (4.27) together with conditions (4.28)
of existence of Eq1; (SS6) were established in [64], section C6, using variables (3.20) and
growth functions (3.22). However, the Liénard-Chipart stability conditions (4.29) were
not considered in [64], where the stability of Eiq; (SS6) was checked only numerically by
considering the roots of a polynomial of degree 6, see formula (C.42) in [64].

Eo10 = (0,%1,0, 80,81, 82) is given by:

so =80, T = (s?—s1), sa=sy"— 51+ sy, (4.30)

where s; is a unique solution of equation

mlle[
(K1 + s1) (K + s+ st — 1)

Notice that (4.31) is a quadratic equation. Only its solution in the interval
Jp = [0, sif’)
is to be considered. Egqq exists if and only if the following condition holds
1 (7, s5) > D+ ay. (4.32)
Eo10 is stable if and only if

st + s < My (D + ay, Ms (s, D+ ao)) + Ms (sg', D + ao) ,

: : 4.33
811n+812n <Ml(D+a1,M2(D+CL2))+M2<D+a2). ( )

Formulas (4.30) together with equation (4.31) giving s; and stability condition (4.33)
were established in [64], section C7, using variables (3.20) and growth functions (3.22).
However, condition (4.32) of existence of Eg19 (SS7) has not been established explicitly in
[64], section C7, where the existence of Eg1o (SS7) and the signs of other eigenvalues of the
Jacobian matrix were checked only numerically by considering the roots of a polynomial
of degree 3, see formula (C.53) in [64].

Eo11 = (0,x1,X2, 80, 81,82) i given by:

_ .n (D +ag)Ky (D4 a)Ki(Kp + s9)
So =38y, S2=__—F/ » S1= ,
m2_D—CL2 leI—(D+a1)(KI+52) (434)
T = D (Sin . 81) Ty = L (Sin — s+ Sin o 52) ' .
D+a; V! ' D4 ay ! 2
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It exists if and only if the following conditions hold
s> s, s sY > 81+ sy, (4.35)
where s; and sy are given by (4.34). Egq; is stable if and only if
sl < My (D 4+ ag, My(D + as)) . (4.36)

Formulas (4.34) together with conditions (4.35) of existence and (4.36) of stability of Egy
(SS8) were established in [64], section C8, using variables (3.20) and growth functions
(3.22). However, the signs of other eigenvalues of the Jacobian matrix have been checked

only numerically by considering the roots of a polynomial of degree 4, see formula (C.62)
in [64].

4.4 Bifurcation diagrams

In this section, we determine numerically the asymptotic behaviors of the three-tiered
model by including decay terms. We assume that the biological parameter values are the
same in Table 3.3, except for kgeci = a; = 0.02. To compare with the findings of the
numerical study of [64] in the case including decay, we perform the bifurcation diagrams
with respect to the parameter D, and then to S}, to examine the effects of decay terms
on the behavior of model (2.1). We compare our results to those in the case without
maintenance terms. We consider the same values of the two input concentrations Sk = 0
and Sjj, = 2.67 x 107° of Figure 3(a) in [64]. In this case, the steady states Egip and Eqy;
do not exist, see Proposition 2.2.

4.4.1 Bifurcation diagram with respect to D

Giving a fixed value for S = 0.1. Using the results of the existence conditions in
Table 2.2 in previous chapter 2 and from Table 4.2, we have the following result, which
determines the existence and the stability of the steady states of (2.1) with respect to the
dilution rate D.

Proposition 4.1. Let S% = 0, Sif, = 2.67 x 107° and S§ = 0.1. Using the biological
parameter values in Table 3.3, while kgec; = 0.02, the bifurcation values 6;, 1 = 1,...,7
are provided in Table 4.3. The bifurcation analysis of (2.1) according to D is given in
Table 4.4. The bifurcation types at the critical values 0; are defined in Table 4.5.

Proof. Using the change of variables (2.7) and Tables 2.2 and 4.2. The necessary and

sufficient existence and stability conditions of steady states of (2.1) are summarized in

Table 4.6 when S3} =0, Sjf, = 2.67x107° and S = 0.1. Using Table 4.6, we see that:
Egoo always exists and it is stable if and only if

D > py (Y l‘ﬁ,S}i,) —ag:=0¢ and D > us (Sﬂ;) — Qs 1= b7
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Table 4.3: Critical parameter values §;, fori = 1,...,7. All functions are given in Table 3.4,
while y; and r5 are given in (2.9) and Table 4.1.

Definition Value

01 is the largest root of equation r5 = 0 0.010412

d, is the root of ¢o(D) — S, — (1 —w)Y S =0 0.068641

d5 is the root of ¢1(D) — Si, — (1 —w)Y'SH =0 0.068814

64 is the root of S, + w (¢o(D) — YS%) — My(D +az) =0 0.267251

d5 is the root of ¢o(D) — Y S® =0 0.267636

d¢ = fho (YSi‘ﬁ, S}%) —ap 0.327130

07 = fho (Sﬂ;) — Qg 1.064526

Table 4.4: Existence and stability of steady states, with respect to D. The bifurcation
values d;, © = 1,...,7 are given in Table 4.3.
Interval Eoo FEoor Eiwo Elyy Efy Ein Eimn
0<D<dy S U U U
0 < D <y U U S
0o < D < 05 U S
03 < D < 4y
0y < D < 05
05 < D < dg
0 < D < 07
oy < D

S
S
S
U
U

nwnccacaaa

N oo caaa

Table 4.5: Bifurcation types corresponding to the critical values of §;,7 = 1,...,7, defined
in Table 4.3. There exists also a critical value 6* ~ 0.009879 < 9; corresponding to the
value of D where the stable limit cycle disappears when D is increasing.

Bifurcation types

0* Disappearance of the stable limit cycle
01 Supercritical Hopf bifurcation

8 Transcritical bifurcation of E3;;, and E;;
83 Saddle-node bifurcation of Ei,, and Ef,
04 Transcritical bifurcation of Eiq and E;o;
05 Transcritical bifurcation of Eyy; and Eqg;
0¢ Transcritical bifurcation of Eggy and Eigg
07 Transcritical bifurcation of Eyy and Egg;
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Table 4.6: Existence and local stability conditions of steady states of (2.1), when S} = 0.

Existence conditions Stability conditions
Eooo Always exists 140 (YSé‘fl, Sﬁlg) < D+ ap, po (Sli%) <D+ as
Eoo1 pi2 (S,) > D + a2 Y SR < (D)
1 (YSéIﬁ — S0, Sﬁ; —w (Y é‘ﬁ — so)) <D+ay
E100 1o (YSéIﬁ, Sﬁ;) > D+ ag Sli% — wYSé‘ﬁ < My(D + ag) — wepo(D)

with sg solution of ¥y(sg) = D + ag

(1—w)Y S + 5, > ¢ (D),
Y S > My(D+ag, s2)+M(D+ay,s5) (1 —w)YSH+ SE < ¢2(D), ¢3(D) >0
with s solution of %(52, D)>0

U(s9, D) = (1 —w)Y SH + S,

By, VSH > #o(D),

Sk, — wY S > Ms(D + az) — wpo(D)
(1 —w)Y'Sg + Si, > d2(D),

YSih > ¢o(D) + ¢1(D)

E110

YS§ < o(D) + e1(D)

E111 c3>0,¢c5 >0,74>0,7r5 >0

Thus, Egg is stable if and only if D > max(ds,d7) = 07 (see Table 4.3 for all critical
parameter values 0;, i =1,...,7).

From Table 4.6, Egy; exists if and only if D < ;. From the eigenvalues \; and Ay of
J evaluated at Eqg, we deduce that Eqgg; is stable if and only if

Fi(D) = pio (YS3, Ma(D+a3)) =D —ag <0 <<= &5 <D <dr,
where 05 is the solution of equation Fi(D) = 0 (see Figure 4.1).

0.1

F1 (D)

-0.7

Figure 4.1: Stability of Eq, for all D € (5, d7): change of sign of the function Fj.

Eqqo exists if and only if D < g and it is stable if and only if

F5(D) = pu1 (SBY — s0, 51, —w (SBY —s0)) =D — a1 <0,
Fy(D) = Sgi, + w (vo(D) = YS3) — Ma(D + as) <0,

that is, D < d4, where d4 is the solution of equation F3(D) = 0 (see Figure 4.2).
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3 56

-0.14
0.0024

F‘2<D) 54 03 56

0.0024
-0.004

0.006 1

-0.44 -0.008 -

Figure 4.2: Stability of Eqqg, for all D < §4: signs of the functions F, and F3.

From Remark 2.1, the system can have at most two steady states of the form Ejjg
denoted by Ei,, and E%, as w ~ 0.53 < 1. Their first existence condition in Table 4.6
holds if and only if

Fy(D) :=¢1(D) = S, — (1 —w)Y S <0 <= D <43,

where 3 is the solution of equation Fy(D) = 0 (see Figure 4.3(a)). Their second existence
condition holds for all D < §3, since the straight line of equation y = Y 'S is above the
curve of the function y = My (D + ag, s3')+ M, (D + ay, s3'), for i = 1,2, which correspond
to E},, and E3?,,, respectively, see Figure 4.3(b). From Remark 2.1 and Table 4.6, El,, is

(a) y (b)

0.107 0.015
o014 &

F4(D) Y= ),
0.0134
0.012
0.0114

0.0104

0.0094

0.008 4

L o
0.007+ y 75*2 + M1 (D =+ (1:1752 )
D o[y = My (D o+ 0:55°) iD

0
/ 0.1 0.2 0.3 0.4 0.01 0.02 0.03 0.04 0.05 0.06 6
1 3 3

Figure 4.3: Existence of Ejj, for all D < §3: (a) change of sign of the function Fy. (b)
the green line of equation y = Y S is above the red and blue curves of the functions
My (D + ag, s5) + My (D + ay, s31), i = 1,2, respectively.

unstable for all 0 < D < &3 while E?,, is stable if and only if
F5(D) :=¢o(D) — Sf, — (1 —w)Y S >0 and ¢3(D) > 0,

that is, D € (02, d3) where 5 is the solution of equation F5(D) = 0 (see Figure 4.4). Indeed,
F5(D) > 0 for all D € (02,93) and ¢3(D) > 0 for all D € (65, 03) where &) ~ 0.057865 is
the solution of equation ¢3(D) = 0 such that &5 < ds.
E101 exists if and only if F1(D) > 0 and F3(D) > 0, that is, 0, < D < d5. Ejp1 is stable
if and only if
Fo(D) = po(D) + ¢1(D) — Y& = 0,
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(@) (b) (c)
0.000015] F5(D)

F5(D)

D #3(D)
Some PP ]
d 2 13 3

— D e

AT
Figure 4.4: Stability of Eijg, for all D € (d2,03): (a) Curve of the function Fj. (b)
Magnification of Fj, for D € [0.0685,0.0688]. (c) Curve of the function ¢s.

(a) . (b)

))))))

0.06

0.029
0.02

0.1 0.2 : 0.3
-0.02- 64/\ 65 N 0.2673 0.2674 0.2675 0.2676 .D
04 05

Figure 4.5: Stability of E¢1, for all D € (d4,d5) and existence of Eqy; for all D < dy: (a)
curve of the function Fg. (b) Magnification of Fs(D), for D € [04, 5.

that is, for all D € (44, d5) (see Figure 4.5).

E11;1 exists if and only if F5(D) < 0 and Fg(D) < 0, that is, for all D < do where 9
is the solution of the equation F5(D) = 0 (see Figure 4.4(a-b) and Figure 4.5). Indeed,
F5(D) < 0forall D < §5 and Fys(D) < 0 for all D < §5 where 65 ~ 0.113033 is the solution
of equation Fg(D) = 0 such that d, < 05. To determine the stability of E;;;, the functions
c3, ¢5, r4 and ry are plotted with respect to D < d9. Figure 4.6 shows that c3(D), ¢5(D),
r4(D) and r5(D) are all positive if and only if §; < D < 09 where §; ~ 0.010412 is the
solution of equation r5(D) = 0.

To give numerical evidence of the Hopf bifurcation occurring for D = 4§, we determine
numerically the eigenvalues of the Jacobian matrix of system (2.1) at Eq;; and we plot
them with respect to D. Figure 4.7(a-b) shows that two eigenvalues denoted by A;(D)
and A\o(D) are real and remain negative for all D € [0,2). Figure 4.7(c) shows that the
two other eigenvalues A\3(D) and A\y(D) form a complex-conjugate pair denoted by

/\374(D) = Oé374(D) + 1'5374(D), forall D e [O, 5*),

where the real part as4 remains negative and 6* ~ 0.068504. Then, they become real,
negative and distinct for all D € (6*,9y). Similarly, Figure 4.7(d) shows that the two last
eigenvalues As5(D) and A\¢(D) form a complex-conjugate pair denoted by

/\576(D) = 04576(D) + iBS,G(D)7 forall D e [0, (5*),
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(a) (b) o (c)

c3

0.020

006 52

(((((((((

0.06 D
02

Figure 4.6: (a-b-c-d) Curves of c3, ¢5, 74 and 75 as functions of D, for 0 < D < ds. (e)
Magnification of the curves of r4 and rs, for D € [0,0.012].

where the real part a;g is positive for all D € [0,0,) and negative for all D € (dy,0%).
Then, for all D € (§*,d5), they become real, negative and distinct. At the particular value
D = 6y, the pair A\;4(D) is purely imaginary such that a;¢(d1) = 0, with £56(d1) # 0.

Moreover, one has
dCY576

dD

This is consistent with Figure 4.8(b) showing that, as D decreases and crosses d;, the

(51) < 0.

steady state Eq1; becomes unstable and we have a supercritical Hopf bifurcation, leading
to the appearance, from the steady state Ei11, of small-amplitude periodic oscillations.

003 0.04 | 005 o.01 0.03 0.04

zzzzz

A1

Figure 4.7: The eigenvalues of the Jacobian matrix at E;;; as functions of D, when
W =0.1, 5% = 0and S, = 2.67x107°. (c-d) The real parts as4 and as g for D € [0,4%).

O
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To illustrate the emergence of limit cycle and to understand what happens with the
limit cycle born via the supercritical Hopf bifurcation when D is varied, we present in
Figure 4.8 the one-parameter bifurcation diagram for system (2.1) of X, depending on
the dilution rate D when all other parameters are fixed. When magnified, we observe
more clearly the disappearance of the limit cycle at 0*, the Hopf bifurcation at ¢;, the
transcritical bifurcations at d,, d, and 05 and the saddle-node bifurcation at d3, see Fig-
ure 4.8(b-c-d). In Figure 4.8, Eggo and Egg; cannot be distinguished since they have both
a zero Xg-component. As Egg is stable and Eqg is unstable for D < §7, the X, = 0 axis
is plotted in blue as the color of Egy; in Table 3.9.

(a) (b)

X.ch Xch
00012 | ¢ 2 ]
wn ] 14 110
oo 1/ 1 E i Bl .
00009—:T A 1 EURURRURURRRRPRO R S Y S P Y T ‘ """"""""

N 5e-04 - Ei11
ool 11
o Jf ;10 ]
05
333333
-
os i e 1
Elio

N teg4frmmmmmmmmmmmmmmEEsss-ssssmmsssesseeaas———
p—

t . Eioo Eooo _Eoo1 D Eooo_Ego1 E100 D
AR TRRT & o o n w5 v T e aeege oh omm ok oo oo
57510585 On50e 2

(c) (d)
2 XCh 777777 Ef wXeh By

S R S T e 4
01 % El

E111 “110
-
-
0r
777777
0
0s
eeeeee
-
0s

, 1 Fooo Boor,  Fioo _ D oo L0000 Fo01 ‘ D

0.0685 0.0686 62 EEEEE 0068363 0.0689 0.069 0.2665 0.267 64 0.2675 65 0.268 0.2685

Figure 4.8: (a) Bifurcation diagram of X, versus D € [0,1.2] in model (2.1). (b) Magnifi-
cation on the appearance and disappearance of stable limit cycles for D € [0.0095, 0.0108].
(c¢) Magnification on the transcritical bifurcation at D = d5 and the saddle-node bifurca-
tion at D = d3 for D € [0.0685,0.069]. (d) Magnification on the transcritical bifurcations
for D € [0.2665, 0.2685].

Remark 4.2. Following [11], not all of the behaviors described in Table 4.4 were reported
in [64]. For S = 0.1. Note that the destabilization of Ej;; (SS6) via a Hopf bifurcation
with the emergence of a stable limit cycle has not been observed in [64]. Moreover, the
region of existence and stability of E1¢; (SS5), which was depicted in Figure 3(b) of [64]
in the case where Sif = 2.67x 1072, was not reported in Figure 3(a) of [64]. Our results
show that this region also exists when Siﬁ; = 2.67x107°, and explain why it was not
detected by the numerical analysis given in Figure 3(a) of [64]: Ei91 (SS5) occurs in a
very small region since, for S = 0.1 it corresponds to d4 < D < d5, where d4 ~ 0.267251

and J5 ~ 0.267636, with d5 — d4 of order 10~*. However, while from a mathematical point
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of view the diagram shown in [64] is incorrectly labeled, in biological terms, such a small
region of Eqg; (SS5) would likely not be attained.

4.4.2 Bifurcation diagram with respect to S

Now, we constructe the bifurcation diagram according to the chlorophenol input con-
centration as the bifurcating parameter Si. We consider St} = 0 and S, = 2.67 x 107?,
corresponding to Figure 3(a) in [64] and we fix D = 0.01. Using Table 4.6, we have the
following result.

Proposition 4.2. Let Sk} = 0, Sjif, = 2.67 x 107 and D = 0.01. Using the biological
parameter values in Table 3.3, while kqec; = 0.02, the bifurcation values o, i = 1,...,6
are provided in Table 4.7. The bifurcation analysis of (2.1) according to S is given in
Table 4.8. The bifurcation types at the critical values o; are defined in Table 4.9.

Table 4.7: Critical parameter values o;, for © = 1,...,6. All functions are given in Ta-
ble 3.4, while r5 is given in Table 4.1. Note that 0y < 03 < 04 < 09 < 05 < 0¢, compare
with the case without maintenance.

Definition Value

o1 =My (D +ao,S8) /Y 0.003173
or = (¢1(D) — Si)/((1 —w)Y) 0.029402
o3 = po(D)/Y 0.013643
oy = (S8 — My(D + as) +wpo(D))/(wY)  0.013985
o5 = (¢2(D) — S )/ (1 —w)Y) 0.033292

o is the largest root of equation r5 =0 0.1025

Table 4.8: Existence and stability of steady states, with respect to Si. The bifurcation
values 0;, 1 = 1,...,6 are given in Table 4.7.

Interval Eoo Eo1 Ewo Elp Ely Ein Ein
0<Sh <o
o1 < 5S¢y < 03
o3 < ST < gy
o4 < Séﬁ < 09
oy < S < oy
o5 < ngl < 0g
o6 < S

caocaccacaa
ccoccccununn

n o
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Table 4.9: Bifurcation types corresponding to the critical values of 0;, 7 =1, ..., 6, defined
in Table 4.7. There exists also a critical value o* ~ 0.099295 € (05, 0¢) corresponding to
the value of S where the stable limit cycle disappears when S is decreasing.

Bifurcation types

o1 Transcritical bifurcation of Eggg and Ejqg
oy Saddle-node bifurcation of Ej;, and E3,
o3 Transcritical bifurcation of Eqgy; and Eqg1
o4 Transcritical bifurcation of Eqgy and Eqo;
o5 Transcritical bifurcation of Ei;, and Ej;
o¢ Supercritical Hopf bifurcation

*

o* Disappearance of the stable limit cycle

Proof. From Table 4.6, we have:
Since the second stability condition of Egyyy in Table 4.6 does not hold

pio (Si) =~ 1.0845 > D + as = 0.03, (4.37)

Egoo always exists and is unstable.
Since the existence condition of Egy in Table 4.6 holds (see inequality (4.37)), Eoon
exists and is stable if and only if

th < o(D)/Y =: 3.
Eqgo exists if and only if
> My (D +ao,S) /Y =01
Let F (S2) be the function defined by
F(S&) = m (S&Y — s0, S, — w (S&Y — 50)) - (4.38)

The first stability condition of Ejgp in Table 4.6 holds for all S® > oy, that is, F (Séﬂ) <
D +a; since the maximum of F' is smaller than 0.0013 while D+a; = 0.03 (see Figure 4.9).
From the second stability condition in Table 4.6, Eqq is stable if and only if

> (S8 — My(D + ag) + wpo(D)) /(wY) =: o4

The first existence condition of E;1q in Table 4.6 holds, if and only if

a = (61(D) = 8i,) /(1 —w)Y) = 0.

Their second existence condition holds, for all ST € [03,0.11], since the straight line of
equation y = S2Y is above the curves of the functions y = My (D + ag, s5")+M; (D + ay, s37),
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Figure 4.9: Curve of the function y = F (S4) defined by (4.38).
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Figure 4.10: The green line of equation y = Y S is above the red and blue curves of the
functions My (D + ag, s57) + My (D + ay, s37), for i = 1,2, which correspond to E},, and
E2,,, respectively.

for i = 1,2, respectively (see Figure 4.10). Thus, E},, and E?,, exist and are unstable for all
(iffl > 09 since the second stability condition does not hold where ¢3(D) ~ —1996.917 < 0.

Eio1 exists if and only if o3 := ¢o(D)/Y < S2 < g4. When it exists, Ejg; is stable
since
< 04 >~ 0.013985 < (¢o(D) + ¢1(D))/Y =~ 0.02304.

Eq11 exists if and only if

in ¢2(D) — %'1112 _
T Aoy

wo(D) + ¢1(D)
Y

: 05 =~ 0.033292, S > ~ 0.02304.

Hence, E;q; exists if and only if Sj:ﬁ > 05. To determine the stability of Eq11, the functions
c3, ¢5, 14 and 15 are plotted with respect to S > o5. Figure 4.11 shows that c3(S%),
c5(SH), ry(SE) and 75(S2) are all positive if and only if S > ¢¢ where o ~ 0.1025 is
the largest root of equation 5 (SX) = 0.

To give numerical evidence of the Hopf bifurcation occurring for S¥ = og, we determine
numerically the eigenvalues of the Jacobian matrix of system (2.1) at Eq;; and we plot
them with respect to 5. Figure 4.12(a-b) shows that two eigenvalues denoted by A; (S)
and Xy (S1) are real and remain negative for all ST € (05,0.11]. Figure 4.12(c) shows
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Figure 4.11: (a-b-d) Curves of c3, ¢5, r4 and r5 as functions of SI, for S > o5. (c-e-f)

Magnifications of the curves cs and ry, for S2 € [05,0.04] and of 75, for S € [05,0.035].

(a) ) .
in
0.04 005 006 007 008 009 010 0.11 Sin 0.04 006 007 008 009 olo o1l ch
-0.054450 ch
05
- 100-
-0.054455
A1
-200-
-0.054460
-300-]
-0.054465 Ao
-400-
-0.054470
-0.054475+ 35009
(c) (d)
o .
] in
% 004 005 006 007 008 009 o010 o1 ch
o* 0.020
-0.01
0.0154
-0.02q )\“
0.0104
5.6
-0.03-| A4 6
6
Q3.4 0.005
~0.044 . Sin
A 004 005 006 007 008 009 o,m\n ch
g, * g
5/ 6

Figure 4.12: The eigenvalues of the Jacobian matrix at Eq; as functions of S when D =
0.01, % = 0 and Si, = 2.67x107°. (c-d) The real parts ag4 and as, for Sii € (6*,0.11].

that the two other eigenvalues A3 ( }ffl) and Ay ( jjfl) are real, negative and distinct for all
n € (05,0%) where 0* =~ 0.03467. Then, they become a complex-conjugate pair denoted

by

e (0%,0.11],

Asa () = asa (S5) £ifsa (Sh), for all

where the real part a4 remains negative.

Doctoral thesis Page 92142 Sarra Nouaoura



Chapter 4. Stability of the three-tiered food-web model with decay

Figure 4.12(d) shows that the two last eigenvalues A5 (S) and Ag (S) are real, pos-
itive and distinct for all S € (05,0*]. Then, they become a complex-conjugate pair
denoted by

Xse (Si) = a6 (Sh) 21656 (Sh), forall S e (*,0.11],

so that the real part asg is positive for all S € (0* 04) and negative for all S €
in

(06,0.11]. At the particular value S = og, the pair \s¢ ( Ch) is purely imaginary such
that as6(06) = 0, with 5 6(06) # 0. Moreover, one has

dOé576
in
d ch

(0'6> < 0.

This is consistent with Figures 4.13, 4.14 and 4.15, showing that, as S decreases and
crosses g, the steady state Eq1; changes its stability through a supercritical Hopf bifur-
cation with the emergence of a stable limit cycle that we illustrate in Figures 4.19 and
4.17.

O

Figures 4.13 and 4.14 show the one-parameter bifurcation diagrams of X, and Xy,
versus S in system (2.1), respectively. The magnifications of the bifurcation diagrams
are illustrated in Figure 4.13(b), Figure 4.14(b) and Figure 4.15 showing the transcritical
bifurcations at oy, o3, 04 and o5, the saddle-node bifurcation at o5, the Hopf bifurcation
at o¢ and the disappearance of the cycle at o*. In Figure 4.13(b), Eggo and Ego; cannot
be distinguished since they have both a zero X ,-component. As Eqg; is stable and Eg is
unstable for ST < g3, the X4, = 0 axis is plotted in blue as the color of Egy; in Table 3.9.
In Figure 4.14(b), Eqgo and Eqp; are distinguished but it is not the case for Eggg and Ejg,
since they have both a zero Xy,-component. As Ejq is stable and Eggy is unstable for

(ifﬁ > 04, the Xy, = 0 axis is plotted in purple as the color of E1q9 in Table 3.9.

() (b)
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Figure 4.13: (a) Bifurcation diagram of X, versus S € [0,0.11] in model (2.1) show-
ing the appearance and disappearance of stable limit cycles. (b) Magnification on the
transcritical bifurcations for S € [0,0.018].

Remark 4.3. As explained in Remark 4.2, the operating diagram of Figure 3(a) in [64]
for D = 0.01 does not accurately describe the transition from the region labeled Egg;
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Figure 4.14: (a) Bifurcation diagram of Xy, versus S € [0,0.11] in model (2.1). (b)
Magnification on the transcritical bifurcations for € [0,0.018].
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Figure 4.15: (a) Magnification on the saddle-node bifurcation at S}, = o2 and the tran-
scritical bifurcatlon at S = g5 for S € [0.028,0.035]. (b) Magnification on the limit
cycles for € [0.098,0.105].

(corresponding to the stability of (SS2)) to the Ejgp region (corresponding to the stability
of (SS3)). Our results show that this transition is via a Ejp; (SS5) region, which is very
thin, since it corresponds to o3 < S» < o4, where o3 ~ 0.013643 and o, ~ 0.013985.
This region was missing in Figure 3(a) in [64], since o4 — o3 is of order 107*. Indeed,
the limitations of the operating diagram in Figure 3(a) in [64] is due to the numerical
resolution: the stability of Ejg; (SS5) occurs in a very small region and may not be
detected if the step size was for example an order of magnitude greater than o4 — o03.

Remark 4.4. As explained in Remark 4.3, except for Ei;;, the maintenance does not
destabilize the steady states. Only their regions of existence and stability, with respect
to the operating parameters, can be modified. For Eq1, it is more difficult to answer the
question of whether or not it can be destabilized by including maintenance terms. The
bifurcations diagrams depicted in Figures 4.13, 4.14 and 4.15, and the results given in
Proposition 4.2, permit to answer this question at least for the following values of the
operating parameters =0, Sﬁl =2.67x107°, D = 0.01 and S} > 0. The comparison
of the results obtained in Table 4.8 with those given in Table 3.6 shows only minor changes
in the bifurcation values o;, « = 1,...,6. Therefore, even for E;;;, the maintenance does
not destabilize the system: only the regions of stability, with respect to the operating
parameters, are slightly modified. Note that the change of the bifurcation values o; is
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predictable since their formulas in Table 4.7 involve the added decay terms. However, the
saddle-node bifurcation at oy arises after and not before the transcritical bifurcations at
o3 and o4 as in the case without maintenance.

4.5 Numerical simulations

In this section, we confirm the main findings in the previous section. Using the rescaling
of the variables (3.20) given in [64], and the dimensionless form (3.21) of (2.1), we perform
numerical simulations which show the behavior of system according to initial conditions
given in Table 4.10. We illustrate, in particular, the three-dimensional phase plot in three
interesting cases where the steady states Eggg, Eqo1, Eho and E%lo are unstable:

Table 4.10: The initial conditions of solutions of model (2.1) in Figures 4.16 - 4.22. The
initial conditions of (3.21) are given by X;(0) = X/ + ¢ and S;(0) = S/ +¢,i =0,1,2
where X and S} are the components of Eq;; and ¢ is given in the second column. When
there is more than one trajectory in the figure, its color is indicated in the first column.

oo . (Xt (0), X (0), Xit, (0), Sea(0), Sy (0). St (0)

Figure 4.16 9.7107% (5.44107%,1.171073,8.801075,1.421072,1.29107%,6.0510~")
Figure 4.17

Pink 1072 (5.541074,1.20107,9.00107°,1.421072,1.29102,6.12107")
Blue 3.2107% (5.76107%,1.461073,9.001075,1.531072,1.96 1072,1.16 10~5)
Green 351072 (5.79107%,1.501073,9.00107°,1.551072,2.051072,1.24107)
Figure 4.18

Blue 6102 6.711074,1.951072,1.0410~%,1.681072,2.80102,1.86 1076

Green 7107%  (6.81107%,2.07107%,1.04107%,1.741072,3.111072,2.11107°)
Figure 4.19 2107*  (5.46107%,1.101073,9.00107°,1.371072,1.05107%,4.1210~")
Figure 420 3.51072 (5.79107%,1.501073,9.001075,1.551072,2.05107%,1.24107)

Figure 4.21 61072 6.71107%,1.95107%,1.04107*,1.68 1072,2.80 1072, 1.86 10~)
Figure 4.22 71072 6.811074,2.071073,1.04107%,1.74102,3.111072,2.111079)

e For S € (05,0"), the numerical simulations done for various positive initial condi-
tions permit to conjecture the global asymptotic stability of E1q9. Figure 4.16 shows
that the trajectorie in green converges toward the stable steady state

Eigo 2 (2.19107°,0,0,9.77107%,3.65107%,9.17107%) .
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Xch

Figure 4.16: Case S = 0.098 < ¢*: the solution of (2.1) converges to Ejqp.

e For S € (0%, 06), the system exhibits bistability with two basins of attraction: one
toward the stable limit cycle and the second toward Ejoy. Figure 4.17 illustrates
that the trajectories in pink and blue converge toward the stable limit cycle in red,
while the green trajectory converges toward

Eigo >~ (2.19107°,0,0,9.92107%,3.65107%,9.12107%) .

For the initial condition in Table 4.10, the time course in Figure 4.19 illustrates the
positive, periodic solution representing the coexistence of the three species. The
sustained oscillations prove the stability of the limit cycle. However, Figure 4.20
shows the time course of the green trajectory in Figure 4.17.

E2 5001 Fiqg0
110 0
+

0e00

T T T
0.0012 0.001 0.0008 0.0006 0.0004 0.0002 o

Xch
Figure 4.17: Case o* < S2 = 0.0995 < o0¢: bistability with convergence either to the
stable limit cycle (in red) or to Ejgo.

e For S’é‘ﬁ > 0g, the system exhibits bistability between E;;; and Ejg. Figure 4.18
shows that the blue trajectory converges to the stable focus

E;p >~ (6.10107%,1.22107°,1.04107*,1.36 1072,9.9310*,3.621077) ,
while the green trajectory converges to

Eigo >~ (2.19107°,0,0,1.10107",3.65107*,8.79107%) .
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Figures 4.21 and 4.22 illustrate the time courses corresponding to the blue and the
green trajectories in Figure 4.18, respectively.

Figure 4.18: Case og < éﬁ = 0.11 : bistability with convergence either to Eq1; or to Eqqp.

Numerical simulations have shown that the stable limit cycle disappears at the critical
value o* € (05,06) as St decreases. Similarly to the numerical study of the bifurcation
diagram with respect to the parameter D in [57] in the case without maintenance and
st = sl = (), we conjecture that in our case also the stable limit cycle disappears through
a saddle-node bifurcation with another unstable limit cycle when S decreases.

Remark 4.5. The plots of Figures 4.1 to 4.7 and 4.9 to 4.12 were performed with Maple
[35]. The plots of Figure 4.8 and Figures 4.13 to 4.18 were performed with Scilab [54].
Using the same method as in the previous chapter.

w, W, W il WWU WWMWMWWMMWW A memwwww
nww»wuwwmuN\MMMMMM\WMWJUMWNMUM N i 1 J i

,,,,, 1 onon | l
e

2005

6000 BODO 10000 12000 14000 o 2000 4000 6000 8OO0 10000 12000 14000 o 200 400 00 800 10000

t (days) t (days) t (days)
Figure 4.19: Trajectories of Sen, Sph, Sty Xen, Xpn and Xy, for SI = 0.0995 (in
kgCOD/m3): Convergence to the stable limit cycle.
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Sen Sph L SHy
wilril |
» -
‘ T T T T T T ° T T T T ‘L/‘\ T T T 0e00 T d T ‘ T un\\ﬁ
t (days) t (days) t (days)
Xech (a) MsXch (b) \ Xph MXHQ
- \ -
\ e

e

. hn | -

t (days) t (days) t (days)

!

e
Figure 4.20: Trajectories of Sen, Sph, SHy, Xch, Xpn and Xy, for éﬁ = 0.0995 (in
kgCOD/m?): Convergence to the stable steady state Eigo. (b) Magnification of (a) show-
ing that the solution of (2.1) converges to the nonzero X,-component of Eqq.

oos S(;h 008 S])h . DS’SIH_)
]
t (days) t (days) t (days)
oote S\'h o008 ’Sph uﬂjSHg
t (days) t (days) t (days)
Figure 4.21:

Trajectories of Sen, Sph, Sty Xeh, Xph and Xy, for S% = 0.11 (in kgCOD/m?):
Convergence to the positive steady state Eqq1.
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o Sch Sph 000 $H2

1 -]
| 1
uzf‘ wl
,,,,, 1l
e - |
\ o |
\ |

2e-07 \\—\ﬁ

t (days) t (days) t (days)
(a) (b)
XCh umXC’h . Xph NXH‘Z

|

t (days) t (days) t (days) t (days)
Figure 4.22: Trajectories of Se,, Spn, Sty , Xen, Xpn and Xp, for S = 0.11 (in kgCOD/m?):
Convergence to the stable steady state Ejpo. (b) Magnification of (a) showing that the
solution of (2.1) converges to the nonzero Xq,-component of Ejq.

4.6 Conclusion

In this chapter, we gave a complete stability analysis of the dynamics of the model (2.1)
when the maintenance is included. We have managed to characterize the stability in this
six-dimensional system which cannot be reduced to a three-dimensional one as in the case
neglecting maintenance, although it is generally accepted that the Routh-Hurwitz theorem
is intractable beyond five dimensions. For this, we have used the Liénard-Chipart stability
criterion to simplify the mathematical analysis by reducing considerably the number of the
Routh-Hurwitz conditions to check. We have performed the bifurcation diagrams, first,
with the dilution rate, and second with chlorophenol inflowing concentration as the bifur-
cating parameters, showing that one of the operating diagrams obtained numerically in
[64] has omitted important transition phenomena between steady states. We highlighted
several possible asymptotic behaviors in this six-dimensional system, including the bista-
bility between the coexistence steady state and a boundary steady state, or the bistability
between a positive limit cycle and a boundary steady state, so that the long term behavior
depends on the initial condition. We proved that the positive steady state of coexistence
of all species can be unstable and we give numerical evidence for the supercritical Hopf
bifurcation, in the case including chlorophenol and hydrogen input concentrations.

We can also show that maintenance does not destabilize the steady states. Then, in
chapter 5, we will use the theoretical results of the existence and stability of all steady
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states to construct analytically the operating diagrams in both cases with and without
decay that give the regions of existence and stability of the steady states, in the space of
the four operating parameters which were determined numerically in previous work in [64].

The results of this chapter have been published in [41].
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Chapter 5. Operating diagrams for a three-tiered food-web model

5.1 Introduction

In this final chapter, we are interested to illustrate the mathematical study of the three-
tiered model by studying analytically the operating diagrams which show the dynamic
behavior of the system according to the conventional chemostat operating parameters
(the dilution rate and the input concentrations of the substrates) in both cases with and
without maintenance, using the analytical findings of the existence and stability of all the
steady states, provided in previous chapters.

The operating diagram is the bifurcation diagram for which the values of the bio-
logical parameters are fixed. It is very useful for biologists because it allows predicting
qualitatively the different asymptotic behaviors of the process according to its control pa-
rameters. As it was claimed in [50], the operating diagram probably remains the most
useful answer for the analysis of the behavior of the model according to the parameters.
This diagram shows how robust or how extensive is the parameter region where some
asymptotic behavior emerges. The operating diagram is often performed numerically or
theoretically both in the biological literature [53, 64, 71] and the mathematical literature
[1, 3, 14, 22, 23, 49-51]. In [64], several operating diagrams have been presented, they
have been numerically constructed by varying the four control parameters. The authors
did not use the analytical expressions of the curves which separate the regions of existence
and stability conditions. They determined numerically the steady states for a realistic
range of operational and kinetic parameters and used the numerical method which con-
sists of determining the existence and the stability region point by point at all the steady
state. By considering sets of operating parameters and repeating this method with nu-
merous ones, the diagrams are drawn, showing the region of stability of each steady state.
The operating diagrams presented in [51] were obtained analytically in the case without
maintenance and numerically in the case with maintenance where the authors were able
to provide analytical expressions of the boundaries between the different stability regions
allowing to give operating diagrams describing the exhaustive behavior of the system.

5.2 Operating diagrams

The operating diagrams show how behaves the system when the operating parameters
D, 5§, Sh and S}, are varying in (2.1). These diagrams are used to visualize in particular,
for a different set of operating parameters, the existence and local stability of steady states.
To plot the operating diagrams, we must fix the values of the biological parameters as in
Table 3.3, and two of the four operating parameters D, Sk, S and Sj, in order to
have a better vision and understanding because it is very difficult to visualize all the
regions of the operating diagram in four-dimensional space. In what follows, we study the
operating diagrams of system (2.1) in the cases with and without maintenance terms. In

subsection 5.2.1, we fix 5’;’1 and Sﬁg and we determine the operating diagrams in the plane
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(S, D) and in subsection 5.2.2, we give the operating diagrams in the (S, Sh) plane
where S} and D being constant.

Using the change of variables (2.7), we summarized the necessary and sufficient exis-
tence and stability conditions of steady states of (2.1) in the case with maintenance as
stated in Table 5.1, which deduced easily from Tables 2.2 and 4.2 in the previous chapters.

Table 5.1: The necessary and sufficient existence and local stability conditions of steady
states of (2.1) in the case of maintenance. All functions are given in Table 3.4, while p;
and r5 are given by (2.9) and Table 4.1.

Existence conditions Stability conditions
o (STY, S5) < D + a,
" (Sgp@ s};;) <D+ay, ps(S82)<D+as

Eooo Always exists

Eoo1 2 (Slﬁlz) > D+ ap S(lj?ly < (po(D) and SE)IBYAL < 1 (D)
i (SIY + SIYa — so, S, —w (S5Y = 50))
<D+ a

Eio 1o (SRY, Si,) > D+ ag i i
( ch Hz) and Sﬁlz — wSé?lY < MQ(D + CLQ) — WSOO(D)

with so solution of equation 1g(so) = D + ag

(1—-w)Shy + Sg;l}q + S > ¢1(D),
SBY > Mo (D + ao, s2),

g S&Y +SHYi> My (D + ag, s2) (81\1/— w)SqY + SpiYa + Sy, < 62(D),
Ho My (D + a1, s2), o= (52:0)>0 and ¢3(D) >0
2

with sg solution of equation

U(sy) = (1 —w)SRY + 5B Yy + S

SaY > @o(D),

Sh, —wSgY > M (D + az) — weo

(1 —w)SqY + S Ya + Sy, > ¢2(D),

Eiu Sgﬁy > QD(](D), c3>0,¢c5>0,174>0,75 >0
SRY + S8 Yy > (D) + ¢1(D)

Eig1 SRY + SH Yy < (D) + ¢1(D)

' | SYi+ S, < My (D +ar, M3 (SBY, D + ap))
Eoio 1 (S}lﬁlﬁ, Sﬁ;) > D +a +Ms (SBY, D + ao),
WY1+ Sit, < ¢1(D) + My(D + ap)

SI{)I;IYZL > Sol(D)v

i 3 SinY < D
511311/4 + Sﬁlz > (,01(D> + M2<D + a2) ch (PO( )

For the case without maintenance, the necessary and sufficient conditions of existence
and local stability can be deduced from Table 5.1 by taking a; = 0, i = 0, 1, 2, except the
stability of E;1; which is given by

¢3(D) > 07 or ¢3(D) < 0 and ¢4(D7 (1311117 11)?17 ﬁlg) > 07 (51)
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where ¢3 and ¢4 are given in Definition 2.2 and (3.2).

First, from Table 5.1, we define in Table 5.2 the surfaces I';, + = 1,...,18 which
delimited the different regions of the (S, o St D)-space.
Table 5.2: Definitions of the equations of the surfaces I';, i = 1,...,18. All functions are
given in Table 3.4, while y; and ¢, are given by (2.9) and (3.2), r5 is given in Table 4.1.
s, 1 = 1,2 are the solutions of W(sy, D) = (1 —w)Y'Si + YiS}h + S

Py = { (S S Sty D). S9Y(L—w) = 01(D) — SRV — S} |
ry = { (0,50, S, D), SHY(1—w) = 65(D) — S5V — SY, |

Dy = { (St St Sty D), 4 (D, 8. S Sk, ) = 0}

ry = { (s, S Sk, D), 15 (D, Sk, s, 58, ) =0}

Us = { (S, St Sty D). Y = Mo (D + a0, Sip) |

T = { (S, Sin. Sit,. D), SBY = wo(D) }

rr = {(Si, 53, 58, D), SBYw =Sk +wpo(D) - My(D +a) |
Ty = {(Si, 83, 50, D), SRY = Mo (D +ao,55) }

o= (55 55, 585, D), S = 0 (0 00r9)]

Sin, S Sk . D
in Qin Qin
S ch» Sph’ SHQ’
in Qin Qin
Sch’ Sph’ SH27
in Qin Qin
SCh’ Sph’ SHQ7

{(
{(
i
{(
{(sin, sim, sk, D
{(
i
i
{(

L SBY = po(D) + ¢1(D) - SBvi }

pr (SEY+ SBY — 0. S}, — 0 (SRY —0)) =D+ ar}
L SBY = Mo (D +ao,55') + My (D +ar,s51) - Sy}
SBY = My (D +aq, %) + My (D + ay, 53%) — S Vi |

, My (D +ay, M3 (S2Y, D + ay)
+Ms (S2Y, D + ag
. Dtar = (SBYa, 5H>}
Yy + S, = Ma(D + az) + «pl(p)}
. SBYi= (D)}
, D+ as = o (Sﬁlz)}

= SpYa + Si, |

in Qin in
Sch’ Sph’ SHQ’

in
ch ph’ SHQ’

in Qin in
Sch’ Sph’ SHQ’

o=
'y =
INPES
I =
Iy =
IR
INTG
T
INE

\_/\_/\_/\_/ \_/\_/\_/\_/\_/

in
ch ph’ SHQ’

5.2.1 Operating diagrams with respect to ( (ifﬁ,D), - and S

fixed
Giving a fixed value for SI} and , then, the intersections of the surfaces I';, ¢ =
1,...,14 with the ( in D)—plane are curves as functions of S;h and SHZ. However, the
intersections of surfaces I'; © = 15,...,18 with this plane are straight lines. Following

[64], we consider several cases to examine the effect of the operating parameters Slio‘}l and
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i, in the cases with and without maintenance on the behavior of the model. First, only
chlorophenol input is added to the system (S} = Si, = 0). Then, the hydrogen input
is added to the system and the phenol input is excluded, ( Sﬁ = 0 and Sﬂg > 0). Next,
the phenol input is added and the hydrogen input is excluded, ( I"j}l > 0 and Sﬂg = 0).

Finally, the hydrogen and phenol inputs are added to the system, (S} > 0 and Sif, > 0).

Only chlorophenol is in the input

Assume that S% > 0, S% = St = 0. In this case, system (2.1) has only the steady
states Eooo, Ef19, E?39 and Eq11, see Table 5.1. The operating diagram in the plane (S%, D)
is shown in Figure 5.1. Figure 5.1(a) looks very similar to Figure 5.1(b) except near of the
origin, as it is shown in the magnifications at the right of Figure 5.1(a-b). In the case with
maintenance, the value of S in which the positive steady state Ejj; is destabilized is
greater than in the case without maintenance. Note that, each region that has a different

asymptotic behavior is colored by a distinct color as in [64].

(a) o.sD

ry
I

in in
P Sch 08 Sch

I
1)

<<<<<

Js Ta
Iy

in in
6 Sch 0.20 Sch

Figure 5.1: Operating diagram in the plane ( g‘l,D), when ;}1 = %}12 = 0. (a) case
without maintenance and on the right a magnification for D € [0,0.078] showing the
regions Jy and J5. (b) case with maintenance and on the right a magnification for D €

[0,0.1] showing the regions J; and Js.

The existence and the stability of the steady states of (2.1) in the five regions 7,
1=1,...,5, of the operating diagrams of Figure 5.1 are determined in Table 5.3.

Remark 5.1. Each region is denoted by its steady states, indicating which are stable
and which are unstable. That is, region J; = (ab,cd) means that when the operating
parameters are taken in Jj, then the steady states SSa and SSb are stable, the steady
states SSc and SSd are unstable, and there is no other steady state.
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Table 5.3: Existence and stability of steady states in the regions of the operating diagram

of Figure 5.1 when S} > 0 and S} = Sif, = 0.
Region Eooo El,y, E3y Einn | Color
SS1  SS4!  SS4%  SS6

Jl = (1) S Red
= (1424 | s U S Teal
— (16,4142 S U U S | Yellow

J4 = (1,4%4%) S U U Red
= (1,4%%6) | S U U U | Sienna

We can deduce from Table 5.3 and Figure 5.1 when S§ > 0 and Si} = Sif, = 0
that there are no new regions that emerge under the influence of the maintenance terms.
Moreover, Figure 5.1(b) corresponds to Figure 2 in [64] and highlights the existence of
the region J; of instability of Eq; (SS6), a fact that was not reported in [64]. Actually,
the behavior of the system when Sﬁ = Sii, = 0 was already clarified in [51], where
the instability of E;1; has studied analytically in the case without maintenance, but only
numerically in the case including maintenance. In fact, Figure 5.1(a) is the same as
Figure 4 in [51]. Both figures are obtained analytically by plotting the curves separating
the regions ;. However, although Figure 5.1(b) shows the same behavior as Figure 9 in
[51], our figure is obtained analytically by plotting the curves separating the regions, while
Figure 9 in [51] was obtained only numerically. Thus, our theoretical study confirms the
numerical findings presented in [51], in the case including maintenance.

These results are supported by numerical experimentation and are proven as in the
following.

Construction of Figure 5.1. We illustrate the method used to plot the operating diagram
presented in Figure 5.1. We assume that the biological parameter values of model (2.1)
are provided in Table 3.3 and ph = Sﬁ; = 0. In this case, only the three steady states
Eooo, E110 and Ejq; exist (see Proposition 2.2). Using Table 5.1 and from Proposition 2.2,
the steady states E;i9 and Eq1; exist, respectively, if and only if

(1—w)SRY > ¢y(D) and (1 —w)SRY > ¢o(D). (5.2)

First, we consider the case with maintenance: Eqgg always exists and it is stable, since
all stability conditions in Table 5.1 hold, as

po (SRY,SiE) = ( ;‘}IYA, i) = w2 (i) =0< D+ a, i=0,1,2.

From the first condition of (5.2), Ejjo exists in the region bounded by the curve I'y
defined in Table 5.2 and located at the right of this curve, see Figure 5.2. From Remark 3.1,
when it exists, Ei;, is unstable and the second stability condition of E? , in Table 5.1 is
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always satisfied. The third stability condition of E2,, holds for all D > D, where D is the
unique solution of ¢3(D) = 0 (see Figure 5.3). The first stability condition of E?, holds
for all (S}, D) in the region bounded by the curve I's defined in Table 5.2 and located
at the left of this curve. Numerical computations show that the curves I'; and I'y are

b

D (a) b ) o

T r, )

J2 T,
———————————————————— D
J3
s )

Sill; Sitk‘.

¢ ¢ o01s C

Figure 5.2: The curves I'y and I's and the line D = D, in the case with maintenance.

@3

(((((((

o

Figure 5.3: The curve of the function ¢3 in the case with maintenance.

tangent for D = D and ¢o(D) < ¢;(D) for all D in their definition domains. Then, E2, is
stable in the region located between the two curves I'y and I'y; and above the line D = D
(see Figure 5.2).

From the second condition of (5.2), Ej1; exists in the region bounded by the curve
I's and located at the right of this curve, see Figure 5.2. For the stability of K11, we
must determine the signs of the various conditions of stability in Table 5.1 in the plane
(S, D), for all D > 0 and S > o(D), where o(D) is the existence condition of i1y
given by o(D) = ¢2(D)/(1 —w)Y. To this end, we show in Figure 5.4 the signs of the
functions S2 s c3(D,S™), SB s ¢5(D, ST, S — ry(D,ST) and S — r5(D, ST for
several values of D € D and S > (D). Figure 5.4(a) illustrates the function c3(D, SI})
is positive. Figure 5.4(b-c-d) illustrate the uniqueness of the solution Si*“(D), i = 1,2,3
of equation c5(D, S%) = 0, r4(D, S1) = 0 and r5(D, S2) = 0, respectively.

Using Maple [35], we plot the curves of equations c5(D, S%) = 0, r4(D, S2) = 0 and
r5(D, S1) = 0. Then, Figure 5.5 shows that the stability conditions of Ejj; given by

cs(S2 D) >0, 74(S%,D)>0 and 7r5(S3,D)>0

¢

are satisfied for all (SI, D) in the region bounded by the curve I'y defined in Table 5.2
and located at the right of this curve, which corresponds to equation 7; (Silfl,D) = 0.
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Figure 5.4: The curves of the functions c3, cs, r4 and rs, for S > (D) (in red) and for

several fixed values of D, showing the solutions in green of c5(D, S%) = 0, ry(D, S%) =0
and r5(D, S%) = 0.

Therefore, Eq1; is stable (resp. unstable) in the region [J3 (resp. J5) bounded by the
curve I'y and located at the right (resp. left) of this curve (see Figure 5.6).

D

0.06

0.044
0.034

0.024
cs < (

cs >0

rg <0

. . §in
0 005 010 015~ ch

Figure 5.5: Various signs of conditions ¢5 > 0, r4 > 0 and r5 > 0.

Table 5.4 summarizes the various regions in the operating diagrams in the case with
maintenance for the different conditions according to S and D.

Now, in the case without maintenance, we use the same method as in the case with
maintenance, we obtain that Eggg is always exists and it is stable.

E119 exists in the region bounded by the curve I'; and located at the right of this curve,
see Figure 5.7. Ej,, is unstable, while E?,, is stable in the region bounded by the curve

Doctoral thesis Page 108|142 Sarra Nouaoura



Chapter 5. Operating diagrams for a three-tiered food-web model
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Figure 5.6: The curves I'y, I'; and I'y in the case with maintenance.

Table 5.4: Existence and stability of steady states of (2.1) according to the five regions J;
of the operating diagrams of Figure 5.1(b) in the case with maintenance.

Condition 1 Condition 2 Region Egoo Eiq E?o Ein
- $2(D) < (1 —w)SRY J S U U 8
$(D)<(1-—w)S2Y andrs >0 J3 S U U S
D<D $1(D) < (1 —w)SBY < ¢o(D) J. S U U
$2(D) < (1 —w)S2Y and r5 <0 Js S U U U
I'y and located at the left of this curve.
(a) (b)
D Jl rl O.IP I—‘1 F2
J2 Iy 7 J2 B
____________________ D
J3
jS //
____________________ D //
S < 558

Figure 5.7: The curves I'y and I'y and the line D = D, in the case without maintenance.

Eq11 exists in the region bounded by the curve I's and located at the right of this
curve, see Figure 5.7. The stability conditions of Eij; are given by (5.1). Figure 5.8
shows that E;j; is stable for all D > D. Inversely, when D < D, we must determine
the sign of the function ¢4(D,S®). To this end, using similar arguments in the case
with maintenance, we show in Figure 5.9 the signs of the function S& — ¢4(D,S1) for

in,c

several values of D € [0, D], illustrate the uniqueness of the solution S;°(D) of equation
¢4(D,S2) = 0. Indeed, ¢4(D,S2) < 0 for all S € [o(D), S™(D)[ and ¢4(D,S%) > 0
for all S > S™°(D). Using Maple [35], we plot the curve I's of equation ¢4(D,S%) = 0
defined in Table 5.2. We have ¢4(D, S®) < 0 in the region bounded by the curve I's and
located at the left of this curve (see Figure 5.10). Inversely, ¢,(D,S%) > 0 in the region
bounded by the curve I'; and located at the right of this curve (see Figure 5.10).
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3

ooooo

Figure 5.8: The curve of the function ¢3 in the case without maintenance.

D=0.015
— D=0.035
—D=0.045

o o ot [k [ ww] o okl — D=0.055

/ / S h|— D=0.065
—D=D

Figure 5.9: The curves of the function ¢4(S) for S > ¢(D) (in red) and for several
fixed values of D, showing the solution in green of ¢4(D, S%) = 0.
(a) (b)

$a(SE)

D J1 r, o 'ty
T2 I, T2
J Js -
____________________ D
T3 o 2 Ty
oyf ) Ja
.Seh VAR e

Figure 5.10: The curves I';, I'y and 'y, and the line D = D in the case without mainte-
nance.

Table 5.5 summarizes the various regions in the operating diagrams in the case without
maintenance for the different conditions according to SI and D.

Table 5.5: Existence and stability of steady states of (2.1) according to the five regions J;
of the operating diagrams of Figure 5.1(a) in the case without maintenance.

Condition 1 Condition 2 Region EOOO E%lO E%lO Ei1
D >0 (1 — w)Sé?lY < gbl(D) jl S
D>D ¢1(D) < (1 — w)Sé‘ﬁY < ng(D) Jo S U S
= 62(D) < (1 — w)SmY B S U U S
P2(D) < (1 —w)S2Y and ¢y >0 Ty S U U S
D < D ¢1(D) < (1 — W)Sélﬁy < ¢2(D) j4 S U U
P2(D)<(1—w)SBY and gy <0 J5 S U U U

O
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Chapter 5. Operating diagrams for a three-tiered food-web model

Hydrogen is in the input

We assume that S > 0, St} = 0 and Sjf, > 0 and we illustrate the operating diagrams
in (S, D)-plane in both cases with and without maintenance. In this case, system (2.1)
has further three steady states Eggi, E1go and Eqg1, see Proposition 2.2.

We consider the inflowing concentrations S% = 0 and Sjf, = 2.67 x 107°. These values
are those of Figure 3(a) in [64]. Figure 5.11(a) represents the operating diagram in the
plane (S, D), in the case without maintenance. The three magnifications shown in Fig-
ure 5.11(b-c-d) put in evidence the regions Js, Jio and J;, i = 12,...,21. Figure 5.12(a)
represents the operating diagram in ( i D)—plane, in the case with maintenance. The
magnifications presented in Figure 5.12(b-c-d) show the regions J; and J;, i = 6,...,13
are similar to those in Figure 5.11. The addition of hydrogen input substrate leads to the
occurrence of sixteen new regions besides the region J; which is identical to that of the
operating diagram in Figure 5.1. Figures 5.11 and 5.12 are constructed using the same

method as Figure 5.1, which consists in plotting the curves separating the regions.

(a)

D
Tig
1
Js
0.8
0.6
0.4
0.2
i 4
15
(o) (d)
D Ts D I'¢ 'z T
0.0020 S 2
0.012 8
0.010 J14
0.0015
0.008 4 I'11
0.0010
0.006
19 T3
0.004 4 \.715
0.0005+
0.002 4 T3
Ti1
° o0 St ol . Sin

Figure 5.11: (a) Operating diagram in the plane (S, D), when Si = 0, Sff = 2.67x107°
and kqec; = 0. (b) Magnification for D € [0, 0.13] showing the regions J;, i = 12,...,16.
(¢) Magnification for D € [0,0.013] showing the regions Js and J;, i = 17,...,20. (d)
Magnification for D € [0,0.002] showing the region J;.

The existence and the stability of the steady states of (2.1) in the seventeen regions J;
and J;, 1 =06,...,21, of the operating diagrams in Figures 5.11 and 5.12, are determined
in Table 5.6.
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(a) (b)
D
e

14

Tig

0.8 j(;

0.6

0.4

in in
2 3 4 5 6 Sch o 1 2 3 4 5 6 SCh

N Jr Js

0.014

Ty

Sin 0 Sin
0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 Ch 0 0.002  0.004 0.006 0.008 0.010 0.012 0.014 0.016 Ch

Figure 5.12: (a) Operating diagram in the plane (S&, D), when S& = 0 and S}, =
2.67 x 107° with maintenance. (b) Magnification for D € [0,0.6]. (c¢) Magnification for
D € [0,0.12] showing the regions Ji2 and Ji3. (d) Magnification for D € [0, 0.03] showing
the region Js.

The Hopf bifurcation occurs at the boundary between regions J1; and 713, see Figures
5.11 and 5.12, and in [Ji3 close to the boundary with J;; a periodic orbit in Eq; emerges,
as illustrated in Figure 3.9 and Figure 4.17 in the previous chapters. We see also that the
regions J;, ¢ = 14, ...,21 are empty in the case with maintenance. Thus, the maintenance
has an effect on the disappearance of the regions. Moreover, in the case without mainte-
nance and for small values of the dilution rate D, there cannot be any destabilization of
Eq11. However, the coexistence of the three species around a limit cycle can occur, in the
case with maintenance. On the other hand, our study of the operating diagrams in both
cases with and without maintenance show the emergence of new regions which are not
reported in Figure 3(a), namely the stability region of Eqg; (SS5), the stability region of
E100 (SS3) with the instability region of Eq1; (SS6), and the region [J5; when all the steady
states exist and are unstable, except E};, (SS4) which does not exist. For the positive
initial conditions in a neighborhood of E;1; all these steady states converge to the stable
limit cycle. These regions are very thin and in a biological point of view, such regions
would likely not be attained.

Construction of Figure 5.11. We illustrate the method used to plot the operating diagram
presented in Figure 5.11 in the case without maintenance. We assume that ;i)rﬁ = 0 and
L =2.67x107°. Egip and Eg1; do not exist when Sii = 0. Using Table 3.8, we see that:
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Table 5.6: Existence and stability of steady states in the regions of the operating diagrams
of Figures 5.11 and 5.12.

Region E()()() E001 E100 E%IO E%m E101 Ein Color
SS1 SS2 SS3 SS4! SS4% SS5  SS6

=(1) S Red
J6 =(2,1) U S White
Jr = (2,13) U S U White
Js = (5,123) Uu U U S Blueviolet
Jo = (3,12) U U S Dimgray
Jo= 342,124y | U U S U S Green
Ju = (36,1244 U U S U U S |Pink
Ji2=(3,124'42) | U U S U U Dimgray
Jiz=(3,124'4%6)| U U S U U U |Magenta
Ju=(2,134142) | U S U U U White
J1s = (2,134?) U S U U White
Jwe=(6,12342) | U U U U S |Blue
Jir=1(6,1234%5) | U U U U U S [Blue
Jis=(51234>) | U U U U S Blueviolet
Jo= (51234142 U U U U U S Blueviolet
J20 (,1234%6) | U U U U U |Brown

=(,1234%56) | U U U U U U |Silver

Egoo always exists. From Table 3.8, the first stability condition of Egy holds in the
region bounded by the line I'1g and located above this line. The second stability condition
of Eggp holds in the region bounded by the curve I's and located at the left of this curve.
Then, Egg is stable in the region located above the line I'ig, see Figure 5.13.

D

0.8

04/

Sn

P

Figure 5 13: The hne I'is and the curve I's.

From Table 3.8, Eqg; exists in the region bounded by the line I';g and located below
this line, and it is stable in the region bounded by the curve I'q and located at the left of
this curve, see Figure 5.14.

E1g0 exists in the region bounded by the curve I's and located below this curve (see
Figure 5.13). From Table 3.8, the first (resp. second) stability condition of E;q holds for
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D

0.6
Te

0.4

02

in
Sch

6

Figure 5.14: The linerlﬂlg andfhe curve I'g.

all (S3, D) in the region bounded by the curve 'y (resp. I'7) and located above (resp.
below) this curve. Then, Eq is stable in the region located between the two curves I';

and I'yq, see Figure 5.15.
(a) (b)
P Dy 'z

00024
/ Sin Sin
o7 os ch 001 0020 ch

Figure 5.15: The curves I's, I'; and T'y;.

From Table 3.8, the first existence condition of Ei;, and E?,, holds in the region
bounded by the curve I'y and located at the right of this curve, see Figure 5.16. The second
existence condition of E{;, (resp. E? ) holds for all (S, D) in the region bounded by the
curve I'15 (resp. I'j3) and located at the left (resp. right) of this curve, see Figure 5.16.
Then, Ei,, exists in the region located between the curves 'y and I'j5, while Ej,, exists in
the region located at the right of the curves I'y and I'y3, see Figure 5.16. From Remark 3.1,

D r
0.0077 1

0.0011 T2
7

i3 gin

7 0.008 ch

Figure 5.16: The curves I'y, I'15 and I'y3.

when it exists, E{;, is unstable and the second stability condition of E?, in Table 3.8 is
always satisfied. The third stability condition of E2,, holds for all D > D (see Figure 5.3).
The first stability condition of Ef,, holds for all (S%, D) in the region bounded by the
curve 'y and located at the left of this curve. Then, E? , is stable in the region located
between the two curves I'; and T’y and above the line D = D (see Figure 5.17).

From Table 3.8, the first (resp. second) existence condition of Ejg; holds for all ( in D)
in the region bounded by the curve I'g (resp. I'7) and located at the right (resp. left) of
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D (a) D (b)
T, 'y
)
____________________ D
———————————————————— D 0.02 T2
-Sa =S

<<<<<

Figure 5.17: The curves 'y, I's and I'y5, and the line D = D.

this curve. Then E;g; exists in the region located between the two curves I'g and I'7, and
it is stable in the region bounded by the curve I'yy and located at the right of this curve
(see Figure 5.18).

(a) (b)

D D L I'7
Te, I'7

Sin Sin
s ch oo ooz oois ch

Figure 5.18: The curves I'g, ['7 and I'yp.

From Table 3.8, the first and the second existence conditions of Eq1; hold for all ( gll, D)
in the region bounded by the curves I'; and I'yy and located at the right of these curves, see
Figure 5.20. From Table 3.8 and Figure 5.3(a), E;q; is stable for all D > D. Inversely, when
D < D, using similar arguments, we determine the sign of the function ¢4(D, S%). To this
end, we show in Figure 5.19 the signs of the function S +— ¢4(D, S2) for several values
of D € [0, D[, illustrate the uniqueness of the solution S’*(D) of equation ¢,(D, Si) = 0.
Then, we have ¢4(D,S%) < 0 in the region bounded by the curve I's and located at the
left of this curve (see Figure 5.20). Inversely, ¢4(D,S%) > 0 in the region bounded by the
curve I's and located at the right of this curve (see Figure 5.20).

pa(S)

xxxxx

D=0.015
— D=0.035
—D=0.045
""" 25— D=0.055
—D=0.065
—D-D

xxxxx

values of D, showing the solution in green of ¢4(D, S = 0.

Table 5.7 defines the various regions in the operating diagrams in the case without
maintenance according to S and D.
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(a) (b)
D D Iy s

(((((((((

Table 5.7: Definitions of the regions corresponding to the operating diagrams of Figure 5.11

when ;131 = 0 in the case without maintenance.

Region Definition
Ji | p2 (SB) < D and for all S2 >0
Je | o (Séﬁ) < D and SirﬁY < My (D, Sﬁg)
7 Mo (D, S1) < SBY < ¢o(D), SE(1—w)Y < ¢i(D)— S,
SnY < My (D, s3?) + M, (D, s3?)
Js | po(D) < SBY < (S, +weo(D) — Mz(D)) /w and SRY (1 —w) < ¢1(D) — Sif.
Jo | (SH, +wpo(D) —Ma(D)) /w < SRY < (¢1(D) — Si,) /(1 —w)
Jio | D < D and ¢1(D) — Sﬁlz <STY(1—w) < ¢2(D) — Sﬁ;
T ¢p2(D) — Sﬁ12'< S.iclﬁY(l —w), p1 (nglY — 50, 51}1112 —w (Sé‘ﬁY — 80)) <D
and ¢4 (D, S%, Sit) >0,
7, |P <D auD) - Sif, < SaY (1 - w) < é2(D) - S,
and Sy, +wpo(D) — Ma(D) < SjwY
7, D < D, $2(D) — .Sg; <SRY (1 —w), p (SRY — 50,51, —w (SHY —s0)) < D,
and ¢4 (D, S Sf}fz) <0
T | (61(D) = Si) /(1 —w) < SBY < ¢o(D) and My (D, s3%) + M, (D, s3%) < SRY
Jis | Mo (D, s5%) + My (D, s3?) < SRY < My (D, s3') + My (D, s3'), S3Y < ¢o(D)
7 (s + wipo(D) — M(D)) /w < SBY < My (D, s3') + My (D, s3')
and ¢4 (D, S%, Sp) >0
Jir | ¢o(D) + ¢1(D) < SRY < (Si, +wpo(D) — My(D)) /w and ¢4 (D, S, Sf,) > 0
Jis | ¢o(D) < SBY < (D) + ¢1(D) and SBY < My (D, s3') + M (D, s3!)
T po(D) < SRY < (Sf, 4+ weo(D) —.MQ(D)) Jw, ¢p1(D) — Sit < SBY (1 —w)
and My (D, s3') + My (D, s3!) < SBY
T (Sit, +wpo(D) = My(D)) fw < SEY < Mo (D, s5') + My (D, s57),
¢4 (D, S, Sif,) <0
Jo1 | po(D) +p1(D) < SRY < (S§, + weo(D) — Ma(D)) /w and ¢4 (D, Si, Sit,) <0
O
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Phenol is in the input

Assume that S% > 0, SI > 0 and Si}, = 0, we construct the operating diagrams in
( in D)—plane in both cases with and without maintenance terms. In this case, system
(2.1) has further two steady states Eqjp and Eqj;. However, the steady states Egp1, Eigo
and Ej9; do not exist since Sﬂ; = 0, see Proposition 2.2.

We consider the input concentrations Sij = 1072 and Sjj, = 0. These values are
those of Figure 5(a) in [64]. Figure 5.21(a) represents the operating diagram in the plane
( i D), in the case without maintenance. The magnifications shown in Figure 5.21(b-c)
put in evidence the regions [J;, i = 22,...,30. Figure 5.22(a) represents the operating
diagram in the case with maintenance. The magnification presented in Figure 5.22(b)
shows that the regions J; 7 = 1,...,5 and J;, i = 22,...,30 are similar to those in
Figure 5.21. The addition of phenol input substrate leads to the emergence of twelve new
regions [J;, 1 = 22, ...,32, besides the regions J;, j = 1,...,5 which are identical to those
of the operating diagram in Figure 5.1. Figures 5.21 and 5.22 are constructed using the
same method as Figure 5.11, which consists in plotting the curves separating the regions.

D (a) D (b)

1
0.8
0.6

0.4

0.2

o 0.01 0.02 0.03 ch

Figure 5.21: Operating diagram in the plane (S&, D), when S = 1072, Sif, = 0 and
kdeci = 0. (b) Magnification for D € [0, 0.078] showing the regions J;, for i = 22,...,28.

(c¢) Magnification for D € [0.02,0.04] showing the regions Ja9 and Jso.

The existence and the stability of the steady states of (2.1) in the sixteen regions 7,
t=1,...,5and Jj, j = 22,...,32 of the operating diagrams of Figures 5.21 and 5.22 are
summarized in Table 5.8.

The positive steady state Eqq; loss its stability via a Hopf bifurcation by crossing the
boundary from the region J3 to [J5, see Table 5.8 and Figures 5.21 and 5.22, and in J5
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(a)

0.8

0.6

Iy
)

0.4

J3

0.2

J24
\

o 1 2 3 4 5 615(1:1}11
Figure 5.22: Operating diagram in the plane (S, D), when Si} = 1072, Si, = 0 and
kdeci > 0. (b) Magnification for D € [0, 0.058] showing the regions J;, for i = 22,...,32.

Table 5.8: Existence and stability of steady states in the regions of the operating diagrams
of Figures 5.21 and 5.22.

Region Eooo Ei19 E?19 E111 Eo10 Eo11 | Color
SS1 SS4! SS42 SS6 SS7 SS8

y S Red

= (142,41 S U S Teal
jg = (16,4'4?) S U U S Yellow

= (1,4%42) S U U Red
j5 = (1,4'426) S U U U Sienna
j22 (67,1442 U U U S S Chocolate

=(6,14%27) | U U S U Blue
j24 =(6,14278) | U U S U U |Blue
Jos = (8, 1427) U U U S |Orange
Joe = (8,17) U U S |Orange
Jor = (7,1) U S Olive
Jog = (7,14%42) | U U U S Olive
Jog = (8,14%427)| U U U U S |Orange
j30 (7,1414%6)| U U U U S Olive

=(.,14%67) | U U U U Cyan

=(.,14%678) | U U U U U |RosyBrown

close to the boundary with 735 a limit cycle in Eq1; occurs. We see also that there are new
regions [J31 and J3» that appear under the influence of the maintenance terms. Notice
that, in the case with maintenance and for D fixed, the value of é‘ﬁ which Eq;; loss its
stability is larger than in the case without maintenance. Moreover, in the case without
maintenance and for small values of D, there cannot be any destabilisation of Ei;;, while
the coexistence around a limit cycle can appears in the case with maintenance. On the
other hand, our theoretical study of the operating diagrams in both cases with and without

maintenance show that there are new behaviors, namely the existence of bistability region
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J22 of Eq111 and Eqyp (SS7), which occurs in a small area between J3 and Ja3, the instability
regions Js, J30, J31 of Eq11, and the region [J33 when all the steady states exist and are
unstable, except E};, (SS4') which does not exist. For the positive initial conditions in
a neighborhood of Eqq; all these steady states converge to the stable limit cycle. These
regions are not reported in the case including maintenance in Figure 5(a) of [64].

Phenol and hydrogen are in the input

To better understand the effect of both control parameters the phenol and the hydrogen
input concentrations on system (2.1), we assume that S& > 0, Sif > 0 and Sjf, > 0 and
we perform the operating diagram in both cases with and without maintenance terms.

(a)

I's
0.00012 0.00012 5

T3

0.00010 0.00010

0.00008 0.00008 4

0.00006 }&—1T'g Tas 0.00006 Ty Tao
0.00004 0.00004

0.00002 0.00002 4

in in
0
ch o 000001 0.00002  0.00003  0.00004  0.00005C1

Figure 5.23: Operating diagram in the plane ( i D), when Sﬁ =1, Siﬁ; = 2.67 x 1072
and kgec; = 0. (b) Magnification for D € [0,0.6] showing the regions Jio and Js9. (c)
Magnification for D € [0, 0.37] showing the regions J17, J35 and J37. (d) Magnification for
D € [0, 0.002] showing the regions Jyo, Ju1 and Jyo. (€) Magnification for D € [0,0.00012]
showing the region Jy4. (f) Magnification for S € [0, 0.00005] showing the region Jj3.
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We consider the input concentrations S} = 1 and S}, = 2.67 x 107, corresponding to
Figure 5(d) in [64]. Figure 5.23(a) represents the operating diagram in (SZ, D)-plane, in
the case without maintenance. The magnifications show in Figure 5.23(b-c-d-e-f) put in
evidence the regions Ji6, J17, Ji, @ = 33, ...,44. Figure 5.24(a) represents the operating
diagram in the case with maintenance. The magnifications presented in Figure 5.24(b-
c¢) show that the regions J; and [J;, i = 6,...,13 are defined as those in Figure 5.23.
We see also that the maintenance has an effect on the disappearance of regions J;, i =
39,...,44. Moreover, the two input substrates hydrogen and phenol are added to the
system contribute to the emergence of twelve new regions J;, i = 33,...,44 beside the
regions J1, Jie, J17, Ji, @ = 6,...,10 which are identical to that of the operating diagram
in Figure 5.23. Since the concentrations of Sliffl and Siﬁg are large enough comparing with
the case of Figure 5.22 where Sg;l = 1072 and Sﬁlz = 0, all asymptotic behaviors were
detected in Figure 5(d) of [64]. Figures 5.23 and 5.24 are constructed using the same
method as Figure 5.11, which consists in plotting the curves separating the regions.

Tio

VET

Figure 5.24: Operating diagram in the plane ( i D), when }1)1}11 =1, %?2 = 2.67 x 1072
and Kgec; > 0. (b) Magnification for D € [0,0.55] showing the regions Jio and Ja9. (c)
Magnification for D € [0.2,0.4] showing the regions Ji7, J35 and J3r.

The existence and the stability of the steady states of (2.1) in the twenty regions 77,
T, J17, Ji 1 =06,...,10 and J;, ¢ = 33, ...,42, of the operating diagrams of Figures 5.23
and 5.24 are summarized in Table 5.9.
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Table 5.9: Existence and local stability of steady states in the regions of the operating
diagrams of Figures 5.23 and 5.24.

Region Eooo Eoo1 E100 Ei19 E?19 E101 E111 Eo10 Eo11 | Color
SS1 SS2 SS3 SS4!' SS42 SS5 SS6 SS7 SS8

=(1) S Red
J6 =(2,1) U S White
Jr = (2,13) U S U White
Js = (5,123) U U U S BlueViolete
Jo = (3,12) U U S DimGray
Jo=(342124) | U U S U S Green
Ji6 = (6,12342) U U U U S Blue
Jir = (6,1234%5) U U U U U S Blue
Js33 = (42,123) U U U S Purple
Jau=(6,123428) | U U U U S U |Blue
Jss = (6,1234258) | U U U U U S U |Blue
Jss=(6,12358) | U U U U S U |Blue
J37 = (8, 123) U U U S | Orange
J3s = (8, Uu U S |Orange
Tso = (6, 1235) U U U U S Blue
Jwo = (6,1234278) | U U U U S U U |Blue
Ju = (6,1234?578)| U U U U U S U U |Blue
Ja2 = (8,123427) U U U U U S |Orange
Tz = (8,12427) U U U S |Orange
T = (8,12342) U U U U S |Orange

5.2.2 Operating diagrams with respect to ( 1}1112, gﬁ), érﬁ and D
fixed

Now, let D and S2 be fixed, then, the intersections of the surfaces T'; for i =
3,4,8,9,11,12,13,15 w1th the (S, S )-plane are curves as functions of S and D. How-
ever, the intersections of the surfaces I';, j = 1,2,5,7,10,14, 16,17, 18 with this plane are
straight lines.

We consider the input concentrations S; = 0.5 and D = 0.25. These values are those
of Figure 6(a) in [64]. The operating diagram in the plane ( Iifz, 1‘9‘}1) is shwon in Figures
5.25 and 5.26 for the values of the chlorophenol input concentration and the dilution rate
in both cases without and with considering maintenance, respectively. The magnification
shown in Figure 5.25(b) put in evidence the regions J2, J3, Jao, Ji, ¢ = 22,...,24 and
Jj, j =45,...,49. The magnification presented in Figure 5.26(b) shows the regions J,

T2, T3y Jao, Tiy © =22,...,24 and J;, j =45, ...,51. We see from the operating diagram
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Chapter 5. Operating diagrams for a three-tiered food-web model

provided in Figure 5.26 that there are new regions [J1, Jo, J33, J50 and J51 that appear
under the influence of the maintenance terms. Figures 5.25 and 5.26 are constructed using
the same method as Figure 5.11, which consists in plotting the curves separating the

regions.
in (a)
(MSph 73
0.3
I'y7 I'y7
0.2
Jir J39
I'y1 =T12 T'1p =Tio
0.1
1)

in
() 0.000002 0.000004 0.000006 0.000008 0. OOOOlthQ

Sin o
0.03 0.04 “Hgo

Figure 5.25: (a) Operating diagram in the plane (S, Iiﬂl), when D = 0.25, S = 0.5
and kgec; = 0. (b) Magnification of (a) for Sif. € [0,107°] showing the regions Ja, Js,
Tio. Jivi=22,...,24 and J;, j = 45, ..., 49.

0.3

J51 Jo

in in
SHQ 0.000002  0.000004  0.000006  0.000008 0.000016§H2

0.04

Figure 5.26: (a) Operating diagram in the plane ( 7, Iiﬂl), when D = 0.25, S = 0.5
and kgec; > 0. (b) Magnification of (a) for Sif, € [0, 10°] showing the regions J1, Ja, Js,
j40, %,2222,724 and ..7],j:45,75]_

The existence and the stability of the steady states of (2.1) in the twenty-four regions
J; of the operating diagrams of Figures 5.25 and 5.26 are summarized in Table 5.10.

We can deduce from Table 5.10 and the operating diagram shown in Figures 5.25 and
5.26 plotting for varying concentrations of hydrogen and phenol addition, that there are
new regions that occur under the influence of the maintenance terms. Notice that the
stability regions of the steady states Egp, Ei00 and E%,, and the bistability region of
E?,, and Egjp do not exist in the case without maintenance. Moreover, the bistability
region Jso of E2,, and Eg19 (SS7) occurs between J3 and Jo3 which is very thin and is not
reported in the case including maintenance in Figure 6(a) of [64].
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Table 5.10: Existence and local stability of steady states in the regions of the operating
diagrams of Figures 5.25 and 5.26.

Region Eooo Eoor E100 E119 Ef19 Ero1 E111 Eo1o Eo11 | Color
SS1 SS2 SS3 SS4! SS42 SS5 SS6 SS7 SS8

= (1) S Red

= (142,4Y) S U S Teal

= (16, 4'4?) S U U S Yellow

=(3,12) U U S DimGray
j =(34%2,124) | U U S U S Green
Ji=(36,12414)] U U S U U S Pink
Ji6 = (6,12342) U U U U S Blue
Jir=1(6,12345) | U U U U U 8 Blue
Joo = (67,14142) U U U S S Chocolate
Joz = (6,14%7) U U S U Blue
Jos = (6,14%278) | U U S U U |Blue
T3 = (42,123) Uu U U S Purple
J34=(6,1234°8) | U U U U S U |Blue
Js5 = (6,1234%58)| U U U U U S U |Blue
Js6=(6,12358) | U U U U S U |Blue
J39 = (6,1235) U U U U S Blue
Jwo = (6,1234278)| U U U U S U U |Blue
J45 (6,134%278) | U U U S U U |Blue

= (6,13427) U U U S U Blue
j47 = (6,1342) U U U S Blue
j48 =(36,14'4%) | U S U U S Pink

= (342,14") U S U S Green
J50 = (4%7,141) U U S S Navy
Js1 = (3,1) U S DimGray

5.3 Bifurcations

In this section, we determines the nature of bifurcations of system (2. 1) that might
happen by crossing the various regions of the operating parameters space- (D b ph, Sin )
through the surfaces of I'; where the steady states coalesce and can change their stability.

Proposition 5.1. The bifurcations of the steady states of (2.1) arz’smg on the boundaries
of regions J; fori=1,...,51, according to the operating parameters S, g;l, Ii% and D,
are listed in Table 5.11.
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Chapter 5. Operating diagrams for a three-tiered food-web model

Table 5.11: The bifurcations according to subsets of surfaces I';. A saddle-node bifurcation
is indicated by SNB, a transcritical bifurcation by TB and a Hopf bifurcation by HB.

¥

Conditions

Transition

Bifurcation

Iy

(1 -w)SRY > ¢1(D) — SiyYa — S,

Ji to Ja

Ji to Ty

J7 to Jia
Js to J19
Jo to Jio
Jo to J12
J26 to Jag
J27 to Jog
Js1 to Jag

SNB: E};, = E34,

Iy

(1—w)SBY > ¢o(D) — Sy, — St

J2 to J3

Js to Js

Jio to J11
Ji2 to Ji3
J33 to J1s
J2s8 to T30
Ja9 to Jug
Js0 to Jao

TBI E%10:E111

I's

64(D, S, Sphs Si,) < 0

J3 to Js

Ji1 to Ji3
Ji6 to Jao
Ji7 to Joa1
J22 to T30

HB of E111

Iy

T5(D, g}]n 113?17Sﬁ12)<0

J3 to Js

Ji1 to J13
J22 to T30
J23 to T3
J24 to J32

HB of E111

I

SY > Mo(D + ag, Si.)

J1 to Ts1
J2 to Jag
J3 to Jag
Je to J7

J23 to Jue
J24 to Jus
J37 to Jss
Jaz to Ja2

TB: Eggo=E100

Sérﬁy > ©o (D)

J7 to Js

J1a to Jhg
Jis to J1s
Jas to Jou
J25 to J32
J37 to J36
Ja2 to Jn

TB: Ego1=E101
TB: Ego1=F101
TB: Eoo1=E101
TB: E111=Eo11
TB: E111=Eo11
TB: E111=Eo11
TB: E1g1=E111
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Jas to J35 | TB: Ejg1=E1n1
Js to Jy
Jir to J16
Jig to J12
J21 to Jao
T35 to J34
Ja1 to Juo
SBY > Mo(D + ag, s3') or Mi(D + a1, M3(S3Y,D + ag) | Ja2 to Jas
+M3(S}3EY, D + (10) > Sg;ln + Sﬁlz jgo to jgl
Js to J39
I'io SRY > ¢o(D) + p1(D) — SHY, Jis to Jir | TB: Ejp1=E11
Jis to Ja1
Jio to J33
Ji1 to Jie
T =T12 or Jhs to Jao | TB: Ej90=El;,
Y > Mo(D + ag, s5') + My (D + ay, s5') — S Yy gjz EZ f;jj
Ty | SBY > Mo(D + ag, 53%) + Mi(D + a1, 55°) — SipYa Jo to T35 | TB: Erpo=E2y
Ji to Jor
J2 to Tso
J3 to Jao
J4 to Josg
Js to J30
J34 to Juo
T35 to Ju
J38 to JTu3
Jas to Jyo
Jar to Jue
J23 to Jo4
J27 to Jos
J2s8 to Jag
J31 to T30
J6 to J3s
J7 to Js7
J16 to T34
I'i7 SiYs > p1(D) Ji7 to T35 | TB: Eg10=Eo11
J23 to Jo4
J39 to J36
Ja6 to Tus
Js to J1
Jy to Ts1
J10 to Ja9
Ji1 to Jus
Ji6 to Ju7
Jao to Tus

Iy S::‘lew > Sﬁg — MQ(D + (J,Q) + (UQD()(D) TB: E1go=E101

Fg = F14 TB: E%][):EOIO

1 (S;%Y;l + SéIﬁY — So, Slﬁlz - w(SérﬁY — So)) >D+ay

Sin

ch

INE 11 (S Ya, S,) > D+ ax TB: Egoo=Eo10

6 ¢1(D) + Ma(D + a) < Sj}Ya + S,

b TB: Egio=Eo11

I p2(SE,) > D+ ap TB: Eo10=Eo11

Proof. From Table 5.2, the surface I'y is defined by S}Y (1 —w) = ¢1(D) — S Yy — S,
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Using Tables 2.1 and 5.1, we can see that E},, and E?,, coalesce and are non hyperbolic
steady states on the surface T'y. Using Table 5.1, if SpY (1 — w) > ¢1(D) — SHYs — Sit,,
we have a transition from [J; to Jo where Ej;, and E%, emerge unstable and stable,
respectively, in the positive octant Ri, which correspond of the saddle node bifurcation.

From Table 5.2, the surface T'y is defined by SRV (1—w) = ¢o(D) — S} Y, — Sif,. Using
Tables 2.1 and 5.1, we can see that E%lo and E;;; coalesce and are non hyperbolic steady
states on the surface I'y. Using Table 5.1, if SRV (1 —w) > ¢2(D) — Si Yy — Sif,, we have
a transition from J5 to J3 where E%lo becomes unstable and E;;; appears stable, which
correspond of the transcritical bifurcation.

From Table 5.2, the surface T's is defined by ¢4(D, Siph, S, Sif,) = 0. Using Table 5.1,
if ¢4(D,SH, Si, Sit,) > 0, we have a transition from J5 to J5 where the positive steady
state Eqq; loss its stability via Hopf bifurcation on the surface I's.

All other cases are left to the reader since they can be treated similarly.

[]

Remark 5.2. We have studied the types of bifurcations of the various transitions by surfaces
but not by the intersections of curves and lines which are generically points and represent
special cases which are not possible from the biological point of view. However, their
studies of bifurcations can be studied in the same way.

5.4 Conclusion

In this chapter, we gave an analytical study of the operating diagram of model (2.1).
Our study incorporated the effect of the maintenance as well as the effect of the three input
substrate concentrations on the process behavior. We compare with the results in [64],
obtained by numerical methods. Our main aim was to present the mathematical analysis of
the operating diagrams of the model. Using the characterization of existence and stability
conditions of the steady states, we have presented the operating diagram of system (2.1)
in order to analytically determine the dynamical behavior of the model according to the

control parameters S, Si, Sif, and D. In the operating diagrams shown in Figure 5.1
obtained for Sif = Sif, = 0 in the cases with and without maintenance, we have found

the same regions in both cases, with variations only in their shape and extend, and we
have confirmed the numerical results of [51] in the case with maintenance. Moreover, we
have discovered interesting regions, which are unreported by the numerical study of the
operating diagram in Figure 2 in [64]. In the operating diagrams shown in Figures 5.11
and 5.12 obtained for SI} = 0, in Figures 5.21 and 5.22 obtained for Sjf, = 0 and in Figures
5.25 and 5.26 obtained for D = 0.25 and S} = 0.5, we have proven that there are regions
appear and disappear under the influence of the maintenance terms, and the emergence of
new important regions, which previously undetectable by the numerical analysis in [64].
For comparison, we have detected a stability region of the steady state Eio; (SS5), the
existence of the bistability regions between the steady states Ej1; (SS6) and Egio (SS7),
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and between E2,, (SS4) and Egyq (SS7), where are not reported in Figure 3(a), Figure
5(a) and Figure 6(a), respectively, of [64]. More interestingly, we have also discovered
instability regions of the positive steady state E11; (SS6) in the operating diagrams shown
in Figures 5.11 to 5.22, which are unreported in [64] in the case when maintenance is
included in the system.

Our results give a better understanding of the operating diagrams performed by the
numerical method in [64] and allow us to answer the delicate question where the mainte-
nance does not destabilize the steady states but modify the boundary between the region
of stability and the region of instability, and has an effect on the appearance and the
disappearance of some regions.

The results of this chapter are the subject of a submitted publication in [42].
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(General conclusion

In this thesis, we have investigated the dynamics of three interacting microbial species
describing the anaerobic mineralization of chlorophenol, in a three-step food-web, intro-
duced by Wade et al. [64]. More precisely, we have focused on the mathematical analysis
of the model, extending the previous works. We have generalized the approach presented
in [51] by including multiple substrate inflow into the model and characterizing the stabil-
ity of steady state in the case including maintenance. We have extended [64] by allowing a
larger class of growth functions and [18, 57] by including maintenance. Our main aim was
to give a complete analysis of the model by a combination of theoretical results and numer-
ical techniques to obtain information on the qualitative behaviors of this six-dimensional
system and to fully clarify the findings of the previous numerical analysis. We have high-
lighted several complex dynamics of the process. In chapter 2, by considering a large class
of growth kinetics, the phenol and hydrogen input concentrations together with mainte-
nance terms, which were neglected in the previous analytical analysis, we have proven that
our system can have up to eight steady states: the washout steady state which always
exists, a positive steady state where all degrader microbial populations coexist, and six
other steady states corresponding to the extinction of one or two degrader populations.
When they exist, all steady states are unique, except the steady state where chlorophenol
and phenol degraders are maintained and the hydrogen degrader is eliminated (Ei19). We
have developed the existence conditions of all steady states with respect to the operating
parameters. The results on the existence of some steady states were obtained previously
only numerically without knowing their exact number. In chapter 3, when decay terms
are ignored, we could reduce the original six-dimensional system to an equivalent three-
dimensional one. This made it possible to obtain explicitly the expressions of conditions
of the local stability of all identified steady states according to the four operating param-
eters D, s, s and si' which correspond to the dilution rate, the chlorophenol, phenol
and hydrogen input substrate concentrations, respectively. We have analyzed the bifurca-
tion diagrams by varying the chlorophenol input concentration when the hydrogen input
is added to the model and the phenol input is excluded. We have proven that, except
for the positive steady state, all the steady states can only appear or disappear through
transcritical or saddle-node bifurcations. Then, we could show that the system exhibits
a bi-stability and the coexistence steady state can destabilize undergoing a supercritical
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Hopf bifurcation with the occurrence of a stable periodic solution. The destabilization
of the positive steady state was not detected by the previous numerical analysis of the
operating diagram in [64]. In order to gain more insight into the behavior of the system,
from the bifurcation diagrams with S as the bifurcating parameter (see Figures 3.5 to
3.7), we have proven that, if the concentration of the chlorophenol input S is low, both
the chlorophenol and phenol degraders are eliminated from the reactor and only the hy-
drogen degrader is maintained (Eqo; is the only stable steady state). Rising a little more
the concentration of S only the chlorophenol and hydrogen degraders are maintained
(E101 is the only stable steady state). Adding more S, only the chlorophenol degrader
is maintained (Eijqo is the only stable steady state). For higher concentration of S,
the system exhibits a bistability behavior where either only the chlorophenol degrader is
maintained (Ejqq is stable) or the coexistence of three microbial species may occur around
periodic oscillations (Eq;; is unstable and a stable limit cycle exists). In chapter 4, when
the maintenance terms are present in the model, we have managed to characterize the
stability of the steady states of the six-dimensional system. The stability analysis is much
more delicate since the differential system cannot be reduced to a three-dimensional one
as in the case without maintenance. We have used the Liénard-Chipart stability crite-
rion to simplify the mathematical analysis by reducing considerably the number of the
Routh-Hurwitz conditions to check. Then, we gave the necessary and sufficient conditions
of the local stability of the steady states, with respect to the operating parameters of the
process. On the other hand, we highlighted several possible asymptotic behaviors in this
six-dimensional system, using two bifurcation diagrams with the dilution rate and then,
with the chlorophenol input concentration as the bifurcating parameters (see Figure 4.8
and Figures 4.13 to 4.15). We have shown that one of the operating diagrams obtained
numerically in [64] has omitted important transition phenomena between steady states.
If the dilution rate is too low, only the chlorophenol degrader is maintained (Ejqo is the
only stable steady state). Increasing slightly the dilution rate D, the system exhibits
a bistability behavior where either only the chlorophenol degrader is maintained (Eqq is
stable) or the coexistence of three microbial species may occur around periodic oscillations
(E117 is unstable and a stable limit cycle exists). Increasing a little more D, the system
exhibits a bistability behavior where either only the chlorophenol degrader is maintained
or the coexistence of three microbial species occurs at the positive steady state (Ejgg and
E111 are both stable). Increasing further D, the system exhibits a bistability between only
the chlorophenol degrader and both the chlorophenol and phenol degraders (E;go and E?,,
are both stable). Rising a little more the value of D, only the chlorophenol degrader is
maintained. Then, only the chlorophenol and hydrogen degraders are maintained (Fo;
is the only stable steady state). Adding a little more, both the chlorophenol and phenol
degraders are eliminated from the reactor and only the hydrogen degrader is maintained
(Eoo1 is the only stable steady state). For higher dilution rate, there is washout of all three
microbial populations (Eggq is the only stable steady state). We proved that the positive
steady state of coexistence of all species can be unstable and we give numerical evidence
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for the supercritical Hopf bifurcation, in the case including chlorophenol and hydrogen
input concentrations. The possibility of the Hopf bifurcation of the positive steady state
was previously observed in [51] in the case without phenol and hydrogen input concen-
trations. In chapter 5, by using the operating diagrams we could show the behaviors of
the system by varying the microbial operating parameters. To plot these operating di-
agrams, we must fix the values of the biological parameters and we must fix two of the
four parameters while Varying the others. These diagrams can be useful for interpreting
experimental results. For Si} = it =0, the operating diagrams in the ( in D) plane of
Figure 5.1 show the same number of regions in both cases with and without maintenance,
with variations only in their shape and extension. In the case of maintenance, our analyt-
ical study of the operating diagrams confirms the numerical results of [51] where a stable
limit cycle bifurcates from the positive steady state via a Hopf bifurcation. This behavior
is unreported in the numerical operating diagram of Figure 2 in [64]. Considering the
inflowing concentrations Sif, = 0 and Sjf, = 2.67x107° of Figure 3(a) in [64], Figure 5.11
shows the destabilization of the positive steady state in the case without maintenance. In
the regions Jo0 and Jo1, all the steady states are unstable so that there is coexistence
around a limit cycle for any positive initial conditions. Adding the maintenance terms to
the system, the regions J;, i = 14,...,21 disappear. In addition, Figure 5.12 shows that
the regions Jg (stability of Eqg; (SS5)) and Jy3 (stability of Ejgg (SS3) with instability of
E111 (SS6)) have been omitted in [64]. Crossing [Ji1 to Ji3, there is bistability of Ejgp and
a limit cycle. In the regions Js and Ji3, the outcome of the process is different than that
found in the numerical operating diagram in [64]. Similarly, for the input concentrations

ph-— 1072 and S}, = 0 as in Figure 5(a) of [64], Figures 5.21 and 5.22 prove that the
region Jo9 (blstablhty of E111 (SS6) and Egi9 (SS7)), and the regions Js, J30, J31 and
j32 (instability of E117) were not been detected. However, when the input concentrations

oh = 1 and S = 2.67x 1072 are large enough as in Figure 5(d) of [64], our analyti-
cal operating dlagrams in Figures 5.23 and 5.24 show that all asymptotic behaviors were
detected. Finally, when S2 = 0.5 and D = 0.25 are fixed as in Figure 6(a) of [64], our
operating diagrams in ( iﬁ;, Iijfl) plane of Figures 5.25 and 5.26 prove that the regions 7;,
i=1,3,9,11,22,48 50,51 are unreported. In fact, there can be stability of only Eqg (J1)
or Eqgo (Jg and J51), or bistability of Eggg and Eq11 (J3) or of Ejgp and Eqq1 (J11 and Jyg)
or of Eq11 and Eqgg (J22) or of Eq19 and Egg (J50). The findings of our mathematical study
permit a better understanding of the operating region of the coexistence of all species and
its dependence on the biological parameters and show the omission of several important
asymptotic behaviors in the numerical study of [64]. Especially validated models with
realistic parametrization from experimental data, more attention should be paid to nu-
merical resolution. However, the theoretical study of the operating diagram remains the
only way to ensure the accuracy of the results. Moreover, our results allow us to answer
the difficult question about the effect of maintenance on the destabilization of the steady
states. We proved that it does not destabilize them but modifies the boundary between
the region of stability and the region of instability and has an effect on the appearance
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General conclusion

and the disappearance of some regions.

Several questions remain open and will be subject of future work, such as the study of
the global behavior of the system. Indeed, using the Thieme’s theory, we can deduce the
global properties of the 6-dimensional system from the 3-dimensional reduced one, in the
case without maintenance. A sensitivity study with relation to the biological parameters
can be carryed out, in view to get an idea on the robustness and the genericity of the
phenomena. We aim too to perform a theoretical and numerical study of the operating
diagrams for different parameter values of the maintenance, in order to examine their
effects on the stability regions and the attraction basins in the case of bistability.
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