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❆♣rès ❞❡s s❡♠❛✐♥❡s ❞❡ ♣r♦❝r❛st✐♥❛t✐♦♥✱ ❥✬❛✐ ❡♥✜♥ ❞é❝✐❞é ❞❡ ♠❡ ❧❛♥❝❡r ❞❛♥s ❝❡t ❡①❡r❝✐❝❡✳
❈♦♠♠❡ ✐❧ ❡st ✐♠♣♦ss✐❜❧❡ ❞✬êtr❡ ❡①❤❛✉st✐❢✱ ❥✬❡ss❛✐❡r❛✐ ❞✬êtr❡ ❛ss❡③ ❜r❡❢ ❡t ❡✣❝❛❝❡✳

❈♦♠♠❡♥t ♥❡ ♣❛s ❝♦♠♠❡♥❝❡r ♣❛r ❇♦r✐s ✧❚❤❡ ❇♦ss✧ ❆♥❞r❡✐❛♥♦✈ ❄ ❙✐ ❥✬② ré✢é❝❤✐s ❜✐❡♥✱ t♦✉t
s✬❡st t♦✉❥♦✉rs ❜✐❡♥ ❣♦✉♣✐❧❧é ❛✈❡❝ ❇♦r✐s✱ ❡t ❝❡✱ ❞❡♣✉✐s ❧❡ ❞é❜✉t ✿
✧❆❜r❛❤❛♠✱ ç❛ t✬✐♥tér❡ss❡r❛✐t ❞❡ ❢❛✐r❡ ✉♥❡ t❤ès❡ ❄
✲ ❍❡✐♥ ❄ ❯♥❡ t❤ès❡ ❄ ❙✉r q✉♦✐ ❄
✲ ▲❛ s✉✐t❡ ❞❡ t♦♥ ♠é♠♦✐r❡ ❞❡ ▼❛st❡r✳
✲ ❖❦✳
✲ ❖❦✳✧

➬❛ ♥❡ s✬❡st ♣❡✉t✲êtr❡ ♣❛s ❡①❛❝t❡♠❡♥t ♣❛ssé ❝♦♠♠❡ ç❛✱ ♠❛✐s ❝✬❡st ❧❡ s❡♥t✐♠❡♥t q✉❡ ❥✬❡♥ ❣❛r❞❡✳
❏❡ t✐❡♥s à ❡①♣r✐♠❡r ♠❡s s✐♥❝èr❡s r❡♠❡r❝✐❡♠❡♥ts à ❇♦r✐s ♣♦✉r ❧❛ ❝♦♥✜❛♥❝❡ q✉✬✐❧ ♠✬❛ té♠♦✐❣♥é❡
❡♥ ❛❝❝❡♣t❛♥t ❞❡ ❞✐r✐❣❡r ♠♦♥ ❞♦❝t♦r❛t✳ ▼❛❧❣ré ❧❡s ✭♥♦♠❜r❡✉s❡s✮ ❝♦♥tr❛✐♥t❡s✱ ✐❧ ❛ t♦✉❥♦✉rs été
❞✐s♣♦♥✐❜❧❡ ❡t ❜✐❡♥✈❡✐❧❧❛♥t✳ ❏❡ ♣❡♥s❡ ❡♥s✉✐t❡ à ❱✐♥❝❡♥t P❡rr♦❧❧❛③ q✉✐ ❛ r❡❥♦✐♥t ❧❡ ♣r♦❥❡t ❡♥ ❝♦✉rs
❞❡ r♦✉t❡✳ ❏❡ ♥❡ s❛✐s ♣❛s s✐ ✐❧ ❡♥ ❛ ❝♦♥s❝✐❡♥❝❡✱ ♠❛✐s ❡♥ ♣❧✉s ❞❡ ♠✬❛✈♦✐r ❧❛♥❝é s✉r ❧✬■♥✈❡rs❡ ❉❡s✐❣♥
❡t ❧❡s éq✉❛t✐♦♥s ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✱ ✐❧ ♠✬❛ q✉❛s✐♠❡♥t ❛♣♣r✐s t♦✉t ❧❡ P②t❤♦♥ q✉❡ ❥❡ ❝♦♥♥❛✐s
❛✉❥♦✉r❞✬❤✉✐✳ ▼❡r❝✐ à ❡✉① ♣♦✉r ❧✬❡✛♦rt ❝♦❧♦ss❛❧ q✉✬✐❧s ♦♥t ❢♦✉r♥✐✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ♣❡♥❞❛♥t ❝❡s
❞❡r♥✐❡rs ♠♦✐s✳

❏❡ r❡♠❡r❝✐❡ ❝❤❛❧❡✉r❡✉s❡♠❡♥t ♠❡s r❛♣♣♦rt❡✉rs P❛♦❧❛ ●♦❛t✐♥✱ ❈②r✐❧ ■♠❜❡rt ❡t ◆✐❧s ❍❡♥r✐❦ ❘✐✲
s❡❜r♦ ♣♦✉r ❧❡ t❡♠♣s q✉✬✐❧s ♦♥t ♣❛ssé à ❧❛ r❡❧❡❝t✉r❡ ❞❡ ❝❡tt❡ t❤ès❡ ❡t à ❧✬é❝r✐t✉r❡ ❞❡ ❧❡✉r r❛♣♣♦rt
❡♥ ✉♥ s✐ ❝♦✉rt ❞é❧❛✐✳ ❏❡ ♥✬✐♠❛❣✐♥❡ ♣❛s ❧✬❡✛♦rt ❞❡♠❛♥❞é✳ ❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à r❡♠❡r❝✐❡r ●✉②
❇❛r❧❡s✱ ❈❤r✐st♦♣❤❡ ❈❤❛❧♦♥s ❡t ❙✐♠♦♥❡ ●♦❡tt❧✐❝❤ ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té ❞❡ ❝♦♠♣❧ét❡r ❧❡ ❥✉r②✳

❊♥ ♣❛r❧❛♥t ❞❡ ●✉②✱ ❥✬❛✐♠❡r❛✐s ❧✉✐ rés❡r✈❡r q✉❡❧q✉❡s ♠♦ts✳ ◆♦✉s ♥✬❛✈♦♥s ♣❛s t♦✉❥♦✉rs ✈✉ ❧❡s
❝❤♦s❡s ❞✉ ♠ê♠❡ ÷✐❧ ✭❧✉✐✱ ❧✬❡①♣ér✐♠❡♥té ▼❛rs❡✐❧❧❛✐s✱ ♠♦✐✱ ❧❡ ❢♦✉❣✉❡✉① ❈✐t②③❡♥✮ ♠❛✐s ❥✬❛✐ t♦✉✲
❥♦✉rs ♣r✐s ✉♥ ❣r❛♥❞ ♣❧❛✐s✐r à ❞✐s❝✉t❡r ❛✈❡❝ ❧✉✐✱ q✉❡ ❝❡ s♦✐t ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤ès❡✱ ❞✉ ❝♦✉rs ❞❡
▼♦❞é❧✐s❛t✐♦♥ ✭tr♦✐s ❛♥s ❡♥s❡♠❜❧❡ q✉❛♥❞ ♠ê♠❡✳✳✳✮ ♦✉ ♣♦✉r r❡❜♦♥❞✐r s✉r s❡s ❞❡❜r✐❡❢s t♦✉❥♦✉rs
♣ré❝✐s ❡t ♣♦✐♥t✉s ❛♣rès ❧❡s ✇❡❡❦✲❡♥❞s ❞❡ s♣♦rt✳
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❏✬❡s♣èr❡ q✉✬✐❧ ♥❡ s✬❡♥♥✉✐❡r❛ ♣❛s tr♦♣ ❞❛♥s s❛ r❡tr❛✐t❡✳

❏❡ ♣❡♥s❡ é❣❛❧❡♠❡♥t à ❧✬❖❧②♠♣✐q✉❡ ■❉P ❋❈ ✭t✐tr❡ ♥♦♥✲♦✣❝✐❡❧✮ ❡t ❛✉① ❥♦✉t❡s ❡♥❞✐❛❜❧é❡s ❞✉
❥❡✉❞✐ ❛♣rès✲♠✐❞✐✳ ❇r❛✈♦ ❧❡s ❛rt✐st❡s ✿ ❋❧♦r❡♥t✱ ❏❡❛♥✱ ❏éré♠✐❡✱ ❑✐❧✐❛♥✱ ▲❛✉r❡♥t✱ ▲❡❝♦✉✈✐♥❤♦✱
▼❛♥✉✱ ▼❛r❝✱ ▼❛r✐♦♥✱ ❖❧✐✈✐❡r✱ ❘♦♠❛✐♥ ❨✳✱ ❙❛♠✉❡❧ ❇✳✱ ❙t❡♥✱ ❚❤♦♠❛s ●✳ ❡t ❱✐♥❝❡♥t ❇✳ ❏✬❡s✲
♣èr❡ r❡❥♦✉❡r ❛✈❡❝ ✈♦✉s très ♣r♦❝❤❛✐♥❡♠❡♥t✳

❏❡ s❛❧✉❡ t♦✉s ♠❡s ❝♦❧❧è❣✉❡s✱ ♠❛✐s ♥é❛♥♠♦✐♥s ❛♠✐s✱ ❞♦❝t♦r❛♥ts✴❞♦❝t❡✉rs ❞❡ ❧✬■♥st✐t✉t ❉❡♥✐s
P♦✐ss♦♥✳ ❚♦✉t ❞✬❛❜♦r❞ ❝❡✉① ❛✈❡❝ q✉✐ ❥✬❛✐ ♣❛rt❛❣é ✉♥ ❜✉r❡❛✉ ✿ ❆❜❞♦❧❤❛❦✐♠✱ ❆♠é❧✐❡✱ ❋❧♦r❡s✲
t❛♥ ✭❞❡✉① ❜✉r❡❛✉① ♠ê♠❡✮✱ ❋ré❞ér✐❝✱ ●❛❜r✐❡❧✱ ❍❛ ❡t ❏❡❛♥✲❉❛✈✐❞✳ ▼❡r❝✐ ❡♥ ♣❛rt✐❝✉❧✐❡r à ❆✳ ❙✳
♣♦✉r ❧❡s ❧❡ç♦♥s ❞✬❛r❛❜❡ ❡t à ❋❧♦ ❡t ❏✳✲❉✳ ♣♦✉r ❧❡s ❧❡ç♦♥s ❞❡ ♣✐❛♥♦✳ ▼❡r❝✐ é❣❛❧❡♠❡♥t à ❆❞r✐❡♥✱
❆②♠❛♥❡✱ ❈❛♠✱ ❘✐♠❛✱ ◆✐♥♦♥✱ ❙❛❧❛♠✱ ❚❤♦♠❛s ◆✳✱ ❚❤♦♠❛s ❘✳ ❡t ❱✐✈✐❡♥✳
❏❡ ♣❡♥s❡ ♠❛✐♥t❡♥❛♥t ❛✉① P❤②s✐❝♦s ❞✉ ❈❧✉❜ ❆♠❛♥❞❡ ❡t à ❧❡✉r s❡❝rét❛✐r❡✴♠❡♠❜r❡ ❤♦♥♦r❛✐r❡ ✿
●✉✐❧❧❛✉♠❡✱ ❘♦♠❛✐♥✱ ❚❤♦♠❛s✱ ❨é❣♦r ❡t ▲❛❡t✐t✐❛✳ ▼❡r❝✐ ♣♦✉r ❧❡ ❝❧✉❜✱ ♣♦✉r ❧❡ ❢♦♦t✱ ♣♦✉r ❧❡s
r❤❧❛ss✐q✉❡s ✭♣❛s ❝❧❛✐r s✉r ❧✬♦rt❤♦❣r❛♣❤❡✮ ❡t ♣♦✉r ❧❡s ✜❧♠s ♥✉❧s✳ ●♦♦❞ st✉✛✳
❏❡ t✐❡♥s ❛✉ss✐ à ❛❞r❡ss❡r ✉♥ ♠♦t à ❆♥♦✉❝❤❦❛ ❡t ➱❧♦❞✐❡✳ ▼❡r❝✐ à ✈♦✉s ❞❡✉① ❞❡ ♥❡ ❥❛♠❛✐s
♠✬❛✈♦✐r ✈✐ré ❞❡ ✈♦tr❡ ❜✉r❡❛✉✱ ♠ê♠❡ s✐✱ à q✉❡❧q✉❡s ♦❝❝❛s✐♦♥s✱ ✐❧ ❛✉r❛✐t ❢❛❧❧✉✳

P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ❥❡ s✉✐s r❡❝♦♥♥❛✐ss❛♥t à ❧✬❯♥✐✈❡rs✐té ❞❡ ❚♦✉rs ❡t à ❧✬■❉P ❞❡ ♠✬❛✈♦✐r ❛❝❝✉❡✐❧❧✐
❡t ♠✐s ❞❛♥s ❧❡s ♠❡✐❧❧❡✉rs ❝♦♥❞✐t✐♦♥s ❞❡♣✉✐s ✷✵✶✹✳ ❏❡ ❣❛r❞❡r❛✐ ❞❡s s♦✉✈❡♥✐rs ❡t ❞❡s ❛♠✐s ❞✉
t❡♠♣s ♣❛ssé ✐❝✐✳

❊♥✜♥✱ ❥✬❛❞r❡ss❡ ✉♥❡ ♣❡♥sé❡ à ♠❛ ♠❛♠❛♥✱ à ♠♦♥ ❢rèr❡ ❡t à ♠❛ s÷✉r✱ q✉❡ ❥❡ r❡♠❡r❝✐❡ ♣♦✉r
❧❡✉r s♦✉t✐❡♥ ❝♦♥st❛♥t ❡t ♣♦✉r q✉✐ ❧❡s ❞❡r♥✐❡rs ♠♦✐s ♥✬♦♥t ♣❛s été ❢❛❝✐❧❡s✳



❘➱❙❯▼➱

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♦♥ tr❛✐t❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❤étér♦❣é♥é✐té ❞❛♥s ❧❡s ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥
s❝❛❧❛✐r❡s✱ ❝✬❡st✲à✲❞✐r❡ ❧❡s ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ♥♦♥ ✐♥✈❛r✐❛♥t❡s ♣❛r tr❛♥s❧❛t✐♦♥ ❡♥ ❡s♣❛❝❡✳ ❈❡s
éq✉❛t✐♦♥s ❛♣♣❛r❛✐ss❡♥t ♥♦t❛♠♠❡♥t ❞❛♥s ❧❡s ♠♦❞è❧❡s ❞❡ tr❛✜❝✳ P❛r ❡①❡♠♣❧❡✱ ❧❡s ♠é❝❛♥✐s♠❡s
s✉✐✈❛♥ts ✐♥tr♦❞✉✐s❡♥t ❞❡ ❧✬❤étér♦❣é♥é✐té ✿ ❧❛ ♣rés❡♥❝❡ ❞❡ ❢❡✉① ❞❡ ❝✐r❝✉❧❛t✐♦♥✱ ❞❡s ♣♦rt✐♦♥s ❞❡
r♦✉t❡ ♦ù ❧❛ ✈✐t❡ss❡ ♠❛①✐♠❛❧❡ ❡st ❧✐♠✐té❡✱ ❧❛ ✈❛r✐❛❜✐❧✐té ❞❡ ❧✬ét❛t ❞❡ ❧❛ r♦✉t❡✱ ❡t❝✳✳✳ ▲❛ ♣r✐s❡ ❡♥
❝♦♠♣t❡ ❞❡ ❧✬❤étér♦❣é♥é✐té ♣❡r♠❡t ❞✬❡♥r✐❝❤✐r ❧❡s ♠♦❞è❧❡s ❞❡ tr❛✜❝✳ ❖♥ ❛❜♦r❞❡ tr♦✐s ❝❧❛ss❡s ❞❡
♣r♦❜❧è♠❡s ✐♥❤♦♠♦❣è♥❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ♦♥ ❝♦♠♣❧èt❡ ❡t ❛♣♣r♦❢♦♥❞✐t ❧❡ ❝❛❞r❡ ♠❛t❤é♠❛t✐q✉❡
♣♦✉r ❧✬❛♥❛❧②s❡ t❤é♦r✐q✉❡ ❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡✳
◆♦✉s ❡①♣❧♦r♦♥s ❡♥ ❞ét❛✐❧ ❧❡ ❝❛❞r❡ ♦ù ❧✬❤étér♦❣é♥é✐té ❡st ♠❛tér✐❛❧✐sé❡ ♣❛r ❧✬❛❥♦✉t ❞✬✉♥❡ ♦✉
♣❧✉s✐❡✉rs ✐♥t❡r❢❛❝❡s ♠♦❜✐❧❡s✳ ▲❡ ❧♦♥❣ ❞❡s ✐♥t❡r❢❛❝❡s✱ ♦♥ ✐♠♣♦s❡ ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞❡ ♠❛❥♦r❛t✐♦♥ s✉r
❧❡ ✢✉① ❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥✳ ❈❡tt❡ ❝❧❛ss❡ ❞❡ ♠♦❞è❧❡s ♣❡r♠❡t ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡ ❧❛ ♣rés❡♥❝❡
❞✬✉♥ ♣❡t✐t ♥♦♠❜r❡ ❞❡ ✈é❤✐❝✉❧❡s ❡♥❝♦♠❜r❛♥ts ❡t ❧❡♥ts ✭♦✉ ❛❧♦rs✱ ❞❡ ✈é❤✐❝✉❧❡s ❛✉t♦♥♦♠❡s q✉✐ ♦♥t
♣♦✉r rô❧❡ ❧❛ ré❣✉❧❛t✐♦♥ ❞✉ tr❛✜❝✮✳ ❉❛♥s ❝❡ ❝❛❞r❡✱ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ✐♥t❡r❢❛❝❡s ❡t ❞❡s ❝♦♥tr❛✐♥t❡s
❡st ❝♦✉♣❧é❡ ❞❡ ❢❛ç♦♥ ♥♦♥ ❧♦❝❛❧❡ à ❧✬ét❛t ❞✉ tr❛✜❝ ❡t✴♦✉ à ❞❡s ♣❛r❛♠ètr❡s s♣é❝✐✜❛♥t ❧✬ét❛t
❞✉ ✈é❤✐❝✉❧❡ ♦✉ ❞✉ ❝♦♥❞✉❝t❡✉r✳ ❊♥ ♦✉tr❡✱ ♥♦✉s é❧❛❜♦r♦♥s ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧✬❤étér♦❣é♥é✐té
❞✉ tr❛✜❝ rés✉❧t❛♥t ❞❡s ✈❛r✐❛t✐♦♥s ❞✉ ❞❡❣ré ❞✬♦r❣❛♥✐s❛t✐♦♥ ❞❡s ❝♦♥❞✉❝t❡✉rs✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s
♠♦❞è❧❡s ❞✐ts ✧❞✉ s❡❝♦♥❞ ♦r❞r❡✧✳ ▲✬❛s♣❡❝t ♥✉♠ér✐q✉❡ ❡st ♣ré♣♦♥❞ér❛♥t ♣♦✉r ❧❡s ♠♦❞è❧❡s ❞❡
tr❛✜❝ q✉❡ ♥♦✉s ét✉❞✐♦♥s✳ ❖♥ ❝♦♥str✉✐t ❞❡s s❝❤é♠❛s ♥✉♠ér✐q✉❡s r♦❜✉st❡s ❡t ♦♥ é❧❛❜♦r❡ ❞❡s
t❡❝❤♥✐q✉❡s ❞❡ ❝♦♠♣❛❝✐té s♣é❝✐✜q✉❡s✳ ▲❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❝❡s s❝❤é♠❛s ❝♦♥❞✉✐t à ❞❡s rés✉❧t❛ts
❞✬❡①✐st❡♥❝❡✳
❊♥✜♥✱ ❡♥ ❧✐❡♥ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞é❝r✐✈❛♥t ❧✬é✈♦❧✉t✐♦♥ ❞✬✉♥❡ ❞❡♥s✐té ❞❡ ✈é❤✐❝✉❧❡s s✉r ✉♥❡ r♦✉t❡
❤étér♦❣è♥❡✱ ♦♥ ét✉❞✐❡ t❤é♦r✐q✉❡♠❡♥t ✉♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❛ ❞é♣❡♥❞❛♥❝❡
s♣❛t✐❛❧❡ ❞✉ ✢✉① ❡st ❡①♣❧✐❝✐t❡✳ ❉❡s rés✉❧t❛ts ❝❧❛ss✐q✉❡s s✉r ❧❡ ❝❛r❛❝tèr❡ ❜✐❡♥ ♣♦sé ♦✉ ❧❛ ❝♦rr❡s✲
♣♦♥❞❛♥❝❡ ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❛ss♦❝✐é❡ s♦♥t ♦❜t❡♥✉s s♦✉s ❞❡s ❤②♣♦t❤ès❡s ♣❧✉s
❡♥ ❛❞éq✉❛t✐♦♥ ❛✈❡❝ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ q✉❡ ❝❡❧❧❡s r❡♥❝♦♥tré❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s
❛❧❧❛♥t ❛✉✲❞❡❧à ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞✉ tr❛✜❝✱ ♦♥ s❡ ❞♦♥♥❡ ♣♦✉r ♦❜❥❡❝t✐❢ ❧✬❛♥❛❧②s❡ ❛♣♣r♦❢♦♥❞✐❡ ❞❡s
♣r♦❜❧è♠❡s ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s✳

▼♦ts ❝❧és ✿ ▲♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❤étér♦❣è♥❡s ❀ ▼♦❞è❧❡s ❞❡ tr❛✜❝ ❀ ■♥t❡r❢❛❝❡s ♠♦✲
❜✐❧❡s ❀ ❙❝❤é♠❛ ✈♦❧✉♠❡s ✜♥✐s ❀ ■♥✈❡rs❡ ❞❡s✐❣♥
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❆❇❙❚❘❆❈❚

❚❤✐s t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ t❤❡ tr❡❛t♠❡♥t ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❲❡
❝❛❧❧ ❤❡t❡r♦❣❡♥❡♦✉s ❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✇❤✐❝❤ ✐s ♥♦t ✐♥✈❛r✐❛♥t ❜② s♣❛❝❡ tr❛♥s❧❛t✐♦♥✳ ❚❤❡s❡
❡q✉❛t✐♦♥s ❛r✐s❡ ❢♦r ✐♥st❛♥❝❡ ✐♥ tr❛✣❝ ✢♦✇ ❞②♥❛♠✐❝s ♠♦❞❡❧✐♥❣✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ tr❛✣❝ ❧✐❣❤ts
♦r r♦❛❞s t❤❛t ❤❛✈❡ ❛ ✈❛r✐❛❜❧❡ ♠❛①✐♠✉♠ s♣❡❡❞ ❧✐♠✐t ❛r❡ ❡①❛♠♣❧❡s ♦❢ ♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ ❧❡❛❞
t♦ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❈♦♥s✐❞❡r✐♥❣ s✉❝❤ ❡q✉❛t✐♦♥s ✐s ❛ ✇❛② t♦ ❡①♣❛♥❞ ♠❛❝r♦✲
s❝♦♣✐❝ tr❛✣❝ ✢♦✇ ♠♦❞❡❧s✳ ❲❡ t❛❝❦❧❡ t❤r❡❡ ❝❧❛ss❡s ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠s ❢♦r ✇❤✐❝❤
✇❡ ❡①t❡♥❞ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❜♦t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧
❛♣♣r♦①✐♠❛t✐♦♥✳
❲❡ ❢✉❧❧② ✐♥✈❡st✐❣❛t❡ t❤❡ tr❡❛t♠❡♥t ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ✇❤❡♥ ♦♥❡ ♦r s❡✈❡r❛❧ ♠♦✈✐♥❣ ✐♥t❡r❢❛❝❡s
❛r❡ ❛❞❞❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝ ▲❲❘ ♠♦❞❡❧ ❢♦r tr❛✣❝ ✢♦✇✳ ❋❧✉① ❝♦♥str❛✐♥ts ❛r❡ ❛tt❛❝❤❡❞ t♦ ❡❛❝❤
✐♥t❡r❢❛❝❡s✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝❧❛ss ♦❢ ♠♦❞❡❧s ❝❛♥ ❜❡ ✉s❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r❡s❡♥❝❡ ♦❢
s❧♦✇ ♠♦✈✐♥❣ ✈❡❤✐❝❧❡s t❤❛t r❡❞✉❝❡ t❤❡ r♦❛❞ ❝❛♣❛❝✐t② ❛♥❞ t❤✉s ❣❡♥❡r❛t❡s ♠♦✈✐♥❣ ❜♦tt❧❡♥❡❝❦s
❢♦r t❤❡ s✉rr♦✉♥❞✐♥❣ tr❛✣❝ ✢♦✇✳ ❚❤❡② ❝❛♥ ❛❧s♦ ❞❡s❝r✐❜❡ t❤❡ r❡❣✉❧❛t✐♥❣ ❡✛❡❝t ♦❢ ❛✉t♦♥♦♠♦✉s
✈❡❤✐❝❧❡s✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡ ✐♥t❡r❢❛❝❡s ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ ❧✐♥❦❡❞ ✐♥ ❛ ♥♦♥❧♦❝❛❧ ✇❛②
t♦ t❤❡ tr❛✣❝ ❞❡♥s✐t② ❛♥❞✴♦r t♦ ❛♥ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r ❞❡s❝r✐❜✐♥❣ t❤❡ st❛t❡ ♦❢ t❤❡ ❞r✐✈❡rs✳
❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ❝❛✉s❡❞ ❜② t❤❡ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ❞r✐✈❡rs✬ ♦r❣❛♥✐③❛t✐♦♥
❧❡❛❞s t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ❛ s♦✲❝❛❧❧❡❞ s❡❝♦♥❞ ♦r❞❡r ♠♦❞❡❧✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❛s♣❡❝t ♣❧❛②s ❛ ❝❡♥tr❛❧
r♦❧❡ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡s❡ tr❛✣❝ ✢♦✇ ♠♦❞❡❧s✳ ❲❡ ❝♦♥str✉❝t r♦❜✉st ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞
❡st❛❜❧✐s❤ s♣❡❝✐✜❝ t❡❝❤♥✐q✉❡s t♦ ♦❜t❛✐♥ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✳ Pr♦✈✐♥❣
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡s❡ s❝❤❡♠❡s ❧❡❛❞ t♦ ❡①✐st❡♥❝❡ r❡s✉❧ts✳
❋✐♥❛❧❧②✱ ✇✐t❤ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ▲❲❘ tr❛✣❝ ✢♦✇ ♠♦❞❡❧ ✐♥ ♠✐♥❞✱ ✇❡ t❤❡♦r❡t✐❝❛❧❧② ❛♥❛❧②③❡
❛ ❝❧❛ss ♦❢ s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✇✐t❤ ❡①♣❧✐❝✐t s♣❛❝❡ ❞❡♣❡♥❞❡♥❝②✳ ❈❧❛ss✐❝❛❧ r❡s✉❧ts s✉❝❤ ❛s
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■◆❚❘❖❉❯❈❚■❖◆

✵✳✶ ■♥tr♦❞✉❝t✐♦♥ ❣é♥ér❛❧❡

✵✳✶✳✶ ▲♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s❝❛❧❛✐r❡s

❉❛♥s ❧❡ ❝❛s ❧❡ ♣❧✉s s✐♠♣❧❡✱ ✉♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s❝❛❧❛✐r❡ ❡♥ ❞✐♠❡♥s✐♦♥ 1 ❡st ✉♥❡ éq✉❛t✐♦♥
❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ✭❊❉P✮ ❞❡ ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡ ✿

∂ρ

∂t
(x, t) +

∂(f(ρ))

∂x
(x, t) = 0, (x, t) ∈ Ω = R× (0,+∞). ✭✵✳✶✳✶✮

❈❡ ❣❡♥r❡ ❞✬éq✉❛t✐♦♥s ❞é❝r✐t ❧❡ ❢❛✐t q✉❡ ❧❛ q✉❛♥t✐té ρ = ρ(x, t) ✭❞és✐❣♥❡ ❡♥ ❣é♥ér❛❧ ✉♥❡ ❞❡♥s✐té✮
❡st ❝♦♥s❡r✈é❡ ❡t ♣ré❝✐s❡ s♦♥ é✈♦❧✉t✐♦♥ ✈✐❛ ❧❛ ❢♦♥❝t✐♦♥ f ✱ ❛♣♣❡❧é❡ ✢✉①✴❞✐❛❣r❛♠♠❡ ❢♦♥❞❛♠❡♥t❛❧✳
❉❛♥s ❧❡s ❛♣♣❧✐❝❛t✐♦♥s✱ t ❞és✐❣♥❡ ❧❛ ✈❛r✐❛❜❧❡ t❡♠♣♦r❡❧❧❡✱ x ❧❛ ♣♦s✐t✐♦♥ s♣❛t✐❛❧❡ ❡t ✐❧ ❛rr✐✈❡
s♦✉✈❡♥t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ✢✉① s♦✐t é❣❛❧❡♠❡♥t ✉♥❡ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s ❡t ❞❡ ❧✬❡s♣❛❝❡✳ P❛r ❛✐❧❧❡✉rs✱
❝❡ s♦♥t s✉rt♦✉t ❞❡s s②stè♠❡s ❞❡ ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ q✉✐ ❛♣♣❛r❛✐ss❡♥t ♥❛t✉r❡❧❧❡♠❡♥t ❞❛♥s ❧❛
❞❡s❝r✐♣t✐♦♥ ❞❡ ❝❡rt❛✐♥s ♣❤é♥♦♠è♥❡s ♣❤②s✐q✉❡s ❝♦♠♠❡ ❧❡s é❝♦✉❧❡♠❡♥ts ❡♥ ❡❛✉ ♣❡✉ ♣r♦❢♦♥❞❡✱ ❧❛
♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ♦✉ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❣❛③ ✭éq✉❛t✐♦♥s ❞✬❊✉❧❡r ♣♦✉r ❞❡s ❣❛③ ❝♦♠♣r❡ss✐❜❧❡s✱
p✲s②stè♠❡✮✳ P❛r ❛✐❧❧❡✉rs✱ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❣❛③ ❛ ❢♦rt❡♠❡♥t ❣✉✐❞é ❧❡s tr❛✈❛✉① ❧✐és ❛✉① ❧♦✐s
❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❛✜♥ ❞✬❡♥ ❞♦♥♥❡r ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ♣❤②s✐q✉❡✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ❧❡s ❧♦✐s ❞❡
❝♦♥s❡r✈❛t✐♦♥ ❝♦♥s✐❞éré❡s s♦♥t t♦✉t❡s s❝❛❧❛✐r❡s ❡t ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s✳ P♦✉r ❧✬✐♥st❛♥t✱ r❡st♦♥s
❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ s❡✉❧❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❛✈❡❝ ✉♥ ✢✉① ✐♥❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s ❡t ❞❡ ❧✬❡s♣❛❝❡✳
❘❡♠❛rq✉♦♥s q✉❡ s✐ ♦♥ ✐♥tè❣r❡ ✭❢♦r♠❡❧❧❡♠❡♥t✮ ✭✵✳✶✳✶✮ ❡♥tr❡ ❞❡✉① ♣♦✐♥ts a, b ∈ R ✭a < b✮✱ ♦♥
♦❜t✐❡♥t ✿

d

dt

(✂ b

a

ρ(x, t) dx

)
= f(ρ(a, t))− f(ρ(b, t)).

❈❡tt❡ é❣❛❧✐té ❡①♣r✐♠❡ ❧❡ ❢❛✐t q✉❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ρ ❡♥tr❡ ❞❡✉① ♣♦✐♥ts a ❡t b ❡st é❣❛❧❡ à ❧❛
❞✐✛ér❡♥❝❡ ❞✉ ✢✉① ❡♥ ❝❡s ❞❡✉① ♣♦✐♥ts✳ ❆✉tr❡♠❡♥t ❞✐t✱ ❧❛ q✉❛♥t✐té ρ ♥✬❡st ♥✐ ❝♦♥s♦♠♠é❡✱ ♥✐
❝réé❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳ ❙♦✉s ❞❡s ❤②♣♦t❤ès❡s ❞✬✐♥té❣r❛❜✐❧✐té✱ ♦♥ ❡st ❝♦♥❞✉✐t à

d

dt

(✂
R

ρ(x, t) dx

)
= 0.

✶



✷ ❈❖◆❚❊◆❚❙

❆✉tr❡♠❡♥t ❞✐t✱ ❧❛ ♠❛ss❡ t♦t❛❧❡ ❞❡ ρ ♥❡ ✈❛r✐❡ ♣❛s ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳ ❯♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
❛♣♣❛r❛ît ❞♦♥❝ ❞ès q✉✬♦♥ ✈❡✉t ♠♦❞é❧✐s❡r ❧✬é✈♦❧✉t✐♦♥ ❞✬✉♥❡ q✉❛♥t✐té q✉✐ s❡ ❝♦♥s❡r✈❡ ✿ ❝♦♥s❡r✲
✈❛t✐♦♥ ❞❡ ❧❛ ♠❛ss❡✱ ❞❡ ❧❛ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ✭♠♦♠❡♥t✮✱ ❞❡ ❧✬é♥❡r❣✐❡✳ ✳ ✳

❯♥❡ ❛✉tr❡ ❢❛ç♦♥ ❞❡ ✈♦✐r ❧❡s ❝❤♦s❡s ❡st ❞❡ réé❝r✐r❡ ✭✵✳✶✳✶✮ s♦✉s ❢♦r♠❡ q✉❛s✐✲❧✐♥é❛✐r❡ ✭❧✐♥é❛✐r❡
♣❛r r❛♣♣♦rt ❛✉① ❞ér✐✈é❡s✮ ✿

∂tρ+ f ′(ρ(x, t))∂xρ = 0, ✭✵✳✶✳✷✮

❞❡ s♦rt❡ q✉❡ ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❛♣♣❛r❛ît ❝♦♠♠❡ ✉♥❡ éq✉❛t✐♦♥ ❞❡ tr❛♥s♣♦rt✳ ❖♥ ✈♦✐t ❞♦♥❝
q✉❡ ❧♦rsq✉❡ f ♥✬❡st ♣❛s ❧✐♥é❛✐r❡✱ ❧❛ q✉❛♥t✐té ρ ❡st tr❛♥s♣♦rté❡ à ✈✐t❡ss❡ f ′(ρ)✱ ❛✉tr❡♠❡♥t ❞✐t✱
❧❛ ✈✐t❡ss❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞é♣❡♥❞ ❡❧❧❡✲♠ê♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥✳

❊①❡♠♣❧❡ ✵✳✶✳✶ ✭➱q✉❛t✐♦♥ ❞❡ ❇✉r❣❡rs ♥♦♥ ✈✐sq✉❡✉s❡✴➱q✉❛t✐♦♥ ❞❡ ❍♦♣❢✮✳ ❈✬❡st s❛♥s ❞♦✉t❡
❧❛ ♣❧✉s s✐♠♣❧❡ ❞❡s ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ♥♦♥ ❧✐♥é❛✐r❡s✳ ❊❧❧❡ s✬é❝r✐t ✿

∂tu+ ∂x

(
u2

2

)
= 0. ✭✵✳✶✳✸✮

❈❡tt❡ éq✉❛t✐♦♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ❞é❝r✐r❡ ❧❛ ✈✐t❡ss❡ u = u(x, t) ❞✬✉♥ ❝❤❛♠♣ ❞❡ ♣❛rt✐❝✉❧❡s
q✉✐ ♥✬✐♥t❡r❛❣✐ss❡♥t ♣❛s ❡♥tr❡ ❡❧❧❡s ✭♠✐❧✐❡✉ ✐s♦❧é✱ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✮✳ ❖♥ ❣❛r❞❡r❛ ❝❡tt❡ éq✉❛t✐♦♥
❝♦♠♠❡ ✜❧ r♦✉❣❡ t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❛✜♥ ❞✬✐❧❧✉str❡r ❧❡s ❝♦♥❝❡♣ts ✐♥tr♦❞✉✐ts✳

❊①❡♠♣❧❡ ✵✳✶✳✷ ✭▼♦❞è❧❡ ❞❡ tr❛✜❝ r♦✉t✐❡r✮✳

∂tρ+ ∂x (ρv(ρ)) = 0, ✭✵✳✶✳✹✮

♦ù v ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞♦♥♥é❡✳ ❙♦✉s ❞❡ ❜♦♥♥❡s ❤②♣♦t❤ès❡s s✉r v✱ ❡♥tr❡ ❞✬❛✉tr❡s ❞é❝r♦✐ss❛♥❝❡ ❡t
♣♦s✐t✐✈✐té✱ ❝❡tt❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ♣❡✉t ❞é❝r✐r❡ ❧❡ ❞é♣❧❛❝❡♠❡♥t ❞❡ ❧❛ q✉❛♥t✐té ρ = ρ(x, t) ∈
[0, 1] q✉✐ r❡♣rés❡♥t❡ ✉♥❡ ❞❡♥s✐té ❞❡ ✈♦✐t✉r❡s ✭♣❛r ❡①❡♠♣❧❡✮ s✉r ✉♥❡ r♦✉t❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡✳
■❝✐✱ ❧❡ tr❛✜❝ s❡ ❞é♣❧❛❝❡ à ✈✐t❡ss❡ v(ρ(x, t)) ❞❡ s♦rt❡ q✉❡ ♣❧✉s ❧❡ tr❛✜❝ ❡st ❞❡♥s❡✱ ♠♦✐♥s ❧❛ ✈✐t❡ss❡
❞❡ ❞é♣❧❛❝❡♠❡♥t ❡st ✐♠♣♦rt❛♥t❡✳ ▲❡ ❝❛s ♣❛rt✐❝✉❧✐❡r v(ρ) = Vmax(1− ρ) ✭Vmax > 0✮ ❝♦♥❞✉✐t ❛✉
❝é❧è❜r❡ ♠♦❞è❧❡ ▲❲❘✱ ✈♦✐r ❧❛ s❡❝t✐♦♥ ✵✳✶✳✷ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✳

P❡♥❝❤♦♥s ♥♦✉s ♠❛✐♥t❡♥❛♥t s✉r ❧❛ rés♦❧✉t✐♦♥ ❞❡ ✭✵✳✶✳✶✮✱ ❡t ♣❧✉s ♣ré❝✐sé♠❡♥t s✉r ❧❛ rés♦❧✉t✐♦♥
❞✉ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ❛ss♦❝✐é ✿

{
∂tρ+ ∂x(f(ρ)) = 0

ρ(·, 0) = ρ0,
✭✵✳✶✳✺✮

ρ0 ét❛♥t ✉♥❡ ❢♦♥❝t✐♦♥ ❞♦♥♥é❡✳

❙♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❡t ♠ét❤♦❞❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s✳ ❖♥ s✉♣♣♦s❡ ✐❝✐ q✉❡ ❧❡s ❢♦♥❝t✐♦♥s
f ❡t ρ0 s♦♥t ❛✉ss✐ ré❣✉❧✐èr❡s q✉❡ ❧✬♦♥ ✈❡✉t✳ ❆ss❡③ ♥❛t✉r❡❧❧❡♠❡♥t✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛r ❝❤❡r❝❤❡r ❞❡s
s♦❧✉t✐♦♥s ❝❧❛ss✐q✉❡s ❞❡ ✭✵✳✶✳✺✮✱ ❝✬❡st✲à✲❞✐r❡ ❞❡s ❢♦♥❝t✐♦♥s ρ ∈ C1(Ω)∩C(Ω) ✈ér✐✜❛♥t ❧✬éq✉❛t✐♦♥
❡♥ t♦✉t ❡♥ ♣♦✐♥t ❞❡ Ω ❡t ❧❛ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ s✉r R×{0}✳ P♦✉r ❝❡ ❢❛✐r❡✱ ♦♥ ❛♣♣❧✐q✉❡ ❧❛ ♠ét❤♦❞❡
❞❡s ❝❛r❛❝tér✐st✐q✉❡s✱ ✈♦✐r ❬✶✵✶✱ ✽✶✱ ✶✹✹✱ ✾✽❪ ♣♦✉r ✉♥❡ ❛♣♣r♦❝❤❡ ❝♦♠♣❧èt❡ ❡t r✐❣♦✉r❡✉s❡✳ ▲✬✐❞é❡
❡st ❧❛ s✉✐✈❛♥t❡ ✿ ♦♥ s✬✐♥tér❡ss❡ à ❧✬é✈♦❧✉t✐♦♥ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✵✳✶✳✺✮ ❧❡ ❧♦♥❣ ❞✬✉♥❡
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❝♦✉r❜❡ x = x(t) ∈ C1((0,+∞))✱ q✉✬♦♥ ❛♣♣❡❧❧❡ ✐❝✐ ❝❛r❛❝tér✐st✐q✉❡✳ ❉❛♥s ❧❡ ❝❛s ♣rés❡♥t✱ ♦♥
♦❜t✐❡♥t ✿

∀t > 0,
d

dt
(ρ(x(t), t)) = ∂tρ(x(t), t) + x′(t)∂xρ(x(t), t).

▼❡tt❛♥t ❝❡❝✐ ❡♥ ♣❛r❛❧❧è❧❡ ❛✈❡❝ ✭✵✳✶✳✷✮ ✭q✉✐ ❡st ❜✐❡♥ éq✉✐✈❛❧❡♥t❡ à ✭✵✳✶✳✶✮ ♣✉✐sq✉❡ ❧❡s ❢♦♥❝t✐♦♥s
s♦♥t ré❣✉❧✐èr❡s✮✱ ♦♥ s❡ r❡♥❞ ❝♦♠♣t❡ q✉✬✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞❡ ✭✵✳✶✳✺✮ ❡st ❝♦♥st❛♥t❡ ❧❡ ❧♦♥❣
❞❡s ❝♦✉r❜❡s ✈ér✐✜❛♥t x′(t) = f ′(ρ(x(t), t))✳ ❙✐ x ❡st ✉♥❡ t❡❧❧❡ ❝♦✉r❜❡✱ ❡♥ ♥♦t❛♥t x0 = x(0)✱
❛❧♦rs ♣♦✉r t♦✉t t > 0✱ ♦♥ ♦❜t✐❡♥t ✿

x′(t) = f ′(ρ(x(t), t)) = f ′(ρ0(x0)),

❞♦♥❝ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ✭✵✳✶✳✺✮ s♦♥t ❞❡s ❞r♦✐t❡s✳ ❈❡❝✐ ♥♦✉s ♣❡r♠❡t ❛ ♣r✐♦r✐ ❞❡ ❞é✜♥✐r ❧❛
s♦❧✉t✐♦♥ ρ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿

✖ ♦♥ s❡ ✜①❡ ✉♥ ♣♦✐♥t (ξ, τ) ∈ Ω ❀
✖ ♦♥ rés♦✉t ❧✬éq✉❛t✐♦♥

ξ = y + τf ′(ρ0(y)), y ∈ R; ✭✵✳✶✳✻✮

✖ ♦♥ ♣♦s❡ ρ(ξ, τ) = ρ0(y)✳

❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❧✐♥é❛✐r❡ ✭✐✳❡✳ f ❧✐♥é❛✐r❡✮ ♦ù ❧✬éq✉❛t✐♦♥ ✭✵✳✶✳✻✮ ❛ t♦✉❥♦✉rs ✉♥❡ ✉♥✐q✉❡
s♦❧✉t✐♦♥✱ ❧❛ ♥♦♥✲❧✐♥é❛r✐té ❞❡ f ❡st s♦✉r❝❡ ❞✬❛♣♣❛r✐t✐♦♥ ❞❡ ♥♦✉✈❡❛✉① ♣❤é♥♦♠è♥❡s✳ ❊♥tr❡ ❛✉tr❡s✱
s✐ f ♥✬❡st ♣❛s ❧✐♥é❛✐r❡✱ ❛❧♦rs ✐❧ s❡ ♣❡✉t q✉❡ ❧✬éq✉❛t✐♦♥ ✭✵✳✶✳✻✮ ❛❞♠❡tt❡ ♣❧✉s✐❡✉rs s♦❧✉t✐♦♥s✱
r❡♥❞❛♥t ❛❧♦rs ✐♠♣♦ss✐❜❧❡ ❞❡ ❞é✜♥✐r ρ ❞❡ ♠❛♥✐èr❡ ❝♦♥t✐♥✉❡✳
❘é❝✐♣r♦q✉❡♠❡♥t✱ s✐ ρ ❡st ❞é✜♥✐❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡✱ ❛❧♦rs ♦♥ s❡ r❡♥❞ ❝♦♠♣t❡ q✉❡ ρ ✈ér✐✜❡
❧✬éq✉❛t✐♦♥ ✐♠♣❧✐❝✐t❡ ✿

∀(ξ, τ) ∈ Ω, ρ(ξ, τ) = ρ0 (ξ − τf ′(ρ(ξ, τ))) . ✭✵✳✶✳✼✮

❈❡tt❡ ❞❡r♥✐èr❡ é❣❛❧✐té s✐❣♥✐✜❡ q✉❡ ❧❛ s♦❧✉t✐♦♥ ❡st ♦❜t❡♥✉❡ ❡♥ ♣r♦♣❛❣❡❛♥t ❧❡s ✈❛❧❡✉rs ❞❡ ❧❛
❞♦♥♥é❡ ✐♥✐t✐❛❧❡✳ ❉❛♥s ❧❡ ❝❛s ❧✐♥é❛✐r❡✱ t♦✉t❡s ❧❡s ✈❛❧❡✉rs s♦♥t ♣r♦♣❛❣é❡s à ❧❛ ♠ê♠❡ ✈✐t❡ss❡✱ ❞♦♥❝
❧❡ ❣r❛♣❤❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ à ✉♥ t❡♠♣s ❞♦♥♥é ❡st ♦❜t❡♥✉ ❡♥ tr❛♥s❧❛t❛♥t ❧❡ ❣r❛♣❤❡ ❞❡ ❧❛ ❞♦♥♥é❡
✐♥✐t✐❛❧❡✳ ❉❛♥s ❧❡ ❝❛s ♥♦♥✲❧✐♥é❛✐r❡✱ t♦✉t❡s ❧❡s ✈❛❧❡✉rs ❞❡ ❧❛ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ ♥❡ s❡ ♣r♦♣❛❣❡♥t ♣❛s à
❧❛ ♠ê♠❡ ✈✐t❡ss❡ ❡t ❞♦♥❝ ❧❛ s♦❧✉t✐♦♥ s❡ ❞é❢♦r♠❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✱ ✈♦✐r ❧❛ ✜❣✉r❡ ✷ ❝✐✲❞❡ss♦✉s✳
▼❡♥t✐♦♥♥♦♥s ❡♥✜♥ q✉❡ ❞❛♥s ❧❡s ❝♦♥❞✐t✐♦♥s ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ❞❡s ❢♦♥❝t✐♦♥s ✐♠♣❧✐❝✐t❡s✱
❧✬é❣❛❧✐té ✭✵✳✶✳✼✮ ♥♦✉s ❢♦✉r♥✐t ❧❛ ré❣✉❧❛r✐té ❞❡ ρ ❡t ♦♥ ✈ér✐✜❡ ❡♥s✉✐t❡ q✉✬❡❧❧❡ ❡st ❡✛❡❝t✐✈❡♠❡♥t
✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ✭✵✳✶✳✺✮✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✸✸❪✳

❊①❡♠♣❧❡ ✵✳✶✳✸ ✭➱q✉❛t✐♦♥ ❞❡ ❇✉r❣❡rs ■■✮✳ P♦✉r ❧✬éq✉❛t✐♦♥ ❞❡ ❇✉r❣❡rs ✭✵✳✶✳✸✮✱ ❝♦♥s✐❞ér♦♥s
❧❡s ♣r♦❜❧è♠❡s ❞❡ ❈❛✉❝❤② ❛ss♦❝✐é❡s ❛✉① ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s

u0(x) = arctan(x) ❡t v0 = −2 arctan(x).

❆✈❡❝ u0✱ ❧✬éq✉❛t✐♦♥ ✭✵✳✶✳✻✮ ❡st ré❞✉✐t❡ à

ξ = y + τ arctan(y), y ∈ R,

❡t ✉♥❡ r❛♣✐❞❡ ét✉❞❡ ❞❡ ❢♦♥❝t✐♦♥ ♠♦♥tr❡ q✉❡ ♣♦✉r t♦✉t (ξ, τ) ∈ Ω✱ ❝❡tt❡ éq✉❛t✐♦♥ ❛❞♠❡t ✉♥❡
✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❈❡❧❛ s❡ tr❛❞✉✐t ♣❛r ❧❡ ❢❛✐t q✉❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ♥❡ s✬✐♥t❡rs❡❝t❡♥t ♣❛s ❞❛♥s



✹ ❈❖◆❚❊◆❚❙

❋✐❣✉r❡ ✶ ✕ ❈❛r❛❝tér✐st✐q✉❡s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❇✉r❣❡rs✴❍♦♣❢ ❛✈❡❝ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ u0 ✭à ❣❛✉❝❤❡✮
❡t v0 ✭à ❞r♦✐t❡✮✳

Ω ❝♦♠♠❡ ♦♥ ♣❡✉t ❧❡ ✈♦✐r s✉r ❧❛ ✜❣✉r❡ ✶ ✭❣❛✉❝❤❡✮✳ ❆✐♥s✐✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ✭✵✳✶✳✺✮ ❛✈❡❝
❞♦♥♥é❡ ✐♥✐t✐❛❧❡ u0 ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞é✜♥✐❡ s✉r Ω✳
❆✈❡❝ ❧❛ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ v0✱ ❧✬éq✉❛t✐♦♥ ✭✵✳✶✳✻✮ ❞❡✈✐❡♥t

ξ = y − 2τ arctan(y), y ∈ R.

❊♥ ♥♦t❛♥t φτ (y) = y − 2τ arctan(y)✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ✿

✖ s✐ τ ≤ 1

2
✱ ❛❧♦rs φτ ❡st str✐❝t❡♠❡♥t ❝r♦✐ss❛♥t❡ ❡t ♣♦✉r t♦✉t ξ ∈ R✱ ✭✵✳✶✳✻✮ ❛❞♠❡t ✉♥❡

✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ▲❡s ❝❛r❛❝tér✐st✐q✉❡s ♥❡ s❡ ❝r♦✐s❡♥t ♣❛s ❞❛♥s R× (0, τ) ✭✈♦✐r ❧❛ ✜❣✉r❡
✶✱ à ❞r♦✐t❡✮ ❡t ♦♥ ♣❡✉t ❞♦♥❝ ❞é✜♥✐r ✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞❛♥s R× (0, τ) ❀

✖ s✐ τ >
1

2
✱ ❛❧♦rs ♣♦✉r t♦✉t ξ ∈ [−φτ (

√
2τ − 1), φτ (

√
2τ − 1)]\{0}✱ ❧✬éq✉❛t✐♦♥ ✭✵✳✶✳✻✮ ❛❞✲

♠❡t ❡①❛❝t❡♠❡♥t ❞❡✉① s♦❧✉t✐♦♥s ✭❡t tr♦✐s s♦❧✉t✐♦♥s s✐ ξ = 0✮✳ ❈❡❝✐ ❡st ❝♦♥✜r♠é ♣❛r ❧❛
✜❣✉r❡ ✶✱ ✭à ❞r♦✐t❡✮ ♦ù ♦♥ ♣❡✉t ✈♦✐r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s s❡ ❝r♦✐s❡r✳

P♦✉r ✐❧❧✉str❡r ❧❡ s❡♥s ❞❡ ❧✬é❣❛❧✐té ✭✵✳✶✳✼✮✱ ♦♥ ❛ r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷ ❝✐✲❞❡ss♦✉s ❧❡s ❞❡✉①
s♦❧✉t✐♦♥s ❞❡s ♣r♦❜❧è♠❡s ❞❡ ❈❛✉❝❤② ❛ss♦❝✐é❡s ❛✉① ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s u0 ❡t v0✳ ❈♦♠♠❡ ♦♥ ♣❡✉t
à ❞r♦✐t❡✱ ❛✉ t❡♠♣s t = 0.5 ✭♣r❡♠✐❡r t❡♠♣s ❞✬✐♥t❡rs❡❝t✐♦♥ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s✮✱ v ♣rés❡♥t❡ ✉♥❡
❞✐s❝♦♥t✐♥✉✐té ❡♥ 0 ✭❧à ♦ù ❧❡s ❝❛r❛❝tér✐st✐q✉❡s s❡ ❝r♦✐s❡♥t✮✳

▲♦rsq✉❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s s❡ ❝♦✉♣❡♥t ❡♥ ✉♥ ♣♦✐♥t (ξ, τ) ∈ Ω✱ ✐❧ ♥✬❡st ♣❧✉s ♣♦ss✐❜❧❡ ❞❡ ❞é✜♥✐r
✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❡♥ (ξ, τ) ♣✉✐sq✉❡ ❝❤❛q✉❡ ❝❛r❛❝tér✐st✐q✉❡ q✉✐ ♣❛ss❡ ♣❛r (ξ, τ) tr❛♥s♣♦rt❡
✉♥❡ ✈❛❧❡✉r✳ ❈♦♠♠❡ ♦♥ ❧❡ ✈♦✐t s✉r ❧❛ ❋✐❣✉r❡ ✷ ✭❞r♦✐t❡✮✱ ❧❛ s♦❧✉t✐♦♥ ❞❡✈✐❡♥t ❛❧♦rs ♠✉❧t✐✈❛❧✉é❡
✭♦♥ ♣❛r❧❡ ❞❡ ❝❤♦❝✮✳
❉❛♥s ❝❡rt❛✐♥s ❝❛s✱ ✐❧ ❡st ♠ê♠❡ ♣♦ss✐❜❧❡ ❞❡ ❞ét❡r♠✐♥❡r ❧❡ t❡♠♣s ❞✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥
❝❧❛ss✐q✉❡ ❝✬❡st✲à✲❞✐r❡ ❧❡ ♣❧✉s ♣❡t✐t t❡♠♣s à ♣❛rt✐r ❞✉q✉❡❧ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s s❡ ❝r♦✐s❡♥t✳
❈♦♠♠❡ ♦♥ ❛ ♣✉ ❧❡ ✈♦✐r ❞❛♥s ❧✬❡①❡♠♣❧❡ ✵✳✶✳✸✱ ❝❡ t❡♠♣s s❡r❛ ❧✐é ❛✉① ✈❛r✐❛t✐♦♥s ❞❡ f ′ ◦ ρ0✳ ❉❛♥s
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❋✐❣✉r❡ ✷ ✕ ■❧❧✉str❛t✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❣r❛♣❤❡s ❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ❀ ♣♦✉r ✉♥❡ é✈♦❧✉t✐♦♥
❞②♥❛♠✐q✉❡ ❞❡s s♦❧✉t✐♦♥s✱ ✈♦✐r ✿ ❤tt♣s✿✴✴✉t❜♦①✳✉♥✐✈✲t♦✉rs✳❢r✴s✴✐❛◗❑❝❣♦♦❘◆❝❲●✸♦

❧❡ ❝❛s ♦ù ρ0 ∈ C1(R) ∩W1,∞(R)✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉✬❡♥ ❞é✜♥✐ss❛♥t

T =





+∞ s✐ f ′ ◦ ρ0 ❡st ❝r♦✐ss❛♥t❡

− 1

inf (f ′ ◦ ρ0)′
s✐♥♦♥✱

❛❧♦rs ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ✭✵✳✶✳✺✮ ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞é✜♥✐❡ ❞❛♥s R ×
(0, T )✱ ✈♦✐r ❬✶✹✹✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶❪ ♣❛r ❡①❡♠♣❧❡✳

❙♦❧✉t✐♦♥ ❢❛✐❜❧❡✱ ❝♦♥❞✐t✐♦♥ ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t✱ ♥♦♥✲✉♥✐❝✐té✳ ❆✐♥s✐✱ ❧♦rsq✉❡ ❧❛ ❢♦♥❝✲
t✐♦♥ ✢✉① f ♥✬❡st ♣❛s ❧✐♥é❛✐r❡✱ ♣❡✉ ✐♠♣♦rt❡ ❧❛ ré❣✉❧❛r✐té ❞❡ ❧❛ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡✱ ♦♥ ♥❡ ♣❡✉t ♣❛s
s✬❛tt❡♥❞r❡ à ♣♦✉✈♦✐r ❞é✜♥✐r ❣❧♦❜❛❧❡♠❡♥t ✭❝✬❡st✲à✲❞✐r❡ s✉r Ω✮ ✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❛✉ ♣r♦✲
❜❧è♠❡ ❞❡ ❈❛✉❝❤② ✭✵✳✶✳✺✮✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞❡ ❇✉r❣❡rs✱ s❡✉❧❡ ✉♥❡ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡
❝r♦✐ss❛♥t❡ ❝♦♥❞✉✐t à ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞❛♥s Ω✳ ▲✬❛♣♣r♦❝❤❡ st❛♥❞❛r❞ ❡st ❛❧♦rs
❞✬ét❡♥❞r❡ ❧❛ ♥♦t✐♦♥ ❞❡ s♦❧✉t✐♦♥s à ❞❡s ❢♦♥❝t✐♦♥s ♣♦ss✐❜❧❡♠❡♥t ❞✐s❝♦♥t✐♥✉❡s✱ ♣❛r ❡①❡♠♣❧❡ ❛✉①
❢♦♥❝t✐♦♥s ❡ss❡♥t✐❡❧❧❡♠❡♥t ❜♦r♥é❡s✳ ❯♥❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❞❡ ✭✵✳✶✳✶✮ ❡st ❛❧♦rs ❞é✜♥✐❡ ❝♦♠♠❡ ✉♥❡
❢♦♥❝t✐♦♥ ρ ∈ L∞(Ω)✱ ♦✉ ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ρ ∈ L1

loc(Ω)✱ ✈ér✐✜❛♥t ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st
φ ∈ C∞

c (Ω) ✿ ✂ +∞

0

✂
R

(ρ∂tφ+ f(ρ)∂xφ) dx dt = 0. ✭✵✳✶✳✽✮

P❛r ❛✐❧❧❡✉rs✱ s✐ ♦♥ ✈❡✉t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ✉♥❡ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ ρ0 ∈ L∞(R)✱ ♦♥ ❞✐t q✉❡
ρ ∈ L∞(Ω) ❡st ✉♥❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ✭✵✳✶✳✺✮ s✐ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st
φ ∈ C∞

c (Ω)✱ ♦♥ ❛

✂ +∞

0

✂
R

(ρ∂tφ+ f(ρ)∂xφ) dx dt+

✂
R

ρ0(x)φ(x, 0) dx = 0. ✭✵✳✶✳✾✮



✻ ❈❖◆❚❊◆❚❙

P♦✉r ❛rr✐✈❡r à ✭✵✳✶✳✽✮✱ ♦♥ ❛ ♠✉❧t✐♣❧✐é ❧✬❊❉P ✭✵✳✶✳✶✮ ♣❛r φ ♣✉✐s ✐♥té❣ré ♣❛r ♣❛rt✐❡s✱ ❢❛✐s❛♥t ❛✐♥s✐
♣♦rt❡r ❧❡s ❞ér✐✈é❡s s✉r ❧❛ ❢♦♥❝t✐♦♥ ré❣✉❧✐èr❡✳ ❈❧❛✐r❡♠❡♥t✱ t♦✉t❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞❡ ✭✵✳✶✳✶✮ ❡♥
❡st ✉♥❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❡t ré❝✐♣r♦q✉❡♠❡♥t✱ t♦✉t❡ ❢♦♥❝t✐♦♥ ❛ss❡③ ré❣✉❧✐èr❡ ✈ér✐✜❛♥t ✭✵✳✶✳✽✮ ❡st
s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ❞❡ ❉✉ ❇♦✐s✲❘❡②♠♦♥❞✳

P✉✐sq✉❡ ❧❡s ❢♦r♠✉❧❛t✐♦♥s ✐♥té❣r❛❧❡s ✭✵✳✶✳✽✮✲✭✵✳✶✳✾✮ ♦♥t été ✐♥tr♦❞✉✐t❡s ♣♦✉r ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡
❧❡s ❢♦♥❝t✐♦♥s ❞✐s❝♦♥t✐♥✉❡s✱ ♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r ❝❡ q✉✬✐♠♣♦s❡ ✭✵✳✶✳✽✮ ❛✉① ❞✐s❝♦♥t✐♥✉✐tés✳ ❙♦✐❡♥t
γ = γ(t) ∈ C1((0,+∞)) ✉♥❡ ❝♦✉r❜❡ ❞❡ Ω ❡t ρ ∈ L1

loc(Ω)✳ ❖♥ s✉♣♣♦s❡ q✉❡ ρ ❡st ❞❡ ❧❛ ❢♦r♠❡ ✿

ρ(x, t) =

{
ρl(x, t) s✐ x < γ(t)

ρr(x, t) s✐ x > γ(t)✱
✭✵✳✶✳✶✵✮

♦ù ρl ✭r❡s♣❡❝t✐✈❡♠❡♥t ρr✮ ❡st ✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✵✳✶✳✶✮ ❞❛♥s
❧✬♦✉✈❡rt {(x, t) ∈ Ω | x < γ(t)} ✭r❡s♣❡❝t✐✈❡♠❡♥t {(x, t) ∈ Ω | x > γ(t)}✮✳ ❆❧♦rs ρ ❡st s♦❧✉t✐♦♥
❢❛✐❜❧❡ ❞❡ ✭✵✳✶✳✶✮ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ✿

∀t > 0, f(ρl(γ(t), t))− f(ρr(γ(t), t)) = γ′(t)× (ρl(γ(t), t)− ρr(γ(t), t)), ✭✵✳✶✳✶✶✮

❈❡tt❡ é❣❛❧✐té ❡st ❛♣♣❡❧é❡ ❝♦♥❞✐t✐♦♥ ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t✱ ✈♦✐r ❬✶✹✹✱ ✾✽❪ ♣♦✉r ✉♥❡ ♣r❡✉✈❡✳ ❊❧❧❡
❡①♣r✐♠❡ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ρ à tr❛✈❡rs ✉♥❡ ❞✐s❝♦♥t✐♥✉✐té ❡t ❢♦✉r♥✐t ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡
✈ér✐✜é❡ ♣❛r ❧❛ ❝♦✉r❜❡ ❞❡ ❞✐s❝♦♥t✐♥✉✐té✳ ❊❧❧❡ ♥♦✉s ♣❡r♠❡t ❞♦♥❝ ❞❡ ❝♦♥str✉✐r❡ ❢❛❝✐❧❡♠❡♥t ❞❡s
s♦❧✉t✐♦♥s ❢❛✐❜❧❡s ❝♦♥st❛♥t❡s ♣❛r ♠♦r❝❡❛✉①✱ ♣❛r ❡①❡♠♣❧❡✱ à ✉♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞♦♥t ❧❡s
❞✐s❝♦♥t✐♥✉✐tés s♦♥t sé♣❛ré❡s ♣❛r ❞❡s ❞r♦✐t❡s✳

❊①❡♠♣❧❡ ✵✳✶✳✹ ✭➱q✉❛t✐♦♥ ❞❡ ❇✉r❣❡rs ■■■✮✳ P♦✉rs✉✐✈♦♥s ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ❞❡ ❇✉r❣❡rs ✭✵✳✶✳✸✮✳
❋✐①♦♥s ν > 0 ❡t ❝♦♥s✐❞ér♦♥s ❧❡s ❢♦♥❝t✐♦♥s ✿

ρ(x, t) =





0 s✐ x < 0
x

t
s✐ 0 ≤ x < t

1 s✐ t ≤ x;

ρν(x, t) =





0 s✐ x <
νt

2

ν s✐
νt

2
≤ x <

(1 + ν)t

2

1 s✐
(1 + ν)t

2
< x,

✭✵✳✶✳✶✷✮

r❡♣rés❡♥té❡s ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳ ❖♥ ✈ér✐✜❡ r❛♣✐❞❡♠❡♥t ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ✭✵✳✶✳✶✶✮
q✉❡ ❧❡s (ρν)ν s♦♥t t♦✉t❡s s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❞❡ ✭✵✳✶✳✺✮ ❛✈❡❝ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡

ρ0(x) =

{
0 s✐ x < 0

1 s✐ x > 0✳

▲❛ ❢♦♥❝t✐♦♥ ρ ❡st ❝♦♥t✐♥✉❡ ❞❛♥s Ω✱ ❞❡ ❝❧❛ss❡ C1 ❞❛♥s ❧✬♦✉✈❡rt U = {(x, t) ∈ Ω | 0 < x < t} ❡t
♣♦✉r t♦✉t (x, t) ∈ U ✱

f ′(ρ(x, t))∂xρ(x, t) = ρ(x, t)× 1

t
=
x

t2
= −∂tρ(x, t).

P✉✐sq✉❡ ρ(·, t) −→
t→0+

ρ0 ❞❛♥s L1
loc(R)✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ρ ❡st é❣❛❧❡♠❡♥t s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❞❡

✭✵✳✶✳✺✮✳ ❖♥ ✈✐❡♥t ❞♦♥❝ ❞❡ ❝♦♥str✉✐r❡ ✉♥❡ ✐♥✜♥✐té ❞❡ s♦❧✉t✐♦♥s ❢❛✐❜❧❡s ❛✉ ♠ê♠❡ ♣r♦❜❧è♠❡ ❞❡
❈❛✉❝❤②✳



✵✳✶✳ ■◆❚❘❖❉❯❈❚■❖◆ ●➱◆➱❘❆▲❊ ✼

❋✐❣✉r❡ ✸ ✕ ❈♦♥str✉❝t✐♦♥ ❞✬✉♥❡ ✐♥✜♥✐té ❞❡ s♦❧✉t✐♦♥s ❢❛✐❜❧❡s ✭à ❞r♦✐t❡✮✳

❱✐s❝♦s✐té é✈❛♥❡s❝❡♥t❡✱ s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡✳ ▲❡s ❞❡✉① ♣❛r❛❣r❛♣❤❡s ♣ré❝é❞❡♥ts ♦♥t ♠✐s
❡♥ ❧✉♠✐èr❡ ❧❡s ❞❡✉① ♣❤é♥♦♠è♥❡s s✉✐✈❛♥ts ♣♦✉r ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✵✳✶✳✶✮ ✿

✖ ♥♦♥✲❡①✐st❡♥❝❡ ✭❡♥ ❣é♥ér❛❧✮ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❛♣rès ✉♥ ❝❡rt❛✐♥ t❡♠♣s T > 0 ✿ ❧❡s
❝❛r❛❝tér✐st✐q✉❡s s❡ ❝r♦✐s❡♥t ❀

✖ ♥♦♥✲✉♥✐❝✐té ❞❡s s♦❧✉t✐♦♥s ❢❛✐❜❧❡s ✿ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t ♥✬❡st ♣❛s ❛ss❡③
r❡str✐❝t✐✈❡ s✉r ❧❡s ❞✐s❝♦♥t✐♥✉✐tés✳

■❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞✬✐♠♣♦s❡r ✉♥ ❝r✐tèr❡ s✉♣♣❧é♠❡♥t❛✐r❡ q✉✐ ♣❡r♠❡tt❡ ❞❡ sé❧❡❝t✐♦♥♥❡r ❧❛
❜♦♥♥❡ s♦❧✉t✐♦♥✳ ❉❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s❝❛❧❛✐r❡s✱ ✐❧ ② ❛ ♣❧✉s✐❡✉rs ♠♦②❡♥s
❞✬❡①♣r✐♠❡r ❝❡ ❝r✐tèr❡✱ ❝❤❛q✉❡ ❝r✐tèr❡ s❡ ❜❛s❛♥t s✉r ❧❡ ❝♦♥❝❡♣t ❞✬❡♥tr♦♣✐❡✳ ❯♥ ❞❡ ❝❡s ❝r✐tèr❡s
❝♦♥s✐st❡ à ✈♦✐r ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✵✳✶✳✺✮ ❝♦♠♠❡ ❧✐♠✐t❡ ❞✉ ♣r♦❜❧è♠❡ ♣❛r❛❜♦❧✐q✉❡

{
∂tρ+ ∂x(f(ρ)) = ε∂2xxρ, ε > 0

ρ(·, 0) = ρ0.
✭✵✳✶✳✶✸✮

▲❡ t❡r♠❡ ε∂2xxρ ❡st ✉♥ t❡r♠❡ ❞❡ ✈✐s❝♦s✐té✴❞✐✛✉s✐♦♥ ❛rt✐✜❝✐❡❧❧❡✳ ▲✬✐❞é❡ ❞❡rr✐èr❡ ❧✬✐♥tr♦❞✉❝t✐♦♥
❞❡ ❧✬éq✉❛t✐♦♥ ✭✵✳✶✳✶✸✮ ✭❤ér✐té❡ ❡♥❝♦r❡ ✉♥❡ ❢♦✐s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❣❛③✮ ❡st q✉❡ ❧❡ ♣r♦❜❧è♠❡
♣❤②s✐q✉❡ ♠♦❞é❧✐sé ♣❛r ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭✵✳✶✳✺✮ ❡st ✈✐sq✉❡✉①✱ ❡t q✉❡ ❧✬❊❉P r❡♣rés❡♥t❡ ❧❡
♠♦❞è❧❡ ❧✐♠✐t❡ q✉❛♥❞ ❧❛ ❞✐✛✉s✐♦♥ t❡♥❞ ✈❡rs 0✳

❖♥ ♣❡✉t ♠♦♥tr❡r s♦✉s ❞✐✈❡rs❡s ❤②♣♦t❤ès❡s s✉r f ❡t ρ0✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✶✶✹✱ ✶✷✼✱ ✶✵✶✱ ✾✽❪✱ q✉❡
♣♦✉r t♦✉t ε > 0✱ ✭✵✳✶✳✶✸✮ ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ré❣✉❧✐èr❡ ρε ∈ C∞(Ω)✱ ❡t q✉✬♦♥ ♣❡✉t ❡①tr❛✐r❡ ❞❡
❧❛ s✉✐t❡ (ρε)ε ✉♥❡ s♦✉s✲s✉✐t❡ q✉✐ ❝♦♥✈❡r❣❡ ♣r❡sq✉❡ ♣❛rt♦✉t s✉r Ω ✈❡rs ✉♥❡ ❢♦♥❝t✐♦♥ ρ ∈ L∞(Ω)✳
❖♥ s✬❛tt❡♥❞ ❛❧♦rs à ❝❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❧✐♠✐t❡ ρ✱ q✉✐ ❡st s♦❧✉t✐♦♥ ❢❛✐❜❧❡✱ ♣♦ssè❞❡ ❞❡s ♣r♦♣r✐étés
s✉♣♣❧é♠❡♥t❛✐r❡s ♣❛r r❛♣♣♦rt ❛✉① ❛✉tr❡s s♦❧✉t✐♦♥s✳ ❋✐①♦♥s η ∈ C2(R) ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡
✭❛♣♣❡❧é❡ ❡♥tr♦♣✐❡✮ ❡t ♥♦t♦♥s Φ ✉♥❡ ♣r✐♠✐t✐✈❡ ❞❡ η′f ′✳ ❖♥ ♠✉❧t✐♣❧✐❡ ❧✬❊❉P ✭✵✳✶✳✶✸✮ ♣❛r η′(ρε)



✽ ❈❖◆❚❊◆❚❙

❡t ♦♥ ✉t✐❧✐s❡ ❧❛ ❝♦♥✈❡①✐té ❞❡ η ✿

∂t (η(ρε)) + ∂x (Φ(ρε)) = εη′(ρε)∂
2
xxρε = ε∂2xx (η(ρε))− εη′′(ρε)(∂xρε)

2

≤ ε∂2xx (η(ρε)) .
✭✵✳✶✳✶✹✮

❘❡♠❛rq✉❡ ✵✳✶✳✶ ✭❉✐ss✐♣❛t✐♦♥ ❞✬❡♥tr♦♣✐❡✮✳ ▲✬✐♥é❣❛❧✐té ✭✵✳✶✳✶✹✮ ❛ ✉♥❡ ❝♦♥séq✉❡♥❝❡ ✐♥tér❡s✲
s❛♥t❡✳ ❙♦✉s ❞❡ ❜♦♥♥❡s ❤②♣♦t❤ès❡s ❞✬✐♥té❣r❛❜✐❧✐té✱ ♦♥ ♦❜t✐❡♥t q✉❡

d

dt

(✂
R

η(ρ(x, t)) dx

)
≤ 0.

❈❡tt❡ ✐♥é❣❛❧✐té tr❛❞✉✐t ❧❡ ❝❛r❛❝tèr❡ ✐rré✈❡rs✐❜❧❡ ❞❡s ♣❤é♥♦♠è♥❡s ♠♦❞é❧✐sés ♣❛r ✉♥❡ ❧♦✐ ❞❡
❝♦♥s❡r✈❛t✐♦♥ ✿ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❧✬❡♥tr♦♣✐❡ t♦t❛❧❡ ❡st ❞✐ss✐♣é❡✱ ♦♥ ♣❡r❞ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥✳
◆♦t♦♥s ❛✉ ♣❛ss❛❣❡ q✉❡ s✐ ρ ❡st ✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s❛♥s ✈✐s❝♦s✐té
✭ε = 0✮✱ ❛❧♦rs ❡♥ ♣r♦❝é❞❛♥t ❛✉① ♠ê♠❡s ♠❛♥✐♣✉❧❛t✐♦♥s q✉❡ ❞❛♥s ✭✵✳✶✳✶✹✮✱ ♦♥ tr♦✉✈❡ q✉❡

d

dt

(✂
R

η(ρ(x, t)) dx

)
= 0.

▲❡s s♦❧✉t✐♦♥s ❝❧❛ss✐q✉❡s s♦♥t✱ ❡❧❧❡s✱ ✐s❡♥tr♦♣✐q✉❡s✳

❖♥ ❞é❞✉✐t ❞❡ ✭✵✳✶✳✶✹✮ q✉❡ ρ ❞♦✐t ✈ér✐✜❡r ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ ∈ C∞(Ω)✱ ϕ ≥ 0 ❡t ♣♦✉r
t♦✉t❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ η ∈ C2(R)✱ ❧✬✐♥é❣❛❧✐té ✐♥té❣r❛❧❡ ✿

✂ +∞

0

✂
R

(η(ρ)∂tϕ+ Φ(ρ)∂xϕ) dx dt ≥ 0.

P❛r ❞❡s ❛r❣✉♠❡♥ts ❝❧❛ss✐q✉❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ♦♥ ♣❡✉t ét❡♥❞r❡ ❝❡tt❡ ❛♥❛❧②s❡ ♣♦✉r ❧❡s ❢♦♥❝✲
t✐♦♥s ❝♦♥✈❡①❡s ηκ(ρ) = |ρ−κ| ✭κ ∈ R✮✳ ❊♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡ ❧❛ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡✱ ♦♥ ❡st ❝♦♥❞✉✐t
à ❧❛ ♥♦t✐♦♥ s✉✐✈❛♥t❡ ❞❡ s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡✱ ❞✉❡ à ❑r✉③❤❦♦✈ ✿ ✉♥❡ ❢♦♥❝t✐♦♥ ρ ∈ L∞(Ω) ❡st
✉♥❡ s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡ ❞❡ ✭✵✳✶✳✺✮ s✐ ♣♦✉r t♦✉t κ ∈ R ❡t ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ ∈ C∞

c (Ω)✱
ϕ ≥ 0 ✿

✂ +∞

0

✂
R

(|ρ− κ|∂tϕ+ Φ(ρ, κ)∂xϕ) dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx ≥ 0, ✭✵✳✶✳✶✺✮

♦ù Φ✱ ❛♣♣❡❧é ✢✉① ❡♥tr♦♣✐q✉❡✱ ❡st ❞♦♥♥é ♣❛r

Φ(ρ, κ) = sgn(ρ− κ)(f(ρ)− f(κ)).

❊♥ ❝♦♥s✐❞ér❛♥t κ ∈ R✱ |κ| ≥ ‖ρ‖L∞ ❞❛♥s ✭✵✳✶✳✶✺✮✱ ♦♥ s❡ r❡♥❞ ❝♦♠♣t❡ q✉❡ ρ ✈ér✐✜❡ ❧❛ ❢♦r♠✉✲
❧❛t✐♦♥ ❢❛✐❜❧❡ ✭✵✳✶✳✾✮ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ t❡st ϕ ∈ C∞

c (Ω)✱ ϕ ≥ 0✳ ❙✐ ϕ ♥✬❡st ♣❛s ♣♦s✐t✐✈❡✱ ♦♥
❧❛ ❞é❝♦♠♣♦s❡ ❡♥ ♣❛rt✐❡ ♣♦s✐t✐✈❡ ❡t ♥é❣❛t✐✈❡ ✿ ϕ = ϕ+ − ϕ−✱ ❡t ❧❛ ❧✐♥é❛r✐té ✭❡♥ ϕ✮ ❞❡ ✭✵✳✶✳✾✮
❛ss✉r❡ q✉❡ t♦✉t❡ s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡ ❞❡ ✭✵✳✶✳✺✮ ❡st ❛✉ss✐ s♦❧✉t✐♦♥ ❢❛✐❜❧❡✳
■♥s✐st♦♥s s✉r ❧❡ ❢❛✐t q✉❡ ✭✵✳✶✳✶✺✮ ❡st ❡♥ ❢❛✐t ✉♥❡ ❢❛♠✐❧❧❡ ❞✬✐♥é❣❛❧✐tés✳ ❈♦♥tr❛✐r❡♠❡♥t à ❧❛ ❞é✜♥✐✲
t✐♦♥ ❞❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ✭✵✳✶✳✾✮ ♦ù ♦♥ ♥❡ ♣♦✉✈❛✐t ❥♦✉❡r q✉❡ s✉r ❧❛ ❢♦♥❝t✐♦♥ t❡st✱ ❧❛ ❢♦r♠✉❧❛t✐♦♥
❞❡ ❑r✉③❤❦♦✈ ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞❡ ❥♦✉❡r s✉r ❧❛ ♣❛r❛♠ètr❡ κ✱ ✐♠♣♦s❛♥t ♥❛t✉r❡❧❧❡♠❡♥t ❞❡s
❝♦♥tr❛✐♥t❡s s✉♣♣❧é♠❡♥t❛✐r❡s s✉r ✉♥❡ s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡✳
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❘❡♣r❡♥♦♥s ❧❡ r❛✐s♦♥♥❡♠❡♥t ❞é✈❡❧♦♣♣é ❞❛♥s ❧❛ s❡❝t✐♦♥ ✵✳✶✳✶✳ ❙♦✐❡♥t ❞♦♥❝ γ = γ(t) ∈ C1((0,+∞))
✉♥❡ ❝♦✉r❜❡ ❞❡ Ω ❡t ρ ∈ L1

loc(Ω) ❞❡ ❧❛ ❢♦r♠❡ ✭✵✳✶✳✶✵✮✳ ❆❧♦rs ρ ❡st s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡ ❞❡ ✭✵✳✶✳✺✮
s✐ ❡t s❡✉❧❡♠❡♥t s✐ ♣♦✉r t♦✉t κ ∈ R ❡t ♣♦✉r t♦✉t t > 0✱

Φ(ρl(γ(t), t))− Φ(ρr(γ(t), t)) ≥ γ′(t)× (|ρl(γ(t), t)− κ| − |ρr(γ(t), t)− κ|) , ✭✵✳✶✳✶✻✮

✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✾✽❪ ♣♦✉r ✉♥❡ ♣r❡✉✈❡✳ ❙✐ ♦♥ s✉♣♣♦s❡ ♣❛r ❡①❡♠♣❧❡ q✉✬❡♥ ✉♥ ♣♦✐♥t τ > 0✱
♦♥ ❛ ρl(τ) < ρr(τ) ✭♦♥ ❛ ♦♠✐s ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥ γ ♣♦✉r ❝❧❛r✐✜❡r ❧❛ s✉✐t❡✮✱ ❛❧♦rs ❧❛ ❝♦♥❞✐t✐♦♥
❞✬❡♥tr♦♣✐❡ ✭✵✳✶✳✶✻✮ s❡ réé❝r✐t ✿

∀κ ∈ ]ρl(τ), ρr(τ)[, f(κ) ≥ f(ρl(τ)) +
f(ρr(τ))− f(ρl(τ))

ρr(τ)− ρl(τ)
(κ− ρl(τ)). ✭✵✳✶✳✶✼✮

❆✉tr❡♠❡♥t ❞✐t✱ s✉r ]ρl(τ), ρr(τ)[✱ ❧❡ ❣r❛♣❤❡ ❞❡ f ❡st ❛✉ ❞❡ss✉s ❞❡ s❛ ❝♦r❞❡✳ ❖♥ ♠♦♥tr❡r❛✐t ❞❡
❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ s✐ ρl(τ) > ρr(τ)✱ ❛❧♦rs ❧❡ ❣r❛♣❤❡ ❞❡ f ❞♦✐t êtr❡ ❡♥ ❞❡ss♦✉s ❞❡ s❛ ❝♦r❞❡✳

❊①❡♠♣❧❡ ✵✳✶✳✺ ✭❈♦♥❞✐t✐♦♥ ❞❡ ▲❛①✱ éq✉❛t✐♦♥ ❞❡ ❇✉r❣❡rs ■❱✮✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧❛ ❢♦♥❝t✐♦♥
❡st ♣❛r ❡①❡♠♣❧❡ str✐❝t❡♠❡♥t ❝♦♥✈❡①❡✱ ❧❛ ❝♦♥❞✐t✐♦♥ ❞✬❡♥tr♦♣✐❡ ✭✵✳✶✳✶✼✮ ❡st éq✉✐✈❛❧❡♥t❡ à ❧❛
❝♦♥❞✐t✐♦♥ ❞✬❛❞♠✐ss✐❜✐❧✐té ❞❡ ▲❛① ✿

∀t > 0, f ′(ρl(t)) >
f(ρr(t))− f(ρl(t))

ρr(t)− ρl(t)
> f ′(ρr(t)), ✭✵✳✶✳✶✽✮

✐♥✐t✐❛❧❡♠❡♥t ❢♦r♠✉❧é❡ ❞❛♥s ❬✶✶✼❪✳ ❈❡tt❡ ✐♥é❣❛❧✐té ❛ ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ ✐❧❧✉stré❡ ❡♥
✜❣✉r❡ ✹ ✿ ❧♦rsq✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ▲❛① ❡st ✈✐♦❧é❡✱ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s s♦rt❡♥t ❞❡ ❧❛ ❞✐s❝♦♥t✐♥✉✐té
✭♦♥ ❞✐t ♣❛r❢♦✐s q✉❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❡st ❝réé❡✮✳ ❖♥ ✈♦✐t é❣❛❧❡♠❡♥t q✉❡ ❞❛♥s ❧❡ ❝❛s ❝♦♥✈❡①❡✱
✉♥❡ s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡ ♥❡ ♣❡✉t ❛✈♦✐r q✉❡ ❞❡s ❞✐s❝♦♥t✐♥✉✐tés ❞é❝r♦✐ss❛♥t❡s✳ P❛r ❝♦♥séq✉❡♥t✱
❛✉❝✉♥❡ ❞❡s s♦❧✉t✐♦♥s ❢❛✐❜❧❡s (ρν)ν ❞é✜♥✐❡s ♣❛r ✭✵✳✶✳✶✷✮ ♥✬❡st s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡✳ ❉❛♥s ❧❛ ✜❣✉r❡
❝✐✲❞❡ss♦✉s✱ ♦♥ ✐❧❧✉str❡ ❣é♦♠étr✐q✉❡♠❡♥t ❧❛ ❝♦♥❞✐t✐♦♥ ❞✬❛❞♠✐ss✐❜✐❧✐té ❞❡ ▲❛① ❡♥ ❞❡ss✐♥❛♥t ❧❡s
❝❛r❛❝tér✐st✐q✉❡s ♣♦✉r ❧❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s

ρ10(x) =

{
1 s✐ x < 0

0 s✐ x > 0
❡t ρ20(x) =

{
0 s✐ x < 0

1 s✐ x > 0.

❊♥tr❡

ρ1(x, t) =





1 s✐ x <
t

2

0 s✐ x >
t

2

❡t ρ2(x, t) =





0 s✐ x <
t

2

1 s✐ x >
t

2
.

s❡✉❧❡ ρ1 ❡st ❞♦♥❝ s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡✳

❉❛♥s s♦♥ ♣❛♣✐❡r ❬✶✶✹❪✱ ❑r✉③❤❦♦✈ ❛ ré❣❧é ❞❡ ♥♦♠❜r❡✉① ♣r♦❜❧è♠❡s t❤é♦r✐q✉❡s ❡♥ ♠♦♥tr❛♥t ❧❡
❝❛r❛❝tèr❡ ❜✐❡♥ ♣♦sé ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s s♦❧✉t✐♦♥s ❡♥tr♦♣✐q✉❡s✱ ✉♥✐✜❛♥t
❞✐✛ér❡♥ts ♣♦✐♥ts ❞❡ ✈✉❡ ❞❡ s❡s ♣ré❞é❝❡ss❡✉rs ❬✶✹✷✱ ✶✵✵✱ ✶✸✶✱ ✶✶✼✱ ✶✺✺❪✳ ❙❛ ♣r❡✉✈❡ ❞✬✉♥✐✲
❝✐té ✉t✐❧✐s❡ ✉♥❡ ♠ét❤♦❞❡ ❞❡ ❞é❞♦✉❜❧❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡s ❡t ❝♦♥❞✉✐t à ✉♥❡ ❝♦♥tr❛❝t✐♦♥ ❞❛♥s
C((0,+∞);L1(R))✳ P❧✉s ♣ré❝✐sé♠❡♥t s✐ ρ ❡t σ s♦♥t ❞❡✉① s♦❧✉t✐♦♥s ❡♥tr♦♣✐q✉❡s ❞❡ ✭✵✳✶✳✺✮
❛ss♦❝✐é❡s ❛✉① ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ρ0✱ σ0✱ ❛❧♦rs ♣♦✉r t♦✉t t > 0✱

‖ρ(·, t)− σ(·, t)‖L1 ≤ ‖ρ0 − σ0‖L1 . ✭✵✳✶✳✶✾✮
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❋✐❣✉r❡ ✹ ✕ ❈❤♦❝ ✈ér✐✜❛♥t ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ▲❛① à ❣❛✉❝❤❡✱ ❡t ❧❛ ✈✐♦❧❛♥t à ❞r♦✐t❡✳

❈♦♥❝❡r♥❛♥t ❧✬❡①✐st❡♥❝❡✱ ❑r✉③❤❦♦✈ ❛ ❜❛sé s❛ ♣r❡✉✈❡ s✉r ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛ ✈✐s❝♦s✐té é✈❛♥❡s❝❡♥t❡
r❛♣✐❞❡♠❡♥t é✈♦q✉é❡ ♣❧✉s ❤❛✉t✳ ❊♥ ❧❛✐ss❛♥t ❞❡ ❝ôté ❧❡s ♣r♦❜❧è♠❡s ❞✉s à ❧❛ ré❣✉❧❛r✐té ✐♥s✉✣s❛♥t❡
❞❡ ❧❛ ❢♦♥❝t✐♦♥ ✢✉①✱ ❧❡ rés✉❧t❛t ❞❡ ❑r✉③❤❦♦✈ ♥❡ ♣♦✉rr❛✐t êtr❡ ♣❧✉s ❣é♥ér❛❧ ❞❛♥s ❧❡ s❡♥s ♦ù ✐❧
❡♥❣❧♦❜❡ ❧❡ ❝❛s ♦ù f = f(x, t, ρ) ❡t ♦ù ✭✵✳✶✳✶✮ ♣♦ssè❞❡ ✉♥ t❡r♠❡ s♦✉r❝❡ s = s(x, t, ρ)✱ ❡♥
❞✐♠❡♥s✐♦♥ d ∈ N

∗ ❞✬❡s♣❛❝❡✱ ♣♦✉r ❧❡s éq✉❛t✐♦♥s s❝❛❧❛✐r❡s✳
❉❛♥s ❧❡ s✐❧❧❛❣❡ ❞❡ ❑r✉③❤❦♦✈✱ ❞✬❛✉tr❡s ❛✉t❡✉rs ♦♥t ♣❛r ❧❛ s✉✐t❡ ❝❤❡r❝❤❡r à ❡①♣r✐♠❡r ❞✬❛✉tr❡s
✐♥é❣❛❧✐tés ❞❡ st❛❜✐❧✐té ❞✉ t②♣❡ ✭✵✳✶✳✶✾✮ ♣❛r r❛♣♣♦rt ❛✉ ✢✉①✱ ❛✉ t❡r♠❡ s♦✉r❝❡ ❡t❝✳✳✳✱ ✈♦✐r ♣❛r
❡①❡♠♣❧❡ ❬✸✷✱ ✺✾✱ ✶✷✵✱ ✶✹✵❪✳ ❊♥✜♥✱ ♣❛r♠✐ ❧❡s ❛✉tr❡s ♠♦②❡♥s ❞❡ ♣r♦✉✈❡r ❧✬❡①✐st❡♥❝❡ ❞❡s s♦❧✉t✐♦♥s
❡♥tr♦♣✐q✉❡s ♠❡♥t✐♦♥♥♦♥s ❧❡s ♠ét❤♦❞❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ✿

✖ ♣❛r ✧❢r♦♥t tr❛❝❦✐♥❣✧✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✸✸✱ ✾✽✱ ✻✽❪ ❀
✖ ♣❛r ✈♦❧✉♠❡s✴❞✐✛ér❡♥❝❡s ✜♥✐s✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✶✷✶✱ ✹✽✱ ✹✾✱ ✽✸✱ ✶✷✷✱ ✶✷✽✱ ✶✹✽❪✳

▲❡s s❝❤é♠❛s ❛✉① ✈♦❧✉♠❡s ✜♥✐s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ s♦♥t ✉t✐❧✐sés ❞❡ ♠❛♥✐èr❡ ré❝✉rr❡♥t❡ ❞❛♥s ❧❡s
❝❤❛♣✐tr❡s ❞❡ ❝❡tt❡ t❤ès❡✳

✵✳✶✳✷ ❈❛❞r❡ ▲❲❘ ♣♦✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ tr❛✜❝

❇✐❡♥ ❛✈❛♥t q✉❡ ❧❡ ♣❛♣✐❡r ❞❡ ❑r✉③❤❦♦✈ ❛♣♣♦rt❡ ✉♥❡ ré♣♦♥s❡ ❞é✜♥✐t✐✈❡ q✉❛♥t ❛✉ ❝❛r❛❝tèr❡ ❜✐❡♥
♣♦sé ❞❡s ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s❝❛❧❛✐r❡s✱ ❝❡s ❞❡r♥✐èr❡s éq✉❛t✐♦♥s✱ ❡t ♠ê♠❡ ❞❡s s②stè♠❡s ❞❡ ❧♦✐s
❞❡ ❝♦♥s❡r✈❛t✐♦♥✱ ét❛✐❡♥t ❞é❥à ❧❛r❣❡♠❡♥t ✉t✐❧✐sés ♣♦✉r ❞é❝r✐r❡ ❞❡s ♣❤é♥♦♠è♥❡s ❞❡ ❞②♥❛♠✐q✉❡s
❞❡ tr❛✜❝ r♦✉t✐❡r✴♣✐ét♦♥♥✐❡r✳ P❛r♠✐ ❧❡s ❞✐✛ér❡♥t❡s ❛♣♣r♦❝❤❡s✱ ❞❡✉① ✈✐s✐♦♥s s❡ s♦♥t ❞é♠❛rq✉é❡s ✿
❧❛ ❞❡s❝r✐♣t✐♦♥ ♠✐❝r♦s❝♦♣✐q✉❡ ❡t ❧❛ ❞❡s❝r✐♣t✐♦♥ ♠❛❝r♦s❝♦♣✐q✉❡✳

❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ♠✐❝r♦s❝♦♣✐q✉❡✱ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❡ ❝❤❛q✉❡ ❛❣❡♥t ✭♣✐ét♦♥s✱ ✈♦✐t✉r❡s✮ ❡st ❞é❝r✐t❡
♣❛r ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♦r❞✐♥❛✐r❡✳ ❉❛♥s ❧❡s ❝❛s ❧❡s ♣❧✉s s✐♠♣❧❡s ❞❡ ❞❡s❝r✐♣t✐♦♥ ❞✉ tr❛✜❝
r♦✉t✐❡r✱ ✈♦✐r ❬✻✷✱ ✾✸✱ ✾✾❪✱ ❧❡s ♠♦❞è❧❡s s♦♥t ❜❛sés s✉r ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿

✖ ❧❛ r♦✉t❡ ❡st ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ✭♣❛s ❞❡ ❞é♣❛ss❡♠❡♥t✮
✖ ❧❛ ✈✐t❡ss❡ ❞❡ ❝❤❛q✉❡ ✈é❤✐❝✉❧❡ ✭à ♣❛rt ❞✉ ♣r❡♠✐❡r q✉✐ s❡ ❞é♣❧❛❝❡ à ✈✐t❡ss❡ ♠❛①✐♠❛❧❡✮ ♥❡

❞é♣❡♥❞ q✉❡ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❛✉ ✈é❤✐❝✉❧❡ q✉✐ ❧❡ ♣ré❝è❞❡✳
▲❡s ♠♦❞è❧❡s ❞ér✐✈❛♥t ❞❡ ❝❡s ❤②♣♦t❤ès❡s ♦♥t r❡ç✉ ❧❛ ❞é♥♦♠✐♥❛t✐♦♥ ❞❡ ♠♦❞è❧❡s ✧❋♦❧❧♦✇✲t❤❡✲
▲❡❛❞❡r✧✳
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❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ♠❛❝r♦s❝♦♣✐q✉❡✱ ❧❡ tr❛✜❝ ❡st ✈✉ ❝♦♠♠❡ ✉♥ ✢✉✐❞❡✴♠✐❧✐❡✉ ❝♦♥t✐♥✉ ❡t s❛ ❞②✲
♥❛♠✐q✉❡ ♥✬❡st ♣❛s ♣❧✉s ❞é❝r✐t❡ ♣❛r ❧❛ tr❛❥❡❝t♦✐r❡ ❞❡ s❡s ❛❣❡♥ts✱ ♠❛✐s ♣❛r ❧❛ ❞❡♥s✐té ❞✬❛❣❡♥ts✳
❆ss❡③ ♥❛t✉r❡❧❧❡♠❡♥t✱ ❝❡ ♥❡ s♦♥t ♣❧✉s ♣❧✉s✐❡✉rs éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s q✉✐ ❞é❝r✐✈❡♥t ❧❡ tr❛✜❝
♠❛✐s ✉♥❡ s❡✉❧❡ éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s✳ ❈❡s ♠♦❞è❧❡s s♦♥t ❛♣♣❛r✉s ♣♦✉r ❧❛ ♣r❡♠✐èr❡
❛✉ ♠✐❧✐❡✉ ❞✉ ❳❳❡ s✐è❝❧❡ q✉❛♥❞ ▲✐❣❤t❤✐❧❧✱ ❲❤✐t❤❛♠ ❬✶✷✺❪ ❡t ❘✐❝❤❛r❞s ❬✶✹✶❪ ✐♥❞é♣❡♥❞❛♠♠❡♥t✱
♦♥t ✐♥tr♦❞✉✐t ❧✬✐❞é❡ ❞✬✉t✐❧✐s❡r ❧❡s ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ♣♦✉r ❞é❝r✐r❡ ❧❡ tr❛✜❝✳ P♦✉ss❛♥t ✉♥ ♣❡✉
♣❧✉s ❧✬❛♥❛❧♦❣✐❡ ❡♥tr❡ ❧❡ ✢✉① ❞❡ tr❛✜❝ ❡t ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ✢✉✐❞❡s✱ ❧❡✉r ♠♦❞è❧❡✱ ❛♣♣❡❧é ▲❲❘
❞❡♣✉✐s✱ ❞é❝r✐t ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ✈♦✐t✉r❡s ρ = ρ(x, t) ∈ [0, 1] s✉r ✉♥❡ r♦✉t❡ ✧✐♥✜♥✐❡✧
❡t ❡st ❞♦♥♥é ♣❛r ✉♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❡①♣r✐♠❛♥t ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❛ss❡ ✿

∂tρ+ ∂x (ρv(ρ)) = 0. ✭✵✳✶✳✷✵✮

❊♥ ♠❡tt❛♥t ❝❡tt❡ ❊❉P ❡♥ ♣❛r❛❧❧è❧❡ ❛✈❡❝ ✭✵✳✶✳✶✮✱ ❧❛ ❢♦♥❝t✐♦♥ v ❛♣♣❛r❛ît ❞♦♥❝ ❝♦♠♠❡ ❧❛ ✈✐t❡ss❡
❞✉ tr❛✜❝✳ ❉❛♥s ❧❡ ❝❛❞r❡ ▲❲❘✱ ✐❧ ❡st s✉♣♣♦sé q✉❡ v = v(ρ) ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣♦s✐t✐✈❡✱ ❞é❝r♦✐s✲
s❛♥t❡ ❞❡ ❧❛ ❞❡♥s✐té✱ ❡t ✈ér✐✜❛♥t v(0) = 1✱ v(1) = 0 ❝❡ q✉✐ ♠♦❞é❧✐s❡ ❧❡ ❢❛✐t q✉✬✉♥❡ ❢❛✐❜❧❡ ❞❡♥s✐té
❞❡ ✈♦✐t✉r❡s s❡ ❞é♣❧❛❝❡ ♣❧✉s r❛♣✐❞❡♠❡♥t q✉✬✉♥❡ ♣❧✉s ✐♠♣♦rt❛♥t❡ ❞❡♥s✐té✳ ▲❡ ❝❤♦✐① ❧❡ ♣❧✉s s✐♠♣❧❡
❡st ❞❡ ❝❤♦✐s✐r v(ρ) = 1 − ρ ❝❡ q✉✐ ♥♦✉s r❛♠è♥❡ à ❧✬éq✉❛t✐♦♥ ♣rés❡♥té❡ ❞❛♥s ❧✬❡①❡♠♣❧❡ ✵✳✶✳✹✳
❖♥ ❛ r❡♣rés❡♥té ❡♥ ✜❣✉r❡ ✺ ❞❡s ❡①❡♠♣❧❡s ❞❡ ❢♦♥❝t✐♦♥s ✢✉① f(ρ) = ρv(ρ) rés✉❧t❛♥t ❞❡ ❝❡s
❤②♣♦t❤ès❡s s✉r ❧❛ ✈✐t❡ss❡✳ ❈❡tt❡ ❝❧❛ss❡ ❞❡ ✢✉① ❡st q✉❛❧✐✜é❡ ❞❡ ✢✉① ❡♥ ❝❧♦❝❤❡✳

❋✐❣✉r❡ ✺ ✕ ❊①❡♠♣❧❡s ❞❡ ✢✉① ❡♥ ❝❧♦❝❤❡✳

▼❛❧❣ré s❛ s✐♠♣❧✐❝✐té ✭✉♥❡ s❡✉❧❡ éq✉❛t✐♦♥ s❝❛❧❛✐r❡ ❡♥ ❞✐♠❡♥s✐♦♥ 1 ❞✬❡s♣❛❝❡✮✱ ❧❡ ❝❛❞r❡ ▲❲❘
✭✵✳✶✳✷✵✮ ❝♦♥st✐t✉❡ ✉♥❡ ❜♦♥♥❡ ❜❛s❡ ♣♦✉r ❧❛ ❞❡s❝r✐♣t✐♦♥ ♠❛❝r♦s❝♦♣✐q✉❡ ❞✉ tr❛✜❝✳ ❉❛♥s ❧❛ ♣r❡✲
♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ t❤ès❡✱ ♦♥ ♣r♦♣♦s❡ q✉❡❧q✉❡s ❛❥✉st❡♠❡♥ts ❛✉ ❝❛❞r❡ ▲❲❘ ❛✜♥ ❞❡ ❞é❝r✐r❡ ❞❡s
s✐t✉❛t✐♦♥s q✉❡ ❧❡ ❝❛❞r❡ ▲❲❘ st❛♥❞❛r❞ ♥❡ ♣❡✉t r❡♣r♦❞✉✐r❡✱ ❡t ♦♥ ét✉❞✐❡ à ❧❛ ❢♦✐s t❤é♦r✐q✉❡♠❡♥t
❡t ♥✉♠ér✐q✉❡♠❡♥t ❝❡s ❡①t❡♥s✐♦♥s✳

✵✳✶✳✸ ▼♦❞è❧❡s ❞❡ tr❛✜❝ ❞✉ s❡❝♦♥❞ ♦r❞r❡

❉❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❞②♥❛♠✐q✉❡ ❞❡ tr❛✜❝✱ ♦♥ ❞és✐❣♥❡ ♣❛r ♠♦❞è❧❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ✉♥ ♠♦❞è❧❡
❞é❝r✐✈❛♥t ❧✬é✈♦❧✉t✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s ❞✬ét❛t ❛✉ ♠♦②❡♥ ❞✬✉♥ s②stè♠❡ ❞❡ ❞❡✉① ❊❉P✳ ❈❡s ♠♦❞è❧❡s



✶✷ ❈❖◆❚❊◆❚❙

♦♥t été r❡♠✐s ❛✉ ❣♦✉t ❞✉ ❥♦✉r ♣❛r ❆✇✱ ❘❛s❝❧❡ ❬✷✺❪ ❡t ❩❤❛♥❣ ❬✶✺✼❪ ✭❆❘❩ ❞❛♥s ❧❛ s✉✐t❡✮ ❛✉
❞é❜✉t ❞✉ ❳❳■❡ s✐è❝❧❡ ❡t s✬✐♥s♣✐r❡♥t ❞✉ s②stè♠❡

{
∂tρ+ ∂x (ρv) = 0

∂t (ρ(v + p(ρ))) + ∂x (ρv(v + p(ρ))) = 0,
✭✵✳✶✳✷✶✮

✈♦✐r ❬✾✼✱ ✾✻✱ ✶✷❪✳ ❉❛♥s ❧❡ s②stè♠❡ ❆❘❩✱ ❧❛ ♣r❡♠✐èr❡ éq✉❛t✐♦♥ tr❛❞✉✐t t♦✉❥♦✉rs ❧❛ ❝♦♥s❡r✈❛t✐♦♥
❞❡ ❧❛ ♠❛ss❡ ❛❧♦rs q✉❡ ❧❛ s❡❝♦♥❞❡ ❡①♣r✐♠❡ ❧❡ tr❛♥s♣♦rt✱ ❧❡ ❧♦♥❣ ❞❡s tr❛❥❡❝t♦✐r❡s ❞❡s ✈é❤✐✲
❝✉❧❡s✱ ❞✬✉♥ ✧♠❛rq✉❡✉r ❧❛❣r❛♥❣✐❡♥✧ w = v + p(ρ) ♦ù ❧❛ ❢♦♥❝t✐♦♥ p✱ t②♣✐q✉❡♠❡♥t ❞❡ ❧❛ ❢♦r♠❡
p(ρ) = ργ✱ ❡st ♣❛r❢♦✐s ❞✐t❡ ✧♣r❡ss✐♦♥✧ ♣❛r ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❣❛③✳ ▲❛ ❝♦♠♣❧❡①✐té
♠❛t❤é♠❛t✐q✉❡ ❞❡s ♠♦❞è❧❡s ❞✉ s❡❝♦♥❞ ♦r❞r❡✱ ✈♦✐r ❬✶✹✹✱ ✸✸✱ ✾✽✱ ✻✽✱ ✶✹✽❪ ♣♦✉r ❧✬ét✉❞❡ t❤é♦r✐q✉❡
❞❡ ❝❡s s②stè♠❡s✱ ❡st ❝♦♠♣❡♥sé❡ ♣❛r ✉♥❡ ♠❡✐❧❧❡✉r❡ ❞❡s❝r✐♣t✐♦♥ ❞✉ tr❛✜❝✳ ❉❛♥s ❧❛ ❝❧❛ss❡ ❞❡s
♠♦❞è❧❡s ❞✉ s❡❝♦♥❞ ♦r❞r❡✱ ♦♥ s✬✐♥tér❡ss❡r❛ ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛✉① ♠♦❞è❧❡s ❞❡ tr❛♥s✐t✐♦♥ ❞❡
♣❤❛s❡✳ ❉❛♥s ❧❛ s❡❝♦♥❞❡ ♣❛rt✐❡ ❞✉ ♠❛♥✉s❝r✐t✱ ♦♥ ✐♥tr♦❞✉✐r❛ ❡t ét✉❞✐❡r❛ ✉♥ t❡❧ ♠♦❞è❧❡✳ ▲♦rs ❞❡
❧✬ét✉❞❡ t❤é♦r✐q✉❡ ❡t ♥✉♠ér✐q✉❡✱ ♣❧✉tôt q✉❡ ❞✬❛❞♦♣t❡r ✧❧❡ ♣♦✐♥t ❞❡ ✈✉❡ s②stè♠❡✧ ✭❤②♣❡r❜♦❧✐✲
❝✐té✱ ✈❛❧❡✉rs ♣r♦♣r❡s✱ ♣r♦❜❧è♠❡s ❞❡ ❘✐❡♠❛♥♥✮✱ ♦♥ ✈❡rr❛ ♣❧✉tôt ❧❡ ♠♦❞è❧❡ ❝♦♠♠❡ ❞❡✉① ❧♦✐s ❞❡
❝♦♥s❡r✈❛t✐♦♥ s❝❛❧❛✐r❡s ❞é✲❝♦✉♣❧❛❜❧❡s✳

✵✳✷ ❈♦♥tr✐❜✉t✐♦♥ ❡t ♦r❣❛♥✐s❛t✐♦♥ ❞✉ ♠❛♥✉s❝r✐t

▲❡ ♠❛♥✉s❝r✐t ❡st ❞✐✈✐sé ❡♥ tr♦✐s ♣❛rt✐❡s✳

✵✳✷✳✶ ❉❡s❝r✐♣t✐♦♥ ❞✉ tr❛✜❝ ❞❛♥s ❧❡ ❝❛❞r❡ ▲❲❘ ❡t t❤é♦r✐❡ ❞✉ ✢✉①
❞✐s❝♦♥t✐♥✉

❉❛♥s ❧❛ ♣❛rt✐❡ ■✱ ♦♥ ♣r♦♣♦s❡ ❞❡✉① ❡①t❡♥s✐♦♥s ❞✉ ❝❛❞r❡ ▲❲❘ ♣♦✉r ❞♦♥♥❡r ✉♥❡ ❞❡s❝r✐♣t✐♦♥
✉♥ ♣❡✉ ♣❧✉s s♦♣❤✐st✐q✉é❡ ❞❡ ❝❡rt❛✐♥s ♣❤é♥♦♠è♥❡s ❞✉ tr❛✜❝✳ ▲❛ ♣r❡♠✐èr❡ ❡①t❡♥s✐♦♥✱ q✉✐ ❡st
♣rés❡♥t❡ ❞❛♥s ❧❡s ❞❡✉① ♣r❡♠✐❡rs ♠♦❞è❧❡s✱ ❡st ❧✐é❡ ❛✉① ❝♦♥tr❛✐♥t❡s ♣♦♥❝t✉❡❧❧❡s✳ ❈❡s ❝♦♥tr❛✐♥t❡s
♣♦♥❝t✉❡❧❧❡s s♦♥t ❛♣♣❛r✉❡s ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ❞❛♥s ❬✻✵✱ ✺✻❪✱ ♦ù ❧❡s ❛✉t❡✉rs ❝❤❡r❝❤❛✐❡♥t à
✐♥❝♦r♣♦r❡r ❞❛♥s ❧❡ ♠♦❞è❧❡ ▲❲❘ ✉♥ ♠é❝❛♥✐s♠❡ q✉✐ t✐❡♥❞r❛✐t ❝♦♠♣t❡ ❞❡ ♣❤é♥♦♠è♥❡s✱ ❧♦❝❛❧✐sés
❡♥ ❡s♣❛❝❡✱ ❛rr✐✈❛♥t ❛✉t♦✉r ❞❡ s♦rt✐❡s✱ ❞❡ ♣é❛❣❡s ♦✉ ❡♥❝♦r❡ ❞❡ ❢❡✉① ❞❡ ❝✐r❝✉❧❛t✐♦♥✱ ❡t q✉✐
❛❣✐r❛✐❡♥t ❝♦♠♠❡ ❞❡s ♦❜st❛❝❧❡s✳ ❈❡ ♠é❝❛♥✐s♠❡ ❡st ♠❛tér✐❛❧✐sé ♣❛r ✉♥❡ ✐♥é❣❛❧✐té s✉r ❧❡ ✢✉①
❛❥♦✉té❡ à ✭✵✳✶✳✷✵✮ ❡t ❧♦❝❛❧✐sé❡ ❡♥ ❡s♣❛❝❡ ✭♣♦s✐t✐♦♥ ❞❡ ❧✬♦❜st❛❝❧❡✮✱ ❡♥ ❣é♥ér❛❧ ❡♥ x = 0 ♣♦✉r
✜①❡r ❧❡s ✐❞é❡s✳ ▲❡ ♠♦❞è❧❡ rés✉❧t❛♥t ❡st ❛❧♦rs

{
∂tρ+ ∂x (f(ρ)) = 0

f(ρ)|x=0 ≤ q(t)
✭✵✳✷✳✶✮

▲✬❡✛❡t ❞❡ ❧✬♦❜st❛❝❧❡ ❡st ♠♦❞é❧✐sé ♣❛r ❧❛ ❢♦♥❝t✐♦♥ q ✭❝♦♥tr❛✐♥t❡ ❞❛♥s ❧❛ s✉✐t❡✮✳ ❖♥ ♣r♦✜t❡ ❞✉
❝❤❛♣✐tr❡ ✶ ♣♦✉r ❢❛✐r❡ ❞❡s r❛♣♣❡❧s s✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r ✈♦❧✉♠❡s ✜♥✐s ❞❡s ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥
s❝❛❧❛✐r❡s ✭✵✳✶✳✶✮ ❡t ♦♥ tr❛✐t❡ é❣❛❧❡♠❡♥t ❧❡ ❝❛s ❞✉ s②stè♠❡ ✭✵✳✷✳✶✮✳ ▲❡s ♥♦t❛t✐♦♥s ✐♥tr♦❞✉✐t❡s
❞❛♥s ❝❡ ❝❤❛♣✐tr❡ s❡r♦♥t r❡♣r✐s❡s ❞❛♥s ❧❡s ❞✐✛ér❡♥t❡s s❡❝t✐♦♥s ❞✬❛♥❛❧②s❡ ♥✉♠ér✐q✉❡ ❞✉ ♠❛♥✉s✲
❝r✐t✳



✵✳✷✳ ❈❖◆❚❘■❇❯❚■❖◆ ❊❚ ❖❘●❆◆■❙❆❚■❖◆ ❉❯ ▼❆◆❯❙❈❘■❚ ✶✸

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷✱ ♦♥ s❡ ❜❛s❡ s✉r ❧❡ s②stè♠❡ ✭✵✳✷✳✶✮ ❡t ♦♥ ♣r♦♣♦s❡ ✉♥ ♠♦❞è❧❡ ❞é❝r✐✈❛♥t ❧❛
❞②♥❛♠✐q✉❡ ❞✉ tr❛✜❝ à ✉♥ ❣♦✉❧♦t ❞✬étr❛♥❣❧❡♠❡♥t✳ ❖♥ ❛❥♦✉t❡ à ✭✵✳✷✳✶✮ ✉♥ ♠é❝❛♥✐s♠❡ ♠❡s✉r❛♥t
❧❡ ❞❡❣ré ❞✬♦r❣❛♥✐s❛t✐♦♥✴❞❡ ❞és♦r❣❛♥✐s❛t✐♦♥ ❞✉ tr❛✜❝ ✈✐❛ ✉♥❡ ❢♦♥❝t✐♦♥ ω = ω(t) ✈ér✐✜❛♥t ✉♥❡
éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✐♠♣❧✐q✉❛♥t ρ✳ ▲❛ ✈❛❧❡✉r ❞❡ ω ❛✉ t❡♠♣s t > 0 ✐♥✢✉❡♥❝❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛
❝♦♥tr❛✐♥t❡✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✸✱ ♦♥ ❞é❝r✐t ❧✬✐♥✢✉❡♥❝❡ ❞✬✉♥ ✈é❤✐❝✉❧❡ ❧❡♥t s✉r ❧❡ tr❛✜❝ q✉✐ ❧✬❡♥t♦✉r❡✳ ❉❛♥s
❝❡ s❡❝♦♥❞ ♠♦❞è❧❡✱ q✉✐ ♣rés❡♥t❡ é❣❛❧❡♠❡♥t ✉♥❡ ❝♦♥tr❛✐♥t❡ ♣♦♥❝t✉❡❧❧❡✱ ❧❛ ❝♦♥tr❛✐♥t❡ ♥✬❡st ♣❧✉s
❧♦❝❛❧✐sé❡ ❡♥ x = 0 ♠❛✐s ❡st ♠♦❜✐❧❡ ❡t s✉✐t ❧❛ tr❛❥❡❝t♦✐r❡ ❞✉ ✈é❤✐❝✉❧❡ ❧❡♥t ✿





∂tρ+ ∂x (f(ρ)) = 0

f(ρ)− ẏ(t)ρ|x=y(t) ≤ Q(ẏ(t))

ẏ(t) = M[ρ],

✭✵✳✷✳✷✮

y ét❛♥t ❧❛ tr❛❥❡❝t♦✐r❡ ❞✉ ✈é❤✐❝✉❧❡ ❧❡♥t ❡t ♦ù ♦♥ ❛ ♥♦té M[·] ✉♥ ♦♣ér❛t❡✉r ♥♦♥✲❧♦❝❛❧ ❀ ❡♥ ♣r❛✲
t✐q✉❡✱ M[·] ❡st ✉♥ ♦♣ér❛t❡✉r ❞❡ ♠♦②❡♥♥✐s❛t✐♦♥ ❞❡ ρ✳ ▲❡ s②stè♠❡ ✭✵✳✷✳✷✮ ♣rés❡♥t❡ ♣❧✉s✐❡✉rs
❞❡❣rés ❞❡ ❞✐✣❝✉❧té s✉♣♣❧é♠❡♥t❛✐r❡s ♣❛r r❛♣♣♦rt à ✭✵✳✷✳✶✮✳ ❉✬✉♥❡ ♣❛rt✱ ❧❛ ❝♦♥tr❛✐♥t❡ ♥✬❡st ♣❧✉s
✜①❡✱ ♠❛✐s ❝❡❝✐ ♥✬❡st ♣❛s ✉♥ ♣r♦❜❧è♠❡ ✿ ♦♥ s❡ r❛♠è♥❡ à ✉♥ ♣r♦❜❧è♠❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡ ✜①❡ ✈✐❛
❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❝♦♦r❞♦♥♥é❡s X = x− y(t)✱ ♠❛✐s ❡♥ ❝♦♥tr❡♣❛rt✐❡✱ ❧❡ ♥♦✉✈❡❛✉ ✢✉① ❞é♣❡♥❞r❛
❞✉ t❡♠♣s ✈✐❛ ẏ✳ P❛r ❛✐❧❧❡✉rs✱ ❧❛ s❡❝t✐♦♥ ✶✳✻✳✶ ❞✉ ❝❤❛♣✐tr❡ ✶ ét❡♥❞ ❧❡s rés✉❧t❛ts ét❛❜❧✐s ❛✉
❞é❜✉t ❞✉ ❝❤❛♣✐tr❡ ✶ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s s②stè♠❡s ❞❡ ❧❛ ❢♦r♠❡ ✭✵✳✷✳✶✮ ❛✈❡❝ ✉♥ ✢✉① ❞é♣❡♥❞❛♥t
❞✉ t❡♠♣s✳ Pré❝✐s♦♥s q✉❡ ❧❛ ✈❛r✐❛♥t❡ ❧♦❝❛❧❡ ❞❡ ✭✵✳✷✳✷✮✱ ❝✬❡st✲à✲❞✐r❡ ❛✈❡❝ M[ρ] = ρ(y(t)+, t)
❛ été ét✉❞✐é❡ ♣❛r ❧❡s ❛✉t❡✉rs ❞❡ ❬✼✵❪✱ ❡t ✐♥s✐st♦♥s s✉r ❧❛ ❞✐✣❝✉❧té ❞✬❛♥❛❧②s❡ ❞❡ ❧❡✉r ♠♦❞è❧❡✱
❡♥ ♣❛rt✐❝✉❧✐❡r s✉r ❧❛ q✉❡st✐♦♥ ❞❡ ❧✬✉♥✐❝✐té✱ ✈♦✐r ❛✉ss✐ ❬✼✷✱ ✶✷✸❪✳ ▲❛ ❞✐✣❝✉❧té ♣r✐♥❝✐♣❛❧❡ ♣♦✉r
❧✬ét✉❞❡ ❞✉ s②stè♠❡ ✭✵✳✷✳✷✮ rés✐❞❡ ❞❛♥s ❧❡ ❝♦✉♣❧❛❣❡ q✉✐ ❡①✐st❡ ❡♥tr❡ ρ ❡t y ✿ ❧❡ tr❛✜❝ ❛♠❜✐❛♥t
✐♥✢✉❡♥❝❡ ❧❛ ✈✐t❡ss❡ ❞✉ ✈é❤✐❝✉❧❡ ✈✐❛ M✱ ❡t ❧❡ ✈é❤✐❝✉❧❡ ❧❡♥t ✐♥✢✉❡♥❝❡ ❧❡ tr❛✜❝ q✉✐ ❧✬❡♥t♦✉r❡ ✈✐❛
❧❛ ❝♦♥tr❛✐♥t❡ Q(ẏ)✳ P♦✉r ❝❡s ❞❡✉① ♠♦❞è❧❡s✱ ♦♥ ♣r♦✉✈❡ ❧❡ ❝❛r❛❝tèr❡ ❜✐❡♥ ♣♦sé✱ ❡t ♦♥ ❝♦♥str✉✐t
✉♥ s❝❤é♠❛ ♥✉♠ér✐q✉❡ ♣♦✉r ❧❡q✉❡❧ ♦♥ ♣r♦✉✈❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡✳ ❉❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s s♦♥t
é❣❛❧❡♠❡♥t ré❛❧✐sé❡s✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹✱ ♦♥ s❡ ♣r♦♣♦s❡ ❞✬ét❡♥❞r❡ ❧✬❛♥❛❧②s❡ t❤é♦r✐q✉❡ ❞❡ s②stè♠❡s ✭✵✳✷✳✷✮ ❛✉ ❝❛s ♦ù
✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ tr❛❥❡❝t♦✐r❡s✴❝♦♥tr❛✐♥t❡s (yi, qi)i ❡st ❞♦♥♥é✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❤❛♣✐tr❡ ✸✱
♦♥ ♥❡ r❡❝t✐✜❡ ♣❛s ❧❡s tr❛❥❡❝t♦✐r❡s ❞❛♥s ❧❡ s❡♥s ♦ù ♦♥ tr❛✈❛✐❧❧❡ ❞❛♥s ❧❡ r❡♣èr❡ ❞✬♦r✐❣✐♥❡✱ s❛♥s
❢❛✐r❡ ❞❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❝♦♦r❞♦♥♥é❡s ✭❜✐❡♥ q✉❡ ♣♦ss✐❜❧❡✱ ♠❛✐s ❧❛❜♦r✐❡✉①✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡
❬✶✽❪✮✳ ▲❛ ❝♦♥tr✐❜✉t✐♦♥ ♠❛❥❡✉r❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥ ❧❛♥❣❛❣❡ ❛❞❛♣té à ❧❛
❣é♦♠étr✐❡ ❞é✜♥✐❡ ♣❛r ❧❡s tr❛❥❡❝t♦✐r❡s (yi)i ✭✐♥t❡r❢❛❝❡s✮✳ ❉❛♥s ❧❛ ♣r❡✉✈❡ ❞✬❡①✐st❡♥❝❡ ❜❛sé❡ s✉r
❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥ s❝❤é♠❛ ♥✉♠ér✐q✉❡✱ ♦♥ ❛❞❛♣t❡ ❧♦❝❛❧❡♠❡♥t ❧❡ ♠❛✐❧❧❛❣❡ ❞✉ s❝❤é♠❛ à ❧❛
❣é♦♠étr✐❡ ♣r♦♣♦sé❡✳ ▲❡ ❢♦r♠❛❧✐s♠❡ ❡t ❧❡s t❡❝❤♥✐q✉❡s ❞é✈❡❧♦♣é❡s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❛❧❧❛♥t ❛✉
❞❡❧à ❞❡s ♣r♦❜❧è♠❡s à ✢✉① ❝♦♥tr❛✐♥ts✱ ♦♥ ❡①♣❧♦✐t❡ ❧❡ ❝❛❞r❡ ✜①é ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹ ♣♦✉r ❧✬ét✉❞❡
❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥

∂tρ(x, t) + ∂x (f(x, t, ρ(x, t))) = 0, ✭✵✳✷✳✸✮

♦ù ❧❛ ❢♦♥❝t✐♦♥ f ❡st ❞❡ ❝❧❛ss❡ C1 ❡♥ ρ ❡t ♣rés❡♥t❡ ❞❡s ❞✐s❝♦♥t✐♥✉✐tés ❡♥ (x, t)✱ ❧✬❡①❡♠♣❧❡ ❧❡ ♣❧✉s



✶✹ ❈❖◆❚❊◆❚❙

s✐♠♣❧❡ ét❛♥t ✿

f(x, t, ρ) =

{
f(ρ) s✐ x < 0

g(ρ) s✐ x > 0,
✭✵✳✷✳✹✮

❛✈❡❝ f, g ∈ C1(R)✳ ▲✬♦❜❥❡❝t✐❢ ❞✉ ❝❤❛♣✐tr❡ ✺ ❡st ❞❡ ❢♦✉r♥✐r ✉♥❡ ❛♣♣r♦❝❤❡ s②sté♠❛t✐q✉❡ ❜❛sé❡ s✉r
❧❡s ✈♦❧✉♠❡s ✜♥✐s ♣♦✉r ❝♦♥str✉✐r❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ✭✵✳✷✳✸✮ ❛✈❡❝ ✉♥ ❝♦✉♣❧❛❣❡ ❣é♥ér❛❧ à ❧✬✐♥t❡r❢❛❝❡✳

P❛♣✐❡rs s♦✉♠✐s✴♣✉❜❧✐és ❧✐és à ❝❡s ❞❡✉① ♠♦❞è❧❡s ✿ ❬✷✸✱ ✶✺✵✱ ✶✹✾❪✳ Pré❝✐s♦♥s q✉❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡
✷✱ ❞✉ ❝♦♥t❡♥✉ ❛ été ❛❥♦✉té ♣❛r r❛♣♣♦rt à ❬✷✸❪✱ ♥♦t❛♠♠❡♥t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✷✳ ❘❛❥♦✉t♦♥s
é❣❛❧❡♠❡♥t q✉❡ ❧❡ ❝❤❛♣✐tr❡ ✺ ❢❡r❛ ❧✬♦❜❥❡t ❞✬✉♥ ♣r❡♣r✐♥t q✉✐ ❡st ❡♥ ❝♦✉rs ❞❡ ✜♥❛❧✐s❛t✐♦♥✳

✵✳✷✳✷ ➱t✉❞❡ t❤é♦r✐q✉❡ ❡t ♥✉♠ér✐q✉❡ ❞✬✉♥ ♠♦❞è❧❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡

❖♥ ♣r♦♣♦s❡r❛ ❡♥s✉✐t❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ■■ ✉♥ ♠♦❞è❧❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❝♦♥st✐t✉é ❞❡ ❞❡✉① éq✉❛✲
t✐♦♥s ✿ ✉♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ✭❛✈❡❝ ✢✉① ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s ❡t ❞❡ ❧✬❡s♣❛❝❡✮ s✉r ❧❛ ❞❡♥s✐té
ρ tr❛❞✉✐s❛♥t ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❛ss❡✱ ❡t ✉♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s✉r ✉♥ ♣❛r❛♠ètr❡ w

tr❛❞✉✐s❛♥t ❧❡ ❞❡❣ré ❞✬♦r❣❛♥✐s❛t✐♦♥ ❞✉ tr❛✜❝ q✉✐ é✈♦❧✉❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❡s ✈é❤✐❝✉❧❡s
❡t ✐♥✢✉❡♥❝❡ ❞❡ ♠❛♥✐èr❡ ♥♦♥✲❧♦❝❛❧❡ ❧❡ ❞✐❛❣r❛♠♠❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ✢✉① ❞✉ tr❛✜❝ ✿





∂tρ+ ∂x(f(x, t, ρ)) = 0

f(x, t, ρ) = (1− ω(x, t))fmin(ρ) + ω(x, t)fmax(ρ)

ω = M[w]

∂t(ρw) + ∂x(f(x, t, ρ)w) = ρK[ρ]w(1−w),

✭✵✳✷✳✺✮

❧❡s ❢♦♥❝t✐♦♥s fmin ≤ fmax tr❛❞✉✐s❛♥t ❧❡s ❞❡✉① ♥✐✈❡❛✉① ❡①trê♠❡s ❞❡ ❞❡s♦r❣❛♥✐s❛t✐♦♥ ❞✉ tr❛✜❝✳

❋✐❣✉r❡ ✻ ✕ ■❧❧✉str❛t✐♦♥ ❞❡s ❞❡✉① ♥✐✈❡❛✉① ❞❡ ❞és♦r❣❛♥✐s❛t✐♦♥✳

▲❡s ❢❛❝t❡✉rs M[w] ❡t K[ρ] ❞❛♥s ✭✵✳✷✳✺✮ ✐♥tr♦❞✉✐s❡♥t ✉♥ ❝♦✉♣❧❛❣❡ ♥♦♥✲❧♦❝❛❧ ❡♥tr❡ ρ ❡t w✱ ❝❡
q✉✐ r❡♥❞ ❧✬❛♥❛❧②s❡ ❞✉ s②stè♠❡ ✭✵✳✷✳✺✮ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ❞✉ s②stè♠❡ ❝❧❛ss✐q✉❡ ❞❡ ❑❡②✜t③✲❑❛♥③❡r✳
▲✬ét✉❞❡ ❞✉ s②stè♠❡ s✬♦r❣❛♥✐s❡ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡✳



✵✳✷✳ ❈❖◆❚❘■❇❯❚■❖◆ ❊❚ ❖❘●❆◆■❙❆❚■❖◆ ❉❯ ▼❆◆❯❙❈❘■❚ ✶✺

❆♣rès ❛✈♦✐r ét❡♥❞✉ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✻ ❧❛ t❤é♦r✐❡ ❞❡ P❛♥♦✈ ❬✶✸✹❪ s✉r ❧❡s s♦❧✉t✐♦♥s r❡♥♦r♠❛❧✐sé❡s
❞✬éq✉❛t✐♦♥s ❞❡ tr❛♥s♣♦rt ❧✐♥é❛✐r❡s✱ ♦♥ ♣r♦✜t❡ ♣❧❡✐♥❡♠❡♥t ❞❡ ❝❡tt❡ t❤é♦r✐❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✼
♦ù ♦♥ ♣r♦✉✈❡ ❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ❛✉ s②stè♠❡ ✭✵✳✷✳✺✮✳ ◆♦tr❡ ❞é✜♥✐t✐♦♥ ❞❡ s♦❧✉t✐♦♥ ❡st
❜❛sé❡ s✉r ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s s♦❧✉t✐♦♥s ❡♥tr♦♣✐q✉❡s ❞❡ ❑r✉③❤❦♦✈ ♣♦✉r ρ ❡t ❞❡s s♦❧✉t✐♦♥s
r❡♥♦r♠❛❧✐sé❡s ❞❡ P❛♥♦✈ ♣♦✉r w✱ ✈♦✐r ❧❛ s❡❝t✐♦♥ ✼✳✸✳ ❖♥ ♣r♦♣♦s❡ é❣❛❧❡♠❡♥t ✉♥ s❝❤é♠❛ ♥✉✲
♠ér✐q✉❡ ♣♦✉r ✭✵✳✷✳✺✮ ❡t ♦♥ ♠♦♥tr❡ s❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s BV

s♦✉s ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❛ ❞❡♥s✐té ρ ❡st sé♣❛ré❡ ❞❡ 0✳ ❈❡ s❝❤é♠❛✱ q✉✐ ❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❡♥tr❡
❧❛ t❤é♦r✐❡ ❝❧❛ss✐q✉❡ ❞❡s ✈♦❧✉♠❡s ✜♥✐s ✭♣♦✉r ρ✮ ❡t ❧❛ tr❛❞✉❝t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥
❞❡ w ❧❡ ❧♦♥❣ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s✱ ♠è♥❡ t♦✉t❡❢♦✐s à ✉♥ s❝❤é♠❛ ❝♦♥s❡r✈❛t✐❢ ♣♦✉r ❧❛ q✉❛♥t✐té ρw✳

Pré✲♣✉❜❧✐❝❛t✐♦♥ ❧✐é❡ à ❝❡ ♠♦❞è❧❡ ✿ ❬✷✷❪✳

✵✳✷✳✸ ▲♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❡t éq✉❛t✐♦♥s ❞✬❍❛♠✐❧t♦♥✲❏❛❝♦❜✐
❤étér♦❣è♥❡s

❋✐♥❛❧❡♠❡♥t✱ ❞❛♥s ❧❛ ♣❛rt✐❡ ■■■✱ ♥♦tr❡ ♣r♦♣♦s rés✐❞❡ ❞❛♥s ❧✬ét✉❞❡ t❤é♦r✐q✉❡ ❞❡s ❧♦✐s ❞❡ ❝♦♥s❡r✲
✈❛t✐♦♥ ❛✈❡❝ ❞é♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡ ❞✉ ✢✉① ✿

{
∂tu+ ∂x(f(x, u)) = 0

u(·, 0) = u0.
✭✵✳✷✳✻✮

▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❧✬ét✉❞❡ ❝♦♥s✐st❡ à ♠♦♥tr❡r ❧❡ ❝❛r❛❝tèr❡ ❜✐❡♥ ♣♦sé ❞❡ ❝❡ ♣r♦❜❧è♠❡ ❞❡
❈❛✉❝❤② ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ❜♦r♥é❡s u0 ∈ L∞(R)✳ ❈♦♠♠❡ é✈♦q✉é ♣ré❝é❞❡♠♠❡♥t✱ ✈♦✐r
❧❡ ♣❛r❛❣r❛♣❤❡ ✵✳✶✳✶✱ ✐❧ ❡st ♠❛✐♥t❡♥❛♥t ❜✐❡♥ ❝♦♥♥✉ q✉❡ ✭✵✳✷✳✻✮ ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❡♥✲
tr♦♣✐q✉❡ s✐ f ∈ W1,∞(R2)✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✶✶✹✱ ✽✽✱ ✻✽✱ ✶✹✵❪✳ ❈❡♣❡♥❞❛♥t✱ ❝❡tt❡ ❤②♣♦t❤ès❡
❡st ❛ss❡③ r❡str✐❝t✐✈❡ ♣✉✐q✉✬❡❧❧❡ ❡①❝❧✉t ❧❡s ❢♦♥❝t✐♦♥s à ❝r♦✐ss❛♥❝❡ s✉r✲❧✐♥é❛✐r❡s ❡♥ u ♣❛r ❡①❡♠♣❧❡✳

P❧✉tôt q✉❡ ❞❡ ❝♦♥s✐❞ér❡r ❞❡s ✢✉① ❣❧♦❜❛❧❡♠❡♥t ▲✐♣s❝❤✐t③✱ ♦♥ ❝❤♦✐s✐r❛ f ❞❛♥s ❧❛ ❝❧❛ss❡ ❞❡s
❢♦♥❝t✐♦♥s C2(R2) ❞♦♥t ❧❛ ❞é♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡ ❡st ❧♦❝❛❧✐sé❡ ❞❛♥s ✉♥ ❝♦♠♣❛❝t ✿

∃X > 0, ∀x, u ∈ R, |x| ≥ X =⇒ ∂f

∂x
(x, u) = 0. ✭✵✳✷✳✼✮

❈❡tt❡ ❤②♣♦t❤ès❡✱ q✉✐ ♥✬✐♠♣♦s❡ ♣❛s ❞❡ ❝♦♥❞✐t✐♦♥ ❞❡ ❝r♦✐ss❛♥❝❡ ❞❡ f ❡♥ u✱ ♣❡r♠❡ttr❛ ♣❛r
❡①❡♠♣❧❡ ❞❡ ❝♦♥s✐❞ér❡r ❞❡s ❢♦♥❝t✐♦♥s f ❢♦rt❡♠❡♥t ❝♦♥✈❡①❡s ❡♥ u✱ ❢♦♥❝t✐♦♥s ✐♥❛tt❡✐❣♥❛❜❧❡s s♦✉s
❧✬❤②♣♦t❤ès❡ f ∈ W1,∞(R2)✳ P♦✉r ❢❛✐r❡ ❧❡ ❧✐❡♥ ❛✈❡❝ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ tr❛✜❝✱ ✉♥❡ ❢♦♥❝t✐♦♥ f
r❡♥tr❛♥t ❞❛♥s ♥♦tr❡ ❝❛❞r❡ ✭−f ❡♥ ❢❛✐t✮ ❡st

f(x, u) = θ(x)u(1− u),

♦ù ❧✬❛❧❧✉r❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ θ ∈ C2(R) ❡st r❡♣rés❡♥té❡ ❡♥ ✜❣✉r❡ ✼✱ à ❣❛✉❝❤❡✳ ▲❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥
❛ss♦❝✐é❡ à ❝❡ ✢✉① ♠♦❞é❧✐s❡ ♣❛r ❡①❡♠♣❧❡ ❧✬é✈♦❧✉t✐♦♥ ❞✬✉♥❡ ❞❡♥s✐té ❞❡ ✈♦✐t✉r❡s s❡ ❞é♣❧❛ç❛♥t s✉r
✉♥❡ r♦✉t❡ ♦ù ❧❛ ❧✐♠✐t❛t✐♦♥ ❞❡ ✈✐t❡ss❡ ❝❤❛♥❣❡ ❞❡ ♠❛♥✐èr❡ ❝♦♥t✐♥✉❡✳
❙✉r ❧❡ ❝❤❡♠✐♥ ❞❡ ❧❛ ♣r❡✉✈❡ ❞✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ❡♥tr♦♣✐q✉❡s ❞❡ ✭✵✳✷✳✻✮✱ ♦♥ ❢❡r❛ ❧❡ ❧✐❡♥ ❡♥tr❡
❧❡s s♦❧✉t✐♦♥s ✭❡♥tr♦♣✐q✉❡s✮ ❞❡ ✭✵✳✷✳✻✮ ❡t ❧❡s s♦❧✉t✐♦♥s ❞❡ ✈✐s❝♦s✐té ✭✈♦✐r ❬✶✷✻✱ ✷✽❪✮ ❞❡ ❧✬éq✉❛t✐♦♥
❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ✿ {

∂tU + f(x, ∂xU) = 0

U(·, 0) = U0.
✭✵✳✷✳✽✮



✶✻ ❈❖◆❚❊◆❚❙

❋✐❣✉r❡ ✼ ✕ ❊①❛♠♣❧❡ ❞✬✉♥ ✢✉① s❛t✐s❢❛✐s❛♥t ❧✬❤②♣♦t❤ès❡ ✭✵✳✷✳✼✮✳

❉❛♥s ❧❡ ❝❛s ❤♦♠♦❣è♥❡✱ ✐✳❡✳ q✉❛♥❞ f = f(u) ∈ C1(R)✱ ✐❧ ❡st ❝♦♥♥✉ q✉❡ ✿
✖ s✐ f ❡st ❣❧♦❜❛❧❡♠❡♥t ▲✐♣s❝❤✐t③✐❡♥♥❡✱ ❛❧♦rs ✭✵✳✷✳✻✮ ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡✱

♣♦✉r t♦✉t❡ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ ❜♦r♥é❡✱ ✈♦✐r ❬✶✶✹❪ ♦✉ ❬✶✷✼✱ ❈❤❛♣t❡r ✷❪ ❀
✖ s✐ f ❡st ❣❧♦❜❛❧❡♠❡♥t ▲✐♣s❝❤✐t③✐❡♥♥❡ ♦✉ s✉♣❡r✲❧✐♥é❛✐r❡✱ ❛❧♦rs ✭✵✳✷✳✽✮ ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡

s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té ♣♦✉r t♦✉t❡ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ ▲✐♣s❝❤✐t③✱ ✈♦✐r ❬✽✶✱ ❈❤❛♣t❡r ✶✵❪ ♦✉ ❬✷✼✱
❈❤❛♣t❡r ✷❪ ❀

✖ ❧❡s s♦❧✉t✐♦♥s ❡♥tr♦♣✐q✉❡s ❞❡ ✭✵✳✷✳✻✮ s♦♥t ♦❜t❡♥✉s ❡♥ ❞ér✐✈❛♥t ♣❛r r❛♣♣♦rt à x ❧❡s s♦❧✉✲
t✐♦♥s ❞❡ ✈✐s❝♦s✐té ❞❡ ✭✵✳✷✳✽✮✱ ✈♦✐r ❬✶✵✺✱ ✻✶❪✳

❉❛♥s ❧❡ ❝❛s ❤étér♦❣è♥❡✱ s♦✉s ❧✬❤②♣♦t❤ès❡ ✭✵✳✷✳✼✮ ✭❡♥ ♣❧✉s ❞❡ s✉♣❡r✲❧✐♥é❛r✐té ❡♥ u✮✱ ❝❡s rés✉❧t❛ts
♥❡ s♦♥t✱ ❛ ♣r✐♦r✐✱ ♣❛s ❝♦♥♥✉s✳ ❖✉tr❡ ❧✬❡①t❡♥s✐♦♥ ❞❡ ❝❡s rés✉❧t❛ts ❞❛♥s ♥♦tr❡ ❝❛❞r❡✱ ♦♥ ❢❛✐t
é❣❛❧❡♠❡♥t ❧❡ ❧✐❡♥ ❛✈❡❝ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧ ❞❡s ✈❛r✐❛t✐♦♥s ❛ss♦❝✐é à ✭✵✳✷✳✽✮ ✿

inf
y∈W1,1((0,t))

y(t)=x

(✂ t

0

f ∗(y(s), ẏ(s)) ds+ U0(y(0))

)
, (x, t) ∈ Ω, ✭✵✳✷✳✾✮

♦ù f ∗ ❡st ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ▲❡❣❡♥❞r❡ ❞❡ f ❡♥ ❧❛ s❡❝♦♥❞❡ ✈❛r✐❛❜❧❡✳

❈❡s ❞✐✛ér❡♥ts ♣♦✐♥ts ❞❡ ✈✉❡ s♦♥t ❝r✉❝✐❛✉① ❞❛♥s ❧❛ ❞✐s❝✉ss✐♦♥ r❡❧✐é❡ à ❧❛ ❞❡✉①✐è♠❡ ♣r♦❜❧é✲
♠❛t✐q✉❡ ❞❡ ❝❡tt❡ ♣❛rt✐❡✱ à s❛✈♦✐r ❝❡❧❧❡ ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ✐♥✈❡rs❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ s❡ ✜①❡
✉♥ t❡♠♣s ✜♥❛❧ T > 0 ❡t ✉♥ ♣r♦✜❧ w ∈ L∞(R)✱ ❡t ♦♥ s✬✐♥t❡rr♦❣❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞♦♥✲
♥é❡s ✐♥✐t✐❛❧❡s u0 t❡❧ q✉❡ ❧❛ s♦❧✉t✐♦♥ ❡♥tr♦♣✐q✉❡ u ❞❡ ✭✵✳✷✳✻✮ ✈ér✐✜❡ u(·, T ) = w✳ ❈♦♠♠❡ ❧❡s
s♦❧✉t✐♦♥s ❞❡ ✭✵✳✷✳✻✮ ♣rés❡♥t❡♥t ❞❡s ❞✐s❝♦♥t✐♥✉✐tés q✉✐ ❝❛✉s❡♥t ✉♥❡ ♣❡rt❡ ❞✬✐♥❢♦r♠❛t✐♦♥✱ ❝❡
♣r♦❜❧è♠❡ ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ♥✬❡st ♣❛s tr✐✈✐❛❧✳ Pré❝✐s♦♥s q✉❡ ❧❡s ❛✉t❡✉rs ❞❡ ❬✻✶❪ ♦♥t ❢♦✉r♥✐ ✉♥❡
❞❡s❝r✐♣t✐♦♥ ❝♦♠♣❧èt❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s é✈♦❧✉❛♥t ❡♥ ✉♥ ♣r♦✜❧ ❞♦♥♥é ❞❛♥s ❧❡
❝❛s ♦ù f = f(u) ét❛✐t ✉♥✐❢♦r♠é♠❡♥t ❝♦♥✈❡①❡✳ ▲❛ ♣❛rt✐❡ ■■■ ét❡♥❞ ❧❡✉rs rés✉❧t❛ts ❞❛♥s ❧❡ ❝❛s ❞❡
✢✉① ❢♦rt❡♠❡♥t ❝♦♥✈❡①❡ ❡♥ u ❛✈❡❝ ❞é♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡ ❝♦♠♣❛❝t❡✳ ▼❡tt♦♥s ❡♥ ❧✉♠✐èr❡ ❧❡ ❢❛✐t
q✉❡ ❧✬❡①t❡♥s✐♦♥ ❛✉ ❝❛s ❤étér♦❣è♥❡ ❞❡ ❝❡s ♣r♦❜❧è♠❡s ❞✬✐♥✈❡rs❡ ❞❡s✐❣♥ ♥✬❡st ♣❛s q✉✬✉♥❡ s✐♠♣❧❡
❛❞❛♣t❛t✐♦♥ ❞❡s rés✉❧t❛ts ♣r♦✉✈és ♣❛r ❧❡s ❛✉t❡✉rs ❞❡ ❬✻✶❪✱ ❝♦♠♠❡ ❡♥ ❛tt❡st❡ ❧✬❡①❡♠♣❧❡ ❞❡ ❧❛
s❡❝t✐♦♥ ✽✳✹✳✷✳
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✶✼
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❲■❚❍ P❖■◆❚ ❈❖◆❙❚❘❆■◆❚

❚❤✐s ✜rst ❝❤❛♣t❡r ✐s t❤❡ ♦❝❝❛s✐♦♥ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s ✇❡ ✇✐❧❧ ❛❞♦♣t ✐♥ t❤❡ s❡q✉❡❧ r❡✲
❣❛r❞✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ♦✉r ❞✐✛❡r❡♥t ♣r♦❜❧❡♠s✳ ■t ❛❧s♦ s❡r✈❡s t♦ ❡❧❛❜♦r❛t❡
❛ ❤❛♥❞❢✉❧ ♦❢ ✐♥❣r❡❞✐❡♥ts ❛♥❞ t❡❝❤♥✐q✉❡s ✇❡ ✇✐❧❧ ✉s❡✳

❇❡✐♥❣ ❣✐✈❡♥ ❛ ▲✐♣s❝❤✐t③ ❝♦♥❝❛✈❡ ✢✉① f : [0, 1] → R✿

f(ρ) ≥ 0, f(0) = f(1) = 0; ∃! ρ ∈ (0, 1), ❢♦r ❛✳❡✳ ρ ∈ (0, 1), f ′(ρ)(ρ− ρ) > 0, ✭✶✳✵✳✶✮

❛♥❞ ❛ ❝♦♥str❛✐♥t ❢✉♥❝t✐♦♥ q ∈ L∞((0,+∞)), q ≥ 0✱ ✇❡ t❛❝❦❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✐♥
Ω = R× (0,+∞)✿ 




∂tρ+ ∂x (f(ρ)) = 0

ρ(·, 0) = ρ0

f(ρ)|x=0 ≤ q(t).

✭✶✳✵✳✷✮

❚❤✐s ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ❤❛s ❜❡❡♥ ❣r❡❛t❧② ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ♣❛st ❢❡✇ ❞❡❝❛❞❡s✳ ▼♦t✐✈❛t❡❞ ❜②
t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t♦❧❧❣❛t❡s ❛♥❞ tr❛✣❝ ❧✐❣❤ts ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ❛✉t❤♦rs ♦❢ ❬✺✻❪ ♣r♦✈❡❞ ❛ ✇❡❧❧✲
♣♦s❡❞♥❡ss r❡s✉❧t ❢♦r ✭✶✳✵✳✷✮ ✐♥ t❤❡ BV ❢r❛♠❡✇♦r❦ ✭✐✳❡✳ ✇✐t❤ ❜♦t❤ q ❛♥❞ ρ0 ✇✐t❤ ❜♦✉♥❞❡❞
✈❛r✐❛t✐♦♥✮✳ ❚❤❡ ❛✉t❤♦rs ♦❢ ❬✶✹❪ t❤❡♥ ❡①t❡♥❞❡❞ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ✐♥ t❤❡ L∞ ❢r❛♠❡✇♦r❦✳ ■♥
t❤✐s ♣❛rt✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Pr♦❜❧❡♠ ✭✶✳✵✳✷✮ ❜② t❤❡ ♠❡❛♥s
♦❢ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡✳ ▲❡t ✉s r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❢♦r ✭✶✳✵✳✷✮✳

❉❡✜♥✐t✐♦♥ ✶✳✵✳✶✳ ❆ ❢✉♥❝t✐♦♥ ρ ∈ L∞(Ω) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✶✳✵✳✷✮ ✇✐t❤
✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R) ✐❢

✭✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (Ω), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s

✶✾
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❛r❡ ✈❡r✐✜❡❞✿✂ +∞

0

✂
R

(
|ρ− κ|∂tϕ+ Φ(ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx

+ 2

✂ +∞

0

R(κ, q(t))ϕ(0, t) dt ≥ 0,

✭✶✳✵✳✸✮

✇❤❡r❡
R(κ, q(t)) = f(κ)−min {f(κ), q(t)} ;

✭✐✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (Ω), ϕ ≥ 0 t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✈❡r✐✜❡❞✿

−
✂ +∞

0

✂
R+

(
ρ∂tϕ+ f(ρ)∂xϕ

)
dx dt ≤

✂ +∞

0

q(t)ϕ(0, t) dt . ✭✶✳✵✳✹✮

■♥ ❬✺✻✱ ✶✹❪✱ t❤❡ ❛✉t❤♦rs ♣r♦✈❡❞ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ✇✐t❤ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥✳
❚❤❡ ♦♥❡ ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ ✐s ❡q✉✐✈❛❧❡♥t ✭s❡❡ ❛❧❧ t❤❡ ❞❡t❛✐❧s ✐♥ ❈❤❛♣t❡r ✹✮ ❛♥❞ ✐s ♠♦r❡ ❛❞❛♣t❡❞
❢♦r ♣❛ss❛❣❡ t♦ t❤❡ ❧✐♠✐t ♦❢ ❛✳❡✳ ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡s ♦❢ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✱ ❛♥❞ t❤✉s ❢♦r
t❤❡ ♣r♦♦❢ ♦❢ ❡①✐st❡♥❝❡ ✇❤✐❧❡ t❤❡ ♦t❤❡r ♦♥❡ ②✐❡❧❞s ✉♥✐q✉❡♥❡ss ♠♦r❡ ❡❛s✐❧②✳

✶✳✶ ❈♦♥str❛✐♥❡❞ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡

❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❢♦r ❛ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
✐♥ ❣❡♥❡r❛❧ ✭s❡❡ ❬✽✸❪✮ ✐s t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❞♦♠❛✐♥ Ω ✐♥t♦ s♠❛❧❧ ❝♦♥tr♦❧ ✈♦❧✉♠❡s ❛♥❞ ✐♥t❡❣r❛t❡
t❤❡ P❉❊ ♦♥ ❡❛❝❤ ♦❢ t❤♦s❡ ❝♦♥tr♦❧ ✈♦❧✉♠❡s✳ ❚❤r♦✉❣❤♦✉t t❤❡ ♠❛♥✉s❝r✐♣t ✭❡①❝❡♣t ✐♥ ❈❤❛♣t❡rs
✹✲✺ ✇❤❡r❡ ✇❡ ✇✐❧❧ ❧♦❝❛❧❧② ♠♦❞✐❢② t❤❡ ♠❡s❤✮✱ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❝♦♥s✐❞❡r r❡❝t❛♥❣❧❡ ❝♦♥tr♦❧ ✈♦❧✉♠❡s✳
❋♦r ❛ ✜①❡❞ s♣❛t✐❛❧ ♠❡s❤ s✐③❡ ∆x > 0 ❛♥❞ t✐♠❡ ♠❡s❤ s✐③❡ ∆t > 0✱ ❧❡t xj = j∆x ✭j ∈ Z✮ ❛♥❞
tn = n∆t ✭n ∈ N✮✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝❡❧❧ ❣r✐❞s✿

Ω =
⋃

n∈N

⋃

j∈Z

Pn
j+1/2, Pn

j+1/2 = (xj, xj+1)× [tn, tn+1).

❚❤❡ ❝♦♥tr♦❧ ✈♦❧✉♠❡s ❛r❡ t❤❡ r❡❝t❛♥❣❧❡s
(
Pn

j+1/2

)
n,j

✱ s❡❡ ❋✐❣✉r❡ ✶✳✶✱ ❧❡❢t✳ ■♥t❡❣r❛t✐♥❣ t❤❡ P❉❊

♦❢ ✭✶✳✵✳✷✮ ♦♥ Pn
j+1/2 ✭n ∈ N, j ∈ Z)✱ ✇❡ ♦❜t❛✐♥✿

✂ xj+1

xj

(
ρ(x, tn+1)− ρ(x, tn)

)
dx+

✂ tn+1

tn
(f(ρ(xj+1, t))− f(ρ(xj, t))) dt = 0.

❋♦r n ∈ N ❛♥❞ j ∈ Z✱ ❧❡t ✉s ❞❡♥♦t❡ ρnj+1/2 ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ρ ♦♥ Pn
j+1/2✱ ❛♥❞

fn
j ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ f(ρ) ♦♥ [tn, tn+1) ❛t x = xj✱ s❡❡ ❋✐❣✉r❡ ✶✳✶✱ r✐❣❤t✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡
s❝❤❡♠❡✿

ρn+1
j+1/2 = ρnj+1/2 −

∆t

∆x
(fn

j+1 − fn
j ). ✭✶✳✶✳✶✮

❲❡ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t ✐❢ ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ (fn
j )j ♦♥❧② ✇✐t❤ (ρnj+1/2)j✱ t❤❡♥ ❜② ✐♥❞✉❝t✐♦♥✱

✇❡ ❝❛♥ ❞❡❞✉❝❡ ❛❧❧ t❤❡ ✈❛❧✉❡s
(
ρnj+1/2

)
n,j

❢r♦♠
(
ρ0j+1/2

)
j
♦♥❧②✱ ✐✳❡✳ ❢r♦♠ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡s

♦❢ ρ0✳ ■❢ ρ0 ∈ L∞(R; [0, 1])✱ ❛ s✐♠♣❧❡ ❝❤♦✐❝❡ ✐s✿

∀j ∈ Z, ρ0j+1/2 =
1

∆x

✂ xj+1

xj

ρ0(x) dx .
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❘❡♠❛r❦ ✶✳✶✳✶✳ ❖t❤❡rs ❝❤♦✐❝❡ ❝♦✉❧❞ ❜❡ ♠❛❞❡✱ ❢♦r ✐♥st❛♥❝❡ ✐♥ t❤❡ ❝❛s❡ ρ0 ∈ C(R) s✉❝❤ t❤❛t
lim

|x|→+∞
ρ0(x) ❡①✐sts✱ t❤❡ ✈❛❧✉❡s ρ0j+1/2 = ρ0

(xj+xj+1

2

)
❝❛♥ ❜❡ ✉s❡❞✳ ❚❤❡ ♦♥❧② r❡q✉✐r❡♠❡♥ts ❛r❡

∀j ∈ Z, ρ0j+1/2 ∈ [0, 1] ❛♥❞ ρ0∆ =
∑

j∈Z

ρ0j+1/21(xj ,xj+1) −→
∆x→0

ρ0 ✐♥ L1
loc(R).

❋✐❣✉r❡ ✶✳✶ ✕ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ R× R
+ ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ρ ❛♥❞ f(ρ)✳

❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ r❡♠❛✐♥✐♥❣ q✉❡st✐♦♥ ✐s t♦ ✜♥❞ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ (fn
j )j

♦❢ f(ρ)✳ ■♥ ✜rst ❛♣♣r♦❛❝❤✱ ✐t s❡❡♠s r❡❛s♦♥❛❜❧❡ t♦ ❞❡✜♥❡ fn
j ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ρnj−1/2 ❛♥❞

ρnj+1/2✿ f
n
j = F(ρnj−1/2, ρ

n
j+1/2)✱ s❡❡ ❋✐❣✉r❡ ✶✳✶✱ r✐❣❤t✳ ❲❡ ❝❤♦♦s❡ t❤❡ ❢✉♥❝t✐♦♥ F ✐♥ t❤❡ ❝❧❛ss ♦❢

♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉①✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✳ ❆ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ t♦ f ✐s ❛ ❢✉♥❝t✐♦♥ F : R× R → R

✇❤✐❝❤ s❛t✐s✜❡s✿

✭✐✮ ❝♦♥s✐st❡♥❝②✿ ∀κ ∈ [0, 1]✱ F(κ, κ) = f(κ)❀

✭✐✐✮ F ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]2✱ ♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜rst ✈❛r✐❛❜❧❡ ❛♥❞
♥♦♥✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜❧❡✳

❘❡♠❛r❦ ✶✳✶✳✷✳ ❚❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt✐❡s ♦❢ F ❛r❡ ♥❡❝❡ss❛r② ♦♥❧② ♦♥ [0, 1] ❜❡❝❛✉s❡ ❛s ✇❡ ✇✐❧❧
s❡❡ ❧❛t❡r ✭❝❢✳ ❚❤❡♦r❡♠ ✶✳✷✳✶✮✱ ✉♥❞❡r ❛ s✉✐t❛❜❧❡ ❛ss✉♠♣t✐♦♥ ♦♥ ∆t ❛♥❞ ∆x ✭❈❋▲ ❝♦♥❞✐t✐♦♥
✭✶✳✶✳✺✮✮✱ t❤❡ ✈❛❧✉❡s (ρnj+1/2)n,j ❝♦♠♣✉t❡❞ ❜② t❤❡ s❝❤❡♠❡ ✭✶✳✶✳✶✮ ✇✐❧❧ ❜❡❧♦♥❣ t♦ [0, 1]✳

❊①❛♠♣❧❡ ✶✳✶✳✶✳ ❍❡r❡ ❛r❡ t❤❡ ♠♦st ❝❧❛ss✐❝❛❧ ❛♥❞ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧
✢✉①❡s✳ ❚❤❡s❡ ❛r❡ t❤❡ ✢✉①❡s ✇❡ ✇✐❧❧ ✉s❡ ❛♥❞ ✇✐❧❧ r❡❢❡r t♦✱ t❤r♦✉❣❤♦✉t t❤❡ ♠❛♥✉s❝r✐♣t✳

❘✉s❛♥♦✈ ✢✉①✿

∀a, b ∈ [0, 1], Rus(a, b) =
f(a) + f(b)

2
+

∆

2
(a− b), ∆ ≥ ‖f ′‖L∞ .

❆ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ❘✉s❛♥♦✈ ✢✉① ✐s t❤❡ ▲❛①✲❋r✐❡❞r✐❝❤s ✢✉①✱ ♦❜t❛✐♥❡❞ ✇✐t❤ ∆ =
∆x

∆t
✱ ✉♥❞❡r

t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✳✶✳✺✮✳
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●♦❞✉♥♦✈ ✢✉①✿

∀a, b ∈ [0, 1], God(a, b) =





f(a) ✐❢ a = b

♠✐♥
u∈[a,b]

f(u) ✐❢ a < b

♠❛①
u∈[b,a]

f(u) ✐❢ a > b.

❊♥❣q✉✐s❤✲❖s❤❡r ✢✉①✿

∀a, b ∈ [0, 1], EO(a, b) =
f(a) + f(b)

2
− 1

2

✂ b

a

|f ′(u)| du .

▼♦r❡ ❜❛❝❦❣r♦✉♥❞ ❛s ✇❡❧❧ ❛s ♦t❤❡r ❡①❛♠♣❧❡s ♦❢ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❬✶✷✶✱
✶✷✷✱ ✽✸❪✳ ❘❡♠❛r❦ t❤❛t ❢♦r t❤❡ ♦♥❡s ✇❡ ♣r❡s❡♥t❡❞ ❤❡r❡✱ ✇❡ ❤❛✈❡✿

∥∥∥∥
∂F

∂a

∥∥∥∥
L∞

,

∥∥∥∥
∂F

∂b

∥∥∥∥
L∞

≤ ‖f ′‖L∞ .

❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ✐❢ ♥♦t ❡①♣❧✐❝✐t❧② st❛t❡❞ ♦t❤❡r✇✐s❡✱ F = F(a, b) ✇✐❧❧ ❞❡♥♦t❡ ❛♥②
♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ t♦ f ✳ ❖♥❝❡ ❛ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✐s ❝❤♦s❡♥✱ t❤❡
s❝❤❡♠❡ ❢♦r t❤❡ P❉❊ ✐♥ ✭✶✳✵✳✷✮ ✐s ❝♦♠♣❧❡t❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❛❧s♦ ❤❛✈❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t② ✐♥ ✭✶✳✵✳✷✮✳ ❚♦ ❞♦✐♥❣ s♦✱ ✇❡ ✜rst ❞❡✜♥❡ ❛ s✉✐t❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ (qn)n
♦❢ q✱ ❢♦r ✐♥st❛♥❝❡ ✐ts ♠❡❛♥ ✈❛❧✉❡ ♦♥ [tn, tn+1)✱ t❤❡♥ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥str❛✐♥❡❞ ♥✉♠❡r✐❝❛❧ ✢✉①✿

Fn
j (a, b) =

{
F(a, b) ✐❢ j 6= 0

min{F(a, b), qn} ✐❢ j = 0✱
✭✶✳✶✳✷✮

❛♥❞ r❡♣❧❛❝❡ fn
j ❜② Fn

j (ρ
n
j−1/2, ρ

n
j+1/2) ✐♥ ✭✶✳✶✳✶✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠❛r❝❤✐♥❣ ❢♦r♠✉❧❛ ✐s✿

∀j ∈ Z, ρn+1
j+1/2 =





ρnj+1/2 −
∆t

∆x
(fn

j+1 − fn
j ) ✐❢ j /∈ {−1, 0}

ρn−1/2 −
∆t

∆x

(
min{fn

0 , q
n} − fn

−1

)
✐❢ j = −1

ρn1/2 −
∆t

∆x
(fn

1 −min{fn
0 , q

n}) ✐❢ j = 0.

✭✶✳✶✳✸✮

❘❡♠❛r❦ ✶✳✶✳✸✳ ❚❤❡ ♦♥❧② ♥❡❝❡ss❛r② r❡q✉✐r❡♠❡♥ts ♦♥ (qn)n ❛r❡

∀n ∈ N, qn ≥ 0 ❛♥❞ q∆ =
∑

n∈N

qn1[tn,tn+1) −→
∆t→0

q ✐♥ L1
loc((0,+∞)).

◆♦t✐❝❡ ❤♦✇ ✐♥ ✭✶✳✶✳✸✮✱ ✇❡ ♦♥❧② ♠♦❞✐❢② t✇♦ ✈❛❧✉❡s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥❀ t❤❡ t✇♦ ✈❛❧✉❡s
❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝❡❧❧s ♥❡❛r❜② t❤❡ ✐♥t❡r❢❛❝❡ x = 0✳ ■t ✐s ✉s✉❛❧ t♦ r❡✇r✐t❡ ✭✶✳✶✳✸✮ ❛s

∀j ∈ Z, ρn+1
j+1/2 = Hn

j

(
ρnj−1/2, ρ

n
j+1/2, ρ

n
j+3/2

)
, ✭✶✳✶✳✹✮
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✇❤❡r❡ Hn
j = Hn

j (u, v, w) ✐s ❣✐✈❡♥ ❜② t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✶✳✸✮✳ ❋✐♥❛❧❧②✱ t❤❡ ❛♣♣r♦①✐♠❛t❡
s♦❧✉t✐♦♥ ρ∆ ✐s ❞❡✜♥❡❞ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ Ω✿

ρ∆ =
∑

n∈N

∑

j∈Z

ρnj+1/21Pn
j+1/2

.

▲❡t ∆ = (∆x,∆t)✳ ❋♦r ♦✉r ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ∆ → 0✱ ✇✐t❤ λ =
∆t/∆x ✈❡r✐❢②✐♥❣ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥

λL ≤ 1, L =

∥∥∥∥
∂F

∂a

∥∥∥∥
L∞

+

∥∥∥∥
∂F

∂b

∥∥∥∥
L∞

. ✭✶✳✶✳✺✮

❘❡♠❛r❦ ✶✳✶✳✹✳ ❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ♣r❡s❡♥t❡❞ ✐♥ ❊①❛♠♣❧❡
✶✳✶✳✶✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✳✶✳✺✮ s✐♠♣❧② r❡❞✉❝❡s t♦

2λ‖f ′‖L∞ ≤ 1.

❚❤❡ r❡❛s♦♥✐♥❣ ✐s ❛s ❢♦❧❧♦✇s✿
✖ ♣r♦✈✐♥❣ L∞ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡ ❛♥❞ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s❀
✖ ❞❡r✐✈✐♥❣ ❝♦♥t✐♥✉♦✉s ❡♥tr♦♣②✴❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ s✐♠✲

✐❧❛r t♦ ✭✶✳✵✳✸✮✲✭✶✳✵✳✹✮❀
✖ ♣r♦✈✐♥❣ s✉✣❝✐❡♥t ❝♦♠♣❛❝t♥❡ss ❢♦r t❤❡ s❡q✉❡♥❝❡ (ρ∆)∆❀
✖ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♥tr♦♣②✴❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s✳

■♥ ❈❤❛♣t❡rs ✷ ✕ ✹ ❛♥❞ ❈❤❛♣t❡r ✼✱ ❡✈❡♥ ✐❢ t❤❡ ♠♦❞❡❧s ❝♦♥s✐❞❡r❡❞ ❛r❡ ❞✐✛❡r❡♥t✱ t❤❡ ♥✉♠❡r✐❝❛❧
❛♣♣r♦①✐♠❛t✐♦♥ s❡❝t✐♦♥s ✇✐❧❧ ❛❧❧ ❤❛✈❡ t❤✐s s❦❡❧❡t♦♥✳

✶✳✷ ❙t❛❜✐❧✐t② ❛♥❞ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s

■♥ ♦♥❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♣❧❛②s ❛ ❤✉❣❡ r♦❧❡ ✐♥ t❤❡ st❛❜✐❧✐t② ❛♥❞ ❝♦♥s✐st❡♥❝②
♦❢ t❤❡ s❝❤❡♠❡✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡t❛✐❧ ❤♦✇ ♠✉❝❤ t❤✐s ✐s tr✉❡✳

❚❤❡♦r❡♠ ✶✳✷✳✶ ✭L∞ st❛❜✐❧✐t②✮✳ ❯♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✳✶✳✺✮✱ t❤❡ s❝❤❡♠❡ ✭✶✳✶✳✹✮ ✐s

✭✐✮ ♠♦♥♦t♦♥❡✿ ❢♦r ❛❧❧ n ∈ N ❛♥❞ j ∈ Z✱ Hn
j ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts t❤r❡❡

❛r❣✉♠❡♥ts❀
✭✐✐✮ st❛❜❧❡✿

∀n ∈ N, ∀j ∈ Z, ρnj+1/2 ∈ [0, 1]. ✭✶✳✷✳✶✮

Pr♦♦❢✳ ✭✐✮ ❋✐① n ∈ N ❛♥❞ j ∈ Z✳ ❚♦ ♣r♦✈❡ t❤❛t Hn
j ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ✇❡ ❞✐✛❡r❡♥t✐❛t❡ ✐t ✭❧✐❝✐t

s✐♥❝❡ ✐t ✐s ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥✮ ❛♥❞ ✈❡r✐✜❡s t❤❛t t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❡ ♥♦♥♥❡❣❛t✐✈✐t②
♦❢ ✐ts ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✳
❙✉♣♣♦s❡ ✜rst t❤❛t j /∈ {−1, 0} ✐✳❡✳ t❤❡ ✐♥t❡r❢❛❝❡ x = 0 ❞♦❡s ♥♦t ❡♥t❡r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ t❤❡
s❝❤❡♠❡ ✭✶✳✶✳✸✮✳ ❚❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ F ✐♠♣❧✐❡s t❤❛t ❢♦r ❛✳❡✳ u, v, w ∈ [0, 1]✱

∂Hn
j

∂u
(u, v, w) = λ

∂F

∂a
(u, v) ≥ 0,

∂Hn
j

∂w
(u, v, w) = −λ∂F

∂b
(v, w) ≥ 0,
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❯s✐♥❣ ♥♦✇ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿

∂Hn
j

∂v
(u, v, w) = 1− λ

(
∂F

∂a
(v, w)− ∂F

∂b
(u, v)

)
≥ 1− λL ≥ 0,

♣r♦✈✐♥❣ t❤❡ st❛t❡♠❡♥t ✐♥ t❤✐s ❝❛s❡✳
❙✉♣♣♦s❡ ♥♦✇ t❤❛t j = −1 ❢♦r ✐♥st❛♥❝❡✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ✐♥ ✭✶✳✶✳✸✮ ❞♦❡s
♥♦t ❛✛❡❝t t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ s❝❤❡♠❡✳ ■♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✱ Hn

−1 t❛❦❡s t❤❡ ❢♦r♠✿

Hn
−1(u, v, w) = v − λ (min{F(v, w), qn} − F(u, v)) .

❈❧❡❛r❧②✱ Hn
−1 ✐s st✐❧❧ ♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ u ✈❛r✐❛❜❧❡ t❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s

❝❛❧❝✉❧❛t✐♦♥s✳ ❯s✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ❢♦r♠✉❧❛

min{u, v} =
(u+ v)− |u− v|

2
,

✇❡ ♦❜t❛✐♥✿
∂Hn

−1

∂v
(u, v, w) = −λ

2

∂F

∂b
(v, w) (1− sgn (F(v, w)− qn))︸ ︷︷ ︸

≥0

≥ 0,

❜❡❝❛✉s❡ ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ F✳ ◆♦✇✱ ✇✐t❤ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✱ ✇❡ ❣❡t✿

∂Hn
j

∂v
(u, v, w) = 1− λ

(
1

2

∂F

∂a
(v, w) (1− sgn (F(v, w)− qn))− ∂F

∂b
(u, v)

)

≥ 1− λ

(
∂F

∂a
(v, w)− ∂F

∂b
(u, v)

)
≥ 1− λL ≥ 0,

❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ st❛t❡♠❡♥t ✐♥ t❤✐s ❝❛s❡ ❛s ✇❡❧❧✳ ❚❤❡ ❝❛s❡ j = 0 ✐s s✐♠✐❧❛r s♦ ✇❡
♦♠✐t t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢ ❢♦r t❤❛t ❝❛s❡✳

✭✐✐✮ ❲❡ ♣r♦✈❡ ✭✶✳✷✳✶✮ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳ ■❢ n = 0✱ ✐t ✐s ✈❡r✐✜❡❞ ❜② ♦✉r ❝❤♦✐❝❡ ♦❢ t❤❡ ❞✐s❝r❡t✐③❛✲
t✐♦♥

(
ρ0j+1/2

)
j
✱ s❡❡ ❘❡♠❛r❦ ✶✳✶✳✶✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t ✭✶✳✷✳✶✮ ✐s tr✉❡ ❢♦r s♦♠❡ ✐♥t❡❣❡r n ≥ 0

❛♥❞ ❧❡t ✉s s❤♦✇ t❤❛t ✐t st✐❧❧ ❤♦❧❞s ❢♦r n+ 1✳ ❘❡♠❛r❦ t❤❛t 0 ❛♥❞ 1 ❛r❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s t♦
t❤❡ s❝❤❡♠❡✳ ■♥❞❡❡❞✱ ❢♦r ❛❧❧ j ∈ Z✱ ✐❢ j /∈ {−1, 0} ✇❡ ❤❛✈❡

Hn
j (0, 0, 0) = 0 ❛♥❞ Hn

j (1, 1, 1) = 1,

❛♥❞ ✐❢ j = 0 ❢♦r ✐♥st❛♥❝❡✱ t❤❡♥ ✉s✐♥❣ ❘❡♠❛r❦ ✶✳✶✳✸✱

Hn
0 (0, 0, 0) = −λ(f(0)−min{f(0), qn}) = 0 ❛♥❞

Hn
0 (1, 1, 1) = 1− λ(f(1)−min{f(1), qn}) = 1,

❛♥❞ ✐t ✐s ❛❧s♦ t❤❡ ❝❛s❡ ❢♦rH−1✳ ❯s✐♥❣ ♥♦✇ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢Hn
j ❛♥❞ t❤❡ ✐♥❞✉❝t✐♦♥ ♣r♦♣❡rt②✱

✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ j ∈ Z✱ ✇❡ ❤❛✈❡

0 = Hn
j (0, 0, 0) ≤ Hn

j (ρ
n
j−1/2, ρ

n
j+1/2, ρ

n
j+3/2)

= ρn+1
j+1/2

= Hn
j (ρ

n
j−1/2, ρ

n
j+1/2, ρ

n
j+3/2) ≤ Hn

j (1, 1, 1) = 1,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t✳ �
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❘❡♠❛r❦ ✶✳✷✳✶✳ ❚❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡ ✭✶✳✷✳✶✮ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s✿

∀∆, 0 ≤ ρ∆ ≤ 1.

❘❡♠❛r❦ ✶✳✷✳✷✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ tr❛✣❝ ✢♦✇ ❞②♥❛♠✐❝s✱ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♥st❛♥ts 0 ❛♥❞ 1
❛r❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s t♦ t❤❡ s❝❤❡♠❡ ♠❛❦❡s s❡♥s❡✿ ✈❛❝✉✉♠ ✭ρ ≡ 0✮ ❛♥❞ ❜✉♠♣❡r✲t♦✲❜✉♠♣❡r
(ρ ≡ 1✮ ❛r❡ ♦❜✈✐♦✉s ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♠♦❞❡❧✳

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ ❧✐♠✐t ♦❢ (ρ∆)∆✱ ✇❤❡♥ ❝♦♠♣❛❝t♥❡ss ✐s ♣r♦✈❡❞✱ ✐s t❤❡ ❛❞♠✐ss✐❜❧❡
❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✶✳✵✳✷✮✱ ✇❡ ❞❡r✐✈❡ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✳

❈♦r♦❧❧❛r② ✶✳✷✳✷ ✭❉✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭✶✳✶✳✹✮ ❢✉❧✜❧❧s t❤❡
❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ❢♦r ❛❧❧ n ∈ N✱ j ∈ Z ❛♥❞ κ ∈ [0, 1]✿

(
|ρn+1

j+1/2 − κ| − |ρnj+1/2 − κ|
)
∆x

≤





−
(
Φn

j+1 − Φn
j

)
∆t ✐❢ j /∈ {−1, 0}

−
(
Φn

int − Φn
−1

)
∆t+R(κ, qn)∆t ✐❢ j = −1

− (Φn
1 − Φn

int)∆t+R(κ, qn)∆t ✐❢ j = 0,

✭✶✳✷✳✷✮

✇❤❡r❡ R(κ, qn) ✇❛s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✵✳✶✱ ❛♥❞ Φn
j ❛♥❞ Φn

int ❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❡♥tr♦♣②
✢✉①❡s✿

Φn
j = F(ρnj−1/2 ∨ κ, ρnj+1/2 ∨ κ)− F(ρnj−1/2 ∧ κ, ρnj+1/2 ∧ κ);

Φn
int = min{F(ρn−1/2 ∨ κ, ρn1/2 ∨ κ), qn} −min{F(ρn−1/2 ∧ κ, ρn1/2 ∧ κ), qn}.

Pr♦♦❢✳ ❚❤✐s ✐s ♠♦st❧② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡ ♠♦♥♦t♦♥✐❝✐t②✳ ❋✐① n ∈ N ❛♥❞ j ∈ Z✳
❙✉♣♣♦s❡ ✜rst t❤❛t j /∈ {−1, 0}✳ ■♥ t❤✐s ❝❛s❡✱ ❛❧❧ t❤❡ ❝♦♥st❛♥t st❛t❡s κ ∈ [0, 1] ❛r❡ st❛t✐♦♥❛r②
s♦❧✉t✐♦♥s ♦❢ t❤❡ s❝❤❡♠❡✳ ❈♦♥s❡q✉❡♥t❧②✱

|ρn+1
j+1/2 − κ| = ρn+1

j+1/2 ∨ κ− ρn+1
j+1/2 ∧ κ

= Hn
j

(
ρnj−1/2, ρ

n
j+1/2, ρ

n
j+3/2

)
∨Hn

j (κ, κ, κ)−Hn
j

(
ρnj−1/2, ρ

n
j+1/2, ρ

n
j+3/2

)
∧Hn

j (κ, κ, κ)

≤ Hn
j

(
ρnj−1/2 ∨ κ, ρnj+1/2 ∨ κ, ρnj+3/2 ∨ κ

)
−Hn

j

(
ρnj−1/2 ∧ κ, ρnj+1/2 ∧ κ, ρnj+3/2 ∧ κ

)

= |ρn+1
j+1/2 − κ| − λ(Φn

j+1 − Φn
j ),

✇❤✐❝❤ ✐s ❡①❛❝t❧② ✭✶✳✷✳✷✮ ✐♥ t❤❡ ❝❛s❡ j /∈ {−1, 0}✳
❙✉♣♣♦s❡ ♥♦✇ t❤❛t j = 0 ❢♦r ✐♥st❛♥❝❡✳ ❚❤❡ ♣r❡✈✐♦✉s ♦❜s❡r✈❛t✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ ❝♦♥st❛♥ts
κ ∈ [0, 1] ✐s ♥♦t ❧♦♥❣❡r ✈❛❧✐❞ ✐♥ t❤✐s ❝❛s❡ s✐♥❝❡

Hn
0 (κ, κ, κ) = κ− λR(κ, qn) ✐✳❡✳ κ

{
≤ Hn

0 (ρ
n
−1/2 ∨ κ, ρn1/2 ∨ κ, ρn3/2 ∨ κ) + λR(κ, qn)

≥ Hn
0 (ρ

n
−1/2 ∧ κ, ρn1/2 ∧ κ, ρn3/2 ∧ κ).
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❲❡ ❞❡❞✉❝❡✿

|ρn+1
1/2 − κ| = ρn+1

1/2 ∨ κ− ρn+1
1/2 ∧ κ

= Hn
0

(
ρn−1/2, ρ

n
1/2, ρ

n
3/2

)
∨ κ−Hn

0

(
ρn−1/2, ρ

n
1/2, ρ

n
3/2

)
∧ κ

≤ Hn
0

(
ρn−1/2 ∨ κ, ρn1/2 ∨ κ, ρn3/2 ∨ κ

)
∨ κ−Hn

0

(
ρn−1/2 ∧ κ, ρn1/2 ∧ κ, ρn3/2 ∧ κ

)
∧ κ

≤ Hn
0

(
ρn−1/2 ∨ κ, ρn1/2 ∨ κ, ρn3/2 ∨ κ

)
∨
(
Hn

0 (ρ
n
−1/2 ∨ κ, ρn1/2 ∨ κ, ρn3/2 ∨ κ) + λR(κ, qn)

)

−Hn
0

(
ρn−1/2 ∧ κ, ρn1/2 ∧ κ, ρn3/2 ∧ κ

)
∧Hn

0 (ρ
n
−1/2 ∧ κ, ρn1/2 ∧ κ, ρn3/2 ∧ κ)

≤ Hn
0 (ρ

n
−1/2 ∨ κ, ρn1/2 ∨ κ, ρn3/2 ∨ κ) + λR(κ, qn)−Hn

0 (ρ
n
−1/2 ∧ κ, ρn1/2 ∧ κ, ρn3/2 ∧ κ)

= |ρn1/2 − κ| − λ (Φn
1 − Φn

int) + λR(κ, qn),

✇❤✐❝❤ ✐s ✭✶✳✷✳✷✮ ✐♥ t❤❡ ❝❛s❡ j = 0✳ ❚❤❡ ♦❜t❛✐♥✐♥❣ ♦❢ ✭✶✳✷✳✷✮ ✐♥ t❤❡ ❝❛s❡ j = −1 ✐s s✐♠✐❧❛r s♦
✇❡ ♦♠✐t t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢ ❢♦r t❤✐s ❝❛s❡✳ �

✶✳✸ ❈♦♥t✐♥✉♦✉s ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✐❢ ϕ ∈ C∞
c (Ω), ϕ ≥ 0 ✐s ❛ t❡st ❢✉♥❝t✐♦♥✱ ✇❡ ❞❡✜♥❡✿

∀n ∈ N, ∀j ∈ Z, ϕn
j+1/2 =

1

∆x

✂ xj+1

xj

ϕ(x, tn) dx .

✶✳✸✳✶ ❆♣♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s

❲❡ st❛rt ❜② ❞❡r✐✈✐♥❣ ❝♦♥t✐♥✉♦✉s ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s s✐♠✐❧❛r t♦ ✭✶✳✵✳✸✮ ✈❡r✐✜❡❞ ❜② ρ∆✳ ▲❡t ✉s
❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✢✉①✿

Φ∆(ρ∆, κ) =
∑

n∈N

∑

j∈Z

Φn
j 1Pn

j+1/2
.

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶ ✭❆♣♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮✳ ❋✐① n ∈ N ❛♥❞ κ ∈ [0, 1]✳ ❚❤❡♥ ❛s
∆ → 0✱ ✇❡ ❤❛✈❡

✂ tn+1

tn

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆ (ρ∆, κ) ∂xϕ

)
dx dt

+

✂
R

|ρ∆(x, tn)− κ|ϕ(x, tn) dx−
✂
R

|ρ∆(x, tn+1)− κ|ϕ(x, tn+1) dx

+ 2

✂ tn+1

tn
R(κ, q∆(t))ϕ(0, t) dt ≥ O(∆x∆t) +O

(
∆t2
)
.

✭✶✳✸✳✶✮
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Pr♦♦❢✳ ▲❡t ✉s ♠✉❧t✐♣❧② t❤❡ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✭✶✳✷✳✷✮ ❜② ϕn+1
j+1/2∆x ❛♥❞ s✉♠ ♦✈❡r

j ∈ Z✿

∑

j∈Z

∣∣∣ρn+1
j+1/2 − κ

∣∣∣ϕn+1
j+1/2∆x ≤

∑

j∈Z
j /∈{−1,0}

(∣∣ρnj+1/2 − κ
∣∣∆x− (Φn

j+1 − Φj)
n∆t

)
ϕn+1
j+1/2

+ |ρn−1/2 − κ|ϕn+1
−1/2∆x−

(
Φn

int − Φn
−1

)
ϕn+1
−1/2∆t+R(κ, qn)ϕn+1

−1/2∆t

+ |ρn1/2 − κ|ϕn+1
1/2 ∆x− (Φn

1 − Φn
int)ϕ

n+1
1/2 ∆t+R(κ, qn)ϕn+1

1/2 ∆t.

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ t❤❡ ❆❜❡❧✬s tr❛♥s❢♦r♠❛t✐♦♥ ❛s ✇❡❧❧ ❛s ❛❞❞✐♥❣ s♦♠❡ q✉❛♥t✐t✐❡s ❛♥❞ t❤❡✐r
♦♣♣♦s✐t❡s t♦ ♦❜t❛✐♥✿

∑

j∈Z

∣∣∣ρn+1
j+1/2 − κ

∣∣∣ϕn+1
j+1/2∆x−

∑

j∈Z

∣∣ρnj+1/2 − κ
∣∣ϕn

j+1/2∆x−
∑

j∈Z

∣∣ρnj+1/2 − κ
∣∣
(
ϕn+1
j+1/2 − ϕn

j+1/2

)
∆x

≤
∑

j∈Z

Φn
j

(
ϕn+1
j+1/2 − ϕn+1

j−1/2

)
∆t

︸ ︷︷ ︸
A

+R(κ, qn)(ϕn+1
−1/2 + ϕn+1

1/2 )∆t︸ ︷︷ ︸
B

+(Φn
int − Φn

0 )(ϕ
n+1
1/2 − ϕn+1

−1/2)∆t︸ ︷︷ ︸
C

.

❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ✐♥❡q✉❛❧✐t② ✐s ❡q✉❛❧ t♦

✂
R

|ρ∆(x, tn+1)− κ|ϕ(x, tn+1) dx−
✂
R

|ρ∆(x, tn)− κ|ϕ(x, tn) dx−
✂ tn+1

tn

✂
R

|ρ∆ − κ|∂tϕ dx dt .

❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ ♠❡♠❜❡rs ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✳

❊st✐♠❛t✐♥❣ A✳ ❲❡ ✇r✐t❡✿

A = ∆t

✂
R

Φ∆(ρ∆, κ)∂xϕ(x, t
n+1) dx+ λ

∑

j∈Z

✂ xj+1

xj

✂ x

x−∆x

✂ y

x

Φn
j ∂

2
xxϕ(z, t

n) dz dy dx

︸ ︷︷ ︸
A1

=

✂ tn+1

tn

✂
R

Φ∆(ρ∆, κ)∂xϕ dx dt+ A1 +

✂ tn+1

tn

✂
R

✂ tn+1

t

Φ∆(ρ∆, κ)∂
2
txϕ(x, τ) dτ dx dt

︸ ︷︷ ︸
A2

,

❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t✐♦♥s✿

|A1| ≤ 4L sup
t≥0

‖∂2xxϕ(·, t)‖L1∆x∆t; |A2| ≤ L sup
t≥0

‖∂2txϕ(·, t)‖L1∆t2.
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❊st✐♠❛t✐♥❣ B✳ ❲❡ ❤❛✈❡

B = R(κ, qn)

(
2ϕ(0, tn+1) +

1

∆x

✂ ∆x

0

(ϕ(x, tn+1)− ϕ(0, tn+1))

︸ ︷︷ ︸
≤‖∂xϕ‖L∞∆x

dx

+
1

∆x

✂ 0

−∆x

(ϕ(x, tn+1)− ϕ(0, tn+1)) dx

︸ ︷︷ ︸
≤‖∂xϕ‖L∞∆x

)
∆t

= 2R(κ, qn)ϕ(0, tn+1)∆t+O(∆x∆t)

= 2

✂ tn+1

tn
R(κ, q∆(t))ϕ(0, t) dt+ 2

✂ tn+1

tn
R(κ, q∆(t))

(
ϕ(0, tn+1)− ϕ(0, t)

)
dt

︸ ︷︷ ︸
≤2‖q‖L∞‖∂tϕ‖L∞∆t2

+O(∆x∆t)

= 2

✂ tn+1

tn
R(κ, q∆(t))ϕ(0, t) dt+O(∆x∆t) +O

(
∆t2
)
.

❊st✐♠❛t✐♥❣ C✳ ❋✐♥❛❧❧②✱
|C| ≤ (2L)∆x∆t,

❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ st❛t❡♠❡♥t✳ �

❘❡♠❛r❦ ✶✳✸✳✶✳ ■❢ ϕ ✐s s✉♣♣♦rt❡❞ ✐♥ t✐♠❡ ✐♥ s♦♠❡ [0, T ] ✭T > 0✮✱ ✇✐t❤ T ∈ [tN , tN+1)✱ t❤❡♥
❜② s✉♠♠✐♥❣ ✭✶✳✸✳✶✮ ♦✈❡r n ∈ {0, . . . , N + 1}✱ ✇❡ ♦❜t❛✐♥✿

✂ T

0

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆ (ρ∆, κ) ∂xϕ

)
dx dt+

✂
R

|ρ0∆ − κ|ϕ(x, 0) dx

+ 2

✂ T

0

R(κ, q∆(t))ϕ(0, t) dt ≥ O(∆x) +O(∆t) .

✭✶✳✸✳✷✮

✶✳✸✳✷ ❆♣♣r♦①✐♠❛t❡ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s✱ ♦♥❡ s✐♠✐❧❛r
t♦ ✭✶✳✵✳✹✮✳ ■♥ t❤❛t ♦♣t✐❝✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ✢✉① ❢✉♥❝t✐♦♥✿

F∆ (ρ∆) =
∑

n∈N

∑

j∈Z

fn
j 1Pn

j+1/2
.

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷ ✭❆♣♣r♦①✐♠❛t❡ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s✮✳ ❋♦r ❛❧❧ n ∈ N✱ ❛s ∆ → 0✱ ✇❡
❤❛✈❡✂

R+

ρ∆(x, t
n+1)ϕ(x, tn+1) dx−

✂
R+

ρ∆(x, t
n)ϕ(x, tn) dx

−
✂ tn+1

tn

✂
R+

(
ρ∆∂tϕ+ F∆(ρ∆)∂xϕ

)
dx dt ≤

✂ tn+1

tn
q∆(t)ϕ(0, t) dt+O(∆x∆t) +O

(
∆t2
)
.

✭✶✳✸✳✸✮
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Pr♦♦❢✳ ❚❤✐s ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❛♠❡ st❡♣ ❛s t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ▲❡t ✉s ♠✉❧t✐♣❧②
t❤❡ s❝❤❡♠❡ ✭✶✳✶✳✸✮ ❜② ϕn+1

j+1/2∆x ❛♥❞ s✉♠ ♦✈❡r j ≥ 0✿

∑

j≥0

ρn+1
j+1/2ϕ

n+1
j+1/2∆x =

∑

j≥1

ρnj+1/2ϕ
n+1
j+1/2∆x−

∑

j≥1

(fn
j+1 − fn

j )ϕ
n+1
j+1/2∆t

+ ρn1/2ϕ
n+1
1/2 ∆x− (fn

1 −min{fn
0 , q

n})ϕn+1
1/2 ∆t.

▲✐❦❡ ❜❡❢♦r❡✱ ✇❡ ♣r♦❝❡❡❞ t♦ t❤❡ ❆❜❡❧✴✧s✉♠♠❛t✐♦♥✲❜②✲♣❛rts✧ t❡❝❤♥✐q✉❡✳ ❆❢t❡r r❡♦r❣❛♥✐③❛t✐♦♥
♦❢ t❤❡ t❡r♠s✱ ✇❡ ❤❛✈❡✿

∑

j≥0

ρn+1
j+1/2ϕ

n+1
j+1/2∆x−

∑

j∈Z

ρnj+1/2ϕ
n
j+1/2∆x−

∑

j∈Z

ρnj+1/2

(
ϕn+1
j+1/2 − ϕn

j+1/2

)
∆x

=
∑

j≥1

fn
j

(
ϕn+1
j+1/2 − ϕn+1

j−1/2

)
∆t+min{fn

0 , q
n})ϕn+1

1/2 ∆t

≤
∑

j≥1

fn
j

(
ϕn+1
j+1/2 − ϕn+1

j−1/2

)
∆t

︸ ︷︷ ︸
A

+ qnϕn+1
1/2 ∆t︸ ︷︷ ︸
B

.

■♥❡q✉❛❧✐t② ✭✶✳✸✳✸✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡st✐♠❛t❡s
∣∣∣∣∣A−

✂ tn+1

tn

✂
R+

F∆(ρ∆)∂xϕ dx dt

∣∣∣∣∣ ≤ 4L sup
t≥0

‖∂2xxϕ(·, t)‖L1∆x∆t+ L sup
t≥0

‖∂2txϕ(·, t)‖L1∆t2

❛♥❞ ∣∣∣∣∣B −
✂ tn+1

tn
q∆(t)ϕ(0, t) dt

∣∣∣∣∣ ≤ ‖q‖L∞‖∂tϕ‖L∞∆t2.

�

❘❡♠❛r❦ ✶✳✸✳✷✳ ■❢ ϕ ✐s s✉♣♣♦rt❡❞ ✐♥ t✐♠❡ ✐♥ s♦♠❡ (0, T ) ✭T > 0✮✱ ✇✐t❤ T ∈ [tN , tN+1)✱ t❤❡♥
❜② s✉♠♠✐♥❣ ✭✶✳✸✳✸✮ ♦✈❡r n ∈ {0, . . . , N + 1}✱ ✇❡ ♦❜t❛✐♥✿

✂ T

0

✂
R+

(
ρ∆∂tϕ+ F∆(ρ∆)∂xϕ

)
dx dt ≤

✂ T

0

q∆(t)ϕ(0, t) dt+O(∆x) +O(∆t) . ✭✶✳✸✳✹✮

✶✳✹ ❈♦♠♣❛❝t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡

❲❡ ♥♦✇ ✇✐s❤ t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✐♥❡q✉❛❧✐t✐❡s ✭✶✳✸✳✷✮ ❛♥❞ ✭✶✳✸✳✹✮✳ ❚❤❡ ♦♥❧② ♠✐ss✐♥❣
✐♥❣r❡❞✐❡♥t ✐s t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ (ρ∆)∆✳ ❖❢ ❝♦✉rs❡✱ t❤❡ ✉♥✐❢♦r♠ L∞ ❜♦✉♥❞
✭✶✳✷✳✶✮ ❡♥s✉r❡s t❤❛t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (ρ∆)∆ ❝♦♥✈❡r❣❡s ✐♥ t❤❡ L∞ ✇❡❛❦✯ s❡♥s❡✳ ❍♦✇❡✈❡r✱
s✐♥❝❡ (ρ∆)∆ ❛♣♣❡❛rs ✐♥ ✭✶✳✸✳✷✮ ❛♥❞ ✭✶✳✸✳✹✮ ✐♥ ❛ ♥♦♥❧✐♥❡❛r ✇❛②✱ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❞♦❡s ♥♦t ❛❧❧♦✇
✉s t♦ t❤❡ ♣❛ss t♦ t❤❡ ❧✐♠✐t ❞✐r❡❝t❧②✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✹❪ ✇❡r❡ ❛❜❧❡ t♦ ♣❛ss t♦
t❤❡ ❧✐♠✐t ❜② ❞❡r✐✈✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ✇❡❛❦ BV ❡st✐♠❛t❡s ❛♥❞ ✉s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❨♦✉♥❣✬s
♠❡❛s✉r❡s✱ s❡❡ ❬✼✻✱ ✶✸✽❪ ❢♦r ✐♥st❛♥❝❡✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❛t ✐t ❝❛♥ ❜❡ ✉s❡❞
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t♦ tr❡❛t ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✱ ✇❤❡r❡ ♠♦♥♦t♦♥✐❝✐t② ✐s ♥♦t ❛s r❡str✐❝t✐✈❡ ❛s ✐♥
t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ s❡❡ ❬✽✷✱ ✹✽✱ ✽✸✱ ✹✾✱ ✶✺✻❪✳
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t✇♦ ♠❡t❤♦❞s t♦ ♦❜t❛✐♥ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ✭❝❛❧❧❡❞ str♦♥❣ ❝♦♠♣❛❝t❡✲
♥❡ss ❢r♦♠ ❤❡r❡ ♦♥ ♦✉t✮ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (ρ∆)∆✳ ❚❤❡ ❦❡② ♣♦✐♥t ✐s t♦ ❞❡r✐✈❡ BV ❜♦✉♥❞s✱
✇❤❡t❤❡r t❤❡② ❛r❡ ❣❧♦❜❛❧ ✭❙❡❝t✐♦♥ ✶✳✹✳✶✮ ♦r ❧♦❝❛❧✐③❡❞ ✭❙❡❝t✐♦♥ ✶✳✹✳✷✮✳ ▲❡t ✉s ❛❧s♦ ♣♦✐♥t ♦✉t t❤❛t
✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣r♦❜❧❡♠ ✐s ✐♥✈❛r✐❛♥t ❜② t✐♠❡ tr❛♥s❧❛t✐♦♥ ✭t❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r ✭✶✳✵✳✷✮✮✱
❇ür❣❡r ❛♥❞ ❛❧✱ s❡❡ ❬✸✽✱ ▲❡♠♠❛ ✹✳✷❪ ❛♥❞ ❬✹✶✱ ▲❡♠♠❛s ✺✳✸✱ ✺✳✹❪✱ ✇❡r❡ ❛❜❧❡ t♦ ♣r♦✈✐❞❡ ❧♦❝❛❧✐③❡❞
BV ❡st✐♠❛t❡s ✐♥ ❛ ❞✐✛❡r❡♥t s❡tt✐♥❣ t❤❛t t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✹✳✼✳

✶✳✹✳✶ ❈♦♠♣❛❝t♥❡ss ✈✐❛ ❣❧♦❜❛❧ ❇❱ ❜♦✉♥❞s

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦
{
∂tρ+ ∂x (f(ρ)) = 0

ρ(·, 0) = ρ0

❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡ L∞((0,+∞);BV(R)) ✐❢ ρ0 ❤❛s ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡
s♦❧✉t✐♦♥ ρ ✈❡r✐✜❡s✿

∀t ≥ 0, TV(ρ(·, t)) ≤ TV(ρ0).

❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ L1 ❝♦♥tr❛❝t✐♦♥ ❛♥❞ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r
s♣❛t✐❛❧ tr❛♥s❧❛t✐♦♥s✱ s❡❡ ❬✶✶✹✱ ✾✽✱ ✺✾❪ ❢♦r ✐♥st❛♥❝❡✳ ❚❤✐s ♣r♦♣❡rt② ✐s ❛❧s♦ tr✉❡ ❢♦r ♥✉♠❡r✐❝❛❧
❛♣♣r♦①✐♠❛t✐♦♥s ❝♦♥str✉❝t❡❞ ✇✐t❤ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s✿ ✇❡ s❛② t❤❛t t❤❡ s❝❤❡♠❡ ✭✶✳✶✳✶✮
✐s t♦t❛❧ ✈❛r✐❛t✐♦♥ ❞✐♠✐♥✐s❤✐♥❣ ✭❚❱❉✮✳

▲❡♠♠❛ ✶✳✹✳✶✳ ❙✉♣♣♦s❡ t❤❛t ρ0 ∈ BV(R)✳ ❚❤❡♥ t❤❡ s❝❤❡♠❡ ✭✶✳✶✳✶✮ ✈❡r✐✜❡s✿

∀n ∈ N, TV(ρ∆(·, tn)) ≤ TV(ρ0). ✭✶✳✹✳✶✮

Pr♦♦❢✳ ❋✐① n ∈ N ❛♥❞ j ∈ Z✳ ❲❡ st❛rt ❜② ✇r✐t✐♥❣ t❤❡ s❝❤❡♠❡ ✭✶✳✶✳✶✮ ✉♥❞❡r t❤❡ ❢♦r♠✿

ρn+1
j+1/2 = ρnj+1/2 − λ



F
(
ρnj+1/2, ρ

n
j+3/2

)
− F

(
ρnj+1/2, ρ

n
j+1/2

)

ρnj+3/2 − ρnj+1/2




︸ ︷︷ ︸
−Bj+1

(
ρnj+3/2 − ρnj+1/2

)

− λ



F
(
ρnj+1/2, ρ

n
j+1/2

)
− F

(
ρnj−1/2, ρ

n
j+1/2

)

ρnj+1/2 − ρnj−1/2




︸ ︷︷ ︸
Aj

(
ρnj+1/2 − ρnj−1/2

)
.

❚❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ F ❡♥s✉r❡s t❤❛t Aj, Bj+1 ≥ 0✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

ρn+1
j+1/2 − ρn+1

j−1/2 = (1− Aj − Bj)
(
ρnj+1/2 − ρnj−1/2

)

+ Aj−1

(
ρnj−1/2 − ρnj−3/2

)
+Bj+1

(
ρnj+3/2 − ρnj+1/2

)
.



✶✳✹✳ ❈❖▼P❆❈❚◆❊❙❙ ❆◆❉ ❈❖◆❱❊❘●❊◆❈❊ ✸✶

▼❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✳✶✳✺✮✱ ✇❡ ❤❛✈❡ |Aj|+ |Bj| ≤ λL ≤ 1✱ ❤❡♥❝❡✿
∑

j∈Z

∣∣∣ρn+1
j+1/2 − ρn+1

j−1/2

∣∣∣ ≤
∑

j∈Z

(1− Aj − Bj)
∣∣ρnj+1/2 − ρnj−1/2

∣∣

+
∑

j∈Z

Aj−1

∣∣ρnj−1/2 − ρnj−3/2

∣∣+
∑

j∈Z

Bj+1

∣∣ρnj+3/2 − ρnj+1/2

∣∣

=
∑

j∈Z

∣∣ρnj+1/2 − ρnj−1/2

∣∣

■♥❡q✉❛❧✐t② ✭✶✳✹✳✶✮ ❢♦❧❧♦✇s ❜② ✐♠♠❡❞✐❛t❡ ✐♥❞✉❝t✐♦♥ ♦♥ n✳ �

❚❤❡ ❚❱❉ ♣r♦♣❡rt② ✭✶✳✹✳✶✮ ❞♦❡s ♥♦t ❤♦❧❞ ❛♥②♠♦r❡ ✇❤❡♥ t❤❡ ✢✉① ✐s s♣❛❝❡ ❞❡♣❡♥❞❡♥t ♦r ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ✢✉① ❝♦♥str❛✐♥t ♣r♦❜❧❡♠s✳ ❚❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✵✳✷✮ ♠❛② ✇❡❧❧
✐♥❝r❡❛s❡ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❤✐❣❤❧✐❣❤ts✳

❊①❛♠♣❧❡ ✶✳✹✳✶✳ ❚❤❡ ❡①❛❝t s♦❧✉t✐♦♥ t♦ ✭✶✳✵✳✷✮ ✇✐t❤ ❞❛t❛

f(ρ) = ρ(1− ρ); ρ0(x) =

{
0.6 ✐❢ x < 0

0.2 ✐❢ x > 0
; q(t) = 0.2

✐s r❡♣r❡s❡♥t❡❞ ❛t t✐♠❡ T = 1 ✐♥ ❋✐❣✉r❡ ✶✳✷✱ s❡❡ ❬✺✻❪ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥❡❞
❘✐❡♠❛♥♥ s♦❧✈❡r✳ ❆s ✇❡ ❝❛♥ s❡❡✱ TV(ρ(·, 1)) > TV(ρ0)✳

❋✐❣✉r❡ ✶✳✷ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❧♦ss ♦❢ ❚❱❉ ♣r♦♣❡rt②✳

❚❤♦✉❣❤ ♥♦t ♥♦♥✐♥❝r❡❛s✐♥❣✱ ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t ✐❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❤❛s ❜♦✉♥❞❡❞
✈❛r✐❛t✐♦♥ ❛♥❞ ✐❢ t❤❡ ❝♦♥str❛✐♥t ❧❡✈❡❧ ❞♦❡s ♥♦t r❡❛❝❤ t❤❡ ♠❛①✐♠✉♠ ❧❡✈❡❧✱ s❡❡ ❆ss✉♠♣t✐♦♥ ✭✶✳✹✳✷✮
❜❡❧♦✇✱ t❤❡♥ ✇❡ ❝❛♥ ❞❡r✐✈❡ ❣❧♦❜❛❧ BV ❜♦✉♥❞s ❢♦r t❤❡ s❡q✉❡♥❝❡ ✭ρ∆)∆✳

▲❡♠♠❛ ✶✳✹✳✷✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t f ∈ C1([0, 1]\{ρ})✱ t❤❛t ρ0 ∈ BV(R) ❛♥❞ t❤❛t ✐♥ ✭✶✳✶✳✷✮✱
✇❡ ✉s❡ t❤❡ ●♦❞✉♥♦✈ ✢✉① ✇❤❡♥ j = 0✳ ❚❤❡♥ ✐❢ q ✈❡r✐✜❡s t❤❡ ❛ss✉♠♣t✐♦♥

∃ε > 0, ∀t > 0, q(t) ≤ max
ρ∈[0,1]

f(ρ)− ε := qε, ✭✶✳✹✳✷✮
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t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cε > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ n ∈ N✱

TV(ρ∆(·, tn+1)) ≤ TV(ρ0) + 4 +Cε

n∑

k=0

|qk+1 − qk|. ✭✶✳✹✳✸✮

Pr♦♦❢✳ ◆♦t❡ t❤❛t ❜② ❛ss✉♠♣t✐♦♥✱ ❛♥② s✉✐t❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ (qn)n ♦❢ q ✭♠❡❛♥ ✈❛❧✉❡✱ ♠✐❞❞❧❡
♣♦✐♥t✳✳✳✮ ✇✐❧❧ ✈❡r✐❢②✿

∀n ∈ N, qn ≤ qε.

❋✐① n ∈ N✳ ❲✐t❤ t❤ ♣r❡s❡♥t s❡t ✉♣✱ ✇❡ ❝❛♥ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢s ♦❢ ❬✹✺✱ ❙❡❝t✐♦♥ ✷❪ t♦ ♦❜t❛✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

∑

j∈Z

|ρn+1
j+1/2 − ρn+1

j−1/2| ≤ TV(ρ0) + 4 + 2
n∑

k=0

∣∣(ρ̂qk+1 − ρ̂qk
)
−
(
qρqk+1 − qρqk

)∣∣ ,

✇❤❡r❡ ❢♦r ❛❧❧ k ∈ {0, . . . , n}✱ t❤❡ ❝♦✉♣❧❡
(
ρ̂qk , qρqk

)
∈ [0, 1]2 ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥s

f
(
qρqk
)
= f

(
ρ̂qk
)
= qk ❛♥❞ qρqk < ρ̂qk .

❇② ❛ss✉♠♣t✐♦♥✱ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ |f ′| ✐s ♣♦s✐t✐✈❡ ♦♥ t❤❡ ❝♦♠♣❛❝t s✉❜s❡t [0, 1]\(qρqε , ρ̂qε)✳
❍❡♥❝❡✱ ✐t ❛tt❛✐♥s ✐ts ♠❛①✐♠❛❧ ✈❛❧✉❡ ❈0✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ ♦♥❡ ❞❡♥♦t❡s ❜② I : [0, qρqε ] → [0, qε]
t❤❡ ✐♥❝r❡❛s✐♥❣ ♣❛rt ♦❢ f ✱ t❤✐s ❢✉♥❝t✐♦♥ ❝❛rr✐❡s ♦✉t ❛ C1✲❞✐✛❡♦♠♦r♣❤✐s♠✳ ▼♦r❡♦✈❡r✱

∀q ∈ [0, qε],
∣∣∣(I−1)

′

(q)
∣∣∣ ≤ 1

❈0

.

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛❧❧ k ∈ {0, . . . , n}✱
∣∣
qρqk+1 − qρqk

∣∣ =
∣∣(I−1)(qk+1)− (I−1)(qk)

∣∣ ≤ 1

❈0

|qk+1 − qk|.

❯s✐♥❣ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡s✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ s❛♠❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❢♦r
∣∣ρ̂qk+1 − ρ̂qk

∣∣✳
❚❤❡r❡❢♦r❡✱ ✐♥❡q✉❛❧✐t② ✭✶✳✹✳✸✮ ❢♦❧❧♦✇s ✇✐t❤ Cε =

4

❈0

✳ �

❈♦r♦❧❧❛r② ✶✳✹✳✸✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t f ∈ C1([0, 1]\{ρ}) ❛♥❞ t❤❛t ρ0 ∈ BV(R; [0, 1])✳ ❙✉♣♣♦s❡
❛❧s♦ t❤❛t q ∈ BV((0,+∞)), q ≥ 0 ✈❡r✐✜❡s ✭✶✳✹✳✷✮ ❛♥❞ t❤❛t ✐♥ ✭✶✳✶✳✷✮✱ ✇❡ ✉s❡ t❤❡ ●♦❞✉♥♦✈
✢✉① ✇❤❡♥ j = 0 ❛♥❞ ❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✇❤❡♥ j 6= 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts
ρ ∈ L∞(Ω) ∩C([0,+∞);L1

loc(R))✱ s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ ρ∆ → ρ ❛✳❡✳ ♦♥ Ω✳

Pr♦♦❢✳ ❋r♦♠ ✭✶✳✹✳✸✮✱ ✇❡ ♦❜t❛✐♥

∀n ∈ N, TV(ρ∆(·, tn)) ≤ TV(ρ0) + 4 +CεTV(q).

❚❤❡♥ ✉s✐♥❣ t❤❡ ♠❛r❝❤✐♥❣ ❢♦r♠✉❧❛ ✭✶✳✶✳✸✮✱ ❢♦r ❛❧❧ n ∈ N✱
∑

j∈Z

|ρn+1
j+1/2 − ρnj+1/2|∆x ≤

∑

j∈Z

∣∣Fn
j+1

(
ρnj+1/2, ρ

n
j+3/2

)
− Fn

j

(
ρnj−1/2, ρ

n
j+1/2

)∣∣∆t

≤ L
∑

j∈Z

|ρnj+1/2 − ρnj−1/2|∆t

= L ×TV(ρ∆(·, tn))∆t.
❚❤❡ ❝♦♠♣❛❝t♥❡ss ❝♦♠❡s ❢r♦♠ t❤❡ r❡s✉❧t ♦❢ ❬✾✽✱ ❆♣♣❡♥❞✐① ❆❪ ✉s✐♥❣ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❜♦✉♥❞s
❛♥❞ t❤❡ ✉♥✐❢♦r♠ L∞ ❡st✐♠❛t❡ ✭✶✳✷✳✶✮✳ �
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❚❤❡♦r❡♠ ✶✳✹✳✹✳ ❋✐① ρ0 ∈ BV(R; [0, 1])✱ f ∈ C1([0, 1]\{ρ}) ✈❡r✐❢②✐♥❣ ✭✶✳✵✳✶✮ ❛♥❞ q ∈
BV((0,+∞)), q ≥ 0✳ ❙✉♣♣♦s❡ t❤❛t ✐♥ ✭✶✳✶✳✷✮✱ ✇❡ ✉s❡ t❤❡ ●♦❞✉♥♦✈ ✢✉① ✇❤❡♥ j = 0 ❛♥❞
❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤ f ✇❤❡♥ j 6= 0✳ ❋✐♥❛❧❧②✱ s✉♣♣♦s❡ t❤❛t q
s❛t✐s✜❡s ✭✶✳✹✳✷✮✳ ❚❤❡♥ ✉♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✳✶✳✺✮✱ t❤❡ s❝❤❡♠❡ ✭✶✳✶✳✹✮ ❝♦♥✈❡r❣❡s t♦ t❤❡
✉♥✐q✉❡ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ ρ ∈ L∞(Ω) ∩C([0,+∞);L1

loc(R)) ♦❢ ✭✶✳✵✳✷✮ ✐♥ t❤❡ s❡♥s❡
♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✵✳✶✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cε > 0 s✉❝❤ t❤❛t

∀t > 0, TV(ρ(·, t)) ≤ TV(ρ0) + 4 +CεTV(q). ✭✶✳✹✳✹✮

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ ✐♥ ❈♦r♦❧❧❛r② ✶✳✹✳✸ t❤❛t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (ρ∆)∆ ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥
Ω t♦ s♦♠❡ ρ ∈ L∞(Ω) ∩C([0,+∞);L1

loc(R))✳ P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✶✳✸✳✹✮ ❛♥❞ ✭✶✳✸✳✹✮✱ ✇❡
♦❜t❛✐♥ t❤❛t ρ ✈❡r✐✜❡s ✭✶✳✵✳✸✮ ❛♥❞ ✭✶✳✵✳✹✮✳ ❚❤✐s s❤♦✇s t❤❛t ρ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥
t♦ ✭✶✳✵✳✷✮✳ ❇② ✉♥✐q✉❡♥❡ss✱ t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ (ρ∆)∆ ❝♦♥✈❡r❣❡s t♦ ρ✳ ❋✐♥❛❧❧②✱ ❢r♦♠ ✭✶✳✹✳✸✮✱
t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ BV s❡♠✐✲♥♦r♠ ❡♥s✉r❡s t❤❛t ρ ∈ L∞((0,+∞);BV(R)) ❛♥❞
✈❡r✐✜❡s ✭✶✳✹✳✹✮✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �

✶✳✹✳✷ ❈♦♠♣❛❝t♥❡ss ✈✐❛ ♦♥❡✲s✐❞❡❞ ▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥ t❡❝❤♥✐q✉❡

❲❡ ♥♦✇ ❛❞❛♣t t❡❝❤♥✐q✉❡s ❛♥❞ r❡s✉❧ts ♣✉t ❢♦r✇❛r❞ ❜② ❚♦✇❡rs ✐♥ ❬✶✺✷❪✳ ❲❡ ♥♦ ❧♦♥❣❡r s✉♣♣♦s❡
t❤❛t ρ0 ∈ BV(R) ❜✉t ✐♥ ❝♦♠♣❡♥s❛t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t f ∈ C2([0, 1]) ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✭st✐❧❧
✈❡r✐❢②✐♥❣ ✭✶✳✵✳✶✮✮✳ ❇② ❝♦♥t✐♥✉✐t②✱

∃α > 0, ∀ρ ∈ [0, 1], f ′′(ρ) ≤ −α. ✭✶✳✹✳✺✮

❲❡ ✇✐❧❧ ❛❧s♦ ❛ss✉♠❡✱ ❢♦❧❧♦✇✐♥❣ ❬✶✺✷❪✱ t❤❛t

t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❝❤♦s❡♥ ✐♥ ✭✶✳✶✳✶✮ ✐s ❡✐t❤❡r

t❤❡ ❊♥❣q✉✐st✲❖s❤❡r ♦♥❡ ♦r t❤❡ ●♦❞✉♥♦✈ ♦♥❡✳
✭✶✳✹✳✻✮

❚♦ ❜❡ ♣r❡❝✐s❡✱ t❤❡ ❝❤♦✐❝❡ ♠❛❞❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛t t❤❡ ✐♥t❡r❢❛❝❡ ✕ ✐✳❡✳ ✇❤❡♥ j = 0 ✐♥
✭✶✳✶✳✷✮ ✕ ❞♦❡s ♥♦t ♣❧❛② ❛♥② r♦❧❡✳ ❲❤❛t ✐s ✐♠♣♦rt❛♥t ✐s t❤❛t ❛✇❛② ❢r♦♠ t❤❡ ✐♥t❡r❢❛❝❡✱ ♦♥❡
❝❤♦♦s❡s ❡✐t❤❡r t❤❡ ❊♥❣q✉✐st✲❖s❤❡r ✢✉① ♦r t❤❡ ●♦❞✉♥♦✈ ♦♥❡✳ ❲❡ ❞❡♥♦t❡ ❢♦r ❛❧❧ n ∈ N ❛♥❞
j ∈ Z✱

Dn
j = max

{
ρnj−1/2 − ρnj+1/2, 0

}
.

❲❡ ✇✐❧❧ ❛❧s♦ ✉s❡ t❤❡ ♥♦t❛t✐♦♥
Ẑ = Z\{−1, 0, 1}.

■♥ ❬✶✺✷❪✱ t❤❡ ❛✉t❤♦r ❞❡❛❧t ✇✐t❤ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ✐♥ ❜♦t❤ t✐♠❡ ❛♥❞ s♣❛❝❡ ✢✉① ❛♥❞ t❤❡ s♣❡❝✐✜❝
✧✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t②✧ ❝♦✉♣❧✐♥❣ ❛t t❤❡ ✐♥t❡r❢❛❝❡✳ ❚❤❡ ❞✐s❝♦♥t✐♥✉✐t② ✐♥ s♣❛❝❡ ✇❛s ❧♦❝❛❧✐③❡❞ ❛❧♦♥❣
t❤❡ ❝✉r✈❡ {x = 0}✳ ❚❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ t❡❝❤♥✐q✉❡ ♦❢ ❬✶✺✷❪ ❢♦r ♦✉r ❝❛s❡ ✭❛♥❞ ✐♥ ❈❤❛♣t❡rs
✸✲✹ ❛s ✇❡❧❧ ✇✐t❤ ♠♦✈✐♥❣ ✐♥t❡r❢❛❝❡ ❛♥❞ ✢✉①✲❝♦♥str❛✐♥❡❞ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✮ r❡❧✐❡s ♦♥ t❤❡ ❢❛❝t
t❤❛t ♦♥❡ ❝❛♥ ❞❡r✐✈❡ ❛ ❜♦✉♥❞ ♦♥ Dn

j ❛s ❧♦♥❣ ❛s t❤❡ ✐♥t❡r❢❛❝❡ ❞♦❡s ♥♦t ❡♥t❡r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s

❢♦r Dn
j ✐✳❡✳ j ∈ Ẑ✳ ❚❤✐s ✐s ✇❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♣♦✐♥ts ♦✉t ✉♥❞❡r ❆ss✉♠♣t✐♦♥s ✭✶✳✹✳✺✮✲

✭✶✳✹✳✻✮✳ ❋♦r r❡❛❞❡rs✬ ❝♦♥✈❡♥✐❡♥❝❡ ❛♥❞ ✐♥ ♦r❞❡r t♦ ❤✐❣❤❧✐❣❤t t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ t❤❡ t❡❝❤♥✐q✉❡ ♦❢
❚♦✇❡rs ❬✶✺✷❪✱ ❧❡t ✉s ♣r♦✈✐❞❡ t❤❡ ❦❡② ❡❧❡♠❡♥ts ♦❢ t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ ❧❡❛❞✐♥❣ t♦ ❝♦♠♣❛❝t♥❡ss✳
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▲❡♠♠❛ ✶✳✹✳✺✳ ▲❡t n ∈ N ❛♥❞ j ∈ Ẑ✳ ❚❤❡♥ ✐❢ a =
λα

4
✱ ✇❡ ❤❛✈❡

Dn+1
j ≤ max

{
Dn

j−1,D
n
j ,D

n
j+1

}
− a

(
max

{
Dn

j−1,D
n
j ,D

n
j+1

})2
✭✶✳✹✳✼✮

❛♥❞

Dn+1
j ≤ 1

min{|j| − 1, n+ 1}a. ✭✶✳✹✳✽✮

Pr♦♦❢✳✭❙❦❡t❝❤❡❞✱ s❡❡ ❛❧s♦ ❈❤❛♣t❡r ✹✮ ■♥❡q✉❛❧✐t② ✭✶✳✹✳✽✮ ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐♥✲
❡q✉❛❧✐t② ✭✶✳✹✳✼✮✱ s❡❡ ❬✶✺✷✱ ▲❡♠♠❛ ✹✳✸❪✳ ❖❜t❛✐♥✐♥❣ ✐♥❡q✉❛❧✐t② ✭✶✳✹✳✼✮ ❤♦✇❡✈❡r✱ ✐s ❧❡ss ✐♠♠❡❞✐✲
❛t❡✳ ▲❡t ✉s ❣✐✈❡ s♦♠❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢✳
❋✐rst✱ ♥♦t❡ t❤❛t ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ψ : z 7→ z− az2✱ ✐♥❡q✉❛❧✐t② ✭✶✳✹✳✼✮ ❝❛♥ ❜❡ st❛t❡❞
❛s✿

Dn+1
j ≤ ψ

(
max

{
Dn

j−1,D
n
j ,D

n
j+1

})
. ✭✶✳✹✳✾✮

❚❤❡♥✱ ♦♥❡ ❝❛♥ s❤♦✇✱ ♦♥❧② ✉s✐♥❣ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ ❜♦t❤ t❤❡ s❝❤❡♠❡ ❛♥❞ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ψ✱
t❤❛t ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥

✐♥❡q✉❛❧✐t② ✭✶✳✹✳✾✮ ❤♦❧❞s ✇❤❡♥ (ρnj+3/2 − ρnj+1/2), (ρ
n
j−1/2 − ρnj−3/2) ≤ 0, ✭✶✳✹✳✶✵✮

✐t ❢♦❧❧♦✇s t❤❛t ✐♥❡q✉❛❧✐t② ✭✶✳✹✳✾✮ ❤♦❧❞s ❢♦r ❛❧❧ ❝❛s❡s✳ ❆♥❞ ✜♥❛❧❧② ✐♥ ❬✶✺✷✱ P❛❣❡ ✷✸❪✱ t❤❡ ❛✉t❤♦r
♣r♦✈❡s t❤❛t ✐❢ t❤❡ ✢✉① ❝♦♥s✐❞❡r❡❞ ✐s ❡✐t❤❡r t❤❡ ❊♥❣q✉✐st✲❖s❤❡r ✢✉① ♦r t❤❡ ●♦❞✉♥♦✈ ✢✉①✱ t❤❡♥
✭✶✳✹✳✶✵✮ ❤♦❧❞s✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✶✳✹✳✽✮✳

▲❡♠♠❛ ✶✳✹✳✻✳ ❋✐① 0 < ε < X✳ ▲❡t i, J ∈ N
∗ s✉❝❤ t❤❛t ε ∈ (xi, xi+1) ❛♥❞ X ∈ (xJ−1, xJ)✳

❚❤❡♥ ✐❢ ∆x/ε ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Λ = Λ

(
X,

1

a
,
1

ε

)
✱ ♥♦♥❞❡❝r❡❛s✐♥❣

✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❛r❣✉♠❡♥ts✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ n ≥ i✱

J−1∑

j=i+1

|ρnj+1/2 − ρnj−1/2|,
−i−1∑

j=−J+1

|ρnj+1/2 − ρnj−1/2| ≤ Λ ✭✶✳✹✳✶✶✮

❛♥❞
J−2∑

j=i+1

|ρn+1
j+1/2 − ρnj+1/2|∆x,

−i−2∑

j=−J+1

|ρn+1
j+1/2 − ρnj+1/2|∆x ≤ LΛ∆t. ✭✶✳✹✳✶✷✮

Pr♦♦❢✳ ❲❡ ❤❛✈❡✿

J−1∑

j=i+1

|ρnj+1/2 − ρnj−1/2| = 2
J−1∑

j=i+1

Dn
j −

J−1∑

j=i+1

(ρnj+1/2 − ρnj−1/2)

= 2
J−1∑

j=i+1

Dn
j − (ρnJ−1/2 − ρni+1/2) ≤ 1 + 2

J−1∑

j=i+1

Dn
j .
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◆♦✇✱ s✐♥❝❡

i+ 1 =
(i+ 1)∆x

∆x
≥ ε

∆x
,

✇❡ ❞❡❞✉❝❡ t❤❛t ✐❢
∆x

ε
≤ 1

2
✱ t❤❡♥ j ≥ i+ 1 =⇒ j ∈ Ẑ✳ ▲❡♠♠❛ ✶✳✹✳✺ ❡♥s✉r❡s t❤❛t

J−1∑

j=i+1

|ρnj+1/2 − ρnj−1/2| ≤ 1 + 2
J−1∑

j=i+1

Dn
j ≤ 1 +

2

a

J−1∑

j=i+1

1

min{n, j − 1} .

❍♦✇❡✈❡r✱ s✐♥❝❡ n ≥ i✱ ❢♦r ❛❧❧ j ≥ i+ 1✱ ✇❡ ❤❛✈❡ min{n, j − 1} ≥ i✱ ❤❡♥❝❡✿

J−1∑

j=i+1

|ρnj+1/2 − ρnj−1/2| ≤ 1 +
2

a
×
(
J − i− 1

i

)
≤ 1 +

4X

aε
:= Λ.

❚❤❡♥✱

J−2∑

j=i+1

|ρn+1
j+1/2 − ρnj+1/2|∆x =

J−2∑

j=i+1

∣∣F(ρnj+1/2, ρ
n
j+3/2)− F(ρnj−1/2, ρ

n
j+1/2)

∣∣∆t ≤ LΛ∆t.

�

❈♦r♦❧❧❛r② ✶✳✹✳✼✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t f ∈ C2([0, 1] ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ❛♥❞ t❤❛t ρ0 ∈ L∞(R; [0, 1])✳
❙✉♣♣♦s❡ t❤❛t ✐♥ ✭✶✳✶✳✷✮✱ ✇❡ ✉s❡ ❡✐t❤❡r t❤❡ ●♦❞✉♥♦✈ ✢✉① ♦r t❤❡ ❊♥❣q✉✐st✲❖s❤❡r ✢✉① ✇❤❡♥ j 6= 0✳
❚❤❡♥ t❤❡r❡ ❡①✐sts ρ ∈ L∞(Ω) ∩C([0,+∞);L1

loc(R))✱ s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ ρ∆ → ρ
❛✳❡✳ ♦♥ Ω✳

Pr♦♦❢✳ ❋✐① 0 < ε < X ❛♥❞ t > λε✳ ❉❡♥♦t❡ ❜② Ω(X, ε) = (−X,−ε) ∪ (ε,X)✳ ■♥tr♦❞✉❝❡
i, J, n ∈ N s✉❝❤ t❤❛t ε ∈ (xi, xi+1)✱ X ∈ (xJ−1, xJ) ❛♥❞ t ∈ [tn, tn+1)✳ ❘❡♠❛r❦ t❤❛t

(n+ 1)∆t > t > λε ≥ λ(i∆x) = i∆t,

✐✳❡✳ n ≥ i− 1✳ ❚❤❡♥ ✐❢ ✇❡ s✉♣♣♦s❡ t❤❛t ∆x/ε ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇❡ ❝❛♥ ✉s❡ ▲❡♠♠❛ ✶✳✹✳✻✳
❋r♦♠ ✭✶✳✹✳✶✶✮✱ ✇❡ ❣❡t

TV(ρ∆(·, t)|Ω(X,ε)) ≤ 2Λ ✭✶✳✹✳✶✸✮

❛♥❞ ❢r♦♠ ✭✶✳✹✳✶✷✮✱ ✇❡ ❞❡❞✉❝❡

✂
Ω(X,ε)

|ρ∆(x, t+∆t)− ρ∆(x, t)| dx ≤ 2LΛ∆t. ✭✶✳✹✳✶✹✮

❈♦♠❜✐♥✐♥❣ ✭✶✳✹✳✶✸✮✲✭✶✳✹✳✶✹✮ ❛♥❞ t❤❡ L∞ ❜♦✉♥❞ ✭✶✳✷✳✶✮✱ ❧✐❦❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✹✳✸✱
❬✾✽✱ ❚❤❡♦r❡♠ ❆✳✽❪ ♣r♦✈✐❞❡s t❤❡ ❝♦♠♣❛❝t♥❡ss st❛t❡♠❡♥t✳ �
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❚❤❡♦r❡♠ ✶✳✹✳✽✳ ❋✐① ρ0 ∈ L∞(R; [0, 1]) ❛♥❞ f ∈ C2([0, 1] str✐❝t❧② ❝♦♥❝❛✈❡✳ ❙✉♣♣♦s❡ t❤❛t
✐♥ ✭✶✳✶✳✷✮✱ ✇❡ ✉s❡ ❡✐t❤❡r t❤❡ ●♦❞✉♥♦✈ ✢✉① ♦r t❤❡ ❊♥❣q✉✐st✲❖s❤❡r ✢✉① ✇❤❡♥ j 6= 0 ❛♥❞ ❛♥②
♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤ f ✇❤❡♥ j = 0✳ ❚❤❡♥ ✉♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥
✭✶✳✶✳✺✮✱ t❤❡ s❝❤❡♠❡ ✭✶✳✶✳✹✮ ❝♦♥✈❡r❣❡s t♦ t❤❡ ✉♥✐q✉❡ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ ρ ∈ L∞(Ω) ∩
C([0,+∞);L1

loc(R)) ♦❢ ✭✶✳✵✳✷✮ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✵✳✶✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ t > 0✱
ρ(·, t) ∈ BVloc(R

∗)✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ ✐♥ ❈♦r♦❧❧❛r② ✶✳✹✳✼ t❤❛t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (ρ∆)∆ ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥
Ω t♦ s♦♠❡ ρ ∈ L∞(Ω) ∩C([0,+∞);L1

loc(R))✳ P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✶✳✸✳✹✮ ❛♥❞ ✭✶✳✸✳✹✮✱ ✇❡
♦❜t❛✐♥ t❤❛t ρ ✈❡r✐✜❡s ✭✶✳✵✳✸✮ ❛♥❞ ✭✶✳✵✳✹✮✳ ❚❤✐s s❤♦✇s t❤❛t ρ ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✵✳✷✮✳ ◆♦t❡
❛❧s♦ t❤❛t s✐♥❝❡ s✉❝❤ ❛ s♦❧✉t✐♦♥ ✐s ✉♥✐q✉❡✱ t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ (ρ∆)∆ ❝♦♥✈❡r❣❡s t♦ ρ✳ ❋✐♥❛❧❧②✱
❢r♦♠ ✭✶✳✹✳✶✸✮✱ t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ BV s❡♠✐✲♥♦r♠ ♣r♦✈✐❞❡s t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡
st❛t❡♠❡♥t✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

❘❡♠❛r❦ ✶✳✹✳✶✳ ◆♦t❡ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ♦❢ t❤❡ ❤②♣♦t❤❡s❡s ♠❛❞❡ ✐♥ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠
✇✐t❤ t❤❡ ♦♥❡s ♦❢ ❚❤❡♦r❡♠ ✶✳✹✳✹✳ ❘❡❝❛❧❧ t❤❛t ✐♥ ❚❤❡♦r❡♠ ✶✳✹✳✹✱ ✇❡ ♥❡❡❞❡❞ t❤❡ ●♦❞✉♥♦✈ ✢✉①
♦♥❧② ❛t t❤❡ ✐♥t❡r❢❛❝❡✳

✶✳✺ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

■♥ ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❝❤♦♦s❡ t❤❡ ✉♥✐❢♦r♠❧② ❝♦♥❝❛✈❡ ✢✉① f(ρ) = ρ(1−ρ)✳ ❙✐♥❝❡ t❤❡ ✐♥✐t✐❛❧
❞❛t❛ t❛❦❡ ✈❛❧✉❡s ✐♥ [0, 1]✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ r❡❞✉❝❡s t♦ 2

∆t

∆x
≤ 1✳

✶✳✺✳✶ ❈❧❛ss✐❝❛❧ ❝❛s❡ ✭✇✐t❤♦✉t ❝♦♥str❛✐♥t✮

❲❡ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s s❡❝t✐♦♥ t♦ ✐❧❧✉str❛t❡ s♦♠❡ ❦♥♦✇♥ r❡s✉❧ts ❛❜♦✉t s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥
r❡❧❛t❡❞ ✐♥ ♣❛rt✐❝✉❧❛r t♦ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡rs ♦r ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡
❢♦❧❧♦✇✐♥❣ ✐♥✐t✐❛❧ ❞❛t❛✿

ρ10(x) =

{
0.4 ✐❢ x < 0
0.8 ✐❢ x > 0

❛♥❞ ρ20(x) =

{
0.6 ✐❢ x < 0
0.2 ✐❢ x > 0.

❚❤❡ s♦❧✉t✐♦♥ ρ1 ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ10 ✐s ❛ s❤♦❝❦ ✇❛✈❡ ✐✳❡✳ ❛ ❞✐s❝♦♥t✐♥✉✐t② tr❛✈❡❧✐♥❣ ❛t
❛ ✈❡❧♦❝✐t② ❣✐✈❡♥ ❜② t❤❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t ❝♦♥❞✐t✐♦♥ ✇❤✐❧❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
ρ20 ❝r❡❛t❡ ❛ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡ ρ2 ♦❢ s♣❡❡❞s f ′(0.6) ❛♥❞ f ′(0.2)✿

ρ1(x, t) =





0.4 ✐❢
x

t
< −0.2

0.8 ✐❢
x

t
> −0.2,

ρ2(x, t) =





0.6 ✐❢
x

t
< −0.2

t− x

2t
✐❢ − 0.2 ≤ x

t
≤ 0.6

0.2 ✐❢
x

t
> 0.6.

❲✐t❤ ❛ ❞♦♠❛✐♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ❡q✉❛❧ t♦ [−1, 1] ❛♥❞ t✐♠❡ ❤♦r✐③♦♥ T = 1✱ t❤❡ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥s ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ●♦❞✉♥♦✈ ✢✉① ❛♥❞ t❤❡ ❘✉s❛♥♦✈ ✢✉① ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳✸✳
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❋✐❣✉r❡ ✶✳✸ ✕ ❈♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ t❤❡ ●♦❞✉♥♦✈ ✢✉① ❛♥❞ t❤❡ ❘✉s❛♥♦✈ ✢✉① ✇✐t❤ ∆x = 0.01✳

❚❤❡s❡ ✜❣✉r❡s s❤♦✇ t❤❛t t❤❡ ●♦❞✉♥♦✈ s❝❤❡♠❡ ✐s s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥ t❤❡ ❘✉s❛♥♦✈ ✢✉① ✐♥ t❤❡
s❡♥s❡ t❤❛t ✐t ✐s ❧❡ss ❞✐✛✉s✐✈❡✳ ❋♦r t❤❡s❡ t✇♦ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠s✱ t❤❡ L∞ st❛❜✐❧✐t② ❛♥❞ t❤❡
❚❱❉ ♣r♦♣❡rt② ❛r❡ ♦❜s❡r✈❛❜❧❡ ✉♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✳
❆ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ✐s ❛❧s♦ ♣❡r❢♦r♠❡❞✳ ❙✐♥❝❡ ✇❡ ❝❛♥ ❡❛s✐❧② ❝♦♠♣✉t❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥s
♦❢ t❤❡s❡ t✇♦ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠s✱ ✐♥ ❋✐❣✉r❡ ✶✳✹✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝♦♠♣✉t❡❞ L1 ❡rr♦r ❛t t✐♠❡ T ✿

E∆ = ‖ρ∆ − ρ‖L1 =

✂ T

0

✂ 1

−1

|ρ∆(x, t)− ρ(x, t)| dx dt ,

❛♥❞ s❡❡ t❤❛t t❤❡s❡ ❡rr♦rs ❝♦♥✈❡r❣❡ ✇✐t❤ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ 1✳ ■♥ t❤❡
❧✐tt❡r❛t✉r❡✱ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦r❞❡r 1/4 ♦r 1/2 ✐s ♣r♦✈❡❞✱ s❡❡ ❬✹✽✱ ✹✾❪ ❢♦r ✐♥st❛♥❝❡✱ ❜✉t ✉s✉❛❧❧②
♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦r❞❡r 1 ❧✐❦❡ ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✳

❋✐❣✉r❡ ✶✳✹ ✕ ❘❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ s❤♦❝❦ ✭❜❧✉❡✮ ❛♥❞ t❤❡ r❛r❡❢❛❝t✐♦♥ ✭r❡❞✮ ❛t t✐♠❡
T = 1.0✳
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✶✳✺✳✷ ❲✐t❤ ❧♦❝❛❧ ♣♦✐♥t ❝♦♥str❛✐♥t

❲❡ ♥♦✇ t✉r♥ t♦ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ ❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠ ✭✶✳✵✳✷✮✳

❋♦✉r ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠s

❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧ ❞❛t❛

ρ10(x) =

{
0.8 ✐❢ x < 0
0.2 ✐❢ x > 0;

ρ20(x) =

{
0.6 ✐❢ x < 0
0.2 ✐❢ x > 0;

ρ30(x) =

{
0.8 ✐❢ x < 0
0.4 ✐❢ x > 0;

ρ40(x) =

{
0.6 ✐❢ x < 0
0.4 ✐❢ x > 0.

❲❡ ❝❤♦♦s❡ ❛ ❝♦♥st❛♥t ❝♦♥str❛✐♥t ❢✉♥❝t✐♦♥ q ≡ 0.2 s♦ t❤❛t ❢♦r ❡❛❝❤ ✐♥✐t✐❛❧ ❞❛t❛ ρi0 ✭1 ≤ i ≤ 4✮✱
t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ r❛r❡❢❛❝t✐♦♥✴s❤♦❝❦ ✇❛✈❡ ❢♦❧❧♦✇❡❞ ❜② ❛ ♥♦♥❝❧❛ss✐❝❛❧ s❤♦❝❦
s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥t ❛♥❞ ❛❣❛✐♥ ❢♦❧❧♦✇❡❞ ❜② ❛ r❛r❡❢❛❝t✐♦♥✴s❤♦❝❦ ✇❛✈❡✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t t❤❡
❛✉t❤♦rs ♦❢ ❬✺✻❪ ❣❛✈❡ ❛ ❢✉❧❧ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❝♦♥tr❛✐♥❡❞ ❘✐❡♠❛♥♥ s♦❧✈❡r ❢♦r ✭✶✳✵✳✷✮✳ ❋♦❧❧♦✇✐♥❣
t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✹✳✽✱ ❋✐❣✉r❡ ✶✳✺ ♣r❡s❡♥ts t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❝♦♠♣✉t❡❞ ✇✐t❤
t❤❡ ●♦❞✉♥♦✈ ✢✉① ❛t t❤❡ ✐♥t❡r❢❛❝❡ ❛♥❞ t❤❡ ❘✉s❛♥♦✈ ✢✉① ❛✇❛② ❢r♦♠ t❤❡ ✐♥t❡r❢❛❝❡✳

❋✐❣✉r❡ ✶✳✺ ✕ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ ❢♦✉r ❝♦♥str❛✐♥❡❞ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠s ❛t t✐♠❡ T = 1.0✱
✇✐t❤ ∆x = 0.001✳

❚❤❡ ❧♦ss ♦❢ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ❞✐♠✐♥✐s❤✐♥❣ ♣r♦♣❡rt② ✐s ❤✐❣❤❧✐❣❤t❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s
ρ2, ρ3 ❛♥❞ ρ4✳ ▲✐❦❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣✉t❡❞ t❤❡ L1 ❡rr♦rs Ei

∆ ✭1 ≤ i ≤ 4✮✳ ❚❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡s❡ r❛t✐♦ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳✻✳
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❋✐❣✉r❡ ✶✳✻ ✕ ❘❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r ❢♦✉r ❝♦♥str❛✐♥❡❞ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠s ❛t t✐♠❡ T = 1.0✳

✶✳✻ ❖♥ ❣❧♦❜❛❧ ❇❱ ❜♦✉♥❞s ❢♦r ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ❧✐♠✐t❡❞

✢✉① ♠♦❞❡❧

❲❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ st✉❞② ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss ♦❢ ♠♦❞❡❧s✿




∂tρ+ ∂x (F (s(t), ρ)) = 0

ρ(·, 0) = ρ0

F (s(t), ρ)|x=0 ≤ q(t),

✭✶✳✻✳✶✮

✇❤❡r❡ s ∈ BV((0,+∞); [0,Σ]) ❢♦r s♦♠❡ Σ > 0 ❛♥❞ q ∈ BV((0,+∞)), q ≥ 0✳ ❲❡ s✉♣♣♦s❡
t❤❛t F ∈ C1([0,Σ]× [0, 1]) ❛♥❞ t❤❛t ❢♦r ❛❧❧ s ∈ [0,Σ]✱ F (s, ·) ✈❡r✐✜❡s ✐✳❡✳

∀s ∈ [0,Σ], F (s, 0) = 0, F (s, 1) ≤ 0 ❛♥❞

∃! ρs ∈ (0, 1), ∂ρF (s, ρ) (ρs − ρ) > 0 ❢♦r ❛✳❡✳ ρ ∈ (0, 1).
✭✶✳✻✳✷✮

❚❤✐s ❢r❛♠❡✇♦r❦ ❝♦✈❡rs t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡♥ F t❛❦❡s t❤❡ ❢♦r♠✿

F (s(t), ρ) = f(ρ)− s(t)ρ,

✇✐t❤ ❝♦♥❝❛✈❡ f : [0, 1] → R
+ ✈❡r✐❢②✐♥❣ ✭✶✳✵✳✶✮✱ ✇❤✐❝❤ ♦✉r ♠♦❞❡❧ ✐♥ ❈❤❛♣t❡r ✸ ✐s ❜❛s❡❞ ♦♥✳

❘❡♠❛r❦ t❤❛t ✭✶✳✻✳✶✮ r❡❞✉❝❡s t♦ ✭✶✳✵✳✷✮ ✇❤❡♥ s ≡ 0✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡st❛❜❧✐s❤ ✐♥ ♣❛ss✐♥❣ t❤❡
✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ Pr♦❜❧❡♠ ✭✶✳✻✳✶✮✱ ❜✉t ♦✉r ♠❛✐♥ ✐♥t❡r❡st ❧✐❡s ✐♥ t❤❡ BV ✐♥ s♣❛❝❡ r❡❣✉❧❛r✐t②
♦❢ t❤❡ s♦❧✉t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❛✐♠ ❛t ♦❜t❛✐♥✐♥❣ ❛ ❜♦✉♥❞ ♦♥ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♦❢
t❤❡ s♦❧✉t✐♦♥s t♦ ✭✶✳✻✳✶✮✱ ✉s✐♥❣ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r s❤❛r♣ ❝♦♥tr♦❧
♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ❛t t❤❡ ❝♦♥str❛✐♥t✳ ❲❡ ❛❞❛♣t t❤❡ t❡❝❤♥✐q✉❡s ❛♥❞ r❡s✉❧ts ✇❡ ❞❡✈❡❧♦♣❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ◆♦t❡ t❤❛t t❤❡ ❛❧t❡r♥❛t✐✈❡ ♦✛❡r❡❞ ❜② ✇❛✈❡✲❢r♦♥t tr❛❝❦✐♥❣ ✇♦✉❧❞ ❜❡
❝✉♠❜❡rs♦♠❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡①♣❧✐❝✐t t✐♠❡✲❞❡♣❡♥❞❡♥❝② ✐♥ ✭✶✳✻✳✶✮✳ ❆s ✇❡ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥♥❡❞
❛♥❞ ❡♠♣❤❛s✐③❡❞ ✐♥ ❙❡❝t✐♦♥s ✶✳✹✳✶✲✶✳✺✱ ❡♥tr♦♣② s♦❧✉t✐♦♥s t♦ ❧✐♠✐t❡❞ ✢✉① ♣r♦❜❧❡♠s ❧✐❦❡ ✭✶✳✻✳✶✮



✹✵ ❈❍❆P❚❊❘ ✶✳ ❋■◆■❚❊ ❱❖▲❯▼❊❙ ❋❖❘ ❆ ❈❖◆❙❚❘❆■◆❊❉ P❘❖❇▲❊▼

❞♦ ♥♦t ❜❡❧♦♥❣ t♦ L∞((0,+∞);BV(R))✳ ❍♦✇❡✈❡r✱ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ✐❞❡❛s ❛s ❙❡❝t✐♦♥
✶✳✹✳✶✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐t ✐s t❤❡ ❝❛s❡ ✉♥❞❡r ❛ ♠✐❧❞ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❝♦♥str❛✐♥t ❢✉♥❝t✐♦♥ q
✕ s❡❡ ❆ss✉♠♣t✐♦♥ ✭✶✳✻✳✶✵✮ ❜❡❧♦✇ ✕ ❛♥❞ ♣r♦✈✐❞❡❞ t❤❛t ρ0 ∈ BV(R; [0, 1])✳ ❚❤r♦✉❣❤♦✉t t❤✐s
s❡❝t✐♦♥✱ ❢♦r ❛❧❧ s ∈ [0,Σ] ❛♥❞ a, b ∈ [0, 1]✱ ✇❡ ❞❡♥♦t❡ ❜②

Φs(a, b) = sgn(a− b)(F (s, a)− F (s, b))

t❤❡ ❝❧❛ss✐❝❛❧ ❑r✉③❤❦♦✈ ❡♥tr♦♣② ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❑r✉③❤❦♦✈ ❡♥tr♦♣② ρ 7→ |ρ − κ|✱ ❢♦r
❛❧❧ κ ∈ [0, 1]✱ s❡❡ ❬✶✶✹❪✳

✶✳✻✳✶ ❊q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥s ♦❢ s♦❧✉t✐♦♥ ❛♥❞ ✉♥✐q✉❡♥❡ss

▲❡t ✉s ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❢♦r ✭✶✳✻✳✶✮✱ ✇❤✐❝❤ ✐s ❛♥ ❛❞❛♣❛t❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥
✶✳✵✳✶✳

❉❡✜♥✐t✐♦♥ ✶✳✻✳✶✳ ❆ ❢✉♥❝t✐♦♥ ρ ∈ L∞(Ω) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✶✳✻✳✶✮ ✇✐t❤
✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R) ✐❢

✭✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (Ω), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s

❛r❡ ✈❡r✐✜❡❞✿

✂ +∞

0

✂
R

(
|ρ− κ|∂tϕ+ Φs(t)(ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx

+ 2

✂ +∞

0

Rs(t)(κ, q(t))ϕ(0, t) dt ≥ 0,

✭✶✳✻✳✸✮

✇❤❡r❡

Rs(t)(κ, q(t)) = F (s(t), κ)−min {F (s(t), κ), q(t)} ;

✭✐✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (Ω), ϕ ≥ 0 t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✈❡r✐✜❡❞✿

−
✂ +∞

0

✂
R+

(
ρ∂tϕ+ F (s(t), ρ)∂xϕ

)
dx dt ≤

✂ +∞

0

q(t)ϕ(0, t) dt . ✭✶✳✻✳✹✮

❉❡✜♥✐t✐♦♥ ✶✳✻✳✷✳ ❆♥② ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ ❜❡❧♦♥❣✐♥❣ t♦ ρ ∈ L∞((0,+∞);BV(R)) ✇✐❧❧
❜❡ ❝❛❧❧❡❞ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥✳

❆s ✇❡ ♣♦✐♥t❡❞ ♦✉t ❛❢t❡r ❉❡✜♥✐t✐♦♥ ✶✳✵✳✶✱ t❤✐s ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ✐s ✇❡❧❧ s✉✐t❡❞ ❢♦r ♣❛ss❛❣❡
t♦ t❤❡ ❧✐♠✐t ♦❢ ❛✳❡✳ ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡s ♦❢ ❡①❛❝t ♦r ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐t ✐s
♥♦t s♦ ✇❡❧❧✲❛❞❛♣t❡❞ t♦ ♣r♦✈❡ ✉♥✐q✉❡♥❡ss✳ ❆♥ ❡q✉✐✈❛❧❡♥t ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥✱ ❜❛s❡❞ ♦♥ ❡①♣❧✐❝✐t
tr❡❛t♠❡♥t ♦❢ tr❛❝❡s ♦❢ ρ ❛t t❤❡ ❝♦♥str❛✐♥t✱ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✺❪ ✭s❡❡ ❛❧s♦
❈❤❛♣t❡r ✹✮✳ ❚❤✐s ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛❜✐❧✐t② ❡st✐♠❛t❡✳

❚❤❡♦r❡♠ ✶✳✻✳✸✳ ❋✐① s1, s2 ∈ BV((0,+∞); [0,Σ])✱ ρ10, ρ
2
0 ∈ BV(R; [0, 1]) ❛♥❞ q1, q2 ∈

BV((0,+∞);R+)✳ ❉❡♥♦t❡ ❜② ρ1 ❛ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥ t♦ ✭✶✳✻✳✶✮ ✇✐t❤ ❞❛t❛ ρ10, q
1, s1 ❛♥❞
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ρ2 ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✶✳✻✳✶✮ ✇✐t❤ ❞❛t❛ ρ20, q
2, s2✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ✢✉① ❢✉♥❝t✐♦♥s

(t, ρ) 7→ F (s1(t), ρ), F (s2(t), ρ) s❛t✐s❢② ✭✶✳✻✳✷✮✳ ❚❤❡♥ ❢♦r ❛❧❧ t > 0✱ ✇❡ ❤❛✈❡✿

‖ρ1(·, t)− ρ2(·, t)‖L1 ≤ ‖ρ10 − ρ20‖L1 + 2

✂ t

0

|q1(τ)− q2(τ)| dτ

+ 2

✂ t

0

‖F (s1(τ), ·)− F (s2(τ), ·)‖L∞ dτ

+

✂ t

0

∣∣∣∣∂ρF (s1(τ), ·)− ∂ρF (s
2(τ), ·)

∣∣∣∣
L∞ TV(ρ1(·, τ)) dτ .

✭✶✳✻✳✺✮

■♥ ♣❛rt✐❝✉❧❛r✱ Pr♦❜❧❡♠ ✭✶✳✻✳✶✮ ❛❞♠✐ts ❛t ♠♦st ♦♥❡ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❙✐♥❝❡ ♦✉r ✐♥t❡r❡st t♦ ❞❡t❛✐❧s ❧✐❡s r❛t❤❡r ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✱
✇❡ ❞♦ ♥♦t ❢✉❧❧② ♣r♦✈❡ t❤✐s st❛t❡♠❡♥t ❜✉t ✇❡ ❣✐✈❡ t❤❡ ❡ss❡♥t✐❛❧ st❡♣s ❧❡❛❞✐♥❣ t♦ t❤✐s st❛❜✐❧✐t②
r❡s✉❧t✳ ❆ ❝♦♠♣❧❡t❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ✐♥ ❈❤❛♣t❡r ✹✳

✖ ❉❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥✳ ❋✐rst✱ t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✺❪ ✐♥tr♦❞✉❝❡ ❛ s✉❜s❡t ♦❢ R2 ❝❛❧❧❡❞ ❣❡r♠✱
✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ tr❛❝❡s ♦❢ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✻✳✶✮✳ ❚❤❡♥✱
t❤❡② s❛② t❤❛t ρ ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✻✳✶✮ ✐❢ ✐t s❛t✐s✜❡s ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ❛✇❛② ❢r♦♠ t❤❡
✐♥t❡r❢❛❝❡ ✕ ✐✳❡✳ ✇✐t❤ ϕ ∈ C∞

c (R∗ × R
+) ✐♥ t❤❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✕ ❛♥❞ ✐❢ t❤❡ ❝♦✉♣❧❡

❝♦♥st✐t✉t❡❞ ♦❢ ❧❡❢t✲s✐❞❡ ❛♥❞ t❤❡ r✐❣❤t✲s✐❞❡ tr❛❝❡s ♦❢ ρ ❜❡❧♦♥❣s t♦ t❤✐s s♦✲❝❛❧❧❡❞ ❣❡r♠✳
✖ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s✳ ❚❤❡ ♥❡①t st❡♣ ✐s t♦ ♣r♦✈❡ t❤❛t t❤✐s ❧❛tt❡r ❞❡✜♥✐t✐♦♥

♦❢ s♦❧✉t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❉❡✜♥✐t✐♦♥ ✶✳✻✳✶✳ ❚❤✐s ♣❛rt ✐s ❞♦♥❡ ✉s✐♥❣ ❣♦♦❞ ❝❤♦✐❝❡s ♦❢
t❡st ❢✉♥❝t✐♦♥s✱ s❡❡ ❬✶✺✱ ❚❤❡♦r❡♠ ✸✳✶✽❪✱ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✷✳✺✱ ❚❤❡♦r❡♠ ✷✳✾❪✳

✖ ❋✐rst st❛❜✐❧✐t② ❡st✐♠❛t❡✳ ❖♥❡ ✜rst s❤♦✇s t❤❛t ✐❢ s1 = s2✱ t❤❡♥ ❢♦r ❛❧❧ t > 0✱ ♦♥❡ ❤❛s

‖ρ1(·, t)− ρ2(·, t)‖L1 ≤ ‖ρ10 − ρ20‖L1 + 2

✂ t

0

|q1(τ)− q2(τ)| dτ . ✭✶✳✻✳✻✮

❚❤❡ ♣r♦♦❢ st❛rts ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ❞♦✉❜❧✐♥❣ ♦❢ ✈❛r✐❛❜❧❡s ♠❡t❤♦❞ ♦❢ ❑r✉③❤❦♦✈ ❬✶✶✹✱
❚❤❡♦r❡♠ ✶❪ ❛♥❞ t❤❡♥ ✉s❡s t❤❡ ❣❡r♠ str✉❝t✉r❡✱ ✇❤❛t t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✺❪ ❝❛❧❧❡❞ L1✲
❞✐ss✐♣❛t✐✈✐t②✱ s❡❡ ❬✶✺✱ ❉❡✜♥✐t✐♦♥ ✸✳✶❪ ❛♥❞ ❬✶✹✱ ▲❡♠♠❛ ✷✳✼❪✳

✖ Pr♦♦❢ ♦❢ ❡st✐♠❛t❡ ✭✶✳✻✳✺✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ✉♣♦♥ ❡st✐♠❛t❡ ✭✶✳✻✳✻✮ ❛♥❞ ❡❧❡♠❡♥ts
❜♦rr♦✇❡❞ ❢r♦♠ ❬✸✷✱ ✺✾❪✳ ▼♦st ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✼✷✱ ❚❤❡♦r❡♠ ✷✳✶❪✳

�

❘❡♠❛r❦ ✶✳✻✳✶✳ ❚❤♦✉❣❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥s ✇✐t❤ t❤❡ ❣❡r♠ ❡①♣❧✐❝✐t❧② ✐♥✈♦❧✈❡s t❤❡ tr❛❝❡s
♦❢ ρ✱ ✇❡ ❞✐❞ ♥♦t ❞✐s❝✉ss t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ tr❛❝❡s✳ ❆ ✜rst ✇❛② t♦ ❡♥s✉r❡ s✉❝❤ ❡①✐st❡♥❝❡ ✐s
t♦ ❞❡❛❧ ✇✐t❤ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥s✳ ❚❤❛t ✇❛②✱ tr❛❝❡s ❞♦ ❡①✐st ❛♥❞ ❛r❡ t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡
s❡♥s❡ ♦❢ BV ❢✉♥❝t✐♦♥s✳ ❖✉ts✐❞❡ t❤❡ BV ❢r❛♠❡✇♦r❦✱ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ tr❛❝❡s ❢♦r s♦❧✉t✐♦♥s
t♦ ✭✶✳✻✳✶✮ ✐s ❡♥s✉r❡❞ ♣r♦✈✐❞❡❞ ❛♥ ♥♦♥✲❞❡❣❡♥❡r❛❝② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞✐❛❣r❛♠
❧✐❦❡ ✭✸✳✷✳✺✮✱ s❡❡ ❬✸✱ ✶✷✾❪✳ ❋✐♥❛❧❧②✱ ✐❢ ♦♥❡ ❞♦❡s ♥♦t ✇❛♥t t♦ ✐♠♣♦s❡ s✉❝❤ ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✢✉①✱
♦♥❡ ❝❛♥ ❢♦❧❧♦✇ ✇❤❛t t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✺❪ ♣r♦♣♦s❡❞ ✭✐♥ ❙❡❝t✐♦♥ ✷✮ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✧s✐♥❣✉❧❛r
♠❛♣♣✐♥❣ tr❛❝❡s✳✧
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✶✳✻✳✷ ❊①✐st❡♥❝❡ ♦❢ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥s ❜② t❤❡ ♠❡❛♥s ♦❢ ❛ ✜♥✐t❡ ✈♦❧✲
✉♠❡ s❝❤❡♠❡✳ ❚❤❡ r❡❛s♦♥✐♥❣ ✐s ❛ ❞✐r❡❝t ❛❞❛♣t❛t✐♦♥ ♦❢ ✇❤❛t ✇❡ ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥s ✶✳✶✲✶✳✹✳
Pr♦❜❧❡♠ ✭✶✳✻✳✶✮ ❢❛❧❧s ✐♥t♦ t❤❛t ❢r❛♠❡✇♦r❦ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ t❤❛t ❤❡r❡ t❤❡ ✢✉① ✐s t✐♠❡ ❞❡✲
♣❡♥❞❡♥t✱ ❜✉t t❤✐s ✐s ❜❛r❡❧② ❛♥ ✐♥❝♦♥✈❡♥✐❡♥❝❡✳ ▼♦st ♦❢ t❤❡ r❡s✉❧ts ❢r♦♠ ❙❡❝t✐♦♥s ✶✳✶✲✶✳✹ st✐❧❧
❤♦❧❞ ❤❡r❡✱ ✇✐t❤ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♠❛❦❡ ♣r❡❝✐s❡✳ ❖❢ ❝♦✉rs❡✱ ✇❡ ❦❡❡♣ t❤❡
♥♦t❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ❜❛❝❦ t❤❡♥✳

❋✐① ρ0 ∈ L∞(R; [0, 1])✳ ❋✐rst✱ ❧❡t ✉s ❞✐s❝r❡t✐③❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s s, q ✇✐t❤(
ρ0j+1/2

)
j
✱ (sn)n ❛♥❞ (qn)n ✇❤❡r❡ ❢♦r ❛❧❧ j ∈ Z ❛♥❞ n ∈ N✱ ρ0j+1/2✱ s

n ❛♥❞ qn ❛r❡ t❤❡✐r ♠❡❛♥

✈❛❧✉❡s ♦♥ ❡❛❝❤ ❝❡❧❧ (xj, xj+1) ❛♥❞ [tn, tn+1)✳ ❋♦❧❧♦✇✐♥❣ ❬✶✹❪ ❛♥❞ ❙❡❝t✐♦♥ ✶✳✶✱ t❤❡ ♠❛r❝❤✐♥❣
❢♦r♠✉❧❛ ♦❢ t❤❡ s❝❤❡♠❡ r❡❛❞s ❢♦r ❛❧❧ n ∈ N ❛♥❞ j ∈ Z✿

ρn+1
j+1/2 = ρnj+1/2 −

∆t

∆x

(
Fn

j+1(ρ
n
j+1/2, ρ

n
j+3/2)− Fn

j (ρ
n
j−1/2, ρ

n
j+1/2)

)
, ✭✶✳✻✳✼✮

✇❤❡r❡

Fn
j (a, b) =

{
Fn(a, b) ✐❢ j 6= 0

min {Fn(a, b), qn)} ✐❢ j = 0,
✭✶✳✻✳✽✮

Fn ❜❡✐♥❣ ❛ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ t♦ F (sn, ·)✳ ❲❡ t❤❡♥ ❞❡✜♥❡

ρ∆(x, t) = ρnj+1/2 ✐❢ (x, t) ∈ Pn
j+1/2 ❛♥❞ s∆(t), q∆(t) = sn, qn ✐❢ t ∈ [tn, tn+1).

■♥ t❤❡ ♣r❡s❡♥t ❢r❛♠❡✇♦r❦✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ r❡❛❞s✿

λ sup
s∈[0,Σ]

(∥∥∥∥
∂Fs

∂a

∥∥∥∥
L∞

+

∥∥∥∥
∂Fs

∂b

∥∥∥∥
L∞

)

︸ ︷︷ ︸
L

≤ 1, ✭✶✳✻✳✾✮

✇❤❡r❡ Fs = Fs(a, b) ✐s t❤❡ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉①✱ ❛ss♦❝✐❛t❡❞ t♦ F (s, ·)✱ ✇❡ ✉s❡ ✐♥ t❤❡ s❝❤❡♠❡
✭✶✳✻✳✼✮✳ ❋r♦♠ ♥♦✇✱ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ s❝❤❡♠❡ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ♣❛t❤ ❛s ✐♥ ❙❡❝t✐♦♥s ✶✳✶✲✶✳✹✿
♠♦♥♦t♦♥✐❝✐t②✴L∞ st❛❜✐❧✐t②✱ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✱ ❛♣♣r♦①✐♠❛t❡ ❡♥tr♦♣②✴❝♦♥str❛✐♥t ✐♥✲
❡q✉❛❧✐t✐❡s ❛♥❞ ❝♦♠♣❛❝t♥❡ss✳ ❖♥❧② t❤❡ ❝♦♠♣❛❝t♥❡ss ❢♦r (ρ∆)∆ ✐s ❧❡❢t t♦ ♦❜t❛✐♥ s✐♥❝❡ t❤❡ L1

loc

❝♦♠♣❛❝t♥❡ss ❢♦r t❤❡ s❡q✉❡♥❝❡s (s∆)∆ ❛♥❞ (q∆)∆ ✐s ❝❧❡❛r✳

▲❡♠♠❛ ✶✳✻✳✹✳ ❲❡ s✉♣♣♦s❡ t❤❛t ρ0 ∈ BV(R; [0, 1]) ❛♥❞ t❤❛t q ∈ BV((0,+∞)), q ≥ 0 ✈❡r✐✜❡s
t❤❡ ❛ss✉♠♣t✐♦♥

∃ε > 0, ∀t > 0, ∀s ∈ [0,Σ], q(t) ≤ max
ρ∈[0,1]

F (s, ρ)− ε := qε(s). ✭✶✳✻✳✶✵✮

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cε = Cε(‖∂sF‖L∞) ♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❛r❣✉♠❡♥t
s✉❝❤ t❤❛t ❢♦r ❛❧❧ n ∈ N✱

TV(ρ∆(·, tn+1)) ≤ TV(ρ0) + 4 +Cε

(
n∑

k=0

|qk+1 − qk|+
n∑

k=0

|sk+1 − sk|
)
, ✭✶✳✻✳✶✶✮

✇❤❡r❡ ρ∆ =
(
ρnj+1/2

)
n,j

✐s t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥str✉❝t❡❞ ✇✐t❤ t❤❡ s❝❤❡♠❡

✭✶✳✻✳✼✮✲✭✶✳✻✳✽✮✱ ✉s✐♥❣ t❤❡ ●♦❞✉♥♦✈ ✢✉① ✇❤❡♥ j = 0 ✐♥ ✭✶✳✻✳✽✮✳
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Pr♦♦❢✳ ❋✐① n ∈ N✳ ❲✐t❤ t❤✐s s❡t ✉♣ ✇❡ ❝❛♥ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢s ♦❢ ❬✹✺✱ ❙❡❝t✐♦♥ ✷❪ t♦ ♦❜t❛✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

∑

j∈Z

|ρn+1
j+1/2 − ρn+1

j−1/2| ≤ TV(ρ0) + 4

+ 2
n∑

k=0

∣∣(ρ̂sk+1(qk+1)− ρ̂sk(q
k)
)
−
(
qρsk+1(qk+1)− qρsk(q

k)
)∣∣ ,

✇❤❡r❡ ❢♦r ❛❧❧ k ∈ {0, . . . , n}✱ t❤❡ ❝♦✉♣❧❡
(
ρ̂sk(q

k), qρsk(q
k)
)
∈ [0, 1]2 ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜② t❤❡

❝♦♥❞✐t✐♦♥s
F (sk, ρ̂sk(q

k)) = F (sk, qρsk(q
k)) = qk ❛♥❞ ρ̂sk(q

k) > qρsk(q
k).

❉❡♥♦t❡ ❜② Ω(ε) t❤❡ ♦♣❡♥ s✉❜s❡t
Ω(ε) =

⋃

s∈[0,Σ]

Ωs(ε)

✇❤❡r❡ ❢♦r ❛❧❧ s ∈ [0,Σ]✱ Ωs(ε) = (qρs(qε(s)), ρ̂s(qε(s)))✳ ❇② ❆ss✉♠♣t✐♦♥ ✭✶✳✻✳✶✵✮✱ t❤❡ ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥ (s, ρ) 7→ |∂ρF (s, ρ)| ✐s ♣♦s✐t✐✈❡ ♦♥ t❤❡ ❝♦♠♣❛❝t s✉❜s❡t [0,Σ] × [0, 1]\Ω(ε)✳ ❍❡♥❝❡✱
✐t ❛tt❛✐♥s ✐ts ♠✐♥✐♠❛❧ ✈❛❧✉❡ ❈0 > 0✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛❧❧ s ∈ [0,Σ]✱ ✐❢ ♦♥❡ ❞❡♥♦t❡s ❜②
Is : [0, qρs(qε(s))] → [0, qε(s)] t❤❡ ✐♥❝r❡❛s✐♥❣ ♣❛rt ♦❢ F (s, ·)✱ t❤✐s ❢✉♥❝t✐♦♥ ❝❛rr✐❡s ♦✉t ❛ C1✲
❞✐✛❡♦♠♦r♣❤✐s♠✳ ▼♦r❡♦✈❡r✱

∀q ∈ [0, qε(s)],
∣∣∣(I−1

s )
′

(q)
∣∣∣ ≤ 1

❈0

.

❚❤❡♥✱ ❢♦r ❛❧❧ k ∈ {0, . . . , n}✱
∣∣
qρsk+1(qk+1)− qρsk(q

k)
∣∣ =

∣∣(I−1
sk+1)(q

k+1)− qρsk(q
k)
∣∣

≤ 1

❈0

|qk+1 − qk|+
∣∣(I−1

sk+1)(q
k)− qρsk(q

k)
∣∣

=
1

❈0

|qk+1 − qk|+
∣∣(I−1

sk+1)(q
k)− (I−1

sk+1) ◦ Isk+1

(
qρsk(q

k)
)∣∣

≤ 1

❈0

(
|qk+1 − qk|+

∣∣qk − Isk+1

(
qρsk(q

k)
)∣∣)

=
1

❈0

(
|qk+1 − qk|+

∣∣F
(
sk, qρsk(q

k)
)
− F

(
sk+1, qρsk(q

k)
)∣∣)

≤ 1

❈0

(
|qk+1 − qk|+ ‖∂sF‖L∞ |sk+1 − sk|

)

≤ 1 + ‖∂sF‖L∞

❈0

(
|qk+1 − qk|+ |sk+1 − sk|

)
.

❚❤❡ s❛♠❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣
∣∣ρ̂sk+1(qk+1)− ρ̂sk(q

k)
∣∣✳ ❚❤❡r❡❢♦r❡✱ ✐♥❡q✉❛❧✐t②

✭✶✳✻✳✶✶✮ ❢♦❧❧♦✇s ✇✐t❤

Cε = 4×
(
1 + ‖∂sF‖L∞

❈0

)
.

�
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❘❡♠❛r❦ ✶✳✻✳✷✳ ◆♦t❡ ❤♦✇ t❤❡ ♣r♦♦❢ ✐s ❛ ❞✐r❡❝t ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳✹✳✷✳

❘❡♠❛r❦ ✶✳✻✳✸✳ ❘❡❝❛❧❧ ✇❡ s✉♣♣♦s❡ t❤❛t F : [0,Σ] × [0, 1] ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❜✉t
✐❢ ✇❡ ❧♦♦❦ ✐♥ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢ ❛❜♦✈❡✱ ✇❡ ❛❝t✉❛❧❧② ♥❡❡❞ F = F (s, ρ) t♦ ❜❡ ❝♦♥t✐♥✉♦✉s❧②
❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ s ❛♥❞

∀s ∈ [0,Σ], F (s, ·) ∈ C1([0, 1]\{ρs}), ρs = ❛r❣♠❛①
ρ∈[0,1]

F (s, ρ).

❈♦r♦❧❧❛r② ✶✳✻✳✺✳ ❋✐① ρ0 ∈ BV(R; [0, 1])✱ s ∈ BV((0,+∞); [0,Σ]) ❛♥❞ q ∈ BV((0,+∞)), q ≥
0✳ ❙✉♣♣♦s❡ t❤❛t q ✈❡r✐✜❡s ❆ss✉♠♣t✐♦♥ ✭✶✳✻✳✶✵✮✳ ▲❡t ρ∆ =

(
ρnj+1/2

)
n,j

❜❡ t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣✲

♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❝♦♥str✉❝t❡❞ ✇✐t❤ t❤❡ s❝❤❡♠❡ ✭✶✳✻✳✼✮✲✭✶✳✻✳✽✮✱ ✉s✐♥❣ t❤❡ ●♦❞✉♥♦✈ ✢✉① ✇❤❡♥
j = 0 ✐♥ ✭✶✳✻✳✽✮✱ ❛♥❞ ❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✇❤❡♥ j 6= 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts
ρ ∈ C([0,+∞);L1

loc(R)) s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ ρ∆ → ρ ❛✳❡✳ ♦♥ Ω✳

Pr♦♦❢✳ ❙✐♥❝❡ s ❛♥❞ q ❤❛✈❡ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✱ ✐♥❡q✉❛❧✐t② ✭✶✳✻✳✶✶✮ ❧❡❛❞s t♦ ❛♥ ✉♥✐❢♦r♠ ✐♥ t✐♠❡
BV ❜♦✉♥❞ ❢♦r t❤❡ s❡q✉❡♥❝❡ (ρ∆)∆✳ ❚❤❡♥ t❤❡ r❡s✉❧t ❢r♦♠ ❬✼✽✱ ❆♣♣❡♥❞✐①❪ ♦r ❬✾✽✱ ❚❤❡♦r❡♠
❆✳✽❪ ❡st❛❜❧✐s❤❡s t❤❡ ❝♦♠♣❛❝t♥❡ss st❛t❡♠❡♥t✳ �

❚❤❡♦r❡♠ ✶✳✻✳✻✳ ❋✐① ρ0 ∈ BV(R; [0, 1])✱ s ∈ BV((0,+∞); [0,Σ])✱ F ∈ C1([0,Σ] × [0, 1])
✈❡r✐❢②✐♥❣ ✭✶✳✻✳✷✮ ❛♥❞ q ∈ BV((0,+∞)), q ≥ 0✳ ❙✉♣♣♦s❡ t❤❛t ✐♥ ✭✶✳✻✳✽✮✱ ✇❡ ✉s❡ t❤❡ ●♦❞✉♥♦✈
✢✉① ✇❤❡♥ j = 0 ❛♥❞ ❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✇❤❡♥ j 6= 0✳ ❋✐♥❛❧❧②✱ s✉♣♣♦s❡ t❤❛t q
s❛t✐s✜❡s ✭✶✳✻✳✶✵✮✳ ❚❤❡♥ ✉♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✳✻✳✾✮✱ t❤❡ s❝❤❡♠❡ ✭✶✳✻✳✼✮✲✭✶✳✻✳✽✮ ❝♦♥✈❡r❣❡s
t♦ ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ ρ t♦ ✭✶✳✻✳✶✮✱ ✇❤✐❝❤ ✐s ❛❧s♦ BV✲r❡❣✉❧❛r✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t Cε = Cε(‖∂sF‖L∞) ♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❛r❣✉♠❡♥t s✉❝❤ t❤❛t

∀t > 0, TV(ρ(·, t)) ≤ TV(ρ0) + 4 +Cε (TV(q) +TV(s)) . ✭✶✳✻✳✶✷✮

Pr♦♦❢✳ ❋r♦♠ t❤❡ s❝❤❡♠❡ ✭✶✳✻✳✼✮✱ ♦♥❡ ❝❛♥ ❞❡r✐✈❡ ❛♣♣r♦①✐♠❛t❡ ❡♥tr♦♣②✴❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s
❛♥❛❧♦❣♦✉s t♦ ✭✶✳✸✳✷✮✲✭✶✳✸✳✹✮✳ ▲❡t ρ ❜❡ t❤❡ ❧✐♠✐t ✭♦❢ ❛ s✉❜s❡q✉❡♥❝❡✮ t♦ (ρ∆)∆✱ t❤❡ ❝♦♠♣❛❝t♥❡ss
❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❧❛st ❝♦r♦❧❧❛r②✳ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t ρ ∈ C([0,+∞);L1

loc(R))✳ ❇② ♣❛ss✐♥❣
t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❡♥tr♦♣②✴❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ✈❡r✐✜❡❞ ❜② (ρ∆)∆ ✇❡ ❣❡t t❤❛t
ρ s❛t✐s✜❡s t❤❡ ❡♥tr♦♣②✴❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✻✳✶✳ ❚❤✐s s❤♦✇s t❤❛t ρ ✐s ❛♥
❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✶✳✻✳✶✮✳ ❇② ✉♥✐q✉❡♥❡ss ♦❢ s✉❝❤ ❛ s♦❧✉t✐♦♥ ✭❝❢✳ ❚❤❡♦r❡♠
✶✳✻✳✸✮✱ t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣❡s t♦ ρ✳ ❋✐♥❛❧❧②✱ ❢r♦♠ ✭✶✳✻✳✶✶✮✱ t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t②
♦❢ t❤❡ BV s❡♠✐✲♥♦r♠ ❡♥s✉r❡s t❤❛t ρ ∈ L∞((0,+∞);BV(R)) ❛♥❞ ✈❡r✐✜❡s ✭✶✳✻✳✶✷✮✳ ❚❤✐s
❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

❈♦r♦❧❧❛r② ✶✳✻✳✼✳ ❋✐① ρ0 ∈ BV(R; [0, 1])✱ s ∈ BV((0,+∞); [0,Σ])✱ F ∈ C1([0,Σ] × [0, 1])
✈❡r✐❢②✐♥❣ ✭✶✳✻✳✷✮ ❛♥❞ q ∈ BV((0,+∞)), q ≥ 0✳ ❙✉♣♣♦s❡ t❤❛t q s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ✭✶✳✻✳✶✵✮✳
❚❤❡♥ Pr♦❜❧❡♠ ✭✶✳✻✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥ ρ✳ ▼♦r❡♦✈❡r✱ ρ s❛t✐s✜❡s t❤❡ ❜♦✉♥❞
✭✶✳✻✳✶✷✮✳

Pr♦♦❢✳ ❯♥✐q✉❡♥❡ss ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✻✳✸✱ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ BV ❜♦✉♥❞ ❝♦♠❡ ❢r♦♠
❚❤❡♦r❡♠ ✶✳✻✳✻✳ �

❘❡♠❛r❦ ✶✳✻✳✹✳ ❯♥❞❡r t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❈♦r♦❧❧❛r② ✶✳✻✳✼✱ ✐❢ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥
♦t❤❡r ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥

∼
ρ t♦ ✭✶✳✻✳✶✮ ✭❜② ❛♥♦t❤❡r ♠❡t❤♦❞✱ s♣❧✐tt✐♥❣ ❢♦r ✐♥st❛♥❝❡ ❧✐❦❡ ✐♥

❈❤❛♣t❡r ✸✮✱ t❤❡♥ ❚❤❡♦r❡♠ ✶✳✻✳✸ ❡♥s✉r❡s t❤❛t
∼
ρ = ρ✳
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❆❢t❡r t❤❡ ♣r❡❧✐♠✐♥❛r✐❡s ♦❢ ❈❤❛♣t❡r ✶✱ ✇❡ ❝❛rr② ♦♥ ✐♥ t❤✐s ❝❤❛♣t❡r ✇✐t❤ ❛ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧
t♦ ❞❡s❝r✐❜❡ tr❛✣❝ ❞②♥❛♠✐❝s ❛t ❜♦tt❧❡♥❡❝❦s✳ ❆s ♣r❡✈✐♦✉s❧② ❡✈♦❦❡❞✱ t❤❡ ▲❲❘ ❢r❛♠❡✇♦r❦ ✐s
t❤❡ s✐♠♣❧❡st ♦♥❡ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ♠❛❝r♦s❝♦♣✐❝❛❧❧② ♣❡❞❡str✐❛♥✴r♦❛❞ tr❛✣❝ ✐♥ ❛
❝♦rr✐❞♦r ♦r ♦♥ ❛ r♦❛❞✳ ■t t❛❦❡s t❤❡ ❢♦r♠

∂tρ+ ∂x(f(ρ)) = 0,

✇❤❡r❡ ρ = ρ(x, t) ∈ [0, 1] ✐s t❤❡ ❞❡♥s✐t② ♦❢ ♣❡❞❡str✐❛♥s✴❝❛rs ❛t (x, t) ∈ Ω = R× (0,+∞) ❛♥❞
f : [0, 1] → R ✐s t❤❡ ✢✉① ❢✉♥❝t✐♦♥✱ ❛ss✉♠❡❞ ❝♦♥❝❛✈❡ ✇❤✐❧❡ ✈❡r✐❢②✐♥❣ ✭✶✳✵✳✶✮✳ P♦✐♥t ❝♦♥str❛✐♥ts
✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✻✵✱ ✺✻❪ ✐♥ t❤❡ ▲❲❘ ♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ ❛❝❝♦✉♥t ❢♦r ❧♦❝❛❧✐③❡❞ ✐♥ s♣❛❝❡
♣❤❡♥♦♠❡♥❛ t❤❛t ♠❛② ♦❝❝✉r ❛t ❡①✐ts✱ s✉❝❤ ❛s tr❛✣❝ ❧✐❣❤ts ♦r t♦❧❧❣❛t❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ r♦❛❞
tr❛✣❝✱ ❛♥❞ ✇❤✐❝❤ ❛❝t ❛s ♦❜st❛❝❧❡s✳ ❚♦ ❞♦ s♦✱ ♦♥❡ ❝❛♥ ✐♠♣♦s❡ ❛ ❧♦❝❛❧✐③❡❞ ❝♦♥str❛✐♥t ♦♥ t❤❡
✢✉① s✉❝❤ ❛s

f(ρ)|x=0 ≤ q(t).

❖♥❡ ♦❢ t❤❡ t②♣✐❝❛❧ ❢❡❛t✉r❡s ♦❢ ❜♦t❤ ✈❡❤✐❝❧❡ ❛♥❞ ♣❡❞❡str✐❛♥ ✢♦✇s ✐s s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ✭♦r ♦r✲
❞❡r❧✐♥❡ss ❛♥❞ ❝♦♦♣❡r❛t✐♦♥✮✱ s❡❡ ❬✶✵✾✱ ✻✻✱ ✹✼❪ ❢♦r ❡♠♣✐r✐❝❛❧ ❞❛t❛ t❤❛t ♣✉t ✐♥ ❡✈✐❞❡♥❝❡ t❤✐s ♣❤❡✲
♥♦♠❡♥♦♥✳ ❍❡r❡✱ ✇❡ ❢♦❝✉s ♦♥ ♦r❞❡r❧✐♥❡ss✴❝♦♦♣❡r❛t✐♦♥ ♥❡❛r ❡①✐ts✳ ❲❡ ❞♦ ♥♦t ✐♥t❡♥❞ t♦ ♠♦❞❡❧
t❤❡ ❞✐✛❡r❡♥t ♠❡❝❤❛♥✐s♠s ❜❡❤✐♥❞ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥✱ ❜✉t ♦♥❧② t♦ r❡♣r♦❞✉❝❡ ✐ts ♣❤❡♥♦♠❡♥♦❧✲
♦❣②✳ ■♥ ❬✶✵❪ t❤❡ ❛✉t❤♦rs ❛tt❡♠♣t❡❞ t♦ r❡♣r♦❞✉❝❡ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ✇✐t❤ ❛ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ t❤❡
▲❲❘✲✢✉① ❝♦♥str❛✐♥t ❢r❛♠❡✇♦r❦✿





∂tρ+ ∂x(f(ρ)) = 0

f(ρ)|x=0 ≤ p

(✂
R

ρ(x, t)µ(x) dx

)
.

✭✷✳✵✳✶✮

❆❜♦✈❡✱ µ ✐s ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥✱ s✉♣♣♦rt❡❞ ✐♥ ❛ ❝♦♠♣❛❝t ♥❡✐❣❤❜♦r❤♦♦❞ ✉♣str❡❛♠ t❤❡ ❡①✐t✱ ✉s❡❞
t♦ ❛✈❡r❛❣❡ t❤❡ ❞❡♥s✐t② ❛r♦✉♥❞ t❤❡ ❡①✐t✳ ❍❡♥❝❡✱ t❤❡ q✉❛♥t✐t②

ξ(t) =

✂
R

ρ(x, t)µ(x) dx ,

✹✺
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❝❛❧❧❡❞ s✉❜❥❡❝t✐✈❡ ❞❡♥s✐t② ✐♥ t❤❡ s❡q✉❡❧ ✐s t❤❡ ❛✈❡r❛❣❡ ❞❡♥s✐t② ✉♣str❡❛♠ t❤❡ ❡①✐t✳ ■♥ ✭✷✳✵✳✶✮✱
t❤❡ ❢✉♥❝t✐♦♥ p : [0, 1] → R

+ ✐s ♥♦♥✐♥❝r❡❛s✐♥❣ ❛♥❞ ▲✐♣s❝❤✐t③✱ ❛♥❞ ♠♦❞❡❧s t❤❡ ❡①✐t ❡✣❝✐❡♥❝②✳
❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤✐s ❝❤♦✐❝❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧✐♥❣ ❛ss✉♠♣t✐♦♥✿ ✐♥ ❛♥ ❡✈❛❝✉❛t✐♦♥✱ t❤❡
❡①✐t ♦✉t✢♦✇ ✐s ❛ ♥♦♥✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✉♣str❡❛♠ ❞❡♥s✐t②❀ t❤❡ ♠♦r❡ ❝r♦✇❞❡❞ t❤❡ ❡①✐t✱
t❤❡ s❧♦✇❡r t❤❡ ❡✈❛❝✉❛t✐♦♥✳ Pr♦❜❧❡♠ ✭✷✳✵✳✶✮ ❜❡❧♦♥❣s t♦ ❛ ❝❧❛ss ♦❢ ♠♦❞❡❧s ✇❤✐❝❤ ❤❛s ❤❛s ❜❡❡♥
tr❡♠❡♥❞♦✉s❧② st✉❞✐❡❞ ✐♥ t❤❡ ❧❛st ❞❡❝❛❞❡s✱ s❡❡ ❬✺✻✱ ✶✹✱ ✺✶✱ ✶✶✱ ✼✵❪ ❢♦r ✐♥st❛♥❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ❛✉t❤♦rs ♦❢ ❬✾✱ ✶✵❪ ✇❡r❡ ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ t❤❡ ♠❛✐♥ ❡✛❡❝ts ❧✐♥❦❡❞ t♦ t❤❡ ❝❛♣❛❝✐t② ❞r♦♣
t❤❛t ❛r❡ t❤❡ ❇r❛❡ss ♣❛r❛❞♦① ❛♥❞ t❤❡ ✧❋❛st❡r ■s ❙❧♦✇❡r✧ ❡✛❡❝t✱ ✭s❡❡ ❙❡❝t✐♦♥s ✷✳✸ ❢♦r r❡❧❛t❡❞
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✮ ❜✉t ♥♦t s♦ ♠✉❝❤ t❤❡ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥✳ ❖✉r ✜rst ❣♦❛❧ ✐s t♦ ❢✉rt❤❡r
❛❞✈❛♥❝❡ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♠♦❞❡❧ ✇❤✐❝❤ ✐♥t❡r♣♦❧❛t❡s ❜❡t✇❡❡♥ t✇♦ st❛t❡s ♦❢
t❤❡ tr❛✣❝ ✭♦r❣❛♥✐③❡❞ ❛♥❞ ❞✐s♦r❣❛♥✐③❡❞✮ ✇❤✐❝❤ ✇❡ r❡♣r❡s❡♥t ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ t✇♦ ❧❡✈❡❧s ♦❢
❝♦♥str❛✐♥ts ❛♥❞ ❜② ❛♥ ♦r❣❛♥✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ❡✈♦❧✈❡s t❤r♦✉❣❤ ❛♥ ❖❉❊✳ ❚❤✐s ♠♦❞❡❧
❛❞♠✐ts ❛ ♥❛t✉r❛❧ ❛♥❞ ❡✣❝✐❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ str❛t❡❣②✱ r❡❧②✐♥❣ ♦♥ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s♣❧✐tt✐♥❣✱
❡①♣❧✐❝✐t ❊✉❧❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ♦❢ ❛ ♠♦♥♦t♦♥❡ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❢♦r ▲❲❘✳ ■♥ ♣❛ss✐♥❣✱
✇❡ ♣r♦✈❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ❢♦r ♦✉r ♠♦❞❡❧ ✐♥ ❙❡❝t✐♦♥s ✷✳✶✲✷✳✷✱ ❜✉t ♦✉r ♠❛✐♥ ✐♥t❡r❡st ❧✐❡s ✐♥
❙❡❝t✐♦♥s ✷✳✸✲✷✳✹✱ ✇❤❡r❡ ✇❡ ♣❡r❢♦r♠ ❛ t❡st t♦ ✈❛❧✐❞❛t❡ ❛♥❞ ❞✐s❝✉ss t❤❡ ♠♦❞❡❧✳

✷✳✶ ◆♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❛♥❞ ✉♥✐q✉❡♥❡ss

❖✉r st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ ♠♦❞❡❧ ✭✷✳✵✳✶✮ ♣r♦♣♦s❡❞ ❜② t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✶❪✱ s❡❡ ❛❧s♦ ❬✾✱ ✶✵❪✳ ❚♦
❣♦ ❢✉rt❤❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ t✇♦ ❧❡✈❡❧s ♦❢ ❡①✐t ❡✣❝✐❡♥❝✐❡s pmin ≤ pmax✱ ❜♦t❤ ❛r❡ r❡q✉✐r❡❞ t♦ ❜❡
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♥♦♥✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✱ ❛♥❞ s❡t

q(t) = (1− ω(t))pmin(ξ(t)) + ω(t)pmax(ξ(t)) := pmin(ξ(t)) + ω(t)δp(ξ(t)), ✭✷✳✶✳✶✮

✇❤❡r❡ ❛s ❜❡❢♦r❡✱ ξ ❞❡♥♦t❡s t❤❡ s✉❜❥❡❝t✐✈❡ ❞❡♥s✐t②✿

∀t ≥ 0, ξ(t) =

✂
R

ρ(x, t)µ(x) dx ,

✇✐t❤ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ µ ∈ C2
c(R

−)✳ ❆❜♦✈❡✱ ω(t) ∈ [0, 1] ✐s ❛♥ ♦r❣❛♥✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ✇❤✐❝❤
❞❡s❝r✐❜❡s t❤❡ st❛t❡ ♦❢ t❤❡ tr❛✣❝ ❛♥❞ ❡✈♦❧✈❡s t❤r♦✉❣❤ t❤❡ ❖❉❊

ω̇(t) = K
(
ξ(t), ξ̇(t)

)
ω(t)(1− ω(t)). ✭✷✳✶✳✷✮

▼❛t❤❡♠❛t✐❝❛❧❧② s♣❡❛❦✐♥❣✱ ✇❡ ♦♥❧② s✉♣♣♦s❡ t❤❛t K ∈ Liploc(R
2)✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ ♣❤❡✲

♥♦♠❡♥♦❧♦❣✐❝❛❧❧② r❡❧❡✈❛♥t ❝❤♦✐❝❡s ♦❢ K✱ s❡❡ ❋✐❣✉r❡ ✷✳✶✭r✐❣❤t✮✱ ✐s t♦ ❛❧❧♦✇ ❢♦r ♣r♦❣r❡ss✐✈❡ ♦r❣❛✲
♥✐③❛t✐♦♥ ♦❢ tr❛✣❝ ✇✐t❤ t✐♠❡✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ r❡t✉r♥ t♦ ❞✐s♦r❣❛♥✐③❛t✐♦♥ ✇❤❡♥
s✉❞❞❡♥ ❛♥❞ str♦♥❣ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ tr❛✣❝ ♦❝❝✉r❀ s❡❡ ❙❡❝t✐♦♥ ✷✳✹✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜❡✐♥❣
❞❡✜♥✐t❡✱ ✐♥ s✐♠✉❧❛t✐♦♥s ✇❡ ✇✐❧❧ ❝❤♦♦s❡ K ✉♥❞❡r t❤❡ ❢♦r♠

K(ξ, χ) = C

(
ξ

ξ❝
− 1

)+(
1− χ+

D+

− χ−

D−

)
, ✭✷✳✶✳✸✮

✇✐t❤ s♦♠❡ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs ξ❝, C,D+, D− ❛♥❞ t❤❡ ♥♦t❛t✐♦♥s z+ = ♠❛①(z, 0)✱ z− = |z|−z+✳
❚❤✐s ❝❤♦✐❝❡ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❧❛t❡r✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♣❧❡❞ P❉❊✲❖❉❊ s②st❡♠ t♦ st✉❞②
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❋✐❣✉r❡ ✷✳✶ ✕ ❚②♣✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ❡①✐t ❡✣❝✐❡♥❝✐❡s pmin, pmax ✭❧❡❢t✮ ❛♥❞ ♦r❣❛♥✐③❛t✐♦♥✲❞r✐✈✐♥❣
❢✉♥❝t✐♦♥ K ✐♥ ✭✷✳✶✳✷✮ ✭r✐❣❤t✮✳

✐♥ R× (0, T ) ✭T > 0✮✿





∂tρ+ ∂x(f(ρ)) = 0

f(ρ)|x=0 ≤ q(t)

q(t) = (1− ω(t))pmin(ξ(t)) + ω(t)pmax(ξ(t))

ω̇(t) = K
(
ξ(t), ξ̇(t)

)
ω(t)(1− ω(t)).

✭✷✳✶✳✹✮

❚❤❡ ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❢♦r Pr♦❜❧❡♠ ✭✷✳✶✳✹✮ ✐s ❜❛s❡❞ ♦♥ ❉❡✜♥✐t✐♦♥ ✶✳✵✳✶ ✐♥ ✇❤✐❝❤ ✇❡ s✐♠♣❧②
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ρ ❛♥❞ q ✈✐❛ ω ❛♥❞ ❛❞❞ ❛ ✇❡❛❦ ❖❉❊ ❢♦r♠✉❧❛t✐♦♥ t❤❛t
ω ❤❛s t♦ ✈❡r✐❢②✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❆ ❝♦✉♣❧❡ (ρ, ω) ✇✐t❤ ρ ∈ L∞(R × (0, T )) ❛♥❞ ω ∈ W1,∞((0, T )) ✐s ❛♥
❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✳✹✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R) ❛♥❞ ω0 ∈ (0, 1) ✐❢

✭✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (R × [0, T )), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣②

✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✈❡r✐✜❡❞✿

✂ T

0

✂
R

(
|ρ− κ|∂tϕ+ Φ(ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx

+ 2

✂ T

0

R(κ, q(t))ϕ(0, t) dt ≥ 0,

✭✷✳✶✳✺✮

✇❤❡r❡ ❢♦r ❛❧❧ t ∈ [0, T ]✱

R(κ, q(t)) = f(κ)−min {f(κ), q(t)} ; q(t) = (1− ω(t))pmin(ξ(t)) + ω(t)pmax(ξ(t));



✹✽ ❈❍❆P❚❊❘ ✷✳ ❚❘❆❋❋■❈ ❉❨◆❆▼■❈❙ ❆❚ ❇❖❚❚▲❊◆❊❈❑❙

✭✐✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (R× (0, T )), ϕ ≥ 0 t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ❛r❡

✈❡r✐✜❡❞✿

−
✂ T

0

✂
R+

(
ρ∂tϕ+ f(ρ)∂xϕ

)
dx dt ≤

✂ +∞

0

q(t)ϕ(0, t) dt ; ✭✷✳✶✳✻✮

✭✐✐✐✮ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ ❖❉❊ ❢♦r♠✉❧❛t✐♦♥ ✐s ✈❡r✐✜❡❞ ❢♦r ❛❧❧ t ∈ [0, T ]✿

ω(t) = ω0 +

✂ t

0

K
(
ξ(s), ξ̇(s)

)
ω(s)(1− ω(s)) ds . ✭✷✳✶✳✼✮

❘❡♠❛r❦ ✷✳✶✳✶✳ ❙✉♣♣♦s❡ t❤❛t (ρ, ω) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✳✹✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱
ρ ✐s ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ∂tρ+ ∂x(f(ρ)) = 0 ✐♥ R

+∗×(0, T ) ❛♥❞ R
−∗×(0, T )✳ ❈♦♥s❡q✉❡♥t❧②✱

✐t ✐s ❛❧s♦ ❛ ✇❡❛❦✴❞✐str✐❜✉t✐♦♥❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ P❉❊ ✐♥ R× (0, T )✳ ❯s✐♥❣ µψ✱ ψ ∈ C∞
c ((0, T ))✱

ψ ≥ 0 ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❛t

✂ T

0

ξ(t)ψ̇(t) dt = −
✂ T

0

(✂
R

f(ρ(x, t))µ′(x) dx

)
ψ(t) dt ,

✇❤✐❝❤ ♣r♦✈❡s t❤❛t ξ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡ ❛♥❞ t❤❛t ❢♦r ❛✳❡✳ t ∈ (0, T )✱

ξ̇(t) =

✂
R

f(ρ(x, t))µ′(x) dx .

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ρ(x, t) ∈ [0, 1] ❛✳❡✳ ♦♥ R× (0, T ) ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ t❤❡ ❝❛s❡✱ s❡❡ ❚❤❡♦r❡♠ ✷✳✷✳✶✮✱
t❤❡♥ ❢♦r ❛✳❡✳ t ∈ (0, T )✱ ∣∣∣ξ̇(t)

∣∣∣ ≤ ‖f‖L∞‖µ′‖L1 .

❈♦♥s❡q✉❡♥t❧②✱ ξ ∈ W1,∞((0, T ))✳

❇❡❢♦r❡ ✇❡ ♣r♦✈❡ st❛❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ ✐♥✐t✐❛❧ ❞❛t❛ ❛♥❞ ✉♥✐q✉❡♥❡ss ❢♦r ❛❞♠✐ss✐❜❧❡ ✇❡❛❦
s♦❧✉t✐♦♥s t♦ t❤❡ s②st❡♠ ✭✷✳✶✳✹✮✱ ❧❡t ✉s ♥♦t❡ t❤❛t ✇❡ ❝❛♥ ❞✐r❡❝t❧② ✐♥t❡❣r❛t❡ t❤❡ ❖❉❊ ✐♥ ✭✷✳✶✳✹✮✳
❚❤✐s ❢❡❛t✉r❡ ✐s ♥♦t ❝r✉❝✐❛❧ ♥♦r ❡ss❡♥t✐❛❧ ❜✉t ✐t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✸✳

▲❡♠♠❛ ✷✳✶✳✷✳ ▲❡t (ρ, ω) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠ ✭✷✳✶✳✹✮ ❛ss♦❝✐❛t❡❞
✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R) ❛♥❞ ω0 ∈ (0, 1)✳ ❚❤❡♥ ❢♦r ❛❧❧ t ∈ [0, T ]✱

ω(t) =
exp(W (t))

1 + exp(W (t))
; W (t) = ln

(
ω0

1− ω0

)
+

✂ t

0

K
(
ξ(s), ξ̇(s)

)
ds .

Pr♦♦❢✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ω ❢♦❧❧♦✇s ❢r♦♠ ❛ ❝❧❛ss✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❖❉❊ ✐♥ ✭✷✳✶✳✹✮✳ �

■♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s✿

‖K‖L∞ = sup
0≤ξ≤1

|χ|≤2‖f‖L∞‖µ′‖
L1

|K(ξ, χ)|; ‖∇K‖L∞ = sup
0≤ξ1,ξ2≤1

|χ1|,|χ2|≤2‖f‖L∞‖µ′‖
L1

|K(ξ1, χ1)−K(ξ2, χ2)|

❛♥❞
‖δp‖L∞ = sup

0≤ξ≤1
δp(ξ); ‖δp′‖L∞ = sup

0≤ξ≤1
|δp′(ξ)|.
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❚❤❡♦r❡♠ ✷✳✶✳✸✳ ❋✐① ρ10, ρ
2
0 ∈ L∞(R) ❛♥❞ ω1

0, ω
2
0 ∈ (0, 1)✳ ❲❡ ❞❡♥♦t❡ ❜② (ρ1, ω1) ❛♥❞ (ρ2, ω2)

t✇♦ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ t❤❡ s②st❡♠ ✭✷✳✶✳✹✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ (ρ10, ω
1
0)

❛♥❞ (ρ20, ω
2
0)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ t❤❡r❡ ❡①✐st A,B,C ≥ 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ [0, T ]✱

‖ρ1(·, t)− ρ2(·, t)‖L1 ≤ ‖ρ10 − ρ20‖L1G(t) + A|w1
0 − w2

0|
✂ t

0

G(s) ds ✭✷✳✶✳✽✮

❛♥❞

|ω1(t)− ω2(t)| ≤ |w1
0 − w2

0|
4

+
C

2‖δp‖L∞

✂ t

0

(
A|w1

0 − w2
0|(t− s) + ‖ρ10 − ρ20‖L1

)
G(s) ds ,

✭✷✳✶✳✾✮
✇❤❡r❡

G(t) = exp

(
Bt+

Ct2

2

)
; wi

0 = ln

(
ωi
0

1− ωi
0

)
i ∈ {1, 2}.

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s②st❡♠ ✭✷✳✶✳✹✮ ❛❞♠✐ts ❛t ♠♦st ♦♥❡ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❋✐① t ∈ [0, T ]✳ ❋✐rst✱ ❢r♦♠ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✵❪✱ ❚❤❡♦r❡♠ ✶✳✻✳✸ ♦r ❚❤❡♦r❡♠ ✭✹✳✶✳✽✮✱
✇❡ ❣❡t✿

‖ρ1(·, t)− ρ2(·, t)‖L1 ≤ ‖ρ10 − ρ20‖L1 + 2

✂ t

0

|q1(s)− q1(s)| ds .

❚❤✐s ❡st✐♠❛t❡ ✐s t②♣✐❝❛❧ ♦❢ ❝♦♥str❛✐♥t ♣r♦❜❧❡♠s ❧✐❦❡ ✭✷✳✶✳✹✮ ❛♥❞ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ▲✐♣s❝❤✐t③
❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ q 7→ ρ ❢♦r q ∈ L1((0, T )) ❛♥❞ ρ ∈ C([0, T ];L1(R))✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡
❡①♣r❡ss✐♦♥s ♦❢ qi ✭i ∈ {1, 2}✮✱ ✇❡ ♦❜t❛✐♥

|q1(t)− q2(t)| =
∣∣pmin(ξ

1(t)) + ω1(t)δp(ξ1(t))− pmin(ξ
2(t))− ω2(t)δp(ξ2(t))

∣∣

≤ (‖p′min‖L∞ + ‖δp′‖L∞) |ξ1(t)− ξ2(t)|+ ‖δp‖L∞ |ω1(t)− ω2(t)|
≤ (‖p′min‖L∞ + ‖δp′‖L∞) ‖µ‖L∞‖ρ1(·, t)− ρ2(·, t)‖L1 + ‖δp‖L∞ |ω1(t)− ω2(t)|.

❲❡ ♥♦✇ ❡①♣r❡ss t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ωi ✉s✐♥❣ t❤❡✐r ❡①♣r❡ss✐♦♥ ✭s❡❡ ▲❡♠♠❛ ✷✳✶✳✷✮✿

|ω1(t)− ω2(t)| ≤ |w1
0 − w2

0|
4

+
‖∇K‖L∞

4

✂ t

0

(
|ξ1(s)− ξ2(s)|+ |ξ̇1(s)− ξ̇2(s)|

)
ds

≤ |w1
0 − w2

0|
4

+
‖∇K‖L∞(‖µ‖L∞ + ‖f ′‖L∞‖µ′‖L∞)

4

✂ t

0

‖ρ1(·, s)− ρ2(·, s)‖L1 ds .

✭✷✳✶✳✶✵✮
P✉tt✐♥❣ t❤❡s❡ t❤r❡❡ ❡st✐♠❛t❡s t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t✿

‖ρ1(·, t)− ρ2(·, t)‖L1 ≤ ‖ρ10 − ρ20‖L1 + A|w1
0 − w2

0|t+B

✂ t

0

‖ρ1(·, s)− ρ2(·, s)‖L1 ds

+ C

✂ t

0

(✂ s

0

‖ρ1(·, τ)− ρ2(·, τ)‖L1 dτ

)
ds

= ‖ρ10 − ρ20‖L1 + A|w1
0 − w2

0|t+
✂ t

0

(B + C(t− s))‖ρ1(·, s)− ρ2(·, s)‖L1 ds ,
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✇✐t❤

A =
‖δp‖L∞

2
; B = 2 (‖p′min‖L∞ + ‖δp′‖L∞) ‖µ‖L∞ ;

C =
‖δp‖L∞‖∇K‖L∞(‖µ‖L∞ + ‖f ′‖L∞‖µ′‖L∞)

2
.

❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ❧❡❛❞s t♦ ✭✷✳✶✳✽✮✱ ❛♥❞ ✭✷✳✶✳✾✮ ❢♦❧❧♦✇s ❜② ♣✉tt✐♥❣ ✭✷✳✶✳✽✮ ✐♥
✭✷✳✶✳✶✵✮✳ �

✷✳✷ ❋✐♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧

❍❡r❡✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ t❤❡ s②st❡♠ ✭✷✳✶✳✹✮✳ ❚♦ ❞♦ t❤❛t✱
✇❡ ❝♦♥str✉❝t ❛♥❞ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛♥ ❡①♣❧✐❝✐t ❊✉❧❡r ✐♥ t✐♠❡ s❝❤❡♠❡ ❢♦r t❤❡ ❖❉❊
✭✷✳✶✳✷✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ♠♦♥♦t♦♥❡ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❢♦r t❤❡ ❝♦♥str❛✐♥❡❞ ▲❲❘ ❡q✉❛t✐♦♥✳
❚❤❡ ❢r❛♠❡✇♦r❦ ✐s ❛❧♠♦st ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ♦❢ ❈❤❛♣t❡r ✶✱ ❙❡❝t✐♦♥s ✶✳✶✲✶✳✹ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥
♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ρ ❛♥❞ t❤❡ ❝♦♥str❛✐♥t ❧❡✈❡❧ q ✈✐❛ ω✱ ❡①♣r❡ss❡❞ ❜② ✭✷✳✶✳✶✮✳ ❍♦✇❡✈❡r✱
t❤✐s ✇✐❧❧ ♥♦t ❜❡ ❛♥ ✐ss✉❡ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡✳ ■♥❞❡❡❞✱ t❤❡ ♦♥❧② ♠♦❞✐✜❝❛t✐♦♥ ✐s
✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❝♦♥str❛✐♥t✱ ✇❤✐❝❤ ✐s ❞♦♥❡ r❛t❤❡r s✐♠♣❧② ❜② ✭✷✳✷✳✶✮✳ ❲❡
❦❡❡♣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❈❤❛♣t❡r ✶✳

❋✐① ρ0 ∈ L∞(R; [0, 1]) ❛♥❞ ω0 ∈ (0, 1)✳

❋✐rst✱ ❧❡t ✉s ❞✐s❝r❡t✐③❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ❛♥❞ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ µ ✇✐t❤
(
ρ0j+1/2

)
j∈Z

❛♥❞
(
µj+1/2

)
j∈Z

✇❤❡r❡ ❢♦r ❛❧❧ j ∈ Z✱ ρ0j+1/2 ❛♥❞ µj+1/2 ❛r❡ t❤❡✐r ♠❡❛♥ ✈❛❧✉❡s ♦♥ t❤❡ ❝❡❧❧ (xj, xj+1)✳

■♥✐t✐❛❧✐③❛t✐♦♥✿
ξ0 =

∑

j∈Z

ρ0j+1/2µj+1/2∆x ❛♥❞ w0 = ω0.

■♥❞✉❝t✐♦♥✳ ❋✐① n ∈ N✳

❆t t❤❡ t✐♠❡ st❡♣ tn✱ ✇❡ ✜rst ❞❡✜♥❡ ❛ ❝♦♥str❛✐♥t ❧❡✈❡❧ qn✿

qn = (1− wn)pmin(ξ
n) + wnpmax(ξ

n). ✭✷✳✷✳✶✮

❲❡ ✉s❡ t❤✐s ✈❛❧✉❡ t♦ ✉♣❞❛t❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ tr❛✣❝ ❞❡♥s✐t② ✇✐t❤ t❤❡ ♠❛r❝❤✐♥❣ ❢♦r♠✉❧❛ ✭❢♦r
❛❧❧ j ∈ Z✮✿

ρn+1
j+1/2 = ρnj+1/2 −

∆t

∆x

(
Fn

j+1(ρ
n
j+1/2, ρ

n
j+3/2)− Fn

j (ρ
n
j−1/2, ρ

n
j+1/2)

)
, ✭✷✳✷✳✷✮

✇❤❡r❡✱ ❢♦❧❧♦✇✐♥❣ t❤❡ r❡❝✐♣❡ ♦❢ ❬✶✹✱ ✺✶❪ ♦r ❈❤❛♣t❡r ✶✱ ❙❡❝t✐♦♥ ✶✳✶✱

Fn
j (a, b) =

{
F(a, b) ✐❢ j 6= 0

min {F(a, b), qn} ✐❢ j = 0,
✭✷✳✷✳✸✮

F = F(a, b) ❜❡✐♥❣ ❛ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ t♦ f ✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✶ ❛♥❞ ❊①✲
❛♠♣❧❡ ✶✳✶✳✶✳ ❚❤❡♥✱ s❡tt✐♥❣

ξn+1 =
∑

j∈Z

ρn+1
j+1/2µj+1/2∆x,
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✇❡ ✉♣❞❛t❡ t❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♣❛r❛♠❡t❡r

χn+1 =
ξn+1 − ξn

∆t
, θn+1 = K

(
ξn+1, χn+1

)
wn(1− wn), wn+1 = wn + θn+1∆t. ✭✷✳✷✳✹✮

❈♦♥❝❧✉s✐♦♥✳ ❉❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥s

• ρ∆ =
∑

n∈N

∑

j∈Z

ρnj+1/21Pn
j+1/2

• q∆(t), χ∆(t), θ∆(t) =
∑

n∈N

(
qn, χn+1, θn+1

)
1[tn,tn+1)

• ∀t > 0, ξ∆(t) = ξ0 +

✂ t

0

χ∆(s) ds ; ω∆(t) = w0 +

✂ t

0

θ∆(s) ds .

❆s ❛❧✇❛②s✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ r❡❛❞s ✭λ = ∆t/∆x✮✿

λL ≤ 1, L =

(∥∥∥∥
∂F

∂a

∥∥∥∥
L∞

+

∥∥∥∥
∂F

∂b

∥∥∥∥
L∞

)
. ✭✷✳✷✳✺✮

✷✳✷✳✶ L∞ st❛❜✐❧✐t② ❛♥❞ ❛♣♣r♦①✐♠❛t❡ ✐♥❡q✉❛❧✐t✐❡s

❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ s❝❤❡♠❡ ❢♦❧❧♦✇s t❤❡ s❦❡❧❡t♦♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❈❤❛♣t❡r ✶✳ ❊✈❡♥ ❜❡tt❡r✱ ♠♦st ♦❢
t❤❡ r❡s✉❧ts ♣r♦✈❡❞ t❤r♦✉❣❤ ❙❡❝t✐♦♥s ✶✳✷✲✶✳✹ r❡♠❛✐♥ ❡①❛❝t❧② t❤❡ s❛♠❡ ✐♥ t❤❡ ♣r❡s❡♥t ❢r❛♠❡✇♦r❦✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛♥② st❛t❡♠❡♥t ✐♥ ❈❤❛♣t❡r ✶ ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✇❛② t❤❡ s❡q✉❡♥❝❡
(qn)n ✐s ❝♦♥str✉❝t❡❞ st✐❧❧ ❤♦❧❞s ❤❡r❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ✭L∞ st❛❜✐❧✐t②✮✳ ●✐✈❡♥ qn t♦ ❞❡✜♥❡ t❤❡ ❝♦♥str❛✐♥❡❞ ✢✉① ✐♥ ✭✷✳✷✳✸✮✱ t❤❡
s❝❤❡♠❡ ✭✷✳✷✳✷✮ ✐s st❛❜❧❡✿

∀n ∈ N, ∀j ∈ Z, ρnj+1/2 ∈ [0, 1]. ✭✷✳✷✳✻✮

Pr♦♦❢✳ ❝❢✳ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✶✳ �

❘❡♠❛r❦ ✷✳✷✳✶✳ ❋r♦♠ ✭✷✳✷✳✻✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t µ ✐s ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ♦❜t❛✐♥✿

∀n ∈ N, ξn =

✂
R

ρ∆(x, t
n)µ(x) dx ∈ [0, 1].

❲❡ ❝❛♥ ❛❧s♦ ❞❡r✐✈❡ ❛ ❜♦✉♥❞ ❢♦r (χn+1)n✳ ■♥❞❡❡❞✱ ❢♦r ❛❧❧ n ∈ N✱

χn+1 =
1

λ

∑

j∈Z

(ρn+1
j+1/2 − ρnj+1/2)µj+1/2

= −
∑

j∈Z

(
Fn

j+1(ρ
n
j+1/2, ρ

n
j+3/2)− Fn

j (ρ
n
j−1/2, ρ

n
j+1/2)

)
µj+1/2

=
∑

j∈Z

Fn
j (ρ

n
j−1/2, ρ

n
j+1/2)(µj+1/2 − µj−1/2)

=
1

∆x

∑

j∈Z

✂ xj+1

xj

✂ x

x−∆x

Fn
j (ρ

n
j−1/2, ρ

n
j+1/2)µ

′(z) dz dx ,
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❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡✿
∀n ∈ N,

∣∣χn+1
∣∣ ≤ 2L‖µ′‖L1 .

❈♦r♦❧❧❛r② ✷✳✷✳✷ ✭❉✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭✷✳✷✳✷✮ ❢✉❧✜❧❧s t❤❡
❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ❢♦r ❛❧❧ n ∈ N✱ j ∈ Z ❛♥❞ κ ∈ [0, 1]✿

|ρn+1
j+1/2 − κ| ≤





|ρnj+1/2 − κ| − λ
(
Φn

j+1 − Φn
j

)
✐❢ j /∈ {−1, 0}

|ρn−1/2 − κ| − λ
(
Φn

int − Φn
−1

)
∆t+ λR(κ, qn) ✐❢ j = −1

|ρn1/2 − κ| − λ (Φn
1 − Φn

int)∆t+ λR(κ, qn) ✐❢ j = 0,

✭✷✳✷✳✼✮

✇❤❡r❡ R(κ, qn) ✇❛s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✱ ❛♥❞ Φn
j ❛♥❞ Φn

int ❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❡♥tr♦♣②
✢✉①❡s✿

Φn
j = F(ρnj−1/2 ∨ κ, ρnj+1/2 ∨ κ)− F(ρnj−1/2 ∧ κ, ρnj+1/2 ∧ κ);

Φn
int = min{F(ρn−1/2 ∨ κ, ρn1/2 ∨ κ), qn} −min{F(ρn−1/2 ∧ κ, ρn1/2 ∧ κ), qn}.

Pr♦♦❢✳ ❝❢✳ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✷✳✷✳ �

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸ ✭❆♣♣r♦①✐♠❛t❡ ❡♥tr♦♣②✴❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s✮✳ ❋✐① ϕ ∈ C∞
c (R× [0, T ))✱

ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✳ ❚❤❡♥ ❛s ∆x,∆t→ 0✱ ✇❡ ❤❛✈❡

✂ T

0

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆ (ρ∆, κ) ∂xϕ

)
dx dt+

✂
R

|ρ0∆ − κ|ϕ(x, 0) dx

+ 2

✂ T

0

R(κ, q∆(t))ϕ(0, t) dt ≥ O(∆x) +O(∆t) ,

✭✷✳✷✳✽✮

❛♥❞ ✐❢ ϕ ∈ C∞
c (R× (0, T ))✱ t❤❡♥

✂ T

0

✂
R+

(
ρ∆∂tϕ+ F∆(ρ∆)∂xϕ

)
dx dt ≤

✂ T

0

q∆(t)ϕ(0, t) dt+O(∆x) +O(∆t) , ✭✷✳✷✳✾✮

✇❤❡r❡

Φ∆(ρ∆, κ) =
∑

n∈N

∑

j∈Z

Φn
j 1Pn

j+1/2
; F∆ (ρ∆) =

∑

n∈N

∑

j∈Z

F(ρnj−1/2, ρ
n
j+1/2)1Pn

j+1/2
.

Pr♦♦❢✳ ❝❢✳ t❤❡ ♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s ✶✳✸✳✶✲✶✳✸✳✷✳ �

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ st✉❞② ♦❢ (wn)n✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✹ ✭L∞ st❛❜✐❧✐t②✮✳ ❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥

∆t‖K‖L∞ < 1, ✭✷✳✷✳✶✵✮

✇❡ ❤❛✈❡
∀n ∈ N, wn ∈ (0, 1). ✭✷✳✷✳✶✶✮



✷✳✷✳ ❋■◆■❚❊ ❱❖▲❯▼❊ ❆PP❘❖❳■▼❆❚■❖◆ ❖❋ ❚❍❊ ▼❖❉❊▲ ✺✸

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ r❡s✉❧t ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳ ❚❤❡ r❡s✉❧t ✐s ❝❧❡❛r❧② tr✉❡ ❢♦r n = 0 s✐♥❝❡
ω ∈ (0, 1)✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t ✭✷✳✶✳✾✮ ❤♦❧❞s ❢♦r s♦♠❡ n ∈ N✳ ■♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥

g : w 7→ w +K
(
ξn+1, χn+1

)
w(1− w)∆t,

s♦ t❤❛t wn+1 = g(wn)✳ ❯s✐♥❣ ✭✷✳✷✳✶✵✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ w ∈ [0, 1]✱

g′(w) = 1 +K
(
ξn+1, χn+1

)
(1− 2w)∆t ≥ 1−

∣∣K
(
ξn+1, χn+1

)∣∣∆t > 0.

❙✐♥❝❡ g(0) = 0 ❛♥❞ g(1) = 1✱ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ g ✐♠♣❧✐❡s t❤❛t wn+1 = g(wn) ∈ (0, 1)✱ ✇❤✐❝❤
❝♦♠♣❧❡t❡s t❤❡ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t✳ �

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ω∆ s❛t✐s✜❡s ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❡rs✐♦♥ ♦❢ ✭✷✳✶✳✼✮✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺ ✭❆♣♣r♦①✐♠❛t❡ ✇❡❛❦ ❖❉❊ ❢♦r♠✉❧❛t✐♦♥✮✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t D ≥ 0
s✉❝❤ t❤❛t

∀t > 0,

∣∣∣∣ω∆(t)−
(
ω0 +

✂ t

0

K (ξ∆(s), χ∆(s))ω∆(s)(1− ω∆(s)) ds

)∣∣∣∣ ≤ (D∆t)t. ✭✷✳✷✳✶✷✮

Pr♦♦❢✳ ❋✐① |χ| ≤ 2L‖µ′‖L1 ✱ n ∈ N ❛♥❞ t ∈ [tn, tn+1)✳ ❲❡ ❤❛✈❡
∣∣K
(
ξn+1, χ

)
wn(1− wn)−K (ξ∆(t), χ)ω∆(t)(1− ω∆(t))

∣∣

≤ ‖K‖L∞

4
|wn − ω∆(t)|+

‖∇K‖L∞

4

∣∣ξn+1 − ξ∆(t)
∣∣

◆♦t❡ ❛❧s♦ t❤❛t

|wn − ω∆(t)| ≤
‖K‖L∞

4
∆t;

∣∣ξn+1 − ξ∆(t)
∣∣ ≤ 2L‖µ′‖L1∆t,

❤❡♥❝❡ ✭✷✳✷✳✶✷✮ ❢♦❧❧♦✇s ✇✐t❤

D =
1

4

(‖K‖2L∞

4
+ 2L‖µ′‖L1‖∇K‖L∞

)
.

�

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♠❛❦❡ ♣r❡❝✐s❡ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ (q∆)∆✱ (ω∆)∆ ❛♥❞ (ξ∆)∆✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✻ ✭❆♣♣r♦①✐♠❛t❡ ✇❡❛❦ ❖❉❊ ❢♦r♠✉❧❛t✐♦♥✮✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t E ≥ 0
s✉❝❤ t❤❛t

∀t > 0,

∣∣∣∣q∆(t)−
(
(1− ω∆(t))pmin(ξ∆(t)) + ω∆(t)pmax(ξ∆(t))

)∣∣∣∣ ≤ E∆t. ✭✷✳✷✳✶✸✮

Pr♦♦❢✳ ❋✐① n ∈ N ❛♥❞ t ∈ [tn, tn+1)✳ ❲❡ ❤❛✈❡
∣∣∣∣q

n −
(
(1− ω∆(t))pmin(ξ∆(t)) + ω∆(t)pmax(ξ∆(t))

)∣∣∣∣

≤ (‖p′min‖L∞ + ‖p′max‖L∞) |ξn − ξ∆(t)|+ (‖pmin‖L∞ + ‖pmax‖L∞) |ωn − ω∆(t)|

≤
(
2L‖µ′‖L1 (‖pmin′‖L∞ + ‖p′max‖L∞) +

‖K‖L∞ (‖pmin′‖L∞ + ‖p′max‖L∞)

4

)

︸ ︷︷ ︸
E

∆t,

✇❤✐❝❤ ✐s ❡①❛❝t❧② ✭✷✳✷✳✶✸✮✳ �
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✷✳✷✳✷ ❈♦♠♣❛❝t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡

❚❤❡ ♦♥❧② t❤✐♥❣ ❧❡❢t t♦ ❞♦ ✐s t♦ ♣❛ss t❤❡ ❧✐♠✐t ✐♥ ✭✷✳✷✳✽✮✲✭✷✳✷✳✾✮ ❛♥❞ ✭✷✳✷✳✶✷✮✲✭✷✳✷✳✶✸✮✱ ❛♥❞ t♦
❞♦ s♦✱ ✇❡ ♥❡❡❞ s✉✣❝✐❡♥t ❝♦♠♣❛❝t♥❡ss ❢♦r ❛❧❧ t❤❡ s❡q✉❡♥❝❡s ✐♥✈♦❧✈❡❞✳ ❋✐rst✱ ♥♦t❡ t❤❛t ❘❡♠❛r❦
✷✳✷✳✶ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ W1,∞((0, T )) ⊂ C([0, T ]) ❡♥s✉r❡ t❤❛t t❤❡r❡ ❡①✐sts
ξ ∈ C([0, T ]) s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ ξ∆ → ξ ✉♥✐❢♦r♠❧② ♦♥ [0, T ]✳ ❚❤❡ s❛♠❡ ✇❛②✱ t❤❡
st❛❜✐❧✐t② ✭✷✳✷✳✶✶✮ ❛♥❞ t❤❡ ❜♦✉♥❞

∀n ∈ N,
∣∣θn+1

∣∣ ≤ ‖K‖L∞

4

♣r♦✈✐❞❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ω ∈ C([0, T ]) s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ ω∆ → ω ✉♥✐❢♦r♠❧② ♦♥
[0, T ]✳ ❚❤❡♥✱ ❢r♦♠

∀n ∈ N, |qn+1 − qn| ≤ (‖p′min‖L∞ + ‖δp′‖L∞) |ξn+1 − ξn|+ ‖δp‖L∞ |wn+1 − wn|
= (‖p′min‖L∞ + ‖δp′‖L∞) |χn+1|∆t+ ‖δp‖L∞ |θn+1|∆t

≤
(
2L‖µ′‖L1 (‖p′min‖L∞ + ‖δp′‖L∞) +

‖δp‖L∞‖K‖L∞

4

)
∆t.

❛♥❞ t❤❡ ♦❜✈✐♦✉s L∞ ❜♦✉♥❞✿
∀n ∈ N, |qn| ≤ ‖pmax‖L∞ ,

❍❡❧❧②✬s t❤❡♦r❡♠ ②✐❡❧❞s t❤❡ ❡①✐st❡♥❝❡ ♦❢ q ∈ BV([0, T ]) s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ q∆ → q
❛✳❡✳ ♦♥ (0, T )✳ ❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✷✳✷✳✶✸✮✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ q✱ ω ❛♥❞ ξ✿ ❢♦r
❛✳❡✳ t ∈ (0, T )✱

q(t) = (1− ω(t))pmin(ξ(t)) + ω(t)pmax(ξ(t))

❘❡❣❛r❞✐♥❣ t❤❡ s❡q✉❡♥❝❡ (ρ∆)∆✱ ✐♥ ❈❤❛♣t❡r ✶✱ ❙❡❝t✐♦♥ ✶✳✹✱ ✇❡ ❞✐s❝✉ss❡❞ ✐♥ ❣r❡❛t ❧❡♥❣t❤s ❞✐✈❡rs❡
✇❛②s t♦ ♦❜t❛✐♥ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❢♦❝✉s❡❞ ♦♥ t✇♦ ♦❢ t❤❡♠ ✇❤✐❝❤ ✐♥✈♦❧✈❡ BV ❜♦✉♥❞s✳

✖ ❲❡ s❛✇ t❤❛t ❣❧♦❜❛❧ BV ❜♦✉♥❞s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐❢ t❤❡ ❞❛t❛ ✭✐♥✐t✐❛❧ ❞❛t❛ ❛♥❞ ❝♦♥str❛✐♥t✮
❛r❡ BV ❛♥❞ ✐❢ t❤❡ ❝♦♥str❛✐♥t ❞♦❡s ♥♦t r❡❛❝❤ t❤❡ ♠❛①✐♠✉♠ ❧❡✈❡❧✱ ✉♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧
❛ss✉♠♣t✐♦♥ t❤❛t f ∈ C1([0, 1]\{ρ})✱ s❡❡ ▲❡♠♠❛ ✶✳✹✳✷✳ ❚♦ ❛♣♣❧② t❤✐s r❡s✉❧t✱ ✇❡ ✇♦✉❧❞
♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (qn)n ✐s ❜♦✉♥❞❡❞ ✐♥BV([0, T ]) ❛♥❞ ✈❡r✐✜❡s ❆ss✉♠♣t✐♦♥
✶✳✹✳✷✳ ❚❤✐s ❧❛st ❛ss✉♠♣t✐♦♥ ✇✐❧❧ ❜❡ ❢✉❧✜❧❧❡❞ ❜② s✉♣♣♦s✐♥❣ t❤❛t

∃ε > 0, ∀ξ ∈ [0, 1], pmax(ξ) ≤ max
0≤ρ≤1

f(ρ)− ε. ✭✷✳✷✳✶✹✮

❋♦r t❤❡ BV r❡❣✉❧❛r✐t② ♦❢ (qn)n✱ ✇❡ s✐♠♣❧② ✇r✐t❡ t❤❛t ❢♦r ❛❧❧ n ∈ N✱

|qn+1 − qn| ≤ (‖p′min‖L∞ + ‖δp′‖L∞) |ξn+1 − ξn|+ ‖δp‖L∞ |wn+1 − wn|
= (‖p′min‖L∞ + ‖δp′‖L∞) |χn+1|∆t+ ‖δp‖L∞ |θn+1|∆t

≤
(
2L‖µ′‖L1 (‖p′min‖L∞ + ‖δp′‖L∞) +

‖δp‖L∞‖K‖L∞

4

)
∆t.

■♥ s❤♦rt✱ ✐❢ ρ0 ∈ BV(R)✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✭✷✳✷✳✶✹✮✱ t❤❡r❡ ❡①✐sts ρ ∈ C([0, T ];L1
loc(R))

s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ ρ∆ → ρ ❛✳❡✳ ♦♥ R× (0, T )✳
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✖ ❲❡ ❛❧s♦ s❛✇ t❤❛t ❧♦❝❛❧ BV ❜♦✉♥❞s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐❢ f ∈ C2([0, 1]) ✐s str✐❝t❧② ❝♦♥❝❛✈❡✱
✇✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❞❛t❛✱ s❡❡ ▲❡♠♠❛s ✶✳✹✳✺✲✶✳✹✳✻✳ ❲❡ ❝♦✉❧❞
❞✐r❡❝t❧② ❛♣♣❧② t❤✐s r❡s✉❧t s✐♥❝❡ t❤❡ r❡❛s♦♥✐♥❣ ❜❡❤✐♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡s❡ ❧♦❝❛❧BV ❜♦✉♥❞s
❞✐❞ ♥♦t ✐♥✈♦❧✈❡ t❤❡ s❡q✉❡♥❝❡ (qn)n✳

❚❤❡♦r❡♠ ✷✳✷✳✼✳ ❋✐① ρ0 ∈ L∞(R; [0, 1]) ❛♥❞ ω0 ∈ (0, 1) ❛♥❞ f ❛ ❝♦♥❝❛✈❡ ✢✉① ✈❡r✐❢②✐♥❣ ✭✶✳✵✳✶✮✳

✭✐✮ ❙✉♣♣♦s❡ t❤❛t ρ0 ∈ BV(R)✱ f ∈ C1([0, 1]\{ρ}) ❛♥❞ t❤❛t ✭✷✳✷✳✶✹✮ ❤♦❧❞s✳ ❋✐♥❛❧❧②✱ s✉♣♣♦s❡
t❤❛t ✐♥ ✭✷✳✷✳✸✮✱ ✇❡ ✉s❡ t❤❡ ●♦❞✉♥♦✈ ✢✉① ✇❤❡♥ j = 0 ❛♥❞ ❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉①
❛ss♦❝✐❛t❡❞ ✇✐t❤ f ✇❤❡♥ j 6= 0✳ ❚❤❡♥ ✉♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥s ✭✷✳✷✳✺✮✲✭✷✳✷✳✶✵✮✱ t❤❡ s❝❤❡♠❡
✭✷✳✷✳✶✮✲✭✷✳✷✳✷✮✲✭✷✳✷✳✸✮ ❝♦♥✈❡r❣❡s t♦ t❤❡ ✉♥✐q✉❡ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✷✳✶✳✹✮✳

✭✐✐✮ ❙✉♣♣♦s❡ t❤❛t f ∈ C2([0, 1]) ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ❛♥❞ t❤❛t ✐♥ ✭✷✳✷✳✸✮✱ ✇❡ ✉s❡ ❡✐t❤❡r t❤❡
●♦❞✉♥♦✈ ✢✉① ♦r t❤❡ ❊♥❣q✉✐st✲❖s❤❡r ✢✉① ✇❤❡♥ j 6= 0 ❛♥❞ ❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉①
❛ss♦❝✐❛t❡❞ ✇✐t❤ f ✇❤❡♥ j = 0✳ ❚❤❡♥ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ✭✐✮ ❤♦❧❞s✳

Pr♦♦❢✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ s❡ts ♦❢ ❛ss✉♠♣t✐♦♥s ✐s ♦♥ ❤♦✇ t❤❡② ♣r♦✈✐❞❡ str♦♥❣
❝♦♠♣❛❝t❡♥❡ss ❢♦r (ρ∆)∆✳ ❖♥❝❡ s❛✐❞ ❝♦♠♣❛❝t♥❡ss ✐s ♦❜t❛✐♥❡❞✱ t❤❡ ♣r♦♦❢s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛r❡
✐❞❡♥t✐❝❛❧✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ❝♦✉♣❧❡ (ρ, ω) ❝♦♥str✉❝t❡❞ ❛❜♦✈❡ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥
✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳

❋✐rst✱ ✇❡ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✷✳✷✳✽✮✲✭✷✳✷✳✾✮ ❛♥❞ ✭✷✳✷✳✶✸✮ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t ✭✐✮✲✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥
✷✳✶✳✶ ❛r❡ s❛t✐s✜❡❞✳ ▼♦r❡♦✈❡r✱ ❢r♦♠

∀n ∈ N, ∀t ∈ [tn, tn+1),

∣∣∣∣ξ∆(t)−
✂
R

ρ∆(x, t)µ(x) dx

∣∣∣∣ ≤
∣∣χn+1

∣∣ (t− tn) ≤ 2L‖µ′‖L1∆t,

✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛✳❡✳ t ∈ (0, T )✱

ξ(t) =

✂
R

ρ(x, t)µ(x) dx .

❙✐♥❝❡ t❤❡s❡ t✇♦ ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥t✐♥✉♦✉s✱ t❤❡ ❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❛❧❧ t ∈ [0, T ]✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡
ρ ✐s ❛ ❞✐str✐❜✉t✐♦♥❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ P❉❊ ✐♥ ✭✷✳✶✳✹✮✱ ✇❡ ❦♥♦✇ t❤❛t ξ ∈ W1,∞((0, T )) ❛♥❞ ❢♦r
❛✳❡✳ t ∈ (0, T )✱

ξ̇(t) =

✂
R

f(ρ(x, t))µ′(x) dx ,

s❡❡ ❘❡♠❛r❦ ✷✳✶✳✶✳ ❚❤❡ ♦♥❧② t❤✐♥❣ ❧❡❢t t♦ ❞♦ ✐s t♦ ♣r♦✈❡ t❤❛t ω ✈❡r✐✜❡s t❤❡ ✇❡❛❦ ❖❉❊
❢♦r♠✉❧❛t✐♦♥ ✭✷✳✶✳✼✮✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✇❛♥t t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✷✳✷✳✶✷✮ ❛♥❞ t♦ ❞♦ s♦✱ ✇❡
❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❛t (χ∆)∆ ❝♦♥✈❡r❣❡s t♦ ξ̇ ❛✳❡✳ ♦♥ (0, T )✳ ❚❤✐s ✐s ❤❡r❡✱ ❛♥❞ ♦♥❧② ❤❡r❡ t❤❛t
t❤❡ ❤②♣♦t❤❡s✐s µ ∈ C2

c(R
−) ✐s ✉s❡❞✳ ◆♦t❡ t❤❛t ✉♥t✐❧ ♥♦✇✱ ✇❡ ♦♥❧② ✉s❡❞ t❤❡ C1

c r❡❣✉❧❛r✐t② ♦❢
µ✳ ❋♦r ❛❧❧ n ∈ N ❛♥❞ t ∈ [tn, tn+1)✱ ✇❡ ❤❛✈❡
∣∣∣∣χ∆(t)−

✂
R

F∆(ρ∆)µ
′(x) dx

∣∣∣∣ =
1

∆x

∣∣∣∣∣
∑

j∈Z

✂ xj+1

xj

✂ x

x−∆x

✂ y

x

F(ρnj−1/2, ρ
n
j+1/2)µ

′′(z) dz dy dx

∣∣∣∣∣

≤ 2L

∆x

∑

j∈Z

✂ xj+1

xj

✂ xj+1

xj−1

✂ xj+1

xj−1

|µ′′(z)| dz dy dx

= 8L‖µ′′‖L1∆x,
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♣r♦✈✐♥❣ t❤❡ st❛t❡♠❡♥t✳ ❍❛✈✐♥❣ ❛❧❧ t❤❡ s✉✣❝✐❡♥t ❝♦♥✈❡r❣❡♥❝❡s✱ ✇❡ ❧❡t ∆ → 0 ✐♥ ✭✷✳✷✳✶✷✮✱
♣r♦✈✐♥❣ t❤❛t ω ✈❡r✐✜❡s t❤❡ ✇❡❛❦ ❖❉❊ ❢♦r♠✉❧❛t✐♦♥ ✭✷✳✶✳✼✮ ❛♥❞ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ t❤❡
t❤❡♦r❡♠✳ �

❈♦r♦❧❧❛r② ✷✳✷✳✽✳ ❋✐① ρ0 ∈ L∞(R; [0, 1]) ❛♥❞ ω0 ∈ (0, 1)✳

✭✐✮ ❙✉♣♣♦s❡ t❤❛t ρ0 ∈ BV(R)✱ f ∈ C1([0, 1]\{ρ}) ❛♥❞ t❤❛t ✭✷✳✷✳✶✹✮ ❤♦❧❞s✳ ❚❤❡♥ Pr♦❜❧❡♠
✭✷✳✶✳✹✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥✳

✭✐✐✮ ❙✉♣♣♦s❡ t❤❛t f ∈ C2([0, 1]) ✐s str✐❝t❧② ❝♦♥❝❛✈❡✳ ❚❤❡♥ Pr♦❜❧❡♠ ✭✷✳✶✳✹✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡
❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❯♥✐q✉❡♥❡ss ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✳✸ ✇❤✐❧❡ ❡①✐st❡♥❝❡ ✇❛s ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✼✳
�

❘❡♠❛r❦ ✷✳✷✳✷✳ ❆❞♦♣t✐♥❣ t❤❡ ❢♦r♠❛❧✐s♠ ♣r♦♣♦s❡❞ ✐♥ ❬✶✵❪✱ ♦♥❡ ❝♦✉❧❞ ❛❧s♦ ♣r♦✈❡ ✇❡❧❧✲♣♦s❡❞♥❡ss
✇✐t❤ ✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥ts✳

✷✳✸ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

❲❡ r❡♣♦rt ♦♥ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤❡ s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ■♥ ❛❧❧ t❤❡
s✐♠✉❧❛t✐♦♥s✱ ✇❡ t❛❦❡ t❤❡ ♥♦r♠❛❧✐③❡❞ ✉♥✐❢♦r♠❧② ❝♦♥❝❛✈❡ ✢✉① f(ρ) = ρ(1 − ρ)✳ ❋♦❧❧♦✇✐♥❣ t❤❡
❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✼✱ ✇❡ ❝❤♦♦s❡ t♦ ✉s❡ t❤❡ ●♦❞✉♥♦✈ ✢✉① ❛t t❤❡ ✐♥t❡r❢❛❝❡ ✭j = 0 ✐♥
✭✷✳✷✳✸✮✮ ❛♥❞ t❤❡ ❘✉s❛♥♦✈ ✢✉① ❛✇❛② ❢r♦♠ t❤❡ ✐♥t❡r❢❛❝❡ ✭j 6= 0 ✐♥ ✭✷✳✷✳✸✮✮✳

❋♦❧❧♦✇✐♥❣ ❬✶✵✱ ❙❡❝t✐♦♥ ✼❪✱ t❤❡ s❡t✉♣ ❢♦r ♦✉r s✐♠✉❧❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞♦♠❛✐♥
♦❢ ❝♦♠♣✉t❛t✐♦♥ [−5, 1]✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ρ0(x) = 1[−4,−2](x), ω0 = 0.2 ❛♥❞ t❤❡ ❡✣❝✐❡♥❝✐❡s ♦❢
t❤❡ ❡①✐t pmin✱ pmax ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✭❧❡❢t✮✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ✜①❡❞ ❛
❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ♣r❡❢❛❝t♦r K ✐♥ ✭✷✳✶✳✷✮ ✇✐t❤ ❜❡❤❛✈✐♦✉r ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✭r✐❣❤t✮ ❛♥❞
♣❛r❛♠❡t❡rs ξ❝ = 1/3✱ C = 2/3✱ D+ = 1/10 ❛♥❞ D− = D+/2✳ ❚❤❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s
❡♥❝♦❞❡❞ ✐♥ t❤✐s ❝❤♦✐❝❡ ✇✐❧❧ ❜❡ ❛❞❞r❡ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳ ❆ ♠✐❧❞ r❡❣✉❧❛r✐s❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥

x 7→ 2n

(
x+

1

n

)
1[− 1

n
,0](x),

✭✇✐t❤ n = 3✮ ✐s ✐ss✉❡❞ ❛s ✇❡✐❣❤t ❢✉♥❝t✐♦♥✳
▲❡t ✉s ❝♦♠♠❡♥t ♦♥ q✉❛❧✐t❛t✐✈❡ ❢❡❛t✉r❡s ♦❢ t❤❡ s✐♠✉❧❛t❡❞ tr❛✣❝ ✢♦✇ ❛♥❞ ♣r♦✈✐❞❡ ✐ts ✐♥t❡r♣r❡✲
t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛❣❡♥ts✬ ❜❡❤❛✈✐♦rs✳ ❋✐rst✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✷✳✷✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢
t❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ❢❛✈♦rs t❤❡ ❡✈❛❝✉❛t✐♦♥ t✐♠❡✳ ❋✐❣✉r❡ ✷✳✸ ❤✐❣❤❧✐❣❤ts t❤❡ ❢❛❝t t❤❛t
t❤❡ ♠♦❞❡❧ r❡♣r♦❞✉❝❡s s♦♠❡ ❢❡❛t✉r❡s ❡①♣❡❝t❡❞ ❢r♦♠ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥✳ ❆t ✜rst✱ t❤❡ ❡①✐t ✢✉①
✐♥❝r❡❛s❡s ✉♥t✐❧ ✐t r❡❛❝❤❡s t❤❡ ♠❛①✐♠✉♠ ❧❡✈❡❧ ♦❢ t❤❡ ❡①✐t ❡✣❝✐❡♥❝②✳ ❆s tr❛✣❝ ❞❡♥s✐✜❡s✱ t❤❡
❡①✐t ✢✉① ❢❛❧❧s ❞♦✇♥ t♦ t❤❡ ❧♦✇❡st ✈❛❧✉❡ ♦❢ t❤✐s ❡✣❝✐❡♥❝②✱ ✇❤✐❝❤ r❡✢❡❝ts r❛♣✐❞ ❞✐s♦r❣❛♥✐③❛t✐♦♥✱
✐✳❡✳ ✱ ♣r❡❞♦♠✐♥❛♥❝❡ ♦❢ ❛❣❡♥ts✬ ✐♥❞✐✈✐❞✉❛❧✐st✐❝ str❛t❡❣✐❡s ♦✈❡r t❤❡ r❛t✐♦♥❛❧ ❝♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦r✳
❚❤❡♥✱ ✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [6, 16]✱ t❤❡ ❡❧❡✈❛t❡❞ ❞❡♥s✐t② ✉♣str❡❛♠ ❤❛s ✈❡r② s♠❛❧❧ ✈❛r✐❛t✐♦♥s
✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❛ ❝♦❤❡r❡♥t ❝♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛❣❡♥ts✳ ❚❤✐s ✐s ✇✐t✲
♥❡ss❡❞ t❤r♦✉❣❤ t❤❡ ✐♥❝r❡❛s❡ ♦❢ ❜♦t❤ t❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♠❛r❦❡r ❛♥❞ t❤❡ ❡①✐t ✢✉①✳ ❲❡ str❡ss ♦✉t
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❋✐❣✉r❡ ✷✳✷ ✕ ❚❤❡ ♥✉♠❡r✐❝❛❧❧② ❝♦♠♣✉t❡❞ s♦❧✉t✐♦♥ x 7→ ρ∆(x, t) ❛t ❞✐✛❡r❡♥t ✜①❡❞ t✐♠❡s t❀
❞❛s❤❡❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✐♥ ❛❜s❡♥❝❡ ♦❢ ♦r❞❡r❧✐♥❡ss ω = 0 ✐♥ ✭✷✳✶✳✹✮✳

❋✐❣✉r❡ ✷✳✸ ✕ ▲❡❢t✿ ❝♦♠♣✉t❡❞ s✉❜❥❡❝t✐✈❡ ❞❡♥s✐t② ξ∆ ❛♥❞ ♦r❣❛♥✐③❛t✐♦♥ ♠❛r❦❡r ω∆✳ ❘✐❣❤t✿
❝♦♠♣✉t❡❞ ❡①✐t ✢✉① f(ρ∆)|x=0− ❀ ❞❛s❤❡❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✐♥ ❛❜s❡♥❝❡
♦❢ ♦r❞❡r❧✐♥❡ss ω = 0 ✐♥ ✭✷✳✶✳✹✮✱ ✇✐t❤ ∆x = 0.015✳
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t❤❛t ✇✐t❤♦✉t ♦r❞❡r❧✐♥❡ss✱ t❤❡ ❡①✐t ✢✉① ❦❡❡♣s ✐ts ♠✐♥✐♠❛❧ ✈❛❧✉❡ ✐♥ t❤✐s t✐♠❡ ✐♥t❡r✈❛❧✳ ❚❤❡♥ ❛
♥♦t❛❜❧❡ ♣❤❡♥♦♠❡♥♦♥ s❡❡♠s t♦ t❛❦❡ ♣❧❛❝❡✳ ■♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [15.5, 16.3]✱ t❤❡ ❥❛♠ ✉♣str❡❛♠
t❤❡ ❡①✐t st❛rts t♦ r❡s♦r❜✱ ❛♥❞ t❤❡ ❡①✐t ❡✣❝✐❡♥❝② ✭✇❤✐❝❤ ✐s ♠♦♥✐t♦r❡❞ ❜② t❤❡ ❡①✐t ✢✉①✮ s❧✐❣❤t❧②
❢❛❧❧s ❞♦✇♥ ✇❤✐❧❡ t❤❡ ♦r❣❛♥✐③❛t✐♦♥ ❧❡✈❡❧ r❡❣r❡ss❡s s✐❣♥✐✜❝❛♥t❧②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❛❣❡♥ts
❛❜❛♥❞♦♥ ❝♦❧❧❡❝t✐✈❡ str❛t❡❣✐❡s ✐♥ r❛♣✐❞❧② ❡✈♦❧✈✐♥❣ ❡♥✈✐r♦♥♠❡♥ts✱ ❜✉t t❤✐s ❞♦❡s ♥♦t ❛✛❡❝t t❤❡
tr❛✣❝ ❞r❛♠❛t✐❝❛❧❧② ❜❡❝❛✉s❡ ❞❡♥s✐t✐❡s ❛r❡ ❛❧s♦ str♦♥❣❧② ❞❡❝r❡❛s❡❞✳

✷✳✹ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

❚❤❡ ♠♦❞❡❧ ✇❡ ♣r♦♣♦s❡ ❤❡r❡ ♣❡r♠✐ts ❛ r✐❣♦r♦✉s ❛♥❛❧②s✐s ♦❢ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛s ✇❡❧❧ ❛s ❛ r♦❜✉st
❛♥❞ s✐♠♣❧❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■t ❡♥r✐❝❤❡s t❤❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s✐♠♣❧❡
▲❲❘✲❜❛s❡❞ ♠♦❞❡❧s ❢♦r ❜♦tt❧❡♥❡❝❦s ✭❬✺✻✱ ✶✶✱ ✶✵❪✮✱ ❞✉❡ t♦ ✐ts ❛❜✐❧✐t② t♦ r❡♣r♦❞✉❝❡ ❛ ❢❡✇ s❡❧❢✲
♦r❣❛♥✐③❛t✐♦♥ ❢❡❛t✉r❡s✳ ▲❡t ✉s ❞❡❡♣❡r ❞✐s❝✉ss t❤❡ ♠♦❞❡❧ ❝♦♥str✉❝t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ r♦❧❡
♦❢ t❤❡ ❢✉♥❝t✐♦♥ K ✇❤♦s❡ ❜❡❤❛✈✐♦r ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✭r✐❣❤t✮✳ ■ts ❦❡② ❢❡❛t✉r❡s ❛r❡ ❛s
❢♦❧❧♦✇s✿

✖ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♠❛r❦❡r ω ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ ❧♦✇ ❞❡♥s✐t✐❡s❀
✖ r❛♣✐❞ ❞❡❝r❡❛s❡ ♦❢ ω ❢♦r ♠♦❞❡r❛t❡ ❛♥❞ ♣❛rt✐❝✉❧❛r❧② ❢♦r ❤✐❣❤ ❞❡♥s✐t✐❡s✱ ✉♥❞❡r str♦♥❣

❞❡♥s✐t② ✈❛r✐❛t✐♦♥s❀
✖ ♣r♦❣r❡ss✐✈❡ ✐♥❝r❡❛s❡ ♦❢ ω ✐♥ ❞❡♥s❡ ❛♥❞ ✈❡r② ❞❡♥s❡ tr❛✣❝ ✇✐t❤ s♠❛❧❧ ❞❡♥s✐t② ✈❛r✐❛t✐♦♥s✳

❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡s❡ ❢❡❛t✉r❡s ✐s✿ r❛♣✐❞❧② ❝❤❛♥❣✐♥❣ tr❛✣❝ ❝♦♥❞✐t✐♦♥s✱ ❛t ❝♦♥s✐❞❡r❛❜❧❡ ❞❡♥s✐✲
t✐❡s✱ ♣r♦♠♦t❡ ✐♥❞✐✈✐❞✉❛❧ ❜❡❤❛✈✐♦r ❛♥❞ r❛♣✐❞❧② ❧❡❛❞ t♦ ❛ s♦♠❡✇❤❛t ❝❤❛♦t✐❝ ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣
❛❣❡♥ts✱ t❤✉s ❧♦✇❡r✐♥❣ t❤❡ ❡①✐t ❡✣❝✐❡♥❝②❀ ✇❤✐❧❡ ♣❡rs✐st❡♥t ❝♦❡r❝✐✈❡ tr❛✣❝ ❝♦♥❞✐t✐♦♥s✱ s✉❝❤ ❛s
❛ ❥❛♠✱ ❤❡❧♣ t♦ ❡♠❡r❣❡ ❛♥❞ ♣r♦♠♦t❡ ❛ ❝♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦r ❧✐❦❡ ❢♦r♠❛t✐♦♥ ♦❢ ✇❡❧❧✲♦r❣❛♥✐③❡❞
q✉❡✉❡s✱ t❤❡ ❛❧t❡r♥❛t❡ ✐♥ t❤❡ ♦r❞❡r ♦❢ ♣❛ss❛❣❡ t❤r♦✉❣❤ t❤❡ ❜♦tt❧❡♥❡❝❦✱ ❛♥❞ ❛ ❤✐❣❤❡r ❞❡❣r❡❡ ♦❢
♠✉t✉❛❧ ❝♦✉rt❡s② ❛♠♦♥❣ ❛❣❡♥ts❀ t❤✉s t❤❡ ❡①✐t ❡✣❝✐❡♥❝② ✐♠♣r♦✈❡s ❛❝❝♦r❞✐♥❣❧②✱ ✇❤✐❝❤ ❡♥❤❛♥❝❡s
t❤❡ ❥❛♠ ❡✈❛❝✉❛t✐♦♥✳ ❚❤❡ ❢♦r♠ ✭✷✳✶✳✸✮ ♣r♦✈✐❞❡s ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❜❡❤❛✈✐♦r✱ ✇❤✐❝❤ ✐s
❝♦♥✜r♠❡❞ ❜② t❤❡ s✐♠✉❧❛t✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✷✳✸✳ ❚❤❡ ♣❛r❛♠❡t❡r ξ❝ ❤❛s t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❛❝t✐✈❛✲
t✐♦♥ t❤r❡s❤♦❧❞ ❢♦r ♦r❣❛♥✐③❛t✐♦♥✴❞✐s♦r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ tr❛✣❝ ❛t ❜♦tt❧❡♥❡❝❦❀ D+, D− ✐♥❞✐❝❛t❡
t❤r❡s❤♦❧❞s ♦❢ tr❛♥s✐t✐♦♥ ❢r♦♠ ❝♦♦♣❡r❛t✐✈❡ ✭❧♦✇ ✈❛r✐❛t✐♦♥s ♦❢ ξ✮ t♦ ✐♥❞✐✈✐❞✉❛❧✐st✐❝ ✭❤✐❣❤❡r ♦♥❡s✮
❞②♥❛♠✐❝s ♦❢ ❛❣❡♥ts✳

❖♥❡ ✇❛② t♦ ✐♠♣r♦✈❡ t❤✐s ♠♦❞❡❧ ✇♦✉❧❞ ❜❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✉♥❡①♣❡❝t❡❞✴r❛s❤ ❜❡❤❛✈✐♦r ♦❢
❝❡rt❛✐♥ ❛❣❡♥ts✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t ✉♥❧✐❦❡ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ♠♦❞❡❧s✱ tr❛✣❝ ♠♦❞❡❧s ❞❡❛❧ ✇✐t❤
❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t t❤❡ ❞②♥❛♠✐❝s t♦ ❜❡
❣r❡❛t❧② ✐♠♣❛❝t❡❞ ❜② t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ❢❡✇ ❛❣❡♥ts✳ ❆♥ ✐❞❡❛ t♦ ♠♦❞❡❧ s✉❝❤ r❛s❤ ❜❡❤❛✈✐♦rs ✐s
t♦ ✐♥tr♦❞✉❝❡ ❛ st♦❝❤❛st✐❝ t❡r♠ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r❡❢❛❝t♦r K✱ ❢♦r ❡①❛♠♣❧❡

K(t, ξ, χ) = C

(
ξ

ξ❝
− 1

)+(
1− χ+

D+

− χ−

D−

−X(t)

)
,

✇❤❡r❡ X ✐s ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ♠♦❞❡❧✐♥❣ t❤❡ ❤❛r♠❢✉❧ ✐♠♣❛❝t ♦❢ ❛ r❛♥❞♦♠ ♥✉♠❜❡r ♦❢ ♠✐♥❞❧❡ss
❛❣❡♥ts ♦♥ t❤❡ ❝♦❧❧❡❝t✐✈❡ ❞②♥❛♠✐❝s✳ ❲❡ ♣❧❛♥ t♦ st✉❞② ♥✉♠❡r✐❝❛❧❧② t❤✐s ✈❛r✐❛♥t ♦❢ t❤❡ ♠♦❞❡❧
❛♥❞ ♣r♦✈✐❞❡ ✐♥❞✐❝❛t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ ✉♥❞✐s❝✐♣❧✐♥❡❞ ❛❣❡♥ts ♦♥ t❤❡ ❡✈❛❝✉❛t✐♦♥ t✐♠❡✳
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■♥ P❛rt ■■✱ ✇❡ ✇✐❧❧ t❛❦❡ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ s❡❝♦♥❞✲♦r❞❡r ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ♦❢ tr❛✣❝ ❬✷✺✱ ✶✺✼❪ t♦
♠♦❞❡❧ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ❣❧♦❜❛❧❧② ♦♥ t❤❡ r♦❛❞❀ ♥♦t❡ t❤❛t ❜♦tt❧❡♥❡❝❦s ❝❛♥ ❜❡ ❛s ✇❡❧❧ ♠♦❞❡❧❧❡❞
✇✐t❤ ♥♦♥✲❧♦❝❛❧ ♣♦✐♥t ❝♦♥str❛✐♥ts ✇✐t❤✐♥ s✉❝❤ ♠♦❞❡❧s✱ s❡❡✱ ❡✳❣✳✱ ❬✶✷❪✳ ▼✐♠✐❝❦✐♥❣ t❤❡ ❦❡②
❡❧❡♠❡♥ts ✭✷✳✶✳✶✮✲✭✷✳✶✳✷✮ ♦❢ t❤❡ ♠♦❞❡❧ ✇❡ ❛❞❞r❡ss❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ♥♦t❡✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t✇♦
❢✉♥❞❛♠❡♥t❛❧ ❣r❛♣❤s fmin ≤ fmax t♦ ❞❡s❝r✐❜❡ t❤❡ t✇♦ st❛t❡s ♦❢ t❤❡ tr❛✣❝ ❛♥❞ ♠❛❦❡ t❤❡ s♣❛❝❡✲
❛♥❞✲t✐♠❡ ❞❡♣❡♥❞❡♥t ♦r❣❛♥✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ❛❝t ❜♦t❤ ♦♥ t❤❡ ❝♦♥str❛✐♥t ❧❡✈❡❧s ✭✷✳✶✳✶✮ ❛♥❞ ♦♥
t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r❛♣❤s✳ ❲❡ ✇✐❧❧ t❤❡♥ ❤❛✈❡ t♦ st✉❞② ❛ ✈❛r✐❛♥t ♦❢ ♥♦♥❧♦❝❛❧ ▲❲❘ ♠♦❞❡❧✱ ❝❢✳
❬✸✶✱ ✾✺❪ ❢♦r r❡❧❛t❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐ss✉❡s✳
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❉❡❧❧❡ ▼♦♥❛❝❤❡ ❛♥❞ ●♦❛t✐♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✼✵❪ ❛ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧ ❛✐♠✐♥❣ ❛t ❞❡s❝r✐❜✐♥❣ t❤❡
s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❛ s❧♦✇ ♠♦✈✐♥❣ ❧❛r❣❡ ✈❡❤✐❝❧❡ ✕ ❛ ❜✉s ❢♦r ✐♥st❛♥❝❡ ✕ r❡❞✉❝❡s t❤❡ r♦❛❞ ❝❛♣❛❝✐t②
❛♥❞ t❤✉s ❣❡♥❡r❛t❡s ❛ ♠♦✈✐♥❣ ❜♦tt❧❡♥❡❝❦ ❢♦r t❤❡ s✉rr♦✉♥❞✐♥❣ tr❛✣❝ ✢♦✇✳ ❚❤❡✐r ♠♦❞❡❧ ✐s ❣✐✈❡♥
❜② ❛ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ▲✐❣❤t✇✐❧❧✲❲❤✐t❤❛♠✲❘✐❝❤❛r❞s s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✐♥ ♦♥❡ s♣❛❝❡
❞✐♠❡♥s✐♦♥ ✇✐t❤ ❧♦❝❛❧ ♣♦✐♥t ❝♦♥str❛✐♥t ✭✶✳✵✳✷✮✳ ❯♥❧✐❦❡ ✐♥ ✭✶✳✵✳✷✮✱ t❤❡ ❝♦♥str❛✐♥t ✐s ♣r❡s❝r✐❜❡❞
❛❧♦♥❣ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ tr❛❥❡❝t♦r② (y(t), t)✱ t❤❡ ✉♥❦♥♦✇♥ y ❜❡✐♥❣ ❝♦✉♣❧❡❞ t♦ t❤❡ ✉♥❦♥♦✇♥ ρ
♦❢ t❤❡ ❝♦♥str❛✐♥❡❞ ▲❲❘ ❡q✉❛t✐♦♥✳ P♦✐♥t ❝♦♥str❛✐♥ts ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✻✵✱ ✺✻❪ t♦ ❛❝❝♦✉♥t
❢♦r ❧♦❝❛❧✐③❡❞ ✐♥ s♣❛❝❡ ♣❤❡♥♦♠❡♥❛ t❤❛t ♠❛② ♦❝❝✉r ❛t ❡①✐ts ❛♥❞ ✇❤✐❝❤ ❛❝t ❛s ♦❜st❛❝❧❡s✳ ❚❤❡
❝♦♥str❛✐♥t ✐♥ t❤❡ ♠♦❞❡❧ ♦❢ ❬✼✵❪ ❞❡♣❡♥❞s ✉♣♦♥ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ s♣❡❡❞ ẏ✱ ✇❤❡r❡ ✐ts ♣♦s✐t✐♦♥ y
✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❖❉❊

ẏ(t) = ω (ρ(y(t)+, t)) . ✭❆✮

❆❜♦✈❡✱ ρ = ρ(x, t) ∈ [0, 1] ✐s t❤❡ tr❛✣❝ ❞❡♥s✐t② ❛♥❞ ω : [0, 1] → R
+ ✐s ❛ ♥♦♥✐♥❝r❡❛s✐♥❣

▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❧✐♥❦s t❤❡ tr❛✣❝ ❞❡♥s✐t② t♦ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ✈❡❧♦❝✐t②✳
❉❡❧❧❡ ▼♦♥❛❝❤❡ ❛♥❞ ●♦❛t✐♥ ♣r♦✈❡❞ ❛♥ ❡①✐st❡♥❝❡ r❡s✉❧t ❢♦r t❤❡✐r ♠♦❞❡❧ ✐♥ ❬✼✵❪ ✇✐t❤ ❛ ✇❛✈❡✲
❢r♦♥t tr❛❝❦✐♥❣ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ BV ❢r❛♠❡✇♦r❦✳ ❆❞❥✉st♠❡♥ts t♦ t❤❡ r❡s✉❧t ✇❡r❡ r❡❝❡♥t❧②
❜r♦✉❣❤t ❜② ▲✐❛r❞ ❛♥❞ P✐❝❝♦❧✐ ✐♥ ❬✶✷✹❪✳ ❉❡s♣✐t❡ t❤❡ st❡♣ ❢♦r✇❛r❞ ♠❛❞❡ ✐♥ ❬✼✷❪✱ t❤❡ ✉♥✐q✉❡♥❡ss
✐ss✉❡ r❡♠❛✐♥❡❞ ♦♣❡♥ ❢♦r ❛ t✐♠❡✳ ■♥❞❡❡❞✱ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ tr❛❝❡ ρ(y(t)+, t) ♠❛❦❡s ✐t ❢❛✐r❧②
❞✐✣❝✉❧t t♦ ❣❡t ❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ tr❛❥❡❝t♦r② y = y(t) ❢r♦♠ t❤❡ s♦❧✉t✐♦♥
ρ = ρ(x, t)✳ ◆♦♥❡t❤❡❧❡ss✱ ❛ ❤✐❣❤❧② ♥♦♥tr✐✈✐❛❧ ✉♥✐q✉❡♥❡ss r❡s✉❧t ✇❛s ❛❝❤✐❡✈❡❞ ❜② ▲✐❛r❞ ❛♥❞
P✐❝❝♦❧✐ ✐♥ ❬✶✷✸❪✳ ❚♦ ❞❡s❝r✐❜❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ s✐♥❣❧❡ ✈❡❤✐❝❧❡ ♦♥ t❤❡ tr❛✣❝ ✢♦✇✱ t❤❡ ❛✉t❤♦rs
♦❢ ❬✶✶✺❪ ♣r♦♣♦s❡❞ ❛ P❉❊✲❖❉❊ ❝♦✉♣❧❡❞ ♠♦❞❡❧ ✇✐t❤♦✉t ❝♦♥str❛✐♥t ♦♥ t❤❡ ✢✉① ❢♦r ✇❤✐❝❤ t❤❡②
♣r♦♣♦s❡❞ ✐♥ ❬✸✺❪ t✇♦ ❝♦♥✈❡r❣❡♥t s❝❤❡♠❡s✳ ■♥ t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♠♦❞✐✜❡❞
♠♦❞❡❧ ✇❤❡r❡ t❤❡ ♣♦✐♥t ❝♦♥str❛✐♥t ❜❡❝♦♠❡s ♥♦♥❧♦❝❛❧✱ ♠❛❦✐♥❣ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡
❞❡♣❡♥❞ ♦♥ t❤❡ ♠❡❛♥ ❞❡♥s✐t② ❡✈❛❧✉❛t❡❞ ✐♥ ❛ s♠❛❧❧ ✈✐❝✐♥✐t② ❛❤❡❛❞ t❤❡ ❞r✐✈❡r✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
✐♥st❡❛❞ ♦❢ ❆✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡❧❛t✐♦♥

ẏ(t) = ω

(✂
R

ρ(x+ y(t), t)µ(x) dx

)
, ✭❇✮

✻✶
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✇❤❡r❡ µ ∈ BV(R;R+) ✐s ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ✉s❡❞ t♦ ❛✈❡r❛❣❡ t❤❡ ❞❡♥s✐t②✳ ❋r♦♠ t❤❡ ♠❛t❤❡♠❛t✲
✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ❝❤♦✐❝❡ ♠❛❦❡s t❤❡ st✉❞② ♦❢ t❤❡ ♥❡✇ ♠♦❞❡❧ ❡❛s✐❡r✳ ■♥❞❡❡❞✱ t❤❡ ❛✉t❤♦rs
♦❢ ❬✶✶✱ ✾✱ ✶✵❪ ♣✉t ❢♦r✇❛r❞ t❡❝❤♥✐q✉❡s ❢♦r ❢✉❧❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛♥❛❧②s✐s ♦❢ s✐♠✐❧❛r ♠♦❞❡❧s ✇✐t❤
♥♦♥❧♦❝❛❧ ♣♦✐♥t ❝♦♥str❛✐♥ts✳ ❋r♦♠ t❤❡ ♠♦❞❡❧✐♥❣ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❝♦♥s✐❞❡r✐♥❣ ❇ ♠❛❦❡s s❡♥s❡ ❢♦r
s❡✈❡r❛❧ r❡❛s♦♥s ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✺✳
❚❤❡ ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷ ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡
✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ♠♦❞❡❧✳ ■♥ ❙❡❝t✐♦♥ ✸✳✸ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡
❛♥❞ ♣r♦✈❡ ✐ts ❝♦♥✈❡r❣❡♥❝❡✳ ❆♥ ✐♠♣♦rt❛♥t st❡♣ ♦❢ t❤❡ r❡❛s♦♥✐♥❣ ✐s t♦ ♣r♦✈❡ ❛ BV r❡❣✉❧❛r✐t②
❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✳ ■t s❡r✈❡s ❜♦t❤ ✐♥ t❤❡ ❡①✐st❡♥❝❡ ♣r♦♦❢ ❛♥❞ ✐t ✐s ❝❡♥tr❛❧ ✐♥ t❤❡
✉♥✐q✉❡♥❡ss ❛r❣✉♠❡♥t✳ ❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱ t❤❡ r❡s✉❧ts ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✻ ✇✐❧❧ ❜❡ ❡ss❡♥t✐❛❧✳
■♥❞❡❡❞✱ t❤✐s s❡❝t✐♦♥ ✇❛s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❛ BV r❡❣✉❧❛r✐t② ❢♦r ❡♥tr♦♣② s♦❧✉t✐♦♥s t♦ ❛
❧❛r❣❡ ❝❧❛ss ♦❢ ❧✐♠✐t❡❞ ✢✉① ♠♦❞❡❧s ❛♥❞ ♦✉r ♠♦❞❡❧ ✭✸✳✶✳✶✮ ❢❛❧❧s ❞✐r❡❝t❧② ✐♥ t❤❛t ❢r❛♠❡✇♦r❦✳ ■♥
t❤❡ ♥✉♠❡r✐❝❛❧ s❡❝t✐♦♥ ✸✳✹✱ ✜rst ✇❡ ♣❡r❢♦r♠ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t♦ ✈❛❧✐❞❛t❡ ♦✉r ♠♦❞❡❧✳ ❚❤❡♥
✇❡ ✐♥✈❡st✐❣❛t❡ ❜♦t❤ q✉❛❧✐t❛t✐✈❡❧② ❛♥❞ q✉❛♥t✐t❛t✐✈❡❧② t❤❡ ♣r♦①✐♠✐t② ❜❡t✇❡❡♥ ♦✉r ♠♦❞❡❧ ✕ ✐♥
✇❤✐❝❤ ✇❡ ❝♦♥s✐❞❡r❡❞ ❇ ✕ ❛s δ → µ0+ ❛♥❞ t❤❡ ♠♦❞❡❧ ♦❢ ❬✼✵❪ ✐♥ ✇❤✐❝❤ t❤❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r❡❞
❆✳

✸✳✶ ▼♦❞❡❧✱ ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❛♥❞ ✉♥✐q✉❡♥❡ss

✸✳✶✳✶ ▼♦❞❡❧ ✐♥ t❤❡ ❜✉s ❢r❛♠❡

◆♦t❡ t❤❛t ✇❡ ✜♥❞ ✐t ❝♦♥✈❡♥✐❡♥t t♦ st✉❞② t❤❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❜✉s ❢r❛♠❡✱ ✇❤✐❝❤ ♠❡❛♥s s❡tt✐♥❣
X = x − y(t) ✐♥ t❤❡ ♠♦❞❡❧ ♦❢ ❉❡❧❧❡ ▼♦♥❛❝❤❡ ❛♥❞ ●♦❛t✐♥ ✐♥ ❬✼✵❪✳ ❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ ✇❤❛t
✇❡ s❛✐❞ ❛❜♦✈❡ ❛❜♦✉t t❤❡ ♥♦♥❧♦❝❛❧ ❝♦♥str❛✐♥t✱ t❤❡ ♣r♦❜❧❡♠ ✇❡ ❝♦♥s✐❞❡r✱ s❡t ✉♣ ✐♥ R × (0, T )
✭T > 0✮✱ t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿





∂tρ+ ∂x (F (ẏ(t), ρ)) = 0

ρ(·, 0) = ρ0(·+ y0)

F (ẏ(t), ρ)|x=0 ≤ Q(ẏ(t))

ẏ(t) = ω

(✂
R

ρ(x, t)µ(x) dx

)

y(0) = y0.

✭✸✳✶✳✶✮

❆❜♦✈❡✱ ρ = ρ(x, t) ∈ [0, 1] ❞❡♥♦t❡s t❤❡ tr❛✣❝ ❞❡♥s✐t② ❛♥❞

F (ẏ(t), ρ) = f(ρ)− ẏ(t)ρ

❞❡♥♦t❡s t❤❡ ♥♦r♠❛❧ ✢✉① t❤r♦✉❣❤ t❤❡ ❝✉r✈❡ x = y(t)✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✢✉① ❢✉♥❝t✐♦♥
f : [0, 1] → R ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ ❝♦♥❝❛✈❡ ❛♥❞ s❛t✐s✜❡s ✭✶✳✵✳✶✮✳ ■♥ ❬✼✵❪✱ t❤❡ ❛✉t❤♦rs

❝❤♦s❡ t❤❡ ❢✉♥❝t✐♦♥ Q(s) = α×
(
1− s

2

)2

t♦ ♣r❡s❝r✐❜❡ t❤❡ ♠❛①✐♠❛❧ ✢♦✇ ❛❧❧♦✇❡❞ t❤r♦✉❣❤ ❛

❜♦tt❧❡♥❡❝❦ ❧♦❝❛t❡❞ ❛t x = 0✳ ❚❤❡ ♣❛r❛♠❡t❡r α ∈ (0, 1) ✇❛s ❣✐✈✐♥❣ t❤❡ r❡❞✉❝t✐♦♥ r❛t❡ ♦❢ t❤❡
r♦❛❞ ❝❛♣❛❝✐t② ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡✳ ❲❡ ✉s❡ t❤❡ s ✈❛r✐❛❜❧❡ t♦ str❡ss t❤❛t
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t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥str❛✐♥t ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s♣❡❡❞ ♦❢ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡✳ ■♥ t❤❡ s❡q✉❡❧ t❤❡ s
✈❛r✐❛❜❧❡ ✇✐❧❧ r❡❢❡r t♦ q✉❛♥t✐t✐❡s r❡❧❛t❡❞ t♦ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ✈❡❧♦❝✐t②✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❢✉♥❝t✐♦♥
Q✱ ✇❡ ❝❛♥ ❛❧❧♦✇ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ ❝❤♦✐❝❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱

Q : [0, ‖ω‖L∞ ] → R
+

❝❛♥ ❜❡ ❛♥② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ■t ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ ❢❛❝t t❤❛t ✐♥ ❣❡♥❡r❛❧✱ t❤❡ t♦t❛❧
✈❛r✐❛t✐♦♥ ♦❢ ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ❛ ❝♦♥str❛✐♥t ❈❛✉❝❤② ♣r♦❜❧❡♠ ♠❛② ✐♥❝r❡❛s❡ ✭s❡❡ ❙❡❝t✐♦♥s
✶✳✹✳✶ ❛♥❞ ✶✳✺ ❢♦r ❡①❛♠♣❧❡s✮✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✹✳✶ ♦r ❙❡❝t✐♦♥ ✶✳✻✱ t❤✐s
✐♥❝r❡❛s❡ ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ✐❢ t❤❡ ❝♦♥str❛✐♥t ❧❡✈❡❧ ❞♦❡s ♥♦t r❡❛❝❤ t❤❡ ♠❛①✐♠✉♠ ❧❡✈❡❧✳ ❆ ♠✐❧❞
❛ss✉♠♣t✐♦♥ ♦♥ Q ✕ s❡❡ ❆ss✉♠♣t✐♦♥ ✭✸✳✷✳✼✮ ❜❡❧♦✇ ✇❤✐❝❤ ✐s t❤❡ ❛♥❛❧♦❣✉❡ t♦ ✭✶✳✹✳✷✮ ❛♥❞ ✭✶✳✻✳✶✵✮
✕ ✇✐❧❧ ❣✉❛r❛♥t❡❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ BV ❜♦✉♥❞s✱ ♣r♦✈✐❞❡❞ ✇❡ s✉♣♣♦s❡ t❤❛t ρ0 ∈ BV(R; [0, 1])✳

✸✳✶✳✷ ◆♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥

❚❤r♦✉❣❤♦✉t t❤❡ ❝❤❛♣t❡r✱ ✇❡ ❞❡♥♦t❡ ❜②

Φ(a, b) = sgn(a− b)(f(a)− f(b)) ❛♥❞ ∀s ∈ R, Φs(a, b) = Φ(a, b)− s× |a− b|
t❤❡ ❡♥tr♦♣② ✢✉①❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❑r✉③❤❦♦✈ ❡♥tr♦♣② ρ 7→ |ρ − κ|✱ ❢♦r ❛❧❧ κ ∈ [0, 1]✱ s❡❡
❬✶✶✹❪✳ ❋♦❧❧♦✇✐♥❣ ❬✼✵✱ ✺✻✱ ✶✹✱ ✺✶❪✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❢♦r Pr♦❜❧❡♠
✭✸✳✶✳✶✮✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳ ❆ ❝♦✉♣❧❡ (ρ, y) ✇✐t❤ ρ ∈ L∞(R × (0, T )) ❛♥❞ y ∈ W1,∞((0, T )) ✐s ❛♥
❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R) ❛♥❞ y0 ∈ R ✐❢

✭✐✮ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② ✐s ❢✉❧✜❧❧❡❞✿

ρ ∈ C([0, T ];L1
loc(R)), ✭✸✳✶✳✷✮

❛♥❞ ρ(·, 0) = ρ0(·+ y0) ✐♥ L1
loc(R)❀

✭✐✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (R × [0, T )), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣②

✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✈❡r✐✜❡❞ ❢♦r ❛❧❧ 0 ≤ τ < τ ′ ≤ T ✿✂
R

|ρ(x, τ)− κ|ϕ(x, τ) dx−
✂
R

|ρ(x, τ ′)− κ|ϕ(x, τ ′) dx

+

✂ τ ′

τ

✂
R

(
|ρ− κ|∂tϕ+ Φẏ(t)(ρ, κ)∂xϕ

)
dx dt+ 2

✂ τ ′

τ

Rẏ(t)(κ, q(t))ϕ(0, t) dt ≥ 0,

✭✸✳✶✳✸✮

✇❤❡r❡

Rẏ(t)(κ, q(t)) = F (ẏ(t), κ)−min {F (ẏ(t), κ), q(t)} ❛♥❞ q(t) = Q(ẏ(t));

✭✐✐✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (R×(0, T )), ϕ ≥ 0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s

❛r❡ ✈❡r✐✜❡❞ ❢♦r ❛❧❧ 0 ≤ τ < τ ′ ≤ T ✿✂
R+

ρ(x, τ ′)ϕ(x, τ ′) dx−
✂
R+

ρ(x, τ)ϕ(x, τ) dx

−
✂ τ ′

τ

✂
R+

(
ρ∂tϕ+ F (ẏ(t), ρ)∂xϕ

)
dx dt ≤

✂ τ ′

τ

q(t)ϕ(0, t) dt ;

✭✸✳✶✳✹✮



✻✹ ❈❍❆P❚❊❘ ✸✳ ■◆❋▲❯❊◆❈❊ ❖❋ ❆ ❙▲❖❲ ▼❖❱■◆● ❱❊❍■❈▲❊ ❖◆ ❚❘❆❋❋■❈

✭✐✈✮ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ ❖❉❊ ❢♦r♠✉❧❛t✐♦♥ ✐s ✈❡r✐✜❡❞ ❢♦r ❛❧❧ t ∈ [0, T ]✿

y(t) = y0 +

✂ t

0

ω

(✂
R

ρ(x, u)µ(x) dx

)
du . ✭✸✳✶✳✺✮

❉❡✜♥✐t✐♦♥ ✸✳✶✳✷✳ ❲❡ ✇✐❧❧ ❝❛❧❧ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥ ❛♥② ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ (ρ, y) t♦
t❤❡ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮ ✇❤✐❝❤ ❛❧s♦ ✈❡r✐✜❡s

ρ ∈ L∞((0, T );BV(R)).

❘❡♠❛r❦ ✸✳✶✳✶✳ ■t ✐s ♠♦r❡ ✉s✉❛❧ t♦ ❢♦r♠✉❧❛t❡ ✭✸✳✶✳✸✮✲✭✸✳✶✳✹✮ ✇✐t❤ τ = 0 ❛♥❞ τ ′ = T ✱ ❧✐❦❡ ✇❡
❞✐❞ ✐♥ ❈❤❛♣t❡rs ✶✲✷✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❢♦r♠✉❧❛t✐♦♥s ✐s ❞✉❡ t♦ t❤❡ r❡❣✉❧❛r✐t②
✭✸✳✶✳✷✮✳ ❆s ✐t ❤❛♣♣❡♥s✱ t❤✐s t✐♠❡✲❝♦♥t✐♥✉✐t② r❡❣✉❧❛r✐t② ✐s ❛❝t✉❛❧❧② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐♥❡q✉❛❧✐t✐❡s
✭✸✳✶✳✸✮✳ ■♥❞❡❡❞✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ r❡s✉❧t ❬✹✹✱ ❚❤❡♦r❡♠ ✶✳✷❪ ✭♦r ❬✶✶✹❪✱ ❬✺✾❪✮ ✇❤✐❝❤ st❛t❡s t❤❛t ✐❢ U
✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ R ❛♥❞ ✐❢ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞

c (U × [0, T )), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱
ρ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✿

✂ T

0

✂
U

(
|ρ− κ|∂tϕ+ Φẏ(t)(ρ, κ)∂xϕ

)
dx dt+

✂
U

|ρ0(x)− κ|ϕ(x, 0) dx ≥ 0,

t❤❡♥ ρ ∈ C([0, T ];L1
loc(U))✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ρ ✐s ❜♦✉♥❞❡❞ ❛♥❞ U\U ❤❛s ❛ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡

0✱ ρ ∈ C([0, T ];L1
loc(U))✳ ❲❡ ✇✐❧❧ ✉s❡ t❤✐s r❡♠❛r❦ s❡✈❡r❛❧ t✐♠❡s ✐♥ t❤❡ s❡q✉❡❧ ♦❢ t❤❡ ❝❤❛♣t❡r✱

✇✐t❤ U = R
∗✳

❚❤❡ ✐♥t❡r❡st ♦❢ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥s ✭✸✳✶✳✹✮✲✭✸✳✶✳✺✮ ❢♦r t❤❡ ✢✉① ❝♦♥str❛✐♥t ❛♥❞ ❢♦r t❤❡ ❖❉❊
❣♦✈❡r♥✐♥❣ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ❧✐❡s ✐♥ t❤❡✐r st❛❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ ρ✳ ❋♦r♠✉❧❛t✐♦♥ ✭✸✳✶✳✸✮ ✕ ✭✸✳✶✳✺✮
✐s ✇❡❧❧ s✉✐t❡❞ ❢♦r ♣❛ss❛❣❡ t♦ t❤❡ ❧✐♠✐t ♦❢ ❛✳❡✳ ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡s ♦❢ ❡①❛❝t ♦r ❛♣♣r♦①✐♠❛t❡
s♦❧✉t✐♦♥s✳

✸✳✶✳✸ ❯♥✐q✉❡♥❡ss ♦❢ t❤❡ ❇❱✲r❡❣✉❧❛r s♦❧✉t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ st❛❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛♥❞ ✉♥✐q✉❡♥❡ss ❢♦r BV✲
r❡❣✉❧❛r s♦❧✉t✐♦♥s t♦ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮✳ ❲❡ st❛rt ✇✐t❤ t❤❡

▲❡♠♠❛ ✸✳✶✳✸✳ ■❢ (ρ, y) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮✱ t❤❡♥ ẏ ∈ W1,∞((0, T ))✳
■♥ ♣❛rt✐❝✉❧❛r✱ ẏ ∈ BV([0, T ])✳

Pr♦♦❢✳ ❉❡♥♦t❡ ❢♦r ❛❧❧ t ∈ [0, T ]✱

s(t) = ω

(✂
R

ρ(x, t)µ(x) dx

)
.

❙✐♥❝❡ µ ∈ L1(R)∩L∞(R) ❛♥❞ ρ ∈ C([0, T ];L1
loc(R))✱ s ✐s ❝♦♥t✐♥✉♦✉s ♦♥ [0, T ]✳ ❇② ❞❡✜♥✐t✐♦♥✱

y s❛t✐s✜❡s t❤❡ ✇❡❛❦ ❖❉❊ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✳✺✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛✳❡✳ t ∈ (0, T )✱ ẏ(t) = s(t)✳
❲❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❛t s ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ [0, T ]✱ ✇❤✐❝❤ ✇✐❧❧ ❡♥s✉r❡ t❤❛t ẏ ∈
W1,∞((0, T ))✳ ❙✐♥❝❡ µ ∈ BV(R)✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (µn)n∈N ⊂ BV(R) ∩C∞

c (R) s✉❝❤
t❤❛t✿

‖µn − µ‖L1 −→
n→+∞

0 ❛♥❞ TV(µn) −→
n→+∞

TV(µ).
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■♥tr♦❞✉❝❡ ❢♦r ❛❧❧ n ∈ N ❛♥❞ t ∈ [0, T ]✱ t❤❡ ❢✉♥❝t✐♦♥

ξn(t) =

✂
R

ρ(x, t)µn(x) dx .

❋✐① ψ ∈ C∞
c ((0, T ))✳ ❙✐♥❝❡ ρ ✐s ❛ ❞✐str✐❜✉t✐♦♥❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✐♥ ✭✸✳✶✳✶✮✱

✇❡ ❤❛✈❡ ❢♦r ❛❧❧ n ∈ N✱

✂ T

0

ξn(t)ψ̇(t) dt =

✂ T

0

✂
R

ρ∂t(ψµn) dx dt

= −
✂ T

0

✂
R

F (ẏ(t), ρ)∂x(ψµn) dx dt

= −
✂ T

0

(✂
R

F (ẏ(t), ρ)µ′
n(x) dx

)
ψ(t) dt ,

✇❤✐❝❤ ♠❡❛♥s t❤❛t ❢♦r ❛❧❧ n ∈ N✱ ξn ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡✱ ❛♥❞ t❤❛t ❢♦r ❛✳❡✳
t ∈ (0, T )✱

ξ̇n(t) =

✂
R

F (ẏ(t), ρ)µ′
n(x) dx .

■♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ ❜♦t❤ t❤❡ s❡q✉❡♥❝❡s (‖µn‖L1)n ❛♥❞ (TV(µn))n ❛r❡ ❜♦✉♥❞❡❞ ✕ s❛② ❜② C > 0
✕ ✇❡ ❛❧s♦ ❤❛✈❡ ❢♦r ❛❧❧ n ∈ N✱

‖ξn‖L∞ ≤ C ❛♥❞ ‖ξ̇n‖L∞ ≤ C(‖f‖L∞ + ‖ω‖L∞).

❚❤❡r❡❢♦r❡✱ t❤❡ s❡q✉❡♥❝❡ (ξn)n ✐s ❜♦✉♥❞❡❞ ✐♥ W1,∞((0, T ))✳ ◆♦✇✱ ❢♦r ❛❧❧ t, τ ∈ [0, T ] ❛♥❞
n ∈ N✱ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s✿

|s(t)− s(τ)| ≤ 2‖ω′‖L∞‖µn − µ‖L1 + ‖ω′‖L∞

∣∣∣∣
✂
R

(ρ(x, t)− ρ(x, τ))µn(x) dx

∣∣∣∣

= 2‖ω′‖L∞‖µn − µ‖L1 + ‖ω′‖L∞ |ξn(t)− ξn(τ)|
≤ 2‖ω′‖L∞‖µn − µ‖L1 + C‖ω′‖L∞(‖f‖L∞ + ‖ω‖L∞)︸ ︷︷ ︸

K

|t− τ |.

▲❡tt✐♥❣ n→ +∞✱ ✇❡ ❣❡t t❤❛t ❢♦r ❛❧❧ t, τ ∈ [0, T ]✱ |s(t)− s(τ)| ≤ K|t− τ |✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t
s ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ [0, T ]✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ st❛t❡♠❡♥t ✐s ❝♦♠♣❧❡t❡❞✳ �

❇❡❢♦r❡ st❛t✐♥❣ t❤❡ ✉♥✐q✉❡♥❡ss r❡s✉❧t✱ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥✿

∀s ∈ [0, ‖ω‖L∞ ], ❛r❣♠❛①
ρ∈[0,1]

F (s, ρ) > 0. ✭✸✳✶✳✻✮

❚❤✐s ❡♥s✉r❡s t❤❛t ❢♦r ❛❧❧ s ∈ [0, ‖ω‖L∞ ]✱ t❤❡ ❢✉♥❝t✐♦♥ F (s, ·) ✈❡r✐✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ✭✶✳✻✳✷✮✳
❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✢✉① f(ρ) = ρ(1−ρ)✱ ✭✸✳✶✳✻✮ r❡❞✉❝❡s t♦ ‖ω‖L∞ < 1✱ ✇❤✐❝❤
♦♥❧② ♠❡❛♥s t❤❛t t❤❡ ♠❛①✐♠✉♠ ✈❡❧♦❝✐t② ♦❢ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ♠❛①✐♠✉♠
✈❡❧♦❝✐t② ♦❢ t❤❡ s✉rr♦✉♥❞✐♥❣ ❝❛rs✳
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❚❤❡♦r❡♠ ✸✳✶✳✹✳ ❙✉♣♣♦s❡ t❤❛t f ✐s ▲✐♣s❝❤✐t③✱ ❝♦♥❝❛✈❡ ❛♥❞ s❛t✐s✜❡s ✭✶✳✵✳✶✮✲✭✸✳✶✳✻✮✳ ❋✐①
ρ10, ρ

2
0 ∈ BV(R; [0, 1]) ❛♥❞ y10, y

2
0 ∈ R✳ ❲❡ ❞❡♥♦t❡ ❜② (ρ1, y1) ❛ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥ t♦ Pr♦❜✲

❧❡♠ ✭✸✳✶✳✶✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥✐t✐❛❧ ❞❛t❛ (ρ10, y
1
0)✱ ❛♥❞ ❜② (ρ2, y2) ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥

✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ (ρ20, y
2
0)✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts α, β, γ > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ [0, T ]✱

‖ρ1(·, t)− ρ2(·, t)‖L1 ≤
(
|y10 − y20|TV(ρ10) + ‖ρ10 − ρ20‖L1

)
exp(αt) ✭✸✳✶✳✼✮

❛♥❞

|y1(t)− y2(t)| ≤ |y10 − y20|+ (β|y10 − y20|+ γ‖ρ10 − ρ20‖L1)(exp(αt)− 1). ✭✸✳✶✳✽✮

■♥ ♣❛rt✐❝✉❧❛r✱ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮ ❛❞♠✐ts ❛t ♠♦st ♦♥❡ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❙✐♥❝❡ (ρ1, y1) ✐s ❛ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮✱ t❤❡r❡ ❡①✐sts C ≥ 0 s✉❝❤
t❤❛t

∀t ∈ [0, T ], TV(ρ1(·, t)) ≤ C.

▲❡♠♠❛ ✸✳✶✳✸ ❡♥s✉r❡s t❤❛t ẏ1, ẏ2 ∈ BV([0, T ];R+)✳ ❲❡ ❝❛♥ ✉s❡ r❡s✉❧t ❚❤❡♦r❡♠ ✭✶✳✻✳✸✮ t♦
♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ t ∈ [0, T ]✱

‖ρ1(t)− ρ2(t)‖L1 ≤ |y10 − y20|TV(ρ10) + ‖ρ10 − ρ20‖L1

+ (2‖Q′‖L∞ + 2 + C)

✂ t

0

|ẏ1(τ)− ẏ2(τ)| dτ .
✭✸✳✶✳✾✮

▼♦r❡♦✈❡r✱ s✐♥❝❡ ❢♦r ❛✳❡✳ t ∈ (0, T )✱

|ẏ1(t)− ẏ2(t)| ≤ ‖ω′‖L∞‖µ‖L∞‖ρ1(·, t)− ρ2(·, t)‖L1 ,

●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ②✐❡❧❞s ✭✸✳✶✳✼✮ ✇✐t❤ α = (2‖Q′‖L∞ + 2 + C) ‖ω′‖L∞‖µ‖L∞ ✳ ❚❤❡♥✱

∀t ∈ [0, T ], |y1(t)− y2(t)| ≤ |y10 − y20|+
✂ t

0

|ẏ1(s)− ẏ2(s)| ds

≤ |y10 − y20|+ ‖ω′‖L∞‖µ‖L∞

✂ t

0

‖ρ1(·, s)− ρ2(·, s)‖L1 ds

≤ |y10 − y20|+ (β|y10 − y20|+ γ‖ρ10 − ρ20‖L1)(exp(αt)− 1),

✇❤❡r❡

β =
TV(ρ10)

2‖Q′‖L∞ + 2 + C
❛♥❞ γ =

1

2‖Q′‖L∞ + 2 + C
.

❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥ ✐s t❤❡♥ ❝❧❡❛r✳ �
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❘❡♠❛r❦ ✸✳✶✳✷✳ ❯♣ t♦ ✐♥❡q✉❛❧✐t② ✭✸✳✶✳✾✮✱ ♦✉r ♣r♦♦❢ ✇❛s ✈❡r② ♠✉❝❤ ❢♦❧❧♦✇✐♥❣ t❤❡ ♦♥❡ ♦❢ ❬✼✷✱
❚❤❡♦r❡♠ ✷✳✶❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❛✉t❤♦rs ♦❢ ❬✼✷❪ ❢❛❝❡❞ ❛♥ ✐ss✉❡ t♦ ❞❡r✐✈❡ ❛ ▲✐♣s❝❤✐t③ st❛❜✐❧✐t②
❡st✐♠❛t❡ ❜❡t✇❡❡♥ t❤❡ ❝❛r ❞❡♥s✐t✐❡s ❛♥❞ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ✈❡❧♦❝✐t✐❡s st❛rt✐♥❣ ❢r♦♠

|ω
(
ρ1(0+, t)

)
− ω

(
ρ2(0+, t)

)
|.

❋♦r ✉s✱ ❞✉❡ t♦ t❤❡ ♥♦♥❧♦❝❛❧✐t② ♦❢ ♦✉r ♣r♦❜❧❡♠✱ ✐t ✇❛s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥ t❤❡ ❜♦✉♥❞
∣∣∣∣ω
(✂

R

ρ1(x, t)µ(x) dx

)
− ω

(✂
R

ρ2(x, t)µ(x) dx

)∣∣∣∣ ≤ ‖ω′‖L∞‖µ‖L∞‖ρ1(·, t)− ρ2(·, t)‖L1 .

❘❡♠❛r❦ ✸✳✶✳✸✳ ❆ ♥♦t❡✇♦rt❤② ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✹ ✐s t❤❛t ❡①✐st❡♥❝❡ ♦❢ ❛ BV✲
r❡❣✉❧❛r s♦❧✉t✐♦♥ ✇✐❧❧ ❡♥s✉r❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ ♦♥❡✳

✸✳✷ ❚✇♦ ❡①✐st❡♥❝❡ r❡s✉❧ts

✸✳✷✳✶ ❚✐♠❡✲s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡

■♥ ❬✼✵❪✱ t♦ ♣r♦✈❡ ❡①✐st❡♥❝❡ ❢♦r t❤❡✐r ♣r♦❜❧❡♠✱ t❤❡ ❛✉t❤♦rs t♦♦❦ ❛ ✇❛✈❡✲❢r♦♥t tr❛❝❦✐♥❣ ❛♣♣r♦❛❝❤✳
❲❡ ❝❤♦♦s❡ ❤❡r❡ t♦ ✉s❡ ❛ t✐♠❡✲s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ✐s
t❤❛t ✐t r❡❧✐❡s ♦♥ ❛ r❡❛❞②✲t♦✲✉s❡ t❤❡♦r②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ ✇❡ ✇✐❧❧ ❞❡❛❧ ✇✐t❤
❡①❛❝t s♦❧✉t✐♦♥s t♦ ❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✇✐t❤ ❛ ✢✉① ❝♦♥str❛✐♥t✱ ✇❤✐❝❤ ❤❛✈❡ ♥♦✇ ❜❡❝♦♠❡ st❛♥✲
❞❛r❞✱ s❡❡ ❬✺✻✱ ✶✹✱ ✺✶❪✳

❋✐① ρ0 ∈ L∞(R; [0, 1]) ❛♥❞ y0 ∈ R✳ ▲❡t ν > 0 ❜❡ ❛ t✐♠❡ st❡♣✱ N ∈ N s✉❝❤ t❤❛t T ∈
[Nν, (N + 1)ν) ❛♥❞ ❞❡♥♦t❡ ❢♦r ❛❧❧ n ∈ {0, . . . , N + 1}✱ tn = nν✳ ❲❡ ✐♥✐t✐❛❧✐③❡ ✇✐t❤

∀t ∈ R, ρ0(t) = ρ0(·+ y0) ❛♥❞ ∀t ∈ [0, T ], y0(t) = y0.

❋✐① n ∈ {1, . . . , N + 1}✳ ❋✐rst✱ ✇❡ ❞❡✜♥❡ ❢♦r ❛❧❧ t ∈ (tn−1, tn]✱

σn(t) = ω

(✂
R

ρn−1(x, t− ν)µ(x) dx

)
, sn = σn(tn) ❛♥❞ qn = Q(sn).

❙✐♥❝❡ ❜♦t❤ qn ❛♥❞ ρn−1(·, tn−1) ❛r❡ ❜♦✉♥❞❡❞✱ ❬✶✹✱ ❚❤❡♦r❡♠ ✷✳✶✶❪ ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ ρn ∈ L∞(R× (tn−1, tn)) t♦





∂tρ+ ∂x (F (s
n, ρ)) = 0

ρ(·, tn−1) = ρn−1(·, tn−1)

F (sn, ρ)|x=0 ≤ qn,

✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✶ ✭✐✮✲✭✐✐✮✲✭✐✐✐✮ ✇✐t❤ s✉✐t❛❜❧❡ ✢✉①✴❝♦♥str❛✐♥t ❢✉♥❝t✐♦♥ ❛♥❞ ✐♥✐t✐❛❧
❞❛t❛✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s✿

• ρν(t) = ρ01R−(t) +
N+1∑

n=1

ρn(t)1(tn−1,tn](t)

• σν(t), qν(t), sν(t) = σn(t), qn, sn ✐❢ t ∈ (tn−1, tn]

• yν(t) = y0 +

✂ t

0

σν(τ) dτ .
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❋✐rst✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t (ρν , yν) s♦❧✈❡s ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❡rs✐♦♥ ♦❢ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✳ ❚❤❡ ❝♦✉♣❧❡ (ρν , yν) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥✱ ✐♥ R× (0, T )✱ t♦




∂tρν + ∂x (F (sν(t), ρν)) = 0

ρν(·, 0) = ρ0(·+ y0)

F (sν(t), ρν)|x=0 ≤ qν(t)

ẏν(t) = ω

(✂
R

ρν(x, t− ν)µ(x) dx

)

yν(0) = y0.

✭✸✳✷✳✶✮

✐♥ t❤❡ s❡♥s❡ t❤❛t ρν ∈ C([0, T ];L1
loc(R))✱ ρν(·, 0) = ρ0(· + y0) ✐♥ L1

loc(R) ❛♥❞ s❛t✐s✜❡s ❡♥✲
tr♦♣②✴❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ❛♥❛❧♦❣♦✉s t♦ ✭✸✳✶✳✸✮✲✭✸✳✶✳✹✮ ✇✐t❤ ✢✉① F (sν(·), ·) ❛♥❞ ❝♦♥str❛✐♥t
qν❀ ❛♥❞ yν s❛t✐s✜❡s✱ ✐♥st❡❛❞ ♦❢ ✭✸✳✶✳✺✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ ❖❉❊ ❢♦r♠✉❧❛t✐♦♥✿

∀t ∈ [0, T ], yν(t) = y0 +

✂ t

0

ω

(✂
R

ρν(x, τ − ν)µ(x) dx

)
dτ . ✭✸✳✷✳✷✮

Pr♦♦❢✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ❢♦r ❛❧❧ n ∈ {1, . . . , N + 1}, ρn ∈ C([tn−1, tn];L1
loc(R))✳ ❈♦♠❜✐♥✐♥❣

t❤✐s ✇✐t❤ t❤❡ ✧st♦♣✲❛♥❞✲r❡st❛rt✧ ❝♦♥❞✐t✐♦♥s ρn(·, tn−1) = ρn−1(·, tn−1)✱ ♦♥❡ ❡♥s✉r❡s t❤❛t ρν ∈
C([0, T ];L1

loc(R))✳ ▲❡t t ∈ [0, T ] ❛♥❞ n ∈ {1, . . . , N + 1} s✉❝❤ t❤❛t t ∈ [tn−1, tn)✳ ❚❤❡♥✱

yν(t)− y0 =
n−1∑

k=1

✂ tk

tk−1

σk(τ) dτ +

✂ t

tn−1

σn(τ) dτ

=
n−1∑

k=1

✂ tk

tk−1

ω



✂
R

ρk−1(x, τ − ν)︸ ︷︷ ︸
ρν(x,τ−ν)

µ(x) dx


 dτ +

✂ t

tn−1

ω



✂
R

ρn−1(x, τ − ν)︸ ︷︷ ︸
ρν(x,τ−ν)

µ(x) dx


 dτ

=

✂ t

0

ω

(✂
R

ρν(x, τ − ν)µ(x) dx

)
dτ ,

✇❤✐❝❤ ✐s ❡①❛❝t❧② ✭✸✳✷✳✷✮✳ ❋✐① ♥♦✇ ϕ ∈ C∞
c (R× [0, T )), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✳ ❇② ❝♦♥str✉❝t✐♦♥

♦❢ ((ρk, yk))k✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ n,m ∈ {0, . . . , N + 1} ✭n < m✮✱
✂ tm

tn

✂
R

(
|ρν − κ|∂tϕ+ Φsν(t)(ρν , κ)∂xϕ

)
dx dt

=
m∑

k=n+1

✂ tk

tk−1

✂
R

(
|ρk − κ|∂tϕ+ Φsk(ρ

k, κ)∂xϕ

)
dx dt

≥
m∑

k=n+1





✂
R

|ρk(x, tk)− κ|ϕ(x, tk) dx−
✂
R

| ρk(x, tk−1)︸ ︷︷ ︸
ρk−1(x,tk−1)

−κ|ϕ(x, tk−1) dx− 2

✂ tk

tk−1

Rsk(κ, q
k)ϕ(0, t) dt





=

✂
R

|ρν(x, tm)− κ|ϕ(x, tm) dx−
✂
R

|ρν(x, tn)− κ|ϕ(x, tn) dx− 2

✂ tm

tn
Rsν(t)(κ, qν(t))ϕ(0, t) dt .
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■t ✐s t❤❡♥ str❛✐❣❤t❢♦r✇❛r❞ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ 0 ≤ τ < τ ′ ≤ T ✱
✂
R

|ρν(x, τ)− κ|ϕ(x, τ) dx−
✂
R

|ρν(x, τ ′)− κ|ϕ(x, τ ′) dx

+

✂ τ ′

τ

✂
R

(
|ρν − κ|∂tϕ+ Φsν(t)(ρν , κ)∂xϕ

)
dx dt+ 2

✂ τ ′

τ

Rsν(t)(κ, qν(t))ϕ(0, t) dt ≥ 0.

✭✸✳✷✳✸✮
Pr♦✈✐♥❣ t❤❛t ρν s❛t✐s✜❡s ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ✐s ✈❡r② s✐♠✐❧❛r s♦ ✇❡ ♦♠✐t t❤❡ ❞❡t❛✐❧s✳ ❖♥❡
❤❛s t♦ st❛rt ❢r♦♠

−
✂ tm

tn

(✂
R+

ρν∂tϕ+ F (sν(t), ρν)∂xϕ

)
dx dt

❛♥❞ ♠❛❦❡ ✉s❡ ♦♥❝❡ ❛❣❛✐♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ ((ρk, yk))k t♦ ♦❜t❛✐♥
✂
R+

ρν(x, τ
′)ϕ(x, τ ′) dx−

✂
R+

ρν(x, τ)ϕ(x, τ) dx

−
✂ τ ′

τ

✂
R+

(
ρν∂tϕ+ F (sν(t), ρν)∂xϕ

)
dx dt ≤

✂ τ ′

τ

qν(t)ϕ(0, t) dt .

✭✸✳✷✳✹✮

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

❘❡♠❛r❦ ✸✳✷✳✶✳ ❘❡♠❛r❦ t❤❛t ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ ν > 0✱

‖σν‖L∞ ≤ ‖ω‖L∞ ❛♥❞ ‖yν‖L∞ ≤ |y0|+ T‖ω‖L∞ .

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ s❡q✉❡♥❝❡ (yν)ν ✐s ❜♦✉♥❞❡❞ ✐♥ W1,∞((0, T ))✳ ❚❤❡♥ t❤❡ ❝♦♠♣❛❝t ❡♠❜❡❞✲
❞✐♥❣ ♦❢ W1,∞((0, T )) ✐♥ C([0, T ]) ②✐❡❧❞s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (yν)ν ✱ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t r❡❧❛❜❡❧✱
✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ♦♥ [0, T ] t♦ s♦♠❡ y ∈ C([0, T ])✳

❆t t❤✐s ♣♦✐♥t✱ ✇❡ ♣r♦♣♦s❡ t✇♦ ✇❛②s t♦ ♦❜t❛✐♥ ❝♦♠♣❛❝t♥❡ss ❢♦r t❤❡ s❡q✉❡♥❝❡ (ρν)ν ✱ ✇❤✐❝❤ ✇✐❧❧
❧❡❛❞ t♦ t✇♦ ❡①✐st❡♥❝❡ r❡s✉❧ts✳

✸✳✷✳✷ ❚❤❡ ❝❛s❡ ♦❢ ❛ ♥♦♥❞❡❣❡♥❡r❛t❡❧② ♥♦♥❧✐♥❡❛r ✢✉①

❚❤❡♦r❡♠ ✸✳✷✳✷✳ ❋✐① ρ0 ∈ L∞(R; [0; 1]) ❛♥❞ y0 ∈ R✳ ❙✉♣♣♦s❡ t❤❛t f ✐s ▲✐♣s❝❤✐t③✱ ❝♦♥❝❛✈❡✱
s❛t✐s✜❡s ✭✶✳✵✳✶✮✲✭✸✳✶✳✻✮ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❞❡❣❡♥❡r❛❝② ❛ss✉♠♣t✐♦♥

❢♦r ❛✳❡✳ s ∈ (0, ‖ω‖L∞), ♠❡s{ρ ∈ [0, 1] | f ′(ρ)− s = 0} = 0. ✭✸✳✷✳✺✮

❚❤❡♥ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮ ❛❞♠✐ts ❛t ❧❡❛st ♦♥❡ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❈♦♥❞✐t✐♦♥ ✭✸✳✷✳✺✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♦❜✈✐♦✉s ✉♥✐❢♦r♠ L∞ ❜♦✉♥❞

∀ν > 0, ∀(x, t) ∈ R× [0, T ], ρν(x, t) ∈ [0, 1],

❛♥❞ t❤❡ r❡s✉❧ts ♣r♦✈❡❞ ❜② P❛♥♦✈ ✐♥ ❬✶✸✺✱ ✶✸✻❪ ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡ ✕ ✇❤✐❝❤
✇❡ ❞♦ ♥♦t r❡❧❛❜❡❧ ✕ t❤❛t ❝♦♥✈❡r❣❡s ✐♥ L1

loc(R
∗ × (0, T )) t♦ s♦♠❡ ρ ∈ L1

loc(R
∗ × (0, T ))❀ ❛♥❞
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❛ ❢✉rt❤❡r ❡①tr❛❝t✐♦♥ ②✐❡❧❞s t❤❡ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ R × (0, T )✳ ❲❡ ♥♦✇ s❤♦✇
t❤❛t t❤❡ ❝♦✉♣❧❡ (ρ, y) ❝♦♥str✉❝t❡❞ ❛❜♦✈❡ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✳✶✮ ✐♥ t❤❡ s❡♥s❡
♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳

❋♦r ❛❧❧ ν > 0 ❛♥❞ t ∈ [0, T ]✱

yν(t)− y0 =

✂ t

0

ω

(✂
R

ρν(x, τ − ν)µ(x) dx

)
dτ

=

✂ t−ν

−ν

ω

(✂
R

ρν(x, τ)µ(x) dx

)
dτ

=

✂ t

0

ω

(✂
R

ρν(x, τ)µ(x) dx

)
dτ +

(✂ 0

−ν

−
✂ t

t−ν

)
ω

(✂
R

ρν(x, τ)µ(x) dx

)
dτ .

❚❤❡ ❧❛st t❡r♠ ✈❛♥✐s❤❡s ❛s ν → 0 s✐♥❝❡ ω ✐s ❜♦✉♥❞❡❞✳ ❚❤❡♥✱ ▲❡❜❡s❣✉❡ t❤❡♦r❡♠ ❝♦♠❜✐♥❡❞
✇✐t❤ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ω ❣✐✈❡s✱ ❢♦r ❛❧❧ t ∈ [0, T ]✱

yν(t) −→
ν→0

y0 +

✂ t

0

ω

(✂
R

ρ(x, τ)µ(x) dx

)
dτ .

❚❤✐s ❧❛st q✉❛♥t✐t② ✐s ❛❧s♦ ❡q✉❛❧ t♦ y(t) ❞✉❡ t♦ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (yν)ν t♦ y✳ ❚❤✐s
♣r♦✈❡s t❤❛t y ✈❡r✐✜❡s ✭✸✳✶✳✺✮✳ ◆♦✇✱ ✇❡ ❛✐♠ ❛t ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✸✳✷✳✸✮ ❛♥❞ ✭✸✳✷✳✹✮✳
❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱ ✇❡ ♣r♦✈❡ t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ (σν)ν t♦✇❛r❞s ẏ✳ ❙✐♥❝❡
µ ∈ BV(R)✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s (µn)n∈N ⊂ BV(R) ∩ C∞

c (R) s✉❝❤
t❤❛t✿

‖µn − µ‖L1 −→
n→+∞

0 ❛♥❞ TV(µn) −→
n→+∞

TV(µ).

■♥tr♦❞✉❝❡ ❢♦r ❡✈❡r② ν > 0 ❛♥❞ n ∈ N✱ t❤❡ ❢✉♥❝t✐♦♥

ξnν (t) =

✂
R

ρν(x, t)µn(x) dx .

❙✐♥❝❡ ❢♦r ❛❧❧ ν > 0✱ ρν ✐s ❛ ❞✐str✐❜✉t✐♦♥❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✐♥ ✭✸✳✷✳✶✮✱ ♦♥❡
❝❛♥ s❤♦✇ ✕ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✸ ❢♦r ✐♥st❛♥❝❡ ✕ t❤❛t ❢♦r ❡✈❡r② n ∈ N✱ ξnν ∈
W1,∞((0, T ))✱ ❛♥❞ t❤❛t ❢♦r ❛✳❡✳ t ∈ (0, T )✱

ξ̇nν (t) =

✂
R

F (sν(t), ρν)µ
′
n(x) dx .

▼♦r❡♦✈❡r✱ s✐♥❝❡ ❜♦t❤ t❤❡ s❡q✉❡♥❝❡s (‖µn‖L1)n ❛♥❞ (TV(µn))n ❛r❡ ❜♦✉♥❞❡❞✱ ✐t ✐s ❝❧❡❛r t❤❛t
(ξnν )ν,n ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ W1,∞((0, T ))✱ t❤❡r❡❢♦r❡ s♦ ✐s (ω(ξnν ))ν,n✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛❧❧
n ∈ N✱ ν > 0 ❛♥❞ ❛❧♠♦st ❡✈❡r② t ∈ (0, T )✱ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s✿

∣∣∣∣σν(t)− ω

(✂
R

ρ(x, t)µ(x) dx

)∣∣∣∣ ≤ 2‖ω′‖L∞‖µn − µ‖L1 + ν sup
n∈N

‖ω(ξnν )‖W1,∞

+ ‖ω′‖L∞

∣∣∣∣
✂
R

(ρν(x, t)− ρ(x, t))µ(x) dx

∣∣∣∣ −→
ν→0

n→+∞

0,
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✇❤✐❝❤ ♣r♦✈❡s t❤❛t (σν)ν ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ (0, T ) t♦ ẏ✳ ❚♦ ♣r♦✈❡ t❤❡ t✐♠❡✲❝♦♥t✐♥✉✐t② r❡❣✉❧❛r✐t②✱
✇❡ ✜rst ❛♣♣❧② ✐♥❡q✉❛❧✐t② ✭✸✳✷✳✸✮ ✇✐t❤ τ = 0✱ τ ′ = T ✭✇❤✐❝❤ ✐s ❧✐❝✐t s✐♥❝❡ ρν ✐s ❝♦♥t✐♥✉♦✉s ✐♥
t✐♠❡✮✱ ϕ ∈ C∞

c (R∗ × [0, T )), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✿

✂ T

0

✂
R

(
|ρν − κ|∂tϕ+ Φσν(t)(ρν , κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x+ y0)− κ|ϕ(x, 0) dx ≥ 0.

❚❤❡♥✱ ✇❡ ❧❡t ν → 0 t♦ ❣❡t

✂ T

0

✂
R

(
|ρ− κ|∂tϕ+ Φẏ(t)(ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x+ y0)− κ|ϕ(x, 0) dx ≥ 0.

❈♦♥s❡q✉❡♥t❧②✱ ρ ∈ C([0, T ];L1
loc(R))✱ s❡❡ ❘❡♠❛r❦ ✸✳✶✳✶✳ ❋✐♥❛❧❧②✱ t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡s ♦❢

(σν)ν ❛♥❞ (ρν)ν t♦ ẏ ❛♥❞ ρ✱ r❡s♣❡❝t✐✈❡❧②✱ ❛r❡ ❡♥♦✉❣❤ t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✸✳✷✳✸✮✳ ❚❤✐s
❡♥s✉r❡s t❤❛t ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞

c (R × [0, T )), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ t❤❡ ❢♦❧❧♦✇✐♥❣
✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞ ❢♦r ❛✳❡✳ 0 ≤ τ < τ ′ ≤ T ✿

✂
R

|ρ(x, τ)− κ|ϕ(x, τ) dx−
✂
R

|ρ(x, τ ′)− κ|ϕ(x, τ ′) dx

+

✂ τ ′

τ

✂
R

(
|ρ− κ|∂tϕ+ Φẏ(t)(ρ, κ)∂xϕ

)
dx dt+ 2

✂ τ ′

τ

Rẏ(t)(κ, q(t))ϕ(0, t) dt ≥ 0.

❖❜s❡r✈❡ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② ✐s ❛ ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥ ♦❢ (τ, τ ′) ✇❤✐❝❤ ✐s ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❣r❡❛t❡r t❤❛♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ 0✳ ❇②
❝♦♥t✐♥✉✐t②✱ t❤✐s ❡①♣r❡ss✐♦♥ ✐s ❡✈❡r②✇❤❡r❡ ❣r❡❛t❡r t❤❛♥ 0✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t ρ s❛t✐s✜❡s t❤❡
❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✶✳✸✮✳ ❯s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ✇❡ s❤♦✇ t❤❛t ρ s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥t
✐♥❡q✉❛❧✐t✐❡s ✭✸✳✶✳✹✮✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ ❝♦✉♣❧❡ (ρ, y) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦
Pr♦❜❧❡♠ ✭✸✳✶✳✶✮✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡❞ ❛♥ ❡①✐st❡♥❝❡ r❡s✉❧t ❢♦r L∞ ✐♥✐t✐❛❧ ❞❛t❛✱ ❜✉t ✇❡ ❤❛✈❡ ♥♦ ❣✉❛r❛♥t❡❡
♦❢ ✉♥✐q✉❡♥❡ss s✐♥❝❡ ❛ ♣r✐♦r✐ ✇❡ ❤❛✈❡ ♥♦ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ BV r❡❣✉❧❛r✐t② ♦❢ s✉❝❤
s♦❧✉t✐♦♥s✳
❆ss✉♠♣t✐♦♥ ✭✸✳✷✳✺✮ ❡♥s✉r❡s t❤❡ ❝♦♠♣❛❝t♥❡ss ❢♦r s❡q✉❡♥❝❡s ♦❢ ❡♥tr♦♣② s♦❧✉t✐♦♥s t♦ ❝♦♥s❡r✈❛t✐♦♥
❧❛✇s ✇✐t❤ ✢✉① ❢✉♥❝t✐♦♥ F ✳ ❍♦✇❡✈❡r✱ ✐t ♣r❡✈❡♥ts ✉s ❢r♦♠ ✉s✐♥❣ ✢✉① ❢✉♥❝t✐♦♥s ✇✐t❤ ❧✐♥❡❛r ♣❛rts✱
❧✐❦❡ ✐♥ ❋✐❣✉r❡ ✺ ✭r✐❣❤t✮ ✕ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❝♦♥st❛♥t tr❛✣❝ ✈❡❧♦❝✐t② ❢♦r s♠❛❧❧ ❞❡♥s✐t✐❡s ✕
✇❤❡r❡❛s s✉❝❤ ❢✉♥❞❛♠❡♥t❛❧ ❞✐❛❣r❛♠s ❛r❡ ♦❢t❡♥ ✉s❡❞ ✐♥ tr❛✣❝ ♠♦❞❡❧✐♥❣✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡
♥❡①t s❡❝t✐♦♥ ✇✐❧❧ ❡①t❡♥❞ t♦ t❤✐s ✐♥t❡r❡st✐♥❣ ❝❛s❡✱ ✉♥❞❡r t❤❡ ❡①tr❛ BV ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❞❛t❛✳

✸✳✷✳✸ ❲❡❧❧✲♣♦s❡❞♥❡ss ❢♦r BV ❞❛t❛

❚♦ ♦❜t❛✐♥ ❝♦♠♣❛❝t♥❡ss ❢♦r (ρν)ν ✱ ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ s❡tt✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✸✳✷✳✷ ✐s t♦ ❞❡r✐✈❡
✉♥✐❢♦r♠ BV ❜♦✉♥❞s✳

❚❤❡♦r❡♠ ✸✳✷✳✸✳ ❋✐① ρ0 ∈ BV(R; [0, 1]) ❛♥❞ y0 ∈ R✳ ❙✉♣♣♦s❡ t❤❛t f ✐s ▲✐♣s❝❤✐t③✱ ❝♦♥❝❛✈❡
❛♥❞ s❛t✐s✜❡s ✭✶✳✵✳✶✮✲✭✸✳✶✳✻✮✳ ❙✉♣♣♦s❡ ❛❧s♦ t❤❛t

∀s ∈ [0, ‖ω‖L∞ ] , F (s, ·) ∈ C1([0, 1]\{ρs}), ✭✸✳✷✳✻✮
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✇❤❡r❡ ρs = ❛r❣♠❛①
ρ∈[0,1]

F (s, ρ)✳ ❋✐♥❛❧❧② ❛ss✉♠❡ t❤❛t Q s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥

∃ε > 0, ∀s ∈ [0, ‖ω‖L∞ ], Q(s) ≤ max
ρ∈[0,1]

F (s, ρ)− ε. ✭✸✳✷✳✼✮

❚❤❡♥ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✐s ❛❧s♦ BV✲r❡❣✉❧❛r✳

Pr♦♦❢✳ ❋✐① ν > 0✳ ❘❡❝❛❧❧ t❤❛t (ρν , yν) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✸✳✷✳✶✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱
ρν ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦♥str❛✐♥❡❞ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✐♥ ✭✸✳✷✳✶✮ ✐♥ t❤❡ s❡♥s❡ ♦❢
❉❡✜♥✐t✐♦♥ ✸✳✶✳✶ ✭✐✮✲✭✐✐✮✲✭✐✐✐✮✳ ■t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ s♣❧✐tt✐♥❣ ❝♦♥str✉❝t✐♦♥ t❤❛t ❢♦r ❛✳❡✳ t ∈ (0, T )✱

σν(t) = ω

(✂
R

ρν(x, t− ν)µ(x) dx

)
.

❋♦❧❧♦✇✐♥❣ t❤❡ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✸✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ❢♦r ❛❧❧ ν > 0✱ σν ∈
BV([0, T ];R+)✳ ❊✈❡♥ ♠♦r❡ t❤❛♥ t❤❛t✱ ❜② ❞♦✐♥❣ s♦ ✇❡ s❤♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡ (TV(σν))ν ✐s
❜♦✉♥❞❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❡q✉❡♥❝❡ (TV(sν))ν ✐s ❜♦✉♥❞❡❞ ❛s ✇❡❧❧✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ Q ✈❡r✐✜❡s
✭✸✳✷✳✼✮✱ ❛❧❧ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❈♦r♦❧❧❛r② ✶✳✻✳✼ ❛r❡ ❢✉❧✜❧❧❡❞✿ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cε > 0 s✉❝❤
t❤❛t ❢♦r ❛❧❧ t ∈ [0, T ]✱

TV(ρν(·, t)) ≤ TV(ρ0) + 4 +Cε (TV(qν) +TV(sν))

≤ TV(ρ0) + 4 +Cε(1 + ‖Q′‖L∞)TV(sν).
✭✸✳✷✳✽✮

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ s❡q✉❡♥❝❡ (ρν)ν ✐s ❜♦✉♥❞❡❞ ✐♥ L∞((0, T );BV(R))✳ ❆ ❝❧❛ss✐❝❛❧ ❛♥❛❧②s✐s ❛r❣✉✲
♠❡♥t✱ s❡❡ ❬✼✽✱ ❆♣♣❡♥❞✐①❪ ♦r ❬✾✽✱ ❚❤❡♦r❡♠ ❆✳✽❪✱ ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ρ ∈ C([0, T ];L1

loc(R))
s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ ρν → ρ ❛✳❡✳ ♦♥ R × (0, T )✳ ❲✐t❤ t❤✐s ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ❝❛♥
❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✷ t♦ s❤♦✇ t❤❛t (ρ, y) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✳✶✮✳
❚❤❡♥✱ ✇❤❡♥ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✸✳✷✳✽✮✱ t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ BV s❡♠✐✲♥♦r♠
❡♥s✉r❡s t❤❛t (ρ, y) ✐s ❛❧s♦ BV✲r❡❣✉❧❛r✳ ❇② ❘❡♠❛r❦ ✸✳✶✳✸✱ ✐t ❡♥s✉r❡s ✉♥✐q✉❡♥❡ss ❛♥❞ ❝♦♥❝❧✉❞❡s
t❤❡ ♣r♦♦❢✳ �

✸✳✷✳✹ ❙t❛❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥

❚♦ ❡♥❞ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♥♦✇ st✉❞② t❤❡ st❛❜✐❧✐t② ♦❢ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡✐❣❤t
❢✉♥❝t✐♦♥ µ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t

(
µℓ
)
ℓ
⊂ BV(R;R+) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s t❤❛t

❝♦♥✈❡r❣❡s t♦ µ ✐♥ t❤❡ ✇❡❛❦ L1 s❡♥s❡✿

∀g ∈ L∞(R),

✂
R

g(x)µℓ(x) dx −→
ℓ→+∞

✂
R

g(x)µ(x) dx . ✭✸✳✷✳✾✮

▲❡t (yℓ0)ℓ ⊂ R ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs t❤❛t ❝♦♥✈❡r❣❡s t♦ s♦♠❡ y0 ❛♥❞ ❧❡t (ρℓ0)ℓ ⊂
L1(R; [0, 1]) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ t❤❛t ❝♦♥✈❡r❣❡s t♦ ρ0 ✐♥ t❤❡ str♦♥❣ L1 s❡♥s❡✳ ❲❡
s✉♣♣♦s❡ t❤❛t t❤❡ ✢✉① ❢✉♥❝t✐♦♥ f ✐s ▲✐♣s❝❤✐t③✱ ❝♦♥❝❛✈❡ ❛♥❞ s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥s ✭✶✳✵✳✶✮✲
✭✸✳✶✳✻✮✲✭✸✳✷✳✺✮✳ ❚❤❡♦r❡♠ ✸✳✷✳✷ ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❢♦r ❛❧❧ ℓ ∈ N✱ t❤❡ ❝♦✉♣❧❡ (ρℓ, yℓ) ❛s ❛♥
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❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✱ s❡t ✉♣ ✐♥ R× (0, T )✿





∂tρ
ℓ + ∂x

(
F (ẏℓ(t), ρℓ)

)
= 0

ρℓ(·, 0) = ρℓ0(·+ yℓ0)

F (ẏℓ(t), ρℓ)
∣∣
x=0

≤ Q(ẏℓ(t))

ẏℓ(t) = ω

(✂
R

ρℓ(x, t)µℓ(x) dx

)

yℓ(0) = yℓ0.

❘❡♠❛r❦ ✸✳✷✳✷✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ❘❡♠❛r❦ ✸✳✷✳✶ ❛♥❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠
✸✳✷✳✷✱ ✇❡ ❣❡t t❤❛t ✉♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱ (yℓ)ℓ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ♦♥ [0, T ]
t♦ s♦♠❡ y ∈ C([0, T ]) ❛♥❞ (ρℓ)ℓ ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ R× (0, T ) t♦ s♦♠❡ ρ ∈ L∞(R× (0, T ))✳

❚❤❡♦r❡♠ ✸✳✷✳✹✳ ❚❤❡ ❝♦✉♣❧❡ (ρ, y) ❝♦♥str✉❝t❡❞ ❛❜♦✈❡ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ Pr♦❜✲
❧❡♠ ✭✸✳✶✳✶✮✳

Pr♦♦❢✳ ❚❤❡ s❡q✉❡♥❝❡ (µℓ)ℓ ❝♦♥✈❡r❣❡s ✐♥ t❤❡ ✇❡❛❦ L1 s❡♥s❡ ❛♥❞ ✐s ❜♦✉♥❞❡❞ ✐♥ L1(R)❀ ❜② t❤❡
❉✉♥❢♦r❞✲P❡tt✐s t❤❡♦r❡♠✱ t❤✐s s❡q✉❡♥❝❡ ✐s ❡q✉✐✲✐♥t❡❣r❛❜❧❡✿

∀ε > 0, ∃α > 0, ∀A ∈ B(R), ♠❡s(A) < α =⇒ ∀ℓ ∈ N,

✂
A

µℓ(x) dx ≤ ε ✭✸✳✷✳✶✵✮

❛♥❞

∀ε > 0, ∃X > 0, ∀ℓ ∈ N,

✂
|x|≥X

µℓ(x) dx ≤ ε. ✭✸✳✷✳✶✶✮

❋✐① t ∈ (0, T ) ❛♥❞ ε > 0✳ ❋✐① α,X > 0 ❣✐✈❡♥ ❜② ✭✸✳✷✳✶✵✮ ❛♥❞ ✭✸✳✷✳✶✶✮✳ ❊❣♦r♦✛ t❤❡♦r❡♠ ②✐❡❧❞s
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠❡❛s✉r❛❜❧❡ s✉❜s❡t Et ⊂ [−X,X] s✉❝❤ t❤❛t

♠❡s([−X,X]\Et) < α ❛♥❞ ρℓ(·, t) −→ ρ(·, t) ✉♥✐❢♦r♠❧② ♦♥ Et.

❋♦r ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ℓ ∈ N✱
∣∣∣∣
✂
R

ρℓ(x, t)µℓ(x) dx−
✂
R

ρ(x, t)µ(x) dx

∣∣∣∣

≤
✂
|x|≥X

|ρℓ − ρ|µℓ dx+

∣∣∣∣
✂
Et

(ρℓ − ρ)µℓ dx

∣∣∣∣+
∣∣∣∣
✂
[−X,X]\Et

(ρℓ − ρ)µℓ dx

∣∣∣∣+
∣∣∣∣
✂
R

ρµℓ dx−
✂
R

ρµ dx

∣∣∣∣

≤ ε+ ‖ρℓ − ρ‖L∞(Et)

✂
Et

µℓ(x) dx+

✂
[−X,X]\Et

µℓ(x) dx+ ε ≤ 4ε,

✇❤✐❝❤ ♣r♦✈❡s t❤❛t ❢♦r ❛✳❡✳ t ∈ (0, T )✱

✂
R

ρℓ(x, t)µℓ(x) dx −→
ℓ→+∞

✂
R

ρ(x, t)µ(x) dx . ✭✸✳✷✳✶✷✮
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❲❡ ❣❡t t❤❛t y ✈❡r✐✜❡s t❤❡ ✇❡❛❦ ❖❉❊ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✳✺✮ ❜② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥

yℓ(t) = yℓ0 +

✂ t

0

ω

(✂
R

ρℓ(x, u)µℓ(x) dx

)
du .

❇② ❞❡✜♥✐t✐♦♥✱ ❢♦r ❛❧❧ ℓ ∈ N✱ t❤❡ ❝♦✉♣❧❡ (ρℓ, yℓ) s❛t✐s✜❡s t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❡♥tr♦♣②✴❝♦♥str❛✐♥t
✐♥❡q✉❛❧✐t✐❡s ✭✸✳✶✳✸✮✲✭✸✳✶✳✹✮ ✇✐t❤ s✉✐t❛❜❧❡ ✢✉①✴❝♦♥str❛✐♥t ❢✉♥❝t✐♦♥s✳ ❆♣♣❧②✐♥❣ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s
✇✐t❤ τ = 0✱ τ ′ = T ✱ ϕ ∈ C∞

c (R∗ × [0, T )), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ ✇❡ ❣❡t

✂ T

0

✂
R

(
|ρℓ − κ|∂tϕ+ Φẏℓ(t)(ρ

ℓ, κ)∂xϕ

)
dx dt+

✂
R

|ρℓ0(x+ yℓ0)− κ|ϕ(x, 0) dx ≥ 0.

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ω ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✸✳✷✳✶✷✮ ❡♥s✉r❡ t❤❛t (ẏℓ)ℓ ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦ ẏ✳ ❚❤✐s✱
❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (ρℓ)ℓ t♦ ρ ❛♥❞ ❘✐❡s③✲❋r❡❝❤❡t✲❑♦❧♠♦❣♦r♦✈ t❤❡♦r❡♠ ✕(
ρℓ0
)
ℓ
❜❡✐♥❣ str♦♥❣❧② ❝♦♠♣❛❝t ✐♥ L1(R) ✕ ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ✇❤❡♥ ❧❡tt✐♥❣ ℓ → +∞ ✐♥

t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡✱ ✇❡ ❣❡t✱ ✉♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱ t❤❛t

✂ T

0

✂
R

(
|ρ− κ|∂tϕ+ Φẏ(t)(ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x+ y0)− κ|ϕ(x, 0) dx ≥ 0.

❈♦♥s❡q✉❡♥t❧② ρ ∈ C([0, T ];L1
loc(R))✱ s❡❡ ❘❡♠❛r❦ ✸✳✶✳✶✳ ❋✐♥❛❧❧②✱ t❤❡ ❝♦♠❜✐♥❡❞ ❛✳❡✳ ❝♦♥✈❡r✲

❣❡♥❝❡s ♦❢ (ẏℓ)ℓ ❛♥❞ (ρℓ)ℓ t♦ ẏ ❛♥❞ ρ✱ r❡s♣❡❝t✐✈❡❧②✱ ❣✉❛r❛♥t❡❡ t❤❛t (ρ, y) ✈❡r✐✜❡s ✐♥❡q✉❛❧✐t✐❡s
✭✸✳✶✳✸✮✲✭✸✳✶✳✹✮ ❢♦r ❛❧♠♦st ❡✈❡r② 0 ≤ τ < τ ′ ≤ T ✳ ❚❤❡ s❛♠❡ ❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥t ✇❡ ✉s❡❞ ✐♥
t❤❡ ♣r♦♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✷ ❤♦❧❞s ❤❡r❡ t♦ ❡♥s✉r❡ t❤❛t (ρ, y) ❛❝t✉❛❧❧② s❛t✐s✜❡s t❤❡ ✐♥❡q✉❛❧✐t✐❡s ❢♦r
❛❧❧ 0 ≤ τ < τ ′ ≤ T ✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ♦✉r st❛❜✐❧✐t② ❝❧❛✐♠✳ �

✸✳✷✳✺ ❉✐s❝✉ss✐♦♥

❚❤❡ ❧❛st s❡❝t✐♦♥ ❝♦♥❝❧✉❞❡s t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮✳ ❚❤❡ ♥♦♥❧♦❝❛❧✐t② ✐♥
s♣❛❝❡ ♦❢ t❤❡ ❝♦♥str❛✐♥t ❞❡❧✐✈❡rs ❛♥ ❡❛s② ♣r♦♦❢ ♦❢ st❛❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥
t❤❡ BV ❢r❛♠❡✇♦r❦✳ ❆❧t❤♦✉❣❤ ❛ ♣r♦♦❢ ♦❢ ❡①✐st❡♥❝❡ ✉s✐♥❣ ❛ ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠ ✇❛s ♣♦ss✐❜❧❡
✭❝❢✳ ❬✶✵❪✮✱ ✇❡ ❝❤♦s❡ t♦ ♣r♦♣♦s❡ ❛ ♣r♦♦❢ ❜❛s❡❞ ♦♥ ❛ t✐♠❡✲s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✳ ❚❤❡ st❛❜✐❧✐t② ✇✐t❤
r❡s♣❡❝t t♦ µ ✐s ❛ ♥♦t❡✇♦rt❤② ❢❡❛t✉r❡✱ ✇❤✐❝❤ s❤♦✇s ❛ ❝❡rt❛✐♥ st✉r❞✐♥❡ss ♦❢ t❤❡ ♠♦❞❡❧✳ ❍♦✇❡✈❡r✱
t❤❡ ❝❛s❡ ✇❡ ❤❛❞ ✐♥ ♠✐♥❞ ✕ ♥❛♠❡❧② µ→ δ0+ ✕ ✐s ♥♦t r❡❛❝❤❛❜❧❡ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥s ✇❡ ✉s❡❞
t♦ ♣r♦✈❡ t❤❡ st❛❜✐❧✐t②✱ ❡s♣❡❝✐❛❧❧② ✭✸✳✷✳✾✮✳ ❲❡ ✇✐❧❧ ❡①♣❧♦r❡ t❤✐s s✐♥❣✉❧❛r ❧✐♠✐t ♥✉♠❡r✐❝❛❧❧②✱ ❛❢t❡r
❤❛✈✐♥❣ ❜✉✐❧t ❛ r♦❜✉st ❝♦♥✈❡r❣❡♥t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢♦r Pr♦❜❧❡♠ ✭✸✳✶✳✶✮✳ ▲❡t ✉s ❛❧s♦ ✉♥❞❡r✲
❧✐♥❡ t❤❛t ✉♥❧✐❦❡ ✐♥ ❬✶✷✸✱ ✶✷✹❪ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs r❡q✉✐r❡❞ ❛ ♣❛rt✐❝✉❧❛r ❢♦r♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥
ω t♦ ♣r♦✈❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ❢♦r t❤❡✐r ♠♦❞❡❧✱ ♦✉r r❡s✉❧t ❤♦❧❞s ❛s ❧♦♥❣ ❛s ω ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✳

❆s ❡✈♦❦❡❞ ❡❛r❧✐❡r✱ t❤❡ ♥♦♥❧♦❝❛❧✐t② ✐♥ s♣❛❝❡ ♦❢ t❤❡ ❝♦♥str❛✐♥t ♠❛❦❡s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞② ♦❢
t❤❡ ♠♦❞❡❧ ❡❛s✐❡r✳ ❇✉t ✐♥ t❤❡ ♠♦❞❡❧✐♥❣ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ❝❤♦✐❝❡ ❛❧s♦ ♠❛❦❡s s❡♥s❡ ❢♦r s❡✈❡r❛❧
r❡❛s♦♥s✳ ❋✐rst ♦❢ ❛❧❧✱ ♦♥❡ ❝❛♥ t❤✐♥❦ t❤❛t t❤❡ ✈❡❧♦❝✐t② ẏ ♦❢ t❤❡ s❧♦✇ ♠♦✈✐♥❣ ✈❡❤✐❝❧❡ ✕ ✉♥❧✐❦❡ ✐ts
❛❝❝❡❧❡r❛t✐♦♥ ✕ ✐s ❛ r❛t❤❡r ❝♦♥t✐♥✉♦✉s ✈❛❧✉❡✳ ❊✈❡♥ ✐❢ t❤❡ ❞r✐✈❡r ♦❢ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ s✉❞❞❡♥❧②
❛♣♣❧✐❡s t❤❡ ❜r❛❦❡s✱ t❤❡ ✈❡❤✐❝❧❡ ✇✐❧❧ ♥♦t ❞❡❝❡❧❡r❛t❡ ✐♥st❛♥t❛♥❡♦✉s❧②✳ ◆♦t❡ t❤❛t t❤❡ ▲❲❘ ♠♦❞❡❧
❛❧❧♦✇s ❢♦r ❞✐s❝♦♥t✐♥✉♦✉s ❛✈❡r❛❣❡❞ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❛❣❡♥ts✱ ❤♦✇❡✈❡r ✇❤✐❧❡ ♠♦❞❡❧✐♥❣ t❤❡ s❧♦✇
✈❡❤✐❝❧❡ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❛❣❡♥t ❛♥❞ ❝❛♥ ♠♦❞❡❧ ✐ts ❜❡❤❛✈✐♦r ♠♦r❡ ♣r❡❝✐s❡❧②✳
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▼♦r❡♦✈❡r✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ tr❛✣❝ ❞❡♥s✐t② ✐♥ ❛ ✈✐❝✐♥✐t② ❛❤❡❛❞ ♦❢ t❤❡ ❞r✐✈❡r
❝♦✉❧❞ ❜❡ s❡❡♥ ❛t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❜♦t❤ t❤❡ ❞r✐✈❡r ❛♥t✐❝✐♣❛t✐♦♥ ❛♥❞ ❛ ♣s②❝❤♦❧♦❣✐❝❛❧ ❡✛❡❝t✳
❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ ❞r✐✈❡r s❡❡s ✕ s❡✈❡r❛❧ ❞♦③❡♥s ♦❢ ♠❡t❡rs ❛❤❡❛❞ ♦❢ ❤✐♠✴❤❡r ✕ ❛ s♣❡❡❞ r❡❞✉❝t✐♦♥
♦♥ tr❛✣❝✱ ❤❡✴s❤❡ ✇✐❧❧ st❛rt t♦ s❧♦✇ ❞♦✇♥✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ❢❛❝t t❤❛t✱
❝♦♠♣❛r❡❞ t♦ t❤❡ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ♠♦❞❡❧s ✇❤❡r❡ t❤❡ t②♣✐❝❛❧ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✐s ❣♦✈❡r♥❡❞ ❜②
t❤❡ ❆✈♦❣❛❞r♦ ❝♦♥st❛♥t✱ ✐♥ tr❛✣❝ ♠♦❞❡❧s t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✐s ❛t ❧❡❛st 1020 t✐♠❡s ❧❡ss✳
❚❤❡r❡❢♦r❡✱ ❛ ♠✐❧❞ ♥♦♥❧♦❝❛❧✐t② ✭❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❞♦✇♥str❡❛♠ tr❛✣❝ ✢♦✇ ✈✐❛ ❛✈❡r❛❣✐♥❣ ♦✈❡r
❛ ❤❛♥❞❢✉❧ ♦❢ ♣r❡❝❡❞✐♥❣ ❝❛rs✮ ✐s ❛ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ tr❛✣❝ ♠♦❞❡❧s
✐♥s♣✐r❡❞ ❜② ✢✉✐❞ ♠❡❝❤❛♥✐❝s✳ ❚❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s ❡①♣❧♦✐t❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ♦❢ ❬✺✷❪✳ ◆♦t❡ t❤❛t
✐t ✐s ❢❡❛s✐❜❧❡ t♦ s✉❜st✐t✉t❡ t❤❡ ❜❛s✐❝ ▲❲❘ ❡q✉❛t✐♦♥ ♦♥ ρ ❜② t❤❡ ♥♦♥❧♦❝❛❧ ▲❲❘ ✐♥tr♦❞✉❝❡❞ ✐♥
❬✺✷❪ ✐♥ ♦✉r ♥♦♥❧♦❝❛❧ ♠♦❞❡❧ ❢♦r t❤❡ s❧♦✇ ✈❡❤✐❝❧❡✳ ❙✉❝❤ ♠✐❧❞❧② ♥♦♥❧♦❝❛❧ ♠♦❞❡❧ r❡♠❛✐♥s ❝❧♦s❡ t♦
t❤❡ ❜❛s✐❝ ❧♦❝❛❧ ♠♦❞❡❧ ♦❢ ❬✼✵❪✳ ■t ❝❛♥ ❜❡ st✉❞✐❡❞ ❝♦♠❜✐♥✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s ♦❢ ❬✺✷❪ ❛♥❞ t❤❡ ♦♥❡s
✇❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

✸✳✸ ◆✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛✐♠ ❛t ❝♦♥str✉❝t✐♥❣ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❛♥❞ ❛t ♣r♦✈✐♥❣ ✐ts ❝♦♥✈❡r❣❡♥❝❡
t♦✇❛r❞ t❤❡ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥ t♦ ✭✸✳✶✳✶✮✳ ❚❤❡ r❡❛s♦♥✐♥❣ ✐s ❛ ❞✐r❡❝t ❛❞❛♣t❛t✐♦♥ ♦❢ ✇❤❛t ✇❡
♣r♦♣♦s❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ ❢r♦♠ ✇❤❡r❡ ✇❡ ❦❡❡♣ t❤❡ ♥♦t❛t✐♦♥s✳

❋✐① ρ0 ∈ L∞(R; [0, 1]) ❛♥❞ y0 ∈ R✳

✸✳✸✳✶ ❋✐♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ✐♥ t❤❡ ❜✉s ❢r❛♠❡

❚❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s X = x− y(t) tr❛♥s❢♦r♠s t❤❡ ♣r♦❜❧❡♠ ✐♥t♦ ❛ ❝❧❛ss✐❝❛❧ ✜①❡❞ ✐♥t❡r❢❛❝❡
♣♦✐♥t ❝♦♥str❛✐♥t ♣r♦❜❧❡♠❀ ♦♥❡ t❤❛t ❢❛❧❧s ✐♥t♦ t❤❡ ❢r❛♠❡✇♦r❦ ❝♦✈❡r❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ ❙❡❝t✐♦♥
✶✳✻✱ ✇❤❡r❡ ✇❡ ♣r❡❝✐s❡❧② ❞❡❛❧t ✇✐t❤ ❛ t✐♠❡ ❞❡♣❡♥❞❡♥t ✢✉①✳

❋✐rst✱ ❧❡t ✉s ❞✐s❝r❡t✐③❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ρ0(·+ y0) ❛♥❞ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ µ ✇✐t❤
(
ρ0j+1/2

)
j∈Z

❛♥❞
(
µj+1/2

)
j∈Z

✇❤❡r❡ ❢♦r ❛❧❧ j ∈ Z✱ ρ0j+1/2 ❛♥❞ µj+1/2 ❛r❡ t❤❡✐r ♠❡❛♥ ✈❛❧✉❡s ♦♥ t❤❡ ❝❡❧❧
(xj, xj+1)✳

❋✐① n ∈ N✳ ❆t t❤❡ t✐♠❡ st❡♣ tn✱ ✇❡ ✜rst ❞❡✜♥❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡
sn ❛♥❞ ❛ ❝♦♥str❛✐♥t ❧❡✈❡❧ qn✿

sn = ω

(
∑

j∈Z

ρnj+1/2µj+1/2∆x

)
; qn = Q (sn) . ✭✸✳✸✳✶✮

❲✐t❤ t❤❡s❡ ✈❛❧✉❡s✱ ✇❡ ✉♣❞❛t❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ tr❛✣❝ ❞❡♥s✐t② ✇✐t❤ t❤❡ ♠❛r❝❤✐♥❣ ❢♦r♠✉❧❛ ❢♦r
❛❧❧ j ∈ Z✿

ρn+1
j+1/2 = ρnj+1/2 −

∆t

∆x

(
Fn

j+1(ρ
n
j+1/2, ρ

n
j+3/2)− Fn

j (ρ
n
j−1/2, ρ

n
j+1/2)

)
, ✭✸✳✸✳✷✮

✇❤❡r❡✱ ❢♦❧❧♦✇✐♥❣ t❤❡ r❡❝✐♣❡ ♦❢ ❬✶✹✱ ✺✶❪ ❛♥❞ ❙❡❝t✐♦♥ ✶✳✻✱

Fn
j (a, b) =

{
Fn(a, b) ✐❢ j 6= 0

min {Fn(a, b), qn} ✐❢ j = 0,
✭✸✳✸✳✸✮
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Fn = Fn(a, b) ❜❡✐♥❣ ❛ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ t♦ F (sn, ·)✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✶
❛♥❞ ❊①❛♠♣❧❡ ✶✳✶✳✶✳ ❚❤❡ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ♦❢ t❤❡ s❝❤❡♠❡ r❡❛❞s✿

ρn+1
j+1/2 = Hn

j (ρ
n
j−1/2, ρ

n
j+1/2, ρ

n
j+3/2), ✭✸✳✸✳✹✮

✇❤❡r❡ Hn
j ✐s ❣✐✈❡♥ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✳✷✮✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡

❢✉♥❝t✐♦♥s
• ρ∆(x, t) =

∑

n∈N

∑

j∈Z

ρnj+1/21Pn
j+1/2

(x, t)

• s∆(t), q∆(t) = sn, qn ✐❢ t ∈ [tn, tn+1)

• y∆(t) = y0 +

✂ t

0

s∆(u) du .

■♥ t❤❡ ♣r❡s❡♥t ❢r❛♠❡✇♦r❦✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ r❡❛❞s ✭λ = ∆t/∆x✮✿

λ sup
s∈[0,‖ω‖L∞ ]

(∥∥∥∥
∂Fs

∂a

∥∥∥∥
L∞

+

∥∥∥∥
∂Fs

∂b

∥∥∥∥
L∞

)

︸ ︷︷ ︸
L

≤ 1, ✭✸✳✸✳✺✮

✇❤❡r❡ Fs = Fs(a, b) ✐s t❤❡ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ t♦ F (s, ·) ✇❡ ✉s❡ ✐♥ ✭✸✳✸✳✷✮✳

❘❡♠❛r❦ ✸✳✸✳✶✳ ❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ♦♥❡ ♦❢ t❤❡ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥
❊①❛♠♣❧❡ ✶✳✶✳✶✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦✿

2λ(‖f ′‖L∞ + ‖ω‖L∞) ≤ 1.

✸✳✸✳✷ L∞ st❛❜✐❧✐t② ❛♥❞ ❛♣♣r♦①✐♠❛t❡ ✐♥❡q✉❛❧✐t✐❡s

❚❤❡ r❡s✉❧ts ❛r❡ st❛t❡❞ ✇✐t❤♦✉t ♣r♦♦❢✱ ✇❡ r❡❢❡r t♦ ❈❤❛♣t❡r ✶✱ ❙❡❝t✐♦♥s ✶✳✷✲✶✳✸ ❛♥❞ ✶✳✻ ❢♦r ❛❧❧
t❤❡ ❞❡t❛✐❧s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ✭L∞ st❛❜✐❧✐t②✮✳ ❚❤❡ s❝❤❡♠❡ ✭✸✳✸✳✹✮ ✐s ♠♦♥♦t♦♥❡ ❛♥❞ st❛❜❧❡✿

∀n ∈ N, ∀j ∈ Z, ρnj+1/2 ∈ [0, 1]. ✭✸✳✸✳✻✮

❈♦r♦❧❧❛r② ✸✳✸✳✷ ✭❉✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭✸✳✸✳✹✮ ❢✉❧✜❧❧s t❤❡
❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❢♦r ❛❧❧ n ∈ N✱ j ∈ Z ❛♥❞ κ ∈ [0, 1]✿

|ρn+1
j+1/2 − κ| ≤





|ρnj+1/2 − κ| − λ
(
Φn

j+1 − Φn
j

)
✐❢ j /∈ {−1, 0}

|ρn−1/2 − κ| − λ
(
Φn

int − Φn
−1

)
∆t+ λR(κ, qn) ✐❢ j = −1

|ρn1/2 − κ| − λ (Φn
1 − Φn

int)∆t+ λR(κ, qn) ✐❢ j = 0,

✭✸✳✸✳✼✮

✇❤❡r❡ R(κ, qn) ✇❛s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✵✳✶✱ ❛♥❞ Φn
j ❛♥❞ Φn

int ❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❡♥tr♦♣②
✢✉①❡s✿

Φn
j = F(ρnj−1/2 ∨ κ, ρnj+1/2 ∨ κ)− F(ρnj−1/2 ∧ κ, ρnj+1/2 ∧ κ);

Φn
int = min{F(ρn−1/2 ∨ κ, ρn1/2 ∨ κ), qn} −min{F(ρn−1/2 ∧ κ, ρn1/2 ∧ κ), qn}.
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✇❤❡r❡ Rsn(κ, q
n) = F (sn, κ)−min{F (sn, κ), qn}✱ ❛♥❞ Φn

j ✱ Φ
n
int ❞❡♥♦t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❡♥tr♦♣②

✢✉①❡s✿

Φn
j = Fn(ρnj−1/2 ∨ κ, ρnj+1/2 ∨ κ)− Fn(ρnj−1/2 ∧ κ, ρnj+1/2 ∧ κ),

Φn
int = min{Fn(ρn−1/2 ∨ κ, ρn1/2 ∨ κ), qn} −min{Fn(ρn−1/2 ∧ κ, ρn1/2 ∧ κ), qn}.

❆s ✐♥ Pr♦♣♦s✐t✐♦♥s ✶✳✸✳✶✲✶✳✸✳✷✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✢✉① ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡
✢✉① ❢✉♥❝t✐♦♥✿

Φ∆(ρ∆, κ) =
∑

n∈N

∑

j∈Z

Φn
j 1Pn

j+1/2
; F∆ (s∆, ρ∆) =

∑

n∈N

∑

j∈Z

Fn(ρnj−1/2, ρ
n
j+1/2)1Pn

j+1/2
.

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸ ✭❆♣♣r♦①✐♠❛t❡ ❡♥tr♦♣②✴❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s✮✳ ❋✐① ϕ ∈ C∞
c (R×[0, T )), ϕ ≥

0✱ κ ∈ [0, 1] ❛♥❞ 0 ≤ τ < τ ′ ≤ T ✳ ❚❤❡♥ ❛s ∆x,∆t→ 0✱ ✇❡ ❤❛✈❡

✂
R

|ρ∆(x, τ)− κ|ϕ(x, τ) dx−
✂
R

|ρ∆(x, τ ′)− κ|ϕ(x, τ ′) dx

+

✂ τ ′

τ

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆(ρ∆, κ)∂xϕ

)
dx dt+ 2

✂ τ ′

τ

Rs∆(t)(κ, q∆(t))ϕ(0, t) dt

≥ O(∆x) +O(∆t) .

✭✸✳✸✳✽✮

❛♥❞

✂
R+

ρ(x, τ ′)ϕ(x, τ ′) dx−
✂
R+

ρ(x, τ)ϕ(x, τ) dx

−
✂ τ ′

τ

✂
R+

(
ρ∆∂tϕ+ F∆(s∆, ρ∆)∂xϕ

)
dx dt ≤

✂ τ ′

τ

q∆(t)ϕ(0, t) dt+O(∆x) +O(∆t) .

✭✸✳✸✳✾✮

✸✳✸✳✸ ❈♦♠♣❛❝t♥❡ss

❚❤❡ ✜♥❛❧ st❡♣ ✐s t♦ ♦❜t❛✐♥ ❝♦♠♣❛❝t♥❡ss ❢♦r t❤❡ s❡q✉❡♥❝❡s (ρ∆)∆ ❛♥❞ (y∆)∆ ✐♥ ♦r❞❡r t♦ ♣❛ss
t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✸✳✸✳✽✮✲✭✸✳✸✳✾✮✳ ❲❡ st❛rt ✇✐t❤ (y∆)∆✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✹✳ ❋♦r ❛❧❧ t ∈ [0, T ]✱

y∆(t) = y0 +

✂ t

0

ω

(✂
R

ρ∆(x, u)µ(x) dx

)
du . ✭✸✳✸✳✶✵✮

❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐sts y ∈ C([0, T ]) s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ y∆ → y ✉♥✐❢♦r♠❧② ♦♥
[0, T ]✳
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Pr♦♦❢✳ ❋♦r ❛❧❧ t ∈ [0, T ]✱ ✐❢ t ∈ [tn, tn+1) ❢♦r s♦♠❡ n ∈ {0, . . . , N}✱ t❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡

y∆(t)− y0 =
n−1∑

k=0

✂ tk+1

tk
sk+1 du+

✂ t

tn
sn du

=
n−1∑

k=0

✂ tk+1

tk
ω

(
∑

j∈Z

✂
R

ρkj+1/2µj+1/2∆x

)
du+

✂ t

tn
ω

(
∑

j∈Z

✂
R

ρnj+1/2µj+1/2∆x

)
du

=

✂ t

0

ω

(✂
R

ρ∆(x, u)µ(x) dx

)
du .

▲❡t ✉s ❛❧s♦ ♣♦✐♥t ♦✉t t❤❛t ❢r♦♠ ✭✸✳✸✳✶✮✱ ✇❡ ❣❡t t❤❛t ❢♦r ❛❧❧ ∆ ❛♥❞ ❛❧♠♦st ❡✈❡r② t ∈ (0, T )✱

s∆(t) = ω

(✂
R

ρ∆(x, t)µ(x) dx

)
. ✭✸✳✸✳✶✶✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✸✳✶✵✮ ❛♥❞ ✭✸✳✸✳✶✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ ∆✱

‖ẏ∆‖L∞ = ‖s∆‖L∞ ≤ ‖ω‖L∞ ❛♥❞ ‖y∆‖L∞ ≤ |y0|+ T‖ω‖L∞ .

❚❤❡ s❡q✉❡♥❝❡ (y∆)∆ ✐s t❤❡r❡❢♦r❡ ❜♦✉♥❞❡❞ ✐♥ W1,∞((0, T ))✳ ▼❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❝♦♠♣❛❝t
❡♠❜❡❞❞✐♥❣ ♦❢ W1,∞((0, T )) ✐♥ C([0, T ])✱ ✇❡ ❣❡t t❤❡ ❡①✐st❡♥❝❡ ♦❢ y ∈ C([0, T ]) s✉❝❤ t❤❛t ✉♣
t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ s✉❜s❡q✉❡♥❝❡✱ (y∆)∆ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② t♦ y ♦♥ [0, T ]✳ �

❲❡ ♥♦✇ t✉r♥ t♦ (ρ∆)∆✳

●❧♦❜❛❧ ❇❱ ❜♦✉♥❞s

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ ▲❡♠♠❛ ✸✳✶✳✸ s♦ ✐t ✐s ❝♦♥s✐st❡♥t t❤❛t t❤❡ ♣r♦♦❢
✉s❡s t❤❡ ❞✐s❝r❡t❡ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♦♥❡s ✇❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✸✳

▲❡♠♠❛ ✸✳✸✳✺✳ ■♥tr♦❞✉❝❡ ❢♦r ❛❧❧ ∆ > 0 t❤❡ ❢✉♥❝t✐♦♥ ξ∆ ❞❡✜♥❡❞ ❢♦r ❛❧❧ t ∈ [0, T ] ❜②

ξ∆(t) =

✂
R

ρ∆(x, t)µ(x) dx .

❚❤❡♥ ξ∆ ❤❛s ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ s♦ ❞♦❡s s∆✳

Pr♦♦❢✳ ❙✐♥❝❡ µ ∈ BV(R)✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s (µℓ)ℓ∈N ⊂ BV(R) ∩
C∞

c (R) s✉❝❤ t❤❛t

‖µℓ − µ‖L1 −→
ℓ→+∞

0 ❛♥❞ TV(µℓ) −→
ℓ→+∞

TV(µ).

■♥tr♦❞✉❝❡ ❢♦r ❛❧❧ ℓ ∈ N ❛♥❞ t ∈ [0, T ]✱ t❤❡ ❢✉♥❝t✐♦♥ ξ∆,ℓ(t) =

✂
R

ρ∆(x, t)µℓ(x) dx ❛♥❞ ❧❡t K > 0

s✉❝❤ t❤❛t
∀ℓ ∈ N, ‖µℓ‖L1 ,TV(µℓ) ≤ K.
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❋♦r ❛❧❧ ℓ ∈ N ❛♥❞ t, τ ∈ [0, T ]✱ ✐❢ t ∈ [tp, tp+1) ❛♥❞ τ ∈ [tq, tq+1)✱ ❢♦r s♦♠❡ p, q ∈ N✱ t❤❡♥ ✇❡
❤❛✈❡

|ξ∆,ℓ(t)− ξ∆,ℓ(τ)| = |ξ∆,ℓ(t
p)− ξ∆,ℓ(t

q)|

=

∣∣∣∣
✂
R

ρ∆(x, t
p)µℓ(x) dx−

✂
R

ρ∆(x, t
q)µℓ(x) dx

∣∣∣∣

=

∣∣∣∣∣
∑

j∈Z

(ρpj+1/2 − ρqj+1/2)µ
ℓ
j+1/2∆x

∣∣∣∣∣ , µℓ
j+1/2 =

1

∆x

✂ xj+1

xj

µℓ(x) dx

=

∣∣∣∣∣
∑

j∈Z

p−1∑

k=q

(ρk+1
j+1/2 − ρkj+1/2)µ

ℓ
j+1/2∆x

∣∣∣∣∣

=

∣∣∣∣∣

p−1∑

k=q

∑

j∈Z

(
Fk

j (ρ
k
j−1/2, ρ

k
j+1/2)− Fk

j+1(ρ
k
j+1/2, ρ

k
j+3/2)

)
µℓ
j+1/2∆t

∣∣∣∣∣

=

∣∣∣∣∣

p−1∑

k=q

∑

j∈Z

Fk
j+1(ρ

k
j+1/2, ρ

k
j+3/2)(µ

ℓ
j+3/2 − µℓ

j+1/2)∆t

∣∣∣∣∣

≤ L

p−1∑

k=q

TV(µℓ)∆t ≤ LK(|t− τ |+ 2∆t).

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛❧❧ ℓ ∈ N✱ ∆ > 0 ❛♥❞ t, τ ∈ [0, T ]✱ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s✿

|ξ∆(t)− ξ∆(τ)| ≤ 2‖µ− µℓ‖L1 + LK(|t− τ |+ 2∆t).

▲❡tt✐♥❣ ℓ→ +∞✱ ✇❡ ❣❡t t❤❛t ❢♦r ❛❧❧ ∆ > 0 ❛♥❞ t, τ ∈ [0, T ]✱

|ξ∆(t)− ξ∆(τ)| ≤ LK(|t− τ |+ 2∆t),

✇❤✐❝❤ ❧❡❛❞s t♦

TV(ξ∆) =
N∑

k=0

∣∣ξ∆(tk+1)− ξ∆(t
k)
∣∣ ≤ 3LK(T +∆t).

❚❤✐s ♣r♦✈❡s t❤❛t ξ∆ ∈ BV([0, T ])✳ ❙✐♥❝❡ ω ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ s∆ ❛❧s♦ ❤❛s ❜♦✉♥❞❡❞
✈❛r✐❛t✐♦♥✳ �

❚❤❡♦r❡♠ ✸✳✸✳✻✳ ❋✐① ρ0 ∈ BV(R; [0, 1]) ❛♥❞ y0 ∈ R✳ ❙✉♣♣♦s❡ t❤❛t f ✐s ❝♦♥❝❛✈❡ ❛♥❞ s❛t✐s✜❡s
✭✶✳✵✳✶✮✲✭✸✳✶✳✻✮✲✭✸✳✷✳✻✮ ❛♥❞ t❤❛t Q s❛t✐s✜❡s ✭✸✳✷✳✼✮✳ ❙✉♣♣♦s❡ ❛❧s♦ t❤❛t ✐♥ ✭✸✳✸✳✸✮✱ ✇❡ ✉s❡ t❤❡
●♦❞✉♥♦✈ ✢✉① ✇❤❡♥ j = 0 ❛♥❞ ❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✇❤❡♥ j 6= 0✳ ❚❤❡♥ t❤❡r❡
❡①✐sts ρ ∈ L∞(R × (0, T )) ∩ C([0, T ];L1

loc(R))✱ s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ ρ∆ → ρ ❛✳❡✳
♦♥ R× (0, T )✳

Pr♦♦❢✳ ❆❧❧ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ▲❡♠♠❛ ✶✳✻✳✹ ❛r❡ ❢✉❧✜❧❧❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
Cε > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ n ∈ {0, . . . , N − 1}✱

TV
(
ρ∆(·, tn+1)

)
≤ TV(ρ0) + 4 +Cε

(
n∑

k=0

∣∣qk+1 − qk
∣∣+

n∑

k=0

∣∣sk+1 − sk
∣∣
)

≤ TV(ρ0) + 4 +Cε(1 + ‖Q′‖L∞)
n∑

k=0

∣∣sk+1 − sk
∣∣ .

✭✸✳✸✳✶✷✮
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▼❛❦✐♥❣ ✉s❡ ♦❢ ▲❡♠♠❛ ✸✳✸✳✺✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ n ∈ {0, . . . , N}✱
n∑

k=0

|sk+1−sk| =
n∑

k=0

|s∆(tk+1)−s∆(tk)| ≤ ‖ω‖L∞

n∑

k=0

|ξ∆(tk+1)−ξ∆(tk)| ≤ 3LK‖ω‖L∞(T+∆t).

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t K ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳✺✳ ❚❤❡ t✇♦ ❧❛st ✐♥❡q✉❛❧✐t✐❡s
✐♠♣❧② t❤❛t ❢♦r ❛❧❧ t ∈ [0, T ]✱ ✇❡ ❤❛✈❡

∀t ∈ [0, T ], TV(ρ∆(·, t)) ≤ TV(ρ0) + 4 + 3Cε(1 + ‖Q′‖L∞)‖ω‖L∞LK(T +∆t). ✭✸✳✸✳✶✸✮

❚❤❡r❡❢♦r❡✱ t❤❡ s❡q✉❡♥❝❡ (ρ∆)∆ ✐s ❜♦✉♥❞❡❞ ✐♥ L∞((0, T );BV(R))❀ ❬✼✽✱ ❆♣♣❡♥❞✐①❪ t❤❡♥ ♣r♦✲
✈✐❞❡s t❤❡ ❝♦♠♣❛❝t♥❡ss st❛t❡♠❡♥t✳ �

❖❙▲❈ t❡❝❤♥✐q✉❡

❲❡ st❛t❡ ✇✐t❤♦✉t ♣r♦♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛❝t❡♥❡ss r❡s✉❧t✳ ❚❤❡ r❡s✉❧t ❝♦♠❡s ❢r♦♠ t❤❡ st✉❞②
❞♦♥❡ ✐♥ ❙❡❝t✐♦♥s ✶✳✹✳✷✲✶✳✻✳

❚❤❡♦r❡♠ ✸✳✸✳✼✳ ❋✐① ρ0 ∈ L∞(R; [0, 1]) ❛♥❞ y0 ∈ R✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t f ∈ C2([0, 1] ✐s
str✐❝t❧② ❝♦♥❝❛✈❡✳ ❙✉♣♣♦s❡ ❛❧s♦ t❤❛t ✐♥ ✭✸✳✸✳✸✮✱ ✇❡ ✉s❡ ❡✐t❤❡r t❤❡ ●♦❞✉♥♦✈ ✢✉① ♦r t❤❡ ❊♥❣q✉✐st✲
❖s❤❡r ✢✉① ✇❤❡♥ j 6= 0 ❛♥❞ ❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✇❤❡♥ j = 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts
ρ ∈ L∞(R × (0, T )) ∩ C([0, T ];L1

loc(R))✱ s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ ρ∆ → ρ ❛✳❡✳ ♦♥
R× (0, T )✳

✸✳✸✳✹ ❈♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❡①✐st❡♥❝❡ r❡s✉❧ts

❲❡ ✇❡r❡ ❛❜❧❡ t♦ ❣❡t ❝♦♠♣❛❝t❡♥❡ss ✉s✐♥❣ t✇♦ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✱ ❛♥❞ ✉♥❞❡r t✇♦ ❞✐✛❡r❡♥t s❡ts ♦❢
❛ss✉♠♣t✐♦♥s✳ ❚❤✐s ✇✐❧❧ t♦ t✇♦ ❝♦♥✈❡r❣❡♥❝❡✴❡①✐st❡♥❝❡ r❡s✉❧ts✳ ❍♦✇❡✈❡r✱ ♥♦t❡ t❤❛t t❤❡ ♣r♦♦❢s
♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦♥❧② ❞✐✛❡r ✐♥ t❤❡ ♦❜t❛✐♥✐♥❣ ♦❢ ❝♦♠♣❛❝t❡♥❡ss✳

❚❤❡♦r❡♠ ✸✳✸✳✽✳ ❋✐① ρ0 ∈ BV(R; [0, 1]) ❛♥❞ y0 ∈ R✳ ❙✉♣♣♦s❡ t❤❛t f ✐s ❝♦♥❝❛✈❡ ❛♥❞ s❛t✐s✜❡s
✭✶✳✵✳✶✮✲✭✸✳✶✳✻✮✲✭✸✳✷✳✻✮ ❛♥❞ t❤❛t Q s❛t✐s✜❡s ✭✸✳✷✳✼✮✳ ❙✉♣♣♦s❡ ❛❧s♦ t❤❛t ✐♥ ✭✸✳✸✳✸✮✱ ✇❡ ✉s❡ t❤❡
●♦❞✉♥♦✈ ✢✉① ✇❤❡♥ j = 0 ❛♥❞ ❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✇❤❡♥ j 6= 0✳ ❚❤❡♥ ✉♥❞❡r
t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✸✳✸✳✺✮✱ t❤❡ s❝❤❡♠❡ ✭✸✳✸✳✶✮ ✕ ✭✸✳✸✳✸✮ ❝♦♥✈❡r❣❡s t♦ ❛ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥
ρ t♦ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cε > 0 s✉❝❤ t❤❛t

∀t ∈ [0, T ], TV(ρ(·, t)) ≤ TV(ρ0) + 4 + 3Cε(1 + ‖Q′‖L∞)‖ω‖L∞LKT, ✭✸✳✸✳✶✹✮

✇❤❡r❡ K ✇❛s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✸✳✸✳✺✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✕ ✉♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡ ✕ y∆ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧②
♦♥ [0, T ] t♦ s♦♠❡ y ∈ C([0, T ]) ❛♥❞ t❤❛t ρ∆ ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ R × (0, T ) t♦ s♦♠❡ ρ ∈
L∞(R × (0, T )) ∩ C([0, T ];L1

loc(R))✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤✐s ❝♦✉♣❧❡ (ρ, y) ✐s ❛ BV✲r❡❣✉❧❛r
s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳

❘❡❝❛❧❧ t❤❛t ❢♦r ❛❧❧ ∆ ❛♥❞ t ∈ [0, T ]✱

y∆(t) = y0 +

✂ t

0

ω

(✂
R

ρ∆(x, u)µ(x) dx

)
du .
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◆♦✇✱ ✇❡ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✸✳✸✳✽✮ ❛♥❞ ✭✸✳✸✳✾✮ ✉s✐♥❣ t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (s∆)∆ t♦ ẏ
❛♥❞ ♦❢ (ρ∆)∆ t♦ ρ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Q ❛♥❞ ω✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s
ϕ ∈ C∞

c (R × [0, T )), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞ ❢♦r ❛❧♠♦st ❡✈❡r②
0 ≤ τ < τ ′ ≤ T ✿

✂
R

|ρ(x, τ)− κ|ϕ(x, τ) dx−
✂
R

|ρ(x, τ ′)− κ|ϕ(x, τ ′) dx

+

✂ τ ′

τ

✂
R

(
|ρ− κ|∂tϕ+ Φẏ(t)(ρ, κ)∂xϕ

)
dx dt+ 2

✂ τ ′

τ

Rẏ(t)(κ, q(t))ϕ(0, t) dt ≥ 0.

❚♦ ❝♦♥❝❧✉❞❡✱ ♥♦t❡ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② ✐s ❛
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ (τ, τ ′) ✇❤✐❝❤ ✐s ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❣r❡❛t❡r t❤❛♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥
0✳ ❇② ❝♦♥t✐♥✉✐t②✱ t❤✐s ❡①♣r❡ss✐♦♥ ✐s ❡✈❡r②✇❤❡r❡ ❣r❡❛t❡r t❤❛♥ 0✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t ρ s❛t✐s✜❡s
t❤❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✶✳✸✮✳ ❯s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ♦♥❡ s❤♦✇s t❤❛t ρ ❛❧s♦ s❛t✐s✜❡s t❤❡
❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✶✳✹✮✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❝♦✉♣❧❡ (ρ, y) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥
t♦ ✭✸✳✶✳✶✮✳ ❋✐♥❛❧❧②✱ ❡st✐♠❛t❡ ✭✸✳✸✳✶✹✮ ❝♦♠❡s ❢r♦♠ ✭✸✳✸✳✶✸✮ ❛♥❞ t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t②
♣r♦♣❡rt② ♦❢ t❤❡ BV s❡♠✐✲♥♦r♠✳ �

❚❤❡♦r❡♠ ✸✳✸✳✾✳ ❋✐① ρ0 ∈ L∞(R; [0, 1]) ❛♥❞ y0 ∈ R✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t f ∈ C2([0, 1] ✐s
str✐❝t❧② ❝♦♥❝❛✈❡✳ ❙✉♣♣♦s❡ ❛❧s♦ t❤❛t ✐♥ ✭✸✳✸✳✸✮✱ ✇❡ ✉s❡ ❡✐t❤❡r t❤❡ ●♦❞✉♥♦✈ ✢✉① ♦r t❤❡ ❊♥❣q✉✐st✲
❖s❤❡r ✢✉① ✇❤❡♥ j 6= 0 ❛♥❞ ❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✇❤❡♥ j = 0✳ ❚❤❡♥ ✉♥❞❡r t❤❡
❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✸✳✸✳✺✮✱ t❤❡ s❝❤❡♠❡ ✭✸✳✸✳✶✮ ✕ ✭✸✳✸✳✸✮ ❝♦♥✈❡r❣❡s t♦ ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥
t♦ Pr♦❜❧❡♠ ✭✸✳✶✳✶✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✽✳ �

❲❡ ♣r♦✈❡❞ t❤❛t ✐♥ t❤❡ L∞ ❢r❛♠❡✇♦r❦✱ t❤❡ s❝❤❡♠❡ ❝♦♥✈❡r❣❡s t♦ ❛♥ ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥✱
❜✉t ♥♦t❡ t❤❛t t❤❡r❡ ✐s ♥♦ ❣✉❛r❛♥t❡❡ ♦❢ ✉♥✐q✉❡♥❡ss ✐♥ t❤✐s ❝♦♥str✉❝t✐♦♥✳ ❆❧s♦ str❡ss t❤❛t ✇❡
❝❛♥♥♦t ❡①t❡♥❞ t❤✐s r❡s✉❧t t♦ ❣❡♥❡r❛❧ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ❜❡②♦♥❞ t❤❡ ❊♥❣q✉✐st✲❖s❤❡r
✢✉① ♦r t❤❡ ●♦❞✉♥♦✈ ✢✉①✳

✸✳✹ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t s♦♠❡ ♥✉♠❡r✐❝❛❧ t❡sts ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ s❝❤❡♠❡ ❛♥❛❧②③❡❞ ✐♥
❙❡❝t✐♦♥ ✸✳✸✳ ■♥ ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s ✇❡ t❛❦❡ t❤❡ ✉♥✐❢♦r♠❧② ❝♦♥❝❛✈❡ ✢✉① f(ρ) = ρ(1 − ρ) ✭t❤❡
♠❛①✐♠❛❧ ❝❛r ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♠❛①✐♠❛❧ ❞❡♥s✐t② ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❡q✉❛❧ t♦ ♦♥❡✮✳ ❋♦❧❧♦✇✐♥❣ t❤❡
❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✽✱ ✇❡ ❝❤♦♦s❡ t❤❡ ●♦❞✉♥♦✈ ✢✉① ❛t t❤❡ ✐♥t❡r❢❛❝❡✱ ❛♥❞ t❤❡ ❘✉s❛♥♦✈
♦♥❡ ❛✇❛② ❢r♦♠ t❤❡ ✐♥t❡r❢❛❝❡✳ ❲❡ ✇✐❧❧ ✉s❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❦✐♥❞

µk(x) = 2k1[0; 1

2k
](x),

❢♦r ♦♥❡ ✭✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✶✮ ♦r s❡✈❡r❛❧ ✭✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✷✮ ✈❛❧✉❡s ♦❢ k ∈ N
∗✳
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✸✳✹✳✶ ❱❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡

■♥ t❤✐s s❡❝t✐♦♥✱ ❝♦♥s✐❞❡r ❛ t✇♦✲❧❛♥❡ r♦❛❞ ♦♥ ✇❤✐❝❤ ❛ ❜✉s tr❛✈❡❧s ✇✐t❤ ❛ s♣❡❡❞ ❣✐✈❡♥ ❜② t❤❡
❢✉♥❝t✐♦♥

ω(ρ) =





α

(β + ρ)2
✐❢ 0 ≤ ρ ≤ 0.6

1− ρ ✐❢ 0.6 ≤ ρ ≤ 1,

✇❤❡r❡ α ❛♥❞ β ❛r❡ ❝❤♦s❡♥ s♦ t❤❛t ω(0) = 0.7 ❛♥❞ ω(0.6) = 0.4✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶
✭❧❡❢t✮✳ ❚❤❡ s❡t✲✉♣ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❈♦♥s✐❞❡r ❛ ❞♦♠❛✐♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥
[0, 11]✱ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ µ4 ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛✿

ρ0(x) = 0.51[0.5;1](x), y0 = 1.5, Q(s) = 0.75×
(
1− s

2

)2

.

❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ Q ✐s t❤❛t ✐♥ ❛✈❡r❛❣❡ ✭❜❡t✇❡❡♥ t❤❡ t✇♦ ❧❛♥❡s✮✱ t❤❡ ♣r❡s❡♥❝❡
♦❢ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ r❡❞✉❝❡s ❜② 25% t❤❡ ♠❛①✐♠✉♠ tr❛✣❝ ✢♦✇✳ ❆s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✸✳✶
✭r✐❣❤t✮✱ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ♥❡❛r❧② ❛❧✇❛②s tr❛✈❡❧s ❛t ♠❛①✐♠✉♠ ✈❡❧♦❝✐t②✳ ■t ♠❛❦❡s s❡♥s❡ ❜❡❝❛✉s❡
❡✈❡♥ t❤♦✉❣❤ ✇❡ ❝❛♥ s❡❡ t❤❛t ❝❛rs ❛r❡ ♦✈❡rt❛❦✐♥❣ ✐t ✭❋✐❣✉r❡ ✸✳✶✱ r✐❣❤t ❛♥❞ ❋✐❣✉r❡ ✸✳✷✮✱ t❤❡
❞❡♥s✐t② ξ ❛❤❡❛❞ ♦❢ ✐t ✐s ♥❡✈❡r s✉✣❝✐❡♥t❧② ✐♠♣♦rt❛♥t t♦ ♠❛❦❡ ✐t ❣♦ s❧♦✇❡r✳

❋✐❣✉r❡ ✸✳✶ ✕ ❊✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ♦❢ t❤❡ ❜✉s ✈❡❧♦❝✐t② ẏ∆ ❛♥❞ ♦❢ t❤❡ s✉❜❥❡❝t✐✈❡ ❞❡♥s✐t② ξ∆✱ ✇✐t❤
∆x = 0.01✳

❘❡♠❛r❦ ✸✳✹✳✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ ω ✇❡ ❝❤♦s❡ ❛❜♦✈❡ ✐s ♥♦t ♦❢ t❤❡ ❢♦r♠ ❛s r❡q✉✐r❡❞ ✐♥ ❬✶✷✸✱ ✶✷✹❪✳
❖♥❝❡ ❛❣❛✐♥✱ ❧❡t ✉s str❡ss t❤❛t t❤❡ ♣❛rt✐❝✉❧❛r ❢♦r♠ ω(ρ) = min {V❜✉s; 1− ρ}✱ ✇❤❡r❡ V❜✉s ✐s t❤❡
♠❛①✐♠✉♠ ❜✉s ✈❡❧♦❝✐t②✱ ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧t ♦❢ ❬✶✷✸✱ ✶✷✹❪ t♦ ❤♦❧❞✳ ■♥❞❡❡❞✱
✐t ✐s ❡ss❡♥t✐❛❧ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ❬✶✷✸✱ ✶✷✹❪ t❤❛t t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❜✉s ❜❡ ❝♦♥st❛♥t ✭❡q✉❛❧ t♦
V❜✉s✮ ❛❝r♦ss t❤❡ ♥♦♥❝❧❛ss✐❝❛❧ s❤♦❝❦s✳ ❖✉r ♥♦♥❧♦❝❛❧ ♠♦❞❡❧ ✐s ♥♦t ❜♦✉♥❞ t♦ t❤✐s r❡str✐❝t✐♦♥✳

❲❡ ❛❧s♦ ♣❡r❢♦r♠ ❛ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ❢♦r t❤✐s t❡st✳ ■♥ ❚❛❜❧❡ ✸✳✶✱ ✇❡ ❝♦♠♣✉t❡❞ t❤❡ r❡❧❛t✐✈❡
❡rr♦rs

Eρ,∆ = ‖ρ∆ − ρ∆/2‖L1((0,T );L1(R)) ❛♥❞ Ey,∆ = ‖y∆ − y∆/2‖L∞ ,
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❢♦r ❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ s♣❛❝❡ ❝❡❧❧s ❛t t❤❡ ✜♥❛❧ t✐♠❡ T = 13✳ ❲❡ s❡❡ ✭❋✐❣✉r❡ ✸✳✸✮ t❤❛t t❤♦s❡
r❛t✐♦ ❝♦♥✈❡r❣❡ ✇✐t❤ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡rs ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ 0.76 ❢♦r t❤❡ ❝❛r ❞❡♥s✐t② ❛♥❞
❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ 1.1 ❢♦r t❤❡ s❧♦✇ ♠♦✈✐♥❣ ✈❡❤✐❝❧❡ ♣♦s✐t✐♦♥✳

❋✐❣✉r❡ ✸✳✷ ✕ ❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❛t ❞✐✛❡r❡♥t ✜①❡❞ t✐♠❡s✱ r❡❞ ❞❛s❤❡❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞
t♦ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥❀ ❢♦r ❛♥ ❛♥✐♠❛t❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥✱ s❡❡
❤tt♣s✿✴✴✉t❜♦①✳✉♥✐✈✲t♦✉rs✳❢r✴s✴❇♦❚♥s❊q♠r❥♥❞②✻✻

✸✳✹✳✷ ❈♦♠♣❛r✐s♦♥s ✇✐t❤ ❡①♣❡r✐♠❡♥ts ♦♥ t❤❡ ❧♦❝❛❧ ♠♦❞❡❧

◆♦✇ ✇❡ ❝♦♥❢r♦♥t t❤❡ ♥✉♠❡r✐❝❛❧ t❡sts ♣❡r❢♦r♠❡❞ ✇✐t❤ ♦✉r ♠♦❞❡❧ ✇✐t❤ t❤❡ t❡sts ❞♦♥❡ ❜② t❤❡
❛✉t❤♦rs ✐♥ ❬✺✵❪ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ♦❢ ❬✼✵❪✳ ❲❡ ❞❡❛❧ ✇✐t❤ ❛ r♦❛❞ ♦❢ ❧❡♥❣t❤ 1
♣❛r❛♠❡tr✐③❡❞ ❜② t❤❡ ✐♥t❡r✈❛❧ [0, 1] ❛♥❞ ❝❤♦♦s❡ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ µ3✳ ▼♦r❡♦✈❡r✱

ω(ρ) = min{0.3; 1− ρ} ❛♥❞ Q(s) = 0.6×
(
1− s

2

)2

.

❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠

ρ0(x) =

{
0.4 ✐❢ x < 0.5
0.5 ✐❢ x > 0.5

; y0 = 0.5. ✭✸✳✹✳✶✮
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◆✉♠❜❡r ♦❢ ❝❡❧❧s Eρ,∆ (×10−2) Ey,∆ (×10−3)

✶✻✵ 24.053 48.0643
✸✷✵ 15.731 15.939
✻✹✵ 9.647 7.698
✶✷✽✵ 6.197 3.715
✷✺✻✵ 3.226 1.777
✺✶✷✵ 1.936 0.889
✶✵✷✹✵ 1.055 0.443

❚❛❜❧❡ ✸✳✶ ✕ ▼❡❛s✉r❡❞ ❡rr♦rs ✭T = 13✮✳

❋✐❣✉r❡ ✸✳✸ ✕ ❘❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r
ρ∆ ✭✐♥ ❜❧❛❝❦✮ ❛♥❞ y∆ ✭✐♥ ❣r❡❡♥✮✱ ✇✐t❤
T = 13✳

❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❝❧❛ss✐❝❛❧ s❤♦❝❦s s❡♣❛r❛t❡❞ ❜② ❛ ♥♦♥❝❧❛ss✐❝❛❧ ❞✐s✲
❝♦♥t✐♥✉✐t②✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✹ ✭❧❡❢t✮✳ ◆❡①t✱ ✇❡ ❝❤♦♦s❡

ρ0(x) =

{
0.8 ✐❢ x < 0.5
0.5 ✐❢ x > 0.5

; y0 = 0.5. ✭✸✳✹✳✷✮

❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝r❡❛t❡ ❛ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡ ❢♦❧❧♦✇❡❞ ❜② ❛ ♥♦♥❝❧❛ss✐❝❛❧ ❛♥❞
❝❧❛ss✐❝❛❧ s❤♦❝❦s✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✹ ✭r✐❣❤t✮✳

❋✐❣✉r❡ ✸✳✹ ✕ ❊✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❞❡♥s✐t② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥✐t✐❛❧ ❞❛t❛ ✭✸✳✹✳✶✮
✭❧❡❢t✮ ❛♥❞ ✭✸✳✹✳✷✮ ✭r✐❣❤t✮✱ ✇✐t❤ ∆x = 0.001✳

❋✐♥❛❧❧②✱ st✐❧❧ ❢♦❧❧♦✇✐♥❣ ❬✺✵❪✱ ✇❡ ❝♦♥s✐❞❡r

ρ0(x) =

{
0.8 ✐❢ x < 0.5
0.4 ✐❢ x > 0.5

; y0 = 0.4. ✭✸✳✹✳✸✮
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❍❡r❡ t❤❡ s♦❧✉t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡ ❢♦❧❧♦✇❡❞ ❜② ♥♦♥❝❧❛ss✐❝❛❧ ❛♥❞ ❝❧❛ss✐❝❛❧
s❤♦❝❦s ♦♥ t❤❡ ❞❡♥s✐t② t❤❛t ❛r❡ ❝r❡❛t❡❞ ✇❤❡♥ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ❛♣♣r♦❛❝❤❡s t❤❡ r❛r❡❢❛❝t✐♦♥ ❛♥❞
✐♥✐t✐❛t❡s ❛ ♠♦✈✐♥❣ ❜♦tt❧❡♥❡❝❦✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✺✳

❋✐❣✉r❡ ✸✳✺ ✕ ❊✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❞❡♥s✐t② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥✐t✐❛❧ ❞❛t❛ ✭✸✳✹✳✸✮✱
✇✐t❤ ∆x = 0.001✳

❲✐t❤ t❤❡s❡ t❤r❡❡ t❡sts✱ ✇❡ ❝❛♥ ❛❧r❡❛❞② s❡❡✱ ✐♥ ❛ q✉❛❧✐t❛t✐✈❡ ✇❛②✱ t❤❡ r❡s❡♠❜❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡
♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s t♦ t❤❡ s♦❧✉t✐♦♥s t♦ ♦✉r ♠♦❞❡❧ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s
♦❢ ❬✺✵❪✳ ❖♥❡ ✇❛② t♦ q✉❛♥t✐❢② t❤❡✐r ♣r♦①✐♠✐t② ✐s ❢♦r ❡①❛♠♣❧❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ L1 ❡rr♦r ❜❡t✇❡❡♥
t❤❡ ❝❛r ❞❡♥s✐t✐❡s ❛♥❞ t❤❡ L∞ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❜✉s ♣♦s✐t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❞❡♥♦t❡ ❜②
(ρ∆, y∆) t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ BV✲r❡❣✉❧❛r s♦❧✉t✐♦♥ t♦ ✭✸✳✶✳✶✮ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ s❝❤❡♠❡
✭✸✳✸✳✶✮ ✕ ✭✸✳✸✳✸✮✱ ❛♥❞ ❞❡♥♦t❡ ❜② (ρ∆, y∆) t❤❡ ❝♦✉♣❧❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤✐s s❛♠❡ s❝❤❡♠❡ ❜✉t

r❡♣❧❛❝✐♥❣ sn = ω

(
∑

j∈Z

ρnj+1/2µj+1/2∆x

)
❜② sn = ω

(
ρn1/2

)
.

▲❡t ✉s ♠❛❦❡ ♣r❡❝✐s❡ t❤❛t t❤✐s ✐s ♥♦t t❤❡ s❝❤❡♠❡ t❤❡ ❛✉t❤♦rs ♦❢ ❬✺✵❪ ♣r♦♣♦s❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s
s❝❤❡♠❡ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♣r♦❜❧❡♠





∂tρ+ ∂x (F (ẏ(t), ρ)) = 0

F (ẏ(t), ρ)|x=0 ≤ Q(ẏ(t))

ẏ(t) = ω (ρ(0+, t))

✭✸✳✹✳✹✮

❛♥❞ ❜❡❤❛✈❡s ✐♥ ❛ st❛❜❧❡ ✇❛② ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✇❡ ♣❡r❢♦r♠❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦✉♣❧❡ (ρ∆, y∆)
✐s ❡①♣❡❝t❡❞ t♦ ❣✐✈❡ ❛ r❡❛s♦♥❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✹✳✹✮✳ ❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱
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❢♦r t❤❡ ❝❛s❡ ✭✸✳✹✳✸✮ ❛♥❞ st✐❧❧ ✇✐t❤ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ µ3✱ ✇❡ ❝♦♠♣✉t❡❞ ✐♥ ❚❛❜❧❡ ✸✳✷ t❤❡
♠❡❛s✉r❡❞ ❡rr♦rs

E1
∆ = ‖ρ∆ − ρ∆‖L1((0,T );L1(R)) ❛♥❞ E∞

∆ = ‖y∆ − y∆‖L∞ .

◆✉♠❜❡r ♦❢ ❝❡❧❧s E1
∆ (×10−4) E∞

∆ (×10−3)

✶✻✵ 32.672 18.519
✸✷✵ 14.236 7.341
✻✹✵ 5.837 3.701
✶✷✽✵ 3.833 4.879
✷✺✻✵ 3.207 6.405
✺✶✷✵ 2.922 7.144
✶✵✷✹✵ 2.776 7.501
✷✵✹✽✵ 2.698 7.674
✹✵✾✻✵ 2.658 7.759

❚❛❜❧❡ ✸✳✷ ✕ ▼❡❛s✉r❡❞ ❡rr♦rs ❛t t✐♠❡ T = 0.7245✳

❚❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥❞✐❝❛t❡ t❤❛t ❢♦r ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s J ≥ 40960✱

E1
∆ ≃ 2.7× 10−4 ❛♥❞ E∞

∆ ≃ 7.6× 10−3.

❚❤✐s ✐♥❞✐❝❛t❡s t❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ ♦✉r ♥♦♥❧♦❝❛❧ ♠♦❞❡❧ ❛♥❞ t❤❡ ❧♦❝❛❧ ♠♦❞❡❧ ✭✸✳✹✳✹✮ ♦❢
❬✼✵❪✳ ❚❤❡ ✐❞❡❛ ✐s ♥♦✇ t♦ ✜① t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s J = 40960 ❛♥❞ t♦ ♠❛❦❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
✇❡✐❣❤t ❢✉♥❝t✐♦♥ s✉♣♣♦rt ❣♦ t♦ ③❡r♦✳ ■♥ ❚❛❜❧❡ ✸✳✸✱ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞✱ ❢♦r ❞✐✛❡r❡♥t ✇❡✐❣❤t
❢✉♥❝t✐♦♥s✱ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ t✇♦ ♠♦❞❡❧s✳ ❚❤✐s ❡rr♦r ❝♦rr❡s♣♦♥❞s✱
❛s ✐♥ t❤❡ ❛❜♦✈❡ ❝❛❧❝✉❧❛t✐♦♥✱ t♦ t❤❡ r❡s✐❞✉❛❧ ❡rr♦r ♦❜s❡r✈❡❞ st❛rt✐♥❣ ❢r♦♠ ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧
∆x✳

✇❡✐❣❤t ❢✉♥❝t✐♦♥ E1
∆ E∞

∆

µ1 6.810× 10−3 5.489× 10−2

µ2 1.105× 10−3 1.972× 10−2

µ3 2.658× 10−4 7.759× 10−3

µ4 9.232× 10−5 2.913× 10−3

µ5 6.190× 10−5 9.110× 10−4

❚❛❜❧❡ ✸✳✸ ✕ ▼❡❛s✉r❡❞ ❡rr♦rs ❛t t✐♠❡ T = 0.7245

❘❡♠❛r❦ ✸✳✹✳✷✳ ❚❤❡ ♣r❡✈✐♦✉s s✐♠✉❧❛t✐♦♥s s❤♦✇ ❛ ❝❧♦s❡♥❡ss ❜❡t✇❡❡♥ ♦✉r ♠♦❞❡❧ ❛s µ → δ0+
❛♥❞ ✭✸✳✹✳✹✮✳ ▲❡t ✉s ❤♦✇❡✈❡r ♣♦✐♥t t❤❛t t❤❡ ♥♦♥❧♦❝❛❧✐t② ✐♥ s♣❛❝❡ ❢♦r t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ✐♥tr♦❞✉❝❡s
❛♥ ✉♥❞❡s✐r❛❜❧❡ ❛rt❡❢❛❝t ✐♥t♦ t❤❡ ♠♦❞❡❧✳ ■♥ t❤❡ r❛r❡❢❛❝t✐♦♥ r❡❣✐♠❡ ♦♥❡ ♠❛② ♦❜s❡r✈❡ t❤❛t t❤❡
❧❛r❣❡ ✈❡❤✐❝❧❡ ♠❛② ♠♦✈❡ ❛ ❜✐t ❢❛st❡r t❤❛t t❤❡ s✉rr♦✉♥❞✐♥❣ ✢♦✇✳ ❚❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤✐s ❡✛❡❝t
❜❡❝♦♠❡s tr✉❧② ♣❡r❝❡♣t✐❜❧❡ ✐s ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ✐♥✐t✐❛❧ ❞❛t❛ ♦❢ t❤❡ t②♣❡

ρ0(x) =

{
1 ✐❢ x < xb

0 ✐❢ x > xb.
✭✸✳✹✳✺✮
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■♥❞❡❡❞✱ ❢♦r s✉❝❤ ❞❛t❛✱ t❤❡r❡ ❡①✐sts ❛ s♠❛❧❧ t✐♠❡ ✐♥t❡r✈❛❧ [0, ν] ✭ν > 0✮ ✐♥ ✇❤✐❝❤ ẏ(t) >
v(ρ(y(t)+)) = 0✱ ✇❤✐❝❤ ✇♦✉❧❞ s✉❣❣❡st t❤❛t t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ♠♦✈❡s ❢♦r✇❛r❞ ✇❤✐❧❡ t❤❡ ❝❛rs
✐♥ ❢r♦♥t ♦❢ ✐t ❞♦ ♥♦t✳ ❚❤✐s t✐♠❡ ✐♥t❡r✈❛❧ ✐s ✐♥ ❢❛❝t q✉✐t❡ s♠❛❧❧ ❞✉❡ t♦ t❤❡ ♥❛rr♦✇♥❡ss ♦❢ t❤❡
s✉♣♣♦rt ♦❢ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥✳ ❚❤❡ ❧♦❝❛❧ ♠♦❞❡❧ ❞♦❡s ♥♦t ❞❡✈❡❧♦♣ s✉❝❤ ♣❤❡♥♦♠❡♥❛✳ ❚❤✐s
q✉❛❧✐t❛t✐✈❡ ❛rt✐❢❛❝t ♣r❡❝❧✉❞❡s ✉s ❢r♦♠ ❣✐✈✐♥❣ ❛ ♠✐❝r♦s❝♦♣✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ t♦ t❤❡ ♠♦❞❡❧✱ ✇❤✐❝❤
♠❛✐♥ ♦✉t♣✉t ✐s t❤❡ ❣❧♦❜❛❧ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s❧♦✇ ✈❡❤✐❝❧❡ ♦♥ t❤❡ ✢♦✇❀ ❤♦✇❡✈❡r✱ ❧❡t ✉s str❡ss
t❤❛t t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❜❡❝♦♠❡s q✉❛♥t✐t❛t✐✈❡❧② ♥❡❣❧✐❣✐❜❧❡ ❢♦r ❧❛r❣❡r t✐♠❡s✳ ■♥❞❡❡❞✱ ❖❧❡✟✙♥✐❦
❡st✐♠❛t❡ ♦♥ ❞❡❝❛② ♦❢ ♣♦s✐t✐✈❡ ✇❛✈❡s ❡♥s✉r❡s t❤❛t ❞❛t❛ ♦❢ t❤❡ t②♣❡ ✭✸✳✹✳✺✮ ❡✈♦❧✈❡ ✐♥t♦ r❛r❡❢❛❝t✐♦♥
✇❛✈❡s ❛♥❞ ❞♦ ♥♦t ❛♣♣❡❛r ✇❤✐❧❡ ❞r✐✈✐♥❣✿ t❤❡ ❝❧❛ss✐❝❛❧ ▲❲❘ ♠♦❞❡❧ ♣r❡❝❧✉❞❡s t❤❡ ❢♦r♠❛t✐♦♥ ♦❢
r❛r❡❢❛❝t✐♦♥ ✇❛✈❡s ❢♦❝✉s❡❞ ❛t ♣♦s✐t✐✈❡ t✐♠❡✳ ❚❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ▲❲❘ ❜r♦✉❣❤t
❜② t❤❡ ❝♦♥str❛✐♥t ♠❛② ♣r♦❞✉❝❡ ♥♦♥❝❧❛ss✐❝❛❧ ✇❛✈❡s ❛t ♣♦s✐t✐✈❡ t✐♠❡s❀ ✇❤✐❧❡ t❤❡s❡ ✇❛✈❡s ❛r❡
❞♦✇♥✇❛r❞ ❥✉♠♣s ✐♥ ❞❡♥s✐t② ❧✐❦❡ ✐♥ ✭✸✳✹✳✺✮✱ t❤❡② ❛r❡ s✐t✉❛t❡❞ ♣r❡❝✐s❡❧② ❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡
❝♦♥str❛✐♥t ❛♥❞ ♥♦t s❧✐❣❤t❧② ❜❡❤✐♥❞ ✐t✱ ❧✐❦❡ ✐♥ ✭✸✳✹✳✺✮✳

❊✈❡♥ ✐❢ ✇❡ ❛r❡ ✉♥❛❜❧❡✱ ❛t t❤✐s t✐♠❡✱ t♦ r✐❣♦r♦✉s❧② ❧✐♥❦ ♦✉r ♣r♦❜❧❡♠ ✭✸✳✶✳✶✮ ✇✐t❤ µ → δ0+
❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✸✳✹✳✹✮ ♦❢ t❤❡ ❛✉t❤♦rs ✐♥ ❬✼✵❪✱ t❤✐s ❧❛st ❡①♣❡r✐♠❡♥t ❝♦rr♦❜♦r❛t❡s t❤❡
❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ❧♦❝❛❧ ♠♦❞❡❧ ✭✸✳✹✳✹✮ ✐s t❤❡ s✐♥❣✉❧❛r ❧✐♠✐t ♦❢ ♦✉r ♠♦❞❡❧ ✐♥ t❤❡ ❝❛s❡ ω ✐s ♦❢
t❤❡ ❢♦r♠ ω(ρ) = min {V❜✉s; 1− ρ}✳ ❚❤❡ ♦t❤❡r ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤❡ ❧♦❝❛❧ ♠♦❞❡❧
✐s ✇❡❧❧ ♣♦s❡❞ ❜❡②♦♥❞ t❤✐s ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ ω✳
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❈❍❆P❚❊❘ ✹

❆ ▲❲❘ ▼❖❉❊▲ ❲■❚❍ ❈❖◆❙❚❘❆■◆❚❙ ❆❚
▼❖❱■◆● ■◆❚❊❘❋❆❈❊❙

❇❡✐♥❣ ❣✐✈❡♥ ❛ r❡❣✉❧❛r ❝♦♥❝❛✈❡ ✢✉① f ∈ C2([0, 1]) ✈❡r✐❢②✐♥❣

f(ρ) ≥ 0, f(0) = f(1) = 0; ∃! ρ ∈ (0, 1), ❢♦r ❛✳❡✳ ρ ∈ (0, 1), f ′(ρ)(ρ− ρ) > 0, ✭✹✳✵✳✶✮

❛♥❞ ❛ ✜♥✐t❡ ❢❛♠✐❧② ♦❢ tr❛❥❡❝t♦r✐❡s (yi)i∈[[1;J ]] ❛♥❞ ❝♦♥str❛✐♥ts (qi)i∈[[1;J ]] ❞❡✜♥❡❞ ♦♥ (si, Ti) ✭0 ≤
si < Ti✮✱ ✇❡ t❛❝❦❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿





∂tρ(x, t) + ∂x (f(ρ(x, t))) = 0 (x, t) ∈ R× (0,+∞) = Ω

ρ(x, 0) = ρ0(x) x ∈ R

∀i ∈ [[1; J ]], (f(ρ)− ẏi(t)ρ)|x=yi(t)
≤ qi(t) t ∈ (si, Ti).

✭✹✳✵✳✷✮

❙②st❡♠s ♦❢ t❤❡ t②♣❡ ✭✹✳✵✳✷✮ ❤❛✈❡ ♥❛t✉r❛❧❧② ❛r✐s❡♥ ✐♥ t❤❡ r❡❝❡♥t ②❡❛rs✳ ▲❡t ✉s ❣✐✈❡ ❛ ♥♦♥✲
❡①❤❛✉st✐✈❡ r❡✈✐❡✇ ♦♥ ❤♦✇ ♦✉r Pr♦❜❧❡♠ ✭✹✳✵✳✷✮ r❡❧❛t❡s t♦ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✳

✖ ❚❤❡ ❛✉t❤♦rs ♦❢ ❬✼✸✱ ✽✾❪ ❝♦♥s✐❞❡r❡❞ ❛ ♠♦❞❡❧ ✈❡r② s✐♠✐❧❛r t♦ ✭✹✳✵✳✷✮✳ ■♥ t❤❡✐r ❢r❛♠❡✇♦r❦✱
(yi)i r❡♣r❡s❡♥t❡❞ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ ❛✉t♦♥♦♠♦✉s ✈❡❤✐❝❧❡s✱ ❛♥❞ t❤❡ ❛✉t❤♦rs ❛✐♠❡❞ ❛t
♠♦❞❡❧✐♥❣ t❤❡ r❡❣✉❧❛t✐♦♥ ✐♠♣❛❝t ♦♥ ❛ ❢❡✇ ❛✉t♦♥♦♠♦✉s ✈❡❤✐❝❧❡s ♦♥ t❤❡ tr❛✣❝ ✢♦✇✳ ■♥ t❤❡
s❛♠❡ ❢r❛♠❡✇♦r❦ ❜✉t ✇✐t❤ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♠✐♥❞✱ t❤❡ ♠♦❞❡❧ ♦❢ ❬✶✶✻❪ ❛❝❝♦✉♥ts
❢♦r t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ tr❛✣❝ ❛❝❝❡❧❡r❛t✐♦♥✳ ◆♦t❡ t❤❛t ✐♥ ❡❛❝❤ ♦❢ t❤❡s❡ ♠♦❞❡❧s✱ t❤❡
tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♠♦✈✐♥❣ ✐♥t❡r❢❛❝❡s (yi)i ✇❡r❡ ♥♦t ❣✐✈❡♥ ❛ ♣r✐♦r✐✱ ❜✉t r❛t❤❡r ♦❜t❛✐♥❡❞
❛s s♦❧✉t✐♦♥s t♦ ❛♥ ❖❉❊ ✐♥✈♦❧✈✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ tr❛✣❝✱ ❛ ♠❡❝❤❛♥✐s♠ r❡♠✐♥✐s❝❡♥t ♦❢
❬✶✹✱ ✼✵✱ ✶✺✵❪ ❢♦r ✐♥st❛♥❝❡✳ ▲❡t ✉s ❛❧s♦ ♠❡♥t✐♦♥ t❤❡ ✇♦r❦ ♦❢ ❬✾✷❪ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs
st✉❞✐❡❞ ❛ ❞✐✛❡r❡♥t ♠♦❞❡❧ ❢♦r t❤❡ s✐t✉❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ♠♦✈✐♥❣ ❜♦tt❧❡♥❡❝❦s✳

✖ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❛s♣❡❝t ♦❢ ✭✹✳✵✳✷✮ ✇❛s tr❡❛t❡❞ ✐♥ ❬✺✵❪ ✭❢♦r ♦♥❡ tr❛❥❡❝t♦r②✮ ❛♥❞ ❬✼✶❪ ✭❢♦r
♠✉❧t✐♣❧❡ tr❛❥❡❝t♦r✐❡s✮✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ♠♦❞❡❧❡❞ t❤❡ ♠♦✈✐♥❣ ❜♦tt❧❡♥❡❝❦s ❝r❡❛t❡❞ ❜②
❜✉s❡s ♦♥ ❛ r♦❛❞✳

✖ ■♥ ❛ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ❝❧♦s❡ t♦ ✭✹✳✵✳✷✮✱ ✐✳❡✳ ✇✐t❤♦✉t ❝♦♥str❛✐♥t ♦♥ t❤❡ ✢✉①✱ ❜✉t st✐❧❧
✇✐t❤ ❝♦✉♣❧✐♥❣ ✐♥t❡r❢❛❝❡s✴❞❡♥s✐t②✱ t❤❡ ❛✉t❤♦rs ♦❢ ❬✽✹❪ ❞❡s❝r✐❜❡❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥
❛ ♣❧❛t♦♦♥ ♦❢ ✈❡❤✐❝❧❡s ❛♥❞ t❤❡ s✉rr♦✉♥❞✐♥❣ tr❛✣❝ ✢♦✇ ♦♥ ❛ ❤✐❣❤✇❛②✳

✽✾
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✖ Pr♦❜❧❡♠ ✭✹✳✵✳✷✮ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ✢✉① ❛♥❞ s♣❡❝✐❛❧
tr❡❛t♠❡♥ts ❛t t❤❡ ✐♥t❡r❢❛❝❡s✳ ■♥ t❤❛t ❞✐r❡❝t✐♦♥s✱ t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✵✼✱ ✶✽✱ ✺✱ ✸✹✱ ✶✺✸❪
st✉❞✐❡❞ s✉❝❤ ♣r♦❜❧❡♠s ❜✉t ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② ❝♦✉♣❧✐♥❣ ❛t t❤❡ ✐♥t❡r✲
❢❛❝❡s✳

■♥ s❡✈❡r❛❧ ♦❢ t❤❡s❡ ✇♦r❦s ❬✽✾✱ ✶✶✻❪✱ t❤❡ ❡①✐st❡♥❝❡ ✐ss✉❡ ✐s t❛❝❦❧❡❞ ✉s✐♥❣ t❤❡ ✇❛✈❡✲❢r♦♥t tr❛❝❦✲
✐♥❣ ♣r♦❝❡❞✉r❡ ✇❤✐❝❤ ✐s ✈❡r② s❡♥s✐❜❧❡ t♦ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ s❡❡ ❬✼✶✱ ✺✵❪✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ✐s ✉s✉❛❧❧② ❧❡❢t ♦✉t✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r♦✈✐❞❡ ❛ r♦❜✉st ♠❛t❤❡♠❛t✐❝❛❧ s❡tt✐♥❣ ❜♦t❤ ✐♥ t❤❡ t❤❡♦✲
r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛s♣❡❝ts ♦❢ ✭✹✳✵✳✷✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✉♥✐q✉❡♥❡ss ✐s ❜❛s❡❞ ✉♣♦♥ ❛ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ❑r✉③❤❦♦✈ ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ ♦❢ ❞♦✉❜❧✐♥❣ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ t❤❡♦r② ♦❢ ❞✐ss✐♣❛t✐✈❡ ❣❡r♠s ✐♥ t❤❡
❢r❛♠❡✇♦r❦ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ✢✉① ❬✶✺❪ ❛♥❞ ✐t ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡ ♦♥❡ ♦❢ ❬✶✽❪✳ ❚♦ ♣r♦✈❡ ❡①✐st❡♥❝❡✱
✇❡ ❜✉✐❧❞ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ✇✐t❤ ❛ ❣r✐❞ t❤❛t ❛❞❛♣ts ❧♦❝❛❧❧② t♦ t❤❡ tr❛❥❡❝t♦r✐❡s (yi)i ❛♥❞
t♦ t❤❡✐r ❝r♦ss✐♥❣ ♣♦✐♥ts✱ ❜✉t r❡♠❛✐♥s ❛ s✐♠♣❧❡ ❝❛rt❡s✐❛♥ ❣r✐❞ ❛✇❛② ❢r♦♠ t❤❡ ✐♥t❡r❢❛❝❡s✳ ❖✉r
✇♦r❦ ❝❛♥ s❡r✈❡ ❛s ❛ ❜❛s✐s ❢♦r ❝♦♥str✉❝t✐♥❣ s♦❧✉t✐♦♥s t♦ ♠♦r❡ ✐♥✈♦❧✈❡❞ ♠♦❞❡❧s✱ ❡✳❣✳ ✈✐❛ t❤❡
s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤✳ ❆s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ ❝❛♥ ♣♦✐♥t ♦✉t t❤❡ ✈❛r✐❛♥t ♦❢ ♦✉r r❡❝❡♥t
✇♦r❦ ❬✶✺✵❪ ✇✐t❤ ♠✉❧t✐♣❧❡ s❧♦✇ ✈❡❤✐❝❧❡s ✐♥✈♦❧✈❡❞❀ t❤✐s ✐s ❛ ♠✐❧❞❧② ♥♦♥✲❧♦❝❛❧ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡
♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❡❞ ♥✉♠❡r✐❝❛❧❧② ✐♥ ❬✼✶❪✳

❆s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♥❣r❡❞✐❡♥t ♦❢ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♣r♦♦❢ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
✭✹✳✵✳✷✮✱ ✇❡ ✇✐❧❧ ✜rst t❛❝❦❧❡ t❤❡ ♦♥❡ tr❛❥❡❝t♦r②✴♦♥❡ ❝♦♥str❛✐♥t ♣r♦❜❧❡♠✿





∂tρ+ ∂x (f(ρ)) = 0

ρ(·, 0) = ρ0

(f(ρ)− ẏ(t)ρ)|x=y(t) ≤ q(t) t > 0,

✭✹✳✵✳✸✮

✇✐t❤ y ∈ W
1,∞
loc ((0,+∞)) ❛♥❞ q ∈ L∞

loc((0,+∞))✳ ❘❡❝❛❧❧ t❤❛t ✐♥ ❈❤❛♣t❡r ✶✱ ✇❡ st✉❞✐❡❞ ✭✹✳✵✳✸✮
✐♥ t❤❡ ❝❛s❡ y ≡ 0✳

❚❤❡ r❡❞✉❝t✐♦♥ ♦❢ ✭✹✳✵✳✷✮ t♦ ❧♦❝❛❧✐③❡❞ ♣r♦❜❧❡♠ ✭✹✳✵✳✸✮ r❡q✉✐r❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ✜♥✐t❡ ✈♦❧✲
✉♠❡ s❝❤❡♠❡ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♦r❞✐♥❛t❡s (x, t)✱ ✇❤✐❧❡ t❤❡ tr❡❛t♠❡♥t ♦❢ ✭✹✳✵✳✸✮ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
✐s ♠♦st ♦❢t❡♥ ❜❛s❡❞ ✉♣♦♥ t❤❡ r❡❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ✈✐❛ ❛ ✈❛r✐❛❜❧❡ ❝❤❛♥❣❡✱ s❡❡ ❬✼✵✱ ✼✷❪
❛♥❞ ❈❤❛♣t❡r ✸✳ ❋♦r ✭✹✳✵✳✷✮✱ t❤✐s ❛♣♣r♦❛❝❤ ❧❡❛❞s t♦ ❛ ❝✉♠❜❡rs♦♠❡ ❛♥❞ s✐♥❣✉❧❛r ❝♦♥str✉❝t✐♦♥✱
s❡❡ ❬✶✽❪✳ ■♥ ♦✉r ✇❡❧❧✲♣♦s❡❞♥❡ss ❛♥❛❧②s✐s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✭✹✳✵✳✸✮✱ ❤❛✈✐♥❣ ✐♥ ♠✐♥❞ ✭✹✳✵✳✷✮✱
✇❡ ✇✐❧❧ ♥♦t ❝❤❛♥❣❡ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳

▲❡t ✉s ❞❡t❛✐❧ ❤♦✇ t❤❡ ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞✳ ❙❡❝t✐♦♥s ✹✳✶✲✹✳✷ ❛r❡ ❞❡✈♦t❡❞ t♦ Pr♦❜❧❡♠ ✭✹✳✵✳✸✮✳
❲❡ st❛rt ❜② ❣✐✈✐♥❣ t✇♦ ❞❡✜♥✐t✐♦♥s ♦❢ s♦❧✉t✐♦♥s✳ ❖♥❡✱ ♠♦st ❢r❡q✉❡♥t❧② ✉s❡❞ ✐♥ tr❛✣❝ ❞②♥❛♠✐❝s
✭s❡❡ ❬✺✻✱ ✷✸❪✮✱ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❝❧❛ss✐❝❛❧ ❑r✉③❤❦♦✈ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✇✐t❤ r❡♠✐♥❞❡r t❡r♠
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥str❛✐♥t ❛♥❞ ♦❢ ❛ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❝♦♥str❛✐♥t✱ s❡❡ ❉❡✜♥✐t✐♦♥
✹✳✶✳✶✳ ❚❤❡ s❡❝♦♥❞ ❞❡✜♥✐t✐♦♥ ❡♠❛♥❛t❡s ❢r♦♠ t❤❡ t❤❡♦r② ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✇✐t❤ ❞✐ss✐♣❛t✐✈❡
✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ✭s❡❡ ❬✶✺✱ ✺❪✮✳ ■t ❝♦♥s✐sts ♦❢ ❑r✉③❤❦♦✈ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✇✐t❤ t❡st ❢✉♥❝t✐♦♥s
t❤❛t ✈❛♥✐s❤ ❛❧♦♥❣ t❤❡ ✐♥t❡r❢❛❝❡ {x = y(t)} ❛♥❞ ♦❢ ❛♥ ❡①♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢ t❤❡ tr❛❝❡s ♦❢ t❤❡
s♦❧✉t✐♦♥ ❛❧♦♥❣ t❤❡ ✐♥t❡r❢❛❝❡✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✹✳ ❇❡❢♦r❡ t❛❝❦❧✐♥❣ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ✐ss✉❡✱ ✇❡
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♣r♦✈❡ t❤❛t t❤❡s❡ t✇♦ ❞❡✜♥✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✱ s❡❡ Pr♦♣♦s✐t✐♦♥s ✹✳✶✳✻✲✹✳✶✳✻✱ s✐♠✐❧❛r❧② t♦ ✇❤❛t
t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✹❪ ❞✐❞✳ ❯♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❢r♦♠ t❤❡ st❛❜✐❧✐t② ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ s❡❡
❚❤❡♦r❡♠ ✹✳✶✳✶✸✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❡ ❝♦♥str✉❝t ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❢♦r ✭✹✳✵✳✸✮ ❛♥❞ ♣r♦✈❡ ♦❢
✐ts ❝♦♥✈❡r❣❡♥❝❡✳ ■♥ t❤❡ ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❞♦ ♥♦t r❡❝t✐❢② t❤❡ tr❛❥❡❝t♦r② ❜✉t ✐♥st❡❛❞ ✇❡ ❧♦❝❛❧❧②
♠♦❞✐❢② t❤❡ ♠❡s❤ t♦ ♠♦❧❞ t❤❡ tr❛❥❡❝t♦r②✳ ▼♦r❡♦✈❡r✱ ✇❡ ❢✉❧❧② ♠❛❦❡ ✉s❡ ♦❢ t❡❝❤♥✐q✉❡s ❛♥❞
r❡s✉❧ts ♣✉t ❢♦r✇❛r❞ ❜② t❤❡ ❛✉t❤♦r ♦❢ ❬✶✺✷❪ t♦ ❞❡r✐✈❡ ❧♦❝❛❧✐③❡❞ BV ❡st✐♠❛t❡s ❛✇❛② ❢r♦♠ t❤❡
✐♥t❡r❢❛❝❡✱ ❡ss❡♥t✐❛❧ t♦ ♦❜t❛✐♥ str♦♥❣ ❝♦♠♣❛❝t♥❡ss ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ❝r❡❛t❡❞ ❜②
t❤❡ s❝❤❡♠❡✱ s❡❡ ❈♦r♦❧❧❛r② ✹✳✷✳✼✳ ❚❤✐s ✐s ❛ ✇❛② t♦ ❤✐❣❤❧✐❣❤t t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ t❤❡ ❝♦♠♣❛❝t♥❡ss
t❡❝❤♥✐q✉❡ ♦❢ ❬✶✺✷❪✳
■♥ ❙❡❝t✐♦♥ ✹✳✸✱ ✇❡ ❣❡t ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✹✳✵✳✷✮✳ ❖✉r str❛t❡❣② ✐s t♦ ❛ss❡♠❜❧❡ t❤❡
st✉❞② ♦❢ ✭✹✳✵✳✷✮ ❢r♦♠ s❡✈❡r❛❧ ❧♦❝❛❧ st✉❞✐❡s ♦❢ ✭✹✳✵✳✸✮ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t②
❛r❣✉♠❡♥t✳ ❚❤✐s ❝♦♥❝❡r♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
✭✹✳✵✳✷✮ ✇❤✐❝❤ ✐s ❛❞❞r❡ss❡❞ ✈✐❛ ❛ ❧♦❝❛❧✐③❛t✐♦♥ ❛r❣✉♠❡♥t✳ ❍♦✇❡✈❡r✱ t❤❡ s❝❤❡♠❡ ♥❡❡❞s t♦ ❜❡
❞❡✜♥❡❞ ❣❧♦❜❛❧❧②✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ✐♠♣♦ss✐❜❧❡ t♦ ✉s❡ t❤❡ r❡❝t✐✜❝❛t✐♦♥ str❛t❡❣② ❛s s♦♦♥ ❛s t❤❡
✐♥t❡r❢❛❝❡s ❤❛✈❡ ❝r♦ss✐♥❣ ♣♦✐♥ts✱ ❝❢✳ ❬✶✽❪ ❢♦r ❛ s✐♥❣✉❧❛r r❡❝t✐✜❝❛t✐♦♥ str❛t❡❣②✳

✹✳✶ ❯♥✐q✉❡♥❡ss ❛♥❞ st❛❜✐❧✐t② ❢♦r t❤❡ s✐♥❣❧❡ tr❛❥❡❝t♦r②

♣r♦❜❧❡♠

❚❤❡ ❝♦♥t❡♥t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ♥♦t ♦r✐❣✐♥❛❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s ❛ r✐❣♦r♦✉s ❛❞❛♣t❛t✐♦♥ ❛♥❞
❛ss❡♠❜❧✐♥❣ ♦❢ ❡①✐st✐♥❣ t❡❝❤♥✐q✉❡s r❡♠✐♥✐s❝❡♥t ♦❢ ❬✶✺✺✱ ✶✶✹✱ ✺✻✱ ✶✹✱ ✶✺❪✳

✹✳✶✳✶ ❊q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥s ♦❢ s♦❧✉t✐♦♥s

❚❤r♦✉❣❤♦✉t t❤❡ ❝❤❛♣t❡r✱ ❢♦r ❛❧❧ s ∈ R✱ ✇❡ ❞❡♥♦t❡ ❜②

∀ρ ∈ [0, 1], Fs(ρ) = f(ρ)− sρ ❛♥❞ ∀a, b ∈ [0, 1], Φs(a, b) = sgn(a− b)(Fs(a)− Fs(b))

t❤❡ ♥♦r♠❛❧ ✢✉① t❤r♦✉❣❤ {x = x0 + st} ✭x0 ∈ R✮ ❛♥❞ ✐ts ❡♥tr♦♣② ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
❑r✉③❤❦♦✈ ❡♥tr♦♣② ρ 7→ |ρ − κ|✱ ❢♦r ❛❧❧ κ ∈ [0, 1]✱ s❡❡ ❬✶✶✹❪✳ ▲❡t ✉s ❛❧s♦ ❞❡♥♦t❡ ❜② Γ t❤❡
tr❛❥❡❝t♦r②✿

Γ = {(x, t) ∈ Ω | x = y(t)}.

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳ ❆ ❢✉♥❝t✐♦♥ ρ ∈ L∞(Ω; [0, 1]) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✸✮
✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R; [0, 1]) ✐❢
✭✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞

c (Ω), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s
❛r❡ ✈❡r✐✜❡❞✿

✂ +∞

0

✂
R

(
|ρ− κ|∂tϕ+ Φ(ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx

+

✂ +∞

0

Rẏ(t)(κ, q(t))ϕ(y(t), t) dt ≥ 0,

✭✹✳✶✳✶✮

✇❤❡r❡
Rẏ(t)(κ, q(t)) = 2

(
Fẏ(t)(κ)−min

{
Fẏ(t)(κ), q(t)

})
;
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✭✐✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (Ω), ϕ ≥ 0 t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✈❡r✐✜❡❞✿

−
☎

Ω+

(
ρ∂tϕ+ f(ρ)∂xϕ

)
dx dt ≤

✂ +∞

0

q(t)ϕ(y(t), t) dt , ✭✹✳✶✳✷✮

✇❤❡r❡ Ω+ = {(x, t) ∈ Ω | x > y(t)}✳
❘❡♠❛r❦ ✹✳✶✳✶✳ ❚❛❦✐♥❣ κ = 0✱ t❤❡♥ κ = 1 ✐♥ ✭✹✳✶✳✶✮✱ ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥ ρ(x, t) ∈ [0, 1]
❛✳❡✳ ✇❡ ❞❡❞✉❝❡ t❤❛t ❛♥② ❛❞♠✐ss✐❜❧❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✹✳✵✳✸✮ ✐s ❛❧s♦ ❛ ❞✐str✐❜✉t✐♦♥❛❧
s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ∂tρ+ ∂xf(ρ) = 0✳ ■❢ ρ ✐s ❛ r❡❣✉❧❛r ❡♥♦✉❣❤ s♦❧✉t✐♦♥✱ t❤❡♥ ❢♦r
❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞

c (Ω), ϕ ≥ 0✱ ✇❡ ❤❛✈❡

0 =

☎
Ω+

❞✐✈(x,t)

(
f(ρ)
ρ

)
ϕ dx dt

=

✂
∂Ω+

(
f(ρ)ϕ
ρϕ

)
·
(
−1
ẏ(t)

)
dt−

☎
Ω+

(
f(ρ)
ρ

)
· ∇x,tϕ dx dt

= −
✂ +∞

0

(
(f(ρ)− ẏ(t)ρ)|x=y(t)

)
ϕ(y(t), t) dt−

☎
Ω+

(
ρ∂tϕ+ f(ρ)∂xϕ

)
dx dt .

▼♦r❡♦✈❡r✱ ✐❢ ρ s❛t✐s✜❡s t❤❡ ✢✉① ✐♥❡q✉❛❧✐t② ♦❢ ✭✹✳✵✳✸✮ ❛✳❡✳ ♦♥ (0,+∞)✱ t❤❡♥ t❤❡ ♣r❡✈✐♦✉s
❝♦♠♣✉t❛t✐♦♥s ❧❡❛❞ t♦

−
☎

Ω+

(
ρ∂tϕ+ f(ρ)∂xϕ

)
dx dt ≤

✂ +∞

0

q(t)ϕ(y(t), t) dt ;

t❤✐s ✐s ✇❤❡r❡ ✐♥❡q✉❛❧✐t✐❡s ✭✹✳✶✳✷✮ ❝♦♠❡ ❢r♦♠✳ ◆♦t❡ ❤♦✇ t❤❡② ♠❛❦❡ s❡♥s❡ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ r❡❣✲
✉❧❛r✐t② ♦❢ ρ✳ ■♥t❡❣r❛t✐♥❣ ♦♥ Ω− = {(x, t) ∈ Ω | x < y(t)} ✇♦✉❧❞ ❧❡❛❞ t♦ s✐♠✐❧❛r ❛♥❞ ❡q✉✐✈❛❧❡♥t
✐♥❡q✉❛❧✐t✐❡s✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶ ✐s ✇❡❧❧ s✉✐t❡❞ ❢♦r ♣❛ss❛❣❡ t♦ t❤❡ ❧✐♠✐t ♦❢ ❛✳❡✳ ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡s ♦❢ ❡①❛❝t
♦r ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥♥♦t ❞❡r✐✈❡ ✉♥✐q✉❡♥❡ss ❜② t❤❡ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts
❧✐❦❡ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡ ♦❢ ❑r✉③❤❦♦✈✳ ❯s✐♥❣ ❛♥ ❡q✉✐✈❛❧❡♥t ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❛❞❛♣t
❢r♦♠ ❬✶✺❪✱ ❜❛s❡❞ ♦♥ ❡①♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢ tr❛❝❡s ♦❢ ρ ♦♥ Γ✱ ✇❡ r❛t❤❡r ❝♦♠❜✐♥❡ t❤❡ ❛r❣✉♠❡♥ts
♦❢ ❬✶✶✹❪ ❛♥❞ ❬✶✺✺❪✳ ■♥ t❤✐s ❞❡✜♥✐t✐♦♥ ❛ ❝♦✉♣❧❡ ♣❧❛②s ❛ ♠❛❥♦r r♦❧❡✱ t❤❡ ♦♥❡ ✇❤✐❝❤ r❡❛❧✐③❡s t❤❡
❡q✉❛❧✐t② ✐♥ t❤❡ ✢✉① ❝♦♥str❛✐♥t ✐♥ ✭✹✳✵✳✸✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✜① ✜rst s ≥ 0✳ ❇② ✭✹✳✵✳✶✮ ❛♥❞
❝♦♥❝❛✈✐t② ♦❢ f ✱ ❢♦r ❛❧❧ q ∈ [0,maxFs)✱ t❤❡ ❡q✉❛t✐♦♥ Fs(ρ) = q ❛❞♠✐ts ❡①❛❝t❧② t✇♦ s♦❧✉t✐♦♥s ✐♥
[0, 1]✱ s❡❡ ❋✐❣✉r❡ ✹✳✶✱ ❧❡❢t✳ ❚❤❡ s❛♠❡ ✇❛②✱ ✐❢ s ≤ 0✱ t❤❡♥ ❢♦r ❛❧❧ q ∈ [−ṡ,maxFs)✱ t❤❡ ❡q✉❛t✐♦♥
st✐❧❧ ❛❞♠✐ts t✇♦ s♦❧✉t✐♦♥s ✐♥ [0, 1]✳ ❚❤❡ ❝♦✉♣❧❡ ❢♦r♠❡❞ ❜② t❤❡s❡ t✇♦ s♦❧✉t✐♦♥s✱ ❞❡♥♦t❡❞ ❜②
(ρ̂s(q), qρs(q)) ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷ ❜❡❧♦✇✱ ✇✐❧❧ s❡r✈❡ ❜♦t❤ ✐♥ t❤❡ ♣r♦✈❡ ♦❢ ✉♥✐q✉❡♥❡ss ❛♥❞ ❡①✐s✲
t❡♥❝❡✳

❋♦❧❧♦✇✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥✱ ✐♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t q ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣
❛ss✉♠♣t✐♦♥✿

❢♦r ❛✳❡✳ t > 0, q(t) ∈ [0,maxFẏ(t)) ✐❢ ẏ(t) ≥ 0 ❛♥❞ q(t) ∈ [−ẏ(t),maxFẏ(t)) ✐❢ ẏ(t) < 0.
✭✹✳✶✳✸✮

■♥ ♣❛rt✐❝✉❧❛r✱ r❡♠❛r❦ t❤❛t

❢♦r ❛✳❡✳ t > 0, ẏ(t) + q(t) ≥ 0. ✭✹✳✶✳✹✮
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❋✐❣✉r❡ ✹✳✶ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ ❆ss✉♠♣t✐♦♥ ✭✹✳✶✳✸✮

❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳ ▲❡t s ∈ R
+ ❛♥❞ q ∈ [0,maxFs)✱ ♦r s ∈ R

− ❛♥❞ q ∈ [−s,maxFs)✳
❚❤❡ ❛❞♠✐ss✐❜✐❧✐t② ❣❡r♠ ❢♦r t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✐♥ ✭✹✳✵✳✸✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t
Fs(ρ)|x=st ≤ q ✐s t❤❡ s✉❜s❡t Gs(q) ⊂ [0, 1]2 ❞❡✜♥❡❞ ❛s t❤❡ ✉♥✐♦♥✿

Gs(q) = (ρ̂s(q), qρs(q))︸ ︷︷ ︸
G1
s (q)

⋃
{(κ, κ) | Fs(κ) ≤ q}︸ ︷︷ ︸

G2
s (q)

⋃
{(kl, kr) | kl < kr ❛♥❞ Fs(kl) = Fs(kr) ≤ q}︸ ︷︷ ︸

G3
s (q)

,

✇❤❡r❡✱ ❞✉❡ t♦ t❤❡ ♣r♦✜❧❡ ♦❢ Fs✱ t❤❡ ❝♦✉♣❧❡ (ρ̂s(q), qρs(q)) ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥s

Fs(ρ̂s(q)) = Fs(qρs(q)) = q ❛♥❞ ρ̂s(q) > qρs(q).

▲❡♠♠❛ ✹✳✶✳✸✳ ❋♦r ❛❧❧ s ∈ R
+ ❛♥❞ q ∈ [0,maxFs)✱ ❛♥❞ ❢♦r ❛❧❧ s ∈ R

− ❛♥❞ q ∈ [−s,maxFs)✱
t❤❡ ❛❞♠✐ss✐❜✐❧✐t② ❣❡r♠ Gs(q) ✐s L1✲❞✐ss✐♣❛t✐✈❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t✿

✭✐✮ ❢♦r ❛❧❧ (kl, kr) ∈ Gs(q)✱ Fs(kl) = Fs(kr) ✭❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t ❝♦♥❞✐t✐♦♥✮❀

✭✐✐✮ ❢♦r ❛❧❧ (kl, kr), (cl, cr) ∈ Gs(q)✱

Φs(kl, cl) ≥ Φs(kr, cr). ✭✹✳✶✳✺✮

Pr♦♦❢✳ ❚❤❡ ♣♦✐♥t ✭✐✮ ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✳ ▲❡t ✉s ♣r♦✈❡ t❤❡ ❞✐ss✐♣❛t✐✈❡ ❢❡❛t✉r❡
✭✹✳✶✳✺✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ s✉♠♠❛r✐③❡s ✇❤✐❝❤ ✈❛❧✉❡s ❝❛♥ t❛❦❡ t❤❡ ❞✐✛❡r❡♥❝❡ ∆ = Φs(kl, cl)−
Φs(kr, cr) ❛❝❝♦r❞✐♥❣ ✇✐t❤ ✇❤✐❝❤ ♣❛rts ♦❢ t❤❡ ❣❡r♠ t❤❡ ❝♦✉♣❧❡s (kl, kr), (cl, cr) ∈ Gs(q) ❜❡❧♦♥❣
t♦✳

(cl, cr)

(kl, kr) ∈ G1
s (q) ∈ G2

s (q) ∈ G3
s (q)

∈ G1
s (q) 0 0 0 ♦r 2(q − Fs(kl))

∈ G2
s (q) 0 0 0 ♦r 2|Fs(c)− Fs(kl)|

∈ G3
s (q) 0 ♦r 2(q − Fs(cl)) 0 ♦r 2|Fs(cl)− Fs(k)| 0 ♦r 2|Fs(cl)− Fs(kl)|

❍❛✈✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G3
s (q)✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ∆ ≥ 0✳ �
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❉❡✜♥✐t✐♦♥ ✹✳✶✳✹✳ ❆ ❢✉♥❝t✐♦♥ ρ ∈ L∞(Ω; [0, 1]) ✐s ❛ Gẏ(q)✲❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✸✮ ✇✐t❤
✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R; [0, 1]) ✐❢✿
✭✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞

c (Ω\Γ), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s
❛r❡ ✈❡r✐✜❡❞✿✂ +∞

0

✂
R

(
|ρ− κ|∂tϕ+ Φ(ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx ≥ 0; ✭✹✳✶✳✻✮

✭✐✐✮ ❢♦r ❛✳❡✳ t > 0✱
(ρ(y(t)−, t), ρ(y(t)+, t)) ∈ Gẏ(t)(q(t)). ✭✹✳✶✳✼✮

❘❡♠❛r❦ ✹✳✶✳✷✳ ❈♦♥❞✐t✐♦♥ ✭✹✳✶✳✼✮ ✐s t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ s❡♥s❡ ♦❢ str♦♥❣ tr❛❝❡s ❛❧♦♥❣ Γ✳
❆♥ ✐♠♣♦rt❛♥t ❢❛❝t ✇❡ str❡ss ✐s t❤❛t ✐t ✐s ♥♦t r❡str✐❝t✐✈❡ t♦ ❛ss✉♠❡ t❤❛t ❡♥tr♦♣② s♦❧✉t✐♦♥s✱ ✐✳❡✳
❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ✈❡r✐❢②✐♥❣ ✭✹✳✶✳✻✮✱ ❛❞♠✐t str♦♥❣ tr❛❝❡s✳ ❯s✉❛❧❧②✱ ✐t ✐s ❡♥s✉r❡❞ ♣r♦✈✐❞❡❞ ❛
♥♦♥❞❡❣❡♥❡r❛❝② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ✢✉① ❢✉♥❝t✐♦♥✿

❢♦r ❛♥② ♥♦♥❡♠♣t② ✐♥t❡r✈❛❧ (a, b) ⊂ (0, 1), f|(a,b) ✐s ♥♦t ❝♦♥st❛♥t✳ ✭✹✳✶✳✽✮

■♥ t❤❡ ❝♦♥t❡①t ♦❢ tr❛✣❝ ✢♦✇✱ ❤♦✇❡✈❡r✱ ✇❡ s♦♠❡t✐♠❡s ❝♦♥s✐❞❡r ✢✉①❡s ✇❤✐❝❤ ❞♦ ♥♦t ✈❡r✐❢②
✭✹✳✶✳✽✮✳ ❙✉❝❤ ✢✉①❡s✱ ✇❤✐❝❤ ❤❛✈❡ ❧✐♥❡❛r ♣❛rts✱ ✉s✉❛❧❧② ♠♦❞❡❧ ❝♦♥st❛♥t tr❛✣❝ ✈❡❧♦❝✐t② ❢♦r s♠❛❧❧
❞❡♥s✐t✐❡s✳ ■♥ t❤♦s❡ s✐t✉❛t✐♦♥s✱ ❛♥❞ ✇❤❡♥ y ≡ 0✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t ✉♥❞❡r ❛ ♠✐❧❞ ❛ss✉♠♣t✐♦♥
♦♥ t❤❡ ❝♦♥str❛✐♥t✱ ✐❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❤❛s ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✱ t❤❡♥ s♦❧✉t✐♦♥s t♦ ✭✹✳✵✳✸✮ ❛r❡ ✐♥
L∞((0, T );BV(R))✱ ❛♥❞ tr❛❝❡s ❛r❡ t❤❡♥ t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ s❡♥s❡ ♦❢ BV(R) ❢✉♥❝t✐♦♥s✱
s❡❡ ❬✶✺✵✱ ❚❤❡♦r❡♠ ✸✳✷❪✳ ❆❧s♦ ♥♦t❡ t❤❛t t❤❡ ❣❡r♠ ❢♦r♠❛❧✐s♠ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ s✐t✉❛t✐♦♥s
✇❤❡r❡ t❤❡ ✢✉① ✐s ❞❡❣❡♥❡r❛t❡ ❛♥❞ ♥♦ ✈❛r✐❛t✐♦♥ ❜♦✉♥❞ ✐s ❛ss✉♠❡❞✱ s❡❡ ❬✶✺✱ ❘❡♠❛r❦s ✷✳✷✱ ✷✳✸❪✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ❉❡✜♥✐t✐♦♥s ✹✳✶✳✶ ❛♥❞ ✹✳✶✳✹ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✺✳ ❆♥② ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✸✮ ✐s ❛ Gẏ(q)✲❡♥tr♦♣② s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❋✐① ρ ∈ L∞(Ω) ❛♥ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✸✮✱ ϕ ∈ C∞
c (Ω)✱ ϕ ≥ 0 ❛♥❞

κ ∈ [0, 1]✳ ■❢ ϕ ✈❛♥✐s❤❡s ❛❧♦♥❣ Γ✱ t❤❡♥ ✭✹✳✶✳✶✮ ❜❡❝♦♠❡s ✭✹✳✶✳✻✮✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❦♥♦✇♥ t❤❛t
t❤❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t ❝♦♥❞✐t✐♦♥ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ✭✹✳✶✳✶✮✳ ❈♦♠❜✐♥✐♥❣ ✐t ✇✐t❤ ✭✹✳✶✳✷✮ ❣✐✈❡s ✉s✿

❢♦r ❛✳❡✳ t > 0, Fẏ(t)(ρ(y(t)−, t)) = Fẏ(t)(ρ(y(t)+, t)) ≤ q(t). ✭✹✳✶✳✾✮

▲❡t ✉s s❤♦✇ t❤❛t ❢♦r ❛✳❡✳ t > 0✱ (ρ(y(t)−, t), ρ(y(t)+, t)) ∈ Gẏ(t)(q(t))✳

❈❛s❡ ✶✿ ρ(y(t)−, t) ≤ ρ(y(t)+, t)✳ ❈♦♥❞✐t✐♦♥ ✭✹✳✶✳✾✮ ✐♠♣❧✐❡s t❤❛t (ρ(y(t)−, t), ρ(y(t)+, t)) ∈
G2
ẏ(t)(q(t)) ∪ G3

ẏ(t)(q(t))✳

❈❛s❡ ✷✿ ρ(y(t)−, t) > ρ(y(t)+, t)✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t ϕ ∈ C∞
c (Ω) ❛♥❞ ✜① n ∈ N

∗✳ ❇② ❛
st❛♥❞❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥t✱ ✇❡ ❝❛♥ ❛♣♣❧② ✭✹✳✶✳✶✮ ✇✐t❤ t❤❡ ▲✐♣s❝❤✐t③ t❡st ❢✉♥❝t✐♦♥ ξnϕ✱
✇❤❡r❡ ξn ✐s t❤❡ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥✿

ξn(x, t) =





1 ✐❢ |x− y(t)| < 1

n

2− n|x− y(t)| ✐❢
1

n
≤ |x− y(t)| ≤ 2

n

0 ✐❢ |x− y(t)| > 2

n
.
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❚❤✐s ②✐❡❧❞s✿

✂ +∞

0

✂
R

|ρ− κ|
(
ξn∂tϕ+ nẏ(t) sgn(x− y(t))1{ 1

n
<|x−y(t)|< 2

n}ϕ
)
dx dt

+

✂ +∞

0

✂
R

Φ(ρ, κ)
(
ξn∂xϕ− n sgn(x− y(t)1{ 1

n
<|x−y(t)|< 2

n}ϕ
)
dx dt

+

✂ +∞

0

Rẏ(t)(κ, q(t))ϕ(y(t), t) dt ≥ 0.

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ✇❤❡♥ n→ +∞✱ ✇❡ ♦❜t❛✐♥✿

✂ +∞

0

(
Φẏ(t) (ρ(y(t)−, t), κ)− Φẏ(t) (ρ(y(t)+, t), κ) +Rẏ(t)(κ, q(t))

)
ϕ(y(t), t) dt ≥ 0

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛✳❡✳ t > 0 ❛♥❞ ❢♦r ❛❧❧ κ ∈ [0, 1]✱

Φẏ(t) (ρ(y(t)−, t), κ)− Φẏ(t) (ρ(y(t)+, t), κ) +Rẏ(t)(κ, q(t)) ≥ 0.

❚❛❦✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r κ = ❛r❣♠❛①(Fẏ(t))✱ ✇❡ ❣❡t✿

Φẏ(t) (ρ(y(t)−, t), κ)− Φẏ(t) (ρ(y(t)+, t), κ) + 2(Fẏ(t)(κ)− q(t)) ≥ 0. ✭✹✳✶✳✶✵✮

❙✐♥❝❡ ρ(y(t)−, t) > ρ(y(t)+, t)✱ ✭✹✳✶✳✶✵✮ ❧❡❛❞s t♦ Fẏ(t)(ρ(y(t)−, t)) ≥ q(t)✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡❞
✇✐t❤ ✭✹✳✶✳✾✮✱ ✐♠♣❧✐❡s Fẏ(t)(ρ(y(t)−, t)) = Fẏ(t)(ρ(y(t)+, t)) = q(t)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t
(ρ(y(t)−, t), ρ(y(t)+, t)) ∈ G1

ẏ(t)(q(t))✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✻✳ ❆♥② Gẏ(q)✲❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✸✮ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❋✐① ρ ∈ L∞(Ω) ❛ Gẏ(q)✲❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✸✮✱ ϕ ∈ C∞
c (Ω)✱ ϕ ≥ 0✱ κ ∈ [0, 1]

❛♥❞ n ∈ N
∗✳ ❲❡ st✐❧❧ ❞❡♥♦t❡ ❜② ξn t❤❡ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ ❧❛st ♣r♦♦❢✳ ❲❡ ✇r✐t❡
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ϕ = (1− ξn)ϕ+ ξnϕ✳ ❙✐♥❝❡ φn = (1− ξn)ϕ ✈❛♥✐s❤❡s ❛❧♦♥❣ Γ✱ ✇❡ ❤❛✈❡

I =

✂ +∞

0

✂
R

(
|ρ− κ|∂tϕ+ Φ(ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx

+

✂ +∞

0

Rẏ(t)(κ, q(t))ϕ(y(t), t) dt

=

✂ +∞

0

✂
R

(
|ρ− κ|∂tφn + Φ(ρ, κ)∂xφn

)
dx dt+

✂
R

|ρ0(x)− κ|φn(x, 0) dx

︸ ︷︷ ︸
≥0

+

✂ +∞

0

✂
R

(
|ρ− κ|∂t(ξnϕ) + Φ(ρ, κ)∂x(ξnϕ)

)
dx dt+

✂
R

|ρ0(x)− κ|ξn(x, 0)ϕ(x, 0) dx

+

✂ +∞

0

Rẏ(t)(κ, q(t))ϕ(y(t), t) dt

≥
✂ +∞

0

✂
R

|ρ− κ|
(
ξn∂tϕ+ nẏ(t) sgn(x− y(t))1{ 1

n
<|x−y(t)|< 2

n}ϕ
)

dx dt

+

✂ +∞

0

✂
R

Φ(ρ, κ)
(
ξn∂xϕ− n sgn(x− y(t)1{ 1

n
<|x−y(t)|< 2

n}ϕ
)

dx dt

+

✂
R

|ρ0(x)− κ|ξn(x, 0)ϕ(x, 0) dx+
✂ +∞

0

Rẏ(t)(κ, q(t))ϕ(y(t), t) dt .

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ✇❤❡♥ n→ +∞✱ ✇❡ ♦❜t❛✐♥✿

I ≥
✂ +∞

0

(
Φẏ(t) (ρ(y(t)−, t), κ)− Φẏ(t) (ρ(y(t)+, t), κ) +Rẏ(t)(κ, q(t))︸ ︷︷ ︸

∆(t,κ)

)
ϕ(y(t), t) dt .

❚♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛✳❡✳ t > 0 ❛♥❞ ❢♦r ❛❧❧ κ ∈ [0, 1]✱ ∆(t, κ) ≥
0✳ ❘❡♠❡♠❜❡r t❤❛t ❜② ❛ss✉♠♣t✐♦♥✱ ❢♦r ❛✳❡✳ t > 0✱ (ρ(y(t)−, t), ρ(y(t)+, t)) ∈ Gẏ(t)(q(t))✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ ✐♥ ✇❤✐❝❤ ✇❡ ❞r♦♣♣❡❞ t❤❡ ẏ(t)/q(t)✲✐♥❞❡①✐♥❣✱ s✉♠♠❛r✐③❡s ✇❤✐❝❤ ✈❛❧✉❡s
❝❛♥ t❛❦❡ t❤❡ ❞✐✛❡r❡♥❝❡ ∆(t, κ) ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ κ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦✉♣❧❡
(ρ(y(t)−, t), ρ(y(t)+, t))✱ ✇❤✐❝❤ ✐s s✐♠♣❧② ❞❡♥♦t❡❞ ❜② (ρl, ρr)✳ ◆♦t❡ t❤❛t t❤❡ ❝❛s❡ ♠❛r❦❡❞ ❜②
× ✐s ✐♠♣♦ss✐❜❧❡✳

κ

(ρl, ρr) ∈ G1 ∈ G2 ∈ G3

κ < min{ρl, ρr} 0 R(κ, q(t)) 0

κ > max{ρl, ρr} 0 R(κ, q(t)) 0

κ ❜❡t✇❡❡♥ ρl ❛♥❞ ρr 0 × 2(F (κ)− F (ρl)) +R(κ, q(t))
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❈❧❡❛r❧②✱ ∆(t, κ) ≥ 0✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t I ≥ 0✱ ❤❡♥❝❡ ρ s❛t✐s✜❡s ✭✹✳✶✳✶✮✳ ▼♦r❡♦✈❡r✱ ❜②
❛ss✉♠♣t✐♦♥✱ ❢♦r ❛✳❡✳ t > 0✱ (ρ(y(t)−, t), ρ(y(t)+, t)) ∈ Gẏ(t)(q(t))✳ ❚❤✐s ✐♠♣❧✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱
t❤❛t ρ s❛t✐s✜❡s t❤❡ ✢✉① ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t② (f(ρ)− ẏ(t)ρ)|x=y(t) ≤ q(t) ✐♥ t❤❡ ❛✳❡✳ s❡♥s❡✳ ❇②
❘❡♠❛r❦ ✹✳✶✳✶✱ ρ s❛t✐s✜❡s ✭✹✳✶✳✷✮ ❛s ✇❡❧❧ ✐✳❡✳ ρ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✸✮✳ �

✹✳✶✳✷ ❯♥✐q✉❡♥❡ss ♦❢ G✲❡♥tr♦♣② s♦❧✉t✐♦♥s

❲❡ ♥♦✇ ♣r♦✈❡ ✉♥✐q✉❡♥❡ss ✉s✐♥❣ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✹✳

▲❡♠♠❛ ✹✳✶✳✼ ✭❑❛t♦ ✐♥❡q✉❛❧✐t②✮✳ ❋✐① ρ0, σ0 ∈ L∞(R; [0, 1])✱ y ∈ W
1,∞
loc ((0,+∞)) ❛♥❞ q, r ∈

L∞
loc((0,+∞))✳ ❲❡ ❞❡♥♦t❡ ❜② ρ ✭r❡s♣✳ σ✮ ❛ Gẏ(q)✲❡♥tr♦♣② s♦❧✉t✐♦♥ ✭r❡s♣✳ Gẏ(r)✲❡♥tr♦♣②

s♦❧✉t✐♦♥✮ t♦ Pr♦❜❧❡♠ ✭✹✳✵✳✸✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ✭r❡s♣✳ σ0✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t q, r
s❛t✐s❢② ✭✹✳✶✳✸✮✳ ❚❤❡♥ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞

c (Ω), ϕ ≥ 0✱ ✇❡ ❤❛✈❡

✂ +∞

0

✂
R

(
|ρ− σ|∂tϕ+ Φ(ρ, σ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− σ0(x)|ϕ(x, 0) dx

+

✂ +∞

0

(
Φẏ(t) (ρ(y(t)+, t), σ(y(t)+, t))− Φẏ(t) (ρ(y(t)−, t), σ(y(t)−, t))

)
ϕ(y(t), t) dt ≥ 0.

✭✹✳✶✳✶✶✮

Pr♦♦❢✳ ❚❛❦❡ φ = φ(x, t, χ, τ) ∈ C∞
c (Ω

2
), φ ≥ 0 ✇✐t❤ s✉♣♣♦rt ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❡t

(
Ω\Γ

)2
✳

❚❤❡ ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ ♦❢ ❞♦✉❜❧✐♥❣ ✈❛r✐❛❜❧❡s ❧❡❛❞s ✉s t♦✿

✟
|ρ(x, t)− σ(χ, τ)|(∂tφ+ ∂τφ) + Φ(ρ(x, t), σ(χ, τ))(∂xφ+ ∂χφ) dx dt dχ dτ

+

✝
|ρ0(x)− σ(χ, τ)|φ(x, 0, χ, τ) dx dχ dτ +

✝
|ρ(x, t)− σ0(χ)|φ(x, t, χ, 0) dx dt dχ ≥ 0.

✭✹✳✶✳✶✷✮
❆❣❛✐♥✱ ❛ st❛♥❞❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥t ❛❧❧♦✇s ✉s t♦ ❛♣♣❧② ✭✹✳✶✳✶✷✮ ✇✐t❤ t❤❡ ▲✐♣s❝❤✐t③
❢✉♥❝t✐♦♥

φn(x, t, χ, τ) = γn(x, t)ϕ

(
x+ χ

2
,
t+ τ

2

)
δn

(
x− χ

2

)
δn

(
t− τ

2

)

✇❤❡r❡ ϕ = ϕ(X, T ) ∈ C∞
c (Ω) ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ t❡st ❢✉♥❝t✐♦♥✱ (δn)n ✐s ❛ s♠♦♦t❤ ❛♣♣r♦①✐♠❛t✐♦♥

♦❢ t❤❡ ❉✐r❛❝ ♠❛ss ❛t t❤❡ ♦r✐❣✐♥✱ ❛♥❞

γn(x, t) =





0 ✐❢ |x− y(t)| < 1

n

n

(
|x− y(t)| − 1

n

)
✐❢

1

n
≤ |x− y(t)| ≤ 2

n

1 ✐❢ |x− y(t)| > 2

n
.
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❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❢♦r ❛✳❡✳ t > 0✱

∂tφn + ∂τφn = −nẏ(t) sgn(x− y(t))1{ 1
n
<|x−y(t)|< 2

n}ϕ
(
x+ χ

2
,
t+ τ

2

)
δn

(
x− χ

2

)
δn

(
t− τ

2

)

+ γn(x, t)∂Tϕ

(
x+ χ

2
,
t+ τ

2

)
δn

(
x− χ

2

)
δn

(
t− τ

2

)

∂xφn + ∂χφn = n sgn(x− y(t))1{ 1
n
<|x−y(t)|< 2

n}ϕ
(
x+ χ

2
,
t+ τ

2

)
δn

(
x− χ

2

)
δn

(
t− τ

2

)

+ γn(x, t)∂Xϕ

(
x+ χ

2
,
t+ τ

2

)
δn

(
x− χ

2

)
δn

(
t− τ

2

)
,

✇❡ ♦❜t❛✐♥✿✟
|ρ(x, t)− σ(χ, τ)|(∂tφn + ∂τφn) dx dt dχ dτ

−→
n→+∞

−
✂ +∞

0

ẏ(t)

(
|ρ(y(t)+, t)− σ(y(t)+, t)| − |ρ(y(t)−, t)− σ(y(t)−, t)|

)
ϕ(y(t), t) dt

+

✂ +∞

0

✂
R

|ρ(x, t)− σ(x, t)|∂Tϕ(x, t) dx dt

❛♥❞ ✟
Φ(ρ(x, t), σ(χ, τ))(∂xφn + ∂χφn) dx dt dχ dτ

−→
n→+∞

✂ +∞

0

(
Φ(y(t)+, t), σ(y(t)+, t)− Φ(ρ(y(t)−, t), σ(y(t)−, t))

)
ϕ(y(t), t) dt

+

✂ +∞

0

✂
R

Φ(ρ(x, t), σ(x, t))∂Xϕ(x, t) dx dt .

❋✐♥❛❧❧②✱ s✐♥❝❡✝
|ρ0(x)− σ(χ, τ)|φn(x, 0, χ, τ) dx dχ dτ ❛♥❞

✝
|ρ(x, t)− σ0(χ)|φn(x, t, χ, 0) dx dχ dt

❜♦t❤ ❝♦♥✈❡r❣❡ t♦
1

2

✂
R

|ρ0(x)− σ0(x)|ϕ(x, 0) dx ,

✇❡ ❣❡t ✭✹✳✶✳✶✶✮ ❜② ❛ss❡♠❜❧✐♥❣ t❤❡ ❛❜♦✈❡ ✐♥❣r❡❞✐❡♥ts t♦❣❡t❤❡r✳ �

❚❤❡♦r❡♠ ✹✳✶✳✽✳ ❋✐① ρ0, σ0 ∈ L∞(R; [0, 1])✱ y ∈ W
1,∞
loc ((0,+∞)) ❛♥❞ q, r ∈ L∞

loc((0,+∞))✳
❲❡ ❞❡♥♦t❡ ❜② ρ ✭r❡s♣✳ σ✮ ❛ Gẏ(q)✲❡♥tr♦♣② s♦❧✉t✐♦♥ ✭r❡s♣✳ Gẏ(r)✲❡♥tr♦♣② s♦❧✉t✐♦♥✮ t♦ Pr♦❜❧❡♠
✭✹✳✵✳✸✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ✭r❡s♣✳ σ0✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t q, r s❛t✐s❢② ✭✹✳✶✳✸✮✳ ❚❤❡♥
❢♦r ❛❧❧ T > 0✱ ✇❡ ❤❛✈❡

‖ρ(·, T )− σ(·, T )‖L1 ≤ ‖ρ0 − σ0‖L1 + 2

✂ T

0

|q(t)− r(t)| dt . ✭✹✳✶✳✶✸✮

■♥ ♣❛rt✐❝✉❧❛r✱ Pr♦❜❧❡♠ ✭✹✳✵✳✸✮ ❛❞♠✐ts ❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥✳
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Pr♦♦❢✳ ❋✐① T > 0✱ R ≥ ‖y‖L∞((0,T )) ❛♥❞ s❡t L = ‖f ′‖L∞ + ‖ẏ‖L∞((0,T ))✳ ❈♦♥s✐❞❡r ❢♦r ❛❧❧
n ∈ N

∗ t❤❡ ❢✉♥❝t✐♦♥✿

ϕn(x, t) =
1

4
(1− ξn(t− T )) (1− ξn (|x| −R + L(t− T ))) ,

✇❤❡r❡ (ξn)n ✐s ❛ s♠♦♦t❤ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s✐❣♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ s❡q✉❡♥❝❡ (ϕn)n ✐s ❛ s♠♦♦t❤
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ tr❛♣❡③♦✐❞

T =
{
(x, t) ∈ Ω | t ∈ [0, T ] ❛♥❞ |x| ≤ R− L(t− T )

}
⊃
{
(x, t) ∈ Ω | t ∈ [0, T ] ❛♥❞ x = y(t)

}
.

▲❡t ✉s ❛♣♣❧② ❑❛t♦ ✐♥❡q✉❛❧✐t② ✭✹✳✶✳✶✶✮ ✇✐t❤ (ϕn)n✳ ❋♦r ❛❧❧ n ∈ N✱ ✇❡ ❤❛✈❡

✂ +∞

0

✂
R

|ρ− σ|∂tϕn dx dt = −1

4

✂ +∞

0

✂
R

|ρ− σ|ξ′n(t− T ) (1− ξn (|x| −R + L(t− T ))) dx dt

− L

4

✂ +∞

0

✂
R

|ρ− σ| (1− ξn(t− T )) ξ′n (|x| −R + L(t− T )) dx dt

−→
n→+∞

−
✂
|x|≤R

|ρ(x, T )− σ(x, T )| dx− L

✂ T

0

✂
|x|=R−L(t−T )

|ρ− σ| dx dt .

❚❤❡♥✱

✂ +∞

0

✂
R

Φ(ρ, σ)∂xϕn dx dt = −1

4

✂ +∞

0

✂
R

Φ(ρ, σ) (1− ξn(t− T )) sgn(x)ξ′n (|x| −R + L(t− T )) dx dt

−→
n→+∞

−
✂ T

0

✂
|x|=R−L(t−T )

Φ(ρ, σ) sgn(x) dx dt .

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡
✂
R

|ρ0(x)− σ0(x)|ϕn(x, 0) dx −→
n→+∞

✂
|x|≤R+LT

|ρ0(x)− σ0(x)| dx

❘❡♠❛r❦ ❛❧s♦ t❤❛t t❤❡ ❝❤♦✐❝❡s ♦❢ R ❛♥❞ L ✐♠♣❧② t❤❛t ❢♦r ❛❧❧ t > 0✱

ϕn(y(t), t) −→
n→+∞

1.

❆ss❡♠❜❧✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❧✐♠✐ts t♦❣❡t❤❡r✱ ✇❡ ❣❡t✿

−
✂
|x|≤R

|ρ(x, T )− σ(x, T )| dx+
✂
|x|≤R+LT

|ρ0(x)− σ0(x)| dx

−
✂ T

0

✂
|x|=R−L(t−T )

(L|ρ− σ|+ Φ(ρ, σ) sgn(x)) dx dt

+

✂ T

0

(
Φẏ(t) (ρ(y(t)+, t), σ(y(t)+, t))− Φẏ(t) (ρ(y(t)−, t), σ(y(t)−, t))

)
dt ≥ 0.
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◆♦t❡ t❤❛t ❢♦r ❛❧❧ ρ, σ ∈ [0, 1] ❛♥❞ ❢♦r ❛❧❧ x ∈ R✱

L|ρ− σ|+ Φ(ρ, σ) sgn(x) ≥ L|ρ− σ| − |f(ρ)− f(σ)| ≥ (L − ‖f ′‖L∞)|ρ− σ| ≥ 0.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t
✂
|x|≤R

|ρ(x, T )− σ(x, T )| dx ≤
✂
|x|≤R+LT

|ρ0(x)− σ0(x)| dx

+

✂ T

0

(
Φẏ(t) (ρ(y(t)+, t), σ(y(t)+, t))− Φẏ(t) (ρ(y(t)−, t), σ(y(t)−, t))︸ ︷︷ ︸

∆(t)

)
dt .

❲❤❛t ✐s ❧❡❢t t♦ ❞♦ ✐s t♦ t❛❦❡ t❤❡ ❧✐♠✐t ✇❤❡♥ R → +∞ ❛♥❞ t♦ ❡st✐♠❛t❡ t❤❡ ❧❛st t✇♦ t❡r♠s ♦❢
t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ ✐♥ ✇❤✐❝❤ ✇❡ ❞r♦♣♣❡❞ t❤❡
t✲✐♥❞❡①✐♥❣✱ s✉♠♠❛r✐③❡s ✇❤✐❝❤ ✈❛❧✉❡s ❝❛♥ t❛❦❡ t❤❡ ❞✐✛❡r❡♥❝❡ ∆(t) ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ ♣❛rts
♦❢ t❤❡✐r r❡s♣❡❝t✐✈❡ ❣❡r♠s t❤❡ ❝♦✉♣❧❡s (ρ(y(t)−, t), ρ(y(t)+, t)) ❛♥❞ (σ(y(t)−, t), σ(y(t)+, t))✱
r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜② (ρl, ρr) ❛♥❞ (σl, σr) ❜❡❧♦♥❣ t♦✳

(σl, σr)

(ρl, ρr) ∈ G1
ẏ(q) ∈ G2

ẏ(q) ∈ G3
ẏ(q)

∈ G1
ẏ(r) 2(q − r) 0 ♦r 2(Fẏ(ρl)− r) 2(Fẏ(ρl)− r)

∈ G2
ẏ(r) 0 0 ≤ 0

∈ G3
ẏ(r) 2(Fẏ(σl)− q) ≤ 0 ≤ 0

❲❡ ❝❧❡❛r❧② s❡❡ t❤❡ ❜♦✉♥❞ ∆(t) ≤ 2|q(t)− r(t)|✱ ✇❤✐❝❤ ❧❡❛❞s ✉s t♦ ✭✹✳✶✳✶✸✮✱ ✇❤✐❝❤ ❝❧❡❛r❧②
✐♠♣❧✐❡s ✉♥✐q✉❡♥❡ss✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

✹✳✷ ❊①✐st❡♥❝❡ ❢♦r t❤❡ s✐♥❣❧❡ tr❛❥❡❝t♦r② ♣r♦❜❧❡♠

❲❡ ❜✉✐❧❞ ❛ s✐♠♣❧❡ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❛♥❞ ♣r♦✈❡ ✐ts ❝♦♥✈❡r❣❡♥❝❡ t♦ ❛♥ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣②
s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✸✮✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❞❡♥♦t❡ ❜②

a ∨ b = max{a, b} ❛♥❞ a ∧ b = min{a, b}.

❋✐① ρ0 ∈ L∞(R; [0, 1])✳

✹✳✷✳✶ ❆❞❛♣t❡❞ ♠❡s❤ ❛♥❞ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡

❲❡ st❛rt ❜② ❞❡✜♥✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ s❧♦♣❡s✿

∀n ∈ N, sn =
1

∆t

✂ tn+1

tn
ẏ(t) dt ; ∀t ≥ 0, s∆(t) =

∑

n∈N

sn1[tn,tn+1)(t).
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❘❡♠❛r❦ ✹✳✷✳✶✳ ❋✐① T > 0✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t (s∆)∆ ❝♦♥✈❡r❣❡s t♦ ẏ ✐♥ L1((0, T ))✳ ❋✐① ε > 0✳
❙✐♥❝❡ ẏ ∈ L1((0, 2T ))✱ ❜② ❞❡♥s✐t②✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ γ ∈ C([0, 2T ]) s✉❝❤
t❤❛t‖ẏ − γ‖L1((0,2T )) ≤ ε✳ ❍❡✐♥❡ t❤❡♦r❡♠ ❡♥s✉r❡s t❤❛t γ ✐s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s✱ ❤❡♥❝❡✿

∃α > 0, ∀t, τ ∈ [0, 2T ], |t− τ | ≤ α =⇒ |γ(t)− γ(τ)| ≤ ε

2T
.

❙✉♣♣♦s❡ ♥♦✇ t❤❛t ∆t ≤ α ❛♥❞ ❧❡t N ∈ N
∗ s✉❝❤ t❤❛t T ∈ [tN , tN+1)✳ ❲❡ ❤❛✈❡✿

‖ẏ − s∆‖L1((0,T )) ≤ ‖ẏ − γ‖L1((0,T )) + ‖γ − s∆‖L1((0,T ))

≤ ‖ẏ − γ‖L1((0,2T )) + ‖γ − s∆‖L1((0,tN+1))

≤ ε+
N∑

n=0

✂ tn+1

tn
|γ(t)− sn| dt

≤ ε+
N∑

n=0

✂ tn+1

tn

✂ tn+1

tn

∣∣∣∣
γ(t)− ẏ(τ)

∆t

∣∣∣∣ dτ dt

≤ ε+
N∑

n=0

✂ tn+1

tn

✂ tn+1

tn

∣∣∣∣
γ(t)− γ(τ)

∆t

∣∣∣∣
︸ ︷︷ ︸

≤ ε
2T∆t

dτ dt+
N∑

n=0

✂ tn+1

tn

✂ tn+1

tn

∣∣∣∣
γ(τ)− ẏ(τ)

∆t

∣∣∣∣ dτ dt

≤ ε+
(N + 1)∆t

2T
ε+ ‖γ − ẏ‖L1((0,tN+1)) ≤ 3ε.

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ tr❛❥❡❝t♦r✐❡s✿

∀t ≥ 0, y∆(t) = y0 +

✂ t

0

s∆(τ) dτ ; ∀n ∈ N, yn = y∆(t
n),

✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ y ✐♥ L∞
loc((0,+∞)) s✐♥❝❡ (s∆)∆ ❝♦♥✈❡r❣❡s t♦ ẏ ✐♥ L1

loc((0,+∞))✳ ❲❡ ❛❧s♦
❞❡✜♥❡ (q∆)∆✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ ❝♦♥str❛✐♥ts✿

q∆(t) =
∑

n∈N

qn1[tn,tn+1)(t); qn =
1

∆t

✂ tn+1

tn
q(t) dt .

❙✐♥❝❡ q ∈ L∞
loc((0,+∞))✱ ✇❡ ❝❛♥ s❤♦✇✱ ❛s ✇❡ ❞✐❞ ✐♥ ❘❡♠❛r❦ ✹✳✷✳✶✱ t❤❛t (q∆)∆ ❝♦♥✈❡r❣❡s t♦ q

✐♥ L1
loc((0,+∞))✳

❘❡♠❛r❦ ✹✳✷✳✷✳ ❘❡♠❛r❦ t❤❛t ✇✐t❤ ♦✉r ❝❤♦✐❝❡s✱ ❢r♦♠ ✭✹✳✶✳✹✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

∀n ∈ N, sn + qn =
1

∆t

✂ tn+1

tn
(ẏ(t) + q(t)) dt ≥ 0. ✭✹✳✷✳✶✮

❚❤✐s ❢❛❝t ✇✐❧❧ ❝♦♠❡ ✐♥ ❤❛♥❞② ✐♥ t❤❡ ♣r♦♦❢ ♦❢ st❛❜✐❧✐t② ❢♦r t❤❡ s❝❤❡♠❡✳
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❋✐① ♥♦✇ T > 0 ❛♥❞ ❛ s♣❛t✐❛❧ ♠❡s❤ s✐③❡ ∆x > 0 ✇✐t❤ λ = ∆t/∆x ✜①❡❞✱ ✈❡r✐❢②✐♥❣ t❤❡ ❈❋▲
❝♦♥❞✐t✐♦♥

2


‖f ′‖L∞ + ‖ẏ‖L∞((0,T ))︸ ︷︷ ︸

L


λ ≤ 1. ✭✹✳✷✳✷✮

❋♦r ❛❧❧ n ∈ N✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✐♥❞❡① jn ∈ Z s✉❝❤ t❤❛t yn ∈ (xjn , xjn+1)✱ s❡❡ ❋✐❣✉r❡ ✹✳✷✳
■♥tr♦❞✉❝❡ t❤❡ s❡q✉❡♥❝❡ (χn

j )j∈Z ❞❡✜♥❡❞ ❜②

χn
j =





xj ✐❢ j ≤ jn − 1

yn ✐❢ j = jn

xj+1 ✐❢ j ≥ jn + 1.

❲❡ ❞❡✜♥❡ t❤❡ ❝❡❧❧ ❣r✐❞s✿
Ω =

⋃

n∈N

⋃

j∈Z

Pn
j+1/2,

✇❤❡r❡ ❢♦r ❛❧❧ n ∈ N ❛♥❞ j ∈ Z✱ Pn
j+1/2 ✐s t❤❡ r❡❝t❛♥❣❧❡ (χn

j , χ
n
j+1) × [tn, tn+1) ✐❢ j ≤ jn − 2✱

♦♥❡ ♦❢ t❤❡ ♣❛r❛❧❧❡❧♦❣r❛♠s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✷ ✐❢ j ∈ {jn − 1, jn} ❛♥❞ t❤❡ r❡❝t❛♥❣❧❡
(χn

j+1, χ
n
j+2)× [tn, tn+1) ✐❢ j ≥ jn + 1✳

❋✐❣✉r❡ ✹✳✷ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ t♦ t❤❡ ♠❡s❤✳

❲❡ st❛rt ❜② ❞✐s❝r❡t✐③✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ✇✐t❤
(
ρ0j+1/2

)
j
✇❤❡r❡ ❢♦r ❛❧❧ j ∈ Z✱ ρ0j+1/2 ✐s ✐ts

♠❡❛♥ ✈❛❧✉❡ ♦♥ t❤❡ ❝❡❧❧ (χ0
j , χ

0
j+1)✳ ❈❧❡❛r❧②✱ ❢♦r t❤✐s ❝❤♦✐❝❡✱ ✇❡ ❤❛✈❡✿

ρ0j+1/2 ∈ [0, 1] ❛♥❞ ρ0∆ =
∑

j∈Z

ρ0j+1/21(χ0
j ,χ

0
j+1)

−→
∆x→0

ρ0 ✐♥ L1
loc(R).

▲❡t ✉s ❞❡♥♦t❡ ❜② EO = EO(a, b) t❤❡ ❊♥❣q✉✐st✲❖s❤❡r ♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤ f ❛♥❞
❢♦r ❛❧❧ s ∈ R✱ Gods = Gods(u, v) ❜❡ t❤❡ ●♦❞✉♥♦✈ ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤ ρ 7→ f(ρ) − sρ✱ s❡❡
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❉❡✜♥✐t✐♦♥ ✶✳✶✳✶ ❛♥❞ ❊①❛♠♣❧❡ ✶✳✶✳✶✳

❋✐① n ∈ N✳ ❚♦ s✐♠♣❧✐❢② t❤❡ r❡❛❞✐♥❣✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s✿

∀j ∈ Z, fn
j = EO

(
ρnj−1/2, ρ

n
j+1/2

)
❛♥❞ fn

int = Godsn
(
ρnjn−1/2, ρ

n
jn+1/2

)
∧ qn. ✭✹✳✷✳✸✮

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡✳ ■t ❝♦♠❡s ❢r♦♠ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡
❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✇r✐tt❡♥ ✐♥ ❡❛❝❤ ✈♦❧✉♠❡ ❝♦♥tr♦❧ Pn

j+1/2 ✭n ∈ N✱ j ∈ Z✮✳ ❆✇❛② ❢r♦♠ t❤❡
tr❛❥❡❝t♦r②✴❝♦♥str❛✐♥t✱ ✐t ✐s t❤❡ st❛♥❞❛r❞ 3✲♣♦✐♥t ♠❛r❝❤✐♥❣ ❢♦r♠✉❧❛ ❛♥❞ ✇❤❡♥ j ∈ {jn−1, jn}✱
✇❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ ❜♦t❤ t❤❡ ❝♦♥str❛✐♥t ❛♥❞ t❤❡ ✐♥t❡r❢❛❝❡ ✇❤✐❝❤ ✐s ♥♦t ✈❡rt✐❝❛❧✳ ❚❤r❡❡ ❝❛s❡s
❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇❤❡♥ ❞❡s❝r✐❜✐♥❣ t❤❡ ♠❛r❝❤✐♥❣ ❢♦r♠✉❧❛ ♦❢ t❤❡ s❝❤❡♠❡✱ ❜✉t ✇❡ r❡❛❧❧②
❣✐✈❡ t❤❡ ❞❡t❛✐❧s ❢♦r ♦♥❧② ♦♥❡ ♦❢ t❤❡♠✳

❈❛s❡ ✶✿ jn+1 = jn + 1✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❧✐♥❡ ❥♦✐♥✐♥❣ (yn, tn) ❛♥❞ (yn+1, tn+1) ❝r♦ss❡s t❤❡
❧✐♥❡ x = xjn+1✱ s❡❡ ❋✐❣✉r❡ ✹✳✷✳ ■❢ j /∈ {jn − 1, jn}✱ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ✇r✐tt❡♥ ✐♥ t❤❡ r❡❝t❛♥❣❧❡
Pn

j+1/2 ✐s ❣✐✈❡♥ ❜② t❤❡ st❛♥❞❛r❞ ❡q✉❛t✐♦♥✿

(
ρn+1
j+1/2 − ρnj+1/2

)
∆x+ (fn

j+1 − fn
j )∆t = 0. ✭✹✳✷✳✹✮

❋r♦♠ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ✐♥ t❤❡ ❝❡❧❧ Pn
jn−1/2✱ ✇❡ s❡t✿

ρn+1
jn+1−1/2

(
yn+1 − χn+1

jn+1−2

)
− ρnjn−1/2

(
yn − χn

jn−1

)
+ (fn

int − fn
jn−1)∆t = 0. ✭✹✳✷✳✺✮

❚❤✐s ❢♦r♠✉❧❛ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ♣✉tt✐♥❣ t❤❡ s❛♠❡ ✈❛❧✉❡ ❢♦r ρ∆ ♦♥ (χn+1
jn+1−2, χ

n+1
jn+1−1)

❛♥❞ ♦♥ (χn+1
jn+1−1, y

n+1) ❛t t✐♠❡ t = tn+1✱ ✐✳❡✳ ρn+1
jn+1−3/2 = ρn+1

jn+1−1/2✳ ■♥ t❤❡ ❝❡❧❧ Pn
jn+1/2✱ t❤❡

❝♦♥s❡r✈❛t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠✿

ρn+1
jn+1+1/2

(
χn+1
jn+1+1 − yn+1

)
−ρnjn+1/2

(
χn
jn+1 − yn

)
−ρnjn+3/2∆x+(fn

jn+2−fn
int)∆t = 0. ✭✹✳✷✳✻✮

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ t✇♦ ❢✉♥❝t✐♦♥s

Hn
jn−1(u, v, w) =

v(yn − χn
jn−1)−

(
Godsn(v, w) ∧ qn − EO(u, v)

)
∆t

yn+1 − χn+1
jn+1−2

❛♥❞

Hn
jn(u, v, w, z) =

v(χn
jn+1 − yn) + w∆x−

(
EO(w, z)−Godsn(u, v) ∧ qn

)
∆t

χn+1
jn+1+1 − yn+1

s♦ t❤❛t 


ρn+1
jn+1−1/2 = Hn

jn−1(ρ
n
jn−3/2, ρ

n
jn−1/2, ρ

n
jn+1/2)

ρn+1
jn+1+1/2 = Hn

jn(ρ
n
jn−1/2, ρ

n
jn+1/2, ρ

n
jn+3/2, ρ

n
jn+5/2).

✭✹✳✷✳✼✮

❚❤❡ ❦❡② ♣♦✐♥t ✐♥ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥ ✭st❛❜✐❧✐t② ❛♥❞ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮ ✐s
t❤❛t t❤❡ ❢✉♥❝t✐♦♥s Hjn−1 ❛♥❞ Hjn ❛r❡ ♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ❛r❣✉♠❡♥ts ✐✳❡✳ t❤❡
♠♦❞✐✜❝❛t✐♦♥ ✐♥ ✭✹✳✷✳✸✮ ❞✐❞ ♥♦t ❛✛❡❝t t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ r❡s✉❧t✐♥❣ s❝❤❡♠❡ ✭✹✳✷✳✹✮ ✕ ✭✹✳✷✳✻✮✳
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❋✐♥❛❧❧②✱ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ρ∆ ✐s ❞❡✜♥❡❞ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ Ω✿

ρ∆ =
∑

n∈N

(
∑

j≤jn

ρnj+1/21Pn
j+1/2

+
∑

j≥jn+1

ρnj+3/21Pn
j+1/2

)
.

❚❤❡ ♦t❤❡r ❝❛s❡s ✭jn+1 = jn ♦r jn+1 = jn − 1✮ ❢♦❧❧♦✇ ❢r♦♠ s✐♠✐❧❛r ❣❡♦♠❡tr✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s✳
◆♦t❡ t❤❛t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ tr❛✣❝ ❞②♥❛♠✐❝s✱ y ✇♦✉❧❞ ❜❡ t❤❡ tr❛❥❡❝t♦r② ♦❢ ❛ st❛t✐♦♥❛r② ♦r
❛ ❢♦r✇❛r❞ ♠♦✈✐♥❣ ♦❜st❛❝❧❡ ❛♥❞ t❤❡r❡❢♦r❡✱ ✇❡ s❤♦✉❧❞ ❤❛✈❡ ẏ ≥ 0✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧
n ∈ N✱ ❡✐t❤❡r jn+1 = jn ♦r jn+1 = jn + 1✳ ❚❤✐s ✐s ✇❤② ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ♣r❡s❡♥t❡❞ ✐♥
❋✐❣✉r❡ ✹✳✷✳

✹✳✷✳✷ ❙t❛❜✐❧✐t② ❛♥❞ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶ ✭L∞ st❛❜✐❧✐t②✮✳ ❯♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✹✳✷✳✷✮✱ t❤❡ s❝❤❡♠❡ ✭✹✳✷✳✹✮ ✕
✭✹✳✷✳✻✮ ✐s st❛❜❧❡✿

∀n ∈ N, ∀j ∈ Z, ρnj+1/2 ∈ [0, 1]. ✭✹✳✷✳✽✮

Pr♦♦❢✳ ▼♦♥♦t♦♥✐❝✐t②✳ ❋✐① n ∈ N✳ ❈❧❡❛r❧②✱ t❤❡ ❡①♣r❡ss✐♦♥ ✭✹✳✷✳✹✮ ❛❧❧♦✇s t♦ ❡①♣r❡ss ρn+1

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤r❡❡ ✈❛❧✉❡s ♦❢ ρn ✐♥ ❛♥ ♥♦♥❞r❡❝r❡❛s✐♥❣ ✇❛②✱ s❡❡ t❤❡ ❬✽✸✱ ❈❤❛♣t❡r ✺❪ ❢♦r
✐♥st❛♥❝❡✳ ❲❡ ♥♦✇ ✈❡r✐❢② t❤❛t t❤❡ ❢✉♥❝t✐♦♥s Hn

jn−1 ❛♥❞ Hn
jn ❛r❡ ❛❧s♦ ♥♦♥❞❡❝r❡❛s✐♥❣✳ ▲❡t ✉s

❞❡t❛✐❧ t❤❡ ♣r♦♦❢ ❢♦r Hn
jn ✳ ❘❡❝❛❧❧ t❤❛t Hn

jn ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❜② ❝♦♥str✉❝t✐♦♥✱ t❤❡r❡❢♦r❡
✇❡ ❝❛♥ st✉❞② ✐ts ♠♦♥♦t♦♥✐❝✐t② ✐♥ t❡r♠s ♦❢ ✐ts ❛✳❡✳ ❞❡r✐✈❛t✐✈❡s✳ ▼❛❦✐♥❣ ✉s❡ ♦❢ ❜♦t❤ t❤❡ ❈❋▲
❝♦♥❞✐t✐♦♥ ✭✹✳✷✳✷✮ ❛♥❞ ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ EO ❛♥❞ Godsn ✱ ❢♦r ❛✳❡✳ u, v, w, z ∈ [0, 1]✱ ✇❡
❤❛✈❡

∂Hn
jn

∂u
(u, v, w, z) =

1

2

∆t

χn+1
jn+1+1 − yn+1

∂Godsn

∂a
(u, v)(1− sgn(Godsn(u, v)− qn)) ≥ 0,

∂Hn
jn

∂v
(u, v, w, z) =

χn
jn+1 − yn

χn+1
jn+1+1 − yn+1

+
∆t

χn+1
jn+1+1 − yn+1

∂Godsn

∂b
(u, v)

(1− sgn(Godsn(u, v)− qn))

2

≥ χn
jn+1 − (yn + L∆t)

χn+1
jn+1+1 − yn+1

≥ χn
jn+1 −

(
yn + ∆x

2

)

χn+1
jn+1+1 − yn+1

≥ 0,

∂Hn
jn

∂w
(u, v, w, z) =

∆x

χn+1
jn+1+1 − yn+1

− ∆t

χn+1
jn+1+1 − yn+1

∂EO

∂a
(w, z)

≥ ∆x− L∆t

χn+1
jn+1+1 − yn+1

≥ ∆x−∆x/2

χn+1
jn+1+1 − yn+1

≥ 0,

∂Hn
jn

∂z
(u, v, w, z) = − ∆t

χn+1
jn+1+1 − yn+1

∂EO

∂b
(w, z) ≥ 0,

♣r♦✈✐♥❣ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ Hn
jn ✳ ❙✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥s s❤♦✇ t❤❛t Hn

jn−1 ✐s ♥♦♥❞❡❝r❡❛s✐♥❣
✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❛r❣✉♠❡♥ts ❛s ✇❡❧❧✳
❙t❛❜✐❧✐t②✳ ❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ✭✹✳✷✳✽✮✱ ✇❤✐❝❤ ✐s ❞♦♥❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳ ■❢ n = 0✱ ✐t
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✐s ✈❡r✐✜❡❞ ❜② ❞❡✜♥✐t✐♦♥ ♦❢
(
ρ0j+1/2

)
j
✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t ✭✹✳✷✳✽✮ ❤♦❧❞s ❢♦r s♦♠❡ ✐♥t❡❣❡r n ≥ 0

❛♥❞ ❧❡t ✉s s❤♦✇ t❤❛t ✐t st✐❧❧ ❤♦❧❞s ❢♦r n + 1✳ ❘❡♠❛r❦ t❤❛t 0 ❛♥❞ 1 ❛r❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s
t♦ t❤❡ s❝❤❡♠❡✳ ■t ✐s ♦❜✈✐♦✉s❧② tr✉❡ ✐♥ t❤❡ ❝❛s❡ ✭✹✳✷✳✹✮✳ ❚❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ Hn

jn−1 ❛♥❞ Hn
jn ❞♦

♥♦t ❝❤❛♥❣❡ t❤✐s ❢❛❝t✳ ❋♦r ✐♥st❛♥❝❡✱ Hn
jn−1(0, 0, 0) = 0 s✐♥❝❡ qn ≥ 0 ❛♥❞ ❜❡❝❛✉s❡ ♦❢ ✭✹✳✷✳✶✮✱ ✇❡

❛❧s♦ ❤❛✈❡✿

Hn
jn−1(1, 1, 1) =

(yn − χn
jn−1)− ((−sn) ∧ qn)∆t
yn+1 − χn+1

jn+1−2

=
(yn − χn

jn−1) + sn∆t

yn+1 − χn+1
jn+1−2

= 1.

❙✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥s ✇♦✉❧❞ ❡♥s✉r❡ t❤❛t ✐t ❤♦❧❞s ❛❧s♦ ❢♦r Hn
jn ✳ ❯s✐♥❣ ♥♦✇ t❤❡ ♠♦♥♦t♦♥✐❝✐t②

♦❢ Hn
jn−1 ❢♦r ✐♥st❛♥❝❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

0 = Hn
jn−1(0, 0, 0) ≤ Hn

jn−1(ρ
n
jn−3/2, ρ

n
jn−1/2, ρ

n
jn+1/2)

= ρn+1
jn+1−1/2

= Hn
jn−1(ρ

n
jn−3/2, ρ

n
jn−1/2, ρ

n
jn+1/2) ≤ Hn

jn−1(1, 1, 1) = 1,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s ❢♦❧❧♦✇ ❢r♦♠ s✐♠✐❧❛r ❝♦♠♣✉t❛✲
t✐♦♥s✳ �

❈♦r♦❧❧❛r② ✹✳✷✳✷ ✭❉✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮✳ ❋✐① n ∈ N✱ j ∈ Z\{jn+1−2} ❛♥❞ κ ∈ [0, 1]✳
❚❤❡♥ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭✹✳✷✳✹✮ ✕ ✭✹✳✷✳✻✮ ❢✉❧✜❧❧s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✿

|ρn+1
j+1/2 − κ|(χn+1

j+1 − χn+1
j )

≤





|ρnj+1/2 − κ|(χn
j+1 − χn

j )−
(
Φn

j+1 − Φn
j

)
∆t ✐❢ j /∈ {jn+1 − 1, jn+1}

−|ρn+1
jn+1−1/2 − κ|∆x+ |ρnjn−1/2 − κ|(χn

jn − χn
jn−1)

−
(
Φn

int − Φn
jn−1

)
∆t+ 1

2
Rsn(κ, q

n)∆t ✐❢ j = jn+1 − 1

|ρnjn+1/2 − κ|(χn
jn+1 − χn

jn) + |ρnjn+3/2 − κ|∆x
−
(
Φn

jn+2 − Φn
int

)
∆t+ 1

2
Rsn(κ, q

n)∆t ✐❢ j = jn+1,

✭✹✳✷✳✾✮

✇❤❡r❡ Φn
j ❛♥❞ Φn

int ❞❡♥♦t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❡♥tr♦♣② ✢✉①❡s✿

Φn
j = EO(ρnj−1/2 ∨ κ, ρnj+1/2 ∨ κ)− EO(ρnj−1/2 ∧ κ, ρnj+1/2 ∧ κ);

Φn
int = min{Godsn(ρnjn−1/2 ∨ κ, ρnjn+1/2 ∨ κ), qn} −min{Godsn(ρnjn−1/2 ∧ κ, ρnjn+1/2 ∧ κ), qn}

Pr♦♦❢✳ ❚❤✐s r❡s✉❧t ✐s ♠♦st❧② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡ ♠♦♥♦t♦♥✐❝✐t②✳ ❲❤❡♥ t❤❡ ✐♥t❡r✲
❢❛❝❡✴❝♦♥str❛✐♥t ❞♦❡s ♥♦t ❡♥t❡r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✐✳❡✳ ✇❤❡♥ j /∈ {jn+1−1, jn+1}✱ t❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s
❬✽✸✱ ▲❡♠♠❛ ✺✳✹❪✳ ❚❤❡ ❦❡② ♣♦✐♥t ✐s ♥♦t ♦♥❧② t❤❡ ♠♦♥♦t♦♥✐❝✐t②✱ ❜✉t ❛❧s♦ t❤❡ ❢❛❝t t❤❛t ✐♥ t❤❡
❝❧❛ss✐❝❛❧ ❝❛s❡✱ ❛❧❧ t❤❡ ❝♦♥st❛♥ts st❛t❡s κ ∈ [0, 1] ❛r❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ♦❢ t❤❡ s❝❤❡♠❡✳ ❚❤✐s
♦❜s❡r✈❛t✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞ ✇❤❡♥ t❤❡ ❝♦♥str❛✐♥t ❡♥t❡rs t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✳ ❙✉♣♣♦s❡ ❢♦r ❡①❛♠♣❧❡
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t❤❛t j = jn+1 ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢✉♥❝t✐♦♥ Hn
jn✮✳ ❍❡r❡✱ ✇❡ ❤❛✈❡

Hn
jn(κ, κ, κ, κ) =

κ(χn
jn+1 − yn) + κ∆x− (f(κ)− (f(κ)− snκ) ∧ qn)∆t

χn+1
jn+1+1 − yn+1

=
(χn

jn+2 − yn − sn∆t)κ

χn+1
jn+1+1 − yn+1

− ∆t

2(χn+1
jn+1+1 − yn+1)

Rsn(κ, q
n)

= κ− ∆t

2(χn+1
jn+1+1 − yn+1)

Rsn(κ, q
n),

❛♥❞ ✐t ✐♠♣❧✐❡s✿

Hn
jn(ρ

n
jn−1/2 ∧ κ, ρnjn+1/2 ∧ κ, ρnjn+3/2 ∧ κ, ρnjn+5/2 ∧ κ)

≤ ρn+1
jn+1+1/2 ∧ κ, ρn+1

jn+1+1/2 ∨ κ

≤ Hn
jn(ρ

n
jn−1/2 ∨ κ, ρnjn+1/2 ∨ κ, ρnjn+3/2 ∨ κ, ρnjn+5/2 ∨ κ) +

∆t

2(χn+1
jn+1+1 − yn+1)

Rsn(κ, q
n).

❲❡ ❞❡❞✉❝❡✿

|ρn+1
jn+1+1/2 − κ| = ρn+1

jn+1+1/2 ∨ κ− ρn+1
jn+1+1/2 ∧ κ

≤ Hn
jn(ρ

n
jn−1/2 ∨ κ, ρnjn+1/2 ∨ κ, ρnjn+3/2 ∨ κ, ρnjn+5/2 ∨ κ)

−Hn
jn(ρ

n
jn−1/2 ∧ κ, ρnjn+1/2 ∧ κ, ρnjn+3/2 ∧ κ, ρnjn+5/2 ∧ κ) +

∆t

2(χn+1
jn+1+1 − yn+1)

Rsn(κ, q
n)

=
χn
jn+1 − yn

χn+1
jn+1+1 − yn+1

|ρnjn+1/2 − κ|+ ∆x

χn+1
jn+1+1 − yn+1

|ρnjn+3/2 − κ|

− ∆t

χn+1
jn+1+1 − yn+1

(
Φn

jn+2 − Φn
int

)
+

∆t

2(χn+1
jn+1+1 − yn+1)

Rsn(κ, q
n),

✇❤✐❝❤ ✐s ❡①❛❝t❧② ✭✹✳✷✳✾✮ ✐♥ t❤❡ ❝❛s❡ j = jn+1✳ ❚❤❡ ♦❜t❛✐♥✐♥❣ ♦❢ ✭✹✳✷✳✾✮ ✐♥ t❤❡ ❝❛s❡ j = jn+1−1
✐s s✐♠✐❧❛r s♦ ✇❡ ♦♠✐t t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢ ❢♦r t❤✐s ❝❛s❡✳ �

✹✳✷✳✸ ❈♦♥t✐♥✉♦✉s ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥

❚❤❡ ♥❡①t st❡♣ ♦❢ t❤❡ r❡❛s♦♥✐♥❣ ✐s t♦ ❞❡r✐✈❡ ❝♦♥t✐♥✉♦✉s ✐♥❡q✉❛❧✐t✐❡s✱ ❛♥❛❧♦❣♦✉s t♦ ✭✹✳✶✳✶✮✲✭✹✳✶✳✷✮✱
✈❡r✐✜❡❞ ❜② t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ρ∆✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✭✹✳✷✳✾✮
❛♥❞ t❤❡ ♠❛r❝❤✐♥❣ ❢♦r♠✉❧❛ ✭✹✳✷✳✹✮ ✕ ✭✹✳✷✳✻✮✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜① ❛ t❡st ❢✉♥❝t✐♦♥ ϕ ∈ C∞
c (Ω), ϕ ≥ 0 ❛♥❞ ❞❡✜♥❡✿

∀n ∈ N, ∀j ∈ Z, ϕn
j+1/2 =

1

χn
j+1 − χn

j

✂ χn
j+1

χn
j

ϕ(x, tn) dx =

✥ χn
j+1

χn
j

ϕ(x, tn) dx .
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❲❡ st❛rt ❜② ❞❡r✐✈✐♥❣ ❝♦♥t✐♥✉♦✉s ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✈❡r✐✜❡❞ ❜② ρ∆✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❛♣✲
♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✢✉①✿

Φ∆(ρ∆, κ) =
∑

n∈N

(
∑

j≤jn

Φn
j 1Pn

j+1/2
+
∑

j≥jn+1

Φn
j+11Pn

j+1/2

)
.

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸ ✭❆♣♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮✳ ❋✐① n ∈ N ❛♥❞ κ ∈ [0, 1]✳ ❚❤❡♥ ✇❡
❤❛✈❡ ✂ tn+1

tn

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆ (ρ∆, κ) ∂xϕ

)
dx dt

+

✂
R

|ρ∆(x, tn)− κ|ϕ(x, tn) dx−
✂
R

|ρ∆(x, tn+1)− κ|ϕ(x, tn+1) dx

+

✂ tn+1

tn
Rs∆(t)(κ, q∆(t))ϕ(y∆(t), t) dt ≥ O

(
∆x2

)
+O(∆x∆t) +O

(
∆t2
)
.

✭✹✳✷✳✶✵✮

Pr♦♦❢✳ ❋♦r ❛❧❧ j ∈ Z\{jn+1 − 2}✱ ✇❡ ♠✉❧t✐♣❧② t❤❡ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✭✹✳✷✳✾✮ ❜②
ϕn+1
j+1/2 ❛♥❞ t❛❦❡ t❤❡ s✉♠ t♦ ♦❜t❛✐♥✿

∑

j 6=jn+1−2

∣∣∣ρn+1
j+1/2 − κ

∣∣∣ϕn+1
j+1/2(χ

n+1
j+1 − χn+1

j )

≤
∑

j /∈{jn+1−2,jn+1−1,jn+1}

(∣∣ρnj+1/2 − κ
∣∣ (χn

j+1 − χn
j )− (Φn

j+1 − Φn
j )∆t

)
ϕn+1
j+1/2

+ |ρnjn−1/2 − κ|ϕn+1
jn+1−1/2(χ

n
jn − χn

jn−1)− |ρn+1
jn+1−1/2 − κ|ϕn+1

jn+1−1/2∆x−
(
Φn

int − Φn
jn−1

)
ϕn+1
jn+1−1/2∆t

+ |ρnjn+1/2 − κ|ϕn+1
jn+1+1/2(χ

n
jn+1 − χn

jn) + |ρnjn+3/2 − κ|ϕn+1
jn+1+1/2∆x−

(
Φn

jn+2 − Φn
int

)
ϕn+1
jn+1+1/2∆t

+
1

2
Rsn(κ, q

n)(ϕn+1
jn+1−1/2 + ϕn+1

jn+1+1/2)∆t.

❚❤✐s ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
∑

j∈Z

∣∣∣ρn+1
j+1/2 − κ

∣∣∣ϕn+1
j+1/2(χ

n+1
j+1 − χn+1

j )−
∑

j∈Z

∣∣ρnj+1/2 − κ
∣∣ϕn+1

j+1/2(χ
n
j+1 − χn

j )

≤ −
∣∣∣ρn+1

jn+1−1/2 − κ
∣∣∣
(
ϕn+1
jn+1−1/2 − ϕn+1

jn+1−3/2

)
∆x

︸ ︷︷ ︸
ε1

+
∣∣ρnjn−1/2 − κ

∣∣
(
ϕn+1
jn+1−1/2 − ϕn+1

jn+1−3/2

)
(χn

jn − χn
jn−1)

︸ ︷︷ ︸
ε2

+
∣∣ρnjn+1/2 − κ

∣∣
(
ϕn+1
jn+1+1/2 − ϕn+1

jn+1−1/2

)
(χn

jn+1 − χn
jn)︸ ︷︷ ︸

ε3

−
∑

j /∈{jn+1−2,jn+1−1,jn+1}

(Φn
j+1 − Φn

j )ϕ
n+1
j+1/2∆t−

(
Φn

int − Φn
jn−1

)
ϕn+1
jn+1−1/2∆t−

(
Φn

jn+2 − Φn
int

)
ϕn+1
jn+1+1/2∆t

+
1

2
Rsn(κ, q

n)(ϕn+1
jn+1−1/2 + ϕn+1

jn+1+1/2)∆t,
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✇✐t❤

∀i ∈ {1, 2, 3}, |εi| ≤ 8‖∂xϕ‖L∞∆x2.

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ t❤❡ ❆❜❡❧✬s tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ r❡♦r❣❛♥✐③❡ t❤❡ t❡r♠s ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②✳
❚❤✐s ❧❡❛❞s ✉s t♦✿

∑

j∈Z

∣∣∣ρn+1
j+1/2 − κ

∣∣∣ϕn+1
j+1/2(χ

n+1
j+1 − χn+1

j )−
∑

j∈Z

∣∣ρnj+1/2 − κ
∣∣ϕn

j+1/2(χ
n
j+1 − χn

j )

︸ ︷︷ ︸
A

−
∑

j∈Z

∣∣ρnj+1/2 − κ
∣∣
(
ϕn+1
j+1/2 − ϕn

j+1/2

)
(χn

j+1 − χn
j )

︸ ︷︷ ︸
B

+
∑

j /∈{jn+1−2,jn+1−1}

Φn
j

(
ϕn+1
j+1/2 − ϕn+1

j−1/2

)
∆t

︸ ︷︷ ︸
C

≤ 1

2
Rsn(κ, q

n)(ϕn+1
jn+1−1/2 + ϕn+1

jn+1+1/2)∆t︸ ︷︷ ︸
D

+
5∑

i=1

εi,

✇✐t❤

∀i ∈ {4, 5}, |εi| ≤ 4‖f‖L∞‖∂xϕ‖L∞∆x∆t.

❲❡ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t

A =

✂
R

∣∣ρ∆(x, tn+1)− κ
∣∣ϕ(x, tn+1) dx−

✂
R

|ρ∆(x, tn)− κ|ϕ(x, tn) dx .

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s ♣r♦♦❢ ❜② ❡st✐♠❛t✐♥❣ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠s ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②✳

❊st✐♠❛t✐♥❣ B✳ ❋✐rst✱ ♥♦t❡ t❤❛t

B =
∑

j≤jn−2

☎
Pn
j+1/2

|ρ∆ − κ| ∂tϕ dx dt+
∑

j≥jn+1

☎
Pn
j+1/2

|ρ∆ − κ| ∂tϕ dx dt

+
∣∣ρnjn−1/2 − κ

∣∣
(✥ χn+1

jn+1

χn+1
jn−1

ϕ(x, tn+1) dx−
✥ yn

χn
jn−1

ϕ(x, tn) dx

)
(yn − χn

jn−1)

︸ ︷︷ ︸
B1

+
∣∣ρnjn+1/2 − κ

∣∣
(✥ yn+1

χn+1
jn

ϕ(x, tn+1) dx−
✥ χn

jn+1

yn
ϕ(x, tn) dx

)
(χn

jn+1 − yn)

︸ ︷︷ ︸
B2

+
∣∣ρnjn+3/2 − κ

∣∣
(✥ χn+1

jn+2

yn+1

ϕ(x, tn+1) dx−
✥ χn

jn+2

χn
jn+1

ϕ(x, tn) dx

)
∆x

︸ ︷︷ ︸
B3

.
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❙✐♥❝❡☎
Pn
jn−1/2

|ρ∆ − κ| ∂tϕ dx dt

=
∣∣ρnjn−1/2 − κ

∣∣
(✂ yn+1

χn+1
jn−1

ϕ(x, tn+1) dx−
✂ yn

χn
jn−1

ϕ(x, tn) dx− sn
✂ tn+1

tn
ϕ(yn + sn(t− tn), t) dt

)

=
∣∣ρnjn−1/2 − κ

∣∣
(
yn+1 − χn+1

jn−1

yn − χn
jn−1

✥ yn+1

χn+1
jn−1

ϕ(x, tn+1) dx−
✥ yn

χn
jn−1

ϕ(x, tn) dx

+
yn − yn+1

yn − χn
jn−1

✥ tn+1

tn
ϕ(yn + sn(t− tn), t) dt

)
(yn − χn

jn−1),

✇❡ ❞❡❞✉❝❡ t❤❡ ❜♦✉♥❞✿
∣∣∣∣∣B1 −

☎
Pn
jn−1/2

|ρ∆ − κ| ∂tϕ dx dt

∣∣∣∣∣

=
∣∣ρnjn−1/2 − κ

∣∣ (yn+1 − yn)

∣∣∣∣∣

✥ yn+1

χn+1
jn−1

ϕ(x, tn+1) dx−
✥ tn+1

tn
ϕ(yn + sn(t− tn), t) dt

∣∣∣∣∣

≤ ‖ẏ‖L∞

(
3‖∂xϕ‖L∞∆x+ ‖∂tϕ‖L∞∆t+ 2‖ẏ‖L∞‖∂xϕ‖L∞∆t

)
∆t.

❚❤❡ s❛♠❡ ✇❛②✱ ✇❡ ✇♦✉❧❞ ❞❡r✐✈❡ t❤❡ ❡st✐♠❛t✐♦♥✿
∣∣∣∣∣B2 +B3 −

☎
Pn
jn+1/2

|ρ∆ − κ| ∂tϕ dx dt

∣∣∣∣∣

≤ 6‖∂xϕ‖L∞∆x2 + ‖ẏ‖L∞

(
2‖∂xϕ‖L∞∆x+ ‖∂tϕ‖L∞∆t+ 2‖ẏ‖L∞‖∂xϕ‖L∞∆t

)
∆t.

❊st✐♠❛t✐♥❣ C✳ ❲❡ ✇r✐t❡✿

C = λ
∑

j /∈{jn+1−2,jn+1−1,jn+1}

✂ χn
j+1

χn
j

✂ x

x−∆x

Φn
j ∂xϕ(y, t

n+1) dy dx+ Φn
jn+1

(
ϕn+1
jn+1+1/2 − ϕn+1

jn+1−1/2

)
∆t

︸ ︷︷ ︸
ε6

=

✂ tn+1

tn

✂
R

Φ∆(ρ∆, κ)∂xϕ dx dt+ ε6 −
∑

jn+1−2≤j≤jn+1−1

☎
Pn
j+1/2

Φ∆(ρ∆, κ)∂xϕ dx dt

︸ ︷︷ ︸
ε7

+
∑

j /∈{jn+1−2,jn+1−1,jn+1}

(
λ

✂ χn
j+1

χn
j

✂ x

x−∆x

Φn
j ∂xϕ(y, t

n+1) dy dx

)
−
✂ tn+1

tn

✂
R

Φ∆(ρ∆, κ)∂xϕ dx dt

︸ ︷︷ ︸
ε8

,
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✇✐t❤

|ε6|+ |ε7| ≤ 8‖f‖L∞‖∂xϕ‖L∞∆x∆t

❛♥❞

|ε8| ≤ ‖f‖L∞

(
4 sup

t≥0
‖∂2xxϕ(·, t)‖L1∆x+ sup

t≥0
‖∂2txϕ(·, t)‖L1∆t

)
∆t.

❊st✐♠❛t✐♥❣ D✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡

D = Rsn(κ, q
n)ϕ(yn+1, tn+1)∆t+

1

yn+1 − χjn+1−1

✂ yn+1

χn+1
jn+1−1

(ϕ(x, tn+1)− ϕ(yn+1, tn+1))∆t

︸ ︷︷ ︸
ε9

+
1

χjn+1+1 − yn+1

✂ χn+1
jn+1+1

yn+1

(ϕ(x, tn+1)− ϕ(yn+1, tn+1))∆t

︸ ︷︷ ︸
ε10

=

✂ tn+1

tn
Rs∆(t)(κ, q∆(t))ϕ(y∆(t), t) dt+ ε9 + ε10

+

✂ tn+1

tn
Rs∆(t)(κ, q∆(t))(ϕ(y

n+1, tn+1)− ϕ(y∆(t), t)) dt

︸ ︷︷ ︸
ε11

,

✇✐t❤

|ε9|+ |ε10|+ |ε11| ≤ 2‖f‖L∞

(
2‖∂xϕ‖L∞∆x+ ‖ẏ‖L∞‖∂xϕ‖L∞∆t+ ‖∂tϕ‖L∞∆t

)
∆t

�

◆♦t❡ t❤❛t ✐❢ ϕ ✐s s✉♣♣♦rt❡❞ ✐♥ t✐♠❡ ✐♥ [0, T ]✱ ✇✐t❤ T ∈ [tN , tN+1)✱ t❤❡♥ ❜② s✉♠♠✐♥❣ ✭✹✳✷✳✶✵✮
♦✈❡r n ∈ {0, . . . , N + 1}✱ ✇❡ ♦❜t❛✐♥ ✭r❡❝❛❧❧ t❤❛t λ ✐s ✜①❡❞✮✿

✂ T

0

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆ (ρ∆, κ) ∂xϕ

)
dx dt+

✂
R

|ρ0∆ − κ|ϕ(x, 0) dx

+

✂ T

0

Rs∆(t)(κ, q∆(t))ϕ(y∆(t), t) dt ≥ O(∆x) +O(∆t) .

✭✹✳✷✳✶✶✮

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❡rs✐♦♥ ♦❢ ✭✹✳✶✳✷✮✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡
✢✉① ❢✉♥❝t✐♦♥✿

F∆ (ρ∆) =
∑

n∈N

(
∑

j≤jn

fn
j 1Pn

j+1/2
+
∑

j≥jn+1

fn
j+11Pn

j+1/2

)
.
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Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹ ✭❆♣♣r♦①✐♠❛t❡ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s✮✳ ❋✐① n ∈ N ❛♥❞ κ ∈ [0, 1]✳ ❚❤❡♥
✇❡ ❤❛✈❡✂ +∞

yn
ρ∆(x, t

n)ϕ(x, tn) dx−
✂ +∞

yn+1

ρ∆(x, t
n+1)ϕ(x, tn+1) dx

−
✂ tn+1

tn

✂
R

(
ρ∆∂tϕ+ F∆ (ρ∆) ∂xϕ

)
dx dt ≤

✂ tn+1

tn
q∆(t)ϕ(y∆(t), t) dt

+O(∆x2) +O(∆x∆t) +O(∆t2) .

✭✹✳✷✳✶✷✮

Pr♦♦❢✳ ❋♦❧❧♦✇✐♥❣ t❤❡ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✱ ✇❡ ✜rst ♠✉❧t✐♣❧② t❤❡ s❝❤❡♠❡
✭✹✳✷✳✹✮✲✭✹✳✷✳✻✮ ❜② ϕn+1

j+1/2✱ s✉♠ ♦✈❡r j ≥ jn+1 ❛♥❞ t❤❡♥ ❛♣♣❧② t❤❡ s✉♠♠❛t✐♦♥ ❜② ♣❛rts ♣r♦❝❡✲
❞✉r❡✳ ❚❤✐s t✐♠❡✱ ✇❡ ♦❜t❛✐♥✿
∑

j≥jn+1

ρn+1
j+1/2ϕ

n+1
j+1/2(χ

n+1
j+1 − χn+1

j )−
∑

j≥jn

ρnj+1/2ϕ
n
j+1/2(χ

n
j+1 − χn

j )

︸ ︷︷ ︸
A

−
∑

j≥jn

ρnj+1/2

(
ϕn+1
j+1/2 − ϕn

j+1/2

)
(χn

j+1 − χn
j )

︸ ︷︷ ︸
B

+
∑

j≥jn+2

fn
j

(
ϕn+1
j+1/2 − ϕn+1

j−1/2

)
∆t

︸ ︷︷ ︸
C

≤ qnϕn+1
jn+1+1/2∆t︸ ︷︷ ︸

D

+ε,

✇✐t❤ ε ≤ 8‖∂xϕ‖L∞∆x2✳ ❈❧❡❛r❧②✱

A =

✂ +∞

yn+1

ρ∆(x, t
n+1)ϕ(x, tn+1) dx−

✂ +∞

yn
ρ∆(x, t

n)ϕ(x, tn) dx ,

❛♥❞ ❡st✐♠❛t❡ ✭✹✳✷✳✶✷✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❜♦✉♥❞s✿
∣∣∣∣∣B −

✂ tn+1

tn

✂
R

ρ∆∂tϕ dx dt

∣∣∣∣∣

≤ (3‖∂xϕ‖L∞∆x+ ‖∂tϕ‖L∞∆t)∆t+ ‖ẏ‖L∞

(
2‖∂xϕ‖L∞∆x+ 2‖ẏ‖L∞‖∂xϕ‖L∞∆t+ ‖∂tϕ‖L∞∆t

)
∆t

∣∣∣∣∣C −
✂ tn+1

tn

✂
R

F∆ (ρ∆) ∂xϕ dx dt

∣∣∣∣∣ ≤ ‖f‖L∞

(
6‖∂xϕ‖L∞ + 4 sup

t≥0
‖∂2xxϕ(·, t)‖L1 + sup

t≥0
‖∂2txϕ(·, t)‖L1

)
∆x∆t

∣∣∣∣∣D −
✂ tn+1

tn
q∆(t)ϕ(y∆(t), t) dt

∣∣∣∣∣ ≤ ‖q‖L∞

(
2‖∂xϕ‖L∞∆x+ ‖∂tϕ‖L∞∆t+ ‖ẏ‖L∞‖∂xϕ‖L∞∆t

)
∆t.

�

■❢ ϕ ✐s s✉♣♣♦rt❡❞ ✐♥ t✐♠❡ ✐♥ (0, T )✱ ✇✐t❤ T ∈ [tN , tN+1)✱ t❤❡♥ ❜② s✉♠♠✐♥❣ ✭✹✳✷✳✶✵✮ ♦✈❡r
n ∈ {0, . . . , N + 1}✱ ✇❡ ♦❜t❛✐♥✿

−
✂ T

0

✂
R

(
ρ∆∂tϕ+ F∆ (ρ∆) ∂xϕ

)
dx dt ≤

✂ T

0

q∆(t)ϕ(y∆(t), t) dt+O(∆x) +O(∆t) .

✭✹✳✷✳✶✸✮
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✹✳✷✳✹ ❈♦♠♣❛❝t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡

❚❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤❡ r❡❛s♦♥✐♥❣ ❝♦♥s✐sts ✐♥ ♦❜t❛✐♥✐♥❣ s✉✣❝✐❡♥t ❝♦♠♣❛❝t♥❡ss ❢♦r t❤❡
s❡q✉❡♥❝❡ (ρ∆)∆ ✐♥ ♦r❞❡r t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✹✳✷✳✶✶✮✲✭✹✳✷✳✶✸✮✳ ❚♦ ❞♦✐♥❣ s♦✱ ✇❡ ❛❞❛♣t
t❡❝❤♥✐q✉❡s ❛♥❞ r❡s✉❧ts ♣✉t ❢♦r✇❛r❞ ❜② ❚♦✇❡rs ✐♥ ❬✶✺✷❪✳ ❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱ ✇❡ s✉♣♣♦s❡ ✐♥ t❤✐s
s❡❝t✐♦♥ t❤❛t t❤❡ ✢✉① ❢✉♥❝t✐♦♥✱ st✐❧❧ s❛t✐s❢②✐♥❣ ✭✹✳✵✳✶✮✱ ✐s ❛❧s♦ str✐❝t❧② ❝♦♥❝❛✈❡✳ ❇② ❝♦♥t✐♥✉✐t②✱

∃µ > 0, ∀ρ ∈ [0, 1], f ′′(ρ) ≤ −µ. ✭✹✳✷✳✶✹✮

❲❡ ❞❡♥♦t❡ ❢♦r ❛❧❧ n ∈ N ❛♥❞ j ∈ Z✱

Dn
j = max

{
ρnj−1/2 − ρnj+1/2, 0

}
.

❲❡ ✇✐❧❧ ❛❧s♦ ✉s❡ t❤❡ ♥♦t❛t✐♦♥

∀n ∈ N, Ẑn+1 = Z\{jn+1 − 2, jn+1 − 1, jn+1, jn+1 + 1}.
■♥ ❬✶✺✷❪✱ t❤❡ ❛✉t❤♦r ❞❡❛❧t ✇✐t❤ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ✐♥ ❜♦t❤ t✐♠❡ ❛♥❞ s♣❛❝❡ ✢✉① ❛♥❞ t❤❡ s♣❡❝✐✜❝
✧✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t②✧ ❝♦✉♣❧✐♥❣ ❛t t❤❡ ✐♥t❡r❢❛❝❡✳ ❚❤❡ ❞✐s❝♦♥t✐♥✉✐t② ✐♥ s♣❛❝❡ ✇❛s ❧♦❝❛❧✐③❡❞ ❛❧♦♥❣
t❤❡ ❝✉r✈❡ {x = 0}✳ ❍❡r❡✱ ✇❡ ❞❡❛❧ ✇✐t❤ ❛ s♠♦♦t❤ ✢✉① ❜✉t ✇❡ ❤❛✈❡ ❛ ✢✉① ❝♦♥str❛✐♥t ❛❧♦♥❣
t❤❡ ❝✉r✈❡ {x = y(t)}✳ ❚❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ t❡❝❤♥✐q✉❡ ♦❢ ❬✶✺✷❪ ❢♦r ♦✉r ❝❛s❡ ✇✐t❤ ♠♦✈✐♥❣
✐♥t❡r❢❛❝❡ ❛♥❞ ✢✉①✲❝♦♥str❛✐♥❡❞ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ r❡❧✐❡s ♦♥ t❤❡ ❢❛❝t t❤❛t ♦♥❡ ❝❛♥ ❞❡r✐✈❡ ❛
❜♦✉♥❞ ♦♥ Dn+1

j ❛s ❧♦♥❣ ❛s t❤❡ ✐♥t❡r❢❛❝❡ ❞♦❡s ♥♦t ❡♥t❡r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r Dn+1
j ✐✳❡✳ ❛s ❧♦♥❣

❛s j ∈ Ẑn+1 ✐♥ t❤❡ ❝❛s❡ jn+1 = jn + 1✳

▲❡♠♠❛ ✹✳✷✳✺✳ ▲❡t n ∈ N✱ j ∈ Ẑn+1✱ a = µ
∆t

4∆x
❛♥❞ ψ(x) = x− ax2✳ ❚❤❡♥

Dn+1
j ≤ ψ

(
max

{
Dn

j−1,D
n
j ,D

n
j+1

})
. ✭✹✳✷✳✶✺✮

Pr♦♦❢✳ ❆ ❝♦♠♣❧❡t❡ ♣r♦♦❢✱ ✇❤✐❝❤ ✐s ❧❛r❣❡❧② ✐♥s♣✐r❡❞ ❜② ❬✶✺✷❪✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✹✾✱ ❆♣♣❡♥❞✐①❪✳
�

❘❡♠❛r❦ ✹✳✷✳✸✳ ❋✐① n ∈ N ❛♥❞ j ∈ Ẑn+1✳ ❘❡♠❛r❦ t❤❛t ✐❢ Dn
j > 0✱ t❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ t❤❛t

❢♦r s♦♠❡ ν(j) ∈ {j − 1, j, j + 1}✱ ✇❡ ❤❛✈❡

Dn+1
j ≤ Dn

ν(j) − a
(
Dn

ν(j)

)2

= Dn
ν(j)

(
1− aDn

ν(j)

)
= Dn

ν(j)

1− a2
(
Dn

ν(j)

)2

1 + aDn
ν(j)

≤
Dn

ν(j)

1 + aDn
ν(j)

=
1

1
Dn

ν(j)
+ a

.

❈♦r♦❧❧❛r② ✹✳✷✳✻✳ ▲❡t n ∈ N✳ ❚❤❡♥ t❤❡ s❝❤❡♠❡ ✭✹✳✷✳✹✮ ✕ ✭✹✳✷✳✻✮ ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✲
s✐❞❡❞ ▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥ ✭❖❙▲❈✮✿

Dn+1
j ≤





1

(n+ 1)a
✐❢ j ≤ jn+1 − 3− n

1

((jn+1 − 2)− j)a
✐❢ jn+1 − 3− n ≤ j ≤ jn+1 − 3

1

(j − (jn+1 + 1))a
✐❢ jn+1 + 2 ≤ j ≤ jn+1 + 2 + n

1

(n+ 1)a
✐❢ j ≥ jn+1 + 2 + n.

✭✹✳✷✳✶✻✮
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❋✐❣✉r❡ ✹✳✸ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❖❙▲ ❜♦✉♥❞ ✭✹✳✷✳✶✻✮✳

Pr♦♦❢✳ ❋✐① n ∈ N✳ ❲❡ ♦♥❧② ♣r♦✈❡ ✭✹✳✷✳✶✻✮ ✐♥ t❤❡ ❝❛s❡s j ≥ jn+1 + 2✳ ❚❤❡ r❡❛s♦♥✐♥❣ ❢♦r t❤❡
❝❛s❡s j ≤ j0 − 3 ✐s ✈❡r② s✐♠✐❧❛r✳ ▲❡t ✉s ✜rst ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k ∈ N

∗ t❤❛t

∀k ∈ N
∗, ∀j ∈ Z, min{n+ 1, j − (jn+1 + 1)} ≥ k =⇒ Dn+1

j ≤ 1

ka
. ✭✹✳✷✳✶✼✮

■♥❡q✉❛❧✐t② ✭✹✳✷✳✶✼✮ ❤♦❧❞s ✐❢ k = 1✳ ■♥❞❡❡❞✱ ✐❢ k = 1✱ t❤❡♥ j ≥ jn+1 + 2 ✐✳❡✳ j ∈ Ẑn+1✳ ❇②
✭✹✳✷✳✶✺✮✱

∃νj ∈ {j − 1, j, j + 1}, Dn+1
j ≤ Dn

νj
− a

(
Dn

νj

)2
.

■❢ Dn
νj
= 0✱ t❤❡♥ Dn+1

j = 0 ≤ 1/a✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❝❛♥ ✇r✐t❡✿

Dn+1
j ≤ 1

1
Dn

νj

+ a
≤ 1

a
=

1

ka
.

◆♦✇✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ✭✹✳✷✳✶✼✮ ❤♦❧❞s ❢♦r s♦♠❡ ✐♥t❡❣❡r k ∈ N
∗ ❛♥❞ s✉♣♣♦s❡ t❤❛t min{n +

1, j − (jn+1 + 1)} ≥ k + 1✳ ❆❣❛✐♥✱ ❜② ✭✹✳✷✳✶✺✮✱

∃νj ∈ {j − 1, j, j + 1}, Dn+1
j ≤ Dn

νj
− a

(
Dn

νj

)2
.

❙✐♥❝❡

n ≥ k ❛♥❞ νj − (jn + 1) ≥ (j − 1)− (jn+1 + 1) = j − (jn+1 + 1)− 1 ≥ k,

✇❡ ❞❡❞✉❝❡ t❤❛t min{n, j − (jn + 1)} ≥ k✱ ❤❡♥❝❡✱ ✉s✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ♣r♦♣❡rt②✿

Dn+1
j ≤ 1

1
Dn

νj

+ a
≤ 1

(k + 1)a
,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t✳ ❊st✐♠❛t❡s ✭✹✳✷✳✶✻✮ ✐♥ t❤❡ ❝❛s❡s j ≥ jn+1 + 2 ❢♦❧❧♦✇
❢♦r s✉✐t❛❜❧❡ ❝❤♦✐❝❡s ♦❢ k ✐♥ ✭✹✳✷✳✶✼✮✳ �



✶✶✹ ❈❍❆P❚❊❘ ✹✳ ❋▲❯❳ ❈❖◆❙❚❘❆■◆❚❙ ❆❚ ▼❖❱■◆● ■◆❚❊❘❋❆❈❊❙

❈♦r♦❧❧❛r② ✹✳✷✳✼ ✭▲♦❝❛❧✐③❡❞ BV ❡st✐♠❛t❡s✮✳ ❋✐① 0 < ε < X ❛♥❞ s✉♣♣♦s❡ t❤❛t 3∆x ≤ ε ❛♥❞

t❤❛t tn+1 ≥ ε

2L
✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Λ = Λ

(
1

ε
,X

)
✱ ♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦

✐ts ❛r❣✉♠❡♥ts s✉❝❤ t❤❛t

TV
(
ρ∆(·, tn+1)|(yn+1+ε,yn+1+X)

)
≤ Λ ✭✹✳✷✳✶✽✮

❛♥❞ ✂ yn+1+X

yn+1+ε

∣∣ρ∆(x, tn+2)− ρ∆(x, t
n+1))

∣∣ dx ≤ 2∆x+ L (2Λ + 1)∆t. ✭✹✳✷✳✶✾✮

◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ s❛♠❡ ❜♦✉♥❞s ❢♦r t❤❡ q✉❛♥t✐t✐❡s✿

TV
(
ρ∆(·, tn+1)|(yn+1−X,yn+1−ε)

)
❛♥❞

✂ yn+1−ε

yn+1−X

∣∣ρ∆(x, tn+2)− ρ∆(x, t
n+1))

∣∣ dx .

Pr♦♦❢✳ ▲❡t kn+1, Jn+1 ∈ Z s✉❝❤ t❤❛t yn+1 + ε ∈ (χn+1
kn+1

, χn+1
kn+1

+ ∆x) ❛♥❞ yn+1 + X ∈
(χn+1

Jn+1
, χn+1

Jn+1
+∆x)✳ ❲❡ ❤❛✈❡✿

TV(ρ∆(·, tn+1)|(yn+1+ε,yn+1+X))

Jn+1∑

j=kn+1+1

|ρn+1
j+1/2 − ρn+1

j−1/2|

= 2

Jn+1∑

j=kn+1+1

Dn+1
j −

Jn+1∑

j=kn+1+1

(ρn+1
j+1/2 − ρn+1

j−1/2)

= 2

Jn+1∑

j=kn+1+1

Dn+1
j − (ρn+1

Jn+1−1/2 − ρn+1
kn+1+1/2) ≤ 1 + 2

Jn+1∑

j=kn+1+1

Dn+1
j .

◆♦✇✱ ❢♦r ❛❧❧ j ≥ kn+1 + 1✱ ✇❡ ❤❛✈❡

j − (jn+1 + 1) ≥ (kn+1 + 1)− (jn+1 + 1))∆x

∆x
=

(χn+1
kn+1

+∆x)− χn+1
jn+1

∆x

≥ (yn+1 + ε)− (yn+1 + 2∆x)

∆x
=

ε

∆x
− 2 ≥ 1.

▲❡♠♠❛ ✹✳✷✳✶✻ ❡♥s✉r❡s t❤❛t

TV(ρ∆(·, tn+1)|(yn+1+ε,yn+1+X)) ≤ 1 +
2

a

Jn+1∑

j=kn+1+1

1

min{n+ 1, j − (jn+1 + 1)} .

❍♦✇❡✈❡r✱ ✇❡ ❛❧s♦ ❤❛✈❡✿

n+1 =
tn+1

∆t
≥ ε

2L∆t
≥ ε

∆x
=

(yn+1 + ε)− yn+1

∆x
≥
χn+1
kn+1

− (χn+1
jn+1

+∆x)

∆x
= kn+1−(jn+1+1).
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❲❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ j ∈ {kn+1+1, . . . , Jn+1}✱ min{n+1, j−(jn+1+1)} ≥ kn+1−(jn+1+1)❀
❤❡♥❝❡✿

Jn+1∑

j=kn+1+1

|ρn+1
j+1/2 − ρn+1

j−1/2| ≤ 1 +
2

a
×
(

Jn+1 − kn+1

kn+1 − (jn+1 + 1)

)

≤ 1 +
2

a
×
(
X − ε+∆x

ε− 2∆x

)

≤ Λ, Λ := 1 +
6X

aε
,

✇❤✐❝❤ ✐s ❡①❛❝t❧② ✭✹✳✷✳✶✽✮✳ ❚❤❡♥✱✂ yn+1+X

yn+1+ε

∣∣ρ∆(x, tn+2)− ρ∆(x, t
n+1))

∣∣ dx

≤ 2∆x+

Jn+1∑

j=kn+1+1

|ρn+2
j+1/2 − ρn+1

j+1/2|∆x

≤ 2∆x+ ‖f ′‖L∞




Jn+1∑

j=kn+1+1

|ρn+1
j+3/2 − ρn+1

j+1/2|+
Jn+1∑

j=kn+1+1

|ρn+1
j+1/2 − ρn+1

j−1/2|


∆t

≤ 2∆x+ L (2Λ + 1)∆t,

❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �

❚❤❡♦r❡♠ ✹✳✷✳✽✳ ❋✐① ρ0 ∈ L∞(R; [0, 1])✱ y ∈ W
1,∞
loc ((0,+∞)), ẏ ≥ 0 ❛♥❞ q ∈ L∞

loc((0,+∞)), q ≥
0✳ ❙✉♣♣♦s❡ t❤❛t f ∈ C2([0, 1]) s❛t✐s✜❡s ✭✹✳✵✳✶✮✲✭✹✳✷✳✶✹✮✳ ❚❤❡♥ ❛s ∆ → 0 ✇❤✐❧❡ s❛t✐s❢②✐♥❣ t❤❡
❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✹✳✷✳✷✮✱ (ρ∆)∆ ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ Ω t♦ t❤❡ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦
✭✹✳✵✳✸✮✳

Pr♦♦❢✳ ❋✐① n ∈ N
∗✳ ❚❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (y∆)∆ t♦ y✱ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ BV ❜♦✉♥❞s

✭✹✳✷✳✶✽✮✲✭✹✳✷✳✶✾✮ ❛♥❞ t❤❡ ✉♥✐❢♦r♠ L∞ ❜♦✉♥❞ ✭✹✳✷✳✽✮ ♣r♦✈✐❞❡ ✭✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✮ ❛✳❡✳ ❝♦♥✲
✈❡r❣❡♥❝❡ ❢♦r t❤❡ s❡q✉❡♥❝❡ (ρ∆)∆ ✐♥ ❛♥② r❡❝t❛♥❣✉❧❛r ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ♦❢ t❤❡ ♦♣❡♥ s✉❜s❡t

On = {(x, t) ∈ Ω | |x− y(t)| > 1/n},
s❡❡ ❬✾✽✱ ❆♣♣❡♥❞✐① ❆❪✳ ❚❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❛♥② ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ Ωn ❢♦❧❧♦✇s ❜② ❛ ❝❧❛ss✐❝❛❧
❝♦✈❡r✐♥❣ ❛r❣✉♠❡♥t✳ ❚❤❡♥ ❛ ❞✐❛❣♦♥❛❧ ♣r♦❝❡❞✉r❡ ♣r♦✈✐❞❡s t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❛♥② ❝♦♠♣❛❝t
s✉❜s❡ts ♦❢ O = {(x, t) ∈ Ω | x 6= y(t)}✳ ❆ ❢✉rt❤❡r ❡①tr❛❝t✐♦♥ ②✐❡❧❞s t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ Ω✳
❊q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (ρ∆)∆ t♦ ρ✱ ✇❡ ❧❡t ∆ → 0 ✐♥ ✭✹✳✷✳✶✶✮ ❛♥❞ ✭✹✳✷✳✶✸✮ t♦
❡st❛❜❧✐s❤ t❤❛t ρ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✸✮✳ ❇② ✉♥✐q✉❡♥❡ss✱ t❤❡ ✇❤♦❧❡
s❡q✉❡♥❝❡ ❝♦♥✈❡r❣❡s t♦ ρ✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ t❤❡♦r❡♠✳ �

❈♦r♦❧❧❛r② ✹✳✷✳✾✳ ❋✐① ρ0 ∈ L∞(R; [0, 1])✱ y ∈ W
1,∞
loc ((0,+∞)), ẏ ≥ 0 ❛♥❞ q ∈ L∞

loc((0,+∞)), q ≥
0✳ ❙✉♣♣♦s❡ t❤❛t f ∈ C2([0, 1]) s❛t✐s✜❡s ✭✹✳✵✳✶✮✲✭✹✳✷✳✶✹✮✳ ❚❤❡♥ Pr♦❜❧❡♠ ✭✹✳✵✳✸✮ ❛❞♠✐ts ❛
✉♥✐q✉❡ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❊①✐st❡♥❝❡ ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✷✳✽ ✇❤✐❧❡ ✉♥✐q✉❡♥❡ss ✇❛s ❡st❛❜❧✐s❤❡❞ ❜② ❚❤❡♦r❡♠
✹✳✶✳✽✳ �
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✹✳✸ ❲❡❧❧✲♣♦s❡❞♥❡ss ❢♦r t❤❡ ♠✉❧t✐♣❧❡ tr❛❥❡❝t♦r② ♣r♦❜❧❡♠

❲❡ ♥♦✇ ❣❡t ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✹✳✵✳✷✮✳ ▲❡t ✉s ❞❡t❛✐❧ t❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✳
❋✐rst✱ ✇❡ ❝♦♥str✉❝t ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ✉♥✐t② t♦ r❡❞✉❝❡ t❤❡ st✉❞② ♦❢ ✭✹✳✵✳✷✮ t♦ ❛♥ ❛ss❡♠❜❧✐♥❣
♦❢ s❡✈❡r❛❧ ❧♦❝❛❧ st✉❞✐❡s ♦❢ ✭✹✳✵✳✸✮✱ s❡❡ ❙❡❝t✐♦♥ ✹✳✸✳✶✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ❜❛s❡❞ ♦♥ ❣❡r♠s✱
❛♥❛❧♦❣♦✉s t♦ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✹✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❛ st❛❜✐❧✐t② ❡st✐♠❛t❡✱ ❧❡❛❞✐♥❣ t♦ ✉♥✐q✉❡♥❡ss✱ s❡❡
❚❤❡♦r❡♠ ✹✳✸✳✸✳ ❚❤❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✸✱ ✇❡ ❝♦♥str✉❝t ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ✐♥ ✇❤✐❝❤ ✇❡ ❢✉❧❧②
✉s❡ t❤❡ ♣r❡❝✐s❡ st✉❞② ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳ ❆ s♣❡❝✐❛❧ tr❡❛t♠❡♥t ♦❢ t❤❡ ❝r♦ss✐♥❣ ♣♦✐♥ts ✐s ❞❡s❝r✐❜❡❞✱
s❡❡ ❙❡❝t✐♦♥ ✹✳✸✳✸✳

▲❡t ✉s r❡❝❛❧❧ t❤❛t ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ✜♥✐t❡ ✭♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ❧♦❝❛❧❧② ✜♥✐t❡✮ ❢❛♠✐❧② ♦❢ tr❛❥❡❝t♦r✐❡s
❛♥❞ ❝♦♥str❛✐♥ts (yi, qi)i∈[[1;J ]] ❞❡✜♥❡❞ ♦♥ (si, Ti) ✭0 ≤ si < Ti✮✳ ■♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s✿

∀i ∈ [[1; J ]], Γi = {(x, t) ∈ Ω | t ∈ [si, Ti] ❛♥❞ x = yi(t)}.

❲❡ s✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ i ∈ [[1; J ]]✱ yi ∈ W1,∞((si, Ti)) ❛♥❞ qi ∈ L∞((si, Ti);R
+)✳ ❚❤✐s

♥♦t❛t✐♦♥ ♠❡❛♥s t❤❛t ✇❤❛t ❝❛♥ ❜❡ s❡❡♥ ❛s ❝r♦ss✐♥❣ ♣♦✐♥ts ❜❡t✇❡❡♥ ✐♥t❡r❢❛❝❡s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ✐♥t❡r❢❛❝❡s❀ ❢♦r ✐♥st❛♥❝❡✱ ❣✐✈❡♥ t✇♦ ❝r♦ss✐♥❣ ❧✐♥❡s✱ ✇❡ s♣❧✐t t❤❡♠ ✐♥t♦ ❢♦✉r
✐♥t❡r❢❛❝❡s ❤❛✈✐♥❣ ❛ ❝♦♠♠♦♥ ❡♥❞♣♦✐♥t✳ ❲❡ ❞❡♥♦t❡ ❜② (Cm)1≤m≤M t❤❡ s❡t ♦❢ ❛❧❧ ❡♥❞♣♦✐♥ts ♦❢
t❤❡ ✐♥t❡r❢❛❝❡s Γi, i ∈ [[1; J ]]✳

✹✳✸✳✶ ❘❡❞✉❝t✐♦♥ t♦ ❛ s✐♥❣❧❡ ✐♥t❡r❢❛❝❡

❋✐① ϕ ∈ C∞
c (Ω\ ∪M

m=1 Cm)✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② K t❤❡ ❝♦♠♣❛❝t s✉♣♣♦rt ♦❢ ϕ✳

❙t❡♣ ✶✳ ❋♦r ❛❧❧ i ∈ [[1; J ]]✱ K ∩ Γi ✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t ✭♠❛②❜❡ ❡♠♣t②✮ ♦❢ Ω✱ ❛♥❞ t❤❡ ❢❛♠✐❧②
(K ∩ Γi)i ✐s ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t✳ ❇② ❝♦♠♣❛❝t♥❡ss✱

∃δ > 0, ∀i, j ∈ [[1; J ]], i 6= j =⇒ ❞✐st(K ∩ Γi, K ∩ Γj) ≥ 2δ.

❙t❡♣ ✷✳ ❋♦r ❛❧❧ i ∈ [[1; J ]]✱ s❡t

Ωi =
⋃

(x,t)∈K∩Γi

❇((x, t), δ),

✇❤❡r❡ ❇((x, t), δ) ❞❡♥♦t❡s t❤❡ R
2✲❡✉❝❧✐❞❡❛♥ ♦♣❡♥ ❜❛❧❧ ❝❡♥t❡r❡❞ ♦♥ (x, t) ❛♥❞ ♦❢ r❛❞✐✉s δ✳

❈❧❡❛r❧②✱ Ωi ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Ω ❝♦♥t❛✐♥✐♥❣ Γi✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢❛♠✐❧② (Ωi)i ✐s ♣❛✐r✇✐s❡
❞✐s❥♦✐♥t✳ ■♥❞❡❡❞✱ s✉♣♣♦s❡ ✐♥st❡❛❞ t❤❛t ❢♦r s♦♠❡ i, j ∈ [[1; J ]] ✭i 6= j✮✱ ✇❡ ❤❛✈❡

Ωi ∩ Ωj 6= ∅,

❛♥❞ ✜① (x, t) ∈ Ωi ∩ Ωj✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ❡①✐sts (xi, ti) ∈ K ∩ Γi ❛♥❞ (xj, tj) ∈ K ∩ Γj

s✉❝❤ t❤❛t
(x, t) ∈ ❇((xi, ti), δ) ∩❇((xj, tj), δ).

❯s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

❞✐st(K ∩ Γi, K ∩ Γj) ≤ ❞✐st((xi, ti), (xj, tj)) ≤ ❞✐st((xi, ti), (x, t)) + ❞✐st((x, t), (xj, tj)) < 2δ,
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②✐❡❧❞✐♥❣ t❤❡ ❝♦♥tr❛❞✐❝t✐♦♥✳

❙t❡♣ ✸✳ ❉❡✜♥❡ t❤❡ ♦♣❡♥ s✉❜s❡t ✭✜♥✐t❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ♦♣❡♥ s✉❜s❡ts✮✿

Ω0 =

{
(x, t) ∈ Ω

∣∣∣∣ ∀i ∈ [[1; J ]], ❞✐st((x, t), K ∩ Γi) ≥
δ

2

}
.

❚❤❡ ❢❛♠✐❧② (Ωi)i∈[[0;J ]] ✐s ❛♥ ♦♣❡♥ ❝♦✈❡r ♦❢ R × R
+✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐sts ❛ ♣❛rt✐t✐♦♥ ♦❢

t❤❡ ✉♥✐t② (θi)i∈[[0;J ]] ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ❝♦✈❡r✿

∀i ∈ [[0; J ]], θi ≥ 0; θi ∈ C∞
c (Ωi); ∀(x, t) ∈ R× R

+,

J∑

i=0

θi(x, t) = 1.

❙t❡♣ ✹✳ ❲❡ ✇r✐t❡ t❤❡ ❢✉♥❝t✐♦♥ ϕ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✿

ϕ =
J∑

i=0

(ϕθi) = ϕ0 +
J∑

i=1

ϕi. ✭✹✳✸✳✶✮

◆♦t❡ t❤❛t✿

✶✳ ϕ0 ✈❛♥✐s❤❡s ❛❧♦♥❣ ❛❧❧ t❤❡ ✐♥t❡r❢❛❝❡s❀

✷✳ ❢♦r ❛❧❧ i ∈ [[1; J ]]✱ ϕi ✈❛♥✐s❤❡s ❛❧♦♥❣ ❛❧❧ t❤❡ ✐♥t❡r❢❛❝❡s ❜✉t Γi✳

✹✳✸✳✷ ❉❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥s ❛♥❞ ✉♥✐q✉❡♥❡ss

❋♦❧❧♦✇✐♥❣ ❙❡❝t✐♦♥ ✹✳✶ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✹✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✳ ❆ ❢✉♥❝t✐♦♥ ρ ∈ L∞(Ω; [0, 1]) ✐s ❛ G✲❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧
❞❛t❛ ρ0 ∈ L∞(R) ✐❢✿
✭✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞

c (Ω\ ∪J
i=1 Γi), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣②

✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✈❡r✐✜❡❞✿✂ +∞

0

✂
R

(
|ρ− κ|∂tϕ+ Φ(ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx ≥ 0; ✭✹✳✸✳✷✮

✭✐✐✮ ❢♦r ❛❧❧ i ∈ [[1; J ]] ❛♥❞ ❢♦r ❛✳❡✳ t ∈ (si, Ti)✱

(ρ(yi(t)−, t), ρ(yi(t)+, t)) ∈ Gẏi(t)(qi(t)), ✭✹✳✸✳✸✮

✇❤❡r❡ t❤❡ ❛❞♠✐ss✐❜✐❧✐t② ❣❡r♠ Gẏi(qi) ✇❛s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✳

▲❡♠♠❛ ✹✳✸✳✷ ✭❑❛t♦ ✐♥❡q✉❛❧✐t②✮✳ ❋✐① ρ0, σ0 ∈ L∞(R; [0, 1])✳ ▲❡t (qi)i∈[[1;J ]] ❛♥❞ (
∼
q i)i∈[[1;J ]] ❜❡

t✇♦ ❢❛♠✐❧② ♦❢ ❝♦♥str❛✐♥ts✱ ✇❤❡r❡ ❢♦r ❛❧❧ i ∈ [[1; J ]]✱ qi,
∼
q i ∈ L∞((si, Ti))✳ ❲❡ ❞❡♥♦t❡ ❜② ρ

✭r❡s♣✳ σ✮ ❛ G✲❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✹✳✵✳✷✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ✭r❡s♣✳ σ0✮

❛♥❞ ❝♦♥str❛✐♥ts (qi)i∈[[1;J ]] ✭r❡s♣✳ (
∼
q i)i∈[[1;J ]]✮✳ ❚❤❡♥ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞

c (Ω), ϕ ≥ 0✱
✇❡ ❤❛✈❡✂ +∞

0

✂
R

(
|ρ− σ|∂tϕ+ Φ(ρ, σ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− σ0(x)|ϕ(x, 0) dx

+
J∑

i=1

✂ Ti

si

(
Φẏi(t) (ρ(yi(t)+, t), σ(yi(t)+, t))− Φẏi(t) (ρ(yi(t)−, t), σ(yi(t)−, t))

)
ϕ(yi(t), t) dt ≥ 0.

✭✹✳✸✳✹✮
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Pr♦♦❢✳ ❲❡ s♣❧✐t t❤❡ r❡❛s♦♥✐♥❣ ✐♥ t✇♦ st❡♣s✳
❙t❡♣ ✶✳ ❙✉♣♣♦s❡ ✜rst t❤❛t ϕ ∈ C∞

c (Ω\∪M
m=1Cm)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇r✐t❡ ϕ ✉s✐♥❣ t❤❡ ♣❛rt✐t✐♦♥

♦❢ ✉♥✐t② ✭✹✳✸✳✶✮✳ ❋✐① i ∈ [[1; J ]]✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ▲❡♠♠❛ ✹✳✶✳✼✱ ✇❡ ♦❜t❛✐♥✿☎
Ωi

(
|ρ− σ|∂tϕi + Φ(ρ, σ)∂xϕi

)
dx dt+

✂
{x∈R | (x,0)∈Ωi}

|ρ0(x)− σ0(x)|ϕi(x, 0) dx

+

✂ Ti

si

(
Φẏi(t) (ρ(yi(t)+, t), σ(yi(t)+, t))− Φẏi(t) (ρ(yi(t)−, t), σ(yi(t)−, t))

)
ϕi(yi(t), t) dt ≥ 0.

✭✹✳✸✳✺✮
◆♦✇✱ s✐♥❝❡ ϕ0 ✈❛♥✐s❤❡s ❛❧♦♥❣ ❛❧❧ t❤❡ ✐♥t❡r❢❛❝❡s✱ st❛♥❞❛r❞ ❝♦♠♣✉t❛t✐♦♥s ❧❡❛❞ t♦☎

Ω0

(
|ρ−σ|∂tϕ0+Φ(ρ, σ)∂xϕ0

)
dx dt+

✂
{x∈R | (x,0)∈Ω0}

|ρ0(x)−σ0(x)|ϕ0(x, 0) dx ≥ 0. ✭✹✳✸✳✻✮

❲❡ ♥♦✇ s✉♠ ✭✹✳✸✳✺✮ ✭i ∈ [[1; J ]]✮ ❛♥❞ ✭✹✳✸✳✻✮ t♦ ♦❜t❛✐♥ ✭✹✳✸✳✹✮✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ✐s t❤❡ ❛♥❛❧♦❣♦✉s
♦❢ ✭✹✳✶✳✶✶✮✳

❙t❡♣ ✷✳ ❈♦♥s✐❞❡r ♥♦✇ ϕ ∈ C∞
c (Ω)✳ ❋✐① n ∈ N

∗✳ ❋r♦♠ t❤❡ ✜rst st❡♣✱ ❛ ❝❧❛ss✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥
❛r❣✉♠❡♥t ❛❧❧♦✇s ✉s t♦ ❛♣♣❧② ✭✹✳✸✳✹✮ ✇✐t❤ t❤❡ ▲✐♣s❝❤✐t③ t❡st ❢✉♥❝t✐♦♥

ψn(x, t) =

(
M∑

m=1

δm,n(x, t)

)
ϕ(x, t),

✇❤❡r❡ ❢♦r ❛❧❧ m ∈ [[1;M ]]✱

δm,n(x, t) =





0 ✐❢ ❞✐st1((x, t), Cm) <
1

n

n

(
❞✐st1((x, t), Cm)−

1

n

)
✐❢

1

n
≤ ❞✐st1((x, t), Cm) ≤

2

n

1 ✐❢ ❞✐st1((x, t), Cm) >
2

n
,

✇❤❡r❡✱ ❜② ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✶✳✼✱ ❞✐st1 ❞❡♥♦t❡s t❤❡ R
2 ❞✐st❛♥❝❡ ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ ♥♦r♠ ‖ · ‖1✳ ❲❡ ❧❡t n→ +∞✱ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t✿
∥∥∥∥∥

(
M∑

m=1

δm,n

)
ϕ− ϕ

∥∥∥∥∥
L1(Ω)

−→
n→+∞

0; ∀m ∈ [[1;M ]], ‖∇δm,n‖L1(Ω) = O

(
1

n

)
.

❙tr❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥s ❧❡❛❞ t♦ ✭✹✳✸✳✹✮ ✇✐t❤ ϕ ∈ C∞
c (Ω)✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �

❚❤❡♦r❡♠ ✹✳✸✳✸✳ ❋✐① ρ0, σ0 ∈ L∞(R; [0, 1])✳ ▲❡t (qi)i∈[[1;J ]] ❛♥❞ (
∼
q i)i∈[[1;J ]] ❜❡ t✇♦ ❢❛♠✐❧② ♦❢

❝♦♥str❛✐♥ts✱ ✇❤❡r❡ ❢♦r ❛❧❧ i ∈ [[1; J ]]✱ qi,
∼
q i ∈ L∞((si, Ti))✳ ❲❡ ❞❡♥♦t❡ ❜② ρ ✭r❡s♣✳ σ✮ ❛ G✲

❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✹✳✵✳✷✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ✭r❡s♣✳ σ0✮ ❛♥❞ ❝♦♥str❛✐♥ts

(qi)i∈[[1;J ]] ✭r❡s♣✳ (
∼
q i)i∈[[1;J ]]✮✳ ❚❤❡♥ ❢♦r ❛❧❧ T > 0✱ ✇❡ ❤❛✈❡

‖ρ(·, T )− σ(·, T )‖L1 ≤ ‖ρ0 − σ0‖L1 +
J∑

i=1

2

✂ Ti

si

∣∣∣qi(t)−
∼
q i(t)

∣∣∣ dt . ✭✹✳✸✳✼✮

■♥ ♣❛rt✐❝✉❧❛r✱ Pr♦❜❧❡♠ ✭✹✳✵✳✷✮ ❛❞♠✐ts ❛t ♠♦st ♦♥❡ G✲❡♥tr♦♣② s♦❧✉t✐♦♥✳
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Pr♦♦❢✳ ❊st✐♠❛t❡ ✭✹✳✸✳✼✮ ❢♦❧❧♦✇s ❢r♦♠ ❑❛t♦ ✐♥❡q✉❛❧✐t② ✭✹✳✸✳✹✮ ✇✐t❤ ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ t❡st
❢✉♥❝t✐♦♥ ❛♥❞ ✐♥ ❧✐❣❤t ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②✿

∀i ∈ [[1; J ]], ❢♦r ❛✳❡✳ t ∈ (si, Ti),

Φẏi(t) (ρ(yi(t)+, t), σ(yi(t)+, t))− Φẏi(t) (ρ(yi(t)−, t), σ(yi(t)−, t)) ≤ 2|qi(t)−
∼
q i(t)|,

s❡❡ ❚❤❡♦r❡♠ ✹✳✶✳✽✳ �

✹✳✸✳✸ Pr♦♦❢ ♦❢ ❡①✐st❡♥❝❡

❋♦❧❧♦✇✐♥❣ t❤❡ r❡❛s♦♥✐♥❣ ♦❢ ❙❡❝t✐♦♥s ✹✳✶✲✹✳✷✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s❡❝♦♥❞ ❞❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥s✱
♠♦r❡ s✉✐t❛❜❧❡ t♦ ♣r♦✈❡ ❡①✐st❡♥❝❡✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✹✳ ❆ ❢✉♥❝t✐♦♥ ρ ∈ L∞(Ω; [0, 1]) ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✷✮
✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R) ✐❢
✭✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞

c (Ω), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s
❛r❡ ✈❡r✐✜❡❞✿

✂ +∞

0

✂
R

(
|ρ− κ|∂tϕ+ Φ(ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx

+
J∑

i=1

✂ Ti

si

Rẏi(t)(κ, qi(t))ϕ(yi(t), t) dt ≥ 0,

✭✹✳✸✳✽✮

✇❤❡r❡ Rẏi(κ, qi) ✇❛s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶❀

✭✐✐✮ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (Ω\ ∪M

m=1 Cm), ϕ ≥ 0✱ ✇r✐tt❡♥ ✉♥❞❡r t❤❡ ❢♦r♠ ✭✹✳✸✳✶✮✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✈❡r✐✜❡❞ ❢♦r ❛❧❧ i ∈ [[1; J ]]✿

−
☎

Ω+
i

(
ρ∂tϕ+ f(ρ)∂xϕ

)
dx dt ≤

✂ Ti

si

qi(t)ϕi(yi(t), t) dt , ✭✹✳✸✳✾✮

✇❤❡r❡ Ω+
i = {(x, t) ∈ Ωi | x > yi(t)}✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✳ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✶ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✹ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ▼♦r❡♦✈❡r✱ ✐♥ ❉❡❢✲
✐♥✐t✐♦♥ ✹✳✸✳✹ ✭✐✮✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t❤❛t ✭✹✳✸✳✽✮ ❤♦❧❞s ✇✐t❤ ϕ ∈ C∞

c (Ω\ ∪M
m=1 Cm)✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❉❡✜♥✐t✐♦♥s ✹✳✸✳✶ ❛♥❞ ✹✳✸✳✹ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞
❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s ✹✳✶✳✺✲✹✳✶✳✻✳ ❚❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s
✉s✐♥❣ t❤❡ s❛♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥t ❞❡s❝r✐❜❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳✷✳
�
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❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❡①✐st❡♥❝❡ ❢♦r ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥s ♦❢ ✭✹✳✵✳✷✮✳ ❲❡ ♠❛❦❡
✉s❡ ♦❢ t❤❡ ♣r❡❝✐s❡ st✉❞② ♦❢ ❙❡❝t✐♦♥ ✹✳✷ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ tr❛❥❡❝t♦r② ❛♥❞ ❜✉✐❧❞ ❛ ✜♥✐t❡
✈♦❧✉♠❡ s❝❤❡♠❡✳ ❲❡ ❦❡❡♣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✹✳✷ ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✳

❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠❡s❤✱ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡

❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ s✉♣♣♦s❡ t❤❛t ✇❡ ♦♥❧② ❤❛✈❡ t✇♦ tr❛❥❡❝t♦r✐❡s✴❝♦♥str❛✐♥ts (yi, qi) (1 ≤ i ≤
2) ❞❡✜♥❡❞ ♦♥ [0, τ ]✱ ✇❤✐❝❤ ❝r♦ss ❛t t✐♠❡ τ ✳ ❲❡ ❞❡♥♦t❡ ❜② C t❤✐s ❝r♦ss✐♥❣ ♣♦✐♥t✳ ❙✉♣♣♦s❡ ❛❧s♦
t❤❛t t❤✐s ❝r♦ss✐♥❣ ♣♦✐♥t r❡s✉❧ts ✐♥ t✇♦ ❛❞❞✐t✐♦♥❛❧ tr❛❥❡❝t♦r✐❡s✴❝♦♥str❛✐♥ts (yi, qi) (3 ≤ i ≤ 4)
❞❡✜♥❡❞ ♦♥ [τ, T ]✱ ❛♥❞ ✇❤✐❝❤ ❞♦ ♥♦t ❝r♦ss✱ ❛s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✹✳

❋✐❣✉r❡ ✹✳✹ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥✳

▲❡t ✉s ❢✉❧❧② ♠❛❦❡ ❡①♣❧✐❝✐t t❤❡ st❡♣s ♦❢ t❤❡ r❡❛s♦♥✐♥❣ ❧❡❛❞✐♥❣ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♦✉r s❝❤❡♠❡
✐♥ t❤❛t s✐t✉❛t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t λ = ∆t/∆x ✐s ✜①❡❞ ❛♥❞ ✈❡r✐✜❡s t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥

2


‖f ′‖L∞ + max

1≤i≤4
‖ẏi‖L∞((0,T ))

︸ ︷︷ ︸
L


λ ≤ 1. ✭✹✳✸✳✶✵✮

❙❡t N ∈ N s✉❝❤ t❤❛t τ ∈ [tN , tN+1)✳ ❲❡ ❞✐✈✐❞❡ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❢♦✉r ♣❛rts✳

P❛rt ✶✳ ■♥tr♦❞✉❝❡ t❤❡ ♥✉♠❜❡r

N1 = inf
{
n ∈ N, |y1∆(tn)− y2∆(t

n)| ≤ 4∆x
}
.

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ N1 ❡♥s✉r❡s t❤❛t ❢♦r ❛❧❧ n ∈ {0, . . . , N1−1}✱ ✇❡ ❝❛♥ ✐♥❞❡♣❡♥❞❡♥t❧② ♠♦❞✐❢② t❤❡
♠❡s❤ ♥❡❛r t❤❡ t✇♦ tr❛❥❡❝t♦r✐❡s y1∆ ❛♥❞ y2∆✱ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✺✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥
s✐♠♣❧② ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ρ∆ ♦♥ R× [0, tN1−1] ❛s t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ♦❢ ❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✱ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0✱ ✇✐t❤ ✢✉① ❝♦♥str❛✐♥ts ♦♥ t✇♦ ♥♦♥✲✐♥t❡r❛❝t✐♥❣
tr❛❥❡❝t♦r✐❡s✱ ✉s✐♥❣ t❤❡ r❡❝✐♣❡ ♦❢ ❙❡❝t✐♦♥ ✹✳✷ ❢♦r ❡❛❝❤ tr❛❥❡❝t♦r②✴❝♦♥str❛✐♥t✳
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P❛rt ✷✳ ❋✐① ♥♦✇ n ∈ {N1, . . . , N}✳ ■♥ t❤❡s❡ t✐♠❡ ✐♥t❡r✈❛❧s✱ s✐♥❝❡ t❤❡ t✇♦ tr❛❥❡❝t♦r✐❡s ❛r❡
t♦♦ ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r✱ ♦♥❡ ❝❛♥♥♦t ♠♦❞✐❢② t❤❡ ♠❡s❤ ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ♦♥❡ ♦❢ t❤❡♠
✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ♦t❤❡r✳ ❍♦✇❡✈❡r✱ t❤❡ s❝❤❡♠❡ ❤❛s t♦ ❜❡ ❞❡✜♥❡❞ ❣❧♦❜❛❧❧② s♦ ✇❡ ♣r♦❝❡❡❞
❛s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳

✖ ❋✐rst✱ ✐♥tr♦❞✉❝❡ t❤❡ ♠❡❛♥ tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ♥❡✇ ❝♦♥str❛✐♥t✿

∀t ∈ [0, τ ], y12(t) =
y1(t) + y2(t)

2
; q12(t) = min{q1(t), q2(t)},

r❡♣r❡s❡♥t❡❞ ✐♥ ♣✉r♣❧❡ ✐♥ ❋✐❣✉r❡ ✹✳✺✱ ❜❡❢♦r❡ t❤❡ ❝r♦ss✐♥❣ ♣♦✐♥t ✭✐♥ r❡❞✮✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢
t❛❦✐♥❣ t❤❡ ♠✐♥✐♠❛❧ ❧❡✈❡❧ ♦❢ ❝♦♥str❛✐♥t ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q12 st❡♠s ❢r♦♠ t❤❡ ♥❛t✉r❡ ♦❢
t❤❡ ❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠❀ s❡❡ ❤♦✇❡✈❡r ❘❡♠❛r❦ ✹✳✸✳✶ ❜❡❧♦✇✳

✖ ❚❤❡♥✱ ❞❡✜♥❡ ρ∆ ♦♥ R× [tN1 , tN ] ❛s t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♦♥❡ tr❛❥❡❝✲
t♦r②✴♦♥❡ ❝♦♥str❛✐♥t ♣r♦❜❧❡♠✿





∂tρ+ ∂x (f(ρ)) = 0

ρ(·, tN1) = ρ∆(·, tN1−1)

(f(ρ)− ẏ12(t)ρ)|x=y12(t)
≤ q12(t) t ∈ (tN1 , tN),

✉s✐♥❣ ❡①❛❝t❧② t❤❡ r❡❝✐♣❡ ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳✶✳

❋✐❣✉r❡ ✹✳✺ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ♠❡s❤✳

P❛rt ✸✳ ■♥tr♦❞✉❝❡ t❤❡ ♥✉♠❜❡r✿

N2 = inf
{
n > N, |y3∆(tn)− y4∆(t

n)| ≥ 4∆x
}
.

❋♦r n ∈ {N, . . . , N2}✱ ✇❡ ❛r❡ ✐♥ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ❛s P❛rt ✷✳ ❲❡ ♣r♦❝❡❡❞ t♦ t❤❡ s❛♠❡
❝♦♥str✉❝t✐♦♥✱ ♠✉t❛t✐s ♠✉t❛♥❞✐s✳
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✖ ❆s ✐♥ P❛rt ✷✱ ❞❡✜♥❡ t❤❡ ♠❡❛♥ tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ♥❡✇ ❝♦♥str❛✐♥t✿

∀t ∈ [τ, T ], y34(t) =
y3(t) + y4(t)

2
; q34(t) = min{q3(t), q4(t)},

r❡♣r❡s❡♥t❡❞ ✐♥ ♣✉r♣❧❡ ✐♥ ❋✐❣✉r❡ ✹✳✺✱ ❛❢t❡r t❤❡ ❝r♦ss✐♥❣ ♣♦✐♥t✳
✖ ❉❡✜♥❡ ρ∆ ♦♥ R×[tN , tN2 ] ❛s t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♦♥❡ tr❛❥❡❝t♦r②✴♦♥❡

❝♦♥str❛✐♥t ♣r♦❜❧❡♠✿




∂tρ+ ∂x (f(ρ)) = 0

ρ(·, tN) = ρ∆(·, tN)

(f(ρ)− ẏ34(t)ρ)|x=y34(t)
≤ q34(t) t ∈ (tN , tN2).

P❛rt ✹✳ ❋✐♥❛❧❧②✱ ρ∆ ✐s ❞❡✜♥❡❞ ♦♥ R× [tN2 , T ] ❧✐❦❡ ✐♥ P❛rt ✶ ✇✐t❤ y3, q3, ρ∆(·, tN2) ✭r❡s♣✳ y4, q4✮
♣❧❛②✐♥❣ t❤❡ r♦❧❡ ♦❢ y1, q1, ρ0 ✭r❡s♣✳ ♦❢ y2, q2✮✳

❘❡♠❛r❦ ✹✳✸✳✶✳ ▲❡t ✉s str❡ss ♦✉t t❤❛t t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ tr❡❛t♠❡♥t ❞♦♥❡ ✐♥ P❛rts ✷✲✸ ❞♦ ♥♦t
♣❧❛② ❛♥② s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢ ❜❡❧♦✇ t❤❛♥❦s t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ t❡st ❢✉♥❝t✐♦♥s
✈❛♥✐s❤✐♥❣ ❛t ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ❝r♦ss✐♥❣ ♣♦✐♥ts✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✳ ❈♦♥s❡q✉❡♥t❧②✱
t❛❦✐♥❣ t❤❡ ♠❡❛♥ tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❝♦♥str❛✐♥t ✐s ♠❡r❡❧② ❛♥ ❡①❛♠♣❧❡ ❛✐♠✐♥❣ ❛t
♣r❡s❡r✈✐♥❣ s♦♠❡ ❝♦♥s✐st❡♥❝② ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ s❝❤❡♠❡ s✐♠♣❧❡ t♦ ✉♥❞❡rst❛♥❞ ❛♥❞ ✐♠♣❧❡♠❡♥t✳

❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❢❛❝❡s ✭❧♦❝❛❧❧② ✜♥✐t❡ ♥✉♠❜❡r ❝❛♥ ❜❡ ❡❛s✐❧② ✐♥❝❧✉❞❡❞✮
✐s tr❡❛t❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ ❧❡❛❞✐♥❣ t♦ ❛ ♣❛tt❡r♥ ✇✐t❤ t❤❡ ✉♥✐❢♦r♠ r❡❝t❛♥❣✉❧❛r ♠❡s❤ ❛❞❛♣t❡❞
t♦ ❡❛❝❤ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡s Γi✱ i ∈ [[1; J ]] ❡①❝❡♣t ❢♦r s♠❛❧❧ ✭✐♥ t❡r♠s ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♣❛❝t❡❞
♠❡s❤ ❝❡❧❧s✮ ♥❡✐❣❤❜♦✉r❤♦♦❞s ♦❢ t❤❡ ❝r♦ss✐♥❣ ♣♦✐♥ts Cm✱ m ∈ [[1;M ]]✳

Pr♦♦❢ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

❚❤❡♦r❡♠ ✹✳✸✳✻✳ ❋✐① T > 0✱ f ∈ C2([0, 1]) s❛t✐s❢②✐♥❣ ✭✹✳✵✳✶✮✲✭✹✳✷✳✶✹✮ ❛♥❞ ρ0 ∈ L∞(R; [0, 1])✳
▲❡t (yi, qi)i∈[[1;J ]] ❜❡ ❛ ✜♥✐t❡ ❢❛♠✐❧② ♦❢ tr❛❥❡❝t♦r✐❡s ❛♥❞ ❝♦♥str❛✐♥ts ❞❡✜♥❡❞ ♦♥ (si, Ti) ✭0 ≤ si <
Ti✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ i ∈ [[1; J ]]✱ yi ∈ W1,∞((si, Ti)) ❛♥❞ qi ∈ L∞((si, Ti);R

+)✳ ❙✉♣♣♦s❡
❛❧s♦ t❤❛t t❤❡ ✐♥t❡r❢❛❝❡s (Γi)i ❞❡✜♥❡❞ ❜② t❤❡ tr❛❥❡❝t♦r✐❡s (yi)i ❤❛✈❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝r♦ss✐♥❣
♣♦✐♥ts✳ ❚❤❡♥ ❛s ∆ → 0 ✇❤✐❧❡ s❛t✐s❢②✐♥❣ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥

2


‖f ′‖L∞ + max

1≤i≤J
‖ẏi‖L∞((0,T ))

︸ ︷︷ ︸
L


λ ≤ 1,

t❤❡ s❡q✉❡♥❝❡ (ρ∆)∆ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❙❡❝t✐♦♥ ✹✳✸✳✸ ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ Ω t♦ t❤❡
❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✷✮✳

Pr♦♦❢✳ ❲❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✹✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❡st
❢✉♥❝t✐♦♥s t❤❛t ✈❛♥✐s❤ ❛t ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ❝r♦ss✐♥❣ ♣♦✐♥ts ✭t❤✐s ✐s t❤❡ ❦❡② ♦❜s❡r✈❛t✐♦♥
❧❡❛❞✐♥❣ t♦ ❘❡♠❛r❦ ✹✳✸✳✶ ❤❡r❡❛❜♦✈❡✮✳
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✭✐✮ Pr♦♦❢ ♦❢ t❤❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✳ ❋✐① ϕ ∈ C∞
c (Ω\∪M

m=1Cm), ϕ ≥ 0✱ ✇r✐tt❡♥ ❛s ϕ = ϕ0 +
J∑

i=1

ϕi✱

✉s✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t②✱ s❡❡ ❙❡❝t✐♦♥ ✹✳✸✳✶✳ ❙✐♥❝❡ ϕ0 ✈❛♥✐s❤❡s ❛❧♦♥❣ ❛❧❧ t❤❡
✐♥t❡r❢❛❝❡s✱ ρ∆ ✈❡r✐✜❡s ✐♥❡q✉❛❧✐t② ✭✹✳✷✳✶✶✮ ✇✐t❤ R ≡ 0 ♦♥ t❤❡ ❞♦♠❛✐♥ Ω0 ❛♥❞ ✇✐t❤ t❡st ❢✉♥❝✲
t✐♦♥ ϕ0✳ ■♥❞❡❡❞✱ ❢♦r ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ ∆x > 0✱ t❤❡ s❝❤❡♠❡ ✇❡ ❝♦♥str✉❝t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥ r❡❞✉❝❡s t♦ ❛ st❛♥❞❛r❞ ✜♥✐t❡ ✈♦❧✉♠❡ ✐♥ Ω0✳ ❋✐① ♥♦✇ i ∈ [[1; J ]]✳ ❙✐♥❝❡ ϕi ✈❛♥✐s❤❡s
❛❧♦♥❣ ❛❧❧ t❤❡ ✐♥t❡r❢❛❝❡s ❜✉t Γi✱ ρ∆ ✈❡r✐✜❡s ✐♥❡q✉❛❧✐t② ✭✹✳✷✳✶✶✮ ✇✐t❤ r❡♠✐♥❞❡r t❡r♠ Rsi∆

(κ, qi∆)

❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r② yi∆ ♦♥ t❤❡ ❞♦♠❛✐♥ Ωi ❛♥❞ ✇✐t❤ t❡st ❢✉♥❝t✐♦♥ ϕi✱ ❞✉❡ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢
❙❡❝t✐♦♥ ✹✳✷❀ ✐♥❞❡❡❞✱ ✐♥ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ t❡st ❢✉♥❝t✐♦♥✱ ♦✉r s❝❤❡♠❡ ❢♦r t❤❡ ♠✉❧t✐✲✐♥t❡r❢❛❝❡
♣r♦❜❧❡♠ r❡❞✉❝❡s t♦ t❤❡ s❝❤❡♠❡ ❢♦r t❤❡ s✐♥❣❧❡✲✐♥t❡r❢❛❝❡ ♣r♦❜❧❡♠✳ ❇② s✉♠♠✐♥❣ t❤❡s❡ ♣r❡✈✐♦✉s
✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❡rs✐♦♥ ♦❢ ✭✹✳✸✳✽✮ ✈❡r✐✜❡❞ ❜② ρ∆✿

✂ +∞

0

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆(ρ∆, κ)∂xϕ

)
dx dt+

✂
R

|ρ0∆(x)− κ|ϕ(x, 0) dx

+
J∑

i=1

✂ Ti

si

Rsi∆(t)(κ, q
i
∆(t))ϕ(y

i
∆(t), t) dt ≥ O(∆x) +O(∆t) .

✭✹✳✸✳✶✶✮

✭✐✐✮ Pr♦♦❢ ♦❢ t❤❡ ✇❡❛❦ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s✳ ▲❡t ϕ ∈ C∞
c (Ω\ ∪M

m=1 Cm), ϕ ≥ 0✱ ✇r✐tt❡♥
✉♥❞❡r t❤❡ ❢♦r♠ ✭✹✳✸✳✶✮✳ ❋✐① i ∈ [[1; J ]]✳ ❙✐♥❝❡ ϕi ✈❛♥✐s❤❡s ❛❧♦♥❣ ❛❧❧ t❤❡ ✐♥t❡r❢❛❝❡s ❜✉t Γi✱ ❢♦r ❛
s✉✣❝✐❡♥t❧② s♠❛❧❧ ∆x✱ ρ∆ ✈❡r✐✜❡s ✐♥❡q✉❛❧✐t② ✭✹✳✷✳✶✸✮ ✇✐t❤ ❝♦♥str❛✐♥t qi∆ ❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r②
yi∆ ♦♥ t❤❡ ❞♦♠❛✐♥ Ω+

i ❛♥❞ ✇✐t❤ t❡st ❢✉♥❝t✐♦♥ ϕi✳ ❲❡ ♦❜t❛✐♥ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❡rs✐♦♥ ♦❢ ✭✹✳✸✳✶✷✮
✈❡r✐✜❡❞ ❜② ρ∆✿

−
☎

Ω+
i

(
ρ∆∂tϕ+F∆(ρ∆)∂xϕ

)
dx dt ≤

✂ Ti

si

qi∆(t)ϕi(y
i
∆(t), t) dt+O(∆x) +O(∆t) . ✭✹✳✸✳✶✷✮

✭✐✐✐✮ ❈♦♠♣❛❝t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡✳ ❈♦♠♣❛❝t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ (ρ∆)∆ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠
t❤❡ st✉❞② ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳✹ ✇❤❡r❡ ✇❡ ❞❡r✐✈❡❞ ❧♦❝❛❧ BV ❜♦✉♥❞s ❢♦r (ρ∆)∆ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥
✭✹✳✷✳✶✹✮✳ ■♥❞❡❡❞✱ t❤❡s❡ ❧♦❝❛❧ ❜♦✉♥❞s ❧❡❛❞ t♦ ❝♦♠♣❛❝t♥❡ss ✐♥ t❤❡ ❞♦♠❛✐♥ ❝♦♠♣❧❡♠❡♥t❛r② t♦
t❤❡ ✐♥t❡r❢❛❝❡s✱ ✇❡ ♦♥❧② ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥t❡r❢❛❝❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝r♦ss✐♥❣ ♣♦✐♥ts
❢♦r♠ ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ Ω ✇✐t❤ ③❡r♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❖♥❝❡ t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ✭✉♣ t♦
❛ s✉❜s❡q✉❡♥❝❡✮ ♦♥ Ω t♦ s♦♠❡ ρ ∈ L∞(Ω; [0, 1]✮ ♦❜t❛✐♥❡❞✱ ✇❡ s✐♠♣❧② ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥
✭✹✳✸✳✶✶✮✲✭✹✳✸✳✶✷✮✳ ❚❤✐s ♣r♦✈❡s t❤❛t ρ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ s♦❧✉t✐♦♥ t♦ ✭✹✳✵✳✷✮✳ ❇② t❤❡ ✉♥✐q✉❡♥❡ss
♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✸✱ t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣❡s t♦ ρ✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

❈♦r♦❧❧❛r② ✹✳✸✳✼✳ ❋✐① T > 0✱ f ∈ C2([0, 1]) s❛t✐s❢②✐♥❣ ✭✹✳✵✳✶✮✲✭✹✳✷✳✶✹✮ ❛♥❞ ρ0 ∈ L∞(R; [0, 1])✳
▲❡t (yi, qi)i∈[[1;J ]] ❜❡ ❛ ✜♥✐t❡ ❢❛♠✐❧② ♦❢ tr❛❥❡❝t♦r✐❡s ❛♥❞ ❝♦♥str❛✐♥ts ❞❡✜♥❡❞ ♦♥ (si, Ti) ✭0 ≤ si <
Ti✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ i ∈ [[1; J ]]✱ yi ∈ W1,∞((si, Ti)) ❛♥❞ qi ∈ L∞((si, Ti);R

+)✳
❋✐♥❛❧❧②✱ s✉♣♣♦s❡ t❤❛t t❤❡ ✐♥t❡r❢❛❝❡s (Γi)i ❞❡✜♥❡❞ ❜② t❤❡ tr❛❥❡❝t♦r✐❡s (yi)i ❤❛✈❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r
♦❢ ❝r♦ss✐♥❣ ♣♦✐♥ts✳ ❚❤❡♥ Pr♦❜❧❡♠ ✭✹✳✵✳✷✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❛❞♠✐ss✐❜❧❡ ❡♥tr♦♣② s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❊①✐st❡♥❝❡ ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✸✳✻ ✇❤✐❧❡ ✉♥✐q✉❡♥❡ss ✇❛s ❡st❛❜❧✐s❤❡❞ ❜② ❚❤❡♦r❡♠
✹✳✸✳✸✳ �
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✹✳✹ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥t ✇✐t❤ ❝r♦ss✐♥❣ tr❛❥❡❝t♦r✐❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣❡r❢♦r♠ ❛ ♥✉♠❡r✐❝❛❧ t❡st t♦ ✐❧❧✉str❛t❡ t❤❡ s❝❤❡♠❡ ❛♥❛❧②③❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷
❛♥❞ ❙❡❝t✐♦♥ ✹✳✸✳✸✳ ❲❡ t❛❦❡ t❤❡ ●◆▲ ✢✉① f(ρ) = ρ(1− ρ)✳

❲❡ ♠♦❞❡❧ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥✳ ❆ ✈❡❤✐❝❧❡ ❜r❡❛❦s ❞♦✇♥ ♦♥ ❛ r♦❛❞ ❛♥❞ r❡❞✉❝❡s ❜② ❤❛❧❢
t❤❡ s✉rr♦✉♥❞✐♥❣ tr❛✣❝ ✢♦✇✱ ✇❤✐❝❤ ✐♥✐t✐❛❧ st❛t❡ ✐s ❣✐✈❡♥ ❜② ρ0 = 0.8× 1[1,3]✳ ❆t s♦♠❡ ♣♦✐♥t✱
❛ t♦✇ tr✉❝❦ ❝♦♠❡s t♦ ♠♦✈❡ t❤❡ ✐♠♠♦❜✐❧❡ ✈❡❤✐❝❧❡✳ ❲❡ s✉♠♠❛r✐③❡❞ t❤✐s s✐t✉❛t✐♦♥ ✐♥ ❋✐❣✉r❡
✹✳✻✳ ◆♦t✐❝❡ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ✐♥ ✇❤✐❝❤ q3 ≡ 0.1✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❢♦r t❤❡
t♦✇ tr✉❝❦ t♦ ♠♦✈❡ t❤❡ ✈❡❤✐❝❧❡✳ ❘❡♠❛r❦ ❛❧s♦ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥str❛✐♥t ♦♥ t❤✐s t✐♠❡ ✐♥✲
t❡r✈❛❧ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡ ✇❤❡♥ ♦♥❧② t❤❡ ❜r♦❦❡♥ ❞♦✇♥ ✈❡❤✐❝❧❡ ✇❛s r❡❞✉❝✐♥❣ t❤❡ tr❛✣❝ ✢♦✇✳

❋✐❣✉r❡ ✹✳✻ ✕ ❆ t♦✇ tr✉❝❦ ❝♦♠❡s ♠♦✈✐♥❣ ❛♥ ✐♠♠♦❜✐❧❡ ✈❡❤✐❝❧❡✳

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✼✳ ▲❡t ✉s ❝♦♠♠❡♥t ♦♥ t❤❡
♣r♦✜❧❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳

✖ ❆t ✜rst ✭0 ≤ t ≤ 5.80✮✱ t❤❡ s♦❧✉t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ tr❛✈❡❧✐♥❣ ✇❛✈❡s s❡♣❛r❛t❡❞ ❜② ❛
st❛t✐♦♥❛r② ♥♦♥❝❧❛ss✐❝❛❧ s❤♦❝❦ ❧♦❝❛t❡❞ ❛t t❤❡ ✐♠♠♦❜✐❧❡ ✈❡❤✐❝❧❡ ♣♦s✐t✐♦♥✳

✖ ❲❤❡♥ t❤❡ t♦✇ tr✉❝❦ ❝❛t❝❤❡s ✉♣ ✇✐t❤ t❤❡ ✈❡❤✐❝❧❡ ✭6.30 ≤ t ≤ 8.0✮✱ t❤❡ ♣r♦✜❧❡ ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐s t❤❡ s❛♠❡✱ ❜✉t t❤❡ ❣r❡❛t❡r ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥str❛✐♥t ✐♥ t❤✐s t✐♠❡
✐♥t❡r✈❛❧ ❝❤❛♥❣❡s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♥♦♥❝❧❛ss✐❝❛❧ s❤♦❝❦❀ ❛t t❤✐s ♣♦✐♥t t❤❡ ❝♦♠❜✐♥❡❞
♣r❡s❡♥❝❡ ♦❢ ❜♦t❤ t❤❡ t♦✇ tr✉❝❦ ❛♥❞ t❤❡ ✐♠♠♦❜✐❧❡ ✈❡❤✐❝❧❡ ❝❧♦❣s t❤❡ tr❛✣❝ ✢♦✇ ❡✈❡♥
♠♦r❡✳

✖ ❋✐♥❛❧❧②✱ ♦♥❝❡ t❤❡ t♦✇ tr✉❝❦ st❛rts ❛❣❛✐♥ ✭t > 8.0✮✱ t❤❡ tr❛✣❝ ❝♦♥❣❡st✐♦♥ ✐s r❡❞✉❝❡❞✳
◆♦t✐❝❡ ❛t t✐♠❡ t = 7.44 t❤❡ s♠❛❧❧ ❛rt❡❢❛❝t ✭❝✐r❝❧❡❞ ✐♥ r❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✼✮ ❝r❡❛t❡❞ ❜② P❛rts ✷✲✸ ✐♥
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❛♥❞ r❡♣r♦❞✉❝❡❞ ❜② t❤❡ s❝❤❡♠❡✳ ❚❤✐s ❤✐❣❤❧✐❣❤ts
t❤❡ ❢❛❝t t❤❛t ❡✈❡♥ ✐❢ t❤❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ❝r♦ss✐♥❣ ♣♦✐♥ts ❜r✐♥❣s ✐♥❝♦♥s✐st❡♥❝✐❡s ♦r ❛rt❡❢❛❝ts t♦
t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✱ t❤❡s❡ ✉♥❞❡s✐r❡❞ ❡✛❡❝ts ❛r❡ ♥♦t ❛♠♣❧✐✜❡❞ ❜② t❤❡ s❝❤❡♠❡✱ ❛♥❞ ❜❡❝♦♠❡
♥❡❣❧✐❣✐❜❧❡ ✇❤❡♥ ♦♥❡ r❡✜♥❡s t❤❡ ♠❡s❤✳
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❋✐❣✉r❡ ✹✳✼ ✕ ❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❛t ❞✐✛❡r❡♥t ✜①❡❞ t✐♠❡s❀ ❢♦r ❛♥ ❛♥✐♠❛t❡❞ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
s♦❧✉t✐♦♥✱ ❢♦❧❧♦✇✿ ❤tt♣s✿✴✴✉t❜♦①✳✉♥✐✈✲t♦✉rs✳❢r✴s✴❩♥✻♦❋✸ts✹❇✷s♠❆❍
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❈❍❆P❚❊❘ ✺

❚❖❲❆❘❉❙ ❲❊▲▲✲P❖❙❊❉◆❊❙❙ ❖❋
(X, T )✲❉■❙❈❖◆❚■◆❯❖❯❙ ❋▲❯❳
❈❖◆❙❊❘❱❆❚■❖◆ ▲❆❲❙ ❯◆❉❊❘

❆❇❙❚❘❆❈❚ ❈❖❯P▲■◆● ❈❖◆❉■❚■❖◆❙ ❆❚
■◆❚❊❘❋❆❈❊❙

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤❡ ❞♦♠❛✐♥ Ω = R× (0,+∞) ❝♦♥s✐❞❡r t❤❡ ❢♦r♠❛❧ ❈❛✉❝❤② ♣r♦❜❧❡♠

{
∂tρ(x, t) + ∂x (f(x, t, ρ(x, t))) = 0 ❢♦r (x, t) ∈ Ω

ρ(·, 0) = ρ0 ♦♥ R
✭✺✳✶✳✶✮

✇❤❡r❡ ρ0 ∈ L∞(R) ❛♥❞ f : Ω × R 7→ R ✐s ❛ ❈❛r❛t❤é♦❞♦r② ❢✉♥❝t✐♦♥✱ ❛s s♣❡❝✐✜❡❞ ❜❡❧♦✇✳ ❚❤❡
♣❤②s✐❝❛❧ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ♦❢ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ♠❛② ❜❡ r❡str✐❝t❡❞ t♦ ❛ s✉❜s❡t [a, b] ⊂ R ✐♥ ♠❛♥②
❛♣♣❧✐❝❛t✐♦♥s✳
■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ f ❡①t❡♥❞s t♦ ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ Ω× R ❢✉♥❝t✐♦♥✱ ❛♥❞ ✉♥❞❡r
s♦♠❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❣r♦✇t❤ ♦❢ f ✐♥ ρ t♦ ❡♥s✉r❡ ❣❧♦❜❛❧ ✐♥ t✐♠❡ ❡①✐st❡♥❝❡ ✭s❡❡ ✐♥ ♣❛rt✐❝✉❧❛r
P❛rt ■■■✮✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❡♥tr♦♣② s♦❧✉t✐♦♥s ✐♥ t❤❡ s❡♥s❡ ♦❢ ❑r✉③❤❦♦✈ ❬✶✶✹❪ ✐s t❤❡ ❝♦r♥❡rst♦♥❡
♦❢ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss t❤❡♦r②✳ ❉✐s❝♦♥t✐♥✉♦✉s✲✢✉① ♣r♦❜❧❡♠s ❛♥❞ r❡❧❛t❡❞ ♣r♦❜❧❡♠s ♦❢ ❝♦♥s❡r✲
✈❛t✐♦♥ ❧❛✇s ✇✐t❤ ❡♠❜❡❞❞❡❞ ✐♥t❡r❢❛❝❡s ❛♣♣❡❛r ✐♥ ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s s❡❞✐♠❡♥t❛t✐♦♥✱ ♣♦r♦✉s
♠❡❞✐❛✱ r♦❛❞ tr❛✣❝✱ ❡t❝✳✳✳ ❇② ✏❞✐s❝♦♥t✐♥✉♦✉s✲✢✉①✑ ✇❡ ♠❡❛♥ ♦♥❧② ♣r♦❜❧❡♠s ✇❤❡r❡ t❤❡ ✢✉①
✐s ❝♦♥t✐♥✉♦✉s ✭❛♥❞ ❡✈❡♥ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ♦r ❡✈❡♥ C1✮ ✐♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ρ ✇❤✐❧❡ ✐t ♠❛②
♣r❡s❡♥t ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ t❤❡ (x, t)✲♣❧❛♥❡✳ ❙❡♥s❡ ❝❛♥ ❜❡ ❣✐✈❡♥ t♦ ✭✺✳✶✳✶✮ ✭✐♥ ♣❛rt✐❝✉❧❛r✱ ❛
✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥✮ ✐♥ t❤❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥ ✇❤❡r❡ f ✐s ❛ ❈❛r❛t❤é♦❞♦r② ❢✉♥❝t✐♦♥
✭♠❡❛s✉r❛❜❧❡ ✐♥ (x, t)✱ ❝♦♥t✐♥✉♦✉s ✐♥ ρ✮❀ t♦ t❤❡ ❜❡st ♦❢ t❤❡ ❛✉t❤♦rs✬ ❦♥♦✇❧❡❞❣❡✱ ♥♦ ❝♦♥s✐st❡♥t
t❤❡♦r② ❤❛s ❜❡❡♥ ❝♦♥str✉❝t❡❞ ②❡t ✐♥ t❤✐s ✈❡r② ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ❚❤❡ ♠♦st ❣❡♥❡r❛❧ s❡tt✐♥❣ ✇❤❡r❡

✶✷✼
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♣❛rt✐❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧ts ✇❡r❡ ❡st❛❜❧✐s❤❡❞ ❝♦♥❝❡r♥s ✢✉①❡s f t❤❛t ❛r❡ ❛t ❧❡❛st
BVloc ✐♥ (x, t)✱ ❢♦r ❛❧❧ ρ ∈ R✱ s❡❡ ✐♥ ♣❛rt✐❝✉❧❛r ❬✶✵✼✱ ✶✸✻❪✳ ❚♦ t❤❡ ❛✉t❤♦rs✬ ❦♥♦✇❧❡❞❣❡✱ t❤❡
❡①✐st❡♥❝❡ r❡s✉❧ts ✉♥❞❡r t❤❡ BV ❦✐♥❞ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ✢✉① ❝♦♥❝❡r♥ ❡①❝❧✉s✐✈❡❧② s♦❧✉t✐♦♥s
❝♦♥str✉❝t❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② str❛t❡❣② ❣♦✐♥❣ ❜❛❝❦ t♦ ❘❛②❧❡✐❣❤✱ ❍♦♣❢ ❛♥❞
❑r✉③❤❦♦✈✳ ❚❤❡ ❡❛r❧② ❝♦♥❝❡♣ts ♦❢ ❛❞♠✐ss✐❜✐❧✐t② s✉❝❤ ❛s t❤❡ ♠✐♥✐♠❛❧ ❥✉♠♣ ❝♦♥❞✐t✐♦♥ ✭❬✾✹❪✮ ♦r
t❤❡ Γ✲❝♦♥❞✐t✐♦♥ ✭❬✼✺❪✱ s❡❡ ❛❧s♦ ❬✼✹❪✮ ❛t ✐♥t❡r❢❛❝❡s s❡❧❡❝t t❤❡ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥✱ ❝❢✳
❬✶✺❪❀ t❤❡② ✇❡r❡ ❡❧❛❜♦r❛t❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s❡❞✐♠❡♥t❛t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✈❛♥✐s❤✐♥❣
✈✐s❝♦s✐t② ❧✐♠✐ts ❛r❡ ♥♦t ❛❧✇❛②s ❛♣♣r♦♣r✐❛t❡ ❢r♦♠ t❤❡ ♠♦❞❡❧✐♥❣ ♣❡rs♣❡❝t✐✈❡✳ ❖♣t✐♠❛❧ ❡♥tr♦♣②
s♦❧✉t✐♦♥s ✭✐✳❡✳ s♦❧✉t✐♦♥s ✇❤✐❝❤ ♠❛①✐♠✐③❡ t❤❡ ✢♦✇ ❛❝r♦ss ✐♥t❡r❢❛❝❡s✮ ✇❡r❡ ❛ s❡❝♦♥❞ ❝❧❛ss ♦❢ s♦✲
❧✉t✐♦♥s ✐❞❡♥t✐✜❡❞ ❛s r❡❧❡✈❛♥t ✐♥ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♣♦r♦✉s ♠❡❞✐❛✱ s❡❡ ❬✶✵✹✱ ✷✱ ✹✷❪❀ t❤❡② ❛❧s♦ ❛♣♣❡❛r
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ r♦❛❞ tr❛✣❝ ✇✐t❤ ✈❛r②✐♥❣ r♦❛❞ ❝♦♥❞✐t✐♦♥s ✭s❡❡ ❬✷✵❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳
■t ❤❛s ❜❡❡♥ r❡❛❧✐③❡❞ t❤❛t t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ♠❛② ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t②
❧✐♠✐ts ✭s❡❡✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❬✶✵✼✱ ❙❡❝t✳ ✼❪✮✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❝♦✲❡①✐st❡♥❝❡ ♦❢ ✐♥✜♥✐t❡❧② ♠❛♥② ❞✐❢✲
❢❡r❡♥t ❦✐♥❞s ♦❢ s♦❧✉t✐♦♥s✱ ❡q✉❛❧❧② ❝♦♥s✐st❡♥t ❢r♦♠ t❤❡ ♣✉r❡❧② ♠❛t❤❡♠❛t✐❝❛❧ st❛♥❞♣♦✐♥t✱ ✇❛s
❡①♣❧✐❝✐t❧② ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬✷❪✳ ▲❛t❡r ♦♥✱ t❤❡ ❞✐✛❡r❡♥t s♦❧✉t✐♦♥ ♥♦t✐♦♥s ✭(A,B)✲❝♦♥♥❡❝t✐♦♥s✮
♣✉t ❢♦r✇❛r❞ ✐♥ ❬✷❪ ✇❡r❡ ❧✐♥❦❡❞ t♦ ❞✐✛❡r❡♥t ✈❛♥✐s❤✐♥❣ ❝❛♣✐❧❧❛r✐t② ❧✐♠✐ts ✐♥ t❤❡ ♣♦r♦✉s ♠❡❞✐✉♠
❝♦♥t❡①t ❬✹✸✱ ✻❪✳ ▼♦r❡♦✈❡r✱ ❢✉❧❧② ❛♥❛❧♦❣♦✉s s✐t✉❛t✐♦♥ ❛r♦s❡ ❢r♦♠ ♠♦❞❡❧✐♥❣ ♦❢ r♦❛❞ tr❛✣❝ ❜② ❛
❝❧❛ss✐❝❛❧✱ ❝♦♥t✐♥✉♦✉s✲✢✉① ▲✐❣❤t❤✐❧❧✲❲❤✐t❤❛♠✲❘✐❝❤❛r❞s ❡q✉❛t✐♦♥ ✇✐t❤ ♣♦✐♥t ❝♦♥str❛✐♥ts ♦♥ t❤❡
✢✉① ✭❬✺✻✱ ✶✹❪✮ ✇❤❡r❡ ❞✐✛❡r❡♥t s♦❧✈❡rs st❡♠ ❢r♦♠ ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ ❝♦♥str❛✐♥t✳ ❚❤✉s✱ ❞✐✛❡r✲
❡♥t ♥♦t✐♦♥s ♦❢ s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞ t♦ ❞✐✛❡r❡♥t ♠♦❞❡❧✐♥❣ ❛ss✉♠♣t✐♦♥s ❛t t❤❡ ✐♥t❡r❢❛❝❡✱ q✉✐t❡
❛♥❛❧♦❣♦✉s❧② t♦ ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ ♦♥❡ ♣r❡s❝r✐❜❡s ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ ❛ ❣✐✈❡♥
P❉❊ ✭✇❡ r❡❢❡r t♦ ❬✺❪ ❢♦r t❤❡ ✈✐❡✇♣♦✐♥t ♦❢ ✏■♥t❡r❢❛❝❡ ❈♦✉♣❧✐♥❣ ❈♦♥❞✐t✐♦♥s✑ ❛♥❞ ❤✐❣❤❧✐❣❤t❡❞
❛♥❛❧♦❣✐❡s ✇✐t❤ ♥♦♥❧✐♥❡❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❬✷✶❪✮✳ ❋♦r t❤✐s
r❡❛s♦♥✱ ✇r✐t✐♥❣ ✭✺✳✶✳✶✮ ✐s ❢♦r♠❛❧✱ ❡✈❡♥ ❤❛✈✐♥❣ ✐♥ ♠✐♥❞ ❛ ❑r✉③❤❦♦✈✲❧✐❦❡ ❡♥tr♦♣② ❢♦r♠✉❧❛t✐♦♥✿
✐♥❞❡❡❞✱ ♦♥❡ ♥❡❡❞s t♦ s♣❡❝✐❢② t❤❡ ❡①♣❡❝t❡❞ ✭❡①♣❡❝t❡❞✱ ❣✐✈❡♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ♠♦❞❡❧✐♥❣ ❝♦♥t❡①t✮
❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥s ❛t ✐♥t❡r❢❛❝❡s ✇❤✐❝❤ ❛r❡ t❤❡ ❥✉♠♣ s❡ts ♦❢ (x, t) 7→ f(x, t, ρ)✳ ❋r♦♠ t❤✐s
♣❡rs♣❡❝t✐✈❡✱ t❤❡s❡ ❥✉♠♣ s❡ts s❤♦✉❧❞ ❜❡ ❝♦♠♠♦♥ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ ρ✳ ❆ r❛t❤❡r ❣❡♥❡r❛❧ s❡t ♦❢
❛ss✉♠♣t✐♦♥s ♦♥ f t❤❛t ❛❧❧♦✇s t♦ ✐♥t❡r♣r❡t ✭✺✳✶✳✶✮ ❛s ❛ ❞✐s❝♦♥t✐♥✉♦✉s✲✢✉① ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇
✐s ❡❧❛❜♦r❛t❡❞ ✐♥ ❬✻✺❪✳ ❈♦✉♣❧✐♥❣ ❛t ✐♥t❡r❢❛❝❡s ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ✉♥✐q✉❡♥❡ss ❛♥❛❧②s✐s ❢♦r t❤❡
r❡❢❡r❡♥❝❡ s❡tt✐♥❣ ♦❢ ❬✻✺❪ ✭s❡❡ ❛❧s♦ ❬✶✵✼✱ ✶✽❪ ❢♦r s✐♠♣❧❡r ❜✉t st✐❧❧ r❛t❤❡r ❝♦♠♣❧❡① ✈❛r✐❛♥ts✮ ❛r❡
♠✐♠✐❝❦❡❞ ❢r♦♠ t❤❡ ♠♦❞❡❧ ❝❛s❡✱ ✇❤✐❝❤ ✇❡ ♥♦✇ ❞✐s❝✉ss✳

❚❤❡ ♠♦❞❡❧ ♣r♦❜❧❡♠ ✭✺✳✶✳✶✮ ❢❡❛t✉r❡s t❤❡ ✢✉① ❢✉♥❝t✐♦♥ f ❞✐s❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
s♣❛❝❡ ✈❛r✐❛❜❧❡ ❛❝r♦ss t❤❡ ✐♥t❡r❢❛❝❡ {x = 0}✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r s✉❝❤ ✢✉① r❡❛❞s ❛s ❢♦❧❧♦✇s✿

f(x, t, ρ) =

{
f(ρ) ✐❢ x < 0

g(ρ) ✐❢ x > 0.
✭✺✳✶✳✷✮

Pr♦❜❧❡♠ ✭✺✳✶✳✶✮✱✭✺✳✶✳✷✮ ❤❛s ❜❡❡♥ t❤❡ ♠❛✐♥ ♣❧❛②❣r♦✉♥❞ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ✐ss✉❡ ♦❢ ❛❞♠✐ss✐✲
❜✐❧✐t② ♦❢ s♦❧✉t✐♦♥s ❛♥❞ ♦❢ t❤❡✐r ✉♥✐q✉❡♥❡ss ✭s❡❡ ❬✷✹✱ ✶✸✼❪ ❢♦r ❛ ❞✐✛❡r❡♥t ❧✐♥❡ ♦❢ r❡s❡❛r❝❤ ♦♥ t❤✐s
t♦♣✐❝ ✇❤✐❝❤ ❛♣♣❧✐❡s t♦ ♣❛rt✐❝✉❧❛r ✢✉① ❝♦♥✜❣✉r❛t✐♦♥s✱ ❛♥❞ ✇❤❡r❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♥❡❡❞ ♥♦t t♦
❛rr❛♥❣❡ ❛❧♦♥❣ ✐♥t❡r❢❛❝❡s✮✳ ●❡♥❡r❛❧ str✉❝t✉r❡ ♦❢ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ❧❡❛❞✐♥❣ t♦ L1✲❝♦♥tr❛❝t✐✈❡
s♦❧✉t✐♦♥ s❡♠✐❣r♦✉♣ ❢♦r ✭✺✳✶✳✶✮✱ ✭✺✳✶✳✷✮ ❤❛s ❜❡❡♥ ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✺❪ ✐♥ t❡r♠s ♦❢ ✏L1D ❣❡r♠s✑
r❡❝❛❧❧❡❞ ❜❡❧♦✇✳ ■t ❣❛✈❡ ❛ ❝♦♠♠♦♥ ❢r❛♠❡✇♦r❦ t♦ ❛ ♥✉♠❜❡r ♦❢ ✉♥✐q✉❡♥❡ss ❛r❣✉♠❡♥ts ❞❡✈❡❧✲
♦♣❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❬✾✹✱ ✼✺✱ ✶✺✶✱ ✶✱ ✶✵✼✱ ✷✱ ✹✶❪✮✳ ■t ❤❛s ❜❡❡♥ ❡①♣❧♦✐t❡❞ ❢♦r t❤❡ s❛❦❡ ♦❢
✉♥✐q✉❡♥❡ss ❛♥❞ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ r♦❛❞ tr❛✣❝ ♠♦❞❡❧s ✇✐t❤ ♣♦✐♥t ❝♦♥str❛✐♥ts ❬✶✹❪ ❛♥❞ ♦❢ ❛
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♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ✢✉✐❞✲♣❛rt✐❝❧❡ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧ ❬✶✼❪✳ ❚❤❡ ✈❡r② ❣❡♥❡r❛❧ ✉♥✐q✉❡♥❡ss r❡s✉❧t ♦❢
❬✻✺❪ ❤✐❣❤❧✐❣❤ts t❤❡ ❢❛❝t t❤❛t ❛❜str❛❝t ✏❣❡r♠ ❢♦r♠✉❧❛t✐♦♥s✑ r❡❛❞✐❧② ❧❡❛❞ t♦ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡
❛ss♦❝✐❛t❡❞ s♦❧✉t✐♦♥s✱ ❢❛r ❜❡②♦♥❞ t❤❡ ♠♦❞❡❧ ♣r♦❜❧❡♠ ❝❛s❡ ✭✐♥ t❤✐s r❡s♣❡❝t✱ ❧❡t ✉s ✉♥❞❡r❧✐♥❡
t❤❛t ❬✻✺❪ ❞❡❛❧s ✇✐t❤ t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧♦❣✉❡ ♦❢ ✭✺✳✶✳✶✮✮✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱
❧❡t ✉s ♣♦✐♥t ♦✉t ❛ ✈❡r② ❞✐✛❡r❡♥t ✉♥✐q✉❡♥❡ss r❡s✉❧t ♦❢ ❬✸✹❪✱ ✇❤✐❝❤ r❡q✉✐r❡s ♠✉❝❤ ✇❡❛❦❡r t❤❛♥
BV r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ (x, t)✲❞❡♣❡♥❞❡♥❝❡ ♦❢ f ❜✉t ✐s ♦♥❧② ❛♣♣❧✐❝❛❜❧❡ t♦ ✈❛♥✐s❤✐♥❣
✈✐s❝♦s✐t② s♦❧✉t✐♦♥s✳

■♥ ✇❤❛t ❝♦♥❝❡r♥s ❡①✐st❡♥❝❡ ❢♦r ✭✺✳✶✳✶✮ ✲ ❢♦r ❛ ❣✐✈❡♥ ❝❤♦✐❝❡ ♦❢ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ❛s
❤✐❣❤❧✐❣❤t❡❞ ❛❜♦✈❡✱ ✲ t❤❡ s✐t✉❛t✐♦♥ ✐s ❢❛r ❧❡ss ❡①♣❧♦r❡❞✳ ❲❡ r❡❢❡r ✐♥ ♣❛rt✐❝✉❧❛r t♦ ❬✻✺✱ ❘❡♠❛r❦
✷✳✶✵❪✳ ❚②♣✐❝❛❧❧②✱ t♦ ♣r♦✈❡ ❡①✐st❡♥❝❡ ❢♦r ✭✺✳✶✳✶✮ ❤❛✈✐♥❣ ✐♥ ♠✐♥❞ ❛ s♣❡❝✐✜❝ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✱
✐t ✐s r❡q✉✐r❡❞ t♦ ❝♦♥str✉❝t s❡q✉❡♥❝❡s ♦❢ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✱ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✉s✐♥❣ t❤❡
❛♣♣r♦♣r✐❛t❡ ❝♦♠♣❛❝t♥❡ss str✉❝t✉r❡s✱ ❛♥❞ ♦❜t❛✐♥ ❛t t❤❡ ❧✐♠✐t ❡♥tr♦♣② ❢♦r♠✉❧❛t✐♦♥s ❡♥❝♦❞✐♥❣✱
✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦✉♣❧✐♥❣ ❡①♣❡❝t❡❞ ❛t t❤❡ ✐♥t❡r❢❛❝❡s✳ ❚♦ t❤❡ ❜❡st ♦❢ t❤❡ ❛✉t❤♦rs✬ ❦♥♦✇❧❡❞❣❡
♦♥❧② ♦♥❡ s✐t✉❛t✐♦♥ ✇❛s ❡①♣❧♦r❡❞ s②st❡♠❛t✐❝❛❧❧② ❜❡②♦♥❞ t❤❡ ♠♦❞❡❧ ✢✉① ✭✺✳✶✳✷✮ ❝❛s❡✿ t❤✐s ✐s t❤❡
✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✳ ❚❤❡ ❡①✐st❡♥❝❡ r❡s✉❧ts ♦❢ ❬✶✺✶✱ ✶✵✻✱ ✶✵✼✱ ✺✹✱ ✶✻✱ ✶✽✱ ✶✵✽✱
✶✺✷✱ ✸✹❪ ❛r❡ ❜❛s❡❞ ❡✐t❤❡r ♦♥ ❛ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② ❛♣♣r♦①✐♠❛t✐♦♥ ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❛ ✈❡r② tr✐❝❦②
♦♥❡✱ s❡❡ ❬✶✽❪✮ ♦r ♦♥ ❛ ♥✉♠❡r✐❝❛❧ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❤✐❝❤ ❡♥❢♦r❝❡s✱ ❛t t❤❡ ♥✉♠❡r✐❝❛❧
❧❡✈❡❧✱ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ρ ❛t ✐♥t❡r❢❛❝❡s✳ ❆❝t✉❛❧❧②✱ t❤❡ ♥♦t✐♦♥ ♦❢ ✈❛♥✐s❤✐♥❣
✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐♠♣❧✐❝✐t ❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♥t✐♥✉✐t② ✲ ✉♣ t♦ ❛♥ ✐♥t❡r❢❛❝❡
❧❛②❡r✱ ❧✐❦❡ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❇❛r❞♦s✲▲❡❘♦✉①✲◆é❞é❧❡❝ ❜♦✉♥❞❛r②✲✈❛❧✉❡ ♣r♦❜❧❡♠s ✲ ♦❢ s♦❧✉t✐♦♥ ρ
❛t ✐♥t❡r❢❛❝❡s ✭❬✶✽✱ ✺✱ ✼❪✮✱ ❛♥❞ s✉❝❤ ❝♦♥t✐♥✉✐t② ✐s ❡①♣❧✐❝✐t❧② ♦r ✐♠♣❧✐❝✐t❧② ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡
❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s✳ ❆♥♦t❤❡r ♥❛t✉r❛❧ ❝♦♥str✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ✇❤✐❝❤ ✐s
t❤❡ s♠♦♦t❤✐♥❣ ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ f ✭s❡❡✱ ❡✳❣✳✱ ❬✷✻❪ ✐♥ t❤❡ ♠♦❞❡❧ ❝❛s❡✱ s❡❡ ❛❧s♦ ❬✶✹✼❪ ❢♦r
❛ ♠♦r❡ ❡❧❛❜♦r❛t❡ s✐t✉❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ tr✐❛♥❣✉❧❛r
s②st❡♠ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✮✿ ✐t ♠❛② ♣r♦❞✉❝❡ r❡❧❡✈❛♥t s♦❧✉t✐♦♥s ✐♥ ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥s✱ ❜✉t
✐t ❝❛♥♥♦t ❜❡ ✉s❡❞ t♦ ♣r♦❞✉❝❡ s♦❧✉t✐♦♥s ❢♦r ❛♥② ❦✐♥❞ ♦❢ ❝♦✉♣❧✐♥❣✳ ❚❤❡ ❛❞❛♣t❡❞ ✈✐s❝♦s✐t②
♣r♦❝❡❞✉r❡ ♦❢ ❬✶✺❪ ✇❛s ❛ r❛t❤❡r ❛rt✐✜❝✐❛❧ ❛tt❡♠♣t t♦ ♣r♦❞✉❝❡ s♦❧✉t✐♦♥s ✇✐t❤ ♠♦r❡ ❣❡♥❡r❛❧
✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✱ ❜✉t ✐t ❤❛s ♥♦t ❜❡❡♥ ❡①t❡♥❞❡❞ ❜❡②♦♥❞ t❤❡ ♠♦❞❡❧ ❝❛s❡✳ ◆♦t❡ ✐♥ ♣❛ss✐♥❣
t❤❛t t❤❡ ❛❜♦✈❡ ✈✐s❝♦s✐t②✱ s♠♦♦t❤✐♥❣ ❛♥❞ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞s ❛r❡ ❛♣♣❧✐❝❛❜❧❡ ❢♦r ♠✉❧t✐✲
❞✐♠❡♥s✐♦♥❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ✭✺✳✶✳✶✮✱ ❛♥❞ s♦♠❡ ♦❢ t❤❡ ❛❜♦✈❡ r❡❢❡r❡♥❝❡s ❞❡❛❧ ✇✐t❤ ♠✉❧t✐♣❧❡
s♣❛❝❡ ❞✐♠❡♥s✐♦♥s✳ ■♥ ♦♥❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ✇❛✈❡✲❢r♦♥t tr❛❝❦✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥s ✇❡r❡ ✉s❡❞
❢♦r ❝♦♥str✉❝t✐♥❣ s♦❧✉t✐♦♥s ✭❬✸✾❪ ❢♦r t❤❡ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② ❝❛s❡✱ ❬✾✵❪ ❢♦r t❤❡ ❣❡♥❡r❛❧ s❡tt✐♥❣
❢✉❧❧② ❝♦♠♣❛r❛❜❧❡ t♦ ❬✶✺❪✮ ❜✉t ❜❡②♦♥❞ t❤❡ ♠♦❞❡❧ s✐t✉❛t✐♦♥s✱ t❤❡✐r ✉s❡ ❢♦r ♣r♦❜❧❡♠s ♦❢ t❤❡
❦✐♥❞ ✭✺✳✶✳✶✮ ✇❛s ♠❛✐♥❧② r❡str✐❝t❡❞ t♦ r♦❛❞ tr❛✣❝ ♠♦❞❡❧s ✐♥ ❝♦♥❝r❡t❡ s✐t✉❛t✐♦♥s✳ ◆♦✇✱ r♦❛❞
tr❛✣❝ ✇✐t❤ ♣♦✐♥t ✢✉① ❧✐♠✐t❛t✐♦♥s ❛t ✐♥t❡r❢❛❝❡s ✐s ❛♥♦t❤❡r ❝♦♥t❡①t ✇❤❡r❡ s♦❧✉t✐♦♥s t♦ ✭✺✳✶✳✶✮
✇❡r❡ ❝♦♥str✉❝t❡❞ ❢♦r s❧❛♥t❡❞✱ ❝✉r✈❡❞ ❛♥❞ ♣♦ss✐❜❧② ❝r♦ss✐♥❣ ✐♥t❡r❢❛❝❡s ❡✐t❤❡r t❤r♦✉❣❤ ❲❛✈❡✲
❋r♦♥t ❚r❛❝❦✐♥❣ ♦r t❤r♦✉❣❤ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤❡ ❧❛tt❡r ✐s ❛❞❞r❡ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥
❈❤❛♣t❡r ✹❀ ✇❡ r❡❢❡r t♦ ✐ts ✐♥tr♦❞✉❝t✐♦♥ ❢♦r ❛ s❡t ♦❢ r❡❢❡r❡♥❝❡s t♦ r❡❧❛t❡❞ ✇♦r❦s✳

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ❈❤❛♣t❡r ✐s t♦ ♣r♦✈✐❞❡ ❛ s②st❡♠❛t✐❝ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❛♣♣r♦❛❝❤ t♦ ❝♦♥str✉❝t✐♦♥
♦❢ s♦❧✉t✐♦♥s t♦ ✭✺✳✶✳✶✮ ✇✐t❤ ♣✐❡❝❡✇✐s❡ C1 ❞❡♣❡♥❞❡♥❝❡ ♦♥ (x, t) ❛♥❞ ✇✐t❤ ❣❡♥❡r❛❧ ✐♥t❡r❢❛❝❡
❝♦✉♣❧✐♥❣✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❡①♣❧♦✐t t❤❡ ❝♦♥str✉❝t✐♦♥s ♣✉t ❢♦r✇❛r❞ ✐♥ ❈❤❛♣t❡r ✹ ✭t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ s❝❤❡♠❡✱ t❤❡ tr❡❛t♠❡♥t ♦❢ ✐♥t❡r❢❛❝❡s ❛♥❞ ♦❢ ✐♥t❡r❢❛❝❡ ❝r♦ss✐♥❣s✮✳ ◆❛t✉r❛❧❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞❡s✐r❡❞ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ s❤♦✉❧❞ ✉s❡ s♣❡❝✐✜❝ ✢✉①❡s ❛t t❤❡ ❧♦❝❛t✐♦♥s
♦❢ t❤❡ ✐♥t❡r❢❛❝❡s❀ ❢♦r t❤❡ s❛❦❡ ♦❢ ♠❛①✐♠❛❧ ❣❡♥❡r❛❧✐t②✱ ✇❡ ✉s❡ t❤❡ ●♦❞✉♥♦✈ ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤
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t❤❡ ✉♥❞❡r❧②✐♥❣ ❣❡r♠ ✭❝❢✳ ❬✶✺❪✮✳ ❙✐♥❝❡ t❤❡ ❣❡r♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥❝❧✐♥❛t✐♦♥ ẏ(t) ♦❢ t❤❡ ✐♥t❡r❢❛❝❡
x = y(t) ❛♥❞ t❤❡ ✐♥t❡r❢❛❝❡s ❛r❡ ❛♣♣r♦①✐♠❛t❡❞✱ ✇❡ r❡q✉✐r❡ ❛ ♠✐❧❞ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❢❛♠✐❧②
Gẏ(t) ♣r❡s❝r✐❜✐♥❣ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✳ ❚❤❡ ❡ss❡♥t✐❛❧ t♦♦❧ ♦❢ ♦✉r ❛♥❛❧②s✐s ✐s t❤❡ ❛❞❛♣t❡❞
❡♥tr♦♣② ❢♦r♠✉❧❛t✐♦♥ ✐♥❝♦r♣♦r❛t✐♥❣ r❡♠❛✐♥❞❡r t❡r♠s✱ ❛s s✉❣❣❡st❡❞ ✐♥ ❬✶✺❪✳ ❚❤❡ ❝♦r♥❡rst♦♥❡ ♦❢
♦✉r ❝♦♥tr✐❜✉t✐♦♥ ✐s t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ s✉✐t❛❜❧❡ ❢♦r♠ ♦❢ t❤❡ r❡♠❛✐♥❞❡r t❡r♠✱ ❝♦♠♣❛t✐❜❧❡
✇✐t❤ t❤❡ ●♦❞✉♥♦✈ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❛t ✐♥t❡r❢❛❝❡s✳

❚❤❡ ❈❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✺✳✷ ✇❡ ♠❛❦❡ ♣r❡❝✐s❡ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ f

✐♥ ✭✺✳✶✳✶✮ ❛♥❞ ♦♥ t❤❡ ❝♦✉♣❧✐♥❣ ❡♥❢♦r❝❡❞ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ (x, t)✲
❞✐s❝♦♥t✐♥✉✐t② ♦❢ f ✳ ❲❡ st❛t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❢♦r ✇❤✐❝❤ ✉♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❢r♦♠ ❬✻✺❪
✭❜✉t ✇❡ ❛❧s♦ r❡❧② ✉♣♦♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ❈❤❛♣t❡r ✹ ❢♦r ❛ t❡❝❤♥✐❝❛❧❧② s✐♠♣❧❡r ♣r♦♦❢✱ s✐♥❝❡ ♦✉r
❣❡♦♠❡tr✐❝❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ✐♥t❡r❢❛❝❡s ❛r❡ ♠✉❝❤ str♦♥❣❡r t❤❛t t❤♦s❡ ♦❢ ❬✻✺❪✮✱
❛♥❞ r❡❢♦r♠✉❧❛t❡ t❤❡ ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✳ ❆t t❤✐s ♣♦✐♥t✱
❛ s♣❡❝✐✜❝ ❈❛r❛t❤é♦❞♦r② str✉❝t✉r❡ ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣s ❛t ❤❛♥❞ ❝♦♠❡s ✐♥t♦ ♣❧❛②✳
❲❡ ✐❧❧✉str❛t❡ t❤❡ r❡s✉❧t✐♥❣ s❡tt✐♥❣ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ ✭❛♥♦t❤❡r ❡①❛♠♣❧❡ ❜❡✐♥❣ ❡①♣❧♦r❡❞ ✐♥ ❞❡t❛✐❧
✐♥ ❈❤❛♣t❡r ✹✮✳ ❚♦ ❝♦♥❝❧✉❞❡ ❙❡❝t✐♦♥ ✺✳✷✱ ✇❡ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ❡①✐st❡♥❝❡ ✈✐❛ ❝♦♥✈❡r❣❡♥❝❡
♦❢ ❛ ❋✐♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ t❤❛t ✐s ❞❡s❝r✐❜❡❞ ✐♥ s✉❜s❡q✉❡♥t s❡❝t✐♦♥s✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ❝♦♠♠❡♥ts
❛❜♦✉t t❤❡ ❝♦♠♣❛❝t♥❡ss ❛ss✉♠♣t✐♦♥s ✇❡ t❛❦❡ ❛♥❞ ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦t❤❡r ❛♣♣r♦①✐♠❛t✐♦♥
♣r♦❝❡❞✉r❡s✳ ■♥ ❙❡❝t✐♦♥ ✺✳✸✱ ✇❡ ❝♦✐♥ t❤❡ ❦❡② t♦♦❧s ♦❢ ♦✉r st✉❞② ✐♥ t❤❡ ♠♦❞❡❧ ❝❛s❡ ✭✺✳✶✳✷✮
✇✐t❤ t✲❞❡♣❡♥❞❡♥t ❝♦✉♣❧✐♥❣ ❛t t❤❡ ✐♥t❡r❢❛❝❡ {(x, t) : x = 0, t ∈ (0,+∞)}✳ ❲❡ ❧✐♥❦ ♦✉r
❛❞❛♣t❡❞ ❡♥tr♦♣② ❢♦r♠✉❧❛t✐♦♥ t♦ t❤❡ ●♦❞✉♥♦✈ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ ❛t t❤❡ ✐♥t❡r❢❛❝❡✱ ❢♦r♠✉❧❛t❡
t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❛♥❞ s❦❡t❝❤ t❤❡ ❝♦♠♣❛❝t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s✱ tr❡❛t✐♥❣ ✐♥ ❞❡t❛✐❧
t❤❡ ✐♥t❡r❢❛❝❡ t❡r♠s✳ ■♥ ❙❡❝t✐♦♥ ✺✳✹ ✇❡ ❜r✐❡✢② ❞❡✈❡❧♦♣ t❤❡ ❛❞❛♣t❛t✐♦♥s ♥❡❡❞❡❞ ✐♥ t❤❡ s❝❤❡♠❡ t♦
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t s❧❛♥t❡❞ ✐♥t❡r❢❛❝❡s ❛♥❞ ✐♥t❡r❢❛❝❡ ❝r♦ss✐♥❣s✱ ❛♥❞ ♣❡r❢♦r♠ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡
❣❡♥❡r❛❧ ❝❛s❡ ✇✐t❤ ♠✉❧t✐♣❧❡✱ ♣♦ss✐❜❧② ❝r♦ss✐♥❣ ✐♥t❡r❢❛❝❡s t♦ t❤❡ ❝❛s❡ ♦♥ ❛♥ ✐s♦❧❛t❡❞ ✐♥t❡r❢❛❝❡❀
✇❡ t❤❡♥ ❝❛❧❧ ✉♣♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠♦❞❡❧ ❝❛s❡✱ s❤♦✇✐♥❣ t❤❛t ✐t ❛❧s♦ ❛♣♣❧✐❡s
t♦ t❤❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✺✳✺ ✇❡ ♣r❡s❡♥t s♦♠❡ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ❝♦♠♠❡♥t ♦♥
❡①t❡♥s✐♦♥s ♦❢ ♦✉r ❡①✐st❡♥❝❡ r❡s✉❧t t♦ ✇❡❛❦❡r ❣❡♥✉✐♥❡ ♥♦♥❧✐♥❡❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ f ❛♥❞ t♦ t❤❡
♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳

✺✳✷ ❋❧✉① ❛♥❞ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ str✉❝t✉r❡✳ ◆♦t✐♦♥ ♦❢

s♦❧✉t✐♦♥✱ ✉♥✐q✉❡♥❡ss ❛♥❞ ❡①✐st❡♥❝❡ r❡s✉❧t

❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t② ❛♥❞ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s r❡❧❛t❡❞ t♦ t ❛♥❞ x ❞❡♣❡♥❞❡♥❝❡ ♦❢ f
✐♥ r❡❣✐♦♥s ❜❡t✇❡❡♥ ✐♥t❡r❢❛❝❡s ✭♥♦t❡ t❤❛t ❈❤❛♣t❡r ✸ ❛♥❞ P❛rt ■■■ ❢♦r t❤❡ r❡❧❡✈❛♥t ❛❞❛♣t❛t✐♦♥s✮✱
✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ s♣❛❝❡✲t✐♠❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡ ✢✉① ✐s r❡❞✉❝❡❞ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢
s❤❛r♣ ✐♥t❡r❢❛❝❡s❀ ✐♥ s✐♠♣❧❡ ✇♦r❞s✱ ✇❡ ❛ss✉♠❡ t❤❛t f ✐s ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✇✐t❤ r❡s♣❡❝t t♦
(x, t)✳ ❲❡ r❡❢❡r t♦ ❘❡♠❛r❦ ✺✳✷✳✶ ❛♥❞ ❘❡♠❛r❦ ✺✳✷✳✹ ❢♦r ❛ ❞✐s❝✉ss✐♦♥ ♦♥ ❢❡❛s✐❜❧❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s
t♦ ✢✉① ❤❡t❡r♦❣❡♥❡♦✉s ❜❡t✇❡❡♥ ✐♥t❡r❢❛❝❡s✳
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✺✳✷✳✶ P✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✢✉①

❲❡ ❛ss✉♠❡ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ✜♥✐t❡ ❢❛♠✐❧② ♦❢ ✐♥t❡r❢❛❝❡s (yi)i∈[[1;J ]] ❞❡✜♥❡❞ ♦♥ (si, Ti) ✭0 ≤ si <
Ti ≤ +∞✮✳ ■♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s✿

∀i ∈ [[1; J ]], Γi = {(x, t) ∈ Ω | t ∈ (si, Ti) ❛♥❞ x = yi(t)}. ✭✺✳✷✳✶✮

◆♦t❡ t❤❛t t❤❡ ❡①t❡♥s✐♦♥ t♦ ❧♦❝❛❧❧② ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❢❛❝❡s ✐♥ str❛✐❣❤t❢♦r✇❛r❞✳ ❲❡ s✉♣♣♦s❡
t❤❛t ❢♦r ❛❧❧ i ∈ [[1; J ]]✱ yi ∈ W1,∞((si, Ti))✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱ t❤✐s ♥♦t❛t✐♦♥ ♠❡❛♥s
t❤❛t ✇❤❛t ❝❛♥ ❜❡ s❡❡♥ ❛s ❝r♦ss✐♥❣ ♣♦✐♥ts ❜❡t✇❡❡♥ ✐♥t❡r❢❛❝❡s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❡♥❞♣♦✐♥ts
♦❢ t❤❡ ✐♥t❡r❢❛❝❡s✳ ❲❡ ❞❡♥♦t❡ ❜② (Cm)1≤m≤M t❤❡ s❡t ♦❢ ❛❧❧ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ✐♥t❡r❢❛❝❡s Γi✱
i ∈ [[1; J ]]✳
❆s s✉❣❣❡st❡❞ ❤❡r❡❛❜♦✈❡✱ ✇❡ ❛ss✉♠❡ t❤❛t ✐♥ ❡❛❝❤ ♦❢ t❤❡ r❡❣✐♦♥s ♦❢ t❤❡ (x, t)✲♣❧❛♥❡ ❞❡❧✐♠✐t❡❞
❜② t❤❡ ✐♥t❡r❢❛❝❡s✱ f ❞❡♣❡♥❞s ♦♥ ρ ♦♥❧② ✭✐✳❡✳ t❤❡ ✢✉① ✐s ❤♦♠♦❣❡♥❡♦✉s ✐♥ ❡❛❝❤ s✉❝❤ r❡❣✐♦♥✮✳

✺✳✷✳✷ ●❡r♠s ❛♥❞ ●♦❞✉♥♦✈ ✢✉①❡s ❢♦r ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣

❋✉rt❤❡r✱ t♦ ❡❛❝❤ ✐♥t❡r❢❛❝❡ ✇❡ ❛tt❛❝❤ ❛ t✇♦✲♣❛r❛♠❡t❡r ❢❛♠✐❧② ♦❢ s✉❜s❡ts ♦❢ R2 ❞❡♥♦t❡❞ ❜②
Gi
s(t)✱ t ∈ (si, Ti)✱ s ∈ R✳ ■♥ t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ ❬✶✺✱ ✺❪ r❡❝❛❧❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸ ❜❡❧♦✇✱ Gi

s(t) ✐s
❛ss✉♠❡❞ t♦ ❜❡ ❛ ❝♦♠♣❧❡t❡ L1D ❣❡r♠ ❢♦r t❤❡ ❝♦✉♣❧❡ ♦❢ ✢✉①❡s

gis(ρ) = f(t, yi(t)−, ρ)− sρ, f i
s(ρ) = f(t, yi(t)+, ρ)− sρ (∀t ∈ (si, Ti)); ✭✺✳✷✳✷✮

♥♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❛ss✉♠♣t✐♦♥ ♦♥ f ✱ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ gis, f
i
s ❛r❡ ❛❝t✉❛❧❧②

t✲✐♥❞❡♣❡♥❞❡♥t✳ ❲❡ ✇✐❧❧ ♥❡❡❞ giẏ(t), f
i
ẏ(t) ❛♥❞ Gi

ẏ(t)(t) t♦ ❞❡✜♥❡ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥t❡r❢❛❝❡s ✐♥ t❤❡ ❢♦r♠❛❧ ♣r♦❜❧❡♠ ✭✺✳✶✳✶✮✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✷ ❜❡❧♦✇❀ ❜✉t
✇❡ ❡①♣❧♦✐t Gi

s(t)✱ ❢♦r s ✐♥ ❛ ✈✐❝✐♥✐t② ♦❢ ẏ(t)✱ ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s
✈✐❛ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ✇❡ ✐♠♣♦s❡ ♦♥ t❤❡ ❢❛♠✐❧② {Gi

s(t)}t∈(si,Ti),s∈R ✐s ❛
❈❛r❛t❤é♦❞♦r②✲❦✐♥❞ ❛ss✉♠♣t✐♦♥✿ t❤❡ ❢❛♠✐❧② s❤♦✉❧❞ ❜❡ ❝♦♥t✐♥✉♦✉s ✐♥ s ❛♥❞ ♠❡❛s✉r❛❜❧❡ ✐♥
t✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ❛ t♦♣♦❧♦❣② ♦♥ t❤❡ s❡t ♦❢ L1D ❣❡r♠s❀ t❤❡ ♦♥❡ ✇❡ t❛❦❡
✐s ✐♥❢❡rr❡❞ ❢r♦♠ ♦✉r ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ ❛♥❞ ✐t ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ●♦❞✉♥♦✈ ✢✉①
❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❘✐❡♠❛♥♥ s♦❧✈❡r ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❣❡r♠ ❛t ❤❛♥❞✳ ◆♦t❡ t❤❛t ❞❡✜♥✐t✐♦♥s
♦❢ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ❛ ❣❡r♠ ❛♥❞ ❛ss♦❝✐❛t❡❞ ♠❡❛s✉r❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ✇❡r❡ ❡❧❛❜♦r❛t❡❞ ❛♥❞
❞✐s❝✉ss❡❞ ✐♥ ❬✶✺✱ ✺❪✱ ❜✉t ✇❡ t❛❦❡ ❛ ❞✐✛❡r❡♥t ✭♠♦r❡ ♣r❛❝t✐❝❛❧✮ ✈✐❡✇♣♦✐♥t ❤❡r❡✳ ❋♦r ❣✐✈❡♥ s ∈ R

❛♥❞ ❛ ✜①❡❞ t0 ∈ (si, Ti)✱ ❝♦♥s✐❞❡r t❤❡ ✢✉① ✭✺✳✶✳✷✮ ✇✐t❤ g = gis✱ f = f i
s✱ ✇✐t❤ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣

♣r❡s❝r✐❜❡❞ ✭✐♥ t❤❡ s❡♥s❡ ♦❢ ❬✶✺❪✱ s❡❡ ❛❧s♦ ❙❡❝t✐♦♥ ✺✳✸ ❜❡❧♦✇✮ ❜② t❤❡ ♠❛①✐♠❛❧ L1D ❣❡r♠ Gi
s(t0)

❛♥❞ ✇✐t❤ ❘✐❡♠❛♥♥ ✐♥✐t✐❛❧ ❞❛t❛

ρ0(x) =

{
κL ✐❢ x < 0

κR ✐❢ x > 0.

❚❤✐s ♣r♦❜❧❡♠ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✇❤✐❝❤✱ ✇❡ ❞❡♥♦t❡ RS i
s(κL, κR, t0)✳ ❙✐♥❝❡ ❛ ♠❛①✐♠❛❧

L1D ❣❡r♠ ✐s ❛❧s♦ ❝♦♠♣❧❡t❡ ✭s❡❡ ❬✶✺✱ ✺❪✮✱ t❤✐s s♦❧✉t✐♦♥ ✐s s❡❧❢✲s✐♠✐❧❛r✱ t❤❡r❡❢♦r❡ t❤❡ ●♦❞✉♥♦✈
✢✉①

Fi,int
s (·, ·, t0) : (κL, κR) 7→ gis

(
RS i

s(κL, κR, t0)
)
|x=0− ≡ f i

s

(
RS i

s(κL, κR, t0)
)
|x=0+ ✭✺✳✷✳✸✮
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✐s ✇❡❧❧ ❞❡✜♥❡❞ ✭✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ✇❡ ❤❛✈❡ ❛ ❝♦♥st❛♥t ✐♥ t ❢✉♥❝t✐♦♥ t❤❛t ✇❡ s❡❡ ❛s ❛
r❡❛❧ ✈❛❧✉❡❀ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡ Fi,int

s (·, ·, t0) : R2 → R✮✳ ◆♦t❡ t❤❛t ✇❡ ❝♦✉❧❞ ❛❧s♦ ✉s❡
t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ ❬✾✵❪✱ ✇❤✐❝❤ ❞✐r❡❝t❧② ♣r❡s❝r✐❜❡s t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ✐♥ t❡r♠s ♦❢ ❛ ❘✐❡♠❛♥♥
s♦❧✈❡r ❞❡✜♥❡❞ ❛t t❤❡ ✐♥t❡r❢❛❝❡✳
❲❡ ❛r❡ ♥♦✇ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ ❞❡✜♥❡ t❤❡ ❈❛r❛t❤é♦❞♦r② str✉❝t✉r❡ ♦♥ ❢❛♠✐❧✐❡s ♦❢ ❣❡r♠s ✉s❡❞ ✐♥
t❤✐s ❝❤❛♣t❡r✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✳ ●✐✈❡♥ i ∈ [[1; J ]] ❛♥❞ ❛ ❢❛♠✐❧② {Gi
s(t)}t∈(si,Ti),s∈R ♦❢ ♠❛①✐♠❛❧ L1D ❣❡r♠s

❛ss♦❝✐❛t❡❞ ✇✐t❤ ✢✉①❡s gis, f
i
s✱ ✇❡ s❛② t❤❛t t❤❡ ❢❛♠✐❧② ✐s ❈❛r❛t❤é♦❞♦r② ✭♠❡❛s✉r❛❜❧❡ ✐♥ t ∈

(si, Ti)✱ ❝♦♥t✐♥✉♦✉s ✐♥ s ∈ R✮ ✐❢ ❢♦r ❡✈❡r② (κL, κR) ∈ R
2 t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥

R× (si, Ti) → R, (s, t) 7→ Fi,int
s (κL, κR, t)

✐s ❛ ❈❛r❛t❤é♦❞♦r② ❢✉♥❝t✐♦♥✳

❘❡❝❛❧❧ t❤❛t s ✇✐❧❧ st❛♥❞ ❢♦r ẏ(t) ✭t❤❡ s❧♦♣❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡✮ ♦r ❢♦r ✐ts ❛♣♣r♦①✐♠❛t✐♦♥s✱ ✇❤✐❧❡ t
r❡♣❧❛❝❡s t❤❡ ✜①❡❞ ✈❛❧✉❡ t0 ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ●♦❞✉♥♦✈ ✢✉①❡s Fi,int

s (·, ·, t) ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡ ❢❛♠✐❧② ♦❢ ❣❡r♠s✳

✺✳✷✳✸ ◆♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❛♥❞ ✉♥✐q✉❡♥❡ss

❲❡ ❛r❡ ♥♦✇ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ ❞❡✜♥❡ s♦❧✉t✐♦♥s❀ t❤❡ ❞❡✜♥✐t✐♦♥ r❡❛❞✐❧② ❧❡❛❞s t♦ ✉♥✐q✉❡♥❡ss✳ ❋♦r
κ ∈ R✱ ❞❡♥♦t❡ ❜② Φ(x, t, ρ, κ) t❤❡ ❑r✉③❤❦♦✈ ❡♥tr♦♣② ✢✉① ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f(x, t, ρ)✱ ✐✳❡✳

Φ(x, t, ρ, κ) = s✐❣♥(ρ− κ)(f(x, t, ρ)− f(x, t, κ)).

❉❡✜♥✐t✐♦♥ ✺✳✷✳✷✳ ❈♦♥s✐❞❡r ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✢✉① f : Ω×R → R ✇✐t❤ ❛ s❡t ♦❢ ✐♥t❡r❢❛❝❡s
♦❢ t❤❡ ❢♦r♠ ✭✺✳✷✳✶✮✳ ❆ss✉♠❡ t❤❛t ❢♦r ❡❛❝❤ i ∈ [[1; J ]] ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❢❛♠✐❧② {Gi

s(t)}t∈(si,Ti),s∈R

♦❢ ♠❛①✐♠❛❧ L1D ❣❡r♠s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✢✉①❡s gis, f
i
s ✐♥ ✭✺✳✷✳✷✮❀ ❛ss✉♠❡ t❤❛t t❤✐s ❢❛♠✐❧② ✐s

❈❛r❛t❤é♦❞♦r②✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✳
❈♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ ρ ∈ L∞(Ω) s✉❝❤ t❤❛t ρ ❤❛s str♦♥❣ ♦♥❡✲s✐❞❡❞ tr❛❝❡s ✐♥ t❤❡ s❡♥s❡ ♦❢
❬✶✺✹✱ ✶✸✸❪ ♦♥ ✐♥t❡r❢❛❝❡s Γi❀ ✇❡ ❞❡♥♦t❡ t❤❡♠ γiLρ, γ

i
Rρ : (si, Ti) → R✳

❲❡ s❛② t❤❛t s✉❝❤ ❛ ❢✉♥❝t✐♦♥ ρ ✐s ❛ Gi
s(t)✲❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✺✳✶✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈

L∞(R) ✐❢ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (Ω \ ∪J

i=1Γi)✱ ϕ ≥ 0 ❛♥❞ ❢♦r ❛❧❧ κ ∈ R✱ t❤❡ ❝❧❛ss✐❝❛❧
❑r✉③❤❦♦✈ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ❛r❡ s❛t✐s✜❡❞✿

✂ +∞

0

✂
R

(
|ρ− κ|∂tϕ+ Φ(x, t, ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx ≥ 0 ✭✺✳✷✳✹✮

❛♥❞ ♠♦r❡♦✈❡r✱ ❢♦r ❛❧❧ i ∈ [[1; J ]]✱ ❢♦r ❛✳❡✳ t ∈ (si, Ti) t❤❡r❡ ❤♦❧❞s

(
(γiLρ)(t) , (γ

i
Rρ)(t)

)
∈ Gi

ẏi(t)
(t). ✭✺✳✷✳✺✮

◆♦t❡ t❤❛t ✐t ✐s ❡❛s② t♦ ❛ss❡ss t❤❛t ❛ s♦❧✉t✐♦♥ ρ ✐♥ t❤❡ ❛❜♦✈❡ s❡♥s❡ ❜❡❧♦♥❣s t♦ C(R+;L1
loc(R))

✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s t✐♠❡✲❝♦♥t✐♥✉♦✉s t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ t❤❡ L1
loc s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ s♣❛❝❡

✈❛r✐❛❜❧❡❀ s❡❡✱ ❡✳❣✳✱ ❈❤❛♣t❡r ✸✳
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❘❡♠❛r❦ ✺✳✷✳✶✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ ♦♥❡✲s✐❞❡❞ tr❛❝❡s ❢♦r ρ ♦♥
✐♥t❡r❢❛❝❡s Γi✱ ✇❡ ❤❛✈❡ t✇♦ ✐♠♣♦rt❛♥t ❝♦♠♠❡♥ts✳ ❋✐rst✱ ♦✉r ❡①✐st❡♥❝❡ r❡s✉❧t ✇✐❧❧ r❡q✉✐r❡
✉♥✐❢♦r♠ ❝♦♥✈❡①✐t② ♦r ✉♥✐❢♦r♠ ❝♦♥❝❛✈✐t② ✐♥ ρ ♦❢ t❤❡ ✢✉① f ♦♥ ❡❛❝❤ ♦❢ t❤❡ r❡❣✐♦♥s ♦❢ t❤❡
(x, t)✲♣❧❛♥❡ ❞❡❧✐♠✐t❡❞ ❜② t❤❡ ✐♥t❡r❢❛❝❡s✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❣❡♥✉✐♥❡
♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡ ✢✉①✱ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ tr❛❝❡s ✐s ✇❡❧❧ ❦♥♦✇♥ s✐♥❝❡ ❬✶✺✹❪✳ ❙❡❝♦♥❞✱ ✉s✐♥❣
t❤❡ ♠❛❝❤✐♥❡r② ♦❢ ❬✶✸✸❪✱ ♦♥❡ ❝❛♥ ❝✐r❝✉♠✈❡♥t t❤❡ ❣❡♥✉✐♥❡ ♥♦♥❧✐♥❡❛r✐t② ❛ss✉♠♣t✐♦♥ ✇✐t❤ t❤❡
❤❡❧♣ ♦❢ ❛ ❦✐♥❞ ♦❢ s✐♥❣✉❧❛r ♠❛♣♣✐♥❣s ✇❤✐❝❤ ❛❧❧♦✇ t♦ t♦ ❞❡✜♥❡ t❤❡ r❡❧❡✈❛♥t tr❛❝❡s ❛♥❞ ✇✐t❤ t❤❡
❤❡❧♣ ♦❢ ✏r❡❞✉❝❡❞ ❣❡r♠s✑ t♦ r❡♣❧❛❝❡ ✭✺✳✷✳✺✮ ✭s❡❡ ❬✶✺✱ ❘❡♠✳ ✷✳✷✱❉❡❢✳ ✸✳✺❪✮✳ ❋♦r t❤❡s❡ t✇♦ r❡❛s♦♥s✱
✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ tr❛❝❡ ❛ss✉♠♣t✐♦♥ ✐s ♥♦♥✲r❡str✐❝t✐✈❡ ✐♥ ♣r❛❝t✐❝❡✳

❘❡♠❛r❦ ✺✳✷✳✷✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥❝✐s❡♥❡ss✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ❢♦r♠✉❧❛t❡ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✷
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t f ✳ ❊①t❡♥s✐♦♥ ♦❢ t❤✐s ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ t♦ ♣✐❡❝❡✇✐s❡
r❡❣✉❧❛r ✢✉①❡s✱ ❤❡t❡r♦❣❡♥❡♦✉s ❜✉t C1 ✭♦r ❡✈❡♥ ♠❡r❡❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✮ ✐♥ (x, t) ✐♥ r❡❣✐♦♥s
❞❡❧✐♠✐t❡❞ ❜② t❤❡ ✐♥t❡r❢❛❝❡s✱ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ◆♦t❡ t❤❛t ❛❧s♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ ♦♥❡✲
s✐❞❡❞ ✐♥t❡r❢❛❝❡ tr❛❝❡s ❡①t❡♥❞s t♦ t❤✐s ❢r❛♠❡✇♦r❦ ✉♥❞❡r ♠✐❧❞ ❛ss✉♠♣t✐♦♥s✱ s❡❡ ✐♥ ♣❛rt✐❝✉❧❛r
❬✸✱ ✻✺✱ ✶✸✵❪✳

❚❤❡ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❢❛❝❡s ✐s st❛♥❞❛r❞ ✭s❡❡✱
✐♥ ♣❛rt✐❝✉❧❛r✱ ❬✶✺✱ ✶✽❪❀ s❡❡ ❛❧s♦ ❈❤❛♣t❡r ✹✮❀ ♠♦r❡♦✈❡r✱ ❡✈❡♥ ✐♥ t❤❡ ♠✉❝❤ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥
♦❢ SBV ✢✉①❡s ✉♥✐q✉❡♥❡ss ✐s ♣r♦✈❡❞ ✐♥ ❬✻✺❪✳ ❲❡ st❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❧❛✐♠ ❢♦r t❤❡ s❛❦❡ ♦❢
❝♦♠♣❧❡t❡♥❡ss✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ L1 ❝♦♥tr❛❝t✐♦♥ r❡s✉❧t✳

❚❤❡♦r❡♠ ✺✳✷✳✸✳ ■♥ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ❉❡✜♥✐t♦♥ ✺✳✷✳✷✱ t❤❡r❡ ❡①✐sts ❛t ♠♦st ♦♥❡ Gi
s(t)✲❡♥tr♦♣②

s♦❧✉t✐♦♥ ❢♦r ❡✈❡r② ✐♥✐t✐❛❧ ❞❛t✉♠ ρ0 ∈ L∞(R)✱ ♠♦r❡♦✈❡r✱ ✐❢ ρ̂0 ∈ L∞(R) ✇✐t❤ ρ̂0 − ρ0 ∈ L1(R)
❛♥❞ ρ̂ ✐s t❤❡ ❛ss♦❝✐❛t❡❞ Gi

s(t)✲❡♥tr♦♣② s♦❧✉t✐♦♥✱ t❤❡♥ ❢♦r ❛❧❧ t > 0 t❤❡r❡ ❤♦❧❞s

‖ρ̂(·, t)− ρ(·, t)‖L1(R) ≤ ‖ρ̂0 − ρ0‖L1(R).

◆♦t❡ t❤❛t ❛❧s♦ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ ♦♥ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❛❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ ❛r❣✉♠❡♥t❛t✐♦♥✱ s❡❡ ❬✶✺✱ Pr♦♣✳ ✸✳✷✶❪ ❢♦r ❛ ♣r♦t♦t②♣❡ st❛t❡♠❡♥t✳
❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t t❤❡ ❈❛r❛t❤é♦❞♦r② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❢❛♠✐❧② {Gi

s(t)}t∈(si,Ti),s∈R ♣❧❛②s ♥♦ r♦❧❡
✐♥ t❤❡ ✉♥✐q✉❡♥❡ss ♣r♦♦❢❀ ❛❝t✉❛❧❧②✱ ✇❡ ✇✐❧❧ ❡①♣❧♦✐t ✐t ❢♦r ♣r♦✈✐♥❣ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s✳ ▼♦r❡✲
♦✈❡r✱ ✇❡ ❣✉❡ss t❤❛t ✐t ✐s ✐♠♣♦rt❛♥t ❢♦r st❛❜✐❧✐t② ♦❢ s♦❧✉t✐♦♥s ✉♥❞❡r ♣❡rt✉r❜❛t✐♦♥ ♦❢ ✐♥t❡r❢❛❝❡
❧♦❝❛t✐♦♥s✳ ❚♦ s✉♠ ✉♣✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❛♥ ✐♠♣♦rt❛♥t ♦♥❡ ♦♥ t❤❡ ✇❛② t♦ ❛
❝♦♥s✐st❡♥t t❤❡♦r② ♦❢ ♣r♦❜❧❡♠ ✭✺✳✶✳✶✮ ❛♥❞ t❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ ✐t ✐♥t♦ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✷✳

✺✳✷✳✹ ❆❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ❡①✐st❡♥❝❡ r❡s✉❧t

❉❡✜♥✐t✐♦♥ ✺✳✷✳✷ ✐s ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧ s✉✐t❡❞ ❢♦r ✉♥✐q✉❡♥❡ss ♣r♦♦❢✱ ❜✉t ✐t ❝❛♥♥♦t ❜❡ ✉s❡❞ ❞✐r❡❝t❧②
t♦ ❡st❛❜❧✐s❤ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s✳ ■t ❜❡❝❛♠❡ st❛♥❞❛r❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t♦ ✉s❡ ❞✐✛❡r❡♥t ❦✐♥❞s
♦❢ ✏❛❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✑ ✐♥ ♦r❞❡r t♦ ❞❡s❝r✐❜❡ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✱ ✐♥ t❤❡ ♣❧❛❝❡
♦❢ ✭✺✳✷✳✺✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ tr❛✣❝ ♠♦❞❡❧s ✇✐t❤ ✢✉① ❧✐♠✐t❛t✐♦♥✱ s✐♥❝❡ ❬✺✻❪ ♦♥❡ ✉s❡s ❡♥tr♦♣②
✐♥❡q✉❛❧✐t✐❡s ♦❢ ❑r✉③❤❦♦✈ ✭✇✐t❤ ❛ ❝♦♥st❛♥t ✈❛❧✉❡ κ✮ ✇✐t❤ ❛ r❡♠❛✐♥❞❡r t❡r♠ R(κ) s✉♣♣♦rt❡❞ ❜②
t❤❡ ✐♥t❡r❢❛❝❡❀ s❡❡ ❈❤❛♣t❡rs ✶ ✕ ✹✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ❝♦♥st❛♥t κ ❝❛♥ ❜❡ ❞♦♥❡ ❢♦r t❤❡ ✈❛♥✐s❤✐♥❣
✈✐s❝♦s✐t② ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✱ s❡❡ ❬✶✵✻✱ ✶✵✼❪✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡♠❛✐♥❞❡r t❡r♠ R(κ) ❛♣♣❡❛rs
q✉✐t❡ ♥❛t✉r❛❧❧② ❡✈❡♥ ✐♥ ❛ ✈❡r② ❣❡♥❡r❛❧ ❝♦♥t❡①t✱ s❡❡ ❬✶✸✻❪✱ ❜✉t t❤✐s ♥❛t✉r❛❧ ❢♦r♠✉❧❛t✐♦♥ ❧❡❛❞s t♦
✉♥✐q✉❡♥❡ss ♦♥❧② ✐❢ t❤❡ s♦✲❝❛❧❧❡❞ ❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s ❢✉❧✜❧❧❡❞ ✭s❡❡ ❬✶✺❪✮✳ ❚❤❡ ❝❛s❡ ✇✐t❤♦✉t t❤❡
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❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❞❡❧✐❝❛t❡ ❜✉t ✐t ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ❛s ✇❡❧❧ ❜② ✐♥tr♦❞✉❝✐♥❣
❛ s✐♥❣✉❧❛r ❢♦r♠ ♦❢ r❡♠❛✐♥❞❡r t❡r♠ R(κ)✱ s❡❡ ❬✶✽✱ ✻✹❪ ✭s❡❡ ❛❧s♦ ❬✶✵✽❪✮✳
❍♦✇❡✈❡r✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ r❡♠❛✐♥❞❡r t❡r♠s s✉♣♣♦rt❡❞ ♦♥ t❤❡ ✐♥t❡r❢❛❝❡s ✐s ♥♦t t❤❡ ♠❛✐♥ ❛❞❛♣✲
t❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❑r✉③❤❦♦✈ ❡♥tr♦♣② ❝♦♥❞✐t✐♦♥s✳ ❆❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✇✐t❤ κ t❤❛t
♠❛② ❥✉♠♣ ❛❝r♦ss ✐♥t❡r❢❛❝❡ ♦✛❡r ♠♦r❡ ✢❡①✐❜✐❧✐t②❀ ❡✳❣✳✱ ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ t❤❡ r♦❛❞
tr❛✣❝ ✇✐t❤ ❧✐♠✐t❡❞ ✢✉①✱ ♦♥❧② ♦♥❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t② ✭✇✐t❤ ❛ s♣❡❝✐❛❧ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣✐❡❝❡✇✐s❡
❝♦♥st❛♥t ❢✉♥❝t✐♦♥ κ✮ ✐s ♥❡❡❞❡❞✱ s❡❡ ❬✹✶✱ ✶✹✱ ✻❪ ❛♥❞ ❬✶✺✱ ❙❡❝t✳ ✹✳✽✱✹✳✾❪✳ ❍♦✇❡✈❡r✱ ❜❡②♦♥❞ t❤❡
❤♦♠♦❣❡♥❡♦✉s s✐t✉❛t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t ✐♥ t✐♠❡ ❝❤♦✐❝❡ ♦❢ ❝♦✉♣❧✐♥❣ ❛❝r♦ss ✐♥t❡r❢❛❝❡s✱ ❛❞❛♣t❡❞
❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s s❤♦✉❧❞ ❜❡ ✇r✐tt❡♥ ❢♦r ❛r❜✐tr❛r② ❝❤♦✐❝❡ ♦❢ t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t κ✱ ✇❤✐❝❤
❥✉♠♣s ❛❝r♦ss t❤❡ ✐♥t❡r❢❛❝❡s ♦❢ f ✱ s❡❡ ✐♥ ♣❛rt✐❝✉❧❛r ❬✶✻✱ ✶✽❪❀ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥❝♦r♣♦r❛t❡ ❛
r❡♠❛✐♥❞❡r t❡r♠ t❤❛t ❞❡♣❡♥❞s ❜♦t❤ ✉♣♦♥ t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t κ ❛♥❞ ♦♥ t❤❡ ♣r❡s❝r✐❜❡❞
❝♦✉♣❧✐♥❣ ✭✐✳❡✳ ♦♥ t❤❡ ❣✐✈❡♥ ❢❛♠✐❧② ♦❢ ❣❡r♠s ❛❧♦♥❣ ✐♥t❡r❢❛❝❡s✮✳
❲❡ st❛rt ❜② r❡❢♦r♠✉❧❛t✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Gi

s(t)✲❡♥tr♦♣② s♦❧✉t✐♦♥ ✉♥❞❡r t❤❡ ❢♦r♠ ♦❢ ❛❞❛♣t❡❞
❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✇❤✐❝❤ ✐♥❝♦r♣♦r❛t❡ ❛ r❡♠❛✐♥❞❡r t❡r♠ Ri

ẏi(t)
(κL, κR, t) ❞✐✛❡r❡♥t ❢r♦♠ t❤♦s❡

♣r❡✈✐♦✉s❧② ♣r♦♣♦s❡❞ ✐♥ ❬✶✺✱ ✺❪ ❜✉t s❛t✐s❢②✐♥❣ t❤❡ ❦❡② str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s t❤❛t ❡♥s✉r❡ t❤❡
❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❞❡✜♥✐t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹✳ ❈♦♥s✐❞❡r ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✢✉① f : Ω×R → R ✇✐t❤ ❛ s❡t ♦❢ ✐♥t❡r❢❛❝❡s
♦❢ t❤❡ ❢♦r♠ ✭✺✳✷✳✶✮✳ ❆ss✉♠❡ t❤❛t ❢♦r ❡❛❝❤ i ∈ [[1; J ]] ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❢❛♠✐❧② {Gi

s(t)}t∈(si,Ti),s∈R

♦❢ ♠❛①✐♠❛❧ L1D ❣❡r♠s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✢✉①❡s gis, f
i
s ✐♥ ✭✺✳✷✳✷✮❀ ❛ss✉♠❡ t❤❛t t❤✐s ❢❛♠✐❧② ✐s

❈❛r❛t❤é♦❞♦r②✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✳ ❉❡♥♦t❡ ❜② K t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥s✱
♣✐❡❝❡✇✐s❡ ♦♥ Ω✱ t❤❛t s❤❛r❡ t❤❡ s❛♠❡ ✐♥t❡r❢❛❝❡s ❛s f ✳ ❋♦r ❛ ❢✉♥❝t✐♦♥ κ ∈ K ❛♥❞ i ∈ [[1; J ]]✱
✇❡ ❞❡♥♦t❡ ❜② kiL, k

i
R t❤❡ ♦♥❡✲s✐❞❡❞ ❧✐♠✐ts ♦❢ κ ♦♥ Γi ✭❜❡✐♥❣ κL = κ(yi(t) − 0, t) ❛♥❞ κR =

κ(yi(t) + 0, t) ❢♦r ❛❧❧ t ∈ (si, Ti)✮✳
❉❡✜♥❡ ❢♦r ❛❧❧ i ∈ [[1; J ]]✱ t ∈ (si, Ti)✱ s ∈ R ❛♥❞ (κL, κR) ∈ R

2 t❤❡ ✧r❡♠❛✐♥❞❡r t❡r♠✧

Ri
s(κL, κR, t) :=

∣∣f(κL)− Fi,int
s (κL, κR, t)

∣∣+
∣∣Fi,int

s (κL, κR, t)− g(κR)
∣∣ , ✭✺✳✷✳✻✮

✇❤❡r❡ Fi,int
s (·, ·, t) ✐s t❤❡ ●♦❞✉♥♦✈ ✢✉① ❞❡✜♥❡❞ ✐♥ ✭✺✳✷✳✸✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❣❡r♠ ❢❛♠✐❧②

{Gi
s(t)}t∈(si,Ti),s∈R✳

❆ss✉♠❡ t❤❛t ρ ∈ L∞(Ω) s❛t✐s✜❡s✱ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (Ω)✱ ϕ ≥ 0 ❛♥❞ ❢♦r ❛❧❧ κ ∈ K✱

t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✿

✂ +∞

0

✂
R

(
|ρ− κ|∂tϕ+ Φ(x, t, ρ, κ)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx

≥ −
J∑

i=1

✂ Ti

si

Ri
ẏi(t)

(κL, κR, t)ϕ(yi(t), t) dt . ✭✺✳✷✳✼✮

❚❤❡♥ ρ ✐s t❤❡ Gi
s(t)✲❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✺✳✶✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R)✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ Gi
s(t)✲❡♥tr♦♣② s♦❧✉t✐♦♥ ✭❚❤❡♦r❡♠ ✺✳✷✳✸✮✱ t❤❡ r❡❝✐♣r♦✲

❝❛❧ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛s s♦♦♥ ♦♥❡ ❝❛♥ ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢
s♦❧✉t✐♦♥s ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮✱ s❡❡ ❘❡♠❛r❦ ✺✳✸✳✸✳
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❘❡♠❛r❦ ✺✳✷✳✸✳ ❆s ❞❡♠♦♥str❛t❡❞ ✐♥ ❈❤❛♣t❡r ✹✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❦✐♥❞
✭✺✳✷✳✼✮ ✇❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡ s❡t C∞

c (Ω) ❢♦r t❤❡ t❡st ❢✉♥❝t✐♦♥s ❜② C∞
c (Ω \ ∪M

m=1Cm)✳ ❚❤✐s
♣❡r♠✐ts t♦ r❡❧❛①✱ ✐♥ ❛ s♠❛❧❧ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❝r♦ss✲♣♦✐♥ts Cm✱ t❤❡ ❝♦♥s✐st❡♥❝② ❝♦♥str❛✐♥ts ♦♥ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✉s❡❞ t♦ ❝♦♥str✉❝t s♦❧✉t✐♦♥s✱ s❡❡ ❙❡❝t✐♦♥ ✺✳✹✳✷✳

❲✐t❤ t❤✐s r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤✱ ✇❡ ❛r❡ ✐♥ ❛ ♣♦s✐t✐♦♥
t♦ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤❡ ❈❤❛♣t❡r✳

❚❤❡♦r❡♠ ✺✳✷✳✺✳ ❈♦♥s✐❞❡r ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✢✉① f : Ω× R → R ✇✐t❤ ❛ s❡t ♦❢ ✐♥t❡r❢❛❝❡s
♦❢ t❤❡ ❢♦r♠ ✭✺✳✷✳✶✮✳ ❆ss✉♠❡ t❤❛t ❢♦r ❡❛❝❤ i ∈ [[1; J ]] ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❢❛♠✐❧② {Gi

s(t)}t∈(si,Ti),s∈R

♦❢ ♠❛①✐♠❛❧ L1D ❣❡r♠s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✢✉①❡s gis, f
i
s ✐♥ ✭✺✳✷✳✷✮❀ ❛ss✉♠❡ t❤❛t t❤✐s ❢❛♠✐❧② ✐s

❈❛r❛t❤é♦❞♦r②✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✳
❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t t❤❡ ❝♦♥✜♥❡♠❡♥t ❛ss✉♠♣t✐♦♥ ❤♦❧❞s✿

∃a, b ∈ R : a < b ❛♥❞ ❢♦r ❛✳❡✳ (x, t) ∈ Ω f(x, t, a) = a, f(x, t, b) = b. ✭✺✳✷✳✽✮

❆ss✉♠❡ ♠♦r❡♦✈❡r f ✐s C2 ✐♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ρ ∈ [a, b] ❢♦r ❛✳❡✳ (x, t) ∈ Ω ❛♥❞ t❤❡ ✉♥✐❢♦r♠
❝♦♥✈❡①✐t②✴❝♦♥❝❛✈✐t② ❛ss✉♠♣t✐♦♥ ❤♦❧❞s✿

∃c > 0 ∀ρ ∈ [a, b] |∂2ρf(x, t, ρ)| ≥ c. ✭✺✳✷✳✾✮

❋✐♥❛❧❧②✱ s✉♣♣♦s❡ t❤❛t ❢♦r ❡❛❝❤ i ∈ [[1; J ]]✱

(κL, κR) 7→ Fi
s(κL, κR, ·) ✭✺✳✷✳✶✵✮

✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ [a, b]2 ✉♥✐❢♦r♠❧② ✐♥ t ∈ (si, Ti) ❛♥❞ ❧♦❝❛❧❧② ✉♥✐❢♦r♠❧② ✐♥ s ∈ R✳

❚❤❡♥ ❢♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t✉♠ ρ0 ∈ L∞(R) t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ [a, b]✱ t❤❡r❡ ❡①✐sts ❛ Gi
s(t)✲❡♥tr♦♣②

s♦❧✉t✐♦♥ ✭✇❤✐❝❤ ✐s ✉♥✐q✉❡✱ ❞✉❡ t♦ ❚❤❡♦r❡♠ ✺✳✷✳✸✮ ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s✲✢✉① ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇
✭✺✳✶✳✶✮✳ ▼♦r❡♦✈❡r✱ ✐t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ ❧✐♠✐t ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s
❣❡♥❡r❛t❡❞ ❜② ❛ ✜♥✐t❡ ✈♦❧✉♠❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳

▲❡t ✉s str❡ss t❤❛t✱ ❞✉❡ t♦ t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✐♥ (x, t) str✉❝t✉r❡ ♦❢ f ✱ ❛ss✉♠♣t✐♦♥ ✭✺✳✷✳✾✮
✐s ❛ ❝♦♥❝✐s❡ ✇❛② t♦ st❛t❡ t❤❛t✱ ✐♥ ❡❛❝❤ ♦❢ t❤❡ r❡❣✐♦♥s ❞❡❧✐♠✐t❡❞ ❜② t❤❡ ✐♥t❡r❢❛❝❡s Γi✱ f ✐s
❡✐t❤❡r s✉❜❥❡❝t t♦ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡①✐t② ♦r t♦ t❤❡ ✉♥✐❢♦r♠ ❝♦♥❝❛✈✐t② ❛ss✉♠♣t✐♦♥✳ ❖❜s❡r✈❡
t❤❛t t❤❡ ❝❤❛♥❣❡ ♦❢ ❝♦♥✈❡①✐t② ❛❝r♦ss t❤❡ ✐♥t❡r❢❛❝❡ ✐s r❡❧❡✈❛♥t✱ ❡✳❣✳✱ ✐♥ t❤❡ ❍✉❣❤❡s ♠♦❞❡❧ ♦❢
♣❡❞❡str✐❛♥ ❡✈❛❝✉❛t✐♦♥ ❬✹❪✳ ❋✉rt❤❡r✱ ❛ss✉♠♣t✐♦♥ ✭✺✳✷✳✽✮ ✐s ❛ st❛♥❞❛r❞ ✇❛② t♦ ❡♥s✉r❡ ✉♥✐❢♦r♠
L∞ ❜♦✉♥❞s ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ✭s❡❡✱ ❡✳❣✳✱ ❬✶✵✼❪✮❀ ❢♦r ✐♥st❛♥❝❡ ✐♥ tr❛✣❝ ❛♥❞ ♣♦r♦✉s
♠❡❞✐❛ ♠♦❞❡❧s✱ ✐t ✐s s❛t✐s✜❡❞ ✇✐t❤ [a, b] = [0, 1]✱ t❤❡ ♣❤②s✐❝❛❧ r❛♥❣❡ ♦❢ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✳
◆❡①t✱ ✇❡ ❣✉❡ss t❤❛t ❛ss✉♠♣t✐♦♥ ✭✺✳✷✳✶✵✮ ✐s ✈❡r✐✜❡❞ ✐♥ ❛❧❧ ♣r❛❝t✐❝❛❧ ❝❛s❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱
❢♦r t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ❜❛s❡❞ ♦♥ tr❛♥s♠✐ss✐♦♥ ♠❛♣s ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✷✳✺ ❜❡❧♦✇✮ t❤❡ ▲✐♣s❝❤✐t③
♣r♦♣❡rt② ✐s ❝❤❡❝❦❡❞ ✐♥ ❬✼❪✱ ✇❤✐❧❡ ❢♦r t❤❡ ✢✉①✲❧✐♠✐t❛t✐♦♥ ❝♦✉♣❧✐♥❣ ♦❢ ❈❤❛♣t❡rs ✶✲✹✱ t❤✐s ♣r♦♣❡rt②
✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ●♦❞✉♥♦✈ ✢✉① ✭s❡❡ ✐♥ ♣❛rt✐❝✉❧❛r ❬✹✺❪ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ ●♦❞✉♥♦✈ ✢✉① ✐♥ t❤✐s ❝❛s❡✮✳
❲❡ str❡ss t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❡①✐st❡♥❝❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✺✳✷✳✺ r❡q✉✐r❡s ❧♦❝❛❧ str♦♥❣
❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✳ ❖✉r ❝❤♦✐❝❡ ♦❢ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t
✐s t❤❡ ♦♥❡✲s✐❞❡❞ ▲✐♣s❝❤✐t③ ✭❖❙▲✮ ❜♦✉♥❞✱ ✇❤✐❝❤ ✐♠♣♦s❡s t❤❡ r❡str✐❝t✐♦♥ ✭✺✳✷✳✾✮ ♦❢ ✉♥✐❢♦r♠
❝♦♥✈❡①✐t② ♦r ✉♥✐❢♦r♠ ❝♦♥❝❛✈✐t② ♦❢ f ✇✐t❤ r❡s♣❡❝t t♦ ρ ✐♥ ❡❛❝❤ ♦❢ t❤❡ s✉❜❞♦♠❛✐♥s s❡♣❛r❛t❡❞
❜② t❤❡ ✐♥t❡r❢❛❝❡s Γi✳ ❚❤r❡❡ r❡♠❛r❦s ❛r❡ ✐♥ ♦r❞❡r✳
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❘❡♠❛r❦ ✺✳✷✳✹✳ ❚❤❡♦r❡♠ ✺✳✷✳✺✱ st❛t❡❞ ❢♦r ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✐♥ (x, t) ✢✉① f ❢♦r t❤❡ s❛❦❡ ♦❢
r❡❛❞❛❜✐❧✐t②✱ ❡①t❡♥❞s t♦ t✲❞❡♣❡♥❞❡♥t ❛♥❞ t♦ x✲❞❡♣❡♥❞❡♥t ✢✉① ✐♥ r❡❣✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✐♥t❡r❢❛❝❡s✳
❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ♣r♦♦❢s ♦❢ ❈❤❛♣t❡r ✸✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ✉♥✐❢♦r♠ ✐♥ t ♦r ✐♥
x ❝♦♥✈❡①✐t② ♦r ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ✢✉① ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ✭✉♥♣✉❜❧✐s❤❡❞✮✳ ■♥❞❡❡❞✱
✐♥ t❤✐s ❝❤❛♣t❡r t❤❡ ❋✐♥✐t❡ ❱♦❧✉♠❡ s❝❤❡♠❡ ✐s ❝♦♥str✉❝t❡❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ t✲❞❡♣❡♥❞❡♥❝❡
❛♥❞ t❤❡ ❧♦❝❛❧ ❖❙▲✲❜❛s❡❞ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t ❢♦r t❤✐s ❝❛s❡ ✐s ✇r✐tt❡♥ ✐♥ ❞❡t❛✐❧✳ ❲❡ ❣✉❡ss
t❤❛t t❤❡ ❡①t❡♥s✐♦♥ t♦ t❤❡ (x, t)✲❞❡♣❡♥❞❡♥t ✢✉① ✉♥❞❡r t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡①✐t②✴❝♦♥❝❛✈✐t② ❛s✲
s✉♠♣t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ✇❛②✳

❘❡♠❛r❦ ✺✳✷✳✺✳ ❉✐✛❡r❡♥t ❝♦♠♣❛❝t♥❡ss t♦♦❧s✱ s✉❝❤ ❛s t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❝♦♠♣❛❝t♥❡ss✱ ✇♦✉❧❞
♣❡r♠✐t t♦ ❥✉st✐❢② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✺✳✷✳✺ ✉♥❞❡r ✇❡❛❦❡r ❛ss✉♠♣✲
t✐♦♥s ♦♥ t❤❡ ❣❡♥✉✐♥❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ f ✇✐t❤ r❡s♣❡❝t t♦ ρ ✐♥ ❡❛❝❤ ♦❢ t❤❡ s✉❜❞♦♠❛✐♥s s❡♣❛r❛t❡❞
❜② ✐♥t❡r❢❛❝❡s✳ ❲❡ r❡❢❡r t♦ ❬✶✵✼❪ ❢♦r s✉❝❤ ❛r❣✉♠❡♥ts✱ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ❛ ❞✐✛❡r❡♥t s❝❤❡♠❡❀ ✇❡
❣✉❡ss t❤❛t t❤❡s❡ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦ ❛s ✇❡❧❧✳ ❚❤✐s ❞✐r❡❝t✐♦♥ ✐s ❧❡❢t
❢♦r ❢✉t✉r❡ ✇♦r❦✳

❘❡♠❛r❦ ✺✳✷✳✻✳ ❆s s♦♦♥ ❛s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ✐s ❡st❛❜❧✐s❤❡❞ ❢♦r ❛ ❞❡♥s❡ s❡t ♦❢
✐♥✐t✐❛❧ ❞❛t❛✱ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♠❡t❤♦❞s ✭s❡❡✱ ❡✳❣✳✱ t❤❡ ✏❡♥tr♦♣② ♣r♦❝❡ss✑ ❢r❛♠❡✇♦r❦ ♣✉t
❢♦r✇❛r❞ ✐♥ ❬✽✸❪✮ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❥✉st✐❢② ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦t❤❡r ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s t❤❛t ❛r❡
❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❛❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✳ ❲❡ r❡❢❡r t♦ ❬✶✺✱
❚❤♠✳ ✸✳✷✽✱❚❤♠✳ ✻✳✺❪ ❛♥❞ ❬✶✹❪ ❢♦r t❤✐s ❧✐♥❡ ♦❢ ❛r❣✉♠❡♥t❛t✐♦♥✳

✺✳✷✳✺ ❚❤❡ ❡①❛♠♣❧❡ ♦❢ tr❛♥s♠✐ss✐♦♥ ♠❛♣ ❝♦✉♣❧✐♥❣

■♥ ❙❡❝t✐♦♥ ✹✳✸✱ t❤❡ ❡①❛♠♣❧❡ ♦❢ ✢✉① ❧✐♠✐t❛t✐♦♥ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ✇❛s tr❡❛t❡❞❀ ❤❡r❡✱ ❧❡t ✉s
♦❜s❡r✈❡ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ❢❛♠✐❧② ♦❢ ❣❡r♠s ✐s ✐♥❞❡❡❞ ❈❛r❛t❤é♦❞♦r②✱ ❞✉❡ t♦ t❤❡ ❝♦♥t✐♥✉✐t② ✐♥
s ♦❢ t❤❡ ✢✉①❡s gis✱ f

i
s ❛♥❞ t♦ t❤❡ ♠❡❛s✉r❛❜✐❧✐t② ♦❢ t❤❡ ❝♦♥str❛✐♥ts t 7→ qi(t)✳ ▼♦r❡♦✈❡r✱ t❤❡

r❡♠❛✐♥❞❡r t❡r♠ ❞❡♥♦t❡❞ ❜② R(κ, qi(t)) ✉s❡❞ ✐♥ ❈❤❛♣t❡rs ✶ ✕ ✹✱ ❢♦r t❤❡ ❝❤♦✐❝❡ ♦❢ ❝♦♥st❛♥t κ✱
✐s ♣r❡❝✐s❡❧② Ri

s(κ, κ, t) ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳
■♥ t❤✐s s❡❝t✐♦♥✱ ❧❡t ✉s ♣r♦✈✐❞❡ ❛♥♦t❤❡r ✐♠♣♦rt❛♥t ❡①❛♠♣❧❡ ♦❢ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ❢✉❧✜❧❧✐♥❣ t❤❡
❈❛r❛t❤é♦❞♦r② ❛ss✉♠♣t✐♦♥✱ ❛♥❞ ❣✐✈❡ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ●♦❞✉♥♦✈ ✢✉①❡s✳
❚❤✐s ❡①❛♠♣❧❡ ✐s ❜❛s❡❞ ✉♣♦♥ ❬✼❪✱ s❡❡ ❛❧s♦ ❬✺❪ ❢♦r ❛ s✉♠♠❛r②✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥❝✐s❡♥❡ss✱ ❧❡t ✉s
❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ✐♥t❡r❢❛❝❡ ❞❡✜♥❡❞ ❢♦r t ∈ (0,+∞)✱ ✐✳❡✳ J = 1❀ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ❞r♦♣
t❤❡ ✐♥t❡r❢❛❝❡ ❧❛❜❡❧ i ✐♥ t❤❡ ♥♦t❛t✐♦♥✳ ●✐✈❡♥ ✢✉①❡s g, f ♦♥ [a, b] ⊂ R s✉❝❤ t❤❛t g(a) = f(a) ❛♥❞
g(b) = f(b)✱ s❡t gs(ρ) = g(ρ)−sρ✱ fs(ρ) = f(ρ)−sρ ❛♥❞ ❞❡♥♦t❡ ❜②Godgs,Godfs : [a, b]

2 → R

t❤❡ ●♦❞✉♥♦✈ ✢✉①❡s ❛ss♦❝✐❛t❡❞ t♦ gs, fs✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❢♦r t❤❡ ●♦❞✉♥♦✈
✢✉①❡s s❤♦✇s t❤❛t t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ Godgs(κL, κR),Godfs(κL, κR) ♦♥ s ✐s ❝♦♥t✐♥✉♦✉s✳
❚♦ ❞❡✜♥❡ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✱ ❣✐✈❡♥ {β(t)}t∈(0,+∞) ❛ ❢❛♠✐❧② ♦❢ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ❣r❛♣❤s
✐♥ R× R✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❢♦r ❛❧❧ s ∈ R ❛♥❞ t ∈ (si, Ti) t❤❡ ♠❛①✐♠❛❧ L1D ❣❡r♠

Gs(t) =
{
(ρL, ρR) ∈ [a, b]2 , ∃(k−, k+) ∈ β(t) s✉❝❤ t❤❛t

gs(ρL) = (Godgs)(ρL, k−) = (Godfs)(k+, ρR) = fs(ρR)
}

❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ✐♥t❡r❢❛❝❡ ●♦❞✉♥♦✈ ✢✉①

Fint
s (κL, κR, t) = (Godgs)(κL, k−) = (Godfs)(k+, κR) ✇❤❡r❡ (k−, k+) ∈ β(t), ✭✺✳✷✳✶✶✮
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❜❡✐♥❣ ✉♥❞❡rst♦♦❞ t❤❛t t❤❡ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ FL := (Godgs)(κL, k−) ❛♥❞ FR := (Godfs)(k+, κR)
♠❛② ♥♦t ❞❡✜♥❡ ✉♥✐q✉❡❧② t❤❡ ❝♦✉♣❧❡ (k−, k+) ∈ β(t) ❜✉t t❤❡ ❝♦♠♠♦♥ ✈❛❧✉❡ FL = FR ✐s ❞❡✜♥❡❞
✉♥✐q✉❡❧②✳ ❲❡ r❡❢❡r t♦ ❬✼❪ ❢♦r t❤❡ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❝❧❛✐♠s✳ ◆♦t❡ t❤❛t t❤❡ ❝❛s❡ β(t) = ■❞
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝❛s❡ ♦❢ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✳
❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❢❛♠✐❧② {Gi

s(t)}t∈(0,+∞),s∈R ✐s ❈❛r❛t❤é♦❞♦r②✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐✲
t✐♦♥ ✺✳✷✳✶✱ ♣r♦✈✐❞❡❞ t❤❡ ❢❛♠✐❧② {β(t)}t∈(0,+∞) ✐s ♠❡❛s✉r❛❜❧❡ ✐♥ ❛ ♥❛t✉r❛❧ s❡♥s❡✳ ❚♦ t❤✐s ❡♥❞✱
❧❡t ✉s r❡♣r❡s❡♥t ❛♥② ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ❣r❛♣❤ β ✐♥ R × R ❛s β = {(πL(p), πR(p)) , p ∈ R}
✇❤❡r❡ πL,R : R → R ❛r❡ 1✲▲✐♣s❝❤✐t③ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s ✈❡r✐❢②✐♥❣ πL(p) + πR(p) = p
❢♦r ❛❧❧ p ∈ R✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ♣❛r❛♠❡tr✐③❡ β ❜② t❤❡ s✉♠ p = κL + κR ♦❢ t❤❡ t✇♦ ❝♦♠✲
♣♦♥❡♥ts ♦❢ ❛ ♣♦✐♥t (κL, κR) ∈ β✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ✇❛② t♦ ✐♠♣♦s❡ ♠❡❛s✉r❛❜✐❧✐t② ♦❢ ❛ ❢❛♠✐❧②
{β(t)}t ✐s t♦ ❝♦♥s✐❞❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡tr✐s❛t✐♦♥s πL,R(t, ·) ❛♥❞ r❡q✉✐r❡ t❤❛t t❤❡s❡
❢✉♥❝t✐♦♥s ❜❡ ❈❛r❛t❤é♦❞♦r②✳ ❚❤❡♥✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ✭✺✳✷✳✶✶✮✱ ✐t ✐s ❝❧❡❛r t❤❛t✱ ❣✐✈❡♥
(κL, κR)✱ (s, t) 7→ Fint

s (κL, κR, t) ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ s ✭❜❡❝❛✉s❡ t❤❡ ●♦❞✉♥♦✈ ✢✉①❡s
❛r❡ ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ s✮ ❛♥❞ ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t ✭❜❡❝❛✉s❡ t❤❡② ❛r❡ ♦❜t❛✐♥❡❞
s♦❧✈✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ Fs(t, p) = 0 ❢♦r ❛ ♠❡❛s✉r❛❜❧❡ ✐♥ t✱ ♠♦♥♦t♦♥❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s
✐♥ p ❢✉♥❝t✐♦♥ Fs✮✳

✺✳✸ ❚❤❡ ❜❛s✐❝ ✐♥❣r❡❞✐❡♥ts ✐♥ t❤❡ ♠♦❞❡❧ ❝❛s❡ ✇✐t❤ ✈❛r✐❛❜❧❡

✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣

▲❡t ✉s ♥♦✇ ♣r♦✈✐❞❡ t❤❡ ❦❡② t♦♦❧s t♦ ♦✉r st✉❞② ❢♦r t❤❡ ♠♦❞❡❧ ❝❛s❡ ✭✺✳✶✳✶✮✲✭✺✳✶✳✷✮ ✇✐t❤ ❛
t✐♠❡✲❞❡♣❡♥❞❡♥t ❝♦✉♣❧✐♥❣ ❛t t❤❡ ✐♥t❡r❢❛❝❡ {x = 0}✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛
✢✉① f : Ω × R → R ❣✐✈❡♥ ❜② ✭✺✳✶✳✷✮ ✈❡r✐❢②✐♥❣ t❤❡ ❝♦♥✜♥❡♠❡♥t ❛ss✉♠♣t✐♦♥ ✭✺✳✷✳✽✮ ❛♥❞ t❤❡
t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡①✐t②✴❝♦♥❝❛✈✐t② ❛ss✉♠♣t✐♦♥ ✭✺✳✷✳✾✮ ✇✐t❤ f, g ∈ C2([a, b])✳ ❚❤r♦✉❣❤♦✉t t❤❡
s❡❝t✐♦♥✱ ✇❡ ❞❡♥♦t❡ ❜② Φf ✭r❡s♣✳ Φg✮ t❤❡ ❝❧❛ss✐❝❛❧ ❑r✉③❤❦♦✈ ❡♥tr♦♣② ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤ f
✭r❡s♣✳ g✮ s♦ t❤❛t✿

∀x ∈ R
∗, ρ, κ ∈ [a, b], Φ(x, ρ, κ) =

{
Φf (ρ, κ) ✐❢ x < 0

Φg(ρ, κ) ✐❢ x > 0.

❙✉♣♣♦s❡ ❛❧s♦ t❤❛t ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❢❛♠✐❧② {G(t)}t>0 ♦❢ ♠❛①✐♠❛❧ L1D ❣❡r♠s ❛ss♦❝✐❛t❡❞ ✇✐t❤
✢✉①❡s f ❛♥❞ g✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤✐s ❢❛♠✐❧② ✐s ❈❛r❛t❤é♦❞♦r② ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✶
✇❤✐❝❤✱ ✐♥ t❤✐s ❝♦♥t❡①t✱ ♠❡❛♥s t❤❛t ❢♦r ❛❧❧ κL, κR ∈ [a, b]✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥

R → R, t 7→ Fint(κL, κR, t)

✐s ❛ ❈❛r❛t❤é♦❞♦r② ❢✉♥❝t✐♦♥✳

✺✳✸✳✶ ❙t❛❜✐❧✐t② ❛♥❞ ✉♥✐q✉❡♥❡ss

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ r❡❝❛❧❧ t❤❡ ❛❜str❛❝t ❞❡✜♥✐t✐♦♥ ♦❢ L1D ❣❡r♠✱ s❡❡ ❬✶✺✱ ❉❡✜♥✐t✐♦♥
✸✳✶❪ ♦r ❬✺✱ ❉❡✜♥✐t✐♦♥ ✶✳✶❪✳ ❲❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ s✉❜s❡ts ♦❢ [a, b]2 ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥✜♥❡♠❡♥t
❛ss✉♠♣t✐♦♥ ✈❡r✐✜❡❞ ❜② f ❛♥❞ g✳
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❉❡✜♥✐t✐♦♥ ✺✳✸✳✶✳ ❆ ❢❛♠✐❧② {G(t)}t>0 ♦❢ s✉❜s❡ts ♦❢ [a, b]2 ✐s ❝❛❧❧❡❞ L1D ❣❡r♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤
✢✉①❡s f, g ✐❢ ❢♦r ❛❧❧ t > 0✿
✭✐✮ ❢♦r ❛❧❧ (κL, κR) ∈ G(t)✱ f(κL) = g(κR)❀
✭✐✐✮ ❢♦r ❛❧❧ (κL, κR), (cL, cR) ∈ G(t)✱

Φf (κL, cL)− Φg(κR, cR) ≥ 0. ✭✺✳✸✳✶✮

❲❡ s❛② t❤❛t t❤❡ ❢❛♠✐❧② ✐s ♠❛①✐♠❛❧ ✐❢ ❢♦r ❛❧❧ t > 0✱ G(t) ✐s ♥♦t ❛ str✐❝t s✉❜s❡t ♦❢ s♦♠❡ ♦t❤❡r
L1D ❣❡r♠✳

❘❡♠❛r❦ ✺✳✸✳✶✳ ❲✐t❤ t❤✐s ❝♦♥✈❡♥t✐♦♥✱ ✐t ✐s r❡❛❞✐❧② s❡❡♥ t❤❛t ❛♥② ♠❛①✐♠❛❧ L1D ❣❡r♠ G(t)
❛ss♦❝✐❛t❡❞ ✇✐t❤ ✢✉①❡s f, g ✈❡r✐❢②✐♥❣ t❤❡ ❝♦♥✜♥❡♠❡♥t ❝♦♥❞✐t✐♦♥ ✭✺✳✷✳✽✮ ❝♦♥t❛✐♥s t❤❡ ❝♦✉♣❧❡s
(a, a) ❛♥❞ (b, b)✳

▲❡t ✉s ❣✐✈❡ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✷✳✸ ❢♦r t❤✐s ♠♦❞❡❧ ❝❛s❡✳ ❋♦❧❧♦✇✐♥❣ t❤❡
♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✶✳✼✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❑❛t♦ ✐♥❡q✉❛❧✐t②✿✂ +∞

0

✂
R

(
|ρ− ρ̂|∂tϕ+ Φ(x, ρ, ρ̂)∂xϕ

)
dx dt+

✂
R

|ρ0(x)− ρ̂0(x)|ϕ(x, 0) dx

+

✂ +∞

0

(
Φg (γRρ(t), γRρ̂(t))− Φf (γLρ(t), γLρ̂(t))

)
ϕ(0, t) dt ≥ 0.

❚❤❡ L1D ❞✐ss✐♣❛t✐✈✐t② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❢❛♠✐❧② ♦❢ ❣❡r♠s {G(t)}t>0 ✭✺✳✸✳✶✮ ❡♥s✉r❡s t❤❛t ❢♦r
❛✳❡✳ t > 0✱

Φg (γRρ(t), γRρ̂(t))− Φf (γLρ(t), γLρ̂(t)) ≤ 0.

❯♣♦♥ ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ t❡st ❢✉♥❝t✐♦♥✱ s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✽✱ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡
♦❢ ❚❤❡♦r❡♠ ✺✳✷✳✸ ❢♦❧❧♦✇s✳ ❚❤✐s ❧❡❛❞s t♦ ✉♥✐q✉❡♥❡ss✳

✺✳✸✳✷ ❆❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✇✐t❤ t❤❡ ●♦❞✉♥♦✈ r❡♠❛✐♥❞❡r
t❡r♠s

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹ ✇❤❡r❡ t❤❡ r❡♠❛✐♥❞❡r t❡r♠ ❜❡❝♦♠❡s✿

R(κL, κR, t) =
∣∣f(κL)− Fint(κL, κR, t)

∣∣+
∣∣Fint(κL, κR, t)− g(κR)

∣∣ .
❘❡❝❛❧❧ t❤❛t ❢♦r t > 0 ❛♥❞ κL, κR ∈ [a, b]✱ Fint(κL, κR, t) ❞❡♥♦t❡s t❤❡ ●♦❞✉♥♦✈ ✢✉① ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❢❛♠✐❧② {G(t)}t>0✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✸✳✷✳ ▲❡t (κL, κR) ∈ [a, b]✳ ❚❤❡♥

(κL, κR) ∈ {G(t)}t>0 =⇒ ∀t > 0, R(κL, κR, t) = 0.

Pr♦♦❢✳ ■♥❞❡❡❞✱ s❛②✐♥❣ t❤❛t (κL, κR) ∈ {G(t)}t>0 ♠❡❛♥s t❤❛t t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥

κ(x) =

{
κL ✐❢ x < 0

κR ✐❢ x > 0

✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✭✺✳✶✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 = κ✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛❧❧
t > 0✱

f(κL) = Fint(κL, κR, t) = g(κR) ❛♥❞ ∀t > 0, R(κL, κR, t) = 0,

❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �



✺✳✸✳ ❚❍❊ ▼❖❉❊▲ ❈❆❙❊ ✶✸✾

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹✳

❙✉♣♣♦s❡ t❤❛t ρ ✈❡r✐✜❡s ✭✺✳✷✳✼✮✳ ❈❧❡❛r❧②✱ ρ s❛t✐s✜❡s ✭✺✳✷✳✹✮ ✐❢ ϕ ∈ C∞
c (Ω), ϕ ≥ 0 ✈❛♥✐s❤❡s ❛❧♦♥❣

t❤❡ ✐♥t❡r❢❛❝❡ {x = 0}✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✺✱ ✇❡ ♦❜t❛✐♥✿
✂ +∞

0

(
Φf (γLρ(t), κL)− Φg(γRρ(t), κR) +R(κL, κR, t)

)
ϕ(0, t) dt ≥ 0. ✭✺✳✸✳✷✮

❙✐♥❝❡ t 7→ R(κL, κR, t) ✐s ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞✱ t❤❡ ❢✉♥❝t✐♦♥ t 7→ R(κL, κR, t) ✐s ✐♥
L1

loc((0,+∞))✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛✳❡✳ t > 0 ✐s ▲❡❜❡s❣✉❡ ♣♦✐♥t ♦❢ t❤✐s ❢✉♥❝t✐♦♥✳ ❋r♦♠ ✭✺✳✸✳✷✮✱ ✇❡
❞❡❞✉❝❡ t❤❛t ❢♦r ❛✳❡✳ t > 0✱

Φf (γLρ(t), κL)− Φg(γRρ(t), κR) +R(κL, κR, t) ≥ 0.

■♥ ♣❛rt✐❝✉❧❛r✱ ✉s✐♥❣ ▲❡♠♠❛ ✺✳✸✳✷✱

∀(κL, κR) ∈ {G(t)}t>0, ❢♦r ❛✳❡✳ t > 0, Φg(γRρ(t), κR) ≤ Φf (γLρ(t), κL). ✭✺✳✸✳✸✮

❚❤✐s ❧❛st ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s t❤❛t ❢♦r ❛✳❡✳ t > 0✱
(
(γLρ)(t) , (γRρ)(t)

)
∈ G(t) ❜② ♠❛①✐♠❛❧✐t②

✭❛♥❞ t❤❡r❡❢♦r❡ ❝♦♠♣❧❡t❡♥❡ss✱ s❡❡ ❬✶✺✱ ✺❪✮ ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ❣❡r♠s✳ ❲❡ ♣r♦✈❡❞ t❤❛t ρ ✐s ❛
Gi
s(t)✲❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✺✳✶✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R; [a, b])✳

❘❡♠❛r❦ ✺✳✸✳✷✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ❧✐❦❡ t❤❡ ♦♥❡ ✐♥ ❈❤❛♣t❡r ✶✱ ❛ ❝❛s❡ ❜② ❝❛s❡
st✉❞② ❡♥s✉r❡s t❤❛t ❛ G(t)✲❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✺✳✶✳✶✮ ✈❡r✐✜❡s ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮ ❛s ✇❡❧❧✱ s❡❡
t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✻✳

✺✳✸✳✸ ❋✐♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡✱ ❝♦♠♣❛❝t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡

❲❡ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ st❛t❡♠❡♥t ✭❚❤❡♦r❡♠ ✺✳✷✳✺✮ ✇✐t❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❢♦r ✇❤✐❝❤ ✇❡ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✳ ▲❡t ✉s ❦❡❡♣ t❤❡ ♥♦t❛t✐♦♥s ✐♥tr♦✲
❞✉❝❡❞ ❜❛❝❦ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳

▲❡t ρ0 ∈ L∞(R; [a, b])✱ ✇❤❡r❡ a, b ∈ R ❛r❡ t❤❡ ♥✉♠❜❡rs ❞❡✜♥❡❞ ✐♥ t❤❡ ❝♦♥✜♥❡♠❡♥t ❛ss✉♠♣t✐♦♥
✺✳✷✳✽ ✈❡r✐✜❡❞ ❜② f ❛♥❞ g✳ ❲❡ ❞❡♥♦t❡ ❜② Ff = Ff (u, v) ✭r❡s♣✳ Fg = Fg(u, v)✮ ❛ ♠♦♥♦t♦♥❡
♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤ f ✭r❡s♣✳ g✮✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✶ ❛♥❞ ❊①❛♠♣❧❡ ✶✳✶✳✶✳ ❋♦❧❧♦✇✐♥❣
t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✺✳✷✳✺✱ ✇❡ ❛ss✉♠❡ t❤❛t (κL, κR) 7→ Fint(κL, κR, ·) ✐s ▲✐♣s❝❤✐t③
❝♦♥t✐♥✉♦✉s ♦♥ [a, b]2✱ ✉♥✐❢♦r♠❧② ♦♥ t > 0✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿

∃L > 0, ∀t > 0, ∀x, y, χ, γ ∈ [a, b],
∣∣Fint(x, y, t)− Fint(χ, γ, t)

∣∣ ≤ L (|x− χ|+ |y − γ|) .
✭✺✳✸✳✹✮

■♥ t❤❡ ❛♥❛❧②s✐s ❜❡❧♦✇✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ●♦❞✉♥♦✈ ✢✉① (t, κL, κR) 7→ Fint(κL, κR, t)
❛r❡ ✉s❡❞ ✐♥ ❛❞❞✐t✐♦♥ t♦ ✭✺✳✸✳✹✮✳

▲❡♠♠❛ ✺✳✸✳✸✳ ❚❤❡ ●♦❞✉♥♦✈ ✢✉① ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✷ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
✭✐✮ ❢♦r ❛❧❧ t > 0✱ Fint(·, ·, t) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ✜rst ❛r❣✉♠❡♥t ❛♥❞ ♥♦♥✐♥✲
❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts s❡❝♦♥❞ ❛r❣✉♠❡♥t❀
✭✐✐✮ ❢♦r ❛❧❧ t > 0✱

∀t > 0, f(a) = Fint(a, a, t) = g(a); f(b) = Fint(b, b, t) = g(b). ✭✺✳✸✳✺✮
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Pr♦♦❢✳ P♦✐♥t ✭✐✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♦r❞❡r✲♣r❡s❡r✈❛t✐♦♥ ♣r♦♣❡rt② ❡♥❝♦❞❡❞ ✐♥ L1D ❣❡r♠s ✈✐❛ t❤❡
❈r❛♥❞❛❧❧✲❚❛rt❛r ▲❡♠♠❛ ✭s❡❡ ❬✽❪✮✳ P♦✐♥t ✭✐✐✮ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦✉♣❧❡s (a, a) ❛♥❞
(b, b) ❜❡❧♦♥❣ t♦ {G(t)}t>0 ✭❘❡♠❛r❦ ✺✳✸✳✶✮✳ ■❞❡♥t✐t❡s ✭✺✳✸✳✺✮ ❢♦❧❧♦✇ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛
✺✳✸✳✷✳ �

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡✳ ❋✐① n ∈ N ❛♥❞ j ∈ Z✳ ❆✇❛② ❢r♦♠ t❤❡
✐♥t❡r❢❛❝❡✱ ✐✳❡✳ ❢♦r j /∈ {−1, 0}✱ ♦✉r s❝❤❡♠❡ r❡❞✉❝❡s t♦ ❛ ❝❧❛ss✐❝❛❧ t❤r❡❡✲♣♦✐♥t ✜♥✐t❡ ✈♦❧✉♠❡
s❝❤❡♠❡ ♦♥ t❤❡ ✉♥✐❢♦r♠ ❣r✐❞ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

∀j ≤ −2, ρn+1
j+1/2 = ρnj+1/2 − λ(Ff (ρ

n
j+1/2, ρ

n
j+3/2)− Ff (ρ

n
j−1/2, ρ

n
j+1/2)) ✭✺✳✸✳✻✮

❛♥❞
∀j ≥ 1, ρn+1

j+1/2 = ρnj+1/2 − λ(Fg(ρ
n
j+1/2, ρ

n
j+3/2)− Fg(ρ

n
j−1/2, ρ

n
j+1/2)). ✭✺✳✸✳✼✮

❚♦ ❤❛♥❞❧❡ t❤❡ ❝♦✉♣❧✐♥❣ ❛t t❤❡ ✐♥t❡r❢❛❝❡✱ ✐♥tr♦❞✉❝❡ t❤❡ ♠❡❛♥ ♥✉♠❡r✐❝❛❧ ✢✉①

Godn
int(ρ

n
−1/2, ρ

n
1/2) =

1

∆t

✂ tn+1

tn
Fint(ρn−1/2, ρ

n
1/2, t) dt ✭✺✳✸✳✽✮

❛♥❞ ✉s❡ ✐t t♦ ❞❡✜♥❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ❝❡❧❧s✿

ρn+1
−1/2 = ρn−1/2 − λ(Godn

int(ρ
n
−1/2, ρ

n
1/2)− Ff (ρ

n
−3/2, ρ

n
−1/2)). ✭✺✳✸✳✾✮

❛♥❞
ρn+1
1/2 = ρn1/2 − λ(Fg(ρ

n
1/2, ρ

n
3/2)−Godn

int(ρ
n
−1/2, ρ

n
1/2)). ✭✺✳✸✳✶✵✮

❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❝❤♦♦s❡ Ff ❛♥❞ Fg ❡q✉❛❧ t♦ ♦♥❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s ✐♥tr♦❞✉❝❡❞
✐♥ ❊①❛♠♣❧❡ ✶✳✶✳✶✳ ❚❤✐s ✇❛②✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ r❡❞✉❝❡s t♦

2λmax {‖f ′‖L∞ , ‖g′‖L∞ ,L} ≤ 1, ✭✺✳✸✳✶✶✮

✇✐t❤ L ❞❡✜♥❡❞ ✐♥ ✭✺✳✸✳✹✮✳

❙t❛❜✐❧✐t② ❛♥❞ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s

▲❡♠♠❛ ✺✳✸✳✹ ✭L∞ st❛❜✐❧✐t②✮✳ ❚❤❡ s❝❤❡♠❡ ✭✺✳✸✳✻✮✲✭✺✳✸✳✶✵✮ ✐s ♠♦♥♦t♦♥❡ ❛♥❞ st❛❜❧❡✿

∀n ∈ N, ∀j ∈ Z, ρnj+1/2 ∈ [a, b]. ✭✺✳✸✳✶✷✮

Pr♦♦❢✳ ❚❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ s❝❤❡♠❡ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✶✳✷✳✶ ❢♦r ✐♥st❛♥❝❡✳ ◆♦t❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ ●♦❞✉♥♦✈ ✐♥t❡r❢❛❝❡ ✢✉①❡s Fint ❛r❡
♠♦♥♦t♦♥❡ ✭✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ Godn

int ❞✉❡ t♦ ✭✺✳✸✳✽✮✳ ❚❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡
✐s ♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ ✇✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❢♦r ❛❧❧ n ∈ N ❛♥❞ j ∈ Z✱ ♦❢ t❤❡ ❢✉♥❝t✐♦♥
Hn

j = Hn
j (x, y, z) ✉s❡❞ t♦ ❡①♣r❡ss ρn+1

j+1/2 ❢r♦♠ ρnj−1/2✱ ρ
n
j+1/2 ❛♥❞ ρnj+3/2✱ ❧✐❦❡ ✐♥ ✭✶✳✶✳✹✮✳ ❚❤❡

❦❡② ♣♦✐♥t ♦❢ t❤❡ ♣r♦♦❢ ✐s t❤❡ ❢❛❝t t❤❛t a ❛♥❞ b ❛r❡ st❛t✐♦♥❛r② st❛t❡s ♦❢ t❤❡ s❝❤❡♠❡✳ ■♥❞❡❡❞✱ ❛s
❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✺✳✸✳✸ ✭✐✐✐✮✱ ✇❡ ❤❛✈❡✿

∀n ∈ N, ∀j ∈ Z, Hn
j (a, a, a) = a ❛♥❞ Hn

j (b, b, b) = b.

❲❡ r❡❢❡r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✶ ❢♦r ♠♦r❡ ♣r❡❝✐s❡ ❞❡t❛✐❧s✳ �



✺✳✸✳ ❚❍❊ ▼❖❉❊▲ ❈❆❙❊ ✶✹✶

❈♦r♦❧❧❛r② ✺✳✸✳✺ ✭❉✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮✳ ❋✐① κL, κR ∈ [a, b] ❛♥❞ ❞❡✜♥❡

∀j ∈ Z, κj+1/2 = κL1{j≤−1} + κR1{j≥0}.

❚❤❡♥ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭✺✳✸✳✻✮✲✭✺✳✸✳✶✵✮ ❢✉❧✜❧❧s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s
❢♦r ❛❧❧ n ∈ N ❛♥❞ j ∈ Z✿

(
|ρn+1

j+1/2 − κj+1/2| − |ρnj+1/2 − κj+1/2|
)
∆x

≤





−
(
Φn

j+1 − Φn
j

)
∆t ✐❢ j /∈ {−1, 0}

−
(
Φn

int − Φn
−1

)
∆t+ |f(κL)−Godn

int(κL, κR)|∆t ✐❢ j = −1

− (Φn
1 − Φn

int)∆t+ |Godn
int(κL, κR)− g(κR)|∆t ✐❢ j = 0,

✭✺✳✸✳✶✸✮

✇❤❡r❡ Φn
j ❛♥❞ Φn

int ❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❡♥tr♦♣② ✢✉①❡s✿

Φn
j =

{
Ff (ρ

n
j−1/2 ∨ κL, ρnj+1/2 ∨ κL)− Ff (ρ

n
j−1/2 ∧ κL, ρnj+1/2 ∧ κL) ✐❢ j ≤ −1

Fg(ρ
n
j−1/2 ∨ κR, ρnj+1/2 ∨ κR)− Fg(ρ

n
j−1/2 ∧ κR, ρnj+1/2 ∧ κR) ✐❢ j ≥ 1

Φn
int = Godn

int(ρ
n
−1/2 ∨ κL, ρn1/2 ∨ κR)−Godn

int(ρ
n
−1/2 ∧ κL, ρn1/2 ∧ κR).

Pr♦♦❢✳ ❋✐① n ∈ N✳ ❚❤❡ ♦❜t❛✐♥✐♥❣ ♦❢ ✭✺✳✸✳✶✸✮ ✐♥ t❤❡ ❝❛s❡ j /∈ {−1, 0} ✐s st❛♥❞❛r❞✱ s❡❡ t❤❡
♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✷✳✷✳ ❙✉♣♣♦s❡ t❤❛t j = −1✳ ■♥ t❤❛t ❝❛s❡✱ ✇❡ ❤❛✈❡

Hn
−1(κL, κL, κR) = κL − λ (Godn

int(κL, κR)− f(κL)) ,

❢r♦✇ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥✿

Hn
−1

(
ρn−3/2 ∧ κL, ρn−1/2 ∧ κL, ρn3/2 ∧ κR

)
− λ (Godn

int(κL, κR)− f(κL))
−

≤ κL ≤ Hn
−1

(
ρn−3/2 ∨ κL, ρn−1/2 ∨ κL, ρn3/2 ∨ κR

)
+ λ (Godn

int(κL, κR)− f(κL))
+ ,

✇❤❡r❡ ✇❡ ❞❡♥♦t❡❞ ❜② z+ ✭r❡s♣✳ z−✮ t❤❡ ♣♦s✐t✐✈❡ ♣❛rt ✭r❡s♣✳ ♥❡❣❛t✐✈❡ ♣❛rt✮ ♦❢ t❤❡ r❡❛❧ ♥✉♠❜❡r
z✳ ❲❡ ❞❡❞✉❝❡✿

|ρn+1
−1/2 − κL| = ρn+1

−3/2 ∨ κL − ρn+1
−3/2 ∧ κL

≤ Hn
−1

(
ρn−3/2 ∨ κL, ρn−1/2 ∨ κL, ρn1/2 ∨ κR

)
+ λ (Godn

int(κL, κR)− f(κL))
+

−Hn
−1

(
ρn−3/2 ∧ κL, ρn−1/2 ∧ κL, ρn1/2 ∧ κR

)
+ λ (Godn

int(κL, κR)− f(κL))
−

= |ρn−1/2 − κL| − λ
(
Φn

int − Φn
−1

)
+ λ |Godn

int(κL, κR)− f(κL)| ,

✇❤✐❝❤ ✐s ❡①❛❝t❧② ✭✺✳✸✳✶✸✮ ✐♥ t❤❡ ❝❛s❡ j = −1✳ ❚❤❡ ♦❜t❛✐♥✐♥❣ ♦❢ ✭✺✳✸✳✶✸✮ ✐♥ t❤❡ ❝❛s❡ j = 0 ✐s
s✐♠✐❧❛r s♦ ✇❡ ♦♠✐t t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢ ❢♦r t❤✐s ❝❛s❡✳ �



✶✹✷ ❈❍❆P❚❊❘ ✺✳ ▼❖❱■◆● ■◆❚❊❘❋❆❈❊❙ ❲■❚❍ ●❊◆❊❘❆▲ ❈❖❯P▲■◆●

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✻ ✭❆♣♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮✳ ❋✐① κL, κR ∈ [a, b] ❛♥❞ ❞❡✜♥❡

κ = κL1{x<0} + κR1{x>0}.

▲❡t ϕ ∈ C∞
c (Ω), ϕ ≥ 0 s✉♣♣♦rt❡❞ ✐♥ t✐♠❡ ✐♥ [0, T ] ✭T > 0✮✳ ❚❤❡♥ ❛s ∆ → 0✱ ✇❡ ❤❛✈❡✂ T

0

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆ (x, ρ∆, κ) ∂xϕ

)
dx dt+

✂
R

|ρ0∆ − κ|ϕ(x, 0) dx

+

✂ T

0

R∆(κL, κR, t)ϕ(0, t) dt ≥ O(∆x) +O(∆t) ,

✭✺✳✸✳✶✹✮

✇❤❡r❡
Φ∆ (x, ρ∆, κ) =

∑

n∈N

∑

j∈Z∗

Φn
j 1(xj ,xj+1)×[tn,tn+1).

❛♥❞

R∆(κL, κR, t) =
∑

n∈N

(
|f(κL)−Godn

int(κL, κR)|+ |Godn
int(κL, κR)− g(κR)|

)
1[tn,tn+1).

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s st❡♣ ❜② st❡♣ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✿ st❛rt ❢r♦♠ t❤❡ ❞✐s❝r❡t❡
❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✭✺✳✸✳✶✸✮❀ ❛♣♣❧② t❤❡ ❆❜❡❧ ♣r♦❝❡❞✉r❡ ❛♥❞ ❡st✐♠❛t❡ t❤❡ ♠❡♠❜❡rs ♦❢ t❤❡
r❡s✉❧t✐♥❣ ✐♥❡q✉❛❧✐t②✳ ❚❤❡ r❡♠❛✐♥❞❡r t❡r♠ t❤❛t r❡♣❧❛❝❡s

R(κ, qn)(ϕn+1
−1/2 + ϕn+1

1/2 )∆t

❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶ ❜❡❝♦♠❡s✱ ✐♥ ♦✉r ❝♦♥t❡①t✱
(
|f(κL)−Godn

int(κL, κR)|ϕn+1
−1/2 + |Godn

int(κL, κR)− g(κR)|ϕn+1
1/2

)
∆t.

�

❈♦♠♣❛❝t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡

❲❡ ♥♦✇ ♣r♦✈❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮✳
❚❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ (ρ∆)∆ ✐s ♦❜t❛✐♥❡❞ ❜② ❞❡r✐✈✐♥❣ ❧♦❝❛❧ BV ❜♦✉♥❞s✳ ❙✐♥❝❡ f
❛♥❞ g ❛r❡ ❛ss✉♠❡❞ t♦ ❤❛✈❡ ✉♥✐❢♦r♠ ❝♦♥✈❡①✐t②✴❝♦♥✈❡①✐t②✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❖❙▲ t❡❝❤♥✐q✉❡ ♣✉t
❢♦r✇❛r❞ ❜② ❬✶✺✷❪ ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❈❤❛♣t❡r ✹ ❛♥❞ ❬✶✹✾✱ ❆♣♣❡♥❞✐①❪ ❛♥❞ ❛♣♣❧✐❡❞ ✐♥ ❈❤❛♣t❡rs
✸✲✹✳ ❆s ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❈❤❛♣t❡r ✹✱ t❤✐s t❡❝❤♥✐q✉❡ ✧❞♦❡s ♥♦t s❡❡✧ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✱ s♦ t❤❡
♣r♦♦❢s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs ❝♦✈❡r ♦✉r ♣r❡s❡♥t ❝❛s❡ ❛s ✇❡❧❧✳ ❚❤✐s ♣r♦✈✐❞❡s t❤❡
❡①✐st❡♥❝❡ ♦❢ ρ ∈ L∞(Ω; [a, b]) s✉❝❤ t❤❛t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (ρ∆)∆ ❝♦♥✈❡r❣❡s t♦ ρ ❛✳❡✳ ♦♥ Ω✳ ❚♦
♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✺✳✸✳✶✹✮ ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❡ ❛♥❛❧②s✐s✱ ✇❡ ♥❡❡❞ t♦ ❡♥s✉r❡ t❤❛t✂ T

0

R∆(κL, κR, t)ϕ(0, t) dt −→
∆→0

✂ T

0

R(κL, κR, t)ϕ(0, t) dt .

❚❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❝❧❛✐♠ ❝♦♠❡s ❢r♦♠ t❤❡ ♠❡❛s✉r❛❜✐❧✐t② ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t 7→ R(κL, κR, t)✳
❙✐♥❝❡ t 7→ R∆(κL, κR, t) ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ♠❡❛♥ ✈❛❧✉❡s ♦❢ t 7→ R(κL, κR, t) ♦♥ ❛ ✉♥✐✲
❢♦r♠ ❣r✐❞✱ ✇❡ ❛r❡ ❡♥s✉r❡❞ t❤❛t ❢♦r ❛❧❧ ▲❡❜❡s❣✉❡ ♣♦✐♥ts t > 0 ♦❢ R(κL, κR, ·) ✭✇❤✐❝❤ ❛r❡ ❛✳❡✳
t > 0✮✱ (R∆(κL, κR, t))∆ ❝♦♥✈❡r❣❡s t♦R(κL, κR, t)✳ ❚❤✐s ❧❛st ✐♥❣r❡❞✐❡♥t ✐♠♣❧✐❡s t❤❛t ❜② ❧❡tt✐♥❣
∆ → 0 ✐♥ ✭✺✳✸✳✶✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ρ s❛t✐s✜❡s ✭✺✳✷✳✼✮✳
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❘❡♠❛r❦ ✺✳✸✳✸✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❢t❡r Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹✱ ♥♦✇ t❤❛t ✇❡ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢
s♦❧✉t✐♦♥s ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮✱ ✇❡ ❝❛♥ ♣r♦✈❡✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠
✺✳✷✳✺✱ t❤❡ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡ ❛❞❛♣t❡❞ ❡♥tr♦♣② ❢♦r♠✉❧❛t✐♦♥ ✭✺✳✷✳✼✮ ❛♥❞ t❤❡ r❡❝✐♣r♦❝❛❧ st❛t❡♠❡♥t
♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹✳
❋✐rst✱ ❧❡t ✉s ♦❜s❡r✈❡ t❤❛t ❝♦♠❜✐♥✐♥❣ t❤❡ ❧❛st st❡♣ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢ r❡❛s♦♥✐♥❣ ❛♥❞
❙❡❝t✐♦♥ ✺✳✸✳✷✱ ✇❡ ♣r♦✈❡❞ ❛ ✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧t ❢♦r s♦❧✉t✐♦♥s ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮✳
❊①✐st❡♥❝❡ ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ s❝❤❡♠❡✳ ▼♦r❡♦✈❡r✱ t✇♦ s♦❧✉t✐♦♥s ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮
❛r❡ ❛❧s♦ G(t)✲❡♥tr♦♣② s♦❧✉t✐♦♥s ❜② ❙❡❝t✐♦♥ ✺✳✸✳✷❀ ❢♦r t❤♦s❡ s♦❧✉t✐♦♥s ✇❡ ❤❛✈❡ ✉♥✐q✉❡♥❡ss✱ s❡❡
❚❤❡♦r❡♠ ✺✳✸✳✶✱ ❧❡❛❞✐♥❣ t♦ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡ ❛❞❛♣t❡❞ ❡♥tr♦♣② ❢♦r♠✉❧❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥
✺✳✷✳✹✳
◆♦✇ s✉♣♣♦s❡ t❤❛t ρ ✐s ❛ G(t)✲❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✺✳✶✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ∈ L∞(R; [a, b])✳
❙✉♣♣♦s❡ t❤❛t ρ ✐s ♥♦t t❤❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮✳ ▲❡t ✉s t❤❡♥ ❞❡♥♦t❡
❜② σ 6= ρ t❤❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ σ ✐s ❛❧s♦ ❛
G(t)✲❡♥tr♦♣② s♦❧✉t✐♦♥✱ ❛♥❞ t❤❡r❡❢♦r❡ ❡q✉❛❧ t♦ ρ ❜② ✉♥✐q✉❡♥❡ss✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t
ρ ✐s ♥♦t t❤❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ρ ✈❡r✐✜❡s ✭✺✳✷✳✼✮✳

✺✳✹ ▼✉❧t✐✲✐♥t❡r❢❛❝❡ ♣r♦❜❧❡♠ ✇✐t❤ ❣❡♥❡r❛❧ ✐♥t❡r❢❛❝❡

❝♦✉♣❧✐♥❣

❚❤✐s s❡❝t✐♦♥ ✐s ✈❡r② ❜r✐❡❢ ❜❡❝❛✉s❡ ❜♦rr♦✇s ❛❧♠♦st ❛❧❧ ♦❢ ✐ts ❝♦♥t❡♥ts t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s❡❝t✐♦♥ ♦❢ ❈❤❛♣t❡r ✹✳ ■♥❞❡❡❞✱ t❤❡ ♦♥❧② ❝❤❛♥❣❡s ❛r❡ t❤❛t ✇❡ ✉s❡ ●♦❞✉♥♦✈ ✐♥t❡r❢❛❝❡ ✢✉① ✐♥
❛ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥ ❧❡❛❞✐♥❣ t♦ ❛ ♠♦r❡ ❛❜str❛❝t ❢♦r♠ ♦❢ t❤❡ r❡♠❛✐♥❞❡r t❡r♠❀ ❛♥❞ t❤❛t
✇❡ ❞♦ ♥♦t ♥❡❡❞ ❛♥② ♠♦r❡ t❤❡ ❝♦♥str❛✐♥t ✐♥❡q✉❛❧✐t✐❡s r❡q✉✐r❡❞ ❢♦r s❤❛r♣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢
s♦❧✉t✐♦♥s ❢♦r t❤❡ ❛❞❛♣t❡❞ ❡♥tr♦♣② ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❈❤❛♣t❡r ✹✳ ❆s ✐♥ ❈❤❛♣t❡r ✹✱ ✇❡ ♣r♦❝❡❡❞
✐♥ t✇♦ st❡♣s✳ ❋✐rst t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ✐♥t❡r❢❛❝❡ ✐s ❞❡❛❧t ✇✐t❤ ❝❛❧❧✐♥❣ ✉♣♦♥ t❤❡ ❛♥❛❧②s✐s ♦❢
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐♥ ✇❤❛t ❝♦♥❝❡r♥s t❤❡ r❡♠❛✐♥❞❡r t❡r♠ Rs✳ ❙❡❝♦♥❞✱ t❤❡ ❛❝❝✉r❛t❡ ✉s❡ ♦❢
♣❛rt✐t✐♦♥s ♦❢ ✉♥✐t② ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t❡st ❢✉♥❝t✐♦♥s ✈❛♥✐s❤✐♥❣ ♥❡❛r t❤❡ ❝r♦ss✲♣♦✐♥ts
♣❡r♠✐ts t♦ r❡❞✉❝❡ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✶ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ s❧❛♥t❡❞
✐♥t❡r❢❛❝❡✳

✺✳✹✳✶ ❚❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ s❧❛♥t❡❞ ✐♥t❡r❢❛❝❡

❚❤✐s s❡❝t✐♦♥ ❜✉✐❧❞s ♦♥ t❤❡ ✇♦r❦ ❞♦♥❡ ✐♥ ❙❡❝t✐♦♥s ✹✳✶✲✹✳✷✳ ■❢ y ❞❡♥♦t❡s t❤❡ tr❛❥❡❝t♦r② ♦❢ t❤❡
✐♥t❡r❢❛❝❡✱ t❤❡ r❡♠❛✐♥❞❡r t❡r♠ ❤❛s ♥♦✇ t❤❡ ❢♦r♠✿

Rẏ(t)(κL, κR, t) =
∣∣fẏ(t)(κL)− Fint

ẏ(t)(κL, κR, t)
∣∣+
∣∣Fint

ẏ(t)(κL, κR, t)− gẏ(t)(κR)
∣∣ .

❯s✐♥❣ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✷✱ t❤❡ ♣r♦♦❢ ♦❢ ✉♥✐q✉❡♥❡ss ❢♦❧❧♦✇s t❤❡ ♦♥❡s ♦❢ ▲❡♠♠❛ ✹✳✶✳✼ ❛♥❞ ❚❤❡♦r❡♠
✹✳✶✳✽✳

❘❡❣❛r❞✐♥❣ t❤❡ ❡①✐st❡♥❝❡✱ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ♠♦❞❡❧ ❝❛s❡ ✐s t❤❛t ❤❡r❡ ✇❡ ♥❡❡❞ t♦
❞✐s❝r❡t✐③❡ t❤❡ ✐♥t❡r❢❛❝❡ ❛♥❞ t♦ ❛❞❛♣t t❤❡ ♠❡s❤ ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ❞✐s❝r❡t❡ ✐♥t❡r❢❛❝❡✳
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▲✐❦❡ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ s❧♦♣❡s✿

∀n ∈ N, sn =
1

∆t

✂ tn+1

tn
ẏ(t) dt ; ∀t ≥ 0, s∆(t) =

∑

n∈N

sn1[tn,tn+1)(t),

✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ ẏ ✐♥ L1
loc((0,+∞))✱ s❡❡ ❘❡♠❛r❦ ✹✳✷✳✶✳ ❚❤❡ ♠❡s❤ ✐s ♣r♦❞✉❝❡❞ ✐♥ t❤❡

s❛♠❡ ✇❛② ❛s ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳✸✱ s❡❡ ✐♥ ♣❛rt✐❝✉❧❛r ❋✐❣✉r❡ ✹✳✷✳ ❖♥❡ ♦♥❧② ♥❡❡❞s t♦ ♠❛❦❡ ♣r❡❝✐s❡
t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✉s❡❞ ❛t t❤❡ s❧❛♥t❡❞ ♠❡s❤ ❜♦✉♥❞❛r✐❡s✳ ❆t t✐♠❡ st❡♣ tn✱ t❤❡ ❛♣♣r♦①✐♠❛t❡
❝♦✉♣❧✐♥❣ ●♦❞✉♥♦✈ ✢✉① ✐s ❞❡✜♥❡❞ ❜②✿

Godsn

int(ρ
n
−1/2, ρ

n
1/2) =

1

∆t

✂ tn+1

tn
Fint

sn (ρ
n
−1/2, ρ

n
1/2, t) dt . ✭✺✳✹✳✶✮

◆♦t❡ t❤❛t ❜② ❛ss✉♠♣t✐♦♥✱ t❤❡ ❢❛♠✐❧② ♦❢ ❣❡r♠s {Gs(t)}t>0,s∈R ✐s ❈❛r❛t❤é♦❞♦r② ✇❤✐❝❤ ✐♠✲
♣❧✐❡s t❤❛t ❢♦r ❛❧❧ (κL, κR) ∈ [a, b]2✱ s 7→ Gods

int(κL, κR) ✐s ❝♦♥t✐♥✉♦✉s s✐♥❝❡ ❢♦r ❛❧❧ t > 0✱
s 7→ Fint

s (κL, κR, t) ✐s ❝♦♥t✐♥✉♦✉s✳

❚❤❡ ❛♣♣r♦①✐♠❛t❡ r❡♠❛✐♥❞❡r t❡r♠ t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❛❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✲
✐t✐❡s ✐s✿

Rs∆(t)(κL, κR, t) =
∑

n∈N

(∣∣fsn(κL)−Godsn

int(κL, κR)
∣∣+
∣∣Godsn

int(κL, κR)− gsn(κR)
∣∣
)
1[tn,tn+1).

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡
✂ +∞

0

Rs∆(t)(κL, κR, t)ϕ(y∆(t), t) dt −→
∆→0

✂ +∞

0

Rẏ(t)(κL, κR, t)ϕ(y(t), t) dt

❝♦♠❡s ❢r♦♠✿
✖ t❤❡ ♠❡❛s✉r❛❜✐❧✐t② ♦❢ t 7→ Rẏ(t)(κL, κR, t)❀
✖ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ s 7→ t 7→ Rs(κL, κR, t) ✭t > 0✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡

♦❢ (s∆)∆ t♦ ẏ✳
❊①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ✐♥ t❤❡ s❡♥s❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮ ❢♦❧❧♦✇s ❛♥❞ ❧✐❦❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳✸✱ ✇❡
❝❛♥ ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✷ ❛♥❞ ✐♥❡q✉❛❧✐t② ✭✺✳✷✳✼✮✳

✺✳✹✳✷ ■s♦❧❛t✐♥❣ ✐♥t❡r❢❛❝❡s ❛♥❞ ♥❡❣❧❡❝t✐♥❣ ❝r♦ss✲♣♦✐♥ts

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠❡s❤✱ ♦❢ t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ❜②
r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✺✳✷ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ s❧❛♥t❡❞ ✐♥t❡r❢❛❝❡✱
t❛❝❦❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✶ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ r❡❛s♦♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✹✳✸✳ ▲❡t ✉s ♦♥❧② ❤✐❣❤❧✐❣❤t
t❤❡ ❢❛❝t t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣r❡❝✐s❡ ❝♦✉♣❧✐♥❣ ❛t t❤❡ ✐♥t❡r❢❛❝❡s ♥❡❛r t❤❡ ❝r♦ss✲♣♦✐♥ts ✭t❤❡
✈✐♦❧❡t ♣❛rts ✐♥ ❋✐❣✉r❡ ✹✳✺✮ ❞♦❡s ♥♦t ♠❛tt❡r ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡ ❛♥❞ ✐ts ♦✈❡r❛❧❧
❝♦♥s✐st❡♥❝②✳ ■♥❞❡❡❞✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ t❡st ❢✉♥❝t✐♦♥s ✐♥ ❘❡♠❛r❦ ✺✳✷✳✸ ♣❡r♠✐ts t♦ ❞✐sr❡❣❛r❞
t❤❡ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥ ♥❡❛r ❝r♦ss✲♣♦✐♥ts✳ ❲❡ ♦♥❧② ❤❛✈❡ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥s
t❛❦❡ t❤❡✐r ✈❛❧✉❡s ✇✐t❤✐♥ [a, b]✱ ❢♦r t❤✐s s❛❦❡ ✇❡ ❝❛♥ ✉s❡ ❛♥② ♥✉♠❡r✐❝❛❧ ✢✉① ❛t t❤❡ ✐♥t❡r❢❛❝❡s
❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s a ❛♥❞ b✳

■♥ t❤✐s ✇❛②✱ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✷✳✺✳



✺✳✺✳ ❈❖◆❈▲❯❙■❖◆ ❆◆❉ P❖❙❙■❇▲❊ ❊❳❚❊◆❙■❖◆❙ ✶✹✺

❘❡♠❛r❦ ✺✳✹✳✶✳ ■♥ t❤❡ ♣r❛❝t✐❝❡ ♦❢ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✺✳✶✳✶✮ ❜② t❤❡ s❝❤❡♠❡s
✇❡ ♣r♦♣♦s❡ ✐♥ t❤✐s ❈❤❛♣t❡r✱ ❛♥② ♥✉♠❡r✐❝❛❧ ✢✉① ✇❤✐❝❤ ✐s ♠♦♥♦t♦♥❡ ❛♥❞ ✇❤♦s❡ ▲✐♣s❝❤✐t③
❝♦♥st❛♥t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❈❋▲ ❝❛♥ ❜❡ ✉s❡❞ ♦♥ t❤❡ ✐♥t❡r❢❛❝❡s ✐♥ ❛ s♠❛❧❧ ✈✐❝✐♥✐t② ♦❢ t❤❡
❝r♦ss✐♥❣ ♣♦✐♥ts✳ ❚❤✐s ♠❛② ❧❡❛❞ t♦ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♥✉♠❡r✐❝❛❧ ❛rt❡❢❛❝ts ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✸✳✸ ❢♦r ❛♥
❡①❛♠♣❧❡✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❧❛tt❡r r❡♠❛✐♥ ✧✉♥❞❡r ❝♦♥tr♦❧✧ s✐♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❛♥❛❧②s✐s✱ t❤❡②
❞♦ ♥♦t ❛✛❡❝t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡✳

✺✳✺ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈✐❞❡❞ ❛♥ ❡①✐st❡♥❝❡ r❡s✉❧t ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝♦♥t✐♥✉♦✉s✲✢✉① ❝♦♥✲
s❡r✈❛t✐♦♥ ❧❛✇ ✭✺✳✶✳✶✮ ❢♦r ❛ ✇✐❞❡ ❝❤♦✐❝❡ ♦❢ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣s✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❝♦♥str✉❝t❡❞ ❛
❋✐♥✐t❡ ❱♦❧✉♠❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✇❤❡r❡ t❤❡ ✉♥✐❢♦r♠ ♠❡s❤✱ r❡❝t❛♥❣✉❧❛r ✐♥ (x, t)✱ ✐s ❛❞❛♣t❡❞ t♦
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐♥t❡r❢❛❝❡s ❛♥❞ ♦❢ t❤❡✐r ❝r♦ss✲♣♦✐♥ts✳ ❚❤❡ ❛❞❛♣t❛t✐♦♥ t♦ ✐♥t❡r❢❛❝❡s ✐s ❛❝❝✉r❛t❡
❛♥❞ t❤❡ ●♦❞✉♥♦✈ ✢✉① ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦♥❞✐t✐♦♥ ✐s ✉s❡❞ ❛❧♦♥❣ t❤❡ ❞✐s❝r❡t✐③❡❞
✐♥t❡r❢❛❝❡s✳
❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✐s ❜❛s❡❞ ✉♣♦♥ ❛ ♥❡✇ ✈❛r✐❛♥t ♦❢ ❛❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t② ✇❤✐❝❤
♥❛t✉r❛❧❧② ❛r✐s❡s ❢r♦♠ ●♦❞✉♥♦✈ ❞✐s❝r❡t✐③❛t✐♦♥ ❛t ✐♥t❡r❢❛❝❡s❀ t❤❡ ●♦❞✉♥♦✈ ✢✉① s❤♦✉❧❞ ❜❡ ❝♦♠✲
♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ✐♠♣♦s❡❞ ❢♦r ✭✺✳✶✳✶✮✳ ❲❡ str❡ss t❤❛t t❤❡ ❡♥tr♦♣② ❢♦r♠✉❧❛t✐♦♥
✈❡r✐✜❡❞ ❜② t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❝❤❡♠❡ ❡♥❥♦②s ✉♥✐q✉❡♥❡ss✱ ✐✳❡✳ ❜♦t❤ t❤❡ ❡♥tr♦♣② ❛❞♠✐ss✐❜✐❧✐t② ❝♦♥✲
❞✐t✐♦♥s ✇✐t❤✐♥ t❤❡ r❡❣✐♦♥s ♦❢ ❤♦♠♦❣❡♥❡♦✉s ✢✉① ❛♥❞ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣
❛r❡ ❝❛♣t✉r❡❞✳ ❚❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t ✐s ❜❛s❡❞ ✉♣♦♥ ❝♦♥s✐st❡♥❝② ✇✐t❤ s✉❝❤ ❛❞❛♣t❡❞ ❡♥tr♦♣②
❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ♦♥ ❛ ❧♦❝❛❧ str♦♥❣ ❝♦♠♣❛❝t♥❡ss ♣r♦♣❡rt②✱ ✇❤✐❝❤ r❡q✉✐r❡s ✜♥❡ ❛♥❛❧②s✐s ♦❢ t❤❡
s❝❤❡♠❡✳ ❲❡ ❤✐❣❤❧✐❣❤t t❤❡ ❢❛❝t t❤❛t✱ ❛s s♦♦♥ ❛s ❡①✐st❡♥❝❡ ✐s ❥✉st✐✜❡❞✱ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦t❤❡r ❛♣✲
♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ ✇❡❛❦ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥ts ✭❝❢✳ ❬✶✺✱ ❙❡❝✳ ✸✳✹✱✻✳✹❪
❛♥❞ ❬✶✹❪✮ ❛s s♦♦♥ ❛s t❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s ❛r❡ ❝♦♥s✐st❡♥t ✲ ❛✇❛② ❢r♦♠ t❤❡ ❝r♦ss✲♣♦✐♥ts
✲ ✇✐t❤ t❤❡ ❛❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣ ❛t ❤❛♥❞✳
❚❤❡ ❧♦❝❛❧ ❝♦♠♣❛❝t♥❡ss t❡❝❤♥✐q✉❡ ✇❡ ❡①♣❧♦✐t s②st❡♠❛t✐❝❛❧❧② ✐♥ t❤✐s ❚❤❡s✐s ✐s ❜❛s❡❞ ✉♣♦♥ ♦♥❡✲
s✐❞❡❞ ▲✐♣s❝❤✐t③ r❡❣✉❧❛r✐③❛t✐♦♥✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✉♥✐❢♦r♠ ❝♦♥✈❡①✐t② ♦r ❝♦♥❝❛✈✐t② ♦❢
t❤❡ ✢✉① f ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✳ ❉✉❡ t♦ t❤❡ ❧♦❝❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ❝♦♠♣❛❝t♥❡ss
❛r❣✉♠❡♥ts✱ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉♣❧✐♥❣✳ ❘❡❣✉❧❛r ❞❡♣❡♥❞❡♥❝❡
♦❢ f ♦♥ t ✐♥ ❡❛❝❤ ♦❢ t❤❡ s✉❜❞♦♠❛✐♥s s❡♣❛r❛t❡❞ ❜② t❤❡ ✐♥t❡r❢❛❝❡s ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ✇✐t❤✐♥ t❤✐s
❝♦♠♣❛❝t♥❡ss ❛♣♣r♦❛❝❤✿ t❤❡ ♥❡❝❡ss❛r② ❛❞❥✉st♠❡♥ts ❛r❡ ♣♦✐♥t❡❞ ♦✉t ✐♥ ❈❤❛♣t❡r ✹ ✭❢♦r t❤❡ t✐♠❡
❞❡♣❡♥❞❡♥❝❡✮✳ ❚❤❡ ❝❛s❡ ♦❢ ❛ r❡❣✉❧❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ f ♦♥ x ✐s ❧❡❢t ❢♦r ❢✉t✉r❡ ✇♦r❦s✳

❖✉r ❝♦♠♣❛❝t♥❡ss ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❝♦♠♣❛❝t♥❡ss t❡❝❤♥✐q✉❡✱ ✉♥✲
❞❡r t❤❡ ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥ ♦❢ ♥♦♥✲❞❡❣❡♥❡r❛t❡❧② ♥♦♥❧✐♥❡❛r ✢✉① ✭❝❢✳ ❬✶✵✼❪ ❢♦r ❛ ✈❡r② s✐♠✐❧❛r
r❡s✉❧t✮✳ ❲❡ ❤✐❣❤❧✐❣❤t t❤❡ ❢❛❝t t❤❛t t❤❡ ✉s❡ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❝♦♠♣❛❝t♥❡ss t❡❝❤♥✐q✉❡ ✇♦✉❧❞
♠❛❦❡ ♦✉r ❝♦♥str✉❝t✐♦♥ ❛♣♣❧✐❝❛❜❧❡ t♦ t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ✭✺✳✶✳✶✮✳ ■♥❞❡❡❞✱
❢♦r ✐♥st❛♥❝❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✭s♦✱ (x, t) ∈ R

3✮✱ ✐♥t❡r❢❛❝❡s ❛r❡ s✉r❢❛❝❡s
✐♥ R

3 ❛♥❞ ✐♥t❡r❢❛❝❡ ❝r♦ss✐♥❣s ❛r❡ ❧♦✇❡r✲❞✐♠❡♥s✐♦♥❛❧ s❡ts ✭❝✉r✈❡s ❛♥❞ t❤❡✐r ❝r♦ss✲♣♦✐♥ts✮✳ ❚❤❡
❝r♦ss✐♥❣s ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ❛♥❞ t❤❡ r❡❝t❛♥❣✉❧❛r s♣❛❝❡✲t✐♠❡ ♠❡s❤ ❝❛♥ ❜❡ ❧♦❝❛❧❧② ❛❞❛♣t❡❞ t♦ t❤❡
s❤❛♣❡ ♦❢ ✐♥t❡r❢❛❝❡s ❛✇❛② ❢r♦♠ ❛ ✈✐❝✐♥✐t② ♦❢ ❝r♦ss✐♥❣s✳ ▲✐❦❡ ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠✱
❛❞❛♣t❡❞ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✐♥✈♦❧✈✐♥❣ ●♦❞✉♥♦✈ ✢✉①❡s ✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ t♦ t❤❡ ✐♥t❡r✲
❢❛❝❡s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛t t❤❡ ❞✐s❝r❡t❡ ❧❡✈❡❧ ❛♥❞ ✐♥❤❡r✐t❡❞ ❛t t❤❡ ❧✐♠✐t❀ ❧✐❦❡ ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
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❝❛s❡✱ t❤❡ r❡s✉❧t✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ❡♥❥♦②s ✉♥✐q✉❡♥❡ss ✭❝❢✳ ❬✻✺✱ ✺❪✮✳



P❛rt ■■

❊①✐st❡♥❝❡ ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❡r✐❝❛❧

❛♣♣r♦①✐♠❛t✐♦♥

❢♦r ❛ s❡❝♦♥❞ ♦r❞❡r ♠♦❞❡❧ ♦❢ tr❛✣❝ ✇✐t❤

♦r❞❡r❧✐♥❡ss ♠❛r❦❡r

✶✹✼





✶✹✾

❲❡ ♣r♦♣♦s❡ ❛ t♦② ♠♦❞❡❧ ❢♦r s❡❧❢✲♦r❣❛♥✐③❡❞ r♦❛❞ tr❛✣❝ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ st❛t❡ ♦❢ ♦r✲
❞❡r❧✐♥❡ss ✐♥ ❞r✐✈❡rs✬ ❜❡❤❛✈✐♦r✳ ❚❤❡ ♠♦❞❡❧ ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ✇✐❞❡ ❢❛♠✐❧② ♦❢ ❣❡♥❡r❛❧✐③❡❞
s❡❝♦♥❞✲♦r❞❡r ♠♦❞❡❧s ✭●❙❖▼✮ ♦❢ r♦❛❞ tr❛✣❝✳ ■t ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❛s ❛ ♣❤❛s❡✲tr❛♥s✐t✐♦♥ ♠♦❞❡❧✳
❚❤❡ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r ✐s ❡✈♦❧✈❡❞ ❛❧♦♥❣ ✈❡❤✐❝❧❡s✬ tr❛❥❡❝t♦r✐❡s ❛♥❞ ✐t ✐♥✢✉❡♥❝❡s t❤❡ ❢✉♥❞❛✲
♠❡♥t❛❧ ❞✐❛❣r❛♠ ♦❢ t❤❡ tr❛✣❝ ✢♦✇✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ✇❡ ❤❛✈❡ ✐♥ ♠✐♥❞ ✐s ♥♦♥✲❧♦❝❛❧✱ ❧❡❛❞✐♥❣ t♦ ❛
❦✐♥❞ ♦❢ ✏✇❡❛❦ ❞❡❝♦✉♣❧✐♥❣✑ ♦❢ t❤❡ r❡s✉❧t✐♥❣ 2 × 2 s②st❡♠❀ t❤✐s ♠❛❦❡s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧✲
②s✐s s✐♠✐❧❛r t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❑❡②✜t③✲❑r❛♥③❡r s②st❡♠✳ ❚❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡
t❤❡♦r② ♦❢ ✇❡❛❦ ❛♥❞ r❡♥♦r♠❛❧✐③❡❞ s♦❧✉t✐♦♥s ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❬P❛♥♦✈✱
✷✵✵✽❪✱ ✇❤✐❝❤ ✇❡ ❢✉rt❤❡r ❞❡✈❡❧♦♣ ♦♥ t❤✐s ♦❝❝❛s✐♦♥ ✐♥ t❤❡ ✜rst ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛❞♠✐ss✐❜❧❡ s♦❧✉t✐♦♥s ❞❡✜♥❡❞ ✈✐❛ ❛ ♠✐①t✉r❡ ♦❢ t❤❡ ❑r✉③❤❦♦✈ ❛♥❞ t❤❡ P❛♥♦✈ ❛♣♣r♦❛❝❤❡s❀ ♥♦t❡
t❤❛t t❤✐s ❛♣♣r♦❛❝❤ t♦ ❛❞♠✐ss✐❜✐❧✐t② ❞♦❡s ♥♦t r❡❧② ✉♣♦♥ t❤❡ ❝❧❛ss✐❝❛❧ ❤②♣❡r❜♦❧✐❝ str✉❝t✉r❡ ❢♦r
2 × 2 s②st❡♠s✳ ❋✐rst✱ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ✈✐❛ ❛ s♣❧✐tt✐♥❣ str❛t❡❣②❀ ❝♦♠♣❛❝t✲
✐✜❝❛t✐♦♥ ❡✛❡❝ts ♣r♦♣❡r t♦ t❤❡ ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ✇❡ r❡❧② ✉♣♦♥ ❛r❡ ❝❛r❡❢✉❧❧② ❡①♣❧♦✐t❡❞✱ ✉♥❞❡r
❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞❛t❛✳ ❙❡❝♦♥❞✱ ✇❡ ❛❧s♦ ❛❞❞r❡ss ❢✉❧❧② ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
s②st❡♠✱ ❝♦♥str✉❝t✐♥❣ ❛ BV✲st❛❜❧❡ ❋✐♥✐t❡ ❱♦❧✉♠❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❛♥❞ ♣r♦✈✐♥❣ ✐ts ❝♦♥✈❡r✲
❣❡♥❝❡ ✉♥❞❡r t❤❡ ♥♦✲✈❛❝✉✉♠ ❛ss✉♠♣t✐♦♥ ❛♥❞ ❢♦r ❞❛t❛ ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✳ ❆s ❛ ❜②♣r♦❞✉❝t
♦❢ ♦✉r ❛♣♣r♦❛❝❤✱ ❛♥ ♦r✐❣✐♥❛❧ tr❡❛t♠❡♥t ♦❢ ❧♦❝❛❧ ●❙❖▼✲❧✐❦❡ ♠♦❞❡❧s ✐♥ t❤❡ BV s❡tt✐♥❣ ✐s ❜r✐❡✢②
❞✐s❝✉ss❡❞✱ ✐♥ r❡❧❛t✐♦♥ t♦ ❞✐s❝♦♥t✐♥✉♦✉s✲✢✉① ▲❲❘ ♠♦❞❡❧s✳
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❲❊▲▲✲P❖❙❊❉◆❊❙❙ ❆◆❉
❈❖▼P❆❈❚■❋■❈❆❚■❖◆ ❖❋

❘❊◆❖❘▼❆▲■❩❊❉ ❙❖▲❯❚■❖◆❙ ❚❖ ❆
❙❊▼■▲■◆❊❆❘ ❖◆❊✲❉■▼❊◆❙■❖◆❆▲

❚❘❆◆❙P❖❘❚ ❊◗❯❆❚■❖◆

❲❡ ✜rst ❡①t❡♥❞ t❤❡ r❡s✉❧ts ♣✉t ❢♦r✇❛r❞ ❜② P❛♥♦✈ ✐♥ ❬✶✸✹❪✳ ■♥ t❤✐s ❝❤❛♣t❡r ❛♥❞ t❤❡ ♥❡①t✱ ✇❡
✇r✐t❡ Ω ❢♦r R× (0, T )✳ ▲❡t ✉s r❡❝❛❧❧ t❤❡ ✇♦r❦✐♥❣ ❢r❛♠❡✇♦r❦✳ ❋✐① ρ,v ∈ L∞(Ω) s✉❝❤ t❤❛t

ρ ≥ 0; ∂tρ+ ∂x (ρv) = 0 ✐♥ D(Ω). ✭✻✳✵✳✶✮

●✐✈❡♥ ❛ s♦✉r❝❡ t❡r♠ S ∈ L∞(Ω) ❛♥❞ ❛♥ ✐♥✐t✐❛❧ ❞❛t✉♠ w0 ∈ L∞(R)✱ ✐♥tr♦❞✉❝❡ t❤❡ tr❛♥s♣♦rt
❡q✉❛t✐♦♥ ❢♦r♠❛❧❧② ✇r✐tt❡♥ ❛s ∂tw + v∂xw = S✱ w(·, 0) = w0 ❛♥❞ r❡❢♦r♠✉❧❛t❡❞ ❛s✿

{
∂t (ρw) + ∂x (ρvw) = ρS

ρ(·, 0)w(·, 0) = ρ(·, 0)w0.
✭✻✳✵✳✷✮

❋♦❧❧♦✇✐♥❣ ❬✶✸✹❪✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥s ♦❢ s♦❧✉t✐♦♥ ❢♦r Pr♦❜❧❡♠ ✭✻✳✵✳✷✮✳

❉❡✜♥✐t✐♦♥ ✻✳✵✳✶✳ ❆ ❢✉♥❝t✐♦♥ w ∈ L∞(Ω) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✻✳✵✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛
w0 ∈ L∞(R) ✐❢ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s φ ∈ C∞

c (R × [0, T ))✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✐s
s❛t✐s✜❡❞✿

✂ T

0

✂
R

(
(ρw)∂tφ+ (ρvw)∂xφ+ (ρS)φ

)
dx dt+

✂
R

ρ(x, 0)w0(x)φ(x, 0) dx = 0. ✭✻✳✵✳✸✮

❘❡♠❛r❦ ✻✳✵✳✶✳ ❙✐♥❝❡ ρ ✐s ❛ ❞✐str✐❜✉t✐♦♥❛❧ s♦❧✉t✐♦♥ t♦ ∂tρ+ ∂x(ρv) = 0✱ ✇❡ ❦♥♦✇ ✭s❡❡ ❬✶✸✹✱
▲❡♠♠❛ ✶❪✮ t❤❛t t 7→ ρ(·, t) ✐s ✇❡❛❦❧②✯ ❝♦♥t✐♥✉♦✉s ✐♥ L∞(R)✱ ❛♥❞ t❤❡ q✉❛♥t✐t② ρ(·, 0) ❤❛s t♦

✶✺✶
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❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ✇❡❛❦✯ ❧✐♠✐t ♦❢ ρ(·, t) ❛s t → 0+✳ ❋✉rt❤❡r✱ ❛♣♣❧②✐♥❣ ❬✶✸✹✱ ▲❡♠♠❛ ✶❪ t♦
t❤❡ ✜❡❧❞ (Ã, B)✱

Ã : (x, t) 7→ (ρw)(x, t)−
✂ t

0

(ρSw)(x, s) ds , B = ρvw

s❛t✐s❢②✐♥❣ ∂tÃ + ∂xB = 0✱ ✇❡ s❡❡ t❤❛t Ã ∈ C([0, T ];w∗−L∞(R)) ❛♥❞ s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ t❡r♠
✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ã ✐s ✐♥ C([0, T ];L∞(R))✱ ✇❡ ❛❧s♦ ❤❛✈❡ ρw ∈ C([0, T ];w∗−L∞(R))✳ ■♥
♣❛rt✐❝✉❧❛r✱ ρw ❛ss✉♠❡s t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠ ρ(·, 0)w0 ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ✇❡❛❦✯ ❧✐♠✐t ✐♥ L∞(R)✳

❉❡✜♥✐t✐♦♥ ✻✳✵✳✷✳ ❲❡ s❛② t❤❛t ❛ ✇❡❛❦ s♦❧✉t✐♦♥ w ∈ L∞(Ω) t♦ ✭✻✳✵✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛
w0 ∈ L∞(R) ✈❡r✐✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt② ✐❢ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ p ∈ C1(R)✱ u = p(w)
✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ {

∂t (ρu) + ∂x (ρvu) = ρSp′(w)

ρ(·, 0)u(·, 0) = ρ(·, 0) (p ◦w0)(·).
✭✻✳✵✳✹✮

▲❡t ✉s r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✱ ♣✉t ❢♦r✇❛r❞ ✐♥ ❬✶✸✹❪✳

❚❤❡♦r❡♠ ✻✳✵✳✸✳ ▲❡t ρ,v ∈ L∞(Ω) s❛t✐s❢② ✭✻✳✵✳✶✮ ❛♥❞ ❧❡t S ∈ L∞(Ω)✳
✭✐✮ ❋♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ w0 ∈ L∞(R)✱ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭✻✳✵✳✷✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ✇❡❛❦
s♦❧✉t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤✐s ✇❡❛❦ s♦❧✉t✐♦♥ ✈❡r✐✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳
✭✐✐✮ ■❢ w1 ❛♥❞ w2 ❛r❡ t✇♦ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭✻✳✵✳✷✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞❛t❛ ✭w1

0,S
1✮ ❛♥❞ ✭w2

0,S
2✮✱

r❡s♣❡❝t✐✈❡❧②✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛❜✐❧✐t② ❡st✐♠❛t❡ ❤♦❧❞s✿ ❢♦r ❛✳❡✳ t ∈ (0, T )✱

‖w1(·, t)−w2(·, t)‖L∞ ≤ ‖w1
0 −w2

0‖L∞ +

✂ t

0

‖S1(·, s)− S2(·, s)‖L∞ ds . ✭✻✳✵✳✺✮

❘❡♠❛r❦ ✻✳✵✳✷✳ ❚❤❡ ❛✉t❤♦r ♦❢ ❬✶✸✹❪ ❡✈❡♥ ❡①t❡♥❞❡❞ t❤❡s❡ r❡s✉❧ts ✇✐t❤ s♦✉r❝❡ t❡r♠s✿

S(x, t) = g(x, t)w(x, t) + h(x, t); g, h ∈ L∞(Ω),

w ❜❡✐♥❣ t❤❡ ✉♥❦♥♦✇♥✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r♦✈❡ ❛♥ ❛♥❛❧♦❣♦✉s t♦ ❚❤❡♦r❡♠ ✻✳✵✳✸ ✇❤❡♥ t❤❡ s♦✉r❝❡
t❡r♠ ♦❢ ✭✻✳✵✳✷✮ t❛❦❡s t❤❡ ❢♦r♠

S(x, t) = g(x, t)F(w(x, t)); g ∈ L∞(Ω). ✭✻✳✵✳✻✮

❘❡♠❛r❦ t❤❛t ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ F ✐s s❡♣❛r❛t❡❞ ❢r♦♠ ③❡r♦ ✐♥ t❤❡ s❡♥s❡ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✱ ❡①✐s✲
t❡♥❝❡ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ✐♥✐t✐❛❧ ❞❛t✉♠ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳

▲❡♠♠❛ ✻✳✵✳✹✳ ❙✉♣♣♦s❡ t❤❛t F ∈ C(R) ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t F ≥ δ✳ ❚❤❡♥
❢♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ w0 ∈ L∞(R)✱ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭✻✳✵✳✷✮ ✇✐t❤ s♦✉r❝❡ t❡r♠ S ❣✐✈❡♥ ❜②
✭✻✳✵✳✻✮ ❛❞♠✐ts ❛t ❧❡❛st ❛ ✇❡❛❦ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ■♥tr♦❞✉❝❡ t❤❡ C1 ❢✉♥❝t✐♦♥ p ❞❡✜♥❡❞ ❜②

∀w ∈ R, p(w) =

✂ w

0

dy

F(y)
.



✶✺✸

◆♦t❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ F ✐♠♣❧✐❡s t❤❛t p ✐s ❛ C1✲❞✐✛❡♦♠♦r♣❤✐s♠ ♦♥ ✐ts ✐♠❛❣❡✳ ❋r♦♠
❚❤❡♦r❡♠ ✻✳✵✳✸ ✭✐✮✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥

{
∂t (ρu) + ∂x (ρvu) = ρg

ρ(·, 0)u(·, 0) = ρ(·, 0) (p ◦w0)(·).

❛❞♠✐ts ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ u✳ ❙✐♥❝❡ u ✈❡r✐✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✱ ❜② r❡♠❛r❦✐♥❣
t❤❛t (p−1)′(u) = F(w)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t w = p−1 ◦ u ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✻✳✵✳✷✮✳ �

❯♥❞❡r t❤❡ ♠❡r❡ ❧♦❝❛❧ ▲✐♣s❝❤✐t③ ❛ss✉♠♣t✐♦♥ ♦♥ F✱ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✇✐t❤
s♦✉r❝❡ t❡r♠s ♦❢ t❤❡ ❢♦r♠ ✭✻✳✵✳✻✮ ❢♦❧❧♦✇s✳

Pr♦♣♦s✐t✐♦♥ ✻✳✵✳✺✳ ▲❡t ρ,v ∈ L∞(Ω) s❛t✐s❢② ✭✻✳✵✳✶✮✱ g ∈ L∞(Ω) ❛♥❞ F ∈ Liploc(R)✳ ❚❤❡♥
❢♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ w0 ∈ L∞(R)✱ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭✻✳✵✳✷✮ ✇✐t❤ s♦✉r❝❡ t❡r♠ S ❣✐✈❡♥ ❜②
✭✻✳✵✳✻✮ ❛❞♠✐ts ❛t ♠♦st ♦♥❡ ✇❡❛❦ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ▲❡t w1
0,w

2
0 ∈ L∞(R)✳ ❲❡ ❞❡♥♦t❡ ❜② w1 ✭r❡s♣✳ w2✮ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✻✳✵✳✷✮

❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ w1
0 ✭r❡s♣✳ w2

0✮✳ ❘❡♠❛r❦ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r t❤❛t w1 ✭r❡s♣✳ w2✮ ✐s
❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✻✳✵✳✷✮ ✇✐t❤ s♦✉r❝❡ t❡r♠ S1 = gF(w1) ✭r❡s♣✳ S2 = gF(w2)✮✳ ❯s✐♥❣ t❤❡
st❛❜✐❧✐t② ❡st✐♠❛t❡ ✭✻✳✵✳✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛✳❡✳ t ∈ (0, T )✱

‖w1(·, t)−w2(·, t)‖L∞ ≤ ‖w1
0 −w2

0‖L∞ + ‖g‖L∞‖F′‖L∞

✂ t

0

‖w1(·, s)−w2(·, s)‖L∞ ds .

●r♦♥✇❛❧❧ ❧❡♠♠❛ ②✐❡❧❞s ❛ st❛❜✐❧✐t② ❡st✐♠❛t❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ❢♦❧❧♦✇s✳ �

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ❝♦♠♣❛❝t♥❡ss✴st❛❜✐❧✐t② r❡❣❛r❞✐♥❣ ✇❡❛❦ s♦❧✉t✐♦♥s ✈❡r✐❢②✐♥❣
t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳

❚❤❡♦r❡♠ ✻✳✵✳✻✳ ▲❡t ρ,v ∈ L∞(Ω) s❛t✐s❢② ✭✻✳✵✳✶✮✱ g ∈ L∞(Ω)✱ F ∈ Lip(R) ❛♥❞ w0 ∈
L∞(R)✳ ▲❡t (ρν)ν✱ (vν)ν✱ (gν)ν✱ (w0,ν)ν ❜❡ s❡q✉❡♥❝❡s ♦❢ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s s✉❝❤
t❤❛t✿

∀ν > 0, ρν ≥ 0; (ρν)ν , (ρνvν)ν , (gν)ν −→
ν→0

ρ, ρv, g ❛✳❡✳ ♦♥ Ω.

▼♦r❡♦✈❡r✱ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐st a, b ∈ R s✉❝❤ t❤❛t F|(a,b) > 0 ❛♥❞

∀ν > 0, a ≤ w0,ν ≤ b; w0,ν −→
ν→0

w0 ❛✳❡✳ ♦♥ R.

❙✉♣♣♦s❡ t❤❛t (wν)ν ⊂ L∞(Ω) ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦

{
∂t (ρνwν) + ∂x (ρνvνwν) = ρνgνF(wν)

ρν(·, 0)wν(·, 0) = ρν(·, 0)w0,ν ,
✭✻✳✵✳✼✮

✈❡r✐❢②✐♥❣ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳ ❚❤❡♥✿

✶✳ ❚❤❡r❡ ❡①✐sts w ∈ L∞(Ω) s✉❝❤ t❤❛t (wν)ν → w ❛✳❡✳ ♦♥ Ω✳

✷✳ ❚❤❡ ❢✉♥❝t✐♦♥ w ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭✻✳✵✳✷✮ ✇✐t❤ s♦✉r❝❡ t❡r♠
❣✐✈❡♥ ❜② ✭✻✳✵✳✻✮✱ ❛♥❞ ✐t ✈❡r✐✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳



✶✺✹ ❈❍❆P❚❊❘ ✻✳ ❈❖▼P❆❈❚■❋■❈❆❚■❖◆ ❖❋ ❘❊◆❖❘▼❆▲■❩❊❉ ❙❖▲❯❚■❖◆❙

Pr♦♦❢✳ ✶✳ ❲❡ s♣❧✐t t❤❡ st✉❞② ✐♥t♦ t✇♦ st❡♣s✳
❙t❡♣ ✶✳ ❚❤❡ ✉♥✐❢♦r♠ L∞ ❜♦✉♥❞ ♦❢ (wν)ν ♣r♦✈✐❞❡s t❤❡ ❡①✐st❡♥❝❡✱ ✉♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛
s✉❜s❡q✉❡♥❝❡ ✭♥♦t r❡❧❛❜❡❧❡❞✮✱ ❢♦r ❛✳❡✳ (x, t) ∈ Ω ♦❢ ❛ ❇♦r❡❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ m(x,t) ♦♥ R

s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ϕ ∈ C(R)✱ (ϕ(wν))ν ❝♦♥✈❡r❣❡s L∞✲✇❡❛❦❧②✯ t♦ ϕ ✇❤❡r❡ ❢♦r ❛✳❡✳ (x, t) ∈ Ω✿

ϕ(x, t) =

✂
R

ϕ(y) dm(x,t) (y),

s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✼✻✱ ✶✸✽❪✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ ν > 0✱
a+ ε ≤ wν ≤ b− ε✳ ■♥tr♦❞✉❝❡ t❤❡ C1([a+ ε, b− ε]) ❢✉♥❝t✐♦♥

p(w) =

✂ w

(a+b)/2

dy

F(y)
.

❇② t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✱ ❢♦r ❛❧❧ ν > 0✱ uν = p(wν) ∈ L∞(Ω) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦
{
∂t (ρνuν) + ∂x (ρνvνuν) = ρνgν

ρν(·, 0)uν(·, 0) = ρν(·, 0) (p ◦w0,ν)(·).
✭✻✳✵✳✽✮

◆♦t❡ t❤❛t t❤❡ s♦✉r❝❡ t❡r♠ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ uν ❀ t❤✐s ✐s t❤❡ r❡❛s♦♥ ❜❡❤✐♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ p
❛❜♦✈❡✳ ▼♦r❡♦✈❡r✱ ❚❤❡♦r❡♠ ✻✳✵✳✸ ❡♥s✉r❡s t❤❛t uν ✈❡r✐✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳ ❇②
❞❡✜♥✐t✐♦♥✱ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s φ ∈ C∞

c (R× [0, T ))✱ ✇❡ ❤❛✈❡

✂ T

0

✂
R

(
(ρνuν)∂tφ+ (ρνvνuν)∂xφ+ (ρνgν)φ

)
dx dt+

✂
R

ρν(x, 0)p(w0,ν(x))φ(x, 0) dx = 0.

✭✻✳✵✳✾✮
◆♦✇ ❢r♦♠ t❤✐s✱ ✇❡ t❛❦❡ t✇♦ r♦✉t❡s✳

❘♦✉t❡ ✶✿ ❧✐♠✐t ✜rst✱ r❡♥♦r♠❛❧✐③❛t✐♦♥ s❡❝♦♥❞✳ ❲❡ ❝❛♥ s❛❢❡❧② ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✻✳✵✳✾✮✳
❚❤✐s ♣r♦✈❡s t❤❛t p ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦

{
∂t (ρp) + ∂x (ρvp) = ρg

ρν(·, 0)p(·, 0) = ρν(·, 0) (p ◦w0)(·).

❙✐♥❝❡ t❤❡ s♦✉r❝❡ t❡r♠ ♦❢ t❤✐s ❧❛st tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠ ❝♦✈❡r❡❞ ❜② ❚❤❡♦r❡♠ ✻✳✵✳✸
✭❘❡♠❛r❦ ✻✳✵✳✷✮✱ ✇❡ ❛r❡ ❛ss✉r❡❞ t❤❛t p ✈❡r✐✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳ ❆♣♣❧②✐♥❣ ✐t ✇✐t❤
exp✱ ✇❡ ♦❜t❛✐♥ t❤❛t u = exp(p) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦

{
∂t (ρu) + ∂x (ρvu) = ρgu

ρν(·, 0)u(·, 0) = ρν(·, 0) exp(p ◦w0).
✭✻✳✵✳✶✵✮

❘♦✉t❡ ✷✿ r❡♥♦r♠❛❧✐③❛t✐♦♥ ✜rst✱ ❧✐♠✐t s❡❝♦♥❞✳ ❋r♦♠ ✭✻✳✵✳✽✮✱ ✇❡ ❛♣♣❧② t❤❡ r❡♥♦r♠❛❧✐③❛✲
t✐♦♥ ♣r♦♣❡rt② t♦ uν ✭ν > 0✮ ✇✐t❤ p = exp✳ ❚❤✐s ❡♥s✉r❡s t❤❛t Uν = exp(uν) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥
t♦ {

∂t (ρνUν) + ∂x (ρνvνUν) = ρνgνUν

ρν(·, 0)Uν(·, 0) = ρν(·, 0) exp(p ◦w0,ν),
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✐✳❡✳ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s φ ∈ C∞
c (R× [0, T ))✱ ✇❡ ❤❛✈❡

✂ T

0

✂
R

(
(ρνUν)∂tφ+(ρνvνUν)∂xφ+(ρνgνUν)φ

)
dx dt+

✂
R

ρν(x, 0) exp(p(w0,ν(x)))φ(x, 0) dx = 0.

❲❡ ♥♦✇ ❧❡t ν → 0 ✐♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥ t♦ ♦❜t❛✐♥ t❤❛t exp ◦p ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✻✳✵✳✶✵✮✳ ❇②
✉♥✐q✉❡♥❡ss ✭s❡❡ ❚❤❡♦r❡♠ ✻✳✵✳✸ ❛♥❞ ❘❡♠❛r❦ ✻✳✵✳✷✮✱ exp ◦p = exp ◦p ❛✳❡✳ ♦♥ Ω✳ ❈♦♥s❡q✉❡♥t❧②✱
❢♦r ❛✳❡✳ (x, t) ∈ Ω✱

exp (p(x, t)) = exp

(✂
R

p(y) dm(x,t) (y)

)

≤
✂
R

exp (p(y)) dm(x,t) (y) = exp(p)(x, t) = exp (p(x, t)) .

❙✐♥❝❡ exp ✐s str✐❝t❧② ❝♦♥✈❡①✱ t❤❡ ❢✉♥❝t✐♦♥ y 7→ p(y) ✐s ❝♦♥st❛♥t m(x,t)✲❛✳❡✳ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱
❢♦r ❛✳❡✳ (x, t) ∈ Ω✱ m(x,t) = mα(x,t) ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ α : Ω → R✳ ❋✐♥❛❧❧②✱ ❢♦r ❛❧❧ ν > 0✱ ❛♥❞
❢♦r ❛❧❧ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡ts U ⊂ Ω✱

‖wν‖2L2(U) =

✂ T

0

✂
R

w2
ν1U dx dt

−→
ν→0

✂ T

0

✂
R

(✂
R

y2 dm(x,t) (y)

)
1U dx dt

=

✂ T

0

✂
R

α(x, t)21U dx dt = ‖w‖2L2(U),

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t wν → w ✐♥ L2
loc(Ω)✳ ❆ st❛♥❞❛r❞ ❞✐❛❣♦♥❛❧ ♣r♦❝❡ss ②✐❡❧❞s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢

(wν)ν t❤❛t ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ Ω t♦ w✳

❙t❡♣ ✷✳ ❲❡ ♥♦✇ ❣❡t ❜❛❝❦ t♦ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❋✐① ε > 0 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥s

Fε(r) = max{F (r), ε}; Tε(w) = min{min{a+ ε, w}, b− ε}.

❙✐♥❝❡ Fε ∈ C(R) ❛♥❞ Fε ≥ ε > 0✱ ▲❡♠♠❛ ✻✳✵✳✹ ❡♥s✉r❡s t❤❛t t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥

{
∂t (ρνw) + ∂x (ρνvνw) = ρνgνFε(w)

ρν(·, 0)w(·, 0) = ρν(·, 0)Tε(w0,ν)

❛❞♠✐ts ❛ ✇❡❛❦ s♦❧✉t✐♦♥ wν,ε✳ ◆♦t❡ t❤❛t ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✻✳✵✳✺✱ ❢♦r ❛❧❧ ν, ε > 0✱

‖wν,ε(·, t)−wν(·, t)‖L∞ ≤ ‖wν,ε(·, t)−wν(·, t)‖L∞

+ sup
ν>0

‖gν‖L∞

✂ t

0

‖F(wν(·, s))− Fε(wν,ε(·, s))‖L∞ ds

≤ ε+ sup
ν>0

‖gν‖L∞

(
‖F′‖L∞

✂ t

0

‖wν(·, s)−wν,ε(·, s)‖L∞ ds+ εt

)
,
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s✐♥❝❡ ‖F− Fε‖L∞ ≤ ε✳ ❋r♦♠ t❤✐s✱ ✇❡ ❞❡❞✉❝❡ ✇✐t❤ ●r♦♥✇❛❧❧ ❧❡♠♠❛✱ t❤❛t

∀ν, ε > 0, ‖wν,ε −wν‖L∞(Ω) ≤ ε (1 + sup
ν>0

‖gν‖L∞‖F′‖L∞T ) exp(sup
ν>0

‖gν‖L∞‖F′‖L∞T )

︸ ︷︷ ︸
C

.

✭✻✳✵✳✶✶✮
❈❧❡❛r❧②✱ ✐❢ 0 < ε ≤ 1✱ ✐♥❡q✉❛❧✐t② ✭✻✳✵✳✶✶✮ ❡st❛❜❧✐s❤❡s ❛ ✉♥✐❢♦r♠ L∞ ❜♦✉♥❞ ❢♦r t❤❡ s❡q✉❡♥❝❡
(wν,ε)ν s✐♥❝❡ (wν)ν ✐s ❜♦✉♥❞❡❞ ✐♥ L∞ ❜② ❛ss✉♠♣t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ s✐♥❝❡ Fε ≥ ε > 0✱ ❙t❡♣
✶ ♣r♦✈✐❞❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ wε ∈ L∞(Ω) s✉❝❤ t❤❛t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (wν,ε)ν ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥
Ω t♦ wε✳ ◆♦✇✱ ❜② ❛ st❛♥❞❛r❞ t♦♣♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥t ✇❡ ♣r♦✈❡ t❤❛t ✭✻✳✵✳✶✶✮ ❧❡❛❞s t♦ str♦♥❣
❝♦♠♣❛❝t♥❡ss ❢♦r t❤❡ s❡q✉❡♥❝❡ (wν)ν ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❛r❡ t♦ ♣r♦✈❡ t❤❛t (wν)ν ✐s r❡❧❛t✐✈❡❧②
❝♦♠♣❛❝t ✐♥ L1

loc(Ω)✳ ❋✐① K ⊂ Ω ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ Ω ❛♥❞ ✜① δ > 0✳ ❙✐♥❝❡ ❢♦r ❛❧❧ ε > 0✱
(wν,ε)ν ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ Ω ❛♥❞ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L∞✱ t❤❡ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣❡s ✐♥
L1(K)✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛❧❧ ε > 0✱ (wν,ε)ν ✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ✐♥ L1

loc(K)✳ ❋✐① ε > 0 s✉❝❤
t❤❛t✱ ✇✐t❤ C ❞❡✜♥❡❞ ✐♥ ✭✻✳✵✳✶✶✮✱

♠❡s(K)Cε ≤ δ

2
.

◆♦✇ ✉s❡ t❤❡ ♣r❡❝♦♠♣❛❝t♥❡ss ♦❢ (wν,ε)ν t♦ ✐♥tr♦❞✉❝❡ ❛ ✜♥✐t❡ ❝♦✈❡r✐♥❣

{
BL1

(
ui,

δ

2

)}

1≤i≤J

; ui ∈ L1(K), J ∈ N
∗.

❲❡ ❝♦♥❝❧✉❞❡ ❜② ✈❡r✐❢②✐♥❣ t❤❛t {BL1 (ui, δ)}1≤i≤J ✐s ❛ ❝♦✈❡r✐♥❣ ♦❢ (wν)ν ✳ ❋✐① ν > 0 ❛♥❞

i ∈ {1, . . . , J} s✉❝❤ t❤❛t wν,ε ∈ BL1

(
ui,

δ

2

)
✳ ❯s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ ε✱ ✇❡ ♦❜t❛✐♥✿

‖wν − ui‖L1(K) ≤ ‖wν −wν,ε‖L1(K) + ‖wν,ε − ui‖L1(K)

≤ ♠❡s(K)‖wν −wν,ε‖L∞(Ω) +
δ

2

≤ ♠❡s(K)Cε+
δ

2
≤ δ.

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (wν)ν ❝♦♥✈❡r❣❡s ✐♥ L1
loc(Ω) t♦ s♦♠❡ w ∈ L∞(Ω)✳ ❆

❢✉rt❤❡r ❡①tr❛❝t✐♦♥ ❡st❛❜❧✐s❤❡s t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡✳

✷✳ P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ s❛t✐s✜❡❞ ❜② (wν)ν ✱ ✇❡ ♦❜t❛✐♥ t❤❛t w ✐s ❛
✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✻✳✵✳✷✮ ✇✐t❤ s♦✉r❝❡ t❡r♠ ❣✐✈❡♥ ❜② ✭✻✳✵✳✻✮✳ ❇② ✉♥✐q✉❡♥❡ss ♦❢ s✉❝❤ ❛ ✇❡❛❦
s♦❧✉t✐♦♥✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✻✳✵✳✺✱ t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ (wν)ν ❝♦♥✈❡r❣❡s t♦ w✳ ❋✐♥❛❧❧②✱ ❚❤❡♦r❡♠
✻✳✵✳✸ ✭✐✮ ❛♣♣❧✐❡❞ ✇✐t❤

S(x, t) = g(x, t)F(w(x, t))

❡♥s✉r❡s t❤❛t w s❛t✐s✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �
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❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ❝❤❛♣t❡r ✇✐t❤ ❛ ✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧t ❢♦r t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭✻✳✵✳✷✮ ✇✐t❤
s♦✉r❝❡ t❡r♠ ✭✻✳✵✳✻✮ ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r ❢✉♥❝t✐♦♥s F ✇❤✐❝❤ s❛t✐s❢②✿

∃a, b ∈ R (a < b), F ∈ Lip([a, b]), F(a) = F(b) = 0 ❛♥❞ F > 0 ♦♥ (a, b). ✭✻✳✵✳✶✷✮

❖✉r st✉❞② ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ a, b = 0, 1 ❛♥❞ F(w) = w(1−w)✳

❚❤❡♦r❡♠ ✻✳✵✳✼✳ ▲❡t ρ,v ∈ L∞(Ω) s❛t✐s❢② ✭✻✳✵✳✶✮✱ g ∈ L∞(Ω)✱ F s❛t✐s❢②✐♥❣ ✭✻✳✵✳✶✷✮ ❛♥❞
w0 ∈ L∞(R; [a, b])✳ ❚❤❡♥ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✭✻✳✵✳✷✮ ✇✐t❤ s♦✉r❝❡ t❡r♠ ❣✐✈❡♥ ❜② ✭✻✳✵✳✻✮
❛❞♠✐ts ❛t ❧❡❛st ❛ ✇❡❛❦ s♦❧✉t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤✐s s♦❧✉t✐♦♥ ✈❡r✐✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳

Pr♦♦❢✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❝♦♥str✉❝t s❡q✉❡♥❝❡s (ρk)k, (vk)k, (gk)k s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢
❚❤❡♦r❡♠ ✻✳✵✳✻✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥s✐st❡♥❝②✱ ❧❡t ✉s ❡①t❡♥❞ F ♦♥ R\[a, b] s♦ t❤❛t F ∈ Lip(R)
❛♥❞ ✈❡r✐✜❡s t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻✳✵✳✻✳
❋✐① ϕ ∈ C∞

c (R), ϕ ≥ 0 ❛ t❡st ❢✉♥❝t✐♦♥ ♦❢ ♠❛ss 1 ❛♥❞ s✉♣♣♦rt❡❞ ✐♥ [−1, 0]✳ ❋♦r ❛❧❧ k ∈ N
∗✱

❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

θk(x, t) =
ϕ(kx)ϕ(kt)

k2
∈ C∞

c ((R2;R+)).

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ s♠♦♦t❤ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✿

ρk = ρ ∗ θk +
1

k
; Vk = (ρv) ∗ θk +

1

k
; gk = g ∗ θk.

❚❤❡ s❡q✉❡♥❝❡s (ρk)k, (Vk)k ❛♥❞ (gk)k ❛r❡ s❡q✉❡♥❝❡s ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s t❤❛t ❝♦♥✈❡r❣❡ ✐♥
L1

loc(Ω) t♦ ρ, ρv ❛♥❞ g✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❡✈❡♥ ✐❢ ✐t ♠❡❛♥s t❛❦✐♥❣ s✉❜s❡q✉❡♥❝❡s✱ ✇❡ ❝❛♥ ❛ss✉♠❡

t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛✳❡✳ ♦♥ Ω✳ ◆♦t❡ ❛❧s♦ t❤❛t s✐♥❝❡ ρ ≥ 0✱ t❤❡♥ ρk ≥
1

k
> 0✳ ❋✐①

φ ∈ C∞
c (Ω)✳ ■t ✐s r❡❛❞✐❧② ❝❤❡❝❦❡❞ t❤❛t ∂tρk + ∂xVk = 0 ✐♥ D′(Ω)✱ ❛♥❞ s✐♥❝❡ ρk ❛♥❞ Vk ❛r❡

s♠♦♦t❤✱ t❤❡ ❡q✉❛❧✐t② ❤♦❧❞s ♣♦✐♥t✇✐s❡✳ ❈♦♥s✐❞❡r ♥♦✇ (w0,k)k ⊂ C1(R) s✉❝❤ t❤❛t

∀k ∈ N
∗, a ≤ w0,k ≤ b ❛♥❞ w0,k −→

k→+∞
w0 ❛✳❡✳ ♦♥ R✳

❙✐♥❝❡ ρk ❞♦❡s ♥♦t ✈❛♥✐s❤✱ t❤❡ ❢✉♥❝t✐♦♥ vk =
Vk

ρk
✐s s♠♦♦t❤✱ ♠♦r❡♦✈❡r✱ ✐t ✈❡r✐✜❡s t❤❡ ✉♥✐❢♦r♠

L∞ ❜♦✉♥❞✿

∀k ∈ N
∗, |vk| =

|Vk|
ρk

=
|(ρv) ∗ θk + 1/k|
ρ ∗ θk + 1/k

≤ ‖v‖L∞ + 1.

❲❡ ❝❛♥ ❞❡✜♥❡ wk ∈ Lip(Ω) ❛s t❤❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✿

{
∂twk + vk∂xwk = gkF(wk)

wk(·, 0) = w0,k.
✭✻✳✵✳✶✸✮

■♥❞❡❡❞✱ ✇❡ ❝❛♥ s♦❧✈❡ t❤✐s P❉❊ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✜①
(x, t) ∈ Ω✳ ❋✐rst✱ ✇❡ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❖❉❊s ✭0 < s < t✮✿

{
ξ̇k(s) = vk(ξk(s), s)

ξk(t) = x

{
u̇k(s) = gk(ξk(s), s)F(uk(s))

uk(0) = w0,k(ξk(0)).
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❚❤❡ ✜rst ❖❉❊ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ s✐♥❝❡ vk ✐s s♠♦♦t❤ ❛♥❞ ❜♦✉♥❞❡❞✳ ▼♦r❡♦✈❡r✱
s✐♥❝❡ (s, u) 7→ gk(ξk(s), s)F(u) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
u ✈❛r✐❛❜❧❡✱ t❤❡ s❡❝♦♥❞ ❖❉❊ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❚❤✐s ❞❡✜♥❡s wk ❡✈❡r②✇❤❡r❡ ✐♥ Ω✳
◆♦t❡ t❤❛t s✐♥❝❡ uk(0) ∈ [a, b]✱ ❆ss✉♠♣t✐♦♥ ✭✻✳✵✳✶✷✮ ❡♥s✉r❡s t❤❛t u(s) ∈ [a, b] ❢♦r ❛❧❧ s ∈ [0, t]✳
❈♦♥s❡q✉❡♥t❧②✱ wk(x, t) = wk(ξ(t), t) = u(t) ∈ [a, b]✳ ❍❡♥❝❡✿

∀k ∈ N
∗, ∀(x, t) ∈ Ω, a ≤ wk(x, t) ≤ b. ✭✻✳✵✳✶✹✮

■t ✐s ❝❧❛ss✐❝❛❧ t❤❛t wk ❞❡✜♥❡❞ t❤❛t ✇❛② ✐s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ P❉❊ ✭✻✳✵✳✶✸✮ ❛♥❞ ❛❧s♦ t♦

{
∂t(ρkwk) + ∂x(ρkvkwk) = gkF(wk)

ρk(·, 0)wk(·, 0) = ρk(·, 0)w0,k.
✭✻✳✵✳✶✺✮

s✐♥❝❡ ρk > 0✳ ❚❤❡r❡❢♦r❡ wk ✐s ❛❧s♦ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✻✳✵✳✶✺✮✳ ❙✐♥❝❡ ✇❡ ❛❧s♦ ❤❛✈❡✱ ❢♦r ❛♥②
p ∈ C1(R)✱

d

ds
(p(uk(s))) = gk(ξk(s), s)F(uk(s))p

′(uk(s)),

✇❡ ❞❡❞✉❝❡ t❤❡ s❛♠❡ ✇❛② t❤❛t Uk = p(wk) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦

{
∂t(ρkUk) + ∂x(ρkvkUk) = gkF(wk)p

′(wk)

ρk(·, 0)Uk(·, 0) = ρk(·, 0) (p ◦w0,k)(·),
✭✻✳✵✳✶✻✮

✐✳❡✳ t❤❡ s❡q✉❡♥❝❡ (wk)k ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭✻✳✵✳✶✺✮ ✇❤✐❝❤ s❛t✐s❢② t❤❡ r❡♥♦r✲
♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳

❆❧❧ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✻✳✵✳✻ ❛r❡ ❢✉❧✜❧❧❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐stsw ∈ L∞(Ω; [a, b])
s✉❝❤ t❤❛t (wk)k ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦ w✱ w ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✻✳✵✳✷✮ ❛♥❞ ✐t ✈❡r✐✜❡s t❤❡
r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳ �

P✉tt✐♥❣ t♦❣❡t❤❡r Pr♦♣♦s✐t✐♦♥ ✻✳✵✳✺ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✵✳✼✱ ✇❡ ♣r♦✈❡❞✿

❈♦r♦❧❧❛r② ✻✳✵✳✽✳ ▲❡t ρ,v ∈ L∞(Ω) s❛t✐s❢② ✭✻✳✵✳✶✮✱ g ∈ L∞(Ω) ❛♥❞ F s❛t✐s❢②✐♥❣ ✭✻✳✵✳✶✷✮✳
❚❤❡♥ ❢♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ w0 ∈ L∞(R; [a, b])✱ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥

{
∂t (ρw) + ∂x (ρvw) = ρgF(w)

ρ(·, 0)w(·, 0) = ρ(·, 0)w0.

❛❞♠✐ts ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ w ∈ L∞(Ω; [a, b])✳ ▼♦r❡♦✈❡r✱ w ✈❡r✐✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥
♣r♦♣❡rt②✳
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✼✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❛ 2× 2 s②st❡♠ ♦❢ ❜❛❧❛♥❝❡
❧❛✇s ✇✐t❤ ♥♦♥✲❧♦❝❛❧ ❝♦✉♣❧✐♥❣✳ ❖✉r ♠♦t✐✈❛t✐♦♥s ❝♦♠❡ ❢r♦♠ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧✐♥❣ ♦❢ r♦❛❞
tr❛✣❝✱ ❛♥❞ ♠♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❢r♦♠ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ ♦r❞❡r❡❞ ♦r
❞✐s♦r❞❡r❡❞ ❜❡❤❛✈✐♦rs ♦❢ ❞r✐✈❡rs ✇✐t❤✐♥ t❤❡ ♣❛r❛❞✐❣♠ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ●❡♥❡r❛❧✐③❡❞ ❙❡❝♦♥❞✲
❖r❞❡r ▼♦❞❡❧s ✭●❙❖▼✮✳

✼✳✶✳✶ ●❡♥❡r❛❧✐t✐❡s ♦♥ ♠❛❝r♦s❝♦♣✐❝ P❉❊ tr❛✣❝ ♠♦❞❡❧s

▲❡t ✉s st❛rt ❜② ♣r♦✈✐❞✐♥❣ ❛ ❜r✐❡❢ ❛❝❝♦✉♥t ♦♥ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞r❛✇❜❛❝❦s ✭✐♥ t❡r♠s ♦❢ ♠♦❞❡❧✐♥❣✱
❜✉t ❛❧s♦ ✐♥ t❡r♠s ♦❢ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ✢❡①✐❜✐❧✐t② ♦❢ t❤❡✐r ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s✮
♦❢ ✜rst✲♦r❞❡r ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ❤②♣❡r❜♦❧✐❝ ♠♦❞❡❧s ❢♦r r♦❛❞ tr❛✣❝✱ ✐♥❝❧✉❞✐♥❣ ♣❤❛s❡ tr❛♥s✐t✐♦♥
♠♦❞❡❧s t❤❛t ❝♦♠❜✐♥❡ ❜♦t❤ ♦❢ t❤❡ ❛❜♦✈❡✳ ▼♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❡✳❣✳✱ ✐♥ t❤❡ s✉r✈❡②s
❛♥❞ ♠♦♥♦❣r❛♣❤s ❬✸✵✱ ✶✸✾✱ ✶✹✸❪✳ ■♥ ❙❡❝t✐♦♥ ✼✳✶✳✷✱ ✇❡ ✇✐❧❧ ✐♥s❡rt ♦✉r ✇♦r❦ ✇✐t❤✐♥ t❤✐s ❣❡♥❡r❛❧
♣✐❝t✉r❡ ❛♥❞ ❤✐❣❤❧✐❣❤t t❤❡ ❛♥❛❧②t✐❝❛❧ ♣✉r♣♦s❡ ♦❢ ♦✉r ✇♦r❦ t❤❛t ❣♦❡s ❜❡②♦♥❞ ✐ts ♠♦❞❡❧✐♥❣
♣✉r♣♦s❡✳

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✢♦✇ ❡q✉❛t✐♦♥

❆❧t❤♦✉❣❤ tr❛✣❝ ❞❡s❝r✐♣t✐♦♥ ✐♥ t❡r♠s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❛❣❡♥ts ❛♥❞ t❤❡✐r ✐♥t❡r❛❝t✐♦♥s ✐s r❡❧❡✈❛♥t✱
t②♣✐❝❛❧❧② ✐t ❧❡❛❞s t♦ ❧❛r❣❡ ❖❉❊ s②st❡♠s ✇❤✐❝❤ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ✐s ❝✉♠❜❡rs♦♠❡❀ ♠♦r❡✲
♦✈❡r✱ t❤❡② ♠❛② ❡♥❝r②♣t t❤❡ r❡❧❡✈❛♥t tr❛✣❝ ✐♥❢♦r♠❛t✐♦♥ ✭s✉❝❤ ❛s ♣r❡s❡♥❝❡ ♦❢ s❤♦❝❦ ✇❛✈❡s✮ ✐♥

✶✺✾
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❛ ♥♦♥✲♦❜✈✐♦✉s ✇❛②✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ❛♥❞ t❤❡ ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ♠❛t❤❡♠❛t✐❝❛❧
♠❛❝❤✐♥❡r② ♦❢ ❤②♣❡r❜♦❧✐❝ P❉❊s ❛♥❞ t❤❡✐r ❛♣♣r♦①✐♠❛t✐♦♥ ♠❛❞❡ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ✈❡r② ♣♦♣✲
✉❧❛r✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ♣✐♦♥❡❡r✐♥❣ ▲✐❣❤t❤✐❧❧✲❲❤✐t❤❛♠ ❛♥❞ ❘✐❝❤❛r❞s ♠♦❞❡❧✳ ❆❧❧ t❤❡s❡ ♠♦❞❡❧s
❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✢♦✇ ❡q✉❛t✐♦♥

∂tρ+ ∂x(ρv) = 0 ✭✼✳✶✳✶✮

✇✐t❤ ρ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ✢♦✇✱ ❜♦✉♥❞❡❞ ❜② s♦♠❡ ♠❛①✐♠✉♠ ✈❛❧✉❡✱ ❛♥❞ v r❡♣✲
r❡s❡♥t✐♥❣ t❤❡ ✈❡❧♦❝✐t②✳ ❉✐✛❡r❡♥t ♠♦❞❡❧s ❛r❡ ❜✉✐❧t ✉♣♦♥ t❤✐s ❡q✉❛t✐♦♥ ❜② ❛❞❞✐♥❣ ❢✉♥❝t✐♦♥❛❧
❛♥❞✴♦r ❞✐✛❡r❡♥t✐❛❧ r❡❧❛t✐♦♥s ❧✐♥❦✐♥❣ t❤❡ t✇♦ st❛t❡ ✈❛r✐❛❜❧❡s ρ ❛♥❞ v ✭♦r ρ ❛♥❞ ρv✮✳

❋✐rst✲♦r❞❡r ♠♦❞❡❧s

❚❤❡s❡ ♠♦❞❡❧s ✉s❡ ❛♥ ❡①♣❧✐❝✐t ❝❧♦s✉r❡ r❡❧❛t✐♦♥ ❧✐♥❦✐♥❣ v t♦ ρ ❜② ❛ ❢✉♥❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡✱ s✉❝❤
❛s v(ρ) = Vmax(1−

ρ

ρmax

)✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ▲✐❣❤t❤✐❧❧✲❲❤✐t❤❛♠ ❛♥❞ ❘✐❝❤❛r❞s ♠♦❞❡❧ ❬✶✷✺✱ ✶✹✶❪

✭▲❲❘✱ ✐♥ t❤❡ s❡q✉❡❧✮ ✐s t❤❡ ♣r♦t♦t②♣❡ ♦❢ t❤❡ ✇❤♦❧❡ ❝❧❛ss✳ ❲❡ r❡❢❡r t♦ ❬✷✾❪ ❢♦r ❛ s✉r✈❡② ♦❢
✜rst✲♦r❞❡r ♠♦❞❡❧s✳ ❚❤❡ ♠❛❥♦r ❛❞✈❛♥t❛❣❡ ♦❢ s✉❝❤ ♠♦❞❡❧s ✐s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ t❤❡✐r ❝♦♠♣❧❡t❡
♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s✱ r✐❣♦r♦✉s ❛ss❡ss♠❡♥t ♦❢ s❡✈❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ str❛t❡❣✐❡s✱ ♣r♦✈❡❞ r❡✲
❧❛t✐♦♥ t♦ ❝❡rt❛✐♥ ♠✐❝r♦s❝♦♣✐❝ ♠❛♥②✲♣❛rt✐❝❧❡ ♠♦❞❡❧s✳ ❚❤❡✐r t❤❡♦r② ✐s ✜r♠❧② ❛tt❛❝❤❡❞ t♦ t❤❡
❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ❑r✉③❤❦♦✈ ❡♥tr♦♣② s♦❧✉t✐♦♥s t♦ s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❬✶✶✹❪✳ ❚❤❡ r♦✲
❜✉st♥❡ss ♦❢ t❤❡ t❤❡♦r② ❢❛❝✐❧✐t❛t❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ✐♥t♦ t❤❡ ✜rst✲♦r❞❡r ♠♦❞❡❧s✱ ♦❢ ❛❞❞✐t✐♦♥❛❧
❢❡❛t✉r❡s s✉❝❤ ❛s ❞❡❧❛②s✱ ♥♦♥✲❧♦❝❛❧✐t②✱ ♣♦✐♥t ❝♦♥str❛✐♥ts✱ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♥❡s✱ ❡t❝❀
s❡❡ ❬✷✾❪✱ s❡❡ ❛❧s♦ ❬✹✵✱ ✺✻✱ ✶✶✱ ✸✶❪ ❢♦r ❛ ❢❡✇ ♠♦r❡ r❡❝❡♥t ❡①❛♠♣❧❡s✳ ❚❤❡ ❝❧❡❛r ❞r❛✇❜❛❝❦ ♦❢
t❤❡ ✜rst✲♦r❞❡r ♠♦❞❡❧s ✐s t❤❡✐r ✐♥❛❞❡q✉❛❝② t♦ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇❤✐❝❤ ❡①❤✐❜✐t ❛ ❢✉♥❝t✐♦♥❛❧
❞❡♣❡♥❞❡♥❝❡ ♦❢ ρv ♦♥ ρ ♦♥❧② ❢♦r ❧♦✇ ❡♥♦✉❣❤ ❞❡♥s✐t✐❡s✱ s❡❡✱ ❡✳❣✳✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❢✉♥❞❛♠❡♥t❛❧
❞✐❛❣r❛♠ ✐♥ ❬✽✼✱ ❋✐❣✳✶❪✳

❙❡❝♦♥❞✲♦r❞❡r ♠♦❞❡❧s

■♥ t❤❡ ❝♦♥t❡①t ♦❢ tr❛✣❝ ✢♦✇s✱ t❤❡ ♥❛♠❡ ✏s❡❝♦♥❞✲♦r❞❡r✑ ✐s ❣✐✈❡♥ t♦ ♠♦❞❡❧s ❞❡s❝r✐❜✐♥❣ t❤❡
❥♦✐♥t ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s (ρ, v) ✭♦r (ρ, ρv)✮ ❜② ♠❡❛♥s ♦❢ ❛ 2× 2 s②st❡♠ ♦❢ P❉❊s✳
❆❢t❡r t❤❡ ❝♦♥tr♦✈❡rs② ♦❢ ❬✻✾❪✱ t❤❡ s❡❝♦♥❞✲♦r❞❡r ♠♦❞❡❧ ♦❢ ❆✇✲❘❛s❝❧❡ ❛♥❞ ❩❤❛♥❣ ❬✷✺✱ ✶✺✼❪
✭❆❘❩✱ ✐♥ t❤❡ s❡q✉❡❧✮ ❜❡❝❛♠❡ ♣♦♣✉❧❛r✳ ■♥ ❬✶✶✾✱ ✶✶✽❪ ❛ ✇✐❞❡ ❢❛♠✐❧② ♦❢ ❣❡♥❡r❛❧✐③❡❞ s❡❝♦♥❞✲
♦r❞❡r ♠♦❞❡❧s ✭●❙❖▼✱ ✐♥ t❤❡ s❡q✉❡❧✮ ✇❛s ❞❡s❝r✐❜❡❞✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡s❡
♠♦❞❡❧s ✐s ❛ 2 × 2 s②st❡♠ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦r ❜❛❧❛♥❝❡ ❧❛✇s✱ str✐❝t❧② ❤②♣❡r❜♦❧✐❝ ❛✇❛② ❢r♦♠
t❤❡ ✈❛❝✉✉♠ ρ = 0✱ ✇✐t❤ ♦♥❡ ❣❡♥✉✐♥❡❧② ♥♦♥❧✐♥❡❛r ❛♥❞ ♦♥❡ ❧✐♥❡❛r❧② ❞❡❣❡♥❡r❛t❡ ❝❤❛r❛❝t❡r✐st✐❝
✜❡❧❞s✳ ❙❡❧❡❝t✐♦♥ ❝r✐t❡r✐❛ ✐♥ t❡r♠s ♦❢ ❘✐❡♠❛♥♥ s♦❧✈❡r ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ✉♥❞❡r t❤❡ ❢♦r♠ ♦❢
❡♥tr♦♣② ❝♦♥❞✐t✐♦♥s ✭s❡❡✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❬✶✷❪ ❢♦r ❛ ❑r✉③❤❦♦✈✲❧✐❦❡ ❝❤♦✐❝❡ ♦❢ ❡♥tr♦♣✐❡s✮✳ ❱❛r✐❛♥ts
♦❢ ❆❘❩ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡s✱ ❛s ❢♦r t❤❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ▲❲❘ ♠♦❞❡❧ ♠❡♥t✐♦♥❡❞ ❤❡r❡ ❛❜♦✈❡✱
✇❡r❡ ♣r♦♣♦s❡❞✳ ❊①✐st❡♥❝❡ ❛♥❛❧②s✐s ✇✐t❤✱ s♦♠❡t✐♠❡s✱ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞
t♦ s♦♠❡ ♦❢ t❤❡s❡ ✈❛r✐❛♥ts✱ s❡❡✱ ❡✳❣✳✱ ❬✶✷❪✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ●❙❖▼ ✐s
♥♦t ❝♦♠♣❧❡t❡ ❛t t❤❡ ♣r❡s❡♥t st❛❣❡✱ ❡①❝❡♣t ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠s ❬✶✶✽❪✳ ❚❤❡
❛❞❞✐t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ❆❘❩ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ♦❢ ●❙❖▼ ✐s ❝♦♠♣❡♥s❛t❡❞ ❜② ❛ ❜❡tt❡r
❞❡s❝r✐♣t✐♦♥ ♦❢ s♦♠❡ ♦❢ t❤❡ ❢❡❛t✉r❡s ♦❢ tr❛✣❝✱ ②❡t ❢♦r ❧♦✇ ❞❡♥s✐t✐❡s ❛♥❞ ❡s♣❡❝✐❛❧❧② ❢♦r ✈❛❝✉✉♠
t❤❡ ▲❲❘ ♠♦❞❡❧ ♠❛② r❡♣r❡s❡♥t ❛ s✐♠♣❧❡r ❛♥❞ ♠♦r❡ r❡❧✐❛❜❧❡ ♠♦❞❡❧✳
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P❤❛s❡ tr❛♥s✐t✐♦♥ ♠♦❞❡❧s

P❤❛s❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ❛ ✏❢r❡❡✑ ❛♥❞ ❛ ✏❝♦♥❣❡st❡❞✑ st❛t❡s ♦❢ ✢♦✇ ✇❡r❡ ✐❞❡♥t✐✜❡❞ ✐♥ t❤❡ ❡♥❣✐✲
♥❡❡r✐♥❣ ❧✐t❡r❛t✉r❡✱ s❡❡ ❡✳❣✳✱ ❬✶✵✾✱ ✶✶✶❪✱ ❛s t❤❡ ❝r✉❝✐❛❧ ♣r♦♣❡rt② ♦❢ r❡❛❧ tr❛✣❝ ✢♦✇s r❡s♣♦♥s✐❜❧❡
❢♦r t❤❡ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ♣❛tt❡r♥s s✉❝❤ ❛s t❤❡ st♦♣✲❛♥❞✲❣♦ ✇❛✈❡s✳ ❚❤❡ t✇♦ ♣❤❛s❡s ❛r❡ ❛ss♦✲
❝✐❛t❡❞ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t r❡❣✐♦♥s ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❢✉♥❞❛♠❡♥t❛❧ ❞✐❛❣r❛♠s✱ ❧✐❦❡ ❬✽✼✱ ❋✐❣✳✶❪✳
❙❡✈❡r❛❧ t✇♦✲♣❤❛s❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ✇✐t❤ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ✇❡r❡ ♣r♦♣♦s❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ♠♦❞❡❧ ♦❢ ❬✺✺❪ ✐s ❝❧♦s❡ t♦ t❤❡ ●❙❖▼ ❢❛♠✐❧②✱ s❡❡ ❬✶✶✾❪✳ ■♥ ♣r✐♥❝✐♣❧❡✱ t❤❡s❡ ♠♦❞❡❧s ♦✛❡r ❛
❜❡tt❡r ❞❡s❝r✐♣t✐♦♥ ♦❢ tr❛✣❝✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ✜rst✲♦r❞❡r ❛♥❞ t❤❡ s❡❝♦♥❞✲♦r❞❡r
♠♦❞❡❧s ✭❡✳❣✳✱ ❬✾✶✱ ✺✼❪✮ ❛♥❞ t❤❡ ✐♥s✐❣❤t ❢r♦♠ t❤❡ ❡♥❣✐♥❡❡r✐♥❣ ❧✐t❡r❛t✉r❡✳ ❚❤✐s ❝♦♠❡s ❛t t❤❡ ♣r✐❝❡
♦❢ ❛ ♠✉❝❤ ❤❡❛✈✐❡r ♠❛t❤❡♠❛t✐❝❛❧ tr❡❛t♠❡♥t✳ ■♥❞❡❡❞✱ t②♣✐❝❛❧❧② t❤❡ ♣❤❛s❡✲tr❛♥s✐t✐♦♥ ♠♦❞❡❧s ❛r❡
♣♦s❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❘✐❡♠❛♥♥ s♦❧✈❡r ✭✇❤✐❝❤ ❞❡s❝r✐❜❡s✱ ❛♠♦♥❣ ♦t❤❡r✱ t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥
❜❡❤❛✈✐♦r✮ ❛♥❞ t❤❡ ✇❛✈❡✲❢r♦♥t tr❛❝❦✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❞❡❧✐❝❛t❡ ❝♦♥tr♦❧ ♦❢ ✈❛r✐❛t✐♦♥ ✐s ✉s❡❞
❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❛❧②s✐s✳ ❊✈❡♥ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥s ♦❢ s✉❝❤ ♠♦❞❡❧s ♠❛② r❡s✉❧t ✐♥ ❤❡❛✈②
♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❛♥❛❧②s✐s ♦❢ ❢r♦♥t ✐♥t❡r❛❝t✐♦♥s✳ ❲❡ r❡❢❡r t♦ ❬✶✸❪ ❢♦r ♦♥❡ r❡❝❡♥t ❡①❛♠♣❧❡ ♦❢
♣❤❛s❡ tr❛♥s✐t✐♦♥ ♠♦❞❡❧ ❡♥r✐❝❤❡❞ ✇✐t❤ ♣♦✐♥t ❝♦♥str❛✐♥ts ❛♥❞ ❢♦r ❛ ❜r✐❡❢ s✉r✈❡② ♦❢ ♠❛t❤❡♠❛t✐❝❛❧
❧✐t❡r❛t✉r❡ ♦♥ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ♠♦❞❡❧s✳

✼✳✶✳✷ ❆♥❛❧②t✐❝❛❧ ❛♥❞ ♠♦❞❡❧✐♥❣ ♣✉r♣♦s❡s ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦

❖✉r ♣✉r♣♦s❡ ✐s t✇♦✲❢♦❧❞✳ ❖✉r ♣r✐♠❛r② ❣♦❛❧ ✐s t♦ ❝♦♥tr✐❜✉t❡ t♦ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ❢♦r s♦♠❡
●❙❖▼ ♠♦❞❡❧s ❜❛s❡❞ ✉♣♦♥ t❤❡ r♦❜✉st t❤❡♦r② ♦❢ s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❧✐❦❡ ❢♦r t❤❡ ✜rst✲♦r❞❡r
❝❛s❡ ❛♥❞ ♦♥ t❤❡ t❤❡♦r② ♦❢ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ❦✐♥❞ ♦❢ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❡♥❝♦✉♥t❡r❡❞ ✐♥
t②♣✐❝❛❧ ●❙❖▼✳ ❚❤✐s ❧✐♥❡ ✐s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡ ❜❛s❡❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢
❤②♣❡r❜♦❧✐❝ s②st❡♠s ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✱ ❛♥❞ ✐t ♠❛② ❛❧❧♦✇ ❢♦r ♠♦r❡ ✢❡①✐❜✐❧✐t② ✇❤❡♥ ✈❛r✐❛♥ts
♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ❝♦♥s✐❞❡r❡❞✳
❖✉r s❡❝♦♥❞❛r② ❣♦❛❧ ✐s t♦ ❡♥r✐❝❤ t❤❡ ●❙❖▼ ❢❛♠✐❧② ♦❢ ♠♦❞❡❧s ✇✐t❤ ❛ ✈❛r✐❛♥t ❜✉✐❧t ♦♥ t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t t❤❡ st❛t❡ ♦❢ ♦r❞❡r❧✐♥❡ss ✐♥ ❞r✐✈❡rs✬ ❜❡❤❛✈✐♦r ❛♥❞ ✐ts ❡✈♦❧✉t✐♦♥ ❛❧♦♥❣ ✈❡❤✐❝❧❡s✬
tr❛❥❡❝t♦r✐❡s✳ ❖✉r ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ✐s ❞❡✈❡❧♦♣❡❞ ❤❛✈✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ❦❡② ❢❡❛t✉r❡s ♦❢ t❤✐s
♥♦♥✲❧♦❝❛❧ ✈❛r✐❛♥t ♦❢ ●❙❖▼✱ t❤♦✉❣❤ ✐t ♠❛② ❤❛✈❡ ✇✐❞❡r ❛♣♣❧✐❝❛t✐♦♥s✳

❈♦♥tr✐❜✉t✐♦♥s ✐♥t♦ ❛♥❛❧②s✐s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ●❙❖▼✲❦✐♥❞ ♠♦❞❡❧s ❛♥❞
s②st❡♠s ♦❢ t❤❡ ❑❡②✜t③✲❑r❛♥③❡r ❦✐♥❞

❲❡ ❞❡✈❡❧♦♣ ❛❞❡q✉❛t❡ ❛♥❛❧②s✐s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ t♦♦❧s ❢♦r ❛♥ ❡①❡♠♣❧❛r② ●❙❖▼ ♠♦❞❡❧ ❢❡❛✲
t✉r✐♥❣ ♥♦♥✲❧♦❝❛❧ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❞❡♥s✐t② ρ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡
❛✉①✐❧✐❛r② ♠❛r❦❡r w✳ ❚❤❡ ♥♦♥✲❧♦❝❛❧✐t② ❤❛s ❛ r❡❣✉❧❛r✐③✐♥❣ ❡✛❡❝t t❤❛t ♠❛❦❡s t❤❡ s②st❡♠ ✉♥❞❡r
st✉❞② r❡♠✐♥✐s❝❡♥t✱ ✐♥ t❡r♠s ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤✱ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❑❡②✜t③✲❑r❛♥③❡r s②s✲
t❡♠ ❬✶✶✷❪✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ t❤❡ ❝❡♥tr❛❧ r♦❧❡ ✐s ♣❧❛②❡❞ ❜② t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt② ❢♦r t❤❡
❝♦♠♣♦♥❡♥t w ♦❢ t❤❡ s♦❧✉t✐♦♥ ✇❤✐❝❤ ❡✈♦❧✈❡s ❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ✢♦✇✳ ❚❤✐s s✉r♣r✐s✐♥❣
✲ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ✐♥✈♦❧✈❡❞ ❛♥❞ ❝❡❧❡❜r❛t❡❞ t❤❡♦r② ❬✼✼❪ ♦❢ r❡♥♦r♠❛❧✐③❡❞ s♦❧✉t✐♦♥s ✲ str✉❝t✉r❛❧
♣r♦♣❡rt② ✇❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✶✸✹❪ ❢♦r ❣❡♥❡r❛❧ ✇❡❛❦ s♦❧✉t✐♦♥s w ♦❢ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥
∂tw + ∂x(wv) = 0 ✇✐t❤ t❤❡ ✈❡❧♦❝✐t② v ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ∂tρ+ ∂x(ρv) = 0
❢♦r t❤❡ ❞❡♥s✐t② ρ✱ ❤❛✈✐♥❣ ✐♥ ♠✐♥❞ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❑❡②✜t③✲❑r❛♥③❡r s②st❡♠✳ ❲❡ ❢✉rt❤❡r ❞❡✲
✈❡❧♦♣ t❤❡ t♦♦❧ ♦❢ t❤❡ ✇❡❛❦✴r❡♥♦r♠❛❧✐③❡❞ s♦❧✉t✐♦♥ ❛❞❞✐♥❣ ♥♦♥❧✐♥❡❛r s♦✉r❝❡ t❡r♠s ✐♥ t❤❡ P❛♥♦✈
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s❡tt✐♥❣ ❬✶✸✹❪ ❛♥❞ ✉♥❝♦✈❡r✐♥❣ ❛ ✏♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝♦♠♣❛❝t♥❡ss✑ ♠❡❝❤❛♥✐s♠ ♣r♦♣❡r t♦ t❤✐s ❧✐♥❡❛r
❡q✉❛t✐♦♥✳
■♥❞❡❡❞✱ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ str✉❝t✉r❡ ②✐❡❧❞s ❝♦♠♣❛❝t♥❡ss ✲ ❡✐t❤❡r t❤r♦✉❣❤ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥
❝♦♥tr♦❧✱ ♦r t❤r♦✉❣❤ t❤❡ ❛♥❛❧②s✐s ✐♥ t❡r♠s ♦❢ ❨♦✉♥❣ ♠❡❛s✉r❡s✳ ❚❤✐s str✉❝t✉r❡ ❛❧s♦ ❣✉✐❞❡s ✉s ✐♥
❞❡✈❡❧♦♣✐♥❣ ❛♥ ♦r✐❣✐♥❛❧ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ✇❤✐❝❤ ❡♥t❡rs✱ ✐♥ ❛ ♥♦♥✲♦❜✈✐♦✉s ✇❛②✱ t❤❡ st❛♥❞❛r❞
❢r❛♠❡✇♦r❦ ♦❢ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦①✐♠❛t✐♦♥s✳ ■t t✉r♥s ♦✉t t❤❛t t❤✐s ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❝❛♥
❜❡ s❡❡♥ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s♣❡❝✐✜❝ ❞✐s❝r❡t✐③❛t✐♦♥ str❛t❡❣② ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ❑❡②✜t③✲
❑r❛♥③❡r s②st❡♠ ❬✶✶✸❪✳ ◆♦t❡ t❤❛t t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt② ✇❛s ❛❧r❡❛❞② ✐❞❡♥t✐✜❡❞ ✐♥ ❬✶✷❪
❛s ❛ ❦❡② ✐♥❣r❡❞✐❡♥t ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ❆✇✲❘❛s❝❧❡ ❛♥❞ ❩❤❛♥❣ s②st❡♠ ✭❆❘❩✱ t❤❡ ❜❡st ❦♥♦✇♥
❡①❛♠♣❧❡ ♦❢ ●❙❖▼✮ ✇✐t❤ ♣♦✐♥t ❝♦♥str❛✐♥ts ❛t ❜♦tt❧❡♥❡❝❦s✱ ❛♥❞ ✐t ❝❛♥ ❜❡ ✐♥str✉♠❡♥t❛❧ ❛s ✇❡❧❧
❢♦r st✉❞②✐♥❣ ❜♦✉♥❞❛r②✲✈❛❧✉❡ ♣r♦❜❧❡♠s ❢♦r ❆❘❩✳
❆♣♣❧✐❝❛❜❧❡ t♦ ❛ ✇✐❞❡r ❝❧❛ss ♦❢ ●❙❖▼ ✇✐t❤ ♥♦♥✲❧♦❝❛❧ ❝♦✉♣❧✐♥❣✱ ♦✉r ❛♥❛❧②s✐s ❞♦❡s ♥♦t r❡❧② ♦♥
t❤❡ st❛♥❞❛r❞ ❤②♣❡r❜♦❧✐❝ str✉❝t✉r❡ ♦❢ t❤❡ s②st❡♠✳ ■♥st❡❛❞✱ ✐t r❡❧✐❡s ✉♣♦♥ ❛ s♦rt ♦❢ ❞❡❝♦✉♣❧✐♥❣
❞✉❡ t♦ t❤❡ ♥♦♥✲❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦♥ w ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞✐❛❣r❛♠ ρ 7→ v(x, t, ρ)✳ ▼♦r❡♦✈❡r✱
✇❡ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♣✉rs✉✐♥❣ t❤✐s ❧✐♥❡ ♦❢ ❛♥❛❧②s✐s ❢♦r ♠♦r❡ st❛♥❞❛r❞ ❧♦❝❛❧
●❙❖▼ ♠♦❞❡❧s✱ ❧✐♥❦✐♥❣ t❤❡ q✉❡st✐♦♥ t♦ t❤❡ ♥❡❡❞ ❢♦r ❛ ❞❡❡♣❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s✲
✢✉① s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✇✐t❤ ♠♦❞❡r❛t❡❧② ♦r ✇✐❧❞❧② ❞✐s❝♦♥t✐♥✉♦✉s ✐♥ s♣❛❝❡ ✢✉① ❢✉♥❝t✐♦♥✳
❘✐❣♦r♦✉s ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ t♦ ❧♦❝❛❧ ●❙❖▼ ✐s ♣♦st♣♦♥❡❞ t♦ ❢✉t✉r❡ ✇♦r❦✳ ◆♦t❡ t❤❛t
❛❧s♦ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ str❛t❡❣② ✇❡ ♣✉rs✉❡ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ t❤❡ ❧♦❝❛❧ ●❙❖▼✳

❈♦♥tr✐❜✉t✐♦♥ t♦ tr❛✣❝ ♠♦❞❡❧✐♥❣ ✇✐t❤ ●❙❖▼

❲❡ ♣r♦♣♦s❡ ❛ ♣r♦t♦t②♣❡ ♠♦❞❡❧ ❛❜❧❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ st❛t❡ ♦❢ ♦r❞❡r❧✐♥❡ss ♦❢ ❞r✐✈❡rs✬
❜❡❤❛✈✐♦r✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✇❡ r❡♣r❡s❡♥t t❤❡ st❛t❡ ♦❢ t❤❡ tr❛✣❝ ❜② ❛ ❢❛♠✐❧② ♦❢ ❢✉♥❞❛♠❡♥t❛❧
❞✐❛❣r❛♠s ρ 7→ ρv t❤❛t ❞❡♣❡♥❞ ♦♥ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♦r❞❡r❧✐♥❡ss ♣❛r❛♠❡t❡r ω ❛♥❞ ✐♥t❡r♣♦❧❛t❡
❜❡t✇❡❡♥ ❢✉♥❞❛♠❡♥t❛❧ ❞✐❛❣r❛♠s ρ 7→ ρVmin(ρ) ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ω = 0✱ ❢✉❧❧② ❞✐s♦r❞❡r❡❞
tr❛✣❝✮ ❛♥❞ ρ 7→ ρVmax(ρ) ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ω = 1✱ ❢✉❧❧② ♦r❞❡r❡❞ tr❛✣❝✮✳
❚❤✐s ✐❞❡❛ ✇❛s ♣✉t ❢♦r✇❛r❞ ❜② t❤❡ ❛✉t❤♦rs ✐♥ ❬✷✸❪ ✭s❡❡ ❛❧s♦ ❈❤❛♣t❡r ✷✮ ✇✐t❤ t❤❡ ❣♦❛❧ t♦ ♠♦❞❡❧
s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ✭❛♥❞ ❞✐s♦r❣❛♥✐③❛t✐♦♥✮ ♦❢ tr❛✣❝ ❛t ❜♦tt❧❡♥❡❝❦s✱ ✐♥ t❤❡ ❢r❛♠❡ ♦❢ t❤❡ ❜❛s✐❝
▲❲❘ ♠♦❞❡❧ ❛❞❛♣t❡❞ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❜♦tt❧❡♥❡❝❦s ❬✶✶✱ ✾✱ ✶✵❪✳ ■♥ ❬✷✸❪✱ ω ✐s ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t
♣❛r❛♠❡t❡r ❛tt❛❝❤❡❞ t♦ t❤❡ ❜♦tt❧❡♥❡❝❦❀ t❤❡ ♣❛ss✐♥❣ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❜♦tt❧❡♥❡❝❦ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ♦r❞❡r❧✐♥❡ss ♣❛r❛♠❡t❡r ω✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ω ✐s ❣♦✈❡r♥❡❞ ❜② ❛♥ ❖❉❊ ♦❢ t❤❡ ❧♦❣✐st✐❝ t②♣❡✳
❚❤✐s ❖❉❊ ✐s ❞r✐✈❡♥ ❜② ❛✈❡r❛❣❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ❞❡♥s✐t② ✐♥ t❤❡ ✉♣str❡❛♠ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡
❜♦tt❧❡♥❡❝❦✿ t❤✐s ♦✛❡rs ❛ ♠❡❝❤❛♥✐s♠ ♦❢ ♣r♦❣r❡ss✐✈❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡ tr❛✣❝ ✭s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥✮
✐♥ st❛❜❧❡ tr❛✣❝ ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ♦❢ q✉✐❝❦ ❞✐s♦r❞❡r✐♥❣ ✐♥ t❤❡ s✐t✉❛t✐♦♥s ✇✐t❤ ❛❜r✉♣t❧② ❣r♦✇✐♥❣
❛✈❡r❛❣❡❞ ❞❡♥s✐t② ✉♣str❡❛♠ t❤❡ ❜♦tt❧❡♥❡❝❦✳
■♥ ✈✐❡✇ ♦❢ t❤❡ ❡①t❡♥s✐✈❡ ❡✈✐❞❡♥❝❡ ♦❢ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ♦❢ tr❛✣❝ ❜❡②♦♥❞ ❜♦tt❧❡♥❡❝❦s ❬✶✶✵❪✱ ✇❡
tr❛♥s♣♦s❡ t❤✐s ✐❞❡❛ t♦✇❛r❞s t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♦r❞❡r❧✐♥❡ss ✐♥ ❞r✐✈❡rs✬ ❜❡❤❛✈✐♦r
♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞✐❛❣r❛♠ ♦❢ t❤❡ ✢♦✇ ✐♥ t❤❡ ❜✉❧❦ ✭s♦ ✇❡ ❞♦ ♥♦t ❢♦❝✉s ♦♥ ❜♦tt❧❡♥❡❝❦s ❛♥②
♠♦r❡✱ ✉♥❧✐❦❡ ✐♥ ❬✷✸❪✮✳
▼❛♥② ❛tt❡♠♣ts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t♦ ♠♦❞❡❧ t❤❡ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ✐♥ tr❛✣❝ ❛♥❞ ✐ts s❛❧✐❡♥t ❢❡❛t✉r❡s
❧✐❦❡ t❤❡ st♦♣✲❛♥❞✲❣♦ ✇❛✈❡s✳ ❖♥❡ ✐♠♣♦rt❛♥t ♣❛r❛❞✐❣♠ ❢♦r t❤❡s❡ ♠♦❞❡❧s ✐s ♣❤❛s❡ tr❛♥s✐t✐♦♥s✱
r❡s✉❧t✐♥❣ ✐♥ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t✇♦✲♣❤❛s❡ ♠♦❞❡❧s ❬✶✶✶✱ ✺✽❪✳ ❙♦♠❡ ♦❢ t✇♦✲♣❤❛s❡ ♠♦❞❡❧s ❛r❡ ❝❧♦s❡✱ ✐♥
t❤❡✐r str✉❝t✉r❡✱ t♦ t❤❡ ●❙❖▼♠♦❞❡❧s ❬✺✺✱ ✶✶✾❪✳ ■♥ t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r✱ ✇❡ ♣r♦♣♦s❡ ❛ t♦② ♠♦❞❡❧
✇❤✐❝❤ ❝❛♥ ❜❡ s✐t✉❛t❡❞ ❛t t❤❡ ❝r♦ssr♦❛❞s ♦❢ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ✐❞❡❛s✳ ■t ❤❛s t❤❡ str✉❝t✉r❡
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♦❢ ●❙❖▼ ✇✐t❤ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♠❛r❦❡r ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♦r❞❡r❧✐♥❡ss ♣❛r❛♠❡t❡r✳ ■t ❝❛♥ ❜❡
s❡❡♥ ❛s ❛ t✇♦✲♣❤❛s❡ ♠♦❞❡❧✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✇❡ t❛❦❡ Vmin ≡ Vmax ❢♦r ❧♦✇ ❞❡♥s✐t✐❡s✳ ❆♥❞
✐t ❜♦rr♦✇s ❢r♦♠ ❬✷✸❪ t❤❡ ♠❡❝❤❛♥✐s♠ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r w ❛tt❛❝❤❡❞
t♦ ✐♥❞✐✈✐❞✉❛❧ ✈❡❤✐❝❧❡s✳ ❲❡ ❞❡✜♥❡ t❤❡ ♦r❞❡r❧✐♥❡ss ♣❛r❛♠❡t❡r ω = ω(x, t) ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
❞✐❛❣r❛♠ ❛s t❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡✱ ♦✈❡r ❛ s♠❛❧❧ ✈✐❝✐♥✐t② ♦❢ ❡✈❡r② ♣♦✐♥t (x, t)✱ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧
♦r❞❡r❧✐♥❡ss ♠❛r❦❡r w✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛❧ ♠♦❞❡❧ ✭✇✐t❤ ω = w✮ ♠❛❦❡s s❡♥s❡ ❛♥❞ ✐t ✐s
❜r✐❡✢② ❞✐s❝✉ss❡❞✳
❆♥② ❛tt❡♠♣t t♦ ❧✐♥❦ t❤❡ ♠♦❞❡❧ ✇❡ ✇♦r❦ ✇✐t❤✱ ♦r t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤✐s ♠♦❞❡❧✱
t♦ r♦❛❞ tr❛✣❝ ❞❛t❛ ✐s ❢❛r ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ✇❡ ❤❛✈❡ ✐♥
♠✐♥❞ t❤❡ ✇❤♦❧❡ ❝❧❛ss ♦❢ s②st❡♠s ♦❢ ♥♦♥✲❧♦❝❛❧ ●❙❖▼ ❦✐♥❞ ♦❢ ✇❤✐❝❤ ♦✉r ❡①❡♠♣❧❛r② ♠♦❞❡❧ ✐s
❛ ♣❛rt✐❝✉❧❛r ✐♥st❛♥❝❡✳ ■♥❞❡❡❞✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ✇❡ ❝❛rr② ♦✉t ✐s s✉✐t❛❜❧❡ ❢♦r ❛ ✇✐❞❡
❢❛♠✐❧② ♦❢ ♥♦♥✲❧♦❝❛❧ ●❙❖▼ ♠♦❞❡❧s✱ ✐♥❝❧✉❞✐♥❣ s♦✉r❝❡ t❡r♠s ❢♦r ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥
♠❛r❦❡r✳

✼✳✷ ❚❤❡ ●❙❖▼✲❦✐♥❞ ♠♦❞❡❧ ✇✐t❤ ♦r❞❡r❧✐♥❡ss

❖♥❝❡ ❛♥❞ ❢♦r ❛❧❧✱ ✜① ❛ t✐♠❡ ❤♦r✐③♦♥ T > 0 ❛♥❞ ❞❡♥♦t❡ Ω = R × (0, T )✳ ❲❡ ❝♦♥s✐❞❡r t❤❛t
t❤❡ ♠❛①✐♠❛❧ ❞❡♥s✐t② ρmax ♦♥ t❤❡ r♦❛❞ ❡q✉❛❧s 1✳ ■♥ ♦✉r ♥❡✇ ♠♦❞❡❧✱ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦♥
[0, 1]✲✈❛❧✉❡❞ ❞❡♥s✐t② ρ✱

∂tρ+ ∂x (ρv(x, t, ρ)) = 0, (x, t) ∈ Ω, ✭✼✳✷✳✶✮

❡①♣r❡ss❡s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ❛♥❞ ✐t ✐s ❞r✐✈❡♥ ❜② ❛ t✐♠❡ ❛♥❞ s♣❛❝❡ ❞❡♣❡♥❞❡♥t ✈❡❧♦❝✐t②
v✳ ❚❤✐s ❞❡♣❡♥❞❡♥❝② r❡❛❞s✿

v(x, t, ρ) = (1− ω(x, t))Vmin(ρ) + ω(x, t)Vmax(ρ). ✭✼✳✷✳✷✮

■♥ ✭✼✳✷✳✷✮✱ Vmin, Vmax ❛r❡ t❤❡ t✇♦ ❧❡✈❡❧s ♦❢ tr❛✣❝ ✈❡❧♦❝✐t②❀ t❤❡ ♦♥❡ ❢♦r t❤❡ ♦r❞❡r❡❞ r❡❣✐♠❡
♦❢ tr❛✣❝ ❛♥❞ t❤❡ ♦t❤❡r ❢♦r t❤❡ ❞✐s♦r❞❡r❡❞ r❡❣✐♠❡✳ ❆s ✉s✉❛❧✱ ✇❡ r❡q✉✐r❡ ❜♦t❤ ♦❢ t❤❡♠ t♦ ❜❡
♥♦♥✐♥❝r❡❛s✐♥❣ ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❢♦r ρ ∈ [0, 1]✿ ♥❛t✉r❛❧❧②✱
Vmax ≥ Vmin✳ ❚❤❡ ❛❝t✉❛❧ ✈❡❧♦❝✐t② v ✐♥ ✭✼✳✷✳✷✮ ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ t✇♦ r❡❣✐♠❡s✬
✈❡❧♦❝✐t✐❡s ✇✐t❤ ω(x, t) ∈ [0, 1] r❡♣r❡s❡♥t✐♥❣ t❤❡ st❛t❡ ♦❢ ♦r❞❡r❧✐♥❡ss ♦❢ t❤❡ tr❛✣❝ ❛t t✐♠❡ t ❛♥❞
♣♦s✐t✐♦♥ x✳ ❲❡ ❢✉rt❤❡r ❝♦♥s✐❞❡r t❤❡ ♦r❞❡r❧✐♥❡ss ♣❛r❛♠❡t❡r w ❛ss♦❝✐❛t❡❞ t♦ ✐♥❞✐✈✐❞✉❛❧ ✈❡❤✐❝❧❡s✱
✇❤✐❝❤ ✐s ❡✈♦❧✈❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥

∂t (ρw) + ∂x (ρwv(x, t, ρ)) = ρs(x, t,w). ✭✼✳✷✳✸✮

❋♦r ❛ r❡❣✉❧❛r ✈❡❧♦❝✐t② ✜❡❧❞✱ ❡q✉❛t✐♦♥ ✭✼✳✷✳✸✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢w ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❖❉❊ ẇ(X(t), t) = s

(
X(t), t,w(X(t), t)

)
❛❧♦♥❣ t❤❡ ✐♥t❡❣r❛❧ ❝✉r✈❡s x = X(t) ♦❢ t❤❡ ✈❡❧♦❝✐t②

✜❡❧❞ v✳ ■♥ ❛❜s❡♥❝❡ ♦❢ r❡❣✉❧❛r✐t② ♦❢ v✱ t❤❡ r✐❣♦r♦✉s ♠❡❛♥✐♥❣ t♦ s✉❝❤ ❡✈♦❧✉t✐♦♥ ✐s ♣r♦✈✐❞❡❞
❜② t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✭✼✳✷✳✸✮ ✇❤✐❝❤✱ ♠♦r❡♦✈❡r✱ ❛✉t♦♠❛t✐❝❛❧❧② ✐♠♣❧✐❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥
♣r♦♣❡rt② ✭s❡❡ ❈❤❛♣t❡r ✻✮✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ✭✼✳✷✳✶✮✱ ✭✼✳✷✳✷✮ ✇✐t❤ ✭✼✳✷✳✸✮ ✐s ♣r♦✈✐❞❡❞ ❜② r❡❧❛t✐♦♥s
❧✐♥❦✐♥❣ ω✱ s t♦ w✱ ρ✳
❋✐rst✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s♦✉r❝❡ t❡r♠ s ✐♥ ✭✼✳✷✳✸✮✿ ✐t ✐s ❞✐r❡❝t❧② ✐♥s♣✐r❡❞ ❜②
♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ❬✷✸❪ ✇❤❡r❡ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ❛t ❜♦tt❧❡♥❡❝❦s✱ ❣♦✈❡r♥❡❞ ❜② ❛♥ ❛♥❛❧♦❣♦✉s ♦r✲
❞❡r❧✐♥❡ss ♣❛r❛♠❡t❡r ω✱ ✐s ❝♦♥s✐❞❡r❡❞✳ ▲❡t ✉s t❛❦❡ s(x, t,w) = Kw(1−w) ✇❤❡r❡ K✱ ❞❡♣❡♥❞✐♥❣
♦♥ ρ ❛♥❞ ∂tρ ✐♥ ❛ ♥♦♥✲❧♦❝❛❧ ✇❛②✱ r❡✢❡❝ts ❛ ♠❡❝❤❛♥✐s♠ ♦❢ ♦r❞❡r✐♥❣✴❞✐s♦r❞❡r✐♥❣ s✉❜❥❡❝t t♦ t❤❡
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tr❛✣❝ ❝♦♥❞✐t✐♦♥s ✐♥ ❛ ✈✐❝✐♥✐t② ♦❢ ❡❛❝❤ ♣♦✐♥t (x, t)✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s✉❜❥❡❝t✐✈❡
❞❡♥s✐t②

ξ(x, t) =

✂
R

ρ(y, t)µ(x− y) dy , ✭✼✳✷✳✹✮

✇❤❡r❡ µ ≥ 0✱
✂
R

µ(x) dx = 1✱ ✐s ❛ s♠♦♦t❤ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ✉s❡❞ t♦ ❛✈❡r❛❣❡ ρ✱ s✐♠✐❧❛r❧② t♦

♥♦♥✲❧♦❝❛❧ ♠♦❞❡❧s ♦❢ ❬✶✶✱ ✸✶✱ ✷✸❪✳ ❋✉rt❤❡r✱ ✇❡ ♠❛❦❡ K ❞❡♣❡♥❞ ♦♥ ρ t❤r♦✉❣❤ t❤❡ s✉❜❥❡❝t✐✈❡
❞❡♥s✐t② ξ ❛♥❞ ✐ts t✐♠❡ ✈❛r✐❛t✐♦♥s ∂tξ✳ ❋♦r ❢✉t✉r❡ ✉s❡✱ ❧❡t ✉s ♠❛❦❡ ♣r❡❝✐s❡ t❤❛t ❝❧❛ss✐❝❛❧ P❉❊
❝♦♠♣✉t❛t✐♦♥s ✉s✐♥❣ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✭✼✳✷✳✶✮ ❡♥s✉r❡ t❤❛t ξ ❛❞♠✐ts ❛ t✐♠❡ ❞❡r✐✈❛t✐✈❡
✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s ❛♥❞ t❤❛t ❢♦r ❛✳❡✳ (x, t) ∈ Ω✱

∂tξ(x, t) = −
✂
R

ρ(y, t)v(y, t, ρ)µ′(x− y) dy .

❚❤✐s ❝♦♠❡s ❢r♦♠ ✉s✐♥❣ ϕ(y, t) = µ(x − y)ψ(t) ✭x ∈ R✮ ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✇❡❛❦
❢♦r♠✉❧❛t✐♦♥✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❘❡♠❛r❦ ✷✳✶✳✶✳ ❚♦ s✉♠ ✉♣✱ ✇❡ t❛❦❡

s(x, t,w) = K(ξ, ∂tξ)w(1−w) ✭✼✳✷✳✺✮

❢♦r s♦♠❡ K : [0, 1]× R 7→ R✳ ❚♦ ✜① t❤❡ ✐❞❡❛s✱ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ✇❡ ✇✐❧❧ t❛❦❡✱ ❢♦❧❧♦✇✐♥❣ ❬✷✸❪✱

K(ξ, χ) = C
( ξ
ξc

− 1
)+(

1− χ+

D+

− χ−

D−

)

✇✐t❤ s♦♠❡ t❤r❡s❤♦❧❞ ξc ∈ (0, 1) ❛♥❞ ❝♦♥st❛♥ts C > 0✱ D+ >> D− > 0 ✭s❡❡ ❋✐❣✉r❡ ✼✳✶✮✳
▼❛t❤❡♠❛t✐❝❛❧❧② s♣❡❛❦✐♥❣✱ ✇❡ ♦♥❧② s✉♣♣♦s❡ t❤❛t K ∈ Liploc([0, 1] × R)✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞
t❤❡ ❛❜♦✈❡ ❝❤♦✐❝❡ ♦❢ K ✐s t♦ ❛❧❧♦✇ ❢♦r ♣r♦❣r❡ss✐✈❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡ tr❛✣❝ ✇✐t❤ t✐♠❡ ✇❤❡♥ t❤❡
tr❛✣❝ ❝♦♥❞✐t✐♦♥s ❛r❡ st❛❜❧❡✱ ❛♥❞ ❢♦r ❛ q✉✐❝❦ ❞✐s♦r❞❡r✐♥❣ ✇❤❡♥ s✉❞❞❡♥ ❛♥❞ str♦♥❣ ✈❛r✐❛t✐♦♥s
✭❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞❡♥s✐✜❝❛t✐♦♥✮ ♦❢ t❤❡ tr❛✣❝ ♦❝❝✉r✳ ◆♦t❡ t❤❛t r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥s
♦❢ w ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞✱ ❛s ❛ ❢✉rt❤❡r st❡♣ ♦❢ ♠♦❞❡❧✐♥❣✱ ❜✉t t❤✐s ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ ♦✉r
✇♦r❦✳
❚❤❡ ❦❡② ❢❡❛t✉r❡s ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ w ❡♥❝♦❞❡❞ ✐♥ ✭✼✳✷✳✸✮✕✭✼✳✷✳✺✮ ✇✐t❤ t❤❡ ❛❜♦✈❡ ❝❤♦✐❝❡ ♦❢ K
❛r❡ ❛s ❢♦❧❧♦✇s✿

✖ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ✏♠♦♠❡♥t✉♠✑ q✉❛♥t✐t② ρw ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ ❧♦✇ ❞❡♥s✐t✐❡s✱ ❜❡❝❛✉s❡
K ✐s ③❡r♦ ❢♦r ❧♦✇ ❞❡♥s✐t✐❡s❀

✖ r❛♣✐❞ ❞❡❝r❡❛s❡ ♦❢ ρw ❢♦r ♠♦❞❡r❛t❡ ❛♥❞ ♣❛rt✐❝✉❧❛r❧② ❢♦r ❤✐❣❤ ❞❡♥s✐t✐❡s✱ ✉♥❞❡r str♦♥❣
❞❡♥s✐t② ✈❛r✐❛t✐♦♥s ✭❞✐s♦r❞❡r✐♥❣✮❀

✖ ♣r♦❣r❡ss✐✈❡ ✐♥❝r❡❛s❡ ♦❢ ρw ✐♥ ❞❡♥s❡ ❛♥❞ ✈❡r② ❞❡♥s❡ tr❛✣❝ ✇✐t❤ s♠❛❧❧ ❞❡♥s✐t② ✈❛r✐❛t✐♦♥s
✭♦r❞❡r✐♥❣✮✳

❋✐♥❛❧❧②✱ ❧❡t ✉s ✇r✐t❡ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ω ✐♥ ✭✼✳✷✳✷✮ ❛♥❞ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♦r❞❡r✐♥❣ ♠❛r❦❡rs w ❛s

ω = M[w] ✭✼✳✷✳✻✮

✇❤❡r❡ M ✐s ❛♥ ♦♣❡r❛t♦r ♦♥ L∞(Ω; [0, 1])✳ ❲❡ ❤❛✈❡ ✐♥ ♠✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝❤♦✐❝❡s✳ ❋♦r
t❤❡ s✐♠♣❧❡st ♦♥❡✱ M = ■❞✱ ✐✳❡✳✱ ω = w✱ ✭✼✳✷✳✶✮ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ▲❲❘ ❡q✉❛t✐♦♥ ✇✐t❤ s♣❛❝❡✲
t✐♠❡ ❞✐s❝♦♥t✐♥✉♦✉s ✢✉①✳ ■ts ♠❛t❤❡♠❛t✐❝❛❧ st✉❞② st✐❧❧ r❡q✉✐r❡s ❞❡❡♣❡r ❛♥❛❧②s✐s✱ ❞❡s♣✐t❡ ♠✉❝❤
♣r♦❣r❡ss ♠❛❞❡ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳ ❲❡ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ✐ss✉❡ ✐♥ ❙❡❝t✐♦♥ ✼✳✺✳✷✳ ❇❡❝❛✉s❡ tr❛✣❝
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❋✐❣✉r❡ ✼✳✶ ✕ ❚②♣✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦r❞❡r❧✐♥❡ss✲❞r✐✈✐♥❣ ❢✉♥❝t✐♦♥ K✳

✐♥✈♦❧✈❡s ♦♥❧② ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ❡❛❝❤ ♣♦✐♥t✱ ✐♥ t❤✐s ❝❤❛♣t❡r
✇❡ ❢♦❝✉s ♦♥ t❤❡ ♥♦♥✲❧♦❝❛❧ ✐♠♣❛❝t ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✈❡❤✐❝❧❡ ♠❛r❦❡rs w ♦♥ t❤❡ ❣❧♦❜❛❧ tr❛✣❝
♦r❞❡r❧✐♥❡ss ω✳ ❚✇♦ ✈❛r✐❛♥ts ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ■♥ ❙❡❝t✐♦♥ ✼✳✹✱ t❤❡ ❡①✐st❡♥❝❡ ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞
✇✐t❤

M[w](x, t) =

✂ t

−∞

✂
R

w(y, s)η(x− y, t− s) dy ds . ✭✼✳✷✳✼✮

■♥ ✭✼✳✷✳✼✮✱ t❤❡ ❢✉♥❝t✐♦♥ η ✐s ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠ η(x, t) = η1(x)η2(t) ✇✐t❤ η1 ∈ C1
c(R)

❛♥❞ η2 ∈ BV(R) ❛♥❞ s✉♣♣♦rt❡❞ ✐♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ [0, T )✳ ◆♦t❡ ❛❧s♦ t❤❛t t♦ ♠❛❦❡
s❡♥s❡ ♦❢ ✭✼✳✷✳✼✮✱ ✇❡ ✇✐❧❧ ❡①t❡♥❞ w ❜② t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ w0 ❢♦r ♥❡❣❛t✐✈❡ t✐♠❡s✳ ◆♦t❡ t❤❛t t❤❡
s♣❛❝❡ ❛✈❡r❛❣✐♥❣ ♠❡❛♥s t❤❛t t❤❡ ♣❡r❝❡♣t✐♦♥✱ ❜② t❤❡ ❞r✐✈❡rs✱ ♦❢ t❤❡ tr❛✣❝ ❝♦♥❞✐t✐♦♥s r❡❧✐❡s
♦♥ t❤❡✐r ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡✐r ✐♠♠❡❞✐❛t❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ✭t②♣✐❝❛❧❧②✱ s❡✈❡r❛❧ ❞♦③❡♥s ♦❢ ♠❡t❡rs
❞♦✇♥str❡❛♠ t❤❡ ✢♦✇✮ ❛♥❞ t❤❡ t✐♠❡ ❛✈❡r❛❣✐♥❣ ♠❡❛♥s t❤❛t t❤❡ ❞r✐✈❡rs✬ ♣❡r❝❡♣t✐♦♥ ♦❢ t❤❡
s✐t✉❛t✐♦♥ ✐s ♥♦t ✐♥st❛♥t❛♥❡♦✉s✳ ❘❡♠❛r❦ t❤❛t t❤❡ ♥♦♥✲❧♦❝❛❧✐t② ✐♥ t✐♠❡ ♦♥❧② ❧♦♦❦s ✐♥ t❤❡ ♣❛st✳
■♥ ❙❡❝t✐♦♥ ✼✳✺✳✶ ❛♥❞ t❤r♦✉❣❤♦✉t ❙❡❝t✐♦♥ ✼✳✻✱ ✇❡ ❛ss✉♠❡ ❛ str♦♥❣❡r r❡❛❝t✐✈✐t② ♦❢ t❤❡ ❞r✐✈❡rs t♦
✐♥st❛♥t❛♥❡♦✉s tr❛✣❝ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡✐r ✐♠♠❡❞✐❛t❡ ♥❡✐❣❤❜♦✉r❤♦♦❞✱ ❛♥❞ t❛❦❡ t❤❡ ♠❡r❡ s♣❛❝❡
❛✈❡r❛❣✐♥❣

M[w](x, t) =

✂
R

w(y, t)η(x− y) dy . ✭✼✳✷✳✽✮

✇✐t❤ η ≡ η1✳ ❋♦r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ r❡s✉❧t✐♥❣ s②st❡♠✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
✭✼✳✷✳✼✮ ❛♥❞ ✭✼✳✷✳✽✮ ✐s t❤❛t t❤❛t t❤❡ ❧❛tt❡r ♦♥❡ r❡q✉✐r❡s t❤❡ BV ❢r❛♠❡✇♦r❦ ❢♦r ❡①✐st❡♥❝❡ ❛♥❛❧✲
②s✐s✱ ✇❤✐❧❡ t❤❡ ✜rst ❝❤♦✐❝❡ ✐s r❡❣✉❧❛r✐③✐♥❣ ❡♥♦✉❣❤ t♦ ❞❡❛❧ ✇✐t❤ ♠❡r❡ L∞ s♦❧✉t✐♦♥s ❛♥❞ ❞❛t❛✳

❋✐♥❛❧❧②✱ ✇❡ str❡ss t❤❛t ✇❡ ❤❛✈❡ ✐♥ ♠✐♥❞ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡

∃ρf ∈ (0, 1), ∀ρ ∈ [0, ρf ], Vmin(ρ) = Vmax(ρ) ✭✼✳✷✳✾✮

s♦ t❤❛t ✭✼✳✷✳✶✮✕✭✼✳✷✳✻✮ ❡①❤✐❜✐ts ❛ t✇♦✲♣❤❛s❡ ❜❡❤❛✈✐♦r ✇✐t❤ ρ ∈ [0, ρf ] ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
❢r❡❡ tr❛✣❝ ✢♦✇ ♣❤❛s❡ ✇❤✐❧❡ ρ > ρf ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝♦♥❣❡st❡❞ tr❛✣❝✳
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❲❡ ❛r❡ ♥♦✇ ✐♥ ❛ ♣♦s✐t✐♦♥ ♦❢ ♣r❡s❡♥t✐♥❣ t❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ ❝❤❛♣t❡r✳ ■♥ ❙❡❝t✐♦♥ ✼✳✸ ✇❡ ✜① t❤❡
♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♦❢ ♦✉r ✇♦r❦✳ ❚❤❡ ❡q✉❛t✐♦♥ ✭✼✳✷✳✶✮ ✐s ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ s❡♥s❡ ♦❢
❑r✉③❤❦♦✈ ❡♥tr♦♣② s♦❧✉t✐♦♥s ❬✶✶✹❪ ♦❢ ▲❲❘ ♠♦❞❡❧s✳ ❚❤❡ ❡q✉❛t✐♦♥ ♣r❡s❝r✐❜✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ t❤❡ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r ✭✼✳✷✳✸✮ ✐s ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ✇❡❛❦ ❛♥❞ r❡♥♦r♠❛❧✐③❡❞ s❡♥s❡ ♦❢ P❛♥♦✈
❬✶✸✹❪ ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❞r✐✈❡♥ ❜② ③❡r♦✲❞✐✈❡r❣❡♥❝❡ ❝♦❡✣❝✐❡♥ts✱ ✇✐t❤
♥❡❝❡ss❛r② ❛❞❛♣t❛t✐♦♥s✳ ■♥❞❡❡❞✱ ❛♥ ✐♠♣♦rt❛♥t ✐♥❣r❡❞✐❡♥t ♦❢ ♦✉r ❛♥❛❧②s✐s ✐s t❤❡ r❡✜♥❡♠❡♥t
♦❢ t❤❡ t❤❡♦r② ♦❢ ✇❡❛❦ ✭❛♥❞ r❡♥♦r♠❛❧✐③❡❞✮ s♦❧✉t✐♦♥s ♦❢ tr❛♥s♣♦rt P❉❊s ♦❢ t❤❡ ❦✐♥❞ ✭✼✳✷✳✸✮
✉♥❞❡r t❤❡ ❦❡② ❛ss✉♠♣t✐♦♥s t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ❢♦r♠ ❛ ③❡r♦✲❞✐✈❡r❣❡♥❝❡ ✜❡❧❞ ✐♥ Ω✱ ❛♥❞ ❢♦r ❛
✇✐❞❡ ❝❧❛ss ♦❢ s♦✉r❝❡ ✜❡❧❞s ✇✐t❤ s❡♣❛r❛t✐♦♥ ♦♥ (x, t) ❛♥❞ w ❞❡♣❡♥❞❡♥❝❡✳ ❲❡ ❣❛t❤❡r❡❞ ♦r✐❣✐♥❛❧
r❡s✉❧ts ♦♥ t❤✐s ♣r♦❜❧❡♠ ✐♥ ❈❤❛♣t❡r ✻ ❢♦r t❤✐s ✈❡r② ♣✉r♣♦s❡✳ ❋✉rt❤❡r✱ ❙❡❝t✐♦♥ ✼✳✹ ✐s ❞❡✈♦t❡❞ t♦
t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ Pr♦❜❧❡♠ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮ ✇✐t❤ t❤❡ ❛✈❡r❛❣✐♥❣ ❝❤♦✐❝❡
✭✼✳✷✳✼✮✳ ■♥ ❙❡❝t✐♦♥ ✼✳✺ ✇❡ ❞✐s❝✉ss t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ❛♥❛❧②s✐s t♦ ♦t❤❡r ❝❤♦✐❝❡s ♦❢
M ✐♥ ✭✼✳✷✳✻✮✳ ■♥ ❙❡❝t✐♦♥ ✼✳✻ ✇❡ ❜✉✐❧❞ ❛ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❛❞❛♣t❡❞ t♦ t❤❡ s♣❡❝✐✜❝ str✉❝t✉r❡
♦❢ t❤❡ s②st❡♠ ❛t ❤❛♥❞ ✭▲❲❘ ❡q✉❛t✐♦♥ ❢♦r ρ ❛♥❞ ❛ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❢♦r w✮✳ ❲❡ ♠❛❦❡ t❤❡
s✐♠♣❧❡r ❛✈❡r❛❣✐♥❣ ❝❤♦✐❝❡ ✭✼✳✷✳✽✮ ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡ s❝❤❡♠❡ ✐s BV✲st❛❜❧❡ ❛♥❞ ❝♦♥✈❡r❣❡♥t✳
❲❡ ♣♦✐♥t ♦✉t str✉❝t✉r❛❧ s✐♠✐❧❛r✐t✐❡s ❜❡t✇❡❡♥ ♦✉r s❝❤❡♠❡ ❛♥❞ t❤❡ s❝❤❡♠❡ ♦❢ t❤❡ ❛✉t❤♦rs ♦❢
❬✶✶✸❪ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❑❡②✜t③✲❑r❛♥③❡r s②st❡♠✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✼✳✼ ✐s ❞❡✈♦t❡❞ t♦
♣❡r❢♦r♠✐♥❣ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t♦ ✐❧❧✉str❛t❡ ♦✉r ♠♦❞❡❧✳

✼✳✸ ◆♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥

❲❡ ❞❡♥♦t❡ ❜② f t❤❡ t✐♠❡ ❛♥❞ s♣❛❝❡ ❞❡♣❡♥❞❡♥t ✢✉① f(x, t, ρ) = ρv(x, t, ρ) ❛♥❞ Φ ✐ts ❑r✉③❤❦♦✈
❡♥tr♦♣② ✢✉① ✭s❡❡ ❬✶✶✹❪✮✿

∀ρ, κ ∈ [0, 1], ∀(x, t) ∈ Ω, Φ(x, t, ρ, κ) = sgn(ρ− κ) (f(x, t, ρ)− f(x, t, κ)) .

❘❡❧②✐♥❣ ✉♣♦♥ ❬✶✶✹❪ ❢♦r t❤❡ P❉❊ ❞❡s❝r✐❜✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ρ ❛♥❞ ✉♣♦♥ ❬✶✸✹❪ ✭s❡❡ ❛❧s♦ ❈❤❛♣t❡r
✻✮ ❢♦r t❤❡ P❉❊ ❞❡s❝r✐❜✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ w✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥ t♦
Pr♦❜❧❡♠ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮✳

❉❡✜♥✐t✐♦♥ ✼✳✸✳✶✳ ❆ ❝♦✉♣❧❡ (ρ,w) ∈ L∞(Ω)2 ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮ ✇✐t❤ ✐♥✐t✐❛❧
❞❛t❛ (ρ0,w0) ∈ L∞(R)2 ✐❢
✭✐✮ ρ ∈ C([0, T ];L1

loc(R; [0, 1])) ❛♥❞ ρw ∈ C([0, T ];w∗−L∞(R; [0, 1]))✱ ✇❤❡r❡ w∗−L∞ ♠❡❛♥s
t❤❡ s♣❛❝❡ L∞ ❡♥❞♦✇❡❞ ✇✐t❤ ✐ts t♦♣♦❧♦❣② ♦❢ ✇❡❛❦✲∗ ❝♦♥✈❡r❣❡♥❝❡❀
✭✐✐✮ ρ ✐s ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✼✳✷✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ρ(·, 0) = ρ0
✐♥ L1

loc(R)❀ ❛♥❞ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞
c (R × R

+), ϕ ≥ 0✱ ❢♦r ❛❧❧ κ ∈ [0, 1] ❛♥❞ ❢♦r ❛❧❧
τ, s ∈ [0, T ] ✭s < τ✮✱

✂ τ

s

✂
R

(
|ρ− κ|∂tϕ+ Φ(x, t, ρ, κ)∂xϕ− sgn(ρ− κ)∂xf(x, t, κ)ϕ

)
dx dt

+

✂
R

|ρ(x, s)− κ|ϕ(x, s) dx−
✂
R

|ρ(x, τ)− κ|ϕ(x, τ) dx ≥ 0;

✭✼✳✸✳✶✮

✭✐✐✐✮ w ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✼✳✷✳✸✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ w0 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ρ(·, 0)w(·, 0) =
ρ0w0 ✐♥ L∞(R)✲✇❡❛❦❧②✯❀ ❛♥❞ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s φ ∈ C∞

c (R × R
+) ❛♥❞ ❢♦r ❛❧❧ τ, s ∈ [0, T ]
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✭s < τ✮✱ ✂ τ

s

✂
R

(
(ρw)∂tφ+ (ρvw)∂xφ+ ρK (ξ, ∂tξ)w(1−w)φ

)
dx dt

+

✂
R

ρ(x, s)w(x, s)φ(x, s) dx−
✂
R

ρ(x, τ)w(x, τ)φ(x, τ) dx = 0,

✭✼✳✸✳✷✮

✇❤❡r❡ ξ ✐s ❧✐♥❦❡❞ t♦ ρ ❜② ✭✼✳✷✳✹✮❀

✭✐✈✮ v ❛♥❞ ω ❛r❡ ❧✐♥❦❡❞ ❜② ✭✼✳✷✳✷✮ ❛♥❞ ω ❛♥❞ w ❛r❡ ❧✐♥❦❡❞ ❜② ✭✼✳✷✳✻✮✳

❘❡♠❛r❦ ✼✳✸✳✶✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉❧t ♦❢ ❈♦r♦❧❧❛r② ✻✳✵✳✽ ❜❛s❡❞ ✉♣♦♥ t❤❡ t❤❡♦r② ♦❢ ❬✶✸✹❪✱
❣✐✈❡♥ ρ,v ❛♥❞ s❡tt✐♥❣ g = K (ξ, ∂tξ) ✇✐t❤ ξ ❣✐✈❡♥ ❜② ✭✼✳✷✳✹✮✱ t❤❡ s♦❧✉t✐♦♥w ✐♥ t❤❡ s❡♥s❡ ✭✼✳✸✳✷✮
❛✉t♦♠❛t✐❝❛❧❧② ✈❡r✐✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✱ ❝❢✳ ❉❡✜♥✐t✐♦♥ ✻✳✵✳✷✳ ❲❡ ✇✐❧❧ s❛②✱ ❢♦r s❤♦rt✱
t❤❛t t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ✭✼✳✸✳✷✮ ✐s ❛❧s♦ ❛ r❡♥♦r♠❛❧✐③❡❞ s♦❧✉t✐♦♥✱ ♠❡❛♥✐♥❣ t❤❛t ✐t
❢✉❧✜❧❧s t❤✐s r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳ ❚❤✐s ❛s♣❡❝t ✐s ❡ss❡♥t✐❛❧ ❢♦r t❤❡ ❝♦♠♣❛❝t♥❡ss ♣r♦♣❡rt✐❡s✱
❛♥❞ ✐t ❛❧s♦ ♠❡❛♥s t❤❛t✱ ✐♥ ❛ s❡♥s❡✱ t❤❡ s♦❧✉t✐♦♥ ✐s ❡✈♦❧✈✐♥❣ ❛s ✐❢ ❝❤❛r❛❝t❡r✐st✐❝s ❝♦✉❧❞ ❜❡
❞❡✜♥❡❞ ✭t❤♦✉❣❤ t❤❡ ❧❛tt❡r ❝❛♥♥♦t ❜❡ ❞❡✜♥❡❞ ❞✉❡ t♦ t❤❡ ♣♦ss✐❜❧❡ ✐rr❡❣✉❧❛r✐t② ♦❢ ρ,v✮✳ ❚❤❡
❧❛tt❡r ♦❜s❡r✈❛t✐♦♥ ✐s t❤❡ ❦❡② t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❛♥❞ ✐t ❛❧s♦
❡♥s✉r❡s t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ BV r❡❣✉❧❛r✐t②✱ ❢♦r BV ✐♥✐t✐❛❧ ❞❛t❛✳

❘❡♠❛r❦ ✼✳✸✳✷ ✭❖♥ t❤❡ t✐♠❡✲❝♦♥t✐♥✉✐t②✮✳ ■t ✐s ♠♦r❡ ✉s✉❛❧ t♦ ❢♦r♠✉❧❛t❡ ✭✼✳✸✳✶✮✲✭✼✳✸✳✷✮ ✇✐t❤
s = 0✱ τ = T ❛♥❞ ϕ, φ ∈ C∞

c (R× [0, T ))✳ ❖✉r ♣r❡s❡♥t ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ✐♥str✉♠❡♥t❛❧ ❢♦r t❤❡
s♣❧✐tt✐♥❣ ❛r❣✉♠❡♥t ✇❡ ❡♠♣❧♦② ✐♥ ♦✉r ❝♦♥str✉❝t✐♦♥✱ s❡❡ ❙❡❝t✐♦♥ ✼✳✹✳✶✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ t✇♦ ❢♦r♠✉❧❛t✐♦♥s ✐s ❞✉❡ t♦ t❤❡ t✐♠❡✲❝♦♥t✐♥✉✐t② ♦❢ ❡♥tr♦♣② s♦❧✉t✐♦♥s ♦❢ ▲❲❘ ❡q✉❛t✐♦♥ ❛♥❞
♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❛t ❤❛♥❞✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✼✳✸✳✶✭✐✮✳

■♥ ❙❡❝t✐♦♥ ✼✳✹✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✐st❡♥❝❡ r❡s✉❧t✳

❚❤❡♦r❡♠ ✼✳✸✳✷✳ ❋✐① ρ0,w0 ∈ L∞(R; [0, 1])✳ ❆ss✉♠❡ t❤❛t Vmin ≤ Vmax ∈ C1([0, R]) ❛r❡
♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ t❤❛t V ′

min ❛♥❞ V ′
max ❞♦ ♥♦t ✈❛♥✐s❤ ♦♥ ❛♥② ✐♥t❡r✈❛❧ ♦❢ [0, 1]✳ ❚❤❡♥ Pr♦❜❧❡♠

✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮✱✭✼✳✷✳✼✮ ❛❞♠✐ts ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥✳

■♥ ❙❡❝t✐♦♥ ✼✳✻✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ♦❢ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❡①✐st❡♥❝❡ ❢♦r
t❤❡ t✐♠❡✲❧♦❝❛❧ ✈❛r✐❛♥t ✭✼✳✷✳✽✮ ♦❢ ♦✉r ♠♦❞❡❧❀ ♥♦t❡ t❤❛t ✭✼✳✷✳✼✮ ❝❛♥ ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ♦✉r
♥✉♠❡r✐❝❛❧ ❢r❛♠❡✇♦r❦✳

❚❤❡♦r❡♠ ✼✳✸✳✸✳ ❙✉♣♣♦s❡ t❤❛t TV(ρ0) < +∞ ❛♥❞ t❤❛t w0 ∈ L1(R; [0, 1]),TV(w0) < +∞✳
▼♦r❡♦✈❡r s✉♣♣♦s❡ t❤❛t ρ0 ✐s s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ ✈❛❝✉✉♠ ✐♥ t❤❡ s❡♥s❡ t❤❛t

∃ε ∈ (0, 1), ε ≤ ρ0 ≤ 1 ❛♥❞ Vmin(ε) = Vmax(ε). ✭✼✳✸✳✸✮

❚❤❡♥ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥s ♣r♦❞✉❝❡❞ ❜② t❤❡ s❝❤❡♠❡ ♦❢ ❙❡❝t✐♦♥
✼✳✻ ❝♦♥✈❡r❣❡s t♦ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮✱ ✭✼✳✷✳✽✮✳

◆♦t❡ t❤❛t t❤❡ s❡❝♦♥❞ r❡q✉✐r❡♠❡♥t ✐♥ ✭✼✳✸✳✸✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✼✳✷✳✾✮✱ ✇❤✐❧❡ t❤❡
✜rst r❡q✉✐r❡♠❡♥t ✐♥ ✭✼✳✸✳✸✮ ✐s ❡ss❡♥t✐❛❧ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡ ✇❡ ❞❡✈❡❧♦♣✳
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❚❤❡♦r❡♠ ✼✳✸✳✹✳ ❙✉♣♣♦s❡ t❤❛t TV(ρ0) < +∞ ❛♥❞ ρ0 s❛t✐s✜❡s ✭✼✳✸✳✸✮✱ ❛♥❞ t❤❛t w0 ∈
L1(R; [0, 1])✱ TV(w0) < +∞✳ ❚❤❡♥ Pr♦❜❧❡♠ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮✱ ✭✼✳✷✳✽✮ ❛❞♠✐ts ❛t ❧❡❛st ♦♥❡
s♦❧✉t✐♦♥✳

▲❡t ✉s ♠❛❦❡ ♣r❡❝✐s❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ✭✼✳✸✳✸✮ ✐s ♦♥❧② ✉s❡❢✉❧ t♦ ❝♦♥str✉❝t ❛♥❞ ♣r♦✈❡ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✻✳ ❚❤❡ ❧❛st ❡①✐st❡♥❝❡ r❡s✉❧t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
✇✐t❤♦✉t ✐t✱ s❡❡ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✼✳✺✳✶✱ ❜② ✉s✐♥❣ t❤❡ s♣❧✐tt✐♥❣ ❝♦♥str✉❝t✐♦♥ ❜♦rr♦✇❡❞
t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✸✳✷ ❛❧♦♥❣ ✇✐t❤ ❛ BV st❛❜✐❧✐t② ❛r❣✉♠❡♥t ❡♥s✉r✐♥❣ ❝♦♠♣❛❝t♥❡ss✳

✼✳✹ ❊①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ✈✐❛ s♣❧✐tt✐♥❣

✼✳✹✳✶ ❚✐♠❡✲s♣❧✐tt✐♥❣ ♣r♦❝❡❞✉r❡ ❛♥❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥

❚♦ ♣r♦✈❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮✱✭✼✳✷✳✼✮✱ ✇❡ ✉s❡ ❛ t✐♠❡✲s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡✳
❚❤✐s ✇❛②✱ ✇❡ s♣❧✐t t❤❡ ♠♦❞❡❧ ❝♦♠❜✐♥✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ❑r✉③❤❦♦✈ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ▲❲❘
♠♦❞❡❧s ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ ✇❡❛❦✲❛♥❞✲r❡♥♦r♠❛❧✐③❡❞ s♦❧✉t✐♦♥s t♦ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ✉♥❞❡r t❤❡
s♣❡❝✐✜❝ ❢♦r♠ ♦❢ P❛♥♦✈ ❬✶✸✹❪✱ ❡①t❡♥❞❡❞ ✐♥ ❈❤❛♣t❡r ✻ ✐♥ ♦r❞❡r t♦ ✐♥❝❧✉❞❡ t❤❡ ♥♦♥❧✐♥❡❛r s♦✉r❝❡
t❡r♠✳

❋✐① ρ0,w0 ∈ L∞(R; [0, 1])✳ ▲❡t ν > 0 ❜❡ ❛ t✐♠❡ st❡♣✱ ❞❡♥♦t❡ ❢♦r ❛❧❧ n ∈ Z✱ tn = nν ❛♥❞ ❧❡t
N ∈ N

∗ s✉❝❤ t❤❛t T ∈ [tN , tN+1)✳
■♥✐t✐❛❧✐③❛t✐♦♥✳ ❋♦r ❛❧❧ t ∈ R✱

ρ0(·, t) = ρ0 ❛♥❞ ∀n ∈ Z
−, wn(·, t) = w0.

■♥❞✉❝t✐♦♥✳ ❋✐① n ∈ {1, . . . , N + 1}✳
✭✶✮ ❋✐rst ❞❡✜♥❡ t❤❡ ♦r❞❡r❧✐♥❡ss ♣❛r❛♠❡t❡r✿ ∀t ∈ [tn−1, tn), ∀x ∈ R✱

ωn(x, t) =

✂ t−ν

tn−2

✂
R

wn−1(y, s)η(x− y, t− s) dy ds

+
∑

k≤n−2

✂ tk

tk−1

✂
R

wk(y, s)η(x− y, t− s) dy ds .

❘❡♠❛r❦ t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ ωn ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ ρ ❛♥❞ w ❜❡❢♦r❡ t✐♠❡ tn−1✱ ✇❤✐❝❤
✐s t❤❡ ❦❡② t♦ t❤❡ s♣❧✐tt✐♥❣✳
✭✷✮ ❲❡ ✉s❡ ωn t♦ ❞❡✜♥❡ t❤❡ ❝❛r ✈❡❧♦❝✐t②

∀t ∈ [tn−1, tn), ∀x ∈ R, vn(x, t, ·) = (1− ωn(x, t))Vmin(·) + ωn(x, t)Vmax(·)

❛♥❞ t❤❡ ✢✉① fn(x, t, ρ) = ρvn(x, t, ρ)✳
✭✸✮ ❚❤❡ ✢✉① ❢✉♥❝t✐♦♥ ✐s s♠♦♦t❤ ✐♥ x✱ ▲✐♣s❝❤✐t③ ✐♥ ρ ❛♥❞ BV ✐♥ t✳ ❙✐♥❝❡ ρn−1(·, tn−1) ✐s
❜♦✉♥❞❡❞✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ρn ∈ C([tn−1, tn];L1

loc(R; [0, 1])) ❛s t❤❡ ✉♥✐q✉❡ ❡♥tr♦♣② s♦❧✉t✐♦♥✱ ✐♥
t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✼✳✸✳✶ ✭✐✮✲✭✐✐✮✱ s❡❡ ❬✶✶✹✱ ❚❤❡♦r❡♠ ✶❪ ❛♥❞ ❬✺✾✱ ❚❤❡♦r❡♠ ✷✳✸❪✱ t♦

{
∂tρ

n + ∂x (f
n(x, t, ρn)) = 0

ρn(·, tn−1) = ρn−1(·, tn−1).
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✭✹✮ ❙❡tt✐♥❣

∀t ∈ [tn−1, tn), ∀x ∈ R, ξn(x, t) =

✂
R

ρn(y, t)µ(x− y) dy ,

❛♥❞ ❢♦❧❧♦✇✐♥❣ ❈♦r♦❧❧❛r② ✻✳✵✳✽✱ ✇❡ ❝❛♥ ❞❡✜♥❡ wn ∈ L∞(R × (tn−1, tn)) ❛s t❤❡ ✉♥✐q✉❡ ✇❡❛❦
s♦❧✉t✐♦♥ t♦

{
∂t (ρ

nwn) + ∂x (f
n(x, t, ρn)wn) = ρnK (ξn, ∂tξ

n)wn(1−wn)

wn(·, tn−1) = wn−1(·, tn−1).

❈♦r♦❧❧❛r② ✻✳✵✳✽ ❡♥s✉r❡s t❤❛t wn ✈❡r✐✜❡s t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✻✳✵✳✷❀
❛♥❞ ❘❡♠❛r❦ ✻✳✵✳✶ ❜❛s❡❞ ✉♣♦♥ ❬✶✸✹✱ ▲❡♠♠❛ ✶❪ ♣r♦✈✐❞❡s t❤❡ r❡q✉✐r❡❞ r❡❣✉❧❛r✐t② ✐♥ t✐♠❡✿
wn ∈ C([tn−1, tn];w∗−L∞(R))✳ ◆♦t❡ t❤❛t ❜② ❝♦♥str✉❝t✐♦♥✱ w t❛❦❡s ✈❛❧✉❡s ✐♥ [0, 1]✳
❈♦♥❝❧✉s✐♦♥✳ ❉❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s✿ ❢♦r ❛✳❡✳ (x, t) ∈ Ω✱

(ρν(·, t),wν(·, t)) = (ρ0,w0)1R−(t) +
N+1∑

n=1

(ρn(·, t),wn(·, t))1(tn−1,tn](t);

(vν(x, t, ·), ων(x, t), ξν(x, t)) =
N+1∑

n=1

(vn(x, t, ·), ωn(x, t), ξn(x, t))1[tn−1,tn)(t)

fν(x, t, ·) =
N+1∑

n=1

fn(x, t, ·)1[tn−1,tn)(t).

Pr♦♣♦s✐t✐♦♥ ✼✳✹✳✶✳ ❚❤❡ ❝♦✉♣❧❡ (ρν ,wν) ❝♦♥str✉❝t❡❞ ❛❜♦✈❡ ✐s ❛ s♦❧✉t✐♦♥ ✐♥ Ω t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
s②st❡♠✿





∂tρν + ∂x (fν(x, t, ρν)) = 0

vν(x, t, ρ) = (1− ων(x, t))Vmin(ρ) + ων(x, t)Vmax(ρ)

∂t (ρνwν) + ∂x (fν(x, t, ρν)wν) = ρνK (ξν , ∂tξν)wν(1−wν)

ων(x, t) =

✂ t−ν

−∞

✂
R

wν(y, s)η(x− y, t− s) dy ds .

✭✼✳✹✳✶✮

Pr♦♦❢✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ❢♦r ❛❧❧ n ∈ {1, . . . , N + 1}, ρn ∈ C([tn−1, tn];L1
loc(R))✳ ❈♦♠❜✐♥✐♥❣

t❤✐s ✇✐t❤ t❤❡ st♦♣✲❛♥❞✲r❡st❛rt ❝♦♥❞✐t✐♦♥s ρn(·, tn−1) = ρn−1(·, tn−1)✱ ✇❡ ❡♥s✉r❡ t❤❛t ρν ∈
C([0, T ];L1

loc(R))✳ ❯s✐♥❣ ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣✱ ✇❡ ♦❜t❛✐♥ ρνwν ∈ C([0, T ];w∗−L∞(R))✳ ❋✐①
♥♦✇ ϕ ∈ C∞

c (R× R
+), ϕ ≥ 0 ❛♥❞ κ ∈ [0, 1]✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Φν t❤❡ ❑r✉③❤❦♦✈ ❡♥tr♦♣② ✢✉①
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❛ss♦❝✐❛t❡❞ ✇✐t❤ fν ✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ❢♦r ❡✈❡r② n ∈ {1, . . . , N + 1}✱ ✇❡ ❤❛✈❡

✂ tn

tn−1

✂
R

∣∣ρν − κ
∣∣∂tϕ+ Φν(x, t, ρν , κ)∂xϕ dx dt

=

✂ tn

tn−1

✂
R

∣∣ρn − κ
∣∣∂tϕ+ sgn(ρn − κ)

(
fn(x, t, ρn)− fn(x, t, κ)

)
∂xϕ dx dt

≥
✂ tn

tn−1

✂
R

sgn(ρn − κ)∂xf
n(x, t, κ)ϕ dx dt

−
✂
R

∣∣ρn(x, tn−1)− κ
∣∣ϕ(x, tn−1) dx+

✂
R

|ρn(x, tn)− κ|ϕ(x, tn) dx

=

✂ tn

tn−1

✂
R

sgn(ρn − κ)∂xfν(x, t, κ)ϕ dx dt

−
✂
R

∣∣ρν(x, tn−1)− κ
∣∣ϕ(x, tn−1) dx+

✂
R

|ρν(x, tn)− κ|ϕ(x, tn) dx .

❋r♦♠ t❤✐s ✐♥❡q✉❛❧✐t②✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ s, τ ∈ [0, T ] ✭s < τ✮✱ ✇❡ ❤❛✈❡

✂ τ

s

✂
R

(
|ρν − κ|∂tϕ+ Φν(x, t, ρν , κ)∂xϕ− sgn(ρν − κ)∂xfν(x, t, κ)ϕ

)
dx dt

+

✂
R

|ρν(x, s)− κ|ϕ(x, s) dx−
✂
R

|ρν(x, τ)− κ|ϕ(x, τ) dx ≥ 0,

✭✼✳✹✳✷✮

s❡❡ ❈❤❛♣t❡r ✸✱ ❙❡❝t✐♦♥ ✸✳✷ ❢♦r ❛♥ ❛♥❛❧♦❣♦✉s ❝❛❧❝✉❧❛t✐♦♥✳ ▲❡t ✉s ♠❛❦❡ ♣r❡❝✐s❡ ❤❡r❡ t❤❡ ❧✐♥❦
❜❡t✇❡❡♥ ρν ❛♥❞ ξν ✳ ❋♦r ❛❧❧ t ∈ [0, T ]✱ ✐❢ t ∈ [tn−1, tn) ❢♦r s♦♠❡ n ∈ {1, . . . , N + 1}✱ t❤❡♥ ❢♦r
❛❧❧ x ∈ R✱

ξν(x, t) = ξn(x, t) =

✂
R

ρn(y, t)µ(x− y) dy =

✂
R

ρν(y, t)µ(x− y) dy .

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♦❜t❛✐♥✐♥❣ ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ s✐♠✐❧❛r t♦ ✭✼✳✸✳✷✮✳ ▲❡t
φ ∈ C∞

c (R× R
+)✳ ❋♦r ❡✈❡r② n ∈ {1, . . . , N + 1}✱ ✇❡ ❤❛✈❡

✂ tn

tn−1

✂
R

ρνwν∂tφ+ fν(x, t, ρν)wν∂xφ dx dt

=

✂ tn

tn−1

✂
R

ρnwn∂tφ+ fn(x, t, ρn)wn∂xφ dx dt

= −
✂ tn

tn−1

✂
R

ρnK (ξn, ∂tξ
n)wn(1−wn)φ dx dt

−
✂
R

ρn(x, tn−1)wn(x, tn−1)φ(x, tn−1) dx+

✂
R

ρn(x, tn)wn(x, tn)φ(x, tn) dx

= −
✂ tn

tn−1

✂
R

ρνK (ξν , ∂tξν)wν(1−wν)φ dx dt

−
✂
R

ρν(x, t
n−1)wν(x, t

n−1)φ(x, tn−1) dx+

✂
R

ρν(x, t
n)wν(x, t

n)φ(x, tn) dx ,
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❛♥❞ ❢r♦♠ t❤✐s✱ ♦♥❝❡ ❛❣❛✐♥✱ ✐t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ s, τ ∈ [0, T ] ✭s < τ✮✱ ✇❡ ❤❛✈❡✂ τ

s

✂
R

(
(ρνwν)∂tφ+ (ρνvνwν)∂xφ+ ρνK (ξν , ∂tξν)wν(1−wν)φ

)
dx dt

+

✂
R

ρν(x, s)wν(x, s)φ(x, s) dx−
✂
R

ρν(x, τ)wν(x, τ)φ(x, τ) dx = 0.

✭✼✳✹✳✸✮

❇② ❝♦♥str✉❝t✐♦♥✱ vν ❛♥❞ ων ❛r❡ ❧✐♥❦❡❞ ❜② t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐♥ ✭✼✳✹✳✶✮✳ ❋✐♥❛❧❧②✱ ✐❢ t ∈ [tn−1, tn)
❢♦r s♦♠❡ n ∈ {1, . . . , N + 1}✱ t❤❡♥ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ x ∈ R✱

ωn(x, t) =

✂ t−ν

tn−2

✂
R

wn−1(y, s)η(x− y, t− s) dy ds+
∑

k≤n−2

✂ tk

tk−1

✂
R

wk(y, s)η(x− y, t− s) dy ds

=

✂ t−ν

−∞

✂
R

wν(y, s)η(x− y, t− s) dy ds ,

✐✳❡✳ ων ❛♥❞ wν ❛r❡ ❧✐♥❦❡❞ ❜② t❤❡ ❧❛st ❡q✉❛❧✐t② ✐♥ ✭✼✳✹✳✶✮✳ �

✼✳✹✳✷ ❈♦♠♣❛❝t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡

❲❡ ♥♦✇ ✇❛♥t t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✼✳✹✳✷✮✲✭✼✳✹✳✸✮✱ ❛♥❞ ❢♦r t❤❛t ✇❡ ♥❡❡❞ s✉✣❝✐❡♥t ❝♦♠♣❛❝t♥❡ss
♦❢ t❤❡ s❡q✉❡♥❝❡s ✐♥✈♦❧✈❡❞✳ ❚❤❡ ❞✐✣❝✉❧t② ❧✐❡s ✐♥ t❤❡ ♦❜t❛✐♥✐♥❣ ♦❢ str♦♥❣ ❝♦♠♣❛❝t♥❡ss ❢♦r
t❤❡ s❡q✉❡♥❝❡ (wν)ν ✳ ❋♦r t❤✐s s❛❦❡✱ ✇❡ ❞❡✈❡❧♦♣❡❞ t❤❡ ✏❝♦♠♣❛❝t♥❡ss ❢r♦♠ r❡♥♦r♠❛❧✐③❛t✐♦♥✑
❛r❣✉♠❡♥t ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛♥s♣♦rt ❡q✉❛t✐♦♥s ❛❞❞r❡ss❡❞ ✐♥ ❬✶✸✹❪✱ s❡❡ ❚❤❡♦r❡♠ ✻✳✵✳✻✳ ❚♦
❛♣♣❧② ✐t✱ ✇❡ ♥❡❡❞✿

✖ ✉♥✐❢♦r♠ L∞ ❜♦✉♥❞s ❢♦r t❤❡ s❡q✉❡♥❝❡s (ρν)ν ✱ (vν)ν ✱ (K(ξν , ∂tξν))ν ❛♥❞ (wν)ν ❀
✖ str♦♥❣ ❝♦♠♣❛❝t♥❡ss ❢♦r t❤❡ s❡q✉❡♥❝❡s (ρν)ν ✱ (fν(·, ·, ρν))ν ✱ (K(ξν , ∂tξν))ν ❀
✖ t♦ ♣r♦✈❡ t❤❛t (wν)ν ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ t❤❡ s❡❝♦♥❞ P❉❊ ♦❢ ✭✼✳✹✳✶✮✱

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡② ✈❡r✐❢② t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✱ ❜② ✈✐rt✉❡ ♦❢ ❈♦r♦❧❧❛r②
✻✳✵✳✽✳

◆♦t❡ t❤❛t ✇❡ ♣r♦✈❡❞ t❤❡ ❧❛st ♣♦✐♥t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✹✳✶✳ ❲❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡
t✇♦ ♦t❤❡r r❡q✉✐r❡♠❡♥ts✳ ▲❡t ✉s st❛rt ✇✐t❤ t❤❡ L∞ ❜♦✉♥❞s✳

▲❡♠♠❛ ✼✳✹✳✷✳ ❋♦r ❛❧❧ ν > 0✱ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞s✿

0 ≤ ρν ,wν , ων ≤ 1; 0 ≤ vν ≤ Vmax; |K(ξν , ∂tξν)| ≤ sup
0≤ξ≤1

|χ|≤Vmax‖µ′‖L1

|K(ξ, χ)| .

Pr♦♦❢✳ ❚❤❡ ❜♦✉♥❞s ❢♦r (ρν)ν ❛♥❞ (wν)ν ❛r❡ ❝❧❡❛r✳ ❙✐♥❝❡ η ✐s ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥✱ ❢♦r ❛❧❧ ν > 0✱
✇❡ ❤❛✈❡

∀(x, t) ∈ Ω, 0 ≤ ων(x, t) ≤
✂ T

0

✂
R

η(y, s) dy ds = 1,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ ❜♦✉♥❞s ❢♦r (vν)ν s✐♥❝❡ ✐t ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ Vmin ❛♥❞ Vmax✳
◆♦✇✱ ♦♥❝❡ ✇❡ r❡❝❛❧❧ t❤❛t ❢♦r ❛✳❡✳ (x, t) ∈ Ω✱

∂tξν(x, t) = −
✂
R

ρν(y, t)vν(y, t, ρν)µ
′(x− y) dy ,

✇❡ ✐♠♠❡❞✐❛t❡❧② ❣❡t t❤❡ ❜♦✉♥❞ ❢♦r (K(ξν , ∂tξν))ν ✳ �
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❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ str♦♥❣ ❝♦♠♣❛❝t♥❡ss ❢♦r t❤❡ s❡q✉❡♥❝❡s (ρν)ν ✱ (f(·, ·, ρν))ν ✱ (K(ξν , ∂tξν))ν ✳
▲❡t ✉s st❛rt ✇✐t❤ (f(·, ·, ρν))ν ✳

▲❡♠♠❛ ✼✳✹✳✸✳ ❚❤❡r❡ ❡①✐sts ω ∈ C(Ω) s✉❝❤ t❤❛t ✉♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱ (ων)ν
❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s❡ts t♦ ω✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ (x, t) ∈ Ω✱ ω(x, t) ∈ [0, 1]✳

Pr♦♦❢✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (ων)ν ✐s ❜♦✉♥❞❡❞ ✐♥ W1,∞(Ω)✳ ❲❡ ❛❧r❡❛❞② ♣r♦✈❡❞
✐♥ ▲❡♠♠❛ ✼✳✹✳✷ t❤❛t (ων)ν ✐s ❜♦✉♥❞❡❞ ✐♥ L∞(Ω)✳ ❋✐① ♥♦✇ (x, t), (ξ, τ) ∈ Ω✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱
✇❡ ❤❛✈❡

|ων(x, t)− ων(ξ, t)| ≤
✂ t−ν

−∞

✂
R

|η(x− y, t− s)− η(ξ − y, t− s)| dy ds

≤ |x− ξ|
✂ t−ν

−∞

TV(η(·, t− s)) ds ≤ ‖η‖L1((0,T );BV)|x− ξ|.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

|ων(x, t)− ων(x, τ)| ≤
✂ t−ν

−∞

✂
R

|η(x− y, t− s)− η(x− y, τ − s)| dy ds

+

∣∣∣∣
✂ τ−ν

t−ν

✂
R

η(x− y, τ − s) dy ds

∣∣∣∣

≤
(
‖η‖L1(R;BV) + ‖η‖L∞((0,T );L1)

)
|t− τ |.

❚❤❡ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣ W1,∞(
◦

U) ⊂ C(U) ✇❤❡♥ U ⊂ Ω
✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t✳ ❆ st❛♥❞❛r❞ ❞✐❛❣♦♥❛❧ ♣r♦❝❡ss ❡♥s✉r❡s t❤❡♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❜s❡q✉❡♥❝❡
♦❢ (ων)ν t❤❛t ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ω ∈ C(Ω) ♦♥ ❡✈❡r② ❝♦♠♣❛❝t s✉❜s❡t ♦❢ Ω✳ �

❈♦r♦❧❧❛r② ✼✳✹✳✹✳ ❉❡✜♥❡ t❤❡ ✈❡❧♦❝✐t② v(x, t, ρ) = (1− ω(x, t))Vmin(ρ) + ω(x, t)Vmax(ρ) ❛♥❞
t❤❡ ✢✉① f(x, t, ρ) = ρv(x, t, ρ)✳ ❚❤❡♥✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ (vν)ν ❛♥❞ (fν)ν ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❧②
♦♥ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ Ω× [0, 1] t♦ v ❛♥❞ f ✱ r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❚❤❡ ❝❧❛✐♠ ✐s ✐♠♠❡❞✐❛t❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (ων)ν ✳ �

❲❡ s❡❡ ❤❡r❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♥♦♥✲❧♦❝❛❧✐t② ♦❢ (ων)ν ✳ ❚♦ ♦❜t❛✐♥ str♦♥❣ ❝♦♠♣❛❝t♥❡ss ♦❢ (ρν)ν ✱
✇❡ ✐♠♣♦s❡ ❛ ♥♦♥✲❞❡❣❡♥❡r❛❝② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ✢✉①✳

▲❡♠♠❛ ✼✳✹✳✺✳ ❙✉♣♣♦s❡ t❤❛t V ′
min ❛♥❞ V ′

max ❞♦ ♥♦t ✈❛♥✐s❤ ♦♥ ❛♥② ✐♥t❡r✈❛❧ ♦❢ [0, 1]✳ ❚❤❡♥
t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (ρν)ν ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ Ω t♦ s♦♠❡ ρ ∈ L∞(Ω)✳ ▼♦r❡♦✈❡r✱
❢♦r ❛✳❡✳ (x, t) ∈ Ω✱ ρ(x, t) ∈ [0, 1]✳

Pr♦♦❢✳ ❋✐① U ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡t ♦❢ Ω✱ V ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ Ω ❝♦♥t❛✐♥✐♥❣ U ❛♥❞
κ ∈ [0, 1]✳ ❯s✐♥❣ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ ❬✶✸✷✱ ✶✸✹❪✱ ✇❡ s❤♦✇ t❤❛t

(
❞✐✈(t,x)

(
(ρν − κ)+

(ρν − κ)+(f(x, t, ρν)− f(x, t, κ))

))

ν

✐s ♣r❡❝♦♠♣❛❝t ✐♥ H−1(U).
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❇② ❝♦♥str✉❝t✐♦♥✱ ❢♦r ❛❧❧ ν > 0✱

2∂t(ρν − κ)+ + 2(ρν − κ)+(f(x, t, ρν)− f(x, t, κ))

= −∂xf(x, t, κ) + ∂t|ρν − κ|+ ∂xΦ(x, t, ρν , κ)

+ ∂x (f(x, t, ρν)− fν(x, t, ρν))︸ ︷︷ ︸
Rν(x,t)

✭✼✳✹✳✹✮

❋♦r ❛❧❧ ϕ ∈ C∞
c (U)✱ ✇❡ ❤❛✈❡
∣∣∣∣
☎

U

Rνϕ dx dt

∣∣∣∣ =
∣∣∣∣
☎

U

(f(x, t, ρν)− fν(x, t, ρν)) ∂xϕ dx dt

∣∣∣∣

≤ ‖f − fν‖L∞(V )♠❡s(U)1/3‖∂xϕ‖L3/2(U)

≤ sup
ν>0

(
‖f − fν‖L∞(V )

)
♠❡s(U)1/3‖ϕ‖W1,3/2(U),

✇❤✐❝❤ ♣r♦✈❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ (Rν)ν ✐s ❜♦✉♥❞❡❞ ✐♥ W−1,3(U)✳ ❙✐♥❝❡ (Rν)ν ✐s ❛❧s♦ ❝❧❡❛r❧②
❜♦✉♥❞❡❞ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ✜♥✐t❡ s✐❣♥❡❞ ❘❛❞♦♥ ♠❡❛s✉r❡s Ms(U)✱ ❬✽✵✱ ❈♦r♦❧❧❛r② ✶✳✸✳✶❪ ❡♥s✉r❡s
t❤❛t (Rν)ν ✐s ♣r❡❝♦♠♣❛❝t ✐♥ H−1(U)✳ ❚❤❡ s❛♠❡ ♠❡t❤♦❞ ❛♣♣❧✐❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ r❡♠❛✐♥❞❡r
♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✳✹✳✹✮ ✐s ♣r❡❝♦♠♣❛❝t ✐♥ H−1(U)✳ ❍❡♥❝❡✱

(
❞✐✈(t,x)

(
(ρν − κ)+

(ρν − κ)+(f(x, t, ρν)− f(x, t, κ))

))

ν

✐s ♣r❡❝♦♠♣❛❝t ✐♥ H−1
loc(Ω).

❙✐♥❝❡ (ρν)ν ⊂ L∞(Ω) ✐s ❜♦✉♥❞❡❞✱ ❢♦r ❛❧❧ (x, t) ∈ Ω✱ t❤❡ ✢✉① f(x, t, ·) ❜❡✐♥❣ ♥♦♥✲❞❡❣❡♥❡r❛t❡
✐♥ t❤❡ s❡♥s❡ r❡q✉✐r❡❞ ✐♥ ❬✶✸✹❪ ❞✉❡ t♦ ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ Vmin✱ Vmax✱ ❬✶✸✻✱ ❈♦r♦❧❧❛r② ✷❪ ②✐❡❧❞s
❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (ρν)ν t❤❛t ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ρ ∈ L∞(Ω) ✐♥ L1

loc(Ω)✳ ❆ ❢✉rt❤❡r ❡①tr❛❝t✐♦♥
②✐❡❧❞s t❤❡ ❛✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ Ω✳ ❚❤❡ ❢❛❝t t❤❛t ρ t❛❦❡s ✈❛❧✉❡s ✐♥ [0, 1] ❝♦♠❡s ❢r♦♠ t❤❡ L∞

❜♦✉♥❞ ♦❢ ▲❡♠♠❛ ✼✳✹✳✷✳ �

❈♦r♦❧❧❛r② ✼✳✹✳✻✳ ❉❡✜♥❡ ❢♦r ❛❧❧ (x, t) ∈ Ω✱

ξ(x, t) =

✂
R

ρ(y, t)µ(x− y) dy ; χ(x, t) = −
✂
R

ρ(y, t)v(y, t, ρ)µ′(x− y) dy .

❚❤❡♥✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ (ξν)ν✱ (∂tξν)ν ❛♥❞ (K(ξν , ∂tξν))ν ❝♦♥✈❡r❣❡ ❛✳❡✳ ♦♥ Ω t♦ ξ✱ χ ❛♥❞
K(ξ, χ)✱ r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❚❤❡ ❝❧❛✐♠ ✐s ✐♠♠❡❞✐❛t❡✳ �

❲❡ ♥♦✇ ❛ss❡ss t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ (wν)ν ✳

❈♦r♦❧❧❛r② ✼✳✹✳✼✳ ❚❤❡r❡ ❡①✐sts w ∈ L∞(Ω; [0, 1]) s✉❝❤ t❤❛t (wν)ν ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦ w ♦♥ Ω✳

Pr♦♦❢✳ ❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡♥s✉r❡❞ t❤❛t ❛❧❧ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✻✳✵✳✻ ❛r❡
❢✉❧✜❧❧❡❞✱ ②✐❡❧❞✐♥❣ t❤❡ ❞❡s✐r❡❞ ❝♦♠♣❛❝t♥❡ss✳ �
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❲✐t❤ t❤❡ ❡st❛❜❧✐s❤❡❞ ❝♦♠♣❛❝t♥❡ss✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡

❚❤❡♦r❡♠ ✼✳✹✳✽✳ ❚❤❡ ❝♦✉♣❧❡ (ρ,w) ❝♦♥str✉❝t❡❞ ✐♥ ▲❡♠♠❛ ✼✳✹✳✺ ❛♥❞ ❈♦r♦❧❧❛r② ✼✳✹✳✼ ✐s ❛
s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮✱✭✼✳✷✳✼✮✳

Pr♦♦❢✳ ❋♦r ❛❧❧ ν > 0 ❛♥❞ ❢♦r ❛❧❧ (x, t) ∈ Ω✱ ✇❡ ❤❛✈❡

ων(x, t) =

✂ t−ν

−∞

✂
R

wν(y, s)η(x− y, t− s) dy ds

= −
✂ t

t−ν

✂
R

wν(y, s)η(x− y, t− s) dy ds+

✂ t

−∞

✂
R

wν(y, s)η(x− y, t− s) dy ds .

❚❤❡ ✜rst t❡r♠ ❝❧❡❛r❧② ✈❛♥✐s❤❡s ❛s ν → 0✱ ❛♥❞ s✐♥❝❡ η ∈ L1(Ω)✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦♥✈❡r❣❡s t♦✂ t

−∞

✂
R

w(y, s)η(x− y, t− s) dy ds ❛s ν → 0✳ ❘❡❝❛❧❧ ✭❝❢✳ ▲❡♠♠❛ ✼✳✹✳✸✮ t❤❛t (ων)ν ❝♦♥✈❡r❣❡s

✉♥✐❢♦r♠❧② t♦ ω ♦♥ ❝♦♠♣❛❝t s❡ts ♦❢ Ω ❛♥❞ ✇❡ ❣❡t✿

∀(x, t) ∈ Ω, ω(x, t) =

✂ t

−∞

✂
R

w(y, s)η(x− y, t− s) dy ds .

■t ✐s ❝❧❡❛r ❢r♦♠ t❤✐s ❢♦r♠✉❧❛ t❤❛t ω ∈ W1,∞(Ω)✳ ❆♣♣❧② ♥♦✇ ✭✼✳✹✳✷✮ ✇✐t❤ ϕ ∈ C∞
c (R ×

[0, T )), ϕ ≥ 0✱ κ ∈ [0, 1]✱ s = 0 ❛♥❞ τ = T ❛♥❞ ❧❡t ν → 0✳ ❲❡ ❣❡t✿

✂ T

0

✂
R

(
|ρ− κ|∂tϕ+Φ(x, t, ρ, κ)∂xϕ− sgn(ρ− κ)∂xf(x, t, κ)ϕ

)
dx dt

+

✂
R

|ρ0(x)− κ|ϕ(x, 0) dx ≥ 0.

❚❤✐s ♣r♦✈❡s t❤❛t ρ ✐s ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✼✳✷✳✶✮✳ ❚❤❡r❡❢♦r❡✱ ρ ∈ C([0, T ];L1
loc(R))✱ s❡❡

❬✺✾❪✳ ▼♦r❡♦✈❡r✱ ✐t ✐♠♣❧✐❡s t❤❛t ξ ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✼✳✹✳✻ ✈❡r✐✜❡s ❢♦r ❛❧❧ x ∈ R✱ ξ(x, ·) ∈
W1,∞((0, T )) ❛♥❞ t❤❛t ❢♦r ❛✳❡ t ∈ (0, T )✱

∂tξ(x, t) = χ(x, t),

✇❤❡r❡ χ ✇❛s ❞❡✜♥❡❞ ✐♥ ✼✳✹✳✻ ❛s ✇❡❧❧✳ ◆♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡s ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ❢♦r (ρν)ν ❛♥❞
(fν)ν ❡♥s✉r❡ t❤❛t ❢♦r ❛✳❡✳ τ, s ∈ [0, T ] ✭s < τ)✱

✂ τ

s

✂
R

(
|ρ− κ|∂tϕ+ Φ(x, t, ρ, κ)∂xϕ− sgn(ρ− κ)∂xf(x, t, κ)ϕ dx dt

)

+

✂
R

|ρ(x, s)− κ|ϕ(x, s) dx−
✂
R

|ρ(x, τ)− κ|ϕ(x, τ) dx ≥ 0.

❚❤❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢
(s, τ) ✇❤✐❝❤ ✐s ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❣r❡❛t❡r t❤❛♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ 0✳ ❇② ❝♦♥t✐♥✉✐t②✱ t❤✐s
❡①♣r❡ss✐♦♥ ✐s ❡✈❡r②✇❤❡r❡ ❣r❡❛t❡r t❤❛♥ 0✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t ρ s❛t✐s✜❡s t❤❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s
✭✼✳✸✳✶✮✳ ❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ st❛t❡♠❡♥t✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t w ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥
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t♦ ✭✼✳✷✳✸✮✳ ❲❡ ❛♣♣❧② ✭✼✳✹✳✸✮ ✇✐t❤ φ ∈ C∞
c (R × [0, T ))✱ s = 0 ❛♥❞ τ = T ✱ ❛♥❞ ✇❡ ❧❡t ν → 0✳

❚❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (wν)ν ❛♥❞ (K(ξν , ∂tξν)ν) ❛r❡ ❝r✉❝✐❛❧ ❤❡r❡✳ ❲❡ ♦❜t❛✐♥✿

✂ T

0

✂
R

(
(ρw)∂tφ+ (ρvw)∂xφ+ ρK (ξ, ∂tξ)w(1−w)φ

)
dx dt+

✂
R

ρ0(x)w0(x)φ(x, 0) dx = 0,

✐♠♣❧②✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ρw ∈ C([0, T ];w∗−L∞(R))✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❡ s❛♠❡
✇❛② ✇❡ ❞✐❞ ❢♦r ρ t❤❛t w s❛t✐s✜❡s t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✭✼✳✸✳✷✮✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✸✳✷✳ ❚❤❡ ❡①✐st❡♥❝❡ ❝❧❛✐♠ r❡❛❞✐❧② ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✼✳✹✳✽✳ �

✼✳✺ ❱❛r✐❛♥ts ♦❢ t❤❡ ♠♦❞❡❧

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❝♦♥❞✉❝t❡❞ t❤❡ ❡①✐st❡♥❝❡ ❛♥❛❧②s✐s ♦❢ Pr♦❜❧❡♠ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮
✇✐t❤ ✭✼✳✷✳✼✮✳ ❚❤❡ ❛✈❡r❛❣✐♥❣ ✐♥ ❜♦t❤ s♣❛❝❡ ❛♥❞ t✐♠❡ ♦❢ t❤❡ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r ✭✼✳✷✳✻✮✱✭✼✳✷✳✼✮
❛❧❧♦✇❡❞ ❢♦r ❛ str♦♥❣ ❞❡❝♦✉♣❧✐♥❣ ♦❢ t❤❡ s②st❡♠ ✭✼✳✷✳✶✮✕✭✼✳✷✳✸✮ ❛♥❞ t❤✉s ❧❡❞ ✉s t♦ ❛ ♣r♦♦❢ ♦❢
❡①✐st❡♥❝❡ ✈✐❛ ❛ t✐♠❡✲s♣❧✐tt✐♥❣ t❡❝❤♥✐q✉❡ ✇✐t❤ ♠❡r❡❧② ❜♦✉♥❞❡❞ ✐♥✐t✐❛❧ ❞❛t✉♠✳ ◆♦t✐❝❡ ❤♦✇❡✈❡r
t❤❛t✱ ✇❤✐❧❡ ♦♣t✐♠❛❧ r❡s✉❧ts ♦♥ s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❢❡❛t✉r❡ ♠❡r❡❧② L∞ s♦❧✉t✐♦♥s ✭❬✶✶✹❪✮✱
t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥ ✐s t②♣✐❝❛❧ ✐♥ tr❛✣❝ ♠♦❞❡❧✐♥❣ ♥♦t ♦♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡
♥✉♠❡r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❛❞✈❛♥t❛❣❡s ✐t ♠❛② ♦✛❡r ❛♥❞ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ BV✲❜❛s❡❞ t❤❡♦r②✱
❜✉t ❛❧s♦ ❜❡❝❛✉s❡ ✐t ✐s ♥❛t✉r❛❧ ✐♥ t❤❡ ❝♦♥t❡①t ❞✉❡ t♦ t❤❡ r❡❧❛t✐✈❡ s♠❛❧❧♥❡ss ♦❢ t❤❡ ♥✉♠❜❡r ♦❢
tr❛✣❝ ❛❣❡♥ts✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❛❞♦♣t t❤❡ s❡tt✐♥❣ ♦❢ ❞❡♥s✐t✐❡s ✇✐t❤ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥❀ ✇✐t❤✐♥ t❤❡
BV ❢r❛♠❡✇♦r❦✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t✇♦ ✈❛r✐❛♥ts ♦❢ t❤❡ ♠♦❞❡❧ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮✳ ■♥ ❙❡❝t✐♦♥ ✼✳✺✳✶
✇❡ r❡♣❧❛❝❡ ✭✼✳✷✳✼✮ ✇✐t❤ ✭✼✳✷✳✽✮ ✇✐t❤ ♦♥❧② s♣❛❝❡ ❛✈❡r❛❣✐♥❣ ♦❢ t❤❡ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r✳ ◆♦t❡
t❤❛t t❤✐s ✇✐❧❧ ❜❡ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♦✉r ❙❡❝t✐♦♥ ✼✳✻ ❞❡✈♦t❡❞ t♦ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡
♠♦❞❡❧✳ ❚❤❡ ❡ss❡♥t✐❛❧ ♣r♦♣❡rt② t❤❛t ❛❧❧♦✇s ❢♦r ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤✐s ✈❛r✐❛♥t
✐s t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ BV r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r ω ✉♥✐❢♦r♠❧② ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ❞②♥❛♠✐❝s ♦❢ ρ✱ ✇❤✐❝❤ ✐s t❤❡ s♣❡❝✐✜❝ ❢❡❛t✉r❡ ♦❢ s♦❧✉t✐♦♥s t♦ ✭✼✳✷✳✸✮ ✐♥t✐♠❛t❡❧②
r❡❧❛t❡❞ t♦ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt② ♦❢ ❬✶✸✹❪✳ ❋✉rt❤❡r✱ ✐♥ ❙❡❝t✐♦♥ ✼✳✺✳✷ ✇❡ ✇✐❧❧ ❜r✐❡✢②
❞✐s❝✉ss t❤❡ ❧♦❝❛❧ ✈❛r✐❛♥t ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤♦✉t ❛✈❡r❛❣✐♥❣ ♦❢ t❤❡ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r✱✐✳❡✳ ✱ t❤❡
✈❛r✐❛♥t ✇❤❡r❡ ω ✐s t❛❦❡♥ ❡q✉❛❧ t♦ w✳ ❯♣ t♦ t❤❡ s♦✉r❝❡ t❡r♠ ✐♥ ✭✼✳✷✳✸✮ t❤❛t ❦❡❡♣s ♥♦♥✲
❧♦❝❛❧ ❝❤❛r❛❝t❡r✱ s✉❝❤ ♠♦❞❡❧ ❜♦✐❧s ❞♦✇♥ t♦ ❛ s②st❡♠ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✱ t❤✉s ❢❛❧❧✐♥❣ ✇✐t❤✐♥
t❤❡ ❝❧❛ss ♦❢ s♦✲❝❛❧❧❡❞ ●❙❖▼ ✭❣❡♥❡r❛❧✐③❡❞ s❡❝♦♥❞✲♦r❞❡r✮ ♠♦❞❡❧s ♣✉t ❢♦r✇❛r❞ ✐♥ ❬✶✶✾✱ ✶✶✽❪✳
❚❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ BV r❡❣✉❧❛r✐t② ❢♦r w ✭♣r♦✈✐❞❡❞ ✐♥✐t✐❛❧ ❞❛t❛ ❛r❡ BV✮ ❛❧❧♦✇s ✉s t♦ ♠❛❦❡
❛ ✜rst st❡♣ t♦✇❛r❞s ❡①✐st❡♥❝❡✱ ❤♦✇❡✈❡r✱ ✇❡ str❡ss t❤❛t ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s ❢♦r ❤❛♥❞❧✐♥❣ t❤✐s
s✐t✉❛t✐♦♥ ❛r❡ ♥♦t r✐♣❡ ②❡t✳ ■♥❞❡❡❞✱ ✭✼✳✷✳✶✮ ❜❡❝♦♠❡s ✐♥ t❤✐s s❡tt✐♥❣ ❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✇✐t❤
BV ✐♥ s♣❛❝❡✲t✐♠❡ ❝♦❡✣❝✐❡♥ts ✭s❡❡✱ ❡✳❣✳✱ ❬✶✸✻❪✮ ❛♥❞ ♦♥❡ ♥❡❡❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❝❛♥❞✐❞❛t❡
s♦❧✉t✐♦♥s ❢✉❧✜❧❧ s❡❧❡❝t✐♦♥ ❝r✐t❡r✐❛ ♣r♦♣❡r t♦ t❤❡ tr❛✣❝ ❝♦♥t❡①t ✭s❡❡✱ ❡✳❣✳✱ ❬✶✾❪✮ ❛♠♦♥❣ ✐♥✜♥✐t❡❧②
♠❛♥② ❝♦♥s✐st❡♥t s❡❧❡❝t✐♦♥ ❝r✐t❡r✐❛ ✭❬✶✺❪✮✳ ❚❤❡ t❤❡♦r② ♦❢ ✭✼✳✷✳✶✮✱✭✼✳✷✳✷✮ ✐s ✇❡❧❧ ✉♥❞❡rst♦♦❞ ❢♦r
t❤❡ ❝❛s❡ ♦❢ ✐s♦❧❛t❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ ω ✭❝❢✳ ❬✶✵✼✱ ✶✹✾❪✮ ❜✉t t❤❡ ❝❛s❡ ♦❢ ✐♥t❡r❡st✱ ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ ♦✉r ♠♦❞❡❧✱ r❡q✉✐r❡s ♠✉❝❤ ❞❡❡♣❡r ✐♥✈❡st✐❣❛t✐♦♥✳
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✼✳✺✳✶ ❖♥ t❤❡ t✐♠❡✲❧♦❝❛❧ ♠♦❞❡❧ ✭✼✳✷✳✶✮✕✭✼✳✷✳✻✮✱✭✼✳✷✳✽✮

❈♦♥s✐❞❡r t❤❡ ✈❛r✐❛♥t ♦❢ Pr♦❜❧❡♠ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮ ✇✐t❤ ❛✈❡r❛❣✐♥❣ ♦♥❧② ✐♥ s♣❛❝❡ ♦❢ t❤❡ ♦r✲
❞❡r❧✐♥❡ss ♠❛r❦❡r ✭✼✳✷✳✽✮✳ ❚❤✐s s✐♠♣❧❡r ♠♦❞❡❧ ❦❡❡♣s t❤❡ ♥♦♥✲❧♦❝❛❧ ✐♥ s♣❛❝❡ ❝❤❛r❛❝t❡r r❡✢❡❝t✲
✐♥❣ t❤❡ ❢❛❝t t❤❛t✱ ✇❤✐❧❡ t❤❡ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r ✐s ❛tt❛❝❤❡❞ t♦ ✐♥❞✐✈✐❞✉❛❧ ❞r✐✈❡rs✱ t❤❡ ✐♠♣❛❝t
✭✼✳✷✳✷✮✱✭✼✳✷✳✻✮✱✭✼✳✷✳✽✮ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♦r❞❡r❧✐♥❡ss st❛t❡s ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞✐❛❣r❛♠ ✐s t❛❦❡♥
✐♥ ❛✈❡r❛❣❡✳
❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ s❦❡t❝❤ t❤❡ ❡①✐st❡♥❝❡ t❤❡♦r②✱ ✈✐❛ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣
❛♣♣r♦①✐♠❛t✐♦♥s✱ ❜❛s❡❞ ✉♣♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ BV r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠ w0✳
❲❡ ❞♦ ♥♦t ❡①♣❛♥❞ t❤✐s s❡❝t✐♦♥✱ ❜❡❝❛✉s❡ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ✐s ❛❞❞r❡ss❡❞ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ❢✉❧❧②
❞✐s❝r❡t❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✼✳✻✳ ❲❡ ♦♥❧② ♣♦✐♥t ♦✉t t❤❡ ❦❡② ❛r❣✉♠❡♥ts ♦❢
t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ ❧❡❛❞✐♥❣ t♦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥s ✐♥ t❤✐s ❝❛s❡✳
❚♦ st❛rt ✇✐t❤✱ ✇❡ r❡q✉✐r❡ ρ0,w0 ∈ BV(R)✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ✐s t❤❡ ♦♥❡ ♦❢ ❉❡✜♥✐✲
t✐♦♥ ✼✳✸✳✶✱ ✇✐t❤ t❤❡ ♥❡❝❡ss❛r② ❛❞❥✉st♠❡♥t t♦ r❡♣❧❛❝❡ ✭✼✳✷✳✼✮ ❜② ✭✼✳✷✳✽✮❀ ✇✐t❤✐♥ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ s♦❧✉t✐♦♥✱ ✇❡ ❝❛♥ ❛❞❞ t❤❡ BV r❡❣✉❧❛r✐t② ♦❢ ρ,w s✐♥❝❡ ✇❡ ❛❝❤✐❡✈❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ s♦❧✉✲
t✐♦♥s✳ ❚❤❡ s♣❧✐tt✐♥❣ ❝♦♥str✉❝t✐♦♥ ✐s ✉♥❝❤❛♥❣❡❞✳ ❖✉r ✇❤♦❧❡ ❛tt❡♥t✐♦♥ ❣♦❡s t♦ t❤❡ ❝♦♠♣❛❝t♥❡ss
✐ss✉❡✱ ❛♥❞ ❛t t❤✐s ♣♦✐♥t✱ ✇❡ ❝❤❛♥❣❡ t❤❡ ♦r❞❡r ♦❢ ❛r❣✉♠❡♥ts ❛♥❞ ❢✉❧❧② ❝❤❛♥❣❡ t❤❡ ❝♦♠♣❛❝t♥❡ss
❛♥❛❧②s✐s ♦❢ w✳ ❲✐t❤ BV ❞❛t✉♠ ρ0✱ ❝♦♠♣❛❝t♥❡ss ❢♦r (ρν)ν ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥ ❛♥❞
✐t ❝♦♠❡s ✇✐t❤♦✉t t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ Vmin, Vmax ♦❢ ▲❡♠♠❛ ✼✳✹✳✺✳ ■♥❞❡❡❞✱ ❞✉❡ t♦ t❤❡ ✉♥✐❢♦r♠
s♣❛❝❡ r❡❣✉❧❛r✐t② ♦❢ (ων)ν ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t (ρν)ν ✐s ❜♦✉♥❞❡❞ ✐♥ L∞([0, T ];BV(R))✱ s❡❡ ❬✺✾❪✳
❋♦r (wν)ν ✱ ❣❧♦❜❛❧ BV ❜♦✉♥❞s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t✱ ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❬✶✸✹❪✱ t❤❛t ✇❡❛❦
s♦❧✉t✐♦♥s t♦ ❡q✉❛t✐♦♥s ❧✐❦❡ ✭✼✳✷✳✸✮ ❜❡❤❛✈❡ ❧✐❦❡ ✐❢ t❤❡② ✇❡r❡ ❡✈♦❧✈✐♥❣ ❛❧♦♥❣ ❝❤❛r❛❝t❡r✐st✐❝s✳ ■♥
t❤❡ ❜❛s✐❝ s♦✉r❝❡❧❡ss ❝❛s❡ ✇✐t❤ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❞❛t❛✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ s♦❧✉t✐♦♥ ❛t ❛♥②
t✐♠❡ ❛ss✉♠❡s t❤❡ s❛♠❡ st❛t❡s ✲ ❛♥❞ ✐♥ t❤❡ s❛♠❡ ♦r❞❡r ✲ ❛s t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠✱ t❤❡r❡❢♦r❡ ✐ts
✈❛r✐❛t✐♦♥ ✐♥ s♣❛❝❡ ✐s ❝♦♥tr♦❧❧❡❞✱ ❢♦r ❛♥② t✐♠❡✱ ❜② t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳ ❋♦r ❣❡♥❡r❛❧
BV ❞❛t✉♠ ❛♥❞ ✐♥ ♣r❡s❡♥❝❡ ♦❢ t❤❡ s♦✉r❝❡ t❡r♠✱ ✐♥ ♦r❞❡r t♦ ✐♥❢❡r t❤✐s ♣r♦♣❡rt② ♦♥❡ ❝❛♥ r❡❧②
✉♣♦♥ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ♦❢ ❈❤❛♣t❡r ✻ ❛♥❞ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt②✳ ❲❡ ❞♦ ♥♦t
❞❡✈❡❧♦♣ t❤❡ ❛r❣✉♠❡♥t ❤❡r❡✱ ❜✉t ✇❡ str❡ss t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ BV ❜♦✉♥❞
❢♦r (wν)ν ✐s ❛ss❡ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✼✳✻✳ ❲❤✐❧❡ ✐♥ ❙❡❝t✐♦♥ ✼✳✻ ✇❡ r❡q✉✐r❡ t❤❡ r❡str✐❝t✐♦♥
ρ0 ≥ ε > 0 ✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❛r❡❛✱ s❡❡ ✭✼✳✸✳✸✮✱ ❧❡t ✉s str❡ss ❤❡r❡ t❤❛t t❤✐s r❡str✐❝t✐♦♥ ✐s
♥❡❡❞❡❞ ♦♥❧② t♦ ❞❡✜♥❡ t❤❡ s❝❤❡♠❡ ❛♥❞ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✳ ❆s ❢❛r
❛s t❤❡ s♣❧✐tt✐♥❣ ♣r♦❝❡❞✉r❡ ✐s ❝♦♥s✐❞❡r❡❞✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤✐s r❡str✐❝t✐♦♥✱ ❛s ♦♥❡
❝❛♥ s❡❡ ✐t ❢r♦♠ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❈❤❛♣t❡r ✻ ✇❤❡r❡ t❤❡ ❝❛s❡ ♦❢ ρ ≥ 0 ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ✈✐❛ ❛
r❡❣✉❧❛r✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✳

✼✳✺✳✷ ❖♥ t❤❡ ❧♦❝❛❧ ♠♦❞❡❧ ✭✼✳✷✳✶✮✕✭✼✳✷✳✻✮

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ♣✉r❡❧② ❧♦❝❛❧ ✈❛r✐❛♥t ♦❢ ♦✉r ♠♦❞❡❧✱ t❛❦✐♥❣ M = ■❞ ✐♥ ✭✼✳✷✳✻✮❀
✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ 2 × 2 s②st❡♠ ♦♥ ρ,w ❛♥❞ ω ✐s ❝❧♦s❡❞
❜② ✐❞❡♥t✐❢②✐♥❣ ω ✇✐t❤ w✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧ ✐s ❛ ✈❛r✐❛♥t ♦❢ ●❙❖▼ ✭❣❡♥❡r❛❧✐③❡❞ s❡❝♦♥❞✲
♦r❞❡r✮ ♠♦❞❡❧s ♣r♦♣♦s❡❞ ✐♥ ❬✶✶✾✱ ✶✶✽❪✱ ✐♥s♣✐r❡❞ ❜② t❤❡ ❛❧r❡❛❞② ❝❧❛ss✐❝❛❧ ❆✇✲❘❛s❝❧❡ ❛♥❞ ❩❤❛♥❣
♠♦❞❡❧ ✭❆❘❩✮✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ ❝❤♦✐❝❡ ✭✼✳✷✳✷✮ ♦❢ t❤❡ ✈❡❧♦❝✐t②✱ ✐♥ ♦✉r ❝❛s❡ t❤❡ ♠♦❞❡❧ ♥❡❡❞
♥♦t r❡❞✉❝❡ t♦ ❛ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ✇✐t❤ ♦♥❡ ❣❡♥✉✐♥❡❧② ♥♦♥❧✐♥❡❛r ❛♥❞ ♦♥❡ ❧✐♥❡❛r❧② ❞❡❣❡♥❡r❛t❡
✜❡❧❞✳ ▲❡t ✉s s❦❡t❝❤ ❛ ♥♦♥✲st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ t♦ t❤✐s ❦✐♥❞ ♦❢ ●❙❖▼ ♠♦❞❡❧s✳ ❋✐rst✱ ❛s ✐♥
❙❡❝t✐♦♥ ✼✳✺✳✶✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ w ❡♥s✉r❡s t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ BV r❡❣✉❧❛r✐t② ✐❢ ✇❡ ❛ss✉♠❡
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w0 ∈ BV(R)✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ❝♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ✇❤❡r❡ K = 0✳ ❚❤❡♥ ✐t ❝❛♥ ❜❡
s❤♦✇♥ ✉s✐♥❣ t❤❡ t❤❡♦r② ♦❢ ❬✶✸✹❪ ✲ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦♣❡rt② ✐s ✈❛❧✐❞
❢♦r ❣❡♥❡r❛❧ ❇♦r❡❧ ❢✉♥❝t✐♦♥s ✲ t❤❛t ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t w0 ❧❡❛❞ t♦ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t w ✭❝❢✳
❬✶✶✽❪ ❢♦r t❤❡ ❛♥❛❧♦❣♦✉s ♦❜s❡r✈❛t✐♦♥ ✐♥ t❤❡ ❢r❛♠❡ ♦❢ ●❙❖▼✮✳ ■♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡ ❡q✉❛t✐♦♥
✭✼✳✷✳✶✮ ❜❡❝♦♠❡s ❛ ❞✐s❝♦♥t✐♥✉♦✉s✲✢✉① ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✇✐t❤ s❡♣❛r❛t❡❞ ✐♥t❡r❢❛❝❡s✳ ❚❤❡ t❤❡♦r②
✭♦r✱ r❛t❤❡r✱ ♠✉❧t✐♣❧❡ t❤❡♦r✐❡s✮ ♦❢ s✉❝❤ ❡q✉❛t✐♦♥s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ♦✈❡r ♠♦r❡ t❤❛♥ ✷✺ ②❡❛rs✱
❛♥❞ ✇❡ ♣♦✐♥t ♦✉t t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛♣♣❧② s✉❝❤ t❤❡♦r✐❡s ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥
♦❢ s♦❧✉t✐♦♥ t♦ t❤❡ ♠♦❞❡❧ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ t♦ ●❙❖▼ ♠♦❞❡❧s ✇✐t❤
♦r ✇✐t❤♦✉t t❤❡ st❛♥❞❛r❞ ❤②♣❡r❜♦❧✐❝✐t② str✉❝t✉r❡✳ ❚❤❡ ❦❡② ✐ss✉❡ ✐s t♦ s❡❧❡❝t t❤❡ ❛♣♣r♦♣r✐❛t❡
❝♦✉♣❧✐♥❣ ❝♦♥❞✐t✐♦♥s ❛❝r♦ss ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ ω ≡ w ✭❝❛❧❧❡❞ ✐♥t❡r❢❛❝❡s✮✱ ✇❤✐❝❤ ✐s ❛ ❝❧❡❛r❧②
✉♥❞❡rst♦♦❞ ✐ss✉❡ ✐♥ t❤❡ tr❛✣❝ ❝♦♥t❡①t✳ ❆❝❝♦r❞✐♥❣ t♦ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥t❛t✐♦♥ ❛♥❞
t♦ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❛♥②✲♣❛rt✐❝❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭t❤❡
s♦✲❝❛❧❧❡❞ ❋♦❧❧♦✇✲t❤❡✲❧❡❛❞❡r ♠♦❞❡❧✮✱ s❡❡ ❬✶✾❪✱ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s t❤❡ ♦♥❡ ♠❛①✐♠✐③✐♥❣ t❤❡
✢✉① ❛❝r♦ss ✐♥t❡r❢❛❝❡s✳ ❊✐t❤❡r ✇❡ ❞♦ ♥♦t ♣✉rs✉❡ t❤✐s ❧✐♥❡ ✐♥ t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r✱ ❧❡t ✉s ♣♦✐♥t
♦✉t t❤❛t ✲ ❢♦r ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✐♥✐t✐❛❧ ❞❛t✉♠ w0 ♦❢ t❤❡ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r ✲ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ❞❡✜♥❡ s♦❧✉t✐♦♥s ✭❛❞♠✐ss✐❜❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ♠❛①✐♠✐③✐♥❣ t❤❡ ✢♦✇ ❛❝r♦ss ✐♥t❡r❢❛❝❡s✮ ❢♦r t❤❡
s♣❧✐tt✐♥❣ s❝❤❡♠❡ ✇❡ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✹✱ ❛♥❞ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ s❝❤❡♠❡✳ ❚❤❡ ❝♦♠♣❛❝t♥❡ss
♦❢ (ρν)ν ❝❛♥ ❜❡ ❛ss❡ss❡❞ r❡❧②✐♥❣ ♦♥ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ ✢✉① ❬✶✸✻❪✳ ❚❤❡ ❣❡♥❡r❛❧ s❡tt✐♥❣
✇✐t❤ ♣✐❡❝❡✇✐s❡ C1 ♦r ♠❡r❡❧② BV ❝♦♠♣♦♥❡♥t w ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ ✐ss✉❡ ❢♦r ✇❤✐❝❤
s♦♠❡ ❡❧❡♠❡♥ts ♦❢ ❛♥❛❧②s✐s ❛r❡ r❡❛❞②✱ ❛♥❞ ♦t❤❡rs ❛r❡ ❧❛❝❦✐♥❣✳ ▲❡t ✉s ♣✐♥♣♦✐♥t t❤❡ t✇♦ ♠❛✐♥
✐ss✉❡s ✇❡ ❧❡❛✈❡ ❢♦r ❢✉t✉r❡ ✇♦r❦✿

✖ ❖♥❡ ♥❡❡❞s ❛ ♣❧❛✉s✐❜❧❡ ✭♦♥ ❤❡✉r✐st✐❝ ❣r♦✉♥❞s✱ s✉❝❤ ❛s t❤❡ ✉♥✐q✉❡♥❡ss ❢♦r ❘✐❡♠❛♥♥ ♣r♦❜✲
❧❡♠s✮ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛❞♠✐ss✐❜❧❡ s♦❧✉t✐♦♥s s✉✐t❛❜❧❡ ❢♦r ❣❡♥❡r❛❧ ω ≡ w ∈ BV✳❲❡
str❡ss t❤❛t t❤❡ ♦♥❡ ♦❢ ❬✶✸✻❪✱ ♦❜t❛✐♥❡❞ ✐♥ ❛ ✈❡r② ❣❡♥❡r❛❧ s❡tt✐♥❣✱ ❞♦❡s ♥♦t ❧❡❛❞ t♦
✉♥✐q✉❡♥❡ss ❢♦r ❣❡♥❡r❛❧ ✢✉① ❝♦♥✜❣✉r❛t✐♦♥s ❜✉t ♠❛② ❜❡ s✉✣❝✐❡♥t ✐♥ t❤❡ s❡tt✐♥❣ ✇❡ ❛r❡
❝♦♥s✐❞❡r✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t Vmax ≥ Vmin ✐♥ ♦✉r ♠♦❞❡❧✱ ❢✉♥❞❛♠❡♥t❛❧
❞✐❛❣r❛♠s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ω ≡ w ❞♦ ♥♦t ❝r♦ss✱ s♦ t❤❛t t❤❡ ❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥
♦❢ ❬✶✵✻❪ ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❢✉❧✜❧❧❡❞✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ t❤❡ ♦♣t✐♠❛❧✲✢✉① ❡♥tr♦♣② s♦❧✉t✐♦♥s
✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ s♦✲❝❛❧❧❡❞ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s st✉❞✐❡❞ ✐♥
❬✶✵✻✱ ✶✽❪✭s❡❡ ❛❧s♦ ❬✶✻❪ ❛♥❞ ✐♥ ❬✻✹❪✮✳ ◆♦t❡ t❤❛t ❛ s✉❜t❧❡r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛❞♠✐ss✐❜❧❡
✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ✐s ♣r♦✈✐❞❡❞ ✐♥ ❬✶✽❪ ❛♥❞ ❬✻✹❪❀ t❤❡ ♣❛rt✐❝✉❧❛r✐t② ♦❢ ❬✻✹❪ ✐s
t❤❛t t❤❡ ❛♥❛❧②s✐s ❡①t❡♥❞s t♦ t❤❡ ❣❡♥❡r❛❧ BV str✉❝t✉r❡ ♦❢ t❤❡ ✢✉①✱ ✇❤✐❝❤ ✐s ✇❤❛t ✇❡
❤❛✈❡ ✐♥ ♠✐♥❞✳

✖ ❇❡✐♥❣ ✉♥❞❡rst♦♦❞ t❤❛t t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤❡ s②st❡♠ ✐s ♣r♦❜❛❜❧② ❜❡②♦♥❞
t❤❡ r❡❛❝❤ ♦❢ ❢✉❧❧ ❛♥❛❧②s✐s✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❛ss❡ss ✉♥✐q✉❡♥❡ss ♦❢ ρ✱ ❣✐✈❡♥
ω ≡ w ∈ BV(R)✳ ❚♦✇❛r❞s t❤✐s ❣♦❛❧✱ ❞❡❧✐❝❛t❡ r❡✜♥❡♠❡♥ts ♦❢ t❡❝❤♥✐q✉❡s ♦❢ ❬✶✵✻✱ ✶✽✱ ✻✹❪
♥❡❡❞ t♦ ❜❡ ❡❧❛❜♦r❛t❡❞✳

❚♦ s✉♠ ✉♣✱ t❤❡ ♣r❡s❡♥t ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❧♦❝❛❧ ♣r♦❜❧❡♠ ✭✼✳✷✳✶✮✕✭✼✳✷✳✻✮ ❤✐❣❤❧✐❣❤ts ❛
♥♦✈❡❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❞♠✐ss✐❜✐❧✐t② ♦❢ s♦❧✉t✐♦♥s♦❢ t❤❡ ❧♦❝❛❧ ●❙❖▼ ♠♦❞❡❧s✱
✇❡❛❦❡♥✐♥❣ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ r❡q✉✐r❡♠❡♥t ♦♥ t❤❡ ❤②♣❡r❜♦❧✐❝ str✉❝t✉r❡ ♦❢ t❤❡ s②st❡♠✳
▲❛st ❜✉t ♥♦t ❧❡❛st✱ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✻ ❜❡❧♦✇ ❢♦r t❤❡ s♣❛t✐❛❧❧②
♥♦♥✲❧♦❝❛❧ ♣r♦❜❧❡♠ ♦❢ ❙❡❝t✐♦♥ ✼✳✺✳✶ ✐s ❛♣♣❧✐❝❛❜❧❡ ❛❧s♦ t♦ t❤❡ ❧♦❝❛❧ ♣r♦❜❧❡♠ ♦❢ ❙❡❝t✐♦♥ ✼✳✺✳✷✱
♣r♦✈✐❞❡❞ ❝♦♥s✐st❡♥t ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✼✳✷✳✶✮✱✭✼✳✷✳✷✮ ✐s ✉s❡❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣♦ss✐❜❧❡
s❤❛r♣ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✢✉① ❢✉♥❝t✐♦♥ ✭❝❢✳ ❬✶✹✾❪✮✳
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✼✳✻ ◆✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✈❡❧♦♣ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧
✭✼✳✷✳✶✮✕✭✼✳✷✳✻✮✱ ✇✐t❤ t❤❡ ❛✈❡r❛❣✐♥❣ ♦♣❡r❛t♦r M ✐♥ ✭✼✳✷✳✻✮ ❣✐✈❡♥ ❜② ✭✼✳✷✳✽✮✳ ❲❡ ❛♥❛❧②③❡ t❤❡
BV st❛❜✐❧✐t② ❛♥❞ ✐♥❢❡r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ tr❛♥s♣♦rt
❡q✉❛t✐♦♥ ✭✼✳✷✳✸✮ ✐s ♦❜t❛✐♥❡❞ ❡①♣❧♦✐t✐♥❣ t❤❡ ✐❞❡❛ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ❛❧♦♥❣ ❝❤❛r❛❝t❡r✐st✐❝s❀ t♦ st❛t❡
t❤❡ ✐❞❡❛ ❝❧❡❛r❧②✱ ✇❡ st❛rt ✇✐t❤ ❛ s✐♠♣❧✐✜❡❞ ♣r♦❜❧❡♠ ❛♥❞ ❡①♣♦s❡ t❤❡ ♠♦t✐✈❛t✐♦♥s ❜❡❤✐♥❞ t❤❡
♠❛r❝❤✐♥❣ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❝♦♠♣♦♥❡♥t (wn

j+1/2)j∈Z ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳ ❚❤❡ s❝❤❡♠❡ ❢♦r
t❤❡ s✐♠♣❧✐✜❡❞ ♣r♦❜❧❡♠ t✉r♥s ♦✉t t♦ ❜❡ s✐♠✐❧❛r t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❑❡②✜t③✲❑r❛♥③❡r
❬✶✶✷❪ s②st❡♠ ♣✉t ❢♦r✇❛r❞ ✐♥ ❬✶✶✸❪✱ s❡❡ ❘❡♠❛r❦ ✼✳✻✳✶✳

✼✳✻✳✶ ▼♦t✐✈❛t✐♦♥

❲❡ ❜✉✐❧❞ ❛ s✐♠♣❧❡ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❛♥❞ ♣r♦✈❡ ✐ts ❝♦♥✈❡r❣❡♥❝❡ t♦ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✷✳✶✮ ✕
✭✼✳✷✳✻✮ ✇✐t❤ ✭✼✳✷✳✽✮ t❤✐s t✐♠❡✳ ▲❡t ✉s ❡①♣❧❛✐♥ t❤❡ ✐❞❡❛s ❜❡❤✐♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♦✉r s❝❤❡♠❡✳
❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✐♥st❡❛❞ ♦❢ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮✱ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠

{
∂tρ+ ∂x (f(ρ)) = 0

∂t (ρw) + ∂x (f(ρ)w) = ρS(x, t).
✭✼✳✻✳✶✮

❚❤✐s s②st❡♠ ✐s ❛ tr✐❛♥❣✉❧❛r ♦♥❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ✜rst ❡q✉❛t✐♦♥ ❛♥❞ ✜♥❞ ρ
✇✐t❤♦✉t w✱ ❛♥❞ t❤❡♥ s♦❧✈❡ t❤❡ s❡❝♦♥❞ ♦♥❡✳ ◆✉♠❡r✐❝❛❧❧②✱ t❤✐s ✐s ✇❤❛t ✇❡ ❞♦ ❛s ✇❡❧❧✳ ❚❤❡
❛♣♣r♦①✐♠❛t❡ ❞❡♥s✐t② ρ∆ = (ρnj+1/2)n,j ✐s ❝♦♥str✉❝t❡❞ ✇✐t❤ ❛ st❛♥❞❛r❞ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡✿

(ρn+1
j+1/2 − ρnj+1/2)∆x+ (fn

j+1 − fn
j )∆t = 0,

✇❤❡r❡ fn
j ✐s ❛ s✉✐t❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✢✉① f(ρ)✱ s❡❡ ✭✼✳✻✳✷✮✳ ❲❡ t❤❡♥ ✉s❡ t❤❡s❡ ✈❛❧✉❡s

t♦ ❝♦♥str✉❝t w∆✳ ❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❛t ✐❢ ❛❧❧ t❤❡ ✐♥✈♦❧✈❡❞ ❢✉♥❝t✐♦♥s ❛r❡ s♠♦♦t❤ ❛♥❞ ✐❢
ρ > 0✱ t❤❡ s❡❝♦♥❞ P❉❊ ✐♥ ✭✼✳✻✳✶✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ t❤❡ ♠❡t❤♦❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝s✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✐❢ x ∈ C1((0, T )) ❛♥❞ u(t) = w(x(t), t)✱ ❛ss✉♠✐♥❣ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t ρ > 0 ✐♥ Ω✱ t❤❡
s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭✼✳✻✳✶✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❢❛♠✐❧② ♦❢ ❖❉❊ s②st❡♠s





x′(t) = v(ρ(x(t), t)) =
f(ρ(x(t), t))

ρ(x(t), t)

u′(t) = S(x(t), t).

❖♥ ❡❛❝❤ t✐♠❡ st❡♣ [tn, tn+1)✱ ❢♦r ❛❧❧ j ∈ Z✱ ✇❡ ❞r❛✇ ❝❤❛r❛❝t❡r✐st✐❝s st❛rt✐♥❣ ❢r♦♠ xj ✇✐t❤ s❧♦♣❡

snj :=
fn
j

ρn+1
j+1/2

✱ ✇❤✐❝❤ ✐s ♦✉r ❝❤♦✐❝❡ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
f(ρ(x(t), t))

ρ(x(t), t)
✳ ❆t t❤✐s ♣♦✐♥t ✇❡ ♥❡❡❞

t♦ ❦♥♦✇ t❤❛t ρn+1
j+1/2 ≥ ε > 0✱ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❈❋▲ ❝♦♥❞✐t✐♦♥ ❡♥s✉r✐♥❣

t❤❛t ❛t t✐♠❡ tn+1✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ✇❤✐❝❤ st❛rt❡❞ ❛t xj ❡♥❞s ✉♣ ❛t ♣♦✐♥t Xn+1
j ∈ (xj, xj+1)✱

s❡❡ ❋✐❣✉r❡ ✼✳✷✳
◆♦✇✱ t❤❡ ❖❉❊ s♦❧✈❡❞ ❜② u(t) = w(x(t), t) t❡❧❧s ✉s t❤❛t

u(tn+1) = u(tn) +

✂ tn+1

tn
S(x(t), t) dt ✐✳❡✳ w(Xn+1

j , tn+1) ≃ w(xj, t
n) + ∆tSn+1

j+1/2︸ ︷︷ ︸
∼
w

n

j+1/2

,



✼✳✻✳ ◆❯▼❊❘■❈❆▲ ❆PP❘❖❳■▼❆❚■❖◆ ✶✼✾

❋✐❣✉r❡ ✼✳✷ ✕ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ t✇♦ st❡♣s ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡✳

Sn+1
j+1/2 ❜❡✐♥❣ ❛ s✉✐t❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ t❡r♠ ♦♥ t❤❡ ❝❡❧❧ (xj, xj+1) × (tn, tn+1]✳

❆t t❤❡ ♥✉♠❡r✐❝❛❧ ❧❡✈❡❧✱ ✇❡ ❛r❡ ❧❡❞ t♦ ❛ss✐❣♥ t❤❡ ✈❛❧✉❡
∼
w

n

j+1/2 ♦♥ (Xn+1
j , xj+1)✳ ❆t t❤✐s ♣♦✐♥t

✇❡ ❝❤♦♦s❡ t♦ ❞❡✜♥❡ w∆(·, tn+1) ♦♥ (xj, xj+1) ❜② ❛✈❡r❛❣✐♥❣ t❤❡ ✈❛❧✉❡s
∼
w

n

j−1/2 ❛♥❞
∼
w

n

j+1/2 ♦♥
(xj, xj+1)✳ ❚❤✐s ✐s ❡①♣r❡ss❡❞ ❛s✿

wn+1
j+1/2∆x = (xj+1 −Xn+1

j )
∼
w

n

j+1/2 + (Xn+1
j − xj)

∼
w

n

j−1/2

=

((
1− ∆t

∆x
snj

)
∼
w

n

j+1/2 +
∆t

∆x
snj

∼
w

n

j−1/2

)
∆x

❚❤❡ ❛❜♦✈❡ ❝❤♦✐❝❡s ❧❡❛❞ t♦ ❛ ❝♦♥s❡r✈❛t✐✈❡ s❝❤❡♠❡ ❢♦r ρw✳ ▲♦♦❦✐♥❣ ❛t t❤❡ s✐♠♣❧❡st ❝❛s❡ S = 0

✭
∼
w

n

j+1/2 = wn
j+1/2✮✱ ❜② ♠✉❧t✐♣❧②✐♥❣ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥ ❜② ρn+1

j+1/2✱ ✇❡ ✜♥❞ t❤❛t✿

(
(ρw)n+1

j+1/2 − (ρw)nj+1/2

)
∆x

= ρn+1
j+1/2

(
wn+1

j+1/2 −wn
j+1/2

)
∆x+

(
ρn+1
j+1/2 − ρnj+1/2

)
wn

j+1/2∆x

= −ρn+1
j+1/2s

n
j

(
wn

j+1/2 −wn
j−1/2

)
∆t− (fn

j+1 − fn
j )w

n
j+1/2∆t

= −fn
j

(
wn

j+1/2 −wn
j−1/2

)
∆t− (fn

j+1 − fn
j )w

n
j+1/2∆t

= −
(
fn
j+1w

n
j+1/2 − fn

j w
n
j−1/2

)
∆t,

s♦ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❢♦r ρw t✉r♥s ♦✉t t♦ ❜❡ fn
j w

n
j−1/2✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ❛ ❝♦r♥❡rst♦♥❡

♦❢ ♦✉r ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✼✳✻✳✶✳ ■♥ t❤❡ ❝❛s❡ S ≡ 0✱ s②st❡♠ ✭✼✳✻✳✶✮ ❤❛s t❤❡ s❛♠❡ str✉❝t✉r❡ ❛s t❤❡ ❝❧❛ss✐❝❛❧
❑❡②✜t③✲❑r❛♥③❡r s②st❡♠ ❬✶✶✷❪ ✉♣ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✢✉① ❢✉♥❝t✐♦♥ f ✱ ✇❤✐❝❤ ✐s ♠♦♥♦t♦♥❡
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✐♥ t❤❡ ❑❡②✜t③✲❑r❛♥③❡r ❝❛s❡ ❛♥❞ ✇❤✐❝❤ ✐s ❝♦♥❝❛✈❡ ❛♥❞ ❜❡❧❧✲s❤❛♣❡❞ ✭s❡❡ ✭✹✳✵✳✶✮✮ ✐♥ t❤❡ ❝❛s❡
✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤✱ s❡❡ ❛❧s♦ ❬✸✼❪✳ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❑❡②✜t③✲❑r❛♥③❡r s②st❡♠ ❜② ✜♥✐t❡
❞✐✛❡r❡♥❝❡ s❝❤❡♠❡s ✇❛s ❛❞❞r❡ss❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ❬✶✶✸❪✳ ❖♥❡ ♦❢ t❤❡ s❝❤❡♠❡s ♣r♦♣♦s❡❞ ✐♥ t❤✐s
r❡❢❡r❡♥❝❡ ✭s❡❡ ❬✶✶✸✱ ❙❡❝t✐♦♥ ✺❪✮ ❝❧♦s❡❧② r❡s❡♠❜❧❡s ♦✉r s❝❤❡♠❡✳ ■♥ t❤❡ s❡tt✐♥❣ ♦❢ ❬✶✶✸❪ t❤❡ ✢✉①
❤❛s t❤❡ ❢♦r♠ f(ρ) = ρφ(ρ) ❜✉t t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ φ ✲ ❞✐✛❡r❡♥t ❢r♦♠ ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ v

✲ ❡♥s✉r❡ t❤❛t f ✐s ✐♥❝r❡❛s✐♥❣✳ ❚❤❡r❡❢♦r❡ t❤❡ ✉♣✇✐♥❞ ❝❤♦✐❝❡ ✐s ♠❛❞❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s✿
fn
j = ρnj−1/2φ(ρ

n
j−1/2)✳ ❚❤❡ s❝❤❡♠❡ ♦❢ ❬✶✶✸✱ ❙❡❝t✐♦♥ ✺❪ t❤❡♥ r❡❛❞s✿

ρn+1
j+1/2 = ρnj+1/2 −

∆t

∆x
(fn

j+1 − fn
j )

wn+1
j+1/2 =

(
1− ∆t

∆x
s̄nj

)
wn

j+1/2 +
∆t

∆x
s̄njw

n
j−1/2.

✇✐t❤ s̄nj =
fn
j

ρn
j−1/2

= φ(ρnj−1/2) ❞✉❡ t♦ t❤❡ ✉♣✇✐♥❞ ❝❤♦✐❝❡ ❢♦r fn
j ✳ ❚❤✐s ❝❤♦✐❝❡ ♦❢ s̄

n
j ❞✐✛❡rs s❧✐❣❤t❧②

❢r♦♠ ♦✉r ❝❤♦✐❝❡ ♦❢ snj ✳ ■t ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ ρnj−1/2✱ ❜✉t t❤✐s ✐s ❞✉❡ t♦ t❤❡
♠♦♥♦t♦♥✐❝✐t② ♦❢ f ❛♥❞ ❝❛♥♥♦t ❜❡ ♠✐♠✐❝❦❡❞ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ❜❡❧❧✲s❤❛♣❡❞ ❛♥❞ ❝♦♥❝❛✈❡ f ✇❤✐❝❤
✐s ♦✉rs✳

❚❤❡ ✐❞❡❛s t♦ ❞❡❛❧ ✇✐t❤ Pr♦❜❧❡♠ ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮ ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡s ✇❡ ❥✉st ❞❡✈❡❧♦♣✳
❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ρ ❛♥❞ w✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ✐s t❛❦❡♥ ❝❛r❡
♦❢ ✐♥ ❙t❡♣ ✶ ❜❡❧♦✇✳ ❙❡❝t✐♦♥ ✼✳✻✳✷ ❞❡t❛✐❧s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡ ❢♦r ✭✼✳✷✳✶✮ ✕ ✭✼✳✷✳✻✮✱
❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ❞❡✈❡❧♦♣❡❞ ❛❜♦✈❡✳

✼✳✻✳✷ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡

■♥ ✇❤❛t ❝♦♥❝❡r♥s t❤❡ ✐♥✐t✐❛❧ ❞❡♥s✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t TV(ρ0) < +∞ ❛♥❞ t❤❛t ρ0 ✐s s❡♣❛r❛t❡❞
❢r♦♠ t❤❡ ✈❛❝✉✉♠ ✐♥ t❤❡ s❡♥s❡ st❛t❡❞ ✐♥ ❛ss✉♠♣t✐♦♥ ✭✼✳✸✳✸✮❀ ❢♦r t❤❡ ✐♥✐t✐❛❧ ♦r❞❡r❧✐♥❡ss✱ ✇❡
❛ss✉♠❡ t❤❛t TV(w0) < +∞ ❛♥❞ w0 ∈ L1(R; [0, 1])✳
❋♦r ❛ ✜①❡❞ s♣❛t✐❛❧ ♠❡s❤ s✐③❡ ∆x > 0 ❛♥❞ t✐♠❡ ♠❡s❤ s✐③❡ ∆t > 0✱ ❧❡t xj = j∆x ✭j ∈ Z✮✱
tn = n∆t ✭n ∈ N✮ ❛♥❞ N ∈ N

∗ s✉❝❤ t❤❛t T ∈ (tN , tN+1]✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝❡❧❧ ❣r✐❞s✿

R× (0, T ] ⊂
N⋃

n=0

⋃

j∈Z

Pn+1
j+1/2, Pn+1

j+1/2 = (xj, xj+1)× (tn, tn+1].

❲❡ ❛✐♠ ❛t ❝♦♥str✉❝t✐♥❣ ❛♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ (ρ∆,w∆) ❞❡✜♥❡❞ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ Ω✿




ρ∆ = ρ01{t≤0} +
N∑

n=0

∑

j∈Z

ρn+1
j+1/21Pn+1

j+1/2

w∆ =
N∑

n=0

∑

j∈Z

wn
j+1/21(xj ,xj+1)×[tn,tn+1).

❋✐rst✱ ✇❡ ❞✐s❝r❡t✐③❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ρ0 ✭r❡s♣✳ w0✮ ✇✐t❤
(
ρ0j+1/2

)
j
✱ ✭r❡s♣✳ ✇✐t❤

(
w0

j+1/2

)
j
✮ ✇❤❡r❡

❢♦r ❛❧❧ j ∈ Z✱ ρ0j+1/2 ✭r❡s♣✳ w
0
j+1/2✮ ✐s ✐ts ♠❡❛♥ ✈❛❧✉❡ ♦♥ t❤❡ ❝❡❧❧ (xj, xj+1)✳ ❋✐① n ∈ {0, . . . , N}✳
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❙t❡♣ 1✿ ❖r❞❡r❧✐♥❡ss ♠❛r❦❡r ✭♠❡❛♥ ✈❛❧✉❡✮✳ ❋♦r ❛❧❧ j ∈ Z✱ ❞❡✜♥❡

ωn
j =

✂
R

w∆(x, t
n)η(xj − y) dy =

∑

i∈Z

wn
i+1/2

(✂ xi+1

xi

η(xj − y) dy

)

︸ ︷︷ ︸
ηj−(i+1/2)

.

❙t❡♣ 2✿ ❋✐♥✐t❡ ✈♦❧✉♠❡s ❢♦r t❤❡ ❞❡♥s✐t②✳ ❲❡ ✉s❡ ωj t♦ ❞❡✜♥❡ t❤❡ ✈❡❧♦❝✐t②

vn
j (ρ) = (1− ωn

j )Vmin(ρ) + ωn
j Vmax(ρ)

❛♥❞ t❤❡ ✢✉① fn
j (ρ) = ρvn

j (ρ)✳ ■♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s✿

fmin,max(ρ) = ρVmin,max(ρ); δf = fmax − fmin.

▲❡t Fn
j = Fn

j (u, v) ❜❡ ❛ ♠♦♥♦t♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛ss♦❝✐❛t❡❞ ✇✐t❤ fn
j ✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✳✶ ❛♥❞

❊①❛♠♣❧❡ ✶✳✶✳✶✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✉s❡ t❤❡ ❘✉s❛♥♦✈ ✢✉①✱ t❤❛t ✐s ❢♦r ❛❧❧ u, v ∈ [0, 1]✱

Fn
j (u, v) =

1

2

(
fn
j (u) + fn

j (v) + L(u− v)
)
, L = max{‖f ′

min‖L∞ , ‖f ′
max‖L∞}.

❚❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ρ ✇r✐tt❡♥ ✐♥ ❛ ❝❡❧❧ Pn+1
j+1/2 ✭j ∈ Z✮ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛r❝❤✐♥❣ ❢♦r♠✉❧❛✿

ρn+1
j+1/2 = ρnj+1/2 −

∆t

∆x

(
Fn

j+1(ρ
n
j+1/2, ρ

n
j+3/2)− Fn

j (ρ
n
j−1/2, ρ

n
j+1/2)

)
. ✭✼✳✻✳✷✮

❊✈❡♥t✉❛❧❧②✱ ✐t ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ✇r✐t❡ t❤❡ s❝❤❡♠❡ ✉♥❞❡r t❤❡ ❢♦r♠✿

ρn+1
j+1/2 = Hn

j

(
ρnj−1/2, ρ

n
j+1/2, ρ

n
j+3/2

)
,

✇❤❡r❡ Hn
j = Hn

j (a, b, c) ✐s ❣✐✈❡♥ ❜② t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✳✻✳✷✮ ✇✐t❤ ρnj−1/2, ρ
n
j+1/2, ρ

n
j+3/2

r❡♣❧❛❝❡❞ ❜② a, b, c ∈ [0, 1]✳

❙t❡♣ 3✿ ❙♦✉r❝❡ t❡r♠✳ ❋♦r ❛❧❧ j ∈ Z✱ ✇❡ s❡t




ξn+1
j+1/2 =

∑

i∈Z

ρn+1
i+1/2

(✂ xi+1

xi

µ(xj+1/2 − y) dy

)

︸ ︷︷ ︸
µj+1/2−(i+1/2)

χn+1
j+1/2 = −

∑

i∈Z

Fn
i (ρ

n+1
i−1/2, ρ

n+1
i+1/2)

(✂ xi+1

xi

µ′(xj+1/2 − y) dy

)

︸ ︷︷ ︸
dµj+1/2−(i+1/2)

.

◆♦t❡ t❤❛t ❤❡r❡❛❜♦✈❡✱ ✇❡ ❞✐s❝r❡t✐③❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r χ = ∂tξ t❤❛t ✐s ♦❜t❛✐♥❡❞ ❝♦♠❜✐♥✐♥❣ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ξ ❛♥❞ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥✳

❚❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ s♦✉r❝❡ t❡r♠ ❜②

∀j ∈ Z, Sn+1
j+1/2 = K

(
ξn+1
j+1/2, χ

n+1
j+1/2

)
wn

j+1/2(1−wn
j+1/2).
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❙t❡♣ 4✿ ❖r❞❡r❧✐♥❡ss ♠❛r❦❡r✳ ❋✐① j ∈ Z✳ ❙❡t

Xn+1
j = xj +∆t

(
Fn

j (ρ
n
j−1/2, ρ

n
j+1/2)

ρn+1
j+1/2

)

︸ ︷︷ ︸
snj

.

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ✉♥❞❡r ✭✼✳✸✳✸✮ ❛♥❞ ❛ s✉✐t❛❜❧❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✱ s❡❡ ✭✼✳✻✳✹✮✱ t❤❡ s❡q✉❡♥❝❡
(Xn+1

j )j ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✻✳✶✱ ✇❡ ❝♦♠♣✉t❡ t❤❡
✉♣❞❛t❡❞ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r ❛s ❢♦❧❧♦✇s✿





∼
w

n

j+1/2 = wn
j+1/2 +∆tSn+1

j+1/2

wn+1
j+1/2 =

(
1− ∆t

∆x
snj

)
∼
w

n

j+1/2 +
∆t

∆x
snj

∼
w

n

j−1/2.
✭✼✳✻✳✸✮

❲❡ ❛❧s♦ ❞❡✜♥❡

(ξ∆, χ∆,S∆) =
N∑

n=0

∑

j∈Z

(ξn+1
j+1/2, χ

n+1
j+1/2,S

n+1
j+1/2)1Pn+1

j+1/2

❛♥❞

ω∆ =
N∑

n=0

∑

j∈Z

ωn
j 1(xj ,xj+1)×[tn,tn+1).

❋♦r ❧❛t❡r ✉s❡✱ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥s✿

‖K‖L∞ = sup
ε≤ξ≤1

|χ|≤L×TV(µ)

|K(ξ, χ)|; ‖∇K‖L∞ = sup
ε≤ξ1,ξ2≤1

|χ1|,|χ2|≤L×TV(µ)

|K(ξ1, χ1)−K(ξ2, χ2)|

❛♥❞
‖δf‖L∞ = sup

0≤ρ≤1
δf(ρ); ‖δf ′‖L∞ = sup

0≤ρ≤1
|δf ′(ρ)|.

✼✳✻✳✸ L∞ st❛❜✐❧✐t② ✈✐❛ ♠♦♥♦t♦♥✐❝✐t②

Pr♦♣♦s✐t✐♦♥ ✼✳✻✳✶✳ ❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s

λmax

{
2,

1

ε

}
L ≤ 1; λ =

∆t

∆x
✭✼✳✻✳✹✮

❛♥❞

∆t‖K‖L∞ ≤ 1, ✭✼✳✻✳✺✮

t❤❡ s❝❤❡♠❡ ✭✼✳✻✳✷✮✲✭✼✳✻✳✸✮ ✐s ♠♦♥♦t♦♥❡ ❛♥❞ L∞ st❛❜❧❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛❧❧ n ∈ {0, . . . , N+
1} ❛♥❞ j ∈ Z✱ ✇❡ ❤❛✈❡

ε ≤ ρnj+1/2 ≤ 1 ❛♥❞ 0 ≤ wn
j+1/2 ≤ 1. ✭✼✳✻✳✻✮
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Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ r❡s✉❧t ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳
❚❤❡ r❡s✉❧t ✐s ❝❧❡❛r❧② tr✉❡ ❢♦r n = 0 ❜② ❞❡✜♥✐t✐♦♥ ♦❢

(
ρ0j+1/2

)
j
❛♥❞

(
w0

j+1/2

)
j
✳ ❙✉♣♣♦s❡ ♥♦✇

t❤❛t ❢♦r s♦♠❡ n ∈ {0, . . . , N}✱ ✭✼✳✻✳✻✮ ❤♦❧❞s✳ ❋✐① j ∈ Z✳
✭✐✮ ❙✐♥❝❡ 0 ≤ w∆(·, tn) ≤ 1✱ ✇❡ ❤❛✈❡

ωn
j =

✂
R

w∆(y, t
n)η(xj − y) dy ∈ [0, 1],

❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ t❤❛t fn
j ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ fmin ❛♥❞ fmax✳ ◆♦t❡ ❛❧s♦ t❤❛t

|ωn
j+1 − ωn

j | ≤
∑

i∈Z

✂ xi+1

xi

|wn
j+1/2| · |η(xj+1 − y)− η(xj − y)| dy

≤
✂
R

|η(y −∆x)− η(y)| dy ≤ TV(η)∆x.

✭✐✐✮ ❯s✐♥❣ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ s❝❤❡♠❡ ✭✼✳✻✳✷✮ ✐s ♠♦♥♦t♦♥❡✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ❢♦r ❛✳❡✳ a, b, c ∈ [0, 1]✱ ✇❡ ❤❛✈❡✿

∂Hn
j

∂a
(a, b, c) = λ

∂Fn
j

∂u
(a, b) ≥ 0;

∂Hn
j

∂c
(a, b, c) = −λ∂F

n
j+1

∂v
(b, c) ≥ 0

❛♥❞
∂Hn

j

∂b
(a, b, c) = 1− λ

(
∂Fn

j+1

∂u
(b, c)− ∂Fn

j

∂u
(a, b)

)
≥ 1− 2λL ≥ 0.

❯s✐♥❣ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ s❝❤❡♠❡ ❛♥❞ t❤❡ ✐♥❞✉❝t✐♦♥ ♣r♦♣❡rt②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

ρn+1
j+1/2 = Hn

j

(
ρnj−1/2, ρ

n
j+1/2, ρ

n
j+3/2

)
≤ Hn

j (1, 1, 1) = 1

❛♥❞✱ s✐♥❝❡ δf(ε) = 0 ❞✉❡ t♦ ❛ss✉♠♣t✐♦♥ ✭✼✳✸✳✸✮✱

ρn+1
j+1/2 ≥ Hn

j (ε, ε, ε) = ε− λ(ωn
j+1 − ωn

j )δf(ε) = ε.

✭✐✐✐✮ ❙✐♥❝❡ ε ≤ ρ∆(·, tn+1) ≤ 1✱ ✇❡ ❤❛✈❡

ξn+1
j+1/2 =

✂
R

ρ∆(y, t
n+1)µ(xj+1/2 − y) dy ∈ [ε, 1],

❛♥❞ ❝❧❡❛r❧②✱
|χn+1

j+1/2| ≤ L ×TV(µ).

✭✐✈✮ ▲❡t ✉s ♣r♦✈❡ t❤❛t
∼
w

n

j+1/2 ∈ [0, 1]✳ ■♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥

g : w 7→ w +∆tK
(
ξn+1
j+1/2, χ

n+1
j+1/2

)
w(1−w).

❯s✐♥❣ ✭✼✳✻✳✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ w ∈ [0, 1]✱

g′(w) = 1 + ∆tK
(
ξn+1
j+1/2, χ

n+1
j+1/2

)
(1− 2w) ≥ 1−∆t

∣∣∣K
(
ξn+1
j+1/2, χ

n+1
j+1/2

)∣∣∣ ≥ 0.

❙✐♥❝❡ g(0) = 0 ❛♥❞ g(1) = 1✱ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ g ✐♠♣❧✐❡s t❤❛t
∼
w

n

j+1/2 = g(wn
j+1/2) ∈ [0, 1]✳

❉✉❡ t♦ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✱ wn+1
j+1/2 ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢

∼
w

n

j+1/2 ❛♥❞
∼
w

n

j−1/2✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t wn+1
j+1/2 ∈ [0, 1]✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t✳ �
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❘❡♠❛r❦ ✼✳✻✳✷✳ ❚❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡s ✭✼✳✻✳✻✮ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧②✿

ε ≤ ρ∆, ξ∆ ≤ 1; 0 ≤ w∆, ω∆ ≤ 1; |χ∆| ≤ L ×TV(µ); |S∆| ≤
‖K‖L∞

4
.

❋♦r ❛❧❧ a, b ∈ [0, 1]✱ s❡t
a ∧ b = min{a, b} a ∨ b = max{a, b}.

❈♦r♦❧❧❛r② ✼✳✻✳✷ ✭❉✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭✼✳✻✳✷✮ ❢✉❧✜❧❧s t❤❡
❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ❢♦r ❛❧❧ n ∈ {0, . . . , N}✱ j ∈ Z ❛♥❞ κ ∈ [0, 1]✿

(∣∣∣ρn+1
j+1/2 − κ

∣∣∣−
∣∣ρnj+1/2 − κ

∣∣
)
∆x+ (Φn

j+1 − Φn
j )∆t

≤ − sgn
(
ρn+1
j+1/2 − κ

)
× (fn

j+1(κ)− fn
j (κ))∆t,

✭✼✳✻✳✼✮

✇❤❡r❡ Φn
j ❞❡♥♦t❡s t❤❡ ♥✉♠❡r✐❝❛❧ ❡♥tr♦♣② ✢✉①✿

Φn
j = Fn

j

(
ρnj−1/2 ∨ κ, ρnj+1/2 ∨ κ

)
− Fn

j

(
ρnj−1/2 ∧ κ, ρnj+1/2 ∧ κ

)
.

Pr♦♦❢✳ ❚❤✐s ✐s ♠♦st❧② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡ ♠♦♥♦t♦♥✐❝✐t②✳ ❘❡♠❛r❦ t❤❛t

∀j ∈ Z, Hn
j (κ, κ, κ) = κ− λ(fn

j+1(κ)− fn
j (κ)).

❲❡ ❝♦♠❜✐♥❡ t❤✐s ✇✐t❤ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ | · −κ| t♦ ♦❜t❛✐♥✿

∣∣∣ρn+1
j+1/2 − κ

∣∣∣
=
∣∣Hn

j

(
ρnj−1/2, ρ

n
j+1/2, ρ

n
j+3/2

)
− κ
∣∣

≤
∣∣Hn

j

(
ρnj−1/2, ρ

n
j+1/2, ρ

n
j+3/2

)
−Hn

j (κ, κ, κ)
∣∣+ sgn

(
ρn+1
j+1/2 − κ

)
×
(
Hn

j (κ, κ, κ)− κ
)

≤ Hn
j

(
ρnj−1/2 ∨ κ, ρnj+1/2 ∨ κ, ρnj+3/2 ∨ κ

)
−Hn

j

(
ρnj−1/2 ∧ κ, ρnj+1/2 ∧ κ, ρnj+3/2 ∧ κ

)

− λ sgn
(
ρn+1
j+1/2 − κ

)
× (fn

j+1(κ)− fn
j (κ))

=
∣∣ρnj+1/2 − κ

∣∣− λ(Φn
j+1 − Φn

j )− λ sgn
(
ρn+1
j+1/2 − κ

)
× (fn

j+1(κ)− fn
j (κ)).

�

✼✳✻✳✹ ❈♦♠♣❛❝t♥❡ss ✈✐❛ BV st❛❜✐❧✐t②

❚❤❡ ❦❡② t♦ ♦❜t❛✐♥ ❝♦♠♣❛❝t♥❡ss ✐s t♦ ❞❡r✐✈❡ ❣❧♦❜❛❧ BV ❜♦✉♥❞s ❢♦r (ρ∆,w∆)∆✳

❚❤❡♦r❡♠ ✼✳✻✳✸✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ n ∈ {1, . . . , N}✿

TV(ρ∆(·, tn)) +TV(w∆(·, tn)) ≤ (TV(ρ0) +TV(w0))e
(2c+c2∆t)tn . ✭✼✳✻✳✽✮
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Pr♦♦❢✳ ❋✐① n ∈ {0, . . . , N} ❛♥❞ j ∈ Z✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ s❡t

Fn
j = Fn

j

(
ρnj−1/2, ρ

n
j+1/2

)
.

❲❡ st❛rt ❜② ✇r✐t✐♥❣ t❤❡ s❝❤❡♠❡ ✭✼✳✻✳✷✮ ✉♥❞❡r t❤❡ ❢♦r♠✿

ρn+1
j+1/2 = ρnj+1/2 − λ



Fn

j+1 − Fn
j+1

(
ρnj+1/2, ρ

n
j+1/2

)

ρnj+3/2 − ρnj+1/2




︸ ︷︷ ︸
−Bj+1

(
ρnj+3/2 − ρnj+1/2

)

− λ



Fn

j

(
ρnj+1/2, ρ

n
j+1/2

)
−Fn

j

ρnj+1/2 − ρnj−1/2




︸ ︷︷ ︸
Aj

(
ρnj+1/2 − ρnj−1/2

)
− λ(ωn

j+1 − ωn
j )δf(ρ

n
j+1/2).

❚❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ Fn
j+1 ❛♥❞ Fn

j ❡♥s✉r❡s t❤❛t Aj, Bj+1 ≥ 0✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

ρn+1
j+1/2 − ρn+1

j−1/2 = (1− Aj − Bj)
(
ρnj+1/2 − ρnj−1/2

)

+ Aj−1

(
ρnj−1/2 − ρnj−3/2

)
+Bj+1

(
ρnj+3/2 − ρnj+1/2

)

− λ(ωn
j+1 − ωn

j )δf(ρ
n
j+1/2) + λ(ωn

j − ωn
j−1)δf(ρ

n
j−1/2).

▼❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✼✳✻✳✹✮✱ ✇❡ ❤❛✈❡

|Aj|+ |Bj| ≤ 2λL ≤ 1,

❤❡♥❝❡✿
∑

j∈Z

∣∣∣ρn+1
j+1/2 − ρn+1

j−1/2

∣∣∣ ≤
∑

j∈Z

(1− Aj − Bj)
∣∣ρnj+1/2 − ρnj−1/2

∣∣

+
∑

j∈Z

Aj−1

∣∣ρnj−1/2 − ρnj−3/2

∣∣+
∑

j∈Z

Bj+1

∣∣ρnj+3/2 − ρnj+1/2

∣∣

+ λ
∑

j∈Z

∣∣(ωn
j+1 − 2ωn

j + ωn
j−1)δf(ρ

n
j+1/2)

∣∣

+ λ
∑

j∈Z

∣∣∣∣(ω
n
j − ωn

j−1)

(
δf(ρnj+1/2)− δf(ρnj−1/2)

)∣∣∣∣

≤ (1 + ∆tTV(η)‖δf ′‖L∞)
∑

j∈Z

∣∣ρnj+1/2 − ρnj−1/2

∣∣

+ λ‖δf‖L∞

∑

j∈Z

∣∣ωn
j+1 − 2ωn

j + ωn
j−1

∣∣ .

❲❡ ♥♦✇ r❡✇r✐t❡ t❤❡ ❧❛st t❡r♠ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✉s✐♥❣ t❤❡ ❆❜❡❧ ♣r♦❝❡❞✉r❡✳ ❋♦r ❛❧❧ j ∈ Z✱ ✇❡
❤❛✈❡

ωn
j+1 − 2ωn

j + ωn
j−1 =

∑

i∈Z

wn
i+1/2

((
ηj−(i−1/2) − ηj−(i+1/2)

)
−
(
ηj−(i+1/2) − ηj−(i+3/2)

))

=
∑

i∈Z

(
wn

i+1/2 −wn
i−1/2

) (
ηj−(i−1/2) − ηj−(i+1/2)

)
,
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❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡✿

∑

j∈Z

|ωn
j+1 − 2ωn

j + ωn
j−1| ≤

∑

i∈Z

|wn
i+1/2 −wn

i−1/2|
(
∑

j∈Z

|ηj−(i−1/2) − ηj−(i+1/2)|
)

≤ TV(η)TV(w∆(·, tn))∆x.

❲❡ ♥♦✇ ❞❡r✐✈❡ ❛ s✐♠✐❧❛r ❡st✐♠❛t❡ ❢♦r (w∆)∆✳ ❲❡ ❤❛✈❡

wn+1
j+1/2 −wn+1

j−1/2 =
(
1− λsnj

) (
wn

j+1/2 −wn
j−1/2

)
+ λsnj−1

(
wn

j−1/2 −wn
j−3/2

)

+∆t
{(

1− λsnj
) (

Sn+1
j+1/2 − Sn+1

j−1/2

)
+ λsnj−1

(
Sn+1
j−1/2 − Sn+1

j−3/2

)}
.

❙✐♥❝❡ 0 ≤ λsnj ≤ 1 ❞✉❡ t♦ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✱ ✇❡ ♦❜t❛✐♥

∑

j∈Z

∣∣∣wn+1
j+1/2 −wn+1

j−1/2

∣∣∣ ≤
∑

j∈Z

∣∣wn
j+1/2 −wn

j−1/2

∣∣+∆t
∑

j∈Z

∣∣∣Sn+1
j+1/2 − Sn+1

j−1/2

∣∣∣ .

❇✉t ∣∣∣Sn+1
j+1/2 − Sn+1

j−1/2

∣∣∣ ≤ ‖K‖L∞

∣∣wn
j+1/2 −wn

j−1/2

∣∣

+
‖∇K‖L∞

4

(∣∣∣ξn+1
j+1/2 − ξn+1

j−1/2

∣∣∣+
∣∣∣χn+1

j+1/2 − χn+1
j−1/2

∣∣∣
)
,

s♦ t❤❛t ❢r♦♠
ξn+1
j+1/2 − ξn+1

j−1/2 =
∑

i∈Z

ρn+1
i+1/2(µj+1/2−(i+1/2) − µj−1/2−(i+1/2))

=
∑

i∈Z

ρn+1
i+1/2(µj+1/2−(i+1/2) − µj+1/2−(i−1/2))

=
∑

i∈Z

(ρn+1
i+1/2 − ρn+1

i+3/2)µj+1/2−(i+1/2),

✇❡ ❞❡❞✉❝❡ ✭r❡♠❡♠❜❡r t❤❛t µ ✐s ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥✮✿

∑

j∈Z

∣∣∣ξn+1
j+1/2 − ξn+1

j−1/2

∣∣∣ ≤ TV(ρ∆(·, tn+1)).

❲❡ ♣r♦✈❡ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t
∑

j∈Z

∣∣∣χn+1
j+1/2 − χn+1

j−1/2

∣∣∣ ≤ 2L ×TV(µ)TV(ρ∆(·, tn+1)).

❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡❞ t❤❛t




TV(ρ∆(·, tn+1)) ≤ (1 + ∆tTV(η)‖δf ′‖L∞)TV(ρ∆(·, tn))
+ ‖δf‖L∞TV(η)∆tTV(w∆(·, tn))

TV(w∆(·, tn+1)) ≤ (1 + ∆t‖K‖L∞)TV(w∆(·, tn))

+ ∆t
‖∇K‖L∞(1 + 2L ×TV(µ))

4
TV(ρ∆(·, tn+1)),

✭✼✳✻✳✾✮
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✐✳❡✳ ❜② s❡tt✐♥❣ un = TV(ρ∆(·, tn)) ❛♥❞ vn = TV(w∆(·, tn))✱
{
un+1 ≤ (1 + c1∆t)un + c2∆tvn

vn+1 ≤ (1 + c3∆t+ c2c4∆t
2)vn + (1 + c1∆t)c4∆tun.

P✉tt✐♥❣ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥t♦ ❛ ♠❛tr✐① ❢♦r♠✱ ✇✐t❤ st❛♥❞❛r❞ ❧✐♥❡❛r ❛❧❣❡❜r❛ ❝♦♠♣✉t❛t✐♦♥s
✇❡ ❛r❡ ❧❡❞ t♦ ✭✼✳✻✳✽✮ ✇✐t❤ c = max

1≤i≤4
ci✳ �

❘❡♠❛r❦ ✼✳✻✳✸ ✭L1 st❛❜✐❧✐t②✮✳ ❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ t❤❛tw0 ∈ L1(R)✱ t❤❡ s❝❤❡♠❡
✭✼✳✻✳✸✮ ✐s L1 st❛❜❧❡✳ ■♥❞❡❡❞✱ ❢♦r ❛❧❧ n ∈ {0, . . . , N − 1}✱

‖w∆(·, tn+1)‖L1 =
∑

j∈Z

wn+1
j+1/2∆x

=
∑

j∈Z

wn
j+1/2∆x+

∑

j∈Z

Sn+1
j+1/2∆x∆t

+
∑

j∈Z

λsnj (w
n
j−1/2 −wn

j+1/2) +
∑

j∈Z

λsnj (S
n+1
j−1/2 − Sn+1

j+1/2)∆t

≤ (1 + ‖K‖L∞∆t)‖w∆(·, tn)‖L1 +
L

ε
×TV(w∆(·, tn))∆t

+
L

ε
× ‖∇K‖L∞(1 + 2L ×TV(µ))

4
TV(ρ∆(·, tn))∆t

≤ (1 + c∆t)‖w∆(·, tn)‖L1 +
L

ε
×TV(w∆(·, tn))∆t

+
L

ε
× cTV(ρ∆(·, tn))∆t.

●r♦♥✇❛❧❧ ❧❡♠♠❛ ②✐❡❧❞s sup
∆

‖w∆‖L∞((0,T );L1(R)) < +∞✳

❈♦r♦❧❧❛r② ✼✳✻✳✹✳ ❲❡ ❤❛✈❡✿

∑

j∈Z

|ρn+1
j+1/2 − ρnj+1/2|∆x ≤

(
2L ×TV(ρ∆(·, tn)) + ‖δf‖L∞TV(η)TV(w∆(·, tn))

)
∆t

∑

j∈Z

|wn+1
j+1/2 −wn

j+1/2|∆x ≤
(
L

ε

(
TV(w∆(·, tn)) + cTV(ρ∆(·, tn+1))

)
+ c‖w∆(·, tn)‖L1

)
∆t

✭✼✳✻✳✶✵✮
❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐st ρ,w ∈ L∞(Ω) ∩C([0, T ];L1

loc(R))✱ s✉❝❤ t❤❛t ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱
(ρ∆,w∆)∆ → (ρ,w) ❛✳❡✳ ♦♥ Ω✳

Pr♦♦❢✳ ❊st✐♠❛t❡s ✭✼✳✻✳✶✵✮ ❝♦♠❡ ❢r♦♠ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❡st✐♠❛t❡s ✭✼✳✻✳✽✮ ❛♥❞ t❤❡ s❝❤❡♠❡
✭✼✳✻✳✷✮✲✭✼✳✻✳✸✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
∑

j∈Z

|ρn+1
j+1/2 − ρnj+1/2|∆x ≤

∑

j∈Z

∣∣Fn
j+1

(
ρnj+1/2, ρ

n
j+3/2

)
− Fn

j

(
ρnj−1/2, ρ

n
j+1/2

)∣∣∆t

≤ 2L
∑

j∈Z

|ρnj+1/2 − ρnj−1/2|∆t+
∑

j∈Z

|fn
j+1(ρ

n
j+1/2)− fn

j (ρ
n
j+1/2)|∆t

≤ 2L ×TV(ρ∆(·, tn))∆t+ ‖δf‖L∞TV(η)TV(w∆(·, tn))∆t.
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❘❡❣❛r❞✐♥❣ (w∆)∆✱ ✇❡ ✇r✐t❡

∑

j∈Z

∣∣∣wn+1
j+1/2 −wn

j+1/2

∣∣∣∆x ≤ L

ε

(
TV(w∆(·, tn)) +

∑

j∈Z

∣∣∣Sn+1
j+1/2 − Sn+1

j−1/2

∣∣∣
)
∆t+

∑

j∈Z

∣∣∣Sn+1
j+1/2

∣∣∣∆x∆t

≤ L

ε

(
TV(w∆(·, tn)) + cTV(ρ∆(·, tn+1))

)
∆t+ c‖w∆(·, tn)‖L1∆t.

❚❤❡ ❝♦♠♣❛❝t♥❡ss ❝♦♠❡s ❢r♦♠ ❬✾✽✱ ❆♣♣❡♥❞✐① ❆❪ s✐♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞s ✭✼✳✻✳✻✮✲✭✼✳✻✳✽✮✲
✭✼✳✻✳✶✵✮✳ �

✼✳✻✳✺ ❆♣♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥

❲❡ ❞❡r✐✈❡ ❛♣♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✈❡r✐✜❡❞ ❜② ρ∆ ❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❡rs✐♦♥ ♦❢
t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✭✼✳✸✳✷✮ s❛t✐s✜❡❞ ❜② w∆✳ ❲❡ st❛rt ✇✐t❤ ρ∆✳ ❲✐t❤ Φn

j ❞❡✜♥❡❞ ✐♥ ❈♦r♦❧✲
❧❛r② ✼✳✻✳✷✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✢✉① ❛♥❞ t❤❡ w∆✲r❡❧❛t❡❞ ❝♦♥tr✐❜✉t✐♦♥✿

Φ∆(ρ∆, κ) =
N∑

n=0

∑

j∈Z

Φn
j 1Pn+1

j+1/2
; ∂∆f(x, t, κ) =

(✂
R

w∆(y, t)η
′(x− y) dy

)
δf(κ). ✭✼✳✻✳✶✶✮

❚❤❡♦r❡♠ ✼✳✻✳✺ ✭❆♣♣r♦①✐♠❛t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s✮✳ ❋✐① ϕ ∈ C∞
c (R×R

+), ϕ ≥ 0✱ κ ∈ [0, 1]
❛♥❞ n ∈ {0, . . . , N}✳ ❚❤❡♥ ❛s ∆ → 0✱ ✇❡ ❤❛✈❡✿

✂ tn+1

tn

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆(ρ∆, κ)∂xϕ− sgn(ρ∆ − κ)∂∆f(x, t, κ)ϕ

)
dx dt

+

✂
R

|ρ∆(x, tn)− κ|ϕ(x, tn) dx−
✂
R

|ρ∆(x, tn+1)− κ|ϕ(x, tn+1) dx

≥ O(∆x∆t) +O
(
∆t2
)
.

✭✼✳✻✳✶✷✮

Pr♦♦❢✳ ❋✐① n ∈ {0, . . . , N}✱ j ∈ Z✱ ϕ ∈ C∞
c (R× R

+), ϕ ≥ 0✱ κ ∈ [0, 1] ❛♥❞ s❡t

ϕn
j+1/2 =

1

∆x

✂ xj+1

xj

ϕ(x, tn) dx .

▼✉❧t✐♣❧② t❤❡ ❞✐s❝r❡t❡ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ✭✼✳✻✳✼✮ ❜② ϕn
j+1/2 ❛♥❞ t❛❦❡ t❤❡ s✉♠ ♦✈❡r j ∈ Z✳

Pr♦❝❡❡❞✐♥❣ t♦ t❤❡ ❆❜❡❧ s✉♠♠❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿
∑

j∈Z

|ρn+1
j+1/2 − κ|ϕn+1

j+1/2∆x−
∑

j∈Z

|ρnj+1/2 − κ|ϕn
j+1/2∆x

︸ ︷︷ ︸
A

−
∑

j∈Z

|ρn+1
j+1/2 − κ|

(
ϕn+1
j+1/2 − ϕn

j+1/2

)
∆x

︸ ︷︷ ︸
B

−
∑

j∈Z

Φn
j+1/2

(
ϕn
j+1/2 − ϕn

j−1/2

)
∆t

︸ ︷︷ ︸
C

≤ −
∑

j∈Z

sgn(ρn+1
j+1/2 − κ)(fn

j+1(κ)− fn
j (κ))ϕ

n
j+1/2∆x∆t

︸ ︷︷ ︸
D

.
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❘❡♠❛r❦ t❤❛t

A−B =

✂
R

|ρ∆(x, tn+1)−κ|ϕ(x, tn+1) dx−
✂
R

|ρ∆(x, tn)−κ|ϕ(x, tn) dx−
✂ tn+1

tn

✂
R

|ρ∆−κ|∂tϕ dx dt .

❲❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ♦t❤❡r ♠❡♠❜❡rs ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② t♦ t❤❡✐r ❝♦♥t✐♥✉♦✉s ❝♦✉♥t❡r♣❛rts✳
❊st✐♠❛t✐♥❣ C✳ ❲❡ ✇r✐t❡✿

C =

✂ tn+1

tn

✂
R

Φ∆(x, ρ∆, κ)∂xϕ(x, t
n) dx dt+ λ

∑

j∈Z

✂ xj+1

xj

✂ x

x−∆x

✂ y

x

Φn
j+1/2∂xϕ(z, t

n) dz dy dx

︸ ︷︷ ︸
C1

=

✂ tn+1

tn

✂
R

Φ∆(x, ρ∆, κ)∂xϕ(x, t) dx dt+ C1 +

✂ tn+1

tn

✂
R

✂ tn

t

Φ∆(x, ρ∆, κ)∂
2
txϕ(x, τ) dτ dx dt

︸ ︷︷ ︸
C2

,

❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t✐♦♥s✿

|C1| ≤ 4L sup
t≥0

‖∂2xxϕ(·, t)‖L1∆x∆t; |C2| ≤ L sup
t≥0

‖∂2txϕ(·, t)‖L1∆t2.

❊st✐♠❛t✐♥❣ D✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ✭✼✳✻✳✶✶✮✱ ✇❡ ❤❛✈❡

D =
∑

j∈Z

∆t

✂ xj+1

xj

sgn(ρn+1
j+1/2 − κ)∂∆f(x, t

n, κ)ϕ(x, tn) dx

+
∑

j∈Z

λ

✂ xj+1

xj

✂
R

✂ xj+1

xj

✂ z

x

sgn(ρn+1
j+1/2 − κ)w∆(y, t

n)η′′(u− y)δf(κ)ϕ(x, tn) du dz dy dx

︸ ︷︷ ︸
D1

=

✂ tn+1

tn

✂
R

sgn(ρ∆ − κ)∂∆f(x, t, κ)ϕ(x, t) dx+D1

+

✂ tn+1

tn

✂
R

sgn(ρ∆ − κ)∂∆f(x, t
n, κ)(ϕ(x, tn)− ϕ(x, t)) dx

︸ ︷︷ ︸
D2

,

✇❤✐❝❤ ✇❡ ❝♦♠❜✐♥❡ ✇✐t❤ t❤❡ ❜♦✉♥❞s✿

|D1| ≤ ‖η′′‖L1‖δf‖L∞ sup
t≥0

‖ϕ(·, t)‖L1∆x∆t

|D2| ≤ ‖η′‖L1‖δf‖L∞ sup
t≥0

‖∂tϕ(·, t)‖L1∆t2.

�

❲❡ ♥♦✇ t✉r♥ t♦ w∆✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ✢✉① ❢✉♥❝t✐♦♥✿

f∆(x, t, ρ) = (1− ω∆(x, t))fmin(ρ) + ω∆(x, t)fmax(ρ).
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❚❤❡♦r❡♠ ✼✳✻✳✻ ✭❆♣♣r♦①✐♠❛t❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥✮✳ ❋✐① φ ∈ C∞
c (R×R

+) ❛♥❞ n ∈ {0, . . . , N}✳
❚❤❡♥ ❛s ∆ → 0✱ ✇❡ ❤❛✈❡✿

✂ tn+1

tn

✂
R

(
(ρ∆w∆)∂tφ+ (f∆(x, t, ρ∆)w∆)∂xφ− ρ∆S∆φ

)
dx dt

+

✂
R

(ρ∆w∆)(x, t
n)φ(x, tn) dx−

✂
R

(ρ∆w∆)(x, t
n+1)φ(x, tn+1) dx

= O(∆x∆t) +O
(
∆t2
)
.

✭✼✳✻✳✶✸✮

Pr♦♦❢✳ ❚❤✐s ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❛♠❡ st❡♣s ❛s t❤❡ ♦♥❡ ♦❢ ❚❤❡♦r❡♠ ✼✳✻✳✺✳
❋✐① n ∈ {0, . . . , N} ❛♥❞ j ∈ Z✳ ▲❡t ✉s ♠✉❧t✐♣❧② ✭✼✳✻✳✸✮ ❜② ρn+1

j+1/2 ❛♥❞ ❝♦♠❜✐♥❡ t❤❡ r❡s✉❧t ✇✐t❤
✭✼✳✻✳✷✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇r✐t❡✿

(
(ρw)n+1

j+1/2 − (ρw)nj+1/2

)
∆x

= ρn+1
j+1/2

(
wn+1

j+1/2 −wn
j+1/2

)
∆x+

(
ρn+1
j+1/2 − ρnj+1/2

)
wn

j+1/2∆x

= Fn
j

(
wn

j−1/2 −wn
j+1/2

)
∆t+ ρn+1

j+1/2S
n+1
j+1/2∆x∆t+ Fn

j × (Sn+1
j−1/2 − Sn+1

j+1/2)∆t
2

−
(
Fn

j+1 −Fn
j

)
wn

j+1/2∆t

= −
(
Fn

j+1w
n
j+1/2 −Fn

j w
n
j−1/2

)
∆t+ ρn+1

j+1/2S
n+1
j+1/2∆x∆t+ Fn

j × (Sn+1
j−1/2 − Sn+1

j+1/2)∆t
2.

❚❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ t❤❡ ❛♥❛❧♦❣♦✉s ♦❢ t❤❡ ♦♥❡s ✇❡ ❞✐❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✻✳✶✳ ❚❤✐s ❧❛st ❡q✉❛❧✐t②
❡①♣r❡ss❡s t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ♦✉r s❝❤❡♠❡✳
❋✐① ♥♦✇ φ ∈ C∞

c (R× R
+) ❛♥❞ s❡t

φn
j+1/2 =

1

∆x

✂ xj+1

xj

φ(x, tn) dx .

▼✉❧t✐♣❧② t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t② ❜② φn+1
j+1/2 ❛♥❞ t❛❦❡ t❤❡ s✉♠ ♦✈❡r j ∈ Z✳ Pr♦❝❡❡❞✐♥❣ t♦ t❤❡

❆❜❡❧ s✉♠♠❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿
∑

j∈Z

(ρw)n+1
j+1/2φ

n+1
j+1/2∆x−

∑

j∈Z

(ρw)nj+1/2φ
n
j+1/2∆x

︸ ︷︷ ︸
A

−
∑

j∈Z

(ρw)nj+1/2

(
φn+1
j+1/2 − φn

j+1/2

)
∆x

︸ ︷︷ ︸
B

−
∑

j∈Z

Fn
j+1w

n
j+1/2

(
φn+1
j+3/2 − φn+1

j+1/2

)
∆t

︸ ︷︷ ︸
C

−
∑

j∈Z

ρn+1
j+1/2S

n+1
j+1/2φ

n+1
j+1/2∆x∆t

︸ ︷︷ ︸
D

−
∑

j∈Z

Fn
j × (Sn+1

j−1/2 − Sn+1
j+1/2)φ

n+1
j+1/2∆t

2

︸ ︷︷ ︸
E

= 0.

❚❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✐♥ ❡st✐♠❛t✐♥❣ ❡❛❝❤ ♠❡♠❜❡r ♦❢ t❤✐s ❧❛st ❡q✉❛❧✐t②✱
❤❛✈✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ♣r❡✈✐♦✉s❧② ❡st❛❜❧✐s❤❡❞ ❡st✐♠❛t❡s s✉❝❤ ❛s ✭✼✳✻✳✽✮✳ ▲✐❦❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s
♣r♦♦❢✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t✿

A =

✂
R

(ρ∆w∆)(x, t
n+1)φ(x, tn+1) dx−

✂
R

(ρ∆w∆)(x, t
n)φ(x, tn) dx .
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❊st✐♠❛t✐♥❣ C✿

C = λ
∑

j∈Z

✂ xj+1

xj

✂ x+∆x

x

Fn
j+1w

n
j+1/2∂xφ(y, t

n+1) dy dx

= λ
∑

j∈Z

✂ xj+1

xj

✂ x+∆x

x

fn
j+1(ρ

n
j+1/2)w

n
j+1/2∂xφ(y, t

n+1) dy dx

+ λ
∑

j∈Z

✂ xj+1

xj

✂ x+∆x

x

(Fn
j+1 − fn

j+1(ρ
n
j+1/2))w

n
j+1/2∂xφ(y, t

n+1) dy dx

︸ ︷︷ ︸
C1

= λ
∑

j∈Z

✂ xj+1

xj

✂ x+∆x

x

fn
j (ρ

n
j+1/2)w

n
j+1/2∂xφ(y, t

n+1) dy dx+ C1

+ λ
∑

j∈Z

✂ xj+1

xj

✂ x+∆x

x

(fn
j+1(ρ

n
j+1/2)− fn

j (ρ
n
j+1/2))w

n
j+1/2∂xφ(y, t

n+1) dy dx

︸ ︷︷ ︸
C2

= λ
∑

j∈Z

✂ xj+1

xj

✂ x+∆x

x

fn
j (ρ

n+1
j+1/2)w

n
j+1/2∂xφ(y, t

n+1) dy dx+ C1 + C2

+ λ
∑

j∈Z

✂ xj+1

xj

✂ x+∆x

x

(fn
j (ρ

n
j+1/2)− fn

j (ρ
n+1
j+1/2))w

n
j+1/2∂xφ(y, t

n+1) dy dx

︸ ︷︷ ︸
C3

=

✂ tn+1

tn

✂
R

(f∆(x, t, ρ∆)w∆)∂xφ(x, t
n+1) dx dt+ C1 + C2 + C3

+ λ
∑

j∈Z

✂ xj+1

xj

✂ x+∆x

x

fn
j (ρ

n+1
j+1/2)w

n
j+1/2(∂xφ(y, t

n+1)− ∂xφ(x, t
n+1)) dy dx

︸ ︷︷ ︸
C4

=

✂ tn+1

tn

✂
R

(f∆(x, t, ρ∆)w∆)∂xφ(x, t) dx dt+ C1 + C2 + C3 + C4

+

✂ tn+1

tn

✂
R

(f∆(x, t, ρ∆)w∆)(∂xφ(x, t
n+1)− ∂xφ(x, t)) dx dt

︸ ︷︷ ︸
C5

,

❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t✐♦♥s✿

|C1| ≤ 2L‖∂xφ‖L∞TV(ρ∆(·, tn))∆x∆t; |C2| ≤ 2‖δf‖L∞TV(η) sup
t≥0

‖∂xφ(·, t)‖L1∆x∆t;

|C3| ≤ L

(
∑

j∈Z

|ρn+1
j+1/2 − ρnj+1/2|∆x

)
‖∂xφ‖L∞∆t = O

(
∆t2
)

❞✉❡ t♦ ❈♦r♦❧❧❛r② ✼✳✻✳✹;

|C4| ≤ 4L sup
t≥0

‖∂2xxφ(·, t)‖L1∆x∆t; |C5| ≤ L sup
t≥0

‖∂2txφ(·, t)‖L1∆t2.
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▼♦r❡♦✈❡r✱

B =

✂ tn+1

tn

✂
R

(ρ∆w∆)∂tφ dx dt+
∑

j∈Z

(ρnj+1/2 − ρn+1
j+1/2)w

n
j+1/2

(
φn+1
j+1/2 − φn

j+1/2

)
∆x

︸ ︷︷ ︸
B1

❛♥❞✱ ✉s✐♥❣ ❚❤❡♦r❡♠ ✼✳✻✳✸ ❛♥❞ ❈♦r♦❧❧❛r② ✼✳✻✳✹✱ ✇❡ ❤❛✈❡

|B1| ≤
(
∑

j∈Z

|ρn+1
j+1/2 − ρnj+1/2|∆x

)
‖∂tφ‖L∞∆t = O

(
∆t2
)
.

❊st✐♠❛t✐♥❣ D✳ ❲❡ ✇r✐t❡

D =

✂ tn+1

tn

✂
R

ρ∆(x, t)S∆(x, t)φ(x, t
n+1) dx

=

✂ tn+1

tn

✂
R

ρ∆(x, t)S∆(x, t)φ(x, t) dx dt+

✂ tn+1

tn

✂
R

ρ∆(x, t)S∆(x, t)(φ(x, t
n+1 − φ(x, t)) dx dt

︸ ︷︷ ︸
D1

,

❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞✿

|D1| ≤ ‖S∆‖L∞ sup
t≥0

‖∂tφ(·, t)‖L1∆t2.

❚♦ ❡st✐♠❛t❡ E✱ ✇❡ ❞✐r❡❝t❧② ✇r✐t❡✿

|E| ≤ cL‖φ‖L∞ (TV(ρ∆(·, tn)) +TV(w∆(·, tn)))∆t2,

❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �

✼✳✻✳✻ ❈♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❡①✐st❡♥❝❡ st❛t❡♠❡♥t

❇❡❢♦r❡ ♣r♦✈✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✱ r❡♠❛r❦ t❤❛t t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (ρ∆)∆ ❛♥❞
(w∆)∆ ✐♠♣❧✐❡s t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (ξ∆)∆✱ (χ∆)∆✱ (ω∆)∆✱ (f∆(·, ·, ρ∆))∆ ❛♥❞ (S∆)∆✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✜① (x, t) ∈ Ω✳ ●✐✈❡♥ ∆✱ ❧❡t n ∈ {0, . . . , N}, j ∈ Z ❜❡ s✉❝❤ t❤❛t (x, t) ∈ Pn+1

j+1/2✳
❲❡ ❤❛✈❡✿

ξ∆(x, t) = ξn+1
j+1/2 =

✂
R

ρ∆(y, t)µ(xj+1/2 − y) dy −→
∆→0

✂
R

ρ(y, t)µ(x− y) dy := ξ(x, t).

▼♦r❡♦✈❡r✱

ω∆(x, t) = ωn
j =

✂
R

w∆(y, t)η(xj − y) dy −→
∆→0

✂
R

w(y, t)η(x− y) dy := ω(x, t).

❈♦♥s❡q✉❡♥t❧②✱

f∆(x, t, ρ∆(x, t)) −→
∆→0

(1− ω(x, t))fmin(ρ(x, t)) + ω(x, t)fmax(ρ(x, t)) := f(x, t, ρ(x, t)),
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❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡✿

χ∆(x, t) = χn+1
j+1/2 = −

✂
R

f∆(y, t, ρ∆)µ
′(xj+1/2 − y) dy

−
∑

i∈Z

(Fn
i (ρ

n+1
i−1/2, ρ

n+1
i+1/2)− fn

i (ρ
n+1
i+1/2))

✂ xi+1

xi

µ′(xj+1/2 − y) dy

︸ ︷︷ ︸
=O(∆x)

−→
∆→0

−
✂
R

f(y, t, ρ)µ′(x− y) dy := χ(x, t).

❆❧s♦✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ K✱

S∆(x, t) = K(ξ∆(x, t), χ∆(x, t))w∆(x, t)(1−w∆(x, t))

−→
∆→0

K(ξ(x, t), χ(x, t))w(x, t)(1−w(x, t)) := S(x, t).

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✸✳✸✳ ❲❡ ✈❡r✐❢② t❤❛t (ρ,w) s❛t✐s✜❡s ❛❧❧ t❤❡ ♣♦✐♥ts ♦❢ ❉❡✜♥✐t✐♦♥ ✼✳✸✳✶✳
✭✐✮ ❋✐① ϕ ∈ C∞

c (R× [0, T )), ϕ ≥ 0✱ κ ∈ [0, 1] ❛♥❞ τ, s ∈ [0, T ] ✭τ < s✮✳ ❇❡✐♥❣ ❣✐✈❡♥ ∆ > 0✱ ❧❡t
n,m ∈ {0, . . . , N + 1} s✉❝❤ t❤❛t τ ∈ [tn, tn+1) ❛♥❞ s ∈ [tm, tm+1)✳ ❇② s✉♠♠✐♥❣ ✭✼✳✻✳✶✷✮ ♦✈❡r
k ∈ {n, . . . ,m− 1}✱ ✇❡ ♦❜t❛✐♥✿

✂ τ

s

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆(ρ∆, κ)∂xϕ− sgn(ρ∆ − κ)∂∆f(x, t, κ)ϕ

)
dx dt

= −
✂ s

tn

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆(ρ∆, κ)∂xϕ− sgn(ρ∆ − κ)∂∆f(x, t, κ)ϕ

)
dx dt

+
m−1∑

k=n

✂ tk+1

tk

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆(ρ∆, κ)∂xϕ− sgn(ρ∆ − κ)∂∆f(x, t, κ)ϕ

)
dx dt

+

✂ τ

tm

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆(ρ∆, κ)∂xϕ− sgn(ρ∆ − κ)∂∆f(x, t, κ)ϕ

)
dx dt .

✭✼✳✻✳✶✹✮

❯s✐♥❣ t❤❡ ✉♥✐❢♦r♠ L∞ ❜♦✉♥❞s✱ ✇❡ s❡❡ t❤❛t t❤❡ ✜rst ❛♥❞ ❧❛st t❡r♠ ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢
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t❤✐s ❡q✉❛❧✐t② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s O(∆t)✳ ❇② ✭✼✳✻✳✶✷✮✱
m−1∑

k=n

✂ tk+1

tk

✂
R

(
|ρ∆ − κ|∂tϕ+ Φ∆(ρ∆, κ)∂xϕ− sgn(ρ∆ − κ)∂∆f(x, t, κ)ϕ

)
dx dt

≥
✂
R

|ρ∆(x, tm)− κ|ϕ(x, tm) dx−
✂
R

|ρ∆(x, tn)− κ|ϕ(x, tn) dx+
m−1∑

k=n

(
O(∆x∆t) +O

(
∆t2
))

≥
✂
R

|ρ∆(x, s)− κ|ϕ(x, s) dx−
✂
R

|ρ∆(x, τ)− κ|ϕ(x, τ) dx− T (∆x+∆t)

+

✂
R

(|ρ∆(x, tm)− κ|ϕ(x, tm)− |ρ∆(x, s)− κ|ϕ(x, s)) dx

−
✂
R

(|ρ∆(x, tn)− κ|ϕ(x, tn)− |ρ∆(x, τ)− κ|ϕ(x, τ)) dx .

❯s✐♥❣ t❤❡ t✐♠❡ BV ❡st✐♠❛t❡ ✭✼✳✻✳✶✵✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❧❛st t✇♦ ♠❡♠❜❡rs ♦❢ t❤✐s ✐♥❡q✉❛❧✐t②
❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s O(∆t) ❛s ✇❡❧❧✳ P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇❤❡♥ ❧❡tt✐♥❣∆ → 0 ✐♥ ✭✼✳✻✳✶✹✮✱
✇❡ ♦❜t❛✐♥ t❤❛t ρ ✐s ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦

∂tρ+ ∂x (f(x, t, ρ)) = 0.

✭✐✐✮ ❋r♦♠ ✭✼✳✻✳✶✸✮✱ ❛♥❞ ✉s✐♥❣ t❤❡ s❛♠❡ ✐❞❡❛s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s r❡❛s♦♥✐♥❣✱ ✇✐t❤ ✐♥ t❤✐s ❝❛s❡ t❤❡
s❡❝♦♥❞ t✐♠❡ BV ❡st✐♠❛t❡ ♦❢ ❈♦r♦❧❧❛r② ✼✳✻✳✶✵✱ ✇❡ ❡❛s✐❧② ♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ φ ∈ C∞

c (R× [0, T ))
❛♥❞ τ, s ∈ [0, T ] ✭τ < s✮✱ ✇❡ ❤❛✈❡✿✂ τ

s

✂
R

(
(ρ∆w∆)∂tφ+ (f∆(x, t, ρ∆)w∆)∂xφ− ρ∆S∆φ

)
dx dt

+

✂
R

ρ∆(x, s)w∆(x, s)φ(x, s) dx−
✂
R

ρ∆(x, τ)w∆(x, τ)φ(x, τ) dx = O(∆x) +O(∆t) ,

✇❤✐❝❤ ❜② t❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s ∆ → 0 ✐♠♣❧✐❡s t❤❛t w ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢

∂t (ρw) + ∂x (f(x, t, ρ)w) = ρK (ξ, χ)w(1−w).

❋✐♥❛❧❧②✱ s✐♥❝❡ ρ ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ∂tρ+ ∂x (f(x, t, ρ)) = 0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ξ ✐s ❞✐✛❡r❡♥✲
t✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t✱ ✇✐t❤ ❞❡r✐✈❛t✐✈❡ χ✳
✭✐✐✐✮ ❲❡ ♣r♦✈❡❞ t❤❛t v ❛♥❞ ω ❛r❡ ❧✐♥❦❡❞ ❛♥❞ t❤❛t ω ❛♥❞ w ❛r❡ ❧✐♥❦❡❞ ❜② ✭✼✳✷✳✻✮ ❛t t❤❡ ❜❡✲
❣✐♥♥✐♥❣ ♦❢ t❤❡ s❡❝t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❞✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✸✳✹✳ ❚❤❡ ❡①✐st❡♥❝❡ ❝❧❛✐♠ r❡❛❞✐❧② ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✼✳✸✳✸✳ �

✼✳✼ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ ♥✉♠❡r✐❝❛❧ t❡st ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ s❝❤❡♠❡ ❛♥❛❧②③❡❞ ✐♥ ❙❡❝t✐♦♥
✼✳✻✳ ❋♦r fmin✱ ✇❡ t❛❦❡ t❤❡ ✉♥✐❢♦r♠❧② ❝♦♥❝❛✈❡ ✢✉① fmin(ρ) = ρ(1− ρ)✱ ❛♥❞ ❢♦r fmax✱ ✇❡ t❛❦❡

fmax(ρ) =

{
fmin(ρ) ✐❢ 0 ≤ ρ ≤ ρc

P (ρ) ✐❢ ρc < ρ ≤ 1,
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✇❤❡r❡ ρc ✐s s♦♠❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞ ❛♥❞ P ✐s ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ 3 s❛t✐s❢②✐♥❣✿

P ≥ 0 ♦♥ [ρc, 1]; P (ρc) = fmin(ρc); P ′(ρc) = f ′
min(ρc); P (1) = 0,

❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✼✳✸✱ ❧❡❢t✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❝❤♦♦s❡ η = µ✱ ❜♦t❤ ❡q✉❛❧ t♦
❛ s✉✐t❛❜❧❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ tr✐❛♥❣❧❡✲s❤❛♣❡❞ ❢✉♥❝t✐♦♥ x 7→ 2(1− 2|x|)1{|x|≤ 1

2}✳ ❲❡ ❞❡❛❧

✇✐t❤ ❛ r♦❛❞ ♣❛r❛♠❡tr✐③❡❞ ❜② t❤❡ ✐♥t❡r✈❛❧ [−2, 5] ❛♥❞ t✐♠❡ ❤♦r✐③♦♥ T = 6.0✳ ❲❡ ❝❤♦♦s❡ ✐♥✐t✐❛❧
❞❛t❛ s❛t✐s❢②✐♥❣ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✼✳✸✳✸✿

ρ0(x) =





0.4 ✐❢ − 1 < x < 0

0.8 ✐❢ 1 < x < 2

0.10 ♦t❤❡r✇✐s❡❀

w0(x) =

{
0.5 ✐❢ |x| ≤ 10

0 ♦t❤❡r✇✐s❡✱

❛s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✼✳✸✱ r✐❣❤t✳

❋✐❣✉r❡ ✼✳✸ ✕ ❚②♣✐❝❛❧ ❝❤♦✐❝❡ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ❞✐❛❣r❛♠s ❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛✳

▲❡t ✉s ❝♦♠♠❡♥t ♦♥ t❤❡ ♣r♦✜❧❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✼✳✹✳ ◗✉✐t❡
❡①♣❡❝t❡❞❧②✱ ❛s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ ❋✐❣✉r❡ ✼✳✹ ❛t t✐♠❡ T ✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♦r❞❡r❧✐♥❡ss
♠❛r❦❡r ❤❛s ❢❛✈♦r❡❞ t❤❡ ❣❧♦❜❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❞❡♥s✐t②✳ ◆♦✇ ❧❡t ✉s ❧♦♦❦ ♠♦r❡ ♣r❡❝✐s❡❧② ❛t t❤❡
❞✐✛❡r❡♥t ♣r♦✜❧❡s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳ ❲❡ s❡❡ t❤❛t ❛t t✐♠❡s t = 1.64 ❛♥❞ t = 3.01✱ t❤❡
❤✐❣❤❡st ♣❡❛❦s ♦❢ ❞❡♥s✐t② ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❛r❡❛s ✇❤❡r❡ t❤❡ ♦r❞❡r❧✐♥❡ss ✐s t❤❡ ❧♦✇❡st✳ ■♥ t❤❡
♠❡❛♥t✐♠❡✱ ♥♦t✐❝❡ ❤♦✇ t❤✐s ♣❡❛❦ ♦❢ t❤❡ ❞❡♥s✐t② ✐s ❢♦❧❧♦✇❡❞ ❜② ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♦r❞❡r❧✐♥❡ss
✈❛❧✉❡✱ s✉❣❣❡st✐♥❣ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❛♥ ♦r❣❛♥✐③✐♥❣ ♣❛tt❡r♥ ✉♣str❡❛♠ t❤❡ ❜♦tt❧❡♥❡❝❦✳ ❋✐♥❛❧❧②✱
❛s ✐♥❝♦r♣♦r❛t❡❞ ✐♥ t❤❡ ♠♦❞❡❧✱ ❡✈❡r②✇❤❡r❡ t❤❡ ❞❡♥s✐t② ✐s ❧❡ss❡r t❤❛♥ t❤❡ t❤r❡s❤♦❧❞ ρc✱ t❤❡ ✈❛❧✉❡
♦❢ w ❞♦❡s ♥♦t ✈❛r②✳
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❋✐❣✉r❡ ✼✳✹ ✕ ❚❤❡ ♥✉♠❡r✐❝❛❧❧② ❝♦♠♣✉t❡❞ s♦❧✉t✐♦♥s ρ∆(·, t),w∆(·, t) ❛t ❞✐✛❡r❡♥t ✜①❡❞ t✐♠❡s t❀
❞❛s❤❡❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✐♥ ❛❜s❡♥❝❡ ♦❢ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r✱ ✐✳❡✳ ❢♦r ω ≡
0 ✐♥ ✭✼✳✷✳✷✮❀ ❢♦r ❛♥ ❛♥✐♠❛t❡❞ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✱ ❢♦❧❧♦✇✿ ❤tt♣s✿✴✴✉t❜♦①✳✉♥✐✈✲
t♦✉rs✳❢r✴s✴❆❣❉❦❦❛◗♠✾✷✹✼❩❊P✳



P❛rt ■■■
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❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s

❛♥❞ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s

✶✾✼
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❋✐① ❛ str✐❝t❧② ♣♦s✐t✐✈❡ t✐♠❡ ❤♦r✐③♦♥ T > 0 ❛♥❞ s❡t Ω = R × (0, T )✳ ❋♦r ❛ ✢✉① H : R2 → R
✶

❛♥❞ ❛♥ ✐♥✐t✐❛❧ ❞❛t❛ u0 ∈ L∞(R)✱ ❝♦♥s✐❞❡r t❤❡ s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✐♥ Ω✿
{
∂tu+ ∂x (H(x, u)) = 0

u(·, 0) = u0.
✭✽✳✵✳✶✮

■t ✐s ❦♥♦✇♥ t❤❛t s♦❧✉t✐♦♥s t♦ t❤❡s❡ ❡q✉❛t✐♦♥s ❣❡♥❡r❛❧❧② ❞❡✈❡❧♦♣ s❤♦❝❦s ✇❤✐❝❤ ❝❛✉s❡ ❛ ❧♦ss ♦❢
✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ❡①♣r❡ss❡s t❤❡ ✐rr❡✈❡rs✐❜❧❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ t❤❡② ❞❡s❝r✐❜❡✳ ■♥ ❬✻✶❪✱
t❤❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r❡❞ ❡q✉❛t✐♦♥ ✭✽✳✵✳✶✮ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ✢✉① ❤❛s ♥♦ s♣❛❝❡ ❞❡♣❡♥❞❡♥❝②
✐✳❡✳ H(x, u) = H(u)✳ ❚❤❡② ♣r♦✈✐❞❡❞ ❛ ❢✉❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ t❤❛t
❡✈♦❧✈❡ ✐♥t♦ ❛ ❣✐✈❡♥ ♣r♦✜❧❡✳ ❚❤❡② ❛❧s♦ ❞❡s❝r✐❜❡❞ s♦♠❡ ❣❡♦♠❡tr✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢
t❤✐s s❡t✳ ❖♥❡ ♦❢ t❤❡ ❝r✉❝✐❛❧ t♦♦❧s ✉s❡❞ ❜② t❤❡ ❛✉t❤♦rs ♦❢ ❬✻✶❪ ✐s t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡
s♦❧✉t✐♦♥s t♦ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✽✳✵✳✶✮ ❛♥❞ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥

{
∂tU +H (x, ∂xU) = 0

U(·, 0) = U0.
✭✽✳✵✳✷✮

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✢✉① H ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡✱ s♦❧✉t✐♦♥s ♦❢ ✭✽✳✵✳✶✮
❛r❡ ♦❜t❛✐♥❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ s♦❧✉t✐♦♥s ♦❢ ✭✽✳✵✳✷✮✳ ❚❤❡ ❛✉t❤♦rs ♦❢ ❬✻✶❪ ❛❧s♦ ❝❧❛r✐✜❡❞ ❤♦✇ t♦
♦❜t❛✐♥ s♦❧✉t✐♦♥s ♦❢ ✭✽✳✵✳✷✮ ❢r♦♠ s♦❧✉t✐♦♥s ♦❢ ✭✽✳✵✳✶✮✱ s❡❡ ❬✻✶✱ Pr♦♣♦s✐t✐♦♥ ✷✳✺❪✳

❖♥ ❛♥ ❛tt❡♠♣t t♦ ❡①t❡♥❞ t❤❡✐r st✉❞✐❡s t♦ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ✢♦✇s✱ ✇❡ ✜rst ❛✐♠ ✐♥ t❤✐s ❝❤❛♣t❡r
t♦ ♣r♦✈❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ❜♦t❤ ♣r♦❜❧❡♠ ✭✽✳✵✳✶✮ ❛♥❞ ♣r♦❜❧❡♠ ✭✽✳✵✳✷✮✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡
t♦ t❤❡✐r s♦❧✉t✐♦♥s ❢♦r ❛ ❝❧❛ss ♦❢ C2(R2) ✢✉① ❢✉♥❝t✐♦♥s H ✇❤✐❝❤ s♣❛❝❡ ❞❡♣❡♥❞❡♥❝② ✐s ❧♦❝❛❧✐③❡❞
✐♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R✿

∃X > 0, ∀x, u ∈ R, |x| ≥ X =⇒ ∂H

∂x
(x, u) = 0. ✭✽✳✵✳✸✮

✶✳ ❲❡ ❝❤❛♥❣❡ t❤❡ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ✢✉① ❢r♦♠ f t♦ H ❜❡❝❛✉s❡ ✇❡ ✇✐❧❧ ❡①t❡♥s✐✈❡❧② ✉s❡ t❤❡ ♠❡t❤♦❞s ❛♥❞
✈✐❡✇♣♦✐♥ts ❢r♦♠ t❤❡ t❤❡♦r② ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✱ ✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ H ✐s tr❛❞✐t✐♦♥❛❧✳

✶✾✾



✷✵✵ ❈❍❆P❚❊❘ ✽✳ ❈❖❘❘❊❙P❖◆❉❊◆❈❊❙ ❆◆❉ ❚❍❊ ■◆❱❊❘❙❊ ❉❊❙■●◆ P❘❖❇▲❊▼

■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡❧❧✲♣♦s❡❞♥❡ss ❢♦r t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✽✳✵✳✶✮ ✐s ✉s✉❛❧❧② ♦❜t❛✐♥❡❞ ✐♥ t❤❡
❝❧❛ss ♦❢ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ✇✐t❤ ❛ ✢♦✇ H ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✶✹✱ ✽✽✱ ✻✽✱ ✶✹✵❪✳
❘❡❣❛r❞✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✭✽✳✵✳✷✮✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐s ✉s✉❛❧❧② t❛❦❡♥ ✐♥ t❤❡ s♣❛❝❡
W1,∞(R) ❛♥❞ t❤❡ ✢♦✇ H ✐s ❝♦♥✈❡① ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜❧❡ ❛♥❞ ✐s s✉❜✲❧✐♥❡❛r ❛s
|u| → +∞✱ s❡❡ ❬✽✶✱ ❈❤❛♣t❡r ✶✵❪ ❛♥❞ ❬✶✷✻✱ ✼✾✱ ✻✸✱ ✷✽❪✳ ◆♦t❡ t❤❛t t❤✐s ❧❛st ❛ss✉♠♣t✐♦♥ ❞♦❡s
♥♦t s❡❡♠ t♦ ❤❛✈❡ ❛ ❝♦✉♥t❡r♣❛rt ✐♥ t❤❡ ✉s✉❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ✢♦✇ ♦❢ ❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ✉s✐♥❣ ❛ss✉♠♣t✐♦♥ ✭✽✳✵✳✸✮ ✐s ♥❡✇✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ✇♦rt❤ ❝♦♥s✐❞❡r✐♥❣ ❢♦r
❛ ❢❡✇ r❡❛s♦♥s✿

✖ ❋r♦♠ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐✳❡✳ ❢r♦♠ t❤❡ P❉❊ ♣♦✐♥t ♦❢ ✈✐❡✇ ✭❙❡❝t✐♦♥ ✽✳✷✮✱
✢♦✇s H ✇❤✐❝❤ s❛t✐s❢② ✭✽✳✵✳✸✮ ♥❛t✉r❛❧❧② ❛r✐s❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ r♦❛❞ tr❛✣❝ ❞②♥❛♠✐❝s✳
❙♦♠❡ s✐♠♣❧❡ ❡①❛♠♣❧❡s ✇♦✉❧❞ ❜❡ ✢✉① ❢✉♥❝t✐♦♥s✿

H(x, u) = f(u) + g(x); H(x, u) = θ(x)f(u); H(x, u) = f(u− θ(x)),

❢♦r s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ ❢✉♥❝t✐♦♥s f ✱ g ❛♥❞ θ✳ ❘❡♠❛r❦ t❤❛t ❛ss✉♠♣t✐♦♥ ✭✽✳✵✳✸✮ ❛❧❧♦✇s
❢♦r ❛♥② ❣r♦✇t❤ ♦❢ H ✐♥ u✳ ■♥ ♣❛rt✐❝✉❧❛r✱ str♦♥❣❧② ❝♦♥✈❡① ✭✐♥ u✮ ❍❛♠✐❧t♦♥✐❛♥s ❝❛♥ ❜❡
❝♦♥s✐❞❡r❡❞✳

✖ ❋r♦♠ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ✈✐❡✇♣♦✐♥t ✭❙❡❝t✐♦♥ ✽✳✸✮✱ ❜❡✐♥❣ ❛❜❧❡ t♦ ❝♦♥s✐❞❡r ❝♦❡r❝✐✈❡
✭✐♥ u✮ ❍❛♠✐❧t♦♥✐❛♥ ✇✐❧❧ ❜❡ ❡ss❡♥t✐❛❧ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✐♥✐♠❛❧ ❛r❝s✳

✖ ❋r♦♠ t❤❡ ❖❉❊ ♣♦✐♥t ♦❢ ✈✐❡✇ ✭❙❡❝t✐♦♥ ✽✳✶✳✷✮✱ ❛ss✉♠♣t✐♦♥ ✭✽✳✵✳✸✮ ✇✐❧❧ ❧❡❛❞ t♦ ❣❧♦❜❛❧
❡①✐st❡♥❝❡ ✐♥ t✐♠❡ ❢♦r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ r❛②s ❛♥❞ ♦✉ts✐❞❡ t❤❡ ❝♦♠♣❛❝t [−X,X] ♦❢ s♣❛❝❡
❞❡♣❡♥❞❡♥❝②✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ r❛②s ✇✐❧❧ ❜❡ str❛✐❣❤t ❧✐♥❡s✳

❚❤✐s ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ st❛rt ✐♥ ❙❡❝t✐♦♥ ✽✳✶ ❜② s❡tt✐♥❣ t❤❡ ❢r❛♠❡✇♦r❦ ❛♥❞
♣r♦✈✐♥❣ ✉s❡❢✉❧ ❡st✐♠❛t❡s ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H ✭❛♥❞ ✐ts ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠✮
❛s ✇❡❧❧ ❛s ❖❉❊ r❡s✉❧ts ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤❡♥✱ ❙❡❝t✐♦♥ ✽✳✷ ✐s ❞❡✈♦t❡❞ t♦ t❤❡
♣r♦♦❢ ♦❢ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❡♥tr♦♣② s♦❧✉t✐♦♥s ❛♥❞ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ✉♥❞❡r t❤❡ s❛♠❡
❛ss✉♠♣t✐♦♥s ♦♥ H✳ ❆s ❛ ❜②♣r♦❞✉❝t✱ ✇❡ ❛❧s♦ ♦❜t❛✐♥ ✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧ts ❢♦r ✭✽✳✵✳✶✮ ❛♥❞
✭✽✳✵✳✷✮✳ ❚❤❡ r❡s✉❧t ✐s ❡①t❡♥❞❡❞ ❢♦r t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✽✳✸ t❤r♦✉❣❤ t❤❡
❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ❛♣♣r♦❛❝❤✳ ▼♦r❡ t❤❛♥ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t✱ t❤✐s s❡❝t✐♦♥ ❛❧s♦ ♣r♦✈✐❞❡s
t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s✴❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✳ ❲❡ ❝♦♥❝❧✉❞❡ ✐♥ ❙❡❝t✐♦♥ ✽✳✹ ❜②
t❛❝❦❧✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ♦✉r ❝❧❛ss ♦❢ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ✢♦✇s✳

✽✳✶ ❆ss✉♠♣t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts

❘❡❝❛❧❧ t❤❛t ✇❡ s✉♣♣♦s❡ t❤❛t H ∈ C2(R2) s❛t✐s✜❡s ✭✽✳✵✳✸✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❢❡❛t✉r❡ ♦❢t❡♥ ✉s❡❞
✐♥ t❤❡ s❡q✉❡❧ ✇✐❧❧ ❜❡✿

∀R > 0, sup
x∈R
|u|≤R

H(x, u) = sup
|x|≤X
|u|≤R

H(x, u). ✭✽✳✶✳✶✮

❲❡ ♠❛❦❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t ❢♦r ❛❧❧ x ∈ R✱ H(x, ·) ✐s str♦♥❣❧② ❝♦♥✈❡①✳

❉❡✜♥✐t✐♦♥ ✽✳✶✳✶✳ ▲❡t f ∈ C2(R,R)✳ ❲❡ s❛② t❤❛t f ✐s str♦♥❣❧② ❝♦♥✈❡① ✐❢ f ′ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣
❞✐✛❡♦♠♦r♣❤✐s♠ ♦♥ R✳
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❚❤❡ str♦♥❣ ❝♦♥✈❡①✐t② ♦❢ H tr❛♥s❧❛t❡s ❛s✿

∀x ∈ R,
∂2H

∂u2
(x, ·) > 0 ❛♥❞

∂H

∂u
(x, ·) : R → R ✐s ❛ ❜✐❥❡❝t✐♦♥. ✭✽✳✶✳✷✮

❊①❛♠♣❧❡ ✽✳✶✳✶ ✭❚r❛✣❝ ✢♦✇ ■✮✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥

H(x, u) = θ(x)u(u− 1),

✇❤❡r❡ θ ∈ C2(R) ❤❛s t❤❡ ❢♦r♠ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳✶✱ ❧❡❢t✱ ✐s ✐♥ t❤❡ ❝❧❛ss ♦❢ ✢✉① ❢✉♥❝t✐♦♥s
✇❡ ❝♦♥s✐❞❡r✳ ◆♦t❡ t❤❛t t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✽✳✵✳✶✮ ✇✐t❤ ✢✉① −H ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡
▲❲❘ ♠♦❞❡❧✱ s❡❡ ❊①❛♠♣❧❡ ✵✳✶✳✷✳ ❚❤✐s ❤❡t❡r♦❣❡♥❡♦✉s ❡①t❡♥s✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❞❡♥s✐t② ♦❢ ❛ ✢♦✇
♦❢ ✈❡❤✐❝❧❡s ❛❧♦♥❣ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r♦❛❞ ✇✐t❤ ♠❛①✐♠❛❧ s♣❡❡❞ s♠♦♦t❤❧② ✈❛r②✐♥❣ ❢r♦♠ θ(−1)
❢♦r x ≤ −1✱ t♦ θ(1) ❢♦r x ≥ 1✳

❋✐❣✉r❡ ✽✳✶ ✕ ❊①❛♠♣❧❡ ♦❢ ❛ str♦♥❣❧② ❝♦♥✈❡① ❍❛♠✐❧t♦♥✐❛♥✳

✽✳✶✳✶ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠

▲❡t ✉s r❡❝❛❧❧ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ str♦♥❣❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥s ✇❡ ✇✐❧❧ ✉s❡ ✐♥ t❤❡ s❡q✉❡❧✳

▲❡♠♠❛ ✽✳✶✳✷ ✭❖♥ str♦♥❣❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥s✮✳ ▲❡t f ∈ C2(R) ❜❡ ❛ str♦♥❣❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥✳
❚❤❡♥ f ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

✭✐✮ f ✐s s✉♣❡r❧✐♥❡❛r✿ lim
|u|→+∞

f(u)

|u| = +∞✳

✭✐✐✮ ■ts ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ f ∗✱ ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛

f ∗(v) = sup
u∈R

(
uv − f(u)

)
,

✐s ✇❡❧❧✲❞❡✜♥❡❞ ♦♥ R✳ ▼♦r❡♦✈❡r✱ f ∗ ✐s C2(R) ❛♥❞ str♦♥❣❧② ❝♦♥✈❡① ❛s ✇❡❧❧✳

✭✐✐✐✮ ❋♦r ❛❧❧ C ∈ R✱ t❤❡ ❡q✉❛t✐♦♥ f(u) = C ❛❞♠✐ts ❛t ♠♦st t✇♦ s♦❧✉t✐♦♥s✳
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Pr♦♦❢✳ ❘❡♠❛r❦ t❤❛t f ′ ✐s ✐♥ ♣❛rt✐❝✉❧❛r ❛ C1✲❞✐✛❡♦♠♦r♣❤✐s♠ ♦❢ R✳
✭✐✮ ❋✐① A > 0✳ ❙✐♥❝❡ f ′ : R → R ✐s ❛ ❜✐❥❡❝t✐♦♥✱

∃β ∈ R, f ′(β) = 2A.

▼♦r❡♦✈❡r✱

∃U = U(A, β) > 0, ∀v ∈ R, v ≥ U =⇒
∣∣∣∣
f(β)− 2Aβ

v

∣∣∣∣ ≤ A.

❇② ❝♦♥✈❡①✐t②✱ ❢♦r ❛❧❧ u ≥ max{β, V }✱ ✇❡ ❤❛✈❡

f(u)

u
≥ f(β) + f ′(β)(u− β)

u
=
f(β) + 2A(u− β)

u
= 2A+

f(β)− 2Aβ

u
≥ A,

✇❤✐❝❤ ♣r♦✈❡s t❤❛t lim
u→+∞

f(u)

u
= +∞✳ ❲❡ ✇♦✉❧❞ s❤♦✇ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ t❤❛t lim

u→−∞

f(u)

u
= −∞✳

✭✐✐✮ ❋✐① v ∈ R✳ ❚❤❡ ❢✉♥❝t✐♦♥ φ : u 7→ uv − f(u) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ R ❛♥❞ s❛t✐s✜❡s

φ(u) −→
|u|→+∞

−∞

❜❡❝❛✉s❡ ♦❢ ✭✐✮✳ ❲❡ ❞❡❞✉❝❡ t❤❛t φ ❛tt❛✐♥s ✐ts ♠❛①✐♠✉♠ ♦♥ R❀ s✉❝❤ ❛ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ u0 ✐s ❛
❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ φ✳ ❲❡ ❞❡❞✉❝❡✿

φ′(u0) = 0 ⇐⇒ v − f ′(u0) = 0 ⇐⇒ u0 = g(v), g := (f ′)−1.

◆♦t❡ t❤❛t g ∈ C1(R) ❛s t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ f ′✳ ❲❡ ❞❡❞✉❝❡ t❤❛t f ∗ ✐s ❣✐✈❡♥ ❜②✿

∀v ∈ R, f ∗(v) = vg(v)− f(g(v)).

❙✐♥❝❡ f ❛♥❞ g ❛r❡ ❜♦t❤ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ f ∗ ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛s ✇❡❧❧✳
▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ v ∈ R✱

(f ∗)′(v) = g(v)− vg′(v)− g′(v)f ′(v) = g(v).

❙✐♥❝❡ g ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ (f ∗)′ ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛s ✇❡❧❧✱ ✐✳❡✳ f ∗ ∈
C2(R)✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ f ′ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❜✐❥❡❝t✐♦♥✱ s♦ ✐s (f ∗)′ = g = (f ′)−1✳ ❚❤✐s ♣r♦✈❡s t❤❛t
f ∗ ✐s str♦♥❣❧② ❝♦♥✈❡①✳

✭✐✐✐✮ ❋✐① C ∈ R✳ Pr♦♣❡rt② ✭✐✮ ❡♥s✉r❡s t❤❛t f ✐s ❜♦✉♥❞❡❞ ❜② ❜❡❧♦✇ ❛♥❞ ❛tt❛✐♥s ✐ts ♠✐♥✐♠✉♠
✈❛❧✉❡✱ s❛② ❛t ♣♦✐♥t u0✳ ◆♦t❡ t❤❛t f ′(u0) = 0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ f ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ [u0,+∞) ❛♥❞
✐s ❞❡❝r❡❛s✐♥❣ ♦♥ (−∞, u0]✳ ❚❤❡ st❛t❡♠❡♥t ✭✐✐✐✮ ❢♦❧❧♦✇s ❢r♦♠ ❛ ❝❛s❡ ❜② ❝❛s❡ st✉❞②✿

❈❛s❡ ✶✿ f(u0) > C✳ ❚❤❡ ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② s♦❧✉t✐♦♥✳

❈❛s❡ ✷✿ f(u0) = C✳ ❚❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ ✐s u0✳

❈❛s❡ ✸✿ f(u0) < C✳ ❇② ♠♦♥♦t♦♥✐❝✐t②✱ t❤❡ ❡q✉❛t✐♦♥ ❛❞♠✐ts ❡①❛❝t❧② t✇♦ s♦❧✉t✐♦♥s✳ �
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◆♦t❛t✐♦♥ ✽✳✶✳✶✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ♦❢ H✱ ❢✉♥❝t✐♦♥ ✇❡ ❞❡♥♦t❡ ❜② L
✭s♦♠❡t✐♠❡s r❡❢❡rr❡❞ t♦ ❛s ▲❛❣r❛♥❣✐❛♥✮ ❛♥❞ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②

∀x, v ∈ R, L(x, v) = H∗(x, v) := sup
u∈R

(
uv −H(x, u)

)
. ✭✽✳✶✳✸✮

❊①❛♠♣❧❡ ✽✳✶✳✷ ✭❚r❛✣❝ ✢♦✇ ■■✮✳ ❚❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢r♦♠ ❊①❛♠♣❧❡
✽✳✶✳✶ ✐s ❣✐✈❡♥ ❜②✿

∀x, v ∈ R, L(x, v) =
(v + θ(x))2

4θ(x)
.

❖♥❡ r❡♠❛r❦❛❜❧❡ ❢❡❛t✉r❡ ✐s t❤❛t L ❛♥❞ H ❤❛✈❡ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s✱ ❛s ❤✐❣❤❧✐❣❤t❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✽✳✶✳✸✳ ▲❡t H ∈ C2(R2) ✈❡r✐❢② ✭✽✳✵✳✸✮✲✭✽✳✶✳✷✮✳ ❚❤❡♥✿

✭✐✮ L ∈ C2(R2) ❛♥❞ ✈❡r✐✜❡s ✭✽✳✵✳✸✮✲✭✽✳✶✳✷✮ ❛s ✇❡❧❧❀

✭✐✐✮ ✇❡ ❤❛✈❡✿

∀λ > 0, ∀x ∈ R, ∀v ∈ R
∗,

L(x, v)

|v| ≥ λ− 1

|v|

(
sup
y∈R
|u|≤λ

H(y, u)

)
✭✽✳✶✳✹✮

❛♥❞

∀λ > 0, ∀x ∈ R, ∀u ∈ R
∗,

H(x, u)

|u| ≥ λ− 1

|u|

(
sup
y∈R
|v|≤λ

L(y, v)

)
. ✭✽✳✶✳✺✮

Pr♦♦❢✳ ❘❡♠❛r❦ t❤❛t t❤❡ s✉♣❡r❧✐♥❡❛r ❣r♦✇t❤ ❣r❛♥t❡❞ ✐♥ ✭✐✮ ♦❢ ▲❡♠♠❛ ✽✳✶✳✷ ❡♥s✉r❡s t❤❛t t❤❡
s✉♣r❡♠✉♠ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ L ✐s ❛ ♠❛①✐♠✉♠✱ s♦ t❤❛t L ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ R

2✳

✭✐✮ ❇② ✭✽✳✶✳✷✮✱ ❢♦r ❛❧❧ (x, v) ∈ R
2✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u ∈ R s✉❝❤ t❤❛t v =

∂H

∂u
(x, u)✳ ❙✐♥❝❡

∂2H

∂u2
(x, ·) ❞♦❡s ♥♦t ✈❛♥✐s❤ ♦♥ R✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ t♦ ✐♥✈❡rs❡ t❤❡

r❡❧❛t✐♦♥✿

v =
∂H

∂u
(x, u) ⇐⇒ u = g(x, v),

✇✐t❤ g ∈ C1(R2) ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ (x, v)✳ ▼♦r❡♦✈❡r✱ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s ❧❡❛❞ t♦

∂L

∂v
(x, v) = g(x, v),

❡♥s✉r✐♥❣ t❤❛t L ∈ C2(R2)✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✽✳✵✳✸✮✱ ✇❡ ❞❡❞✉❝❡✿

∀(x, v) ∈ R
2, |x| ≥ X =⇒ L(x, v) = sup

u∈R

(
uv −H(X, u)

)
,

❛♥❞ t❤❡ s♣❛❝❡ ❞❡♣❡♥❞❡♥❝② ♦❢ L ✐s ❧♦❝❛❧✐③❡❞ ✐♥ t❤❡ ❝♦♠♣❛❝t s✉❜s❡t [−X,X] ❛s ✇❡❧❧✳ ❚❤❡ ❢❛❝t
t❤❛t ❢♦r ❛❧❧ x ∈ R✱ L(x, ·) ✐s str♦♥❣❧② ❝♦♥✈❡① ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✽✳✶✳✷✳
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✭✐✐✮ ❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ✐♥❡q✉❛❧✐t② ✭✽✳✶✳✹✮✳ ❇② s♣❡❝✐❛❧✐③✐♥❣ ✇✐t❤ u =
λv

|v| ✐♥ t❤❡

❞❡✜♥✐t✐♦♥ ✭✽✳✶✳✸✮ ♦❢ L✱ ✇❡ ❣❡t✿

L(x, v) ≥ λ|v| −H

(
x,
λv

|v|

)
≥ λ|v| − sup

y∈R
|u|≤λ

H(y, u).

❋r♦♠ t❤✐s ❧❛st ✐♥❡q✉❛❧✐t②✱ ✇❡ ❞❡❞✉❝❡ ✭✽✳✶✳✹✮✳ ■♥❡q✉❛❧✐t② ✭✽✳✶✳✺✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❛♠❡ ❝♦♠✲
♣✉t❛t✐♦♥s✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ✐s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ ❝♦♥✈❡① ❢✉♥❝t✐♦♥s✳
�

◆♦t❡ t❤❛t ❝❤♦♦s✐♥❣ H(x, u) =
1

4
u4 ❣✐✈❡s L(x, v) =

3

4
v4/3✱ s❤♦✇✐♥❣ t❤❛t ♥♦ ♠❛tt❡r t❤❡ r❡❣✉❧❛r✲

✐t② ♦❢ H✱ ❛s s♦♦♥ ❛s ∂2uuH(x, ·) ✈❛♥✐s❤❡s✱ L ♠❛② ❧❛❝❦ t❤❡ C2 r❡❣✉❧❛r✐t②✱ ❤❡♥❝❡ ♦✉r ❛ss✉♠♣t✐♦♥
✭✽✳✶✳✷✮✳ ❲❡ r❡❢❡r t♦ ❬✹✻✱ ❆♣♣❡♥❞✐① ❆✳✷❪ ❢♦r ♠♦r❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠✳

❈♦r♦❧❧❛r② ✽✳✶✳✹✳ ❇♦t❤ H ❛♥❞ L ❤❛✈❡ ❛ ◆❛❣✉♠♦ ❣r♦✇t❤✿ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥

φ : R+ → R ✇❤✐❝❤ ✈❡r✐✜❡s
φ(r)

r
−→

r→+∞
+∞ s✉❝❤ t❤❛t

∀x, v ∈ R, H(x, v) ≥ φ(|v|). ✭✽✳✶✳✻✮

Pr♦♦❢✳ ❲❡ ♦♥❧② ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ❢♦r H✳ ▲❡t ✉s ❝❤❡❝❦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥

∀r ∈ R
+, φ(r) := inf

x∈R

(
min{H(x, r), H(x,−r)}

)

s✉✐ts t❤❡ r❡q✉✐r❡♠❡♥ts✳ ❘❡♠❛r❦ t❤❛t ✐♥ ❧✐❣❤t ♦❢ ✭✽✳✶✳✶✮✱

∀r ∈ R
+, φ(r) = inf

|x|≤X

(
min{H(x, r), H(x,−r)}

)
.

❈❧❡❛r❧②✱
φ(r)

r
−→

r→+∞
+∞ ❛♥❞ φ s❛t✐s✜❡s ✭✽✳✶✳✻✮❀ ♦♥❧② t❤❡ ❝♦♥t✐♥✉✐t② ✐s ❧❡❢t t♦ ♣r♦✈❡✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ F ❞❡✜♥❡❞ ♦♥ [−X,X]× R
+ ❜②

F (x, r) := min{H(x, r), H(x,−r)}.
❋✐① r0 ≥ 0 ❛♥❞ ❧❡t (rn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ R+ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ r✳ ❇② ❝♦♠♣❛❝t♥❡ss✱

∀n ∈ N, ∃xn ∈ [−X,X], φ(rn) = F (xn, rn)

❛♥❞
∃x0 ∈ [−X,X], φ(r0) = F (x0, r0).

❆❣❛✐♥✱ ❜② ❝♦♠♣❛❝t♥❡ss✱ ✉♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t (xn)n
❝♦♥✈❡r❣❡s t♦ s♦♠❡ x ∈ [−X,X]✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ F ❣✐✈❡s ✉s✿

φ(rn) −→
n→+∞

F (x, r0).

❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ❜② s❤♦✇✐♥❣ t❤❛t F (x, r0) = F (x0, r0)✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡
(xn)n✱

∀n ∈ N, F (xn, rn) ≤ F (x0, rn) =⇒ F (x, r0) ≤ F (x0, r0).

❋✐♥❛❧❧②✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ x0✱ ✇❡ ❛❧s♦ ❤❛✈❡ F (x, r0) ≥ F (x0, r0)✱ ❤❡♥❝❡ t❤❡ ❡q✉❛❧✐t② ❛♥❞ t❤❡
♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳ �
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❘❡♠❛r❦ ✽✳✶✳✶✳ ❈♦♥❞✐t✐♦♥ ✭✽✳✶✳✻✮ ✐♠♣❧✐❡s t❤❛t L ✭r❡s♣✳ H✮ ✐s ❜♦✉♥❞❡❞ ❜② ❜❡❧♦✇✳ ■♥❞❡❡❞✱
❜② ❛ss✉♠♣t✐♦♥✱ t❤❡r❡ ❡①✐sts R1 > 0 s✉❝❤ t❤❛t

∀r ∈ R
+, r ≥ R1 =⇒ φ(r) ≥ r.

❚❤❡ ❢✉♥❝t✐♦♥ φ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ ❝♦♠♣❛❝t s✉❜s❡t [0, R1]✱ ❤❡♥❝❡ ❜♦✉♥❞❡❞ ♦♥ [0, R1]✳ ❈♦♥✲
s❡q✉❡♥t❧②✱

∀x, v ∈ R, L(x, v) ≥ φ(|v|) ≥ min

{
min
[0,R1]

φ;R1

}
.

✽✳✶✳✷ ❖❉❊ ❛s♣❡❝t

❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝s s②st❡♠ ❛ss♦❝✐❛t❡❞ t♦ ✭✽✳✵✳✶✮ ✐s✿




ξ̇(t) =
∂H

∂u
(ξ(t), ν(t))

ν̇(t) = −∂H
∂x

(ξ(t), ν(t)); ξ(0) = ξ0, ν(0) = ν0; ξ0, ν0 ∈ R.

✭✽✳✶✳✼✮

❘❡♠❛r❦ t❤❛t ✐❢ (ξ, ν) ✐s tr❛❥❡❝t♦r② ♦❢ ✭✽✳✶✳✼✮ ❞❡✜♥❡❞ ♦♥ (τ, σ)✱ ✇❡ ❤❛✈❡✿

∀t ∈ (τ, σ),
d

dt
(H(ξ(t), ν(t))) = ξ̇(t)

∂H

∂x
(ξ(t), ν(t)) + ν̇(t)

∂H

∂u
(ξ(t), ν(t)) = 0, ✭✽✳✶✳✽✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t H ✐s ❝♦♥st❛♥t ❛❧♦♥❣ ❛♥② tr❛❥❡❝t♦r② t 7→ (ξ(t), ν(t))✳ ❙✐♥❝❡ H ∈ C2(R2)✱
❈❛✉❝❤②✲▲✐♣s❝❤✐t③ t❤❡♦r❡♠ ✐♠♠❡❞✐❛t❡❧② ❡♥s✉r❡s t❤❛t ❢♦r ❛❧❧ ξ0, ν0 ∈ R✱ ✭✽✳✶✳✼✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡
♠❛①✐♠❛❧ s♦❧✉t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t✇♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧ts ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✭✽✳✵✳✸✮✲
✭✽✳✶✳✷✮✿ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥s ❛♥❞ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ s❤♦♦t✐♥❣ ❢✉♥❝t✐♦♥✳

●❧♦❜❛❧ ❡①✐st❡♥❝❡

▲❡♠♠❛ ✽✳✶✳✺ ✭Pr♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❧❡✈❡❧ s❡ts✮✳ ▲❡t ξ0, ν0 ∈ R✳ ❙❡t

M := sup
x∈R

|u|≤|ν0|

|H(x, u)|+ sup
x∈R
|v|≤1

L(x, v).

❚❤❡♥ t❤❡ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥ ((τ, σ), ξ, v) t♦ ✭✽✳✶✳✼✮ s❛t✐s✜❡s✿

∀t ∈ (τ, σ), |ν(t)| ≤M. ✭✽✳✶✳✾✮

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❡st✐♠❛t❡ ✭✽✳✶✳✺✮ ❛♥❞ ❛ss✉♠♣t✐♦♥ ✭✽✳✵✳✸✮✳ ■♥❞❡❡❞✱ ❢♦r ❛❧❧
t ∈ (τ, σ)✱ ✇❡ ❤❛✈❡

sup
x∈R

|u|≤|ν0|

|H(x, u)| ≥ H(ξ0, ν0) = H(ξ(t), ν(t)) ≥ |ν(t)| − sup
x∈R
|v|≤1

L(x, v),

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✽✳✶✳✺✮ ✇✐t❤ λ = 1 ❛♥❞ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ H ❛❧♦♥❣ t 7→ (ξ(t), ν(t))✱ s❡❡
✭✽✳✶✳✽✮✳ �
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▲❡♠♠❛ ✽✳✶✳✻ ✭●❧♦❜❛❧ ❡①✐st❡♥❝❡✮✳ ❋✐① ξ0, ν0 ∈ R ❛♥❞ ❧❡t ((τ, σ), ξ, ν) ❜❡ t❤❡ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥
t♦ ✭✽✳✶✳✼✮✳ ❚❤❡♥ (τ, σ) = R✳

Pr♦♦❢✳ ❆s ✐♥ ▲❡♠♠❛ ✽✳✶✳✺✱ s❡t

M := sup
x∈R

|u|≤|ν0|

|H(x, u)|+ sup
x∈R
|v|≤1

L(x, v)

s♦ t❤❛t
∀t ∈ (τ, σ), |ν(t)| ≤M.

◆♦✇✱ s❡t

V := sup
x∈R
|p|≤M

∣∣∣∣
∂H

∂u
(x, p)

∣∣∣∣ < +∞.

❘❡♠❛r❦ t❤❛t
∀t ∈ (τ, σ), |ξ̇(t)| ≤ V

❛♥❞ t❤❡r❡❢♦r❡✱
∀t, t′ ∈ (τ, σ), |ξ(t)− ξ(t′)| ≤ V |t− t′|,

❛♥❞ ξ ❞♦❡s ❜❧♦✇ ✉♣ ✐♥ ✜♥✐t❡ t✐♠❡✳ ❙✐♥❝❡ ν ❞♦❡s ♥♦t ❡✐t❤❡r✱ (τ, σ) = R✳ �

❙✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ s❤♦♦t✐♥❣ ❢✉♥❝t✐♦♥

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ✢♦✇ ♦❢ ✭✽✳✶✳✼✮✿

ϕ : R
3 −→ R

2

(t, ξ0, ν0) 7−→ (ξ(t), ν(t)),

✇❤❡r❡ (ξ, ν) ✐s t❤❡ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥ t♦ ✭✽✳✶✳✼✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ (ξ0, ν0)✳ ❚❤❡ ❞✐✛❡r✲
❡♥t✐❛❧ s②st❡♠ ❜❡✐♥❣ ❛✉t♦♥♦♠♦✉s✱ ✇❡ ❦♥♦✇ t❤❛t ϕ ❤❛s t❤❡ s❛♠❡ r❡❣✉❧❛r✐t② ❛s t❤❡ ❞❡r✐✈❛t✐✈❡s
♦❢ H✱ s♦ ❤❡r❡ ϕ ∈ C1(R3)✳ ▲❡t ✉s ❛❧s♦ ❞❡♥♦t❡ ❜② ϕ1 ❛♥❞ ϕ2 t❤❡ t✇♦ ♣r♦❥❡❝t✐♦♥s ♦❢ ϕ✱ t❤❛t ✐s
❢♦r ❛❧❧ (t, ξ0, ν0) ∈ R

3✱

ϕ1(t, ξ0, ν0) = ξ0 +

✂ t

0

∂H

∂u
(ϕ1(s, ξ0, ν0), ϕ2(s, ξ0, ν0)) ds

ϕ2(t, ξ0, ν0) = ν0 −
✂ t

0

∂H

∂x
(ϕ1(s, ξ0, ν0), ϕ2(s, ξ0, ν0)) ds .

✭✽✳✶✳✶✵✮

❚❤❡ ♣r✐♥❝✐♣❛❧ ♦❢ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ▲❡♠♠❛ ✽✳✶✳✶✶✳ ❇❡❢♦r❡ t❛❝❦❧✐♥❣ t❤❡ ♣r♦♦❢✱ ✇❡ ✐♥tr♦❞✉❝❡
s♦♠❡ ♥♦t❛t✐♦♥s✴❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦✈❡ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts✳
■♥ ✈✐❡✇ ♦❢ ✭✽✳✶✳✷✮✱

∀x ∈ R, ∃!u(x) ∈ R,
∂H

∂u
(x, u(x)) = 0. ✭✽✳✶✳✶✶✮

▼♦r❡♦✈❡r✱ s✐♥❝❡
∂2H

∂u2
(x, ·) ❞♦❡s ♥♦t ✈❛♥✐s❤ ♦♥ R✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥

t❤❡♦r❡♠ ❡♥s✉r❡s t❤❛t u ∈ C1(R) ❛♥❞ t❤❛t

∀x ∈ R, |x| ≥ X =⇒ u′(x) = 0,
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s❡❡ ❛❧s♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✶✳✸✳ ❚❤❡r❡❢♦r❡✱ u ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❛tt❛✐♥s ❜♦t❤ ✐ts ♠✐♥✐♠✉♠
❛♥❞ ✐ts ♠❛①✐♠✉♠✱ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t✐❡s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞

u := min
x∈R

u(x), u := max
x∈R

u(x), K := sup
x∈R

H(x, u(x)). ✭✽✳✶✳✶✷✮

❊①❛♠♣❧❡ ✽✳✶✳✸ ✭❚r❛✣❝ ✢♦✇ ■■■✮✳ ❲✐t❤ t❤❡ ❍❛♠✐❧t♦♥✐❛♥

∀x, p ∈ R, H(x, p) = θ(x)p(p− 1),

✇❤❡r❡ θ ∈ C2(R) ❤❛s t❤❡ s❤❛♣❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳✶✱ ❧❡❢t✱ u ✐s ❝♦♥st❛♥t ❛♥❞ ✇❡ ❤❛✈❡✿

∀x ∈ R, u(x) =
1

2
; , K = sup

x∈R

(
−θ(x)

4

)
= −1

4
.

❉❡✜♥✐t✐♦♥ ✽✳✶✳✼✳ ❋♦r ❛❧❧ C > K✱ ✐♥tr♦❞✉❝❡ t❤❡ ❧❡✈❡❧ s❡ts

Γ−
C :=

{
(x, p) ∈ R

2 | H(x, p) = C ❛♥❞ p < u(x)
}

Γ+
C :=

{
(x, p) ∈ R

2 | H(x, p) = C ❛♥❞ p > u(x)
}
.

Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✽✳ ❋♦r ❛❧❧ C > K ❛♥❞ ❢♦r ❛❧❧ x ∈ R✱

∀C > K, ∀x ∈ R, ∃!(m(x, C),M(x, C)) ∈ R
2, (x,m(x, C)) ∈ Γ−

C , (x,M(x, C)) ∈ Γ+
C .

▼♦r❡♦✈❡r✱

✭✐✮ M,m ∈ C1(R× (K,+∞))❀

✭✐✐✮ M ❛♥❞ m ❤❛✈❡ ❛ ❝♦♠♣❛❝t s♣❛❝❡ ❞❡♣❡♥❞❡♥❝②✿

∀(x, C) ∈ R× (K,+∞), |x| ≥ X =⇒ ∂M

∂x
(x, C) = 0;

∂m

∂x
(x, C) = 0; ✭✽✳✶✳✶✸✮

✭✐✐✐✮ ❢♦r ❛❧❧ x ∈ R✱ M(x, ·) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ m(x, ·) ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳

✭✐✈✮ ❲❡ ❤❛✈❡ t❤❡ ❧✐♠✐ts✿

∀x ∈ R, M(x, C) −→
C→+∞

+∞; m(x, C) −→
C→+∞

−∞.

Pr♦♦❢✳ ❲❡ ♦♥❧② ♣r♦✈❡ t❤❡ r❡s✉❧ts ❢♦r M ✱ t❤❡ ❞❡t❛✐❧s ❢♦r m ❛r❡ s✐♠✐❧❛r✳
✭✐✮✲✭✐✐✮ ❚❤❡ ❢✉♥❝t✐♦♥ M ✐s ❞❡✜♥❡❞ ❜② t❤❡ r❡❧❛t✐♦♥s

∀(x, C) ∈ R× (K,+∞), H(x,M(x, C)) = C, M(x, C) > u(x).

❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ ♣r♦✈✐❞❡s t❤❡ r❡❣✉❧❛r✐t②✳ ❚❤❡♥✱ t❤❡ ❝❤❛✐♥ r✉❧❡
♣r♦✈✐❞❡s✿

∂H

∂x
(x,M(x, C)) +

∂M

∂x
(x, C)

∂H

∂u
(x,M(x, C)) = 0,

❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ ✭✽✳✶✳✶✸✮ ✇❤❡♥ ✉s✐♥❣ ✭✽✳✵✳✸✮✳
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✭✐✐✐✮ ❇② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ C t❤❡ r❡❧❛t✐♦♥ ❞❡✜♥✐♥❣ M ✱ ✇❡ ♦❜t❛✐♥

∀(x, C) ∈ R× (K,+∞),
∂M

∂C
(x, C)

∂H

∂u
(x,M(x, C)) = 1. ✭✽✳✶✳✶✹✮

❍♦✇❡✈❡r✱ r❡❝❛❧❧ t❤❛t ❢♦r ❛❧❧ (x, C) ∈ R× (K,+∞)✱ M(x, C) > u(x)✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ u✱ t❤✐s
✐♠♣❧✐❡s✿

∀(x, C) ∈ R× (K,+∞),
∂H

∂u
(x,M(x, C)) > 0.

❈♦♠❜✐♥❡❞ ✇✐t❤ ✭✽✳✶✳✶✹✮✱ ✐t ♣r♦✈❡s t❤❡ st❛t❡♠❡♥t✳

✭✐✈✮ ■♥ ✈✐❡✇ ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ M ✱ s✉♣♣♦s❡ ✐♥st❡❛❞ t❤❛t ❢♦r s♦♠❡ x ∈ R✱ M(x, ·) ✐s
❜♦✉♥❞❡❞ ❜② ❛❜♦✈❡✳ ❚❤❡r❡❢♦r❡✱ M(x, ·) ❤❛s ❛ ✜♥✐t❡ ❧✐♠✐t ❛s C → +∞✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡
❡q✉❛❧✐t②

H(x,M(x, C)) = C.

�

❊①❛♠♣❧❡ ✽✳✶✳✹ ✭❚r❛✣❝ ✢♦✇ ■❱✮✳ ❲✐t❤ t❤❡ H ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✽✳✶✳✸✱ ✇❡ ❝❛♥ ❡①♣❧✐❝✐t❧②
❝♦♠♣✉t❡ m ❛♥❞ M ✳ ❘❡❝❛❧❧ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ K = −1/4✳

∀x ∈ R, ∀C > −1

4
, m(x, C) =

1

2
− 1

2

√
1 +

4C

θ(x)
; M(x, C) =

1

2
+

1

2

√
1 +

4C

θ(x)
.

❋✐❣✉r❡ ✽✳✷ ✕ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s m ❛♥❞ M ✳

❉❡✜♥✐t✐♦♥ ✽✳✶✳✾✳ ❋♦r ❛❧❧ C > K✱ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥s✿

∀C > K, V (C) := inf
x∈R

∂H

∂u
(x,M(x, C)); v(C) := sup

x∈R

∂H

∂u
(x,m(x, C)).



✽✳✶✳ ❆❙❙❯▼P❚■❖◆❙ ❆◆❉ P❘❊▲■▼■◆❆❘❨ ❘❊❙❯▲❚❙ ✷✵✾

Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✶✵✳ ✭✐✮ V ✐s ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ v ✐s ❛ ♥♦♥✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥❀

✭✐✐✮ ❲❡ ❤❛✈❡ t❤❡ ❧✐♠✐ts✿

V (C) −→
C→+∞

+∞; v(C) −→
C→+∞

−∞.

Pr♦♦❢✳ ▲❡t ✉s ♠❛❦❡ ♣r❡❝✐s❡ t❤❛t ✐♥ ✈✐❡✇ ♦❢ ❛ss✉♠♣t✐♦♥ ✭✽✳✶✳✶✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✽✱ V ❛♥❞
v ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥ts ❛♥❞ ♦♥❧② ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ❢♦r V ✳

✭✐✮ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ M ❛♥❞
∂H

∂u
✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r s❡❝♦♥❞ ❛r❣✉♠❡♥t✿

∀x ∈ R, ∀C, γ > K (C < γ),
∂H

∂u
(x,M(x, C)) ≤ ∂H

∂u
(x,M(x, γ)).

❚❤❡♥✱ t❛❦❡ t❤❡ ✐♥✜♠✉♠ ❢♦r x ∈ R✳

✭✐✐✮ ❙✉♣♣♦s❡ ✐♥st❡❛❞ t❤❛t ✐t ✐s ♥♦t t❤❡ ❝❛s❡ s♦ t❤❛t ❜② ♠♦♥♦t♦♥✐❝✐t②✱ V := sup
C>K

V (C) < +∞✳

❇② ❞❡✜♥✐t✐♦♥✱

∀n ∈ N (n ≥ K+ 1), ∃xn ∈ [−X,X],
∂H

∂u
(xn,M(xn, n)) ≤ V . ✭✽✳✶✳✶✺✮

❯♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t (xn)n ❝♦♥✈❡r❣❡s t♦ s♦♠❡ x ∈ [−X,X]✳
▼❛❦✐♥❣ ✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✽ ✭✐✈✮ ❛♥❞ ♦❢ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ H✱ ✇❡ ❞❡❞✉❝❡✿

∂H

∂u
(x,M(x, n)) −→

n→+∞
+∞.

❚❤❡r❡❢♦r❡✱

∃N ∈ N (N ≥ K+ 1), ∀n ≥ N,
∂H

∂u
(x,M(x, n)) ≥ 2V > V . ✭✽✳✶✳✶✻✮

◆♦✇✱ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ M ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✽✳✶✳✶✺✮ r❡s✉❧ts ✐♥✿

∀n ≥ N,
∂H

∂u
(xn,M(xn, N)) ≤ V .

P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s n→ +∞ ❝♦♥tr❛❞✐❝ts ✭✽✳✶✳✶✻✮✱ t❤❡r❡❢♦r❡ ♣r♦✈✐♥❣ t❤❡ st❛t❡♠❡♥t✳ �

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡✿

▲❡♠♠❛ ✽✳✶✳✶✶✳ ❋✐① T > 0 ❛♥❞ ξ0 ∈ R✳ ❚❤❡♥

∀ξT ∈ R, ∃ν0 ∈ R, ϕ1(T, ξ0, ν0) = ξT . ✭✽✳✶✳✶✼✮

Pr♦♦❢✳ ❋✐① ν0 > 0 s✉✣❝✐❡♥t❧② ❧❛r❣❡ s✉❝❤ t❤❛t✿

ν0 > u(ξ0); C0 := H(ξ0, ν0) > K.

❇② ✭✽✳✶✳✽✮ ♦❢ H✱
∀t ∈ R, H(ϕ1(t, ξ0, ν0), ϕ2(t, ξ0, ν0)) = C0 > K.
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❇② ❞❡✜♥✐t✐♦♥ ♦❢ K✱
∀t ∈ R, ϕ2(t, ξ0, ν0) 6= u(ϕ1(t, ξ0, ν0)).

❯s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ϕ1 ❛♥❞ ϕ2 ❛s ✇❡❧❧ ❛s t❤❡ ❢❛❝t t❤❛t ν0 > u(ξ0)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

∀t ∈ R, ϕ2(t, ξ0, ν0) > u(ϕ1(t, ξ0, ν0)),

t❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ t ∈ R✱ (ϕ1(t, ξ0, ν0), ϕ2(t, ξ0, ν0)) ∈ Γ+
C0
✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ V

✭❉❡✜♥✐t✐♦♥ ✽✳✶✳✾✮✱ ✇❡ ❤❛✈❡✿

ϕ1(T, ξ0, ν0) = ξ0 +

✂ T

0

ξ̇(s) ds ≥ ξ0 + T · V (C0) −→
ν0→+∞

+∞

s✐♥❝❡ C0 −→
ν0→+∞

+∞✳ ❯s✐♥❣ m ❛♥❞ v✱ ✇❡ ✇♦✉❧❞ ♣r♦✈❡ t❤❡ s❛♠❡ ✇❛② t❤❛t

ϕ1(T, ξ0, ν0) −→
ν0→−∞

−∞.

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ϕ1 ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

❲✐t❤ s✐♠✐❧❛r ✐❞❡❛s✱ ✇❡ ♣r♦✈❡ t❤❡ ✈❛r✐❛♥t✿

▲❡♠♠❛ ✽✳✶✳✶✷✳ ❋✐① T > 0 ❛♥❞ ξT ∈ R✳ ❚❤❡♥

∀ξ0 ∈ R, ∃νT ∈ R, ϕ1(0, ξT , νT ) = ξ0.

✽✳✶✳✸ ●❡♥❡r❛❧✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝s

❲❡ ♥♦✇ r❡❝❛❧❧ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ❢r♦♠ ❬✻✼❪✱ ✇❤✐❝❤ ✇❡ ♠♦st❧② ❜❡ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✹✳
◆♦t❡ t❤❛t ✇❡ ❛r❡ ✐♥❞❡❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❬✻✼❪ ❜❡❝❛✉s❡ ♦❢ ❛ss✉♠♣t✐♦♥s ✭✽✳✶✳✷✮✳ ❋✐① T > 0
❛♥❞ u0 ∈ L∞(R)✳ ❆s ✇❡ ✇✐❧❧ ♣r♦✈❡ ✐♥ ❙❡❝t✐♦♥ ✽✳✷✱ ✭✽✳✵✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❡♥tr♦♣② s♦❧✉t✐♦♥
u ∈ L∞(Ω)✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✽✳✷✳✶✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛✳❡✳ t ∈ (0, T )✱ u(·, t) ❛❞♠✐ts str♦♥❣ ❧❡❢t✲s✐❞❡
❛♥❞ r✐❣❤t✲s✐❞❡ tr❛❝❡s ❛t ♣♦✐♥t x ❢♦r ❛❧❧ x ∈ R✱ s❡❡ ❘❡♠❛r❦ ✽✳✷✳✶✳

❉❡✜♥✐t✐♦♥ ✽✳✶✳✶✸✳ ✭✐✮ ❆ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ γ ∈ Lip((0, T )) ✐s ❛ ❣❡♥❡r❛❧✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝s
t♦ ✭✽✳✵✳✶✮ ✐❢ ❢♦r ❛✳❡✳ t ∈ (0, T )✱

∂H

∂u
(γ(t), u(γ(t)+, t) ≤ γ̇(t) ≤ ∂H

∂u
(γ(t), u(γ(t)−, t)).

✭✐✐✮ ❆ ❣❡♥❡r❛❧✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝s γ ∈ Lip((0, T )) ✐s s❛✐❞ ❣❡♥✉✐♥❡ ♦♥ (0, T ) ✐❢ ❢♦r ❛✳❡✳ t ∈ (0, T )✱

u(γ(t)−, t) = u(γ(t)+, t).

❘❡♠❛r❦ ✽✳✶✳✷✳ ■♥ ❉❡✜♥✐t✐♦♥ ✽✳✶✳✶✸✱ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥ ✐s t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡
❝❧❛ss✐❝❛❧ s❡♥s❡ ♦❢ ❋✐❧✐♣♣♦✈✱ s❡❡ ❬✽✺❪✳

◆♦✇✱ ❧❡t ✉s r❡❝❛❧❧ t❤❡ r❡s✉❧ts ❢r♦♠ ❬✻✼❪ t❤❛t ✇❡ ✇✐❧❧ ✉s❡✳
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❚❤❡♦r❡♠ ✽✳✶✳✶✹✳ ✭✐✮ ■❢ γ ∈ Lip((0, T )) ✐s ❛ ❣❡♥✉✐♥❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ t❤❡r❡ ❡①✐sts v ∈
C1((0, T )) s✉❝❤ t❤❛t✿

lim sup
ε→0+

1

ε

✂ γ(0)

γ(0)−ε

u0(x) dx ≤ v(0) ≤ lim inf
ε→0+

1

ε

✂ γ(0)+ε

γ(0)

u0(x) dx

❢♦r ❛✳❡✳ t ∈ (0, T ), u(γ(t)−, t) = v(t) = u(γ(t)+, t)

u(γ(T )+, T ) ≤ v(T ) ≤ u(γ(T )−, T ).
▼♦r❡♦✈❡r✱ (γ, v) s♦❧✈❡s t❤❡ ❖❉❊ s②st❡♠ ✭✽✳✶✳✼✮✳

✭✐✐✮ ❚✇♦ ❣❡♥✉✐♥❡ ❝❤❛r❛❝t❡r✐st✐❝s ♠❛② ✐♥t❡rs❡❝t ♦♥❧② ❛t t❤❡✐r ❡♥❞♣♦✐♥ts✳

✭✐✐✐✮ ❋♦r ❛❧❧ (x, t) ∈ R × (0, T ]✱ t❤❡r❡ ❡①✐st t✇♦ ❣❡♥❡r❛❧✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝s ξ ❛♥❞ ζ✱ ❝❛❧❧❡❞
♠✐♥✐♠❛❧ ❛♥❞ ♠❛①✐♠❛❧✱ s✉❝❤ t❤❛t ✐❢ γ ∈ Lip((0, T )) ✐s ❛ ❣❡♥❡r❛❧✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝s ❣♦✐♥❣
t❤r♦✉❣❤ (x, t)✱ t❤❡♥✿

∀s ∈ [0, t], ξ(s) ≤ γ(s) ≤ ζ(s)

ξ ❛♥❞ ζ ❛r❡ ❣❡♥✉✐♥❡ ♦♥ (0, t)

ξ(t) = u(x−, t); ζ(t) = u(x+, t).

✽✳✷ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✴❍❛♠✐❧t♦♥✲❏❛❝♦❜✐

❡q✉❛t✐♦♥

❲❡ ❡①t❡♥❞ t♦ ♦✉r ❢r❛♠❡✇♦r❦ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❡♥tr♦♣② s♦❧✉t✐♦♥s t♦ ✭✽✳✵✳✶✮ ❛♥❞
✈✐s❝♦s✐t② s♦❧✉t✐♦♥s t♦ ✭✽✳✵✳✷✮ ✉s✐♥❣ t❤❡ ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② ♠❡t❤♦❞✳ ❲❡ ✜① T > 0 ❛♥❞ s❡t
Ω := R× (0, T )✳

✽✳✷✳✶ ❙t❛❜✐❧✐t② r❡s✉❧ts

▲❡t ✉s ✐♥tr♦❞✉❝❡ Φ✱ t❤❡ s♣❛❝❡ ❞❡♣❡♥❞❡♥t ❝❧❛ss✐❝❛❧ ❡♥tr♦♣② ✢✉① ❛ss♦❝✐❛t❡❞ t♦ H✿

∀x, u, κ ∈ R, Φ(x, u, κ) = sgn(u− κ)(H(x, u)−H(x, κ)),

✇❤✐❝❤ ✇❡ ✉s❡ ❢♦r t❤❡ ♥♦t✐♦♥ ♦❢ ❡♥tr♦♣② s♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❑r✉③❤❦♦✈ ❬✶✶✹✱ ❉❡✜♥✐t✐♦♥ ✶❪✳

❉❡✜♥✐t✐♦♥ ✽✳✷✳✶✳ ❆ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ u ∈ L∞(Ω) ✐s ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✶✮ ✇✐t❤
✐♥✐t✐❛❧ ❞❛t❛ u0 ∈ L∞(R) ✐❢ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C∞

c (R × [0,+∞)), ϕ ≥ 0 ❛♥❞ ❢♦r ❛❧❧
κ ∈ R✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr♦♣② ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✈❡r✐✜❡❞✿

✂ +∞

0

✂
R

(
|u− κ|∂tϕ+ Φ (x, u, κ) ∂xϕ− sgn(u− κ)

∂H

∂x
(x, κ)ϕ

)
dx dt

+

✂
R

|u0(x)− κ|ϕ(x, 0) dx ≥ 0.

✭✽✳✷✳✶✮

❘❡♠❛r❦ ✽✳✷✳✶✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r ✶ ✭s❡❡ ❘❡♠❛r❦ ✶✳✻✳✶✮✱ s✐♥❝❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s
♥♦♥✲❞❡❣❡♥❡r❛t❡ ✭s❡❡ ❛ss✉♠♣t✐♦♥ ✭✽✳✶✳✷✮✮✱ ❡♥tr♦♣② s♦❧✉t✐♦♥s t♦ ✭✽✳✵✳✶✮ ❛❞♠✐t str♦♥❣ tr❛❝❡s ❢♦r
❛❧❧ ♣♦s✐t✐✈❡ t✐♠❡s✱ s❡❡ ❬✸✱ ✶✷✾❪✳
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◆♦t❡ t❤❛t ▲❡♠♠❛ ✽✳✶✳✺ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝s ✭s❡❡ ❙❡❝✲
t✐♦♥ ✽✳✶✳✸ ♣r♦✈✐❞❡s ❛♥ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ❢♦r ❡♥tr♦♣② s♦❧✉t✐♦♥s t♦ ✭✽✳✵✳✶✮✳

❚❤❡♦r❡♠ ✽✳✷✳✷✳ ❋✐① u0 ∈ L∞(R)∩C(R) ❛♥❞ ❧❡t u ❜❡ ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✶✮ ❛ss♦❝✐❛t❡❞
✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ u0✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿

‖u‖L∞(Ω) ≤ sup
y∈R

|p|≤‖u0‖L∞

H(y, p) + sup
y∈R
|v|≤1

L(y, v). ✭✽✳✷✳✷✮

Pr♦♦❢✳ ❋✐① (x, t) ∈ Ω ❛♥❞ ❞❡♥♦t❡ ❜② ξ ✭r❡s♣✳ ζ✮ t❤❡ ♠✐♥✐♠❛❧ ✭r❡s♣✳ ♠❛①✐♠❛❧✮ ❜❛❝❦✇❛r❞
❣❡♥❡r❛❧✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝s ❡♠❛♥❛t✐♥❣ ❢r♦♠ (x, t)✳ ❘❡❣❛r❞✐♥❣ ξ✱ ✐t ♠❡❛♥s t❤❛t ξ ∈ C1((0, t))
❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ν ∈ C1((0, t)) s✉❝❤ t❤❛t ξ, ν s♦❧✈❡s ✭✽✳✶✳✼✮ ✇✐t❤ ✜♥❛❧ ❝♦♥❞✐t✐♦♥s ξ(t) = x
❛♥❞ ν(t) = u(x−, t)✱ ✇❤❡r❡ ✇❡ ❞❡♥♦t❡❞ ❜② u(x−, t) t❤❡ ❧❡❢t✲s✐❞❡ tr❛❝❡ ♦❢ u ❛t ♣♦✐♥t x ❛♥❞ t✐♠❡
t ✭s❡❡ ❘❡♠❛r❦ ✽✳✷✳✶ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ tr❛❝❡s✮✳ ❙✐♥❝❡ u0 ✐s ❝♦♥t✐♥✉♦✉s✱ ❜② ❝♦♥s❡r✈❛t✐♦♥
✭s❡❡ ✭✽✳✶✳✽✮✮ ✇❡ ❤❛✈❡

H(ξ(t), ν(t)) = H(ξ(0), ν(0)) = H(ξ(0), u0(ξ(0))).

❯s✐♥❣ ♥♦✇ ✐♥❡q✉❛❧✐t② ✭✽✳✶✳✺✮ ✇✐t❤ λ = 1✱ ✇❡ ❞❡❞✉❝❡✿

|u(x−, t)| ≤ H(x, u(x−, t)) + sup
y∈R
|v|≤1

L(y, v) = H(ξ(t), ν(t)) + sup
y∈R
|v|≤1

L(y, v)

= H(ξ(0), u0(ξ(0))) + sup
y∈R
|v|≤1

L(y, v)

≤ sup
y∈R

|p|≤‖u0‖L∞

H(y, p) + sup
y∈R
|v|≤1

L(y, v).

❚♦ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❜♦✉♥❞ ❢♦r |u(x+, t)|✱ ✇❡ ✉s❡ ζ✿ t❤❡r❡ ❡①✐sts s♦♠❡ ❢✉♥❝t✐♦♥ ω ∈ C1((0, t))
s✉❝❤ t❤❛t ζ, ω s♦❧✈❡s ✭✽✳✶✳✼✮ ✇✐t❤ ✜♥❛❧ ❝♦♥❞✐t✐♦♥s ζ(t) = x ❛♥❞ ω(t) = u(x+, t)✳ ❲❡ ♦♠✐t t❤❡
❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢ s✐♥❝❡ t❤❡② ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ❢♦r u(x−, t)✳ �

❘❡♠❛r❦ ✽✳✷✳✷✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❜♦✉♥❞ ✭✽✳✵✳✶✮ st✐❧❧ ❤♦❧❞s ❢♦r ♠❡r❡❧② ❜♦✉♥❞❡❞ ✐♥✐t✐❛❧
❞❛t❛✳ ❍♦✇❡✈❡r✱ ❚❤❡♦r❡♠ ✽✳✷✳✷ st❛t❡❞ ❛s ✐t ✐s ✇✐❧❧ ❜❡ s✉✣❝✐❡♥t ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✇❡ ❤❛✈❡ ✐♥
♠✐♥❞✱ s❡❡ ❈♦r♦❧❧❛r② ✽✳✷✳✶✾✳

❚❤❡ ❦❡② ❛r❣✉♠❡♥t t♦ t❤❡ ♣r♦♦❢ ♦❢ ✉♥✐q✉❡♥❡ss ❢♦r ❡♥tr♦♣② s♦❧✉t✐♦♥s ✐s ❑❛t♦ ✐♥❡q✉❛❧✐t②✱ ✇❤✐❝❤
♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✶✹✱ ❚❤❡♦r❡♠ ✶❪✳

❚❤❡♦r❡♠ ✽✳✷✳✸✳ ❋✐① u0, v0 ∈ L∞(R)✳ ❲❡ ❞❡♥♦t❡ ❜② u ✭r❡s♣✳ v✮ ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦
✭✽✳✵✳✶✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥✐t✐❛❧ ❞❛t❛ u0 ✭r❡s♣✳ v0✮✳ ❋✐① R > 0 ❛♥❞ s❡t

L = sup
x∈R

|p|≤‖u‖L∞+‖v‖L∞

∣∣∣∣
∂H

∂u
(x, p)

∣∣∣∣ .

❚❤❡♥ ❢♦r ❛❧❧ t ∈ (0, T )✱✂
|x|≤R

|u(x, t)− v(x, t)| dx ≤
✂
|x|≤R+Lt

|u0(x)− v0(x)| dx . ✭✽✳✷✳✸✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✭✽✳✵✳✶✮ ❛❞♠✐ts ❛t ♠♦st ♦♥❡ ❡♥tr♦♣② s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❙❡❡ t❤❡ ♣r♦♦❢s ♦❢ ▲❡♠♠❛ ✹✳✶✳✼ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✶✳✽✳ �
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❊①✐st❡♥❝❡ ♦❢ ❡♥tr♦♣② s♦❧✉t✐♦♥s t♦ ✭✽✳✵✳✶✮ ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✭✽✳✵✳✸✮✲✭✽✳✶✳✷✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜②
❝♦♥str✉❝t✐♥❣ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ❛♥❞ ❜② ♣r♦✈✐♥❣ ✐ts ❝♦♥✈❡r❣❡♥❝❡✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹✽✱ ✹✾❪✳

◆♦✇✱ ❧❡t ✉s r❡❝❛❧❧ t❤❡ st❛♥❞❛r❞ ❈r❛♥❞❛❧❧✲▲✐♦♥s ❞❡✜♥✐t✐♦♥ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥✱ s❡❡ ❬✶✷✻✱ ✻✸✱
✶✵✺❪✳

❉❡✜♥✐t✐♦♥ ✽✳✷✳✹✳ ❆ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ U ∈ C(Ω) ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✷✮ ✇✐t❤
✐♥✐t✐❛❧ ❞❛t❛ U0 ∈ Lip(R) ✐❢ U ∈ Lip(Ω)❀ U(·, 0) = U0 ♦♥ R ❛♥❞ ✐❢ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s
ϕ ∈ C∞(Ω) ❛♥❞ (x0, t0) ∈ Ω✿

✭✐✮ ✐❢ U − φ ❤❛s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ❛t (x0, t0)✱ t❤❡♥✿

∂ϕ

∂t
(x0, t0) +H

(
x0,

∂ϕ

∂x
(x0, t0)

)
≤ 0, ✭✽✳✷✳✹✮

✭✐✐✮ ✐❢ U − φ ❤❛s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❛t (x0, t0)✱ t❤❡♥✿

∂ϕ

∂t
(x0, t0) +H

(
x0,

∂ϕ

∂x
(x0, t0)

)
≥ 0. ✭✽✳✷✳✺✮

❲❡ ❝❛❧❧ s✉❜s♦❧✉t✐♦♥ ✭r❡s♣✳ s✉♣❡rs♦❧✉t✐♦♥✮ t♦ ✭✽✳✵✳✷✮ ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ U ∈ Lip(Ω) ✇❤✐❝❤
✈❡r✐✜❡s U(·, 0) = U0 ♦♥ R ❛♥❞ ✭✽✳✷✳✹✮ ✭r❡s♣✳ ✭✽✳✷✳✺✮✮✳

❘❡♠❛r❦ ✽✳✷✳✸✳ ■t ✐s ❦♥♦✇♥ t❤❛t ✐♥ ❉❡✜♥✐t✐♦♥ ✽✳✷✳✹✱ ✇❡ ❝❛♥ ❛❧❧♦✇ t = T ✱ s❡❡ ❬✽✶✱ ❙❡❝t✐♦♥
✶✵✳✷❪✳

▲✐❦❡ ❢♦r ❡♥tr♦♣② s♦❧✉t✐♦♥s✱ ✉♥✐q✉❡♥❡ss ❛♥❞ st❛❜✐❧✐t② ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ✐s st❛♥❞❛r❞✱ s❡❡ ❢♦r
✐♥st❛♥❝❡ ❬✶✵✷❪✱ ❬✷✽✱ ❈❤❛♣t❡r ✷❪✱ ❬✹✻✱ ❈❤❛♣t❡r ✺❪ ♦r ❬✷✼✱ ❈❤❛♣t❡r ■■❪✳ ❍♦✇❡✈❡r✱ t❤❡s❡ r❡s✉❧ts ❞♦
♥♦t ❛♣♣❧② ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✱ s♦ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✳

❚❤❡♦r❡♠ ✽✳✷✳✺✳ ❋✐① U0, V0 ∈ Lip(R)✳ ❲❡ ❞❡♥♦t❡ ❜② U ✭r❡s♣✳ V ✮ ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦
✭✽✳✵✳✷✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥✐t✐❛❧ ❞❛t❛ U0 ✭r❡s♣✳ V0✮✳ ❚❤❡♥✿

sup
(x,t)∈Ω

|U(x, t)− V (x, t)| ≤ sup
x∈R

|U0(x)− V0(x)| . ✭✽✳✷✳✻✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✭✽✳✵✳✷✮ ❛❞♠✐ts ❛t ♠♦st ♦♥❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t M := sup
R

|U0 − V0| < +∞✳

❙❡t L := max{‖∇U‖L∞(Ω), ‖∇V ‖L∞(Ω)}✳ ❋r♦♠ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥
t❤❛t ❢♦r ❛❧❧ (x, t), (y, s) ∈ RΩ✱

|U(x, t)− V (y, s)| ≤ L(2T + |x− y|) +M. ✭✽✳✷✳✼✮

❋✐① A, ε, ν, η > 0 ❛♥❞ ❝♦♥s✐❞❡r✱ ❢♦r ❛❧❧ (x, t), (y, s) ∈ Ω✱

ψ(x, y, t, s) := U(x, t)− V (y, s)− (x− y)2

2ε2
− (t− s)2

2ν2
− A(x2 + y2)− η(t+ s).
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■♥ ✈✐❡✇ ♦❢ ✭✽✳✷✳✼✮✱
ψ(x, y, t, s) −→

|x|,|y|→+∞
−∞,

✉♥✐❢♦r♠❧② ♦♥ t, s ∈ [0, T ]✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts (x, y, t, s) ∈ Ω
2
s✉❝❤ t❤❛t

sup
(x,y,t,s)∈Ω

2

ψ(x, y, t, s) = ψ(x, y, t, s). ✭✽✳✷✳✽✮

✭✶✮ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ (x, y, t, s)✱

∀x ∈ R, ψ(x, y, t, s) ≤ ψ(x, y, t, s),

✇❤✐❝❤ r❡✇r✐t❡s ❛s✿

∀x ∈ R,
(x− y)2

2ε2
− (x− y)2

2ε2
− A(x2 − x2) ≤ U(x, t)− U(x, t)

≤ L|x− x|.
✭✽✳✷✳✾✮

❆♣♣❧② ✭✽✳✷✳✾✮ ✇✐t❤ x > x ✭r❡s♣✳ x < x✮ ❛♥❞ ❧❡t x→ x+ ✭r❡s♣✳ x→ x−✮ t♦ ♦❜t❛✐♥✿
∣∣∣∣
(x− y)

ε2
+ 2Ax

∣∣∣∣ ≤ L. ✭✽✳✷✳✶✵✮

❲✐t❤ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t
∣∣∣∣
(x− y)

ε2
+ 2Ay

∣∣∣∣ ≤ L. ✭✽✳✷✳✶✶✮

✭✷✮ ❖♥❝❡ ❛❣❛✐♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ (x, y, t, s)✱

ψ(0, 0, t, s) ≤ ψ(x, y, t, s),

t❤❡r❡❢♦r❡

A
(
x2 + y2

)
+

(x− y)2

2ε2
≤ L (|x|+ |y|) .

❋♦r❣❡tt✐♥❣ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✱ ✇❡ ❞❡❞✉❝❡

(
A|x| − L

2

)2

+

(
A|y| − L

2

)2

≤ L2

2
,

❛♥❞ t❤❡♥✿ ∣∣∣∣A|x| −
L

2

∣∣∣∣ ≤
L√
2
;

∣∣∣∣A|y| −
L

2

∣∣∣∣ ≤
L√
2
. ✭✽✳✷✳✶✷✮

❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✽✳✷✳✶✵✮ ♣r♦✈✐❞❡s✿

|x− y|
ε2

≤
∣∣∣∣
(x− y)

ε2
+ 2Ax

∣∣∣∣+ 2A|x| ≤ 4L. ✭✽✳✷✳✶✸✮
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✭✸✮ ❆❧s♦ ♥♦t❡ t❤❛t
ψ(x, y, t, t) ≤ ψ(x, y, t, s)

✐♠♣❧✐❡s
(t− s)2

2ν2
≤ LT + η(t− s). ✭✽✳✷✳✶✹✮

✭✹✮ ❯s✐♥❣ ♦♥❡ ♠♦r❡ t✐♠❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ (x, y, t, s)✱ ✇❡ ✇r✐t❡

∀(x, t) ∈ R× [0, T ], ψ(x, x, t, t) ≤ ψ(x, y, t, s).

❚❤✐s r❡❛❞s✿

A(x2 + y2) ≤ (U(x, t)− V (y, s))− (U(x, t)− V (x, t))− (x− y)2

2ε2
− (t− s)2

2ν2

+ 2Ax2 + 2ηt− η(t+ s).

✭✽✳✷✳✶✺✮

◆♦✇ t❛❦❡ t❤❡ ❧✐♠✐t ❛s x→ 0 ❛♥❞ t→ 0✿

A(x2 + y2) ≤ (U(x, t)− V (y, s)) +M − (x− y)2

2ε2
− (t− s)2

2ν2

≤ L(2T + |x− y|) +M − (x− y)2

2ε2
− (t− s)2

2ν2
.

■♥ ✈✐❡✇ ♦❢ ✭✽✳✷✳✶✸✮ ❛♥❞ ✭✽✳✷✳✶✹✮✱

∃C, ∀A, ε, η, ν, A(x2 + y2) ≤ C. ✭✽✳✷✳✶✻✮

✭✺✮ ❙✉♣♣♦s❡ t❤❛t t 6= 0✳ ■♥ ✈✐❡✇ ♦❢ ✭✽✳✷✳✶✹✮✱ ✇❡ ❛❧s♦ ❤❛✈❡ s 6= 0✳
❚❤❡ ❢✉♥❝t✐♦♥

ϕ(x, t) = V (y, s) +
(x− y)2

2ε2
+

(t− s)2

2ν2
+ A(x2 + y2) + η(t+ s)

✐s ✐♥ C1(Ω) ❛♥❞ U − ϕ ❛❞♠✐ts ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ❛t ♣♦✐♥t (x, t)✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ U ✐s ❛
✈✐s❝♦s✐t② s♦❧✉t✐♦♥✱ ✇❡ ❤❛✈❡✿

∂ϕ

∂t
(x, t) +H

(
x,
∂ϕ

∂x
(x, t)

)
≤ 0

✇❤✐❝❤ r❡✇r✐t❡s ❛s✿
(t− s)

ν
+ η +H

(
x,

(x− y)

ε2
+ 2Ax

)
≤ 0. ✭✽✳✷✳✶✼✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❢✉♥❝t✐♦♥

ϕ(y, s) = U(x, t)− (x− y)2

2ε2
− (t− s)2

2ν2
− A(x2 + y2)− η(t+ s)

✐s ✐♥ C1(Ω) ❛♥❞ V −ϕ ❛❞♠✐ts ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❛t ♣♦✐♥t (y, s)✳ ❙✐♥❝❡ V ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥✱
✇❡ ❤❛✈❡✿

∂ϕ

∂t
(y, s) +H

(
y,
∂ϕ

∂x
(y, s)

)
≥ 0
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✇❤✐❝❤ r❡✇r✐t❡s ❛s✿
(t− s)

ν
− η +H

(
y,

(x− y)

ε2
− 2Ay

)
≥ 0. ✭✽✳✷✳✶✽✮

❙✉❜str❛❝t✐♥❣ ✭✽✳✷✳✶✼✮ ❜② ✭✽✳✷✳✶✽✮ ②✐❡❧❞s✿

2η +H

(
x,

(x− y)

ε2
+ 2Ax

)
−H

(
y,

(x− y)

ε2
− 2Ay

)

︸ ︷︷ ︸
Q

≤ 0. ✭✽✳✷✳✶✾✮

◆♦t❡ t❤❛t ✐♥ ✈✐❡✇ ♦❢ ✭✽✳✷✳✶✵✮✱

|Q| ≤


 sup

x∈R
|p|≤8L

∣∣∣∣
∂H

∂x
(x, p)

∣∣∣∣


 |x− y|+ 2


 sup

x∈R
|p|≤8L

∣∣∣∣
∂H

∂u
(x, p)

∣∣∣∣


A(|x|+ |y|)

≤ 4L


 sup

x∈R
|p|≤8L

∣∣∣∣
∂H

∂x
(x, p)

∣∣∣∣


 ε2 +


4

√
C sup

x∈R
|p|≤8L

∣∣∣∣
∂H

∂u
(x, p)

∣∣∣∣


√

A.

◆♦✇✱ ❧❡t A→ 0 ❛♥❞ ε→ 0 t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥tr❛❞✐❝t✐♦♥ 2η ≤ 0✳ ❚❤❡r❡❢♦r❡✱ t = s = 0✳

✭✻✮ ◆♦✇✱ ❢♦r ❛❧❧ (x, t) ∈ R× [0, T ]✱

U(x, t)− V (x, t) = (U(x, t)− V (x, t)− 2Ax2 − 2ηt) + 2Ax2 + 2ηt

= ψ(x, x, t, t) + 2Ax2 + 2ηt

≤ ψ(x, y, 0, 0) + 2Ax2 + 2ηt

= U0(x)− V0(y)−
(x− y)2

2ε2
− A(x2 + y2) + 2Ax2 + 2ηt

≤ L|x− y|+M − (x− y)2

2ε2
− A(x2 + y2) + 2Ax2 + 2ηt.

❚❛❦❡ t❤❡ ❧✐♠✐t ❛s ε, A, η → 0 t♦ ♦❜t❛✐♥✿

sup
R×[0,T ]

(U − V ) ≤M = sup
R

|U0 − V0|.

❚❤❡♥✱ ❡①❝❤❛♥❣❡ t❤❡ r♦❧❡s ♣❧❛②❡❞ ❜② U ❛♥❞ V t♦ ♦❜t❛✐♥ t❤❛t sup
R×[0,T ]

(V − U) ≤M = sup
R

|U0 − V0|✳
�

✽✳✷✳✷ ❱❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② ♠❡t❤♦❞

❚❤❡ ✉❧t✐♠❛t❡ ❣♦❛❧ ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥s ✐s t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡♥tr♦♣②
s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ❛♥❞ t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✱
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❜❛s❡❞ ♦♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❜♦t❤ ❦✐♥❞s ♦❢ s♦❧✉t✐♦♥ ❛s ✈❛♥✐s❤✐♥❣ ✈✐s❝♦s✐t② ❧✐♠✐ts✱ t❤❛t ✐s✱ ❛s
❧✐♠✐ts ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ✈✐s❝♦✉s ♣r♦❜❧❡♠s✿

{
∂tu+ ∂x (H(x, u)) = ε∂2xxu

u(·, 0) = u0
✭✽✳✷✳✷✵✮

❛♥❞ {
∂tU +H(x, ∂xU) = ε∂2xxU

U(·, 0) = U0.
✭✽✳✷✳✷✶✮

◆♦t❛t✐♦♥ ✽✳✷✳✶✳ ❋♦r ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ u = u(x, t) ∈ C(Ω) ❛♥❞ k ∈ N
∗✱ t❤❡ ♥♦t❛t✐♦♥

u ∈ Ck
1(Ω) ✇✐❧❧ ♠❡❛♥ t❤❛t u ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ Ω ✇✐t❤ r❡s♣❡❝t t♦ t ❛♥❞ k t✐♠❡s

❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ Ω ✇✐t❤ r❡s♣❡❝t t♦ x✳

▲❡t ✉s ♠❛❦❡ ♣r❡❝✐s❡ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ s♦❧✉t✐♦♥s t♦ ✭✽✳✷✳✷✵✮ ❛♥❞ ✭✽✳✷✳✷✶✮ ❢♦❧❧♦✇s
❢r♦♠ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥s ✇❤❡♥ t❤❡ s♦❧✉t✐♦♥s ❛r❡ s✉✣❝✐❡♥t❧② s♠♦♦t❤✱ ❛s ♦✉t❧✐♥❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✽✳✷✳✻✳ ❋✐① ε > 0✳

✭✐✮ ❋✐① u0 ∈ W1,∞(R) ❛♥❞ ❧❡t uε ∈ C(Ω) ∩ C2
1(Ω) ❜❡ ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ✭✽✳✷✳✷✵✮ ✇✐t❤

✐♥✐t✐❛❧ ❞❛t❛ u0✳ ❉❡✜♥❡✿

∀(x, t) ∈ Ω, Uε(x, t) =

✂ x

0

uε(y, t) dy −
✂ t

0

(
H(0, uε(0, s))− ε∂xuε(0, s)

)
ds .

❚❤❡♥ Uε ∈ C(Ω)∩C3
1(Ω) ✐s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ✭✽✳✷✳✷✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U0(x) =

✂ x

0

u0(y) dy✳

✭✐✐✮ ❋✐① U0 ∈ C1(R) s✉❝❤ t❤❛t U ′
0 ∈ W1,∞(R) ❛♥❞ ❧❡t Uε ∈ C(Ω) ∩C3

1(Ω) ❜❡ ❛ ❝❧❛ss✐❝❛❧ s♦❧✉✲
t✐♦♥ t♦ ✭✽✳✷✳✷✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U0✳ ❚❤❡♥ uε = ∂xUε ∈ C(Ω) ∩C2

1(Ω) ✐s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥
t♦ ✭✽✳✷✳✷✵✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U ′

0✳

Pr♦♦❢✳ ✭✐✮ ❙✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥s ②✐❡❧❞

∂tUε(x, t) +H(x, ∂xUε(x, t))

=

✂ x

0

∂tuε(y, t) dy −H(0, uε(0, t)) + ε∂xuε(0, t) +H(x, uε(x, t))

=

✂ x

0

(
−∂x (H(y, uε(y, t))) + ε∂xxuε(y, t)

)
dy −H(0, uε(0, t)) + ε∂xuε(0, t) +H(x, uε(x, t))

= ε∂xuε(x, t) = ε∂xxUε(x, t).

✭✐✐✮ ❚❤✐s ✐s ♦❜t❛✐♥❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✭✽✳✷✳✷✶✮ ✇✐t❤ r❡s♣❡❝t t♦ x✳ �
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❆ ♣r✐♦r✐ ❜♦✉♥❞s

▲❡♠♠❛ ✽✳✷✳✼✳ ▲❡t f ∈ C1(R)✱ R > 0 ❛♥❞ ε > 0✳ ❉❡♥♦t❡ ❜② U t❤❡ ♦♣❡♥ s✉❜s❡t

U = {(x, t) ∈ Ω | x > R}.

❙✉♣♣♦s❡ t❤❛t u ∈ C(U) ∩C2
1(U) ∩ L∞(U) ✐s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦

∂tu+ ∂x (f(u)) = ε∂2xxu, (x, t) ∈ U.

❚❤❡♥ u ❛tt❛✐♥s ✐ts ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ♦✈❡r t❤❡ ❝❧♦s✉r❡ ♦❢ U✱ ❛♥❞ ❜♦t❤ max u ❛♥❞ min u
❛r❡ t❛❦❡♥ ❛t ❛ ♣♦✐♥t ♦❢

∼

U = {(x, 0) | x ≥ R} ∪ {(R, t) | 0 ≤ t ≤ T}.

■♥ ♣❛rt✐❝✉❧❛r✱

max
(x,t)∈U

|u(x, t)| ≤ max

{
sup
x≥R

|u(x, 0)|, sup
0≤t≤T

|u(R, t)|
}
.

Pr♦♦❢✳ ❲❡ t❛❦❡ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ ❬✶✵✶✱ ❈❤❛♣t❡r ■■■❪ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❬✾✽✱ ❚❤❡♦r❡♠ ❇✳✶❪✳ ❋♦r
❛♥② η ∈ (0, 1)✱ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

∀(x, t) ∈ U, vη(x, t) = u(x, t)− η

(
2εt+

(ηx)2

2

)
.

❋✐① η ∈ (0, 1)✳ ❙✐♥❝❡ u ✐s ❜♦✉♥❞❡❞✱ ✇❡ ❤❛✈❡ vη(x, t) −→
x→+∞

−∞✱ ✉♥✐❢♦r♠❧② ♦♥ t ∈ [0, T ]✳ ❲❡

❞❡❞✉❝❡ t❤❛t vη ❛tt❛✐♥s ✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡ ❛t s♦♠❡ ♣♦✐♥t (xη, tη) ∈ U✳ ❘❡♠❛r❦ t❤❛t

vη(xη, tη) ≥ vη(R, 0) =⇒ η3|xη|2
2

≤ u(xη, tη)− u(R, 0)− 2εtη +
η3R2

2
,

❛♥❞ s✐♥❝❡ η ∈ (0, 1)✱ ✇❡ ♦❜t❛✐♥✿

η3/2|xη| ≤
√

4‖u‖L∞(U) +R2 :=M. ✭✽✳✷✳✷✷✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ✇✐t❤ ❛ ❝❛s❡ ❜② ❝❛s❡ st✉❞②✳
❈❛s❡ ✶✿ tη = 0 ❛♥❞ xη ≥ R✳ ■♥ t❤✐s ❝❛s❡✱ ❢♦r ❛❧❧ (x, t) ∈ U✱ ✇❡ ❤❛✈❡

vη(x, t) ≤ vη(xη, 0) = u(xη, 0)−
η3|xη|2

2
≤ sup

x≥R
u(x, 0).

❲❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ (x, t) ∈ U✱

u(x, t) ≤ vη(x, t) + η

(
2εt+

(ηx)2

2

)
≤ sup

x≥R
u(x, 0) + η

(
2εt+

(ηx)2

2

)
. ✭✽✳✷✳✷✸✮

❈❛s❡ ✷✿ xη = R ❛♥❞ 0 ≤ tη ≤ T ✳ ■♥ t❤✐s ❝❛s❡✱ ❢♦r ❛❧❧ (x, t) ∈ U✱ ✇❡ ❤❛✈❡

vη(x, t) ≤ vη(R, tη) = u(R, tη)− η

(
2εtη +

(ηR)2

2

)
≤ sup

0≤t≤T
u(R, t).
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❲❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ (x, t) ∈ U✱

u(x, t) ≤ vη(x, t) + η

(
2εt+

(ηx)2

2

)
≤ sup

0≤t≤T
u(R, t) + η

(
2εt+

(ηx)2

2

)
. ✭✽✳✷✳✷✹✮

❈❛s❡ ✸✿ xη > R ❛♥❞ tη > 0✳ ❆t t❤❡ ♠❛①✐♠✉♠ ♣♦✐♥t✱ ✇❡ ❤❛✈❡✿

∂tvη(xη, tη) ≥ 0; ∂xvη(xη, tη) = 0; ∂xxvη(xη, tη) ≤ 0,

✇❤✐❝❤ tr❛♥s❧❛t❡s ❢♦r u ❛s✿

∂tu(xη, tη) ≥ 2εη; ∂xu(xη, tη) = η3xη; ∂xxu(xη, tη) ≤ η3.

❈♦♥s❡q✉❡♥t❧②✱
(
∂tu+ ∂x(f(u))− ε∂xxu

)

|(xη ,tη)

≥ 2εη + η3xηf
′(u(xη, tη))− εη3

≥ 2εη − η3|xη| sup
|p|≤‖u‖L∞

|f ′(p)| − εη3

≥ 2εη − η3/2
(
M sup

|p|≤‖u‖L∞

|f ′(p)|
)
−εη3

=

(
2ε− η1/2

(
M sup

|p|≤‖u‖L∞

|f ′(p)|
)

− εη2

︸ ︷︷ ︸
Q(η)

)
η,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❜♦✉♥❞ ✭✽✳✷✳✷✷✮✳ ❙✐♥❝❡ ηQ(η) ∼
η→0

2εη > 0✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ η ∈ (0, 1)

s✉✣❝✐❡♥t❧② s♠❛❧❧ s✉❝❤ t❤❛t Q(η) > 0✳ ❚❤✐s ②✐❡❧❞s t❤❡ ❝♦♥tr❛❞✐❝t✐♦♥

0 =

(
∂tu+ ∂x(f(u))− ε∂xxu

)

|(xη ,tη)

> 0.

❚❤❡r❡❢♦r❡✱ ✇❡ ❛r❡ ❡✐t❤❡r ✐♥ ❈❛s❡ ✶ ♦r ✐♥ ❈❛s❡ ✷✳ ❋r♦♠ ✭✽✳✷✳✷✸✮✲✭✽✳✷✳✷✹✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r
❛❧❧ (x, t) ∈ U✱

u(x, t) ≤ max

{
sup
x≥R

u(x, 0), sup
0≤t≤T

u(R, t)

}
+ η

(
2εt+

(ηx)2

2

)
.

❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡ ❜② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s η → 0✳ �

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t ❛ s✐♠✐❧❛r st❛t❡♠❡♥t ❤♦❧❞s ♦♥ t❤❡ s✉❜s❡t

U = {(x, t) ∈ Ω | x < −R}.

❈♦r♦❧❧❛r② ✽✳✷✳✽✳ ▲❡t uε ∈ C(Ω) ∩ C2
1(Ω) ∩ L∞(Ω) ❜❡ ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ✭✽✳✷✳✷✵✮ ✇✐t❤

✐♥✐t✐❛❧ ❞❛t❛ u0 ∈ C(R)✳ ❚❤❡♥ |uε| ❛tt❛✐♥s ✐ts ♠❛①✐♠✉♠ ♦✈❡r t❤❡ ❝❧♦s✉r❡ ♦❢ U✱ ✇❤✐❝❤ ✐s t❛❦❡♥
❛t ❛ ♣♦✐♥t ♦❢

K = {(x, 0) : |x| ≥ X} ∪ {(x, t) : |x| ≤ X ❛♥❞ t ∈ [0, T ]}.
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■♥ ♣❛rt✐❝✉❧❛r✱

max
(x,t)∈Ω

|uε(x, t)| ≤ max




sup
x∈R

|u0(x)|, sup
|x|≤X
0≤t≤T

|uε(x, t)|




. ✭✽✳✷✳✷✺✮

Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② U t❤❡ s✉❜s❡t

U = (X,+∞)× (0, T )

❛♥❞ ❞❡✜♥❡ vε = uε|U✱ t❤❡ r❡str✐❝t✐♦♥ ♦❢ uε t♦U✳ ❇② ❝♦♥str✉❝t✐♦♥✱ vε ∈ C(U)∩C2
1(U)∩L∞(U)

❛♥❞ vε ✐s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ✭✽✳✷✳✷✵✮ ✐♥ U✳ ▲❡♠♠❛ ✽✳✷✳✼ ❡♥s✉r❡s t❤❛t |vε| ❛tt❛✐♥s ✐ts
♠❛①✐♠✉♠✱ ❛♥❞ t❤❛t

max
(x,t)∈U

|vε(x, t)| ≤ max

{
sup
x≥X

|u0(x)|, sup
0≤t≤T

|uε(X, t)|
}
.

❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❤♦❧❞s ❢♦r t❤❡ r❡str✐❝t✐♦♥ wε = uε|(−∞,−X]×[0,T ]✳ ❚❤✐s ❧❡❛❞s t♦ ✭✽✳✷✳✷✺✮ ❛♥❞
t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳ �

❈♦r♦❧❧❛r② ✽✳✷✳✾✳ ▲❡t Uε ∈ C(Ω)∩C3
1(Ω) ❜❡ ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ✭✽✳✷✳✷✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛

U0 ∈ C1(R)✳ ❙✉♣♣♦s❡ t❤❛t Uε ∈ Lip(Ω)✳ ❚❤❡♥ |∂xUε| ❛tt❛✐♥s ✐ts ♠❛①✐♠✉♠✱ ✇❤✐❝❤ ✐s t❛❦❡♥
❛t ❛ ♣♦✐♥t ♦❢

K = {(x, 0) : |x| ≥ X} ∪ {(x, t) : |x| ≤ X ❛♥❞ t ∈ [0, T ]}.

■♥ ♣❛rt✐❝✉❧❛r✱

max
(x,t)∈Ω

|∂xUε(x, t)| ≤ max




sup
x∈R

|U ′
0(x)|, sup

|x|≤X
0≤t≤T

|∂xUε(x, t)|




. ✭✽✳✷✳✷✻✮

Pr♦♦❢✳ ■♥ ❧✐❣❤t ♦❢ ▲❡♠♠❛ ✽✳✷✳✻ ✭✐✐✮✱ ❛♣♣❧② ❈♦r♦❧❧❛r② ✽✳✷✳✽ t♦ ∂xUε✳ �

❚❤❡♦r❡♠ ✽✳✷✳✶✵✳ ❋✐① ε ∈ (0, 1) ❛♥❞ ❧❡t Uε ∈ C(Ω)∩C3
1(Ω) ❜❡ ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ✭✽✳✷✳✷✶✮

✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U0 ∈ C1(R) s✉❝❤ t❤❛t U ′
0 ∈ W1,∞(R)✳ ❙✉♣♣♦s❡ t❤❛t Uε ∈ Lip(Ω)✳ ❚❤❡♥

t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε ♥♦r T s✉❝❤ t❤❛t

‖∂tUε‖L∞ + ‖∂xUε‖L∞ ≤ C. ✭✽✳✷✳✷✼✮

Pr♦♦❢✳ ❲❡ ❞✐✈✐❞❡ t❤❡ ♣r♦♦❢ ✐♥ t✇♦ st❡♣s✳
❙t❡♣ ✶✳ ❇♦✉♥❞ ❢♦r ∂tUε✳ ❋✐rst✱ ❧❡t ✉s ❞✐✛❡r❡♥t✐❛t❡ t❤❡ P❉❊ ✭✽✳✷✳✷✶✮ ✇✐t❤ r❡s♣❡❝t t♦ t s♦
t❤❛t ϕε = ∂tUε ∈ L∞(Ω) s♦❧✈❡s t❤❡ ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥✿

∂tϕε + ∂xϕε
∂H

∂u
(x, ∂xUε) = ε∂2xxϕε.

❈♦♥s❡q✉❡♥t❧②✱ ❛ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✱ ❡♥s✉r❡s t❤❛t

inf
x∈R

ϕε(x, 0) ≤ ϕε ≤ sup
x∈R

ϕε(x, 0) ✐✳❡✳ inf
x∈R

∂tUε(x, 0) ≤ ∂tUε ≤ sup
x∈R

∂tUε(x, 0).
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❲❡ ♥♦✇ ❜♦✉♥❞ ∂tUε(·, 0) ✉s✐♥❣ s✉♣❡r✴s✉❜s♦❧✉t✐♦♥s✳ ■♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥ φ ❞❡✜♥❡❞ ❜②

∀(x, t) ∈ Ω, φ(x, t) = U0(x) +Mt, M =

(
sup
ξ∈R

|p|≤‖U′
0‖L∞

H(ξ, p)

)
+ ‖U ′′

0 ‖L∞ . ✭✽✳✷✳✷✽✮

❚❤❡♥ φ(·, 0) = U0 ❛♥❞✱ r❡❝❛❧❧✐♥❣ t❤❛t 0 < ε ≤ 1✱ ✇❡ ❤❛✈❡

∂tφ+H(x, ∂xφ)− ε∂xxφ =M +H(x, U ′
0(x))− εU ′′

0 (x) ≥M +H(x, U ′
0(x))− |U ′′

0 (x)| ≥ 0.

❲❡ ❞❡❞✉❝❡ t❤❛t Uε ≤ φ✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✽✻✱ ❚❤❡♦r❡♠ ✽✳✶❪✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦
t❤❛t ψ ❞❡✜♥❡❞ ❜②

ψ(x, t) = U0(x)−Mt

✐s ❛ s✉❜s♦❧✉t✐♦♥ t♦ ✭✽✳✷✳✷✶✮✱ ✐♠♣❧②✐♥❣ t❤❛t Uε ≥ ψ✳ ❲❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ (x, t) ∈ Ω✱

−M ≤ Uε(x, t)− U0(x)

t
≤M,

✇❤✐❝❤ ❧❡❛❞s t♦ ‖∂tUε(·, 0)‖L∞ ≤M ❜② ❧❡tt✐♥❣ t→ 0+✳ ❲❡ ❥✉st ♣r♦✈❡❞ t❤❛t

‖∂tUε‖L∞ ≤M, M :=

(
sup
ξ∈R

|p|≤‖U′
0‖L∞

H(ξ, p)

)
+ ‖U ′′

0 ‖L∞ . ✭✽✳✷✳✷✾✮

❙t❡♣ ✷✳ ❇♦✉♥❞ ❢♦r ∂xUε✳ ❲❡ t❛❦❡ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❞♦♥❡ ✐♥ ❬✶✷✻✱ ❆♣✲
♣❡♥❞✐① ✶❪✳ ▲❡t η ∈ C2(R) ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✈❡r✐✜❡s η′′ > 0 ♦♥ R ❛♥❞ s❡t ωε = η(∂xUε)✳ ❲❡
❞✐✛❡r❡♥t✐❛t❡ t❤❡ P❉❊ ✭✽✳✷✳✷✶✮ ✇✐t❤ r❡s♣❡❝t t♦ x t❤✐s t✐♠❡ ❛♥❞ ♠✉❧t✐♣❧② t❤❡ r❡s✉❧t✐♥❣ P❉❊ ❜②
η′(∂xUε)✳ ❲❡ ✇r✐t❡✱ r❡❝❛❧❧✐♥❣ t❤❛t 0 < ε < 1✱

∂tωε +
∂H

∂u
(x, ∂xUε)∂xωε − ε∂xxωε = −∂H

∂x
(x, ∂xUε)η

′(∂xUε)− ε(∂xxUε)
2η′′(∂xUε)

≤ −∂H
∂x

(x, ∂xUε)η
′(∂xUε)− (ε∂xxUε)

2η′′(∂xUε)

= −∂H
∂x

(x, ∂xUε)η
′(∂xUε)− (∂tUε +H(x, ∂xUε))

2η′′(∂xUε)

≤ −∂H
∂x

(x, ∂xUε)η
′(∂xUε)−

(
1

2
H(x, ∂xUε)

2 −M2

)
η′′(∂xUε),

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ✐♥❡q✉❛❧✐t②

∀a, b ∈ R, (a+ b)2 ≥ a2

2
− b2

❛♥❞ t❤❡ ❜♦✉♥❞ ✭✽✳✷✳✷✾✮✳ ❚♦ s✉♠♠❛r✐③❡✱ ωε ✈❡r✐✜❡s✿
(
∂tωε +

∂H

∂u
(x, ∂xUε)∂xωε − ε∂xxωε

)

+ η′′(∂xUε)

(
H(x, ∂xUε)

2

2
+
η′(∂xUε)

η′′(∂xUε)

∂H

∂x
(x, ∂xUε)−M2

)
≤ 0.

✭✽✳✷✳✸✵✮
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❯s✐♥❣ ❈♦r♦❧❧❛r② ✽✳✷✳✾✱ ✇❡ ❦♥♦✇ t❤❛t ∂xUε ❛♥❞ t❤❡r❡❢♦r❡ ωε ❛tt❛✐♥s ✐ts ♠❛①✐♠✉♠ ♦♥ Ω✳ ❚❤❡r❡✲
❢♦r❡✱ ❧❡t (x0, t0) ∈ Ω ❜❡ ❛ ♣♦✐♥t ♦❢ ♠❛①✐♠✉♠ ♦❢ ωε✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ❜② ❛ ❝❛s❡ ❜② ❝❛s❡
st✉❞②✳
❈❛s❡ ✶✿ t0 = 0✳ ■♥ t❤❛t ❝❛s❡✱ ❜② ❝♦♥✈❡①✐t② ♦❢ η✱ ✇❡ ♦❜t❛✐♥✿

∀(x, t) ∈ Ω, η(∂xUε(x, t)) ≤ max{η(‖U ′
0‖L∞), η(−‖U ′

0‖L∞)}. ✭✽✳✷✳✸✶✮

❈❛s❡ ✷✿ t0 > 0✳ ■♥ t❤❛t s✐t✉❛t✐♦♥✱ ✇❡ ❤❛✈❡✿

∂tωε(x0, t0) ≥ 0; ∂xωε(x0, t0) = 0; ∂xxωε(x0, t0) ≤ 0.

❈♦♠❜✐♥✐♥❣ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ✇✐t❤ ✭✽✳✷✳✸✵✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

H(x0, ∂xUε(x0, t0))
2

2
+
η′(∂xUε(x0, t0))

η′′(∂xUε(x0, t0))

∂H

∂x
(x0, ∂xUε(x0, t0)) ≤M2. ✭✽✳✷✳✸✷✮

■❢ |x0| ≥ X✱ t❤❡♥ ✉s✐♥❣ ❛ss✉♠♣t✐♦♥ ✭✽✳✵✳✸✮✱ ✇❡ ♦❜t❛✐♥✿

|H(x0, ∂xUε(x0, t0))| ≤
√
2M,

❛♥❞ t❤❡ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥ ✭✽✳✶✳✺✮ ❛♣♣❧✐❡❞ ✇✐t❤ λ = 1 ②✐❡❧❞s✿

|∂xUε(x0, t0)| ≤
√
2M + sup

x∈R
|v|≤1

L(x, v). ✭✽✳✷✳✸✸✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ❜② ❤❛♥❞❧✐♥❣ t❤❡ ❝❛s❡ |x0| < X✳ ▲❡t ✉s ❡①♣❧♦✐t ✭✽✳✷✳✸✷✮ ✇✐t❤ η ♦❢ t❤❡
❢♦r♠ η = exp ◦θ✱ ✇❤❡r❡ θ ∈ C2(R) ✐s ❛ str✐❝t❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥✱ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❲✐t❤ t❤❛t
❝❤♦✐❝❡✱ ✭✽✳✷✳✸✷✮ ❜❡❝♦♠❡s

H(x0, ∂xUε(x0, t0))
2

2
+

θ′(∂xUε(x0, t0))

θ′′(∂xUε(x0, t0)) + (θ′(∂xUε(x0, t0)))2
∂H

∂x
(x0, ∂xUε(x0, t0)) ≤M2.

✭✽✳✷✳✸✹✮
❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✐♥tr♦❞✉❝❡

∀r ≥ 0, g(r) := sup
x∈R
|p|≤r

∣∣∣∣
∂H

∂x
(x, p)

∣∣∣∣ .

❚❤❡ ❢✉♥❝t✐♦♥ g ✐s ❝♦♥t✐♥✉♦✉s✱ ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡ ♦♥ R
+✳ ❲❡ ♥♦✇ ❞❡✜♥❡ θ t♦

❝♦♥tr♦❧ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ g ✐♥ ✭✽✳✷✳✸✹✮✳ ❋✐rst✱ s❡t

∀r ≥ 0, A(r) := r +

✂ r+1

r

g(v) dv .

❈❧❡❛r❧②✱ A ∈ C1((0,+∞)) ❛♥❞ A′ > 0✳ ◆♦t❡ t❤❛t

lim
r→0+

A(r) =

✂ 1

0

g(v) dv :=M1; lim
r→0+

A′(r) = 1 + g(1)− g(0) :=M2.
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▼♦r❡♦✈❡r✱ s✐♥❝❡ g ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❢♦r ❛❧❧ r ≥ 0✱ ✇❡ ❤❛✈❡

A(r) ≥ r + g(r).

◆♦✇✱ s❡t

∀r < 0, B(r) := 2M1 − A(−r).

❇② ❞❡✜♥✐t✐♦♥✱ B ∈ C1((−∞, 0))✱ B′ > 0✱ ✇❡ ❤❛✈❡ t❤❡ ❧✐♠✐ts

lim
r→0−

B(r) =M1; lim
r→0−

B′(r) =M2,

❛♥❞ ❢♦r ❛❧❧ r ≤ −2M1✱

B(r) ≤ 2M1 − (−r + g(−r)) = 2M1 + r − g(−r) ≤ −g(−r).

❚❤❡r❡❢♦r❡✱ t❤❡ ❢✉♥❝t✐♦♥ θ′ ❞❡✜♥❡❞ ❜②

∀r ∈ R, θ′(r) =

{
A(r) ✐❢ r ≥ 0

B(r) ✐❢ r > 0

✈❡r✐✜❡s✿ θ′ ∈ C1(R)✱ θ′′ > 0 ❛♥❞

∀r ∈ R, |r| ≥ 2M1 =⇒ |θ′(r)| ≥ g(|r|).

❋r♦♠ ✭✽✳✷✳✸✹✮✱ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝❛s❡ |x0| ≥ X✱ ✇❡ ♦❜t❛✐♥✿

|∂xUε(x0, t0)| ≤ max



2M1,

√
2(M2 + 1) + sup

x∈R
|v|≤1

L(x, v)



 . ✭✽✳✷✳✸✺✮

❈♦♠❜✐♥✐♥❣ ✭✽✳✷✳✸✶✮✲✭✽✳✷✳✸✸✮✲✭✽✳✷✳✸✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ ❜♦✉♥❞✳ �

❈♦r♦❧❧❛r② ✽✳✷✳✶✶✳ ❋✐① ε ∈ (0, 1) ❛♥❞ ❧❡t uε ∈ C(Ω)∩C2
1(Ω)∩L∞(Ω) ❜❡ ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥

t♦ ✭✽✳✷✳✷✵✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ u0 ∈ W1,∞(R)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C✱ ✇❤✐❝❤ ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ ε ♥♦r T s✉❝❤ t❤❛t

‖uε‖L∞ ≤ C. ✭✽✳✷✳✸✻✮

Pr♦♦❢✳ ■♥ ❧✐❣❤t ♦❢ ▲❡♠♠❛ ✽✳✷✳✻ ✭✐✮✱ ❛♣♣❧② ❈♦r♦❧❧❛r② ✽✳✷✳✶✵ t♦

Uε(x, t) =

✂ x

0

uε(y, t) dy −
✂ t

0

(
H(0, uε(0, s))− ε∂xuε(0, s)

)
ds .

�
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❊①✐st❡♥❝❡ ❢♦r t❤❡ ✈✐s❝♦✉s ❡q✉❛t✐♦♥s

❋✐① ε ∈ (0, 1) ❛♥❞ ❞❡✜♥❡ t❤❡ ❝❧❛ss✐❝❛❧ ❤❡❛t ❦❡r♥❡❧✿

∀(x, t) ∈ Ω, Kε(x, t) =
1√
4πεt

e−
x2

4εt .

❘❡❝❛❧❧ t❤❛t

∀t > 0,

✂
R

Kε(x, t) dx = 1;

✂
R

∣∣∣∣
∂Kε

∂x
(x, t)

∣∣∣∣ dx =
1√
πεt

,

s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✵✸✱ ❈❤❛♣t❡r ✼❪✳

❚❤❡♦r❡♠ ✽✳✷✳✶✷✳ ❋✐① u0 ∈ W1,∞(R)✳ ❚❤❡♥ ✭✽✳✷✳✷✵✮ ❛❞♠✐ts ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥
uε ∈ C(R× [0,+∞)) ∩C2

1(R× (0,+∞))✳

Pr♦♦❢✳ ❲❡ s♣❧✐t t❤❡ st✉❞② ✐♥ t✇♦ st❡♣s✳

❙t❡♣ ✶✿ ▲♦❝❛❧ ❡①✐st❡♥❝❡✳ ❋♦r ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ v ∈ C(Ω)✱ ❞❡✜♥❡

∀(x, t) ∈ Ω, Lv(x, t) = Kε(·, t) ∗ u0(x)−
✂ t

0

✂
R

∂Kε

∂x
(x− y, t− s)H(y, v(y, s)) dy ds

❚❤❡ ✐❞❡❛ ✐s t♦ ♣r♦✈❡ t❤❛t L ❤❛s ❛ ✜①❡❞ ♣♦✐♥t ✐♥ ❛ s✉✐t❛❜❧❡ s✉❜s❡t ♦❢ L∞(Ω)✳

▲❡t T ∗ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧ s✉❝❤ t❤❛t


 2√

πε
sup
x∈R

|p|≤1+‖u0‖L∞

|H(x, p)|


√

T ∗ ≤ 1;


 2√

πε
sup
x∈R

|p|≤1+‖u0‖L∞

∣∣∣∣
∂H

∂u
(x, p)

∣∣∣∣


√

T ∗ ≤ 1

2

✭✽✳✷✳✸✼✮
❛♥❞ ❞❡✜♥❡

E =
{
v ∈ C(Ω∗) : ‖v −Kε(·, t) ∗ u0‖L∞(Ω∗) ≤ 1

}
; Ω∗ = R× (0, T ∗).

❚❤✐s s✉❜s❡t E ✐s ❝❧♦s❡❞ ✐♥ L∞(Ω∗)✱ t❤❡r❡❢♦r❡ ❝♦♠♣❧❡t❡❀ E ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r L s✐♥❝❡ ❢♦r ❛❧❧
v ∈ E✱ Lv ∈ C(Ω∗) ❛♥❞

∀(x, t) ∈ Ω∗, |Lv(x, t)−Kε(·, t) ∗ u0(x)| ≤
✂ t

0

✂
R

∣∣∣∣
∂Kε

∂x
(x− y, t− s)H(y, v(y, s))

∣∣∣∣ dy ds

≤




2√
πε

sup
ξ∈R

|p|≤1+‖u0‖L∞

|H(ξ, p)|




√
T ∗ ≤ 1,

❜② ❞❡✜♥✐t✐♦♥ ♦❢ T ∗ ❛♥❞ t❤❡ ❢❛❝t t❤❛t

‖v‖L∞(Ω∗) ≤ ‖v −Kε(·, t) ∗ u0‖L∞(Ω∗) + ‖Kε(·, t) ∗ u0‖L∞(Ω∗) ≤ 1 + ‖u0‖L∞ .



✽✳✷✳ ❈❖❘❘❊❙P❖◆❉❊◆❈❊ ❈▲✴❍❏ ✷✷✺

▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ u, v ∈ E✱ ❛♥❞ ❢♦r ❛❧❧ (x, t) ∈ Ω∗✱

|Lu(x, t)− Lv(x, t)| ≤
✂ t

0

✂
R

∣∣∣∣
∂Kε

∂x
(x− y, t− s)(H(y, u(y, s))−H(y, v(y, s)))

∣∣∣∣ dy ds

≤




2√
πε

sup
ξ∈R

|p|≤1+‖u0‖L∞

∣∣∣∣
∂H

∂u
(ξ, p)

∣∣∣∣




√
T ∗‖u− v‖L∞(Ω∗)

≤ 1

2
‖u− v‖L∞(Ω∗),

❜② ❞❡✜♥✐t✐♦♥ ♦❢ T ∗✳ ❇❛♥❛❝❤ ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠ ❡♥s✉r❡s t❤❛t L ❛❞♠✐ts ❛ ✜①❡❞ ♣♦✐♥t uε ∈ E✳
❈♦♥s❡q✉❡♥t❧②✱

∀(x, t) ∈ Ω∗, uε(x, t) = Kε(·, t) ∗ u0(x)−
✂ t

0

✂
R

∂Kε

∂x
(x− y, t− s)H(y, uε(y, s)) dy ds .

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ uε✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❤❡❛t ❦❡r♥❡❧ ❡♥s✉r❡s t❤❛t uε ∈
C(Ω∗) ∩ C2

1(Ω
∗) ❛♥❞ ✐s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ ✭✽✳✷✳✷✵✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ u0✱ s❡❡ ❢♦r ✐♥st❛♥❝❡

❬✾✽✱ ▲❡♠♠❛ ❇✳✸❪✳ ▲❡t ✉s ♠❛❦❡ ♣r❡❝✐s❡ t❤❛t ✐♥ t❤✐s st❡♣ ♦❢ t❤❡ r❡❛s♦♥✐♥❣✱ ✇❡ ♦♥❧② ✉s❡ t❤❡ ❢❛❝t
u0 ∈ C(R) ∩ L∞(R)✳

❙t❡♣ ✷✿ ●❧♦❜❛❧ ❡①✐st❡♥❝❡✳ ◆♦✇✱ ✐♥tr♦❞✉❝❡

Tm = sup
{
τ ≥ 0 | ✭✽✳✷✳✷✵✮ ❛❞♠✐ts ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ C(R× [0, τ ]) ∩C2

1(R× (0, τ))
}
.

❋r♦♠ ❙t❡♣ 1✱ ✇❡ ❦♥♦✇ t❤❛t Tm ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ t❤❛t Tm ≥ T ∗✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t Tm = +∞
❜② s✉♣♣♦s✐♥❣ t❤❛t Tm < +∞✳ ▲❡t C ❜❡ t❤❡ ❝♦♥st❛♥t ❣✐✈❡♥ ❜② ❈♦r♦❧❧❛r② ✽✳✷✳✶✶✳ ❋✐① τ > 0
s✉❝❤ t❤❛t


 2√

πε
sup
x∈R

|p|≤C+1

|H(x, p)|


√

τ ≤ 1;


 2√

πε
sup
x∈R

|p|≤C+1

∣∣∣∣
∂H

∂u
(x, p)

∣∣∣∣


√

τ ≤ 1

2
. ✭✽✳✷✳✸✽✮

❙❡t τm = Tm − τ/2✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Tm✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ❢✉♥❝t✐♦♥ u ∈ C(R× [0, τm])∩C2
1(R×

(0, τm)) ✇❤✐❝❤ ✐s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✽✳✷✳✷✵✮✳ ❋r♦♠ ❈♦r♦❧❧❛r② ✽✳✷✳✶✶✱

‖u‖L∞(R×(0,τm)) ≤ C.

❋♦❧❧♦✇✐♥❣ t❤❡ r❡❛s♦♥✐♥❣ ♦❢ ❙t❡♣ 1✱ s✐♥❝❡ u (·, τm) ∈ C(R)∩L∞(R)✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❝❧❛ss✐❝❛❧
s♦❧✉t✐♦♥ uτ t♦
{
∂tv + ∂x (H(x, v)) = ε∂2xxv

v (·, τm) = u (·, τm) ;
; uτ ∈ C (R× [τm, τm + τ ]) ∩C2

1 (R× (τm, τm + τ)) .

❚❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥

v(·, t) =
{

u(·, t) ✐❢ 0 ≤ t ≤ τm

uτ (·, t) ✐❢ τm < t ≤ τm + τ
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✐s ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✈❡r✐✜❡s ❢♦r ❛❧❧ (x, t) ∈ R× (0, τm + τ)✱

v(x, t) = Kε(·, t) ∗ u0(x)−
✂ t

0

✂
R

∂Kε

∂x
(x− y, t− s)H(y, v(y, s)) dy ds .

❚❤✐s ✐♠♣❧✐❡s✱ ♦♥❝❡ ❛❣❛✐♥✱ t❤❛t v ✐s ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦
{
∂tv + ∂x (H(x, v)) = ε∂2xxv

v (·, 0) = u0;
; v ∈ C (R× [0, τm + τ ]) ∩C2

1 (R× (0, τm + τ)) .

❚❤❡r❡❢♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ Tm✱ ✇❡ ❤❛✈❡ τm ≤ Tm ✐✳❡✳ Tm + τ/2 ≤ Tm✳ ❚❤✐s ❝♦♥tr❛❞✐❝t✐♦♥
♣r♦✈❡s t❤❛t Tm = +∞✳ �

❈♦r♦❧❧❛r② ✽✳✷✳✶✸✳ ❋✐① U0 ∈ C1(R) s✉❝❤ t❤❛t U ′
0 ∈ W1,∞(R)✳ ❚❤❡♥ ✭✽✳✷✳✷✶✮ ❛❞♠✐ts ❛

❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ Uε ∈ C(R× [0,+∞)) ∩C3
1(R× (0,+∞))✳

Pr♦♦❢✳ ■♠♠❡❞✐❛t❡ ✐♥ ❧✐❣❤t ♦❢ ▲❡♠♠❛ ✽✳✷✳✻ ✭✐✮✳ �

❈♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❡①✐st❡♥❝❡ r❡s✉❧ts

❚❤❡♦r❡♠ ✽✳✷✳✶✹✳ ❋✐① U0 ∈ C1(R) s✉❝❤ t❤❛t U ′
0 ∈ W1,∞(R)✳ ❚❤❡♥✿

✭✐✮ ❢♦r ❛❧❧ ε ∈ (0, 1)✱ t❤❡ ❡q✉❛t✐♦♥ ✭✽✳✷✳✷✶✮ ❛❞♠✐ts ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ Uε ∈ C(Ω) ∩C3
1(Ω)❀

✭✐✐✮ t❤❡r❡ ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (Uε)ε ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ Ω t♦
s♦♠❡ U ∈ C(Ω)❀

✭✐✐✐✮ t❤❡ ❢✉♥❝t✐♦♥ U ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U0✳

Pr♦♦❢✳ P♦✐♥t ✭✐✮ ❝♦♠❡s ❢r♦♠ ❈♦r♦❧❧❛r② ✽✳✷✳✶✸✳ ❯s✐♥❣ t❤❡ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ♦❢ ❚❤❡♦r❡♠ ✽✳✷✳✶✵✱
❆r③❡❧à✲❆s❝♦❧✐ t❤❡♦r❡♠ ✭s❡❡ ❬✸✻✱ ❚❤❡♦r❡♠ ✹✳✷✺❪✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ st❛♥❞❛r❞ ❞✐❛❣♦♥❛❧ ♣r♦❝❡ss
②✐❡❧❞s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (Uε)ε ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s✉❜s❡ts
♦❢ Ω t♦ s♦♠❡ U ∈ C(Ω)✳ ❚❤❡ ❢❛❝t t❤❛t U ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✷✮ ✐s st❛♥❞❛r❞✱ s❡❡ ❢♦r
✐♥st❛♥❝❡ ❬✽✶✱ ❈❤❛♣t❡r ✶✵❪✳ �

❚❤❡♦r❡♠ ✽✳✷✳✶✺✳ ❙✉♣♣♦s❡ t❤❛t H ∈ C2(R2) ✈❡r✐✜❡s ✭✽✳✵✳✸✮✲✭✽✳✶✳✷✮✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥✐t✐❛❧
❞❛t❛ U0 ∈ C1(R) s✉❝❤ t❤❛t U ′

0 ∈ W1,∞(R)✱ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✭✽✳✵✳✷✮ ❛❞♠✐ts ❛
✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❊①✐st❡♥❝❡ ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✽✳✷✳✶✹ ✇❤✐❧❡ ✉♥✐q✉❡♥❡ss ✇❛s ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✽✳✷✳✺✳
�

◆♦t❡ t❤❛t ❡①✐st❡♥❝❡ ♦❢ ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✷✮ ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✭✽✳✵✳✸✮✲✭✽✳✶✳✷✮ ❛♥❞
✇✐t❤ U0 ∈ Lip(R) ✐s ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✸ t❤r♦✉❣❤ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ❛♣♣r♦❛❝❤✱ s❡❡
❚❤❡♦r❡♠ ✽✳✸✳✶✷✳

❚❤❡♦r❡♠ ✽✳✷✳✶✻✳ ❋✐① u0 ∈ W1,∞(R)✳ ❚❤❡♥✿
✭✐✮ ❢♦r ❛❧❧ ε ∈ (0, 1)✱ t❤❡ ❡q✉❛t✐♦♥ ✭✽✳✷✳✷✵✮ ❛❞♠✐ts ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ uε ∈ C(Ω) ∩C2

1(Ω)❀

✭✐✐✮ t❤❡r❡ ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (uε)ε ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ Ω t♦ s♦♠❡ u ∈ L∞(Ω)❀

✭✐✐✐✮ t❤❡ ❢✉♥❝t✐♦♥ u ✐s ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ u0✳
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Pr♦♦❢✳ ✭✐✮ ■t ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✽✳✷✳✶✷✳
✭✐✐✮ ❚❤❡ str♦♥❣ ❝♦♠♣❛❝t♥❡ss ♦❢ (uε)ε ✇✐❧❧ ❢♦❧❧♦✇ ❢r♦♠ ❛ ❝♦♠♣❡♥s❛t❡❞ ❝♦♠♣❛❝t♥❡ss r❡❛s♦♥✐♥❣✱
s❡❡ ❬✻✼✱ ❈❤❛♣t❡r ✶✻❪✱ ❬✽✵✱ ❈❤❛♣t❡r ✺❪ ♦r ❬✶✹✺✱ ❈❤❛♣t❡r ✾❪✳ ❚❤❡ r❡❛s♦♥✐♥❣ ❢♦❧❧♦✇s ❢♦✉r st❡♣s✳
❙t❡♣ ✶✳ ❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❛t (

√
ε|∂xuε|)ε ✐s ❜♦✉♥❞❡❞ ✐♥ L2

loc(Ω)✳
❋♦r ❛❧❧ ε ∈ (0, 1) ❛♥❞ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C1

c(Ω)✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ t ∈ (0, T )✱
✂
R

∂tuε(x, t)ϕ dx+ ε

✂
R

∂xuε(x, t)∂xϕ(x, t) dx = −
✂
R

∂x(H(x, uε(x, t)))ϕ dx . ✭✽✳✷✳✸✾✮

❋✐① R > 0 ❛♥❞ φ ∈ C∞
c (R), φ ≥ 0 s✉❝❤ t❤❛t φ ≡ 1 ♦♥ [−R,R] ❛♥❞ φ(x) = 0 ✐❢ |x| ≥ R + 1✳

▲❡t ✉s ❛♣♣❧② ✭✽✳✷✳✸✾✮ ✇✐t❤ ϕ = uεφ
2✳ ❲❡ ♦❜t❛✐♥✿

1

2

d

dt

(✂
R

(uεφ)
2 dx

)
+

✂
R

|√ε∂x(uεφ)|2 dx

= ε

✂
R

|uεφ′|2 dx−
✂
R

∂x(H(x, uε))uεφ
2 dx .

✭✽✳✷✳✹✵✮

◆♦✇✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥

∀(x, t) ∈ Ω, fε(x, t) =

✂ uε(x,t)

0

v
∂H

∂u
(x, v) dv .

◆♦t❡ t❤❛t (fε)ε ✐s ❜♦✉♥❞❡❞ ✐♥ L∞(Ω) ❛♥❞ t❤❛t

∂xfε(x, t) = ∂xuε(x, t)
∂H

∂u
(x, uε(x, t))uε(x, t) +

✂ uε(x,t)

0

v
∂2H

∂x∂u
(x, v) dv

= ∂x(H(x, uε(x, t)))uε(x, t)−
∂H

∂x
(x, uε(x, t))uε(x, t) +

✂ uε(x,t)

0

v
∂2H

∂x∂u
(x, v) dv .

✭✽✳✷✳✹✶✮
■♥t❡❣r❛t✐♥❣ ✭✽✳✷✳✹✵✮ ♦♥ t ∈ (0, T ) ②✐❡❧❞s✿

✂ T

0

✂
R

|√ε∂x(uεφ)|2 dx dt ≤
1

2

✂
R

|u0(x)φ(x)|2 dx+ ε

✂ T

0

✂
R

|uε(x, t)φ′(x)|2 dx dt

−
✂ T

0

✂
R

(
∂H

∂x
(x, uε(x, t))uε(x, t)−

✂ uε(x,t)

0

v
∂2H

∂x∂u
(x, v) dv

)
φ2(x) dx dt

−
✂ T

0

✂
R

∂xfε(x, t)φ
2(x) dx dt .

✭✽✳✷✳✹✷✮
❯s✐♥❣ ✭✽✳✷✳✹✶✮✱ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❣✐✈❡s ✉s✿

∣∣∣∣
✂ T

0

✂
R

∂xfε(x, t)φ
2(x) dx dt

∣∣∣∣ ≤ 2 sup
ε>0

‖fε‖L∞(Ω)

✂ T

0

✂
R

φ(x)|φ′(x)| dx dt .

❋r♦♠ ✭✽✳✷✳✹✶✮✱ t❤✐s ❧❛st ❡st✐♠❛t❡ ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ (uε)ε ✐♥ L∞(Ω)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
(
√
ε|∂xuε|)ε ✐s ❜♦✉♥❞❡❞ ✐♥ L2((−R,R) × (0, T ))✳ ❚❤❡ ❛r❜✐tr❛r✐♥❡ss ♦♥ R > 0 ❡♥s✉r❡s t❤❛t
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(
√
ε|∂xuε|)ε ✐s ❜♦✉♥❞❡❞ ✐♥ L2

loc(Ω)✳

▲❡t ✉s ❛❧s♦ ♠❛❦❡ ♣r❡❝✐s❡ t❤❛t ❢♦r ❛❧❧ η ∈ C1(R)✱ (ε∂xx(η(uε)))ε ❧✐❡s ✐♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢
H−1

loc(Ω) ❢♦r t❤❡ str♦♥❣ t♦♣♦❧♦❣② s✐♥❝❡

∀ε > 0, |ε∂x(η(uε))| =
√
ε|∂xuε| ×

√
εη′(uε) −→

ε→0
0 ✐♥ L2

loc(Ω).

❙t❡♣ ✷✳ ❚♦✇❛r❞s t❤❡ ❞✐✈❡r❣❡♥❝❡✲❝✉r❧ ❧❡♠♠❛✳ ▲❡t ✉s ❡♥s✉r❡ t❤❛t ✇❡ ❛r❡ ✐♥ ♣♦s✐t✐♦♥
t♦ ❛♣♣❧② t❤❡ ❞✐✈❡r❣❡♥❝❡✲❝✉r❧ ❧❡♠♠❛✳ ❋✐① η ∈ C2(R) ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥✳ ❉❡✜♥❡ ✐ts s♣❛❝❡✲
❞❡♣❡♥❞❡♥t ❡♥tr♦♣② ✢✉① Φ✿

∀x, u ∈ R, Φ(x, u) =

✂ u

0

η′(v)
∂H

∂u
(x, v) dv .

❇② ♠✉❧t✐♣❧②✐♥❣ t❤❡ P❉❊ ✭✽✳✷✳✷✵✮ ❜② η′(uε)✱ st❛♥❞❛r❞ ❝♦♠♣✉t❛t✐♦♥s ❧❡❛❞ t♦

∂t(η(uε)) + ∂x (Φ(x, uε)) =

✂ uε

0

η′(v)
∂2H

∂x∂u
(x, v) dv − η′(uε)

∂H

∂x
(x, uε)

︸ ︷︷ ︸
vε

+ ε∂xx (η(uε))− εη′′(uε)(∂xuε)
2.

✭✽✳✷✳✹✸✮

✖ ❙✐♥❝❡ t❤❡ s❡q✉❡♥❝❡s (η(uε))ε ❛♥❞ (Φ(·, uε))ε ❛r❡ ❜♦✉♥❞❡❞ ✐♥ L∞(Ω)✱ ✇❡ ❦♥♦✇ t❤❛t

(∂t(η(uε)) + ∂x (Φ(x, uε)))ε ✐s ❜♦✉♥❞❡❞ ✐♥ W−1,∞(Ω).

✖ ❚❤❡ s❡q✉❡♥❝❡ (vε)ε ✐s ❜♦✉♥❞❡❞ ✐♥ L1
loc(Ω) s✐♥❝❡ (uε)ε ✐s ❜♦✉♥❞❡❞ ✐♥ L∞(Ω)✳ ❚❤❡r❡❢♦r❡✱

(vε)ε ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❜♦✉♥❞❡❞ ♠❡❛s✉r❡s✱ M(U) ❢♦r ❡✈❡r② ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t
U ✳

✖ ❙✐♠✐❧❛r❧②✱ ❙t❡♣ 1 ❡♥s✉r❡s t❤❛t (ε|∂xuε|2)ε ✐s ❜♦✉♥❞❡❞ L1
loc(Ω) ❛♥❞ t❤❡r❡❢♦r❡✱ ❜♦✉♥❞❡❞

✐♥ M(U) ❛s ✇❡❧❧✳
✖ ❘❡❝❛❧❧ t❤❛t (ε∂xx(η(uε)))ε ❧✐❡s ✐♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ H−1

loc(Ω)✳

❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ✇r♦t❡ (∂t(η(uε))+∂x (Φ(x, uε)))ε✱ ❛ s❡q✉❡♥❝❡ ❜♦✉♥❞❡❞ ✐♥ W−1,∞(Ω) ❛s t❤❡
s✉♠ ♦❢ ❛ s❡q✉❡♥❝❡ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ♠❡❛s✉r❡sMloc(Ω) ❛♥❞ ♦❢ ❛ s❡q✉❡♥❝❡ ✇❤✐❝❤
✐s ❝♦♠♣❛❝t ✐♥ H−1

loc(Ω)✳ ❋r♦♠ ❬✶✹✺✱ ▲❡♠♠❛ ✾✳✷✳✶❪✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (∂t(η(uε)) + ∂x (Φ(x, uε)))ε
❧✐❡s ✐♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ H−1

loc(Ω)❀ ❛♥❞ t❤✐s ❤♦❧❞s ❢♦r ❛♥② ❝♦♥✈❡① ❢✉♥❝t✐♦♥ η ∈ C2(R)✱ ✇✐t❤
❡♥tr♦♣② ✢✉① Φ✳ ❆ st❛♥❞❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥t ❡♥s✉r❡s t❤❛t ✇❡ ❝❛♥ ❝❤♦♦s❡ η ∈ C(R)✱
s❡❡ t❤❡ ❘❡♠❛r❦s ♦❢ ❬✶✹✺✱ Pr♦♣♦s✐t✐♦♥ ✾✳✷✳✷❪✳
❙t❡♣ ✸✳ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❝✉r❧ ❧❡♠♠❛✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s❡q✉❡♥❝❡
(νx,t)(x,t)∈Ω ♦❢ ❨♦✉♥❣ ♠❡❛s✉r❡s ❛ss♦❝✐❛t❡❞ t♦ (uε)ε✱ ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠ t❤❡ ✉♥✐❢♦r♠ L∞ ❜♦✉♥❞✱
s❡❡ ❈♦r♦❧❧❛r② ✽✳✷✳✶✶✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f ∈ C(R)✱

f(uε)⇀ f ✐♥ L∞ − w∗; f(x, t) =

✂
R

f(y) dνx,t (y). ✭✽✳✷✳✹✹✮

■♥ ♣❛rt✐❝✉❧❛r✱ (uε)ε ❝♦♥✈❡r❣❡s L∞ − w∗ t♦ u✱ ✇❤❡r❡ ❢♦r ❛✳❡✳ (x, t) ∈ Ω✱

u(x, t) =

✂
R

y dνx,t (y).
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▲❡t ✉s ❡①t❡♥❞ ✭✽✳✷✳✹✹✮ ❢♦r ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s F ∈ C(R2) ❤❛✈✐♥❣ t❤❡ ♣r♦♣❡rt② ♦❢ ❝♦♠♣❛❝t
s♣❛❝❡ ❞❡♣❡♥❞❡♥❝②✱ ✭✽✳✵✳✸✮✳ ❙❡tM := sup

ε>0
‖uε‖L∞(Ω) < +∞ ❛♥❞ ✜① n ∈ N

∗✳ ❙t♦♥❡✲❲❡✐❡rstr❛ss

t❤❡♦r❡♠ ♣r♦✈✐❞❡s ❛ ♥✉♠❜❡r N ∈ N
∗ ❛♥❞ s❡q✉❡♥❝❡s (fk)1≤k≤N ✱ (gk)1≤k≤N s✉❝❤ t❤❛t✿

gk ∈ C([−X,X]); fk ∈ C([−M,M ]);

∥∥∥∥∥F −
N∑

k=1

gkfk

∥∥∥∥∥
L∞([−X,X]×[−M,M ])

≤ 1

n
.

❋♦r ❛❧❧ k ∈ {1, . . . , N}✱ ❧❡t ✉s ❡①t❡♥❞ gk ❜②

∀x ∈ R, Gk(x) =





gk(−X) ✐❢ x < −X
gk(x) ✐❢ |x| ≤ X

gk(X) ✐❢ x > X

s♦ t❤❛t

Gk ∈ C(R); fk ∈ C([−M,M ]);

∥∥∥∥∥F −
N∑

k=1

Gkfk

∥∥∥∥∥
L∞(R×[−M,M ])

≤ 1

n
. ✭✽✳✷✳✹✺✮

❋✐① ϕ ∈ L1(Ω) ❛♥❞ k ∈ N✳ ❙✐♥❝❡ Gk ∈ L∞(R)✱ Gkϕ ∈ L1(Ω)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

✂ T

0

✂
R

Gk(x)fk(uε(x, t))ϕ(x, t) dx dt =

✂ T

0

✂
R

fk(uε(x, t))Gk(x)ϕ(x, t) dx dt

−→
ε→0

✂ T

0

✂
R

(✂
R

fk(y) dνx,t (y)

)
Gk(x)ϕ(x, t) dx dt

=

✂ T

0

✂
R

(✂
R

Gk(x)fk(y) dνx,t (y)

)
ϕ(x, t) dx dt .

❇② ❧✐♥❡❛r✐t②✱

N∑

k=1

✂ T

0

✂
R

Gk(x)fk(uε(x, t))ϕ(x, t) dx dt −→
ε→0

✂ T

0

✂
R

(✂
R

N∑

k=1

Gk(x)fk(y) dνx,t (y)

)
ϕ(x, t) dx dt .

❯s✐♥❣ ✭✽✳✷✳✹✺✮✱ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥s ❡♥s✉r❡ t❤❛t ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ F ∈
C(R2) ✈❡r✐❢②✐♥❣ ✭✽✳✵✳✸✮✱ t❤❡ s❡q✉❡♥❝❡ (x, t) 7→ F (x, uε(x, t)) ❝♦♥✈❡r❣❡s ✐♥ L∞−w∗ t♦ F ✇❤❡r❡
❢♦r ❛✳❡✳ (x, t) ∈ Ω✱

F (x, t) =

✂
R

F (x, y) dνx,t (y). ✭✽✳✷✳✹✻✮

◆♦✇ ✜① κ ∈ R✱ |κ| ≤ M ✳ ▲❡t ✉s ❛♣♣❧② t❤❡ ❞✐✈❡r❣❡♥❝❡✲❝✉r❧ ❧❡♠♠❛✱ s❡❡ ❬✽✵✱ ❚❤❡♦r❡♠ ✺✳✷✳✶❪
✇✐t❤ η1(u) = u✱ Φ1(x, u) = H(x, u) ❛♥❞

η2(u) = |u− κ|; Φ2(x, u) = sgn(u− κ)(H(x, u)−H(x, κ)).
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❯s✐♥❣ ✭✽✳✷✳✹✻✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛✳❡✳ (x, t) ∈ Ω✱
✂
R

yΦ2(x, y) dνx,t (y)−
✂
R

|y − κ|H(x, y) dνx,t (y)

= u(x, t)

✂
R

✂
R

Φ2(x, y) dνx,t (y)−H(x, t)

✂
R

✂
R

|y − κ| dνx,t (y).

❙♣❡❝✐❛❧✐③✐♥❣ ✇✐t❤ κ = u(x, t)✱ ✇❡ ❣❡t

(
H(x, t)−H(x, u(x, t))

) ✂
R

|y − u(x, t)| dνx,t (y) = 0.

❚❤✐s ❡q✉❛❧✐t② ✐♠♣❧✐❡s t❤❛t ❡✐t❤❡r H(x, t) = H(x, u(x, t)) ♦r νx,t = δu(x,t)❀ ✐♥ ❛♥② ❝❛s❡✱ ✇❡
♣r♦✈❡❞ t❤❛t ❢♦r ❛✳❡✳ (x, t) ∈ Ω✱ H(x, t) = H(x, u(x, t))✳
❙t❡♣ ✹✳ ❙tr♦♥❣ ❝♦♥✈❡r❣❡♥❝❡✳ ▲❡t ✉s ❝♦♥❝❧✉❞❡✳ ❋♦r ❛✳❡✳ (x, t) ∈ Ω✱ ✇❡ ❤❛✈❡✱ ✉s✐♥❣ ❏❡♥s❡♥
✐♥❡q✉❛❧✐t②✱

H (x, u(x, t)) = H

(
x,

✂
R

y dνx,t (y)

)

≤
✂
R

H (x, y) dνx,t (y) = H(x, t) = H (x, u(x, t)) .

❙✐♥❝❡ ❢♦r ❛❧❧ x ∈ R✱ H(x, ·) ✐s str✐❝t❧② ❝♦♥✈❡①✱ t❤❡ ❢✉♥❝t✐♦♥ y 7→ y ✐s ❝♦♥st❛♥t νx,t✲❛✳❡✳ ❛♥❞
❝♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛✳❡✳ (x, t) ∈ Ω✱ νx,t = δα(x,t) ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ α : Ω → R✳ ❋✐♥❛❧❧②✱ ❢♦r ❛❧❧
ε > 0✱ ❛♥❞ ❢♦r ❛❧❧ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡ts U ⊂ Ω✱

‖uε‖2L2(U) =

✂ T

0

✂
R

u2ε1U dx dt

−→
ε→0

✂ T

0

✂
R

(✂
R

y2 dνx,t (y)

)
1U dx dt

=

✂ T

0

✂
R

α(x, t)21U dx dt = ‖u‖2L2(U),

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t uε → u ✐♥ L2
loc(Ω)✱ s❡❡ ❬✽✵✱ ❚❤❡♦r❡♠ ✶✳✶✳✶❪✳ ❆ st❛♥❞❛r❞ ❞✐❛❣♦♥❛❧ ♣r♦❝❡ss

②✐❡❧❞s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (uε)ε t❤❛t ❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ Ω t♦ u✳

✭✐✐✐✮ ❲✐t❤ t❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (uε)ε✱ t❤❡ ❢❛❝t t❤❛t u ✐s ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✶✮ ✐s
st❛♥❞❛r❞✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✶✹❪✳ �

❘❡♠❛r❦ t❤❛t ❚❤❡♦r❡♠s ✽✳✷✳✸✲✽✳✷✳✶✻ ♣r♦✈✐❞❡ ❛ ✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧t ❢♦r ✭✽✳✵✳✶✮✳

❚❤❡♦r❡♠ ✽✳✷✳✶✼✳ ❙✉♣♣♦s❡ t❤❛t H ∈ C2(R2) ✈❡r✐✜❡s ✭✽✳✵✳✸✮✲✭✽✳✶✳✷✮✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥✐t✐❛❧
❞❛t❛ u0 ∈ W1,∞(R)✱ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✽✳✵✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❡♥tr♦♣② s♦❧✉t✐♦♥✳

✽✳✷✳✸ ❈♦rr❡s♣♦♥❞❡♥❝❡

❚❤❡♦r❡♠ ✽✳✷✳✶✽✳ ❋✐① u0 ∈ W1,∞(R) ❛♥❞ s✉♣♣♦s❡ t❤❛t H ∈ C2(R2) s❛t✐s✜❡s ✭✽✳✵✳✸✮✲✭✽✳✶✳✷✮✳
❚❤❡♥✿
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✭✐✮ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✽✳✵✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ u0✱ ❞❡♥♦t❡❞
❜② u❀

✭✐✐✮ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✭✽✳✵✳✷✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛

U0(x) =

✂ x

0

u0(y) dy✱ ❞❡♥♦t❡❞ ❜② U ❀

✭✐✐✐✮ ∂xU = u ✐♥ L∞(Ω)✳

Pr♦♦❢✳ P♦✐♥ts ✭✐✮✲✭✐✐✮ ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠s ✽✳✷✳✶✼✲✽✳✷✳✶✺✳
✭✐✐✐✮ ▲❡t (Uε)ε ❜❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s t♦ ✭✽✳✷✳✷✶✮ ❝♦♥str✉❝t❡❞ ✐♥ ❈♦r♦❧❧❛r② ✽✳✷✳✶✸✱
✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ Ω t♦ U ✭s❡❡ ❚❤❡♦r❡♠ ✽✳✷✳✶✹✮✳ ▲✐❦❡✇✐s❡✱
❧❡t (uε)ε t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s t♦ ✭✽✳✷✳✷✵✮ ❝♦♥str✉❝t❡❞ ✐♥ ❚❤❡♦r❡♠ ✽✳✷✳✶✷✱ ✇❤✐❝❤
❝♦♥✈❡r❣❡s ❛✳❡✳ ♦♥ Ω t♦ t❤❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ u ∈ L∞(Ω) t♦ ✭✽✳✵✳✶✮✳ ◆♦t❡ t❤❛t ❢♦r ❛❧❧ ε ∈ (0, 1)✱
▲❡♠♠❛ ✽✳✷✳✻ ❡♥s✉r❡s t❤❛t ✇❡ ❤❛✈❡ ∂xUε = uε✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ∂xU = u✳ ❋✐① φ ∈ C∞

c (Ω)✳
❚❤❡♥ ✇❡ ❤❛✈❡

✂ T

0

✂
R

(uφ) dx dt = lim
ε→0

✂ T

0

✂
R

(uεφ) dx dt

= lim
ε→0

✂ T

0

✂
R

(∂xUεφ) dx dt

= − lim
ε→0

✂ T

0

✂
R

(Uε∂xφ) dx dt

= −
✂ T

0

✂
R

(U∂xφ) dx dt =

✂ T

0

✂
R

(∂xUφ) dx dt ,

✇❤✐❝❤ ♣r♦✈❡s t❤❡ st❛t❡♠❡♥t✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (uε)ε t♦ u ✐♥ L∞(Ω)−w∗ ✇♦✉❧❞
❤❛✈❡ s✉✣❝❡ t♦ ♠❛❦❡ t❤❡ ♣r❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥s✳ �

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ❜② ❡①t❡♥❞✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ st❛t❡♠❡♥t ❢♦r ❧❡ss r❡❣✉❧❛r ✐♥✐t✐❛❧
❞❛t❛✳

❈♦r♦❧❧❛r② ✽✳✷✳✶✾✳ ❋✐① u0 ∈ L1(R) ∩ L∞(R) ❛♥❞ s✉♣♣♦s❡ t❤❛t H ∈ C2(R2) s❛t✐s✜❡s ✭✽✳✵✳✸✮✲
✭✽✳✶✳✷✮✳ ❚❤❡♥ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✽✳✷✳✶✽ ❤♦❧❞✳

Pr♦♦❢✳ ▲❡t (u(k)0 )k∈N ⊂ C∞
c (R) s✉❝❤ t❤❛t✿

u
(k)
0 −→

k→+∞
u0 ✐♥ L1(R); sup

k∈N
‖u(k)0 ‖L∞

︸ ︷︷ ︸
:=M

< +∞.

❉❡✜♥❡

∀k ∈ N, ∀x ∈ R, U
(k)
0 (x) =

✂ x

0

u
(k)
0 (y) dy .

❘❡♠❛r❦ t❤❛t ❢♦r ❛❧❧ k ∈ N✱ u(k)0 ∈ W1,∞(R) ❛♥❞ t❤❡r❡❢♦r❡✱ U (k)
0 ∈ C1(R) ❛♥❞ (U

(k)
0 )′ ∈

W1,∞(R)✳ ❯s✐♥❣ ❚❤❡♦r❡♠ ✽✳✷✳✶✼ ❛♥❞ ❚❤❡♦r❡♠ ✽✳✷✳✶✺✱ ❢♦r ❛❧❧ k ∈ N✱ ✇❡ ❞❡♥♦t❡ ❜② uk ✭r❡s♣✳
Uk✮ t❤❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✶✮ ✭r❡s♣✳ t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✷✮✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛
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u
(k)
0 ✭r❡s♣✳ U (k)

0 ✮✳ ◆♦t❡ t❤❛t ❚❤❡♦r❡♠ ✽✳✷✳✶✽ ❡♥s✉r❡s t❤❛t ❢♦r ❛❧❧ k ∈ N✱ ∂xUk = uk ✐♥ L∞(Ω)✳
❲❡ ✇✐❧❧ ✉s❡ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞ ♦❜t❛✐♥❡❞ ❢r♦♠ ❚❤❡♦r❡♠ ✽✳✷✳✷✳ ❋♦r ❛❧❧ k ∈ N✱ ✇❡ ❤❛✈❡✿

‖∂xUk‖L∞ = ‖uk‖L∞ ≤ sup
y∈R

|p|≤‖u
(k)
0 ‖L∞

H(y, p) + sup
y∈R
|v|≤1

L(y, v) ≤ sup
y∈R
|p|≤M

H(y, p) + sup
y∈R
|v|≤1

L(y, v).

✭✽✳✷✳✹✼✮
✭✐✮ ❋r♦♠ t❤❡ st❛❜✐❧✐t② r❡s✉❧t ✭s❡❡ ❚❤❡♦r❡♠ ✽✳✷✳✸ ✇✐t❤ R → +∞✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

∀p, q ∈ N, sup
t∈[0,T ]

‖up(·, t)− uq(·, t)‖L1 ≤ ‖u(p)0 − u
(q)
0 ‖L1 .

❚❤✐s ❡st✐♠❛t❡ ②✐❡❧❞s t❤❡ ❡①✐st❡♥❝❡ ♦❢ u ∈ L∞((0, T );L1(R)) s✉❝❤ t❤❛t (uk)k ❝♦♥✈❡r❣❡s t♦
u ✐♥ L∞((0, T );L1(R))✳ ❯♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡
❝♦♥✈❡r❣❡♥❝❡ ✐s ❛✳❡✳ ♦♥ Ω✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ ✭✽✳✷✳✹✼✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u ✐s ❛♥ ❡♥tr♦♣② s♦❧✉t✐♦♥
t♦ ✭✽✳✵✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ u0✳ ❙✐♥❝❡ u0 ∈ L∞(R)✱ u ✐s t❤❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ t❤✐s ❈❛✉❝❤②
♣r♦❜❧❡♠✳

✭✐✐✮ ❋r♦♠ t❤❡ ❡q✉❛❧✐t②✱ ❧✐❝✐t ❢♦r ❛✳❡✳ x ∈ R✱

∀t, τ ∈ [0, T ] (τ < t), Uk(x, t)− Uk(x, τ) =

✂ t

τ

H(x, ∂xUk(x, s)) ds

❛♥❞ t❤❡ ❜♦✉♥❞ ✭✽✳✷✳✹✼✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (Uk)k ✐s ❜♦✉♥❞❡❞ ✐♥ W
1,∞
loc (Ω)✳ ❚❤❡ ❝♦♠♣❛❝t ❡♠❜❡❞✲

❞✐♥❣ ♦❢ W1,∞(U) ✐♥ C(U) ✭U ⊂ Ω ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡t✱ s❡❡ ❬✸✻✱ ❚❤❡♦r❡♠ ✾✳✶✻❪✮ ❝♦♠❜✐♥❡❞
✇✐t❤ ❛ st❛♥❞❛r❞ ❞✐❛❣♦♥❛❧ ♣r♦❝❡ss ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❜s❡q✉❡♥❝❡ ♦❢ (Uk)k ✇❤✐❝❤ ❝♦♥✲
✈❡r❣❡s ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ Ω t♦ s♦♠❡ U ∈ Lip(Ω)✳ U ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦
✭✽✳✵✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U0✱ s❡❡ ❬✷✽✱ ❈❤❛♣t❡r ✷❪ ♦r ❬✽✶✱ ❈❤❛♣t❡r ✶✵❪✳

✭✐✐✐✮ ❲✐t❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡s ♦❜t❛✐♥❡❞ ❛❜♦✈❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ∂xU = u ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉✲
♠❡♥t ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✷✳✶✽✳ �

❘❡♠❛r❦ ✽✳✷✳✹✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❈♦r♦❧❧❛r② ✽✳✷✳✶✾ ❢♦r ♠❡r❡❧② ❜♦✉♥❞❡❞ ✐♥✐t✐❛❧ ❞❛t❛ u0 ∈
L∞(R) ❢♦❧❧♦✇s ❜② ❛ st❛♥❞❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❜② L1 ❢✉♥❝t✐♦♥s ✉s✐♥❣ t❤❡ ✜♥✐t❡ s♣❡❡❞ ♦❢ ♣r♦♣❛✲
❣❛t✐♦♥ ♦❢ ✭✽✳✵✳✶✮✱ ❤✐❣❤❧✐❣❤t❡❞ ❜② ❡st✐♠❛t❡ ✭✽✳✷✳✸✮✳

✽✳✸ ❈❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s

❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥
✭✽✳✵✳✷✮✳ ❋♦r ❛❧❧ t ≥ 0✱ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

Jt : W1,1((0, t)) −→ R

y 7−→
✂ t

0

L(y(s), ẏ(s)) ds+ U0(y(0)),

✇❤❡r❡ U0 ∈ Lip(R)✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♠✐♥✐♠✐③✐♥❣ Jt ❛♥❞ ♠❛❦❡ t❤❡
❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✭✽✳✵✳✷✮✳ ▲❡t ✉s ❛❧s♦ ♠❡♥t✐♦♥ t❤❛t ❡✈❡♥ t❤♦✉❣❤
✇❡ ❛r❡ ♥♦t ♣r❡❝✐s❡❧② ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ❝♦✈❡r❡❞ ❜② t❤❡ ❛✉t❤♦rs ♦❢ ❬✹✻✱ ❈❤❛♣t❡r ✺❪✱ ❬✽✶✱ ❈❤❛♣t❡r
✸❪ ♦r ❬✺✸✱ P❛rt ■■■❪✱ s♦♠❡ ✐❞❡❛s ❛♥❞ t❡❝❤♥✐q✉❡s ✇❡ ✉s❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s ❛r❡ r❡♠✐♥✐s❝❡♥t ♦❢
t❤❡ ♦♥❡s ♦❢ t❤❡s❡ ❛✉t❤♦rs✳
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✽✳✸✳✶ ❊①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✉♠ ❛r❝

■♥ ❧✐❣❤t ♦❢ ❘❡♠❛r❦ ✽✳✶✳✶✱ L ✐s ❜♦✉♥❞❡❞ ❜② ❜❡❧♦✇✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ❛♥❞ ♦♥❧② ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡
✇✐❧❧ ❛ss✉♠❡ t❤❛t L ≥ 0✱ ♦♥❧② ❢♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✳ ❚❤✐s s✐♠♣❧② r❡❞✉❝❡s t♦ tr❛♥s❧❛t❡ U0 ♦❢ ❛
❝♦♥st❛♥t✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❛❧t❡r ✐ts ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t②✳

❲❡ st❛rt t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛ r❡s✉❧t ♦♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ Jt ✭t > 0✮ ✇❤✐❝❤ r❡s❡♠❜❧❡s ❧♦✇❡r
s❡♠✐❝♦♥t✐♥✉✐t②✳ ❘❡❝❛❧❧ t❤❛t ❢✉♥❝t✐♦♥s ♦❢ W1,1((0, t)) ✭t > 0✮ ❛r❡ ❝❛❧❧❡❞ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s✱
s❡❡ ❬✸✻✱ ❘❡♠❛r❦s ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✸❪✳

▲❡♠♠❛ ✽✳✸✳✶✳ ❋✐① t > 0 ❛♥❞ U0 ∈ Lip(R)✳ ▲❡t (yn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ W1,1((0, t)) ❛♥❞
y ∈ W1,1((0, t)) s✉❝❤ t❤❛t

yn −→
n→+∞

y ✉♥✐❢♦r♠❧② ♦♥ [0, t] ❛♥❞ ẏn −→
n→+∞

ẏ ✇❡❛❦❧② ✐♥ L1((0, t)).

❚❤❡♥
lim inf
n→+∞

Jt(yn) ≥ Jt(y).

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥✈❡①✐t② ♦❢ L ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜❧❡✳ ❋♦r
❛❧❧ k ∈ N✱ ✐♥tr♦❞✉❝❡ t❤❡ s✉❜s❡t

Ek = {s ∈ (0, t) : |ẏ(s)| ≤ k}.
❚❤❡ ✐❞❡❛ ✐s t♦ ✜rst ✇♦r❦ ♦♥ t❤❡ (Ek)k s✉❜s❡ts ❛♥❞ t❤❡♥ t❛❦❡ t❤❡ ❧✐♠✐t ❛s k → +∞✳ ❋♦r ❛❧❧
k, n ∈ N✱ ✇❡ ❤❛✈❡

Jt(yn) =

✂ t

0

L(yn(s), ẏn(s)) ds+ U0(yn(0))

≥
✂
Ek

L(yn(s), ẏn(s)) ds+ U0(yn(0))

≥
✂
Ek

L(yn(s), ẏ(s)) ds+

✂
Ek

(ẏn(s)− ẏ(s))
∂L

∂v
(yn(s), ẏ(s)) ds+ U0(yn(0)),

✭✽✳✸✳✶✮

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❝♦♥✈❡①✐t② ♦❢ L ✇✐t❤ r❡s♣❡❝t t♦ v✳ ❋✐① k ∈ N✳ ❋♦r
❛❧❧ s ∈ Ek ✇❡ ❤❛✈❡ L(yn(s), ẏ(s)) −→

n→+∞
L(y(s), ẏ(s)) ❛♥❞ t❤❡ ❜♦✉♥❞✿

∀n ∈ N, |L(yn(s), ẏ(s))| ≤ sup
x∈R

|v|≤k

|L(x, v)| ∈ L1(Ek).

❇② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✱✂
Ek

L(yn(s), ẏ(s)) ds −→
n→+∞

✂
Ek

L(y(s), ẏ(s)) ds .

❚❤❡♥✱ ❢♦r ❛❧❧ n ∈ N✱✂
Ek

(ẏn(s)− ẏ(s))
∂L

∂v
(yn(s), ẏ(s)) ds

=

✂
Ek

(ẏn(s)− ẏ(s))
∂L

∂v
(y(s), ẏ(s)) ds+

✂
Ek

(ẏn(s)− ẏ(s))

(
∂L

∂v
(yn(s), ẏ(s))−

∂L

∂v
(y(s), ẏ(s))

)
ds .
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❆s n → +∞✱ ❜♦t❤ t❡r♠s ♦❢ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥ ❝♦♥✈❡r❣❡ t♦ 0✳ ❚❤❡ ✜rst ♦♥❡ ❞♦❡s ❜❡❝❛✉s❡

(ẏn)n ❝♦♥✈❡r❣❡s t♦ ẏ ✇❡❛❦❧② ✐♥ L1((0, t)) ❛♥❞ s 7→ ∂L

∂v
(y(s), ẏ(s)) ∈ L∞(Ek)✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡

❞♦❡s ❜❡❝❛✉s❡ ♦❢ t❤❡ ❜♦✉♥❞✿

∀n ∈ N,

∣∣∣∣
✂
Ek

(ẏn(s)− ẏ(s))

(
∂L

∂v
(yn(s), ẏ(s))−

∂L

∂v
(y(s), ẏ(s))

)
ds

∣∣∣∣

≤ ‖yn − y‖L∞(Ek)

(
sup
n∈N

‖ẏn‖L1(Ek) + ‖ẏ‖L1(Ek)

)
sup
x∈R

|v|≤k

∣∣∣∣
∂2L

∂x∂v
(x, v)

∣∣∣∣

−→
n→+∞

0.

❘❡❝❛❧❧ t❤❛t s✐♥❝❡ (ẏn)n ❝♦♥✈❡r❣❡s ✇❡❛❦❧② ✐♥ L1((0, t))✱ sup
n∈N

‖ẏn‖L1((0,t)) < +∞✱ s❡❡ ❬✽✵✱ ❚❤❡♦✲

r❡♠ ✶✳✶✳✶❪✳ ❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ✐♥ ✭✽✳✸✳✶✮ ✇❤❡♥ n→ +∞ ②✐❡❧❞s ✭r❡♠❡♠❜❡r t❤❛t U0 ✐s ❝♦♥t✐♥✉♦✉s✮✿

∀k ∈ N, lim inf
n→+∞

Jt(yn) ≥
✂ t

0

L(y(s), ẏ(s))1Ek
(s)︸ ︷︷ ︸

gk(s)

ds+ U0(y(0)). ✭✽✳✸✳✷✮

❚❤❡ s❡q✉❡♥❝❡ (gk)k ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♠❡❛s✉r❛❜❧❡✱ ♥♦♥❞❡❝r❡❛s✐♥❣✱ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s✳ ❙✐♥❝❡
ẏ ∈ L1((0, t))✱ ✐t ✐s ✜♥✐t❡ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ (0, t) ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t (gk)k ❝♦♥✈❡r❣❡s t♦
s 7→ L(y(s), ẏ(s)) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ (0, t). ❇② ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡✱

✂ t

0

L(y(s), ẏ(s))1Ek
(s) ds −→

k→+∞

✂ t

0

L(y(s), ẏ(s)) ds .

❲❡ ♦❜t❛✐♥ t❤❡ ❛♥♥♦✉♥❝❡❞ r❡s✉❧t ❜② t❛❦✐♥❣ t❤❡ ❧✐♠✐t ✐♥ ✭✽✳✸✳✷✮ ✇❤❡♥ k → +∞✳ �

❚❤❡♦r❡♠ ✽✳✸✳✷ ✭❊①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r✮✳ ❋✐① t > 0✱ x ∈ R ❛♥❞ U0 ∈ Lip(R)✳ ❚❤❡♥ t❤❡
❢✉♥❝t✐♦♥❛❧ Jt ❛❞♠✐ts ❛ ♠✐♥✐♠✐③❡r ✐♥ t❤❡ s✉❜s❡t Ax,t :=

{
y ∈ W1,1((0, t)) | y(t) = x

}
✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♠♦st❧② ❝♦♥s✐sts ✐♥ ♣r♦✈✐♥❣ s✉✣❝✐❡♥t ❝♦♠♣❛❝t♥❡ss ❢♦r ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡
❛♥❞ t❤❡♥ ✐♥✈♦❦❡ ▲❡♠♠❛ ✽✳✸✳✶✳
❚❤❡r❡ ❡①✐st ❛r❝s y ∈ Ax,t ❢♦r ✇❤✐❝❤ Jt(y) ✐s ✜♥✐t❡✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝♦♥st❛♥t ❛r❝✿

Jt(y ≡ x) = tL(x, 0) + U0(x) ✭✜♥✐t❡✮✳

❆❝❝♦r❞✐♥❣❧②✱ Jt ❛❞♠✐ts ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (yn)n ✐♥ Ax,t✿

lim
n→+∞

Jt(yn) = inf
Ax,t

Jt ≤ tL(x, 0) + U0(x) < +∞.

❈♦♠♣❛❝t♥❡ss ❢♦r (yn)n ✇✐t❤ ❆r③❡❧à✲❆s❝♦❧✐ t❤❡♦r❡♠✳ ▲❡t R > 0 s✉❝❤ t❤❛t

∀r ∈ R
+, r ≥ R =⇒ φ(r)

r
≥ 1 + ‖U ′

0‖L∞ ,
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r❡❝❛❧❧ t❤❛t φ ∈ C(R+) ✐s ❣✐✈❡♥ ❜② t❤❡ ◆❛❣✉♠♦ ❣r♦✇t❤ ♦❢ L✱ s❡❡ ❈♦r♦❧❧❛r② ✽✳✶✳✹✳ ❈♦♥s❡q✉❡♥t❧②✱
❢♦r ❛❧❧ n ∈ N✱ ✇❡ ❤❛✈❡✿

‖ẏn‖L1 =

✂
(0,t)∩{|ẏn|<R}

|ẏn(s)| ds+
✂
(0,t)∩{|ẏn|≥R}

|ẏn(s)| ds

≤ Rt+
1

1 + ‖U ′
0‖L∞

✂
(0,t)∩{|ẏn|≥R}

φ(|ẏn(s)|) ds

≤ Rt+
1

1 + ‖U ′
0‖L∞

✂
(0,t)∩{|ẏn|≥R}

L(yn(s), ẏn(s)) ds

≤ Rt+
1

1 + ‖U ′
0‖L∞

✂ t

0

L(yn(s), ẏn(s)) ds

= Rt+
1

1 + ‖U ′
0‖L∞

(Jt(yn)− U0(yn(0)))

≤ Rt+
1

1 + ‖U ′
0‖L∞

(Jt(yn)− U0(x) + ‖U ′
0‖L∞‖ẏn‖L1) ,

✇❤✐❝❤ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

∀n ∈ N,

(
1− ‖U ′

0‖L∞

1 + ‖U ′
0‖L∞

)
‖ẏn‖L1 ≤ Rt+

1

1 + ‖U ′
0‖L∞

(Jt(yn)− U0(x)) .

❚❤❡ s❡q✉❡♥❝❡ (ẏn)n ✐s ❜♦✉♥❞❡❞ ✐♥ L1((0, t)) ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ (yn)n ✐s ❜♦✉♥❞❡❞
✐♥ C([0, t])✿

∀n ∈ N, ∀s ∈ [0, t], |yn(s)| ≤ |x|+
✂ t

s

|ẏn(τ)| dτ ≤ |x|+ sup
n∈N

‖ẏn‖L1 .

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (yn)n ✐s ❡q✉✐✲❝♦♥t✐♥✉♦✉s✳
❋✐rst r❡♠❛r❦ t❤❛t

∀n ∈ N,

✂ t

0

φ(|ẏn(s)|) ds ≤
✂ t

0

L(yn(s), ẏn(s)) ds ≤ Jt(yn)− U0(x) + ‖U ′
0‖L∞‖ẏn‖L1

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t M := sup
n∈N

✂ t

0

φ(|ẏn(s)|) ds < +∞✳

❋✐① ε > 0 ❛♥❞ s ∈ [0, t]✳ ▲❡t R′ > 0 s✉❝❤ t❤❛t

∀r ∈ R
+, r ≥ R′ =⇒ φ(r)

r
≥ 2M

ε
.
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❙✉♣♣♦s❡ t❤❛t τ ∈ [0, t] ✐s s✉❝❤ t❤❛t |τ − s| ≤ ε

2R′
✳ ❚❤❡♥ ✇❡ ❤❛✈❡

∀n ∈ N, |yn(τ)− yn(s)| ≤
✂
(τ,s)∩{|ẏn|≥R′}

|ẏn(σ)| dσ +

✂
(τ,s)∩{|ẏn|<R′}

|ẏn(σ)| dσ

≤ ε

2M

✂
(τ,s)∩{|ẏn|≥R′}

φ(|ẏn(σ)|) dσ +R′|τ − s|

≤ ε

2M

✂
(τ,s)∩{|ẏn|≥R′}

φ(|ẏn(σ)|) dσ +
ε

2

≤ ε

2M

✂ t

0

φ(|ẏn(σ)|) dσ +
ε

2
≤ ε.

❆r③❡❧à✲❆s❝♦❧✐ t❤❡♦r❡♠ ✭s❡❡ ❬✸✻✱ ❚❤❡♦r❡♠ ✹✳✷✺❪✮ ❡♥s✉r❡s t❤❛t t❤❡r❡ ❡①✐st y ∈ C([0, t]) ❛♥❞
❛ s✉❜s❡q✉❡♥❝❡ (nk)k s✉❝❤ t❤❛t (ynk

)k ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② t♦ y ♦♥ [0, t]✳ ■♥ ♣❛rt✐❝✉❧❛r✱
y(t) = lim

k→+∞
ynk

(t) = x✳

❈♦♠♣❛❝t♥❡ss ❢♦r (ẏn)n ✇✐t❤ ❉✉♥❢♦r❞✲P❡tt✐s t❤❡♦r❡♠✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ s❡✲
q✉❡♥❝❡ (ẏnk

)k ✐s ❡q✉✐✲✐♥t❡❣r❛❜❧❡✳

▲❡t A ⊂ (0, t) ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ s❡t ✈❡r✐❢②✐♥❣ ♠❡s(A) ≤ ε

2R′
✱ t❤❡♥ ✇❡ ❤❛✈❡✿

∀k ∈ N,

✂
A

|ẏnk
(s)| ds =

✂
A∩{|ẏnk

|<R′}

|ẏnk
(s)| ds+

✂
A∩{|ẏnk

|>R′}

|ẏnk
(s)| ds

≤ ε

2
+

ε

2M

✂
A∩{|ẏnk

|>R′}

φ(|ẏnk
(s)|) ds ≤ ε.

❯s✐♥❣ t❤✐s ❡q✉✐✲✐♥t❡❣r❛❜✐❧✐t②✱ t❤❡ ❉✉♥❢♦r❞✲P❡tt✐s t❤❡♦r❡♠ ✭s❡❡ ❬✸✻✱ ❚❤❡♦r❡♠ ✹✳✸✵❪✮ ❡♥s✉r❡s
t❤❛t t❤❡r❡ ❡①✐st ❛ ❢✉rt❤❡r s✉❜s❡q✉❡♥❝❡ ✭✇❤✐❝❤ ✇❡ ❞♦ ♥♦t r❡❧❛❜❡❧✮ ❛♥❞ z ∈ L1((0, t)) s✉❝❤ t❤❛t
(ẏnk

)k ❝♦♥✈❡r❣❡s t♦ z ✇❡❛❦❧② ✐♥ L1((0, t))✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡s✱ ✇❡ ❤❛✈❡

∀k ∈ N, ∀ϕ ∈ C∞
c ((0, t)),

✂ t

0

ynk
(s)ϕ̇(s) ds = −

✂ t

0

ẏnk
(s)ϕ(s) ds .

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s k → +∞ ✐♥ t❤❡ ❡q✉❛❧✐t② ❛❜♦✈❡✱ ✇❡ ❣❡t✿

∀ϕ ∈ C∞
c ((0, t)),

✂ t

0

y(s)ϕ̇(s) ds = −
✂ t

0

z(s)ϕ(s) ds .

❙✐♥❝❡ z ∈ L1((0, t))✱ t❤✐s ❧❛st ❡q✉❛❧✐t② ❡♥s✉r❡s t❤❛t y ∈ W1,1((0, t)) ❛♥❞ t❤❛t ẏ = z✱ ❤❡♥❝❡
y ∈ Ax,t✳

❈♦♥❝❧✉s✐♦♥✳ ▲❡♠♠❛ ✽✳✸✳✶ ❡♥s✉r❡s t❤❛t

inf
Ax,t

Jt = lim
k→+∞

Jt(ynk
) ≥ Jt(y) ≥ inf

Ax,t

Jt,

✇❤✐❝❤ ♣r♦✈❡s t❤❛t y ✐s ❛ ♠✐♥✐♠✐③❡r ♦❢ Jt✳ �
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✽✳✸✳✷ ❘❡❣✉❧❛r✐t② ♦❢ ♠✐♥✐♠✐③❡rs

❲❡ ♥♦✇ ❞✐s❝✉ss t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♠✐♥✐♠✐③❡rs ♦❢ Jt✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳

▲❡♠♠❛ ✽✳✸✳✸✳ ▲❡t f ∈ C2(R) ❜❡ ❛ str♦♥❣❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥✳ ❚❤❡♥ ❢♦r ❛❧❧ ξ ∈ R✱ t❤❡
❛♣♣❧✐❝❛t✐♦♥

g : [0,+∞) −→ R

x 7−→ (1 + x)f

(
ξ

1 + x

)

✐s ❝♦♥✈❡①✳ ▼♦r❡♦✈❡r✱

∀x ∈ R
+, (1 + x)f

(
ξ

1 + x

)
− f(ξ) ≤ −xf ∗

(
f ′

(
ξ

1 + x

))
.

Pr♦♦❢✳ ❙✐♥❝❡ g ∈ C2(R)✱ t❤❡ ❝♦♥✈❡①✐t② ♦❢ g ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥✿

∀x ∈ R
+, g′′(x) =

ξ2

(1 + x)3
f ′′

(
ξ

1 + x

)
≥ 0.

❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❝♦♥✈❡①✐t② ♦❢ g ❛♥❞ ❝❧❛ss✐❝❛❧ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ♣r♦♣❡rt✐❡s✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❛t
❢♦r ❛❧❧ x > 0✱

g(x)− g(0)

x
≤ g′(x) = f

(
ξ

1 + x

)
−
(

ξ

1 + x

)
f ′

(
ξ

1 + x

)
= −f ∗

(
f ′

(
ξ

1 + x

))
.

�

▲❡♠♠❛ ✽✳✸✳✹✳ ❲❡ ❤❛✈❡

∀x ∈ R, ∀v ∈ R
∗, H

(
x,
∂L

∂v
(x, v)

)
≥ φ(|v|)

|v| −
(
sup
y∈R
|w|≤1

L(y, w)

)
·
(
1 +

1

|v|

)
, ✭✽✳✸✳✸✮

❈♦♥s❡q✉❡♥t❧②✱ H

(
x,
∂L

∂v
(x, v)

)
−→

|v|→+∞
+∞✱ ✉♥✐❢♦r♠❧② ✐♥ x✳

Pr♦♦❢✳ ❋✐① v > 0✳ ❯s✐♥❣ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ H ❛♥❞ L✿

H

(
x,
∂L

∂v
(x, v)

)
= sup

p∈R

(
p
∂L

∂v
(x, v)− L(x, p)

)

✇✐t❤ p = 1✱ ✇❡ ♦❜t❛✐♥✿

H

(
x,
∂L

∂v
(x, v)

)
= sup

p∈R

(
p
∂L

∂v
(x, v)− L(x, p)

)
≥ ∂L

∂v
(x, v)−L(x, 1) ≥ ∂L

∂v
(x, v)−

(
sup
y∈R
|w|≤1

L(y, w)

)
.

❇② ❝♦♥✈❡①✐t②✱

∂L

∂v
(x, v) ≥ L(x, v)− L(x, 0)

v
≥ φ(|v|)

|v| − 1

|v|

(
sup
y∈R
|w|≤1

L(y, w)

)
,

✇❤✐❝❤ ❧❡❛❞s t♦ ✭✽✳✸✳✸✮✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ ✐♥ t❤❡ ❝❛s❡ v < 0✳ ❚❤❡
♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳ �
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❲❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✽✳✸✳✺ ✭❘❡❣✉❧❛r✐t② ♦❢ ♠✐♥✐♠✐③❡rs✮✳ ❋✐① t > 0✱ x ∈ R ❛♥❞ U0 ∈ Lip(R)✳ ▲❡t
y ∈ Ax,t ❜❡ ❛ ♠✐♥✐♠✐③❡r ♦❢ Jt✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ▲✐♣s❝❤✐t③ ❜✐❥❡❝t✐♦♥ Λ ∈ Lip((0, t)) ✇✐t❤
Λ−1 ∈ Lip((0, t)) s✉❝❤ t❤❛t γ := y ◦ Λ−1 ∈ Ax,t ✐s ❛ ▲✐♣s❝❤✐t③ ♠✐♥✐♠✐③❡r ♦❢ Jt ✐♥ Ax,t✳

Pr♦♦❢✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Λ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳
✖ ❖♥ t❤❡ s✉❜s❡ts ♦♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♥tr♦❧ |ẏ| ✭E ❛♥❞ O ❜❡❧♦✇✮✱ ✇❡ ♠❛❦❡ γ ◦ Λ tr❛✈❡❧

❢❛st❡r ✭t❤r❡❡ t✐♠❡s ❢❛st❡r t♦ ❜❡ ♣r❡❝✐s❡✮✱ ❜✉t ✇❡ ❤❛✈❡ t♦ ♣❛② ❛ ❝♦st✱ s❡❡ ✭✽✳✸✳✺✮✳
✖ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ✇❡ ❝❛♥♥♦t ❝♦♥tr♦❧ |ẏ| ✭s✉❜s❡t UN ❜❡❧♦✇✮✱ t❤❡♥ ✇❡ ♠❛❦❡ γ ◦ Λ

tr❛✈❡❧ s❧♦✇❡r ❛♥❞ ❛❞❥✉st t❤❡ ❝♦st ✭s❡❡ ✭✽✳✸✳✻✮✮ s♦ t❤❛t γ ✐s st✐❧❧ ❛ ♠✐♥✐♠✐③❡r ♦❢ Jt ✭❙t❡♣
3 ❜❡❧♦✇✮✳

❙t❡♣ ✶✿ ❙❡tt✐♥❣✳ ❙❡t m := ‖y‖L∞ ❛♥❞ M := ‖ẏ‖L1 ✳ ■♥tr♦❞✉❝❡ t❤❡ s✉❜s❡t

E :=

{
s ∈ (0, t) : |ẏ(s)| ≤ 4M

3t

}
.

◆♦t❡ t❤❛t ▼❛r❦♦✈ ✐♥❡q✉❛❧✐t② ❡♥s✉r❡s t❤❛t

♠❡s(E) ≥ t

4
. ✭✽✳✸✳✹✮

❙❡t

δ :=
1

3
sup
|y|≤m

|w|≤4M/t

|L(y, w)| − inf
|y|≤m

|w|≤4M/3t

L(y, w)

s♦ t❤❛t

∀s ∈ E,
1

3
L(y(s), 3ẏ(s))− L(y(s), ẏ(s)) ≤ δ. ✭✽✳✸✳✺✮

▲❡♠♠❛ ✽✳✸✳✹ ②✐❡❧❞s t❤❡ ❡①✐st❡♥❝❡ ♦❢ N1 ∈ N s✉❝❤ t❤❛t

∀x, v ∈ R,

(
|x| ≤ m ❛♥❞ |v| ≥ N1

)
=⇒ H

(
x,
∂L

∂v
(x, v)

)
≥ 3

2
δ.

◆♦✇ ❢♦r ❛❧❧ n ∈ N
∗✱ ✐♥tr♦❞✉❝❡ t❤❡ s✉❜s❡t

Un := {s ∈ (0, t) : |ẏ(s)| > n} .

❆❣❛✐♥✱ ▼❛r❦♦✈ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s✿

∀n ∈ N
∗, ♠❡s(Un) ≤

M

n
.

❲❡ ❛❧s♦ ❤❛✈❡

∀n ∈ N
∗,

✂
Un

( |ẏ(s)|
n

− 1

)
ds

︸ ︷︷ ︸
εn

≤ M

n
.
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❙❡t N = max

{⌊
4M

3t

⌋
+ 1, N1,

⌊
12M

t

⌋
+ 1

}
s♦ t❤❛t

E ∩ UN = ∅

∀x, v ∈ R,

(
|x| ≤ m ❛♥❞ |v| ≥ N

)
=⇒ H

(
x,
∂L

∂v
(x, v)

)
≥ 3

2
δ

0 ≤ εN ≤ t

12
.

✭✽✳✸✳✻✮

❙t❡♣ ✷✿ ❈♦♥str✉❝t✐♦♥ ♦❢ Λ✳ ▲❡tO ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ s✉❜s❡t ♦❢ E ✇❤✐❝❤ ❤❛s ❛ ▲❡❜❡s❣✉❡ ♠❡❛✲

s✉r❡ ❡q✉❛❧ t♦
3

2
εN ✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ s✐♥❝❡✱ ✐♥ ❧✐❣❤t ♦❢ ✭✽✳✸✳✹✮ ❛♥❞✭✽✳✸✳✻✮✱

3

2
εN ≤ t

8
≤ ♠❡s(E)✳

❘❡♠❛r❦ t❤❛t ✇✐t❤ ♦✉r ❝❤♦✐❝❡ ♦❢ N ✱ E ∩ UN = ∅ r❡s✉❧ts ✐♥ O ∩ UN = ∅✳ ❉❡✜♥❡

α : (0, t) −→ R

s 7−→





1

3
✐❢ s ∈ O

1 +

( |ẏ(s)|
N

− 1

)
✐❢ s ∈ UN

1 ♦t❤❡r✇✐s❡✳

❙✐♥❝❡ ✂ t

0

α(s) ds =
1

3
♠❡s(O) +♠❡s(UN) + εN + (t−♠❡s(O)−♠❡s(UN)) = t,

t❤❡ r❡❧❛t✐♦♥

Λ(s) =

✂ s

0

α(τ) dτ

❞❡✜♥❡s ❛♥ ✐♥❝r❡❛s✐♥❣✱ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❜✐❥❡❝t✐♦♥ ❢r♦♠ [0, t] ♦♥t♦ ✐ts❡❧❢✳ ❙✐♥❝❡ Λ′ ≥ 1
3
❛✳❡✳

♦♥ (0, t)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ p, q ∈ [0, t]✱ ✇r✐tt❡♥ p = Λ(P )✱ q = Λ(Q)✱ P,Q ∈ [0, t]✱ ✇❡
❤❛✈❡

|Λ(P )− Λ(Q)| ≥ 1

3
|P −Q| =⇒ |Λ−1(p)− Λ−1(q)| ≤ 3|p− q|,

✐✳❡✳ Λ−1 ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✇✐t❤ ‖(Λ−1)′‖L∞ ≤ 3✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ❜♦t❤ Λ ❛♥❞ Λ−1 ❛r❡
❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s✳

❙t❡♣ ✸✿ γ := y ◦ Λ−1 ✐s ❛ ♠✐♥✐♠✐③❡r ♦❢ Jt ♦♥ Ax,t✳ ❇② t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❢♦r♠✉❧❛
✭s❡❡ ❬✶✹✻✱ ❚❤❡♦r❡♠ ✸❪✮✱ ✇❡ ♦❜t❛✐♥

✂ t

0

L(γ(τ), γ̇(τ)) dτ =

✂ t

0

L

(
y(s),

ẏ(s)

α(s)

)
α(s) ds

=

✂
O

1

3
L (y(s), 3ẏ(s)) ds+

✂
UN

|ẏ(s)|
N

L

(
y(s), N

ẏ(s)

|ẏ(s)|

)
ds

+

✂
(0,t)\O∪UN

L(y(s), ẏ(s)) ds .
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❙✐♥❝❡ ✇❡ ❝❤♦s❡ O ⊂ E✱ ✇❡ ❤❛✈❡✱ ✉s✐♥❣ ✭✽✳✸✳✺✮✿

✂
O

(
1

3
L (y(s), 3ẏ(s))− L (y(s), ẏ(s))

)
ds ≤ δ ♠❡s(O) =

3

2
εNδ.

▼♦r❡♦✈❡r✱ ✉s✐♥❣ ▲❡♠♠❛ ✽✳✸✳✸ ✇✐t❤ f = L✱ ✇❡ ❣❡t t❤❛t ❢♦r ❛❧❧ s ∈ UN ✱

|ẏ(s)|
N

L

(
y(s), N

ẏ(s)

|ẏ(s)|

)
− L(y(s), ẏ(s)) ≤ −

( |ẏ(s)|
N

− 1

)
H

(
y(s),

∂L

∂v

(
y(s), N

ẏ(s)

|ẏ(s)|

))

≤ −3

2

( |ẏ(s)|
N

− 1

)
δ,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ✭✽✳✸✳✻✮✳ P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇❡ ❣❡t✿

Jt(γ) ≤ Jt(y) +
3

2
εNδ −

✂
UN

3

2

( |ẏ(s)|
N

− 1

)
δ ds = Jt(y).

❙t❡♣ ✹✿ γ ✐s ❛ ▲✐♣s❝❤✐t③ ❛r❝✳ ◆♦✇✱ ✉s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡ ❬✶✹✻✱ ❈♦r♦❧❧❛r② ✷❪✱ ✇❡ ♦❜t❛✐♥ ❢♦r
❛✳❡✳ s ∈ (0, t)✱

|γ̇ (Λ(s))| = |ẏ(s)|
α(s)

≤





4M

t
✐❢ s ∈ O

N ♦t❤❡r✇✐s❡✱

❤❡♥❝❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ γ̇ ✐s ❜♦✉♥❞❡❞ ❛t ❛❧♠♦st ❡✈❡r② ♣♦✐♥t Λ(s)✳ ❙✐♥❝❡ Λ : [0, t] → [0, t]
✐s ♦♥❡✲t♦✲♦♥❡✱ ❛❧♠♦st ❡✈❡r② ♣♦✐♥t ♦❢ [0, t] ✐s ♦❢ t❤✐s ❢♦r♠✳ �

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ▲✐♣s❝❤✐t③ ♠✐♥✐♠✐③❡rs ❛r❡ ❛❝t✉❛❧❧② ✐♥ W2,∞((0, t))✳ ❋✐rst ❧❡t ✉s r❡❝❛❧❧ t❤❡
❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ r❡s✉❧t✳

▲❡♠♠❛ ✽✳✸✳✻✳ ❋✐① t > 0✱ ϕ ∈ C∞((0, t)) ❛♥❞ y ∈ W1,∞((0, t))✳ ❉❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

F : (−1, 1) −→ R

η 7−→
✂ t

0

L(y(s) + ηϕ(s), ẏ(s) + ηϕ̇(s)) ds

❚❤❡♥ F ∈ C1((−1, 1)) ❛♥❞ ❢♦r ❛❧❧ η ∈ (−1, 1)✱

F ′(η) =

✂ t

0

(
ϕ(s)

∂L

∂x
(y(s) + ηϕ(s), ẏ(s) + ηϕ̇(s))

+ϕ̇(s)
∂L

∂v
(y(s) + ηϕ(s), ẏ(s) + ηϕ̇(s))

)
ds .

✭✽✳✸✳✼✮

Pr♦♦❢✳ ❉❡✜♥❡

∀η ∈ (−1, 1), ∀s ∈ (0, t), f(η, s) := L(y(s) + ηϕ(s), ẏ(s) + ηϕ̇(s)).
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❋♦r ❛❧❧ η ∈ (−1, 1)✱ f(η, ·) ∈ L1((0, t)) s✐♥❝❡ y ✐s ▲✐♣s❝❤✐t③❀ ❢♦r ❛✳❡✳ s ∈ (0, t)✱ f(·, s) ∈
C1((−1, 1)) ❛♥❞ ❢♦r ❛❧❧ η ∈ (−1, 1) ❛♥❞ ❢♦r ❛✳❡✳ s ∈ (0, t)✱ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞✿
∣∣∣∣
∂f

∂η
(η, s)

∣∣∣∣ =
∣∣∣∣ϕ(s)

∂L

∂x
(y(s) + ηϕ(s), ẏ(s) + ηϕ̇(s)) + ϕ̇(s)

∂L

∂v
(y(s) + ηϕ(s), ẏ(s) + ηϕ̇(s))

∣∣∣∣

≤ ‖ϕ‖L∞ sup
x∈R

|v|≤V

∣∣∣∣
∂L

∂x
(x, v)

∣∣∣∣+ ‖ϕ̇‖L∞ sup
x∈R

|v|≤V

∣∣∣∣
∂L

∂v
(x, v)

∣∣∣∣ , V := ‖ẏ‖L∞ + ‖ϕ̇‖L∞ ,

✇❤✐❝❤ ❡♥s✉r❡s t❤❛t F ∈ C1((−1, 1)) ❛♥❞ t❤❛t F ′ ✐s ❣✐✈❡♥ ❜② ✭✽✳✸✳✼✮✳ �

❈♦r♦❧❧❛r② ✽✳✸✳✼✳ ❋✐① t > 0✱ x ∈ R ❛♥❞ U0 ∈ Lip(R)✳ ❉❡♥♦t❡ ❜② y ❛ ▲✐♣s❝❤✐t③ ♠✐♥✐♠✐③❡r ♦❢
Jt ✐♥ Ax,t✳ ❚❤❡♥✿

✭✐✮ y s❛t✐s✜❡s t❤❡ ✇❡❛❦ ❢♦r♠ ♦❢ t❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s✿

∀ϕ ∈ C∞
c ((0, t)),

✂ t

0

ϕ̇(s)
∂L

∂v
(y(s), ẏ(s)) ds = −

✂ t

0

ϕ(s)
∂L

∂x
(y(s), ẏ(s)) ds . ✭✽✳✸✳✽✮

✭✐✐✮ y ∈ W2,∞((0, t))✳

Pr♦♦❢✳ ✭✐✮ ❋✐① ϕ ∈ C∞
c ((0, t))✳ ▲❡t F ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ▲❡♠♠❛ ✽✳✸✳✻✳ ❚❤❡ ❢✉♥❝t✐♦♥

η 7→ Jt(y + ηϕ) = F (η) + U0(y(0))

✐s ✐♥ C1((−1, 1)) ❛♥❞ s✐♥❝❡ y ✐s ❛ ♠✐♥✐♠✐③❡r ♦❢ Jt✱ ✐t ❛❞♠✐ts ❛ ♠✐♥✐♠✉♠ ❛t ♣♦✐♥t η = 0✳ ■ts
❞❡r✐✈❛t✐✈❡ ❛t s = 0 ✈❛♥✐s❤❡s✱ ✇❤✐❝❤ ❢r♦♠ ✭✽✳✸✳✼✮✱ r❡❛❞s ❡①❛❝t❧② ❛s ✭✽✳✸✳✽✮✳ ❘❡♠❛r❦ t❤❛t s✐♥❝❡

s 7→ ∂L

∂x
(y(s), ẏ(s)) ∈ L∞((0, t))✱ ✇❡ ❤❛✈❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ✇❡❛❦ ❞❡r✐✈❛t✐✈❡s✱

s 7→ ∂L

∂v
(y(s), ẏ(s)) ∈ W1,∞((0, t)).

✭✐✐✮ ❙✐♥❝❡ y ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❡ str♦♥❣ ❝♦♥✈❡①✐t② ❛ss✉♠♣t✐♦♥ ♦❢ L ✭s❡❡ ▲❡♠♠❛ ✽✳✶✳✸✮ ✐♠♣❧✐❡s
t❤❛t

∃κ > 0, ∀s ∈ [0, t], ∀v ∈ [−‖ẏ‖L∞ , ‖ẏ‖L∞ ],
∂2L

∂v2
(y(s), v) ≥ κ.

❚❤❡r❡❢♦r❡✱ ❢♦r ❛✳❡✳ s, τ ∈ (0, t)✱ ✇❡ ❤❛✈❡

κ|ẏ(s)− ẏ(τ)| =
∣∣∣∣∣

✂ ẏ(s)

ẏ(τ)

κ dv

∣∣∣∣∣

≤
∣∣∣∣∣

✂ ẏ(s)

ẏ(τ)

∂2L

∂v2
(y(s), v) dv

∣∣∣∣∣

=

∣∣∣∣
∂L

∂v
(y(s), ẏ(s))− ∂L

∂v
(y(s), ẏ(τ))

∣∣∣∣

≤
∣∣∣∣
∂L

∂v
(y(s), ẏ(s))− ∂L

∂v
(y(τ), ẏ(τ))

∣∣∣∣+
∣∣∣∣
∂L

∂v
(y(τ), ẏ(τ))− ∂L

∂v
(y(s), ẏ(τ))

∣∣∣∣ .
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❲❡ ♣r♦✈❡❞ ✐♥ ✭✐✮ t❤❛t s 7→ ∂L

∂v
(y(s), ẏ(s)) ✐s ▲✐♣s❝❤✐t③❀ ❧❡t✬s ❝❛❧❧ Λ ≥ 0 ✐ts ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡
∣∣∣∣
∂L

∂v
(y(τ), ẏ(τ))− ∂L

∂v
(y(s), ẏ(τ))

∣∣∣∣ ≤ |y(τ)− y(s)| sup
x∈R

|v|≤‖ẏ‖L∞

∣∣∣∣
∂2L

∂x∂v
(x, v)

∣∣∣∣

≤


‖ẏ‖L∞ sup

x∈R

|v|≤‖ẏ‖L∞

∣∣∣∣
∂2L

∂x∂v
(x, v)

∣∣∣∣




︸ ︷︷ ︸
Γ

|τ − s|.

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r ❛✳❡✳ s, τ ∈ (0, t)✱

|ẏ(s)− ẏ(τ)| ≤
(
Λ + Γ

κ

)
|s− τ |,

✇❤✐❝❤ ♣r♦✈❡s t❤❛t y ∈ W2,∞((0, t))✳ �

❘❡♠❛r❦ ✽✳✸✳✶✳ ❙✐♥❝❡ s 7→ ∂L

∂v
(y(s), ẏ(s)) ✐s ▲✐♣s❝❤✐t③✱ ✐t ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛✳❡✳ ♦♥ (0, t) ✐♥ t❤❡

❝❧❛ss✐❝❛❧ s❡♥s❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❡q✉❛❧✐t② ✭✽✳✸✳✽✮ ✐♠♣❧✐❡s t❤❛t

∀ϕ ∈ C∞
c ((0, t)),

✂ t

0

ϕ(s)
d

ds

(
∂L

∂v
(y(s), ẏ(s))

)
ds =

✂ t

0

ϕ(s)
∂L

∂x
(y(s), ẏ(s)) ds .

❚❤❡♥✱ ❞✉ ❇♦✐s✲❘❛②♠♦♥❞ ❧❡♠♠❛ ❡♥s✉r❡s t❤❛t ❢♦r ❛✳❡✳ s ∈ (0, t)✿

d

ds

(
∂L

∂v
(y(s), ẏ(s))

)
=
∂L

∂x
(y(s), ẏ(s)). ✭✽✳✸✳✾✮

■♥ s❤♦rt✱ ❛♥② ▲✐♣s❝❤✐t③ ♠✐♥✐♠✐③❡r ♦❢ Jt s❛t✐s✜❡s t❤❡ ❛✳❡✳ ❢♦r♠ ♦❢ t❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s✳

❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥✱ ✇✐❧❧ ♣r♦✲
✈✐❞❡ ❛ ✉♥✐❢♦r♠ ✭✇✳r✳t✳ x, t✮ ▲✐♣s❝❤✐t③ ❜♦✉♥❞ ❢♦r r❡❣✉❧❛r ♠✐♥✐♠✐③❡rs ♦❢ Jt✳ ❋✐rst✿

▲❡♠♠❛ ✽✳✸✳✽✳ ❋✐① t > 0✱ x ∈ R ❛♥❞ U0 ∈ Lip(R)✳ ❉❡♥♦t❡ ❜② y ❛ ▲✐♣s❝❤✐t③ ♠✐♥✐♠✐③❡r ♦❢
Jt ✐♥ Ax,t✳ ❚❤❡♥ y s❛t✐✜❡s t❤❡ ❝♦♥❞✐t✐♦♥

lim sup
η→0−

(
U0(y(0) + η)− U0(y(0))

η

)
≤ ∂L

∂v
(y(0), ẏ(0)) ≤ lim inf

η→0+

(
U0(y(0) + η)− U0(y(0))

η

)
.

✭✽✳✸✳✶✵✮
■♥ ♣❛rt✐❝✉❧❛r✱ ∣∣∣∣

∂L

∂v
(y(0), ẏ(0))

∣∣∣∣ ≤ ‖U ′
0‖L∞ ✭✽✳✸✳✶✶✮

Pr♦♦❢✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t ❈♦r♦❧❧❛r② ✽✳✸✳✼ ❡♥s✉r❡s t❤❛t ❛❝t✉❛❧❧②✱ y ∈ W2,∞((0, t))✳
❋✐① ϕ ∈ C1

c([0, t)) s✉❝❤ t❤❛t ϕ(0) = 1✳ ▲❡t F ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ▲❡♠♠❛ ✽✳✸✳✻ s♦ t❤❛t ❢♦r ❛❧❧
η ∈ (−1, 1)✱

Jt(y + ηϕ) = F (η) + U0(y(0) + η).
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❋r♦♠ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥✱ ✇❡ ♦❜t❛✐♥✱ ❛s η → 0✱

Jt(y + ηϕ) = F (0) + ηF ′(0) + U0(y(0) + η) + o(η) , ✭✽✳✸✳✶✷✮

✇✐t❤✱ ✐♥ ❧✐❣❤t ♦❢ ▲❡♠♠❛ ✽✳✸✳✻ ❛♥❞ t❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s ✭✽✳✸✳✾✮✱

F (0) = Jt(y)− U0(y(0)); F ′(0) = −∂L
∂v

(y(0), ẏ(0)).

❙✐♥❝❡ y ✐s ❛ ♠✐♥✐♠✐③❡r✱ ❢♦r ❛❧❧ η ∈ (−1, 1)✱ Jt(y + ηϕ) ≥ Jt(y)✳ ❚❤❡r❡❢♦r❡✱ ✭✽✳✸✳✶✷✮ ✐♠♣❧✐❡s✿

∀η ∈ (−1, 1), η
∂L

∂v
(y(0), ẏ(0)) ≤ U0(y(0) + η)− U0(y(0)) + o(η) . ✭✽✳✸✳✶✸✮

❉✐✈✐❞❡ ❜② η > 0 ❛♥❞ t❛❦❡ t❤❡ lim inf ❛s η → 0+ t♦ ♦❜t❛✐♥ t❤❡ r✐❣❤t ✐♥❡q✉❛❧✐t② ♦❢ ✭✽✳✸✳✶✵✮❀
t❤❡♥✱ ❞✐✈✐❞❡ ❜② η < 0 ❛♥❞ t❛❦❡ t❤❡ lim sup ❛s η → 0− t♦ ♦❜t❛✐♥ t❤❡ ❧❡❢t ✐♥❡q✉❛❧✐t② ♦❢ ✭✽✳✸✳✶✵✮✳
�

❋✐① ♥♦✇ U0 ∈ Lip(R) ❛♥❞ ❧❡t CH > 0 s✉❝❤ t❤❛t

∀r ∈ R
+, r ≥ CH =⇒ φ(r)

1 + r
>

(
sup
w∈R

|u|≤‖U′
0‖L∞

|H(w, u)|+ sup
w∈R
|v|≤1

|L(w, v)|
)
, ✭✽✳✸✳✶✹✮

✇❤❡r❡ φ ✐s ❣✐✈❡♥ ❜② t❤❡ ◆❛❣✉♠♦ ❣r♦✇t❤ ♦❢ H✱ s❡❡ ❈♦r♦❧❧❛r② ✽✳✶✳✹✳

❚❤❡♦r❡♠ ✽✳✸✳✾✳ ❋♦r ❛❧❧ t > 0✱ ❢♦r ❛❧❧ x ∈ R✱ ❛♥❞ ❢♦r ❛❧❧ ❛❧❧ ▲✐♣s❝❤✐t③ ♠✐♥✐♠✐③❡rs ♦❢ Jt ✐♥
Ax,t✱ ✇❡ ❤❛✈❡

‖ẏ‖L∞ ≤ CH . ✭✽✳✸✳✶✺✮

Pr♦♦❢✳ ❲❡ ❛❞❛♣t t❤❡ r❡❛s♦♥✐♥❣ ♣✉t ❢♦r✇❛r❞ ❜② t❤❡ ❛✉t❤♦r ♦❢ ❬✺✸❪✳ ❋✐① t > 0✱ x ∈ R ❛♥❞ ❧❡t
y ❜❡ ❛ ▲✐♣s❝❤✐t③ ♠✐♥✐♠✐③❡r ♦❢ Jt ✐♥ Ax,t✳

❯s✐♥❣ t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥✳ ❙✐♥❝❡ y ∈ W2,∞((0, t)) ✭s❡❡ ❈♦r♦❧❧❛r② ✽✳✸✳✼✮ ❛♥❞
s❛t✐s✜❡s t❤❡ ❛✳❡✳ ❢♦r♠ ♦❢ t❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s✱ ❢♦r ❛✳❡✳ s ∈ (0, t)✱ ✇❡ ❤❛✈❡

d

ds

(
ẏ(s)

∂L

∂v
(y(s), ẏ(s))− L(y(s), ẏ(s))

)
= 0,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t✿

∃Cx,t ∈ R, ∀s ∈ [0, t], ẏ(s)
∂L

∂v
(y(s), ẏ(s))− L(y(s), ẏ(s)) = Cx,t.

■♥ ♣❛rt✐❝✉❧❛r✱

Cx,t = ẏ(0)
∂L

∂v
(y(0), ẏ(0))− L(y(0), ẏ(0)) = H

(
y(0),

∂L

∂v
(y(0), ẏ(0))

)
.

❯s✐♥❣ t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✽✳✸✳✶✶✮✱ ✇❡ ❞❡❞✉❝❡✿

|Cx,t| ≤ sup
w∈R

|u|≤‖U′
0‖L∞

|H(w, u)|.
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❈♦♥✈❡①✐t② ❛♥❞ ❝♦❡r❝✐✈✐t②✳ ❇② ❝♦♥✈❡①✐t②✱ ❢♦r ❛❧❧ s ∈ [0, t]✱ ✇❡ ❤❛✈❡

L

(
y(s),

ẏ(s)

1 + |ẏ(s)|

)
≥ L(y(s), ẏ(s)) +

(
1

1 + |ẏ(s)| − 1

)
ẏ(s)

∂L

∂v
(y(s), ẏ(s))

= L(y(s), ẏ(s)) +

(
1

1 + |ẏ(s)| − 1

)
(Cx,t + L(y(s), ẏ(s)))

=
L(y(s), ẏ(s))

1 + |ẏ(s)| − |ẏ(s)|
1 + |ẏ(s)|Cx,t

≥ φ(|ẏ(s)|)
1 + |ẏ(s)| −

|ẏ(s)|
1 + |ẏ(s)| sup

w∈R
|u|≤‖U′

0‖L∞

|H(w, u)|,

❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡✿

∀s ∈ [0, t],
φ(|ẏ(s)|)
1 + |ẏ(s)| ≤

(
sup
w∈R

|u|≤‖U′
0‖L∞

|H(w, u)|+ sup
x∈R
|v|≤1

|L(x, v)|
)
.

❇② ✭✽✳✸✳✶✹✮✱ t❤✐s ❡♥s✉r❡s t❤❛t ❢♦r ❛❧❧ s ∈ [0, t]✱ |ẏ(s)| ≤ CH ✳ �

✽✳✸✳✸ ▲✐♥❦ t♦ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥

❲❡ ♥♦✇ ❧✐♥❦ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ Jt ✭t > 0✮ t♦ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✭✽✳✵✳✷✮✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✜① T > 0 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✿

∀(x, t) ∈ Ω, U(x, t) := min
y∈Ax,t

Jt(y); Ω = R× (0, T ).

❲❡ ♣r♦✈❡ t❤❛t U ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✷✮✳ ❘❡♠❛r❦ t❤❛t ❜② ❚❤❡♦r❡♠s ✽✳✸✳✷✲✽✳✸✳✺✱ ❛♥
❡q✉✐✈❛❧❡♥t ✇❛② t♦ ❞❡✜♥❡ U ✐s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✿

U(x, t) = min
α∈L∞((0,t))

(✂ t

0

L(y(s), α(s)) ds+U0(y(0))

)
,

{
ẏ(s) = α(s) 0 < s < t
y(t) = x.

✭✽✳✸✳✶✻✮

▲❡♠♠❛ ✽✳✸✳✶✵ ✭❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡✮✳ ❋✐① (x, t) ∈ Ω✳ ❚❤❡♥ ❢♦r ❛❧❧ h ∈ (0, t)✱
✇❡ ❤❛✈❡

U(x, t) = inf
α∈L∞((t−h,t))

(✂ t

t−h

L(y(s), α(s)) ds+ U(y(t− h), t− h)

)
, ✭✽✳✸✳✶✼✮

✇❤❡r❡ y ✐s ❣✐✈❡♥ ❜② {
ẏ(s) = α(s) t− h < s < t

y(t) = x.

Pr♦♦❢✳ ❋✐① h ∈ (0, t) ❛♥❞ ❧❡t ✉s ❝❛❧❧ V (x, t) t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✽✳✸✳✶✼✮✳
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❈❧❛✐♠✿ U(x, t) ≥ V(x, t)✳
▲❡t α ❜❡ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❢♦r U(x, t)✳ ■❢ ✇❡ ❝❛❧❧ y ✐ts ❛ss♦❝✐❛t❡❞ tr❛❥❡❝t♦r②✱ t❤❡♥ ✇❡ ❤❛✈❡✿

U(x, t) =

✂ t

0

L(y(s), α(s)) ds+ U0(y(0))

=

✂ t−h

0

L(y(s), α(s)) ds+ U0(y(0))

︸ ︷︷ ︸
≥U(y(t−h),t−h)

+

✂ t

t−h

L(y(s), α(s)) ds

≥
✂ t

t−h

L(y(s), α(s)) ds+ U(y(t− h), t− h) ≥ V (x, t).

❈❧❛✐♠✿ U(x, t) ≤ V(x, t)✳
▲❡t α ∈ L∞((t − h, t)) ❜❡ ❛ ❝♦♥tr♦❧ ♦❢ ❛ss♦❝✐❛t❡❞ tr❛❥❡❝t♦r② y ❛♥❞ β ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ✭♦❢
tr❛❥❡❝t♦r② z✮ ❢♦r U(y(t− h), t− h)✳ ❈♦♥s✐❞❡r α ∈ L∞((0, t)) t❤❡ ❝♦♥tr♦❧ ❞❡✜♥❡❞ ❜②

α(s) =

{
β(s) ✐❢ 0 < s < t− h

α(s) ✐❢ t− h < s < t.

■ts tr❛❥❡❝t♦r② y ❝♦✐♥❝✐❞❡s ✇✐t❤ y ♦♥ [t− h, t] ❛♥❞ ✇✐t❤ z ♦♥ [0, t− h]✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡

U(x, t) ≤
✂ t

0

L(y(s), α(s)) ds+ U0(y(0))

=

✂ t−h

0

L(z(s), β(s)) ds+ U0(z(0)) +

✂ t

t−h

L(y(s), α(s)) ds

= U(y(t− h), t− h) +

✂ t

t−h

L(y(s), α(s)) ds .

❚❛❦✐♥❣ t❤❡ ✐♥✜♠✉♠ ♦♥ ❛❧❧ α ∈ L∞((t − h, t))✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t②✱ ❝♦♥❝❧✉❞✐♥❣
t❤❡ ♣r♦♦❢✳ �

❚❤❡♦r❡♠ ✽✳✸✳✶✶ ✭❘❡❣✉❧❛r✐t② ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ U ✐s ▲✐♣s❝❤✐t③✿ U ∈
Lip(Ω)✳

Pr♦♦❢✳ ❙t❡♣ ✶✿ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✐♥ s♣❛❝❡✳
❋✐① (x, t), (ξ, t) ∈ Ω✳ ▲❡t z ❜❡ ❛ ▲✐♣s❝❤✐t③ ♠✐♥✐♠✐③❡r ❢♦r U(ξ, t) ❛♥❞ ✐♥tr♦❞✉❝❡ y ❞❡✜♥❡❞ ❜②
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y(s) = z(s) + (x− ξ)✳ ❙✐♥❝❡ y ∈ Ax,t✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ U ✱ ✇❡ ❤❛✈❡

U(x, t) ≤
✂ t

0

L(y(s), ẏ(s)) ds+ U0(y(0))

=

✂ t

0

L(z(s) + x− ξ, ż(s)) ds+ U0(z(0) + x− ξ)

= U(ξ, t) +

✂ t

0

(L(z(s) + x− ξ, ż(s))− L(z(s), ż(s))) ds+ (U0(z(0) + x− ξ)− U0(z(0))

≤ U(ξ, t) + t

(
sup
χ∈R

|v|≤C
H

∣∣∣∣
∂L

∂x
(χ, v)

∣∣∣∣+ ‖U ′
0‖L∞

)
|x− ξ|,

✇❤❡r❡ ✇❡ ✉s❡❞ ❚❤❡♦r❡♠ ✽✳✸✳✾✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡ r❡❝✐♣r♦❝❛❧ ✐♥❡q✉❛❧✐t②
❤♦❧❞s ✐♥ ✈✐❡✇ ♦❢ t❤❡ s②♠♠❡tr✐❝❛❧ r♦❧❡s ♣❧❛②❡❞ ❜② x ❛♥❞ ξ✳
❙t❡♣ ✷✿ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✐♥ t✐♠❡✳
❋✐① ♥♦✇ (x, t) ∈ Ω ❛♥❞ h ∈ (0, t)✳ ❋✐rst✱ ❜② ✭✽✳✸✳✶✼✮ ✭✇✐t❤ α ≡ 0✮✱ ✇❡ ❤❛✈❡

U(x, t) ≤ hL(x, 0) + U(x, t− h) =⇒ U(x, t)− U(x, t− h) ≤ h sup
χ∈R

|L(χ, 0)|.

❋✐① ♥♦✇ ❛♥ ♦♣t✐♠❛❧ ▲✐♣s❝❤✐t③ tr❛❥❡❝t♦r② y ❢♦r U(x, t)✳ ❉❡✜♥❡ z(s) = y(s+ h) (s ∈ [0, t− h])✳
❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡

U(x, t− h) ≤
✂ t−h

0

L(z(s), ż(s)) ds+ U0(z(0))

=

✂ t

h

L(y(s), ẏ(s)) ds+ U0(y(h))

= U(x, t)−
✂ h

0

L(y(s), ẏ(s)) ds+ (U0(y(h))− U0(y(0)))

≤ U(x, t) +

(
sup
χ∈R

|v|≤C
H

|L(χ, v)|+ ‖U ′
0‖L∞CH

)
h,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

❚❤❡♦r❡♠ ✽✳✸✳✶✷✳ ❚❤❡ ❢✉♥❝t✐♦♥ U ∈ Lip(Ω) ✐s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐
❡q✉❛t✐♦♥ ✭✽✳✵✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U0✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ (x, t), (ξ, τ) ∈ Ω✱

|U(x, t)− U(ξ, τ)| ≤ T

(
sup
y∈R

|v|≤C
H

∣∣∣∣
∂L

∂x
(y, v)

∣∣∣∣+ ‖U ′
0‖L∞

)
|x− ξ|

+

(
sup
y∈R

|v|≤C
H

|L(y, v)|+ ‖U ′
0‖L∞CH

)
|t− τ |.

✭✽✳✸✳✶✽✮

Pr♦♦❢✳ ❲❡ ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✽✳✸✳✶✶ t❤❛t U ❤❛s t❤❡ r❡q✉✐r❡❞ r❡❣✉❧❛r✐t②✱ ❛♥❞ tr✐✈✐❛❧❧②✱
U(·, 0) = U0 s✐♥❝❡ ❢♦r ❛❧❧ x ∈ R✱ t❤❡ s✉❜s❡t Ax,0 r❡❞✉❝❡s t♦ {x}✳
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❈❧❛✐♠✿ U ✐s ❛ s✉❜s♦❧✉t✐♦♥✳ ❋✐① ϕ ∈ C1(Ω) ❛♥❞ ❧❡t (x0, t0) ❜❡ ❛ ❧♦❝❛❧ ♣♦✐♥t ♦❢ ♠❛①✐♠✉♠
❢♦r U − ϕ✳ ❊✈❡♥ ✐❢ ✐t r❡♣❧❛❝✐♥❣ U − ϕ ❜② U − ϕ− (U(x0, t0)− ϕ(x0, t0))✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
U(x0, t0)− ϕ(x0, t0) = 0✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ❡①✐sts r > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ (x, t) ∈ Ω✱

max{|x− x0|, |t− t0|} ≤ r =⇒ U(x, t)− ϕ(x, t) ≤ U(x0, t0)− ϕ(x0, t0) = 0. ✭✽✳✸✳✶✾✮

❚❤❡ ❢✉♥❝t✐♦♥ v 7→ v
∂ϕ

∂x
(x0, t0)− L(x0, v) −→

|v|→+∞
−∞✳ ❇② ❝♦♥t✐♥✉✐t②✱ ✐t ❛tt❛✐♥s ✐ts ♠❛①✐♠✉♠

✈❛❧✉❡ ♦♥ s♦♠❡ ❝♦♠♣❛❝t s✉❜s❡t [−R,R] (R > 1✮✳ ❋✐① 0 < h ≤ r

R
✳ ❈♦♥s✐❞❡r α ∈ [−R,R] ❛

❝♦♥st❛♥t ❝♦♥tr♦❧ ❛♥❞ y t❤❡ tr❛❥❡❝t♦r② ❞❡✜♥❡❞ ❜②

∀s ∈ [t0 − h, t0], y(s) = x0 + (s− t0)α.

❚❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ❡♥s✉r❡s t❤❛t

U(x0, t0) ≤
✂ t

t0−h

L(y(s), α) ds+ U(y(t0 − h), t0 − h).

❙✐♥❝❡

|y(t0 − h)− x0| ≤
✂ t0

t0−h

α ds = αh ≤ r,

✇❡ ❝❛♥ ✉s❡ ✭✽✳✸✳✶✾✮ t♦ ♦❜t❛✐♥ t❤❛t

ϕ(x0, t0) = U(x0, t0) ≤
✂ t

t0−h

L(y(s), α) ds+U(y(t0−h), t0−h) ≤
✂ t

t0−h

L(y(s), α) ds+ϕ(y(t0−h), t0−h),

✇❤✐❝❤ ❧❡❛❞s ✉s t♦

ϕ(x0, t0)− ϕ(y(t0 − h), t0 − h)

h
≤ 1

h

✂ t0

t0−h

L(y(s), α) ds .

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ✇❤❡♥ h→ 0✱ ✇❡ ❣❡t✿

∂ϕ

∂t
(x0, t0) +

(
α
∂ϕ

∂x
(x0, t0)− L(x0, α)

)
≤ 0.

❚❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ❢♦r ❛❧❧ α ∈ [−R,R]✱ ✇❡ ♦❜t❛✐♥✿

∂ϕ

∂t
(x0, t0) +H

(
x0,

∂ϕ

∂x
(x0, t0)

)
≤ 0.

❈❧❛✐♠✿ U ✐s ❛ s✉♣❡rs♦❧✉t✐♦♥✳ ❋✐① ϕ ∈ C1(Ω) ❛♥❞ ❧❡t (x0, t0) ❜❡ ❛ ❧♦❝❛❧ ♣♦✐♥t ♦❢ ♠✐♥✐♠✉♠
❢♦r U − ϕ✳ ❆❣❛✐♥✱ ✐t ✐s ♥♦t r❡str✐❝t✐✈❡ t♦ ❛ss✉♠❡ t❤❛t U(x0, t0)− ϕ(x0, t0) = 0✳ ❚❤❡r❡ ❡①✐sts
r > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ (x, t) ∈ Ω✱

max{|x− x0|, |t− t0|} ≤ r =⇒ U(x, t)− ϕ(x, t) ≥ U(x0, t0)− ϕ(x0, t0) = 0. ✭✽✳✸✳✷✵✮
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❋✐① 0 < h ≤ min

{
r

CH

, r

}
❛♥❞ y ❛♥ ♦♣t✐♠❛❧ ▲✐♣s❝❤✐t③ tr❛❥❡❝t♦r② ❢♦r U(x0, t0)✳ ❙✐♥❝❡ y r❡❛❧✐③❡s

t❤❡ ♠✐♥✐♠✉♠ ❢♦r U(x0, t0)✱ ✇❡ ❛❧s♦ ❤❛✈❡✿

U(x0, t0) =

✂ t0

t0−h

L(y(s), ẏ(s)) ds+ U(y(t0 − h), t0 − h).

❈♦♥s❡q✉❡♥t❧②✱ s✐♥❝❡ ❜② ❚❤❡♦r❡♠ ✽✳✸✳✾ ✇❡ ❤❛✈❡ |y(t0)− x0| ≤ hCH ≤ r✱ ✇❡ ❝❛♥ ✇r✐t❡✿

ϕ(x0, t0) = U(x0, t0) =

✂ t0

t0−h

L(y(s), ẏ(s)) ds+ U(y(t0 − h), t0 − h)

≥
✂ t0

t0−h

L(y(s), ẏ(s)) ds+ ϕ(y(t0 − h), t0 − h),

❛♥❞ ❧✐❦❡ ✐♥ t❤❡ ✜rst st❡♣✱ t❤✐s ❧❡❛❞s t♦

∂ϕ

∂t
(x0, t0) + ẏ(t0)

∂ϕ

∂x
(x0, t0)− L(x0, ẏ(t0)) ≥ 0

❛♥❞

∂ϕ

∂t
(x0, t0) +H

(
x0,

∂ϕ

∂x
(x0, t0)

)
=
∂ϕ

∂t
(x0, t0) + sup

v∈R

(
v
∂ϕ

∂x
(x0, t0)− L(x0, v)

)

≥ ∂ϕ

∂t
(x0, t0) + ẏ(t0)

∂ϕ

∂x
(x0, t0)− L(x0, ẏ(t0)) ≥ 0,

❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �

✽✳✸✳✹ ❚✇♦ ❡①♣❧✐❝✐t ♠✐♥✐♠✐③❡rs

❲❡ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥s ✽✳✸✳✶✲✽✳✸✳✷ t❤❡ ❡①✐st❡♥❝❡ ♦❢ C1 ♠✐♥✐♠✐③❡rs ❢♦r Jt ✭t ≥ 0✮✳ ■♥ t❤✐s
s❡❝t✐♦♥✱ ✇❡ ❡st❛❜❧✐s❤ t❤❛t ❢♦r ❛❧❧ (x, t) ∈ R × (0, T ]✱ t❤❡ ♠✐♥✐♠❛❧ ❛♥❞ ♠❛①✐♠❛❧ ❜❛❝❦✇❛r❞
❝❤❛r❛❝t❡r✐st✐❝s ❡♠❛♥❛t✐♥❣ ❢r♦♠ (x, t) ✭s❡❡ ❙❡❝t✐♦♥ ✽✳✶✳✸✮ ❛r❡ ♠✐♥✐♠✐③❡rs ♦❢ Jt ✐♥ Ax,t✳ ❋✐rst✱
✇❡ ♣r♦✈❡ t❤❡

▲❡♠♠❛ ✽✳✸✳✶✸✳ ▲❡t U ∈ Lip(Ω) ❜❡ t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U0 ∈
Lip(R)✳ ❋✐① ξ, ζ ∈ Lip((0, T ))✱ ξ ≤ ζ✳ ❚❤❡♥ ❢♦r ❛❧❧ s, τ ∈ [0, T ] ✭s < τ✮✱ ✇❡ ❤❛✈❡✿

✂ ζ(τ)

ξ(τ)

U(x, τ) dx−
✂ ζ(s)

ξ(s)

U(x, s) dx+

✂ τ

s

✂ ζ(t)

ξ(t)

H(x, ∂xU(x, t)) dx dt

=

✂ τ

s

(
ζ̇(t)U(ζ(t), t)− ξ̇(t)U(ξ(t), t)

)
dt .

✭✽✳✸✳✷✶✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ ♦♥❡ ♦❢ ❬✻✼✱ ▲❡♠♠❛ ✸✳✷❪ ❛♥❞ ✇❡ ♦♥❧② ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ❢♦r t❤❡ s❛❦❡
♦❢ ❝♦♠♣❧❡t❡♥❡ss✳ ❋r♦♠ t❤❡ P❉❊ ✭✽✳✵✳✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ ∈ C1

c(Ω)✱✂ T

0

✂
R

(U(x, t)∂tϕ(x, t)−H(x, ∂xU(x, t))ϕ(x, t)) dx dt = 0. ✭✽✳✸✳✷✷✮
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❆ st❛♥❞❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥t ❛❧❧♦✇s ✉s t♦ ❝❤♦♦s❡ ϕ ∈ W1,∞(Ω)✱ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦✇✳
❋✐① ε > 0✳ ❆s ❬✻✼❪✱ ❞❡✜♥❡ ❢♦r ❛❧❧ x ∈ R ❛♥❞ t ∈ [0, T ]✿

χε(t) =





0 ✐❢ 0 ≤ t < s

t− s

ε
✐❢ s ≤ t < s+ ε

1 ✐❢ s+ ε ≤ t < τ

1 +
τ − t

ε
✐❢ τ ≤ t < τ + ε

0 ✐❢ t ≥ τ + ε;

ψε(x, t) =





0 ✐❢ x < ξ(t)− ε

1 +
x− ξ(t)

ε
✐❢ ξ(t)− ε ≤ x < ξ(t)

1 ✐❢ ξ(t) ≤ x < ζ(t)

1 +
ζ(t)− x

ε
✐❢ ζ(t) ≤ x < ζ(t) + ε

0 ✐❢ x ≥ ζ(t) + ε.

▲❡t ✉s ♠❛❦❡ ♣r❡❝✐s❡ t❤❛t ❢♦r ❛✳❡✳ t ∈ (0, T )✱

‖χε − 1[s,τ ]‖L1 −→
ε→0

0; χ′
ε =

1

ε
1(s,s+ε) −

1

ε
1(τ,τ+ε),

❛♥❞ ❢♦r ❛✳❡✳ (x, t) ∈ Ω✱

‖ψε − 1{ξ(t)≤x≤ζ(t)}‖L1 −→
ε→0

0; ∂tχε(x, t) = − ξ̇(t)
ε

1(ξ(t)−ε,ξ(t))(x, t) +
ζ̇(t)

ε
1(ζ(t),ζ(t)+ε)(x, t).

❲❡ ❛♣♣❧② ✭✽✳✸✳✷✷✮ ✇✐t❤ t❤❡ t❡st ❢✉♥❝t✐♦♥ ψεχε ❛♥❞ ❧❡t ε → 0✳ ❙✐♥❝❡ U ∈ Lip(Ω)✱ st❛♥❞❛r❞
❝♦♠♣✉t❛t✐♦♥s ❧❡❛❞ t♦ ✭✽✳✸✳✷✶✮✳ �

❋r♦♠ ▲❡♠♠❛ ✽✳✸✳✶✸✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❛♥♥♦✉♥❝❡❞ st❛t❡♠❡♥t✳

❚❤❡♦r❡♠ ✽✳✸✳✶✹✳ ▲❡t U ∈ Lip(Ω) ❜❡ t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛
U0 ∈ Lip(R)✳ ❋✐① (x, t) ∈ R × (0, T ] ❛♥❞ ❧❡t ξ ✭r❡s♣✳ ζ✮ ❜❡ t❤❡ ♠✐♥✐♠❛❧ ✭r❡s♣✳ ♠❛①✐♠❛❧✮
❝❤❛r❛❝t❡r✐st✐❝s ❡♠❛♥❛t✐♥❣ ❢r♦♠ (x, t)✳ ❚❤❡♥

U(x, t) = Jt(ξ) = Jt(ζ).

Pr♦♦❢✳ ❲❡ ♦♥❧② ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r ζ✳ ❚❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢ ❢♦r ξ ❛r❡ s✐♠✐❧❛r s♦ ✇❡ ♦♠✐t
t❤❡♠✳
❋✐① ε > 0✳ ▲❡t ✉s ❛♣♣❧② ✭✽✳✸✳✷✶✮ ✇✐t❤ ζ ❛♥❞ ζ − ε ♦♥ (0, t)✳ ❆❢t❡r ❞✐✈✐❞✐♥❣ ❜② ε✱ ✇❡ ♦❜t❛✐♥✿

1

ε

✂ ζ(t)

ζ(t)−ε

U(y, t) dy − 1

ε

✂ ζ(0)

ζ(0)−ε

U0(y) dy +
1

ε

✂ t

0

✂ ζ(s)

ζ(s)−ε

H(y, ∂xU(y, s)) dy ds

=
1

ε

✂ t

0

ζ̇(s)

(
U(ζ(s), s)− U(ζ(s)− ε, s)

)
ds .

✭✽✳✸✳✷✸✮

❲❡ ❧❡t ε→ 0 ✐♥ ✭✽✳✸✳✷✸✮ ✉s✐♥❣ t❤❡ ❢❛❝ts t❤❛t✿
✭✐✮ U ❛♥❞ U0 ❛r❡ ❝♦♥t✐♥✉♦✉s❀
✭✐✐✮ ∂xU ✐s t❤❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ ✭✽✳✵✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U ′

0✱ s❡❡ ❈♦r♦❧❧❛r② ✽✳✷✳✶✾ ❛♥❞ ❘❡♠❛r❦
✽✳✷✳✹✳
✭✐✐✐✮ ❙✐♥❝❡ ζ ✐s ❣❡♥✉✐♥❡✱ ❢♦r ❛✳❡✳ s ∈ (0, t)✱ ∂xU(·, s) ❤❛s ❧❡❢t✲s✐❞❡ ❛♥❞ r✐❣❤t✲s✐❞❡ ❧✐♠✐t ❛t x = ζ(s)
t❤❛t ❝♦✐♥❝✐❞❡✱ s❡❡ ❬✻✼✱ ❚❤❡♦r❡♠ ✸✳✸❪✳ ❙✐♥❝❡ U ∈ Lip(Ω)✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛✳❡✳ s ∈ (0, t)✱
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U(·, s) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ♣♦✐♥t x = ζ(s) ❛♥❞ t❤❛t ∂xU(ζ(s), s) = lim
h→±0

∂xU(ζ(s)± h, s)✳

❲❡ ♦❜t❛✐♥✿

U(ζ(t), t)− U0(ζ(0)) =

✂ t

0

(
ζ̇(s)∂xU(ζ(s), s)−H (ζ(s), ∂xU(ζ(s), s))

)
ds . ✭✽✳✸✳✷✹✮

❙✐♥❝❡ ζ ✐s ❣❡♥✉✐♥❡✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ ω ∈ C1((0, t)) s✉❝❤ t❤❛t (ζ, ω) ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡
❖❉❊ s②st❡♠ ✭✽✳✶✳✼✮ ✇✐t❤ ✜♥❛❧ ❝♦♥❞✐t✐♦♥s ζ(t) = x ❛♥❞ ω(t) = ∂xU(x

+, t)✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛✳❡✳
s ∈ (0, t)✱ ω(s) = ∂xU(ζ(s), s)✳ ❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❞❡t❛✐❧s ✇✐t❤ ✭✽✳✸✳✷✹✮✱ ✇❡ ♦❜t❛✐♥✿

U(x, t)− U0(ζ(0)) =

✂ t

0

(
ζ̇(s)ω(s)−H (ζ(s), ω(s))

)
ds

=

✂ t

0

(
∂H

∂u
(ξ(s), ω(s))ω(s)−H (ζ(s), ω(s))

)
ds

=

✂ t

0

L

(
ζ(s),

∂H

∂u
(ξ(s), ω(s))

)
ds

=

✂ t

0

L
(
ζ(s), ζ̇(s)

)
ds ,

❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢✳ �

❲❡ ❞❡❞✉❝❡✿

❈♦r♦❧❧❛r② ✽✳✸✳✶✺✳ ❋✐① t > 0✱ x ∈ R ❛♥❞ U0 ∈ Lip(R)✳ ❚❤❡♥

min
y∈Ax,t

Jt(y) = min
y(t)=x

y∈Lip((0,t))

Jt(y) = min
y(t)=x
y∈St

Jt(y), ✭✽✳✸✳✷✺✮

✇❤❡r❡

St :=




γ ∈ C1([0, t])

∣∣∣∣∣∣∣

∃θ ∈ C1([0, t]), ∀s ∈ (0, t),

γ̇(s) =
∂H

∂u
(γ(s), θ(s)) ❛♥❞ θ̇(s) = −∂H

∂x
(γ(s), θ(s))




.

Pr♦♦❢✳ ▲❡t ✉s ❝❛❧❧ A,B ❛♥❞ C t❤❡ t❤r❡❡ q✉❛♥t✐t✐❡s ✐♥ ✭✽✳✸✳✷✺✮✳ ❈❧❡❛r❧②✱ ✇❡ ❤❛✈❡

A ≥ B ≥ C.

❚❤❡♦r❡♠ ✽✳✸✳✺ ❡♥s✉r❡s t❤❛t A = B✳ ❚❤❡♦r❡♠ ✽✳✸✳✶✹ ❡♥s✉r❡s t❤❛t A = C✳ �

✽✳✹ ■♥✐t✐❛❧ ❞❛t❛ ✐❞❡♥t✐✜❝❛t✐♦♥ ❢♦r s♣❛❝❡✲❞❡♣❡♥❞❡♥t ✢♦✇s

❲❡ ♥♦✇ ❣❡t ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✱ t❤❛t ✐s t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐❞❡♥t✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❝♦♥s❡r✲
✈❛t✐♦♥ ❧❛✇ ✭✽✳✵✳✶✮ ❛♥❞ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✭✽✳✵✳✷✮✳ ■♥ ❬✻✶❪✱ t❤❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r❡❞
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❡q✉❛t✐♦♥ ✭✽✳✵✳✶✮ ✇✐t❤ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ✢♦✇ H = H(u)✳ ❆ ❝r✉❝✐❛❧ t♦♦❧ ✉s❡❞ ❜② t❤❡ ❛✉t❤♦rs
✐s tr✐♣❧❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❡♥tr♦♣② s♦❧✉t✐♦♥s✴✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ❛♥❞ ▲❛①✲❍♦♣❢ ❢♦r♠✉❧❛✱ s❡❡ ❬✽✶✱
❙❡❝t✐♦♥ ✸✳✸✱ ❚❤❡♦r❡♠ ✹❪✳ ■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ ✐✳❡✳ ✇✐t❤ H ∈ C2(R2) s❛t✐s❢②✐♥❣ ✭✽✳✵✳✸✮✲✭✽✳✶✳✷✮✱
✇❡ ❡st❛❜❧✐s❤❡❞ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❡♥tr♦♣② s♦❧✉t✐♦♥s✴✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✽✳✷✳ ■♥ t❤❡
❤❡t❡r♦❣❡♥❡♦✉s ❝❛s❡✱ t❤❡r❡ ✐s ♥♦ ▲❛①✲❍♦♣❢ ❢♦r♠✉❧❛✳ ■ts ❡q✉✐✈❛❧❡♥t ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦rr❡s♣♦♥✲
❞❡♥❝❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s✴❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✱ ❡st❛❜❧✐s❤❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✸✳
❲✐t❤ t❤❡s❡ t♦♦❧s✱ ✇❡ ❛✐♠ ❛t ❡①t❡♥❞✐♥❣ t❤❡ r❡s✉❧ts ♦❢ ❬✻✶❪✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦
❛❞❛♣t r❡s✉❧ts ♣✉t ❢♦r✇❛r❞ ❜② t❤❡ ❛✉t❤♦rs ♦❢ ❬✻✶❪✳

▲❡t ✉s ✜① s♦♠❡ ♥♦t❛t✐♦♥s✳ ❋♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ u0 ∈ L∞(R) ❛♥❞ U0 ∈ Lip(R)✱ ✇❡ ❞❡♥♦t❡
❜② (x, t) 7→ SCL

t u0(x) t❤❡ ❡♥tr♦♣② s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✶✮ ❛♥❞ ❜② (x, t) 7→ SHJ
t U0(x) t❤❡ ✈✐s❝♦s✐t②

s♦❧✉t✐♦♥ t♦ ✭✽✳✵✳✷✮✳ ❋♦r ❣✐✈❡♥ ♣r♦✜❧❡s w ∈ L∞(R) ❛♥❞ W ∈ Lip(R)✱ ✇❡ ❛✐♠ ❛t ♣r♦✈✐❞✐♥❣ ❛
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s✉❜s❡ts✿

ICL
T (w) =

{
u0 ∈ L∞(R) | SCL

T u0 = w
}

IHJ
T (W ) =

{
U0 ∈ Lip(R) | SHJ

T U0 = W
}
.

✭✽✳✹✳✶✮

❘❡♠❛r❦ ✽✳✹✳✶✳ ■♥ ❬✻✶❪✱ t❤❡ ❛✉t❤♦rs ❣❛✈❡ ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ ❛ ❣✐✈❡♥
♣r♦✜❧❡ w ∈ L∞(R) t♦ ❡♥s✉r❡ t❤❛t ICL

T (w) 6= ∅❀ t❤❡② ❛❧s♦ ♣r♦✈✐❞❡❞ ❛ ❢✉❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
♦❢ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ t❤❛t ❡✈♦❧✈❡ ✐♥t♦ ❛ ❣✐✈❡♥ ♣r♦✜❧❡✱ ❛♥❞ ✜♥❛❧❧②✱ t❤❡② ❞❡s❝r✐❜❡❞ s♦♠❡
❣❡♦♠❡tr✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ICL

T (w) ❛♥❞ IHJ
T (W )✳ ❲❡ ✇✐❧❧ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ♣❛t❤

✐♥ t❤✐s s❡❝t✐♦♥✳

■♥ ❧✐❣❤t ♦❢ ❘❡♠❛r❦ ✽✳✷✳✶✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✽✳✹✳✶✳ ▲❡t w ∈ L∞(R) s✉❝❤ t❤❛t ICL
T (w) 6= ∅✳ ❚❤❡♥ ❢♦r ❛❧❧ x ∈ R✱ w ❛❞♠✐ts ❧❡❢t✲s✐❞❡

❛♥❞ r✐❣❤t✲s✐❞❡ tr❛❝❡s ❛t ♣♦✐♥t x✳

■♥ ❧✐❣❤t ♦❢ t❤✐s r❡❣✉❧❛r✐t②✱ ✐♥ t❤❡ s❡q✉❡❧✱ ✐❢ w ∈ L∞(R) ✐s s✉❝❤ t❤❛t ICL
T (w) 6= ∅✱ t❤❡♥ ❢♦r ❛❧❧

x ∈ R✱ ❜② w(x)✱ ✇❡ ✇✐❧❧ ♠❡❛♥ t❤❡ ❧❡❢t✲s✐❞❡ tr❛❝❡ ♦❢ w ❛t ♣♦✐♥t x✳ ◆♦t❡ t❤❛t ▲❡♠♠❛ ✽✳✹✳✶
tr❛♥s❧❛t❡s ❛s✿

▲❡♠♠❛ ✽✳✹✳✷✳ ▲❡t W ∈ Lip(R) s✉❝❤ t❤❛t IHJ
T (W ) 6= ∅✳ ❚❤❡♥ ❢♦r ❛❧❧ x ∈ R✱ W ′ ❛❞♠✐ts

❧❡❢t✲s✐❞❡ ❛♥❞ r✐❣❤t✲s✐❞❡ tr❛❝❡s ❛t ♣♦✐♥t x✳

✽✳✹✳✶ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ICL
T (w) ❛♥❞ IHJ

T (W )

❚❤✐s s❡❝t✐♦♥ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst ✇❡ ❣✐✈❡ ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦♥ ❛ ♣r♦✜❧❡ w ∈
L∞(R) t♦ ✈❡r✐❢② ICL

T (w) 6= ∅✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✴❍❛♠✐❧t♦♥
❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✴❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ✭s❡❡ ❙❡❝t✐♦♥s ✽✳✷✲✽✳✸✮✱ ✇❡ str❡♥❣t❤❡♥ t❤✐s ❝♦♥❞✐t✐♦♥ t♦
♦❜t❛✐♥ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ ❛ ♣r♦✜❧❡ W ∈ Lip(R) t♦ ✈❡r✐❢② IHJ

T (W ) 6= ∅✳ ❋✐♥❛❧❧②✱ ❣✐✈❡♥
W ∈ Lip(R) s✉❝❤ t❤❛t IHJ

T (W ) 6= ∅✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ t❤❛t ❜❡❧♦♥❣ t♦ IHJ
T (W )✳

◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ICL
T (w) 6= ∅

▲❡t w ∈ L∞(R) ❛♥❞ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

pw : R −→ R

x 7−→ ξx(0),
✭✽✳✹✳✷✮
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✇❤❡r❡ ❢♦r ❛❧❧ x ∈ R✱ ξx, νx ∈ C1((0, T )) ❛r❡ s✉❝❤ t❤❛t✿




ξ̇x(t) =
∂H

∂u
(ξx(t), νx(t))

ν̇x(t) = −∂H
∂x

(ξx(t), νx(t)); ξx(T ) = x, νx(T ) = w(x).

❘❡♠❛r❦ ✽✳✹✳✷✳ ■♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✱ pw r❡❞✉❝❡s t♦

∀x ∈ R, pw(x) = x− T ·H ′(w(x)),

s❡❡ ❬✻✶✱ ❙❡❝t✐♦♥ ✷❪✳

Pr♦♣♦s✐t✐♦♥ ✽✳✹✳✸✳ ▲❡t w ∈ L∞(R) s✉❝❤ t❤❛t ICL
T (w) 6= ∅✳ ❚❤❡♥ pw ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳

Pr♦♦❢✳ ■♥ ❧✐❣❤t ♦❢ ❜♦t❤ ▲❡♠♠❛ ✽✳✶✳✻ ❛♥❞ ▲❡♠♠❛ ✽✳✹✳✶✱ s✐♥❝❡ ICL
T (w) 6= 0✱ pw ✐s ✇❡❧❧✲❞❡✜♥❡❞

♦♥ R✳ ❋✐① x, y ∈ R ✭x < y✮✳ ❙✐♥❝❡ ICL
T (w) 6= 0✱ pw ❛ss✐❣♥s t♦ x ✭r❡s♣✳ y✮ t❤❡ ✈❛❧✉❡ ♦❢

t❤❡ ♠✐♥✐♠❛❧ ❜❛❝❦✇❛r❞ ❣❡♥❡r❛❧✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝s ❡♠❛♥❛t✐♥❣ ❢r♦♠ (x, T ) ✭r❡s♣✳ ❢r♦♠ (y, T )✮
s❡❡ ❙❡❝t✐♦♥ ✽✳✶✳✸✳ ❇② ❬✻✼✱ ❚❤❡♦r❡♠ ✸✳✷❪✱ ξx ❛♥❞ ξy ❛r❡ ❣❡♥✉✐♥❡✱ ❤❡♥❝❡ t❤❡② ❞♦ ♥♦t ✐♥t❡rs❡❝t
✐♥ (0, T )✱ s❡❡ ❬✻✼✱ ❈♦r♦❧❧❛r② ✸✳✷❪✳ ❚❤✐s ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ξx(0) ≤ ξy(0) ✐✳❡✳ pw ✐s
♥♦♥❞❡❝r❡❛s✐♥❣✳ �

❘❡♠❛r❦ ✽✳✹✳✸✳ ■♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✱ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ pw r❡❛❞s✿

∀x, y ∈ R, x < y =⇒ H ′(w(y))−H ′(w(x)) ≤ y − x

T
,

✇❤✐❝❤ ✐s t❤❡ ❝❧❛ss✐❝❛❧ ❖❧❡✐♥✐❦ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❞❡❝❛② ♦❢ ♣♦s✐t✐✈❡ ✇❛✈❡s✱ s❡❡ ❬✻✽✱ ❈❤❛♣t❡r ✻❪✳

❙✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r IHJ
T (W ) 6= ∅

❲❡ ♥♦✇ ♣r♦✈✐❞❡ ❛ s✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦♥ ❛ ♣r♦✜❧❡ W ∈ Lip(R) t♦ ❡♥s✉r❡ t❤❛t
IHJ
T (W ) 6= 0✳

◆♦t❛t✐♦♥ ✽✳✹✳✶✳ ❋♦r ❛♥② W ∈ Lip(R)✱ ❞❡♥♦t❡ ❜② CH,W > 0 ❛ ❝♦♥st❛♥t s✉❝❤ t❤❛t

∀r ∈ R
+, r ≥ CH,W =⇒ φ(r)

1 + r
>

(
sup
x∈R

|u|≤‖W ′‖L∞

|H(x, u)|+ sup
x∈R
|v|≤1

|L(x, v)|
)
, ✭✽✳✹✳✸✮

✇❤❡r❡ φ ✐s ❣✐✈❡♥ ❜② t❤❡ ◆❛❣✉♠♦ ❣r♦✇t❤ ♦❢ H✱ s❡❡ ❈♦r♦❧❧❛r② ✽✳✶✳✹✳

▲❡t ✉s ♣r♦✈❡ s♦♠❡ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts✳

▲❡♠♠❛ ✽✳✹✳✹✳ ❉❡✜♥❡ t❤❡ s✉❜s❡t

S :=




γ ∈ C1([0, T ])

∣∣∣∣∣∣∣

∃θ ∈ C1([0, T ]), ∀t ∈ (0, T ),

γ̇(t) =
∂H

∂u
(γ(t), θ(t)) ❛♥❞ θ̇(t) = −∂H

∂x
(γ(t), θ(t))




. ✭✽✳✹✳✹✮

❚❤❡♥
∀(x0, xT ) ∈ R

2, ∃γ ∈ S, γ(0) = x0 ❛♥❞ γ(T ) = xT .

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛s ✽✳✶✳✶✶✲✽✳✶✳✶✷✳ �
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▲❡♠♠❛ ✽✳✹✳✺✳ ▲❡t W ∈ Lip(R)✳ ❉❡✜♥❡

∀x0 ∈ R, U∗
0 (x0) := sup

γ∈S
γ(0)=x0

(
W (γ(T ))−

✂ T

0

L(γ(s), γ̇(s)) ds

)
. ✭✽✳✹✳✺✮

❚❤❡♥ U∗
0 ∈ Lip(R)✱ ❛♥❞ ✐♥ ✐ts ❞❡✜♥✐t✐♦♥✱ t❤❡ sup ✐s ❛tt❛✐♥❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

‖(U∗
0 )

′‖L∞ ≤ T

(
sup
x∈R

|v|≤C
H,W

∣∣∣∣
∂L

∂x
(x, v)

∣∣∣∣+ ‖W ′‖L∞

)
. ✭✽✳✹✳✻✮

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② ▲✐♣s❝❤✐t③ ❝✉r✈❡s γ r❡❛❧✐③✐♥❣ t❤❡ ♠❛①✐♠✉♠ ✐♥ ✭✽✳✹✳✺✮✱ ✇❡ ❤❛✈❡✿

‖γ̇‖L∞ ≤ CH,W .

Pr♦♦❢✳ ❋✐rst✱ r❡♠❛r❦ t❤❛t

∀x0 ∈ R, U∗
0 (x0) = − inf

γ∈S
γ(0)=x0

(✂ T

0

L(γ(s), γ̇(s)) ds−W (γ(T ))

)
.

◆♦✇ ❛♣♣❧②✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s τ = T − s✱

∀x0 ∈ R, U∗
0 (x0) = − inf

y∈S
y(T )=x0

(✂ T

0

L(y(T − τ), ẏ(T − τ)) dτ −W (y(0))

)
.

❚❤❡♥✱ ✐♥ ✈✐❡✇ ♦❢ ❈♦r♦❧❧❛r② ✽✳✸✳✶✺✱

∀x0 ∈ R, U∗
0 (x0) = − inf

y∈Lip((0,T ))
y(T )=x0

(✂ T

0

L(y(T − s), ẏ(T − s)) ds−W (y(0))

)

= − inf
y∈W1,1((0,T ))

y(T )=x0

(✂ T

0

L(y(T − s), ẏ(T − s)) ds−W (y(0))

)

✇❤✐❝❤ ❢❛❧❧s ❡①❛❝t❧② ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✸✱ ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ t❤❡ st❛t❡♠❡♥t
❢♦❧❧♦✇✱ ✐♥ ❧✐❣❤t ♦❢ ❚❤❡♦r❡♠ ✽✳✸✳✾ ❛♥❞ ❚❤❡♦r❡♠ ✽✳✸✳✶✷✳ �

❚❤❡ ❢✉♥❝t✐♦♥ U∗
0 ✇✐❧❧ ♣❧❛② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ t❤❡ s❡q✉❡❧✳ ❋✐rst✱ ♥♦t❡ t❤❛t

▲❡♠♠❛ ✽✳✹✳✻✳ ❋✐① W ∈ Lip(R) s✉❝❤ t❤❛t IHJ
T (W ) 6= ∅ ❛♥❞ ❧❡t U∗

0 ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ▲❡♠♠❛
✽✳✹✳✺✳ ❚❤❡♥ ❢♦r ❛❧❧ U0 ∈ IHJ

T (W )✱ ✇❡ ❤❛✈❡

U0 ≥ U∗
0 . ✭✽✳✹✳✼✮

Pr♦♦❢✳ ❋✐① x0 ∈ R ❛♥❞ γ ∈ S s✉❝❤ t❤❛t γ(0) = x0✳ ❙✐♥❝❡ U0 ∈ IHJ
T (W )✱ ✇❡ ❤❛✈❡✿

W (γ(T ))−
✂ T

0

L(γ(s), γ̇(s)) ds = inf
ζ∈S

ζ(T )=γ(T )

(✂ T

0

L(ζ(s), ζ̇(s)) ds+ U0(ζ(0))

)
−
✂ T

0

L(γ(s), γ̇(s)) ds

≤
ζ=γ

U0(γ(0)) = U0(x0).

❇② t❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦♥ γ ∈ S✱ ✇❡ ♦❜t❛✐♥ U∗
0 ≤ U0✳ �
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▲❡♠♠❛ ✽✳✹✳✼✳ ❋✐① W ∈ Lip(R) ❛♥❞ ❧❡t U∗
0 ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ▲❡♠♠❛ ✽✳✹✳✺✳ ❉❡✜♥❡ t❤❡ s✉❜s❡t✿

G :=




(x0, xT ) ∈ R

2

∣∣∣∣∣∣∣
∃γ ∈ S,

(i) γ(0) = x0, γ(T ) = xT

(ii) U∗
0 (x0) = W (xT )−

✂ T

0

L(γ(s), γ̇(s)) ds




. ✭✽✳✹✳✽✮

❚❤❡♥ G ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ G ✐s s✉r❥❡❝t✐✈❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿

∀x0 ∈ R, ∃xT ∈ R, (x0, xT ) ∈ G. ✭✽✳✹✳✾✮

✭✐✐✮ G ✐s ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ R2❀

✭✐✐✐✮ ❢♦r ❛❧❧ (x0, xT ) ∈ G✱ ✇❡ ❤❛✈❡

|x0 − xT | ≤ TCH,W ; ✭✽✳✹✳✶✵✮

✭✐✈✮ G ✐s ♠♦♥♦t♦♥❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿

∀(x0, xT ), (y0, yT ) ∈ G,
(
x0 < y0 =⇒ xT ≤ yT

)
❛♥❞

(
xT < yT =⇒ x0 ≤ y0

)
. ✭✽✳✹✳✶✶✮

Pr♦♦❢✳ ✭✐✮ Pr♦♣❡rt② ✭✽✳✹✳✾✮ ❝♦♠❡s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ U∗
0 ❛♥❞ ▲❡♠♠❛ ✽✳✹✳✺✳

✭✐✐✮ ▲❡t (x(n)0 , x
(n)
T )n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ G ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ (x0, xT ) ∈ R

2✳ ❇② ❞❡✜♥✐t✐♦♥✱
❢♦r ❛❧❧ n ∈ N✱ t❤❡r❡ ❡①✐sts γ(n) ∈ S s✉❝❤ t❤❛t

x
(n)
0 = γ(n)(0); x

(n)
T = γ(n)(T ); U∗

0 (x
(n)
0 ) = W (x

(n)
T )−

✂ T

0

L(γ(n)(s), γ̇(n)(s)) ds . ✭✽✳✹✳✶✷✮

❋♦r ❛❧❧ n ∈ N✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② θ(n) ∈ C1((0, T )) t❤❡ ❝✉r✈❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ γn✱ ❣✐✈❡♥ ❜②
(x

(n)
0 , x

(n)
T ) ∈ G✳

▲❡♠♠❛ ✽✳✹✳✺ ❡♥s✉r❡s t❤❛t
∀n ∈ N, ‖γ̇(n)‖L∞ ≤ CH,W .

◆♦t❡ t❤❛t ❢♦r ❛❧❧ n ∈ N✱
∣∣∣∣
∂H

∂u
(γ(n)(0), θ(n)(0))

∣∣∣∣ =
∣∣γ̇(n)(0)

∣∣ ≤ CH,W ,

✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ (θ(n)(0))n✳ ❚❤❡r❡❢♦r❡✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡
t❤❛t (θ(n)(0), γ(n)(0))n ❝♦♥✈❡r❣❡s t♦ (θ0, x0) ✇✐t❤ θ0 ∈ R✳ ❯s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✢♦✇ ♦❢
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✽✳✹✳✹✮✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ γ, θ ∈ C([0, T ])
s✉❝❤ t❤❛t (γ(n))n ❛♥❞ (θ(n))n ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❧② ♦♥ [0, T ] t♦ γ ❛♥❞ θ✱ r❡s♣❡❝t✐✈❡❧②✳
❋r♦♠

∀n ∈ N, ∀t ∈ [0, T ], γ̇(n)(t) =
∂H

∂u
(γ(n)(t), θ(n)(t))

θ̇(n)(t) = −∂H
∂x

(γ(n)(t), θ(n)(t)),
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✇❡ ❞❡❞✉❝❡ t❤❛t (γ̇(n))n ❛♥❞ (θ̇(n))n ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❧② ♦♥ [0, T ] t♦
∂H

∂u
(γ, θ) ❛♥❞ −∂H

∂x
(γ, θ)✱

r❡s♣❡❝t✐✈❡❧②✳ ▼♦r❡♦✈❡r✱ ❜② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❡q✉❛❧✐t✐❡s

∀n ∈ N, ∀t ∈ [0, T ], γ(n)(t) = x
(n)
0 +

✂ t

0

∂H

∂u
(γ(n)(s), θ(n)(s)) ds

θ(n)(t) = θ(n)(0)−
✂ t

0

∂H

∂x
(γ(n)(s), θ(n)(s)) ds ,

✇❡ ❞❡❞✉❝❡ t❤❛t✿

✖ γ, θ ∈ C1((0, T )) ❛♥❞ γ̇ =
∂H

∂u
(γ, θ) ❛♥❞ θ̇ − ∂H

∂x
(γ, θ)❀

✖ (γ̇(n))n ❛♥❞ (θ̇(n))n ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❧② ♦♥ [0, T ] t♦ γ̇ ❛♥❞ θ̇✱ r❡s♣❡❝t✐✈❡❧②✳
❋✐♥❛❧❧②✱ ✇❡ ❧❡t n→ +∞ ✐♥ ✭✽✳✹✳✶✷✮ t♦ ❝♦♥❝❧✉❞❡ t❤❛t ✜rst t❤❛t γ ∈ S ❛♥❞ t❤❡♥✱ t❤❛t (x0, xT ) ∈
G✳
✭✐✐✐✮ ▲❡t (x0, xT ) ∈ G ❛♥❞ ❧❡t γ ∈ S ❧✐♥❦✐♥❣ x0 ❛♥❞ xT ✳ ❚❤❡♥ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✽✳✹✳✺✱ ✇❡
❤❛✈❡

|x0 − xT = |γ(0)− γ(T )| ≤ T‖γ̇‖L∞ ≤ TCH,W .

✭✐✈✮ ❲❡ ♦♥❧② ♣r♦✈❡ t❤❡ ✜rst ✐♠♣❧✐❝❛t✐♦♥ ✐♥ ✭✽✳✹✳✾✮✱ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢ ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡
❛r❡ s✐♠✐❧❛r s♦ ✇❡ ♦♠✐t t❤❡♠✳
▲❡t γ, ζ ∈ S ❜❡ t✇♦ ♠✐♥✐♠✐③❡rs ❢♦r U∗

0 (x0) ❛♥❞ U∗
0 (y0)✱ r❡s♣❡❝t✐✈❡❧②✳ ❇② ❛ss✉♠♣t✐♦♥✱ ✇❡

❤❛✈❡ γ(0) < ζ(0)✳ ❲❡ ♥♦✇ ❝❤❡❝❦ t❤❛t γ ❛♥❞ ζ ❞♦ ♥♦t ✐♥t❡rs❡❝t ✐♥ [0, T )❀ t❤✐s ✇✐❧❧ ♣r♦✈❡ t❤❡
st❛t❡♠❡♥t✳ ❙✉♣♣♦s❡ ✐♥st❡❛❞ t❤❛t

∃τ ∈ (0, T ), γ(τ) = ζ(τ). ✭✽✳✹✳✶✸✮

❉❡✜♥❡ t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥

∀t ∈ [0, T ], ξ(t) =

{
ζ(t) ✐❢ 0 ≤ t ≤ τ

γ(t) ✐❢ τ < t ≤ T.

❈❧❡❛r❧②✱ ξ ∈ Lip(R) ❛♥❞ ξ(0) = y0✳ ❘❡♠❛r❦ t❤❛t γ̇(τ) 6= ζ̇(τ)✳ ■❢ ✐t ✇❛s t❤❡ ❝❛s❡✱ t❤❡♥
❜② ❞❡♥♦t✐♥❣ θ, ω ∈ C1((0, T )) t❤❡ ❝✉r✈❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ γ ❛♥❞ ζ✱ r❡s♣❡❝t✐✈❡❧②✱ ❣✐✈❡♥ ❜②
(x0, xT ), (y0, yT ) ∈ G✱ t❤❡♥ ✇❡ ✇♦✉❧❞ ❤❛✈❡✿

γ̇(τ) = ζ̇(τ) ⇐⇒ ∂H

∂u
(γ(τ), θ(τ)) =

∂H

∂u
(ζ(τ), ω(τ))

⇐⇒ ∂H

∂u
(γ(τ), θ(τ)) =

∂H

∂u
(γ(τ), ω(τ)) ⇐⇒ θ(τ) = ω(τ),

s✐♥❝❡ u 7→ ∂H

∂u
(γ(τ), u) ✐s ❜✐❥❡❝t✐♦♥✳ ❍♦✇❡✈❡r t❤✐s ✇♦✉❧❞ ❝♦♥tr❛❞✐❝ts ❈❛✉❝❤② ▲✐♣s❝❤✐t③ t❤❡♦✲

r❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ξ ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ♣♦✐♥t τ ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ γ ❛♥❞ ζ ❛r❡ ♠✐♥✐♠✐③❡rs✱



✷✺✻ ❈❍❆P❚❊❘ ✽✳ ❈❖❘❘❊❙P❖◆❉❊◆❈❊❙ ❆◆❉ ❚❍❊ ■◆❱❊❘❙❊ ❉❊❙■●◆ P❘❖❇▲❊▼

✇❡ ❤❛✈❡✱ ✐♥ ❧✐❣❤t ♦❢ ❈♦r♦❧❧❛r② ✽✳✸✳✶✺✿

U∗
0 (y0)−W (yT ) = − inf

y∈S
y(0)=y0

(✂ T

0

L(y(s), ẏ(s)) ds

)

= − inf
y∈Lip((0,T ))

y(0)=y0

(✂ T

0

L(y(s), ẏ(s)) ds

)

= − inf
y∈Lip((0,τ))

y(0)=y0,y(τ)=ξ(τ)

(✂ τ

0

L(y(s), ẏ(s)) ds

)
− inf

y∈Lip((τ,T ))
y(τ)=ξ(τ),y(T )=yT

(✂ T

τ

L(y(s), ẏ(s)) ds

)

= −
✂ τ

0

L(ζ(s), ζ̇(s)) ds−
✂ T

τ

L(γ(s), γ̇(s)) ds

= −
✂ T

0

L(ξ(s), ξ̇(s)) ds .

❚❤✐s ❡♥s✉r❡s t❤❛t ξ ✐s ❛ ▲✐♣s❝❤✐t③ ♠✐♥✐♠✐③❡r ❢♦r U∗
0 (y0)✱ t❤❡r❡❢♦r❡ ξ ∈ W2,∞((0, T ))✱ s❡❡

❈♦r♦❧❧❛r② ✽✳✸✳✼✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t ξ ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ♣♦✐♥t t = τ ✳
❲❡ ❝♦♥❝❧✉❞❡ t❤❛t γ ❛♥❞ ζ ❞♦ ♥♦t ❝r♦ss ✐♥ [0, T ) ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t γ(T ) ≤ ζ(T ) ✐✳❡✳ xT ≤ yT ✳
�

❘❡♠❛r❦ ✽✳✹✳✹✳ ❘❡♠❛r❦ t❤❛t ✐♥ ▲❡♠♠❛ ✽✳✹✳✼✱ Pr♦♣❡rt✐❡s ✭✐✐✮✲✭✐✐✐✮✲✭✐✈✮ ❞♦ ♥♦t r❡❧② ♦♥ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ U∗

0 ✱ ♦♥❧② ✐ts ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✇❛s r❡q✉✐r❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② ▲✐♣s❝❤✐t③
❢✉♥❝t✐♦♥ U0✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ✐ts ❛ss♦❝✐❛t❡❞ s✉❜s❡t GU0 ❜② ✭✽✳✹✳✽✮ ✭r❡♣❧❛❝✐♥❣ U∗

0 ❜② U0✮ ❛♥❞ t❤❡
s✉❜s❡t GU0 ✇✐❧❧ ❛❧s♦ s❛t✐s❢② Pr♦♣❡rt✐❡s ✭✐✐✮✲✭✐✐✐✮✲✭✐✈✮✳ ■♥ ❝♦♥tr❛st✱ Pr♦♣❡rt② ✭✽✳✹✳✾✮ ✐s ✐♥tr✐♥s✐❝
t♦ U∗

0 ✳

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣r♦✜❧❡s ✇❤✐❝❤ ❛r❡ r❡❛❝❤❛❜❧❡✳

❚❤❡♦r❡♠ ✽✳✹✳✽✳ ❋✐① W ∈ Lip(R)✳ ▲❡t U∗
0 ❛♥❞ G ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ▲❡♠♠❛s ✽✳✹✳✺✲✽✳✹✳✼✳ ❚❤❡♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✶✳ U∗
0 ∈ IHJ

T (W )✳

✷✳ IHJ
T (W ) 6= ∅✳

✸✳ ✭✐✮ pW ′ ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ✭✐✐✮ G ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛①✐♠❛❧ ♣r♦♣❡rt②✿

(x0, x
′
T ), (x0, x

′′
T ) ∈ G =⇒ ∀xT ∈ [x′T , x

′′
T ], (x0, xT ) ∈ G. ✭✽✳✹✳✶✹✮

Pr♦♦❢✳ ✶✳ =⇒ ✷✳ ✐s ❝❧❡❛r✳

✷✳ =⇒ ✸✳ ❙✉♣♣♦s❡ t❤❛t IHJ
T (W ) 6= ∅✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② ❡st❛❜❧✐s❤❡❞ t❤❛t ✭✐✮ ❤♦❧❞s✱ s❡❡

Pr♦♣♦s✐t✐♦♥ ✽✳✹✳✸✳
❋✐① ♥♦✇ U0 ∈ IHJ

T (W )✱ (x0, x′T ), (x0, x
′′
T ) ∈ G ✭x′T < x′′T ✮ ❛♥❞ xT ∈ (x′T , x

′′
T )✳

▲❡t γ, ζ ∈ S t✇♦ ♠✐♥✐♠✐③❡rs ❝♦♥♥❡❝t✐♥❣ (x0, x
′
T ) ❛♥❞ (x0, x

′′
T )✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❧❡t ξ ❜❡ t❤❡
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♠✐♥✐♠❛❧ ❜❛❝❦✇❛r❞ ❣❡♥❡r❛❧✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝s ❡♠❛♥❛t✐♥❣ ❢r♦♠ (xT , T )✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
P❉❊ ✭✽✳✵✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U ′

0✳ ❙✐♥❝❡ ξ ✐s ❣❡♥✉✐♥❡✱ ξ ∈ S ❛♥❞ ❜② ❚❤❡♦r❡♠ ✽✳✸✳✶✹✱

W (xT ) =

✂ T

0

L(ξ(s), ξ̇(s)) ds+ U0(ξ(0)) ≥
✂ T

0

L(ξ(s), ξ̇(s)) ds+ U∗
0 (ξ(0)).

❆❜♦✈❡✱ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t U0 ≥ U∗
0 ✱ s❡❡ ▲❡♠♠❛ ✽✳✹✳✻✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

U∗
0 (ξ(0)) ≤ W (xT )−

✂ T

0

L(ξ(s), ξ̇(s)) ds .

❇② ❞❡✜♥✐t✐♦♥ ♦❢ U∗
0 ✱ ✇❡ ❤❛✈❡ ❡q✉❛❧✐t② ❛❜♦✈❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ξ ✐s ❛ ♠❛①✐♠✐③❡r ♦❢ U∗

0 ✳ ❲❡ ❞❡❞✉❝❡
t❤❛t (ξ(0), xT ) ∈ G✳ ❇② ✭✽✳✹✳✶✶✮✱

x′T < xT =⇒ x0 ≤ ξ(0) ❛♥❞ x′′T > xT =⇒ x0 ≥ ξ(0).

❲❡ ❞❡❞✉❝❡ t❤❛t ξ(0) = x0 ❛♥❞ t❤❡r❡❢♦r❡✱ (x0, xT ) ∈ G✳

✸✳ =⇒ ✶✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t ❛ss✉♠♣t✐♦♥s ✭✐✮✲✭✐✐✮ ✐♠♣❧② t❤❛t U∗
0 ∈ IHJ

T (W )✳ ❲❡ ✜rst ❝❤❡❝❦
t❤❛t✿

∀xT ∈ R, ∃x0 ∈ R, (x0, xT ) ∈ G. ✭✽✳✹✳✶✺✮

❋✐① xT ∈ R ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ s✉❜s❡t✿

E = {x ∈ R | ∃y < xT , (x, y) ∈ G} .

❙✐♥❝❡ E ✐s ♥♦♥❡♠♣t② ❛♥❞ ❜♦✉♥❞❡❞ ❜② ❛❜♦✈❡ s✐♥❝❡✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✽✳✹✳✾✮ ❛♥❞ ✭✽✳✹✳✶✵✮✱

(−∞,−TCH,W + xT ) ⊂ E

❛♥❞
∀x ∈ E, x ≥ (x− y) + y ≥ −|x− y|+ xT ≥ −TCH,W + xT .

❚❤❡r❡❢♦r❡✱ x = supE ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ▲✐❦❡✇✐s❡✱ t❤❡ s✉❜s❡t

F = {x ∈ R | ∃y > xT , (x, y) ∈ G} .

✐s ♥♦♥❡♠♣t② ❛♥❞ ❜♦✉♥❞❡❞ ❜② ❜❡❧♦✇✱ t❤❡r❡❢♦r❡✱ x = inf F ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❈❧❡❛r❧②✱ ✇❡ ❤❛✈❡
x ≤ x✳
▲❡t (xn)n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ E ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ x✳ ❋♦r ❛❧❧ n ∈ N✱ t❤❡r❡ ❡①✐sts yn < xT s✉❝❤
t❤❛t (xn, yn)✳ ❙✐♥❝❡ (xn)n ✐s ❜♦✉♥❞❡❞✱ (yn)n ✐s ❜♦✉♥❞❡❞ ❛s ✇❡❧❧✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✽✳✹✳✶✵✮✳
❯♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t (yn)n ❝♦♥✈❡r❣❡s t♦ s♦♠❡ y ≤ xT ✳
❙✐♥❝❡ G ✐s ❝❧♦s❡❞✱ s❡❡ ▲❡♠♠❛ ✽✳✹✳✼ ✭✐✐✮✱ (x, y) ∈ G✳ ❚❤❡ s❛♠❡ ✇❛②✱ t❤❡r❡ ❡①✐sts y ≥ xT s✉❝❤
t❤❛t (x, y) ∈ G✳ ▲❡t ✉s ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ❜② ❛ ❝❛s❡ ❜② ❝❛s❡ st✉❞②✳
❈❛s❡ ✶✿ x = x := x0✳ ❙✐♥❝❡ y ≤ xT ≤ y✱ ❜② ✭✽✳✹✳✶✹✮✱ ✇❡ ❤❛✈❡✿

(x0, y), (x0, y) ∈ G =⇒ (x0, xT ) ∈ G.

❈❛s❡ ✷✿ x < x✳ ❋✐① x0 ∈ (x, x)✳ ❇② ▲❡♠♠❛ ✽✳✹✳✼✱ t❤❡r❡ ❡①✐sts y ∈ R s✉❝❤ t❤❛t (x0, y) ∈ G✳
❍♦✇❡✈❡r✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ x✱ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ y ≥ xT ✳ ❚❤❡ s❛♠❡ ✇❛②✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
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x ❡♥s✉r❡s t❤❛t y ≤ xT ✳ ❲❡ ♣r♦✈❡❞ t❤❛t y = xT ❛♥❞ t❤❡r❡❢♦r❡✱ (x0, xT ) ∈ G ❢♦r ❛♥② x0 ∈ (x, x)✳

❊q✉❛❧✐t② ✭✽✳✹✳✶✺✮ r❡✇r✐t❡s ❛s✿

∀x ∈ R, ∃γ ∈ S, γ(T ) = x, W (x) =

✂ T

0

L(γ(s), γ̇(s)) ds+ U∗
0 (γ(0)). ✭✽✳✹✳✶✻✮

▼♦r❡♦✈❡r✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ U∗
0 ❡♥s✉r❡s t❤❛t ❢♦r ❛❧❧ x ∈ R ❛♥❞ ❢♦r ❛❧❧ ❝✉r✈❡s γ ∈ S✱ γ(T ) = x✱

✇❡ ❤❛✈❡ ✂ T

0

L(γ(s), γ̇(s)) ds+ U∗
0 (γ(0)) ≥ W (γ(T )) = W (x). ✭✽✳✹✳✶✼✮

❇♦t❤ ✭✽✳✹✳✶✻✮ ❛♥❞ ✭✽✳✹✳✶✼✮ ❝♦♠❜✐♥❡❞ ✐♠♣❧✐❡s t❤❛t

∀x ∈ R, W (x) = inf
γ∈S

γ(T )=x

(✂ T

0

L(γ(s), γ̇(s)) ds+ U∗
0 (γ(0))

)

= inf
γ∈Lip((0,T ))

γ(T )=x

(✂ T

0

L(γ(s), γ̇(s)) ds+ U∗
0 (γ(0))

)
,

✐♥ ❧✐❣❤t ♦❢ ❈♦r♦❧❧❛r② ✽✳✸✳✶✺✳ ❚❤✐s ❧❛st ❡q✉❛❧✐t② ❡①❛❝t❧② ♠❡❛♥s t❤❛t t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ U
t♦ ✭✽✳✵✳✷✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ U∗

0 ✈❡r✐✜❡s U(·, T ) = W ✱ ✉s✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡
✈✐s❝♦s✐t② s♦❧✉t✐♦♥✴❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✱ s❡❡ ❚❤❡♦r❡♠ ✽✳✸✳✶✷✳ ❲❡ ♣r♦✈❡❞ t❤❛t U∗

0 ∈ IHJ
T (W )

❛♥❞ t❤❡r❡❢♦r❡ IHJ
T (W ) 6= ∅✳ �

❈♦r♦❧❧❛r② ✽✳✹✳✾✳ ❋✐① w ∈ L∞(R) ❛♥❞ ❧❡t W ❜❡ ❛ ♣r✐♠✐t✐✈❡ ♦❢ w✳ ▲❡t U∗
0 ❛♥❞ G ❜❡ ❞❡✜♥❡❞

❛s ✐♥ ▲❡♠♠❛s ✽✳✹✳✺✲✽✳✹✳✼✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✶✳ (U∗
0 )

′ ∈ ICL
T (x)✳

✷✳ ICL
T (w) 6= ∅✳

✸✳ ✭✐✮ pw ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ ✭✐✐✮ G ❤❛s t❤❡ ♣r♦♣❡rt② ✭✽✳✹✳✶✹✮✳

❘❡♠❛r❦ ✽✳✹✳✺✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✱ ♦♥❧② ❛ss✉♠♣t✐♦♥ ✭✐✮ ✇❛s
r❡q✉✐r❡❞✳

❙✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r U0 ∈ IHJ
T (W )

❚❤❡♦r❡♠ ✽✳✹✳✶✵✳ ❋✐① W ∈ Lip(R) s✉❝❤ t❤❛t IHJ
T (W ) 6= ∅ ❛♥❞ ❧❡t U∗

0 ❜❡ ❞❡✜♥❡❞ ❛s ✐♥
▲❡♠♠❛ ✽✳✹✳✼✳ ❋✐① U0 ∈ Lip(R)✳ ❚❤❡♥ U0 ∈ IHJ

T (W ) ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

✭✐✮ U0 ≥ U∗
0 ❀

✭✐✐✮ U0 = U∗
0 ♦♥ pW ′(R)✳

Pr♦♦❢✳ =⇒ P♦✐♥t ✭✐✮ ❝♦♠❡s ❢r♦♠ ▲❡♠♠❛ ✽✳✹✳✻✳ ▲❡t ✉s ♣r♦✈❡ ✭✐✐✮✳ ❋✐① x0 ∈ pW ′(R)✳ ❇②
❞❡✜♥✐t✐♦♥✱

∃z0 ∈ R, x0 = pW ′(z0).
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❚❤✐s ❧❛st ❡q✉❛❧✐t② s✐♠♣❧② ♠❡❛♥s t❤❛t x0 ✐s t❤❡ ✈❛❧✉❡ ❛t t✐♠❡ t = 0 ♦❢ t❤❡ ♠✐♥✐♠❛❧ ❜❛❝❦✇❛r❞
❝❤❛r❛❝t❡r✐st✐❝s ❡♠❛♥❛t✐♥❣ ❢r♦♠ (z0, T )✱ ❞❡♥♦t❡❞ ❜② ξ✳ ❙✐♥❝❡ U0 ∈ IHJ

T (W )✱ ❚❤❡♦r❡♠ ✽✳✸✳✶✹
❡♥s✉r❡s t❤❛t

W (z0) =

✂ T

0

L(ξ(s), ξ̇(s)) ds+ U0(x0).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

U∗
0 (x0) = sup

γ∈S
γ(0)=x0

(
W (γ(T ))−

✂ T

0

L(γ(s), γ̇(s))

)
ds

≥
γ=ξ

W (z0)−
✂ T

0

L(ξ(s), ξ̇(s)) ds = U0(x0).

❲❡ ❥✉st ♣r♦✈❡❞ t❤❛t U0 = U∗
0 ♦♥ pW ′(R)✳ ❙✐♥❝❡ t❤❡s❡ t✇♦ ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥t✐♥✉♦✉s✱ t❤❡② ❛❧s♦

❝♦✐♥❝✐❞❡ ♦♥ pW ′(R)✳

⇐= ▲❡t ✉s ♠❛❦❡ ♣r❡❝✐s❡ t❤❛t s✐♥❝❡ IHJ
T (W ) 6= ∅✱ t❤❡♥ P♦✐♥ts ✭✐✮✲✭✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✽✳✹✳✽ ❤♦❧❞

❛♥❞ t❤❡r❡❢♦r❡✱ U∗
0 ∈ IHJ

T (W )✳
❋✐① x ∈ R✳ ◆♦t❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ U0 ≥ U∗

0 ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s✿

W (x) ≤ inf
γ∈S

γ(T )=x

(✂ T

0

L(γ(s), γ̇(s)) ds+ U0(γ(0))

)
. ✭✽✳✹✳✶✽✮

❉❡♥♦t❡ ❜② ξ t❤❡ ♠✐♥✐♠❛❧ ❜❛❝❦✇❛r❞ ❝❤❛r❛❝t❡r✐st✐❝s ❡♠❛♥❛t✐♥❣ ❢r♦♠ (x, T )✳ ❯s✐♥❣ ❜♦t❤ t❤❡
❢❛❝t t❤❛t U∗

0 ∈ IHJ
T (W ) ❛♥❞ t❤❛t ξ ✐s ❛ ♠✐♥✐♠✐③❡r✱ ✇❡ ❤❛✈❡✿

W (x) =

✂ T

0

L(ξ(s), ξ̇(s)) ds+ U∗
0 (ξ(0)).

❈❧❡❛r❧②✱ ξ(0) ∈ pW ′(R) ❛♥❞ t❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ U∗
0 (ξ(0)) ❜② U0(ξ(0)) ✐♥ t❤❡ ❧❛st ❡q✉❛❧✐t②✳

❚❤✐s ❡♥s✉r❡s t❤❛t ✇❡ ❤❛✈❡ ❡q✉❛❧✐t② ✐♥ ✭✽✳✹✳✶✽✮✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t U0 ∈ IHJ
T (W )✳ �

❈♦r♦❧❧❛r② ✽✳✹✳✶✶✳ ❋✐① W ∈ Lip(R) s✉❝❤ t❤❛t IHJ
T (W ) 6= ∅✳ ❚❤❡♥ IHJ

T (W ) ✐s ❛ ❝♦♥✈❡① ❝♦♥❡
❤❛✈✐♥❣ ❛t ✐ts ✈❡rt❡① U∗

0 ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✽✳✹✳✺✳

Pr♦♦❢✳ ■♠♠❡❞✐❛t❡ ✉s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✽✳✹✳✶✵✳ �

✽✳✹✳✷ ■❧❧✉str❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥❝❡s ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡

❆t t❤✐s ♣♦✐♥t✱ ♦♥❡ ❝♦✉❧❞ t❤✐♥❦ t❤❛t t❤❡ ✐♥✈❡rs❡ ❞❡s✐❣♥ ♣r♦❜❧❡♠ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ✢♦✇ ✐s
❛ s✐♠♣❧❡ ❛❞❛♣❛t❛t✐♦♥ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✱ ❡s♣❡❝✐❛❧❧② ✐♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✽✳✹✳✶✵ ❛♥❞
❈♦r♦❧❧❛r② ✽✳✹✳✶✶✳ ▲❡t ✉s ❤✐❣❤❧✐❣❤t ✐♥ t❤✐s s❡❝t✐♦♥ s♦♠❡ s✉❜t❧❡t✐❡s✳ ▲❡t H ❜❡ ♦❢ t❤❡ ❢♦r♠

H(x, u) =
u2

2
+ g(x), ✭✽✳✹✳✶✾✮

✇❤❡r❡ g ❤❛s t❤❡ s❤❛♣❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳✸✱ ❧❡❢t✳ ❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ g ❛r❡✿
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❋✐❣✉r❡ ✽✳✸ ✕ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥✳

✖ g ∈ C2(R) ✐s ❛♥ ❡✈❡♥ ❢✉♥❝t✐♦♥❀
✖ g ≡ 1 ♦♥ [2,+∞)❀
✖ g(0) = 0 ❛♥❞ g′ > 0 ♦♥ (0, 2)✳

❚❤❡ r❡s✉❧t✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳✸✱ r✐❣❤t✳
❲✐t❤ t❤✐s ✢♦✇✱ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✽✳✵✳✶✮ r❡❞✉❝❡s t♦ t❤❡ ✐♥✈✐s❝✐❞ ❇✉r❣❡rs ❡q✉❛t✐♦♥ ✭✵✳✶✳✸✮
✇✐t❤ s♦✉r❝❡ t❡r♠ −g′✳ ❲❡ ❛tt❛❝❤ t♦ ✐t t❤❡ ✐♥✐t✐❛❧ ❞❛t❛

u0(x) =

{−2 ✐❢ x < 0

2 ✐❢ x > 0.

❲❡ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✇✐t❤ ❛ st❛♥❞❛r❞ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡✱ t❤❛t ✐s r❡♣❧❛❝✐♥❣
t❤❡ ♠❛r❝❤✐♥❣ ❢♦r♠✉❧❛ ✭✶✳✶✳✶✮ ❜②

un+1
j+1/2 = unj+1/2 −

∆t

∆x
(fn

j+1 − fn
j )−

∆t

∆x
(g(xj+1)− g(xj)).

❢♦r ✐♥st❛♥❝❡✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✱ ✇✐t❤ t✐♠❡ ❤♦r✐③♦♥ T = 3.5 ✐s r❡♣r❡✲
s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳✹✳ ❘❡♠❛r❦✱ ❛♥❞ t❤✐s ✐s ✐♥tr✐♥s✐❝ t♦ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ❝❛s❡✱ t❤❛t t❤❡ ✐♥✐t✐❛❧
r❛r❡❢❛❝t✐♦♥ ♣r♦✜❧❡ ❡✈♦❧✈❡s ✐♥t♦ ❛ s❤♦❝❦ ✇❛✈❡✳
▲❡t ✉s ❞❡♥♦t❡ ❜② w = u(·, T ) ✭T = 3.5✮ t❤❡ ✜♥❛❧ ♣r♦✜❧❡ ✇❤✐❝❤ ✐s✱ ❜② ❝♦♥str✉❝t✐♦♥ r❡❛❝❤❛❜❧❡✳
■♥ ❋✐❣✉r❡ ✽✳✺✱ ✇❡ ❞r❛✇ ❜❛❝❦✇❛r❞ ❝❤❛r❛❝t❡r✐st✐❝s ❡♠❛♥❛t✐♥❣ ❢r♦♠ (0, T )✳
▲❡t ✉s ❝♦♠♠❡♥t ♦♥ t❤❡ ✜❣✉r❡✳
❖♥ t❤❡ ❧❡❢t✱ ✇❡ ❞r❡✇ t❤❡ ♠✐♥✐♠❛❧ ✭✐♥ ❜r♦✇♥✮ ❛♥❞ ♠❛①✐♠❛❧ ✭✐♥ ❜❧✉❡✮ ❜❛❝❦✇❛r❞ ❝❤❛r❛❝t❡r✐st✐❝s
❡♠❛♥❛t✐♥❣ ❢r♦♠ (0, T )✱ ❞❡♥♦t❡❞ ❜② γ ❛♥❞ ζ✱ r❡s♣❡❝t✐✈❡❧②✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡② ❞♦ ♥♦t ❝r♦ss ✐♥
(0, T )✱ ❛♥❞ r❡❝❛❧❧ t❤❛t t❤❡s❡ ❝✉r✈❡s ❛r❡ ♠✐♥✐♠✐③❡rs ❢♦r t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ♣r♦❜❧❡♠✱ s❡❡
❚❤❡♦r❡♠ ✽✳✸✳✶✹✳
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❋✐❣✉r❡ ✽✳✹ ✕ ❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ u∆(·, t) ❛t t✐♠❡ 3.5❀ ❢♦r ❛♥ ❛♥✐♠❛t❡❞ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✱ ❢♦❧❧♦✇✿ ❤tt♣s✿✴✴✉t❜♦①✳✉♥✐✈✲t♦✉rs✳❢r✴s✴✽❣②✺❇②❈✇✺❣❋✺③❜✺✳

❋✐❣✉r❡ ✽✳✺ ✕ ❇❛❝❦✇❛r❞ ❝❤❛r❛❝t❡r✐st✐❝s✳
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❚❤❡♥✱ ♦♥ t❤❡ r✐❣❤t ✇❡ ❞r❡✇ ❍❛♠✐❧t♦♥✐❛♥ r❛②s ✐✳❡✳ t❤❡ ♣r♦❥❡❝t✐♦♥s ξ ♦❢ t❤❡ ❝✉r✈❡s (ξ, ν) s♦❧✈✐♥❣
t❤❡ s②st❡♠✿

{
ξ̇(t) = ν(t)

ν̇(t) = −g′(ξ(t)), ξ(T ) = 0, ν(T ) = νT , w(0+) ≤ νT ≤ w(0−).

■♥ ✈✐❡✇ ♦❢ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ s❤♦♦t✐♥❣ ❢✉♥❝t✐♦♥✱ s❡❡ ▲❡♠♠❛s ✽✳✶✳✶✶✲✽✳✶✳✶✷✱ ✇❡ ❦♥♦✇ t❤❛t
❢♦r ❛♥② x0 ∈ [γ(0), ζ(0)]✱ ✇❡ ❝❛♥ ❝♦♥♥❡❝t (0, T ) ❛♥❞ (x0, 0) ❜② ❛ ❍❛♠✐❧t♦♥✐❛♥ r❛②✳ ▲❡t ✉s ♠❛❦❡
♣r❡❝✐s❡ t❤❛t ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✱ t❤❡r❡ ✇❛s ❛ ✉♥✐q✉❡ ❍❛♠✐❧t♦♥✐❛♥ r❛② ❥♦✐♥✐♥❣ (0, T ) ❛♥❞
(x0, 0)✳ ❋✐❣✉r❡ ✽✳✺ ❤✐❣❤❧✐❣❤ts t✇♦ ❢❛❝ts✳
❋✐rst✱ t❤❡ s❤♦♦t✐♥❣ ❢✉♥❝t✐♦♥ ✐s ♥♦t ❜✐❥❡❝t✐✈❡ ❛♥②♠♦r❡✳ ❆♥❞ s❡❝♦♥❞✱ s✐♥❝❡ w ✐s r❡❛❝❤❛❜❧❡✱ ✇❡
❦♥♦✇ t❤❛t pw ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ s❡❡ ❚❤❡♦r❡♠ ✽✳✹✳✽✳ ❍♦✇❡✈❡r✱ t❤✐s ♠♦♥♦t♦♥✐❝✐t② ❞♦❡s ♥♦t
✐♠♣❧② ♠❛①✐♠❛❧✐t② ✭✐♥ t❤❡ s❡♥s❡ ♦❢ ✭✽✳✹✳✶✹✮✮ ❢♦r t❤❡ s✉❜s❡t Gu0 ❛ss♦❝✐❛t❡❞ ✇✐t❤ u0✱ s❡❡ ✭✽✳✹✳✽✮✱
❛s ✇❡ s❡❡ ❍❛♠✐❧t♦♥✐❛♥ r❛②s ❝r♦ss✐♥❣ γ ❛♥❞ ζ✳
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❬✶❪ ❆❞✐♠✉rt❤✐ ❛♥❞ ●✳ ❉✳ ❱❡❡r❛♣♣❛ ●♦✇❞❛✳ ❈♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ✢✉①✳ ❏✳ ▼❛t❤✳
❑②♦t♦ ❯♥✐✈✳✱ ✹✸✭✶✮✿✷✼✕✼✵✱ ✷✵✵✸✳

❬✷❪ ❆❞✐♠✉rt❤✐✱ ❙✐❞❞❤❛rt❤❛ ▼✐s❤r❛✱ ❛♥❞ ●❉ ❱❡❡r❛♣♣❛ ●♦✇❞❛✳ ❖♣t✐♠❛❧ ❡♥tr♦♣② s♦❧✉t✐♦♥s ❢♦r ❝♦♥✲
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✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ♦❢ ❤❛♠✐❧t♦♥✲❥❛❝♦❜✐ ❡q✉❛t✐♦♥s ❛♥❞ ❡♥tr♦♣② s♦❧✉t✐♦♥s ♦❢ s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥
❧❛✇s✳ ◆♦♥❧✐♥❡❛r ❆♥❛❧✳✱ ✺✵ ✭✹✱ ❙❡r✳ ❆✿ ❚❤❡♦r② ▼❡t❤♦❞s✮✿✹✺✺✕✹✻✾✱ ✷✵✵✷✳
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❬✶✵✻❪ ❑✳ ❍✳ ❑❛r❧s❡♥✱ ◆✳ ❍✳ ❘✐s❡❜r♦✱ ❛♥❞ ❏✳ ❉✳ ❚♦✇❡rs✳ L1 st❛❜✐❧✐t② ❢♦r ❡♥tr♦♣② s♦❧✉t✐♦♥s ♦❢ ♥♦♥❧✐♥❡❛r
❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ❝♦❡✣❝✐❡♥ts✳ ❙❦r✳ ❑✳
◆♦r✳ ❱✐❞❡♥s❦✳ ❙❡❧s❦✳✱ ✭✸✮✿✶✕✹✾✱ ✷✵✵✸✳

❬✶✵✼❪ ❑✳ ❍✳ ❑❛r❧s❡♥ ❛♥❞ ❏✳ ❉✳ ❚♦✇❡rs✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▲❛①✲❋r✐❡❞r✐❝❤s s❝❤❡♠❡ ❛♥❞ st❛❜✐❧✐t② ❢♦r
❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✇✐t❤ ❛ ❞✐s❝♦♥t✐♥♦✉s s♣❛❝❡✲t✐♠❡ ❞❡♣❡♥❞❡♥t ✢✉①✳ ❈❤✐♥❡s❡ ❆♥♥✳ ▼❛t❤✳ ❙❡r✳ ❇✱
✷✺✭✸✮✿✷✽✼✕✸✶✽✱ ✷✵✵✹✳

❬✶✵✽❪ ❑✳ ❍✳ ❑❛r❧s❡♥ ❛♥❞ ❏✳ ❉✳ ❚♦✇❡rs✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ●♦❞✉♥♦✈ s❝❤❡♠❡ ❢♦r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✇✐t❤
❛ ❞✐s❝♦♥t✐♥✉♦✉s ✢✉① ❧❛❝❦✐♥❣ t❤❡ ❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥✳ ❏✳ ❍②♣❡r❜♦❧✐❝ ❉✐✛❡r✳ ❊q✉✳✱ ✶✹✭✹✮✿✻✼✶✕✼✵✶✱
✷✵✶✼✳

❬✶✵✾❪ ❇✳ ❙✳ ❑❡r♥❡r✳ ❊①♣❡r✐♠❡♥t❛❧ ❢❡❛t✉r❡s ♦❢ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ✐♥ tr❛✣❝ ✢♦✇✳ P❤②s✐❝❛❧ r❡✈✐❡✇ ❧❡tt❡rs✱
✽✶✭✶✼✮✿✸✼✾✼✕✸✽✵✵✱ ✶✾✾✽✳

❬✶✶✵❪ ❇✳ ❙✳ ❑❡r♥❡r✳ ❚❤❡♦r② ♦❢ ❝♦♥❣❡st❡❞ tr❛✣❝ ✢♦✇✿ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ✇✐t❤♦✉t ❜♦tt❧❡♥❡❝❦s✳ ■♥
■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✹t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❚r❛♥s♣♦rt❛t✐♦♥ ❛♥❞ ❚r❛✣❝ ❚❤❡♦r②✱
❏❡r✉s❛❧❡♠✱ ♣❛❣❡s ✶✹✼✕✶✼✶✳ ❊❧s❡✈✐❡r✱ ✶✾✾✾✳

❬✶✶✶❪ ❇✳ ❙✳ ❑❡r♥❡r✳ P❤❛s❡ tr❛♥s✐t✐♦♥s ✐♥ tr❛✣❝ ✢♦✇✳ ■♥ ❚r❛✣❝ ❛♥❞ ❣r❛♥✉❧❛r ✢♦✇ ✬✾✾✳ ❙♦❝✐❛❧ tr❛✣❝✱
❛♥❞ ❣r❛♥✉❧❛r ❞②♥❛♠✐❝s✳ ✸r❞ ❝♦♥❢❡r❡♥❝❡✱ ❙t✉tt❣❛rt✱ ●❡r♠❛♥②✱ ❙❡♣t❡♠❜❡r ✶✾✾✾✱ ♣❛❣❡s ✷✺✸✕✷✽✸✳
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❬✶✶✷❪ ❇✳ ▲✳ ❑❡②✜t③ ❛♥❞ ❍✳ ❈✳ ❑r❛♥③❡r✳ ❆ s②st❡♠ ♦❢ ♥♦♥✲str✐❝t❧② ❤②♣❡r❜♦❧✐❝ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❛r✐s✐♥❣
✐♥ ❡❧❛st✐❝✐t② t❤❡♦r②✳ ❆r❝❤✐✈❡ ❢♦r ❘❛t✐♦♥❛❧ ▼❡❝❤❛♥✐❝s ❛♥❞ ❆♥❛❧②s✐s✱ ✼✷✭✸✮✿✷✶✾✕✷✹✶✱ ✶✾✽✵✳

❬✶✶✸❪ ❯✳ ❑♦❧❡② ❛♥❞ ◆✳ ❍✳ ❘✐s❡❜r♦✳ ❋✐♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡s ❢♦r t❤❡ s②♠♠❡tr✐❝ ❑❡②✜t③✲❑r❛♥③❡r
s②st❡♠✳ ❩❡✐ts❝❤r✐❢t ❢ür ❛♥❣❡✇❛♥❞t❡ ▼❛t❤❡♠❛t✐❦ ✉♥❞ P❤②s✐❦✱ ✻✹✭✹✮✿✶✵✺✼✕✶✵✽✺✱ ✷✵✶✸✳

❬✶✶✹❪ ❙✳ ◆✳ ❑r✉③❤❦♦✈✳ ❋✐rst ♦r❞❡r q✉❛s✐❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇✐t❤ s❡✈❡r❛❧ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✳ ▼❛t❤❡✲
♠❛t✐❝s ♦❢ t❤❡ ❯❙❙❘✲❙❜♦r♥✐❦✱ ✽✶✭✶✷✸✮✿✷✷✽✕✷✺✺✱ ✶✾✼✵✳

❬✶✶✺❪ ❈✳ ▲❛tt❛♥③✐♦✱ ❆✳ ▼❛✉r✐③✐✱ ❛♥❞ ❇✳ P✐❝❝♦❧✐✳ ▼♦✈✐♥❣ ❜♦tt❧❡♥❡❝❦s ✐♥ ❝❛r tr❛✣❝ ✢♦✇✿ ❆ P❉❊✲❖❉❊
❝♦✉♣❧❡❞ ♠♦❞❡❧✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s✱ ✹✸✭✶✮✿✺✵✕✻✼✱ ✷✵✶✶✳

❬✶✶✻❪ ◆✳ ▲❛✉r❡♥t✲❇r♦✉t②✱ ●✳ ❈♦st❡s❡q✉❡✱ ❛♥❞ P✳ ●♦❛t✐♥✳ ❆ ♠❛❝r♦s❝♦♣✐❝ tr❛✣❝ ✢♦✇ ♠♦❞❡❧ ❛❝❝♦✉♥t✐♥❣
❢♦r ❜♦✉♥❞❡❞ ❛❝❝❡❧❡r❛t✐♦♥✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✽✶✭✶✮✿✶✼✸✕✶✽✾✱ ✷✵✷✶✳

❬✶✶✼❪ P✳ ❉✳ ▲❛①✳ ❍②♣❡r❜♦❧✐❝ s②st❡♠s ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✐✐✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ♦♥ ♣✉r❡ ❛♥❞ ❛♣♣❧✐❡❞
♠❛t❤❡♠❛t✐❝s✱ ✶✵✭✹✮✿✺✸✼✕✺✻✻✱ ✶✾✺✼✳

❬✶✶✽❪ ❏✳ P✳ ▲❡❜❛❝q✉❡✱ ❳✳ ▲♦✉✐s✱ ❙✳ ▼❛♠♠❛r✱ ❇✳ ❙❝❤♥❡t③❧❡r✱ ❛♥❞ ❍✳ ❍❛❥✲❙❛❧❡♠✳ ▼♦❞é❧✐s❛t✐♦♥ ❞✉
tr❛✜❝ ❛✉t♦r♦✉t✐❡r ❛✉ s❡❝♦♥❞ ♦r❞r❡✳ ❈✳ ❘✳ ▼❛t❤✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✱ ✸✹✻✭✷✶✲✷✷✮✿✶✷✵✸✕✶✷✵✻✱ ✷✵✵✽✳

❬✶✶✾❪ ❏✳ P✳ ▲❡❜❛❝q✉❡✱ ❙✳ ▼❛♠♠❛r✱ ❇✳ ❙❝❤♥❡t③❧❡r✱ ❛♥❞ ❍✳ ❍❛❥✲❙❛❧❡♠✳ ●❡♥❡r✐❝ s❡❝♦♥❞ ♦r❞❡r tr❛✣❝
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❬✶✷✵❪ ▼✳ ▲é❝✉r❡✉①✲▼❡r❝✐❡r✳ ■♠♣r♦✈❡❞ st❛❜✐❧✐t② ❡st✐♠❛t❡s ❢♦r ❣❡♥❡r❛❧ s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❏♦✉r✲
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❙t✉✛



❘és✉♠é ✿

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♦♥ tr❛✐t❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❤étér♦❣é♥é✐té ❞❛♥s ❧❡s ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ s❝❛❧❛✐r❡s✱ ❝✬❡st✲à✲
❞✐r❡ ❧❡s ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ♥♦♥ ✐♥✈❛r✐❛♥t❡s ♣❛r tr❛♥s❧❛t✐♦♥ ❡♥ ❡s♣❛❝❡✳ ❈❡s éq✉❛t✐♦♥s ❛♣♣❛r❛✐ss❡♥t ♥♦t❛♠♠❡♥t
❞❛♥s ❧❡s ♠♦❞è❧❡s ❞❡ tr❛✜❝✳ P❛r ❡①❡♠♣❧❡✱ ❧❡s ♠é❝❛♥✐s♠❡s s✉✐✈❛♥ts ✐♥tr♦❞✉✐s❡♥t ❞❡ ❧✬❤étér♦❣é♥é✐té ✿ ❧❛ ♣rés❡♥❝❡
❞❡ ❢❡✉① ❞❡ ❝✐r❝✉❧❛t✐♦♥✱ ❞❡s ♣♦rt✐♦♥s ❞❡ r♦✉t❡ ♦ù ❧❛ ✈✐t❡ss❡ ♠❛①✐♠❛❧❡ ❡st ❧✐♠✐té❡✱ ❧❛ ✈❛r✐❛❜✐❧✐té ❞❡ ❧✬ét❛t ❞❡ ❧❛
r♦✉t❡✱ ❡t❝✳✳✳ ▲❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❤étér♦❣é♥é✐té ♣❡r♠❡t ❞✬❡♥r✐❝❤✐r ❧❡s ♠♦❞è❧❡s ❞❡ tr❛✜❝✳ ❖♥ ❛❜♦r❞❡ tr♦✐s
❝❧❛ss❡s ❞❡ ♣r♦❜❧è♠❡s ✐♥❤♦♠♦❣è♥❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ♦♥ ❝♦♠♣❧èt❡ ❡t ❛♣♣r♦❢♦♥❞✐t ❧❡ ❝❛❞r❡ ♠❛t❤é♠❛t✐q✉❡ ♣♦✉r
❧✬❛♥❛❧②s❡ t❤é♦r✐q✉❡ ❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♥✉♠ér✐q✉❡✳
◆♦✉s ❡①♣❧♦r♦♥s ❡♥ ❞ét❛✐❧ ❧❡ ❝❛❞r❡ ♦ù ❧✬❤étér♦❣é♥é✐té ❡st ♠❛tér✐❛❧✐sé❡ ♣❛r ❧✬❛❥♦✉t ❞✬✉♥❡ ♦✉ ♣❧✉s✐❡✉rs ✐♥t❡r❢❛❝❡s
♠♦❜✐❧❡s✳ ▲❡ ❧♦♥❣ ❞❡s ✐♥t❡r❢❛❝❡s✱ ♦♥ ✐♠♣♦s❡ ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞❡ ♠❛❥♦r❛t✐♦♥ s✉r ❧❡ ✢✉① ❞❡ ❧❛ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥✳
❈❡tt❡ ❝❧❛ss❡ ❞❡ ♠♦❞è❧❡s ♣❡r♠❡t ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ♣❡t✐t ♥♦♠❜r❡ ❞❡ ✈é❤✐❝✉❧❡s ❡♥❝♦♠❜r❛♥ts ❡t
❧❡♥ts ✭♦✉ ❛❧♦rs✱ ❞❡ ✈é❤✐❝✉❧❡s ❛✉t♦♥♦♠❡s q✉✐ ♦♥t ♣♦✉r rô❧❡ ❧❛ ré❣✉❧❛t✐♦♥ ❞✉ tr❛✜❝✮✳ ❉❛♥s ❝❡ ❝❛❞r❡✱ ❧✬é✈♦❧✉t✐♦♥
❞❡s ✐♥t❡r❢❛❝❡s ❡t ❞❡s ❝♦♥tr❛✐♥t❡s ❡st ❝♦✉♣❧é❡ ❞❡ ❢❛ç♦♥ ♥♦♥ ❧♦❝❛❧❡ à ❧✬ét❛t ❞✉ tr❛✜❝ ❡t✴♦✉ à ❞❡s ♣❛r❛♠ètr❡s
s♣é❝✐✜❛♥t ❧✬ét❛t ❞✉ ✈é❤✐❝✉❧❡ ♦✉ ❞✉ ❝♦♥❞✉❝t❡✉r✳ ❊♥ ♦✉tr❡✱ ♥♦✉s é❧❛❜♦r♦♥s ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧✬❤étér♦❣é♥é✐té
❞✉ tr❛✜❝ rés✉❧t❛♥t ❞❡s ✈❛r✐❛t✐♦♥s ❞✉ ❞❡❣ré ❞✬♦r❣❛♥✐s❛t✐♦♥ ❞❡s ❝♦♥❞✉❝t❡✉rs✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ♠♦❞è❧❡s ❞✐ts
✧❞✉ s❡❝♦♥❞ ♦r❞r❡✧✳ ▲✬❛s♣❡❝t ♥✉♠ér✐q✉❡ ❡st ♣ré♣♦♥❞ér❛♥t ♣♦✉r ❧❡s ♠♦❞è❧❡s ❞❡ tr❛✜❝ q✉❡ ♥♦✉s ét✉❞✐♦♥s✳
❖♥ ❝♦♥str✉✐t ❞❡s s❝❤é♠❛s ♥✉♠ér✐q✉❡s r♦❜✉st❡s ❡t ♦♥ é❧❛❜♦r❡ ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ❝♦♠♣❛❝✐té s♣é❝✐✜q✉❡s✳ ▲❛
❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❝❡s s❝❤é♠❛s ❝♦♥❞✉✐t à ❞❡s rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡✳
❊♥✜♥✱ ❡♥ ❧✐❡♥ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞é❝r✐✈❛♥t ❧✬é✈♦❧✉t✐♦♥ ❞✬✉♥❡ ❞❡♥s✐té ❞❡ ✈é❤✐❝✉❧❡s s✉r ✉♥❡ r♦✉t❡ ❤étér♦❣è♥❡✱ ♦♥
ét✉❞✐❡ t❤é♦r✐q✉❡♠❡♥t ✉♥❡ ❧♦✐ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ s♣❛t✐❛❧❡ ❞✉ ✢✉① ❡st ❡①♣❧✐❝✐t❡✳ ❉❡s
rés✉❧t❛ts ❝❧❛ss✐q✉❡s s✉r ❧❡ ❝❛r❛❝tèr❡ ❜✐❡♥ ♣♦sé ♦✉ ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❛s✲
s♦❝✐é❡ s♦♥t ♦❜t❡♥✉s s♦✉s ❞❡s ❤②♣♦t❤ès❡s ♣❧✉s ❡♥ ❛❞éq✉❛t✐♦♥ ❛✈❡❝ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ q✉❡ ❝❡❧❧❡s r❡♥❝♦♥tré❡s ❞❛♥s
❧❛ ❧✐ttér❛t✉r❡✳ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s ❛❧❧❛♥t ❛✉✲❞❡❧à ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞✉ tr❛✜❝✱ ♦♥ s❡ ❞♦♥♥❡ ♣♦✉r ♦❜❥❡❝t✐❢ ❧✬❛♥❛❧②s❡
❛♣♣r♦❢♦♥❞✐❡ ❞❡s ♣r♦❜❧è♠❡s ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s✳

▼♦ts ❝❧és ✿ ▲♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❤étér♦❣è♥❡s ❀ ▼♦❞è❧❡s ❞❡ tr❛✜❝ ❀ ■♥t❡r❢❛❝❡s ♠♦❜✐❧❡s ❀ ❙❝❤é♠❛

✈♦❧✉♠❡s ✜♥✐s ❀ ■♥✈❡rs❡ ❞❡s✐❣♥

❆❜str❛❝t✿

❚❤✐s t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ t❤❡ tr❡❛t♠❡♥t ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ s❝❛❧❛r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❲❡ ❝❛❧❧ ❤❡t❡r♦❣❡♥❡♦✉s
❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✇❤✐❝❤ ✐s ♥♦t ✐♥✈❛r✐❛♥t ❜② s♣❛❝❡ tr❛♥s❧❛t✐♦♥✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❛r✐s❡ ❢♦r ✐♥st❛♥❝❡ ✐♥ tr❛✣❝
✢♦✇ ❞②♥❛♠✐❝s ♠♦❞❡❧✐♥❣✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ tr❛✣❝ ❧✐❣❤ts ♦r r♦❛❞s t❤❛t ❤❛✈❡ ❛ ✈❛r✐❛❜❧❡ ♠❛①✐♠✉♠ s♣❡❡❞ ❧✐♠✐t
❛r❡ ❡①❛♠♣❧❡s ♦❢ ♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ ❧❡❛❞ t♦ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❈♦♥s✐❞❡r✐♥❣ s✉❝❤ ❡q✉❛t✐♦♥s ✐s ❛
✇❛② t♦ ❡①♣❛♥❞ ♠❛❝r♦s❝♦♣✐❝ tr❛✣❝ ✢♦✇ ♠♦❞❡❧s✳ ❲❡ t❛❝❦❧❡ t❤r❡❡ ❝❧❛ss❡s ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠s ❢♦r ✇❤✐❝❤
✇❡ ❡①t❡♥❞ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❜♦t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✳
❲❡ ❢✉❧❧② ✐♥✈❡st✐❣❛t❡ t❤❡ tr❡❛t♠❡♥t ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ✇❤❡♥ ♦♥❡ ♦r s❡✈❡r❛❧ ♠♦✈✐♥❣ ✐♥t❡r❢❛❝❡s ❛r❡ ❛❞❞❡❞ ✐♥
t❤❡ ❝❧❛ss✐❝ ▲❲❘ ♠♦❞❡❧ ❢♦r tr❛✣❝ ✢♦✇✳ ❋❧✉① ❝♦♥str❛✐♥ts ❛r❡ ❛tt❛❝❤❡❞ t♦ ❡❛❝❤ ✐♥t❡r❢❛❝❡s✳ ❚❤❡ r❡s✉❧t✐♥❣
❝❧❛ss ♦❢ ♠♦❞❡❧s ❝❛♥ ❜❡ ✉s❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r❡s❡♥❝❡ ♦❢ s❧♦✇ ♠♦✈✐♥❣ ✈❡❤✐❝❧❡s t❤❛t r❡❞✉❝❡ t❤❡ r♦❛❞
❝❛♣❛❝✐t② ❛♥❞ t❤✉s ❣❡♥❡r❛t❡s ♠♦✈✐♥❣ ❜♦tt❧❡♥❡❝❦s ❢♦r t❤❡ s✉rr♦✉♥❞✐♥❣ tr❛✣❝ ✢♦✇✳ ❚❤❡② ❝❛♥ ❛❧s♦ ❞❡s❝r✐❜❡ t❤❡
r❡❣✉❧❛t✐♥❣ ❡✛❡❝t ♦❢ ❛✉t♦♥♦♠♦✉s ✈❡❤✐❝❧❡s✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡ ✐♥t❡r❢❛❝❡s ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ ❧✐♥❦❡❞ ✐♥
❛ ♥♦♥❧♦❝❛❧ ✇❛② t♦ t❤❡ tr❛✣❝ ❞❡♥s✐t② ❛♥❞✴♦r t♦ ❛♥ ♦r❞❡r❧✐♥❡ss ♠❛r❦❡r ❞❡s❝r✐❜✐♥❣ t❤❡ st❛t❡ ♦❢ t❤❡ ❞r✐✈❡rs✳ ❚❤❡
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ❝❛✉s❡❞ ❜② t❤❡ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ❞r✐✈❡rs✬ ♦r❣❛♥✐③❛t✐♦♥ ❧❡❛❞s t♦ t❤❡ ❛♥❛❧②s✐s ♦❢
❛ s♦✲❝❛❧❧❡❞ s❡❝♦♥❞ ♦r❞❡r ♠♦❞❡❧✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❛s♣❡❝t ♣❧❛②s ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡s❡ tr❛✣❝ ✢♦✇
♠♦❞❡❧s✳ ❲❡ ❝♦♥str✉❝t r♦❜✉st ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❡st❛❜❧✐s❤ s♣❡❝✐✜❝ t❡❝❤♥✐q✉❡s t♦ ♦❜t❛✐♥ ❝♦♠♣❛❝t♥❡ss ♦❢
t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✳ Pr♦✈✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡s❡ s❝❤❡♠❡s ❧❡❛❞ t♦ ❡①✐st❡♥❝❡ r❡s✉❧ts✳
❋✐♥❛❧❧②✱ ✇✐t❤ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ▲❲❘ tr❛✣❝ ✢♦✇ ♠♦❞❡❧ ✐♥ ♠✐♥❞✱ ✇❡ t❤❡♦r❡t✐❝❛❧❧② ❛♥❛❧②③❡ ❛ ❝❧❛ss ♦❢ s❝❛❧❛r
❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✇✐t❤ ❡①♣❧✐❝✐t s♣❛❝❡ ❞❡♣❡♥❞❡♥❝②✳ ❈❧❛ss✐❝❛❧ r❡s✉❧ts s✉❝❤ ❛s ✇❡❧❧✲♣♦s❡❞♥❡ss ♦r t❤❡ ❧✐♥❦ t♦ t❤❡
❛ss♦❝✐❛t❡❞ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ❛r❡ ♦❜t❛✐♥❡❞ ✉♥❞❡r ❛ s❡t ♦❢ ❛ss✉♠♣t✐♦♥s ♠♦r❡ ✜tt✐♥❣ ✇✐t❤ t❤❡ ♠♦❞❡❧✐♥❣
❤②♣♦t❤❡s✐s✳ ❲✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❣♦ ❜❡②♦♥❞ tr❛✣❝ ♠♦❞❡❧✐♥❣ ✐♥ ♠✐♥❞✱ ✇❡ ❛✐♠ t♦ t❛❝❦❧❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐❞❡♥t✐✲
✜❝❛t✐♦♥ ♣r♦❜❧❡♠s✳
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