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Abstract

In this thesis, we study a phenomenon that may be responsible for our memory capacity: the
synaptic plasticity. It modifies the links between neurons over time. This phenomenon is stochas-
tic: it is the result of a series of diverse and numerous chemical processes. The aim of the thesis
is to propose a model of plasticity for interacting spiking neurons. The main difficulty is to find a
model that satisfies the following conditions: it must be both consistent with the biological results
of the field and simple enough to be studied mathematically and simulated with a large number of
neurons.

In a first step, from a rather simple model of plasticity, we study the learning of external signals by
a neural network as well as the forgetting time of this signal when the network is subjected to other
signals (noise). The mathematical analysis allows us to control the probability to misevaluate the
signal. From this, we deduce explicit bounds on the time during which a given signal is kept in
memory.

Next, we propose a model based on stochastic rules of plasticity as a function of the occurrence
time of the neural electrical discharges (Spike Timing Dependent Plasticity, STDP). This model
is described by a Piecewise Deterministic Markov Process (PDMP). The long time behaviour of
such a neural network is studied using a slow-fast analysis. In particular, sufficient conditions are
established under which the process associated with synaptic weights is ergodic.

Finally, we make the link between two levels of modelling: the microscopic and the macroscopic
approaches. Starting from the dynamics presented at a microscopic level (neuron model and its
interaction with other neurons), we derive an asymptotic dynamics which represents the evolution
of a typical neuron and its incoming synaptic weights: this is the mean field analysis of the model.
We thus condense the information on the dynamics of the weights and that of the neurons into a
single equation, that of a fypical neuron.

Keywords: Piecewise Deterministic Markov Process, Multi-scale, Mean Field, Spike Timing
Dependent Plasticity, Recurrent Neural Network, Synaptic Plasticity, Memory Lifetime.
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Résumé

Dans cette these nous étudions un phénomene susceptible d’étre responsable de notre capacité de
mémoire : la plasticité synaptique. C’est le changement des liens entre les neurones au cours du
temps. Ce phénomene est stochastique : c’est le résultat d’une suite de divers et nombreux mé-
canismes chimiques. Le but de la theése est de proposer un modele de plasticité pour des neurones
a décharge en interaction. La principale difficulté consiste a trouver un modele qui satisfait les
conditions suivantes : ce modele doit étre a la fois cohérent avec les résultats biologiques dans le
domaine et assez simple pour étre étudié mathématiquement et simulé avec un grand nombre de
neurones.

Dans un premier temps, a partir d’'un modele assez simple de plasticité, on étudie 1’apprentissage
de signaux extérieurs par un réseau de neurones ainsi que le temps d’oubli de ce signal lorsque le
réseau est soumis a d’autres signaux (bruit). L’analyse mathématique nous permet de contrdler la
probabilité d’une mauvaise évaluation du signal. On en déduit un minorant du temps de mémoire
du signal en fonction des parametres.

Ensuite, nous proposons un modele basé sur des regles stochastiques de plasticité fonction du
temps d’occurrence des décharges électriques neurales (STDP en anglais). Ce modele est décrit
par un Processus de Markov Déterministe par Morceaux (PDMP en anglais). On étudie le com-
portement en temps long d’un tel réseau de neurones grace a une analyse lent-rapide. En parti-
culier, on trouve des conditions suffisantes pour lesquelles le processus associé aux poids synap-
tiques est ergodique.

Enfin, nous faisons le lien entre deux niveaux de modélisation : 1’approche microscopique et celle
macroscopique. A partir des dynamiques présentées d’un point de vu microscopique (modele
du neurone et son interaction avec les autres neurones), on détermine une dynamique limite qui
représente 1’évolution d’un neurone typique et de ses poids synaptiques entrant : c’est I’analyse
champ moyen du modele. On condense ainsi I’'information sur la dynamique des poids et celle des
neurones dans une seule équation, celle d’un neurone typique.

Mots clefs : Processus de Markov Déterministes par Morceaux, Multi-échelle, Champ Moyen,
STDP, Réseaux de Neurones Récurrents, Plasticité Synaptique, Temps de Mémoire.
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Main notations

General notations

B(E) The Borel sets of E for a metric space (E, d).

1, ifzreA

1 The indicator function: 14(z) = .
0, otherwise.

Os The Dirac mass at z, forall A € B(E), da(x) = La(z).

V,A xVy=max(z,y) and z A y = min(z, y), defined on page 35.

|x]  The floor function |z | isequalto k € Zifk <x < k+ 1.

é, E £ means equality in law and E means equality in expectation.

N Number of neurons of the neural network.

20— (Vti’N)lgigN, describes potentials of neurons 1, - - - , N. In all chapters Vf’N €{0,1}.
SN = (Sz’N)lgigN € R¥ s, the time since the last spike of neurons 1,--- , N.

whN = (Wt” ’N)lgig N, the synaptic weight matrix. Wtij AV represents the synaptic strength of

the neuron j on the neuron i. In Chapter 2, ij’N € {0,1}. In Chapter 3, W}V € Ej
defined on page 68. In Chapter 4, W;”" € Z.

lInllrv = nt(X)+n~(X) where n = nt —n~ is the Jordan decomposition of the signed measure
7. Defined 140.

Qam, )y Bounds on the spiking rates of the neurons at resting potential 0, 0 < av, < Qg < Q.

I5; Jumping rate of V' from 1 to 0 for all 5. We usually assume 0 < o, < 3 < @y, < 00.
pt Functions from R x {state space of the weight matrix} to [0,1]. p* gives the potentia-

tion probability. p~ gives the depression probability. For applications, we usually take

p*(s,w) = Ape™ g* (w) and p~(s,w) = A_e™ g~ (w).
Aw  Size of the weight jumps. We usually take Aw = 1.
Chapter 2

N The coding level: probability a neuron has to be selective to an external signal, fx € (0, 1),
defined on page 33.

q" € (0, 1], is the potentiation probability when (Wt” ’N, Vti’N, th ’N) = (0,1,1), defined on
page 34.
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qal’N € (0,1], is the depression probability when (WY V" v7N) = (1,0,1), defined on

page 34.
7,N b : 111 ’L]’N 7’7N ]7N J—

¢ € (0,1], is the depression probability when (W, , V"™ V") = (1,1,0), defined on
page 34.

r Number of presentation of the signal to learn, defined on page 34.

hY = ZNH le NVJ Nis the synaptic current onto the neuron 1, defined on page 35.

K == ZNH V] "V is the number of neurons selective to the signal to learn, defined on page
35.

AV £ (h]|K), defined on page 35.

hvY £ (h,{V|V01’N =y) fory € {0, 1}, defined on page 35.

hi\;? £ (RN K, Vol’N =y) fory € {0, 1}, defined on page 35.

VN 0 eRL— 1 h >¢- threshold estimator of Vol’N at time ¢, defined on page 35.

e For y € {0,1}, they are type I and IT errors: pi™ @ (t,6) € Ry x {0,--- ,N}
P(V;N = 1\{/017]\[ =0)and p>7 : (¢,60) — P(VYN = 0|V01 N2 1). Defined on page 35.

t : (e,7,N) € (0,1) x N* x N > maxpefo n] (inf {t > 1, poN (¢, 0) v pe (¢,0) > e})
is the largest time such that both are smaller thant € up to time ¢, defined on page 35.

s € 1invariant measure ot the arKov chain +>1, derned on page .

X The invari f the Markov chain (A} )>1, defined on page 37

N = YR P(K = K)rll where K = YN0 VY s the limit of the law of (h])i1.
defined on page 37.

an,by Under Assumption 2.9, qal’N = ay fn and q;dN = by fn, defined on page 37.

P[%N The transition matrix of the synaptic current (hfg’g) , defined on page 40.
) —rl<t<1

Vf[](\[ = [yg’;(v(O), yg’év(l), o Vi/lj(v(K)} is the distribution of hfy’g, defined on page 40.

AN AN Fory € {0,11,AY =1~ fngey™ AY =1~ (1 - fx)arg" — fwg" and

Vi, AN = (1= fn)(AY) + In (AT
Defined on page 40.

1N oN Fory e {0,1}, N = E [hy N} and (c¥"™)2 = Var [hf’N} , defined on page 41.

1,N o,N
SNRYN = %“ is the SNR at time ¢, defined on page 41.

oK+
Bin(n, p) is the Binomial law of parameters n € N and p € [0, 1].

BinMix(k, g) is the Binomial mixture with mixing distribution g € P([0, 1]) and size parameter
k € N, defined on page 42.
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GY  The cumulative distribution function associated to g{¥. Defined on page 42.

gy € P([0,1]) such that hlVy- £ BinMix(K, g{¥). Defined on page 42.
R VI € Fly,Yu € R, R(I)(u) g (“ Lya” ) + (1= fn)T (ALN) Defined on page
0
42.
G*N  The unique fixed point of R. Defined on page 43.
*, N

g© The distribution associated to G*V. Defined on page 43.

[mX, ML) is the smallest interval containing the support of g*¥
MN = ( w +E (Y*vN)> A MY, Defined on page 54.
LN 51Ny . . . 1,N
[m,, M, ] is the smallest interval containing the support of g, . Defined on page 54.

Me, N ( e N ++/—2log(e)0. N — 21og(e) ) Defined on page 54.

N = inf{t € N*,m} "N < fN AN} Defined on page 55.
_ MY —log(5)

C(e,r,N) = \/ T N/\MN + 2\/(m},NAM£)NfN. Defined on page 56.

Chapter 3

a; 0,13 x RY* = [y, ang], ai(Vi, W) is the jump rate of the neuron i at time £.
Defined on 68.

E — By x By with By = {0, 1}V xRY, By = {w € NV’s.t. Vi, w® = 0, Vi # j, w' > 0}.
Defined on page 69.

Al Set of accessible states of WW; after the spike of neuron ¢ at time ¢, conditionally to W;—- =

w. Defined on page 69.

o; : Rﬁ X B9 x F5 — [0, 1] is the transition of W conditionally to the vector S;_. Defined
on page 69.

C The generator of the process (V;, St, W)¢>0. Defined on page 69.

€; =(0,---,0,_ 1 ,0,---,0) the elements of both {0, 1} and Rf. Defined on page 70.
i
€ Slow fast parameter in (0, 1). Defined on page 70.

By The generator ofthe two first components (V;,.S;) of the process (Vz, Si, Wi = w)i>0.
Defined on page 70.

P, ,,  The transition probability kernel of the process (V%, S;);>0. Defined on page 71.

(N{.)e=0 The number of jumps of the process (V,/, S )u>0 between the times 0 and ¢. Defined
on page 71.

((¢*(du, dz))1<i<n)i>0 is a family of N Poisson random measures on R% with intensity dudz.
Defined on page 71.
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Tw The invariant measure of the process with generator 13,,. Defined on page 72.

o : Rf x Fy x Ey — [0, 1] is the transition probability of the weights IV conditionally to
Sy_. Defined on page 73.

Ri(s,w) =1— ¢5(s,w,w) forall (s,w) € RY x E5 Defined on page 74.

i, K (s, W, w) = ¢ (s,0,w) — ep;i(s,w,w) for all(s, 0 # w,w) € Rﬂf x B9 x Es. Defined
on page 74.

E;j = (dir0j1)1<k,1<N defined on page 74.

@M € R* such that for all i, ) ; 4, ¢i(s, @, w) < ™. Defined on page 75.
C* is the same as C with ¢5 instead of ¢;. Defined on page 75.

B Bhet, Bsyn, B: and B% are operators defined in equation (3.13) on page 75.
(VE, S5, W) = (Vije, St/es Wiye). Defined on page 75.

B, Bsyn are operators defined on page 75.

Zn(X) is the space of measures 77 on R x X such that for all t > 0, we have ([0, t] x X) = t,
with X a complete separable metric space. Defined on page 76.

x [0, +00) The space of cadlag functions (right continuous with left limits) from [0, +00) to X.
Defined on page 76.

re The occupation measure associated to the process (V, S5 )>o: forallt > 0, A € B(E,),

r=([0, 1], 4) "< /O A(VE S5)du.

Defined on page 76.
(T, Wi)i>o0 (T, W¢)i>0 converges in law to (I, W) in %, (E1) x D, [0, +00). Defined on
page 77.
Cavg(w fE Syng v, 8, W)y (dv,ds). for all g € D(Cyy) is the generator of W¢);>¢ . De-
ﬁned on page 77.
r : B2 — R is the Q-matrix of (W);>0, 7(w, w) = — > e (W, w) and
Vo #w, r(w def ng Jag (v, w) (s, W, w) Ty (dv, ds).
By
Defined on page 82.
7”;5‘ Vi # j,Yw € E», r;;(w) = wea, r(@w), ryw) =3 o4 r(ww)
WY =wt +1 W =wii—1
Defined on page 82.
Rt N-by-N matrices, such that R*" = 0 and RT = (T$)1Si¢jSN’ R™ = (r;)1<i#j<n-
Defined on page 82.

A-B = Zlﬁi,jSN A% B for any square matrices A, B. Defined on page 82.
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(Vs Sw) £ mw. Defined on page 82.

Baf(®7 ‘§) = 8§f(@7 §)+661(ﬁ) [f(O, é)_f(lv é)] +a50({)) [f(lv 0)_f(0ﬂ é)] foro € {ama aM}
andVf € D(B,),V(9,5) € {0,1} x RT. Defined on page 85.

(Vi gy Stj)i>0 and (Vi 4, St ;)10 are processes in Ey defined on page 85.
Lo The invariant probability measure associated to the generator B,,. Defined on page 85.

m;, T; Respectively the invariant measure of Ve ’ §t,j)t20 and (V, s gt,j)tzo- Defined on page
85.

(V,Sk) £ m and (V,, Sg) £ 7. Defined on page 87.

L{p} is the Laplace transform of the measure p on Rﬂ\!: VA= AN e (Cf

£lbN = [ e plas),

where A - s = ]kvzl ks Defined on page 90.
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Chapter 1

Introduction

In this Introduction, we first present a brief overview of the biology of the brain based on Section
1.2 of the book [73]. Then, we describe some models of synaptic plasticity before presenting the
one we developed in Chapters 3 and 4. We finally introduce the network model of memory that
we consider in Chapter 2. We have opted to end the introduction with a description of this chapter
because it contains a very simplified model quite far from the biology that we present first.

1.1 Some Biology

The two main types of cells in the nervous system are the nerve cells (neurons) and the glial cells
(glia). Understanding the building blocks of the brain is the first step toward its global compre-
hension. In most of the brain modelling field, these blocks are the neurons. Thereby, we do not
consider glia in this thesis but rather models of networks composed of interacting neurons. In
this section, we briefly describe how a plastic neural network biologically works: neurons con-
vey information through action potentials reaching other neurons via synapses whose efficiencies
change over time.

1.1.1 A single neuron

A neuron is an electrically excitable cell with a soma (cell body), an axon and dendrites, see Figure
1.1a. The soma is composed of a nucleus (containing the genes) and an endoplasmic reticulum
(where the protein synthesis occurs). The cell body is the metabolic centre of the neuron giving
rise to short dendrites and one long tubular axon. The dendrites receive the incoming signals from
the other cells when the axon carries electrical signals to other neurons situating from 0.1 mm to
2 m. These electrical signals are called action potentials. There are initiated near the origin of
the axon and propagate along the axon without failure or distortion and with a constant amplitude
around 100 mV. It is an all-or-none impulse regularly regenerated along the axon. This is the
(main) way by which the brain receives, analyses and conveys information. One striking fact is
that the action potentials are very similar over the brain even though they can be initiated by very
different events: “the information conveyed by an action potential is determined not by the form
of the signal but by the pathway the signal travels in the brain” [73]. Then, our brain creates our
sensations from this pathway.

Neural signalling is mainly governed by the electrical properties of the neuron membranes. The
membrane potential of a neuron is defined as the potential difference between inside and outside
the cell which stems from the respective ions concentrations. The majority of these ions are either
potassium ions (K ) or sodium ions (Na™). Their flows in and out the neurons are regulated by
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membrane proteins called ion pumps (active) and ion channels (passive). This potential usually
ranges from around —100 mV to 60 mV (it depends on the neuron considered). Its dynamics is
very complex, ranging from oscillations under the action potential threshold to bursting, see [72,
Sec 7] for more details. In this thesis, we only use the generic dynamics : a neuron is either at rest,
with a potential fluctuating in the interval —80 to —40 mV, until it emits an action potential (also
called spike) defined as a brief (1 ms) increase of around 100 mV of the potential and then a brief
(1 ms) decrease under the resting potential followed by a return to this resting state, see Figure
1.1b. The last part of a spike is called the refractory period. In this manuscript, the following
expression are synonymous: to emit an action potential, to fire a spike, to fire, to spike. Spikes are

How neurons communicate:
Action
Dendrites ——— — .
potential
+40
Axon
terminal -

> <

, KS)

y Axon . g =
®: N~ 3 ° g

/ N ”~ (2] T
o g £
K S g
presynaptic neuron Q
s 55 Threshold
L vesicles 70 o~ Resting state
.\ ’ ’ stimulus?
postsynaptic neuron
0 1 2 3 4 5

wvesicles contain packets of neurotransmitter to be released into synapse with )
Time (ms)

(b

postsynaptic neurons
(a)

Figure 1.1: (1.1a): Scheme presenting the main actors of neuron communication. (1.1b): Scheme
of a typical action potential of a neuron. (1.1a) is taken from the website [1] and (1.1b) is taken

from wikipedia [131].

the principal way of conveying information between neurons. Signals from the other neurons are
gathered by the dendrites of a neuron. The soma processes these signals and generates an action
potential or not, see the failed initiations in Figure 1.1b. This spike is carried through the axon
until it reaches the axon terminal where the synapses transfer the information to the other neurons.
This information can be noticed by small variations in the postsynaptic membrane potential of
the neurons concerned. If the spiking neuron is excitatory (resp. inhibitory), then the membrane
is depolarised (resp. hyperpolarised) and it is called an excitatory postsynaptic potential (EPSP)
(resp. inhibitory postsynaptic potential (IPSP)). An EPSP (resp. IPSP) is caused by the flow of
positive (resp. negative) ions into the membrane which is called an excitatory postsynaptic current
(EPSC) (resp. inhibitory postsynaptic current (IPSC)). We end this paragraph mentioning that the
sequence of EPSPs precedes the spike of a neuron. Indeed, when the membrane potential reaches
a certain random threshold, a spike is generated. As we have already evoked, even though we
know the mechanisms explaining such a threshold, it depends on parameters making it random

(the thermal motions and fluctuations for example, see Section 9 of [73]).

Even if it goes beyond the scope of this thesis, we would like to mention the current growing
interest in the cells surrounding the neurons: the glia cells. Indeed, their role seems to be much
more important that what biologists expected and may be part of the future brain models, see [36].
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1.1.2 Synaptic Plasticity

Synaptic Signalling

Synapses are “specialised regions that permit chemical or electrical signalling between neurons”
[73]. There exist many types of synapses but the majority are axodendritic ones: synapses com-
posed of an axon terminal ending on a dendritic spine, see Figure 1.1a. Most synapses are chemical
ones. We focus here on these synapses rather than on the electrical ones. They convey informa-
tion via chemical messengers called neurotransmitters. Following an action potential, some vesi-
cles containing neurotransmitters bind the axon terminal membrane and release neurotransmitters
within the synaptic cleft. These neurotransmitters bind the receptors of the postsynaptic side, see
Figure 1.2. We do not want to enter into more details as we do not need it in the following. We
refer to [80] for more details.

Neurotransmitter
Neurotransmitter

Synaptic & transporter | Axon
vesicle ~ 7\ terminal
Voltage- =
gated Ca* 9 - X
channel 0 S Synaptic
Postsynaptic (I) ¥~ §—¥—_Receptor cleft
density }Dendrite

Figure 1.2: Scheme of synaptic signalling taken from wikipedia [132].

Synaptic Weight

We gave the basics of how signals are transmitted between neurons. This transmission is variable.
The action potential of a neuron can trigger the release of many neurotransmitters in some of its
synapses as it can release none of them in other synapses. In this thesis, we loosely refer to the
synaptic weight as the (signed) amplitude of the postsynaptic potential following a presynaptic
spike. It depends on the number of postsynaptic receptors (e.g. AMPA), their conductance, etc.
This definition is directional in the sense that the synaptic weight linking the presynaptic neuron A
to the postsynaptic neuron B (denoted by W54 in what follows) is different from the synaptic
weight linking the neuron B to the neuron A (W4 5). The simplest classification of neurons is
certainly to spare neurons in two groups: the inhibitory versus the excitatory. The main difference
between them is on their effect postsynaptic neurons. This difference is due to the different types
of neurotransmitters they release. As seen previously, excitatory neurons tend to depolarise their
postsynaptic neurons whereas inhibitory neurons tend to hyperpolarise theirs. On a modelling
point of view, the neuron B is inhibitory (resp. excitatory) when all its outgoing synaptic weights
are negative: for any neuron A, W44 B is negative (resp. positive). Finally, we mention that, in
our model, the synaptic weight W44 B takes into account all the axon terminals of the neuron B
connected to a dendritic spine of neuron A (there can be until around a dozen of them).
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Synaptic Plasticity

The synaptic weights depend on the spine shapes and chemical composition, see [112]. Indeed, the
signal transmission depends on the number and density of postsynaptic spine receptors (NMDA
and AMPA) as well as the number of neurotransmitters released by the presynaptic neuron, see
[80]. Formally, the higher these numbers are, the stronger the connection is. Thus, the larger
the synapse is, the bigger these numbers can be and then the stronger the connection is. All of
these parameters change over time making the synaptic weights evolve: this phenomenon is called
synaptic plasticity.

In his book [67], Donald Hebb postulated that memory formation follows three steps: first, synap-
tic plasticity, second, cell assembly formation (strongly connected neurons) and finally, formation
of a phase sequence (series of connected cell assemblies), see [83] for more details. Concerning
synaptic plasticity, Hebb mainly detailed his thoughts on the synaptic strengthening. His postulate
is usually called the Hebb’s rule:

“When an axon of cell A is near enough to excite cell B and repeatedly or persistently takes part
in firing it, some growth process or metabolic change takes place in one or both cells so that A’s
efficiency, as one of the cells firing B, is increased.” [67].

However, Hebb did not entered into details on the synaptic weakening which was found experi-
mentally many years later, see [91]. The increase (resp. decrease) of synaptic weights is called
potentiation (resp. depression).

Synaptic plasticity can be separated in different phenomena operating at different timescales:
short-term plasticity, long-term plasticity and synaptic consolidation [102]. Although, long and
short-term plasticity are induced on a similar timescale, which ranges from several seconds to
one minute, long term plasticity persists much longer, about hours to days, whereas short term
plasticity persists from seconds to minutes, see Section 65 of [73].

Concerning synaptic consolidation, it remains from days to entire life and can be induced really
quickly such as with a shock or on a longer timescale like the learning of a poem. Here, we are
interested in the long term plasticity.

Long term plasticity is composed of two phenomena: long term potentiation (LTP) and long term
depression (LTD). Long lasting changes of the synaptic weight were already evoked more than one
century ago by Ramoén y Cajal, see [37]. The first experimental evidence of such a plasticity was
shown by Bliss and Lgmo on LTP, see [20] . Since then, experimental results showed a dependence
of synaptic plasticity on different parameters such as the firing rate of the presynaptic neuron,
the membrane potential of the postsynaptic neuron, the calcium concentrations, and the precise
spiking times of the pre- and postsynaptic neurons. This list is not exhaustive and more details
are given in [80]. Here, we are interested in the plasticity resulting from the precise spiking times
of the pre- and postsynaptic neurons. It is commonly called Spike-Timing Dependent Plasticity
(STDP).

Spike-Timing Dependent Plasticity (STDP)

STDP is a mechanism inducing synaptic plasticity (LTP or LTD) based on the relative timing of
pairs of pre- and postsynaptic spikes. The repetition of similar (in causality) pairings leads to
synaptic strength changes. STDP is adapted for modelling and such models are often call STDP
rules rather than STDP models. An originality of the STDP phenomenon is that it has not been
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discovered experimentally but rather by a modelling study in [55]. Then, it was experimentally
confirmed some years after in [92, 17] with the classical paradigm: repetition of causal spike pair-
ings (presynaptic spike followed by postsynaptic one) evokes LTP whereas repetition of anticausal
spike pairings (postsynaptic spike followed by presynaptic one) leads to LTD. This is not always
the case: in the electric fish, the rule is inversed, see for instance [13].

We now detail the typical protocol of the experiments showing this kind of plasticity rules, see
[17]. We are interested in the synaptic plasticity from the presynaptic neuron A to the postynaptic
neuron B: W5< 4, Let A and B be forced to emit an action potential in a precise manner: for one
minute, every second the neurons A and B spike with a delay At between the spikes (which can
be negative). The excitatory postsynaptic current (EPSC) after these 60 pairings, EPSCy e, is
compared to the initial one (EPSC before the pairings), £ P.SCj,;;. The quantity

EPSCoupier — EPSCini _ Woified = Wini "
EPSCipit wheA

it

is plotted in function of At, see Figure 1.3a. We observe that the change of weight has the same
sign as At, thus respecting the causality.

Many questions arise from these experiments. Let us evoke three of them. First, how the effect of
one pairing on the synaptic weights can be modelled? There exist at least three methods to model
these changes: the additive, multiplicative or mixed method. For more details, we refer to [46]
(additive and multiplicative methods are presented in 1.2.2). Then, we can ask if it is enough to
consider pair of spikes from neurons A and B to model plasticity or is it better to consider longer
sequences? For instance, some experiments have been done using triplet of spikes. The results
show an advantage given to potentiation. In the experiment leading to the following results, see
[130], a triplet of spikes is considered: At; gives the first delay and Ats the second one. When At
is positive (resp. negative), two (resp. one) spikes of the presynaptic neuron are considered, see
Figure 1.3b. Finally, given the high variability of the results, stochastic models seem reasonable
to use.
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hippocampal cultures
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post | | .
60 pairings @ 1 Hz
At<0 At>0
<« AP-EPSP ~ EPSP-AP 20+ AL, (ms
, | ; ore 11 , (ms)
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[Bi & Poo, J Neurosci 1998] [Wang et al. Nat Neurosci 2005]
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Figure 1.3: (1.3a): Classical experiment to show STDP. (1.3b): Triplet of spikes experiment.
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1.2 Modelling Neural Networks with Synaptic Plasticity

We saw that synaptic plasticity is the result of the neural activity. However, before we get this
knowledge about plasticity, the idea of flexibility in neural networks as well as some properties of
long-term changes were already proposed in 1949 by Hebb [67]. Inspired by his postulates, see
page 13, some mathematical models emerged. Because of the lack of biological understanding
at this time, they are phenomenological models of plasticity in contrast to biophysical ones. In
this section, after giving notations, we present some models of STDP. Then, we illustrate, with the
example of the leaky integrate and fire as neuron model, a way to include a plasticity rule in an
interacting neural network. Finally, we present some mathematical methods used in this thesis to
study such models: timescale separation and mean field approximation.

1.2.1 Notations

In the following, we are interested in modelling neural networks composed of N interacting neu-
rons. We label these neurons from 1 to N. We denote by Vf’N € R the membrane potential at
time ¢ of the neuron i and V¥ = (W’N)lgig ~. The time spent since the last spike of the neu-
ron ¢ is denoted by SZ’N € R* and the complete vector is S{¥ = (SZ’N)lgz'g ~. We denote by
Wh = (Wt” ’N)1§i7 j<n ERN ® the synaptic weight matrix at time ¢. The strength of the effect of
i—j,N

the neuron j on neuron ¢ at time ¢ is given by ij N W, in the previous notation which is

replaced by WZ 3N in the following). We denote by I, Z N the synaptic current defined as

. 1 . ‘
IZﬂN — N Z W;J:NV;.LN‘
J

1.2.2 Modelling STDP

On the modelling point of view, some important properties of synaptic plasticity are locality, co-
operativity, competition and the boundedness of the weights, see [93, 57]. Locality means that
the main variables responsible for plasticity are local: closely linked to the synapses. Cooper-
ativity means that the neurons must be simultaneously active in order to give rise to a synaptic
modification. Competition between synapses comes from the fact that resources are finite so that
there should be a balance when weights are modified: when there is a synapse potentiated, some
other synapses should then be depressed. The boundedness property can be justified with a similar
argument. We see how STDP models match with these different properties.

Following the first experiments on STDP, many plasticity models based on the precise spiking
times have been proposed. At the beginning, physicists linked STDP models to rate based ones,
see for instance [79], and highlighted the difference between them. Precise spiking times have then
been showed to play a crucial role in structuring the synaptic weight matrix, see [31, 106, 122].
We give here the general ideas of existing STDP models without entering into the details, see [102]
for a very good review.

We consider a fully connected neural network. Therefore, the synapses for which the neuron
i is the postsynaptic (resp. presynaptic) neuron are given by the weights (W’ ’N)lgjg N (resp.
(Wtji’N)lng ~). We denote by (T} )ren- the sequence of spiking times of the neuron i. We
consider only pair-based models. This means that as soon as one of the neuron spikes, we only
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consider the pairs that it forms with the last spikes (not the previous ones) of the other neurons.
We detail this kind of rule formally. Each time a neuron spikes, say neuron ¢ at time 7}, we apply
the following plasticity rule to every weight associated to the neuron ¢:

Wij_,N _ Wij’N + Ft Sj’N Wij,N and Wji_:N _ sz',N _F- SjJV Wji,N
Ty T T T T i~ R VI
where F'* and F'~ are two functions from R x R to R and 7}~ represents the time just before
T,i. Most models have used functions with separable variables, that is to say, for all (s,w) €
Rt x R:

FH(s,w) = Ff (s)Fy (w) and  F~(s,w) = Fy (s)Fy (w).

The classical functions F1+ and [ are derived from an approximation of the Figure 1.3a. Thus,
for the two parameters 71, 7~ € R™ these functions are given by

F{(s) = F{(0) exp <:> and  F(s) = F7(0) exp (;f) .

Note that the variable s represents the absolute value of At of Figure 1.3a. Other functions have
been proposed according to experimental results, see for instance [2, 63]. Finally, depending on
the functions F2+ and F), different plasticity rules have been proposed:

e the additive STDP rule, see [79]:
Ff(w)=X and F, (w)= Ao,

where A is the learning rate and « is a parameter to create asymmetry between potentiation
and depression,

o the multiplicative STDP rule, see [118]:
Ff(w) =A1-w) and F, (w)= \aw,
where w € [0,1),
e the power law STDP rule, see [65]:

>0, Fyf (w) = A" and Fy (w) = Aaw.

STDP rules have the first three properties : locality, cooperativity and competition [120]. The
weight boundedness is then ensured either by hard or soft bounds. In the so-called hard bound
models, the weights are forced to be bounded. Models for which weights are bounded autonomously
are called soft bound models, an example of which is the multiplicative STDP model.

These models are usually studied using a slow fast analysis as the weights dynamics is much
slower than the neural dynamics. Hence, the assumption A < 1 is often used meaning that small
weight changes are assumed to occur at each spike pair. The neural dynamics are discussed in
the next section but it is usually given by modelling spiking times arrival as random variables,
see [79]. However, there are only few models introducing randomness into changes of synaptic
weights in the STDP rule, see [9, 10, 60]. Yet, there are many sources of randomness in synaptic
plasticity, from thermal noise to protein states. We will therefore subsequently look for a simple
plasticity rule which is easy to implement in a neural network model and which assumes that the
evolution of synaptic weights are random while respecting the results of neurobiologists.
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1.2.3 Implementing Plasticity within Spiking Neural Network Models

There exist many single neuron models of the membrane potential that we list in chronological or-
der: Integrate and Fire [84], Leaky Integrate and Fire [77], Hodgkin—Huxley [69], FitzZHugh—Nagumo
[43, 103], Morris-Lecar [101], Adaptive exponential integrate-and-fire [22]. This list is of course
not exhaustive. In these models, the dynamics of the membrane potential V; of a neuron is given
by a differential equation. Sometimes, V; is coupled to another variable which usually represents
the environment of the neuron or some parts of it such as the states of its ion channels. The equa-
tion on the membrane potential always depends on the input current. It is the principal element
containing neural interaction and also where the plasticity can potentially be implemented. We
give a concrete example of a model of spiking neurons in interaction and show how plasticity
could be implemented in it. In this example, the model described was proposed in [86, 109] and
then a mathematical analysis of it was done in several studies, first with PDE methods [27] and
then with probabilistic ones in [35, 38, 39]. Their common approach bears the name of mean field
approximation. The basic idea of such an approach is detailed in the next section.

Example 1.1. For simplicity and to make clearer the example, we do not include the noise term.

From an external current I; : Rt — R, a constant R > 0, a resting potential V,os; € R and a
threshold potential Viymp > Viest, the Leaky Integrate and Fire (LIF) model is defined as:

av;
Vo=Viest and Yt >0, Tdigz_(m_west)JrRIt

with Vi immediately reset to Vi.cst when it reaches Viymyp.
From this simple model, one can derive the following neural network:

dW,N -
dt

ViN = View  and  Vt20¥ie[LN], T (VN = Views) + RIPY,

where VtZ’N is immediately reset to Vy.css when it reaches Vijymy and the synaptic current I tZ N can

be derived as W
7i,N i
L= ZZao(t 77,
7 k
where Tg is the time of the ky, spike of the neuron j and W > ( is the interaction term (excitatory

neural network interacting through a common weight). The membrane potential “kicks” generated
by the spike of another neuron represent the EPSCs previously introduced in Section 1.1.2.

Implementing plasticity in this model can be done by making the weights dynamical and different
one from each other: hence, W becomes W; & ]Rf * where positivity means that we model a
network of only excitatory neurons. Then, we have to specify the weight dynamics, see Section
1.2.2 for examples. Finally, the synaptic input is now given by:

Py = %Zzwfjéo(t 1)),
k

J

We do not enter into more details because we do not use such models in the following. However,
it is interesting to note that such models (the one without plasticity) can be approximated at the
macroscopic level using probabilistic tools: at this level, the typical neuron dynamics lies on its
spiking rate.
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The mathematical analysis of neural networks models (in which the neurons are modelled by their
membrane potential) is already complex. That is why simpler single neuron models are usually
considered in neural network models with plasticity. For instance, we previously referred to rate
based models. However, these models cannot take into account STDP as they are a valid de-
scription on the timescale of 100 milliseconds and more, see [79]. Hence, most of the models
implementing STDP make the use of what is called the Poisson neuron model. This model gives
the spiking times of a neuron as the jump times of a Poisson process, see Definition A.4 in the
appendix. This model is convenient as it provides the spiking times necessary to use STDP rules.
Initially, physicists linked this model of spiking neurons to STDP to rate based models of plas-
ticity, see [79]. In this work, Kempter et al., using a timescale separation (plasticity much slower
than the neural dynamics) on a STDP model, obtain a similar rate based model as the one pro-
posed by Linsker in [88]. Nevertheless, they found that an additional term, due to the correlations
of the precise spiking times, was present in the equation. Kempter et al. then studied these cor-
relations and their effect on the spiking rate in the case of two input scenarii, see [78]. The main
difficulty for extending this analysis to more general spiking neuron models is the computation
of the correlations. Moreover, they modelled the dynamics of afferent synapses of one neuron
(the output neuron) connected to N other ones (the input neurons). Hence, their study had to be
extended to recurrent neural networks. It was done in several studies, see [25, 58, 126], using (as
in Kempter et al.) Poisson neurons. These works were then extended in many ways: replacing the
plasticity rule by a probabilistic one in [60], using LIF neurons in [107, 106] and adding intrinsic
noise to the synapses in [122]. This list is not exhaustive but they all use the simplification ob-
tained by Kempter et al.. None of them get an exact limit dynamics from the timescale separation
as they compute the correlations matrix of the spiking times with the approximation method first
proposed in [87], see [126] for further details on this method. Hence, there does not exist rigorous
mathematical analysis of neural networks with STDP. In Chapters 3 and 4, we propose such an
analysis implementing STDP within a neural network model closed to the Poisson neuron model
and introduced in [15].

1.2.4 Mathematical methods: slow fast analysis and mean field approximation

We previously referred to some mathematical methods to analyse models either using a separation
of timescale (slow-fast analysis) or the increasing number of neurons (mean field approximation).
In this section, we detail their main idea and give examples to illustrate them.

Slow-fast analysis

We use slow-fast methods when we can make the assumption of a large difference between the
timescales of two or more variables. When such an assumption is justified (by experiments for
instance), we propose a new model in which this difference appears clearly in the new dynamical
equations. These equations are usually parametrised by a small variable . In this new framework,
when ¢ tends to zero, on the fast timescale, the fast variable “sees” the slow variable as being
constant. On the slow timescale, the slow variable “sees” the fast variable under its stationary
state (if it exists). Therefore, when it exists, the limit of this new dynamical model when ¢ tends
to zero is then determined: it gives the dynamics of the slow variable in function of the stationary
behaviour of the fast one. Usually, the limit system is simpler than the initial one and thus easier
to handle with. Its analysis can bring new insights in the initial model. We give a really simple
example of such a timescale separation.
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Example 1.2. We take an example presented in [5]] (Example 2.2). Let consider two coupled
variables (v§,w$);>0 € R%, a Brownian motion (Bt)i>¢ and parameters ¢ > 0, 0 € RT such
that

1
dv; = —gvtdt + U—dBt and dw§ = (v5)2dt — widt. (1.1)

NG

Thus, when ¢ tends to zero, w; can be approximated by w, the solution of

= @ =)

where p is the invariant measure of the process (v )¢>o. Note that this measure does not depend
on e. Indeed, changing the time scale in equation (1.1) does not modify its invariant measure
and thus, on the timescale u = é, we observe that p is also the invariant measure of the process
(Vy)u>0 such that

dvy, = —vudu + odB,,.
The term “approximated” we used here holds in the following sense:

Vo >0, VT > 0, ImP | sup ||w; —w| >0 | =0.
=0\ ¢efo,1)

In this example, the limit system is deterministic but it could be stochastic, see the results of
Chapter 3, Theorem 3.16 for instance.

Mean field analysis

The mean field method consists in interpreting a dynamical system from another point of view,
using some “average” behaviour. Like the separation of timescale, it addresses the issue of scale
change. In particular, its aim is to bridge the gap between the microscopic scale and the macro-
scopic one. Here, the scale is determined by the size of the microscopic system: to fix the ideas,
we consider a system with N neurons. As the number of neurons tends to infinity, if the global
effect of the interaction remains finite, one can apply a mean field method and obtain a simplified
model (compared to the finite size neural network when N is large) describing the dynamics of
the neurons’ statistics. We provide an example which gives a first introduction to the models used
in Chapters 3 and 4.

Example 1.3. We model a neural network of N neurons, described by the vector of their states
VN € {0,1}", and interacting by the mean of one single weight W € R. The dynamics is
summarized by the following reaction:
o(% Vi)
B

Vt>0,¥i€[1,N], 0 1,

where « is a smooth function from R 10 [cy,, apg] with 0 < iy, < apy < 00. In order to study

i, N
this model, we denote by VN del- X Vi V

the empirical mean of the sequence (Vti’N)lgigN. In
particular, note that a(ﬁ > VtZ N) = Oc(WViV). Then, using the results of the paper of Kang
and Kurtz [75], it can be shown that

N—r+o00 t<T

Vo >0, VT > 0, lim P (sup]Vt — Vi > 5) =0,
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where Vj = limy_s 4 o0 V(])V and satisfies the ODE

av. — — _
% = (1 — Vt)Oé(WVt) — ,th

This model is very rich when splitting the neurons in two subgroups, an excitatory group and an
inhibitory one, giving rise to the use of four typical weights, see [15] for more details.

1.3 A new model of STDP within a neural network (Chapters 3 and
4)

A large amount of studies have been focused on neural networks dynamics with the aim of repro-
ducing biological phenomena. Thereby, there exist many different individual neuron models from
the binary neurons to the adaptive exponential integrate-and-fire, see [56, 72]. As developed in
Section 1.2.3, plasticity can be implemented within these models. Over the last few decades, such
models have been proposed with goal to explain the experimental results as well as going beyond
them. We saw in Section 1.2.3 that there was no rigorous mathematical analysis of models in
which the neural dynamics interplays with spike timing dependent plasticity. Moreover, although
there are a lot of deterministic studies in neural network modelling, with or without plasticity and
mainly using dynamical systems theory, we find much less probabilistic analyses while the brain
is far more stochastic than deterministic.

This is changing thanks to the development of numerous probabilistic models. For example,
Robert and Vignoud recently worked on a rigorous mathematical analysis of numerous plastic-
ity models belonging to a general class of models that they introduced and on which they found
limit dynamics using a separation of timescale method, see [114, 115]. While they analysed the
precise synaptic weight between an input and an output neuron, we propose in this thesis a new
model of STDP involving a neural network interacting through dynamical synaptic weights. First,
we precise our motivations, going beyond the need of a mathematical understanding of plastic
neural networks, while presenting our new model. Then, we give the main results of Chapters 3
and 4.

1.3.1 Motivations for a new model and its description

Motivations

Motivations for proposing such a new model are four folds. First, although the mechanisms in-
volved in plasticity are mainly stochastic (for instance the opening of ion channels or activation
of proteins, see [74]), the majority of studies on STDP are implemented using a deterministic de-
scription or an extrinsic noise source [102, 31, 63]. One exception is the stochastic STDP model
proposed by Appleby and Elliott in [9, 10]. The stochasticity of their model lies in the learning
window size. They analysed the dynamics of the weights of one target cell innervated by a few
Poisson neurons. They performed a fixed point analysis on the dynamics of the weights. This
analysis enabled them to show that multispike interaction (more than two-spike interaction) are
required to get stable competitive weight dynamics. Instead of the window size, we propose to
introduce stochasticity within the STDP curve. Indeed, in the first experiment providing a relation
between spikes’ pair and the strength of plasticity, see [17], the results does not seem deterministic
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but rather probabilistic. Hence, instead of the classical exponential STDP curves combined with
a small increment of the weights each time a spike occurs, we use a probabilistic increment: we
change the weights linked to the spiking neuron according to Bernoulli variables with parameters
given by two functions p* and p~ that depend on the absolute value of the time between the spike
pair considered and the actual weight, thus p™, p~ : Rt x R — [0, 1]. Thus, it enables us to be
close to biological experiments [17], see Figure 1.5.

Secondly, most studies are based on numerical analyses. Thus, there is still a need to find a good
mathematical framework, see [52, 89, 107]. Despite previous attempts, rigorous results in plastic
neural network are still lacking. In particular, rigorous timescale separation under the experimen-
tally supported assumption that synaptic plasticity is much slower than neural dynamics and a
mean field analysis of such models does not exist yet. In order to tackle these problems, we opted
for a simple neural dynamics with binary neurons, the probabilistic Wilson-Cowan model [15], in
which we implemented a stochastic STDP rule, see below for the presentation of this rule.

Thirdly, long term plasticity timescale ranges from a few minutes to more than an hour. On the
other hand, a spike lasts a few milliseconds [102]. Thus, there is a need to understand how to bridge
this timescale gap between the synapses level and the network one [45, 136, 128]. Although this
timescale difference has already been exploited in other studies, the long term behaviour of the
limit model remains unclear. The assumption of discrete weights and the probabilistic framework
leads us to a simple Markov chain as limit model.

Finally, the interplay between the dynamics of the weights and the neural dynamics is not yet fully
understood. We think that the mathematical study of biologically plausible model is necessary
to bring the basis of this understanding. The Wilson-Cowan model has been widely studied [21,
15, 89] and reproduces many biological features of a network such as oscillations and bi-stability.
Thus, we obtain a model rich enough to reproduce biological phenomena, simple enough to be
mathematically tractable and easy to be simulated with thousands of neurons.

The new model

We now detail the model more precisely. We study a neural network of /N binary neurons,
VA € {0,1}¥, connected by weights, W}, living on a grid of size Aw. We obtain a Markov
process by adding the time from the last spikes of neurons, S} ¢ Rf . Therefore, we con-
sider the Markov process (V;, S, W/ );>0. The model of individual neuron is a simple binary
chain: the state Vti’N of the neuron i jumps from 0 to 1 at rate o;(V,"¥, W) and jumps from 1
to 0 at constant rate 5. A spike occurs when one of the components of V;N jumps from 0 to 1.
When a neuron spikes, say neuron jo, its post- and presynaptic weights can be changed according
to a probability depending on S}V and W}V: Wtjok’N is potentiated (incremented of Aw) with
probability p+(‘5f A Wtjok’N) and Wtij’N is depressed (decremented of Aw) with probability
p*(Sf N Wtij’N). This dynamics is represented in Figure 1.4. In Figure 1.4a, the dynamics of
one neuron is plotted. In Figure 1.4b, the dynamics of the time from the last spike of this neuron is
added to the previous plot. Finally, in Figure 1.4c, the dynamics of the weight linking this neuron
to another one is added to the previous plot.
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Figure 1.5: (1.5a) Mean change of weights in the new model after 60 pairs of spikes with the func-

tions pT(s,w) = Are™ and p~(s,w) = A_e™ where Ay =1,A_=0.4, 7_=34ms, 7. =17ms
as in [61]. (1.5b)) Bi-Poo experiment results obtained in [17]. (1.5c)) Classical STDP curve in
deterministic STDP modelling.

1.3.2 Slow-Fast Analysis

In Chapter 3, we study the slow-fast phenomenon. The number /V of neurons is fixed. To alleviate
the notations, we do not keep it in the notation. Thus, we study the Markov process (V;, S¢, Wi)i>0
in the context of long term plasticity: synaptic weight dynamics is much slower than the neural
network one. In previous works, see [102], the timescale separation assumption is formally im-
plemented as follows: at each spike pair, every weight linking the spiking neurons is increased
or decreased of a value proportional to the small scaling parameter ¢ that tends to zero. Hence,
several spike pairs are necessary to observe a macroscopic change of the weights. We propose here
a different approach: at each spike pair, every weight linking the spiking neurons is increased or
decreased of a macroscopic value with a certain probability tending to 0 with . This approach can
be discussed but some studies have shown that it would be more realistic as synapses have a finite
number of states and thus should be discrete and not continuous, see [108]. Our scaling parameter
thus influences the jumping probability of weights at each spike pair. The slow-fast analysis then
consists in firstly studying the fast process and its long time behaviour and secondly describing
the slow dynamics on its own timescale. Hence, we first consider the process (V;, S¢|W; = w)>0
(fast process) and show that it converges to a unique invariant measure that we denote m,,. Then,
we define the scaled process (V;%, S5, Wi )¢>0 indexed by a small parameter ¢ € (0, 1) such that
the jumping probability of the weights tends to O with €. Note that the invariant measure of the
fast process (V£, S§|WF = w)s>o is still m, for all e. We obtain the dynamics of the weights
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depending on this invariant measure in the limit € tends to zero. Finally, we study the long time
behaviour of this asymptotic dynamics.

Main results (informal)

We assume that Aw = 1. For every € > 0, the process (W );>¢ takes values in the space

def

By “E {we NN : vi, v =0},

When the neuron ¢ spikes, say at time ¢, we denote by ¢ : Rf x Eo x Ey — [0, 1] the transition
probability of the weights conditionally to the times from the last spikes S¢_, see Assumptions 3.9
and 3.10. In particular, we show in Proposition 3.11 that assuming one of these two assumptions
leads to the same form of transition probabilities: for all 7, there exist bounded functions ¢; such
that
¢; = epi+0(e) .

Then, Theorem 3.16 gives the limit dynamics of (W§);>o when ¢ tends to zero. This process
converges to the Markov chain (Wt)tzo € FEs with transition rate function 7 such that for all
w, W € Ko, w # W,

r(w,w) = Z/ (v, w)80 (V") (5, W, w)my (dv, ds)

0 1}N><RN

gives the jump rate from w to 1. Hence, the generator C,y,, of (W4)¢>0 is such that for all f in its
domain and w € FEj,

Cavf(w) = Z (f(’LZ)) - f(w))r(zb, w)'

weE\{w}

Therefore, when ¢ tends to 0, the process (W5 ):>o converges to the process (W¢)¢>o which is a
Markov chain on F5 whose transition probabilities depends on the invariant measure of the fast
process.

Once this result is shown, we continue with the study of the long time behaviour of (Wt)tzo. Todo
s0, we use some properties of the functions ;. In particular, we have the following relationship:

Vigi, Y. gils,mw)=pT(s/w) and Y (s, m,w) =p (s, wl).
B =wii 41 Wwit=wit—1

Hence, using the following notations,

we s i)™ Y @) = [ 0 (0, )80 () (7, w9 Yy (o, d),
{0,1}NV xRY

B =i 41

SO SR 0 (0, )0 (09 )p (", 0 (v, d),
W =wii —1 {01}V xRY

we obtain a criterion on 7 i and r . for transience and positive recurrence of the chain (Wt)t>0,
see Proposition 3.24. Let us enhghten that if p™ and p~ are separable functions (product of a
function depending only on w and a function depending only on s) with exponential dependence
on s, the Laplace transform of m,, is natural to use in the definition of r;; and r;; . More generally,
assume that p™ and p~ are separable functions with functions on s that can be written as Laplace
transforms of some functions P/~

p(s,w) = pi " (s)ps’ " (w) where pi’7(s) = L{PT/7}(s).
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Then, we can transfer this Laplace transform to the one of 7, in the transition rates, see Remark
3.35. Therefore, we compute the Laplace transform of 7, to study the process (Wy)¢>o. Then we
obtain a criterion based on exact computations that we did at the end of the chapter on an exam-
ple. Surprisingly, we observe transience even when p™ < p~ and more importantly, simulations
showed that the increasing size of the network seems to prevent divergence of the weights under
weaker assumption than the one needed in the case of only two neurons.

1.3.3 Mean Field Analysis

In Chapter 4, we study the large N asymptotic behaviour of the Markov process (V,¥, SN, WV )t>0
where for all i, oy (V,N, W) = a(5 >, W/ MY2N) with « a strictly positive and bounded
function. In particular, we are interested in the dynamics of new variables th N ,XtN N de-
scribing the neural network such that for all 7,

. 1 :

gz’N = Z 5(Vj,N 5N sy € {probability measures on {0,1} x RT x Z} def P(En)
t tiag A ’ t
J

is an empirical measure and X, = (VN 50N ¢y € B = {0,1} x Rt x P(E,,). The
empirical measure obtained from these variables is denoted by /¥ . Finally, we denote by I the
function from the space of the measures on E,,, to R™ such that for such a measure &,

1(¢) :/wvf(dv,ds,dw).

In particular, 7 (5; ’N) is the average synaptic current onto the neuron ¢ at time ¢.
Main results (informal)

Assume that for all 7 > 0, in the large N asymptotic, the empirical measures (u™) ey on
P(Dgl0,T]) (cadlag functions from [0, T'] to E, see Definition 3.15) converge in law (see Defini-
tion A.1 in the appendix) to a deterministic measure p* € P(Dg[0,T]). Moreover, assume that
for all t > 0, p} and & admit densities of class C'! in s and in particular at time ¢ = 0, for all
w € Z, the following densities satisfy the boundary conditions for ;i almost all £,

5°(0,{w}) =0

%0 S/ w
§'0.{uh) - | a(1(e)) S w0y o dehyas

R+ xP(Em) $0(s',2)

where we use the abuse of notation

i ({v}, ds, d€) = pi({v}, s,d§)ds and  &"(ds, {w}) = & ({v}, s, {w})ds.

Then, we conjecture (in Conjecture 4.18) that a typical neuron X; = (V;*, S}, &), with law pf,
satisfies the following McKean-Vlasov stochastic differential equation (SDE):

1. dSy = dt,
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2. & admits a density in s such that

B (s {w)) = =0, (s, {w}) + B8 (5. {w}) = o, @ (1(€)) S lel i ({0}, 5,d€)

(0, {w}) =0,

2 (s, w}) = —0us (s, {w}) — B (s, {w})

— * 0 %0 S/, w o *,’LU *0 S/, w %
(610, 40}) = Jasap,y o (1(€)) P-EREnb bl on LSl i (0}, o dg')as

3. Atrate /3’]1{‘/;:1}, (mi,S:,,ﬁ;‘,)jumps to (0, 521,5;)’

4. Atrate a(I(&j,))]l{V; —op» (V2,87 ,& ) jumps to (1,0,v7(£5)) where

V€ ) (o) A, fw)) = /A P (s, — D& ({0}, 5. {w — 1})ds
+ / (1= p* (s, w)& ({0}, 5, {w})ds
A

for all ({v}, A, {w}) € B(En).

We give some details on this limit system. The first and second points are the drift terms and both
last points are the jump terms. The drift on &; is composed of three parts. First, the linear increase
of s which is the term in —d,. Second, the mass transport from &' to & at rate 5. Finally,
the mass transport from &9 to &1 at a rate depending on 1} with the reset of s in 0 giving the
boundary condition in s = 0 for 5;‘1.

1.4 Plasticity and memory (Chapter 2)

The role played by synaptic plasticity in the processes of memory formation and maintenance
has been shown in many experiments from several years now, see [99] and [111]. However,
synaptic plasticity does not seem to be the only mechanism responsible for memory. Some other
mechanisms are put forward such as intrinsic neuron mechanisms, see [125], or stabilization of
the memory at the network level, see [100]. The idea of the network level memory is implemented
in the Hopfield model in which memories are attracting states of the neural dynamics: these states
are recurrently visited and by this way, their trace is enhanced. After a presentation of various
models of memory taking roots in the Hopfield model [70], we give more details on the model we
use in Chapter 2 and our results.

1.4.1 Network Models of Memory

One of the most important question in neuroscience is about the neural code. How does the
brain represent, store and then restore signals? Since the discovery of synaptic plasticity and its
implication in memory, many memory models have been proposed. A lot of work has been done
from the proposal of what is called the Hopfield model [70] in 1982. Hopfield gave rise to this
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model by applying the networks of threshold automata (NTA) to memory problems. There exist
many variant of this model and more importantly, it is at the basis of many research on the topic of
memory retrieving and memory capacity. This research diverged in two different branches. In the
first one, models are based on a fixed synaptic weight matrix in which a given number of stimuli
are stored, see [133, 70, 54, 127]. The second branch, see [49, 85, 48, 129,42, 117, 16], followed
the work of Amit and Fusi [5] in which they proposed a model to study the memory capacity of a
plastic neural networks. We give the main ideas of these two branches.

ANN models

One of the most studied aspect of memory is the associative memory: capacity to recall an infor-
mation when it is presented again entirely or partially. We can refer to the Pavlovian reflex as a
famous example. Associative memory is usually modelled by attractor neural networks (ANN)
in which the signals (or stimuli) to learn generate neural activity patterns. These signals are ef-
fectively learnt as soon as their corresponding neural activity patterns are stable fixed points of
the neural network dynamics. This dynamics is governed by a synaptic weight matrix. Thus, the
information is stored in this matrix. The function of the patterns which determines this matrix is
the main difference between the various ANN models. Among the most famous, we can quote
the models of Willshaw [133], Hopfield [70] and Amari [3]. The question that naturally arises is:
how many patterns can be stored by such models? Physicists as well as mathematicians studied
extensively this problem, especially on the Hopfield model. A capacity of 0, 14N (where N is
the size of the network) was put forward by physicists in [6] whereas rigorous results were proved
on the lower bound of this capacity: it has been successively proved to be superior to 0, 056N in
[104], 0,071 in [90] and 0,084 N in [124]. Much better results have been found in the sparse
neural coding case: a small proportion of neurons %g: activated by external signals. In this case,

the memory capacity has been shown to scale as Tlog N2> S€€ [64] and references therein. Similar

results have been found in models with plasticity.

SNR analysis of Plastic Models of Memory

How to simply model memory formation and how to test it? In the second branch of memory
models, the general framework consists in considering a sequence of independent random signals
presented to the network thereby changing its structure such that at least the last signals are re-
membered. Plasticity rules are responsible for modifying the structure and signal theory methods
are used to test the quality of the learning. The retrieval criteria proposed in [5, 49, 48, 117, 16] are
similar and based on a signal to noise ratio (SNR) analysis. There is no neural dynamics in these
models and their differences lie in the weight dynamics that we detail in the following paragraph.
In order to compute the SNR, a memory signal of a stored memory is defined. We assume that a
sequence of memories are stored at different times that we denote by (#!);en. Let us consider the
memory stored at time ¢*. It is the overlap between the actual weights, noted (w;)1<;<n, and the
possible weight changes induced by the k;;, signal, noted (szk)lg j<n. Forallt > t*, we denote
itby Z; :

N
1 A A
Zyj = N;wiAwik. (1.2)

This signal is noisy as the presented stimuli are random as well as the weight dynamics. The SNR
is then the expectation of the signal divided by its standard deviation. In this framework, the SNR
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is a quantity that theoretically measures the trace of a signal. Here, by theoretically we mean that
there is no direct link between this SNR and any specific retrieval process. The only test that could
be done on this quantity is to compare it to its asymptotic value in time. We could then for instance
use a threshold estimator of the signal trace: when the SNR is above the threshold, the signal is
still in memory, and below this threshold, the signal is not in memory anymore.

Now, we deal with the differences between these models. First, except from [5] where the synaptic
weights depend on the neural interpretation of the signal, in other models, there is no neural
network considered and only N weights are modelled. The binary synapse models give poor
capacity results except when the coding level (probability that a neuron is selective to a signal) is
of the order of % (sparse coding), see [5]. Moreover, this capacity can be improved, without
sparse coding, either by adding internal states to the weights (which can be called metaplasticity)
see [49], or by partitioning the synapses into subgroups with different levels of plasticity, see
[117]. However, considering multi-states synapses does not seem to give better results than the
binary case, except under really specific conditions on the parameters, see [48]. Finally, in [16],
defining the weight dynamics using a decay kernel, they found much more efficient models. There
is a general review on these models proposed in [47].

1.4.2 Model and Results

Motivations

First, the SNR is defined in different ways depending on the application. The definition used here
refers to the one used in signal detection theory. The idea behind this quantity is to measure the
ability to separate the signal from the surrounding noise. In general, it is linked to the probability
of error in distinguishing the signal from the noise. In the current framework, it is related to the
probability of answering correctly to the question: have you ever seen this signal before? The prin-
cipal advantage of the SNR is to be easily tractable and then adapted to a rigorous mathematical
analysis, see [82] for such an analysis in the case of only synaptic weight dynamics.

However, it does not provide a way of retrieving the signal (or the pattern activity generated by the
signal) as the ANN models do. The SNR analysis is not the only possibility to get information on
the memory of the signal left. Several other methods have been proposed based on global variables
in order to compute the memory capacity, see [85] and [42] for example. Similarly to the SNR,
they do not give precise information on the memory retrieval.

The first study providing such an analysis is [8] by extending the model of [5]. Using a similar
idea as ANN, they computed what they called a retrieval probability. Then, a precise analysis of
the same model has been done in [41] in the large N asymptotic. In order to compute the proba-
bility of error, both [8] and [41] used strong assumptions. In [8] they used Gaussian assumption
and independence between the synaptic currents. In [41] they assumed that the synapses are inde-
pendent. Therefore, there does not exist rigorous analysis of the memory lifetime in the Amit-Fusi
model. Moreover, in the SNR analysis previously proposed, the asymptotic value in time of the
standard deviation of the memory signal is used instead of the time dependent standard deviation.
However, it is not obvious that for any time this standard deviation is of the same order (in V) as
its asymptotic (in time). Finally, the SNR is based on the synaptic current received by only one
neuron and then get rid of the difficulty generated by correlations.

In Chapter 2, we extend the previous mathematical results on the Amit-Fusi model on many points:
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we compute the exact variances of the synaptic currents, we find the spectrum of the transition
matrix of the synaptic current and of the weight matrix and finally, we give a lower bound on the
time that a simple threshold estimator of the neural activity spend below a given probability of
error.

Model and Results

We present here the model and, in an informal way, the results obtained in Chapter 2. The model
is designed according to a learning protocol. The two components of this model are the neural
network of N neurons, described by the neuron potentials (V,V);cz € {0,1}¥, and the weight
matrix without the diagonal terms, (WY ),cz € {0, 1}V (N=1)| The time is discrete as the vari-
ables evolve upon the presentation of a sequence of external signals. The signals or stimuli (we
use both terms in the following) modify the neural network. This change leads to probabilistic
modifications of the synaptic weights.

The external signals are assumed to be random, independent and identically distributed (i.i.d.) as
well as their neural responses (V,");cz. We denote by fn € (0, 1) the coding level such that

Vi € [1,N], ]P’(VZ’NZI) :1—IP><V;VN:()) = f.
Knowing VtN and WtN we have for all 7 £ j:
o it (VN VN WENY 2 (1,1,0), P (Wfi’{v _ 1) = ¢+,
o if (VN VPN W) = (1,0,1) esp. (0,1, 1), P (WY = 0) = a5 resp. 45 ™).

Adding the assumption that at time ¢ = 0, the network has reached its stable state (in law), ends
the description of the Amit-Fusi model introduced in [5].

In this framework, we study how to measure the ability of this model to keep in memory a given
signal. We propose to change the protocol in order to test the effect of multiple presentation of a
given signal to learn. Thus, we denote by » € N* the number of times this signal is presented and
VN € {0,1}¥ its neural response. We assume that (V. W) is in its stable state (in law) and
that VN = V¥ fort € {~r+1,---,0}.

Our results hold on the synaptic currents onto the neurons. Indeed, in order to measure the ability
of the network to remember the signal to learn, we compute the estimation of its neural response
at time ¢ > 0, that is to say after the presentation of some other signals that are noise for the one
to learn. This estimation is based on the synaptic currents that would be obtained if the signal to
learn is presented again at time ¢ > 0. We denote by (k) );cz such a sequence of synaptic currents

onto the neuron 1:
N

WY = S Wy,
j=2
Denoting by (hiYK)teN* the process such that hf\fK = h}¥ knowing that Z;V: 9 VOj’N = K, we
show in Chapter 2 that this process is Markov and satisfies
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Proposition 1.4. (Proposition 2.12)
The spectrum of the transition matrix PIJ(V of (hiv K) . is
K ) ys
S(PR) = {(1 = f)AY) + fn(AY), 0<i < K},

where Aév =1- quo_l’N and A{V =1-(1- fN)ql_O’N — fnq™.

Moreover, we show that

Proposition 1.5. (Proposition A.11)

The spectrum of the transition matrix M‘]/V w of vy (thj ’N) is
’ 255N/ 4>

S (M) ={A¥,0<i< N}u{o},
where XN has multiplicity (Ni_l) and 0 has multiplicity 2N =1 (2N — 1).
For y € {0, 1}, denoting by (h%’N)teN* the process such that hf{’N = h}Y knowing that Vol’N =y,
we obtain

Proposition 1.6. (Proposition 2.15)
The expectations and variances of h?’N and h% N satisfy:

2 .+
B = N (5 = g8 ) with 0 = (1= 1= a7 L2
1

2+
E[hy "] = Nfw (N + NN S with @Y = (1= (1 - ¢")") (1 - ffq)\N) !
1

Var [1#N]2 =B[N (1= B[N + NN = 1) (65N + epN oM+ cpN o)),

_ fRat

where C’S ’N, cy N and cy N are constants depending on the parameters and p*¥ e

Finally, the main results and contributions of this Chapter is the following.
Main Results - Contributions (informal)

For any fixed error € € (0,1), there is an unbounded set of couples (N,r) € N*2 for which we
control the time that the signal estimation error spends above €, see Theorem 2.27. An explicit
formula of this time is given in Remark 2.28 for fixed potentiation and depression probabilities.
Another formula of this time is given in Theorem 2.30 for depression probabilities depending on
N. In particular, assuming that the depression probabilities are proportional to the coding level

fn, we obtain that this time is of order fi?
N






Chapter 2

A Mathematical Analysis of Memory Lifetime

in a simple Network Model of Memory

We study the learning of an external signal by a neural network and the time to forget
it when this network is submitted to noise. The presentation of an external stimulus to
the recurrent network of binary neurons may change the state of the synapses. Multi-
ple presentations of a unique signal leads to its learning. Then, during the forgetting
time, the presentation of other signals (noise) may also modify the synaptic weights.
We construct an estimator of the initial signal using the synaptic currents and define
by this way a probability of error. In our model, these synaptic currents evolve as
Markov chains. We study the dynamics of these Markov chains and obtain a lower
bound on the number of external stimuli that the network can receive before the initial
signal is considered as forgotten (probability of error above a given threshold). Our
results hold for finite size networks as well as in the large size asymptotic and they are
based on a finite time analysis rather than large time asymptotic. We finally present
numerical illustrations of our results.

The main results of this chapter have been published in Neural Computation [68].

2.1 Introduction

Amit and Fusi proposed in [5] a model to study the memory capacity of neural networks. The
main novelty of their work was the online learning and forgetting of a sequence of random signals.
Indeed, in previous models (e.g. [133] or [70]), signals are stored in a fixed weight matrix. This
matrix is determined as a function of signals to learn. These models are called associative or
attractor neural network (ANN) models: a stimulus is said to be stored if its neural representation
is an attractor of the neural dynamics. The maximum storage capacity of ANN models have
been widely studied. Gardner and Derrida computed this capacity for the optimal synaptic weight
matrix in [54]. They showed that maximal storage is obtained for sparse coding. Moreover, there
have been studies of the robustness to noise in the synaptic weight matrix and in the initial input.
Sommer and Dayan proposed Bayesian retrieval processes for a stochastic version of the Willshaw
model in [119]. However, beyond the maximum number of stimuli learnt, blackout catastrophe
(forgetting of all memories) appears in ANN models. One way of avoiding this blackout is to
allow the plasticity of the synapses.

The following experimental protocol is introduced in [5]: a neural network, with both binary
synapses and binary neurons, receives and learns new random stimuli while forgetting the previous
ones. Every signal may affect the synaptic weights. After a certain amount of time, the first

31
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stimulus is presented again (priming) and the ability of the network to recognize it is questioned:
how many stimuli can be presented before it forgets the initial signal? To provide an answer, Amit
and Fusi ([5]) performed a signal-to-noise ratio (SNR) analysis. The signal under consideration
is the sum of the synaptic currents onto one neuron when the network receives the priming. As
Gardner and Derrida found in the case of the ANN models in [54], Amit and Fusi concluded
that the coding of the stimuli needs to be sparse in order to optimise the storage capacity. They
proposed a scaling of the coding level fx (probability that a neuron is selective to a signal) as a
function of the size NV of the network. According to their retrieval criterion, the optimal coding
level is on the order of fy ~ %. In the large N asymptotic, what they called the storage
capacity is then on the order of % for depression probabilities proportional to fy.

Extensions and approaches different from SNR have then been studied. First, Brunel, Carusi and
Fusi studied a different protocol in [23]: they fixed the number of random stimuli and presented
them randomly multiple times. Their analysis relied on the comparison of two quantities: the mean
potentiation (MP) and the intra-class potentiation (ICP). MP is the mean of synaptic weights. ICP
is the mean of synaptic weights among synapses involved in the learning of a stimulus. Intuitively,
when ICP is much larger than MP, the trace of a stimulus in the synaptic weights is still non neg-
ligible. They found two possible loading regimes, a low-loading (resp. high-loading) regime with
a memory capacity on the order fLN (resp. %). Dubreuil, Amit and Brunel did in [41] a deeper

analysis of the multiple presentations model introduced in [23] and the one shot learning model
of [5], in the asymptotic N large and fx small. Then, Elliott considered in [42] the mean number
of signals presented before the synaptic current crosses a fixed threshold: the mean first passage
time (MFPT). More complex and biologically plausible models have been proposed and analysed
numerically in the following studies, see [7, 98, 135]. Finally, to the best of our knowledge, the
first article to present a precise way to retrieve stimuli is [8]. In this article, they insisted on the role
played by the synaptic correlations and proposed a way to compute numerically an approximation
of the distributions of the synaptic currents. It enables them to introduce a new retrieval criterion
based on what they called the retrieval probability.

Inspired by this last article, we study here a statistical test based on the synaptic currents. In
particular, we study the probability of error associated to this test. Such an error has been studied
before under some additive assumptions on the distribution of synaptic currents. Amit and Huang
did a numerical analysis with a Gaussian approximation in [8]. In [41], Dubreuil et al. gave
analytical results on the probability of no error in the large [V asymptotic, assuming independence
of the synapses (which leads the synaptic currents to follow Binomial distributions). Here, we
perform an analytical study of this error without such approximations and we manage to control
it by extending previous analytical studies of [5, 8] on some points. First, we give properties
of the synaptic current process such as the spectrum of its transition matrix (Propositions 2.10
and 2.12) and the exact expectations and variances of the synaptic currents (Proposition 2.15).
Moreover, we study the case of multiple presentations of the signal to be learnt. Finally, we give
in Remark 2.28 and Theorem 2.30 explicit bounds on the time during which a given signal is kept
in memory (probability of error below a given threshold). These results deal with a broader range
of depression probabilities than in the previous studies. We summarize our asymptotic results in
Remark 2.31.

This chapter is organised as follows. We expose the model and the statistical test in Section 2.2.
After learning one specific signal, the network is submitted to random signals responsible for
its forgetting. The statistical test consists in estimating (using a threshold estimator) the initial
signal from the presynaptic inputs caused by priming. We measure whether the signal is still
in memory by computing the error associated to this test. After the formal definition of this
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error, the main results are presented. Then, Section 2.3 is devoted to the presentation of the
results. The main result consists in deriving a lower bound on the maximum number of stimuli
one can present while reasonably remembering the initial signal. This derivation relies on the
fact that, asymptotically, as time goes to infinity, synaptic currents converge in law to a Binomial
mixture (Corollary 2.23). We assume that, before learning, the synaptic currents follow their
stationary distributions. Afterwards, the learning phase splits the network in two groups: the
neurons activated by the signal and the others. Then, during the forgetting phase, the laws of the
synaptic currents of these two groups are shown to remain Binomial mixtures with an explicit
dynamics on their mixing distributions (Proposition 2.19). We evaluate the probability of error
of the statistical test and the maximum number of stimuli one can present before the test fails
(Remark 2.28 and Theorem 2.30). The computations are based on estimates on the support and on
the tail of the mixing distributions. The short proofs follow the statement of the results whereas
Section 2.4 is devoted to the long proofs. Finally, we perform numerical simulations in Section 2.5.
We give in Appendix A.2 a beginning of the study of the weights matrix dynamics which is based
on the Kronecker products of square matrices of dimension 2.

2.2 The model and the estimator

First, we present the neural network model and the protocol followed for learning and forgetting.
Then, we define the estimator, derive the equations describing the dynamics of the synaptic cur-
rents and detail the main assumptions. Finally, we present typical numerical simulations at the end
of this section.

2.2.1 The neural network and the protocol

In order to ease the introduction of the different variables, we suggest the reader to see the model
as describing an experiment on a person’s ability to learn a stimulus. In particular, we ask for how
long a learnt signal can persist in memory when the person is exposed to some other signals which
we term as noise.

Let us assume that we present a sequence of external stimuli to a network of NV + 1 neurons. Thus,
we sum over [V external synaptic currents to get the total synaptic current onto one neuron. We
do not study the dynamics of the membrane potential nor the firing rate of neurons, but rather we
consider their neural activities that we note V; € {0,1}V*! at time ¢. Hence, the neurons do
not have their own dynamics but instead they follow the dynamics of the signals. We say that
the neuron i is selective (resp. not selective) to a signal presented at time ¢ if its neural response
is VZ’N = 1 (resp. V;’N = 0). We assume that a given signal uniquely determines the neural
response, see [23] for a study of learning similar neural activity patterns. Therefore, we refer in an
equivalent way to stimulus/signal or neural response in the following. Signals are assumed to be
random and we denote by (-, VA, ViV, V¥ - . .) the corresponding sequence. We call ¢ the time
at which the #* signal after Vi is shown. We assume that for different values of ¢, the vectors V;¥
are independent and identically distributed (i.i.d.) with values in {0, 1} *!. Moreover, for each ¢,
the components th’N, ey VtNH’N of V,V are themselves i.i.d. with Bernoulli distribution with
parameter fy:

Vt, Viel[l,N+1], fN:P(v;VN:1) :1—1@(1/;'”:0).
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The synaptic weight from neuron j to neuron ¢ at time ¢ is denoted by VVtZ IN Tt can only take two
values W_ < W and we denote by WY = (WY i +£ j} € {W_, W }NV+D the matrix
of synaptic weights. We consider a plasticity rule which can be viewed as a classic Hebbian rule.
The law of WtJL only depends on W/ and VY. The corresponding transition probabilities are

o P (WY =i | WP = we, (N VPN = (1,1) = gt
ij,N ij,N iN i, N -N

i IEJ>(VV1&]H =W_ | Wt] =Wy, (V;t av;tj ): (Oal)) =401 >

o PP (WZ—{{V =W_ | Wtij’N = W+7 (‘/ti’Nv Vij’N) = (LO)) = QI_dN'

The transition probabilities not mentioned here and involving the change of state of a synaptic

weight are equal to zero. For example, P (Wtﬁiv =w_ | WY =w,, vV vy = (o, 0)) =

0. In order to simplify the notation and without loss of generality, we set:
W_ = 0 (weak synapse) and W, = 1 (strong synapse).
Moreover, in order to avoid critical cases, we also assume that
fve0,1) and g™, q0N, ¢t € (0,1]. 2.1)

The parameters qal’N and qfO’N represent respectively the homosynaptic and heterosynaptic de-
pressions, see [23].

We now give the protocol to learn and then forget a signal. We denote by VON the signal to be learnt.
Before presenting it, we assume that the network has received a lot of random signals thereby
driving the law of the synaptic weight matrix in its “stable” state at time ¢ = —r + 1 (we prove
in Proposition 2.8 that there is a unique invariant measure for the weight matrix). The learning
phase consists in performing r presentations of VON . In order to be consistent with the previous
description, the sequence of presented stimuli is then (- - -, Vf\fq, VON St VON , VlN , VQN -+ ) that
isVV = VON fort € [—r+1,0]. The presentation of the subsequent signals leads to the forgetting
of ViV.

Notation 2.1. We note (Q2, F,P) the probability space on which the Markov process (Vi , W )iez,
is defined.

Remark 2.2. The model presented slightly differs with the model introduced by Amit and Fusi
in [5]: it allows multiple presentation of the initial signal.

2.2.2 Presentation of the estimator

We study the consistency through time of the response of one neuron to the initial signal. To do
so, we consider the previous protocol. After the repetitive presentation of VON , the signal has left
a certain footprint in the matrix ;. This trace is subsequently erased by the presentation of the
following signals. How much information from a stimulus learnt is left at time ¢? As an answer,
we define an estimator of this stimulus and compute the error associated to it. At time ¢, this
estimation is done from the observation of the synaptic currents onto neurons when presenting
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again VON : this current onto the neuron ¢ is ) ki Wtij ’NX/(Jj’N. This is a fictive presentation. By
fictive, we mean that the synaptic weights do not change following this fictitious presentations. In
this framework, neurons are similar. Hence, in order to simplify the notation and without loss of
generality, our study focuses on neuron i = 1. We denote by ",

def N+1
AR /A 7l (2.2)
j=2

the synaptic current onto neuron 1 when presenting again VON at time £. Note that the process
(h{v ) +~0 strongly depends on the initial number K of active neurons

J N+1 )
K3y (2.3)
=2

We denote by hiV - the process equal in law to h}¥ knowing K, hév K £ (h{v | K ) The process hi\f K
is Markovian, see Proposition 2.5.

Remark 2.3. We thus study the probability of error associated to the estimator of only one neuron
response. We are currently studying the extension to the estimation of the entire stimulus, see
Appendix A.2 for the first results.

The estimator

We define a threshold estimator V;¥ : [0, N] — {0,1} such that V,V(§) = Ljng with the
associated probability of errors:

N (1,0) LR (VY 0) = 11N =0) =P () > 01N =0),

PV (,0) L (VY0 =0 PN =1) =P (n) <0 vV =1).

Notation 2.4. We denote by hf’N £ (hiv | ‘/}]17N = y) and hf’;(v £ (hiv | VoLN =Y, K) .

The probability of error po™" (¢, 6) = IP’(h?’N > 0) (resp. e (t,0) = }P’(h%’N < 6)) corresponds
to the probability that the estimator responds positively (resp. negatively) to the priming presented
at time ¢ > 0 whereas the neuron was not activated (resp. activated) initially. We aim at evaluating
these errors: for fixed € € (0, 1), we estimate the largest time ¢, such that both pg’N and pé’N are
smaller than € up to time .,

tu(e,r,N) < Jma (inf {6 2 12 (1,0) v i (10) 2 ). (2.4)

where z V y = max(z,y) and x A y = min(z, y).

Main Results - Contributions (informal)

For any fixed error € € (0,1), there is an unbounded set of couples (N,r) € N*? for which we
show the existence of a threshold 0, n € {0,1,..., N} ensuring

to(e,m, N) > inf {t > 1, p2N (£, 0c,n) V PEN (e n) > €} > E(e,m, N),
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where an explicit formula of t is given in Remark 2.28 for fixed potentiation and depression prob-
abilities. Another formula of t is given in Theorem 2.30 for depression probabilities depending on
N. In particular, assuming that the depression probabilities are proportional to the coding level

fN, we obtain that t(e,r, N) is on the order of f%
N

The proofs of the results presented in Section 2.3 rely on the study of the Markov chains (hiv K)

and (h?,}](\[)pl-

Proposition 2.5. The chains (hiv K) . and (hf%) L, are Markovian. At the end of the learning
> >

phase, we have

L Np:
hjl\fK = hﬁrr_;'_LK + ‘/017 Bin (K — h]—\[’l”-‘y-l,K? 1-— (1 — q+)7‘)

— (1= Vg")Bin (Y, 1= (1= g5™)")

where, conditionally on wN LI the two Binomial random variables are independent. And during

the forgetting phase, for all t > 1:

P1x £ 0 + VY [Bin (K = Y, fva®) = Bin (h, (1= fn)aig™ )|

— (1= VBin (W, fvag™) 26)

where, conditionally on hiv K the three Binomial random variables are independent.

The Markov chains (h?g) . fory € {0,1}, satisfy the equation (2.5) with Vol’N = y and the
) t>

equation (2.6).

Proof. In order to study the jump from hiv K« to hﬁrl x» We count the synapses that potentiate and

the ones that depress upon presenting a signal V,V. From the definitions (2.2) and (2.3) of R and
hiYK, we only need to consider the K synapses W,V with j > 2 such that VOJ’N = 1. Among

these synapses, at time ¢, there are hiVK strong synapses and K — hiVK weak synapses. Given

th’N and hﬁ K> every synapse evolves independently following a Bernoulli law.

Equation (2.5) follows from the fact that from time —r + 1 to 1:

o if VOLN = 0, every strong synapse is r times candidate to depression so it has probability

1—-(1- qal’N)’” to depress,

o if Vol’N = 1, every weak synapse is 7 times candidate to potentiation so it has probability

1 — (1 —¢™")" to potentiate.
Equation (2.6) follows from the fact that between time ¢t > 1 and ¢ 4 1:

o if th’N = 0, the probability that a strong synapse depresses is f Nq(;l’N,

o if th’N = 1, the probability that a weak synapse potentiates is fy¢' and the probability

that a strong synapse depresses is (1 — f N)ql_o’N
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By definition of hty’g, the chain satisfies equation (2.5) with VOI’N = y and equation (2.6). O

Corollary 2.6. Assume that (2.1) holds. Then, for all K € [0, N|, the Markov chain (b )i>1

admits a unique invariant measure 77% with support in [0, K]. Moreover, for any initial condi-

tion héVK, the Markov chain (RN, )i>1 converges in law to w%. In addition, the chain (hév)

converges in law to T = Z%:O P (ff = K) T where K= Z;V:ng VOj7N'

t>1

Proof. By (2.1), the Markov chain (hiv K) - is irreducible and aperiodic on a finite state space.
v

Thus, it admits a unique invariant measure towards which it converges.

Let K = Z;V: ng VOj’N. From the Bayes’ formula we get that for all [ € [0, N,

Jim P (b =1) = lim (iﬂf(:f{)[@(h{}:z)) - i[@(ﬁ(:f{) N ().
K=0

O]

Remark 2.7. The Markov chains ( h>Y and (WYY have the same transition matrix as
LK ) g LK )y

(th)pl' They differ by their distribution at time t = 1. Hence, they both converge to 71'%.

N

Moreover, both (h?’N> and (h%’N) converge in law to T5.

>1 t>1

Proposition 2.8. Under the assumption (2.1), the process (VtN ,WHN ) converges to its unique

t>1
invariant measure. We denote it by p¥\..

Proof. Same argument as for Corollary 2.6. O

We now give the main assumptions.

Assumption 2.9.

L
pLN

N N £ N ; ; N 0N £ _N
291 (VWX ) = pL  and in particular Wik bk Dk = TR

2.9.2 Assume that lim fy = 0 and lim N fy = 4o0.
Noo Noo

2.9.3 Let g™ = anfn and ;3" = by fx with an,by : N € N* — R such that ay, by both
converge in [0, +00). However, we assume that at least one of the two limits is not 0 and
. N _ 4. N . ba . N :
N0 =m0 = MR T NS Ny O Ve = o
We consider a general paradigm in which before receiving the stimulus VON , many stimuli have
already been sent (--- , VN _, VN | ...). We assume that the process (V;NWtN)K_TH has
reached its invariant measure at time ¢ = —r + 1 by Assumption 2.9.1. Then, one key parameter
is the coding level fr. We assume that it depends on NV in the analysis of the large N asymptotic:
Assumption 2.9.2. This assumption refers to sparse coding as fn tends to 0. An additional con-
straint put forward is that the mean number of selective neurons, N fx, needs to be large enough:
Assumption 2.9.2. In this context, we are interested to see how the dependence on NV of the depres-
sion probabilities can affect the memory lifetime, see Assumption 2.9.3. This assumption gives
conditions on the large N asymptotic behaviours of the depression probabilities.



Chapter 2. A Mathematical Analysis of Memory Lifetime in a simple Network Model of Memory

38

2.2.3 First illustrations

In this subsection, we illustrate the dynamics of (hi/ ]‘](V ) and (hiv K) . In particular, we are
/>0 '

t>0

interested in the effects of the coding level fx on these synaptic currents. Let us assume that the
signal V§" is of size K = | N fy |, where the floor function |z ] isequalto k € Zifk < x < k+1.

Let us have a look at the expected size of jumps of hi\f i from the formulas (2.5), (2.6).

1,N — N
Fort =1, B By — by elh, e, Vo = 0] = =hY, 4 (1= (1= g ™)),

7N 'd
E [h]lVK - hl—vr+1,K\h]—Vr+1,K, Vo1 = 1} = (K- h]—vr—i-l,K)(l —(1- q+) ),

N, —N
vi>1, E [hﬁ-l,K - hi\fk\hi\,fﬂ = (K — hffk)Jl}Z\/qJr - hiYKfN(l — fn)(@10 + o1 )

From these equations, we note that the average jump size strongly depends on fr. When fy is
close to 1, the reception of VON has a large impact on the weight matrix, easy to detect. However,
the following average jump size are close to the initial one. Thus, as soon as some other stimuli
are presented, the initial signal is forgotten: the distributions of h?’;{v and h; g quickly overlap.
Conversely, when fy is close to 0, the average jump size is signiﬁcantly different between the
learning (relatively big jumps) and the forgetting (relatively small jumps) phases. As a conse-
quence, the convergence to the stationary distribution, and thus forgetting, is slower. However, the
learning still occurs: the initial jump is still big. In order to illustrate these phenomena, we plot
simulation results obtained with a high coding level, f;y = 0.8 in Figure 2.1, and a low coding

level, f;y = 0.1 in Figure 2.2.

Figure 2.1a shows that the size of jumps is effectively big for f = 0.8, just after learning as well
as during forgetting time. Figure 2.1b illustrates the separation between the initial distributions

1

of hg’g and h; ;(V . Indeed, at time ¢ = —r + 1 = 0, both hg’% and ho’% follow the invariant
measure plotted in black. Then, after the reception of VON , the distribution of h?’% is shifted to the
left and the distribution of h}% to the right. Initially, the signal is learnt because the distributions
are well separated, see Figure 2.1b. Figures 2.1c and 2.1d exhibit the fast overlapping of these

two distributions. Indeed, following the learning phase, the reception of new stimuli makes the
two distributions converge back quickly to the invariant distribution. At time ¢ = 5, the signal is

already forgotten.

Figure 2.2 illustrates the advantages of a low coding level. Indeed, even at time ¢ = 20, the
two distributions do not overlap a lot and they remained uni-modal. This makes the choice of a

threshold estimator reasonable. Moreover, such an estimator allows a tractable analysis.
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Figure 2.1: (2.1a): A typical trajectory of ht 200- (2.1b): The distributions of hi):é\go and hi:é\(f)o
and the invariant measure 77800 (2.1¢),(2.1d): The distributions of ht 800 and h;,’é\ofo attime t = 3
and ¢t = 5. Parameters: » = 1, N = 1000, K = 800, fy = 0.8, ¢* = 0.8, qal’N = 0.8 and

-N
410 =0.2.

2.3 Results

In this section, we present our results. First, we give the spectrum of the transition matrix of the

chains (h?’g )e>1 and (ht1 g )t>1, see Notation 2.4, and their expectations and variances at any time

t > 1. Then, we expose some properties satisfied by the distributions of ht - and h; ;(V , and their

invariant measure 75 - They are the key to the proof of our main results, Theorems 2.27 and 2.30,
which are presented in the last part of this Section.

2.3.1 Spectrum and SNR analysis

Spectrum

Let Py’ be the transition matrix of the synaptic current ( h’ . We denote by
, K —rl<t<1

’N 7N :N 7N
i = R O Y ), i ()]

,
the distribution of h N We can then write vy g =y, KPy’ i <PI?J<’N) .
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Figure 2.2: (2.2a): The distributions of h? ;(V and ht1 I]}f attime ¢ = 1 and the invariant measure W%O.
(2.2b): The sum of the two distributions h?’;(v and hi ;(V for t € [1,20]. The colour bar gives the

probability values. Parameters: 7 = 1, N = 1000, K = 100, fx = 0.1, ¢* = 0.8, qO_I’N = 0.8,
and ql_O’N =0.2.

Proposition 2.10. The spectra of P%N and P}(’N are

> (P%N) = {(1 - qo_fN)Z, 0<i< K} and ¥ <P}<’N)

{-a") 0<i<K}.

Proof. The dynamics give for all j > 1, P%]i\; = Pflgj\i = 0. So the matrices are triangular. Their
spectra are given by the diagonal elements:

, P —Nyi 1N :
VZ, PK,ii = (1 — Qo )Z and PKJ’@' — (1 _ q-f—)z‘

In the following, we use the
Notation 2.11. We denote by A) =1 — quO_l’N, AV =1-(1- fN)ql_O’N — fnqT and
wie[0,N], A= (1= fw)(AG) + I (AY)"

Proposition 2.12. The spectrum of the transition matrix PIJ(V of (hiv K) . is
) t>

S(PR)={ N, 0<i<K}.

This proposition is proved in Section 2.4.2.

We deduce from Proposition 2.12 the rate of convergence of the law of hi\f K

Corollary 2.13. Forall 0 < K < N, the sequence of the distributions of the synaptic currents,

(Vt],VK>t>1’ converges exponentially fast to the unique invariant measure 71'%. In particular, there

exists cy € RT such that the distance in total variation between VtNK and 77% satisfies:

K
def. 1
vez 1 o =k llev SN ) =R 0] < en O
1=0

We discuss, in the second paragraph of Section 2.6, the role played by this eigenvalue A} in our
main results.
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SNR Analysis

We propose to extend the previous SNR analysis done in [5, 116, 8]. The memory signal used
here is neuron specific: we associate to each neuron a memory signal. It refers to the memory
of the first stimulus. For the neuron 1, it is obtained from equation (1.2) by replacing w! Aw}, by

(thj’NVOj’N]VOl’N = 1) minus (thj’NVb"Nﬂ/Ol’N = O):
ZNe = hyg — YR 2.7)
Notation 2.14. From the notations
pN g [h?’N] and (o?)? %l \rar [hty’N] ,

we define the SNR at time t as:

SNRN % e —H 2.8)

In the previous article, they used the large time asymptotic value of the variance and do not give
.. . .. s N Y, Ny2
the explicit one. Here, we give an explicit formula of ;""" and (¢} )~.

Proposition 2.15. Under Assumption 2.9, the expectations and variances of h?’N and ht1 A satisfy:

fq*t

, (29
=AY

O,N % — . 7’N
p = Nfn (M N PN Y 1) , with poN = (1 — (1 —qp )T)

* . . . faa®
p = N (o pP N O with g = (1 (1= q*)) (1 i)
1
(2.10)
(037N)2 _ ,uty’N(l B ,ui/’N) n f]z\[N(N — (CS,N + Cgf,N()\{v)t—l + C’g’N()‘éV)t_l> , (2.11)

_ fXat

N N N .
where Cy, CY¥" and C3 are constants depending on the parameters and Il 5
M

Moreover, in the case any = a and by = b, the standard deviations stay of the same order of their

large time asymptotic value that we denote by o~ and which satisfies:

(") = N (o7™)? + RN (o3,

Ny2 q" *, ~
where (07 )® ®Noo raTh and (05" )% A Noo ST ra i

By this proposition, we justify the use of **V instead of oy N for the computation of the SNR in

the large NV asymptotic. It was not obvious. Indeed, if one looks individually at the time-dependent
terms of o} AV they show the possibility of a term in N2 fJQV instead of N2 f]%, What saves us is
that max;>1{(AY)! — (AY)?!} scales in fy, see the proof in Section 2.4.2.

2.3.2 Binomial Mixture

The proofs of the results on the spectrum, the SNR and the main results are based on the various
properties of the synaptic currents’ dynamics that are presented in this section.
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We denote by Fj ;] the set of cumulative distribution functions associated to the set P([0, 1]) of
probability measures on [0, 1].

Definition 2.16. The distribution of X is said to be a Binomial mixture with mixing distribution
g € P([0,1]) and size parameter K, denoted by BinMix (K, g), if

vj € [0, K], P(X =j)= (f)/o u (1 —u) 5 g(du).
Remark 2.17.

o« X £ BinMix(K, g) is equivalent to X|Y £ Bin(K,Y) where Y is a random variable
independent of the Binomial and with law g. Indeed

POY=i)= [ "B = 1Y = u)g(du) = (If) / (1 ) g ().

We use both notations X = BinMix(K, g) and X £ BinMix(K,Y).

e The law of X is fully characterized by the moments E(Y),E(Y?),--- | E(YX). Hence, if

g € P(]0,1]) is such that ¥k € [0, K], 01 uFg(du) = fol uFg(du), then BinMix(K, §) £
BinMix(K, g).

First, we show that the set of Binomial mixtures is stable by the Markov chain hi\f - assume that
hyi £ BinMix(K, gV) for some gV € P([0, 1)), then there exists a probability 911, function of
g, such that hi\fH, K £ BinMix (K, gg\frl). Moreover, denoting by G the cumulative distribution

function associated to g;', we show that forall ¢ > 1, G (z) = R(G})(x) where

Notation 2.18. Foralll' € Fjg ) and v € R, R is defined by

def. u—fng* u
RO gt (SI) 4 a- g (1)
1 0
Proposition 2.19. Let us assume that h]_VTJrLK £ BinMix(K, gV, 1), for ¢%,.; € P([0,1)).
Then for all t > 1, 3g¥, g™, g/ € P([0,1]) such that hYy; £ BinMix(K, g) and h¥py £
BinMix (K, gf’N)for y = 0, 1. Moreover, at time t = 1,

-1 U

GV () = fNGY, <“ n 1) NG Ve M . — 2.12)

1 ( ) +1 (1 _ q+)r ( ) +1 (1 _ q0_17N)T

-1 U
GV () = GV, (“+1> and GOV =GN _ [—2 ), 13
and ¥t >1, GN(u) = R(GN)(u) and GY[\(u) = R(GYN)(w). (2.14)

Finally, we deduce that

KN £ BinMix(N, fyvgY) and BN £ BinMix(N, fng?™Y). 2.15)

The equations of (2.15) derive from the application of the
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Lemma 2.20. Assume K = Bin (N, fn) and conditionally on K, X is independent of K with
law Bin (K, p), then X = Bin (N, fxp).

Remark 2.21. First, we note that g does not depend on K. This is crucial for the proof of
Theorems 2.27 and 2.30. Then, let the assumptions of the previous Proposition hold and denote

by YN a random variable with distribution gi¥. Knowing Y;", we have hiY K £ Bin (K YN ) In
particular, the mean synaptic current is given by E (hi\fK) = KE (Y;N) = KP (thj’N = 1).
Indeed, E (hiVK> is the mean number of strong synapses thj N (with j such that Vbj’N =1)at

time t.

Finally, we show that R is contracting and characterises 7% ..

Proposition 2.22. The application R acting on Flq 1) is contracting for the norm LY(0,1). More-
over, there exists a unique G*N € F| [0,1] invariant for R.
Propositions 2.19 and 2.22 are proved in the Section 2.4.1.

Corollary 2.23. Let G* be the unique fixed point of R and g*" its associated distribution. The
invariant measure 7711\([ of the Markov chain hiv i satisfies

% = BinMix(K, g*™).

We deduce that the invariant measure T2, of hi¥ is given by

7 = BinMix (N, ng*’N) .

* N

Finally, the smallest interval [mévo, M o]\of | containing the support of g** verifies

* de. +
supp(g*Y) € [md, MY] < [0, lfNiN]. (2.16)
i

Proof. Let g*" € P(]0, 1]) be a probability distribution such that its cumulative distribution func-
tion G*V satisfies R(G*V) = G*". Then, by Proposition 2.19, BinMix (K, g*) is invariant

for (hiv K)t>1' The result on 7Y follows from Corollary 2.6.

Now, let [m%, MY] be the convex envelop of the support of g**V, then supp(g*") C [ml, MY] c
[0, 1]. Thus by the equation R(G*") = G*V, we get

mbl = mNAY A (mNYAY + fygt), and MY = MEAY vV (MEAY + fngt).
AsA) =1- qugl’N < 1, the first equation implies that 0 < m% < mY A soml = 0. The

second equation implies that MY = MYAY + fng*, thus MY = lf J_V[‘i; O]
1

Remark 2.24. Propositions 2.19, 2.22, and the first part of Corollary 2.23 are in [S] with qfo’N =
0 and r = 1. We prove them here with a different method.
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2.3.3 Main results

We end this section devoted to the presentation of results by the main results. The learning and
the forgetting phases are both described by the Markov chains (hi”’g)—rﬂgtgl and (hf’;(v)tzl.
The previous part of this Section gave us enough information on these chains to propose a7precise
control on their overlapping. This overlap is directly link to the probability of error associated to
the estimator defined in Section 2.2.

Under Assumption 2.9.1, h]_Vr 1 1. follows its invariant distribution 7'(‘% , a Binomial mixture by

Corollary 2.23. Thus, by Proposition 2.19, the processes ( hf II(V )t>1 follow also Binomial mixtures.
Combining the inequality provided by Lemma 2.25, inequz{lities on Binomial tails (Lemma 2.26)
and a control on the tail of the mixing distribution ¢*" and on the support of gt1 N we prove
Theorem 2.27.

Lemma 2.25. Under Assumption 2.9.1, for all 6 € [0, N], P <h?’N > 0) <P (r} >0).

Proof. The proof is recursive and relies on the functional equation for the cumulative distribution
of the synaptic currents (2.13) under Assumption 2.9.1. From (2.14), we have for all = € [0, 1],

GH() = 6N () 2 6 @), Then,

6" 0) = i (T ) (- et (55

AY Ay
R
> fnG*N <w> +(1 - fn)GN (Al;v> =GN (a),
1 0

and so forth so that for all ¢ > 1 and z, G?’N(x) > G*N(x). It implies that for all K, € N,
P (BinMiX(K, @My > 9) < P (BinMix(K, g*~) > 6), which ends the proof. 0

Lemma 2.26. Let Sy = Bin(N, p). Then, for all e € (0,1)

—Npe2

P(Sy > Np(1+¢)) < exp ( 24]-956 ) , (2.17)
. 2

P(Sy < Np(1 —¢)) < exp< N2p€ ) : (2.18)

Proof. We use the method of [29]. Let S be the sum of X1, X5, --- , Xy which are independent
Bernoulli random variables of parameter p.

Foralle € (0,1),u € RT,

E (euSN) B sz\ilE (euX,L-)

P(Sy > Np(l+¢) =P (e“SN > eNp(HE)“) <

= eNp(l+e)u — oNp(l+e)u
- eNp(1+e)u — eNp(l+e)u ’

The minimum of the last term is reached for u = log(1 + ¢) so

£

e Np
)1+€> = exp (Np(g— (1+¢) log(l—i—e))) .

P(X > Np(1+4¢)) < <(1+€
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From the inequality, Vz > 0, log(1 + z) > 211, we obtain (2.17). In order to show (2.18), we

proceed with the same method and use the inequality log(1 + z) > gﬁj whenever —1 < z <

0. O

Theorem 2.27. Fory € {0,1}, let (WY )1>1 be the solutions of (2.5) with V)" = y and (2.6).

Let us assume that Assumptions 2.9.1 and 2.9.2 hold and that qal’N and q* are fixed in (0, 1] and
— N .

¢ in[0,1].

Then, for all 0 < € < 1 and r € N*, there exists N (¢,r) € N such that for all N > N (e, r), there
exist O n € [0, N] and t(e,r, N) such that for all 1 < t < t(e,r, N),

P (h"N > 6.x) VP (BN <6.x) <e.

This theorem is proved in Section 2.4.3.

In particular, we have t,(e,7, N) > i(e,r, N). This result relies on the study of the mixing
distributions ¢*~ and gt1 N Thanks to Lemma 2.25, we know that as long as gt1 N is far enough
from ¢g*V, the probability of error,

P (h‘}N > 9) VP (htl’N < 9) < P (BinMix(K, g*V) > 0) v P (BinMix(K, gy < 0) ,

is small enough. This condition appears as an inequality depending both on the time and the
accepted error €. As long as this inequality holds, there exists a threshold 6 such that the probability
of error is below e for all previous times. We give in the following Remark an explicit formula for
the lower bound # on ¢, for any couple (e, ).

— 2
qujL <1+QO1’N I >

e(1-2Q")

Remark 2.28. Recall that MY = N0 ) bN — (1), MV = ,
emar cealtiidl Moo = 1ay ™™ A=) M = e T Fag™)

AY =1 fna™, AY =1 = fng™ — (1= fn)aig” and \Y = fn(AY)? + (1= fn)(A])

We proved that under Assumptions 2.9.1 and 2.9.2, for all €, r, N > N(e,r) (N for which the
two conditions given by (2.30) are satisfied), there exists 0. n € [0, N] and t such that for all

1<t <#e,rN)P (h?’N > 0€,N> v P (h}N < aﬁﬁN) <e

In particular, ifqal’N, q;O’N, qt €(0,1]

2/~ 21og($)N fx MY —4log(5) 1 Pata™
n log < N fn(mp™ —MY) ) 08 <(1_A11V)(A{)V—A{V)(m}’N—MOO)
t(e,r,N)—1= - A r

log(A7) log(AN)

I

Nfn
log(Aé\')

| <(\/MeNNfN+ 21og<5>)2§1og<e>>
~ 0g
andifql_O’N:O,t(e,r,N)—I:L J

Example 2.29. We give here a detailed result for a particular choice of parameters. Let ¢ =
—,N

qal’N =1, qfO’N small enough, and fn = 53_1%1\, Explicit computations give
10

3NfN

log (5) Vv log <\/m—1610g(§)>

f(e,T,N): \‘ log (1 —4fn)
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For instance, for qfO’N = 0.005 we get fy = 0.00167 and

t(e = 0.001,7 = 1, N = 2.10°) = 246 and O v = 122.
We also give a formula when the depression probabilities depend on N in Theorem 2.30.

Theorem 2.30. Assume Assumptions 2.9.1, 2.9.2 and 2.9.3 are satisfied. Then, for all € € (0,1),
1 large enough, there exists N (e,r) € N such that for all N > N (e, r),

- log (C(e,r, N
t(E,T,N) :tiv‘i‘ \\gl(og((l\év)))J7

with tY defined in (2.28) and C(e,r, N) € (0,1) satisfies bgc}%m)

log(C(e,m,N)) -
1og(A(1)V)

— +o00. Moreover, if

lim ay, and lim by exist and are finite, is on the order of f%
N

This theorem is proved in Section 2.4.3.

We note that log(A)) = log(1 — anf%) ~Now —anfry. Concerning C(e,r, N) (and then
t(e,r, N)), it mainly depends on the different large N asymptotic of ay and by. We detail in
Remark 2.31 the different large N asymptotic of £(e, 7, N).

Remark 2.31. In the large N asymptotic (under Assumptions 2.9.2 and 2.9.3), we can compute
the terms equivalent to t in the different ay, by cases (a € R} and b € RT):

(e,7, N) for large N

by log(§)bn
lOg(\/ an Tt \/ q*NfN )

conditions on ap, by and r

by — +00, by = O(aN) , Vr

fNaN
log 17(1“71\7
an,by — oo of same order, Vr _W
N
1
an = 0(bn), bx — +o0, Vr 2/%bx
T —log(§)(¢++b)
— log 1 +2\/+27
. (T 7%
ay — 00, by =+ beR™, Vr qf2“N
N
T
ay =0, by = b>0,Vr>rg 2/% (g™ +b)
log a* )
A=1=¢M")(gT+a)
ay =a, by = 0ouby =0, Vr > 7y B 2;]%@ :
log 17%
ay =a, by =b, ¥r > g —(sz)

Table 2.1: The large N equivalent of #(e, 7, N) in function of a, and by.

Remark 2.32. Note that we have also proved the following result:

For every € > 0 and N large enough, there exists ro such that, if the initial signal is presented
at least ro times, then it is well memorized after at least f(e, r, N') presentations of noisy signals.
Moreover, in the large r asymptotic, h(l)’% £ 0o (dirac in 0) and h}% £ 0K (dirac in K). Thus,
the initial error is null. However, the t increases with r until reaching a threshold value which is
given by the expression of Remarks 2.28 and 2.31 replacing the quantities ml by 1.
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2.4 Proofs

2.4.1 Proofs linked with the Binomial Mixture behaviour
Proof of Proposition 2.19

Notation 2.33. Let g be a distribution on R with cumulative distribution function G. For all
a,b € R, we denote by g,y the distribution associated to the cumulative distribution function
G (a,p) such that

u—>b
R = .
Yu € R, G(a7b) (u) G <a — b)

Proposition 2.19 relies on the following

Lemma 2.34. Let Z be a mixture of Binomial Z = BinMix(K,Yz). Let 0 < b < a < 1
Conditionally on Z, consider two independent Binomial distributions Bin(Z, a) and Bin(K —
Z,b) and define X = Bin(Z,a) + Bin(K — Z,b). Then

X £ BinMix (K, Yy) with Yx = (a — b)Yy +b. (2.19)

In particular, Gx (u) = G 7 (q0)(u), where Gx (resp. G z) is the cumulative distribution function
of X (resp. Z).

Proof. Let U, (Ui)lgigK, (%)1§1§K’ (ni)lﬁiSK and (Wi)lgigK be i.i.d. random variables fol-
lowing the uniform law on [0, 1]. By the first point of Remark 2.17, Z is the sum of (Z;)1<i<x

i.i.d. Bernoulli of parameter Yz = Ggl (U). Thus, we obtain that conditionally on Z,

K K
X = Z Zilyyi<ay + Z(l — Zi) 1, <py
i=1 i1

-~

£Bin(Z,a) £Bin(K—2,b)

where the Binomials are independent. Then, let consider Vi, Z; = 1 {Ui<G; @)} Thus,

K K
X =) lpcor @) livica + D Luse, @) Hno
i=1 =1

K
= Yy<e; 0 Vi U{Us G5 0 <b} (2.20)
=1
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Vz‘ﬂh‘

Figure 2.3: In gray, the domain to which the couple (U;, V;,n;) needs to belong to from equa-
tion (2.20).

For all Borel set D C [0, 1]3, P ((U;, Vi, m;) € D) = V(D) where V (D) is the volume of D. Let
W; £ 1 ([0,1]), then P (U, Vi, m;) € D) = P (W; < V(D)) In Figure 2.3, we put V; and n; on
the same axis as they do not depend one on the other so that the volume

% ({U < GFM0),V; < a} U {Ui > G 0),m; < b})

is equal to the sum of the tow grey areas. We deduce that

X = Zl{Wl<b+a b)G, (0)} —ZH{GZ W b <U} ZH{GX(W)<U}

with Gx (w) = Gz (q,5)(w). We conclude that (2.19) is satisfied. O
‘We now prove of Proposition 2.19:

Proof of Proposition 2.19. We first show (2.12) and (2.14) for ht - then the rest follows.

At t = 1, from equation (2.5) we get

L (h{VK VN =1, hf_V,+17K) — Bin (A, 1.1, 1) + Bin (K — AN,y g, 1 — (1= ¢™)")
1,N —-N
E( xIVo =0, I —r+1 K) Bin <h ri1i0 (1= dor )T>-
Applying twice Lemma 2.34 with (a,b) = (1,1—(1—¢™)") and then (a, b) = (1—(1—q0_1’N)7", 0),
we obtain, using Notation 2.33,

r ( |V01 N py N K) £ BinMix (K, g—r+1,(1,1—(1—q+)T))

1,N L . .
L < x Vot =0, il K) = BinMix (K, g—r+1,(1—(1—q0‘1’N)T,0)> .
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Thus,
. 1N (LN
P (hjvi = ]‘h’]—VT—FI,K) =P (Vo = 1) P(hjl\,[K =jlVy" =1, h]—V'r-i-l i)

+P (VOI’N = 0) P(hy' g = i|VpN = 0,h%, 1 k)

K\ [t . iy
= (] > /0 u! (1 — u)K J (ng_TH’(Ll_(l_qu)r)(du) +(1- fN)g—r—i—l,(l—(l—qgl’N)T,O) (du)),

which enables us to get (2.12).

Now, assume that hi\f % £ BinMix(K, g{¥), for some fixed ¢ > 1. Then, by equation (2.6),

£ (n sV =1, alfc) = Bin (K = i, fva®) +Bin (he, 1= (1= fw)ag™)

L ( t+1, K|thN =0, hy K) = Bin (hi\,fKa 1- qua1’N) )
where the Binomials are independent conditionally on hiY - Applying twice Lemma 2.34, first
with (a,b) = (1 — (1 — fx)qig", fvg™) and then with (a,b) = (1 — fxgy™,0), we get

£ (Wia sV = 1) £ BIMIX (Ko 0 i o)

L (ht+1 ki = 0) £ BinMix <Kv gt,(l—quO_l’N,O)) :
Hence, hﬁ_lK £ BinMix (K ngt C—f)ag N vty T (1— fN)gt,(l—quO]’N,O)>’ and we
deduce that hi\il K= BliX(K gi%.1) with G4 (z) = R(GY ) ().

For the processes (hi’g ) , we proceed exactly with the same method with the fact that Vol’N =
>0
y in Proposition 2.5.

Finally, equations of (2.15) derives from the application of Lemma 2.20. O
Proof of Proposition 2.22

Proof. 1. The map R is a contraction

LetT'y,T5 € Fig . Werecall that AY =1 — (1 — fn)arg" — fvat AY =1 — fyagr™

IR(C2) = R(T1)l 20,1
1 . + B n
< [ awlre <uA{11VVQ) n <UAJ?VVQ)’+(1—fN> r, (A%V) s (A%V)
g [T g (u— fng")
I () (e

e [ (i) - (55)

1 1
— AN / T (u) — Ty ()] du+ (1 — f)AY / T () — Ty ()] du
0 0
= (fvAY + (1 = fn)AQ) T2 = Tl Lo,y

AT

du

du
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As A\ < 1, the map R acting on Flo 1) is strictly contracting in LY(0,1).
2. Existence and uniqueness of a fixed point

We now prove the second point of the Lemma. Forall I'g € Fjg 1, by contraction of R, (R"™ (I'0)),,>
is a Cauchy sequence for the L' (0, 1) norm. By completeness of L' (0, 1), this sequence converges
to some I' € L1(0,1). It remains to prove that I' can be chosen in F] [0,1]- First, any limit I" is non
decreasing almost everywhere. Define G* (z) = ylirgrglJr I'(y). The function G** is cadlag and

satisfies for every z < 0, G*¥(z) = 0 and for every z > 1, G*"(z) = 1. Thus G*V ¢ Flo
and R(G*N) = G*". Finally, the uniqueness of G** is deduced from the fact that R is strictly
contracting. 0

2.4.2 Proofs of SNR and Spectrum results
Spectrum: proof of Proposition 2.12

Lemma 2.35. Let X and Y be two random variables in [0, 1] with cumulative distribution func-
tions Gx and Gy. We assume that there exist ) € [0,1], a,a € [0,1) and b,b € (0,1] with
a+b<1,a+b<1suchthat

Gy (u) = nGx (“) +(1-n)Gx = a) . @21)

ThenVk € N, E [Y*] = 5 [(a + bX)¥] + (1 — n)E [(@ + bX)F] .

Proof. First, note that G x (“;“) is the cumulative distribution function of a + bX. Second, for
all random variables U, V, W, we have

Gu(z) =nGy(2) + (1 — n)Gw(2) = E[U*] = nE[V*] + (1 — n)E[W*].

This last result is obtained by differentiation, multiplication by z* and integration. It ends the
proof of the lemma. 0

In the proof below, we use the classical convention <Z> =0whenj >iorj <0.
J

Proof of Proposition 2.12. We denote by I/t]YK = [Vt]YK(O), VtJYK(l), ce VgYK (K)| the distribu-
tion of hi\’ - Its transition matrix PI](V = (P;?N >0< x can be derived from Proposition 2.5:
’ <i,J <

PN = (1- fn) (z i]) (fvaor™ ) (1 = frngoy™ )
+ N <z> (1= fn)ag™) (A + qu+)”<

=0

K—1

j i l) (qu+)jfi+l(1 . qu+)Kfjfl‘

Let us define the two matrices ]51](\7 and Q% such that for all 0 < 3,5 < K:

PN = fy <‘Z> (AN (fvg Y= + (1= fv)di(AY) and QPN = (K) <Z> (—1).
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Then, assuming that yiVK £ BinMix (K, ¢{¥) and denoting by UN = [UO N U1 N, cee UtK’N]
with Uk’ f uF gl (du), we get by definition 2.16: l/t K= =UNQY - Moreover, by Lemma 2.35
we have U, = UtN PN Finally, by definition we have uﬁl K= ugVKPI]{V , SO we obtain:

Vt+1,K =UN,Qr =UNPRQK = UNQR(QK)'PRQK = Vt,K(QK)_lpK Qx = Vt,KPI]<V'

A straightforward computation shows that Q%P[]}[ = 15[1}7 Q%. Thus PI]}/ and ]5}(\7 have the same
spectrum. Finally, PIJ(V is a triangular matrix with )\fv as diagonal elements. O

SNR: proof of Proposition 2.15

From equation (2.14), we can link the associated cumulative distribution function G%Jr]\{ to the
previous one Gf’N. From this result and Lemmas 2.35 and 2.36, we can derive a simple expression

of the first two moments of gf " and an expression of (o} [](V )2 = Var [hi’;(v } .

We remind a classical result, see Theorem 4.4.7 in [28].

Lemma 2.36. (Conditional variance identity) For any two random variables X and Y ,
Var X = E(Var(X | Y)) + Var(E(X | Y))

provided that the quantities are finite.

Remark 2.37. Recall that X £ BinMix (N, fngz) is equivalent to X |Y, £ Bin(N, fnYz) where
Y, is a random variable with distribution g,. So, Lemma 2.36 reads

Var [X] =E[ Var[X|Y;] ]+ Var [E[X|Y,]] =N (fvE[Ya] — fRE[Y2?]) + N?fx Var [Y,].

NfnYe(1—fnYz) NfnYz

We now prove Proposition 2.15.

Proof of Proposition 2.15. We denote by Y a random variable with distribution g*V and by
Yty’N the random variables with distributions g; V. From Assumption 2.9.1 and Corollary 2.23, for

allt >0, £ (h%”N ) — BinMix (N, FagtN ) Thus, with notation 2.14 and from Remark 2.37:

uN = NfyE [Y%N } , (2.22)
(ot = g (e [re] - e [op]) 0213 (o] - 2],
(2.23)

We now compute E [Yty’N} and E [(Yty’N)ﬂ . To do so, we use Lemma 2.35 and the equations of
Proposition 2.19. From (2.13) and (2.14), we obtain

£[10] =2

B[] =1- gty +0-gyE Y]

B[] = sv (fva® + AVE[2N]) 4+ (1= fi)AYE [y
= WE v + fat.
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We find that

E[vV] = (B[N B O +EYY] and E[YY] = 1f12Vq;N.
M

From Assumption 2.9.1, we have E {Yfﬁl} =E [Y*’N], SO

N BN = = (1= (1 - ™)) B [YY] (2.24)

E
E|v;""] - E[v*Y]

(1-1-¢"H))(1-E[y*N]). (2.25)

This ends the proof for the expectations. We now evaluate the second order moments in order to
compute the variances using (2.23).

E [(YP’N )2} = (1-g;™)¥E {(Yfﬁl)ﬂ

B[] = (- g B[] 420 a7 (1= (1 - ")) B[YEY]
+(1-(1—ghH)?

E [(Y;fgijlv)ﬂ = fn [(qu+)2 + 2qu+A]1VE [Y;%N} + (A{V)zE [(Y;y,N)ZH
+ (1= )R (7]

= NE [N + 23 AVE [N + fat
Thus
Fat? + 22 gt AV AT

#,N\2 La-ay

. . . def. 2f2.qt AN
Then, introducing the notation -y 2 %, we find
1 2

2
B[] = E vl ] = A (B[07Y)2] = B [v2N]) + fra® = 2R
Thus,

|7 = (B|07M)?] -4 [v¥V] = (E[(rN)2] =B [y ) ) 08

cg‘*fN
7N * — *
4y (B[] B[y ) odyt B [0
- N——
cyN o™

We conclude the proof using equation (2.23). For their exact computation, one can use Assump-
tion 2.9.1 which gives E [(YE;}L )2} —E [y,

We now show the second point which deals with comparing oy N toits large time asymptotic value
%V, To do so, we use Taylor expansions in fy to derive the leading terms of (o} ’N)2. We first
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rewrite 0¥\
@™ = ™ Q= ™)+ RN 1) (G + o AN T Y ) )
= (") + Ny ({B [PY] BN = oM o) = peeg N o8
+N2f% ({Ci”N —2E YN & [vPV] - E [V} o)
PN ) - (B[] B [P
= (") + Nfx ({® [PN] =B[N - i) f A0 = pveg Y d) )
+ N3 <{(’y —2E [y M)(E Y| - E [y} ()
PN O - B [1Y] - [V
(N2 1 N + N2 (2

The aim is thus to check that for all time ¢ we have (6¥"")2 — (6*V)2 = Onoo (SN N + f3N?).
To do so, we show that @y = OnNoo(1) and @y = Onoo(fN).

First, forall¢ > 1,0 < )\f-v < 1. Then, 1 — vfN ~nNoso 1 and C’g’N = Onoo(1), so @y =
ONoo(]-)-

Second, v — 2E [Y*7N] = OnNoo(fn) so from equalities (2.24) and (2.25), we have:
{6= 2 [y DE [PN] B[V} ) = Oneel).

Then, Cy"" = Onoo(f%) and (E [YIO’N} —E [Y*V])? = Onoo(f%), so we deduce that @0 =
Onoo(fN)-

Finally, C3"" = Onoo(1) and (E [YIO’N] — E [Y*V])? = Onoo(1) with the same leading term:
N = €[] ~E[Y"V])? = Oyl ).

We conclude the proof with the computation of the maximum of ¢ € R* + (A))! — (ANV)? € R*

which is maximal in o)
log(A
log (2 log()?f]) )

tmas = 2log()\]1\7) — log()\év)'
We obtain
N\tmas _ (b+q")?
(A2) = exp (_l—i_él(a—l—b—l—q*‘)fN—i_O(fN))
N\2tmas _ (b+q")?
(A1) = exp <14(a—|—b—|—q+)fN+o(fN)> .
So

_ b+ q+)2
)\N tmaz __ )\N 2tmax A Noo 1 ( ]
O3 e = O P s e Oy

1
Thus, @ = OnNoo(fn) which ends the proof. O
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2.4.3 Proofs of Theorems on Memory Lifetime

Proof of Theorem 2.27

Proof of Theorem 2.27. The proof follows these lines: from Lemma 2.25 we have that P (hg’N > 9)

N

is inferior or equal to 72 (]0, +-00|). Hence, we propose a threshold 6 based on the measure 72

such that 7%¥ (]0, +-00[) < € and then we bound the time before which P (h% N < 0> > €.

We split wy (10, +00[) in two terms. We recall that 72}, = BinMix (K, g*") with K £ Bin (N, fv)
and [0, MY] is the smallest interval containing the support of g*. So

MY MZ
N (10, +o0]) = / P (Bin (K, u) > 0) g*™ (du) = / P (Bin (N, fyu) > 60) g*™ (du)
0 0

MY

< B (Bin (N, fyMY) > 6) + /MN g (du).

The second equality comes from the following property: assume K £ Bin (N, fn) and condi-

tionally on K, X is independent of K with law Bin (K, p), then X £ Bin (N, fnp). Let Y*N
be a random variable with distribution g*. We propose a value for MV using the Bienaymé-
Tchebytchev inequality:

2Var (Y *N M
= (P e ) any o [ <
€ MeN

We first fix 6 v such that P (Bin (N, fy M) > 6y + 1) <

with e =

5. To do so, we apply Lemma 2.26

— 1 and obtain:

By = {NfNMEN + \/—210g (g) NfyMN — log (%) J

We now bound the probability of error P (h% N < O, N). Let [mt1 N Mtl’N] be the smallest inter-
val containing the support of gt1 N Then, we get:

P (h}N < 067N> - / Ve P (Bin (K, u) < fen) g™ (du) < P (Bin (N, me}N) < eng) .

1,N
My

Oc N

Using Lemma 2.26 withe = 1 — —==—x, we get
my

Nfn

2
(Nme}’N - 9€,N)
2N fymy™

P (Bin (N, metl’N) < 957]\/) <exp | —

Using the inequality \/z + \/y > \/z + y for all z, y > 0, we obtain that if

Nmeg’N > 0N + 1/ —2log(€)fe, n — 21og(€) (2.26)
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then P (hi’N < HE,N) < e. Let us define m¢ n del N}N ( eN +y/—2log(e)fc v — 21log(e )

N\ 2
Using the bound 6, y < ( NfvMN + 2;0g(Q)> we get

Nme€7N+3log (,/eN v 21°g > <\/MNNfN+\/—210g >

2.27)
We now find m% N From equation (2.14) and the definition of ‘R (see Notation 2.18), we have

vi>1,  mp =mpNAY A (mpVAY + fng®).
We note that for N large enough such that mt NS AfVN g AN > MY, we have
fng*
W = MY <m{NAY 4 fngt <mpVAY < mp .
1
Denoting by t = inf{t € N*, m; " < fN AN} we obtain
4N
mpN = ((m" - M;g) (M) EE0=1 g ) (A) I e (2.28)

Let us now consider ¢, qo_l’N and ql_D’N fixed in (0, 1]. By definition, MY < M, hence

N fymen < <\/M£Nf1v + 1/ —2log (;))2 - glog(ﬁ)

Therefore, the inequality (2.26) holds true as long as
v/ —2log( )NfNMN 4log(5

( NfN(m1 —MN)
t—1<
- { log(AY)

>J AN | with (z)4 = 21,50. (2.29)

+

LN _ 1 1 H\r + qu N _ Ingt
Butm;" =1—(1—¢")" > ¢" and both AT and M’} PR P tends to

0 with increasing N so there exists N (e, r) such that for all N > N(e, ) we can remove “( )
in the inequality (2.29): that is to say for all N > N (e, r) such that,

E3]

2,/~2log(§)N fn MY — 4log(5)
N fn(mp™ = MY)

gt
<1 and m}N >
N N

Ay — N

Using the fact that for all € € (0, 1), /—2log(5) < —2log(5) and m%’N > ¢ we get the two
following conditions on N:

N l,N_MN
2 exp (_ In(my _ oo)> < ¢ and quiN <t @30)
4(\/NfNMoo+1) qu++(1—fN)Q1d _quOf

+

In the particular case qfo’N = 0, we have MY = 1 so the dynamics of mt1 s simply mi N =

m%’N(AéV)t_l. We compute E (Y*’N) and Var (Y*’N) using Lemma 2.35 and equation (2.14):

2 + +2 —,N2
E (y*sN qu _ fna Var (YV*V) = f (l_fN)q do1 '
( ) 1_)‘{\[ qu++(1—fN)(QO1 +q1oN> ar( ) (1—>‘{V) (1_>‘év)
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Hence,

+ 1 _7N 2fN )
MEN— fng (+QQ1 @A)

_ a A (2.31)
fvat + (1= ) g™ +ag™)

We note that 1 — )\év RNoo 2fN (qal’N + qfO’N), so M, EN converges to 0 with increasing N. Thus,
by inequality (2.27), there exists a [N (e, ") such that for all N > N (e, r), m. y < 1. We conclude
that for all N > N (e, r), the inequality (2.26) holds true as long as

(VMFNfx-++/~2108(5)) 2 loa(e)
t_1< log< Niw ) >0
- log(Af) '
O
Proof of Theorem 2.30

Proof. We use the results proved in the proof of Theorem 2.27. From the dynamics of mi A given
by equation (2.28) and the bound mth > m%’N A MO]X , we obtain that the inequality (2.26) is
satisfied as long as ‘

Me, N Me N
- log(AY) - log(Ag") ‘
+ +
We can remove “( )4 in the last inequality if there exists Ny such that
Me, N
VYN > Ny, —— < L.
(my™ A M)
Using the inequality (2.27), we deduce that this is the case if
MN —log(%
Cle,r,N) = ¢ 8(3) <1. (2.33)

+
mi’N ANMEY (m%’N A MO]X) Nfn

From the previous computation of M/, see equation (2.31), we obtain

MY (1 - fn)an 2fN
ME <1_ q++(1_fN)(aN+bN)> (HaNfN 6(1—A5V)>'

Thus, we compare the three terms (recalling that m%’N =1-(1-¢")"

an
gt +ay +by’

2fn ond —log(5)

NI (A= —q")) A MY NIy

First, (1 — AY) &noo 2f%(an + by + ¢*). Then, we have to separate the different cases:
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e If by tends to +oc, both M and M% converge to 0. Hence, (1 — (1—q )" )/\MN MY

and the Assumption 2.9.3 , in particular hm qu = }\1{111 qu = }\1{m
oo o0

b
NfNaN _}\17{.% Nfn =0,

flog( )on
q+NfN

C(e,m, N) ®Noo <1 — aNaferN> so the inequality (2.33) holds true for any r and for a N large

enables us to conclude that if by = 0(an), C(€,7, N) ®Noo % +2 — 0, else,

enough.

e If ay tends to +oo and not by, then MY converges to 0 and M% converges to 1 (resp. qﬂ—ib)
if by converges to 0 (resp. b). Thus, C(e,r, N') converges to 0 with large N and for any r, the
inequality (2.33) is satisfied.

e If ay tends to 0 and by converges to b > 0, then M converges to M2 . Then, there exists rg
such that (1 — (1 — ¢g*)"0) A MY = MZ. Using the assumption hm anN fn = +oo we have

forall r > rg, C(e,7, N) ®nNoo (1 - qiﬁb).

e In all other cases, M and MY converges to a value in (0, 1). Moreover, MY < MZ so there
exists 7o such that for all 7 > 7, (1 — (1 — ¢*)) A MY > MY, so C(e,r, N) converges in
(0,1) with large N.

2.5 Simulations

Our code follows these lines. We draw V7" and K = ZN e VJ 7. We simulate a trajectory of
hY, +.x long enough to be under the invariant measure. We perform r presentations of the signal

to be learnt and then compute the trajectories of hY’ K y € {0,1}. We relterate this procedure

Nyre = 107 times to get an approximation of the distributions of ht o and ht I

The result of Theorem 2.27 is interesting for large values of N fy (small errors) combined with
a small fy (non-negligible ). In this context, we need to compute many trajectories before the
synaptic currents cross a reasonable threshold 6.

In Figure 2.4a, the top (resp. bottom) roughly represents the distribution of h (resp ? IJ}I ).

Before time ¢ = 50, the distribution of ht’ is highly concentrated in 0. Indeed, looklng carefully
to Figure 2.4a, we can observe a residue of this high probability (dark blue) for very weak synaptic
currents until time ¢ = 65, see also Figure 2.5a. This concentration drastically reduces the contrast
of the plot. That is why the time axis starts at ¢ = 50 in Figure 2.4a. This figure shows that a
threshold 6 around one hundred is a good choice: it seems to maximises the time for which the
threshold estimation holds true. With this threshold, the numerical errors po' (¢, 6) and pi'” (¢, 0)
does not exceed 10™4, see Figure 2.4b, before time 15. It is coherent with ¢ plotted in Figure 2.4c.
Indeed, the time ¢ is equal to 12 for errors on the order of 1074, see Figure 2.4c. Moreover, in
Remark 2.31, the result f is a maximum between two times. The second one does not depend on
the error € (it is called tév in the proof of Theorem 2.27, see equation (2.28)). This explains the
plateau starting at an error just before 10~ in Figure 2.4c. Indeed, for this set of parameters and
¢ large enough, the time £ is equal to t. Finally, in Figure 2.4d, we note that pg’N is above pé’N
for small values of ¢. Then, around time ¢ = 70, pé’N increases quickly until a value close to one
whereas pg’N stays below 10~2. This is because the majority of the mass of the distribution of h?}’g
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Figure 2.4: (2.4a) The sum of the distributions of h? []{V and hz ’;(V . The colour bar gives the proba-

bility values. (2.4b) (resp. (2.4d)) The numerical errors pg’N(t, ) and pé’N(t, 6) on a short (resp.
large) timescale. (2.4c) { as a function of € on the logarithmic to the base ten scale. Parameters:
0 =117, N = 20 000, fx = 0.05, ¢* = q5;" = 0.5, ¢;g" = 0.05, r = 3.

stays less than 6. On the other hand, most of the mass of the distribution of h} g crosses ¢ around

time ¢t = 70. So, the error pé’N becomes large. We present the histograms of the distributions of
the synaptic currents at certain times.
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Figure 2.5: (2.5a) Histograms of the distributions of hg N at different times. (2.5b) Histograms
of the distributions of h} V" at different times. (2.5¢) Distributions of h?’N just after the learning
phase and the invariant measure. (2.5d) Distributions of hf{’N at t = 70 and the invariant measure.
Parameters: N = 20 000, fn = 0.05, ¢t = gg;" = 0.5, ¢;g" = 0.05, r = 3.

We note again that the invariant measure is concentrated around small values. This enables the
post learning distribution of h(l)’N to have a small variance, see Figures 2.5a and 2.5c. However, the
variance of this distribution increases quickly. In particular, the distribution of h? ‘N has a multi-
modal shape with a high proportion of the mass staying near 0 for more than 50 presentations after
learning. On the other hand, the distribution of h% A keeps a unimodal shape with a variance de-
creasing at the beginning, then increasing before decreasing again, see Figure 2.5b. Distributions
stay well separated approximately until time ¢ = 70, see Figure 2.5d.

In order to illustrate the role played by the parameter r, we plot the distributions just after the
learning phase for different values of r.
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Figure 2.6: (2.6a) Distributions of h(1)
variant measure. (2.6b) Distributions of h}
(2.6¢) The sum of the distributions of hg’N and h; N for r =
butions of hg N and h; N for r =
Nyre =105, N = 20000, fx = 0.1, g7 = qig" = 0.01and g+ = 0.05.

Because of the parameters choice, the distributions of i}’
whereas the distributions of h}’

between the two distributions is clearer.

’N, just after learning, for different values of r and the in-
’N, for different values of r and the invariant measure.
5. (2.6d) The sum of the distri-

30. The colour bar gives the probability values. Parameters:

N . .
are close to the invariant measure 7.}
N are further from it, see Figures 2.6a and 2.6b. Moreover, the

forgetting is really slow. However, if we want the signal to be learnt correctly with such a small
g, then r has to be high enough. This shows the need of a large r in view of a slow forgetting.
Figures 2.6¢ and 2.6d show well the difference brought by a higher value of r: the separation
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2.6 Discussion

We provide a mathematical framework to study the memory retention of random signals by a
recurrent neural network with binary neurons and binary synapses. We thus consider a paradigm
linking synaptic plasticity and memory: a stimulus is remembered as long as its trace in the synap-
tic weights is strong enough. In order to measure the memory of a stimulus, we study the synaptic
current onto one neuron during the presentation of this stimulus. First, we compute the spectrum
of the transition matrix of the Markov chain associated to the synaptic current. This enables us
to conclude that the eigenvalues are strictly different whatever the parameters are. In particular,
we can compute the rate of convergence of the chain to its invariant measure, see Corollary 2.13.
Then, we carry on the work done by [8] on the dynamics of the distributions of the synaptic cur-
rent and their invariant distribution. This leads us to control the form of these distributions. Their
properties give enough information to find a lower bound on the time a neuron keeps a good esti-
mate on its response to the first stimulus and hence remembers it. We measure the quality of this
estimation by performing a statistical test based on the observation of the synaptic current onto
one neuron. We define an error associated to this test which depends on two distributions: the dis-
tribution of the synaptic current knowing that the neuron was selective to the initial signal and the
distribution knowing that the neuron was not selective. Finally, unlike previous studies, we take
into account the possibility that heterosynaptic and homosynaptic depressions scale differently in
the network size N and we consider the role of presenting several times a signal in the learning
phase.

We use the model presented by [5] because of its relative simplicity and its consideration of

synapse correlations. Their study focused on the first two moments of the synaptic current. It

leads to a result on the memory capacity of the network which depends on a global variable, the

so-called signal-to-noise ratio (SNR). In particular, they studied the SNR in the large N asymp-

totic. They obtained a large SNR when the coding level fy is low and the depression probabilities

are proportional to fy: qal’N x ¢* fy and ql_O’N x ¢ fn. The lowest coding level possible fy is
(V) 1

on the order of *2™Y) and it gives a memory capacity on the order of —=x~ ~Noo L In[ll6,8],
N log(A1") In

they assumed that qfO’N = 0 and showed the same result using a Gaussian approximation of the

synaptic currents. Under the same assumption as in [5] (qo_l’N, ql_O’N x q" fy and fy — 0), our
result also predicts a forgetting time on the order of m ~Noo é, see Theorem 2.30. More-
over, we give a result for depression probabilities not depending on N and our result link the
probability of error to the parameters. Note the presence of Aév in our result rather than )\{V in
previous studies. This difference comes from our different measure of memory lifetime. The SNR
analysis is based on the convergence of the means of the synaptic currents whereas our retrieval
criterion requests the knowledge of their entire distributions. Indeed, we search for a memory
lifetime obtained with a control on the errors pg’N and pé’N. We conjecture that we could prove
similar result as ours with A rather than AéV . Finally, our results do not necessarily need the large

N asymptotic. Nevertheless, in this asymptotic, the expression of # simplifies, see Remark 2.31.

In this study, we assume that learning is generated by the divergence of the distributions of the
synaptic currents h?’N and hi "N from their invariant distribution, see Figure 2.7. The main role of
the number of signal presentations (r) is to separate these two distributions. Indeed, the larger the
r, the more separated the support of the mixing distributions g(l)’N and g%’N are. In our proofs, we
compare gt1 N o g*" after showing that as long as gt1 N is far enough from ¢* it is far enough
from gto N see Lemma 2.25. As a consequence, the expression of £ is an increasing function of
LN N
my — Mg, and so of r.
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015 distribution of
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Figure 2.7: Illustration of the notations used in the proofs. Both distributions of h?’N (orange) and
hi A (blue) converge to the unique stationary distribution 72 (black). The convergence speed of
hi s first AY and then A}

Let us now discuss the roles of the coding level, the potentiation and depression probabilities.
They affect both learning and forgetting. The coding level directly affects the number of synapses
candidate to depression and potentiation. Indeed, looking at an individual synapse, its probability
to potentiate is f¢" and its probability to depress is fn (1 — fN)(qfO’N + q&l’N). Thus, when
the coding level is close to one, the fluctuations are important and seem to cause a fast forgetting
as shown in the illustrations of Section 2.2. Therefore, we used a low coding level, see Assump-
tion 2.9.2. This choice slows down the forgetting. However, fx cannot be too small because it is
detrimental to the learning phase as the distance between the two conditional distributions depends
on fx. More particularly, it depends on N f which then need to be large enough, see Assump-
tion 2.9.2. The last parameters we can tune are the potentiation and depression probabilities. As
for fy, there is a compromise between their role in learning and forgetting. Indeed, in order to
promote learning, they need to be close enough to one but on the contrary, small probabilities
reduce the forgetting rate. So we propose to take a potentiation probability (¢™) on the order of
1, to learn quickly, and small depression probabilities, to forget slowly. Potentiation increases the
synaptic currents so it leads to a shift of the distribution of ht1 N to the right and for the same
reasons, depression results in a shift of the distribution of h?’N to the left. Therefore, smaller de-
pression than potentiation implies that the distribution of h} N s significantly shifted to the right
whereas the distribution of h?’N is slightly shifted to the left. In view of learning, the initial sepa-
ration between distributions can be limited if the invariant distribution %) is already concentrated
on high values of synaptic currents. As there are two depression probabilities, this situation can
be avoided by choosing one probability big enough and the other one smaller. For example, when
depression probabilities depend on N under Assumption 2.9.3, both qﬂ]’N and qo_l’N converge to
0. If they both converge too fast (a and by converge to 0), the invariant measure is concentrated
around one and no learning is possible. However, if either a, or by does not converge to 0, then
the invariant measure is not concentrated around 0 and learning is possible. Then, depending on
the different large N asymptotic of a and by, we computed the different memory lifetime sum-
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marized in Table 2.1. The best memory lifetimes are on the order of -1 and are obtained when ay

N
(resp. by) converges to 0 and by (resp. an) converges to a constant in Rt (resp. R)) or (an, by)
converges to constants in R;}” x R™. Thus, if we want to increase the memory lifetime beyond this
order, we seem to need a more complex model.

Our study is valid for a classic learning, which needs multiple stimulus presentations, but also for
a one shot learning. This last one is possible only with a specific choice of parameters. Indeed,
when presenting a stimulus, the synaptic weights between selective neurons need to be potentiated
with a high probability (high ¢™). When presenting other stimuli, these same weights need to have
a very small probability of undergoing depression (low q(i’N and qfO’N ). As aresult, following the
presentation of a stimulus, selective neurons develop strong links and then these connections take
time to disappear. Thus, the experiment associated with this model would focus on recognition
memory. A well-known experiment in this field was carried out by [121]. He showed that humans
are able to recognize up to 10,000 images, presented only once, with 90 percent success rate.

Many perspectives can be studied as a follow-up to this study. First, the analysis carried out on
the synaptic current onto one neuron could be extended to the entire vector of synaptic currents.
The correlations between synaptic weights would then play a major role. In addition, the model
could be completed in order to get closer to biology. Indeed, the formation of synaptic memory is
far more complex than in our model. In particular, the link between the dynamics of the neurons
and the synaptic weight is missing. Improving the model in this direction could be done by con-
sidering more structured and complex external signals, adding neural layers and a more realistic
membrane potential neural dynamics. In the literature, adding synaptic states does not seem to be
successful as the authors stated in [48, 71], whereas meta-plastic transitions brought better SNR
results [49, 117, 16]. Adding neural dynamics in such models would be a next challenging step.
Nevertheless, the model analysed here illustrates well the trade-off between the plastic and the
stable characteristics of memory. Indeed, learning implies changes of synaptic weights (plasticity)
as well as mechanisms which maintain them (stability). In mathematical terms, stability is related
to the minimal convergence rate and plasticity refers to the sensibility to disturbance. We see that
there is a compromise: the more a dynamics is sensitive to disturbances, the less it is stable and
vice-versa.






Chapter 3

Slow-Fast Analysis of a New Stochastic STDP

model

Abstract

Thought to be responsible for memory, synaptic plasticity has been widely studied in the past
few decades. A plasticity mechanism often used to model synaptic plasticity is the Spike-Timing-
Dependent Plasticity (STDP). There is a huge literature on STDP models. Their analyses are
mainly based on numerical work when only a few has been studied mathematically. Here, we pro-
pose a new stochastic STDP rule with discrete synaptic weights. It provides a new framework for
using probabilistic tools for an analytical study of plasticity. Moreover, it is biologically plausible
and can be easily simulated with thousands of neurons. Based on the assumption that the plasticity
is slow compared to the neural network dynamics, we perform a separation of timescale. This sep-
aration enables us to derive an equation for the weight dynamics based on the invariant measure
of the neural dynamics. The study of long-term behaviour of the weights gives us conditions for
its transience and positive recurrence. We illustrate these conditions on simple cases in which we
can derive the exact dynamics of the weights thanks to the computation of the Laplace transform
of the invariant measure of the fast process. These calculations put forward some counter intu-
itive results. This model attempts to answer the need for understanding the interplay between the
weight and neural dynamics.

65
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3.1 Introduction

At the beginning, plasticity models were based on firing rates [18]. Later on, as suggested by
Hebb in his book [67] published in 1949, the crucial role of precise spiking times has been proven
experimentally. First in vitro at the end of the twentieth century by Markram et al. in [92] and
Bi and Poo in [17], and then in vivo in many cortical areas and different species, see [24] and
references therein. This type of plasticity was named Spike-Timing-Dependent Plasticity (STDP)
by Song et al. in [120]. Following such a breakthrough, numerous STDP models emerged and
their studies helped understanding this plasticity mechanism.

In the earliest studies, the need of bounding the synaptic weights emerged. Different methods have
been proposed: from the hard bounds when the weight modification does not depend on its current
value (additive STDP) to the soft bounds when this evolution depends on the value of the synaptic
weight (multiplicative STDP), see Section 1.2.2 for more details. In the context of one neuron
connected to multiple presynaptic neurons, hard bounding leads to the formation of groups of
weights at the two extremal bounds with competition between the weights (bimodal distribution),
whereas soft bounding leads to a unimodal distribution of the weights, see for instance [79, 120,
118, 78, 65].

In particular, in [79] and [78], a separation of timescales is used. Indeed, long term plasticity
is induced on a timescale that ranges from a few minutes to more than one hour. On the other
hand, a spike lasts for a few milliseconds [102]. Hence using this timescale difference, the weight
dynamics can be simplified by using the averaged behaviour of the neural system. More recently,
timescale separation method has been used in numerical study of different recurrent neural net-
works models. In [58] and [59], the authors have shown the emergence of a network structure and
its functional implications. In [107], the authors put forward the need of the precise spiking times
for the assembly formation and stability, especially when the spiking rates stay rather constants,
see [106]. Despite all these previous works, there is still a need to understand how to bridge this
timescale gap between the synapse level and the network one, see [45, 136, 128].

Unfortunately, there is still a lack of rigorous mathematical analyses of such systems. Among
deterministic analyses, Perthame et al. analysed the plasticity between populations of LIF neu-
rons interacting through their average activities in [110]. Stochastic studies of STDP models are
proposed in [52] and more recently in [114] and [115]. Contrary to the latter, we study the plastic-
ity within a neural network rather than the dynamics of a single synaptic weight and its pre- and
postsynaptic neurons.

In this chapter, we present and study our new STDP rule which is implemented in the well-known
stochastic Wilson-Cowan model of binary spiking neurons presented in [15]. More precisely, be-
cause of the plasticity rule, our model is a Piecewise Deterministic Markov Process (PDMP) [33
and [34] whereas it is a pure point process in [15]. This model is new on three main points. First,
instead of a deterministic STDP rule, we introduce a stochastic one: the weights do not change at
each spike pair but rather may change or not according to a certain probability depending on the
spike pair. Second, the size of the weight jumps is fixed. Our synaptic weight are then discrete
as suggested in [108]. Thus, the usual separation of timescale using the assumption of arbitrarily
small weight jumps is not possible. Instead, we assume that the probability of such jumps is arbi-
trarily small. Third, the effect of the spike of a given neuron on the other ones persists for a few
milliseconds (as long as the neuron is in state 1) as it was found experimentally. Indeed, it depends
on the receptors but the order of magnitude is the millisecond, see [14] for instance.
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Thanks to the simplicity of the neural network model, we can perform a mathematical analysis
of the Markov process composed of the following three components: the synaptic weight matrix,
W, the times since the last spike of the neurons, S;, and the neuron states or potentials, V.
In particular, assuming that the synaptic dynamics of the weight, W, is much slower than the
neural network one, (V, S;), we perform a separation of timescales to obtain the limit dynamics
of the weights using results proved by Kurtz in [81]. We show that this dynamics is a Markov
chain on the discrete space of weights. Its transitions depend on the invariant measure of the fast
process for the current synaptic weight matrix. Once this result is established, we precise the long
time behaviour of this chain: conditions of transience and positive recurrence are obtained. In
particular, we can use the Laplace transform of the stationary distribution of the fast process to
check these conditions. Simulations enable us to illustrate our results and to go beyond them. In
particular, we show counter intuitive results such as the divergence of the weights when the STDP
curve of potentiation always “wins” against the one of depression. Therefore, this work presents
a new biologically plausible model that can be studied mathematically and easily simulated with
thousands of neurons.

This chapter is organised as follows. Section 3.2 is devoted to the presentation of the model as well
as the introduction of notations. The definition of the generator of the process enables us to explain
more formally how the timescale separation is studied. This study is detailed in Section 3.3. First,
we show in Proposition 3.8 the exponential convergence of the fast process to its unique invariant
measure. Then, we give the main result of this chapter: under the slow-fast assumption, we obtain
in Theorem 3.16 the dynamics of the limit process. This result tells us that the limit dynamics
of the weights is a non-homogeneous in space Markov chain with kernel transition depending
on the invariant measure of the fast process. Once this dynamics is obtained, we study its long
time behaviour in Section 3.4. We give simple and intuitive conditions for transience and positive
recurrence in Proposition 3.24. After bounding the jump rate of individual weights in Proposition
3.28, we propose a simple condition on the parameters for an example in Proposition 3.31. In
the second part of Section 3.4, we show how to compute the Laplace transform of the invariant
measure of the fast process, first within a toy minimal model with 2 neurons in Lemma 3.36 and
in the general case in Proposition 3.39. Finally, we illustrate our results and propose numerical
conjectures with simulations in the Section 3.5. In particular, we illustrate the divergence of the
weights when the potentiation STDP curve is below the depression one for all value of spike pair
delay. Moreover, the stability analysis shows that increasing the size of the network seems to
stabilise it. For a fixed set of parameters except the number N of neurons, if the condition of
positive recurrence is satisfied for N = 2, then, for a larger network, N > 2, the weight chain
seems to be also positive recurrent. More generally, the set of parameters leading to positive
recurrence of the chain for N = 2 seems to be included in the one for N > 2.

3.2 Presentation of the model and notations

In this chapter, the size N of the network is fixed. To alleviate the notation, we do not mark any
parameter with the exponent V.

The model

We use the well-known stochastic Wilson-Cowan model of spiking neurons (see [15] for an anal-
ysis with fixed synaptic weights) in which we implement a stochastic STDP rule. We study a net-
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work of N binary neurons, V; € {0,1}%, all-to-all connected via the matrix of synaptic weights

W, belonging to the grid (AwZ)N" where AwZ el {mAw : m € Z} and Aw > 0. For all
1 < 4,5 < N, the weight W,” represents the effect on the neuron i of a spike emitted by the
neuron j at time ¢. For all 1 < i < N, we denote by W} = (Wi ... W}N?) the vector of the
postsynaptic weights of the neuron 7. A neuron is either excitatory, all its postsynaptic weights are
positive, or inhibitory, all its postsynaptic weights are negative. We say that the neuron ¢ spikes
at time ¢ if V* jumps from 0 to 1 at time ¢, that is V' = 1 and VZ_ = 0. One notes S! € R the
time spent since the last spike of the neuron 7. The dynamics studied in this chapter is a Piecewise
Deterministic Markov Process (PDMP). We describe it now.

e The deterministic part between the jumps is very simple, the variables S} increase linearly
with time:

vt > 0, Vi, dsi = dt.

e For any 4, the neuron 7 jumps from state O to state 1 at rate «; (V;, W;). The function «; is
defined on {0, 1}V x RY ? and takes value in [atm,, aar], With 0 < i, < aipy. At the spiking
time ¢,

the potential V;* jumps from 0 to 1,

the clock Sti is reset to 0,

the presynaptic weights (thf )i are potentiated with probability p™ (Sf,, WZJ )s

the postsynaptic weights (Wt]_l )j=: are depressed with probability p~ (Sg_ , Wtj_l ).

Here the functions p* and p~ are defined on R* x AwZ with values in [0, 1]. Potentiation
and depression consist of a change of +Aw in the synaptic weight. We assume moreover
that p* (s, —Aw) = p~(s,+Aw) = 0, that is the signs of the synaptic weights do not
change.

e Finally, the potentials of the neurons jump from 1 to O at constant rate S > 0; at these
instants, neither the synaptic weights nor the clocks are modified. Without loss of generality,
we assume that

0<am< B<apy <oo. (3.

We can summarize the previous explanations by giving the dynamics of the potential V;’ and then
the plasticity rule. The potential V;’ follows the reaction

a; (Vi , W,
0 # 1. (3.2)
3

When the neuron i spikes at time ¢, then S} is reset to 0 and for all j # i:

P(Wy =W/ + Aw) = pT(S)_, W/

-

) and P(W}" = W/ — Aw) = p~ (5], W/").
From the definition of the model, we see that the weights are discrete. In the following, we assume

that every neuron is excitatory and without loss of generality, we set Aw = 1 and Wj belongs to
the space E»9 such that:

By " {w e NYs.t. Vi, w = 0and Vi # j, w7 > 0). (3.3)
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Remark 3.1. The synaptic weights between two different neurons are positive, so we consider an
all-to-all connected network of excitatory neurons. Extending some of our results to inhibitory-
excitatory neurons without more mathematical work is possible, see Remark 3.18. Also, we note
that W is null for all i and t.

Finally, let us remark that the process (V;, Wy) >0 is not Markovian but the process (Vi, St, Wi)>0
is Markovian.

We now study the continuous time Markov process (V, Sy, Wy)i>0 € E E1 x F9 where

Eq def {0, 1}N X ]Rf and FE is defined in (3.3). Here, the difference of timescales between the
weight dynamics and the neural network one has piloted the definitions of F; and Fb.

Notation 3.2. We denote by (2, B(E),P) the probability space on which the Markov process
(Vi, S, Wt)tzo is defined.

Generator of the process

For all w € Es, assuming that W,~ = w, we denote by A’, the accessible states of W, after the
spike of neuron ¢ at time ¢,

Al {w € By:Vj#£i, 59 € {w?, wi +1}, 0 € {w,w’ — 1} and k # i, @ = wjk} .
We denote by ¢; : ]Rf x E9 x Ey — [0,1] the transition of W conditionally to the vector S;_:
for all (s,w,w) € RY x Ey x E»,
QZSZ‘(S,TI),TU) =P (Wt = UNJ‘Wt_ = w, St_ = S)
= Ly, (@) [ [ ([(@7 = w)p*(s7,w) + (1 = (@7 — w?))(1 = p* (s, w"))]
J#i
(3.4
[(w!" —@7)p~ (s, w’') + (1 = (0" —@?"))(1 = p~ (), w"))]) .

Remark 3.3. We obtain this transition using the fact that the weight changes are independent one
to each other.

In this chapter, when we refer to continuous or more regular functions, the regularity properties
hold on the continuous variable S living on RJX . Although the domain of the operators we use can
be larger, we consider their restriction to the space of continuous and bounded functions on the
same state space. This means that if we note D(C) the largest domain of definition of the operator
C acting on functions on E, we will consider D(C) = D(C) N Cy(E).

We denote by (C, D(C)) the generator of the complete process (V;, S¢, W;)i>0 where D(C) is the
domain of definition of C. Thus, C is given by: for all f € D(C) and (v, s,w) € E,

(v, s,w) Z@szfvsw —}—251 — e, s,w) — f(v,s,w)]

—1—250 Yai(v, w [f(v—i—ei,s—s ei, w) —f(’u,s,w)} oi(s,w,w)

+Z(SO al v, ’UJ Z [f(v—kei,s—siei,w)—f(v,s,w)] gbi(s,ﬁ),ll)) )
WH#wW
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where we denote by ¢; = (0,---,0, 1 ,0,---,0) the elements of both {0, 1} and Rf.

i
Remark 3.4. We note that D(C) contains the space of bounded and continuously differentiable
functions C}(E).

We have split the generator into four terms to facilitate their interpretation. It contains three inter-
acting dynamics:

e the dynamics of the time since the last spike (first term),
e the neural dynamics (second and third term),

e the dynamics of the weights (last term).

We moreover assume that the synaptic weight dynamics is slow compared to the neural net-
work dynamics. As seen in the introduction, this assumption is experimentally supported, Thus,
(Vi, St)t>0 evolves on a faster timescale than (W;);~o. This assumption can be written more
formally as:

Vi € [1,N], D bils, b, w) < gils,w,w). (3.5)

WHW
Typically, this means that for small ¢ € (0,1), we have > ¢;(s,w,w) ~ ¢ and ¢;(s,w,w) ~
WHAW

1 — . This timescale difference is studied in Section 3.3.2. The fast part of the process is studied
in Section 3.3.1.

3.3 Slow-fast analysis

First, we show that the fast process has a unique invariant measure. The synaptic weight dynamics
is then derived as a function of this invariant measure under the slow-fast assumption.

3.3.1 The fast process invariant measure
Notations

In this subsection, we fix a weight matrix W = w € F5 and assume that p* = p~ = 0. We
deduce that W; = w and study the two first components (V;, S¢) of the process (V;, S, Wi)¢>o.
Hence, for all w € E», its generator (B,,, D(B,,)) is given by: for any f € D(B,,) and (v, s) €
Ex,

N N
Buf(v,) = 30,/ (v,8) + 3 61 (0B (v — iy 8) — f(v,5)]
=1 =1

+ Z So(v")ai(v, w)[f (v + e, s —s'e;) — f(v,5)]. (3.6)

The process (V;, S¢)>0 is a classic PDMP with two components: a discrete one, V; € {0, 1},
and a continuous one, Sy € Rf . A typical trajectory of one of its coordinates is illustrated in
Figure 3.1.
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Figure 3.1: A typical trajectory of V! in blue and S} in red.

Notation 3.5. We denote by (P; .,)+>0 the transition probability kernel of the process (Vz, St)t>0.
In particular, for all x € Ey, A € B(E1) and w € Es, we have

Pt,w(-raA) = P((W,St) € A|(V07507W0) = (xaw))'

For a measure 1 on E1, a function f € Cy(E1), a Borel set A € B(E1) and x € E, we use the
classical notations:

nPr4) = |

: Prw(y, A)u(dy) and P f(x) = : F (W) Pya(z, dy).

Finally, we introduce the number of jumps of the processes.

Notation 3.6. Let (Nti,w)tZO be the number of jumps of the process (V;}, S)y>0 between the times
0 and t. This counter can be formally defined with a family (¢*(du,dz))1<i<n of N Poisson
random measures on Ri with intensity dudz (see Definition A.5 in the appendix),

Niw = /ot /R+ ]l{zéai<vu 7w)11{vu¢7 _0}} ’ ﬂ{Zﬁﬁﬂ{Vi—l} }Ci(d% "

Convergence of the fast process to its invariant measure

We use the classical Doeblin condition, given by (3.7), to prove the exponential convergence to
the unique invariant measure. Under the Doeblin condition, a simple and short proof shows that
the probability transition kernel of a Markov process in a general metric state space is contracting.
This condition is very useful when the state space is compact or when a compact set of the state
space is uniformly accessible from any of its element, see [97, Thm 16.0.2] and [11]. We give the
associated Doeblin Theorem. Its proof can be found in [50, Thm 11] and in [26, Thm 2.3], we
recall it here for completeness. Then, we show that the process (V;, S¢):>0 satisfies the Doeblin
condition.

In what follows, we use the Jordan decomposition of the signed measures and their total variation,
see Definition A.2 in the appendix.
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Theorem 3.7. (Doeblin Theorem) Let (Y;):>0 be a Markov process on a measurable set (X, X).
Its Markov transition kernel is denoted by (P;)¢>0. Assume that there exist T > 0, k € (0,1) and
a probability measure v on X such that for all x € X,

inf Pr(z,-) > k(). (3.7)
zeX

Then, the process (Y:)¢>0 admits a unique invariant measure .

Moreover, denoting by v = —log(1 — k) > 0, we have for all probability measure p on X,

|t
1P = poollry < 2e7707),
Proof. Let p11 and o be two probability measures on X such that |1 — p2||7y > 0. One has,

1
(1 = p2)+l7v = [[(pe1 — p2)-llrv = §Hul — p2|lTv.

We denote [ = —++1—#2___ Then, {i, fi_ are probability measures.
19 %||M1_H2||TV Mot p y u

From the triangle inequality and (3.7), we get that for any Borel set A of X,
APr|(A) = |t Pr — i Pr|(A) < |its Pr — svl(A) + v — i Pr|(A)
< i+ Pr(A) — kv(A) + o Pr(A) — kv (A).

In particular, for A = X we obtain that

|aPr|lrv < ot Prilrv + [|a-Prlrv = 26[lv]lrv = 2(1 = &).

We deduce that
|1 Pr — p2aPr(rv < |1 — pallrv (1 — ).

The space of signed measures embedded with the norm ||-||7y is a Banach space, see [4, Rk
1.7]. Thus, for any initial probability measure 1, the sequence (1P, 7)n,>0 converges to a unique
invariant probability measure (fixed point of Pr) that we denote by 1. Moreover, from the semi
group property of (P;);>o we have that for all ¢ > 0,

MooPtPT = UOOPH-T = ,UfooPTPt = ,U/oo]Dt

Thus, peo P is also invariant for Pr and by uniqueness of jioo, We have oo P = tioo. Hence, pioo
is also invariant for P; for all ¢ > 0. We conclude that for all ¢, denoting by n = {%J , we have

Py — proollTv = |10Ps — too PrllTv < (|0Ps—nT — tooPr—nrllTv (1 — K)" < 2(1 — K)™.
O
Proposition 3.8. For all w € Es, the process (Vy, St)i>0 with generator B, defined in (3.6)
converges exponentially fast to its unique invariant measure .
Proof. For all T > 0, we find a probability measure with support on (1,---,1) x [0, T]" such

that the Doeblin condition can be derived for Pr .

For any sequence ti,--- ,ty € (0,T), for all x = (v,s) € Ey and (Vp,So) = z, (Vp,Sr)
belongs to (1,---,1) x [[X,[0,#;] as long as for all 4:
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e if Vj = 1, the neuron i jumps exactly twice in [T — ¢;, T'| and does not jump in [0, T — t;),

e if Vi = 0, the neuron 4 jumps exactly once in [T" — ¢;, T] and does not jump in [0, T — t;).

Note that (V, S) € (1,---,1) x [T, [0, ;] can be obtained in many other ways but the one we
give is sufficient to get what we need:

N
M((VT, Sp) e (L., 1)x H[O,ti]) > Px(ﬂ (Niy 0 =0, Ny — Nir_, = v +1} )
=1 7

The right term is strictly positive as, by assumption (3.1), the jump rates are bounded by strictly
positive constants. Moreover, it does not depend on the initial value Sy = s because the jump
rates does not depend on S;. Thus, we can fix Sp = (0, -, 0) for instance, and then define the
measure 7 on Ey such that 7 (Ey \ (1,---,1) x [0, 7)) = 0 and

ve{0,1}N ;

N
i)((la T 1)XH[05 tl]) = min P(v,((],m,O))(m {N%—ti,w = 07 Nji“,w - N%—ti,w = ,Ui + 1} )
i=1

Thus, 7(E7) € (0,1) and we conclude, denoting by v the probability measure v aef: %, that
forall A € B(Ey), z € Ey,

Pr(xz, A) > 0(Eq)v(A). (3.8)
Applying Theorem 3.7 ends the proof. O

3.3.2 The slow process limit dynamics

We first introduce all the notations indexed by ¢ that we need to then give the main result and its
proof.

Notations indexed by ¢

We recall the main assumption: the synaptic weight dynamics is slow compared to the network
dynamics, in the sense that the process (V%, S;)¢>0 changes fast compared to (W;);>0. Hence, in
order to make a slow fast analysis, we replace the function ¢; defined by (3.4) by two families ¢}
of functions indexed by ¢ € (0, 1). With these notations, we can give a rigorous sense to (3.5).
The first family is obtained by changing the functions p™ and p~ in the definition (3.4) of ¢;.

Assumption 3.9. Let us assume that the functions p* and p~ are of order . With a slight abuse
of notation, we denote by ep™ and ep~ these functions, that is we consider ¢ defined by (3.4)
where p™ and p~ have been replaced by ep™* and ep™:

o5 (5,0, w) = 1 4 (W) H ([(@Y7 — w)ep™ (s, w) + (1 — (@7 — w"))(1 —ept(s/,0w"))]
J#i
[(w!" —57)ep™ (87, w?") + (1 — (w’" — @) (1 —ep™ (s, w!))]) .

The second family is obtained from the model described in Section 3.2 by drawing a Bernoulli
variable of parameter € at each spiking time of a neuron. If this variable is equal to one, then the
weights jump as described by the model, otherwise the weights do not jump.
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Assumption 3.10. Let us assume that we keep the initial functions p™, p~ and define for all
e € (0,1), forall s € RY,

VQIJ#U}, ¢§(va7w) :€¢1’(S,U~},w) and ¢§(S’w)w) = 1_5(1_¢i(57w7w))‘

The following Proposition holds either under Assumption 3.9 or Assumption 3.10. In what fol-
lows, we only use the results of this Proposition and thus, we just have to assume that one of
these two Assumptions holds. In particular, this Proposition gives some general properties of the
functions ¢5.

Proposition 3.11. Under Assumption 3.9 or 3.10, ¢; satisfies the following properties.
Forall s € RY, @3 (s, -, ) is a transition kernel on Es such that for all w, w € Es,

> o (s, w,w) = Ri(s,w) = 1 - ¢ (s,w,w), (3.9)
WHAW
where for all (s,w) € RY x Es, R5(s,w) = O(e). As for the functions ¢;, ¢ is null except on
the set A',. Moreover, there exist functions @; and K§ such that for all w # w, s € RY,
(;Sf(s,vl),w) 28()01‘(8,1;},71)) +Kf(s,u~;,w), (3.10)
where for all (s, W, w) € RY x By x By, Kf(s,W,w) = 0(¢). Finally, for all j # i,
Z 0i(s, 0, w) = pT(s),w?) and Z wi(s, 0, w) =p~ (s, w).  (3.11)

DEAL,, BEAY,,
w =w1j+1 @It =wIt—1

Proof. First, under Assumption 3.9, denoting by F;; def. (0ibj1)1<ki<n, for all (s,w) € Rf X

F», we have

;i (s, w + Eij, w) = €P+(3ja wij)(l - €p_(3j, wﬂ)) H (1 — 6p+(sk,wik)) (1 — sp_(sk,wki)),
k+#i,j

@3 (s,w — Eji,w) = (1—ept (7, w))ep™ (7, w?) J] (1 —ep™(sF,w™)) (1 - ep™ (s", w*)).
k#i,j

Thus, ¢ (s, w + Eij, w) = ept(s/,w") + o(e) and ¢5 (s, w — Ej;,w) = ep™ (87, w) + 0(¢).
For all other w € A, such that w # w, the jump from w to w corresponds to at least two changes
in the synaptic weights and thus, ¢5 (s, 0, w) = 0(¢).
Therefore, we define the functions K by, for all j # 1,

K;(s,w+ Ejj,w) = ¢ (s,w+ Ejj,w) — €p+(8j, wij),

Kf(s,w — Eji,w) = ¢5(s,w — Ej;,w) —ep (s7,w"),
and K (s, w,w) = ¢ (s, w, w) for all other 0 # w.
Finally, we define the functions ¢; by: forall j £ i, s € Rf ,wE Fy,

pi(s,w+ Eij,w) = p* (s, w?), pi(s,w — Bji,w) = p~ (s, w’), (3.12)

and @;(s, W, w) = 0 forall w € A, \ U;{w + Eij,w — Ej;}.

We conclude that, under Assumption 3.9, with such functions ¢; and K7, all the equations (3.9),
(3.10) and (3.11) hold. The proposition is thus satisfied for Assumption 3.9.

Under Assumption 3.10, we have ; = ¢; and the proposition is trivially satisfied. O



75 3.3. Slow-fast analysis

Remark 3.12. Under Assumption 3.9 or 3.10, there exists @M € RT such that for all i,

Z @i(sawaw) < QDM
WHAW

In what follows, we assume that either Assumption 3.9 or Assumption 3.10 holds.

We now highlight the difference of timescale in the new generator C* which is the same as C with
¢ instead of ¢;. For all f € D(C®) and (v, s,w) € E,

(v, s,w) Z@szfvsw —I—Z(51 —e;,s,w) — f(v,s,w)]
+Z5o )i (v, w) [f(v+ei,s—sei,w)—f(v,s,w)] b5 (s, w, w)
—_———
1—Rs(s,w)
6 7 150 T iia 0) — 39y f 7~7 .
+ZO avw(Z[f(v—i—es s'ei, ) — f(v,s,w)] &5 (s, w0, w) )

wFw e (5,0,w)+ K (5,0,w)

We denote by B¢, Bsyn, By and BE the following operators:

Bretf (v, s,w) = 28 i f(v, s, w) —1—251 — e, s,w) — f(v,s,w)]
+Z<50 Jai(v,w) [f(v+ e, 8 — s'es,w) — f(v,5,0)]
Bsynf(vvsaw) = Zéo(vi)ai(vaw) Z [f(v + €58 — Sieiaw) - f(v’saw)] @i(sawaw)’

% WHW

B f(v,s,w) = Z&o(vi)ai(v,w) Z [f(v+ei,s— ste;, ) — f(v,s ,w)| K (5,9, w),
% WHAW

B%f(’U, S, U}) = - Z‘SO(Ui)ai(U’ U)) [f(’U +ei,5— Sieia U}) - f(’U, S’w)] Rf(svw)

(3.13)

Thus, one has
C¢ = €Bsyn + Bnet + B% + Bi

On this timescale, the network evolves at “speed” 1 and the plasticity at “speed” €. We introduce
the accelerated system
(V;&Ev Stsa th) = (‘/t/sa St/sv Wt/s)'

Its generator is

1 (> 1 > €

2C° =By + - (Buer + Bi + B;) - (3.14)
In the following, we shall use some operators acting only on the fast variables and others only on

the slow variables. To do so, we introduce

Notation 3.13. We denote by B, : D(B}.,) C Cy(E1) — Cy(E) and B2, (Bgyn)
Cy(E2) — Cy(E) two operators such that for all (v,s,w) € E, for all f1 6 D(B},,) and
g2 € D(Bsyn)

net

Bl fi(v,s,w) = Bpetf(v,5,w) and Bgyngg(v,s,w) = Bsyng(v, s, w),
where the functions [ and g are defined by
V(U,S) € B, Vw € Ey, f(v,s,w) = fl(U,S) and g(U,S,U)) = gQ(w) (3.15)
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Remark 3.14. In particular, with these notations, we obtain that for f; € D(B},,) and g2 €

D(B2,,). f and g defined by (3.15),
(v, s,w) Z@Szflvs +Zal —e5,5) — fi(v,s)]
+Z(50 Jai(v,w) (fi(v+ es,s — s'e;) — fi(v,s)) ¢5 (s, w, w)
+Z50 Jai(v,w) (fi(v + es, s — s'ei) = fi(v,8)) > 6 (5,0, w)
= Bnetfl(v,s,w), -
and

C°g(v,s,w) = (eBgyn + B;)g(v, s,w) = 5B§yngg(v, s,w) + Big(v, s,w).

£,92

We introduce the notation v, ”* as the rest term

t
1
vy =/O ~Brg(Vi, S, Wi)du

We prove with Theorem 3.16 that v;** tends to 0 with e.

Using these notations, the two following processes

t
Ef(‘/f, Stsa Wte) - / Cef(vuea SZ? Ws) U = €f1 V;f > / netfl V€7 SZ’ qu)du
0

u?

b1
o(VE, S5, W) — / Leg(V, 55, WE)du = go(W7) / B2,02(VE, S5, WE)du + v
0
are martingales for the natural filtration of the process (V£, S5, W§ )i>o.

Let us note that forall w € Fs, f1 € D(By,), the operator B,, defined by (3.6) satisfies By, f1(v, s) =
BL.,f1(v,s,w). We previously showed that (V;, S);>0 converges to its unique invariant measure
. Hence, we can expect that, as ¢ tends to 0, the fast part quickly reaches its stationary distribu-
tion (which depends on the current weights) and drives the weight jumps. As soon as the weights
change, the network will reach a new stationary distribution instantaneously and so forth.

We end this section of notations by giving the same following definitions as in [81].
Definition 3.15. Let X be a complete separable metric space.

We denote by Z,,(X) the space of measures 1 on Ry x X such that for all t > 0, we have
n([0,1] x X) =

We denote by Dx|[0,+00) the space of cadlag functions (right continuous with left limits) from
[0,4+00) 10 X .
We introduce the occupation measure associated to the process (V,5, S;)¢>o: forallt > 0, A €
B(Ey),
v, )L [ 14z 55
0

Hence, for each ¢, I'® € £, (E).
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Theorem 3.16. Assume that for any € € (0, 1), the initial condition (V5 , S5, W) have the same
law with compact support Ko C E. Then, as ¢ tends to 0, (%, W§)e>0 converges in law to
(D, Wi)iso in L (E1) X Dg,[0,400), where

1. (Wy)i>0 is a pure jump process on Ey with generator Co, defined for all g3 € D(Cyy) by

Cavga(w / Bsyngg(v 8, W)y (dv, ds). (3.16)
I'(du,dv,ds) = 7y (dv,ds)du.

The proof of this theorem is based on Theorem 2.1 of [81]. We recall it here for the sake of clarity.

Theorem 3.17. Let My and Ms be complete, separable metric spaces, and set M = My x Mo.
For each n, let (X[, Y;")t>0 be a stochastic process with sample paths in D [0, +00) adapted to
a filtration {F{*}. Assume that (Y");>o satisfies the compact containment condition, that is, for
each e > 0 and T > 0, there exists a compact K C My such that

infP(Y," €e K,t <T})>1—¢,

and assume that (X[')¢>0nen is relatively compact (as a collection of M,-valued random vari-
ables). Suppose there is an operator A : D(A) C Cy(Mz) — Cp(My x Ma) such that for
f € D(A) there is a process €I for which,

F;") /.AfX” Y )du + emf

is a {F{*}-martingale. Let D(A) be dense in Cy(My) in the topology of uniform convergence on
compact sets. Suppose that for each f € D(A) and each T > 0, there exists p > 1 such that

n—o0

T
supE [/ \Af(Xf,Y;")pdt} <400 and lim E
n 0

suple/|| = 0.
t<T

Let I'™ be the £, (M. )-valued random variable given by

([0, ], B) = /Ot 1 (X7 du.

Then (I'™,Y/")¢>0 is relatively compact in L, (M) x Dy, [0,400), and for any limit point
(T, Yy)e>0 there exists a filtration {G;} such that

t
f(Yy) — / Af(z, YT (du, dz)
0 JM;
is a {G}-martingale for each f € D(A).
In particular, we apply this Theorem in the special case of Example 2.3 given in the same article.

Proof of Theorem 3.16. Let (e,,),>0 be a sequence in (0, 1) converging to 0 with n. In STEP 1,
we show that the sequence of processes ((I'*", W™ )i>0),,cy is relatively compact in %, (E1) x
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Dg, [0, +00). Moreover, as n tends to infinity, for any limit point (I, W¢);>0, and g2 € D(Bgyn),
the process

t
g2(Wy) — / Bgyngg(v, s, W )I'(du, dv, ds) (3.17)
0 JE
is a {G; }-martingale where G; = o{T'([0,u], H),W, : u < t, H € B(E1)}. In STEP 2, similarly
as Example 2.3 in [81], we characterize this limit by showing that

['(du,dv, ds) = m, (dv, ds)du. (3.18)

Hence, by uniqueness of 7, for all w € E5 (see Proposition 3.8), we deduce that the unique solu-
tion to the martingale problem (3.17) with initial condition £(W°) is the process (W);>o with
initial law £(W§°) and generator Cy,, given by (3.16). As this limit does not depend on the choice
of the sequence (&, )nen, We conclude on the convergence of the process ((I'?, Wy)i>0) to
(T, W4)¢>0 when ¢ tends to 0.

O<e<1

STEP 1:

This step relies on the three main properties that we enumerate here and then show in the following.

1. The process (W;™);>¢ satisfies the compact containment condition that is for each > 0
and T' > 0, there exists a compact set K} C E5 such that:

i%f]P’(Vt €0, T],Wi" € K1) >1—n.

2. For each t > 0, the collection of F;-valued random variables (V,™, Sf”)tzo’ neN 18 rela-
tively compact. In fact, we show that for each 7 > 0, there exists a compact set C" of Fy
such that:

inf P((V7™,S)eC”)>1—n.
it PV, 8m) )=>1-n
Relative compactness follows by Prohorov’s Theorem.

3. Foreach go € D(B2,,), there exists a process (;""7?)

syn +>0 for which
t
02WE') = [ Biyua(Vir, Sir, Wi+ 17
0

is a { F; " }-martingale where (F;™);>¢ is the natural filtration of (V" S;™, W™ );>o0.

Moreover, for each go € D(2,,,) and each T > 0,

syn
T
supE [ / |B§yngg(v;n,sgn,wgn)ﬁdu] < 0o (3.19)
neN 0
and
lim E [ sup |1/t5"’g2]] = 0. (3.20)

We give some useful notations before dealing with the technical details of the proof. For all
w € Es, we denote by ||w|oo = max; ;{|w"|}. We denote by
wy = sup  |wl|ee and  spr = sup st
(v,s,w)EKy (v,8,w)€Kp,1<i<N
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We show the first point. To do so, we use the fact that the weights jump a finite number of times
within a finite time interval, and this for all €,,. For all m € N, we denote by R" the subset of

Es such that R™ ael: {w € By : ||w||oo < m + wys}. Therefore, we want to show that for each
1n > 0and T' > 0, there exists m large enough to have for all n € N:

P(Vt € [0,T), Wf* € R™) > 1—1. (3.21)

We denote by (
definition of iCE" and Remark 3.12, we deduce that the jump rate of the process (W;™);>0 is

N o)t>0 the number of jumps on [0, ¢] of the process (W3 )o<u<¢. From the

bounded by 7, ' Na ™M > 0. Then, we denote by (Nt siow)t>0 the counting process with
constant jump rate equals to rj; and with the same randomness as (NtE,Zl ow)t>0- Thus, we have
for all ¢, n,

Yw €, N7 (w) < Nistow(w)-

t,slow

Hence,

P(Vt € [0,T],W;» € R™) > P(N3, . <m)>P(Nrgow <m) — 1.

T,slow m—400

Taking m,, such that IP’(NT7 slow < My) > 1—mnand K7, ael- R™n ends the proof of the first point.

We show the second point. To do so, we use the reset of the time from the last spike and the fact
that the probability of having no spike in [0, 7'] decreases with T". For all T" > 0, n € N, for each
t<T,

P((Vi, 877) € {0, 11V % [0,50 + TIY) =

and foreach ¢t > T,
P((VEr, 55m) € {0,13Y x [0, 507 + TIV) = 1 — P(34, SP°" > spr + T).

We denote by (Nt ’stt)t>o the number of jumps of the process (V’ en SZ “)o<u<t. We can com-
pare these counting processes to the family ( (N : fast)t20)1<z< ~ which are independent counting

processes with jump rate o, and the same randomness as (Nt ’fg <)t>0. Thus, by assumption (3.1),
for all ¢, ¢, n,
VwGQ, N ( )>Ntfast( )

t,fast
Therefore, as SZ " is reset to 0 when the neuron ¢ spikes (jump of VZ “m from O to 1), the first reset
of S;°" occurs only after VO’ " 4 1 jumps of Vt “m . Hence,
P(3i, 87" > sy +T)
= ]P)(5|27 ]l{t>T+SM} (Nt ;Zst Ntlf;leT fast)

] 1,En (N
+ H{T+SM—SZ’E7‘< t <T+5M}Nt fast = Vmax(Ot Sy — T))

< ]P’(HZ ]l{t>T+sM}< tfast Ntl E;LM Tfast) +1 {T+sn— S’ fnct <T+sM}NZ;ZSt <
<P(3i, N%? o $1) SPEL NG g < 1) < NP(NT o < 1) T oo 0

We denote by 7" = inf{t > 0 : P(N} fast < 1) < 7 }. Hence, defining C" = {0, 13V %[0, 507+
T"] ends the proof of the second point.
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We show the third point. In the following, for all go € D(B
for all (v, s,w) € E, g(v,s,w) = g2(w) and we denote by

Syn) we define g € D(C®") such that

t
1
i = [ Bra(vin, s Wi

En

Thus, from the definition of the process (V;™", S;™, W™ )¢>0, we have that
t1
g(Ver S Wiy = [ emg(Vien, i Wi
0 &n
t
92(We™) = / B2 (Vi S5, Wi )du + vy %
0

is a {F;™ }-martingale, see Remark 3.14.

Using the bound given in Remark 3.12 and the boundedness of g2, we obtain that for all (v, s, w) €

E,
B2 920, 5,w)] = \Zéow)a@-(v,w) > (g2(@) = ga(w))pils, 0, w)|
2 WFW
<2”g2”oo’250 Jai(v,w) Y pils, b, w ‘

wWHAWw
< 2||galloe™ ‘Zéo Jai (v, w ‘ < 2|/gallec™ Nas.
Hence, we deduce that (3.19) holds true.

We obtain (3.20) similarly. Indeed, using the fact that only a finite number of states w € Es are
reachable from any w € E9, we have for all (v, s, w) € E,

Byl s,w)| = Z ol aitow) S (90) — glw)) K5 (5,10, w)
w;éw n

< 2|gllsornr Y Z |K5" (s,,w)| = o(1).

i w;ﬁw

Thereby, v;"%* = o(1).

From these three points, we can apply Theorem 3.17 to the sequence ((I'", W;™);>0),,5( and we
obtain (3.17) and (3.18). It ends the STEP 1. -

STEP 2:
Similarly as before and as in Remark 3.14, for all f; € C}(E1) C D(B}.,).
t
enf1(VE", 55) — / Bl 1V, S5, Wi ) du (3.22)
0

is a { F;" }-martingale. When n tends to infinity, the first term tends to 0. For the second term, we
apply Lemma 1.5 a) of [81]. It gives that along an appropriate subsequence, that we still denote
by (ey)n for simplicity, we have

/ Bl fi(VeEn, Sen WeEn)du, —/ / Bl fi(v, s, Wem T (du, dv, ds)

/ / BL..fi(v, s, W,)T'(du, dv, ds).
n—)OO El
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Thus, by equation (3.22), the limit term of the last equation is a martingale.

Since it is continuous and of bounded variation, it must be constant, see Proposition 1.2 [113].
Hence, as the limit is null when ¢ tends to 0, we get that for all £ almost surely

t t
/ Bl fi(v, s, W, )T'(du, dv,ds) = / By, fi(v, s)I'(du, dv,ds) = 0.
0 E1 0 El

Since for all n € N we have that I“" € £,(E;), then by Lemma 1.4 in [81] we deduce that
there exists a process 7, on the set of probability measure on F; such that for every function

f1 € CL(En),

t t
/ By, fi(v, s)I'(du, dv,ds) = / By, f1(v, $)vu(dv, ds)du = 0.
0 E1 0 El

Thus, we have for dt-almost every v € R,

By, f1(v, s)yu(dv,ds) = 0.
Ey

From Proposition 3.8, for each v > 0, the unique probability measure satisfying the previous
equation is ., and hence, for all u > 0,

Yu = WWU.

We deduce that, as n tends to infinity, for any limit point (I', W;);>0, we have T'(du, dv, ds) =
g7, (dv, ds)du and

t
g (W) — / Bgyngg(v, S,WU)TFWu (dv,ds)du (3.23)
0o JE;

is a {Gy }-martingale for any go € D(B33,,,) where G; = o{my (H), W, :u < t,H € B(E1)}.

Therefore, (W}):>0 is uniquely defined as the process with generator (Cyy, D(Cay)) such that for
all g2 € D(Cm,),

Cm,gg(w) = / Bgyng2(va S, w)ﬂw(dva dS)
Ey

and initial condition W £ Wgo. The uniqueness of the limit point (F,Wt)tz[) enables us to
conclude on the convergence of ((I'°", W;")¢>0)nen to (I', Wy )s>0 when n tends to oc.

O

Remark 3.18. All the previous results hold if we take into account inhibitory neurons. Indeed,
we never use the positivity of the weights in this subsection. However, for inhibitory neurons to be
realistic, their postsynaptic weights should follow the opposite plasticity rule: p* and p~ should
be multiplied by the sign of the weight. With such a model of inhibitory neurons, similar results
as the following one (holding on the long time behaviour of the weight limit dynamics) can be
obtained, see Remark 3.41.
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3.4 Long time behaviour: conditions for recurrence and transience

Plasticity models have evolved interacting with neurobiologists’ discoveries. For instance, mod-
els based on STDP confirmed the need of homeostasis in order to regulate the evolution of the
weights: preventing from their divergence or extinction, see [137] for instance. Indeed, Hebbian
learning suffers from a positive feedback instability and leads to all neurons wiring together, see
for example [136]. Synaptic scaling and metaplasticity are the main homeostatic mechanisms used
in models through different ways, see [134]. In our model, we do not have such mechanisms, like
hard or soft bounds. Nevertheless, we can show that the weights stabilize under appropriate con-
ditions. We propose to compare the process (W3):>¢ to slightly different ones in order to bound
its jump rate. Then, we show how to use the Laplace transform of m,, to study the long time
behaviour of (W4):>o.

3.4.1 General condition on the rates and parameters

In our case, the process (W;);>o takes values in the countable state Es, is a Markov process
and is non-homogeneous in space and homogeneous in time. As underlined in [96], Lyapunov
techniques are well adapted to analyse the long time behaviour of such processes. In particular,
we use here the Foster’s Theorem, see Theorem A.10 in the appendix [96, Thm 2.6.4].

From Theorem 3.16, we are interested in the dynamics of the process (Wt>t20 with generator Cy,
such that for all f € D(Cyy),

Con f(w) = /E > S0 )ar(v,w) | Y (f(@) = F(w)) (s, b, w) | wu(dv, ds)
1ok

weFo

= Y (fl@) = fw))r(@,w),

weFE>

where r is the Q-matrix (see [62, Rk 5.3]) of (W})i>0, 7(w, w) ael > e (W, w) and

Vi w, (@) [ ST s ane,w)ous, b w)m(do. ds).
Ey &

Notation 3.19. In the following, we use the notations:

. . def. - _ def. ~
Vi # j,Yw € Es, r;;(w) =) Z r(w,w) and r;;(w) = Z (0, w).
WEA,, we A,
W =w +1 W =w —1

Moreover, we denote by Rt and R~ the square matrices of size N, null on the diagonal and such
that RT = (r;;)lg#jg]v and R~ = (ri_j)lgi;éjgN- Finally, we denote by - the scalar product
between two square matrices A and B:

A-B= Z A B,
1<i, g <N
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Remark 3.20. From Proposition 3.11,

r;;(ZU) = ; 50(1?)%‘(%W)p“‘(sj,wij)ww(dv,ds) —E [ﬂ{vl,g:O}ai(Vw,w)pﬂS&,w”)] ’
1
(3.24)
Ti(ﬂﬁ::]E[ﬂ{vg:ﬂ}aj(vbjuﬁp‘(Sﬁvufjﬂ (3.25)

where (Vi Sw ) = Ty

Moreover, under Assumption 3.9, the jumps of the process (W)>q are restricted to +E;; at rate

rl?';(w)for alli # j.

A natural assumption in order to ensure the irreducibility and aperiodicity of the embedded chain
of the process (W¢)¢>0 is

Assumption 3.21. Assume that p™ (resp. p~ ) is strictly positive on RT x N* (resp. RT x N*\ {1}).

In particular, this assumption gives

Lemma 3.22. Assume that Assumption 3.21 holds. Then, there exist 0 < 1y, < ry; < 0o such
that
Yw € Eay, 1 < |r(w,w)|< 1y

Proof. First, for all w € Ey, |r(w,w)|< NaM¢ def. ry < 00.

Second,
]rww|—/ 260 Yag (v, w) Zg@ksww T (dv, ds)
WHW
> maX / do(v wh) + p~ (sl,wlk))ww(dv,ds)} def- T > 0
where strict positivity is obtained from Assumption 3.21. O

Definition 3.23. Let (X}):>0 be a stochastic process with jumps. The embedded chain of (X¢)>0
is the chain (X, )nen where (Tp,)nen- is the sequence of the jumping times of (X )¢>0 and 7o = 0.

Proposition 3.24. Assume that Assumption 3.21 holds. Then, we have the two following results.

1. Using Notation 3.19, we assume that

QQ(RWM—ijyw:—m. (3.26)
llwl| =00

Then, the embedded Markov chain associated to the process (Wt)tzo is positive recurrent.
Moreover, the process (W )i>0 converges to a unique invariant measure.

2. Assume that
lim (R (w) — R (w)) - w = +oo.
weEy,
lw]l—+o0

Then, the embedded Markov chain associated to the process (Wt)tzo is transient. Moreover,
the process (W) is also transient.
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Proof. First, from the assumption of strict positivity of p* and p~ we have that for all 7 # j and
w € Ey, r(w+ Ejj,w) > 0 and if w > 1, r(w — E;;j,w) > 0. Thus, the embedded chain of
(W¢)s>o is irreducible and aperiodic.

Then, we use the Foster’s Theorem, see Theorem A.10 in the appendix. We apply this theorem to
the embedded chain of (W4)i>0: (W, )n>0 where 79 = 0 and (7,,)nen+ is the sequence of the
jumping times of (W;)¢>0. By Lemma 3.22, we have for all w € Fs,

0 < rpy <|r(w,w)|< ry < oo.

Thus, the transition kernel ) of the embedded chain is given by Q(w, w) = I:Egzgl for all w #
w € Ey and Q(w,w) = 0. Then, for all function f on Es, for all w € Es,

E[f(Wo) — f(W0) | We, = w] = Qf(w) — flw) = Sol ()

r(w,w)]

Let f(w) = Zi’j(wij)2 for w € E», then,

Cav f(w) = Z Z (@) = (@)*)r(@,w) = Y Y (@)% = (w)?)r(@, w)

ij: ] ®

=Y > (2w + 1)r(w, w) + > (—2w" + 1)r (b, w)
ijr i) \WEAL, Wi =wii+1 WEA],, Wi =wii—1

SNIN=Dry+ > 20 (rfi(w) — i (w).

i, 1#]

For R € RT, we denote B(R) = {w € Ey : ||w||oc < R}. From (3.26), the last term converges
to —oo when ||w||~ tends to infinity. Hence, there exists Ry and v < 0 such that for all w €
Es \ B(RO)’ chf(w) <7 and thus

Qf(w) — flw) =SS v

r(w,w)| T

Moreover, for all W,, € B(Ry), we know that W, ., € B(Ro + 1) so that f(W,,,) <
N2(Ry + 1)2. Thus,

Elf(Wr) | Wr,=w] = Y f(@)Qd,w)
weB(Rp+1)
<N (Ro+1)? Y Qi,w) = N*(Ry + 1) < oc.
weB(Ro+1)

Hence, by Foster’s Theorem A.10, the Markov chain (W, ),en+ is positive recurrent. From
aperiodicity and irreducibility of the chain, we have by Theorem 2.1.6 of [96] that this chain
converges to its unique invariant measure.

Transience is obtained in the same way using Theorem 2.5.15 of [96].

Finally, passing from the embedded chain to the process is obvious since the process is non explo-
sive, see Theorem 3.5.1 in [105] for instance. L]

Corollary 3.25. Assume that Assumption 3.21 holds, then we have the two following results.



85

3.4. Long time behaviour: conditions for recurrence and transience

1. Assume that there exists 7y < 0 such that for all i, j,

wlij}glm( Sup ri;(w) rw(w)) q.

wij:wlim

Then, the embedded Markov chain associated to the process (Wt)tzo is positive recurrent.
Moreover, the process (W )i>0 converges to a unique invariant measure.

2. Assume that there exists v > 0 such that for all i, j,

. . n - _
wlir}}gl"roo ( wleI}EfQ Tij (w) Tij (w)> -
wii =wy,,

Then, the embedded Markov chain associated to the process (Wt)tzo is transient. Moreover,
the process (W) is also transient.

This corollary incites us to study of r;; and r;; in order to get information on the long time be-
haviour of the process (W4)¢>o.

Remark 3.26. From the previous proposition and Remark 3.20, we note that it is not obvious
that the condition p*(8,W) < p~(8,w) for all (3,%) € R x N* is sufficient for the recurrence.
Indeed, we observe the divergence of some weights under that condition in the simulations, see
Figure 3.4.

We now bound the functions ri'g and r;;. To this aim, we use a classical coupling method and
compare the number of jumps of (V;, S;):>0 to the associated processes where the rate o are
replaced by the minimal rate ¢, or the maximal rate aj;. In what follows, we define, for all
j, the processes (Zt,j,ﬁm)tzo and (V¢ j, St ;)10 in Eq. Their N coordinates are independent.
The dynamics of these coordinates are driven by similar generators that we denote by B, for
a € {am, ap} and such that for all f € D(B,), (¢,3) € {0,1} x RT,

Baf(@v ‘§) = 8§f(@7 ‘§) + 561<@> [f(ov ‘§) - f(17 é)] + O‘(SO(@) [f(LO) - f(07 '§)] . (3.27)

The index j means that the dynamics of their jy; coordinate is different from the others. The

Jen, component (Ki I’ §g7 j)tzo is driven by the generator B, whereas the other components are

driven by the generator B,,,. The j;;, component (Vi s gi,j)tZO is driven by the generator B
whereas the other components are driven by the generator B,,, .

9.7

We compute the invariant measure of these processes.

Proposition 3.27. The unique invariant probability measure 1, associated to the generator B, is

B (@) =P (e85 _ e=o¥)gs 4 — %5, () Be—P5ds. (3.28)

o(db, d3) =
ol dD, dS) a—l—ﬁo a—0 a+p

Moreover, for all j, the processes (V. ;, S, ;)t>0 and (Vii.j, St.j)t>0 converge respectively to their
unique invariant measure that we denote by m; and T :

T = uyd ™ @ pay @ pe N and  mp = pGUY © pa,, © g, (3.29)

Hay am
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Proof. First, according to assumption (3.1), for « € {a;,, apr} we have o # (3. From Proposi-
tion 3.8, a process with generator B, converges to its unique invariant measure p.. Moreover, as
the dynamics of discrete part of the process does not depend on the continuous one, we easily get
that y1, ({0}, RT) = a—l—ﬁ and f1q({1}, RT) = ;5. Thus, the measure 11, can be written as:

a0, d8) = ——80(8)ul(d8) + —— 61 (8) 1} (d5)

B
a+f 5
with [, pd(d8) = [p+ pe(ds) = 1. Moreover, it is an invariant measure if and only if
Vf € D(Ba)7 <Bocf7 /~Lo¢> =0.

Thanks to functions f well-chosen, we get a closed system of equations on the Laplace transforms
of ud and p}. Fory € {0, 1}, we denote by €Y (%, 8) = e~**6;(y). We thus obtain:

B 2,074 - Ay, 174
<Ba€§/\’,u’a> = m Rt Baez)/\(oa S)N’a(ds) + m R+ Boﬁg\(l, S)Ma(ds) =0.
Using the definition of B, given by (3.27), we get
w23 Jue (0 N0 (d5) = 585 e Bk (d5)

B fR+ a,ug(d§) = fR+ (B+Ae )\8 : a(d8).
But [p, 19 (d3) = [p+ pé(ds) = 1. Therefore,

Jier (0 + N)e MU (d8) = @ [y €54k (d3)

Jor e Mub(ds) = (gf.A) < ph(8) = pe 7.

Hence, A A
s €7 NA3) = sy € pA(S) = (e — o)

pa(3) = pe=.
We thus obtain a probability measure candidate to be invariant for the generator 3,. We finally

check this last point showing that for all f € D(B,) we have (B, f, pia) = 0. To do so, we
compute the two right hand side terms of

(Bof 1) = / Baf(0.8)0005) + —— [ Baf(,9u(d). (30
-f-ﬁ R+
By integration by parts we obtain that
Baf(0,5)d(ds :70&/8
[ Bap(. s = 2 [

— af(1,0) — af /]R (0,9

(alf(1,0) — £(0,8)] + 85 £(0,5)) (e — e7*%)d3

and

Baf(1,8)pa(ds) = B | (BLf(0,8) = F(1,8)] + 0sf(1,8))e”*d3

R+ R+

=% [ f(0,3)eP%ds — Bf(1,0).
R+
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We deduce with equation (3.30) that E,,, [B, f] = 0 which completes the proof of the first point.

The second point of the proposition is a consequence of the first one as the processes (V. St )t>0

and (Vt, j,gt,j)tzo are vectors with independent components driven by generators B, with o €
{am,anr}- O

From these notations, we can show the

Proposition 3.28. Assume that for all w € N*, p™(-,w) and p~ (-,0) are decreasing and differ-
entiable functions. Thus, for all i, j with i # j, we have

rijw) = g )<E[ {Vi=0y ¥ ai(Vy,w)p* (55, i')} _E[ (V=03 a;(Vj,w)p _@'Wij)],

rii(w) =1 (w) > E [Ilm;:o}ai(zi, w)p* (S, w”)} —E [1{13:0}% (Vw)p~ (S}, wij)} :
(3.31)

where for all k, (V ., S}) £ m and (Vi., S.) £ 7.

Proof. The idea is to show that for all w € Ej, the difference rg(w) — r;;(w) can be bounded
using the processes (V¢ ;, St j)i>0 and (V4458 )t>0. We only present the proof of the upper
bound of 7“;; — T The lower bound can be obtained exactly in the same way.

We denote by P, ; the transition kernel of (V' ;, St j)i>0 and Bj its generator. Then, we have for
all f € D(Bj),

t t
TwPtjf — Twf = TwBj Py jfdu = / TwPu,j Bj fdu.
0 0

Moreover, as 7, is invariant for the process with generator B,,, we have m,B,,f = 0 for all
f € D(By). Noting that D(B,,) = D(B;) we have for all f € D(B,,),

t t
TwPijf — Twf = / Tw(Bj — Buw) Py jfdu = / TwPu,j(Bj — Bw) fdu. (3.32)
0 0
Now, for all j and ¢ # j, we define the two functions f{; and fz; such that for all (v, s) € Ej,

de . Z y Z — de . y — /L 7/
f;;(v,s) < So(v")a; (v, w)pT (s?,w") and fi; (v, s) <J do(v!) (v, w)p~ (s*,w"),

and we show that (B, — By,)( f;f — f;7) = 0. Indeed, we compute

wf” v, 8) Zaskf,; v, +Z51 U — €k, S) —f;jf(v,s)]
+Z5o akvw)[f (v+ e, s—she) — f (v,5)]

= 50(11 Vg (v, w)p™ (87, W) + 6,01 BpT (87, W) — Go(v)) i (v, w)?pt (7, W)

+ 5o(vj)ozj(v, w)do(v*) ey (v, w) (p+(07 W'y — pt (s, wij))
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and similarly

Bwfi; (U, S) = 50(Uj)aj(v, w)p—/(8i7 wij) + 6 (Uj)ﬂp_ (si, wz‘j) . 50(Uj)04j(v, w)Qp_ (si, wij)
+ 60(vi)ai(v, w>50(vj)@j(v, w)(p~ (0, wij) — Zf(si7 wij)).

B £ (v, 8) = do(v)ai(v, w)p* (7, w) + 81 (v") B (57, w') — (v )i (v, w)p™ (57, w)
+ 80 (v?)anrdo(v") i (v, w) (p™ (0, w?) — p* (57, w")).

Ejf[ (v,8) = 50(vj)aj(v, w)p—/(si’ wz‘j) +6; (vj)ﬁp_(si, wij) . OéM(So(Uj)aj(U, w)p_(si, wij)
+ 3o (V") o (v) ) v (v, w) (p~ (0, ) — p~ (s, w')).

Thus, we note that the term of transport and the one of jump of the potential from 1 to 0 cancel
when computing (B; — By,)( f;f — f;;)- We finally obtain that

(B) — Bu)(f; = f7)(w,9)
= do(v”) (s — a5 (v,w)) (o (v v, w) (™ (0, ") = p* (7, w)) + (v, w)p™ (57, w?)

= 80(0") (@ — (v, w)) (S (07 (v, w) (™ (0, w7) = p (", wH)) + (v, w)p* (7, w) ).

Under the assumption that p™ and p~ are decreasing functions with respect to their first variable,
we obtain that for all (v, s) € F1, w € Es,

(Bj — Buw)(f;5 = fi7)(v,8) > 0.
We deduce from equation (3.32) that for all ¢ > 0,
TP (f; = i) — mu(fi = fi7) 2 0.

Taking the large time limit in this inequality, we deduce from Proposition 3.27 the upper bound
given in the first line of (3.31).

We obtain the lower bound by similar computations with (V; ;, S ;)i>o instead of (V.55 St.j)t>0-
It ends the proof.

O]

Corollary 3.29. Assume that Assumption 3.21 holds. Then, the process (W¢)i>q is positive re-
current if for all ©, j

- Porau (Vi 0)p™ (5 )| —E [0 (T (V. w0)p— (5w
lim - sup (B [80(V)as(V, w0)p* (5], wiim) | |80 (Vs (V, w)p™ (S wiim)| ) < 0,

wij:wlim
and it is transient if

wdim - inf (B (VD0 w)p (8w | B [0 (Vo (Vi w)p™ (8 wian)] ) > 0.
w*J =Wiim

We now consider a special case where the functions p™ and p~ have factorized expressions:
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Assumption 3.30. There exist parameters A, A_ € (0,1), 7o, 7_ € R, and functions g+
N* — i and g~ : N* — A% with g~ (1) = 0 and for any w > 1, g~ (w) > 0, such that

pT(5,0) = A+ef;+g+(w) and p~(§,w) = A_e%—g_(w). (3.33)
This assumption is satisfied by the classical functions used in STDP modelling. They match very

well with the experimental results obtained in [17].

Proposition 3.31. Grant Assumption 3.30. Then, the process (W¢)i>o converges to its unique
invariant measure if

o3 (B = o) gt (Wigm ) Ay 4 (anr(opmy + 1) — B(BT4 + 1)) (up7— + 1)(B7— + 1)

w52 2 (ans — B)g~ (Wiim) A_7— (B(BT— + 1) — atm (am7— + 1)) (anr7s + 1)(577;341& <1
Moreover, it is transient if
b @a(0ar = B)g (W) ATy (m(amTy +1) = BBTs + 1) (anr + DT +1) |

wim=+00 &y (am = B)g (Wiim)A-7— (s (an7- +1) = B(BT— + 1)) (am74 + 1)(Br4 + 1)

Proof. 1t is an application of Corollary 3.29. We present the computations only for the positive
recurrent case. We find that for all ¢ £ j, w € Fo,

r;;(w) —r;(w) < ayE [5O(Vé)p+(§§,w”)] — apE {50(?7:) ?;, w”)}

- aMP(V". —O)E [ (S, wij)] nP(V) = 0)E [p (j,w”)]
= Odm-i-,B MQIVI({O 1} dS)
w7 G e, (0.1),05),

where (i, is defined in Proposition 3.27 and satisfies:

A af -3 —ad\ g2
lU/a({O, 1}’ dS) = m (Oé@ 5 — ﬁe OcS) dS.
We conclude with the following computations:

+ — < ﬁ aMB
g am+ﬁa?\/jfﬁ2

/ A+e$g+(wij) (aMe_6§ - ﬁe_aM§> ds
R+

’ ml = g (w —B3 —amé\ g2
_amaM—i—Ba?j—62 RJrA,eT*g (w-j) (Oéme B _/86 )ds
o 0 + (i3 aM 15}
= Tanr ot - ) (mfh aM+£+>

0412%»32 — /i Qo B
T lan B - <ﬁ+ L an+t 3—) |

Then, the limit (3.34) gives the result by applying Corollary 3.25. O
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In this section, we propose a method to verify the conditions for the convergence of the limit
process (W):>0 given by Proposition 3.24, see Proposition 3.28 and Corollary 3.29. We applied
these results in Proposition 3.31 where we give explicit conditions in function of the parameters
of the model on an example. This is the first time, to our knowledge, that such conditions can
be given without adding any homeostatic mechanism and without any inhibitory neurons. With
the latter, our model becomes ready to use, being aware of the criticizes that we present in the
Discussion, see Section 3.6. In the following, we propose another method to test the conditions
given in Proposition 3.24 using the Laplace transform of the invariant measure of the fast process
-

3.4.2 Condition using the Laplace transform

We begin with two notations.

Notation 3.32. We denote by (Cﬂy the elements of CV with positive real part. We denote by L{p}
the Laplace transform of the measure p on Ri\_f . It is defined by:

WA= (LA e e Ll = [ e plds),

+
where A - s = SN | ARgk,

Remark 3.33. Although the general definition of the Laplace transform lies on A\ € CY, in the
following, we only use \ € R_]X.

Notation 3.34. We denote by v;, the marginal in v of the distribution m,,

def

vy = mu({v},RY).

In Proposition 3.39, we give a way to compute vy, and we show that v, > 0 for all v, w.

Vw € Ey, Vv € {0,1},

Moreover, we denote by T, the law of m,, conditionally to v

def. Tw({v},ds)

v
Vw

Yw € Fy, Vv € {0,1}V, o (ds)

Under Assumption 3.30, we can easily simplify the expressions of 7“;; and 7;; using the Laplace
transforms of 7},. Using (3.24) and (3.25), one has

250 Yai(v, w / p(s?, w )l nl (ds)
RY

Sj ..
= S Sowau(v,w) [ Ave 7 gt (w )l (ds)

v RY
= Z(50(Ui)()éi(1},w>g+(wij)A+V:j;£{7rfu}(07 50, L ;0,-++,0), (3.35)
T.
v —
j
: . 1
) = Y2 0009 )a (0, w)g~ (W) A VELELI0, -0, 0,0,
v ~

Assumption 3.30 makes appear immediately the Laplace transform of the measures 7. In fact, it
can also be used under more general assumptions.
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Remark 3.35. More generally, under some simple assumptions, we can get explicitly the dynamics
of the weights which is a Markov process on Eo with jump rates depending on the Laplace trans-

i

form of . Suppose that for all i and w,w € Fo, there exists <I>(u~)7w) such that @;(s, W, w) =
E{q)éw,w)}(s) = ng G_A'S‘I)'(‘w’w)()\)d)\. Then, from Fubini’s theorem

Canf(w) = Y (f(@ (Z vy Bo(v))ai(v, w) ﬁ{‘bﬁw,w)}(S)ﬂi’v(S)(dSO

BEE vel i RY
= (f(@) (Z 0> do(wh)ai (v, w /N Loy VL{TL N (d )).
WEE: vel i R+

In the same spirit, suppose that for all W € N, there exist Pg and P, such that pt(,w) =
L{PEY() and p~ (- 0) = L{P; }(-), then

Zéo Yo (v, w)vy, /IR+ P$j(A)£{WZ}(O,--- ,0, )x ,
j

~(w) = Z5o(vj)04j(vaw)yg . w”( VL7, 10,0, L0, 0)dA.

A
~

All these previous special cases show that the Laplace transform of both 7, and its marginals
is a tool adapted to compute the (riﬁ;)lg##ig ~- By this way, we obtain information on the
long term behaviour of (W4);>¢ through Corollary 3.25. In the following, we give a method to
compute these Laplace transforms and in particular, we apply this method in the toy model with
two neurons.

An example with two neurons

In this paragraph, we consider a toy model with two neurons. With this very simple setting, we can
describe in details a method efficient to obtain the Laplace transforms of the four probability mea-
sures on Ri: (m4)ve{o,132- Method that we extend to the general case (N neurons) in Proposition
3.39.

The basic idea of the method is to use the definition of the invariant measure 7,

Vf e D(By), > L Buf (v, s)vymi(ds) = 0. (3.36)

ve{0,1}2
with some well-chosen functions f making appear the Laplace transforms.

In the following, for all z,y € {0, 1}, the shorter notation zy will be used instead of (z, y). Using
the previous decomposition of the measure 7, see Notation 3.34, we denote by Y the vector

of the Laplace transforms of v, m,,

VOL{RDY (M, A2)
v L{my } (A1, 0%)
vy L{m '} (A, 2%)

(A1, 2%)

viL{rdl} (AL N2

VAL A2 e RY, Tr, (AL A2) =
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Lemma 3.36. Let A = (\',\?) € R2. There exist matrices M (X), invertible for any A, My (A1)
and Ms(\2) invertible for \' > 0, A% > 0, such that

0
a2(00, w)wy L{m, H(A', 0)

M) T, () = 001 (00, )y L{x0}(0, 1) , 337)
a1(01,w)vA L{7O1}(0, A?) + a2(10, w)v 0 L{x0} (AL, 0)
0 0
1 1y 0 2 2y _ | @2(00,w)ry)
My(A) Yy, (A,0) = a1 (00, 1) and My(N)Y ., (0,\%) = 0
a1(01, w)dt (10, w)v,)

def. . ij . L s
Moreover, vy, </ ()i je{o,1} s the invariant probability measure of the Markov process (V;)¢>0
with infinitesimal generator (also called Q-matrix, see [62, Rk 5.3]),

—a2(00,w) — a1 (00, w) 6] B 0

def. a2(00, w) —a1(01,w) — 3 0 g

Q= a1 (00, w) 0 —ag(10,w) — B B
0 a1(01, w) a9 (10, w) -2

In addition, for all i,j € {0,1}, Vi £ 0.

Proof. First, we show the last point. Recall that w is fixed and so the process (V;)¢>0 is Markov.
By assumption (3.1), (V4)¢>0 is irreducible and aperiodic. Moreover, it takes values in the finite
state space {0, 1}"V. Thus, by a classical Markov chain ergodic theorem, see for example Theorem
2.1.6 in [96], it converges in law to its unique invariant measure v,,. By irreducibility of the
process, it turns out that for all 4, j € {0, 1}, vl # 0. Finally, from the definition of B,, (3.6), we
obtain the infinitesimal generator () of the Markov process (V4)¢>o.
We now show the first point. Let us use the following functions
VA= (AL A%, Vo € {0,1}%,  €l(v,s) = e NP5 ().
Evaluating the relation (3.36) in f = ef’\, we obtain that
Vo € {0,1}2, > /  Buel (v, vy, (ds) = 0. (3.38)
vef{o,132 /BT
We then compute By,€8 (v, s) for all 9. For & = (0, 0), we obtain
Bwe((0,0), s) = ( — 1(00, w) — a2(00,w) — (AL + AQ))e_’\l At
1.1 y2.2
Buwe2((0,1), 5) = Bue((1,0),5) = e & A",
B,ed((1,1),s) = 0.
Hence, with equation (3.38) we get

Z /R+2 B0 (v, s)voml (ds) = 0

ve{0,1}2
=4

(= @1(00,w) = @2(00,w) — (A + X2) )wP L) + BB L{m0HO) + BriL{mi’}(A) = 0.
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After computations for all o € {0, 1}2, we get equation (3.37) with

a2(00, w) + a1 (00, w) -8 - 0
_ 0 a1(01, U)) + 5 0 —B
M) = 0 0 ws(10,w)+ 5 —p | T T
0 0 0 28

We obtain the matrices M; and M, evaluating equation (3.37) on A = (A!,0) and A = (0, A?) and
using the fact that for all v € {0,1}2, £{z?}(0,0) = 1:

a2(00,w) + a1(00,w) -8 - 0
- —az(00,w) a1 (01, w) + 0 -8
Mi(X) = 0 0 ox(10,w)+ 5 —B | T i
0 0 —ag(10,w) 28
and
a2(00,w) + a1(00,w) -8 - 0
B 0 a1(01,w) + 0 —p
Mp(X) = —a1(00, w) 0 az(10,w) + 8 —p + XL
0 —a1(01, w) 0 2

Finally, from assumption (3.1), for all A, A2 € R*, M () is an upper triangular matrix with
strictly positive diagonal elements and for A! > 0, A\? > 0, the matrices M7 (A1) and M>(\o) are
strictly diagonally dominant matrices. Thereby, these three matrices are invertible. In A = (0, 0)
we have Y (0,0) = vy. O

Remark 3.37. We note that using equation (3.37), we can obtain the Laplace transform of
from the knowledge of Y, (\',0) and Y, (0, \?). We use this idea in the proof of Proposition
3.39.

Under Assumption 3.30 (p* and p~ are exponential), this lemma enables us to compute for i, j #
i € {1,2}, r;; and r;; following these steps. First, we find the kernel of @ which gives us
the vector v,. Then, we compute the inverse of the matrices Mi(A!) and Mo()\?) to obtain the
vectors Y, (0,A?) and Y, (A}, 0). We finally deduce the 7’;5 from equation (3.35),

1 1
rh(w) = A, [almo?w)uﬁﬁﬁ{w%} (o, H) + an (0L, W) £{x%) <o, +)}

1
le(w) =A, [aQ(OO,w)T}rw <7_+,0 +a2(10,w)T§rw < ,0 ]

1
rop (W) = IL[ZJFOO[(wzl)A_ [al(OO,w)T,lrw (O, 7_) + al(Ol,w)Tiw (0, T)] )

From the (r?j)id#e (1,2} and applying Corollary 3.25, we can determine the long time behaviour
of the process (W});>o in function of the parameters. We used these computations for numerical
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applications in Section 3.5.1. Moreover, under Assumption 3.9, the (7"5)1‘7]‘7&1‘6{1’2} are exactly the
jumping rates of (W;)>0, see Remark 3.20.

A last application of this lemma is to obtain explicitly 7,,. After inverting the matrix M (\),we
obtain the Laplace transform of m,. Unfortunately, inverting it gives too long formulas to be
shown here. We give more details on the form of 7, in Appendix A.3.

General results on the Laplace transform of the invariant measure (fast process)

We perform similar computations as in Lemma 3.36 but now with a general N: forall A € RY, we

compute the matrices M (N)()\) and (1, l(N) (AY))1<i1<n- The linear systems obtained are however
more complicated in this generalisation. Therefore, we need to introduce some new notations.

First, let (vq, - -+ , von ) be an enumeration of {0, 1}V such that
N . N .
k>l = > vp =) 0 (3.39)
i=1 i=1

We will see that such an enumeration makes the matrix /() (M) upper triangular. As an example,

this property is satisfied in the case N = 2, see the proof of Lemma 3.36. Then, for all A € RY,

we define || ael Zf\il P

Notation 3.38. For all \ € Ri\_f, for any sequence ly, la, --- ,lg € [1,N], d < N, we define
Ay iy € RJX such that

Vie {li, gy, M., =0 and Yie[LNJ\{l,--- g}, N .., =
Finally, we denote by

 def.
>\l :f A1,---,[—1,[—}-1,-”,]\7 = (07 T 707 )\l70) T 70)

Following Lemma 3.36 in two dimension, we obtain the following one.

Proposition 3.39. For all A € RY, the Laplace transform Y, ()\) is a linear combination of the
finite family (ﬁ{ﬂ'fu"' }()\l)) 1<k<aN -
1<I<N

Morover, the elements of this family satisfy
VI<I<N, T ) =MY0"e,
where the matrices M, Z(N) and the vectors © are defined as follows: forall 1 < j,k < 2N,

( Mljk’(N)()\l) — 5O(U]€:)al(vk,w)(5vj (vk + ) vk <j

ME (1) (EiNz1 51 (vi)B + 60(v§)ai(vj,w)> + X\

Mljk’(N)(Al) = — N 51(v}) B, (vk — €;) k>
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andforalll < j < N

= bo(vh) vk, w)du, (v + er)vik

Moreover; vy, ef (v )ije{o,1} is the invariant probability measure of the Markov process (Vi)i>0
with infinitesimal generator

N
= Z 5 (v,i)ﬁévj (vg — ;) + 0o (vh) vi (v, w)dy; (v +e;) and QY = — Z Q. (3.40)
i—1 ki
In addition, for all 1 < k < 2V, u% #£ 0.

Proof. We prove the first assertion showing that for all l1,ls, -+ ,ly € [1,N],d < N —1,v €
{0,1}V, E{?TZ)}(X[L... 1,) is a linear combination of (c{wgg}@l,.

- »ld:ld+1) 1<i<2N
) L1 €IL2N Iy, g}
We conclude the first point by recurrence. We then show how to compute the elements of the

family (L{%}(\)) 1<keal - Finally, we find the matrix @ satisfying (3.40).
<i<

By definition of m,,, we have

2N
Vf € D(By), TwBuw [ = Z/ Bu f (v, 8)vyf Ty (ds) = 0, (3.41)
=1 /RY

where (B, D(B,)) is the generator of the process (V, S¢, Wi = w)>0, see (3.6). Let us take
f(v,s) = e **g(v) which gives

By f(v,s) Z&O i (v, w) { _)"(S_siei)g(v +e;) — 6_)"89(”)}
+ Z 81 (01)Ble (v — €1) — g v)]

Z)\z —)\s

\‘,_/
Al

Hence, by equation (3.41) we obtain that

2NN

By f = ZZég(Ué)ai(vk,w)g(vk + ei)/ e N8t kv ()
k=1 i=1 RY
vk LT Y ()
2N
+30 [ e [(Z 81(v1)Blg(vr — ) — glwn)] —5o<vz>a@-<vk,w>g<vk>>
=1 /RY
Ukﬁ{fr )

- P\g(vk)]
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Taking g(v) = —dy,(v) in the previous equation, we find that

2
Z vk L{mok H(N) [ [A|6u; (Vi) + 251 vk [0; (Vk) — Ou; (vr — €3)] + (50(11,2)041-(%, w)dy, (Vg

de:f'MjkxN)(,\)

2N N
ZZ (v, )80 (0B, (v + )V L{m T (N)
k=1 i=1

ENELEY
(3.42)
Thus, denoting by M) = (Mf7k:(N ))1<j p<an and A = (AJ )1<J<2N, we have
VAERY, M™Y., (N =AN). (3.43)

In particular, we note that

Mjkv(N)()\> =0 Vk < j
M) = (S, 61()8 + dolwas v, ) + N

MIENI(N) = = 3N, 61 (v)) B0y, (v — €:) vk > j.

Hence, thanks to the enumeration property (3.39), M(N) is upper triangular with strictly positive
terms on the diagonal, it is thus invertible.

Now, take a sequence [y, la, -+ ,lg € [1, N],d < N — 1. We have from equation (3.43)

M(N) (Xh,"- Jd)TWw (Xh,"- ,ld) = A(}\‘llw Jd)'

Using equation (3.42), we get

2N

AJ‘(XZI,...,m:Z[ ST So(vh)ai(vr, w)dy, (v + eV LITE Ny o 14.0)

k=1 “ie[1,N)\{l1, ,la}

Z. o 3.44
+ ) do(vi)ai(vr, w)dy, (v + es) viF L{mek YNy 1) G4
ie{ly,la}

M

Hence, we can decompose A (A, ... ;,) as follows:

Ay 1) = Mgy gV +M( ) Tww(kzl, la)s

) )

where Ay, .. ;,()\) depends on X only through (£{w%} (N, ... vldvi))z’e[[l,N]]\{ll,m Iy} a<k<an- Note
that thanks to the enumeration property (3.39) of the set {0, 1}?¥ and the Dirac measures Ou; (Vg +
e;), we have that M l/lj I?’.(]l\;) =0forall k > j.
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Thus, we obtain that

~ v ~
MMRy, ) — Ml’fv“{ld} Yo Ny ty) = Ay 1, (V).

Eventually, we show that M (N) (th... 1) — /( ) ‘l is invertible for all . Denoting by K =
{l1,--- ,1q}, we have for all k,

SR ) = MR

l1,+,lg
ik
k,(
= M 3 IR ()
J>k i<k
= (Z 80 (v})cvi (v, w) 8o, (v + €3) + > 61(0}) 880, (vg — ei))
j#k i€k i=1

N
< ;Z (G0 (V) evs (v, ), (v + €3) + 1 (0}) BBy, (v — €1))

= 250 (k)i (vg, w) + 81 (v}) B = MMy, 1) = [y 4l

< |Mkk’(N)(>\l1,~-.,zd) — MR

i, sla

~~

>0 =0

Hence, for all |Xh,... 1,0 >0, M®) (th... 1g) — MZ,I(,ZY-),ld is invertible as a strictly dominant di-
agonal matrix. Using the fact that for all v € {0, 1}V, £{7Y}(0,---,0) = 1, we conclude by
recurrence that there is a unique way to express each £{7%}(\), v € {0,1}", as a linear com-
bination of the terms of the family (E{wjj}v}(;\l)) It ends the proof of the first

’ 1<I<N,1<k<2N*
point.

Then, the second point is obtained by evaluating equation (3.43) in 5\1. For all 2V > k > 7 >0,
Mljk’(N)()\l) = Mjk’(N)(j\l). Forall 0 < k < j < 2V, Mljk’(N)()\l) corresponds to the second
term of the right hand side of equation (3.44) where we replace ¢ by . Thus,

ML) = 6o (vh )y (g, )8y, (Vg + 1) Yk < j

Mljj’(N)()\l) = MIFIN) () = (Ei\i 1(v )B + dp(v )al(vjﬂ )) + Al

jk,(N ; N ; .
MPFO Y = MIEN () = = 5N |61 (v]) 86, (v — €) Vk > j.
Then, ©; is obtained from the first term of the right hand side of equation (3.44) by replacing ¢ by
l. As previously, for all I, M Z(N) is invertible as a strictly dominant diagonal matrix.

We finally show the last point. The dynamics of the process (V;):>o does not depend on (.St )¢>0.
Moreover, thanks to assumption (3.1), (V;):>o is irreducible and aperiodic on the finite state space
{0,1}¥ so it converges in law to its unique invariant measure v, aef: (VaF)1<gp<an € (0, 1)2"

For j,k in {1,---,2V}, by evaluating the relation (3.6) in v = wv;, with the specific function
f(;8) = 6y, (+), we obtain that for all k& # j,

B f(vk, s Z 81(v},) By, (vk — i) + do(vh)cti(ve, w)6y, (Vg + €;) = Q7F,
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and for k = j,
Buf(vj,8) =Y —61(v})B — 8o(v])exi (v, w) = Q.

O]

Remark 3.40. As seen in Lemma 3.36, the Vfuk can be found by computing the null space of the
transition matrix of the process (Vz)¢>o alone.

Remark 3.41. Adding inhibitory neurons modelled as in Remark 3.18 will not fundamentally
change the previous results. Indeed, with such a model, the dynamics of the weights of inhibitory
neurons is the exact opposite to the excitatory ones, and as they live on Z~ instead of 7", both
dynamics are equivalent: they will diverge or be positive recurrent under the same conditions.
However, the parameter range for which the chain is positive recurrent should be larger thanks to
the inhibition that reduces the spiking rates.

3.5 Simulations

As shown in Proposition 3.39, we can find the Laplace transform of 7, the invariant measure of
the fast process. However, inverting it analytically for a network of N neurons, with a large N,
requires heavy computations: we have to deal with square matrices of size 2"V. Hence, we apply
our results in a network of 2 neurons and then simulate a bigger network.

3.5.1 Application of our results

First, we give the main assumptions of this subsection on the functions p™, p~ and «; as well as
some biologically coherent parameters. Then, we apply our results to a network of two neurons.

Biologically coherent parameters:

We suppose that Assumption 3.30 holds with gt = g~ = 1. Then, there exists A, A_ € [0,1]
and 7_, 74 € R such that

s

W(s,h) € RY x N*,  pt(s,i) = Ave 7 and p (3,0) = Ae 7 Ip oo((td).

Here, we also assume that for all ¢, «; is a sigmoid function « of the synaptic current onto the
neuron i and with parameters o € R, § € R: for all (v,w) € {0,1}" x By,

apr — Oy

T gm0 O

ai(v,w) =« Z w oy where for all z € RY,  a(z)
J

The network is fully described by parameters: ¢, Ay, A_,7_,74,0,0, 3, an, and aps. The time
of influence of a spike is of the order of 10 milliseconds whereas the time of a spike is of the
order of 1 millisecond (~ means of the order of), so we take $~0.1 ms~!. The firing rates of
the neurons are bounded by a,,~0.01 ms~! and apr~1 ms~t. The form of the sigmoid is given
by o determining the slope and 6 giving the antecedent of W, see Figure 3.2b. Then, the
plasticity parameters are in the following range: 7, ,_ € [1,50], A, ,_ € [0,1], see Figure 3.2a
for an example. Finally, the scaling parameter € ~ 0.01 because experimentally, the STDP curve
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1.00
075}
< 2
:
£ £0.50
S N
S <
025+
. . . . . " 0.00 & . . . . .
0 10 20 30 40 50 0 10 20 30 40 50
time (ms) synaptic current (x)
(a) (b)
Figure 3.2: (3.2a): Functions p*(-,w) and p (-,w) with parameters

A;=0.8, A_=04, 7_=27,=34 ms. (3.2b):  Sigmoid function o with parameters
o =0.01 ms™!, apr =1ms™, 0 =0.3,0 = 20.

used here is obtained after around one hundred repetitions of spike pair, see Figure 1.5¢ for an
approximation (STDP curve) of the experimental results obtained in [17].

An example with two neurons

We consider here the case N = 2. We assume that Assumption 3.9 holds. The functions ¢; are
then given by (3.12) in the proof of Proposition 3.11. In this case, for all 7,j # i € {1,2}, TZ;
(resp. r;;) is the jump rate of w*’ to w" +1 (resp. w" — 1). These jumps are the only one possible
for the process (W¢):>0, see Remark 3.20. We compute the jumping rates as detailed just after
Lemma 3.36.

We first show the validity of our timescale separation by comparing in Figure 3.3a the weight
distributions obtained with a Monte Carlo method on

1. the trajectories of the process (V,F, S¢, W )0,

2. the trajectories of the process (W );>0 (simulated using the rates obtained from the Laplace
transform of 7).

We observe quite a good match for simulations of 10* trajectories (NMC = 10%), see Figure
3.3b.

We next study the divergence or not of the process. To do so, we find two sets of parameters:
one set of parameters for which theoretically, from Proposition 3.24, the weight chain should be
positive recurrent, and another one for which the chain should be transient. We describe these two
sets of parameters now. Figures 3.4 and 3.5 are presented as two columns. The parameters for
both columns are identical except that A = 0.3 for the first column and A = 0.2 for the second
column. The other parameters are:

am = 0.01ms ™, B=0.5ms™ !, ap =1ms !, A_ =0.6,
7 =34ms, 7 = 1Tms, 0 = 0.3, § =20 and € = 0.01. (3.45)

We plot the functions p* and p~ in Figure 3.4. In order to study the divergence or not of the
process, we plot the difference TB — 719, see Figures (3.5a) and (3.5b). We surprisingly find that
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— NMC = 1000, ¢ =0.01
— NMC = 5000, € =0.01

— NMC = 10000, ¢ = 0.01
— Laplace ~0.15

0.100 —— Particle :q
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Figure 3.3: (3.3a) In blue: distribution of the process (Wt)tzo at time ¢ = 3s obtained from 10*
trajectories simulated using the the Laplace transform. In red: distribution of the process (Wy):>0
at time ¢ = 3s obtained from 10* trajectories of the process (V;5, S5, W¢)¢>0. (3.3b) Distance in
norm L; between the two distributions through time. Parameters are the same as Figure 3.2 with
B=oay=1mst, am, =0.05ms and e = 0.01.
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Figure 3.4: (3.4a), (3.4b): plots of the functions p™ (-,w) and p~ (-, w > 1). Parameters are given
in (3.45) plus on the left, A, = 0.3 and on the right, A, = 0.2.

for some set of parameters, p~ has to be “significantly” above p™ for the process (W});>0 to be
positive recurrent, see Figure 3.4. Moreover, in the case of transience, the more probable way of
weight divergence is when its symmetric weight is small enough. For example, if both weights
are large enough, they both decrease until the moment their trajectories separate: one continues its
descent and the other starts to increase. We illustrate this phenomenon on Figure 3.5g.

According to the simulations, we find a good agreement between the long time behaviour (positive
recurrence or transience) predicted by our criterion given by Proposition 3.24. Indeed, Figure
3.5 shows the agreement between the theory (using the Laplace transform) and the initial neural
network. In Figures (3.5a) and (3.5b), the heatmaps give the areas where the process is called
back to 0 (negative areas) and the one where it diverges (positive areas). We observe that the
maximal values of the function w + (RT(w) — R~ (w)) - w are obtained for w = (1,w'?) and
w = (w?',1). Therefore, we plotted the function w?' — (RT(1,w?') — R~ (1,w?")) - (1,w?!)
for both set of parameters in Figures 3.5¢ and 3.5d. We deduce from Proposition 3.24 that the
process should be positive recurrent (resp. transient) for the set of parameters corresponding to
the right (resp. left) figures. This is effectively the case when we simulate the trajectories of the
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Figure 3.5: Parameters are given in (3.45) plus on the left, A, = 0.3 and on the right, Ay = 0.2.
(3.5a), (3.5b): heatmaps of the function w = (w'%, w?') — w'2(rf;(w)—r(w))+w?! (ry; (w)—
79 (w)). (3.5¢), (3.5d): plots of the function w?! — (RT(1,w?) — R~ (1,w?))- (1, w?!). (3.5¢),
(3.5f): typical trajectories of (W );>o for (WO12,57 02178) = (100,0). (3.5g), (3.5h): typical
trajectory of (W§)¢so for (Wy>°, Wah®) = (100, 100).

process (V7, S5, W¢)i>o with these two different sets of parameters, see Figures (3.5¢) to (3.5h).

3.5.2 Beyond our results

In the previous subsection, we used a method, based on the Laplace transform, to check positive
recurrence or transience for a network with 2 neurons. Here, we wonder whether the parameters
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implying positive recurrence for a network with 2 neurons would imply positive recurrence for a
network with more neurons. We tested with 100 neurons and realized that the network seems to
prevent the weight escape when the number of neuron increases. If it is the case, it would mean
that the computations in order to ensure positive recurrence could be done on a simple 2 neuron
network, which is really an easy task.

We use the previous parameters (3.45) plus different values of A, in order to see whether the
weights diverge or not in a network of N equals 100 neurons. We note that contrary to Figure
3.5, for AL = 0.3 the mean of the weights stays bounded and converges to a value near 0.8, see
Figure 3.6a. In order to test divergence, we tried different initial weight matrices. The time to
reach the limit value is the longest in the case where there is one line of big weights and the others
are in state one, see Figure 3.6a. Changing only the parameter A, we observe on Figure 3.6 that
the weights seem to diverge for parameters A, > 0.6. Hence, in the case of N = 100 neurons,
divergence requires a stronger potentiation probability than in the case of N = 2 neurons. This
is counter intuitive as we would expect the weights to be more pushed by the other neurons when
the number of neurons becomes larger, thus diverging more easily.
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Figure 3.6: Mean of the weights through time. The parameters for all figures are identical except
that A, = 0.3in (3.6a), AL = 0.51in (3.6b) and A = 0.6 in (3.6¢). We stopped the simulations
after 2 106 jumps of the weights in (3.6a) and (3.6¢) and after 6 106 jumps to (3.6b). The other
parameters are: o, = 0.0lms™!, 8 = 0.hms™!, ayy = Ims™, A_ = 0.6, 7_ = 34ms,
7+ =17ms, 0 =0.3,0 = 20 and ¢ = 0.01.

Remark 3.42. We have chosen 100 neurons for plotting constraints. It is easy to simulate the
process with thousands of them.

3.6 Discussion

Results

Based on a well known neural network model, we added plasticity in order to get insight on the
combined neurons-weights dynamics. We could analyse plasticity on the slow timescale of the
weight dynamics compared to the neuron dynamics, thus providing a simplified model. The latter
gives the weight dynamics under the stationary distribution of the fast process and is a continuous
time Markov jump process on the infinite state space of weights with non homogeneous in space
jump rates. Such processes are hard to deal with and current results are given in [96]. Moreover,
even if we proved the existence and uniqueness of the invariant measure of the fast process, we
were not able to express it explicitly. Nevertheless, we managed to study the long time behaviour
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of the limit dynamics of the weights. First, we give a general condition on positive recurrence and
transience of the limit chain. This condition is obtained by comparing (using a coupling method)
the fast process to simpler processes using the bounds on the neuron jump rates. Second, we
overcome the difficulty of the unknown invariant measure using its Laplace transform instead.
Indeed, we give a method to compute it and more importantly, we give a simple way to use it in
order to determine the jump rates of the limit dynamics of the weights. We used this method in
an example with 2 neurons which works pretty well even for not too big difference of timescale
between the neural network and the weights (¢ = 0.01). The problem is nevertheless quickly
harder when the number of neurons becomes larger. Indeed, the computations of the Laplace
transform consists in inverting a 2V square matrix for a given weight matrix and as soon as the
latter change, we need to invert a new 2V square matrix again. Such computations risk to become
too heavy to be finished in reasonable time delays. A hope would be that the study in the N = 2
neurons case be sufficient for larger V. That seems the case according to our simulations, but we
did not prove it yet. Thus, our study gives more insights in dealing with the long time behaviour
of the weights in STDP models, especially in recurrent excitatory neural networks.

Limitations of our model and future work

We are aware that the individual neuron model considered in this work is far from the biologi-
cal reality. It is simple in order to perform a rigorous and mathematical study of the plasticity.
Some questions raise when we try to understand it from a biological point of view. For instance,
what does 3 represent? In our model, 3 is linked to two things: the time over which one neuron
influences the others and, because the neuron cannot spike while being in state 1, % is the mean
duration of a spike. Thus, we should add another variable in order to take into account these two
phenomena separately. Moreover, the binary model of the neurons’ potential is a drastic simpli-
fication. Indeed, neurons are usually described through their membrane potential. Replacing the
binary potentials by continuous ones would make the mathematical analysis harder. In particular,
the study of the invariant measure (if it exists and is unique) of the fast process is complex. Fi-
nally, testing (with simulations) whether the network can reproduce some well known biological
phenomena has not been done in this chapter. For example, the learning capacity of the network,
the dependence on the postsynaptic potential of plasticity, the presence of bidirectional and unidi-
rectional connectivity could be tested at least numerically.

Conclusion

We propose a new view on STDP models. In contrast with usual tiny deterministic weight jumps,
in our model, the weights have some weak probability to make a “big” jump. Thus, instead of
being continuous, our weights are discrete. Associated to the time since the last spikes and the
neural network state, we get a Markov process. We simplified it thanks to a separation of timescale
and found simple conditions of positive recurrence. This work opens up a new framework to study
plasticity which we hope will give rise to more mathematical results on plasticity in the future.






Chapter 4

Mean Field Analysis of the Stochastic STDP

model

Abstract

The large number of elements (ionic channels, synapses, neurons, etc.) makes any attempt to
obtain an exact model of the brain or even parts of it doomed to failure. Here, using a mean-field
approach on a neural network model with plastic interaction, we take into account the large number
of neurons in each cortical zone to propose a local simplification of the activity of a typical neuron.
We study a well known phenomenon called Spike-Timing-Dependent Plasticity (STDP) which is
implemented within a probabilistic Wilson-Cowan neural network model. The neural network is
then described by N triplets composed of the neuron potential, the time since its last spike and its
N incoming synaptic weights. Based on this initial description, we describe the neural network
with new variables that ease performing a mean field approximation. In the asymptotic of a large
neuron number, the fypical neuron is described by a stochastic process with three components:
the first two ones are the same as in the initial description and the last one is the probability
distribution of the state of the presynaptic neurons (triplet detailed just above) replacing the N
weights by the weight incoming onto the postsynaptic neuron concerned. Therefore, we conjecture
the limit system which is still quite complex. To the best of our knowledge, this is the first time
that a mean field analysis is performed on a plastic neural network model with STDP.

105
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4.1 Introduction

During the last few decades, synaptic plasticity has been widely studied and its interplay with
neural networks is still full of mysteries with many fascinating questions on the network structure
formation, its stability and its function, see [100, 106, 24]. On the modelling point of view, one
of the most studied phenomena of plasticity is the so-called Spike-Timing-Dependent Plasticity
(STDP), see Section 1.1.2. The implementation of STDP in a neural network model has already
been done in many previous studies, see for example [94, 95, 59, 107]. However, rigorous math-
ematical analysis of such complex interaction has not yet been done. One natural mathematical
method to use is the well known mean field approximation which has already been used to analyse
some interacting neural networks without plasticity, see for instance [35, 39, 44, 40, 30]. In this
chapter, we present the mean field limit of a probabilistic Wilson-Cowan neural network model in
which neurons interact through a stochastic STDP rule.

The first difficulty is to find what is the neural network description suitable for such a mean field
analysis. In recent studies, a short term memory model has been analysed with a mean field method
in [53]. In their model, the neural interaction is homogeneous which is not the case in our model.
This is the main reason of the study difficulty: the heterogeneity of the interaction combined with
their dynamics. Indeed, usually McKean-Vlasov limit equations are naturally derived in networks
where the interaction is assumed to be homogeneous, see [123]. However, when it is not the case,
the first difficulty is to determine this limit. The second difficulty is to study this limit and the
third one is to show the convergence to this limit. In this work, we do not deal with these two
difficulties and focus only on the first one by assuming the convergence in order to conjecture the
limit dynamics that matches with our analytical computations. We perform numerical simulations
to illustrate our results.

This chapter is organised as follows. In Section 4.2, we first present the microscopic model (initial
neural network description) before presenting the first hints on the macroscopic model. In particu-
lar, we introduce new variables describing the neural network from which we perform a mean field
analysis in Section 4.3. Hence, the latter is devoted to the derivation of the limit equation from
the analysis of the empirical measure of the new neural network description. In the first part, we
study the simpler case of interaction without plasticity before adding the plasticity rule in a second
part. Thereby, a McKean-Vlasov equation is conjectured on a typical neuron which is composed
of: the neuron state, the time from its last spike and the distribution of the triplets composed of
the presynaptic neuron states, their time since their last spike and their synaptic weights onto the
typical neuron. We finally perform numerical simulations on these last equations in Section 4.4.

4.2 Presentation of the model

The model is a special case of the one studied in Chapter 3. The main restriction here is the
special form of the spiking rate: in this chapter, we assume that o, (V,N, WN) = a(I} V) where
L NV % > j WV} is the global incoming synaptic current. We start with a presentation of the
microscopic model involving Poisson measures (see Definition A.5 in the appendix). Then, we

introduce the corresponding macroscopic model.
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4.2. Presentation of the model

4.2.1 The microscopic model

We recall the main features of the model. We study a network of N binary neurons, Vf’N €
{0,1}, all-to-all connected. The interactions are characterized by the synaptic weights matrix
wh e zZN *. Note that we no more assume in this chapter that the diagonal elements Wy W
are null. In particular, we assume that the dynamics of the diagonal elements is similar to the
one of W,” N for i # j. This last assumption simplifies the mean field analysis. In any case,
the macroscopic behaviour of the network is not affected by the choice of one weight when the
number N of presynaptic neurons tends to infinity. The weight %Wt” N represents the effect on
the neuron ¢ of a spike emitted by the neuron j at time ¢. At time ¢, we denote SZ’N € RT the
time spent since the last spike of the neuron 7. The process we are interested in is a Piecewise
Deterministic Markov Process (PDMP). The deterministic part between the jumps is very simple,
the variables (St’N)1<l< ~ increase linearly with time: d,S = dt. The jump of the neuron ¢
from O to 1 is called a spike of the neuron 7 and occurs at rate a(IZ ’N) where

, 1 g ‘
N =Y WwiN N (4.1)

and « : R — [ay,, apy] is a strictly positive and bounded function. At the time ¢ of a spike of
. Gi,N . .
neuron ¢, S, is reset to 0 and the weights jump as follows:
. Wti] — WY 41 with probability p+(Sf_ : Wﬁ),

o W/ — W/’ — 1 with probability p~ (S, W/"),
where p™ and p~ are functions from R™ x Z to [0, 1]. Finally, the potentials Vf’N of the neurons
jump from 1 to 0 at constant rate 3 > 0; at these jumping times, neither the synaptic weights nor

the times SZ’N are modified. We also call this jump: return to the resting potential. Without loss
of generality and as in Chapter 3, we assume that 0 < a,, < 5 < apr < 00.

In order to represent the jumps of the dynamics, we introduce (¢*(du, dz, df));—1 ... v a family of
N independent Poisson measures on R% x [0, 1]*V with intensity dudzdf where

a6 < H doy H do.
k=1

Thus, this model can be written in the following form: for any 4, j € [1, N],

t
yiN =yl // 1 . -1 “du, dz, dO
t o+ o {zga(]u‘iv)]l{vf’_]\f:o}} {ZSB]I{@_N:U}C( u,dz,df)

t
A / / SoN ; “(du, dz, df
t 0 o Jeoo u {zga(lu*i\’)ﬂ{viﬁv:o}}c ( )
u 4.2)

Wi = Wit 4 // {9+<p+ sI, ”N)} {z<a(ﬂN) i,Nzo}}Ci(du’dz’de)

/o/E(N) {GZSp*( o ’LJN)} {Z<a(I]N) VJN—O}}C (du, dz,db),
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where we use the notation EY) &' R+ x [0, 1]

We can now detail the probability space we use thereafter. We denote YN = (Ytl’N, ceey YtN’N)
such that for all i, Y, = (VN S0 (W) <j<n). In the following, we consider the prob-
ability space (€2, F,P) equipped with the filtration

Y oy, ¢ (0. ar] x AN, ¢ ([0,an] x AN 1 ¥ia; € [0,1], AT € An)
where Ay = B(EWM).
We end the description of the microscopic model by giving the assumptions on the initial condi-

tions.

Assumption 4.1. The rriplets (Vg ™, Sy, (W™ )1<j<n), -~ (VON’N LSVN (WNENY )
are i.i.d. at time t = 0 with law ’€0 Moreover; the law pg ofS is absolutely continuous with
respect to the Lebesgue measure \. The density is assumed to be bounded.

Under this assumption, the neural network possesses two important properties that are extensively
used throughout this chapter. First, the times from the last spike are almost surely distinct.

Lemma 4.2. Grant Assumption 4.1. Consider the process YN solution of (4.2). Then, for any
t > 0and foralli # j € [1, N], we have almost surely S;’ N S]’N

Proof. By assumption, for all 7, the law of Sé’N admits a density and hence, the (Sé’N)OSiS N are
almost surely distinct. Between the jumps of (V;"")g<i<y from 0 to 1, we have d(Si"Y — 57"V)
0. Finally, the probability that two different neurons spike at the same time is zero.

Ol

Second, their laws stay absolutely continuous with respect to the Lebesgue measure.

Lemma 4.3. We denote || pol|oo the upper bound of py and we assume that Assumption 4.1 holds.
Then, for any t > 0, the law p; of S}’ N also admits a density. In particular, for any A € B(R™),

pe(A) < (an + llpolloc) A(A).

Proof. We have forall A € B(RT),t > 0,
P(SPN € A) = PSP e An[0,t]) + P(SIY € An[t, 4o0]).
First, denoting A — ¢ = {x € R™,z + ¢ € A}, one has
{SZ’N c AN, +oo[} c {ngN A t} .
Thus,
P (i e ANt +ool) PS5V € A=t) < llpollA(A — £) = pollocA(A).

Second, the event {SZ’N € AnJo, t[} means that the last spike of the neuron ¢ occurred at a time

in t — A. The probability of this event is less than the probability that there is at least one spike of
the neuron 7 in ¢ — A. So, one has,

P(S"N € AN[0,t)) <E [1 — exp (—/t LpyiN_g@ a(Ih N)du>:| <E [/tA a([Z'LvN)du}
< apAt— A) = ayA(A).
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We end this section with notations used for the jumping times and for the probability measure
spaces.

Notation 4.4. We denote by

T={NT, -} (4.3)
the sequence of the jumping times of (,uiv )t>0. They correspond to the instants at which one of the
Vf’N changes (from 0 to 1 or from 1 to 0).

We denote by
T=A{n,m,---}CT 4.4)

the sequence of the spiking times, that is the instants at which one of the Vf’N Jjumps from QO to 1.

Notation 4.5. Let (G, G) be a measurable space. We denote by P(G) the set of probability mea-
sures on this space. We equip this space with the total variation distance:

def.
Vv € P(G),  drv(u,w) " sup{|u(A) — v(A)], A< gG).
We denote by B(P(G)) the collection of Borel sets of the metric space (P(G), drv ).

Moreover, we call “set of empirical measures of the order N on (G, G)” the set of atomic proba-
bility measures on G with N distinct atoms of weight % We denote by Py (QG) this set.

4.2.2 Towards the macroscopic model

In the following, with a slight abuse of notation, we also call neuron the process describing the
neuron. Starting from the microscopic model, we wish to describe the macroscopic model ob-
tained when the number of neurons tends to infinity. To do so, we are going to identify the
neurons th’N, e 7XtN N allowing us to obtain effectively the limit dynamics. The neuron ¢,
XZ N includes at least the potential of the neuron V}/’N We wish that the family of neurons
th’N, R XtN7N has the following property: X;¥ = (XZ’N)lgigN is a Markov process. This re-
quires that the incoming synaptic current I, “N on the neuron 4, defined by (4.1), can be computed
easily from the state of the neuron ¢. Moreover, the descnptlon of the dynamics of I requires
the knowledge of the distribution of the couples (V] ’ St’N)lg j<N- Thus, for each neuron ¢, we

consider the empirical distribution ft of the triplets (Vt] N, Sg ’N, th J ’N)lg j<N-

Definition 4.6. The empirical measure

) def. 1
VZZI,"',Ng ZN ef Z(SVJNSJN Z]N)

is a random variable on the space of probability measures on

def

En {0,1} x Rt x Z. 4.5)

In particular, with Notation 4.5, we have that for all w € , {t’ (w) € Pn(Em).

Defining the function I : P(E,,) — R by

def

VE € P(Ey), 1) 2 EWV)= / wv &(dv, ds, dw), (4.6)

we note that the knowledge of f,f’N is enough to obtain the incoming synaptic current IZ’N =

™).
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Remark 4.7. We want to emphasize the following point: the knowledge of (ft )1§j§ N is suffi-
cient to evaluate the spiking rates of the neurons. However, the measures (ft )15 j<N are empir-
ical distributions and do not contain the labels of the presynaptic neurons. Precisely, as soon as
one neuron, say neuron i, has a jump of V,! 0N \ve have to propagate this jump (and its potential
consequences, such that a reset of SZO’N and changes in the synaptic weights) to every (ft’ ). For
any j, we know that one atom of Q’N corresponds to the neuron iy but we have to find it. Thanks
to Lemma 4.2, we recognize this atom with the value SEO’N.

Therefore, we can now give the new description of the neural network.

Definition 4.8. The neurons are described by the following triplets

V’L = 17 ’N’ XZ’?N d;f (‘/;Z’N,S?N, Z,N)

We show in Proposition 4.12 that X}V "= ael: (th’N, ey XtN’N) is a Markov process.
Remark 4.9. By Assumption 4.1, the measures f(l)’N, S (]]V N have the same law. Also, this

assumption added to the fact that the variables V:’N, S W” N have for all 1,7, the same
dynamics, implies that for all 1 and t > 0, the f;’N are equal in law. We conclude this remark
with the crucial following point: using Assumption 4.1, we deduce that the law of X}V is ex-

changeable (or symmetric), which means that for any permutation o of {1,--- N}, X[ =
(Xta(l)’N, e ’Xf(N)’N) has the same law as X}.

Under Assumption 4.1, we obtain Xé N Xév N from NN independent draws of the #d law. We
already have the dynamics of (W’N)lgig ~ and (SZ’N>1§Z‘§ ~. In order to describe the dynamics
of the neural network composed of th ’N, e ,XtN N the only dynamics left is the one of the
(V) <icn: foralli =1,--- | N,

ol 2

(V,5,W Esupp(§Z N)

1,6 cing|0 - B S
( {S:Suiv}[ (1707W+]1{9;r5p+(s:;§,w>}— {0, <p=(si2 W>}) (O’S’W)]
+2_ 1 — 8 5| |1 ; (du, dz, df
; {S=5"1y { +1{9;"§p+(5i’iv,W)}) (V,S,W)D {ZSQ(IM{V) _0}}C u, dz, df)
+Z]l{5 572y [ (Low-1,__ _ )_6(07§7W)}]l{z§a(1£’iv> o 0}}CJ (du, dz, df)

i {0, <p= ()W)}

+ Z ]l{s':si’iv} [5(0,§,W) — (5(17517[5/)} ]l{zgﬁll }Cj(du, dz, d@)}.

vl =1y

As explalned in Remark 4.7, as soon as one neuron spikes, say neuron ¢, we recognize it in the
other ft’ with the value of S

4.3 Study of the empirical measure and its limit

Now that we have defined the new variables describing the neural network, we analyse its asymp-
totic dynamics when the number of neurons tends to infinity. To do so, we study the empirical
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4.3. Study of the empirical measure and its limit

measure associated to the new neural network description which is defined on a space that does
not depend on N. We first show that, as a time dependent variable, this probability measure is a
Markov process. Then, we give the main result of this chapter: our conjecture on the limit dynam-
ics of a typical neuron. We end by performing computations that explain why our conjecture is
reasonable, first in the case without plasticity and then with plasticity.

4.3.1 The empirical measure

Definition 4.10. The empirical measure

de 1

is a random probability measure over the space of probability measures on

E™ 10,1} x R* x P(Ep). 4.8)

Hence, for all w € Q, p¥ (w) € Py(E) C P(E).
In the following, we keep in mind the randomness of ;) and (fi’N)l <i<nN and we alleviate the
notations by referring to the outcomes w € €2 only when it helps understanding. From the defini-

tion of ()" );>0 and the ones of (§tl’N)t20, e (fiV’N)tZO, we note that they have the same joint
law on V and S,

Remark 4.11. Foralli € [1, N] andt > 0, we have by Definitions 4.6 and 4.10, for all (A, B) €
B({0,1} x RT),
iN
iV(A7 B, P(En)) = & (A, B, Z).

In what follows, we denote this property by: il (-, -, P(Ep)) = Ef’N(~, AR

Proposition 4.12. The random process (11 );>0 is a Markov process on Py (E).

Proof. The process (1} );>0 is a PDMP on Py (E) which is described below.

We first give the law of the jumping times 7' = {7}, T3, - - - } of (112" )¢>0. They correspond to the
times at which one of the V" changes (see Notation 4.4). Then, we give the flow between these
times and finally, we give the transition kernel.

Law of the components of 7" and 7

We denote by A7 : P (E) — [N, apy N] the jump rate of (143 );>0

de i
vi>0 AN S AN gy + BLgan_yy.

Note that A/ (1Y) only depends on V' and W and is constant between the jumps.

Thus, the time T} 1 — T} between two jumps is exponentially distributed with parameter A’ ( u%c ).
At time T} 1, we denote j1 the label of the neuron such that

jk+17 jk+17
Vi, #V

Tkt1
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We have
i,N , v

M ()

P (jr41 =1) =

If VIJ;:’N = 0, the time T} is a spiking time and belongs to 7.

To alleviate the notations, if a jumping time 7} 1 is a spiking time, say 7y, we simply denote by
qe the label of the spiking neuron.

Flow between jumps

Between the jumps of (¥ );>0, the flow is very simple and is given by

1
VI <t <Tgqa, M{V:NZ(S
i

iN oi,N 1 o -
Vs Sy, =Tk, § X8, STy, W)
(V,8,W)esupp(er;)

Transition kernel

For all ¢ € {T1,T>,---}, we first detail the jumps of the variables in the support of the em-
pirical measures ({f’_N)lgjg ~ and then give the jumps of (1) )¢>0. As noted in Remark 4.7,
attention is drawn to the fact that we cannot label the support of the (gg ’N)lgjg ~ with the same
labels as the support of ;Y. Therefore, we have to find a way to access the right triplets to
change when ,uiv Jumps. For instance, when the neuron ¢ jumps, we have to change all the
6(‘/;-,N7._.) by 5(17‘/;,1\17“_) in all the empirical measures (gt’N) ;- In order to access to the triplet

(Vf’N, SZ’N, Wt”N) € supp(fg’N), we go through the (V, .S, W) in the support of @’N and keep
the only one (see Lemma 4.2) with S = SZ’N.

Each time a neuron spikes, we draw 2NN i.i.d. random variables with uniform law on [0, 1]. At time
t = 71, we denote them by (Uikhglg ~ and (Ufk)lglg ~N. At this time, we have the following
jumps of the empirical measures.

o Let (V,S,W) € supp (&q’i’N>. If S = 5% by Lemma 4.2 V = 0 and then
Tk Tk

V. 5,w) = (1’ 0, W+ H{Uik’kSPJF(Sq’i’N,W)} B l{UEk”“Spwsqﬁ*N,W)})'
Tk Tk

V,8,w) — (V’S’W+H{Ui’“sw(sl@wn)'
Tk

e Forall j # ¢, for all (f/, S, W) € supp ({j’N>, if § = g, by Lemma 4.2 V = 0 and
Tk Tk
then

V,8,W) — (1,0,W—H{Uzakgpwsj@,v*v)})'
Tk
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Now, let t € {T1,T5,---} \ 7 and assume that the neuron returning to its resting potential is the
neuron jo. For all j, let (V, S, W) € supp ( ) such that S = SZE’N, by Lemma 42V =1
and then

pol
7.500) = (0.8,7).
We now give the transition kernel of (Y );>0. Forany t € {1}, Ty, -},

o ift ¢ {71, 72, -}, with probability 5~ ]1 the measure leaves the state

B 1 N
vi=1} {V;JE =1}

,ui\f to jump to

1 1
N_ N, 1 _ , , L _
Mt*M7+NmeNﬁﬁ>5m$W$WJ+N§:PWN$ﬁ@M @WNxﬁeﬁ]
J#Jo

where
25N def 1
o =& Z (5(0,53'9“,17[/) - 5(1,559’N,W))‘

(1 570N W)esupp (&)™)
. . . a(r’0™)
o ift € {7y, o, -}, with probability = 1 the measure leaves the

Sl g, (v =0}’
g
state ,ut]\f to jump to
N:N-i-l[(; N, — 0 'N‘N:|+i2[(5 N oj,N — 8,1 N i N ‘N]
He = e TN Pa0go) ™ Qo800 go) Nj;ﬁj0 (VEN ,§IN &Ny T Ol s N gl N
where

o N d
§gO’N ef. ]07 _,_Zf Z (6(V,sif\’,ﬁ/+11

i (V,80N W)esupp(e0™)

1
+ N Z <5(1,07W—Hl

) 5 ) Josk o 4 qd0N 3 =1 dok_ . qdoN )
(O’SZEJ\]’W)Esupp(gZ(lvN) {U+ <p (St* W)} {UZ"<p (St* W)t

=0 (0,50 ) ).

N def 1
5557]0 5 N Z (5(1,0,17[/—]1 ; ; ) B 6(0,559”,15/))'

0. N 5 ; vk <p— (7N w
(0,570~ W) esupp(e™) = spm(Sm W)

4.3.2 Conjecture on the limit process dynamics

We are interested in finding the possible deterministic limit processes (p1})i>0 of (111" )¢>0 When
N tends to infinity, for the weak topology. To do so, for 7' > 0, we consider the empirical



Chapter 4. Mean Field Analysis of the Stochastic STDP model 114

measures on Dg[0, 7], the space of cadlag functions from [0,77] to E, see the Definition 3.15
in Chapter 3. Defining X*V = (XZ’N)ogth and X* = (X[ )o<t<r With L(X}) = uj, we
denote pV = % sz\i 10xin and p* = L£(X*). Thereby, we consider the convergence in law of
(1Y) € P(Dg[0, T]) where we recall that

E={0,1} xRT x P({0,1} x RT x Z).

The space Dg[0, T'] is equipped with the usual Skorohod .J; topology. We also consider a distance
d on Dgl0,T] with the two properties: first d induces the Skorohod .J; topology; second, the
space (Dgl0,T1],d) is a separable and complete space (i.e a Polish space). The existence of such
a distance is proved in Billingsley [19, Sec 12]. We also use the property: if a space G is Polish,
then P(G) equipped with the associated weak convergence, is also Polish [76, Thm 17.23].
Assuming that a limit p* € P(Dg[0,T]) is deterministic, i.e. £(u") —n.. .+, the aim of this
chapter is to find the system satisfied by any limit point which satisfies

YU e Cy(E),
E UOT(M{LV,fo)du] —nN, E U;w;,mdu} = /0T<MZ,\I!>du. (4.9)

Indeed, knowing (pf, W) for all ¥ € C(E) is sufficient to determine the measure y;. Hence, we
restrict ourselves to the study of E(;Y, ¥) for ¥ in C,(E). Thereby, we are looking for the limit
equation of a typical neuron that we denote X; = (V*, Sf, &) with law .

Assumption 4.13. Assume that for all T > 0, the empirical measures of the system (u~) €
P(Dg|0,T]) converges in law to a (deterministic) probability measure, * € P(Dg[0,T]), when
N tends to infinity. In particular, the limit (4.9) holds.

From this assumption, we can link the laws £* and p* using the
Notation 4.14. Any probability measure § in P(E,,) can be split into the following form
(v, A,w) € {0,1} x BRY) x Z,  &({v}, A, {w}) = 6o(0)E" (A, {w}) + 1 (v)€" (A, {w}),
where £ and &' are positive measures on Rt x Z having respectively the masses
3 [, ctohds foh) and 3 [ eltindsfwh)

Moreover, for all x,y € {0, 1}, we denote by 0, ® &Y the measure such that

V(v A,w) € {0,1} x BRY) x Z, 6, @€ ({v}, 4, {w}) " 6,(0)¢"(A, {w}).
Finally, when py and & admit densities in s, we use the abuse of notation

pi({v}, ds, d€) = pi({v}, s,d€)ds and  &%(ds, {w}) = & (s, {w})ds.

Remark 4.15. By application of the strong law of large numbers, we get the two following results.
First, Assumptions 4.1 and 4.13 imply that S; has law po (which admits a density). Second,
Assumptions 4.1 and 4.13 associated to the Remark 4.11 implies that for iy almost all &

§8(7 ) Z) - :U’S(" 7P(Em)) = ﬁ(‘/()*? SS)

Moreover, the evolution equations on X}, that are detailed in the next conjecture, imply that we
expect the previous equation still hold for all t > 0 (see Consequence 4.26), for jf almost all & :

f;(ﬂ K Z) - /1’;:('7 7P(Em)) = ﬁ(vt*7 S:)
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Some regularity is needed on the functions « and p* for the process to converge. For instance, in
order to prove the uniqueness of the limit process, we expect the function « to be Lipschitz. As
the study of the convergence goes beyond the scope of this chapter, we only assume the weaker
assumptions we need for our computations to hold:

Assumption 4.16. The functions & — a(I(£)) and for all w € Z, s > p*(s,w), are bounded
continuous functions.

Our computations concerning the dynamics of E(M{V , ¥) enables us to conjecture the limit mea-
sure dynamics. In order to make this conjecture a theorem, we still need to prove the convergence
as N tends to infinity of some terms of this dynamics. It will be explained in further details just
after Proposition 4.23 for one term and just before Conjecture 4.25 for another one. Our conjecture
concerns the dynamics of the typical neuron (X;);>¢. In particular, it exposes the PDE that we
expect to be satisfied by the density of &/ in s and requires the compatibility

Assumption 4.17. Assume that for allt > 0, & admits a density of class C Yin s and in particular

at time t = 0, for all w € 7Z, the following densities satisfy the boundary conditions for p; almost
all &,

6°(0,{w}) =0

*0 S, w .
0. th = [ a(1(e)) S A vy o dehyas

R+ xP(Em) 50(s', Z)

We are now in position to give the conjecture on the limit process. We denote uf = L(X}) =
LV, S5, &)
Conjecture 4.18. Assume that Assumptions 4.1, 4.13, 4.16 and 4.17 hold.
Then, the limit process (V;*, S§, & )i>0 satisfies the following McKean-Vlasov SDE:
1. dS} = dt,

2. & admits a density in s such that

B (s, w}) = =06 (s {wh) + B¢ (5 {w)) = Sy, (1) Sbtell i ({0}, 5, d€)

20, {w}) =0,

2 (5, {w}) = —0& (s, {w}) — B (s, {w})

* —(SFw ;‘O s’ w —p~ (Sfw ;‘O s’ w %
0w = farsop(,) (I()) PSR o SLANGEAD 5 (0}, o dg)ds,
3. At rate BI[{V;:H, (V2,87 &) jumps to (0, S;_, &),

4. At rate o(1(£5)) ]l{V:_ —op (V5,85,& ) jumps to (1,0,v(£))) where

v E) (o} A, {w)) = /A p* (5,0 — 1€ ({0}, 5, {w — 1})ds

4 / (1= p* (s, w)Er ({0}, 5, {w})ds
A
Sorall ({v}, A, {w}) € B(Ey,).
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We give some details on this limit system. The first and second points are the drift terms and both
last points are the jump terms. The drift on &; is composed of three parts. First, the linear increase
of s which is the term in —d,. Second, the mass transport from &' to & at rate 5. Finally,
the mass transport from §§0 to {;‘1 at a rate depending on p; with the reset of s in 0 giving the
boundary condition in s = 0. Note that this system of equations involves the law of its solution:
(X/)t>0 is thus a McKean—Vlasov process. The process (X} )0 solves the SDE

t t
X; =X+ [ odus [ b6 @ du)
0 0 R+

where ¢* is a Poisson measure on R™ x R with intensity dzdu, the probability measure 1; is the
law of the process X, and the functions b and h are defined according to the previous Conjecture:

h(Xu—,Z) = (1, —Su— ) 0) ]l{zﬁa(f(fz_))ﬂ{vji:o}} + (_17 0, O)H{Zﬁﬁﬂ{vlz: :1}}
b 0) = (0,1, -0 + B0 @ €1 = By @ €51 + 01 @ v (S5, €6, a2) — do @ V(€5 1))

where ¥ and v ! are defined respectively in (4.22) and (4.30). Note that the process (X} )¢>0
lives on the peculiar space F = {0,1} x R* x P(FE,,) which contains the space of measures on
E,,. We first study the case without plasticity in Section 4.3.3 and then with plasticity in Section
4.34.

4.3.3 The case without plasticity

The purpose of this section is to conjectured the evolution equations of the typical neuron (X} ):>0
from the ones of finite size neural network (X;¥ )t>0, when p™ = p~ = 0 (without plasticity).
To do so, we first give the notations and definitions we need to: first, derive the infinitesimal
generator of ()Y );>0 and second, derive the dynamics of E{u{Y, ¥) where W is a test function with
properties described below. Then, we study in detail the most complex terms of this dynamics.
Finally, we conjectured the dynamics of any limit point (X} ):>o.

Definitions and notations

First, we define a space suitable for our following computations.

Notation 4.19. We denote by C bl ’1(E) the space of functions from E to R that are bounded, con-
tinuously differentiable with respect to their second variable, Fréchet differentiable (see Definition
A.6) with respect to their third variable and finally, both these derivatives are bounded.

The Fréchet derivative with respect to the third variable is defined on the larger space of the signed
measure on E,,, M(E,,), equipped with the total variation norm, ||-||7y, whose definition is

given in the appendix, Definition A.2. In particular, (/\/l (Em), ||||TV) is a Banach space, see [4,

Rk 1.7], enabling us to define the Fréchet derivative of ¥ € C; 1(E). Forall U € Cg 1(E), for
all (v,s,§) € Eand h € M(E,,), we denote by 0:¥ (v, s,&) - h the Fréchet derivative of ¥ at
(v, s,€) in the direction h (see Definition A.6).

Second, we define two applications, n” and vV, in order to ease the writing and reading processes.
The application 1’V is used to describe the jumps of the empirical measures §tl N 55\[ N when
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N,N
N R

a neuron jumps from 1 to 0. The application v** is used to describe the jumps of ftl N
when a neuron spikes (jump of a neuron from 0 to 1).

Notation 4.20. The symbol £ refers to the equality between the expectations of two random vari-

ables:
E[X]=E[Y] & XXV

We denote by n™N and v two operators associating to a pair (s, €) € RT x Py (E,,) the following
signed measures on E,,:

N def. 1 _
n (57@ - N ~Z [5(0,5,15) 6(118115)}
(1,s,w)€supp(£)

and

ef. 1
v (s,€) = N Z [6(1,0,11;) B 6(0,5,15)}'

(0,s,)€supp(§)

Remark 4.21. Let t be any spiking time of the neuron 1, i.e. VtZ;N = 0 and Vti’N = 1. Then,
according to Lemma 4.2, for every j, there is a unique (3°,5°, ") in the support of §i’,N such that
5t = SN 50, LN (StZLN, &Y is a signed measure with two atoms.

VN(SZ,N ],N)

e N5(1,0,u~ﬂ') - N5<07Si,N w)

=

Similarly, at a time t when V;;N = 1land Vti’N = 0, there is a unique (v°, §',0") in the support of
{iLN such that §' = SZ’N and nN(SZLN, fiLN) is a signed measure with two atoms

; 4 1 1
nN(St,_N’fg,_N) _ N(S(O,Si’N ~¢) — Né(LSi,N ~¢>-

= W = v

We define here n™N and v only on Py (E,,), the set of empirical measures of order N over E,,.
Indeed, with the changes occurring when passing to the large N limit, these measures will no
longer be required. New ones are defined on the all spaces P(E,,) later on, see Propositions 4.22
and 4.23.

Third, we define the derivative of any probability measure € on R™ by

V¢ € C}(RT) with bounded derivative, (—¢’, ¢) ael (e, 9'). (4.10)

Finally, let us define for all £ € P(E,,) and ¢t > 0, the probability measure £ @ ¢ such that

V(v, A,w) € B{0,1}, [t +o0[, Z), (@) ({v}, A, {w}) = E({v}, A -, {w}).

Generator of (1}Y);>0

We now look for the generator of the Markov process (412" )¢>0. We describe the generator only on
the set of functions ® € Cy(P(F)) for which there exists ¢ € C; "!(E,) such that

Vu e P(E),  O(u)= ().
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We split the generator into the drift term and the jump term using the equality 1 = 1,7, + Li>7y.
Let y19 € Pn(E) such that pig = + >, O (i i ¢y with (v, 81, 61),.. (vN,sN €N) are in E. Let
W € Cp'(E), then

</J’1]fv — MO, ‘Il> = <]lt<T1M1{V — Mo, ‘;[j> + <]1tZT1,u1]£Vv ‘;[l>
1 o . S
= 2 (P s+t @) hen — U0, 55) + (Lon ', V)
7

_ %Z (Ui, s+t @t) — (o5, €))

®)

+ <]ltZT1:u’iV> \Ij> - N Z\Ij(vzasl + t7§Z @t) ]ltZTl .
)

@

Thereby, we obtain that the drift term satisfies

_ED) 1 <E[U( st at)] - (v s ¢)
fi = My 2 ;

= % Z OsU (v',s,€") + 9 (v, 8", £") - (—0s€")

— [ 0.0+ 0 (0,5.8) (0O do ds, ),
P(Em)

where —J,£ is the derivative defined as in (4.10).

For the jump term @, when we take the limit as ¢ tends to 0 in —=, the only term left is the one
due to the first jump at time 77. Indeed, all the other terms are of order ¢ or more. We thus obtain
that

iy 20 = 1Sty o0 0 0) (1)

(o) s )]

JFi

P fp( e ee) 808

JF

In the previous equation, by adding and removing the missing terms in the sums inside the braces,
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we get

lim (1) = Z Lo 1}5{ (0,6 + 5 (s',€1) = w (1,5, + (s, €)) |
Z [W(vj,sj’gj + UN(si7§j)) _ W(vj,sj,ﬁjﬂ }
* % Z l{vi—o}a(l(fi)){ [\I]<1’O’fi + VN(si,Si)> - \II(O, s &+ l/N(sijgi))}

—I-Z [\If(vj,sj,ﬁj—l—VN(si,&j)) —\If(vj,sj,gjﬂ}.

_l’_

Dynamics of E ()", U)

From the Markov property of the process (11 );>0, we deduce that for all ¥ € C’b1 1(E),

08 0) 2 G0+ [ [ (000005, + 000.5,6) - (0.6) ) (0,
P H{VJ’NHJ@{
w (0,8 &Y+ (s, M) = w (1SN, N 4V (s, )|
E3 [ (VY SN s ) - w (Vi s, )] }du
J
i, N
n /Ot;ﬂ{vifvzo}a(%[){
o (1,0, + 0V (i, ™)) — w0, 85N, N + oV (P, M) |

n Z [\I/ (VJLN, SZ{V’ fiiv i VN(Si{V’ 5&9’)) — \IJ(VJ’_N, Si’iv, ﬁiiv)} }du.
J

We finally get that
) E / / (0.9 (0,5,6) + eW(v,5,) - (~0.6) ) (dv, s, dE)du
// (05,6 +7V(5,8) 0 (15,640 (5,6)) | (1}, ds, d)du + (D)
R+xXP(E

+/0 /RW(E (IO [F(10.6+ 5 (5,6)) = (05,6 + 07 (5.)) [ (0}, ds d)tu+ D
@.11)
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where @ and @ are the most complex elements:
t ) ) ) ) )
D [ty S (s 8 o5, 6)
i “ j
—w (VN SN e | aw,
def. [ a(1Y) N N #iN GiN QN
@ [ ¥t S (v s 6 )

7 (4.13)
(VN si )| du.

4.12)

Drift term due to the returns to resting potential

When a neuron returns to its resting potential state 0, the total variation of the jumps of the empir-
ical measures (& )1<i<n, -+, (€ )1<i<n are of order +. Hence, as IV tends to infinity, the

limit of the term @ depends on the Fréchet derivative of U. The direction of this derivative de-
scribes the way some of the mass of the measure £* is transported. This transport can be described
informally as follows: between time ¢ = 0 and time ¢ = e small, for all s, w, a proportion Se of
the mass of & that was in (1, s, w) is transported to (0, s, w).

Proposition 4.22. Under Assumptions 4.1 and 4.13, for all ¥ € C’;’l (E),

N—oo

t
lim @ z / { / eV (v,5,€) - (B @& — B61 ® fl)u;;(dv,ds,dé)}du. (4.14)
0 E

Proof. By Lemma 4.2, for all j, the support of é’fL N almost surely does not possess two points with
the same second coordinate. Hence, we have the following upper bound, for all s € R™, almost

surely,
2

7™ (5, €2 lrv < -

(4.15)

We write the term of @ which is between square brackets using the Fréchet derivative:
N i N ¢,N N(gi,N ¢j,N N i, N ¢,N
w(VIN SN N N (SN €N ) - w (VN s el )

= (V2N 3N €N (¥ (S, €0)) + oo (I (82N, €2 v )
Hence, we have:
@E/tz:n 5y o S WV SN ) (Y (55 )
o & NN 2 [T e w2 S

+ ONeo (HnN(sj;iV, &) HTV)] du.

Thus, with the upper bound (4.15), we obtain that

OF / Zn{vm 1}Nz[aqf (VN ST ) (VS €M) |du+ onse 1)
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Now, by linearity of 0¥ and inverting the sums, we get
t
E 1 N N JN N N
= /0 7 2 [2eU VN I - (1 gy N (SN 6 ) | du + oo (D).
J i

From Remark 4.11, for all j and v > 0, £fL N and ,ul]:], have the same support in V' and S, and
from Lemma 4.2, these supports are N almost surely distinct points. Hence, almost surely, for any
function f : RT x Z — RT,

Vi, > > PSS ) = > fGw).
i (1,80 ) esupp(el) (1,3,0)€supp(§27)
We deduce that almost surely,

Z H{Vjﬁvzl}BnN(Si{V’gi{V) - Zﬁ/‘ Z [5(0,511@7@) - 5(1,521" w)}

(1,82 i) esupp(e2Y)
B
N Z _ [5(0,5@) - 5(175,11;)}
(17§,w)65upp(fi’i\7)
=B80 @ &N ({1},-,) - 8o @ €N ({1}, ),

where we used Notation 4.14. We deduce that
t
D2 [ [ 0cw(v.5.9) - (800 €' 5516 i (o, ds, ) + One1).

The application & — ¢! is bounded continuous. Thus, as ¥ € C; ’1(E), the application

(5,0,€) = 3 W(v,5,6) - (B ® &' — B @ &)

is bounded continuous. We conclude that under Assumption 4.13,

t
lim ()£ /O { /E OeW(v,5,€) - (B @€' — oy @ ")y (dv, ds, d€) }du.

N—o0

Drift term due to action potentials

As N tends to infinity, the limit of the term @ also gives a drift term for £*. This term is more
difficult to deal with because the spiking rates, (1 {Vti,N:O}a(IZ’N))lgg ~, depend on the actual

state of the neural network X/V. Informally, the limit of the term @ represents the following
mass transport on the probability measures: between time ¢ = 0 and time ¢ = ¢ small, for all

s, w, a proportion € fP(Em) m&sg—%pé(m}, s, d€) of the mass of & that was at (0, s, w) is
transported to (1, [0, €], w).

Proposition 4.23. We assume that Assumptions 4.1 and 4.16 hold. For all V Fréchet differentiable
with respect to its third variable:

t
D2 [ [ o0w0,.0)- (5190160 = 80 @ (€. ) )l s, dE)u + O 1),

where V° and v' are defined in the proof: equations (4.18) and (4.19).
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Proof. By Lemma 4.2, for any j, the support of §i N almost surely does not contain two atoms
with the same S. Furthermore, we have assumed that « is bounded. Thus, we have the following
upper bounds, for all 7, j € [1, N], almost surely,

i i i 2
(I )N (SEN €M) 1y < TM (4.16)

Using the Fréchet derivative as previously, from (4.13), we obtain:

@= /Ot o [0ew Vi S ) (S eI N (55, M) | du
J i u

+ ONoo<1)-

We now look at the term between round brackets, it gives the direction of the Fréchet derivative.
It is a measure on F,,. For all j, we denote

def. iN iN N
- Zl{vjf\’zo}auu— )VN(SU— 7§i— )

721{‘/”\7 IZN);] Z [5(1707w) —(5( 75u,,w)]

(0,50 i) esupp(e2Y)

1 i
- N Z l{viﬂvzo}a<1u’£v) [5( ( Z 1 (© Sliv, ~)esupp(£J N)}5 )

WEZ

—5(075@1\1 (Zl osl_, )ESupP(SJN)}(S )]

WEZL
But ) iz 1{(0,521_\[,w)esupp(éi’iv)}(sw is the conditional law fj’ ({0}, S ,-). This incites us to

define for any w € Z, the Radon-Nikodym derivative s — %.{%})(s) which is well defined

as £9(-, {w}) is absolutely continuous with respect to £°(-,Z). Thereby, we define the function
Ye : RT x Z — [0, 1] such that

g’ (-, {w})

T (s). 4.17)

V(s,w) € RT x Z, Ye(s,w) =
Note that the for all A € B(R™), we have

¢O(A, {w}):/fyg(s,w)ﬁo(ds,Z).
A

As (A, {w}) < €°(A,Z), we deduce that taking v¢ < 1 is legitimate (¢ is unique up to a
€°(-,Z) null set). In particular, we obtain that

Zﬂ{(os,, Esuppng)}w*Z’)%JN ,~(511}.

WEZL WEZ

A Ly S8 )

wEZ A

=3 /R+ - )a(f(g))%iy(s,@) (5(1,0,w) - 6(075@))@2@({0},ds,d§).

WEZ

Thereby, using the measure pY ({0},-,-) = £+ 3, ]l{vi,NZO}(S(Si,N ¢i-V)» We obtain that
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This last equation incites us to define the two following measures. For all probability measures
€ € P(Ey) and u € P(E), we define v°(&, 1) and v (&, 11) the measures on R x Z such that
forall (A,w) € B(RT) x Z,

(€, 1) (4, {w}) / » / De(s, ({0}, ds, dé), 4.18)

V& ) (A {w}) L e (6 ) (R, {w)). (4.19)

Hence, we deduce that

51®V é.jf?:u’u ) o0 ® v (Ejfnu'u )

and then
t 1 A . .
OL /0 = > 0wV, SN eIy du + ONoo(1)
j

t
2 / / O¢¥ (v, 5,§) - ((51 @& pll) — o ® Vo(ﬁ,uuN_))ufy_ (dv,ds,d&)du + Onoo(1).
0 JE

From this result, under Assumption 4.13, as IV tends to infinity, we expect E@ to converge to

t
/ { / O (v,5,€) - (51 © v (€.13) — By © V(6. 113)) pi(dv. s, dE) b (@.20)
0 E
This convergence does not hold a priori because the functions

(U7 3,5) = 85\11(1;, 575) ’ [51 & Vl(ga N'[ILV) - 50 X Vo(faﬂqjy)] (421)

are not a priori continuous. We expect to show this convergence using a sequence (indexed by N)
of continuous functions both getting closer and closer to (4.21) and converging to

('U, Sag) — 8{‘1}(7}7 875) : [51 & Vl(fa“jl) - 50 ® VO(&:“’Z)]'

Remark 4.24. Iffor all v > 0, p}; admits a density in s, then for all (A,{w}) € B(R") x Z and
& € supp(uy) (1 has mass only on & with density in s, see Consequence 4.26), we have

s, w}) . !
(€, 1) (4, {w}) = / / ) Sy a0 ds ),
VM€ D) (A, {w)) = Leay <s,uu><R+, {w}).

Equation on ;if

We denote by pj = L(X}) = LV, Sf,€f). We have seen previously that under Assumption 4.1,
for all ¢, 7 and u > 0, we have almost surely

2

2
IS €Ny < 5 and IS 6 v < 5
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Thus, under Assumption 4.13, taking the limit as N tends to infinity in equation (4.11), we obtain
that

N—oo

t
tim (¥, ) £ i %)+ [ [ 090,50 o, ds, de)

+ lim /t/ eV (v, 8,&) - (=058l (dv, ds, d€)du

N—oo

/ / 0 5,(s, 5)) (1,5,5(8,5))} pa ({1}, ds, d€)du + tim (1)
R >P( m) —o0
+/0 4+XP(Em)a(I(§))[m(1,o,g) ~0(0,5,€) | 1({0} ds, dg)du + Jim (2).

It is reasonable to expect that the expectation of the term with the weak derivative —0,£ converges,
when N tends to infinity, to

/ t [ 260059 (-0, (dv. ds. )
0 E

Then, from Propositions 4.22 and 4.23, we can formulate
Conjecture 4.25. Assume that Assumptions 4.1, 4.13 and 4.16 hold. Then, the dynamics of u; is
given by:
o L(X]) = limy0o ,C(Xé’N) = g and in particular S is distributed by po which is
absolutely continuous with respect to the Lebesgue measure,

e forallt > 0, forall ¥V € C’; ’1(E) (continuously differentiable with respect to its sec-
ond variable and Fréchet differentiable with respect to its third variable), and using Nota-
tion 4.14,

(it W) = (i, © / / (0.0 (v, 5.) + B W(v,5,6) - (~0.6) ) (do, ds, d€)du

/0 /Rw) 8w (0,5,€) = w(1,5,€) | i1} ds, d€) pdu

{

+/0t{/8€\11v 5.6)- (880 @ €' — By @ €y (d, ds, dE) }du
{
{

/RWP o (1) [ (1,0,€) = w(0,5,¢) | s ({0}, ds, dg) }du

DeW(v,5,€) - (81 @ v (&, 1) — G0 © V(€. 7)) iy (dv, s, de) }du.
(4.23)

We deduce from this conjecture that the joint law of the two first components of &; and p; would
then be equal for all ¢.

Consequence 4.26. Grant Conjecture 4.25. Then, for all t > 0,

5:(7 ) Z) - N:ﬁk('ﬂ 7P(Em))
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Proof. For all £ € supp(ug), we have puj(-, -, P(Em)) = &5(-,+,Z). Then, we show that
(i (-, -, P(Ep,)))e>0 and (& (-, -, Z))¢>0 have the same dynamics, which enables us to conclude
the proof. First, in equation (4.23), taking a function W which depends only on v and s, we obtain
the dynamics of (u; (-, -, P(Ep)))t>o0:

i) =5 )+ [ [ 00005 o, o
v { [1w0.9) - 00,9101} ds,a0) o (424)
# [ { [ a1©) 190.0) - w0950} ds. )

Second, taking ¥ depending only on ¢ in equation (4.23), we obtain that

(1t W) = (3, )
~ [{ [ ocx© [pirae - oo

+o@vh (€ ) — b0 @ V0 (&, ) — 855} i, (dv, ds, df)}du

Working on the right hand side term, we obtain

(i ) = (i, ) = E [(&)] — E[W(5)] = /O e {6&(5;) - (ﬁ)} du
and then deduce that

V¢ € CL(E,,) with bounded derivative,

t t
6.0 = o)+ [ (oot [ BRoa! —aealad 4,
t
+ [ v €L mt) — b0 © V(€L 0.

Evaluating this last equation for a function ¢ depending only on v and s gives us the dynamics of
& (-, +,7Z). We obtain exactly the same equation as (4.24):

e using (4.10), we have for all u € [0,t], (—0s&), &) = (&, 0s9),

e as for all s in the support of £ € P(Enm), >,z 7 (s,w) = 1, we obtain that (see (4.18)
and (4.19) for the definitions of v and ') for all A € B(R™T):

(€, 1)(A, Z) = /Em/ u({0}, ds, df),
AGTICR R ey /R a(I€)u({0}, ds, dd).
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The typical neuron dynamics

When 1 admits a density in s, we use the abuse of notation u} ({v}, ds, d€) = pf({v}, s, d€)ds

Consequence 4.27. Grant Conjecture 4.25 and Assumption 4.17. Then, we have

o dS; =dt.

o & admits a density in s that satisfies the following equations,

G2 (s qw}) = =0, (s, {w}) + B (5. {wh) = Sy, @ (1)) L5 15 ({0}, 5,d€')

?0(07 {w}) =0,

U (s, fw)) = —0u (s, {w}) — BE (s, {w})
POAWY = farspgm, (1) 6P ({0}, o', dg')ds
e Atrate Bﬂ{Vt*_:l} (V2,8 &) jumps to (0, S;-,&).

o Atrate a(1(£5)) ]l{vt*_zo} (V2,8 &) jumps to (1,0,£).

Proof. Both the first two and last two points are clear with Conjecture 4.25. We detail the third
point. First, from the regularity assumption on the density in s of uy, Consequence 4.26 tells
us that & admits a density C'! in s and satisfies (4.25). Using Remark 4.24, we thus obtain by
integration by parts the following equations on the density functions s — & (s, {w}):

d€

(s, {w}) = — 0.6 (s, {w}) = do()&:°(0, {w}) + ;" (s, {w})

L @) g F i (0} .46,

df (s {w}) = — .65 (s, {w)) — Gols)e 0, fu}) — BEF (s, {w))

G
+(s) | e O S5 i (0) )

By integrating the previous equations on s € [0, €] and making € tends to 0 we obtain the equations
with conditions at boundaries s = 0 of the corollary. O

4.3.4 The case with plasticity

We now deal with the synaptic weight jumps. As soon as a neuron spikes, several different synaptic
weight jumps are possible. We denote by J¥ the possible increments of the weights when the
neuron ¢ spikes

N = 1A= (a")1<pi<n @ € {~1,0,1} and Vk,l # i,a" € {0,1},a™ € {0, —1},a" = 0}.
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For all A € JiN , we denote by Pt% the probability that the weight matrix be incremented by A

conditionally to X}V. In order to ease its understanding, we express it with the weight matrix whN
rather than using the empirical measures (f;’Nhgig N:

AZZ ]‘ + AZZ 1 ZZ 4 ’L’L
Pt = (2) FEE W (= (s, W)
(1= 1) (s W (5N W)
+ (1=t W) (1= (s, W)
AT(A" — i, 11, i, 1,
+ (2) (Sthv W N)(l - (Stha W N))]
[T (At sy W)+ (= Aty - pr (s, wit))
k,l#1
(= a5 (SEN W) + (14 A% (1= pm (52N, W) ).

After the splke of the neuron 7 at time ¢ and assumlng the welghts are incremented of A € J; N at
this time, f Jumps to ft ‘A and for all 7, ft, jumps to ft A such that

N _ N, 1L
Ga =& + N Z | (5(1,0,W+Aii) - 5(0,525VW))
(0,5, W) esupp (&)
1 (4.26)
+ Z N Z (6(V,SifV,W+A”) - 5(v,sj,N,W))

i (,shN W) esupp(el)

1
N
ft Ay T £J7 + N Z (5(1,0,W+A7i) — 5(0,5:5\],17[/))' 4.27)

(0,5, . W)esupp(]:)

For all ¥ € C’l’l(E), we now have

(N 0y E v / / a U(v,8,8) + 0¥ (v,s,&) - (— 685))u5(dv,ds,dg)du
[y {VJ,NZI}N{ (0,517,665 4 V(s 6)) — w1, 81, )]

(e g s ) - w( s )] L

t i o | o
[ty ) v Pﬁi{[m(l,o,sz;fx) (o5 )]
0 i v AeJN
+Z[ (VﬂfN,sﬂN,gum) (VI{’N’S&N,Q’NH}C[%
i

We complete the sum (last term) by adding and removing the term

' . O‘(Iii’*N) iN B iN i,N
E /0 S Ly 2 P Alw(o.sp e, —w (080 ) au|.
i AeJN
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We obtain

) B (i w / / (0.0 (0, 5,8) + 06 (v, 5,€) - (~0,6) ) (dv, s, dE)
v [x {VJ%}N{ (0,51, 66% 1 ¥ (si 6)) — w1, 51, )

I s ) o 8 )

Zi
t j oz([;’iv) A PN G
FDRITRECDY Puvi{[‘l’(l’o’éd,A) —w (0.5
¢ AeJ]N
3 (e (vit s an) - \II(VJLN,Si’fV,fi’fV>]}du
j (4.28)
We then denote by
®=> 1{v1j£V=0}a(§§N) > opae(Lo.gk) - w0 s ak)] @29
¢ AeJ]N
and
@- g™ (12 5 e (12 52260
i AegN J

The depression term

We first deal with the term @ which describes the depression of the weights.

Proposition 4.28. Then, for all u > 0,

@ E/56‘1’(% 5,6) - [61 @ v (5,6 g ) — 0 @ V(& )] iy (dv, ds, d€) + (1)

where vV is defined in the proof, see (4.30).

Proof. First, by Lemma 4.2, we have almost surely for all i, j,

1 2
” N Z (5(1,0,W+Aji) - 5(0 C N ) IFa% N
(0 Sl = )Esupp(ﬁj )

Then, we use Fréchet derivative to obtain that
3N @i, N 3N @i N ¢j,N
w (VN sV ) - w (v si )

PN PN PN 1 1
o (VSN EN) (5 X Guawean —Sesmin) +o(5)
(0,502 W)esupp(el)
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We deduce by linearity that
1 N N N
@)= > 0w (VN 52N ).
J

(™)
(Z ]l{ijVZO} - N Z Z PA (5(1 0,W+Adt) 5(0,5257,1/?)) ) +o(1).

(0,5°N, W)esupp(el ™) AN

But for any function f on {1,0, —1} we have for all i # 7,
D PR = 3 RufD+ > PufO)
AeJlN AeJ{V,Aﬂ:—l AeJN ATi=0
=0 (S WD) + (1= p (575 WD) F(0),

and for ¢ = j,

Z p AJ]

AeJN
= p = (SPN WY1 — pt (SN W) F(—1) + pt (ST W) (1 - p (8PN W) (1)
+ ((1 —p (SN W) (1 = pT (SN W )) 4 pt (8PN W yp (59 ng'))f(m-

In , the term for ¢ = j is of order % Hence, we obtain that
1
() +0()

a(IN) e
= Z 1{\/3@:0} N Z [p (Si{v’ W) (5(1,0,W71) - 5(0,33?,17(/))
‘ (0,52 W)esupp(el)

+(1-p (S9N, W) Oom) — 5(0,SZ’§,W))}

(I’L N) _ ',N ~
N Z Lviv_oy =N > 1 {(0,5"N W)esupp(e”™)} [p (S5 W) G0y = 6(07531VW))
i Wez
+(1—p(s2Y,W)) (Ocr,007) — 5(o,sj;iV,W))}
(Il N) o, N 1% -l N 17
= Z ]l{vi,_N: 0N Z ’Yga N ( S -, W) {P (Su, W) (5(1,0,W—1) - 5(0,51'@,!7(/))
i “ Wez ’

+ (1= p(SEY W) (61 0wy — 5(0,525,1/?))] :

Hence, we deduce that

. Z / (& /R+ 7§]N S W)[ (Si’iv’w)(‘;(l,o,vi/q) 75(0,57‘7[/))
Wez m)

, . 1
+ (1 —p(s2Y, W) (O 00y — 5(0,§,W))}M£]f({0}a ds, d€) + O(N)'
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This incites us to define the following measure. For all triple (s, &, 1) € RT x P(E,,) x P(E),
we denote by v 1 (s, &, 1) the measure on R x Z such that for all (4, {w}) € B(RT) x Z,

v (s, 6 i) (A {w)) 2 Lppen / . a(I(€)p (s,w + 1) 7e(3, w + 1)u({0}, 3, d€)

F ey [ a(T@)(1 (5w e (10}, 05, D),
(4.30)

where we used the definition of ~¢ given by (4.17). Thereby, using the function ¥ defined in
(4.18), we get

(42) = 61 @ w1 (I, &N, il )0 & V(RN i) + 0(1).
We finally obtain that
@ E/@@I’(v,s,f) 0 @ v (s, 6 pl) — 8o @ V0(€, u)] 1 (dw, ds, d€) + o(1) .

It ends the proof. O

Under Assumption 4.13, it is reasonable to expect that, as [V tends to infinity, E@ converges to

/ eV (v, 5,€) - 51 ® v (s, €, 1%) — 6 © (€, )] s (dv, s, dE).

As noted in the remark given just after Proposition 4.23, this convergence does not hold a priori
because the functions

(v,8,€) = 0eW(v,5,8) - 01 @ v (s, & pl) — o @10 (&, pud))] (4.31)

are not a priori continuous. We expect to show this convergence using a sequence (indexed by V)
of continuous functions both getting closer and closer to (4.31) and converging to

(/U757§) — aﬁll’(v787§) . [61 ® V*,1(8757M;‘;) - 50 ® VO(€7MTL)]

The potentiation term

Now, for the term @ describing potentiation, see (4.29), we need to assume that W is linear in its
third variable &.

Proposition 4.29. Under Assumptions 4.1, 4.13 and 4.16 we find that for all w > 0, for all
U e C’; L(E) linear in its third variable ¢,

fim D2 [ a(r6@)[#(1.0.07©)) = ¥(0.5.) | {0} ds. ).

N—oo

where v is defined in the proof, see (4.32).
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Proof. By linearity of W in its third variable, we obtain that

DSt 5 o0 ¥ ) v, ¥ me)]

AeJly AeJl AeJly

and then by definition of 5211, see (4.26), we have

1
Z Pqufu AT 5 T N Z Z PA (5(1 0,W+Ait) 5(0,si’f,v~l/))

NS (055N W)esupp(eh ) AcTN
1 A
+ Z N > > Pl (5(0,525 A T 5(V,Sf;iv )

F (,8 N W) esupp(eh ) AeY

Noting the second term of the right hand side of the last equation is of order %, we deduce that

> el +o(y)

AeJlN

iN 1 +/obN i

=&,- + Z N Z pT(S,= W) (5(V,SZ§,W+1) - 5((/,52’],1&/))

Fi (v, 88 N W) esupp(eY)

1 S

=N Z P (S, W0 gy + (1= (s, W))(S( V.5.W)

(V,S,W)esupp(¢’ iV)
AL
where

v (©)({v} A {w}) Z/APJF(Sawl)f({v},dSa{w1})+/A(1p+(8,W))€({v},d87{w})-

(4.32)
But p* takes values in [0, 1] so using the triangular inequality, £ — v (&) is continuous. We can
then conclude using Assumption 4.13. O

Justifying Conjecture 4.18

We are now in position to detail why Conjecture 4.18 is reasonable. Under Assumptions 4.1, 4.13
and 4.16, by making N tends to infinity in equation (4.28) and using the result of Proposition 4.28,
we should get the following dynamics of 1

o L(X]) =limn oo L‘(Xé ’N) = ug and in particular Sjj is distributed by the py law which
is absolutely continuous with respect to the Lebesgue measure,
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e using Notation 4.14 we have, for all £ > 0, for all ¥ € C’;’l (E),

(uy, ) = (ug, / / (9 U(v,s,§) + 0V (v,s,6) - (— asf))ﬂi(dv,ds,df)du

/ﬂm 3[w(0,5,€) = w(1,5,€) |ui{1}, ds, de) ) du

I
{/ O (v,5.€) - (85 © €' — B8 @ € )l (dv, s, de)
(
(

\

0
t

_|_

A /RWD a (1) [#(1,0,0%(€)) = w(0,5,¢) | s ({0}, ds, dg) ) du

t

S— S— S—

T / O (v,5,€) - (51 © v (s, £, 1) — b0 @ V(€ 1)) e (o, ds, de) )

(4.33)

where v ! is defined in (4.30) and /° is defined in (4.18).

With the same arguments as the one used in Consequence 4.26, one has that for all £ > 0,
5:(7 * Z) = /“L;‘/k('ﬂ K P(Em))

Then, from Conjecture 4.18, 11} is assumed to admit a density C'* in s. Therefore, the last equation
tells us that & admits a density C' in s. Hence, with the same arguments as in Consequence 4.26
but with equation (4.33), we have:

d * * * — * *

26 = =0 +B (00— &) + 8 @ v TS & ) = do & V(E 1):
From this equation and Remark 4.24, we thus obtain the following equations on the density func-
tions s — &V (s, {w}):

*0

(s {w}) = —05&; (s, {w}) = So(s)&°(0, {w}) + BE (s, {w})

_ ’ :O(Sa{w}) * s de!
L ) S i (05,

B o ) = 01 5, ) — 8090, ) — 587" 5, ()
e [ )‘“(f(“))[pwz:w) (w4 1)

N/
+ (1= p (57, W) (s, {w}) |y ({0}, ds', d€).

By integrating the previous equations on s € [0, €] and making e tends to 0, we obtain the equations
with conditions at boundaries s = 0 of the conjecture.

4.4 Numerical comparison with the neural network

We simulate the stochastic STDP model. In particular, we illustrate our results by comparing the
simulation of the finite size neural network versus the simulation of the limit system.
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We simulate N neurons th R ,XtN " having the same dynamics as X, except that instead of
L5, We use ji N = % >0 X Hence, we do not need to compute jy. For instance, we use the

* to compute the I;"* = I(£/*). For more details on the code, see Appendix A.4. The results
obtained with these simulations are compared with those obtained with the simulation of the finite
size neural network: (V;"™, SN W) i o v y>0. We compare the expectations over time of
the synaptic weights, of the time since the last spikes and of the potentials, see Figures 4.2 and
4.3. Moreover, we compare, at the end of the simulation, the distributions of the intensities of the
incoming currents onto the neurons (Figure 4.3), the distributions of the time since the last spikes

and the one of the potentials (Figure 4.1).

We use a sigmoid for the function « and the classical STDP curves for p™ and p~,

S

ap — o _ —7
a(r) = Tc(e—t) +a, and pt/ (s,w)=A /e ™/ Ly, wmes] (W)

with the following parameters:

N =5000, o, =0.05, apy = =1,7. =1.5ms, 7— =2ms, A, =0.8, A_ =0.6,
dt =0.05ms, o = 1.5, 0 =0, wnas = 10, wyn = —10.

The simulations show a very good match between the initial network and the limit one.

1.00
— initial part. syst. (SZ'N) —initial part. syst. (SZ’N)

031 i )
§ — ME part. syst. (S.,, ) §075) — ME, part. syst. (5}")
§ ozl — ME part. syst. (&) g — ME part. syst. (€
= =050
2 2
<01 <025

0.0t i 0.00 t N PR

0 2 4 6 8 10 12 14 0 2 4 6 8
ms ms
(@) (b)

Figure 4.1: Distributions of the time from last spikes for neurons in state 0 in (4.1a) and for neurons
in state 1 in (4.1b), at final time ¢ = 500ms.
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Figure 4.2: Expectation over time of the potentials (4.2a) and of the time from last spikes (4.2b)
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Figure 4.3: (4.3a): Expectation over time of the weights. (4.3b): Distribution of the synaptic
currents onto the neurons.

4.5 Discussion

In this chapter, we introduced the averaging parameter % in the synaptic currents. Because of
the dependence between the neurons, in the large N asymptotic, the expectation of these currents
is not sufficient: we need their law. It can be obtained from the law of the presynaptic weights.
Considering the system composed of new variables (potentials, times from last spike, vector of the
incoming weights) and its empirical measure, we can find a closed system of equations. Under the
assumption that this empirical law converges to a measure as N tends to infinity, we conjecture
the dynamics of any limit point. The typical neuron dynamics is solution to a McKean-Vlasov
SDE on the space {0,1} x R* x P(E,,) where P(E,,) is the space of probability measures on
{0,1} x R* x Z. We illustrated this limit dynamics with simulations by comparing the finite size
neural network to the mean field limit system. There is a good match between the two.

To the best of our knowledge, this mean field analysis is the first one done on a network of inter-
acting neurons with plasticity. It opens the door to new mathematical questions. After showing
our conjecture holds true, the next steps are: show that the limit system has a unique solution and
then show the tightness of the empirical measures to conclude on their convergence in law to a
unique deterministic limit measure. Finally, studying the limit system would give insight in the
model and a particularly interesting study would be its long time behaviour. Improving the actual
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code for simulation is an important step in order to help the theoretical study.






Chapter 5

Conclusion and Perspectives

In this thesis, we propose the mathematical analysis of memory lifetime in a model of neural
network with plasticity (Chapter 2) as well as the long time behaviour (Chapter 3) and the mean
field approximation (Chapter 4) of a new model of STDP. In both models, the synaptic weight
changes are stochastic. The mathematical analysis of plastic neural network models using this
kind of randomness (in plasticity rule) is quite new in this field and this is the main objective of
this thesis. We summarise our results on both models and give some perspectives in continuity
with our work.

Chapter 2

Chapter 2 is devoted to the mathematical analysis of the model proposed by Amit and Fusi in [5].
In particular, we studied the synaptic current distribution dynamics of the neurons selective or not
to a given signal. The progressive overlapping of these two distributions is responsible for the
forgetting of the signal. Using a Chernoff type inequality, we can control this overlap and then the
probability that the neuron misevaluates the signal.

In order to go beyond our results, it would be interesting to understand the structure created by the
learning of a signal on the entire network. Indeed, our analysis focuses only on one neuron and
its incoming synaptic weights, the natural next step is to study the /V neurons case and thus the
N? synaptic weights. This is difficult in part because of the correlations. We think that using the
Kronecker product, such as in Appendix A.2, is one of the possible key of this work. Moreover,
we did not answer an interesting question which is: what is the scaling of fx (the coding level
of the signals) in N that maximises the time to forget the signal? Also, does it exist a better
estimator than the simple threshold one? Finally, the main advantage of this model is its simplicity
allowing its mathematical analysis. This simplicity is obtained at the expense of its reality. We
give some ideas to remedy to this lack of biological realism. For example, the neural dynamics
is imposed by the external signals whereas a more interesting model would take into account a
more realistic interacting neuron dynamics. This would for example enables the memories to be
replayed (without the need of any external signal) in order to maintain them. For instance, a
time continuous neural dynamics would open many possibilities of study: changing the synaptic
plasticity rules, proposing a new readout procedure based on richer information extracted from the
past activity of the neurons. Poisson and Hawkes processes are good candidates in order to model
the neural dynamics, see [30] for a presentation of Hawkes processes used in neuroscience. Two
other changes of the model can be interesting to study: add a dependence between the external
signals and add some neural layers modelling for example how the external signal leads to a neural
representation of it in order to store it.

137
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Chapters 3 and 4

In Chapters 3 and 4, we introduced a new stochastic STDP model that we implemented in a well
known neural network model. This model is more complex than the one of Chapter 2. The neu-
ral network is composed of N binary probabilistic Wilson-Cowan neurons and discrete synaptic
weights following a stochastic STDP rule. We analysed this model under two different asymptotic
approaches: we first assumed that the plasticity is infinitely slow compared to the neural dynamics
and then, we assumed that the number of neurons tends to infinity (changing a bit the model by
dividing by N the weights in the synaptic current formula). The natural next step is to combined
the two in order to obtain an even simpler approximation of the model. We did not do it in this
thesis but it is not obvious that the two limits permute.

In Chapter 3, we showed the convergence of the slow process (the synaptic weights) to a limit
process of which we have studied the long time behaviour. We proposed two techniques leading to
conditions for positive recurrence or transience of the limit chain. The first one consists in coupling
the limit process with two other ones. These two processes have independent components with
similar dynamics that are determined by the extremal values of the limit process jumping rates.
We think that the processes used for the bounding in this method can be improved to get much
better bounds. The second uses of the Laplace transform of this invariant measure. In particular,
we show how to compute this transform for any N using the Laplace transforms of the marginals
of the invariant measure. Inverting the Laplace transform in two dimension is already hard in our
case because the formulas are not easy to handle with. We used the Fokker-Planck equation to
obtain it in the Appendix A.3.

In the continuity of this work, it would be very interesting to test the learning capacity of our
model and also to compare it with real biological data. Also, we could simplify a bit this model by
deleting the potentials and modelling the synaptic current using the weights W and the time from
the last spikes S instead of the potentials V.

In Chapter 4, after defining new variables describing the neural network (from the initial descrip-
tion) adapted to the mean field analysis and assuming that its empirical law converges to a certain
deterministic law in the large N asymptotic, we conjecture the McKean-Vlasov limit dynamics of
this law. This conjecture is based on computations done on the dynamics of the empirical measure.
We did not show yet rigorously the convergence of some term of this dynamics. The conjectured
dynamics is particularly hard to handle with as it deals with laws on a space of measures. We nev-
ertheless managed to compare the finite size neural network to the limit system using simulations
and obtained a good match.

The natural questions arising from this chapter are multiple. First, the existence and uniqueness
of the limit dynamics has to be studied. Then, the convergence as well as the propagation of chaos
have to be shown. Finally, analysing the limit system is a challenging step maybe enabling us to
understand a part of the weight structure formation.






Chapter A

Appendix

A.1 Definitions

A.1.1 Convergence in law (or weakly)

Definition A.1. (See for instance equation (10) in [19]) Let X be a metric space and X its Borel
sets and consider probability measures ™ and p on X. Then, u¥ converges in law (or weakly)
to 1 if and only if

Vi € Cy(X), /X F )™ (dz) = /X f(@)u(dr).

A.1.2 Variation of signed measures

We first give some definitions on the space of signed measures on a measurable space, see [4, Thm
1.6 and Rk 1.7] for more details.

Definition A.2. Let (X, X') be a measurable space equipped with a signed measure 1. One asso-
ciates to 1) the (unique) pair of positive measures n* and n~ defined for any A € X by

nt(A) = sup{n(B),B € X,B C A}
n (A) =sup{—n(B),B € X,B C A}.

The Jordan decomposition of the signed measure 1 writes
n(A) =n"(A) —n~(A).
The variation |n| of the signed measure 1) is defined, for all A € X, by
def. _
[ (A) =" 0" (A) + 1~ (A).
We deduce the total variation of n as
def. + _
[nllzv =" n[(X) =07 (X) + 7~ (X).
The space of signed measures embedded with the norm ||-|| v is a Banach space.

140
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A.1.3 Around Poisson

The first part of this section is taken from the book [62, Sec 4.2.1].

We first introduce non-degenerate point processes.

Definition A.3. (Point process) A point process on R™ with an infinite number of (strictly) positive
Jump instants without accumulation point, is a process (N¢)¢>o with values in N, vanishing at 0,
non-decreasing, right continuous, with unit jumps, and with infinite limit: for 0 < s <t < oo,

0=No <N, < Ny=Npw, Ne—Np €{0,1}, lim N, = oc.

This kind of random object has two other equivalent descriptions, to which it makes implicit
reference. We give the jump instants description, the other one being the inter-arrivals description.
Let (T}, )n>1 be the sequence of positive random variables increasing to infinity,

O<Ti<Ty < -+ <oo, lim T, = o0,

n—o0

such that the T;, are the jump instants of (N¢)¢>0. Then (N¢)¢>0 is given by their counting process:

Nt - Z l{Tngt}

n>1

What follows is taken from the book [32, Sec 2.1]. An (inhomogeneous) Poisson process of time-
varying rate \; > 0 (A is as regular as needed) is a point process satisfying the two following
conditions. The number of points within disjoint intervals are independent and in each finite
interval (a;, b;], this number has a Poisson distribution of intensity f;: Azdzx. Formally,

Definition A.4. (N;);> is said to be a Poisson process of time-varying rate Ay > 0 if it is a point
process such that

1. forallk > 1,tg =0 <ty < --- < tg, the random variables (Ntk — Ntk—l) yevey (Ng, — No)
are independent,

2. in each finite interval (a;, b;|, the number of points has a Poisson distribution of intensity
S Apda: for all k € N,

b;
(fai )\mdl’)k o f:; Aodx

P(Ny, — No, = k) = ==

The Poisson neuron is a spiking neuron model where the spiking times of a neuron is obtained
from the jump instants of a Poisson process.

We now generalise this definition by giving the definition of a Poisson random measure. This
definition is taken from the book [12, Def A.1].

Definition A.5. Let (E, £) be a measurable space and 1 a o— finite measure on this space. A (ho-
mogeneous) Poisson point measure N with intensity ju(dh)dt on R* x E isa (R* x E, BRT)®E)
-random measure defined on a probability space (2, F,P) which satisfies the following properties:

e N is a counting measure: YA € B(RT) ® £,Vw € Q, N(w, A) € NU {+o0}.
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o Vw e Q, N(w,{0} x E) = 0: no jump at time 0.
o VA€ BRY)®E, EN(A) = v(A), where v(dt,dh) = u(dh)dt.

e If A and B are disjoint in B(R™) ® € and if v(A) < +oo, v(B) < +00, then the random
variables N (A) and N (B) are independent.

A.1.4 Fréchet differentiation

We recall the notion of Fréchet differentiation. We use the definition given in [66, p.6].

Definition A.6. Let F' and G be two Banach spaces embedded with the norms ||-||p and ||||c-
Let D be an open set of F. We say that ¢ : D — G is Fréchet differentiable in y € D if there
exists a linear bounded operator L(y) : h € F — L(y)h € G such that for all h € F satisfying
y+ h € D, we have

le(y +h) —o(y) — Ly)hlle < p(|hllF,y),

where p(||h||F,y) satisfies % — O when ||h||r — 0. We call L(y) the Fréchet derivative of

@ iny and L(y)h the Fréchet differential of v in y in the direction h.

We say that ¢ is Fréchet differentiable on D if for all y in the interior of F, ¢ is Fréchet differen-
tiable in y.

A.1.5 Semigroup Theory and Probability Theory

This section is taken from the book [62, Sec 6.1].
A transition kernel P is a measurable mapping
x € Ew— P(z,-) = P(x,dy) € P(E).

A transition kernel P = (P(x,dy)).cr can be identified with the operator f — Pf on L™
defined by

Vee B Plw)= [ [Py,

One can also be interested in the adjoint of P, denoted P* defined on the dual M(E) of L by

2
Vue M(E)YfeL®,  Puf =uPf = /E F)P(s, dy)u(da).

From this definition, one can define a Markov process as follows.

Definition A.7. A process (Xi):>0 with values in E is a Markov process if there exists a family
(Pt)t>0 of Markovian kernels P, = (P;(x,dy))zcE such that, for all s,t > 0and A € B(E),

P(Xs4t € Al(Xpo<oss) = Pi(Xs, A).

The P, are called the transition kernels of the process. In particular, for f bounded we have

E[f(X¢)|Xo = z] = P f(x)
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and P;(x,dy) is the conditional law of X; given Xy = x. The Chapman-Kolmogorov equation
satisfied by the transition kernels P; leads to the semi-group property of (P;)¢>0

Vt,SZU, Pt+s:PtPs
This semi-group is characterized by its left derivative at 0.

Definition A.8. The infinitesimal generator of the Markov process, or of its semigroup, is the
operator defined by A : f € D(A) C L>® — Af € L™ such that

L P~ f@) | EIF(X0)] - ()

t—0 t t—0 t

Ve e E, Af(z) =

where D(.A) is composed of the functions for which this limit exists. It characterizes the law of
the evolution of the Markov process.

A.1.6 Markov chains

This definition is taken from the book [105, Sec 3.4].

Definition A.9. [96, Def | Let (X})>0 be a Markov chain minimal (chain that dies after explosion)
on a countable state space 3. We say that a state 1 is transient if

Pi (Z H{Xt:i} = oo) =0.
t=1

We say that a state i is recurrent if

P, (Z Lix,—i) = oo) = 1.
t=1

We denote by T; the random variable giving the first passage time to state 1,

T int{t >0 X, =},

where inf () =) 00. A recurrent state i is said to be positive recurrent if E;[T;] is finite and it is
said to be null recurrent otherwise.

We say that (X;)>0 is irreducible if every state of ¥ communicates with each other:

Vi,j €%, 3ty >0, Pi(Xy, =4)>0 and Pj(X;, =1i) > 0.

This theorem is taken from the book [96, Thm 2.6.4].

Theorem A.10. (Foster’s criterion) An irreducible Markov chain (X,,),>0 on a countable state
space X is positive recurrent if and only if there exist a positive function f : ¥ — R™, a finite
non-empty set A C ¥ and € > 0 such that

Ve € S\A,  E[f(Xusr) — F(Xa)| X, = 2] < —,
Va € 4, E [f(Xns1)|Xn = 2] < o0,
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A.2 Kronecker Product for Memory Lifetime

We can generalise Proposition 2.12. Instead of computing the spectrum of PY, we study the

spectrum of the transition matrix M‘]/V w of <V;N , (thj ’N> N> . In the following we use
’ 2<5< >1

the notation th’N - (thj,N ) ‘
2<j<N
We denote by

e v, ,Uyn an enumeration of {0, 1}%,
. p{}\lfc =P (VN =),

. Mé\kf is the 2V—1 x 2N—1 transition matrix of (th’N> knowing that VN = vy,
>1

o MY is the 2V=1 x 2V=! (ransition matrix of (th’N> . Thus, My, Zk 1P NMN.
t>1

The form of M{){W is:

N asrN N arN N
Doy My, Py My, M)
N aAsrN N arN N
N Doy My, pUQ]MU2 prQK M,
N aArN N N N
Doy MU2N pU2Mv2N oo Doy MvQN

22N =1 22N =1 matriz
Proposition A.11. The spectrum of M‘]/V wis
2 (M) =3 (Miy) u{0} = {AY,0 < i < N}U {0},
where AN has multiplicity ( ) and 0 has multiplicity 2V =1 (2N — 1).

First, let prove a lemma useful for the proof of the proposition. It is based on the Kronecker
product properties and the following 2 x 2 matrices:

1 0 1 0 1—qgt +
Moo = Iz, Mo1 = [ —,N —,N} , Mo = [ -N —vN} > M= [ Oq ql} '
do1 1 —qoy %10 I=aqg

Definition A.12. Let A € R™*"™ and B € RP*4. Then, the Kronecker product (or tensor product)
of A and B is defined as the matrix

anB - a1,B
ang e ang

A®B= , . e R™PXM, (A.1)
amlB e amnB

Lemma A.13. With the notation @,M = M Q@ M ® ... M, we have

My =(1 — fn) @n—1 (1 — fn) Moo + fnMor)
Mo
+ fv @n-1 (1 = fn)Mio + fNMiy)
My
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Proof. By recurrence on the number of synapses we look at. For one synapse, the transition
matrix is (1 — fx) Mo + fy M. In order to find the matrix for one more synapse given the matrix
for n synapses, we add the value of the new synapse at the end of the previous enumeration:
e = (el')1<p<an where €} € {0,1}" becomes €"*! such that forall 1 < k < 27, ef™! = (0,€})
+1 _

and e5,, = (1,¢€}).

The transition probabilities of the synapses of WtI’N are independent knowing V}LN. Hence, we
condition by V" and thus, we can split in two the transition matrix M{fV’N of n synapses of WtI’N.
Foralll<n <N —1,

def.
MY MY + (1= f) M

where M ; IfVV is the transition matrix knowing that V¥ = 7. The recurrence assumption is the

following. Assume that foral <n < N — 2,y € {0,1}, M;‘vav = ®uM,. Then, by indepen-

dence of the transition probabilities of the synapses knowing th’N and the fact that the transition
probability matrix of the (n + 1)*" knowing that V, = y is M,, we get

n+1,N __ n,N
My,W =M,® My,W>

which ends the proof. O
We now prove the previous Proposition.

Proof of Proposition A.11. First, as the number of collinear vectors of the matrix is 2V =1 (2" —1)
thus
dim (Ker (M) > 2812V —1).

So,0 € E(M\]/\,[W) and has multiplicity at least 2V ~1(2V — 1),

Then, we show that E(M‘]/\”W) \ {0} € S(ME). Letu=| & | € R2V 7 with ui € R2V,
2N
u

and X\ €]0, 1] such that:

2N
(M‘J/YW)T u=Au <& Vi vai Z(Mf,:)Tuk =\u' & Vi, j, uipf)\][, = ujpf)\g.
k=1

u

Thus, combining the two last equalities gives

S Tp) | ul =t = S(MYy) \ {0} C S(My).

Conversely, assume there exists z € R2" ' such that (Ziil(Mﬁ ) IplY ) x = A\z. Then, defining

w such that for all i, u* = pr x, this vector u checks

(MPy) T u=Au = S(Mjy) CS(MPy)\ {0}
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We conclude that,

S (M) = = (Mw)T) == (M) U{0} = {AY,0 < < N}U{o}.

Finally, we find the multiplicity of these eigenvalues. We denote by eg = [1 1] and e5 = [0 1]7,
s0:

Mley=eg=Mley, MIes = Aeyand Ml'es = AlVes + fngTeg
1 )

Now, we denote by u; v = (ul No U N > the sequence of vectors that can be written as the

Kronecker product of ¢ vectors e and ( —i—1) vectors eg. For example, ul N = ®ie2®N_1-5€0.
We compute the matrix MVJ‘\; in this basis using the linearity of the Kronecker product:

(MW) ZN_(l_f)®N_1Mg“Z,N+f®N—1MfFuZN

AN’L ] —|—zzaklukN]

k=0 1

= (1= Al + f|(

= [ (1= HAF) + f(AY) 1N+fzzaklukN

NG k=0 1

Where oy € {0, (fg")"%}. Hence, in this basis, (M})T is upper triangular with AY on the
diagonal with multiplicity ( ) it ends the proof on X (MVW> O

In hindsight, denoting by M, é{,N the transition matrix of (Wti’N)tzl, we note that it can be written
using the Bayes’ formula as

M&/N - Z P(VtN =) [(1 — Ui) Q£ ((1 - Uk)Moo + ka(]l)
ve{0,1}V

+ 0" @pp ((1 — M) My + kan)]
A.3 Invariant measure of the fast process in dimension 2

Using the same argument as in Lemma 4.3, we can show that 7, admits a density in s and we
write for all (v, s) € {0,1}? x R? and a fixed w,

4
Tw(v,ds) = Z(;,Uk (v)pr(st, s*)ds'ds*  with / pr(st, s?)dstds® = v
k=1 RY

Moreover, we assume that for all 7, o (v, w) = a()_; wv7). We denote by ag = a(0), a; =
a(w'?) and oy = a(w?'). We denote by Dy 1y f(u) = g1 f(u) + Oz f (u).

The Fokker-Planck equation on the invariant measure obtained from the generator B,,, see (3.6),
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gives

D1ypi(s) = Bpa(s) + p3(s)) — 2a0p1(s) — do(s")p1(s) — do(s*)p1(s)

Daypals) = (5 + an)pas) + Bpals) + 80(s%) (= als) + 00 [ pa(s)dst) = dols (e
+
D11)p3(s) = —(B + a2)ps(s) + Bpa(s) + do(s' ) —p3(s) + Oéo/R p1(s — do(s%)ps(s)
+
Dypals) = =26pa(s) + 30(s%) (=) + 2 [ p3<s>d82)
+
+ 50(sl)< —pa(s) +aq / pg(s)dsl>.
R+
Hence, denoting by
—2a9 B B 0 D1
_ | 0 —a1—fB 0 B p2
A=1 0 0 —a-8 B | MMPT |
0 0 0 —26 Da
we get, for all s such that both s' £ 0 and s2 # 0,
Dq1yp=Ap (A.2)
with the following boundary conditions
p1<0782) =0 ) Oé()/ p1<3179)d0:p2(3170)7
R+
PO =0 a0 [ p0 s = pa(0. ),
Rt (A3)
p2(07 82) =0 ) a1 / pZ(Q) 82)d9 = p4(07 82)7
R+
p3(st,0) =0 , ag/ p3(st,0)do = py(st,0).
R+

We make a change of variable in order to solve equation (A.2). Let ¢ : RT x RT — D such
that ¢(s!,s?) = (u,v) = (s',s2 —s')and D = {(z,y),z € RT,y € R : y > z}. Therefore,

N1
we search pj, such that py,(s) = fi(¢(s',5?)) = fr(u,v) and we get with f = ;2 and Yu #
3
Ja
0,u # v:
g91(v)
0./ =Af & 3g) = |2 o) = eMg(o).
ga(v)

After computing the exponential of the matrix A, we modify the functions g, and g3 as follows
(we keep the same name for simplicity):

g2 < g2 — and g3 < g3 —
« e}

— ﬂ94 — 594-
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We finally obtain that the p; have the following form:
1 2y _ —2apst | p —(a1+B)st 2 1
pi(s ,s°)=e g1(s*—s)+ SHm—— _ﬂe ga(s”—s7)
p —(ag+pB)st 2 1
+2a0—a2—ﬁe g3(s®—s")
B (a1 + g — 2) —28s! 1
+ e ga(s” — s
1= Aoz — p)Cao 2" 2 )
p2<81,82) _ ef(a1+,3)5192(82 o 81) + L —283st 94(3 _ Sl)
ar—B°
palst, %) = gy (2 s g Pt 2
as—B°
pa(s', %) = e 20 gy(s* — s1).
We now use the Laplace transforms and the boundary conditions. The first column of (A.3) gives
p 2 B 2 B*(a1 + az — 28) 2
0=g1(s?) + 57) + ———————g3(s7) + 5%,
91(s7) 200 — o — ng( ) 200 —ag — ng( ) (a1 — B) (a2 — B)(2a0 — 2/3)g4( )
0= Iy —2apst Iy —(a1+p8)st p Ay —(ae+B)st
gi(—s")e +2a0—a1—692( s )e +2a0—a2—693( s )e
n B (a1 + ag — 20) 94(_81)6—2/351
(1 = B) (a2 — B)(2a0 — 213) ’
s 2
0 = go(s?
92(57) + — _Bgzx(s )
0 = gs(—s)e (@2 4 ngx(—sl)@*zﬁsl-
az — f3

(A4)
The second column of (A.3) gives
agﬁ{pg}(/\l,O) = /e’\1‘(”1104(51,0)ds1 :/
a1 L{pa}(0,\?) = /e_’\232p4(0,82)d32 = /e_’\252g4(82)d82,
aoL{p1}(\1,0) = /e_)‘lslpg(sl,O)als1
:/92(51)6—(/\1+a2+ﬁ)s1 +Bﬁg4(sl)e—(/\l+2ﬁ)sld81

a1 —

ozoﬁ{pl}((),)\2) = /e_’\282p3(0,52)d52 = /e_)‘28293(s2) + g4(52)d52.

B
az —f3

We denote by g, and g the functions from R+ to R such that gy (s) = g;" (s)Lg+(s)+g; (—s)Lg-(s).

We deduce that

L{g7 }(\") = aaL{ps}(\' — 28,0),
L{gFHN?) = a1 L{p2}(0, \?),

L{g5 }(A\') = aoL{p1}(A\' — as — 8,0) —
5 o1

5042

/J{ s}(A — a2 — 8,0),

L{g3 }(X*) = aoL{p1}(0,3*) - o gt }(0 A?).
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We saw how to compute the Laplace transforms in dimension 2 in Lemma 3.36. We obtain that

che 4 cf, ety g e RY

94(y) =
c1y e Py 4 Cyy €2?Y ,VyeR™

c13 e~ MY | 93 e~y | 33 e Py o+ C43 e—(1+28)y VyeRt

93(y) =
*azﬁ—ﬁe(ﬂ —o2 g, (y) VyeR™
) VyeR*

92(y) =
Clo €MV o9 €22Y 4 30 7MY gz (@2 B0y € R

where

20— o1 — B4/ (2ag — g — B)? + 4 B

A2 = 5
Moo 20— —f— V(2 — a1 — B)2 + 4oy B
2
N 200 + ag + B+ /(200 + az + B)? + 4o
13 =
2
N 200 + a2 + B — /(200 + az + B)? + dazfB
23 =
2

and the constants depend on the parameters. These constants are unfortunately not clear enough
to be written here. The function g; is obtained from g2, g3 and g4 using equation (A.4).

A.4 Code of Chapter 4

We simulate N neurons th AR ,XtN " having the same dynamics as X/, except that instead of
W we use ji; N = % >0 X Hence, we do not need to compute p;. For instance, we use the

57?’* to compute the IZ =T (fz*) The neuron ¢ satisfies the following equations

. [,(Xé’*) = g, has weight only on & such that £(-,-,Z) = ug(-, -, P(Ep)), and Sé’* with
law pg admitting a density.

o dS;* = dt.

° fi’* admits a density in s and satisfies the following equation where we used N instead
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: N _ 1 .
of pff with p1;" = 5 >, 5(‘/:,*,5;,*152,*).

k.,
% Zk a(I(St ))H{Vt’m*:g,gf»*:s}

i,%0 i,%0 ixl i,%0
a7f£t7 (37 w) = _asgt, (Sy w) + B€t7 (87 w) - 51‘,7 (57 w) 1 1
N 2 Lo sioo)

ag(s)

gi’*o(oa w) =0,

D (s,w) = —0,E (s,w) — BEF (s,w)
A el (ST (S w1 4+ (L= p (5 (S w)]

C3 1
N l,* L% k,*
v 2 V7 =0,5"=5"}

&0, w)

e Atrate B]l{vjle}, (V;’j’ Sti’,*, Eﬁf) jumps to (0, SZf, f:f).

Vi7*

e Atrate a(I(ﬁif))]l{V:j:O}, (V.2 ,S:f, f:f) jumps to (1,0, &) with

£ ({u}, A, {w}) = /APJF(s,w—l)iti’*({v},dS, {w—l})Jr/A(l—er(S?w))gi’*({“}’ds’ {w}).

We use a simulation with a fixed At time step instead of following exactly the jumping times one
by one. In addition, two-dimensional histograms are used for the measures 52’*0 and fi’*l. For
the continuous variable s, we use a grid of size At starting from 0 and ending in m; = M At
(ms = 15ms in the simulations of Section 4.4) with M, € N. Itis also necessary to choose bounds
for synaptic weights, we denote Wyin, Wmar € Z such that W,” N e [wmin, Wmaz]. Finally,
thereafter, we denote by m} = (my™, -+ ,m>"*) and a? = (a9(0),aQ(At),--- ,ad(M,At)) the
vectors such that for any mN*:

ok O‘(I(ff’*)) ﬂ{mf»*:m}
2 Lt oy

k,* k,x

ke _ [ S (L=ViT) 0

m; = |————= and a; (mAt) =
In order to discretize the equations given in (A.5), an explicit Euler scheme is used to estimate the
derivatives: for a function u : (¢, s) — u(t, s),

u(t + At, s) — u(t, s)
At

u(t,s — At) — u(t, s)

Opu(t, s) = A7

and — Osu(t,s) =

Initial conditions

The probability measures 56’* are initially identical and distributed with the laws described in what
follows. These laws admit a densities in s that we approximate with histograms. We have to be
careful with boundary conditions in s = (. We ensure that these conditions are initially satisfied.
The laws proposed are closed to the one obtained after a long time of simulation.

We draw the initial variables as follows: with 0 < p, < 1,
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1. We draw the potentials from the Bernoulli distribution of parameter p,,, Voi’* £ Bemn (pv),

2. We draw the Sé’* such that Voi’* = 0 from the distribution LogNormal(x,y), and then we
compute mé’*, e ,mév’* and a3(0), - -+, ad(Msy),
)3k ;%0 il
3. we define " = (6o ® §(Z)’ + 01 &) QUEWmin, ***  Winas }) Where
13 *0( JZ) = LogNormal(a:,y) and 58’*0(-,2) £ 5(58*1(0,Z)>
with
{8* (0, w) AtZaO {8* (mAt, w),

4. Finally, we draw the Sé’* such that Voi’* = 1 from the distribution £ (58’*1(0, Z))

Fromt¢t=0tot = At

We describe how to pass from ¢t = 0 to ¢ = At, and then we perform the same computations to
pass from t = At to t = 2A¢ and so forth.

1. We compute the /| é’* (initially all the same and deterministic).
2. We draw the jumping times Té’* from the exponential distributions of parameters
7%
Od([ ) {V’L* }“‘6]1{‘/2* }.

3. We compute mf = (my™, -+ ,md™) and ad = (a3(0), - - - , ad(M,)) where for all m € N:

k% k,* .
mlg’* _ Sy and ag(m) _ >k (I(& ))ﬂ{m’g’ :m}.

We compute the terms due to the drift of the {Z’;. For all m € [0, M;]:

€ mAtw) = & (m — 1At w) + AtBES™ ((m — 1AL w)
_ Atfé’*o((m — DAt w)ad(m — 1)
52?0(0,10) =0,

5 (mAt, w) = €5 (m — 1) At w)(1 — AtS)

(1)L e
€21 (0,w) AZ ZO Mot 21

i* i,%0 *
(S5 (m™ At w + 1)
L {mg"=mg"}

+ (1= p (S8 (mb At w)|

k,x
(50 )) {mlgv*ZLm}g‘*:m} — ik ~d,%0
My [ (s596 matw+ 1)

+ (1= p(S5NEE (mAt, w)]
=AY af(m) [p (S (mAtw + 1)+ (1= (S57)G " (mAt, w)|
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4. I 7% < Atand Vj* = 0, for all m € [0, My],
X ({vy, mAt {w}) = pt (mADE™ ({v}, mAtL, {w—1})+(1-p* (mA1))&5" ({v}, mAL, {w}).

5. We compute ‘ ‘ '
SZ; = (S(Z)’* + At)]l{ré’*ZAt} + (At — 7-87*)]1{7'8‘*<At}’

6. We make jump the potentials of the neurons ¢ such that Té’* < At.

7. We compute the elements that we keep in memory at each time step : expectations of the
potentials, of the time from last the spike, of the presynaptic weights, distribution of the
synaptic current input...
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