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Abstract

This work contributes to the theory of hypercyclicity and related concepts. We are main
focused on algebras of hypercyclic vectors for operators acting on Fréchet sequence algebras,
although some contributions were made concerning the existence of single vectors. We have
improved a Baire criterion for the existence of hypercyclic algebras which now grants algebras
of hypercyclic vectors that are not finitely generated. Variations of this main criterion apply to
some related concepts such as upper frequent, disjoint and common hypercyclicity. We provide
criteria for the existence of algebras of vectors satisfying these properties (except for the 0
vector) for weighted backward shifts on classical sequence spaces equipped either with the
Cauchy product or with the coordinatewise product. In particular for common hypercyclicity,
we provide criteria for the existence of common hypercyclic vectors and algebras when the
parameter set is not one-dimensional. We also explore the problem of closed hypercyclic

algebras and provide counterproofs even for classical operators and spaces.

Keywords: hypercyclicity, hypercyclic algebras, linear dynamics, chaos, frequent hypercyclicity,
upper frequent hypercyclicity, disjoint hypercyclicity, common hypercyclicity.
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Résumé

Ce travail contribue & la théorie de I'hypercyclicité et & des concepts liés. Nous nous sommes
principalement intéressés & des algébres de vecteurs hypercycliques pour opérateurs agissant sur
une algébre de Fréchet de suites, bien que quelques contributions portent sur I'existence d’un
seul vecteur. Nous avons amélioré un critére de Baire pour l'existence d’une algébre
hypercyclique, ce qui permet maintenant de considérer des algébres de vecteurs hypercycliques
qui ne sont pas finiment générées. Des variantes de ce critére s’appliquent & d’autres concepts
relatifs comme D’hypercyclicité supérieurement fréquente, disjointe et simultanée.  Nous
fournissons de nouveaux critéres d’existence d’algébres de vecteurs satisfaisant ces propriétés
(sauf le vecteur 0) pour les opérateurs de décalage a gauche pondérés agissant sur des espaces
de suites classiques munis soit du produit de convolution, soit du produit coordonnée par
coordonnée. En particulier pour I’hypercyclicité simultanée, nous fournissons des critéres
d’existence de vecteurs et d’algébres hypercycliques communs dans le cas ou l’ensemble de
parameétres n’est pas unidimensionnel. Nous explorons aussi le probléme d’existence des
algébres hypercycliques fermées dont nous avons montré linexistence méme pour des

opérateurs et des espaces classiques.

Mots-clés : hypercyclicité, algébres hypercycliques, dynamique linéaire, chaos, hypercyclicité

fréquente, hypercyclicité supérieurement fréquente, hypercyclicité simultanée.
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Resumo

Este trabalho é uma contribuicao a teoria de hiperciclicidade e conceitos relacionados. Nos nos
interessamos principalmente em &lgebras de vetores hiperciclicos para operadores agindo sobre
uma algebra de Fréchet de sequéncias, apesar de que algumas contribuigoes tratam da
existéncia de vetores simplesmente. No6s melhoramos um critério de Baire que garante a
existéncia de &lgebras hiperciclicas, o qual agora fornece algebras hiperciclicas que nao sao
finitamente geradas. Variagoes do novo critério se aplicam a diversos conceitos relacionados a
hiperciclicidade, como por exemplo & hiperciclicidade superiormente frequente, disjunta e
simultanea. Nos provemos critérios de existéncia de &algebras de vetores satisfazendo essas
propriedades (com excegao do vetor 0) para operatores de deslocamento & esquerda (ou “shift
para tras”) agindo sobre espagos de sequéncia classicos equipados ou com o produto de
convolugao, ou com o produto coordenada por coordenada. Em particular para o conceito de
hiperciclicidade simultdnea, noés fornecemos critérios de existéncia de vetores e &lgebras
hiperciclicas mesmo no caso em que o conjunto de pardmetros nao é unidimensional. Nos ainda
exploramos o problema de existéncia de uma algebra hiperciclica fechada e encontramos

respostas negativas mesmo para operadores e espagcos classicos.
Palavras-chave: hiperciclicidade, algebras hiperciclicas, dindmica linear, caos, hiperciclicidade

frequente, hiperciclicidade superiormente frequente, hiperciclicidade disjunta, hiperciclicidade

simultanea.
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Preface

Many works in mathematics consist of proving expected results, although a solution can be
very difficult, even for simple problems. On the flip side, many interesting problems come from
strange behaviors, at least at a first glance. In this work we studied some very specific problems in
hypercyclicity, which is a strange behavior at first sight but can be well understood in numerous
contexts. Nowadays the theory of linear dynamical systems is well developed and one can expect
the outcome multiple kinds of related problems, but even though many tools have been used to
successfully attack problems in the theory, his strange nature sometimes demand some creativity
in order to either adapt previous techniques to new contexts or find counterexamples for the
result in question. Moreover, at some situations we can even prove that the techniques fail but
the result itself remain a mystery, sometimes we are so uncertain that we can’t even have a clear
filling of what to expect. We have faced all of these situations during the period of my doctorate
and a large number of problems and possibilities remained open for future research. Of course
not all open question were written in this document, we have rather focused ourselves on some
natural problems following the actual discussions.

This is a "thesis by published works", although not all of our articles are published. The
document is divided in three parts. The first is an introduction (also available in French), where
we discuss topic by topic some of the ideas behind our results. It can either be read in parallel
with part two or it can be used as reference for key points of the techniques present within our
articles. The second part consists of a compilation of four articles, written during the preparation
of the thesis, two of them are in prepublication. The third part is a conclusion where, once more,
we discuss the remaining open problems in general lines and we make question there are not
present in the articles of part two.

We hope the introduction will be useful for a better understanding of our work and he hope

the reader will also find the open questions from part three as interesting as we do.

Fernando V. Costa Junior,
Aubiére, June 8, 2021
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Introduction in english






1. HYPERCYCLIC ALGEBRAS

The study of hypercyclicity is one of the most important subjects in Linear Dynamics as it
constitutes the main ingredient of the Devaney’s definition of Chaos from 1989 (see [18]). If X
is a topological vector space and T : X — X is a bounded linear operator on X, we say that
a vector x € X is hypercyclic for the dynamical system (X,T) when its orbit under T, defined
by orb(z,T) = {x,T(x),T?(z),...}, is a dense subset of X. We denote by HC(T) the set of
hypercyclic vectors of T. When HC(T) # 0, we say that (X,T) is a hypercyclic dynamical
system or that T is a hypercyclic operator on X. In other words, the iterates sequence of T
on a single point = approaches any point of the space as much as we want. However, the first
example of a system satisfying this peculiar property is much older than Devaney. In 1929,
Birkhoff [15] has shown that the operator of translation by 1 on the space of entire functions,
that is, 7 : H(C) — H(C) given by 71 f(z) = f(x + 1) for all f € H(C), admits a hypercyclic
function g € H(C). In 1952, MacLane [22] proved the hypercyclicity of the operator of complex
derivation of an entire function D : H(C) — H(C), given by D(f) = f’, f € H(C). In 1969,
Rolewicz [23] proved the same result for all multiples AB, A > 1, of the backward shift operator
B : l5(N) — l5(N) given by B(xg,x1,22,...) = (z1,22,23,...), (Tn)n>0 € f2(N). Today these
three operators are known by the respective names of these mathematicians. Nevertheless, the
research topic now known as Linear Dynamics has begun with the thesis of Kitai [21], where the
first systematic study on orbits of bounded linear operators was developed.

This thesis is a contribution to this research domain. In this introduction, we will describe

its main results.

1 Hypercyclic algebras

It is known that H(T') U {0} contains a dense vector subspace of X whenever T is hypercyclic.
That is to say, we can always find a structure composed by hypercyclic vectors (but 0)
“compatible” with the space. What we call hypercyclic subspace comes from a more interesting
problem (commonly concerning Banach spaces): in the case where T' is hypercyclic, is there a
closed and infinite dimensional vector subspace of X within HC(T) U {0}? Once more, one
looks for interesting structures of hypercyclic vectors. Now, we can make a similar question on
the algebraic setting: when T is hypercyclic and X has the structure of algebra, is it possible to
find a subalgebra of X withing HC(T') U {0}? The search for such a structure, which is called a
hypercyclic algebra, motivates this work.

The general framework of our results is that of separable and commutative F-algebras X,
induced by a sequence of seminorms (|| - ||,)pen, such that its product - : X x X — X satisfies,
for all z,y € X and p € N,

- yllp < llzllp > [lyllp-

Moreover, most of our results concern sequence F-algebras, what means that X is a subspace
of the space of all complex sequences w = CN. In this contexts, there are two main products to
consider: the coordinatewise product and the Cauchy (or convolution) product. As examples,
the spaces (,(N),1 < p < +o00, as well as ¢p(N) become Fréchet sequence algebras with the
coordinatewise product and only ¢;(N) is a Fréchet algebra with the Cauchy product. We can



2. THE METHOD OF BAYART AND MATHERON

also look at H(C) as a sequence space. In this case, it is a Fréchet algebra with both products.
The coordinatewise product on H(C) is also known as Hadamard product. Later on we will
discuss each of these products.

The first result on the existence of hypercyclic algebras dates from 2007, when Aron et. al. [2]
have shown that no translation operator has a hypercyclic algebra for the convolution product.
Two years later, Shkarin [25] as well as Bayart and Matheron [7] showed (independently and by
different methods) that the MacLane operator have a hypercyclic algebra for the convolution
product. The argument used by the latter will prove to be quite fruitful in the subsequent years

with the work of Bés, Conejero and Papathanasiou [9, 10].

2 The method of Bayart and Matheron

Contrary to the constructive method employed by Shkarin, the method of Bayart and Matheron
is a kind of Birkhoff transitivity property for algebras (see |7, Remark 2.28|) and, as such, relies
on the application of the Baire theorem.

The concept of topological transitivity, created in 1920 by Birkhoff [14], is one of the most
important tools in the theory. We say that a dynamical system (X, T") is topologically transitive
when, for any pair of non-empty open sets (U, V) in X, one can find n € N such that T"™(U) N
V # (. Tts importance comes from the fact that, over complete and separable metric spaces,
topological transitivity and hypercyclicity are equivalent. The link is clear when we state this

fact in the following way.

Theorem 2.1 (Birkhoff transitivity) Let T be a bounded linear operator on a separable F-
space X. Suppose that, for each pair of nonempty open sets (U, V) of X, there exist a power
N € N and a vector u € Usuch that TN (u) € V.. Then HC(T) is a dense G subset of X.

Of course the conclusion that HC(T) is Gs dense comes from the application of the Baire
theorem. The idea of this statement is that any pair of open sets can be connected by some
iterate TV of T. This way, it is enough to find one vector u in U together with an iterate TV
which will send u into V. When it comes to algebras, the criterion |7, Remark 2.28] aims to find
a vector in U such that any combination of the form aju + agu? + -+ a,u™ can be send into
V by some iterate TV of T. This is simplified by showing that there exists an iterate TV sending
every power u” with n < m to 0 and sending the « main power » ¢ into V. These ideas turn

into the following result.

Theorem 2.2 (Bayart and Matheron [7]) Let T be a continuous operator on a separable F'-
algebra. Suppose that, for all m € N and all nonempty open sets U,V,W C X, with 0 € W, there
evist u € U and N € N such that TN (u™) € W for alln < m and TN (u™) € V. Then, the set

of vectors generating a hypercyclic algebra for T is Gs dense in X.

These authors manage to apply this method for D : H(C) — H(C) by making use of its shift-
like behavior. Under the same approach, Bés, Conejero and Papathanasiou have shown more
generally that P(D) admits a hypercyclic algebra whenever P is a polynomial satisfying P(0) = 0

(see [9]). Later on, the same authors used a different method (by using eigenvalues rather than the

4



3. CONVOLUTION OPERATORS AND NEW CRITERIA

shift-like behavior) to find hypercyclic algebras for many others convolution operators (see [10]).
While these approaches change, the result ultimately relies on an application of Theorem 2.2. In
the next section we will discuss convolution operators and a generalization of this result, which

will lead later on to many other applications.

3 Convolution operators and criteria for the

existence of hypercyclic algebras

By convolution operator we mean operators ¢(D) : H(C) — H(C) induced by an entire function
¢ € H(C) of finite exponential type, where D : H(C) — H(C) is the operator of complex
derivation. More precisely, to be of finite exponential type means that one can find constants
A, B > 0 such that ¢(z) = > 7 ja,2" € H(C) satisfies |¢(z)| < Aexp(B|z|) for all z € C. The
operator ¢(D) is then defined by ¢(D)(f) = S0 yanf™. In this section, H(C) is equipped
with its natural operation, the product pointwise multiplication of two entire functions f(z) =
> anz", g(z) = > b"2", which correspond to the convolution product of their coefficients. As we
have said, D and more generally P(D), for all polynomial P with P(0) = 0, admit a hypercyclic
algebra. In article [10], the authors have shown in a interesting way that the convolution operator
¢(D) have a hypercyclic algebra in the cases ¢(z) = cos(z), ¢(z) = ze® and ¢(z) = €* — a with
0 < a < 1. These functions are clearly not polynomials. Their result can be applied as well to
the case ¢(2) = (ag+a12™)* with |ag| < 1 and a; # 0, which is a polynomial that doesn’t satisfy

P(0) = 0. These applications come from the following result.

Theorem 3.1 (Bés et. al. [10]) Let ¢ € H(C) be of finite exponential type satisfying that its

level set {z € C: |¢(z)| = 1} contains a non-trivial strictly convex compact arc I'y such that
conv(I'y U{O})\(T1 U{0}) C ¢~ (D).

Then, the set of functions generating a hypercyclic algebra for the convolution operator ¢(D) is
a dense G subset of H(C).

It is remarkable that |¢(0)] < 1 for all examples found, hence some natural question arise.
When it comes to polynomials, can we remove the condition P(0) = 0?7 Could |P(2)| < 1, or
even |P(z)| < 1, be enough? Also, the method employed by these authors, by using eigenvectors,
seems to be promising as it can be applied for convolution operators not induced by polynomials.

This technique makes a step forward in the article [4]. By using eigenvalues in a different
way, F. Bayart characterizes the convolution operators having a common hypercyclic algebra in
the case |¢(0)| < 1 as well as establishes sufficient condition for the existence of such algebras in
the case |¢(0)| = 1.

Theorem 3.2 (Bayart [4]) Let ¢ € H(C) be a non constant entire function with exponential
type.

(1) Suppose that |¢p(0)] < 1. Then the following assertions are equivalent:
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(i) ¢(D) admits a hypercyclic algebra;

(ii) ¢ is not a multiple of an exponential function.

(2) Suppose that |$(0)] = 1 and ¢ is of subexponential growth. If either ¢'(0) # 0 or ¢ has order
less than 1/2, then ¢(D) admits a hypercyclic algebra.

Regarding the fact that ¢ is not multiple of an exponential, one could not get better. In fact,
convolution operators induced by functions of the form ¢(z) = Aexp(az) are precisely multiple
of a translation operator (and we known they do not have hypercyclic algebras). What Theorem
3.2 show is that, in the case |¢(0)| < 1, these are the only operators not having a hypercyclic
algebra. Later on, Bés, Ernst and Prieto [11] have shown that, in the case |¢(0)| = 1, neither

conditions on the derivative of ¢ nor on its order are necessary.

Theorem 3.3 (Bés, Ernst and Prieto [11]) Let ¢ € H(C) of finite exponential type such
that |p(0)| = 1. If ¢ is of subesponential growth then ¢(D) admits a hypercyclic algebra.

They have also established other criteria for the existence (and even the nonexistence) of
hypercyclic algebra (see their article for a detailed discussion).

One can ask what happens when |¢(0)| > 1. Is this case naturally pathogenic? Could one
use this condition to produce a hypercyclic algebra somehow? Still in [4], we can find some clues
towards an answer to this question.

The first part of Theorem 3.2 comes from a more general criterion which largely increases
the class of convolution operators supporting a hypercyclic algebra. In fact, it ca be applied for
example to the case ¢(z) = cos(z) and ¢(z) = e — 2, which satisfy |¢(0)] =1 (see [4, Exemples
2.6 and 2.7|, but (surprisingly enough) it also applies to the case ¢(z) = 2e~% 4 sin(z), which in
its turn satisfies |p(z)| > 1 (see |4, Example 2.8]). We state it here for the sake completeness.

Theorem 3.4 (Bayart [4]) Let ¢ € H(C) of finite exponential type. Suppose that:
(1) ¢(D) is not multiple of an exponential function;

(2) for all m € N, there exist a,b € C such that |¢p(mb)| > 1 and, for all n € {1,...,m} and
d € {0,...,n} with (n,d) # (m,m), |¢p(nb+ (n —d)a)| < 1.

Then ¢(D) admit a hypercyclic algebra.

What happens in condition (2) is represented in the Figure 1. Returning to the discussion about
Theorem 2.2, the condition in the theorem above allow us to choose a candidate u € U and a
power N so that we can make TV send u" to 0 when n < m (by using |¢(nb + (n — d)a)| < 1)
and send the “main power” v into V' (by using |¢(mb)| > 1). The key point which makes
¢(z) = 2e7* +sin(z) work is the oscillation of this function, what allows us to choose two points
a,b € R such that the set {nb+ (n —d)a:n=1,....,m,d =0,...,n,(n,d) # (m,m)} falls into
¢~ (D) NR and, at the same time, b satisfies |¢(mb)| > 1.

Now, if we look at the case |¢(0)| < 1 in view of Theorem 3.2, we see that all points =

sufficiently near the origin will have modulus |¢(z)| less than 1 and, at the same time, since
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Fig. 1 — Example with m = 3.

#»(C) = C, is it easy to find points y with modulus |¢(y)| bigger than 1. Hence, one only need to
pick a direction w € C such that there are tg,t; > 0 satisfying

b(tw)| < 1sit € [0, to)
\(b(tw)] >1site (to,tl]

tote
m

where (tg + ) € (to, t1], and db+ (n — d)a = (d*== + (n — d)e)w, where

and then choose a = ew and b = w with € > 0 very small. We see that mb = (tg + ¢)w,

to+e¢ m—1 cesom—1

0<d +(n—d)e < (to +¢) +me —

to € (0, to).
- 0 € (0,0)

What can we say about |¢(0)| > 17 In this case, the points = near the origin will have modulus
|¢(x)| bigger than 1, that’s why we link the “main power” to the combination db+ (n—d)a nearest
to the origin. If we assume that |¢| vanishes in on direction w, that is lim;_,; [¢(tw)| = 0, then
we can try to choose a,b in order to have one element of the combinations db + (n — d)a near
the origin and the other ones far away. Everything happens in the same direction {tw : ¢t > 0}
as soon as we choose b = tow and a = t;w with ¢; much bigger than #y3. By doing that, for
all m € N, the combination db 4 (n — d)a nearest the origin if simply b (which corresponds to
n = d = 1) and all the other combinations are far away due to a. Of course we will need another

version of Theorem 2.2 changing the “main power” to the minimum.

Theorem 3.5 (false) Let T be a bounded operator on a separable F-algebra X. Suppose that,
for allm > 1 and all open sets U, V,W in X, with 0 € W, there exist u € U and N € N such that
TN(u™) € W for all1 <n <m and TN (u) € V. Then the set of points generating a hypercyclic
algebra for T is Gs dense in X.

It turns out that this result is in fact impossible. Indeed, the term u not always appear in the
elements of the algebra A(u) generated by u. For example, u? + 2u® € A(u) but the coefficient
of u in this combination is o; = 0, whence TV can’t send aqu anywhere! What we can have, for
each element of A(u), is the presence of a lower and a higher power, say v and u™ where mg
is the smallest and m; is the biggest. This way we can send u° to V' and all the other powers
mo < n < mq to 0. For example again with the element u? + 2u?, the operator TV will send u?

into V and 3 into 0. We have got the following (true) version.
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Theorem 3.6 (true) Let T be a bounded operator on a separable F-algebra X. Suppose that,
for all 1 < mg < my and all nonempty open sets U, V,W in X, with 0 € W, there exist u € U
and N € N such that TN (u™) € W for all mg < n < m and TN (u™) € V. Then the set of
points generating a hypercyclic algebra for T is G§ dense in X.

Hence, we have found a criterion that can be applied for the case |¢(0)] > 1 when ¢ is not a
multiple of an exponential and there exists a direction w € C such that lim;_, | |¢(tw)| = 0.
We will find more examples in the section 3 of Article A.

Theorem 3.6 was the first version of the more general Theorem 2.1 of Article A, where we
consider an arbitrary finite subset / C N and we choose as the “main power” some element
mo € I. Then Theorem 2.2 corresponds to the case mo = max(I) and Theorem 3.6 corresponds
to the case mg = min(/). This possibility of choosing the “main power” will be useful to get
hypercyclic algebras for weighted backward shift operators on Fréchet sequence algebras. We
will always consider my = min(I) when we work with the coordinatewise product and we will
always choose my = max(/) when we work with the convolution product.

Later on this Baire argument for algebras will be adapted to other different kinds of

hypercyclicity, such as common, upper frequently and disjoint (see sections 5, 6 and 7).

4 Cauchy and coordinatewise products: first

results on Fréchet sequence algebras

From now on, we will turn ourselves to the F-algebras of sequences. In this context, as one
might expect, the coordinatewise product is easier to work with in comparison with the Cauchy
product. Although the treatment of these two settings are naturally different, knowing to work
with the simpler case helps to understand the more difficult one. In this section we will discuss
their differences and some of the first results for weighted backward shift operators. As far as the
literature goes, the best results were from [19], where the authors obtain in a constructive way
some quite general criteria on weighted shifts under the hypothesis that they are mixing. Here,
we make use of some of their ideas but insisting on the use of a Baire argument under the form
of Theorems 2.2 and 3.6 and we also obtain in a quite general results without the hypothesis
that the shifts are mixing.

In order to simplify the discussion, we will call a weighted backward shift operator simply by
“weighted shift”. It is defined as

Bw(l‘o, T, ) = (wlxl, w9, ),

where z = (x,), and w = (wy, ), is its “weight sequence”. We say that a weight w is “admissible”

in a sequence space X when the weighted shift B,, is continuous on X.

4.1 Coordinatewise product

In linear dynamics, when we work on an F-space X is is common to assume this space have a

continuous norm (as one does when the subject is hypercyclic subspaces). The space w is the

8
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canonical case where this property is not satisfied, although this space is easier to work with due
to its permissive topology. In fact, all backward shift operators B, on w admit a hypercyclic
algebra for the coordinatewise product (see Theorem 4.8 of Article A). We will then suppose that
X has a continuous norm. The main consequence of this hypothesis is that the basis (e, ), is
bounded away from 0. We will equally assume that (e, ), is a Schauder basis of X, what makes
possible multiple criteria for the existence of hypercyclic vectors, for which we will furnish their
algebraic counterpart with the coordinatewise product. Aiming to clarify the discussion, is it
important to define what we understand as the “support” of a vector x € X. This element can
be uniquely written as = ) x,e,. Its support is defined by supp(z) = {n € N: z,, # 0}.

The main property satisfied by the coordinatewise product if the following: for all element
x € X and all m > 1,

m
™ = anen = Zx;”en. (1)
n>0 n>0
This means that, taking powers on vectors doesn’t change their supports. This is the fundamental
difference with the Cauchy product. This also means that, when two vectors z,y € X have
disjoint support, then
(x+y) ™ =a"+y™. (2)

The property (1) allows us to easily define mth roots of vectors (for all complex z, we denote by

gl/m = g z/me,.

n>0

21/ one of its mth roots):

These properties let us apply Theorem 3.6. Let us describe informally how do we do this.

Let By, be a weighted shift induced by the weight sequence w = (wy,). Then B, admits a right
inverse F,,—1 (which is the weighted forward shift induced by the weight sequence w=! := (w;1)).
Suppose that U, V, W are non-empty open sets of X with 0 € W and let 0 < mg < my. We fix
two “targets” z € U and y € V with support in {0, ...,p} for some p € N (what is possible as

(én)n is a Schauder basis). Now, define S := F, _1/m, and consider
u:a:+SNy1/m°, (3)

where N > p sufficiently big (conditions later). All these definition are quite natural. Effectively,
the condition N > p separates the supports of x and SV yl/ ™Mo (so we can apply property (2))
and makes x fall in the kernel of BY (what allows us to get rid of some parcels). Looking at the

“main power” u"0, we define S and the candidate w in order to have
mo __ ,.Mmo N
" =g + F w—1Y-

Since the support of 2™ didn’t move, we still have B™ (™) = 0 whence BN (u™) =y € V.
Finally, there are two questions to answer: (1) under which condition the vector u will be an
element of U? (2) what happens with the remaining terms B2 u™ where mg < n < m;?

For the first question, by looking at (3) we see that it is enough to impose
limy 400 SNyl/mo — (0 and we can take N big enough so that u € U. If we write
Y= >1_oyier, we get

p

1 U
SN 1/mo — Oe |
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Hence, what we can put as a condition is

1
I —0, VYm>1Vl>0. 4
N> oo (wig1 -+ - wn) Y™ e "= B W

For the second question we need to look at u™ = z™ + (SNyl/mO)”. Since the support of "

hasn’t moved, we have BfUV 2" = 0. Now, using that

p
1
(sNymoyr =" y e,

we find

P P

N on Wil * WNH n/mo 1

Bwu _Z (w ceow )n/moyl €l _Z (w coew )n/moflel'
—o (Wit1 N+l —o \Wit1 N+l

Since n/mg — 1 > 0, for BYu" to be small, it is enough to impose

lim wjyq---wyy = +00.
N—+00 * +

But this condition is a consequence of (4) as (ey), in bounded bellow! In conclusion, the only
condition that we need is (4). If we repeat this argument but replacing N by a sequence (ng)g,

we obtain the following characterization.

Theorem 4.1 Let X be a Fréchet sequence algebra for the coordinatewise product and with a
continuous norm. Assume that (ey,) is a Schauder basis for X. Let also By, be a bounded weighted

shift on X. The following assumptions are equivalent.
(i) By supports a dense and not finitely generated hypercyclic algebra.

(ii) There exists a sequence of integers (ny) such that for all v > 0, for all I € N,

((le e wnkﬂ)*'yenﬁl) tends to zero.

(The proof of the reciprocal mimics that of the necessary conditions for hypercyclicity). In the
particular cases X = £,(N),1 < p < oo, or ¢(N), this condition is the same as the hypercyclicity
criterion |7, Theorem 1.40].

It is clear in the previous discussion why we use Theorem 3.6 rather than Theorem 2.2: we
need the “main power” m to satisfy n/m — 1 > 0. The exponent n/m — 1 appears in all results
concerning hypercyclic algebras with the coordinatewise product. Even when the context is more
complicated (like with upper frequent hypercyclicity), the idea behind is the same. This is how

the coordinatewise product works.

4.2 Cauchy product and the separation term

As we have discussed for the coordinatewise product, when we look at the definition of the
candidate u = x 4+ z € U, we see that the support of the “main” parcel z"°, which will be sent
into V' by BY, doesn’t change with the power mg, hence one need to know what happens with
the coefficients for the remaining powers u' of u. For the Cauchy product, however, the support
moves to the right when we increase the powers (that is, max supp(u"!) < maxsupp(u™?) when

n1 < ng) and, moreover, all the coefficients are mixed in the product.

10
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In order to solve this problem, we are going to introduce in u a separating term by taking
u=2zx+z+ceq, (5)

where ¢ is small and o > max(supp(z)) in a way that ee, is placed far to the right. Some traces
of this idea are present in the article [25], but it in the paper by Falcé and Grosse-Erdmann [19]
where the application of this term is fully developed. The interest is that, when we take the mth

power in (5), we can write
U™ = (x+ 2+ ce,)™ = Py +mz - (ces)™ ! + (eeq)™,

where max(supp(Py)) < min(supp(z(e,)™ !). This way, if €,2,0 and N > max(supp(Py)) are
well chosen, we can define u so that BY (u™) belongs to V. The problem on the support is no
more! Furthermore, if m’ < m and if z,0, N are well chosen, we can have max(supp(u™)) < N
so that BN (u™') = 0.

All these ideas bring us to the results in the Section 4.3 of Article A, where we have assumed
a supplementary hypothesis on the space X (see the definition of “regular space” in Article A),
which is satisfied by all of our favorite spaces £,,1 < p < 400, cg(N) and H(C). We have

obtained the following characterization.

Theorem 4.2 Let X be a reqular Fréchet sequence algebra for the Cauchy product and let By,

be a bounded weighted shift on X. The following assertions are equivalent.
(i) By is hypercyclic.
(ii) By, supports a dense and not finitely generated hypercyclic algebra.

As for the coordinatewise product, this discussion elucidates what happens when we deal with
the Cauchy product. Again, even in more complex contexts, a separating term of the form ce,

is always present.

5 Common hypercyclicity

When we consider a family of hypercyclic operators (T5)xea acting on the same F-space X, it is
natural to ask whether there exists a single vector x which is hypercyclic for each member T of
this family. In this section, we assume as always that the parameter set A is a o-compact subset
of R%,d > 1, and that (), z) — T)(z) is a continuous application from A x X into X. An element
x € (yer HC(T)) is called common hypercyclic vector for the continuous family (Tx)xen, which
is then called common hypercyclic family.

This question is interesting and non-trivial. On the one hand, many classic families of
operators are common hypercyclic, the first example being given in 2003 by Abakumov and
Gordon [1] for the family of Rolewicz operators (AB)y>1. On the other hand, as shows an
example by A. Borichev (also cited in [1]), the family (AB x pB)) u)ej2,32 doesn’t have any

common hypercyclic vector.

Example 5.1 (A. Borichev) For any K C (1,+00)x (1, +00) with positive Lebesgue measure,

the family (AB x uB) s u)ex has no common hypercyclic vector on £2(N) x £2(N).

A1

11
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Intuitively, the smaller the parameter set is, the bigger are our chances of finding a common
hypercyclic vector. This way, the example above shows a possible link between the existence of
such a vector and the dimension of the parameter set. We will return to this discussion later in

Section 5.2. For now, let us assume d = 1.

5.1 Partitioning intervals

As it often happens, the first results on the existence of a vector satisfying some properties are
complicated and constructive. The same happened with the common hypercyclicity, as the result
of Abakumov and Gordon consists of a complex construction of the vector. Nowadays, the theory
of common hypercyclic vectors is well developed and the powerful argument is also based on the
Baire theorem (see [20, Theorem 11.5]).

Theorem 5.2 Assume that, for all K C A compact and all couples (U, V') of nonempty open sets
of X, there exists u € U such that, for any A € K, one can find N € N satisfying T/{V(u) eV.
Then the set of common hypercyclic vectors for (T\)aea is a dense Gs subset of X.

In the particular case of weighted shifts, this criterion give many simple applications (see |7]
and [20] for more details), which cover the classic families such as (AD) >0 on H(C) and (AB)x>1
on £,(N),1 < p < +o00, or ¢p(N).

A successful application of Theorem 5.2 consists of considering K as a (possibly small)
interval [a, b] and partitioning it in the form a = A\g < A} < --- < Ay = b. For each sub interval
A; = [ai—1,a;] of this partition, we associate some u € U such that each A € K falls into some A;
which verifies Ti\j ‘(u) € V. The goal is to define a very fine partition so that A will be so close
to A; that we will also have TAN ‘(u) € V. The important Costakis-Sambarino criterion allows us
to construct such a partition in a natural way. Here, we assume that each T\, A € A has a right

inverse S : D — D, where D is a dense subset of X.

Theorem 5.3 (Costakis-Sambarino [17]) Let A be an interval of the real line. Assume that

for every compact interval K C A, every u € D,

(1) there exist m > 1 and (c)g>m a sequence of positive real numbers with Zkzm ¢, < 0o such
that

° ]]T/(l+k5’ﬁu|] <ep foreveryn e N, k>m, p <\, p, A€ K;
. |]T/(‘Sﬂ+ku|] <cp foreveryneN, k>m, u> X\, p, A € K;

(2) for allm > 0, there exists T > 0 such that, for allm > 1,

T n Qn
Osp—A<— =TS, (u) —ull <. (6)

Then Nyep HC(T) is a dense Gs subset of X.

Condition (2) allows us to define a partition min(K) = ap < a1 < -+ < aqg = max(K) of the
form
T .
ai:aifl+mv 1=1,...,¢q,

12
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where N is suitably fixed. We then choose N; = iN, i = 1,...,q. The divergence of ) ;- % is
important to the construction of the partition, as it guarantees the existence of ¢ such _that aq
reaches (or surpasses) b = max(K).

The partition introduced by Costakis and Sambarino motivates some generalizations of these
conditions. Before discussing them in detail, let us see how condition (2) behaves in the context
of weighted shifts T\ = B, ). We assume that each weight w(\) = (wn()\))neN is such that
(A,n) € A x N+ wp(A) is continuous. The right inverse operators are defined by S, = Fyy(y)-1.

Let u € span(e;) of the form u = >_]_, we; for some p € N. We have
17X S5 (w) = ull = By Fuaguy-1 (w) =l

Zp: (wz+1()\) Wi () 1) uge

—o Wi+l (1) - win (1)

: (7)

w1 (A)--wn ()
wi(p)-+wn (1)
to p (the indices [ = 0,...,p will be included later on). By using logarithms, we see that it is

Thus, it is important to ensure that the quotients get close to 1 when A\ gets close

enough to assume that there exists N > 1 such that all functions A — log (wi()\)), i € N, are
N-Lipschitz. In fact, knowing that | exp(z) — 1| < 2|z| for all small z, we find

wi(A) - wn(A) wi(A) - wn(A)
() wa) 1’ = esp (o8 (G ) - 1'
= |exp (Iog (w;(A)) —log (wj()\))> -1
j=1
<2 " <log (wj(N)) —log (wj(/\))>
j=1
< 2§:N\)\—y\

j
=2nN|\ — pl.

Il
—

Hence, condition(6) will be satisfied if we take 7 < ﬁ, for some constant ', depending on
u (and which will allow us to have the same conclusion for the remaining parcels [ = 0, ..., p).
The most important step in the above calculations is the second inequality, where we use the
N-Lipschitz property of the functions A — log (w,()\)) More precisely, it is sufficient if these
functions are Lipschitz on compact sets with uniformly bounded Lipschitz constants, this idea
appears in [6]. A first generalization of this condition appears in Article B, Theorem 3.4, where
we ask for each function A — log (w;()\)) to be L,-Lipschitz and we ask for the sequence (Ly)
to satisfy some properties (see next section). A second generalization will appear later in Article
C, where we rather look at the functions A — Y7'_; log (wg(X)).

In the next sections, we will see how to generalize these ideas to produce algebras of common

hypercyclic vectors.
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5.1.1 Common hypercyclic algebras for the coordinatewise

product

One of the most basic application of Theorem 5.2 is the Common Hypercyclicity Criterion (of

which Costakis-Sambarino criterion is a consequence).

Theorem 5.4 (Basic Criterion [7]) Let us suppose that, for all K C A compact, for every
couple (u,v) € D x D and for all neighborhoods O of the origin 0 in X, one can find ¢ € N,
parameters \i,...,\q € A, subsets A1,...,Ay C A with \; € A7 = 1,...,q, and positive integers
ni,...,ng € N such that:

(i) U; Ai D A;
(i) Y0, S (v) € O;
(i11) for alli € {1,...,q} and all X\ € A;,
> i T/’\“Sf\l; (u) € O;
° T/(Lf(u) € 0;
o TV'S\i(v) —veO.
Then (Nyep HC(T)) is Gs dense in X.

These conditions are not very different than the ones previously adapted to the algebraic context
for the coordinatewise product. Thus, one can expect to successfully adapt as we have done
before, the first step being to reformulate Theorem 5.2 to produce algebras. We have found the

following statement.

Theorem 5.5 Let A be a o-compact metric space and let (T\)aep be a continuous family of
operators on an F-space X. Assume that, for all K C A compact and all I € P¢(N), there exists
mo € I such that, for each couple (U, V') of nonempty open sets of X and for all neighborhoods
W of 0, one can find u € U such that, for each A € K there is N € N satisfying

TN (u™) € W pour n € I\{mo},

T)]\VumO eV.
Then, the set of vectors generating a common hypercyclic algebra for (T\)xea s G5 dense in X.

This theorem allows us to state an algebraic version of the basic criterion for the coordinatewise
product (see Article B, Lemma 3.2) and also to get practical applications, which derive from the

result below.

Theorem 5.6 Let A = [a,b] be a compact interval and let (w(X))xea be a family of admissible

weight sequences. Assume that
(a) (e;) is an unconditional basis of X ;

(b) for eachn, the functionlog(wy,) is non-decreasing and Lipschitz on A, with Lipschitz constant

less than or equal to L, > 0.

14



5. COMMON HYPERCYCLICITY

(c) for all p >0, for all mg > 1, there exists an increasing sequence of integers (ny) such that

1

(wz+1 (@) wign, (a))

o the series ) .~y g Elny, are unconditionally convergent for all | =

0,...,p;

. 1 . o .
e the series Ek21 wz+1(a)-~~wz+nk+i—ni(a)el+”k+i_”i’ 1> 1, 1 = 0,...,p are uniformly

unconditionally convergent;
o forallk>1, wi(a): - Wiy, (a) > 1;

® > ..11/Cp, = +00, where Cp, =3 1| Ly.
Then the set of points generating a common hypercyclic algebra for (T\)aea is residual in X .

This theorem applies to the classic families (AB)x>1 on £,(N),1 < p < +oo, or ¢y(N); also
(AD)x>0 on HC(C); and also (Byx))a>0, Where wy(\) = 1+ A on £,(N),1 < p < oo,
or ¢g(N). This last application is particularly interesting because the existence of a common
hypercyclic vector for this family on ¢,(N) was only knew for A > 1/p. Out method implies in

particular the following result.

Corollaire 5.7 Consider the family of weights (w(A))A>O defined by wp(N) = 1+ %,n > 1.
Then (By(x))as0 admits a common hypercyclic vector on £,(N),1 < p < oo.

5.1.2 Common hypercyclic algebras for the Cauchy product

Theorem 5.6 let us state some practical results for algebras with the coordinatewise product,
similar to those found in the literature for common hypercyclic vectors. This is possible since
the coordinatewise product behaves well as we have discussed before, what is not at all the case
for the Cauchy product. The problem is even more complicated when we look for algebras as

the vector u for which we apply Theorem 5.5 is naturally written in the form
u=x+z1+22+ -+ 2,

where each z; are associated with the elements of the partition. More terms are then susceptible
of being mixed when we take powers u™ of u. However, by using again the separating term and

Theorem 5.5, we get the following general result.

Theorem 5.8 Let A C R be an interval, let X be a regular Fréchet sequence algebra under
the Cauchy product and let (w(X))aea be a family of admissible weighted sequences such that
all functions log(wy,) are non-decreasing and Lipschitz on compact sets with uniformly bounded

Lipschitz constants. Suppose that (ey,) is an unconditional basis of X and that

(a) for all X € A,

en € X;

= 1
nzl wi(A) -+ wn(N)

(b) for all m € N and all [ag,bo] C A there ezist ¢ € (0,1) and ko > 1 such that

—1

lim [wy(koa) -+ - W N (Koa)] o

N—oo — W1 (a) - wm-1)Nnla

en, =0, for all a € [ag, bo). (8)
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5. COMMON HYPERCYCLICITY

Then (Th)xea admits a common hypercyclic algebra.

This theorem furnishes a common hypercyclic algebra with the Cauchy product for all classic
families of Rolewicz operators (AB)ys1 on ¢1(N) and MacLane operators (AD)x~q on H(C), but
leaves open the example (B, (x))x>0 Where w,(\) = 1+ %, what doesn’t satisfy condition (b).
This problem will be solved later on in Article D, where we will shown that this family have a

common hypercyclic algebra on a more general context. The proof is discussed in Section 5.3.

5.2 Partitioning squares

In this part we will discuss common hypercyclicity when the parameter set A is a subset of
R? with d > 1. It is possible to approach this problem in different ways, as in [26] or [3],
where we increase the set of parameters without changing the underlying space. Here, we are
rather interested on operators as in Borichev’s example: direct sums of backward shifts acting
on the same product space. Its example shows that the parameter set can’t be too big, but
what shapes could it have? Bayart and Matheron showed in [6] that (sB X tB)(sea admits
a common hypercyclic vector whenever A is an monotonic Lipschitz curve. In this example, a
one-dimensional set of parameters allows the existence of a common hypercyclic vector in the
bi-dimensional environment. More generally, the same authors showed that in the d-dimensional
case (t1B X -++ X t4B) ;.. 1,)en, there is a common hypercyclic vector when A is a monotonic
Lipschitz surface, what is a (d — 1)-dimensional subset of R?. Nevertheless, whether the set
mse[2,3] HC(sB x (4 — s)B) is empty or not has remained as an open question. We don’t know
either how to estimate the “maximal size” of A for the existence of a common hypercyclic vector
to be possible. What we know is that its d-dimensional Lebesgue measure might be 0. Also, a
treatment of weighted shifts was not explored yet.

The question that we have just discussed motivated the results of the Article C. On the one
hand, we have looked for necessary conditions on A C R? for () rea HO(AB x uB) to be nonempty.
The analysis of the proof of the Borichev’s example 5.1 reveals that, what limits the size of the
set A for the case (AB x uB)(qp)en is the fact that condition (2) of the Costakis-Sambarino

criterion is “saturated” for this family T): for many vectors x,
T3 S5 () — f| = en|A — pl.
This observation has lead us to obtain the following result.

Theorem 5.9 Let A C RY, let (T\)xea be a family of operators acting on the Banach space X.
Assume that there exist a > 0, v € X, § > 0 and C > 0 such that, for all \,u € A, for alln € N
and all w € X satisfying

|Tu — vl <6 and [T, u — | <4,

then
|73 = T2ul| = Cn® A = .

If Mxen HC(T)) # @, then dimy(A) < L.

16



5. COMMON HYPERCYCLICITY

On the other hand, we have looked for sufficient conditions on A C R? for (", HC(T)) to
be nonempty. The fundamental difference from the one-dimensional case is the absence of a
natural order on R¢ in order to produce a covering by small and well placed parts. We have
defined a dyadic covering by cubes of side -z together with an associated sequence (n;); chosen
by considering the best emplacement possii)le of the parts (see Section 4.1 of Article C for a
comparison of three possible emplacements of these dyadic cubes)). In particular, we get the

following theorem.

Theorem 5.10 Let d > 1 and A C RY compact. We assume that there exist o € (0,1/d),
B > ad and D > 0 such that, for all u € span(e;),

(a) there exist C;, N > 0 such that, for all \,x € A and alln > 0,k > N satisfying ||\ — pt]|co <

o1

D(nii)m we have

C
n+k qgn
sl < 5

C
st < g5

(b) for all e > 0, there is T > 0 such that, for alln > 1 and for all A\, p € A,

«

[A = plloc < nl = HTfS’Zu - uH <e.

Then (yep HC(T)) is a dense Gs subset of X.

Since the corollaries of this result will be generalized to the context of algebras in Article D,
we will discuss them in the next section. One of its consequences is the existence of a common
hypercyclic vector for (By,(x,) X -+ - X By(x,))aen in the case wi(a) - - - wn(a) = exp(an®) whenever
a < 1/d. However, Theorem 5.9 implies that, in the same case wi(a)---wy(a) = exp(an®), the
set (Nyea (Buw(n) X -+ X Bya,)) is empty whenever a@ > 1/d. All in all, the only case for which
we don’t have an answer is v = 1/d.

Still in Article C, we have obtained a characterization of products of weighted backward
shifts admitting a common hypercyclic vector. This result answer the open question from |[6]
by showing that (\scp 4 HC(sB x (4 — 5)B) # (. Also in the next section, we will discuss an

algebraic version of this result.

5.2.1 Products of weighted backward shifts admitting a common

hypercyclic algebra for the coordinatewise product

The characterization established by Theorem 4.1 is a generalization of the hypercyclic criterion
[20, Theorem 4.8(a)| for the context of algebras with the coordinatewise product. One could
try to do the same for some existing characterization of common hypercyclicity, but there is
no such result in the literature. We have then obtained the first characterization of common
hypercyclicity for weighted shifts in Article C, Theorem 2.7, and we have brought this result to

the context of algebras with the coordinatewise product in Article D under the following form.
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5. COMMON HYPERCYCLICITY

Theorem 5.11 Let X be a Fréchet sequence algebra for the coordinatewise product with a
continuous norm and admitting (e,) as an unconditional basis. Let I C R be a nonempty
interval, let d > 1 and let A C 1% be o-compact. Let (Buw(a))acr be a family of weighted shifts on

X and assume that a € I — wy(a) is nondecreasing with ian Iwn(a) > 0. Assume also that,
nelN,ae

there exist F @ N — Ry and ¢,C > 0 such that, for all n > 1, denoting by
fu(a) = 3 k—y log(wi(a)),
V(a,b) € I, cF(n)la —b| < |fa(a) = fu(b)| < CF(n)|b— al

wp(a)

Y(a,b) € I?, 0

> c.

g

Then the following assertions are equivalent:
(a) (Buw)) X -+ X Byd))aea admits a common hypercyclic algebra in X ;

(b) For allm > 1, there existu € X9 such that u™ is a common hypercyclic vector for (Bw()\(l)) X
* X Buy(a(d)))ren;
(¢) For all m € N, 7 > 0, for all N > 1, for all € > 0, for all K C A compact, there exists
N<ni<ni+N<n < <ng1+N <ng and (\g)k=1,..4 € I such that
(i) K Ul T [ = 5550 Ae(0)]
(ii) Foralli=1,...,d,

- 1
k=1 [wl()\k(z)) Wy, ()‘k(l))] 1/m

(i1i) For allk=1,...,q—1, foralli=1,...,d and for alll =0,...,N,

€ny|| <&

zq: Wi — 4141 ( Ak (1)) = Wy 11 (Mg (7))

w1 (Ag(0)) - w1 (X(9))

€nj —np+l < E.
j=k+1

The criterion for vectors is obtained from the conditions above by considering only the case
m = 1. The rather technique hypothesis of Theorem 5.11 become much simpler when we restrict
ourselves to products of Rolewicz operators (A1B X -+ X AgB)yc(1,400)2 00 £(N), 1 < p <
+00, or ¢p(N). In order to simplify the hypothesis, let us look at this family under the form
(6)‘1B X oo X eAdB>)\E(O7+OO)d.

Theorem 5.12 Let d > 1, A C (0,+00)? and X = £,(N), p € [1,+0), or X = co(N). The

following assertions are equivalent.
1. (eMB x - x eAdB)/\E(LJFOO)d has a common hypercyclic algebra.

2. For all N > 1 and 7,e > 0, for all K C A compact, there exist N <ny <ni+ N <ng <
v <mg_1+ N < ng as well as (A\)g=1...q € (0,+00)¢ such that

(i) K C Ui [T (D) — = Ak (D],
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5. COMMON HYPERCYCLICITY

(ii) for each k=1,...,q andl=1,....d,

)\k+1(l)nk+1 — )\k(l)nk > N.

We note here that there is no more m > 1 in this last statement. In fact, the existence of
a common hypercyclic vector for the coordinatewise product is equivalent to the existence of
at least one common hypercyclic vector. Furthermore, this remains true for the more general
case wi(a)---wy(a) = exp(An®), as shown in Proposition 2.9 of Article D. One interesting
consequence of this result, as shown in Theorem 1.3 of Article C, is that for any Lipschitz curve
A C (1,+00)%, the family (A;B X --- x \gB)xea admits a common hypercyclic algebra for the
coordinatewise product.

Other results from Article C brought to the context of algebras in Article D are consequence
of Theorem 5.10 (see Article C, Section 4.3). An unified version is presented under the following

form.

Theorem 5.13 Let o € (0,1/d) and let I C (0,+00) be o-compact. Suppose that, for all my € N
and all Iy C I compact, there exist C1,Co > 0, B > ad, F : N — (0,+00) with F(n) < Cin®
and Ny, My > 0 such that, for all n > Ny,

(i) a € Iy — Y i log(wi(a)) is F(n)-Lipschitz;
(ii) for all a € Iy, infuep, wi(a)- - wi(a) = +o00 as k — +o0;

(111) for all a € Iy and k > Ny,

F(n+k) 1.a
wi(@)-wi(a) | TR
1 M
—ek|| < -7 (10)
‘ [w1(a)"‘wk(a)}l/ ’ K
Then (Bw()\l) X -0 X Bw(Ad)),\eld admits a common hypercyclic algebra on X for the

coordinatewise product.

This result applies to products of multiples of the Rolewicz operators as well as for the family
(Buw(a) X« X Bya,)) induced by the weighs wy,(a) = 1+ %5, A > 0, for any a € [0,1/d), and
acting on £,(N),1 < p < 400, or ¢o(N).

5.3 A common hypercyclic algebra for the Cauchy
product for (By) X -+ X Byny))ieo.400d Where
wy(a) =1+7%

In this last part of Section 5, we will discuss the answer given in Article D to the question left
open in Article B on the existence of a common hypercyclic algebra for the family (B, ))x>0
induced by wy,(A) =1+ % and acting on /;(N) with the Cauchy product. In order to simplify
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6. UPPER FREQUENTLY HYPERCYCLIC ALGEBRAS

the discussion, when we say that a family of admissible weights (w(a)).es satisfy the F(n)-
Lipschitz property for some function F': N — R, we mean that each function a € I — f,(a) =
> p—qlog(wp(a)) is F(n)-Lipschitz, n € N.

After having obtained many results on common hypercyclic algebras in higher dimensions,
established mainly for the case n®-Lipschitz, we have thought that we could apply the results
developed in sections 4.4 and 4.5 of Article C to get an algebra in d-dimensions with the Cauchy
product for the family of shifts induced by wy(a) = 1 + . However, we have faced technical
complications related to the number of terms in the list n1,...,ny. These difficulties appear even
in the one-dimensional case. The sequence of powers (ny); considered in the proof of Theorem
5.8 is linear on 4 and this linearity is hidden in condition (b). It seems that n; = iN works
well in the case n-Lipschitz as the partition have parts of size ;5;, but that doesn’t work for the
case log(n)-Lispchitz if we maintain the old size of the parts. What we have done in Article
D consists of choosing (n;); specially for the weights w,(a) = 1+ & by taking into account its
log(n)-Lispchitz property. Even then, the dyadic covering used in Article C doesn’t seem to be
adapted to wy(a) = 14 2 on ¢1(N)%. In fact, it contains too much elements. Once more, the
fact that this family satisfy the log(n)-Lipschitz condition (rather than n®-Lipschitz) allows us
to construct a covering adapted to this case. This led us to the following theorem, proved in
Section 3 of Article D.

Theorem 5.14 Let (w()\)))\>0 be the family of weights defined by wy(a) =1+ %,n > 1. Then,
(Bw()\l) PERRI Bw(Ad)))\e(07+oo)d admits a common hypercyclic algebra in ¢1(N) with the Cauchy
product.

6 Upper frequently hypercyclic algebras

Another concept related to hypercyclicity which was explored in this work is that of upper
frequent hypercyclicity, introduced by S. Shkarin in [24] as a weaker version of frequent
hypercyclicity (concept introduced by F. Bayart and S. Grivaux in [5]). Let us see the basic
definitions.

The upper d(A) and lower d(A) densities of a subset A C N are defined by

d tm < m <
d(A) = limsup #imeA:ms n} and d(A) = liminf #{meA:ms n}’

n—00 n n—00 n

where #FE denotes the cardinal of E. Let X be an F-space and T a bounded linear operator on
X. We say that x € X is a frequently hypercyclic vector for T when, for all V' C X open and
nonempty, the lower density of the set {n € N: T"(x) € V'} is positive. In this case we say that
T is a frequently hypercyclic operator and we denote by FHC(T) the set of frequent hypercyclic
vectors of T. If, instead, the upper density of {n € N : T"(x) € V} is positive for all V. C X
open and nonempty, we say that x is an upper frequently hypercyclic vector of T', which is then
called an upper frequently hypercyclic operator. The set of all vectors satisfying this property is
denoted by UFHC(T). Although one can think that these two properties are slightly different,
in practice they are quite distinct. In fact, as Bonnilla and Grosse-Erdmann have remarked

in [16], we can get upper frequently hypercyclic vectors using the Baire theorem but the set of
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6. UPPER FREQUENTLY HYPERCYCLIC ALGEBRAS

frequently hypercyclic vectors is always meagre. We were able to adapt the previous techniques
to get algebras of upper frequently hypercyclic vectors.
The first step, as always, consists of finding a Baire argument for upper frequently hypercyclic

algebras. We have found the following formulation.

Proposition 6.1 Let T be a continuous operator on an F-algebra X satisfying the following
condition: for each I € Pr(N)\{@}, there exists mo € I such that, for each non-empty open
subset V' of X and each neighborhood W of the origin, there is § > 0 such that for each non-
empty open subset U and each Ny € N, there is u € U and N > Ny satisfying
#{Ap < N:TP(u™) € W form € I\{mg} and TP(u") € V'} o5
N +1
Then T admits an upper frequently hypercyclic algebra.

This same criterion will be applied for the two products: coordinatewise and Cauchy. Just as

before, for the first we choose my = min(/) and for the second we take my = max([).

6.1 Coordinatewise product

In the present case, we have found the following consequence of the previous proposition.

Theorem 6.2 Let X be a Fréchet sequence algebra for the coordinatewise product and with a
continuous norm. Assume that (e,) spans a dense subspace of X. Let also By, be a bounded
weighted shift on X such that, for allm > 1, 37 < (w1 -+ wy) Y Me, converges unconditionally.

Then By, admits an upper frequently hypercyclic algebra.

Among its applications, we get quite easily upper frequently hypercyclic algebras for the classical
operators AB, A > 1, over £,(N),1 < p < 00, or ¢o(N) with the coordinatewise product, as well
as AD,; A > 0, on H(C) with the Hadamard product. We found also that B,,, where w,, =1+ %,
admits an upper frequently hypercyclic algebra on c¢o(N) for any A > 0. However, on ¢,(N) the
hypothesis are not satisfied for this weight since the series diverges when pA < m. The problem

of finding an upper frequently hypercyclic algebra in this case remains open.

6.2 Cauchy product

For the convolution product, we have found the following consequence of Proposition 6.1.

Theorem 6.3 Let X be a reqular Fréchet sequence algebra for the Cauchy product and let (wy,)

be an admissible weight sequence. Assume that
(a) 3,51 (w1 - -wy)"Le, converges unconditionally.

(b) for all m > 2, there exists ¢ € (0,1) such that

-1
_ Zn (W1 -+ - Wi )M DM
lim sup E enll = 0.
o—+00 z€co0N By, oo wy - w(m_1)0+n

Then By, admits an upper frequently hypercyclic algebra.
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It is remarkable the similarity between condition (b) above and condition (b) of Theorem 5.8
for common hypercyclic algebras, what corroborates the proximity of the methods. As for the
coordinatewise product, Theorem 6.3 applies to tall classic operators AB, A > 1, over ¢;(N) as
well as AD, A > 0, on H(C), but not to B, where w, = 1+ % Again, the problem of finding an
upper frequently hypercyclic algebra on ¢;(N) for this weighted shift remains open.

7 Disjoint hypercyclic algebras

The next topic explored is that of disjoint hypercyclicity. Defined for the first time independently
by J. Bés and A. Peris [13] and L. Bernal-Gonzélez [8], it is a sort of diagonal hypercyclicity. Let
X be a Fréchet sequence space and let T and 75 be bounded linear operators on X. We say that
T, and T; are disjoint hypercyclic when there exist z € X (called disjoint hypercyclic vector for
Ty and Tp) such that the sequence (T7'(z), T3'(x)), -, is dense in X2, Many kinds of operators are
investigated in the two initial articles of the theory, such as composition operators, differential
operators and, what is particularly interesting for us, weighted shift operators. For simplicity, we
decided to study the case of two operators, but the definition of disjoint hypercyclicity (and some
of our results) works just fine for many operators. Moreover, we have concentrated ourselves on
the case where Ty and Ty are power of two weighted shifts Ty = B and T = B.?,, say
0 < 71 < 72. As observed in [13]| and later confirmed in [12], the case m # 72 behaves fairly
differently than 71 = ry. Here, we will discuss the case 71 < r2 only (although the case r; = 7y
is also explored in Article B).

We aim to bring to the context of algebras some known results. The definition of disjoint
hypercyclic algebra is as natural as possible: when X is an F-algebra, we say that two bounded
operators T and 75 on X admit a disjoint hypercyclic algebra when there exists a subalgebra A
of X such that any nonzero vector x € A is disjoint hypercyclic for T7 and T5. The first step,
as before, consists of finding a Baire argument leading to disjoint hypercyclic algebras. We have

found the following formulation.

Proposition 7.1 Let T} and Ts be two operators acting on the same F-algebra X . Assume that
for each I € Py(N)\{@}, there exists mo € I such that, for all U, Vi and Vo nonempty open
subsets of X, for all W neighborhood of zero, there exist w € U and N € N such that

TN e W, TN (u™) € W for allm € I, n # my
TN (um™) € Vi, TN (u™) € Va.

Then T1 and Ts admit a disjoint hypercyclic algebra.

This result will be applied for both coordinatewise (with mo = min(/)) and Cauchy (my =

max(I)) products. For the latter, a separating term is still present.

7.1 Coordinatewise product

For the coordinatewise product, by making use of some ideas similar to those applied to Theorem
4.1, we have characterized the powers B, and Bfu// of weighted shifts admitting a disjoint

hypercyclic algebra.
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Theorem 7.2 Let X be a Fréchet sequence algebra for the coordinatewise product with a
continuous norm and such that (ey,) is a Schauder basis. Let By = B,,a1) and By = B, 2) be two

bounded weighted shifts on X. The following assertions are equivalent.
(i) By and B3 support a disjoint hypercyclic algebra.

(i1) There exists a sequence (ny) such that, for alll >0, for all v > 0,

(1) 1) \—y k400
(wl+1 o 'wnk-H) Cny+l » 0,
@) @) \—v ko0
(wl—l—l e w2nk+l) €2ny,+1 » 0,
WOl
npi41 2np+ —+o0
@ @ Ot » 0.

Wy - Wop, 4y

On spaces where (ey,), is bounded, we can remove the terms ey, y; and —y. The remaining
conditions the remaining conditions are sufficient for disjoint hypercyclicity (see [13]). This way,
on spaces like £,(N),1 < p < o0, or ¢o(N), for example, the existence of a disjoint hypercyclic
algebra is equivalent to the existence of a single disjoint hypercyclic vector. The result above
also applies to By = By,\) and By = By, with wy,(a) := 1+ & and A, u > 0, acting either
on ¢p(N),1 < p < 400, or ¢p(N) under the coordinatewise product. We can also apply it to get
a disjoint hypercyclic algebra in H(C)? with the Hadamard product for any couple AD, uD?,
A, p>0.

7.2 Cauchy product

As we have discussed before, the results for the Cauchy are more difficult to obtain. In our studies
we didn’t explored the general case of weighted shifts so, even for the example By = By, () and
By = Bw(u)7
hypercyclic algebra in ¢(N) with the Cauchy product. In the particular case of multiple of shifts

where wy(a) :== 14+ % and A\, > 0, we don’t know if there exists a disjoint

AB,puB?, it is shown in [13] that this couple has a disjoint hypercyclic vector if and only if
1 < A < pu. We managed to show that, under the same condition, this couple has also a disjoint
hypercyclic algebra for the Cauchy product on £1(N). A similar result was also found for AD, uD?
on H(C) for the convolution product, now with no constraints on A, > 0. Our discoveries are

summarized in the following.

Theorem 7.3 Let A\, u > 0.

a) AB and puB? support a disjoint hypercyclic algebra on £1(N) (endowed with the convolution
product) if and only if 1 < XA < p.

b) AD and puD? support a disjoint hypercyclic algebra on H(C).

An interesting fact in the proof of the item (1) of the theorem above is that the position of the
separating term ee, has change according to the case within 1 < A < /2 if 1 < X < p!/2, we
place ee, in the end of the definition of the candidate u just as before; and if p'/2 < X < u, we
look for a candidate of the form u = = + e, + z. Roughly speaking, this separation comes from
uB? = (,ul/ 2B)? and the different emplacements have allowed us to successfully play with the

supports.
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8 Closed hypercyclic algebras

The last subject studied is the (non)existence of closed hypercyclic algebras (see Article A,
Section 6.1). This question is the natural extension of the search for hypercyclic subspaces,
namely closed infinite dimensional subspaces within HC(T')U{0} (for some hypercyclic operator
T). It is not clear how to adapt our methods in order to produce a closed algebra. Yet, we have
found negative answers in some important cases.

The first result answer in the negative a question asked by Shkarin in [25] on the existence of
a closed hypercyclic algebra for the operator of complex derivation D acting on H(C). Not only
this is not the case but, more generally, no convolution operator P(D) induced by a polynomial
P have a closed hypercyclic algebra in H(C). However, the problem of finding an entire function
¢ such that ¢(D) admits a closed hypercyclic algebra in H(C) is still open.

When it comes to our favorite operators, that is to say weighted backward shifts acting on
Fréchet sequence algebras, we have shown that the answer is still negative when we consider the
coordinatewise product on ¢,(N), 1 < p < oo, on ¢y(N) or even on the more permissive space
w. In these cases, no weighted backward shift operator has a closed hypercyclic algebra. The

problem remains open on ¢1(N) with the Cauchy product.
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9. LES ALGEBRES HYPERCYCLIQUES

L’étude de I’hypercyclicité est I'un des plus importants thémes en Dynamique Linéaire, alors
que ce concept est I'ingrédient principal dans la définition du chaos de Devaney de 1989 (voir [44]).
Si X est un espace topologique et T : X — X est un opérateur linéaire continu dans X, on dit
quun vecteur z € X est hypercyclique pour le systéeme dynamique (X,T) quand son orbite
sous T, définie par orb(x,T) = {z, T(z), T%(z), ...}, est un sous-ensemble dense de X. On note
HC(T) 'ensemble des vecteurs hypercycliques de T'. Lorsque HC(T') # ), on dit que (X, T) est
un systéme dynamique hypercyclique ou que T est un opérateur hypercyclique sur X. Autrement
dit, la suite d’itérées de T sur un seul point x se rapproche de chaque point de I'espace tant
qu’on veut. Toutefois, le premier exemple d’'un systéme satisfaisant cette propriété « étrange
» est beaucoup plus vieux que Devaney. En 1929, Birkhoff [41] a montré que l'opérateur de
translation par 1 sur I’espace des fonctions entiéres, c¢’est-a-dire, 7 : H(C) — H(C) donné par
T1f(x) = f(x + 1) pour tout f € H(C), admet une fonction hypercyclique g € H(C). En
1952, MacLane [48] a prouvé I'hypercyclicité de 'opérateur de dérivation d’une fonction entiére
D : H(C) — H(C), donné par D(f) = f', f € H(C). En 1969, Rolewicz [49] a fait pareil pour
tous les multiples AB : l2(N) — ¢5(N), A > 1, de opérateur de décalage a gauche B définit
par B(zg,z1,x2,...) = (x1,%2,23,...), (Tn)n>0 € ¢2(N). Aujourd’hui ces trois opérateurs sont
connus respectivement par les noms de ces mathématiciens. Néanmoins, le domaine de recherche
aujourd’hui appelée Dynamique Linéaire a commencé avec la theése de Kitai [47], ou il a été fait la
premiére étude systématique des orbites d’opérateurs bornées sur des espaces linéaires complets.

Cette thése est une contribution & ce domaine de recherche. On va décrire maintenant ses

principaux résultats.

9 Les algébres hypercycliques

Il est connu que, pour tout opérateur hypercyclique T, HC(T) U {0} contient un sous-espace
linéaire dense. Alors, en général 'on peut trouver une structure de vecteurs hypercycliques «
compatible » avec I'espace. Ce qu’on appelle sous-espace hypercyclique vient d’une question
plus intéressante (qui concerne normalement les espaces de Banach) : dans le cas ou T est
hypercyclique, existe-t-il un sous-espace fermé de dimension infinie dans HC(T) U {0} 7 Encore
une fois, on cherche des structures vectorielles intéressantes composées uniquement par des
vecteurs hypercycliques (sauf 0). Maintenant on se pose la question: et si I’espace topologique
X admet une structure d’algébre ?  Existe-t-il une sous-algébre non-triviale de X dans
HC(T)U{0} ? La recherche d’une telle structure, appelée algébre hypercyclique pour T, motive
ce travail.

Le contexte le plus générique que nous avons considéré est celui d’'une F-algébre séparable
et commutative, c’est-a-dire, un espace de Fréchet séparable X, induit par une suite croissante
de semi-normes (|| - ||5)pen, ot il y est défini un produit commutatif - : X x X — X satisfaisant,

pour tout x,y € X et p € N,
- yllp < llzllp x [lyllo-

De plus, quasiment tous nos résultats portent sur les F-algébres de suites, i.e., ot X est un

sous-espace de I'espace de toutes les suites w = CN. Ici, on considére deux produits classiques:
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10. LA METHODE DE BAYART ET MATHERON

le produit coordonnée-par-coordonnée (produit CPC) et le produit de Cauchy (ou produit de
convolution). A titre d’exemple, les espaces ?,(N),1 < p < +00 ainsi que co(N) deviennent des
algébres de Fréchet avec le produit CPC et ¢1(N) devient une algébre Fréchet avec le produit
de Cauchy. On peut aussi regarder H(C) comme un espace de séquence, ici les deux produits
rendent cet espace une algébre de Fréchet. Le produit CPC sur H(C) est aussi appelé produit
d’Hadamard. Nous discuterons chacun de ces produits plus tard.

Le premier résultat sur les algébres hypercycliques date de 2007, ot Aron et. al. [28] montrent
qu’aucun opérateur de Birkhoff n’admet une algébre hypercyclique pour le produit de Cauchy.
Deux ans plus tard (indépendamment et par des méthodes différentes), Shkarin [51] ainsi que
Bayart et Matheron [33] ont montré que 'opérateur de MacLane admet une algébre hypercyclique
pour le produit de Cauchy. L’argument utilisé par ces derniers se montrera fructueux dans les

années suivantes avec les travaux de Bés, Conejero et Papathanasiou [35, 36].

10 La méthode de Bayart et Matheron

Contrairement a la méthode constructive employée par Shkarin, la méthode de Bayart et
Matheron est basée sur une adaptation (voir [33, Remark 2.28]) du théoréme de transitivité de
Birkhoff pour les algébres.

Le concept de transitivité topologique, inventé en 1920 par Birkhoff [40], est 'un des plus
importants outils dans toute la théorie. On dit quun systéme dynamique (X,7T) est
topologiquement transitif si, pour tous ouverts non vides U,V dans X, il existe n € N tel que
T"(U)NV # (. Limportance de ce concept vient du fait que, sur les espaces métriques
complets et séparables, transitivité topologique et hypercyclicité sont équivalentes. Pour mieux

lier les points, on va énoncer ce théoréme de la fagon suivante.

Théoréme 10.1 (de transitivité de Birkhoff) Soit T wun opérateur continu dans un
F-espace séparable X . Supposons que, pour tout paire (U, V') d’ouverts non vides de X, il existe
u€ U et N €N tels que TN (u) € V. Alors HC(T) est un sous-ensemble comaigre de X .

On observe que la conclusion que HC(T') est Gs dense vient de 'application du théoréme de
Baire. L’idée de cet énoncé est que n’importe quelle paire d’ouverts peuvent étre connectés par
un certain itéré TV de T. Ainsi, pour démontrer que T est hypercyclique, on cherche pour toute
paire d’ouverts (U, V) a trouver u € U et un itéré T™ de T tel que TV (u) appartienne & V. Dans
le critére [33, Remark 2.28|, les auteurs ont modifié les conditions pour qu’on cherche a trouver
u € U tel qu’on puisse envoyer une combinaison arbitraire aju + cgu? + - - - + o™ dans V' par
un itéré TN de T. Pour cela, on fait en sorte que TV envoie toutes les puissances u, u?, ..., u™ !

vers 0 et la « puissance principale » a,,,u™ dans V. Ils ont donc obtenu la formulation suivante.

Théoréme 10.2 (Bayart et Matheron [33]) Soit T un opérateur continu dans une F-algébre
séparable. Supposons que, pour tout m > 1, pour toute paire (U, V') d’ouverts non vides de X et
pour tout voisinage W de 0, il existe u € U et N € N tels que TV (u™) € W pour tous n < m
et TN (u™) € V.. Alors I’ensemble de points qui engendrent une algébre hypercyclique pour T est
Gs dense dans X.
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Pour réussir a appliquer ce critére pour D : H(C) — H(C), les auteurs profitent du «
comportement de décalage » que D apporte. En utilisant la méme approche, Bés, Conejero
et Papathanasiou ont montré que P(D) admet une algébre hypercyclique pour n’importe quel
polynome P qui satisfait P(0) = 0 (voir [35]), et avec une approche différente (en utilisant les
valeurs propres de ces opérateurs), les mémes auteurs ont trouvé une large classe d’opérateurs de
convolution admettant une algébre hypercyclique (voir [36]). Tandis que les approches changent,
tous ces résultats reposent sur une application du Théoréme 10.2. On discutera les opérateurs
de convolution ainsi qu’'une généralisation de ce résultat clé, ce qui va rendre possibles d’autres

nombreuses applications.

11 Les opérateurs de convolution et les critéres

d’existence d’une algébre hypercyclique

Par opérateur de convolution on désigne un opérateur ¢(D) : H(C) — H(C) induit par une
fonction entiére ¢ € H(C) de type exponentiel, on D : H(C) — H(C) est 'opérateur de
dérivation complexe. Plus précisément, étre de type exponentiel signifie qu’il existe deux
constantes A, B > 0 telles que ¢(z) = > " janz" € H(C) satisfait |¢(z)| < Aexp(B|z|) pour
tout z € C. L'opérateur ¢(D) est donc définit par ¢(D)(f) = 3% ; a, f™. Dans cette section,
H(C) est muni de son produit naturel, le produit ponctuel de deux fonctions, qui correspond
au produit de convolution sur leurs coefficients. Nous avons déja expliqué que D, ou plus
généralement P(D) pour tout polynéme P tel que P(0) = 0, admet une algébre hypercyclique.
Dans l'article [36], les auteurs ont montré d’une maniére trés intéressante que l'opérateur de
convolution ¢(D) admet une algébre hypercyclique sur H(C) dans les cas ¢(z) = cos(z),
Pp(z) = ze* et ¢p(z) = € —a avec 0 < a < 1. Evidemment ces fonctions ne sont pas des
polynémes. Leur résultat s’applique aussi aux cas ¢(z) = (ag + a12™)F avec |ag| < 1 et a; # 0,
qui est un polyndéme ne satisfaisant pas P(0) = 0. Ces applications viennent du résultat

suivant.

Théoréme 11.1 (Bés et. al. [36]) Soit ¢ € H(C) de type exponentiel telle que I’ensemble de
nweau {z € C : |¢(2)] = 1} contient un arc compact strictement conveze et non trivial I'y

satisfaisant
conv(I'; U{0}\(T1 U{0}) C o~ 1(D).

Alors, 'ensemble des fonctions entiéres engendrant une algeébre hypercyclique pour l'opérateur de

convolution ¢(D) est un sous-ensemble comaigre dans H(C).

Il est remarquable que |¢(0)| < 1 dans tous les exemples fournis. Quelques questions naturelles se
posent. Au niveau des polynémes, peut-on enlever la condition P(0) = 0 ? Suffirait-il |P(z)] < 1,
ou méme |P(z)| < 1?7 Au niveau des fonctions entiéres, suffirait-il |¢(0)] < 1 7 Ou peut-étre
|¢p(0)] < 1 7 La méthode employée par ces auteurs, en utilisant les valeurs propres des fonctions
pour obtenir le résultat, paraissait suffisamment prometteuse pour qu’on puisse ’appliquer a

d’autres fonctions de type exponentiel.
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L’argument évolue encore une fois avec 'article [30]. En utilisant les valeurs propres d’une
manicre différente, F. Bayart caractérise les opérateurs de convolution satisfaisant [¢(0)] < 1
qui admettent une algébre hypercyclique, et il établit des conditions suffisantes pour que ¢(D)

supporte une telle algébre dans le cas |¢(0)| = 1.

Théoréme 11.2 (Bayart [30]) Soit ¢ € H(C) de type exponentiel.
(1) Supposons que |p(0)| < 1. Les assertions suivantes sont équivalentes:

(i) ¢(D) admet une algébre hypercyclique.

(ii) ¢ n’est pas multiple d’une fonction exponentielle.

(2) Supposons que |$(0)| =1 et ¢ a un tauz de croissance sous-exponentiel. Si ¢'(0) # 0 ou si
¢ est d’ordre plus petit que 1/2, Uopérateur ¢(D) admet une algébre hypercyclique.

Par rapport au fait que ¢ n’est pas multiple d’une exponentielle, on ne pourrait pas espérer mieux.
En effet, les opérateurs de convolution induits par les fonctions de la forme ¢(z) = Aexp(az)
correspondent aux multiples A7, de 'opérateur de Birkhoff ! Ce que montre le Théoréme 11.2
c’est que, dans le cas [¢(0)| < 1, ce sont les seuls opérateurs qui n’ont pas d’algébre hypercyclique.
Postérieurement, Bés, Ernst et Prieto [37] ont montré que, dans le cas |¢(0)| = 1, les conditions
sur la dérivée de ¢ ou sur son ordre ne sont pas nécessaires pour l’existence d’une algébre

hyperyclique.

Théoréme 11.3 (Bés, Ernst et Prieto [37]) Soit ¢ € H(C) de type exponentiel tel que
|p(0)] = 1. Si ¢ a un tauzr de croissance sous-exponentiel, alors l'opérateur ¢(D) admet une

algebre hypercyclique.

Ils ont aussi établi d’autres critéres pour lexistence, ou méme I’absence, d’une algébre
hypercyclique (pour plus de détails, voir I'article).

On se demande ce que se passe dans le cas |¢(0)| > 1. Est-il naturellement pathogéne ?
La condition |¢(0)| > 1 pourrait-elle étre utilisée en quelque sorte pour produire une algébre
hypercyclique ? Encore dans [30], on trouve des pistes pour répondre a cette question.

La premiére partie du Théoréme 11.2 vient d'un critére plus général qui élargit
considérablement la classe des opérateurs de convolution avec une algébre hypercyclique. En
effet, il peut étre appliqué par exemple aux cas ¢(z) = cos(z) et ¢(z) = e* — 2, qui satisfont
|p(0)] = 1 (voir [30, Exemples 2.6 et 2.7]. Cependant, il s’applique aussi au cas
¢(z) = 2e* +sin(z) qui satisfait |¢(z)| > 1, ce qui est trés surprenant (voir [30, Example 2.8]).

On I’énonce ici par souci d’exhaustivité.

Théoréme 11.4 (Bayart [30]) Soit ¢ € H(C) de type exponentiel. Supposons que:
(1) ¢(D) n'est pas multiple d’une fonction exponentielle;

(2) pour tout m € N, il existe a,b € C tels que |¢p(mb)| > 1 et, pour tous n € {1,...,m} et
d € {0,...,n} avec (n,d) # (m,m), |$p(nb+ (n — d)a)| < 1.

Alors ¢(D) admet une algébre hypercyclique.
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Fig. 2 — Exemple avec m = 3.

Ce qui se passe dans la condition (2) est représenté dans la Figure 2. En revenant a la discussion
du Théoréme 10.2, ces conditions permettent de choisir un candidat u« € U ainsi qu’une puissance
N tels qu'on fasse TV envoyer u™ vers 0 quand n < m (en utilisant |¢(nb + (n — d)a)| < 1) et
envoyer la « puissance principale » u™ dans V' (en utilisant |¢(mb)| > 1). Le point-clé pour que
I'exemple ¢(z) = 2e~* +sin(z) fonctionne est 'oscillation de cette fonction ce qui fait qu’on peut
choisir deux points convenables a,b € R de fagon a emboiter 'ensemble {nb + (n — d)a : n =
1,...m,d=0,..,n,(n,d) # (m,m)} dans ¢~1(D) N R et de sorte que b satisfasse |¢p(mb)| > 1.
Maintenant, si I'on regarde le cas |¢(0)| < 1 en vue du Théoréme 11.2, on voit que les points
suffisamment proches de 'origine auront des valeurs absolues inférieures a 1 et, en méme temps,

puisque ¢(C) = C, il est facile de trouver des points dont la valeur absolue est supérieure a 1.

Alors, il faut juste choisir une direction w telle qu’il existe tg, ¢ satisfaisant

6(tw)| < 1sit € [0,t0)
lp(tw)| > 1 sit € (to, ]

to+e
m

ou (tog + ) € (to, ta], et db+ (n — d)a = (d*2= + (n — d)e)w, on

et puis choisir a = ew et b = w avec € > 0 suffisamment petit. On voit que mb = (¢ + €)w,

to+¢ m—1 esom—1

0<d —|—(n—d)5§ (t0+6)+m€—> toE(O,to).

Que dire de |¢(0)] > 1 ? Dans ce cas, les points proches de 'origine ont une norme supérieure a
1, d’out I'idée de lier la « puissance principale » a la combinaison db+ (n — d)a la plus proche de
l'origine. Si I'on demande que |¢| soit petite dans une direction w, disons lim;_, 4 |¢(tw)| = 0,
alors on pourrait essayer de faire que les autres combinaisons soient plus éloignées dans cette
direction de sorte que la valeur de |¢| en ces points soit inférieure & 1. Maintenant, puisque cela
se passera dans une méme direction {tw : ¢ > 0}, on peut se dire qu'on va choisir b = tow et
a = tiw avec t; beaucoup plus grand que tg. Comme cela on sait que, pour tout m > 1, la
combinaison db + (n — d)a plus proche de lorigine est b (obtenue en faisant n = d = 1) et toutes
les autres combinaisons seront éloignées a cause de a. Autant dire que nous avons besoin d’une

version du Théoréme 10.2 comme la suivante.

Théoréme 11.5 (faux) Soit T un opérateur continu dans un F-algébre séparable. Supposons

que, pour tout m > 1, pour toute paire (U, V') d’ouverts non vides de X et pour tout voisinage W
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de 0, il existe u € U et N € N tels que TN (u™) € W pour tous 1 <n <m et TV (u) € V. Alors

l’ensemble de points qui engendrent une algébre hypercyclique pour T est Gg dense dans X.

Mais ce résultat est impossible. En effet, le terme u ne fait pas forcément partie de tous les
éléements de I'algébre A(u) engendré par u. Par exemple u? + 2u® € A(u), mais le coefficient de
u dans cette combinaison est o = 0 et donc TV ne peut envoyer aju nulle part | Ce que I'on
peut considérer pour chaque élément de A(u) est la présence de termes u™° et u™ ot my est le
plus petit et m; est le plus grand. Par exemple, pour I’élément u? + 2u?, Iopérateur TV enverra
u? vers V et u® vers 0. On obtient donc la version (vraie) suivante.

Théoréme 11.6 (vrai) Soit T un opérateur continu dans un F-algébre séparable. Supposons
que, pour tout 1 < mgy < my, pour toute paire (U,V) d’ouverts non vides de X et pour tout
voisinage W de 0, il existe u € U et N € N tels que TN(u”) € W pour tous mg < n < m et
TN (um) € V. Alors l’ensemble de points qui engendrent une algebre hypercyclique pour T est
G5 dense dans X.

Par conséquent, on a trouvé un critére pour le cas |[¢(0)| > 1 et ou ¢ n’est pas un multiple de
la fonction exponentielle: s’il existe w € C tel que lim;— 4o |p(tw)| = 0, alors ¢p(D) admet une
algébre hypercyclique ! On trouvera d’autres exemples dans le paragraphe 3 de I’Article A.

Le Théoréme 11.6 a été la premiére version du critére général Théoréme 2.1 de I’Article A, ou
on considére un sous-ensemble fini I quelconque de N* et on prend comme « puissance principale
» un de ces éléments mo € I. Le Théoréme 10.2 est le cas ou on choisit my = max([) et le
Théoréme 11.6 est le cas o on choisit mg = min(/). Cette possibilité de choisir la « puissance
principale » va nous étre trés utile dans I'obtention d’algébres hypercycliques pour les décalages
a gauche. On considére toujours my = min(/) si la F-algébre de suites X est équipé avec le
produit CPC et on prendra toujours mg = max (/) si X est muni du produit de Cauchy.

Dans un deuxiéme temps, cet argument de Baire pour 'obtention d’une algébre va étre
adapté aux différents types d’hypercyclicité, comme I’hypercyclicité commune, supérieurement

fréquente et disjointe (voir paragraphes 13, 14 et 15).

12 Les produits de Cauchy et CPC: premiers

résultats sur les F'-espaces de suites

A partir d’ici et jusqu’a la fin, nous nous concentrerons sur les F-algébres de suites. Dans ce
contexte, comme on s’y attendait, le produit CPC est plus facile & travailler que le produit de
Cauchy. Le traitement de ces deux cas est naturellement différent, méme si savoir travailler
avec le produit CPC peut rendre plus simple le traitement du produit de Cauchy. Dans ce
paragraphe, nous discuterons ces différences ainsi que parler des premiers résultats pour les
opérateurs de décalage & gauche pondérés sur les F-espaces de suites. Au niveau de la littérature,
antérieurement & nos résultats, les meilleurs résultats se trouvaient dans [45], ou les auteurs
obtiennent de fagon constructive des critéres trés généraux pour les décalages & gauche pondérés
sous I’hypothése qu’ils soient mélangeants. Ici, nous allons utiliser certaines de leurs idées mais en

insistant dans I'utilisation de 'argument de Baire sous la forme des Théoréme 10.2 et Théoréme
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11.6 et nous obtenons de fagon plus simple des résultats plus généraux sans avoir besoin de
I’hypothése qu’ils soient mélangeants.
Pour simplifier la discussion, les opérateurs de décalage a gauche vont étre appelés simplement

« décalages ». Ils sont définis par
Bw(xo, X1, ) = (wlxl, wox9, ),

ou x = (xn)n et w = (wy)y, est son « poids ». En plus, on dit qu’un poids w est « admissible »

dans un espace de suites X quand le décalage B,, induit par w est continu sur X.

12.1 Produit coordonnée par coordonnée

En Dynamique Linéaire, quand on travaille avec un F-espace X, il est fréquent qu’on suppose
que cet espace admette une norme continue (pour l'existence des sous-espaces hypercycliques par
exemple). L’espace w est le cas canonique d’espace qui ne satisfait pas cette propriété, bien qu’il
soit en général plus facile de travailler avec cet espace a cause de sa topologie plutét permissive.
En effet, tous les opérateurs de décalage & poids B, sur w admettent une algébre hypercyclique
pour le produit CPC (voir Théoréme 4.8 de I’Article A). On supposera ici que X admet une
norme continue. La conséquence importante de cette hypothése est que la suite basique (e, )n
est bornée inférieurement. On va également supposer que (ep), est une base de Schauder de
X, ce qui rend possible plusieurs critéres d’existence de vecteurs hypercycliques, auxquels nous
fournirons des versions pour les algébres hypercycliques avec le produit CPC. Afin d’éclairer la
discussion suivante, nous devons définir ce qu’on comprend par « support » d’un élément x € X.
Ce vecteur peut étre écrit de fagon unique comme = = > xne,. Le support de x est défini par

supp(z) = {n € N: z,, # 0}.
La principale propriété satisfaite par le produit CPC est la suivante: pour tout élément

r = (x,) € X et tout m > 1,

m
A Z:L‘nen = sz"”en. (11)
n>0 n>0

Cela signifie que prendre des puissances sur les points ne change pas leurs supports, ce qui est
la différence fondamentale par rapport au produit de Cauchy. Cela veut dire aussi que, si deux

vecteurs z,y € X ont des supports disjoints, alors
(x+y)™ =a™+y™. (12)

La propriété (11) permet aussi de définir facilement les racines m-iémes des vecteurs de l'espace

(pour tout complexe z, z//™ dénote 1'une de ses racines m-iémes):

gl/m = E zl/me,.

n>0
Ces propriétés vont permettre d’appliquer le Théoréme 11.6. Décrivons de fagon informelle
comment faire.
Soit B,, un décalage a poids induit par w = (w,). Alors B,, admet un inverse a droite

F,,—1 (opérateur de décalage & droite pondéré induit par le poids w=! := (w;!)). Supposons que
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U,V,W sont des ouverts dans X, avec 0 € W, et soit 0 < mg < mq. On fixe deux « cibles »
z € U et y € V avec support dans {0, ...,p} pour un certain p € N (ce qui est possible puisque

(en)n est une base de Schauder). Maintenant, définissons S := F, _1/m, et considérons
u =g+ §Nyt/mo (13)

ou N > p est un grand entier & définir. Toutes ces définitions sont trés naturelles. Effectivement,
la condition N > p permet de séparer les supports de z et de SNy!/™o (pour qu’on puisse
appliquer la propriété (12)) ainsi que d’avoir € ker(BY). En vue de la « puissance principale

» u™ on a défini S ainsi que le candidat u afin d’obtenir
N
u ="+ F .

Puisque le support dans ™0 n’a pas bougé, BN z™° = 0 et donc BNu™® =y € V. Pour conclure,
il reste a répondre a deux questions: (1) sous quelles conditions ’élément u sera-t-il dans U ?
(2) que se passe-t-il avec les autres puissances BYu" ott mg < n < mq ?

Pour la premiére question, en regardant (13) on voit qu’il suffit d’imposer que
limpy_s oo SN yl/ Mo = () pour qu'on puisse prendre N suffisamment grand et conclure que

we U. Silon écrit y = Y7 yier, on obtient

p

1 1/m

SNyt/mo — e
g(wm-'-ww)l/mo :

Alors, ce que I'on pourrait admettre comme condition est

1
lim e =0, VYm>1VI>0. 14
N=too (Wi - wyg) /Y B (4

Pour la deuxiéme question on regarde v = z™ + (SNyl/mO)". Puisque le support de 2" n’a pas
bougé non plus, on a Bga;” = 0 et, en utilisant

p

(SN l/mg Z

— (Wit - wN+l)”/m°

n/mo
yl €l+N7

on trouve que

n/mo—1 €l

(w1 - U)N-i-l) (w1 - wN+l)

p p

Z W41 - - WNHI n/mo Z
n/mo

=

Etant donné que n/mg — 1 > 0, pour que BYu" soit petit, il suffit de poser la condition

lim wpq - wyy = +00.
N—r+o00 + +

Mais celle-ci est une conséquence de (14) puisque (ey,),, est bornée inférieurement ! En conclusion,
la seule condition dont I'on a besoin est (14). En considérant qu’il est possible de répéter

I'argument en remplagant N par une suite (ny)g, nous obtenons la caractérisation suivante.

Théoréme 12.1 Soit X une F-algébre de suites munie du produit CPC et admettant une norme
continue. Supposons que (e,) est une base de Schauder de X. Soit By, un opérateur de décalage

a poids borné sur X. Les assertions suivantes sont équivalentes.
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(i) By admet une algébre hypercyclique.

i existe une suite (ng) telle que, pour tout vy > et pour tou € ,
i3) 11 .5t 't tell tout 0 et tout 1 N
((wl+1 . wnk+l)_76nk+l) tend vers 0 avec k.

(La preuve de la réciproque imite la condition nécessaire pour I’hypercyclicité.) Dans les cas
particuliers X = £,(N),1 < p < 00, ou ¢o(N), ce résultat s’identifie avec le critére d’hypercyclicité
[33, Theorem 1.40].

Il est clair dans la discussion précédente pourquoi 'on utilise le Théoréme 11.6 plutdt que
Théoréme 10.2: on a besoin que la « puissance principale » m satisfasse n/m—1 > 0. L’exposant
n/m — 1 apparait dans tous les résultats concernant les algébres hypercycliques avec le produit
CPC. Bien que le contexte peut étre plus compliqué (comme pour les algébres supérieurement
hypercycliques), 'idée derriére est toujours celle qu’on vient de discuter. C’est ainsi que le

produit CPC fonctionne.

12.2 Produit de Cauchy et le terme distingué

Pour le produit CPC, si 'on regarde les termes dans la définition w = x 4+ z € U, 'on voit que
le support de la parcelle « principale » 2" qui va étre envoyé vers V par B{l\f ne bouge pas avec
myg, donc on a juste besoin de regarder ce que se passe avec ses coefficients quand on considére
les puissances u™ de u. Au contraire, dans le cas du produit de Cauchy, le support se décale
vers la droite quand on considére des plus grandes puissances (c’est-a-dire, maxsupp(u"') <
max supp(u"?) quand nj < ng) et, en plus, tous les coefficients des parcelles se mélangent dans
le produit. Pour résoudre ce probléme, nous allons introduire dans v un terme de décalage en
posant

u=2x+ z+ ey, (15)

ou ¢ est petit et 0 > max(supp(z)) de sorte que e, est bien décalé a droite. Les prémices de
cette idée sont déja présentes dans l'article [51] mais elle est beaucoup plus développée dans [45].

L’intérét de ce terme de décalage est que si 'on éléve (15) a la puissance m, on obtient
u™ = (x+ 2 +ce,)™ = Py +mz - (ce)™ 1 + (geq)™,

ott max(supp(FPy)) < min(supp(z(e;)™!). On peut ainsi, en bien choisissant ¢,z,0 et
N > max(supp(Fp)), espérer que BN (u™) soit dans V, et on n’a plus de probléme de mélange
de support. De plus, si m’ < m et si z,0,N sont bien choisis, on peut espérer avoir
max(supp(u™)) < N et donc BY (u™) = 0.

Cela améne aux résultats de la partie 4.3 de 1’Article A, ot nous utilisons une hypothése
supplémentaire sur l'espace X (voir définition de « régularité » dans 1'Article A) et qui est
satisfaite par tous les espaces classiques £, 1 < p < 400, ¢o(N) et H(C). Nous avons obtenus la

caractérisation suivante.

Théoréme 12.2 Soit X un F'-algébre de suites réquliére munie du produit de Cauchy et soit By,

un décalage & poids borné sur X. Les assertions suivantes sont équivalentes:

(i) By est hypercyclique.
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13. L’HYPERCYCLICITE COMMUNE

(ii) By admet une algébre hypercyclique.

Comme pour le produit CPC, cette discussion élucide ce qui se passe toujours avec le produit de
Cauchy. Méme dans des contextes plus compliqués, un terme distingué du type ce, est toujours

présent.

13 L’hypercyclicité commune

Quand on considére une famille d’opérateurs hypercycliques (T))xea sur un méme F-espace X,
il est naturel de se demander sous quelles conditions existe-t-il un méme vecteur =z
hypercyclique pour tous les membres T de cette famille 7 Dans ce paragraphe on suppose de
maniére standard que ’ensemble de paramétres A est un sous-ensemble o-compact (c’est-a-dire,
une union dénombrable de sous-ensembles compacts) de R%, d > 1, et que (A, z) — Th(z) est
une application continue de A x X dans X. Un élément x € (o, HC(T)) est appelé vecteur
hypercyclique commun (ou vecteur hypercyclique simultané) pour la famille continue (Tx)xen-
Celle-ci est alors appelée famille d’opérateurs simultanément hypercycliques.

Cette question est intéressante et non triviale. D’un co6té, plusieurs familles classiques
d’opérateurs sont simultanément hypercycliques, le premier exemple ayant été donné en 2003
par Abakumov et Gordon dans [27] pour la famille d’opérateurs de Rolewicz (AB)ys1. D’un
autre coté, comme le montre un exemple di a A. Borichev (cité aussi dans [27]), la famille

(AB x ,uB)( ap)ef2,32 admet pas de vecteur hypercyclique commun.

Example 13.1 (A. Borichev) Pour n’importe quel K C (1, +00) x (1,400) dont la mesure de
Lebesgue est positive, la famille (AB x ,uB)( ap)ek I'admet aucun vecteur hypercyclique commun
sur £2(N) x £o(N).

Intuitivement, plus I’ensemble de parameétres est petit, plus de chances 'on a d’y trouver un
vecteur hypercyclique commun. L’exemple ci-dessus montre ainsi un possible lien entre
I’existence d’un vecteur hypercyclique commun et la dimension de l’ensemble de paramétres.
On reviendra & cette discussion dans la Section 13.2. Pour I'instant, concentrons-nous sur le cas
d=1.

13.1 Partitions d’intervalles

Comme souvent, les premiers résultats d’existence d’'un vecteur satisfaisant certaines propriétés
sont compliqués et constructifs. L hypercyclicité commune n’a pas échappé a la régle: le résultat
d’Abakumov et Gordon est une construction complexe du vecteur. Aujourd’hui, la théorie des
vecteurs hypercycliques communs est bien développée et I’argument le plus puissant est encore

basé sur le Théoréme de Baire (voir |46, Theorem 11.5]).

Théoréme 13.1 Supposons que, pour tout compact K C A, pour toute paire (U, V) d’ouverts
non vides de X, il existe w € U tel que, pour tout X € K, on peut trouver N € N tel que
TN (u) € V. L'ensemble de vecteurs hypercycliques communs pour (Tx)xea est alors comaigre
dans X.
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Dans le cas particulier des opérateurs de décalage pondérés, ce critére améne & plusieurs
applications trés simples (voir [33] ou [46] pour plus de détails) et couvre des familles classiques
d’opérateurs comme (AD)y~g sur H(C) et (AB)>1 sur £,(N),1 < p < 400, ou ¢y(N).

Les applications réussies du Théoréme 13.1 consistent & considérer K comme un petit
intervalle [a,b] et & le partitionner par a = A\g < \; < --- < A\; = b. A chaque sous-intervalle
A; = [a;—1,a;] de la partition, on associe une puissance N;, i = 1,...,q. Tout est fait de fagon a
pouvoir définir u € U tel que chaque A € K tombe dans un certain A; qui vérifie T)]\\Z (u) € V.
L’objectif est donc de définir une partition suffisamment fine pour que A soit assez proche de \;
de manicre que T' )]\V “(u) € V. L'important critére de Costakis-Sambarino permet de construire
cette partition d’une maniére trés simple. Ici, on demande que chaque Ty, A € A, ait un inverse

a droite Sy : D — D, ou D est un sous-ensemble dense de X.

Théoréme 13.2 (Costakis-Sambarino [43]) On suppose que, pour tout u € D et pour tout
intervalle compact K C A, les propriétés suivantes sont vérifiés, ot tous les parameétres a, A, u

appartiennent a K.
(1) Il existe k € N et une suite de nombres positifs (cx)r>x tel que

o Y% ¢ < 4oo;
o | TS (u)|| < cx pour tousn €N, k> K et v < A;

o || TSR (u)|| < ¢k pour tousn €N, k >k et A < a.
(2) Etant donné n > 0, on peut trouver T > 0 tel que, pour tout n > 1,

0<p=A< - = |T3Shw) —ull <. (16)

Alors (yen HCO(T)) est comaigre dans X.

La condition (2) permet de définir une partition min(K) = ag < a1 < --- < ag = max(K) de la
forme
T .
a; = a;—1+ N 1=1,..,q,
ou N est convenablement fixé. On choisit donc N; =iN, i =1, ...,q. La divergence de Zizl N
est importante pour que la partition soit possible, c’est-a-dire, pour qu’il existe ¢ tel que a4
atteigne (ou dépasse) b = max(K).

La partition introduite par Costakis et Sambarino a motivé plusieurs généralisations de ces
conditions. Avant de les discuter plus en détails, voyons comment la condition (2) se comporte
dans le contexte des opérateurs de décalage a poids T\ = B, (). On suppose que chaque poids
w(A) = (wn()\))neN est tel que (A\,n) € A x N+ w, () est continue. Les opérateurs inverses a
droite sont défini par S, = Fy,y)-1. Soit u € span(e;) de la forme u = Y77 we; pour un certain

p € N. On trouve
17382 () — ull = | By Fily: () — ul

z”: <wl+1()\) Wi (M) - 1) uie;

=0 Wi (1) -+ - Wi (1)

. (17)
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w1 (A)--wn (A)
w1 (p)+wn (1)
suffisamment de 1 quand A se rapproche de p (les indices | = 0, ..., p vont étre inclus plus tard).

Ainsi, il est important de pouvoir s’assurer que les quotients se rapprochent
En employant log dans cette tache, on voit qu’il suffit de demander qu’il existe N > 1 tel que
toutes les fonctions A — log (wi()\)), i € N, soient N-Lipschitz. En effet, en sachant que

|exp(z) — 1| < 2|z| pour tout x petit, on trouve

wi(A) -+ wi(N)
wy (p) - wy (1)

_1':

J:

n
§22N\)\—,u\
=2nN|X — pl.

Par conséquent, la condition (16) va étre satisfaite si 'on prend 7 < ﬁ, ou C, est une
constante qui dépend de u (et qui va permettre de gérer les p+ 1 termes [ = 0, ..., p). Le passage
le plus important dans les calculs ci-dessus est la deuxiéme inégalité, ot on utilise la propriété
N-Lipschitz des fonctions A — log (wz()\)) Plus précisément, il suffit que ces fonctions soient
Lipschitz sur les ensembles compacts avec des constantes de Lipschitz uniformément bornées, idée
qui apparait dans [32|. Une premiére généralisation de cette condition apparait dans I’Article B,
Théoréme 3.4, ot nous demandons que les fonctions A — log (wl(/\)) soient L,-Lipschitz pour
une suite (L,,) satisfaisant certaines propriétés (voir le prochain paragraphe). Une deuxiéme sera
faite plus tard dans I’Article C, en regardant plutdt les fonctions A — Y ), log (wk()\))

Dans les prochains paragraphes, nous verrons comment généraliser ces idées afin de produire

des algébres hypercycliques.

13.1.1 Algeébres hypercycliques communes pour le produit CPC

L’une des applications les plus basiques du Théoréme 13.1 est le Critére d’Hypercyclicité

Commune (dont le Critére de Costakis-Sambarino est une conséquence).

Théoréme 13.3 (Critére Basique [33]) On suppose que, pour tout compact K C A, pour
toute paire (u,v) € D x D et pour tout voisinage O de l'origine 0 dans X, on peut trouver ¢ € N,
des parametres Ai,...,\q € A, des sous-ensembles Ay,...,Ay C A avec N\; € Nj,i=1,...,q, et des

entiers ni,...,ng € N tels que:
(i) U; Ni DA
(ii) 351 Sy (v) € O;
(11i) Pour tout i € {1,...,q} et tout X\ € A;,
o i TNSY (u) € O;
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° T/(Lf(u) € O;
o T\"SVi(v) —v € O.

Alors (yen HO(T)) est un sous-ensemble comaigre de X.

Ces conditions ne sont pas trés différentes de celles qu’on a adaptées antérieurement aux algébres
avec le produit CPC. On peut donc espérer qu’on puisse répéter cette adaptation encore une fois,
le premier pas étant de reformuler le Théoréme 13.1 pour produire des algébres hypercycliques.

Nous avons trouvé la formulation suivante.

Théoréme 13.4 Soit A un espace métrique o-compact et soit (T\)repn une famille continue
d’opérateurs sur un F-espace X. Supposons que, pour tout compact K C A et pour tout I €
P¢(N*), il existe mg € I tel que, pour toute paire (U,V') d’ouverts non vides de X et pour tout
voisinage W de lorigine, il existe u € U tel que, pour tout A € K, on peut trouver N € N
satisfaisant

TN (u™) € W pour n € I\{mo},

T/{Vumo eV.

Alors, l’ensemble des vecteurs engendrant une algébre hypercyclique commune pour (Tx) e est

comaigre dans X .

Ce théoréme nous permet d’énoncer une version algébrique du Critére Basique dans le contexte
d’algebres avec le produit CPC (voir Article B, Lemma 3.2), ainsi que des applications pratiques,

dérivées du résultat suivant.

Théoréme 13.5 Soit A = [a,b] un intervalle compact et soit (w(X)) une famille de poids

AEA
admissibles. On suppose que

(a) (e;) est une base inconditionnelle de X ;

(b) pour chaque n € N la fonction A — log (wn()\)) est Ly-Lispchitz pour une certaine constante
L, > 0;

(c) pour tout p > 0 et tout mg > 1, il existe une suite (ny)x telle que

1

(wi1(0)wign, (@)

pour tout | =0, ...,p;

o les séries Yy /g €l+n,  SONE inconditionnellement convergentes

- 1
o les Séries Zkzl W 1(@) Wigy i

inconditionnellement convergentes pour tous ¢ > 1,1 =0, ..., p;

a) Eltnri—n sont uniformément

e pour tous k>1,1>0, wii(a) - Wi, (a) > 1;
¢ > i1 1/Ch =00, 00 Cp =377 Ly.

Alors I’ensemble des points qui engendrent une algébre hypercyclique commune pour (T,\))\e[a b]

est comaigre dans X.
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Ce théoréme s’applique aux familles classiques (AB)xs1 sur £,(N) ou co(N) et (AD)ysq sur
HC(C), ainsi que (By(x))a>0, ot wp(A) = 1+ %, sur £,(N) ou ¢o(N). Ce dernier exemple
est particuliérement intéressant parce que ’existence d’un vecteur hypercyclique commun pour
cette famille sur £,(N) n’était connu que pour A > 1/p. Notre méthode implique en particulier

le corollaire suivant.

Corollaire 13.2 Considérons la famille de poids (w()\))A>O définie par w,(\) =1+ %,n > 1.

Alors, (By(x))a>0 admet un vecteur hypercyclique commun sur £,(N),1 < p < oo.

13.1.2 Algeébres hypercycliques communes pour le produit de
Cauchy

Le Théoréme 13.5 nous permet d’énoncer des résultats pratiques pour les algébres avec le
produit CPC, similaires aux résultats trouvés dans la littérature pour les vecteurs
hypercycliques communs. Ceci est possible parce que le produit CPC se comporte bien pour les
sommes, ce qui n’est pas le cas quand on travaille avec le produit de Cauchy. Le probléme est
encore plus compliqué pour la recherche d’algébres hypercycliques communes puisque le vecteur

u auquel est appliqué le Théoréme 13.4 s’écrit de fagon naturelle
u=x+ 21+ 2+ + 2z

ol les z; sont associés a la partition. Plus de termes sont donc susceptibles de se mélanger quand
on considére une puissance u' de u. Néanmoins, en utilisant toujours de fagon essentielle le

terme de décalage et le Théoréme 13.4, on obtient le résultat général suivant.

Théoréme 13.6 Soit A C R un intervalle, X une F'-algébre de suites avec le produit de Cauchy
et (w()‘)))\eA une famille de poids admissibles telle que chaque fonction A — log(w,(\)) est
croissante et Lipschitz sur les ensembles compacts avec des constantes de Lipschitz uniformément

bornées. Supposons que (ey) est une base inconditionnelle de X et que

(a) pour tout A € A,

oo

1
2 o

(b) pour tous m € N et [ag,by] C A, il existe ¢ € (0,1) et kg > 1 tels que

-

m—

lim [wl(lﬁloa) cee me(HOa)] _ 07 pour tout a € [a07 bO]
N—poo £ wi(a) - - -w(m,l)N+n(a)

Alors, (Bw()\)))\GA admet une algébre hypercyclique commune.

Le Théoréme 13.6 garantit une algébre hypercyclique commune avec le produit de Cauchy pour
les familles classiques d’opérateurs de Rolewicz (AB)js1 sur ¢1(N) et MacLane (AD)y~o sur
H(C), mais laisse ouvert le cas (By,(x))a>0 ot wn(A) =1+ %, qui ne satisfait pas la condition
(b). Cette question a été résolue plus tard dans I’Article D, ot nous avons montré que cette
famille admet aussi une algébre hypercyclique commune pour le produit de Cauchy. La preuve

va étre discuté dans la partie 5.3.
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13.2 Partitions de carrés et hypercyclicité commune

Dans cette partie nous allons discuter le probléme d’hypercyclicité commune quand ’ensemble
de paramétres A est un sous-ensemble de R% avec d > 1. Il est possible d’aborder ce probléme
de différentes fagons, comme dans [52] ou [29], ou 'on augmente 1’ensemble de paramétres sans
changer I'espace. Ici nous sommes intéressés par les opérateurs comme dans l'exemple de
Borichev: les sommes directes d’opérateurs de décalage agissant sur un espace produit. Son
exemple montre que l’ensemble de paramétre ne peut pas étre trop grand, mais quelles formes
peut-il avoir 7 Bayart et Matheron montrent dans [32] que (sB X tB)(sea admet un vecteur
hypercyclique commun lorsque A est une courbe de Lipschitz croissante. Dans cet exemple, un
ensemble unidimensionnel de paramétres permet l'existence d’'un vecteur hypercyclique
commun dans l’environnement bidimensionnel. Plus généralement, les mémes auteurs montrent
que, dans le cas d-dimensionnel (t;B X --- X tdB)(tl,...,t 2ehs 1l existe un vecteur hypercyclique
commun lorsque A est une surface de Lipschitz croissante, ce qui est un sous-ensemble
(d — 1)-dimensionnel de R?. Toutefois, savoir si Msep,3 HC(sB x (4 — s)B) est vide ou non est
une question laissée ouverte. On ne sait pas non plus comment estimer la « taille maximale »
de 'ensemble de paramétres A pour que lexistence d’un vecteur hypercyclique soit possible.
On sait juste que la mesure de Lebesgue d-dimensionnelle de A doit étre nulle, mais le
traitement des produits de décalages pondérés sur un espace produit n’a pas été exploré
auparavant.

Les questions que nous venons de discuter motivent les résultats de I’Article C. D’une part,
nous cherchons des conditions nécessaires sur A C R? pour que (ycp HO(AB x uB) # 0.
L’analyse de la preuve de 'Exemple 13.1 révéle que, ce qui limite la taille de A dans I’exemple
(AB x uB)x pyen est le fait que la condition (2) du critéere de Costakis-Sambarino est « saturée

» pour cette famille T : pour de nombreux vecteurs x,
T3 S5 () — f| = en|A — pl.
Cette observation nous a conduit & obtenir le résultat suivant.

Théoréme 13.7 Soit A C R? et considérons une famille d’opérateurs (T\)rea bornées sur un
espace de Banach X. Supposons qu’il existe a > 0, v € X, § > 0 and C > 0 tels que, pour tous
A €A, tout n € N et tout u € X satisfaisant

17X (w) =l <6 and [|T"p(u) — vl <9,

on a
1T (u) = T ()] = Cn®|[A = p].

Si Nyepa HC(Ty) # 0, alors dimy (A) < L.

D’autre part, nous cherchons des conditions suffisantes sur A € R? pour que () rer HC(Ty) # 0.

La différence essentielle avec la dimension 1 est 'absence d’ordre naturel sur R? pour produire

un recouvrement par des parties suffisamment fines et bien placées. Nous avons défini un
T

recouvrement dyadique par des cubes de coté -5 avec une suite associée (n;); choisis en

considérant le meilleur emplacement possible des parties (voir paragraphe 4.1 de I’Article C
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pour une comparaison de trois positionnements possibles des cubes dyadiques). En particulier

on obtient le théoréme suivant.
Théoréme 13.8 Soit d > 1 et A C R? compact. On suppose qu’il existe o € (0,1/d), B > ad
et D > 0 tels que, pour tout u € span(e;),

(a) il existe C, N > 0 tels que, pour tous A\, ju € A et tousn > 0,k > N satisfaisant | A — p|loo <

(8%
D~ nous avons

+E .
n+k qgn

sl <

C
n gn+k

|zisi o] < 5

pour tout € > 0, 1l existe T > et que, pour tout n > 1, pour tous A, u € A,
b tout 0, il exist 0 tel toutn > 1 t A €A
T
N = oo < e = HT/(LSZu—uH <e.

Alors (yen HO(T)) est un sous-ensemble comaigre de X.

Puisque les corollaires de ce théoréme ont été généralisées au contexte algébrique dans I’Article
D, on les discutera dans la section suivante. L’une des conséquences de ce résultat est I’existence
un vecteur hypercyclique commun pour (By,x,) X - -+ X By(x,))aea dans le cas wi(a) - - wp(a) =
exp(an®) lorsque a < 1/d. D’autre part, le Théoréme 3.1 implique que, dans le méme cas
wi(a) - - wy(a) = exp(an®), P'ensemble (Nycp (Buy(a,) X -+ X By,)) est vide lorsque o > 1/d.
En somme, le seul cas pour lequel on n’a pas de réponse est o = 1/d.

Encore dans I’Article C, nous avons obtenu une caractérisation des produits de décalages
pondérés admettant un vecteur hypercyclique commun. Ce résultat résout le probléme ouvert
de [32] en montrant que (,cpp 3 HC(sB X (4 — s)B) # 0. Aussi dans le paragraphe suivant, on

discutera une version algébrique de ce résultat.

13.2.1 Produits de décalages pondérés admettant une algébre

hypercyclique commune pour le produit CPC

La  caractérisation du  Théoréme 12.1 est une généralisation du  critére
d’hypercyclicité [46, Theorem 4.8(a)| dans le contexte des algébres avec le produit CPC. On a
ensuite essayé d’appliquer la méme démarche & une caractérisation pour ['hypercyclicité
simultanée, sauf qu’une telle caractérisation n’existait pas encore dans la littérature. On a donc
obtenu la premiére caractérisation de 'hypercyclicité commune pour les décalages & poids dans
I’Article C, Théoréme 2.7, et on l'a généralisé au contexte des algébres avec le produit CPC

dans I’Article D sous la forme suivante.

Théoréme 13.9 Soit X une F-algébre de suites munie du produit CPC avec une norme continue
et admettant (e) comme base inconditionnelle. On considére I C R un intervalle non vide, d > 1
et A C I¢ o-compact. Soit (Buw(a))acr une famille de décalages pondérés sur X telle que chaque
fonction a € I — wy(a) est croissante. On suppose qu’il existe F' : N* — Ry ainsi que ¢,C > 0
tels que, pour tous n > 1 et (a,b) € I%, en définissant fn(a) =Y 1_; log (wk(a)),

cF(n)la = b <[fn(a) = fu(b)| < CF(n)[a — 0],
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13. L’HYPERCYCLICITE COMMUNE

wy(a)
wp,(b)

Alors, toutes les assertions suivantes sont équivalentes.

> c.

(a) (Buay) X X Byaa))aea admet une algebre hypercyclique commune dans X ;

(b) pour tout m > 1 il existe u € X¢ tel que uw™ est un vecteur hypercyclique commun pour

(Buwx(1)) X -+ X Byady))rea;

(c) pour tous m, N > 1, tous 7,& > 0 et tout K C A compact, il existe N < n; < nj; + N <
ng < - <ng_1 + N < ng ainsi que (Ag)g=1,..q € I% tels que:

(i) K C Uiy I D) = 755 ()
(ii) pour tousi=1,...,d,
1 1
=1 [w1On(@) - w8

(iii) pour tousk=1,...,q—1,1=1,...,d etl=0,...,N,

en || <E&;

q

W~y 141(Ak(2)) - w41 (Ae (7))
2 w1 (Aj(8)) -+ w11 (A (4))

En;—np+l|| < E-
Jj=k+1

Le critére pour vecteurs hypercycliques communs est obtenu a partir des conditions ci-dessus en
considérant m = 1. Bien que techniques, les hypothéses du Théoréme 13.9 deviennent beaucoup
plus simples quand on se restreint au produit des multiples de 'opérateur de Rolewicz (A1 B x
X AdB)re(1 400yt SUr £p(N), 1 < p < +00, ou ¢(N). De fagon a rendre I'énoncé plus lisible,

on regardera cette famille sous la forme équivalente (eM B x --- x e)‘dB))\e(o’Jroo)d.

Théoréme 13.10 Soit d > 1, A C (0,+00)%, X = £,(N), p € [I,+0), ou X = co(N). Les

assertions sutvantes sont équivalentes.
1. (eMB x - x eAdB)/\E(LJFOO)d admet une algebre hypercyclique commune.

2. Pour tous N > 1 et 7,e > 0, pour tout K C A compact, il existe N <ny <ni+N <ng <
c- < ng—1+ N < ng ainst que (Ag)g=1,..q € (0, +00)? tels que
. d
(Z) K C UZ:I Hl:l[)‘k(l) - i?Ak(l)]a

(ii) pour tous k=1,..,q etl=1,....d,
)\k+1(l)nk+1 — )\k(l)nk Z N.

On note qu’il n’y a plus la présence de m > 1 dans le dernier énoncé. En effet, 'existence
d’une algébre hypercyclique commune avec le produit CPC pour les multiples de 'opérateur
de décalage est équivalente a 'existence d’un vecteur hypercyclique commun. Cela est toujours
vrai dans le cas plus général wi(a)---wy(a) = exp(An®), comme montre la Proposition 2.9 de

I’Article D. L’une des conséquences de ces résultats, comme il est prouvé dans le Théoréme 1.3 de
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13. L’HYPERCYCLICITE COMMUNE

I’Article C, est que pour toute courbe de Lipschitz A C (1, +00)?, la famille (A; B x - - - X A\gB)xea
admet une algébre hypercyclique commune pour le produit CPC.

D’autres résultats de I’Article C qui ont été généralisés au cas algébrique dans I’Article D
sont des conséquences du Théoréme 1.5 (voir I’Article C, paragraphe 4.3). Une version unifiée

est présentée dans I’Article D sous la forme suivante.

Théoréme 13.11 Soient o € (0,1/d) et I C (0,4+00) o-compact. On suppose que, pour tous
mo € N et Iy C I compact, il existe C1,Cy > 0,8 > ad, F : N — (0,400) avec F(n) < Cin® et
No, My > 0 tels que, pour tout n > Ny,

(i) a €l Y1 log (wi(a)) est F(n)-Lipschitz,
(1t) pour tout a € Iy, wi(a)---wy(a) = +oo0 quand n — +00,

(i1i) pour tous a € Iy et k > Ny,

exp (C2 l([;(i:)ko? ka)

wy(a) - wg(a)

<

)

Mo
k

1

fwi(a) - - we(@)] 7™

My
< B

Alors, (Bw()\l) X oo X Bw()\d)))\eld admet une algébre hypercyclique commune dans X¢ avec le
produit CPC.

Ceci inclut les multiples de l'opérateur de Rolewicz ainsi que la famille induite par les poids
wp(a) =1+ %5, > 0, pour tout a € [0,1/d).

13.3 Une algébre hypercyclique commune pour (B, X
+ o X Buy(ag))re (04000 OO wp(a) = 14 % avec le produit
de Cauchy

Dans cette derniére partie du paragraphe 13, on discute la réponse donnée dans I’Article D & une
question laissée ouverte dans I’Article B sur l'existence d’'une algébre hypercyclique commune
pour la famille des opérateurs de décalage & poids (Bw( )\)) A>0 induite par wp(A) = 1 + % et
agissant sur ¢1(N) avec le produit de Cauchy. Afin de simplifier la discussion, quand on dit que
la famille de poids admissibles (w(a))qer satisfait la propriété F'(n)-Lipschitz pour une certaine
fonction F' : N* — R, on veut dire que chaque fonction a € I — fp(a) =Y ;_;log(wn(a)) est
F(n)-Lipschitz, n € N.

Aprés avoir obtenu plusieurs résultats en dimension plus grande établis pour le cas n®-
Lipschitz, nous avons pensé qu’il serait possible d’obtenir une algébre hypercyclique avec le
produit de Cauchy dans le cas w,(a) = 1+ = en dimension d comme application de la méthode
développée dans les paragraphes 4.4 et 4.5 de I’Article C. Cependant, nous avons fait face a des

complications techniques relatives au nombre de termes dans la suite ng,...,ns. Ces difficultés
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14. ALGEBRES HYPERCYCLIQUES SUPERIEUREMENT FREQUENTES

apparaissent méme dans le cas unidimensionnel. La suite de puissances (n;); considérée dans
la preuve du Théoréme 13.6 est linéaire par rapport & i, et cette linéarité est cachée dans la
condition (b). Il semble que n; = iN fonctionne bien dans le cas n-Lipschitz car on définit
une partition de taille ;5;, mais ne fonctionne pas aussi bien pour le cas log(n)-Lispchitz si I'on
maintient la méme taille de partition. Ce qu’on a fait dans I’Article D consiste & choisir la suite
(ni); spécialement pour le poids wy(a) = 1+ £ en considérant la condition log(n)-Lispchitz. De
méme, le recouvrement dyadique utilisé dans I’ Article C ne semble pas adapté pour produire une
algebre hypercyclique commune dans le cas ot w,(A\) = 1+ % et ofl I'on travaille avec £;(N)?.
En effet, il contient « trop » d’éléments. A nouveau, le fait que le poids est log(n)-Lipschitz
permet de construire un recouvrement adapté a ce cas. Ceci nous conduit au théoréme suivant,

démontré dans le paragraphe 3 de I’Article D

Théoréme 13.12 Soit (w()\)))\>0 la famille de poids définie par wy(a) =1+ £,n > 1. Alors,
(Bw()\l) X e X Bw()‘d)>>\€(0,+oo)d admet une algebre hypercyclique commune dans ¢1(N) muni du
produit de Cauchy.

14 Algéebres hypercycliques supérieurement

fréquentes

Un autre concept relatif & I’hypercyclicité et que nous avons aussi exploré est 'hypercyclicité
supérieurement fréquente, introduit par S. Shkarin dans [50] comme une forme faible de
I'hypercyclicité fréquente (concept introduit par F. Bayart et S. Grivaux dans [31]). Voyons les
définitions.

Les densités supérieure d(A) et inférieure d(A) d’un sous-ensemble A C N sont définies par

= :m < m <
d(A) = limsup #imeA:ms n} et d(A) = liminf #imeA:ms n},

n—00 n n—00 n

ou #F désigne le cardinal de E. Soit X un F-espace et T un opérateur linéaire borné sur X.
On dit que « € X est un wecteur hypercyclique fréquent pour T' si, pour tout V C X ouvert
non-vide, la densité inférieure de 'ensemble {n € N : T™(x) € V'} est strictement positive. Dans
ce cas on dit que T est un opérateur hypercyclique fréquent et on dénote par F HC(T) ’ensemble
des vecteurs hypercycliques fréquents de T. D’autre part, si la densité supérieure de I’ensemble
{n € N: T"(x) € V'} est strictement positive pour tout V' C X ouvert et non-vide, on dit que z
est un vecteur hypercyclique supérieurement fréquent de T' et que T est un opérateur hypercyclique
supérieurement fréquent. 1’ensemble des vecteurs avec cette propriété est noté UFHC(T). La
différence entre ces deux concepts peut sembler subtile, mais la distinction dans la pratique
est énorme. Effectivement, comme Bonnilla et Grosse-Erdmann ont suligné dans [42], on peut
obtenir des vecteurs hypercycliques supérieurement fréquents a ’aide du théoréme de Baire alors
que 'ensemble des vecteurs hypercycliques fréquents est toujours maigre. En particulier, nous
avons pu adapter les techniques mises en cevre précédemment pour construire des algébres de
vecteurs hypercycliques supérieurement fréquents.

Le premier pas, comme d’habitude, consiste & obtenir une version de I'argument de Baire

pour 'hypercyclicité supérieurement fréquente. Nous avons utilisé la proposition suivante.
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Proposition 14.1 Soit T' un opérateur borné sur une F-algébre X. Supposons que, pour tout
I € P(N)\{0}, il existe mg € I tel que, pour tout ouvert non-vide V.C X et tout voisinage de
Uorigine W, on peut trouver § > 0 tel que, pour tout ouvert non-vide U C X et tout Ny € N, on
peut trouver w € U et N > Ny satisfaisant

#{p<N:TP(u™) € W,m € I\{mo} et TP(u™) € V}
> 4.
N+1

Alors, T admet une algébre hypercyclique supérieurement fréquente.

Ce méme critére va étre appliqué pour les deux produits CPC et Cauchy. Comme toujours, pour

le premier on choisit my = min(7) et pour le deuxiéme on choisit my = max(I).

14.1 Produit coordonnée par coordonnée

Dans le cas présent, nous avons trouvé la conséquence suivante du critére précédent.

Théoréme 14.1 Soit X une algébre de Fréchet de suites munie du produit CPC et avec une
norme continue. Supposons que (ep), engendre un sous-espace dense de X et que By, est un
opérateur de décalage pondéré induit par un poids admissible (wy)y tel que, pour tout m > 1,
la série Zn21(w1 ewp) Y ™Me, converge inconditionnellement. Alors By, admet une algébre

hypercyclique supérieurement fréquente.

Parmi les applications de ce résultat, on obtient assez facilement une algébre hypercyclique
supérieurement fréquente pour les opérateurs classiques AB, A > 1, sur £,(N),1 < p < oo, ou
co(N) avec le produit CPC, ainsi que AD, A > 0, sur H(C) avec le produit d’'Hadamard. On
trouve aussi que B, ol w, = 1+ %, admet une algébre hypercyclique supérieurement fréquente
dans c¢o(N) pour tout A > 0. Par contre, sur £,(N) la condition n’est par satisfaite par ce poids
car la série diverge lorsque pA < m. L’existence d'une algébre hypercyclique supérieurement

fréquente dans ce cas reste un probléme ouvert.

14.2 Produit de Cauchy

Pour le produit de convolution, nous avons trouvé la conséquence suivante.

Théoréme 14.2 Soit X une algébre de Fréchet de suites réguliere munie du produit de Cauchy

et soit By, un opérateur de décalage pondéré borné sur X tel que son poids (wy,)y satisfait:
(a) 3, o1 (wr - -wp)"Y™Me, converge inconditionnellement;

(b) pour tout m > 2, il existe ¢ € (0,1) tel que

m—1

. Zp(wy - wp)
lim sup E en|l = 0.
o—~+00 2€co0NBy, ooy W1 Win—1)o4+n

Alors By, admet une algébre hypercyclique supérieurement fréquente dans X.
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I1 est remarquable la similitude entre la condition (b) ci-dessus et la condition (b) du Théoréme
13.6 pour les algébres hypercycliques communes, ce qui corrobore la proximité des méthodes.
Comme pour le produit CPC, le Théoréme 14.2 s’applique aux opérateurs classiques AB, A > 1,
sur /1(N) ainsi que AD, A > 0, sur H(C), mais pas a 'opérateur B, o w, = 1+ % A nouveau,
I'existence d’'une algeébre hypercyclique supérieurement fréquente dans ¢1(N) avec le produit de

Cauchy pour I'opérateur B,, ou w, =1+ %, A > 0, reste une question ouverte a étudier.

15 Algebres hypercycliques disjointes

Le concept d’hypercyclicité disjointe, apparu par la premiére fois de maniére indépendante dans
les articles de J. Bés et A. Peris [39] et L. Bernal-Gonzalez |34], est une sorte d’hypercyclicité
diagonale. Soit X un espace de Fréchet de suites et soient 17 et T deux opérateurs continus
sur X. On dit que 71 et T sont hypercycliques disjoints quand il existe x € X (appelé vecteur
hypercyclique disjoint pour Ty et T) tel que la suite (T{l(x),TQ"(x))TDO est dense dans X?2.
Plusieurs types d’opérateurs sont explorés dans ces deux articles initiaux de la théorie, comme
les opérateurs de composition, opérateurs différentiels et, ce qui nous intéresse le plus, opérateurs
de décalage a gauche. Par simplicité, nous avons préféré explorer seulement le cas de deux
opérateurs, mais les définitions ainsi que quelques résultats fonctionnent aussi dans le contexte
général de plusieurs opérateurs hypercycliques disjoints. En plus, nous nous concentrerons dans le
cas ott T et T sont puissances de deux opérateurs de décalage pondérés, Ty = B, et Tb = B,
disons 0 < r; < ro. Comme il est souligné dans [39] et postérieurement confirmé dans [38], le
cas 11 # ro se comporte de maniére assez différente de r; = ro. Ici on parlera seulement du cas
r1 < 79 (mais le cas r; = 79 soit aussi traité dans 1’Article B).

Notre but est d’amener au contexte algébrique des résultats connus. La définition d’algébre
hypercyclique disjointe est la plus naturelle possible: dans le contexte ot X est une F'-algébre, on
dit que deux opérateurs T et T admettent une algébre hypercyclique disjointe quand il existe une
sous-algeébre non triviale A de X telle que tout élément non-nul x est un vecteur hypercyclique
disjoint pour 77 et T5. Le premier pas, comme avant, consiste & obtenir un argument de Baire

en fournissant une algébre hypercyclique disjointe. Nous obtenons la formulation suivante.

Proposition 15.1 Soit 11,715 deux opérateurs continus sur la méme F-algébre X. Supposons
que, pour tout I C P(N*)\{0}, il existe mo € I tel que, pour tous ouverts non-vides U, V1,Va C X
et tout voisinage W de l'origine, on peut trouver u € U et N € N tels que

TN (™) € W, T (u™) € W pour tout n € I\{mqg};

T1N<’U,m> S Vl,TZN(um) € V.

Alors Ty et Ty admettent une algébre hypercyclique disjointe.

Ce résultat a été applique dans les deux cas qui nous intéressent: produit CPC (ou on choisit
mo = min(/)) et produit de Cauchy (ot on choisit mo = max(I) et le terme distingué est toujours

présent).
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15.1 Produit coordonnée par coordonnée

Pour le produit CPC, en utilisant des idées similaires & celles appliquées au Théoréme 12.1,
nous avons caractérisé les puissances de décalages a poids B, et Bi,, admettant une algébre

hypercyclique disjointe.

Théoréme 15.1 Soit X une algébre de Fréchet de suites munie du produit CPC, avec une norme
continue et telle que (e )y est une base de Schauder. Soit By = B,y et By = By deux opérateurs

de décalage pondérés bornés sur X. Les assertions suivantes sont équivalentes.
(i) By et B3 supportent une algébre hypercyclique disjointe;

(ii) Il existe une suite (ng)y telle que, pour tout | > 0 et tout v > 0,

, , —y k—o0
(Wi - wp, 1) T en41 — 0,
k—o0

" " —
(Wigy - Wop 1) €241 — 0,

k—o0

/ /
ng+i+1 2n+l1
enk+l — 0.

" 1!
Wiy Wop, 1y

Sur les espaces ou (e), est bornée, on peut enlever les termes e, +; et donc —v. Les
conditions qui restent suffisent pour montrer 'existence d’un vecteur hypercyclique disjoint,
selon [39]. Ainsi, sur les espaces £,(N),1 < p < oo, ou ¢(N), par exemple, 'existence d’une
algébre hypercyclique disjointe est équivalente a 'existence d’un vecteur hypercyclique disjoint.
p)s O wy(a) =1+ et A\, u >0,

sur £,(N) ou ¢o(N) avec le produit CPC. On peut aussi facilement 'appliquer pour obtenir une

Ce résultat s’applique également a By = B,,\) et By = By

algébre hypercyclique disjointe dans H(C) avec le produit d’Hadamard pour AD, uD?, pour
tous A, p > 0.

15.2 Produit de Cauchy

Comme l'on s’y attendait, les résultats pour le produit de Cauchy sont plus difficiles & obtenir et
moins génériques. En effet, on n’a pas exploré le cas général des décalages pondérés. Méme pour
Pexemple By = By,\) et Ba = By, ot wp(a) := 1+ et A, u > 0, nous ne savons pas s’il existe
une algébre hypercyclique disjointe sur ¢;(N) avec le produit de Cauchy. Néanmoins, dans le cas
particulier des multiples AB, uB?, ot B est l'opérateur de décalage, il est montré dans [39] que ce
couple admet un vecteur hypercyclique disjoint si et seulement si 1 < A < . Nous avons montré
que cette condition est aussi suffisante pour 'obtention d’une algébre hypercyclique disjointe
dans ¢1(N) avec le produit de Cauchy. Un résultat similaire a été trouvé aussi pour AD, uD?,

mais sans restrictions sur A, u > 0. Nos découvertes sont résumées dans 1’énoncé suivant.

Théoréme 15.2 Soit A\, u > 0.

(1) Les opérateurs A\B et uB? supportent une algébre hypercyclique disjointe dans ¢1(N) avec le
produit de Cauchy si et seulement si 1 < X\ < p.
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16. ALGEBRES HYPERCYCLIQUES FERMEES

(2) AD et AD? supportent une algeébre hypercyclique disjointe dans H(C) avec le produit de

convolution.

Un fait intéressant dans la démonstration du point (1) du théoréme précédent est ’emplacement
du terme distingué ce,. Comme toujours, il est présent car nous traitons le produit de Cauchy,
toutefois la preuve a été séparée en deux cas sous la condition 1 < A < p, soit: (1) 1 < A < ul/ 2,
et (2) p'/? < X < p. Grosso modo cette division dérive de uB? = (u'/?B)?. Dans le cas (1), le
terme e, est positionné a la fin de la définition de ’élément v € U juste comme nous avons fait
auparavant, c’est-a-dire, u a la forme u = z + z + €e,. Dans le cas (2), le terme est positionné
avant le terme d’approximation z, c’est-a-dire, on définit © = = 4 e, + z. Cette position nous a

permis de faire fonctionner comme auparavant le jeu de supports.

16 Algébres hypercycliques fermées

Le dernier sujet traité dans nos études a été l'existence des algébres hypercycliques fermées
(voir I’Article A, Section 6.1). Cette question est le prolongement naturel de la recherche de
sous-espaces hypercycliques, c’est-a-dire de sous-espaces fermés et de dimension infinie dans
HC(T)U {0} (pour un certain opérateur hypercyclique T"). Il n’est pas clair comment adapter
notre méthode pour obtenir une algébre fermée. Néanmoins, on a trouvé quelques exemples ol
la réponse est négative.

Le premier résultat répond négativement & une question posée par S. Shkarin dans [51] a
propos de 'existence d’une algébre hypercyclique fermée pour 'opérateur de dérivation D sur
H(C). Non seulement la réponse est négative mais, plus généralement, aucun opérateur de
convolution P(D) induit par un polynéme non-constant P n’admet une algébre hypercyclique
fermée dans H(C). Le probléme de trouver une fonction entiére ¢ de type exponentiel fini et
telle que ¢(D) admet une algébre hypercyclique fermée dans H(C) reste néanmoins ouvert.

A propos de nos opérateurs favoris, les décalages pondérés sur les espaces de suites, on a
montré que la réponse est toujours négative lorsque 'on considére le produit CPC sur ¢,(N),
1 < p < o0, sur ¢g(N) ou méme sur l'espace plus permissif w. Dans ces cas, aucun opérateur de
décalage pondéré n’admet une algébre hypercyclique fermée. Il reste quand méme ouvert le cas
ot ¢1(N) est muni du produit de Cauchy, c’est-a-dire, on ne sait pas s’il existe un opérateur de
décalage pondéré admettant une algébre hypercyclique fermée dans ¢1(N) muni du produit de

Cauchy.
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Abstract

The question of whether a hypercyclic operator T acting on a Fréchet algebra X admits or not
an algebra of hypercyclic vectors (but 0) has been addressed in the recent literature. In this
paper we give new criteria and characterizations in the context of convolution operators acting
on H(C) and backward shifts acting on a general Fréchet sequence algebra. Analogous questions
arise for stronger properties like frequent hypercyclicity. In this trend we give a sufficient
condition for a weighted backward shift to admit an upper frequently hypercyclic algebra and we
find a weighted backward shift acting on co admitting a frequently hypercyclic algebra for the

coordinatewise product. The closed hypercyclic algebra problem is also covered.

1 Introduction

Among the many problems in linear dynamics, understanding the structure of the set of
hypercyclic vectors is a major one. Let us introduce the relevant definitions. Let (X,T) be a
linear dynamical system, namely X is a topological vector space and T is a bounded linear
operator on X. A vector x € X with dense orbit under 7T is called a hypercyclic vector, and we

denote by HC(T') the set of hypercyclic vectors for T":
HC(T) ={x € X : {x, Tz, T?z,...} is dense in X}.

This set HC(T') possesses interesting properties. When X is a Baire space, its nonemptyness
implies its residuality, preventing it from being a non-trivial proper linear subspace of X.
However, it is well known that, whenever HC(T') is nonempty, then HC(T') U {0} contains a
dense linear manifold (see [15]). In many cases (not always) HC(T) U {0} contains a closed,
infinite dimensional linear subspace (see [8, 20-22|). These properties reflect that we are
working in a linear space.

Suppose now that X has a richer structure: it is an F-algebra, namely a metrizable and
complete topological algebra. It is natural to ask whether HC(T') U {0} also contains a non-
trivial subalgebra of X. Such an algebra will be called a hypercyclic algebra. The pioneering work
in that direction has been done independently by Shkarin in [22] and by Bayart and Matheron
in [5]: they showed that the derivation operator D : f — f’ acting on the Fréchet algebra H(C)
of entire functions endowed with the pointwise multiplication, supports a hypercyclic algebra.
However, this is not the case for all hypercyclic operators acting on an F-algebra: for instance,
as pointed out in [3], the translation operators, acting on H(C), do not support a hypercyclic
algebra. Recent papers (see e.g. [4, 9-11, 16, 17|) give other examples of operators admitting a
hypercyclic algebra.
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Our aim, in this paper, is to shed new light on this problem and to study how it interacts with

popular problems arising in linear dynamics. We are particularly interested in two questions.

1.1 Existence of hypercyclic algebras

All examples in the literature of operators supporting a hypercyclic algebra are generalizations of
D. There are several ways to extend it. You may see D as a special convolution operator acting
on H(C). By [19], such an operator may be written ¢(D), where ¢ is an entire function with
exponential type; if ¢ is not constant, then ¢(D) is hypercyclic. When |¢(0)| < 1, the existence
of hypercyclic algebras is well-understood since [4]: such an algebra does exist if and only if ¢ is
not a multiple of an exponential function. When |¢(0)| = 1, sufficient conditions are given in [4]
or in [12| but almost nothing, except a very specific example, is known when |¢(0)] > 1. We
partly fill this gap by proving the existence of a hypercyclic algebra when ¢ goes to zero along

some half-line.

Theorem 1.1 Let ¢ be a nonconstant entire function with exponential type, not a multiple of
an exponential function. Assume that |p(0)| > 1 and that there exists some w € C such that

|p(tw)| = 0 as t — +oo. Then ¢(D) supports a hypercyclic algebra.

In particular, we shall see that if ¢(z) = P(z)e? for some non-constant polynomial P, then ¢(D)

supports a hypercyclic algebra.
Another way to generalize D is to see it as a weighted backward shift acting on H(C)

considered as a sequence space. This was explored in [16]. The general context is that of a
Fréchet sequence algebra X. Precisely we assume that X is a subspace of the space w = CNo
of all complex sequences, whose topology is induced by a non-decreasing sequence of seminorms
(Il - llg)g>1 and that X is endowed with a product - such that, for all z,y € X, all ¢ > 1,

1z - yllg < ll2llg x llyllg-

There are two natural products on a Fréchet sequence space: the coordinatewise product and
the convolution or Cauchy product. It is clear that ¢, and co are Fréchet sequence algebras for
the coordinatewise product, and that ¢; is also a Fréchet sequence algebra for the convolution
product. Endowing H(C) with

Zanz” = Z lan|q"

n>0 n>0
q

and w with .
@)y =Y lznl,
n=0

we also obtain that H(C) and w are Fréchet sequence algebras for both products (on H(C), the
Cauchy product of f and g is nothing else but the product of the two functions f and g). Another
interesting source of examples for us will be the sequence spaces X = {(z,) € w : Y2, — 0}
endowed with ||z|| = sup,, Yn|zn|, where (7,,) € Rli". Provided v, > 1 for all n, X is a Fréchet

sequence algebra for the coordinatewise product.
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Given a sequence of nonzero complex numbers w = (wy)nen, the (unilateral) weighted
backward shift B,, with weight w is defined by

Bw(xo,l’l, .. ) = (’U)ll‘l, war2, ... )

The weight w will be called admissible (for X) if B,, is a bounded operator on X. It is known
that, provided the canonical basis (e, ) is a Schauder basis of X, B,, is hypercyclic if and only if
there exists a sequence (ny) such that for all [ € N, ((wl+1 e wnk—i-l)_lenk—l—l) goes to zero.

Let us first assume that X is a Fréchet algebra under the coordinatewise product. Under a
supplementary technical condition on X, a sufficient condition on w is given in [16] so that B,
supports a hypercyclic algebra. It turns out that we shall give a very natural characterization
of this property when X admits a continuous norm. We recall that a Fréchet space (X, (|| - ||4))
admits a continuous norm if there exists a norm || - || : X — R that is continuous for the topology
of X, namely there exists ¢ € N and C > 0 with ||z| < C||z|4 for all z € X. In particular, for

any ¢ large enough, || - ||, itself is a norm.

Theorem 1.2 Let X be a Fréchet sequence algebra for the coordinatewise product and with a
continuous norm. Assume that (ey) is a Schauder basis for X. Let also B,, be a bounded weighted

shift on X. The following assumptions are equivalent.
(i) By supports a dense and not finitely generated hypercyclic algebra.

(ii) There exists a sequence of integers (ny) such that for all v > 0, for all | € N,
(wig1 -+ Wyyt1) Veny41) tends to zero.

In particular, this theorem implies that on ¢, or cg, any hypercyclic weighted shift supports

a hypercyclic algebra.
When X is a Fréchet algebra for the Cauchy product, it is shown in [16] that, under additional

technical assumptions on X, B,, supports a hypercyclic algebra as soon as it is mixing, namely
as soon as (wi - --wy,) e, tends to zero. We shall improve that theorem by showing that any
hypercyclic backward shift on a Fréchet sequence algebra for the Cauchy product supports a
hypercyclic algebra. We will only require a supplementary assumption on X (to be regular)

which is less strong than the assumption required in [16].

Theorem 1.3 Let X be a reqular Fréchet sequence algebra for the Cauchy product and let By,

be a bounded weighted shift on X. The following assertions are equivalent.
(i) By is hypercyclic.
(i) By supports a dense and not finitely generated hypercyclic algebra.

In particular, if we compare this statement with Theorem 1.2, we see that, for the convolution
product, we do not need extra assumptions on the weight, which was not the case for the
coordinatewise product. Even if the proofs of Theorems 1.2, 1.3 share some similarities (the
latter one being much more difficult), they also have strong differences, the main one being that,
under the coordinatewise product, any power of x € w keeps the same support, which is far from

being the case if we work with the Cauchy product.
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We also point out that this detailed study of the existence of hypercyclic algebras for weighted
shifts has interesting applications. For instance, working with a bilateral shift, it will allow us
to exhibit an invertible operator on a Banach algebra supporting a hypercyclic algebra and such

that its inverse does not (see Example 4.12).

1.2 Frequently and upper frequently hypercyclic

algebras

Another fruitful subject in linear dynamics is frequent and upper frequent hypercyclicity. We
say that T is frequently hypercyclic (resp. upper frequently hypercyclic) if there exists a vector
x € X such that, for all U C X open and non-empty, the set {n € N : Tz € U} has positive
lower density (resp. positive upper density). Again, linearity allows to give a nice criterion
to prove that an operator is (upper) frequently hypercyclic and gives rise to nice examples.
For instance, if X is a Fréchet sequence space and B, is a bounded weighted shift acting on
X, it is known that the unconditional convergence of > (w1 ---wy) e, implies that B, is
frequently hypercyclic. Moreover, in some spaces (for inst;nce, on /y-spaces), this condition is
even necessary for the upper frequent hypercyclicity of B,,.

Of course, it is natural to ask if a (upper) frequently hypercyclic operator defined on an
F-algebra X admits a (upper) frequently hypercyclic algebra, namely an algebra consisting only,
except 0, of (upper) frequently hypercyclic vectors. Falco and Grosse-Erdmann have shown
recently ( [17]) that this is not always the case: for instance, AB, A > 1, acting on any ¢, space
(1 <p < +o0) or on ¢y, endowed with the coordinatewise product, does not admit a frequently
hypercyclic algebra. Nevertheless, this leaves open the possibility for AB, A > 1, to admit an
upper frequently hypercyclic algebra.

We shall give two general results implying that a weighted shift on a Fréchet sequence
algebra admits an upper frequently hypercyclic algebra. The first one deals with Fréchet
sequence algebras endowed with the coordinatewise product. In view of Theorem 1.2, the
natural extension of the above result for the existence of an upper frequently hypercyclic vector
is to ask now for the unconditional convergence of the series 3 o (wy---wy)~ /e, for all
m > 1. This is sufficient! -

Theorem 1.4 Let X be a Fréchet sequence algebra for the coordinatewise product and with a
continuous norm. Assume that (e,) spans a dense subspace of X. Let also By, be a bounded
weighted shift on X such that, for allm >1, %"~ (w; - -fwn)_l/men converges unconditionally.

Then By, admits an upper frequently hypercyclic algebra.

In particular, for A > 1, AB admits on any /,-space (1 < p < 400) and on ¢y an upper
frequently hypercyclic algebra. This last result was independently obtained by Falcd and Grosse-
Erdmann in [17] in a different context (they concentrate themselves on AB but allow different
notions of hypercyclicity) and with a completely different proof.

Regarding Fréchet sequence algebras endowed with the convolution product, we also have
been able to get a general statement (see the forthcoming Theorem 5.7). Its main feature is

that we will only need the unconditional convergence of > o (wy---wp) te, and a technical
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condition to ensure the existence of an upper frequently hypercyclic algebra. As a corollary, we

can state the following.

Corollary 1.5 (i) Let X = {1 endowed with the convolution product and let X > 1. Then AB
admits an upper frequently hypercyclic algebra.

(i) Let X = H(C) endowed with the convolution product. Then D admits an upper frequently
hypercyclic algebra.

Coming back to our initial problem, we show that it is possible to exhibit a weighted shift
supporting a frequently hypercyclic algebra. The place to do this will be ¢y endowed with the
coordinatewise product; of course, the weight sequence will be much more complicated than that

of the Rolewicz operator.

Theorem 1.6 There exists a weight (w,) such that B, acting on co endowed with the

coordinatewise product, supports a frequently hypercyclic algebra.

The proof of this theorem will need the construction of disjoint subsets of N with positive

lower density and with some other extra properties, which seems interesting by itself.

1.3 Organization of the paper

Up to now, there were two ways to produce hypercyclic algebras: by a direct construction (this is
the method devised in [22| and in [16]) or by using a Baire argument (this method was initiated
in [5]). In this paper, we improve the latter. We first give in Section 2.1 a general result for the
existence of a hypercyclic algebra, enhancing the main lemma proved in [5]. This general theorem
will be suitable to our new examples of operators supporting a hypercyclic algebra. Next, we
adapt the Baire argument to produce upper frequently hypercyclic algebras as well. Since the
set of frequently hypercyclic vectors is always meagre, Theorem 1.6 cannot be proved using such
an argument; it follows from a careful construction both of the weight and of the algebra.

We finish in the last section by making some remarks and asking some questions. In
particular, we give a negative answer to a question raised by Shkarin about the existence of a

closed hypercyclic algebra for the derivation operator.

1.4 Notations

The symbol N will stand for the set of positive integers, whereas Ng = NU {0}. We shall denote
by Pf(A) the set of finite subsets of a given set A.

For x = :i% Tpen € w, the support of x is equal to supp(z) = {n € Ny : z,, # 0}. The
notation coy will denote the set of sequences in w with finite support.

For u € X% and o € N¢, u® will mean uft -+ ug?. If 2 is any complex number and m € N,
21/™ will denote any mth root of z.

When working on a Fréchet space (X, | - ), it is often convenient to endow X with an

F-norm || - || defining the topology of X (see [18, Section 2.1|). Such an F-norm can be defined
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by the formula
+o00

L.
lzf = op min(l, flz ).

p=1

In particular, an F-norm satisfies the triangle inequality and the inequality
VYAeC, Ve e X, ||Ax| < (JA] + D)z, (A1)

a property which replaces the positive homogeneity of the norm.

We finally recall some results on unconditional convergence in Fréchet spaces (see for instance
[18, Appendix A]). A series Z:i% Ty, in a Fréchet space X is called unconditionally convergent if
for any bijection 7 : N9 — Ny, the series Z:O% =(n) 18 convergent. This amounts to saying that,
for any € > 0, there is some N € N such that, whenever sup,, |a,| < 1, the series Zn 0 AnTn

converges and

<e.

2 A general criterion

2.1 A transitivity criterion to get hypercyclic algebras

We first give a general statement which may be thought of as a Birkhoff transitivity theorem for
hypercyclic algebras. This criterion will be the main ingredient for the results from Section 3.1
and some from Section 2. A different version of this approach will give rise to a new criterion

for the existence of upper frequently hypercyclic algebras in Section 5.1.

Theorem 2.1 Let T be a continuous operator on a separable commutative F-algebra X and
let d > 1. Assume that for any A C NN\{(0,...,0)} finite and non-empty, for any non-empty
open subsets Uy, ...,Uq, V of X, for any neighbourhood W of 0, there exist u = (uy,...,uq) €
Ui x--xUg BEAand N >1 such that TN (u) € V and TN (u®) € W for alla € A, a # 5.
Then the set of d-tuples that generate a hypercyclic algebra for T is residual in X®. Moreover,
if the assumptions are satisfied for all d > 1, then T admits a dense and not finitely generated
hypercyclic algebra.

Proof. Let (Vi) be a basis of open neighbourhoods of X. For A € P;(N&), A # @, (0,...,0) & A,
for s,k > 1, for g € A, define

E(A,B,s) {ZP )2 € Clz1,...,24) : P(B) =1 and sup|]5(a)]§s}

aed acA
A(A,B,5,k) = {ue X*: YP € E(A,B,5), IN > 1, TV(P(u)) € Vi } .

The sets E(A, ,s) are compact subsets of C|zy,...,24]. By continuity of the maps (u, P)
TN (P(u)), this implies that each set A(A, 3, s, k) is open. Let us show that, for all A, k and s,
U,BEA A(A, B,s,k) is dense in X¢. Indeed, pick Ui, ..., Uy non-empty open subsets of X. Let
V C Vi and W = B(0,¢) be a neighbourhood of 0 such that V + B(0, (s + 1) card(A)e) C Vj.
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The assumptions of the proposition give the existence of u = (ui,...,uq) € Uy X ---x Uy, B € A
and N > 1. We claim that u belongs to A(A, 3, s, k). Indeed,

TNP(u) =Y P(a)TN () + TN (w’) € V+ B(0, (s + 1) card(A)e) C Vi,
a#fB

(observe that we have used (B.1)). Hence, (4, Ug A(4, B, 5, k) is a residual subset of X4, Pick
u € mA,S,k Uﬁ A(A, B, S, k)
We show that for all non-zero polynomials P € Clz1,..., zq] with P(0) = 0, P(u) belongs

to HC(T). We set A = {04: P(a) # O} and we first prove that (Jze 4 Orb (T, %P(u)) is

dense. Let us fix some k and let us set s = sup, gea |P()|/|P(B)|. Let 8 € A be such that
u € A(A, B, s, k). Define Q = P/P(B) Then @ belongs to E(A, 3, s) so that there exists N > 1
satisfying

1

™ (P(B)P(u)) =TV (Q(u)) € Vi.

By the Bourdon-Feldman theorem, we deduce that there is some By € A such that

Orb (T, 5 (; )P(u)> is dense in X. Since any non-zero multiple of a hypercyclic vector remains
0
hypercyclic, we finally deduce that P(u) is a hypercyclic vector for T'.
The modification to obtain dense and infinitely generated algebras is easy. For A € Pf(Ng),

A+ o,(0,...,0) ¢ A, we now let
A(A,B,5,k) = {ue X: YP e E(A B,s), IN > 1, TV(P(u)) € Vi)

and we still consider the set ) Ask Uﬁe A1 A(A, B, s, k) where now the intersection runs over all
non-empty and finite sets A ¢ N\ {(0,...,0)} with d > 1 arbitrary. This intersection is still
residual in X~. We also know from [11] that the set of u in X™ that induce a dense algebra in X
is residual in X~. Hence we may pick u € XY belonging to nA,s,k UB A(A, B, s, k) and inducing
a dense algebra in X. It is plain that for any non-zero polynomial P with P(0) = 0, P(u) is
hypercyclic for T

It remains to show that the algebra generated by wu is not finitely generated. Assume on
the contrary that it is generated by a finite number of Pi(u),...,P,(u). In particular, it is
generated by a finite number of ui,...,us. Then there exists a polynomial @ € Clzy, ..., 2]
such that Q(0) = 0 and ug+1 = Q(uy,...,uy). Define P(z) = 2411 —Q(2). Then P is a non-zero
polynomial with P(0) = 0. Nevertheless, P(u) = 0, which contradicts the fact that P(u) is a
hypercyclic vector for T'. O

Remark 2.2 Theorem 2.1 remains true if the algebra is not commutative. This is clear if d = 1.
For the remaining cases, we have to replace in the proof polynomials in d commutative variables

by polynomials in d non-commutative variables. Details are left to the reader.

We point out that, unlike [11, Lemma 3.1], in the previous theorem, the index 5 may depend
on A, Uy,...,Uyz,V and W. We will never use this possibility: we will only need that g may
depend on A and we will denote 8 = 4. For this particular case, we could give an easier proof
avoiding the use of the Bourdon-Feldman theorem (see the proof of [11, Lemma 3.1]).

Let us give a couple of corollaries. The first one comes from [5, Remark 5.28| and was the

key lemma in [5], [10] or [4] to get hypercyclic algebras.
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Corollary 2.3 Let T be a continuous operator on a separable F-algebra X. Assume that, for
any pair (U, V') of non-empty open sets in X, for any open neighbourhood W of zero, and for any
positive integer m, one can find u € U and an integer N such that TN (u®) € W for alln < m
and TN (u™) € V.. Then T admits a hypercyclic algebra.

Proof. It is straightforward to show that the assumptions of Theorem 2.1 with d = 1 and
B4 = max A are satisfied. 0

In this work, we will often use the inverse choice for 84.

Corollary 2.4 Let T be a continuous operator on a separable F-algebra X. Assume that, for
any pair (U, V') of non-empty open sets in X, for any open neighbourhood W of zero, and for
any positive integers mg < my, one can find uw € U and an integer N such that TN (u™) € W for
allm € {mg+1,...,m1} and TN (u™) € V. Then T admits a hypercyclic algebra.

Proof. This is now Theorem 2.1 with d = 1 and 84 = min A. O

2.2 Countably generated, free hypercyclic algebras.

The conclusion of Theorem 2.1 about infinitely generated hypercyclic algebras does not prevent
the possibility for such an algebra to be contained in a finitely generated algebra. Furthermore,
it is well known that every at least two generated algebra contains an infinitely generated
subalgebra. For all of the examples of this paper we may avoid this scenario thanks to the
following result. We notice that due to [11, Corollary 2.7|, a countably generated free algebra is

not contained in a finitely generated one.

Corollary 2.5 Let X be a separable commutative F-algebra that contains a dense freely
generated subalgebra. Let T be a continuous operator on X and let d > 1. Assume that for any
A C NN{(0,...,0)} finite and non-empty, for any non-empty open subsets Uy,...,Uq,V of X,
for any neighbourhood W of 0, there exist u = (uy,...,uq) € Uy X -+ x Uy, B € A and N > 1
such that TN (uf) € V and TV (u®) € W for alla € A, o # 3. Then T admits a d-generated,
free hypercyclic algebra. Moreover, if the assumptions are satisfied for all d > 1, then T admits

a dense, countably generated, free hypercyclic algebra.

Proof. By Theorem 2.1 the set of d-tuples generating a hypercyclic algebra for T is residual in
X?. By [11, Proposition 2.4], the set of u in X9 that induce a d-generated, free algebra is residual
in X% For the conclusion we just need to pick an element in the intersection of those two sets.

For the second claim, we consider X endowed with the product topology. By the assumption,
for each N € N, the set

Hy = {(un) € X : (uq,...,uy) generates a hypercyclic algebra for T'}

is residual in X~ and hence, by the Baire category theorem, the set H = Nx—1 Hy is residual as
well. The algebra generated by any u € H is hypercyclic for T'. Furthermore, by [11, Proposition
2.4], the set of sequences of X which generate a dense and free algebra is also residual. The

conclusion follows by one more application of the Baire category theorem. O
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Hence, we need to provide for our examples a dense and freely generated subalgebra. This is
quite easy for a Fréchet sequence algebra endowed with the Cauchy product: provided span(ey,)
is dense, it always contain a dense and freely generated subalgebra, namely the unital algebra
generated by the sequence ej. This covers the case of H(C) and of the disc algebra. This is

slightly more difficult for a Fréchet sequence algebra endowed with the coordinatewise product.

Lemma 2.6 Let X be a Fréchet sequence algebra, endowed with the pointwise product, and for

which the sequence (ey,) is a Schauder basis. Then X has a dense freely generated subalgebra.

Proof. Let (by,) C (0,1) be such that the series > > by||en||n converges. Consider the sequence
of natural numbers (a,) such that a9 = 0 and a, = an—1 + n,n € N and define
Cn i= Milyglg,, 1 am) b, f 7 € [am—1,am). The series Y cpe, converges absolutely since
cn <bp, neN.

Define a sequence (\,) C (0,1) inductively as follows: choose \g € (0,1) and, for n € N,
take A, € (0, 1)\ {N5° ... X" " pg, ..., pp—1 € Q}. Observe that if A = (Xo,..., ), p € Ny and
a# B e NP then \* # \°. Let now, for each n € Ny,

)
_ +k
gn = €én + § )\Z Cn+kCn+k>

where the convergence of the series is ensured by the convergence of 3720 by |len |, and the
inequality A"*¥ ¢, < bnyr. We claim that the algebra generated by the g,, n € N is dense and
free.

First, we show that the sequence {g, : n € N} is algebraically independent. For that reason,

let
Z aqag® =0, (A.2)
acA

where A = {a(1),...,a(q)} € Nb, g = (g1,...,9p) € XP, and p € N. If we consider the
coordinate N = n + k: in equation (A.2), we get the following equation which holds for all N

sufficiently large.
q

Zaa iy A en) @ (A ey) @ = 0. (A.3)

Now we may choose N sufﬁmently big such that N,...,N + ¢ —1 € [am_1,a) for some m,
which means that ¢y = -+ = ¢N4g—1 = b Equation (A.3) then becomes

Za (A by )@ L (A Dy, )2 () = 0,
where M ranges over N,..., N 4+ g — 1. Setting A the matrix

()\{me)al(l) . ()\ZJDme)ozp(l) ()\{me)m(q) e (Aévbm)ap(q)

()\i\fﬂ—lbm)al(l) e ()\ZJDV+q—1bm)ap(1) . ()\i\H_q_lbm)al(‘I) e ()\fov+q_1bm)ap(Q)

we find the matrix equality
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The determinant of the square matrix A, after making use of the Vandermonde identity, is

qa P

H H(bm)\é\/)aj(z) H[(A?I(Z) o )\gp(i)) _ (}\?l(j) o )\gp(j))] 7& 0.

i=1j=1 i>j
Hence, we get that a,;) =0 foralli=1,...,q.
Next, we show that the algebra generated by {g, : n € N} is dense in X. We will show that

the elements e,,n € N, are in the closure of this algebra. Let us fix n € N and observe that, for
all p e N,

00
_ n+k
gfb —€p = E )‘1(7, P n+kEn+k-
k=1

Fix ¢ € N and let € > 0. There exists N > ¢ such that, for all p € N,

Z A%”+k)p0ﬁ+k€n+k < Z bnkllentkllq <e.

k>N g k>N
Since furthermore
N
(n+k)p
; An Cg+k6n+k w—oo> 0,
we conclude that gh — e,. O
p—00

We conclude this subsection by comparing Corollary 2.5 with [11, Remark 3.4|. Corollary
2.5 allows the index § to depend on A, Uq,...,Uy, V and W providing, at least theoretically, an
extra flexibility and range of application for the result. Practically, throughout the paper, 8 will
depend only on A in which case Corollary 2.5 and [11, Remark 3.4] coincide. We were unable to

find an example where Corollary 2.5 applies while [11, Remark 3.4]| does not.

3 Convolution operators with |¢(0)] > 1

3.1 Operators with many eigenvectors

In this section we shall deduce Theorem 1.1 from a more general assertion on operators having
many eigenvalues. As Theorem 2.1 does for Corollary 2.3, this generalized statement also includes
[4, Theorem 2.1] as a particular case. Before stating and proving it, let us add some notation.
Given p,d € N, we denote each set {1,...,p} by I, each d-tuple (j1, ..., jq) € Ig by the multi-
index j € Ig and each product a;, ---aj,, by the symbol a;. We allow d = 0 with the convention

that, in this case, aj; = 1.

Theorem 3.1 Let X be an F-algebra and let T € L(X). Assume that there exist a function
E . C— X and an entire function ¢ : C — C satisfying the following assumptions:

(a) for all \ € C, TE(X\) = ¢p(AN)E(N);
(b) for all \,p € C, E(N)E(n) = E(A+ p);

(c) for all A C C with an accumulation point, the linear span of {E(X) : X € A} is dense in X;
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(d) ¢ is not a multiple of an exponential function;

(e) for all I € Py(N)\{@}, there exist m € I and a,b € C such that |p(mb)| > 1 and, for all
n €1 and d € {0,...,n}, with (n,d) # (m,m), |¢(db + (n — d)a)| < |¢(mb)|¥/™.

Then T supports a hypercyclic algebra.

The proof of this result follows the lines of that of Theorem 2.1 in [4], replacing Corollary

2.3 by the more general Theorem 2.1. For the sake of completeness, we include the details.

Proof. Let (U, V,W) be a triple of non-empty open sets in X, with 0 € W, and let
I € Py(N)\{@}. By the hypothesis there are m € I and a,b € C satisfying (e). Define
wp := mb and let § > 0 be small enough and wy,ws € B(wy, d) so that

(i) [¢] > 1 on B(wo,d);

(ii) t — log|p(twy + (1 — t)ws)] is strictly convex (the existence of wi,ws € B(wg,d) comes

from [4, Lemma 2.2| and is a consequence of (d));

(iii) for allm € I and d € {0, ...,n}, with (n,d) # (m,m), and for all Ay, ..., \y € B(wp,d) and
Y15+ Yn—d € B(a,d),

AL+ -+ Ag m
(P g < (0] % xBODDYT. (A
The last condition can be satisfied because
A+ + A
1Td+ryl+.--+7n_d:db+(n—d)a+z,

where the size of z can be controlled through §. Now, since B(a, §) and [wy, wz] have accumulation
points, we can find p,q € N, a1, ...,ap,b1,...,by € C, 71,...,7 € B(a,d) and A1, ..., \q € [w1, wy]
with

P q
ZalE(*yl) €U and ijE()\j) eV.
=1 j=1

For some big N € N (which will be determined later in the proof) and each j € {1,...,q}, let

¢j = ¢j(N) be any complex number satisfying

and define

J=1

u:=u(N) = zp:alE('yl) + zq:ch(iﬁi).
=1

For the powers of u we have the formula

At A Ajd). (A.5)

=33 ol dmag( b,

We claim that, if N is taken large enough, u = (V) satisfies the conditions of the general

criterion with d = 1, what will complete the proof.
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That u € U for large N is clear since, from (i), ¢;(N) — 0 as N — oco. Applying TV to u”

we see that we need to study the behaviour (as N grows) of
e YA
(N) [cﬁ(wl e, Jm“ﬂ . (A.6)

For n € I\{m} we have that (A.6) goes to 0 as N grows by the inequality (A.4) and the definition
of ¢j, j=1,...,q. This way we get T (u") € W for all n € I\{m} if N is large enough. Now let

us consider the case n = m. We have

) VR I
Z Z 1J7dmachE<7l1+...+,},lmd+m)

d=0 IEIm d
scrd
Jely

. Nyt
+ Z a(J,m)ch<%>

JEI\Dg

where

Y

. ) VIR
vy = Z a(l,J,d,m)alch<’Yll + g T %)

d=01erp—
jerd

. Ain + oA im a
vg 1= Z a(J,m)c‘iE(hn%]), v3 1= ZC?E()\])
JEIM\D, J=1
and D, is the diagonal of I}, that is, the set of all m-tuples (j, .y j) with 1 < 5 < ¢q. Again we
have T (v1) — 0 as N — oo from (A.4). Furthermore, since t € [0,1] + log |p(twy + (1 — t)ws)|

is strictly convex, we have

‘¢<Aﬁ+-7-ﬁ+

)\.
22 ) < IO o)

From this we conclude that

)‘j1+"'+>\jm
m

1/m
b.]

[l g (g, ) [N
<)‘j1 ot N )

m

a7 T, I

¢ (V)] -

o

N

)‘j1+"'+)‘jm
N

—0 as N — oo,

= [bi/™|-

what shows that 7 (v2) also tends to 0 as N — oo. Finally, by the definition of ¢j, j = 1,...,q,

we get
q
TNvs =Y b;E()\) €V
j=1

for all N € N. This completes the proof.
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We now deduce a more readable corollary, when the entire function ¢ is “well behaved” in

some half-line of the complex plane (like in the Figure A.1 for example).

Corollary 3.2 Let X be an F-algebra and let T € L(X). Assume that there exist a function
E :C — X and an entire function ¢ : C — C satisfying the following assumptions:

(a) for all A € C, TE(N\) = ¢p(N)E(N);

(b) for all \,u € C, E\)E(pn) = E(\+ p);

(c) for all A C C with an accumulation point, the linear span of {E(X) : X € A} is dense in X;
(d) ¢ is not a multiple of an exponential function;

(e) there exist v € C and a real number p > 0 such that |p(v)| > 1 and |p(tv)| <1 for all t > p.

Then T supports a hypercyclic algebra.

Fig. A.1 — Graph of t — |¢p(tv)]

For the proof of Corollary 3.2, we are going to need the following simple lemma.

Lemma 3.3 Let ¢ be entire and A C R have an accumulation point in it. If |¢p(t)] = 1 for all
t € A then |p(t)] =1 for all t € R.

Proof. Since |¢(t)| =1 for all t € A C R, we have ¢(%) - ¢(t) = ¢(t) - ¢(t) = 1, hence

(t) = p(t) LVt € A CR.

Since this is a holomorphic equality (¢ — ¢(t) is entire), it extends to the whole complex plane.
In particular it holds for all t € R, that is,

o(t) = o(t) = ¢() ", Vt € R,

thus
lp(t)| = 1,Vt € R,

as we wanted. O
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Proof of Corollary 3.2. We may assume without loss of generality that v = 1. Let 5 > 0 be the
smallest positive real number such that |¢(t)] < 1 for all ¢ > ¢3. We just need to prove that
condition (e) of Theorem 3.1 is satisfied. So let I € Pr(N)\{@} be arbitrary and set m = min I.
We can find ¢; < to near enough to to so that |¢(t1)] > 1 and t1 + & > #o. Letting b := &
we have |¢p(mb)| > 1. Now fix ag > tp and take e € (0,1/2) such that ag — e > t9. There
exists a € [ag — €, ag + €] such that |¢p(db+ (n —d)a)| < 1 for all n € I and d € {0,...,n} with
(n,d) # (m,m). In fact, if this is not the case then, for each a € [ag — €, ap + €], we can find
a point t, = dgb + (ng — dg)a, with n, € I, d, € {0,...,nq} and (ng,d,) # (m,m), such that
|p(tq)| > 1. Since m = min(I), b = t;/m and a > to, we get t, > to so that |¢(t,)| < 1. This way,
varying a € [ag — €, a0 + €] we find infinitely many points ¢, within [to, max I(ag + €)] in which
|¢| assumes the value 1. The set A composed by these points is infinite, closed and subset of the
compact [tg, max(])(ag + €)], hence A has an accumulation point. By Lemma 3.3 we conclude
that |¢(t)] = 1 for all t € R, which contradicts the fact that |¢(¢;)| > 1. This completes the
proof. O

3.2 Applications to convolution operators

We now observe that we may apply Corollary 3.2 to convolution operators ¢(D) with |p(0)| > 1,
where F()\)(z) = e*. This yields immediately Theorem 1.1. We may also apply Corollary 3.2
to handle the case [¢(0)| = 1.

Corollary 3.4 Let P € C[z]| be a non-constant polynomial and let ¢(z) = P(z)e*. Then ¢(D)
supports a hypercyclic algebra.

Proof. The case |P(0)| < 1is done in [4], the case | P(0)| > 1 is settled by Theorem 1.1. It remains
to consider the case |P(0)| = 1. Since |P(it)| tends to 400 as t tends to +oo, there exists tg € R
such that |¢(itg)| > 1. By continuity of |¢|, there exists v = |v]e?® with 6 € (7/2,37/2) such
that |¢(v)| > 1. Now, because v lies in the left half-plane, |¢(tv)| tends to 0 as ¢ tends to +oc.
We may conclude with Corollary 3.2. 0l

We finish this section by pointing out that Theorem 3.1 can also handle functions which do

not satisfy the properties described above.

Example 3.5 The convolution operator induced by ¢(z) = %ez + e — i supports a hypercylic
algebra (let us observe that [¢(0)| > 1 and that ¢ does not tend to 0 along any ray). Indeed,
for any I € Py(N)\{@} we choose m = max([) and take a = k(2mi) and b = k27 for some large
integer k. Let n € [ and d € {0,...,n} with (n,d) # (m,m). Then

1 1
d(db+ (n — d)a) = 5eQde 4+ e 2n—d)km _ T

In particular,
1 3
|p(mb)| = =™k 4 = > 1,

2 4
When d = 0,
1
|p(na)| = |e 2P 4 4‘ <1
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Finally,

1
B(db+ (n — d)a)] < S 42

and we have, foralld=1,...,m — 1,

1 2dkm 3)771 (1 2mkm 3>d
- e < (= e
(26 t1) S\ Ty

if k is large enough.

Remark 3.6 Combining the previous arguments with that of [4, Section 6], under the
assumptions of Theorem 1.1, ¢(D) admits a dense, countably generated, free hypercyclic

algebra.

4 Weighted shifts on Fréchet sequence

algebras

4.1 Fréchet sequence algebras with the coordinatewise

product

We begin with the proof of Theorem 1.2. We first explain where the property of admitting a

continuous norm comes into play.

Lemma 4.1 Let X be a Fréchet sequence algebra for the coordinatewise product and with a

continuous norm. Then the sequence (ey,) is bounded below.

Proof. Let ¢ > 1 be such that || - ||, is a norm on X. Then for all n € N,
0 < lenllg = llen - enllg < llenllg
which shows that |ley||, > 1. O

We shall prove the following precised version of Theorem 1.2.

Theorem 4.2 Let X be a Fréchet sequence algebra for the coordinatewise product and with a
continuous norm. Assume that (ey,) is a Schauder basis for X. Let also By, be a bounded weighted

shift on X. The following assumptions are equivalent.
(i) By supports a dense, countably generated, free hypercyclic algebra.
(ii) By, supports a hypercyclic algebra.
(i1i) For all m > 1, there exists x € X such that ™ is a hypercyclic vector for B,,.

(iv) For all m > 1, for all L € N, there exists a sequence of integers (ng) such that, for all
1=0,....,L, (wis1 - wp11) Y ™en, 1) tends to zero.
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(v) There exists a sequence of integers (ny) such that, for all v > 0 and for all | € N,
((le e wnﬁl)_%nﬁl) tends to zero.

Proof. The implications (i) = (i) and (ii) == (i77) are trivial. The proof of (iii) = (iv)
mimics that of the necessary condition for hypercyclicity. Let m > 1 and x € X be such
that 2™ € HCO(B,). Write # = .12 2,e,. Since (e,) is a Schauder basis, the sequence
(xnen) goes to zero. Moreover, there exists a sequence of integers (ng) such that (BJF(z™))
goes to eg + --- + er. Since convergence in X implies coordinatewise convergence, for all | =
0,...,L, (wyy-- 'wnkﬂx?ﬁl) converges to 1. Hence the sequences ((le . ~-wnk+l)1/mxnk+l)

are bounded below. Writing
1

Wiy Wry 1) Y My 41

-1
(wl-‘rl e wnk-f—l) /menk-‘rl B ( " Tng+16ng+1

we get the result.

To prove that (iv) = (v), observe that a diagonal argument ensure the existence of a
sequence (ny) such that, for all m > 1 and all [ € N, the sequence (w11 -~ Wn,+1) " ™en, 11)
tends to zero. Now we can conclude by observing that, since the sequence (e,,) is bounded below,
if ((le e wnﬁl)*l/menﬁl) tends to zero for some m, then (wjy; - - - wp,4;) tends to 400 and,
in particular, ((wig1 -+ Wpy41) Veny1) tends to zero for all v > 1/m.

It remains to prove the most difficult implication, (v) = (7). We start by fixing a sequence
of integers (ng) such that for all v > 0 and for all [ € N, ((le . -wnk+l)_76nk+l) goes to
zero. We intend to apply Theorem 2.1. Thus, let d > 1 and A C NZ\{(0,...,0)} be finite and
non-empty. For o € A we define the linear form L, on R? by L, (k) = Z?Zl ajkj. Since Lq and
Ly coincide only on a hyperplane for o # o, there exist x € (0, +00)? and 8 = 84 € A such
that 0 < Lg(k) < La(k) for all a # 5, a € A. Without loss of generality, we may assume that
Lg(k) =1.

Let now Uy,...,Uy, V be non-empty open subsets of X and let W be a neighbourhood of
zero. Let z1,..., x4 belonging respectively to Uy, ..., Uy with finite support and let y = Zf:() Yi€l
belonging to V. We set, for j =1,...,d,

I . u’
W) = IZ:% (Wi wa, )
Our assumption implies that, provided ny is large enough, u; belongs to U; for all j = 1,...,d.
Moreover, again if nj is large enough (larger than the size of the support of each z;), for all
a € A,
ylLa(H)
(i1 - wpy ) ()

NE

BlF(u®) = —er

=0
In particular, for a = 3, B™(u®) = y € V whereas, for a # 3, since Ly (x) — 1 > 0 and since
the sequences (wjy1 - - - wp,11) tend to +oo, we get Byt (u®) € W provided ny, is large enough.
Hence, B,, admits a dense and not finitely generated hypercyclic algebra. O

As recalled in the introduction, the hypercyclicity of B,, on X is equivalent to the existence
of a sequence (ng) such that, for all I € N, ((wiy1 -+ Wy, 11) Len,+1) tends to zero. It is well

known that this last condition is equivalent to the following one, which seems much weaker:
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there exists a sequence of integers (ny) such that ((wy ---wy, ) te,,) tends to zero. In view of
this and of Theorem 4.2, it is tempting to conjecture that B,, supports a hypercyclic algebra if
and only if there exists a sequence of integers (ny) such that, for all v > 0, ((wy---wp, ) Ven,)

tends to zero. Unfortunately, this is not the case, as the following example points out.

Example 4.3 Let X = {(z,) € w : |zy|a, — 0} where ag, = 1 and ag,+1 = 2" endowed with
|lz|| = sup,, |7n|a, and let w be the weight such that wy - - - wg, = 2" 1 and wy - - - wop 41 = 227
Then w is an admissible weight on X, ((wq ---wa,) Yea,) tends to zero for all v > 0 but B,

does not admit a hypercyclic algebra.

Proof. We first observe that, endowed with the coordinatewise product, X is a Fréchet sequence
algebra (since a,, > 1 for all n). To prove that w is admissible, it suffices to observe that

(=1) and wg,, 11 = 2"t

wg||ex—1]] < 2||le|| for all k. The construction of w ensures that wa, = 2~
Hence the previous inequality is clearly satisfied if we separate the case k even and k odd.

Moreover for all v > 0,

(w1 -+ - wan) " Y|egn|| = 277D 22E2 .

To prove that B, does not support a hypercyclic algebra, it suffices to observe that, for all
n>1, (wy - woy1)” V?||€ans1|| = 1, which implies that condition (v) of Theorem 4.2 cannot
be satisfied. ]

Nevertheless, if we add an extra assumption on X, then we get the expected result.

Corollary 4.4 Let X be a Fréchet sequence algebra for the coordinatewise product and with
a continuous norm. Assume that (ey) is a Schauder basis for X. Assume also that, for all
admissible weights w, for all v > 0, w?Y is admissible. Let By, be a bounded weighted shift on X.

The following assumptions are equivalent.
(i) By supports a hypercyclic algebra.
(it) For all v > 0, there exists a sequence (ny) such that ((wy ---wp, ) Yey,) tends to zero.

Proof. We assume that (ii) is satisfied and we show that, for all v+ > 0 and for all L € N,
there exists a sequence (my) such that ((wq - Wy, 41) " Y€m,+1) tends to zero. An application
of Theorem 4.2 will then allow to conclude. It is easy to get this sequence my. Indeed, it is

sufficient to set my = nj — L, since in that case

(w1 W) T emyrt = (Bur) P (Wi wi,) Ve, )
which goes to zero by continuity of By . O

We may observe that our favorite sequence spaces (namely unweighted £),-spaces or H(C))
satisfy the assumptions of the last corollary. We may also observe that on unweighted £,-spaces
as well as on any Fréchet sequence algebra with a continuous norm such that (e,) is bounded,
the convergence of ((w1 _ wnk)_Venk) to zero is equivalent to the convergence of (wy - - - wy, ) to

+00. Hence, we may formulate the following corollary.
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Corollary 4.5 Let X be a Fréchet sequence algebra for the coordinatewise product and with a
continuous norm. Assume that (ey,) is a Schauder basis for X and that (ey,) is bounded. Assume
also that, for all admissible weights w, for oll v > 0, w?Y is admissible. Let B, be a bounded

weighted shift on X. The following assumptions are equivalent.
(i) By supports a hypercyclic algebra.
(ii) By is hypercyclic.
(111) There exists a sequence (ny) such that (wy ---wy, ) tends to +oo.

Remark 4.6 On H(C), the sequence (2") is unbounded. Nevertheless, any hypercyclic weighted
shift B,, on H(C) supports a hypercyclic algebra. Indeed, for a sequence of integers (ny),

(wy - - - wp, ) "12™ tends to 0 in H(C)
Vg >1, (wy--wp,) '¢" tends to 0
<= Vg >1, ¥y >0, (wi---wp,) "¢"" tends to 0
= Vv >0, (wi---wy,) 2" tends to 0 in H(C).

Remark 4.7 Theorem 4.2 points out one difficulty when dealing with hypercyclic algebras: to
admit a hypercyclic algebra is not a property preserved by similarity. Indeed, let X = {(z,,) € w :
|z, |2" — 0} endowed with ||z|| = sup,, |z, |2" and let w be the weight such that wy - - - w,, = n-2"
for all n. > 1. Then (w; - - - w, )~ 12" goes to zero whereas (w1 - - - wy,) ~/22" tends to 400, showing
that B, is hypercyclic but that no square vector 22 belongs to HC(By,).

Let now (p,,) be defined by p; =1 and p, = n/(n — 1) for n > 2. Then B,, acting on X is
similar to B, acting on ¢, the similarity being given by S : X — co, (2,) — (2"z,). But B,
admits a hypercyclic algebra, which is not the case of B,,. Of course, the problem is that S is

not a morphism of algebra.

When X does not admit a continuous norm, one cannot apply Theorem 4.2. The space w
is the prototypal example of a Fréchet space without a continuous norm (in fact, by a result
of Bessaga and Pelczinski [13], a Fréchet space fails to admit a continous norm if and only if
it has a subspace isomorphic to w) and we shall now concentrate on this space. On w, for all
weight sequences w = (wy,), the weighted shift B,, is bounded, hypercyclic and satisfies (iv).
If the sequences (wy - - wyy;) converge to +oo for all £ > 0, then an easy modification of the
proof of the previous theorem shows that B,, admits a hypercyclic algebra. On the other hand,
if the sequences (wj - - - wy,4;) converge to 0 for all £ > 0, then we may modify the previous proof
using Corollary 2.3 instead of Corollary 2.4 to prove that B,, still admits a hypercyclic algebra.
A completely different case is that of the unweighted shift B. It is a hypercyclic multiplicative
operator on w. By [10, Theorem 16|, B supports a hypercyclic algebra if and only if for each
nonconstant polynomial P € C[X] with P(0) = 0, the map P : w — w, = — P(z) has dense
range. This is clearly true.

We now show that every weighted shift on w admits a hypercyclic algebra showing that,

coordinate by coordinate, B,, behaves like one of the three previous models.
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Theorem 4.8 Fvery weighted shift B, on w endowed with the coordinatewise product supports

a hypercyclic algebra.

Proof. For V' a non-empty open subset of w, I C N finite and non-empty and s > 0, let us define

E(s) = {P € Clz] : |P(minl)| > 1/s, |P(maxI)| > 1/s,
|P(n)| < s for all n € N,
P(n) = 0 when n ¢ I}

A(l, s, V) = {u cw: VP e E(l,s), 3N > 1, TV(P(u)) e V}.

As in the proof of Theorem 2.1, it is enough to prove that each set A(I, s, V') is dense and open.
The last property follows easily from the compactness of E(I,s). Thus, let us fix I,s and V
and let us prove that A(I,s,V) is dense. We set mo = min(I) and m; = max(I). Let U be a
non-empty open subset of w. Let p € Ny, ug,...,up,vo,...,v, € C and € > 0 be such that, for
all z,y € w,

|z —w| <eforalll =0,...,pimplies z € U,

lyy — | <eforalll=0,...,pimplies y € V.

Let us first look at the sequence (w; - - - wy,). Three possibilities (which are not mutually exclusive)

can occur:
e cither (w; ---wy,) is bounded and bounded below;
e or it admits a subsequence going to zero;
e or it admits a subsequence going to +o0.

Thus, we get the existence of a subsequence (w; - --wp,) going to ag € [0,4+00]. We then do
the same with (wg---wp,+1) and so on. By successive extractions, we get the existence of a
sequence of integers (ny) (we can assume that ngy; — ng > p for all k£ and that ng > p) and of
ao, ..., ap € [0,400] such that, for all I =0,...,p, (W41 - - wp,41) tends to a;. We set A1 = {l €
{0,...,p} s ay =400}, Ao ={l€{0,...,p}: ay=0}and Az ={l €{0,...,p}: a; € (0,+00)}.

We fix now (a(k)), (8(k)) two sequences of non-zero complex numbers and (z(k)) a sequence
in CP*! such that (a(k), 8(k), z(k)) is dense in CPT3. We set

where, for [ =0,...,p,

a(k)Ymo(wyiq -+ wp, 41) /™0 provided [ € Ay,

_ 1/m1
ynk+l(k) = U, .
BRY/ ™ (Wi - - wpyg) ™ provided [ € A,
z1(k) provided [ € Ag
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and y;(k) =0 if i # ng,...,ng + p.

We claim that « € U N A(I,s,V). The definition of ¢ and p ensure that x € U. Let
P € E(I,s). There exists an increasing function ¢ : N — N such that a(¢(k)) — P(my),
B(d(k)) — P(my) and a;P(z(¢(k))) — v; for all | € Az. We claim that (By,*™ (P(z))) belongs
to V provided k is large enough. It suffices to prove that for [ =0, ..., p, the I-th coordinate of
By?™ (P(z)) tends to v;. Assume first that [ € A;. This I-th coordinate is equal to

1/mo
P Y
wl+1"'wN¢k+l .
) a((b(k.))l/mo (wl+1 e wn¢(k>+l)1/m0
Now, since w41 -« W, +1 tends to +o00, and mgy = min(J),
vl/mo

. _ B N
Wiy - wn¢(k)+lp (a(¢(k))1/m0 (wl+1 - wn¢(k)+l)1/m0> - P(mﬂ)a(¢(k)) + 0(1)

and this tends to v;. When [ € Aj, the proof is similar since now, because w41 - - Wy )+ tends

to 0, and m; = max([/),

1/mq
v ~ (Y}
Cwy, P L =P 1
WL Wy o (5<¢<k>>1/ml<wl+l - ~wn¢(k)+z>1/m1> ) gy o
and this also goes to v;. Finally, when [ € As, the [-th coordinate of By’® (P(z)) is equal to
Wit1 - Wnyp+1P(21(#(K))) which tends again to v;. O

Theorem 4.8 has an analogue (with a completely different proof!) if we endow w with the
Cauchy product: see [16, Corollary 3.9]. We also point out that the existence of a continuous
norm is an important assumption in several problems in linear dynamics, for instance for the

existence of a closed infinite dimensional subspace of hypercyclic vectors (see [20]).

4.2 Bilateral shifts on Fréchet sequence algebras with

the coordinatewise product

In this section, we investigate the case of bilateral shifts on a Fréchet sequence algebra X on Z;
namely, X is a subset of CZ endowed with the coordinatewise product under which it is an F-
algebra. We intend to give an analogue of Theorem 4.2 for bilateral shifts on X. The statement
and the methods are close to what happens for unilateral shifts. Since we do not want to give an
exhaustive list of examples in this work, there is an extra interest for looking at bilateral shifts:
a small subtility appears in this case, since the condition that appears is not symmetric for the
positive part of the weight and for the negative one. This will lead us to an interesting example

of a hypercyclic operator T supporting a hypercyclic algebra such that 7~! does not.

Theorem 4.9 Let X be a Fréchet sequence algebra on Z for the coordinatewise product, with a
continuous norm. Assume that (en)nez s a Schauder basis for X. Let also B, be a bounded
bilateral shift on X such that, for all v € (0,1), By~ is bounded. The following assertions are

equivalent.
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(i) By supports a hypercyclic algebra.

(ii) For all m > 1, for all L € N, there exists a sequence of integers (ny) such that, for all
l=-L,....L, ((wl+1 e wnkH)_l/menkH) and (wl . 'w—nk+l+1€—nk+l) tend to zero.

Proof. (ii) = (i). We intend to apply Corollary 2.4. Let 1 < mg < mq, let U,V be nonempty
open subsets of X and let W be a neighbourhood of zero. Let z,y belonging to U and V
respectively, with finite support contained in [—p, p]. Write y = f:_p yre; and let (ng) be the

sequence given in (ii) for m = my and L = p. Define

p 1/mg
u:=u(ng) =x+ Z Yi g Enatl-
P— (Wit -+ - wy40) /M0
Provided k is large enough, u belongs to U. Moreover, for m € {my,...,m},
D D ym/mo
l
Byt (u™) = Z wy - w_nk+l+1x}”e_nk+l + Z 1 El-
l=—p 1=p (W1 wry ) ™0

For all values of m, it is clear that

k——+o0

P
E Wy Wy 14177 €yt 0.

l=—p

Hence, for m = mg and provided k is large enough, B]'*(u™°) belongs to V. Furthermore, if
m > my, since each sequence (wy41 - Wn,+1) "+ goes to zero (recall that (e;,) is bounded below),
then Bj*(u™) belongs to W for large values of k, showing that B, admits a hypercyclic algebra.

(1) = (i4). The proof is slightly more difficult than for unilateral shifts. Fix m and L and
let © € X be such that 2™ € HC(B,,). Let (si) be an increasing sequence of integers such that
Bik(xz™) tends to e_r, +- - -+er. We fix some s € N (which can be taken equal to some s, ) such
that, for all | = —L,..., L, the I-th coordinate of B (z) is not equal to zero. We then consider
y € X defined by y; = (w41 -+ wl+s)1/mxl+s (namely, y = B /m (z)) and we set ny = s —s. It
is easy to check that Blk(y™) = Bik(x™). Hence, it goes to e_r, + -+ - + er. This implies that

o foralll=—-L,--- L,

m
W Weopy1+1Y] €—nj+1 tends to 0.

o foralll=—-L,--- L

) )

Wi -+ 'wnk+ly:ffe+l tends to 1.
We conclude as in the unilateral case, using that y; is never equal to zero for | = —L,--- , L. [

We can then state corollaries similar to what happens in the unilateral case.

Corollary 4.10 Let X be a Fréchet sequence algebra on Z for the coordinatewise product and
with a continuous norm. Assume that (en)nez is a Schauder basis for X. Assume also that,
for all admissible weights w, for all v € (0,1), w? is admissible. Let By, be a bounded bilateral

weighted shift on X. The following assumptions are equivalent.

(i) By supports a hypercyclic algebra.
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(it) For all v > 0, there exists a sequence (ny) such that (w1 - --wy, ) Vey,) tends to zero and

(w_1 -+ w_p,e_p,) tends to zero.

Corollary 4.11 Let X be a Fréchet sequence algebra on Z for the coordinatewise product and
with a continuous norm. Assume that (ey) is a Schauder basis for X and that (e,) is bounded.
Assume also that, for all admissible weights w, for all v € (0,1), w” is admissible. Let B,, be a

bounded bilateral weighted shift on X. The following assumptions are equivalent.
(i) By supports a hypercyclic algebra.
(i) By is hypercyclic.
(111) There exists a sequence (ny) such that (wy---wp,) and (w_1---w_p, ) tend to +00.

On the contrary, the nonsymmetry of the conditions in (ii) of Theorem 4.9 proves to be useful

to get the following example.

Example 4.12 There exists an invertible operator T" on a Banach algebra such that T supports

a hypercyclic algebra and T~! does not.

Proof. Let
X:{xE(CZ: xn(|n|+1)m>0},

endowed with

]| = sup [zn[([n] + 1).
n

Equipped with the coordinatewise product, X is a Fréchet sequence algebra. Let w be the weight
defined by wg = 1, w, = 2 and w_,, = n?/(n + 1)2 for n > 0. For all v > 0, the weighted shift
By~ is bounded on X. Moreover, it satisfies the assumptions of Theorem 4.9 with (ny) equal to
the whole sequence of integers. In particular, w_1---w_p|le_n| = (n+ 1)~! tends to zero.

It is plain that B, is invertible and that its inverse is the forward shift F),, defined by
F,(en) = pnti€nt1 with p, = 1/w,. Assume that F}, supports a hypercyclic algebra. Then we
apply the symmetrized version of Theorem 4.9 adapted to forward shifts with m = 2 to get the
existence of a sequence (ny) such that (p_q - -p_nk)*l/ 2¢_p, tends to zero. This is impossible

since
Nk

Thk=too Tosqje T 1.
"y,

H(pfl o p*nk)_l/QG*nk

4.3 Fréchet sequence algebras for the convolution

product

This subsection is devoted to the proof of Theorem 1.3. We first have to give the meaning of
a regular Fréchet sequence algebra. Let (X, (|| - ||4)) be such a Fréchet sequence algebra for the
Cauchy product. We will say that X is regular provided that it satisfies the following three

properties:
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(a) X admits a continuous norm;
(b) (ey) is a Schauder basis of X;
(c) for any r > 1, there exists ¢ > 1 and C > 0 such that, for all n,k >0,

lenllr - llerllr < Cllentllq-

Let us make some comments on these assumptions. Conditions (a) and (b) are standard in this
work. We shall use (a) by assuming that ||e,||; > 0 for all n € Ny and all ¢ > 0. Regarding
(¢), it should be thought as a reverse inequality for the continuity of the product in X. Observe
also that H(C) and ¢; are clearly regular. However, this is not the case of all Fréchet sequence
algebras for the Cauchy product. Pick for instance any sequence (a,) of positive real numbers
such that, for all n,p,q € No, with n = p + ¢, a, < a, - a; and a2 /as, — +oo (the sequence
a, = 1/n! does the job). Then the Banach space X = {z € w : ||z||x = >, >0 @n|zn| < +o00} is
a Fréchet sequence algebra for the Cauchy product which does not satisfy (c_)

A consequence of (c) is the following technical lemma which will be crucial later.

Lemma 4.13 Let X be a regular Fréchet sequence algebra for the Cauchy product and let (wy,)
be an admissible weight sequence on X. Then, for all M > 1, for all v > 1, and for all p > 0,
there exist C > 0 and q > r such that, for alln > M, for allu < v in {n — M,...,n}, for all
ke{n—M+p,...,n+p}' %,

v—Uu

HwijeuHT < Clles|lq- (A7)

j=1

Before to proceed with the proof, let us comment the statement of Lemma 4.13. The
inequality (A.7) is nothing else than the continuity of B, if we assume that k; = u + j for
j=1,...,u—wu. The regularity of X (and more precisely the third condition) will imply that

we may slightly move the indices k;.

Proof. Let us fix M > 1 and observe that v — u may only take the values 1,..., M. Then, upon
doing a finite induction and taking suprema, we need only to prove that, for all » > 1, and for
all p > 0, there exist C' > 0 and ¢ > r such that, for all n > M, for all w € {n — M,...,n — 1},
foralk e {n— M+ p,...,n+ p},

wileulr < Cllewtallq; (A.8)

a property which should be thought as a strong version of the continuity of B,,. Assume first
that w > k — 1. Then, writing e, = €x—1 - €,_(x—1) and using the continuity of the product and
of By, we get the existence of C' > 0 and ¢; > r such that

wg eyl < wglleg—1lr - ||€u—(k—1)”r
< Cillexllg - llew—x—1)ll:-

We now use property (c) for r = ¢; to deduce the existence of Cy > 0 and g2 > ¢1 such that

wgllew]lr < C1C2|leut1l|g,-
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Hence, (A.8) is proved for ¢ = g2 and C' = C1C5. If we assume that u < k—1, then the argument
is completely similar by exchanging the place where we use the continuity of the product and

property (c). Precisely,

lewllr - lle—1)—ullr
l€e—1)—ullr
lex—1llq
p——
lek—1)—ullr

< ClCQ ”ekHQQ
- lek—(ut)llr

wkHeuHr = Wk

§ C’lw

||€k—(u+1) qu

< C4C
= e turn [l

lleu+1llge-
Hence, (A.8) is proved for ¢ = g2 and

C:max{chgHelHQQ:lglgM—i—p—l}.

el

Lemma 4.13 will be used through the following more particular form.

Corollary 4.14 Let X be a regular Fréchet sequence algebra for the Cauchy product and let (wy,)
be an admissible weight sequence on X. Then, for all m > 1, for all N > 1, for all ™ > 1, and
for all p >0, there exist C > 0 and q > 1 such that, for alln > mN, for all s € {1,...,N},

(wn—s+1+p)m_1 T (wn—1+p)m_1(wn+p)m_l”en—mS—l-mp”r < C”‘fn—s+qu-

Proof. We apply the previous lemma with M = mN to get ¢ > r and C’ > 0 such that

(wn—s+1+p)m71 Tt (wn—l-&-p)mil(wn-i-p)m*1Hen—msnr < ClHen—SHq"

Now, using property (c) and the continuity of the product on a Fréchet algebra, we get ¢ > ¢’ > r
and C" > 0 with

(wnferler)m_l T (wn71+p)m_1(wn+p)m_1 Henfmermp”r

e (wnfler)m_l(wner)m_l||enfm8||r||ep||r||€(m—1)pHr

< (Wn—st14p)
< Cluen—SHq’Hequ’He(m—l)pHr
< O'Clen—s+pllgllegm-1)ollr

= Cllen—s+pllg;
where C' = C'C"|le(m—1),llr- O

Before proceeding with the proof of Theorem 1.3, let us make some comments on the difference

~

mer P(m)z™

be a nonzero polynomial, x,y with finite support. The work done in Section 2.1 shows that it

between the coordinatewise product and the convolution product. Let P(z) = >

is important for us to find u close to x and N such that BY (P(u)) is close to y. In both cases,
u will be of the form u = x + z, where z has finite support and min(supp(z)) > max(supp(z)).

For the coordinatewise product, each u" has the same support as u. Moreover, since z has to be
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small, 2™ becomes smaller as m increases. Hence, in P(u), the most important term was u™°,
where mg = min(I) (we assume P(m) # 0 <= m € I) and it was natural to apply Corollary
2.4.

Regarding the convolution product, the support of 4™ is now moving to the right:
max(supp(u™*!)) > max(supp(u™)). By using a specific translation term (an idea coming
from [22] and [17]), we will arrange the choice of N such that BY(u™) = 0 when
m < mq := max(I) and BY (u™) is close to y. This explains why we will rather use Corollary
2.3.

Proof of Theorem 1.3. We start with a hypercyclic weighted shift B,, and prove that B,, supports
a dense hypercyclic algebra which is not contained in a finitely generated algebra. Let d > 1,
A€ Pf(Ng)\{@} and Uy,...,Uy, V,W C X be open and non-empty, with 0 € W. We choose
f = max A under the lexicographical order, say 5 = (m,f2,...,34). Upon interchanging the
coordinates in N?, we may and will assume that m > 0. Let z1, ..., zg belonging respectively to
Ui,....,Ug and let y = >°7_, yie; belonging to V. We can find r > 1, § > 0 and a ball B C W for
the seminorm || - ||, and with radius § such that y+ B C V and z; + B C U;, forall i =1, ..., d.

Since 8 > a for all @« € A\{S} under the lexicographical order, we may find integers s1, ..., sq
with s; > 4p such that

(m—a1)s1+ (B2 — a2)sg + -+ -+ (Ba — aq)sa > 3p, for all a € A\ {B}. (A.9)

The procedure to do this is the following. First find sy such that (8;—ag)sq > 3p, for all ag < g,
ag € mg(A). Next, find s4_1 such that (841 —ag—1)sq—1+(Ba—a)sqa > 3p, for all ag_1 < g1 €
ma—1(A) and ag € m4(A). Continuing inductively, after finitely many steps we define s such that
(Ba—ag)sa+- -+ (Ba—ag)sq > 3p, for all ag < Ba, ag € ma(A), and «; € m;(A), fori =3,...,d.
Finally we chose s; large enough so that (m — a1)s1 + (f2 — a2)sa + -+ - + (Ba — aq)sq > 3p, for
all g <m, oy € m(A), o € mi(A), for i =2,...,p. This way we get (A.9).

These s; being fixed, we now choose positive real numbers 72, ..., 74 such that
|mies, || < 6, for all i =2, ..., d. (A.10)

We will distinguish two cases in order to apply Corollary 2.5. The most difficult one is m > 1,
an assumption that we now make. We set p = 289+ - - - + 4584 and we consider a sequence (Jy)

going to +o0o such that, for all [ =0,...,p,

-1 k—+o00
(W1 Wi gy —3p+itp)  €mdy—3pritp —— 0.

Indeed, let (my) be a sequence of integers such that (wy -« - Wy, )" tem, goes to zero and my, >
m + p for all k. Define Ji as the single integer such that mg — m < mJr — 2p + p < myg. Then,
foralll=0,...,p,

-1 _ —mJy+3p—p—1 -1
(W1 Wingy—3ptpl) " €map—3ptprt = Bt TR TP (wy - wi, ) ey, )
which tends to zero by the continuity of B,, and because

0<m—mJy+3p—p—-I0l<m+p.
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We now proceed with the construction of the vectors uy, ..., uq required to apply Corollary

2.5. We set, for k large enough, N = mJ; — 3p + p and

1 )
_ 20m—D) 1 1 2
o maX( e, —3p+illr ) D | : ’
0<ISp \W1 -+ Wi Jy—3p+1+p legllr” (wr -+ - wim g, 4) 1™
wl...w‘jyj
dj =
3

B2 d —1 ’
Ny~ + o Mg "MEM T WY -+ - WinJy, —3p+j+p

We also define

p
uy =1 + E djejk_3p+j +eey,,
Jj=0

u; = x; + nies,;, for it =2,...,d.

Let us postpone the proof of the following facts.

elles|lr = 0 as k — 400, (A.11)
|d;| - |le,—3p+jtpllr = 0 as k = +oo, for all j =0,...,p, (A.12)
e™wy - W +p — 0 as k — 400, (A.13)

From (A.11) and (A.12) we get u; € Uy if k is large enough and from (A.10) we get u; € U for
i =2,...,d. We claim that u® € ker BY for all a € A with a # 3. In fact, for a given a € A\{B},

say a = (aq, ..., ), we have
max (supp(u®)) < ayJx + ase + - - - + @gSq,

so the claim follows by (A.9) since ay < m and for k large enough, J > s1. Finally, for the main

power 3 we write
P 5 5
_ S 'y m—1 m, B2 d
u’ =2+ E Ny -y me™ djem i —sptjtp T E My Mg €mditp
7=0

where the maximum of the support of z is less than N = mJ, — 3p + p. Indeed, a term in z can

come

e either from a term in u;" with support in [0, mJj —4p] so that the maximum of the support

of this term is at most mJi — 4p 4+ p < N;

e or from a term in some u;’, ¢ = 2,...,d, with support in [0, (8; — 1)s; + p]. The maximum

of the support of such a term is then at most mJi + p 4+ p — s; < N since s; > 4p.

Hence, we get

B2 Ba
gmn DTS /’7 wl PR w J
N 2 d mdJg+p
Bw uﬁ = y + e3p7
w1 DY w3p

which belongs to V' by (A.13) if k is big enough. It remains now to show that properties (A.11),
(A.12) and (A.13) hold true.
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Let us first prove (A.11). By property (c) and an easy induction, there exist ¢ > 1 and C > 0
(depending on r and m) such that, for all k > 1 and all I € {0,...,p},

1 L
||6Jk—3p+l||7?(m_l) : HeJkHT o (”eka?)erlHr : ”eJkH:«nil . HGPHT) 2(m—1)
1

1 __1
le 7 [CAEE

< C”eka*i’errlerHqﬂmil) .

Hence,

1
( ||eka—3p+l+qu >2<m_1)
w

elles, |l < C max
1 WmJy—3p+i+p

0<Ii<p
and this goes to zero as k tends to 4o0.

Regarding (A.12), we first write

1
<w1 e 'mek—3p+l+p> 2

€., —3p+illr

HeJk—Sp—&-j—l-pHr % min
W1 " WmnJ,—3p+j+p  O<I<p

|dj| - lles,—sprjtollr < C
1 5
x max ([le., ||, (w1 - Wy +9)7)

1
<C HepH? : ||€Jr3p+j+pH

[T e I

(W1 Wi —3p+j+p)
m—1

1
XI'IlaX(H@JkHr,(wl"’mek+p)E) ©

where the last line comes from the continuity of the product, more precisely from

lles,—sptritpllr < lles,—sptillr - llepllr

Assume first that the maximum is attained for |ley, ||,. In that case, using (c) in a similar

way we write

||€ka3p+j+p||r ||€J Hm—l <0 Heka*3p+j+P||q
W1 Wiy —3ptjtp WL Wingy—3ptjtp

and the last parcel goes to zero. If the maximum is attained for (w; - - - wy, Jker)%, we now write

m—1

1
les—spritpllr(wi - wmsip) ™ (les—sprjrol (W1 wimgip)™ )™
Wi -« WmJ,—3p+j+p Wy« WmJ,—3p+j+p

1
(w1 Wind10)™ ey —m(@p—s)+mplla) ™

W1 WinJy—3p+j+p

<C;

Now, using Corollary 4.14 for n = mJy, N = 3p and s = 3p — j, we get the existence of Cy > 0
and ¢’ > ¢ (which does not depend on k) such that

(wl T mek-l-P)m_l||eka—m(3p—j)+mp||q < 02(w1 e mek—3P+j+P)m_1
X lem,—3p+itolle

so that

m—1

les—sptjtollr (Wi - Wy 1p) < 0102,i< lems,—3p+i+olly )
Wy -+ Win g, —3p+ip W1 WinJ,—3p+j+p

3=

and this goes to zero.
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Finally, let us prove (A.13). The proof is very similar. Indeed, for all I =0, ..., p,

. Tm-1)
( les,—3p+itollr > "y Wogts)
Wy -+ - WmJ, —3p+i+p

(NI

1
(les, —3psiplly (w1 - - Wi g g p)™ 1) 207D

)21y

<
(W1 Win gy —3pti4p

1
(Hekafm(iSpfl)erpHQ(wl T mek-i-p)m_l) 2(m=1)

<

_ m
(w1 WinJy—3ptitp) 7D

1
< 01022%%1) (Heka*?)pHerHq’(wl o 'mek*3p+l+p)m71) 2m=b)

(wl e mek—3p+l+p) 2(m—1)

1
L 1
< 01022<m71> ( ”eka—3p+l+p||q’ >2(m1)
= 9
W1 - W Jp—3p+i4p

which achieves the proof of (A.13).
We now sketch briefly the proof when m = 1. We still set p = 8289 + - - - + 8484 and we now

consider a sequence (Jy) satisfying

—1 k—+o00
(wl T kaJrler) CJptldp — 0

forall I =0,...,p. We define

p
up =21 + E dje g +jtps
j=0

u; = x; + nies,;, forv=2,....d,
where

ijl . .wj

S92 Sd *
Mo~ - T]d W1 .- - WJ+j+p

j =

Setting N = J, + p for k sufficiently large, it is easy to check that v, € U;, i = 1,...,d,
BN(u®) =0if a € A\ {8}, and BY (u”) € V, which concludes the proof. O

5 Frequently and upper frequently hypercyclic

algebras

5.1 How to get upper frequently hypercyclic algebras

In [14], following the proof made in [6] that the set of upper frequently hypercyclic vectors is
either empty or residual, the authors gave an analogue to Birkhoff’s transitivity theorem for

upper frequent hypercyclicity. We adapt it in order to get upper frequently hypercyclic algebras.

Proposition 5.1 Let T be a continuous operator on an F-algebra X satisfying the following

condition: for each I € Pp(N)\{@}, there exists mg € I such that, for each non-empty open
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subset V' of X and each neighbourhood W of the origin, there is § > 0 such that for each non-
empty open subset U and each Ny € N, there is u € U and N > Ny satisfying

Nl card{p < N : TP(u™) € W for m € I\{mo} and T?(u"™°) € V'} > 4.

Then T admits an upper frequently hypercyclic algebra.

Proof. Let (Vi) be a basis for the topology of X and let (I¥;); be a basis of open neighbourhoods
of the origin. By the assumption for each I € Py(N)\{@}, there exists mg = mg(I) such that,
for each k, j, there is 0y ;7 > 0 such that for each non-empty open subset U and each Ny € N,
there is uw € U and N > Ny satisfying

1
N +1

card {p < N : TP(u™) € Wj for m € I\{mo} and T?(u"°) € Vi.} > i 1.

We set

1 m
A= ﬂ U {ueX:N+1card{p§N:Tp(u)erformel\{mO}
kavl)NOZI N2>Nyp

and TP(u™) € Vi, } > 5k,j,l}

and show that A is residual.
For fixed k, j, I, Ny the set

1
U {’LLEX:N+1

N>No

card {p < N : TP(u") € W; for m € I\{mo} and

Tp(umo) (S Vk} > 5k,j,]}

is clearly open, and the definition of dj ; ; implies that it is also dense. By the Baire category
theorem A is residual.

Next, we check that if u belongs to A and if P € C[z] is not constant, with P(0) = 0, then
P(u) € UFHC(T). We write P(z) = ), .; P(m)z™ for some I € P¢(N)\{@} and P(m) #0
for all m € I. Since UFHC(T) is invariant under multiplication by a scalar we may assume that
P(mp) = 1. Let V be a non-empty open set and find k, j such that Vi, 4 (card(I) — 1)|| Pl oo W; C
V. For each Ny € N there is N > Ny such that

Nl card {p < N : TP(u™) € Wj for m € I\{mo} and T?(u""°) € Vi.} > i 1

But if 7P (u™) € W; for m € I\{mgo} and TP (u™°) € V, then TP(P(u)) € V. Therefore,

1
Nl card {p < N : TP(P(u)) € V} > i1
which yields that dens({p € N: TP(P(u)) € V'}) > 631 > 0. O

We will apply this lemma either for mg(I) = min(/) or mo = max(I). The proposition gets

the simpler forms:
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Corollary 5.2 Let X be an F-algebra. If for each monempty subset V of X, for each
neighbourhood W of the origin, for any positive integers mg < my, there is § > 0 such that for
each nonempty open subset U and each Ny € N, there is u € U and N > Ny satisfying

N+1card{p§N:Tp(um) eW forme{mo+1,...,m1} and TP(u™) € V} > §

then T admits an upper frequently hypercyclic algebra.
Corollary 5.3 Let X be an F-algebra. If for each monempty subset V. of X, for each

neighbourhood W of the origin, for any positive integer m, there is § > 0 such that for each
nonempty open subset U and each No € N, there is u € U and N > Ny satisfying

1
Nl card{p < N:TP(u") e W forne{l,...,m—1} and TP(u") € V} >§
then T admits an upper frequently hypercyclic algebra.

5.2 Existence of upper frequently hypercyclic algebras
for weighted backward shifts - coordinatewise

products

We intend to apply the previous method to backward shift operators and prove Theorem 1.4.
The unconditional convergence of the series > o (wy---wy) te, will be used throughout the

following lemma.

Lemma 5.4 Let (w,) be a weight sequence such that > <,(wi---wyp) te, converges

unconditionally. Then, for all € > 0, for all p > 0, for all M > 0, there exists N > p such that,

for each sequence of complex numbers (y(n,1))n>n, o<i<p with |y(n,l)| < M for all n,l, then

Z Z enti|| < €.

=W
n>N 1=0 ntl

Proof. We first observe that the convergence of the series involved follows from the unconditional
convergence of each series > o (wyg1 - wny1) tent. Setting z(n, 1) = y(n,1)/M and using the

triangle inequality, the (almost) homogeneity of the F'—norm implies that

Z Z ————ep 4 (M +1) Z Z Ll)em_l

w W w =W
n>N =0 ALt nd —0 ||n>n VLT Wnt

The existence of an N such that the last term is less than & now follows directly from the

unconditional convergence of the series Y, (wj41 - Wy11) " tenq (see the introduction). O

Proof of Theorem 1.4. Let mg < m1 be two positive integers. Let VW C X be open and
non-empty with 0 € W. Let p > 0, e > 0 and v = >_]_,ve; be such that B(v,e) C V and
B(0,2¢) ¢ W. We also set M = max(1, ||v]|os)™/™. Let N € N be given by Lemma 5.4 for
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these values of €, p and M. Without loss of generality, we may assume N > p. We set § = ﬁ
Let U C X be open and non-empty and let € U with finite support. We also define, for k£ > 0,

e

Let Ny be very large (precise conditions on it will be given later; for the moment we just assume

l/mo

Cl+1-
(w1 - wkH)l/mO

that N7 is bigger than the maximum of the support of z). We finally set
The unconditional convergence of the series 3, (w11 - - - wyy1) ™/ ™0ey,; ensures that u is well-

defined and that ||u — z|| < € provided Nj is large enough. Let now m € {mg,---,m1} and
j > Nj. Then, since x and the v(kN), k > Ny, have pairwise disjoint support,

N P vm/mo

j 1

Bw]um = Z o (&)

=0 (Wig1 - wing) ™
p_,mim
Yy w(k—j)N—H—i—l WEN+1
+ Z Z T €(k—j N+l
k>j 1=0 (Wig1 -+ WrN41) ™0

= Z(l’j’m)+z(27j7m)'

If m = my, then z(1,7,m) = v whereas, if m € {mo+ 1,...,m1}, then since |v;/™"™ < M and
since the sequences (w41 -+ Witpn)n g0 to +0o (recall that X has a continuous norm), we may
adjust N1 so that ||z(1,7,m)|| < e for all j > N;. On the other hand, we may write

2]’ ZZ y]vnalam enil

w, Y
n>N =0 +1- n+l

where, for s=k—52>1,1=0,...,p,

y(j,sN,l,m) =

(wiyg - 'w(erj)N)i_1
and y(j,n,l,m) = 0 if n is not a multiple of N. Again taking N; large enough guarantees that
ly(j,n,l,m)| < M for all j > Ny, alln > N,alll =0,...,p and all m = myg,...,m;. By the
choice of N, we get ||2(2,4,m)|| < € for all j > N;. Summarizing, we have proved that, for all
j > Ny, BYiymo ¢ V and BYum™ € W for all m € {mo +1,...,m1}. Hence we may apply
Corollary 5.2 to prove that B, supports an upper frequently hypercyclic algebra. O

The Theorem 1.4 can be applied to the following examples: AB on £, for A > 1, AD on H(C)
for A\ > 0 or By, on ¢g with w, = 1+ A/n, A > 0. Regarding this last weight, on ¢,, B, is
upper frequently hypercyclic if and only if A > 1/p. However we do not know the answer to the

—1/m

following question because of the divergence of ) (w - - wp) en for m > Ap.

Question 5.5 Let X = ¢, and w, = 1+ X/n for X\ > 1/p. Does By, supports an upper frequently
hypercyclic algebra?
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On ¢, it is known that B,, is (upper) frequently hypercyclic if and only if > (wy---wy,)™?

is convergent (see [6]).

Question 5.6 Let X = ¢, endowed with the coordinatewise product and let w = (wy,) be an
admissible weight sequence. Assume that B, supports an upper frequently hypercyclic algebra.

Does this imply that )", (wy - --wy) ™7 is convergent for all v > 07

5.3 Existence of upper frequently hypercyclic algebras

for weighted backward shifts - convolution product

We now study the existence of an upper frequently hypercyclic algebra for weighted backward
shifts when the underlying Fréchet algebra is endowed with the convolution product. We shall
give a general statement encompassing the case of the multiples of the backward shift and of the

derivation operator.

Theorem 5.7 Let X be a reqular Fréchet sequence algebra for the Cauchy product and let (wy,)

be an admissible weight sequence. Assume that
(a) >, 51 (w1 -+ -wy)"Le, converges unconditionally.

(b) for all m > 2, there exists ¢ € (0,1) such that

-1
) Zn(wy - - - Wy )M D/T
lim sup g enll = 0.
o—+00 2€co0NBy,, gyl w1 - Wim—1)o4n

Then By, admits an upper frequently hypercyclic algebra.

Proof. We shall prove that the assumptions of Corollary 5.3 are satisfied. For m = 1, this follows
from condition (a) which implies that 7" admits a dense set of (upper) frequently hypercyclic
vectors. Thus, let us assume that m > 2 and let ¢ € (0,1) be given by (b). We also consider
de€ (¢,(1+¢)/2) C (0,1). Let V be a non-empty open subset of X, W a neighbourhood of 0,
y=>1_ower €V and n > 0 such that B(0,2n) +y C V. Let finally ¢ > p be such that, for all
))p—f—l

2 € loo With [12]|ec < [|ylloo (max(1, wy, ..., w, )

Zn

g —en|| <.
wl PR wn

n>q

We intend to prove that, for each non-empty open subset U and each Ny € N, there is u € U
and N > Ny satisfying

d—c
((m —1)q +qd)’

1
N1 card{s < N : B; (u") € W for n < m and B, (u™) e V} > 5
More precisely, we shall prove that, for all ¢ large enough, setting

E,={(m—-1)go+qj:co<j<do},
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there exists u € U such that, for all s € E,, B (u") =0 for n < m and B;,(u"™) € V. Since

i card(E,) d—c
otoo max(E,)  (m—1)q+qd’

we will get the claimed result.
We thus fix x € U with finite support (we denote by p’ the maximum of the support of x)
and let o > 0 be such that p’ < co. Inspired by the proof of Theorem 1.3, we set

do—1 p
u=2x+ Z Z djieqj+i + €€qo
j=co =0
where
1
E =
(wl - wmqo_)l/m
Y
djg =

1 :
mem T Wy - “W(m—1)qo+qj+l

Let us first prove that, provided that o is large enough, u belongs to U. Let r > 1. Since X is
regular, there exists p > r and C' > 0 such that

¢ 1 o—400
leegoll, < (0w Hemanp/m ootoo,
Furthermore,
do—1 do—1 -
o P . | B o r ylwl"'wl(wl"'wmqa)(m 1)/m |
SPSION M )S5s
j=co 1=0 jmeo =0 "MW1 W(m—1)go+aj+l

m—1)/m

€n

Z Zn(wy - - 'wmqa)(

Wy - Wim—1)go+n

n>cqo

for some eventually null sequence (z,) such that

12lloe < 1Ylloo (max(1,wi, ... wp))”/m.

do—1
j=co

Assumption (b) allows us to conclude that ) Do djieqj+1 tends to zero as o goes to 4-00.

Observe now that, for n < m, the support of u™ is contained in [0, ngo] so that, for s € E,,

B (u™) = 0. On the other hand,

do—1 p
-1
u™ =z +me™ E g dj1€(m—1)qo+qj+l T € €mgo

j=co =0
with supp(z) C [0, (m — 2)qo + 2qdo] U [0, (m — 1)go + p']. It is not difficult to see that,
because d < (1 + ¢)/2, max(supp(z)) < (m — 1)qo + gco for o large enough. Thus, for any
s=(m—1)qo + qk € E,,

Yi 1
B (u™ =y+ €o(i—k)+l T —————————C€qo—qk-
o jzk;rllz(; Wi o gyrr 0T g g 1T
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We handle the second term of the right hand side of the equality by writing

I D Cati—kpH = 2 ﬁen
j n>gq

for some sequence (z,) such that ||z[oo < [|y]|eo(max(1,wy,..., wp))". By our choice of g, this
has F-norm less than 7. Finally, ||ego—qk||/(w1 - - - wgo—qk) becomes also less than 7 provided o,

and thus qo — gdo, becomes large enough. O

Assumption (a) in Theorem 5.7 is what we need to get an (upper) frequently hypercyclic
vector. Assumption (b) is also an assumption around unconditional convergence of the series
Zn21(w1 ---wy) " le,. This looks clearer by writing
(m—1)/m

X .
wn+1"'wn+(mfl)0 w1y - Wy

€n

Z zn(wl...wm)(mfl)/men: Z Zn(wy - Wino )

w1 - Wpg(m—1)o

n>co n>co

Although it looks quite technical, it is satisfied by three natural examples (where we always

endow the F-algebra with the Cauchy product).

Example 5.8 Let X =¢; and w, = A > 1 for all n € N. Then B,, supports an upper frequently
hypercyclic algebra.
Proof. The situation is very simple here because, for all n > 1,

=1,
Wn+1 " Wnt(m—1)o

so that (b) is clearly satisfied. O

Example 5.9 Let X = ¢; and wy - - - w, = exp(n®) for all n € N and some « € (0,1). Then B,
supports an upper frequently hypercyclic algebra.

Proof. That (b) is satisfied follows from the classical asymptotic behavior

i
> exp (—n®) ~Notso aNl @ exp(—N?). (A.14)
n>N

Assuming (A.14) is true, we just write

m—1)/m

€n

Z Zn(wl"'wmcr)(

w1 Wim—1)o4n

= exp (mT_lmo‘ao‘> Z exp (— ((m —1)o +n)%)

-1
~ioo Col™@exp ((Lmo‘ —(m—-1+ c)o‘> 0“) .
m
Assumption (b) is satisfied for ¢ close enough to 1, since in that case

(m — 1)m°‘.

-1 * >
(m—1+0) -
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For the sake of completeness, we just mention that (A.14) follows from the formula of integration

by parts:

+o00 1 1—a 40
/ exp(—z%)dz = —N17%exp(—N?®) + / x~ Y exp(—x*)dx.
N o o N

O

Example 5.10 The derivation operator D supports an upper frequently hypercyclic algebra on
H(C).

Proof. 1t is sufficient to verify (b) replacing || - || by any seminorm || - ||,. Now,

(mo)1m=1/m

Zn(wl PR wmg)(m_l)/m B n
2 wy - en _Z((m—l)a—f—n)!r

W(m—1)o+n

n>co n>co
(mo.)!(m—l)/m T(m—l)a-{—n
- p(m=Do = ((m —1)o +n)!
j(m=1)/m
S CTCU (mo-) .
(m—1+c)o

Since for all € > 0 Stirling’s formula implies

(mg)!(m—l)/m < Caa_(m—l—i-a)a

(m =1+ ¢)o)! > Ceg(m=lHe=a)

choosing € < 2c it follows that, for all ¢ € (0,1) and all » > 1, we have

Z Zn(wl “en wmo_)(m_l)/m C rCU o—400 0
w1 w En - 0—(6—28)0' ’
n>co (m—1)o+n .
Hence, assumption (b) is verified. O

Another natural operator that could admit an upper frequently hypercyclic algebra is the
backward shift B,, with w, = (1 + %), A > 1, acting over ¢; with the convolution product.

Unfortunately, for this weight, the assumptions in Theorem 5.7 are not verified.

Question 5.11 Let X = {1 endowed with the convolution product and w, = (1 + %), A > 1
Does By, admit an upper frequently hypercyclic algebra?

We can ask a similar question for convolution operators ¢(D) on H(C), |¢(0)| < 1, which
are frequently hypercyclic and admit a hypercyclic algebra.

Question 5.12 Let X = H(C) and let ¢ : C — C be a nonconstant entire function with
exponential type, not a multiple of an exponential function, with |¢(0)| < 1. Does ¢(D) supports
an upper frequently hypercyclic algebra?
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5.4 Weighted shifts with a frequently hypercyclic

algebra on w

Despite the result of Falc6 and Grosse-Erdmann, it is not so difficult to exhibit operators

supporting a frequently hypercyclic algebra if we work on the big space w.

Theorem 5.13 Let w = (wy,)n>1 be a weight sequence such that (wy - - - wy,) either tends to +o0o
or to 0. Then B, acting on w endowed with the coordinatewise product, supports a frequently

hypercyclic algebra.

Proof. We first assume that (wy - - - wy) tends to +0o0 and observe that this clearly implies that,
for all I > 0, (wiy1---wp4i) tends to +o00. Let (v(p), m(p)) be a dense sequence in w x N,
where each v(p) has finite support contained in [0,p]. We then write v(p) = >_7_, vi(p)e;. For
(n,p) € N2, we define

Sl

y(nvp) = €n+4l-
(Wi - wppn) /e

By [5, Lemma 6.19] (see the forthcoming Lemma 5.14), there exists a sequence (A(p)) of pairwise
disjoint subsets of N, with positive lower density, and such that |n — n/| > p + ¢ + 1 whenever
n #n' and (n,n') € A(p) x A(q). In particular, the vectors y(n,p) for p € N and n € A(p) have
disjoint support. Hence, we may define u = zpeN Y e A(p) y(n,p) and we claim that u generates
a frequently hypercyclic algebra.

Indeed, let P € C[z] be non-constant with P(0) = 0, P(z) = S.7L  P(m)z"™, P(mg) # 0,

m=mg

and let V' be a non-empty open subset of w. Let p € N, ¢ > 0 be such that m(p) = my and

any vector x € w satisfying |z; — P(mo)vi(p)| < € for all I = 0,...,p belongs to V. Now, for
[=0,...,pand n € A(p),

m

P(m)vz(p)"ﬁJ

mi

(BLP(w), = Ptmo)u(p) + )

m=mo+1 (wl+1 ce wn+l)

Since (wj41 - - - wp4y) tends to +oo for all I, Bl P(u) belongs to V for all n in a cofinite subset of
A(p). Hence, P(u) is a frequently hypercyclic vector for B,,.

The proof is completely similar if we assume that (w; - - - wy,) tends to 0. The only difference
is that the dominant term is now given by the term of highest degree of P, namely we choose p

such that m(p) = my and we write

m1—1 ~ .

P(m)u(p)™

m=mg (wl—i—l ce wn-l—l)mil

(BpP(u)), = P(m1)v(p) + —
We will conclude because, for m < my, (wyyq--- wnH)"%_1 tends to +o00. Details are left to the

reader. O

The unweighted backward shift on w (still endowed with the coordinatewise product) supports
a frequently hypercyclic algebra. Indeed, more generally, let T" be a multiplicative operator on
an F-algebra X with the property that for every non-zero polynomial P vanishing at the origin,
the map
P:X — X,z +— P(x)
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has dense range. Then if T is frequently hypercyclic, it supports a frequently hypercyclic algebra.
The reason for that is the simple observation that if U is a non-empty open set of X and P a

non-zero polynomial vanishing at the origin,
{neN: T"(P(z)) €U} = {neN: Tz € P71 (U)}.

From the same observation we may conclude that the translation operators 7, acting on
C*(R,C) for a € R,a # 0, admit a frequently hypercyclic algebra. The fact that C*°(R, C) has

the above mentioned property is proven in |10, Proposition 20].

5.5 A sequence of sets with positive lower density which

are very far away from each other

The remaining part of this section is devoted to the proof of Theorem 1.6. The starting point
to exhibit frequently hypercyclic vectors is the following lemma on the existence of subsets of N

with positive lower density which are sufficiently separated.

Lemma 5.14 (Lemma 6.19 in [5]) Let (a(p)) be any sequence of positive real numbers. Then

one can find a sequence (A(p)) of pairwise disjoint subsets of N such that
(i) each set A(p) has positive lower density;
(11) min A(p) > a(p) and |[n —n'| > a(p) + a(q) whenever n #n’ and (n,n') € A(p) x A(q).

To produce a frequently hypercyclic algebra for a weighted shift on ¢y, we will need a refined

version of this lemma where we add new conditions of separation.

Theorem 5.15 Let (a(p)) be any sequence of positive real numbers. Then one can find a

sequence (A(p)) of pairwise disjoint subsets of N such that
(i) each set A(p) has positive lower density;
(it) min A(p) > a(p) and |[n —n'| > a(p) + a(q) whenever n #n' and (n,n’) € A(p) x A(q).

(ii1) for all C' > 0, there exists k > 0 such that, for all (n,n') € A(p) x A(q) with p # q and

max(n,n’) > k, then [n —n/| > C.

The proof of this theorem is rather long. The strategy is to construct a sequence of sets

satisfying only (i) and (iii), and then to modify them to add (ii). We begin with two sets.

Lemma 5.16 Let E C N be a set with positive lower density. There exist A,B C FE disjoint,
with positive lower density, and such that, for all C > 0, there exists k > 0 such that, for all
n € A and all 0’ € B with max(n,n’) > k, then |n —n'| > C.

Proof. We write E = {n; : j € N} in an increasing order. We set, for k > 1, uy, = k, vy, = |VE|.
We define sequences (My,), (Ng), (Px) and (Qx) by setting M; = 1 and, for k > 1,

Ny = My, +uy, Py = Ni+ vk, Qr = P +ug, My = Qp + vg.
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We then define
1= JIMy, Ne), T =[P Qu),

k k

A={n;: jel}, B={n;: je J}.
The sets I and J have positive lower density. Indeed, for N € N, let k be such that N €
[Mp, My41). Then

card([ﬂ[l,...,N])> (R .
N T 2w+ Fup o+ vg)

1
>
!

provided k is large enough. The same is true for J. Since E has positive lower density, this
yields that A and B have positive lower density. Moreover, let C' > 0. There exists & > 0 such
that vx_1 > C. We set k = nyy,,. Let (n,n') € A x B with max(n,n’) > k. Assume for instance

that n > nyy, and write n = n;, n = ny. Then j > My and the construction of the sets I and

J ensure that j’ does not belong to [j — vg_1,j + vk—1]. Thus, [n —n/| > |j —j'| > C. O

It is not difficult to require that (ii) in Theorem 5.15 holds when we restrict ourselves to

p=q

Lemma 5.17 Let A C N with positive lower density and a > 0. There exists B C A with

positive lower density, min(B) > a and |n —n'| > a for alln,n’ € B, n #n/'.
Proof. Write A = {n; : j € N} in an increasing order and define B = {ny, : k € N}. O

We then go inductively from two sets to a sequence of sets.

Lemma 5.18 There exists a sequence (A(p)) of pairwise disjoint subsets of N such that
(1) each set A(p) has positive lower density;

(i1) for all C > 0, there exists k > 0 such that, for all (n,n’) € A(p) x A(q) with p # q and

max(n,n’) > K, then [n —n'| > C.

Proof. We shall construct by induction two sequences of sets (A(p)) and (B(p)) and a sequence
of integers (k) such that, at each step r,

(a) forall 1 <p <r, A(p) and B(p) are disjoint and have positive lower density.
(b) forall1<p<gq<r, A(q) C B(p) and B(q) C B(p).

(c) for all C' > 0, there exists k > 0 such that, for all 1 < p < ¢ < r, for all n € A(p) and
n’ € B(q), max(n,n') >k = |n—n'| > C.

(d) forall k € {1,...,r}, forall 1 <p < g <7, forall n € A(p) and n’ € B(q), max(n,n’) >
K = |n' —n|>k.
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It is straightforward to check that the resulting sequence (A(p)) satisfies the conclusions of Lemma
5.18. Observe nevertheless that it is condition (d) together with the inclusion A(q) C B(p) for
g > p which gives (ii) in this lemma (which is uniform with respect to p and ¢). Condition (c)
is only helpful for the induction hypothesis.

We initialize the construction by applying Lemma 5.16 to £ = N. We set A(1) = A and
B(1) = B which satisfy (a), (b) and (c). In particular, applying (c) for C' = 1 we find some k
that we call k1.

Assume now that the construction has been done until step r and let us perform it for step
r+1. Let E be a subset of B(r) with positive lower density and |[n —n'| > r+ 1 provided n # n’
are in . We apply Lemma 5.16 to this set E' and we set A(r+1) = A and B(r+1) = B, so that
(a) and (b) are clearly satisfied. Upon taking a maximum, (c) is also easily satisfied: indeed, the
only case which is not settled by the induction hypothesis is p=¢ =741 (when p < r+ 1 and
g=r+1, use B(q) C B(r)); this case is solved by the construction of A(r 4+ 1) and B(r + 1).

The proof of (d) is slightly more delicate. For k = 1,...,r, we have to verify that for
1<p<r+1,ne Ap) and n’ € B(r + 1), max(n,n’) > ky, = |n—n/| > k. When p < r,
again this follows from B(r +1) C B(r). For p = r + 1, this follows from A(r+1),B(r+1) C E
and the fact that distinct elements of £ have distance greater than or equal to r + 1. Finally,

applying (c) for C' = k + 1, we define rg41. O

We need now to ensure property (ii) in Theorem 5.15. This will be done again inductively,

the main step being the following lemma.

Lemma 5.19 Let (A(p)) be a sequence of pairwise disjoint subsets of N with positive lower
density and let (a(p)) be a sequence of positive real numbers. There ezists a sequence (B(p)) of
subsets of N with positive lower density such that each B(p) is contained in A(p) and, for all
n € B(1), for alln’ € B(p), p>2, In—n'| > a(1) + a(p).

Proof. Since A(1) has positive lower density, there exists N € N and 6 > 0 such that, for all
n>N,
card (A(1) N [0,...,n]) >3
n+1 -
For p > 2, let B(p) be a subset of A(p) such that, for all n € N,

card ((B(p) + [~a(1) — a(p),a(1) + a(p)]) N[0,...,n]) <9
n+1 2D

but B(p) still has positive lower density. This is possible if, writing A(p) = {n;; j € N}, we set
B(p) = {na; k > 1} for some sufficiently large a. We then define B(1) = A(1)\U,>5 (B(p) +
[—a(1) — a(p),a(1) + a(p)]). Then, for all n € B(1) and all n’ € B(p), p > 2, one clearly has
In —n'| > a(1) + a(p) whereas, for all n > N,

card (B(1) N[0, ..

. )
n+1 §2

so that B(1) still has positive lower density. O

l\')\Q«n
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Proof of Theorem 5.15. Applying Lemmas 5.18 and 5.17, we start from a sequence (A(p)) of
pairwise disjoint subsets of N, satisfying properties (i) and (iii) of Theorem 5.15 and property
(ii) when p = ¢q. We construct by induction on r sets B(1),...,B(r), A.(k) for k > r + 1 such
that

o B(k) C A(k) for all k <r, A.(k) C A(k) for all k >r + 1;
e B(k) and A, (k) have positive lower density;

e forallpe {1,...,r}, forall ¢ > p+1, for all n € A(p), for all n’ € B(q) if ¢ < r, for all
n' € Ar(q) if ¢g>r+1, [n—n'| > a(p) +alq).

The sequence (B(p)) that we get at the end will answer the problem. Now the construction is
easily done by successive applications of Lemma 5.19 first with the sequence (A(p))p>1, then

with the sequence (A;(p))p>2, and so on. O

5.6 A weighted shift with a frequently hypercyclic

algebra on ¢

Let us now define a weight (w,,) such that B,,, acting on ¢y endowed with the coordinatewise
product, supports a frequently hypercyclic algebra. We start with the sequence (A(p))p>1 given
by Theorem 5.15 for a, = p. We then construct inductively a sequence of integers (M) such
that, for all (n,n') € A(p) x A(q) with p # ¢, max(n,n’) > My,1 = |n—n'| > M. This
follows directly from property (iii) of Theorem 5.15, applied successively with C' = M; =1 to
get My, C = My to get Ms, and so on. We may also assume that the sequence (M1 — My) is
non-decreasing.

We define the weight (wy,),>1 by the following inductive formulas:
e w, =2 for all n < Mo;
o forallk>2 forallme {My+1,..., My},

wp = (w1 - wyg, ) T

so that, and this is the crucial point,

==

W41 Wy = (W1 wag,)
Let us summarize the properties of the weight which will be useful later.

Lemma 5.20 The weight (wy,) satisfies the following properties:
o foralln>1, w, >1;
e (wy) is non-increasing;

o (wy---wy) tends to 4+o0;
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WMy +l+1 " WM+l k—+4o0

e foralla >0, foralll >0, &
(Wig1 - Wt 4 +1)

0.

Proof. The first property is clear. For the second one, it suffices to prove that if n € {Mj +
1,..., M1} and n' € {Myy1+1,..., Mo} for some k, then w, < w,. We now write

1
_ B0 (Mp,o—M
Wy = (wl e k+1) (k+1) (M o— Myt 1)

Wy,
1 1
(wy -+ war,) (et 1) (Moo= Mot 1) (ka+1 .. .kaH) e D) (M 2= Mpoi1)
(wl cee W

Wy, «

1
k(Mk 27]Wk 1)
k) + +

IN

To prove that (wy - --wy,) tends to 400, we just observe that, for all k£ > 2,

k—1 1
wy - - .ka — (wl .. 'wMg) .7'22(1—"—7)’

and this goes to 400 as k tends to +o0o. Finally, since (wy,) is bounded and bounded below, we
need only to prove the last property for [ = 0. Now we write

1/k
ka71+1 .o .ka+1 = ka71+1 N .ka (wl .. ka) /

==

1
= (ka71+1ka)l+k (wl ”.ka:—l)
= (wy - wpy,, )FTUTR)E
— (wl“‘ka,l)%

so that

WMy _+1 " WMy, 1
(wl"'ka-H)a B (wl...kail)O‘*%

which indeed tends to zero. O

We now prove that the operator B, acting on ¢y endowed with the coordinatewise product
supports a frequently hypercyclic algebra. Let (v(p), m(p)) be a sequence dense in ¢y x N such
that each v(p) has finite support contained in [0,p]. We shall need a last technical lemma

involving all the objects we constructed until now.

Lemma 5.21 There exists a sequence of integers (N (r))y>1 satisfying the following properties:

(i) for allrT >1,
SS

< —.
r

v ()

sup ;
(wl+1 e wn_"_l) m(r)+1

n>N(r), I=0,...,r

(i1) for allr > 2, for all s € {1,...,r — 1}, for all (4,5") € A(r) x A(s) with j > N(r), for all
ZG{O,...,T},forallazmin( 1 1 ),

m(r)’ m(s)

o
Wiy (jjry41 " WioL(r)

j > j/ - ‘ a ‘
(W1 -+ wjpr) T

. . w s e Wit lfUl S (¢4 1

> = I+ —5)+1 J+a() <z
(wigr - wjrp) "
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Proof. Let » > 1 be fixed, We first observe that it is easy to ensure (i), just by assuming that
N(r) is large enough. Let us choose N(r) to ensure (ii). Upon taking a supremum, we may
fix s and [ and to simplify the notations, we will assume [ = 0. Let cg = min ( %, %) and
C = max(1, |vg(r)|, |vo(s)|). We define three integers Ny, ko and k; satisfying the following three
conditions:

C? 1

n>Ngy — — < —

w1+ Wy r

C? 1

n>My, = ——— < —

w1+ Wy r
WM _{+1 "W, C 1
k>k — —— < -
(wl...ka+1) T

We set N (r) = max(No, My,+1, Mg, ). Let (4,75) € A(r) x A(s) with j > N(r). To fix the ideas,
we assume that j > j'. If @ > 2, then

W41 - wivo(r)” < W=t vo(r)? o/2 P (1)3 _1
If a € [1,2], then
'w(j—j’)+1 -+ wjv(r)” ' C2
(wlw])a - wle_]/

Since j > N(r), j —j' > My, so that the last term is less than 1/r. For a < 1, since j > N(r) >
My, , there exists a single integer k > ky such that j € [My, Myy1). Then j — j' > Mj_1 and

w41 wivo(r)* ] wag 410 w0
o < a0
(wy -+~ wy) (wy -+ wy)
WMy _1+1 " 'kaJrlC
ao
(ws - war,,,)
1

< —.
r

O

Proof of Theorem 1.6. We are now ready for the proof that B, supports a frequently hypercyclic
algebra. By Lemma 5.17, for each p > 1, let B(p) be a subset of A(p) with positive lower density
such that min(B(p)) > N(p) and |n —n/| > N(p) for all n #n’ € B(p). We set

P
1
up) = D > N u®)"Pent.

neB(p) 1=0 (Wig1 -+ Wpgy

Since (w; - - wy,) tends to +oo, u(p) belongs to c¢y. Moreover, the choice of N(p) (here, (i)
of Lemma 5.21) ensures that ||u(p)|| < 1/p. We also observe that the u(p) have pairwise disjoint
support. Hence we may define u = szl u(p) which still belongs to c¢g. We claim that the
following property is true: for all p > 1, for all ¢ # p, for all n € B(p),

|Bu® o) < (A.15)

1
vm > m(p), || Byu(p)™| < ps (A.16)
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1
vm = m(p), ||Byu(q)™| < > (A.17)
Assume that these properties have been proved. Let P be a non-constant polynomial with
P(0) = 0 and write it P(z) = > L P(m)z" with P(myg) # 0. We aim to prove that P(u) is
a frequently hypercyclic vector for B,,. Without loss of generality, we can assume P(mo) =1
Let V be a non-empty open subset of «c. There exists p > 1 such that

B ( (p), (2 + ) ot 1 \P(m)]) /p) C V and m(p) = mgp. Then, for all n € B(p),

1B () — o)l < | Bru)™® — o) + |3 Biuta)™®

+ > [Pm)]Y Bhulo™

m=mo+1 g1

2+Zm =mo+1 ’p(m)|

= ;
p

where the last inequality follows from (A.15), (A.16), (A.17) and the fact that the Bj,u(q) have
pairwise disjoint support. Therefore, for all n in a set of positive lower density, B]; P(u) belongs
to V, showing that P(u) is a frequently hypercyclic vector for B,,. Hence, it remains to prove
(A.15), (A.16) and (A.17). We first observe that

p
Biu(p)™® — u(p €t —m) 1
neB( )IZle '—n)+l ( )

n'>n
Since n’ —n > N(p) for all n’ > n, n’ € B(p), (A.15) follows from (i) in Lemma 5.21. Next, for

m > m(p), we may write By u(p)™ as

2.

n'€B(p) 1=0 (wl+1 o w(n’—n)+l)
n'>n

p m
v (p) ™)
m_ ] e(n/_n)_H.

m(p) (w(n’—n)+l+1 - wn/Jrl) m(p)

There is an additional difficulty since now we may have n’ = n. We overcome this difficulty by

writing
m
v (p) @ ‘
m —m__{
(wH-l o w(n’—n)—i—l) m(e) (w(n’—n)+l+1 T wn/Jrl) m(®)
< U] (p) m(p) —
(Wig1 -~ Wy ) ™)
1
(p)
< v (p) ™ _
1
< Uy (p) m(p) :
(wl—l-l .. .wn,H)W
1
< —.
p
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Finally, for m > m(p) and q # p, we write

n, (m _ L Wi ()41 Wt g o
B U(Q) - Z ™ UZ(Q) Ve(n!—n)+1-

WeB(g) =0 (Wil Wrryy) ™@
n'>n

For ¢ > p, we apply (ii) of Lemma 5.21 with r = ¢, s = p, j =n/, j/ = n and a = m/m(q).
For ¢ < p, we apply (ii) of Lemma 5.21 with r = p, s = ¢, j = n, j/ = n’ and « = m/m(q).
In both cases, we immediately find that all the coefficients of Bllu(q)™ are smaller than 1/p,
yielding

1
[Buu(a)™ | < b

This closes the proof of Theorem 1.6. 0

This technical construction leads to an example over the not so difficult space ¢y, but the

following question remains open.

uestion 5.22 Does there exist a weighted shift on £, endowed with the pointwise product
g D D p
admitting a frequently hypercyclic algebra?

Of course, it would also be nice to get simpler examples! On the other hand, for sequence
spaces endowed with the convolution product, we have neither positive nor negative examples.

For instance, it would be very interesting to solve the following questions.

Question 5.23 Does B on w endowed with the convolution product support a frequently

hypercyclic algebra?

Question 5.24 Does 2B on {1 endowed with the convolution product support a frequently
hypercyclic algebra?

6 Concluding remarks and open questions

6.1 Closed hypercyclic algebras

As pointed out in the introduction, provided T' is hypercyclic, HC(T) U {0} always contains a
dense subspace. When moreover 1" satisfies the hypercyclicity criterion, there is a necessary and
sufficient condition to determine whether HC(T') U {0} contains an infinite-dimensional closed
subspace (see for instance [5]). In our context, it is natural to ask whether, for some of our
examples, HC(T') U {0} contains a closed non-trivial algebra (we will say that 7" supports a
closed hypercyclic algebra).

The third author and K. Grosse-Erdmann have shown that it is the case if T" is a translation
operator acting on the space C*°(R, C). The fact that T' is an algebra homomorphism plays an

important role here. We now give several negative results. The first one solves a question of [22].

Proposition 6.1 No convolution operator P(D) induced by a nonconstant polynomial P € C[z]

admits a closed hypercyclic algebra.
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Proof. We write P(2) = >\ _, P(s)z®, with P(t) # 0, and let f € HC(P(D)). We shall prove
that the closed algebra generated by f contains a non-zero and non-hypercyclic vector. Write
f(2) = a0+ 3,5, anz", with a, # 0. Without loss of generality, we may assume that a, = 1.

We shall construct by induction a sequence of complex numbers (b) such that

o) +1\" 1
’b’“'g( 120] ) * Tktp)!

for all k and, setting Py(z) = Zle bi(z — ap)", then
[P(D)?(Py o f)(0)] = (IP(0)] + 1)

for all 1 <1 < k. The conclusion follows easily. In fact, (Pj) converges uniformly on compact
subsets of C to some entire function g. From the uniformity of the convergence, we conclude

that the function g o f satisfies
P(D)" (g0 £)(0)| = (1P(O0)] +1)"

for all [ > 1. Let us set h = g — g(0). The function h o f, which is in the algebra generated by
f, satisfies

P(D)*(ho £)(0)| = |P(D)*(g 0 1)(0)| = [P(D)*(9(0))

=400

> (|P(0)] + 1) — | P(0)[?|g(0)] 22 4.

Hence, ho f is nonzero and it cannot be hypercyclic for P(D)P. In particular, since HC(P(D)) C
N1 HC(P(D)") (see [1, Theorem 1), ho f cannot be hypercyclic for P(D) as well.

For the proof we will use the formula
P(D)? = Z (q) P(0)/0 ... p(t)Jt pirt2izttti
: J
J€ly

where I, = {j = (jo, .-, j1) € Ng™ : jo+ -+ +j: = ¢} and (j) denote the multinomial coefficient

q _ ¢
jOa"’vjt ]Oljt'

Let us set Py(z) = 0 and let us assume that the construction has been done until step k£ — 1.
Then
Ppyo f4b(f—ap)™ = Peyo f+b(zP +appzP T 4N

=P,_i0f+bs"P 4 Z cjzj.
j>ktp+1

Hence, for 1 <1 <k,

P(D)?(Py_y 0 f +b(f — ap))(0) = P(D)?(Pe_1 0 £)(0) + P(D)?(b(f — ao)*")(0)
= P(D)"P(Py_1 0 £)(0) + ¢(0),
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where
a(z) = P(DYP 0227+ " ;e
§>ktp+1

If | <k —1 then deg P? < (k — 1)tp < ktp, hence g;(0) = 0. By the induction hypothesis it
follows that

)|

|P(D)P(Pi—y 0 f+b(f — a0)*)(0)| = |P(D)?(Pi—1 © f)(0) + g
> (|P(0)] + 1)

= |P(D)"(Py-1 0 )(0)|
whatever the value of b is. On the other hand, if [ = k, then

gr(2) = bP (1) (kip)!

+ Z (k‘p) p(o)jo . p(t)thjl+2j2+"'+tjt bkt Z Cjzj ,
5\ (0, 0kp)} NI j>ktp+1
hence g;,(0) = bP(t)*?(ktp)!, that is,
|P(D)*?(P—y o f +b(f —a0)™)(0)| = |P(D)*(Ps—1 © f)(0) + gx(0)]
= |P(D)**(Py—1 0 f)(0) + bP(t)*" (ktp)!|,

1P(0)] + 1 kpr
'M( 0] ) (ktp)!

so we can find b satisfying

such that
|P(D)P(Py—y o f +b(f = a0)*)(0)| > (|P(0)] + 1)".

The proof is now done by taking by = b. O

Question 6.2 Does there exist an entire function ¢ of exponential type such that ¢(D) supports
a closed hypercyclic algebra?

Proposition 6.3 Let X =/,, X =co or X = w, endowed with the coordinatewise product. No
backward shift on X supports a closed hypercyclic algebra.

Proof. We first consider the case X = ¢y. Let € X be a non-zero sequence, and let D C C
be a compact disc centered at the origin and omitting at least one of the terms of x. For each
n € N, consider the compact set K, as in Figure A.2 and f a holomorphic function defined on
a neighbourhood of K, and satisfying that f(z) =01if z € D and f(2) =11if z € K,, \ D.

By Runge’s approximation theorem we get a polynomial P, such that ||P, — f||x, < % We
end up with a sequence of polynomials (P,), satisfying that P,(z) — 0 uniformly on D, and
P,(z) — 1 pointwise on C\ D. Redefining P,, by P, — P,,(0), we may also assume that P,(0) = 0,
for every n € N.

Since = € cq, it follows that eventually all the terms of x belong to D which yields that
P, (z) = y = (yx) in ¢, where yi = 0, if 2 € D and y;, = 1 otherwise. We conclude, that y is a
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N
| ¢

Fig. A.2

non-zero element in the closed algebra generated by = which is not hypercyclic for any weighted
backward shift on ¢p.
Let now X = ¢?,p > 1. Consider an z € X,z # 0, and D and (FP,) defined as above.

Cauchy’s formula ensures that P/ — 0 uniformly on $D. Let
, 1
C =sup|P,(2)|:neN,ze §D .
Fix ¢ > 0 and let ky € N be such that, for k > kg, z1 € %D and

€
2PCP P,
) |l <3

k>ko

Find N € N such that for all m,n > N,

ko
g
> [ Po(aw) = Pu(ap)P < 5
k=1
We have
ko
1P () = Pa(@) 15 < [Prn(zn) = Palz)lP + Y (1Pm(@p)] + | Pa(a) )P
k=1 k>ko
ko
< [ P(m) — Palap) P +2PCP ) Jay[P <e.
k=1 k:>k’0

That means that the sequence (P,(x)) is Cauchy in ¢, and the conclusion follows exactly as in
the previous case.

Finally, we consider the case X = w. Letting D = {0} and K,, be as above, and by using
Runge’s approximation theorem, we get a sequence of polynomials (@),,) such that Q,(0) = 0,
for every n € N and @, (z) — 1 for each z € C\ {0}. If x € w is a non-zero sequence, then
Qn(x) = y = (yx), where y, = 0 if z = 0, and y, = 1 otherwise. It is immediate that y is
a non-zero element in the closed algebra generated by x which fails to be hypercyclic for any
weighted backward shift on w. O
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Question 6.4 Does there exist a weight (wy,) such that B, acting on {1 endowed with the
Cauchy product, supports a closed hypercyclic algebra?

6.2 Hypercyclic algebras in the ideal of compact

operators

Beyond the examples given in the paper, there are other examples where the existence of a
hypercyclic algebra would be natural. One of them is given by hypercyclic operators acting on
separable ideals of operators. For instance, assume that H is a separable Hilbert space and
denote by X = IC(H) the (non-commutative) algebra of compact operators in H, endowed with
the norm topology.

For T € L(H), denote by Ly the operator of left multiplication by T, defined on K(H). It
is known (see for instance [5, Chapter 8|) that if 7" satisfies the hypercyclicity criterion, then Ly
is a hypercyclic operator on IC(H). This latter space being an algebra, it is natural to study
whether Lt supports a hypercyclic algebra. We do not know the answer to this question, but
we point out that a positive answer would require different techniques. Indeed, Theorem 2.1 can

never be applied to these operators.

Proposition 6.5 Let T € L(H). Then Ly, acting on K(H), does not satisfy the assumptions
of Theorem 2.1 even for d = 1.

Proof. We fix x € H, z* € H* with z*(z) = 1, ||z|]| = 1, ||]z*|| = 1. Using the notations of
Theorem 2.1, let A = {1,2},

U=V={uel(H): |lu—z"®z|]<1/4},
W={ueL(H): |ul| <1/8}.

Assume first that f = 1 and that there exist v € U, N € N with 7Vu € V and TNu? € W.
Then we know that

HTNuz(x) - a:*(u(a:))a:H < HU(Z)H
since TVu € V. Now, ||u(z) — || < 1/4 so that ||u(z)|| < 5/4 and |z*(u(z))| > 3/4. Hence,

3 5 1
HTNUQ(J})H > 1 67 %

This contradicts TNu? € W.
If we assume that 8 = 2 and that there exist v € U, N € N with TNu € W and TNu? € V,

then we get successively
1
HTNUZ(:C) —z| < Z (since TNu? € V)
|TNu?(2)|| < fHu )| (since TNu € W)
1
lu(z) — 2] < 5.

These three inequalities yield easily a contradiction. O
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6.3 Further question and remark

As independently shown by Ansari in [2] and later-on by Bernal-Gonzales in [7], every separable
Banach space supports a hypercyclic operator. In the context of algebras a natural question

arises.

Question 6.6 Is it true that every separable Banach algebra supports a hypercyclic operator

admitting a hypercyclic algebra?

In all known results, the set of generators for hypercyclic algebras is either empty or residual.

We observe below that this set can be non-empty and meager.

Remark 6.7 For every pair (X,7) where X is a Banach space and T' a hypercyclic operator
with a non-hypercyclic vector, we may define a product on X turning it into a commutative
Banach algebra and such that the set of generators for a hypercyclic algebra for T' is non-empty

and nowhere dense.

Proof. Let x € HC(T) and y a non-hypercyclic vector for 7" with ||y|| = 1. Consider f € X*
with || f|| = 1 and such that f(z) =0 and f(y) = 1. We define the product

z-w= f(z)f(w)y, with z,w € X

and observe that it turns X into a commutative Banach algebra. Now, 22 = 0 so A(x) = span(x),
and thus x is a generator for a hypercyclic algebra for T'. Moreover, it is easy to check that the
following holds,

{re X :A(z)\ {0} C HC(T)} = HC(T) N Ker(f).

Since Ker(f) is a proper, closed hyperplane of X, we conclude that the set of generators for a

hypercyclic algebra for T" is non-empty and nowhere dense. O
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Abstract

Quer time the concept of hypercyclicity has been explored in different manners and contexts,
gatning new forms and applications. In particular when the space has an adjacent structure,
we can always look for sets of hypercyclic vectors compatible with that framework. In this paper
we deal with hypercyclic operators acting on Fréchet sequence algebras and give criteria for the

existence of common and disjoint hypercyclic algebras.

1 Introduction

This paper goes over some structures of hypercyclic vectors in a linear dynamical system (X, T),
that is, a couple of a topological vector space X and a continuous linear operator 7" on X. We say
that a vector = € X is hypercyclic for T when its orbit Orb(z,T) := {z, Tz, T?z,...} is dense in
X. Since its first appearance in the ’80s with the thesis of Kitai (see [10]), this concept has been
the object of multiple interesting generalizations and modifications which yielded to many new
related concepts (frequent hypercyclicity, common hypercyclicity, disjoint hypercyclicity, etc.).

When the underlying space has a richer structure, it is natural to investigate the existence of
sets of hypercyclic vectors maintaining that framework. For instance, when X is an F-algebra,
that is, a metrizable and complete topological algebra, and denoting by HC(T') the set of all
hypercyclic vectors for T', it is natural to ask whether HC(T)U{0} contains a non-trivial algebra.
This is what we call a hypercyclic algebra. The first result in this vein was done independently
by Shkarin in [11] and by Bayart and Matheron in [3]. They have shown that the derivation
operator D : f — f’ acting on the Fréchet algebra H(C) of entire functions endowed with the
pointwise multiplication, supports a hypercyclic algebra.

In this paper we are interested in the existence of algebraic structures within two concepts
related to hypercyclicity, namely disjoint and common hypercyclicity. We will study them in the
context of weighted backward shifts on Fréchet sequence algebras. Precisely, we assume that X
is a subspace of the space w = CNo of all complex sequences, whose topology is induced by a
non-decreasing sequence of seminorms (|| - ||4)¢>1 and that X is endowed with a product - such

that, for all z,y € X, all ¢ > 1,
2 - yllg < llzllg % l[yllq-

There are two natural products on a Fréchet sequence space: the coordinatewise product and
the convolution or Cauchy product. They are defined as follows. Let (ap)n>0 and (by)n>0 be

sequences in w. Their coordinatewise product is defined as

(an)n - (bn)n = (@nbn)n-
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Their convolution product is defined as

(an)n - (bn)n = (cn)n,

where ¢, = ZZ:O apby—y for all n > 0. It is clear that ¢, and cg are Fréchet sequence algebras
for the coordinatewise product, and that ¢; is also a Fréchet sequence algebra for the convolution
product. Endowing H(C) with

Zanz” = Z lan|q"

n>0 n>0
q
and w with .
l@a)lly =Y lznl,
n=0

we also obtain that H(C) and w are Fréchet sequence algebras for both products (on H(C), the
Cauchy product of f and g is nothing else but the product of the two functions f and g).

Our results will cover both the coordinatewise and the Cauchy product. Before going further,
we mention that they behave very differently. The main point is that the coordinatewise product
preserves the support, whereas the Cauchy product mixes it. In particular, if  and y are two
vectors with disjoint supports, then (x +y)™ = 2™ + y™ for the coordinatewise product whereas
this is not at all the case for the Cauchy product. This explains why the latter case is considerably
more difficult to handle.

As announced above, we will work with weighted backward shifts, one of the favourite class
of examples in linear dynamics. Given a sequence of nonzero complex numbers w = (wy,)nen,
the (unilateral) weighted backward shift B,, with weight w is defined by

Bw(.%'(), Tlyeo- ) = (wla;l, warL, ... )

The weight w will be called admissible (for X) if By, is a bounded operator on X. It is known
that, provided the canonical basis (e,) is a Schauder basis of X, B,, is hypercyclic if and only if

there exists a sequence (ny) such that for all [ € N, ((le .- -wnkH)*lenkH) goes to zero.

1.1 Disjoint hypercyclic algebras

The notion of disjointness was introduced in linear dynamics in [5] and [6]; we shall limit ourselves
to the case of two operators. We say that two operators 71 and 75 acting on the same F-space
X are disjointly hypercyclic if there exists a vector x € X, called a disjointly hypercyclic vector
for Ty and Ty, such that (T7z, Ts'z),>0 is dense in X2, Many examples or counterexamples of
disjointly hypercyclic operators can be found in the literature. In particular, in [6] and in [7],
our favourite examples, weighted backward shifts, are studied in depth: in [6], it is characterized
when two shifts Bj' and Bj? are disjointly hypercyclic on ¢, when they are not raised to the
same power (namely r; < r2), whereas in 7] such a characterization is given when r; = ry = 1.
From the proofs given in [6] and in [7] we see that the two cases are very different, as it will

become clearer later on in this paper.
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Assume now that X is an algebra. We say that 77 and T support a disjoint hypercyclic
algebra if there exists a nontrivial subalgebra A of X such that any non zero element of A is a
disjointly hypercyclic vector for 71 and T5. We will study whether two backward shifts acting on
a Fréchet sequence algebra X support a disjoint hypercyclic algebra or not. When X is endowed
with the coordinatewise product, mixing the arguments of [4] with that of [6, 7], we will get a
complete characterization of the existence of a disjoint hypercyclic algebra for B! and B5? (to
avoid cumbersome statements, we will focus on the cases r1 = ro = land 1 =1 < ry = 2).
Despite the problem of the support, we will also succeed to provide such a characterization when
X is endowed with the convolution product and r; = r9 = 1 (see the forthcoming Theorems
2.5, 2.10, 2.19). The most difficult case is that of the Cauchy product and two shifts raised to
different powers. We shall concentrate ourselves on the multiples of B and D. In [6], it is shown
that AB and pB? are disjointly hypercyclic on ¢; if and only if 1 < A < p and that, for all
A, it > 0, AD and pD? are disjointly hypercyclic on H(C). Under these assumptions we will even
get a disjointly hypercyclic algebra.

Theorem 1.1 Let A\, u > 0.

a) AB and pB? support a disjoint hypercyclic algebra on {1 (endowed with the convolution
product) if and only if 1 < X\ < p.

b) AD and puD? support a disjoint hypercyclic algebra on H(C).

1.2 Common hypercyclic algebras

If (T)\)aea is a family of hypercyclic operators acting on the same F-space X, it is natural to ask
whether it admits a common hypercyclic vector, namely if ()., HC(T)) is non-empty. This is
trivial if A is countable since each HC(T)) is a residual set. However, this becomes already an
issue for the first natural example which comes in mind, that is the multiples of the unweighted
backward shift B. It was proved by Abakumov and Gordon in [1] that indeed ()., HC(AB) # @
where B is seen acting on any £,-space or on cg. Further examples were given in subsequent
papers (for instance in [8], [2])

Suppose now that we have a family (7))xea of operators acting on the same F-algebra, each
one supporting a hypercyclic algebra. It is natural to ask whether (),., HC(T)) U {0} contains
a nontrivial algebra, which will be called a common hypercyclic algebra. Even when A has two
elements, this is unclear. In this paper, we concentrate ourselves on the case where (7)) is a
family of weighted shifts acting on X.

Firstly, regarding Fréchet sequence algebras endowed with the coordinatewise product, we
have been able to get a general statement covering all the cases (and even more!) known for
the existence of a common hypercyclic vector. As a corollary of our work, we have the following

statement.

Theorem 1.2 (i) Let X = ¢,, 1 < p < 400, or X = ¢g endowed with the coordinatewise
product. Then the family (AB)x=1 admits a common hypercyclic algebra.
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(1) Let X = £y, 1 < p < +00, or X = ¢ endowed with the coordinatewise product. For A >0,
define w(A) = (1 + A/n)p>1. Then the family (Byx))aso0 admits a common hypercyclic

algebra.

(11i) Let X = H(C) endowed with the coordinatewise product. Then the family (AD)x~o admits

a common hypercyclic algebra.

The statement of (ii) is particularly interesting. Indeed, for this family of weights, the
existence of a single common hypercyclic vector was only known for A > 1/p.

Again, it is much more difficult to handle Fréchet sequence algebras endowed with the Cauchy
product. Nevertheless, we will be able to give a general sufficient condition which implies the

following result.

Theorem 1.3 (i) Let X = {1 endowed with the Cauchy product. Then (AB)x>1 admits a

common hypercyclic algebra.

(ii)) Let X = H(C) endowed with the Cauchy product. Then (AD)x~o admits a common
hypercyclic algebra.

1.3 Organization of the paper

All the criteria of this paper are based on a Baire argument. This idea first appeared in [3, Remark
8.28] and is a sort of Birkhoff transitivity theorem for hypercyclic algebras. Here we adapt this
criterion to produce either common or disjoint hypercyclic algebras. Each section begins with
its own particular criterion followed by more practical criteria for the particular case of Fréchet

sequence algebras and then we apply these results on some classical examples.

1.4 Notations

The symbol N will stand for the set of positive integers, whereas Nyg = NU {0}. We shall denote
by Pf(A) the set of finite subsets of a given set A.

For x = ::6 ZTnen € w, the support of z is equal to supp(xz) = {n € Ny : x, # 0}. The
notation coy will denote the set of sequences in w with finite support.

For u € X% and « € Ng, u® will mean ui™ --- ugd. If z is any complex number and m € N,
21/™ will denote any mth root of z.

When working on a Fréchet space (X, | - ||), it is often convenient to endow X with an
F-norm || - || defining the topology of X (see [9, Section 2.1]). Such an F-norm can be defined

by the formula
—+o00

r .
lll = op min(l, fJzp).
p=1
In particular, an F-norm satisfies the triangle inequality and the inequality

YAEC, Vre X, |zl < (A + D], (B.1)

a property which replaces the positive homogeneity of the norm.
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We finally recall some results on unconditional convergence in Fréchet spaces (see for instance
[9, Appendix Al). A series Y72 x,, in a Fréchet space X is called unconditionally convergent if
for any bijection 7 : Ng — Ny, the series Z:{i% Tr(n) is convergent. This amounts to saying that,
for any ¢ > 0, there is some N € N such that, whenever sup,, || < 1, the series Y12 a2y,

converges and

<e.

+oo
E (775 7%
n=N

ACKNOWLEDGEMENT. We thank the referee for his/her very careful reading of the paper which

leads to several significant improvements.

2 Disjoint hypercyclic algebras

2.1 How to get a disjoint hypercyclic algebra

As described in the introduction, we adapt Birkhoff’s transitivity theorem to get a criterion

ensuring disjoint hypercyclicity. We may observe the similarity with [6, Proposition 2.3|.

Proposition 2.1 Let Ty and Ts be two operators acting on the same F-algebra X . Assume that
for each I € Py(N)\{@}, there exists mg € I such that, for all U, Vi and V3 nonempty open
subsets of X, for all W neighbourhood of zero, there exist u € U and N € N such that

TN(w™) e W, TN (u™) € W for alln € I, n#mq
N (um™) € Vi, TN (u™) € Va.

Then T and T admit a disjoint hypercyclic algebra.

Proof. For V, V' C X open and nonempty, for W a neighbourhood of zero, for I C P¢(N)\{@},
let us define
ALV, V!, W) = {u €X: INeN, TN (") € W for all n € I\{mo(I)}
TN (u™) € W for all n € I\{mo(I)}
TN (W) e v, TN (umod)y e V’}
Fixing (V%) a basis of open subsets of X and (W) a basis of neighbourhoods of 0, one can verify
that each set A(I, Vi, Vi, W;) is open and dense, hence ﬂLk’k,?l A(I, Vi, Vi, W)) is non-empty

and we can argue exactly like in [4, Theorem 2.1| to prove that any vector in this intersection

generates a disjoint hypercyclic algebra for 77 and T5. O

Similarly to [4], for the Cauchy product we will apply this proposition for my = max I and
for the coordinatewise product we will do the opposite choice mg = minI. The corresponding

corollaries are the following.
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Corollary 2.2 Let Ty and T be two operators acting on the same F-algebra X. Assume that
for allm > 1, for all U, Vi and Vo nonempty open subsets of X, for all W neighbourhood of
zero, there exist u € U and N € N such that

TN e W, TN (u™) € W for alln <m
TN (u™) € Vi, TN (u™) € V.

Then T1 and Ts admit a disjoint hypercyclic algebra.

Corollary 2.3 Let T1 and 15 be two operators acting on the same F-algebra X. Assume that
for all positive integers mg < myq, for oll U, V1 and Vo nonempty open subsets of X, for all W
neighbourhood of zero, there exist u € U and N € N such that

TN ™) e W, TN (u™) € W for alln € {mo+1,...,m1}
TN (umo) € Vi, TV (u™) € Va.

Then T1 and Ty admit a disjoint hypercyclic algebra.

2.2 Disjoint hypercyclic algebras for backward shifts -

coordinatewise product

We now show how these general results can be applied to get disjoint hypercyclic algebras for
backward shifts operators. We first begin with Fréchet sequence algebras endowed with the
coordinatewise product. We get complete characterizations either for the case where the shifts
are raised to different powers as for the case where the powers are the same.

We recall that a Fréchet space (X, (]| - ||4)) admits a continuous norm if there exists a norm
| -] - X — R that is continuous for the topology of X, namely there exists ¢ € N and C' > 0
with ||z]| < C||z||4 for all z € X. In particular, for any ¢ large enough, || - ||, itself is a norm.

The following lemma is taken from [4, Lemma 4.1].

Lemma 2.4 Let X be a Fréchet sequence algebra for the coordinatewise product and with a

continuous norm. Then the sequence (e,) is bounded below.

This follows from the simple observation that, for all ¢ > 0, 0 < |le,|lq = [len - enllg < Hen||3,

which implies ||e,[|q > 1.

2.2.1 Backward shifts raised to different powers

We first state a characterization of the existence of a disjoint hypercyclic algebra for By and B3

when B; and By are two weighted shifts on the Fréchet sequence algebra X.

Theorem 2.5 Let X be a Fréchet sequence algebra for the coordinatewise product with a
continuous norm and such that (ey) is a Schauder basts. Let By = B, 1) and By = By 2 be two

bounded weighted shifts on X. The following assertions are equivalent.

(i) By and B3 support a disjoint hypercyclic algebra.
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(ii) For all p € N, for all m > 1, there exists a sequence of integers (ny) such that, for all

[=0,...,p,

1) 1) \—1/m k—-+00
(wl+1 o wnk—H) en+t — 0,

(2) (2) —1/m k—+o00
(wl+1 T w2nk+l) C2np+1 >0,

w(l)l 1"'“’51) l k—+

ng+i+ n+ —+00

@@ el 0.

Wy w e Wop, 4y

(iii) There exists a sequence (ny) such that, for alll >0, for all v > 0,

(1) 1) \— k—-+o00
(wl+1 o 'wnkH) Eng+l >0,
(2) (2) -y k—+00
(wpy - w?nk—i—l) €2+l » 0,
w® ool
ng+i+1 2np+1 en i k—+o0 O
(2) (2) k
Wyyp - Wop, 41
Proof. (i) == (ii). Let m > 1 and let x € X, x = 3 % 2,ep, be such that 2™ is a disjoint

hypercyclic vector for By and B3. Let p > 1 and let (ng) be a sequence of integers such that
(Bj”’“ (2™))k goes to eg+- - -+ep, j = 1,2. Let us see what we obtain for j = 1. Since convergence
in X implies coordinatewise convergence, for all [ = 0, ..., p, (wl(_?1 “ee wsk) +lm?k ) converges to 1.

Hence the sequences (( MM )1/mxnk+l) are bounded below. Writing

Wiy ng+l
(1) (1) \—1/m _ 1
(wiy - wnlp) ent = - (D) Ljm Ot
(wyy - 'wnk+l) L+l
we get that (wl(i)1 . -wgk)_s_l)fl/menﬁl koo, ), Similarly we obtain for all [ =0,...,p,
(2) (2) —1/m k—+o00
(wl+1 T w2nk+l) €+l — 0,
2 2 k——+o0
wl(+)1 e wén)k-i—lxg:lk-&-l — L (BQ)

Moreover, write

p
N (MY __ (1) (1) m /
Bi*(a™) =z + E :wnk+l+l o Wopy 11 %ony 41Cny+l T2
1=0

with supp(z) C [0,n) and supp(z’) C (ng + p,+00). Again, since convergence in X implies

pointwise convergence, we get

(1) 1 m k=400 _
Wy 1 Woyy 1 Topy, 11€ny+l ——— 0 foralll=0,...,p

which in turn, in view of (B.2), gives

w(l)l 1---w§1) ! k—+

+it + ——+o00

nk@) (2)nk [ Oforalll=0,...,p.
Wiy Wopy 4

(19) == (4¢3). This follows from a diagonal argument.
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(1i1) = (i). We intend to apply Corollary 2.3. Let mg < m; be two positive integers, let
U, V1, V5 be nonempty open subsets of X and let W be a neighbourhood of 0. Let x € U with
finite support, let y; = Zf:o yi e belonging to V;, i = 1,2. We set

D yl/mo 1/m0
1,0
(VD) y1/mo (W@, - w® | )1/mo

=0 I+1 np+1 =0 l+1 2nk+l
which belongs to U for all large values of k. We recall that, since the sequence (e,,) is bounded
below, for all [ > 0, the sequences (wl(i)l--'wfllk)ﬂ) and (wl(_?_)1 wéi) +l) tend to +o0o. Let
n € {mo,...,m1} and let us compute B3"* (u"):

P yn/mo
2n _ 2,1
F(u") = Z @) =1

1=0 wz+1 Wy, 1) 0

The assumptions tell us that B3™ (™) = yo while B3 (u") tends to 0 if n > mg. On the other
hand,

n/mo w® (1)

p
Y11 )
Nk (, M) _ , }: n/mo Wy +l41 2np+1
Bl (U ) - Z (1) (1 n__ 6l + y 2 (2) n_ enk—i-l
wz+1 "W 1) ™0
k

Writing
(1) (1) (1) (1)
W41 Won, 11 S 1 « W41 w2nk+le l
(2) (2) o Tt (2) (2) 1 (2) (2) et
(wiyy - Wop, 1) ™ (wyyy - w2nk+l) o Wiy - Wop, g

we get that the second (finite) sum tends to zero for all n > mg, whereas the first sum can be
handled exactly as for Bs. O

Remark 2.6 If we are just interested in disjointly hypercyclic operators, our proof can be easily
modified to give the following extension of [6, Theorem 4.1] : let X be a Fréchet sequence space
such that (e,) is a Schauder basis for X. Let By = B, and By = B, be two bounded
weighted shifts on X. Then B; and B3 are disjointly hypercyclic if and only if there exists a
sequence (ny) such that, for all [ > 0,

1) 1) -1 k—-+00
(wl+1 : wnk+l) Eng+l » 0,
) @) -1 k—-+00

(wl+1 ) w2nk+l) €2n+1 >0,
W)
ng+Ii+1 2ng+ — 400
@ @) Ot 0.

Wy~ Wop, 41

We point out that we do not need that (e,) is bounded below. This last assumption was only
useful when n > mg, where we used it to deduce that (wl(i)l e wgk) +l) and (wl(-?-)l wén)k +l) tend

to +o00. For the existence of a disjointly hypercyclic vector, we always have n = mg = 1.

This remark also leads us to an interesting example of a couple of disjointly hypercyclic operators

not having a disjoint hypercyclic algebra.
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Example 2.7 Let B; and B2 be weighted shifts induced respectively by the weight sequences

w,(ll) = (nﬁ)Q with wgl) =1 and wg) =2, n > 1, both acting on the weighted ¢;(v) with v, = n

for all n > 1. By weighted ¢1(v) we mean the Banach space

0 (v) = {(@n)n Y [n]vn < +00}
n=1
equipped with the weighted ¢;-norm

00
l@a)all = 3 2alvn.
n=1

For this example, all conditions of the previous theorem are satisfied for m = 1 (which grants a
disjointly hypercyclic vector) but, for m = 2 and for any sequence (ng), we have that

N

(1) 1)\ —1/2 _
||(w1 cwf )) enk-i-lH = W

N

=1

does not go to 0 as k — +o0.

Remark 2.8 In particular, if the sequence (e,) is bounded (it is already bounded below), the
conditions of Theorem 2.5 are equivalent to say that there exists a sequence (nj) such that, for
alll =0,...,p,

(1) (1) k—+o00
Wiy Wy gy — 7 09,

(2) (2) k——+o0
Wiy Wop, 4 — 7 100,
(1) o w(l)
np+i+1 2n+1 k—)—i—oo\ 0

(2) (2)
Wiy Wop, 1

w

In turn, this amounts to saying that By and B3 are disjointly hypercyclic. Hence, all the examples

given in [6] support a disjoint hypercyclic algebra.

It is plain that this result can be extended for a finite list BZ%D, - BZ@) raised to different
powers nq, ..., n,. The statement of precise conditions are left to the reader.
We close this subsection by addressing the case of w which is the prototypical example of a

Fréchet space without a continuous norm. The following result resembles [4, Theorem 4.8|.

Theorem 2.9 If By = B, 1) and By = B, 2y are weighted backward shifts on w endowed with

the coordinatewise product, then By and B3 support a disjoint hypercyclic algebra.

Proof. For V7 and V5 non-empty open subsets of w, I C N finite and non-empty and s > 0, let
us define

E(I,s) = {P € Clz]: [P(minD)| > 1/s, | P(max D) > 1/s,
|P(n)| < s forall n € N,
P(n) :0Whenn¢l}
AL s, Vi, Vo) = {u cw: VP e E(I,s), 3N > 1, BN(P(u)) € Vi, i = 1,2}.
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By a Baire category argument, it is enough to prove that each set A(I, s, Vi, V) is dense and
open. The last property follows easily from the compactness of E(I,s). Thus, let us fix I,s, V;
and Vs and let us prove that A(I,s, V1, Va) is dense. We set mg = min(/) and m; = max(I).
Let U be a non-empty open subset of w. Let p € No, ug,...,up,vip,...,vip € C, for i = 1,2,
and € > 0 be such that, for all z,y; and 9 in w,

|x; —wy| <eforalll=0,...,pimplies z € U,
lyig —vig| <eforalll=0,...,pimplies y; € V;,i =1,2.

Let us first look at the sequence (w%l) . ~wg)). Three possibilities (which are not mutually

exclusive) can occur:

e cither (wgl) . -wT(ll)) is bounded and bounded below;
e or it admits a subsequence going to zero;

e or it admits a subsequence going to +oc0.

Thus, we get the existence of a subsequence (w&l) : -'w,(llk)) going to a1 € [0,400]. We then

(1
ng+1

a sequence of integers (ny) (we can assume that ngi1 — 2ng > p and ny > p for all k) and of
ai0,---,0ip € [0,400], ¢ = 1,2, such that, for all { = 0,...,p, and i = 1,2, (wl(—ik)l"'wszﬂ)
tends to a;;. Weset A;1 ={l€{0,...,p}: a;; =+oo}, Aio={1€{0,...,p}: a;;y =0} and
Aig={le{0,...,p}: aj; € (0,400)}.

We fix now (a(k)), (8(k)) two sequences of non-zero complex numbers and (z;(k)), i = 1,2,
sequences in CPT! such that (a(k), B(k), z1(k), z2(k)) is dense in C2P+2). We set

“+oo “+o0o
r=u+ Zyl(k) + Zy2(k‘)
k=0 k=0

do the same with (wél) coew ) and so on. By successive extractions, we get the existence of

where, for [ =0,...,pand i = 1,2,

( l/mo
il

a(k)t/mo (wl(-?l W l)l/mo

provided [ € A; 1,

N+
Yiing+1(k) = vil/ml
a 2 provided [ € A; »,
Bk)1/m (wl+1 .. .wnkH)l/ml
zi 1 (k) provided | € A; 3

\
and y; ;(k) = 0if j # ing, ... ing + p.

We claim that = € U N A(I,s, V1, V2). The definition of ¢ and p ensure that z € U. Let
P € E(I,s). There exists an increasing function ¢ : N — N such that a(¢(k)) — P(mg),
B(p(k)) — P(my) and a; 1 P(zi(¢(k))) — vy for all I € A;3 and i = 1,2. We claim that
(B;%(k) (P(z))) belongs to V;, i = 1,2, provided k is large enough. It suffices to prove that for
[l =0,...,pand ¢ = 1,2, the [-th coordinate of BZ%(’“)(P(:/U)) tends to v;;. Assume first that
l € A;1. This I-th coordinate is equal to
0 0 0"

£1° Wy o+l i i
N el ) )
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(4) (4)

Now, since w;/; -+~ Wiy tends to +oo, and my = min([),
W@ W p " = P(mo)—2— 4 o(1)
e P e R SR T Va(o(k)
and this tends to v;;. When [ € A; 2, the proof is similar since now, because wl(j_)l ce w,(fi(k>+l
tends to 0, and m; = max([),
W@ D p i = P(my) =2t 4 o(1)
et Blok Gl L 7B

and this also goes to v;;. Finally, when [ € A; 3, the I-th coordinate of Bi%(k)(P(x)) is equal to

i

wl(_i)l . -wif;(k)HP(zi,l((b(k))) which tends again to v;. [

2.2.2 Backward shifts raised to the same power

We now do the same for two shifts raised to the same power.

Theorem 2.10 Let X be a Fréchet sequence algebra for the coordinatewise product with a
continuous norm and such that (ey,) is a Schauder basis. Let By = B,y and By = B, 2) be two

bounded weighted shifts on X. The following assertions are equivalent.
(i) By and By support a disjoint hypercyclic algebra.

(ii) For all p € N, for all m > 1, there exists a sequence (ny) such that

—1/m k (%)
(w0l ) T e 20, for all 1 =0, p,
(2) (2)
w .. w
Al et : k>03 is dense in w.
w(l) (1)

L Wt /s

(iii) There exists a sequence (ny) such that, for all v >0, for all 1 >0,

k——+o0

(w®, . 0

—
wl+1"'wnk+l) Eng+l
(2) (2)

Wiy Wy gy
(1) (1)

Wi Yyt /1

: k>0p s dense in w.

Proof. (i) = (ii). Let m > 1 and let 2 € X, 2 = 30 x,e,, be such that 2™ is a disjointly
hypercyclic vector for By and By. Let also ()\(k)) be a dense sequence in w of vectors with finite
support. We may assume that supp(A*)) € [0, k] and that, for any fixed kg, there are infinitely
many k such that A(*) = X\(%0) We then choose an increasing sequence of integers (ny,) such that,
for all £ > 1,

< -, (B.3)
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<z (B.4)

Bnk Z )\(k €]

As we have already observed, (B.3) implies that, for all { > 0,

( @ Q) )—l/m k—+o00 0,

Wiy Wy np+l
(1) (1) m k—+o00
Wy Wy Ty g —— L

Let us now fix U a nonempty open subset of w and kg € N be such that A\*0) € U. Let (M)
be a subsequence of (ny,) such that A(?() = ko for all k. By (B.4), we know that

(2) (2) k—4o00_ (ko)
Wy Wy S A for all 1 > 0.

Combining the two last properties, we find that

2 .

Y1 Ung g+ kostoo )\l(kO) forall 1 >0
w® (1) o
Wi Wng g+

Hence, for k large enough,
w® @
+1 n¢(k)+l
@ ..M
’[Ul+1 ’wn¢<k)+l lZO

ceU.

(16) = (4ii). This follows from a diagonal argument.

(1i1) = (i). Let mg < mq be two positive integers, let U, V3, V5 be nonempty open subsets
of X and let W be a neighbourhood of 0. Let x € U with finite support, let y; = Z?:o Yi 1€l
belonging to V;, ¢« = 1,2. Without loss of generality, we may assume that y;; # 0 for all
l=0,...,p. We then consider a sequence (ny) of integers such that, for all [ =0, ..., p,

1 1) -1 k—+
(wl(+)1"'w£zk)+l) /moenwl =0,
[C) RN )
Wy Wy, 4y k—+oo, Y2 B.5
R i (B.5)
Wy Wy ’
Observe that wl(i)l . 2) 4 8oes to +oo for all [ > 0. We finally set
l/m()
U=+ Z (1) ~1/mo Crtl:
1=0 wl—H ”wnk—i-l)

Clearly, u belongs to U (provided k is large enough), By (u™°) = y; and Bj'"*(u™) goes to 0 for

all n > mg. Now, let us write

P w® L ®
I+1 +1
Byt (u") = > yp)™ OO
1=0 (wii - "wnk+l) 0

If n = myg, then (B.5) tells us immediately that By*(u™) tends to ya. For n > my,

no_q
n (2) (2) mo
ym*o Yisr Wyt Yo Y20
1,1 (w(l) _._w(l) )mLO k—+o0 (w(l) __w(l) )mLO,l-

Since (wl(i)l - -wgk)ﬂ) tends to +o0, this implies that By*(u™) belongs to W for k large enough,
so that we may apply Corollary 2.3 to prove that B; and Bs support a disjoint hypercyclic

algebra. [
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Remark 2.11 If we are just interested in disjointly hypercyclic operators, our proof can be
easily modified to give the following result : let X be a Fréchet sequence space such that (e,,) is
a Schauder basis for X. Let By = B, 1) and By = B, 2) be two bounded weighted shifts on X.
Then B; and Bs are disjointly hypercyclic if and only if there exists a sequence (n) such that

((wl(_}r)1 e wgk)_s_l)_len”l) tends to zero for all [ > 0 and the set

(2) (2)
Wypyq Wy
(1) (1)
Wigr Wt /5

k>0

is dense in w.

Remark 2.12 In particular, if the sequence (e,) is bounded away from zero, the conditions of
the above theorem are all equivalent to say that B; and Bs are disjointly hypercyclic. Hence, all

the examples given in |7] support a disjoint hypercyclic algebra.

Finally, we address the case of w.

Theorem 2.13 If By = B, ) and Bs = B, 2) are weighted backward shifts on w endowed with

the coordinatewise product, then the following are equivalent.
(i) By and By are disjointly hypercyclic

(i) B1 and By support a disjoint hypercyclic algebra.

@ ©
Wiy Wy .

( DR ) rnz0
1>0

Wiy Wpyy

(iii) The set

1s dense in w.

Proof. The implication (i7) = (i) is immediate. Let us first show that (i) = (iii). Let U be a
non-empty open subset of w, p € Ny, ug,...,u, € C and € > 0 be such that, for all y € w

|y —w| < e foralll=0,...,pimplies y € U.

If x is a disjoint hypercyclic vector for By and By, there is a subsequence (ny) such that

P
Bi*x — Z e
=0

and ,
By*x — Zulel.
=0
That means that for all [l =0, ...p,

(1) 1)
Wy Wy Tyl 1

and

w(2) -~-w(2) T —u
I+1 et l
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from which we immediately get that

2 2
wz(+)1 T wﬁnk)%-l
(1) (1)

Wiy Wy

— Uj.

Next, we show that (¢i7) = (éi). For V; and V2 non-empty open subsets of w, I C N finite

and non-empty and s > 0, let us define

E(L,s)={P e C[2]: |P(minD)| > 1/s, [P(maxD)| > 1/s,
|P(n)| < s foralln €N,

P(n):()whenngél}

AL s, Vi, Va) = {u cw: VP e E(I,s), 3N > 1, BN(P(u)) € Vi, i = 1,2}.

By a Baire category argument, it is enough to prove that each set A(I, s, Vy, V) is dense and
open. The last property follows easily from the compactness of E(I,s). Thus, let us fix I,s, V}
and V5 and let us prove that A(I,s, V1, V2) is dense. We set mo = min(/) and m; = max([).
Let U be a non-empty open subset of w. Let p € No, ug, ..., up, vip,...,v;p € C, fori=1,2 (we
may assume that vy; # 0 for all I =0,...,p), and € > 0 be such that, for all z,y; and ys in w,

|x; —wy| < eforalll=0,...,pimplies x € U,

lyig —vig| <eforalll=0,...,pimplies y; € V;,i =1,2.
Let by assumption (nj) be a subsequence such that

(2) 2)

Wiy Wh . V21 1=0
D oy =0,...,p.
Wiy Wy '

By passing to a subsequence we may assume that ng > p, that ng11 —ng > p for all k, and that
there are ao, ..., ap € [0, +00] such that, for all I =0,...,p, (wl(i)l . wf1 )—i—l) tends to a;. We set
Ay ={le€{0,...,p}: ag =400}, Ao ={l€{0,...,p}: ag =0} and A3 = {l € {0,...,p}:
a; € (0, +OO>}

We fix now («a(k)), (8(k)) two sequences of non-zero complex numbers and (z(k)) a sequence

)
in CP*1 such that (a(k), B(k),z(k)) is dense in CP+3. We set

where, for [ =0,...,p,
1/mo
Y11

a(k)mo(uwfly - wl) iimo

provided [ € Ay,
Yy +1(k) = o)™

BRI iy L)

z1(k) provided [ € A3

provided [ € As,
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and y;(k) = 0if j # ng,...,ng +p.

We claim that z € U N A(I,s, Vi, V2). The definition of ¢ and p ensure that z € U. Let
P € E(I,s). There exists an increasing function ¢ : N — N such that a(¢(k)) — P(myg),
B(¢(k)) — P(my) and a;P(2(¢(k))) — v1, for all | € A3. We claim that (B:¢<k)(P(x))) belongs
to V;, i = 1,2, provided k is large enough. It suffices to prove that for [ =0,...,pand i =1, 2,
the [-th coordinate of Bf‘ﬂk) (P(z)) tends to v;;. The details for the case i = 1 are identical as
in [4, Theorem 4.8] hence we will present the case i = 2. Assume first that [ € A;. The I-th
coordinate of B;wk) (P(x)) is equal to

Ul/mo
wl(2)1 @ l 1,0
+ N (k) + 1 1
(k) a(p(k))/mo (wl(+)1 o wé;(kﬁl)l/mo
Now, since wl(}r)l e w7(11<2(k>+l tends to +00, and my = min(I), we have for m > my,
(2 ©)) (2) 2)
W W W W (w(1) EY >1—% S0

(D (1) )m/mo_ (1) 1) 17 Pngm +l

wl+1 e wn¢(k)+l wl+1 e wn¢<k)+l

Hence,
1/m
w® @ 0" _
+1 n +1 -
o (k) a(p(k))1/mo (wl(}r)l L w%)(kﬁl)l/mo
(2) (2)
wl+1 U wn¢(k)+l ~

@ M

and this tends to vo;. When [ € As, the proof is similar. Finally, when [ € A3, the [-th coordinate
of B;LW“) (P(x)) is equal to
o w®
2 2 n 1 1
o Pa((R) = — e ) Pa(o(k)
w .. w
I+1 n¢(k,)+l

which tends again to vy . O

2.3 Disjoint hypercyclic algebras for backward shifts -

convolution product

2.3.1 Backward shifts raised to different powers

We now turn to the case of Fréchet sequence algebras endowed with the Cauchy product, and
we first study the existence of a disjoint hypercyclic algebra for two backward shifts raised to
different powers. This situation seems more complicated and we choose to present only two
significant examples. The first one is the multiples of B and B? on #;. It is known by [6, Cor
4.2] that AB and puB? are disjointly hypercyclic if and only if 1 < A < p. We show that under
this condition, they even support a disjoint hypercyclic algebra. The proof will be done in two
steps. We first handle the case A < p!/2. The proof uses a shifting factor which is placed after

the term to approximate.
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Theorem 2.14 Let 1 < X\ < p/2. Then AB and puB2, acting on ¢, endowed with the Cauchy
product, support a disjoint hypercyclic algebra.

Proof. We shall prove that the assumptions of Corollary 2.2 are satisfied. Let m > 1, let U, V1, Vs
be nonempty open sets and let W be a neighbourhood of 0. Let p > 1, 2 € U, y1 € V1, y2 € V5
with supp(x),supp(y1),supp(y2) C [0,p] and let us write y; = Y7 y;i€1, @ = 1,2. Let finally
0 > 0 be such that B(y;,2d) C V;. For o a large integer, we set

N =mo —3p
. Y1l B st/m
LU= A N/mg(m—1)/m’ 1= \N/m
51/m
dog = —F % ; g2 = —7—
’ mp /m(s(m—l)/m MN/m

p
21 = E d11€5-3p41 + €160
1=0

p
29 = 5 d2,1€25—6p+1 + €2€25
1=0

uU=x+ 21+ 29.

The terms e1e, and egeq, are shifting terms which will be used to build an appropriate
approximating term when we will take the m-th power, despite the mixing of the supports.
It is easy to check that, provided o, hence N, is large enough, then u € U. We shall prove

that we also have

{ AB)YN (u™) € Vi, AB)N(u™) € W for n < m,
(uBH)N (u™) € Vo, (uB?)N (u™) € W for n < m.

The two last properties are easier to prove: there is no more difficulty to prove them than to
prove that uB? admits a hypercyclic algebra. Indeed, if n < m, then supp(u™) C [0,2n0] with
2no < 2N whence (uB%)N (u™) = 0. On the other hand,

p
=ty
=0

with max(supp(z)) < 2N, hence

y2’le + —5 e
N E2mo—6p+l N E2mo
I 0

(BN (™) = yo + begp € Va

The proofs of the first two properties are more difficult: the powers of z9 are mixed with that of
&+ z1. Such a mixing term does not always disappear when you apply BY. It is also not always
smaller than A™". But taking into account the strong condition p > A2, we will show that it

keeps smaller than A=V if its support exceeds [0, N]. We start by writing

o (o5

a+p+y=m
v=>1
p
=2+ Y B TLIP— > R e
- AN mo—3p+1 )\Nema o ﬁ ~ T2 29
=0 a+p+y=m 7
v21
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where

m B m)!
o, B,7)  alfly!

is the multinomial coefficient and max(supp(z)) < N. For the first three terms, we proceed as

before to observe that, provided o is large enough,

p
Z Y1, 0 o
()\B)N (Z + 7A11V em073p+l + /\—Ne ) =1y —+ 663p'
=0

Let us now look at ()\B)N(a:“zlﬂz;) with v > 1 and o + 4+ v = m. Expanding the product and
using the behaviour of the terms d; ; and ¢;, xo‘zlﬂz; is a sum of a finite number of terms cje;

(this finite number does not depend on o), with

j < pa+ Bo+2y0
1

l¢j] < CQ’MW

where the involved constant C, g~ does not depend on o (of course, it also depends on x, y1, Y2,
0 and m). We then distinguish two cases. Assume first that 5 + 2y < m. Then, provided o is
large enough, pa + Bo + 2vo < N, hence (/\B)N(x“zlﬂz;’) = 0. On the contrary, if 8+ 2y > m,

then
N¢ .o B v AN
H()\B) (x“2] ZQ)H < Ca,ﬁ,’yW
and the right handside goes to 0 since p > A2, hence pYA? > \™. This shows that, provided o

is large enough, (AB)Y (u™) € V4. Finally, for n < m, it is easy to check that

COMCOEIDY (ag,y)uB)N(x%fz;).
at-sa

We use exactly the same arguments to prove that
o ()\B)N(xo‘zlﬁzg) = 0 provided 8 + 2y < m;
o ()\B)N(xazl’gz;) tends to zero as o tends to +oo provided 3 + 2y > m.

Hence, (AB)" (u™) belongs to W, which finishes the proof of Theorem 2.14. O

We turn to the case A > p'/2. The proof follows a similar scheme, but we now put the

shifting term before the approximating term.

Theorem 2.15 Let 1 < A\ < pu < A2, Then AB and uB?, acting on ' endowed with the Cauchy
product, support a disjoint hypercyclic algebra.

Proof. Again we shall prove that the assumptions of Corollary 2.2 are satisfied. Thus, let m > 1,
let U, V1, V5 be nonempty open subsets of £1 and let W be a neighbourhood of 0. Let p > 1, x € U,
y1 € Vi, y2 € Vo with supp(z), supp(y1) and supp(y2) C [0, p] and let us write y; = >, vi €,
i =1,2. Let o0 > 2p and let € > 0 be such that the ball B(x,2¢) is contained in U. For N a
large integer, we define
1 p
1= mem—I\N Z Y1IEN—(m—1)o+1
1=0
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1 /4

I Z Y2,l€2N—(m—1)o+1

2 = — 7
mgm—l'u =0

U =2+ ce; + 21 + 292.

The definition of & ensures that, for N large enough, u belongs to U. Let us show that the other

assumptions of Corollary 2.2 are satisfied. First, consider n < m and write
u" = wy + wy

where

e p (e

a+B+y=n
7<1

n (0% n (0%
wo = Z (a’5,7>$ (ces)P2] + Z (a,ﬁﬁ’d)ﬂ? (e, )27 2.

a+B+y=n a+B+y+i=n
y>1 i>1

The support of w; is contained in [0, N — (m — 1)o +p+ (n — 1)o] C [0, N) since ¢ > p and
n < m. Thus (AB)Nw? = 0. Moreover, it is easy to check that
1 1
[we]l < Cmax ()\27]\” ”N)
where the constant C' depends on z,p,e,y1,y2 but not on N. Since 1 < A < p, the norm of
(AB)Nws, can be adjusted to be arbitrarily small, so that (AB)Yu" belongs to . In the same
vein, write

u” = w) + wh

where
wh = Z " x%(ceq)P 2] + Z " 2% (eeq)’ 28
«, 67 Y «, ﬁ, 1)
a+B4+y=n a+B4+d=n
v<2 6=1
n s
wé - Z (a7ﬁ7775)$a(660)5ZY22
(05757776)6En
with

En:{(a,ﬂ,v,é)eNé:a+ﬁ+7+5:n, (y>3and 6 =0)

or(éZQandsz)or(’YZlandézl)}.

As before, the support of wj is contained in [0,2N), so that (B2)™ (w}) = 0. Since

1 1 1
!
sl < Cmax (S5 3w 3w )

and < A% < A3, we get that (uB?)" (u") belongs to W provided that N is large enough. Let

us now inspect u™. We first write it

1§ .
u™ =y + v Z Y1, 1eN+1 + W2
=0
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where

(e

a+B+vEFm

- m o m o

a+f+y=m a+p+y+d=m
y>1 6>1

with F, = {(a, 8,7) e N} :a+ B+~ =m, v <1} \{(0,m—1,1)}. The same proof shows that
supp(w;) C [0, N — (m —1)a +p+ (m —2)o +p) C [0, N) and that (AB)" (i) tends to 0 as N
tends to +oo. Hence, (AB)N (u™) € V; for N large enough. We also write

m __ o~/ 1 ? ~/
vt =w t+ Z Y2,1€2N 41 + Wy

W
1=0
5 m m 5
wy = Z <a B ) Heeq)a1 + Z (oc B 5>xa(geg)ﬁZ2
a+5‘2’%:m I 7'7 (,ﬁJEF’ » M
<

aﬁ%
={(o, L o=1}.

Looking at the support of @} and at the norm of 1, we show again that (uB?)™(u™) belongs
to V5 for N large enough, showing that the assumptions of Corollary 2.2 are satisfied. OJ

We end up this section by proving the existence of a disjoint hypercyclic algebra for the
multiples of D and D?. The proof follows the scheme of that of Theorem 2.14, but we need a

more careful analysis.

Theorem 2.16 Let A\, ;> 0. Then AD and uD? support a disjoint hypercyclic algebra on H(C)

endowed with the convolution product.

Proof. The scheme of the proof is similar to that of Theorem 2.14; nevertheless, we will need to
be more careful when we analyze (AD) (:cazlﬁz;) for +2y =m. Wefixm > 1, U,V;, Vo and W
as above. Let ¢ > 0 and = € U with support in [0,¢]. Let now p > 1 be such that 2p > ¢gm and
such that there exists y; € V; with supp(y;) C [0, p], i = 1,2. We again write y; = >}, y;e; and
we consider 7 > 1 and § > 0 such that By, (i, 20) C V;. We then consider w > 1/m satisfying
the following property: for all integers «, 8,y > 0 with a+ 4+ v < m and 5+ 2v > m, we have

B+2y(m—m(m—1)w) >m (B.6)

(observe that when w = 1/m, then the left-hand side is equal to  + 27, which is greater than

m, and that there is only a finite number of constraints to satisfy). For o a large integer, we set

N =mo — 3p,

Uy, o (3p))Y/mat/m
LT @Bp) /AN (N + 3p)|t/m

dig = ,
b meP AN (N 4 1)!
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Uy, §i/m
= s Eo = s
T e YN N s U T RN G

do

p
21 = § dl,leo>3p+l + c1€é0,
=0

P

29 = E da €25 —6pt1 + 2624,
1=0

U=+ 21+ 22.

The first part of the proof of Theorem 2.14 carries on to our new context. First, we observe that,

using Stirling’s formula, we now have the crude estimates, for some C > 0 and some k > 0,

Cr?
dyg] < —
Ck?
|d2’l| S o2(m—m(m—1)w)o
Ckr?
€1 <
oo
< Ckr? < Ckr?
£2 = g2mwo — s2(m-—m(m—-1)w)o

(the very last inequality is a consequence of w > 1/m). Hence, we still have v € U provided o is
large enough. Looking at the support of u” shows that (xD?)™ (u™) = 0 for all n < m, whereas

the values of €5' and megh”_ldg’l ensure that

0

(D™ = b2 + R T oyt o

Since w > 1/m, we clearly have ||(uD?)™ (u™) — ya||» < 28 provided N is large enough.
Regarding (AD)", the support of each element and the definitions of dy, €1 ensure that

1) m
ADNW™) =y + e+ D (AD)N (22) 23)
(3p)" wii .\ By
e

(AD)YN (u™) = Z (a Z 'y) (AD)N (2227 2]) for n < m.
atB+y=n T
v>1, B+2y>m

Hence, it remains to show that ()\D)N(xo‘zfz;) tends to zero as o tends to 400 when a+ 3+~ <

m, v > 1 and 8 + 2y > m. We first assume that 8 + 2y > m. The product xazlﬁz; may be

written as a finite sum (whose number of terms do not depend on o) ; ¢je;j where

j<aqa+fo+2y0

CO(,B,’YH’Z’577
gBo+2y(m—(m—-1)w)o

lejl <

Thus, using [[(AD)Ne;|l, < A7V, we get that for some different constants Cy 5 and ka5,

o mo
Caﬁ,"/ﬁoa”@,’ya

r = gBot2y(m—(m-lw)o"

|aD)Y @22 2)
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The choice of w (sufficiently close to 1/m, see (B.6)) guarantees that this goes to 0 as o tends

to +o0. Finally, assume that 8 4+ 2y = m and define

p
wo = E d21€25—6p+i
1=0
so that
xo‘zlﬁz; = xazf(wg + e9€94)7

2l

Y -k
— Z (k) £ xo‘zlﬁw’;ez(v,k)a.
Assume first that k£ # 0. Then

max (supp(mo‘zlﬁwéeg(v_k)a)) < qa+ Bo+2vo — 5p
< gm+mo —5p
<N

since gm < 2p. This implies that

AD)N (2 2 whes_pyr) = 0

and it only remains to handle the term ngo‘z'f e2y0. As before, it is equal to a finite sum ) | ; Ci€j

with j < qa+ (8 + 2v)o but now we can be slightly more precise on |c;|:

o
Ca,ﬁﬁ”%a,ﬁ,v

|Cj’ < 0.,80+2’ymw0 '

Therefore, . o
CO‘767’YK:Q,5,'YJ
r gBot2ymwo

|AD)Y (wedan 2 ezn)

Now, since w > 1/m and ( + 2y = m, this tends to 0 as o goes to +00. This finishes the proof
of Theorem 2.16. Ul

Theorem 2.9 has the following analogue when we are dealing with the convolution product.

Theorem 2.17 If By = B, a) and By = B, 2) are weighted backward shifts on w endowed with
the Cauchy product, then By and B3 support a disjoint hypercyclic algebra.

Proof. We will apply Corollary 2.2. Let m > 1, U, Vi, V5 be nonempty open subsets of w, and
W be a zero neighbourhood. Let also p € Ny, ug, ..., up, vig,...,vip € C,fori=1,2, and e > 0
be such that, for all x € w,

|z —w| < eforalll =0,...,pimplies z € U,

x;— vy <eforalll =0,...,pimplies z € V;,i = 1,2 and
|x)| < eforalll=0,...,pimplies x € W.
We set

p
T = Zulel + egp + 21 + 22
=0
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where
p
. 1,1
21 = E w(l) w(l) er(2m+1)+l
1=0 Wiy'1 -+ - Wepmay

and

p
V2,1
22 = Z w(z) w(2) €2p(5m+1)+1-
1=0 Wiy -+ Wigpmyg

It is immediate that x € U. If N = 6pm, it is tedious but straightforward to check that the
support of Bi¥ (2™), with n < m, intersects [0, p] only when n = m. Specifically, for [ = 0,...,p,
the I-th coordinate of Bi¥(z™) is the I-th coordinate of B{V(eg;_lzl) which equals to v1;. That
means that Bi¥ (") € W, for n < m and B (™) € V4. Similarly, it follows that B2V (2") € W,
for n < m and B2V (2™) € V5 which concludes the proof. O

2.3.2 Backward shifts raised to the same power

We conclude this section by studying the existence of disjoint hypercyclic algebras for two
backward shifts (raised to the same power). We will need something similar to the converse
inequality of the continuity of the product under the F-norm. This idea is captured by the

notion of a regular Fréchet sequence algebra which first appeared in [4].

Definition 2.18 A Fréchet sequence algebra (X, (]| - ||4)) is said to be regular when it satisfies

the following properties:
1. X admits a continuous norm;
2. (e;) is a Schauder basis for X;

3. for any r > 1, there exist ¢ > 1 and C' > 0 such that, for all n,k > 0,
lenllr - llexllr < Cllensillg-

We were able to get a general result saying that two disjoint hypercyclic backward shifts support a

disjoint hypercyclic algebra, a statement simpler than that regarding the coordinatewise product.

Theorem 2.19 Let X be a regular Fréchet sequence algebra for the Cauchy product and let
By = B,u), By = B, be two bounded weighted shifts on X. The following assertions are

equivalent.
(i) B1 and By are disjointly hypercyclic.
(i) Bi and Bg support a disjoint hypercyclic algebra.

1i) There exists a sequence (ny) such that w M) e, 11) tends to zero for alll >0
1+1 kTt

ng+l
and the set
CIC)
o) PhE
+1 n+l1 >0

1s dense in w.
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For the proof of Theorem 2.19 we will use property (3) from the definition of regularity
through the following lemma from [4, Corollary 4.14] which works as some kind of index managing

tool.

Lemma 2.20 Let X be a reqular Fréchet sequence algebra for the Cauchy product and let (wy,)
be an admissible weight sequence on X. Then, for allm > 1, for all N > 1, for allr > 1, and
for all p > 0, there exist C > 0 and q¢ > 1 such that, for alln > mN, for all s € {1,...,N},

(wn—s-i-l-&-p)mil T (wn—l-i—p)mil(wn-i-p)mil”en—ms+mp||r < Cllen—s+pllq-

Proof of Theorem 2.19. The implication (i1) = (i) is trivial. Let us prove the other ones.

(1i1) = (i1). Let m > 1, let U, Vi, V5 be nonempty open subsets of X and let W be a
neighbourhood of 0. Let p > 1, x € U, y1 € V1, ya € V, with supp(x), supp(y1), supp(y2) C [0, p]
and let us write y; = Zf:o yiqe;. Without loss of generality, we may assume y;; # 0 for all
1 =0,...,p. Let finally B be a ball for the seminorm || - |, with radius ¢ such that B C W,
x4+ BCUandy,+BcCV;,i=1,2. We consider (nx) a sequence of integers such that

( (1) 1)

wy, 'wnk+l)_1€nk+l tends to O for all 1 =0,...,p

with o w
wz(-1+)1 T wgk)ﬂ
with e
with-wl)

We can assume without loss of generality n; > (m — 1)3p. We then consider, for each k£ > 1, the

tends to Y2l foralll=0,...,p
Y11

tends to 1 for all [ =3p,...,3p+ (m — 1).

integer Ji defined by
ng+3p<mdp <np+3p+m

and we set Ny = Ji — (mJ —ng) > 1 so that 3p < Jp — N < 3p + m. We finally define

1
2(m—1)

€ = max M X min L L ’
0% \ W Tealle” (D~ w® yi/m
Y1,
d; = ’ ,
el
P
U=+ ZdleNk+l +5€Jk.
=0
Let us assume for a while that the following facts are true:
elles.|l» = 0 as k — 400, (B.7)
|di| - |len,+1]lr = 0 as k — 400, for all{ =0,...,p, (B.8)
amwgl) e wﬁ),k — 0 as k — +oo. (B.9)

Then it is clear that u belongs to U for a large integer k and that B]'"*(u") =0 for ¢ = 1,2 and

n < m, since max(supp(u")) < (m — 1)Jx = ngp — Ny < ng. We can also write

P
Y1,1
u" =z + Z O M) Netm-D T e emys

1=0 Wiy1™ Wy
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with
max(supp(z)) < (m — 2)Jg + 2N + 2p < N+ (m — 1) Ji, = ny.
Hence,
P @ @ A
n m +1 n m 7
Bi* (u )= Z (Jlr)—(k)+y1 er t+¢€ 1(n)kank+1 T win)Jkeka_”k'

1=0 Wi Wpp
When ¢ = 1, the above sum is equal to y1; when ¢ = 2, it goes to y2. Hence, we have to prove

that, for i =1, 2,
5 mek nk+1 ’ mekekafnk 0

Since (mJy — nyg) is a bounded sequence, this amounts to saying that

() ('L) k—+o00
mdg— nk+1 ’ ka

0.

e™w

For i = 1, this is (B.9). For i = 2, we just observe that mJi —ny € {3p,...,3p+m — 1} and we

write @ )
(2) (2) e
mek—nk—l—l T mek . mek—nk-I—l wnk—i-(ka—nk) k—+o00 1
o0 o o o0 ‘
mJ—np+1 mJ mdJd—ng+1 ng+(mJx—ng)

It remains to prove (B.7), (B.8), (B.9).
Let us first prove (B.7). By property (3) from Definition 2.18 and an easy induction on m,
there exist ¢ > 1 and C' > 0 (depending on r and m) such that, for all k > 1 and alll € {0,...,p},

2(m 1
EN, 4+ €7 _
|| Kt HT . H kHT (HeNk-HHT ||€]ka 1) 2(m—1)

lles. 17

1
< Olleng+illg™ "

Hence,
fenetle )™
Cni+lllg
elles|lr < C max | —+—2—~—
R 0<I<p wgl) B .w7(11k)+l
and this goes to zero as k tends to +o0.
Regarding (B.8), we first write
1/2
e+l 1 1) \1/m (M= 1)/2
di] - Nlenalle < € [ —r2g— | x max (fleg ey (wf” w0l )Ym) .

If the maximum is attained for |lej, ||,, then using

el lea 7~ < Cllemorysseil
< Cleng e
we get
1/2
i llewll < €  —fmettle

- @ W
wl ’ nk+l
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and this goes to 0. Otherwise, we apply Lemma 2.20 with n = mJy and s = mJy — ng — [ to get

(@ D V" eyl < C (@l wl Y e pmilla

mJy mdJy
1 1 -1
=C(w" ' )" lemsy—mslq
1 1 -1
S C’(wg ) .. .wﬁn‘)]k_s)m ||6ka,S||q/
1 1 -1
= C'(wg s 'wr(zk)+l)m lleny,+illq
whence
1/2m
e
el < € (| —emttle )
/u)l .. .wnk_‘rl

which again goes to 0.
Finally, let us prove (B.9). Once more we apply Lemma 2.20 just as above and get, for all

[=0,...,p,

len+ill

1 1
WURSON

1
mye. (1 1) \m—1)2(m=-1)
 (lemrall (-l ety 2D

1
1 1 —1\ 2(m-1)
(el (2w, ™)

= @D w7

1
llen +l||q’ Hm=h
= Cl k )
(wgn D

ni+l

which achieves the proof of (B.9) since the last term goes to zero.
(1) = (di7). The proof is exactly the same as the proof of (i) = (¢i) in Theorem 2.10,

restricted to the case m = 1. O

The situation in w with the convolution product is much easier as the next analogue of
Theorem 2.13 shows.

Theorem 2.21 If By = B, ) and By = B, 2) are weighted backward shifts on w endowed with
the Cauchy product, then the following are equivalent.

(i) B1 and By are disjointly hypercyclic

(i) Bi and Bs support a disjoint hypercyclic algebra.

@ @
wl+1 o 'wn-H .
< DR ) rnz0
>0

Wy Wy

(i1i) The set

1s dense in w.
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Proof. The implication (i) = (i) is immediate and the equivalence (i) < (iii) follows by
Theorem 2.13. Hence, we establish that (iii) = (i7). We will apply Corollary 2.2. Let m > 1,
U, V1, V5 be nonempty open subsets of w, and W be a zero neighbourhood. Let also p € Ny,
UQs -+ - Up, Vi, ---,Vip € C, for i =1,2, and € > 0 be such that, for all z € w,

|x; —w| < eforalll=0,...,pimplies z € U,
|z; — vyl < eforalll=0,...,pimplies z € V;,7 = 1,2 and
|z;| < e foralll=0,...,pimplies z € W.

We may also assume that v1; # 0 for  =0,...,p. Let (nx) be a subsequence such that ng > 4p

and
w(z) .. w(2) v
—l(—f)l ?f)H 2’1, for 1=0,...,p
)
Wy Wy 1,

For k£ > 0, we set

P
T = E ure] + z + en,
=0

where
P

V1,1
z=z2(k) =) @) Cme-spl-
1=0 wl+1 e wnk+l

We clearly have that x € U. Now, if N = mnyg — 3p, then for i = 1,2 and n < m, the support
of BN (2") intersects [0, p] only when n = m. Specifically, the I-th coordinate of BN (z™) is the

I-th coordinate of B (em™~!z) which equals to

Nk
(i) (i)
W1 - Yntt
ICORNRC
I+1 - Wng4t

and tends to v;; as k — oo. Hence, for £ large, we have that BlN(x”) e W, if n < m, and
BN (z™) € V;, which concludes the proof. O

)

3 Common hypercyclic algebras

3.1 How to get a common hypercyclic algebra

We begin this section by a parametrized version of [4, Proposition 2.3|. Let us fix a topological

space A which is a countable union of compact sets.

Proposition 3.1 Let A be a countable union of compact sets and let (Tx)xen be a family of
operators in L(X) such that the map (X, x) — Tx(z) is continuous from A x X into X. Assume
that, for all compact sets K C A, for all I € Py(N)\{@}, there exists mo € I such that, for all
U,V non-empty open subsets of X, for all neighborhood W of 0, one can find u € U such that,
for all X € K, there exists N € N satisfying
TN (™) e W for m € I\{mg}
{ Y (um) e V.

Then the set of points generating a common hypercyclic algebra for (T\)aea is residual in X.
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Proof. By the Baire Category theorem, it is enough to show the result assuming that A = K is
a compact set. For V' C X open and non-empty, W a neighborhood of 0, I C P¢(N)\{@}, define
ALV, W) = {u €X:VAeA, INeN, TV (™) € W for m € I\{mo(I)} and

TN (umo D)y ¢ V}
(here, mg(I) is uniquely defined by I using the assumptions of the lemma). The assumption
tells us that each set A(I,V, W) is dense. The compactness of A together with the continuity of
(A, z) — T\(z) ensure that these sets are also open. Fix now (V}) a basis of open sets of X and
(W) a basis of open neighborhoods of 0 and let us consider u € (7 ;. ; A(, Vi, Wi). Let P € Clz]
be non-constant, P(z) = ; P(m)z™ with P(m) # 0 for m € I and P(0) = 0. Let V be any

non-empty open subset of X and let k, [ be such that P(mq(I))Vj + (X mstmo (1) |P(m))W; C V.
Since u € A(I, Vi, W), for all A € A, there exists N € N such that

T (P(w) = Pmo(D)TY (@™ D)+ 3 Pm)TY (™) € V.
m#mo (1)

Hence, P(u) belongs to (],c, HC(T)) and the proof is complete. O

3.2 Common hypercyclic algebras for a family of

backward shifts - coordinatewise product

We now specialize our study to backward shifts. Thus we fix X a Fréchet sequence algebra under

the coordinatewise product with a continuous norm in which span(e;) is dense. Let (w(A))aea

be a family of admissible weights. For simplicity, we will denote by T the operator B, ) and

by Sy the forward shift defined by Syre; = ﬁei+1. For z = (x,) € w, we will also denote
i+1

pl/m — (‘r}/m)

Proposition 3.1 will be interpreted under the following form.

Lemma 3.2 Assume that the map (A, x) — Th(x) is continuous. Assume that, for all mg <
my1 € N, for all v € X with finite support, for all M > 0, for all O neighborhood of 0, one can

find
e parameters i, ..., Aq,
e sets of parameters Ay,..., Ay C A with A C U, A,
o integers Ni,...,Nq € N with Ny > M and N;y1 — N; > M for all i,

such that

(i) S0y 8y (01/70) € O;

(i) D25 i1 T;\Vi <(5Nj vl/m(’) > € O for allm € [mg,mq], alli € {1,...,q}, all X € A;;

1/mg
Aj

(i17) T)]\Vi ((SNi vl/m()) ) € O for allm € (mg,mq], alli € {1,...,q}, all X € A;;

)\3/””0
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mo
(i) T/{V" ((Sj\i/mo 1/m0> ) —veO forallie{1,...,q}, all X € A;.
Then the set of points generating a common hypercyclic algebra for (Th\)aea is residual in X .

Proof. We apply Proposition 3.1. Let I C Pr(N)\{@}. We set mg = min(/), m; = max([). Let

U, V,W be three non-empty open subsets of X with 0 € W. Let x € U, v € V with finite support

and let O be a neighborhood of zero such that t + O C U, v+ O+ O CV and O+ 0O C W.
Let M be bigger than any integer in the support of x and v. The assumptions of the lemma

give us parameters A1, ..., Ay, sets of parameters Aq,..., A, and integers Ny, ..., N,. We set

u-x+ZS l/m() (v1/mo0)

so that assumption (i) says that u belongs to U. Fix A € A and let i € {1,...,q} be such that
A € A;. We intend to prove that T/{Vi (u™) € W for m € I\{mo} and T/{Vi (u™) € V. Since we

are working with the coordinatewise product and by the choice of M, we have

mo_ pm +Z( 1/m0 1/m0)>m

and

) =1 (8%, 00m) )+ 3 1 Y (($m ™))

j=i+1
Assumptions (ii), (iii) and (iv) and the choice of v and O allow us to conclude that T} (u™) € W
for m € I\{mg} and T} (u™) € V. O

We now give a more concrete application. We first need a definition.

Definition 3.3 Let (2 )k>1,acr be a family of vectors of X. The series Ek21 Tha, @ € 1, are
said to be wuniformly unconditionally convergent if, for any neighborhood O of 0, there exists
K > 1 such that, for all o € I, for all sequences (wi) C [—1,1]Y,

Z WETk,o € 0.

k>K

Implicitly, in the previous definition, we assume that each series ), wiz o is convergent. Of
course, if I is finite and each series ), x, o is unconditionally convergent, then they are uniformly

unconditionally convergent.

Theorem 3.4 Let A = [a,b] be a compact interval and let (w(X))xen be a family of admissible

weight sequences. Assume that
(a) (e;) is an unconditional basis of X ;

(b) for eachn, the functionlog(wy,) is non-decreasing and Lipschitz on A, with Lipschitz constant

less than or equal to L, > 0.

(c) for all p >0, for all mo > 1, there exists an increasing sequence of integers (ny) such that
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1

o the series ) ;-4 T/img El+ny, are unconditionally convergent for all I =
- (wl+1(a)"'wl+nk (‘l))

07"'7p>.

. 1 . _ .
e the series Zk21 wz+1(a)---wz+n,€+rni(a)e””kﬂ‘*”i’ 1> 1,1 =0,...,p are uniformly

unconditionally convergent;
o forallk>1and alll =0,...,p, wiyi(a)- - win,(a) > 1;

® > iu11/Cp, = +o0, where Cpy = 37 Ly,.
Then the set of points generating a common hypercyclic algebra for (T)\)aea is residual in X.

Proof. Let us first prove that (\,z) — T)(x) is continuous. We first observe that the family
(T)xen is pointwise bounded. Indeed, for all z € X, since all functions (w,,) are non-decreasing,
it follows from the unconditional convergence of ) -, wy(b)zne,—1 that the family (T)(z))aea
is bounded. Hence, by the Banach-Steinhaus theor_em, the family (T)\)aea is equicontinuous.
Now let us fix some (u,y) € A x X. For all (A\,z) € A x X, we write

Th(z) = Tu(y) = Ta(z —y) + Ta(y) — Tu(y).

The equicontinuity of (Th)rea ensures that, fixing e > 0, there exists 6 > 0 such that, provided
|z —y|| <0, then [|[T\(x —y)|| < e for all A € A. On the other hand, we write

T/\(y) - Tu(y) = Z (wn()‘) - wn(u))ynen—L

n>1

Again, the unconditional convergence of )" -, wy(b)ynen—1 implies that there exists N > 1 such
that, for all A € A,

Z (wn()\) - wn(/‘b))ynenfl

n>N

<e.

Finally, we observe that the continuity of each function w, implies, provided |\ — p| is small

enough,
N

(wn()‘) — Wnp (M)) Yn€n—1

n=1

<e.

We now show that the assumptions of Lemma 3.2 are satisfied. Let v = Zfzo vie; € X with
finite support, mg < my, M > 0 and O be a neighborhood of 0. By linearity (which is not
destroyed by taking powers since we are using the coordinatewise product), it is enough to verify
that the assumptions are satisfied for v = ¢;. Let (ng) be the sequence given by the assumptions
of the theorem, and let K > 1 be such that, for all 4 > 0, for all sequences (wy,) C [—1,1]N,

Wi
Clin; —n; S @ (B].O)
lgl:( wH—l(a’) © Wity p—ng (CL) kT

Wk

1/m €l4+ny, € 0. (B].l)
E>K (wl-i-l(a)"'wl-i-nk(a)) Jmo

Without loss of generality, we may assume that K > M. We then set N; = ng;. Since the
sequence (Cy,) is nondecreasing, we still have

Z ! = +o00.
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Let 7 > 0 be a small real number (a precised condition on 7 will be fixed later) and define A; = a,
Ait1l = A + #ﬂ) Let ¢ be the first integer such that A\g11 > b and define A; = [A;, Aiy1) for
i=1,...,¢—1, Ay = [\, b]. Regarding (i) of Lemma 3.2, we write

q q

. 1
E S)]\Vf/mo (e1) = E ))1/m0 €1+ N; - (B.12)
i=1

i =1 (wir(N) -+ wie v, (A

Since each (wy,) is nondecreasing, using (B.11), we get that (i) is true.
Let now i € {1,...,q}, A € A; and m € [mg, m1]. Then

zq: Tf\v"' ((SNj (el)>m) _ zq: Wi N;—Ni+1(A) - Wiy (A) LN, N,

1/mq
j=i+1 A j=i+1 (wl+1()\j) © - WIEN; ()‘j))m/mo

Now, since
(wig1(Aj) -+ wig (A))™™ > wi () - Wi N, (A7)

> wit1(a) -+ Wi N - N (@)W Ny - N+ 1(Ag) - i (M)

and
Wi N~ N+ 1(A) - wie Ny (A) S wipe v - N1 (Af) - wigen; (M)

we get

zq: e (< Siéj/mo (el)>m) _ 2‘1: i j(A) et

Jj=i+1 j=i+1 Wi+1 (a’) o wl+Niji (a/

where «; j(A) € [0,1]. Hence, by (B.10), (ii) of Lemma 3.2 is satisfied. Finally, we have for
ie{l,...,q} and X\ € A;,

A (w1 (A) - - wigw, (A) ™™

K3

If m = mg, we just write

wig1(A) - wign, (A) S
R may - <o (B ) -

N;

< |exp ( Liyk|X— Ai) -1
=1

< lexp (CnyplA — Ail) — 1

< lexp(7) — 1].

Hence, provided 7 is small enough, (iv) is satisfied and we may also ensure that

wi1(A) - wipen; (V)

< 2.
wi1(Ai) -+ wien, (Ai) | T
Hence, if m > my, using again the monotonicity of each wy,, for all ¢ € {1,...,¢} and all XA € A;,
wipt(N) - w N, (A) 2

(le (M) wHNi()\i))m/mo - (le(a) W, (a))l/mo .

Applying a last time (B.11) (with only one nonzero wy now), we get that (iii) is satisfied, which
closes the proof of Theorem 3.4. O
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Remark 3.5 If we are only interested in the existence of a common hypercyclic vector, we have

a similar statement by verifying the assumptions of Theorem 3.4 only for mg = 1.

Before giving specific examples, let us explain the dependance between the behaviour of (C),)
and the choice of (n;). We work on X = ¢! and we assume first that w,(\) = X for all n > 1,
A > 1. In that case, C, ~ n and the sequence n; cannot grow too fast in order to ensure the
divergence of ), 1/Cy,. It is then natural to set n; = N4 for some N, and this will be enough
to ensure the uniform unconditional convergence of the series involved in Theorem 3.4, because
the product wy(A) - - - w,(A) = A" grows very fast.

Assume now that w,(A\) = 1+ A/n. In that case, L, = 1/n and C,, behaves like logn. This
means that we may choose a sequence (n;) going very fast to +oo, like n; = 2. This will be
necessary to ensure uniform unconditional convergence, since now wi () - - -wy,(\) ~ n?, which
grows much slowly, especially if we allow A to be close to 0.

Let us proceed with the details. We first give a result which should be thought as a version
for hypercyclic algebras of [2, Corollary 4.10].

Theorem 3.6 Let A C R be an interval and let (w(\))xep be a family of admissible weight

sequences. Assume that
(a) (e;) is an unconditional basis of X ;

(b) all functions log(wy,) are non-decreasing and are Lipschitz on compact sets with uniformly

bounded Lipschitz constants;
(¢) for allm > 1 and all X € A, the series Y, (wi(A\) -+ wn(N)) "V ™e, converges.
Then (Nyep HC(T\) U {0} contains a non-trivial algebra.

Proof. We may assume that A = [a, b] is a compact interval. Let C' > 0 be such that all functions
log(wy,) are C-Lipschitz. We then set ny = k, k > 0, and observe that, for all i > 0,

1 1
1/m Ol nii—ni = Z 1/m Cl+ks
k>1 (wl+1(a) © Witngg,—ng (Q)) E>1 (le(a) e 'wl+k(a))
which shows that the assumptions on unconditional uniform convergence are satisfied. O

Corollary 3.7 Let X be a Fréchet sequence algebra for the coordinatewise product with a
continuous norm and such that (e;) is an unconditional basis of X. Let w = (wy,) be an

admissible weight sequence and define
Ay = inf {)\ >0: Z An/m (wy--- wn)fl/men converges for all m > 0} )

Then Mysy, HC(ABw) U{0} contains a non-trivial algebra.

This corollary includes the case of the families (AB)x>1 on ¢, or ¢g and (AD)x>o on H(C).
For families (AB))>o on w the same result holds with an even easier proof, although this space

does not admit a continuous norm.
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Theorem 3.8 The family (AB)xso admils a common hypercyclic algebra on w for the

coordinatewise product.

Proof. 1t is enough to prove that the sets of vectors generating a common hypercyclic algebra
for (AB)g<a<1 and (AB)x>1 on w with the coordinatewise product are G5 dense. Since we know
that B itself also has a G5 dense set of vectors generating a hypercyclic algebra, we can gather
the three cases 0 < A < 1, A = 1 and A > 1 by a Baire argument (a countable intersection of
comeager sets is comeager).

The proof for the family (AB))~1 imitates that of Theorem 3.4 and is left to the reader. Let
us consider the family (AB)g<r<1. Here we need another version of Lemma 3.2 obtained by an
application of Proposition 3.1 with m = max(I). The statement is the same but with m; in
the place of my. Let T) be AB and S) be %F, where F' is the unweighted forward shift. Let
A = [a,b] C (0,1), let myp < mq in N and let v € w. Let M > 0 and finally let O be an open
neighborhood of 0 in w. There exist € > 0 and p € N such that

|z <eforl=0,...p = (zp)n €O.

We define K, = max;—q, ., |v;| and fix 7 > 0 satisfying, for all m € [mq, m1],

lexp(r) — 1IK™™ < ¢,

We also fix a big integer N > max(p, M) (more conditions will be given later) and we define
N, =iN foralli>1, A\ =aand \; = \;_1 + ﬁl for all # > 1. Since ) ﬁl = 400, there exists
q € N such that A\g11 > b. Let A; = [A\j, \ip1) for i =1, ...,q.

By construction we have A C U?:l A;;, Ny > M and N;jy1 — N; > M. Also, since N > p, we
get immediately that ,
> S/ e0
i=1

and, for all m € [mg,m1] and all A € A;,i=1,...,q,
q N "
j=i+1 g

Now, let m € [mg, m1] and A € A; for some i =1, ...,q. We write

N;
. . m A
N; N; 1/m _ m/m
T)\ (S/\;/ml'u / 1) — ()\m/m1> v / 1

%

If m = mq, then for all [ =0, ..., p,

N; )
A Um/ml_v _ A Nz_l |
A/ ! N Ai :

)
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<e,

m
that is, T/{Vi (Sﬁi/mlvl/m1> — v € O. Moreover, if 7 > 0 is small enough, we have

A)Ni
— < 2.
<>\i -

If m € [mo,m1), then for all l =0, ..., p,

A\ A\
()\m/m1> U;ﬂ/ml ()\m/m1> |Ulm/m1|

A i 177% Ni| r-m/mq

< o™ 0T /.

Hence, provided N is big enough, this is less than € since 0 <b < 1land 1 — % > —-. O

1
1 — my

We can also get examples of families which are not multiples of a single operator.

Example 3.9 Let X = ¢y and consider w,(\) = 1+ %, A > 0. Then (Voo HC(Byy)) U {0}

contains a non-trivial algebra.

To include the ¢)-case, we need to change the choice of (ny).

Example 3.10 Let X = /¢,, 1 < p < oo and consider w,(\) = 1+ %, A > 0. Then
s HC(By(n)) U {0} contains a non-trivial algebra.

Proof. Again, we need only to consider the case A = [a,b] with a > 0. We apply Theorem 3.4
with Ly = 1/k and nj = 2% The uniform unconditional convergence of the involved series is

ensured by the inequalities
wi(a) - wp(a) > exp(clogn) = n® for some ¢ > 0
and

1

Cl4ng;—n;
1/m k+i 7
iex (Wigi(a) - Wi, —n, () /

1
<
- 1§( ))1/m

(wl+1(a) Wy okti_gi(a

1

SCZZ ic/m(9k c/m
sz2/ (2 — 1)</
1
SCZZ k c/m’
sz@ — 1)
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As mentioned in the introduction, this last result is interesting even for the existence of a
single hypercyclic vector, which was only known for A > 1/p. The novelty here is that, since
the weight varies very slowly, we may take a sequence (ny) increasing much more quickly to 400
without reducing the size of the intervals I such that, for all A\, u € I, T;\”“ Sjikeg is close to eq.
Allowing (ny) to be large helps to ensure the smallness of the sum appearing in (B.12), even if

the product wi(A) -+ - w,(A) is not very large.

3.3 Common hypercyclic algebras for a family of

backward shifts - Cauchy product

In this subsection we are dealing with the question of the existence of common hypercyclic
algebras, for families of weighted backward shifts when the underlying Fréchet sequence algebra
is endowed with the Cauchy product. We will establish a general criterion for the existence of
such algebras which encompasses the case of the multiples of the backward shift on ¢; and of
the multiples of D on H(C) as particular cases. Again, our main tool will be Proposition 3.1.
Nevertheless, we will not be able to devise a partition of each [a,b] C A as in the proof of
Theorem 3.4. We will only succeed to do this for intervals [a, ka|, where x will be independent
of a. To come back to the assumptions of Proposition 3.1, we will need an auxiliary lemma.
For a family of admissible weighted sequences (w(A)) we will denote as usual by T\ = B,(y) the
corresponding weighted backward shift.

Lemma 3.11 Let X be a Fréchet sequence algebra under the Cauchy product in which span(e;)
is dense and let A C R be an interval. Let (w(X))aea be a family of admissible weights and
assume that the map (A, x) — Thx is continuous. Suppose that for all [ag,by] C A, allm > 1
and all non-empty open set V. C X | there exists k = k(m,V,ap,bp) > 1 such that, for all
a € lag, bo], for all O open neighborhood of zero and for all My € N, one can find uw € X and
M € N satisfying

(i) u has finite support and u € O;

(it) for each \ € [a,ka] N [ag,bo] there is N < My such that, for all x € X with supp(xz) C
[0, Mo], (T2)N(u+2)* =0 forn <m—1 and (Tx)N(u+2)™ € V.

Then (Tx)xea admits a common hypercyclic algebra.

Proof. We are going to apply Proposition 3.1. So let K = [ag,bo] C A, let I € Py(N)\{2},
set m = max(I) and let U, V, /W C X be non-empty open subsets, with 0 € WW. We begin by
considering k given by the hypothesis. Let s be the first positive integer satisfying agx® > b and
define a; = k'ag, for i = 1,...,5s — 1, and as = by. We will use the assumptions of the lemma to

construct a sequence of pairs (u(1), N1), ..., (u(s), Ng) satisfying, for all i = 1,...,s,
o u(i) e U;
e for all A\ € [ag,a;], there is N < N; such that (7)) (u(i)?) € W, for n < m, and

(TN (u(@)™) € V.
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This construction being done, it is clear that u := u(s) is the desired point we are looking for in
order to apply Proposition 3.1.

We fix u(0) € U with finite support and we let M(0) = max (supp(u(0))) and Oy such that
u(0)+ Oy C U. For a = ag, O = Oy and My = M(0) in the lemma we find u € X and M; =: Ny
such that u has finite support, u € Oy and, for each A € [ag, a;] there is N < Nj such that, for
all z € X with supp(z) C [0, Mo], (Tx)N(u+2)" =0 for n <m — 1 and (T\)V(u+2)™ € V. In
particular, for z = u(0) we have u(1) := u(0) + u € U and, for all X € [ag, a;], there is N < N}
such that (T3)™ (u(1)") =0 € W, for n < m, and (Ty)™ (u(1)™) € V.

Assume that u(i) has been defined and let us define u(i + 1). Instead of applying directly
the lemma we need to adjust things so that the corresponding interval is not just [a;, a;4+1] but
[ag, ai+1]. By the inductive properties of u(i), by the continuity of (A, z) — Thz and of the
product of X and by the compactness of [ag, a;], we can find O; an open neighborhood of zero
that

o u(i)+0; CU,

e for all y € u(i) + O; and all X € [ag, a;], there is N < N; such that (7)) (y") € W, for
n < m, and (T\)NV(y™) € V.

Now we apply the lemma with a = a;, My = max (supp(u(i))) and O = O; and we find u € X
and M; such that w has finite support, u € O; and, for each \ € [a;, a;j+1] there is N < M;
such that, for all z € X with supp(z) C [0, Mo], (T\)Y(u + x)" = 0 for n < m — 1 and
(TN (u+2)™ € V. We set N; 1 = max(Mj, N;) and u(i+ 1) = u(i) +u. Applying the previous
result with z = u(i) when \ € [a;,a;11] or using that u(i + 1) € u(i) + O; when A\ € [ag, a;+1],
we finally get that for all A € [ag, a;+1], there is N < N4 such that (T3)™ (u(i +1)") =0 € W,
for n < m, and (Ty\)™(u(i +1)™) € V. O

Now we are ready to prove the main theorem of this subsection.

Theorem 3.12 Let A C R be an interval, let X be a regular Fréchet sequence algebra under
the Cauchy product and let (w(X))aea be a family of admissible weighted sequences such that
all functions log(wy,) are non-decreasing and Lipschitz on compact sets with uniformly bounded

Lipschitz constants. Suppose that (ey) is an unconditional basis of X and that

(a) for all X € A,

en € X;

= 1
nzlwl(k)mwn(k)

(b) for allm € N and all [ag,bo] C A there ezist ¢ € (0,1) and ko > 1 such that

m—1

I [wi(koa) -+ - W N (Koa)] ™
im
N—oo &= w) (@) Win—1)N4n(a)

en, =0, for all a € [ay, bo). (B.13)

Then (Th)xea admits a common hypercyclic algebra.

Proof. First we observe that an application of the Banach-Steinhaus theorem as in the proof of

Theorem 3.4 yields that the map (A, z) — Thx is continuous. Given [ap,bp] C A, m > 1 and
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V C X open and non-empty, from condition (b) there exist ¢ € (0,1) N Q and kg > 1 such that
(B.13) holds. Since the functions A — wy () are nondecreasing and by unconditionality, (B.13)
holds for all k € (1,kp). Fix d € (e, %) NQ, take y = Z?:o yje; € V and find p>1andn >0
so that y + B C V, where B is the ball for the seminorm || - ||, centered at the origin and with
radius 37. By unconditionality of the basis (ey), there exist pg > 1 and C, ,, > 0 such that, for
all v =), zpe, and all 0 € (o,

+0o0
nZnen|| < Cppoll0]lco Z Tnln (B.14)
P n=0 PO
Take g > p big enough so that
Zn
Z en|| <m, (B.15)
= wi(ao) -+~ wn(ao)

p

for all z € cpp with [|2]/co < ||Ylloc(max(1,w;(by), ..., wp(bo)))P (this is possible by condition (a)).
We also fix M > 0 so that all the functions log(wy,) are M-Lipschitz on [ag, by]. By continuity
of exp we can find v > 0 so that

n

, for all x € R with |z| < . (B.16)
Pypo”pro

|exp(x) — 1] <

We then choose 7 > 0 and x € (1, ko) such that

0% d—c
< —, - <77 —. B.17
R (B17)
Now let a € [ag,bo], O an open neighborhood of zero and My € N be arbitrary. There exist
o > 1and § > 0 such that By, (0,6) C O. Take r > 0 large enough such that er > My and

cr,dr € N. Later on we will request more conditions on the size of r. For j = cr, ..., dr, let \; be

defined inductively by A, = a and A\j11 = \j + m. We notice that
dr—1
S
= — 1 )gr + qj
S a4 d—c
a+T—m——
- (m—14d)q
> Ka.
Define
dr—1 p
= Z Z dj716qj+l + E€qr,
j=cr 1=0
where
di) = Y
P mem hwp (A1) - Wi 1)grrgg 1 (A1)

1

m

?wmqr(/ﬂa) )

E =

(wl(/ﬁa) .
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Let also M; := mqr. We shall show that ||u|l, < ¢ if r is big enough. For the double sum we

have

dr—1 p dr—1 p m—1

Z Zdjleqj-H = Z Z yi(wi(Ka) - - Wingr(Ka)) m

j=cr 1=0 j=cr 1=0 Mmwi+1 ()\j'H) T w(m—l)qr+qj+l()‘j+1)

Cqj+l

g o

Now, we write the quotient of weights as

m—1

wi(a) - Win—1)grtqj+1(a) (wi(ka) - - - wmgr(Ka)) =

wl+1(>\j+1) T w(m—l)qr+qj+l()‘j+l) wy(a)- - w(m—l)qr+qj+l(a) '

Using unconditionality of the basis (ey,) as in (B.14), there exist g > o and Cy 5, > 0 depending

only on ¢ such that

dr—1 p
Z Z djjeqjti
j=cr 1=0 o0
dr—1 p m—1

< Cooy Z Z Z/lw1(a)7.n. cwy(a) (w1(Ka) - - - Wingr (ka))

€qj+1
wi(a)- - w(mfl)qr+qj+l(a) v

j=cr 1=0
o0

—1

. (wi(ka) - wingr(ka)) "
> e
wi(a)-

o w(mfl)qurn(a’)

n

n=cqr oo

for some eventually null sequence z = (z,,) satisfying

12llo0 < [[ylloc (max(1, wi(bo), ..., wp(bo))") /m.

Therefore, by assumption (b) and the unconditionality of (e,), we conclude that the sum

Zj;;} b o djieqj+1 converges to 0 when r — +00. On the other hand, for the term eeg,, since

X is regular, we find o1 > 0 and U5 5, > 0 depending only on ¢ and m such that

1
R [T
1 T
- [wl(ﬁa) s Wngr(Ka) learllz ]
1

< Cpr | = lemarl |

wi(Ka) - - Wngr(Ka)
< Coo, : emar|| -

wi(Ka) - - - Wngr(ka) o1

and this converges to 0 as r — +o00. This shows that condition (i) of Lemma 3.11 is satisfied if
r is big enough.

Now, taking A € [a,kal, there exists k € {cr,...,dr — 1} such that A € [Ag, Ag+1]. We
choose N = (m — 1)qr + gk < M; and take x € X with supp(z) C [0, Mp]. Clearly we have
max (supp((u+x)")) < (m—1)gr < N for all n = 1,...,m — 1, which implies (T3)" (u+z)" = 0.
On the other hand,

m / m—1 m
(u+z)™ =2+ g E me J1€(m—1)gr+qj+l T € €maqrs
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with supp(2’) C [0, (m—2)qr+2(dgr+p)]U[0, (m—1)gr-+My]. It follows that max (supp(z’)) < N
if r is big enough. We also have that (m — 1)gr + ¢j +p < N if j < k. Hence,

(TN (u + )™
P
= Z me™ g 1w im—1)gr+ gk N+111(A) - Wn—1)grtqh+1 (A €(m—1)gr+ah—N-+1
1=0
dr—1 p
+ Z Z m€m_1dj,lw(m—l)qr+qj—N+l+1()\) e 'w(m—l)qr+qj+l()‘)e(m—l)qr+qj—N+l
j=k+11=0

+ Emwmqr—N+1()\) o 'wmqr(A)emqr—N

=: P+ P, + Ps,

where, after substituting d;;, N and ¢ by their values,

i w1 (A) - w(m—l)qr+qk+l()‘)

P = yiel

=5 Wit (A1) - Wn—1)grpqhtt (A1)

dr—1

q+l+1 ) C W= 1)qrqi+(A)
=D, Z e G-k
j=k+1 1=0 wig1(Aj+1) w(mfl)qurqu( j+1)
r—k 1()‘) c Wi r()\)

P3 — ( )a+ q elr—t)g-

wi(Ka) - - Wigr(Ka)
From the definition of A, ..., Agr, by the Lipschitz condition on the functions logw, and by
(B.17), we get

(m—1)qr+qk
> log(wiy;(N) —log(wiyj(Akt1))
j=1
(m—1)gr+qk
< Y [log(wig;(A) = log(wigj(Aes1)))|
j=1
(m—1)gr+qk
< M (N1 — k)
7=1
= ((m — D)gr + qk)M T
N T (m —1)qr + qk
<7
Hence, by (B.16) we have
wl—i—l()\) T w(m—l)qr—l—qk—i—l()‘) _1
Wi 1 (Ak+1) ** Win—1)gr4gh+i(Me+1)
(m—1)gr+qk
= |exp > log(wiy;(N) = log(wi;(A) | —1
j=1
"
B P7P0||y”P0
Writing
P
P—y= ZHlylel with [0;| < L ,
—0 .00 Y1l o
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we get by (B.14) that ||P — y||, < 1. Furthermore, let us write

W(i—k)g+i+1(A) * Win—1)grqj+1(A)
Wi 1(Aj+1) * Win—1)gr4qj+i(Aj+1)

—k l
wi(Njg1) - wi(Ajp1) v ﬁH ws(ap)

— wilao) - w(pygri(ao) Lt ws(Ajt)

(m—1)gr+gqj+l

II

) Ws
s=(j—k)q+I+1

ws(A)

(Njs1)

Then we get since the functions (wy,) are nondecreasing,

Zn

Py= Z w (ao) - ..wn(ao)en

n>q

for some eventually null sequence (z,) with
[12]lo0 < [[9l]oc (max(1, wi (bo), .-, wp(bo)))”-
By (B.15) we conclude that || P/, < n. Finally,

w(rfk)qul(A) T wmqr()‘) < w(rfk)qul(Ka) e wmqr(’%a)

wi(Ka) - - Wpgr(ka) — — wi(Ka) - - Wygr(Ka)
_ 1
= wrlra) g R0)
1
<

~ wi(ao) - we—pyg(ao)’

hence || P3|, < n if r is big enough. With this we conclude that
1T (w4 2)™ = yll,, < 30,
which shows that (7)Y (u + x)™ € V and completes the proof. O

We now apply Theorem 3.12 to multiples of the backward shift and of the derivative operator.

Example 3.13 On ¢; endowed with the Cauchy product, (,.; HC(AB) U {0} contains a

nontrivial algebra.

Proof. We apply Theorem 3.12 with X = /1, A = (1,00) and w,(A) = A\. We have that
the functions log(wy,) are continuously first differentiable hence uniformly Lipschitz on compact
subsets of A. Condition (a) trivially holds and, for (b), we have that

[e's) m—1

Z [wy(ka) - - wpN(ka)]

B wi(a) - Wip—1)N-4n(a)

a H(m—l)N

a—1 % aleNT

€n

which, for m = 1, tends to 0 as N goes to +oo for any ¢ € (0,1),x > 1 and a > 1, and for m > 1
it goes to 0 for any ¢ € (0,1) and 1 < & < am 1. O

Example 3.14 On H(C) endowed with the Cauchy product, (., HC(AD) U {0} contains a

non-trivial algebra.
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Proof. We apply Theorem 3.12 with X = H(C), A = (0,00) and wy,(\) = An. Again the
functions log(w,,) are uniformly Lipschitz on compact subsets of A and condition (a) is clearly
satisfied. For (b) we fix m > 1,a >0, kK > 1 and r > 1 and we have

3 (wi(ra) - - wyn (ra)) "D/

€n
n>cN wq (a> o 'w(m—l)N+n(a)

T

. (mA)m=D/mpn
D (m —1)N + n)! (5)

n>cN
(T/a)nJr(mfl)N

= (@) (m-1)N (mN)1m=1/m Z

r et (n+ (m—1)N)!

ka\ (m=1)N _ (r/a)m=1+oN
<Cc(= N)Im=1)/m :
_C<r) (mN) ><((m—l—i—c)]\f)!

Since for all € > 0, Stirling’s formula implies

(mN)|(m—1)/m < CgN(m_H_E)N
((m—1+¢c)N)! > C.NmIFemaN,

choosing ¢ < 2¢, it follows that for all ¢ € (0,1), all k > 1, alla > 0, all m > 1 and and all » > 1,

we have N
<@>(m_1w (maym-Dm o (/)TN e
T ' ((m—=14¢)N)! '
Hence, assumption (b) is satisfied. O

Remark 3.15 We can make use of the same ideas and prove that (ABy,)x>0 admits a common
hypercyclic algebra on w with the Cauchy product. In fact, the separating term allows us to
push all undesirable parcels to the right and that is all we need when the topology of w comes
into play. One can even simplify the definitions of ee, and d;; as their sizes are not important

since everything will vanish by the support.

Question 3.16 Let X = {1, A = (0,400) and wy,(X) = 1+ A/n. In the previous section, we
have shown that (Nycp HC(By(y)) is not empty. Does it contain (except 0) a nontrivial algebra
for the Cauchy product?

We cannot apply Theorem 3.12 for this family of shifts since (b) is not satisfied. Indeed,
using standard tools of calculus, it can be shown that, for all n € N, all a € A, all ¢ € (0,1) and
all kK > 1, there exists C' > 0 such that, for all N > 1,

m—1

o > oNe(FE 1)+
1

€n

i [wy(ka) - wyN(ka))

N wi(a) - Wi_1)N4n(a)

For a = m = 2, it is impossible to find k¥ > 1 such that the right hand-side goes to 0.
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Abstract

We investigate the ezistence of a common hypercyclic vector for a family (Tx)xea of hypercyclic
operators acting on the same Banach space X. We give positive and negative results involving
the dimension of A and the regularity of each map A € A T{z, v € X, n € N.

1 Introduction

Among the many problems arising in linear dynamics, that of finding a common hypercyclic
vector for an uncountable family of hypercyclic operators is one of the most prominent. Let us
introduce the relevant definitions. Let X be an infinite-dimensional and separable F-space and
let T'€ L(X). A vector x € X is said to be hypercyclic for T if its orbit under T', {T"z : n > 0}
is dense in X. The set of hypercyclic vectors for T" will be denoted by HC(T'). We refer to the
two books [3] and |7] for the standard theory of hypercyclic operators.

Given (T))xea a family of hypercyclic operators acting on the same F-space, it is natural to
ask whether (., HC(T)) is nonempty. The first result in that direction is due to Abakumov
and Gordon who showed in [1] that (1),.,HC(e”B) is nonempty, where B is the unweighted
backward shift acting on ¢,, p € [1,400) or on ¢g. Soon after, Costakis and Sambarino in [5]
came with a criterion for proving the common hypercyclicity of some families, which allow them
to extend the results of [1] to other families of shifts or to translation operators.

The paper [1] also contains an important negative result, granted to Borichev: the
two-dimensional family (e*B x ebB)(&b)e(O,Jroo)z acting on £y X f5, does not admit a common
hypercyclic vector. It turns out that most of the examples of families admitting a common
hypercyclic vector are one-dimensional families, with two notable exceptions: the Leon-Miiller
theorem [9] which allows to introduce an extra parameter of rotations, and translation
operators which have some redundant properties (see for instance [4]). Even for
one-dimensional families, several intriguing problems remain. For instance, if A C (0, +00)? is a
monotonic Lipschitz curve, then (e*B x ebB)(a,b)eA possesses a common hypercyclic vector,
whereas this is unknown for (e!B x eQ_tB)tG[LQ] (see [2]).

Our ambition, in this paper, is to revisit this problem and to shed new light on common
hypercyclic vectors. We begin with a review of the results we intend to prove. In what follows,
the parameter set A will always be a subset of R? for some d > 1 and R¢ will be endowed with

the sup-norm.
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1.1 Products of multiples of the backward shift

Our first result is an answer to the problem of [2] we just recalled. More precisely, we will prove

the following.

Theorem 1.1 Let X = {,(N), p € [1,+00), or X = ¢o(N), and let A C (0,+00)? be a Lipschitz

curve. Then (e)‘(l)B X e X e)‘(d)B)AEA possesses a dense Gs set of common hypercyclic vectors.

The way to delete the assumption "A is monotonic" in Theorem 1.1 will be to obtain a
characterization for the common hypercyclicity of a family of products of weighted shifts acting
on a Fréchet sequence space, when these shifts satisfy some natural conditions. This condition,
which is rather technical, takes a much more pleasant form when we apply it to multiples of the

backward shifts. We will apply it in order to get Theorem 1.1.

1.2 Borichev result revisited

Borichev’s result can be rephrased in the following more precise way:

Let A C (0,400)? be such that Napyen HC(e*B x e’B) is not empty. Then A has

measure zero.

If we analyze the proof of this result, it turns out that a key point is given by the fact that if
(e“B)"u and (e B)"u are both close to the same nonzero vector (e.g. eg), then |a — a| has to
be small, precisely |a — a’| < C/n for some constant C.

We will show that this can be put in a more general framework, replacing sets of zero Lebesgue

measure by sets of small Hausdorff dimension.

Theorem 1.2 Let A C R?, let (T\)xea be a family of operators acting on the Banach space X.
Assume that there exist a > 0, v € X, § > 0 and C > 0 such that, for all \,u € A, for alln € N
and all w € X satisfying

[TXw —v| <6 and || Tju —v|| <,

then
[TXw — Tjul > Cn*||A — pl].

If Naep HO(T)) # @, then dimy(A) < L.

In particular, this can be applied to the family (B 1)) X -+ X Bw()\(d))))\e(07+oo)d where
(w(a))a>o is defined by wi(a) - wy(a) = exp(an®) for some « > 0 and for all n € N.

Corollary 1.3 Let X = (,(N), p € [1,400) or X = ¢o(N). Let a € (0,1], let (w(a))a>0 be
defined by wi(a)---wy(a) = exp(an®) for alln € N and let A C (0,400)?. If (Buway) X -+ X
Biyad)))rea admits a common hypercyclic vector, then dimy(A) < 1/a.

In view of the previous corollary, one may ask if the converse holds true, namely if the
condition dimy;(A) < 1/a, or dimy(A) < 1/a, implies that (Vo HC(Bya1)) X - X Bura)) 7
@. More specifically, we may ask if & < 1/d implies m/\e(o,+oo)d HC(Bypay) %+ % Bu\@y) # 2-

The study of these questions motivates the remaining part of the paper.
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1. INTRODUCTION

1.3 A common hypercyclicity criterion in dimension

greater than 1

In the remaining of this introduction, we will always assume that X is a separable Banach space.
We discuss now common hypercyclicity criteria for a family (73) ea of operators acting on the

same Banach space X. We will always assume that the following assumptions are true:
e the map (A, u) — Thu is continuous from A x X into X;

e there exists a dense set D C X such that each operator T) has a partial right-inverse
Sy : D — D, that is T\Sx(u) = u for all u € D and all A € A.

These assumptions are for instance satisfied if T’ is defined as the product of weighted shifts
B,moay X X By@pay) X = cd(N) or X = (4(N), p € [1,+00), and, for cach i = 1,...,d

and each n € N, a — wg )(a) is continuous (we will call this a continuous family of weights).

When A is an interval of the real line, one of the most useful result to get common hypercyclic

vectors is the Costakis-Sambarino criterion:

Costakis-Sambarino Theorem. Let A be an interval of the real line. Assume that for every

compact interval K C A, every u € D,

CS1) there exist m > 1 and (c)g>m a sequence of positive real numbers with cp < 00 such
= k>m
that

(a) HT/(LJFkSﬁuH <c¢p foreveryn e N, k>m, p <\, p, A€ K

(b) HTfS’ﬁ*kuH <cp foreveryne N, k>m, p> X\, p, A€ K;
(CS2) for all e > 0, there exists T > 0 such that, for alln > 1,

OS#—AS%:>||T)’\LSE(u)—u||<5.

Then (yep HC(T)) is a dense G subset of X.

We look for a substitute for this theorem when A is not an interval of the real line and in
particular if the "dimension" of A is greater than 1. The continuity condition (CS2) is naturally
implied by the following Lipschitz estimate: for all u € D, there exists C' > 0 such that, for all
n>1, forall \,u €A,

T3St — TpSjul] < Onllr — u].

Nevertheless, if we have the opposite inequality
135w — T Sjull = Cnl|A = pll,

then Theorem 1.2 essentially says that the Hausdorff dimension of the set of common hypercyclic
vectors cannot exceed 1. Hence, to get common hypercyclic vectors for subsets of R% of bigger

dimension, we will need a stronger condition, at least something like

-
1A= pll < 5 = ITXSu(w) —ull <e
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for some a € (0,1). Under this last condition and an appropriate substitute for (CS1), we will
be able to prove a common hypercyclic criterion when A C R¢ possesses some regularity and
has "dimension" less than 1/a. The notion of dimension we need is a kind of homogeneous box

dimension. For r > 1, we define I, = {1,...,7}.

Definition 1.4 Let A C R? be compact. We say that A has homogeneous box dimension at
most v € (0,d] if there exist r > 2, C'(A) > 0 and, for all m > 1, a family (Ay)kerm of compact
subsets of A such that for all m > 1,

e for all k € I, diam(Ay) < C(A) ( y )m?

rl/W
o forallk € I, Ap, ko CAiy ko o-

The homogeneous box dimension of A is defined as the infimum of the v € (0, d] such that A has

homogeneous box dimension at most v and will be denoted dimgg(A).

We will discuss later the link between this notion of dimension and more classical ones; we
just observe for the moment that any compact subset of R? has homogeneous box dimension at

most d. Having this notion of dimension at hand, we can prove the following result.

Theorem 1.5 Lety > 0 and let A be a compact subset of R¢ having homogeneous box dimension
at most . Assume moreover that there exist o € (0,1/7), > ay and D > 0 such that, for all
u € D,

(a) there exist C > 0, N > 0 such that, for all \,u € A, for alln > 0 and k > N such that
IX = ull < Dlgga then

n+k qgn
HT)\ Spu

E

9

zlQ Ela

|7t <
(b) for all e > 0, there exists T > 0 such that, for alln > 1, for all \,p € A,
T mn Qn
A= p|l < = = |Tx Suu—uH <e.

Then (yep HC(T)) is a dense Gs subset of X.

In particular we get the following corollary, which can be seen as the desired converse of
Corollary 1.3.

Corollary 1.6 Let X = {,(N), p € [1,+00) or X = ¢y(N), a € (0, 1], let (w(a))q>0 be defined by
wi(a)---wy(a) = exp(an®) for alln € N and let A C (0, +00)?. Assume that dimgg(A) < 1/a.
Then (Bya1)) X -+ X By()))rea admits a common hypercyclic vector.

Example 1.7 Let X = ¢,(N), p € [1,4+00) or X = ¢o(N), a € (0,1/d) and let (w(a))q>0 be the
family of weights defined by wi(a) - - wy(a) = exp(an®) (resp. wy(a) =1+ ) for all n > 1.

a
nl—a

Then (Byaw)) X+ X Bu(r(d))ae(0,400)¢ admits a common hypercyclic vector.
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2. CHARACTERIZATION OF FAMILIES OF PRODUCTS OF WEIGHTED SHIFTS
ADMITTING A COMMON HYPERCYCLIC VECTOR

Theorem 1.5 can also be applied to Holder curves leading to a nice complement to
Theorem 1.1. Indeed, let o € (0,1]. A compact set A C R? is called an a-Hélder curve if
A = f(I) for some function f : [0,1] — R? satisfying

¢ > 0, V(S,t) S [07 1]27 Hf(s) - f(t)H < C‘S - t‘a'

It turns out that any a-Holder curve has homogeneous box dimension at most 1/«. Therefore,

we will also obtain the following example.

Example 1.8 Let X = (,(N), p € [1,+00) or X = ¢(N). Let A C (0,+00)? be a B-Holder
curve for some § € (0,1]. Let a € (0,8) and let (w(a))e>o be the family of weights defined
by wi(a)---wy(a) = exp(an®) (resp. wy(a) = 1+ —+%z) for all n > 1. Then (B, X -+ ¥

By(a(d)))rea admits a common hypercyclic vector.

1.4 The Basic Criterion

Almost all results of common hypercyclicity rely on the construction of a suitable covering of
the parameter space A and on an associated sequence (ny). What we need is contained in the

following basic criterion (see |3, Lemma 7.12]).

Theorem 1.9 (Basic Criterion) Let A’ be a topological space. Let (Tx)xenr be a family of

operators on X such that

o the map (\,x) — Tx(z) is continuous from A" x X — X;

e there exist a dense set D C X and maps Sy : D — D satisfying T\Sxx = x for everyx € D
and every A € N'.

If A C N is o-compact and if for every compact set K C A, every pair (u,v) € D x D, every
e >0, there exist A\i,..., g € A/, sets A1,..., Ay C A and positive integers ny,...,nq such that

(BC1) U, Ax D K,

(BC2) || 22 Syevll <e,

(BC3) for allk =1,...,q and all X € Ay, || >, T;lksfjjvu <e,
(BC4) forallk=1,...,q and all X € Ay, |T\*ul| <e,

(BC5) for allk =1,...,q and all X € Ay, HT;”“S;LI’:U —v| <e,
then (yep HC(T)) is a dense Gs subset of X.

2 Characterization of families of products of
weighted shifts admitting a common
hypercyclic vector

In this section, we work in the context of a Fréchet sequence space X, namely X is a Fréchet

space endowed with a family of seminorms (|| - ||,), contained in the space CN of all complex
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sequences and such that each coordinate functional (z,), +— x,, is continuous. Such a space
can be endowed with an F-norm || - || defining the topology of X (see |7, Section 2.1]). Such an

F-norm can be defined by the formula

“+o00

I .
Izl =) op min(1, fjz ).

p=1

In particular, an F-norm satisfies the triangle inequality and the inequality
VYAeC, Ve e X, || Ax| < (A + D)z, (C.1)

a property which replaces the positive homogeneity of the norm. We will also need the following
property of a Fréchet sequence space in which (ey) is an unconditional basis (see [8, Theorem
3.9]).

(UNC) If (z,,) € X and (o) € oo, then (apzy) € X. Moreover, for all € > 0, for all M > 0,
there exists d > 0 such that, for all (x,) € X with ||(z,)| <4, for all sequence (o) € lo
with [[(an)]|ee < M, then (apzy,) € X and ||(anxy)|| < €.

Theorem 2.1 Let X be a Fréchet sequence space in which (e,) is an unconditional basis. Let
I C R be a nonempty interval and let A C I be o-compact. Let (Bw(a))ae] be a continuous
family of weighted shifts on X and assume that a € I — wy(a) is nondecreasing. Assume also

that there exist a nondecreasing map F : N — N and ¢,C' > 0 such that, for all n > 1, denoting

by fu(a) = 3 k=1 log(wi(a)),

V(a,b) € I, cF(n)la —b| < |fa(a) = fu(b)| < CF(n)|a — |

Y(a,b) € I?, wn(a) >c
wn (b)
Then the following assertions are equivalent:
(a) (Buw(1)) X+ X Buad))aea possesses a dense Gs set of common hypercyclic vectors in X4
b WMD) X Byaan )aea admits a common hypercyclic vector in X¢.
1) (Ad))

(c) For all T >0, for all N > 1, for all e > 0, for all K C A compact, there exist N < nj <
ni+N<ng<---<ng1+N <ng and (Ag)k=1,. 4 € I% such that

(i) K < Ui T (M) = 5 ()]
(ii) Foralli=1,...,d,

2 1
Z wl()\k(i)) Wy, ()\k(l)) Erx

k=1

<E.

(iii) For allk=1,...,q—1, foralli=1,...,d, foralll =0,...,N,

q

Wny— et t+1 (Ak(8) - - w11 (An(8)
2 Wit (A (D) - w, (N () T

<e.
j=k+1
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ADMITTING A COMMON HYPERCYCLIC VECTOR

To simplify the notations, we will do the proof only for d = 2 and we shall denote by A\ = (a, b)
any element of R?. For A\ = (a,b) € I?, we shall denote by Ty the operator Biy(a) X By acting
on X x X and by Sy the operator Fy,—1(,) X Fy,-1(;), where Fy,—1(,) denotes the forward shift

associated to the sequence (w;,*(a))n.

Proof. We first assume that (7))yep admits a common hypercyclic vector. Let 7 > 0, N > 1,
€ > 0 and K C A compact. We set K7 the projection of K onto the first coordinate; Ki is a

compact subset of I. We consider 0 < 1 < min (%, %) satisfying also the following two technical
conditions:
< ! X ! (C.2)
n<- .
4 H}]gvzl max (L SUDPgek, wk(a))
1—
c inf wi(a) X TS T (C.3)

aaek; wy(a) 1+n~ 1-n
LIe{l,. ,N+1}

By continuity of the first N + 2 coordinate functionals and by (UNC), we may find § > 0 such
that, for all z = (2,,) € X and all a = (ay) € lw,

[(zn)ll <6 = VI €{0,...,N+1}, |z <n

[(zn)l| < 6 and [[(an)]| <2 = [[(anzn)] <.

Let uw = (x,y) be a common hypercyclic vector for (T))xcpa. We may always assume that

max{||z|, ||y||} < and we set
N N
o= e e
j=0 =0

Let (ny) be an increasing enumeration of
{n>1: ||T{u —v|| <6 for some A € K}.

Let Ay = {)\ eK: HT;”“u — UH < 5}. Since u is a common hypercyclic vector for the family
(T)) ek, since K is compact and each Ay is open, there exists ¢ > 1 such that

q
K C U Ag.
k=1
For each k =1,...,q, we define a; and b; by

ag :=sup{a: 3b, (a,b) € Ay}
b :=sup{b: Ja, (a,b) € Ay}

and we set A\, = (ag,br). We first observe that ny > N. Indeed, since ||B:}?a1)x — Z;V:O ejll <0,
we know that
wi(ar) -+ wp,y (a1)|xn,| >1—n>1/2.

Assume that ny < N. Then

N
wl(al) ©r Wy (al) < H max (17 sup wk(a))
k=1

a€ Ky
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whereas

which contradicts (C.2). We now show that we also have ng11 —ny > N forallk=1,...,¢q—1.
On the contrary, assume that there exists some k such that ngi; —ng < N. We set p =
ng + N —ngr1 € {1,...,N —1}. Then using that ||B"**" x — Zj-vzo ej|| <0, we get

w(ak1)

{ lwpt1(ars1) -+ Wiyt N (Ak+1)Tnen — 1] < 7
(wpr2(arr1) - Wigg N1 (A1) Tga v — 1] < 1.
Since we also know that ||BZ’Z%);U - Zévzo e;|l <0, we also get
{ lwn1(ar) -+ wna N (ak)Tppn — 1] < 1
lwnt2(ak) - wnys N1 (@) Tn N1 <7
Taking respective quotients, these inequalities lead to

wN+2(ak) ce wnk+N+1(ak) < n
Wpr2(akr1) WopeN+1(ape1) — 1=

wnt1(ak) - - W, N (ag) S 1-n
Wpt1(ak+1) Wy N(akr1) — 147

Consequently we obtain

et/ W+ N+1(ak) " wpt1(@k1) _ 1
1+1  wygnti1(ags) wygi(agy) — 1—=17

This again leads to a contradiction, with (C.3).
Let us now prove (i). We consider A = (a,b) € Ay for some k = 1,...,q. The choice of §
ensures that for any 0 <[ < N,

{ |wit1(ak) - - wpyri(ar)Tnrr — 1) < 1
lwi1(a) - wpyi(@)Tn, 10— 1| < 7.
Hence,
lwi(ak) -+ wn, (ag) — wi(a) - wp, (a)] - |20, | < 27

On the other hand,

wi(ax) - - wp, (ar) —wi(a) - - - wy, (a)
—wi(a) (@) [ exp [ 3 og(w; () = 3 log(wy(a) | —1
=1 j=1
> wi(a) - wny (a) (exp (cF(ni)(ax — a)) — 1)
> cwi(a) - - wp,(a)(ar — a)F(ng).

Since we also know that wy(a) - - - wy, (a)|x,, | > 1/2, we finally get

4n T

0<a,—a< < .
cF(ng) — F(ng)
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The same is true for the second coordinate and we get (i). In order to prove (ii), we define (av,)

by

1 e _
a, — ) R ey ifn=mny forsome k=1,...,¢q
0 otherwise.

Observe that ||a||c < 2, hence

q

2 o a) oy an)

k=

§ QAnTnn

It remains to prove (iii). We fix k=1,...,¢g—1land [ =0,..., N, and we now set

1 . o .
5 — TR CRy ] o e if n =mn; —ng + 1 for some j > k+1,
0 otherwise.

Again ||8]|c < 2 and writing BZ’Zak)(m) - Z;V:O e; as (zn)n, one gets

q

B wnj—nk+l+1(ak:) e 'wnj+l(ak)
Z Bnznen = Z En;—ng+l
n

ikt wit1(az) - - wn;4i(ay)

since nj —ng > N for all 7 > k + 1. The result follows again from the choice of 4.

It remains to show that (c¢) implies (a) since (a) = (b) is obvious. To this end, we shall apply
the Basic Criterion. Let K C A be compact, let D C X? be the set of couples of vectors with
finite support and let (u,v) € D x D. We shall write

N N
= Zulel and v(1) = Zvlel
=0 =0

for some N > 0. We fix ¢ > 0 and 7 > 0 (conditions on ¢ and 7 will be imposed later) and we
consider the two sequences (ng)g=1,.4 and (Ag)g=1,.. 4 given by (c) with Ay := (ax, br). We set
A = KN (Jay — 7/F(ng),a] x [by — 7/F(ng),bg]) so that |J, Ay D K and we show that the
assumptions of the Basic Criterion are satisfied for the sequence my = ni — IN. First, we observe
that

mk
ak)

k=1

agb

1 N—l d Tkl
en,—(N—) = B~ : en
U)l+1 ak nk,(N,l)(ak) s=(N=D) w(@) (Z w1 (ak) c Wy, (ak) k)

for some sequence (zy)x € foo With

lonole < (A1)

where M = max{1, |w;(a)| : 0 < j < N, (a,b) € K for some b}. Provided this has been shown, it
is easy to adjust € so that (BC2) is satisfied, using the continuity of By, and the unconditionality

of (ey). The proof of the claim follows from a rather straightforward computation:

1 1
Z enk—(N—l)

Pt w1 (ag) - wnkf(Nfl)(ak)

165



Article C.

1 . >
-ka(ak) )

Wy, ~(N—1)+1(ax) - wn, (ak) N, (
— wr e rwila - = ~
2wl ) (@ 2@ \inyag)

The proof that the other conditions of the Basic Criterion are satisfied is rather similar. Indeed,
for k=1,...,q and (a,b) € Ay,

q

D Bt Fuiay ) = >0 B Fi ) (v(1)
j#k j=k+1
Z Z wnjfnk+l+1< a)- "wanrlfN(a)
enjfn]fi»l'
Sim o wiwlag) o wn-n(ag)

For each 0 <[ < N, we now set

Wnj—ny+1+1(0)Wn i 41(a) Wnji-N+1(a5)Wn41(95)  if g =y -y 41

Oz(l) — wnj7nk+l+1(ak)"'wnj+l(ak:) wnj+l7N+1(a)“'wnj+l(a) for some j>k+1 2
n

0 otherwise.

Therefore, since |JaV||s < CLN (because a < ay) and since

N
L Wiy a
S B F g (0(1) | € Sl + 1) |3 afp Urimmeter 0 (@)
7k =0 =0 Wi+1 aj) wanrl(aj)

(BC3) follows from the unconditionality of (ey,) if ¢ is sufficiently small.
We observe that (BC4) is empty and finish the proof by showing (BC5). Let k = 1,...,q

and (a,b) € Ag. Then
wi41(a) - "wnkf(Nfl)(a) 1) ¢
wig1(ag) - Wy, — vy (ar)

and it is easy to show that this becomes small provided 7 > 0 becomes small enough, using that
la—ar| < 7

| B s o (0(D) = 0| < SRR

=0

e ), that F' is nondecreasing, that

wiyi(a) - wy, —(v-1)(a) _ exp(frp—(v—1)(@) = frp—(v—1)(ar))
wig1(ag) -+ W, (v (ak) exp(fi(a) — fi(ax))

and that for every a,b € I
[fn(a) = fu(0)| < CF(n)|a —b|.
O

The previous statement shows clearly that if (F'(n)),, grows slowly, there is more hope to get
a large set A C R? such that (Ty)xea possesses a common hypercyclic vector. Of course, the
simplest examples of weights satisfying the assumptions of Theorem 2.1 (when I is a bounded
interval) are given by wy(a) - - - w,(a) = exp(aF(n)) where F(n) is nondecreasing and F(n+1) —
F(n) is bounded, which includes the case of the multiples of the backward shift. For this last

example, Theorem 2.1 takes the following easier form.

Theorem 2.2 Let A C (0,+00)? be o-compact, X = £,(N), p € [1,400) or X = co(N). The

following assertions are equivalent:
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(a) (VB x ... x eMDB)ycp admits a common hypercyclic vector.

(b) For all T > 0, for all N > 1, for all e > 0, for all K C A compact, there exist N < n; <
ni+N<ng<---<ng1+N <ng and (\g)k=1,..q € (0, +00)? such that

(i) K € Uiy Il [M(i) = 52 ()]
(ii) forallk=1,...,q—1, foralli=1,...,d,

)\k+1(i)nk+1 - )\k(l)nk Z N.

Proof. Without loss of generality, we can assume that A C I? for some bounded interval I C
(0,00). That (a) = (b) then follows directly from Theorem 2.1. Indeed, let us apply it for
K C A compact, N > 1 and e = e to get (Pk)k=1,..q and (Ag)k=1,..4. We need only to verify
(ii). From (c) (iii) of Theorem 2.1 with [ = 0, we know that, for k =1,...,¢—1,fori=1,...,d,

exp(medi(i)) Wiy —mt1 Ak (9) - - Wiy, Ak ()
exp(ng+1Ak+1(1)) W1 (Ak41(4)) -+ wryyy (Mg (2)

§6:e_N

and we conclude by taking the logarithm. The converse direction is slightly more difficult. We
fix K C A compact, 7> 0, N > 1 and ¢ > 0 and we apply (b) for K, 7 and Ny > N whose value
will be precised later. Let a > 0 be such that A(i) > a for all A € K and all i = 1,...,d. Then,
foralli=1,...,d,

! 1

2w Ou ) i )™

q
k

1
= Z exp(any)

Il
—

IN
[
[©]
A
™

[
g

; xp(aj)

provided Ny is large enough. Regarding (iii), for all k = 1,...,¢q — 1, all i = 1,...,d and all
1=0,...,N,

i Wnj—ng+1+1 ()‘k(z)) T wnj-i—l(/\k(z))

w41 (Aj(2)) - - wnj+l()\j @) €yl

j=k+1
+o0
< D exp (= (Nng — Ae(@m))).
j=k-+1
Now,

-1
Aj(i)nj — Ag(i)ng = (Ast1(D)nsg1 — As(i)ns)

<.

vV
~—~~ o
<

| — k) No.
Again, provided Ny is large enough, we get that condition (c) (iii) of Theorem 2.1 is satisfied. [

Remark 2.3 If we work with the family of weight (wy,(a))q>0, with wi(a) - - - wy(a) = exp(an®),
a € (0,1), we still have a necessary condition for common hypercyclicity if we replace (b) (ii)
by: forall k=1,...,q—1,forall j=k+1,...,q,foralli=1,...,d,

()\](Z) — )\k(z))n;)‘ + )\k(z)(n] — nk)o‘ >N
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and this condition is even sufficient on ¢g. The lack of linearity when o # 1 prevents us to go
further.

We are now ready for the proof of Theorem 1.1.
Proof of Theorem 1.1. We may assume that A = f([0, 1]) with f satisfying
3C >0, V(s,t) € [0,1%, || f(s) = f@B)|| < C|s —t].

Let 7> 0, N > 1 and let M > 0 be very large (at least M > N). We set ny = kM for k > 1.
We also define the sequence (t;)r>1 by t1 = 0 and tj4; =t + Cink Let ¢ > 1 be the greatest
integer such that ¢, < 1 and define, for k =1,...,¢ — 1, I = [tg, tx+1] and I, = [t4, 1]. For all
k=1,...,q, weset A, = f(I)) and for i = 1,...,d, we define \g(7) as the maximum of the i-th

coordinate of the elements of Ax. The Lipschitz condition on f implies that

d

. T .

=1, A c [T ) - 2w
=1

2
Therefore,
. . , 27 .
Mot ()11 = A(D)1t 2 (@)1 — et = Aw(i)m
2

> Ae())M — kT\Z x (k+1)M

> Ne(0)M — 4r.
Provided M is large enough, we can ensure that (c)(ii) of Theorem 2.2 is satisfied. O

3 On the size of the parameter sets for

common hypercyclicity

We will prove a slightly more precise result than Theorem 1.2. Let us recall the relevant
definitions (we refer to [6] and [10] for more on this subject). If ¢ : (0,400) — (0,+00) is a
nondecreasing continuous function satisfying limy+ ¢ = 0 (¢ is called a dimension function or a
gauge function), the ¢-Hausdorff outer measure of a set E C R? is
HP(E) = lim  inf BJ),
()=l 565
where R.(FE) is the set of (countable) coverings of E with balls B of diameter |B| < e. When

é(x) = ¢ps(x) = 2°, we write for short H*® instead of H?s. The Hausdorff dimension of a set E
is defined by

dimy (E) :=sup{s > 0: H*(E) > 0} =inf{s > 0: H*(E) = 0}.
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Theorem 3.1 Let A C R?, let (T\)xea be a family of operators acting on the Banach space X.
Assume that there exist a function ¢ : N — (0,+00), v € X, § > 0 such that, for all \,n € A,
for allmn € N and all uw € X satisfying

|TXu — vl <6 and |T)u—v| <,

one has
1Tu — Tjull > p(n) X — pll-
If Naep HO(T)) # @, then HP(A) = 0 for any gauge function ¢ such that >, d)( ) < 4o0.
Proof. Let ,v,6 be given by the assumptions and let u € [\ycp HC(T)).  Define
Ap ={XAeA:|TVu—v| <d}. Then diam(A,) < 26/1(n). Indeed, pick A, u € A, and observe
that
Y(n) A = pll < [[TXw = Tjull
< [ TXw = ol + 1T u — o
< 26.

In particular, since the condition ), ¢ (%) < +o0o implies that ¢ (n) — +oo, the theorem
follows from the fact that, for any N > 1, A C Unz N A O

Theorem 1.2 follows directly from the above theorem by considering 1(n) = Cn® and ¢(z) =

x® for any s > 1/a. Moreover, we can easily apply this to families of weighted shifts.

Corollary 3.2 Let X = (,(N), p € [1,+o0] or X = co(N). Let I C R, let (w(a))qer be a family
of weights. Assume that there exist C,a > 0 such that, for any n > 1, for any a,b € I,

Zlogwj Zlogwj > Cn%la — b|.

Then, for any A C I¢,

m HC(Bw()\(l)) X - X Bw()\ ) + 0 = dlm'H(A) <
AeA

Proof. Let v = (eg,--- ,e0). Let A, p e A, n e N, ue X x--- x X be such that

QM—‘

. 1 . 1
[(Bugaay x - % Buvay) " v = vl < 5 and {|(Buguy x -+ X Buguay)” v = v < 3

Let 1 < k < d. Looking at the k-th coordinate, we get
[wi(A(K)) .. wn(A(K))un (k) — 1] < 1/2 and [wi(pu(k)) ... wn(p(k))un(k) — 1] < 1/2.
Now, setting en = || (Bua) X -+ X Bu@))" 4 = (Bu(u) X -~ X Buu(ay)" ul|; we get
en > lwr(A)) -~ waA(R)) — wa(u(k)) -+~ wa ()] - [un (B)]
Assume for instance that wy (pu(k)) - - - wp(u(k)) > wi(A(k)) - - - wn(A(k)). Then

o s |wip(k) - wa(u(k))
"= wi(A(k)) - wn(A(K))

— 1] wr(AR)) - wn AK)) - [un (k)]
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1| wi(p(k)) - - wn(p(k))
= ‘wl()\(k))-- wn(NR)) 1"
Now,
wi(p(k) - wn(p(®) | SN N s, _
ey — 1| = e 3 oy ulk) = D log s (AR ) ~1
> exp (Cn|A(k) — p(k)|) — 1
> Cn®(A(k) — (k).
We conclude by applying Theorem 1.2 O

In the case of the multiples of the backward shift, we get the following result:

Corollary 3.3 Let d > 1, A C (0,+00) and X = {,(N), p € [1,40) or X = co(N). If
Miea HC(*B x --- x M) B) # & then dimy(A) < 1.

Fixing a € (0, 1], we can also apply Corollary 3.2 to the more general case of weights defined
by wi(a) - - wp(a) = exp(an®) or by wy(a) = 1+ %5 for all n > 1 in order to get Corollary 1.3.

We point out the following example which will be useful later.

Example 3.4 Let a € (0,1], and X = £,(N), p € [1,+00) or X = ¢o(N). Let (w(a))q>0 be
the family of weights defined by wi(a) - - - wy(a) = exp(an®) (resp. by wy(a) =1+ %) for all
n>1. If m)\e(o,+oo)d HC(Bw()\(l)) X X Bw()\(d))) 75 &, then a < 1/d.

4 A common hypercyclicity criterion in several

dimensions

4.1 Why this statement? Why this proof?

This section is purely expository. We intend to explain the assumptions of Theorem 1.5 and to
talk a few words to introduce its proof. Let a € (0,1/2) and let w be the weight defined by
wi(a)---wy(a) = exp(an®). In view of Corollary 3.4, a plausible statement is that (B ¥
Bw(b))(a,b)e[l,QP admits a common hypercyclic vector. To prove it and apply either the Basic
Criterion or Theorem 2.1, we need a covering of A = [1, 2]2. A natural covering is given by the set
I';, of the closed dyadic cubes of width 27". We have to order these cubes, I'y, = (Ag)g=1,... am,
to fix A, = (ax,br) € Ay and to associate an increasing sequence (ny)r=1,.. 4m to this covering.
Because we are working on R?, it is not clear how we have to order the dyadic cubes. Figure C.1
shows three natural candidates.

This order and the associated sequence (ny) are very important and we know that they at

least have to satisfy the following conditions:

e ng, cannot be greater than 2, so that Ay, C B(A, C/nf) for some C' > 0 and for all
k=1,...,4™ (see Theorem 2.1 (c) (i));
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Fig. C.1 — How to order the dyadic covering (m = 2)

A1z Ay Ais Ass A Ais Ay Ags A Ais Az A
Ao Ao Aun Ao Ay Ao Aun Ao Az Ay A9 Agp
As As¢ A7 Ag As A7 Ag Aj Ay A3 As A
A Ay A Ay Ay Ay A Ay A Ay A5 Ag

(a) First ordering (b) Second ordering (¢) Third ordering

o forallk=1,...,4m —1landall j=k+1,...,4™,

{ (aj — ag)n§ + ag(n; —ng)® >0
(bj — bk)n;’»‘ + bk(nj —ng)* >0

(see Remark 2.3).

The last conditions are always satisfied if a; > a, and b; > by but are relevant if there is a
backward jump between A, and Aj, namely if either a; < aj or b; < by. Suppose for instance

that a; < a;. In that case a small computation shows that we must have

1 1
ng >

n> — - -
)= 1— (ak_aj)l/a 1— (ak_aj)l/a
al/a 21/
k

ng. (C4)
Let us now discuss what this implies on each of the three orderings.

1. for the first ordering, there are 2™ — 1 backward jumps of size around 1, say at least 1/2,

between two consecutive dyadic cubes, namely we must have

1
npgmy1 2 (11> njg.om
- 22/«

forl =1,...,2™ — 1. Hence we will have at least
Ngm > 1 s
1 -2

2. for the second ordering, we have 2™~ backward jumps of size around 1, say again at least

which is much bigger than 2™/

1/2, now between the cubes A(g41).0m 1 and Aggrq9).0m, for [ =0, ..., 2m=1 _ 1. Therefore
we must have
1
n(2142).2m = <11) T(20+1)-2m 415
- 22/
1=0,...,2"" ! — 1, which again implies that nsm will be much bigger than expected since

2m71

1
ngm 2> (11> ngm4q.
~ e
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3. An important part of the proof of Theorem 1.5 will be to show that the third way to order
the covering is much more economical from this point of view (heuristically speaking, because
the big backward jumps are not consecutive, see Ajg, A13, A1; and Ajg). More specifically,
we will be able to exhibit an increasing sequence (ng) such that there exists some D > 0
satisfying

V1<k<j<dm™ YA€ A, Yued;, |[A—ul gD("jn_”’“) (C.5)
k

and such that ng, is smaller than 2™.

Thus the third way to order the covering is very well adapted to the problem of finding a common
hypercyclic vector for the family (B,,(q) X Bw(b))(a7b)e[1,2]2. That is why we will use this ordering

in the general case, so the assumption (a) in Theorem 1.5 becomes very natural.

4.2 About the homogeneous box dimension

In this subsection, we discuss the property of having homogeneous box dimension at most . We
first recall the classical notion of the upper box dimension. Let A C R¢ be compact. Its upper

box dimension is defined by

- ) log N (¢)
dimp(A) =1 =T 04
imp(A) msup )

where N (e) denotes the smallest number of cubes of size ¢ > 0 which are needed to cover A. We
do not change the definition if we only allow € to be equal to cp™ for some ¢ > 0, some p € (0,1)
and all m € N. Namely, for all p € (0,1),

dimp(A) = limsup M.
m—+oo —mlogp
Let us now have a look on the property of having homogeneous box dimension at most ~.
The first two conditions could be easily rephrased by saying that A has upper box dimension at
most v: setting p = 1/71/7, for each m > 1, you can cover A by 1/p"™ balls of radius C(A)p™.
The last condition adds the homogeneity requirement: the covering of depth m should be, in a
precise sense, a refinement of the covering of depth m — 1.

It is therefore clear that
dimy(A) < dimp(A) < dimpg(A).

It turns out that, in many cases, one has equality or at least we can prove that A has homogeneous
box dimension at most 7. Also, any compact subset of R has homogeneous box dimension at
most d: we may assume that A C [0,1]¢ and we define r = 2% and Ay as the intersections of A
with the dyadic subcubes of [0, 1]¢ with width 27™.

We can also provide positive results for compact selfsimilar sets. A compact set A C R? is
called selfsimilar provided there exists r similarities sy, ..., s, with respective ratio p1,...,p, €
(0,1) such that A = J;_; si(A). For k € I"*, define sx = sg, o--- 0 sg,.. Let v be defined by

v = ma {_ logr 1=1 7"}
= X N = 1L,..., .
log(pi)
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Then setting Ax = sk(A), one can show that A has homogeneous box dimension at most .
If all the ratios are equal to the same p, then A has homogeneous box dimension at most
—logr/log p, and when A satisfies the open set condition (namely there exists V C R? open
such that (J;_; s;(V) C V and s;(V) N'sj(V) # @ for i # j), it is well-known that the Hausdorff

dimension of A equals this value. Hence, in that case

—logr
logp

dimyg(A) = dimp(A) = dimgp(A) =

Another interesting example is that of Holder curves. Assume that A = f([0,1]) where
f:]0,1] — RY satisfies
1f(s) = fF(OI < Cls =%,

C>0,a€(0,1). We set r =2 and for k € I, we define I as the dyadic interval

m m
ki —1 ki —1 1
i=1 =1

Then define Ax = f(Ix). We get immediately that

. . L\™

diam(Ak) < Cdiam(Ix)* = C <2—a> .
Therefore, A has homogeneous box dimension at most 1/« and there are well-known examples
where the box dimension of such a curve (hence, its homogeneous box dimension) is exactly

equal to 1/a.

4.3 Examples

Before proceeding with the proof of Theorem 1.5, let us show how this theorem can be applied
to a direct sum of weighted shifts. Let X = ¢,(N) or ¢o(N), p € [1,400), I C R compact and
(w(a))aer be a continuous family of positive weights. We keep the notations of Section 2, namely
for A € I¢, we denote by Ty = Buy) X - X Bya@) and by Sx = Fy-131)) X -+ X Fy—1(3(a))-
We also set D = Cgo and we endow X? with

[ull = max([lu(D)],..., [[u(d)]])-

We first point out that (b) of Theorem 1.5 is implied by a Lipschitz inequality on f,, where
fn(a) =>"p_ log(wk(a)) as in Theorem 2.1. Indeed, suppose that there exist @ > 0 and C' > 0
such that, for all a,b € I,

n

|fn(a) — fn(b)| = Z (logwj(a) - logwj(b)) < Cn%la — b. (C.6)

J=1

Then observe first that (C.6) implies that, for all L > 0, there exists C’ > 0 such that, for all
a,be I, foralll € |0, L],

n—+l
> (logwj(a) —logw;(b))| < C'n®la —b].
j=i+1
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Let u = (u(1),...,u(d)) € D and consider L > 0 such that the support of each u(i) is contained
in [0, L]. For all \,pu € I¢,

w1 (A(9) - win (A(D)) 1

7570wl <l

d 120, L | Wi ((2)) -+ - wien (p(7))
n—+l
< flull max - max lexp j;l(logwj@(z))—1ogwj(ﬂ(z))) —1

< [lull (exp(C'n A = u]]) = 1).

Clearly, for all € > 0, we can choose a sufficiently small 7 > 0 (depending on ¢, ||ul|, C") for all
n>1,if |A — ul| < 7/n%, then
| T3 Sju —ul| <e.

Hence, it is enough to assume (C.6) to get (b) of Theorem 1.5. Let us now turn to (a), under
the assumption (C.6). What we need is the product wi(a) - - - wy(a) not to be too small.

Lemma 4.1 Let « € (0,1] and assume that there exist C1,C2 and C3 > 0 such that
o aclm i log(wj(a)) is C1n®-Lipschitz;
e inf,crwi(a)- - wy(a) > Cyexp(Csn®).

There exists D > 0 such that, for all u € D, there exist M > 0 and N > 0 such that, for all

N elI? forallmn >0 and k > N such that |\ — u|| < D( +k)a7 then
‘T/\Jrksuu‘ < n and HT)\ SH‘HCUH < T

Proof. Again we fix L > 0 such that the support of each u(i) is contained in [0, L]. Choosing
N > L, we will have T)’\”kSﬁu = 0 provided £ > N. On the other hand,

(D)) - Wik (A(7)) 1

TStk < ||lu|| ma ma le( g At 22X - -

ITESull <l mex e @) Wi (10) Wit V@)~ wrsn (VD)
F1 F2

We write

w1 (A(8)) - wign k(M) wi(p(@)) - wi(u(?))
= wi(p(0)) i (0(0)  wr (D)) - - i (A(D))
<exp (CL((L+n+k)*+1%)[x— ul)
< exp (201 (n + k)X — )

<Dk

gk Ve get

provided N, hence k, is large enough. If we add the assumption ||\ — p|
Fy <exp(2DC1k%).

On the other hand

L
< (sup sup max(l,wl(a))) iexp( C3k®).
acl ie1,L] C
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Hence
HTfSZJrkuH < Mexp((2DCy — C3)k")

for some constant M depending only on « and on the weight, but not on k£ and n. Thus, we get

the result by picking D sufficiently small. O

Summarizing we have obtained the following readable corollary.

Corollary 4.2 Let v € (0,d] and let A C I% be a compact set with homogeneous box dimension
at mosty. Let o € (0,1/7v) and let (w(a))qer be a continuous family of positive weights. Assume
that there exist C1,Co,C3 > 0 and N > 0 such that, for alln > N,

o a3t log(wj(a)) is Cin®-Lipschitz;
o infocrwi(a)---wp(a) > Cyexp(C3n®).
Then (yep HC(Buay) X = X By(xa))) s a dense G subset of X4,

Corollary 4.2 yields immediately Corollary 1.6 stated in the introduction. Combining

Example 1.7 and Example 3.4, we get the following interesting corollary.

Corollary 4.3 Letd > 1. There exists a family of operators (T4)ae(0,400) 07 £p(N), p € [1, +00),
or on X = co(N) such that (Tx1)® - & Th(g))re(0,400)2 admits a common hypercyclic vector but
(T)\(l) D---D T)\(d+1)))\6(0,+oo)d+1 does not.

Proof. Choose Ty, = By,(,) with wi(a) - --wy(a) = exp(an®) and

1 < <1
ErE— « .
d+1 d

Observe that Example 1.7 and Example 3.4 do not settle the case o = 1/d.

Question 4.4 Letd > 2, X = (,(N), p € [1,400), or X = ¢o(N) and let (w(a))a>0 be the family
of weights defined by w1 (a) - - - wy(a) := exp(anl/d), Does (By(a(1)) X" * X Buw(n(d)) ) \(0,4-00)¢ admit

a common hypercyclic vector?

Note that it is also possible to have a family of operators (T4),e(0,4-00) Such that for every

d>1, (Txa) @+ ® Ta@))re(0,4+00)d admits a common hypercyclic vector.

Example 4.5 Let d > 1, X = (,(N), p € [1,+00), or on X = ¢p(N) and (w(a))q>0 be the family
of weights defined by wy (a) - - - wy(a) = 2"n®. Then ﬂ)\e(07+oo)d HC(Byr1)) X+ X Byry) # 9-

Proof. Let a € (0,1). By definition, a € (0,400) — > i ; log(w;(a)) is log(n)-Lipschitz for all
n > 1. In particular it is Cyn®-Lipschitz if C; is big enough. We then observe that
wi(a) - wp(a) = 2™ > exp(Cyn®) for some sufficiently small Cy > 0. Hence the result

follows from Corollary 4.2. OJ
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Following the same lines we can generalize the previous example by taking p > 1, a > 0 and

defining wy(a) - - - wy(a) := p™ n.

Corollary 4.2 can also be applied to products of weighted shifts, in exactly the same way, when
A C R? is a B-Hélder curve, leading to Example 1.8 since a S-Holder curve has homogeneous
box dimension at most 1/8. When 8 = 1, this last result is slightly weaker than Theorem 1.1,

leading to the following question.

Question 4.6 Let A C (0,+00)¢ be a B-Holder curve for some B € (0,1). Let (w(a))aso be the
family of weights defined by wy(a)---wyp(a) = exp(anﬁ) for all n > 1. Does (Byxy) X -+ X

Buyad)))rea admit a common hypercyclic vector?

Now let us focus on the case wy(a) = 1+ %. The product wi(a)---wy(a) behaves like

n®, therefore a — Y " ; log(w;i(a)) is log(n)-Lipschitz. In particular, it is Cn®-Lipschitz for all
a > 0, which means that we may verify (a) of Theorem 1.5 with arbitrarily small values of
B. Nevertheless the product wi(a)---wy(a) does not grow sufficiently fast in order to apply
Corollary 4.27 This leads us to the forthcoming result, suitable for weights with slow varying

weights.

Corollary 4.7 Let X = (,(N), p € [1,400), or X = co(N) and let (w(a))aecr be a continuous
family of positive weights. Assume that there exist C1,Cy,k > 0 and N > 0 such that, for all
n >N,

o a0 log(wj(a)) is C1log(n)-Lipschitz;
o infocrwi(a)---wy(a) > Con”.
Then ﬂ)\eld HC(Bw()\(l)) X oee X Bw()\(d))) #+ .

Proof. We follow the proof of Corollary 4.2. Let Ci,Co,k, N be given by the assumptions.
Let o € (0,1/d) be such that /o > d and let 8 € (0,k) be such that §/a > d. Condition
(b) of Theorem 1.5 is clearly satisfied. To prove (a), we keep the same notations. Provided

1A — pl] < %, we may write

Fy < exp (2C1 log(n + k)| A — pl|)

k~ >
< 2DCh 1 — .
<exp < Cilog(n + k) CFYE

log(n+k)
(n+k)>

Now, provided k is large enough (we require alog k > 1), the function n +— is decreasing
on [0, +00), so that

Fy <exp(2DClogk) = k2PC

This implies that
F1F2 S Clk2Dcl—H S Clk—ﬁ

provided D has been chosen so small that 8 + 2DC; < k. Hence, condition (a) of Theorem 1.5

is also satisfied. O
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Example 4.8 Let X = (,(N), p € [1,400), or X = ¢o(N) and let (w(a))s>0 be the family of
weights defined by wp(a) = 14 £ (resp. wp(a) := (1+ 1)%). Then Mae(0,+00)d HC(Bu(a1)) %
X Byaay) # 9-

Let us also show how we may apply Theorem 1.5 to get a common hypercyclic vector for

(e?B x ebB)(%b)eA with A a classical fractal set.

Example 4.9 Let X = (,(N), p € [1,+00), or X = ¢p(N). Let A be a homogeneous Cantor
subset of (0, +00)? with dissection ratio p € (0,1/4). Then Napyen HO(e*B x e’B) # @.

Proof. We may apply Corollary 4.2 since A has homogeneous box dimension at most —In4/1In p <
1 (we apply the definition with r = 4). O

Corollary 3.3 and Example 4.9 leave open the case of the Cantor set with dissection ratio

p = 1/4. More generally, for A a compact subset of (0, +00)?, we know that

dimy(A) >1 = (| HC(e"Bxe'B) =2
(a,b)EA

and dimpp(A) <1 = m HC(e“B x ¢’B) # @.
(a,b)EA
It is natural to ask whether we can go further. In the first implication, we cannot replace

the Hausdorff dimension by the homogeneous box dimension.

Proposition 4.10 There exists a compact subset A C (0,+00)? with dimgp(A) = 2 such that
ﬂ(a,b)GA HC(eaB X €bB> # .

Proof. Let I =[1,2] x {1} and for any n > 1, any 0 < k < 2", I,y = {1+ 4} x [1,1 + 1]. We

consider
A=1ul]J | I
n>10<k<2m
We first remark that A is closed and thus compact. Let (Am, ftm)m>1 C A be a sequence
converging to (A, 1) € [1,2]%. If pum = 1 infinitely often then p = 1 and thus (A, ) € A. If we
now assume that p,, # 1 for any m, then (A, pm) € I

Nm,

2%k, +1 for a unique n, > 1 and a
unique 0 < ky, < 2"»~1 — 1. In particular, p,, € [1,1+ i] Therefore, if sup,,, ny, = 00, we get
(A, ) € A since g = 1 and if sup,,, n, < 00, up to an extraction, the sequences (ny,)m>1 and
(km)m>1 are ultimately constant and (A, 1) € A since each I, i, is closed.

Since A is a countable union of Lipschtiz curves, it is a consequence of Theorem 1.1 that
Napyen HO(e*B x e’B) # @. It remains to show that dimyzp(A) = 2. Note that it suffices to
show that dimg(A) > 2. Let m > 2. How many cubes of size 2%” are needed to cover A? To
cover each fiber I, _1x, 0 < k < 2™7! we need at least 2™ /(m — 1) cubes of size 2~™. Note that
such a cube cannot intersect another fiber of the same generation I,,_1; with [ # k. Therefore,
in order to cover Jyj<om-1 Im—1,k, and thus A, we need at least (2™~1 —1)-2™/(m — 1) cubes
of size 27™. We conclude that

4m
N@2™)>c—
m
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for some ¢ > 0. Therefore,

HB (A) > lim

However the following question is open.

Question 4.11 Let A be a compact subset of (0,400)? such that dimy(A) < 1. Does the family

(eB x ebB)(a,b)eA admit a common hypercyclic vector?

At least, we can show that the condition dimy(A) < 1 is not sufficient to obtain a common

hypercyclic vector.

Proposition 4.12 There exists a set A C (0,+00)? such that dimy(A) = 1 and nevertheless
Niapyer HO(*B x "B) = @.

Proof. Let ¢(z) = x/log?(z). Applying Theorem 3.1 as in the proof of Corollary 3.2, we know

that H?(A) = 0 for any A C (0, +00)? such that Napyen HO(e*B x e’B) # @. Consider now

: 2
for A the Cantor set starting from [1,2]? and with non-constant dissection ratio i X (ingl)

Namely, A = (0,51 Am where Ay, consists in 4™ squares of width (i)m(m + 1)2. Then
dimy(A) = 1 and using the mass transference principle as in [6, Example 4.3], H?(A) > 0.
Hence, (4p)en HC ("B X e’B) = @. O

For this last example, it is easy to show that one also has dimpgg(A) = 1.

4.4 A lemma on sequences of integers

We now proceed with the proof of Theorem 1.5. Let us start with A a compact subset of R?
with homogeneous box dimension at most v € (0,d]. In order to apply the Basic Criterion, we
will need a covering of A. Natural coverings are given by the definition of the homogeneous box
dimension, namely by the sets (Ax)kerm for a given value of m. As pointed out above, the way
we order these sets is very important. We will choose the ordering obtained by endowing I["

with its natural lexicographic order:
(11, im) < (J1,- -5 Jdm) <= Ipe{l,....m}, i1 =J1,...,9p—1 = Jp—1 and jp > ip.

We first define the sequence (ny)kerm.

Lemma 4.13 Let a > 0, p € (0,1) and r > 2 be such that p'/*r < 1. Then there exist ¢c; > 0
and ¢y > 0 such that, for allm > 1, for allny > 1, for all A > 0, the sequence (ny)xerm defined

by

ni...1=mn
1
nkl;-..,km = mnkl’“wkpilm’“"r + A
forp=1,....m, kyy1 = =kp, =1, k, # 1 satisfies

Ny, < C1M1 + cor" AL
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A key point of this lemma is that ¢; and co depend neither on m nor on ny nor on A. We
will do the proof by induction on m. Nevertheless, we need to introduce auxiliary sequences to

keep track of the involved constants at each step.

Lemma 4.14 Let o > 0, p € (0,1) and r > 2. Let also B € (0,1], m > 1, n; > 1 and A > 0.
Then the sequence (ny)xerm defined by

ni.1=mn
Ny = Wnkh-w’%—lmm,r —+
fOTp: 17...,m, ]Cp+1 —_ .. = k;m = ]_} kjp# 1 Satisﬁes
Ny r < C<m; B)nl + D(m, B)A,

where

C1,B) = <1>M,

1 _Bl/apl/a
1 r—1
D(1,B) _T<1—Bl/0‘p1/a) ,
1 r—1
C(m,B) = (1_Blmpl/a> C(m—1,Bp)",
1 r—1 el

Proof. We proceed by induction on m. To simplify the notation, let qp := The first

1
1fBl/o‘p1/O"
step m = 1 is easy. Indeed, for K =1,...,r — 1, we have

Ng41 < gpng + A
what leads to
r—2 )
ne < qp i+ Y qhA,
=0

which itself gives the (nonoptimal) values for C(1, B) and D(1, B) as in the statement.
Let us now assume that the property is true at rank m — 1 and let us verify it at rank m.
For k € I™ tand i€ {1,...,r}, define

e () 5= My o
and observe that, for p=1,...,m —1 and k, # 1,
My, 1 (1) = iy k1,

= [T = BUaprnja Mkl |

1 .
- \;1 — (Bp)l/app/amkl,--~7kp—1,T,...,T(Z)J + A
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Therefore, the induction hypothesis yields, for each i =2, ... r,

Nig,..r <C(m—1,Bp)n;1,..1+D(m—1,Bp)A
<qgC(m —1,Bp)ni—1,..r+ (C(m —1,Bp)+ D(m — 1, Bp))A.

Hence, proceeding as in the initial step and using a last time the induction hypothesis for ¢ = 1,

we find

LA < (QBC(m - 1’ Bp))r_lnl,r,...,r
+(r = 1)l (C(m —1,Bp) + D(m — 1, Bp)) A
< qTBﬂC(m —1,Bp)"'n1 + TqTBAC(m -1, Bp)r_l(l +D(m —1, Bp))A.

Proof that Lemma 4.14 = Lemma 4.13. A simple induction yields

m 1 (r—1)-ri—1 00 1 (r—1)-ri—1
C(m,l)gj];[l<1_pj/a) SjE(l—w/a) =: ¢y,

1/

the last infinite product being convergent by the assumption p'/“r < 1. More precisely, we have

logC(m,B) < —(r—1) Zlog(l _ Bl/apj/a)Tj_l
Jj=1

<(r—1)- CZBl/apj/arj_l

7j=1
S C/Bl/a

for some constants C,C" > 0 which only depend on p, @ and r (recall that B € (0,1]). We use
this bound to estimate D(m, B):

D(m,B) <rC(m,B)(1+ D(m—1,Bp)) < rexp(C'Bl/a)D(m —1,Bp) + rexp(C"Bl/O‘).

By another induction, we get

m—2
D(m,B) < r™ lexp (C/BI/O‘ Z pi/O‘)D(l,Bpm_l)
=0

+r rJ exp <C'Bl/a Z pl/o‘) :
j=0 =0

The convergence of ) y P/ yields the existence of ¢y, depending only on «, p and r, such that
D(m,1) < cor™. O

4.5 A covering lemma

We now produce the desired covering together with the sequence of integers. We thus fix A

a compact subset of R? with homogeneous box dimension at most v € (0,d]. Let r» > 2 and
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C(A) > 0 be such that, for all m > 1, one can construct the compact sets (Ax)kerm as in
Definition 1.4. We also fix p = (%)1/7, D >0, a€ (0,1/v) and 8 > ay. Let ¢, ca be the
constants given by Lemma 4.13. We will assume in this subsection that

oy < —2

< Gy (C.7)

Lemma 4.15 For all 7 > 0, for all § > 0, for all N > 1, there exist ¢ > 1, an increasing
sequence of integers (ng)g=1,..q4, @ sequence of parameters (Ag)r=1,..q C A, a sequence (Ap)x=1,. 4
of compact subsets of A such that

(a) ni 2N7 nj-‘rl_anN;
(b) A=U}_, Ak and, for allk=1,...,q, Ay C B(\,, 7/n$);
(c) foralll <k < j<gq, for all \ € Ay, for all p € A,

D(nj —ng)®
ne ’

J

A= pll <

(d) for allk € {1,...,q}, ijﬁkmgé;

(¢) Sy & <.
J

Proof. The inequality ay < 8 implies that pﬁ/ *r < 1. We consider K > 0, s > 0, A > N and

m > 1 satisfying the following constraints:

7_l/oz.

" da(c)e

Wl >

)

+oo
re 8 Z(rpﬁ/o‘)p <
p=s

,rs+1

1 1)
> <3
=1

1 i <3>1/ﬁ c2
— | — > = 24+ =A™ N ).
{201 (me(A)) J - max( 5 et ol

Observe that the conditions imposed on p, a, 8 and r allow us to define successively s, A

v | ()

and we consider the sequence (nk)kerm defined by Lemma 4.13. We first remark that (a) is

and m. We set

satisfied since ny > N and nj11 —n; > A for every j > 1. We then set ¢ = ™ and we observe
that

max(ng : ke I") =n,__,

VAN
N |
7 N
B
3
Q
N
N—

°

+

N

N

3

3
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( . )Ua
<|— -2
= o) “

(ew)
<2cn1 £ | —— .
ST o)

We then consider the covering (Ay)kerm of A given by Definition 1.4 and we fix Ay € Ay.
Since
diam(Ay) < p"C(A) < —

a?
ny

we get (b). Let now k,j € I with k < j and let A € Ay, u € Aj. Let p be the biggest integer
such that k1 = j1,...,kp—1 = jp—1 so that k, < j,. Then A and p both belong to Ak, .k, ,
which has diameter less than pP~'C(A). On the other hand the definition of the sequence (n;)

ensures that

1
nj—nkz (1_pp/a —1) nk
> pP/ny

ple
>0 g,
201 n‘]

so that (c) is satisfied, since

e

< (201)0[)/&) (nJ;JnkY‘

<D (”j _"k>a.
nj

Let us now prove (d) and (e). For j # k € I, we denote by 7(j, k) the biggest integer p such
that k1 = j1,...,kp—1 = Jp—1, with v(j, k) = 1 if k1 # ji. In particular, if we fix k € /™ and

p € {1,...,m}, we can observe that
card ({j € I : 4(j, k) = p}) <r™F1P.
Moreover, if v(j, k) = p, then the computation done above shows that

Inj — ni| > p/my
> g m)fa

We then split the sum appearing in (d) into two parts. On the one hand, using this last estimation,
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by the choice of s. On the other hand, we observe that there are at most r 4 --- 4 r® < r5t!
elements j € I such that j # k and v(j, k) > m — s + 1. Moreover, the difference between two
consecutive terms of the sequence (n;) is at least A. Thus,
s+1
1 — ! 5
T Dr W)
. B — BAB
o |nj — nk| — IPA 3
’Y(J,k)EM7S+1
This achieves the proof of (d) with the stronger bound 26/3. Moreover, we can use this improved

estimate to get easily (e):

Z — + Z —|nk_n1 1|5<5.

erm 1,...,1 kelm
k>(1,...,1)

4.6 Proof of Theorem 1.5

Proof. We shall prove that the assumptions of the Basic Criterion are satisfied. Let r > 2 be such
that, for all m > 0, there exists a sequence of compact sets (A )kern satisfying the assumptions
of Definition 1.4. Since for each m > 1 and each k € I, the set A’ = Ay satisfies the same
assumptions as A with C(A") = C(A) (#)m (just define, for j € I, A = Ayj) and since
the assumptions of Theorem 1.5 are satisfied by A’ for the same constants «, 3 and D, we may

assume that

D
(2¢1)ort/v’
Let e > 0, u,v € D. Let C,7 > 0 and N € N be such that the assumptions of Theorem 1.5 are

CA) <

satisfied for both u and v. We then consider the sequences (ng), (Ax) and (Ag) given by Lemma
4.15 applied with 7, N and § = ¢/C (we may always assume that C' > 1). It is now an easy
exercise to prove that the assumptions of the Basic Criterion are satisfied. The most difficult

point is to prove that, for all k € {1,...,q}, for all A € Ay, one has

ZT;L’“S;L; ()| <e.
i#k
When j > k,
. (6%
A=) < pUm
n-
J
so that
Srsel <X O
>k ]>k o nk
whereas, when j < k,

— aYet
A=Al < plme—m)”
nOé
k
so that

2 TS S D

j<k J<k
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Property (d) of Lemma 4.15 now finishes the job. O]

Question 4.16 Condition (b) of Theorem 1.5 does not perfectly match (CS2) of the Costakis-
Sambarino theorem because we cannot take o = 1/~y. Is it possible to cover this last case (changing

if mecessary condition (a))?

Observe that in the previous proof the condition o < 1/ was needed to get the convergence of
the infinite product defining C'(m,1).
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Abstract

In this paper, we transfer to the context of algebras some recent results by F. Bayart, (). Menet and
the author on the existence of common hypercyclic vectors for families of products of backward
shift operators. We also give, in a multi-dimensional setting, a positive answer to a question
raised by F. Bayart, D. Papathanasiou and the author about the existence of a common hypercyclic
algebra on £1(N) with the convolution product for the family of backward shifts (By,x))rx>0 induced
by the weights wy(\) =1+ A/n.

1 Introduction

The study of hypercyclicity consists of analysing the behaviour of the iterates of an operator T'
on a vector x in a topological vector space X. The set of iterates is called the orbit of x under T
and denoted by Orb(T;x) := {T"(x) : n > 1}. When the latter is dense in X, we say that 7" is a
hypercyclic operator and that x is one of its hypercyclic vectors. The set of hypercyclic vectors
of T is denoted by HC(T'). When we are dealing with a family (7))xea of hypercyclic operators
acting on the same space X, it is natural to ask whether there is a single vector x € X which
is hypercyclic for each member T of the family. We usually assume that the parameter set A
is o-compact and that (A, z) — Th(z) is continuous from A x X into X. Such a vector is called
common hypercyclic vector for the continuous family (73)xea, which in turn is called common
hypercyclic family of operators.

This question is interesting and non trivial. On the one hand, many classical family of
operators are common hypercyclic, for example (AB)x>1 on £,(N), where B is the backward
shift, and (T,)a0 on H(C), where T, is the operator of translation by a # 0. On the other
other hand, an example by A. Borichev (quoted in [1]) show that the family (sB X tB)en
does not have common hypercyclic vectors on f2(N) x ¢5(N) whenever A has positive Lebesgue
measure. Of course the smaller the parameter set is, the better are the chances of finding a
common hypercyclic vector.

When X has a structure of algebra, it is natural to ask whether or not HC(T) U{0} contains
a non-trivial subalgebra of X, what we shall name as hypercyclic algebra for T'. Although the
subject is not new, appearing with a negative result in [4, 5] and with a positive result in |2, 3],
it is continuously catching the attention of many researchers on the field in the last few years.
In this paper, we are exclusively interested in the case where X is a Fréchet sequence algebra,
that is, we will assume that X is a Fréchet subspace of the space of all sequences w = CY and

on which a well defined product - satisfies, for all z,y € X and ¢ > 1,

2 yllg < llzllg > llyllq,

where the non-decreasing separating sequence of seminorms (|| - ||4)g>1 induces the complete

topology of X. We are mainly interested on families of weighted backward shift operators, that
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is, maps By, : X — X defined by
By(zo, 1, x2,...) = (W11, We9,...), =€ X,

where w = (wy), is a so called weight sequence. We say that w is admissible when B, is
continuous.

Two classical products are commonly considered on sequence algebras: the coordinatewise
product and the convolution (or Cauchy) product. The first one transforms ¢,(N),p > 1, and
co(N) into Fréchet sequence algebras and the second one does the same with ¢;(N). These
products also make H(C) a Fréchet sequence algebra when we endow it with the sequence of

seminorms (|| - [|¢)q>1 given by

[es) [eS)
> ans"| =2 lanld™
n=0 q n=0

The coordinatewise product on H(C) is also known as Hadamard product.

A powerful tool to find common hypercyclic vectors is the well known Costakis-Sambarino
criterion (see [10]). Its hypothesis give a clear way of constructing the partition of the parameter
set required to apply the Basic Criterion for common hypercyclicity [3, Lemma 7.12] (or Theorem
2.1 for a version adapted to algebras). On higher dimensions, on the other hand, the construction
of the partition is more delicate as there is no trivial way of ordering the sets in the partition.
While in one dimension, one can arrange the partition in a way that inequalities such as A < X
can be used to get rid of otherwise problematic factors (see the proof of [9, Theorem 2.11]), in
two dimensions one cannot expect to do anything similar with two parameters (\, ) and (X, u/).
Hence, proximity conditions on the elements of the partitions become essential. In this paper,
we make use of the ideas in the recent work [7] to obtain similar results for common hypercyclic

algebras for families of product of backward shift operators. Let us summarize our main findings.

1.1 Coordinatewise product

In the same vein as the results from |[7|, we have obtained a more general statement which

includes both the following corollaries.

Corollary 1.1 Letd > 1, X = {,(N) or ¢o(N), a € (0,1/d), I C (0,400) be o-compact and
(w(A)aer be a continuous family of weights. Assume that, for all Iy C I compact, there exist
D1,Dy,D3 >0 and N > 0 such that, for alln > N,

e acly— > log(wi(a)) is Din®-Lipschitz;
o inf,cr, wi(a)- - wp(a) > Dyexp(Dsn®).

Then (Bw(/\l) X eee X Bw()\d)))\eld admits a common hypercyclic algebra for the coordinatewise

product.

Corollary 1.2 Let d > 1, X = {,(N) or co(N), I C (0,400) be o-compact and (w(X))rer be a
continuous family of weights. Assume that, for all Iy C I compact, there exist D1, Do,y > 0 and
N > 0 such that, for alln > N,
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o acly— Y i log(wi(a)) is Dilog(n)-Lipschitz;
o inf,cr, wi(a)- - wp(a) > Dan?.

Then (Bw(Al) X e X Bw()\d)))\eld admits a common hypercyclic algebra for the coordinatewise

product.

Thus we have found a large class of families of operators parametrized by subsets of R?
admitting common hypercyclic algebras. Particularly, for both wy(a) = 1 + %%, with a €
(0,1/d), and wy(a) = 1 + %, the family (Bw(M) X oee X Bw()\d))/\e(o#oo)d admits a common
hypercyclic algebra for the coordinatewise product.

As for the characterization [7, Theorem 2.1|, the same holds true for the hypercylcic algebras
for the coordinatewise product under natural modifications. For a particular case of weights
(wn()\)) , With the property that the function a > pqlog (wn(a)) is n®-Lipschitz, we obtained

the following equivalence.

Proposition 1.3 Let o € (0,1] and wi(a)---wp(a) = exp(an®) and X = {,(N) or co(N)

endowed with the coordinatewise product. The following assertions are equivalent:
(a) (Bu(a) X Buw®))(ap)en has a common hypercyclic vector in X2

(b) (Bu(a) X Bu®))(apea has a common hypercyclic algebra in X,

1.2 Convolution product

As we might expect, the convolution product is more complicated to be dealt with. With the
coordinatewise product, since it satisfies (Zanen)m = Y ale,, one has more liberty to play
with the coefficients without worrying about changes on the supports, we can easily define m-
roots for vectors and, as a consequence, the adapted conditions in the criteria for algebras change
only for a few new powers in comparison with the original criteria for vectors. On the flip side,
the convolution product mixes the supports and is hence less predictable. This behavior usually
lead to more complicated criteria for the existence of algebras under this product, which are in
general not analogous to classical results for the existence of single vectors.

As remarked by its authors, criterion [9, Theorem 5.11] for the existence of common
hypercyclic algebras fails to apply to the family of weights w,(\) =1+ %, what can be thought
as a surprise as this weight should not be hard to work with. In fact, for both examples given
by the authors, which are (AB)x>1 and (AD)xso, the functions A — > 7' log (wn(N)) are
n-Lipschitz and the divergence of »_ 1/n is used in the construction of the partition. For the
weights wy,(A) = 1 + 2, however, the function A — Y"}_; log (w,(A)) is log(n)-Lipschitz, and
the series ).

construct a partition specifically for this last example and to try to use the faster divergence to

n log(n dlverges faster than » 1/n. Hence, what one can expect to do is to
avoid using [9, Lemma 2.10]. This method should also work with the family of weights
wy(A) = (14 1)* or any other family for which wl()\) --wy, (\) behaves like n?.

One could think that the fast divergence of Z ML could lead to a positive result in higher

dimensions. This is indeed true, as we are gomg to prove in this section, but not by using

the dyadic covering discussed in Section 2.1.1 below. In fact, this covering doesn’t seem to be
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adapted to wy(a) = 1+ % on /; (N)?, as it contains too many elements. Fortunately, the fact
that the family induced by wy,(a) = 1 + & satisfies a log(n)-Lipschitz condition (rather than
n®-Lipschitz) will allow us to construct a (trivial) covering adapted to this case and obtain the

following result.

Theorem 1.4 Ifwi(a)---wy(a) =n® (orifw,(a) = 14+% with a few modifications in the proof),
then, for all d > 1, the family (Bw()\l) X oee X Bw()‘d)))\e(o +o0) admits a common hypercyclic

algebra on £1(N)® with the convolution product.

2 Coordinatewise product

In what follows we assume that X is a Fréchet sequence algebra under the coordinatewise
product in which span(e;) is dense, A C R? is a o-compact set of parameters and, for each
A = (A1,...,\q) € A, the operator Ty : X% — X7 is defined by Ty := Buya) X o X By
where (w(z)), is a continuous family of admissible weights and the map (A, v) = Tx(v) is
continuous. Also, for each A € A and m € N, we let D := [],span(e;) and define Sy, : D — D
by

S)\7m = Fw()\l)fl/m + X F (>\(i) 1/m,
where each Fw(x)_l/m, x € I, is the weighted forward shift on X with weight sequence
(wn Y "(x)),. The symbol || - || represents the F-norm of X and thus satisfies, for all u € X
and \ € C,

o A< 1= [Aull < lull;
o lim)\ﬁo HAUH = 0;
o [Pull < (Al + Dfful-
We will make use of the following criterion from [9].

Theorem 2.1 (Basic Criterion for algebras) Assume that, for every compact K C A, every
mo < my inN, everyv € D, every M > 0 and everye > 0, there exist g € N, Ao, ..., Ay € A/, sets
Ao, ..., Ay C A and positive integers ny, . ..,ng with ng > M and n41 —n; > M fori=0,...,q
such that

(I) U;Ni D K;

(IT) for all X € A;, i =0,...,q, and all m € [mg, m1],

(III) for all X € A;, i =0, ...,q, and all m € (mg, m1],

5 (850 ()"
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2. COORDINATEWISE PRODUCT

(IV) for all X\ € A;, i =0, ..., q,

mo

T3 (S g (01/70)) ™ =0 < e

Then (aep HC(T)) contains an algebra (but 0).

2.1 A practical criterion for algebras

The following result is a practical criterion which leads to the same applications as found in 7],

but now for hypercyclic algebras.

Theorem 2.2 Let a € (0,1/d) and let I C (0,400) be o-compact. Suppose that, for all my € N
and all Iy C I compact, there exist C1,Co > 0, B > ad, F : N — (0,+00) with F(n) < Cin®
and Ny, My > 0 such that, for all n > Ny,

(i) a € Iy — Y i log(wi(a)) is F(n)-Lipschitz;
(it) for all a € Iy, infuecr, wi(a)- - wi(a) = 400 as k — +00;

(i1i) for all a € Ip and k > Ny,

exp (Cz Fntk) k:"‘)

(ntk)™ My
ekl < —, D.1
wy(a) - wg(a) M= (D-1)
1 M
‘ 1/mo (&% S kT (DQ)
[wi(a) - wy(a)]
Then (Bw(/\l) X -0 X Bw()‘d))/\eld admits a common hypercyclic algebra on X9 for the

coordinatewise product.

If we assume that X admits a continuous norm, then condition (ii) follows from (iii) so it
can be removed. Indeed, if X has a continuous norm then the sequence (e;,) is bounded below.
Before proving this result, we will show that the two practical Corollaries 3.2 and 3.6 from |[7]
(here stated as Corollaries 1.1 and 1.2) give not only a common hypercyclic vector but also a
common hypercyclic algebra for the coordinatewise product. The first corollary is proven as

follows.

Proof of Corollary 1.1. Let mg € N and Iy C I compact. By hypothesis there are D1, Do, D3 > 0
and N > 0 as in the statement. We define F'(n) := Din®, Cy := D; and fix Cy < g—i’ and 8 > ad.
Also we let Ny > max(V, p) big enough so that, for all & > N,

min {Dg exp ((D3 - Cng)ka), [Dg exp(nga)] 1/m0} > B,

Conditions (i) and (ii) are satisfied by hypothesis and, for all n,k > Ny and a € I, we have

(n+k)
wi(a) - wi(a)

exp <C’2 FOH@ ko‘) H _ exp (Cg%ka)

wi(a) - wi(a)
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exp (C’ngk‘O‘>
< N 7
— Doexp (ngo‘)

1
B Dy exp ((D3 — CQDl)kO‘)
< 1
= kB
and
‘ 1 H - 1 U1
m €kl > mo — 1.8
[wl(a)"‘wk(a)]l/ 0 [Dg exp(nga)]l/ 0 kP
what verifies (iii) and completes the proof. O

Example 2.3 Let d > 1, X = {,(N) or ¢o(N), o € (0,1/d) and (w(X))r>o be the family of
weights defined by wy(A) -+ wn(A) = exp(An®) (or wy(A) =1+ n%a) for all n > 1. Then the
family (Bw(Al) X o0 X Bw()\d)))\e(o o) admits a common hypercyclic algebra for the

coordinatewise product.

The second corollary is proven as follows.

Proof of Corollary 1.2. Let my € N, Iy C I compact and p € N. From the hypothesis there are
Dy,Ds,v > 0 and N > 0 as in the statement. Fixing a < ﬁ, one can find C big enough so
that Djlog(n) < Cin® for all n € N. Let 8 € (ad, mlo) and Cy < %. Finally let Ng > N
big enough so that n — 107%# is decreasing on [Ny, +00). It is now easy to apply Theorem 2.2.

Conditions (i) and (ii) are satisfied by hypothesis and, for all a € Iy and k > Np,

' R H exp (oD EEEIR)  peans  poi p
wl(a)--~wk(a) w1(a)~--wk(a) — DokY ky—C2D1 —  |p
and
1 exll = 1 - 1 _ D2—1/mo
[wi(a)- -~ wi(a)] /™ [wi(a)- - wi(@)] 7™ ~ [Doko]V™ T K
what verifies (iii) and completes the proof. O

Example 2.4 Let d > 1, X = {,(N) or ¢o(N) and (w(\))a>o be the family of weights defined
by wa(A) = 14 2 (or wy(A) := (1+ £)*). Then the family (Byx,) X - -

admits a common hypercyclic algebra for the coordinatewise product.

x Bw()\d)))\e(O,Jroo)d

The problem of finding a common hypercyclic vector in the limit case & = 1/d remains open.
Although we don’t intend to explore this difficulty, it remains as an interesting open problem.

We state it here in the form of a bi-dimensional example.

Question 2.5 Does there exist a set of parameters A C R? with positive Lebesgue measure such
that the family (Byx) X Bu(u)) (\p)ens with wp(A) =1+ ﬁ, admits a common hypercyclic vector
on ¢co(N) x ¢o(N)?
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2.1.1 A covering lemma

In order to prove that the conditions of Theorem 2.2 are enough to apply the Basic Criterion, we
need a covering result taken from [7]. The d-dimensional version of this lemma holds true but,
for simplicity, we will state it for d = 2. Let us fix @ € (0,1/2), f > 2a and D > 0. An element
A of R? will be written \ = (z,y).

Lemma 2.6 There exists a constant ¢ > 0 such that, for all D > 0 and all compact squares
K C R? with diam(K) < ¢D, then, for all T > 0, for alln > 0, for all N > 1, there exist ¢ > 1, a
sequence of integers (n;)j=o,..q—1, @ sequence of parameters (\j)j=o,...q—1, @ sequence of compact

squares (Aj)j=o,..q—1 such that
(a) no >N, njy1 —n; > N;
(b) K = U?;(l) Aj and, forallj =0,...,q—1, writing \; = (x;,y;), we have A; C [xj,xj + %} X
(c) for all0 < j<l<q—1, forall X € Aj, for all p € Ay,
D(ng —nj)®

A= plloo < T;

(d) 9= 25 < n;
J

(e) forall j € {0,...,q— 1}, Zl#mgn.

This covering works well for families of weights (wn(a))a such that a — >°p_; log (wn(a)) is
F(n)-Lipschitz for some function F' : N — N satisfying F(n) < Cn®, C > 0,0 < a < 1/d,
giving common hypercyclic vectors for the family of products of d backward shifts as it was done
in |7]. As usual, one can transfer these results to the context of hypercyclic algebras for the
coordinatewise product with little effort, what lead us to the formulation of Theorem 2.2. As we

have discussed, the convolution product is more delicate to work with.

Proof of Theorem 2.2. For simplicity we prove the result for d = 2, but it is clear that same
can be done for any d € N. Also, in order to shrink the notations, we will write w,(x) =
wy(zx) - wp(x) for any  and n. We aim to apply the Basic Criterion for algebras with A =
(0, +00)? and some compact square K C I¢ where Iy C (0,+00) is a compact interval. Let
mo < mp in N and (u,v) € D with support in [0,p] for some p € N, say u = >, we; and
v =Y7_,ve. By hypothesis we find C1,Cy >0, 8 > ad, F : N — (0,+00) and Ny, My > 0 as
in the statement. Let us fix D < C3/2% and define

Ay = sup { [@1(2)]| (1, v)]|oo] ™™ s m € [mo,mi] U{1},1 =0, ...,p and z € Iy},

A, = inf{w;(x) : 1 =0,...,p and = € Ip}.

We can suppose that diam(K) < ¢D, otherwise we subdivide it into smaller squares. In order to

verify the basic criterion, let M > 0 and € > 0 arbitrary. Let 7y > 0 small enough so that

(lrowel, [rovier)) < =—
max TOUI€E TOUI € —_—
ot ouer|], ||Tovier||) < 2(p+ 1)

195



Article D.

and let 7 > 0 small enough so that

) exp (01 2“7’) ‘ 70

< .
— Ap/A (W)l

Finally let us fix N > max{Ny, M, p} big enough so that, for alln > N, 1 =0, ...,p, m € [mg, m;]
and a € Iy, we have Wy, (a) > 1 and

We then apply Lemma 2.6 for 7 > 0, for

S S H . e
(@m (@)™ I 20 + 1) ((Ap/4L) exp(rCr29) + 1)

€
2My(p+1)(A4p + 1)

7]:

and for N and find ¢ > 1, integers ny, ..., ng—1, parameters Ao, ..., \¢q—1 and squares Ag, ..., Ag_1
such that properties (a)-(e) hold true. We claim that conditions (I)-(IV) of Basic Criterion are
satisfied.

Condition (I) is automatically true. For condition (II), let A € A; for some i € {0, ..., ¢}, and

let m € [mg, m1]. We have

q—1 q— q—1

n 1 5 1
Z S)‘J] m Z 1/m0 /mo) + Z szyj)’l/mo (v /mo) :
=0 =0 =0

Let us treat each parcel separately. Firstly we apply (D.2) and get

qg—1

ST )

J=0

1/mo

p u,
E elJrnj

1/m
0 =0 [wl+1($j)"'wl+nj($j)] o

[@H_n (l’])] 1/mg l+nJ

IN
/’g%
+
N
N
S

_l_
=
=
3

<

Analogously we get || Zj 0 w(y J~1/mo (vl/mo)H < 5, what proves the first part of condition (II).

For the second, writing A = (z,y), we have

ZTT”( A mo (u v)l/mo )

JF#i

| St 1/mo<ul/m°>)mH
ZBM ( F l/mo(Ul/mo))mH-

J#i
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2. COORDINATEWISE PRODUCT

As before, we treat these parcels separately and get

m m
7 (S| = S (it |
J#i J>i
P m/mo wl+nj*ni+1(x) w0 Widny ($)
= 222w g €
j>i 1=0 [wl+1($j) © 0 Win, (371')]
P
Win;—ni+1(T) - Wi, (2)
< ZZ um/mo nj—n nam/mo Cltn;—n|-
i>i 1=0 [wir1 () - Wi, (25)]
Notice that, using m/mg > 1 and D < Cy/2¢,
um/mo lernj*niJrl(x) w0 Widny (JI)
[wist () - wrg, (7)) ™™
1
< |wl( )ul|m/m0/\l+nj( ) X —
Wi+n, (z ) Wi+n;—n; (z)
I4+n; I4+n; 1

< Apexp log (w; ( log(w;(x; -_—

(|5 et - S st ) 5

1

< Apexp (F(1 4 nj)|z — z;]) x =

Witn;—n; (x>

(DF(l—f;nj)(nj — ni)o‘> X = !

Wi+n;—n; (l’)

F(l4n; ) a o (+n))® (nj—n;)
<A P (D (l+n1)]°‘ (L4 nj —ni)® x nz'l] (H—’ilj—ni)a)
— “p @LH%,,% (:L')
a F(l4n;
ca (D2 G 4+ ms = ma)”)
P @H-Tbj—ni (:E)
F(l4+n o
4 exp (C (lij; )]a) (I +n; —n;) )
" lernj*m (.CC)
Hence
p
1/m m/mo_Win;—ni+1(2) -+ Wign, (1)
0 (1 07| < S e )
J# j>i 1=0 [wl-&-l(ﬂ?]) Wi4n; (x])]
(I4n;) _
- XP: Aexp(C’2(l+n)J (I +n; nz))el n
> pilan P 'L/U\l—&-nj—ni (l‘) +tnj—n;
(I4n;)
P exp <C’2 T (l+n; —n;) )
S A + 1 €l4n;—n;
g>i ZZ; ( g ) wl+nj—ni(x) n
p
My
Y (A1) Mo
Y
j>i 1=0 (l+nj —ni)
1
< Mo(p+1)(Ap+ 1) Zm
J>i v

< Mo(p+1)(Ap+1)n
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<

| ™

. m
Analogously, Zj 4 BZi(y) (Fnzyj)_l/mo ('Ul/mo)) < 5, what shows that condition (II) is

satisfied. For condition (III) and (IV), let A € A; for some i € {0,....q — 1}. We write
A = (z,y). Notice that, for all 1 = 0,...,p and (z,z) € {(=, %), (y, i) },

l+nl l+’l’b1
Zlog wj(z Zlog wj i) D

<e (F(l+nz)|z zil)

o (Lt ”z’)o‘)

< exp (70120‘) )

Given m € (mg, m1], we have

- um/mo wl+1($) © o Win, (55)
1 m_
(w1 () -+ - Wi, ()] ™0
(@)™ | Bn(r) 1
Q/U\l(x) ﬁj\H—m (.%'1) [@l—&-ni (.Tz)] mo

Bty (Faty-vimo (“1/m0)>mH B

1=

o

-

-~
Il
o

ﬁ%ﬁ

(Ap/A}) exp(rC12%)— el

~
Il
=)

IN

(Ap/A,) exp(TC12%) + 1 Z
=0

e

wl—&—nl (xz

IA
N[ ™

Analogously,

‘Bzi(y) (ngy‘)fl o (vl/mo))m < £, what verifies condition (III). Finally, for

condition (IV), we first notice that, for any z,y with |z — y| < -5, we have

W1 (2) - Wign () — 1) y|= wi(y) % Wign(2) l(l/) wy(y) —1)
wi1(y) -+ wign(y) @ul@)  Brraly) @) o)
Y PO (O T T
g% exp(p<n+z>|x—y|)—1]+\exp(F<z>rx—yr)—1)||uHoo
S% exp(F(n-i— l)n%) — 1‘ + )eXp(F(Z)TZ;a) o 1’”””“’
p
<A exp(Crr ™2 | 4 exp(Crr ) — 1l
g% exp(Cl2a7') — 1‘ + ’exp(ClT) - 1‘”“”%

hS]
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2. COORDINATEWISE PRODUCT

< (Ap/AL + Huuoo)) exp(C12°7) — 1‘
<7

Hence,

0

T (S5 (07)) ™
mo

HBZJZ(z ;ngc —1/mg (ul/mo)) -

IN

ng Mg m mo
+ 1| Buw) (F w(y;)~1/mo (v °)> v

p —~
_ Z E)ler (2) 1wy || + Z Qifler (v) —1 e
=0 Wi+n; (wl) -0 Wi+n; (yl)
P
<Y~ (llrower| + [|roveer] )
=0
u €
< 2
3 2(p+1)
=0
=ec.
This proves the claim and completes the proof. O

2.2 Characterization of families of products of weighted
shifts admitting a common hypercyclic algebra for

the coordinatewise product

As done in [8], many results for vectors can be brought to the context of algebras with the
coordinatewise product under almost the same conditions, the difference being the presence of
some natural powers. Here we repeat this formula with [7, Theorem 2.1] and obtain Theorem
2.7. For the proof we need the following property, held true whenever (e, ), is an unconditional

basis of a Fréchet space X.

(UB)If (zp,) € X and (o) € lxo, then (apzy) € X. Moreover, for all € > 0, for all M > 0,
there exists § > 0 such that, for all € X with ||z|| < 0, for all sequence (o) € oo With
l(an)lloo < M, then (anxy,) € X and |[(anzy,)|| < e.

Theorem 2.7 Let X be a Fréchet sequence algebra for the coordinatewise product with a
conditnous norm and admitting (ey) as an unconditional basis. Let I C R be a nonempty
interval, let d > 1 and let A C I¢ be o-compact. Let (Buw(a))act be a family of weighted shifts on
X and assume that a € I — wy(a) is non-decreasing with negllf Iwn( a) > 0. Assume also that,
there exist ' @ N — Ry and ¢,C > 0 such that, for all n > 1, denoting by
fn(a) = 325y log(wi(a)),
V(a,b) € I?, cF(n)la —b| < fala) = fu(b)| < CF(n)|b—a

wp(a

n(b)

~—

Y(a,b) € I?, > c.

g

Then the following assertions are equivalent:
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(a) (Buww)) X -+ X Byd))aea admits a common hypercyclic algebra in X ;
or allm > 1, there exist u € such that u™ 1s a common hypercyclic vector for 1)) X
b) For all h X9 such that u™ h l Jor (Bu))
o X Byad)) rens

(¢) For all m € N, 7 > 0, for all N > 1, for all € > 0, for all K C A compact, there exists
N<ni<ni+N<n <---<ng1+N <ng and (Ag)k=1,..4 € 1% such that

(i) K < Ui T M) = 757 Ae(0)]
(ii) Foralli=1,...,d,
I 1
i1 (W01 (M (@)) - - wy (A (9))] Y

(iii) For allk =1,...,q, foralli=1,...,d, foralll =0,...,N,

—en, || <.

Zq: W —nj414+1 (Ax()) - - Wy +1 (Ar())

wi+1(A;(2)) -+ - wny41(A;(2))

en,—ny || <&
j=k+1

To simplify the notations, we will prove the result for d = 2, the general case is a
straightforward adaptation with more terms and coordinates. We write A = (a,b) any element
of R?. For A = (a,b) € I?, we will denote by Ty the operator By(a) X By acting on X x X
and Sy the operator F,,-1(,) X F,-1@), where Fy,—1(,) is the weighted forward shift associated
to the weight sequence (w;!(a)),. Moreover, when estimating the norms appearing in the
Basic Criterion, like for example ||T3(u)|| where v = (z,y) € X x X, it is worth noticing that it
can be made coordinate by coordinate by estimating || By q)(z)|| and ||B,@)(y)l|. They are

often analogous to each other so we only need to estimate one of these coordinates.

Proof. The proof of (a) = (b) is trivial. Let us assume (b) and prove (c¢). Given m > 1, there
exists u = (7,y) € X x X such that " is a common hypercyclic vector for (Byq) X Bub))(a,b)eA-
We may always assume that ||u|| < 6 where 6 > 0 is a small real number whose value will be
precised later. Let 7 >0, N > 1, ¢ >0 and K C A compact. We set

N N
0= (Tayal).
k=0 k=0

Let (ng) be an increasing enumeration of
{n>1: ||[T{u™ —v| < for some X € K}.

Let Ap = {)\ e K: HT/(”“um — UH < 5}. Since u™ is a common hypercyclic vector for the family
(T\)xek, since K is compact and each Ay is open, there exists ¢ > 1 such that

q
K C U Ag.
k=1

For each k =1,...,q, we define a; and by by

ag :=sup{a: 3b, (a,b) € Ay}
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2. COORDINATEWISE PRODUCT

by :==sup{b: Ja, (a,b) € Ay}

and we set A\ = (ag, bx). Let us show that ny > N and ng4q —ng > N forallk=1,...,¢— 1.
First, since ||B{, &™ — E;VZO ej]| < 4, since 6 is small and since the N + 1 first coordinate

functionals are continuous, we get

wl(al)"‘wn1|x;ﬁ‘ >1-mn.

Hence, by making 1 small (depending on ), the quotient 1_777 is as big as we want so that ny
cannot be bounded by N because of
|z 1-—
wi(ar) - wy, (a1) > w1(a1)---wm% > Tn

This proves n; > N. Now, assume by contradiction that there exists some k such that ng1—ng <
N. Weset p=np+ N —ngy1 €{0,..., N — 1} and we use that HBZ}’EH (™) — Zj'v:o el <o

ak+1)
to obtain

{ [wpt1(ak+1) - W n(ap1)zy oy — 1 <
‘wp+2(ak+1)"'wnk—i-N—i-l(akJrl)xzerNJrl_1‘ < n

Since we also know that HBZ’Eak)(a:m) - Zj-vzo ejll <6, we get
{ lwnt1(ak) - wnn(ag)zy oy — 1 < 7
lwnta(ar) - wppnyi(ar)z vl <1
Taking respective quotients, these inequalities lead to

WNt2(ak) - W N+1(ak) 1
Wpt2(ak11) WoprN+1(ape1) — 1—7n

wy1(ag) - wn, N (ag) S 1—n
Wp1 (A1) -+ WoyyN(akr1) — 147

Consequently we get

L-n wyan+ilar) | wpri(awsn) 7
L+n  wyanti(aks1)  wyi(ar) — 1—7

Hence, provided 7 is small enough, using that wy,(a)/w,(b) is bounded and bounded away from
zero independently of a, b and n, using that p € {0,..., N — 1} and also that a € I — wy,(a) is
non-decreasing, we get a contradiction. Therefore ngy; —ng > N forallk=1,...,q— 1.

Let us now prove (i). Let A = (a,b) € Ay for some k =1,...,q. Provided ¢ is small enough,
we know that for any 0 <[ < N,

{ ’wl—i-l(ak) ... wnk-i‘l(ak)x?k—i-l — 1| < 7n
lwit1(a) - - wnk+l(a)$nmk+z -1 < n,

with 17 < min (%, %) Hence,
(wi(ak) - -+ wny (ar) — wia) - - wn, (a)] - a7 | < 2n.
On the other hand,

wi(ag) - - - wny (ax) —wi(a) - wn, (a)
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= wn (@), (o) [ exp (3 log(w(an)) — Y log(wy(@) | - 1

> wi(a) - wy, (@) (exp (cF(ny) (g — a)) — 1)
)

> cwi(a) - - wp,(a)(ar — a)F(ng).
Since we also know that w1 (a) - - - wy, (a)|2y | > 1/2, we finally get

0< < T
<ap—a< .
cF(ng) ~ F(ng)

The same is true for the second coordinate and we get (i). In order to prove (ii), we define (a,)
by

if n =ng for some k=1,...,q,

1
o = wi(ag)-wny (ar)zR

0 otherwise.

Observe that ||a|/c < 2. Hence, by choosing ¢ small enough and using (UB), we get

< 1 < 1
1/m En|| = Z 1/m Ly Eny,
=1 [wi(ag) - - wn, (ag)] =1 [wi(ag) - wny(ag)] " an,
= Ty, €
1 w1 (ak) c s Way, (ak)CUnmk Mtk
+oo
= Z ai/mmnen <e.
n>N
It remains to prove (iii). We fix k = 1,...,q and we now set
5, = “’l+1(aﬂ')"'wnfrl(aj)x?j“ if n #n; —ny + 1 for some j > k+1
0 otherwise.

Again ||| < 2 and, writing BZ’Eak)(xm) - Z;V:() e;j as (zn), we get

q

b= 30 MmO ey
n<~ntn — n;—mng+
bt 1 wl+1( aj; wnj-‘rl(aj)lej+l e

(
)
. g wnj—nk-i-l—‘rl(
- Z .

ok wit1(a;

ak) -+ W, vi1(ar)
wnj+l(aj)

enj —ng+l-

Once more the result follows from (UB) by using that Ay € Ay and that nj—ng > N for j > k+1.

We finish the proof of the theorem by showing that (¢) = (a). We shall apply the Basic
Criterion for algebras. Let K C A be compact, let D C X? be the set of couple of vectors with
finite support and let (u,v) € D x D. Since we are going to estimate the norms coordinate by

coordinate, let us write
NO NO
1) = Zujej and (1) = Zvjej
=0 =0

for some N > 0. We fix m’ <m”, e > 0 and 7 > 0 (conditions on € and 7 will be imposed later)

and we apply (c) with m = m/ and obtain two sequences (ny)g=1,.. 4 and (Ag)g=1,. 4 satisfying
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2. COORDINATEWISE PRODUCT

(1), (ii) and (iii). We write Ay, = (a, bg) and set A, = KN ([ax—7/F (ng); ax] X [by —7/F (ng); b))
so that |J, Ay O K. Let us show that the assumptions of the Basic Criterion for algebras are
satisfied for the sequence my = ng — N. First, we observe that the condition inf,, w, (@) and the

unconditionality of (ey,), ensures the continuity of Bw(a)l sm’. We also notice that

q

§ : m; 1/m/
ijl/m’(ak)(v(l) / )

k=1

No q 1
<> (ul™ +1) Z 7 Ere—(N—1)
=0 k= wl+1(ak) © Wy —(N=1) (ak)]

We fix a € I and we claim that

3 !
1/m’ enk—(N—l)
k=1 [wl+1(ak)"'wnk (v—1)(ar)] /

q
i @ [wi(ay,) - wnk<ak>]“’”'e”">

(D.3)

for some sequence (zy)x € foo With

M N/m/
Iweiloe < ()

where M = max(1, |w;(a)|: 0 < j < N, (a,b) € K for some b). Effectively,

> 1
! Ene—(N=1)
i1 (Wi (ag) - - wp, —(v—1)(ar)] L

=> [w- wy(ag)] ™

k=

Nk

1/m’
w;(a)
11 j(a) ]

A wi(a
J=ng—(N=0)+1

1
« pN-1 e
w(@)t/m’ ( (w1 (ar) - - wny (ar)] 1/m k)
(N—1)/m’ 1

q
al
=1 ¢ w(@)? [wi(ag) - - -wnk(ak)]l/m ’

Hence, the first condition in (I) follows from the continuity of B w(@)/m' and the unconditionality

of (ep).

The other conditions follow from a similar calculation. Indeed, for k =1,...,q, (a,b) € Ay

—_

and m € [m/, m"],

> By (Lo 0()

Jj#k
mk J e 1/m/ m
Z B ( —1/m/ ( J)(U(l) ))
j=k+1
N
I Z |:'U[(1)j| m/m/ wnjfnkf(Nofl)Jrl(a) e wnjf(Nfl) (a)
=0

[wl+1(aj) T Wny—(N-D) (aﬂ')]m/m

= enj—nk—(N—l)
j:k+1 =
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N
- zq: Z[vz(l)}m/m/y'lwnr"’r(N*l)H(a)”'w”j*(N*l)m)e j—ng—(N—1)
j=k+11=0 8 wyt1(ag) -+ wy, —(v—p)(aj) ma T ’

where

1

Yjr = m/m/—1"
[wip1(ag) - wn,—(n-p)(a)] /

Since X has a continuous norm, from (ii) and as m/m’ —1 > 0 we get that (y;;) is bounded
uniformly on j and [. In order to apply (iii) there is an extra difficulty to handle because we

have
wnjfnkf(Nfl)Jrl(a) T Why—(N-) (a)
and not
Wr; e~ (N—1)+1 (@) Wn— (v—1)(ak)-

But this is solved easily using that

Wy g~ (N—-1)+1(@) Wi, (N1 (@) S W,y (v—y41(ar) - W, (N1 (ar)

and the unconditionality of (ey,). This proves (II). To prove (III) and (IV), we take k € {1, ..., q},
(a,b) € A, m € [m’,m”] and write

N
Bt (F e o))" = 3yl (@)
. 1=0 [wl+1(ak) T wnk—(N—l)(ak)]

If m >m/, then m/m’ — 1> 1/m’ and we get

wiy1(a) - wy, _(n_py(a) 1

m/m’ — m/m/—1

[wig1(ag) - W, —(v—p)(ar)]
1

[wig1(ag) - Wi, —(v—p)(ar)]

< 1/m/ €l
[w1+1(ak) T wnk—(N—l)<ak)]

Here we can use the fact that (e,) is bounded bellow and repeat what we did with (D.3), now
with (x;) having only one non-zero term. Hence (III) follows if we choose € > 0 small enough.

If m = m/, then we write
S

( wiy1(a) - wy,—(v-py(a) - 1) €
)

N
< +1
< :0(|Ul( )+ 1)) wiy1(ag) -+ Wy, (N1 (ar

l

and it is easy to show that this becomes smaller than ¢ provided 7 > 0 is taken small enough
and using
|fn(a) = fu(b)] < CF(n)]a —b].
O

If we restrict the m-th power in the statement to m = 1, we obtain a characterization of
families admitting a common hypercyclic vector. Hence, what distinguish vectors from algebras
as far as this characterization goes is the presence of the power 1/m in (ii). As soon as these
conditions are equivalent for a specific family of weights, one has that the family admits a common

hypercyclic vector if and only if it admits a common hypercyclic algebra.
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Proposition 2.8 Let a € (0,1] and wi(a)---wp(a) = exp(an®) and X = £,(N) or c¢o(N). The

following assertions are equivalent:
(a) (Bu(a) X Buw®))(ap)es has a common hypercyclic vector in X ;
(b) (Bu(@a) * Buww))@per has a common hypercyclic algebra in X.

Proof. The proof of (b) = (a) is trivial. Let us assume (a) and prove (b). This family then
satisfy (c) of Theorem 2.7 for m = 1. Let m be arbitrary, let 7 > 0, let N > 1, ¢ > 0 and let
K C A compact. There is Ny such that

+oo 1

<e. (D.4)
n—No exp(an®)

1/m

From Theorem 2.7(c, m = 1) there exist (ng, A\g)r=1,.4 satisfying (i) and (i7i) of the same
theorem. Condition (i7) for this arbitrary m follows automatically from (D.4), what completes
the proof. O

This particular case includes, for example, multiples of the backward shift.

Example 2.9 Asshown in [7], (sB X (5—5)B)S€[2 3] just as any family ()\B X MB) (up)er indexed
by a Lipschitz curve I' C (1, +00)? admit a common hypercyclic vector. Hence, they admit as

well common hypercyclic algebras for the coordinatewise product.

3 Convolution product

We will obtain Theorem 1.4 by applying the following more general key result from [9], which is

an adapted version of Birkoff’s hypercyclic theorem for common hypercyclic algebras.

Proposition 3.1 Let A be a countable union of compact sets and let (Tx)xen be a family of
operators in L(X) such that the map (A, x) — Tx(x) is continuous from A x X into X. Assume
that, for all compact sets K C A, for all m > 1, for all U,V non-empty open subsets of X and
for all neighborhood W of 0, one can find uw € U such that, for all N € K, there exists N € N
satisfying
TN (u™) € W whenn <m —1,
{ N (u™) e V.

Then the set of points generating a common hypercyclic algebra for the family (Tx)ren is residual
mn X.

As for the covering, we didn’t manage to apply Lemma 2.6 to w,(\) = 1 + % As this
result was made having in mind the case wi(a) - - - wy(a) = exp(an®), it well fits this setting and
naturally grants a common hypercyclic vector. The case w,(A) =1+ % is rather different. Now,
the function a — Y_j_; log (wn(a)) is log(n)-Lipschitz and a partition made of cubes of side %

doesn’t seem to work well. To overcome this apparent incompatibility we will insist on defining

T

oz () instead.

cubes of side
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Article D.

In one dimension, we could define something like \j 11 = \j+ log( and proceed with similar

)
calculations as in |9, Theorem 2.11|. The tricky part being to define a suitable sequence (ng)g, but

once it is done, this gives a common hypercyclic algebra for (Bw( ,\)) and answer [9, Question

A>0
2.14] in the affirmative. What interest us, however, is the possibility of finding such an algebra

for (Bw()\l) X oo X Bw(/\d))Ae(o,+oo)d for any d > 1.
As we have done before, we will prove the result for d = 2, but it is clear that the same can

be done for any d > 1.

Proof of Theorem 1.4. Let (T)"#)(A,u)e(o,Jroo)? defined by T} ;, 1= Byy(x) © Byy(u) on X X X, where
X =/41(N) and w,(A\) =1+ % We aim to apply Proposition 3.1 to this family.

We fix [a’, 8] x [a”,b"] C (0, +00)? with b' < 2a’ and b” < 2a” and let m € N. We also fix an
integer 7 > max{),J;, 1} (as we will see, one could just take r = 1 in the case
min{a’,a”} > 1). As the products wi(x)---wy,(z) behave like n*, is it enough to prove the
claim for wq(z)- - wy(x) = n®.
factors to be dealt with.

This will simplify the proof as there will be less constant

For m = 1 the proposition is equivalent to the existence of a common hypercyclic vector
(which is know to be true from Article C). Let us assume m > 2. Let U,V,IW C X x X
open and non-empty, with 0 € W. Let (uj,u2) € U, (vi,v2) € V, p € N and n > 0 such
that B((ul,u2);27]) c U, B((vl,vg);?m) C V and max supp(uy, ug, v1,v2) < p. We write v; =
> b ovige for i = 1,2 and we choose o a very big integer of the form n™ (conditions on its size
later). We can choose o such that |(logo)3 + 1] is the square of some integer q. We then have
Vvq € N and

(logo)? < g < (logo)?® + 1.

We now define @ = min{a’, a”}, b = max{¥', b"}, and we consider a covering of [a,b]? by ¢ cubes

of side © We choose the sequence of powers

\/5

Nj:(m—l)g—kgmnzl(j—l—l)r, ]:1,,q

Let
q p
(u,u”) = (u1,u2) +ZZ dzjeN (m— 1)U+lvdil,j€Njf(mfl)cr+l)+(€1€J752€U)7
7=11=0
where
o Ul,l "o._ U27l
Y mem T (N) - wn, (Og) T mem™ g () - wige (1)

1 1

(wl(a’) . .%wma(a’)>m T <w1(a”) . .%wma(a”)>

Let us first show that (v/,u”) € U if o is big enough. We can calculate it coordinate by coordinate

m

€1 =

and get, for some constant C, > 0 depending on v,

m—1

< Zq:zp: ‘U;,;l‘ X [wl(al)"'wmff(a/)]T + &1

wiy1(Aj) - wig N, (Ag)
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3. CONVOLUTION PRODUCT

=1 i
, (mo) "7 ‘ i g
=C
v;((m—l)a—l—amml(j—i—ly’) (wl( ) wmo(a)>
/+oo mmTfl a 1 i
< Cv; <(m — 1)0’1/771 (] + 1) ) <’w1( ) wmo-(a/)) )

and this goes to zero as ¢ — +oo, hence ||u' — ui|| < 7 if o is big enough. Analogously
|lu” — ug|| <n, what proves that (uv/,u") € U.
We now have to show that, for all (A, u) € [@/,V/] x [a”, "], there is N satisfying

{ T)]\YM((UI,U")") e W for n < m, (D.5)

T)]\YM((UI, u”)m) eV

Given (X, p) € [/, V] x [a”,0"], let i € {1, ..., ¢} such that (X, u) € B((\s, is), d;). We then choose
N = N;. Let us verify conditions (D.5).

We first notice that, if n < m, since maxsupp(v/,u”)" < (m — 1)o < N;, we have that
ﬂ%((u’, u")") =0 € W. For the m-th power we get

p

q
/ -1 g -1 g
(W, 0™ = (P}, PY) + E E (me" ™ dy jen; 41, mey' " d) jen; 1) + (7" emo, €5 emo),
7j=11=0

where
supp(Fg, Fy) C [0, (m —1)o +p] U [0, (m — 2)o + 2(Ng — (m — 1)o + p)].

m

We aim to apply ’TAJZ’ on (u',u”)™ many parcels will be eliminated by the support. If o is big

enough, we’ll have (m — 1)o + p < N;. Moreover,
Ni — [(m —2)o +2(Ng — (m —
(m—l)a—}—amT_l—(m ) —2(

> No — [(m = 2)o +2(Ny — (m — 1)o + p)] =
m—1)o+o"m (g+1)" - (—1)o+p)=

+p)]
(

>t — 2(0 m ([log( )]3 +2> +p> >0 —20"0"m [log( )]3T,
for some constant C’ > 0. Then we will have N; > maxsupp(F) if o is taken big enough.
Furthermore, in the sum 23‘21 >ho (ma1 d’ JEN; 41, MEY d;,jeNj+l)> we can use that N; >
N; +p when j < i to conclude that all parcels indexed by j = 1,...,4 — 1 have maximum
support less than N;. The parcel j = ¢ is the one we will use to approach (v1,v2) and the final
parcels j =i+ 1,...,¢q, such as the separated term (e"€mes, €5 €ms), Will be handled in our next

calculations. All in all, we will write
Tap (")) = (P, P{) + (P3, P3) + (P4, FY),

where

p
W1 Wi N (A Wi (B) - - Wi N, (1
(Pl P! Z(Jr +N; (A) +1(p) +N; (1)

, 112,161>
— \wipr(A) - wign, (M) T wigr (p) - - wig N, (1) ’
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zq: zp:’wzv N+l+1 )\)""wHN-()\)v .
11EN;—Ni+1
Pt wiy1(Aj) - wig N, (Af) e

_ zq: Z’wN — N+ (p ) "’wl+Nj(,u)

w41 ( M] s Wi+ N; (Mj)

UQ,ZeNijth
j=i+11=0

Pé =£&1 wma—Ni—&—l()\) e 'me(A)emU—Np

P = el wme—n,+1(A) - Wino () emo—n, -
The proof will be finished if we manage to prove the following:
(M 1P, P = (vn, 02) || <3
(D (P, BN < m;
(IID) [[(Ps, Ps)|| <.
Let us begin with (I) and show that
I(PL P = (o1, 09)] < 1P = will + [P} = vall < .

We have, for some constant C,, depending only on v (the one appearing in the definition of d}, d//),

zp: ( w1 (A) - wen; (A 1) oL

Pl — ]| =
W=l =2 G o0 e (V)

) wn (V)

w1 (A
= O ), (M)

-1

N;

v| exp ( log (wj(X)) — ilog (wj(/\i))> -1
j=1

7=1
N; N;
3o (09) ~ 3 i 1501)
j=1 j=1
< 2C, log(N;)|A — A
< 20, log(N;)d;
( n n

== QCU log N’L)Wg() = 5

<20y

Notice that we used the estimate | exp(z) —1| < 2|z| which holds for all € [—1,1]. Analogously,
| Py’ —v2|| < 3, what shows (I).

For (II), we first notice that, for some constant C]/ > 0 depending on v,

H WN; -~ Ni+1+1(A) -+ wigen; (A)
w1 (Ag) -+ wig N, (Ag)
. l|wNj_Ni+l+1()\) o wn+(A)
’ wip1(Aj) - wn;1(Ag)
(Nj + DA
VN, — N+ D)

(m—1)o+c" (j+1) +z)HJ
(G417 —G+1r)e™ +1)

Ul,leNj—Ni+lH =

C//

_ o llm
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3. CONVOLUTION PRODUCT

2o AN+ 1O () + 0T+ k)t
<

" U+ o(G+1)"
” A+ ) (- )

e (g + o™ +agtay)

< UO')\J m(j+1)rAj<(1 ;ﬁ))

J>2+1 'y

G+ ((1- 1))

i<q C"Cy
G+ ()

qsuoggr)}%l Cl'Cy

= G+ 1)™ (my\,

/ . . oy .
for some constant Cy depending on a,b,r,m and ¢ = =5 — < % — L is positive since m > 2

1
m m

and 2a’ > . These estimates show that the above norm is the general term of a convergent

series on j and which value can be made small by controlling . More precisely,

q

" wy, N+l+1 )\)“'wz+N-()\)
Z Z Ny VLIEN; =Nt
j=it1 1=0 l+1 wl+N( )

175l

(p+1)C,C; i zq: 7

- B j—l— 2
<—4ca,b[fog(a)]3+3) J=itl

if o is big enough. Analogously we get | Py|| < 3, what shows (II).
Let us proceed to the proof of (III). We have

HP?iH = Hgmme—Ni-i-l(/\) T me()\)emJ_Ni |

wmo—Nq—l—l(b/) T wma(b/)

= wy ()« wpe(al)
_ w1 (V) Wi (b)) 1
wi(a) - wmo(a')  wi(V) - wne—n, (V')
(ma)b’_a,
= (mo — Np)¥
< (ma)b/_“,

(0 — o"m (AC, 4[log(0)]3 + 2)7)V

which goes to 0 as o — +o0, then ||Ps|| < 2 if o is big enough. Analogously, || P3| < 3 and the

proof is done. O

We finish this paper by returning to the one dimensional framework. Let I be an interval
and let A € I — (wn()\))n be a continuously parametrized family of weights such that A —
> i1 log (wg (X)) is F(n)-Lipschitz for some function F : N — N. As exemplified by its authors,
|9, Theorem 2.11] can be applied for some cases where F(n) = n. It turns out that it can be

more generally applied for the case where wi(\)---w,(A) = exp(An®) with a € (0,1], which
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is a particular case where F'(n) = n®. However, the same result doesn’t work for the case
F(n) =log(n), although w,(\) =1+ % does admit a common hypercyclic algebra as we proved
here (through similar, yet different, calculations).

Question 3.2 Could one obtain a unified one dimensional criterion on F(n) granting a common
hypercyclic subalgebra of £1(N) for the convolution product and including F(n) = n® a < 1, and
F(n) =log(n) as particular cases?
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1. BASIC HYPERCYCLICITY

Since the beginning, our studies were motivated by the algebras of hypercyclic vectors, as it
was planned in the doctorate project. Along our work, some of the problems formulated were
unknown even for vectors, what lead to the inclusion of the word “vectors” in the manuscript
title. The main subject that made us put aside the algebraic problems for a while was the search
for common hypercyclic vectors on a higher dimensional setting. Many problems remain open
on this subject, not only for algebras. We will discuss only some of them here. Of course all the
other topics covered in our work also have many related open question. In what follows we will

focus on the ones coming naturally from what we have done.

1 Basic hypercyclicity

Although many authors have found multiple criteria for obtaining a hypercyclic algebra for
convolution operators ¢(D) acting on H(C), a general method for the case [¢(0)] > 1 is not
known. For instance, it is not clear if 21 + D satisfy Theorem 3.1 of Article A or not, and other

criteria don’t apply to this case.

Question 1.1 Does the convolution operator 21 + D admit a hypercyclic algebra on H(C)?

More generally, we could ask if not being a multiple of an exponential function is enough to get a
hypercyclic algebra in general, as it is in the case |¢(0)| < 1. We don’t know, however, examples

of entire functions ¢ satisfying ¢(0) > 1 and such that ¢(D) does not have a hypercyclic algebra.

Question 1.2 Does ¢(D) admit a hypercyclic algebra on H(C) as soon as ¢ € H(C) is not a

multiple of an exponential function?

Maybe a different method is required just like in the case of left multiplication operators. As

discussed in the section 6.2 of Article A, other techniques are required.

Question 1.3 Let KK(H) be the ideal of compact operators acting a Hilbert space H and equipped
with the SOT-topology. Does there exist a bounded linear operator T such that the operator of
left multiplication by T

L+~—TL

has a hypercyclic algebra?

We can also ask if our methods could be applied to more classes of operators or maybe
modified so that it fits in more contexts. For instance, it is not difficult to see that we can
proceed as it is done with regular shifts and find hypercyclic algebras for the Taylor shift. Of

course, as its name suggests, it behaves just like a normal shift so such an application is expected.

Question 1.4 Can we find other hypercyclic operators acting on an F-algebra such that the

Baire arguments developed in this work lead to the existence of an algebra of hypercyclic vectors?
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2 Common hypercyclicity

Many problems in literature remain open when it comes to common hypercyclicity in higher
dimensions. Our studies have also lead to some new question, but of a more specific kind.
Looking at the covering developed in Article C, one could try to find a way of creating a
partition based on some general function F': N — N rather than in the specific case F'(n) = n®.
However, as it was shown in article D, for F(n) = log(n) such a complex covering is not needed
as a trivial one does the work. One could anyways try to improve the covering and the sequences

and try to cover the case a = 1/d for which we don’t have an answer.

Question 2.1 Is there a way of improving our dyadic covering and its associated sequence in
such a way that wi(a)---wnp(a) = exp(an®) induces a d-dimensional family (By(,) X =+ X

Bw()\d))/\e[zg]d admitting a common hypercyclic vector in the limit case « = 1/d?

More generally, by using the idea of constructing a covering for a general function F' : N — N

one could ask the following question.

Question 2.2 Let I be an interval and consider a family (w(a))ae[ of admissible weights on
co(N) such that there exists a function F: N — N and d > 1 satisfying the following:

(1) for every n € N, the map a € I — > 1_, log (wi(a)) is F(n)-Lipschitz;

(2) the series > ;2% F(i)d is divergent.

Does that imply that (By(x,) X -+ X By(a,))rere admits a common hypercyclic vector?

Let us now turn to the problem of finding curves A C (0, +00)%, d > 1, such that the product
(VB x - x M) B),cp has a common hypercyclic vector. As proven in Article C, Example
1.8, whenever d > 1, 8 € (0,1], wi(a)---wp(a) = exp(an®), with a € (0,5), and A is a (-
Holder curve, the family (Byx(1)) X -+ X By(a(d)))aea admits a common hypercyclic vector on
X =£,(N)4 1 < p < 400, or X = ¢p(N)4 The equality a = 8 works as a not covered limit case
in this statement. Hence, the particular case a = 8 = 1 is not covered, although it is known to

be true by Theorem 1.1 also from Article C. The following question is a natural next step.

Question 2.3 Can we show that, for all d > 1, the product family (By,x1)) X * * + X Bu(x(@)))reA
induced by the weights w1 (a) - - - wy(a) = exp(an®) admits a common hypercyclic vector on co(N)
whenever A C (0, +00)? is a B-Hélder curve with 8 € (0,1]?

When is comes to algebras, one could try to improve the dyadic covering and reduce the
number ¢ of terms in the partition. This is specially important when we work with the Cauchy
product as the method imposes conditions on the size of the last power n,. For the weight
sequence wy(a) = 14+ 2,n > 1,a > 0, we were able to use the log(n)-Lipschitz property to
construct a partition with much less terms, but the question remains open for wy,(a) = 1+ e

This lead us to the following question.

Question 2.4 Consider d > 2 and wi(a)---wy(a) = exp(an®), a < 1/d. Does (Byx,) X -+ X
Buxg))aepz,g1¢ admit a common hypercyclic algebra on £y (N)?® with the Cauchy product?
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3. UPPER FREQUENT HYPERCYCLICITY

We can also try to use these ideas to work on different frameworks, for instance one could look
for common hypercyclic algebras for convolution operators in one and more dimensions. Also,
for other related topics like common upper frequent hypercyclicity, the dyadic covering seems to

be promising and could potentially give new results in higher dimensions.

3 Upper frequent hypercyclicity

We have managed to find algebras of upper frequently hypercyclic vectors for some of the classical
families of operators, but the interesting case of the weighed shifts B,,(y) given by w,()\) =1 +%
is still open (the only positive answer is on ¢ (N) with the coordinatewise product). This problem
seems to be quite doable, as an adaptation of the sequence of powers (ny)r to this specific case

has shown to be effective in the context of common hypercyclicity (see Section 3, Article D).

Question 3.1 For each A > 0, let the family of weights (wn(X)) be given by wp(A) = 1+ 2.
If X = (,(N),1 < p < 400, is equipped with the coordinatewise product, does By admit an
upper frequently hypercyclic algebra (one could assume X\ > 1/p if needed)? And if X = ¢1(N) is
equipped with the Cauchy product, does B,y admit an upper frequently hypercyclic algebra?

As for more classes of operators, it is natural to look for sufficient conditions for a convolution

operator ¢(D) to admit an upper hypercyclic algebra.

Question 3.2 How can we get upper frequently hypercyclic algebras in H(C) for convolution
operators ¢(D)?

A last further possibility is to mix the properties of upper frequent and common hypercyclicity
and look for criteria and examples of operators admitting an algebra of common upper frequent

hypercyclic vectors.

Question 3.3 Can one obtain a Baire argument giving common upper frequent hypercyclic

algebras with applications to the classical families of operators?

4 Disjoint hypercyclicity

Of course there are many problems for basic disjoint hypercyclic which could be stated here, but
as our framework is algebraic, we will only mention related problems.

As with other concepts of hypercyclicity, when we work over sequence spaces with the
coordinatewise product, the results have an analogous for algebras. For the Cauchy product, on
the other hand, this is almost never the case. We have obtained a satisfying characterization
for multiples of the form AB,uB? to have a disjoint hypercyclic algebra over ¢1(N) with the
Cauchy product, but the general case of N powers of backward shifts B;l(l),...,B;A(’N) is far

from being settled, even when the weights are the same and the powers are different.
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Question 4.1 Let By, be a bounded backward shift on ¢1(N) with the Cauchy product. and let
0 < r1 < re. Under which conditions on w do B}, B2 admit a disjoint hypercyclic algebra in

the case 0 < ry < r9? What happens in the case r1 = r9?

We also can look for more contexts where the existence of a disjoint hypercyclic algebra could

be ossible.

Question 4.2 Can we get a hypercyclic algebra in more contexts rather than backward shift

operators on sequence spaces? Maybe composition or convolution operators?

5 Closed hypercyclic algebras

We finish this work by pointing out one last time the limitations of the techniques used along
the text. As for left multiplication maps on the ideal of compact operators, we might need a
different approach to get closed hypercyclic algebras, or maybe they do not exist in general and

we can find a fundamental property denying their existence.

Question 5.1 Can we get a general result giving a closed hypercyclic algebra? Otherwise, can

we get a general statement excluding many cases?

We have managed to prove that the convolution operator P(D) induced by a polynomial P
never has a closed hypercyclic algebra, but it is not clear if ¢(D) could have a closed hypercyclic

algerba for some entire function ¢.

Question 5.2 Does there exist ¢ € H(C) which induces a convolution operator ¢p(D) admitting
a closed hypercyclic algebra?
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operator, 5, 68

product, 10, 114 not preserving hypercyclic algebras, 76
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similarity, 172

Costakis-Sambarino criterion, 12 support of a vector, 9
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topology of
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— N
entire function, 5 w=C" 114
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