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Abstract

A modern insight due to Quillen, which is further developed by Lurie, asserts that many cohomology
theories of interest are particular cases of a single construction, which allows one to define cohomology
groups in an abstract setting using only intrinsic properties of the category (or oo-category) at hand.
This universal cohomology theory is known as Quillen cohomology. In any setting, Quillen cohomology
of a given object is classified by its cotangent complex.

The main purpose of this document is to study Quillen cohomology of enriched operads, when working
in the model categorical framework. Our main result provides an explicit formula for computing Quillen
cohomology of enriched operads, based on a procedure of taking certain infinitesimal models of their
cotangent complexes. We are particularly interested in the Quillen cohomology of simplicial operads
and dg operads. There is a natural construction of twisted arrow oo-category of a simplicial operad,
which extends the notion of twisted arrow oco-category of an co-category introduced by Lurie. We assert
that the cotangent complex of a simplicial operad can be represented as a spectrum valued functor
on its twisted arrow oo-category. Turning to the context of dg operads, the situation becomes simpler
due to the stability of dg modules. We find that the cotangent complex of a dg operad P can be
represented by a nice infinitesimal P-bimodule, which is in fact closely related to the module of Kéahler
differentials of P via a cofiber sequence. Moreover, we prove the existence of an operadic version of
the Dold-Kan correspondence, then due to this we find a connection between Quillen cohomology of a
simplicial operad and Quillen cohomology of its associated dg operad. In the last section, we establish
the relation between deformation theory and Quillen cohomology.
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Chapter 1

Introduction

A widespread idea in the domain of homotopy theory is to study a given object of interest by associ-
ating to it various kinds of cohomology group. From generalized cohomology theories for spaces and
various Ext groups in homological algebra, through group cohomology, sheaf cohomology, Hochschild
cohomology and André-Quillen cohomology, such invariants vary from fairly useful to utterly indispens-
able. A modern insight due to Quillen [1], which is further developed by Lurie [3], asserts that all these
cohomology theories are particular cases of a single universal construction, which allows one to define
cohomology groups in an abstract setting using only intrinsic properties of the category (or co-category)
at hand. This universal cohomology theory is known as Quillen cohomology.

In Quillen’s approach, cohomology of an object of interest is classified by its derived abelianization.
Suppose we are given a model category M. Recall that an abelian group object in M is an object A
equipped with two maps * — A and A x A — A subject to the classical axioms of an abelian group.
For each object X € M, the category of abelian group objects in M, x, denoted Ab(M,x), possibly
inherits a model structure transferred from that of M. In this situation, the free-forgetful adjunction
F:M;x = Ab(M/x) : U forms a Quillen adjunction. The cotangent complex of X, denoted by
Ly, is then defined to be Ly := LF(X) the derived abelianization of X. Moreover, given an object
M € Ab(M,x ), the n’th Quillen cohomology group of X with coefficients in M is formulated as

HE, (X, M) = mg Mapgb(M/X) (Lx, M[n])
where M[n] refers to the n-suspension of M in Ab(M,x).

The work of Quillen was first devoted to establishing a proper cohomology theory for rings and
commutative algebras (cf. [2]), which is nowadays generalized into the operadic context as described in
the following example.

Example 1.0.0.1. Let k be a commutative ring of characteristic 0 and P an operad enriched over dg k-
modules. For a P-algebra A, it was known that the free-forgetful adjunction (Algp);4 = Ab((Algp)/a)
is (homotopically) equivalent to the adjunction

(=) s (Algy)a = Mod : Ax (=)

in which Modz refers to the category of A-modules over P, the left adjoint takes B € (Alggp),a to
Q4(B) the module of Kihler differentials of B over A and the right adjoint takes M e Modi to



A x M the square-zero extension of A by M. Therefore, after sending coefficients into Modi7 the
n’th Quillen cohomology group of A with coefficients in an object M € Modi is given by

HG (A, M) = mo Mapyy,q9 (24 (A7), M[n])
where A% is a cofibrant resolution of A in Algp. (See, e.g., [11, 12, 7]).

The Quillen’s approach has certain limitations, despite its success. Indeed, there is not a known
traditional criterion assuring the existence of the transferred model structure on abelian group objects
in a given model category and moreover, even when realized, this model category structure is not
invariant under Quillen equivalences.

Improving the work of Quillen, Lurie [3] established the cotangent complex formalism, when working
in the oo-categorical framework. In his approach, the notion of abelianization is extended to that of sta-
bilization, which itself is inspired by the classical theory of spectra. Let € be a presentable oco-category
and let X be an object of €. Consider the over oco-category C,x. Conceptually, the stabilization of
C/x is the oo-categorical limit of the tower

Q Q Q

where () refers to the desuspension functor on (€/x). the pointed oo-category associated to €/x. As
in [3], we will refer to the stabilization of C,x as the tangent category to C at X and denote it by
TxC. By construction, TxC is automatically a stable oo-category. Moreover, the presentability of
C implies that the canonical functor Tx€ — €,x admits a left adjoint, the suspension spectrum
functor, written as X : €)x — TxC. By this way, Lurie defined the cotangent complex of X to
be Lyx := X (X). By having that notion of cotangent complex, the n’th Quillen cohomology group of
X with coefficients in a given object M € TxC is now formulated as

:E[g()(7 M) =T MapTX@(Lx,M[n])

We refer the readers to [7] for a discussion on the naturality of the evolution from Quillen’s approach
to Lurie’s, and also a comparison between them.

For necessary computations in abstract homotopy theory, model categories (or a bit more generally,
semi model categories (cf., e.g., [13, 15, 16]) ) seem to be the most favorable environment, as far
as we know. Fortunately, the Lurie’s settings mentioned above were completely translated into the
model categorical language, thanks to the recent works of Y. Harpaz, J. Nuiten and M. Prasma [6, 7.
Following the settings given in [6], tangent (model) categories come after a procedure of taking left
Bousfield localizations of model categories of interest. Nevertheless, the obstacle is that left Bousfield
localizing usually requires the left properness. The recent result of Batanin and White [17] allows one to
take left Bousfield localizations, in the framework of semi model categories, without necessarily requiring
the left properness. Inspired by this result, under our settings, tangent categories exist as semi model
categories, which are basically convenient as well as (full) model categories.

The main purpose of this thesis is to formulate Quillen cohomology of operads enriched over a
general symmetric monoidal model category, which we will refer to as the base category. Given a base
category 8, we denote by Op(8) the category of 8-enriched C-colored operads with C' being some
fixed set of colors, yet the one we really care about is the category of 8-enriched operads (with non-
fixed sets of colors), which will be denoted by Op(8). Under some suitable conditions, Op(8) admits
the canonical model structure, according to Caviglia [18]. In particular, when § is the category of
simplicial sets, Seta, equipped with the standard (Kan-Quillen) model structure, the canonical model



structure on Op(Seta) agrees with the Cisinski-Moerdijk model structure, which was known to be a
model for the theory of co-operads (cf. [19]).

Given an 8-enriched C-colored operad P, one can then consider P as either an object of Op(8) or
an object of Op(8). As emphasized above, we are mostly concentrated in the latter case. Therefore, by
Quillen cohomology of P we will mean the Quillen cohomology of P when regarded as an object of
Op(8). On other hand, by reduced Quillen cohomology of P we will mean the Quillen cohomology
of P when regarded as an object of Op(8). Some attention was given in the literature to the reduced
Quillen cohomology of operads. For instance, in the context of dg operads, this was studied by Loday-
Merkulov-Vallette [11, 12], (in which the resultant is described in terms of derivations, similarly as in
Example 1.0.0.1). On the other hand, the problems of formulating Quillen cohomology of operads and
investigating its applications, which are essentially more valuable, have not yet been considered so far.

The two base categories of most interest include the category of simplicial sets, Seta, equipped with
the standard (Kan-Quillen) model structure and the category of dg k-modules, C(k), with k being a
field of characteristic 0, equipped with the projective model structure. Operads which are enriched over
Seta (resp. C(k)) will be called simplicial operads (resp. dg operads). These two contexts will also
be our substantial concerns in the thesis.

It has been widely acknowledged that Quillen cohomology theory keeps a key role in the study of
deformation theory and obstruction theory. Let us discuss on these in what below.

Naively, a deformation of an object of interest under “small perturbation” is an object of the same
type which is “equivalent” to the original object. In our setting, a small perturbation is precisely
an artinian dg k-algebra with k being a field of characteristic 0, i.e., a (connective) augmented
commutative dg k-algebra R of finite dimensional such that the augmentation map R — k exhibits
the 0’th homology of R as a local k-algebra. For instance, in the context of algebraic objects (e.g.,
dg module, dg category, dg operad, etc.), a deformation of an object X under a small perturbation
R — k is by definition an object Y coming together with a weak equivalence ¥ ®g k — X. One can
then organize all the deformations of X into a category such that every morphism is an equivalence of
deformations. The oo-groupoid associated to this category will be called the space of deformations
of X over R, denoted by Def(X, R). In a somewhat more abstract setting given in §5.4, we propose
the notion of space of deformations for various types of object. We then show that Quillen cohomology
of a given object indeed classifies the homotopy type of its space of deformations. Moreover, we show
that the functor R ~ Def(X, R) forms a formal moduli problem in the sense of [5]. It implies that
the deformations of X are “governed” by a single dg Lie algebra (cf. [5, 20]).

Given two topological spaces X and Y, understanding maps from X to Y (up to homotopy) is a
classical problem in homotopy theory. Suppose that Y is simply connected. As the first step, one filters
Y by its Postnikov tower:

The problem is therefore reduced to understanding maps X — P,,(Y") which (up to homotopy) extend
some given map [ : X — P,_1(Y). It was known that the obstruction to a section P,_1(Y) — P, (Y")
is classified by a single cohomology class k,_; € H**'(P,_1(Y);m,Y). More generally, the obstruction
to an extension X — P, (Y) of f is classified by the image of k,_; under f* : H"**(P,_1(Y);m,Y) —
H""(X;7,Y). The latter is called the obstruction class of f. Note that the ordinary cohomology
of spaces is nothing but a particular case of Quillen cohomology. The authors of [21] generalized the
above procedures to study the obstruction theory of simplicial categories with fixed set of objects,



in which case obstruction classes are indeed contained in Quillen cohomology groups. The obstruction
theory of dg categories was considered in [22], in which case Quillen cohomology groups play a central
role, again. We hope that the present thesis may open the way to the study of obstruction theory of
simplicial operads. We would like to leave this for future work.

We are now summarizing our main results with respect to some historical backgrounds. These are
divided into two parts.

Part 1. In the first part (including Chapter 3 and Chapter 4), we study Quillen cohomology of en-
riched operads in general context and particularly, Quillen cohomology of simplicial operads. This work
generalizes the study of Quillen cohomology of enriched categories (in particular, simplicial categories)
carried out by Y. Harpaz, M. Prasma and J. Nuiten ([7]).

Suppose we are given a sufficiently nice base category 8 (cf. Conventions 3.1.0.2). As the starting
point, we extend a result of [7], which we now recall. Let € € Cat(8) be a fibrant S-enriched category.
Denote by Cate(8) the category of S-enriched categories with objects in C':= Ob(€) and by BMod(€)
the category of C-bimodules. There is a sequence of the obvious Quillen adjunctions

BMod(€)e; = Catc(8)e) = Cat(8)e,.

Theorem 1.0.0.2. (Y. Harpaz, M. Prasma and J. Nuiten [7]) The above sequence induces a sequence
of Quillen equivalences connecting the associated tangent categories:

Te BMod(€) == T Catc(8) = Te Cat(8) (1.0.0.1)

Let us now fix P to be a fibrant and X-cofibrant C-colored operad in 8. We let BMod(P) and
IbMod(P) respectively denote the categories of P-bimodules and infinitesimal P-bimodules. The
induction-restriction functors form a sequence of Quillen adjunctions:

Theorem 1.0.0.3. (3.2.4.1, 3.2.4.3) The above sequence induces a sequence of Quillen equivalences
connecting the associated tangent categories:

Tp IbMod(P) == T BMod(P) == T9 Op(8) == T» Op(8).

When & is in addition stable containing a strict zero object, all the terms above are Quillen equivalent

to IbMod(P).

We then compute the derived image of the cotangent complex Ly € Tp Op(8) under the right Quillen
equivalence Tp Op(8) — Tp IbMod(P). In the first step, our treatment is inspired by the following.

Theorem 1.0.0.4. (Y. Harpaz, M. Prasma and J. Nuiten [7]) Let C be a fibrant S-enriched category.
Under the right Quillen equivalence Te Cat(8) — Te BMod(€), the cotangent complex Le € Te Cat(8)
is identified to Lb[-1] € Te BMod(Q), i.e., the desuspension of Lb € Te BMod (@) the cotangent complex
of C when regarded as a bimodule over itself.

We prove that an analogue of this statement holds for the right Quillen equivalence T Op(8) St
T» BMod(P) (cf. Proposition 3.4.0.5). However, the approach as in the loc.cit fails when extending to
our problem. In particular, for our approach, the category § is technically required to satisfy the extra
condition (S8) 3.3.0.2, which is inspired by the work of Dwyer and Hess [[25], Section 5]. After having
proved that, it remains to describe the derived image of the cotangent complex of P (when regarded as a
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bimodule over itself) under the right Quillen equivalence T BMod(P) — T IbMod(P). The resultant
is denoted by Lp. When 8 is in addition stable, we compute further the derived image of Ly under
the right Quillen equivalence Tp IbMod(P) — IbMod(P), denoted Lyp. By having these “infinitesimal
models” for Ly, we obtain the central result of the thesis stated as below.

Let S™ denote the pointed n-sphere in 8. Then, let S¢x denote the C-collection which has S¢(¢; ¢) =
S™ for every c € C' and agrees with @g on the other levels.

Theorem 1.0.0.5. (5.4.0.17, 3.4.0.18) Suppose that § additionally satisfies the condition (S8) 3.3.0.2.
The n’th Quillen cohomology group of P with coefficients in a given fibrant object M € Tp IbMod(P) is
formulated as

H%(?, M) = m Ma’pg’;p IbMod(fP)(EfPa M[n+1])

in which Ly € Tp IbMod(P) is the prespectrum with (Lp)p, = PoSE forn > 0. If 8 is in addition stable
containing a strict zero object 0 then the n’th Quillen cohomology group of P with coefficients in a given
fibrant object M € IbMod(P) is formulated as

HE (P, M) =g Map?bMod(fP) (Lyp, M[n+1])

where Ly € IbMod(P) is given by Ly(¢) = P(¢) ® hocolim,, Q[ (S")&™ xlfs 0] for each C-sequence
¢:=(c1,0 0, 0m;C).

Moreover, we find a connection between Quillen cohomology and reduced Quillen cohomology of P,
expressed as follows.

Theorem 1.0.0.6. (5.5.0.2) Suppose that 8 additionally satisfies the condition (S8) 3.5.0.2. Given a
fibrant object M € Ty IbMod(P), there is a long exact sequence of abelian groups of the form

— Hg—l(?, M) — H§ (P, M) — Hp) oq(P, M) — H}H(P, M) — Hgf,}(?, M) — -

where HZN(iP,—) refers to Quillen cohomology group of P when regarded as a right module over itself
and Hé,red(ﬂ’,—) refers to reduced Quillen cohomology group of P.

Turning to the context of simplicial operads, our main result extends the following:

Theorem 1.0.0.7. (Y. Harpaz, M. Prasma and J. Nuiten [7]) Let C be a fibrant simplicial category.
There is an equivalence of oo-categories Te Cat(Seta)eo ~ Fun(Tw(C), Spectra) with Spectra being
the oo-category of spectra and Tw(C) being the twisted arrow oo-category of C. Furthermore, the
cotangent complex Le € Te Cat(Seta) is then identified to the constant functor Tw(€) — Spectra on
S[-1], i.e., the desuspension of the sphere spectrum. Consequently, the n’th Quillen cohomology group
of € with coefficients in a given functor F: Tw(€) — Spectra is given by Hp(C,F) = 7,1 lim J.

The construction of twisted arrow oco-categories (of oo-categories) Tw(-) : Catoe —> Cato was
originally introduced by Lurie [[3], §5.2]. We extend that to the construction of twisted arrow oo-
categories of (fibrant) simplicial operads. Let P be a fibrant simplicial operad. Conceptually, the
twisted arrow oco-category Tw(?P) is defined to be the covariant unstraightening of the simplicial
functor P : Ib” — Seta, which encodes the data of P as an infinitesimal bimodule over itself (see
§2.1.3). In particular, objects of Tw(P) are precisely the operations of P (i.e., the vertices of spaces
of operations of P). For examples, Tw(Com) is equivalent to Fin," the (opposite) category of finite
pointed sets, while Tw(Ass) is equivalent to the simplex category A (cf. Proposition 4.2.0.15).
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Theorem 1.0.0.8. (4.5.0.1) Let P be a fibrant and X-cofibrant simplicial operad. Then there is an
equivalence of oco-categories

T3 Op(Seta)oo — Fun(Tw(P), Spectra).

Moreover, under this equivalence, the cotangent complex Lp € Tp Op(Seta)eo s identified to the desus-
pension of the functor Fp : Tw(P) — Spectra given on objects by sending each operation € P of
arity m to Fp(u) = S*™, i.e., the m-fold product of the sphere spectrum. Consequently, the n’th Quillen
cohomology group of P with coefficients in a given functor F : Tw(P) — Spectra is formulated as

H%(fpv 9:) =To MapFun(TW((P),Spectm) (‘GF(Pv 3.‘[” + 1])

For example, we consider the little co-cubes operad E.,. Denote by Mody the category of vector
spaces over a given field k. A right I'-module is by definition a functor T : Fin}” — Mody. There is
a significant invariant for right I'-modules given by the stable cohomotopy groups (cf. [26]), which
plays a key role in the E-obstruction theory initiated by Robinson [27]. In Proposition 4.3.0.4, we
show that for each integer n there is an isomorphism

7 (T) = Hg_l (Beo: T)

between the n’th stable cohomotopy group of 7" and the (n —1)’th Quillen cohomology group of Eo,
with coefficients in the induced functor 7 : Tw(Ee ) = Fin?® — Spectra.

For more illustration, we consider the associative operad Ass. Let F : Tw(Ass) = A — Spectra be
a functor whose values are (2-spectra. Then the Quillen cohomology groups of Ass with coefficients in
F fit into a long exact sequence of the form

e H(_Q”_Q(.Ass; F) — m, holim F — 7, F([0]) — HC_Q"_I (Ass;F) — mpoq holim F — -+,
(cf. Corollary 4.3.0.7).

A simplicial operad is said to be unitally homotopy connected if all its spaces of unary and 1-ary
operations are weakly contractible. The following result in particular proves that Quillen cohomology
of any little cubes operad with constant coefficients vanishes.

Corollary 1.0.0.9. (4.5.0.8) Let P be a fibrant, ¥-cofibrant and unitally homotopy connected simplicial
operad and Fy : Tw(P) — Spectra a constant functor. Then Quillen cohomology of P with coefficients
i Fo vanishes.

Part 2. In the second part (corresponding to Chapter 5), we study Quillen cohomology of dg operads
and besides that, we outline the relation between deformation theory and Quillen cohomology. This is
a joint work with Y. Harpaz.

Let us fix k to be a field of characteristic 0. By dg operads we mean the operads enriched over C(k)
the category of dg k-modules. In particular, dg operads which are concentrated in non-negative degrees
will be said to be connective.

Let P be any C-colored dg operad. Since the category C(k) is stable, Theorem 1.0.0.3 tells us that
there is a sequence of right Quillen equivalences Tp Op(€(k)) — Tp Opa(C(k)) — IbMod(P). So the
desired formula of Quillen cohomology of P can be expressed in terms of mapping spaces in IbMod(P),
after having described the derived image of the cotangent complex of P in IbMod(%P). Denote by I¢
the initial C-colored operad.
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Theorem 1.0.0.10. (5.1.0.8) Let M € IbMod(P) be an infinitesimal P-bimodule, regarded as the module
of coefficients. The n’th Quillen cohomology group of P with coefficients in M is formulated as

HE, (P, M) = mg Map}“bMod(?) (Lp, M[n +1])

in which Ly = Po(1)Ic with the infinitesimal P-bimodule structure described as follows. As an infinites-
imal left P-module, it is free generated by Io. On the other hand, given an operation « € P(cy, -+, cp;c),
the (infinitesimal) right action of an operation X € P(dy, -+, dm;c;) on the element (o, id.,) € P oy I
s given by

(aojA,idci) ifj#i
2211(04 Oj A7iddk) Zf j =1.

Moreover, there is also a long exact sequence relating Quillen cohomology and reduced Quillen

(a,id,) o} /\:={

cohomology of P, similar to the one given in Theorem 1.0.0.6.

Now suppose further that P is a single-colored connective augmented dg operad. Let Q be another
single-colored dg operad and o : P — Q a map of dg operads. We may take a cofibrant resolution for P
of the form ¢ : Q(€) — P with Q(€) being the cobar construction of € the dg cooperad characterized
by having the same homotopy type as B(P) (i.e., the bar construction of P). The composition ag :
Q(C) — Q performs a Maurer-Cartan element of the convolution dg Lie algebra Homy (€, Q), or of
the reduced one Homy; (€, Q) with € being the coaugmented coideal of €. Recall that the deformation
complex of « is defined to be Homgd’(e, Q) the twisted dg Lie algebra of Homy (€, Q) by a¢. On
other hand, the reduced deformation complex of « is Hom%¢(@, Q) the twisted dg Lie algebra of
Homsy (G, Q) by a¢. (See [11] for more details). Consider Q as an infinitesimal P-bimodule with the
structure induced by «. According to the works of Loday-Merkulov-Vallette ([11, 12]), the reduced
Quillen cohomology of P with coefficients in Q € IbMod(P) agrees with the homology of the reduced
deformation complex of ar. The following statement therefore fits into their works very naturally.

Theorem 1.0.0.11. (5.2.0.7) The Quillen cohomology of P with coefficients in Q € IbMod(P) agrees
with the homology of the deformation complex of . More explicitly, for each n € Z, there is a canonical
isomorphism

HY (P, Q) = Hop, Hom§y (€, Q).

The Dold-Kan correspondence asserts that there is an adjoint equivalence
I': Cso(k) 2 sMody : N

between the categories of connective dg k-modules and simplicial k-modules, in which the functor
N is the well known normalized complex functor. An important fact is that the functors I' and N
are no longer inverse equivalences of each other (or even adjunction) when descending to the categories
of monoids. Despite this, the work of Schwede-Shipley [[55], Theorem 3.12] shows that the functor N
is the right adjoint of a Quillen equivalence when considered as a functor between monoids. Improving
their work, we shall prove the existence of an operadic version of the Dold-Kan correspondence. Note
that while the normalized complex functor is lax symmetric monoidal, its inverse I" does not admit any
canonical lax symmetric monoidal structure. So one in general can not produce sMody-enriched operads
just by applying I' to Cso(k)-enriched operads levelwise. The following statement is in particular not a
trivial one.
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Theorem 1.0.0.12. (Operadic Dold-Kan correspondence, 5.5.2./) The functor
N : Op(sModg) — Op(Cso(k)) (1.0.0.2)
given by applying the normalized complex functor levelwise is a right Quillen equivalence.

For each simplicial operad O € Op(Seta ), the image of O through the composite functor

k{—
Op(Seta) <) Op(sMody) R Op(Cso(k))

is called the dg version of O, and denoted by dO. We exploit the above assertion to find a connection
between Quillen cohomology of a given simplicial operad and the corresponding of its dg version. Let
O € Op(Seta) be a fibrant and X-cofibrant simplicial operad and let M € IbMod(k{O}) be given. The
object M induces a coefficient functor Hy; : Tw(O) — Spectra in an obvious way.

Corollary 1.0.0.13. (5.3.53.7) There is a canonical isomorphism
HY (0, Har) — Hy(dO,N(M))

between Quillen cohomology of O € Op(Seta) with coefficients in Hyy : Tw(OQ) — Spectra and Quillen
cohomology of dO € Op(C(k)) with coefficients in N(M) € IbMod(dO).

This hence provides us with another approach for calculating Quillen cohomology of dg operads that
come from simplicial operads. For example, using this result we observe that Quillen cohomology of the
dg little co-cubes operad E., € Op(C(k)) with coefficients in itself vanishes (cf. Corollary 5.3.3.8).
On other hand, consider the dg associative operad Ass € Op(C(k)). Let A be an associative k-
algebra and let End 4 denote the endomorphism operad associated to A (regarded as an infinitesimal
Ass-bimodule via the canonical map Ass — End4). We then observe that Quillen cohomology of Ass
with coefficients in End4 can be described in terms of the Hochschild cohomology groups of A (cf.
Corollary 5.3.3.9).

In the remainder, we establish the relation between deformation theory and Quillen cohomology.
Here are some settings. Let k be a field of characteristic 0. We denote by CAlg™" the category of
artinian dg k-algebras and by ModCat the category whose objects are model categories and whose
morphisms are Quillen adjunctions with the sources and targets being those of the left Quillen functors.
Let F: CAlg™" — ModCat be a functor. For each map f: R — S in CAlg™, by convention we write
fi:F(R) = F(5) : f* standing for the image of f through F. As the first step, we propose the notion
of space of deformations of a given object X € F(k) over some R € CAlg™", denoted by Def(X, R)
(cf. Definition 5.4.1.3). To make this notion well-defined, the functor R ~ Def(X, R) should form a
formal moduli problem in the sense of [5]. To this end, we require that F forms a formal moduli
context (cf. Definition 5.4.1.2 and Proposition 5.4.1.4).

art

To state our main theorem, we will need the following extra construction. Let F : CAlg*" —
ModCat be a formal moduli context and X € F(k) a fibrant object. Suppose that the tangent category
TxF (k) exists. Given an Q-spectrum M : NxN — CAlg™", we denote by Def (X, M) := Def (X, Q*° M)
and refer to it as the space of first order deformations of X in direction M. Moreover, we will
denote by M (X) € TxF(k) the spectrum object defined as

M(X)n,m = u;m(un,m)!X € ?(k)

where wy, , : k —> M, 1, is the unit of M, ,, € CAlgart. This object M (X) forms an Q-spectrum if either
X is cofibrant or for every (n,m) € N x N the induced functor (u, )1 : F(k) — F(M,,,,) preserves
weak equivalences (cf. Lemma 5.4.1.7 and Remark 5.4.1.9). Our main theorem is then stated as follows.
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Theorem 1.0.0.14. (5./.1.8) The space Def(X, M) is weakly equivalent to the derived mapping space
Mapg(k)/x (X, QY (M(X))). In particular, we have a canonical isomorphism

mo(Def (X, M)) = Hy (X, M(X)).

Moreover, the n’th homotopy group m,(Def(X, M), *) is isomorphic to Hg"(X, M (X)), where * €
Def (X, M) refers to the trivial deformation.

The relation between deformation theory and Quillen cohomology of dg operads was considered in
literature (cf. [11, 12, 59]). Theorem 1.0.0.14 allows us to recover their result in a particular case as
follows. Let A € Cso(k) be a finite dimensional connective dg k-module and let P be a connective dg
operad over k. Then we have for each n > 0 an isomorphism

Tn(Def (P, k x A), +) 2 H5™ (P, P® A)

where P ® A is regarded as an infinitesimal P-bimodule obtained by tensoring levelwise. In particular,
when A =k, we obtain that the homotopy type of Def (P, k[t]/(t?)) is classified by Quillen cohomology
of P with coefficients in itself P € IbMod(7P).

Organization of the thesis. In Chapter 2, we recall briefly some necessary facts relevant to en-
riched operads and various types of module over an operad. This chapter is also devoted to the most
important concepts that we work with throughout the thesis including tangent category, cotangent com-

plex and Quillen cohomology groups. In Chapter 3, we first concentrate on proving Theorem 1.0.0.3.
We then set up an extra condition on the base category and by the way, provide several illustrations
for this condition. The ultimate goal of this chapter is to prove Theorem 1.0.0.5. Chapter 4 is devoted
to Quillen cohomology of simplicial operads. We shall discuss on the construction of twisted arrow oo-
categories of simplicial operads, after having described the unstraightening of simplicial (co)presheaves.
We then explain how this construction classifies Quillen cohomology of simplicial operads. Our main
purposes in Chapter 5 are to formulate Quillen cohomology of dg operads and to establish the relation
between deformation theory and Quillen cohomology. Besides that, we consider Quillen cohomology of
connective augmented dg operads. For other purposes, we prove the existence of an operadic version of
the Dold-Kan correspondence, as well as give a connection between Quillen cohomology of a simplicial
operad and Quillen cohomology of its dg version. In Appendix A, we recall some basic facts involving
semi model categories and their localizations. Lastly, in Appendix B, we present the notion of homotopy
Cartesian squares of model categories. This appendix is particularly devoted to the work of §5.4.
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Chapter 2

Backgrounds and notations

This chapter is devoted to the basic concepts and notations we work with throughout the thesis. In the
first section, we recall briefly fundamental notions relevant to enriched operads, various types of module
over an operad and their homotopy theories. The second section is devoted to the needed concepts
relevant to the Quillen cohomology theory.

2.1 Enriched operads and various types of operadic module

2.1.1 Enriched operads

Let 8 be a symmetric monoidal category. Given a set C, regarded as the set of colors, we denote
by
Seq(C) :={(c1,-,cn; ) |ciyce Con >0}

and refer to it as the collection of C-sequences.

For each n > 0, we let X,, denote the symmetric group of degree n.

Definition 2.1.1.1. A symmetric C-collection (also called a C-symmetric sequence) in 8 is a
collection

M = {M(Clv 5 Cnj C)}(cl,-u,cn;c)ESeq(C)

of objects in 8 equipped with a symmetric action whose data consists of, for each (c1, -+, ¢,; ¢) € Seq(C)
and o € ¥, a map of the form o* : M(c1,++, cn;¢) —> M(cy(1),**; Co(n); ¢)- These maps define a right
action by ¥, in the sense that o*7* = (70)* and u) = Id where p, € 3, signifies the trivial permutation.
With the obvious maps, symmetric C-collections in § form a category, denoted by Collo(8).

Remark 2.1.1.2. Let P(C) denote the groupoid whose set of objects is given by

Ob(P(C)) = {e}u(L|C™)

n>1

and whose morphisms just consist of the identity map Idgz and the morphisms of the form

o (Cla"'acn) - (Ca(l)a"'aca(n))
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with o € ¥,,, n > 1. Then the category Collc(8) is isomorphic to Fun(P(C) x C,8) the category of
8-enriched functors from P(C) x C to 8.

The well known composite product
—o0—:Collx(8) x Collg(8) — Colla(8)

endows Collo(8) with a monoidal structure. The monoidal unit will be denoted by I, with Jo(c;¢) = 15
for every ¢ € C' and agreeing with @s on the other levels. (See, e.g., [8, 28, 30]).

Definition 2.1.1.3. A symmetric C-colored operad in § is a monoid in the monoidal category
(Collg(8),—0—,3¢). We denote by Op(8) the category of symmetric C-colored operads.

Remark 2.1.1.4. Unwinding definition, a symmetric C-colored operad in 8§ is a symmetric C-collection
P equipped with

e a composition whose data consists of the maps of the form
Pler, o ense) ® Pler, s cipgic1) ® - ® P(Cpy1s o, Cly Cn)
) ?(Cl,ly 5 ClLks 5 Cnlly s Cl kg s C)a

e and for each color ¢ € C, with a unit operation id. : 1s — P(c; c).

The composition maps are required to satisfy the essential axioms of ¥ ,-equivariance, associativity and
unitality. (Cf., e.g, [32, 30] for more details).

Given P € Ops(8), each object P(cy, -, cpn;c) will be called a space of n-ary operations of P.
Recall that the collection of 1-ary operations of P, denoted by Pi, inherits an obvious S-enriched
category structure. We shall refer to Py as the underlying category of P.

The notion of a nonsymmetric C-colored operad (resp. C-collection) is the same as that of a
symmetric C-colored operad (resp. C-collection) after forgetting the symmetric action. We denote by
nsColl¢(8) (resp. nsOp(8)) the category of nonsymmetric C-collections (resp. C-colored operads) in
8. The natural passage from nonsymmetric to symmetric context is performed by the symmetriza-
tion functor Sym. Namely, the functor Sym : nsCollo(8) — Collg(8) is given by sending each
nonsymmetric C-collection M to Sym (M) with

Sym(M)(c1,- ensc) = L] M(co(ry: s Comn): ©)-

oeX,

The structure maps are induced by the multiplication of permutations in an evident way. By construc-
tion, the functor Sym forms a left adjoint to the associated forgetful functor.

Remark 2.1.1.5. Given two objects M, N € nsCollx(8), the composite product of unit maps Mo N —
Sym(M)oSym(N) induces a natural map Sym(M o N) — Sym(M)oSym(N). It can then be verified
that the latter is a natural isomorphism of symmetric C-collections with the inverse

Sym(M) o Sym(N) — Sym(M o N)
induced by the concatenation of linear orders
Y X Xy X+ X Xy = Yy ey, -

On other hand, the functor Sym clearly preserves monoidal units. In conclusion, we get that Sym is
strong monoidal.
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By the above remark, the functor Sym : nsCollz(8) — Collo(8) descends to a functor between
monoids

Sym : 1s0pe(8) — Ope(8),
which forms a left adjoint to the associated forgetful functor.

Conventions 2.1.1.6. Since we are almost concentrated in the symmetric context, throughout the
forthcoming, unless otherwise specified, we shall omit the word “symmetric” when mentioning an object
of Op(8) (or Colla(8)).

One can integrate all the categories Op(8) for C € Sets into a single category of S-enriched operads,
just like the way one establishes category of categories.

Definition 2.1.1.7. The category of S-enriched operads, denoted by Op(8), is the (contravariant)
Grothendieck construction

Oop(s) = [ Ope(s)
in which for each map a: C' - D of sets, the corresponding functor a* : Opp(8) — Op(8) is given
by taking Q € Opp(8) to a*Q with
a*Q(cy, o en;e) = Qlaler), - aley); ale)).
The functor o will be called the changing-colors functor associated to a.

Unwinding definition, an object of Op(8) is a pair (C,P) with C € Sets, P € Op(8) and moreover, a
morphism (C,P) — (D, Q) consists of a map a: C' - D of sets and a map f: P — a*Q of C-colored
operads.

2.1.2 Various types of operadic module

Let P be a C-colored operad in 8. We let LMod(P) (resp. RMod(P)) denote the categoy of left (resp.
right) P-modules. Besides that we let BMod(P) and IbMod(P) respectively denote the categories of
P-bimodules and infinitesimal P-bimodules. Let us revisit these quickly.

Operadic left module (resp. right module, bimodule) is the usual notion of left module (resp. right
module, bimodule) over an operad when one regards operads as monoids in the monoidal category of
symmetric sequences. More explicitly,

Definition 2.1.2.1. 1. A left P-module is a C-collection M equipped with a left P-action map
Po M — M whose data consists of the ¥,-equivariant maps of the form

Pler, = en;)@M(dy g, di gy ;1)@ @M (dn1, -+ dnk,i cn) —> M(dia, -+ diky, - dnt, = dng,; )
satisfying the classical axioms of associativity and unitality for left modules.

2. Dually, a right P-module is a C-collection M equipped with a right P-action map M oP — M
whose data consists of the X ,-equivariant maps of the form

M(Cla % Cn; C)®:P(d1,1; Y dl,kl; Cl)®"'®ﬂ)(dn,17 ) dn,kn; Cn) - M(dl,h ) dl,k1 » " dn71> Y dmkzn; C)

satisfying the classical axioms of associativity and unitality for right modules.
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3. A P-bimodule is a C-collection M equipped with both a left and a right P-module structure.
These must satisfy the essential compatibility for bimodules.

Moreover, a P-algebra is simply a left P-module concentrated in level 0. More precisely,

Definition 2.1.2.2. A P-algebra is an object A € 8 which is equipped, for each (ci,-+, ¢,;¢), with
a P-action map
Pler, - enic) ® Aler) ® -+ ® A(cn) —> A(c)

factoring through the tensor product over ¥,,. These maps must satisfy the essential axioms of associa-
tivity and unitality. We denote by Alg,(8) the category of P-algebras.

Remark 2.1.2.3. When P is concentrated in arity 1 then P is simply an S-enriched category. In this
situation, the category of P-algebras is nothing but Fun(P,8) the category of §-valued enriched functors
on P.

Example 2.1.2.4. The collection of unary (= 0-ary) operations of P, denoted by Py, inherits an obvious
P-algebra structure and moreover, Py then becomes an initial object in Alg,(8).

Example 2.1.2.5. It is noteworthy that for each set C, there exists a Seq(C')-colored operad in 8,
denoted by O¢, whose algebras are precisely the C-colored operads, i.e., there is an isomorphism of
categories Algg  (8) 2 Opy(8). We will refer to O¢ as the operad of C-colored operads. (Cf., e.g.,

[[36], §3])-

The structure of left modules (and hence, bimodules) over an operad is not abelian in general. The
notion of infinitesimal left modules (bimodules), as introduced by Merkulov-Vallette ([12]), essentially
appears as the abelianization of the previous one. In terms of enriched colored operads, these are defined
as follows.

Definition 2.1.2.6. 1. An infinitesimal left P-module is a C-collection M equipped with the
action maps of the form
of s P(c1, i) @ M(dy, -+, dimic;) —> M(c1, -+, ¢im1,di, -+, dm, Cix1, ++, Cnj C)

which are Y,-equivariant and satisfy the classical axioms of associativity and unitality for left
modules.

2. Dually, an infinitesimal right P-module is a C-collection M equipped with the action maps of
the form

o; : M(Cla = Cps C) ® g)(d17 "'»dm;ci) - M(Cla “'7Ci—17d17 "'admaci+1, "',Cn;C)

7

which are ¥ ,-equivariant and satisfy the classical axioms of associativity and unitality for right
modules.

3. An infinitesimal P-bimodule is a C-collection M equipped with both an infinitesimal left and
an infinitesimal right P-module structure which together satisfy the essential compatibility for
bimodules.

Remark 2.1.2.7. The structure of an infinitesimal right P-module is equivalent to that of a (non-
infinitesimal) right P-module.
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The notion of an infinitesimal P-bimodule can be reformulated using the diagramatical language,
which has certain advantages over the above definition. To this end, one starts with the notion of
infinitesimal composite product:

= oq) —: Colle(8) x Colle(8) — Colle(8),

which can be thought of as the “right abelianization” of the composite product — o —. Formally, given
two C-collections M and N, Moy N is the sub C-collection of Mo (JcuN) abelian in N. To be precise,
looking at the explicit formula of M o (Jou N), we have on each level that (M oy N)(c1, -+, ¢cn;c) is
the sub-object of M o (Jou N)(c1,-, ¢n;c) consisting of the multi-tensor products which contain one
and only one factor in N. The readers can find out this construction in [[11], Section 6.1].

Observe now that for each M € Coll(8) there is a natural inclusion
Poquy (Poqy M) — (PoqyP) oy M.

On other hand, the (partial) composition in P gives a map gy : P oy P — P. The following is
equivalent to Definition 2.1.2.6(i).

Definition 2.1.2.8. An infinitesimal left P-module is a C-collection M equipped with an action
map Po(yy M —> M satisfying the classical axioms of associativity and unitality for left modules, which
are depicted as the commutativity of the following diagrams

Poqy (Pouy M)

N

(PoyP)oy M Pouy M Jo oy M —— Pouy M

A

Poy M —— M

Now, notice that for each M € Collo(8), there is a natural inclusion
(9)0(1) M) oP — (?in) 0(1) (MOT)
The following is equivalent to Definition 2.1.2.6(iii).

Definition 2.1.2.9. An infinitesimal P-bimodule is a C-collection M endowed with an infinitesimal left
P-module structure, exhibited by a map Po(;y M — M and with a right P-module structure, exhibited
by a map M oP — M which are subject to the essential compatibility, depicted as the commutativity
of the following diagram
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(Poq@yM)o?P

N

(PoP) oy (MoP) Moﬂ)

v

TO(DM—)M

Remark 2.1.2.10. In the above diagram, the C-collection (P o(;y M) o P does not represent the free

infinitesimal P-bimodule generated by M. (This does not even carry any canonical infinitesimal P-
ib

bimodule structure). To find out the exact one, we factor the free functor Collx(8) Z, IbMod(P) as

Coll(8) KR RMod(?P) RER IbMod(?P) where F; (F3) refers to the left adjoint of the associated forgetful
functor. Observe now that F; 2 (=) o P, while F = Po(yy (=). In conclusion, the functor F* is given by
F = Po(yy (- oP). On other hand, the free infinitesimal left P-module functor is simply P o(;y (-).

Another important one is the notion of modules over an operadic algebra. Let A be a P-algebra.

Definition 2.1.2.11. An A-module over P is an object M € 8¢ equipped, for each sequence
(c1,+, ¢n; ), with a mixed (P, A)-action map of the form
P(e1, - cnic) ® (0% A(e;) @ M(ce) — M(c)
7’.6{17"'7”}_{1‘:}

factoring through the tensor product over ¥,,. These maps must satisfy the essential axioms of associa-
tivity and unitality. With the obvious maps, A-modules over P form a category, denoted by Modé.

To reformulate Modé as a category of 8-valued enriched functors, one will need the construction of
enveloping operads.

Denote by Pairsc(8) the category whose objects are the pairs (P, A) with P € Op,(8) and A €
Alg5(8), and whose morphisms are the pairs (¢, f) : (P, A) — (Q, B) with ¢ : P > Q being a map in
Opc(8) and f: A - B a map of P-algebras. There is a canonical functor § : Op(8) — Pairsc(8)
sending each C-colored operad P to the pair (P,Py) (see Example 2.1.2.4). According to [33], the
functor ¢ admits a left adjoint Env : Pairs¢(8) — Op(8) called the enveloping functor.

Definition 2.1.2.12. The enveloping operad associated to a pair (P, A) € Pairsc(8) is defined to
be Env(P, A) the image of (P, A) through the enveloping functor.

Remark 2.1.2.13. Following Theorem 1.10 of loc.cit, there is a canonical isomorphism
Mod = Fun(Env(P, 4)1,8) (2.1.2.1)

between the categories of A-modules over P and 8-valued enriched functors on Env(P, A); the underlying
category of Env(P, A).

Remark 2.1.2.14. Another main interest in this construction is that there is a canonical isomorphism

Alggu(p,4)(8) 2 Algy(8) 4/

between the categories of Env (P, A)-algebras and P-algebras under A. On other hand, by construction
there is a canonical map ja : P — Env(P, A) of C-colored operads. This endows Env(P, A)y with a
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canonical P-algebra structure and moreover, Env (P, A) is isomorphic to A as P-algebras. (See around
[[33], Lemma 1.7]).

Finally, to sum up, we illustrate several links between mentioned operadic categories. Observe first
that, as well as every type of monoid, there is a restriction functor

Op(8)p; — BMod(P) g/,

which admits a left adjoint usually called the induction functor.

On other hand, the (partial) composition in P endows P with the structure of an infinitesimal
bimodule over itself. Let M be a P-bimodule under P. Then, M inherits a canonical infinitesimal
P-bimodule structure (under P) induced by inserting the unit operations of P into M. This procedure
determines a restriction functor

BMOd(:P)fp/ —> IbMOd(fP){p/,
which admits a left adjoint, the induction functor again.

Moreover, there is an adjunction
Lop: OpC(S)(p/ —— Op(S)?/ : Ry (2122)

where the left adjoint is the obvious embedding functor and the right adjoint is given by the restriction

of colors. Namely, let P .0 be an object of Op(8)y/, then Rp(Q) is given on each level as
jQCP(Q)(Cla =ty Cn; C) = Q(f(Cl), ) f(cn)v f(C))

In conclusion, we obtain a sequence of adjunctions of the induction-restriction functors

2.1.3 Algebras encoding the categories IbMod(?P), BMod(P), RMod(P) and LMod(P)

It is convenient that each of the categories IbMod(P), BMod(P), LMod(P) and RMod(P) can be
encoded by an enriched operad (or category). In terms of single-colored operads, these constructions
can be found in [47, 48].

Notations 2.1.3.1. 1. We let Fin denote the smallest skeleton of the category of finite sets whose
objects consist of 0:= @ and m :={1,---,m} for m > 1.

2. We denote by Fin, the category whose objects are finite pointed sets (m) := {0, 1---,m} (with 0 as
the basepoint) for m > 0, and whose morphisms are basepoint-preserving maps. In other words,
Fin, is the smallest skeleton of the category of finite pointed sets.

Note that there is an obvious embedding functor Fin — Fin, taking each m to (m).

Construction 2.1.3.2. We now construct an S-enriched category, denoted Ib”, which encodes in-
finitesimal P-bimodules. The set of objects of b7 is Seq(C), while its mapping spaces are defined as

follows. For each map (m) =R (n) in Fin,, we denote by

Map{b? ((e1,ens0), (dy, -y dm;d) ) =P (c, {dj}jef—l(o);d) ® A_f@ P ({dj}jef—l(i);ci)
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in which, for each k € {0,---,n}, the elements of {d;};cs-1(x) are put in the natural ascending order of j.
Then, we define

MaprT ((617'"7671;6)7(d17“'7dm;d)):= I_l Map{b? ((017“'7671;0)7(d17“'7dm;d))'
(m)*>(n)

Observe that
1d()

MaplbT

((c1,cn50),(c1,eni0)) =P(c;¢) P(c1;¢1) @+ @ P(cn; cn)-

Due to this, we can define the unit morphisms of Ib” via the unit operations of P. Moreover, the
structure maps of b7 are canonically defined via the composition in P, along with the symmetric
action on P. (See also [47], §2).

Proposition 2.1.3.3. There is a canonical isomorphism
IbMod(?P) = Fun(Ib”, 8)
between the category of infinitesimal P-bimodules and the category of S-valued enriched functors on .

Proof. (1) Let M : Ib” — 8 be an enriched functor. We establish the associated infinitesimal P-
bimodule, still denoted by M, as follows.

Each permutation o € ,, determines a map (n) — (n). Observe now that
Mapiys ((c1, en;€), (Ca(iys s Ca(nyi €) ) = P(c;¢) @ Pler;er) ® @ P(cns cn).
In particular, the functor structure map of M
Mapp,» ( (c1, eni€), (Cagry, ) Ca(n); €) ) ® M(c1,+, cn; ) —> M(caqry, ", Ca(n); €)
has a component given by
Ple;e) @ P(crse1) @ ® P(cnscn) ® M(ca, o+, ensc) —> M(caqrys**, Ca(n); €)-
Now, the evaluation at the unit operations id,,id,,,id., of P determines the symmetric action of
typical form: M (cy, -, cp;c) LN M (ca(1), s Ca(ny; €)-
Next we define the infinitesimal right action of P on M. Observe that the structure map
Mapy,e ((c1,,¢n;€), (€1, Cim1,d, oy Ay Cin1y - Cny €) ) ® M (e, -, e )
N M(Cl, e Cisl, dh e dm’ Cis1s" Cn; C)
has a component given by
M (c1,+, cn;€) @ P(dy,+ dins ci) @ Pe;¢) @ P(erser) @+ ® P(cimt; cim1) ® P(Civt; Civ1) ® @ P(enscn)
—> M (c1,,Cim1,d1, Aoy Cig, ooy Cnj €).
This induces an infinitesimal right P-action on M by evaluating at the unit operations of P.
To define the infinitesimal left P-action, observe that the structure map
Mapy,e ((d1,+ dm;ci), (€1, Cicay diy ey dimy Cig1y ooy Cni €) ) @ M (dyy =+, di; ¢i)

? M(Cla 5 Ci—1, dla ) dma Cit1,°"" Cn; C)

23



has a component given by
P(ciye1, 0, Cim1y Cig1s oy Cns €) @ P(dy;dy) @+ @ P(dy; di) ® M(dy, -+, dim; )
—> M (c1,,Cim1,d1, Aoy Cig, 5 Cnji €).
The latter induces an infinitesimal left action by evaluating at the unit operations of P, again.

(2) Conversely, let M be an infinitesimal P-bimodule. We want to see how M admits a canonical
enriched functor structure Ib¥ — 8. We have to define the maps of the form

Map]bf” ( (Cla "'7071;0) 3 (dlv ,dmad) ) ® M(C], "'7Cn;c) - M(dlv Y dm,d)

This map must consist of, for each (m) R (n), a component map of the form

P(e{dj}jer1(0):d) ® '-(18) P({di}jerryici) ® M(cr, e, ensc) — M(di, -, dps ).

The latter can be naturally defined using the (two sided) infinitesimal P-action on M, along with the
symmetric action on M (we will revisit this in Notation 4.2.0.7).

The explicit verifications are elephantine, but not complicated. ]

Construction 2.1.3.4. The enriched category which encodes the category of right P-modules will be
denoted by R”. Tts set of objects is Seq(C), while its mapping objects are given by

Mapgs ((c1, cnic), (diy - dm;c) )= | ] | & (P({dj}jeffl(z‘);ci)

f i=1,-n
m=n

where the coproduct ranges over the hom-set Hompgy, (m,n). Observe that there is a map

MapR'y ( (017'”7071;0) ) (d17”'7dm;c) ) - Mapr'y ( (017'”7071;0) ) (dl,“‘,dm;C))

induced by the embedding Fin — Fin, and by inserting the unit operation id. into the factor P(c;c)
of the right hand side. The categorical structure of R” is then defined via the operad structure of P,
so that R” forms a subcategory of b7,

It can then be verified the following, similarly as in the proof of Proposition 2.1.3.3.

Proposition 2.1.3.5. There is a canonical isomorphism
RMod(P) = Fun(R”,8)

between the category of right P-modules and the category of S-valued enriched functors on R”.

We now wish to construct an operad encoding the category of P-bimodules, yet it will be more
convenient for us to start with BMod(%P)y, the category P-bimodules under P.

Remark 2.1.3.6. As well as every type of monoid, for every P-bimodule M there is a natural isomor-
phism
Hompyoapy (P, M) = Homggy, sy (Jo: M)

in which Homg,y,.(sy(Jc, M) € Homep(s)(Jo, M) is the subset consisting of those ¢ : Jo — M
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making the following diagram commutative

TOJC=JCO?£>MOT

] 1

PoM M

Construction 2.1.3.7. The 8-enriched operad which encodes P-bimodules under P will be denoted by
B”/. Its set of colors is again Seq(C'). The unary operations of B”/ agree with P i.e.,

B/ (; (c1,++, cni0)) =P, Cn ),
while its 1-ary operations coincide with those of b7 (see Construction 2.1.3.2), i.e.,
BY ((c1, e eni0)i (di, - dmid)) = L) |P(e{d}jepr(0)id) @ (18) ?({dj}jefl(i);ci)]
m)>(n) o

where f ranges over the set Hompy,, ((m), (n)). Then we may extend the above formula to obtain the
spaces of operations of higher arities. A typical space of n-ary operations of B”/ is given by

B?/ ( (Cla % Crys C(l)) ) (CT1+17 Y c’r1+7‘2;c(2)) » "t (CT1+---+7‘7,,,1+1a 0 Crpbetry C(n)) ) (dla ) dm7 d) )

= |_| [j) (C(l), ,..’c(”)7 {dj}jef—l(O); d) ® ' ® P ({dj}jef—l(i);ci):l .

=1, Heeet
(m)_f,(r]+...+rn) 1=l Tn

The ¥,-action is given by permuting the colors ¢V, - ¢(™ on the factor
P (C(l)a ) c(n)7 {d]}jef‘l(()) ) d)

and simultaneously, permuting the terms {c1, -, ¢, }, oo, {Cr 4etrp141, = Cry4ontrr,, ; ON the factor

Q  P{ditjerrayic)-

=1, r1 441y,

The composition of B”/ is canonically defined via the composition of P, while its unit operations are
exactly those of b7,

Proposition 2.1.3.8. There is a canonical isomorphism
BMOd(iP):P/ = Alngv/ (S)
between the category of P-bimodules under P and the category of algebras over B!

Proof. (1) Let M be a B”/ -algebra. Note first that since the underlying category of B”/ agrees with
7, M already inherits a canonical right P-module structure (cf. Proposition 2.1.3.3).

Let us see how M comes equipped with a left P-action. For simplicity, we only establish the action
maps of the form

Ple,d;e) @ M(cy, -+ cn;c) ® M(dy, -+, dpm;d) — M(cy, -, cn,di, - dpm; €) (2.1.3.1)
To this end, observe first that the B”/ -algebra structure map of M of the form
B ((c1,-+ cnic) , (d1, - dp:d) : (c1, -+, Cnydy, -, dimi€) ) @
Q M(cy, -+ cnyc) @ M(dy, -, dpm;d) —> M(cy, -, cnydy, - dp;€)
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has a component given by
Ple,d;e) @ P(cr;¢1) ® - @ P(cn;cn) ® P(dy;dp) @ -+ @ P(dy; di )®
Q® M(cy,-+ cn;¢) @ M(dy, -, dpm;d) — M(cyp, - Cpydy, -, dm;€).
The evaluation at the unit operations id,,, ---,id,, ,idg,,---,idg,, of P to the latter gives us the action map
(2.1.3.1) as desired.

Finally, the action of the unary operations of B on M gives us a canonical map P - M.

(2) Conversely, let M be a P-bimodule under P. We let the composite map ¢ : Jo - P - M exhibit
the images of the unit operations of P in M. In order to establish the B”/ -algebra structure on M, one
will need to make use of the P-bimodule structure of M, along with some suitable involvement of «.

The explicit verifications are elephantine, but not complicated (with a help of Remark 2.1.3.6 at
some points). O

Construction 2.1.3.9. The S-enriched operad which encodes the category of P-bimodules will be
denoted by B”. Its set of colors is again Seq(C'). A typical space of n-ary operations is given by

BT ( (Clv N ch;c(l)) ; (CT1+17 < Critrgs 6(2)) P (CT1+~-~+T‘n_1+17 Oty s C(n)) ; (d17 ) dma d) )

= PO i) e @ P({didjeria)

f 1=1, ., r1 447
M=+ Ty, v "

where the coproduct ranges over the hom-set Homgi,(m,ry +---+7,). For each map f : m —
r1+ - +1,, we will denote by B;J:(—) the component of B¥ (=) corresponding to f, taken from the

above formula. As in Construction 2.1.3.7, the operad structure of B” is canonically defined via the
structure of P, so that B” is in fact a suboperad of B¥/. (See also [[48], §2.1.1]).

As in the proof of Proposition 2.1.3.8, it can be shown that:
Proposition 2.1.3.10. There is a canonical isomorphism
BMod(P) = Alg g (8)
between the category of P-bimodules and the category of algebras over B”.
Finally, we construct an operad encoding the category of left P-modules.

Construction 2.1.3.11. We denote by L” the S-enriched operad whose set of colors is Seq(C') and
whose spaces of operations are given as follows. For simplicity of equations, we just describe the spaces
of 2-ary operations. These are concentrated in the following ones

LT ( (Cl, = Cry; C) ) (CT‘1+17 % Critras C,) ) (Co(l)> = Co(ri+ma)s d) ) = |_|:P(Cy C,; d)

where o € ¥, 4r,. The coproduct ranges over the subset of ¥, ., consisting of those a satisfying that
for every i € {1,-++,71 + ro}, the two colors Co(iy and c,(;) coincide. From the above formula, we denote
by LY (=) the component of L” (=) corresponding to a. Observe that there is a canonical map

ng ( (Clv B Cm;C) ) (Cr1+17 5 Critry; C,) ; (co(l)a ) ca(r1+r2);d) ) = ?(C, C,; d) -

BY ((c1,¢r3€) s (Crpats s Criarss €)1 (Cottys = Cotrarn)i d) ) = P(c15¢1) @ ®P(Cryary Cryary )OP (e, s )
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given by inserting the unit operations id,, into the factors P(¢;;¢;) for i =1, r; + ro. In this way, the
operad structure of L” is established via the structure of P, so that L” forms a suboperad of B”.

Proposition 2.1.3.12. There is a canonical isomorphism
LMod(P) = Alg;»(8)
between the category of left P-modules and the category of algebras over L.

Proof. The proof is similar to the ones above. Here we just note the following detail. Suppose we are
given an L?—algebra M and a permutation o € ¥,,. We wish to determine the symmetric action map
o* : M(c1, -, cny¢) —> M (o1, "+, Co(ny; ¢). To this end, we make use of the structure map

LY (1,7 eni )i (Co(1)s s Co(nyi€)) ® M (1, enic) = P(ci¢) ® M(cy, -+, s ) —> M(Co(1), s Co(n)i€)

where Lff(—) is the component of LT(—) corresponding to itself o. The evaluation to the above map at
the unit operation id. gives us the expected action o*. O

2.1.4 Operadic transferred model structures

In this section, we assume further that 8 is a symmetric monoidal model category (cf. Hovey’s
[35]). Let P be a C-colored operad in 8 and let A be a P-algebra. We collect here all the mentioned
operadic categories, except the category of 8-enriched operads Op(8), including

{Colle(8), Ope(8), LMod(P), RMod(P), BMod(P), IbMod(P), Alg»(8), ModA} = A, (2.1.4.1)

Definition 2.1.4.1. Let M be any of the categories in A. The (projective) transferred model
structure on M is the one whose weak equivalences (resp. fibrations) are precisely the levelwise weak
equivalences (resp. fibrations).

We wish to set up several suitable conditions on the base category 8 assuring the existence of the
transferred model structure on every element of A. As we have seen previously, each category M € A
can be represented as the category of algebras over a certain operad (or category) (cf. Remarks 2.1.1.2,
2.1.2.13, Example 2.1.2.5, Propositions 2.1.3.3, 2.1.3.5, 2.1.3.10, 2.1.3.12). Consequently, one just needs
to consider the transferred model structure on the category Alg,(8). According to the literature, we
know several criteria assuring the existence of that. Here are several settings.

Definition 2.1.4.2. A symmetric monoidal fibrant replacement functor on & is a symmetric
monoidal functor R : § - 8 together with a monoidal natural transformation ¢ : Id - R such that for
each object X € 8, the map px : X — R(X) exhibits R(X) as a fibrant replacement of X.

Definition 2.1.4.3. A functorial path data on 8 is a symmetric monoidal functor P : § — 8 together

with monoidal natural transformations s : Id - P and dy,d; : P — Id such that the composite map

dod
X 2 P(X) @) v x exhibits P(X') as a path object for X.

The following is an analogue of [[37], Theorem 3.11].

Proposition 2.1.4.4. Suppose that 8 is strongly cofibrantly generated (i.e., cofibrantly generated with
domains of the generating cofibrations and trivial cofibrations being small). If § admits both a symmetric
monoidal fibrant replacement functor R and a functorial path data P then the transferred model structure
on Algy(8) exists for every operad P.
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Proof. Consider the free-forgetful adjunction

F:8¢ = Alg,(8) : U.
8*¢ is strongly cofibrantly generated. On other hand,

it can be readily verified that the functor U creates filtered colimits. Thus, according to [[37], Lemma

By assumption, the product model structure on

3.3] (a version of the transfer principle for strongly cofibrantly generated model categories), we just need
to show that there is a functorial U-fibrant replacement in Algy(8) and that every U-fibrant object in
Alg4(8) admits a path object. (In our setting, “U-fibrant” means levelwise fibrant).

For the first condition, observe first that the symmetric monoidal functor R lifts to a functor R :
Opc(8) — Ope(8). Moreover, the monoidal natural transformation ¢ : Id — R gives us a map of
operads @p : P —> RP. On other hand, R lifts to another functor R : Alg,(8) — Algg5(8). Due to
the map ¢, for any A € Alg4(8), the RP-algebra RA inherits a P-algebra structure and moreover, the
induced map ¢4 : A — RA is then a map of P-algebras. By construction, RA is indeed a U-fibrant
replacement of A.

It remains to verify the second condition. Let A € Alg,(8) be a levelwise fibrant P-algebra. By
applying the symmetric monoidal functor P levelwise, we obtain a P-algebra, PA (just as in the above
paragraph). The monoidal natural transformations s: Id — P and dy, d; : P — Id together determine
a diagram in Algs(8):

(do,dy)
—

A PA Ax A,

which exhibits PA as a path object for A. O

There is another powerful criterion, thanks to the recent work of Pavlov-Scholbach. Here are several
settings.

Recall from [[38], Definition 1.1] that a map f: X - Y in 8 is an h-cofibration if and only if for
every commutative diagram of coCartesian squares in 8 of the form

X—>A-%.B

ool

Y — A ——DB
g
the map ¢’ is a weak equivalence whenever g is one. If f is in addition a weak equivalence then it is an
acyclic h-cofibration.

Let 7 = (n1,--+,n%) be a finite sequence of natural numbers. For a family s = (s1, -+, ;) of maps in
S, denote by

on

s = sH™

7 )

where the subcript “0” refers to the pushout-product operation of maps. The group ¥+ :=[1; X,

o
acts on s"™ in an evident way.

Definition 2.1.4.5. The symmetric monoidal model category § is said to be symmetric ~-monoidal
if for any finite family s = (s1,--+, s;) of (resp. acyclic) cofibrations and for any object X € 8 equipped

with a right ¥5-action, the map X ®x_ sO7 is a (resp. acyclic) h-cofibration.

Proposition 2.1.4.6. (Pavlov-Scholbach, [[28], Theorem 5.10]) Suppose that 8 is a combinatorial sym-
metric monoidal model category such that weak equivalences are closed under transfinite compositions.
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If § is symmetric h-monoidal (the acyclic part is sufficient), then the transferred model structure on
Alg4(8) exists for every operad P.

We end this section by listing some base categories of interest, which we will work with in the thesis,
and discussing how they adapt to the criteria mentioned above.

Examples 2.1.4.7. 1. The base category of most interest is the Cartesian monoidal category of
simplicial sets, (Seta,x), equipped with the standard (Kan-Quillen) model structure. The
model structure on Seta is combinatorial (and hence strongly cofibrantly generated, in particular)
and has weak equivalences being closed under filtered colimits. It admits a fibrant replacement
functor given by Ex™ := Sing| - | the composition of the realization and singular functors, and
admits a functorial path data given by (—)Al. Moreover, Seta is as well symmetric A-monoidal,
according to [[29], §7.1]. We hence get that Seta satisfies the conditions of both two propositions
2.1.4.4 and 2.1.4.6.

2. The second one is the monoidal category of simplicial R-modules, (sModg,®), with R being
a commutative ring, equipped with the standard model structure transferred from that of Seta.
As well as simplicial sets, simplicial R-modules satisfies the conditions of both two propositions
2.1.4.4 and 2.1.4.6. Indeed, note first that sModg is combinatorial, has weak equivalences being
closed under filtered colimits and moreover, it is a fibrant model category (i.e., all the objects
are fibrant). A functorial path data for sModg is given by (—)R{Al}.
h-monoidal, according to [[29], §7.3].

It is as well symmetric

3. Let k be a commutative ring of characteristic 0. Consider the monoidal category of dg k-modules,
(€(k),®), equipped with the projective model structure. This is also a combinatorial fibrant model
category and has weak equivalences being closed under filtered colimits. There is a functorial path
data for C(k) given by (=) ® Q*(A!) where Q*(A!) is the Sullivan’s dg algebra of differentials on
the interval Al € Seta (see [[14], 5.3]). So we get that C(k) satisfies the conditions of Proposition
2.1.4.4. However, C(k) is in general not symmetric h-monoidal, unless k is a field of characteristic
0. (See the one below).

4. Suppose that k is a field of characteristic 0. We are also interested in the monoidal category of
connective dg k-modules, (C5o(k),®), equipped with the projective model structure. This
model category is combinatorial and has weak equivalences being closed under filtered colimits.
Moreover, all its objects are both fibrant and cofibrant. However, as far as we know, Cso(k)
does not adapt to the conditions of Proposition 2.1.4.4. The only thing missed is the existence
of a functorial path data, (which we do not know about). Instead of that, Cso(k) satisfies the
conditions of Proposition 2.1.4.6. Indeed, for any given finite group G, every k-module equipped
with a G-action is automatically projective as a k[G]-module, (by the Maschke’s theorem). This
fact implies that Cyo(k) is symmetric h-monoidal. (See [[29], §7.4] for more details).

5. More generally, let R be a commutative monoid in the monoidal category (Cso(k),®) with k
being a field of characteristic 0. We are also interested in the monoidal category of R-modules,
(Modg, - ®z =), equipped with the projective model structure. This is a combinatorial fibrant
model category and has weak equivalences being closed under filtered colimits. As well as C5q(k),
the category Modg does not admit a functorial path data, but instead it satisfies the conditions of
Proposition 2.1.4.6. To see the latter, one just needs to verify the symmetric h-monoidality. This
is in fact transferred from the symmetric h-monoidality of Cso(k) (cf. [[29], Theorem 5.9]).
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In conclusion, we see that all the base categories listed above are nice enough so that the transferred
model structure on P-algebras exists for every operad P and consequently, for every category M € A
(2.1.4.1), the transferred model structure on M exists as well.

2.1.5 Dwyer-Kan and canonical model structures on enriched operads

Let 8 be a monoidal model category and let Cat(8) denote the category of (small) S-enriched
categories. For each C € Cat(8), the homotopy category of €, denoted by Ho(C), is the ordinary
category whose objects are the same as those of € and whose hom-set Homyo(e) (7, y), with z,y € Ob(€),
is defined to be

HOH1Ho(€) (33, y) = HOInHO(S) (15 ) Map(‘f (33, y))

By convention, a map f: € — D in Cat(8) is a levelwise weak equivalence (fibration, trivial fibration,
etc.) if for every z,y € Ob(C) the map Mape(z,y) — Mapy (f(x), f(y)) is a weak equivalence
(fibration, trivial fibration, etc.) in 8.

Definition 2.1.5.1. A map f : € - D in Cat(8) is called a Dwyer-Kan equivalence if it is a
levelwise weak equivalence and such that the induced functor Ho(f) : Ho(€C) — Ho(D) between
homotopy categories is essentially surjective.

Definition 2.1.5.2. Dwyer-Kan model structure on Cat(8) is the one whose weak equivalences
are the Dwyer-Kan equivalences and whose trivial fibrations are the levelwise trivial fibrations surjective
on objects. (See, e.g., [39], [4]).

Definition 2.1.5.3. (Berger-Moerdijk [31]) Canonical model structure on Cat(8) is the one whose
fibrant objects are the levelwise fibrant categories and whose trivial fibrations are the same as those of
the Dwyer-Kan model structure.

By extending the two above, G. Caviglia [18] established both the Dwyer-Kan and canonical model
structures on Op(8). Suppose further that 8 is a symmetric monoidal model category.

By convention, a map f : P - Q in Op(8) is called a levelwise weak equivalence (fibration, trivial
fibration, etc.) if for every sequence (cy,-, ¢y;c) of colors in P, the induced map

Pler, - enic) — Q(f(er), -+ flen); f(0))
is a weak equivalence (fibration, trivial fibration, etc.) in 8.

On other hand, the homotopy category of P is defined to be Ho(?P) := Ho(P;) the homotopy
category of its underlying category.

Definition 2.1.5.4. A map f:P — Q in Op(8) is called a Dwyer-Kan equivalence if it is a levelwise
weak equivalence and such that the induced functor Ho(f) : Ho(P) — Ho(Q) between homotopy
categories is essentially surjective or alternatively, if f is a levelwise weak equivalence and has underlying
map fi: Py —> Qp being a Dwyer-Kan equivalence in Cat(8).

Definition 2.1.5.5. Dwyer-Kan model structure on Op(8) is the one whose weak equivalences are
the Dwyer-Kan equivalences and whose trivial fibrations are the levelwise trivial fibrations surjective
on colors.
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Definition 2.1.5.6. Canonical model structure on Op(8) is the one whose fibrant objects are the
levelwise fibrant operads and whose trivial fibrations are the same as those of the Dwyer-Kan model
structure.

Remark 2.1.5.7. As originally introduced by G. Caviglia, a given map in Op(8) is a fibration (resp.
weak equivalence) with respect to the canonical model structure if and only if it is a levelwise fibra-
tion (resp. weak equivalence) and such that its underlying map in Cat(8) is a fibration (resp. weak
equivalence) with respect to that model structure. (See [[18], Definition 4.5] and [[31], §2.2]).

Following up his work, we give a set of conditions on the base category 8 assuring the existence of
the canonical model structure.

Proposition 2.1.5.8. (Caviglia, [18]) Let 8 be a combinatorial symmetric monoidal model category
satisfying that:
(S1) the class of weak equivalences is closed under filtered colimits,

(S2) either (a) 8 admits a symmetric monoidal fibrant replacement functor and a functorial path
data, or (b) 8 is symmetric h-monoidal,

(S3) the monoidal unit is cofibrant, and
(S4) the model structure is right proper.

Then Op(8) admits the canonical model structure, which is as well right proper and combinatorial.
Moreover, this model structure coincides then with the Dwyer-Kan model structure.

Proof. The combinatoriality of 8§ implies that it is strongly cofibrantly generated and besides that,
implies the existence of a set of generating intervals in the sense of [31] (cf. Lemma 1.12 of loc.cit).
On other hand, by propositions 2.1.4.4 and 2.1.4.6, the condition (S2) ensures the existence of the
transferred model structure on Opq(8) for every set C. Then by [[18], Theorem 4.22 (1)], Op(8)
admits the canonical model structure, which is combinatorial as well. The right properness follows by
Proposition 5.3 of the loc.cit.

For the second claim, observe first that the condition (S1), together with the combinatoriality of
8, implies that 8 is compactly generated in the sense of [[31], Definition 1.2]. Combining this fact
with (S2), we get that 8 is adequate in the sense of [[31], Definition 1.1]. The latter fact, along with
the conditions (S3) and (S4), proves that the classes of Dwyer-Kan and canonical weak equivalences
in Cat(8) coincide (cf. [31], propositions 2.20 and 2.24). Thus, by Remark 2.1.5.7 these two classes
in Op(8) coincide as well. Combining the latter with the fact that the two model structures have the
same trivial fibrations, we obtain the expected coincidence. O

Remark 2.1.5.9. Under the same assumptions as in Proposition 2.1.5.8, the canonical model structure
on Cat(8) automatically exists and coincides with the Dwyer-Kan model structure.

Example 2.1.5.10. Some typical base categories satisfying the conditions of Proposition 2.1.5.8 include
the ones of Examples 2.1.4.7
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2.2 Tangent categories and Quillen cohomology

This section, based on the works of [6, 7], contains the most important concepts appearing throughout
the thesis. Basically, tangent category comes after a procedure of taking the stabilization of a model
category of interest. Note that under our setting, stabilizations exist only as semi model categories.
Despite this, the needed results from those papers remain valid. We then get the notion of cotangent
complex, which plays a central role in the Quillen cohomology theory.

Definition 2.2.0.1. A model category M is said to be weakly pointed if it contains a weak zero
object, i.e., an object which is both homotopy initial and terminal.

Let M be a weakly pointed model category and let X be an (N x N)-diagram in M. The diagonal
squares of X are of the form

Xn,n > Xn,n+1

L

Xn+1,n > n+1l,n+1

Definition 2.2.0.2. An (N x N)-diagram in M is called
(i) a prespectrum if all its off-diagonal entries are weak zero objects in M,
(ii) an Q-spectrum if it is a prespectrum and all its diagonal squares are homotopy Cartesian,

(iii) a suspension spectrum if it is a prespectrum and all its diagonal squares are homotopy coCarte-
sian.

NxN

The projective model category of (N x N)-diagrams in M will be denoted by M.

Definition 2.2.0.3. ([6], Definition 2.1.2) Let M be a weakly pointed model category. Amap f: X - Y
in M"Y is said to be a stable equivalence if for every 2-spectrum Z the induced map between derived
mapping spaces

Map}ﬁdm (Y, 2) — Mapidm (X,2)
is a homotopy equivalence. Note that a stable equivalence between ()-spectra is always a levelwise
equivalence.

Following [[6], Lemma 2.1.6], the Q-spectra in M can be characterized as the local objects against
a certain set of maps. Inspired by Definition 2.1.3 of the loc.cit, we give the following definition, which
is valid due to Theorem A.0.0.14 (Batanin-White).

Definition 2.2.0.4. Let M be a weakly pointed combinatorial model category such that the domains of
generating cofibrations are cofibrant. Stabilization of M, denoted by Sp(M), is defined to be the left
Bousfield localization of MS;;? with Q-spectra as the local objects. Explicitly, Sp(M) is a cofibrantly
generated semi model category (see Appendix A) whose

- weak equivalences are the stable equivalences, and whose

NxN
proj

In particular, fibrant objects of Sp(IM) are precisely the levelwise fibrant ()-spectra.

- (generating) cofibrations are the same as those of M

Remark 2.2.0.5. When M is in addition left proper then the stabilization Sp(M) exists as a (full)
model category. Nevertheless, we do not require the left properness throughout the thesis.
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Definition 2.2.0.6. ([6]) A (semi) model category M is called stable if the following equivalent con-
ditions hold:

(i) The underlying co-category M, of M (cf., [52, 43]) is stable in the sense of [3].
(ii) M is weakly pointed and such that a square in M is homotopy coCartesian if and only if it is
homotopy Cartesian.

(iii) M is weakly pointed and such that the adjunction ¥ : Ho(M) = Ho(M) : Q of suspension-
desuspension functors is an adjoint equivalence.

Facts 2.2.0.7. (Y. Harpaz, J. Nuiten and M. Prasma [6]) Let M and N be two weakly pointed
combinatorial model categories such that the domains of their generating cofibrations are cofibrant.

(i) There is a Quillen adjunction £*:M = Sp(M) :Q* where Q*°(X) = Xy and X*(X) is the
constant diagram with value X.

(ii) The induced functor (2°°)eo : SP(M)eo —> Moo exhibits Sp(M)e as the stabilization of Me, in
the sense of [3].

(iii) The stabilization Sp(M) is stable. Furthermore, if M is already stable then the adjunction
¥ M = Sp(M) :Q* is a Quillen equivalence.

(iv) A Quillen adjunction F: M == N :G lifts to a Quillen adjunction Sp(F):Sp(M) = Sp(N) :Sp(G)

FNXN 4 GNXN

between stabilizations which is given by the adjunction on underlying categories. More-

over, if F 4 G is a Quillen equivalence then Sp(F) - Sp(G) is one. (We will sometimes write FP instead
Sp(F)).
Let J be a diagram category. Then the left Quillen functor F : M — IN gives rise to a left Quillen

functor
[J,Sp(F)] : Fun(J, Sp(M)) — Fun(J,Sp(N))

between projective model categories given by postcomposition with Sp(F) : Sp(M) — Sp(N).

Observation 2.2.0.8. Suppose that F preserves weak equivalences. Then Sp(F) also preserves weak
equivalences and therefore, so does the functor [J, Sp(F)].

NxN NNXN
proj — > *Vproj-
then straightforward using the definition of stable equivalences. O

Proof. Since F preserves weak equivalences, so does the functor FoN M The proof is

Notations 2.2.0.9. (i) Let C be a category containing a terminal object *. We will denote by C, := C,,
the pointed category associated to C.

ii) Suppose that C contains an initial object @. We then denote by C*'¢ := @5 the augmented
/@
category associated to C.

(iii) Let € be a category containing an object X. We will denote by Cx//x = (C;x )« the pointed category
associated to the over category €,x. More explicitly, objects of Cx//x are the diagrams X N AL x

in € such that gf = Idx. Alternatively, Cx,/x is the same as (Cx,)*"® the augmented category associated
to the under category Cx/.

Note that a morphism f: X — Y in € gives rise to a canonical adjunction fi:Cx; x == Cyyy :f*

in which fi(X - A—- X)=AUY while f*(Y > B—->Y)=Bxy X.
X

It can be shown that if M is a combinatorial model category such that the domains of generating
cofibrations are cofibrant then so is the transferred model structure on My, 4 (see Hirschhorn’s [45]).
This makes the following definition valid.
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Definition 2.2.0.10. Let M be a combinatorial model category such that the domains of generating
cofibrations are cofibrant and let A be an object of M. The tangent category to M at A, denoted by
TaM, is defined to be the stabilization of M 4//4, i.e., TaM :=Sp(My//4).

There is a Quillen adjunction ¥ M, 4 7= TAM :Q7 given by the composition

Au(s) £
M, == Myya = TAM.
forgetful Q=

Namely, for each B € M, then ¥3°(B) = ¥*°(A — Au B — A) the constant diagram with value
Au B, while for each X € TyM, we have Q°(X) = [Xo0 — A].

Definition 2.2.0.11. Let M be a combinatorial model category such that the domains of generating
cofibrations are cofibrant and let A be an object of M. The cotangent complex of A, denoted by L 4,
is defined to be the derived suspension spectrum of A, i.e., La:=L3(A) e T4M.

By Facts 2.2.0.7(iv), a given map f: A - B in M gives rise to a Quillen adjunction between tangent
categories
S TaM = Sp(Moays4) = Sp(Mpy/p) = TeM : f2,.

Moreover, there is a commutative square of left Quillen functors

M, 4 — > M, (2.2.0.1)

z;ol izf

(IAM ? TBM

Definition 2.2.0.12. Let M be a combinatorial model category such that the domains of generating
cofibrations are cofibrant and let f: A - B be a map in M. We will denote by

Lp;a = hocofib [LYY(f) — Lg]

the homotopy cofiber of the map LX.3°(f) — Lp in TpM and refer to Lp/4 as the relative cotangent
complex of f.

Notice that the map LYX$°(f) — Lp can be identified with the map f!Sp(LA) —> Lp, due to the
commutativity of the square (2.2.0.1).

Remark 2.2.0.13. Suppose that A is cofibrant. Take a factorization A — B®f —= B in M of the
map f into a cofibration followed by a weak equivalence. In particular, B! is a cofibrant resolution of
B in M. Consider the coCartesian square

BuA——= BuBf
B BUBcof
A

When regarded as a coCartesian square in Mp//p, this square is homotopy coCartesian because the
map A — B! is a cofibration between cofibrant objects in M and in addition, B is a zero object
in Mp//p. Applying the functor 3% : M, p — TpM to this square, we obtain a homotopy cofiber
sequence in TgM
Y*®(BuA) — ¥*(Bu B — n=(B|_| B*").
A
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In this sequence, the first term is a model for LX°( f), while the second term is nothing but L. Hence,
by definition ¥°° (B B!") is a model for the relative cotangent complex L BJA-
A

Finally, the most important definition in the thesis is as follows.

Definition 2.2.0.14. ([7], Definition 2.2.1) Let M be a combinatorial model category such that the
domains of generating cofibrations are cofibrant and let X be a fibrant object of M. Suppose given
a fibrant object M € TxM, regarded as the ()-spectrum of coefficients. For each n € Z, the n’th
Quillen cohomology group of X with coefficients in M is defined to be

6(X, M) = mo Mapg p(Lx, M[n])
where M[n] := X" M, i.e, the n-suspension of M in TxM.

Remark 2.2.0.15. By the Quillen adjunction X°:M;x == TxM :QF, there is a canonical weak
equivalence
Maply, (X, 2 M[n]) = Maph, pr (L, M[n]),

(cf. Proposition A.0.0.11). In particular, we have that

Hg (X, M) = 79 Mapiy (L, M[n]) 2 7 Mapyy, (X, Q5 M([n]).

Remark 2.2.0.16. Quillen cohomology is a homotopy invariant. Indeed, a weak equivalence f: X =
Y between fibrant objects induces a right Quillen equivalence My — M x. Therefore, for any fibrant
object M € TyM we get a canonical weak equivalence

Mapyyg,, (Y, Q5 M[n]) — Mapyy, (X, f*Q5 M([n]) = Mapy,, (X, Q5 (f3,M)[n]).

This gives us for each n an isomorphism Hg, (Y, M) = He (X, f§,M), by Remark 2.2.0.15.
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Chapter 3

Quillen cohomology of enriched

operads

This chapter contains the central results of the thesis. As the main goal, we give an explicit formula
for computing Quillen cohomology of enriched operads. Besides that, we prove the existence of a long
exact sequence relating Quillen cohomology and reduced Quillen cohomology of a given operad.

3.1 Conventions

We set up several suitable conditions on the base category that we work with throughout this chapter.
We first recall from [6] the following definition, which itself is inspired by [[3], Definition 6.1.1.6].

Definition 3.1.0.1. A model category M is said to be differentiable if the derived colimit functor
Lcolim: MY — M preserves finite homotopy limits. Furthermore, a Quillen adjunction £ : M =— N:
R is said to be differentiable if both M and N are differentiable and the right derived functor RR
preserves sequential homotopy colimits.

Conventions 3.1.0.2. In this chapter, we will work on the base category & which is assumed to be a
combinatorial symmetric monoidal model category such that the domains of generating cofibrations are
cofibrant. Moreover, § satisfies the conditions (S1)-(S4) of Proposition 2.1.5.8 and in addition,

(S5) 8 is differentiable,

(S6) the unit 1g is homotopy compact in the sense that the functor g Map}s1 (1s,-) sends filtered
homotopy colimits to colimits of sets, and

(S7) 8 satisfies the Lurie’s invertibility hypothesis [[4], Definition A.3.2.12].

In particular, we will work on the canonical model structure on Op(8) (Cat(8)), which coincides with
the Dwyer-Kan model structure by Proposition 2.1.5.8. On other hand, for any category

M e {Colle(8), Op(8), LMod(P), RMod(P), BMod(P), IbMod(P), Algs(8), Mods},
we will work with the (projective) transferred model structure on M, which indeed exists as we discussed

in §2.1.4.
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Remark 3.1.0.3. Requiring the domains of generating cofibrations to be cofibrant is necessary for the
existence of various types of operadic tangent category (cf. Section 2.2), which come after a procedure
of taking left Bousfield localizations without left properness (see Definition 2.2.0.4).

Remark 3.1.0.4. The conditions (S5)-(S6) support to the differentiability of Op(8) and Opq(8) (cf.
Lemma 3.2.1.3), which we will need in proving Proposition 3.2.1.4.

Remark 3.1.0.5. The condition (S7) allows us to inherit [[7], Proposition 3.2.1] for the work of Section
3.4. Briefly, the invertibility hypothesis requires that, for any € € Cat(8) containing a morphism f,
localizing € at f does not change the homotopy type of C as long as f is an isomorphism in Ho(C).
This condition is in fact pretty popular in practice. According to [40], if 8 is a combinatorial monoidal
model category satisfying (S1) and such that every object is cofibrant then 8 satisfies the invertibility
hypothesis. It also holds for dg modules over a commutative ring by [[41], Corollary 8.7], and for any
simplicial monoidal model category, according to [[42], Theorem 0.9].

Example 3.1.0.6. Typical categories for Conventions 3.1.0.2 are again the ones of Examples 2.1.4.7.

3.2 Operadic tangent categories

Let P be a C-colored operad in 8. The sequence (2.1.2.3) induces a sequence of adjunctions connecting
the associated augmented categories

IbMOd(iP)T//g) —— BMOd(':P)(p//g: —— OpC(S)T//? —— Op(S)(p//T

Observe that each of the right adjoints in this sequence preserves fibrations and weak equivalences.
So all the adjunctions in this sequence are Quillen adjunctions. We thus obtain a sequence of Quillen
adjunctions connecting the associated tangent categories (cf. Facts 2.2.0.7(iv)) :

Tp IbMod(P) == T» BMod(P) == T» Ops(8) == T» Op(S). (3.2.0.1)

Recall that the operad P € Op(8) is said to be X-cofibrant if its underlying C-collection is cofibrant
as an object of Collg(8). Our ultimate goal in this section is to prove that the adjunctions in the above
sequence are all Quillen equivalences when P is fibrant and Y-cofibrant. The work may require making
use of the Comparison theorem [§8], which we now recall.

Let M be a symmetric monoidal model category and let O be an M-enriched operad. We denote
by O« the operad obtained from O by removing the operations of arity > 1. Recall that the collection
of unary (= 0-ary) operations Qg inherits the obvious structure of an O-algebra and then, becomes an
initial object in the category Algq(M).

Definition 3.2.0.1. The operad O is said to be admissible if the transferred model structure on
Algy(M) exists. Furthermore, O is called stably (resp. semi) admissible if it is admissible
aug

and the stabilization Sp(Alg®(M)) exists as a (resp. semi) model category, where Algy*®(M) :=
Algy(M)o,//0, the augmented category associated to the category Algy (M) (= Algy(M)g,,)-

Note that there is a canonical isomorphism Algy_ (M) & Alg g (M)g,/. The inclusion of operads
v :0¢ — O induces a Quillen adjunction

Lp?ug:AIg%li (M) = Alg 01 (M)Oo//(f)o — AlgO(M)Oo//Oo = Alg%ug(M) :(qug‘
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Theorem 3.2.0.2. (Comparison theorem) [Y. Harpaz, J. Nuiten and M. Prasma [8]] Let M be
a differentiable, left proper and combinatorial symmetric monoidal model category and let O be a X-
cofibrant stably admissible operad in M. Assume either M is right proper or Qg is fibrant. Then the
induced Quillen adjunction between stabilizations

"+ Sp(Algly® (M) == Sp(Algy®(M)) :¢5,
is a Quillen equivalence.

Remark 3.2.0.3. In fact, many model categories of interest are not left proper (where Op(8) and
Op(8) are typical examples) and as a sequel, their stabilizations do not exist as (full) model categories
(cf. Remark 2.2.0.5). In the loc.cit, the authors were aware of this fact, and made sure to include
Corollary 4.1.4 saying that the restriction functor ¢}, : Algy®(M) — Alg%f’l(M), under the same
assumptions as in Proposition 3.2.0.2 except the left properness of M, induces an equivalence of relative

categories after taking stabilizations

@&,y S’ (Algy®(M)) = Sp'(Algézguf1 (M)).

In particular, when the stabilizations exist as semi model categories then QOISP - gogp is indeed a Quillen
equivalence. So keep in mind that the statement of the Comparison theorem remains valid when P is
just stably semi admissible.

3.2.1 The first Quillen equivalence

The Quillen adjunction Lp:O0pa(8)p) = Op(8)yp; :Ryp (2.1.2.2) lifts to a Quillen adjunction between
the associated tangent categories

L5P:T5 Ope(8) = Tp Op(8) :R5P.

Our goal in this subsection is to prove that L%p — Rg}’ is a Quillen equivalence when provided that P is
fibrant, yet let us start with the following simple observations.

Observations 3.2.1.1. (i) A given map between C-colored operads is a weak equivalence (resp. trivial
fibration, cofibration) in Op(8) if and only if it is a weak equivalence (resp. trivial fibration, cofibration)
in Op(8).

(ii) A given C-colored operad is cofibrant (resp. fibrant) as an object of Op(8) if and only if it is
cofibrant (resp. fibrant) as an object of Op(8).

(iii) A cofibrant resolution P — P of P when regarded as an object of Ops(8) is also a cofibrant
resolution of P when regarded as an object of Op(8).

Proof. Let f:P — Q be a map between C-colored operads.

(i) If f is a weak equivalence in Op(8) then it is in particular a levelwise weak equivalence, and
hence a weak equivalence in Op,(8). Conversely, suppose that f is a weak equivalence in Opo(8), i.e.,
a levelwise weak equivalence. Since f is the identity on colors, the induced map Ho( f) is automatically
essentially surjective (cf. Definition 2.1.5.4). Thus, by definition f is indeed a Dwyer-Kan equivalence,
i.e., a weak equivalence in Op(8).

The claim about trivial fibrations immediately follows by definition.
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We now assume that f is a cofibration in Op(8), and prove that f is one in Op(8). For any given
trivial fibration f’: P’ - Q" in Op,(8), we have to show that f has the lifting property against f’.
Since f’ is also a trivial fibration in Op(8), the lifting problem is solved when considered in Op(8).
But such a lift must be the identity on colors, so it is also a lift in Op(8). We just showed that f is a
cofibration in Op(8). Conversely, if f is a cofibration in Ops(8) then it is one in Op(8), just by the
fact that the embedding L : Ope(8)p; —> Op(8)p, is a left Quillen functor.

(ii) The claim about the fibrancy immediately follows by definition. Now, if P is cofibrant as an
object of Op(8) then it is so as an object of Op,(8), similarly as the first claim of the above paragraph.
For the converse direction, by the last claim of (i), it suffices to show that the initial C-colored operad
Jo is also cofibrant as an object of Op(8). Notice that a map in Op(8), from J¢ to a given operad O,
is fully characterized by a map from C to the set of colors of Q. The claim hence follows by the fact
that any trivial fibration in Op(8) has underlying map between colors being surjective.

(iii) This follows by the two above.
O

As a consequence, by the second part we will usually say a certain C-colored operad is (co)fibrant
without (necessarily) indicating precisely it is (co)fibrant as an object of Opa(8) or Op(8).

The main tool for proving the adjunction L?f’ ~ IRS’,p is a Quillen equivalence will be [[6], Corollary
2.4.9]. To be able to use this tool, we have to show that the induced Quillen adjunction

L5%:0pe(8)pyyp == Op(8)pyyp : R

between the associated augmented categories is differentiable (cf. Definition 3.1.0.1).

Remark 3.2.1.2. By convention, the base category 8 is differentiable and has the class of weak equiv-
alences being closed under sequential colimits. Thus, the (underived) colimit functor colim : 8% — §
already preserves homotopy Cartesian squares and homotopy terminal objects. An analogue does hold
for the functor colim : Cat(8)N — Cat(8), due to Remark 3.1.0.4 and [[7], Lemma 3.1.10] (saying that
weak equivalences in Cat(8) are closed under sequential colimits).

Lemma 3.2.1.3. The Quillen adjunction Lp:O0po(8)p; == Op(8)y, :Rp is differentiable. Conse-
quently, the induced Quillen adjunction L3 : Opo(8)p)yp == Op(8)p)yp + RG® is differentiable as
well.

Proof. Observe first that sequential colimits of enriched operads are taken levelwise in the following
sense. Consider a sequence of objects in Op(8)

Pp0) _, p(1) _, p(2) _, ...
We establish an operad P as follows. Take Col(P) := colim Col(P(™) where Col(=) refers to set of colors.

For each € = (c1, -+, ¢p; ¢) in Seq(Col(P)), we pick ng large enough such that @ € Seq(Col(P("))). Then

we take P(¢) := co>lim P (). The operad structures of the terms P(™’s together determine an operad
nz2ngo

structure on P. It can then be verified that P = colim, P . In particular, we get that Py = colim,, ng")
(cf. the proof of [[7], Lemma 3.1.10]).

We now claim that weak equivalences in Op(8) are closed under sequential colimits. Indeed, recall
that a map f in Op(8) is a weak equivalence if and only if it is a levelwise weak equivalence and such
that the underlying map f; is a weak equivalence in Cat(8) (cf. Remark 2.1.5.7). Thus, the claim
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follows by the above paragraph and by the fact that weak equivalences in 8§ (or Cat(8)) are closed
under sequential colimits.

Next, we claim that a given square in Op(8) is homotopy Cartesian if and only if the following two
conditions hold:

(i) the induced squares of spaces of operations are homotopy Cartesian in 8, and
(ii) the induced square of underlying categories is homotopy Cartesian in Cat(8).

Notice that this statement is already correct when we forget the word “homotopy”. So we get the claim,
immediately by Remark 2.1.5.7. On other hand, it is not hard to show that an object of Op(8) is
homotopy terminal if and only if all its spaces of operations are homotopy terminal in 8.

We now show that Op(8) is differentiable. By the second paragraph, it suffices to verify that
the (underived) colimit functor colim : Op(8)N — Op(8) preserves homotopy Cartesian squares and
homotopy terminal objects. This follows by combining the first and third paragraphs, along with
Remark 3.2.1.2.

On other hand, the category Op(8) is also differentiable. Indeed, the situation is similar to the
differentiability of Op(8). One will need to use the facts that sequential colimits of C-colored operads
are taken levelwise (and hence weak equivalences in Op(8) are closed under sequential colimits), that
a square in Op(8) is homotopy Cartesian if and only if the induced squares of spaces of operations
are homotopy Cartesian in 8, that a C-colored operad is homotopy terminal if and only if all its spaces
of operations are homotopy terminal in 8, and that the functor colim : 8% — 8 preserves homotopy
Cartesian squares and homotopy terminal objects (as discussed in Remark 3.2.1.2).

Now, the category Op(8)y, (resp. Ops(8)gp,) is differentiable since Op(8) (resp. Op(8)) is already
so. Moreover, the restriction functor Rp clearly preserves sequential homotopy colimits. Thus, the
adjunction L - Ry is differentiable, and hence so is the L3 4 RL'®. O

We are now in position to prove the main result of this subsection.

Proposition 3.2.1.4. The adjunction L;p:‘.]'p Opea(8) == T Op(8) :iR?)p is a Quillen equivalence
when provided that P is fibrant.

Proof. Let Q € Op(8)p//p be a fibrant object, exhibited by a diagram P - Q — P in Op(8) such that
the second map is a fibration. The same arguments as in the proof of [[7], Lemma 3.1.13] show that
the map between the homotopy pullbacks P X}E,J,gzg, @ P —7P x2 P is a weak equivalence in Op(8).
In particular, the induced map Q LL*RE*(Q) — QQ is a weak equivalence in Op(8)y;/p. This fact,
together with Lemma 3.2.1.3, allows us to apply [[6], Corollary 2.4.9] to deduce that the derived counit
of the Quillen adjunction L?;p - ngDP is a stable equivalence for every fibrant {2-spectrum.

It remains to show that the derived unit of L;p — ng,p is a stable equivalence for any cofibrant
object. In fact, we will show that this holds for the larger class of levelwise cofibrant objects. Since
REE 0 LL'® is isomorphic to the identity functor and since RL,® preserves weak equivalences, the derived
unit of L5 + RL'® is a weak equivalence. By the first part of [[6], Corollary 2.4.9], the derived unit of
Lﬁ,p — Rg)p is a stable equivalence for any levelwise cofibrant prespectrum. But every levelwise cofibrant
object in Tp Op(8) is stably equivalent to a levelwise cofibrant prespectrum (see [6], Remark 2.3.6),
it therefore suffices to observe that L?f’ preserves stable equivalences. But this follows immediately by
Observation 2.2.0.8. O
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3.2.2 The second Quillen equivalence

We wish to prove that Tp Op(8) is Quillen equivalent to Tp IbMod(P).

Proposition 3.2.2.1. Suppose that P is a cofibrant C-colored operad. Then the adjunction
Tp IbMod(P) == T» Op(8)

is a Quillen equivalence. Consequently, the adjunction TpIbMod(P) == T» Op(8) is a Quillen equiv-
alence when P is in addition fibrant.

Proof. We regard P as an algebra over O¢ the operad of C-colored operads. Then we get a canonical
isomorphism Algg,,(o.,7)(8) 2 Op(8)p, between the categories of algebras over the enveloping operad
Env(O¢,P) and C-colored operads under P (cf. §2.1.2). On other hand, the same arguments as in the
proof of [[36], Proposition 3.5] show that the structure of an infinitesimal P-bimodule is equivalent to that
of a P-module over O¢. So we have a canonical isomorphism of categories Algg,,(o,,7), (8) & IbMod(P)
(cf. Remark 2.1.2.13).

We are now applying the Comparison theorem 3.2.0.2 (along with noting Remark 3.2.0.3) to the op-
erad Env(O¢, P). The symmetric groups act freely on O¢. In particular, O¢ is X-cofibrant. Moreover,
since P is cofibrant, it implies that Env(O¢, P) is 3-cofibrant as well (cf. [[28], Lemma 6.1]). This fact
makes the Comparison theorem work in our data. The first paragraph shows that the functor

Algi:igv(oc,w)sl (8) — Alg;}lrllgx;/(()c,?) (8)

turns out to coincide with the left Quillen functor IbMod(P)p//» — Op(8)p/». So the adjunction
Tp IbMod(P) == T Op(8) is indeed a Quillen equivalence. Finally, by combining the latter with
Proposition 3.2.1.4, we deduce that the adjunction Tp IbMod(P) = T» Op(8) is a Quillen equivalence
when provided that P is bifibrant (i.e., both fibrant and cofibrant). O

The cofibrancy of P as required in this proposition is very strict and should be refined in order that
it can work in the larger class of ¥-cofibrant operads.

Proposition 3.2.2.2. The second statement of Proposition 3.2.2.1 is already correct when P is fibrant
and Y-cofibrant.

Proof. By Observations 3.2.1.1, we can take f: Q — P to be a bifibrant resolution of P in Op(8) such
that f is a map in Opo(8). By Proposition 3.2.2.1, we have a Quillen equivalence
To IbMod(Q) = To Op(8).
Thus, by the naturality, it suffices to prove that the induced adjunctions IbMod(Q)g /jQ =— IbMod(P) /P
and Op(8) /70 = Op(8)y//p are a Quillen equivalence.
Let us start with the second one. We first show that the adjunction
f1:0p(8)a; == Op(8)p, : f*

is a Quillen equivalence. Since f* creates weak equivalences, it suffices to verify that, for any cofibration
Q - R in Op(8), the induced map R — R||P is a weak equivalence. But this immediately follows by

Q
the relative left properness of Op(8) (cf. [18], Theorem 6.7). Now we want to prove that
JM8:0p(8)ayj0 == Op(8)p/9 * faug
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is a Quillen equivalence. We will need the following observation, which can be readily verified using
definition:
(*) Suppose we are given a Quillen equivalence F : M = N : G between right proper model

categories. Let a : F(A) — B be a weak equivalence in N with A € M being cofibrant and B € N being
fibrant. Then the induced adjunction Fo:M;4 == N :G, is a Quillen equivalence.

By applying (*) to the data of M =Op(8)g;, N = Op(8)p;, A =1dg and B = Idp, we deduce that

the adjunction f® — f  is indeed a Quillen equivalence.

It remains to prove that the adjunction IbMod(Q)q;/0 = IbMod(P)p,/p is a Quillen equivalence.

Since both Q and P are levelwise cofibrant, the map f : Q — P induces a weak equivalence Ib? — b7
of 8-enriched categories (see Construction 2.1.3.2). So the induced adjunction

IbMod(Q) = Fun(Ib?,8) = Fun(Ib”,8) = IbMod(?P)

is a Quillen equivalence. The claim can then be verified in the same fashion as above. O

3.2.3 The third Quillen equivalence

Recall from §2.1.3 that the category BMod(®P)p, can be represented as the category of algebras over

B”/, which has the underlying category BT/ agreeing with Ib” (cf. Constructions 2.1.3.2 and 2.1.3.7).
In light of this, we can demonstrate the following, which is the last piece for the proof Theorem 3.2.4.1.

Proposition 3.2.3.1. The adjunction IbMod(P)p; == BMod(P)y, induces a Quillen equivalence of
the associated tangent categories Tp IbMod(P) = Ty BMod(P) whenever P is X-cofibrant.

Proof. When P is Y-cofibrant, by construction B”/ is also S-cofibrant. We are now applying the
Comparison theorem 3.2.0.2, along with noting Remark 3.2.0.3, to the operad B”/. The key point is

that the adjunction Algag%/(S) = Algzgfi/(S) which arises from the inclusion (B*/)¢; — B/ is the

same as the adjunction ofsilnduction—restriction functors
IbMOd(?)Cp//g) - BMOd(CP)g)//ip
Thus, the adjunction Tp IbMod(P) = T» BMod(?P) is indeed a Quillen equivalence. O

3.2.4 Main statements

The main result of this section is stated as follows.
Theorem 3.2.4.1. The adjunctions in the sequence

Tp IbMod(P) == T BMod(P) == T Op(8) == T Op(8) (3.2.4.1)
are all Quillen equivalences provided that P is fibrant and X-cofibrant.

Proof. Proposition 3.2.1.4 proves that the adjunction Tp Op-(8) == T» Op(8) is a Quillen equivalence
when P is fibrant. On other hand, by Proposition 3.2.2.2 the adjunction Ty IbMod(P) == T Op(8)
is a Quillen equivalence when P is fibrant and Y-cofibrant, while Tp IbMod(P) == T» BMod(P) is one
by Proposition 3.2.3.1. These facts, along with the 2-out-of-3 property, prove the theorem. O
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Besides that we are interested in the case in which 8 is stable (cf. Definition 2.2.0.6). The following
is an analogue of [[8], Lemma 2.2.3].

Lemma 3.2.4.2. Suppose that 8§ is in addition stable containing a strict zero object 0 and let M €
IbMod(P) be a levelwise cofibrant infinitesimal P-bimodule. Then the adjunction

(=) uM : IbMod(P) == IbMod(P)rs//as : ker

is a Quillen equivalence, where the functor ker is defined by sending M — P — M to P x; 0, while its
i IdM +0
left adjoint takes N € IbMod(P) to M —> M uN — M.

Proof. As in the loc.cit, we take a cofibrant object N € IbMod(?P) and a fibrant object (M - P — M) €
IbMod(%P)ar//as. We then have to show that a given map f: NuM — P in IbMod(P) s/ is a weak
equivalence if and only if its adjoint f24: N — P x,; 0 in IbMod(%P) is one.

Consider the following diagram of infinitesimal P-bimodules

ad

1) T | PXMOHT
M—sNuM 7 P M

Since infinitesimal P-bimodules can be represented as S-valued enriched functors on Ib” | their (co)limits
are computed levelwise. Hence, for each C-sequence € := (cq,-+, ¢p; ¢), we get an induced diagram in 8:

_ @ -
0 N(C) P(C) XM(E)04>0

| L

M(@) —>N@) u M) > P() M(?)

Observe now that since both N(¢) and M (¢) are cofibrant, the left square is homotopy coCartesian.
On other hand, the right square is homotopy Cartesian by the facts that the map P(¢) — M () is
a fibration and that § is right proper. By the stability of 8 and by pasting laws, the middle square is
homotopy (co)Cartesian as well. Thus, f(¢) is a weak equivalence if and only if f24(¢) is one. O

Theorem 3.2.4.3. Suppose that 8 is in addition stable containing a strict zero object 0 and that P is
fibrant and X-cofibrant. The sequence (3.2.4.1) is then prolonged to a sequence of Quillen equivalences

of the form

-JuP o ~ ~ ~
IMod(P) 22 ThMod(P)g)» == Tp IbMod (P) == Tp BMod(P) == Ty Ope(S) == Ty Op(S)
ker Q=

(3.2.4.2)

Proof. The category IbMod(P) is stable since 8 is already so (cf. [[7], Remark 2.2.2] and Proposition
2.1.3.3), and hence the category IbMod(P)p,/o is stable as well. Thus, by Facts 2.2.0.7 the adjunction

% IbMOd(:P)(p//(p =Ty IbMOd(T) 1 Q%

is a Quillen equivalence. The statement hence follows by Lemma 3.2.4.2 and Theorem 3.2.4.1. ]
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3.3 An extra condition

For the remainder of this chapter, we will need to set up an extra condition on the base category 8. Let
P be a C-colored operad in 8.

Notation 3.3.0.1. We will denote by BMod(P)* := BMod(P)pop; the category of P-bimodules under
PoP (which performs the free P-bimodule generated by J¢), and refer to it as the category of pointed
P-bimodules. Observe that the composition p: P oP — P exhibits P itself as a pointed P-bimodule.

Let f+¢g:Pu®P — Q be amap in Op-(8). Then Q inherits a P-bimodule structure with the left
(resp. right) P-action induced by f (resp. g). In particular, there is a restriction functor

Opc(8)pup; — BMod(P)*,
which admits a left adjoint denoted by
E: BMod(P?)" — Opc(8)pup/-

Observe then that E sends P € BMod(P)* to itself P € Ops(8)pup; equipped with the fold map
Idp +Idyp : PuP — P. Dwyer and Hess ([[25], section 5]) proved that, in the context of nonsymmetric
simplicial operads, the left derived functor of E sends P to itself P. Inspired by their work, we set up
an extra condition on the base category & as follows.

Condition 3.3.0.2. (S8) For any cofibrant object P € Op(8), the left derived functor
LE: BMod(P)" — Opc(8)pur/
of E sends P to itself P.

We shall now extend the work of Dwyer and Hess to prove that the category Seta of simplicial sets
satisfies the condition (S8). Moreover, for any commutative ring R, the category sModg of simplicial
R-modules (see Examples 2.1.4.7) also satisfies (S8).

Proposition 3.3.0.3. The category Seta satisfies the condition (S8) 3.5.0.2. Namely, for every simpli-
cial C-colored operad P which is cofibrant, the left derived functor LE : BMod(P)* — Opc(Seta)pup)
of E sends P to itself P.

The proof first requires constructing a nice cofibrant resolution for P as an object in BMod(P)*.
For this, we will follow C. Rezk’s [[49], § 3.7.2]. (However, note that the operadic model structures
considered in the loc.cit are different from ours, so it should be used carefully). Let M be a simplicial
model category. The diagonal (or realization) functor diag : MA” — M is by definition the left
adjoint to the functor M — M2” taking each X € M to the simplicial object [n] = X2". For each
Y, e MA” | one defines the latching object L, Y, as the coequalizer in M of the form

L] Yoe1 3 | Yo —L,Ye
0<i<jsn 0<ks<n
in which one of the two maps sends the (i,j) summand to the j’th summand by s; while the other
sends the (4,7) summand to the i’th summand by s;_;. By convention, one puts L_; Y, := @. By
construction, there is a unique map L, Y, — Y,,1 factoring the map s; : ¥, — Y, 41 for every
k=0,---,n. One then establishs a filtration diag(Y,) = colim,, diag,, Ys of diag(Ys), inductively, built up
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by taking diag, Y, := Yy and, for each n > 1, taking the pushout:
dnYe A"®Y, (3.3.0.1)

| |

diag,_; Yo ——diag, Y,

in which d,Ye := A" ® L,,_1 Ye LlyaneL,_; v, OA" ® Y,,. As a consequence, if for every n > 0 the latching
map L, Ys — Y}, is a cofibration then diag(Y,) is cofibrant. More generally, we have the following
observation.

Lemma 3.3.0.4. Let X, — Y, be a map of simplicial objects in M. Suppose that for every n > 0 the

(relative) latching map
X || LoiYe—Y, (3.3.0.2)

Ln—l Xe
is a cofibration. Then the induced map diag(X,) —> diag(Ys) is a cofibration as well.

Proof. By the filtrations of diag(X,) and diag(Y,) mentioned above, the map diag(X,) — diag(Ys)
is a cofibration as soon as the map diag,, Xe —> diag,, Y, is one for every n > 0. Note first that when
n =0 the map (3.3.0.2) coincides with the map diag, X, —> diag, Ys. Let us assume by induction that
the map diag, ; Xo — diag,,_; Y, is a cofibration. Then, factor diag, X, — diag, Y, as
diag, X, — diag, X, || diag, ;Ye — diag,, Ya.
diagn—l X'
By the inductive assumption, the first map in this composition is a cofibration. Hence, it remains to
show that ¢ is a cofibration. Let us denote by L,_1(X,,Ys) := X, Ur,_, x, Ln-1 Ye. We can then form

a canonical map

A"Q® Ly 1(Xe,Ys) || OA"Q®Y, — A"®Y,,
OAT®Ly—1(Xa,Ya)

which is a cofibration by the pushout-product axiom. Unwinding computation, this map turns out to
be isomorphic to the canonical map

d,Ys || A"® X, — A" ®Y,,. (3.3.0.3)
dn,Xe

Now, consider the following commutative cube

d,Xe s A"® X,

e | -
dnYe 1 »AT®Y,
diag, _; X 4\[—) diag,, X, l
~ ~
diag,,_; Yo —— > diag, Y,

whose the front and back squares are coCartesian. Applying the pasting law of pushouts iteratively, we
find that ¢ turns out to be cobase change of the map (3.3.0.3), which is a cofibration. We therefore get
the conclusion. O

The category of simplicial C-collections admits a canonical simplicial model structure. It implies
that the category BMod(P) admits a canonical simplicial model structure, by the transferred principle
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in simplicial version (see [[49], Propositions 3.1.5, 3.2.8]). One constructs the Hochschild resolution of
P as follows.

Construction 3.3.0.5. Let He P : A°® — BMod(?P) be the simplicial object of P-bimodules with
H, P := P°("*2) the face map d; : H, P — H,_; P given by using the composition p: Po P — P
to combine the factors i+ 1 and i+ 2 in H, P and with the degeneracy map s; given by inserting the
unit operations of P between the factors i + 1 and i + 2. The realization diag(Hes P) € BMod(P) has
n-simplices being those of H,, P. The map p induces a canonical map of simplicial objects He P —> P.
The augmentation map ¢ : diag(He P) — diag(P) = P is then a weak equivalence by [[49], Corollary
3.7.6], (this even comes with a contracting homotopy). The map ¢ now exhibits diag(H, P) as the
Hochschild resolution of P € BMod(P).

On other hand, since P o P = Hy P, there is a unique map of simplicial objects P o P — Hq P, which is
the identity on degree 0. Now, the diagonal functor gives a map p : PoP — diag(He P) of P-bimodules,

satisfying that the composition P o P SN diag(H, P) —1f> P agrees with pt: PoP — P.

Lemma 3.3.0.6. Suppose that P is a X-cofibrant simplicial operad. The map 1) indeed exhibits diag(He P)
as a cofibrant resolution for P regarded as a bimodule over itself. Moreover, the map p: PoP —

diag(H,e P) is a cofibration of P-bimodules. In particular, diag(He P) is also a cofibration resolution for

P when regarded as a pointed P-bimodule.

Proof. The first statement is an analogue of [[49], Corollary 3.7.6]. We now recall his arguments. It
suffices to show that the latching map L,_1 He P — H,, P is a cofibration for every n > 0. The case in
which n =0 is clear since Hy P = P o P is cofibrant as a P-bimodule. When n > 1, the object L,,_1 He P
can be written as L1 He P = Po K,,_1 o P where K,,_; is the object of [[49], Lemma 3.7.8]. Moreover,
there is a canonical map k, : K,,_;1 — P°" such that the map L,_; He P — H,, P agrees with the free
P-bimodule map generated by k,. It therefore suffices to show that k, is a cofibration of symmetric
sequences for every n > 1. This can be done using an inductive argument. Indeed, note that the map k;
is nothing but the unit map Jo — P, which is a cofibration by the assumption that P is Y-cofibrant.
Furthermore, by [[49], Lemma 3.7.8] the map k.1 turns out to be the pushout-product of k, with
the unit map Jo — P. Finally, one will need the fact that, given two maps f and g of symmetric
sequences in a sufficiently nice symmetric monoidal model category, the pushout-product of f with g is
a cofibration as soon as both of them are one and, in addition, the domain of g is cofibrant (cf. [[13],
Lemma 11.5.1]).

To prove that the map p is a cofibration, we make use of Lemma 3.3.0.4. Since P o P is considered
as a constant simplicial object, the latching map (3.3.0.2) is simply L;,,.1 H¢ ? — H,, P when n > 1 and
the identity map Idp.p when n = 0. But the first map is a cofibration by the above paragraph. The
proof is hence completed. O

Remark 3.3.0.7. Let P be any simplicial operad and let A be any P-algebra. Hochschild resolution
of A is the realization of the simplicial P-algebra H;P A with Hg A = P°("+1) 6 A The augmentation
map diag(HY A) — A is a weak equivalence by [[49], Corollary 3.7.4], and indeed exhibits diag(HZ A)
as a cofibrant resolution for A. To see this, we will show that the latching map L,,_1 H?A — H,gz Aisa
cofibration for every n > 0. The case n =0 is clear since HSD A =Po A the free P-algebra generated by A.
Let us now pick up the objects K,,’s and the maps k,’s mentioned in the above proof. When n > 1 the
map L, HiP A— Hg) A concides with the free P-algebra map generated by k,0A: K, 10A — P°"o A.
It therefore suffices to show that the map k, o A is injective for every n > 1. The key point is that,
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in the monoidal category of simplicial symmetric sequences, pushout-product of any two injections is
again an injection (cf. [[49], Proposition 3.4.5]). By an inductive argument we can show that the maps
k,, are injective, and hence the maps k, o A are all injective as well.

Proof of Proposition 3.5.0.5. In the first step, we follow the arguments of [[25], section 5]. By applying
the functor E to He P degreewise, one obtains a simplicial object, EH, P, of operads under P uP. The
realization diag(EH, P) is then an operad under P uP. Since E(P) 2 P in Opo(Seta)pyp/, there is a
canonical map ¢ : diag(EHe P) — P of operads under P uP. One observes that there is a canonical
isomorphism diag(EH. P) = E(diag(Hs P)) of operads under P u P and over P (cf. [[25], Proposition
5.3]). Since E(diag(He P)) is already a model for LE(P) by Lemma 3.3.0.6, it just remains to show
that the map @9 : diag(EH, P) — P is a weak equivalence of operads. By the diagonal principle, ¢
is a weak equivalence as soon as the map EH,, P — P is one for every n > 0. Moreover, one finds that
EH, P2 PuJF.(P°")uP where

F,: COllc(SetA)gc/ — OpC(SetA)

refers to the free-operad functor on pointed C-collections. This tells us that if Q — P is a weak
equivalence between cofibrant operads then ¢q is a weak equivalence if and only if @ is one. Applying
the diagonal principle in the other direction, we get that ¢ is a weak equivalence as soon as the map
©p,, is one for every n > 0 (where P(,,) is the operad of n-simplices of P).

Now, consider P as an O¢-algebra with O¢ being the operad of simplicial C-colored operads. The
above remark suggests that we can make use of P¢ := diag(H.OC P) as (another) cofibrant model for P.
By the first paragraph, it suffices to verify that the map 9. is a weak equivalence. To this end, we just
need to show that the map pre is a weak equivalence for every n. More precisely, we have that

= ((00) D 62) ) = (00) ") 0y,

(The second identification is because of the fact that O¢ is a discrete operad). In particular, 'P‘(”n) is
a discrete free O¢-algebra. Note that a free O¢-algebra is the same as the free operad generated by a
free symmetric sequence (i.e., symmetrization of a nonsymmetric sequence).

By the second paragraph, we can assume without loss of generality that P is the free operad gen-
erated by a discrete free symmetric sequence or alternatively, P is the symmetrization of a discrete
free nonsymmetric operad. Nevertheless, for the remainder we just need to assume that P is the sym-
metrization of a nonsymmetric operad Q, i.e., P = Sym(Q) (see §2.1.1). Back to the first paragraph, we
therefore have to show that the map ¢gym (o) : diag(E He Sym(Q)) — Sym(Q) is a weak equivalence of
operads. This is in fact equivalent to our original problem: proving that L ESym(Q) = Sym(Q).

Observe that the symmetrization functor lifts to the functors Sym : BMod(Q)* — BMod(Sym(Q))*
and Sym : nsOp¢(Seta)oua) — Ope(Seta)sym(o)usym(a)/, Which are left adjoints to the associated
forgetful functors. Moreover, we have a commutative square of left Quillen functors

BMod(Q)* —— > nsOp¢(Seta ) augy

Syml lSym

BMod(Sym(Q))* — Op¢ (Seta)sym(o)usym(2)/

(for this, it suffices to verify the commutativity of the associated square of right adjoints). According
to [[25], Proposition 5.4], we have that LEQ = Q. Thus, by the commutativity of the above square
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and by the fact that the symmetrization functor preserves weak equivalences, we obtain the expected
identification LESym(Q) = Sym(Q). O

Remark 3.3.0.8. Hochschild resolutions work in the context of simplicial R-modules under a slightly
different setting. Let P € Ops(sModg) be given such that the unit map Jo — P is a cofibration
of symmetric sequences. Then the composition P o P — diag(H, P) —> P exhibits diag(H, P) as a
cofibrant resolution for P € BMod(P)*. On other hand, let A be a levelwise cofibrant P-algebra. Again,
the augmentation map diag(HY A) — A exhibits diag(H? A) as a cofibrant resolution for A. For the
proof, one repeats the arguments given in the proof of Lemma 3.3.0.6 and Remark 3.3.0.7.

Proposition 3.3.0.9. The category sModpg satisfies the condition (S8) 3.5.0.2. Namely, for every
cofibrant object P € Opg(sModg), the left derived functor LE : BMod(P)* — Opg(sModg)pup; of E
sends P to itself P.

Proof. By the above remark, we can make use of diag(H, P) as a cofibrant resolution for P € BMod(P)*
and diag(H¢ P) as (another) cofibrant model for P € Op,(sMody), (note that since the operad O is
discrete Y-cofibrant, its unit map is indeed a cofibration). We then pick up the first two paragraphs of
the proof of Proposition 3.3.0.3. We hence may assume that P is the free operad generated by a discrete
free symmetric sequence.

The free-forgetful adjunction R{-}:Setx = sModp : U lifts to a Quillen adjunction
R{-}:Opc(Seta) = Op(sModg) : U

between operads. By the assumption on P, there exists a simplicial operad Q € Op(Seta) which is the
free operad generated by a discrete free symmetric sequence such that R{Q} = P. On other hand, the
functor R{-} does lift to a left Quillen functor R*{-} : BMod(Q)* — BMod(P)*, which fits into the
following commutative square of left Quillen functors

BMod(Q)* — 5 Ope(Seta)augy

Rb{—}l lR{—}

BMod(P)* —=z Opc (sModg)pup)

Note that both the functors R°{-} and R{-} preserve weak equivalences. Now, by the commutativity
of the square we have that
LR{LE(Q)} =z LE(LR"{Q}) = LE(?).

On other hand, Proposition 3.3.0.3 proves that LE(Q) 2 Q, and hence we get LE(P) x LR{Q} 2P as
expected. O

3.4 Cotangent complex and Quillen cohomology of enriched operads

Let P be an S-enriched C-colored operad.

Notations 3.4.0.1. To avoid confusion, in the remainder of this chapter, we will use the symbol || (resp.
LI, U, L) standing for the coproduct operation in the category Op(8) (resp. BMod(P), BMod(P)*,
b pb

(&

Opc(8)).
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Notations 3.4.0.2. We let Ly € Tp Op(8) and LY € Tp BMod(P), respectively, denote the cotangent
complexes of P when regarded as an object of Op(8) and BMod(P). Besides that, we denote by
L5 € Tp Op(8) the cotangent complex of P when regarded as an object of Op(8) and refer to it as
the reduced cotangent complex of P.

Conventions 3.4.0.3. From now on, by Quillen cohomology of P we will mean the Quillen coho-
mology of P when regarded as an object of Op(8), which is therefore classified by Lp. On other hand,
by reduced Quillen cohomology of P we will mean the Quillen cohomology of P when regarded as
an object of Opq(8), which is classified by L&ed,

By Theorem 3.2.4.1, when P is fibrant and Y-cofibrant, we have a sequence of Quillen equivalences
connecting the tangent categories:

T IbMod (P) == Tp BMod(P) == T Ops(8) = T» Op(S).

g 7
Notations 3.4.0.4. We denote by Ty IbMod(P) ‘__‘% T3 Op(8) and Tp BMod(?P) ‘—_; T» Op(8) two
U uj

P P
composed adjunctions taken from the above sequence.

In order to get the desired formula of Quillen cohomology of P, we will compute the derived image
of Lp € Tp Op(8) under the composed right Quillen equivalence

UL Tp Op(8) — T BMod(P) — Tp IbMod(P).

As the first step, we will show that the derived image of Ly in Tp BMod(P) is weakly equivalent to Ly,
up to a shift. Our work therefore extends [[7], Proposition 3.2.1], but in a different approach. For our
approach, the base category 8 is technically required to satisfy the extra condition (S8) 3.3.0.2. After
having done that first step, it just remains to compute the derived image of Lg> in Tp IbMod(P). Let
us see how it goes.

As discussed above, we first wish to prove the following.

Proposition 3.4.0.5. Suppose that 8§ additionally satisfies the condition (S8) 3.3.0.2 and that P is
fibrant and X-cofibrant. Then the left Quillen equivalence F% : Tp BMod(P) —> Tp Op(8) identifies
L% to Lp[1] (see Notations 3.4.0.2). Alternatively, the right Quillen equivalence U : Tp Op(8) —
Tp BMod(P) identifies Ly to L[-1].

The proof of Proposition 3.4.0.5 will require several technical lemmas.

Given two S-enriched categories € and D, the tensor product € ® D is by definition the S-enriched
category whose set of objects is Ob(C® D) := Ob(€) x Ob(D) and such that for every ¢, ¢ € Ob(€) and
d,d" € Ob(D) we have

Map@@D ((Cv d)a (6/7 d,)) = Map(‘f (Cv C,) ® MapD (da d,)

Recall that the category of C-bimodules is isomorphic to Fun(C°’®C, 8) the category of 8-valued enriched
functors on C°? ® €. Under this identification, the functor Mape : CP ® € — 8, (z,y) = Mape(z,y) is
exactly € viewed as a bimodule over itself.

Lemma 3.4.0.6. Let C € Op(8) be a fibrant and levelwise cofibrant operad concentrated in arity 1.
Then there is a weak equivalence O : F4(L%) — Le[1] in Te Op(8).

49



Proof. We also regard € as an S-enriched category. The proof is then straightforward by observing that
the category Cat(8) is already a “neighborhood” of € in Op(8). This idea is expressed as follows. There
is a commutative square of left Quillen functors

Thtap, Fun(€® @ €,8) —= Te BMod(€)

?Klape l l?%

Te Cat(8) — =T Op(8)

The horizontal functors are the obvious embedding functors, which clearly preserve cotangent complexes,
while the functor S"K/Iape is the left Quillen equivalence appearing in [[7], Theorem 3.1.14]. According

to Proposition 3.2.1 of loc.cit, there is a weak equivalence 0 : S"K/Iape (LMape ) — Le[1] in Te Cat(8).

Finally, the expected weak equivalence f¢ is given by the image of ¢ under the embedding functor
{.T@ Cat(S) —>(Ie Op(S) L]

In what follows, we consider the case where C = Jo the initial C-colored operad and describe the
weak equivalence 6, : ffgc (Lgc) — Lg,[1] of the above lemma.

Let us pick up several notations from [[7], §3.2]. We denote by * the category which has a single object
whose endomorphism object is 1g. Moreover, let [1]s denote the category with objects 0, 1 and mapping
spaces Mappy, (0,1) = 1s, Mapyy3,(1,0) = @ and Mapyy,(0,0) = Mappy3,(1,1) = 1s. Localizing [1]s at
the unique non-trivial morphism 0 — 1 gives us the category [1]3, which is the same as [1]s except that
Mapp; . (1,0) = 1s. By construction, the canonical map [1]3 — * is a weak equivalence.

Take a factorization [1]s — & — [1]3 of the canonical map [1]s — [1]5 into a cofibration
followed by a trivial fibration. We now obtain a sequence of maps * [ |* —> [1]s —> & — [1]5 —> *
such that the first two maps are cofibrations, while the others are weak equivalences. Tensoring with
Jo (viewed as an S-enriched category) produces a sequence of maps in Cat(8)

Ic| 9o —Ic®[1]s — Ic® & —Ic®[1]s — Jo.

The last two maps are again weak equivalences, while the others are again cofibrations because J¢o is
discrete.
h
By the above words, the pushout Jo LI Jo® € is a cofibrant model for Jo | Jc € Op(8)g.//94-

Jeculc Jeudo

and hence Lj,[1] is given by

Ly [1] < 5% (¢ |i| Ie) =Sl || Je®€).

Jeude Jeule
On the other hand, by definition L} . 1s given by ¥*(JclJc). Furthermore, note that the cate-
b

gory BMod(J¢) is isomorphic to Collg(8) the category of C-collections. So we find that ?gC(LgC) =
Y (Fr(J¢)) where Fr is the free functor Colle(8) — Op(8) and Fr(J¢) is regarded as an object in
Op(8)3./9- In fact, Fr(Jc) is the same as the pushout Jo |l Jo®[1]s. Finally, we find the expected

jcujc
map

03, : Ty (L)) =X (Jc L] Jc® [1]5) ) N (Jc L] Jc® e) =Ly [1] (3.4.0.1)

Jeude Jeulc

canonically induced by the map [1]g — €.
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Consider p : PoP — P as a map in BMod(P) and the unit map 7 : Jo — P of P as a map in Op(8).
Recall by notation that ¥$°(x) is the image of 4 under the left Quillen functor ¥$° : BMod(P);p —
T» BMod(P). Note that ¥5°(u) has already the right type since P o P € BMod(?P) is cofibrant. Also,
3% (n) is the image of 7 under the left Quillen functor X5 : Op(8);p — T Op(8), and has already
the right type as well.

Lemma 3.4.0.7. There is a weak equivalence T (X (1)) — L2 (n)[1] in Tp Op(8).

Proof. The map n:Jo — P gives rise to a commutative square of left Quillen functors

b

Fq
Ty, BMod(J¢) =< Ty, Op(S) (3.4.0.2)

n l l’??’p

P

Let us start with the cotangent complex Lgc € T5,BMod(J¢) of Jo € BMod(Je). Note that the

functor BMod(J¢) — BMod(P) agrees with the free P-bimodule functor Colle(8) — BMod(P),

which in particular takes Jo to P oP. Due to this, we find that the functor 77{’ sends Lgc =X*IcUIe)
b

to X*°(PU(PoP)) € Tp BMod(P), which is exactly ¥°(u). Thus, the commutativity of (3.4.0.2)
b

shows that F5, (2% (u)) = nfp?gc(LgC). On other hand, by the words after Definition 2.2.0.12 we have
2 (m)[1] = n*(Lg,[1]). Using 2°(Je Ll Jc®E) as a cofibrant model for Ly, [1] as discussed above,

culc
we find the desired weak equivalence given by

P (03,)
T (27 (1)) =075, (Lg,) —— 1" (Lo [1]) = () [1]
where 0y, is the weak equivalence (3.4.0.1). O

Remark 3.4.0.8. It is necessary to give an explicit description of the map 7;* (g, ). Concretely, we
have that

(25 (1)) = iP5, (L) = 5 (?|j_|FT(JC))=E°° (? ] Jc®ms).

Jeude
On the other hand,
B2 7 1) -2 (?U Ce U tee®)) -5~ U seet).
jc jcl_ljc jcl_ljc

We now find the map 7;*(65,,) given by applying ¥*° to the map
P |_| Je®[l]ls — P I_I Je®e

Jeude Jeule

canonically induced by the map [1]s — €.
Consider the Quillen adjunction ngp :Tp Ope(8) == T» Op(8) : IR?}Q.

Lemma 3.4.0.9. The left Quillen functor LS?p takes L?ﬁd € Tp Op(8) to Ly, the relative cotangent
complex of the unit map n:Jo — P (cf. § 2.2).

Proof. Let P¢ — P be a cofibrant resolution of P in Op(8). So we get a factorization o — P¢ — P
in Op(8) of the map n into a cofibration followed by a weak equivalence. By Remark 2.2.0.13 we
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have that Lg/g, = 3 (P I_I P¢). On other hand, by definition the reduced cotangent complex Lred
Tp Ope(8) is given by E°°(iP[_]iPc) the suspension spectrum of fPI_IfPC € Op(8) considered as a C-

colored operad over and under fP
Observe now that since J¢ is an initial object in Op(8), the coproduct PP is nothing but P [ | P¢
c Jo

when regarded as an object in Op(8). We hence get the conclusion. O
Suppose that P is cofibrant. Then Lgp/g,, is simply given by E“(ijl_C] P). Nevertheless, we will need
two more models for this. Let R and R’ be in Op(8) with
R= fP|j_|(JC® [1]s) , R = iP|j_|(Jc®8).
c c

We then form a diagram of coCartesian squares in Op(8) as follows
P (3.4.0.3)

JoUIe —=PUIc—=PUP

Je® [1]5 R RUP
Jo

Jc®E& R’ RUP
Jo

Jo P PUP
Je

The middle column is nothing but the image of the first column through the left adjoint functor
Op(8)3./73 — Op(8)9/» induced by the unit map 7 : Jo — P. We consider R and R" as ob-
jects in Op(8)p//p via that way. Three of squares on the right hand side are considered as coCartesian
squares in Op(S)f})//j). Moreover, note that all the arrows in this diagram are cofibrations, except the
three bottom vertical maps, which are all weak equivalences (the last two ones are homotopy cobase
change of the weak equivalence Jo ® € = Jo).

Lemma 3.4.0.10. The map R — R’ induces a weak equivalence 0p;5., : X (R LI P) — 2®(R' U P)
o J

of spectrum objects in Tp Op(8). Moreover, the two are both weakly equivalent to the relative cotangent
complex Lipg,..

Proof. By the weak equivalence R'|JP — PLIP of objects in Op(8)y;/p as indicated above, the
Jo Jo
suspension spectrum ¥*°(R" ] P) is indeed a model for Lp/g,,. It remains to show that 05, is a weak
Jo
equivalence. For this, we will follow the arguments given in the proof of [[7], Proposition 3.2.1]. It hence

suffices to show that the map R |_| P— R |_| P is (-1)-cotruncated in Op(8)p,/p. Since the latter is

homotopy cobase change in Op(S):p //» of the map R — R’ it now suffices to show that R — R’ is
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(-1)-cotruncated in Op(8)p;/p. Furthermore, since the map R — R’ agrees with the image of the map
Jo®[1]s — Jc®E through the left Quillen functor Op(8)5,,//5, — Op(8)p;/», the proof will be hence
completed after showing that the latter map is a (-1)-cotruncated map (between cofibrant objects) in
Op(8)g.//3.- For this, it suffices to show that the fold map

Jc®E& L_J Jc®E—IJc®E
jc@[l]s

is a weak equivalence in Op(8)g,/s, or in Cat(8), alternatively. This follows by the fact that the fold

map € || &€ — € is a weak equivalence in Cat(8), due to the convention that 8 satisfies the invertibility
[1]s
hypothesis (cf. §3.1). O

We denote by ngp/%ip € Tp BMod(P) the relative cotangent complex of the map p: PoP — P
regarded as a map in BMod(?P). Take a factorization P o P —s P°f — P in BMod(?P) of the map
into a cofibration followed by a weak equivalence. By Remark 2.2.0.13 we have that X°°(P | P°f) is

PoP

a (cofibrant) model for Li;/%?.

Lemma 3.4.0.11. Suppose that 8 additionally satisfies the condition (S8) 3.5.0.2 and that P is cofibrant.
Then the left Quillen functor F% : Tp BMod(P) — Tp Op(8) sends ng’;/%? € Tp BMod(P) to Ly, [1].
Proof. Let us write 3'"33 as the composed left Quillen functor

£5p
T BMod(P) — T5 Ops(8) — T Op(8).

As the first step, we will compute the image of L, /pop through the first functor. It will suffice to
compute the image of P || P! through the left Quillen functor BMod(P)p;;» —> Opc(8)p)/p, which
PoP

is the same as the composition
. B
BMod(P)//p = BMod(P) 5,5 — (Opc(8)puyp/) w2 2 Opc(8) 29

where E is the one lifted by the functor E : BMod(P)* — Opc(8)ppy (see §3.3). Note that the

pushout P || Pf when regarded as an object in BMod(P)*, is exactly PLIP®f the coproduct of P
PoP pb

with P! as pointed P-bimodules. Writing E(Pf) := (PP — Q), we then have that the underlying

C-colored operad of E(P[JP!) is given by the pushout Q || P. The condition (S8) 3.3.0.2 implies
pb PUP

that Q is a cofibrant resolution of P when considered as an object in Ops(8)p 9, and hence, the latter
pushout is a model for £(PP) the suspension of P||P considered as an objecct in Opc(8)py/». So we
find that the derived image cof LI?P/%? in Tp OpC(S)cis given by X (X(PLP)), which is nothing but
L59[1] the suspension of LY. )

Finally, we deduce by using Lemma 3.4.0.9, which proves that the derived image of Li[1] through
the functor Tp Op(8) — Tp Op(8) is exactly Lipq,[1]. O

Proof of Proposition 3.4.0.5. We can take f: Q — P to be a bifibrant resolution of P in Op(8) such
that f is a map in Ops(8) (cf. Observations 3.2.1.1). The map f gives rise to a commutative square of
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left Quillen equivalences
b

To BMod(2) 2> To Op(8) (3.4.0.4)

Ty BMod (P) =T Op(S)

7

(cf. Proposition 3.2.2.2). It is then not hard to see that the vertical functors preserve cotangent
complexes. Therefore, if the statement holds for Q then it holds for P as well. So we can assume
without loss of generality that P is bifibrant.

By the definition of relative cotangent complex, we have two cofiber sequences in Tp Op(8):
Fp(S7 (1)) — F5(Ly) — F5(Lijpep) » 5 (1) — Ly — Lo,

Let us consider the corresponding shifted cofiber sequences:
[e <] 6 [eo]
F5 (L ypop) [-1] = F5 (22 (1)) — F5(Lp) , Lojs. — X (n)[1] — Le[1].
The map « is described as follows. From Remark 3.4.0.8 we have that

TH(ET () ===(P | Iee[lls).

jcujc

On other hand, by Lemma 3.4.0.11 we have an identification ?%(L%/%?) ~ Lgpjg,[1] and hence,
?%(Lg;/%?)[—l] is identified to Lgp/g.,. By Lemma 3.4.0.10 we have two models for Ly, given by
Z“(R!J_I P) and ¥ (fR’Ij_I P). We use the first one as a model for Fg(L?P/%T)[—l], ie.,

C C

75 (L) 1] = 5 (RLI2) =z°°(<ﬂ>|_|ﬂ>> ] wms).

jcujc
Under these identifications, « is given by the map of suspension spectra
a=(@Un U seolls) —s=(? U teol:)
Joude Jeude

canonically induced by the fold map P || P — P.

Jeude

Again by Remark 3.4.0.8, we have X°(n)[1] = X*° (iP L JC®E). Furthermore, when using

YR YUP) =X ((’P UP? U Jee® 8) as a model for Lgp/g,,, then by construction 3 is given by the
jc jcuﬂc
map of suspension spectra

B:E“((?UTP) L] Jc®8)—>2°°(ﬂ> L] JC®8)

Joude Jeude

canonically induced by the fold map P || P — P again.
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We now obtain a commutative square in Tp Op(8)

E°°((1P|_|ﬂ’) L Jc®[1]5)L>E°°(T U jC@[l]S)

Joude Jeule

9T/Jcl: 2177;07)(930)

E°°(('.PI_IT) L JC®8)4>E°° (fP L JC®8)

Joude s Joeule
in which the left and right vertical maps are the weak equivalences of lemmas 3.4.0.10 and 3.4.0.7,
respectively. It hence induces a weak equivalence between homotopy cofibers of the maps a and 5. We
thus obtain a natural weak equivalence  : L} — Lgp[1] in T Op(8) as expected. O

In the next step, we will describe the cotangent complex Lg} € Tp BMod(P). We will need the
following lemma.

Lemma 3.4.0.12. The forgetful functor U : BMod(P) — LMod(P) is a left Quillen functor provided
that P is 3-cofibrant.

Proof. The functor U is given by forgetting the right P-action, which is linear. It implies that U preserves
colimits. By the adjoint functor theorem and by the combinatoriality of 8, U is indeed a left adjoint.

Since U preserves weak equivalences, the proof will be completed after showing that it preserves
cofibrations. To this end, we first prove that every cofibration in RMod(?P) has underlying map in
Coll(8) being a cofibration as well. Observe that the model structure on RMod(P) admits a set of
generating cofibrations given by {ioP: M o P — N o P}, where i : M — N ranges over the set of those
of Collg(8). Since the forgetful functor RMod(P) — Collo(8) is a left adjoint, it suffices to show that
each map ioP: M oP — N oP is a cofibration in Collo(8). Let @¢ denote the initial C-collection,
which agrees with @s on every level. Then, factor the map 7o P as

MoP—No@c || MoP — No?D.
Mo@c

The map io@¢c : M oo —> N o @ agrees with the component of ¢ on level 0, it is hence a cofibration.
So the first map of the above composition is a cofibration. The second map is also a cofibration by [[13],
Lemma 11.5.1], along with the X-cofibrancy of P. Thus, i o P is indeed a cofibration.

It can be shown that the model structure on BMod(%) admits a set of generating cofibrations given
by {Poj:PoK — PoL}; where j: K - L ranges over the set of those of RMod(P). It therefore
suffices to show that each map Poj:Po K — Po L is a cofibration in LMod(®P). This is now clear
since P o (=) is the free left P-module functor Collg(8) — LMod(P), which is a left Quillen functor,
and since j is a cofibration in Coll(8) as indicated above. O

Suppose that P is fibrant and S-cofibrant. Properly, L), is given by £%°(PLP") with P being
b
a cofibrant resolution of P in BMod(P). But the map PP — PP is a weak equivalence of
b b
P-bimodules due to Lemma 3.4.0.12, so we will exhibit X*°(P||P) as a model for Lg;. According to
b

[[6], Corollary 2.3.3], LI:’P =YX*°(PUP) admits a suspension spectrum replacement simply given by
b
fixing PP as its value at the bidegree (0,0), and hence the value at the bidegree (n,n) is given by
b
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X" (PUP) the n-suspension of PLIP in BMod(P)p,/p. So LY is fully determined just by describing the
b b
P-bimodule X" (P P) for every n > 0.
b

Notations 3.4.0.13. For each n > 0, we denote by S" := X" (1g U 1g) € 8 with the suspension %(-)
computed in 8;,//1,, and refer to S” as the pointed n-sphere in 8. Furthermore, we will write S
standing for the C-collection which has S¢:(c;¢) = S™ for every ¢ € C' and agrees with @s on the other
levels.

Computations 3.4.0.14. By Lemma 3.4.0.12, the underlying left P-module of 3" (P ?P) is nothing
b
but X" (PLIP) € LMod(P)p,/p, in which “LJ” refers to the coproduct operation in LMod(®). The good
] ]

thing is that P is free (generated by J¢) as a left module over itself. Thanks to this, we may compute
S (PLIP) as follows. First, note that PP € LMod(P) is isomorphic to P o Sgy the free left P-module
I I

generated by SOC. We have further that

h
S(PLP) :fPo(fJ(;|_|Jc) ~PoSp.
l SO

C

Inductively, we find that X" (PJP) ~ P o S the free left P-module generated by S¢. In particular, for
I
each C-sequence ¢ := (cy, -+, ¢p; €), we find that

Z”(TPITI‘J’) (€) 2 PoSE (0) = P(e) ® (S")®™.

Notations 3.4.0.15. We denote by Ly € Tp IbMod(P) the derived image of LY € Tp BMod(P) under
the right Quillen equivalence Tp BMod(P) — Tp IbMod(P) (cf. Theorem 3.2.4.1). Furthermore, recall
that when § is in addition stable containing a strict zero object 0, we have a sequence of right Quillen

equivalences

T TbMod(P) = TbMod (P) 5 2> ThMod ()

(cf. Theorem 3.2.4.3). In this situation, we will denote by Ly := R(ker 0 Q%) (Lp).

Computations 3.4.0.16. Let us compute Ly and L.

(1) It is not difficult to show that the Quillen adjunction IbMod(P)p;/p == BMod(P)qp,p is differen-
tiable (see Definition 3.1.0.1). The [[6], Corollary 2.4.8] hence shows that the right Quillen equivalence
T BMod(P) — T IbMod(P) simply sends LY (which is now identified to its suspension spectrum
replacement) to its underlying prespectrum of infinitesimal P-bimodules.

(2) Suppose that 8 is in addition stable containing a strict zero object 0. Let us compute Ly =
]R(keroQ“)(Efp). By [[6], Remark 2.4.7], we have RQ* (E(p) ~ hocolim,, Q”(fy)mn. Now, by Com-
putations 3.4.0.14 we find that

R(ker o Q%) (Lyp) = (hocolim,, Q" (P o S%)) ><hg> 0 ~ hocolim,, "[ (P o S&) ><hg> 0)].

More explicitly, for each €= (¢q, -+, ¢;n; ) we find that
R(keroQ°)(Ly) (€) = hocolim, Q"[ (P(c) ® (S™)®™) x;}:(g) 0] ~ P(¢) ® hocolim,, Q"[ (S™)®™ ><}115 0]

in which the last desuspension 2(-) is now computed in IbMod(%). (In the above formula, the second
weak equivalence is because of the fact that homotopy pullbacks in 8§ are also homotopy pushouts and
that the functor P(¢) ® (—) preserves colimits).
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Corollary 3.4.0.17. Suppose that 8 additionally satisfies the condition (S8) 3.3.0.2 and that P is fibrant
and X-coftibrant. Then the right Quillen equivalence

UL : Tp» Op(8) — Tp IbMod(P)

identifies the cotangent complex Lp to E(p[—l] € Tp IbMod(P) in which Ly is the prespectrum with
(Lp)nn =PoSe forn>0. When 8 is in addition stable containing a strict zero object 0 then under the
right Quillen equivalence

Tp Op(8) — IbMod(P),
the cotangent complex Ly is identified to Lp[—1] with Ly € IbMod(P) being given by
Ly (2) = P(¢) ® hocolim,, Q™[ (S™)®™ ><}118 0]

for each C-sequence ©:= (cq,++, cpm; ).
Proof. By Proposition 3.4.0.5 (and by Notations 3.4.0.15), we get that RUZ(Lyp) ~ Lp[-1]. By Com-
putations 3.4.0.16(1), Ly agrees with Llf’p on each level. The description of the latter is included in
Computations 3.4.0.14.

In the case where 8 is in addition stable containing a strict zero object, the claim follows just by
combining the above paragraph with Computations 3.4.0.16(2). O

By the definition of Quillen cohomology group 2.2.0.14, we give the following conclusion.

Theorem 3.4.0.18. Suppose we are given a fibrant object M € TpIbMod(P). Under the same as-
sumptions as in Proposition 3./.0.17, the n’th Quillen cohomology group of P with coefficients in M is
formulated as

Hg (P, M) = m Mapl‘}g) IbMod(P) (EiP[_l]a M[n]) = mo Mapg? IbMod(P) (E% M[n+1]).

Furthermore, suppose that 8 is in addition stable containing a strict zero object 0. For a given fibrant
object M € IbMod(P), the n’th Quillen cohomology group of P with coefficients in M is formulated as

Hg (P, M) = m Map?bMod((P) (Lp[-1], M[n]) 2 m Map?bMod(iP) (Lp, M[n +1]).

3.5 Long exact sequence relating Quillen cohomology and reduced
Quillen cohomology

The unit map 7 :Jo — P gives rise to the Quillen adjunctions
" : T, IbMod(Je) == Tp IbMod(P) 1, , P : Ta, Op(S) == T3 Op(8) : 1,
Moreover, there is a commutative diagram of Quillen adjunctions of the form

Fib
T3, IbMod(Jc) <_+> T35 Op(S)

i
ugc

i’ H | m Top |H "
ib
Uy

Ty IbMod(P) 7 T3 Op(S)
53
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The following is an analogue of [[7], Corollary 3.2.9].

Lemma 3.5.0.1. Suppose that 8 additionally satisfies the condition (S8) 3.3.0.2 and that P is fibrant
and X-cofibrant. There is a (homotopy) cofiber sequence in Tp IbMod(P) of the form

RUE o (L5) — Lo (Tg,) — L (3.5.0.1)

where u%l;’,c 1s the right Quillen equivalence u%lﬁ’c : Tp Op(8) = Ty IbMod(?P) appearing in Theorem
3.2.4.1.

Proof. Corollary 3.4.0.17 proves the existence of weak equivalences @, : Lg,[-1] — Rugbc (Lg..) and
Op : Lop[-1] — RUL(Lp) in Ty, IbMod(J¢) and Ty IbMod(P), respectively. Applying Ln” to 5‘% :
L&rél’c (Tg,) — Ly, [1] (i.e., the adjoint of f..), and taking then the adjoint of the resultant, we obtain
a weak equivalence in Tp IbMod(P) of the form L (Ly,.) — RUZ Ly (Lg, [1]).

On other hand, by the definition of relative cotangent complex, there is a cofiber sequence in Tp Op(8)

of the form
Lyjg. — Ly" (L. )[1] — Le[1].

By applying Ruﬁfz to the latter and by the first paragraph, we get a cofiber sequence in Tp IbMod(P):
RUS (Ly/s.) — L® (Lg.) — L.

Now, note that the functor U?f)’ is the same as the composition u%};yc o IRS’DP. Lemma 3.4.0.9 hence shows
that there is a weak equivalence Ru%yc(L?ﬁd) — RUZ(Lg/g,) in Tp IbMod(P). So we get the desired
cofiber sequence. 0

We end this chapter with the following theorem.

Theorem 3.5.0.2. Suppose that 8§ additionally satisfies the condition (S8) 3.3.0.2 and that P is fibrant
and Y-cofibrant. Given a fibrant object M € TpIbMod(P), there is a long exact sequence of abelian
groups of the form

o — HH (P, M) — HY (P, M) — HY g (P, M) — HY (P, M) — HE (P, M) —> -

where Hbyr(iP, —) refers to Quillen cohomology group of P when regarded as a right module over itself,
while Hg (P, —) refers to Quillen cohomology group of P and Hy) .q(P, =) refers to reduced Quillen
cohomology group of P (cf. Conventions 3.4.0.3).

Proof. The cofiber sequence of Lemma 3.5.0.1 induces a fiber sequence of derived mapping spaces:
h = h ib (T h j red
Mapg, tovod(p) (Le, M) — Maps ypapoacey Ln” (Lo ), M) — Mapsg,, pyioacry (RUS o (L5), M).

In this sequence, by notation RU%C(L?d) classifies the reduced Quillen cohomology of P, while Ly
classifies the Quillen cohomology of P, by Theorem 3.4.0.18. That fiber sequence will hence give rise
to the desired long exact sequence after having that Lnf” (Egc) classifies the Quillen cohomology of
P when regarded as a right module over itself. To see this, we first consider the Quillen adjunc-
tion Tp RMod(P) == T» IbMod(P) which is induced by the free-forgetful adjunction RMod(P) ==
IbMod(P). We denote by Li € Tp RMod(P) the cotangent complex of P when regarded as a right
module over itself. It therefore suffices to prove that the derived image of Li in TpIbMod(P) is
weakly equivalent to L’ (Ly..). For this last claim, observe first that 7/ is the same as the functor
T, Colle(8) — Tp IbMod(?P) induced by the free functor Collo(8) — IbMod(P). Moreover, under
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the identification Ty, IbMod(J¢) =~ Ty, Colle(8), the object Ly, is nothing but the cotangent complex
of Jo when regarded as an object of Collx(8), which has the derived image through the left Quillen
functor Ty, Collx(8) — Tp RMod(P) being L, obviously. The proof is hence completed. O

Remark 3.5.0.3. When considering P as a right module over itself, it is free generated by Jo. Thus,
we have a canonical isomorphism

%,r(?7 M) = Hg,col(jC7M)7

where the right hand side is the n’th Quillen cohomology group of J¢, when regarded as a C-collection,
with coefficients in the derived image of M in Ty, Collc(8). When 8 is further stable containing a strict
zero object 0 (and hence, so is the category Collx(8)), we have a sequence of right Quillen equivalences

Q= ker
‘.ch COH(;'(S) —:> COIIC(S)jC//jC —g> Collc(S)

(cf. Theorem 3.2.4.3) and moreover, under this composed right Quillen equivalence, the cotangent
complex of J¢ is identified to itself Jo (cf. [[8], Corollary 2.2.4]). Therefore, in this situation we have
that

HE oot (I, M) = Map}éollc(s)(JC,RkerQ“(E”M)) > |—(|} 7o Mapg (1s, 2" (M (c; ¢) x14 0)).

59



Chapter 4

Quillen cohomology of simplicial

operads

Simplicial operads are precisely operads enriched over the Cartesian monoidal category of simplicial
sets, Seta. This category comes equipped with the standard (Kan-Quillen) model structure and then,
satisfies the conditions of Conventions 3.1.0.2 and also the extra condition (S8) 3.3.0.2 (cf. Example
2.1.4.7 and Proposition 3.3.0.3). We therefore inherit the results of §3.4 for the work of this chapter.

In the first section, we revisit the straightening and unstraightening constructions (in unmarked
case), according to [[4], §2.2.1]. Given a simplicial (co)presheaf F over a simplicial category €, the
unstraightening of F is in particular a simplicial set over NC. As the first step, we will focus on
describing the simplices of the unstraightening of & and furthermore, giving convenient models for its
spaces of (right) left morphisms.

According to the work of Y. Harpaz, J. Nuiten and M. Prasma ([7]), the cotangent complex of an
oo-category (or a fibrant simplicial category) can be represented as a spectrum valued functor on its
twisted arrow oo-category (see Theorem 1.0.0.7). The construction of twisted arrow co-categories (of
oo-categories) Tw(-) : Cate, — Cato was originally introduced by Lurie [[3], § 5.2]. For a given fibrant
simplicial category C, the twisted arrow oo-category of € is simply defined to be Tw(C) := Tw(N €) with
N € being the simplicial nerve of €. In the second section, we extend the latter to the construction
of twisted arrow oo-categories of (fibrant) simplicial operads. For a fibrant simplicial operad P, the
twisted arrow oo-category Tw(P) is by definition the unstraightening of the simplicial copresheaf P :
Ib” — Seta, which encodes the data of P as an infinitesimal bimodule over itself (see §2.1.3). The
results obtained from the first section provide us with a comprehensive view on the structure of Tw(P),
on both the simplicial and oco-categorical structures.

In the last section, for the main purpose we will show that the cotangent complex of a simplicial
operad can be represented as a spectrum valued functor on its twisted arrow oo-category.
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4.1 Unstraightening of simplicial (co)presheaves

We denote by €[-] : Seta —> Cat(Seta) the rigidification functor, which is left adjoint to the
simplicial nerve functor N. Recall by definition that €[A"] is the simplicial category whose set of
objects is [n] = {0,--,n} and whose mapping spaces are defined as Mapg[an1(7,7) := NP;; the nerve of
the poset

Pij={Al{i,j} ¢ A< [i,j]},
with [4, 5] = {i,i+1,--, j}. (In particular, Mapg[an1(i,5) = @ when i > j). The composition in €[A"]
is induced by the maps P; ; x P, — P; . taking (A, B) to Au B.
Depending if one wants to “unstraighten” simplicial presheaves or copresheaves, one would need
to use contravariant or covariant unstraightening functor, respectively. Suppose we are given a

simplicial set S and a simplicial category €. Let ¢ : €[S] — € be a simplicial functor. For each
simplicial set X over S, one takes two simplicial categories

M§=ex9] e, mME=¢[x"]]¢C
¢[X] ¢[X]
where X9 and X ™ are respectively the left and right cones of X. We will always use the letter “v”
standing for the cone point, for both left and right cones.

The covariant straightening functor associated to ¢, written as
Sty : (Seta);s — Fun(€, Seta),
is defined by sending each simplicial set X over S to the functor Map, . (v,~) : € — Seta. The
X

functor Stj admits a right adjoint, the covariant unstraightening functor associated to ¢, denoted

by Unz. In fact, the adjunction Stj - Unj forms a Quillen adjunction when one endows the category
Fun(C, Seta) with the projective model structure and the category (Seta),s with the covariant model
structure. Moreover, this adjunction is a Quillen equivalence as long as ¢ is a weak equivalence of
simplicial categories. (See [4], Chapter 3 for more details).

Dually, the contravariant straightening functor associated to ¢, written as
Stgl; : (SetA)/S — FUH(GOP, SetA),
is defined by sending each simplicial set X over S to the functor Map,>(—,v) : €% — Seta. The
X

functor Stg admits a right adjoint, the contravariant unstraightening functor associated to ¢,
denoted by Ung. The adjunction Stqls> — Umqls> forms a Quillen adjunction when one endows the category
Fun(C°P, Seta) with the projective model structure and the category (Seta);s with the contravariant
model structure and moreover, becomes a Quillen equivalence if ¢ is a weak equivalence.

Notations 4.1.0.1. 1. We are almost concentrated in the case where S =NC and ¢: €[NC] — C
is the counit map of €[-] 4 N. In this case, the corresponding covariant (resp. contravariant)
straightening-unstraightening adjunction will be denoted by Stg - Ung (resp. St'e> — Un('?> ).

2. When € = €[S] and ¢ is the identity functor, the corresponding covariant (resp. contravariant)
straightening-unstraightening adjunction will be denoted by Stg ~ Ung (resp. St SD - Un g ).
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Remark 4.1.0.2. Note that Ung is the same as the composed functor

* N
€e Unge

Fun(€, Seta ) —— Fun (€[N €], Setp) —— (Seta)/ne

where e¢ is the counit map of the adjunction €[—] 4 N, (this follows from [4], Proposition 2.2.1.1(2)).
The same thing holds for the contravariant case.

Let F: € — Seta be a simplicial functor. We wish to understand the structure of Ung (F) as a
simplicial set over N €. For this, we will follow [[49], §58], yet in the opposite convention. For each
n € N, one establishes a simplicial functor

DR, i €[A"] — Seta
given by sending each i € [n] to DR, (i) := NP (i) the nerve of the poset
P (i) = {A|{i} c A< 0,i]}

with [0,4] := {0,1,---,4}. The structure maps of simplicial functor are defined by applying the union
operation of subsets in an obvious way. Moreover, for each map § : A™ — A", one defines a natural
transformation

< .4
95 '®Am

— DT, 0 €[d]

of the simplicial functors €[A™] — Set given at each i € [m] by the map D3 (i) : DF,. (i) — DR (i)
which is induced by the map of posets P (i) — P<(8i) , S+ §(9).

Construction 4.1.0.3. The data of an n-simplex of Un§ (F) consists of

e an n-simplex ¢ € N(€), i.e., a functor ¢ : €[A"] — €, and

e a natural transformation ¢ : ©3,, —> F o ¢ between simplicial functors €[A"] — Seta.

For each map 0 : A™ —s A", the corresponding structure map Ung§ (F),, — Ung (F),, is given by
sending each pair (p,t) € Ung (F)n, to the pair
¢[s] ¢ oF told
C[A"] — ¢[A"] — €, DY, —— DN, 0 €[§] —— Fopo€[d].

Ezxplanations: First, argue that giving an n-simplex z € Ung (F) is equivalent to giving a sequence
of maps A" —» Ung (F) — NC. Let us denote this composite map by ¢, : A" — N @€, which is
identified to a simplicial functor ¢, : €[{A"] — €. Observe now that for each such map ¢, there is a
commutative square of right adjoint functors

Un?
Fun(@,Setp) —— (Seta)/ne

cpil ls@i

Fun(€[A"], Sets) — (Seta)

nAn

(this follows by combining both two parts of [[4], Proposition 2.2.1.1], along with noting Remark 4.1.0.2).
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This proves the existence of a Cartesian square of the form

Uni, (Fop,) —= A"

]

Ung (F) Ne

So the data of z is equivalent to that of a map ¢, : A" — N € and a map A" — Unin (Fop,) factoring
the identity Ida». By adjunction, the latter is identified to a natural transformation Sth(IdAn) —
Fop,. But, by definition StJ, (Idan) = Mapg[(any<1(v,—). Hence, it remains to establish for each n an
isomorphism

DR, — Mapg((any< (v, -)

between simplicial functors €[A"] — Seta compatible with simplicial maps A™ — A”™. For this, note
that under the identification (A™)< = A"*! the functor Mape[(anya1(v, —) is isomorphic to the functor
[n] 3@+ Mapgan+17(0,7 +1) = NPg41. For each i € [n], we define an isomorphism of posets

PY(i) — Pos1 , A= {0}u(A+1)

with A+ 1:={a+1|a e A}. This indeed gives us the desired isomorphism D%, — Mapep(anya1(v, =)

Remark 4.1.0.4. Unwinding definition, each vertex of Ung (F) is the choice of an object 2 € Ob(C)
and a vertex p € F(z). Let 2,y be two objects of €. The data of an edge of Ung (F) from p € F(x)
to v € F(y) consists of a vertex o € Mape(z,y) and an edge of F(y) of the form ¢ : v — «, () where
ax : F(x) — F(y) is the map induced by the simplicial functor structure of F: € — Seta.

Comments 4.1.0.5. Intuitively, there seems to be something illogical in the data of an edge of Ung (F)
mentioned above. Indeed, if one thinks of the covariant unstraightening functor as something generaliz-
ing the classical (covariant) Grothendieck construction then it is natural to require that, in the data of
such an edge of Ung (), the edge t should be in the direction av, (1) — v instead of v — a, (). In
fact, this confusion arises from the convention, namely, when one chose the adjunction €[-] 4 N to work
with, for both covariant and contravariant cases. Let us try to modify this convention slightly. We define
a new “rigidification functor” €[~] by taking, for each n, Mapg/an(i, ) := NPZ‘J’., (instead of NP; ; as
in the definition of €[~]). This leads to a new “simplicial functor” N' characterized as the right adjoint
to €’'[-]. Now, if instead of €[-] < N, one uses the adjunction ¢'[-] 4 N” in establishing the covariant
straightening, then the new covariant unstraightening will satisfy what one expects from the classical
Grothendieck construction, i.e., one has the edge t indeed being in the direction au(p) — v. We
believe that when doing the covariant unstraightening, using the adjunction €’'[-] 4 N is more natural
than the €[-] 4 N. But if one does not expect a perfect generalization from the classical Grothendieck
construction anymore, everything still works certainly.

Let ' : C°® — Seta be a simplicial functor. Similarly as in the covariant case, one can get an
explicit description of the contravariant unstraightening of 37, Ung (F). For each n € N, one defines a
simplicial functor

DR, ¢[A"]P — Seta
taking each i € [n] to DX, (i) := NP} (i) the nerve of the poset
Py ()= {A{i}cAc[in]}
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with [i,n] := {i,i + 1,---,n} For each map ¢ : A™ — A" there is also a natural transformation
D : DR, — DX, 0 €[] of the simplicial functors €[A™]P — Seta. The structure maps are
defined naturally as well as in the covariant case (see Construction 4.1.0.3).
Construction 4.1.0.6. The data of an n-simplex of Ung (") consists of

e an n-simplex ¢ € N(C), i.e., a functor ¢ : €[A"] — €, and

e a natural transformation ¢ : D, — F’ 0 ©°® between simplicial functors €[A"]P — Seta.
The simplicial structure maps of Un (F”) are induced by the natural transformations © S mentioned
above. (See also [[49], §58]).

We now consider the case where € = {*} the terminal category. The corresponding covariant (resp.
contravariant) straightening-unstraightening adjunction will be then denoted by Sty = Un (resp.
StP 4 Unb ). By definition, these forms the self-adjunctions on Seta

Std : Setp = Seta : Un , St2:Sety == Seta:Un’.
Note that St2 —+ Un? agrees with the adjunction | —|ge Singg. of [[4], §2.2.2].

Let X be a simplicial set. We will need explicit descriptions of both Un{ (X) and Un? (X). Recall
that the n-cube (A')*1-7} has total of n end faces (i.e., the faces containing the terminal vertex),
including

T, := (Al)x{l,-n,i—l} % {1} % (Al)x{i+1,~~~,n} c (Al)x{l,---,n}
for i = 1,---,n. For each i, we denote by
T2 = (1) s x {1 x (AN <0stm) e
which is an (n —1i)-subcube of T;.

Definition 4.1.0.7. Let ~: (Al)x{l""’"} —> X be a simplicial map performing an n-cube in X. Then ~
is called a quasi n-simplex of X if for every i € {1,---,n}, the end face of v given by ~ -, the restriction

of v to T; is degenerate on | ., the restriction of v to T7.

Remark 4.1.0.8. Each n-simplex § : A" — X corresponds to a quasi n-simplex of X given by the
composition

5: (Al oA 0 x

where the map 7 is given by the canonical way of collapsing the n-cube to a nondegenerate n-subsimplex
containing the initial vertex. Conversely, each quasi n-simplex of X agrees with an n-cube in X of such
type 6 on boundary. This phenomenon itself suggests us to the terminology “quasi simplex”.

Example 4.1.0.9. A quasi 3-simplex of X is a 3-cube in X of the form
% y

\\
N
z z

|

t

5
/“ lL/

t

|

such that the front square is degenerate on the edge z N t and the bottom square is degenerate on the
terminal vertex t.



The main interest in this notion is as follows.

Lemma 4.1.0.10. 1. There is a natural bijection between the n-simplices of UDE(X) and the quasi
n-simplices of X.

2. Also, there is a natural bijection between the n-simplices of Und(X) and the quasi n-simplices of
X.

To get an explicit proof, we make use of D%, (0) = NP2 (0) as a specific model for the n-cube
(A1)y{1m} (see Construction 4.1.0.6). For each i € {1,--,n}, we take the subposets
{AeP7(0)|A2[0,i]} ¢ {AeP>(0)|A3i} c P (0).
Note that the inclusion N{A e P”(0)|A21[0,i]} € N{A e P2 (0)|A 34} corresponds to the inclusion
T7 ¢ T; mentioned above. Moreover, there is an obvious identification of posets

{AePP(0)|A210,i]} = PE(5).

Proof of Lemma 4.1.0.10. (1) By Construction 4.1.0.6, an n-simplex of Un’ (X) is a natural trans-
formation ¢’ : DY, — {X} between simplicial functors €[A"]P — Set, with {X} being the constant
functor on X. Unwinding definition, the data of ¢’ consists of the maps t'(i) : ®X,.(i) = NP} (i) — X
for i € [n], satisfying that:

(*) for every pair (4,7) such that i > j, the composition

R CO L C)
Mapgpanger (4:7) X D 50 (1) — D10 (J) —> X (4.1.0.1)
t'(i

agrees with the composition Mapg[anies (i, ) X ok, (i) — DX. (i) — X.

Note that the map (4.1.0.1) corresponds to the restriction of ¢'(5) to N{A € P> (j)| A 3i}. When
j =1—-1, the condition (*) means that ¢'(7) agrees with the restriction of ¢'(i - 1) to

N{AeP>(i-1)|A3i} = NP>(3).
Inductively, for every i > 1, t'(i) agrees with the restriction of ¢'(0) to
N{AeP>(0)|A2[0,i]} = NP> (i).

In particular, the data of ¢ is fully displayed in that of ¢'(0), which performs an n-cube in X. Now, fix
j =0, the condition (*) means that for every i € {1,---,n}, the end face of ¢(0) given by the restriction
t’(0)|N (AP (0)] Asi} 1S degenerate on t’(0)|N AePE(o)fJ A2[04])" This is equivalent to saying that ¢(0) is a
quasi n-simplex of X, by the words before the proo

Conversely, let t': DX, (0) = NP7 (0) — X be a quasi n-simplex of X. For each i € [n], we take
t'(i) to be the restriction of ¢’ to N{A e P> (0)| A 2[0,i]} = NP (4). In particular, #'(0) is nothing
but . It can then be verified that {t(i)}; forms a natural transformation D%, — {X}.

The two above paragraphs clearly provide the inverses of each other between the n-simplices of
Un?(X) and the quasi n-simplices of X.

(2) By the first part, it suffices to prove the existence of a natural bijection between the n-simplices
of Und(X) and those of UnZ(X). By Construction 4.1.0.3, an n-simplex of Un{ (X) is a natural
transformation ¢ : ©F, — {X} between simplicial functors €[A™] — Seta and therefore, it consists
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of the maps #(i) : D3, (i) = NP9 (i) — X (i € [n]) subject to the essential naturality with respect to
every space of morphisms in €[A"] (similarly as the condition (*) above).
For each i € [n], there is an isomorphism of posets PP (i) — P9 (n - i) taking A € PP (i) to
t(n—1)
n—A:={n—alae A}. We then take t'(i) to be the composition NPF (i) « NPY(n—i) —— X. It can
then be verified that ¢’ = {¢'(i)}; forms a natural transformation t': D%,
an n-simplex of Un? (X). Moreover, the assignment ¢ + ¢’ indeed forms a natural bijection. O

—> {X} and hence, performs

Remark 4.1.0.11. Though the assignment ¢t — ¢’ gives an isomorphism between UnZ (X) and Un’ (X)
on point-set level, it is not compatible with simplicial structures. Instead of that, this turns out to form
a natural isomorphism Un{ (X) = Un} (X)°P.

Remark 4.1.0.12. As mentioned in Remark 4.1.0.8, each n-simplex of X is associated to a quasi n-
simplex. This determines a natural map X —s Un!(X), which is in fact a weak equivalence as long
as X is a Kan complex (see [[4], 2.2.2.7, 2.2.2.8]). Combined with the above remark, we get a natural
weak equivalence X°P — Un{ (X) when X is Kan. In other words, while the (derived) contravariant
unstraightening Un? is weakly equivalent to the identity functor, the covariant one UnY is weakly

equivalent to the opposite functor X — X°P.

Given a simplicial category € and a simplicial functor F: € — Seta, we turn back to consider the
covariant unstraightening of &. We will need the following in the last section.

Remark 4.1.0.13. Asin [[4], Remark 2.2.2.11], for a given object = € C, there is a canonical isomorphism
Und (%) e o} = Und (3(2)).

This follows by the compatibility of the unstraightening functor with taking base change along the map
{z} — NC (see explanations after Construction 4.1.0.3). Combined with Remark 4.1.0.12, we get a
weak equivalence

F(x)® — Ung (F) xxe {z} (4.1.0.2)
whenever F(z) is a Kan complex.

Let z,y € Ob(C) be two objects of C. Suppose we are given two vertices u € F(z) and v €
F(y) regarded as vertices of Ung (F) (see Remark 4.1.0.4). We wish to give a convenient model for

an (3‘)(”7 v) the space of right morphisms from x to v in Ung (F). Recall by definition that an
c
n-simplex of Hom%ng )

on 4 and T|A{"+1} =v. According to Construction 4.1.0.3, the data of T" consists of:

Hom

(p,v) is an (n+1)-simplex T': A™! — Un§ (F) such that d,.;T is degenerate

e An (n+1)-simplex H : A"** — N € of N € satisfying that d,,; H is degenerate on x and H|A{n+1} =
y. In other words, H is nothing but an n-simplex of Homy o(x,y). We also regard H as a functor
¢[A™] — C.

e In addition, a natural transformation ¢ : @Znﬂ
Seta satisfying that for every i € {0,---;n} the map

1) : DZn (i) — Fo H(i) = F(x)

— F o H between simplicial functors €[A"*!] —

collapses its domain to the vertex p and that the initial vertex of t(n + 1) agrees with v. (Note that
t(n+1) performs an (n + 1)-cube in F(y)).
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On other hand, we take p, to be the composition

P Mape (,y) — Mapg,,, (F(2), F(1)) 5 F(y)

with ev,, being the evaluation at u. Now, by [[4], 2.2.2.13] there is a canonical isomorphism Hompy ¢ (2,y) 2
Un2 Mape(z,9). So we can form a canonical map

UHE(PM)
Homy, ¢ (x,y) 2 Un} Mape (2, y) —— Uny F(y) . (4.1.0.3)

Let us analyze this map. Let H be an n-simplex of Hom%e(x,y) exhibited by a simplicial functor
H : €[A™!] — €. The data of H consists of the maps of the form

H': Mapgpan(i,n+1) 2 (AN Mape(z,y) , i =0, n.

Observe that each map H' agrees with the restriction of H° to a certain (n —i)-cube. So the data of
H is fully displayed in that of H°. It can be shown that H° performs a quasi n-simplex of Mape (z,)
and hence, is an n-simplex of Un’ Mape(z,y) by Lemma 4.1.0.10. Moreover, note that under the
identification Hom%e(x,y) ~ Un? Mape(z,y), H is simply identified to H°. For each i € {0,--,n}, we
denote by H.(p) == H' o p,. Finally, we get that the map (4.1.0.3) sends H to HY(u), (which performs
a quasi n-simplex of F(y)).

Lemma 4.1.0.14. There is a canonical isomorphism
R ~ R .
HOmUng €2) (p“a 1/) = (Un*b ?(y))l// XUnf F(y) HomNC(xvy) = ]P),u,u-

Proof. With having chosen H € Homy ¢ (x,y), an n-simplex of P, , is a quasi (n + 1)-simplex of F(y)
which admits v as its initial vertex and in addition, admits H?(x) as an end face. (To see this, we
combine Lemma 4.1.0.10 with the above analyses).

On the other hand, with having chosen H € Homp o(z,y), an n-simplex of Hom%nq(g)(u, v) (as
c

analyzed earlier) is a natural transformation ¢ : QZ"“ —> JF o H satisfying that for every i € {0,---,n}
the map t(i) : D

Ans1 (1) — F(x) collapses its domain to the vertex p and that the initial vertex of
t(n+ 1) agrees with v. In particular, the data of ¢ is fully enclosed in that of the map

tn+1):9%,.,(n+1) =NPY(n+1) — F(y)
subject to the following condition:
(**) for every i € {0,---,n}, the composition

9271-%—1 4 t(n+1)
Dpnn (n+1) —— F(y)

1\/[alf)¢[An+1](i7 n+ 1) X @Znﬂ (Z)

H, ()
agrees with the composition Mapg[an+(i,n+1) x D% (1) — Mape[ana(i,n+1) —— F(y).
Note that the first composition corresponds to the restriction of t(n+1) to N{A e PY(n+1)| A3},
which is an end face of the (n+1)-cube DY, (n+1) = NP (n+1).

When i = 0, the condition (**) means that H?(u) agrees with the end face of #(n + 1) given by
the restriction of itself to N{A € P9(n + 1)|A 3 0}. In particular, for each i € {0,--,n}, H(u)
agrees with the restriction of t(n +1) to N{A e PY(n+1)|A 2 [0,i]}. So for every i € {0,---,n}, the

condition (**) means that the end face of ¢(n + 1) given by the restriction ¢(n + 1)|N{AGP< (n+1) | Asi) is

degenerate on t(n + 1)| This is equivalent to saying that ¢(n + 1) performs a quasi

N {AeP< (n+1) | A2[0,i]}
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(n+1)-simplex of F(y). Therefore, by the first paragraph, the data of an n-simplex of H0m§n< () (p,v)
cC

is equivalent to that of an n-simplex of P,,. The obtained identification is indeed compatible with

simplicial structures. O

Remark 4.1.0.15. There is a canonical embedding Unf(ff"(y)y/) — (Un? F(y)), established as
follows. By Lemma 4.1.0.10, an n-simplex of Unf(fr‘"(y)y/) is a quasi n-simplex of F(y),/, which can

be identified with a map
y: A% (AN — F(y)

(where “x” stands for the join operation) satisfying that for every i € {1,---,n} the restriction 7| A0S

is degenerate on and that ’y| Ao Agrees with . We then associates to v the composite map

AC«T?
;7: (Al)x{l,---,n+1} N AO . (Al)x{l;--,n} _’Y) ?(y)

in which the first map refers to the canonical way of collapsing the (n + 1)-cube to its subset given by
joining the initial vertex with an end face. The map 7 is indeed a quasi (n + 1)-simplex of F(y) with v
as its initial vertex, and hence is an n-simplex of (Unl F (¥))y)-

By the above remark and Remark 4.1.0.12, we can form a composite map
5L~(y)u/ XF(y) Map@(x,y) - Unf(gj(y)v/) XUH*D F(y) UHE Map@(x,y) - ]P),u,u (4104)

Suppose now that € is fibrant and F : € — Set is levelwise fibrant. Then the map Ung (F) — N €
is a left fibration and N € is an oco-category. So Ung (F) is an oo-category as well. Our main interest in
this section is the following:

Proposition 4.1.0.16. Let 2,y € Ob(C) be two objects of C. Given two vertices jn € F(x) and v € F(y)
regarded as vertices of Ung (F), there is a homotopy equivalence

{v} ><g"(y) Mape (z,y) — MapUné‘ (?)(Mv v).

Proof. We make use of the pullback F(y),; x5, Mape(z,y) as a model for the left hand side. Since
F(y) and Mape(x,y) are Kan complexes, that pullback is Kan as well. It implies that the first map
of the composition (4.1.0.4) is a weak equivalence (see Remark 4.1.0.12). The second map of (4.1.0.4)
is also a weak equivalence, since Unf(?(y)y/) and (Un> F(y)),, are both contractible. So the map
(4.1.0.4) is a weak equivalence. We deduce then by using Lemma 4.1.0.14. O

Remark 4.1.0.17. An analogue holds in the contravariant case. Let F: C°? — Seta be a simplicial
presheaf on €. Let z,y € Ob(€) be two objects of €, and suppose we are given two vertices p € F(z)
and v € F(y) regarded as vertices of Ung (F). We take p, to be the composite map

evy,

pv : Mape (2, y) — Mapge,, (F(), F(x)) =5 5(x)

with ev, being the evaluation at v. When C is fibrant and F is levelwise fibrant (so that Ung (F) is an
oco-category), there is a homotopy equivalence

(F () X5() Mape(,)) —> Mapy, e (o (11,).
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4.2 Twisted arrow oo-categories of simplicial operads

Let € be an ordinary category. The (covariant) twisted arrow category Tw(&) is by definition the
category whose objects are the morphisms of € and such that maps from f:z -y to f': 2’ — ¢ are
given by commutative diagrams of the form

x — a

fl lff (4.2.0.1)

y —y

This classical notion was generalized into the oco-categorical framework due to Lurie [[3], §5.2.1]. For
a given oo-category D, the twisted arrow category Tw(D) is the oo-category whose n-simplices are
the (2n + 1)-simplices of €. In particular, objects of Tw(D) are the morphisms of D. A map from
frx—yto f':2" — 3y’ can be also depicted as a diagram of the type (4.2.0.1) commutative up to a
chosen homotopy.

Furthermore, for a given fibrant simplicial category €, the twisted arrow oco-category of C is simply
Tw(C) := Tw(NC) the twisted arrow oo-category of the nerve of €. It turns out that Tw(C) can be
represented as the unstraightening of a certain simplicial copresheaf. This phenomenon motivates us to
establish twisted arrow oo-categories of (fibrant) simplicial operads. Let us see how it arises.

We will need the following notations and conventions:

- Let S be a simplicial set. We denote by (Setx"),s the covariant model category of simplicial
sets over S whose cofibrations are monomorphisms and whose fibrant objects are left fibrations over
S. (See [[4], §2.1.4] for more details).

- Let € be a simplicial category. Recall that the category of C-bimodules can be represented as
Fun(C°P x C, Seta ) the category of simplicial functors €°? x € — Seta. Moreover, under this identifica-
tion, the functor Mape : €% x € — Seta, (z,y) » Mape(z,y) is nothing but €, viewed as a bimodule
over itself. We endow Fun(C°P x C,Seta) with the projective model structure.

- For the remainder, we consider only the covariant unstraightening construction. So we will simply

write Une(—) standing for the covariant unstraightening of simplicial functors € — Setn.

Suppose now that € is a fibrant simplicial category. According to [[3], Proposition 5.2.1.11], the
unstraightening functor

Uneorxe : Fun(C% x €, Setp ) — (Setx™) /N eerxN e, (4.2.0.2)
which is a right Quillen equivalence, identifies Mape to Tw(€). In other words, the unstraightening of
C (viewed as a bimodule over itself) is exactly a model for Tw(C).

We now fix P to be a fibrant simplicial C-colored operad. Recall from Section 3.2.2 that there
is a canonical isomorphism IbMod(P) = Fun(Ib” Seta) between the categories of infinitesimal P-
bimodules and simplicial functors Ib” — Seta. The unstraightening construction gives us a right
Quillen equivalence

Unyy : IbMod(?P) = Fun(Ib”, Setpa) — (Setx")/n(b?)- (4.2.0.3)

Since P is fibrant, it implies that Ib” is a fibrant simplicial category, and hence N(IbT) is an oo-category.
Moreover, the functor
P:Ib” — Seta , (c1, cm;c) = P(c1, -+ Cm; ),
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which encodes the data of P as an infinitesimal bimodule over itself, is levelwise fibrant. So we get a
left fibration Ung,» (P) — N(Ib”), and hence Unyy» (P) is in particular an co-category.

Along the passage from simplicial categories to simplicial operads, the notion of categorical bimod-
ules should correspond to that of operadic infinitesimal bimodules, which can be thought of as the
linearization of the usual notion of operadic bimodules. With having this logic in mind, we propose the
following concept.

Definition 4.2.0.1. The twisted arrow oo-category of P, denoted by Tw(P), is defined to be
Tw(P) := Ung,r (P) the unstraightening of the simplicial functor P : Ib” — Seta or alternatively,
unstraightening of P regarded as an infinitesimal bimodule over itself.

Examples 4.2.0.2. When P is discrete then Tw(P) is isomorphic to the nerve of an ordinary category.
In this situation, we will identify Tw(P) to the corresponding ordinary category and refer to it as the
twisted arrow category of P. For example, it is not hard to show that the twisted arrow category of
the commutative operad is equivalent to Fin("’. We will see that the twisted arrow category of the
associative operad is equivalent to the simplex category A (cf. Proposition 4.2.0.15).

Proposition 4.2.0.3. The construction Tw(=) determines a homotopy invariant from fibrant simplicial
operads to oo-categories.

Proof. Let f: P — Q be a map between fibrant simplicial operads. By the compatibility of the un-
straightening functor with taking base change along f : P — Q, we obtain the induced map Tw(f) :
Tw(P) — Tw(Q) fitting into the following Cartesian square of oo-categories

Tw(P) —— Tw(Q)

|

N(Ib”) —= N(Ib?)

Note that this square is already homotopy Cartesian (with respect to the Joyal model structure), due
to the fact that the right vertical map is a left fibration.

We are showing that the map Tw(f) : Tw(P) — Tw(Q) is an equivalence when provided that
f+P = Qis a weak equivalence. We first show that the induced map b/ : Ib” — Ib? is a weak
equivalence of simplicial categories (i.e., a Dwyer-Kan equivalence). It is clear by construction that b’
is a levelwise weak equivalence. Hence it remains to show that b/ is essentially surjective. Suppose
given an object (dy,---,dy;dg) of Ib°. Since the underlying simplicial functor f; : P; — Q; of f is
essentially surjective, for each i € {0,---,n} there exists an object ¢; of P together with an isomorphism
0; = f(c) — d; in the homotopy category of Q;. The morphisms 6;’s together form a morphism
0:(f(c1), - fcn); f(co)) — (dy,-, dn;do) in Ib?. Tt can then be verified by definition that € is an
isomorphism in the homotopy category of Ib?. We just proved that Ib’ is a weak equivalence (between
fibrant simplicial categories). So the map N(Ib”) — N(Ib?) is an equivalence of co-categories. This
fact, together with the first paragraph, proves that the map Tw(f) : Tw(P) — Tw(Q) is indeed an
equivalence O

Again, let P be a fibrant simplicial C-colored operad. Due to the previous section, we can describe
the simplicial structure of Tw(P) as follows.

Construction 4.2.0.4. The data of an n-simplex of Tw(P) consists of
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e an n-simplex ¢ € N(Ib”), i.e., a functor ¢ : €[A"] — Ib” and

e a natural transformation ¢ : Qin — P o ¢ between simplicial functors €[A"] — Seta.
For each map 0 : A™ — A", the simplicial structure map Tw(?P),, — Tw(P),, is induced by the
natural transformation @3 : D%,, — DT, o €[6], as in Construction 4.1.0.3.

To analyze the structure of Tw(P), we will need the following notations.

Notation 4.2.0.5. We always denote the permutations by listing their values. For instance, o =
[i1,-, 1] refers to the permutation o € 3, with o (k) = iy.

Notations 4.2.0.6. Let f: (n) — (m) be a map in Fin,. For each s € {0,1,--,;m}, we let [f~*(s)]
denote the increasing sequence of the elements of f~'(s), written as [f~'(s)] = [i§ < - < if ]. (Of
course, this could be empty). Then f can be represented by the sequence obtained by concatenating
those sequences for s =1,---,m, written as:

O @) L] )] = [ <o <y 1] <o <y o [ <o < ],
or alternatively, by the extended sequence [f~1(1) | f71(2) | - | f~*(m) | f71(0)°] formed in the

same manner, in which [f7(0)°] = [f71(0)] - {0}. Moreover, we denote by o; the permutation
L@@ 17 m) | fH0)°] € B
Notation 4.2.0.7. Let @:= (1, ¢m;¢) and d := (dy, -+, dy; d) be two C-sequences and f : (n) — (m)
a map in Fin,. Given a vertex
a=(ag, o1, 0m) € Map{b? (¢,d)

with oq € fP(c, {dj}jef—l(o);d) and o € f})({dj}jef—l(l');cz‘) (1 =1,--,m) (see Construction 2.1.3.2), we
denote by a* : P(¢) — P(d) the image of a under the map Mapy,» (¢,d) — MapsetA(ﬂ’(E),iP(c_l))
which is part of the simplicial functor structure of P : Ib” — Seta. By construction, for each simplex
0 € P(¢), we have that

a*(0) = (agorfo(ar, - am))’ €P(d)

the action of 0;1 €%, on agoy #o(ay, -, am,), where “(o1) o” refers to the (partial) composition.

Unwinding definition we will see that Tw(P) indeed looks like something obtained by twisting
“multiarrows” of P.

e Objects of Tw(P) are precisely the operations of P (i.e., the vertices of the spaces of operations

of P).

e Let p € P(¢) and v € P(d) be two operations of P, the data of a morphism (edge) & — v in Tw(P)
consists of

-amap f:(n) — (m) in Fin,,
- a tuple of operations a = (g, a1, ) € Map{by (¢,d), and
-an edge t: v — o* () in P(d), viewed as a homotopy from v to o* (u).

By convention, we will write (f,,t) : u — v standing for such a typical morphism. It is convenient
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to depict this morphism as the diagram of the form

(c1, ) (g1 -om) (dy, - dy)

() ——— ()
which is “commutative up to a chosen homotopy”.

e In general, a k-simplex of Tw(P) is the one, formally, depicted as the composition of k squares of
the type (4.2.0.4) equipped with a collection of homotopies, homotopies between homotopies, and so
forth.

We saw above the simplicial structure of Tw(P). So it remains to understand the oco-categorical
structure of Tw(P). As usual, this is best understood by reformulating equivalences in Tw(P) and
describing its mapping spaces. We indeed hold these in hand, expressed by the two propositions below.

Again, let y € P(2) and v € P(d) be two operations of P, regarded as objects of Tw(P).

Proposition 4.2.0.8. A morphism (f,«,t) : u —> v is an equivalence in Tw(P) if and only if the
following conditions hold:

1. f:{n) — (m) is bijective.
2. There exist [ € Map’;;; (d,e), an edge t': u — *(v) and together with two edges

[h:ide — Ba] € Mapr(m) ¢,c) , [ :idg— af]eMa Ib(;)(d d)

which are all subject to the existence of two 2-simplices of the forms

B*(v) a*(p)
/ 7o / X*(t') (4.2.0.5)
1 h/ * Vix 1
|{#}><A T Mt et () 5 (") lyxa o B* (v)
belonging to P(¢) and P(d), respectively. In this item, h* (and similarly, (h')*) is given by the
composition
Idp sy xh

P(7) x Al P(2) x Mapo” (2,2) — P(2).

Proof. The proof is straightforward, once one knows that the data of a 2-simplex of Tw(?P) of the form

(fay‘ Yﬁt)

p—"p,

with having (necessarily) required fg = Id,,, is equivalent to the choice of an edge h : id; — pa in
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Mapid“") (¢,2) and in addition, a square in P(¢) of the form

b(P
I I
t,l lh*|{u}xA1
(

3 (V) a8 ().

sop
_—

Moreover, since P(¢) is Kan, this square is equivalent to the choice of a 2-simplex of the form (4.2.0.5)
(the first one). O

We take p, to be the composite map
_ = P _ — ev —
pu : Mappy,e (€, d) = Mapg,,, (P(2), P(d)) — P(d)
with ev,, being the evaluation at p.
Proposition 4.2.0.9. There is a canonical homotopy equivalence
{v} 3@ Mappe (¢,d) — Mapry(p) (1, 1).
Proof. This follows immediately by Proposition 4.1.0.16. O

Remark 4.2.0.10. Note that there is a canonical map of oco-categories Tw(P) — N(Finy?) factoring
through N(Ib”). Consider the induced map Mapry,(py (1, ) —> Homgpiper ((m), (n)). For each map
f:(n) — (m) in Fin,, we denote by l\/[apéw(fp)(,u7 v) the component of Mapry, () (1, v) over f, so that
we can write

Maprypy (7)) = L Mapf, gy (1),

(n)—Ls(m)

By the above proposition, there is a homotopy equivalence
h _ = ~
{V} X(p(g) Map{bﬂ’ (Ca d) - Mapéw(fp) (/1’7 V)'
In what follows, we will survey some local properties of Tw(ZP) using the two propositions above.

Corollary 4.2.0.11. Let p € P(cy, -, cm;c) and o € Xy, be given. Then there is a canonical equivalence
uw—> p” in Tw(P).

Proof. We take a canonical edge (f,a,t) : u — p as follows. The map [ :(m) — (m) agrees with o
on {1,---;m}. Then, we take a to be the tuple of unit operations

o := (ide, ide, -+, ide,, ) € Mapgu e ((c1,++ ¢mi€), (Co(1), s Co(m); €))-
By construction, the induced map
ot T(Cla 5 Cmy C) - ﬂ)(ca(l)a E) Ca(m);c)

is nothing but the map defined by the action of the permutation o on P (see the proof of Proposition
2.1.3.3). In particular, we get that a*(u) = u?. Finally, we take ¢ := sou?. Using Proposition 4.2.0.8,
we can readily verify that the obtained edge (f,«,t) is indeed an equivalence in Tw(P). O

By convention, a simplicial operad is said to be k-connected if all its spaces of operations are k-
connected. For example, the little n-cubes operad E,, is (n — 2)-connected (cf., e.g., [[9], Corollary
5.1.11]). As before, let p € P(¢) and v € P(d) be two operations of P, regarded as objects of Tw(P).
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Corollary 4.2.0.12. Suppose we are given an integer k and suppose further that P is k-connected.
Then the induced map

Mapgy () (1, 7) — Hompsee ({m), (n) (4.2.0.6)

is k-connected. In particular, whenever k > 1, the map Tw(P) — N(Finy®) induces an equivalence
Ho(Tw(P)) — Finy® between (ordinary) homotopy categories.

Proof. For each map f:(n) — (m) in Fin., by Remark 4.2.0.10 we have a fiber sequence
Map{;\w((})) (/-Lv V) - Map{b? (678) - :P(a)

By assumption, both the second and third terms are k-connected. It implies that Map%w(j;)(,u, v) is
(k —1)-connected, and hence the map (4.2.0.6) is indeed k-connected.

Consequently, when k > 1 we have that
o Mapry,(p) (1, ) 2 Hompyuer ({(m), (n)).

In particular, this implies that any two operations of P that are of the same arity are equivalent as
objects of Tw(P). The proof is therefore completed. O

We find a somewhat large class of simplicial operads whose twisted arrow oo-categories admit terminal
objects.

Definition 4.2.0.13. A simplicial operad is said to be homotopy unital if all its spaces of unary
operations are weakly contractible. Furthermore, a simplicial operad is said to be unitally homotopy
connected if it is homotopy unital with weakly contractible spaces of 1-ary operations.

Typical examples for this definition include the little cubes operads E,, for n =0, -+, co.

Corollary 4.2.0.14. Let P be a fibrant and homotopy unital simplicial operad. Let d be a color of P
and pg € P(d) an unary operation of P. Then pq is a terminal object of Tw(P) if and only if for every
color ¢, the space P(c;d) is contractible. Consequently, if P is fibrant and unitally homotopy connected
then Tw(P) admits terminal objects being precisely the unary operations of P.

Proof. By definition, pq is a terminal object of Tw(P) precisely if for every operation p € P the mapping
space Mapry(py (1, f1a) is contractible. Given any operation p1 € P(cy, -+, cm;c), it suffices to show that
there is a homotopy equivalence of spaces:

P(c;d) = Mapyy(py (1, pa)-
By Proposition 4.2.0.9 there is a homotopy equivalence
{pa} Xg’(d) Mapyy,» ((c1, -+, ¢mic), (d)) — MapTw(fP)(/La [d)-

Since P(d) is contractible by assumption, the homotopy pullback is equivalent to Mapyg,» ((c1, -+, ¢m; €), (d)).
Furthermore, note that

Mapyy,» ((¢1, 7 m; €), (d)) = Pe;d) x Pler) x - x Plem),

which is therefore weakly equivalent to P(c;d), by assumption again. So we get indeed a homotopy
equivalence P(c; d) = Mapyypy (1, 11a)- O

Finally, for more illustration, we prove the following:
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Proposition 4.2.0.15. There is a canonical equivalence ¢ : A - Tw(Ass) between the simplex
category and the twisted arrow category of the associative operad Ass.

To this end, we first revisit some basic constructions.

Construction 4.2.0.16. There is a canonical functor ¢ : A — Fin}® (which is essentially used to
define underlying cosimplicial spaces of gamma spaces) defined by sending [n] € A to (n) € Fin’
and by giving the natural maps iy, , : Homa ([m], [n]) — Hompiyn, ({n), (m)) as follows. Given a map
fi[m] — [n], let us identify f with the increasing sequence [j; < --- < ji] of its values together with
a tuple (p1,--+,pr) with p, being the cardinality of the fiber f~(j.). The map ;. (f) : {n) — (m) is
given by listing its nonempty fibers as follows:

Lm,n(f)_l(pl) = {]1 + 17 "'7j2} ) Lm,n(f)_l(pl +P2) = {j2 + 1; "'7j3} P
L (F) T (01 +pa+ o+ pre1) = ket + Lo Gk} s b (F)7H(0) = {0, 1, n} = {g1 + 1, -+, ji }-

Remark 4.2.0.17. It is straightforward to verify the following observations:

(1) The image Im(tpm,) € Hompiy, ((n), (m)) of ¢y, consists of precisely those maps g such that
[0 (1) | g75(2) | -] g7 (m)] (cf. Notations 4.2.0.6) is either empty or forms a sequence of consecutive
natural numbers.

(2) Let HomX™ ([m],[n]) € Homa([m],[n]) denote the subset consisting of the constant maps
and let Hom{ ([m], [n]) denote the complement of the previous one in Homa ([m],[n]). Likewise, we
denote by constg € Hompip, ((n), (m)) the unique constant map (with value 0 € (m)) and let Im® ()
be the complement Im(ty, ) — {consty}. Observe then that the restriction of ¢y, , to Hom} ([m],[n])

induces a natural bijection ¢;, ,, : Homy ([m], [n]) = Tm° (b))

Recall that the associative operad Ass is the single-colored operad whose set of n-ary operations
is given by Ass(n) = X, for n > 0, equipped with the canonical right action of 3, on itself. The
composition is defined by concatenating linear orders.

Proof of Proposition /.2.0.15. By Corollary 4.2.0.11, Tw(Ass) admits a skeleton whose objects are the
trivial permutations p, = [1,---,n] € ¥,, n > 0. We define ¢ on objects by sending [n] € A to p,. It
remains to establish natural isomorphisms of the form

P : Homa ([m], [n]) = Homy(ass) (ftms ftn)-

Let us analyze the right hand side. By definition, we write

HomTw(.Ass) (va /‘L”) = I—l Af

{bASS ((c1, -+, em;e), (dy, -+, dy; d)) denotes the subset consisting of those a = (ag, g, -+, )

such that o (pm,) = i, (see Notation 4.2.0.7). Unwinding definition, the latter is equivalent to the equa-
tion

where Ay ¢ Hom

a9 01 i © (-, o) = [FTH) [ FH2) [ 1 7 (m) | £71(0)°] (4.2.0.7)

Observe that there is a unique choice of (aq, -+, @, ) such that this equation possibly admits solutions,
being precisely (tn(1); " fta(m)), i-€., the tuple of trivial permutations with h(7) referring to the arity of
;. Thus, by comparing the two sides of (4.2.0.7) after substituting (v, -+, ) = (fta(1), = fa(m) ) back
to it, we realize that the set A is nonempty only if the sequence [ f~*(1) | f71(2) | -+ | f~*(m)], whenever
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it is nonempty, forms a sequence of consecutive natural numbers. But this condition is equivalent to
saying that f € Im(ty,,) (see Remark 4.2.0.17), so we can rewrite

HomTw(Ass) (Nm; ,un) = |_| Af-
felm(im,n)
As in Remark 4.2.0.17, we write Im(ty,,) = {consto} U Im®(¢p ). Unwinding computation, we have
that
- when f € Im°®(tp,n), there is also a unique choice of ag solving the equation (4.2.0.7), and

- when f = constg, there are (n + 1) choices of g € 3,41 solving (4.2.0.7) precisely given as
ab =i, 1, i—1 i+ 1, n+1] , i=1,n+1.

So we can rewrite once more

HomTw(.Ass) (:u‘mnu'ﬂ) = {aé}?:ll u Imo(bm,n)'

Finally, we find the desired natural bijection ¢, , separated into two components as follows:

const

P = P Ut - Homx™ ([m], [n]) u Hom3 ([m], [n]) — {ag}i5' u Im®(tn0)

sends each constant map [m] — [n] with value i to af', while ¢9, , is the natural

const
m,n

in which ¢
bijection mentioned in Remark 4.2.0.17. O

4.3 Main statements

Let P be a fibrant and Y-cofibrant C-colored simplicial operad. We shall now prove that the cotangent
complex Ly € Tp Op(Seta) can be represented as a spectrum valued functor on Tw(P). Our treatment
is inspired by the work of [[7], §3.3].

As introduced in the previous section, Tw(P) is defined to be the image of P through the un-
straightening functor Ung,» : IbMod(P) = Fun(Ib”, Seta) — (Set%") /N@b?y- To avoid complication
of notation, we will write Un instead Uny,». Recall by construction that there is a canonical left
fibration Tw(®P) = Un(P) — N(Ib”).

Observe first that Un induces a right Quillen equivalence (denoted by)
Ungpp : IDMod(P) g9 — (SetX™ ) rw()/) Tw ()

where (Setx”)w(p)// Tw(p) refers to the pointed model category associated to (Setx");rw(p). This
induces a right Quillen equivalence of stabilizations

un%}/? : Tp IbMod (P) — Sp((SetX )t (@) Tw(@))-

Observe now that the straightening functor Sty (py : (Setx" ), w() > Fun(¢[Tw(P)], Seta) lifts
to a left Quillen equivalence between the associated pointed model categories
(Strw(p) ) ¢ (St ) tw(@)/y w(wy —> Fun(€[Tw(P)], (Seta)-) (4.3.0.1)

where (Seta ). denotes the pointed model category associated to Seta. The latter induces a left Quillen
equivalence of stabilizations

S‘E%’V(fp) £ SP((SetX") rw (/) Tw(w)) —> Fun(€[Tw(P)], Spectra)
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where Spectra refers to the stable model category of spectra.

We now obtain a sequence of right or left Quillen equivalences

u Un ﬁ’p P Sti&(rp)
Tp Op(SetA) — T IbMod(P) ——— Sp((SetX” ) tw(p)/ Tw(w)) ——> Fun(€[Tw(P)], Spectra)

(4.3.0.2)

Let us describe the derived image of Ly € Tp Op(Seta) through this composition. We have seen
that RUP(Lp)[1] ~ Ly (cf. Corollary 3.4.0.17). Namely, Ly € Tp IbMod(P) is the prespectrum with
(Tp)p = PoSt where S is the C-collection with SE(¢; ¢) = S¥ for every color ¢ and agreeing with @ on
the other levels. In our setting, we will refer to S* as a Kan replacement of the (pointed) k-sphere so that

Po Sc is fibrant. Furthermore, the right derived functor RURSP simply sends Ly to the prespectrum

PP
Un(P o S¢) € Sp((Setx™) mw(w)// Tw(w))
with Un(P o S&)rx = Un(P o St). Finally, let us denote by

Fyp ]LSt%)V(?)(Un(? 0S%)) € Fun(€[Tw(P)], Spectra) (4.3.0.3)

the derived image of Un(P o S%) through St-P
composed functor (4.3.0.2).

Tw(p): S0 Fp is the derived image of Lp[1] under the

To get a description of the functor Fp, observe first that there is an equivalence of co-categories
Fun(¢[Tw(?P)], Spectra) o —> Fun(Tw(P), Spectra)

where Spectra is the oo-category of spectra. So we will regard Fp as an co-functor Tw(P) — Spectra.
Let p e P(cq, -+, cm; ) be an operation of P, regarded as an object of Tw(P). By construction, Fp(u) €
Spectra is the prespectrum with Fp(1)x , being given by the value at p of the functor

Strw(py (Un(Po SEY)) : ¢[Tw(P)] — Seta .
By the fact that the map Un(%P o SE) — Un(P) = Tw(P) is a left fibration and by using [[4], 2.2.3.15]
(with the opposite convention), we have that
SFT(,U))C [ ~ Un(Po SC) XUn(P) {u}.

We have on each level that (P o SE)(c1, - ¢mic) = P(c1, - emic) x (SF)*™. With a help of Remark
4.1.0.13, it can then be computed that Fp (i) s = (S¥)*™ and hence, we find that Fp(u) = S¥™ the
m-fold product of the sphere spectrum.

Let v € P(dy, -+, dp;d) be another operation of P and f : 4 — v a morphism in Tw(P) lying above
amap f:(n) — (m) in Fin,. Then the structure map

9:3)(]?') . SFT(N) _ Sx{17...7m} N Sx{l,...,n} - 3"?(1/) (4304)

is defined by, for each i € {1,---,;m}, copying the i’th factor to the factors of position j € f~*(i) when
this fiber is nonempty or collapsing that factor to the zero spectrum otherwise.

We summarize the above steps in the following:

Theorem 4.3.0.1. Let P be a fibrant and X-cofibrant simplicial operad. There is an equivalence of
oo-categories
Tp Op(Seta)oo — Fun(Tw(P), Spectra).

Moreover, under this equivalence, the cotangent complex Ly is identified to Fp[—1] the desuspension of
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the functor Fp : Tw(P) — Spectra (4.3.0.3), which is given on objects by sending each operation y € P
of arity m to Fp(p) =S*™. Consequently, for a given functor F : Tw(P) — Spectra, the n’th Quillen
cohomology group of P with coefficients in F is computed by

Hg(ﬂ)7 ?) =To MapF‘lm(Tw(?),Spectra) (9:3)7 ?[TL + 1])

Example 4.3.0.2. By Proposition 4.2.0.3, the twisted arrow oco-category of the little oco-cubes operad
Eeo is equivalent to Tw(Com), and hence is equivalent to Finj’. So the tangent category Tg_ Op(Seta)
is (up to a zig-zag of Quillen equivalences) equivalent to Fun(Fin(?, Spectra) endowed with the projective
model structure. The functor Fg_, : Fin{? — Spectra takes each object (m) to S* and for a given

map f : (m) — (n) in Fin,, the structure map Fg_ (f) : S —> S*"™ is the same as the map (4.3.0.4).

An immediate consequence of this example is that the stabilization of co-operads is equivalent to
Fun(Fin}?, Spectra). For more illustration, we shall now relate Quillen cohomology of Eo, to the one
called stable cohomotopy of right I'-modules (cf. [26, 27]).

Let k be a field. Recall that a right I'-module is by definition a functor Fin}® — Modyk. One
particularly regards the right I'-module ¢ : Fin{? — Mody given by taking (m) to t({m)) = [{(m),k]
the k-module of based maps from (m) to k (where k has basepoint Oy).

Remark 4.3.0.3. The k-module ¢({m)) admits a canonical basis given by {7; }/*; in which 7; : (m) — k
is defined by sending i to 1k and sending the others to Ox. In particular, we have that

t((m)) = [(m), k] = k®™.
For a given map f : (m) — (n) in Fin,, under the above identification, the structure map
t(f):t({n) =k®" — k®™" = t({m))

is given by, for each i € {1,---,n}, copying the i’th factor to the factors of position j € f~!(i) when this
fiber is nonempty or collapsing that factor to the zero module otherwise (i.e., in the same fashion as
the map Fg_ (f) of Example 4.3.0.2).

We now fix 7" : Fin;® — Mody to be a right I'-module. According to [[27], §3.4], the k’th stable
cohomotopy group of 7" is formulated as

7T & Extpi(t, T) 2 mo Mappyy pince e o) (6 TIE]).

Here we identified right I'-modules with functors Fin}? — €(k) from Fin(® to dg k-modules, via
the embedding functor Modx — C(k). Besides that, T[k] : Fin}® — C(k) is the functor with
T[k]({m)) = (T'({m)))[k] the k-suspension of T'({m)) regarded as a chain complex concentrated in
degree 0.

On other hand, the right I'-module T corresponds to a functor T : Fin® —s Sp(sMody) given by
the composition

T :Fin%® N Mody — sMody k2t Sp(sMody)

in which the second functor is the obvious embedding and ¥°° is the suspension spectrum replacement
functor (cf. [6], §2.3). Here we use X* (instead of ¥°°) to get that T is a diagram of suspension spectra,
and hence a diagram of {2-spectra. Furthermore, consider the adjunction

Sp(F.) : Spectra = Sp((Seta).) = Sp(sMody) : Sp(U.)
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induced by the free-forgetful adjunction F, : (Seta). == (sModg). = sMody : U, between pointed
categories. We denote by T the composed functor

—~ Sp(Us)

T :Fin? N Sp(bMOdk) —— Spectra.

Proposition 4.3.0.4. The (k —1)th Quillen cohomology group of the little co-cubes operad Eoo with
coefficients in T is isomorphic to the k’th stable cohomotopy group of T':

HG ' (Beos T) 2 7¥T

Proof. By Theorem 4.3.0.1 and Example 4.3.0.2, we just need to prove the existence of a weak equiva-
lence

Map}ﬁ‘un(Finip, Spectra) (gEm ) T[k] ) = Map}Fl‘un(Fianﬁ(k)) (t7 T[k] )
By the induced Quillen adjunction Fun(Fin.?, Spectra) = Fun(Fin{’, Sp(sMody)), we have that

NIaplI}’un(Finip7 Spectra) (S:Eeo ) T[k] ) = NIap}I;un(Finip7 Sp(sMody)) (SP(F*) o Fg., 7T[k] )
Here we note that Sp(F.) o Fg_, has already the right type, by Observation 2.2.0.8. By construction,
for each (m) € Fin,, Sp(F.) o Fg_ ({m)) = Sp(F.)(S*™) € Sp(sMody) is the prespectrum with
SP(F.) (S*™)pn = coker (k — k{S"}®™) € sMody, . (4.3.0.5)

On other hand, consider the sequence of right or left Quillen equivalences
Sp(N)
Sp(sModi) —— Sp(€50(k)) —> Sp(E(k)) “— 6’(k)

where the first arrow is the stabilization of the normalized complex functor N and the second arrow is
the embedding functor. This induces a sequence of right or left Quillen equivalences

Fun(Fin?®, Sp(sMody)) — Fun(Fin%, Sp(Cso(k))) — Fun(Fin?, Sp(€(k))) — Fun(Fin, €(k)).

Note that the derived image of T[k] in Fun(Fin(®, €(k)) is exactly T[k]. Combined with the first
paragraph, it remains to show that the derived image of Sp(F,) o Fg_ in Fun(Fin}’, C(k)) is weakly
equivalent to ¢.

We first compute the derived image of Sp(F.) o Fg_ in Fun(Fin;®, Sp(€(k))). Observe that the
actual image has already the right type, by Observation 2.2.0.8. So the expected derived image is given
by the composition G := Sp(N) o Sp(F.) o Fg_ . Using the equation (4.3.0.5), G((m)) € Sp(C(k)) is the
prespectrum with

S({m))n.n = N (coker (k — k{S"}®™)) =~ coker (k — (k@ k[n])®™) @C’

Here we made use of the fact that the normalized complex functor is (op)lax monoidal and that its
(op)lax monoidal maps are weak equivalences (see §5.3). Finally, we need to show that the derived image
of G through the right Quillen equivalence [Fin? Q] : Fun(Fin%, Sp(€(k))) — Fun(Fin®, €(k)),
denoted G, is weakly equivalent to t. Namely, G({m)) is given by RQ>=(G({(m))). According to [[6],
Remark 2.4.7], the latter is given by

RO%(G({m))) ~hocolim,, Q"G({m))n,» ~ hocolim,, Q"(EB C! k[in]) ~ é hocolim,, C* k[ (i - 1)n].

i=1

By the fact that the homology functor commutes with filtered colimits, hocolim,, C!, k[(i—1)n] vanishes
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whenever i > 1. So we get that G({m)) = RQ*(5({m))) ~k®™, i.e., agrees with ¢({m)). For each map
f:{m) — (n) in Fin,, the map G(f) : k®" — k®" indeed agrees with ¢(f) (see Remark 4.3.0.3).
O

Example 4.3.0.5. Following Proposition 4.2.0.15, the twisted arrow category of the associative op-
erad Ass is equivalent to A. So the tangent category T44s Op(Seta) is (up to a zig-zag of Quillen
equivalences) equivalent to Fun(A, Spectra) endowed with the projective model structure. The functor
F ass : A —> Spectra is given by the composition

Fee,
L .
A — Fin}? —— Spectra,

(see Example 4.3.0.2 and Construction 4.2.0.16 for notations).

Consider the functor n(S) : A — Spectra which is the left Kan extension of * {—S}> Spectra along
the inclusion 7 : * HEN Concretely, we have 7;(S)([n]) = SY{%"} the (n + 1)-fold wedge sum of the

sphere spectrum and for a given map [n] R [m], the structure map m(S)(f) : SV{0n} — gVi0--m}
is given by taking the i’th summand to the f(i)’th summand. The following will be helpful in describing
the Quillen cohomology groups of Ass.

Lemma 4.3.0.6. There is a homotopy cofiber sequence in Fun(A,Spectra) of the form
Fpss — 7]!(8) — S
where S signifies the constant functor with value S.

Proof. We are finding another model for 7,(S) which is more related to F 4. Let sh: A — A denote

the shift functor sending [n] to [n + 1] and [n] g, [m] to the map sh(f) : [n+1] — [m + 1]
which agrees with f on {0,--,n} and takes n+1 to m+ 1. Let us denote by % . = Fgss 0 sh. By
adjunction there exists a natural transformation 6 : m(S) — J7% . which is the identity Ids on degree
0. Unwinding definition the map 0, : SOty 4L+l g oiven by taking the i’th summand
St} to §¥U+L=n*1}t for 4 = 0, -+, n. It is clear that 0[n is a stable homotopy equivalence and hence, 6 is
a weak equivalence in Fun(A, Spectra).

Note that there is a natural transformation v : Ida —> sh with [} being given by the injection
6" [n] — [n+1]. The v now induces a natural transformation Fass —> F¥,, such that the map
Fass([n]) = SHnt — gdlentll o g4 ([n]) is given by the obvious inclusion. So we obtain a
homotopy cofiber sequence in Fun(A, Spectra):

?ASS - 9:;[55 - S
The proof is therefore completed. O

Corollary 4.3.0.7. Let F: A — Spectra be a diagram of Q-spectra. The Quillen cohomology groups
of Ass with coefficients in F fit into a long exact sequence of the form

- — H(_gn_Z(.ASS; F) — 1, holim F — 7, F([0]) — Hé"_l(flss; F) — 71y holim F — -+
Proof. By Lemma 4.3.0.6 we get a fiber sequence of derived mapping spaces

Map%un(A,Spectra) (S’ 9:) - Map%un(A,Spectra) (77! (S)a fTrd) - Map}blun(A,Spectra) (H:Assy 3:)
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In this sequence, note that the first term is weakly equivalent to Map}slpectra(S,holim F), while by

adjunction the second one is weakly equivalent to Mapgpectra(S,ff ([0])). Combined with Theorem
4.3.0.1, we get the expected long exact sequence induced by the above fiber sequence. O

We end this section by the following result, which in particular shows that Quillen cohomology of
any little cubes operad with constant coefficients vanishes.

Corollary 4.3.0.8. Suppose that P is fibrant, 3-cofibrant and unitally homotopy connected (cf. Def-
inition /.2.0.13). Let Fo : Tw(P) —> Spectra be a constant functor. Then Quillen cohomology of P
with coefficients in Fy vanishes.

Proof. By Theorem 4.3.0.1 and by the assumption that Fy is a constant functor, Quillen cohomology
of P with coefficients in Fy is given by

HE, (P; F0) = mo Mapgpectra (colim Fp, Fo[e + 1]).

By Lemma 4.2.0.14, Tw(P) admits terminal objects being precisely the unary operations of P. It
implies that colim Fyp is weakly equivalent to Fp(p) with o € P being an arbitrary unary operation.
But Fp(po) is just the zero spectrum, and hence Hg,(P; o) vanishes as desired. O
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Chapter 5

Quillen cohomology of dg operads

In this chapter, we will fix k to be a field of characteristic 0. By dg operads we shall mean the operads
enriched over C(k) the monoidal category of dg k-modules (cf. Examples 2.1.4.7). Our main goals in
this chapter are to formulate Quillen cohomology of dg operads and to establish the relation between
deformation theory and Quillen cohomology. Besides that, in the second section, we particularly
regard Quillen cohomology of connective augmented dg operads. In the third section, we prove the
existence of an operadic version of the Dold-Kan correspondence, then due to this we find a connection
between Quillen cohomology of a simplicial operad and Quillen cohomology of its associated dg operad.

This chapter is part of joint work with Y. Harpaz.

5.1 Cotangent complex and Quillen cohomology of dg operads

Let P € Opo(€C(k)) be a C-colored dg operad. Notice that P is automatically fibrant and X-cofibrant.
By Theorem 3.2.4.3, there is a sequence of Quillen equivalences
L3P
IbMod(P) == Ty IbMod(P) == T Op(€(k)) == T Op(€(k)) (5.1.0.1)
REP
Iy F5
Notations 5.1.0.1. We will write IbMod(?P) ;‘_“ T» Op(€C(k)) and IbMod(P) = Tp Opc(C(k))
P Usp

P
standing for two composed adjunctions taken from the above sequence.

As in Notations 3.4.0.2, we denote by Ly € Tp Op(C(k)) (resp. L € Tp Opy(€(k))) the cotangent
complex of P when considered as an object of Op(C(k)) (resp. Op-(C(k))).

As in Conventions 3.4.0.3, by Quillen cohomology of P we shall mean the Quillen cohomology of
P when considered as an object of Op(C(k)), which is therefore classified by Lp. On the other hand,
by reduced Quillen cohomology of P we shall mean the Quillen cohomology of P when considered
as an object of Op,(C(k)), which is therefore classified by L.

This section is devoted to the desired formula of Quillen cohomology of P. To this end, we will
give an explicit description of RUp(Lp) € IbMod(P) the derived image of Ly under the right Quillen
equivalence Up. We would guess that the category C(k) also satisfies the condition (S8) 3.3.0.2, yet it
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could be complicated to verify this. We therefore do not inherit the results of §3.4. For our approach in
this context, the key step is to find a cofiber sequence in IbMod(?P) relating RUsp(Lgp) and RUSG (L)
and then, to observe that the latter was considered in literature under the name of module of Kahler
differentials.

As the starting point, we revisit the construction of module of Kéhler differentials. Let O be a
colored dg operad and let A be an O-algebra. For each M € ModA, the (levelwise) coproduct A @ M
admits the canonical structure of an O-algebra over A, usually called the square zero extension of A
by M (cf., e.g., [[11], §12.3.3], [[7], §2.5]). This construction determines a right adjoint functor written
as

Ax (=) :Modj — (Algg)a-

We will denote by /4 the left adjoint of Ax (=) and refer to it as the functor of Kihler differentials.

Let P be a C-colored dg operad. Recall that the datum of P as a C-colored dg operad is equivalent to
that as an algebra over O¢, i.e., the operad of C-colored dg operads (cf. [36], Section 3). Moreover,
the same arguments as in the proof of Proposition 3.5 of loc.cit show that the structure of a P-module
over O¢ is the same as that of an infinitesimal P-bimodule. Due to these translations, we obtain an
adjunction

Q7 : Ope(€(k))p = IbMod(P) : P x (-),

which is the operadic version of the adjunction /4 + A x (=) mentioned above. We will refer to
Qp = /P(1dp) € IbMod(P) the module of Kihler differentials of P (cf. [12], §8). In fact, this
object is best understood in terms of derivations.

Definition 5.1.0.2. For a given infinitesimal P-bimodule M, a derivation d : P - M is a map of
C-collections satisfying the classical derivative equations of the form

d(ao; B) = aold(B) +d(a) ol 3 (5.1.0.2)

in which « € P(cy, -+, ¢p;¢) and 5 € P(dy, -+, dp; ¢;) are taken arbitrarily, “o;” refers to partial composition
in P and “ol” (resp. “of”) refers to infinitesimal left (resp. right) P-action on M (cf. Definition 2.1.2.6).

2

The collection of such derivations will be denoted by Der(P, M).

Proposition 5.1.0.3. (/12], Proposition 76) Up to isomorphisms, the module of Kdhler differentials of
P is an infinitesimal P-bimodule equipped with a universal derivation dy : P — Q¢ and characterized
by a universal property that for any M € IbMod(P) and for any derivation d : P — M, there exists a
unique map Qp — M of infinitesimal P-bimodules lifting the map d:

?L)Qg:
X:
M.

Proof. Fix M to be an infinitesimal P-bimodule. Unwinding definition, the operad structure of P x M
is set-theoretically given as follows. As a C-collection, it is given by the coproduct P & M. The unit
operations are given by (id.,0) € P(c¢;¢) & M(c;c) for every color ¢ € C. Moreover, given (u,m) €
(P@ M) (1, ¢m;c) and (v,n) € (P@® M) (dq, -+, dy; i), the partial composition is defined as

(1,m) 0 (v,n) = (po; v poyn+moj v).

The map P x M — P of operads is given by the projection.
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It can then be verified that the data of a map P — P x M of operads over P is equivalent to the
choice of a derivation P — M and moreover, this equivalence is natural in “M”. Thus, by adjunction
we obtain a natural isomorphism

Homyynoq(p) (29, M) 2 Der (P, M),
which proves the proposition. O

Thanks to this, we are going to give an explicit description of Qp on point-set level. Let F°(P) denote
the free infinitesimal P-bimodule generated by P. Recall that F*(P) = P o(;y (P o P) as C-collections
(cf. Remark 2.1.2.10). Each element of F?(P) is performed by a tuple of operations of P of the form
(a; B; 81, Bn). Besides that, recall that the operad P is said to be augmented if it is equipped with
amap ¢ : P — Jo of C-colored dg operads. In this situation, the kernel P := ker(P = Jo) will be
called the augmentation ideal of P.

Corollary 5.1.0.4. 1. Qg is isomorphic to the quotient of F°°(P) under the relation
(Oé; 50277 617"'7Bi—17717”'7771767}17'"757”)
N (Oéok /80 (617"';6771) 375 ’yl)”'vfyn) + (Oé, 187 617”'752'—1770 (’}/17 "'77ﬂ)76i+17'"7ﬁm)

in which 3 is grafted to the k’th leaf of o, while ~y is grafted to the i’th leaf of 5 and the B,’s (resp.
v¢’s) are grafted to 5 (resp. 7). (This can be viewed as the operadic version of the formula given
in [[11], Lemma 12.3.20]).

2. Under the isomorphism of (1), Qg is spanned under k-linear combinations by the collection of
elements of the form (a; 55 ida,, -+, ida,, ) with o € P(cq, -+, cn;c) and B € P(dy, -+, dm; ci) such that
B is not a unit operation.

3. Suppose further that P is augmented. Then Qp is isomorphic to P o(yy P.

Proof. (1) We first establish the universal derivation dp : P — F®(P)/ » as follows. Given an operation
a€P(cy, - cp;c), we take dop (@) := (ide; a;ide,, -+, 1d,, ). Let § € P(dy, -+, dpm; ;) be another operation.
To show that dyp is a derivation, we have to verify the equation (5.1.0.2). By definition, we have that
ao dp(B) = (a; B;idg,, idg, ) and dp(a) of B = (id.; a; ide,, -+ ide, ,, B,ide,.,,+ide, ). It is now
clear that

dp(cvo; B) & avol dp(B) +dp(a) of B,

as expected. It remains to verify the universality of dp as mentioned in Proposition 5.1.0.3. Suppose
given an infinitesimal P-bimodule M and a derivation d : P - M. The map d extends to a canonical

¢

map g : FP(P) — M of infinitesimal P-bimodules, which passes through the relation “ »” since d is

a derivation, and hence g descends to a map @g : F*(P)/ 8 — M of infinitesimal P-bimodules. The
latter is in fact the unique candidate satisfying the equation pgo dp = d.

(2) For simplicity of equations, we shall now ignore the role of colors and besides that, we will not
distinguish between partial composition and composition of operations. Observe that an element in
F®(P) of the form (a;3; 51, Bn) can be extracted as

(a;ﬂ;ﬁh 7ﬂn) R (avﬁ o (/817 7/871) 71d7 71d) - i (O[ o 5 o (617 "'7Bi—17ﬁi+17 75n) ; ﬁl? 1d7 71d)
=1

On other hand, for any operation «, observe that

(id; a; id,--,id) = (id; aoid; id, -+, id) » (o ; id; id) + (id; a5 id, -+, id).
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This means that (a;id; id) s 0. So we get the conclusion.

(3) Let us first explain the infinitesimal P-bimodule structure of P o(y) P. As an infinitesimal left
P-module, P o(yy P is free generated by P (cf. Remark 2.1.2.10). On other hand, let («, 3) perfom an
element of P o(y P with o € P and 3 € P being grafted to some leaf of a. The infinitesimal right action
of a given operation A € P on («, ) is defined as follows:

(@) o A {(aoA,ﬂ) if A s grafted to
(7N o =

(a, BoX)=(ao 5, A) if Ais grafted to 3.
The universal derivation dp : P —> P oy P is defined as

0 if p=1id

Ao (1) = {(id,u) it pid,

Suppose given any infinitesimal P-bimodule M and a derivation d : P — M. The restriction of d to P
extends to a canonical map 14 : P o(qy P — M of infinitesimal left P-modules. Moreover, 1 is also a
map of infinitesimal right P-modules, by the assumption that d is a derivation. It is now clear that ¥y
is the unique map satisfying that ¢g o dp = d on P. But every derivation takes the unit operations to
zero, and hence we get that 14 o dp = d as desired. O

Observe that the unit map 7 : Jo — P gives rise to a commutative square of Quillen adjunctions

Fy
ThMod(Jc:) 7= Ty, Op(S)

i [H [, nhy | H P
U-

P

IbMod(P) <3 T Op(8)
Fp

whose horizontal adjunctions are Quillen equivalences. Let us denote by Ly := RUp (Lp)[1] € IbMod(P)
the suspension of RUp(Lgp). The following is the key for understanding the cotangent complex Lep.

Lemma 5.1.0.5. Let P be any C-colored dg operad. There is a homotopy cofiber sequence in IbMod(P)
of the form
Rug(L?gd) — P °(1) P— Lg:,

where P o1y P represents the free infinitesimal P-bimodule generated by Ic.

Proof. By Lemma 3.4.0.6 and by [[8], Corollary 2.2.4], there is a weak equivalence 0q, : Jo[-1] =
RUy,, (Lg,) in IbMod(J¢). Consider 95"01 : LFy. (J) — Ly, [1] the adjoint map of 6y, which is a weak
equivalence in Ty, Op(8). Applying Ln;* to 9‘312 and then, taking the adjoint of the resultant, we obtain
a weak equivalence in TbMod (%) of the form Ln;®(Jc) — RUpLn? (Lg.[1]).

On other hand, by the definition of relative cotangent complex we get a homotopy cofiber sequence
in Tp Op(8) of the form Lypjg, — L (Lg.[1]) — Lp[1]. Applying RUsp to the latter and by the
above paragraph, we obtain a homotopy cofiber sequence in IbMod(?P) of the form

RUsp (Lys,.) — Lni®(Je) — RUsp(Lyp[1]) = Ly.
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Note that 1/ agrees with the free infinitesimal P-bimodule functor Colls(8) — IbMod(P). We thus
find that Ln/®(Jc) = Po(yy P. It remains to show that RUp(Lgpg.) is weakly equivalent to Rug(Lg?d).
Since the functor Uy is the same as the composition
REP ug
Tp Op(C(k)) —— T Opc(€(k)) —— IbMod(?),
it suffices to prove the existence of a weak equivalence Li¢ — R:R?DP(L(]D/jC) in Tp Op(C(k)). But
this follows by Lemma 3.4.0.9, since Lsg,p ~ Rgf’ is a Quillen equivalence. O

By applying [[7], Corollary 2.5.11] to the data of C(k), O¢ and P, we obtain that the object
RUS(LEY) € TbMod(P) is weakly equivalent to Qg the module of Kéhler differentials of P. (Here
we note that, by the assumption that k is a field of characteristic 0, it is not necessarily required that
P is cofibrant). We may now describe the derived image of Ly in IbMod(P).

Proposition 5.1.0.6. Let P be any C-colored dg operad. The object Lp = RUp(Lp)[1] € IbMod(P) is
weakly equivalent to P oy Jo whose infinitesimal P-bimodule structure is described as follows. As an
infinitesimal left P-module, it is free generated by Jo (cf. Remark 2.1.2.10). On other hand, given an
operation o € P(c1, -+, cn; ), the (infinitesimal) right action of an operation A € P(dy, -+, dm;cj) on the
element (o, ide,) € P o(1y Io is given by

(aoj A, ide,) if j#i
Yoy N,idg,)  if j=i.

Proof. Combining the above words with Lemma 5.1.0.5, we obtain a homotopy cofiber sequence in
IbMod(P) of the form

(a,id,) o} /\:={

Q{]D ﬁ) ?0(1) :])—)E:p

Let av € P(cy, -+, ¢n;c) and S € P(dy, -+, dm;¢;) be two operations of P. Unwinding the definitions, the
map g4 is the one induced by the canonical derivation d : P — P o(yy P taking the operation /3 to
d(ﬁ) = (/87 idd1) toet (67 iddm) - (ldcz ) 6)

(cf. Proposition 5.1.0.3). Therefore, ¢4 sends each generating element ¢ := (a; 5 idg,, -, idg,, ) (cf.
Corollary 5.1.0.4(2)) to

wa(e) = (awo; B,idg, ) + -+ (ao; B, idg,,) — (o, ).

In particular, ¢g is injective and hence, its cokernel is already a model for its homotopy cofiber. (For
this, note that the category IbMod (%) is abelian and stable). Thus, Ly can be modeled by the quotient
of P o(;) P under the relation:

(a, B) ~(ao;B,idg,) +-+ (ao; 3, idy,,)
for every o € P(cq, -+, ¢p;¢) and S € P(dy, -+, dpp; ;). Unwinding computation, this quotient is exactly

Po(1) Jo with the infinitesimal P-bimodule structure as described in the statement. O

Remark 5.1.0.7. The object Ly = P o1) Jo € IbMod(P) was considered in literature for different
purposes. B. Fresse [13] considered this as a right P-module satisfying the universal property that, for
every P-algebra A, there is a canonical isomorphism Q/A(A) ~ Ly op A of A-modules over P, where
— op — refers to the relative composite product over P (cf. section 10.3 of loc.cit). The object Ly was
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also considered by J. Milles [53] named functorial module of Kdhler differential forms (see section 5.2
of loc.cit). We will revisit several results of this author in the next section.

Immediately by the definition of Quillen cohomology groups, Proposition 5.1.0.6 leads to the following
conclusion:

Theorem 5.1.0.8. Let P be a C-colored dg operad and M an infinitesimal P-bimodule, regarded as the
module of coefficients. The n’th Quillen cohomology group of P with coefficients in M is formulated as

Hg (P, M) = m Map?bMod(iP) (Lp[-1], M[n]) 2 m Map?bMod(iP) (Lp, M[n+1]).

Remark 5.1.0.9. On other hand, the n’th reduced Quillen cohomology group of P with coefficients in
M is given by
h
Z),red(j)v M) = MaprMod(ﬂ’) (Qp, M[n]).

This assertion therefore fits into the work of [12, 11, 7].

Moreover, we find a long exact sequence relating Quillen cohomology and reduced Quillen cohomology
of P, just like the one given in Theorem 3.5.0.2.

Theorem 5.1.0.10. Let P be a C-colored dg operad and let M be an infinitesimal P-bimodule, regarded
as the module of coefficients. There is a long exact sequence of abelian groups of the form

- — HG NP, M) — HY (P, M) — H 1o (P, M) — HY (P, M) — HE! (P, M) — -+ (5.1.0.3)
where HZN(?, =) refers to Quillen cohomology group of P when regarded as a right module over itself.
Proof. The cofiber sequence Qp —> P o(y P —> Lo induces a fiber sequence of mapping spaces

h T h h
Map,ioacpy (Lp, M) — Mappaoacry (P o1y Py M) —> Mapp,yoacp) (22, M).

As indicated above, Qg classifies the reduced Quillen cohomology of P, while Ly classifies the Quillen
cohomology of P. Thus, that fiber sequence will give rise to the desired long exact sequence after
showing that P o(y P classifies Quillen cohomology of P when regarded as a right module over itself.
Note that the category RMod(P) of right P-modules is stable. It implies that the derived image of
the cotangent complex of P (when regarded as a right module over itself) through the right Quillen
equivalence Tp RMod(P) — RMod(?P) is nothing but P € RMod(P) (cf. [[8], Corollary 2.2.4]), which
has the derived image through the induction functor RMod(P) — IbMod(P) being exactly P o(;) P.
The proof is therefore completed. O

5.2 Quillen cohomology of connective augmented dg operads

In this section, we study Quillen cohomology of connective augmented dg operads, i.e., the aug-
mented operads which are in addition concentrated in non-negative degrees. Nevertheless, we will
restrict our attention to the case where the set of colors C' is a singleton. Then, each (dg) C-collection
will be called a ¥,-module, the initial operad will be denoted by J. Moreover, we will denote by
Op. (€(k)) the category of (single-colored) dg operads.

It was known that there exists a conmilpotent dg cooperad € and a quasi free resolution
Q(€) — P of P, where Q(-) refers to the cobar construction. In fact, the cooperad C can be
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characterized by having the same homotopy type as B(P) the bar construction of P. When P is
further Koszul, it admits a smaller quasi free resolution Q(P') — P where P' denotes the Koszul dual
cooperad of P. Moreover, when P is in addition connective, those two become cofibrant resolutions of
P. For more details about these, we refer the readers to [11]. The main result of this section is Theorem
5.2.0.7.

Definition 5.2.0.1. ([11]) Let € be a dg cooperad and P a dg operad. The convolution dg Lie
algebra associated to € and P is given by Homy(C, P) := (Homyx(C,P), [, ],d) where
Homy (C,P) = [ | Homy, (C(n), P(n)),
n>0
0 is the canonical differential of internal hom of chain complexes and moreover, the bracket [, ] is given
by [f,g] = f * g— (~1)V9lg x f with » being the operadic convolution product defined as
Aw fomyg K1)
f*g::€—>€o(1)e—>ﬂ>o(1)fp—>fp
in which Ay (vesp. p1y) refers to the infinitesimal decomposition (resp. composition) map of C (resp.

P) (cf. Chapter 6 of loc.cit).

Suppose further that € is coaugmented, i.e., it is equipped with a coaugmentation map n:J —
€. We will refer to C := coker (J N C) the coaugmentation coideal of C. By definition, the reduced
convolution dg Lie algebra associated to € and P is given by Homy(C,P) = (Homyx(C,P),[,],0)
with

Homy (€,P) = [ Homg, (C(n), P(n)),
n>0

and with the differential 9 and bracket [, ] defined similarly as those of Homy (€, P).

Remark 5.2.0.2. According to the proof of [[11], Theorem 6.5.10], a map ¢ : Q(C) — P of operads
can be identified to a Maurer-Cartan element of Homg(é,fP), ie, amap ¢ : € — P of degree
-1 satisfying the Maurer-Cartan equation 9(¢) + ¢ * ¢ = 0. This map extends trivially to a map
¢: € — P, which is also a Maurer-Cartan element of Homy (C, P).

In what follows, we fix P € Op, (€(k)) to be a connective augmented dg operad. Let ¢: Q(C) — P
be a cofibrant resolution of P, with € being a conilpotent dg cooperad. As before, we denote by P
(resp. @) the augmentation ideal (resp. coaugmentation coideal) of P (resp. €). Moreover, we will
use the same notation to write ¢ : € — P standing for the corresponding Maurer-Cartan element of

Homy (C, P).
Construction 5.2.0.3. Following [53], the functorial cotangent complex of P is the quasi free
infinitesimal P-bimodule (P o(1) (€ o P),d) with the differential given by 0 = dpo,, (cor) = d' +d” where
d" is the composition
Idp o(1y (A1) oldg) Idy o(1y (($o(1)Ide )olds)
Po(1y (Co?P) Poy ((€o) €)oP)

Powy (Peo)y€)oP) —— (PoPoP)on) (CoP) —— Pon) (CoP)

and d” is almost the same as d' except that in the second arrow one takes the factor Ide o(1)¢ instead of
¢o(1ylde (cf. Section 5.1 of the loc.cit). Along with that, he also considered the quasi free infinitesimal
P-bimodule (Po(y) (s7'€o%P), ) whose differential is given by § = d%(l)(s,@o?) —d'+d", defined similarly
as above. This will be called the reduced functorial cotangent complex of P.
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We will denote by

—Tres

Ly = (Poqy (CoP),8) , Q5 :=(Poqy (s€oP),d).
According to [[53], Lemma 4.2.2], the composite map

_ Idyp o1y (¢oldyp) Pproj .
9)0(1) (8_1@0?) 9)0(1) (iPOiP) —>Qg> =[PO(1)?

exhibits QF® as a quasi free resolution of Qp (see also Corollary 5.1.0.4 (3)). On other hand, the
composite map

Idry 0(1)(901(719)) proj j—
9)0(1)(@033) fPO(U(jOT)ZfPO(l)?—’LtP::PO(l)j

with 6 : € - J being the counit map of €, exhibits E;)es as a quasi free resolution of Ly (see p. 29 of
loc.cit). Moreover, since P is connective, these two are in fact cofibrant resolutions.

According to Theorem 5.1.0.8, we get the following:

Corollary 5.2.0.4. Let M € IbMod(P) be an infinitesimal P-bimodule, regarded as the module of
coefficients. The n’th Quillen cohomology group of P with coefficients in M is computed by

HE (P, M) = Hompo(tbMod(2)) (Ly s M[n+1]) (5.2.0.1)

Remark 5.2.0.5. On other hand, by Remark 5.1.0.9, we obtain that the n’th reduced Quillen coho-
mology group of P with coefficients in M is computed by

HE rea (P, M) = Homggommod(py) (257, M[n]) (5.2.0.2)

Let Q € Op,(€(k)) be another dg operad and let o : P —> Q be a map in Op,(C(k)). By Re-
mark 5.2.0.2, the composition a¢ : Q(€) — Q performs a Maurer-Cartan element of Homy(C, Q) (or
Homgy(C,Q)).

Definition 5.2.0.6. ([11]) (i) The deformation complex of « is defined to be Hom?(@,Q) the
twisted dg Lie algebra of the convolution dg Lie algebra Homy, (€, Q) by the Maurer-Cartan element a¢.
Namely, Hom%‘b(e, Q) has the same bracket [,] as of Homy (€, Q) and has the differential d,4 defined
as Oag(f) = 0(f) + [0, f].

(ii) The reduced deformation complex of « is defined to be Homgqﬁ (C,Q) the twisted dg Lie algebra
of the reduced convolution dg Lie algebra Homy (€, Q) by the Maurer-Cartan element .

(iii) When « is the identity map on P, we will refer to the two as the deformation complex and
reduced deformation complex of P, respectively.

We also consider Q as an infinitesimal P-bimodule with the structure induced by the map a.

Theorem 5.2.0.7. The Quillen cohomology of P with coefficients in Q € IbMod(P) agrees with the
homology of the deformation complex of . More explicitly, for each n € Z, there is a canonical isomor-
phism

Hy ' (P,Q) 2 H_,, Homy (€, Q) (5.2.0.3)

Let Q(A®) denote the Sullivan simplicial dg algebra of differentials on the standard simplices A® (cf.
[54]). According to [[59], Proposition 2.5], the simplicial object Qq := Q ® Q(A*®) of dg operads forms
a simplicial resolution of Q. Observe that Q, admits the canonical structure of a simplicial object in
IbMod(Q) induced by the degeneracy maps Q = Qy — Q,,, n > 0.
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Lemma 5.2.0.8. Q, € IbMod(Q)Aop is a simplicial resolution of Q when regarded as an infinitesi-
mal bimodule over itself. Consequently, Qo is again a simplicial resolution of Q when regarded as an
infinitesimal P-bimodule.

Proof. We will need the following fact:

(*) Suppose we are given a model category M and a fibrant object X € M. Let X, be a simplicial
object in M with Xy = X. Then X, is a simplicial resolution of X as an object of M if and only if it is
a simplicial resolution of X as an object of My;.

To prove (*), it suffices to observe that limits in the under category My, are taken as those in M.

Now, since the restriction functor Op, (€(k))o; — IbMod(Q)g, is a right Quillen functor, it pre-
serves simplicial resolutions of Q. The first claim hence follows by the fact (*), immediately. Combined
with the fact that the restriction functor a* : IbMod(Q) — IbMod(?P) is a right Quillen functor, we
deduce that Q, is indeed a simplicial resolution of Q when regarded as an infinitesimal P-bimodule. [

By definition, the functorial nerve of a given dg Lie algebra g is the simplicial set MC,(g) :=
MC(g® Q(A*®)) whose n-simplices are the Maurer-Cartan elements of g ® Q(A") (see, e.g., [44]).

Proof of Theorem 5.2.0.7. By the isomorphism (5.2.0.1) we just need to prove that

—Tres

o Map?bMod(iP)(LiP ,Q[n]) = H_n(Hom;¢(€, Q)).

—Tes —Tes

By Lemma 5.2.0.8 we have that Mapi‘bMOd(?) (Ly ,Q[n]) 2 Homppnioacpy (Lp , (Qe)[n]). For each m € Z,

consider the (abelian) dg Lie algebra Homg¢(e, Q) ® k[m] whose bracket is trivial. According to [[60],
Theorem 1.1], there is a canonical isomorphism

70 MC, (Hom$? (€, Q) ® k[n — 1]) = Ho(Hom% (€, Q) ® k[n]).

Note that the right hand side is nothing but H_n(Hom%¢(€,Q)). By these facts, it will suffice to
establish for each n a canonical isomorphism of simplicial sets

HomIbMod(T)(E$S> (Qa)[n]) = MC.(Hom?’(G, Q) ®k[n-1]).
Moreover, it suffices to treat only the case n = 0. We shall now establish a canonical isomorphism of
simplicial sets

—Tes

Hompgoa(r) (Lo » Qo) 2 MC, (Hom2?(€, Q) @ k[-1]) <

= MC(Hom$?(€,Q) ® Q(A®) ® k[-1]).
Following the proof of [[59], Theorem 2.12], there is a canonical isomorphism of simplicial dg Lie algebras:
Hom$(C, Q) ® Q(A®) = Hom$*?(€C, Q)
where for each m > 0, Hom‘;’”w(e, Q,,) refers to the twisted dg Lie algebra of Homy(C,Q,,) by the

composition € N P25 02 Q. with s, being the degeneracy map Q = Qg — Q,,,. So we obtain
that
MC(Hom$? (€, Q) ® Q(A®) ® k[-1]) ¥ MC(Hom2*?(€, Q.) ® k[-1]).

The right hand side is precisely Zy Hom§“¢(e, Q,) the simplicial set of 0-cycles of the simplicial complex
Hom‘;ad’(@7 Q,). Thus, it remains to establish the isomorphisms of sets

—Tres

Homppapod(py (L > Qm) & Zo Hom™*?(€,Q,,), m 2 0
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which are compatible with simplicial structures. Observe that a map f : E];fs — Q,,, in IbMod(?P) is
identified to a map € — Q,, of degree 0 making the following square commutative

C——Q,,

de—d’ﬂfL ldom

?0(1) (GO:P) 4f > Qm

Unwinding computation, this commutativity is equivalent to the equation

O(f) + (smag) * f = f * (smag) =0

meaning that Js .6(f) = 0, ie., f € Z Homszmo“z)(e, Q,,). The obtained isomorphisms are clearly
compatible with simplicial structures.
O

Remark 5.2.0.9. Using the same arguments as in the above proof (with the starting point being
now the equation (5.2.0.2)), we obtain that the reduced Quillen cohomology of P with coefficients in
Q € IbMod(P) agrees with the homology of the reduced deformation complex of a. More explicitly, for
each n € Z, there is a canonical isomorphism

Grea (P,Q) = H_,, Hom$? (€, Q) (5.2.0.4)

In fact, this identification is pretty well-know, as already shown in the works of Loday-Merkulov-Vallette
([11, 12)).

We end this section with some computations using the formulas (5.2.0.3) and (5.2.0.4). For simplicity,
let us assume that P := P(E, R) is a binary quadratic operad with E being concentrated in degree
0 (and in arity 2). Moreover, we suppose that P is Koszul so that P admits a nice cofibrant resolution
¢ : QP — P with P' being the Koszul dual cooperad of P. The interested readers may refer to
[[11], Chapter 7] for more details about these notions.

Note that P'(n + 1) is concentrated in degree n for every n > 0. We now fix a map a: P — Q and
assume that Q is a connected operad (i.e., Q(0) = 0 and Q(1) = k) concentrated in degree 0. As a
complex, Hom%¢(ﬂ>i, Q) is of the form

k = Homy (P'(1), 2(1)) = Homs,, (P'(2), 2(2)) = Homs,, (P'(3), 2(3)) = --- (5.2.0.5)
in which Homy, (P'(n),Q(n)) is of degree —(n —1). The differential is given by
d(f) = [ag, 1= (ag) * [ = (1) f x (ag).
On other hand, the complex Homgd’(ﬁ, Q) is of the form

0 — Homs,, (P'(2), 2(2)) = Homs,, (P'(3), Q(3)) = --- (5.2.0.6)

Remark 5.2.0.10. Let us survey the (reduced) Quillen cohomology of P in some small degrees. Assume
that Homs, (P'(2),2(2)) = k{a¢} the one dimensional k-module spanned by a¢. Since a¢ is a twisting
morphism, the map dy must be trivial. Then, by the equation (5.2.0.4) we get that

HQ veq (P, Q) = H_y (Homy? (P1,Q)) = k.
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Now, by cutting the long exact sequence (5.1.0.3), starting from Hared(ﬂ’, Q) to HaT(?, Q), which are
both trivial, we obtain an exact sequence of the form

0 — Hg' (P, Q) — HY) (P, Q) = HY (P, Q) — HY (P, Q) — 0 (5.2.0.7)

Note that HY A(P,9Q) 2w Map}f{Mod(T)(ﬂ’, Q) 2 k, since Q is connected. Moreover, the map p is the
identity map Idx. These facts, together with the exactness of (5.2.0.7), prove that HZ;(T,Q) and
H%(fP, Q) are both trivial. In summary, we obtain that

(*) HOQJed(iP, Q) =k and HZ;((P, Q) = H%(ﬂ), Q) = 0 whenever Homgy, (P'(2),2(2)) = k{ag}.

Example 5.2.0.11. Note that all our stated results remain valid for nonsymmetric operads. We
consider the augmented version of the nonsymmetric associative operad, denoted Ass;. Let «
be the identity map on Assi. By definition, Assi(n) = k{p,} for n > 1. The partial composition in
Ass1 is simple: fiy, 05 fiy, = fhman—1 for any 7. The Koszul dual cooperad AS;I is given on each arity by
AsLi(n) =k{ug} for n > 1. By [[11], Lemma 9.1.7], the decomposition of As.; is given by
M) = X ()EODED (e ),
Q1+ tip=n

The twisting map ¢ sends p§ to pe. Unwinding computation, we find that

0 if n is even

[Hom(Asgl(n),Asﬂ (n)) N Hom(.As;1 (n+1),Ass1(n+1))] = o
Idy if nis odd.

The chain complex Hom? (.Asizl,fls;l) is therefore acyclic. So we deduce that HZQ (Ass1,Ass1) =0 and
H$) rea (Ass1,Ass1) = k concentrated in degree 0.

Example 5.2.0.12. We consider the Lie operad, Lie (cf. [[11], §13.2]), and compute the Quillen
cohomology groups of Lie with coefficients in itself. Let Lie{xy,---,z,} be the free Lie algebra with
generators 1, -+, z,. By definition, as a k-module, Lie(n) ¢ Lie{xy,-,z,} is (non-freely) generated
by the bracket monomials containing each z; exactly once. The symmetric group %, acts on Lie(n)
by permutations. The Koszul dual cooperad Lie' is given on each arity by Lie'(n) = k{I¢}, while the
action of ¢ € ¥, on I is given by (I)° := sign(c)I¢. Observe that Homsy, (Liel(n), Lie(n)) = 0 for
every n > 3 because there is not any non-zero vector A € Lie(n) (n > 3) satisfying that A7 = sign(o)\ for
every o € ¥,,. Moreover, Homy, (Lie'(2), Lie(2)) = k{$} where ¢ sends I§ to [x1,x5]. Thus, by Remark
5.2.0.10 we deduce that Hg)(Lie, Lie) = 0 and Hg) ,oq(Lie, Lie) = k concentrated in degree 0.

Example 5.2.0.13. Let us compute the Quillen cohomology groups of the augmented version of the
commutative operad, denoted Comsy (cf. [[11], §13.1]), with coefficients in itself. By definition
Coms1(n) = k{u,} equipped with the trivial ¥,-action. The Koszul dual cooperad Coms; is (up to
suspension) isomorphic to the Lie cooperad Lie®, which encodes the Lie coalgebras. As a ,-module,
Comi,(n) = Lie(n) ® signy,,. The situation is similar to Example 5.2.0.12. Unwinding verification, we
have Homy;, (Comi, (2), Coms1(2)) = k{¢} and Homsy, (ComL,(n),Comsi(n)) = 0 for every n > 3. So
we deduce that H'Q(Gomzl, Coms1) =0 and H'Q’red((ﬂomzl, Coms1) =k concentrated in degree 0.
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5.3 Operadic Dold-Kan correspondence

The Dold-Kan correspondence asserts that there is an adjoint equivalence
[:Cso(k) == sMody : N

between the categories of connective dg k-modules and simplicial k-modules (cf. Examples 2.1.4.7). The
functor N is the well-known normalized complex functor. An important fact is that the functors
I' and N are no longer inverse equivalences of each other (or even adjunction) when descending to the
categories of monoids (cf. [55]). Despite this, Schwede-Shipley demonstrated that the functor N is the
right adjoint of a Quillen equivalence when considered as a functor between monoids (cf. Theorem
3.12 of loc.cit). By improving their work, Tabuada [24] proved that the functor N : Cat(sMody) —
Cat(Cs0(k)) between enriched categories, given by applying the normalized complex functor levelwise,
is again the right adjoint of a Quillen equivalence. In this section, we will give such a statement in the
operadic context. Namely, we shall prove the existence of a Quillen equivalence between the categories
of enriched operads
L:0p(Csp(k)) = Op(sMody) : N

in which the right adjoint is given by applying the normalized complex functor levelwise, while £ is a
bit more complicated mixed between I'" and the free-operad functors. For the proof, the key step is as
follows. Let P be an sModg-enriched operad. We shall first prove that the functor

Ny : Algp(sMody) — Algy 5 (Cso(k))

given by applying the normalized complex functor levelwise, is a right Quillen equivalence from P-
algebras to N P-algebras. For this, our treatment is inspired by the arguments given in the proof of
[[55], Proposition 5.1].

On other hand, there is an obvious Quillen adjunction Op(Seta) = Op(sMody) induced by the
free-forgetful adjunction Setpa = sModx. We therefore get a link between simplicial operads and
(connective) dg operads. In the third subsection, we find a connection between Quillen cohomology of
a simplicial operad and the corresponding of the associated dg operad via that link.

5.3.1 Dold-Kan correspondence of operadic modules

Let R be a unital ring and let A and B be the simplicial right and left R-modules, respectively. Recall
that the Alexander-Whitney and shuffle maps form the homotopy inverses of each other:

AW:N(A®r B) —NA®zNB , V:NA®zNB — N(AQ®p B) (5.3.1.1)
(cf., e.g., [[55], §2.3], [[56], §8.5] and [[57], Chapter 4, § 2.2]).
Remark 5.3.1.1. Let K and L be dg right and left R-modules, respectively. There is a natural map
N(Ke®rL) —T(K)®rT'(L) (5.3.1.2)
given by the adjoint of the composition
K®p L — NT(K)®r NI'(L) — N(I'(K) @ ['(L))

where the first map is the tensor product over R of the unit maps of the adjunction I' 4 N. The map
(5.3.1.2) is a weak equivalence as well.
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Now, let A and B be two simplicial k-modules. The maps V : NA®@ NB — N(A ® B) and
AW : N(A® B) — N A ® N B respectively equip the functor N : sModx — Cso(k) with a lax and
an oplax monoidal structure. Note that the lax monoidal structure of N is symmetric while, however,
its oplax monoidal structure is not (see, e.g., [[55], §2.3] ). In particular, the canonical lax monoidal
structure of ' : C59(k) — sMody induced by AW is not symmetric.

The Dold-Kan correspondence lifts to an adjoint equivalence between C-collections:
I': Collo(€s0(k)) = Collg(sMody) : N (5.3.1.3)

Since the lax monoidal structure of the functor N : sMody — C5o(k) is symmetric, the lifted functor
N : Collg(sModyk) — Coll(Cs0(k)) admits an extended lax monoidal structure:

N(A)oN(B) — N(A o B)

for A, B € Colle(Csp(k)). Due to this lax monoidal structure, the latter descends to a functor between
monoids, i.e., C-colored operads:

N: Opg(sModk) — Op(Cso(k)) (5.3.1.4)

Remark 5.3.1.2. On other hand, the functor T' : C5y(k) —> sMody does not admit any canonical
symmetric lax monoidal structure. As a sequel, one in general can not produce sMody-enriched operads
just by applying I' to Cso(k)-enriched operads levelwise.

To state our main results, we will need the following construction.

Let € and D be two monoidal categories. Furthermore, let £:€ = D :XR be an adjunction between
underlying categories such that the right adjoint R is lax monoidal. In particular, the left adjoint
L inherits an induced oplax monoidal structure. Since R is lax monoidal, it descends to a functor
between monoids. Now, fix A to be a monoid in D. Again, the functor R descends to a functor
R : Modg — Modga from left A-modules to left RA-modules. Suppose that coequalizers of left
A-modules exist. We take a functor £4 : Modga —> Mody given by sending M € Modga to the
coequalizer

ARL(RA®M) ZAQLM — LAM . (5.3.1.5)

One of the two maps is given by applying A ® £(-) to the structure map RAQ M — M of M. The
other map is the unique map of left A-modules extending the composition

L(RA® M) —> LRA® LM —> A® LM

where the first map is an oplax monoidal map of £ and the second map is the tensor product of the
counit map LRA — A with Idgps. As in [[55], Section 3], we have the following.

Lemma 5.3.1.3. The functors L4 and R form an adjunction
LA Modg 4 = Mody : R.
Moreover, the module left adjoint £ and the original left adjoint £ are related via the identification
LA (RA®-)2(A®-)oL. (5.3.1.6)
Proof. Given any M € Modg 4 and N € Mod 4, we need to establish a natural isomorphism

Homypoa, (LM, N) 2= Hompjody , (M, RN).
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By construction, giving a map f: £L4AM — N in Mody is equivalent to giving a map f: AQ LM —s N
of left A-modules compatible with the coequalizer diagram (5.3.1.5). The latter is identified with a map
LM — N in D, and hence corresponds to a map f¢: M —s RN in €, due to the adjunction £ - R.
To make it work, we first need to show that f2¢ is indeed a map of left RA-modules. This follows by the
compatibility of f with the coequalizer diagram (5.3.1.5), along with making use of the lax naturality
of R suitably. Conversely, let g : M — RN be a map in Modg4. Consider the corresponding map
LM — N in D, which is identified with a map A ® LM — N of left A-modules. As before, it can
be readily verified that the latter is compatible with the coequalizer diagram (5.3.1.5) and therefore, it
induces a map ¢*? : LAM — N in Mody. It is clear by construction that the obtained assignments
f faand g~ ¢g* are natural and moreover, form the inverses of each other.

By construction, there is a commutative square of right adjoints

R
Mod s —— Modg 4
forgetfull lforgetful

D e,

which proves the identification (5.3.1.6). O

We now fix P € Opq(sModyk) to be a C-colored operad in sModg. Consider the functor Ny :
LMod(P) — LMod(N P?) from left P-modules to left N P-modules given by applying the normalized
complex functor levelwise. Due to Lemma 5.3.1.3, Np admits a left adjoint Ly : LMod(NP) —
LMod(P). By construction, Ny descends to a functor Ny : Algy (sMody) — Algy 5 (Cso(k)) between
full subcategories of P-algebras and N P-algebras. On other hand, note that the embedding functor
Algy(sMody) — LMod(P) is a left adjoint, it in particular preserves colimits. This implies that L
descends to a functor L : Algy5(Cso(k)) — Algp(sMody) as well. We thus obtain an adjunction
Ly - Nyp between N P-algebras and P-algebras.

Proposition 5.3.1.4. The adjunction Lo : Algy »(Cs0(k)) == Algp(sMody) : Ny is a Quillen equiva-
lence.

Let A be an N P-algebra. Recall from §2.1.2 that there is a canonical map jg, 4 : P — Env(P, LpA)
in Opy(sMody) with Env(P, LpA) being the enveloping operad associated to the pair (P, £5pA). On
other hand, note that the initial N Env(P, LpA)-algebra is nothing but NEnv(P,LpA)y = Ny Ly A.
Now, due to the adjunction Env < ¢, the map N(jz,4) and the unit map A — Ny LpA together
induce a canonical map ¢4 : Env(NP, A) — NEnv(P,LpA) in Opa(Cso(k)). Taking the adjoint of
¢4 (considered as a map of C-collections), we obtain a map

Uy:T Env(NP, A) — Env(P,LpA)

in Collg(sMody). For the proof of Proposition 5.3.1.4, we first need to prove that W, is a weak
equivalence provided A is a cofibrant N P-algebra.

Our argument exploits the description of free extensions of operads (cf. [28, 34, 16]). Suppose
we are given a pushout square of C-colored operads in some symmetric monoidal category of the form

Fr) 2% 5y (5.3.1.7)

I

QO ———0
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where F(f) : F(M) — F(N) is the free map generated by the map f: M — N of C-collections. Fix a
C-sequence € := (c1, -, ¢p; ¢). According to [[28], Proposition 5.2], the object O'(¢) is described as the
colimit of the sequence of maps

O/(k) (E) N Ol(k+1) (E)

(with ©(V)(2) = O(¢)) which are pushouts of the maps of the form
H: |_|f7*~ ®Aut(T) 2{017"',671} — |_|fT ®Aut(T) 2{017"',671} (5.3.1.8)
T T

The coproduct ranges over all isomorphism classes of Treeék) the collection of planar trees with
k marked vertices and with valency ¢ (i.e., with root edge colored by ¢ and leaves colored by
c1,°+,Cn). Moreover, ¥y, ... y is certain product of symmetric groups depending on {cy, -+, c,} (cf. the
notation Y in loc.cit). In order to determine the group Aut(7"), one partitions the set {T7,---,7,} into
subsets of pairwise isomorphic trees

{Tll, ...7T7}1} Lo {8, T Y.

Tq
Then, one writes

q , q
Aut(T) :=[ JAut(T")" x [ ],
i=1 i=1

Now, to understand the map H (5.3.1.8), it suffices to determine the map ep : f7. — fr. For each
T € Treeék), one takes the canonical grafting operation T = rp (T1,--,T,) with ry being the root
vertex of 7" and T; being the subtree of T' grafted to the ¢’th leaf of rp. The map ep is inductively
defined as an iterated pushout-product of the form

er =gy, Oeq O--Oe7, (5.3.1.9)

T

with €., given by

rT *

f(ual(ry))  if rpis marked
no(val(rr)) if rpis unmarked

in which val(ry) refers to the valency of r and ng : Jo — O is the unit of O.

For the proof below, we just need to concentrate in analyzing the map ep. The readers may refer to
[28] (around Proposition 5.2) for more details about the above constructions.

Lemma 5.3.1.5. For any cofibrant N P-algebra A, the map W4 : T Env(N P, A) — Env(P, LpA) is a
weak equivalence in Collc(sModyg).

Proof. Tt will suffice to treat only the case where A is a cellular N P-algebra. Recall that a cellular N P-
algebra is a sequential colimit, starting from the initial N P-algebra N Pg, of pushouts of free cofibrations
(i.e., images of cofibrations in Cyo(k)*“ under the free N P-algebra functor). According to [[28], Propo-
sition 4.4(ii)], along with noting the fact that the forgetful functor Ops(Cso(k)) — Collo(Cso(k))
preserves filtered colimits, both the functors I' Env(N P, -) and Env(P, L5 (-)) preserve the filtration of
A. Tt allows us to argue by induction on the filtration of A, because weak equivalences in Collg(sMody)
are closed under filtered colimits. By the adjunction Env - ¢, the map Uy, agrees with the counit
map I'NP — P, which is an isomorphism. Hence, it remains to show that for any pushout square in
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Algyn9(C5o(k)) of the form

NPoX XL Npoy (5.3.1.10)

L

A B

with the top horizontal map being the free cofibration generated by a given map f : X — Y in
Cso(k) *C' the map Vg is a weak equivalence provided that the map Wy is one.

By [[28], Proposition 4.4(iii)], there is a pushout square in Op(Cso(k)) of the form

F(x) —2D gy (5.3.1.11)

| |

Env(NP, A) — Env(N P, B)

with the top horizontal map being the free cofibration generated by f. As discussed above, for each
¢:=(c1,,cp;c), Env(N P, B)(©) is the colimit of the sequence of maps

Env(N P, B)®)(2) — Env(N P, B)**1(7)
which are pushouts of the maps of the form

H: LI fr RAut(T) Lfcrymen} — || JT ®Aut(T) X{ct,men} (5.3.1.12)
TeTreeék) /= TeTreeék) /=

Since f is a cofibration, the map e7 : fj — fr is one for every tree T'. In fact, this is a consequence of
[[33], Lemma 3.1], yet it is also can be proved in similar fashion as we treat the claim (*) below. Now,
since ep is a cofibration (and since k is a field of characteristic 0), so is the map H. Therefore, the
mentioned pushouts are in fact homotopy pushouts.

On other hand, by applying £ to the pushout square (5.3.1.10) and noting that the map L5 (N Po f)
is canonically isomorphic to the free cofibration PoT'(f): Po'(X) — PoT'(Y) (cf. Lemma 5.3.1.3),
we hence get that Ly A — Lo B is pushout of PoI'(f). As in the above paragraph, Env(P, LpB)(¢)
is the colimit of the sequence of maps

Env(P, Ly B)*)(2) — Env(P, L B)*+D (7)
which are (homotopy) pushouts of the maps of the form

H: ] (CHF®rw) Sermey — L ()7 ®aueery Ser e (5.3.1.13)
TeTreeék) 1 TeTreeék) /=
For our purpose, we have to prove that the map ¥g(¢) : ' Env(N P, B)(¢) — Env(P, Ly B)(¢) is a
weak equivalence for every C-sequence ¢. The map Wp(¢) is compatible with the mentioned filtrations
of Env(NP, B)(¢) and Env(P, L5 B)(¢). As indicated in the two above paragraphs, on the filtration
of Env(N®P,B)(¢) (resp. Env(P,L5B)(¢)), the (k + 1)-skeleton is given by (homotopy) pushout of
the k-skeleton along a map of type H (resp. H ). For the O-skeleton, by construction the map \I'g)(E)
agrees with W 4(¢), which was assumed to be a weak equivalence. By an inductive argument, it suffices
to prove the following:

(*) For every k € N, ¢ € Seq(C) and for every T € Treegg), the canonical maps I'f7. — (I'f)}. and
['fr — (I'f)r are weak equivalences.
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By construction, f} and fr are respectively the source and target of the map ep (5.3.1.9) which is
inductively defined as:
Er =&, Oep O---0O€T,

where ¢,,. is given by
f(val(rr)) if rpis marked
Epp 1=
! Nenv(N P,4) (val(rr))  if rris unmarked .

Similarly, (I'f)} and (I'f)7 are respectively the source and target of the map

e = g;nT Dng Q---gerp

T

where €., is given by
T T

~ {Ff(val(rT)) if rris marked

NEnv(P Ly A)(val(rT)) if rpis unmarked .

We shall now prove the claim (*) in inductive style. By an elementary tree, we shall mean a planar
tree with the root vertex as its unique vertex.

e In the first step, we assume that 7' is elementary. First, consider the case where rp is unmarked.
Then, the map I'f} — (I'f)} agrees with Idy if val(rr) = (¢;¢) and agrees with Idy otherwise; while
the map I' fr — (I'f)r agrees with

U 4(val(rp)) :TEnv(N P, A)(val(rr)) — Env(P, Ly A)(val(rr)),
which was assumed to be a weak equivalence. In the other case where rp is marked, the map I'f;. —
(T f)7 is simply Idrx (pai(rr)) and the map I' fr — (I f)7 is Idry (pai(rr))-

e In the next step, we suppose that 1" is not elementary. In particular, 7" has at least one internal

edge e. Consider a decomposition T' = (7},T3) of T obtained by cutting itself at e. We are showing

that if both 77 and T3 satisfy the condition of (*) then so does T'. Indeed, observe that e = e, Oep,
and &7 = &, Of7,. So the map I'fr — (I'f)r can be written as

F(fT1 ®fT2) - (Ff)T1 ® (Ff)Tzv

which is in fact the composition

F(fT1 ®fT2) - FfT1 ®PfT2 - (Ff)Tl ® (Pf)TQ

The first map is an oplax monoidal map of ', which is a weak equivalence. Thus, I'fr — (I'f)r is a
weak equivalence as soon as the maps I' fr, — (I'f)r, (i = 1,2) are weak equivalences. On the other
hand, the map I'f;; — (I'f)’ is isomorphic to the map between pushouts:

r(frefr,) |l TUnefs,) — THReTHr L THneThHr.
r(f5,00;,) (T3, &3,

Note that these pushouts are in fact homotopy pushouts, since the maps 7, and &7, are cofibrations
(see the second paragraph). Therefore, by the same reason as discussed above, I'f} — (T'f)}. is a
weak equivalence whenever all the maps I' f7, — (I'f)7, and I'f;. — (I'f)7, are weak equivalences for
1=1,2.

We will say that the decomposition T' = (71, T5) is elementary if both 77 and T3 are so.

e Now, let T" be any tree. If T' is elementary then we are done by the first step. Otherwise, we take a
decomposition T = (17, T2) of T as in the second step. If this decomposition is elementary then we are
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done by the first and second steps. Otherwise, we decompose the subtree T; at its internal edge (if it is
not elementary). By the finiteness of trees, this process must be stable at elementary decompositions.
Hence, the claim is verified by the first and second steps, again. O

Proof of Proposition 5.5.1./. The functor N creates fibrations and weak equivalences. In particular,

the adjunction £ <4 Np indeed forms a Quillen adjunction. To prove that this is a Quillen equivalence,
it suffices to show that for every cofibrant N P-algebra A the unit map n4 : A — Ny Lp(A) is a weak
equivalence. Considering 14 as a map in Cyo(k)*, it suffices to verify that the adjoint of 74,

na:T(A) — Lo(A),

is a weak equivalence in sModﬁC. As in the above proof, we can assume that A is a cellular N P-algebra
and then, argue by induction on the filtration of A. Observe first that the map 7y » coincides with the
counit map I'N Py — Py, which is an isomorphism. Hence, it remains to show that for any pushout
square in Algy5(Cso(k)) of the form

NPox XL Npoy (5.3.1.14)

L

A B

with the top horizontal map being the free cofibration generated by a given map f: X — Y in Cyo(k)*¢,

the map nj is a weak equivalence when provided that 7’ is one.

For simplicity of equations, in the remainder, we assume the set of colors C is a singleton. According
to [[28], Proposition 5.7], the underlying dg k-module of B is sequential colimit of maps B,,—1 — B,, with
By = A and such that each map B,,_; — B,, is cobase change of the map ,, := Env(N P, A)(n)®s, f°"
with f2™ being the n-fold pushout-product of f. Since f is a cofibration, so is f2™ and hence, so is ©y,.
(For this, note that we are working on a field of characteristic 0). In particular, the map B,y — B,
is in fact a homotopy pushout of ,. Moreover, by extracting the iterated pushout-product f=", the
map ¢, is of the form

¢n  Env(NP, A)(n) ®s, Qn(X.Y) — Env(NP, A)(n) ®s, Y"

in which Q,(X,Y) is the domain of f5”. We may regard Q,(X,Y) as the colimit of the punctured
n-cube (i.e., the n-cube with the terminal vertex removed) W, (X,Y’) whose vertices are of the form
C1®Cy®:-®C), such that each C; is either X or Y, and whose edges are given by multi-tensor product
of the maps of types {f,Idx,Idy}. The object Q,(X,Y) is in fact homotopy colimit of W,,(X,Y),
again due to the pushout-product axiom.

On other hand, by applying the left adjoint L3 to (5.3.1.14), we obtain a pushout square in
Algy (sMody):

Lp(NPoX)—> Lp(NPoY) (5.3.1.15)
Lp(A) Lp(B)

By Lemma 5.3.1.3, the top horizontal map is canonically isomorphic to the free cofibration P o I'(f) :
PoT(X) — PoTl(Y). As in the above paragraph, the underlying simplicial k-module of L4 (B)
is sequential colimit of maps Lp(B)y-1 —> Lp(B), with Lp(B)o = Lp(A) and such that each map
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Lyp(B)p-1 — Lp(B), is (homotopy) pushout of the map

o s Env(P, £Lp(A))(n) @, Qn(T(X),I'(Y)) — Env(P, Lp(4))(n) 8, (TY)®"
in which @,(T'(X),T'(Y)) € sModg is homotopy colimit of the punctured n-cube W, (I'(X),T(Y)),
defined similarly as above.

The map ny : I'(B) — Lp(B) is compatible with the filtrations of B and Lp(B) constructed in
the two above paragraphs. Thus, 7} is a weak equivalence as soon as for each n the component map
(ng)n : T(B,) — Lp(B), is one. Again, the latter will be proved by an inductive argument. When
n =0, the map (ng)o concides with 7%, which was assumed to be a weak equivalence. Assume by
induction that the map (n5)n-1 : I'(Bn-1) — Lp(B)n-1 is a weak equivalence. As indicated above,
the object I'(B,,) is homotopy pushout of I'( B,-1) along I'(¢,,), while Ly (B),, is homotopy pushout of
Lp(B)n-1 along the map 3,. It therefore suffices to show that the following two canonical maps

I'(Env(NP, A)(n) ®s, Qn(X,Y)) i—> Env(P,LpA)(n) ®s, Qn(I'(X),T(Y)),

0
D(Env(NP, A)(n) ®s, Y®") —— Env(P, LpA)(n) ®x, (TY)®"
are a weak equivalence.
(1) Concretely, the map 6, is given by the composition
IF'(Env(NP, A)(n)®y, Qn(X,Y)) — TEav(NP, A)(n)®s, I'Qn(X,Y) — Env(P, Ly A)(n)®s, Q.(T'(X),T'(Y)).

The first one is the canonical map of type (5.3.1.2), which is a weak equivalence. The second one is
the tensor product over 3, of the map U4(n) : TEnv(NP, A)(n) — Env(P,Lyp A)(n), which is a
weak equivalence by Lemma 5.3.1.5, with the canonical map hxy : I'Q,(X,Y) — Q,(I'(X),['(Y)).
Therefore, the map 6; is a weak equivalence as soon as hyy is one. As analyzed above, Q,(—,—)
is homotopy colimit of the punctured n-cube W, (—,—) and moreover, the restriction of hxy on each
vertex of the punctured n-cube diagram is an (iterated) oplax monoidal map of I' of the form

P(C1 RCIV - ® Cn) —ICieI'Cy®---1'C,

in which each Cj is either X or Y. The latter is certainly a weak equivalence and hence, hx y is indeed
a weak equivalence.

(2) The map 65 is also a weak equivalence, by the same fashion as discussed above. O

Recall from §2.1.3 that for any operad O enriched over some symmetric monoidal category 8, there
exists an enriched category, denoted by Ib®, such that the structure of an infinitesimal O-bimodule is
equivalent to that of an S-valued enriched functor on Ib°.

Corollary 5.3.1.6. Let P € Opn(sMody) be given. The functor
N2 : ITbMod(P) — IbMod(N P)
given by applying the normalized complex functor levelwise is a right Quillen equivalence.

Proof. Consider Ib” as an operad concentrated in arity 1. By Proposition 5.3.1.4, the normalized
complex functor induces a right Quillen equivalence

Fun(Ib?, sMody) = Fun(N(Ib?), Cxo(k))
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between the projective model categories of enriched functors. On other hand, the shuffle map V induces
a Csg(k)-enriched functor v* : IbY? — N(Ib”), which is the identity on objects and is a weak
equivalence in Cat(Cso(k)). We hence obtain another right Quillen equivalence

Fun(N(Ib”), Cso(k)) — Fun(Ib™ 7 Cyo(k))

given by precomposition with V*. Finally, the proof is completed by observing that the functor NSIZ
agrees with the composition of the two right Quillen equivalences mentioned above. O

Moreover, we have seen from §2.1.3 that each of the categories LMod(©O), RMod(O) and BMod(0)
can be also represented as a category of algebras over a certain operad. Using the same arguments as
in the above proof, we get the following.

Corollary 5.3.1.7. Let P € Op(sModyg) be given. The functors
N : LMod(P) —> LMod(NP) , N’ : RMod () — RMod(NP) , Nb : BMod(P) —> BMod(N P)

given by applying the normalized complex functor levelwise, are all right Quillen equivalences.

5.3.2 Dold-Kan correspondence of enriched operads

To specify the regarded sets of colors, for each set C, we will write
N¢ : Ope(sModk) — Ope(Cso(k))

standing for the functor given by applying the normalized complex functor levelwise.

Applying Proposition 5.3.1.4 to the case where P = O¢ the operad of C-colored operads in sMody,
we get a right Quillen equivalence Opg(sMody) — Opg(Cso(k)) given by applying the normalized
complex functor levelwise. The latter certainly agrees with No. We will denote by Lo the left adjoint
of N¢. In particular, we obtain the following.

Corollary 5.3.2.1. The adjunction Lc: Opo(Cso(k)) == Ope(sModg) : N is a Quillen equivalence.

We wish to integrate the collection of adjunctions {Lc — N¢}eesets into a single adjunction be-
tween the categories of enriched operads. To this end, we first need to realize how the Grothendieck
construction behaves with adjunctions. Let F : C°® — Cat be a contravariant functor on a given
category € valued in the category of small categories Cat. For each map a : ¢ - d in €, we let
a* : F(d) — F(c) denote the functor corresponding to « through F. We denote by Groth(F) the
(contravariant) Grothendieck construction of F. Recall by definition that objects of Groth(F) are given
by

Ob(Groth(F)) = || Ob(F(c)),
ceOb(C)
and for X € Ob(F(c)) and Y € Ob(F(d)), the hom-set is given by

HomGroth(Sf) (X7Y) = |_| HOmg(C) (X,O(*Y)

c—d

where the coproduct ranges over Home (¢, d).

Construction 5.3.2.2. Suppose we are given two functors F,G : C°» — Cat and suppose that for
every object c € €, there is an adjunction

Lo:F(c) = 9G(c): N,
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such that the collection of right adjoints {N.}.e forms a natural transformation from G to F. We
establish two integrated functors £ : Groth(F) 2 Groth(G) : N as follows.

On objects, N is simply given by the coproduct of the maps N, : Ob(G(c)) — Ob(F(c)) and similarly,
L is given by the coproduct of the maps £.: Ob(F(c)) — Ob(5(c)).

Fix a:¢— dtobeamapin C. Let A € G(c) and B € §(d) be given objects. For each map f: A — o*B
in §(c) regarded as a map from A to B in Groth(§G), we take N(f) to be the map

Nc(f)
N (A) —— No(a*B) = a*Ny(B).

On the other hand, let X € F(c) and Y € F(d) be given objects. For each map ¢g: X — a*Y in F(c)
regarded as a map from X to Y in Groth(F), we take £(g) : L(X) — a*L4(Y") to be the adjoint of
the composition

o™ (ny)
X Loy —— a*NgLg(Y) 2 Nea* £4(Y)
where 7y signifies the unit map of the adjunction £4 < Ny.

The main interest in this construction is that:

Lemma 5.3.2.3. The obtained integrated functors £ and N form an adjunction between the Grothendieck
constructions
L : Groth(F) = Groth(gG) : N.

Proof. Let ¢,d € C be two objects of €. For X € F(c¢) and A € §(d), regarded as objects of Groth(F)

and Groth(G) respectively, we have to establish a natural isomorphism
¢x,4  Homgyomn(r) (Le(X), A) —> Homgyotm(g) (X, Na(A)).
Note first that for each map a: ¢ = d in €, due to the adjunction £. 4 N, we have a natural isomorphism
5.4t Homg ) (L£e(X), a*A) = Homg ) (X, Ne(a*A)) = Homg () (X, a*Ng(A)).

We now take px 4 to be the coproduct of the maps ¢% 4 with o ranging over Home (¢, d). It remains to
verify the naturality of the obtained map ¢x 4. The verification is straightforward using the naturality
of the maps ¢% 4, along with manipulating basic properties of adjunction suitably. O

Using this lemma, we can now integrate all the adjunctions £¢ : Op(Cso(k)) == Op(sMody) : N¢
for C' e Sets into a single adjunction between the categories of enriched operads, written as

L:0p(Csp(k)) = Op(sModg) : N .
The statement we really care about in this section is the following:

Theorem 5.3.2.4. (Operadic Dold-Kan correspondence) The adjunction
L :0p(Cs0(k)) == Op(sMody) : N

1s a Quillen equivalence.

The free-forgetful adjunction k{-} : Setnx = sMody : U lifts to an adjunction
k{-}:Op(Seta) = Op(sMody) : U (5.3.2.1)

between simplicial operads and operads in simplicial k-modules.
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Lemma 5.3.2.5. Let f : P — Q be a map in Op(sModg). Then f is a fibration (resp. weak equivalence)
in Op(sMody) if and only if U(f) is a fibration (resp. weak equivalence) in Op(Seta).

Proof. Tt is clear by definition that f is a levelwise weak equivalence if and only if U(f) is one. On
other hand, by adjunction the induced functor Ho(f) : Ho(P) — Ho(Q) agrees with the functor
Ho(U(f)) : Ho(U(P)) — Ho(U(Q)) (cf. Section 2.1.5). These facts together show that f is a weak
equivalence if and only if U(f) is one.

By transferring the Dwyer-Kan model structure on Op(Seta ) along the adjunction k{-} 4 U, we get
a model structure on Op(sMody ), which in particular has trivial fibrations being precisely the levelwise
trivial fibrations surjective on colors. Combining this with the above paragraph, we see that the obtained
model structure agrees with the Dwyer-Kan model structure on Op(sMody). Consequently, the map f
is a fibration if and only if U(f) is one. O

Proof of Theorem 5.5.2./. Let f:P — Q be a map in Op(sMody). The above lemma shows that f is
a fibration if and only if it is a levelwise fibration and such that the induced functor Ho(f) : Ho(P) —
Ho(Q) is an isofibration (see also [58]). An analogue holds for fibrations in Op(Cso(k)), according to
[23] (along with noting Remark 2.1.5.7).

By the Dold-Kan correspondence, there is a natural equivalence Ho(O) ~ Ho(N(0Q)) for every O €
Op(sMody). Thus, the functor Ho(f) : Ho(P) — Ho(Q) is essentially surjective (resp. an isofibration)
if and only if the functor

Ho(N(f)) : Ho(N?) — Ho(N Q)

is essentially surjective (resp. an isofibration). Combining this with the fact that the functor N creates
levelwise weak equivalences and fibrations, we deduce further that N creates weak equivalences and
fibrations. In particular, £ 4 N indeed forms a Quillen adjunction. Finally, to prove this is a Quillen
equivalence, it suffices to prove that the unit map np : P — N L(P) is a weak equivalence for every
cofibrant operad P € Op(Cxo(k)). This directly follows from Corollary 5.3.2.1, because np is simply
given by the unit map of the adjunction between operads with fixed set of colors. O

5.3.3 From Quillen cohomology of simplicial operads to Quillen cohomology of dg
operads
Theorem 5.3.2.4 provides us with a Quillen equivalence between operads in Csq(k) and sMody
L :0p(Cso(k)) = Op(sMody) : N.
Let us fix P to be an operad in sMody and consider the induced Quillen adjunction
Lprp: Op(Cxo(k))np//np == Op(sModi)p/p : Ngjjp .

Lemma 5.3.3.1. The adjunction Lpp — Nojjp is a Quillen equivalence. Consequently, the induced
adjunction between tangent categories

Sp(Lp//2) : Tne Op(Cs0(k)) = T Op(sModi) : Sp(Nyp//»)

is a Quillen equivalence as well.
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Proof. We first take a cofibrant resolution f : (N P)®f —— NP of NP in Op(Cso(k)) such that f is a triv-
ial fibration. Since k is a field of characteristic 0, the model structures on Op(€x(k)) and Op(sMody)
are proper. This implies that the induced adjunction Op(Cso(k))(xp)eot /(v Pyt == Op(sMody )n /NP
is a Quillen equivalence. It now suffices to show that the composed adjunction

_

Lgp//? : Op(Cxo(k)) (N pyeotjj(n pyeor == Op(sMody)p//p : Ngg//?
is a Quillen equivalence. For Q € Op(Cso(k))n pyeot//(n pyeor , the object L’?//?(Q) is given by the pushout
of £(Q) along the composition £L(NP)®f — L NP — P, which is a weak equivalence because £ - N
is a Quillen equivalence. In the other hand, given R € Op(sMody)p//p, then ng//?(ﬂz) is given by the
pullback of N(R) along the map f : (NP)®°f = NP.

Since f is a trivial fibration and since N creates weak equivalences, the functor N, Jjp Ccreates weak

equivalences as well. It hence suffices to show that the unit map 7g : Q — N5, 119 Lpyp(Q) is a weak

)cof —Q

equivalence provided that Q is cofibrant. When Q is cofibrant (i.e., the structure map (NP
is a cofibration), the structure map £(Q) — L7, / /?(Q) is a weak equivalence in Op(sModg) because
Op(sMody) is left proper. But Q is also cofibrant as an object of Op(Cso(k)), so the adjoint map
nG:9— NL;//?(Q) is again a weak equivalence in Op(Csp(k)). On other hand, since f is a trivial
fibration, the structure map g : ng//ip L;//?(Q) — NL’?//?(Q) is in particular a weak equivalence in
Op(Cs0(k)). The claim is now proved by the fact that ng =6 o ng. O

Corollary 5.3.1.6 provides us with a right Quillen equivalence N : IbMod(P) — IbMod(N P). This
lifts to a right Quillen functor between tangent categories

Sp(N%) : Tp IbMod(P) — Ty » IbMod(N P).
Moreover, we have a commutative square of right Quillen functors

Sp(Ng /9
T Op(sMody ) . Op(€50(k)) (5.3.3.1)

ufplz zluNﬂ,

Tp IbMod(P) = T IoMod (N P)
%

in which the vertical functors are the right Quillen equivalences appearing in Theorem 3.2.4.1. In
particular, Sp(N%l;’) is also a right Quillen equivalence by the above lemma.

Proposition 5.3.3.2. Let M € TpIbMod(P) be a fibrant object. The normalized complex functor
induces an isomorphism
HG (P, M) — Hg (NP, NM)

between Quillen cohomology of P € Op(sMody) with coefficients in M € TpIbMod(P) and Quillen
cohomology of NP € Op(Cso(k)) with coefficients in NM € Txp IbMod(N P), where NM := Sp(NH) (M)
given by applying the normalized complex functor to M degrecwise and levelwise.

Proof. Recall that, after sending coefficients into Tp IbMod(P), the Quillen cohomology of P with
coefficients in M is formulated as

HZQ((P, M) =m Map}f}«y IbMod(P) (RUp (Lyp), M [e]).
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Similarly, the Quillen cohomology of N P with coefficients in NM is given by
HZ)(N P,NM) = 7o Mapgm IbMod (N P) (RUn»(Lnp), NM[e]).

Since the functor N : Op(sMody) — Op(Cso(k)) is a right Quillen equivalence, the right derived
functor RSp(Ng,/p) sends Ly to Ly, and hence the right derived functor RSp(N?S) sends RUqp (L)
to RUyxp(Lxp), due to the commutativity of (5.3.3.1). Moreover, since Sp(N%) is a right Quillen
equivalence, it induces a homotopy equivalence

Maptf}? IbMod(P) (RUp (Lp), M[e]) — Map]f}N » IbMod(N P) (RUnp(Lnop), NM[e]).

Combining this with the first paragraph, we get the conclusion. ]

Consider the Quillen adjunction k{-} : Op(Seta) == Op(sMody) : U.

Definition 5.3.3.3. Let O € Op(Seta) be a simplicial operad. We will denote by dO := Nk{O} the
image of O under the composite functor

k{-} N
Op(Seta) —— Op(sModi) —— Op(Cso(k))

and refer to it as the differential graded (dg) version of O.

In fact, many dg operads of interest come from this construction, typically, including the dg versions
of the little cubes operads E,, for n € N.

Besides that, we also regard the induced Quillen adjunction between operadic infinitesimal bimodules
k{-}ip : IbMod(O) = IbMod(k{O}) : U;. This induces a Quillen adjunction between the associated
tangent categories (still denoted by)

k{_}ib : ‘IO IbMOd(O) —— ‘Ik{O} IbMOd(k{O}) : [Uib-

Notation 5.3.3.4. Let O be a fibrant and ¥-cofibrant simplicial operad. For each M € Ty (0} IbMod(k{O}),
we will denote by Hye : Tw(O) — Spectra the image of M under the composed oo-functor

(Uzb)w ~
Tk{o} IbMod(k{O0})ee —— T IbMod(0)e —> Fun(Tw(0), Spectra)

in which the second functor is the equivalence indicated in §4.3.

There is a connection between Quillen cohomology of a simplicial operad and Quillen cohomology
of its dg version, expressed as follows.

Proposition 5.3.3.5. Let O € Op(Seta) be a fibrant and X-cofibrant simplicial operad and let M €
Tkioy IbMod(k{O}) be a fibrant object. There is a canonical isomorphism

HE, (0, Hog) — HE (O, NM)

between Quillen cohomology of O € Op(Seta) with coefficients in Hy : Tw(O) —> Spectra (cf.
Theorem /.53.0.1) and Quillen cohomology of its dg version dO € Op(Cso(k)) with coefficients in
NM € Tqo IbMod(dO), where NM is given by applying the normalized complex functor to M degreewise
and levelwise.

Proof. By notation and by the adjunction k{-};, < Uy, we find a canonical isomorphism

Hy) (0, Ho) — Hy (k{O}, M).
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On other hand, Proposition 5.3.3.2 proves the existence of a canonical isomorphism
H, (k{0}, M) — HE, (dO, NM).

So we get the conclusion. O

For more illustration to obtained results, we take any M € IbMod(k{O}) and consider the case
M =32 (k{O0} u M) € Ty(oy IbMod(k{O}) with the structure maps given by
i Idk{o} +0
k{0} = k{0}u M —— k{O}.

In this situation, we simply denote by Hj; := Hy the corresponding functor Tw(O) — Spectra. We
now describe this functor.

Computations 5.3.3.6. The object M, regarded as a suspension spectrum (see around Computations
3.4.0.14), is given at each bidegree (n,n) by M, , = k{O} u M[n] the coproduct of k{O} with the
n-suspension of M in IbMod(k{O}). First, argue that since M is also a fibrant {2-spectrum, the image
Ui (M) € To IbMod(0O) has already the right type. By construction, U;(M) is the Q-spectrum whose
value at each bidegree (n,n) is given by the pullback in IbMod(0O):

Uiy (M) —> k{O} U M[n] (5.3.3.2)

l |

0O—— > %{O}

It can be shown that, for each operation p € O(¢) regarded as an object of Tw(O), the Q-spectrum
Har (1) € Spectra is given at each bidegree (n,n) as the fiber in Seta:

Hor (1) nn = Ui (M) 5,0 (€) X0(e) {u},

(this is very similar to the computations given in §4.3). By the Cartesian square (5.3.3.2), Har(1)nn
agrees with the fiber

(k{O(@)} uM(@)[n]) xxio@) {1}
in Seta. Note that this fiber is the same as the kernel of the projection k{O(¢) }u M (¢)[n] — k{O(¢)}
regarded as a map of simplicial k-modules. We thus find that

the n’th suspension of M (¢) € sMody. So we deduce that Hys () = M (¢)[e] € Spectra. We will simply
write Hpy(p) = M(€), because it comes from M (¢) via the composition sModx —> Sp(sMody) —
Spectra.

Let d € Seq(C) be another C-sequence and let v € O(d) be another operation of ©. Recall by
construction that the data of an edge u — v in Tw(O) contains a morphism ¢ — d in Ib®. This
determines the structure map

Far(p) = M (2) — M(d) = Hu (v),

(here we note that M carries an infinitesimal O-bimodule structure, i.e., a functor Ih° — Seta).

Note that when M = X*°(k{O} u M) and considering dO as an object in Op(€(k)) (instead of
Op(Cs0(k))), then under the right Quillen equivalence T30 IbMod(d©) —— IbMod(d©), the object
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NM € Tqo IbMod(dO) corresponds to nothing but N(M) € [IbMod(dO). Thus, with having the descrip-
tion of Hy; and Theorem 5.3.3.5, we obtain that:

Corollary 5.3.3.7. There is an isomorphism
HY (0, Har) — Hy(dO,N(M))

between Quillen cohomology of O € Op(Seta) with coefficients in Hyy : Tw(OQ) — Spectra and Quillen
cohomology of dO € Op(C(k)) with coefficients in N(M) € IbMod(d0O).

For example, we let O = Eo, the little co-cubes operad and let M = k{Eq } regarded as an infinitesimal
bimodule over itself. In this case, Hjy; : Tw(Ee) — Spectra is weakly equivalent to the constant
functor with value k and N(M) = d E. Combining the above one with Corollary 4.3.0.8, we have the
following.

Corollary 5.3.3.8. Quillen cohomology of dEo € Op(C(k)) with coefficients in itself vanishes.

For another example, we consider the case O = Ass the associative operad. Let A € sMody be
a discrete monoid. Recall that the endomorphism operad End, is given by setting Ends(n) =
MapSModk(A®”,A) with the composition and symmetric action respectively induced by substitution
and permutation of the tensor factors. There is a map of operads k{Ass} — End, classifying the
k{Ass}-algebra structure of A. We consider End4 as an object of IbMod(k{Ass}) via that map. By
Corollary 5.3.3.7 we have an isomorphism

HE) (Ass; Hend,) — Hg, (d Ass; End 4 )

between Quillen cohomology of Ass € Op(Seta) with coefficients in Hgpa, and Quillen cohomology
of the dg associative operad dAss (considered as an object of Op(€C(k))) with coefficients in End 4.
Here we note that since A is discrete, the normalized complex functor sModx — C(k) preserves
the construction of the endomorphism operad. Following Computations 5.3.3.6, Hgna, is given by
Hend, ([n]) = Mapyjoq, (A®™, A) and furthermore, when considered as a cosimplicial k-module, Hgnd,
exhibits the Hochschild cochain complex of A. Using the long exact sequence of Corollary 4.3.0.7,
we get an isomorphism Hg (dAss; Endy) = HH""?(A) for each n > 0. Around the degree -1, the long
exact sequence takes the form

0— Z(A) — A — Hg' (dAss;Ends) — HH'(A) — 0

where Z(A) = HH"(A) is the center of A. Recall that HH'(A) is given by Der(A, A)/Ider(A, A) the
module of derivations modulo the inner derivations. This implies that Hél(dﬂss; End,) = Der(A, A),
because Ider(A, A) agrees with the quotient A/Z(A). In summary, we obtain that:

Corollary 5.3.3.9. Quillen cohomology of the dg associative operad with coefficients in Enda is given
by
0 if n<=-2,
H¢ (d Ass; Enda) = {Der(A, A)  if n=-1,
HH"*?(A)  otherwise .

Consequently, HZ?(dASS;EndA) is (up to a shift) isomorphic to Quillen cohomology of A as an asso-
ciative algebra with coefficients in itself (cf. [7], Example 3.2.12).
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5.4 Deformation theory and Quillen cohomology

Our main purpose in this section is to establish the relation between deformation theory and Quillen
cohomology.

We will denote by CAlg™® the category of commutative monoids in Cxq(k) equipped with a map to k.
Alternatively, CAlg™® = Algg™® (Cso(k)) the augmented category of algebras over Com € Op(Cso(k)).
We endow CAlg™® with the projective transferred model structure. Then the stabilization Sp(CAlg™®)

exists (at least) as a semi model category (cf. Section 2.2).

For each R € CAlg™"®, we denote by m,(R) the n’th homology group of the underlying complex of
R. Recall by definition that an augmented commutative algebra € : R — k is said to be artinian if
the underlying complex of R is finite dimensional and such that the map my(e) : mo(R) — mo(k) =k
exhibits mo(R) as a local k-algebra (i.e. the kernel of my(¢) is the unique maximal ideal of mo(R)). We
will denote by CAlg™" ¢ CAlg*"® the full subcategory spanned by artinian algebras. Furthermore, we
abuse the notation to write Sp(CAlg™") standing for the full subcategory of Sp(CAlg**®) spanned by
the spectrum objects X : Nx N — CAlg™® whose degrees are all artinian.

On other hand, we let ModCat denote the category whose objects are model categories and whose
morphisms are Quillen adjunctions with the sources and targets being those of the left Quillen functors.
We are interested in functors F : CAlg™" — ModCat. By convention, for each map f: R - S in
CAlg™", we will write fi: F(R) == F(S) : f* standing for the image of f under the functor 7.

As the first step, we propose the notion of space of deformations of a given object X € F(k) over
some R € CAlg™, denoted by Def(X, R), with F being a functor CAlg*" — ModCat. To make this
well-defined, the functor JF is required to be a formal moduli context (cf. Definition 5.4.1.2) so that
the functor R — Def (X, R) forms a formal moduli problem in the Lurie’s sense [5] (cf. Proposition
5.4.1.4). For the main purpose, we will show that Quillen cohomology of X classifies homotopy type of
its spaces of deformations. In the second subsection, we review some examples of interest.

5.4.1 Statements

art
oo

We denote by 8 the oo-category of spaces and by CAlg?" the full co-subcategory of CAlg2'® spanned

by artinian k-algebras.

Definition 5.4.1.1. ([5]) A formal moduli problem is a functor F : CAlg?' — § satisfying that
F(k) is contractible and that, if o is a Cartesian square of the form

R——=S

L

T——U

such that the induced maps 7 (S) — mo(U) and 7o(S) — mo(U) are surjective, then F (o) is Cartesian
as well.

Definition 5.4.1.2. A formal moduli context is a functor F : CAlg®™® — ModCat satisfying the
following properties:

(1) F sends weak equivalences in CAlg™ to Quillen equivalences and satisfies that for every morphism

f:R— S in CAlg™" the right adjoint functor f*: F(S) — F(R) preserves weak equivalences.
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(2) For every homotopy Cartesian square

|

N<—>
S<=—U0

R

in CAlg™" such that the maps m(S) — mo(U) and mo(T) — mo(U) are surjective, the corre-
sponding diagram
F(R) —=3(9)

L

HT)—F()
of model categories is homotopy Cartesian (in the sense of Definition B.0.0.1).

Definition 5.4.1.3. Suppose given a formal moduli context F : CAlg™" —s ModCat. Let X € F(k) be
a fibrant object and let R be an object of CAlg™" equipped with the augmentation map e : R — k.

1. A deformation of X over R is defined to be a pair (Y,n) with Y € F(R) being cofibrant and
n:aY — X being a weak equivalence.

2. If (Y,n) and (Y',n") are two deformations of X over R then an equivalence from (Y,7) to (Y”,n’)
is a weak equivalence Y — Y compatible with the structure maps n and 7’.

3. The space of deformations of X over R, denoted by Def(X, R), is defined to be the Kan
replacement of the nerve of the category whose objects are deformations of X over R and whose
morphisms are equivalences of deformations. We will consider Def (X, R) as a pointed space whose
base point is the trivial deformation (w1 X, 7n) € Def(X, R) where u: k - R is the unit of R and
n:awuX —5 X is the natural isomorphism.

For each oo-category C, we denote by € the maximal oco-subgroupoid of C. Explicitly, € is the
simplicial subset of € such that a simplex o € C is belong to €¥ if and only if every edge of ¢ is an
equivalence. It was known that the assignment € — C¥ determines an oo-categorical right adjoint from
oco-categories to co-groupoids (cf. [4]).

The main interest in the notion of a formal moduli context is that it leads to a formal moduli
problem:

Proposition 5.4.1.4. Let F: CAlg™ — ModCat be a formal moduli context and let X € F(k) be a
fibrant object. Then the functor R Def(X, R) is a formal moduli problem.

Proof. We have to verify that Def (X, k) is weakly contractible and that F preserves the type of Cartesian
squares appearing in Definition 5.4.1.1(2).

For the first claim, note first that Def (X, k) is (Kan replacement) of the nerve of the category whose
objects are cofibrant replacements of X. According to [[46], Theorem 14.6.2], the latter is indeed weakly
contractible.

For each R € CAlg™, the map : R — k induces &} : F(R)Z, — F(k)Z,. We may identify Def (X, R)
to the homotopy pullback

Def(X, R) ~ F(R)% Xg(k); (F(k)o)/x
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(this follows from the fact that section model categories have the right type as discussed in Appendix B).
In particular, Def (X, R) is in fact weakly equivalent to the homotopy fiber of the map & : F(R)5, —
F(k)Z, over the object X.

Now, consider a homotopy Cartesian square

R——S§
T'——U
in CAlg™" such that the maps mo(S) — mo(U) and 7o(T) — mo(U) are surjective. By assumption,

there is a homotopy Cartesian square of model categories

F(R) —=3(9)

L

HT) —=F(U)

By Remark B.0.0.2, this induces a homotopy Cartesian square of the underlying oo-categories and hence,
we obtain a homotopy Cartesian square of co-groupoids

F(R)%, —= F(5)%, (5.4.1.1)

L

F(M)e —F(U)%

By the above paragraph, we get a homotopy Cartesian square
Def(X, R) — Def(X, 5)
l l
Def (X, T) — Def (X, U)
as desired. O
Definition 5.4.1.5. Let F: CAlg™" — ModCat be a formal moduli context, let X € F(k) be a fibrant
object and M € Sp(CAlg™") an Q-spectrum. Then QM —> k is an artinian k-algebra. We will call

the oo-groupoid Def (X, M) := Def (X, Q2 M) the space of first order deformations of X in direction
M.

To state our main theorem we will need the following construction:

Definition 5.4.1.6. Let F : CAlg™® — ModCat be a formal moduli context and let X € F(k) be
an object such that the tangent category TxF(k) exists (at least) as a semi model category. Given a
spectrum object M : NxN —s CAlg™", we will denote by M (X) € TxF(k) the spectrum object defined
as

M(X)nm = Uy (U N X € F(k),

where uy, , : k — M, ,,, is the unit of M, ,, € CAlg™™.
Lemma 5.4.1.7. Suppose further that X € F(k) is cofibrant and that M € Sp(CAlg™") is an Q-spectrum.
Then M(X) is an Q-spectrum in TxF(k).
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Proof. We first show that M (X) is a prespectrum. For any given pair (n,m) with n # m, we have to
prove that the structure map X — u;,m(un,m)gX is a weak equivalence. Since M is in particular a
prespectrum, the unit map wy », : k — M, ., is a weak equivalence. Furthermore, since J is a formal
moduli context, the adjunction (up ;)i : F(k) == F(Mpm) : (tnm)* is a Quillen equivalence such that
(tn,m)™ preserves weak equivalences. This fact, together with the cofibrancy of X, proves that the map
X —> Uy (U m )1 X is indeed a weak equivalence.

It remains to show that for every n > 0 the square

Upy (1 X W a1 (Un st 1X (5.4.1.2)

l l

u;+1,n(un+17n)!X - u;+1,n+1 (Un+1,n+1)!X

is homotopy Cartesian in F(k). Given 4,5 € {n,n + 1}, we write ¢; ; : M, ,, — M, ; standing for the
map induced by the unique map (n,n) — (4,7) in N x N. Then we note that u; j = ¢; j 0 Uy, and
therefore, u; ;

the image through uy, ,, of the following square

= Uy, , oy ; while (u; )1 = (¢ij)10 (unn). Consequently, the square (5.4.1.2) agrees with

X et (Prpr 1 X (5.4.1.3)

| |

W:Hl,n(@ml,n)!X’ - ‘P:L+1,n+1(90n+1,n+1)!X’

where X' := (u,,,)1X. So we just need to verify that the latter is a homotopy Cartesian square in
F(M,, ). By assumption, for every n > 0 the square

Mn,n - Mn,n+1 (5414)

L

Mn+1,n > n+1l,n+1

is homotopy Cartesian in CAlg™" and such that M, 41 ~ M1, ~ k. Observe that Sp(CAlg™"®) def
Sp(Algh® (Cso(k))) is equivalent to the stabilization Sp(Algh e (€(k))), (these two are both equivalent

Com Com

to C(k)), and hence we can assume that M comes from an Q-spectrum in Sp(Alggs (€(k))). In
particular, the underlying square of chain complexes of (5.4.1.4) is homotopy coCartesian. Moreover,
since M, , is artinian, there exists a (connective) chain complex N such that the underlying complex
of My, factors as M, , =~ k® N. We thus find that the underlying complex of M1 ,41 is weakly
equivalent to k @ N[1]. This implies that the maps My, n41 —> Mps1pn+1 and M1, —> Mpyinst
induce the isomorphisms on my. Now, since F is a formal moduli context, we get a homotopy Cartesian
square of model categories

?(Mn,n) - gj(Mn,n+l)

l l

?(Mn+1,n) - g:(Mn+1,n+1)

Finally, we deduce by Remark B.0.0.4 that the square (5.4.1.3) is indeed homotopy Cartesian. O

We are now in position to prove the main theorem of this section:
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Theorem 5.4.1.8. Let F : CAlg™" — ModCat be a formal moduli context and let X € F(k) be a
bifibrant object such that the tangent category TxF (k) exists. Moreover, let M € Sp(CAlg™) be an Q-
spectrum. Then Def (X, M) is weakly equivalent to the derived mapping space Mapg(k)/x (X, Q1M (X)).
In particular, we have a canonical isomorphism

mo(Def(X, 1)) 2 H (X, M(X)).
Moreover, the n’th homotopy group m,(Def(X, M), *) is isomorphic to Hg ™ (X, M (X)), where * refers
to the basepoint (v X,n) mentioned in Definition 5./.1.3(iii).

Proof. Note first that My g~ Moy =~ k, My ~ Q®°M and M;; ~ Q*°M[1]. We will simply denote by
upr : k — Q% M[1] the unit of Q*°M[1] and by e : Q°M[1] — k the augmentation map. As in the
proof of Lemma 5.4.1.7 | there is a homotopy Cartesian square of model categories

F(Q°M) F(k)
F(k) F(Q=M[1])

As in the proof of Proposition 5.4.1.4, the latter induces a homotopy Cartesian square of the associated
oo-groupoids
FQ=M)S, F(k)s

l l (@)
(Tar)

Fk)oe ——=F(Q™M[1])%

Since Def (X, M) is equivalent to the homotopy fiber of the left vertical map over X € F(k)Z, (see the
proof of Proposition 5.4.1.4), it is also equivalent to the homotopy fiber of the right vertical map over
(ipr )1 X. Consider a diagram of co-groupoids of the form

» ——>F(k)%,

lb l(ﬂkf)!

Z —=F(Q°M)z,
l(gM)!
s > T (k)%

where Z is taken such that the bottom square is homotopy Cartesian. In particular, the top square is
homotopy Cartesian as well. Hence we may identify Def(X, M) to the loop space ,(,)Z. By this way,

we find that Def (X, M) is weakly equivalent to the homotopy fiber of the map between loop spaces:

(o]

over the constant loop at X, which is identified to the homotopy fiber of the map
Mapi o prpayy (a1 X, (uag)iX) — Mapl ) (X, X)
over Idx. By the Quillen adjunction (ups)r = u},, the latter is weakly equivalent to the map
Map’y ey (X, s (upr )1 X) — Mapi e (X, X) (5.4.1.5)

Now, since X is fibrant, the model category F(k),x has the right type in the sense that, for every weak
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equivalence Y — X with Y being also fibrant, the induced adjunction F (k) )y = F(k),x is a Quillen
equivalence. This fact proves that the homotopy fiber of the map (5.4.1.5) over Idx is weakly equivalent
to the derived mapping space

Maps (), (X, iy (uar )1X) = Mapi (X, Q%7 M(X)).

We just showed that Def(X, M) is weakly equivalent to Mabg k), (X, Q%M (X)) and moreover, this
equivalence identifies * = (w1 X,7n) to the unit map p: X — Q®7'M(X) = u},(up ) X. Now, the
Quillen adjunction ¥ : F(k),x = TxJF (k) : Q25° proves the existence of a canonical weak equivalence

Mapg(k)/x (X, Q7'M (X)) = Map 5y (L, M(X)[1]),

which identifies i to the zero map Ly M (X)[1]. Finally, by the definition of Quillen cohomology
group, we deduce that

HIQ_”(X,M(X)) = wn(Mapgxg(k)(LX, M(X)[1]),0) = m,(Def (X, M), *).
U

Remark 5.4.1.9. If M : Nx N — CAlg™" is an Q-spectrum such that for every (n,m) € N x N the
induced left Quillen functor (up,)r : F(k) — F(M,,m) preserves weak equivalences, then following
the proof of Lemma 5.4.1.7, M(X) is automatically an (-spectrum, even when X is not cofibrant.
In this situation, the statement of Theorem 5.4.1.8 remains valid without necessarily requiring X to
be cofibrant. In fact, this is usually the case. For instance, all the functors F : CAlg™" — ModCat
appearing in the next subsection satisfy the property that, for every R € CAlg®" with the unit u:k - R,
the induced functor wy : F(k) — F(R) preserves weak equivalences.

5.4.2 Examples

In this subsection, we describe some interesting examples of formal moduli contexts. Repeatedly, the
work requires verifying the two conditions of Definition 5.4.1.2.

Proposition 5.4.2.1. Let F : CAlg™" — ModCat be the functor F(R) = Modg := Modg(Cso(k)).
Then F is a formal moduli context.

Proof. Let R be the category with a single object and with R as its mapping object. Note that the
category Modp can be identified with Fun(R, Cso(k)) the category of Cso(k)-valued enriched functors
on R. Using this identification, we can readily verify the first condition of Definition 5.4.1.2 on F.

We shall now verify the second condition of Definition 5.4.1.2 on &F. Let

R——S (5.4.2.1)
Lk
T—2>U
be a homotopy Cartesian square in CAlg™" such that the maps p and ¢ are surjective on my. We have
to show that the corresponding square of model categories

Modr — Modg (5.4.2.2)

L

MOdT — MOdU
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is homotopy Cartesian in the sense of Definition B.0.0.1. Let ¥’ : [1] x [1] — ModCat represent the
square (5.4.2.2). Let J ¢ [1] x [1] denote the full subcategory spanned by the vertices (0,1),(1,0) and
(1,1). We need to show that the Quillen adjunction £°°¢ : Modg == Sec™(F'|5) : R is a Quillen
equivalence. For this, it suffices to show that RR“° detects weak equivalences (between cofibrant
objects) and that for every cofibrant object X € Modp the derived unit map X — RR°°L°°(X) is a
weak equivalence.

Let us start with the second claim. By Remark B.0.0.4 we just need to verify that the square
X X®rS (5.4.2.3)

L

X@rT —XQ®rU

is homotopy Cartesian in Modg. Consider the functor X ®p (=) : Modg — Modpg. Firstly, since X is
cofibrant, this functor preserves weak equivalences. Indeed, we may identify X ®p (=) to the functor
Xogp (=) Algg(Cso(k)) — Algs(Cso(k)) with R regarded as an operad in Cyo(k). The latter indeed
preserves weak equivalences (cf., e.g., [[13], Theorem 15.1.A]). The functor X ®p (=) is a left Quillen
functor preserving weak equivalences, it hence preserves homotopy coCartesian squares.

Consider (5.4.2.1) as a homotopy Cartesian square in Modg. We are showing that this square is also

homotopy coCartesian in Modg. Since the embedding functor
i : Modg ' Mod g (Cso(k)) — Modr(C(k))

detects homotopy coCartesian squares, it suffices to show that (5.4.2.1) is homotopy coCartesian when
regarded as a square in Modg(€C(k)). But this is equivalent to saying that (5.4.2.1) is homotopy
Cartesian in Modg(C(k)), since Modr(C(k)) is stable. The latter follows from the fact that a map
in Modg(Cso(k)) is surjective if and only if it is surjective on every positive degree and in addition,
surjective on my. We just showed that (5.4.2.1) is homotopy coCartesian in Modg. Combined with
the above paragraph, we get that (5.4.2.3) is homotopy coCartesian. Finally, since the functor ¢z also
detects homotopy Cartesian squares, the square (5.4.2.3) is indeed homotopy Cartesian as expected.

Let us now show that RR®¢ : Sec®*(F'|5) — Modpg detects weak equivalences between cofibrant
objects. Note first that a map in Sec™“(F’|y) is a weak equivalence if and only if its cofiber is a weak
O-section (i.e. the section whose coordinates are weak 0-objects). Indeed, the property of being a
weak equivalence and the formation of homotopy cofibers are both jointly created by the projections
Sec®(F'|5) — Modg, Sec*(F'|g) — Modr and Sec®*(F'|5) — Mody, and the characterization
of weak equivalences via cofibers holds in any module category in Cyo(k). It will hence suffice to
show that RR¢ detects weak 0-objects. By definition, the data of a cofibrant section s € Sec®(F'|5)
consists of a triple (Xg, X7, Xy) € Modg x Modr x Mody; of cofibrant objects together with the maps
w: X7 ®r U — Xy and ¥ : Xg®s U — Xy in Mody. When s is in addition fibrant, the maps ¢ and
1 are weak equivalences. In summary, given such a bifibrant section s = (Xg, X7, Xy) such that the
homotopy pullback X x})‘(U Xg is an acyclic complex, we need to show that each of Xg, X7 and Xy is
an acyclic complex as well.

Observe first that since 7, (X x})‘(U Xg) =0, the induced map fi : 7 (X7) & 7 (Xs) — 7 (Xp) is
injective for every k > 0. Let us assume that Xr is acyclic. By the weak equivalence ¢ : X7 ®7U — Xy,
we get that Xy is acyclic, and hence Xg is acyclic as well, by the injectivity of the maps fi’s. By
symmetricity, we just need to verify that either X1 or Xg is acyclic. Assume by contradiction that both
X1 and Xg are not so. Let k > 0 be the smallest integer such that at least one of m(X7), 71 (Xs) is non-
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trivial. Then we have 1 (X7®7U) 2 m,(X71)®x,(1ym0(U) . In particular, the map m,(X1) — m(Xy),
which is the same as the composition

T ()
Tk (X1) — 16 (X7) @y (1) T0(U) k—; T (Xv)
is surjective. By symmetricity, the map m(Xg) — mx(Xy) is as well surjective. Combining these
observations with the injectivity of fi, we obtain that 7, (X7) = 7, (Xg) = 0. But this is a contradiction.
O]

Proposition 5.4.2.2. Let P be an operad in Cso(k). Let F : CAlg™ — ModCat be the functor
F(R) = Algy,(Modg). Then F is a formal moduli context.

Proof. Each map R - R’ in CAlg™" gives rise to a symmetric monoidal Quillen adjunction Modp =
Modgs, which then induces a Quillen adjunction Algy,(Modgr) == Algy(Modg ). The right adjoint
functor is simply the restriction functor and hence, preserves weak equivalences. Moreover, as in the
above proof, each weak equivalence R —s R’ gives rise to a symmetric monoidal Quillen equivalence
Modg == Modgs, which hence induces a Quillen equivalence Alg,(Modg) == Algs(Modg/). We just
verified the first condition of Definition 5.4.1.2 on &.

Now, observe that for each map f: R — S in CAlg™" the induced Quillen adjunction
f! : Alg:p(MOdR) —— Alg?(MOds) : f*

is given on the underlying modules by the same adjunction fi: Modg == Modg : f*. In other words,
both the square

Algp(Mods) ——> Algy(Modg)

N

Modg Modg

and the square

Algy (Modg) > Alg, (Mods)

| |

Modg ! Modg

commute. These facts allow us to inherit the proof of Proposition 5.4.2.1 for verifying the second
condition of Definition 5.4.1.2 on F. O

Proposition 5.4.2.3. Let F: CAlg™ — ModCat be the functor F(R) = Cat(Modg). Then F is a
formal moduli context.

Let F: € - D be a functor between Modg-enriched categories. We will say that F is an isofibration
if the induced functor Ho(F) : Ho(€) — Ho(D) between homotopy categories is an isofibration in the
classical sense. By the free-forgetful adjunction Cso(k) == Modg, we see that the homotopy category
of a Modg-enriched category is the same as that of its underlying Cso(k)-enriched category. Moreover,
note that a morphism f:x — y in € performs an isomorphism in Ho(€) if and only if for every object
z € Ob(C) the induced map f o (-) : Mape(z,2) — Mape(z,y) is a weak equivalence. The proof of
Proposition 5.4.2.3 will require the following lemma;:
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Lemma 5.4.2.4. Let p: R = S be a map in CAlg™" such that mo(p) : mo(R) —> mo(S) is surjective
and let C be a levelwise cofibrant Modg-enriched category. Then the induced functor € — C®r S is an
isofibration of Modg-enriched categories (where C ®p S = p*pC the category obtained by tensoring all
mapping objects with S over R). More generally, given a sequence of maps R — S LU in CAlg™*
such that p induces a surjection on mgy, then the induced functor CQr S — C®r U is an isofibration of

Modg-enriched categories.

Proof. Unwinding definition, the functor Ho(€) — Ho(C®z S) is the identity on objects and given on
hom-object by the map
7o Mape (z,y) — mo Mape (2,y) ®xr ™05,

which can be identified to the projection

mo Mape (z,y) — mo Mape (z, y)/a(mo Mape (2, y))
with a being the kernel of the surjection mo(R) — m(S). So we just need to show that, for any
map [ : x - y in Ho(C), if the corresponding map f : x — y is an isomorphism in Ho(C ®p S)
then f itself is one. For this, it suffices to show that for every object z € Ob(C) the induced map
fo(=):Mape(z,2) — Mape(z,y) is a weak equivalence as soon as the map

Mape(z,2) ®r S — Mape(z,y) ®r S

is one. Note by assumption that the map f o (=) goes between cofibrant R-modules, hence the functor
(=) ®g S preserves the homotopy cofiber of f o (=). So the problem is reduced to proving that for any
M € Modg, if M ®g S is acyclic then so is M. Assume by contradiction that M is not acyclic, and let
k > 0 be the smallest integer such that m; M is non-trivial. We then have that

mM[a(m M) = 1M Qqyr m0S = (M ®1 S) = 0.

But the equation mp M /a(meM) = 0 implies the contradiction that M = 0, because every ideal of a
local artinian algebra is nilpotent. The second statement of the lemma is very similar. O

Proof of Proposition 5.4.2.5. As in the previous proofs, it is straightforward to verify the first condition

of Definition 5.4.1.2 on F. For the second condition, we let
R——S (5.4.2.4)
Lyl
T — U

art

such that the maps mo(p) : mo(S) — mo(U) and m(q) :
mo(T) — mo(U) are surjective. We need to show that the induced square of model categories

Cat(Modg) —— Cat(Modyg) (5.4.2.5)

)

Cat(Modr) — = Cat(Mody)

be a homotopy Cartesian square in CAlg

is homotopy Cartesian in the sense of Definition B.0.0.1. Let F : [1] x [1] — ModCat represent
the square (5.4.2.5) and let J ¢ [1] x [1] denote the full subcategory spanned by (0,1),(1,0) and
(1,1). We need to show that the Quillen adjunction £ Cat(Modg) == Sec®(F’|y) :R°°° is a Quillen
equivalence. As in the proof of Proposition 5.4.2.1, we shall prove that R° detects weak equivalences
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between bifibrant objects and that for every cofibrant object € € Cat(Modg) the derived unit map
C —> RRCLOC(C) is a weak equivalence.

Let us start with the second claim. By Remark B.0.0.4, we have to show that the induced square
C——CQ®rS (5.4.2.6)
CRrT ——=CRrU

is homotopy Cartesian in Cat(Modg). According to [[7], Lemma 3.1.11], we just need to verify that for
every pair z,y € Ob(C) the induced square of mapping objects

Map@(x,y) Map@(x,y) ®R S

| |

Mape (xv y) ®R T —— Map@(x7y) ®R U

is homotopy Cartesian, and that the maps C®rT — C®rU and C®rS — C®rU are an isofibration.
The first condition was indicated in the proof of Proposition 5.4.2.1 while the second one follows by
Lemma 5.4.2.4.

We now show that R detects weak equivalences between bifibrant objects. Let f: s — s" be a
map between bifibrant objects in Sec®“(F’|y) such that R©°(s) — R°°(s") is a weak equivalence in
Cat(Modg). We have to show that f itself is a weak equivalence. By definition, s is in particular a
coCartesian section, and hence the homotopy type of s(1,1) is determined by either s(0,1) or s(1,0)
via (derived) tensoring. An analogue holds for s’. Therefore, it will suffice to show that the maps fo1 :
5(0,1) — s"(0,1) and fi:s(1,0) — s’(1,0) are weak equivalences (in Cat(Modr) and Cat(Modg)
respectively). By symmetricity, we just need to verify that fj; is a weak equivalence. We first show that
foa is fully-faithful. Let z,y be two objects of s(0,1) € Cat(Modr) and let z’,y" denote their images
in s(1,1) € Cat(Mody). By assumption, the map s(1,0) — p*s(1,1) is a fibration (cf. Observation
B.0.0.3) and in particular, an isofibration; while its adjoint pis(1,0) — s(1,1) is a weak equivalence
and in particular, is essentially surjective. These facts together prove that the map s(1,0) — p*s(1,1)
is surjective on objects. Let " y"” € s(1,0) be objects which map to a’,y" € s(1,1) respectively. Since
R(s) —> R°°(s") is a weak equivalence, the map

h = h
Maps(oyl) (ZL’,y) XMaps(1,1)(mlvy/) Maps(l,o)(l‘"’ y”) - Maps’(o,l) (ZL’,y) XMapS/(l’l)(;v’,y’) Maps’(l,@) (xuvy”)

is a weak equivalence in Modpg. Following the proof of Proposition 5.4.2.1, the map Maps(ovl)(x, y) —
Mapg(o.1)(7,y) is a weak equivalence. We just verified that fo; is fully-faithful. It remains to prove
that it is essentially surjective. Let z be an object of s'(0,1) € Cat(Modr) and let 2z’ denote its
image in s'(1,1). As above, there exists an object 2z € s’(1,0) which maps to z’. We thus find an
object w := (z,2',2") of R®°(s") = s'(0,1) xZ’(l,l) s'(1,0) in Cat(Modg). Since R¢(s) — R°(s")
is essentially surjective, there exists an object w € R°°(s) whose image in R®°(s) is equivalent to w.
Now, we have a commutative square

Re0¢(5) —— s(1,0) (5.4.2.7)

|

RCOC(S/) H] 3,(1, O)
®
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in which the left vertical map takes @ € R°°(s) to w € R°°(s") (up to an equivalence) while the bottom
horizontal map takes w to z. The commutativity of this square tells us that z is equivalent to the image
under fo1 of (@) € s(1,0). We just showed that fy,:s(0,1) — s'(0,1) is essentially surjective, as
expected. ]

Finally, the example that we really care about is the following:

Proposition 5.4.2.5. Let F: CAlg™" —s ModCat be the functor F(R) = Op(Modg). Then F is a
formal moduli context.

Proof. As before, it is straightforward to verify the first condition of Definition 5.4.1.2 on F. Verifying
the second condition on F will be mainly supported by the propositions 5.4.2.1 and 5.4.2.3. Let us pick
up the settings from the proofs of those. In brief, we have to show that the square of model categories

Op(Modgr) —— Op(Modg) (5.4.2.8)

T

Op(Modz) — = Op(Mody)
is homotopy Cartesian. Again, we have to show that the adjunction
L£°¢: Op(Modg) == Sec*(F'|5) : R°

is a Quillen equivalence where ' : [1] x [1] — ModCat represents the square (5.4.2.8).

We first show that the derived unit map O — RR©°L°(0) is a weak equivalence for every cofibrant
object O € Op(Modg). By Remark B.0.0.4, this is equivalent to saying that the square

O——>08®rS (5.4.2.9)
OQrT —= 0@ U

is homotopy Cartesian in Op(Modg). Following the proof of Lemma 3.2.1.3, we need to verify that the
induced square of underlying categories

0, —=01®r S
01 rT ——0010rU
is homotopy Cartesian in Cat(Modg) and that the induced squares of spaces of operations
O(Ch =ty Cp; C) - O(Cla = Cn; C) ®r S
O(cy1, - cnyc) Qg T —— O(c1, -+, ¢n;¢) @p U

are all homotopy Cartesian in Modg. The first square is homotopy Cartesian by the proof of Proposition
5.4.2.3 while the second one is so by the proof of Proposition 5.4.2.1.

It remains to check that R°° detects weak equivalences between bifibrant objects. Recall from
Remark 2.1.5.7 that a map between operads in Modp, is a weak equivalence if and only if the induced map
between underlying categories is one in Cat(Modg) and the induced maps between spaces of operations

118



are a weak equivalence in Modpr. So the expected property of R®€ just follows by the fact that both the
functors RR° : Sec™(F'|5) — Cat(Modg) (of Proposition 5.4.2.3) and RR° : Sec™(F'|5) — Modg
(of Proposition 5.4.2.1) detect weak equivalences. O]

To end the chapter, we give an illustration concerning deformations of dg operads using the obtained
results. In particular, we are interested in the functor F : CAlg** — ModCat, R —» Op(Modpg) of the
above proposition.

Let A € Cy(k) be a finite dimensional connective dg k-module. For each n € N, the square-zero
extension k x A[n] of k by A[n] is an artinian algebra. Consider the Q-spectrum M e Sp(CAlg™™")
with M, ,, = kx A[n] and M, ,, = k when n # m. Let P be an operad in C5o(k). Then the object
M(P) € Tp Op(Cxo(k)) of Definition 5.4.1.6 is an Q-spectrum (cf. Lemma 5.4.1.7 and Remark 5.4.1.9).
Concretely, we have for each n € N that M (P),, = P x (P ® A[n]) the square-zero extension of P by
P ® A[n], where P ® A[n] is regarded as an infinitesimal P-bimodule with

(PR A[n])(c1,-+ cri¢) =P(cr, -+ ¢r5¢) ® A[n]

for every sequence (ci,--, ¢ ;c¢) of colors of P (cf. §5.1). Note that if we regard P as an object of
Op(C(k)) (instead Op(€so(k))), then under the right Quillen equivalence Tp Op(C(k)) —> IbMod(%P)
(cf. §5.1), M(P) corresponds to nothing but P ® A. Theorem 5.4.1.8 hence tells us that:

(*) mo Def (P, kx A) 2 H5 (P, P® A) and 7, (Def (P, kx A), *) 2 HL"(P,P® A) where H (P, P ® A)
refers to the Quillen cohomology group of P (considered as an object in Op(€(k))) with coefficients in
P ® A ¢ IbMod(P).

In particular, when A = k then Def(P,k x A) represents the space of deformations of P over the
algebra of dual numbers k[t]/(t*). We hence get that the homotopy type of Def(P,k[t]/(t?)) is
classified by Quillen cohomology of P with coefficients in itself P € IbMod(P).
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Appendix A

Semi model categories and their left

Bousfield localizations

We first recall briefly some basic facts involving semi model categories. For more details, we refer
the readers to [15, 16].

Definition A.0.0.1. ([16]) A semi model category is a bicomplete category M which is equipped with
three subcategories of weak equivalences W, fibrations F, and cofibrations C satisfying the following
axioms:

(SM0) The initial object of M is cofibrant.
(SM 1) The 2-out-of-3 and retract axioms hold.

(SM2) (i) Cofibrations have the left lifting property with respect to trivial fibrations; (ii) trivial cofi-
brations whose domain is cofibrant have the left lifting property with respect to fibrations.

(SM3) (i) Every map in M can be functorially factored into a cofibration followed by a trivial fibration;
(ii) every map whose domain is cofibrant can be functorially factored into a trivial cofibration followed
by a fibration.

(SM4) The fibrations are closed under pullbacks and transfinite (reverse) compositions.

Facts A.0.0.2. The following observations hold in a semi model category:

(1) The class of cofibrations (resp. trivial fibrations) is characterized by the left (resp. right) lifting
property with respect to the class of trivial fibrations (resp. cofibrations).

(2) A map with cofibrant domain is a trivial cofibration if and only if it has the left lifting property
with respect to the class of fibrations.

(3) The class of cofibrations is stable under pushouts and transfinite compositions.

(4) The class of trivial fibrations is stable under pullbacks and transfinite (reverse) compositions.

Proof. The same arguments as in the proof of [[35], Lemma 1.1.10] prove (1) and (2), while (3) and (4)
follow by (1). O
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In a semi model category M, (resp. path) cylinder objects exist for every (resp. cofibrant) object.
Homotopy relations in M are then well behaved in the sense that: if X is cofibrant and Y is bifibrant
then left and right homotopy coincide and are equivalence relations on Hom(X,Y’). Consequently, on
the full subcategory of bifibrant objects, denoted M.y, the homotopy relation is an equivalence relation
and moreover, compatible with composition. One can then prove that there is a canonical isomorphism
My, = Ho(M,s) and that the inclusion M,; — M induces an equivalence Ho(M.) — Ho(M)
between the associated homotopy categories. (cf. [16] for more details).

Definition A.0.0.3. An adjunction L : M = N : R between semi model categories is called a Quillen
adjunction if the right adjoint R preserves fibrations and trivial fibrations.

Lemma A.0.0.4. (K. Brown’s lemma) Let F : M — € be a functor where M is a semi model category
and C is a category equipped with a class of weak equivalences satisfying the 2-out-of-3 property. If F
sends trivial cofibrations between cofibrant objects to weak equivalences then F preserves weak equiv-
alences between cofibrant objects. Dually, if ¥ sends trivial fibrations between fibrant objects to weak
equivalences then F preserves the weak equivalences whose domain is bifibrant and whose codomain is
fibrant.

Proof. The claims follow by the same arguments as in the proof of the (original) K. Brown’s lemma (cf.
[35]). Here we just note that, for the second claim, one would need a help of the axiom (SM4). O

Facts A.0.0.5. Let L: M = N : R be a Quillen adjunction between semi model categories.

(1) The left Quillen functor L preserves cofibrations, but preserves only trivial cofibrations whose domain
is cofibrant. Moreover, L preserves weak equivalences between cofibrant objects.
(2) The right Quillen functor R preserves weak equivalences between fibrant objects.

(3) The Quillen adjunction L + R induces an adjunction L : Ho(M) = Ho(IN) : R between the
associated homotopy categories.

Proof. (1) The first two claims follow by Facts A.0.0.2 (1, 2). The other follows by the K. Brown’s
lemma A.0.0.4.

(2) Let f: X — Y be a weak equivalence between fibrant objects in N. By the axiom SM3(i) we
can take a commutative square in N:

X—=X
1)
Y —>Y
such that the horizontal maps are trivial fibrations and the map fis a weak equivalence between bifibrant
objects. By the “fibrant half” of the K. Brown’s lemma A.0.0.4 the map R(f) is a weak equivalence.
On other hand, by definition R sends the horizontal maps to trivial fibrations in M. The claim hence
follows by the 2-out-of-3 axiom.
(3) For this, one makes use of the two above and follows up the arguments given in the proof of [[35],

Lemma 1.3.10].
O

Lemma A.0.0.6. Let L: M = N:R be a Quillen adjunction between semi model categories. The
following conditions are equivalent.
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(1) Given any cofibrant object A € M and any fibrant object X € N, a map f : L(A) — X is a weak
equivalence if and only if its adjoint 24 : A —s R(X) is one.

(2) Given any cofibrant object A € M and any bifibrant object X € N, a map f:L(A) — X is a weak
equivalence if and only if its adjoint f2¢: A —s R(X) is one.

(8) For every cofibrant object A € M the composition

A2 R14) 2 R(x)

is a weak equivalence, where 1 is the adjunction unit and i : L(A) — X is the trivial cofibration coming
from the factorization SM 3(ii) of the terminal map L(A) — % and in addition, for every fibrant object

X € N the composition
L(R(X)®) — LR(X) — X

is a weak equivalence, where € is the adjunction counit and R(X)! is a cofibrant resolution of R(X).
(4) The induced adjunction L : Ho(M) == Ho(N) : R is an adjoint equivalence.

Proof. (1) <= (2): the direction (1) == (2) is clear. For the converse direction, let A € M be a
cofibrant object and X € N a fibrant object, and let f : L(A) — X be given. Let us factor f into a
cofibration g : L(A) — Y followed by a trivial fibration Y — X. In particular, f¢ agrees with the

ad

composite map A 2 R(Y) —s R(X) with the second map being a trivial fibration. By the 2-out-of-3
axiom, f (resp. f2) is a weak equivalence if and only if g (resp. g®) is one. Since Y is bifibrant, the
condition (2) implies that g is a weak equivalence if and only if g*? is one.

(2) <= (3) <= (4): this is done by following up the arguments of [[35], Proposition 1.3.13], along
with making use of Facts A.0.0.5. O

Definition A.0.0.7. The Quillen adjunction L : M = N : R is called a Quillen equivalence if the
equivalent conditions of Lemma A.0.0.6 are satisfied.

We now discuss on derived mapping spaces in a semi model category. As well as every relative
category, any semi model category M has an underlying oco-category, denoted by M. Let LV Me
Cat(Seta) denote the hammock localization associated to the pair (M, W) (cf. [52]). One then

defines
M., := N(LY M)?® € Catoo

the coherent nerve of any fibrant resolution of LY M. By this way, the derived mapping space
Maphg(X,Y) is given by

Mappg(X,Y) := Mapy;_ (X, Y), (A.0.0.1)
which is weakly equivalent to the simplicial set Mapywp;(X,Y).

On other hand, as well as model categories, the derived mapping spaces in M can be modeled by
homotopy function complexes. The key point is the following:

Theorem A.0.0.8. (M. Spitzweck [16]) Let R be a Reedy category. The category of R-diagrams in M
admits a semi model structure whose classes of weak equivalences and (co)fibrations are the same as
those of the classical Reedy model structure.

Let X be an object of M. We let cc(X) € M® and ¢s(X) € M2” denote the constant cosimplicial
and simplicial objects on X respectively.
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Definition A.0.0.9. A cosimplicial resolution of X is a cofibrant resolution X® — cc(X) of ce(X)
with respect to the Reedy model structure on M2, A simplicial resolution of X is a fibrant resolution
cs(X) = X, of cs(X) with respect to the Reedy model structure on M2 .

Functorial cosimplicial resolution exists for every object of M. On the other hand, functorial simpli-
cial resolutions in general exist only for cofibrant objects. In what follows, we will always assume that
simplicial resolution of a given object exists. (Otherwise, one takes simplicial resolution of its cofibrant
resolution). We have an analogue of [[35], Proposition 5.4.7].

Proposition A.0.0.10. Let X € M be a cofibrant object and Y € M a fibrant object. Then there are
homotopy equivalences of Kan complexes

7/
Pxy

Homp(X*,Y) 25 diag Homar(X*,Ya) <= Hompr(X,Ya) (A.0.0.2)

Proof. We repeat the Hovey’s arguments given in [[35], Section 5.4]. Using the same arguments as in
the proof of Proposition 5.4.1 (loc.cit), we obtain that:

(la) The functor X*®* ® (-) : Seta —> M preserves cofibrations and trivial cofibrations. For this
claim, one would need to use Facts A.0.0.2(3) saying that cofibrations in M are closed under pushouts
and transfinite compositions.

(2a) The functor V) Seta —> M preserves cofibrations and trivial cofibrations as well. For
this, one would need to use the axiom (SM4) saying that fibrations in M are closed under pullbacks
and transfinite (reverse) compositions.

Note that there are canonical adjunctions X*® ® (-) 4 Homp(X*®, -) and v 4 Hompnp(-,Ys). We
then argue as follows.

(Ib) The functor Homp(X®,—) : M — Seta preserves trivial fibrations by (la) and by Facts
A.0.0.2(1). It also preserves fibrations. Indeed, to see this one would need to make use of the axiom
SM 2(ii), along with the facts that the left adjoint X*® (-) preserves trivial cofibrations and that X*® K
is cofibrant for every K € Seta.

(2b) The functor Homp(—,Ys) : M — Seta preserves trivial fibrations by (1b) and by Facts
A.0.0.2(1). It preserves fibrations as well, by similar arguments as above.

Consequently, Hompg(X*®,Y) and Homp(X,Y,) are indeed Kan complexes. In order to see that
diag Hompg (X®,Y,) is as well a Kan complex, one follows up the arguments as in the proof of [[46],
Theorem 16.5.18].

To prove the maps ¢xy and ¢’ ) are weak equivalences, the arguments as in the proof of [[35],
Proposition 5.4.7] can be repeated. Technically, one would need to use the following observations:

(1c) By (1b) and by Facts A.0.0.5(2), the functor Hompg (X ®, —) preserves weak equivalences between
fibrant objects. So each bisimplicial structure map of Hompg(X*®,Y,) of the form

Homp (X°®, V%) — Hompm (X*,Y;)

is a weak equivalence.

(2c) By (2b) the functor Hompg (-, Ys) : M — Setl’ sends trivial cofibrations to weak equivalences,
and hence it preserves weak equivalences between cofibrant objects, according to the K. Brown’s lemma
A.0.0.4. So each bisimplicial structure map of Homp(X*®,Ys) of the form

Hompg (X%, Y,) — Hompg (X", Y,)
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is a weak equivalence as well. O

A consequence of Proposition A.0.0.10 is that all the function complexes appearing in (A.0.0.2) are
invariant with respect to cofibrant objects of M in the left variable and fibrant objects of M in the right
variable. In conclusion, for any X,Y € M the derived mapping space Map}I{/I(X ,Y) can be modeled by
any of these homotopy function complexes (after taking suitable resolutions of X and Y'). As in [[52],
Proposition 4.4], it can be proved that these models and the model (A.0.0.1) are all equivalent.

Proposition A.0.0.11. Let L: M = N: R be a Quillen adjunction between semi model categories.
Given a cofibrant object X € M and a fibrant object A € N, then there is a natural homotopy equivalence
between derived mapping spaces

Mapy(L X, A) ~ Maph,(X, R A).

Proof. Let X*® be a cosimplicial resolution of X. According to [[46], Proposition 16.2.1], LX*® is a
cosimplicial resolution of L X. By adjunction we get a natural isomorphism

Homn (L X*®, A) 2 Hompm (X*, R A)

in which the left and right hand sides are respectively models for MaplliI(L X,A) and Map}ﬁ,[(X ,RA),
as indicated above. O

In the remainder, we discuss on left Bousfield localizations of semi model categories, according to
the recent work of M. Batanin and D. White [17]. The Hirschhorn’s [46] and Barwick’s [15] are good
references for left Bousfield localizations of model categories.

Definition A.0.0.12. ([17]) A semi model category M is said to be cofibrantly generated if there exists
a set of generating cofibrations I and a set of gemerating trivial cofibrations J such that the domains
of I are small relative to I-cell and the domains of J are small relative to the maps in J-cell whose
domain is cofibrant and in addition, the class of fibrations (resp. trivial fibrations) is characterized by
the right lifting property with respect to the maps in J (resp. I).

Definition A.0.0.13. ([17]) A semi model category M is said to be combinatorial if it is cofibrantly
generated and such that its underlying category is locally presentable.

Let M be a semi model category and let C be a set of maps of M. An object X € M is said to be
C-local if for every map f:Y — Z in C, the induced map between derived mapping spaces
J*+ Mapyy(Z, X) — Mapy (Y, X)
is a homotopy equivalence. A given map f:Y — Z in M is called a C-local equivalence if the map

f* is a homotopy equivalence for every C-local object X.

Theorem A.0.0.14. (M. Batanin and D. White [17]) Suppose that M is a combinatorial semi model
category such that the domains of generating cofibrations are cofibrant. Then the left Bousfield localiza-
tion Lc M exists as a cofibrantly generated semi model category whose

- weak equivalences are the C-local equivalences,
- (generating) cofibrations are the same as those of M, and whose

- fibrations are characterized by the right lifting property with respect to a certain set Jc of C-local
equivalences.

Moreover, fibrant objects of Lc M are precisely the fibrant C-local objects of M.
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Proposition A.0.0.15. Suppose that M is a combinatorial semi model category such that the domains
of generating cofibrations are cofibrant, and let C be a set of maps of M. Let L.: M == N: R be a
Quillen adjunction between semi model categories such that the functor R takes fibrant objects of N to
C-local objects. Then the adjunction L 4 R descends to a Quillen adjunction between Lo M and N.

Proof. Assuming that R takes fibrant objects of N to C-local objects in M is equivalent to saying that

the left adjoint L takes C-local equivalences to weak equivalences in N. Hence, the claim follows just
by [[17], Theorem 4.3]. O
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Appendix B

Homotopy Cartesian squares of model

categories

This section is devoted to the work of §5.4. We denote by ModCat the category whose objects are model
categories and whose morphisms are Quillen adjunctions with the sources and targets being those of
the left Quillen functors. Let J be a small category and let ¥ : J — ModCat be a diagram of model
categories. By convention, for each map «: ¢ — j in J, we will write oy : F(i) == F(j) : «* standing for
the image of o through F.

By a section of F we shall mean a section of the natural projection fj F — J from the Grothendieck
construction of F to J. More explicitly, a section of F consists of a choice of an object s(i) € F(i) for
each 7 € J and a morphism f, : ays(i) — s(j) for each map « : ¢ — j in J which are subject to a natural
compatibility constraint for every composable pair of morphisms in J. We will denote by Sec(F) the
category of sections of F and morphisms between them.

When F(i) is combinatorial for every i one can endow the category Sec(F) with either the projective
or the injective model structure, according to [15] (see also [10] and [61]). Here we will be interested in
the injective model structure, denoted by Sec(F)™ in which a map s — s’ is a cofibration (resp. weak
equivalence) if and only if s(i) — s'(4) is a cofibration (resp. weak equivalence) for every i. Recall
that a section s:J — fj J is said to be coCartesian if the composed map

Far an(s())°) — an(s(i)) 2> s(5)

)e°f —s 5(i) is a cofibrant replacement of s(i) in

is a weak equivalence for every a : i — j in J, where s(i
F(i). Moreover, this model category Sec(F)™ is combinatorial as well. When all the model categories
F(i)’s are furthermore left proper then Sec(F)™ is left proper and one can then left Bousfield localize
Sec(F)™ so that the new fibrant objects are the injective fibrant coCartesian sections. In this case,
we will denote the localized model category by Sec(F)°°. If the F(i)’s are combinatorial but not left

as a semi model category. In any case, Sec(F)°

coc
oo

proper, we may still define the localization Sec(F)°°

has the right type in the sense that its underlying co-category Sec(F)%¢ is a model for the limit of the
diagram J 3 i » F(i)s € Cateo, in which for each map a : i — j the functor F(i)eo — F(J)oo is given

by (a1)eo (cf. [61], Corollary 3.45 ).
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Now let [1]x[1] be the square category and let F : [1]x[1] — ModCat be a diagram of combinatorial
model categories. Let J € [1] x [1] be the full subcategory spanned by the objects (0,1),(1,0),(1,1).
Since (0,0) is the initial object of J, we have for each i € J a unique map «; : (0,0) — 7. We then
obtain a natural functor £ : F(0,0) — Sec(F|y) which sends an object X € F(0,0) to the section
L(X)(7) = (a;) X € F(i). The functor £ admits a right adjoint R : Sec(F|5) — F(0,0) which sends a
section s:J— [; F to the pullback

R(s) := l_ir§1 a’s(i) € F(0,0).
Since £ clearly sends (trivial) cofibrations to injective (trivial) cofibrations, we see that the adjunction
L:F(0,0) = Sec(F]7)™ : R is a Quillen adjunction.

Definition B.0.0.1. Let F: [1] x[1] — ModCat be a diagram of combinatorial model categories. We
will say that F is homotopy Cartesian if the composed left Quillen functor

£ 57(0,0) —> Sec(Fy)™ —> Sec(Ty)™

is a left Quillen equivalence, in which the functor Sec(F|;)™ — Sec(F|5)®° is the identity functor,
which is a left Quillen functor by construction.

Remark B.0.0.2. Let F: [1]x[1] — ModCat be a diagram of combinatorial model categories depicted
as the square of left Quillen functors:

F(0,0) —= F(0,1)

F(1,0) —= F(1,1)

If F is homotopy Cartesian in the sense of Definition B.0.0.1 then the corresponding square of underlying
oo-categories

F(0,0)e0 —= F(0,1) o0

| l

F(1,0)00 —=F(1,1) 0
is homotopy Cartesian as well. This follows by the fact that the model category Sec(F|5)®°¢ has the

right type, as mentioned above.

Observation B.0.0.3. Let §:J — ModCat be a diagram of combinatorial model categories with J ¢
[1]x[1] being the category mentioned above. Let s € Sec(G) be a section of §. If s is injective fibrant, i.e.,
fibrant as an object of Sec(§)™ then the structure maps s(0,1) — 8*s(1,1) and s(1,0) — v*s(1,1)
are fibrations, in which 5 and 7 are the arrows 5 : (0,1) — (1,1) and v: (1,0) — (1,1).

Proof. By symmetricity we just need to show that the map s(0,1) — *s(1,1) is a fibration in G(0,1).
Suppose we are given a commutative square in G(0, 1) of the form

A——>5(0,1)

.

B—— *s(1,1)
with A — B being a trivial cofibration. Take two sections s” and s” with s(0,1) = A, s'(1,1) = A1 A and
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s’(1,0) = @, while s”(0,1) = B, s’(1,1) = ;B and s”(1,0) =&. The map A - B hence builds up to a
map of sections s’ — s”/. By construction the latter is an injective trivial cofibration. On other hand,
there is a canonical map of sections s’ — s consisting of s'(0,1) = A — s(0,1), s'(1,1) = A —
£1s(0,1) — s(1,1) and §'(1,0) = @ — s(1,0). Now, since s is injective fibrant there exists a map
s" — s lifting the map s" — s. In particular, we get a map B = s"(0,1) — s(0,1), which is indeed
a lift of the above square. O

Remark B.0.0.4. Let F: [1] x [1] — ModCat be a diagram of combinatorial model categories and
assume in addition that for every morphism « in [1]x[1] the right adjoint o* preserves weak equivalences.
Let R : Sec(F|7)°¢ — F(0,0) be the right adjoint of £°¢. Since £ : F(0,0) — Sec(F|y)™ sends
cofibrant objects to coCartesian sections, it follows that for a given cofibrant object X € F(0,0), the
derived unit map X — RR“LLC(X) is a weak equivalence if and only if the derived unit map X —
RRLL(X) is a weak equivalence. Now, for a section s:J — [, F, the value of the right derived functor
RR(s) can be identified to the homotopy fiber product holim;es o} s(7), as a consequence of Observation
B.0.0.3. In conclusion, if X € F(0,0) is cofibrant then the derived unit map X — RR“LLC(X) is a
weak equivalence if and only if the square

X

o1y (@@ X

|

azl,O)(a(lvO))!X > az1,1)(a(171))!X

is homotopy Cartesian in F(0,0).
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