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Introduction

1.1 General introduction

1.1.1 Partial differential equations

In the past decades, partial differential equations have been intensively studied. PDEs
play an important role in scientific fields, especially in physics and engineering. They arise
from many physical considerations, like fluid dynamics, quantum mechanics, statistical
mechanics, heat diffusion, N-body problem. These different physical phenomena give rise
to various mathematical models and establishes a strong connection between Mathematics
and Physics.

Without being exhausted, we mention here some interesting examples. One of the most
well-known PDEs is the Schrodinger equation, which describes the probability density of
the presence of a non-relativistic massive particle and named after Erwin Schrédinger,
who first introduced the equation in 1926 to study electrons in the atom. The discovery of
the Schrodinger equation was a significant landmark in the study of quantum mechanics.
To describe relativistic massive particles, we have the Dirac equation, which was derived
by British physicist Paul Dirac in 1928. In the same context, we have the Klein-Gordon
equation (1926).A year after the publication of the Schrodinger equation, Hartree publi-
shed his research, what is now known as the Hartree equation, considering the electron
systems in a spherical potential. Considering fluid dynamics, we have the Korteweg—De
Vries (KdV) equation (1895), Boussinesq equation (1872), Navier Stokes equation (1845),
and also the equation of Burgers (1948), which is a mathematical model of waves on
shallow water surfaces. The KdV equation was first introduced by Boussinesq in 1877
and rediscovered by Diederik Korteweg and Gustav de Vries (1895). Another example
for fluid dynamics is the Boussinesq equation, which is named after Joseph Boussinesq

(1872), who first derived it to study solitary waves. The Navier-Stokes equations describe
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the motion of fluid relating pressure, temperature, and density. The Burgers’ equations
appear in various areas of applied mathematics, such as gas dynamics, traffic low and
nonlinear acoustics. Considering the heat diffusion phenomenon, Joseph Fourier introdu-
ced the theory of the heat equation in 1807. The heat equation, along with its variants,
also appears in many fields of applied mathematics, like probability theory and financial
mathematics.

All of these equations indicate the importance of PDEs. Solving these equations helps
us understand physical phenomena. Studying these equations, we deal with many ques-
tions, like questions about the existence of solutions, the uniqueness of solutions, the
behavior of solutions, how long the solutions exist and how we can approach the solu-
tions,... Unfortunately, there are many different types of PDEs and there is no general
method or general theory for PDEs. Different methods have been developed to deal with
many of the individual equations. Fortunately, PDEs considering conservative physical
phenomena are Hamiltonian, which corresponds to the total energy of the system, both
kinetic and potential energy.

In this thesis, we focus on study Schrodinger equations, which describe the wave func-
tion of a quantum mechanical system, and Boussinesq system, which was derived to study
the water way in a shallow water regime. Both systems can be written in Hamiltonian

form.

1.1.2 Hamiltonian

In 1833, starting from Lagrangian mechanics, William Rowan Hamilton developed
a reformulation of Newtonian mechanics, known as Hamiltonian mechanics, which then
historically played an important role in the development of quantum physics.

In classical mechanics, the time evolution of a physical system is obtained by Hamil-

tonian equations

dp;  OH dg; O0H

dt g’ dt — Op;

forl1 <3< N.

Here the coordinate (g;, p;) is indexed to the frame of reference of the system, p; is genera-
lized momentum associated with the generalized coordinate ¢;. In Newtonian mechanics,
the time evolution of both position and velocity are computed by applying Newton’s se-
cond law to the total force being exerted on each particle in the system. In contrast, the

time evolution state in Hamiltonian mechanics is obtained by computing the Hamilto-
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nian of the system. The system with many degrees of freedom allows the exchange of
energy between different modes, which makes its time evolution complicated and may
cause chaotic behavior.

Hamiltonian mechanics is equivalent to Lagrangian mechanics under Legendre trans-
form when holding g and ¢ fixed and defining p as the dual variable. However, Hamiltonian
mechanics along with its symplectic structure has demonstrated its strength in studying
physical systems. In classical mechanics, the Hamiltonian induces a symplectic structure
on smooth functions and forms a symplectic manifold, which is called the phase space.

The Hamiltonian then can be generalized to quantum mechanics.

The Hamiltonian of a closed mechanical system is commonly expressed as the sum of

functions corresponding to the kinetic and potential energies of a system in the form
H=Hy+ P

where Hj is the kinetic energy and corresponds to the linear part of the dynamic system
while P is the potential energy and normally corresponds to nonlinear part. Generally,

the Hamiltonian generates the time evolution of solutions
iug = Xy (u) = Au+ f(u)

where Xy is the Hamiltonian vector field, A is a linear operator (Laplace operator in
Schrodinger equation) diagonalized on an orthonormal basis of the phase space (¢;); e,
f(u) is a nonlinear term, and u(z,t) is a complex function. The linear equation gives us
solutions in an explicit form

ult, ) =3 ;e ;(x)

jeJ
where frequency w; denotes the eigenvalue of A associated with the eigenfunction ¢;. We
see that different linear modes form different trajectories without interacting each others.
These linear trajectories define finite or infinite invariant tori in the phase space.
We define the Sobolev norm and Sobolev space H*®
: 2 . 2/:\2
H* = {u(x) = > ¢;;() | |Jull§ = Y ¢5(j)* < oo}
J JjeJ

Here (j) = v/1 4 j2. The questions now become : once the well posedness (local or global)
is proved, assume that the initial data is sufficiently small, we want to know

— Do invariant tori persist or the perturbation kill these tori?
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— Whether the solutions remain bounded for all time or if there exist initial conditions
that give unbounded solutions ?
— Even when we do not know for all time, can we answer for a very long but finite
time ?
Much effort has been done to answer these questions, leading to the birth of many me-
thods. KAM theory and Birkhoff normal form theory are two of the most well-known

methods.

1.1.3 Poisson bracket

The Poisson bracket, which is named in honor of French mathematician, engineer, and
physicist Siméon Denis Poisson (1782-1840), plays a central role in Hamiltonian dynamical
equations. In canonical coordinates (¢;, p;)(g:, p:), given two functions f(p;, ¢, t), 9(pi, ¢, t)
the Poisson bracket is defined in the form

o N Of 0g  Of Og
{f,g} o Z<3C]i Op; - Ip; 3%‘)'

i=1

The Poisson brackets of the canonical coordinates, which are called the fundamental

Poisson brackets, are

{%7(]1'} =0
{pz‘,pz‘} =0
{%Pj} = _{pj7Qi} = 5z‘,j

here ;5 is the Kronecker symbol.

Generally, let M be a smooth manifold and w be a closed non degenerate differential
2-form on M, then the pair (M, w) is a symplectic manifold and w is a symplectic form.
Let f and g be two differentiable functions depending on the phase space and time, their

Poisson bracket {f, g} is given as

{f,9} = w( Xy, Xg) = Xy f

where Xy denotes the vector field generated by f and X, f denotes the vector field X,
applied to the function f as a directional derivative. The Poisson bracket of two diffe-
rentiable functions is a differentiable function in the phase space. The algebra of smooth
functions in the phase space together with the Poisson bracket form a Poisson algebra,

which is a Lie algebra under the Poisson bracket. Every symplectic manifold is Poisson

10
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manifold.

Given three functions f, g, h in the phase space and time, one has properties of the

Poisson bracket

— Anticommutativity

{f7g} = _{guf}a
— Bilinearity
{af +bg,h} = a{f,h} + b{g, h} a,beR,

— Leibniz’s rule

{fg,h}y ={f h}tg+ flg, R},

— Jacobi identity

{fAg.n}} +{g.{h. f}} +{h.{f.g}} =0.

Moreover, we have an equivalent expression of the Poisson bracket of functions to the

Lie bracket of the associated Hamiltonian vector fields
Xty = —[X7, Xgl.
A Hamiltonian equation can be written in term of the Poisson bracket
= {u, H} (1.1.1)

where H is the Hamiltonian and w is a complex function. The Poisson bracket in (1.1.1)

is defined as

A Hamiltonian dynamical system typically has constants of motion besides the energy,
these constants of motion commute with the Hamiltonian under the Poisson bracket. If
f, g are two constants of the motion, then their Poisson bracket {f, g} is also a constant
of the motion. A Hamiltonian system that contains a maximal set of conserved quantities,

i.e., there exists a maximal set of constants of motion, is completely integrable.

The Poisson bracket is preserved under symplectic transformations ( canonical trans-

formations preserve the bi-linear form w). To be more specific, given two functions f, g

11
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and a symplectic transformation &g = ®% |,—1, one has

{f,g}O(I)S: {fo(I)S7gO(DS}~

This property is especially useful in studying Hamiltonian mechanics. Let &g be a sym-

plectic transformation and H be a Hamiltonian, then

1
Ho®s=H+{S, H}+ ) —ads(H)

n>2 """

where
ads(H) == {S, H}, ad®(H) = {S,ad% *(H)} Vn > 2.

This fact is a powerful tool in studying Hamiltonian equations. Indeed, KAM theory and
Birkhoff normal form theory are based on the search for symplectic transformations in
order to conjugate the original Hamiltonian to a normal form. These symplectic transfor-

mations are founded by solving homological equations.

1.1.4 KAM theory

Over the past half century, the KAM theory has played an important role in studying
long time behavior of solutions of non integrable Hamiltonian system. The integrable
Hamiltonian system admits many invariant tori in phase space. Different initial conditions
form different invariant tori. The KAM theorem states that most of such tori persist under
small Hamiltonian perturbations. This result is valid under certain conditions of suitable
regularity and sufficiently irrational frequencies. The persistence of such invariant tori
implies that the motion continues to be quasiperiodic. The name KAM theory comes
from Kolmogorov, Arnol’d and Moser who initiated the theory.

We talk about the history of the KAM theory. In 17 century, Kepler announced his
study describing the orbit of a planet around its Sun as an ellipse. However, with New-
ton’law of gravitation, physicians and mathematicians then realized that the disturbance
due to interaction between planets makes their orbits more complicated than their in
Kepler’law. Scientists want to know how much disturbance affects the trajectories of the
planets. Started by Poincaré, mathematicians believed that a small disturbance in a long
time could push the planets far away from Kepler’s orbits and the stable trajectories are
exceptional. Indeed, considering general Hamiltonian tori, it was a common belief that

an integrable system can be turned into an ergodic one on each energy surface under

12
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an arbitrarily small perturbation. This means that for a long time the system forgets its
initial state and the trajectories eventually visit almost all points in any subset of the

phase space.

However, in 1954, Kolmogorov [Kol54] in his talk at the International Congress of
Mathematicians in Amsterdam, announced that the majority of tori survive and instability
is possible but very rare. Arnold [Arn63] and Moser [Mos62] then completed his proof.

The general result is known as the KAM theorem.

Mathematicians have made significant advances in the KAM theory since then. The
theory was originally applied to perturbed Hamiltonian PDEs in one dimension. In [Kuk87 ;
Kuk93], Kuksin used KAM methods to prove the existence of quasi periodic solutions of
nearly integrable Hamiltonian equation in infinite dimension. In [Way90], Wayne pro-
ved the existence of periodic and quasi periodic solutions for nonlinear wave equations
in dimension one with Dirichlet boundary condition. The theory was then applied to
the nonlinear wave equation with periodic boundary conditions [CY00], Klein-Gordon
equation [BK95] and nonlinear Schrodinger equation [KP96]. While others need external
parameters to verify the non resonant condition, the result in [KP96] is remarkable since
it is the first result for a Hamiltonian without an external parameter. All of these results

are for Hamiltonian equations in one dimensional context.

The study of KAM theory in multidimensional space has just started recently (see
[Bou98; Bou03; EK09; EK10]). In these just mentioned papers, the authors considered
Hamiltonian PDEs with external parameters in the linear part, by which a non-resonant
condition is achieved. Usually, the parameter enters the equation through the potential
term V(z)u(t,x) or V(z) x u(x), where the potential V depends on the parameter. The
techniques developed in [EK09; EK10] then has been extended in [EGK16] to a KAM
result without external parameters (see also [Procesil5]). The approach in [EK09; EK10]
allows to analyse the linear stability of the KAM tori. We remind that a solution of a non-
linear equation is called linear stable if the linearization of the equation at this solution has
linear operator whose spectrum contains only pure imaginary eigenvalues. In [Procesil5|
(see also [Procesil5; PPV13; Wangl6)), applying a KAM algorithm, the authors proved
the existence of large families of stable and unstable quasi periodic solutions for the NLS
in any number of independent frequencies. The considered quasi periodic solutions base

on non-degenerate sets A of linear modes.

Proving the KAM theory involves verifying the nonresonant condition of the frequen-

cies. The nonresonant condition becomes increasingly difficult to verify for systems with

13
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more degrees of freedom. In many cases, the frequencies by themselves are resonant and
we must use external parameters to achieve the nonresonant condition.

We are then interested in the stability and instability of the KAM tori. Although, using
KAM theory, the stability is frequently observed, the instability also occurs. Such invariant
tori exhibit hyperbolic directions which induce instability of the tori (see [EGK16]).

We consider the Hamiltonian perturbation H = hy + f, with the small perturbation
f. Let us denote (r,0) € R™ x T™ the action-angle variables associated with invariant
tori, and z = ((,7n), n = C the external modes. For any perturbation f, we define its jet
function f7, the effective part of f, as a quadratic truncation of Taylor expansion of f

around the origin r =0, 2 =0:
1
fT = f(Oa 9’ O) + a?‘f(oaevo) T+ azf(oveao) "2+ §<a§f(07070)272>

In KAM theory, we are looking for an an analytic, near-identity, symplectic transformation

W, which puts the original Hamiltonian H = hy + f to a desirable form
(ho+f)oW=h+g

where £ is a Hamiltonian on normal form and the perturbation ¢ has its effective part g~
vanishing.

The idea of KAM theory is to do an iterative procedure. More precisely, considering
the original Hamiltonian H = hgy + f, we search for an analytic, near-identity, symplectic

transformation ®g = ®% |,—; that puts H into a new form
H+ ::HO@S:h++f+

where
— hy is a Hamiltonian, close to hg, i.e, |hy — ho| ~ O(g). In addition, hy commutes

with the linear Hamiltonian Ay, i.e.,

{h07 th} =0.

— [y is a new perturbation, whose jet function f7 smaller than f*. Indeed, assuming
that the initial data is sufficiently small, we are finding S such that ff ~ (ff)e
with @ > 1 (o = 2 for example).

We say that the Hamiltonian A is in normal form. Since it commutes with A, the normal
Hamiltonian does not affect the trajectory of the linear Hamiltonian equation. Once S

is achieved, we iterate this procedure to obtain a sequence of symplectic transformations

14
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®g; such that
Hj+1 = Hj O (I)Sj = hj —|— fj

Of course, we want this procedure to converge. The convergence problem relates to the
appearance of small divisors. Indeed, in each step of the KAM procedure, we have to solve

homological equations
FF+1{hy,8;} = hy + O(e").

The Hamiltonian h, is in normal form. Putting this equation in Fourier formula leads us
to estimate divisors w-k, w-k+A,, w-k+ A+ Ay, with 0 # k € Z", where the eigenvalue
A, corresponds to external modes. Our procedure would be false if these divisors are too
small. In the KAM procedure, one usually wants to find a control of these small divisors,

likely the Diophantine inequality

o
[ {w-k) | > 70,
k|
o
| (w-k+£Ag) | > ,
k|
o
| (w-kE A+ A) | > P

for all 0 # k € Z" and some fixed constants « and 7. The major difficulty is that
the frequency w moves during the KAM iteration. The nonlinearity ij decreases super
exponentially of size €/*(a > 1) allow to the convergence of symplectic transformations
$g 0Pg,0--- — O, and the normal form h; — h. Since @ is close to identity, one can

talk about the existence of periodic or quasi periodic solutions of the original equation.

1.1.5 Birkhoff normal form

KAM theory is no doubt a very useful tool in studying Hamiltonian PDEs. However,
in order to prove a KAM result, we usually need to assume some undesirable hypotheses,
which are not always satisfied. Mathematicians want to know more about the behavior
of the solutions lying outside KAM tori. The idea of Birkhoff normal form theory came
up and soon played a crucial role in studying Hamiltonian system. Unlike the KAM
procedure just works for a set of finite, nondegenerate invariant tori for every time, the
Birkhoff normal form works for not any special tori but for all tori in a finite but sufficiently
long time. Birkhoff normal form was first derived by Birkhoff and Lewis [BL34] in 1934

15
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(see also [Lew34 ; Mos77]) where they consider the neighborhood of elliptic, non-constant,
periodic orbits of Hamiltonian systems. In their paper, they put the Hamiltonian systems

in fourth order normal form, namely
H=Hy+ G4+ R;

where G4 is a homogeneous polynomial of degree 4 depending only on the actions and Rj

is a remainder term having a zero of at least fifth order at the origin.

The idea of Birkhoff normal form theory was then intensively studied in [Bam03;
BGO06 ; BDGS07; GIP09; Dell12; FGL13; F120; BG20]. Birkhoff normal form theory des-
cribes the behavior of solutions in neighborhoods of elliptic equilibrium points. Typically,

it ensures some properties of stability for a finite but very long time.

In the finite dimensional context, we consider the Hamiltonian
H=Hy+ P

where P is a smooth function having a zero of order at least 3 at the origin, Hy is the
linear Hamiltonian
Ho =) wjlu;l”.
jeJ
Provided nonresonant hypothesis, the Birkhoff normal form theory states that, for each

r > 1, one can conjugate H into a normal form
HoT7T,=Hy+ Z+ R, (1.1.2)

where

— 7T, is a real analytic symplectic transformation,
— the polynomial Z is of order r + 2 depending only on the actions I; := |u;|?,

— the remainder term R, has a zero of order r + 3.

Assuming the initial data is of size ¢ < 1, as a consequence of Birkhoff normal form, the
solution remains bounded in the ball of radius 2¢ with center at the origin for times of order
€~". Moreover, the solutions remain close to a torus of maximal dimension at a distance
of size €™ up to times of order €™, with r; 4+ ry = r + 1. In [Bam03; BG06], the authors
generalized Birkhoff normal form theory to infinite dimensional Hamiltonian systems. In
these papers, the authors applied to nonlinear wave equations and nonlinear Schrodinger

equations to obtain long time existence and bounds of solutions. The point here is that

16



Introduction

instead of considering the whole extension of PDEs, we split the phase variables in two
groups : low modes and high modes. Precisely, we fix a positive integer number N then
write u = T4 @ with @ = 3;<y u;e¥" and @ = 3);>n u;e". Then one observes that
monomials with more than two high mode variables in their expression are not relevant,

since their vector field is already small. This was proved in [BG06] using tame inequality,

namely
lwvllae < Colllullas [l r + Nullm([vllas).
Note that
_ ]| a2+
il < o

for s > 1. This term is negligible when N is sufficiently large. So that if the nonlinearity
satisfies a tame modulus condition, it is always possible to put H in the form (1.1.2),
where the remainder term R, is of order r + 5/2 and Z is a polynomial of degree r + 2
containing only monomials which are "almost resonant'. Assuming also the nonresonant
condition, then H can be put in integrable Birkhoff normal form, i.e., Z depends only on

the actions.

As in the KAM procedure, the proof of Birkhoff normal form theory relates to solve

homological equations, likely to solve
P+ {Hy, S} =2Z"+0(e)

where P is a homogeneous polynomial of order at least three, Z* depends only on the
actions. Expanding this equation leads us to prove a nonresonant condition for small
divisors w - k with 0 # k € Z*°. However, unlike the KAM procedure, the frequency w
does not change during the Birkhoff procedure.

Since we only consider small divisors related to the actions of low modes and maxi-
mum two high modes, the nonresonant conditions (at least in one dimension) are usually

satisfied. Let’s see an example, the nonlinear wave equation (NLW)
uy — Au+ V(z)u = g(x,u) zeT T

where V' is a C*, 27 periodic potential, having average m, and g € C*°(T x U), U being
a neighbourhood of the origin in R. It is proved in [Bam03; BG06] that for a large set
of m, the frequencies w; = 4/|j2| + m of the linear wave operator satisfy a nonresonant
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condition. Precisely, fix r > 3, there exist v > 0 and a = «(r) such that

g
. W — e — > *
]wkl + +Wkp Wy, wgq] = /Lg(k,f) ( )
where k = (ky, -+ ,k,) € (ZYP, 0 = (b1, ,L,) € (Z)? with p+q < r,and {|ky]|,- - -, |k,|} #
{J1], -+, 44|} ; ps(k, £) denotes the third largest number among the collection (|k;|, |4;]); ;-

The condition (*) appears not only in the case of one dimensional wave equations but also
in many different contexts, such as the one dimensional nonlinear Schrédinger equation
with external potential [Bam03; Bam08; BG06] or even in multidimensional space for

nonlinear Schrédinger equations [BG06; FGL13|, and wave equations on Zoll manifolds

[BDGS07).

1.1.6 Reducibility

Another topic of discussion among mathematicians is the existence of quasiperiodic
solutions for time-forced PDEs. Typically, a time forced nonlinear PDE can be formulated
as a fixed point problem, which can be solved via the Newton algorithm. We linearize the
equation around an approximate quasi periodic solution ug, then solve this linear equation
to obtain u;. We continue to linearize the equation around wu to get us and then iterate this
procedure. Solving the linear equations leads us to considering a time dependent linear
operator and its inverse. The idea of reducibility is to conjugate such time dependent
linear operator to a time independent diagonal operator.

We first see how this idea works in the context of ordinary differential equations. One

considers a linear system of differential equations with periodic coefficients
T =A(t)x teR; x e R"

where A(t) is an n x n periodic with period T, piecewise continuous matrix. Let W¥(¢) be

a fundamental matrix solution of this differential equation. Then
U(t+T)=oH)W(0) " W(T) VteR

Moreover, Gaston Floquet(1833) said that there exists a periodic matrix function P(t)

and a constant coefficient matrix B such that
U(t) = P(t)e'?  vteR.
This mapping gives rise to a transformation, which puts the original equation into an
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autonomous form
Yy = P(t)_lx, 1 = Buy.

Then, the reducibility problem for forced PDEs, which is more difficult, has been
intensively studied. The KAM theory plays a crucial role in proving reducibility results.
In one dimensional context, we quote [Kuk93; BGO1; LY10; GT11]. In these papers, the
authors adapted a KAM procedure to prove the reducibility of Schrodinger equation with
time dependent perturbation. All these results are for equations with bounded potential.

To consider Hamiltonian with unbounded perturbation, a breakthrough strategy has
been developed in [BBM14; BBM16]. The idea is to apply pseudo-differential calculus to
reduce the order of the perturbation. Pseudo-differential calculus allows us to reduce the
perturbation to an arbitrary smoothing operator. More precisely, let f and g two pseudo-
differential operators of order a and b, respectively, then their commutator [f, g] := fg—gf
is again a pseudo-differential operator but of order a + b — 1, while considering fg and
gf separately is of order a + b. Apply this to a Hamiltonian with pseudo-differential

perturbation H = h + P, we regularize it by an analytic, symplectic transformation
1 1
Ho®g=h+ P+ [h,S|+[P,95] +§[[h,5],5] +§[[P,S],S] + -

Thanks to the properties of pseudo-differential calculus, we can gain one regularity in

each step of regularization after we solve the homological equation
P+ [h,S] + [P,S] = Op**—1,

The remainder of the new perturbation’s terms are even more regular. Iterating this
procedure, we can put H in a form with an arbitrary smoothing perturbation. Then
a reducibility scheme is obtained by applying KAM theory. The idea of using pseudo-
differential calculus has been demonstrated to be extremely useful in one dimensional
context (see [BBM16; FP14; BM20; Mon19; Bam17; FGP18].

In a higher-dimensional context, on the other hand, we know very little. In [BGMR17],
the authors proved a reducibility result for the quantum harmonic oscillator with time
dependent polynomial perturbation on R”. In [BLM19], a reducibility result is obtained for
transport equation on the d-dimensional torus T¢ with a time quasi periodic unbounded
perturbation. (See also [Mon19; FGMP19]). In all these results, the integrability of the
unperturbed linear system plays a crucial role in controlling the perturbed spectrum.

In high dimensional cases, there is still a serious problem of perturbations. Typically,
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we associated the perturbation with a matrix operator which leads to, in KAM procedure,
the homological equation be solved blockwise. However, the increasing size of the blocks
may cause loss of regularity. This obstacle was overcome differently in [EK09], using

geometric arguments, and in [GP19; FG19], where the authors used another argument.

1.1.7 The Schrodinger equation

The Schrodinger equation, which was named after Erwin Schrodinger in 1925, is a
partial differential equation which is essential in quantum mechanics. The Schrodinger
equation describes probability waves of a quantum mechanical system. It gives the evo-
lution over time of the wave functions. The wave functions contain physical information
of the system, such as position, momentum, energy, velocity or other physical properties.
The equation is used extensively in atomic, nuclear, solid-state, and many other physical

problems.

The Schrédinger equation in quantum mechanics is a counterpart of Newton’s second
law in classical mechanics. Considering a particle of mass m., its total energy F is sum

of the potential energy V' (z) at position z and the kinetic energy %

p2

2m,

+V(z)=E.

Since energy is conserved, the particle is assumed to be confined to a certain region in
space. By replacing p in the above energy equation with a differential operator and using
de Broglie relation, Schrodinger showed that the wave function follows a time-independent

partial differential equation
h2
EV(x)=|——A U(x).
0= |- g + V)| 910

Here A is Laplace operator. Eigenvalues associated with eigenfunctions of the linear ope-
rator —%A + V(z) forms quantum states with discrete state energy. The state energy £
is proportional to angular frequency w. Schréodinger applied his equation to the hydrogen
atom. The square of the wave function ¥? gives the probability of finding the electron at

position x and time .

By replacing the energy E in Schrodinger’s equation with a time-derivative operator,

Schrodinger then generalized his wave equation to describe how a system changes from
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one state to another

ihaat\lf(x,t) = l_thA + V(z, t)] U(x,t).

Here, the constant ¢ is the imaginary unit, and A is the reduced Planck constant. The
time dependent Schrédinger equation allows us to calculate the probability of a transition
between one atomic stationary state and some other state.

Nonlinear Schrodinger equation

The nonlinear Schrodinger (NLS) equation is a nonlinear variation of the linear Schro-
dinger equation, applicable to both classical mechanics and quantum mechanics. The
equation appears in many areas of physics and are analyzed mathematically by mathema-
ticians. It was derived in the studies of the propagation of light in nonlinear optical fibers
and planar waveguides, the Langmuir waves in hot plasma, the small-amplitude gravity
waves on the surface of deep inviscid water, magnetic spin waves, and many others. Typi-
cally, most weakly nonlinear, dispersive, energy-preserving systems appropriately give rise
to the NLS equation. Historically, the NLS equations were first derived by Ginzburg and
Landau [GL55] in their study of the macroscopic theory of superconductivity and became
well-known, especially in connection with the phenomenon of self focusing, after the work
about optical beams of Chiao et al [CGT64]. From then until now, the NLS equation has
been intensively studied in many areas of physics and mathematics. In the optical context,
Hasegawa and Tappert [HT73] first derived the NLS equation taking into account both
group velocity dispersion and fiber nonlinearity due to the so-called Kerr effect. Eisenberg
et al [ESMBAO9S] drew a discrete NLS model for a coupled optical waveguides. The NLS
equations on a lattice background were first studied by Efremidis et al [EHCFCS03]. The
experimental realization of Bose-Einstein condensates generates an NLS equation with
external potentials. The NLS equation for small-amplitude water waves was derived by
Zakharov [Z68] for the case of infinite depth, then Benney and Roskes [BR69] for the case
of finite depth.

In one dimensional context, the cubic NLS equation is integrable, which was solved by
Zakharov and Shabat [ZS72] via the Inverse Scattering Transform - which is a nonlinear
Fourier Transform. It admits an infinite number of conserved quantities and multisoliton
solutions. For the equation with nonlinearity of higher order or in higher dimensional
context, it is not integrable, the phenomenon of wave collapse and turbulence can take
place.

Different nonlinear terms form different nonlinear Schrédinger equations, among them
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the cubic NLS and the quintic NLS are most studied. The cubic NLS takes the form

0 = Ay + kY[

here 0;1) is a complex vector field. The equation associates with the Hamiltonian
K
o= /dx [|ax¢|2+ Zlul?].

The equation is called focusing NLS when & is negative. The focusing NLS has bright
soliton solutions (localized in space, and having spatial attenuation towards infinity).
This case was solved by use of the inverse scattering transform, see [ZS72]. The equation
is called defocusing when k is positive. The defocusing NLS has dark soliton solutions
(having constant amplitude at infinity, and a local spatial dip in amplitude) . See also
[GK14; GK02; KL12; Bou99]. In optics, the NLS equation describes the propagation of
the wave in fiber optics through a nonlinear medium while for water waves, the solution
1 is related to the amplitude and phase of the water waves. The value of the nonlinearity
parameter x depends on the relative water depth. The NLS equation is focusing on shallow
water, with the water depth small compared to the wave length of the water waves, and
defocusing on deep water .

Considering purely self-focusing cubic nonlinearity in 2 spatial dimension, it was pro-
ved by Vlasov et al [VPT70] , the phenomenon of wave collapse takes place and the
light beam blows up in a finite time. This is based on the fact that the Hamiltonian
H = [dz “&C@DP - %|1/}|4] is negative for suitable initial data, then there exists a finite
time 7T such that the quantity [ dz|9,1|* blows up.

In d spatial dimensions, one consider the generic power nonlinearity equation
i0pp = =AY — P[P, x eR%
It is well known that there is locally wellposedness for any data in H® with

. 4
s>0 1fp§2+3

§ > Sy, s*deﬁnedbyp:2+d:128* ifp>2+%

Moreover, in H', one has the following cases
— Critical (p =2+ ﬁ) : blowup can occur or global solution can exist.
— Suberitical (p < 2+ 5%5) : global solutions exist.
There are many works concerning the theory of existence, uniqueness and long-time dyna-

mical behaviors as well as the regularity problems of the NLS equations. In R?, we quote
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[BGT80; GV92; GO0 ; K87; Y87 ; KT98]| for the energy subcritical problems, and [Bou99 ;
CKSTTO08; KM06; KM10; TVZ07; TVZ08] for the energy critical cases. For the NLS
equations in R?, the Morawetz’s inequalities and Strichartz estimates play a crucial role.
The Cauchy problem for the nonlinear Schrédinger equation on torus T? was studied by
Bourgain [Bou93bb], where he extended the classical Strichartz’s inequalities to T¢ in all
dimensions. These inequalities are called moment estimate for trigonometric polynomials.
In this paper, Bourgain proved that

— (d = 1). The NLS equation is locally well-posed for v € H*(T), provided p <
2+ 1%25;

— (d = 2). The NLS equation is globally well-posed for p = 4 with initial data in
H'(T?) and sufficiently small Ly-norm. The same result holds for all @ > 2 for
sufficiently small H'-data;

— (d = 3). The NLS equation is globally well-posed for 4 < p < 6 with sufficiently
small initial data in H(T?);

— (d > 4). The NLS equation is locally well-posed for 4 < p < 2+ ﬁ and s > d‘%.
See also [Bou93aa; Bou93bb; Boul3]. In general compact manifolds, the approach to
the Strichartz estimates is much different from Bourgain. The Cauchy problem of NLS
on general compact manifolds was initiated by Burq et al [BGT02; BGT04; BGTO05;
BGT09].

As long as the well-posedness (local or global) is proved, one want to study the long
time behavior of solutions. The initial datum are assumed to be in a Sobolev space H?®.
These initial datum form different invariant tori. Will these tori survive or be destroyed
after a long time? Can we control the exchange of energy between different modes of
these tori? These questions have been studied extensively recently through the use of
KAM theory and Birkhoff normal form theory.

1.1.8 The abcd Boussinesq system

In 1757, Euler introduced a set of quasi-linear hyperbolic equations to describe the
irrotational waves on the surface of an inviscid fluid under the gravity force. These equa-
tions take into account the conservation of mass, momentum and energy while dissipative
and surface tension effects are safely ignored. However, in many theoretical, numerical and
practical situations, the full Euler equations seem to be more complicated than necessary
and further approximated models have been introduced to restricted physical regimes.

In 1872, Joseph Boussinesq, in response to an observation by John Scott Russell of the
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solitary wave, derived approximations valid for weakly non-linear, small amplitude and
fairly long waves in a channel of approximately constant depth h. The approximations are
counterparts to the Stokes expansion, which is appropriate for short waves. The Boussinesq
systems take into account the vertical structure of horizontal and vertical flow velocity.
Denote A the wave amplitude and ¢ the wavelength, the considered situation is that

A h? a Al
Oé::*<<1, ﬁ:—i S:B:?%];

|
A
\t—‘

h
Boussinesq derived the one-dimensional wave model
Wit = Weg + (w2):v:c + Wezae
or its regularized version
Wt = Weg + (wQ)xa: + Weatt
and system of two coupled equations

M+ we + (wn), =0

1
Wy + Ny + WW, + gnztt =0

or its regularized version

4wy + (wn), =0

1
wy + Ny + ww, — 3 Waat = 0.

These equations were derived directly from the Eulerian equation of the water wave pro-
blem. These equations are formally comparable to KDV equations and Kadomtsev—Petviashvili
equations. Indeed, there are an overwhelming number of different but formally Boussinesq-

type system. These systems may have different mathematical properties.

In [BCS02; BCS04], Bona, Chen and Saut derived a family of Boussinesq-type systems,

which depend on four parameters a, b, ¢, d and are called the abcd—Boussinesq systems

(1 = b0y2) O + 0p(a0pzu + u+un) =0

(1.1.3)
(1 — d0ys) Ot 4 0z (€O +m + %uQ) =0

Here the independent variable x corresponds to distance along the channel and ¢ is pro-

portional to elapsed time. The quantity n = n(z,t) corresponds to the depth of the water
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at the point x and time ¢. The variable u(x,t) is proportional to the horizontal velocity
at the height Oh, where 6 is a fixed constant in the interval [0, 1] and h is the undisturbed

water depth. The four parameters a, b, ¢, d obey the relations
(0° - 3)
(1-6%)>0 (1.1.4)
a+b+ct+d=3

a+b=

N= N

c+d=

When (a =b=c=0,d = 3), (1.1.3) is the classical Boussinesq system. Higher order
nonlinearity system were also derived in [BCS02 ; BCS04]. In fact, different possible values
of a,b, c,d form different Boussinesq systems with different properties, such systems are
specialized as subclasses : classical Boussinesq system (¢ = b = ¢ = 0,d = %), Kaup
system (a = %,b = c =d = 0), coupled BBM system (a = ¢ = 0,b =d = %), coupled
KdV system (@ = ¢ = 3,b = d = 0), etc. All these models are derived from the full
Euler equations for two-dimensional water waves under the force of gravity by truncating
a Taylor expansion of the velocity potential. As any PDEs for physical regimes, there
arise questions, both theoretical and practical : Well-posedness of initial-value problems,

existence of solitary-wave solutions, energy exchange in different Fourier modes, etc.

1.2 Results of the thesis

1.2.1 An unstable three dimensional KAM torus for the quintic
NLS on the circle

In chapter 2, we prove a KAM result for the quintic NLS in the circle [N19]. The work
presented here is the center of an article published in "Dynamics of Partial Differential

Equations (DPDE)". We consider the quintic nonlinear Schrodinger equation on the torus

10 + Oppu = |utu, (t,z) € R x T. (1.2.1)
associated with the Hamiltonian
o, L6
h= / g2 + —|ul°dx
T 3
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and the symplectic form —idu A du. The solution u(t) preserves the mass and the momen-

tum
L :/ lu|?de, M= / Im(u - Vu)dz.
T T
Let us expand u and @ in Fourier variables :
u(t,x) = a;(t)e’, ut,z) =Y b;(t)e 7"
JET JET
The Hamiltonian h of the system reads :
, 1
h=) jlabi+5 D> a;0505bnbube, =N+ P,
JEZ JLEL3;M(5,1)=0

with the symplectic structure —i " .z da; A db;, here M(j,1) = j1 + jo + jz — €1 — lo —
¢35 denotes the momentum of the monomial a; aj,a;,be, be,be,. We are interested in the

dynamic behavior near to 0 of solution of (2.1.1) in two specific forms :
u(t,z) = ap(t)e"pxe’ip% + aq(t)eiqxe’iq% + O(e), (1.2.2)
and
u(t,z) = ap(t)eipxe_ip2t + aq(t)eiqxe_iq% + am (H)e™ e ™ 4 O(e), (1.2.3)
or more precisely, the persistence of two and three dimensional linear invariant tori :

T2(p.q) = {lay|* = c1, |ag]* = e}, (1.2.4)
T (p,q.m) = {la,|” = 1, |ag]” = 2, |an|® = cs}, (1.2.5)

with 0 < ¢q, o, c3 < 1.
We begin by demonstrating that all two dimensional tori are linearly stable.

Theorem 1.2.1. Fiz p,q € Z, and s > % There exists vy > 0, and for 0 < v < vy,
there exists D, C [1,2]* asymptotically of full measure (i.e., meas([1,2]*>\ D,) — 0 when
v — 0) such that for p € D, equation (1.2.1) admits a solution of the form

u(z) = a;(tw)e’”

JEZ

where {a;}; is analytic function from T? to (? satisfying uniformly in 6 € T?

llapl = VVpr* + [lagl = vopzl* + 3 (1+5%)]a* = O(?).

J#D:q
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Here w is a nonresonant vector in R? that satisfies
w= (" ¢")+ 00
Furthermore, this solution is linearly stable.

Here we say a solution w is linearly stable if the linearization of the equation at this
solution has linear operator whose spectrum contains only pure imaginary eigenvalues.

In the case of three dimensional tori, we will give an example of (p, ¢, m) and p such

that for v small enough the torus T; (p,q,m) = {|a,|* = vp1, |ag|* = vp2, |am|* = vps}

is linearly unstable. Let ¢ = 1072, denote
D=Dy=12—¢2+¢ x[1l—€,1+€ x[9—¢€9+¢.
Then we have the following theorem

Theorem 1.2.2. Fiz p = —3, ¢ =10, m = —6, and s > % There exists vy > 0, and for
0 < v < vy, there exists D, C D asymptotically of full measure (i.e., meas(D\ D,) — 0
when v — 0) such that for p € D,, equation (1.2.1) admits a solution of the form

u(z) = a;(tw)e’” (1.2.6)

=7/

where {a;}; is analytic function from T? to (2 satisfying uniformly in 6 € T?

lap| — vrpil® + llagl = vopal” + |lam| = vops> + Y. (1+5%)°|aj)* = OW). (1.2.7)

J#p,q,m

Here w is a non resonant vector in R3 that satisfies
w = (32,10%,6%) + O(v?).
Furthermore, this solution is linearly unstable.

Avoiding the case (2.1.7), we can generalize the theorem for all sets of three Fourier

modes (p, ¢, m) which satisfy the system

2p+q =m-+s+t
(1.2.8)
2%+ =m?+ 52+t

for some integer numbers s, t.

Scheme of the proof
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Our results base on a Birkhoff normal form procedure and a KAM theorem. In Bir-
khoff normal form step, one kills the nonresonances of the quintic nonlinearity P. More
precise, the original Hamiltonian is transformed into the following form using a canonical

transformation
E:hOT:N—i—Z(;—'—Rlo,
where

— N is the term N([) = Zjer2|a’j‘2;

— Zg is a homogeneous polynomial of degree 6 containing only the resonant part
Zg = Z ajlajza%bhbbbfa
R

where
R={(,0) €Z3xLstjr+jo+is="0+l+Lls ji+ia+75=20+/0G+1/03)

— Ryp is the remainder of order 10.

In the KAM procedure, let us write the Hamiltonian as following

h=ho+ f
ho = Q(p) T Z Aa(p)|<a|2'

a€eZ

Here

— p is a parameter in D, which is compact in the space R";

— r € R"” and 6 € T™ are the action and angle associated with the internal modes
(r,0) € (R" x T, dr A df);

— (= (Ca)pez € C?% are the external modes endowed with the standard complex
symplectic structure —id¢ A dn, with n = . Denote also w = ((,7)

— the mappings

Q: DR (1.2.9)
Ai:D—C, acZ, (1.2.10)

are smooth ;

— f = f(r,0,(;p) is a perturbation, small compare to the integrable part hy.
For the perturbation f, we define its jet function f7(x) as the following Taylor polynomial
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of fatr=0and w=0
fT(z) = £(0,0,0) +d,f(0,0,0) - r +d, f(0,0,0)[w] + 1/2d2 (0,6,0)[w,w].
By applying iteratively a KAM scheme, we put the Hamiltonian into a normal form
(ho+ f)o®=h+g

with b = Q(p) - 7+ (Ce, Q(p)ne) + 1/2(wr, K(p)wr) on normal form, and the jet part of
g is vanishing, i.e., ¢/ = 0. The set £ corresponds to elliptic directions, while the set F
corresponds to hyperbolic directions. The considered torus is linearly stable if and only
if 7 = @. The KAM procedure requires hypotheses on small divisors, the conservation
of the mass and the momentum give us a good tool to estimate them. This is verified

precisely in the appendix.

1.2.2  Reducibility of Schrodinger equation on a Zoll manifold

with unbounded potential

In chapter 3, we are interested in the reducibility of Schrodinger equation on a Zoll
manifold [FGN20]. Precisely, we prove a reducibility result for the linear Schrédinger
equation on a Zoll manifold with quasi-periodic in time pseudo-differential perturbation
of order less or equal than % The work presented here has been published in the "Journal
of Mathematical Physics".

In fact, we are considering the following linear Schrodinger equation
i0u = Agu + eW (wt)u, (t,z) e R x M" (1.2.11)

where ¢ > 0 is a small parameter, w € R? d > 1, is a frequency vector, M" is a
Zoll manifold and A, is the positive Laplace-Beltrami operator defined on M". We recall
that a Zoll manifold of dimension n € N is a compact Riemannian manifold such that
all the geodesic curves have the same period T, assuming 7" = 27. A typical example of
Zoll manifold is the sphere S”. The linear operator W is a pseudo-differential operator of
order § < % We denote A,, the class of pseudo-differential operators of order m € R, then
W € C°°(T?, A;). We consider the solutions in the Sobolev space defined as H*(M™") :=
dom(y/1+ Ay)*.

The purpose of this chapter is to find a transformation that puts the non-autonomous

equation (1.2.11) into an autonomous form .
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Our main result is the following.

Theorem 1.2.3. Let0 < o < 1 andd € R, 6 < 1/2. Assume that the map ¢ — W(p,-) €
As is C™ in ¢ € T¢. Then for any s € R, s > n/2 there exists ¢g > 0 and C > 0 such
that, for any 0 < e < &y there is a set O. C [1/2,3/2]¢ C R with

meas([1/2,3/2]*\ O.) < Ce” (1.2.12)

such that the following holds. For any w € O, there exists a family of linear isomorphism
U(p) € LIH*(M")) and a Hermitian operator Z € As commuting with the Laplacian® and
satisfying

“ZHE(HS(M"),HS*‘S(M”)) <Ce. (1.2.13)

Furthermore
o U(yp) is unitary on L*(M") ;
o for any 5 < s' < s and any w € O

W (p) — IdHL(HS'(M"),HS'*‘;(M"))
+ 18 ()™ = 1A £ are gny o5 an) < Celme, (1.2.14)

()| 2o oy + ||‘I’(90)_1”5(Hs’(»4n)) <1+ Ce'™e,

o for any % < s’ < s and any w € O, the map t — u(t,) € H¥(M") solves (3.1.1) if

and only if the map t — v(t,-) := U(wt)u(t,-) solves the autonomous equation
10w =Av+eZ(v). (1.2.15)

As a consequence of reducibility, one proves the existence of almost-periodic solution.

Precisely, one has the following corollary.

Corollary 1.2.4. Let W € C=(T%; As) with § < 1/2. Then, for any s € R, s > n/2 there
exists g > 0 and C > 0 such that, for any 0 < e < gq there is a set O. C [1/2,3/2]4 C R?
satisfying (1.2.12) such that for any w € O; the flow generated by the (1.2.11) equation is
bounded in H*(M").

More precisely, if uy € H*(M") then there exists a unique solution u € C* (R; HS(M”)) of

(1.2.11) such that u(0) = ug. Moreover, u is almost-periodic in time and satisfies

(1 - 0)|luo] g, ViER, (1.2.16)

we < [lu(t)]

1. actually [Ag, Z] = 0 on sphere while on Zoll manifold we have Z and A, can be diagonalized in the
same basis of L?(M").

s < (14 0)||uol
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for some C'= C(s) > 0.

We also mention the reducibility result on the torus T™ in [BLM19], where the authors
study the transport equations on the torus, which is an integrable system, and the recent
reducibility result for the Schrodinger equation on the Sphere [FG19], where the authors
consider quasi-periodic in time odd perturbations of order < 1/2 and, in particular, do
not require pseudo-differential calculus.

Our result gives an idea to approach the nonlinear Schrodinger equation. Consider the

non linear Schrédinger equation
i0u = Ayu + mu + elul*u, u=u(t,z), teR, zeM",

we would like to solve this equation using Newton’s method. Starting with an approxi-
mate solution ug, we linearize the NLS equation around ug and solve the linear equation
to obtain uy, do this again to obtain us and iterate this procedure to obtain a convergent
sequence of solutions. However, this approach has to face some obstacles, which we men-
tion in chapter 3. First, linearizing the cubic nonlinearity at the point u in the direction
h, one obtains 2|u|?h + u>h. As first step of the regularization procedure, one need to
eliminate h. The major problems regard the minimal regularity of the potential W (wt),
which is now |ug(#)|?, and the study of the small divisors relating in KAM procedure.
In the linear Schrodinger equation, we need some requirements for the regularity of the
potential and small divisors, which do not persist in Newton scheme.

Scheme of the proof

The result is proven in two steps : regularization step and KAM step. In regularization
step, the pseudo-differential calculus is used to transform time-dependent, unbounded
potential system in a system with a time-dependent, smoothing perturbation. Then we use
a KAM procedure on infinite dimensional matrices to put the equation into an autonomous
form.

In the regularization step, we prove that we can transform (by using a symplectic

map : u = ®(v)) the original Schrédinger equation into a new one
10w = Agu+e(Z + R(wt))v, (1.2.17)

where Z is a pseudo-differential operator of order ¢ independent on time and commuting
with A, and R is a p-regularizing operator in L(H*(M"), H**(M")) with p arbitrary large.
In fact, the regularization step consists of two parts : averaging the pseudo-differential ope-

rators, the averaged operators correspond to diagonalized block matrices, and eliminating
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the time in averaged operators.

The idea of averaging pseudo-differential operators is based on the fact that we can
write \/Kg = Koy — @ where @ is a pseudo-differential operator of order —1 chosen (fol-
lowing [Colin]) in such a way that the spectrum of K, is included in N + A for some
constant A € RT(\ > 0).

This property makes the K, flow periodic and leads us to the fact that if A is a pseudo-
differential operator, then its average with respect to the flow of K is given by
(A) = % JZT e~iRo AeirKodr, This idea was already used in a pioneering work of Weinstein
[Wein77]. Let us see how this works for the original Schrodinger equation. Let us write
H = Hy+ V(t) where Hy = A,, and V(t) = eW(wt) is a pseudo-differential operator of
order 0. Denote Y = 2& 27 7(V — (V))(7)dT € As, and S = H(Y K" + K 'Y) a pseudo-
differential operator of order § — 1, then S solves the following homological equation

V +i[S, K] = (V) + order § — 2.

Then the flow generated by S ¥g = €°®) conjugates the original Hamiltonian H to a new
one H*(t) with

H" = H®+ (V(t)) + order § — v

where v = min(1,2—9). Thus if § < 2, we have a better equation. In the time eliminating
step, we find a Lie transformation Wr = €7 that kills the time in Z = (V). This time
eliminating step requires a non resonance hypothesis on the frequency vector w of form

|w-kyz|k7|a ke

We then alternate the averaging procedure with the time elimination procedure.

After the regularizing procedure, we do a KAM procedure to kill the remainder term
R in (1.2.17) which still depends on time but is now a arbitrary smoothing operator. We
coincide the operator Z, and the remainder term R with their matrix representation. The
matrix Z is block-diagonal, and thus, the spectrum of A, + Z preserves the cluster struc-
ture inherited from A, on the Zoll manifold. We also have a link between p—smoothing
operators, and S—regularizing matrices. The KAM procedure consists in solving homolo-
gical equations, which are solved blockwise. The increasing size of the blocks may generate
loss of regularity, but this loss is acceptable since R is a regularizing operator. We also
notice that the new remainder term R, after a KAM step is estimated by a tame inequa-

lity with two different norms, a low s—decay norm and a high s 4+ b—decay norm. This
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tame estimation allows to obtain a convergent scheme for the sequence of remainders Rj.

1.2.3 Birkhoff normal form for abcd Boussinesq system on the

circle

In chapter 4, we investigate the long time behavior of abcd Boussinesq system on the

circle [N21]. Precisely, we consider the system

(1 = 00py)Om + Op(a0pzu +u +un) =0

(t,x) € R x T. (1.2.18)
(1 = d0yy)Opu + 0y (cOpun + m + 2u?) =0

Where 7, u are real functions with zero average

/Tn(t,af) dz = /Tu(t,x) dz = 0.

The system was derived by Bona, Chen and Saut [BCS02; BCS04], in the vein of the ori-
ginal Boussinesq system, to describe the two dimensional, incompressible and irrotational
water wave in the shallow water regime. The two functions n(z,t) and u(z,t) describe
the behavior of water in the vertical direction and horizontal direction at the position
x and at time t. Four parameters a,b, ¢, d satisfy the consistency conditions (1.1.4). In
fact, the system (1.2.18) has different properties when the four parameters a,b, ¢, d vary.
In this chapter, we study the system in the "generic Hamiltonian" case, namely the case

b=d>0,a,c<0.

Expand the solution in Fourier variables, one has

w(@) = > we®™ () = Y npet™ (1.2.19)

kez* keZ*

note that U, = u_y, 7, = 7_x since u and 7 are real, then (1.2.18) reads?

ey, = —Hir%((l — Ar?ak®)uy + > ik UM

o ) ke (1.2.20)
Opur = —image (1 — AT%ck? )y, + 5 3 qms wjw)

The couple solutions (n,u) can be identified with their Fourier expansions (n,u) =

(Mg, Uk )kez«. We study these solutions on the Sobolev space (s > 0)

2. Here Z* = Z\ {0}
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H* = {z = (u,v) = (ur, vi)rez € C(T) x C(T) | 213 = D_ [k** (Jul* + [vx]*) < o0}
keZ*

(1.2.21)

One prove that for a long time, the energy exchanges mainly in same Fourier modes 7
of horizontal velocity and Fourier modes uy of the depth. Precisely, one has the following

informal theorem

Theorem 1.2.5. Let firr > 1, fir b=d > 0, for any sufficiently large s and for almost
all values of a,c, assume that the initial data ||(u,v)(z,0)||s = p is small, i.e., p <K 1,
then there ezists a constant C = C(r, s,b) such that

O(ofug? + o el?) < Wt fort < Cp

am2ak?\ L
Here oy, = (Li’;gzlljz)zl. And thus,

S (aplunl® + o me?) <2 fort < Cu s,
kezr

This result is in fact a corollary of a Birkhoff normal form result stated in chapter 4.
The appearance of the scalar «y is unusual. In fact, before stating the Birkhoff normal
form theorem, we need to conjugate the original solutions to a new form, which follows a

more convenient Hamiltonian equation. One has

1 1
Yy = %(O‘kuk +ap ), ok = ﬁ(akuk — o )

Then the system can be written as

Oy = —iDLVy_ H
keZ", (1.2.22)
Oor =1DpVy H

where H is the Hamiltonian

H=Hy+ P
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with 3
Ho = > wi|gnl* + [ox]?)
keN*
Yo ana; oy (W 4 6) (W + dn) (dn — tn)

4\/_J+l+h —0

where
21k
Dy = T a2 Wk = \/(1 — 4dam?k?)(1 — demk2).

Each couple Fourier modes (¢, ¢y) is associated with a frequency

2rk
O = Dy, — —=% [kt 4 k2 + 1
B P = e VPR R A

where p = 167ac, e = —4n?(a+c). Since b = d is fixed and a+b+c+d = %, one has that
e = 47%(2b — §) is fixed and p is bounded in a segment 7, := (0,167*(b — §)?). Denote
B, (i) a ball of radius g in H® norm, center at origin and Ny := [¢x|*> + |¢x|? the action

at mode k. One has the following Birkhoff normal form result

Theorem 1.2.6. Let r > 1, s € R sufficiently large and 0 < p < 1, then there exists
a subset TH C T, asymptotically of full measure, and a constant C' = C(r, s,b) such that
for any p € T#, for |t| < p="+3/2, there exists a transformation T : By(p/3) — Bs(p)
satisfying

HoT =Hy+Z+R. (1.2.23)
here Z is a polynomial of degree at most r + 2 that commutes with the actions Ny, i.e.,
{Z,N,} =0, Vk e Z* (1.2.24)
and R € C*(Bs(u)) fulfills the estimate

sup || Xglls < Cpte. (1.2.25)
(¥, 0)lls<p/3

=N\ {0}
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The canonical transformation and its inverse are close to identity

sup [(¢,v) — T(¢,¥)|s < Cups® (1.2.26)
I )lls<n/3

sup [|(¢,¢) = T (e, ¥)|s < Cope®. (1.2.27)
I lls<n/3

Scheme of the proof

The idea to prove Birkhoff normal form result is to search for iterative changes of
variables T, = @;n li=1, 1 < n < r that put the original Hamiltonian into better and
better forms. That is

Where Z,, is a normal form, which does not affect to the behavior of the solutions, and
R, is a perturbation term which is of the size u”*% At each step of Birkhoff normal

form procedure, one need to solve a homological equation

{Ho.x}+Z=f (1.2.29)

with Z is in a normal form and f is a polynomial remainder term. We expand f in Taylor

series
F(@.0) =" fiull i o
4,1
and similarly for y, Z. The homological equation becomes

QG =D)xju+Zig= D (k= Jor — e + 1) x50 + Zjy = fiu- (1.2.30)
keN

Here we use
{Ho, 0 01} = (Ui — U)o, Q=
The result is based on a so-called tame inequality
luvlls < C(l[ullsl[olly + lullflvlls)

for some constant C' > 0 and s. This inequality was introduced in [BG06],see also [GAI1;
H76], where the authors proved Birkhoff normal form for many partial differential equa-
tions. This inequality allows us to ignore all monomials with more than two high modes.

Indeed, consider a function u depending on only high modes, i.e., u = 37~y ure™ with
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a large number N, one has

In our procedure, the polynomial f satisfies the tame inequality. Indeed, according to
[BG06], it is enough to prove the tame property of the original nonlinearity f = P.
For monomials containing at most two high modes, one proves a nonresonant condition

for frequencies, that is

K
Q=D > —
906 -1 >

for some constants x, and N. Consider r frequencies €2;,,...,Q; with j; < jo < ... <

Jr < N, as functions of p, then the corresponding determinant is bounded from below
by = with a constant a = «(r). Combine this with a theorem introduced in [XYQ97],
which says that if [¢")(p)| > d then |g(p)| > h except for a small set of p, one has an
estimate for small divisor Q(j —[) for most value of p.

This nonresonant condition allows us to estimate the solution y and Z of the homo-

logical equation and continue the Birkhoff procedure. Precisely, one has
NOé
X < Co—(XsDar (Xrl)on < CUXsl)o (1231)

for some constant C. Here X, denotes the vector field generated by x and (|- |)s r denotes
a norm in Sobolev space of the vector field with variables bounded in the ball with center

in the origin and radius R.
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An unstable three dimensional KAM
torus for the quintic NLS

2.1 Introduction

We consider the nonlinear Schrodinger equation on the torus
10U + Opeu = |u|*u, (t,2) ERx T (2.1.1)

where T = R/Z. This is an infinite dimensional dynamic system on the phase space
(u,w) € L*(T) endowed with the symplectic form —idu A du. The flow u(t) preserves the

Hamiltonian
h= [l + g lulds
T 3 ’
and also, the mass and the momentum
L= / lul?dw, M= / Im(u- Vu)dz.
T T
Let us expand u and @ in Fourier basis :

u(t,z) = a;(t)e’, a(t,x) =) b(t)e .
JEL JEZ
In this variables, the symplectic structure becomes —i 3~ ;-7 da; A db;. The Hamiltonian h

of the system reads

. 1
h = Z]Qajbj + g Z ajlaj2aj3bg1bg2bg3 =N+ P,
JEZ FAEZ3;M(5,1)=0

and the mass and the momentum

L:Zajbj? M:Zjajbj>

JEZ JEZ
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here M(j,1) = j1 + jo + js — {1 — {5 — l3 denotes the momentum of the monomial
aj, @, @00, b, by, We can rewrite equation (2.1.1) into a system of infinite number of

equations

—ib, = i2p. 4+ 2B o
;=] J+8aj jEZ

In this article, we are interested in the dynamic behavior near to 0 of solution of (2.1.1)

in two specific forms :
u(t, ) = a,(t)e? e Pt 4 a (1) e 0 4 O(e), (2.1.3)
and
u(t,x) = a,(H)e™ e Pt 4 ay(t)e e 4 q,, (£ e+ O(e), (2.1.4)
or more precisely the persistence of two and three dimensional linear invariant tori :

T2(p,q) = {lap|* = c1, |ag|* = e}, (2.1.5)
T:(p,q,m) = {lap* = 1, lag]® = ¢, am[* = s}, (2.1.6)

with 0 < C1,C2,C3 K 1.

The first result of this paper is stated for two dimensional tori.

Theorem 2.1.1. Fix p, ¢ € Z, and s > % There exists vy > 0, and for 0 < v < 1y, there
exists D, C [1,2]* asymptotically of full measure (i.e. meas([1,2]*\D,) — 0 when v — 0)
such that for p € D,, equation (2.1.1) admits a solution of the form

u(z) = a;(tw)e’”

JEZ

where {a;}; are analytic functions from T? to ¢2 satisfying uniformly in 6 € T?

llapl = pil* + llagl = vop2l* + D (14 5%)|ay [ = O(1?).

J#D:q

Here w is a nonresonant vector in R? that satisfies
w=(p*,¢") + 0.
Furthermore, this solution is linearly stable.

Remark 2.1.2. — Here, the notation nonresonant means that there is no {0,0} # ¢ €
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7:$ such that w - ¢ = 0.

— u is linearly stable if the linear equation system obtained by linearizing the system
a a
(2.1.2) on this solution has the form b) =A (b , where A is a linear operator

whose all the eigenvalues have negative real part. By contrast, it is linearly unstable

if the spectrum of A contains eigenvalues with positive real part.

For three dimensional tori, it is too complicated ! to consider the general case. In order

to apply KAM theorem 2.2.2, we avoid the case where there is ¢ € Z solving equation 2

2714+ 7 = 243 + /¢
J1 T J2 J3 (2.1.7)
23+ 33 =23+

In this paper, we will give here an example of (p, g, m) and p such that for v small enough
the torus T3 ,(p, ¢, m) = {lap|* = vp1, |ag|* = vps, |am|* = vps} is linearly unstable. For
e = 1072, denote

D=Dy=12—-¢2+¢x[1l—€1+€ x[9—¢€9+¢€.

Theorem 2.1.3. Fix p = -3, ¢ = 10, m = —6, and s > % There exists vy > 0, and for
0 < v < 1y, there exists D, C D asymptotically of full measure (i.e. meas(D \ D,) — 0
when v — 0) such that for p € D, equation (2.1.1) admits a solution of the form

u(z) =Y a;(tw)e’” (2.1.8)

JEZ

where {a;}; are analytic functions from T to (2 satisfying uniformly in 6 € T?

lap| — vopil® + llagl — Vool + llam| — Voo + Y. (1 +5°)%a;)? = O(?). (2.1.9)

J#Dp,q,m

Here w is a non resonant vector in R? that satisfies
w = (32,10%,6%) + O(v?).
Furthermore, this solution is linearly unstable.

In order to prove Theorems 2.1.1, 2.1.3, we follow a general strategy developed in

[GD18] for a system of coupled nonlinear Schrodinger equations on the torus. Firstly,

1. the difficulty is to verify KAM hypotheses
2. in this case, the linear part a?lajgb by + b2 b; a ,a¢ of the mode ¢ would create the instability,

and the energy would soon transfer mainly between four modes p, g, m, £, which was studied carefully in
[GT12].
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we apply a Birkhoff normal form procedure (Proposition 2.3.1) to kill the nonresonance
of P. Then we use sympletic changes of variables to diagonalize the effective part into
the form of hy. The main difference between Theorem 2.1.1 and Theorem 2.1.3 is for the
linear stability of the solution, which is explained by the presence of hyperbolic directions
on the torus Ti’p(—3, 10, —6). In section 3, we will see that in this case the energy will
drain out of these three modes into two exterior modes {9, 1}. Since the proof bases on
KAM theorem in [GD18], readers are suggested to take a look at the original statement
for further understanding.

The study of finite dimensional tori in an infinite dimensional phase space was pio-
neered by J. Bourgain [Bou98] in 1988. However, the existence of unstable KAM tori in
one dimensional context was first proved by B. Grébert and V. Vilaga da Rocha [GD18]
in 2017, where they studied the system of coupled nonlinear Schrodinger equations on
the torus. For the equation (2.1.1), in case of u(0,x) supported mainly in four modes
(p, q, m, s), which satisfy such a relation in (2.1.7), the study of solution was studied care-
fully in [GT12] and [HP17]. In particular, in [HP17] they proved the recurrent exchange
of energy between those modes.

Acknowledgement : 1 would like to thank Professor Benoit Grébert for motivating me
to publish this paper with numerous suggestions and discussions. I also would like to thank

my friends Le Quoc Tuan and Nguyen Thi Lan Anh for computations in the appendix A.

2.2 KAM theorem

In order to proof Theorems 2.1.1 and 2.1.3, we recall a KAM theorem stated in [GD18].
We consider a Hamiltonian h = hg + f, where hg is a quadratic Hamiltonian in normal

form

ho = Q(p) -7+ 3 Aalp)lCal”. (2.2.1)

a€Z

Here
— p is a parameter in D, which is a compact in the space R";
— r € R™ are the actions corresponding to the internal modes (r,6) € (R™ x T", dr A df) ;
— L and F are respectively infinite and finite sets, Z is the disjoint union £ U F;
— (= (Ca)pez € C? are the external modes endowed with the standard complex
symplectic structure —id(¢ A dn. The external modes decomposes in a infinite part

¢z = (Ca)yer > corresponding to elliptic directions, which means A, € R for a € L,
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and a finite part (r = ((4) e » corresponding to hyperbolic directions, which means
ImA, #0 for a € F;
— L has a clustering structure £ = UjenL;, where L£; are finite sets of cardinality
dj <d < oo.Ilf a € L, we denote [a| = L; and w, = j, for a € F we set w, = 1;
— the mappings

Q: DR, (2.2.2)
A,:D—C, acZ, (2.2.3)

are smooth ;

— [ = f(r,0,(; p) is a perturbation, small compared to the integrable part hy.
Linear space Let s > 0, we consider the complex weighted /,— space
Zs ={¢=(C€C,aec Z)||]l, < oo},

where

ISl = > 1Calwy.

acZ

Similarly we define

Yi={¢=(CeC aec L)l < oo},

with the same norm. We endow Z; x Z and Y; x Y, with the symplectic structure —¢d{ Adn,

with n = (.
A class of Hamiltonian functions. Denote w = (¢, 7). On the space
C" x C" x (Zs x Zy)

we define the norm
1r, 0, w)ll, = max (|r], |6], |[C]],) -

For o > 0 we denote
T, ={0 € C":|Ilm0| < o}/2rZ".

For o, pn € (0,1] and s > 0 we set

O o) ={r € C": r| < p*} x Ty x {w € Zs x Zy + ||l < p}-
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We will denote points in O%(o,u) as * = (r,0,w). Let f : O%o,u) x D — C be a
C'*function®, real holomorphic in the first variable x, such that for all p € D, z €
O%(o, 1) :

Vo, p) € Zs X Z,
and

Vicwef (@, 0) € LY, YS)

wewe

are real holomorphic functions. We denote by 7*(o, ut, D) this set of functions. For f €
T*(o,u, D), we define

0 flopp = sup  max(|0f], 1|V f(x,p)] )

z€04(o,n); pED

||V D (s p)
and
150 = max (10 |op)-

Jet functions For any f € T°(o, u, D), we define its jet f7(x) as the following Taylor
polynomial of f at r =0 and w =0

ff(x) = £(0,0,0) +d, £(0,0,0) - r + d, £(0,0,0)[w] + 1/2d> £(0,6,0)[w, w].

Infinite matrices For the elliptic variables, we denote by M, the set of infinite
matrices A : L x £ — C such that A maps linearly Y; into Y,. We provide M with the

operator norm

’A‘s = HAHE(YS,YS) :

We say that a matrix A € M, is on normal form if it is block diagonal and Hermitian,

le.
AP =0 for [a] # [A] andAf!:/Tg for o, € L.

In particular, if A € M, is on normal form, its eigenvalues are real.

Normal form A quadratic Hamiltonian function is on normal form if it reads

h=Q(p) -+ (G, Qp)nc) + 1/2(wr, K(p)wr)

3. C! regularity with respect to p in the Whitney sense
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2.2. KAM theorem

for some vector function 2(p) € R", some matrix functions Q(p) € M, on normal form

and K (p) is a matrix F x F — C symmetric in the following sense : K? = 'K§.

Poisson brackets The Poisson brackets of two Hamiltonian functions is defined by
{fa g} = V@f : vrg - Vrf : VHQ - Z<wa7 vag>

Remark 2.2.1. A function f is preserved under the flow u(t) if and only if it commutes
with h i.e. {f, h} = 0. By this, we have

{L,h} ={M, h} =0.
Hypothesis AO There exists a constant C' > 0 such that
A — Jwa]?| £ C, Va € L.
Hypothesis A1 There exists § > 0 such that

Ayl >0, Vae L;
Im A,| >4, Va e F;
|Ae — Ayl >0, Va,be Z, [a] # [b];
|[Ag + Ay| >0, Va,be L.

Hypothesis A2 There exists § > 0 such that for all Q ¢ close to €y in C! norm and
for all k € Z"\{0} :

1. either
Qp) k| >0 VpeD,
or there exists a unit vector z = z(k) € R" such that
(Vp-2)(Qp)-k) =0 VpeD;
2. for all a € L either
1Q(p) -k + A >0 VpeD,
or there exists a unit vector z = z(k) € R" such that
(V,-2)(Qp)-k+A,) >0 VpeD;
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3. for all o, f € L and a € [a], b € [J] either
Qp) - k+A.£N| >0 VpeD,
or there exists a unit vector z = z(k) € R" such that
(V2 (Up) h+ Aot A) 25 VpeD:
4. for all a,b € F
1Qp) - k+ Ay £ Ay| > 0.

Theorem 2.2.2 (KAM theorem). Assume that hypothesis A0, Al, A2 are satisfied,
feT?(o,u,D), f commutes with £, M and s > 1/2. Let 7 > 0, there exists a constant

Cp such that if
15 < Cob,  e=1[f"15,p < Cod'™7, (2.2.4)

o,u,D

then there exists a Cantor set D' C D asymptotically of full measure (i.e. meas(D\D') — 0
when ¢ — 0) and there exists a symplectic change of variables ® : O%(0/2,/2) —
O?(o, ) such that for all p € D’

(h0+f)o<I>:/~z+g

with o = Q(p)-r+(Cz, Q(p)ne)+1/2(wr, K (p)ws) on normal form, and g € T°(5/2, 11/2,D’)
with g = 0. Furthermore there exists C' > 0 such that for all p € D’

|2 —Q| <Ce, |Q—diag (A, a€ L)]| <Ce, |JK —diag(Ay,a€ F)| < Ce.

As a dynamic consequence ® ({0} x T™ x {0}) is an invariant torus for hy + fand this
torus is linearly stable if and only if 7 = & (see [GD18] ).

)

Remark 2.2.3. In [GD18], they constrained f in a restricted class instead of using com-

Here, the matrix J is of the form,

where [ is identity matrix of size #F'.

mutation of f with £, M since they considered a system of coupled NLS equation with

more complicated nonlinearities.
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2.3 Applications

The Birkhoff normal form procedure. We recall a result proved in [GT12].

Proposition 2.3.1. There exist a canonical change of variable 7 from O%(o, 1) into
O%(20,2p) such that

E:hOT:N+Zﬁ+R10,

where
— N is the term N(I) = 37 7%|a;]%;

— Zg is the homogeneous polynomial of degree 6
Zs =Y a;,a;,a;,be, b, b,
R

where
R={(,0) €Z>xLstjr+jo+is=0+l+ls ji+is+75=0+/0G+1/03)

— Ryg is the remainder of order 10, i.e a Hamiltonian satisfying
9
[ Xy (2) ]l < Ol

for all x € O%(o, p);

— 7 is close to the identity : there exists a constant C' such that
2
I7(z) — zf| < C'lz|
for all x € O%(o, p).

Henceforth, since we do not care about constant, we shall write a < b in order to say
a < Chb.

Persistence of 2 dimensional tori.

Firstly, we want to study the persistence of the two dimensional invariant torus

T?,(p, q) for equation (2.1.1) for v small. Choose

@ = o+ n(0)F e = [Te©
ag = (vp2 + 7"2(15))% ei2) = \/quwz(t)

Q; :CJ j?ép7q7

where {p1, p2} € [1,2]? = D and v is a small parameter. The canonical symplectic structure
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now becomes

—id¢ A dn — dI A df

with I = (I, I5), 0 = (61,62), ¢ = (;); and 1 = (1); = ((;);-
Let

T," = {(1,0, QI = vp| =0, Im 6| < o, |[C]|, = 0}
and its neighborhood
Ty(v,0,p1,8) = {(1,0. Q|| —vp| <wii?, [lmb] < o, [, < v'u}.
We want to study the persistence of torus T ,(v, o, f1, 5). Indeed we have
T,(v,0,1,8) = O (o, v?pu) = {(r,0,)||r| < vi?, Imd] < o, ||C||, < v"/*u}.
By Theorem 2.3.1 we have
hot =N+ Zs+ Ryp.

We see that the term N contributes to the effective part and the term R contributes to

the remainder term f. So we just need to focus on the term Zs. Let us split it :
Z@- = ZO’G + Zl’ﬁ + ZZ,G + Z3,6.

Here Zyg, Z16, Z26 are homogeneous polynomial of degree 6 which contain respectively
external modes of order 0,1,2. Zs4 is a homogeneous polynomial of degree 6 contains
external modes of at least order 3, this term contributes the remainder term.

Thank to Lemma 2.2 in [GT12], the term Z; 6 = 0. We have

Zos = lap|® + |ag|® +9 (|ap|4|aq|2 + |ap|2|aq|4)
= (vp1 + 1)+ (vpa +12)° + 9 (vpr +11) (Vs +72) (vpr + 11+ vpa +712)
=3 (p} + 05 + 90t o2 + 9p3p1) + 302 (r1(p + Gprpz + 3p3) + ra(p3 + 6p1pa + 3p7))
+ jet free
where the notation “jet free” means that the remaining Hamiltonian has a vanishing jet.

For the term Z, ¢, there are two cases that can happen.

First case
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We assume that there is no solution* {s,t} # {p, ¢} for

2p+ s =29+t
P K (2.3.1)

2% + 52 =2¢> + 12
Hence

Zos = Zs = 9 (lap|* + lag|* + 4lap’lag?) - la;P* = 9% (0 + 3 + 4pipa) > |GI*+iet free.

J#DP,q J#Dp,q

Hence
hor=h"+R
where the effective Hamiltonian A° reads

he = (p* + 30 (0} + 303 + 6p1p2) ) 11+ (¢° + 30 (03 + 307 + 6p1p2) ) 72
+2 (52 + 97 (07 + 03 + 4p1p2) ) IG5
J

=Qp) -+ Y AIGP

J#p,q

where

O(p) = p? + 3% (p? + 3p3 + 6p1p2)
¢* + 3v% (p3 + 3pi + 6p1p2)

and
Ay =32+ 97 (p+ 03+ 4pip2) -
The remainder term R reads

R = Rig+ Zsg + 3vpir} + 13 + 3vpors + 15 + 9rira(r1 + 1)
+ (i + 73 4 20(p1 + 202)r1 + 20(p2 + 201)r2) D 1GI

J#DP,q

In order to work on O%(o, 1) we use the rescaling

7 vr, (e VY2 (2.3.2)

4. it happens when ¢ — p is odd
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The symplectic structure now becomes
—vdr N\ df — ivd( A dn.

By definition, this change of variables maps O°(o, u) to a neighborhood of T, (v, o, 1, s).
Since 7 is close to identity, the change of variables ®, = ToW¥ maps O°(o, u) to T (v, 20, 21, ).

By this change of variables, we have
ho®,—C=(h*+R)oV =vhy+vf
where C' is a constant, hg and f are defined by
ho = lheo\If leRo\IJ.
v v

By Theorem 2.3.1, Ryy € T°(co,v"?p, D). We check that the remaining part of f is in
T*(o, u, D). By construction, f commutes® with I and M. To estimate the norm of f,
notice that R contains only term of order at least 3 in v and RT = R is of order 9/2 in

v, so that

[f]i,u,D 5 VQ

and

[fT]csf,,u,D S V7/2'

So we have proved :

Theorem 2.3.2. Assume that for p,q € Z there do not exist s,t solving the equation
(2.3.1). Then, the change of variables ®, = 7 o U is real holomorphic, symplectic and
analytically depending on p satisfying

— &, : 0%(o,p) = T,)(v,20,2v, s);

— &, puts the Hamiltonian h in normal form in the following sense :
1
;(hOQP_C) :h0+f
where C' is a constant and the effective part hy of the Hamiltonian reads

ho=Q(p)-r+ > AIGP

J#p.q

5. since h commutes with IL, M and all the changes of variables are symplectic
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with

Q(p) = p* + 3% (pi + 3p3 + 6p1p2)
q* + 3v% (p3 + 3pi + 6p1p2)

and
Ay =32+ 97 (p}+ p3 +4pip2) ;
— The remainder term f belongs to 7*(o, u, D) and satisfies
Lf ]3,M,D S v?
and

[fT]i',,u,D 5 I/7/2'

Second case

Assume that there are® s,t # p, ¢ solving (2.3.1), hence
Zos = Zyg + I azashib, + bibsaza,) = Zyg + Zgy
For the second term, let us rewrite it
Owpi +r1)(wps +12) (0 (o 4 7200
The effective part of this term is just given by
02 prps (€0 (o + 70 G, ).
Notice that

{Isv Csnt + nsgt} = {It7 Csnt + 775@} =0.

This gives us a clue that the above term does not effect to the stability of the solution.

In order to kill the angles, we introduce the symplectic change of variables W5 :

6. in this case, {p,q, s,t} is of the form {p,p + 2n,p + 3n,p — n}
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O%(o, 1) — O%(o, 1), (r1,7r2,0,0) — (r},rh,0,¢") defined by

Q‘/ — €2i(91792)§s

G =G

J,’ :Cja j#sa@paq
ry =11 — 2|

Té :T2+2|<s‘2'

By this change of variables
h="hoWages =C + h°+R.
Here C' is a constant given by
C = v3(p} + py + 9pips + 9pap1) + 9(wp o1 + v ps).
The effective Hamiltonian h°¢ reads
he = (p*+ 30 (o} + 305 + 6p1p2) ) 7} + (¢° + 30 (03 + 307 + 6p1p2) ) 7%
+ 7&2 (42 + 997 (07 + p3 + 4010 ) IGI” + (£ + 97 (0] + 03 + 4p1ps) ) 11
J#D.a8,t
+ (57 + 20" — 24" + v* (2105 — 3p] + 36p1p2) ) 11 + 9 pupa (Gl + 1)).

It is on normal form

Qp) -+ Y NIGE+ AP+ MG 4 902 prpa (St + 15¢7)

J#Pp,q;8:t

where Q(p) and A; are defined as in the first case except
As =+ 07 (21p3 = 3p; + 36p1p2) -

In order to diagonalize h®, we use a symplectic change of variables of the form

G+ = ﬁ(g + 04(;)

G- = ﬁ(@ — agy)
5.2 2. /aA 2 2 1
with a = 2p1+2p2+3;2+2plp2+4p2. Then h® can be diagonalized as
Qp)-r+ Do MIGE+ A |G P+ A= |G- 2

J#P,q,8:t
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where

A =N — 921 prcx
A = A, + 9% pocr.

The remainder term R reads

R = RIO o ‘I]angles + Z3,6 o \I]angles + 3V/717“% + T? + 3Vp2r§ + 7”;

+ 9ryra(ry +72) + (T% + 75+ 2v(py + 2p2)r1 + 2v(pa + 2p1)7’2) > G
J#P4

with ry = 71 + 2|2, re = 1) — 2|¢%
Using the rescaling ¥ introduced in (2.3.2), we get

(h*+ R) oW = vhy+ V.

Since Wangies : O° (0, 1) — O%(0,3p) and 7 is closed to identity, we have 70 Wypges 0 W -
O*(o, 1) = T,(v,20,4p, s). The study of f is the same as in the previous case. Then we
get :

Theorem 2.3.3. Assume that p, ¢, s, t satisfy the equation 2.3.1. The change of variables
O, = 70 Wypges © ¥ is a real holomorphic transformations, analytically depending on p
satisfying
— ©,: O%o,n) = T,(v,20,4p, s);
— @, puts the Hamiltonian A in normal form in the following sense :
1
;(hocbp—C) =ho+ f
where C' is a constant and the effective part hg of the Hamiltonian reads

ho = Q(p) - 7 + Z Aj|Cj|2 + At+|Ct+|2 + At*|Ct*|2

J#DP,q;8,t
with
q* + 3v% (p3 + 3pi + 6p1p2)
and

A] = j2 -+ 9V2 (p% + pg + 40102) )
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— The remainder term f belongs to 7°(1,1, D) and satisfies

[f];u,D S V2

and

[fT]S,,u,'D S.J v /

Now we can finish the proof of Theorem 2.1.1.

Proof of Theorem 2.1.1. By Theorem 2.3.2 and 2.3.3, there exists a symplectic change
of variables @, on a asymtotical set D, C D = [1,2]? that puts the Hamiltonian h = N+P
in normal form hg + f. In appendix A we verify that hg + f satisfies the hypotheses of
KAM theorem 2.2.2 for § = 1%, ¢ = v7/2 = §7/* and Qy = w = (p%, ¢*) + O(v?). Since the
hyperbolic set F is empty, <I>p_1 el Tif” is an invariant KAM torus that is linearly stable.

O

Persistence of 3 dimensional tori. Assume that

Q

<
J\[A
N

\ {p,q,m}

where p = (p1, p2,p3) € D C R3 and v is a small parameter. The canonical symplectic

structure now becomes
—1d¢ Ndn — dI N df

with I = (1, Iy, In), 0 = (61, 02,03), ¢ = (G)jezripgmy and 0 = (1)) jezpgm) = ((;)jen {pgm}-
The same as in two-modes case, we have

EI:hOT:N—i—Z()—i—Rlo.

We see that as in the previous case, the term N contributes to the effective Hamiltonian
ho and the term R;( contributes to the remainder term f. So we just need to focus on the

term Zg. Let us split it :
Ze = Zog + L1+ Lo+ Zsg.
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Here, Zys is a homogeneous polynomial of degree 6 which just contains inner modes
(p,q.m); Z16, Zos are homogeneous polynomials of degree 6 which contain outer modes
of order 1 and 2. Z34 is a homogeneous polynomial of degree 6 contains outer modes of

at least order 3, this term contributes the remainder term. We have :
Zoo = lapl” + lag® + lam|® +9 > as|*|acl® + 36[ay|*|ag|*|a|?
JLe{p.gm}

Even if it looks a bit more complicated, we deal with Zy¢ as in the previous case. We

assume that there is no solution to (2.1.7), so that Z; ¢ = 0. For Zy 6, we have

Zos = Z |a31| |a12| |a€‘2+ Z ( asl btl +b Lbs,a g4at1)

J17]27é Sl,tlEA

+ Z ( a]ebj7b82bt2+b bj6aj7a82at2>

so,to€EB
2

+ Z ( assbjsbjmbts +bj9b83ajsaj1oat3>

s3,t3€C
2 2 2 2

+ Z (aj11a112bj13bs4 +bj11b112aj13 34)

s4€E

with j; € {p,q,m}, s;,t; ¢ {p,q,m} and s; # t;. The sets A, B, C, £ are given by

2j3+s1 =2+t 275 +J6 = Jr+s2+ty
A B

2j5+s1 =2ji+4 22 +3J; =ji+ss+ts

2J9+ 83 = Js+ Jio+1t3 2711 +J12 = Jiz + 284
C & £ &

2J§+5§ :J§+]120+t§ 2]%1“‘]122 23%3"‘25?1-

Assume that A, B,C, £ are disjoint 7 i.e. there is no s or t appearing in two of these sets.

We shall deal with each term one by one (in case it’s not empty).

The first term just depends on the actions, and we have
|aj1|2|0lj2|2|W|2 = V210j1PJ2|Ce|2 + jet free.

The second and the fourth term are similar, since their effective parts are all of the

form

9¢" Gy + 9e ™", G-

7. this is the case for the example considered in Theorem 2.1.3
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The idea to deal with these two terms is the same as that in the two-modes case. Since

{Is + It; Csnt} — {Is + Ita Ctns} = Oa

these terms do not affect the stability of the flow. Since A, B,C, £ are disjoint, and as in
the two-modes case, a change of variables that used to deal with a pair s,¢ only affects
that modes, i.e the changes of variables commute. We denote ®; as the composition of all

changes of variables used to deal with the sets A and C.

For the third term, its effective parts are of the form

1812 pjs /Do P (€°Cs G + €15ty

where a = 0;, —0,,—20;,. For explicitness, we will consider the case js = p, js = ¢, j7 = m,
and s, t solve the following equation

2p + =m-+s+t

b (2.3.3)

2+ ¢ =mP 4+t
then a = 03—05—26;. An example for this could be (p, ¢, m, s,t) = (—3,10,—6,1,9). In or-
der to kill the angles, we introduce the symplectic change of variables W, 1 : O%(o, 1) —
O%(a,3u); (r,0,C) = (1",0,¢") defined by

Ry
p =G m = 1

=G n,=mn; J#stpq
rpo =+ 2GR

rhy =1y + |Gl

ry =13 — |G

The effective part related to s,t is of the form

ASICH? + MG 1P — 181 p1y/paps (Cory + 1)) (2.3.4)

where
Ay =12+ 9% (0T + p5 + p + 4p1pa + 4paps + 4pspr)
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and
As =+ 30%(=pi + pi + 5p3 — 6p1p2 + 12p2p3 + 6p3pa).
Denoting a = % and b = %, we diagonalize (2.3.4) by the symplectic change of
variables 8
G- = \/11,7(6; —iagy) - = \/11,7(77; — i)
G+ = \/1%7@2 +iady) m = \/11_7(772 + ian;)
where

a — /a2 — 1824 ppyps

v2p; vV P2P3

o =

Then (2.3.4) becomes

A |G [P + A= G-

where Ayx = b+ \/ a? — 1824 p3pyps. We see that two modes ¢, t~ correspond to hyper-
bolic direction if and only if a? — 18%4p?pyps < 0, a condition related to the choice of p.
Precisely, for p € D; = [1,2]3, we have A= € R while for p = (2,1,9) we have a = 0 and
a? — 1824 p2 pyps = —18%4p2pyps < 0. Hence, there exist € > 0(choose ¢ = 1072) such
that for p€ Do =D, =2—€6,2+¢| x [l —€,1+¢] x [9—¢€,9+ ¢] we have [Im Aj+| > 2.

We call &, the composition of changes of variables related to B.

For the set &£, without loss of generality, assume that

2p + =m—+ 2s
b (2.3.5)

20° + ¢ = m? + 2s°.

Then, using the symplectic change of variables W, 4 : O%(0, u) — O°*(0,2u); (r,6,¢) —
(r',0,(") defined by

8. /-1

7

o7



Chapitre 2 — An unstable three dimensional KAM torus for the quintic NLS

¢ o=l = ey,
=G m=n J#5D04q
ryo=r |G

ry =1y + 3]G
=1y — LGP

The effective part related to s becomes

A G+ v pi/paps (¢ + 1) (2.3.6)

where
Ag = 302207 + p3 — pi + 9p1p2 + 3pspr).

If Ay # 0, we can diagonalize (2.3.6) into };gz AJ%]Q with § satisfying A8 = (1 —
B2 p1./p2ps3, otherwise we rewrite it into iuzpl,/pgpg(%”éj%g), however meas{p €
R3: A, =0} = 0. We call ®3 the composition of all changes of variables related to &.

By construction of ®; and definition of O%(c,v), the composition ®3 0 5 o ¢; maps
O%(o,v) into O*(0,3v). Using the rescaling ¥ introduced in (2.3.2), as the previous case

we get

Theorem 2.3.4. Assume that the equation (2.1.7) with ji,j2,73 € {p,q,m} has no
solution in Z and A, B, C, £ are disjoint. The change of variables ¢, := WoPzoPy0P; 07 is

a holomorphic, symplectic transformation, and analytically depending on p € D, satisfying

— ®,: 0%(o, ) = Tp(v,20,4p, s);

— @, puts the Hamiltonian A in normal form in the following sense :
1
;(ho(I)p—C) =ho+ f
where C' is a constant and the effective part hy of the Hamiltonian reads

hO - Q(p) T+ Z Aa|€a|2

a€Z
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where

p? + 302 (pf + 3p3 + 303 + 6p1pa + 6p1p3 + 12p2p3)
Qp) = | ¢* + 3v* (03 + 303 + 3p5 + 6p1p2 + 6p2ps + 12p1p3)
m? + 3v% (p3 + 3pT + 3p5 + 6p1ps + 6psp2 + 12pap1)

— Z is the disjoint union LU F; F is consistent with B and corresponds to hyperbolic
part ; L is consistent with other exterior modes and corresponds to elliptic part ;

— the remainder term f belongs to 7°(o, u, D) and satisfies

[f](sr,,u,D S V2
and
[fT]fr,,u,’D 5 V7/2'

Proof of Theorem 2.1.3. By Theorem 2.3.4, for (p,q,m) = (=3,10,—6) and p € D, C
Dy, there exists a symplectic change of variables ®, on D, that puts the Hamiltonian
h = N+ P in normal form ho+ f. In appendix A we verify that ho+ f satisfies assumptions
of KAM theorem 2.2.2 for § = 1%, ¢ = v7/2 = §7/* and Qy = w = (32,102,62) + O(?).
Since the hyperbolic set F is not empty, @;1 o Tlpm is an invariant KAM torus that is

linearly unstable. O

2.4 Appendix A

In this appendix, we will verify the hypothesis A0, A1, A2 of Theorem 2.2.2 for the

Hamiltonian in our applications. The hypothesis A0, A1 is trivial, so we focus on A2.

2.4.1 Two-modes case

The first case In this case, we have F = () and the other estimates are trivial. For
the hypothesis A2, we recall that

q* + 312 (p3 + 3p1 + Gpip2)

and
Ay =37+ 9% (o7 + p3 + 4pap) -
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Let k = (ky, ko) € Z*/{0} and z = 2(k) = (kml), then we have

(V- 2)(Qp) - k) = 61 (3(/)1 + pa)k3 + 3(pa + 3p1)ki +4(p1 + Pz)klkz) I
6
> EVQW
and

(V, - 2)A; = 180 ((p1 + 2p2)ka + (pa2 + 2p1 ) k1) K| 7"

Choosing § = 412, we get the hypothesis A2 (1). Since (V,-2)(A; — A;) = 0, the estimate
of small divisor Q- k + A; — A, follows. To estimate the small divisors € - £ + A; and
Q-k+Aj;+ Ay we use the fact that f commutes with both the mass L and momentum M.
We just need to control small divisors Q -k + A; and Q- k + A; + A, whenever ¢ € f

and e*%n;n, € f, respectively. We have for the mass and momentum :

L:V(P1+P2)+T1+T2+Z‘Cj’2
J

and

M = v(pp1 + qp2) + pri+qra + > 511
J

By conservation of L, we have
{Giklaﬁj, L} = Z'Bik.eT]j(kl + ]{?2 + 1) =0.
Therefore, for A2 (2) we just have to study the case ky + ko = —1. In this situation
(V- 2)(Qp) - b+ Aj) = 602k (31 + p2)k3 + B2 + p1)kT + 4(p1 + pa) i ko)
+ 602k (3(p1 + 2p2)ka + 3(p2 + 2p1)k1)
= 67k~ (o1 + p2)k3 + (p2 + p1)KT + 2(p1 + p2))

+ 61/2|/{3|71 (3/)2]{72 + 3,01/{:1 — 3(,01 + ;02))
= 617k (2(P1 + p2)ki + (51 — p2)kr — 3P2) :

This term is greater than § except in the cases kK = (—1,0) and (0, —1). The conservation

of M gives us

{eik'enj, M} = ieik'anj (pk1 + qk2 4+ j) = 0.
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For k € {(—1,0), (0, —1)}, this implies j € {p, ¢}, which is excluded.
We consider the small divisor € - k& + A; + Ay in the same way. The conservation of the

mass L gives us k; + ko = —2 and then by computation we get
ke {(0,-2),(—=2,0),(—1,-1),(=3,1),(1,-3)}.
The conservation of the momentum gives us pk; + gks + j + ¢ = 0. We have
Q-kE+A+A=N(p,q,j.0)+ ulp k)

where N(p,q,j,0) = p*k1 + ¢*ks + 72 + €% and p(p, k) very small for |k| < 4. We see that
N(p,q,j,¢) € Z, so N(p,q,j,¢) <4 if and only if p*k; + ¢*ky + j* + ¢* = 0. Combined
with conservation of the momentum, this gives

for the case k = (—1,—1)

p+q=7+¢ and p*+¢* =%+
for the case k = (—2,0)
2p=7j4+¢ and 2p* =j?+ (*
for the case k = (0, —2)
2¢=j+¢ and 2¢*=j*+ 12
for the case k = (—3,1)
3p=q+j+¢ and 3p® =+ 2+ 2
for the case k = (1, —3)
3g=p+j+¢ and 3¢* =p*+ 5>+ 2
In all these cases, we get j, ¢ € {p, ¢} which is excluded.

The second case We see that © and {A;},4,,s+ are all the same as the previous

case except A+ and A;-.We recall that

2p+s =2q+1
2% 4+ 82 = 2¢% + t2.

Thank to Lemma 2.2 in [GT12], {p, ¢, s,t} is in form of {p, p+2n, p+3n, p—n}. Without
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loss of generality, we can assume that® p = 0, so we have ¢ = —2t. For Q - k + A+ and
Q -k + A4~ by conservation the momentum, we just need to consider the case when k
satisfies pky + qka +t = 0 i.e. ky = 1/2, which is not an integer. For -k + A+ £ A;, again

by conservation of the momentum, we have
pk1+qgks +1 £ =0
PPk + Pk + 12 £ 52 =0
ie.
j2 = ¢(4k‘2 + 1)712

This system has two solutions for j, either j = 0 = p or j = 3m = s, which are both

excluded.

2.4.2 Three modes case.

It is too complicated to verify all the possibility, in this appendix we just consider
the example (p,q, m) = (—3,10,—6), which we are interesting in Theorem 2.1.3. In this
situation, we have that C, £ are empty, A = {—14,2} and B = {9, 1}. Recall that

p* + 302 (pi + 3p3 + 3p3 + 6p1p2 + 6p1p3 + 12p2p3)
Qp) = | ¢ + 30> (03 + 3p7 + 3p3 + 6p1p2 + 6p2ps + 12p1p3)
m? + 312 (p3 + 3pT + 3p3 + 6p1p3 + 6p3p2 + 12p2p1)

and
AN = 72+ 90%(p] + p3 + p5 + dpipa + 4paps + 4pspr) j#—14,—-6,-3,2,1,9, 10.

The hypothesis A0 and A1 are trivial. For hypothesis A2 (1), let k = (ky, ko, k3) € Z3/{0},
k' = (ko + ks, k1 + k3, ko + k1) and z = z(k) = |Z—:|, then we have

(V, - 2)(Qp) - k) =602k | [p1(3k3 + 3k3 + kika + kiks + 6(ky + ko + k3)?)
+ po(3kT + 3k + kika + koks + 6(k1 + ko + k3)?)
+ p3(3K2 + 3K2 + ksky + kks + 6(k1 + ko + k3)?)].

9. using the change of variables j = j — p
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This term is greater than ¢ = v2. Since (V,-2)(A; —Ay) = 0, the estimate of small divisor
Q-k+A; — Ay follows.

For hypothesis A2 (2), (3), choose z = z(k) = —|—Z|, then we have

(V, - 2)(Qp) - k) = — 612 k| o1 (k3 + 3k3 + 3k3 + 6k1ko + Gk ky + 12koks)
+ pa(k3 + 3k% + 3k3 + 6k kg + Gkoks + 12k, k3)
+ p3(ka + 3k3 + 3k7 + 6kgky + 6k1ks + 12koky )]

and
(Vp . Z)A] = —18V2|k’|_1[p1(k51 + 2k2 + 2k3) —f- pg(k’g —f- 2/{31 —I— 2k3) —f- p3(k?3 —f- 2]{'2 —I— 2]@1)]

For Q -k + A;, by conservation of the mass, we just need to estimate this divisor in the

case k1 + ko 4+ k3 = —1, then by computation we have
+ p3(2k2 — 6koky + 3ks + 3)]
3
> 612 k| M p1 (2] — §(k:1 +1)% + 3k1 + 3) + pa(2k3
3 3
— 5(/c2 +1)? + 3ka + 3) + p3(2k3 — §(k:g +1)? + 3k3 + 3)]
= 3% k| Hpi (kT + 3) + pa(k3 + 3) + p3(k3 + 3)]

> V2.
For Q-k+ A; + A4, again we have k; + ks + k3 = —2 by conservation of the mass, hence

(V, - 2)(Qp) - k+ A;) =612 k| [p1(2k] — 6koks + 6k1 + 12) + pa(2k3 — 6k1ks + 6ky + 12)
+ p3(2k3 — 6koky + 6ks + 12)]

3
> 61 k| py (2k] — §(k1 +1)% 4 6k1 + 12) + po(2Kk3

3 3

— 5k + 2)2 4 6ky + 12) + p3(2k2 — 5 (ks + 2)2 + 6ks + 12)]
= 32k o1 (K +12) + pa(k3 + 12) + pa(k3 + 12)]

> V2.

The set B For p € D, : we have
‘ImAlil > V2 = (5
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so that
Q- k+ A — A | > 202 > 6.

For Q- k 4+ A+ + Ai—, by conservation of the mass and the momentum, we just need to
estimate this small divisor if

kv 4 ko + ks + 2 =0

—3ky +10ky —6k3 +2 =0

9k1 + 100ky + 36k3 +2 =10

ki, ko ks € Z

This equation system has no solution °.

The set A For Q- k+ Ay+ and Q- k + Ay+ + A; again the conservation of the mass

and the momentum give

k1+k2+k3+1 :0 k1+k2+k3+2 :0
(¥) § =3ky + 10ky — 6ks +2 =0 (#%) § —3k1 + 10ky — 6ks+2+7 =0
9k; 4 100ky + 36k; +4 =0 9k1 4 100ky 4 36ks +4 + j2 =0.
It is easy to see that (x) has no solution in Z3. For (xx) we have j = —ky —2 (mod 3) and

j2 = —ky — 4 (mod 9). If j = £1 (mod 3) then we have ky = 0,2 (mod 4) and ky = 4
(mod 9), which can not both happen. If j = 0 (mod 3) then we have ks = 1 (mod 4) and
ke =5 (mod 9), which again can not happen. For Q -k + Ayx — A, because of changes of

variables, we have

Ao = Ny — g(p1, p2; p3)
Ay = Ay — g(p1, pa, ps) +12(p3 — p5 + 3p1ps — 3pap1)

with

g(x,y,z) = ,uz\/81y222 + (—18zy + 187z — 6y2 + 622)2 — p?(—18xy + 182z — 6y* + 627).

10. with the implicit form of {p, g, m, s,t} in appendix B, we can solve for general p, ¢, m

64



2.5. Appendix B

By conservation of the mass we just need to consider the case ki + ko + k3 = 0, then

(V- 2)(Q b+ Age — Ay) =1202 |k o1 (k3 + k3 — kaks — 2k + k3)
+ pa(k} + k3 — kyks + 2k; — k3)
+ p3(ks + ki — koky + 3ky — 3ko)] £ (V, - 2)g
~ 12[k|pp £ 1(V, - 2)g].

The conservation of the momentum implies

—3ky 4+ 10ky — 6ks +2—j =0
k1 + 100ky + 36k; +4 — j2 = 0.

The solution k of this equation system that closet to the origin is k = (=975, 195, 780)
and with such a big &k, (V, - 2)(2 - k 4+ Agx — A;) is far greater than o.

2.5 Appendix B

In this appendix, we solve the set B in general
2p+q =m-+s+t
202 + ¢ =m?+ 52+ 12
Let 1 =q¢—p, mi =m—p, s =5—p, t; =t —p, it becomes
G =mi+s1+th
gt =mi+st+il

This give us mys; + t1s1 + tymy = 0, hence s; = —T;”%JEI. Assume more that si,t1,mq

have no common divisor except +1. Let k is a prime common divisor of ¢; and my, i.e.

t1 = tok, my = mok, then s; = —%. Since k 1 s1, we have k | to+maq, i.e. ty = kh—ma,
ki
hence s; = —M = —kmg + mTf € Z. Let h = (=1)*"WIIpk 2 = Mp,>" and

_orki
y = (—1)59”(“pr’ 2[2], with p; is prime divisor of h. Then, h = 2%y and we need
zy | m¥, ie. m* = ryx. By this, s, = —kayr + %y, my; = kryz, t; = k?2%y — ryz. Since
s1,t1, m; have no common divisor except +1, we have y = +1. Assume that y = 1, and
2 2 2

kx = n, then s = r — nr + 2. In general, we

have {p,q,m,s,t} = {p,p +k(n® —nr +7?),p+knr,p+k(r* — nr),p 4+ k(n* — nr)},

—nr,my =nr,ty =n“"—nrand ¢ =n
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Reducibility of Schrodinger equation on a
Zoll Manifold with unbounded potential

3.1 Introduction

The reducibility problem for Schrédinger equations with quasi-periodic in time pertur-
bation has been intensively studied in recent years. The first results adapting the KAM
technics were due to Kuksin [Kuk93] followed by many results in one dimensional context
(see in particular [BGO1 ; LY'10 ; GT11]). More recently the techniques were adapted to the
higher dimensional case [EK09; EGK16; GP19]. To consider unbounded perturbations,
a new strategy has been developed in [BBM14; BBM16| using the pseudo-differential
calculus. Without trying to be exhaustive we quote also [FGP ; FP14; BM20; BBHM18]
regarding KAM theory for quasi-linear PDEs in one space dimension. This technics were
successfully applied for reducibility problems in various cases. For one dimensional li-
near equations with unbounded potential we quote [Bam17; BM18; FGP18]. In higher
space dimensions with unbounded perturbations only few results exist, one concerning
the quantum harmonic oscillator on R™ with polynomial time dependent perturbation
[BGMR17] and some special examples on the torus T" [Mon19; FGMP19; BLM19]. In
all these multi-dimensional examples the unperturbed linear system were integrable in
the classical sense (for instance on the torus T", the Laplacian operator commutes with
0;, 7 = 1,---,n), a fact that will be crucial in the control of the perturbed spectrum
(see (3.1.11) below). In this article we consider a Schrodinger equation on a Zoll manifold
on which the Laplace Beltrami operator A, has, in general, no other first integral than
energy (in particular A, doesn’t commute with 0;) .

We first recall that a Zoll manifold of dimension n € N is a compact Riemannian
manifold (M, g) such that all the geodesic curves have all the same period T'. In this

paper we assume 1 := 27. For example the n-dimensional sphere S™ is a Zoll mani-

67



Chapitre 3 — Reducibility of Schridinger equation on a Zoll Manifold with unbounded
potential

fold. We denote by A, the positive Laplace-Beltrami operator on (M", g) and we define
H*(M") := dom(,/1+ A,)* with s € R the usual scale of Sobolev spaces.

We denote by S7'(M") the space of classical real valued symbols of order m € R on the
cotangent bundle 7*(M") and we define 4,, the associated class of pseudo-differential ope-
rators (see for instance Hérmander [Hor85] for a definition of pseudo-differential operators

on a manifold see also [BGMR2] in the case of a Zoll manifold).

We consider the following linear Schrodinger equation
i = Agu+ eW(wt)u, u=u(t,z), teR, zeM", (3.1.1)

where € > 0 is a small parameter and W (wt) is a time dependent unbounded operator from
H3(M") — H*9(M") for some d < 1/2. More precisely we assume that W € C°°(T%; Aj)
with § < 1/2, d > 1 and where T? := (R/27Z)?. So the potential ¢ — W (wt) depends
on time quasi-periodically with frequency vector w € R? and for any ¢ € T¢ the linear

operator W () is a pseudo-differential operator of order ¢, i.e. belongs to As.

The purpose of this article is to construct a change of variables that transforms the

non-autonomous equation (3.1.1) into an autonomous equation.

Our main result is the following.

Theorem 3.1.1. Let0 < a < 1 and 6 € R, § < 1/2. Assume that the map o — W(p,-) €
As is C* in ¢ € T% Then for any s € R, s > n/2 there exists g > 0 and C > 0 such
that, for any 0 < & < g¢ there is a set O. C [1/2,3/2] C R with

meas([1/2,3/2]4\ O.) < Ce” (3.1.2)

such that the following holds. For any w € O. there exists a family of linear isomorphisms
U(p) € L(H*(M")) and a Hermitian operator Z € As commuting with the Laplacian® and
satisfying

HZHLZ(HS(Mn),Hs—é(Mn)) <Ce. (3.1.3)

Furthermore

o U(yp) is unitary on L*(M") ;

1. actually [Ag, Z] = 0 on sphere while on Zoll manifold Z and Ay can be diagonalized in the same
basis of L?(M").
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o forany 5 < s < s and any w € O,

W (0) = 1Al 2o ony 115 aany)
+ H\Il(gﬁ)il — Id”L(HS,(Mn),HS/—‘S(M”)) S C&‘lia s (314)

12 ()| £are ey + 12 (P) " £ aeny <1+Cele,

o forany 2 < s’ < s and any w € O. the map t — u(t,") € H¥(M") solves (3.1.1) if

and only if the map t — v(t,-) := U(wt)u(t,-) solves the autonomous equation

100 = Agu+¢eZ(v). (3.1.5)

As a consequence of our reducibility result, we get a control of the flow generated by

the (3.1.1) equation in the scale of Sobolev spaces :

Corollary 3.1.2. Let W € C®(T% As) with § < 1/2. Then for any s € R, s > n/2 there
exists €9 > 0 and C' > 0 such that, for any 0 < € < gy there is a set O. C [1/2,3/2]? C R?
satisfying (3.1.2) such that for any w € O, the flow generated by the (3.1.1) equation is
bounded in H*(M").

More precisely if ug € H*(M") then there exists a unique solution u € C* (R; HS(M”)) of

(3.1.1) such that u(0) = ug. Moreover, u is almost-periodic in time and satisfies

(1 — C)uo] we, VEER, (3.1.6)

we < Jlu(®)lls < (14 eC)luo|

for some C' = C(s) > 0.

Following the pioneering work [BBM14] we prove Theorem 3.1.1 in two steps :

— The reqularization step where we use the pseudo-differential calculus (and in parti-
cular the technics developed in [BGMR2]) to transform equation (3.1.1) in a system
with a smoothing perturbation, still depending on time;

— The KAM step where we use a KAM procedure (going back to [Kuk93] but using
recent development in [BBHM18]) on infinite dimensional matrices to eliminate
the time in the new system.

The same strategy was recently successfully applied in [BLM19] to prove the reducibility
of non-resonant transport equation on the torus T". Our main contribution consists in
merging these two recent technics in the context of linear Schréodinger equation on Zoll
manifold which, in contrast to the transport equation on the torus, is not an integrable

system.
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Our result has to be compared with the recent work of two of us [FG19] where we
consider a Schrodinger equation on the sphere S™ with a quasi-periodic in time odd per-
turbations of order < 1/2. In that case a more standard approach following [GP16] was
possible, in particular our analysis did not require the pseudo-differential calculus. Of
course this new paper is a generalization in the sense that we replaced the sphere by a
Zoll manifold and we are able to treat perturbations of order 1/2. But we want to stress
that the elimination of the potential symmetry hypothesis may be even more important
if we look at generalization to the non-linear case. Actually a natural strategy to solve

the non linear Schrédinger eqation
10u = Agu + mu + elul*u, u=u(t,z), teR, zeM, (3.1.7)

consists in a Newton scheme : we linearize the equation (3.1.7) around an approximate
solution wug, we solve this linear equation to obtain u; and we linearize (3.1.7) around wu;
and we iterate. Doing so we have to solve linear Schrodinger equation of the kind ? (3.1.1)
where W (wt) = |ug(t)|* which is clearly not an odd function.

As a matter of fact the existence of quasi-periodic solutions of the forced non linear

Schrodinger equation
i0u = Ayju+mu = ef (wt, z,u), u=u(t,r), teR, ze&§" (3.1.8)

were already addressed by Berti-Corsi-Procesi in [BCP15]. They proved that for w in a
large Cantor’s set and for a Hamiltonian and smooth forced nonlinear perturbation f
and ¢ small enough, there is a smooth quasi-periodic solution of (3.1.8). See also [BP11]
by Berti-Bolle-Procesi in which the authors prove existence of periodic solutions on Zoll
manifolds, we also mention [CHP15] where a KAM approach was considered in the context
of Lie groups with symmetries. An adaptation of our work to the context of systems of
linear Schrodinger equations (see previous footnote) could prove that this solution is
linearly stable. We shall remark that such an adaptation is not trivial at all, and some
new ideas are required.

We list here the main issues :

e as already said the linearization of (3.1.8) give rise to a linear operators acting on the

couple [%}, i.e. and equation of the form

i0u = Agu + eWi(wt)u + eWs(wt)a, (3.1.9)

2. In fact the linearization of (3.1.7) gives rise to a system of linear equations for v and .
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with W, i = 1,2 operators similar to W in (3.1.1). As first step of the regularization
procedure, one needs to block diagonalize, up to smoothing remainders, the operator in
the r.h.s. of (3.1.9) in the spirit of [FI18], [FI19], i.e. one needs to “eliminate” Ws. This is

just a technical point which can be addressed by extending the arguments of section 3.3.

e A second difficulty concerns the pseudo-differential calculus on Zoll manifold which
is more difficult and more implicit than the pseudo-differential calculus on the torus.
In particular the estimates on the semi-norms of the symbols (see the estimates under
Definition 3.2.1) are not sharp in terms of the regularity required on symbols. Actually
on tori one can define, explicitly a semi-norm satisfying “tame” estimates. We refer, for
instance, to section 2 in [FGP18|.

e A major difficulty (which is linked to the item above) regards the minimal regularity
one needs on the potential W (wt) in (3.1.1) (or Wy, Ws in (3.1.9)). Theorem 3.3.1 shows
that, in order to prove reducibility in H*(M"), s > n/2, the potential W (wt) must be in
HP?_ both in time and space, for some p > 1 depending on s. This is a consequence of the
use of pseudo-differential calculus for the regularization. In the proof of Theorem 3.1.1
in section 3.5 it turns out that p > 2s. In the case of this paper this is not a problem
since the potential is C'**°. In the non linear case, the regularity of the potential depends
on the approximate solution of the previous step and hence have only finite regularity.
Moreover the requirement p > 2s is not compatible with the convergence of the Nash-
Moser scheme. We notice that in 1d this problem can be overcome (see for instance
[BBHM18] or [FGP18]) since we need only few regularization steps and furthermore we
can use the so called Poschel’s Lemma (see Lemma A.1 in [Posc96]). It is not clear at the

moment how to overcome this problem in a multi-dimensionnal context.

e Another serious problem is about the small divisors. It is know that a KAM reducibility
scheme requires some non resonance condition on the eigenvalues of the linear operator.
We prove such non resonance conditions, for many frequency vector w, in section 3.4.1. It
turns out that the eigenvalues of the operator in the right hand side of (3.1.1) have the

expansion

where Ay ; are the eigenvalues of A, (see (3.2.5)), dj the dimension of the corresponding

eigenspace, and

1 2
p) ~elklP, ul) ~e,

71



Chapitre 3 — Reducibility of Schridinger equation on a Zoll Manifold with unbounded
potential

with § the order of the pseudo-differential operator W(wt). In the measure estimate
Lemma 3.4.3 it is fundamental that the unbounded corrections ,u,(:; do not depend on
the parameters w ; as a consequence the Lipschitz norm of the eigenvalues i ; is bounded
in k. In our case this fact is true since the corrections /Lg]) are obtained form an averaging
procedure on the potential W, which, at the beginning, does not depend explicitly on w.
More precisely it depends on w only through the variable ¢ = wt. In the non linear case
this is no more true, since W would depend on w also through the function on which
we linearized the equation (3.1.8). This problem could be overcome by considering non
linear equation like (3.1.8) with bounded non linearity, in order to obtain a linear bounded

operator when linearizing (i.e. § < 0).

In view of the issues discussed above the KAM result for a non linear Schrédinger
equation with unbounded non linearities on Zoll manifold is out of reach for the moment.

Nevertheless we believe that this paper represent an important milestone in that direction.

Scheme of the proof.
As said above the proof consists in a regularization step (section 3.3) and a KAM step

(section 3.4). In section 3.5 we merge the two procedures to prove Theorem 3.1.1.

In the regularization step we prove that we can transform (by using a symplectic map :

u = ®(v)) the original Schrédinger equation (3.1.1) in a new one
10w = Agu+e(Z + R(wt))v, (3.1.10)

where Z is a pseudo-differential operator of order ¢ independent on time and commuting
with A, and R is a p-regularizing operator in L(H*(M"), H**(M")) with p arbitrary large.
It is based on a normal form procedure developed in [BGMR2]. The crucial fact is that
we can write \/KQ = Ky — @ where (@ is a pseudo-differential operator of order —1 chosen
(following [Col79]) in such a way the spectrum of Ky is included in N+ X for some constant
A € R*. This property makes the K flow periodic and motivates us to use it to average
the original Schrodinger operator : if A is a pseudo-differential operator then its average
with respect to the flow of Ky is given by (A) = [7™ e I750 Aei7Koqr . This idea was already
used in a pioneering work of Weinstein [Wein77].

Let us sketch the procedure. Let us write H = Hy+ V/(t) where Hy = A, and V () =
eW (wt) is a pseudo-differential operator of order ¢ (for this averaging procedure we do
not need to assume that V' depends quasi-periodically on time neither than V' is small).

We conjugate the flow of H by a Lie transform ") where X (t) is a pseudo-differential
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iX(t)

operator of order 0 — 1 : if it = H(t)u, in the new variable v = e* Wy we get i0 = H' (t)v

with (see subsection 3.2.4)
1
H™ = Hy +i[X, Hy] + V +i[X, V] — i[X, (X, Hol| + R.

Using the pseudo-differential calculus we get that i[X, V] — 3 [X, [X, Ho]] is of order 20 — 2
and that the remainder term R is still of higher order. So if we are able to solve the

following homological equation (and we show in Lemma 3.3.2 how to do it)
i[X,Ho) +V =(V)+ order 6 — 1,

we conclude that HT = Hy+ (V(t)) + order § — v with v = min(1,2 — ¢). Thus if 6 < 2
we have a better equation.

In [BGMR2] such a procedure was iterated to obtain an equivalent equation like (3.1.10)
but with Z still depending on time and this was used to prove that we can control the

Sobolev norms of the solutions of (3.1.1) as follows?
Vs >n/2, Yv >0, 3C;, such that |u(t)|g: < Cs, (1 +1)".

In this paper, we want more : we want to eliminate totally the time in order to obtain
(3.1.6). So we alternate the averaging procedure with a time elimination procedure based
on the use of the operator (3.3.27) which solves the homological equation (3.3.28) and
thus the Lie transform ®7 = e will kill the dependence on time in Z = (V) (see
Lemma 3.3.4). This time elimination procedure requires a non resonance hypothesis on
the frequency vector w (see (3.3.2)) and requires 6 < 1.

Throughout section 3.3 we work at the pseudo-differential level and the main difficulty
is to precisely control the flow generated by pseudo-differential operator of positive order
(see Appendix 3.6.3 and in particular hypothesis (3.6.13)). We notice that all this section
holds true upon the hypothesis § < 1.

In the KAM step we kill the remainder term R in (3.1.10) which still depends on time
but is now a regularizing operator. As in [BBHM18] (see also [Mon19] and [BLM19]) we
use a reducibility scheme where the regularizing property of the perturbation compensates
the bad non resonance estimates satisfied by the eigenvalues of A,+¢Z (see (3.4.13)). The
condition 6 < 1/2 is used to ensure that condition (3.4.13) is preserved during the KAM

iteration as long as a small part of the parameters w are excised (see Lemma (3.4.3) where

3. Notice that this result holds true for any pseudo-differential perturbation of order é < 2 depending
smoothly on time.
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k =1 —20). This constraint in the KAM procedure was not necessary in [BLM19] (they
obtain the reducibility for perturbation of order 1 — e for any e > 0 when the transport
operator is of order 1) essentially because the unperturbed system is integrable : in the
context of the transport equation on T", Hy = v - V with v € R™ and thus Hy, commutes
with 0,,, m = 1,--- ,n and the same is true for Hy + €Z obtained after the regularization
procedure. So Z is not depending on x and Hj + €Z is still diagonal in Fourier variables.

Thus the perturbed eigenvalues have the form,
A =AY 4 2(5) + remainder, (3.1.11)

where z is the symbol of Z (see formula (4.13) in [BLM19]). In our case we just know that
Z commutes with A, and thus we can just prove that the spectrum of A, + V' preserves
the cluster structure inherited from A, on a Zoll manifold. That means that, once written
in the laplacian diagonalization basis, the matrix of Z is block-diagonal but not diagonal
as in [BLM19]. By the way throughout section 3.4 we work at the matrix level.

As usual the homological equation (3.4.16) is solved blockwise and it is well known that
the increasing size of the blocks may generate loss of regularity. In [EK10] Eliasson-Kuksin
used geometrical arguments (related to a Bourgain’s Lemma, see Lemma 8.1 in [Bou99))
to control the size of the blocks, in [GP16] or [FG19] authors used a different argument
introduced by Delort-Szeftel in [DS04] (see Lemma 4.3 in [GP16]). In this paper, as a
consequence of the regularization step, we can solve the homological equation with loss
of regularity and thus this step is simplified.

On the other hand the KAM procedure of [BBHM18] requires a tame property to deal
with product of matrices. This motivates the definition of the space M of matrices
with s-decay norm (see Definition 3.2.8) which was first introduced in [BCP15] (see also
[BP11]). The tame property for the s-decay norm is stated in Lemma 3.2.11. It is crucial
to obtain (3.4.38) and (3.4.39) which express the control of the new remainder R, after
one KAM step in two different norms, a low s-decay norm and a high s + b-decay norm.
The parameter N measures the troncature in the Fourier variable associate to the angle
¢ = wt and in the off-diagonal distance in the matrix (see (3.4.20)). When iterating the
procedure, this special form of estimates (3.4.38)-(3.4.39) allows to obtain a convergent
scheme for the sequence of remainders R, when choosing conveniently the sequence of

troncature parameter Ny.

Section 3.3 and section 3.4 are independent and in fact are at different levels : while all

section 3.3 takes place in the context of pseudo-differential operators, all section 3.4 takes
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place at matrix level. In section 3.5 we merge the two sections and for that we need the
Lemma 3.2.14 which makes the link between p-smoothing operators and (- regularizing

madtrices.

3.2 Functional setting

In this section we introduce the space of functions, sequences, linear operators and

pseudo differential operators we shall use along the paper.

3.2.1 Spectral decomposition

Following Theorem 1 of Colin de Verdiere [Col79], we introduce ) the pseudo-differential

operator of order —1, commuting with A, such that, setting

Ko = /A, +Q, (3.2.1)

we have spec(Kp) C N + X for some constant A\ € R*. We notice that our original
Schrodinger operator H(t) := A, + cW (wt) reads

H(t) = A, +eW(wt) = K} + Qo + eW (wt) (3.2.2)

where Qo = —2Q,/A, — @?* is a pseudo differential operators of order 0.

Let us denote by A the eigenvalue of Ky and by Ej be the eigenspace associated to \g.
We have

We denote by
Py () == {Prm(x),m=1,...,dy} (3.2.4)

an orthonormal basis of Ey. By formula (3.2.1) we also deduce that A, := KZ 4+ Qo where
(o is a pseudo differential operator commuting both with the Laplacian A, and K. For

this reason K, and A, diagonalize simultaneously, hence
ANgPrj =A@y, keN, j=1,...,d, (3.2.5)

75



Chapitre 3 — Reducibility of Schridinger equation on a Zoll Manifold with unbounded
potential

with
A = Ng+ gl S 1
In particular there exists ¢y > 0 such that
Ay > cok?, Apj— Ay j| > colk+K), VE#FK, (3.2.6)

and forany j=1,...,dg, j'=1,...,dp.

3.2.2 Space of functions and sequences

Using the spectral decomposition of the space L*(M") = @®yenEy, any function u €

L?*(M") can be written as

dg,
=2 D 2w ®um(®) = Y 2w - Ppg()

keNm=1 keN (327)

d
2 = (Zhas s 2hgay,) € C™

where " denotes the usual scalar product in R%. We denote by Ilg, the L?-projector on

the eigenspace Ey, i.e., for any k € N,
For s > 0, we define the (Sobolev) scale of Hilbert sequence spaces

hg = {z ={2p Fren 2 € C% : ||z

he = 2 (k) |zpl® < oo} (3.2.9)

keN

where (k) := /1 + |k|? and || - || denotes the L?(C%)-norm. By a slight abuse of notation
we define the operator Ilg, on sequences as Ilg, z = z)) for any z € h° and k € N.

We notice that the weight (k) we use in the norm in (3.2.9) is related to the eigenvalues
of Ky, indeed

c|k| < M < Ck| (3.2.10)

for some suitable constants 0 < ¢ < C.

As a consequence the space

H®* = H°(M") := =z Pw(z) | z € R}, (3.2.11)

keN
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is the usual Sobolev space H® = dom((Kj)*) = dom(y/1+ A,)* and ||ullgs := ||z]n, is

equivalent to the standard Sobolev norm ||u||gs ~ |[K§u| L2qm). Along the paper we shall

h.. Given s, s’ € R we denote by £(H?®, H*') the space of linear

write || - || = instead of || -

bounded operators form H* to H*" endowed with the standard operator norm ||-|| LS H Y-

In the paper we shall also deal with quasi periodic in time functions R x M"* 3 (¢, x)
u(wt, ) where w € R? is a frequency vector and u is periodic in its first variable. To this
end we introduce the space H"(T<; H*(M")) defined as the set of functions u : T¢ 3 ¢
H*(M") which are Sobolev in ¢ € T¢ with values in H*(M").

Functions in H"(T¢; H*(M")) can be expanded, using the standard Fourier theory, as
ulp,x) = > (1) - Ppy(z)e”?, 2z (1) € C¥* (3.2.12)
(€74 keN

where e"?®y . (z), 1l € Z% k € N, m = 1,...,dy, is an orthogonal basis of L*(T¢ x M"; C).
We define space of sequence (recall (3.2.9))

her = {2 = {zp (D hiezanen» 23 € C% : [2117,, = 3 OF ()7, < +oo} . (3.2.13)

lezd
Along the paper we shall also consider the space, for p € N with p > (d 4+ n)/2,
b= () sy (3.2.14)
r>d/2,s>n/2
s+r=p
We endow the space £, with the norm

212, == X2 (LRl @) (3.2.15)

€74 keN

Lipschitz norm. Consider a compact subset O of R? d > 1. For functions f : O — E,

with (| - ||g) some Banach space, we define the sup norm and the lipschitz semi-norm
as
su; sup,O
1" = 15" = sup [l f(w)lle
lip e 1/ (w1) = fw2)ll (3.2.16)
= = sup .
IAIE" = I f1lz L T
w1FwW2

For any v > 0 we introduce the weighted Lipschitz norms

IAIE? = IA1E™ + I (3.2.17)
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We finally define the space of sequences

hlY = {(9 Sw z(w) € hgy @ |2

10 < oo}, (3.2.18)

and consequently the space (recall (3.2.14))

0= () hLY, (3.2.19)
s+r=p
endowed with the norm
O sup,O lip,©
12117 = [l2lle, " +yllzller™ - (3.2.20)

Notation. We shall use the notation A < B to denote A < C'B where C is a positive
constant depending on parameters fixed once for all : d, n, . We shall use the notation
A <, B to denote A < C(s)B where C(s) > 0 is a constant depending also on s.

3.2.3 Pseudo-differential operators

In this paper we consider operators which are pseudo-differential. Here we recall some
fundamental properties of operators in 4,, which are collected in [BGMR2]. First A,, is
a Fréchet space for a family of filtering semi-norms {N,,,},>1 such that the embedding
(recall (3.2.11)) A, <= Nyer L(H?®, H*~™) is continuous. We can also choose the semi-
norms in an increasing way, i.e. Ny, ,(A) < N, p1(A) for p > 1 and A € A,,. To state

the other properties we need to introduce the following definition.

Definition 3.2.1. Let S € L(H?). We say that S is p-smoothing, and we will write
S e R,, if S can be extended to an operator in L(H®, H**?) for any s € R. When this is

true for every p > 0, we say that S is a smoothing operator.

Then we have the following properties concerning the class A,, equipped with the semi-
norms {N, p}p>1
(i) let A € A, for any s € R there exist constants C' = C'(m,s) > 0, p=p(m,s) > 1

which are increasing functions* of s such that

[ All ggrs prs=my < C Ny p(A). (3.2.21)

4. This fact is quite evident in the case of pseudo-differential operators on R™ and thus extends to
pseudo-differential operators on M by passing to local charts.
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(17) Let A€ A, B € A, then AB € A,,,,. Furthermore for any p > 0 there exists S
a p-smoothing operator such that for any p > 1 for any s € R there are constants

C =C(m,n,p,s,p) >0,q=q(m,n,p,s,p) > p such that

Nm+nyp(AB - S) S CNm,q(A)Nn,q(B) 3 (3222)
|’SH£(HS,HS+p) < CNm,q(A)Nn,q(B) . (3223)

(1it) Let A € A,,, B € A, then [A, B] € A,1,_1. Furthermore for any p > 0 there
exists S a p-smoothing operator such that for any p > 1 for any s € R there are

constants C' = C(m,n,p, s,p) >0, ¢ = q(m,n,p, s, p) > p such that

Novenro([A, Bl = S) < CNom o (AN o (B), (3.2.24)
||SH£(HS,HS+") < CNm,q<A)Nn,q(B) . (3225)

(iv) The map 7 — A(7) := e ™Mo Ael™ 0 € CP(R, A,,). Furthermore for any p > 0
there exists S a p-smoothing operator such that for any p > 1 for any s € R there
are constants C' = C'(m,n,p,s,p) >0, ¢ = qg(m,n,p, s, p) > p such that

Nonin_1p(e7TE0A™0 — §) < ON;, 4 (A), (3.2.26)
1Sl cezs mroey < CNong(A) . (3.2.27)

Remark 3.2.2. In (ii), (iii) and (iv) the smoothing correction does not play an important

role since it can be chosen as regularizing as one want. In the KAM scheme the level of

regularization will be fix once for all. Thus, by a slight abuse of notation, we will often

omit in the following the smoothing correction and will just write

Noinp(AB) < CNop (AN, o(B) (3.2.28)
Noin-1p([A, B]) < CNipo( AN, (B) . (3.2.20)

We shall also consider H"-mappings T¢ > ¢ + A(p) with A(p) a symmetric pseudo-

differential operators of order m in A,,. We can then decompose A in Fourier writing

Alp) = " A(le'# (3.2.30)

lezd
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with A(l) a pseudo-differential operators of order m in A,,. We give the following defini-

tion.

Definition 3.2.3. Let m € R, r > d/2. We denote by A,, s the Fréchet space of mapping
T > ¢ — A = A(p) € A, that are H" on T¢. We endow A,,, with the family of

semi-norms

2
(Morp(A) = S WFNZL(AD), p>1. (3.2.31)
lezd
Consider a Lipschitz family O 3 w — A(w) € A, where O is a compact subset of R?,
d > 1. For v > 0 we define the Lipschitz semi-norms (recall (3.2.16)) as

NI© (A) i= NEPO(A) + yNEEO (A) (3.2.32)

m7r7p m7r7p m)r7p

We denote by Agﬁ the Fréchet space of families of pseudo differential operators A(w) €

Ap endowed with with the family of semi-norms {N;% },>1.

Similarly we define the corresponding class of p-smoothing operators R(w,¢), H" in ¢

and Lipschitz in w.

Definition 3.2.4. Let p € R and r > d/2. We denote by R, the Fréchet space of p-
smoothing H"-mapping T? > ¢ — R(¢) € L(H®, H***) for all s € R endowed with the
family of semi-norms

RE, = 3 O7 RO 2o srosny . 5 € R. (3.2.33)

lezd
Consider a family O 3 w — R(w) € R, where O is a compact subset of R?, d > 1. For
v > 0 we denote by Rz;? the Fréchet space of families of pseudo differential operators

R(w) € R,, endowed with with the family of semi-norms {N;9},en defined by (recall
(3.2.16))

|R‘%O o |R|sup,(9 + 7|R|lip,0 . (3234)

PPt PsTP PsTsP

We notice that by (3.2.21) we have A,,, C R_, .

Lemma 3.2.5. Let r > d/2, m,p € R and consider R € Rg:f? and A € Agﬁ Then, for
any s € R, there are C' = C(s,r) > 0, p(s,m) > 0 such that

4hl,, < ONGS (Al (3235)
1Rhle < CIRES M0 (32.30)
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for any h € h]:°.

Proof. We start by proving the (3.2.36) for the norm || - ||

o £ (X IRA= 100

2
HS+P>
lezd l'ezd

< Z<l>2’"( S R~ D)caaren IOl )

lezd l'czd

Recalling (3.2.13) we have

| RR||p

< S W IURE =)o 0 I e 0

ezt >4 o

e U >T)2.

+ X (X = O IRE = D)o )10

tezd N jr|< ]

Hence, by using the Cauchy-Schwartz inequality, we get

1RRlIn ey, < C 320 (U= V) NRA = D)z arssarosoy () B Is < ClIRIG, BRI s
Lezd
which implies the (3.2.36) for the norm || - |[,,,,. The Lipschitz bound on the norm
|| - ||ZS(2PT and the (3.2.35) follows similarly. O

In the following Lemma we state some properties and estimates® that will be proved

in Appendix 3.6.1.

Lemma 3.2.6. Let A, B are pseudo-differential operators in .A?n(a and AVO. For any
p > 1 there exist constants C = C(r,m,n,p) and g = q(r,m,n,p) which are increasing in
p such that

(1) AB,BA € Aernr and

( ) [A B] EAm—l—n 1,r and

Nm—i—n lrp([A7B]> < CN’YO ( )N’yO( ) (3238)

m,r,q n,r,q

5. Estimates (3.2.37), (3.2.38) and (3.2.42) are written taking into account Remark 3.2.2. For instance
(3.2.38) should be interpreted as : for any p > 0 there exists S a p-smoothing operator such that for any
p > 1 for any s € R there are constants C = C(m,n,p,r,p) > 0, ¢ = g(m,n,p,r,p) > 1 such that

NS, ([4, B] = ) < ONZCJ(ANTT(B) 18130 < CN 2 (AN, (B) -

m4n—1,rp m,r,q n,r,q £,8,p — m,r,q n,r,q
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(iii) Let w € RY, then w-0,A € Aoy and

N (w - 9,4) < CNLO (A). (3.2.39)
If furthermore w satisfies, for some a > d — 1,

w1 >47*,  Viez\ {0}, (3.2.40)
and r — 20— 1> d/2 then (w-0,) A € A r_2a41) and

Nrjz:?—@a—i-l)ap((w -0,)7'A) < Cy ' N (A) (3.2.41)

m?r)p

(iv) For any T € [0,2n] we have e7 750 AelTKo € AVC and

NG (e71TEo geiKoy < ONTO (A). (3.2.42)

m7/r’p m7r7q

3.2.4 Conjugation rules

Let w - 0, be the diagonal operator acting on sequences z € £, (see (3.2.13)) defined
by
w - Opz = diagycza pen(iw - 1)z = (iw - L2k (1) )1czd pen - (3.2.43)
Consider an operator of the form
L:=L(p,w) :=w-0,+iM(p), (3.2.44)

where M () is some map T? > p — M = M(p) € L(H®; H*t™), for some m € R. We
shall study how the operator L in (3.2.44) conjugates under the map ®g defined as
. 1
Og:= (PF)p=1,  BF:=e"0 =3 —(irS)?, (3.2.45)

p=0 P

where S(p) is some map T? 3 ¢ — S = S(p) € L(H*; H**™), for some m’ € R. For the
well-posedness of a map of the form (3.2.45) we refer to Lemma 3.6.6 in Appendix 3.6.3.

By using the Lie series expansions we have
LT =L"(p) =Ps0oLodg' =w-9, +iMT(p), (3.2.46)
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where M (p) = M () + My () with, for any ¢ € N,

.1 1
IM"(p) = Pgo0iMo®g" =iM + ) —adig(iM) + / (1 —7)1®%add ! (iM)®g7dr,
= q'Jo
(3.2.47)

and
iMyf (o) =®gow-0,0P5" —w-0,
71 1
= —iw- 0,5 - Eadfs_l(iw - 0,9) + q‘/ (1 —7)1®Gad{(iw - 0,5)Pg7dr,
=D l'Jo

(3.2.48)
where we defined ad%(M) = M and

ad%(M) = ad% '([S, M]), [S,M]=SM — MS. (3.2.49)

Remark 3.2.7. (Hamiltonian structure) We remark that, if the operator S in and
M are Hermitian, then by Lemma 2.9 in [FG19], we have that also the operator M in
(3.2.46) is Hermitian.

3.2.5 Linear operators and matrices.

According to the orthogonal splitting

:®Ek7

keN
we identify a linear operator acting on L?*(M") with its matrix representation A :=
<Agz}])kk’eN in L(h°) (recall (3.2.9)) with blocks A{Zl] € L(Ey; Ey). Notice that each
block Afl is a dy x dy :
W . (g
AR = (A7) oo (3.2.50)
F=1 ey

The action of the operator A on functions u(z) as in (3.2.7) of the space variable in L*(M")

is given by

(Au)(@) = (Ao - Bpy(x), 2 €C%, (A9 =D Ay (3251)

keN JEN
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In this paper we also consider regular ¢-dependent families of linear operators

T > p— A=A(p) =Y A(l)e"* (3.2.52)
lezd
where A(l) are linear operators in L(H?®, H*), for any [ € Z%. We also regard A as an
operator acting on functions u(p, ) of space-time as (Au)(p,x) = (A(¢)u(p,-))(z). More
precisely, expanding u as in (3.2.12), we have

(Au)(p,) = Y (A2)(l)e" Py (),

€74 keEN

(A = Y AR —p)zp ().

pEZa k' EN

(3.2.53)

Relation (3.2.51) shows that, in order to define operators that conserve the H® regularity
in space we need to assume some decay of ||AF;],]||%( 12y With respect to [k — &[. That the
reason for the following definition first introduced in [BP11] for (i) and in [BCP15] for
(ii).

Definition 3.2.8. (s-decay norm).

(i) We define the s-decay norm of a matrix A € L(H?®; H®) as

s K
A= > sup AR 2 (3.2.54)
heN |k—k'|=h
where || - || zz2) is the L?-operator norm in L(Ew, Ey).
(ii) Consider a map T? > ¢ — A = A(p) € L(H*; H*). We define its decay norm as
2 2
AR = 5 @Ga* swp (AR (3.2.5%)
1€Z4 heN |k—k'|=h

We denote by M the space matrices with finite s-decay norm [-];.
(iii) Consider a Lipschitz family O 3 w +— A(w) € My where O is a compact subset of
R?, d > 1. For 7 > 0 we define the Lipschitz decay norm as

[A7 = [AJ;© + AL

S

= sup[A(w)]s +7 sup [A(w1) — A(w2)]s _ (3.2.56)

weO w1,w2€0 |W1 - WZ‘
w1Fw2

We denote by M7:© the space of families of Lipschitz mapping w — A(w) € M, with

finite | - |[7“-norm.

Remark 3.2.9. The s-decay norm (3.2.55) link the regularity in space and the regularity
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in ¢ (i.e. in time). In fact for s integer we have
M, = mp+q§5Hp(Tdv Laec(H, HY))

where Lg..(H?, H?) are bounded operator from HY to HY with finite | - [¢-norm (see
(3.2.54)).

Remark 3.2.10. Notice that, if the s-decay norm of a matrix A is finite, then
K s
1A e < AL - K) .

We have the following fundamental lemma stating in particular that the s-decay norm

is tame (see (3.2.58)). This tame property will be crucial in the KAM procedure.

Lemma 3.2.11. For any s > (d + n)/2 the following holds :
(i) there is C = C(s) > 0 such that (recall (3.2.14),(3.2.15))

|Az]le, < C[ALsN2lle,, + CTA]soll2le (3.2.57)
forany h € U ;
(17) there is C' = C(s) > 0 such that

[[AB]]S < CHAHSHBHso + O[[A]]so [[Bﬂs; (3.2.58)

(17i) for N > 0 we define (recall (3.2.52)) the matriz IIxyA as

, | <N,
" ARy, 1ezd kK eN,
(MyA)g (1) = k—kK| <N, (3.2.59)
0, otherwise
One has
[(Id — TIx)A], < CN~P[A]sss, B >0, (3.2.60)

for some C = C(s) > 0.
Similar bounds holds also replacing ||-
(see (3.2.20), (3.2.56)).

00> [-]s with the norms |- |79, [-]7° respectively

Proof. Items (i) and (i7) follow by lemmata 2.6, 2.7 in [BCP15]. Item (ii7) follows by the
definition of the norm in (3.2.55). O
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We will also need a class of matrices that take into account a notion of regularization.

Definition 3.2.12. Define the diagonal ¢-independent operator D, acting on z € ¢, (see
(3.2.14)), as

Dz = diaglez%eN(/\k)z = <)\kz[k](l)>162d,kel\r’ (3.2.61)
For 5 € R we define the norm [-]g s of a matrix A in (3.2.52) as
[Als.s := [P’ A], + [AD"],. (3.2.62)

We denote by Mg, the space of maps T? > ¢ — A = A(p) € L(L?) with finite []5,-
norm.

Consider a family O 3 w + A(w) € Mg, where O is a compact subset of RY, d > 1. For
~v > 0 we define the Lipschitz norm as

[AIS = [ + AL
= sup[A(w)]s, +7 sup LA = Al (3:2.6)

weO w1,w2€0 |w1 - w2|
w1 AW

We denote by M“’f the space of families of matrices A(w) with finite [[~]]Z;:f—norm.

For properties of matrices in MV”? we refer to Appendix 3.6.2 and in particular Lemma
3.6.4 stating a tame property for the norm given by (3.2.63).
We end this section with the following definition :

Definition 3.2.13. (Block-diagonal matrices). We say that A(y) is block-diagonal if
and only if A{Z]/](cp) = 0 for any k # k' and any ¢ € T¢.

We notice that operators commuting with Ky have matrices that are block-diagonal : let
Z be such that

(Ko, Z)] = 0. (3.2.64)
Since
[Ho, Z)3) = O — M) 2Ly kI

condition (3.2.64) implies that the matrix (Z[[ilj},]))k,k’eN representing the operator Z is
block-diagonal according to Definition 3.2.13.
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3.2.6 Link between pseudo-differential operators and matrices

To a linear operator R we associate its matrix representation still denoted R through

the formula
Rl = [ ROu@pde. (3.2.65)

In the following we show that the decay norm [-]gs (see Definitions 3.2.8 and 3.2.12) is

well designed to capture the smoothing property.

Lemma 3.2.14. Fiz s > (d+n)/2 and § > 0. Assume that R € R, s with p > s+[+1/2
and that R is symmetric then R € Mg ;. Moreover, there ezists a constant C' = C(s, p, 5)
such that

[[R]]B,s S C|R|p,s,s (3266)

If R € R) then the bound (3.2.66) holds with the norms [ ], | - |pss replaced by the

7,0

,O
norms [['Hg,s ’ ’ ’ ‘p,s,s‘

Proof. We have for [ € Z¢

IRl ()] 222y = (D" R(1) Dy, D™Dy
< [|D7* R() @yl 2| @ g || 2 (K~
< R ezt s | @p | 2o (K =
< VR | ears aosey () (K72,

where we used that, for s € R (recall (3.2.10)),

| P51

e ~ (1K@ jllr2 = AL ~ (k)°.
Similarly, since R is symmetric,
IR (D] 2czzy < IR ogere resn) (K ()72
therefore we get
IR (Dlleze) < min (8 (k)77 (k) (K) = V| RO e sy -
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So, by definition, we get using that (h,l) < (I)(h),

[D°R? =Y (n0)* sup [(D°R) (DI

heN,lezd |k—k'|=h
< S WP NRO g zreeey D (0> sup (k) min (k') (k) "7, (k)* (k') ")
lezd heN |k—k'|=h
22p 2B|R| o Z<h>25+2ﬁ—2p
” heN

where we used that if |k — &’| = h then max(|k|, |k'|) > h/2. A similar estimates holds
true for [RD"] and thus for [R]ss = [D°R]s + [RD"];. Following a similar reasoning
one gets the Lipschitz bounds. O]

3.3 Regularization procedure

Let us consider 0 < § < 1, r > d/2 and the operator
F=F(w)=w-0,+i(A; +V(p)), VedA,. (3.3.1)

We also assume that the operator V' is self-adjoint. Let us define the diophantine set
Oo C [1/2,3/2]" by

Op:={we1/2,3/2" : lw- U =4I| 7, VIiez}, r:i=d+1. (3.3.2)

The aim of this section is to prove the following result.

Theorem 3.3.1. (Regularization). Let py > 0, 0 < 6 < 1 and ro > d/2. There is
re = 1+(d, po,ro) such that, for r > r, and S > sy > n/2, there exist p = p(S, po) > 1 and
0 < . =e.(S, po) such that the following holds. If

Y WNorp(V) < e (3.3.3)

then there is, for any ¢ € T?, for any w € Oy, a bounded and invertible map ® €
L(H?®, H®) for any s € [sg, S] such that

Fi=®oFod ' :=w -0, +i(A, +Z+R), (3.3.4)
where Z € Ag’OO is independent of @, Z is Hermitian and
Z, Ko =0, (3.3.5)
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R(p) is a Hermitian po-smoothing operator in R,
Furthermore Z = Zy + Zy with Z; € As is independent of w € Oy, and Zy € Agﬁ%.
Moreover the following estimates holds : for any s € [so,S] there exit constants q =

q(s,po) > p and C = C(s, po) > 0 such that

Nss(Z1) + N0 (Z) < CNpg(V) (3.3.6)
|[Rpams < CNorg(V), (3.3.7)
Sup 195 (0) = 1d|| gz mr-9) < CNsrg (V) (3.3.8)
e
sup [0 (¢) | eqre ey < 14 CNg(V) - (3.3.9)
peT

As explained in the introduction this Theorem will be demonstrated by an iterative
procedure alternating an averaging step according to the periodic flow of Ky (section
3.3.1) and a step of eliminating the time dependence of the averaged term (section 3.3.2).

The iteration is detailed in section 3.3.3.

3.3.1 Averaging procedure
For A € A,,, m € R, we denote for 7 € [0, 27]
A(T) 1= e 1T AeimHo (3.3.10)
and
2m
(A) = / A(r)dr (3.3.11)
0

the average of A along the flow of K.
We notice that (A) belongs to A,,, commutes with K, and that if A is Hermitian then
(A) is Hermitian. Let O C Oy (see (3.3.2)) and consider the operator

G=w-0,+1M(p) M(p) == Ay + W + A(p) + R(p) (3.3.12)

where W € A}’O, 0 < 0 < 1, is independent of time and commutes with Ky, A € .Ag/’? for
some 0’ < ¢ and R(p) € R} (see Def. 3.2.4). We also assume that M () is Hermitian
Ve T

Lemma 3.3.2. Let r > d/2, 0 < 0 < 1, § < ¢ there exists S € A};O such that for

—1,r

any s > n/2 and p > 0 there exists p = p(s,p) > 1, an increasing function of s, and
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0 < &g =¢o(s, p) such that if
TINGO (A) <eo,  NFOW) <1 (3.3.13)
the symplectic change of variable ®g = %) belongs to L(H*, H*) and we have

Gt i=®50God;' =w-9, +iM*(p) (3.3.14)
M* (@) =Dy + W + (A(p)) + AT (9) + R () (3.3.15)
where (A(p)) is defined as in (3.3.11), A" € Ag;?u,l and R™ € Rpr - The operator
M*(p) is Hermitian ¥V ¢ € T4,
Moreover there exists C = C(s, p) such that

N 17'3( )<CN5’rp( ) (3316)
Sup 105 (D)5 ey < 1+ CNFE,(A) (3.3.17)
pEeT
sup [|95() —1d[|E e ey < CNZO(A) YT € 0,1], (3.3.18)
peTd
N —1,r— 13(A+) < CN(i/rp( ) (3319)
[RT20, < CIRIS, + N (A). (3.3.20)

Proof. The idea comes from [Wein77], [Col79] and was extensively used in [BGMR2]. It
consists to average with respect to the flow of Ky (see (3.3.11)) which is periodic since its
spectrum is included in N+ A (see (3.2.1)).

Let us define Y = L 37 7(A — (A))(r)dr. Then Y € A

T

and by integration by parts

we verify that Y solves the homological equation
i[Ko, Y] =A—(A).
Then we define

1
S = Z(YKo‘l + K;'Y) (3.3.21)

and we note that S € A};?M is a pseudo-differential operator of order §'—1 < 0. Moreover,
by using Lemma 3.2.6, we deduce the estimate (3.3.16). By applying Lemma 3.6.6 we
obtain estimates (3.3.17) and (3.3.18) (see (3.6.16), (3.6.17)). By an explicit computation

we also get
i[K2,5) = A—(A) — i[[A, Kol, Ky (3.3.22)
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To study the conjugate of G in (3.3.12) under the map ®g defined as in (3.2.45) with
S in (3.3.21) we use the Lie expansions (3.2.47) and (3.2.48) for some ¢ € N large to be
chosen later. Recalling the splitting (3.2.1)-(3.2.2) we have by (3.2.47)

.3.22

Bgo0iM odgt PE K2 1iQ) +iW +i(A) + ﬂ[A, Kol Ky ']

q 1 )
—i[Qo + W + A,iS] + > ﬁadfs(iAg +iW +i4)
=27

1/t - -
+ [ (1= 7)™ adly (1A, 4+ iW +1A)e ™ dr
q! Jo

+i®Pgo Ro dgt.

Taking into account the time contribution given by (3.2.48) we obtain that the conjugate

®50G o dg' has the form (3.3.14)-(3.3.15) where

AT = i{[A, Kol K5'] = ilQo + W + A,iS]

<1 a1 (3.3.23)
+ 3 Sadl(iA, +iW +i4) — 3 Sadly ! (iw - 9,9)
=27 p=1D-
and
1 | |
iR" = —~ (1 —7)%e™adld ' (1A, +iW +id)e™Sdr
q' Jo
1 1 ' 3
o fy - )1 @Gadis(iw - 0,5)257dr (3.3.24)
-+ l(I)S oRo Q)gl

We need to prove the bounds (3.3.19)-(3.3.20). We start by studying the remainder R" in
(3.3.24). To simplify the notation we shall write a < b to denote a < Cb for some constant
C =C(s,p).

Using the smallness condition (3.3.13), we have that the third summand in (3.3.24) is
a p-smoothing operator satisfying (3.3.20) by Lemma 3.6.8.

By items (i4), (#4i) of Lemma 3.2.6 we have (up to smoothing remainder and for some

p depending on s and p)

’
g )Ty S —1,7"—1,8

Vs (adis(18g +iW +14)) + ANF . (w - 0,8)

(3.3.13),(3.3.16) o
Ny (A). (3.3.25)

b
~ o'\ rp

By iterating the estimate above and using the smallness condition (3.3.13) we deduce, for
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1 < j < q and for some p depending on s, p, q,

‘/\/]5’ 2(5-1) Ts(a'd (1A +1W+1A)) +Nj+1)5/ 1-2j,r— 18(ad ( 8505))
SNPO (A). (3.3.26)

The sequences jé' — 2(j — 1) and (j + 1)¢’ — 1 — 25 are decreasing since ¢’ < 1. Hence,
by choosing ¢ large enough, the integrands in (3.3.24) are p-smoothing operator (with
arbitrary p) conjugated by the flow e'7®. Therefore by Lemma 3.6.8 all the expressions in
(3.3.24) are smoothing remainders satisfying (3.3.20) for some p depending on s and p.

Let us now consider the terms in (3.3.23). First of all we have

”,0 _
N3 ([A K] B ) S NG (AL KoDA Ny, (5 )
S NG (ANTY (Ko) N (K )
S NG R (A),
for some constant N; < N < p depending only on s, p. In the same way (recalling also
(3.3.13)) we have

N3350 s([Qo+ W + A,iS]) S NG5, (8) (Nop(Qo) + N7 (W)
+N 17“p< )N’Z:Sp<"4)

(3.3.13),(3.3.16)

N (A).

~ d'rp

The other summands in (3.3.23) can be estimated by using (3.3.25) and (3.3.26). This
proves the (3.3.19). O

3.3.2 Time elimination

Let us consider the operator G* in (3.3.14)-(3.3.15) obtained after an average step
(see Lemma 3.3.2). The aim of this section is to eliminate the time dependence (i.e. the
dependence with respect to ¢) in the term (A(y)) in (3.3.15). First we introduce the
pseudo-differential operator T' = T'(¢) defined as

T(e)= > S (A (3.3.27)
0#£lezd

We have the following Lemma.
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Lemma 3.3.3. Let r > 5d/2+ 9/2 and w € Oy (see (3.3.2)). Then the operator T in
(3.3.27) belongs to A 2T+1) is Hermaitian, commutes with the operator Ky. Moreover it

solves the equation

(A(p)) —w - 9,T = (A(0)), (3.3.28)
and satisfies
NT 2 i1 o(T) < CNF 0 (A) (3.3.29)
irT ()

Furthermore, setting @7 :=e , we have that for any s > d/2 there are constants C,p
(depending only on s and p ) such that if (3.3.13) holds then

sup | OF | ceare ey < 1+ CNGO0(A) (3.3.30)

p€eTd
sup |7 — Id|| g gge ooy < CNF0(A) VT € [0,1]. (3.3.31)
peTd
Proof. The operator T is Hermitian and commutes with K, thanks to the properties of
(A). The fact that T solves (3.3.28) is obtained by an explicit computation. The bound
(3.3.29) follows by item (#ii) of Lemma 3.2.6. Finally applying Lemma 3.6.6 we obtain
the estimates (3.3.30)-(3.3.31) (see (3.6.18) and (3.6.19)). O

In the following lemma we study how the operator G in (3.3.14)-(3.3.15) changes
under the map ®7. defined by Lemma 3.3.3. We have to distinguish the cases §’ strictly

positive or ¢ less or equal zero.

Lemma 3.3.4. Let 6’ < 0 and r > 27 + 2+ d/2. Let us define §; :== 6 + ' — 1 and
Or := ®L. Then the conjugated operator G := ®r o G+ o ;' has the form

Gy =w- 0, +iM(p) (3.3.32)
My(p) == Dy + Wi + Ai(@) + Ra(p) (3.3.33)

where
Wi=W+ / o))dy, (3.3.34)

is independent of ¢ € T¢, A} € ./451,, 9r_o and Ry € RPT 9r_o- The operator My(yp) is
Hermitian ¥ ¢ € T¢.
Moreover for any s > d/2 there exist p = p(s,p) and C = C(s,p) such that if (3.3.13)
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holds then

N61 r—27— 25( ) < CN%O ( ) (3335)
’Rl‘p,r—QT—Qs < C’R‘prs N’rp( ) (3336>

Proof. Notice that, since T in (3.3.27) commutes with Ky, then ®7 o K2 o &' = KZ.
By using the expansions (3.2.47)-(3.2.48) and since T solves (3.3.28) we have that the
conjugate Ly has the form (3.3.32)-(3.3.33) with W} as in (3.3.34) and

q 1 . q 1 .
A=At + Y ﬁad{T (iQo + W +i(A(p)) +iAT) = > ﬁadfT_l(iw -9,T),  (3.3.37)
j=1J"

i=2J°

iR, :=i®po0R" o @}1

1t : : : : .

+ = a4 (1 —7)1dTads” (1Q0 +iW +1i(A(p)) + 1A+><I>T dr (3.3.38)
1

+ — a4 (1 — 7)1®Ladi(iw - 0,T)7 dr ,

and where ¢ € N is a large constant to be chosen later. We now estimate the different
terms in (3.3.37), (3.3.38).
By (3.2.38) we have, for some p' = p/(s, p),

Nos Xy rarg s (adir (i 0,T)) S NG or o (TING a7 o (w0 0,T) .

r—27—2,p ,r—=27=2,p

On the other hand we have by (3.2.39)

NGO (- 0,T)SNG S, (T,

r—27—2,p' r—27—1,p

thus using (3.3.29) we deduce

o . " O0 9 (3.3.13) ’VOO
N2z oz o(adir (i - O,T)S(NFp(A)) S AT (4). (3.3.39)

Similarly we prove

NS 2,1 (adir(Q)) + NFISE, o o (adir (W + (A(9))))

(3.3.40)
N2’Y(5’002,r—27—2,s(adiT(A+)) S N’Y OO ( )

Notice that, since 0 < 6 < 1, the highest order pseudo-differential operator among the
ones estimated in (3.3.39), (3.3.40) is the one of order § + ¢’ — 1 < ¢’. By the estimates

above, by choosing the constant ¢ € N large enough with respect to p and by reasoning
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as in the proof of Lemma 3.3.2 one gets the estimates (3.3.35), (3.3.36). In particular,
since ' < 0 we shall use Lemma 3.6.8 in order to estimate the conjugates of smoothing

operator under the flow ®7. ]

In the next Lemma we study the case in which the generator 7" of Lemma 3.3.3 has
order ¢’ > 0.

Lemma 3.3.5. Let 0 < &' < §. Let us define 6; := 6+ — 1 and &7 := ®L. Fiz moreover
r1 > d/2 and p1 > 0 and assume r > max(r1+d/2,21+2+d/2) and p > p1+6'r1+1. Then
the conjugated operator Gy := ®roGTo®L! (see (3.3.14)) has the form (3.3.32), (3.3.33),
(3.3.34), is independent of p € T, A, € A:;’l’?,%,2 and Ry € R}, . The operator M ()
is Hermitian ¥ ¢ € T<.

Moreover for any s € R there ezist p = p(s, p) and if (3.3.13) holds then C' = C(s, p)
such that

Nc;};?—ZT—Q,S(Al) S O'A/’(g’:f?,p<A> (3341)
IRi |30, < CIRIS, + N2 (A) . (3.3.42)

Proof. One reasons as in the proof of Lemma 3.3.4. The difference is in estimating the
remainder R; in (3.3.38). Since the generator T' is of order ¢ > 0 one has to apply
Lemma 3.6.7 (instead of Lemma 3.6.8) which provides estimates (3.3.42) instead of the
(3.3.36). O

3.3.3 Proof of Theorem 3.3.1

In this section we give the proof of Theorem 3.3.1 which is based on an iterative

application of Lemmata of the previous section. Recalling (3.3.1) we set
Go:=F=w-0, +iA, +iV .
The operator Gy above has the form (3.3.12) with
O=0,, W=0, R=0, A(p)=V(p), ¢ =9. (3.3.43)

Since V' is C*°, r > d/2 can be chosen arbitrary large. We will chose it later in function
of the order 0, of the final regularity ro and the smoothness p, prescribed by (3.3.7).

Lemma 3.3.2 provides p;(S) such that if p > p;(S) in (3.3.3) then (3.3.13) holds for any
s € [so,S]. By applying Lemma 3.3.2 to Gy we obtain a symplectic map ®g, such that
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(see (3.3.14))

Go = Bg, 0 Gpo®5 = w- 9, +1A, +1(V(p)) + 14y + R0, (3:3.44)
A € A}’_Ol,r_l ; Ry € Rz:?—l , N

with p > 0 arbitrary to be chosen later and where (V(¢)) is defined as in (3.3.11). We
apply Lemma 3.3.5 to the operator given by (3.3.44) with p; ~» po of Theorem 3.3.1 and
r1 > d/2 (to be chosen later) provided that p and r are sufficiently large (p > po + dr; + 1
and r > max(r; + d/2,27 + 2 + d/2)). Hence we obtain a symplectic map ®7, such that

Gl = (I)To o éo o (I);Ol = (I)To o @50 © GO © (I)Eol © (I);Ol
=w- 0, + 1A, +iW) +1iA; + iRy

with Wy = [ra(V(p))dp, A1 € A;;;?Om, Ry € R} and estimates (3.3.41) (3.3.42)
are satisfied for all s € [sg, S| provided p > ps(p1,S) depending on p; and S (and still
increasing in .S).
We notice that W, is independent of ¢ and of the parameters w € O,.

Now we want to iterate this procedure.

Let us first consider the case® 0 < § < 1/2. Then 2§ — 1 < 0 and hence, form now on,
we will apply iteratively Lemmata 3.3.2 and 3.3.4 (instead of Lemma 3.3.5).

We introduce the following parameters : for n > 1 we set
op=(n=+1)0 —n, rn =11 —n(27 + 2), 0n = Q0 © Gp_1 (3.3.45)

where ¢o(-) = ¢1(+,.5) is the composition of the two function s — p(s) given by Lemmata
3.3.2 and 3.3.4 and ¢; = p> o p;. We notice that g, is an increasing function of S.

Then applying Lemmata 3.3.2 and 3.3.4 iteratively, there exist symplectic changes of
variables {®g, }, and {®7, },, such that, setting ®,, := & o g , we have

Gn+1 = (I)n e} Gn e} (I)gl =W - &p -+ lAg + iWn+1 —+ An+1 -+ Rn+1 (3346)

where W, is pseudo-differential operator independent of ¢ of order § commuting with K;
A, is pseudo-differential operator of order 9,; R, is pg—smoothing operator. Moreover,
by estimates (3.3.19), (3.3.20) and (3.3.35), (3.3.36) we get

NZP (W) + NP (Ag) + | Rt < ONGyg, (V) forall s €[50, 5] (3.3.47)

On,Tn,8 POsTn,S —

6. Actually Theorem 3.3.1 will be applied only in this case.
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We perform N = N(py, d) steps of this procedure in order to get oy = d—N(1—7) < —py.
This require to choose r; (and hence ) sufficiently large. More precisely, we want ry > rq,
the prescribed regularity, and thus in view of (3.3.45) ry > N(27+2) + ry. Then recalling
that we need r > max(r; + d/2,27 + 2 + d/2) we have to chose

r>max(N(27 +2) + 1o+ d/2,2T1 + 2+ d/2) == 1.(6, po, T0) -
Moreover the constant p appearing in (3.3.44) should be chosen in such a way
pro+5T1+1 Zpo—FQN(T—{—l)—l—’I"Q

Therefore the operator Gy, defined as in (3.3.46), has the form (3.3.4) with Z := Wy. We
notice that Wy := [1a(V(p))dp € As is independent of w and that Wy — W, € A%O—Ln
which leads to the desired splitting Z = Z; + Zs. The bounds (3.3.6), (3.3.7) follows by
(3.3.47) with ¢ = qn. The estimates (3.3.8), (3.3.9) follows by composition and estimates
(3.3.17), (3.3.18), (3.3.30) and (3.3.31).

The case 1/2 < 6 < 1 requires to apply Lemmata 3.3.2 and 3.3.5 iteratively to
construct A, € As, 5, with 6, = 20,1 — 1 and dy = 9, until 5, became negative. Then we

can apply the second procedure using Lemmata 3.3.2 and 3.3.4 as in the previous case.

3.4 KAM reducibility

In this section we will prove an abstract KAM Theorem for a matrix operator of the

form
Ly = Lo(w; @) :=w - 0, +1(Ay + Zo + Ro(y)) . (3.4.1)
To precise our hypothesis on Ly we define the following constants
b := 6d + 15n + 23, T=d+1, p=>on+3,

d (3.4.2)
v€(0,1), 0<kK<I1, S0 > —12—n’ S>s9+Db.

In this section we assume :

(A1) the matrix Z; is Hermitian, block diagonal, independent of ¢ and Lipschitz in
we O C Oy = Oyy,7) (see (3.3.2)). Furthermore, denoting (u,(g?;)jzl’...,dk the

eigenvalues of the block (ZO)%, we assume that there exists k£ > 0 such that (recall

97



Chapitre 3 — Reducibility of Schridinger equation on a Zoll Manifold with unbounded
potential

that ¢ is defined in (3.2.6))

1) ()| g%\k\, WEO, keEN, j=1,--,d, (3.4.3)
k] lip, 1 —K
|(Zo)illz) < 3k, keN. (3.4.4)

(A2) the operator Ry is in M;? (see Def. 3.2.12) and is Hermitian.
Let us define
=y [Ro] s 3.4.5
€:=7 [[ Oﬂp,so+b' ( M )

We shall prove the following.

Theorem 3.4.1. (Reducibility). Let s € [s9, S — b|. There exist positive constants
€0 = €o(s),C = C(s) such that, if

€< €, (3.4.6)
then there is a set O. C O with
meas(O \ O,) < Cvy (3.4.7)
such that the following holds. For any w € O, there are

(i) (Normal form) a matriz Zs, = Zog+Zse with Zs, € M:9< which is p-independent,
Hermitian and block-diagonal ;

(17) (Conjugacy) a bounded and invertible map Poo = Poo(w, ) : H® — H® such
that for all ¢ € T?, for all w € O,

Loo = Pg0 Loo @) 1= w- 0y +1(Ag + Zso) - (3.4.8)

Moreover we have
[®£ () — 1]79% < Oy [Ro]1C, VYweE O, (3.4.9)
[Z]35 < CLRol) o - (3.4.10)
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3.4.1 The KAM step

The proof of Theorem 3.4.1 is based on an iterative scheme. In this section we show

how to perform one step of the iteration. We consider an operator
L:=w-0,+i(A;+Z+R), (3.4.11)

where Z = Zy+ Z, is Hermitian with Z; satisfying (A1) and Z, € M7:¢ for all s € [so, 5]
and for some O C Oy (see (3.3.2)). The remainder R satisfies (A2), i.e. belongs to M}

for all s € [sg,.S] and is Hermitian.

Control of the small divisors

Let us denote by pyj, K € Nand j = 1,...,d; (see (3.2.3)), the eigenvalues of the
block (A, + Z )m First of all we prove the following.

Lemma 3.4.2. One has

+ [Z,]12:0 (3.4.12)

K,50

|

Sup(@”\u[k] ’lip,O <
keN

Proof. By Corollary A.7 in [FG19] the Lipschitz variation of the eigenvalues of an Her-
mitian matrix is controlled by the Lipschitz variation of the matrix. Then, in view of
hypothesis (A1), we get

1 k 7 k 7 K 1 7
" < N Zo)llE6) + N(ZlIEE < (B + [Zelit™)
and the (3.4.12) follows. O

We define the set O, C O of parameters w for which we have a good control of the
small divisors. We set, for N > 1,

> Gt}
|2 e ey

<N, kKeN, j=1,...,d, (3.4.13)

J=1,.. . (l,k,k’);«é((),k,k)}.

O, =0, (7, N) = {wGO e Ly —

We have the following.
Lemma 3.4.3. Assume that
[Z] 40 < /8 (3.4.14)
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for some 0 <y <@ (see (3.2.6)) then we have
meas((? \ O4 (7, N)) < CyN! (3.4.15)

for some constant C' > 0 depending only on d.

Proof. We write

.,
O\ O, = U U BRiw
1€Z4JII<KN  j=L1,....d
kkeN  J'=l..dy
(z7k7k/)¢(07k7k)

where

> 2y
R‘l],i:,k:’ = {W < O . |w . l + Mk;’] — /Lk/’j/| S ]\WW}
Notice that when [ = 0 and k # £’ then Rl 7w = 0 for all 4, 5. Indeed in such case we
get using (3.4.3), (3.2.6) and (3.4.14)

’:ukJ k']'| > (k + K’ ) - 2[[Z2]]n so+b > 70

_ TS
2 4

> 27.
Let us now consider the case [ # 0. We give the estimate of the measure of a single bad

set R{,f;k, Let us consider the Lipschitz function

fw)=w- -1+ ppj(w) — g j(w) =w- 1+ glw).
Using condition (3.4.14) we have that Lemma 3.4.2 implies that (recall that [ # 0)

lpo
g™ =< 5.

Then Lemma 5.2 in [FG19] implies that meas(Rf:,g:k,) < W for some constant

C' > 0 depending only on d. Finally by (3.2.3) we have that
dkdk’ S <k7 k/>2(n—1

Hence

-

meas ((’) \ (’)+> <C > > Rl
1€Z2,0<|l|[<N j=1,....dx
kkeN  J'=l..dy

i —1
< S 21 _<cn
=¢ Nl eyt = O

1€z ,0<|l|<N
k,k'eN
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since T =d + 1. O]

Resolution of the Homological equation
In this section we solve the following homological equation
~iw- 0,5 + [iS, Ay + Z| + R = DiagR + Q (3.4.16)
where () is some remainder to be determined and

DiagR = ((DiagR){; (1))

1€Zd,k,k'eN’

(DiagR)[;/(1) ;=0 for 1#0. kK €N or 1=0k#K, (3.4.17)
(DiagR){ }( )= A{Z}(O), otherwise .

Lemma 3.4.4. (Homological equation). Let R € M9 for s € [s,5], p in (3.4.2).
For any w € Oy = O4(v,N) (defined in (3.4.13)) there exist Hermitian matrices S, Q
solving equation (3.4.16) and satisfying

N2T+1

[S]79+ <, S [R]}:
. s € [s0, 5], (3.4.18)
+p Fo17:0+ N7 ~,0
[[D SD ]]s7 s #[[R]]p:s )
7,0+ <. [R %29 Nfb’
Q™ <s IRl s €[50, 1. (3.4.19)

[QILSr, <4 IR S,

Proof. For N > 0 we define (recall (3.2.52)) the matrix Iy R as

R¥Iy, 1e€7% kK eN =N,
[k’] [k] ( ) I € ) vy € I /
(HNR)M (1) := k—K| <N, (3.4.20)
0, otherwise
Then we set
Q=01-Ix)R (3.4.21)

By Lemma 3.6.4, and since the regularity in ¢ has been fixed at r = b, one deduces
the estimates (3.4.19). Moreover, recalling (3.4.17), we have that equation (3.4.16) is
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equivalent to
Gk, K, w)SH (1) + (My R (1) = 0 (3.4.22)

for any [ € Z%, k, k' € N with (I, k, k") # (0, k, k) where the operator G(I, k, k’,w) is the
linear operator acting on complex d; X dy-matrices as

k (%]

k/
k/

" (3.4.23)

Gl k, k', w) A = —i[w (A, + Z)[ HA +iA(A, + 2)

k

k
Now, since (A + Z) E is Hermitian, there is a orthogonal dj X di-matrix Uy such that

(K] .
U[:Z] (Ag + Z) o U[k} = D[k] = dlagjzl ..... dy (uk7j> ,
where py, ; are the eigenvalues of the k-th block. By setting
~ kl kl ~ k/ kl
S[[k:}](l) = U@}S[[k}](l)U[k’} ) R{k}](l) = Uﬁ]R{k]](l)Um
equation (3.4.22) reads
—i<w it D@S{ﬁ(l) +iSiy () Dy + (N R (1) = 0. (3.4.24)

For w € O, (see (3.4.13)) the solution of (3.4.24) is given by (recalling the notation
(3.2.50))

_.ﬁk/,j/ l l S N’
SE! : g ( ) ) | | (lv k: k/) 7& (Oa ka k) )
Sp (1) = qw U+ tg — b k—K| <N, (3.4.25)

0, otherwise .

Since R is Hermitian it is easy to check that also S is Hermitian. Using the bound on the

small divisors in (3.4.13) we have that
1Sk (O < v YR (INT (e, )2 (3.4.26)
Then, by denoting by || - ||oc the sup-norm of a dj x dp-matrix, we deduce

! /\k/ /\k/
1Si Dl ey = 155 Dllzzzy < ydrdwlISf (Dlso
(3.4.26),(3.2.3

) y (3.4.27)
< AT IR OINT e, K
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We now estimates the decay norm of the matrix S. We have

o 342D 27 2s (5] 2 1\ 6n+2
[SI: < AN (L™ sup |[Ry (D) (kK
L,h |k—K'|=h
SYENTILAE sup |(DCR) (IR
b Kk (3.4.28)
+ATENT S (LAY sup [|[(RD?) ()] (K!) O 22)
Lh |k—k'|=h
k<K'
<,y *NT[R],

provided that p > 3n + 1 which is true thanks to the choices in (3.4.2). Hence the bound
(3.6.5) in Lemma 3.6.1 implies

[D**SD¥], <, v 'N"*°[R],.. (3.4.29)

To obtain (3.4.18), it remains to estimate the Lipschitz variation of the matrix S. We
reason as in the proof of item (7i7) of Lemma 3.2.6. To simplify the notation, for any
l€Z kK EN, j= dpand j' =1,...,dy, we set

d(w) = 1(w L+ Mk,j(w) — ILL]C/J/(W)) , Yw € O+ . (3430)

By (3.4.25) we have that, for any wy,ws € O

N PN .Rk,]:/(Wf l) - Ekli,(WQ' l)
K, . K, . . k, ) k, 3
S (wil) = Sp i (wasl) = ; d(wy) ]
d(wl) — d( ) k/ ./
) — A2 g, l).
P o) 5
Using the (3.4.12), (3.4.4) we deduce
d —d
dlr) () NIUE Vwi,we € Of, wy # wa.

|W1 - W2|

Therefore, recalling (3.4.13), (3.2.16) and reasoning as in (3.4.26), (3.4.27), we get
k'] lip,O —1ar7 n K i
ISt DIz 27 N7 (kK™ | Ry ()]
+ 772N27+1<k’ k/>5n+3HR{’Z}/](l)HsunO _
Finally, reasoning as in (3.4.28) and using (3.2.55), we deduce

[[S]]lzp O <, ,7—1NT[[R]]“PO —2N27+1 [[R]]s“p O (3431)
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provided that p > 5n+ 3, which is true by (3.4.2). Combining (3.4.28) and (3.4.31) (recall
(3.2.56)) we get the first bound in (3.4.18). The second one follows by (3.6.5) in Lemma
3.6.1. 0
Lemma 3.4.5. There is C(s) > 0 (depending only on s > sg) such that, if

1
Y IC(s)NPTHR]YS < 5 (3.4.32)

then the map ® = ¥ = 1d + W, with S given by Lemma 3.4.4, satisfies
0 —1 pr27+1 0
[W]79+ <, v N [R];C. (3.4.33)

Proof. By (3.4.18) and (3.4.32) we have that

C(s)[S]2C+ < 1/2, (3.4.34)
which implies the (3.6.6). Hence the (3.4.33) follows by Lemma 3.6.3. O

The new remainder

In this subsection we study the conjugate of the operator L under the map ® given

by Lemma 3.4.5. We first define the new normal form Z, as
Z, := 7 + DiagR. (3.4.35)
We have the following.

Lemma 3.4.6. (New normal form). We have that Z, in (3.4.35) is p-independent,

Hermitian and block-diagonal, and satisfies

(2, — 2132 <. [RL;S . (3.4.36)

PsS

Proof. Tt follows by construction. m

Lemma 3.4.7. (The new remainder). Assume that the smallness condition (3.4.32)

holds true. Then one has
Ly=®0Lo® ' :=w- -9, +i(A, + Z, + Ry) (3.4.37)

where Zy is the normal form given by (3.4.35) and the new remainder R, is Hermitian

and satisfies for all s € [sg, S — b]
[R 79+ <o N[RIpS + 4 ' NP R O[R]LS (3.4.38)

P>S0 pys
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[R5 <o [RI e + 7 N> RIS IR] s (3.4.39)

P50

Proof. Using the Lie expansions (3.2.47) and (3.2.48) we get
Li=®oLod ' =w-0,+i(A;+ Z)+iR+i[iS, Ay + Z] — iw - 9,5

1P :p—1
+iY ;‘adg(R) +iy 1p'ad5([iS, Ay + 2] —w-9,5).

p=>1 47 p=>2

Hence, equations (3.4.16), (3.4.35) lead to the following formula :
Ry =Q+ R,

with @ := (1 — IIy)R satistying (3.4.19) and

- jp—1

p>2 P p>1 P

Thus, in order to prove (3.4.38) we need to estimate R,. Consider (for instance) the

composition operator SR. In order to control the [[-]]z:f+—norm we shall bound the decay

norm of D?SR. The estimates for for SRD?” is the same. We have that

58)

(3.2.
[D?SR]7O+ = [D?SD*D’R]}O+ <, [D*SD’]1°+[D’R].°

—pT7,0 ,0
+ [DPSD?] 10+ [DP R} (3.4.41)
(34.18) —1 ar27+p+1 5,0 ~,0

Ss 7 N [[Rl]p:s [[R]]p:so'

The commutator [S, R] satisfies the same bound as (3.4.41). Therefore, by (3.4.41), (3.4.19),
formula (3.4.40), the smallness assumption (3.4.32), and reasoning as in the proof of

Lemma 3.6.3 we get the (3.4.38) and (3.4.39). O

3.4.2 TIteration and Convergence
In this section we introduce a new constant

a:=b—2=6d+15n+18. (3.4.42)

For Ny > 1 we define the sequence (N,),>o by

N, = N¥

v>0

Y
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with x := 3/2 and we set N_; = 1. The proof of Theorem 3.4.1 is based on the following

iterative lemma.

Proposition 3.4.8. (Iteration). Let s € [sg, S — b]. There exist C(s) > 0 and Ny =
No(s) > 1 such that, if (recall (3.4.5))

C(s)NGTH TPt < = (3.4.43)

DN | —

then we may construct recursively sets O, C Oy and operators, defined for w € O,,
L,=L,(w)=w-0,+i(A;+Z,+R,), (3.4.44)

so that the following properties are satisfied for all v € N :

(S1), There is a Lipschitz family of symplectic maps ®,(¢) = @, (p,w) :=Id+ ¥, () €
L(H?®, H®) defined on O, such that, for v > 1,

L, =®,L, 9", (3.4.45)
and, for s € [sg, S — D],

(@179 < v Rl NN, % (3.4.46)

(S2), The operator Z, = Zy + Z, 5 where Z, 5 is @-independent, block-diagonal and Her-

mitian. Moreover it satisfies
2, — 2,2 < [Raly %N, % (3.4.47)
Moreover there is a sequence of Lipschitz function
(v) . di,

)

such that, for w € O,, the functions . ;, for j = 1,...,dy, are the eigenvalues of the

k,j’
block
k
(A+ 2,
satisfying
) i 1 v—1
sup(k)“\,u[;;] |liP:Oo < 1 +ey 277, (3.4.48)
keN j=1

where € is defined in (3.4.5).
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(S3), The remainder R, is Hermitian and satisfies, for any s € [sg, S — b],
[RILS < [RolpiteN2 s RIS < [RolpSie N (3.4.49)
(S4), One has O, C O,_1 C Oy (see (3.3.2)) and

meas (O,,H \ (’)l,> <AN;? and meas((’)o \ (’),,H) < 2. (3.4.50)

Proof. We proceed by induction. We first verify the inductive step. So we assume that
conditions (Si);, ¢ = 1,2,3,4, hold for 1 < j < v. We shall prove that they holds for
v~v+1.

We define the set O, as in (3.4.13) with O ~» O,, N ~» N,, iy j ~» ,uk, . Using the
(3.4.47) for s ~» sp, we have that

O;
(289779 < Zo2Z£ﬁ°+b+Z j2 = Zi-12]psgis

(3.4.47),(3.4.5)  v—1 (3.4.51)

< ey 277

=0
for Ny > 1 large enough. Hence condition (3.4.14) is satisfied for € small enough, i.e.again
Ny large enough (recall (3.4.43)). Therefore Lemma 3.4.3 implies that (3.4.50) holds for
the set 0,1 which is the (S4),..
We define the new normal form 7, as (recall (3.4.35))

ZI/+1 =Z, + Dlag(Ru) :

Lemma 3.4.6, applied with R ~~ R,, together with the estimates (3.4.49), implies the
estimate (3.4.47). Let & ,u (1) he the eigenvalues of the block (A—l—Z,,H)[ % which are defined
on the set O, 1. The bound (3.4.48) follows by Lemma 3.4.2 and (3.4.51). Moreover, by
Kirtzbraun Theorem, there is an extension u k] U of u[k]H) to the whole set Oy with the
same Lipschitz norm. This prove the (S2),..

Then we want to construct a map ®,,1; = Id+ V¥, ;. First by the inductive hypothesis
(3.4.49) we deduce that (with C(s) given in Lemma 3.4.5)

— - _ - _a (3.4.5),(3.4.42) ori1 1
Cl NP RLS < Cloy ' NIINA R < Cls)eN 3% < o

0,50 -2

(3.4.52)
for € small enough and since 27 + 1 — 2a < 0. Hence the smallness condition (3.4.32)
holds true. We then apply Lemmata 3.4.4 and 3.4.5 with R ~» R, and O, ~» O,,; and

construct a map ¢, =1d+ V¥, ;.
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Furthermore using (3.4.33), (3.4.49) at rank v, N,y = N2/* and 27 + 1 — 2a < —1, we
obtain the estimate (3.4.46) at rank v + 1. This proves the (S1),1.

We finally set
Ll/+1 = ®V+1 O L (] ¢V+1 w - 0¢ —|_ I(Ag + ZV+1 + RV+1> (3453)

where the remainder R, is given by Lemma 3.4.7. We have

(3.4.38)
[Ro 20+ <, N P[RS04 ' NZTHPH RO R, [0

2 0,50 2
(3449

P50

[Rol}s% (N oL RO NS 1"‘1) (3.4.54)
pyS v
< N;aﬂROHZ:?fb
for Ny large enough where we used that 7—1[[]%0]];:5000 < 1 (thanks to (3.4.6)) and
1
b2a+27 2T+p+1—§a§—1

The latter condition is implied by the choice of a in (3.4.42) recalling the (3.4.2). The
(3.4.54) is the first estimate in (3.4.49) at step v + 1. We now give the estimate in “high”

norm. We have

(3 43
701/ 1 Oy — T Ou
HRV-"-l]]Z,s—&—‘;_ HR ]]Zs—&-b 1Nu2 +p+1[[ ]]p S0 [[ ]]Zs-i—b
(3449) o 27+p+1 1 (3.4.55
RNy (1 + 77 [Ral o N2 N5 455)

Ss NV[[RO]]Z:?JSb
for Ny large enough depending on s and thanks to fact that 37 4 %p + % —a < 0. This is

the (Sg)y+1.

Now we have to verify the initial step : v = 1. (S2); and (S4); are proved exactly
in the way as in the inductive step. Now to proceed we have to construct ®; but now
(3.4.52) becomes

(3.4.5) 1
C(s)y "N [Ro]yse < C(s)eNg™ < 3

P50

(3.4.56)

which is less than 3 for e and Ny satisfying (3.4.43).

Furthermore using (3.4.33) we obtain
[0,]79 < C(s)y "N [Rol 12 < v NG [Ro] 22
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for Ny large enough. This proves the (S1),41.

Then we set
Ll = @1 o LO (¢] @1_1 =W - 84)0 + 1<Ag + Zl + Rl) (3457)

where the remainder R; is given by Lemma 3.4.7. We have

(3.4.38) i
[RZS < No[RolpS + 7 N Rl [Rol 7

(3.4.49)

<s [[Ro]]z,’gfb<N0_b+l+eNgT+p+l> (3.4.58)

< No *TRl%
for Ny large enough where we used (3.4.43) and b > a+2. The (3.4.58) is the first estimate
in (3.4.49) at step 1, the other is proved similarly.

]

Proof of Theorem 3.4.1. Consider the operator Ly in (3.4.1). The smallness condition
(3.4.6) implies the (3.4.43), hence Proposition 3.4.8 applies. We define the set

OE = OOO = ﬁyzooy . (3459)

By the measure estimate (3.4.50) we deduce (3.4.7). For any w € Oy, v > 0, we define
(see (3.4.45), (3.4.46)) the map

(A}El,_i_l = (I)l o (I)Q O .- (I)V—i-l = Ef)zx®l/+1 = &)V(Id —+ \I/V+1) . (3460)

We want to prove that (&)y),,zl converges in M?9<. Let us define

00 = [®,]7°. (3.4.61)
We have
(3.2.58) (3.4.46),(3.4.5)
SUHD <M1+ O, ]3%) < dW(1+ CeN, ). (3.4.62)

By iterating the (3.4.62) we get, for any v,
[@,]29 < (1+ [T1]20) s (1 4 CeN, 1) < 2 (3.4.63)

S0

where we used the (3.4.46) to estimate [¥;]7:9= and we take Nj large enough.
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The high norm of CTD,,H is estimated by

(3.2.58) z
5(y+1) < 5(1/) 14+ CO(s \Ijl/ 7,000 +C(s qjy 7,000 QDV 7,000
{ < 0 A+ C)Tun]iT™) + O Vun 37 (2005 (3.4.64)

(3.4.46),(3.4.63)
< (1 +C(s)eN Y + ¢,

where
e = Cls)7 RN,
By iterating (3.4.64), using II;50(1 + C(s)eN, ') < 2 for Ny large enough, we obtain
[@,]79% < [@1]79% + 2> &5 < 1+ Cs)v ' [Ro] 3% - (3.4.65)
Jj=1

Then we have

- - - (3.2.58) - -
[@041=@, ]2 = [2,0, )79 <o [@ITO[W0aa] 37 + [@]50 [P0 7O

S0 s

(3.4.63),(3.4.65),(3.4.46)
< (1 4+~ [Ro]1%)eN,  + 4 [Ro] %N,

< VRN N
(3.4.66)

Now fix s € [sg, S — b|, since by hypothesis (A2), Ry € Mngrb, we deduce from
the last estimate that (U)o is a Cauchy sequence in M7~ Hence ®,—®,, € MO,
Furthermore by (3.4.66) one deduces the (3.4.9). The estimate on @' —1Id follows by using
Neumann series and reasoning as in the proof of Lemma 3.6.3. By (3.4.47) we deduce that

Z,2 is a Cauchy sequence in M'Zf“. Hence we set
Zoo = Z() + Zoo,? = Z() + Vlggo ZV’Q s (3467)

The (3.4.10) follows again by (3.4.47). We also notice that (3.4.49) implies that R, — 0
in M9~ Now by applying iteratively the (3.4.45) we have that L, = ®, 0 Lyo &'
Hence, passing to the limit, we get L, —, 00 Lo Of the form (3.4.8) with Z,, given by
(3.4.67). O

3.5 Proof of Theorem 3.1.1

In this short section we merge the two previous sections to prove the reducibility of
the Schrédinger equation (3.1.1) : Theorem 3.1.1.
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We recall that equation (3.1.1) has the form
Ou = —i(A, + W (wt))u

where ¢ — W(p) isa C* map from T to As, § < 1/2, and thus W € Aj,. for any r > d/2.
Its reducibility rely on the reducibility of the operator F in (3.3.1) with V(¢) = eW ().
Rouglhy speaking we want to apply Theorem 3.3.1 to regularize F in such a way operator
F is transformed into the operator Fy in (3.3.4). Then we apply Lemma 3.2.14 to control
the remainder R in (3.3.4) in s-decay norm. This allows, for € small enough, to apply the
reducibility Theorem 3.4.1 and to conclude.

To justify all these steps we have to carefully follow the parameters and the smallness
conditions. First we fix & € (0,1) and v =&, § < 1, s > n/2 and W belonging to all the
As, with 7 > d/2 . Then we fix p, b, 7 as in (3.4.2), we set k = 26 — 1 and we fix s > n/2
and S such that s and s+ b belong to [sg, S| and S > p(d,0) (see (3.2.21)). Finally we set

1
p0:S+p+§, 7“0:5.

With these values of pg, rg, Theorem 3.3.1 provide us with e, = €,(5,n,d,d), r. =
r.(S,n,d,d) and p = p(S,n,d,d) such that if » > r, and

Y N p(eW) < £4(n, d, 8) (3.5.1)

then we can apply Theorem 3.3.1 to F with V = ¢W. Since W belongs to A;, for any
r>d/2, (3.5.1) is satisfied for € small enough. So there exists ®(p) € L(H®, H*) such
that (see (3.3.4))

PFO'=F, =w -9, +i1(A,+Z+R).

Further we knows that R € R>° and

0,70

IR < ONGpp(eW). (3.5.2)

£0,70,S —

Now we apply Lemma 3.2.14 to conclude that R € MZ:?O and

[R]7:§° < CNG,p(eW). (3.5.3)

We notice that the operator F, has the same form of the operator L in (3.4.1) with
Zy =2, Ry = R and O = Oy (see (3.3.2)). The remainder R, satisfies the assumption

(A2) by the discussion above. Notice also that, in view of (3.5.3), the constant e given
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by (3.4.5) satisfies
€ < N, p(W)e! ™ (3.5.4)

and thus the smallness condition (3.4.6) is satisfied provided that ¢ is small enough. We
now prove that Z, satisfies assumption (A1) with x := 2§ — 1. First we note that, since
d < 1/2 then k < 0. Moreover, by Theorem 3.3.1, we have that Z, := Z = Z; + Z, with
7y € As independent of w € Op, and Z; € Ay~ OO . Estimate (3.3.6) implies that for all
s € [so, 5]

Niss(Z) < CNspp(eW) < ONGpp(W)e' 2
Since S > p(6,0) we deduce by (3.2.21) that

C
12| c(z2,m-5) < CNs,p,(W)et™® < 50

for € small enough which in turn implies that

0 Co
) @)l < IR

and thus (3.4.3) holds true. Furthermore since Z; does not depend on w, we have

k) lip,©O k] lip,©O
1(Zo) i l1E02) = 1(Zo) Il

and thus (3.3.6) implies also (3.4.4) for € small enough.
Hence all the hypothesis of Theorem 3.4.1 are satisfied for Ly = F, and this theorem
provides a set of frequencies O, such that, for w € O,, there is a map P, satisfying, (see

estimates (3.4.9), (3.5.4))
[0L(p) — 1d] 79> <g Ns,p(W)el™™ Yw e O, (3.5.5)

p,8

for any (d +n)/2 < § < S — b, such that Ly = F, transforms into L., in (3.4.8). By
(3.4.7) we have

meas(Op \ O,) < Cv,

for some constant C' > 0 depending on s. It is also know that (recall (3.3.2)) meas([1/2, 3/2]%\
Oo) < Cv. Therefore, recalling that we set v = ¢* we have that the (3.1.2) holds. Moreo-
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ver, by Lemma 3.6.2 and (3.5.5) we have

sup | % (0) — Id|| cearems) S Noyp(W)e ™ (3.5.6)

peT

For w € O, we set
U(wt) := Poo(wit) o P(wt).

By construction the function v := W(wt)u satisfies the equation (3.1.5) with eZ ~» Z in
(3.4.8). Moreover, by (3.3.8), (3.3.9), (3.5.6) and (3.5.2), we have

sup [0 () — Id|| (ars grs-oy < v 'Cie
peTd

+1 1 (3.5.7)
sup Y= ()|l zeas,msy <1+ Cse,
peTd

for some C > 0. This concludes the proof.
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3.6 Appendix : Technical lemmata

3.6.1 Proof of Lemma 3.2.6

Proof of Lemma 3.2.6. The bounds (3.2.37), (3.2.38) and (3.2.42) can be deduced by
using the properties of the semi-norm in (3.2.21)-(3.2.24) and the definition in (3.2.31).
We give the proof the bound (3.2.41) of item (zii). The bound (3.2.39) is similar. We have
that
1
B(w) = (w-0,)"Aw) = > ——e"PA(w;l). (3.6.1)

otleza W
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Thus

9 (3.2.31) 1

(N aotle- ) 2 3 L

0#£lez

(P ONPANG, L (AD) (3.6.2)

(2T ONG, (A1)

(3.2.40) 1
< =
7" 1ezav{o}
C’ . C 2
- Z 0N ())Zfz(Nm,r,p(A)).
v s 7y

To estimate lep@ (B) (see (3.2.16)) we reason as follow. We first note that

(20+1),p

B(wi) = B(ws) =

0#£lezd

— ¢l (A(wl; ) — A(ws; l)>

iwl -1
n Z (Cdl UJQ) l ilwA(WQ'l)
O;HEZd (wl l)((x)g l) 7

Moreover, by using (3.2.40) and that O is compact, we have

(w1 —ws) -1 L oatt
—— 2 | < C=|lP* M wy — wol.
1((,01 l)(WQ l) 2| | |w1 w?l

Therefore reasoning as in (3.6.2) we get

Nonr—@at1)p(B(w1) — B(ws)) l/\/hpo( A)+ /\/suw( ). (3.6.3)
|C<.11 _(.UQ‘ -

m,r,p m,r,p

Q

Combining (3.6.2), (3.6.3) and recalling (3.2.17), (3.6.1) we obtained
N3 ol B) S TNGES ) + 7 (NS + 5Nz )
(Nri“ff( )+ AN (4))

which is bound (3.2.41). O

3.6.2 Properties of the s-decay norm

In this appendix sq is some fixed number satisfying so > (d + n)/2.
Lemma 3.6.1. Let a > 0. Then (recall (3.2.61), (3.2.55))
[D*e AD™;© <, [AIZS,, (36.4)
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[D**(TIy A)DF)7° <, N*[A]7°. (3.6.5)

Proof. The bounds (3.6.4), (3.6.5) follow by reasoning as in the proof of Lemma A.1 in
[FG19] and using the (3.2.59). O

Lemma 3.6.2. Let A be a matriz as in (3.2.52) with finite [-]s-norm (see (3.2.55)). Then
(recall (3.2.54)) one has

1A | e, i) <s 1AW@)]s <o [Alsssa, Vo € T
Proof. See Lemma 2.4 in [BBM14]. O

Lemma 3.6.3. Assume that
C(s)[A]L° < 1/2 (3.6.6)

for some large C(s) > 0 depending on s > so. Then the map ® :=1d + U defined as

d:=eti=) — o (1A) (3.6.7)
p>0
satisfies
[]2© <, [A]7°. (3.6.8)

Proof. For any n > 1, using (3.2.58), we have, for some C(s) > 0,

[A"]s, < [Cso)]" AL

[A"]s < n[C(s)[Also]" " C()[A]s, Vs> s0.
The same holds also for the norm [-]2©. Hence
[V < [AI° Z [R5y
p>1

for some (large) C(s) > 0. By the smallness condition (3.6.6) one deduces the bounds
(3.6.8). O

Lemma 3.6.4. Let o, 5 € R. Then

[AMI3 s 0 <o TATL S s IMTY e sy + TATZ G i IMT3 S (3.6.9)

[(1d — IN)M]ES < N [M]FS,, s>0. (3.6.10)
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Moreover, if o < <0 then

[AMIYS <, [AOIMIES, + [AIRS TMTG - (3.6.11)

a,S0

Proof. To prove (3.6.9) one reasons as in Lemma A.3 in [FG19]. The (3.6.11) and (3.6.10)
follow by Lemma 3.6.1. O]

Lemma 3.6.5. One has

IDP Ahll,, <s [Alsllhlle,, + [AlgsollBlle. » (3.6.12)
for any h € £ (see (3.2.15)) and € R.
Proof. One reasons as in Lemma A.4 in [FG19]. O

3.6.3 Flows of pseudo differential operators

Lemma 3.6.6. Firm <0,0<§<1,r>d/2 and p > 0 and consider S; € AZ,;L? and
Sy € .Agf (see Definition 3.2.3). Assume also that

[SQ, Ko] = O, <Sgh, U> = <h, S2’0> (3613)
where (-,-) is the standard L* scalar product. Let us define
PT = PT(p) 1= ™ D] = DY (p) := 72, (3.6.14)

For any s > 0 there are €y, C,p > 0 such that, for any 0 < & < g9, if

NYOL(S1) + NG (Ss) <, (3.6.15)
then the following holds true :
(1) the map DT satisfies
Su% ||(I>I(90) - IdHZ’(O s;Hs—m) < CN%:(TQ,IJ(Sl) , (3616)
pe
sup 1L (ks ey < CNGH(S1), 0< k<, (3.6.17)
o€

for any T € [0,1];
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(17) the map ®F satisfies

sup (|95 ()l cae ey < (14 CNGO(Ss)) (3.6.18)
peTd
sup 1(@3(2) = 1) cars, -0y < CNFO(Sa) (3.6.19)
peTd
sup (D5 ®3) ()| £rrs s ko) < CNGHO(So), 1<k <, (3.6.20)
pe

for any 7 € [0,1] and any w € O. Moreover the following bounds on the Lipschitz norm
hold true :

Su%) H(DT( )”’Y L(HS HS— 1) S (1 + C'A/:Srp( ))7 (3621)
peTd
sup [[(23(¢) — 1) | 3G i1y < CNGH(Sa) (3.6.22)
peTd
sup 1(OEPD) (O E e gromssmry < CNGO(S2), 1<k <, (3.6.23)
pe

for any T € [0,1].

Proof. We shall prove the result for the map ®]. The estimates on ®] can be obtained in
the same way. Notice that the operator @7 solves the problem

{a@;(@) = 19(0) 23 () (3.6.24)

() = Id.

The existence of the flow ®7 in L(H?®, H®) can be obtained following the line of chapter 5
in [Tay91]. Then using (3.6.24) and the assumption (3.6.13) one can check that

0| @Al =0 = [0

us < ||h]

Hs
for any 7 € [0,1], h € H® and ¢ € T? This is the (3.6.18). Let us now define
I (p) = ®(p) — Id.
It solve the problem
0:I7(0) = iS:()I7 () +1Sa(),  I(p) =0.
By Duhamel formula have

/CIDT 57 ()iSa(p)hdo .
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Therefore the bound (3.6.19) follows by (3.6.18) and the estimates on S,. Similarly the
operator (0,P7)(p) satisfies

{@(%@5)(@ = 19:(12) (9,95 () +1(0,5) (9) D5 (1), (3.6.25)
(9,99)(¢2) = 0.

We have that

sup [|(9,.52) () @5 (0)h| NG (S2)

p€eT

me-s S A

by (3.6.18) and the fact that r» > d/2. Hence, using Duhamel formula and the (3.6.18),
we deduce the (3.6.20) for & = 1. The (3.6.20) for £ > 1 can be obtained in the same
way by differentiating (3.6.25). The Lipschitz bounds (3.6.21)-(3.6.23) follows reasoning
as in the estimates of 0,93 (¢). The bounds (3.6.16), (3.6.17) can be deduced reasoning as
done above and using the fact that the generator iSi(p) is a bounded pseudodifferential

operator. O

Lemma 3.6.7. Letry > 0 andr >r+d/2,5 >0, p1 >0, p:= p1+0r;+1 and consider
R e RS (see Definition 3.2.4). Consider also the map ®5(p) := @5 (@)r=1, where D3()
is given in Lemma 3.6.6. Then Gs(p) := ®2(@)R(0)P5" () belongs to RYS. . Moreover

for any s > 0 there exist p and C' such that

0
G229, s S |RVE(1 4+ CNGo(Sa))- (3.6.26)
Proof. We need to prove that the map ¢ + ['(p) is in H™(T% L(H®; H*"1)). We note
that

(Golprrs S D sup [[(05G2) (@)l (s aeton) (3.6.27)

k=0 p€T?

Y sw @ )(@)OF R))O 2 ) e
k=0 k1 +kotks=k PETE

ki>

We estimate separately each summand in (3.6.27). First of all notice that, by the definition
of the norm in (3.2.33) and the fact that » > r; + d/2, one has

sup ||822(R(¢))||E(H5;H5+/’) S |R|p,r,s . (3628)

peTd

Hence the summand in (3.6.27) with k; = k3 = 0 is trivially bounded by the right hand
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side in (3.6.26). If at least one between ky, ks is different from zero we have, for any h € H?,

1007 @2)(0) (022 R) () (0 @3 ) (0) | =

(3.6.20)
S NGS5 R) (@) (0 @3 (@)l oo sas
(3.6.28)
~ o,m,p 2 7,8 Lp’ 2_ (p Hstritkid—p
S NG(S2) Rl s [[ (0505 ()]
(3.6.15)
S NG So) [ Rl Vel aeor sy kros -

Notice that +p; + (k1 + k3)d — p < 0 since k; + k3 < r; and that the estimate above is
uniform in ¢ € T?. Hence, together with the (3.6.27), it implies the (3.6.26) for the norm
| - |p1.r1,s- The Lipschitz bounds are obtained similarly taking into account the extra loss

of derivatives appearing in the estimates (3.6.21)-(3.6.23). O
Similarly we prove in the bounded case :

Lemma 3.6.8. Let vy > 0 and r > 1 +d/2, p > 0 and consider R € Rgf. Consider
also the map ®1(p) == P7(¢)r=1, where () is given in Lemma 3.6.6. Then G1(p) =
D1 () R(p) D7 () belongs to RYC. Moreover for any s > 0 there exist p and C' such that

GA7C , < CIRIIO(1+ NS (9)) . (3.6.29)

PT1,8 pPsT»S

Data Availability. The data that supports the findings of this study are available within

the article.
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Birkhoff normal form for abcd Boussinesq
system on the circle

4.1 Introduction
We consider the abed-Boussinesq system

(4.1.1)

(1 = 004z )0 + O (a0ppu + u + un) =0 (t,z) e Rx T
(1 = d0ye)Opu + Oy (cOpam + 1 + 2u?) =0

Where 7, u are real functions with zero momentum

/Tn(t,x) dr = /Tu(t,x) dz = 0.

Here the independent variable x corresponds to distance along the channel and ¢ is pro-
portional to elapsed time. The quantity n = n(z,t) corresponds to the depth of the water
at the point x and time ¢. The variable u(x,t) is proportional to the horizontal velocity
at the height 6h, where 6 is a fixed constant in the interval [0, 1] and A is the undisturbed
water depth.

We are interested in the long time behavior of small amplitude solution of (4.1.1). In
this paper, we would like to prove a Birkhoff normal form result for (4.1.1). The idea comes
from Theorem 2.13 of [BGO6] (see also [Bam03], [BDGS07],[Gre07], [Bam08§], [Dell2]),
where the authors prove a Birkhoff normal form result for Hamiltonian with nonlinearity
satisfying a tame modulus condition and nonresonant frequencies. In [BG06], the authors
applied that result to many partial differential equations : NLW equations, NLS equations
in one dimension and higher dimension, coupled NLS in one dimension. In this paper, we
state a similar result for Boussinesq systerm.

As in general, the proof of a Birkhoff normal form result is obtained by constructing a

sequence of canonical transformations to eliminate the non-normalized part of the nonli-
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nearity step by step. This procedure relates to solving homological equations in each step.

The idea in [BGO6] is to use a so-called tame inequality
luvlls < C(l[ullsl[olly + fvllsllel) (4.1.2)
and that if u € H* depends only on high modes u = 37> n uRe?™ then

[[u]]s
Ns—1 :

This term is small when N large enough. Then in the Birkhoff procedure, the nonlinearity,

Jully <

(4.1.3)

which satisfies the tame properties and has many high modes in expansion, is small and
controllable. The study of frequency plays an important role in order to eliminate the
remainder part of non-integrable resonant terms. However, contrary [BGO6], where exter-
nal potentials were used to verify the nonresonant condition, we obtain the nonresonant

condition by studying frequencies as functions of parameters a, b, ¢, d.

Our main contribution in this work is to verify that the nonlinearity in Boussinesq
system satisfies a tame property and that the frequencies satisfy a nonresonant condi-
tion(section 4) then we prove our Birkhoff normal form result(section 5). In section 2,
we state our main theorem and explain the scheme of our proof. In section 3, we recall
notations of tame property and nonresonant condition, which was introduced in [BGO06].

We give the proof of local well-posedness in Appendix B.

The system (4.1.1) was originally derived by Bona, Chen and Saut [BCS02],[BCS04]
in the vein of the Boussinesq original derivation [Bou72]. The equation is derived to study
the two dimensional, incompressible and irrotational water wave in the shallow water
regime. The abed Boussinesq equation and its extensions have been studied extensively in
the literature (see [SLO8], [BCLO5], [BLS08], [LPS12], [SX12], [SX17], [LY97]). Here, the
parameters a, b, ¢, d satisfy the consistency conditions (see [BCS02], [BCS04])

1
atbtetd=. (4.1.4)

To consider all possible value of the parameters (a, b, ¢, d) present in the equation is too
complicated, here we concentrate our study to the "Hamiltonian generic" case namely the

case where
b=d>0, a,c < 0.
In a next paper, we would like to study the Boussinesq equation in the KAV-KdV regime
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(b =d = 0). It is worth saying that to prove a Birkhoff normal form result for this case
is much more complicated since in this case the nonlinearity is unbounded and its tame
property is failed. However, a recent paper [BG20] gives tools to deal with this problem.

Acknowledgement : 1 wish to thank Professor Benoit Grébert for motivating me to
publish this paper with numerous suggestions and discussions. The author is partially sup-
ported by the grant BeKAM ANR-15-CE40-0001-02, and by the Centre Henri Lebesgue,
ANR-11-LABX-0020-01.

4.2 Statement of the main theorem

We expand the solution in Fourier variables
U(.T) — Z uke2i7rkac7 77('1:) — Z ,r]ke2i7rka: (421)
keZ* =
note that @ = u_g, 7, = 1 since u and 7 are real, then (4.1.1) reads
keZ (4.2.2)

2k

Opmy, = _ﬁ%((l — Ar*ak®)uy + > ji—k UM
Opuy, = — e (1 — 4w ck®)my, + 5 X5, wjur)

Simplify, we denote

2rk
Dk = m, W = \/(1 — 4G7T2k2)<1 — 4071'2]{?2)
Qk = Dkwk.

Before we state our result, we need to put the system (4.2.2) into a more convenient

form by using a linear symplectic change of variables

1 B 1 _
Yy = E(akuk +a '), ok = ﬁ(akukz — o)

1—4an2k?
1—4cm2k?

1
where oy, = ( )4 = a_g. Then the system can be written as

o, = —1iDyVy  H
O =1DyVy H

keZr, (4.2.3)

where H is the Hamiltonian

H=Hy+ P
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with

Hy =) wi(Vet—k + drd—)

keNx
_ b Lo (s 4 b, _
P= 5 o o tart s+ o)t 60w = v

Through all the paper, we identify the couple function (1, ¢) with its series of Fourier
coefficients (¢, ¢) = (U, Or ) ez We also define the Sobolev space (s > 0)

H* = {z = (¢, ¢) = (U, On)rez- € C(T) x E(T) | [[2ll2 = D [k[**(Ionl” + [¢x]*) < oo}

kezZ*
(4.2.4)

Denote by Ni, = (¢, ¢x)|? = |dx|>+ [tk |* the actions of the flow (1, ¢)(t). We also denote
Iy = |én|?, Ji = |r]? then Ny = I + Jp = o?|ug|? + a~2|ni|?. Denote by B,(R) the open

ball centered at the origin of radius R in P;.

Poisson bracket In the phase space H®, we define the Poisson bracket

{P,Q} = > Dpdy, Py ,Q — > D0y, POy_,Q

kezZ* kez*
= Z Dk(a¢kpaw—kc2 - a¢—kpa¢kQ) - Z Dk(a¢kpa¢—kQ - a¢—kpa¢kQ)’
keN* keN*

so that the equation (4.2.3) reads

iaﬂﬁk :{wkaH}
iy = {dn, H}

ke Z". (4.2.5)

Frequencies Let us write 0, = Hig%\/psz—ekQ +1 where p = 167ac, e =
—47?(a + ¢). Here we assume that b = d > 0, and we consider two different cases :

the "generic" case b =d > 0, a,c < 0 and the Kdv-Kdv case b =d =0, a,c > 0.

In the generic case, since a + ¢+ 2b = g, we have b = ¢ — (a+¢)/2 > ¢ and

1 1
0 <p=167"ac < 167*(b — 6)2 e = —4n*(a + c) = 47%(2b — §) > 0.

We denote Ty, := (0, pg = 167*(b — ¢)?). In the Kdv-Kdv case, in order for frequencies to

1

be real, we assume a,c > ﬁ. Since a + ¢ = 3, we have

4 4
§7T2—1<p§§7r4.
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Denote Zy = (372 — 1, 7.

For any r > 3, we define

7 1
Q= (§r3 + 12+ 7)) No(r,o,p) = [ za]; s.(r,a) = 2ar® + 2.

Then our main result is stated as follow

Theorem 4.2.1. Letr > 1,0 < u < 1. Then for any s > s.,a > «, there exists a subset
I C Iy, and a constant C' = C(r,s,b) such that

1T — T < C|Ty|u"+ (4.2.6)

and for any p € I", for |t| < pw="+3/2, there exists a transformation T : By(j1/3) — Bs(p)
satisfying

HoT =Hy+Z+R. (4.2.7)
here Z is a polynomial of degree at most r + 2 that commutes with the actions Ny, i.e.,
{Z,Nx} =0 Vk e Z* (4.2.8)
and R € C*(Bg(n)) fulfills the estimate

sup || Xglls < Cpte. (4.2.9)
(. @)lls<p/3

The canonical transformations and its inverse are close to identity

sup ”(¢a 77Z)) - T(gbv ¢)||S < CSMQ sup ||(¢7 ¢) - T_1(¢7 ¢)||s < Os/'LQ'
(@, )lls<n/3 (& ¥)lls<p/3

(4.2.10)

Corollary 4.2.2. Fiz r > 1, assume €2 is nonresonant, then for any s sufficiently large,
there exist o and c such that if the initial data is in Bs(p), p < uo then

— [lum@ls <200 fort < cu 32

— aF(Ju2(t) = [wl?(0) + a2 (me(O)P = e (0)?) < 4

fort < cu 32 ke 7~

The difference between the "generic" system and the Kdv-Kdv system comes from Dj,.
In the generic case b > é, we have |Dg| < 1, which makes it easy to prove tame property,
while in the Kdv-Kdv case D), = 27k is unbounded so that the nonlinear term P does not
satisfies tame property. In the fullness of time, we would like to study this case, which is

much more complicated.
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4.2.1 Scheme of the proof

In order to prove the Theorem 4.2.1, we search iterative changes of variables 7,, 1 <
n < r, such that

HoT,=Ho+ Z,1,J)+ Zs(I,],Y)+ -+ Z,(1,J,Y) + Ryi1. (4.2.11)
Where R, is a perturbation term which is of the size u"*g and

I'=(Ii)kez, J=(J)rezs, Y =011 Y&) Yi = it
ZkaO

J

Here we call Y} the pseudo actions, which satisfy {Yy, Hyo} = 0, k € Z*. Moreover

{In+Je, [ Yi,} =0  Vkk;€Z". (4.2.12)
Zk.ZO

J

The condition ) k; = 0 appear naturally since H comes from an integration of a real
function on the circle. As a consequence of the appearance of Y, the exchange of energy

mainly occurs between [, and Ji for a long time |t| < /f’”r%, Vk € 7Z*.

4.3 Normal form and tame modulus

In this section, we recall some notations and lemmas used in [BG06].

4.3.1 Nonresonant condition

Definition 4.3.1. Fix two positive parameters x and «, and a positive integer N. A

function Z is said to be in (k, o, N)—normal form with respect to Q if Zy; # 0 implies

K
< 7]\[0‘
l71>N+1

Definition 4.3.2 (Nonresonant condition). Let r be a positive integer, we say that the

frequency 2 is nonresonant if there exist k > 0, and o € R such that for any N large

enough one has

K
| D Q] > Na (4.3.1)

JEN*

for any k € Z*, fulfilling 0 # k| := X; |kj| <7+ 2, Xjsn k5] < 2.
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Remark 4.3.3. If the frequency (2 is nonresonant then any polynomial which is in

(k, a, N)—normal form depends only on [, .J and Y.

Example 4.3.4. If the frequency €2 is nonresonant then a polynomial of order 6, which

is in (k, a, N)—normal form with respect to Q would be

Zg = Z g YeY1Y g + Z b n L li Iy + crgn Dy Iy + di g I iy + e nJeJiJn
k,lezZ* kL heZ*

where a1, bg 1.n,s Ch by Qi by €10,n aTe TEal constants.

4.3.2 Tame modulus

Let us consider a homogeneous polynomial of degree r + 1 f : P, — R, which can be

written as
S fi, J= (i, Jizs oy Jm11, Jo12, J11s J1zs - - -5 Jins Jizs - - +)
ljl=r+1
Ti=(,0) = et L= Y (dnl + L),

l

We can associate f to a symmetric r + 1—linear form f as

re T‘ r+4+1 . . .
f(Z) - f(z(l)a .- +1 Z f]1, SJr+1 ]1 s Z]('le )7 J = (]117312>'

lj|=r+1

We say that f is bounded if there exists a constant C' such that
[f() < Cllzlli™,  VzeP,,
or equivalently
[FE, ) < YW 20
Now consider Xy := (2520, |, — 1ramspz0s, J) the vector field of f. We write it as

z) = Xl: Xi(2)e

where ¢, is I-th standard basis of Ps and X;(z) is a real valued homogeneous polynomial

of degree r. We also consider the r—linear form X so that X;(z) = Xf(z, 2, ..., 2).

Definition 4.3.5. Let f is a homogeneous polynomial of degree r, we define its modulus
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Lf1 by
Lf]:= Z \fj|zj-
lil=r
We also define the modulus of its vector field Xy as

[ Xsl= > [Xie.

lezZ\{0}
Definition 4.3.6. Let s > 1, a homogeneous polynomial vector field X of degree r is

said to be an s—tame map if there exists a constant C such that
~ 1"
1XD, 2N < =31 POl 2P (43.2)
Lyt

If a map is s-tame for any s > 1 then it is said to be tame. Moreover if X is the vector

field of a homogeneous polynomial f and | X ;] is an s—tame map also, then we define

|f| — Sup HX\_f-I(Z(l)77Z(T))HS
) r o O D 2O 2D 20

the s tame norm of f. We denote by T}, the set of function has finite s tame norm.

Remark 4.3.7. If f € T}, is a homogeneous polynomial of degree r + 1 then one has

X5 () s < IX Alls < IF LMzl =] (4.3.3)

The important property of s tame norm is that the Poisson bracket of two homogeneous

polynomials in T}, is also in T3, (see lemma 4.12 in [BGOG6]).

Lemma 4.3.8. Assume that f,g € T}, are two homogeneous polynomials of degrees n+ 1
and m + 1 respectively, then {f, g} is a homogeneous polynomial of order n +m in Ty,
with

£/, g}s < 2(n+m)[fls]gls- (4.3.4)
For a non homogeneous polynomial, we consider its Taylor expansion
f = Z fr

where f, is homogeneous function of degree r. Then we define

Tsg:= {f = Zfr | Ir € Thp; <|f|>8,R = Z ‘fr|er_1 < OO} (4'3-5)

r>2

Following lemma 4.13 in [BG06] we have
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Lemma 4.3.9. Let f,g € Ts g, then for any d < R we have {f;g} € Ts r—q and
2
({9} D)s.n-a = ([ fD)s.rllgl)s.

Proof. Write f =37, f; and g = >, gr with f; homogeneous of degree j and similarly for
g. One has

{9} = Z{fmgk}-
.k
We have estimate for each term of the series
({fi 063 s,r—a =[5> gr s (R — )73
<2|filslgrls(G + & —2)(R — d)j+k—3

1 ..,
< 2|fj|8|gk|ng]+k 2

= 25l

here we use the estimate

Rk
k(R —d)*! < — W<d<R

Then as in lemma 4.14 in [BG06], we deduce

Lemma 4.3.10. Let g,x € Ts g be two analytic functions. Denote g, = {gi—1, x} for all
[ >0 with go = g. Then for any 0 < d < R, one has g, € Ts p—q and

(90)se-a < {Igl)an(r (X or)" (136)

Proof. Denote 6 = %. Apply iteratively Lemma 4.3.9, one has

2 2 n i
(lgil)s,r—s1 < g<|gz—1|>s,R—6l—1<|X!>s,R <-- < m(aﬂxbsﬂ) (19])s,- (4.3.7)

Using the inequality n”™ < Nle”, one has the thesis.
[

Lemma 4.3.11. Let x, g be two analytic functions with Hamiltonian vector fields analytic
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in By(R). Fiz 0 < d < R assume || Xy|s,r < $, then for |t| < 1, one has

sup st@i(Z) — 2l < [ Xy llsr (4.3.8)

ll=lls<R—
3
¥ gopt lls.r-a < (1 + = [ Xlls,m)1Xg |5, (4.3.9)
For the proof see [Bam99] proof of lemma 8.2

Remark 4.3.12. For any positive integer number N, we write z = Z 4+ Z with Z =
(¢,%;) 1<~ and Z = (¢;, ;) 1=~ Then if homogeneous polynomial f € Ty, of order r+1

has a zero of order three in Z, one has

1< _ .
15 or < 1A SN 2Nl sl Pl 1120
=1

B ) 10
~ r— s s,R
< IIENAT 1 < 2= = e
Here we use estimates
- 15
Il < ot
1Zls < ll=lls [I1Zlls < NIzl
Izl < =]l
For a non homogeneous polynomial f € Ty r of order less or equal 7 + 2
f=> 1
j<r+2
then
Z‘<r 2 ‘f’lst_l <|f|>s,R
1Xfln < 31Xl < SEHZAE LI g3 )

j<r+2

4.3.3 Homological equation

In each step of Birkhoff normal form procedure, we need to solve a homological equa-

tion
—i{HO, X} +Z=f (4.3.12)

with Z is in (k, o, N)—normal form. Then after each step, we have the new nonlinearity
term of size {Z4, x} +{f, x}. Then we need to estimate the nonlinearity y and the normal

form Z.
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Lemma 4.3.13. Let f be a polynomial in Ty, which is at most quadratic in the variables
z. Assume nonresonant condition, then there exist x, Z € Ty g with Z in (k, a, N)—normal

form solving
{Hox}+Z = (4.3.13)

Moreover Z and x satisfy the estimates
Na
(lbor < Sl Dors (1ZDan < () (43.14)

For the proof see [BG06] proof of lemma 4.7.

4.3.4 Remind the idea of [BGO06]

Here we recall the idea of the proof of the Theorem 2.13 in [BGO06]. The proof consists
in using iterative Lie transformations. Consider an Hamiltonian function y with the cor-

responding Hamiltonian equation

(1, 0) = X\ (¥, 9)).

Denote by gpi the corresponding flow and call ¢, = goi the Lie transform generated by y.

Then for any polynomial g, we have an important property

d
—(g09)) ={g.x} ol

To prove the theorem we find Hamiltonian functions y,, and Hamiltonians H,, such that

H,=Hoy+Z,+ fn+Rn

Hypn =Hpopy, T=@y 0 -0y,

Hyp = Hy — {Hp, Xn} + Xnso %adxn(Hn)

Zni1r = Zn + o+ —{Ho, Xn}

Frir = =L Xn} + Tioo Frads (Ho+ Zo + fo)
(_1yr+1

Rui1 =R o9y, + Ginr Jo adit (Ho + Z + fo) 0 7, dr.

(4.3.15)

Here f,, is a polynomial of order r, R, is a small term. This leads us to solve the homo-

logical equation

{(HoX}+2Z = f (4.3.16)
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with Z is in (k, @, N)—normal form with respect to Q. Then by [BG06] if fo = P has the
tame modulus property and frequencies () satisfy a nonresonant condition, there exists
X solving (4.3.16) and

Na
(X sr < C——(Xslsr, {1 Xzl)sr < C{Xf])sr. (4.3.17)

In our case, we formally expand f in Taylor series
F(6,0) = 3 falleadi o)
5.l

and similarly for y, Z. The equation (4.3.16) becomes

QG =D)xju+Zjg= D (k= Jr — e + 1) x50 + Zjy = fiu- (4.3.18)

keN*

Here we use
{Ho, 056} = (i — Q). Q= -0y

Then when (2 satisfies the nonresonant condition, we define the solution for the homolo-

gical equation as following

o fa . . K
Xjl = W with [Q(G 1) > —

Na
Zy = [ with |Q(j =) <

o
Ne’

4.4 Boussinesq equation’s properties

4.4.1 Nonlinearity

Now consider

P = Z alzllalzglakis (¢k1 + ¢k1)(¢k’2 + ¢k2)(wk’5 - ¢k3)

k1+ko+k3=0

We prove that P has tame modulus.
Lemma 4.4.1. The nonlinearity P has tame modulus.

Proof. One has that its modulus is

LP—I = Z |041§11041§21ak3|(@/}k1 + ¢k1)(¢k2 + ¢k2)(¢k’3 + ¢/€3)

k1+ko+k3=0
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4.4. Boussinesq equation’s properties

and
| XP] = (|1Dk|0s_ | P, |Dkl0s_,, | P)kez
with

| Di|0g,, [ P1 = | Dkl Oy, [ P] = 2\1/§le| ( > 2!0%04 oy (¥ + ) +¢z))

j+1+k=0
\/—|Dk|( > |041§104]10ﬂ!(1/)j+¢j)(¢z+¢z)>

jHAk=0

1
- 2\/§|D’f| >, (Glowag o + oy a5 aul) (W5 + 6;) (v + ).
JH+k=0

In the case b # 0, we have that |Dy| = 1+|er§1|>k2 < 27r\b\ Since |ag| < 1, we verify s—tame

map property of | Xp| as

||LXP1||§=iZ<k>QSIDk|2( > (2|aka fog | o taa) (4 + ) (W + )

keZ jH+k=0

< —s 647r2b2 YEEC DS (b + 6+ i)

keZ* J+H+k=0

9
v @121 ,(2) 2 121 .(2) 112
< Toam (1121 + 1201 1=21)
i.e.
IXPTs < = (1D lz® 1+ (12120121 (4.4.1)
47 |b|
So that P has tame modulus. Il

4.4.2 Frequencies

We now consider the frequencies

k k TSR
Qk = 27’(’m\/<1 — 4a7r2k2)(1 — 4C7T2k2) = QTW pk4 +ek?+1

where

1
e = —471'2((1/ + C) > 0’ p= 167T4CLC c (O,p(] = 16’/‘(‘4<6 — b)2) — Ib-
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The parameter s and p are well-defined, positive and independent. In this subsection,
we study frequencies €2 as functions of p. More precisely, the goal of this part is to

prove the following theorem, which has been demonstrated in slightly different contexts
in [Bamo03],[BG06] and [EGK16].

Theorem 4.4.2. There exists a set J € I of full measure such that for any p € J, fixed
r > 1, there exist k = k(r,p) > 0, a = a(r,p) > 0 such that for any N large enough then

22 kil = (4.4.2)
j>1
for-any k € Z*, fulfilling 0 # |k| = 32, [k;| <r+2, Xj-n k] < 2.

In order to prove Theorem 4.4.2, we need to construct some lemmas.

Lemma 4.4.3. For any r < N, consider v indexes j1 < jo < j3 < ...J» < N; consider the

determinant
Q;, 0, €2y,
del de2 dﬂjr
dp dp dp
D =
dr—1Q;, d *inz a1,
dprfl dprfl dp"'71
Then
r—1 (2j _ 3
D=+ | —2 ") Q0 o
H 92— 2(] -2 '2]] (H JL’) (1<£];£<7»(le x]k))
1
Z C(T, b)m
4
H@Te .T] = m

Proof. We compute the iterative derivatives of € with respect to p in the spirit of section
3 in [EGK16]

P, k (25 —1)! (—1)ikY

dp T AR 21— 1)1 (pht 4 ek 4 1)
_ @ =D
T2l R
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Substituting this into the determinant then

ro (25— 3)! r
jl;Il 21-2(5 — 2)127 g It
1 1 1 o 1
‘le l’jQ .fL’jS e QZjT
X $?1 szz xi e aj?’r'
r—1 r—1 r—1 r—1
Ly Ljy L jg s Ty
T (25 -3)!
=+ T 0. o .
H 25— 2(] — 2 127 H Je 1§£1;[k:§r<x]€ x]k)
Since b > 4 5, we have estimate
|f[Q-| H2 L S H !
Pl 14 dr2hiz VO T T T b))
and
M (0o [ L WE+s+eititli =i
1<t<k<r o 1<t<k<r (pji +eji + ) (pji +eji + 1)
> 2(|gel + |jxl)
- H ( +e+ 1)2 3 -3
1<t<k<r \P T € JeJk
oo 2 i
i<i<k<r (4m2(b — %) + 1)4j343
Then
T3 1 2(|e| + 13x]) 1
DG Y
|Jl;[1 272(j = 2)!27 (4mb)" H W| 1<toher (4T2(0 — §) + gk N3 (672=37)
where
r 2 -3 1 27"(7'71)/2
C(r,b,p) =| H ‘7 ) | : :
2072(j — 2)127" (4wb)" (472(b — 5) + 1)2 (=D

Now we recall a result from [BGG85] appendix B

Lemma 4.4.4. Let uV .- u( be r independent vectors in R” of norm at most one,
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and let w € R be any non-zero vector. Then there exists i € [1,--- ,r| such that
i |'lU||d€t(U,(1), 7U(T))|
) 2 .

By [E02] (see also [EGK16; XYQ97]), we have the lemma

Lemma 4.4.5. Suppose that g(p) be a C"-smooth function on an interval J C R such
that |g' (p)|lcr—1 < B. Let Jy, :={p € T : |g9(p)| < h}, h > 0. If max; <<, min, | (p)| > d
then |Jy| < (2 + 1)(2)7.

Now let us consider the function g(p) = |k]_1(2ﬁ|:1 koo + ), with |k| <r < N, ¢ is
a fixed constant, then |g'(p)|c» < C(n,b). Define

K

= Z <
ch("{’ Oé) {p €Ly | |g(p)| = ’]{|Na

}

By lemma 4.4.4 one has max; <<, min, |0¥g(p)| > C(r, b)N~2(r*=81-2 g4 that

2

1/T‘NT
C(r,b) "

[ Bie(r, )] <

with 7= $(5r — 3r) +4 — 2.

Lemma 4.4.6. Fiz o > 2r3 + 12+ Tr, and let I, = T\ Uy, Re(k, ) then for any p € I,
and for any c € BZ, k € ZV with 0 # |k| <r, B3>0, one has

i K
| kaQa + C| Z 7&
la]=1 N
Moreover

|I - L@| < Cff%

_ 2vVptetl
where C' = S COLR

Proof. Since

N ETES

1
Q| =
%] = | L

AT ek 41| <
T anppe VPR ek 1] <
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4.4. Boussinesq equation’s properties

We have that ‘ZIJZI=1 kol + | > 1 for all |c| > YEEELr V. hence

URer(k )l < > [Rex(s, )

ke |k|<r,|c|<CrN
§2vp+6+er 2 P2r N T 1
27h C(r,b)

2\/27_'_€—i_1 1/r
< —— g7,
- C(r,b)mb

Lemma 4.4.7. For any 0 < k < 1, there exist o' > 0 and a set J,. satisfying
T — | < Ok

Such that Vp € J,; one has

K
N

for any k € ZV, le;) < 1, [j| > |I] > N, and |k| + |e1| + |ea| # 0, |k| < r + 2.

Proof. One has an estimate for 2; (and ; also)

Jae

Qj = 271'%] + Qa; with |aj| S —_ .
J

Q

Hence

\/%
b
If 5,1 > CN“/k then eja; + esq is just an irrelevant terms, so that the estimate (4.4.3)
follows from Lemma 4.4.6 with § = 2%‘/?. For the case j,I < CN%/k, we reapplies
the lemma with N,r replaced by N' = CN®/k and r' = r 4+ 2. Then the nonresonance

e + ey = 2m (e1j + eal) + era; + e2qy.

condition (4.4.3) holds provided o/ = a? ~ 7% and the complement set is measured by a

. a+1
constant times kr+2.

O

Proof for Theorem 4.4.2. Define J := U,~¢ Jx then it satisfies the Theorem. O

137



Chapitre 4 — Birkhoff normal form for abcd Boussinesq system on the circle

4.5 Proof of the Theorem 4.2.1

Since P has tame modulus, there exists a positive number py such that

(IPep < Ap?, Y0 < i< iy (4.5.1)

here A = %Ibl Fix r, > 1, N > 1, for any r < r,, we define p, and p, by
i 1= W (4.5.2)
poim 1= 5o) Vi S <G (45.3)

Then by induction, we can construct sequences of Hamiltonian .., H,, Z, and continuous

functions f, for 0 < r < r* as in (4.3.15). Precisely

Proposition 4.5.1. Fizr, > 1, N > 1, for any r < r,, there exists a canonical transfor-

mation @, = @y, which puts H in the form
H..=Hop,=Hy+ Z.+ f + RY + R (4.5.4)

here Z, is a polynomial of degree at most r + 2 having a zero of order 3 at the origin and

is in (K, a, N)—normal form; f, is a polynomial having a zero of order r +3 at the origin.

Moreover
0 r=20
(12D s < 5 rel/ g\l (4.5.5)
ARSI vz
By
(s < A/f(/j) (4.5.6)

the remainder terms RY,RT € C*(B,(u,)) satisfy

T ILL r

[ XRz [l <2 uz(;) (4.5.7)
12

||X’R£V||s,ur < W (458)

for any s > 1. The transformation ¢, satisfies

sup (1= @)W, d)ls < Ap2(Lo)r. (4.5.9)
(wv(b)EBs(Hr) M*

Similarly, the inverse transformation fulfills the same estimate.
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Proof. We proceed by induction. It is trivial for the case r = 0. For r > 0 we write

fr:fr(*)+f1zv

(4.5.10)

where f° contains at most terms quadratic in 2, and f is the remainder of the expansion.

Since both f9 and f are truncations of f,., then

N Do < AUFel)ser

By lemma 4.3.13, one has

and

(s <

(S Dsr < (el sr-

{H(]?XT} +Zrj1 — Zr = f?

Then by lemma 4.3.10, one has

<| 79-{-1 |>57l1/7‘+1

4r,
<

47’*
1

<|Z H0|>su7<|Xr|>s,ur

NO{
A 27<|f19\>s,m +

< Dt

Here we use

47‘*6<

and 4T*AM2N0‘ <

and thus

|X7“|>Sur <si <3

[l

1z~ o} + (et + Y T

n>2
I,
ary . .o Z 0
<|f |>5Nr<|XT S,ur"f'z | + f; |>su7(
H n>2
4r*e<|x7“|>$ur <’f0|>
1 - 4TR*6<|XT|>&W T

Na
s (Zes = Zelbas < (5 Do

A, (Zr + F)) ) suirin

*, which is due to the definition of .. Then

(el s <

<|Xr+1|>3,m+1 <

7“ 19+1 ’)57Hr+1 <

< Hq0 "
e <

139
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K

) A2,

N,
( )+1A2

[l

(4.5.11)

(4.5.12)

4r.e
R <|X7'|>57H1"

, (|2, — Ho|)s,u, < Ap2, which we get by induction

(4.5.13)

)
J
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Then

sup |1 — o) < < N By g2 4.5.14
p er) (W, 0)lls < (IxeD s < — ()" Ap7, (4.5.14)

(%,6)EBs (1r) K s

_ N* .,

sup  [[(1 = o, ), 9)lls < (oo < —— (=) Ap” (4.5.15)

(¥,0)€Bs (pr) K s

For the remainder terms, one has
1)l

RT,, =R o6, +/ 7) ads ™ (Z, + [°) 0 7 dr, (4.5.16)
RV, = N oy, (45.17)

Here RY contains at least terms cubic in Z. The two remainder terms RY,,, R, are in
C*>°(Bs(ptr+1)). For the first term, one has

1Xgr, lls < [ Xrgop, s + (l+1u/xdqu+p drll

3
<(1+ g”erHS)(HXRZHS + m”X lr++11)'adlr+1(zr+fg)||s)
S 2r+1u2(ﬂ)r*+1‘
[
For the second term
1 N 1 N
HXRi\’Hs < N5_1<|Rr |>57,U"r+1 = qur o @xr|>s,ur+1
1 3
< ot (1 S Y Do
2
< K
— Ns—l

]

Proof of theorem 4.2.1. We take T = ¢y, 0---0 ¢, , then Z = Hy+ Z, is in (k,, N)

normal form. We need to choose N in order to obtain R = R + RY is small. We have

[ Xmllss <1 Xrzllss + [ Xryllss
2
0 Iz
< 9r 20 F\r
<2 (u*) + e

12

Ns—1 :

< Cp?(uNe) +

Choose N = N, = [~ za] and s > 2ar2 4 1 then the last term is smaller than p"+. The
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transformation 7 and its inverse fulfill the estimate (4.2.10). O
4.6 Appendix A
Proof of lemma 4.3.4. Denote X := Xy, Y := X,. One has
X = Z DkX]l;’ ’anl © 21,6k (461)
k1, ln
V= Y DY rImyze (4.6.2)
kvjla"'vjnL
here we write z; to represent ¢; or ;. Remind that Dy = m Then
| X3 1(2) = > [nDyDy, X Y I LDy Dy X Iy gt
1, oln
j171”. 7jm
X €R2ly Ry gy B
One has
H LX{fg} < 2 Z ’nDle Xh, --,lnY]h "7]m|2 + ’kaDl Xll, ‘.7ln 1,‘]7,13/-‘]17 '7]m 1,ln| )
kl1,
]171' 7]'m
S 2n2 Z (’DkX’i},.u,ln‘2<k>25(zl1 e Zln—1)2 Z |Dln}/}ily"‘yjm’2(zjl e Z]n>2
k>l17"'7ln ln,jl;"‘yjm
om0 (1D X ()
jm7l17"'7ln
XS DY P )P (R
kyl'mjlf"yjmfl
1
< 2n2!f|§|9|3(5 oMzl Nl szt 1 Mz D25 117 - - 125113
1
+ 2m2|f\3!9!§(*2 H%H? Rl (E7N [ [ =4 o | el [ M [ ) 7 e | E7 M
<2(n +m)?|f[2]g]%( Z 2z 13- - Mz 3 2 2 2 11T 2t 1)
O
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4.7 Appendix B

In this section, we prove the local well-posedness for the Boussinesq system (see chapter
16 [Tay3)).

4.7.1 The case b # 0

Existence
By the change of variables, the well-posedness of (4.2.3) implies the well-posedness of
(4.1.1). The idea here is to obtain a solution to (4.1.1) as a limit of solutions (¢, ¢.) to

8t¢a,k = —kaV¢E,_kH(¢s, ¢€)
(4.7.1)
8t¢a,k = kaV¢E’_kH(w€7 ¢a)
Here (¢, ¢.) is defined by

be(t) = Y p(ek)n(t)e™ (4.7.2)
keZ*

d:(t) = Y p(ck)pr(t)e™ . (4.7.3)
keZ*

Where ¢ € C§°(R) is an even, real valued satisfying ¢(x) = 1 for any x € [—1,1]. Since
¢ has support bounded in R, the sum (4.7.2) and (4.7.3) are finite. As a consequence,
the system (4.7.7) is of finite ODEs. By Cauchy-Lipschitz theorem, we know that there
is a unique solution to this system, for ¢ close to 0. First, we will prove that the solution
(e, ¢<)(t) exists in an interval [—7', T independent of £ € (0, 1].

Lemma 4.7.1. Let s > 1, 0 < [[(¢be, ¢)(0)[|s = p, then [|(ve, de)(t)||s < 2u Yt € [—5F, 5]
independent of € € (0, 1].

Proof. Since P has tame modulus one has an estimate

Oull (v, 6 ) DIl = (e, d) (D15, P}
— H(wea (bs)(t)HsH LXP-‘ (wea ¢z—:)”s

(e, @) O (e, 62) ()1

A

3
<
2mh

By Gronwall’s inequality, one has that ||(¢., ¢:)(t)||s < 2u for all t € |0, S—Z], where we
assume ||(¢(z,0),é(x,0))|ls = p < 1. In the same way, we also have [|(¢., ¢.)(—t)||s <
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2 for all t € [0, g—:] Denote [ = [—g—z,g—;], then (v, ¢:)(t) is uniformly bounded in

C(I,H*)NCY(I, H*™1). O
Lemma 4.7.2. Let s > 1, the sequence {(vz, ¢=)(t) }ec(o] is Cauchy in H® for allt € I.
Proof. We consider (v, w)(t) = (Ye,, e, )(t) — (Vey, Pe,)(t). Then for any N > 0, there
exists ey € I such that for any 1,65 < ey, one has

||(w617¢€1)(0) - (w627¢€2)< )HS = NS

The key point here is (¢, ¢c,)k(0) = (¢e,, be,)k(0) for all |k| < N. Moreover (v, w)(t)
satisfies equation
O, = —ka(szl,ka(%n ¢51) B VwEQ,ka(wsw ¢82))
Qpwy, = Z‘Dk(v%l,ka(z/}& ) ¢€1> - v¢52,7kH(¢527 ¢52))'

(4.7.4)

Then

Ol (. W) = > (k) (|0wiTi| + [Owrk])

keN*

< [Ito, w) @) s (X1 (0, 0), (Yers pe))ls + 1 LXP1((0, W), (Vs @e))ls)
S 1w, w) O Wey, Ge) O l1 + (e, 82,) (B)[11)

+ iII(U,w)(t)llsll(ww)(t)lll(ll(%p%)(t)lls + [[(¥er, 025 (1))

By Gronwall’s inequality, one has that |[(1), ¢.)(t)||s < 4% for all t € I. O

Lemma 4.7.3. Let s > 1 and b # 0, then provided the initial datum (1-(0), $-(0)) €
H®, e € (0,1], with ||(¢2(0), ¢-(0))||s = & small enough, the system (4.2.3) admits a solu-
tion (Y, ¢)(t) for allt € I = [E—II’ZF, g—l’;] with

(Y, ¢) in L>®(I,H®)N Lip(I, H*™) Vs > 1. (4.7.5)

Proof. By lemma 4.7.2, the bounded function (¢, ¢.) converges to (¢, ¢) in L*(I, H®)
when ¢ — 0. Similarly

. . 0o s—1
ll_r}I(l) XH(¢'87¢5) — XH(T/’@) in L ([, H ),

while as a result 9;(¢.,¢.) — (¢, ¢) in L¥(I,H*'). Thus (¢,¢) € L>*(I,H*) N
Lip(I, H*7') is a solution of (4.2.3). O

Lemma 4.7.4. The solution (¢, ¢)(t) given in Lemma 4.7.3 is in C(I, H®), Vs > 1.

143



Chapitre 4 — Birkhoff normal form for abcd Boussinesq system on the circle

Proof. 1t is enough to prove ||(¢, ¢)(t)||s is continuous of ¢. Similar as lemma 4.7.1, one
has

Oell(v, )7 < 237Tb||(1/),¢)(t)||§||(¢,¢)(t)|l1
so that (¢, ¢) € C(I, H®) and ||(¢, ¢)(t)]|s < 2u for all ¢t € I. O

Uniqueness
Assume that (), ¢1)) (1@ ¢2)) are two solutions of (4.2.3) satisfying (¥, ¢™M))(z,0) =
(V@ ¢@)(2,0). Denote (v,v) = (M), M) — (@, $?)), then by computation one has

(v,v)(z,0) =0 476
{ ol )l < Cll(w, ) s (@D, eD) 12 + (0@, 6@)]12) 70

for some constant C. By Gronwall’s inequality it is proved that (v,v) = 0. So that the

solution (¢, ¢) is unique.

Finally we have proved

Proposition 4.7.5. Let s > 1, b > 0 the system (4.1.1) s locally well-posed for suffi-

ciently small initial datum in H®.

4.7.2 The case b =0

In this case, since D, = 27k is not bounded, we do not have tame property, so that
the proof for existence and uniqueness of (1, ¢) solution has to be modified. As in the
case b # 0, we define

ue(t) = Z So(gk)ue,k@)e&ﬂ-kx us,k(()) = uk(())

kez
ne(t) =Y o(ek)nex ()™ nep(0) = mi(0).
kez
which are solutions to
Onee = —i2rk((1 — Am?ak®)uc g, + 31—k Ue ;71
. 5 1o . (4.7.7)
Oue ), = —i27k((1 — 4m3ck )na,k + 5 2=k Ue,jue,l)-
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4.7. Appendiz B

Then one has
— 1 S S
O > kP (0f]nenl®) + o P luesl?) = 23 Yo (af P+ aREP T Y ue e e
keN® JHAk=0

1
272541 —2,2541 —2 2641
+2m— > (a1 o KT 4 a7 e jue pue g
jH+k=0

4212
Here af = (3=4m,25)1/2 One has

1—4n2ck?
od=\2+00)  at= [ ro0)
c k a k
So that
\a?lQSH—i—aikQHH S \/Z|l25+1+k23+1’+|&l2_ \/ZW25+1| + ’ai_ \/Z|’k23+1’ S Clj‘<|l|28—0—|k"2s)

Since j +1+k = 0, we could estimate the term |j|(|1|** + |k|**) by u$usps, where g, o, i3

are the first, the second and the third large term among |[j|, |!|, |k|. Similarly, one has
|Oél_2l28+1 + a;2k25+1 + a;2j28+1| S Cuiugug
Then applying the Young inequality, we have

100 D [kl (aklneel?) + o *Juc )] < Cll(ue, me) 13
keN*

for some constant C. By Gronwall’s inequality, one has that ||(¢., ¢:)(t)||s < 2u for all
t € 0, c%;] Denote I = [_C%u Clu], then (¢, ¢:)(t) is uniformly bounded in C(I, H®) N
CH(I,H*?).

Lemma 4.7.6. Let s > 1, the sequence {(vz, ¢=)(t) }ec(0] is Cauchy in H® for allt € I.

Proof. We consider (v,w)(t) = (Ve,, ¢e,)(t) — (Vey, Pe,)(t). Then for any N > 0, there

exists ey € I such that for any 1,29 < e, one has

1(@er 62)(0) = (g, 62) (0)]s < ;su.
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Chapitre 4 — Birkhoff normal form for abcd Boussinesq system on the circle

Moreover (v, w)(t) satisfies

Ol (v, w)ONIF = > (k)*(10wTx| + [Orwri])

keN*

1
<omo >0 1ol 4 ok Jus | (1mewi] + [l e k)
JH+k=0

1
—272641 | ~27.2s+1 | —2 2s+1
+2m— Y | T R o
Jj+Hl+k=0

X (Jugjlue ve| + |ue jlus pvr] + [ue kluz ;)

< Cll(, w)O)ls(1(ey, S ) OIS + 1 (vey, 620 )DI)-

Here uz; = ue, ; + Ueyy and 0z = ey 1 + ey, VI € Z*. By Gronwall’s inequality, one has

that ||(v,w)(t)]|s < 475 forall t € 1. O

As in the case b # 0, one has lim._,(u.,n.) — (u,n) € C(I, H®) solution of Boussinesq

systems. Similarly, we have the uniqueness for (u,n).

Proposition 4.7.7. Let s > 1, b = 0 the system (4.1.1) s locally well-posed for suffi-

ciently small initial datum in H®.
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titre (en francais) Trois résultats sous forme normale pour les équations de Schrédinger

et le systéme abcd de Boussinesq

Mot clés : Théorie KAM, forme normale de Birkhoff, réductibilité, I'équation de Hamilton ,I'équa-

tion de Schrédinger,le systéeme abcd de type Boussinesq

Résumé : On montre des résultats de forme
normale pour des EDPs Hamiltoniennes :
'équation de Schrédinger non linéaire quin-
tique sur le cercle, I'équation de Schrédinger
sur une variété Zoll et le systeme abcd de type
Boussinesq sur le cercle. Ces résultats sont

démontrés a l'aide de procédure KAM et de
procédure de forme normale de Birkhoff. On
déduit des résultats de forme normale le com-
portement en temps long des solutions au voi-
sinage de zéro.

titre (en anglais) Three normal form results for Schrédinger equations and abcd Boussi-

nesq system

Keywords: KAM theory, Birkhoff normal form, Reducibility, Hamiltonian equations, Schrédinger

equation, abcd Boussinesq system

Abstract: We prove normal form results
for Hamiltonian PDEs: the quintic nonlin-
ear Schrédinger equation on the circle, the
Schrédinger equation on a Zoll manifold and
the abcd Boussinesq system on the circle.

These results are proved via KAM procedure
and Birkhoff normal form procedure. As corol-
laries of normal form results, one deduces the
long time behavior of solutions near to zero.
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