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Résumé

Les robots d’inspection de canalisations jouent un rôle important dans des industries telles
que le nucléaire, la chimie et les eaux usées. Ils peuvent opérer avec précision dans un environ-
nement irradié ou pollué, réduisant ainsi les risques pour les humains. Cette thèse porte sur la
conception d’un robot bio-inspiré pour l’inspection des canalisations. La thèse commence par
l’étude du cas d’un robot d’inspection bio-inspiré rigide qui a été développé au LS2N, France
pour AREVA. Des modèles statiques et dynamiques sont développés pour comprendre les forces
de serrage et les couples des actionneurs du robot. Des validations expérimentales sont égale-
ment effectuées sur le prototype pour interpréter les forces d’actionnement en temps réel. Pour
améliorer sa mobilité, l’architecture du robot est rendue flexible par l’ajout d’un mécanisme de
tenségrité. Deux types de mécanismes de tenségrité sont proposés et analysés avec des méth-
odes algébriques pour comprendre leurs limites d’inclinaison et pour connaître l’influence des
paramètres de conception. Des expériences sont réalisées sur l’un des prototypes des mécanismes
de tenségrité développés au LS2N avec deux types de trajectoire en positions horizontale et ver-
ticale. Ensuite, une optimisation est réalisée pour identifier les moteurs qui peuvent permettre
du robot d’inspection de canalisation flexible de passer les coudes et les jonctions pour une plage
donnée de diamètres de tuyaux. Une maquette numérique du robot flexible est réalisée dans un
logiciel de CAO.

Mots-clés: Inspection de la canalisation, robots bio-inspirés, tenségrité, singularités, opti-
misation.



Abstract

Piping inspection robots play an important role in industries such as nuclear, chemical and
sewage. They can perform the assigned task with better accuracy and at the same time, they can
operate within an irradiated or a polluted environment thereby reducing the risks for humans.
This doctoral thesis focuses on the design of a bio-inspired robot for the inspection of pipelines.
The thesis begins with the case study of a rigid bio-inspired piping inspection robot which was
developed at LS2N, France for a project with AREVA. Static and dynamic force models are
developed to understand the clamping forces and the torques on the actuators of the robot.
Experimental validations are then done on the prototype to interpret the real-time actuator
forces. In order to improve mobility, the robot architecture is made flexible by the addition of
a tensegrity mechanism. Two types of tensegrity mechanisms are proposed and analyzed using
algebraic methods to understand their tilt limits and to identify the influences on the design
parameters. Experiments are performed on one of the prototypes of the tensegrity mechanism
developed at LS2N for two types of trajectories in the vertical and horizontal orientations. An
optimization approach is then being implemented to identify the sizes of motors that can permit
the flexible piping inspection robot to overcome bends and junctions for a given range of pipeline
diameters. A digital model of the flexible robot is then realized in CAD software.

Keywords: Piping inspection, Bio-inpired robots, Tensegrity, Singularities, Optimization
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Introduction

Motivation

Robots have been into existence since the late 20th century for engineering and industrial ap-
plications. It was the manufacturing industries, which first started using simple robotic arms for
performing repetitive and simple tasks. Since then, technological advances have allowed robots
to be more versatile and flexible. At present, in the automotive industry, a single production
line can work on several models of vehicles. With advancements in technology, mobile robots
started to appear for exploration and interaction with an environment. Robots also find their
applications for military and civil rescue operation in the form of observation and combat drones.
Robots have also played an important role in the field of medicine by making procedures safer
and less expensive for patients. They can perform surgery with better accuracy and can access
through tiny places. Recently, piping inspection robots have started to appear and they have
created a major attraction in the scientific research community. These robots can carry out an
inspection or an intervention on areas that are difficult to access by humans. They also reduce
the chances of hazards or risks to human life as inspection robots can potentially work within
an irradiated or a polluted environment. With the automation of control systems, inspection
robots can accomplish the desired task within a short period as well as with better accuracy.
Generally, the locomotion principles of these robots can employ either mechanical systems or
inspire their motion from nature, otherwise referred to as Bio-inspired techniques. This doc-
toral thesis focuses on the design of a bio-inspired robot for the inspection of pipelines. The
operational context and the general problems associated with the design of a piping inspection
is presented at the beginning. The thesis is then subdivided into multiple chapters for arriving
at a design that can be suitable for the operational context.

Operational context and general issues

A piping inspection robot is usually subject to many objectives depending on the application
and requirement of the industry. In this section, the operational context of the piping inspection
robot for the thesis will be defined. Inspection robots for pipelines can operate for smaller
diameter ranges of 40–50 mm to bigger diameter ranges of 500–600 mm. In reality, inside
an industrial pipeline, inspection robots can encounter various kinds of profiles such as bends,
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intersections or even deposits as shown below in Figure 1.

(d) (e)(a) (b) (c)

Figure 1 – Possible profiles encountered by an inspection robot inside an industrial pipeline:
(a) varying diameter; (b) curvature; (c) inclination; (d) branching; and (e) uneven surface walls
[Par+11]

The design of inspection robots for pipeline diameters less than 150 mm is a big challenge.
In nuclear industries that employ Pressurized Heavy Water Reactors (PHWR), corrosion is a
common issue [Tap12] and the feed water pipelines have diameters between 55–75 mm [CPJ09].
In this thesis, a focus will be kept on arriving at the design of a piping inspection robot that
can operate in a pipeline having a diameter of 150 mm or less and at the same time, it must be
able to overcome bends or intersections (Figures 1b to 1d). Also, the robot must be capable of
adapting its structure when it encounters a diameter change inside a pipeline (Figure 1a). The
classical architecture of a piping inspection robot comprises: a head, a platform and cables. The
functions of these components are given by:

• Head: This is the main part of the robot and it usually houses equipment such as Non-
Destructive Testing (NDT) tools, cleaning or cutting tool or a Tungsten Inert Gas (TIG)
weld torch. These equipments are chosen based on the application.
• Platform: The robot platform houses all the tools, manages the cables and accommo-

dates the robot head. The platform withstands all the reaction forces generated under
operation modes.
• Umbilicus/Cables: This is the key feature of a robot and they are responsible for trans-
ferring information between the point of supervision and the robot. They are normally
of retracting type, which is essential for the withdrawal of the robot outside the pipeline
in case of emergencies.

The inspection and intervention phases require specific tools, so different types of heads will
be accommodated according to the operation, unlike the platform, which is common to all the
operations. Generally, piping inspection robots are encountered with some issues. The general
problems associated with a piping inspection robot are given by:

1. Movement: This problem is concerned with the difficulties in moving the robot inside a
pipe. One of the major problem associated during movement will be to pull or push the
payload as the robot tries to pass through or overcome an obstacle. The various kinds of
obstacles that can be encountered within a pipeline were studied by Park et al.[Par+11],
which includes bends, elbows, T-unions, diameter variations and presence of deposits on
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the pipeline walls. Another problem associated with the movement is the entanglement
of robot cables while passing through multiple bends from the initial point of locomotion
[Hir+99].

2. Positioning: It is very important to position the robot accurately on the zone to be
inspected or intervened. It is necessary to take into account the tolerance of the design
data and there are chances that there exists a mismatch between reference and target
positions caused by data which are not updated.

3. Inspection: When a robot performs an inspection using NDT tools the precision is very
important while inspecting a surface taking into consideration the plating force on pipelines
and the orientation of the probe. Also, in case of ultrasounds, which makes use of gels
for passage inside the pipe, there are chances that the probes might transfer irrelevant
information owing to the nature of the deposits. When inspection cameras are employed,
a special lighting system is required to highlight cracks to avoid glares.

4. Intervention: During an intervention, the robot must be capable of satisfying various
factors. For example, when a cleaning operation is performed, there should be a suitable
storage facility mounted along with the robot to collect the deposits. If the robot is used
for heavy operations such as drilling or welding, the robot platform as well as the head
must be capable of withstanding the vibrations and other mechanical forces generated by
the equipment.

This doctoral thesis will address the first issue, which is associated with the movement of
robot inside a pipeline having varying diameters and bends. The thesis has been subdivided into
five chapters and a problem statement is defined and addressed in each chapter. An overview
of the work carried out in each chapter are explained in the following section.

Thesis contributions

1. Literature review and mathematical concepts

The first chapter of the doctoral thesis focuses on the literature review of existing researches
in the field of inspection robots and description of some important mathematical tools. The
first half of this chapter presents the state of the art of locomotion techniques of robots based
on Mechanical type and Bio-inspired type systems. A literature review on the articulation
units which can permit a robot to pass through pipe bends or junctions is then carried out. A
synthesis table is presented for the locomotion techniques as well as for the articulation units
to identify solutions that are compatible for the operational context. The second half of this
chapter focuses mainly on the definitions of certain mathematical concepts that are employed
in the thesis chapters. Some software tools namely: the SIROPA library of Maple and some
optimization functions of MATLAB software which were employed for analysis in the thesis
chapters are also presented.
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2. Rigid bio-inspired piping inspection robot

The second chapter of the doctoral thesis is mainly associated with solving the following
problem statements:

1. What are the different ways for an inspection robot to accomplish locomotion inside a
pipeline?

2. What are the forces required to ensure good contact with the walls of a pipeline having
various orientations and diameters?

In-line with the operational context as well as from the synthesis table of locomotion tech-
niques in the literature review, the second chapter of the doctoral thesis begins with the study
of a bio-inspired piping inspection robot developed at LS2N, France. As a part of project with
AREVA, a caterpillar type inspection robot for nuclear pipelines was designed and proposed
by Henry et al.[Hen+14]. This robot accomplishes the locomotion of a caterpillar in six steps
by using slot-follower leg mechanisms, DC-Motors and spindle drives. The robot is capable of
working inside 40–94 mm straight pipelines. However, the force models associated with the
robot were not analyzed. The first half of Chapter-2 focuses on the development of static and
dynamic force models for this piping inspection robot. Using Coulomb’s law of dry friction, the
static force model is developed and solved to interpret the actuator forces of the leg mecha-
nisms during clamping phases of the robot. The dynamic force model is then developed using
the recursive Newton-Euler algorithm [Kha10] for interpreting the actuator forces on clamping
modules and the elongation module during locomotion. The second half of Chapter-2 focuses on
the experimental validation of the prototype of the inspection robot. Using Maxon DC-motors,
spindle drives, standard fasteners and the slot-follower leg mechanism, the bio-inspired piping
inspection robot is realized at LS2N. With the help of a BeagleBone black microcomputer and
servo-controllers, a force control algorithm is developed for the control of this piping inspection
robot. The peak results coming from the static force model are set as threshold limits for at-
taining static/clamping phases during the locomotion cycle. The real time actuator forces are
interpreted for the robot by performing experiments inside a 74 mm diameter test pipeline.

3. Design and analysis of Tensegrity mechanisms

The third chapter of the doctoral thesis addresses the following problem statements:

1. What are the key design issues that must be addressed for the design of an articulation
unit which can facilitate a robot to overcome pipe bends and junctions under passive and
active modes?

2. What are the tilt limits for the mechanism?

3. What are the optimal design parameters of the mechanism for having a stable configuration
under static modes?
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The second chapter of the thesis mainly focused on the locomotion principle and the es-
timation of contact forces with the pipeline walls for an inspection robot developed at LS2N.
However, this prototype is a rigid model and its applications are limited to straight pipeline pro-
files having varying diameters. In reality, a piping inspection robot can encounter various pipe
profiles such as 90◦ bends, T-unions, or junctions. Chapter-3 focuses on the design modifica-
tion of the rigid bio-inspired piping inspection robot into a flexible system by the incorporation
of articulation units in the existing architecture. This chapter initially addresses the general
problems associated with the design of an articulation unit viz: Passive compliance, Active
compliance and Tilt limits. By taking these factors into account, a tensegrity mechanism that
employs a passive universal joint and three tension springs is proposed as an articulation unit
for the bio-inspired robot. This mechanism can operate passively while encountering 90◦ bends
and in the event of a junction, cables that pass through the springs of the mechanism can be
actuated to tilt along a certain direction. The tensegrity mechanism is correlated to a parallel
manipulator of type 3-SPS-U for estimating the geometrical equations. The analysis of the po-
sitioning of the end-effector is carried out in two ways. The first analysis employs the theory of
Tilt & Torsion (T&T) [BZG02] to estimate the tilt limits of the mechanism by decomposition of
the architecture into three case study postures. Using the Cylindrical Algebraic Decomposition
(CAD) algorithm and Groebner bases elimination technique, the tilt limits for the three case
study postures with respect to the joint limits are identified using the SIROPA library of Maple
[Jha+18 ; Cha+20]. The posture with the maximum tilt limits is identified and stability analysis
with respect to the T&T angles is carried out for the mechanism under static modes. The second
analysis focuses on the study of singularities of the tensegrity mechanism which is carried out
for the Euler angles of the universal joint. The singularity analysis helps in determining the
presence of parallel and serial singularities, based on which the workspaces of the mechanism
can be identified to understand the tilt limits. By the addition of another tension spring, the
mechanism is converted into a 4-SPS-U architecture. The singularity analysis is performed again
for the modified architecture and a comparison is being made between both architectures based
on tilt limits. The comparison helps in determining the architecture’s ability to address the
issues of Passive compliance, Active compliance, or both.

The final sections of this chapter presents the stability analysis under static modes for the
Euler angles of the universal joint. By following a heuristic optimization approach in MATLAB,
the optimal design parameters for the 3-SPS-U and 4-SPS-U tensegrity mechanism under the
presence of external forces are determined. The singularity analysis is revisited for the modified
design parameters for understanding and comparing the tilt limits of both architectures. Proto-
types of the 3-SPS-U tensegrity mechanism are realized for initial and optimal design parameters
for demonstrating the stability under static modes.

4. Experimental validation of the 3-SPS-U tensegrity mechanism

The fourth chapter of the doctoral thesis addresses the following problem statements:
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1. What are the possible ways for actuating a 3-SPS-U tensegrity mechanism?

2. What are the governing equations for achieving the the desired trajectory and the desired
positions by the mechanism?

Chapter-4 of the doctoral thesis focuses on the experimental validation on the prototype
of the 3-SPS-U tensegrity mechanism that was presented at the end of Chapter-3. The main
purpose of this chapter is to understand how the issue of active compliance could be addressed
through the actuation of cables used in the mechanism. Using DC-Motors, planetary gear-
box, pulleys and cables, the actuation of the springs of the tensegrity mechanism is performed.
Similar to Chapter-2, a force control algorithm is incorporated using a BeagleBone black micro-
computer for controlling the tilt limits of the mechanism. Using a closed-loop PID controller,
the mechanism is actuated to tilt along a certain direction within the singularity free workspace
with minimal errors between the measured and desired position data. Two sets of experiments
viz: a linear trajectory and a circular trajectory [Car+15] is performed where the Euler angles
are passed as inputs to the controller with the help of which the Inverse Kinematic Problem
(IKP) is solved using the Jacobian matrix and its derivative. The two sets of experiments are
carried out for two orientations, namely: Vertical and Horizontal and they correspond to the ori-
entations of the bio-inspired robot of Chapter-2 inside a vertical or a horizontal pipeline. These
orientations help in identifying the influences of gravity and the self-weight of the mechanism
on the motor torques.

5. An optimal design of the flexible piping inspection robot

The fifth chapter of the thesis addresses the following problem statements:

1. What is the optimum size required for the modules of a piping inspection robot to overcome
a bend at 90◦?

2. What are the optimum sizes for the clamping modules that could be accommodated for a
piping inspection robot to work inside straight and curved pipe profiles?

By the implementation of a tensegrity mechanism into the bio-inspired robot studied in
Chapter-2, a flexible system was obtained. However, if the motor units and spindle drives
used in the existing prototype are carried over to the flexible robot, the assembly proves to be
oversized and it cannot overcome a pipe bend, especially at 90◦. This chapter thus focuses on
the determination of motor sizing by an optimization approach. Two optimization problems are
defined and solved by a deterministic approach in MATLAB. Both problems are carried out
inside a planar test bench that consists of a pipeline with a 90◦ bend, which is constructed by
discretization equations in MATLAB. The first optimization problem aims to determine the size
of the motor-spindle drive for each module of the caterpillar type inspection robot. The robot
modules are considered as planar multi-body blocks within the test bench for simulation. The
first optimization is carried out for pipeline diameters starting from 70 mm to 160 mm. From the
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results obtained, an optimal motor sizing is determined for the modules based on dimensions,
velocity and feed force factors from catalogue products of Maxon [Max]. The first optimization
problem also helps in identifying the working diameter range for the flexible robot. The second
optimization problem is then performed which aims to determine the size of the slot-follower
leg mechanism that could be accommodated for the results of the first optimization problem.
This optimization problem is performed for the working diameter range identified from the first
problem and the dimensions of the leg mechanism are determined by a geometric approach.
From the results of both optimization problems, the entire robot is digitally realized in CAD
software by assembling DC-Motors, spindle drives, standard fasteners, tensegrity mechanisms
and slot-follower leg mechanisms. The flexible robot permits to have an “Elephant trunk” type
model.





CHAPTER 1
Literature review and mathematical

concepts

This chapter is the foundation for the doctoral thesis. The first half of this chapter
analyzes in detail the existing researches in the field of piping inspection robots, their loco-
motion principles and their actuation strategies. Also, some of the articulation units ex-
isting in the literature are presented. The second half of this chapter discusses the various
mathematical concepts and some software tools that were employed in the thesis chapters.

1.1 Introduction

In the present world, with the rapid growth of industries such as nuclear, chemical, oil
& gas and sewage, the need for piping inspection robots has become the topmost priority.
Failures of pipelines in such industries lead to major consequences. Manual intervention of these
pipelines for performing activities such as inspection, welding and corrosion detection is not
preferable as they not only lead to the loss of human life but also poses other threats such as
long term radiation effects and serious injuries. These pipelines can also be termed as Hazardous
pipelines as they operate to transfer dangerous fluids or substances for larger distances from
the installation premises [Pap99]. Frequent intervention or maintenance are required for such
pipelines in order to avoid severe consequences to the environment as well as to the people.
Annually, the number of incidents and fatalities related to gas pipelines are analyzed by the
European Gas pipeline Incident data Group (EGIG) in Europe and Pipeline and Hazardous
Materials Safety Administration (PHMSA) in the United-States. The statistics of the incidents
reported in the last ten years by the PHMSA is represented in Figure 1.1.

A total of 731 incidents, 280 fatalities and 1183 injuries have been reported as per the
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Figure 1.1 – Pipeline incidents statistics issued by PHMSA [Phm]

statistics of PHMSA over the span of last ten years in gas transmission pipelines. Incidents
normally included corrosion issues, breakage of pipes and fire explosions. The total number of
fatalities and injuries prove to be a concern and this figures appear more larger when the entire
piping incidents connected with all hazardous industries are studied across the globe. This
concern proves the importance of inspection robots, which can potentially reduce the hazards
caused to the workers of these industries to a greater extent. Through automation of the robot
control system, it is possible to carry out intervention without affecting the operations of the
installations.

In the following section, a literature review of existing piping inspection robots is carried
out based on the locomotion principles, their actuation strategies and associated articulation
units. In the subsequent section, some important mathematical concepts employed in the thesis
chapters are presented. Followed by that, some mathematical tools such as the SIROPA library
of Maple and the optimization tools of MATLAB software are presented.

1.2 Locomotion techniques of robots- A literature review

This sections mainly focuses on the various locomotion technique of robots in literature and
their actuation strategies. The study will try to focus on the robots that have inspection ap-
plications as well as some medical applications such as colonoscopy. A general classification of
in-pipe inspection robots was proposed by Roh et al.[RC05] and it is represented in Figure 1.2.
The classification proposed by Roh et al.[RC05] gives an overview of possible locomotions tech-
niques for robots to move inside pipelines. A further classification can also be done based on the
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(a) Pig type (b) Wheel type (c) Crawler type (d) Wall press type

(e) Walking type (f) Inchworm type (g) Screw type

Figure 1.2 – The classification of in-pipe inspection robots by Roh et al.[RC05]

type of locomotion technique viz: Mechanical and Bio-inspired solutions. Kassim et al.[Kas+06]
proposed a distinction between these two categories for the application of robots in the field
of colonoscopy. A literature review will be carried out based on the classification proposed by
Kassim et el.[Kas+06].

1.2.1 Mechanical type locomotion systems

Mechanical type locomotions techniques could be imagined for robots that employ kinematic
architectures such as wheels, pulleys etc., to accomplish movements within a certain space or
environment. The various contributions for this type of locomotion technique will be explored
in this section.

Wheel type system

Wheel type locomotion systems are widely used in pipeline inspection. For working inside
vertical passages, the robots required a specific architecture to maintain permanent contact be-
tween the wheel and the pipe regardless of the robot orientation. Normally, diameter changes in
the pipe do not prove to be a hindrance for the wheel based systems. Most of the wheeled robots
use a mechanical clamping system for better adhesion with pipeline walls. An alternate tech-
nique that used magnetic wheels for pipeline walls was proposed by Kawaguchi et al.[Kaw+95].
This robot can work inside a 150 mm diameter pipeline having a bend. For vertical passages,
the robotic system is centered using several branches which can vary from two to six. For the
two branch robots, the MOGRER robot of Okada et al.[OS87] which uses one driving wheel and
the robot PIRATE of Dertien et al.[DS11] which employs two driving wheels are some examples.
These robots are suitable for pipeline diameters ranging from 40 to 125 mm and they employ
DC-motors with gear-reduction units for actuation. For the 3-branch system, the MRINSPECT
robot of Roh et al.[Roh+01]is a good example. The main advantage of the MRINSPECT series
is their strong adaptation to pipeline diameters with articulation units behaving either passive
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(MRINSPECT-01 , MRINSPECT-02) or active (MRINSPECT-04). All these wheel based sys-
tems employ either a DC-motor or a DC-motor coupled with gear-reduction unit for actuation.
The wheel type systems generally do not occupy more space but their ability to adapt to change
to diameter changes might be limited. A representation of the wheel based systems studied in
this section is shown below in Figure 1.3.

(a) (b)

(c) (d)

Figure 1.3 – Some existing wheel type systems for piping inspection robots: (a) Magnetic wheel
type [Kaw+95], (b) MOGRER robot [OS87] , (c) PIRATE robot [DS11] and (d) MRINSPECT-
04 robot [Roh+01]

Track type system

Track based systems as the name indicates employ a conveyor based system to have contact
with pipeline walls. These systems occupy enormous space over the wheel type systems. The
main advantage of this system is that they ensure good adhesion, especially while crossing
obstacles. On the other hand, they prove to be more voluminous. The robots employing this
system are highly suitable for pipelines having larger diameters. These systems can adapt
well according to the diameter change but they are hardly minute for the operational context.
Some existing researches that employ the track systems are the robot of Kwon et al.[Kwo+08]
which comprises two motorized units for operation inside 100 mm diameter pipeline and the
PAROYS-II robot proposed by Park et al.[Par+11], which is equipped with two-track systems for
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pipeline diameters ranging between 400–700 mm. Another example is the robot of Moghaddam
et al.[MAH11], which also employs a track based system for 300 mm diameter pipelines. A
representation of the track systems studied in this section is shown below in Figure 1.4.

(a) (b) (c)

Figure 1.4 – Some existing track type systems for piping inspection robots: (a) Robot of Kwon et
al.[Kwo+08], (b) the PAROYS-II robot [Par+11] and (c) Robot of Moghaddam et al.[MAH11]

Helical & Screw-type systems

The helical and screw-type locomotion systems are more or less similar where the desired
movement is achieved through translation over a given pitch. Helical systems employ kinematics
derived from wheeled systems. An interesting example is the HELI-PIPE robot of Horodinca
et al.[HPB03 ; Hor+02], which has a rotating head that performs a propeller-shaped movement
by actuation of a DC-motor with a gear reduction unit. When the system rotates, the wheels
have a helix angle that creates a helical path and makes the robot progress longitudinally in the
tube. The main problem associated with the helical system is that a variation in the diameter of
the pipe is difficult to manage. The HELI-PIPE robot comes in different versions with different
rotary heads, which are compatible for a certain range of diameters. Screw-type systems, on the
other hand, operate similar to the helical systems. Normally, a screw mechanism is actuated by
a DC-motor to have a screw motion yielding to one degree of freedom. An example of a robot
that employs this system is the robot of Nayak et al.[NP14]. Using a central actuated motor,
a screw motion is generated to a wheel system which ensures contact with pipeline walls at all
instances of locomotion. This robot is limited to diameter ranges of 127–152 mm. The helical
and screw systems prove to be an interesting candidate for locomotion but their adaptability to
diameter changes and overcoming elbows might be an issue. A representation of the helical and
screw-type systems studied in this section is shown in Figure 1.5.

Flexible feet system

These kind of systems are generally suitable for pipelines having very small diameters of
less than 10 mm. An example is the Microrobot of Nishikawa et al.[Nis+99], which is shown in
Figure 1.5a. This robot uses a piezoelectric biomorph as an actuator. The robot can circulate in
a vertical pipe with the technique of “Stick and slip” where the rapid movement of the biomorphs
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(a) (b)

Figure 1.5 – Representations of the robots using (a)Helical type [HPB03] and (b) Screw-type
[NP14] systems

advances the robot by one step. The power source for this robot is transmitted with the help of
waves (Figure 1.5b). The main disadvantage of this kind of system is that they require a surface
without deposits of pollutants such as oil, dust etc. Also, the final application of these robots is
limited to visual inspection.

(a) (b)

Figure 1.6 – The flexible feet robot of Nishikawa et al.[Nis+99]

1.2.2 Bio-inspired locomotion systems

Bio-inspired locomotion systems are purely based on the application of animal locomotions
to general engineering problems. There are several axes of development in bio-inspiration to
name a few: the method of locomotion, the techniques of actuation and the management of
contacts. Some of the researches in the field of robotics that inspires locomotion from animals
are explored in this section.

Worm type system

The worm type locomotion can be imagined in two types viz: Caterpillar and Earthworm
type, with both being differentiated by the contact established with the ground. The principle
of locomotion of the caterpillar, also called Inchworm is based on a step by step displacement.
Basic caterpillar-type locomotion requires three different actions: two blocking functions and an
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(a) (b)

(c) (d)

Figure 1.7 – Representation of the: (a) Caterpillar locomotion [SPS14], (b) Robot of Anthierens
et al.[Ant+00], (c) Robot of Zhang et al.[Zha+10] and (d) Robot for colonoscopy [Boz+13]

elongation function (Figure 1.7a). The actuation methods vary from jacks to electric motors,
including Shape Memory Alloys (SMA). An interesting example is the robot of Anthierens et
al.[ACB99 ; Ant+00], which combines pneumatic bellows for elongation and an electric motor for
blocking (Figure 1.7b). This robot was developed in 1999 for steam generators of nuclear power
stations. The major limitations of this locomotion type are low forward speed and difficulties in
passing obstacles such as intersections, bends and management of diameter changes. In order to
simplify the passage of obstacles, Zhang et al.[Zha+10] proposed a robot with a passive central
axis having a pilot head that uses system compliance to overcome elbows and intersections
(Figure 1.7c). This robot uses a DC-motor with a screw and flexible helical axle to move inside
pipelines having straight and bent profiles. The caterpillar type locomotion technique generally
finds its applications in medical fields such as colonoscopy. The company Endotics, offers a worm
type robot that is used for performing colonoscopy [Boz+13] (Figure 1.7d). This robot uses a
joypad controller with which the operator can control the movement and direction of the robot
through the intestines. Earthworm type locomotion system, on the other hand, is close to that
of the caterpillar, except with the difference that the point of contact with the ground slides
along the body of the animal (Figure 1.8a). The advantage of this locomotion technique is a
continuous monodirectional advance speed. Boxerbaum et al.[Box+11] presented and validated
this locomotion technique on a prototype (Figure 1.8b). Another interesting earthworm type
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(a) (b)

Figure 1.8 – Representation of the: (a) Earthworm locomotion [Wal+09] and (b) Robot of
Boxerbaum et al.[Box+11]

robot was proposed by Liu et al.[Liu+06]. This robot employs an SMA actuated spring to mimic
the locomotion of an earthworm. However, both these earthworm type robots were studied in
an open environment. The locomotion principle of an earthworm is interesting and useful for
adapting to diameter changes when compared to the caterpillar locomotion. However, the
payload carrying capacity for the caterpillar system is better when compared to the earthworm.

Snake type system

Robots that move like snakes mimic their movements from biological snakes. Snakes have four
basic types of motion according to the environment viz: Concertina movement, Serpentine or
lateral undulation, Rectilinear crawling and a Sidewinding [Pra11]. The representation of these
four types is shown in Figure 1.9a. Most of the latest robots imitate the serpentine, caterpillar
and sidewinding modes. The concertina is not very much present in literature and it is quite
similar to the elongation and blocking phases of inchworm type robots. The first serpentine
type locomotion robot was proposed by Hirose et al.[HM04], which is called the Active Cord
Mechanism model (ACM-III) (Figure 1.9b). This robot uses a simple pivot between each module
and moves along surfaces that are uneven or wind along paths. The ACM robots mainly find
its application in disaster management where the robot can try to perform rescue operations.
Another interesting application of the serpentine locomotion is the snake-like AmphiBot-III
robot of Porez et al.[PBI14]. This robot also uses several pivots between modules and it is
employed for underwater inspection application (Figure 1.9c). For the caterpillar or rectilinear
motion, the SCALYBOT robot of Marvi et al.[Mar+11] is a good example. This robot uses a
deformable parallelogram system to accomplish the locomotion using a Sliding Mode Control
(SMC) hydraulic actuator. The sidewinding locomotion can be classified as a 3D movement
and it requires at least 2 degrees of freedom between each module which allows for complex
movements. An example is the robot of Rollinson et al.[RBC12], wherein the sidewinding
locomotion is validated (Figure 1.9d). Apart from that, this robot also performs pole climbing
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(a) (b)

(c) (d)

Figure 1.9 – Representation of the: (a) Snake locomotion types [Pra11], (b) ACM-III robot of
Hirose et al.[HM04] , (c) AmphiBot-III snake like robot [PBI14] and (d) robot of Rollinson et
al.[RBC12]

and rolling through cyclic motions. With reference to the operational context of the robot,
serpent type robots have complex controls as they are hyper-redundant architectures. However,
their inter-modular linkages can be of greater interests.

Legged type system

The idea of reproducing the approach of animals with legs dates back to the invention of
Leonardo da Vinci, who synthesized the first anthropomorphic mechanism [STM07]. In the
field of robotics, the general system comprises spider-type or multiple legged type robots in the
literature. Neubauer et al.[Neu94] proposed an alternative to classical locomotion systems in a
pipeline where the robot resembles the model of a spider. However, this work remained at the
theoretical level but it was able to outline the issues of support points and passages over obstacles.
This allowed Rimon et al.[RSS01] to develop a four-legged planar robot (Figure 1.10a). This
robot is capable of moving inside two-dimensional tunnels having complicated profiles through
the actuation of a simple DC-servo motor. Gasparetto et al.[GVS08] proposed the modeling
of a spider leg for simulating a digital model for any environment (Figure 1.10b). Apart from
the spider type leg systems, robots having multiple legs that are articulated are also present in
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literature. Quirini et al.[Qui+07] and Valdastri et al.[Val+09] proposed a 12 legged articulated
robot which is used for performing colonoscopy. This robot employs a slot-follower mechanism
driven by a screw to actuate the legs and it operates for tube diameters ranging between 11–
25 mm. The numerical model of this robot is shown in Figure 1.10c. Another interesting robot
that was developed for piping inspection is the MORITZ robot (Figure 1.10d) of Zagler et
al.[ZP03]. This robot uses articulated leg mechanisms to work inside pipelines having straight
and bent profiles with diameters between 600–700 mm. However, this robot appears to be huge
and deviates from the operational context. Robots with leg mechanisms are an interesting choice
for having better contacts with pipeline walls during locomotion. Their adaptability to diameter
changes in pipelines might be a concern.

(a) (b)

(c) (d)

Figure 1.10 – Representation of the: (a) Robot of Rimon et al.[RSS01], (b) Robot of Gasparetto
et al.[GVS08] , (c) Robot of Valdastri et al.[Val+09] and (d) MORITZ robot [ZP03]

Gecko type system

Gecko refers to the family of small lizards. Their locomotion principle finds greater interest
in the field of robotics, thanks to their contact criteria to a surface as well as rapid displacements
and climbing. Usually, the legs are covered with microscopic spikes, which exploits the strengths
of the van der Waals forces [Sun+05]. Stickybot robot of Kim et al.[Kim+07] is an interesting
example that inspires movement from gecko’s to climb smooth vertical surfaces such as glasses
and tiles (Figure 1.11a). This robot employs an anisotropic adhesive to have good contact with
the surfaces and uses a cable drive mechanism through servo motor for locomotion. Another
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interesting example is the robot of Carlo et al.[CM06], which inspires the gecko locomotion
for climbing (Figure 1.11b). This robot uses Silly Putty for adhesion and SMA actuators for
movement. The locomotion principle of gecko is interesting to the operational context but the
contact criteria will be a big problem as sticky surfaces cannot assure good adhesion with pipeline
walls having deposits or irregularities.

(a) (b)

Figure 1.11 – Representation of: (a) the Stickybot robot [Kim+07] and (b) the robot of Carlo
et al.[CM06]

1.2.3 Synthesis: Locomotion techniques

From the list of mechanical and bio-inspired locomotion techniques that were studied in this
section, a synthesis is being done. This synthesis is carried out based on the following factors:

1. Sizing/Scaling: This factor determines if the mechanism can be sized/scaled down for the
operational context.

2. Complexity: This factor determines how complex the mechanism can be for the operational
context. In other words, it determines if a mechanism requires additional actuation units
to be mounted on the robot during locomotion.

3. Diameter variation: This factor is essential to determine if the locomotion principle can
adapt to sudden diameter changes without losing any contact with pipeline walls as well
as for various pipeline orientations.

4. Contact with walls: This factor determines how effective the mechanism can adhere itself
to the walls of the pipeline under any circumstances such as the presence of deposits or
irregular pipeline walls.

These factors are identified with respect to the operational context in order to arrive at a design
that can be suitable for pipeline diameters less than 150 mm with varying profiles. A scoring is
given from 1 to 5, with 5 being the best. The synthesis for the locomotion techniques studied
in this section is provided below in Table 1.1. The synthesis table gives an overview of the
advantages and disadvantages of each locomotion technique based on scoring given from 1 to 5,
with 5 being the best. With respect to the operational context, a suitable locomotion technique
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Scoring from Size Complexity Diameter Contact
1 to 5 & Scaling variations with walls

Mechanical
Wheel type 4 4 3 4
Track type 2 3 4 3

systems Helical/Screw-type 4 4 2 4
Flexible feet type 4 3 3 1

Bio-inspired
Worm type 5 4 4 5
Snake type 3 3 4 4

systems Legged type 4 4 1 5
Geko type 4 3 4 1

Table 1.1 – Scoring for the locomotion techniques studied in literature with respect to the
operational context

can be chosen from Table 1.1. However, it is also possible to arrive at a technique that can
combine one or more systems with reduced complexities, thereby exploiting the advantages of
the employed techniques.

1.3 Articulation units for robots: A literature review

In this section, a literature review on the various types of articulation units employed in
robots is being carried out. An articulation unit can be defined as a mechanism that permits to
have a reconfigurable or a flexible system. In other words, the articulation unit is responsible
for an assembly of rigid bodies to move to the desired position by adapting the structure of
entire assembly in an environment. These units can be of simple mechanical elements such as
springs, universal joints, flexible couplings, etc. These units can either be passive or active or
a combination of both, depending on the application of the robot. For the operational context,
an articulation unit for the design of a piping inspection robot is essential for passage through
bends and intersections. The various passive and active articulation units in the field of robotic
applications will be explored.

Universal joint

Universal joint or universal coupling is a mechanical element which is used for transmission
of power or torque between shafts that intersect at a constantly varying angle [Jia19]. They find
their applications in the transmission system of automobiles and also in the field of robotics. A
classic example is their application to the Stewart-Gough platforms, where universal joints are
employed in the base and end-effector platforms [BTT13]. These joints remain in the passive
mode and adapt their positions according to the actuation of prismatic joints (Figure 1.12a).
Apart from the Stewart-Gough platforms, universal joints also find their applications in other
parallel manipulator architectures such as the 3-UPU. In the field of inspection robots, universal
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joints play an essential role in overcoming bends or junctions. Usually, these joints are active
and are actuated through DC-servo motors. An example is the robot of Lim et al.[LO09], which
employs a universal joint actuated through a DC-motor (Figure 1.12b). This joint remains
active throughout the locomotion cycle and can twist or turn the entire robot assembly while
encountering bends. Another in-pipe inspection robot that employs a double actuated universal
joint is the THES-I robot of Hirose et al.[Hir+99]. A central DC-motor controls the actuation
of the universal joints to accomplish locomotion as well as to pass through bends or junctions
(Figure 1.12c). Universal joints are a good solution for passage through pipe bends owing to their
tilt and twist angles. Another possible advantage of these joints is that they can be potentially
employed in passive modes without the need for any external actuation.

(a) (b)

(c)

Figure 1.12 – Some applications of universal joints in robotics: (a) the Stewart-Gough platform
[BTT13] , (b) the robot of Lim et al.[LO09] and (c) the THES-I robot of Hirose et al.[Hir+99]

Springs

Springs are simple machine elements which are resilient and can undergo a considerable
amount of deflection without any permanent deformation [Jia19]. There are many types of
springs such as Helical springs, leaf springs and Belleville springs. The most common type of
springs that are found in the field of robotics is the Helical spring. Helical springs are wire-like
springs and can be of extension, compression, or torsion type, depending on the application.
An interesting example is the robot of Gao et al.[Gao+10], which is used to mimic the neck
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motion of a human through a spring structure. The prototype employs a fixed base and a
moving platform, both of which are assembled through a compression spring. Using cables and
pulleys, the end-effector platform is actuated to obtain a 3-DOF neck motion and 1-DOF jaw
movement (Figure 1.13a). The application of springs could also be found in piping inspection
robots, where they help the entire robot to overcome passage or bends under passive modes.
The robot of Kwon et al.[Kwo+08] which was studied in the track based mechanical system
(Figure 1.4a) employs a compression spring as an articulation unit to overcome pipe bends.
This spring ensures that there exists no collision between connected modules and it pushes
or pulls the modules in the event of branches or T-unions. A digital model of the working
strategy of this robot is represented in Figure 1.13b. An adaptable wheel type piping inspection
robot developed by Tătar et al.[TMA07] is another example where springs are employed as an
articulation unit. However, this robot employs an extension/tension spring to pass through
pipe bends and junctions (Figure 1.13c). The main advantage of employing springs is that they
are lightweight and do not be necessarily be actuated through external motors. However, their
ability to withstand the robot weight for various pipeline orientations is an important factor
that must be studied while incorporating as an articulation unit.

(a) (b)

(c)

Figure 1.13 – Some applications of springs in robotics: (a) the robot of Gao et al.[Gao+10] , (b)
the robot of Kwon et al.[Kwo+08] and (c) the robot of Tătar et al.[TMA07]

Flexible systems

Flexible systems can be categorized under articulation unit as a type of system which can
undergo deformations without inducing significant stresses to the connecting elements. They
can assume many forms such as a flexible sleeve coupling, flexible shaft or flexible axles. The
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robot of Zhang et al.[Zha+10], which was studied in the worm type locomotion system employs
a flexible helical axle to overcome pipe bends and junctions. The helical axle employed in this
robot is made up of elastomer and coiled spring which helps the robot to achieve a squirm type
walk inside the pipeline by operating in passive modes (Figure 1.14a). Another application of
flexible system is the robot of Suzumori et al.[Suz+99]. This robot employs a passive flexible
rubber link in the center and their either ends are connected to planetary wheel mechanisms
(Figure 1.14b). This flexible rubber assists the robot to pass through curved sections. Flexible
systems also include some actuated systems such as the pneumatic artificial muscle. These
structures also find their application in the field of robotics. Tanaka et al.[THN14] developed
an inspection robot for sewer pipes that moves like an earthworm by employing a pneumatic
artificial muscle system. This robot employs artificial muscle that is constructed from carbon
fibers and low-ammonia natural rubber. From a central compressor, consistent pressure is
applied to the muscle units, which helps the robot to accomplish the earthworm locomotion
inside pipes (Figure 1.14c). Flexible systems are lightweight and simpler in design for the choice
of an articulation unit. However, their ability to withstand loads of robot modules will be a
concern.

(b)

(a)

(c)

Figure 1.14 – Some applications of flexible systems in robotics: (a) the robot of Zhang et
al.[Zha+10] , (b) the robot of Suzumori et al.[Suz+99] and (c) the robot of Tanaka et al.[THN14]

Tensegrity structures

Tensegrity structures are deployable mechanisms that comprise strings in tension and bars
in compression [Ske+01]. They prove to be an interesting candidate in the field of structural
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mechanics and robotics owing to their properties such as low inertia, natural compliance and
deployability [FW19]. An interesting application of tensegrity structure is the manipulator de-
veloped by Bakker et al.[Bak+15], which can navigate through environments having obstacles.
This manipulator employs springs in tension and bars in compression. The manipulator is an
under-actuated system wherein cables are actuated from the base to passively tilt the structure
and pass through obstacles. Another interesting example is the robot of Fasquelle et al.[Fas+20]
where tensegrity mechanisms are assembled in series to mimic a bird neck. This manipulator
uses springs in tension that are actuated by motors from base to generate faster shape adaptabil-
ity similar to that of a woodpecker. The application of tensegrity mechanisms as an articulation
unit for piping inspection robots is highly limited in the literature. Tantaworrasilp et al.[TR20]
proposed a tensegrity type robot that is capable of performing piping inspection. This proto-
type uses active prismatic linkages and passive locking mechanisms called restrictor mechanism
coupled with tension springs. The prototype can adapt its shape based on pipeline diameters
and can propel forward by retracting/extending its length against the pipeline. However, a
complete robot testing inside a pipeline has not been performed to validate the contact and
locomotion criteria. The modeling of tensegrity mechanisms is complex as the tension of the
extension elements must remain positive and static stabilities for the structure must be carefully
studied [Boe+17]. Several researches exists in the literature for solving the equations related
to the design and stability analysis of tensegrity structures [AG06 ; Boe+15 ; WC18]. Tenseg-
rity structures with springs and cables are interesting candidates for articulation units as their
actuation strategies do not require motor units to be mounted along with the robot assembly.
The actuation for these mechanisms can be carried out from a central station through cables.
The representation of the various tensegrity mechanisms from the literature that were studied
in this section is shown in Figure 1.15.

1.3.1 Synthesis: Articulation strategies

Similar to the locomotion techniques, synthesis is carried out for the various articulation
units that were studied from literature in this section with respect to the operational context.
The synthesis is carried out based on the following factors:

1. Complexity: This factor determines how complex or simple is the design of the articulation
unit

2. Passive mode: This factor determines if the articulation unit can operate autonomously
without the presence of external forces or actuation

3. Active mode: This factor determines if the articulation unit can be controlled externally
from actuation units such as a DC-motor

4. Reconfigurability: This factor determines if the articulation unit can adapt according to
the pipeline profile such as to bend the robot to overcome a 90◦ elbow and return back
to the original position after crossing the elbow. This factor is also affected by the nature
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1. Obstacle-1

2. Obstacle-2

3. Tensegrity mechanism

4. Load cell-1

5. Load cell-2

6. Mounting plate for tensegrity

(a) (b)

(c)

Figure 1.15 – Applications of tensegrity structures in robotics: (a) the robot of Bakker et
al.[Bak+15] , (b) the robot of Fasquelle et al.[Fas+20] and (c) the robot of Tantaworrasilp et
al.[TR20]

of the articulation unit. If the unit is completely passive, there are chances that the
mechanism cannot return to its original position. However, if the unit is active, external
actuation can be done to bring the robot back to the initial position.

Based on the above factors, scoring from 1 to 5, with 5 being the best is given to the
articulation units studied from literature. The synthesis for the various articulation units studied
in this section is provided in Table 1.2. The synthesis from Table 1.2 provides a glimpse of the
advantages and drawbacks of each articulation unit based on the scoring. Taking into account
the operational context, passive solutions are interesting for overcoming pipe bends without the
need for any external actuation. However, a completely passive system is also not a good idea
owing to issues such as reconfigurability. An articulation unit that can operate autonomously
as well as be controlled from external actuation systems is a good solution, which can possibly
be designed by the combination of one or more existing solutions.

1.4 Mathematical concepts and tools

This section analyzes some of the important mathematical concepts and their definitions,
which were employed in the thesis. An overview of the working of the mathematical tools
associated with software such as the SIORPA library of Maple and the optimization technique
features of MATLAB are also being reviewed.
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Scoring from 1 to 5 Complexity Passive Active Reconfigurabilitymode mode
Universal joint 4 3 5 4

Springs 4 5 1 3
Flexible systems 4 5 1 3

Tensegrity structures 4 3 4 4

Table 1.2 – Scoring for articulation units studied in literature with respect to the operational
context

1.4.1 Definitions

Varignon’s theorem

Definition 1: Varignon’s theorem states that the moment of a force about any point is equal
to the sum of the moments of its components about the same point [Hib07].

Proof: Consider a set of force vectors f1 to fn concentrated on a central point o as shown
below in Figure 1.16.

o
o
1

f
1

f
2

f
3

f
n

F

Figure 1.16 – Set of force vectors acting at a point o

The resultant force is given by:

F =
n∑
i=1

fi (1.1)

At a point o1, the moment vector for any force vector fi is given by:

τ fi
oi

= (o− o1) × fi (1.2)

By adding up the torques, the above equation can be written as:

n∑
i=1

τ fi
oi

= (o− o1) ×
n∑
i=1

fi (1.3)

τF
oi

= (o− o1) × F (1.4)
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From Eqs. (1.3) & (1.4), it can be proved that the sum of the torque vectors is exactly same as
the torque of the sum of the force vectors about the point o1.

Coulomb’s law of dry friction

From the textbook of Popov [Pop17], the definition of Coulomb law can be revisited. From
experimental investigations of Coulomb (1736-1806), a frictional force FR acting between two
bodies which are pressed together by a normal force FN , two properties are being exhibited by
the system. They are given by [Pop17] :

• Static friction: In order to set in motion a body lying on an even surface in a state of
rest, a critical force, the force of friction Fs, must be overcome. This is force is roughly
proportional to the normal force FN by: FS = µsFN . The coefficient µs is called the
coefficient of static friction. It is dependent on the pairing of the contacting materials.
• Kinetic friction: FR is the resisting force which acts on a body after the force of static
friction has been overcome. Based on experimental findings of Coulomb, the following
properties were determined:
— Kinetic friction is proportional to the normal force FN by: FR = µkFN

— It exhibits no considerable dependency on the contact area or roughness of the surface
— The coefficient of kinetic friction is approximately equal to the coefficient of static

friction: µk ≈ µs

Serial & Parallel robots

A serial robot or a serial manipulator is a type of industrial robot in which series of links
are connected starting from a base to the end-effector which consists of a tool. A classical
example of a serial manipulator is the industrial SCARA robot and anthropomorphic humanoid
robot. Serial robots are commonly used in industries owing to their ability to operate inside
larger workspaces. The main disadvantage is that every joint of a serial robot must be actuated
through its motor unit to perform the desired task. The joints can either be rotary or prismatic.
Parallel robots or a parallel manipulator, on the other hand, is a system that has a closed-
loop kinematic chain which has an end-effector connected to the base by several independent
kinematic chains. Parallel manipulators have numerous advantages such as high accuracy, low
inertia of moving parts and high rigidity. However, their limitations include limited workspaces,
low dexterity and possibilities of singular configurations within the workspace. Also, there exists
Hybrid manipulators, which uses a combination of serial and parallel mechanisms.

Definition 2: A robot is said to be a serial robot or serial (open-loop) manipulator if its
kinematic structure takes the form of an open loop-chain, a parallel manipulator if it is made of
a closed-loop chain, and hybrid manipulator if it is consists of both open and closed-loop chains
[PD14].
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Forward & Inverse kinematics

Kinematics is a branch of classical mechanics that deals with the study of motion of objects
or bodies by not taking into account the forces that cause the motion. It involves the study of
displacement, velocity and acceleration and other higher-order derivatives with respect to time
or other quantities. In robotics, kinematics can be classified into two types namely: Forward
or direct kinematics and Inverse kinematics. In direct kinematics, for given joint parameters,
the position and orientation of the end-effector are determined. Solving a direct kinematics
equation can also be called as the Direct Kinematic Problem (DKP). For serial robots, the DKP
is simpler as the joint parameters can be substituted in the direct kinematics equation to obtain
the position of the end-effector. However, in the case of parallel manipulators, the substitution
of joint variables in the direct kinematics equation leads to a system of polynomial equations
and is usually difficult to solve.

For the inverse kinematics, for a known position of the end-effector, the joint parameters or
angles are determined. Solving an inverse kinematics equation can also be called as the Inverse
Kinematic Problem (IKP). For serial robots, the determination of solutions to the IKP leads to
polynomial equations and involves more computation. For parallel robots, the IKP is usually
simpler to solve.

Working mode, Assembly mode and Workspace

Definition 3: A Working mode(Posture) is associated with one solution to the inverse
geometric problem of a robot while an Assembly mode(Position) is associated with one solu-
tion to the direct kinematics problem. The set of points that can be reached by the end-effector
is named the Workspace [Cha+20].

Singularities

Singularities or mathematical singularities can be defined as a point or position at which an
equation or a surface ceases to be well-behaved in a particular way. Singularities in robotics play
an important role to determine the capability of a robot or a mechanism. For a serial robot,
assuming that the joint velocity vector is given by q̇ and the cartesian velocity vector is given
by Ẋ, the mapping between these two vectors is made possible by the relation:

Ẋ = Jq̇ (1.5)

In Eq. (1.5), J is called the Jacobian matrix, which is assembled by partial differentiation of
geometric equations with respect to the joint variables. A singular configuration or configurations
exist when the Jacobian matrix loses its rank and its determinant becomes zero. For a parallel
manipulator, with given vectors of input (q) and output (X) variables, a system of non-linear
algebraic equations can be written as [WC97] :
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F (X,q) = 0 (1.6)

By differentiating Eq. (1.6) with respect to time leads to the velocity model:

At + Bq̇ = 0 (1.7)

In Eq. (1.7), t and q̇ are the joint and cartesian velocity vectors. The matrices A and B are the
direct and inverse kinematics matrices. Three types of singularities are possible for a parallel
manipulator which are given by [GA90 ; WC97 ; CW98] :

• Type-1 or Serial singularities: This condition occurs when the inverse kinematics matrix
B loses its rank and det(B) becomes zero. During such singularities, the cartesian or
joint velocities completely becomes zero.
• Type-2 or Parallel singularities: This condition occurs when the direct kinematics matrix
A loses its rank and det(A) becomes zero. These singularities can be studied within the
workspaces and they are not desirable as the manipulator control might be lost.
• Type-3 singularities: This condition occurs when both the direct and inverse kinematics
matrices A & B loses their rank and det(A) & det(B) becomes zero.

Apart from the above types of singularities, parallel manipulators can encounter other types
of singular configurations namely: Constraint singularites and Self-motions.

The concept of constraint singularities was proposed by Zlatanov et al.[ZBG02]. It is a
configuration of a parallel mechanism where the number of degrees of freedom is lower than
the number of joints in one of the legs. During such singular configuration, the mechanism and
the platform will have at least n + 1 DOFs [ZBG02]. This singularity is more inherent to the
kinematic architecture and does not depend on the actuation mode.

Self-motions are another kind of singularities which are observed in some parallel mecha-
nisms. The study of this kind of singularites was done by Husty [Hus00]. Husty studied and
proposed self-motions on a Stewart-Gough platform in which finite mobility of the moving plat-
form was observed when all the actuators were locked. During such motions, the anchor point of
the legs followed a spherical path [Hus00]. Self-motions are a very important phenomenon that
has to be studied while designing parallel mechanisms because when a robot enters such singular
configurations, as there exists many possible poses for the actuated joints, the information about
the pose of the mobile platform is lost [Bri+08].

Euler angles

Definition 4: According to Euler’s Rotation Theorem, a rigid body can be guided into any
orientation in space by a single rotation. The variable axis and angle of this rotation can be used
to parametrize the possible body orientations- an idea that leads to the use of quaternions and
Rodrigues parameters to describe the orientation [BZG02].

Generally, three rotations about coordinate axes are required to bring the body into an
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arbitrary orientation. These angles are referred to as the Euler angles. A representation of the
Euler angles is shown in Figure 1.17.
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ø

Figure 1.17 – Representation of the Euler angles

In Figure 1.17, xyz represents the fixed frame and x′y′z′ represents the rotated frame. The
green line l is called the line of nodes which lies on the xy plane. The angle ψ is the angle
between x-axis and the line of nodes and it is called the x-convention. It can also be defined
between y-axis and the line of nodes, which can be called as the y-convention. The angle θ is
the angle between z-axis and z′-axis. The angle φ is the angle between the line of nodes and x′

axis. For any rotation matrix R, which is at an angle α about a coordinate axis, the matrix R
can assume one of the following forms:

Rx(α) =


1 0 0

0 cos(α) − sin(α)

0 sin(α) cos(α)

 , Ry(α) =


cos(α) 0 sin(α)

0 1 0

− sin(α) 0 cos(α)



Rz(α) =


cos (α) − sin (α) 0

sin (α) cos (α) 0

0 0 1

 (1.8)

For a three dimensional rotation, there are twelve possible sequences for the Euler-angle
conventions which are: XZX, XYX, Y XY , Y ZY , ZY Z, ZXZ, XZY , XY Z, Y XZ, Y ZX,
ZY X, ZXY . Different authors use different conventions for the Euler-angles. However, the first
six combinations are the “proper Euler angles” which correspond to precession, nutation and
spin. The last six combinations also fall under the category of Euler angles but are also called
the “Tait-Bryan angles”. These combinations generally find their applications in aeronautical or
automobile industries where the three angles are referred to as pitch, yaw and roll.
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Tilt & Torsion angles

Bonev et al.[BZG02 ; Bon02] proposed the modified Euler-angles, which are otherwise called
the “Tilt & Torsion” (T&T) angles for Parallel Kinematic Machines (PKM). Generally, 6-DOF
PKM’s do not require the rotational degree of freedom about the mobile z′-axis. The conven-
tional ZXZ rotation matrix for the Euler angles can be expressed as:

R = Rz(φ)Rx(θ)Rz(ψ) (1.9)

However, in the case of T&T angles, only two rotations are employed and the rotation matrix
is given by:

R = Ra(θ)Rz(σ) (1.10)

In Eq. (1.10), θ and σ represents the tilt and torsion angles. The axis a is located with the help
of the azimuth angle φ. This modified Euler angle set makes the analysis efficient and simpler
for the study of PKM’s. The representation of the T&T angles is shown in Figure 1.18.
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Figure 1.18 – Representation of the Tilt & Torsion angles [BZG02 ; Bon02]

Groebner bases algebra

The Groebner bases provides an approach to solving a wide range of problems that are
expressed in terms of sets of multivariate polynomials having desirable algorithmic properties
[Stu05]. The algorithm used for computing this bases is called the Buchberger’s algorithm.

Definition 5: A Groebner basis G for a system of polynomials A is an equivalence system
that possesses useful properties, for example, that another polynomial f is a combination of those
in A if and only if the remainder of f with respect to G is 0. (Here, the division algorithm
requires an order of a certain type on the monomials.) Furthermore, the set of polynomials in a
Groebner basis have the same collection of roots as the original polynomials. For linear functions
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in any number of variables, a Groebner basis is equivalent to Gaussian elimination [Wei05].

The Groebner bases is an important tool which is employed by researchers in optimization,
robotics, statistics to solve algebraic problems using computer software such as Maple, Mathe-
matica. In parallel manipulators or PKM’s, the Groebner bases theory is employed to compute
the projections of joint spaces (πQ) and workspaces (πW) [CMW11]. Let P be a set of polyno-
mials in the variables X = (x1, x2, ...xn) and q = (q1, q2, ...qn). Moreover, let V be the set of
common roots of the polynomial P, let W and Q be the projections of V on the workspace and
the joint space respectively. It might not be possible to represent W (resp. Q) by polynomial
equations. Let W̄ (resp. Q̄) be the smallest set defined by polynomial equations that contain
W (resp. Q). The main goal is to compute the polynomial equations defining W̄ (resp. Q̄). A
Groebner basis P is a polynomial system equivalent to P, satisfying some additional properties.
The Groebner bases of a system depends on the chosen ordering on the monomials.

For the projection (πW), an ordering is chosen that eliminates q such that the Groebner bases
P contains exactly the polynomials defining W̄.

For the projection (πQ), an ordering is chosen that eliminates X such that the Groebner
bases P contains exactly the polynomials defining Q̄.

Cylindrical Algebraic Decomposition (CAD)

Cylindrical Algebraic Decomposition (CAD) is an important tool which is employed by
researchers and engineers for symbolic computations. It was introduced by Collins in 1975 for
identifying solutions to mathematical problems by quantifier elimination [Col75]. The algorithm
was then further refined for reducing computation times. In general, there are two main phases of
the CAD algorithm. In the first phase, which is called the projection , an operator is repeatedly
imposed on polynomials to produce sets of few variables. The second phase, which is called the
lifting, CAD’s of real space is built incrementally by dimension according to the real roots of
the polynomials [Eng+14].

Definition 6: A cylindrical algebraic decomposition (CAD) is: a decomposition of Rn,
meaning a collection of cells which do not intersect and whose union is Rn; cylindrical, meaning
the projections of any pair of cells with respect to a given variable ordering are either equal or
disjoint, and (semi)-algebraic, meaning each cell can be described using a finite sequence of
polynomial relations [Eng+14].

For parallel manipulators, the CAD algorithm is an essential tool to characterize the regions
bounded by singularities or inequalities. The CAD algorithm can be employed to construct the
feasible workspaces for a parallel manipulator by decomposing into smaller cells. Each cell will
have its own polynomial equation and they can be employed to construct the workspaces (resp.
joint spaces) and isolate the singularity regions. CAD algorithm can be employed with the help
of software such as Maple which is ideal for symbolic computations.
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Weierstrass substitution

Algebraic tools are employed for solving constraint equations which are generally algebraic.
Usually, these equations are in the form of trigonometric entities. The Weierstrass substitution
(named after Karl Weierstrass 1815–1897) or the tangent half-angle substitution is an important
trigonometric relation for converting a rational function into an ordinary form. The substitution
is given by:

t = tan
(
θ

2

)
(1.11)

In Eq. (1.11), θ is any arbitrary angle. This convention is also helpful in simpliyfing the
sine, cosine and tangent functions as:

sin(θ) = 2t
1 + t2

, cos(θ) = 1− t2
1 + t2

, tan(θ) = 2t
1− t2 (1.12)

The conventions given in Eq. (1.12) are important for solving algebraic problems using
the CAD algorithm as they simplify quickly the polynomials and the computations times are
reduced.

1.4.2 The SIROPA library: Maple

The SIROPA is a library developed for Maple for analyzing the singularities, workspace
and joint space of serial and parallel manipulators and tensegrity structures [Jha+18 ; Cha+20].
The library is composed of two main parts: the first one employs algebraic tools to solve kine-
matic equations, including trigonometric conversions in the algebraic form and the second one,
SIROPA, provides modeling, analyzing and plotting functions for different kinds of manipulators.
The list of all functions that are available in the SIROPA library is represented in Figure 1.19. In
this section, some of the important functions that were employed in the thesis will be explored.

CreateManipulator

The first and most important function of the SIROPA library is the CreateManipulator,
which allows the virtual creation of the desired manipulator for analysis. The definition of the
CreateManipulator function in SIROPA is provided below in Listing 1.1.

1 CreateManipulator := proc (
2 sys [ c ] : : l i s t ({ a l g e b r a i c , a l g e b r a i c=a l g e b r a i c , a l g e b r a i c <
3 a l g e b r a i c })
4 ca r t [ c ] : : l i s t (name) ,
5 a r t i [ c ] : : l i s t (name) ,
6 p a s s i v e [ o ] : : l i s t (name) ,
7 geompars [ c ] : : l i s t (name) ,
8 spec [ o ] : : { l i s t , s e t }(name=a l g e b r a i c ) ,
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9 p lo t range [ o ] : : l i s t (name=range ) ,
10 po in t s [ p ] : : l i s t (name=l i s t ( a l g e b r a i c ) ) ,
11 l oops [ p ] : : l i s t ( l i s t (name) ) ,
12 cha ins [ p ] : : l i s t ( l i s t (name) ) ,
13 ac tua to r s [ p ] : : l i s t ({ l i s t (name) ,name}) ,
14 model [ o ] : : s t r i n g := "No name " ,
15 p r e c i s i o n [ o ] : : i n t e g e r := 4 ,
16 {
17 n o r a d i c a l : : t r u e f a l s e := f a l s e
18 }
19 )

Listing 1.1 – The definition of CreateManipulator function in SIROPA [Jha+18]

In Listing 1.1, [c] represents the compulsory inputs or arguments for the function. The parameter
sys accepts the equations governing the manipulator. For a parallel manipulator, these equations
are generally the relation between base and the end-effector which gives the IKP. Constraints
are also set if necessary for the equations, such as non-zero or non-negative conditions. The
parameters cart and arti are the pose variables and the articular variables of the manipulator.
The parameter geompars accepts other parameters which are present in sys but are not present
in cart or arti. The parameters points, loops and chains define the input coordinates that connect
with sys to create the manipulator geometry and closed-chains.

Figure 1.19 – The various functions of the SIROPA library in Maple [Jha+18]



Mathematical concepts and tools 35

PlotRobot3D

Once the manipulator equations are generated with the CreateManipulator function, the
PlotRobot3D function can be employed to visualize a simple 3D model of the robot. Animation
can also be done to view various configurations of the robot over a period of time. The definition
of the PlotRobot3D function in SIROPA is provided in Listing 1.2. The user can provide some
input values of pose variables (resp. articular variables) to visualize and understand the results
of IKP (resp. DKP) for the manipulator. For any given inputs, the output values are also
displayed to the user along with the determinant values of the Jacobian matrix.

1 PlotRobot3D := proc (
2 robot : : Manipulator ,
3 spec : : seq (name=constant ) ,
4 k : : { in t ege r , range , l i s t ( i n t e g e r ) } := . . ,
5 {
6 c o l o r := [ ] ,
7 l egendvar s := subs (map( s−>l h s ( s )=NULL, [ spec ] ) ,
8 [ op ( robot :− A r t i c u l a r V a r i a b l e s ) , op ( robot :− PoseVar iab les ) ,
9 op ( robot :− Pas s i v eVar i ab l e s ) , ’ det ( J ) ’ ] ) ,

10 nolegend : : t r u e f a l s e := f a l s e ,
11 n o c o n s t r a i n t s : : t r u e f a l s e := f a l s e
12 }
13 )

Listing 1.2 – The definition of PlotRobot3D function in SIROPA [Jha+18]

ConstraintEquations

The function ConstraintEquations is important to create a set of equations with inequal-
ities. Normally, the inverse kinematic equations are transformed into constraint equations by
setting minimum and maximum limits. For example; if a manipulator has three equations for
the IKP, the number of constraint equations can be six with each IKP having a lower limit
and an upper limit. This function is useful for tracing the joint limits. The definition of the
ConstraintEquations function is provided below in Listing 1.3.

1 ConstraintEquations := proc ( robot : : Manipulator ,
2 {
3 c o n s t r a i n t s : : t r u e f a l s e := f a l s e
4 }
5 )

Listing 1.3 – The definition of ConstraintEquations functions in SIROPA [Jha+18]

SerialSingularities, ParallelSingularities & Projection

The functions SerialSingularities and ParallelSingularities as the name indicates are
employed to generate the determinant values of the inverse and the direct kinematics matrices B
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and A. The generated equations are then employed for CAD algorithm to study the workspaces
of the manipulator with respect to the pose variables (resp. articular variables). The function
Projection is employed to project the equations of parallel or serial singularities of the robot on
the workspace or the joint space. The definition for the three functions is provided in Listing 1.4.
The parameter robot contains the equations that are generated using the CreateManipulator
function.

1 s1 := S e r i a l S i n g u l a r i t i e s ( robot : : Manipulator )
2 s2 := P a r a l l e l S i n g u l a r i t i e s ( robot : : Manipulator )
3 s1_cart := P r o j e c t i o n ( s1 , robot :− PoseVar iab les )
4 s2_cart := P r o j e c t i o n ( s2 , robot :− PoseVar iab les )
5 s1_art := P r o j e c t i o n ( s1 , robot :− A r t i c u l a r V a r i a b l e s )
6 s2_art := P r o j e c t i o n ( s2 , robot :− A r t i c u l a r V a r i a b l e s )

Listing 1.4 – The definition of SerialSingularities ParallelSingularities and Projection
functions in SIROPA [Jha+18]

CellDecompositionPlus

The CellDecompositionPlus is the important function of the SIROPA library that has
been exploited in this thesis. This function decomposes the parameter space of a paramet-
ric polynomial system into cells in which the original system has a constant number of so-
lutions [Jha16]. The function works exactly similar to the CellDecomposition function of
RootFinding[Parametric] except with the difference that it handles trigonometric expressions
and utilizes the tangent half-angle substitution for faster computations. The CAD algorithm is
carried out in Maple with the help of this function. The definition of CellDecompositionPlus
is provided below in Listing 1.5.

1 CellDecompositionPlus := proc (
2 equ : : l i s t ( a l g e b r a i c ) ,
3 ineq : : l i s t ( a l g e b r a i c ) ,
4 vars : : l i s t (name) ,
5 pars : : l i s t (name) := [ op ( i n d e t s ( [ equ , ineq ] , name)
6 minus {op ( vars ) }) ] ,
7 {
8 no fac to r : : t r u e f a l s e := f a l s e ,
9 gb fac to r : : t r u e f a l s e := f a l s e ,

10 n o r e a l r o o t s t e s t : : t r u e f a l s e := f a l s e
11 }
12 )

Listing 1.5 – The definition of CellDecompositionPlus function in SIROPA [Jha+18]

The parameter robot accepts only the equations defined in CreateManipulator function.
The parameter ineq handles list of trigonometric expressions or polynomials with inequalities
that ensure that the equations are greater than zero. The parameter vars can contain the ar-
ticular variables (resp. pose variables) and pars can contain the pose variables (resp. articular
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variables). For example, for a given manipulator, the parallel singularities or the serial singulari-
ties equations can be passed to ineq to generate the cells defining the workspaces or joint spaces.
The execution time for the CellDecompositionPlus function depends on the complexity of the
system as well as the configuration of the computer. The results of CellDecompositionPlus
are generated as cells where each cell contains the polynomial/trigonometric entities of the given
input parameters. These cells are then traced with the help of PlotCell2D or PlotCell3D
depending on the number of output parameters. These plot functions requires the output cells of
CellDecompositionPlus for a specified range of the pose variables or the articular variables.

The SIROPA library also offers many other functions that are useful for algebraic computa-
tions. A detailed explanation for the rest of the functions shown in Figure 1.19 that were not
discussed and examples of some manipulator architectures can be found in [Jha+18] and [Sir].

1.4.3 Optimization techniques using MATLAB

This section gives a glimpse about the optimization tools that were employed in this thesis.
Optimization technique refers to the selection of a best possible solution or elements from set of
available alternatives. Optimization is an important and powerful tool which finds its application
in the field of engineering, statistics, molecular biology and much more.

Definition 7: A mathematical optimization problem, or just optimization problem,
has the form

minimize f0(x)

subject to fi(x) ≤ bi, i = 1..m (1.13)

Here the vector x = (x1, ...xn) is the optimization variable of the problem, the function f0 :
Rn → R is the objective function, the functions fi : Rn → R, i = 1,...m, are the (inequality)
constraint functions, and the constants b1,...bm are the limits, or bounds, for the constraints.
A vector x∗ is called optimal, or a solution of the problem (1.13), if it has the smallest objective
value among all vectors that satisfy the constraints: for any z with f1(z) ≤ b1,...,fm(z) ≤ bm,
we have f0(z) ≥ f0(x∗) [BBV04].

Sometimes, optimization problems does not necessarily require constraints and such problems
are referred to as Unconstrained optimization problems. Generally, optimization techniques can
be classified into Deterministic and Heuristic approaches. Deterministic approach solves an
optimization problem in a structured manner, thereby leading to efficient solutions with respect
to design variables and constraints [GB09]. However, they require well-defined mathematical
equations and require more computational times to arrive at a solution. Heuristic approach,
on the other hand, operate on randomness. They require lesser computational times but the
accuracy of their results are not guaranteed. The metaheuristic or evolutionary algorithms is
a type of heuristic approach that do not require mathematical definitions such as gradients to
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find optimal solutions. They operate on a population based approach where more than one
solution can be determined and they are best suited for multi-objective optimization problems.
Optimization problems can be solved with the help of softwares such as MATLAB, Python,
Maple. Some of the MATLAB optimization functions that were employed in this thesis will be
reviewed in this section.

Deterministic approach: “fmincon” function

For solving constrained optimization problems that are non-linear, the function fmincon

of MATLAB can be employed. This function operates on a gradient based approach where a
local (sometimes global) minima or maxima for an input objective function is determined by an
iterative procedure [Fmi]. The syntax for the fmincon function is provided below in Listing 1.6.

1 [ x , f v a l ] = fmincon( fun , x0 ,A, b , Aeq , beq , lb , ub , nonlcon , opt ions )

Listing 1.6 – The “fmincon” syntax in MATLAB

The first input parameter of fmincon is fun. This is the objective function that has to be
minimized or maximized. A separate function can be written and passed as a handle if necessary.
For maximization, a negative sign is included in the output variable of the objective function.
The parameter x0 is the initial guess for the optimization problem and it is the point from which
the function attempts to initiate the problem. The initial guess is carefully chosen as values
out of range might lead to convergence issues. The parameters A, B, Aeq and beq are linear
inequality and equality constraints. They are not employed frequently unless a linear constraint
is present in a non-linear optimization problem. It is important to put braces in the form of ‘[ ]’ if
these constraints are not present. The parameters lb and ub are the lower and upper bounds for
the design variables. They can be scalars or vectors depending on the nature of the input design
variable. The bounds are also the search zones for finding optimal values of the design variables.
The function nonlcon is the non-linear constraint function which is written as a separate function
and passed as a handle to fmincon. The nonlcon function has inequality and equality constraints
as outputs. The parameter options is used to control parameters of optimization such as function
tolerances, display of iteration and algorithm type [Mat]. The output variables after performing
optimization are x and fval. The variable x contains the optimized values and fval is the
value of objective function for the output variable x. The function fmincon is best suited for
multi-variable mono-objective problems. Solving optimization problems with fmincon should
be given careful attention because when the complexity of the functions increases, convergence
issues might occur while performing gradient problems. For any given input function subject to
bounds and constraints, the fmincon function can find only one solution to the optimization
problem. This function is not suitable for solving multi-objective optimization problems.
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Metaheuristic approach: Genetic algorithm

For solving multi-objective functions or if multiple solutions are necessary to be found for
an optimization problem, the metaheuristic or evolutionary algorithms of MATLAB can be
employed. The function ga, which stands for Genetic algorithm is ideal for solving optimization
problems by a metaheuristic approach [Ga]. This function operates on randomness over a defined
or default population range to identify optimal solutions. The syntax for the ga function is
provided in Listing 1.7.

1 [ x , f v a l ] = ga( fun , nvars ,A, b , Aeq , beq , lb , ub , nonlcon , opt ions )

Listing 1.7 – The “ga” syntax in MATLAB

The parameters of function ga is similar to fmincon, except with a difference that the second
input parameter for ga expects the number of variables to be optimized. The genetic algorithm
does not require an initial guess as they operate on randomness. The definition of objective
functions and constraints are set in the same way as fmincon. The options parameter of ga is
however different where the user can set tolerances for constraints or set population range for
identifying potential solutions. For solving multi-objective optimization problems, the function
gamultiobj replaces ga in Listing 1.7. The user can generate Pareto front plots using this function
where a swarm of solutions can be obtained with a compromise between the objective functions
which is limited to three. The execution times of genetic algorithm depends on the population
size chosen by the user. As the algorithm operates on randomness, a global minimum is never
guaranteed for the evolutionary algorithms. Hence, the user has to choose the ideal or optimal
value from the solutions obtained after optimization.

Apart from the fmincon and ga functions, MATLAB offers various other optimization func-
tions, which can be explored in the optimization toolbox of MATLAB and in the website of
Mathworks.

1.5 Conclusions

This chapter dealt with the literature review of piping inspection and description of some
mathematical concepts and tools that are employed in this thesis. By classifying locomotion
principles of piping inspection robots viz: Mechanical type and Bio-inspired type, a literature
review of the existing robots that fall under these categories were studied. A synthesis table for
the locomotion techniques was created in line with the operational context. Followed by that,
various articulation strategies that are present in literature were explored and a synthesis table
for the operational context was also presented. Some of the important mathematical concepts
which are employed in this thesis were defined and explained. Finally, some mathematical tools
and functions associated with the SIROPA library of Maple and optimization tools of MATLAB
software were presented.





CHAPTER 2
Rigid bio-inspired piping inspection

robot

Problem statement:

1. What are the different ways for an inspection robot to accomplish lo-
comotion inside a pipeline?

2. What are the forces required to ensure good contact with the walls of a
pipeline having various orientations and diameters?

2.1 Introduction

In industries such as nuclear, chemical and sewage, it is difficult for a human being to
perform inspection or interventions. Manual intervention could not only lead to long-term
radiation effects but also pose a serious threat to human life. Piping inspection robots play
an essential role in such scenarios as they reduce human effort and impose lesser risks to life.
Generally, the locomotion principles of these robots can employ mechanical systems or can
be inspired from animals. Kassim et al. [Kas+06] proposed a distinction between these two
categories where the mechanical systems can use wheels and pulleys [Tak00], telescopic system
[Mas78], impact modules [Hyu+01] or natural peristalsis [IS97] to accomplish the locomotion.
On the other hand, the bio-inspired systems can mimic their locomotions from animals such as
earthworms [DSS61], snakes [ITH88], millipedes [Uts79], lizards [TT97] or an octopus [Gin+88].
Presently, several piping inspection robots have been developed. Nayak et al.[NP14] proposed
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a screw-type robot that is capable of working inside 127–152 mm diameter pipelines. Zhang et
al.[Zha+10] developed a flexible inchworm type robot that can adapt itself to varying diameters
of pipes. Kwon et al.[Kwo+08] developed an inspection robot that employs a caterpillar module
with four bar linkages to work inside 100 mm diameter pipelines with bends and junctions. The
design and development of inspection robots for pipelines having diameters less than 150 mm
is a big challenge. Besides, these piping inspection robots encounter some key problems, which
are:

• Movement of the robot inside straight or curved sections of pipe while towing a payload.
• Accurate positioning of the robot on the zone to be intervened.
• Effective communication between onboard sensors and central station.
• Performing the desired mechanical activity such as drilling by withstanding the load of
the mounted device.

As a part of project with AREVA, a novel bio-inspired piping inspection robot that mimics
the locomotion of a caterpillar was proposed and developed by Henry et al.[Hen+14] and Chablat
et al.[CVB18]. This robot is capable of addressing the issue of design of inspection robots for
pipelines having diameters less than 150 mm. Using electrical actuators with leg mechanisms and
spindle drive units, this robot accomplishes the motion of a caterpillar and can work inside 40–
94 mm diameter pipelines. Three architectures were studied for optimization viz: slot-follower,
four-bar and six-bar mechanisms in [Hen+14] for the choice of leg mechanism for this robot. By
following a heuristic optimization [RW17] technique in MATLAB, which aimed at minimizing
the space occupied by the mechanism and maximizing the force transmission factor, the slot-
follower mechanism was chosen for the robot [Hen+14]. However, a detailed force analysis was
not performed on the robot during clamping and locomotion conditions. This bio-inspired proves
to be ideal for the operational context as it can adapt to varying pipeline diameters as well as
operate within pipelines having diameters less than 150 mm. This chapter thus focuses on
the numerical and experimental validations of this bio-inspired robot. Under static conditions,
there exists frictional forces between the robot legs and the pipeline walls. Coulomb’s law of
static friction is used to estimate the normal forces that exists during clamping. Using Maple and
MATLAB, the actuator forces of the motors used in the legs of the robot are estimated. However,
in order to estimate the forces on the central actuator, a dynamic approach is necessary. Forces
and torques on robotic links can be estimated using Lagrangian or Newton-Euler approaches.
The former involves more computation times and appears more complex. A Newton-Euler
approach is thus followed in order to estimate the forces on actuators during locomotion. A
comparison is then made between both the force models. Using DC-motors, spindle drives,
leg mechanisms and standard fasteners, the entire robot is realized at LS2N. Experiments are
then carried out on this prototype, where the peak results of the static force models are set
as threshold limits for ensuring tight clamping with the pipeline walls. The real-time forces
induced on the actuators under locomotion are then interpreted using a Force-control algorithm
with the help of a BeagleBone black micro-computer inside a 74 mm diameter straight pipe.
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2.2 Locomotion Principle and Kinematic Equations

The locomotion principle of the robot is inspired from a caterpillar. The motion of a cater-
pillar is subdivided into three modules: a central blocking module and two elongation modules
with one at the front and the other at the rear. A classical way to mimic this locomotion can be
accomplished with the help of pneumatic bellows for blocking and electric motors for elongation
[ACB99 ; Ant+00]. However, while moving inside nuclear power plant pipelines there exists dust
particles which limits the use of pneumatic systems. Hence, electrical actuators are used in the
robot. A comparative study by Henry et al. [Hen+14] proposes a mechanism that is capable of
simulating the locomotion of a caterpillar, which is mimicked by using three electrical actuators.
An outline of the robot inside a pipeline of radius r is represented below in Figure 2.1.

P(z,y)

Central 
module

B

A

O

r

ρ
cρ

O
ρ

A

B

P(z,y)

r

Forward leg
mechanism

Rear leg
mechanism

e

l
!

e
CC

AP - Slot follower leg

A - Passive rotary joint

BC - Fixed link

P - Leg contact point with 

      pipeline walls

AC - Active prismatic link
l
!

l
"

l
#l

"

l
#

z

y

Figure 2.1 – Outline of the bio-inspired robot representing the actuators and leg mechanisms
inside a pipeline of radius r.

In Figure 2.1, O represents the reference point for the leg mechanisms. Active spindle drives
are used in the front and rear modules to attain a prismatic motion. The stroke lengths of the
prismatic link AC is represented by ρ. Three sets of legs, each on the front and rear modules are
mounted at angles of 2π/3 radians. The leg mechanisms ensure tight contact with the walls of
the pipeline under static and dynamic phases of the robot and they can adapt their stretch based
on the diameter changes of pipeline. The central module in Figure 2.1 also uses an active spindle
drive to accomplish the elongation/retraction process and its stroke length is represented by ρc.
The slot-follower leg mechanism is mounted at point A (passive rotary joint) of the actuator.
The leg can slide along point B and l0 represents the length of AB. Each leg will have its contact
at point P on the pipeline and l1 represents its length. Owing to the motor unit used for the
spindle drive, the legs are mounted at an offset of distance e from the central axis. l2 represents
the distance between points B and C. This robot accomplishes the locomotion of caterpillar in
six-steps, as represented in Figure 2.2. A hyper-static or over-constrained posture exists when
both sets of legs of the robot are in contact with the walls. The coordinates (zp , yp) of point P
in Figure 2.1 can be written to obtain the closed-loop equation, which is given by:
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6. Central module: Retraction

1. Hyper-static posture 2. De-clamping: Front legs 3. Central module: Elongation

4. Clamping: Front legs2. De-clamping: Rear legs

Figure 2.2 – Demonstration of the six locomotion steps to attain caterpillar motion by the robot

yp = l2l1
l0

+ e (2.1)

zp = ρl1
l0
− ρ where l0 =

√
l22 + ρ2 (2.2)

The direct and inverse kinematic problems (DKP and IKP) for the leg mechanism can be
derived using Eqs. (2.1) and (2.2). For the DKP, for a known stroke length ρ and dimensional
parameters of leg, the radius of the pipeline r or yp can be estimated. For the IKP, for a known
diameter or radius of the pipeline and dimensional parameters of the leg, the actuation length
ρ can be estimated. The equations are derived using Maple and they are given by:

DKP: yP =
l22e+ ρ2e+ l1l2

√
l22 + ρ2

l22 + ρ2 (2.3)

IKP: ρ =
l2
√
l21 − e2 + 2eyP − y2

P

yP − e
(2.4)

Using the kinematic equations, the Jacobian matrix can be calculated, which is used to
estimate the forces. The relation between contact forces and the actuator forces is given by:

Fa = JTFp (2.5)

The estimation of actuator forces Fa is discussed in the upcoming sections.

2.3 Force models of the robot

For the calculation of forces on the motor during static and dynamic phases, two possible
models are considered, which are depicted in Figure 2.3. In Model-A, the rear leg modules are
clamped with the pipeline walls whereas in Model-B the front leg modules are clamped with the
pipeline walls. These two models are employed for the force modelling of the robot.
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Figure 2.3 – Two models of the robot considered for the force analysis

2.3.1 Static force model

The static algorithm mainly aims at estimating the contact forces between the robot and
the pipeline. With the contact forces estimated, the forces induced on the actuators of the front
(Model-B) and rear modules (Model A) can be estimated. For the static force model, the robot is
considered to be rigid and it can work only through straight pipelines having varying diameters.
During the non-hyperstatic phases of clamping, the robot behaves similar to a cantilever beam
where on one side three legs have contact points with the pipeline walls and on the free end the
self-weight of robot generates a moment. The actuator forces and torques are affected by the
orientation of the pipeline and the orientation of the robot about its own axis. The representation
of these two orientations are shown below in Figure 2.4.
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Figure 2.4 – Representation of the rotation angles of pipeline (δ) and robot (θ).

At every contact point, there exists three main forces between the legs and pipeline, which
are the:

• N—Normal forces
• Tl—Tangential longitudinal forces
• Tr—Tangential radial forces
The representation of these forces at the contact points with the pipeline walls is shown

below in Figure 2.5.
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Figure 2.5 – Schema of the contact forces during clamping as seen in x−y (left) and y−z (right)
planes [CVB18]

In Figure 2.5, ∑3
i=1 pi indicates the vector coordinates of the contact points of the leg

mechanism. The free end of the robot or the position of center of gravity (CG) on the z-axis is
represented by vector pe, which is located at a distance l from the clamped end. The coordinates
of pe is given by:

pe = [0, 0, 0]T (2.6)

The coordinates of the vector at the contact points of the leg mechanism are given by:

pi = Rz(θ)ni (2.7)

where Rz(θ) =


cos(θ) − sin(θ) 0

sin(θ) cos(θ) 0

0 0 1

 & ni =


r cos

(
2π(i−1)

3

)
r sin

(
2π(i−1)

3

)
l

 with i = 1, 2, 3

In Eq. (2.7), ni are the coordinates of pi in the local reference frame of the contact points of
the legs. Rz is the rotation matrix of robot about the z-axis. About the vector pe, there exists
a wrench equation which consists of forces(fi) and moments(mi) and it is given by:

τe =
[

fi
mi

]
(2.8)

where fi = [fix, fiy, fiz]T & mi = [mix,miy,miz]T with i = 1, 2, 3

According to the static equilibrium conditions, the total sum of forces and moments are zero,
which is given by:
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3∑
i=1

fi = 0 &
3∑
i=1

mi = 0 (2.9)

The tangential radial and longitudinal forces can be estimated directly from the reaction
forces at the contact points of the legs with the pipeline walls. The force vector at the contact
points is given by:

fi =


Tri cos

(
2π(i−1)

3 + π
2

)
Tri sin

(
2π(i−1)

3 + π
2

)
Tli

 with i = 1, 2, 3 (2.10)

At the contact points, there exists no moments and the wrench equation is comprised of only
resultant forces and is represented by iτi. About the vector pe, the wrench equation iτ0 can be
calculated using the Varignon’s theorem and it is given by:

iτ0 = iτi + (pi × fi) with i = 1, 2, 3 (2.11)

By using Coulomb’s law of dry friction, the normal forces can be estimated from the tan-
gential radial and longitudinal forces. The equation is given by:

Ni ≥

√
T 2
ri + T 2

li

ϕ
with i = 1, 2, 3 (2.12)

Generally, the material used for nuclear or chemical pipelines is steel. For the legs of the
robot, bronze is used as it has good mechanical properties such as self-lubrication and wear
resistance. As the clamping forces could lead to deformations, a metallic alloy is considered
over other materials such as ceramics or rubber. The coefficient of friction represented by
ϕ in Eq. (2.12) is taken as 0.4 [CVB18]. With the individual normal forces estimated, the
global normal force Ntotal can be estimated by summing the normal forces of each leg. Ntotal

also indicates the magnitude of contact forces Fp. The magnitude of actuator force Fa can be
estimated by using Eq. (2.5), which is modified and rewritten as:

Fa = ηfNtotal (2.13)

In Eq. (2.13), ηf is the force transmission factor that can be generated using the Jacobian of
the DKP of the leg mechanism whose equation is given by:

J = ηf = ρl1l2

(l22 + ρ2) 3
2

(2.14)

In Eq. (2.11), the wrench model has dependencies on the position of CG and in Eq. (2.14),
the factor ηf has dependencies on the radius of the pipelines r. When the pipeline is horizontal
or angled, the robot behaves similar to a cantilever beam and the distance between the clamped
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ends to the position of CG is essential to determine the forces induced on the actuators. This
analysis will be exploited in the upcoming sections.

2.3.2 Dynamic force model

The static force model was sufficient to understand the clamping forces and leg actuator
forces. For estimation of the torques on the central actuator as well as the leg actuators under
locomotion, the dynamic model has to be validated in order to ensure the stability of the robot
while moving inside horizontal and angled pipelines. The dynamic model for the bio-inspired
robot was initially analyzed by Boyer et al.[Boy+16] as a part of an internal and confidential
project with AREVA. The robot is a multi-body mobile-based system with closed loops. It moves
relative to a fixed Galilean frame. Like the kinematics problem, there exists a direct dynamic
model and an inverse dynamic model. The former is used for estimating the accelerations in
the links of the robot with the help of wrench equations. The inverse dynamic model is used for
estimating torques and wrenches using accelerations and velocities of the links. In this context,
the inverse dynamic model is employed in order to estimate the torques generated on the motors
during locomotion. The model represented in Figure 2.3 will be also employed for dynamic force
modelling. Each model is composed of 29 bodies as represented in Figure 2.6 with 9 non-zero
masses, 3 active links (red arrows), 18 passive links (blue arrows) and 8 clamping’s (Ei). The
details of the key body components of Figure 2.6 and the corresponding material used is provided
below in Table 2.1.

Body No. Description Material
Body-1 Left leg actuator Steel
Body-4 Left leg-1 Bronze
Body-8 Left leg-2 Bronze
Body-12 Left leg-3 Bronze
Body-15 Central & right leg actuators Steel
Body-18 Right leg-1 Bronze
Body-22 Right leg-2 Bronze
Body-26 Right leg-3 Bronze
Body-29 Umbilicus(Cables) Copper

Table 2.1 – Description of key body parts of the robot from Figure 2.6
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Figure 2.6 – Representation of components of the robot and their masses for the dynamic force model [Boy+16]
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Some of the common methods to calculate the dynamic forces are the Lagrange approach
and the Newton-Euler approach. In the Lagrange approach, the torques are computed based on
the difference between kinetic and potential energy. The equation for computing the torque is
given by [Kha10] :

τ = I(q)q̈ + H(q, q̇) (2.15)

In Eq. (2.15), I is the inertia matrix of the robot and H represents the Coriolis, centrifugal and
gravity forces/torques. The problem with this approach is when the robot has higher number of
degrees of freedom, the computational costs are very high and they consume a lot of time. Khalil
proposed the recursive Newton-Euler algorithm (NE) [Kha10] for rigid robots which has been
efficient with lesser computational times. Two algorithms are defined within the recursive NE
viz: Forward and Backward recursions. In the forward recursion, the link velocities, accelerations
and wrench on each links are estimated from link 1 to n. In the backward recursion, the reaction
wrenches are estimated from link n to the robot base. The NE algorithm helps in estimating
the torques by not necessarily computing the I and H terms of the Lagrange equation and the
torque is given by:

τ = f(q, q̇, q̈) (2.16)

The homogenous transformation matrix iTj as a function of the six geometric parameters
(γj , bj , αj , dj , θj , rj) is given by:

iTj =
[

iRj
irj

01×3 1

]
(2.17)

In Eq. (2.17), iRj represents the (3×3) rotation matrix and irj represents the (3×1) position
vector. In the forward recursion [Kha10], the velocity components can be estimated by the
equation:

ηj = Adj(iTj)ηi + q̇j
jAj (2.18)

The vector ηj is a kinematic screw vector of frame j of size (6×1) which consists of the linear
and angular velocity components. The equation is given by:

ηj =
[
vjT ωj

T
]T

(2.19)

The acceleration component is obtained by differentiating Eq. (2.18) and it is given by:

η̇j = Adj(iTj)η̇i + jζj + q̈j
jAj (2.20)

where jζj =
[
jRi[iωi × (iωi ×i rj)] + 2σj(jωi × q̇jjaj)

σ̄j
jωi × q̇jjaj

]

The component jAj which is of size (6×1) is called as the transposition vector for velocities and
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accelerations and it is given by:

jAj =
[

0 0 σj 0 0 σ̄j
]T

(2.21)

For a revolute joint, σj = 0 and for a prismatic joint σj=1. The acceleration values are then used
in the dynamic wrench equation which consists of forces and moments. The forward recursive
equations are thus given by:

jFj =
[

jFj
jMj

]
= jMj η̇j + βj (2.22)

where jMj =
[
MjI3 −jMŜj
jMŜj jJj

]
& βj =

[
jωj × (jωj ×j MSj)
jωj × (jJj jωj)

]

The terms Mj , MSj and jJj are the inertial components of link j. Using the reaction forces
and torques, the backward recursion is carried out. The torque induced on the motor is finally
calculated by the equation:

τj = jFj
T jAj + Fsjsgn(q̇j) + Fvj q̇j (2.23)

In Eq. (2.23), Fsj and Fvj represents the Coulomb and viscous friction parameters. These
forward and backward recursive equations are implemented in MATLAB for estimating the
torques and forces induced on the actuators under locomotion.

2.4 Results of force models

In reality, inside an industrial pipeline, there exists many bends or curves or deposits as
demonstrated in Figure 1. The material used for pipeline elbows are usually stainless steel of
grade Z401R and the connecting elements are stainless steel of grade Z2 CN18 10 [Boy+16].
These materials are non-magnetic and due to continuous operation of facilities, there exists
deposits on the inner walls of the pipeline (Figure 1e). For the numerical simulations, a straight
pipeline of 2.5 m length with inner diameter range from 54 to 74 mm is considered. A Maxon
motor GP 16 S (φ 16) spindle drive unit coupled with an EC-max (φ 16) brushless motor
[Max] in used in each individual module of the robot for actuation. The spindle drive offers a
maximum static axial load of 500 N. The key specifications of the spindle drive and the DC-
motor unit are provided in Tables 2.2 and 2.3. The optimized dimensions of slot-follower leg
mechanism is determined with respect to the spindle drive used for actuation in [Hen+14] by
using Genetic algorithm [UR+10] in MATLAB. The objective functions aims at minimizing the
space occupied by the legs of the robot and maximizing the force transmission factor. The
optimized dimensions for the legs used in the robot are provided in Table 2.4. Using the spindle
motors, the leg mechanisms, coupling screws and standard fasteners such as circlips, studs, nuts
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Parameters Value
Nominal voltage 12 V

Nominal current (Ic) 0.456 A
No load speed 13500 rpm

No load current (In) 60.2 mA
Nominal speed 5840 rpm
Efficiency (ηm) 54 %

Torque constant (KT ) 7.82 mNm/A
Speed constant (Nv) 1220 rpm/V
Terminal resistance 15.7 Ω

Table 2.2 – Specifications of the Maxon EC-motor (Part No. 283828) [Max]

Parameters Value
Spindle screw diameter and pitch (p) φ5 x 2 mm

Reduction ratio (G) 455:1
Max. static axial load 500 N
Max. spindle length 102 mm

Efficiency (ηs) 63 %

Table 2.3 – Specifications of the Maxon Spindle drive (Part No. 424749) [Max]

Parameters Dimensions (mm)

l1 57
l2 7
e 11
ρ 8.5–45.5

Table 2.4 – Optimized dimensions of the slot-follower leg mechanism [CVB18].

and bolts, the entire robotic system is assembled. For the electronic unit, the ESCON 36/3
EC servo controller system offered by Maxon is used, which provides speed and torque control.
The entire locomotion sequence is controlled by this control unit over the DC-Motors and the
spindle drives through the umbilicus (robot cables). The digital model of the robot is realized
using CATIA software and it is represented in Figure 2.7. The digital model of the robot and a
simple simulation in CATIA can be found in the link provided at the bottom of this page 1.

2.4.1 Results of Static Force Analysis

The actuator forces of front and rear modules for horizontal and vertical orientations of
pipeline are determined. With the help of Maple, the vector equations of the tangential radial

1. Digital model of the robot and a simple simulation in CATIA : Click here

https://www.youtube.com/watch?v=7z6-by83mtw
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Figure 2.7 – Digital model of the robot in CATIA software [CVB19]

and longitudinal forces are extracted and they are given by:

tli = [Tl1, Tl2, Tl3]T =


−2l cos(δ)w sin(θ)

r

−5(√3 sin(θ)+3 cos(θ))l cos(δ)w
26r

−5(√3 sin(θ)+3 cos(θ))l cos(δ)w
26r

 (2.24)

tri = [Tr1, Tr2, Tr3]T =


−2w

3

w
3

w
3

 (2.25)

In Eqs. (2.24) and (2.25), w indicates the self-weight of the robot which is around 6.57 N
without taking into account the cables. Two static phases are possible during the locomotion
cycle of the robot. The first case is when one set of legs is clamped with pipeline walls and the
central actuator remains in a fully retracted phase. The second case is when one set of legs is
clamped with pipeline walls and the central actuator reaches its full extension. The value of l,
which is essential to estimate the moments induced at the clamped ends can be identified by the
CG positions of the robot for the two cases of central actuator position from CATIA software.
The values of l for the two cases are identified for 54 and 74 mm diameter pipelines and the
corresponding values are provided in Table 2.5. For the estimation of forces, it is assumed that
the pipeline is either horizontal (δ = 0 or π radians) or vertical (δ = π/2 or 3π/2 radians) because
the robot is a rigid model. The longitudinal and radial forces are estimated using Eqs. (2.24)
and (2.25) for the two orientations of pipeline and the four CG positions in Table 2.5. Followed
by this, using Eqs. (2.11) to (2.13), the normal forces as well as the actuator forces Fa can
be estimated. The value of ηf for the two diametrical ranges under study can be taken from
Figure 2.8 which is plotted with the help of Eq. (2.14).
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Position of Radius of Position of CG from
Central actuator the pipeline (mm) clamped end (mm)
Fully retracted 27 128
Fully extended 27 149
Fully retracted 37 123
Fully extended 37 144

Table 2.5 – CG position (from CATIA) from the clamped legs of robot for fully retracted and
extended positions of central actuator inside 54 and 74 mm diameter pipelines [CVB18]
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Figure 2.8 – Force transmission factor (ηf ) with respect to ρ

The results of the actuator forces for the two orientations of pipeline and four CG positions
are then estimated using the values from Table 2.5 and Figure 2.8. The results are represented
in Figure 2.9. As shown in Figure 2.9, the forces are affected directly by the position of CG
and the orientation of pipeline. For horizontal orientation of pipeline, varying range of actuator
forces could be observed for both diameters. This is caused mainly by the longitudinal force
component, which is a function of the orientation of robot (θ). When the pipeline is vertical,
no moment exists, as the longitudinal forces depends on the cosinus of the pipeline orientation
(δ), which becomes zero at π/2 and 3π/2 radians. On the contrary, the radial forces continues
to exist and they always remain a constant (Tr1=4.3 N, Tr2= Tr3=-2.3 N), as they depend only
on the self-weight w of the robot. This phenomenon could be observed on the plots for vertical
orientations of the pipeline. For a given diameter, the highest amount of force is observed with
the fully extended position of the central actuator for δ at 0 or π radians. As the actuator
force Fa depends on the factor ηf , which is a function of the pipeline radius, higher forces are
observed for the 74 mm diameter pipeline. The force range values for Figure 2.9 are provided
in Table 2.6.
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Figure 2.9 – Front/Rear module actuator forces Fa inside 54 mm (left) and 74 mm(right) diame-
ter pipelines for horizontal (δ= 0 or π radians) and vertical (δ= π/2 or 3π/2 radians) orientations

Position of Pipeline Actuator force (N) Actuator force (N)
Central actuator radius (mm) Horizontal pipe Vertical pipe
Fully retracted 27 57.6–62.1 13.6
Fully extended 27 66.5–71.7 13.6
Fully retracted 37 101.9–109.5 35.1
Fully extended 37 117.6–126.1 35.1

Table 2.6 – Front/Rear module actuator forces in Figure 2.9 inside horizontal and vertical
orientations of pipeline for the CG positions of Table 2.5

2.4.2 Results of Dynamic Force Analysis

The simulation of the locomotion of the robot is performed using MATLAB. For motion
planning, three profiles are taken into study. The law of Bang-Bang is faster but it is discontin-
uous in acceleration. In order to overcome this issue, the Trapezoidal law can be used, which
ensures a constant velocity profile where the acceleration becomes zero [KD04]. In order to have
better continuity of the profile in velocity and acceleration, the polynomial equation of order 5
is employed. The velocity and acceleration profiles are given by the equations [KD04] :

q̇(t) = 30
(
t2

t3f

)
− 60

(
t3

t4f

)
+ 30

(
t4

t5f

)
(2.26)

q̈(t) = 60
(
t

t3f

)
− 180

(
t2

t4f

)
+ 120

(
t3

t5f

)
(2.27)
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In Eqs. (2.26) and (2.27), tf is the total simulation time. This value is not chosen arbitarily
but instead fixed in such a way that the velocity and acceleration reach their saturation points
[KD04]. The acceleration equation, Eq. (2.27) is used to estimate the forces and torques induced
on the actuators. The results of displacement, velocity and acceleration for the three actuators
are represented in below in Figure 2.10.
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Figure 2.10 – Displacement, Velocity and Acceleration profiles of the actuators during a loco-
motion cycle

The blue and red lines represent the left and right leg actuators. Inside a 74 mm diameter
pipeline, they have an extension of 40 mm but when they encounter a diameter change, the
extension is found to be reduced to 35 mm. This could be observed easily on the displacement
plots. The central actuator (Orange line), irrespective of the diameter change extends always
to a distance of 20 mm as they have no clamping modules attached to them. The maximum
velocity attained by the system is found to be 0.43 mm/s, which is caused by the reduction
unit used in the Maxon motors. The output of the acceleration as well as the velocity is then
employed in the NE algorithm in MATLAB to estimate the motor forces when traveling inside
horizontal and vertical pipelines. The results are computed and represented in Figures 2.11
and 2.12 for Model-A and in Figures 2.13 to 2.14 for Model-B. From the results, it could be
observed that in contrast to the static model, higher actuator forces are observed in the central
leg actuator while moving inside a vertical pipeline. This is because, in a vertical pipeline, the
effect of gravity is much higher when compared to the horizontal orientation. The constant
lines on the curves indicate the presence of gravity and the peaks represent the dynamic effects
caused by the moving masses. The actuator forces on both the leg modules remain the same but
appear in the opposite way for both models. In both models, the central actuator force range
appears to be the same and is close to 0 N when the pipeline is horizontal. In the case of vertical
orientation of the pipeline, the actuator forces on the leg modules remain the same for both
the models like the horizontal pipeline. However, the forces on the central actuator are higher
for the vertical orientation. For Model-A, these forces range between 8.07–8.1 N. However, for
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Figure 2.11 – Forces induced on the right leg actuator (left), central actuator (middle) and left
leg actuator (right) inside a horizontal pipeline for Model-A
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Figure 2.12 – Forces induced on the right leg actuator (left), central actuator (middle) and left
leg actuator (right) inside a vertical pipeline for Model-A
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Figure 2.14 – Forces induced on the right leg actuator (left), central actuator (middle) and left
leg actuator (right) inside a vertical pipeline for Model-B

Model-B, the central actuator forces range between 10.66–10.7 N. This is mainly caused by the
presence of the weight of the umbilicus along gravity for Model-B. Based on simulation results,
it has also been observed that when the pipeline has an orientation of π radians, the central
actuator forces remain the same as inside a pipeline which is at 0 radian for both the models.
Also, the forces remain the same for π/2 and 3π/2 radians pipeline orientations. The forces on
the left leg and the right leg actuators tend to have the same range of values irrespective of the
orientation of the pipeline for both the models and they are affected only by the radius of the
pipeline.

2.4.3 Discussions

From the results of both the force models, it could be observed that the static forces on
the actuators of the leg mechanisms are comparatively higher than the dynamic model. One of
the major factors is the low velocity of the motors used in each module. The dynamic forces
are purely influenced by the velocity as the time derivative which provides the acceleration is
employed to determine the motor forces and torques during locomotion. These forces appeared
to be around 10 times smaller than the static actuator forces of the leg mechanisms. However,
with the dynamic model, it was possible to identify the forces on the central actuator, which
could not be identified in the static force model. The results coming from static force models
will be employed for the experimental validation of the prototype for achieving static clamping
phases. It must be noted that the static force model did not take into account the weight of the
cables and other electromechanical factors.

2.5 Experimental validation of the prototype

In this section, experimental validation is done on the prototype of the bio-inspired robot de-
veloped at LS2N. In the previous sections, it was possible to identify the actuator forces through
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static and dynamic models by considering two models. Besides, it was possible to evaluate
the performance of the motors, which is necessary to achieve the robot’s mobility. Generally,
inspection robots employ one or more electronic boards for their control and movements when
moving through various trajectories of pipelines. Some of the well-known devices are the Rasp-
berry Pi [UH14], Arudino [Smi17] and BeagleBone (BB) black [Col13]. The choice of these
boards or micro-computers purely depends on the intended application. Leccese et al. [LCT14]
studied on the comparison of these three micro-computers. Arduino is usually used for pro-
gramming with low-level C++ languages and it can also be used to create an interface between
sensors. An interesting example is the vibro-impact capsule type inspection robot prototype of
Yusupov et al. [YL16] where an Arduino board is used to propel the robot inside a Poly-vinyl
chloride(PVC) test pipe. Raspberry Pi and BB Black, on the other hand, works efficiently for
high-end programming languages such as Python and MATLAB. These micro-computers oper-
ate on Linux platform with access to the internet. Raspberry Pi is intended for applications
with GUI and cannot be compatible for interfacing with external sensors. However, it has com-
patibility for camera interfacing which makes it efficient for moving inside dark pipelines. The
robot of Abdellatif et al. [Abd+18] employs a Raspberry Pi for robot control and detection of
cracks inside a dark environment. A BeagleBone (BB) black is employed for the control of the
rigid bio-inspired robot. The peak results of a given pipeline diameter of the static force model
are employed in the control algorithm of the robot to attain static phases such as clamping or
de-clamping during the locomotion. The motion profile of the locomotion cycle is similar to a
“bang-bang” concept [KD04], which is optimal with respect to the execution times. In parallel,
it is possible to reconstruct the current position of the robot by knowing the travel time and
speed.

2.5.1 Interfacing the robot with BB black and ESCON controllers

The BB black offers 92 pins which comprise of the Pulse-Width Modulation (PWM), General-
Purpose Input/Output (GPIO), Analog to Digital converters (ADC) and reconfigurable digital
ports [Bb]. Each Maxon motor is interfaced with the BB black through their ESCON 36/3 servo
controller by three pins. One pin is connected to the PWM which is used to operate the duty
cycle of a motor in a particular direction. The other pin is connected to a GPIO which is used
to enable or disable the motor functioning in a Boolean way. The third pin is connected to the
ADC to read the motor voltage. The PWM of the BB provides a maximum voltage of 3.3 V and
it is used to operate the motors with control over the speed. For the idle stage, 50% duty cycle is
set as a reference where the current is 0 A. For the safe running of motors, 80% of the duty cycle
of the PWM is only used. At 80% duty cycle the motor performs either clamping or retraction
operation with clockwise rotation and at 20% duty cycle the motor performs de-clamping or
elongation operation with anti-clockwise rotation. The interfacing between BB black and one
set of EC motor and its controller is provided in Figure 2.15. In Figure 2.15, the J2 cable of
each ESCON controller is connected to its EC motor unit. The J1 cable of each controller is
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connected to a power source of 12 V. The cables J5 and J6 are connected to the PWM, GPIO
and ADC pins of BB black. The PWM, GPIO and ADC pin address on BB black for each
motor and its servo controller is listed below in Table 2.7.

Motor PWM GPIO ADC
(Duty cycle) (Enable/Disable) (Results)

Motor-1 P9_14 (DigIN 1) GPIO_31 (DigIN 2) AIN0 (AnOUT 1)
Motor-2 P8_13 (DigIN 1) GPIO_47 (DigIN 2) AIN1 (AnOUT 1)
Motor-3 P9_31 (DigIN 1) GPIO_68 (DigIN 2) AIN2 (AnOUT 1)

Table 2.7 – BB black pin address for each motor and its servo controller

Before the start of experiments, the DC motors and ESCON controllers are calibrated in a
computer using a USB cable through port J7 as per the specifications provided in Tables 2.2-
2.3. The output voltages from PWM which are generally analog is passed to the ADC to
display the outputs to the user. The ADC of BB black, however, supports a maximum voltage
of 1.8 V. Thus, the output analog voltage before passing to ADC of BB black is calibrated
in the ESCON software in accordance with the nominal current of the motor. The BB black
also offers Enhanced Quadrature Encoder Pulse (eQEP) pins which can be used to determine
the position/displacement of robot at any instance of locomotion. However, this feature is not
included in the current control loop of the robot.

2.5.2 Control methodology: Force control

Two algorithms can be classified for the control of a robot namely: Displacement control
and Force control. The former is used for a robot that works in an open environment and
moves through a known distance. When the diameter of any instance of a locomotion step is
unknown, the force control algorithm is employed where through voltage control, the necessary
force is applied to the motors in order to clamp the robot legs with pipeline walls. The force
control algorithm is employed for the bio-inspired robot and this algorithm is used to control
the locomotion of the robot inside an environment having unknown diameters. By applying the
necessary clamping force from the power source to the motors, the robot can adapt its legs and
clamp itself to pipeline walls. Initially, interfacing between BB black and each motor as well as
its servo controller is done as per Figure 2.15. The BB black is connected to a computer and
this board operates on Debian OS 7.9. The activation of pins specified in Table 2.7 is done using
the Linux terminal of BB black micro-computer. When a PWM duty cycle is applied to the
motor, the spindle drive enables the leg mechanisms to clamp or de-clamp or allow the central
motor to elongate or retract. The motors rotate at a constant speed during its duty cycles. A
simpler form of the pseudo-code for one forward motion is provided in Algorithm 1 2.

2. BB black pin activation and control of the bio-inspired robot written in C : GitHub link

https://github.com/stvt1991/Control-of-piping-inpsection-robot
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At the end of one loop, the robot remains in an over-constrained posture wherein both the
leg mechanisms are clamped with the walls of the pipeline. The prototype of the robot developed
at LS2N, France is represented below in Figure 2.16.

(a)

(b) (c)

Figure 2.16 – Representation of the (a) Robot inside a test pipeline , (b) side view of the robot
and (c) one of the three ESCON 36/3 servo controllers

The following operations are performed using C program for the locomotion of the robot,
which is written as per Algorithm 1:

• Forward motion (twice)
• Reverse motion (twice)

In order to ensure that there is no continuous running of motors after an operation is finished,
threshold limits are being set for the clamping/retraction as well as de-clamping/elongation
phases. The upper threshold TU is set at 1.5 V which is 83% of the maximum voltage of ADC
and the lower threshold is set at 0.42 V. These values are determined based on experimental
trials. Also, these values are ideal when operating inside variable sections as the diameter of
any locomotion step is unknown. When the limits are reached, the torque reaches its stall point
and the PWM is set to the idle phase.

2.5.3 Results of experiments for a locomotion cycle

After the interfacing between controllers and BB black is done, the parameters defined in
Table 2.8 are calibrated for the ESCON controllers before the algorithm is initiated.
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Algorithm 1 Forward locomotion sequence: Force control algorithm
1: Initialization
Hyper − static posture

2: while ADC of M1 < TU do . TU - Upper threshold: Operation of motor till stall torque
3: Front leg modules clamping: M1 rotation at constant speed
4: end while
5: while ADC of M2 < TU do
6: Central module retraction: M2 rotation at constant speed
7: end while
8: while ADC of M3 < TU do
9: Rear leg modules clamping: M3 rotation at constant speed

10: end while
Advancement of robot . Two forward motions ensured by a for loop

11: for i = 1− 2 do
12: while ADC of M1 > TL do . TL- Lower threshold: Operation of motor till stall torque
13: Front leg modules de-clamping: M1 rotation at constant speed
14: end while
15: while ADC of M2 > TL or (t < 2s) do . Estimation of stroke as a function of speed
16: Central module elongation: M2 rotation at constant speed
17: end while
18: while ADC of M1 < TU do
19: Front leg modules clamping: M1 rotation at constant speed
20: end while
21: while ADC of M3 > TL do
22: Rear leg modules de-clamping: M3 rotation at constant speed
23: end while
24: while ADC of M2 < TU do
25: Central module retraction: M2 rotation at constant speed
26: end while
27: while ADC of M3 < TU do
28: Rear leg modules clamping: M3 rotation at constant speed
29: end while
30: end for
31: return ADC values

PWM Duty ADC voltage (V) Nominal current (A) Motor speed (rpm)
20% 0 -0.46 10800 (Counter-clockwise)

50% (idle) 0.9 0 0
80% 1.8 0.46 10800 (Clockwise)

Table 2.8 – ESCON controller calibration before initiation of Force-control algorithm

The experiment is carried out inside a 2.5 m length PVC transparent tube of 74 mm diameter
as depicted in Figure 2.16a. The digital voltage values generated by the ADC of the BB are
extracted and the results are plotted with the help of MATLAB.With the voltage values obtained
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during each step of the experiment, the current induced on the actuators can be estimated by
the equation:

I = VtIc
Vidle

− Ic (2.28)

In Eq. (2.28), Vt indicates the voltage at a particular instant of time and Ic is the nominal
current of motor which is provided in Table 2.2. Vidle is the ADC voltage at 50% PWM duty
cycle, which is taken as 0.9 V from Table 2.8. However, the output power of the DC-Motor is
affected by the power loss generated due to the current and resistance of the windings. The
actual current generated from the motor is thus given by the equation:

Ia = I − In (2.29)

In Eq. (2.29), In is the no-load current and this value is subtracted from Eq. (2.28) to
compensate the power loss. With the help of Eq. (2.29), the output torques and corresponding
forces can be calculated. The actual current generated from motors after power loss consideration
is shown below in Figure 2.17.
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Figure 2.17 – Output current of EC-motors from experiments.

In Figure 2.17, the red lines indicate the front leg module, the orange line indicates the
central elongation module and the blue lines indicates the rear leg module. The threshold
voltages are indicated in black and gray lines. The total time for performing two forward and
reverse operations by the robot is around 179 s. At 89.5 s, two forward operations are completed
and at 179 s, the robot returns to the starting point. Higher noises were observed from the
output voltages generated by the ADC. This is caused by some bending phenomena observed
on the free end of the robot when the other end is clamped and also due to numerical errors.
The frequency of the results was measured using MATLAB. With the help of Savitzky–Golay
[Sgo] filtering technique in MATLAB, the frequency from the ADC output is matched with the
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desired frequency to reduce the noise generated in the voltage. This filtering technique employs
the linear least-squares technique for smoothening signals without distorting it. The output
torques from the motors are then estimated from the smoothened current data by the equation:

τMi = Ia KT G ηm ηs with i = 1, 2, 3 (2.30)

In Eq. (2.30), the torque constant (KT ), reduction ratio (G) and the efficiencies (ηm and ηs)
are taken from Tables 2.2 and 2.3, respectively. The operating force on the spindle drive of the
motor can be estimated with the help of torque values obtained from Eq. (2.30) and it is given
by:

FMi = 2πτMi

p
with i = 1, 2, 3 (2.31)

In Eq. (2.31), p represents the screw pitch of the spindle drive, which is provided in Table 2.3.
The output forces in the spindle drive can be calculated using Eq. (2.31) by performing the
force control algorithm inside horizontal and vertical orientations of pipeline. The results are
represented in Figures 2.18 and 2.19. Video link for the experiment performed on the bio-
inspired robot is provided in the bottom of this page 3. Since the velocity of the robot is very
low (0.43 mm/s [CVB19]), the lower threshold limit is set to a value lower than the peak limits
of static force model such that the de-claming phase happens for a shorter duration. This can
be observed in Figures 2.17 to 2.19. As the static forces on central module is lower, this module
extended/retracted to its maximum, which facilitated the robot to cover larger distances during
the locomotion cycle. The range of forces in Figures 2.18 and 2.19 for the three individual
actuators are provided in Table 2.9.
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Figure 2.18 – Experimental output forces in the spindle drive for horizontal orientation (δ= 0
or π radians) of pipeline.

3. Video link for the experiment performed on the bio-inspired robot : Click here

https://www.youtube.com/watch?v=EPpZa-hvFKI&t=3s
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Figure 2.19 – Experimental output forces in the spindle drive for vertical orientation (δ= π/2
or 3π/2 radians) of pipeline.

Orientation of
Phase

Initial Final Force under
pipeline force (N) force (N) operation (N)
Horizontal Clamping (M1 & M3) 1000 1000 170–250
Horizontal Declamping (M1 & M3) 900 0 80–150
Vertical Clamping (M1 & M3) 1000 1000 160–330
Vertical Declamping (M1 & M3) 900 0 100–180

Horizontal & Vertical Elongation (M2) 1000 0 110–160
Horizontal & Vertical Retraction (M2) 1100 1100 100–150

Table 2.9 – Experimental output forces of the spindle drive for Figures 2.18 and 2.19.

Higher forces of 1000–1100 N could be observed at the start of clamping, elongation and
retraction modules for both orientations of the pipelines. This is because a constant velocity
profile has been used in the algorithm, which contributed to higher starting torque when a
PWM duty cycle is applied. The inertial effects also contributed to these peak values. At the
end of clamping operation in motors M1 and M3, higher forces could be observed (Figures 2.18
and 2.19) over the de-clamping phases. This is caused by the leg masses and their flanges as
they impose more loads on the motor when they try to establish contact with the walls of the
pipeline. For the vertical orientation of pipeline, the forces under operation of clamping/de-
clamping phases are found to be on the higher side over the horizontal orientation, especially
in Motor M3. This is because, motor M3 is bolted along with M2 and during vertical pass, the
influence of gravity impose more load on the motors, especially during the clamping phase. The
umbilicus also contributes some forces significantly during vertical orientation of pipeline. It is
interesting to note from the results of Figures 2.18 and 2.19 as well as Table 2.9 that the central
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actuator forces almost remains the same for both orientations of the pipeline. However, under
operation, the forces on the central actuator is slightly higher for the horizontal orientation
during elongation phase because the robot behaves similar to the cantilever beam assumption
of the static force model.

At the end of the clamping phase, the contact force Fp at the legs could be calculated with
the help of Eq. (2.13). Considering a 74 mm diameter tube for the experiments, a clamping
force of around 630 N is required to establish a tight contact between the legs of the robot and
the PVC test pipe. These forces tend to exist on the motor until the de-clamping phase begins,
where these forces become zero. The results are depicted below in Figure 2.20.
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Figure 2.20 – Clamping forces (Fp) between legs of the robot and PVC test pipe from experi-
ments.

In Figure 2.20, it could be observed that the clamping forces are higher when compared
to the numerical model. Several factors contributes to this deviation. The numerical model
considers a frictional contact between steel pipeline and bronze legs but the prototype was tested
inside a PVC tube. Also, with the numerical model, factors such as the umbilicus weight and
electromechanical parameters were not taken into account. These reasons could have potentially
contributed to higher force values in the experiments over the numerical model.

2.6 Conclusions

In this chapter, the static and dynamic force models on a bio-inspired piping inspection robot
proposed by Henry et al.[Hen+14]. Owing to the low velocity of the robot, a static model was
sufficient to understand the clamping as well the static actuator forces of the robot. It was also
possible to identify the key properties of motors that are required for the robot’s locomotion
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cycle. The peak results coming from the numerical model facilitated the control of static phases
on the prototype during experiments. In the numerical analysis, it was not possible to validate
the electromechanical factors or frictional coefficients. Using a prototype, these factors were
examined and it was possible to isolate some differences from numerical analysis such as voltage
fluctuations caused by the working condition of EC motors. The robot was able to overcome
the issue of working inside pipelines having diameters less than 150 mm as well as with varying
diameters. The experiments were conducted for a 74 mm diameter pipe, however, it is also
possible to carry out within a 54 mm diameter, which can then be compared with the static
model. The results of experiments proved to be on the higher side owing to factors that were
not considered in numerical analysis . One major disadvantage of the robot is that it is a rigid
model and it cannot be employed for curved pipe profiles represented in Figure ??b to ??d. The
spindle drive unit used in each module of the robot is currently oversized as it has a screw length
of 102 mm. This excess screw length might restrict the robot to overcome a pipeline having
bends or curvatures if the robot is made flexible. In the upcoming chapter, the initial problem
that will be addressed is the design modification of this robot into a flexible system.





CHAPTER 3
Design and analysis of Tensegrity

mechanisms

Problem statement:

1. What are the key design issues that must be addressed for the design
of an articulation unit which can facilitate a robot to overcome pipe
bends and junctions under passive and active modes?

2. What are the tilt limits for the mechanism?

3. What are the optimal design parameters of the mechanism for having
a stable configuration under static modes?

3.1 Introduction

This chapter focuses on the design modification of the rigid bio-inspired robot [VCB19]
studied in Chapter-2 into a flexible system. The main design criteria for a piping inspection
robot are locomotion, contact type with pipeline walls, cable management and articulation unit
to pass through bends. Roh et al.[RC05] proposed a classification of in-pipe inspection robots
viz: Pig type, Wheel type, Caterpillar type, Wall-press type, Walking type, Inchworm type
and Screw type. This classification provides a glimpse of the contact type with the pipeline
walls and the locomotion principle of the robot. However, detailed research on the design of
an articulation system for bends and cable management inside complicated pipeline trajectories
have not been carried out. This chapter addresses in detail the key design issues that must
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be addressed by a piping inspection robot for passing through bends and junctions. Generally,
articulation units or a mechanism could be classified viz: Active and Passive systems. Some
existing researches that employ an active articulation unit include the THES-I robot of Hirose
et al.[Hir+99] which uses a universal joint actuated by a DC-Motor and the electro-pneumatic
robot of Anthierens et al.[ACB99] that employs a metallic bellow system to pass through bends.
Some interesting passive systems include the robot developed by Kwon et al.[Kwo+08], where
a compression spring is employed to push and pull motor modules while working through T-
sections and bends. Zhang et al.[Zha+10] also proposed a robot that uses a passive flexible
helical axle to pass through pipe bends. Most of these robots employ articulation units that
are either passive or active, but not a combination of both. A tensegrity mechanism, with three
tension springs and a universal joint, is proposed as an articulation unit for the rigid bio-inspired
robot studied in Chapter-2. While encountering a pipe bend at 90◦, the tensegrity mechanism
can work in a passive mode. In the event of a junction or a T-union, cables that pass through
the springs of the mechanism are actuated to tilt along a certain direction. The geometrical
equations for the tensegrity mechanism are generated by correlating to a parallel manipulator
of type 3-SPS-U. The analysis of the positioning of the end-effector is carried out in two ways.
For the first analysis, the Tilt & Torsion (T&T) theory is employed to study the joint-limits
of the mechanism through case study of three different postures. Based on the tilt limits, the
best posture is identified and the static stability of this mechanism is verified. For the second
analysis, the singularities and workspace analysis are carried out for the Euler angles of the
universal joint. This analysis permits to determine the maximum tilt limits for the mechanism,
especially under passive modes. Both analysis are carried out using the SIROPA library of
Maple [Jha+18] in which the workspaces for the mechanism are calculated by algebraic methods
[CMW11].

The architecture of the 3-SPS-U tensegrity mechanism is then modified into a 4-SPS-U
mechanism by the addition of another tension spring since the tilt limits for the 3-SPS-U mech-
anism were found to be less for operation during passive modes. The static analysis of both
mechanisms is reverified for the Euler angles. Through an optimization technique, the design
parameters of the system are modified to obtain a stable configuration under the presence of an
external load. A simple prototype of the 3-SPS-U mechanism is realized at LS2N with initial and
modified design parameters for understanding the stability of the mechanism. The singularities
and workspace analysis are carried out for the modified design parameters to understand the
maximum tilt limits and a comparison is being made.

3.2 Design issues and architecture of the flexible robot

In general, for the design of a piping inspection robot, three main factors must be taken
into account viz: rectilinear motion, passive compliance and active compliance. The existing
architecture of the robot presented in Chapter-2 addresses the first criteria as it holds good
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inside vertical and horizontal pipelines. It is essential to address the other two factors for the
robot, in order to pass through bends and junctions. Passive compliance could be imagined for
a robot that moves through pipe bends at 90◦ or less. The articulation unit, which drives the
robot through such bends need not be necessarily active. Examples of such robots include the
squirm pipe robot proposed by Zhang et al. [Zha+10] and the caterpillar type robot proposed
by Kwon et al. [Kwo+08]. For active compliance, it is essential for the articulation unit as well
as the contact mechanism with the pipeline walls to be actuated and adaptable. Robots passing
through T-branches and junctions need to adopt active compliance. However, the direction of
movement inside a T-branch or junction is usually controlled through software programming
and sensors. An interesting example is the robot proposed by Ryew et al. [Rye+00] which
employs a double active universal joint (actuated by two motors and two clutches) that remains
active while passing through junctions. This robot also uses a wheel system with a pantograph
mechanism that adapts according to bends and straight profiles by ensuring contact with the
pipeline walls. Another important factor for the articulation unit is the maximum angle at which
it can bend while encountering a curvilinear profile. Depending on the centerline radius (CLR)
of the pipe bend, the articulation unit can facilitate the robot to bend up to a certain angle,
which is referred to as the “Tilt”. The general representation of Passive compliance, Active
compliance and Tilt limits for a piping inspection robot are depicted below in Figure 3.1.

(a) (b) (c)

Figure 3.1 – Representation of (a) Passive compliance, (b) Active compliance and (c) Tilt limits
for a piping inspection robot [VC19]

3.2.1 Architecture of the new piping inspection robot

For addressing the compliance factors and the tilt limits, the existing architecture of the
bio-inspired robot from Figure 2.1 is modified into a flexible robot and it is represented in
Figure 3.2. The caterpillar module represented by OCAB is retained in the modified design to
ensure contact with the pipeline walls during static and dynamic phases. EFGH represents a
spring-loaded four-ball wheel mechanism. This mechanism will have contact with the pipeline
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Figure 3.2 – Outline of the modified bio-inspired robot inside a pipeline of radius r

walls at all instances of locomotion. Also, this mechanism assists the robot to smoothly enter
and exit pipe bends and junctions. The parameters ρ and ρc represents the clamping and central
module actuation units. The joint J represents the new articulation unit that will be introduced
in the robot. In the existing prototype, the front and central modules were bolted together but
in the proposed design all the modules are split into independent systems. As the robot moves
through a pipe bend, the modified architecture resembles an “Elephant Trunk”. By ensuring
tight contact with the pipeline walls using the caterpillar module, the force is transmitted from
the front to the rear end, thereby allowing the robot to pass through or overcome a pipe bend.

3.2.2 Design of a tensegrity mechanism

In order to make the existing robot flexible, an articulation unit in the form of a tensegrity
mechanism is proposed and introduced between each module. This mechanism can facilitate the
robot to pass through 90◦ pipe bends or junctions by tilting up to a certain angle. In the existing
design, the motor units were coupled rigidly using flanges. By the addition of another flange,
a universal joint and three tension springs are introduced between the flanges. The universal
joint remains passive and the issue of passive compliance can be addressed by this joint and the
springs for a 90◦ pipe bend. Through each spring, cables are introduced which are connected
to one of the flanges of the mechanism. In the event of active compliance, these cables are
actuated from a central control unit. This will facilitate the robot to tilt in a certain direction
while encountering a junction or a T-union. The cables can be actuated from a DC-Motor
through pulleys and some preloading forces are generally applied to have a stable configuration
of the mechanism. The architecture of the tensegrity mechanism is represented in Figure 3.3.
The tensegrity mechanism resembles the robot analyzed by Yigit et al.[YB17], except with a
difference that three tension springs are employed over a single compression spring. The three
springs are mounted at an angle of 120◦ between each other. These springs ensure the stability
of the mechanism and they control the tilt limits of the universal joint. The other three holes on
the flange can be used for routing the wires coming out from the motors used in the caterpillar
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Figure 3.3 – Proposed tensegrity mechanism with universal joint, springs and cables

module. The springs are mounted at radius rf from the central axis of the flange. In order to
determine the maximum tilt limits, the radius rf and the distance l between the flanges have to
be considered for analysis, which will be exploited in the upcoming sections.

3.2.3 Geometric equations of the mechanism

For the analysis of the mechanism, it is necessary to derive the equations for the system.
The tensegrity mechanism represented in Figure 3.3 is analyzed by correlating to a parallel
manipulator of type 3-SPS-U [AS04]. Here S indicates the spherical joint, U indicates the
universal joint and P indicates the actuated prismatic joints or the springs. The representation
of the tensegrity mechanism at the home-pose and the correlation to a parallel manipulator is
represented below in Figure 3.4.
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Figure 3.4 – Representation of the (a) Tensegrity mechanism at home-pose, (b) 3D view of the
correlation to a 3-SPS-U manipulator and (c) 2D view of the manipulator

The home-pose represented in Figure 3.4a is the position where the tilt angles, as well as the
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external forces on the mechanism, are zero. The fixed coordinate frame of the base is represented
by ∑0 with its origin at B0. The spring mounting points on the fixed base are represented by
B1, B2, B3 and they form the imaginary equilateral triangle of the manipulator base. The vector
coordinates for the base mounting points can be written as:

b0
i = Rz(θ) n0

i , with i = 1, 2, 3 (3.1)

where Rz(θ) =


cos (θ) − sin (θ) 0

sin (θ) cos (θ) 0

0 0 1

 & n0
i =


rf cos

(
2π(i−1)

3

)
rf sin

(
2π(i−1)

3

)
−rfh



In Eq. (3.1), n0
i are the coordinates of Bi in the fixed coordinate frame ∑0. The rotation

matrix Rz with respect to θ is used to determine the orientation or rotation of the mechanism
about the z-axis. For determining the vector coordinates of the end-effector, two sets of analysis
are carried out. The first analysis employs the theory of Tilt&Torsion (T&T) for the joint limits
of the mechanism. In the second analysis, the singularity analysis of the mechanism is carried
out for the Euler angles of the universal joint for identifying the workspaces. These analyses are
discussed in detail in the upcoming sections.

3.3 Analysis of joint limits using Tilt & Torsion

In this section, the joint limits of the mechanism are analyzed by parametrizing the orien-
tation of the platform using the theory of Tilt&Torsion (T&T). The T&T theory is employed
mainly for parallel manipulators, where the robot platform is mobile and asymmetric [BZG02].
Since the universal joint is passive, there exists no torsion. Thus, the tilt and azimuth angles
would be sufficient to calculate the positions of the end-effector. The representation of the tilt
and azimuth angles on the tensegrity mechanism are shown in Figure 3.5. In Figure 3.5, β rep-
resents the azimuth angle between the x-axis and face of the z-axis. Rotation about M causes
a shift of the axis xyz to x∗y∗z∗. The angle between z and z∗ represents the tilt angle, α. The
transformation matrix R for the tilt and azimuth angles is given by the equation:

R = Rz(β)Rx(α)Rz(−β) (3.2)

R =


cos(β)2 + sin(β)2 cos(α) cos(β) sin(β)(1− cos(α)) sin(β) sin(α)

cos(β) sin(β)(1− cos(α)) sin(β)2 + cos(β)2 cos(α) − cos(β) sin(α)

− sin(β) sin(α) cos(β) sin(α) cos(α)

 (3.3)
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where Rx(α) =


1 0 0

0 cos (α) − sin (α)

0 sin (α) cos (α)

 ,Rz(−β) =


cos (β) sin (β) 0

− sin (β) cos (β) 0

0 0 1


The moving coordinate frame of the end-effector is represented by∑1 with its origin at C0. The
spring mounting points of the end-effector is represented by C1, C2, C3 for the mechanism. In
order to obtain the position of the end-effector, Eq. (3.2) is multiplied by the vector coordinates
of Ci and the equation is given by:

c1
i = Rz(θ) R o1

i , with i = 1, 2, 3 & o1
i =


rf cos

(
2π(i−1)

3

)
rf sin

(
2π(i−1)

3

)
rfγ

 (3.4)

In Eq. (3.4), o1
i are the coordinates of Ci in the mobile reference frame∑1 of the end-effector.

The parameter γ is a scalar which determines the positioning of the end-effector from the origin
A. The joint space analysis for the various values of γ will be analyzed in the next section.
The length of the mechanism li which provides the solution for the Inverse Kinematic Problem
(IKP) can be solved by computing the distance between the vector coordinates of the base and
the end-effector. The constraint equations are given by:∥∥∥b0

i − c1
i

∥∥∥ = li , where b0
i = [bix, biy, biz]T , c1

i = [cix, ciy, ciz]T , with i = 1, 2, 3 (3.5a)

rf2(cos(α)(2h2γ + 2 cos(β)2 − 2)− 2h sin(α) sin(β)(γ + 1)− 2 cos(β)2 + 2

+ h2(γ2 + 1)) = l21 (3.5b)
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rf2(
√

3 cos(β)(− sin(β) cos(α) + h(γ + 1) sin(α) + sin(β)) + cos(β)2(− cos(α) + 1)+

cos(α)(2h2γ − 1
2) + h sin(α) sin(β)(γ + 1) + 1

2 + h2(γ2 + 1)) = l22 (3.5c)

rf2(−
√

3 cos(β)(− sin(β) cos(α) + h(γ + 1) sin(α) + sin(β)) + cos(β)2(− cos(α) + 1)+

cos(α)(2h2γ − 1
2) + h sin(α) sin(β)(γ + 1) + 1

2 + h2(γ2 + 1)) = l23 (3.5d)

3.3.1 Estimation of tilt limits

The tilt range for the tensegrity mechanism must be determined which permits to analyze
the geometrical workspace of the mechanism. In Eq. (3.4), the parameter γ in oi can assume
three values: γ < 0, γ = 0 and γ > 0 [Ven+]. These postures are classified as the Pendulum, the
Neutral pose and the Inverse pendulum. The three postures are depicted below in Figure 3.6.
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Figure 3.6 – Representation of the (a)Pendulum, (b)Neutral pose and (c) Inverse pendulum
postures of the tensegrity mechanism

For the initial analysis, the value of h is set as 1. The tilt limits are estimated by taking
into account the joint limits of the mechanism. The equations of the robot and its associated
constraints are generated using the SIROPA [Jha+18 ; Mor+10 ; Cha+20] library of Maple. The
vector coordinates of the base from Eq. (3.1), the end-effector coordinates from Eq. (3.4) and the
distance relations Eqs. (3.5b) to (3.5d) that maps the base to the end-effector are used as inputs
for the CreateManipulator function of SIROPA library. This function virtually constructs the
3-SPS-U manipulator in Maple [Jha+18 ; Cha+20]. The tilt and azimuth angles are set as the
pose variables and the lengths (l1, l2 and l3) are set as the articular variables for computations.
The constraint equations are once again used to determine the workspace of the three case-
study postures by setting joint limits for the springs. Using the ConstraintEquations function
of SIROPA library and with h = 1, Eqs. (3.5b) to (3.5d) are transformed into six constraint
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equations which are given by :

C1+3i : 2r2
f cos(α)(cos(β)2 − 1 + γ)− 2r2

f sin(β) sin(α)(1 + γ)− 2r2
f cos(β)2

+ r2
f (γ2 + 3) = l2j (3.6)

C2+3i : 2
√

3r2
f cos(β)(sin(α)γ + sin(β)− cos(α) sin(β) + sin(α)) + r2

f (3− cos(α))

+ 2r2
f (sin(α) sin(β)(1 + γ)− cos(β)2(cos(α)− 1) + γ(2 cos(α) + γ)) = 2l2j (3.7)

C3+3i : −2
√

3r2
f cos(β)(sin(α)γ + sin(β)− cos(α) sin(β) + sin(α)) + r2

f (3− cos(α))

+ 2r2
f (sin(α) sin(β)(1 + γ)− cos(β)2(cos(α)− 1) + γ(2 cos(α) + γ)) = 2l2j (3.8)

where for i = 0 and 1, lj = lmin and lmax

For γ, three values are assumed: −1/4, 0, 1 and they are employed in Eqs. (3.6) to (3.8).
The value for rf is retained as 11 mm from the dimensions of the flange used in the existing
prototype [VCB19]. For estimating the geometrical workspaces of the mechanism, the Cylindri-
cal Algebraic Decomposition (CAD) algorithm is employed. The workspace (resp. joint space)
analysis classifies the number of solutions of the parametric system associated with the direct
(resp. inverse) kinematic problem [Jha16]. This method was proposed and analyzed for parallel
robots by Chablat et al.[CMW11]. The main steps are recalled here in which, the workspace,
as well as joint space, are decomposed into cells C1,...Ck, such that:

• Ci is an open connected subset of the workspace
• for all pose values in Ci, the direct (resp. inverse) kinematics problem has a constant

number of solutions
• Ci is maximal in the sense if Ci is contained in a set E, then E does not satisfy the first
or second condition.

The three main steps that are carried out in this analysis are [CMW11] :

• Computation of a subset of the workspace (resp. joint space) where the number of
solutions changes: the Discriminant V ariety
• Description of the complementary of the discriminant variety in connected cells: the
Generic Cylindrical Algebraic Decomposition

• Connecting the cells that belong to the same connected component of the complementary
of the discriminant variety: interval comparisons

From a general point of view, the discriminant variety is defined for any system of polynomial
equations and inequalities. Let p1,...,pm, q1,...,ql be polynomials with rational coefficients de-
pending on the unknowns X1,...,Xn and on the parameters U1,...,Ud. The following constructible
set is considered:
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E = {v ∈ Cn+d, p1(v) = 0, ..., pm(v) = 0, q1(v) 6= 0, ..., ql(v) 6= 0} (3.9)

If it is assumed that E is a finite number of points for almost all the parameter values, a
discriminant variety VD of E is a variety in the parameter space Cd such that over each connected
open set U satisfying U ∩ VD = Φ, E defines an analytic covering. In particular, the number of
points of E over any point of U is constant. Now, the following semi-algebraic set is considered:

F = {v ∈ Cn+d, p1(v) = 0, ..., pm(v) = 0, q1(v) ≥ 0, ..., ql(v) ≥ 0} (3.10)

If F is assumed to have a finite number of solutions over at least one real point that does
not belong to VD, then VD ∩ Rd can be viewed as a real discriminant variety of F with the same
property: over each open set U ⊂ Rd such that U ∩ VD = Φ, E defines an analytic covering.
In particular, the number of points of R over any point of U is constant [CMW11 ; Jha+18].
Discriminant varieties can be computed using basic and well-known tools from computer al-
gebra such as the Groebner bases [CLO13]. A general framework for computing such objects
is available through the RootF inding[Parametric] function of Maple. For estimating the ge-
ometric workspace for the three case study postures, the CAD algorithm combined with the
parametric root finding technique of Maple is employed to estimate solutions for the tilt and
azimuth angles [COM11]. This is carried out by using the CellDecompositionP lus function of
the SIROPA library in Maple [Jha+18 ; Cha+20]. For isolating the aspects around the home-
pose, Eqs. (3.6) to (3.8) are transformed as inequality equations [CW98], which are then used as
inputs for CellDecompositionP lus in Maple. For the constraint equations, it is also necessary
to set the joint limits of li, which determines the maximum tilt limits for the mechanism. At
the home-pose as represented in Figure 3.4a, the length between B−C are calculated and they
are given by: 9 mm, 11 mm and 22 mm for γ= -1/4, 0 and 1. The constraint limits for these
lengths under maximum tilt angles are set as lmin = 7 mm and lmax = 31 mm for the analysis.
The results of the geometric workspace are then generated for the three cases of γ using CAD
algorithm in Maple. The solutions for the three postures are represented in Figure 3.7. From
the results of CAD algorithm, the number of cells that corresponds to the number of solutions
for the plots represented in Figure 3.7 are provided below in Table 3.1.

Architecture 0 solutions 2 solutions Total cells
Pendulum 134 88 222

Neutral pose 134 88 222
Inverse pendulum 586 136 722

Table 3.1 – Number of cells obtained by CAD algorithm for Figures 3.7(i) to 3.7(iii)

The white zones in Figures 3.7(i) to 3.7(vi) for the three configurations indicate the regions
where there exists no solutions. The blue regions indicate feasible postures for the manipulator,
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(b) Neutral pose (γ = 0)
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Figure 3.7 – Results obtained by CAD algorithm from Maple with representation of (i),(ii),(iii):
Feasible and non-feasbile solutions and (iv),(v),(vi): Extraction of geometrical workspaces
around the home-pose for the three case study postures



Analysis of joint limits using Tilt & Torsion 81

where there exists two solutions for the Direct Kinematic Problem (DKP). Around the home-
pose, the mechanism can tilt up to the values at the boundaries of the blue region. There also
exists some blue regions beyond the white zones as seen in Figures 3.7(i) to 3.7(iii). However, in
these regions, the orientations of the manipulators are in such a way that there exists collisions
between the base and the end-effector. In other words, the base and the end-effector align
themselves on the same plane. For the inverse pendulum, the azimuth range beyond the white
zones is intermittently distributed for a given tilt angle. For the pendulum and neutral postures,
the azimuth ranges have no discontinuities beyond the white zones for a given tilt angle. Using
the PlotRobot3D function of SIROPA, the postures of the mechanisms in blue regions around the
home-pose and beyond the white zones are created and they are represented in Figures 3.8(i)
to 3.8(vi). The postures of the mechanisms for the blue regions beyond the white zones are
represented in Figures 3.8(iv) to 3.8(vi) where collisions could be observed. Therefore these
regions are eliminated and the feasible solutions around the home-pose are extracted. The
feasible tilt limits for the three case study configurations around the home-pose are represented
in Figures 3.7 (iv) to 3.7 (vi). The corresponding values of the tilt angles with the azimuth
angles at the joint limits around the home-pose are provided below in Table 3.2.

Architecture γ Azimuth (β) Tilt (α)
Pendulum -1/4

[±π/2,±5π/6]
±π/18

Neutral pose 0 ±π/6
Inverse pendulum 1 ±π/3

Table 3.2 – Tilt limits for azimuth values at joint limits around the home-pose for Figures 3.7(iv)
to 3.7(vi)

For the case of pendulum, narrow tilt limit ranges could be observed from Table 3.2 and from
Figure 3.7(iv). This configuration might not be able to overcome a pipe bend of 90◦ when it is
coupled with the bio-inspired robot. Better solutions are obtained for the neutral posture when
compared to the pendulum configuration and this could be observed in Figure 3.7(v). However,
in the case of the inverse pendulum, the tilt limit ranges are comparatively higher than the other
two configurations. This configuration can thus be employed for the piping inspection robot to
overcome bends and junctions. As the inverse pendulum configuration by nature is not stable,
static stabilities of the mechanism must be studied in order to ensure that the mechanism does
not topple down at the home-pose under the absence of external forces.

3.3.2 Static analysis of the mechanism

With the inverse pendulum configuration being identified as a suitable configuration for the
tensegrity mechanism, it is important to analyze its stability. In the event of active compliance,
when the tensegrity mechanism is coupled with the robot, the stability of the mechanism can
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Figure 3.8 – Representation of the manipulator orientations in SIROPA in: (i),(ii),(iii): Blue
regions around the home-pose ,(iv),(v),(vi): Blue regions beyond the white zones for the three
case study postures

be controlled through cables. This will also facilitate the robot to follow a given direction. For
passive compliance, where the cable actuation is not required, the tensegrity mechanism must
overcome pipe bends autonomously. In this scenario, the static stability of the mechanism has
to be determined. According to Lagrange, for a moving system, the equation of motion [Mei10]
is given by:

τ = d
dt

(
∂T

∂q̇

)
− ∂T

∂q + ∂U

∂q where q = [α, β]T (3.11)
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In Eq. (3.11), T and U are the kinetic and potential energies of the system. τ represents the
generalized torques on the system. Under static modes, the velocity of the system is zero and
there exists no kinetic energies. Thus, in Eq. (3.11) only the potential energy derivative with
respect to the tilt and azimuth angles exists. The potential energy of the system is contributed
mainly by the springs and cables. For this calculation, the magnitude of applied forces along the
three cables are considered as ‘F1’, ‘F2’, ‘F3’ N. Three identical springs of stiffness ‘k’ N/mm
is chosen for the mechanism. The total potential energy, Utot can be estimated by summing up
the potential energies of springs and cables. The equations are given by:

Ucable =
3∑
i=1

Fili Uspring =
3∑
i=1

1
2k(li − l0)2 (3.12)

Utot = Ucable + Uspring (3.13)

For the stability analysis, the springs are considered to be massless and their free lengths l0
are considered to be 0 mm. The potential energy also consists of the gravity term. This
term is however not considered as the mass parameter is only known when a real prototype
is constructed. By substituting the results of Eq. (3.13) in Eq. (3.11), the forces required to
actuate the mechanism can be calculated. Under zero-applied forces or under the presence of
a preload, the mechanism can deform due to the springs. Arsenault et al. [AG06] analyzed
that for a tensegrity mechanism to be stable under static modes, the second-order derivative or
the stiffness of the mechanism ‘K’ has to be positive. The Utot equation is first derived for the
inverse pendulum configuration with γ = 1 in Maple and it can be expressed as:

Utot =
√

2F1(r2
f ((h2 + cos(β)2 − 1) cos(α)− 2 sin(β) sin(α)h+ h2 − cos(β)2 + 1))1/2+

√
2F2(r2

f (
√

3 cos(β)(sin(α)h− cos(α) sin(β)
2 + sin(β)

2 ) + cos(α)(h2 − cos(β)2

2 − 1
4)

+ h sin(α) sin(β) + h2 + cos(β)2

2 + 1
4))1/2 +

√
2F3(r2

f (−
√

3 cos(β)(sin(α)h+ sin(β)
2

− cos(α) sin(β)
2 ) + cos(α)(h2 − cos(β)2

2 − 1
4) + h sin(α) sin(β) + h2 + cos(β)2

2 + 1
4))1/2

+ ζ (3.14)

where ζ = 3 krf 2
((

h2 − 1
2

)
cos(α) + h2 + 1

2

)

At the home-pose condition represented in Figure 3.4, when the applied forces on the mech-
anism are zero, only the constant term ζ of Eq. (3.14) exists. This term depends on the spring
stiffness k, mounting radius rf , parameter h and the tilt angle α. The stability of the mechanism
can be understood by plotting the total potential energy over the tilt range that was estimated
for the inverse pendulum configuration. A spring of 0.75 N/mm is taken for this analysis. The
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value of rf is carried over as 11 mm from existing prototype and the value of h is taken as 1.
Using these values, the total potential energy of the mechanism is traced against the tilt angle
α around the home-pose and it is represented below in Figure 3.9.

480

500

520

540

560

- /2 - /3 - /6   /6   /3    /20

α - (radians)

U
to

t 
(N

.m
m

)

F1 = F2 = F3 = 0 N

rf = 11 mm , k = 0.75 N/mm , h = 1

Max. U
tot

 = 544.5 N.m 

Figure 3.9 – Plot of total potential energy versus the tilt(α) at the home-pose

It could be observed that the mechanism remains unstable and has maximum potential
energy in the home-pose when the applied forces are zero. Since Utot has a direct dependency
on the applied forces in Eq. (3.14), the system continues to remain unstable when there is an
external loading. At the home-pose condition, the total potential energy of the system has no
dependencies on the azimuth angle β. In order to determine stable configurations, the second-
order derivative of the total potential energy with respect to the tilt angle α, which provides
the stiffness of the mechanism Kα must be studied against the design parameters rf and h at
the home-pose. The mechanism stiffness Kα is derived using Maple at the home-pose condition
and the equation is given by:

Kα = 3kr2
f cos(α)(1

2 − h
2) (3.15)

From Eq. (3.15), it could be observed that the mechanism stiffness depends on the parameters
rf , h and spring stiffness k. By fixing one or several parameters, it is possible to determine a
stable configuration. The stiffness of the mechanism Kα is analyzed for varying values of h
and rf for a spring stiffness k = 0.75 N/mm at α = 0 radians and this plot is represented in
Figure 3.10. It could be observed from Figure 3.10 that as h increases towards 1, the mechanism
stiffness transforms from a positive to a negative zone. On the contrary, with an increase in
the value of rf , the mechanism stiffness increases equally along the positive and the negative
directions. The choice of parameter h influences the positive zone of Kα. With respect to the
dimensions of the flanges used in the prototype of the bio-inspired robot studied in Chapter-2,
the value of rf is retained as 11 mm. Under the absence of external loading, the optimum value
of h at which the mechanism can remain stable is identified by solving Eq. (3.15) at the home-
pose. If h > 0.707, the mechanism is unstable and if h < 0.707, the mechanism becomes stable.
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Figure 3.10 – Projection of Kα with respect to rf (left) and h (right) at the home-pose

The total potential energy of the mechanism for values of h = [1, 0.707, 0.414] is represented
below in Figure 3.11.
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Figure 3.11 – Plot of total potential energy of the mechanism with h = [1, 0.707, 0.414] under
the absence of external forces

From Figure 3.11, the flat line at h=0.707 is the transformation line where the potential
energy can go from stable to unstable state or vice-versa. It has to be noted that the analysis
is carried out by considering the free length of the spring as 0 mm. However, if the free length
of the spring is taken into account, the position of flat line shifts from 0.707 to a higher value.
The amount of shift depends mainly on the stiffness of the spring chosen. As the tensegrity
mechanism is proposed to be integrated along with the bio-inspired robot which will impose an
additional load on the mechanism, a value of h= 0.5 from the stable zone is considered. The
geometric workspace of the mechanism is recalculated for the new inverse pendulum configu-
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ration by using Eqs. (3.6) to (3.8) with the help of CAD algorithm [CMW11] in Maple. The
new geometric workspace for this configuration with 320 cells having 0 solutions (White) and
106 cells (Blue) with 2 solutions to the DKP are represented in Figure 3.12a. As there exists
collisions between base and end-effector of the mechanism for the blue regions beyond white
zones, these regions are eliminated. The geometrical workspace with feasible tilt limits around
the home-pose are extracted and the cells are represented in Figure 3.12b.
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Figure 3.12 – Results obtained by CAD algorithm for the modified inverse pendulum configura-
tion of h=0.5 with (a) Feasible and non-feasible solutions and (b)Extraction of feasible solutions
around the home-pose

From the results of Figure 3.12b and CAD algorithm, it is found that the tilt limits for
the mechanism have been reduced to ± π/6 radians. This mechanism can be integrated into
the bio-insired robot studied in Chapter-2. Due to the presence of motor modules, there ex-
ists some preload on the tensegrity mechanism. With the new feasible tilt range obtained in
Figure 3.12, the total potential energy of the mechanism is recalculated at the home-pose with-
out any preloading and with an equal force distribution of F1 = F2 = F3 = 2 N. The plots of
total potential energy under these conditions are represented in Figures 3.13a and 3.13b. The
preloading of 2 N along each spring is considered based on the existing weight of the prototype
[VCB19], which is around 6.5 N. Even though the tilt limits have been reduced by half when
compared to the initial solutions, a stable configuration has been identified. Under real-time
applications, this modified configuration can be potentially stable under the influence of weight
of motors during static and dynamic phases of the bio-inspired robot.

3.4 Analysis of workspaces with respect to the Euler angles

The T&T theory gave an insight into the estimation of tilt angles for the joint limits of
the springs through the study of three different postures. For studying the singularities of the



Analysis of workspaces with respect to the Euler angles 87

0- /6 - /9 - /18   /18   /9  /6

F1 = F2 = F3 = 2 N

rf = 11 mm , k = 0.75 N/mm , h = 0.5

203

205

207

209

211

0- /6 - /9 - /18   /18   /9  /6

138

140

142

144

146

α - (radians)α - (radians)

F1 = F2 = F3 = 0 N

rf = 11 mm , k = 0.75 N/mm , 

h = 0.5

136

(a) (b)

Min. U
tot

 = 136.1 N.m
Min. U

tot
 = 202.1 N.m

U
to

t 
(N

.m
m

)

U
to

t 
(N

.m
m

)

Figure 3.13 – Stability plot of the tensegrity mechanism with h=0.5 under (a) no-load condition
and (b) preloading of F1=F2=F3 = 2 N

mechanism, the Tilt & Azimuth angles will not be compatible for mapping the end-effector from
the base with respect to the universal joint. At the home-pose represented in Figure 3.4, the
Euler angles of the universal joint [SSD12] will be employed to identify the constraint equations
of the mobile platform. For identifying feasible workspaces of the mechanism, especially under
passive modes, singularities of the mechanism must be studied. The singularity curves and
workspaces are affected by the tilt angles of the universal joint. By setting the joint limits
for the mechanism, the singularity equations are generated and analyzed by using the SIROPA
library of Maple [Jha+18 ; Cha+20]. For determining the vector coordinates of Ci, the XY Euler
angles of the universal joint about point A from Figure 3.4a is employed. The transformation
matrix E about the universal joint is given by:

E = Rx(η)Ry(φ) =


cos(φ) 0 sin(φ)

sin(η) sin(φ) cos(η) − sin(η) cos(φ)

− cos(η) sin(φ) sin(η) cos(η) cos(φ)

 (3.16)

where Rx(η) =


1 0 0

0 cos(η) − sin(η)

0 sin(η) cos(η)

 ,Ry(φ) =


cos(φ) 0 sin(φ)

0 1 0

− sin(φ) 0 cos(φ)


In Eq. (3.16), η and ψ are the XY Euler angles or tilt angles for the 3-SPS-U tensegrity mech-
anism. At the home-pose condition represented in Figure 3.4, these tilt angles are zero. In
Eq. (3.16), E ∈ SE(3) represents the spatial transformation matrix obtained from the Euler
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angles of universal joint. This matrix is used to identify the end-effector coordinates and the
equation is given by:

c1
i = E o1

i , with i = 1, 2, 3 (3.17)

In Eq. (3.17), o1
i are the coordinates of Ci in the mobile reference frame ∑1 whose vector

equation is given in Eq. (3.4). The IKP which determines the length of the prismatic springs
is computed by calculating the distance between base and end-effector at the home-pose and
working conditions. The constraint equations are given by:

2r2
f (cos(φ)(h2 cos(η)− 1)− h sin(φ)(cos(η) + 1) + h2 + 1) = l21 (3.18a)

2r2
f (
√

3
2 sin(η)(h cos(φ) + h+ sin(φ)

2 ) + cos(φ)(h2 cos(η)− 1
4) + h sin(φ)

2 (1 + cos(η))

+ h2 − 3 cos(η)
4 + 1) = l22 (3.18b)

− 2r2
f (
√

3
2 sin(η)(h cos(φ) + h+ sin(φ)

2 )− cos(φ)(h2 cos(η)− 1
4)− h sin(φ)

2 (1 + cos(η))

− h2 + 3 cos(η)
4 − 1) = l23 (3.18c)

3.4.1 Singularities and joint limits equations

For identifying feasible workspaces for the mechanism, it is important to study the singu-
larities. For a parallel mechanism, the singularity equation is given by the well-known equation
[GA90] :

At + Bρ̇ = 0 (3.19)

where t represents the angular velocity vector

and ρ̇ = [l̇1, l̇2, l̇3]T represents the joint velocity vector

In Eq. (3.19), A represents the direct-kinematics matrix or forward Jacobian matrix and B
represents the inverse-kinematics matrix or inverse Jacobian matrix of the mechanism. The
pose variables for the mechanism are the tilt angles η and φ. The articular variables are the
lengths: l1, l2 and l3. For the tensegrity mechanism, the three types of parallel singularities
[GA90 ; WC97 ; CW98] which was studied in Chapter-1 are verified using Eq. (3.19). From the
number of pose variables and articular variables, it could be seen that the matrix A does not
correspond to a n × n square matrix. For identifying the singularity equations and to construct
a square matrix, the 3-SPS-U mechanism is split into three sets of 2-SPS-U architecture which
comprises of length pairs l1− l2 , l2− l3 and l1− l3 [VC20]. The corresponding direct kinematic
matrices A are created for the three sets by differentiating Eqs. (3.18a) to (3.18c) with respect
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to the pose variables. The matrices are given by:

A1−2 =

 ∂L1
∂η

∂L1
∂φ

∂L2
∂η

∂L2
∂φ

 , A2−3 =

 ∂L2
∂η

∂L2
∂φ

∂L3
∂η

∂L3
∂φ

 , A3−1 =

 ∂L3
∂η

∂L3
∂φ

∂L1
∂η

∂L1
∂φ

 (3.20)

In Eq. (3.20), L1, L2 and L3 represents the LHS of Eqs. (3.18a) to (3.18c). The parallel singu-
larities are analyzed by calculating the determinant of matrices in Eq. (3.20) and equating them
to zero. The determinant values are given by:

det(A1−2),Dp1 : 2
√

3h(h cos(η)2(cos(φ) + h sin(φ)) + cos(η)(h cos(φ))− sin(φ)− 1 + h cos(φ)

(h sin(φ) cos(φ) cos(η))) +
√

3(cos(φ)2(h2 + cos(η)) + h cos(φ) sin(φ)(1− cos(η))

+ cos(η)(3h2 cos(η)− 1)) + 3(sin(η)(h− sin(φ) + h sin(φ) cos(η))− 2h3(cos(φ)2

+ cos(η)) + h sin(η) cos(φ)(h sin(φ)− cos(φ) + cos(η) + 1)) = 0 (3.21)

det(A2−3),Dp2 : 2h(2h cos(η)2(cos(φ)− h sin(φ)) + sin(φ) cos(φ)(1 + 2 cos(η)− 4h2)− 2h

+ 2h cos(φ)2(cos(η) + 2) + cos(η)(sin(φ) + 2h cos(φ))) + cos(η)(1− cos(φ)2)+

3(cos(φ)(cos(η)2 − 1) + 2h sin(φ)(1− cos(η)2) + cos(η)(1− cos(φ)2)) = 0
(3.22)

det(A3−1),Dp3 : −2
√

3h(h cos(η)2(cos(φ) + h sin(φ)) + cos(η)(h cos(φ))− sin(φ)− 1 + h cos(φ)

(h sin(φ) cos(φ) cos(η)))−
√

3(cos(φ)2(h2 + cos(η)) + h cos(φ) sin(φ)(1− cos(η))

+ cos(η)(3h2 cos(η)− 1)) + 3(sin(η)(h− sin(φ) + h sin(φ) cos(η))− 2h3(cos(φ)2

+ cos(η)) + h sin(η) cos(φ)(h sin(φ)− cos(φ) + cos(η) + 1)) = 0 (3.23)

Using Eqs. (3.21) to (3.23), it is possible to identify the pose variables and understand the
presence of parallel singularities in the mechanism. In a similar way, the inverse kinematics
matrix B is created by differentiating RHS of Eqs. (3.18a) to (3.18c) with respect to the articular
variables. Followed by that, the determinant of these matrices are computed and equated to
zero for verifying serial singularities. The matrices and the determinant values are given by:

B1−2 =

 ∂R1
∂l1

∂R1
∂l2

∂R2
∂l1

∂R2
∂l2

 , B2−3 =

 ∂R2
∂l2

∂R2
∂l3

∂R3
∂l2

∂R3
∂l3

 , B3−1 =

 ∂R3
∂l3

∂R3
∂l1

∂R1
∂l3

∂R1
∂l1

 (3.24)

det(B1−2),Ds1 : l1l2 = 0, det(B2−3),Ds2 : l2l3 = 0, det(B3−1),Ds3 : l3l1 = 0 (3.25)

In Eq. (3.24), R1, R2 and R3 represents the RHS of Eqs. (3.18a) to (3.18c). From Eq. (3.25),
when the determinant of the inverse kinematics matrices are equated to zero, serial singularities
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can occur only when the length of one or two prismatic springs becomes zero. This condition
is not feasible for the mechanism under study. Thus, there exists no serial singularities in the
mechanism. Using Eqs. (3.21) to (3.23), the parallel singularities present in the mechanism are
analyzed to extract the feasible workspaces. With the help of SIROPA library, Eqs. (3.21) to
(3.23) are generated using ParallelSingularities function [Jha+18]. Similarly, the joint limits
are set for the mechanism using the ConstraintEquations function of SIROPA. By setting h
= 1 for the initial analysis and retaining rf as 11 mm from the existing prototype [Ven+],
Eqs. (3.18a) to (3.18c) are transformed into six constraint equations which are given by:

G1+3i : 242 cos(φ)(cos(η)− 1)− 242 sin(φ)(cos(η) + 1) + 484 = l2j (3.26)

G2+3i : 121(
√

3 sin(η)(cos(φ) + sin(φ)
2 + sin(η)) + sin(φ)(cos(η) + 1)− cos(φ)

2
+ cos(η)(2 cos(φ)− 3

2) + 4) = l2j (3.27)

G3+3i : 121(sin(φ)(cos(η) + 1)−
√

3 sin(η)(cos(φ) + sin(φ)
2 + sin(η))− cos(φ)

2
+ cos(η)(2 cos(φ)− 3

2) + 4) = l2j (3.28)

where for i = 0 and 1, lj = lmin and lmax

The joint limits are essential to identify the singularity boundaries for the mechanism as well as
feasible workspaces. The CAD algorithm along with the Groebner base elimination technique
of the parametric root finding option of Maple are employed to solve the system of parallel
singularities equations. This is carried out by the CellDecompositionP lus function of SIROPA.
The trigonometric relations are transformed into algebraic expressions by the transformations:
t = tan(η/2) and t = tan(φ/2). The parallel singularity equations, Eqs. (3.21) to (3.23) and
the joint limit equations, Eqs. (3.26) to (3.28) are transformed as inequalities for isolating the
aspects around the home-pose.

3.4.2 Workspace obtained from CAD algorithm

For solving the system of equations using CAD algorithm, the joint limits for the 3-SPS-U
mechanism are set as [lmin, lmax] = [10 , 30] mm. The lower limits for the mechanism contributes
mainly to the boundaries of the aspects centered around η= φ = 0 radians. The initial analysis
of workspaces generated by the CAD algorithm is represented in Figures 3.14a and 3.14b. In
Figure 3.14a, the orange regions indicate the feasible workspaces for the mechanism where there
exists one solution to the DKP. The white regions are the zones where there exists no solutions.
Around the home-pose, a larger workspace could be observed. Beyond the singularity zones, it is
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Figure 3.14 – Representation of (a) Singularities and workspace zones for the mechanism at lmin
= 10 mm and (b) extraction of feasible workspace around home-pose with the joint limits at
lmin = 10 mm

also possible to identify solutions for the DKP. These regions are not feasible as there are chances
that the mechanism might be locked in singular poses while crossing over boundaries, especially
while working under passive modes. Thus, the workspace around the home-pose is isolated and
they are represented in Figure 3.14b. The joint limits equations are represented by red colored
lines for the three springs and they also form the boundaries of the workspace around the home-
pose. It could also be observed that the singularity boundaries for the workspace around the
home-pose do not have a regular geometry. The singularity free workspace for the mechanism
is bounded by a triangular region for the 3-SPS-U mechanism. The minimum length to which
the springs can reach is found by substituting φ = η in one of the three lower limit constraint
equations. This substitution is done in Eq. (3.26) for the length l1 and the resulting equation
is solved to identify the value of η, which is found to be −π/3 radians. The closest edge of
the triangle from [η, φ] = [−π/3,−π/3] radians is located at [η, φ] = [0,−π/3] radians. At this
position of the triangle, one or two of the springs reach their minimum position with no singular
posture. Using Eqs. (3.18a) to (3.18b), the values of l1, l2 and l3 are found to be 30 mm, 13.5 mm
and 13.5 mm at [η, φ] = [0,−π/3] radians. The length of 13.5 mm at [η, φ] = [0,−π/3] radians
is the minimum limit to which the prismatic springs can reach to avoid parallel singularities.
For determining the remaining edges of the workspace triangle, one of the lengths (l2 or l3) is
fixed at 30 mm while the other two lengths (l1− l3 or l2− l1) are fixed at 13.5 mm. The system
of equations can be written as:

L1 : f1(η, φ) = l2min , L2 : f2(η, φ) = l2max , L3 : f3(η, φ) = l2min (3.29)

L1 : f1(η, φ) = l2min , L2 : f2(η, φ) = l2min , L3 : f3(η, φ) = l2max (3.30)

where [lmin, lmax] = [13.5, 30]
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It could be seen that a system with three equations and two unknowns is obtained. As the
tensegrity mechanism has redundancy for a given tilt angle, the equations with equal length
pairs are subtracted from each other and solved with the third length and they are given by:

L1−3 : f1(η, φ)− f3(η, φ) = 0 , L2 : f2(η, φ) = l2max (3.31)

L1−2 : f1(η, φ)− f2(η, φ) = 0 , L2 : f3(η, φ) = l2max (3.32)

By solving Eqs. (3.31) and (3.32) separately, eight possible solutions for the pose variables
are obtained for each set of equation. By eliminating the complex solutions and the solutions
beyond singularity boundaries, the values of pose variables that form the remaining two edges
of the workspace triangle are found to be [η, φ] = [±π/3, 0.57] radians. The joint limits for
the mechanism are modified as [lmin, lmax] = [13.5 , 30] mm and the workspace is recalculated
using the CAD algorithm. The results of the CAD algorithm with the modified joint limits are
represented below in Figure 3.15a.
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Figure 3.15 – Representation of (a) Singularities and workspace zones for the mechanism at
lmin = 13.5 mm and (b) extraction of feasible workspace and singularity free workspace around
home-pose with the joint limits at lmin = 13.5 mm

It could be observed that a singularity free workspace in the form of a Reuleaux triangle is ob-
tained. The solutions obtained beyond the singularity boundaries are considerably smaller than
the previous analysis and they are neglected. The joint limit equations (red colored lines)along
with the feasible workspace around the home-pose are represented in Figure 3.15b. The to-
tal number of cells obtained by CAD algorithm for the initial and modified joint limits from
Figures 3.14 and 3.15 are provided in Table 3.3. The postures of the tensegrity mechanism is
constructed using the CreateManipulator function of SIROPA library in Maple. By using the
PlotRobot3D function, the postures of the mechanism under working conditions and singular
configurations are represented in Figures 3.16a to 3.16d. In the event of active compliance, it
is possible to gain control over the mechanism through cable forces for operating within the
workspace around the home-pose by avoiding singularities. However, in the event of passive
compliance, the mechanism must be autonomous to overcome pipe bends at 90◦ when coupled
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Architecture Joint limits (mm) 0 solutions 1 solution Total cells

3-SPS-U [lmin, lmax] = [10 , 30] 2852 284 3136
[lmin, lmax] = [13.5 , 30] 3362 176 3538

Table 3.3 – Number of cells obtained by CAD algorithm for the 3-SPS-U mechanism under
initial and modified joint limits
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Figure 3.16 – Representation of the 3-SPS-U mechanism in SIROPA (a),(b): under working
conditions within the singularity free workspace and (c),(d): in the singularity regions

with the bio-inspired robot. In such a scenario, it is highly likely that the mechanism can attain
singular poses owing to the motor modules attached to the system. A singularity free workspace
in the form of a square is isolated around the home-pose for tilt limits [η, φ] ∈ [±π/6,±π/6]
radians by the equation:

ηN + φN = π/6N , where N = 10 (3.33)
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Using Eq. (3.33), which is called the Lamé equation [Fon16], geometry in the form of a squircle
that has an intermediate shape between a square and circle is generated and superimposed on
the workspace around the home-pose. This singularity free workspace is depicted in green color
in Figure 3.15b. Under passive modes, this green zone, which is bounded by the tilt range
of [η, φ] = [±π/6,±π/6] is the safe limit for the mechanism to operate within the singularity
boundaries. The lower limit of the spring that will be chosen for the mechanism is also an essen-
tial design parameter that determines if the mechanism can safely operate within the singularity
free workspace during the event of passive compliance.

3.5 Modified architecture of the mechanism

From the singularity analysis of 3-SPS-U mechanism, it was possible to identify the maximum
tilt limits within the singularity free workspace. However, when the joint limits of the mechanism
were modified, the tilt limits were significantly reduced. By the addition of another tension
spring, the mechanism is converted into a 4-SPS-U architecture. The singularity analysis is
revisited for this modified architecture in order to verify if higher tilt limits could be obtained
within the singularity free workspace for operations under passive modes.

3.5.1 Geometrical equations of the mechanism

Similar to the 3-SPS-U architecture, the tensegrity mechanism with four springs are analyzed
by correlating it to a parallel manipulator of type 4-SPS-U [PCL19]. The representation of the
tensegrity mechanism and the correlation to a parallel manipulator is shown below in Figure 3.17
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Figure 3.17 – Representation of the (a) Tensegrity mechanism at home-pose, (b) 3D view of the
correlation to a 4-SPS-U manipulator and (c) 2D view of the manipulator

The home-pose of the 4-SPS-U tensegrity mechanism is represented in Figure 3.17a where
the tilt angles η and φ are zero. The fixed coordinate frame of the base is represented by ∑0
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with the origin at B0. The base mounting points for the springs, Bi (i = 1, 2, 3, 4), forms an
imaginary square for the 4-SPS-U mechanism. The diagonal length for the square is given by
2rf . The vector coordinates for the base mounting points are given by:

b0
i = Rz(θ) p0

i , with i = 1, 2, 3, 4 (3.34)

where Rz(θ) =


cos (θ) − sin (θ) 0

sin (θ) cos (θ) 0

0 0 1

 & p0
i =


rf cos

(
π(i−1)

2

)
rf sin

(
π(i−1)

2

)
−rfh



In Eq. (3.34), p0
i are the coordinates of Bi in the fixed coordinate frame ∑0. The moving

coordinate frame of the end-effector is represented by ∑1 with the origin at C0. The vector
coordinates of Ci are calculated using the transformation matrix E from Eq. (3.16) of universal
joint about the point A. The equations are given by:

c1
i = E q1

i , with i = 1, 2, 3, 4 (3.35)

where q1
i =


rf cos

(
π(i−1)

2

)
rf sin

(
π(i−1)

2

)
rfh


The IKP, which maps the base to the end-effector of the mechanism can be solved by com-

puting the distance between vector coordinates of Bi and Ci. The constraint equations are given
by:

2r2
f (h cos(η)(h cos(φ)− sin(φ)) + h2 − h sin(φ)− cos(φ) + 1) = l21 (3.36a)

2r2
f (cos(η)(h2 cos(φ)− 1) + h sin(η)(cos(φ) + 1) + h2 + 1) = l22 (3.36b)

2r2
f (h cos(η)(h cos(φ) + sin(φ)) + h2 + h sin(φ)− cos(φ) + 1) = l23 (3.36c)

2r2
f (cos(η)(h2 cos(φ)− 1)− h sin(η)(cos(φ) + 1) + h2 + 1) = l24 (3.36d)

3.5.2 Singularities and joint limits equations

For isolating the feasible workspace, the singularities and constraint equations are created
for the 4-SPS-U tensegrity mechanism. The parallel and serial singularities are checked for the
mechanism by equating the determinants of the direct and inverse kinematic matrices to zero.
The pose variables are the tilt angles η and φ and the articular variables are the lengths l1, l2, l3
and l4. Similar to the 3-SPS-U mechanism, the matrix A does not correspond to a n × n square
matrix. Thus, the 4-SPS-U mechanism is subdivided into four sets of 2-SPS-U architectures
that corresponds to the length pairs l1 − l2, l2 − l3, l3 − l4 and l1 − l4. The direct kinematic



96 Design and analysis of Tensegrity mechanisms

matrices are created for the four sets by differentiating Eqs. (3.36a) to (3.36d) with respect to
the pose variables and the matrices are given by:

A1−2 =

 ∂L1
∂η

∂L1
∂φ

∂L2
∂η

∂L2
∂φ

 ,A2−3 =

 ∂L2
∂η

∂L2
∂φ

∂L3
∂η

∂L3
∂φ

 ,A3−4 =

 ∂L3
∂η

∂L3
∂φ

∂L4
∂η

∂L4
∂φ

 ,A4−1 =

 ∂L4
∂η

∂L4
∂φ

∂L1
∂η

∂L1
∂φ


(3.37)

The parameters L1, L2, L3 and L4 represents the LHS of Eqs. (3.36a) to (3.36d). By
equating the determinants of Eq. (3.37) to zero, the parallel singularities of the mechanism can
be analyzed. The determinant values are given by:

det(A1−2), Jp1 : h2 cos(η)2(h sin(φ) + cos(φ) + 1) + cos(φ)2(h2 − h3 sin(η))− sin(η) sin(φ)

− h cos(η)(h sin(η)(h− sin(φ)) + sin(φ)− h cos(φ)2 + cos(φ)(sin(φ)− h− sin(η)))

− h2 + cos(φ)(h3 sin(φ) + sin(η)(h2 sin(φ) + h)) = 0 (3.38)

det(A2−3), Jp2 : h2 cos(η)2(h sin(φ)− cos(φ)− 1) + cos(φ)2(h3 sin(η)− h2)− sin(η) sin(φ)

+ h cos(η)(h sin(η)(h+ sin(φ))− sin(φ)− h cos(φ)2 − cos(φ)(sin(φ) + h+ sin(η)))

+ h2 + cos(φ)(h3 sin(φ) + sin(η)(h2 sin(φ)− h)) = 0 (3.39)

det(A3−4), Jp3 : h2 cos(η)2(h sin(φ)− cos(φ)− 1)− cos(φ)2(h3 sin(η) + h2) + sin(η) sin(φ)

− h cos(η)(h sin(η)(h+ sin(φ)) + sin(φ) + h cos(φ)2 + cos(φ)(sin(φ) + h− sin(η)))

+ h2 + cos(φ)(h3 sin(φ) + sin(η)(h− h2 sin(φ))) = 0 (3.40)

det(A4−1), Jp4 : h2 cos(η)2(h sin(φ) + cos(φ) + 1) + cos(φ)2(h3 sin(η) + h2) + sin(η) sin(φ)

+ h cos(η)(h sin(η)(h− sin(φ))− sin(φ) + h cos(φ)2 + cos(φ)(h− sin(φ)− sin(η)))

− h2 + cos(φ)(h3 sin(φ)− sin(η)(h+ h2 sin(φ))) = 0 (3.41)

Using Eqs. (3.38) to (3.41), the parallel singularities can be studied and the workspaces
with possible solutions for the pose variables can be extracted. Similarly, the inverse kinematics
matrices, B are created by differentiating RHS of Eqs. (3.36a) to (3.36d) with respect to the
articular variables. Serial singularities are verified by equating the determinant of these matrices
to zero. The matrices and the determinant values are given by:

B1−2 =

 ∂R1
∂l1

∂R1
∂l2

∂R2
∂l1

∂R2
∂l2

 ,B2−3 =

 ∂R2
∂l2

∂R2
∂l3

∂R3
∂l2

∂R3
∂l3

 ,B3−4 =

 ∂R3
∂l3

∂R3
∂l4

∂R4
∂l3

∂R4
∂l4

 ,B4−1 =

 ∂R4
∂l4

∂R4
∂l1

∂R1
∂l4

∂R1
∂l1


(3.42)
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det(B1−2), Js1 : l1l2 = 0, det(B2−3), Js2 : l2l3 = 0 (3.43)

det(B3−4), Js3 : l3l1 = 0, det(B4−1), Js4 : l4l1 = 0 (3.44)

In Eq. (3.42), the parameters R1, R2, R3 and R4 represents the RHS of Eqs. (3.36a) to
(3.36d). Similar to the 3-SPS-U mechanism, serial singularities can occur only when the length
of one or two prismatic springs is zero for the 4-SPS-U mechanism. Thus, the determinant
of matrix B does not vanish and there exists no serial singularities in the mechanism. Using
the SIROPA library of Maple, Eqs. (3.38) to (3.41) are generated with ParallelSingularities
function. The values of rf and h are set as 11 mm and 1 for transforming Eqs. (3.36a) to
(3.36b) into eight constraint equations which corresponds to the joint limits. These equations
are generated using the ConstraintEquations function of SIROPA and they are given by:

H1+4i : 242(cos(φ)(cos(η)− 1)− sin(φ)(cos(η) + 1) + 2) = l2j (3.45)

H2+4i : 242(cos(η)(cos(φ)− 1) + sin(η)(cos(φ) + 1) + 2) = l2j (3.46)

H3+4i : 242(cos(φ)(cos(η)− 1) + sin(φ)(cos(η) + 1) + 2) = l2j (3.47)

H4+4i : 242(cos(η)(cos(φ)− 1)− sin(η)(cos(φ) + 1) + 2) = l2j (3.48)

where for i = 0 and 1, lj = lmin and lmax

The joint limits equations and the singularity equations are solved using the CAD algorithm
in Maple. The parallel singularity equations, Eqs. (3.38) to (3.41) and the joint limits equations,
Eqs. (3.45) to (3.48) are transformed as inequalities in CAD algorithm for isolating the aspects
around the home-pose.

3.5.3 Workspace analysis

For the CAD algorithm, the joint limits for the 4-SPS-U mechanism are set as [lmin, lmin]
= [10 , 30] mm. The initial analysis of workspaces generated by CAD algorithm is shown in
Figure 3.18a. Unlike the 3-SPS-U mechanism, feasible workspaces are obtained around the home-
pose with no possible solutions beyond the singularity boundaries for the 4-SPS-U mechanism.
The reddish-brown region depicts the feasible workspace for the 4-SPS-U mechanism where there
exists one solution to the DKP. The joint limits equations are represented by colored lines and
they do not appear superimposed like the 3-SPS-U mechanism. A uniform workspace is not
obtained when the lower joint limit is set at 10 mm. Thus, the workspace with singularity free
boundaries must be extracted. From the workspace obtained in Figure 3.18a, two of the four
lengths of the springs reach a minimum limit when the values of η and φ become equal. By
setting η = φ in Eq. (3.36a), l1 can be rewritten as:

l1 = 11
√

4− 2 cos(φ) sin(φ) + 2 sin(φ)2 − 2 cos(φ)− 2 sin(φ) (3.49)

The minimum value of l1 can be obtained by differentiating Eq. (3.49) with respect to φ
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Figure 3.18 – Representation of the (a) Feasible workspace with joint limits at lmin = 10 mm and
(b) Singularity free workspace with joint limits at lmin = 11.1 mm for the 4-SPS-U mechanism

and equating it to zero, for which a value of ±5π/18 radians is obtained. At this value of η
and φ, the minimum possible length that could be attained by a spring is found to be 11.1 mm.
This is the minimum limit to which the springs can reach to work within the workspace by
avoiding parallel singularities. By modifying the joint limits as [lmin, lmin] = [11.1 , 30] mm, the
singularity analysis is carried out again using the CAD algorithm and the feasible workspaces
are represented in Figure 3.18b. A uniform workspace in the form of a square could be observed
for the 4-SPS-U architecture when the joint limits are modified. The singularity free workspace
which is represented in green color appears superimposed on the workspace (reddish-brown
region) generated by CAD algorithm. The maximum tilt limits for the mechanism are found
to be ±5π/18 radians. The solution for the IKP at the tilt values of ±π/4 (arbitrary) for each
actuated prismatic link is provided below in Table 3.4.

Tilt angles (rad) Solutions to IKP (mm)
η φ l1 l2 l3 l4
0 π/4 11.9 20.32 28.74 20.32
0 -π/4 28.74 20.32 11.9 20.32
π/4 0 20.32 28.74 20.32 11.9
-π/4 0 20.32 11.9 20.32 28.74
π/4 π/4 11.9 26.9 26.9 11.9
-π/4 -π/4 26.9 11.9 11.9 26.9
π/4 -π/4 26.9 26.9 11.9 11.9
-π/4 π/4 11.9 11.9 26.9 26.9

Table 3.4 – Solutions to the IKP for varying input tilt angles

Using the PlotRobot3D function of SIROPA, the postures of the manipulator during home-
pose and for some working conditions from Table 3.4 are demonstrated in Figures 3.19(a) to
3.19(d). The total number of cells obtained by CAD algorithm for the initial and modified joint
limits are provided in Table 3.5. Compared to the 3-SPS-U mechanism, a uniform workspace
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Architecture Joint limits (mm) 0 solutions 1 solution Total cells

4-SPS-U [lmin, lmax] = [10 , 30] 3366 76 3442
[lmin, lmax] = [11.1 , 30] 3506 52 3558

Table 3.5 – Number of cells obtained by CAD algorithm for the 4-SPS-U mechanism with initial
and modified joint limits
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Figure 3.19 – Representation of the 4-SPS-U mechanism in SIROPA at (a)home-pose and
(b),(c),(d): under working conditions

with higher tilt limits is obtained for the 4-SPS-U mechanism. Even though the redundancy
of the system is increased, the mechanism appears more rigid and can operate autonomously
within the singularity free workspace in the event of passive compliance. For the problem of
active compliance, both architectures are suitable as cable forces can be applied to operate the
mechanisms smoothly. However, for passive compliance, the 4-SPS-U mechanism is an ideal
candidate over the 3-SPS-U mechanism for integrating along with the bio-inspired robot studied
in Chapter-2.
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3.6 Stability analysis of the mechanism

In the previous sections, a stability analysis of the 3-SPS-U mechanism was carried out by
using the Tilt and Azimuth angles. It was found that only the tilt angle α ensures stability while
the azimuth has no influences on the mechanism, especially when there is no external loading.
However, with respect to the Euler angles of the universal joint, about the central point A of the
mechanism, the tilt angles η and φ contribute equally to the stability of the mechanism under
natural conditions. Thus, the static analysis is reverified with respect to the universal joint for
the 3-SPS-U and 4-SPS-U tensegrity mechanisms. The Lagrange equation of motion [Mei10]
from Eq. (3.11) is verified at static conditions for the pose variables q = [η, φ]T . Under static
conditions, the total potential energy of the tensegrity mechanisms is given by:

Uc1 =
3∑
i=1

Fili Us1 =
3∑
i=1

1
2k(li − l0)2 for 3-SPS-U (3.50)

Uc2 =
4∑
i=1

Fili Us2 =
4∑
i=1

1
2k(li − l0)2 for 4-SPS-U (3.51)

U3−SPS−U = Uc1 + Us1 , U4−SPS−U = Uc2 + Us2 (3.52)

In Eqs. (3.50) and (3.51), Uc1, Uc2 are the cable forces and Us1, Us2 are the spring forces for
the 3-SPS-U and 4-SPS-U mechanisms respectively.

3.6.1 Stability analysis for fixed design parameters

The applied forces along the cables are considered as F1 to F3 and F1 to F4 for the 3-SPS-U
and 4-SPS-U mechanisms respectively. The total potential energy for both mechanisms is given
by U3−SPS−U and U4−SPS−U in Eq. (3.52). Similar to the stability analysis that was carried out
earlier, the springs are considered to be massless and their free lengths l0 are set as 0 mm for
the analysis. The total potential energy for both mechanisms are calculated using Maple with
the help of Eqs. (3.50) to (3.52) and they are given by:

U3−SPS−U =
√

2rf (F1(cos(φ)(h2 cos(η)− 1)− h sin(φ)(cos(η) + 1) + h2 + 1)1/2 + F2(h2 + 1

+ h sin(φ)
2 (cos(η) + 1) +

√
3

2 sin(η)(h cos(φ) + h+ sin(φ)
2 )− 3

4 cos(η)

+ cos(φ)(h2 cos(η)− 1
4))1/2 + F3(h2 + 1− 3

4 cos(η) + h sin(φ)
2 (cos(η) + 1)

+ cos(φ)(h2 cos(η)− 1
4)−

√
3

2 sin(η)(h cos(φ) + h+ sin(φ)
2 ))1/2) + ξ1 (3.53)

U4−SPS−U =
√

2rf (F1

√
cos(φ)(h2 cos(η)− 1)− h sin(φ)(cos(η) + 1) + h2 + 1

+ F2

√
cos(η)(h2 cos(φ)− 1) + h sin(η)(cos(φ) + 1) + h2 + 1
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+ F3

√
cos(φ)(h2 cos(η)− 1) + h sin(φ)(cos(η) + 1) + h2 + 1

+ F4

√
cos(η)(h2 cos(φ)− 1)− h sin(η)(cos(φ) + 1) + h2 + 1) + ξ2 (3.54)

with ξi = jkr2
f (cos(η)(h2 cos(φ)− 1

2) + h2 − cos(φ)
2 + 1)

where for i = [1, 2] , j = [3, 4] for 3-SPS-U and 4-SPS-U

For the initial analysis, the values of rf and h are retained as 11 mm and 1 respectively
[VC19 ; Ven+] and a stiffness of k= 0.75 N/mm is chosen for each spring. At the home-pose,
where the tilt angles η = φ = 0 radians, the total potential energy of the mechanisms is calculated
under zero applied forces and their plots are represented below in Figure 3.20.

Figure 3.20 – Plot of total potential energy versus the tilt angles η and φ at the home-pose for
the (a) 3-SPS-U and (b) 4-SPS-U tensegrity mechanisms

From Figure 3.20, it could be observed that an unstable configuration is obtained at the
home-pose under the absence of external forces for both mechanisms. These configurations are
not desirable, especially when the mechanism is coupled with the piping inspection robot.

3.6.2 Modification of design parameters

For fixed design parameters, it was found that the mechanism remained unstable under
natural conditions. In order to determine stable configurations, it is necessary to study the
derivatives of the total potential energy against the pose variables. As the mechanism has
dependencies on the two pose variables, the following steps are carried out:

• Generation of the Hessian matrix or the mechanism stiffness
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• Estimation of the determinant value of the Hessian matrix
• Estimation of the value of the second-order derivative of total potential energy with
respect to one of the tilt angles

The Hessian matrix and its determinant are given by:

Hi =

 ∂2Uj

∂η2
∂2Uj

∂η∂φ

∂2Uj

∂η∂φ
∂2Uj

∂φ2

 =

 f11 f12

f21 f22

 (3.55)

det(Hi) = f11f22 − f2
12 (3.56)

where for i = [1, 2], j = [3-SPS-U , 4-SPS-U]

As the total potential energy is a function of the two pose variables, the following conditions
are possible [Daw03] :

1. The total potential energy has a relative maximum when det(Hi) > 0 and f11 < 0

2. The total potential energy has a relative minimum when det(Hi) > 0 and f11 > 0

From Figure 3.20, the first condition could be observed for both mechanisms as there exists a
relative maximum with f11 < 0. As the mechanism will be integrated along with the bio-inspired
robot of Chapter-2, the value of rf is retained as 11 mm [VCB19]. When the mechanism
is coupled with the bio-inspired robot, there exists a preload on the mechanism due to the
presence of motor modules and its cables. The existing prototype weighs around 6.5 N [CVB18].
However, a design modification will be done on the robot to arrive at a compact design with
reduced motor sizing for overcoming pipe bends in Chapter-5. Thus, a preloading of 2 N and
1.5 N along each spring for the 3-SPS-U and 4-SPS-U mechanisms are considered for the analysis.
For determining optimal values of h and spring stiffness k under the presence of a preload, a
simplified optimization problem using Genetic algorithm is carried out in MATLAB [CF95]. A
stochastic approach is being followed for extracting multiple solutions that could be distributed
over a domain. The optimization problem is stated as:

Maximize: f11(x)
subject to constraints: g1: det(H) ≥ 0

g2: f11(x) ≥ 0

where x = [h, k]T

The objective function aims to maximize the derivative f11 such that it remains positive along
with the determinant of the Hessian matrix throughout the optimization process. The equations
for the objective function and the determinant value of the Hessian matrix for both mechanisms
are given by:
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f11(i) = 11j(11k − 22h2k − Flh)
2 (3.57)

det(Hi) = 12j2(Flh+ 22h2 − 11k)2

4 (3.58)

where for i = [1, 2] , j = [3, 4] for 3-SPS-U & 4-SPS-U

also for i = 1 , F1 = F2 = F3 = Fl = 2 N for 3-SPS-U

and for i = 2 , F1 = F2 = F3 = F4 = Fl = 1.5 N for 4-SPS-U

The lower and upper bounds for h are set between 0.2 to 0.8 while for the spring these
values are set between 0.1 to 1. By using Eqs. (3.57) to (3.58) and the bounds, the optimization
problem is solved using the function ga in MATLAB [CF95]. The results of solutions obtained
from the optimization problem is represented below in Figure 3.21.

0.2 0.4 0.6 0.8 1

h

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

k
 (

N
/m

m
)

0.2 0.4 0.6 0.8 1

h

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

k
 (

N
/m

m
)

(a) (b)

Figure 3.21 – Solutions for optimization problem obtained by Genetic Algorithm for the (a)
3-SPS-U and (b) 4-SPS-U mechanisms

In Figures 3.21a and 3.21b, the solutions obtained by Genetic algorithm in MATLAB are
depicted as black colored scatter points over the contour of the objective function. The values
of h and k for Figures 3.21a and 3.21b are provided in Tables 3.6 and 3.7. It could be observed
that optimum values of h are distributed between 0.6 to 0.7. For each value of h, an optimum
value for spring stiffness k is obtained. From the results of Figure 3.21 and Tables 3.6 and 3.7,
the value of k that matches with springs available at LS2N is 0.75 N/mm. The rows having
values of k closer to 0.75 N/mm are highlighted in green in Tables 3.6 and 3.7. For this value
of k, Eq. (3.57) is differentiated with respect to h and equated to zero under external forces of
2 N and 1.5 N for the 3-SPS-U and 4-SPS-U mechanisms respectively. The plot of parameter h
versus f11 for both mechanisms at k=0.75 N/mm is represented in Figure 3.22.



104
D
esign

and
analysis

ofTensegrity
m
echanism

s
Parameter Spring stiffness f11 det(H)

h k (N/mm) (N.mm/rad)
0.628 0.531 0.366 0.134
0.612 0.433 0.477 0.227
0.549 0.245 0.455 0.207
0.655 0.820 0.489 0.239
0.613 0.438 0.477 0.227
0.636 0.589 0.569 0.323
0.632 0.559 0.447 0.200
0.650 0.742 0.576 0.331
0.546 0.239 0.503 0.253
0.643 0.656 0.609 0.371
0.627 0.520 0.518 0.268
0.636 0.589 0.569 0.323
0.657 0.862 0.294 0.086
0.654 0.804 0.486 0.236
0.646 0.698 0.368 0.135
0.567 0.282 0.437 0.191
0.654 0.806 0.433 0.188
0.641 0.635 0.611 0.373
0.645 0.685 0.404 0.163
0.603 0.393 0.442 0.195

Table 3.6 – Optimum values of k and h for the 3-SPS-U mechanism
from Figure 3.21a

Parameter Spring stiffness f11 det(H)
h k (N/mm) (N.mm/rad)

0.664 0.749 0.486 0.236
0.663 0.737 0.323 0.104
0.621 0.360 0.567 0.322
0.663 0.735 0.381 0.145
0.669 0.859 0.275 0.076
0.618 0.348 0.506 0.256
0.646 0.524 0.348 0.121
0.663 0.724 0.703 0.494
0.649 0.550 0.441 0.194
0.656 0.629 0.440 0.193
0.657 0.639 0.542 0.293
0.660 0.679 0.665 0.379
0.665 0.761 0.293 0.442
0.663 0.738 0.323 0.086
0.665 0.773 0.363 0.109
0.641 0.482 0.245 0.131
0.667 0.816 0.560 0.060
0.658 0.652 0.556 0.313
0.654 0.601 0.533 0.309
0.635 0.436 0.496 0.284

Table 3.7 – Optimum values of k and h for the 4-SPS-U mechanism
from Figure 3.21b



Stability analysis of the mechanism 105

0 0.2 0.4 0.6 0.8 1

h

-200

-150

-100

-50

0

50

100

150
f 1

1
 (

N
.m

m
/r

a
d

)

f
11

 vs h

h= 0.649 at f
11

 = 0

0 0.2 0.4 0.6 0.8 1

h

-250

-200

-150

-100

-50

0

50

100

150

200

f 1
1
 (

N
.m

m
/r

a
d

)

f
11

 vs h

h= 0.663 at f
11

 = 0

(a) (b)

F
1
 = F

2
 = F

3
 = 2 N F

1
 = F

2
 = F

3
 = F

4
 = 1.5 N

Figure 3.22 – Optimum value of h at spring stiffness of 0.75 N/mm for the (a) 3-SPS-U and (b)
4-SPS-U mechanisms under the presence of external forces

From Figures 3.22a and 3.22b, a value of 0.649 and 0.663 for h is obtained for the 3-SPS-U
and 4-SPS-U mechanisms where f11 is zero. For ease of calculations and prototyping, a common
value of h = 0.6 is taken for both the mechanisms. The stability plot for both the mechanisms
with the modified design parameters under the presence of a preload is represented below in
Figure 3.23.

Figure 3.23 – Plot of total potential energy versus the tilt angles η and φ for h = 0.6 at the
home-pose condition for the (a) 3-SPS-U and (b) 4-SPS-U mechanisms
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It could be observed from Figures 3.23a and 3.23b that a stable configuration has been
obtained for both mechanisms under the presence of a preload. Using standard parts available
at LS2N, the 3-SPS-U tensegrity mechanism is realized. A standard universal joint of 68 mm
length and springs of 0.75 N/mm stiffness are employed to assemble the tensegrity mechanism.
The base and end-effector are realized by 3D printing. Two prototypes with h= 1 and h= 0.6
are realized where the corresponding values of rf are 34 mm and 56.7 mm. The prototypes are
represented below in Figure 3.24.

(a) (b)

Figure 3.24 – Prototypes of the 3-SPS-U tensegrity mechanism realized at LS2N with (a) h = 1
and (b) h=0.6

From Figure 3.24a, it could be observed that under natural conditions, the mechanism re-
mains unstable when h= 1. Upon the design parameter modification of h from 1 to 0.6, a
stable configuration could be observed in Figure 3.24b. The stability analysis was carried out
by fixing the free lengths as 0 mm. However, upon considering a value of 35 mm as free length
for the spring employed in the prototypes depicted in Figure 3.24, the mechanism still remained
unstable at h=1 upon numerical analysis, which is not presented here. At the home-pose and
under the absence of any external forces, the stability of the mechanism purely depends on the
parameter h and the stiffness of the tension spring. The influence of parameter h plays an essen-
tial role to determine the overall stability of the mechanism. Since the design parameter h has
been modified, the singularity analysis is carried out again to identify the maximum tilt limits
for the mechanism. Experimental validation of the mechanism represented in Figure 3.24b will
be carried out in Chapter-4 to demonstrate the actuation strategies.

3.6.3 Workspace analysis of the 3-SPS-U mechanism

For the modified design parameter h, the CAD algorithm is executed using the parallel sin-
gularities equations, Eqs. (3.21) to (3.23) and joint limits equations, Eqs. (3.26) to (3.28). Since
the height of the mechanism has been reduced by almost one-half at the home-pose, the joint
limits are set as [lmin, lmax] = [5 , 30] mm. Using CellDecompositionP lus function of SIROPA
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Figure 3.25 – Representation of the (a) Feasible workspace with joint limits at lmin = 5 mm and
(b) Singularity free workspace with joint limits at lmin = 6.5 mm for the 3-SPS-U mechanism

in Maple, the workspace for the mechanism is generated and represented in Figure 3.25a. The
orange regions indicate the feasible workspaces for the 3-SPS-U mechanism where there exists
one solution to the DKP. Singularity regions are represented by white zones. Some possible
solutions are also obtained beyond the workspace centered around the home-pose. These pos-
tures are difficult to attain by the mechanism especially under passive modes as the mechanism
has to cross the singularity boundaries. The joint limits equations for the three springs appear
superimposed and they are shown in red lines for the mechanism in Figure 3.25a. The regular
triangular workspace for the mechanism has to be extracted. Similar to the previous analysis,
one edge of the triangle is extracted at [η, φ] = [0 , −π/3] radians. At this position, the val-
ues of l1, l2 and l3 are found to be 22 mm, 6.5 mm and 6.5 mm. The length of 6.5 mm at
[η, φ] = [0 , −π/3] radians is the minimum value to which the prismatic springs can reach to
avoid parallel singularities. For estimating the remaining edges of the triangle, one of the two
lengths (l2 or l3) are set at 22 mm while the other length pairs (l1 − l3 or l2 − l1) are fixed
at 6.5 mm. By solving Eqs. (3.29) to (3.32) for [lmin, lmax] = [6.5 , 22] mm, eight possible
values for η and φ are estimated. After eliminating complex solutions and solutions obtained
in singularity regions, the remaining edges of the triangle are extracted and are given by [η, φ]
= [±π/3 , 0] radians. The joint limits for the mechanism are modified as [lmin, lmax] = [6.5 ,
30] mm and the workspace is recalculated using the CAD algorithm. The results of workspace
for the modified joint limits are represented in Figure 3.25b where a workspace in the form of
a Reuleaux triangle is obtained. The intermediate solutions obtained beyond the home-pose
regions are eliminated. The singularity free workspace that defines a square is isolated around
the home-pose where the maximum tilt limits are bounded by [η, φ] ∈ [±2π/15,±2π/15] radians.
The singularity free workspace is represented in green region in Figure 3.25b with the help of
Eq. (3.33) at N = 2π/15 radians. The total number of cells obtained by CAD algorithm is
provided in Table 3.8. With the modified value of the design parameter h, the tilt limits for the
3-SPS-U mechanism are reduced. When this mechanism is coupled with the bio-inspired robot,
it may not be possible for the mechanism to overcome pipe bends at π/2 radians. Also, under
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Architecture Joint limits (mm) 0 solutions 1 solution Total cells

3-SPS-U [lmin, lmax] = [5 , 30] 1054 172 1226
[lmin, lmax] = [6.5 , 30] 1198 144 1342

Table 3.8 – Number of cells obtained by CAD algorithm for the 3-SPS-U mechanism under
initial and modified joint limits at h = 0.6

passive modes, there are chances that the mechanism can reach singular configurations while
trying to overcome bends. Thus, this architecture will not be a suitable solution for addressing
the issue of passive compliance. One solution for this problem can be addressed by using a
stacked tensegrity module to attain higher tilt limits. However, the singularity analysis must be
reverified for the stacked model for understanding the feasible workspace of the mechanism.

3.6.4 Workspace analysis of the 4-SPS-U mechanism

Similar to the 3-SPS-U mechanism, the singularity analysis is carried out for the 4-SPS-U
mechanism with the initial joint limits at [lmin, lmax] = [5 , 30] mm for h=0.6. Using the parallel
singularities equations, Eqs. (3.38) to (3.41) and joint limits equations, Eqs. (3.45) to (3.48),
the workspaces are generated using the CAD algorithm in Maple. The results of workspace
generated using CellDecompositionP lus function of SIROPA library are represented below in
Figure 3.26a.
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Figure 3.26 – Representation of (a) Feasible workspace and joint limits at lmin = 5 mm and (b)
Singularity free workspace and joint limits at lmin = 5.3 mm for the 4-SPS-U mechanism

The feasible workspace for the mechanism is centered around the home-pose and they are
represented by the reddish-brown regions in Figure 3.26a, where there exists one solution to the
DKP. The joint limits are represented by the colored lines. The singularity free workspace in
the form of a square must be extracted to identify the maximum tilt limits. It was analyzed
earlier that for the 4-SPS-U mechanism, two of the four spring lengths reach a minimum value
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when both tilt angles become equal. By setting η = φ and h = 0.6 in Eq. (3.36a), l1 can be
written as:

l1 =
11
√

68− 30 cos(φ) sin(φ) + 18 sin(φ)2 − 50 cos(φ)− 30 sin(φ)
5 (3.59)

By differentiating Eq. (3.59) with respect to φ and equating it to zero, the minimum value
of l1 could be found. At this length, the tilt angles are found to be ±π/4 radians where one or
two of the prismatic spring reaches their minimum length of 5.3 mm. By modifying the joint
limits to [lmin, lmax] = [5.3 , 30] mm, the singularity analysis is carried out again using the CAD
algorithm and the results are represented in Figure 3.26b. The singularity free workspace that
represents a square is then extracted using Eq. (3.33) at N = π/4 radians and it is depicted by
green region in Figure 3.26b. The maximum tilt limits within the singularity free workspace for
the 4-SPS-U mechanism at h= 0.6 is given by ±π/4 radians. The total number of cells obtained
by CAD algorithm is provided below in Table 3.9.

Architecture Joint limits (mm) 0 solutions 1 solution Total cells

4-SPS-U [lmin, lmax] = [5 , 30] 1388 46 1434
[lmin, lmax] = [5.3 , 30] 1496 38 1534

Table 3.9 – Number of cells obtained by CAD algorithm for the 4-SPS-U mechanism under
initial and modified joint limits at h = 0.6

With the modification of design parameter h, the tilt limits for the 4-SPS-U mechanism has
been reduced to ±π/4 radians. However, with a uniform workspace and better rigidity, the
4-SPS-U mechanism can operate autonomously within the singularity free workspace. Thus, the
4-SPS-U tensegrity mechanism is an ideal candidate for addressing passive and active compliance
issues. However, the reduced tilt limits might pose a problem to overcome pipe bends at 90◦.
By simulation trails, it has to be determined if a single module or a stacked module has to
be employed for the bio-inspired robot to overcome pipe bends, which will be investigated in
Chapter-5.

3.7 Conclusions

This chapter addressed the key design issues for a piping inspection robot to overcome
pipe bends and junctions. Based on the classification of the issues, a tensegrity mechanism that
employs three tension springs and a passive universal joint was proposed as an initial solution for
the bio-inspired robot studied in Chapter-2. This mechanism was analyzed in two methods. The
initial method employed the theory of Tilt & Torsion. By classifying three case-study postures,
the inverse pendulum configuration was chosen for further analysis. This was done using the
CAD algorithm in Maple based on tilt limits criteria for the joint limits of the springs. Followed
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by that, the stability analysis was carried out on the mechanism under a static mode. Since the
exact architecture of the mechanism was unknown, the gravity forces and the free lengths of the
spring were not considered for the analysis. It was found that the mechanism remained unstable
under no-load conditions. By studying the mechanism stiffness, the design parameters of the
mechanism were exploited which led to the modification of the value of parameter h from 1 to
0.5. This modification led to a stable configuration for the mechanism under no-load condition
as well as under the presence of a preload of 2 N along each spring. However, the tilt limits for
the mechanism were reduced from ±π/3 to ±π/6 radians.

The second method dealt with the singularity analysis of the mechanism with respect to
the Euler angles of the universal joint. By using the SIROPA library in Maple, the parallel
singularities were identified by setting initial joint limits for the 3-SPS-U tensegrity mechanism.
For extracting the feasible workspace and singularity free workspace of the mechanism, the
triangular region was extracted by identifying tilt limits of the mechanism at one extremity of the
workspace. By modification of joint limits, a singularity free workspace with a tilt range of ±π/6
radians was obtained. By the addition of another tension spring to the mechanism, the 4-SPS-U
mechanism was exploited. Upon singularity analysis and modification of joint limit parameters,
the 4-SPS-U architecture generated higher tilt limits of ±5π/18 radians. The stability analysis
was the reverified for both architectures for the Euler angles of the universal joint. Under fixed
design parameters, both mechanisms remained unstable. The Hessian matrices and second-
order derivatives of the tilt angles were studied to identify stable configurations through an
optimization approach. By fixing rf at 11 mm, optimum values of h and spring stiffness k were
identified from the results of Genetic algorithm where the mechanism remains stable under the
presence of a preload. A simple prototype of the 3-SPS-U tensegrity mechanism was realized at
LS2N with h = 1 and h= 0.6 to compare their stabilities. For the modified design parameter
h, the singularity analysis was carried out again using the CAD algorithm for the 3-SPS-U
and 4-SPS-U mechanisms. From the results of the algorithm, it was proved that the 4-SPS-
U architecture was suitable for addressing passive and active compliance issues. The narrow
tilt range of 3-SPS-U architecture restricts its application to address only the issue of active
compliance.





CHAPTER 4
Experimental validation of the
3-SPS-U tensegrity mechanism

Problem statement:

1. What are the possible ways for actuating a 3-SPS-U tensegrity mech-
anism?

2. What are the governing equations for achieving the the desired trajec-
tory and the desired positions by the mechanism?

4.1 Introduction

In this chapter, experimental validation is done on the 3-SPS-U tensegrity mechanism, which
was analyzed in Chapter-3. This validation corresponds to how the active compliance issue could
be addressed when the mechanism is integrated with the bio-inspired robot studied in Chapter-2.
The actuation strategy of the mechanism is similar to that of a parallel manipulator. Parallel
kinematics machines (PKM) have interesting applications in the industries over serial machines.
PKM’s offer better accuracy, lower mass/inertia properties and high structural stiffness [Mer06].
The performance of parallel robots varies within their workspace, which is considerably smaller
when compared to serial robots. The inverse kinematics, in general, is easier to solve for parallel
robots, especially when prismatic joints are employed. The 3-SPS-U architecture employs three
actuated prismatic springs and the IKP appears simpler. However, it is complicated to determine
the inverse of the Jacobians for parallel robots and the computation times appear to be higher.
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For the tensegrity mechanism, the Jacobian matrix can be obtained from the direct kinematics
matrix. The simpler architecture of the mechanism makes it easier to identify the cartesian
velocities and accelerations. The most important step will be to plan a trajectory in such a
way that the mechanism operates within the singularity free workspace. In the initial step,
the workspaces are verified numerically for the prototype of a 3-SPS-U tensegrity mechanism
developed at LS2N using the CAD algorithm. This analysis provides the tilt and the joint limits
for the mechanism within the singularity free workspace. By using these limits, experiments
are conducted on the prototype using DC-motors. The DC-motors are equipped with position
encoders which gives information about each angular displacement of the output shaft. Two
algorithms were studied in Chapter-2 viz: Force control and Position control algorithms. The
former is employed in the experiments to control the tilt limits of the mechanism. By providing
the tilt angles as inputs, the position, velocity and acceleration of each prismatic joint are
controlled. For attaining the desired position for a given tilt angle, a simplified Proportional-
Integral-Derivative (PID) algorithm is employed. A BeagleBone(BB) black microcomputer is
used to accomplish this closed-loop system. Two sets of experiments; a linear trajectory and
a circular trajectory are carried out on the tensegrity mechanism for vertical and horizontal
orientations. The theoretical curves are presented initially to identify the simulation time based
on the maximum angular velocity of the motor. By performing experiments on the prototype,
the actual position, the motor torques and the error between the measured and desired data are
represented and studied.

4.2 Prototype and workspace of the tensegrity mechanism

A prototype of the 3-SPS-U tensegrity mechanism is designed and developed at LS2N. A
standard universal joint of 68 mm length, which was available at LS2N is employed for the
tilting of the mechanism. In order to respect the value of h = 0.6 based on the results of
stability analysis obtained in Chapter-3, a value of rf = 56.7 mm is chosen. The base and end-
effector platform are realized by rapid prototyping and they are made of Acrylonitrile Butadiene
Styrene (ABS). Three slots, each on the end-effector and the base at a distance of rf from the
centre is provided to assemble L-shaped supports that hold the tension springs whose stiffness
is 0.75 N/mm. The representation of the prototype and an exploded view of the digital model
in CATIA is shown in Figure 4.1. The base of the prototype has threaded holes (Figure 4.1b),
which are bolted to a rigid test platform for performing experiments. The prototype shown
in Figure 4.1a is a scaled-up model from the actual design where the value of rf is 11 mm.
With the modification of rf , the workspace for the 3-SPS-U mechanism must be recalculated.
At the home-pose where the tilt angles are zero, the distance between the base and the end-
effector platform will be equal to the length of the universal joint (68 mm). Under working
conditions, the solutions to the IKP can be solved using Eqs. (3.18a) to (3.18c) for a given tilt
angle. The workspace of the mechanism is affected purely by the value of parameter h. The
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1. M10 x 30- Bolt - Steel - (2 Nos.)

2. Spring support - Steel - (6 nos.)

3. Universal joint - Steel - (1 no.)

4. Springs 0.75 N/mm - Steel - (3 nos.)

5. Manipulator base - ABS - (1 no.)

6. End-effector - ABS - (1 no.) 
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Figure 4.1 – Representation of the (a) prototype of 3-SPS-U tensegrity mechanism developed at
LS2N and (b) exploded view of the digital model of the mechanism in CATIA

tilt limits for operation within the singularity free workspace for this configuration remains at
±2π/15 radians, based on the results obtained in Chapter-3. However, the joint limits for the
mechanism are modified as the value of rf is increased. From the analysis of CAD algorithm, two
of the prismatic springs reach a minimum length of 40 mm at [η, φ] = [0 , -π/3] radians, while
the third spring reaches a length of 106 mm. The remaining edges of the triangle are estimated
for these joint limits using Eqs. (3.29) to (3.32). The singularity free workspace in the form of
a square bounded by ±2π/15 radians is also generated and superimposed on the workspace of
the mechanism obtained by CAD algorithm, which is represented below in Figure 4.2.
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Figure 4.2 – Workspace of the 3-SPS-U tensegrity mechanism obtained by CAD algorithm for
rf = 56.7 mm and h = 0.6 at [lmin, lmax] = [40 , 106] mm

The orange regions correspond to the workspace where there exists one solution to the DKP.
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A total of 104 cells represent this region whereas the white zones represent the singularity regions
with a total of 3460 cells. Linear and circular trajectories within this singularity free workspace
are chosen for performing experiments on the prototype shown in Figure 4.1a.

4.3 Experimental setup

The control of the 3-SPS-U tensegrity mechanism is carried out using a BB black [Col13]
micro-computer, which was employed for the bio-inspired robot studied in Chapter-2. In order
to have a higher torque, a static model is validated by the actuation of the springs through a DC-
motor coupled with a planetary gearhead. In general, a DC motor speed control can be achieved
through variation of voltage but the position control of the motor shaft is difficult to achieve
[MLN18]. The DC motors are integrated with quadrature encoders which provides information
about the motor pulse counts for every revolution of the output shaft of the gearbox. The
direction control of DC motors is achieved using microcontrollers that use an H-bridge module,
which is controlled through PWM duty cycles from BB black. In order to attain the desired
prismatic length and tilt the tensegrity mechanism, a simplified Proportional-Integral-Derivative
(PID) algorithm is employed to have a closed-loop system. Through a PID, it is possible to attain
the desired spring length by calculating the error between the measured and desired set points
of the algorithm and minimizing it.

4.3.1 Interfacing between motors and controllers

The actuation of springs is carried out using three Maxon DC-motors (Series-352994) [Max].
Each DC-motor has a Maxon 36/2 servo controller for position control. The DC-motors are
coupled with a planetary gearhead (Series-144041) which has a reduction ratio of 1621:1. Thus,
higher output torque is obtained at the gearbox output shaft. The key specifications of the
motor and the gearbox are provided below in Tables 4.1 and 4.2.

Parameters Value
Nominal voltage 24 V

Nominal current (Ic) 0.177 A
Nominal speed 3720 rpm
Nominal torque 6.05 mNm
Stall torque 14.2 mNm

Torque constant (kt) 34.8 mNm/A
Speed constant (ke) 274 rpm/V

Armature resistance (R) 59 Ω

Table 4.1 – Specifications of the Maxon DC-motor (Part No. 352994 φ22) [Max]

Each DC motor is integrated with a 3-channel optical quadrature encoder (HEDL 5540)
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Parameters Value
No. of stage in reduction 5

Reduction ratio (G) 1621:1
Max. dynamic axial load 100 N
Output gearshaft diameter 3.2 mm

Efficiency (ηs) 42 %

Table 4.2 – Specifications of the Maxon Planetary gearhead (Part No. 144041) [Max]

offered by Maxon [Max]. The encoder pins consist of an input supply of 5 V, channels A–B
and an index channel. The channels A and B are employed in the experiments to sense the
direction of rotation of motor for every angular displacement. Both these channels have a phase
difference of 90◦. When the motor rotates in a clockwise direction, channel A leads channel B
and vice-versa when the direction of rotation is counterclockwise [Kim13]. The encoder can read
500 counts for every change in the angular position of the DC-motor. For controlling the DC
motor direction and input power supply, the PWM and GPIO pins of BB black are employed.
The maximum voltage supported by these pins is 3.3 V. A 5 V output pin from the BB black
(Pin P9.8) is used as a power source for the quadrature encoder of each motor through a parallel
circuit connection. The channel A and channel B information from each encoder are passed
as inputs for three eQEP pairs of BB black. As the output voltage of the quadrature encoder
is 5 V and the BB black eQEP pins support a maximum tension of 3.3 V, a 1 kΩ potential
divider bridge is employed to step down the voltage. The interfacing between BB Black to one
of the DC-motors with its associated servo controller and quadrature encoder is represented in
Figure 4.3. As seen in Figure 4.3, each DC-motor is connected to its servo controller through a
J2A connector. The J5 connector is used for the PWM and GPIO ports. Using the J7 cable,
the BB black is connected to the computer. The list of pins from BB black that are connected
with the ESCON servo-controllers and the encoders of each motor is provided below in Table 4.3.

Motor PWM GPIO eQEP-A eQEP-B
(Duty cycle) (Enable) (Ch-A) (Ch-B)

Motor-1 P9.14 (DigIN1) P9.13 (DigIN2) P9.92 P9.27
Motor-2 P8.13 (DigIN1) P8.15 (DigIN2) P8.35 P8.33
Motor-3 P9.31 (DigIN1) P9.25 (DigIN2) P8.12 P8.11

Table 4.3 – BB black pin address for each motor with its associated servo controller and encoder

The three DC-motors are assembled on a platform, which is made by rapid prototyping at
LS2N. As the distance between the gearbox output shaft and the tensegrity mechanism is higher,
an extended shaft with a flange coupling is employed to connect to the gearbox shaft. A 40 mm
diameter pulley is assembled on the extended shaft and a cable of 1.5 mm diameter is wound
over this pulley.
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The other end of the cable connects to the end-effector mounting support by passing through
each spring. For eliminating the effects of radial play in the pulley shaft, flange couplings are
employed to minimize these effects. The cables are assembled in such a way that at the home-
pose, the tension along the cables is high. The experiments are carried out for two orientations;
vertical and horizontal under no-load conditions. The entire experimental setup and it’s digital
model are represented below in Figures 4.4a to 4.4d.

(a) (b)

(c) (d)

Motor-1

Motor-3

Motor-2

Figure 4.4 – Representation of the (a) Experimental setup of the tensegrity mechanism in vertical
orientation , (b) Experimental setup of the tensegrity mechanism in horizontal orientation , (c)
Digital model of the experimental setup and (d) one of the three ESCON 36/2 servo-controllers

4.4 Trajectory planning and control methodology

In the experimental validation, the IKP is solved. This means that a set of tilt angles η
and φ are passed as inputs to the control loop, for which the IKP is solved through actuation
of the motors connected to the springs. The pose variables and the articular variables for the
mechanism are given by q = [η, φ] and ρ = [l1, l2, l3] [VC20]. The closed-loop equations which
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provide the solutions to the IKP were studied in Chapter-3 as well as in [VC20] with respect to
the Euler angles of the universal joint. The simpler form of the IKP from Figure 3.4a is given
by:

(bix − cix)2 + (biy − ciy)2 + (biz − ciz)2 = l2i , with i = 1, 2, 3 (4.1)

The length of each spring for a given tilt angle can be estimated using Eq. (4.1), which is
a simpler form of Eqs. (3.18a) to (3.18c). The IKP for each spring is converted into angular
displacements of the pulley, which will be the target position for each DC-motor. The equation
for the desired angular position of the pulley with respect to the IKP is given by:

θdi = (li − lhome)
r

, with i = 1, 2, 3 (4.2)

In Eq. (4.2), θdi is the desired angular position calculated from IKP for given input tilt angles
η and φ. The parameter r indicates the pulley radius, which is 20 mm. At the home position,
the value of lhome is 68 mm for rf = 56.7 mm and h= 0.6. For every angular displacement of
the DC-motor, encoder data is passed to the BB black ports. The angular displacement of the
pulley from the encoder channel information can be calculated by:

θmi = Eiπ

2CG , with i = 1, 2, 3 (4.3)

In Eq. (4.3), Ei indicates the output data of the encoder channels of Motor-i. The angle
θmi is the measured angular displacement at the output shaft of the gearbox. C indicates the
counts per revolution of the encoder, which is 500 and G is the reduction ratio of the gearbox,
which is taken from Table 4.2. At a given tilt angle, the mechanism tries to attain the position
θdi. In order to minimize the errors between the desired and measured angular positions, the
PID control algorithm is employed.

4.4.1 Trajectory generation

The trajectory planning approach proposed in [KD04], which was studied in Chapter-2 for
the dynamic force model is employed for the control of the tensegrity mechanism. For every
angular displacement of the DC-Motor, it is necessary to determine the joint velocities and
accelerations for the mechanism. During the change of tilt angles from home-pose to the desired
position, the cartesian velocities of the prismatic joints can be calculated using the equation
[Car+15] :


l̇1

l̇2

l̇3

 = Jc

[
η̇

φ̇

]
, with Jc =


∂l1
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∂φ

∂l2
∂η
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∂l3
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∂l3
∂φ

 (4.4)



120 Experimental validation of the 3-SPS-U tensegrity mechanism

In Eq. (4.4), Jc represents the direct kinematics matrix (A) of the 3-SPS-U tensegrity mech-
anism. Using Eq. (4.4), the joint velocities are estimated, followed by which the desired angular
velocities of the output shaft can be estimated. For given input tilt angles, the trajectory gen-
eration is carried out using a fifth-degree polynomial equation [KD04]. This equation is used to
define the position s(t), velocity ṡ(t) and acceleration s̈(t) for the mechanism and they are given
by:

s(t) = 10
(
t

tf

)3

− 15
(
t

tf

)4

+ 6
(
t

tf

)5

(4.5)

ṡ(t) = 30
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)
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)
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)
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)
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t4f

)
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(
t3

t5f

)
(4.7)

For the experiments, a linear trajectory and a circular trajectory are performed on the
tensegrity mechanism for both orientations. The position, velocity and acceleration equations,
as well as the maximum simulation time, varies according to the type of trajectory.

Linear trajectory

In the case of linear trajectory, the minimum travelling time tf is determined when the
velocities and accelerations reach the saturation point in the trajectory. For the fifth degree
polynomial, the value of tf for a linear trajectory is given by [KD04] :

tf = max
(

15|D|
8kv

,

√
10|D|√

3ka

)
(4.8)

In Eq. (4.8), |D| represents the norm of the position, kv represents the maximum velocity
and ka represents the maximum acceleration. At home-position, let D1 be the vector that
contains the initial tilt angles ηi and φi. The final tilt positions are given by the vector D2. The
intermediate pose D is given by:

D(t) = D1 + (D2 −D1)s(t) (4.9)

The corresponding velocity and acceleration vectors can be found using the first and second
order derivative of Eq. (4.9) with respect to time. The equations are given by [Car+15] :

V(t) = (D2 −D1)ṡ(t) (4.10)

A(t) = (D2 −D1)s̈(t) (4.11)

The joint coordinate vector can be obtained by the equation:
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q(t) = f (D(t)) (4.12)

In Eq. (4.12), f = [l1, l2, l3]T is the vector that contains the solution of the IKP for given tilt
angles. The joint velocities can be computed with the help of the Jacobian matrix Jc using the
equation:

q̇(t) = JcV(t) (4.13)

The accelerations in the joints can be computed using the Jacobian matrix and it’s time deriva-
tive. The equation is given by:

q̈(t) = JcA(t) + J̇cV(t) (4.14)

The desired position, velocity and acceleration vectors of the joints from Eqs. (4.12) to (4.14)
will be used as inputs for the PID algorithm to perform a linear trajectory.

Circular trajectory

Compared to the linear trajectory, the travelling time required by the mechanism is higher
as the circular path goes from 0 to 2π radians. The value of tf is given by:

tf = max (γV ,
√
γA) (4.15)

In Eq. (4.15), γV is the ratio of maximum joint velocity to speed of motor and γA is the ratio
of maximum joint acceleration to the acceleration of motor [Car+15]. Before the creation of
circular trajectory, an initial linear trajectory is performed where one of the three springs is
tilted to a certain angle. The values of the input tilt angles to perform a circular trajectory is
given by:

D(t) =
[
η

φ

]
=
[
R sin(r0 + (r1 − r0)s(t))
R cos(r0 + (r1 − r0)s(t))

]
(4.16)

In Eq. (4.16), R corresponds to the radius of the circular trajectory which is equal to the tilt
angle chosen within the singularity free workspace. The values r0 and r1 maps the initial and
final points of circle and it goes from 0 to -2π to perform a counterclockwise circular trajectory.
The corresponding angular velocities and accelerations are given by:

V(t) =
[

R(r1 − r0)ṡ(t) cos(r0 + (r1 − r0)s(t))
−R(r1 − r0)ṡ(t) sin(r0 + (r1 − r0)s(t))

]
(4.17)

A(t) =
[

R(r1 − r0)s̈(t) cos(r0 + (r1 − r0)s(t))−R(r1 − r0)2ṡ(t)2 sin(r0 + (r1 − r0)s(t))
−R(r1 − r0)s̈(t) sin(r0 + (r1 − r0)s(t))−R(r1 − r0)2ṡ(t)2 cos(r0 + (r1 − r0)s(t))

]
(4.18)
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The IKP, the joint velocities and accelerations can then be computed by substituting Eqs. (4.16)
to (4.18) in Eqs. (4.12) to (4.14). At the end of the circular trajectory, once again a linear tra-
jectory is performed to bring the mechanism back to the home position.

4.4.2 Force control algorithm

In Chapter-2, two types of algorithm were classified namely: Force control and position
control. The former was employed for the bio-inspired robot in order to accomplish static
phases through motor torque control by setting threshold limits for moving inside unknown
environments. Similarly, for the control of the tensegrity mechanism, the force control algorithm
is employed to reach the desired positions for input tilt angles. By applying motor torques and
current, the mechanism tilts to attain the desired position. Once the desired position is reached,
the current and torque are cut off for attaining a static phase. For each angular position of
DC-Motor, encoder position data is transmitted to the user by the BB black. However, the
output data from encoders are not directly used to calculate the solutions to the IKP as there
exists a significant difference between the desired and measured positions. These differences
are caused by factors such as motor inertia, frictional effects and inertial forces. In order to
compensate these factors, a closed loop feedback system is employed which tries to minimize the
errors between the desired and measured positions. The classical relation for the PID control
scheme which provides the motor torque is given by the equation [Car+15 ; Jha+16 ; Lem19] :

Γ = J(θ̈i +KP (θdi − θmi) +KD(θ̇di − θ̇mi) +KI

∫ t

0
(θdi − θmi)) , with i = 1, 2, 3 (4.19)

In Eq. (4.19), Γ is the regulated torque obtained at the gearbox output shaft after PID correction.
For computing the torques induced on each motor, Eq. (4.19) is multiplied by the gear reduction
ratio G from Table 4.2. The inertia of motor-gearbox assembly J is taken as 4.1e − 7 kg.m2

[Max]. In Eq. (4.19), KP is the proportionality term which examines the error term and responds
proportionally. The integral term KI tries to reduce the error at each time instant. The
overshoot of value from the desired position is compensated by the difference term KD. Thus,
the PID in general takes into account the past step, the present step and the future step such
that the error is reduced [MLN18 ; O’D09]. The values for the PID terms of Eq. (4.19) are given
by:

ω = ktke
RJ

= 14 rad/s

KP = 3ω2 = 588 , KD = 3ω = 42 , KI = ω3 = 2744 (4.20)

In Eq. (4.20), ω is a parameter which is determined from the torque constant (kt), speed con-
stant (ke), resistance (R) and inertial parameters (J) of the DC-Motor [Car+15 ; Lem19]. The
closed loop system which is incorporated for the control of the 3-SPS-U tensegrity mechanism
is represented in Figure 4.5. In Figure 4.5, e and ė indicates the error and its derivative which
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Figure 4.5 – Closed loop feedback control scheme employed for the tensegrity mechanism
[Car+15 ; Lem19]

are computed based on the difference between desired and measured data. Before the start of
experiments, the ESCON servo controllers are calibrated in a computer. The saturation current
is used as reference for controlling the direction of rotation of the DC-Motors. For safer opera-
tions, 90% and 10% duty cycles are set as limits for the rotation of motors on either direction.
The PWM calibration of each ESCON servo-controller is done as per Table 4.4.

PWM Duty Nominal current (A) Motor torque (mN.m) Motor speed (rpm)
10% -0.177 -6.05 3720 (Counter-clockwise)

50% (idle) 0 0 0
90% 0.177 6.05 3720 (Clockwise)

Table 4.4 – ESCON controller calibration for the force control algorithm

The force control algorithm is executed in C language using the BB black. A simple form of
the control loop that is employed to perform experiments on the 3-SPS-U tensegrity mechanism
for linear and circular input trajectories is provided in Algorithm 2.

4.5 Results of experiments

As mentioned in the previous sections, the experiments are carried out for a linear trajectory
as well as a circular trajectory. Both these trajectories will be executed for two orientations of
the mechanism namely: Vertical and Horizontal. The vertical orientation is the natural pose
of the mechanism as depicted in Figure 4.1a. This orientation is also inline with the vertical
orientation of the bio-inspired robot studied in Chapter-2. The horizontal orientation is the
posture when the tensegrity mechanism is coupled with the bio-inspired robot and the assembly
is moving inside a horizontal pipeline. The experiments are carried out in BB black which
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Algorithm 2 Force control algorithm using PID for a given input trajectory
1: Initialize: Measured & desired positions (θmi,θdi) , velocities (θ̇mi,θ̇di) and accelerations

(θ̈mi,θ̈di)
2: Set: Home and target tilt limits: [η0 → ηf ], [φ0 → φf ]
3: Initialize: Error (ei), Sum (ai) and Difference terms (ėi)
4: Initialize and set PWM, GPIO and eQEP to idle states
5: Initialize time t and set finish time tf
6: Set status = 1 . 1 indicates motor status "RUN"
7: while (status == 1) do
8: for t = 1 – tf do
9: for i = 1 – 3 do . i indicates the Motor number

10: Compute s(t) , ṡ(t) and s̈(t) for polynomial interpolation
11: Compute [η(t), η̇(t), η̈(t)] and [φ(t), φ̇(t), φ̈(t)]

12: Calculate Jc and J̇c , Compute
3∑

k=1
[lk, l̇k, l̈k] and

3∑
k=1

[θkdi, θ̇kdi, θ̈kdi]

13: Obtain measured positions from encoder: θmi(t)
14: Calculate error, e[i](t) = θdi(t) - θmi(t)
15: Calculate Sum, a[i](t) = a[i](t− 1) + e[i](t) . a[i](t− 1) for first iteration is 0
16: Calculate Diff, ė[i](t) = e[i](t)/t
17: Compute torque (Γ[i](t)) and then current (I[i](t)) using torque constant
18: if I[i](t) > 0.177 then . 0.177 A is the nominal current
19: Rotate motors clockwise by applying 90% duty cycle
20: else if I[i](t) < -0.177 then
21: Rotate motors anti-clockwise by applying 10% duty cycle
22: end if
23: end for
24: end for
25: set status = 0 . 0 indicates motor status "STOP"
26: end while
27: Set PWM, GPIO and eQEP to idle state
28: return Desired and measured data values to the user

operates on Debian 9.5. The link for the complete algorithm written in C for the control of the
tensegrity mechanism as well as pin activation sequence for BB black is provided at the bottom
of this page 1.

4.5.1 Linear trajectory

For the linear trajectory, two kinds of experiments are performed. In the first experiment,
which is called the One spring pull, one of the three springs pulls the end-effector platform. In
the second experiment, which is called the Two springs pull, two of the three springs pulls the
end-effector platform. The experiments are carried out at a frequency of 1000 Hz. Due to the
memory issues associated with the BB black, both experiments could not be carried out on a

1. BB black pin activation and control of the tensegrity mechanism written in C : GitHub link.

https://github.com/stvt1991/Control-of-3-SPS-U-Tensegrity-mechanism
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single stretch. Firstly, the theoretical trajectories are created in MATLAB for both experiments
which provide the simulation time with respect to the maximum angular velocity of the motor
after gear reduction. Followed by that the results of both experiments in vertical and horizontal
orientations of the mechanism are presented.

Theoretical curves

Before performing the experiments, it is necessary to identify the simulation time required to
attain the desired tilt position. The maximum angular velocity of the DC-Motor from Table 4.1
is around 0.25 rad/s after gear reduction. From the singularity analysis curves, at 2π/15 radians,
the spring attached to Motor-1 pulls the end-effector platform while at −2π/15 radians, Motor-2
and Motor-3 pulls the end-effector platform. Based on the results of IKP at these tilt angles,
Eqs. (3.29) to (3.32) are employed to determine the other sets of input tilt angles which are
found to be [η, φ] = [±7π/60 , ±π/15] radians. The two experiments are then carried out in the
following sequence:

• One spring pull : Home→ Motor-3 Tilt→ Home→ Motor-2 Tilt→ Home→ Motor-1
Tilt → Home
• Two springs pull : Home → Motors-1,3 Tilt → Home → Motors-2,3 Tilt → Home →
Motors-2,1 Tilt → Home

The input tilt angles for performing both experiments are chosen within the singularity free
workspace square of the 3-SPS-U tensegrity mechanism. The trace of trajectory of input tilt
angles chosen within the workspace of the mechanism is represented below in Figure 4.6.
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Figure 4.6 – Trace of the desired input trajectories chosen for the (a) one spring pull and (b)
two springs pull experiments within the workspace of the tensegrity mechanism

The desired anglular positions of the pulley for each steps of both experiments are calculated
with the help of IKP and the pulley radius. The corresponding values are provided in Table 4.5.
From Table 4.5, the maximum angular position for the one spring pull is around ±1.25 radians
and for the two springs pull it is around ±1.1 radians. Using Eq. (4.8), for a maximum angular
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Type Input tilt angles (rad) l1 θd1 l2 θd2 l3 θd3
η φ (mm) (rad) (mm) (rad) (mm) (rad)

One

0 0 68 0 68 0 68 0
7π/60 -π/15 78 0.5 78 0.5 43 -1.25

0 0 68 0 68 0 68 0
spring -7π/60 -π/15 78 0.5 43 -1.25 78 0.5
pull 0 0 68 0 68 0 68 0

0 2π/15 43 -1.25 78 0.5 78 0.5
0 0 68 0 68 0 68 0

Two

0 0 68 0 68 0 68 0
7π/60 π/15 54.8 -0.66 90 1.1 54.8 -0.66

0 0 68 0 68 0 68 0
springs 0 -2π/15 90 1.1 54.8 -0.66 54.8 -0.66
pull 0 0 68 0 68 0 68 0

-7π/60 π/15 54.8 -0.66 54.8 -0.66 90 -1.1
0 0 68 0 68 0 68 0

Table 4.5 – Desired angular positions of the pulley for one spring and two springs pull experiments

velocity of 0.25 rad/s motor after gear reduction and the norm being the maximum angular posi-
tion of the experiment, the simulation time to perform one cycle of the experiment is found to be
9 s for both experiments. Each experiment comprises of six steps and at the end, the mechanism
is returned to the home position. Thus, the total theoretical simulation time to perform the
six steps is around 54 s. Using the fifth-degree polynomial equations and the Jacobian matrix,
the theoretical traces of the angular positions (θdi), velocities (µdi) and accelerations (νdi) of
each pulley are generated for both experiments and are represented in Figures 4.7 and 4.8. The
maximum angular acceleration for the experiments is around 0.0832 rad/s2. From the traces
it is found that the maximum angular velocity of 0.25 rad/s is reached when the pulley travels
between home position to ±1.25 radians for one spring pull and ±1.1 radians for two springs
pull experiments. Similarly, the position, velocity and acceleration profiles are generated for the
input tilt angles η and φ. For the tilt angles, the maximum velocities and accelerations are given
by [η̇, φ̇] = [0.0758 , 0.0873] rad/s and [η̈, φ̈] = [0.0259 , 0.03] rad/s2. The plots of the curves
corresponding to the input tilt angles for the one spring pull experiment are demonstrated in
Figure 4.9. The plots of the tilt angle positions, velocities and accelerations for the two springs
pull experiment are provided in Appendix-B.

Results of one spring pull experiment

The one spring pull experiment is performed on the 3-SPS-U tensegrity mechanism for ver-
tical and horizontal orientations. The simulation time for each cycle of the experiment is set at
9 s so that the maximum velocity is reached. The control algorithm consists of sleep routines be-
tween each cycle for smoother operations. Thus, the total time taken to perform the one spring
pull experiments is around 128 s. At each instance of the experiment, the IKP is calculated for
the input tilt angles. The minimum length reached by one of the actuated prismatic spring is
43 mm while the other two springs reaches a maximum length of 78 mm.
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Figure 4.7 – Theoretical angular positons (θd), velocities (µd) and accelerations (νd) of the pulleys of Motor-1 (red) , Motor-2 (blue)
and Motor-3 (green) for one spring pull experiment
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Figure 4.9 – Theoretical positions, velocities and accelerations of the input tilt angles η (orange) and φ (magenta) for the one spring
pull experiment
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The plot of the joint positions (IKP) of each actuated prismatic joint from the experiment
is represented below in Figure 4.10 for both orientations of the mechanism.
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Figure 4.10 – Position of prismatic springs along the linear trajectory for one spring pull exper-
iment in the (a),(b),(c): vertical and (d),(e),(f): horizontal orientations of the mechanism

In Figure 4.10, the dotted black line in each plot represents the home position of the mech-
anism at 68 mm. The values of the actual position of the three prismatic springs for the entire
experimental cycle are provided in Table 4.6. From Figures 4.10a to 4.10f and from Table 4.6,
a good response to the PID control could be observed for the joint positions. The position data
for both orientations almost remain the same and while returning to the home-pose, a uniform
distance of 67.94 mm on each prismatic length could be observed at some instances for both
orientations of the mechanism. From the obtained results, the error can be calculated between
the measured and desired angular positions of the pulley using the equation:

Error = (θmi − θdi)180
π

(4.21)
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Experiment Orientation Operation Input tilt angles (rad) IKP, l1 (mm) IKP, l2 (mm) IKP, l3 (mm) Global error (degrees)
type type η φ Desired Actual Desired Actual Desired Actual Pull Push

One spring

Vertical Initial 0 0 68 68 68 68 68 68

-0.18 0.19

Horizontal 68 68 68 68 68 68
Vertical Pull:Motor-3 7π/60 -π/15 78 78.33 78 78.26 43 42.78

Horizontal 78 78.28 78 78.26 43 42.94
Vertical Home-pose 0 0 68 67.94 68 67.94 68 67.94

Horizontal 68 67.94 68 67.94 68 67.94
Vertical Pull:Motor-2 -7π/60 -π/15 78 78.29 43 42.96 78 78.26 to topull Horizontal 78 78.28 43 43.1 78 78.26
Vertical Home-pose 0 0 68 67.85 68 68.4 68 68.3 -0.46 0.42

Horizontal 68 67.94 68 67.94 68 67.94
Vertical Pull:Motor-1 0 2π/15 43 43.2 78 77.9 78 77.67

Horizontal 43 42.87 78 78.24 78 78.24
Vertical Home-pose 0 0 68 67.87 68 68.3 68 68.24

Horizontal 68 67.92 68 68.1 68 68.1

Two springs

Vertical Initial 0 0 68 68 68 68 68 68

-0.17 0.23

Horizontal 68 68 68 68 68 68
Vertical Pull 7π/60 π/15 54.8 54.7 90 90.06 54.8 54.72

Horizontal Motor-1&3 54.8 54.7 90 90.05 54.8 54.7
Vertical Home-pose 0 0 68 67.94 68 67.94 68 67.94

Horizontal 68 67.94 68 67.94 68 67.94
Vertical Pull 0 -2π/15 90 90.04 54.8 54.66 54.8 54.66 to topull Horizontal Motor-3&2 90 90.2 54.8 54.6 54.8 54.6
Vertical Home-pose 0 0 68 68.1 68 67.87 68 67.87 -0.45 0.39

Horizontal 68 67.94 68 67.94 68 67.94
Vertical Pull -7π/60 π/15 54.8 54.7 54.8 54.7 90 90.06

Horizontal Motor-2&1 54.8 54.7 54.8 54.75 90 90.05
Vertical Home-pose 0 0 68 67.94 68 67.94 68 67.94

Horizontal 68 67.94 68 67.94 68 67.94

Table 4.6 – Desired and measured solutions to the IKP of each prismatic joint for the 3-SPS-U tensegrity mechanism in the vertical and
horizontal orientations for input tilt angles during one spring pull and two springs pull experiments
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In Eq. (4.21), θmi and θdi are the actual and desired angular positions of the pulley which
are computed using the encoder data and IKP. The plot of error data for the one spring pull
experiment is represented below in Figure 4.11.
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Figure 4.11 – Joint position errors along the linear trajectory in the (a) vertical and (b) horizontal
orientations of the mechanism for the one spring pull experiment

From Figure 4.11, the global error between the desired and measured data lies between -0.18◦

to -0.46◦ for the cable pull and 0.19◦ to 0.42◦ for the cable push operations in both orientations
of the mechanism. This also suggests that a simple PID control loop is sufficient for the tilting
of the mechanism, provided the same motor units are employed. However, higher noises could
be observed in Figure 4.11, which is caused by the frequency issues associated with the BB
black microcomputer. At each instance of the experiment, the torque induced on each motor to
perform cable pull or push is also computed. The PID control algorithm returns the measured
current and by using the torque constant, the torque induced on each motor is calculated. The
representation of motor torques for both orientations is provided below in Figure 4.12.
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Figure 4.12 – Motor torques during operation along the linear trajectory in the (a) vertical and
(b) horizontal orientations of the mechanism for the one spring pull experiment
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In Figures 4.12a and 4.12b, higher noises could also be observed on the torque values. The
operating torque and the peak torques measured from experiments are found to be well within
the nominal motor torque which is represented by dotted black lines. The maximum measured
torques on each motor during each cycle of the experiment from Figure 4.12 are provided in
below in Table 4.7.

Experiment
Orientation

Input tilt ranges (rad) Max. Torque (N.m)
type ηo → ηf φo → φf Motor-1 Motor-2 Motor-3

One spring

Vertical
0 → 7π/60 0 → -π/15

0.0021 0.0023 -0.0059
Horizontal 0.0029 0.0025 -0.0059
Vertical

7π/60 → 0 -π/15 → 0
-0.0023 -0.0023 0.0055

Horizontal -0.0022 -0.0023 0.0053
Vertical

0 → -7π/60 0 → -π/15
0.0021 -0.0052 0.0022

Horizontal 0.0023 -0.0055 0.0025
pull Vertical

-7π/60 → 0 -π/15 → 0
-0.0022 0.0056 -0.0025

Horizontal -0.0024 0.0055 -0.0023
Vertical

0 → 0 0 → 2π/15
-0.0055 0.0024 0.0023

Horizontal -0.0050 0.0022 0.0022
Vertical

0 → 0 2π/15 → 0
0.0054 -0.0021 -0.0023

Horizontal 0.0056 -0.003 -0.0029

Table 4.7 – Maximum measured torque on each motor for one spring pull experiment during
operation in the vertical and horizontal orientations of the mechanism

From Table 4.7, it could be observed that the torque values almost remains similar for both
orientations of the mechanism. The maximum torque attained by one of the motor during cable
pull is around -0.0059 N.m in both vertical and horizontal orientations. The effects of gravity
and self-weight of the mechanism has negligible effects on the motors torques. However, with
the addition of an external load on the mechanism, these values might not remain the same,
especially when the orientation is horizontal.

Results of two springs pull experiment

Followed by the one spring pull, the two springs pull experiments are performed. The
input tilt angles are similar to the one spring pull and the corresponding values are provided
in Table 4.6. Unlike the one spring pull, the length reached by two of the springs is around
54.8 mm over 43 mm while the third spring reaches a maximum length of 90 mm. As two
springs operate to reach the desired tilt angle, the efforts are distributed among both motors
to pull or push the end-effector platform. The total time taken to perform the two springs
pull experiment is also 128 s, taking into account the sleep routines included in the control
loop. The plot of the joint positions which provides the solutions to the IKP is represented in
Figure 4.13 for both orientations of the mechanism. The desired and measured joint positions



134 Experimental validation of the 3-SPS-U tensegrity mechanism

0 50 100

Time (s)

50

60

70

80

90

100

l 1
 (

m
m

)

Motor-1

0 50 100

Time (s)

50

60

70

80

90

100
Motor-2

0 50 100

Time (s)

50

60

70

80

90

100

l 1
 (

m
m

)

Motor-1

0 50 100

Time (s)

50

60

70

80

90

100

l 2
 (

m
m

)

Motor-2

Home

(a) (b) (c)

(d) (e) (f)

Home Home

Home

0 50 100

Time (s)

50

60

70

80

90

100
Motor-3
Home

l 2
 (

m
m

)

l 3
 (

m
m

)

0 50 100

Time (s)

50

60

70

80

90

100

l 3
 (

m
m

)

Motor-3
Home

Figure 4.13 – Position of prismatic springs along the linear trajectory for two springs pull ex-
periment in the (a),(b),(c): vertical and (d),(e),(f): horizontal orientations of the mechanism

for Figures 4.13a to 4.13f are provided in Table 4.6. By using Eq. (4.21), the error between
the desired and measured angular position of the pulley is calculated. The plot of error data
for the two springs pull experiments for both orientations are represented in Figure 4.14. From
Figure 4.14, the global error between the measured and desired position data lies between -
0.17◦ to -0.45◦ for the cable pull and 0.23◦ to 0.39◦ for cable pull and push operations in both
orientations of the mechanism. Similar to the one spring pull experiments, good feedback could
be observed from the PID control for the two spring pull experiments. However, noises could
still be observed in the plot owing to the working condition of the BB black microcomputer.
Using the current data from PID control loop, the torques on each motor are computed and
their plots are represented in Figure 4.15. In the two springs pull experiment, the amount
of torque required on two motors that pull the end-effector are comparatively lesser than the
one spring pull experiment as the efforts are distributed among two motors. The maximum
measured torque on the three motors under operation for the two springs pull experiment from
Figure 4.15 is provided in Table 4.8. During the two springs pull experiment, a slight increase
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Figure 4.14 – Joint position errors along the linear trajectory in the (a) vertical and (b) horizontal
orientations of the mechanism for the two springs pull experiment
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Figure 4.15 – Motor torques under operation along the linear trajectory in the (a) vertical and
(b) horizontal orientations of the mechanism for the two springs pull experiment

in motor torque could be observed for the horizontal orientation of the mechanism (0.0059 N.m)
over the vertical orientation (0.0047 N.m) on Motor-2 for the first cycle. This is caused by the
self-weight of the mechanism during horizontal orientation as the experimental setup behaves
similar to a cantilever beam. This phenomenon could be observed in almost each cycle of the
experiment from Table 4.8. However, these differences are not significant and can only be better
interpreted with the additional of an external load on the mechanism.

Discussions

The linear trajectory experiments were performed to understand if the mechanism could
operate within the singularity free workspace. The 3-SPS-U tensegrity mechanism was made
to tilt upto its maximum limit of ±2π/15 radians by conducting two types of experiments. In
the first experiment, one of the three springs were pulled to the desired tilt limit whereas in the
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Experiment Orientation Input tilt ranges (rad) Max. Torque (N.m)
type ηo → ηf φo → φf Motor-1 Motor-2 Motor-3

Two springs

Vertical 0 → 7π/60 0 → π/15 -0.0032 0.0047 -0.003
Horizontal -0.0035 0.0059 -0.0034
Vertical 7π/60 → 0 π/15 → 0 0.0025 -0.0049 0.0025

Horizontal 0.0034 -0.0059 0.0034
Vertical 0 → 0 0 → -2π/15 0.005 -0.0032 -0.0028

Horizontal 0.0051 -0.003 -0.0033
pull Vertical 0 → 0 -2π/15 → 0 -0.0048 0.0031 0.003

Horizontal -0.0051 0.0035 0.0033
Vertical 0 → -7π/60 0 → π/15 -0.0028 -0.0027 0.0044

Horizontal -0.0029 -0.0029 0.0044
Vertical -7π/60 → 0 π/15 → 0 0.0031 0.0033 -0.0059

Horizontal 0.0026 0.0027 -0.005

Table 4.8 – Maximum torque on each motor for two spring pull experiment during operation in
the vertical and horizontal orientations of the mechanism

second experiment two springs were pulled to the desired tilt limit. In the case of one spring
pull experiments, at the desired tilt position, the prismatic spring almost reached its maximum
closed length. At this position, a slight movement of the fixed base was also observed and
this was mainly caused by the material used for the base and end-effector of the mechanism.
Rigid and lightweight metal such as aluminium can be replaced over ABS for the platforms
such that the springs do not reach their minimum limits and the movements of the platform
could be arrested. From the experiments, the mechanisms were able to operate smoothly and
no singular configurations were reached as the input tilt limits were chosen at the boundaries
of the singularity free workspace square. The error data obtained from both experiments also
proved the effectiveness of the PID control algorithm. From the experiments, it was possible
to identify the motor torques required for actuation of the mechanism during each cycle. Since
a lightweight material was employed for the mechanism, the effects of gravity and self-weight
had limited contributions to the motor torques for horizontal orientation. Thus, similar results
were observed for both orientations of the mechanism. The noise data on the results of torque
was refined using the Savitzky-Golay filter [Sgo] in MATLAB and the corresponding plots are
provided in Appendix-B. The torque range of motors is found to be around 0.002 N.m from the
filtered data, which fits within the operating range of the Maxon DC-Motor [Max] employed for
experiments. At each instance of the experiments, the desired input tilt angles were computed
using the fifth-degree polynomial equation. At each instance, using the IKP, it could be possible
to identify the actual solutions to the DKP using Eqs. (3.29) to (3.32). However, this process is
computationally expensive to carry out in C or MATLAB for the entire experimental cycle.

When comparing both experiments, the prismatic retraction along one of the spring was
higher for the one spring pull when compared to the two springs pull experiment. This com-
parison is shown in Figure 4.16. At a particular orientation of the tensegrity mechanism at the
home-pose as shown in Figure 4.16b, the position of one of the prismatic links is located at a
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Figure 4.16 – Postures of the tensegrity mechanism during (a) One spring pull, (b) Home-pose
and (c) Two springs pull phases of the experiments

distance of rf while the other prismatic links are located at a distance of rf/2 from the central
axis. By the lever arm principle, during the one spring pull experiment, the prismatic link has to
retract to a longer length (Figure 4.16a) when compared to the two springs pull (Figure 4.16c)
experiment for attaining the desired input tilt angles. However, it has to be noted that the
combined operating torques of all the motors remains the same for both experiments. The video
link for the linear trajectory experiments is provided at the bottom of this page 2.

4.5.2 Circular trajectory

Followed by the linear trajectory, a circular trajectory experiment is performed on the 3-
SPS-U tensegrity mechanism. At first, the theoretical curves are presented which will provide
information about the simulation time with respect to the maximum angular velocity of the mo-
tor after gear reduction. Experiments are then performed for vertical and horizontal orientations
of the mechanism.

Theoretical curves

For performing the circular trajectory, it is necessary to define the radius R of the circular
path. This radius corresponds to the tilt limit inputs passed to the motor control units. An
initial tilt along one of the motors (Motor-1) is performed using a linear trajectory. A circular
path in a counterclockwise direction is then traced by the tensegrity mechanism. At the end
of the circular trajectory, the linear trajectory is performed again to bring the mechanism to
its home position. During the one spring pull experiment, it was observed that at the tilt limit
of ±2π/15 radians, the prismatic springs reached its minimum limit, which is caused due to
the slight movements of the base. When the circular trajectory is initiated, the mechanism will

2. Video link for the linear trajectory experiments: Click here

https://uncloud.univ-nantes.fr/index.php/s/jfyj7qE2NRZ9exS
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reach intermediate positions where each prismatic spring reaches its minimum closed length.
Thus, for safer operations, a circular trajectory with a tilt radius R=π/10 radians, lesser than
the maximum tilt limit of ±2π/15 radians is chosen. The circular trajectory experiment is
performed in the following sequence:

Home → Motor-1: linear tilt → Circular path (counter-clockwise) → Home: linear tilt

The trace of the circular trajectory experiment for a radius of π/10 radians is generated within
the workspace of the mechanism and passed as inputs for performing the experiments. This plot
is represented below in Figure 4.17.
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Figure 4.17 – Trace of the desired input tilt angles chosen for performing circular trajectory
experiment on the tensegrity mechanism

Using Eq. (4.16), for a maximum joint velocity of 5 mm/s (calculated from motor speed),
the maximum simulation time required to perform a circular trajectory is around 35 s. The
total simulation time to carry out the experiments is around 53 s, taking into account the time
taken for the linear tilts before and after the circular trajectory. The desired angular positions
are calculated with the help of IKP and pulley radius and the corresponding values are provided
below in Table 4.9.

Position
Input tilt angles (rad) l1 θd1 l2 θd2 l3 θd3

η φ (mm) (rad) (mm) (rad) (mm) (rad)
Home 0 0 68 0 68 0 68 0

Linear tilt 0 π/10 50 -0.9 75.9 0.39 75.9 0.39

Circular
0 → 0 π/10 →

π/10
50 → 84.9
→ 50

-0.9 → 0.84
→ -0.9

75.9 → 84.9
→ 75.9

0.39 → 0.84
→ 0.39

75.9 → 84.9
→ 75.9

0.395 →
0.84 → 0.39

Home:
Linear

0 0 68 0 68 0 68 0

Table 4.9 – Desired angular positions of the pulley for circular trajectory with input tilt angles
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Figure 4.18 – Theoretical angular positons (θd), velocities (µd) and accelerations (νd) of the pulleys of Motor-1 (red) , Motor-2 (blue)
and Motor-3 (green) for the circular trajectory experiment
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With the help of fifth-degree polynomial equations and Jacobian matrix, the theoretical
curves of the angular positions (θdi), velocities (µdi) and accelerations (νdi) of each pulley are
generated and they are represented in Figure 4.18. From Figure 4.18, it could be observed
that when the mechanism follows a circular path, the maximum angular velocity of 0.25 rad/s
is attained in the intermediate positions of each pulley. During the linear tilts, the maximum
angular velocity is around 0.08 rad/s. The maximum angular velocities and accelerations are
also calculated for the input tilt angles, which are given by [η̇, φ̇] = [0.1027 , 0.0892] rad/s and
[η̈, φ̈] = [0.0387 , 0.0475] rad/s2. Compared to the linear trajectory, the angular velocities and
accelerations of the input tilt angles are higher. Thus, the execution times for performing the
circular trajectory is comparatively higher than the linear trajectory [Car+15]. The plots of the
tilt angle positions, velocities and accelerations are provided in Appendix-B.

Results of circular trajectory experiment

The linear trajectory is performed before and after the circular trajectory for 9 s. The circular
path is performed for 35 s. Owing to the sleep routines in the control loop, the time taken to
initiate the circular trajectory after the initial linear tilt is longer. The total time to perform the
experiments is around 124 s. The plot of the joint positions at each instance of the experiments
is represented in Figure 4.19 for both orientations of the mechanism. The desired and measured
solutions to the IKP for the three prismatic springs is provided in Table 4.10. The initial linear
tilt is performed from 0 to π/10 radians. The circular trajectory is created from this tilt position
in the counterclockwise direction and during this trajectory, the one spring pull as well as the two
springs pull configurations could be observed. During the experimental cycle, at the two springs
pull positions, the prismatic springs extend to a maximum length of 84.7 mm from the home
position. The intermediate change in prismatic lengths could be observed in Figures 4.19(a) to
4.19(f) between 50–100 s for both orientations of the mechanism. The springs connected to each
motor also reach a minimum length of 50 mm that correspond to the one spring pull experiment
at π/10 radians. The zones between 75.9–84.6 mm describes the redundancy of the mechanism
where one of the springs has limited effects in tilting the mechanism. Using Eq. (4.21), the error
between the measured and desired position is calculated at each instance of the experiment.
The plot for the error data for both orientations of the mechanism is represented in Figure 4.20.
The global error data for Figure 4.20 is provided in Table 4.10. Similar to the linear trajectory,
the PID control algorithm holds good for the circular trajectory as the global error range lies
between -0.16◦ to -0.36◦ and 0.19◦ to 0.31◦ during cable pull and push operations for both
orientations.

Using the current data obtained from the PID controller, the motor torque is calculated at
each instance of the experiment and their plots are represented in Figure 4.21. The maximum
measured torque on the three motors under operations during the circular trajectory experiment
from Figure 4.21 is provided in Table 4.11.
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Orientation Operation Input tilt angles (rad) IKP, l1 (mm) IKP, l2 (mm) IKP, l3 (mm) Global error (degrees)
type η φ Desired Actual Desired Actual Desired Actual Pull Push

Vertical Initial 0 0 68 68 68 68 68 68

-0.16 0.19

Horizontal 68 68 68 68 68 68
Vertical Linear tilt: 0 π/10 50 49.3 75.9 75.8 75.9 75.8

Horizontal Motor-1 50 49.9 75.9 75.7 75.9 75.7

Vertical Circular 0 → 0 π/10 → π/10

50 → 84.9
→ 50

49.3 → 84.1
→ 49.3

75.9 → 84.9
→ 75.9

75.8 → 83.9
→ 75.8

75.9 → 84.9
→ 75.9

75.8 → 84.1
→ 75.8 to to

Horizontal path 50 → 84.9
→ 50

49.9 → 84.1
→ 49.3

75.9 → 84.9
→ 75.9

75.7 → 84.2
→ 75.8

75.9 → 84.9
→ 75.9

75.7 → 83.9
→ 75.8

-0.36 0.31

Vertical Home 0 π/10 68 67.94 68 67.94 68 67.94
Horizontal position 68 68.1 68 68.2 68 67.8

Table 4.10 – Desired and measured solutions to the IKP of each prismatic joint for the 3-SPS-U tensegrity mechanism in the vertical
and horizontal orientations for input tilt angles during circular trajectory experiment

Trajectory Orientation Input tilt ranges (rad) Max. Torque (N.m)
ηo → ηf φo → φf Motor-1 Motor-2 Motor-3

Linear Vertical 0 → 0 0 → π/10 -0.0049 0.0022 0.0021
Horizontal -0.0046 0.0022 0.0021

Circular
Vertical

0 → 0 π/10 → π/10

-0.0053 to
0.0053

-0.0049 to
0.0054

-0.0059 to
0.0053

Horizontal -0.0056 to
0.0057

-0.0056 to
0.0057

-0.0059 to
0.0056

Linear Vertical 0 → 0 π/10 → 0 0.0042 -0.002 -0.0021
Horizontal 0.0049 -0.0018 -0.0019

Table 4.11 – Maximum torque range on each motor during operation for the circular trajectory experiment in the vertical and horizontal
orientations of the mechanism
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Figure 4.19 – Position of prismatic springs along the circular trajectory in the (a),(b),(c): vertical
and (d),(e),(f): horizontal orientations of the mechanism
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Figure 4.20 – Joint position errors along the circular trajectory for the (a) vertical and (b)
horizontal orientations of the mechanism

From Figure 4.21 and Table 4.11, it could be observed that the torques measured on each
motor remains similar for both orientations of the mechanism. Owing to the lightweight structure
of the mechanism, there exists no significant differences in motor torques between vertical and
horizontal orientations of the mechanism. The maximum torque values are observed between
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Figure 4.21 – Motor torques under operation along the circular trajectory for the (a) vertical
and (b) horizontal orientations of the mechanism

-0.0059 N.m to 0.0053 N.m during the circular trajectory experiment, which is well within the
nominal torque of the motor.

Discussions

The experiments with the circular trajectory allows to correlate with the theory of Tilt &
Torsion. Initially, the mechanism was made to tilt along a given direction. Followed by that, the
azimuth angle was chosen from 0 to -2π radians for the given tilt position to have a complete
circular trajectory. The corresponding X − Y Euler angle equations for this trajectory were
determined and passed as inputs to the control loop to execute the circular path. Owing to
the higher simulation time and incorporation of intermittent sleep periods in the control loop,
the initiation time for the circular trajectory was much longer. This phenomenon could be
observed in the plots of errors and torques between 25–50 s. During this period, the motor
torques were completely zero. By applying Savitzky-Golay filtering to the torque data, it is
found that the operating torques are around 0.002 N.m from the filtered data. The torque value
after application of filters are once again within the optimum operating range of the DC-Motor.
The plot of the torque data after the application of filter is provided in Appendix-B. The video
link of the circular trajectory experiments is provided at the bottom of this page 3.

4.6 Conclusions

This chapter presented the experimental validation on the prototype of a 3-SPS-U tensegrity
mechanism. Using DC-motors coupled with geartrain and servo controllers, the actuation of
the springs of the mechanism was carried out. Through a force control algorithm written in C

3. Video link for the circular trajectory experiments: Click here

https://uncloud.univ-nantes.fr/index.php/s/b96nfCRTcBESzGo
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language, a simple closed-loop PID control was created to tilt the tensegrity mechanism. Two
types of trajectories namely: Linear and Circular were studied and validated experimentally
in vertical and horizontal orientations of the mechanism for given input tilt angles. The IKP
for the tensegrity mechanism was solved experimentally through the Jacobian matrix and its
time derivatives, which appeared simpler. For the linear trajectory, two sets of experiments were
conducted. In the first type, one of the three motors connected to the spring was actuated to tilt
the end-effector along a given linear path, whereas in the second type two of the three motors
were actuated to pull the end-effector platform. Theoretical plots for positions, velocities and
accelerations were presented for identifying the simulation time required with respect to the
maximum velocity of motors after gear reduction. Experiments were then carried out on the
prototype developed at LS2N. During the linear trajectory experiments, after each tilt operation,
the mechanism was made to return to the home-pose. This was mainly performed to understand
the accuracy of the PID control loop. The error between measured and desired data were lower
than 0.5◦ and it proved the effectiveness of the PID controller. With the horizontal orientation
of the mechanism, there were no significant differences observed in the motor torques. However,
this parameter will not appear the same when an external loading, such as the weight of the bio-
inspired robot studied in Chapter-2 is coupled along with the mechanism. It was also found that
the mechanism did not attain singular configurations during the experiments as the input tilt
angles were chosen at the boundaries of the singularity free workspace. However, the prismatic
springs reached their minimum closed length during the one spring pull experiments as slight
movements were observed on the fixed base of the tensegrity mechanism.

Followed by the linear trajectory, a circular trajectory was also performed for vertical and
horizontal orientations of the mechanism. This trajectory was performed to correlate with the
theory of Tilt & Torsion. Due to the movements observed on the base of the mechanism, a
tilt angle radius of less than 2π/15 radians within the singularity free workspace was chosen to
perform a circular path. Theoretical curves were first analyzed to identify maximum simulation
time, followed by which the experiments were conducted on the prototype. The results of
torques on both orientations appeared similar as the self-weight had negligible effects when the
mechanism was horizontal.

Owing to the frequency issue associated with the BB black microcomputer, higher noises
were observed in the plots of error and torque data. Upon applying Savitzky-Golay filtering
to the torque data, it was found that the operating torques were around 0.002 N.m, which is
within the nominal torque value and the operating range of the Maxon DC-Motor. When the
mechanism is coupled with the bio-inspired robot, the circular trajectory can be incorporated
in the control law of the entire robot assembly. Based on the pipeline profile encountered, the
circular trajectory can be performed to align the axis of the robot with the pipeline axis after
overcoming a pipe bend or a junction.





CHAPTER 5
An optimal design of the flexible

piping inspection robot

Problem statement:

1. What is the optimum size required for the modules of a piping inspec-
tion robot to overcome a bend at 90◦?

2. What are the optimum sizes for the clamping modules that could be
accommodated for a piping inspection robot to work inside straight and
curved pipe profiles?

5.1 Introduction

In Chapter-2, a rigid bio-inspired piping inspection robot that moves like a caterpillar was
designed and analyzed. In the subsequent chapters, a tensegrity mechanism was designed and
analyzed for integrating the mechanism into the bio-inspired robot for arriving at a flexible
design. This robot is capable of working inside straight pipelines having diameters between
40–94 mm, provided the existing motor units and their associated spindle drives are carried
over. However, if the robot encounters a pipe bend at 90◦ or a junction, the existing motor units
prove to be oversized and this hinders the robot to overcome such bends. Another problem
associated with the existing motor units is the low output velocity of 0.43 mm/s, owing to the
gear reduction ratio of the spindle drive [CVB19]. This chapter focuses on determining the sizes
of motor that can facilitate the robot to overcome pipe bends at 90◦ through an optimization
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approach. Generally, optimization algorithms can be classified into deterministic and heuristic
approaches [GB09]. The deterministic optimization approach solves problems in a structured
manner that leads to efficient solutions with respect to design variables and constraints. On the
other hand, heuristic/evolutionary algorithms operate on randomness [BB20]. Generally, the
heuristic approach requires lesser computational times over the deterministic approach [RW17].
However, there are possibilities that both the algorithms can lead to solutions getting trapped
in a local minimum. For the bio-inspired robot under study, a deterministic approach using
fmincon is carried out in MATLAB. The optimization algorithm is solved within a planar
test bench where the robot is constructed as multi-body blocks. Two optimization problems
have been defined and solved for determining the optimal robot assembly [VCH20]. The first
optimization problem deals with the determination of the motor sizes of each module without
the presence of leg mechanisms. This problem helps in determining the maximum screw length
of the spindle drive, which is one of the important design variables for given pipe diameter.
The results coming from the first optimization problem are useful to identify suitable motor
units and spindle drive from catalogue products of Maxon. The motor units and the spindle
drive are chosen based on the dimensions, velocity and force factors. Also, the first optimization
problem helps in determining the working diameter range for the bio-inspired robot. The second
optimization problem is then carried out which deals with the sizing of leg mechanisms that
could be accommodated for the results of the first optimization problem. The area of the
leg mechanisms is determined through a geometric approach for the pipeline diameter range
identified from the first problem. From the results of both the optimization problems, the entire
bio-inspired robot is realized using CAD software.

5.2 Architecture of the flexible piping inspection robot

The architecture of the bio-inspired robot developed at LS2N is revisited in this section. The
bio-inspired robot is comprised of three modules that ensure clamping and elongation phases for
accomplishing the locomotion of a caterpillar [VCB19 ; CVB18 ; CVB19]. Each module consists
of a brushless DC motor coupled with a spindle drive that converts rotary motion to a linear
screw motion [VCB19 ; Hen+14]. The front and rear module is composed of slot-follower leg
mechanisms for having a tight contact with the pipeline walls at all instances of locomotion. The
central module ensures the elongation and retraction phases which leads to robot displacement.
By the study of design issues viz; passive compliance, active compliance and tilt limits [VC19 ;
Ven+], a tensegrity mechanism was proposed and introduced as an articulation unit for the bio-
inspired robot. Through singularity and workspace analysis, two types of tensegrity mechanisms
viz; 3-SPS-U and 4-SPS-U architectures were analyzed [VC20] in Chapter-3. The former is
compatible with addressing the issue of active compliance while the latter addresses both the
compliance issues. The optimization problem is carried out inside a test bench having a 90◦

pipe bend which is related to the issue of passive compliance. Thus, the 4-SPS-U tensegrity
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mechanism is considered for analysis of the bio-inspired robot based on the results identified in
Chapter-3. The digital model of the bio-inspired robot that was presented in Chapter-2 as well
as the 4-SPS-U tensegrity mechanism is assembled using the CATIA software to have a flexible
robot assembly and it is represented below in Figure 5.1.

T T!

Rear module Central module Front module

Figure 5.1 – 3D model of the existing bio-inspired robot coupled with the tensegrity mechanisms

In Figure 5.1, T1 and T2 represents the 4-SPS-U tensegrity mechanisms. The CAD model
depicted in Figure 5.1 is constructed using the motors employed in the rigid prototype. If this
robot is employed within a pipeline having diameters less than 150 mm, the modules can get
trapped while encountering bends or elbows as the dimensions of the motor units prove to be
oversized. For determining the dimensions of motors and leg mechanisms that can overcome
such bends, an optimization approach is being implemented in this chapter.

5.3 Setting up the optimization problem

Two optimization problems are defined and solved to determine the robot assembly. The first
problem deals with the determination of the motor sizes of each module without the presence
of leg mechanisms. To simplify the computation, the dimensions of the tensegrity mechanism
are considered fixed. The optimization problem is tested for pipeline diameters ranging from
70 to 160 mm. From the results of optimization, a suitable motor-spindle combination unit is
identified from the catalogue of Maxon. Apart from the motor sizing, the existing bio-inspired
robot has issues associated with velocities and cable management. Based on results obtained
from the first optimization problem, the Maxon motors are identified in such a way that the
following factors are addressed:

1. Velocity: An alternate spindle drive unit with a lower gear reduction ratio compared to
the existing prototype (455:1) to accomplish faster displacements during locomotion

2. Hall sensors: A DC motor coupled with hall sensor units which will be useful for control
phase of the robot while working inside an unknown environment [VCR19]

Once the optimal motor unit is identified, the second problem is carried out for the results
of the first optimization problem to determine the size of the slot-follower leg mechanism.
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5.3.1 Test bench

The optimization problems are solved inside a planar test bench. The test bench consists of a
horizontal pipe section, a 90◦ elbow and a vertical pipe section. The optimal sizing is determined
especially at the bend section wherein collision of modules against the walls of the pipelines is
verified. The test bench for the optimization problem is represented below in Figure 5.2.
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Figure 5.2 – Overview of the (a)test bench for optimization and (b) parametrization of the test
bench

The test pipe represented in Figure 5.2a is generally manufactured by Numerical Control
(NC) bending processes using a roller with its origin at o and flexible mandrels [Li+07]. The
coordinates of o are given by [1.5d, 1.5d], where d is the diameter of the pipeline. With respect
to o, the trajectories of the test bench are classified as the inner portion, centerline radius (CLR)
and the outer portion. The bending radius of these trajectories represented in Figure 5.2b is
given by [r1, r2, r3] = [d, 1.5d, 2d]. The optimization problem is solved for a fixed diameter value
at any instant. The values considered for d are [70, 80, 90, 100, 110, 120, 130, 140, 150, 160]
mm. The pipeline geometry is constructed in MATLAB by sub-dividing into straight and bent
cross-sections. The coordinate system for the test bench with respect to o for Figure 5.2a is
given below in Table 5.1.

Coordinate Inner(t=1) Center(t=2) Outer(t=3)
at r1[0,0.5] r2[0,0] r3[0,-0.25]
bt r1[1.5,0.5] r2[1,0] r3[0.75,-0.25]
ct r1[2.5,1.5] r2[2,1] r3[1.75,0.75]
dt r1[2.5,3] r2[2,2] r3[1.75,1.5]

Table 5.1 – Coordinates system of pipe geometry for Figure 5.2a
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A discretization is carried out between each coordinate wherein the continuous trajectory is
being subdivided into discrete counterparts. This discretization is being applied to the walls of
the pipelines as well as the CLR and they are represented by blue dotted lines in Figure 5.2b.
The inner and outer portion discretization is employed to check for collision against modules
during the locomotion of the robot. The discretization of the CLR is mainly used to move the
robot as well as to rotate each module. The discretization equations for the straight sections
are given by:

m = at + disc(bt − at) (5.1)

m = ct + disc(dt − ct) (5.2)

where disc = 0 : 0.01 : 1 and t = 1, 2, 3

In Eqs. (5.1) and (5.2), m indicates the coordinates of discretized points between the start
and end points of the straight sections. The bend section of pipe with the discretized points
between bt-ct is constructed using the equation:

mj =
[
rt sin

(
jπ

40

)
,−rt cos

(
jπ

40

)]
(5.3)

where j = 0 to 20 and t = 1, 2, 3

5.3.2 Modeling of robot and design variables

The robot is modeled as multi-body planar blocks with a tensegrity mechanism between
each module in MATLAB. Each module comprises a Maxon brushless DC-motor coupled with
a spindle drive. The digital model of a module is shown in Figure 5.3a. The robot geometry
considered for the optimization problem is represented in Figure 5.3b. The modules are con-
structed using the geometrical equations of a rectangle and a simple computation of the same is
provided in the Appendix. In Figure 5.3b, the design variables for optimization are considered
in the following way:

• [lk1, wk1]: The length and width of motor and spindle drive unit (without the screw) for
module k
• [lk2, wk2]: The length and width of output screw drive of spindle unit for module k
Here k indicates a module and it assumes values from 1 to 3. The spindle screw length is

one of the main factors that hinder the existing bio-inspired robot to overcome a pipe bend.
This is the reason why the screw unit and motor-spindle unit are considered as separate design
variables. Also, it is possible to have spindle drive units with reduced screw length apart from
standard sizes at Maxon [Max]. In Figure 5.3b, the reference frame of the robot∑0 is fixed at the
center of gravity (CG) position of the central module. The local coordinate frames of Module-1
and Module-3 are given by ∑1 and ∑2. The rotation of modules about the x-axis are given by
δ1, δ0 and δ3 for Modules-1,2,3. The central module is rotated about ∑0 whereas, for the leg
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Figure 5.3 – Representation of the (a) Maxon brushless DC-motor and its spindle drive and (b)
robot assembly with various design parameters for the first optimization problem

modules, the rotation is carried out about the tensegrity mechanisms. The movement of the
robot is simulated in MATLAB by displacing the CG of the reference frame to each discretized
point on the CLR. For any position of the robot on a given discretized point on the CLR, the
rotation angle is applied to each module as well as to the tensegrity mechanisms to accomplish
the rotation while passing through pipe bends. The rotation of modules during locomotion
inside the test bench is accomplished in MATLAB as described below in Algorithm 3.

Algorithm 3 Rotation of modules at a given position of CLR
Inputs: Discretized CLR coordinates, Robot design parameters
Outputs: Rotation angles of modules (δ0, δ1, δ2)

1: Initialization

2: for i = 1− n do . n indicates the end point of CLR
3: Placing reference frame ∑0 at point i of CLR
4: Extract the coordinates (zi & yi) of CLR point i coinciding with frame ∑0
5: Apply rotation angle δ0 to Module-2 by δ0 = arctan

(
yi
zi

)
6: Extract the coordinates of CLR point i closer to frame ∑1.
7: Calculate rotation angle δ1 from the coordinates of point extracted in Step-6
8: Apply rotation angle δ1 to tensegrity mechanism coupled between Modules-1 and 2.
9: Extract the coordinates of CLR point i closer to frame ∑2.

10: Calculate rotation angle δ2 from the coordinates of point extracted in Step-9
11: Apply rotation angle δ2 to tensegrity mechanism coupled between Modules-2 and 3.
12: end for
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Throughout the optimization problem, the dimensions of the tensegrity mechanism are con-
sidered to be fixed. As the orientation of the tensegrity mechanism about the z-axis is unknown
at a given locomotion instant, the extreme tilt posture of the tensegrity mechanism will be
considered. A configuration similar to Figure 3.17c from Chapter-3 is considered where the
mounting distance between two springs is given by 2rf . In this pose, when one of the tilt angles
reaches a maximum of ±π/4 radians, one prismatic spring reaches a limit of 3.8 mm, while the
opposing spring reaches 20.6 mm. Two other springs remain at a constant value of 12.2 mm.
Thus, the design variables of the tensegrity mechanism are fixed and given by [1.2rf , 2rf ]. The
2D representation of the mechanism is shown below in Figure 5.4.
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Figure 5.4 – Representation of the (a) posture considered for the 4-SPS-U mechanism in opti-
mization problem and (b) associated fixed design parameters of the mechanism

The value of rf indicated in Figure 5.4b is considered as 11 mm with respect to the dimensions
of the flanges used in the existing bio-inspired robot [VCB19].

5.4 First optimization problem: Determination of motor sizing

A mono-objective optimization problem subject to constraints is solved using MATLAB. The
leg mechanisms are not taken into account for the first optimization problem and an optimal
motor sizing is determined at all discretized positions of CLR by avoiding collisions against
pipeline walls. As the central module takes care of elongation and retraction phases, it is
assumed for the computation that this module remains in a fully extended phase at all instances
of the simulation.

5.4.1 Objective function

The objective function of the problem aims at maximizing the area of the motor units. Since
the dimensions of the tensegrity mechanism are fixed, their areas are not taken into account.
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The area of the robot at a given position of CLR is given by:

fun1 =
3∑

k=1
(lk1wk1 + lk2wk2) , where k indicates the module (5.4)

The area of motor units is estimated as per Eq. (5.4). The global sum of fun1 from Eq. (5.4)
is calculated throughout the discretized points of the CLR and this will be maximized.

5.4.2 Constraint function

For each position of the robot on the CLR, the collision of modules is checked against the
pipeline walls. Inequality constraints are defined in the optimization problem, which will ensure
that the modules avoid collision during movement inside the test bench, especially at the bends.
A complete discretization of each module is performed. The discretization equation is similar to
Eqs. (5.1) and (5.2). The discretized robot modules inside the test bench are represented below
in Figure 5.5a.
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Figure 5.5 – Representation of the (a) discretized robot assembly and (b) extraction of coordi-
nates from the discretized model for defining constraints

For each position of reference frame ∑0 on the discretized CLR trajectory, the coordinates
of points closer and farther on each module from o are extracted. These points can be extracted
using the min and max function of MATLAB [HH16]. The representation of the coordinates
closer (sk) and farther (qk) from o on a module is shown in Figure 5.5b. Followed by that,
the coordinate vk on the inner portion closer to sk and the coordinate uk on the outer portion
closer to qk are extracted using the min function. With the extracted set of coordinates,
the inequality constraints are defined in MATLAB which ensures that there exist no collisions
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between the modules and the pipeline walls. The constraint equations for the position of the
robot assembly on a discretized CLR point are thus defined by:

gk : ‖o− qk‖ ≤ ‖o− uk‖ (5.5)

gk+1 : ‖o− sk‖ ≥ ‖o− vk‖ (5.6)

where k = 1, 2, 3

Throughout the locomotion sequence, the collision of each module against pipeline walls is
checked using Eqs. (5.5) and (5.6). The pseudo-code for the constraint function and its working
in MATLAB is provided below in Algorithm 4.

Algorithm 4 Definition of constraint equations for the first optimization problem
Inputs: Discretized CLR coordinates, Robot design parameters
Outputs: Inequality constraint equations (g1,g2,g3,g4,g5,g6)

1: Initialization

2: for i = 1− n do . n indicates the end point of CLR
3: for k = 1− 3 do . k indicates the module number
4: for j = 0 : 0.01 : 1 do . Discretization
5: Discretize each face of each module
6: end for
7: Extract the coordinate (sik) on module k closer to o using min
8: Extract the coordinate (qik) on module k farther to o using max
9: for l = 1− n do . For each discretized point on inner & outer portions

10: Calculate ‖ul − qik‖
11: Calculate ‖vl − sik‖
12: end for
13: Extract the coordinate from uik on outer portion closer to qik
14: Extract the coordinate from vik on inner portion closer to sik
15: Check inequality constraints (gk): ‖o− qik‖ ≤ ‖o− uik‖
16: Check inequality constraints (gk+1): ‖o− sik‖ ≥ ‖o− vik‖
17: end for
18: end for

5.4.3 Problem statement

With the objective function and constraint function being defined, the first optimization
problem can be stated as:

maximize:
n∑
i=1

fun1(x)
subject to the constraints: g1, g2, g3, g4, g5, g6
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where x = [l1, w1, l2, w2]T ,
i = 1..n indicates the discretized CLR points

The design variables for each module which were considered as [lk1, wk1, lk2, wk2], resulting in 12
variables are reduced to 4 variables which are given by [l1, w1, l2, w2]. This is because an identical
Maxon motor-spindle drive unit will be employed in the three modules. The objective and
constraint functions are solved using the fmincon function in MATLAB. The design variables
are subject to lower and upper bounds to have a closer interpretation of the catalogue parts of
Maxon. The existing prototype uses a brushless DC-motor of diameter 16 mm coupled with
a spindle drive GP 16 S. The overall length of the motor-spindle unit is 58 mm with a screw
length of 102 mm. The advantage of using brushless motors is that they offer hall sensors
that can be useful in the control phase of the robot to determine pipeline diameters inside an
unknown/closed environment [VCR19]. The lower (lb) and upper bounds (ub) for the design
variables of the optimization problem are set as follows:

1. Parameter l1: This parameter corresponds to the length of the motor-spindle unit employed
in each module. The lower bound is set at 40 mm and the upper bound is set at 60 mm.

2. Parameter w1: This parameter corresponds to the diameter of the motor-spindle unit.
Since Maxon offers DC-Motors with Hall sensors starting from 16 mm, the lower bound is
set at 10 mm while the upper bound is fixed at 16 mm. Values higher than 16 mm series
are not considered as this may affect the length parameters of the motor-spindle drive or
the screw length.

3. Parameter l2: This corresponds to the length of the screw coming from the spindle drive.
This is an essential parameter as it not only plays a vital role in avoiding collisions but
also accommodates the slot-follower leg mechanism. The lower bound is set at 20 mm
while the upper bound is set at 102 mm which is the maximum length offered by Maxon
spindle drives.

4. Parameter w2: This corresponds to the diameter of the screw. The lower bound is set at
2 mm and the upper bound is set at 5 mm inline with the catalogue of Maxon [Max].

Thus, the lower and upper bounds for the first optimization problem are given by lb = [40, 10,
20, 2] and ub = [60, 16, 102, 5]. Spindle drives of Maxon offer lead screws and ball screws. The
existing prototype uses a ball screw type as it has a higher load carrying capacities and this
could be useful when the leg mechanisms are coupled along with the drive. The optimization
algorithm is executed with a constant value of diameter throughout the section depicted in
Figure 5.2a. The algorithm will be evaluated one after the other for pipe diameters starting
from 70 to 160 mm. For faster convergence of the problem and also to satisfy bounds at all
iterations, the Sequential Quadratic Programming (SQP) algorithm [Mat] is employed within
fmincon. The tolerance value of the guess variables and the objective function is set at 10−9

for the optimization problem.
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5.4.4 Results and discussions

As the definition of objective and constraint functions does not have complex parameters, a
faster convergence is obtained. The dimensions of motor units obtained from the optimization
algorithm for the various pipe diameters are provided below in Table 5.2.

Pipe diameter l1 w1 l2 w2

d (mm) (mm) (mm) (mm) (mm)
70 41.4 12.7 20 2
80 47.44 14 24.7 2
90 50.95 16 32 5
100 52.72 16 45.17 5
110 55.02 16 58.25 5
120 58.21 16 67.33 5
130 60 16 84.4 5
140 60 16 86.54 5
150 60 16 98.8 5
160 60 16 102 5

Table 5.2 – Results obtained for the first optimization problem in MATLAB

From the results of the optimization provided in Table 5.2, a gradual increase in all design
parameters could be observed with the increase in pipe diameter. During the simulation of the
robot in MATLAB, the minimum and maximum lengths of the tensegrity mechanism were found
to be 7.2 mm and 18.33 mm. These limits are well within the estimated numerical values of the
tensegrity mechanism at ±π/4 radians. Thus, a stacked model is not necessary for performing
the simulations with a modified design. Based on the results obtained in Table 5.2, a list of
possible motors that match with the dimensions are identified from the catalogue of Maxon and
it is provided in Table 5.3. The results obtained for 70–80 mm diameter pipe ranges provide
the least possible motor sizing. The nearest catalogue part for this series is the RE 8 DC-
Motor (463223) coupled with an 8 mm diameter spindle drive (473645) with a maximum screw
length of 56 mm. This combination is not compatible with the other diametrical ranges as they
prove to be undersized. Also, this DC-Motor does not have Hall sensors and they require an
additional encoder for having a position control algorithm. Apart from that the efficiencies and
feed force factors for this series are significantly low [Max] and this might be an issue when
the leg mechanisms are accommodated. Thus, the results of 70–80 mm diameter pipelines are
not considered for further analysis. For the 90–120 mm diameter range pipelines, two possible
motor-spindle combinations are identified. The first solution is the combination of 320178 RE
16 DC-Motor coupled with a 424731 16 mm diameter spindle drive. Another combination uses
the 283828 EC-Motor coupled along with the 424731 spindle series.
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Type Series l1 w1 l2 w2 D70 D80 D90 D100 D110 D120 D130 D140 D150 D160(mm) (mm) (mm) (mm)
Motor 463223 31.9 8 20 3Spindle 473645
Motor 320178 50.4 16 32 5Spindle 424731
Motor 283828 46.4 16 32 5Spindle 424731
Motor 283828 51.5 16 45 5Spindle 424744
Motor 283828 62.4 16 70 5Spindle 424745

Table 5.3 – Identification of motor-spindle series from catalogue of Maxon [Max] based on results of optimization where red indicates
over-sizing, green indicates optimal sizing and gray indicates under-sizing

Type Series Gear ratio Feed force Efficiency Length (Motor+Spindle)
(N) (%) (mm)

Motor 283828 5.4:1 189 87 46.4Spindle 424731
Motor 283828 29:1 331 79 51.5Spindle 424744
Motor 283828 104:1 403 71 55.1Spindle 424745

Table 5.4 – Technical specifications of motors from Table 5.3 for the results of 100 to 160 mm diameter pipes
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The first solution offers a DC-Motor with a higher velocity however, the disadvantage of
employing the 320178 series motor is that it requires an additional encoder if a position control
algorithm is incorporated. It has to be noted that the screw length obtained for the 90 mm
diameter pipe is 32 mm. This length might not be sufficient enough to accommodate the slot-
follower leg mechanism, however, this can only be verified in the second optimization problem.
For the 100–120 mm diameter pipeline, the 283828 EC-Motor coupled with 424744 spindle
drive is identified. A screw length of 45 mm is chosen for this combination. This combination,
however, appears to be undersized for the 130–160 mm diameter pipes. Another combination
that uses the 283828 EC-motor along with the 424745 spindle drive with a screw length of 70 mm
is identified, which is optimal for the 120–150 mm diameter pipes. From the list provided in
Table 5.3, the last three motor-spindle combinations can be potentially accommodated for 90–
160 mm diameter pipes provided the screw length is modified. For the 160 mm diameter pipe,
all the combinations prove to be undersized. However, a motor-spindle combination with 90 mm
screw length can be compatible for 150–160 mm diameter pipes. In order to have an optimal
result that can be suitable for a smaller diameter pipeline ranges, the results of 100–120 mm
range is considered. The screw length is thus fixed at 45 mm. The last three solutions from
Table 5.3 are ideal for this diameter range. The feed force, gear ratio and efficiencies of these
motor-spindle combinations are provided in Table 5.4. The EC-motor series 283828 is chosen for
all these combinations. The 424731 spindle drive offers the highest velocity. However, the feed
force offered by this series is low. This might pose a problem during static phases, especially
when the leg mechanisms are coupled with the screw drive. The 424744 and 424745 series, on
the other hand, offers better feed forces. The 424745 series offers a feed force similar to the
424749 series which is used in the existing prototype. The 424744 series, on the other hand,
offers a lesser feed force but this factor will be sufficient to accommodate the leg mechanisms
based on experiments conducted on the existing prototype [VC19]. Also, the velocity offered by
424744 series is higher than 424745. This will address the issue of low velocity that is associated
with the existing prototype [CVB19]. Taking into account the length, efficiency and velocity
factors, the 283282 EC-motor coupled with 424744 spindle drive within a working diametrical
range of 100–120 mm is considered for further analysis. For ensuring a simpler procedure for the
control sequence of the prototype, the same motor-spindle combination is chosen for the central
module like the leg modules.

5.5 Second Optimization problem: Design of the slot-follower
leg mechanism

With the optimal motor sizing determined from the first optimization problem, the next step
is to determine the geometry of leg mechanisms that could be accommodated within the screw
length. The ratio of screw length to the pipe diameter has a greater influence on the geometry
of the leg mechanisms. The geometry of the slot-follower leg mechanism and its assembly on
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the existing robot is represented below in Figure 5.6.

AP : Slot follower leg

AC : Active prismatic link

A : Passive rotary joint

B : Passive prismatic joint

O : Origin point of mechanism
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C
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(a) (b)

Figure 5.6 – Representation of the (a) geometry of slot-follower leg mechanism and (b) assembly
of the mechanism on the existing prototype [VC19 ; Hen+14]

By using the inverse kinematic model, the dimensions for the leg mechanism were identified in
[Hen+14] by a multi-objective optimization approach. In this chapter, a simple mono-objective
optimization problem is solved wherein the dimensions of the leg mechanisms are identified
through a geometrical approach. The maximization of the area occupied by the space of leg
mechanism is carried out for determining the leg length that can work inside 100–120 mm
diameter pipelines.

5.5.1 Modeling of the leg mechanisms and design variables

The front and rear module assembly comprise three legs assembled at 120◦ with respect to
each other [VC19]. These legs ensure tight contact during static and dynamic phases of the
robot. For a given locomotion instance, the orientation of the robot about its axis is unknown.
As the optimization problem is solved within a planar test bench, two-dimensional projections
of the leg mechanisms at two extremities are possible and these projections are represented in
Figure 5.7. In the first possible extremity, the 2D projection of the robot yields a view where
the distance between the central axis of the robot and the contact point of one of the legs is equal
to the radius r of the pipeline. This representation is shown in Figures 5.7a and Figures 5.7b.
The second possible extremity occurs when the 2D projection of the robot yields a view where
two sets of legs establish contact with the walls of the pipeline. In this scenario, the distance
between the central axis of the robot and the contact point with the pipeline wall is given by
r cos(θ), where θ is the angle between the leg and y − z plane. This representation is shown
in Figures 5.7c and Figures 5.7d. For the second optimization problem, a geometry similar to
Figure 5.7c is considered such that collision will be verified on either side against the pipeline
walls. For the computation, it is considered that r cos(θ) is equal to r. Thus, the geometry
of the leg mechanisms that will be assembled on the robot is depicted in Figure 5.8. For the
second optimization problem, the central module dimensions are carried over from the results
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Figure 5.7 – Representation of the front and side views of the two possible orientations of the
leg mechanism at the extremities caused by the rotation of the robot about z-axis
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Figure 5.8 – Representation of the geometry of the slot-follower leg mechanism on the motor
modules
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of the first optimization problem and considered fixed. This is because the central module has
no leg masses attached to them. The reference frame for the robot is fixed at ∑0 in the central
module. The tip of each leg mechanism is referenced from the frame ∑0 through a distance xm1

for Module-1 and xm3 for Module-3. The design parameters of the slot-follower leg mechanism
during declamped and clamped phases are represented below in Figures 5.9a and 5.9b.

l
s1

∆y
�

∆x
�

(a)

l
s2

o
2

o
1

ρ
1

l
s1

l
s2

∆y
!

o
2ρ

2

∆x
!

o
1

(b)

Figure 5.9 – Representation of the design parameters of the leg mechanism during (a) declamped
and (b) clamped phases

The parameters of the leg mechanism from Figure 5.9a are the lengths ls1, ls2, the offsets o1,
o2, the stroke lengths ρ1, ρ2 and the horizontal and vertical space vectors ∆x and ∆y [Hen+14 ;
VC19]. The horizontal and vertical space vectors of the leg mechanism are given by:

∆x = [∆x1,∆x2]T (5.7)

∆y = [∆y1,∆y2]T (5.8)

During locomotion of robot inside the pipeline, at least one set of leg mechanisms establish
contact with pipeline walls. However, this sequence will be time-consuming to construct in
MATLAB. In order to have faster convergence and a simpler model, it is assumed that at all
positions of CLR, the leg mechanisms in both the modules remain in the declamped phase during
the simulation. The design variables for the optimization problem are given by [∆x1,∆y1, ls2].
The offsets o1 and o2 are retained as 11 mm and 7 mm, from the existing prototype as these
values correspond to offsets caused by the EC-Motor unit (o1) and spacers (o2) used for assembly
of the leg mechanisms. The parameter ls2 represents the vertical distance of the hinge point of
the leg mechanism. This parameter plays an essential role to determine the leg length ls1 for a
given diameter range of pipelines.
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5.5.2 Objective function

The objective function of the second optimization problem aims to maximize the space
occupied by the leg mechanisms. The geometry can be split into triangular and rectangular
areas which are represented in Figure 5.8. The area of the leg mechanisms used in the robot at
a given discretized CLR point can be calculated by:

fun2 =
2∑

k=1

(‖ek1 − ek3‖ ‖ek3 − ek2‖
2 + ‖fk1 − fk3‖ ‖fk3 − fk2‖

2 + ‖ek1 − ek3‖ ‖ek1 − fk1‖
)
(5.9)

where k = 1, 2 indicates Module-1 and Module-3

As only two modules are being considered, the index k goes from 1 to 2, which corresponds
to Modules 1 and 3. Similar to Eq. (5.4), the global sum of fun2 for Eq. (5.9) is estimated and
it will be maximized.

5.5.3 Constraint function

Similar to the first optimization problem, the collision of the geometry of leg mechanisms is
verified against the pipeline walls at each position of the CLR. A complete discretization of the
leg mechanism geometry is performed using an equation similar to Eq. (5.1). The representation
of the discretized leg mechanism assembled along with the optimized robot assembly is shown
below in Figure 5.10a.
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Figure 5.10 – Representation of the (a) discretized leg mechanism on the motor modules and
(b) extraction of coordinates from a discretized leg mechanism for defining the constraints

For a given CLR position, the coordinates of the points closer and farther on each leg
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mechanism from the point o are extracted. This is done using the min and max functions of
MATLAB. The representation of the coordinates closer (mk) and farther (nk) on the rear leg
mechanism from central coordinate o is shown in Figure 5.10b. The coordinates of the point
pk on the inner portion which is closer to mk and the coordinates of the point rk on the outer
portion which is closer to nk are extracted using the min function. With these extracted points,
four inequality constraints are defined in MATLAB which are given by:

gk : ‖o− nk‖ ≤ ‖o− rk‖ (5.10)

gk+1 : ‖o−mk‖ ≥ ‖o− pk‖ (5.11)

where k = 1, 2 indicates Module-1 and Module-3

In addition to the inequality constraints, two equality constraints are defined for the second
optimization problem. As the simulation is performed for fully declamped phase, the length of
leg mechanism ls1 can be calculated from Figure 5.8 by the Pythagoras theorem and it is given
by:

ls1(d) =
√

(‖fk1 − fk3‖)2 + (‖fk2 − fk3‖)2 (5.12)

where k = 1, 2 indicates Module-1 and Module-3

In Eq. (5.12), ls1(d) indicates the leg length during the declamped phase. During the clamped
phase, the length ls1 can be calculated using ∆x2, ∆y2 and o1 by the Pythagoras theorem from
Figure 5.9b. The equation is given by:

ls1(c) =
√

∆x2
2 + (∆y2 − o1)2 (5.13)

In Eq. (5.13), ls1(c) is the length of the leg during clamped phase. During the initialization
sequence of the MATLAB algorithm for the second optimization problem, the design variable
ls2 is calculated and set as a function of the variables ∆x1, ∆y1 during the declamped phase by
similar triangles. From Figure 5.9a, the value of ls2 can be calculated by:

ls2
ρ1

= ∆y1 − o1
∆x1

(5.14)

The dimensions of the motor units from the results of first optimization problem for the
100 mm diameter pipe from Table 5.3 is given by [l1, w1, l2, w2] = [51.5, 16, 45, 5] mm. The
stroke lengths ρ1 and ρ2 are set as 32 mm and 7 mm with reference to the 45 mm screw length
of the motor unit. The reduction in stroke length is caused by the flanges and fasteners that
will be used in the robot assembly. The two equality constraints for the second optimization
problem are thus given by:
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hk1 : ρ1 = 32 (5.15)

hk2 : ls1(d) = ls1(c) (5.16)

where k = 1, 2 indicates Module-1 and Module-3

The pseudo-code of the constraint function for the second optimization problem in MATLAB
is given below in Algorithm 5.

Algorithm 5 Definition of constraint equations for the second optimization problem
Inputs: Discretized CLR coordinates, Leg mechanism design parameters, Motor dimensions
for 100 mm diameter pipe
Outputs: Inequality constraint equations (g1,g2,g3,g4), Equality constraint equations
(h1,h2)

1: Initialization

2: for i = 1− n do . n indicates the end point of CLR
3: for k = 1− 2 do . k indicates the module number
4: for j = 0 : 0.01 : 1 do . Discretization
5: Discretize each face of leg mechanism on each module
6: end for
7: Extract the coordinate (mik) on module k closer to o using min
8: Extract the coordinate (nik) on module k farther to o using max
9: for l = 1− n do . For each discretized point on inner & outer portions

10: Calculate ‖rl − nik‖
11: Calculate ‖pl −mik‖
12: end for
13: Extract discretized coordinate from rik on outer portion closer to nik
14: Extract discretized coordinate from pik on inner portion closer to mik

15: Check inequality constraints (gk): ‖o− nik‖ ≤ ‖o− rik‖
16: Check inequality constraints (gk+1): ‖o−mik‖ ≥ ‖o− pik‖
17: Calculate ls1(d) using Eq. (5.12) and ls1(c) using Eq. (5.13)
18: Check equality constraints: hk1 as per Eq. (5.15) and hk2 as per Eq. (5.16)
19: end for
20: end for

5.5.4 Problem statement

For the second optimization problem, the diameter d of the pipeline is fixed as 100 mm. The
second optimization problem which is used to estimate the size of the leg mechanism is defined
by:

maximize
n∑
i=1

fun2(z)
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subject to constraints: g1, g2, g3, g4, h1, h2

where z = [∆x1,∆y1, ls2]T ,
i = 1..n indicates the discretized CLR positions

The lower and upper bounds of the design parameters for the simulation are given by lb =
[40, 20, 5] , ub = [65, 40, 12]. The upper bounds for the design parameters ∆x and ∆y are set
by considering a factor, which is 60% of the pipeline diameter. A value higher than 60% leads
to convergence issues for a screw length of 45 mm. The bounds for the design parameter ls2 are
set in line with the dimension of the existing prototype [CVB18 ; VCB19]. Using the fmincon
function with the SQP algorithm, the second optimization problem is solved to determine the
geometry of the leg mechanism.

5.5.5 Results and discussions

The dimensions of the slot-follower leg mechanism obtained after optimization are provided
below in Table 5.5.

Parameters Dimensions (mm)
∆x1 60
∆y1 29.3
∆y2 62
ls1 62.7
ls2 9.7

Table 5.5 – Results obtained for the second optimization problem in MATLAB

Compared to the existing prototype, the parameters ls1 and ls2 are increased from 57 mm
and 7 mm to 62.7 mm and 9.7 mm respectively. In the event of a straight pipeline with no
bends, the slot-follower leg mechanism is capable of adjusting its size between 58.6 mm (2∆y1)
to 124 mm (2∆y2) diameter range. When the robot is moving inside a pipeline with bends, the
modules are capable of passing through such bends, provided the diameter of pipelines is strictly
between 100 to 120 mm. The link for the simulation of the robot inside 100–120 mm diameter
pipelines in MATLAB is provided at the bottom of this page 1. By assembling the tensegrity
mechanism, the EC-motor with spindle drive unit identified from the first optimization problem,
the optimized slot-follower leg mechanism and standard fasteners such as circlips, bolts, etc., the
entire robot can be realized using CATIA software. The positions of the robot inside a 100 mm
diameter during its locomotion are rendered in CATIA and the sequences are represented in
Figures 5.11a to 5.11e. The flexible robot resembles an “Elephant trunk” during a passive mode
and it is demonstrated in Figure 5.11f.

1. Simulation of the robot assembly in MATLAB : Click here.

https://uncloud.univ-nantes.fr/index.php/s/Ts6f95nwAfwGLmz
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Figure 5.11 – Locomotion sequence of the optimized bio-inspired robot inside a 100 mm diameter pipe from (a) to (e) and correlation
of the robot to an “Elephant trunk” in (f)
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5.6 Conclusions

In this chapter, an optimization approach was employed to determine the sizing of the robot
and its associated leg mechanism to pass through pipe bends. Two problems were defined and
solved in this chapter, which employed the deterministic optimization approach in MATLAB.
The first problem dealt with the estimation of sizes of individual motor modules without the
presence of leg mechanisms inside a test bench for different pipe diameters. From the results
of the first optimization problem, a series of motor-spindle combinations were identified from
the catalogue of Maxon motors for a set of pipe ranges. Based on the results obtained, an
intermediate-range that holds good for 100–120 mm diameter pipe was chosen. The selection of
the motor-spindle unit was done based on dimensions, velocity, feed force and efficiency factors,
which were not considered in the design of the initial prototype [Hen+14 ; CVB18 ; VCB19].

Followed by that, in the second optimization problem the sizing of the slot-follower leg
mechanism was determined by a geometric approach that did not require the kinematic models.
The dimensions of the slot-follower leg mechanism were found to be increased when compared to
the existing prototype. However, with the modified architecture, the robot is capable of working
inside 100–120 mm diameter pipeline range that can have straight sections and bends at 90◦.
The presence of leg mechanisms and tensegrity mechanism permits to have a flexible “Elephant
trunk” model that allows the robot to pass through pipe bends in the event of passive compliance.
A 3D model of the robot with the optimized dimensions of motors and leg mechanisms was then
realized using CATIA software. The optimization algorithm can also be extended to the robotic
assembly if the existing electrical actuators are replaced by a muscular pneumatic system.





CHAPTER 6
Conclusions and future works

6.1 Summary

This doctoral thesis mainly focused on the design of a bio-inspired piping inspection robot.
The operational context was first defined wherein the robot must be capable of working inside
pipelines having diameters less than 150 mm subject to varying diameters as well as profiles.
In-line with the operational context, a rigid bio-inspired caterpillar type robot proposed by
Henry et al.[Hen+14] was taken into study. Numerical force models were created for this robot
and experiments were carried out on the prototype using microcontrollers inside a test pipe.
A comparison was then made between the simulations and experiments. The robot was then
converted into a flexible version by the incorporation of a 3-SPS-U tensegrity mechanism, which
can potentially operate in passive and active modes. An initial analysis using the theory of Tilt
& Torsion helped in identifying a mechanism with maximum tilt limits from three models with
the help of CAD algorithm and Groebner bases elimination technique in Maple. Singularity
analysis with respect to Euler angles of universal joint helped in identifying the workspaces
of the mechanism as well as the tilt limits which led to the proposal of the 4-SPS-U tensegrity
mechanism. Stability analysis under static modes was performed for both tensegrity mechanisms
using an optimization approach and design parameters were modified to have stable configu-
rations. Experiments were then carried out using a simple closed-loop PID control algorithm
on the 3-SPS-U tensegrity mechanism in vertical and horizontal orientations. For given input
tilt angles, the IKP was solved for the mechanisms for linear and circular trajectories. An opti-
mization approach was then introduced in the final chapter to identify the sizing of motors and
the leg mechanisms for the flexible robot in order to work through 90◦ pipe bends. From the
results of optimization, the digital model of the optimized robot assembly was realized in CAD
software to demonstrate an “Elephant trunk” type model. The contributions and the solution
to the research problem statements of each chapter are summarized in the following section.
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6.2 Contributions

Rigid bio-inspired piping inspection robot

The second chapter defined and solved two problem statements. They are summarized as
follows.

1. What are the different ways for an inspection robot to accomplish locomotion inside a
pipeline?

In order to meet the requirements of the operational context, a rigid bio-inspired robot
for piping inspection proposed by Henry et al.[Hen+14] was chosen for study. This robot ac-
complishes the locomotion of a caterpillar in six-steps by using DC-Motors and slot-follower
leg mechanisms. From the synthesis table of locomotion techniques, which was exploited in
Chapter-1, this bio-inspired robot combines the advantages of worm locomotion for movement
and leg mechanisms for establishing contacts with the pipeline walls. The robot also satisfies
the requirement of operation in pipelines having diameters less than 150 mm as it is capable of
working inside 40–94 mm diameter straight pipelines.

2. What are the forces required to ensure good contact with the walls of a pipeline having
various orientations and diameters?

Chapter-2 dealt with the development of static and dynamic force models of the robot
proposed by Henry et al.[Hen+14]. Using Coulomb’s law of dry friction, the contact forces
between the legs and walls of the pipeline were determined under static modes. The contact
forces also helped in identifying the forces on the actuators of the leg mechanisms using the IKP
relations and force transmission factor. The forces were interpreted inside a 54 mm and a 74 mm
diameter pipeline for horizontal and vertical orientations. The forces inside horizontal pipelines
appeared to be larger owing to the self-weight of the robot. The dynamic force model was
then developed using the recursive Newton-Euler algorithm in MATLAB. This model helped
in identifying the forces on each actuator under locomotion. From the results, the dynamic
effects appeared to be significantly smaller because of the low velocity of motors and low inertial
forces of moving masses. Experiments were then conducted on the prototype of the bio-inspired
robot inside a 74 mm PVC test pipe using a BeagleBone (BB) black microcomputer. A force
control algorithm using C program was developed wherein the peak results of static force models
were set as threshold limits to achieve good contact forces with pipeline walls. Higher clamping
forces were observed when compared to the numerical model, which did not take into account
the electromechanical factors. Also, in the experiments, the detection of final clamping forces
was not rapid enough as an older version of the BB black microcomputer was employed.

Design and analysis of Tensegrity mechanisms

The third chapter addressed three problem statements and they are summarized as follows.



Contributions 171

1. What are the key design issues that must be addressed for the design of an articulation
unit which can facilitate a robot to overcome pipe bends and junctions under passive and active
modes?

The bio-inspired robot studied in Chapter-2 was a rigid model and it is not suitable for
pipelines having bends and junctions. A tensegrity mechanism that employs three tension
springs and a passive universal joint was proposed as an initial solution for incorporation as
an articulation unit to the bio-inspired robot. This mechanism can address the issue of passive
compliance by operating passively through 90◦ pipe bends and through cable actuation of the
end-effector platform, the issue of active compliance can be addressed in the event of junctions.

2. What are the tilt limits for the mechanism?

By correlating the tensegrity mechanism to a 3-SPS-U architecture, the tilt limits were
identified by using the theory of Tilt & Torsion through analysis of three case-study postures,
namely: Pendulum, Neutral posture and Inverse pendulum. Using the CAD algorithm and
Groebner bases elimination technique in Maple, the tilt limits were identified for the three
postures with respect to the joint limits of the springs. This led to the selection of inverse
pendulum posture owing to its higher tilt limits over the other candidates. Stability analysis
was then carried out for the tilt and azimuth angles to identify design parameters which ensured
that the mechanism can remain stable under static modes. For studying the workspaces of the
mechanism, singularity analysis was carried out with respect to the Euler angles of the universal
joint. With this analysis, the tilt limits were identified for the 3-SPS-U mechanism within the
singularity free workspace and were found to be less. This led to the design modification of
the mechanism to a 4-SPS-U architecture. From the singularity analysis, it was found that the
4-SPS-U mechanism generated higher tilt limits within the singularity free workspace. Based
on the comparison between both architectures, the 4-SPS-U mechanism has the capability of
working autonomously in the event of passive compliance whereas, for the 3-SPS-U mechanism,
there are chances that the mechanism can reach singular configurations during passive modes.
However, the choice of tension spring also plays an essential role in these criteria. For the issue of
active compliance, both architectures were ideal as cable actuation can be performed to control
the mechanisms to operate within their workspaces.

3. What are the optimal design parameters of the mechanism for having a stable configuration
under static modes?

Stability analysis for both tensegrity mechanisms was performed for the Euler angles of
the universal joint. Under a fixed design parameter of h = 1, unstable configurations were
observed for the mechanisms under static modes. By studying the Hessian matrices and second-
order derivatives of tilt angles, a stochastic optimization approach using Genetic Algorithm was
performed to identify optimal values of h and spring stiffness k under the presence of a preload.
From the results of optimization, a common value of h= 0.6 and spring stiffness of 0.75 N/mm
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was chosen for both architectures. Prototypes of the 3-SPS-U mechanism for h=1 as well as
for h=0.6 were made to demonstrate the stability. Upon revisiting the singularity analysis for
the modified design parameters, the tilt limits were found to be reduced for both the tensegrity
mechanisms.

Experimental validation of the 3-SPS-U tensegrity mechanism

The fourth chapter addressed two problem statements and they are summarized below.

1. What are the possible ways for actuating a 3-SPS-U tensegrity mechanism?

The prototype of the tensegrity mechanism which was presented at the end of Chapter-3 was
chosen to perform experiments. With the help of Maxon DC-Motors with encoders and servo
controllers, a force control algorithm was developed in C language in BB black microcomputer
for actuation of the mechanism. A planetary gearhead with a reduction ratio of 1621:1 was
coupled to the DC-Motor to have a simple static model. Using pulleys, cables that pass through
the springs of the mechanism were actuated from the DC-Motors for tilting the end-effector
platform along a certain direction.

2. What are the governing equations for achieving the the desired trajectory and the desired
positions by the mechanism?

As the mechanism was correlated to a parallel manipulator of type 3-SPS-U, the cartesian
velocities and accelerations were possible to identify with the help of the forward kinematics
Jacobian matrix and its time derivative, which appeared to be simpler. Using a simple closed-
loop PID control algorithm, the IKP for the mechanism was solved for input tilt angles chosen
within the singularity free workspace of the mechanism. A linear and circular trajectory was
performed on the mechanism by using the fifth-degree polynomial equations and the Jacobian
matrix. Theoretical curves were initially presented to identify the simulation time required to
perform the experiments. Experiments were then performed on the prototype and it was found
that the error between the measured data and desired data was smaller which proved that the
PID control loop was effective. The experiments were performed in vertical and horizontal
orientations of the mechanisms without any external loading and it was observed that the motor
torques almost remained the same. The gravity forces and self-weight of the mechanism had
negligible effects on the motor torques. Higher noises were observed in the plots of error and
motor torque from experimental data due to the frequency issues associated with the BB black
microcomputer. Upon applying a numerical filter, it was found that the motor torques were well
within the operating range of the motor.

An optimal design of the flexible piping inspection robot

The fifth chapter addressed two problem statements which are summarized below.
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1. What is the optimum size required for the modules of a piping inspection robot to overcome
a bend at 90◦?

Through the addition of tensegrity mechanisms to the rigid bio-inspired robot studied in
Chapter-2, a flexible design was obtained. However, the existing motor units proved to be
oversized for passing through pipe bends and junctions. Chapter-5 proposed and solved two
optimization problems which employed the deterministic approach in MATLAB for identifying
the optimal dimensions of the motor units as well as the leg mechanisms. In the first optimization
problem, the motor sizing was determined inside a planar test bench pipe that was constructed
in MATLAB for pipeline diameters ranging from 70 mm to 160 mm. Based on the results
of optimization, motor units were identified from the catalogue of Maxon not only based on
dimensions but also based on other factors such as velocity, feed force, hall sensor feature and
efficiencies. The results of 100–120 mm diameter range pipeline was chosen based on the factors
specified. Also, the tensegrity mechanism was able to tilt the robot assembly and thus a stacked
model was not necessary to perform the simulations.

2. What are the optimum sizes for the clamping modules that could be accommodated for a
piping inspection robot to work inside straight and curved pipe profiles?

Followed by the identification of optimal motor units and the working diameter range of
pipelines, the dimensions of the slot-follower mechanism were also determined by an optimiza-
tion approach. The leg length and mounting parameters of the mechanism that could be ac-
commodated for the results of first optimization problem were identified through a geometric
approach. The dimensions were found to be a bit higher than the leg mechanisms of the existing
prototype as the new model was studied for pipeline diameters ranging between 100–120 mm.

From the results of both optimization problems, the entire robot assembly was created using
CAD software. An overview of the locomotion procedure through pipe bend was rendered
digitally and the “Elephant trunk” posture of the flexible robot was represented.

6.3 Future perspectives

This section will summarize the open problems that has to be addressed in each chapters as
well as the future perspectives of the doctoral thesis.

1. The thesis was able to address the issue of movement inside pipeline from the general issues
presented in the introduction. The rest of the issues remains open. For the positioning
issue, a suitable camera with a lighting source must be incorporated to understand the
position of the robot inside unknown environments. A machine learning methodology can
be implemented, which can train the robot to study and understand various pipe profiles,
bends and deposits through multiple trails inside pipelines. Upon validation of the position
issue, the inspection or intervention problems can be studied by mounting the required
devices and allowing the robot to perform the desired task.
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2. For the tensegrity mechanisms, only a static model was proposed to understand their
stabilities. A wrench model, that takes into account the mass parameters and other forces
will be done in the future to study the workspaces. Using the wrench feasible workspaces,
the maximum and minimum efforts required to tilt the mechanisms can be estimated
numerically. By using high-velocity motors for experiments, a dynamic model can be
demonstrated and the resultant efforts can be compared with the numerical solutions.

3. The BB black microcomputer offers only three quadrature encoders for transferring infor-
mation about the position. This disadvantage did not permit to perform experiments on a
4-SPS-U tensegrity mechanism. The latest BB blue microcomputer can address this issue
as it can support four quadrature encoders.

4. The experiments on the tensegrity mechanism were performed on a scaled-up prototype in
order to demonstrate the working principle. In the future, the actual size of the prototype
that was considered in Chapter-3 will be realized and experiments will be performed.
Owing to the COVID-19 crisis, the experiments on the tensegrity mechanism was limited
to just a demonstration of simple trajectories without any additional loading. For the
future, an external loading equivalent to the weight of the bio-inspired robot will be added
on the scaled-up and the actual prototypes to understand their effects on the motor torques,
especially when the orientation of the mechanism is horizontal.

5. The optimization approach in Chapter-5 was performed by not taking into account the
dynamic parameters of the robot modules. The digital model of the robot realized in
CAD software will be tested using software such as ADAMS in order to ensure that the
optimized robot design can pass through pipe bends. Also, this simulation can predict if
the tilt limits of the tensegrity mechanism are sufficient enough to overcome the pipe bend
when the dynamic parameters of the robot assembly is taken into account.

6. The analysis of the four-bar wheel mechanism for the flexible robot has not been exploited
in this thesis. For the future works, the optimization approach will be completely improved
or modified in such a way that the solutions to the sizing of motors, leg mechanisms and
the four-bar wheel mechanisms could be determined through a single problem statement.
This might lead to the implementation of stochastic approaches using Genetic Algorithm
as there are possibilities to have the definition of multiple objectives. Ideal solutions can
then be chosen from the Pareto front generated by the optimization algorithm.

7. The DC-Motor with spindle drive combination was considered for the robot taking into
account the nature of pipelines in nuclear industries. Pneumatic actuators are an excellent
candidate for the caterpillar locomotion however, they cannot hold good inside radioactive
environments. For reducing complexities of the system such as efficiency and feed force
for clamping modules, an alternative solution will be to implement the artificial muscular
type flexible systems for the robot modules. These systems do not require a lot of cables
for their actuation and due to their flexibility, they can easily adapt to diameter changes
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and overcome pipe bends. The material for the artificial muscular system must be chosen
according to its compatibility with radioactive elements.

8. The BB black was employed to demonstrate and validate the locomotion principle of the
robot and the tilting of the tensegrity mechanism. For the real-time application, it is
difficult to have two sets of BB black operating separately for actuation of the caterpillar
modules and the tensegrity mechanism of the entire robot assembly. The EPOS2 CAN
programmable positioning controller of Maxon is an ideal solution when it comes to the
implementation for the final industrial application. Using this controller, it is possible to
have a common interface for all the ESCON controllers employed in the caterpillar modules
and the tensegrity mechanisms for simultaneous operations. Another advantage is that
this controller is compatible for DC-motors with incremental encoders, thereby, a position
control algorithm could be incorporated for the piping inspection robot to operate inside
a closed steel pipe of unknown diameter.



Personal Publications

Journal publications

PhD works

1. Swaminath Venkateswaran, Damien Chablat, and Frédéric Boyer. “Numerical and exper-
imental validation of the prototype of a bio-inspired piping inspection robot.” Robotics 8,
no. 2 (2019): 32. <hal-02108495>.

2. Damien Chablat, Swaminath Venkateswaran, and Frédéric Boyer. “Mechanical design
optimization of a piping inspection robot.” Procedia CIRP 70 (2018): 307-312. <hal-
01763204>.

Other works

3. Damien Chablat, Erika Ottaviano, and Swaminath Venkateswaran. “Self-motion con-
ditions for a 3-PPPS parallel robot with delta-shaped base.” Mechanism and Machine
Theory 135 (2019): 109-114. <hal-02014982>.

Conference publications

PhD works

1. Swaminath Venkateswaran, and Damien Chablat. “Singularity and workspace analysis of
3-SPS-U and 4-SPS-U tensegrity mechanisms.” International Symposium on Advances in
Robot Kinematics. Springer, Cham, 2020. <hal-02568290>.

2. Swaminath Venkateswaran, Damien Chablat, and Pol Hamon. “Design of a piping in-
spection robot by optimization approach”. The ASME 2020 International Design En-
gineering Technical Conferences & Computers and Information in Engineering Confer-
ence,IDETC/CIE 2020, Aug 2020, Saint-Louis, Missouri, United States. <hal-02626029v2>.

3. Swaminath Venkateswaran, Damien Chablat, and Ramakrishnan Ramachandran. "Pro-
totyping a piping inspection robot using a BeagleBone black board." In 24éme Congrès
Français de Mécanique. 2019. <hal-02190720>.

https://hal.archives-ouvertes.fr/hal-02108495
https://hal.archives-ouvertes.fr/hal-01763204
https://hal.archives-ouvertes.fr/hal-01763204
https://hal.archives-ouvertes.fr/hal-02014982
https://hal.archives-ouvertes.fr/hal-02568290
https://hal.archives-ouvertes.fr/hal-02626029v2
https://hal.archives-ouvertes.fr/hal-02190720


177

4. Swaminath Venkateswaran, Matthieu Furet, Damien Chablat, and Philippe Wenger. “De-
sign and analysis of a tensegrity mechanism for a bio-inspired robot.” In International
Design Engineering Technical Conferences and Computers and Information in Engineer-
ing Conference, vol. 59230, p. V05AT07A026. American Society of Mechanical Engineers,
2019. <hal-02189437>.

5. Swaminath Venkateswaran, and Damien Chablat. “A new inspection robot for pipelines
with bends and junctions.” IFToMM World Congress on Mechanism and Machine Science.
Springer, Cham, 2019. <hal-02098350>.

6. Damien Chablat, Swaminath Venkateswaran, and Frédéric Boyer. “Dynamic model of a
bio-inspired robot for piping inspection.” ROMANSY 22–Robot Design, Dynamics and
Control. Springer, Cham, 2019. 42-51. <hal-01807189>.

Other works

7. Damien Chablat, Guillaume Michel, Philippe Bordure, Ranjhan Jha, and Swaminath
Venkateswaran. “Joint space and workspace analysis of a 2-DOF Spherical Parallel Mech-
anism”. European Conference on Mechanism Science. Springer, Cham, 2020. <hal-
02568293>.

8. Damien Chablat, Erika Ottaviano, and Swaminath Venkateswaran. “Self-Motion of the
3-PPPS Parallel Robot with Delta-Shaped Base.” European Conference on Mechanism
Science. Springer, Cham, 2018. <hal-01808551>.

Posters

1. Swaminath Venkateswaran, and Damien Chablat. “Conception d’un robot bio-inspiré
pour l’inspection de la canalisation.” Journée des Jeunes Chercheurs en Robotique, Oct
2019, Vittel, France. <hal-02315467>.

2. Swaminath Venkateswaran, Damien Chablat, and Frédéric Boyer. “Un robot bio-inspiré
pour l’inspection de la canalisation.” ReV Réunion-LS2N, Sep 2018, Nantes, France. <hal-
01938480>.

https://hal.archives-ouvertes.fr/hal-02189437
https://hal.archives-ouvertes.fr/hal-02098350
https://hal.archives-ouvertes.fr/hal-01807189
https://hal.archives-ouvertes.fr/hal-02568293
https://hal.archives-ouvertes.fr/hal-02568293
https://hal.archives-ouvertes.fr/hal-01808551
https://hal.archives-ouvertes.fr/hal-02315467
https://hal.archives-ouvertes.fr/hal-01938480
https://hal.archives-ouvertes.fr/hal-01938480




Appendix A: Mathematical
equations

A.1 Chapter-2

Construction of the slot-follower mechanism in SIROPA:

Record[Equations = [l0 2 − l2 2 − ρ2,
ρ l1
l0

+ xp − ρ,
l2 l1
l0
− yp + e, l3 + l0 − l1 ],Constraints =

[l2 < yp, 0 < ρ],PoseVariables = [yp],ArticularVariables = [l1, l2, ρ],PassiveVariables =

[l0, l3, xp],GeometricParameters = [e],GenericEquations = [l0 2 − l2 2 − ρ2,
ρ l1
l0

+ xp − ρ,

l2 l1
l0
− yp + e, l3 + l0 − l1 ],GenericConstraints = [l2 < yp, 0 < ρ],Precision = 4,PoseValues

= [],ArticularValues = [],PassiveValues = [],GeometricValues = [],DefaultPlotRanges =

[],Points = [O = [0, 0], A = [ρ, 0], B = [ρ, e], C = [0, l2 + e], P = [xP , yP ]],Loops = [],Chains =

[[O,C], [A,B], [B,C], [C,P ]],Actuators = [[O,A]],Model = “”]

Configuration of the mechanism for ρ = 30 mm, l1 = 57 mm and l2 = 7 mm in SIROPA is
shown below in Figure A.1:

l
0

l
3

l
2

e

ρ

y
p
 = 24 , l

0
 = 31 , l

3
 = 26 , x

p
 = -26 , det(J) = 0

Figure A.1 – Slot-follower mechanism in SIROPA
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The equations of wrench model:

1τ0 =


0 sin(θ)rTl1 − lTr1
Tr1 − cos(θ)rTl1
Tl1 cos(θ)rTr1



2τ0 =


−
√

3Tr2
2 Tl2(

√
3r cos(θ)

2 − r sin(θ)
2 ) + lTr2

2

−Tr2
2 Tl2(

√
3r sin(θ)

2 + r cos(θ)
2 )−

√
3lTr2
2

Tl2
Tr2
2 (
√

3r sin(θ)
2 + r cos(θ)

2 ) + Tr2
√

3
2 (

√
3r cos(θ)

2 − r sin(θ)
2 )



3τ0 =


√

3Tr3
2 Tl3(−

√
3r cos(θ)

2 − r sin(θ)
2 ) + lTr3

2

−Tr3
2 Tl3(−

√
3r sin(θ)

2 + r cos(θ)
2 ) +

√
3lTr3
2

Tl3
Tr3
2 (−

√
3r sin(θ)

2 + r cos(θ)
2 ) + Tr3

√
3

2 (
√

3r cos(θ)
2 − r sin(θ)

2 )



A.2 Chapter-3

The files for creating the tensegrity mechanisms using SIROPA library of Maple are provided
in below links as the equation sizes are large.

• Tilt & Torsion: 3-SPS-U tensegrity mechanism: Click here
• Euler angles: 3-SPS-U tensegrity mechanism: Click here
• Euler angles: 4-SPS-U tensegrity mechanism: Click here

The SIROPA library file is available here, which has to be placed in the library folders of the
installation directory to use the environment in Maple.

A.3 Chapter-4

The cartesian velocities calculated from the direct kinematics Jacobian matrix for the ex-
periments on 3-SPS-U tensegrity mechanism:

l̇1 = −
√

2rf (η̇ h2 sin (η) cos (φ) + φ̇ h2 cos (η) sin (φ) + φ̇ h cos (φ) cos (η)− η̇ sin (φ) sin (η)h

+ φ̇ cos (φ)h− φ̇ sin (φ))(2(cos (φ) cos (η)h2 − sin (φ) cos (η)h− sin (φ)h+ h2 − cos (φ) + 1)1/2)−1

l̇2 =
√

2rf (−4 η̇ h2 sin (η) cos (φ) + 2 η̇
√

3 cos (η) cos (φ)h− 2 φ̇
√

3 sin (η) sin (φ)h− 4 φ̇ h2 cos (η)

sin (φ) + φ̇ cos (φ) sin (η)
√

3 + 2 φ̇ h cos (φ) cos (η)− 2 η̇ sin (φ) sin (η)h+ η̇
√

3 cos (η) sin (φ) +

2 η̇ h cos (η)
√

3 + 2 φ̇ cos (φ)h+ φ̇ sin (φ) + 3 η̇ sin (η))(4(2
√

3 sin (η) cos (φ)h+ 4 cos (φ) cos (η)h2

+
√

3 sin (η) sin (φ) + 2 sin (φ) cos (η)h+ 2 sin (η)h
√

3 + 2 sin (φ)h+ 4h2 − cos (φ)− 3 cos (η)

+ 4)1/2)−1

https://uncloud.univ-nantes.fr/index.php/s/FgNbsT2SYNykEqj
https://uncloud.univ-nantes.fr/index.php/s/bEHG4am3kJqJgqz
https://uncloud.univ-nantes.fr/index.php/s/iyezczjKGNZBKXm
https://uncloud.univ-nantes.fr/index.php/s/BnbEbJWNmKt8kTi
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l̇3 = −
√

2rf (4 η̇ h2 sin (η) cos (φ) + 2 η̇
√

3 cos (η) cos (φ)h− 2 φ̇
√

3 sin (η) sin (φ)h+ 4 φ̇ h2 cos (η)

sin (φ) + φ̇ cos (φ) sin (η)
√

3− 2 φ̇ h cos (φ) cos (η) + 2 η̇ sin (φ) sin (η)h+ η̇
√

3 cos (η) sin (φ) +

2 η̇ h cos (η)
√

3− 2 φ̇ cos (φ)h− φ̇ sin (φ)− 3 η̇ sin (η))(4(−2
√

3 sin (η) cos (φ)h+ 4 cos (φ) cos (η)h2

−
√

3 sin (η) sin (φ) + 2 sin (φ) cos (η)h− 2 sin (η)h
√

3 + 2 sin (φ)h+ 4h2 − cos (φ)− 3 cos (η)

+ 4)1/2)−1

The cartesian accelerations calculated from the direct kinematics Jacobian matrix and its
time derivative for the experiments on 3-SPS-U tensegrity mechanism:

l̈1 = −
√

2rf (−2 φ̈ sin (φ) + 2 φ̈ h− 2 (cos (φ))2 sin (η) cos (η) η̈ h2 + 2 (cos (φ))2 sin (η) cos (η) η̈ h4

− 2 cos (φ) sin (φ) sin (η) η̈ h3 + 2 cos (φ) sin (φ) sin (η) η̈ h+ 2 cos (φ) sin (φ) (cos (η))2 φ̈ h4

− 2 cos (φ) sin (φ) (cos (η))2 φ̈ h2 − 8 cos (φ) sin (φ) cos (η) φ̈ h2 − 2 (cos (η))2 φ̈ h3 + 2 cos (φ)

φ̈ h3 + 2 φ̈ cos (φ)h+ 2 sin (η) η̈ h2 + 2 cos (φ) sin (φ) φ̈− 2 sin (φ) φ̈ h2 + 2 cos (η) φ̈ h− 4 (cos (φ))2

φ̈ h− 2 cos (η) φ̈ h3 − 4 cos (φ) sin (φ) sin (η) cos (η) η̈ h3 + 2 sin (η) cos (η) η̈ h2 + 4 (cos (φ))2

(cos (η))2 φ̈ h3 + 4 (cos (φ))2 cos (η) φ̈ h3 + 2 sin (φ) cos (η) φ̈ h4 + 2 cos (φ) cos (η) φ̈ h3

− 4 (cos (φ))2 cos (η) φ̈ h− 2 cos (φ) sin (φ) φ̈ h2 + 2 φ̈ h2 cos (η) sin (φ) + 2 φ̈ h cos (φ) cos (η) +

2 cos (φ) sin (η) η̈ h4 − 4 (cos (φ))2 sin (η) η̈ h2 − 2 sin (φ) sin (η) η̈ h3 + 2 η̈ h2 sin (η)

cos (φ)− 2 η̈ sin (φ) sin (η)h+ 2 cos (η) η̇ h2 − 2 sin (φ) φ̇ h3 + 2 (cos (η))2 φ̇ h2 − φ̇ (cos (φ))2 h2

+ η̇ h4 (cos (φ))2 + (cos (η))2 η̇ h2 − 2 φ̇ sin (φ)h+ φ̇ h4 (cos (η))2 − (cos (φ))2 η̇ h2 − 2 cos (φ)

φ̇ h2 + (cos (φ))2 φ̇− 2 cos (φ) sin (φ) (cos (η))2 η̇ h3 − 2 cos (φ) sin (φ) cos (η) η̇ h3 + 2 cos (φ)

sin (φ) cos (η) η̇ h− 2 φ̇ h3 (cos (η))2 sin (φ) cos (φ)− 2 φ̇ h3 cos (η) sin (φ) cos (φ) + 2 φ̇ h cos (φ)

cos (η) sin (φ) + (cos (φ))2 (cos (η))2 η̇ h4 − (cos (φ))2 (cos (η))2 η̇ h2 + 2 cos (φ) cos (η) η̇ h4−

4 (cos (φ))2 cos (η) η̇ h2 − 2 sin (φ) cos (η) η̇ h3 + 2 η̇ cos (φ) cos (η)h2 − 2 η̇ sin (φ) cos (η)h−

2 η̇ h3 cos (φ) sin (φ) + (cos (φ))2 (cos (η))2 φ̇ h4 − φ̇ h2 (cos (φ))2 (cos (η))2 + 2 cos (φ) cos (η) φ̇ h4

− 4 φ̇ h2 (cos (φ))2 cos (η)− 2 sin (φ) cos (η) φ̇ h3 + 2 φ̇ cos (φ) cos (η)h2 + 2 φ̇ cos (φ)h sin (φ)−

2 φ̇ sin (φ) cos (η)h+ 2 φ̇ h2 cos (η) + η̇ h2 + 2 φ̇ h2 − 2 φ̇ cos (φ) + φ̇)(4(cos (φ) cos (η)h2−

sin (φ) cos (η)h− sin (φ)h+ h2 − cos (φ) + 1)(cos (φ) cos (η)h2 − sin (φ) cos (η)h− sin (φ)h

+ h2 − cos (φ) + 1)1/2)−1

l̈2 = −
√

2rf (16 cos (φ) sin (η) cos (η)
√

3η̇ h3 + 16 (cos (φ))2 sin (η) cos (η)
√

3η̇ h3 − 4 (cos (φ))2

sin (η) cos (η)
√

3η̇ h− 12 cos (φ) sin (η) cos (η)
√

3η̇ h+ 8 sin (φ) sin (η) cos (η)
√

3η̇ h2 + 8 cos (φ)

sin (φ) sin (η)
√

3η̇ h2 + 8 cos (φ) sin (φ) sin (η)
√

3φ̇ h2 − 4 (cos (φ))2 sin (η) cos (η)
√

3φ̇ h+

16 cos (φ) sin (η) cos (η)
√

3φ̇ h3 + 16 (cos (φ))2 sin (η) cos (η)
√

3φ̇ h3 − 12 cos (φ) sin (η) cos (η)
√

3φ̇ h
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+ 8 sin (φ) sin (η) cos (η)
√

3φ̇ h2 − 32 cos (φ) sin (φ) (cos (η))2√3η̈ h2 − 24 cos (φ) sin (φ) sin (η)

cos (η) η̈ h− 8 cos (φ) sin (φ) cos (η)
√

3η̈ h2 + 16 sin (φ) sin (η) cos (η)
√

3φ̈ h3 − 32 (cos (φ))2 sin (η)

cos (η)
√

3φ̈ h2 − 12 sin (φ) sin (η) cos (η)
√

3φ̈ h− 16 cos (φ) sin (φ) sin (η)
√

3φ̈ h− 8 cos (φ)

sin (η) cos (η)
√

3φ̈ h2 − 8
√

3η̈ h− 6 sin (φ)
√

3η̈ − 2 sin (η)
√

3φ̈− 12 (cos (η))2 φ̈ h+ 24 cos (φ) η̇ h2

+ 12 sin (φ) η̇ h− 24 sin (η) η̈ + 6 sin (φ) cos (η) φ̈+ 6 sin (η) cos (φ) η̈ + 12 sin (η) cos (η) η̈

+ 8 (cos (φ))2 (cos (η))2√3η̈ h+ 8 (cos (φ))2 cos (η)
√

3η̈ h− 96 cos (φ) sin (η) cos (η) η̈ h2 − 48

sin (φ) sin (η) cos (η) η̈ h+ 16 sin (φ) sin (η)
√

3φ̈ h3 − 16 (cos (φ))2 sin (η)
√

3φ̈ h2 + 12 sin (φ)

sin (η)
√

3φ̈ h− 16 cos (φ) sin (η)
√

3φ̈ h2 + 6 cos (φ) sin (η) cos (η)
√

3φ̈+ 16 sin (η) cos (η)
√

3φ̈ h2+

16 cos (φ) sin (η)
√

3η̇ h3 − 8 sin (η) cos (η)
√

3η̇ h+ 12 cos (φ) sin (η)
√

3η̇ h+ 16 sin (φ) sin (η)
√

3η̇

h2 − 6 sin (φ) sin (η) cos (η)
√

3η̇ − 2 cos (φ) sin (φ) sin (η)
√

3η̇ − 8 (cos (φ))2 sin (η)
√

3η̇ h− 12

cos (φ) sin (φ) (cos (η))2 η̇ h+ 16 cos (φ) sin (η)
√

3φ̇ h3 + 12 cos (φ) sin (η)
√

3φ̇ h+ 16 sin (φ) sin (η)
√

3φ̇ h2 − 6 sin (φ) sin (η) cos (η)
√

3φ̇− 2 cos (φ) sin (φ) sin (η)
√

3φ̇+ 8 sin (η) cos (η)
√

3φ̇ h+

16 sin (η) cos (η)
√

3φ̇ h3 − 8 (cos (φ))2 sin (η)
√

3φ̇ h− 12 cos (φ) sin (φ) (cos (η))2 φ̇ h− 16 sin (φ)

(cos (η))2√3η̈ h2 − 16 cos (φ) cos (η)
√

3η̈ h3 − 32 cos (φ) (cos (η))2√3η̈ h3 − 32 (cos (φ))2 (cos (η))2

√
3η̈ h3 − 12 cos (φ) cos (η)

√
3η̈ h− 16 sin (φ) cos (η)

√
3η̈ h2 + 24 cos (φ) (cos (η))2√3η̈ h+ 2

cos (φ) sin (φ) cos (η)
√

3η̈ + 16 cos (φ) sin (φ)
√

3η̈ h2 − 20 cos (η)
√

3η̈ h− 16 cos (η)
√

3η̈ h3 + 12

sin (φ) (cos (η))2√3η̈ − 12 cos (φ)
√

3η̈ h+ 16 cos (φ)
√

3η̈ h3 + 8 sin (φ)
√

3η̈ h2 + 16 (cos (φ))2

√
3η̈ h3 − 4 (cos (φ))2√3η̈ h+ 16 (cos (η))2√3η̈ h− 8 sin (φ) cos (η)

√
3η̈ + 4 (cos (φ))2 sin (η)

√
3

φ̈+ 8 sin (η)
√

3φ̈ h2 − 8 cos (φ) sin (η)
√

3φ̈+ 24 (cos (φ))2 (cos (η))2 φ̈ h− 48 sin (φ) (cos (η))2 φ̈ h2

+ 24 cos (φ) (cos (η))2 φ̈ h+ 20 sin (η)
√

3η̇ h+ 16 sin (η)
√

3η̇ h3 + 8 sin (φ) sin (η)
√

3η̇+

24 cos (φ) sin (φ) η̇ h− 48 cos (φ) (cos (η))2 η̇ h2 − 24 sin (φ) (cos (η))2 η̇ h+ 4 sin (η)
√

3φ̇ h− 48

cos (φ) (cos (η))2 φ̇ h2 − 24 sin (φ) (cos (η))2 φ̇ h+ 6 cos (φ) sin (φ) (cos (η))2 φ̈+ 6 (cos (φ))2

sin (η) cos (η) η̈ − 8 φ̈ sin (φ) + 8 φ̈ h− 32 (cos (φ))2 sin (η) cos (η) η̈ h2 + 32 (cos (φ))2 sin (η)

cos (η) η̈ h4 + 16 cos (φ) sin (φ) sin (η) η̈ h3 − 4 cos (φ) sin (φ) sin (η) η̈ h+ 32 cos (φ) sin (φ) (cos (η))2

φ̈ h4 − 32 cos (φ) sin (φ) (cos (η))2 φ̈ h2 − 32 cos (φ) sin (φ) cos (η) φ̈ h2 + 16 (cos (η))2 φ̈ h3 − 16

cos (φ) φ̈ h3 − 28 φ̈ cos (φ)h− 16 sin (η) η̈ h2 − 4 cos (φ) sin (φ) φ̈+ 16 sin (φ) φ̈ h2 − 4 cos (η) φ̈ h

− 16 (cos (φ))2 φ̈ h+ 16 cos (η) φ̈ h3 + 3 (cos (φ))2 (cos (η))2 φ̇+ 6 cos (φ) cos (η) φ̇+ 3 (cos (φ))2

(cos (η))2 η̇ + 6 cos (φ) cos (η) η̇ + 32 cos (φ) sin (φ) sin (η) cos (η) η̈ h3 − 16 sin (η) cos (η) η̈ h2

− 32 (cos (φ))2 (cos (η))2 φ̈ h3 − 32 (cos (φ))2 cos (η) φ̈ h3 + 32 sin (φ) cos (η) φ̈ h4 − 16 cos (φ)

cos (η) φ̈ h3 + 8 (cos (φ))2 cos (η) φ̈ h+ 16 cos (φ) sin (φ) φ̈ h2 + 32 φ̈ h2 cos (η) sin (φ)− 4 φ̈ h cos (φ)

cos (η) + 32 cos (φ) sin (η) η̈ h4 − 16 (cos (φ))2 sin (η) η̈ h2 + 16 sin (φ) sin (η) η̈ h3 + 32 η̈ h2 sin (η)

cos (φ) + 4 η̈ sin (φ) sin (η)h− 6 (cos (φ))2 η̇ + 6 (cos (η))2 η̇ − 6 (cos (η))2 φ̇− 24 cos (η) η̇−
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16 cos (η) η̇ h2 + 16 sin (φ) φ̇ h3 − 4 (cos (η))2 φ̇ h2 + 8 φ̇ (cos (φ))2 h2 + 16 η̇ h4 (cos (φ))2 − 8 (cos (η))2

η̇ h2 + 28 φ̇ sin (φ)h+ 16 φ̇ h4 (cos (η))2 + 20 (cos (φ))2 η̇ h2 + 16 cos (φ) φ̇ h2 − 2 (cos (φ))2 φ̇+ 16

cos (φ) sin (φ) (cos (η))2 η̇ h3 + 16 cos (φ) sin (φ) cos (η) η̇ h3 − 4 cos (φ) sin (φ) cos (η) η̇ h+ 16

φ̇ h3 (cos (η))2 sin (φ) cos (φ) + 16 φ̇ h3 cos (η) sin (φ) cos (φ)− 4 φ̇ h cos (φ) cos (η) sin (φ) + 16 cos (φ)

sin (φ) sin (η) cos (η)
√

3η̇ h2 + 16 cos (φ) sin (φ) sin (η) cos (η)
√

3φ̇ h2 + 32 cos (φ) sin (φ) sin (η) cos (η)
√

3φ̈ h3 − 8 cos (φ) sin (φ) sin (η) cos (η)
√

3φ̈ h+ 8 φ̇
√

3 sin (η) sin (φ) + 16 (cos (φ))2 (cos (η))2 η̇ h4−

16 (cos (φ))2 (cos (η))2 η̇ h2 + 32 cos (φ) cos (η) η̇ h4 − 16 (cos (φ))2 cos (η) η̇ h2 + 16 sin (φ) cos (η) η̇ h3

+ 32 η̇ cos (φ) cos (η)h2 + 4 η̇ sin (φ) cos (η)h+ 16 η̇ h3 cos (φ) sin (φ) + 16 (cos (φ))2 (cos (η))2 φ̇ h4

− 16 φ̇ h2 (cos (φ))2 (cos (η))2 + 32 cos (φ) cos (η) φ̇ h4 − 16 φ̇ h2 (cos (φ))2 cos (η) + 16 sin (φ) cos (η)

φ̇ h3 + 32 φ̇ cos (φ) cos (η)h2 + 8 φ̇ cos (φ)h sin (φ) + 4 φ̇ sin (φ) cos (η)h+ 8 φ̇ h2 cos (η) + 28 η̇ h2

+ 20 φ̇ h2 − 8 φ̇ cos (φ) + 15 η̇ + 7 φ̇)(8(2
√

3 sin (η) cos (φ)h+ 4 cos (φ) cos (η)h2 +
√

3 sin (η)

sin (φ) + 2 sin (φ) cos (η)h+ 2 sin (η)h
√

3 + 2 sin (φ)h+ 4h2 − cos (φ)− 3 cos (η) + 4)(2
√

3 sin (η)

cos (φ)h+ 4 cos (φ) cos (η)h2 +
√

3 sin (η) sin (φ) + 2 sin (φ) cos (η)h+ 2 sin (η)h
√

3 + 2 sin (φ)

h+ 4h2 − cos (φ)− 3 cos (η) + 4)1/2)−1

l̈3 = −
√

2rf (16 (cos (φ))2 sin (η) cos (η)
√

3η̇ h3 − 4 (cos (φ))2 sin (η) cos (η)
√

3η̇ h+ 8 sin (η) sin (φ)

cos (η)
√

3η̇ h2 − 12 sin (η) cos (φ) cos (η)
√

3η̇ h+ 16 sin (η) cos (φ) cos (η)
√

3η̇ h3 + 8 cos (φ) sin (φ)

sin (η)
√

3η̇ h2 + 16 (cos (φ))2 sin (η) cos (η)
√

3φ̇ h3 + 8 sin (η) sin (φ) cos (η)
√

3φ̇ h2 − 12 sin (η) cos (φ)

cos (η)
√

3φ̇ h+ 16 sin (η) cos (φ) cos (η)
√

3φ̇ h3 − 4 (cos (φ))2 sin (η) cos (η)
√

3φ̇ h+ 8 cos (φ) sin (φ)

sin (η)
√

3φ̇ h2 + 24 cos (φ) sin (φ) sin (η) cos (η) η̈ h− 32 cos (φ) sin (φ) sin (η) cos (η) η̈ h3 − 32 cos (φ)

sin (φ) (cos (η))2√3η̈ h2 − 8 cos (φ) sin (φ) cos (η)
√

3η̈ h2 − 32 (cos (φ))2 sin (η) cos (η)
√

3φ̈ h2 − 8 sin (η)

cos (φ) cos (η)
√

3φ̈ h2 − 16 cos (φ) sin (φ) sin (η)
√

3φ̈ h− 12 sin (η) sin (φ) cos (η)
√

3φ̈ h+ 16 sin (η)

sin (φ) cos (η)
√

3φ̈ h3 + 16 cos (φ) sin (φ) sin (η) cos (η)
√

3η̇ h2 + 16 cos (φ) sin (φ) sin (η) cos (η)
√

3φ̇ h2

+ 32 cos (φ) sin (φ) sin (η) cos (η)
√

3φ̈ h3 − 8 cos (φ) sin (φ) sin (η) cos (η)
√

3φ̈ h− 12 sin (φ) η̇ h− 24

cos (φ) η̇ h2 − 3 (cos (φ))2 (cos (η))2 η̇ − 6 cos (φ) cos (η) η̇ − 16 η̇ h4 (cos (φ))2 − 20 (cos (φ))2 η̇ h2 + 8

(cos (η))2 η̇ h2 + 16 cos (η) η̇ h2 − 3 (cos (φ))2 (cos (η))2 φ̇− 6 cos (φ) cos (η) φ̇− 16 φ̇ h4 (cos (η))2 + 4

(cos (η))2 φ̇ h2 − 8 φ̇ h2 cos (η)− 8 φ̇ (cos (φ))2 h2 − 16 sin (φ) φ̇ h3 − 16 cos (φ) φ̇ h2 − 28 φ̇ sin (φ)h−

6 cos (φ) sin (η) η̈ − 12 sin (η) cos (η) η̈ + 16 sin (η) η̈ h2 − 6 sin (φ)
√

3η̈ − 8
√

3η̈ h+ 12 (cos (η))2 φ̈ h

− 6 sin (φ) cos (η) φ̈− 16 (cos (η))2 φ̈ h3 + 4 cos (η) φ̈ h− 16 cos (η) φ̈ h3 + 16 cos (φ) φ̈ h3 + 16 (cos (φ))2

φ̈ h− 16 sin (φ) φ̈ h2 + 4 cos (φ) sin (φ) φ̈+ 28 φ̈ cos (φ)h− 2 sin (η)
√

3φ̈− 15 η̇ − 7 φ̇+ 6 (cos (φ))2 η̇

− 6 (cos (η))2 η̇ + 24 cos (η) η̇ − 28 η̇ h2 + 6 (cos (η))2 φ̇− 20 φ̇ h2 + 2 (cos (φ))2 φ̇+ 8 φ̇ cos (φ) + 24

sin (η) η̈ − 8 φ̈ h+ 8 φ̈ sin (φ) + 4 φ̇ h cos (φ) cos (η) sin (φ) + 16 sin (η) cos (φ)
√

3φ̇ h3 + 12 sin (η) cos (φ))
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−
√

2rf (
√

3φ̇ h− 6 sin (η) sin (φ) cos (η)
√

3φ̇− 8 (cos (φ))2 sin (η)
√

3φ̇ h+ 16 sin (η) sin (φ)
√

3φ̇ h2

cos (η)
√

3φ̇ h− 2 cos (φ) sin (φ) sin (η)
√

3φ̇+ 16 sin (η) cos (η)
√

3φ̇ h3 + 96 cos (φ) sin (η) cos (η) η̈ h2

+ 48 sin (φ) sin (η) cos (η) η̈ h+ 32 (cos (φ))2 sin (η) cos (η) η̈ h2 − 32 (cos (φ))2 sin (η) cos (η) η̈ h4−

16 cos (φ) sin (φ) sin (η) η̈ h3 + 4 cos (φ) sin (φ) sin (η) η̈ h− 16 cos (η) cos (φ)
√

3η̈ h3 − 16 sin (φ)

(cos (η))2√3η̈ h2 + 8 (cos (φ))2 (cos (η))2√3η̈ h− 12 cos (η) cos (φ)
√

3η̈ h− 32 (cos (φ))2 (cos (η))2

√
3η̈ h3 − 32 cos (φ) (cos (η))2√3η̈ h3 + 8 (cos (φ))2 cos (η)

√
3η̈ h+ 24 cos (φ) (cos (η))2√3η̈ h

− 16 cos (η) sin (φ)
√

3η̈ h2 + 2 cos (φ) sin (φ) cos (η)
√

3η̈ + 16 cos (φ) sin (φ)
√
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A.4 Chapter-5

The construction of rectangular cross-section in MATLAB represented below in Figure A.2
is created as per equations provided below the figure.

G

A C

DB

-l

h

-h

l

Figure A.2 – Construction of rectangle in MATLAB

For given coordinates of centroid G, the coordinates of the vertices are given by:

A = G + T

 −l
−h

 , B = G + T

 −l
h

 , C = G + T

 l

−h

 , D = G + T

 l

h



where T =

 cos (θ) − sin (θ)

sin (θ) cos (θ)


T is the rotation matrix which is used to rotate the rectangle about G through an angle θ.



Appendix B: Supplementary figures

B.1 Chapter-2

The plot of tangential longitudinal forces for the four length values of Table 2.5 is provided
below in Figure B.1.
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Figure B.1 – Plot of tangential longitudinal forces for the length values (ascending) of Table 2.5
in the sequence (a) to (d)

B.2 Chapter-4

The plots of theoretical angular positions, velocities and accelerations of the input tilt angles
employed for performing two springs pull and circular trajectory experiments on the 3-SPS-U
tensegrity mechanism are provided in Figures B.2 and B.3.
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Figure B.2 – Theoretical positions, velocities and accelerations of the input tilt angles η (orange) and φ (magenta) for the two springs
pull experiment
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Figure B.3 – Theoretical positions, velocities and accelerations of the input tilt angles η (orange) and φ (magenta) for the circular
trajectory experiment
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Figure B.4 – Motor torques on each motor after Savitzky-Golay filtering for (a) vertical one spring, (b) horizontal one spring, (c) vertical
two springs, (d) horizontal two springs, (e) vertical circular and (f) horizontal circular experiments
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B.3 Chapter-5

Flowchart for the first optimization problem algorithm written in MATLAB is provided
below in Figure B.5.

Start of program

Main.m

Initialization of 

design

variables

for

d = 70 : 10 : 160

Call function

coordinates.m

to construct pipeline 

in MATLAB

Call function

robottuyau.m

to construct robot

assembly 

in MATLAB

Initiate fmincon 

function

Call objective

function

obj.m

Call objective

function

constraint.m

Store

results of diameter

‘d’

End

for loop

Perform displacement

of optimized

robot assembly by 

calling

robotmovement.m

End

of program

TRUE

FALSE

In
cr

em
en

t 
‘d

’

Figure B.5 – Flowchart for the first optimization problem in MATLAB

The flowchart for the second optimization problem is similar to Figure B.5, however, the
design variables are different and the for loop is not employed as the diameter of pipeline is
fixed at 100 mm.
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Titre : Conception d’un robot bio-inspiré pour l’inspection des canalisations 

Mots clés : Inspection de la canalisation, robots bio-inspirés, tenségrité, singularités, optimisation 

Résumé : Les robots d'inspection de 
canalisations jouent un rôle important dans des 
industries telles que le nucléaire, la chimie et 
les eaux usées. Ils peuvent opérer avec 
précision dans un environnement irradié ou 
pollué, réduisant ainsi les risques pour les 
humains. Cette thèse porte sur la conception 
d'un robot bio-inspiré pour l'inspection des 
canalisations. 
La thèse commence par l'étude du cas d'un 
robot d'inspection bio-inspiré rigide qui a été 
développé au LS2N, France pour AREVA. Des 
modèles statiques et dynamiques sont 
développés pour comprendre les forces de 
serrage et les couples des actionneurs du 
robot. Des validations expérimentales sont 
également effectuées sur le prototype pour 
interpréter les forces d’actionnement en temps 
réel. 

Pour améliorer sa mobilité, l'architecture du 
robot est rendue flexible par l'ajout d'un 
mécanisme de tenségrité. Deux types de 
mécanismes de tenségrité sont proposés et 
analysés avec des méthodes algébriques pour 
comprendre leurs limites d'inclinaison et pour 
connaître l’influence des paramètres de 
conception. Des expériences sont réalisées sur 
l'un des prototypes des mécanismes de 
tenségrité développés au LS2N avec deux 
types de trajectoire en positions horizontale et 
verticale. Ensuite, une optimisation est réalisée 
pour identifier les moteurs qui peuvent 
permettre du robot d'inspection de canalisation 
flexible de passer les coudes et les jonctions 
pour une plage donnée de diamètres de 
tuyaux. Une maquette numérique du robot 
flexible est réalisée dans un logiciel de CAO. 

 

Title : Design of a bio-inspired robot for inspection of pipelines 

Keywords : Piping inspection, Bio-inspired robots, Tensegrity, Singularities, Optimization 

Abstract :  Piping inspection robots play an 
important role in industries such as nuclear, 
chemical and sewage. They can perform the 
assigned task with better accuracy and at the 
same time, they can operate within an 
irradiated or a polluted environment thereby 
reducing the risks for humans. This doctoral 
thesis focuses on the design of a bio-inspired 
robot for the inspection of pipelines.  
The thesis begins with the case study of a rigid 
bio-inspired piping inspection robot which was 
developed at LS2N, France for a project with 
AREVA. Static and dynamic force models are 
developed to understand the clamping forces 
and the torques on the actuators of the robot. 
Experimental validations are then done on the 
prototype to interpret the real-time actuator 
forces. 
 

In order to improve mobility, the robot 
architecture is made flexible by the addition of 
a Tensegrity mechanism. Two types of 
Tensegrity mechanisms are proposed and 
analyzed using algebraic methods to 
understand their tilt limits and to identify the 
influences on the design parameters. 
Experiments are performed on one of the 
prototypes of the Tensegrity mechanism 
developed at LS2N for two types of trajectories 
in the vertical and horizontal orientations. An 
optimization approach is then being 
implemented to identify the sizes of motors that 
can permit the flexible piping inspection robot 
to overcome bends and junctions for a given 
range of pipeline diameters. A digital model of 
the flexible robot is then realized in CAD 
software. 
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