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RESUME

L'objectif de cette these est de proposer des méthodes variationnelles pour I'analyse mathématiques
et numérique d’une classe déquations d’H]J. Le caractére métrique de ces équations permet de car-
actériser l'ensemble des sous-solutions, 4 savoir, elles sont 1-Lipschitz par rapport a la distance Fins-
lerienne associée au Hamiltonien. De maniere équivalente, cela revient a dire que le gradient de ces
fonctions appartient 3 une certaine boule Finslerienne. La solution recherchée est la sous-solution
maximale, qui peut étre décrite par une formule du type Hopf-Lax, qui résout un probleme de max-
imisation avec contrainte sur le gradient. Nous dérivons un probleme dual associé faisant intervenir
la variation totale Finslerienne de mesures vectorielles avec contrainte divergente. Nous exploitons
la structure de point-selle pour proposer une résolution numérique avec la méthode du Lagrang-
ien augmenté. Cette caractérisation de I'équation d’HJ montre aussi le lien avec des problemes de
transport optimal vers/depuis le bord. Ce lien avec le transport optimal de masse nous amene a
généraliser 'approche d’Evans-Gangbo. En effet, nous montrons que la sous-solution maximale de
équation d’HJ s'obtient en faisant tendre p — oo dans une classe de p-Laplaciens de type Finsler
avec des obstacles surle bord. Celanous permet aussi de construire le flux optimal pour le probleme
de Beckmann associé. Parmi les applications que l'on regarde, le probleme du Shape from Shading
qui consiste a reconstruire la surface d’un objet en 3D 2 partir d’'une image en nuances de gris de
cet objet.

Mots clés: Equations d’Hamilton-Jacobi, transport optimal, dualité de Fenchel-Rockafellar, La-
grangien augmenté, Shape from Shading.

ABSTRACT

In this thesis we propose some variational methods for the mathematical and numerical analysis
of a class of HJ equations. Thanks to the metric character of these equations, the set of subsolu-
tion corresponds to the set of 1-Lipschitz functions with respect to the Finsler metric associated to
the Hamiltonian. Equivalently, it corresponds to the set of functions whose gradient belongs to a
Finsler ball. The solution we are looking for is the maximal one, which can be described via a Hopf-
Lax formula, solves a maximization problem under gradient constraint. We derive the associated
dual problem which involves the Finsler total variation of vector measures under a divergence con-
straint. We take advantage of this saddle-point structure to use the augmented Lagrangian method
for the numerical approximation of HJ equation. This characterization of the HJ equation allows
making the link with some optimal transport problems. This link with optimal transport leads us
to generalize the Evans-Gangbo approach. In fact, we show that the maximal viscosity subsolution
of the HJ equation can be recovered by taking p — o0 in a class of Finsler p-Laplace problems
with boundary obstacles. In addition, this allows us to construct the optimal flow for the associ-
ated Beckmann problem. As an application, we use our variational approach for the Shape from
Shading problem.

Keywords: Hamilton-Jacobi equations, optimal transport, Fenchel-Rockafellar duality, aug-
mented Lagrangian, Shape from Shading.
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1 GENERAL INTRODUCTION

This thesis is devoted to the mathematical and numerical analysis of a class of Hamilton-
Jacobi (HJ) equations with some applications. We will be mainly concerned with equa-
tions of first order of the form

H(z,Vu)=0inQ, (1.1)

where Q C RV isan open bounded setand H : €2 x RY — Risa continuous function,
called the Hamiltonian, satisfying some suitable assumptions that will be recalled later.

These equations have attracted the attention of mathematicians and physicists as
they appear in many fields such as classical mechanics, geometry (especially symplectic
geometry) with the study of Hamiltonian systems and in optics, more particularly,
with Fermat and Huygens’s principles (see e.g.[5, 60, 73, 103]). They also arise in the
study of Helmhlolz and Schrédinger equations in the framework of WKB' method (see
e.g.[8]). In addition to this, they have plenty of applications in computer vision and
computational geometry, amongst them the Shape from Shading problem which will
be the content of Chapter 4, and geodesic extraction which will be discussed in Section
7.4 (see the book of J.Sethian [100] for further examples). Another area of application
of HJ equations is optimal control where the dynamical programming principle
allows the characterization of the value function as a solution of a subfamily of HJ
equations, usually called Hamilton-Jacobi-Bellman (HJB) equations (see e.g.[7, 25, 80]).
Lately, they are in the core of the newborn theory of mean field games (see e.g.[74, 75, 76]).

As we will see in the next chapter, the notion of classical solutions, i.e., smooth func-
tions satisfying the equation pointwise, is not a suitable as a notion of solutions, and
viscosity theory, introduced by C.Crandall and P.L.Lions in the 1980s (see [9, 31, 32,
80]) provides an adequate framework to study these equations. The omnipresence of
HJ equations led to a various methods and techniques to approximate the solutions, we
will present some of them in Chapter 2.

INamed after Wentzel, Kramer and Brillouin



1 General introduction

OUTLINE

This thesis is organised as follows. In Chapter 2, we recall the main notions and tools from
the theoretical background on HJ equations, to the duality results and primal-dual algo-
rithms we propose to solve them. In particular, Section 2.1 contains some reminders on
viscosity theory, the metric character as well as a brief survey on some existing numerical
methods to deal with HJ equations. Section 2.2 concerns some reminders from optimal
transport theory which are needed essentially in Chapters 5,6. We recall in Section 2.3
the notion of tangential measure and tangential gradient which plays a major role in op-
timization on measure spaces. Finally, we recall in Section 2.4 duality results in convex
optimization as well as primal-dual algorithms.

Chapter 3 contains our main result proposing a variational formulation for the HJ
equation. The starting point is that every Hamiltonian H induces a geodesic distance
(actually a quasi-distance) of Finsler type d,,, where

1
deg) = _int [ oté0), é0)a.
§el(zy) Jo

['(z,y) being the set of Lipschitz curves joining two points x,y € (), and o being the
support function of the zero sublevels of H (see (2.6)). This quasi-distance appears to
characterize all the subsolutions of the HJ equation, and more generally, it intervene
in representing any viscosity solution via Hopf-Lax type formulas. Indeed, every vis-
cosity subsolution w of (1.1) turns to be 1—Lipschitz with respect to d,, i.c., satisfies
u(z) — u(y) < dy(y,z) forany z,y € Q. We prove that this property is equivalent
to saying that the gradient of u belongs to some convex ball. More precisely, we show
that Vu € B+ a.e, where B, is the unit ball of the dual function o*. Coupling (1.1)
with a Dirichlet boundary condition u = g on 0f2, for some "compatible” continuous
function g : 92 — R, we prove that he maximal viscosity subsolution given by

u(z) = min do(y, ) + g(y),

is the unique solution of the problem
max { / z(z)dz, 0*(2,Vz(z)) < landz = gon GQ}. (1.2)
Q

To prove duality, we consider a general version of (1.2) by maximizing fQ zdp for some
positive Radon measure pinstead of [, zdx and we write the problem as an optimization
problem involving the sum of two operators (see Section 2.4). We derive a dual problem
involving some vector measures under a divergence constraint, with a particular atten-



tion to introduce a trace-like operator for these vector fields to handle rigorously their
contribution on the boundary. More precisely, we prove the following

Theorem L.1. Let p € M (), then

(Mp) : max{/ udp : o*(x,Vu(z)) < landu = g on FD},
Qp
and

©Fp): int [ oteoo)de (oo s ~difo) = p in D@ \T) |
coincide. Where Qp = Q\ D and DMP(Qp) is the space of ¢ € LP(Qp)™ whose

divergence is a bounded measure on Qp.

The proof will be done via an appropriate perturbation technique. This will enable
us to solve (M p) and (OF p) simultaneously by looking for saddle points of a suitable

augmented Lagrangian functional L,:

inf sup  L,(u,q; o).
(w,q) W22 (Qp)x L (2p)N peDMP(Qp) ( )

Keeping in mind that the solution of (1.2) can be recovered by taking p = 1, we take
advantage of this saddle-point structure to use the augmented Lagrangian method to ap-
proximate the solution of (M p) (an thus the solution of HJ equation) by considering a
finite-dimensional optimization problem of the form

ulen/% F(u) + G(Au) (1.3)
for some appropriate functionals 7, G. We apply the ALG2 algorith to solve (1.3) and
we provide several numerical examples.

In Chapter 4 we propose a formulation of the so-called Shape from Shading problem
within the framework of Chapter 3. SfS is a classical problem in computer vision con-
sisting in the reconstruction of the 3D shape of an object, given a greylevel image of its
brightness map. It has been extensively studied, even before the birth of viscosity theory.
The PDE formulation of this problem gives rise to a HJ equation. Complementing this
equation with a compatible boundary data g, we can recover the maximal viscosity sub-
solution via (1.2). By assuming that g € H'/2(0(2), we derive a slightly different dual
problem from the one presented in Chapter 3. More precisely, we prove the following

Theorem 1.2. The extremal values

(M) : max(m { /Qu(:lr)da:, o*(z,Vu(x)) < landu = gon 89},

ueWloo



1 General introduction

and

(OF): _inf { [ ot )de = (g6 manove: ~div() =1 i D’m)},

peL2()N

coincide.

As we will see, our variational approach allows handling the degeneracy of the Hamil-
tonian, which in this case corresponds to points with maximal brightness. More partic-
ularly, no regularisation is needed to avoid these points. In contrast with Chapter 3, we
opt for Chambolle-Pock’s primal-dual algorithm to approximate the solution since it is
suitable when working on images and doesn’t require solving some linear PDE. More
precisely, we write the discrete version of (M) in an inf-sup form

(M)g : inf sup Fp(u) + (¢, Viu) — Gu(d),

ueX deY

where F7,, Gy, are discrete functions to be precised later, and V, is the discrete gradient
operator defined via finite differences. In addition, we prove the following result conver-
gence of our discretization

Proposition 1.3. Assume that the Finsler metric o associated with the Hamiltionian H
is non-degenerate (i.e. H(z,0) < 0,Ya € Q)and that g = 0. Letuy, € X and ¢), =
(61, 7) € Y beapairof primal-dual solutions to the discrete optimization problem (M )q
and its dual problem. Then t, = wand bn — Pasthe step size h — 0. Moreover, u and
¢ are optimal solutions to (M) and its dual problem, respectively.

At the end we show several shapes and tests.

Chapter 5 investigates the connection between HJ equation and the Beckmann prob-
lem. As one can see, our formulation (1.2) is close to the so-called Kantorovich-
Rubinstein problem (see Section 2.2). The main difference is the presence of the bound-
ary constraint u = g on 92 and the lack of a target measure since 1; = £V L  and
2 = 0. In fact, we show that the HJ equation is connected to the following problem

min max u(dr — dv) — dv : wis1 — Lipschitz w.r.t da}a 1.4
VEM,L(09) u {/Q ( ) /agg S pschitz w. (1.4)

for which suitable Beckmann and Monge-Kantorovich problems are presented. Again,
considering a general version of (1.2),

(Mp) : max{/ udp : u(y) —u(z) <d,(z,y), Vo,y € Qandu = gonD},
Q

where p € M;(2), we prove the following result using perturbation techniques and
approximation of degenerate Finsler metrics:



Theorem 1.4. The optimization problem (M p) coincides with the following Beckmann-
type problem

Q

: 1 i o —di —p—vin D(RY
oo o S+ [ g - dive) = p-vin DR,

Observing that

min {/ o(z, i’(m»dw\ . —div(g) = p—vin D’(RN)} W (o4t pt ),

semM, @~ | Ja [

where Wy, (p~ + v, p™ +v7) is Monge-Kantorovich work between v and p, we get by
Kantorovich-Rubinstein dualiy (see Section 2.2) that

Wy, (p~ + v, pt +v7) = max { /

ud(p —v) : wis 1 — Lipschitz w.r.t dg}.
“ Q

Attheend, by minimizing overally € M (D), we obtain of the following general version

of (1.4)

(My): min max{/

veEMy(D) u Q

ud(p —v) + / gdv : wis1 — Lipschitz w.r.t dg},
D
as well as the following Monge-Kantorovich problem
(MK):  min {Wa (o™ +v*,p 407 )4 / gdv: mity = p vt my = pTu |
YEMT(OQxQ),veM, (D) D

Using optimal transport techniques, we prove the following

Theorem 1.5. Under the assumptions (HI-H3) (see Section 2.1.2), we have

max(Mp) = min(BK) = min(My) = min(MK).

Finally, we provide some numerical examples showing the potential u and the flow ®.
In particular, we see that the set of degeneracy of d,, called the Aubry set (see Section
2.1), plays a role of free-transport region for the optimal transport problems associated to
H]J equation.

In chapter 6 we examine a PDE approach a la Evans Gangbo [44] for the following HJ
equation with obstacles on the boundary

H(z,Vu)=0inQ, and ¢ < u < ¢ on 0, (1.5)



1 General introduction

where ¢, 1) € C(0f2) satisfying some compatibility condition that will be recalled later.
Again, seeking to recover the maximal viscosity subsolution of (1.5), we will consider the
following problem

max{ / udz : o"(z,Vu) < lae, ¢ <u< @/JonaQ},
Q

where 0™ is the dual of the support function of the O-sublevels of H. To do further anal-
ysis, we consider for a Finsler metric / on €2 (not to be confused with the Hamiltonian)

and p € L?(Q2)
(KR)y : max{/udp: H*(z,Vu) <lae, ¢ <u< wonaQ},
Q

which appears to be the Kantorovich-Rubinstein problem associated to the following
mass transport problem

©u: _min { [ datepreor [ v@imn- [ oldmn).
1ell(pt.p™) L Jaxn o0 o0
Moreover, duality arguments show that the associated Beckamann’s problem reads
. ) —_ + . . ! N
(B)r: min { H(z, —)d|®|+ [ vdv— [ ¢dvt: —div(®) = p+rinD (R )}.
Q | D] o9 o9

s MN (Q)
veM(9Q)

The strategy consists in considering a family of Finsler p-Laplace problems with obstacles
on the boundary whose solutions will be obtained by minimizing the functional:

* p
Fp(u) ::/—H (z, V) dx—/updx,
Q p Q

over Wy = {u € WH(Q): ¢ <u <1ondQ}.
We derive suitable estimates to pass to the limit as p — 00, and thus recover the Kan-
torovich potential. More precisely, we prove the following

Proposition 1.6. Let u, be a minimizer of F,,. Then, up to a subsequence, v, = uon Q.
Moreover, u solves (KR ) .

Next, we define forp > N
0, = H*(z,Vu,)’ 0. H*(z, Vu,).

We show that the measures ©,, and ©,,-n are equibounded in €2 and OS2 respectively, and
thus converge to some measures © € M (Q)" and 0 € M(95), and we prove that the



couple (O, 0) solves (B) . At the end, we relate the Kantorovich potential u to (KC) 5.
More precisely, we prove the following

Proposition 1.7. Let u be the potential constructed in Proposition 1.6. Then 0 is a Kan-
torovich potentional for the classical optimal transport problem between p* L Q2 + 0% and
p~ L Q4 0~. Moreover

/ updr = min(K) .
Q

Finally, in Chapter 7 we present results from some works in progress as well as some
perspectives and future works.

PUBLICATIONS

* Augmented Lagrangian method for degenerate Hamilton-Jacobi equations,
H.Ennaji, N.Igbida and V.T.Nguyen. (submitted).

* Continuous Lambertian Shape From Shading: A primal-dual algorithm,
H.Ennaji, N.Igbida and V.T.Nguyen. (submitted).

Beckmann-type problem for degenerate Hamilton-Jacobi equations. H.Ennaji,

N.Igbida and V.T.Nguyen. (submitted).

* Quasi-convex Hamilton-Jacobi equations via limits of Finsler p-Laplace problems
as p — oo, H.Ennaji, N.Igbida and V.T.Nguyen. (submitted).






2 PRELIMINARIES

In this chapter we recall some notions and tools from PDE theory, optimal transport,
optimization and numerical analysis. We start by an overview on HJ equations and their
metric character which will play a major role in this thesis. Then, we provide some pre-
liminaries on optimal transport theory. More particularly, the dual formulations of the
so-called Monge-Kantorovich problem are recalled. Finally, we recall Fenchel-Rockafellar
duality result and we present the two main algorithms that will be used in this manuscript:

ALG2 algorithm and the so-called Chambolle-Pock’s primal dual algorithm.

2.1 AN OVERVIEW ON H] EQUATIONS

2.1.1 ON VISCOSITY SOLUTIONS
Given an open bounded domain {2 C R” and consider the following Laplace equation
—Au := —trace(D*u) = 0in Q. (2.1)

A priori, one would say that a function u : 2 — R is a solution of (2.1) if Vu, D*u
exist for all x € (2 and that (2.1) is satisfied for every x € €). This is known as the
notion of classical solution. Due to differentiablity requirement, it is not easy to look for
classical solutions, and in practice, one defines a notion of weak solution and then checks
for differentiablity. Very often, the weak solutions are defined thanks to integration by
parts. Notice that (2.1) is in divergence form as we may write Au = div(Vu). So that
a weak solution can be easily defined via integrals. Now considering an equation of the
form

H(z,Vu)=0inQ, (2.2)

where H : Q x RY — R is a continuous convex function. One can easily see that
integration by parts is not possible by considering the example

IVu| = 1in Q, (2.3)

which is highly nonlinear in contrast to (2.1). Moreover, under the Dirichlet condition
u = 0 on 0, one can prove that no C* solutions exists to (2.3) (see figure 2.1).
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Figure 2.1: Several solutions of (2.3) on Q = (—1,1).

To introduce an appropriate notion of weak solutions one uses the vanishing viscosity
method as follows. For € > 0, consider the variant of (2.2):

—eAu, + H(z,Vu,) =0in Q. (2.4)

Then we can prove the existence of a solution u, of (2.4), and thanks to the maximum
principle (see e.g.[53]), we get uniqueness. Moreover, standard Bernstein techniques (see
e.g.[80, 98, 99]) allow deriving some appropriate estimates to prove the boundedness and
equicontinuity of {u,}.. Using Ascoli-Arzeld Theorem, we deduce that the sequence
{u¢} has a uniform limit u, which is a candidate solution of (2.2). In fact, we can prove
the following

Proposition 2.1 ([9, 80]). e Letu, € C(Q) N CYQ) be a dassical subsolution of
(2.4). If ue converges tow € C(S2) uniformly on compact subsets of QQ, then

H(z,Vw(x)) <0,
Sforanyw € CY(Q) such that w — w reaches a maximum at x € .

e Letu, € C(Q) N CY) be a dassical supersolution of (2.4). If u. converges to
u € C(Q2) uniformly on compact subsets of S, then

H(z,Vw(x)) >0,
Sforanyw € CY(Q) such that u — w reaches a minimum at v € Q.

This motivates the following definitions:

10



2.1 An overview on HJ equations

Definition 2.2. Given two continuous functions u and w, one says that w is a strict
supertangent (respectively subtangent) to u at some point & € 2 if x is a strict local
maximizer (respectively minimizer) of u — w.

Definition 2.3. Let u: 2 — R be a continuous function.

* We say that u is a viscosity subsolution of (2.2) if H (x, Vw(z)) < Oforanyz € Q
and any C'"' supertangent function w to u at z.

* We say that u is a viscosity supersolution of (2.2) if H(x, Vi(z)) > 0 for any
x € Q and any C" subtangent function ) to u at .

* Finally, w is a viscosity solution of (2.2) if it is both a subsolution and a supersolu-
tion.

In sequel, we denote by S;(€2) the family of subsolutions of (2.5). One pertinent
property of this family is its stability with respect to uniform convergence, which is not
the case for a.e. solutions as we can see by considering a sawtooth function. More-
over, whenever we consider a family C C S5(Q2) of locally equibounded functions,
then inf,cc u(x) and sup, . u(x) are still subsolutions to (2.5). We similarly denote
by S (2) (resp. Si(€2)) the family of supersolutions (resp. solutions) of (2.5). For a
detailed exposition on viscosity solutions, we refer the reader to [7, 9, 31, 80] and the ref-
erences therein.

2.1.2 METRIC CHARACTER OF H] EQUATIONS

The recent developments of metric formulas related to HJ equations appear essentially
in the papers of A.Fathi, F.Camilli, A.Siconolfi [23, 24, 48], for Hamiltonians of Eikonal
type, i.c., depending only on the space variable  and the momentum p, and they have
played a major role more particularly in the framework of the so-called weak KAM theory.
These formulas are of main interest since they turn to provide a characterisation of the
set of all subsolutions of HJ equation. In addition, they only depend on the sublevel sets
of the Hamiltonian, so the convexity assumption on the Hamiltonian can be weakened
by assuming only convexity of sublevel sets. Moreover, as we will see in Chapters 5,6
these metrics appear also as costs in some optimal transport problems associated to our
variational approximation of the HJ equation. Other formulas for general Hamiltonians
arising in optimal control or Finsler geometry can be found for example in [7, 25, 78, 80].

Let  C RY be a regular connected open domain. We consider the following HJ
equation

H(z,Vu) =0, z € Q, (2.5)

with H: Q x RY — R a continuous Hamiltonian satisfying

Named after Kolmogorvov, Arnold and Moser.

11
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(H1) Coercivity: Z(z) is compact;
(H2) Convexity: Z(x) is convex for any z € ()
(H3) H(z,0) <0,ie.,0€ Z(z)foranyz € Q.

where for any x € Q,
Z(zx) :={p e R, H(z,p) <0},

is the O-sublevel set of H.
Unless otherwise specified, the assumptions (H1)-(H3) will hold true for the rest of
this manuscript. The solution are to be understood in the sense of viscosity. For x € €2,

we define the support function of the 0-sublevel set Z () by
o(z,q) :=supq- Z(x) =sup{q-p, p € Z(z)} forq € RY. (2.6)

The assumption (H1)-(H2) ensures that o is a continuous nonnegative function in
O x RY, convex and positively homogeneous with respect to ¢. In addition, under (H2),
we will say that the Hamiltonian H is quasiconvex. Due to the assumption (H3), o (z, q)
is possible to equal to 0 for ¢ # 0, which leads to the degeneracy and its dual 0*, as given
below, may take the value 4+-00. Here, the dual (or polar) o* is defined by

o*(x,p) = Sl;p{p cq: o(x,q) <1}

A typical example is the Eikonal equation with

H(a:,p) = ‘p’ - l{(l’), (27)

for a nonnegative continuous function k. In this case, one has o(z, q¢) = k(x)|g| and
o*(x,p) = %m We see that 0*(x, p) take the value +00 for p # 0, on the zero set

of k. We denote by I'(, ) the set of Lipschitz curves defined on [0, 1] joining =, y in Q.
We then define the intrinsic distance by

1
o) = nt [ acto).Cona 29
CEF($,y) 0

which is a quasi-distance, ze. satisfying d,(z,z) = 0 and the triangular inequality, but
not necessarily symmetric. Some basic properties of d,, can be summerized in the follow-
ing

Proposition 2.4. (/48])

(x,y) > 0andd,(x,z) =

1) d, isa quasi-metric, in the sense that forany v,y € Qd,(x
) S da'(x7 Z) + dU(Z7 y)'

0. Moreover, for all x,y, = € Qone has d,(z,y

12



2.1 An overview on HJ equations

2) Foranyx € Qd,(z,.) € Sz (Q) USH(Q\ {z}).
3) Compatibility condition:

v € S;(Q) ifand only if v(z) —v(y) < d,(y,x) forany z,y € Q. (2.9)
Example 2.5. In the case of the Eikonal equation (2.7), we get a Riemannian metric:

di(z,y) == inf / E(C)IE()dt.

CeT(z,y)

Thanks to the previous proposition, any subsolution of (2.7) is 1-Lipschitz with respect
to dy,. Moreover, when k = 1, d; is nothing by the Euclidean distance, i.c., di(z,y) =

|z —yl.

Example 2.6. Another interesting example can be given from convex geometry. Take a
compact, convex set C' of R such that 0 € int(C'), then its gauge function reads

jo(p) =inf{\ > 0; A\p € C}.
It can be shown that jo« = o¢ where C* is the polar set of C' defined though
C*={peR":p-q<1,VgeC},

and o is the support function of C' defined through o¢(p) = sup ¢ p-¢. Considering
the following Hamiltonian H (z, p) = jo(p) — 1, the metric formula (2.8) becomes

do(z,y) = jo-(y — ), forallz,y € Q.

Indeed, take 2,y € Qand let ( bea Lipschitz curve joining them. We then have

1 1 1 1
[ atctoconar= [ geciona = [iecona - ([ o) = je-r-o),
0 0 0 0
where we have used Jensen’s inequality. Taking the inf over ¢, we get

de(x,y) > jo-(y — o).

On the otherhand, fort¢ € [0, 1], define ;. , (t) = (1 —t)+ty, which satisfies (; ,(0) =
zand (; (1) = y. We get

de(z,y) < / jor (Coy()dt = jou (y — 1),

13
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as claimed.

Example 2.7 (see [59]). Consider a Hamiltonian of the form

H(w,p) = (). ) + 5ol (.10

where b(z) is called the drift vector field and M (z) = D(z)D'(z) is a positive definite
matrix, D is called the diffusion matrixand |-| 5/ is the norm associted to the scalar product
induced by M. Actually, the Hamiltonian (2.10) is related to the following stochastic
differential equation in RY

dX, = b(XF)dt + eM (X5)dW,, X5 =z, € RY.

where € > 0 and (W});>¢ is an N-dimensional Brownian motion. Then, the associated
metric formula reads

1
dy(z,y) = inf / ou(E(), 1)),
§€F(r,y) 0
with
om(x,p) = |b(x)|p-1@) Pl v-1@) — (O(@), P) -1 (2)

foranyz € Q, p € RY. Let usstress that for general Hamiltonians, the support function
o can’t be expressed in closed form.

The so called Aubry set is defined as the set where the quasi-metric d, degenerates.
Prescribing a boundary value on 92 does not guarantee the uniqueness of viscosity solu-
tions to (2.5) unless A = (), which is not the case in our situation due to the assumption
(H3). The Aubry set A appears then to be a uniqueness set for (2.5).

Definition 2.8. We define the Aubry set A as the set of points € €2 such that there
exists (Cp)n € I'(z, x) with I((,,) > 6 > 0 forsome d > 0 and

inf{/ola(gn(t),én(t))dt} 0,

where [((,,) is the Euclidean length of the curve ,.
Proposition 2.9. (/48],/24])
1) The Aubry set A is a closed subset of ).
2) Ifx € Athend,(z,.) € Su(2). Moreover, x ¢ Aif and only if (2.5) admits a

strict subsolution around x.

14
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3) If g : AU OQ — R is a continuous function satisfying the compatibility condition
g(z) — g(y) < d,(y,x) on AU O, then

u(r) = , min {dy(y, ) + 9(y)}

is the unigque viscosity solution of the equation (2.5) such that u = g on AU OSL

2.1.3 NUMERICAL METHODS TO SOLVE HJ EQUATIONS

We present here some different works and methods concerned with the approximation of
HJ equations. This list is non exhaustive and the reader can check [49, 100] for a general
presentation of numerical methods for HJ equations, or [46] for a more recent overview.

Optimal control. In [23] the authors propose an optimal control approach to approx-
imate the maximal subsolutions of some degenerate HJ equation. More precisely, they
study equations of the form:

{H(x, Vu) = fin§} (.11)

u = g on 0f)

where @ C RY and f and g are continuous nonnegative functions. They consider a
dynamic
0(t) = p(t) for t € [0,00), v(0) =z, (2.12)

where p is a measurable function and they introduce a cost functional

J(x,p) = / o(u(t), p(t))dt + g(uo(T)) (2.13)

where o is the support function of the sublevel-sets of /. It is well known that the asso-
ciated dynamic programming equation of this optimal control problem reads

sup p - Vu(z) — o(z,p) =0
Ip|<1

which is equivalent to finding sub/super-viscosity solutions to (2.11). Then, they solve
the optimal control problem (2.12)-(2.13) via a semidiscrete scheme. More precisely, they
choose a step in time A, € (0, 1) for a fixed € > 0 and define the sequence

Tig1 =T +hepi,t €N, 19 =1

15



2 Preliminaries

forz € Qand g; € ST . The discrete cost function becomes

n—1

Tn (@, pn) =Y heoe(ai, pi) + g(n)

=0

withn = inf{i € N: z; & Q}. The value function is

up, (x) = inf  Jp_(x,p;)

Pi:n<oo

which solves by means of the discrete dynamic programming principle, the problem

up, (1) = |ilnf1 heoo(z,p) + up, (x + hp) x € Q
p:
up, (r) = g(x) € RV \ Q.

Finally, they show that for appropriate €, /., the approximated solution converges to the
maximal solution of (2.11) as €, h — 0 using stability results. For comprehensive expo-
sition of HJ equations and optimal control one can see for example [25, 80].

Dijkstra type algorithms. One of the famous methods, at especially for Eikonal equa-
tions, remains the Fast Sweeping Method (FSM) and the Fast Marching Method (FMM).
For the seek of simplicity, we consider the following equation

\Vu| = fin Q
u= 0on I CO0.

The FSM is based on an upwind difference discretization solved via Gauss-Seidel itera-
tions with alternating sweeping ordering. More precisely, given a discretization {x; ; };
of €2, and denoting by ; ; the solution at the grid point z; ;, the equation can be rewrit-
ten

2 2
((Uzg - uxmzn)+> + ((u” - Uymm)+> =n? 2]‘ (2.14)

where h is the step size and Urmin — min(ui,m, ui+1,j); Uymin = min(ui,j,l, ’U/i,jJrl).
We initialize by u; ; = 0if (¢, j) € I" and oo otherwise. We compute the solution ; ;
of (2.14) and we update u; ; by taking min(w; ;, @; ;), in such a way we sweep the whole
domain following the ordering

1) izla"'anjzla"'aN
2)i=M,-,1,j=1,--- N

w
-~
I

)
). M?"'?Lj:Nv“'al
)

4)i=1,--- ,M,j=N,---,1
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2.1 An overview on HJ equations

The FSM is easy to implement and converges within few iterations. However, less is
known about its convergence and complexity for general HJ equations. As for the FMM,
the grid points are divided into three categories: Accepted nodes which are points where
the value of the solution are already known, Narrow Band nodes where the computa-
tions take place and finally Fzr nodes which will be computed in the next iterations. The
Eikonal equation is written via an upwind finite difference approximation. We then com-
pute the solution u; ; ata grid point (i, 7) using the finite-difference scheme on the Nar-
row Band, we take the minimum value of u; ;. The grid point (¢, j) becomes an Accepted
point and is removed from the Narrow Band. We add the first neighbours of this node
to the Narrow Band and we continue this way until all points are Accepted.

Elliptic approach. In [20], the authors use an elliptic approach to solve the Eikonal
equation

(2.15)

IVu| = 1inQ2
u= gondf)

for a nonnegative continuous function g. To ensure the uniqueness, the authors look
for u maximizing [, udz among functions v € H'(Q) solving (2.15). The constraint
|Vu| = 1being nonlinear, they minimize J(v) = [, |Vv[*dz —¢ [, vdz for some ¢ >
0 instead of [, udx ,on Ey = {v € H'(Q) : vsolves (2.15)}. Then they penalize and
regularize the problem by minimizing .J (v) = J(v) + <o |AvPde + é Jo(IVu|? =
1)?dz among all v € H?*(Q) with v = g on the boundary. By settingp = Vu, an
equivalent formulation becomes

. 1 2 1 2 2
1 q Vo - ode 4 ~1)2dz + 2.1
2%18{2/Q|q] T C/Q ¢ - qdx To Q(]q| )dx G(q)} (2.16)

where Q = {q € L*(Q)?}, and ¢ is the unique solution of Dirichlet problem
—A¢p=11in Q and u =0 on Of)

and

0o otherwise.

Glg) = {%fg |V - qldz if ¢ € {Vv:ve H*(Q)andv =g on 9O}

Finally, they associate a flow to (2.16) and discretize it by an operator-splitting method.
Yet, this method seems to be restrictive to the Eikonal equation (2.15) and it is not clear
how to adapt it for general Hamiltonians.
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2.2 OrTIMAL TRANSPORT THEORY

All the results of this section can be found in the following classical books [4, 94,102].

2.2.1 MONGE AND KANTOROVICH PROBLEM

The classical optimal transport problem goes back to Gaspard Monge with his celebrated
paper "Mémoire sur la théorie des déblais et des remblais”. Concretely, let us imagine that
we have a certain amount of soil which should be moved to fill some holes in the ground,
or imagine some bakeries that should supply some coffee shops. All this tasks need be
done while minimizing a certain cost, which could be the travelled distance or the effort
of transporting some quantity from a position to another ezc.

So if p and v are probability measures on two subsets X and Y of RY, representing the
initial and the target distributions, the modern formulation of Monge problem, consists
in minimizing the quantity [ |x — T'(z)|*du(x), where T is a Borel Map from X to Y’
that pushes 1 onto v, Z.¢, v coincides with the measure obtained by picking every atom
at  and putting it at 7'(x). More precisely, Monge’s problem reads

OMP): min [ o = T(@)Pdula), (T (B)) = v(B),

for any Borelian B C Y. It is well known that this problem is difficult to solve due to
the nonlinear constraint Tt = v. Moreover, such maps 7" may not exist as we can see by
taking a Dirac mass ;¢ = d, and another atomless measure v. Monge’s optimal transport
problem remained unstudied until around 1940 when Leonid Kantoroivich proposed a
"relaxation” of the problem in his paper [70] by allowing mass splitting. More formally,
he considered the problem

(KP) : min/ cdy, v € (u,v)
XXY

where II(p, V) is the set of probability measures on X XY with marginals /s and v respec-
tively, i.e., (7x )y = pand (my )y = v, where Ty, Ty are the projections from X x Y
onto X and Y respectively. Contrary to (MP), the set II(1s, ) is always nonempty since
it contains jt ® v. Moreover, it’s richer than the set of transport maps, in the sense that
a transport map 7" induces a transport plan yp = (id x T')yp. In addition, I'(1, v) is a
convex and compact subset of P(X x Y") endowed with narrow topology, which helps to
get existence results under weak assumptions on the cost function c. All these properties
make the analysis of (KP) easier. We have the following

Theorem 2.10. [94] Let X and Y be compact metric spaces, p € P(X),v € P(Y) and
c: X xY = R(R U {oo}) a continuons function (respectively, lower semi-continuons
and bounded from bellow). Then (KP) admits a solution.
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We notice that (KP) is a linear optimization problem under convex constraints. So it
is natural to derive its dual (see Section 2.4) formulation. This can be achieved (at least
formally) by performing a min — max interchange.

Lety € M (X xY)andv € Cp(X),w € Cp(Y'). We have

0 if II
sup/vdu—i—/wdy—/ v@wdv—{ e .(MV)’
XxY oo otherwise,

where (v @ w)(z,y) = v(z) + w(y). So we can replace the constraint v € II(1, ) in
(KP) by the previous sup. This gives

min/cd7+sup/vdu+/wdy—/ v @ wdy.
v XxXY

By interchanging the inf and sup we get

sup/ vdu+/wdu+1nf/(c—v@w)d7

Rewriting the inf on 7y as a constraint on the potentials v, w, we get:

0 if < X %Y,
inf/(c—v@w)dfy:{ Tv@wscond x ¥,

7y —o00 otherwise.

We define the dual problem (KD) as follows
(KD) : sup {/ vdp +/ wdv, v € Cp(X), w e Cp(Y) andv @ w < c}.
X Y

Proposition 2.11. Suppose that X and 'Y are compact and c is continuous. Then there
exists a solution (v, w) to (KD).

Moreover, if the cost ¢ is a distance on X, then one can obtain the so-called
Kantorovich-Rubinstein variant of (KD) as follows. Fix some zp € X and 1 <
p < oo We define the pth moment of a measure p1 € P(X) by: Mom,,(p;z9) =
% [y c(z, 20)Pdp(x), and

PP(X)={p€eP(X): Iz € X : Mom(u;zq) < 0o}

Clearly this definition is independent from zo: If Momy, (15 ) < oo forsome zy € X,
then Mom,,(41; ) < oo forany x € X. This being said, we have the following
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Proposition 2.12 (Kantorovich-Rubinstein). Let p, v € PY(X), then

min / c(x,y)dvy(z,y) = max{/ vd(p—v): v: X — R, 1 — Lipschitz w.r.t c}.
XxX v X

yEI(u,v)

2.2.2 BECKMANN’S TRANSPORTATION PROBLEM

Beckmann’s problem is a minimal flow type problem. It was proposed by Martin Beck-
mann [14] in 1952 as a model for transportation. One can think about optimal transfer-
ence in an urban area represented by a bounded domain Q2 C R?, between two distribu-
tions of residents and services. These distributions can be represented by two nonnegative
Radon measures p; and py, respectively. So, the signed measure p := ps — p; represents
the local measure of excess demand. The consumers traffic is given by a traffic flow field,
i.e.avector field @ : Q — RY whose direction indicates the consumers’ travel direction
and whose modulus |®| is the intensity of the traffic. The relationship between the excess
demand and the traffic flow is obtained from the equilibrium condition:

—div(®) =p inD'(Q).

This condition describes some kind of equilibrium: the outflow of consumers equals the
excess demand in any subregion w C Q,ie. [, ®-nds = p(w). Since the measures py
and py have equal masses (a balanced condition between residents and services), and the
urban area is assumed to be isolated, i.e., no traffic flow should cross the boundary of the
city €, the traffic flow @ is subject to the boundary condition

®-n=0 onod),

where n denotes the outward normal vector to the boundary. Assuming the transporta-
tion cost per consumer is given by the quantity |®(x)|, Beckmann therefore argued that
one may define the transportation cost between p; and p; as the infimum of the total cost

of the traffic [, |®(x)| dz. So the considered problem reads:

(BP) : min)N{/Q@(x)\dx: —div(®) = p inD’(Q)}.

PeL(Q

It can be shown that (BP) is actually equivallent to (KP) in the case of the Euclidean cost,
ie, c(z,y) = |z — y|. Again, let us express the divergence constraint on P as follows

£ div(D) —
sup—/(I)-dea:—l—/wdp: {01 div(®) = p,
w Q Q

00 otherwise.
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So we may rewrite (BP) as

inf{/ ]@]daz+sup—/<b-dea:+/wdp}7
® LJa w o) )

and by a formal inf-sup interchange, we get

sup [ wdp + inf |®|dz — | @ - Vwdz ;.
)
w JO Q Q

Noticing that the infimum on ® expresses the constraint [Vw| < 1 or alternatively
w € Lip(€2), we get the equivalence with (KP) thanks to Proposition (2.12). This can be
proved rigorously via Fenchel-Rockafellar duality. Notice that the existence of a solution
to (BP) in L' (92)" is not true in general since the latter is nonreflexive. Setting this prob-
lem on a reflexive Banach space, say L?(£2)", the direct method of calculus of variations
would provide a minimizer thanks to weak compactness. However, it is convenient to
consider this problem in the framework of divergence measure fields, i.e., consider flows
d € My(Q)" with div(®) € M, (). Some new variants of Beckmann’s problem will
be addressed in Chapter 5-6.

2.3 TANGENTIAL MEASURE AND TANGENTIAL GRADIENT

Let us recall some facts concerning the notion of tangential gradient which played a main
role in this manuscript. To give a glimpse on the necessity to introduce this notion, let
us remember that, as an example, Beckmann’s problem is an optimisation problem on
measure space under divergence constraint. More particularly, the optimal flow satisfies
—div(®) = p € M(RQ). To do further analysis on such a problem and particularly to
derive its dual problem we are naturally tempted to integrate by parts in the divergence
constraint and write, for some Lipchitz function u

/Vu-fud’y:/udp.

wherey = || is the total variation of the vectorial measure ® and v = %' is the Radon-
Nikodym derivative of ® with respect to |®|. Observe that Vu may not be defined on
a | ®|-positive measure set and thus the previous formula may not have sense. Thanks to
[18] it is possible to give a sens to the previous formula as follows. First we can define the

tangent Space toy

Xy(x) =~ — essU {U(l’) cve L0, RY), div(vy) € Mb(ﬁ)},
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where the y—essential union is defined as a y—measurable closed multivalued function
such that

* Ifv € L1(Q,RY)and div(vy) € My(Q), thenv(z) € X, (x), fory—aex € Q.

* They essential union is minimal amongst multivalued functions satisfying the pre-
vious properties.

Then, the tangential gradient V., (z) to a function u € C*(£2) with respect to the mea-
sure 7 is the orthogonal projection of Vu(z) onto X, (z). Indeed, denoting by P.,(x)
the orthogonal projection on X, (), it has been shown in [17] that the linear operator
ue C'(Q) = Py (x)Vu(z) € LF(Q,RY) can be uniquely extended to a linear con-
tinuous operator

V,:u€Lip(Q) = Vu e Lfyo(ﬁ, RY).

Moreover, we have the following useful integration by parts formula

Proposition 2.13 ([17]). Given vy € M/ (Q) and v € LL(Q,R") such that v(z) €
X, () for y—a.e x. and div(yv) == p € My(Q). We then have

/ud,o: /vvvud%

Asitwas pointed outin [65, 92], itis possible to adapt this notion in the Finsler setting.

foranyu € Lip(Q).

2.4 FENCHEL-ROCKAFELLAR DUALITY, PRIMAL-DUAL
METHODS

Unless otherwise specified, we denote 2, % two Banach spaces and by 2™, %/ their
topological dual spaces.

2.4.1 FENCHEL-ROCKAFELLAR DUALITY

Fenchel-Rockafellar duality is one of the main tools in convex optimization. It allows
rigorous derivation of the dual problem associated to an optimization problem, and thus
reposes on the notion of the dual functional, also called Fenchel-Legendre transform.

Definition 2.14. Let F : 2" — R U {00} be a proper, L.s.c. and convex function. We
define its dual functional 7* : 27 — R U {00} by

F*(f) = sup(f,u) g+ 2 — F(u) forany f € 2.

ued
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Following the notations of [42], we sometimes denote by I'g (:Z”) the set of proper, Ls.c
and convex functions on 2. It can be shown that the Fenchel-Legendre conjugation is
an involution, that is, it is its own inverse: F** = F forall F € I'y(Z").

Many of the problems that we encounter fall into the scope of the following class of
optimization problems

(P) : ulélgf{ F(u) + G(Au) (2.17)

where F : 2" — (—o00,+00], G : ¥ — (—00, +00] are proper, Ls.c., convex func-
tionsand A : & — % isalinear operator. Let us sketch how to derive the dual problem
of (P). We start by exploiting the fact that G** = G to write

G(Au) = sup (v, Au) — G*(v),

VEX *

and plugging this in (2.17), the problem (P) becomes:

inf sup F(u)+ (v, Au) — G*(v),

ueX yegx
and by a formal inf-sup interchange we get

sup inf (—=A*v, —u) + F(u) — G*(v) = sup —F"(—Au) — G*(v),
veW* UEL vEH *

where A* is the adjoint operator of A. So the associated dual problem to (P) reads:

(D) : sup —F*(—A"v) — G*(v).

vey*
Using the definitions of F*, G* and A*, itis not difficult to get the following inequality

sup ( ~FH(—A%) — g*(v)) < inf F(u) + G(Au),

vEH* ued

usually called weak duality. The reverse inequality, the so-called strong duality gives a
sufficient condition to justify the previous inf-sup interchange.

Before stating the main result of this section, let us recall the notion of subdifferen-
tiability. Suppose that u is an optimal solution of (P), then the Euler-Lagrange equation
would give

DF(u) + A*DG(Au) = 0.

Unfortunately, one of the functions F or G may not be differentiable (typically in this
manuscript G will be and indicator function of some convex set), so one need to use a
more general notion of derivative.
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Definition 2.15. Given a convex functional F : 2~ — (—00, +00]. We say thatp €
A" is asubgradient of F atu € 2 if

F(u) + (p,w —u) g+ 9 < F(w), forallw e 2.

The set of all subgradients of F at w is called the subdifferential and is denoted by OF (u).
More precisely

OF(u) ={pe Z": Flu)+ (p,w—u)g~ 2 < F(w), foralw e Z'}.
Now, let us state the Fenchel-Rockafellar duality result.

Theorem 2.16. (Strong duality [42, Chap. IIT]) Assume moreover that there existsug € 2~
such that F(ug) < 400, G(Aug) < +00 and G is continuous at Nug. Then the dual
problem admits at least a solution v € %" and the strong duality holds, i.e.

max —F"(—A"v) — G*(v) = inf F(u) + G(Au).

vEH * ueX
Moreover, the pair (u,v) solves the primal-dual problem (P)-(D) if and only if
—ANu € 0F (u) and v € 0G(Au).

Before ending this subsection, let us recall the notion of Moreau’s proximal mapping
which plays a major role in many algorithms.

Definition 2.17. Assume that 2 is a real Hilbert space and let J € I'g(:Z"). Then for
every 17 > 0, the proximal mapping of 77/ is defined though

1
Prox,;(u) = argm_in{éﬂw — )% + nJ(w)}, foranyu € 2.

weEZL

Remark 2.18. Prox,,; is also denoted by (id + nd.J )" and is called the resolvent of 9.J.

Let us recall some basic computations of proximal opertors that will be used later
Proposition 2.19 ([12,13]). Let J € I'o(Z"), u € Z andn > 0 then
* Prox, (i) (u) = Prox,(u), forany A € R.
* Forv € X, then Prox,j1(,))(u) = Prox,;(u — nv).
* Moreau’s identity:

u = Prox,;(u) + nProx,-1 - (E) :
n
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2.4 Fenchel-Rockafellar duality, Primal-Dual methods

For more details concerning the proximal operator and its properties, we refer the
reader to these recent books [12, 13].

2.4.2 PERTURBATION

As Theorem 2.16 gives only a sufficient condition to prove duality, we will see in Chapter
3 that the qualification constraints are not always easy to check. Yet, one can still prove
duality using some perturbation techniques as presented in [42]. Perturbation techniques
are more or less known for the optimization community. Besides its employment to prove
some regularity results for the incompressible Euler equation (see [2]) or degenerate ellip-
tic equations (see [95]), it is less present in PDE or calculus of variations literature.

Take a function J € I'g(Z"), and consider the following minimization problem

(P) : ulélg J(u).

We introduce a function 7" : & x % — [—00, 00| as well as the following minimization

problem

() inf T(u,p).

such that 7'(u, 0) = J(u). This being said, the problem (Py) is just (P). The idea is that
we can recover the dual problem of (P) by considering the one of (P,). Indeed, if 7™ is
the dual function of T, then

(D) : qler(}]f* =T (07 Q),
is the dual problem of (P) with respect to 7'. An interesting situation is when the function
J is of the form

J(u) = J(u, Au),

with J : 2 x % — [~oo,00]and A € L(Z,%). In this case, the perturbed
function becomes T'(u, p) = J (u, Au — p) forp € % In all this manuscript, we are
more concerned with the case where J can be split into the sum of two operators, i.c.,
problems of the form (2.17). For more details, we refer the reader to [42, Chap. I1I].

2.4.3 PRIMAL-DUAL METHODS

The main idea behind Primal-Dual methods is that we can recover simultaneously the
solutions of (P) and (D) by looking for saddle-points of some appropriate functional. To
see this, define the so called Langrangian

L(u,v) = F(u) + (v, Au) — G*(v). (2.18)
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We observe that if (u, ¢) is a primal-dual solution as in Theorem 2.16, we have

L(u, ¢) < sup L(u,p) = inf F(q) + G(Aqg)

peg* qGX

= sup —F(=A"p) = G(-p) = inf L(g,¢) < L(u, ¢),

PEX *

so that (u, @) is a saddle-point of L. Conversely, if (u, ¢) is a saddle-point of L, we easily
see that

L(u, @) = Sup L(u,p) = F(u) + G(Au) = qig; L(q, ¢)
= —F'(-N"¢) - G (—9),

so that (u, ¢) solve the Primal-Dual problem.

ALG2 ALGORITHM

Consider as before the following optimization problem
(P) : Jéljfg F(u) + G(Au).
The idea is to introduce a new primal variable ¢ € 2 so the previous problem reads

P): inf F ,

B peddy o, T +9(0)
and then introduce an Lagrange multiplier ¢ € %/* for the constraint Au = ¢. Then
the problem (P) can be written as a saddle-point problem for an augmented Lagrangian

(eF [55])
Lu(u,456) = F(u) + G(a) + {6, Au—q) + L|Au— P, forr >0,

Then, as we presented in the begning of the section, (P) can be solved by finding the
saddle-points of L, z.¢, by solving

inf sup L,(u, q; ®). 2.19
e S, (u, q; }) (2.19)

The so called ALG2 algorithm, a.k.4, Alternating Direction Method of Multipliers, al-
lows solving (2.19) by alternatively minimizing the augmented Lagrangian L, in the
primal direction and maximizing in the dual one. More explicitly, we initialise with
up € Z',q0 € ¥ and ¢y € ¥, and we generate sequences {u; };,{¢; }; and {¢;}
for i € N*, as follows:
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* Minimise in u:

uiy1 € argmin L, (u, g;; ¢;) = arg min{f(u) + (i, Au) + C|Au - qi|2}.
ued’ ued’ 2

* Minimise in ¢:

. . r
G € argmin L (w41, q; 6) = argmin{ G(q) — (90,0) + 5[ Ay — g},
qEY qEY 2

* Maximise in ¢:

. 1
Git1 € argmm{LT(u, qi; ¢i) - _W - ¢i‘2} = ¢; + T(Auiﬂ - Qi+1)'
PEX 27"

The convergence can be also established in the case of infinite-dimensional Hilbert spaces.
For further details in this direction and about the ALG2, we refer the reader to [41, 51,
55].

CHAMBOLLE-POCK’S ALGORITHM

As we discussed previously, the solutions of the problems (P)-(D) are exactly the saddle-
points of the Lagrangian L defined in (2.18). Now fixsome (u, ¢) € dom(F)xdom(G*)
and define the partial Lagrangians:

L,(¢) = L(u,¢) and Ly(u) = L(u, ¢).
Then, (u, ¢) is a saddle point of L if and only if

¢ solves {)rég/l —Ly,(v) and wu solves 3&%} Ly(u),

this is equivalent to saying that 0 € J(—L,,)(¢) and 0 € 9Ly(u). Thus, we have for
n, T > 0:

¢ € ¢+ 1(—0Ly)(9)
u€u+778L¢( )

s
{ ¢ = Prox_;1,(¢)
{

0€d(—Ly,)(¢)and 0 € OLy(u

1}

(3

u = Prox,r (u),

¢ = Prox,g«(¢ + TAu)
u = Prox,7(u — nA*¢).

(3
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where we have used extra variables (i, $) € 2~ x % *and standard formulas from calcu-
lus of resolvents recalled in Proposition 2.19. Then Chambolle-Pock’s algorithm reads:

* Step 1: u"™ = Prox,z(u" — nA*¢").
* Step 2: ¢"T! = Prox,g-(¢" + TAu" ).
* Step 3: "1 = "L + O(g"H! — @), for 6 € [0, 1].

The variable ¢ is called an extra gradient variable and Step 3 can be replaced by a simi-
lar one for u. The convergence of this algorithm is studied in [26, 27]. More precisely,
when 27, % are finite dimensional Hilbert spaces, it can be proven that for § = 1 and
n7||Al|* < 1, where ||Al| is the operator norm of A, then the sequence {u", ¢"},, gen-
erated by this algorithm converges to a saddle point of L and thus to a solution of the
primal and dual problems (P)-(D). This method is widely applied in image problems. It
is worth mentioning that this is a particular case of the so-called Arrow-Hurwicz method.
We refer the reader to the papers of A.Chambolle and T.Pock [26, 27] for more details,
and to [19] for a recent overview with further applications in image processing.
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3 AUGMENTED LAGRANGIAN
APPROACH FOR HJ] EQUATION

3.1 EQUIVALENCE BETWEEN HJ] AND MAXIMIZATION
PROBLEM

We present the main result showing the correspondence between HJ equation and a max-
imization problem. To this end, we will consider a general version of (2.5) coupled with
Dirichlet boundary condition. Given a closed subset D C Q (typically D = 0% or
D = {z} for some z € (2), we consider the following HJ equation

{H(a;, Vu)=0 Q\D 6

u=gyg D
where g: D — R is continuous function satisfying compatibility condition

g(x) — g(y) < dy(y,z)on D.

Then the unique maximal viscosity subsolution of the equation (3.1) such that u(z) =
g(z) forany x € D, is given by

u(x) = mind,(y,z) + g(y). (3.2)
yeD
The considerations given in the introduction lead us to look for the maximal subsolu-
tions of the HJ equation, z.e., H(x, Vu) < 0 or equivalently u(z) — u(y) < d,(y, z).
We will show that such functions are precisely the ones with gradient in the unit ball of
o*. More precisely, we prove the following

Proposition 3.1. S;(Q2) = {u € WH*(Q) and o*(z,Vu(z)) < 1 foraez €
Q} = Bg*.

Then, we transform the problem into a question of maximization of the volume

Ji, udz among the subsolutions . This leads to the following theorem which is an im-
portant step to treat the equation (3.1) via augmented Lagrangian methods.
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3 Augmented Lagrangian approach for HJ equation

Theorem 3.2. The maximal viscosity subsolution of (3.1), given by (3.2), is the unique
solution of the problem

max {/z(z)dx, c"(x,Vz(x)) < landz = gon D}. (3.3)
0

ueW1:20(02)

For the proof of Proposition 3.1, we recall that the result is more or less known in the
case where H (x,0) < 0 which corresponds to A = () (see [66, 68] for example). Here,
under the general condition (H3), we need the following Cauchy-Schwartz-like lemma.

Lemma 3.3. Foranyq € RY, and for any v € Q we have

o*(x,q) <1 (p,q) < o(x,p) foranyp € RY.

Proof. Assume first that 0*(x,q) < 1. If (p,q) = O, it is obvious. For the case
(p,q) > 0,if o(x,p) = 0 then by homogeneity of o, o(x, A\p) = 0 for every A > 0.
Consequently, 0*(z,q) > A(p,q) — 00 as A — 00, this contradicts 0*(x,q) < 1.
This implies that o(x, p) > 0 and <$, q) < o*(x,q) < 1,asdesired. Conversely, if
(p,q) < o(z,p), by definition of o*, we take the sup over all p such that o (z, p) < lin

the previous inequality to obtain that 0*(x, ¢) < 1. O

Proof of Proposition 3.1. We divide the proof into two parts. Firstly, S;; (€2) C B,~. Take
apoint z € () such that u is differentiable at x. For every vector v € SV~ on the unit
sphere, we take (5 (t) = tz + (1 — t)(z — hv) forevery h > Oandt € [0, 1] and we
notice that (;, € I'(z — hv, ) and for h small enough, (j, is close to x. We then have

(Vu(z),v) < lim b~ (u(z) — u(x — hv))

h—0t

< liminf b 'd,(z — hv, x)
h—0+
1

1
< liminf h_l/ o(Cp, ¢p)dt = lim inf/ o(Cp,v)dt < o(z,v),

h—0t+

where we have used the continuity of  +— o(.,v) and Lebesgue theorem. Using the
definition of 0*, we deduce that o*(x, Vu(x)) < 1 as desired.
Secondly, By« C S5(€2). Assume now that o*(z, Vu(z)) < 1 at any differentiable
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point z of u, ie., (Vu(z),p) < o(z,p) forallp € RY. For smooth function u, the
argument is simply given by

uly) — ulz) = / Vu(£(s)) - E(s)ds

for Lipschitz curves & joining  to y in €. This implies that u(y) — u(z) < d,(z,y).
For general Lipschitz function u, one can make use of smooth approximation (see [68,
Proposition 5]). O

Proof of Theorem 3.2. Let us see that for any subsolution v (3.1), we have v < wu. Pick
any subsolution v of (3.1) satistying the condition v = g on D. Let z € (2, we have for
anyy € D
v(@) = (@) —v(y) +9(y)
< do(y, ) + 9(y)-

This gives that v < w in €2 and then fQ x)dz < fQ x)dz. Clearly u is 1—Lipschitz
with respect to d,;, hence by Proposition (3. 1) we have o (:E Vu) < 1. Consequently u
solves (3.3). If w is another solution, then fQ x)de = fQ z)dzand w < uwin ) by
the first step. Consequently u = w, as desired. ]

3.2 HJ AND DUALITY RESULTS

As we said in the introduction among our main interests in this chapter is to use aug-
mented Lagrangian methods to give a direct algorithm to approximate the solution of
the HJ equation.

To this end, we observe that problem (3.3) falls into the scope of the following class of
optimization problem (see 2.4)

(P) : ulélf F(u) + G(Au)
where 2" and & are two Banach spaces with the topological dual spaces 2™ and %%,
F: 2 = (—o00,+0],G : % — (—00,400] are proper, Ls.c., convex functions and
A 2 — % isalinear operator, that we will precise later.
As we pointed out in the introduction, because of the degeneracy of the Hamiltonian,
we can not directly use Theorem 2.16 to show duality between the maximization problem
and its dual problem. The main goal of this section is to show rigorously that the duality
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still holds true. As a typical example we will consider an HJ equation of Eikonal type,
coupled with a zero Dirichlet boundary condtion,

{\Vu(xﬂ = k(z) inQ
u=20 on 0f).

In other words, H(x,p) = |p| — k(z) where k is a continuous, nonnegative function
on €. In this case, the problem (3.3) can be rewritten as

sup{/ udzr : |Vu| <k and u=0 8Q},
Q

or

(P) : inf {F(w) +G(Au)}

where V = C(Q) N H(Q),

0 if |q] <k

+00 otherwise.

-F(u):—/gudx, Au=Vu and g(q):{

For the case of non-degeneracy, i.e., k(z) > 0 on Q, the Fenchel-Rockafellar duality,
since the qualification conditions are satisfied ( Theorem 2.16, Section 2.4), gives

sup{/guda: | Vu| < kandu = Oonﬁﬁ} = min {/Qk d|g| : —div(¢) = pinD/(Q)}.

peMp()N

3.2.1 Duarity FOR HJ EQUATION

To the duality, we consider a more general problem by_ considering, for a nonnegative
Radon measure p € M (2) and a closed subset D C €, the problem

max {/ udp : o"(z,Vu(z)) <landu =g onD}.
Q

ueW1,20(Q)

Since the values of u are prescribed on D and the solution of (3.1) is given by the distance
to D, we can consider the following problem

(Mp):  max {/ udp : o"(z,Vu(z)) <landu =g onFD},
Qp

ueW1:20(Q)

32



3.2 HJ and duality results

where Qp :=Q\ D,T'p := opNID and T = 99 \ I'p. In particular, if D = 0
then Qp = Qand'p = 90, I' = 0.

Example 3.4. Consider for example Q = (0,2)* and D = [1,2] x [0,2]. Then, we
immediately find Qp = (0,1) x (0,2) and 9Qp = I'p U T with

= (0,1) x {0} U (0,1) x {2} U{0} x (0,2), and Tp = {1} x (0,2).

As we will see, our dual formulation challenges some kind of trace-like operator for
the so called divergence-measure field. To begin with let us sort out formally and briefly
our approach, at least in the case where D = ). Taking 2" to be the Banach space
W1e°(Q) and Z to be the space L>(2)", we consider simply

— Jqudp ifu e Wh*(Q)andu = g on 9Q
Flu) = ,  Au=Vu,

+00 otherwise,
and
0 ifo*(z,n) <1
G(n) =

+00 otherwise,

so that the problem (M p) reads as (P). For a formal computation of the dual problem,
let us notice that G* : #* — (—o0, 400,

G () = / o(z,®) forany® € #*.
Q
The operator A* : & — 2" is given by
(A", &) = (P, VE)  foranyé € 2.
Also,

F (=AN"D) = sup / —® - Vudr — F(u)
Q

ue X ,u=g on 0f)

= sup /—<I>~Vudx—|—/udp
ueZ ,u=gond JQ Q

= sup /udiv(q))—/ <I>~Vu—|—/udp
ueEZ ,u=gond2 JQ o0 Q

:{—faQCI)-Vg it —div(®) =p

400 otherwise.
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In other words, the dual problem reads

inf{/ﬁa(x,cb) —/aQCD-l/g : ® e, —div(P) :pinDl(Q)}. (3.4)

Note that the above computation is very formal by the appearance of the trace-like term
® . v which is not well defined for all ®.

To handle rigorously the normal trace of the vector-valued dual variable ® in the dual
problem of the type (3.4), we recall the trace-like operator for the so called divergence-
measure field (cf. [28, 29, 30]). To this aim, we assume in this section that

Qp = Q\ D isaregular domain with a deformable Lipschitz boundary 0€2p.

This is achieved for instance in the case where €2 is a regular domain and D = 90 or
D = @ with a regular domain w CC 2.

Forany 1 < p < 00, we define the set
DMP(Qp) == {F € L’(Qp)" : divF =: p € My(Qp)},

where = div Fis taken in D'(€2p). See here, that for any F' € DMP(Q)p), the total

variation of div F' is given by

|div F'|(Qp) = sup{/g&d,u : 9 €Co(p), |p(x)] < lforanyz € QD}
= sup{/apdu : € Cy(Qp), |p(x)] < 1foranyx € QD}

= sup{/F-Vgo L € Cy(p), |p(x)] < 1foranyz € QD}.

In particular, the space DMP(€2p) endowed with the norm
1Ellopmr@p) = [l r@p) + [div F(2p)

is a Banach space.

Thanks to [28,29,30], forany 1 < p < 00, itis possible to define a trace-like operator
on the set DMP(Qp). Actually, for any ' € DMP(p), we define F' - v the normal
trace of ' on 0S2p, givenby F' - v : Lip(0§2p) — R the continuous linear functional
such that

(F-v,&00,) = | EdivF+ | VE-F,  foranyé € CH(Qp).
Qp Qp
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Moreover, since I'p is a deformable Lipschitz boundary, then the restriction of F' - v to
I'p is well defined, this will be denoted by F" - vp (cf. [28, 29, 30], see also Remark 3.5).

Remark 3.5. 1. Thanks to [28, 29, 30], for any F' € DMP(Qp), with 1 < p < oo,
itis possible to define the normal trace /- v/ locally by using Lipschitz deformation
of the boundary. This formulation is very useful in the case where the boundary is
partitioned into disjoint deformable Lipschitz patches.

2. In the case where p = 1 as well as the case where LP(Qp)" is replaced by the space
My(Qp)Y, the trace may be defined as well, but only as continuous linear form
on a subset of Lip(0Q2p) (cf. [28, 29, 30]).

Now, combining this consideration with the formal computation for (3.4), we intro-
duce the following optimization problem

©Fp): it S [ olesta)ie = (6-vm.0): ~av(6) = p 1 D@\ To) .

where the divergence constraint is understood as follows:

Vé-opdr — (¢ -vp,&) = / &dp, forany € € Lip(ﬁp),

Qp Qp\T'p

with ¢ - vp being trace-like term on I'p as defined above. In other words, we impose that

¢-vp=0onT.
Our main result in this section is the following duality result.

Theorem 3.6. Let p € M (Q), then (Mp) and (OF p) coincide.

Proof. Consider on M,(Qp) the following functional ' : M,(Qp) =] — 00, 0]
defined by

pEDMP(Q2p)

F(h) = inf {/Q a(x,¢(x))dx+/r gdh—{(p-vp,g) : —div(¢) = p+hin D (Qp \ FD)},

forany h € My (Qp). Then F is convex and Ls.c. Indeed, take hy, hy € My(2p) and
set h := thy + (1 — t)hy fort € [0,1]. Let ¢y, P2, € DMP(p) be two mini-
mizing sequences of fluxes corresponding to Ay and hy respectively, z.e. —div(¢;,) =

p+hi, inD (Qp \I'p)and

F(h;) = lim o(z, ¢in(z))de +/ gdh; — (¢in-vp,g) fori=1,2.

n QD FD
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Set ¢y, =t + (1 — ) 2. We clearly see that ¢, are admissible for /& and

F(h) < liminf/Q o(z, dp(x))dx +/ gdh —(¢n - vD,9)

n T'p

= lim inf/Q o(z,td1n + (1 —t)pa,)de + / gdh — ((tp1n + (1 —t)p2n) - VD, g)

n T'p

< li7rlnt</Q o(z,¢1,)dx —i—/F gdh — (P10 - VD79>>
+(1-— 15)(/Q o(z, pan)de + /r gdh — (¢a,, - I/D,g>>

D

<tF(hy) + (1 —t)F(hs)

and this proves convexity. For the lower semicontinuity, take a sequence h,, — hin
My (Qp). Forevery n € N, we consider a sequence (¢ )eny of DMP(Qp) such that

F(hy) = lim o(z, ¢ (z))dx + / gdh, —(¢F -vp, g).
k—o0 Qp Tp

We may find some 1, € L'(2p, RY) such that —div(¢,) = h — hy, in D'(Qp \T'p),

|%n]l 2t — Oand (¢, -vp, g) — 0.Infact, wehave h—h,, € My(Qp) — W1 (Qp)

forp > Nandp = 1%' We consider the following p-Laplace equation

— Aty = h — h,, in Q)

U, =0 onl'p (3.5)

|V, [P~*Vu, -vpg =0 onl.

The system (3.5) admits a unique solution u,, € WP(Qp) such that u,, = 0 on
I'p. Hence, if we set 1, = |Vu,|P"2Vu,, we see that 1, € L’ (Qp), and then in
L' (Q2p). Moreover, we have —div(¢,,) = h — h,, in D'(Qp). Since h — h,, is bounded
in WL (Qp), itis not difficult to prove that u,, is bounded in W'P(Qp). So, by taking
a subsequence if necessary, we have u,, — uin WhP(Qp), and uniformly in £2p. On the
other hand, we have

/ |¢n|p/ dz = / |vu”|pdx = <h - hm un)Wfl’p/(QD),Wl‘p(QD) — 0.
QD QD

n—o0

36



3.2 HJ and duality results

In particular, this implies that |¢,| — 0in L*(Qp). Moreover, taking § € Lip(Qp)
n—oo

be such that g = g on I'p, we have

(- VD, g) = wn-vgdx—/ Gdh—hy) — 0.

Qp Qb n—00

This being said, we clearly have —div(¢? + ) = p + h, i.e. ¢F + 1), are admissible
fluxes for h. By semicontinuity of the integral, we have

F(h) < / o, (8 + ) (2))d + / g dh — ((6F + ) - v, g)

D

< /QD o(z, o* (x))dx + /FD g dhy, — (¢} - vp, g)

‘I“/S;D U(I,@/m(x))dx%»/ gd(h—hy) = (¥n-vp,g).

I'p

Letting k — oo we get

F(h) < F(h) + / o, Pu(z))dz + / g d(h — hy) — (- v, g).

I'p

Now, letting n — 00, and using the fact that ¢, — 0in L'(2p)", and h,, — hin
M,(Q2p), as n — 00, we obtain the lower semicontinuity, i.e.

F(h) < liminf F(h,).

Next let us compute F™*. Forany u € C(Qp), we have

F*(u) = sup / udh — F(h)
hGMb(ﬁD) Qp
= sup {/ udh —/ o(z,¢(x))dx —/ gdh+ (¢ -vp,g):
heM,(2p) Qp Qp I'p
HEDMP ()

—div(¢) = p+hinD'(Qp \ FD)}
= Li(u)+ L(u),
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3 Augmented Lagrangian approach for HJ equation
where I (u) 1= — fQD udp and

I = d(p+h)— d —qg)dh .
= s { [ walpen- [ oteoidns [ w-gahoro.g
GEDMP(Q )

: —div(¢) =p+hinD (Qp \ FD)}.

Using Lemma 3.7 below, we deduce that, for any u € Lip(£2p), we have

o*(z,Vu) <1

andu =gonl'p

— Jo, udp if {

F(u) =
00 otherwise.

Finally, using the fact

inf(OFp) = F(0) = F**(0) = sup —F"(u) =max(Mp),
ueLip(Qp)

we deduce the result. ]

Lemma 3.7. Let u € Lip(S)p), we have

heAMotTio) { /QD\FD ud(p+h) = /QD o(x, ¢(x))dz + / (u—g)dh+ (¢ vp,g)

I'p
HEDMP(Qp)
: —div(¢) = p+hinD (Qp \ FD)}
0 s o*(z,Vu) <1
_ andu = gonl'p
oo otherwise.
Proof. Take w as a test function in the divergence constraint —div(¢) = p +

hinD' (Qp\Tp), we get

I(h,¢) = / (o) - / oz, $(x))dz + / (u—g)dh+ (§- v, g)

I'p

= Vu-qbdx—/ﬂ J(x,gb(x))dx—i-/r (u—g)dh+ (¢ -vp, g —u).

QD D
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3.2 HJ and duality results

If o*(x,Vu) < 1landu = g on I'p, then following Lemma 3.3, we obtain
sup I(h,¢) < 0. Actually, supI(h,¢) = 0 in this case by taking h = —p and
¢ = 0. Ifu(zg) # g(xo) for some xyg € I'p, then we consider Dirac mass at zy,

h = nsign(u(zo) — g(w0))ds, forn € N, and fix &g € DMP(Qp) such that
—div®y = pinD'(Qp \ I'p), we have

sup I(h, ¢) > /

g CIDO-VU—/Q o(z, Po(x))dz+nlu(ze)—g(xo)|+(Po-vp, g—u).

Letting n — 00, we get the result. For the remaining case, ie. v = g on I'p and
o*(z,Vu) > 1 on a non negligible set, we see first that, for any u € Lip(§2p), there
exists a measurable function that we denote by ¢, : Qp — R such that

qu(z) - Vu(z) = 0" (x, Vu(x)), ae. inp.
Indeed, recall that o*(z, Vu(z)) = max,{(p, Vu(z)) : o(x,p) = 1} and the func-
tionx — (p, Vu(z)) + I}y, )=1) is measurable. Then, ¢, is given by the measurable
representation in the set

arg;nax{(p, Vu) : o(z,p) =1}

Now, ifu = gonI'p and 6*(x, Vu) > 1inasubset A C Qp such that |A| # 0, we

consider ®,,, = n% XA * 1, where 1 is a sequence of mollifiers. It is clear that there

exists h € ./\/lb(ﬁD), such that —div ®,,. = p + h. For any n, we have

sup I(h, ¢) > /

D, - Vu — / o(x, ®pe(x))de.
Qp Qp

Letting € — 0, we get

1 1. o
sup I(h, ¢) > n/Am(qu-VU—a(x,qu))dx > n/Am(U (x,Vu(z)) — 1)dz.

Then, letting n — oo, we get the result. O

Remark 3.8. Going over the duality inferred by Theorem 3.6, we have
inf{/ o(x,p(x))dx — (b -vp,g) : ¢ € DMP(Qp), —div(¢) = p in D' (U \ FD)}
Qp

=  max ){/ u(z)dp, 0" (z,Vu(z)) < lae zinQpand u= gonFD}.
Qp

ueWio(Q
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3 Augmented Lagrangian approach for HJ equation

Itis not clear if the inf is a min . This is closely connected to the regularity of the trace of
divergence-measure field. However, one sees that if this is true, i.e. the inf is a min, then
the respective extremums v and ¢ satisfy the following PDE:

(—div(g) =p inD' (Qp \ I'p)

¢(x) - Vu(z) = o(z, ¢(x)) inQp

uUu=g onl'p
o*(z, Vu(z)) <1 in Qp
\ ¢Vf:O OHF.

3.3 THE AUGMENTED LAGRANGIAN TECHNIQUE

3.3.1 FORMULATION OF THE PROBLEM

We set again 2" = Wh(Qp)and @ = L*(Qp)V. Foranyu € 2 andn € ¥, we
define

_fQDUdp ifu=gonlp 0 ifo*(z,n) <1
Flu) = , G(n) = . and Au = Vu.

+00 otherwise +00  otherwise
Thus, the problem (M ) can be rewritten in the form
—Jélﬁf(u) + G(Au).
Thanks to Theorem 3.6, we can write

—min { F(u)+G(Au) - u € 2} = —sup {~F"(~A"0)~G"(9) : 6 € DMP(2p) }

= inf{/ﬂD o(z,p(x))dx — (¢p-vp,g) : ¢ € DMP(Qp), —div(¢) = p in D/(QD\FD)}.

Introducing a new primal variable ¢ € % we can write (M p) in the following alternative
form

_ inf .6
(u’q)Alenfgwf(U)Jrg(q) (3.6)
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3.3 The augmented Lagrangian technique

so that (M p) and (OF p) can be recast in a saddle point form

inf sup  L(u,q;
(u,q) X XY SEDMP(Qp) ( ¢)

where

L(u,q;¢) = F(u)+G(q)+ i ¢ (A(u)—q)dz, forany (u,q,¢) € X' x¥ xDMP(Qp).

More precisely, we have

Proposition 3.9. w is a solution of (Mp) if and only if the couple (u,q = Au) €
X X X is a solution of

sup min  L(u,q; ¢
pEDMP(Qp) (Wa)EL XY ( )

which is equal to
min sup  L(u,q; ).
(WOEL XY $eDMP(Qp) ( )

Proof. The proof of this result is standard. For completeness let us give the main argu-
ments showing how the duality of the previous section takes part of this result. Using
(3.6), it is not difficult to see that

min {.F(u) +G(Au) : ue %} = min sup  L(u, q; ¢).
(WLDEZX XY yeDMP(Qp)

On the other hand, using the definition of F*, G* and A*, one sees that

sup min  L{u,g;¢) = sup { — F'(~N'6)~G"(9) : 6 € DMI(Qp) }.

SEDMP(Qp) (WA EL XY
Thus using Theorem 3.6, the result of the proposition follows. []

For a given r > 0, we recall that the augmented Lagrangian (cf. [55]) is given by
L, (u,q; ) = ]:(u)+g(q)+(¢,Au—q>+g|Au—q\2, forany (u,q, ¢) € Z X% xDMP(Qp).

In the same way, it can easily be proved that

Proposition 3.10. Ler v > 0. Then, u is a solution of (Mp) if and only if the couple
(u,q = Au) € & X ¥ isa solution of

sup min  L,.(u,q;¢
HEDMP(Qp) (WOEL XY ( )
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3 Augmented Lagrangian approach for HJ equation

which is equal to

)  min sup  L.(u,q;9).
() (@) €2 XY $eDMP(Qp) ( g

Now for the numerical computation concerning the problem (M p), we will focus on
the saddle point problem (.}.). Recall that the addition of the quadratic term £|Au—g|?
has the advantage of improving the convergence of the dual approach (one can see [42,
54]).

3.3.2 AprPLICATION OF ALG2

We approximate the domain {1p via a triangulation 7. For & > 1, we denote by
IP;, the space of polynomials with real coeflicients and of degree at most k. We define
21, C WL=(Qp) as the space of continuous functions on Qp belonging to P, on each
triangle. Similarly, %4, is the space of vector valued functions belonging to (Pk,l)d on
each triangle. Then the problem (M p) is discretized by the following finite-dimensional
optimization problem:

inf F(u) + G(Au).

ueELp

Then, as recalled in Section 2.4, foragiven gy € %}, ¢9 € %, using ALG2 algorithm
we construct a sequence {u; };, {g; }+, {¢: }; by optimizing alternatively in « and ¢, for
1> 1.

Algorithm 1 ALG2 iterations

Ist step: ;1 € argmin,c 5. {f(u) + (@i, Au)) + 5|A(u) — qi\Q}.

2nd step: ¢;;1 € argmin, .y, {g(q) —(bi, q) + 5| A(uiy1) — q|2}.
3rd step: We update the multiplier ¢ by

Gir1 = @i +1(VUit1 — Git1).

The steps of the Algorithm 1 can be detailed as follows:

* The first step amounts to solve a Laplace equation with mixed boundary condi-
tions. Indeed, we have for every z € 2}, withz = 0onI'p

r(Vuir1,Vz) = (p, 2) + ((rgi — ¢i), V2)
which is equivalent to solve

—rAu = p+div(¢p —rq) inQp,
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3.3 The augmented Lagrangian technique

together with the following mixed boundary conditions:

Dirichlet boundary conditionu = gonI'p

Homogeneous Neumann boundary condition (rVu + ¢ — q) - v = Oon T

* The second step is a pointwise projection. Indeed, we use P; finite element for ¢
and ¢, we have at each vertex x,

0e aﬂB*(xk,-)(QiJrl(xk)) — ¢i(wr) — r(Vuip1(7r) — qip1 (7)),

which is equivalent to perform pointwise projections:

. i\T
Gi+1(zx) = Projp« (s, (@ + VUz‘+1($k)>

where B*(z,.) = {p € RY : o*(z,p) < 1}.

3.3.3 ERROR CRITERION

Basing on the primal-dual optimality conditions, we use the following stopping criterion
1. MaxLip := sup, o*(x, Vu(x)),
2. Div:= || — div(¢) — pl|2,

3. Dual := [|o(z, ¢(x)) — ¢(z) - Vul| L2,

4. NBD, := (ff(qs : u)2>1/2.

We expect MaxLip < 1 and Div, Dual, NBDy to be small. In addition, we compute
||t — Uezqct || for different norms where w is the computed solution and eyqc: is the exact
solution, whenever the latter is easily found. Let us mention that NBD will concern
only the Test 2 where we prescribe data on a closed set D, so that T 0.

To implement the algorithm we use FreeFem++ [58], which is particularly adapted to
solve the Laplace equation in the first step of ALG2. We use P, finite element for v and

P finite element for ¢ and g (see e.g. [15]). All the tests are executed on a macOs Mojave
10.14.4.
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3 Augmented Lagrangian approach for HJ equation

3.4 NUMERICAL EXPERIMENTS

3.4.1 TesT1:
We first examine the case [Vu| = f(z,y) = 1in Q2 = (0,1)*and u = 0 on 9.

lsovalo Vee Value

-
o

-~

(a) (b)

Log 10 of Errors

(a) Feasibility of . (b) Divergence and Dual errors

Figure 3.2: Error criterion for 1000 iterations with IV}, = 120

The exact solution is Uegact (2, y) = d((z,y),0) = min(z,1 — z,y,1 — y). We
measure ||U — Uegact || in different norms, with different mesh sizes V), and for 1000 iter-

ations.
Np, | Time execution | ||t — Uepact||z2 || || — Uezact]lzr | ||t — Uewact|| Lo
30 55.3254s 1.19311e-3 1.2476e-3 9.71803e-4
60 212.838s 3.68023e-4 3.82991e-4 3.48313e-4
120 | 855.136s 1.64122e-4 1.7198e-4 1.66483¢-4

This test shows us that ALG2 iteration converges to the accurate solution u as the mesh
is refined.
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3.4 Numerical experiments

3.4.2 TEsST 2:

We consider the same equation |Vu| = 1on Q = (—1,1)?\ D where D is the euclidean
ball centered at (0.05, 0.09) and of radius 0.25, and we set u to be equal to 0 on D.

S\ 77 28

-
.

%J%//M/Mu.’AL\.N\&\\\\\@
(a) (c)

Figure 3.3: Left to right: 3D plot of the solution u, contour plot of u, the flux ¢

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
terati

(a) Feasibility of . (b) Divergence, Dual and NBDy errors

Figure 3.4: Error criterion for 500 iterations with Nj, = 50
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3 Augmented Lagrangian approach for HJ equation

3.4.3 TEST 3:

Always with the Eikonal case, take f(z,y) = /(1 —|z])2 + (1 — |y[)2. The exact

solutionin Q = (—1,1)?is Uegaet(, y) = (1 — |2]).(1 — [y]).

(2)

Figure 3.5: Left to right: 3.D plot of the solution u, contour plot of u, the flux ¢

(a) Feasibility of . (b) Divergence and Dual errors.
Figure 3.6: Error criterion for 600 iterations with N;, = 120
Np, | Timeexecution | || — Uezact||z2 || || — Uezact||r | |t — Yezact|| Lo
30 | 39.1138s 2.27077e-3 2.54665¢-3 2.47988e-3
60 | 158.138s 6.49636¢-4 7.41279%e-4 1.57558¢-3
120 | 647.024s 2.99273e-4 3.22747e-4 6.54593¢-4
240 | 2610.03s 6.97158e-05 7.83619¢-05 2.807e-4
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3.4 Numerical experiments

3.4.4 RIEMANNIAN CASE

We take o((z,y),v) = +/Bivi + [Bov3, with 51,82 > 0. It is not difficult to see

that 0*(q) = 4/ Z—i + Z—i. As in [16], the projection onto the unit ball of 0%, B* =
{q,0"(q) < 1}is given by
q it ¢ € B*
Projz-(q) =
Ji-(@) { (511_11(’ %) otherwise,

where ( is the zero of the function

. Biqa B2t
FO=1- (G Brr o)

which can be computed with a dichotomy algorithm.

For this test, we take

1 2

pr = and (B =
-2 (\/2(x—0.5)2+2(a:—0.5)(y—0.5)+(y—0.5)2)>
e

-2 <\/2(x—0.5)2+2(:r—0.5) (y—0.5)+(y—0.5)2))
(&

\\\\\\\\\\\\\\

/ : “MW's;\i\“mm =
l,\\\ ==

W‘\ -
L \“:‘ “\ “\‘\”:‘
L

() (b) (c)
Figure 3.7: Left to right: 3D plot of the solution u, contour plot of u, the flux ¢
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3 Augmented Lagrangian approach for HJ equation

Log 10 of Errors.

200
Iterations

(a) Feasibility of . (b) Divergence and Dual errors.

Figure 3.8: Error criterion for 400 iterations with IV}, = 64

3.4.5 AN1SOTROPIC EIKONAL EQUATION:

One interesting case is the so called anisotropic Eikonal equation. Consider a symmetric
positive definite matrix A/ modelling the anisotropy, and define the following equation

H(z,Vu) = VVu!MVu—1in Q and u =0 on 0%.

In this case B* is an ellipse and the projection can be computed as in the Riemannian case
[72]:

Proj,. (q) = q if g € B*
& (CM +1,)"Yq  otherwise,

where ( is the unique positive root of the function
F(¢) = giMg; — 1 with gc = ((M + 1,)'q,

which can be found with a dichotomy method. We perform a test as in [81, Example 2] by

taking
_ ll (l‘, y) —lg(l’, y)
M= (—z3<x,y> b(z,y) )

with
1
672(\/2.(x70.5)2+2.(x70.5).(y70.5)+(y70.5)2)
l2(l‘, y) = 211(1’, y)
l3($a y) = ll($7 y)

ll(a:,y) =
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3.4 Numerical experiments

Log 10 of Errors

(a) Feasibility of . (b) Divergence and Dual errors.

Figure 3.10: Error criterion for 300 iterations with Nj, = 80.

3.4.6 POLYHEDRAL CASE

Consider k vectors py, - - -, pr and define for any v € R the following Finsler metric

o(v) = max <v,p; >

usually called a crystalline norm. We can easily check that the unitball B* of 0* is nothing
but the convex hull of the vectors py, - - - , px:

B* = conv(py, -+ ,pr)-

The projection onto B* can be performed easily (see [16, 66]). We start by determining
the vertices 51, - - - , 5, of B* and the corresponding outward normal vectors v; to the
edges of B*. Afterwards, if v ¢ B*, we distinguish to cases: eitherv € [s;, s;41] + R 1,
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3 Augmented Lagrangian approach for HJ equation

and in this case we project v onto the segment [s;, S;11], or it belongs to a sector s; +
R*v; + R*v;11 and in this case its projection is s;.

We perform a test with p; = (1,—1),p» = (1,—-0.8),p3 = (—0.8,1),ps =
(—1,1),ps = (=1, —1). We take N}, = 64 and 600 iterations.

=

(2) (b) (c)

35

o
Log 10 of Errors

0 100 200 300 400 500 600 0 100 200 300 400 500 600
terations

(a) Feasibility of w. (b) Divergence and Dual errors.

Figure 3.12: Error criterion for 600 iterations with Nj, = 64.
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4 PrRiMAL-DUAL ALGORITHM FOR
SHAPE FROM SHADING

4.1 INTRODUCTION

Shape from Shading (S£S) consists in reconstructing the 3D shape of an object from its
given 2D image brightness. The shape of asurface u(x1, x2) isrelated to the image bright-
ness (21, z2) by the Horn image irradiance equation:

R(n(xy,z2)) = I(x1,x2), (4.1)

where (21, x2) is the brightness greylevel measured in the image at point (x1, x2);
R(n(z1,22)) is the reflectance map and n(zy,22) is the unit normal at point

(71, 72, u(z1, T2)) given by
1

T Ol a) O (o). ).
1,42

n(xy,xg) =

In (4.1), the irradiance function (1, z2) is known since it is measured at each pixel of
the brightness image, for example, in terms of greylevel in the interval [0, 1]. The implicit
unknown is the surface u(x1, z3), which has to be reconstructed.

In the case of Lambertian and the surface illuminated by a simple distant light source
of direction ¢ = (w,r) = (wy,ws,7) € R3, one has R(n(z1,z2)) = n(zry,xs) -
(w1, wa, ) and, by (4.1),

IN1+ | Vul2+Vu-w—r=0. (4.2)

This equation falls into the scope of Hamilton-Jacobi equations

H(z,Vu) =0 inQ, (4.3)
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4 Primal-Dual Algorithm for Shape from Shading

where the Hamiltionian H isdefined by H(z, p) = Iy/1 + |p|?>4+p-w—r. In particular,
if the object is vertically enlightened, i.e., ¢ = (0, 0, 1), one obtains the standard Eikonal
equation

1
=4 =1 4.4
‘VU(SE1,CC2)| ]2(x17x2) ( )
As pointed outin [39] (see also [104]), there are three major families of numerical methods
allowing the resolution of the SfS problem. Namely, PDE methods (cf [6, 47, 79, 91, 93]),
optimization methods (cf [34, 61]) and approximating the image irradiance equation (cf
[57, 88, 90]).

Here, we are particularly interested in the study of the PDE formulation in terms of
HJ equations (4.3) as it was presented in the previous chapter. As we know, the theory
of viscosity solutions [31, 32, 80] provides a suitable framework to study equations of the
form (4.3), and applications of the viscosity theory to the SfS problem go back to the
works of Lions, Rouy and Tourin [79, 93] and recently in the work of Prados, Camilli
and Faugeras [91]. Several difhiculties arise while dealing with the SfS problem, namely
compatibility of boundary conditions and the degeneracy of the Hamiltonian. As we
recalled in Chapter 2,it is well known that for (4.3) coupled with the boundary condition
u = g on JS), to admit a solution one needs to check that g(z) — g(y) < d,(y,z)
forall x,y € 0f), where d, is the intrinsic distance associated to the Hamiltonian (see
(2.8)). In addition, imposing only boundary conditions is not sufficient to ensure the
uniqueness of solution to the HJ equations (4.3). It turns out that the set of degeneracy
of the distance d,, called the Aubry set, plays the role of a uniqueness set for (4.3) (see e.g.
[48]). In the case of Eikonal equation (4.4), the Aubry set A can be taken as the zero set
[k = 0] of k = v/I~1/2 — 1. In other words, it corresponds to the points with maximal
intensity I, ie., [(x1,22) = 1 so that the right hand side in (4.4) vanishes. Most of
the authors (cf [23, 91, 93] for example) choose to regularize the equation to avoid these
points. We will not encounter this difficulty in our approach since we do not need to deal
with the inverse of possibly vanishing functions. We only need to perform projections
onto euclidean balls whose radii may be equal to zero.

Our approach is based on the results of Chapter 3, we characterize the maximal vis-
cosity subsolution of (4.3) in terms of a maximization problem. We then associate a dual
problem and exploit the saddle-point structure to approximate the solution of (4.3) us-
ing the Chambolle—Pock (CP) algorithm. Our approach lies between the PDE and op-
timization methods since we start by characterizing the maximal viscosity subsolution of
the HJ equation thanks to the intrinsic metric of the Hamiltonian and we end up with
an optimization problem under gradient constraint. Moreover, the convergence of dis-
cretization is also studied in detail.
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4.2 Maximization problem and duality in continuous setting

4.2 MAXIMIZATION PROBLEM AND DUALITY IN
CONTINUOUS SETTING

As we discussed in the introduction, we will consider the PDE formulation of the SfS
problem in terms of HJ equation. Fi)llowing our setting in Section 3.1, we consider the
following HJ equation where D C §2

(4.5)

H(z,Vu)=0 in Q\ D
uUu=gq on D

where g: D — R is a continuous function satisfying the compatibility condition

g(x) —g(y) <d,(y,xz) foranyz,y € D.

Thanks to Theorem 3.2, the following result allows us to approach the SfS problem via
a maximization problem.

Theorem 4.1. The unique maximal viscosity subsolution of the equation (4.5) can be re-
covered via the following maximization problem

(M): max {/Qu(x)dx, o*(z,Vu(z)) < landu=gon D}.

ueWho(Q)

We propose here a different proof of duality than the one presented in Chapter 3. For
simplicity, we will state it for the case D = 02 (which is essentially the case for other
numerical computations). In addition, we assume that g € H/2(52).

Theorem 4.2. We have

max {/u(m)dx, o*(z,Vu(z)) < landu = gon 6’9}
Q

ueWhoo(Q)

=t [ w00 (0.6 s () = Lin D) b= 07

peL2(Q)N

Proof. 'To prove the duality between (M) and (OF), we use a perturbation technique
as follows. Define on L?(Q2)" the following functional

E(p) := —sup { /Qudx cu € Lip(Q2), o (z, Vu(z)—p(x)) <1, u=g on GQ}.

Then, one can check that F is convex and lower semicontinuous. To compute £* we start
by observing that since u = g on 02, we can assume thanks to trace lifting Theorem that
g = Yo(w) forsome win H*(Q),and u = £ + wwith & € H}(Q) N W (Q).
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4 Primal-Dual Algorithm for Shape from Shading

We then have forany ¢ € L?(Q)V

B = sw [ opdo—BQ)

peL2(Q)N

— sup {/gb-pdx—l—/fdp—f—/wdmZO'*(ZL‘,V(f—f-w)—p)Sl}
peLX()N teHg () L/ Q Q Q

Setq = V({+w) — pwegetp = V(£ + w) — g, we then have

E*(¢) = sup {/(]5 V(+w) —qd:c—l—/fd:c%—/gwdx o*(x,q(x ))<1}

qeL2(Q)N £eHL(Q)

= gei}[lél()Q) {/Qd)-Vfdx—i—/Qfdx—ir/ﬂ¢-dex+/ﬂwdx—/Qd)-qdm}.

qeL2()N, o*(z,q(z))<1

The last quantity is finite if we impose that [, ¢- VEdz+ [, Edz = Oforall§ € Hj(Q),
which means that —div(—¢) = 1 and consequently ¢ € Ha;y(2), where

Ha () = {6 € LX), div(g) € LX(Q)}.

Thus the normal trace of ¢ is well-defined and ¢.n € H~1/2(992). Taking v = —¢.n,
then —div(—¢) = 1 — vin D'(R") and therefore, for such a ¢, integrating by parts we

get

£ = s { [0 qar: o) <1} s

qeL?(Q

= /QO‘([E,QS)(LT— <g, ¢'n>H1/2,H—1/2'

Finally,
max M = —E(0) = —E™(0) = —sup —E*(—¢) = inf E*(—¢) = inf(OFp),

as desired. O

Remark 4.3. When the object is enlightened vertically, i.e., ¢ = (0,0,1) and v = 0 on
051, the StS problem amounts to solve the following Eikonal equation
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4.3 Discretization

(4.6)

|[Vu| =kin
u=0o0n OS2

where k(z) = y/I72(x) — 1. In this case, the duality in Theorem 4.2 reads as

uemrg@g(m{/gudx (|Vul <k, u=0o0n 89} = ¢€££1(1;)N{/Q k(x)|p|dz : —div(p) = 1inD (Q)}
As for the Aubry set A, it can be taken as the zero set [k = 0] of k = v/1=2 — 1, which

corresponds to the points with maximal intensity /, i.e., I (z) = 1 so that k(z) vanishes.

As we will see in the next section, dealing with nonempty Aubry set does not represent

an obstacle in our approach. Contrary to the works (e.g [23, 91, 93]) where the authors

approximate the degenerate HJ equation via non-degenerate one (typically, by consider-

ing (4.6) with k. = max(k, €) for € > 0), the only step where we deal with degeneracy

points is the projection onto a ball of radius £, which may be equal to zero.

Remark 4.4 (Boundary conditions). Itis well known that a natural choice for boundary
conditions is the Dirichlet boundary condition. As pointed outin [39], the images we will
consider contain an occluding boundary (see Fig 4.1) which will be taken as the boundary
OS). Particularly, assuming that the object is placed on a flat table suggests taking © = 0
on 0€2 or more generally, if the height g of the surface on which is placed is known one
can take u = g on 0f2.

a0

Figure 4.1: An object and its occluding boundary

4.3 DISCRETIZATION

The main result in this section will be the convergence of primal-dual solutions of the dis-
cretized (finite-dimensional) problems to the ones of the original problems in continuous
setting.
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4 Primal-Dual Algorithm for Shape from Shading

4.3.1 DISCRETIZATION OF THE DOMAIN AND OPERATORS

Let 2 C R?be an image domain, which can be taken as © = [0, 1]2. Following [26], we
discretize the domain Q using a regular grid m x n: {(ih, jh) : 1 <i <m,1 < j <n}
forafixed h > 0. We denote by Dy = {(4, j) : (¢h, jh) € D} the indexes whose spatial
positions belong to D and by u; ; the values of w at (ih, jh). The space X = R"™*" is

equipped with a scalar product and an associated norm as follows:

(,0) =D vy and lull = v/(u,u).

i=1 j=1

For1 < i < mand1 < j < n, we define the components of the discrete gradient
operator via finite differences:

Wit it i Wi i1t i e
ZitliTNg i < m Liyg 17 0eg ifj<n

Vyu)l. = h : Vou)?. = h
(Vi {o fimm {o ifj = n.

Then the discrete gradient V;, : X — Y = Rmxnx2 given by (th)i,j =

((th)i 1 (th)?’j> . Similar to the continuous setting, we define a discrete divergence
operatordivy, : Y — X, whichis the minus of the adjoint of V3, given by div;, = — V.
Thatis, (—div,¢, u) x = (¢, Vyu)y forany ¢ = (¢!, ¢*) € Y and u € X. It follows
that div is explicitly given by

1 2
¢i,j ‘z’i,j

2 ifi =1 ifj =1
. T4l 3 g2
(divy ¢)iy = %—fl‘” ifl<i<m *+ % ifl<j<n
el 2
“Omoty ifi=m —n= if j = n.

Proposition 4.5. (/26, 27]) Under the above-mentioned definitions and notations, one bas
that

* The adjoint operator of Vy, is V5, = — divy, .

o Its norm satisfies: || V|| = | divy, ||* < 8/h%

4.3.2 DISCRETIZATION OF THE OPTIMIZATION PROBLEM

Based on the discrete gradient and divergence operators, we propose a discrete version of

(M) as follows

(M)g : Iurél)r(l { — h? Z Z u;j+1p,. (th)}
Ui, §=0i,;j V(i,j)EDd i=1 j=1

56



4.3 Discretization

where By« == {v €Y : 0*(ih, jh,v;;) <1, V(i,7)} theunitball wr.t. 0*,and I 5 .
is the indicator function in the sense of convex analysis, that is,

0 lfU c Bo’*
I[Bg* ('U) = {

400  otherwise.

In other words, the discrete version (M )4 can be written as

Igéi)f(l Fr(u) + Gn(Vyu),

—_p2Nm "o ifu =g Vi, g D
fh<u>:{ B gty B = 00 T E D 104Gy~ 1.

+00 otherwise

Let u* € X*, we then have

m n m n
k(oK) * o 2 * 2 o
Fr(u*) = sup(u,u*)x — Fp(u) = sup h E E w;ju; ; +h E E Ui j
ueX uex. i=1 j=1 i=1 j=1
u; j=gi; V(i,j)€Dq J J

= sup hQZZum u;; +1)

ueX
ui,j=gi,j V(i,J)€Dq =1 j=1

_ {h2 Z(i’j)eDd Gij (u;‘] + 1) it —u;; = 1for (i,7) ¢ Dy

400 otherw1se.

It follows that

W23 jyep, 93 (divag)i; + 1) if (=divg)i; = 1for (i, 5) ¢ Dq

+00 otherwise.

Fi(divyg) = {
On the other hand, we have for ¢ = (¢', ¢*) € Y*

Ghl@)= sup (p,q)y—Gn(p) = sup hQZZ pmqm +pmqw) - hQZ o(i

p=(p',p?)€Y S R S | i=1 j=1
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4 Primal-Dual Algorithm for Shape from Shading

Consequently, the corresponding discrete dual problem is given by

(OF)a: max { = Fi(divio) - Gi(9) |

. 2 . .
=— min h Z > o(ih, jh, ¢; ) + Z gi;((divpe);; + 1)
(—divy$);,j=1for (i,j)¢Dg =1 j=1 (i,5)€Dg
(4.7)

In the case of Eikonal equations |Vu(z)| = k(x), the primal-dual relations can be ex-
plicitly written as

: 2

min { —h Z Z Ui + ]IB(o,ki,j)(thi,j)}
Ui, §=Yi,j V(i,j)EDd =1 j=1

= - min RO Y kigllensll+ D gi((divag)i; +1) o,

(=divy,¢)i ;=1 for (i,j)¢ Dy i=1 j=1 (4,5)€Da

where I (o, ;) is the indicator function of the Euclidean ball with center 0 and radius
k; ;, the latter being the value of k at (ih, jh).

To end this subsection, let us recall that (see Theorem 2.16) a pair (u,¢) € X x Y
solves the primal and dual problems (M), and (OF), if and only if

divh(gb) S 8Fh(u) and ¢ € 8gh(th),

or equivalently, they satisfy the following system

—(div(g));; =1 for (i,j) & Dy
Gij - Vuig = o(ih, jh, ¢ ;) forall (i, ) (4.8)
Ui 5 = Gij for every (Z,j) S Dd.

4.3.3 THE CONVERGENCE OF DISCRETIZATION

In this subsection, we will show a result on the convergence of discretization, 7.¢, where
the solutions of the discrete optimization and its discrete dual problem converge to the
ones of the corresponding problems in continuous setting. First, let us describe how to
interpolate elements of X and Y.

We know the values of u;, € X atthe vertices (4, ), (7,7 +1), (i+1,7+1), (i+1, 7)
of a small square (see Fig 4.2). We interpolate u;, € X by piecewise affine functions on
the sub-triangles, i.e., taking @, € L*((2) as an affine function on the sub-triangles and
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4.3 Discretization

coincides with uy, on all the vertices. Then @y, is Lispchitz function and its gradient is, by
the definition of #y, given by

Vﬂh(x,y) _ (Uh(Z + 17]}1 B uh(iaj), uh(imj + 1})7/ _ uh(%])) (49)

on the sub-triangle of the vertices (2, §), (¢, + 1), (i + 1, j); and

1) li i1 ) a1
Vﬂh(x,y):(Uh(Z+ 7J+})L up (i, j + )’uh(z+ ,j—i—; up (i + ,j)>

(4.10)
on the sub-triangle of the vertices (4, j + 1), (i + 1, + 1), (i + 1, ). ~
Let ¢, € L*(Q)* be an interpolation of ¢, € Y such that [, o(z,¢p)dz =
Ry Yy o (ih, jh, (Pn)ig)-

(L,j+1) (i+L,j+1)

(i) (i+1,)

Figure 4.2: Sub-triangles

Proposition 4.6 (Convergence of discretization). Assume that the Finsler metric o as-
sociated with the Hamiltionian H is non-degenerate (ie. H(x,0) < 0,Yz € Q) and
that g = 0. Let u, € X and ¢, = (¢}, 07) € Y be a pair of primal-dual solutions to
the discrete optimization problem (M) q and its dual problem (4.7). Then @y, = u and
bn — ¢ asthe step size h — 0. Moreover, w and ¢ are optimal solutions to (M) and its
dual problem, respectively.

Proof. Since uy, is feasible for the discrete optimization problem (M), its discrete gra-
dient Vyuy, € By« is bounded for all small A > 0. In other words, the sequences

{—uh(iﬂ’j})l_u”(i’j) } and {—u’”(i’jﬂz_uh(i’j) areboundedforh > Oandi =1,...,m,j =

1, ...,n. Following (4.9) and (4.10), the sequence {1y, } is equi-Lispchitz. Combining
with the fact that u;, = g on Dy, by Ascoli-Arzeld’s Theorem, up to a subsequence, uy,
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4 Primal-Dual Algorithm for Shape from Shading

converges uniformly to some Lipschitz function « on Q as the step size h — 0. By the
optimality of u;, and ¢y, we have

Fn(un) + Gn(Viun) = —F; (divagn) — Gy, (on).

More concretely,

m n

h2 Z Z Ui = h2 Z Z U(iha jh? (¢h)i,j)

i=1 j=1 i=1 j=1

/Qahdg;:/ga(x,&h)dx.

Since o is non-degenerate and 4y, is bounded, &p is also bounded in L (€2). Hence, bp —
¢ weakly* in M,,(€2). Using the lower-semicontinuity of the integrand (see [3, Theorem
2.38]), we deduce that

or equivalently

/a(:v,gb)dm <lim [ o(z,¢p)dz = lim | Gdz = / udz.
Q 0 0

h—0 Q h—0

By the duality result in the continuous setting given in Section 2 (Theorem 4.2), we de-
duce that u and ¢ are primal-dual optimal solutions. O]

Remark 4.7. In the case where o is a degenerate Finsler metric, there is no boundedness
on gz~5h and we cannot thus pass to the limit for gz;h. However, we still have the uniform
convergence of Uy, to some Lipschitz function u and moreover u is actually an optimal
solution to the maximization problem (M).

4.4 NUMERICAL RESOLUTION

In this section we focus on the case where the light direction is vertical, z.e., £ = (0, 0, 1).

4.4.1 SADDLE-POINT STRUCTURE

As we pointed out in Section 4.3, the discrete version (M) 4 of (M) can be rewritten in
the form

inf 7, () + (Vi) (4.11)
or in an inf-sup form as

inf sup Fp(u) + (¢, Vou) — Gr(9)

ueX dEY
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4.4 Numerical resolution

+00 otherwise

—_p2Nm "o ifu =g Vi, D
]:h<u>:{ ZZZIZ]:IU’] IuJ ga] (Z j)e dyandgh:HBa*-

Both the functions F}, and Gj, are lower-semicontinuous, convex and they are "prox-
imable", 7.e. we can compute their proximal operators (see Defintion 2.17):

1
Prox, 7, (u) = argminz [lu — v||* + 7. (v)
veX 2

1
Prox,g, (¢) = argmin§H1/1 — o[> + 1Gn(9)
PeY

where 7,77 > 0. Then the Chambolle-Pock algorithm [27] can be applied to (4.11):

Algorithm 2 Chambolle—Pock iterations

Ist step. Initialization: choosen, 7 > 0,6 € [0, 1], u’ and take ¢ = Vj,u’, @° = u".
2nd step. For k < Iter,,,, do

¢" = Prox,g: (¢ + nV,,(a"));

(@
u = Prox, 7, (uf — 7V} (6FT));
k

,akJrl k+1 +9< k+1 —u )

As we pointed out in Section 2.4.3, if § = 1 and n7||V,||*> < 1, the sequence
{uF} converges to an optimal solution of (4.11). Contrary to the ALG2 algorithm, the
Chambolle-Pock algorithm does not require to solve a Laplace equation at each itera-
tion, we only need to perform some algebraic operations, namely the multiplication by
apply the gradient and the divergence in each iteration. Moreover, it easy to implement
on Matlab which allows working on images easily contrary to the ALG2 algorithm which
was implemented using FreeFem++ to solve linear PDEs.

In order to compute Prox,g: we make use of the celebrated Moreau identity

¢ = Prox,g:(¢) + nProx,-1g, (¢/n), Vo € Y.

Moreover, Prox, -1, is nothing but the projection onto B(0, k; ;). Indeed
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4 Primal-Dual Algorithm for Shape from Shading

Prox,-1g, () = argr}x/un |q—¢|2+ gh( )
qe

— argmin 2lg— o
qi,j5 GB(O,km-)

- ProjB(O,k‘i’j) (Q/}Z:]) :

Consequently,

(Prosyg; (4)), ;= iy — P10, (/).

Let us now compute the proximal operator of F},. We have

1
Prox,z, (u) = argmin§||v—u||2+7']:h( v) = argmin —||v ul|*— Thzzzvm

veX ngIlDd =1 j=1

Writing the first-order optimality condition we get

(Prox, 7, (v))i;—ui;—7h®> = 0 & (Prox,z, (v))i; = wi;+7h*,Vi=1,...,m,j = 1,...

So in practice, we update 1,1 via the previous formula and we then set its values to g on
the Dirichlet domain.

For applications in image, as usual, one can always assume that & = 1 since it only
scales the domain. The details of the 2nd step in Algorithm 1 are then given by

* compute ¢* 1

gBkJrl o ¢k 4 T]Vhl_l/k
Ot = G — mProj . (SE ), 1<i<m 1< <

* compute uft1:

P = uF  7divy, (¢F )
wt =+ 1<i<m1<j<n

Remark 4.8. Another way to formulate the problem (M) (in the continuous setting) is
to take

0 if]¢] <kandv = gond

oo otherwise,

F(u) = —/Qudx, and G(q,v) = {
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4.4 Numerical resolution

forallu € Wh>(Q), and (q,v) € L>®(Q)¢ x L*(9). In this case, the problem (M)
can be rewritten as

inf F(u) + G(K (u))

where K' = (V, 79), and 7 is the trace operator on the boundary. This being said, at the
second step of the Algorithm 2 we need to compute ; which turns requiring to solve a
PDE. Indeed, we define

Yo 1 HY(Q) — L*(09)

through (1) = ujgq for every u € H' (). By definition, for any (u,v) € H'(Q) x
L*(09)
(70% U>L2(89) = <U> 7$U>H1(Q)-

This means that
/ uUdS:/u('ygv)dx—l—/VUV('ygv)dx
) 0 0

forany u € H*(). In other words ;v solves the following PDE
—Az+2z=0in2 and 0,2 = v on 0f).

Thus we opt for the first formulation in order to avoid additional costs to the computa-
tions.

4.4.2 ERROR CRITERION

As usual, we can check the optimality conditions (4.8) associated to (M), and (OF ).
Namely we check the following conditions:

* Divergence error: || — divy(¢) — 1||o.
* Dualerror: ||o(z, ¢) — Viu - ¢l|1.
* Lip error: sup; ; 0*(ih, jh, Vyu ;).

We expect Divergence error and Dual error to be small. Note that for vertical light di-
rection, the support function o is easy to compute. More particularly, one has for every
p € R4 o(z,p) = k(z)|p| where |p| is the euclidean norm of p. Thus, for the Lip error,
we can check the value sup; ;(||Viu, 5| — ki ;) and expect it to be close to zero.

4.4.3 NUMERICAL EXAMPLES

We test for some commonly used images: Mozart and vase images taken from [104] and
Basilica and vaso images taken from [50].
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4 Primal-Dual Algorithm for Shape from Shading

In these cases, the shapes are reconstructed by solving the Eikonal equation
|\Vu(z,y)| = k(z,y) in 2D with ¢ = 0, ¢, with homogeneous Dirichlet boundary
condition v = 0 on J€). The algorithm was implemented in Matlab and executed on a
2,3 GHz CPU running macOs Catalina system.

Figure 4.3: Left to right: Initial image, the reconstructed shape

0 S0 100 1500 2000 2500 9000 350 4000 4500 5000 0 S0 100 1500 2000 2500 9000 3500 4000 4500 500 0 S0 1000 1500 2000 2500 000 3500 4000 4500 5000
Herations erations

(a) Lip Error (b) Dual Error (c) Divergence Error

Figure 4.4: Error criterion for 5000 iterations and 7 = 0.01 and ) = 8/7
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4.4 Numerical resolution

Figure 4.5: Left to right: Initial image, the reconstructed shape
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Figure 4.6: Error criterion for 5000 iterations and 7 = 0.0l and ) = 8/7
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(b)

Figure 4.7: Left to right: Initial image, the reconstructed shape
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Figure 4.8: Error criterion for 5000 iterations and 7 = 0.001 and n = 8 /7
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4.4 Numerical resolution

(b)

Figure 4.9: Left to right: Initial image, the reconstructed shape
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Figure 4.10: Error criterion for 5000 iterations and 7 = 0.001 and ) = 8/7

H Shape  Execution Time H

vase 20.10s
Vaso 76.03s
Mozart 76.82s
Basilica 79.31s

Let us mention that for most shapes, only a hundred of iterations is enough to recon-

struct a reasonable solution. We took 5000 iterations in order to check that the error
criteria are getting smaller.
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4 Primal-Dual Algorithm for Shape from Shading

4.5 COMMENTS AND EXTENSIONS

Let us mention that our strategy works (at least theoretically) to a general light direction.
In this case one has to solve a PDE of the form

(4.12)

H(z,Vu)=0in Q
u=0on Of)

Similarly, the maximal viscosity subsolution of (4.12) can be recovered via the following
maximization problem

(M), : max {/ udr : o*(z,Vu) <1, u= Oon@Q}.
0

u€EW1:20(Q)

Contrary to the case where the object is enlightened vertically, z.e., ¢ = (0, 0, 1), where
the Proxg- in Algorithm 1 involved projections on euclidean balls, in this general case we
need to be able to project on

Z(@) = {p e RY: o*(a,p) <1},
for every x € (). To this end, one can use the following result.

Theorem 4.9. /i3] Let Z = {p € R? : H(p) < c} wherec € Rand H : R —
(—00, 00| is a convex, proper function. If there exists p € R? such that H(p) < c then

(4.13)

Proj,(p) — Pl"Ojdom(H) (p) lfH(PrOjdom(H) (p) <c
7 Prox; i (p) otherwise.

where 1) is any positive root of the equation f(n) := H(Prox,y(p)) —c = 0.

Taking ¢ = (1,0, 1) as light direction in (4.2), we obtain the following Hamiltonian

H(x,Vu) = I\/1+ |Vu|+ 0pyu — 1,

forwhich Z (1, 2) = {p € R? : I(z1,22)\/1 + |Vu(x1, 22)|+ s u(z1, 22) < 1},

A priori there is no closed form for the support function o of Z and its dual 0%, so in

future works, we are planing to investigate and propose methods to perform efficiently
projections of the form (4.13), and to adapt our techniques for non-Lambertian surfaces.
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S BECKMANN PROBLEM AND HJ
EQUATIONS

S.1 INTRODUCTION

Our main interest here lies in the study of the connection between HJ equations of the
type
{H(a:, Vu(z)) =0 in€Q (5.1)

u=g onD C Q.

and the Beckmann problem as well as the Monge-Kantorovich problem in the case where
H is a Hamiltonian satisfying the assumptions (H1)-(H3) recalled in 2.1. Recall that
Beckmann’s problem is a divergence PDE-constrained optimization problem. It is im-
portant in the study of transportation activities. As to the Monge-Kantorovich problem,
it consists in finding the best way to push forward between two given measures (usu-
ally called goods and consumers) related to some cost function. It is a linear optimiza-
tion problem which appears in the study of optimal transportation and allocation of re-
sources.

Following our presentation in Section 2.2, consider two nonnegative Radon measures
p1 and p, representing the distributions of resident and services, and let ® : 2 — RN
be the traffic flow satisfying the equilibrium condition:

—div(®)=p:=ps—p1 inD'(Q),

together with the no-flux boundary condition, i.e., ® - n = 0 on 9€). Now, given a
non-degenerate Finsler metric F, and assume that the transportation cost per costumer
is F'(x, ®(z)), then Beckmann’s problem reads

inf F(z,®(z)) dz : —div(®) = ps — p1 in D'(RY) ¢.
it { [ P o) o~ div(e) = g - puim D)
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5 Beckmann problem and HJ equations

Moreover, thanks to Thereom 2.16 we have duality (see e.g.[16, 65, 67, 94] for details) with

min{// Cdp(x,y) dp: mF#p = pr, TP = ,02}
Qx)

_ max{/gu d(ps — 1) uly) — u(z) < dp(z,y) forall z € ﬁ},

(5.2)

where dp(x,y) == inf fol F(p(t), ¢'(t))dt. In the next section we show how

@€Lip([0,1],92)
©(0)=z, p(1)=1
to provide similar results from our formulation to the solution of (5.1).

5.2 HAMILTON-JACOBI EQUATION AND BECKMANN’S
PROBLEM

The connection between HJ equation coupled with a Dirichlet condition (5.1) and Beck-
mann’s problem is not straightforward.

In the case where H (2, p) = |p| — k(x) (ie., the Eikonal equation |Vu(z)| = k(z))
complemented with Dirichlet boundary condition u = ¢ on 92, the viscosity solution
of (5.1) can be characterized through the following optimization problem

max{/ udzr : u(x) —uly) < dp(y,z) andu = gon@Q},
Q

where dj, is given by

de(e,y) = inf{ [ o) 150t - o € Lin((0,11.2), 60) = . (1) = 1}.

Thanks to Kantorovich duality, it is meaningful to consider this problem as some kind of
push-forward of p; := LY. The offset is clearly connected to the lack of a measure py
which can fit out the problem with the balanced property. Actually, the linked Beckmann
and Monge-Kantorovich problems aim to find moreover the optimal p, concentrated on
0 which will consume p; := xq. More precisely, we will prove that the problem is
connected to

min  max { / u(der — dv) — / gdv : wis1 — Lipschitz w.r.t dk},
VEML(OQ) u Q o0
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5.2 Hamilton-Jacobi equation and Beckmann’s problem

which provides the following modified Beckmann problem

i inf k(z)|®|(z)d dv: —div(®) =1 —rvinD'(RY) .

as well as to the following modified Monge-Kantorovich problem
_min { / dk(x,y)dv(x,y)Jr/ gdv: mpy = v, mfty = 1+V‘}.
YEMT(QxQ),veM,;(00) axQ o0

For the general case of degenerate Hamiltonian H, we will also obtain the correspond-
ing results by means of the intrinsic distance d,, associated to the Hamiltonian H (see

(2.8)).

The main result of this chapter is the rigorous treatment for the case of degenerate
Hamiltionian /1 and its degenerate intrinsic metric d,,, as well as non-zero Dirichlet con-
dition. Moreover, we also illustrate numerical examples.

Again, recall that we are considering the following HJ equation

{H(x,Vu) =0 in Q (5.3)

u=g on D

aclosed subset D C Q (typically D = 0Q or D = W forsomew CC Q)andg: D — R

is a continuous function satistying the compatibility condition
g(z) —gly) < d,(y,x) foranyz,y € D.

Thanks to Proposition 2.9, the unique maximal viscosity subsolution of the equation
(5.3) can be recovered via the following maximization problem

max{/ udz : u(zr) —uly) <d,(y,x), Vr,y € Qandu = gon D}, (5.4)
Q
where d, (., .) is the intrinsic distance associated to the Hamiltonian defined by (2.8).

5.2.1 MAIN RESULTS

In order to prove the connection between (5.4) and a Beckmann-type problem, we will
consider a slightly more general variant of (5.4) by considering for p € M, (2), the
following maximization problem

(Mp) : max{/ udp  u(y) —u(z) <dy(z,y), Vo,y € Qandu = gonD}.
Q
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5 Beckmann problem and HJ equations

We can clearly see that the solution of (5.4) can be recovered by taking p = 1.

The connection with the Beckmann problem is given in the following theorem.

Theorem 5.1. The optimization problem (M p) coincides with the following Beckmann-
type problem

@ i { [ ot S@ndel+ [ avs ~divie) =p-vin D" .
s

Moreover, wand (¢, v) are optimal solutions to (M p) and (BIC), respectively, if and only

%‘}C !/
([ —div(¢)=p—v in D' (RY)

() - Vigu(z) = 0<x, %(m)) |p| — a.e. x

L u=yg on D,

where N |g|u denotes the tangential gradient with respect to |p|, the total variation of ¢ (cf.

[18]).
In particular, we have the following.

Corollary 5.2. Ler u be the maximal viscosity subsolution to (3.1) and (¢, v) an optimal
solution to (BIC) with p = 1, then

([ —div(¢p) =1—v in D' (RN)

() - Vigu(x) = 0<x, %(m)) |p| — a.e. x

L u=yg on D.

For the case of non-degenerate Finsler metric o (i.e., H(x,0) < 0) we know that, by
(5.2), the minimal value of (BK) is the same with e have (see [36] for the particular case

o=
min iv(¢) = p—vin D' (RN = 4t ot
¢6Mb<ﬂ>N{/ 7l |¢|( T)dlgl: —div(g) =p—vin D(R >} W, (p~+v", p*+v7)

the so called Monge-Kantorovich work between v and p given by

Wa,(p~+v",p"+r7) = min _ {/ Cdo(z,y)dy(zy) s mby =p” + T, my =p" + V}
vem+@x0) | Jaxa
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5.2 Hamilton-Jacobi equation and Beckmann’s problem

Moreover, recall that the Robinstein-Kantorovich duality implies that

Wa,(p~™ +v*,p" +v7) = max { /

ud(p —v) : wis1 — Lipschitz w.r.t dg}.
“ Q

So, minimizing over all v € M (D) leads to the study of the following problem

(My): min max{/

vEM(D) u Q

ud(p —v) + / gdv : wis1 — Lipschitz w.r.t da},
D
as well as Monge-Kantorovich problem

(MK) : _min {/ da(fv,y)dv(l’,yﬂ/ gdv: miy = p v, miy = p++v‘}.
YEMT(QxQ),veMy(D) aQx0 D

The following theorem ensures that the above-mentioned relations still hold true for the
case of degenerate HJ equation, i.e., H(z,0) < 0.

Theorem 5.3. Under the assumptions (HI-H3), we have
max(Mp) = min(BK) = min(My) = min(MK).

As a typical example we will consider an HJ equation of Eikonal type, coupled with a
zero Dirichlet boundary condtion,

|Vu(z)| =k(z) inQ
u=20 on 0.

In other words, H(z,p) = |p| — k(x) where k is a continuous, nonnegative function
on €. In this case, the problem (M p) can be rewritten as

sup{/ udr : |[Vu| <k and u=0 89},
Q

or

(P): it (F(w) + G}
where V = C1(Q) N H(Q),

0 if |q| <k

+00 otherwise.

]:(U):—/Qudx, Au=Vu and g(q):{

For the case of non-degeneracy, ie., k(xz) > 0 on Q), the Fenchel-Rockafellar duality,
since the qualification conditions are satisfied (see e.g. [42, Theorem III 4.1]), gives

73



5 Beckmann problem and HJ equations

sup{/ udx : |Vu| < kandu = Oon@Q} = min {/ kd|¢|: —div(e) = pinD/(Q)}.
Q peM(N Lo

Q

However, dealing with general degenerate Hamiltionians at least two difficulties arise.
Firstly, the qualification conditions are not satisfied to apply directly the Fenchel-
Rockafellar duality. Secondly, in this setting the problem (BK) is not coercive, it follows
that the existence of an optimal solution to (BK) is not trivial. These two issues will be
bypassed via approximation and optimal transport techniques.

Before ending this section, let us mention that thanks to the duality result Chapter 3,
we have the following

Corollary 5.4. The extremal values (BK) and

HEDMP(Q)

©7)s _jnt | [ ot otode -~ 0mg)  ~divio) = p i D) ],
cotncide.

The formulation of the problem (OF ) as well as the definition of DMP(2) and

further comments are recalled in Remark 5.8.

5.3 PrROOFS

5.3.1 PREPARATORY RESULTS

Let v € My(D) satisty p(Q) = v(D). We define two functionals 7 : L'(Q)Y —
R U {+o0}and & : Lip(2) — R U {—00} defined by:

[qo(z,¢(x))dz if —div(¢) = p— vin D' (RV)
T: ¢—=T(o)=

400 otherwise,

Jqud(p—v) ifo*(z,Vu(z)) < lae.z €
E: u—E(u) =

—00 otherwise.

Lemma 5.5. Assume that o is a degenerate Finsler metric. Let T , € be defined as above

and p(Q2) = v(D). Then

inf T(¢)= sup E(u).

peLH ()N u€Lip(Q)
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5.3 Proofs

Proof. The proof will be divided into two steps. We first prove for the case of non-
degenerate Finsler metric o, 7.¢., there exist two positive constants K1, K such that

Ki|p| < o(x,p) < Kslp|foranyx € Q,p € RY,

In this setting, due to the non-degeneracy of o, the qualification conditions are satisfied
and the result follows directly from the Fenchel-Rockafellar duality (see e.g. [42, Theorem
III 4.1]). For the general case, we check at once that sup £ < inf 7 by taking w as a test
function in the divergence constraint —div(¢) = p—vin D' (RY). Therefore, it remains
to prove that

inf 7 <supf&. (5.5)

We now proceed by an approximation via non-degenerate Finsler metrics. Forn € N*

and z € Q, define

for every p € RY,

on(x,p) := max(o(z,p), %‘)

which establishes a sequence of non-degenerate Finsler metrics o, on (2 satisfying

Il < oy (z, p) < K|p| for some constant K > 0.
n

Thanks to [35, Thereom 5.1], we have that d,, — d,, in the space of Finsler distances
endowed with the topology induced by uniform convergence on compact subsets of {2 x
(2. To prove the inverse inequality (5.5), let us introduce for n € N* the functionals

Joon(z, ¢(z))dz if —div(¢) = p—rvinD'(RV)
T L)Y — RU {400}, b —

+00 otherwise,

Jaud(p —v) ifo)(z, Vu(z)) < laez €
&, Lip(2) — RU{—00}, u—r
—00 otherwise.
It follows from the non-degeneracy of 0, and the first step of the proof that inf 7,, =
sup &,. We are now in a position to show that sup £, — sup £ asn — 00. Let u,, be a
maximizer for &, i, sup &, = [u,d(p — v) and o (x, Vu,(z)) < 1ae. in Q. Fix
xo € . Since p(Q)) = v(D), we see that u,, := u,, — u, () is still a maximizer. Thus
we can assume that u, (z9) = 0 for any n. Since

un(y) — up(z) < d,, (z,y) < K|z —y|linQ x Q,
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5 Beckmann problem and HJ equations

{u,,} is equi-Lipschitz continuous. By Ascoli-Arzeld’s theorem, there exists a Lipschitz
function u such that, up to a subsequence, #,, = w uniformly in 2. Since d,,, — d, as
n — oo we deduce that u is admissible for &, i.e. u(y) — u(x) < d,(x,y) in Q x Q.
Consequently

lim(sup &,) = hm/ u,d(p —v) = / ud(p —v) < supé,

and
inf 7 < lim(inf 7,) < sup&

as claimed in (5.5). [

Before ending up this subsection, we recall the notion of disintegration of measures
which will be useful in the proof of existence of optimal solution to the Beckmann-type

problem.

Theorem 5.6. (cf. [94]) Let XY be locally compact metric spaces and w: X — Y a
Borel map. For anyn € M (X) there exist a family of probability measures (n,)yey
on X concentrated on 7" ({y}) such that for any test function uw € C(X), the mapping
y — [ udny is Borel measurable and

[ u@ane) = [ [ ute)an @),

5.3.2 PROOFS OF THE MAIN RESULTS

We get started with the proof of Theorem 5.1 by the following result.

Proposition 5.7. We have

—~—

max(Mp) = inf(BK) = inf (BK),

(BK) - mr /Q o, 6(x))dat /

dv: —div(g) = p-vin D' RY)}.
GELT(Q)N veM, (D) Dg v 1V(¢) p—Vvin ( )

Proof. First observe that

—~—

max(Mp) < inf(BK) < inf (BK). (5.6)
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5.3 Proofs

Indeed, take u satisfying o*(z, Vu(x)) < lae. 2inQ,u = g on D asa test function in
the divergence constraint — div(¢) = p — vin D' (RV), we get

/udp— & Vud|¢\+/gdu</ ( Tl )d\qb]Jr/gdy.

This implies (5.6).

So, it is sufficient to show the duality between (M p) and (13/7C/), e. max(Mp) =

inf (BK). We use a perturbation technique as in [36]. Define on C'(D) the following
functional

F:velD)w— —max{/udp cu € Lip(Q), o*(x, Vu(z)) <1, u+v =g on D},
u Q

which is well-defined. Let us show that F' is convex and Ls.c.. Consider v;, vy € C(D)

and setv = tvy + (1 — t)vg fort € [0, 1]. Let uy, us € Lip(£2) be two maximizers

corresponding to vy and vy respectively, ze. o*(x, Vu,;(z)) < 1, u;+v; = g on D and

F(vl):—/guldp fori:1,2.

Define u = tuy + (1 — t)ug. Itis evident that u + v = g on D. And using the
homogeneity of 0%, we obtain 0*(z, Vu) < to*(z, Vuy) + (1 — t)o*(z, Vug) < 1so
that u is admissible for v. Finally, we get

Fv) < —/Qudp:t(—/ﬂuldp)—i—(l—t) (—/Qqup) P (o) (1—t) F (vs),

which proves the convexity. For the lower semicontinuity, take a sequence v,, = v uni-
formly on D. For every n € N, consider a maximizer u,, corresponding to v,, such that
Up + v, = gon D, u, are 1-Lipschitz w.r.t. d, (ie., up(y) — up(z) < dy(x,y) or
equivalently, o*(z, Vu,(z)) < lae. z € Q),and

Fon) = — /Q tndp.

Since U, (y) — un(x) < dy(z,y) < K|z — y|, the functions u,, are equi-Lipschitz in
the Euclidean distance. Since the sequence {v,, } is convergent, it is bounded on D, and
so is the sequence {u,, }. By Ascoli-Arzeld ’s theorem, there exists a Lipschitz function
u such that v,, = w uniformly in 2 asn — oco. Itis clear thatu + v = gon D and
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5 Beckmann problem and HJ equations

u(y)—u(z) < dy(z,y), e wisadmissible for v. The lower semicontinuity is completed

by
Fv) < — / udp = lim — [ u,dp = liminf F(v,).
0

n—oo Q n—o0

Since F'is convex and Ls.c., we have F' = F™**, in particular F'(0) = F**(0). Let us finish
the proof by computing F** and F**. Forany v € M (D), we see that

F*(v) = sup /vdV—F(v)
veC(D) J D

= sup {/vdu—l—/udp o*(z, Vu(zx )))Sl,u—i—v:gonD}

veC(D), ueLip(Q2)
= sup {/ udp+/(g —u)dv: o"(x,Vu(z))) <1, g—ué€ C(D)}.
ueLip(Q) (/0 D

For any constant ¢ € R and a Lipschitz extension g of g, one can see thatu := g + cis
an admissible test function in the definition of F*(v) and

[ o+ [ (9= v = cto(s) ~vio)) + [ 31

So, if p(?) # v(D), then F*(v) = +o00. This implies that
sUPyeripo) { Jo udp + [plg —w)dv: o*(x, Vu(x))) <1} ifv(D) = p(2)
F*(v) =

+00 otherwise.

Following Lemma 5.5, for any v € M, (D) such that v(D) = p(2), we have

F(v) = sup /udp+/ —w)d U*(x,Vu(x)))Sl}

weLip(Q

fe o, /pr 0 o <1)
:/ngy+ inf {/Qa(a:,gb(x))dx: —div(gb):p—yinD’(RN)}

peL (N

:¢€Li{1(fQ)N{/Qa(:z:,¢(a:))dx+/ngu: —div((b):p—yinD/(RN)}.
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Consequently,

max(Mp) =—F(0) = —F"(0) = — sup —F"(v)=inf(BK).
veEM, (D)

]

Remark5.8. Following our approach in Chapter 3, it is possible to show that the optimal
v in (BK) is somehow related to the trace of the optimal flow ¢. For completeness let
us recall briefly some of the main ingredients we used, and for a simpler presentation,
consider the case where D = 0€). Then we prove in [56] the duality between (M p) and

©o7p): _int | [ ote.ot)de 0 ng) s~ (0) = pm D@,

$EDMP(Q)
where we define for 1 < p < o0,
DMP(Q) = {¢ € LP()N : divep = p € My(Q)},
endowed with the graph norm
[0llpaer@) = [[0llLr() + |div @[ (£2).

The main interest of introducing such a space is to give a sense to the trace term ¢ - n
which is not always defined for a general measure field ¢. In particular, for any measure
field p € DMP(S2), one can define a trace ¢ - n on 02 as a linear form on Lip(9f2) such
that

<¢-n,§/39>:/§2§di\f¢+/QV§-¢, forannyCl(ﬁ).

One can see that, at least formally, v plays the role of —¢ - nin (OF p).

Our aim now is to use the optimal mass transportation interpretation to prove that the
inf in (BK) is actually a min, ze. the existence of optimal solution to the Beckmann-type

problem (BKC).

Proposition 5.9. Thereexistv € My(D) and a vector measure ® such that — div(®) =
p—vinD (RY) and

inf(BK) < / a(x, 3)d|<I>| +/ gdv < min(MK).
Q D] D

In particular we see that min(BK) = max(Mp).
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5 Beckmann problem and HJ equations
Proof. Take (7, V) be a solution of (M) and define a vector measure ®., through

<P, v>= / / (t)dtdy(z,y) Vv e CQ)Y,
axQ

with £ being a geodesic joining x and y with respect to d,,. Let us check the feasibility of
d,, for (BK), i.e.
—div(®,) = p— vin D (RY). (5.7)

Foranyw € C 1 (ﬁ), by definition, we have

QAxQ

Ld
<o, Vw > = / %dtdv(@y}
w

- / (wly) = wla)dr(a.p)

= [wdtp=),

which gives (5.7). The next task is to show that

6}
/ o, 27 (2))d|, | + / gdv < / 4y, y)d (2, ) + / gdv,
a |, | D GxT D

To do so, for each ¢ € [0,1], define vector measure E; by setting Fi(v) :=
1

Ja.q v Et)dy(z,y) forv € C(Q)N. We get &, = [ E;dt and, by Jensen’s in-
0

/( T d|q>y<// |E| 2))d|E,|dt. (5.5)

Now define m; : (x,y) € Q x Q — &(t) fort € [0, 1], where £ is as before, a geodesic
joining = and y. Consider 1, = (m;)y7. Using disintegration theorem (see Theorem 5.6)
for ~ with respect to 7, we can find probability measures v, supported on 7, ! ({z})
such that

equahty,

/ ulz, (o) = /Q ) )dn(e) (5.9)

Qx

We check at once that E; << 1, with the density B, L(2) = Joua £(t)dy.(z, y), which
follows from the fact that, for any test function v,

[ onE = [ i
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_ / Cu(E)E) Ay y)d(2)
QxOQxQ
:/v(z) [ 75( )z (2, y)dn(2).
Q QxO
On the other hand, by (5.9) and Jensen’s inequality,

/ (), E@)dr () = / o€, E(6) (o, y)dm(2)
QxN QxOXN
- / o (2, E(1))dn (a, ) dmi(2)

(5.10)
> [ [ énanen)an)
= [ ot nasie).

Finally, we observe that since £ is a geodesic

/de(xyd’yxy /gdu_/gm/ dv(ry)dt+/gdy
/ / |Et 2))d|E| (=) + /gdv (by (5.10))

> [ ot @, + [ g oy )

Consequently

inf(BK) < / o(z, | d|<1>7|+/ gdy</ (2, y)dy(z )+ /ngz/:min(MIC).
O

Proof of Theorem 5.3. By Kantorovich duality, one has max(Mpy) = min(MK).
Combining this with Propositions 5.7 and 5.9, we conclude that the Beckmann-
type problem (BIC) admits an optimal solution and max(Mp) = min(BK) =
max(My) = min(MK).

O

Proof of Theorem 5.1. The proof of the duality between max(M p) and inf(BK) is fol-
lowed from Proposition 5.7 while the existence of optimal solution to the Beckmann-
type problem (BK) is a consequence of Proposition 5.9 (see also Theorem 5.3). Let
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5 Beckmann problem and HJ equations

us now show the optimality conditions. Indeed, u and (¢, /) are optimal solutions for

(Mp) and (BK), respectively, if and only if

| otaEt@ndol + [ gav = [ uap,

gb = U — V)= Z) - ulx
/Q ol (@)l = / dlp—v) / 6(x) - Vjgpu(w)dg).

This is equivalent to

or

A
|l

o

(2)) = §lx) - Vigu(z)  for |g|-ac.z,

as desired.

S.4 NUMERICAL RESULTS

As we pointed out in the previous sections, the maximization problem (M p) is linked
to the Monge-Kantorovich type problem (MC). The measure p needs not to satisfy the
standard mass balance condition. However, transporting a part of the mass from/to the
Dirichlet region D is allowed. In addition, taking p = Ef;g, (Mp) allows recovering
the solution of HJ equation. This was the content of Chapter 3. Here, we will focus
essentially on the solution of (BC).

5.4.1 FORMULATION OF THE PROBLEM
Weset 27 = Wh>(Q)and Z = L>(Q)N x C(D), with
F(u) = —/udp, Au= (Vu,up), foranyue 2
Q

and

0 ifo*(z,n) <landh =gonD
G(n,h) = forany (n,h) € #.

+00 otherwise,
Thus, we can rewrite the problem (M p) in the form

—ulél; F(u) + G(Au).

82



5.4 Numerical vesults

Thanks to Theorem (5.3) and Proposition (5.7), we have

— min {]:(u)+Q(Au) = 5{} — —sup {—]—"*(—A*(¢, V) =G (¢, v)p € LN, v € Mb(D)}

- . 3 d + dv: —di - — : D/ RN )
et ot [ g a0 =p-vin D@}
Introducing a new primal variable (p, ¢) € %, (M p) reads

(u,(p,q)) €L XY (u) (p,q)
Au=(p,q)

This allows us to rewrite (M p) and (BK) in a saddle point form
(&

: min sup L(u, (p,q); ¢, v
(w (P, ) EX XY e L1(Q)N veMy(D) (u, (P ) )

where
L(u,(p,Q);%V)ZF(U)+g(p,q)+[2¢-(Vu—p)der/Dv-(u—q)dx-

As usual, it is convenient to consider the following augmented Lagrangian

r r
Lu(u, (p,9); 6, v) = L(u, (p,0); &,v) + 5|[Vu = pI* + Slup —gf*, r > 0,
which has the same saddle points as L. Thus, the problem we will focus on is

(<) : min sup L. (u, (p, q); 6, v).
(u,Q)EZX XY L ()N veMy(D)

The main difference with the above formulation and the one in Section 3.3 is the pres-
ence of an additional Lagrange multiplier v corresponding to the boundary condition
u = g on D. The resolution of (M p) was used via ALG2 algorithm and was imple-
mented using finite element method. Up to our knowledge, it is not straightforward to
define finite element functions v on a closed subset D (typically D = 0f2). In the next
section we explain how to tackle this difficulty.

S5.4.2 PRACTICAL IMPLEMENTATION

As we pointed out in the previous subsection, it is not clear how to solve the saddle point
problem (.#}) via ALG2 algorithm due to the presence of the measure v on the Dirichlet
region. However, thanks to Corollary 5.4 and Remark 5.8 which shows that v is some-
how linked to the trace of the optimal flow ¢ on D, we can restrict ourselves to a formu-
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lation involving only the potential v and the flow ¢. More precisely, for any u € 2" and
n € Z = L>*(Q), we take

— Joudp ifu=gonD 0 ifo*(z,n) <1
F(u) = , G(n) = ., and Au = Vu.

+00 otherwise +00 otherwise

Thus, following our approach in [56], we can focus on the following saddle point problem

inf sup L(u,q; ¢
(wq)EZXZ pcDMP(Q\D) ( )

where

L(u, ¢ 6) = F(u)+0(g)+ / o-(A(w)—q)dz, forany (u,q,8) € 2 x Zx DMP(Q\D).
Q

Hence, the augmented Lagrangian reads

L, (u,q; ¢) = f(u)+g(q)+(¢,Au—q>+g]Au—q|2, forany (u,q, ¢) € Z xZxDMP(Q\D).

5.4.3 SOME EXAMPLES

We take 2 = [0, 1] x [0, 1] and g = 0 on 0f2. The first three examples are performed
with a Finsler distance d,; of Riemannian type

1
doa,y)= inf / RC@EDIEW))L.
¢eLip([0,1];22) Jo
¢(0)=z,((1)=y

For the first test we take k(x,y) = land p* =2, p™ = 0(0.50.5).-

Isovalo. sovae

Figure 5.1: (A): the potential u, (B): the flow ¢.
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In the second test we take p* = 4X{u_03)2+@-022<003 and p= =
AX[(2—0.7)2+(y—0.8)2<0.03) and k(x,y) = 5 — 3e~ 2@ 0.5/ +(y=05)%),

(a)
Figure 5.2: (A): the potential u, (B): the flow ¢.

In the third test we take two Gaussian densities p* = ¢~ 40*(@=0.75)+(y=0.3)%) 54
pm = e 40x(@-03)*+(y=065)*) Yy change the distance d,, by taking a degenerate k. In
particular, we choose

k(z,y) = V(1= 22)2(y — y?)? + (1 - 2y)* (2 — 22)x

where B = {(z,y) € [0,1>: y/(z — 0.5)2+ (y — 0.5)2 > 0.25}. We clearly see that
the flux is concentrated essentially on the region where k vanishes, 7.¢, on B¢, which in
terms of optimal transport with respect to d,, represents a free transport region.

(a)
Figure 5.3: (A): the potential u, (B): the flow ¢ privileging the zero set of k .

In the last test we consider a Finsler metric of cystalline type, namely

o(v) = max_v- d;

JETEN

withd, = (1,—1),dy = (1,—0.8),ds = (=0.8,1),dy = (—1,1),ds = (=1, —1).
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5 Beckmann problem and HJ equations

Figure 5.4: (A): the potential u, (B): the flow ¢ .

5.5 COMMENTS AND EXTENTIONS

A natural extension one can think of is the HJ equation with double obstacles on the
boundary. More precisely one can consider the equation

H(z,Vu)=00nQ, g1 <u < gyondf)

where g; : 0f2 — R are continuous functions satisfying the compatibility condition
91(x) — g2(y) < do(y, v) forany z,y € O

In order to establish the link between this problem and a Bekmann-type problem, we
consider as previously the following maximization problem

(Mp)o : max{/ udp : u € WH(Q), o*(x,Vu) < land g <u < go on GQ}.
Q

Similarly, we can state the following result.

Theorem 5.10. The optimization problem (Mp), coincides with the following
Beckmann-type problem, denoted by (BK),

] i + _ T I N
¢€AE1<(H?))Q]Y{/QU($’ 9] (x))d|o| + /89 godv /69 gdv™ . —div(p) =p—vinD (R )}

veMy
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Moreover, w and (¢, v) are optimal solutions to (Mp), and (BIC),, respectively if and
only if

([ —div(¢) =p—v in D' (RN)

0(x) - Viguu(e) = o (2,5 (2))  forlo| - a.e.w

[ 91 S u< gy on 09 andu = gy forv™ — ae xandu = gy forvt — ae x.

Sketch of proof. We define on C'(0€2) x C(0%2) the following functional on C(0€2) x
C(09) by, for (v, w) € C(00Q2) x C(09),

E(v,w) = —sup { / udp :u € Lip(Q), o (z, Vu(z)) < 1, ¢1 < u+tv, u+w < g, on 69}.
Q

Most of the arguments of Section 5.3 can be reproduced to show that F is convex and
lower semicontinuous, which gives £(0,0) = E**(0, 0). It follows that max(Mp), =
min(BKC),. We now turn to the optimality conditions. First observe that, for any feasible

wand (¢, ), we get

B ¢
/QUdIO a /S;VM)U(:E) I ()|l + /QUdV
¢ + -
SLU(x,—|¢|($))dI¢I+/1)92dV /mmdy ;

( )) for |¢| — a.e. x by the fact that u is

(5.11)

where we have used V gju(z)d(z) < o(z,
1-Lipschitz w.r.t. d,.
On the other hand, u and (¢, v) are optimal for (Mp), and (BK), respectively, if

and only if
/ udp = / )dlg| + / v~ [ gt
W 29

t.e. the equality holds in (5.11), which is equivalent to the system of optimality conditions
as desired. n

Let us mention that problems of the form (M p), and (BK), can arise when studying
optimal transport problems with some import/export costs on the boundary. In the case
where the transport cost is given by the Euclidean distance ¢(x, y) = |z — y| (in our case
when considering the Eikonal equation |Vu| = 1) we refer the reader to [82]. In the next
chapter, we will discuss a PDE approach for (Mp),.
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6 HJ EQUATION AND FINSLER
p-LAPLACE APPROXIMATIONS

6.1 INTRODUCTION AND REMAINDERS

6.1.1 A sHORT SURVEY OoN OHJ EQuATION

This chapter is concerned with a p-Laplace approach 4 la Evans-Gangbo [44] to a general
class of the transport problems studied in Chapter 5. As we pointed out in 5.5, we shall
consider the following HJ equation with double obstacles on the boundary:

H(z,Vu) =00nQ, ¢ <u<1ondfd, (6.1)

where H is a nondegenerate convex Hamiltonian and ¢, 9 are continuous functions sat-
isfying
¢(x) —U(y) < du(y,z), Vo,y € 09, (6.2)

where dj; is the intrinsic metric associated to the Hamiltonian H. Let us recall that (6.2)
is a necessary and sufhicient condition for the existence of subsolution.

Before presenting in details our problem, let us say few words about some existing
works (essentially close to our setting) dealing with HJ equation with obstacles.

Metric approaches:

In [23], Camilli et al. studied systems of first order HJ equation with implicit obstacles.
Amongst their main results, a representation formula for the following OHJ equation

max{H (z,Vu),u — ¢} =0 in Q, (6.3)
coupled with Dirichlet boundary condition

u = g on 0f), (6.4)
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6 HJ equation and Finsler p-Laplace approximations

where  : Q — Rand g : 9Q U A — R are continuous functions. More precisely,
they show that when ¢, g satisty (2.9), then the unique solution of (6.3)-(6.4) such that
u = min{yp, g} on 0 U A is given by

ute) = min g (. ) + 900} min{ . ) + ) |

We observe here that the equation (6.3) can be rewritten in the form
F(z,u,Vu) =0 in ,

where F'(z,t,p) = max{H (z,p),t — ¢}. The O-sublevels of F’ are convex, and thus
(6.3)-(6.4) can be treated using the techniques of [78, 80]. In contrast with (6.3), N.Igbida
proposes in [64] a metric formula to handle the obstacle in the following OHJ equation

{min{H(x, Vu),u— ¢} =0in Q (6.5)

u = in 0f)

where ¢ is a continuous function, not necessarily satisfying (2.9). Note that in this case,
the Hamiltonian is of the form F'(z,t,p) = min{H (z,p),t — ¢}, and its O-sublevels
are not convex in general. So that the metric machinery in [24, 48, 78, 80] doesn’t allow
providing representation formulas of such equations. We will come back to this result in
details in Chapter 7.

Penalization technigues:

Penalization techniques remain a natural approach to deal with obstacle problems for
general PDEs. For a HJ equation of the form

max{F(z,u,Vu),u — ¢} =0in Q, and © =0 on 09, (6.6)
it is convenient to consider the following penalized PDE
—eAu, + F(x,ue, Vue) + ac(ue — ) =0 in Q, and u, =0 on 99,  (6.7)
where a is a smooth function approximating the monotone graph

0ifs<0
a(s) = < [0,00[ ifs =0
0 ifs > 0.
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6.1 Introduction and remainders

Then, the standard techniques in [71, 80] allow deriving appropriate estimates on u, and
by passing to the limitas e — 0, to recover a viscosity solution of (6.6). In this framework,
we can mention for example the work of Gagnetti et al.[21] where the authors considered
the following obstacle problem

max{u + H(xz,Vu),u— ¢} =0 in Q, (6.8)

coupled with homogeneous Dirichlet boundary condition, where ¢ : 2 — Risa
smooth function satisfying ¢ > 0on 02 and H : R" x  — R is a smooth coer-

cive Hamiltonian. Moreover, they assume the existence of a strict subsolution of (6.8),
i.e, afunctionw € C*(Q) x C?(Q) such that w = 0 on 92, w < ¢ and

w+ H(x,Vw) <0 in Q.

They studied a version of (6.7) with F'(z,u, Vu) = u + H(x, Vu) and a convex pe-
nalization function «.. They make use of the adjoint method * (see [45]) to derive some
useful estimates, with a particular attention to the term .. (s). This allows them to
show that u. converges uniformly towards a solution u of (6.8) and

|ue — ul|p= < C’e%,

where C' is a positive constant not depending on €. They also extend their approach to
the case of coupled systems. We were able to prove similar results for

min{u + H(x,Vu),u — ¢} =0 in Q, (6.9)
by considering the following penalized PDE
—eAue + ue + H(z,Vue) + fac(ue — ) = f in Q, and u. = 0 on 012,

where f is a positive Lipschitz function and a.(s) = a(s/€) with a a smooth function

verifying
o >0, a(s) =0 for s <0 andar — 1 ast — oo.

However, it is not clear to us how to obtain similar results both for (6.8)-(6.9) without a
zero order term, i.e, when the Hamiltonians is of the form F'(z,u, Vu) = H(z, Vu).

To end this section, let us mention that in addition to optimal stopping problems,
obstacle HJ equations arise typically in the vanishing viscosity limit of H]J equation with
incompatible boundary conditions (see e.g [80, Chapter 6]).

*The method consists essentially in considering a linearization of (6.7) and then study the adjoint of the
linearization operator.
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6 HJ equation and Finsler p-Laplace approximations

In this chapter, we are more concerned with HJ equation with double obstacles on
the boundary (6.1). We will come back to obstacle problems of the form (6.5) in the next
chapter.

Recall that our starting point is a problem of the form
H(x,Vu) =00nQ, ¢ <u <1ondf.

Thanks to Theorem 3.2, the maximal viscosity subsolution of (6.1) can be recovered via
the following maximization problem

max{ / udz : o*(z,Vu) < lae, ¢ <u<1on 8Q}, (6.10)
Q

where 0* is the dual of the support function of the 0-sublevel sets of the Hamiltonian
H. Considering [, udp in (6.10) instead of [, udz for some p € L*(€2), this problem
can easily be linked to a mass transport problem with boundary costs. Our aim is to
construct a solution of this (6.10) as well as the optimal flow of the associated Beckmann
problem using the Evans-Gagbo machinery. Before presenting the problem and the main
ingredients, let us give a broad overview on this p-Laplace approach.

6.1.2 REMINDERS ON THE EVANS-GANGBO APPROACH

Given a Borel measure p with fQ dp = 0, and consider the Kantorovich problem

- _uld (m)ey = pt — *}, 6.11
Bl {20 (= =)

as well as the associated Kantorovich—-Rubinstein problem

max { /ﬂudp tu € Lipl(Q)}. (6.12)

In the case where p € L'(£2), the optimal solution of (6.12), usually called Kantorovich
potential, can be obtained via PDE method in the celebrated paper of Evans-Gangbo [44].
More precisely, they prove that when supp(p™) Nsupp(p~) = 0, the solution u of (6.12)
is the uniform limit of u,,, where u,, is the solution of

—Ayu, =p inB(0,R)
Uy =0 ondB(0,R),

92



6.1 Introduction and remainders

for some large R > 0. Moreover, there exists a function ¢ € L'(£2) such that (o, u)
solves the following Monge—Kantorovich system

—div(eVu) = p in§)
Vu| <1 in
Vu| =1 o — ae.

and the vector measure ® = o Vu solves Beckmann problem

. inf )N{ /Q Q1| - —div(@) = pinD'(@)}. (613)

Moreover, all the optimal values coincide

min (6.11) = inf (6.13) = max (6.12).

Variants of (6.11) with boundary costs were addressed in [82] where the boundary costs
can be seen as some import/export taxes. Similar results were obtained in [40] with some
weighted Euclidean distance as a cost. The use of PDE techniques 4 la Evans—Gangbo in
the Finsler framework was addressed recently in [65]. Itis well known that Finsler metrics
generalise the Riemannian ones and are of main interest in the study of optimal transport
and minimal flow problems since they allow considering anisotropy, obstacles...

In this chapter we consider a Finsler variants of (6.12)-(6.13) with the presence of
boundary costs. We consider some suitable variational p-Laplace problems to provide
a solutions to these problems.

6.1.3 REMINDER ON FINSLER METRICS

Let (2 be a bounded open subset of RY, a Finsler metric is a continuous function H :
Q x RY — [0, 00) such that H(z, .) is convex, and positively 1—homogeneous in the
second variable, thatis, H(x,tp) = tH (x, p) for every t > 0.

We define the dual of a Finsler metric H (which is also a Finsler metric) by

(p,q)
H*(xz,q) = sup (p,q) =sup )
H(z,p)<1 pt0 H(z,p)

Throughout this chapter, we assume that / is a non-degenerate Finsler metric, that
is, there exist a, b > 0 such that

alp| < H(z,p) < blp| (6.14)
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6 HJ equation and Finsler p-Laplace approximations

forall (z,p) € Q x RY. Similarly, we have
ilg| < H*(x,q) < blq| (6.15)

for some a, b> 0.

Note that a Finsler metric is not symmetric in general. Moreover, we have the Cauchy-
Schwarz like inequality

(p,q) < H(x,p)H"(z,q). (6.16)

Every Finsler metric induces a Finsler distance via the so called length (or action) func-

tional. The action of a Lipchitz curve { € Lip([0, 1]; §2) is defined through

1
Aule) = [ H(E().E(5)s. (c17)
0
The induced distance d 7 by the action functional (6.17) reads as

dy(z,y) = inf Ap(§)

£el(z,y)

where I'(z,y) = {¢ € Lip([0,1}; ) : £(0) = =z, {(1) = y} and Lip([0, 1]; Q) is the

set of Lipschitz continuous functions w : [0, 1] — €.

Assuming that H*(x, .) is differentiable on R™ \ {0}, we have thanks to Euler’s ho-
mogeneous function theorem (see e.g [85])

O¢H*(z,p) - p = H*(z,p) forany p € RY, (6.18)
and by convexity of H*, we have
OcH*(z,p) - ¢ < H*(z,q) forany p,q € RN,
so that, by (6.15)
|0 H* (2, p) - q| < b[¢| forany p,q € RY. (6.19)

Finally, we have
H(x,0:H*(x,p)) =1 foranyp € R".

For details and additional properties we refer to [97].
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6.1.4 PRESENTATION OF THE PROBLEM

Given ¢, ¢ € C(052) satisfying
B(x) — ¥(y) < dia(y, 2) forall 7,y € 09, (6.20)

we consider the following variant of Kantorovich-Rubinstein problem
(KR)y : max{/udp : H(z,Vu) <lae, ¢ <u< wonﬁﬁ}.
Q

Using perturbation techniques as in Chapter 3 (see also [43, Theorem 5.12]), we can derive
the following variant of Beckmann’s problem

@ /
Bl ! {/H g APl [ pdrT— d*:—d'q>z+'DRN},
(B QEMN(gl)}EeM(aQ) Q (2 |<1>|) |2 mﬂ) v ag¢ v iv(®) = p+vinD (RY)

as well as the associated Kantorovich problem

©w: _pin { [ dulepirns [ swam)n- [ swdm)a}
vell(pt,p™) L Jaxn o0 o0

where IT(p*, p7) = {7y € MT(Qx Q)+ (m)yyLQ = p*, (m)yyLQ = p ).

The existence of optimal solution to (K); can be obtained using the direct method of

calculus of variations. Moreover, all the extremal values coincide:

min(B)y = min(K) g = max(KR)g.

Our aim is to show, using the Evans-Gangbo approach, that the solution of the HJ equa-
tion (6.1) can be obtained as the limit as p — 00, of the solution of the following Finsler
(also called anisotropic) p—Laplace problem

—div(H*(z, Vu)? 10 H*(z, Vu)) = p inQ
H*(z,Vu)?"*0: H*(z,Vu) -n >0 on{u = ¢}

H*(z,Vu)P"*0: H*(z,Vu) -n < 0 on{u =1} (6.21)
H*(z, Vu)P'0: H*(x,Vu) -n =0 in{¢ <u<}
p<u<y on 0f2,

with p = 1, where n is the exterior normal to the boundary 02 and J; H* stands for the
derivative of H* with respect to the second variable. The chapter is organised as follows.
In Section 2 we provide a solution to (6.21) by studying a family of variational Finsler
p-Laplace problems, and by passing to the limit as p — oo, we construct a solution u
of (KR) i, and hence, the one of (6.1). In Section 3 we construct a flow ® to (B)y and
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6 HJ equation and Finsler p-Laplace approximations

we provide, under suitable assumptions, a solution to the following Monge-Kantorovich
system

([ —div(wdeH*(z,Vu)) = p inQ
OeH*(x,Vu) - n>0 on {u = ¢}
OcH*(z,Vu) -n <0 on {u =1}
OcH*(z,Vu) -n=0 in{p <u<} (6.22)
¢ <u<ip on Jf)
H*(z,Vu) <1 in {2
| H*(x,Vu) =1 w—ae.

In Section 4 we make the link between u and (K) ;.

Remark 6.1. * Note that given a positive continuous funition E:Q >R, defining
a Finsler metric H (x, p) = k(x)|p| for every (z,p) € Q x RY, we easily see that

* q
' (2.q) = 0

and the systems (6.22)-(6.21) becomes the ones studied in [40].

* Let us recall that we can define Finsler metrics via the so called Minkowski func-
tional. Indeed, given a convex, closed and bounded set K C RN containing the
origin in its interior, we define the Minkowski functional of K (also called gauge
function) by

gr(p) =inf{t >0: t'pe K},

we can easily check that g is a Finsler metric. Moreover, considering H*(x, p) =
gk (p) and ¢ = 1, we recover the Monge-Kantorovich system studied in [33].

6.2 FINSLER p-LAPLACE PROBLEM

We consider, for p > N, the following minimization problem

_ H*(z, Vu)P /
min F,(u) := — 2 dx — | updz 6.23
min Fy) = [ 2 K (623)

where p € L*(Q) and Wy = {u € WP(Q) : ¢ < u < 1) on 9Q}. Observe
that W,  is a closed, convex subset of W17 (). The functional F,, is coercive, strictly
convex and lower semicontinuous on W, ;. Therefore F,, admits a unique minimizer u,,
on Wy . Observe that when H*(z,.) € C*(RY \ {0}), u,, is a weak solution of (6.21).

The following result shows that we can obtain a Kantorovich potential to (KR )y
from the minimizers of F,.
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Proposition 6.2. Let u, be a minimizer of F,. Then, up to a subsequence, u, = u on Q.
Moreover, u solves (KR ) .

Proof. We divide the proofinto two steps. First, we show the convergence of u,,. To do so,
we need to derive some estimate on u, independent of p. Define v(z) = mingegn ¢(y)+
du(y, x). Regarding the compatibility condition (6.20), we have ¢ < v < 1) on 0€2. It
is not difficult to see that v is 1 —Lipschitz with respect to d and equivalently (see e.g.
[56, Proposition 2.1]), we have that H*(x, Vu(x)) < 1 ae.. Using the fact that u,, is a
minimizer of F,,, we have

H* P H* P Q
0 P Q Q D Q p Q

(6.24)
Thanks to Theorem 2.E in [101], there is a Morrey-type inequality independent of p

||u||Loo(Q) < CQHVUHLP(Q) for any u - W()l,p(@)’p > N,

where the constant C does not depend on p and u. Observing that we can apply the
above inequality to (u, — maxyn 1)+ and (u, — mingg ¢)~ which are in W, ”(Q) to
obtain

@) < Col Vil o(@) + | max ¢,

and
[y =) < Col[Vup[l (@) + | ming|.

So
[upllLe@) < Cill V|| o) + Co.

From (6.24) and the preceding inequality we deduce that

H*(xz,Vuy,) Q

/ A, V) r < 1 / vpdr + / uppdr < C3(1 4 [[Vup|zr)),
p Q Q

where C} is a positive constant not depending on p. Combining this with (6.14), we get

1 (2, Vup) || 7o) < Cap(1+ [ H" (2, Vup) || r (@) (6.25)

which implies that
| H* (2, Vup) || Lr(0) < (Csp)?—T (6.26)

for some constant C5 independent from p. Again, by (6.14), we get

V|l Lr@) < Ce. (6.27)

97
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Now take some N < m < p. Then by Hélder’s inequality

p—

[Vup|[Lme@) < Q7 [V 1o () (6.28)

Thanks to (6.27), (6.28) and the Morrey-Sobolev embedding from W™ () to Hélder
spaces,
[up(x) — up(y)| < Oyl —y|'~

with o = % By Ascoli-Arzeld’s theorem, up to a subsequence, v, = uon Q for some
continuous function u satisfying ¢ < u < 1) on J€). Observe that u € Whee(Q)
thanks to (6.27) and (6.28).

Second, we are now in a position to show that u solves (R ) . To do so, we take any
v € Wy such that H*(z, Vu(x)) < 1 ae.. Using the optimality of u,, we see that

Q
- / uppdr < Fp(u,) < Fp(v) < 1 / vpdx.
Q p Q

Taking the limit up to a subsequence, we get
Sup{/vpdm c H*(z,Vv) <1, ae, ¢ <v < @bon@Q} < / updz.
Q Q

It remains to show that u is 1—Lipschitz with respect to dgy, thatis, H*(z, Vu(x)) <1
a.e.. Recall that ¢ < u < 4 on 9S2. Again, using (6.26), we consider N < m < pand
we use Holder’s inequality to get

p—m

1
[1H* (2, Vup) || m) < (Csp)e=t]Q] 7.

Since u, = u uniformly on Q, we can assume that up to a subsequence u, — u weakly
in WH™(Q), and particularly, Vu, — Vuin L™(2, RY). Mazur’s lemma (see [42]
for example) ensures the existence of a convex combination of Vu,, converging in norm
toward Vu. More precisely, there exists {U; } such that

ng
Uy = E o, Vuy,

k=t
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where Y )" of = 1Land o, > 0, i < k < n;and [|U; — Vul|pmq) — 0asi — +oo.
Since H* is continuous, we have

| H* (&, V) [ zm@) < liminf [ H (2, ) 0} Vuy,)|zm)
k=i

< . . ) * m
_hirggf’;aklllf (@, Vup, )|l zm ()

1—00

n; o
< liminf > af(Copy) 7710 7o = |0,
k=i

which completes the proof by taking m — oo. O]

6.3 CONSTRUCTION OF THE OPTIMAL FLOW FOR (B)y

In the sequel, we assume that (6.20) is strict, that is,

o(x) — Y(y) < dp(y,z)forallz,y € ON.

The next lemma is important to construct a solution of (B) 7, we follow the main ideas
of [82, Thereom 3.4].

Lemma 6.3. Assume that H*(z,.) € CY(RN \ {0}), and define, forp > N
0, = H*(x, Vu,)? ' 0: H* (x, Vu,).

Then, the distribution defined through
(0O, -n,n) = /Q@I,Vndx — /anda:, n € D(RY) (6.29)
is a Radon measure concentrated on 0S). Moreover, we have
/m nd(©, -n) = /Q@p - Vndx — /anda: foralln € WP(Q). (6.30)

Proof. We follow the main argumants of Mazon et al. in [82]. If w,, is a minimizer of F,,
then we clearly have —div(©,) = pin D'(R). It follows that the ©, - n defined by (6.29)

is a distribution supported on 9. Let us show moreover that

supp(©, - n) C {z € 90 : uy(z) = ¢p(z)} U{x € 9N : uy(x) = (x)}.
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6 HJ equation and Finsler p-Laplace approximations

Take a test function 7 € C*(Q2) whose support is disjoint from

{z € 0 : up(z) =¢(x)} U {x € 00 : u,(x) =¢(x)}. There exists some e > 0
so that u, + ¢ remains admissible for (6.23) for |t| < ¢, ze, ¢ < u, + tn < 1. By
optimality of u,, we get the variational inequality

/ O, V(v —u,)dz > /(v — up)pde forallv € W, 4.
0 0

In particular, for v = wu, + 7, we get

t/Gp-Vndxzt/npdx.
Q Q

This holds for positive and negative ¢, such that |[¢| < e. Consequently

/@p - Vndx = / npdz.
Q )

In other words, (0, - n,n) = 0and supp(©, - n) C {u, = ¢} U {u, = ¥}
We are now in a position to show that ©,, - n is actually a Radon measure. Indeed,

since the inequality (6.20) is strict, the two compact sets {x € 0 : w,(x) = ¢(x)} and
{x € 0Q : u,(z) = ¢(x)} are disjoint. There exist 771, 79 € D(RY) such that

7) — 1on{up:¢}, an r) = 1on{up:@/1},
(@) {Oon{up:gb}, d 72() {Oon{up:(b}.

Then we can write ©,, - n = Dy + D5, where Dy, D are distributions given by

(D1,m) = (0, -n,nm1) and (Da,m) = (O, - m, 7).

This being said, for any positive test function 1, we have thatsupp(nn)N{u, = ¥} =0,
and for 0 < ¢ < e we have u, + t(111) € W4 Consequently

t / 0, - Vi )de > t / () pil,
Q Q

ie,

(D1,m) > 0. (6.31)

On the other hand, for any positive test function 7, we have that supp(nn2) N {u, =
¢} = 0 and for —e < t < 0, we have that u, + t(n12) € W, . Consequently

t/ O, - V(nmz)dz > t/(nna)pdﬂf-
Q Q
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In other words,
(Da,m) < 0. (6.32)

In conclusion, D; and — Dy are positive distributions. Hence, they are positive Radon
measures. It follows that the distribution ©,, - n is a Radon measure on 9€2. Moreover,
(6.31) and (6.32) give

supp((©, - n)") C {u, = ¢} and supp((6, -n)") C {u, = ¥}.
0

Proposition 6.4. Under the previous assumptions, there exist two Radon measures © and
0 in Q) and OS) respectively such that up to a subsequence ©, — © and ©,, - n — 0 in the
sense of measures.

Proof. First, we consider as before v(x) = minyegn ¢(y) + du(y, ). We plug u, and
v in (6.30) to get

/m(Up —0)d(0, -n) = /Q@p -V (up — v)dz — /Q(up — v)pda.

In other words

[ moipda = [ €, (0~ /{ L Ee,m [ @-vaem

{up=0}
We see that o < v < 1pond2sothaty) —v > 0and ¢ — v < 0, thus¢p — v < —C}

for some positive constant C';. So we obtain

/ 0, - Vu,dz + C} / d(e, -n)* < /(up —v)pdx + / 0O, - Vudz. (6.33)
Q o0 Q Q

Since H* is a Finsler metric, we have by Euler’s homogeneous function theorem (see e.g.

[85]) that O H*(, &) - € = H*(x, &) forany & € RY. Thus

/ 0, - Vu,dr = / H*(x, Vu,)P ' 0: H* (z, Vu,) - Vu,dr = / H*(x,Vu,)Pdx.
Q Q Q

Using this fact in (6.33), we get

/ H*(x,Vu,)Pdz + Cl/ d(©, -n)" <Cy+ / 0, - Vuvdz,
Q o0 Q
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6 HJ equation and Finsler p-Laplace approximations

where Cy > 0 is independent from p. On the other hand, thanks to (6.16) we have
/Q@p - Vode < /QH(I, ©,)H*(z, Vv)dzx
- QH(as,H*(:B,Vup)p_lé?gH*(:v,Vup))H*(m,Vv)dx
:/QH*(x,Vup)p1H(x,85H*(x,Vup))H*(q:, Vu)dz
:/QH*(w,Vup)p_lH*(x,Vv)dx,

where we have used the homogeneity of H and the fact that H(x, 0: H*(z,§)) = 1 for
any ¢ € RV\{0}. Using Holder and Young’s inequalities and the fact that H*(z, Vo) <

1 a.e, we get
1
/ H*(z, Vu, )" H* (2, Vo)dz < ( / H*(x, Vu,)P~1P dx)p Q|
Q Q
-1 1
_r-1 / H* (2, V) Pda + 2.
p Q p
We deduce that
1 1
- / H*(x,Vu,)Pdx + Cl/ d(©, - n)* < Cy+ 9.
P Ja oQ p

Since p > N, it follows from (6.25) and (6.27) that the first term of the preceding is
bounded and therefore

/ d(©, - n)*t < 0, (6.34)
o0

for some positive constant Cs. Defining w(x) = maxycan ¢(y) — du(x, y), we see that
¢ < w < 1 and following the same lines we get that

/ d(0,-n)" < (4. (635)
o2

As a consequence, we deduce that ©,, - n is bounded in M (0€2) and thus there exists
6 € M(0R2) such that ©, - n — 6 weakly*.

As for ©,, we have

/H*(w, Vu,)Pde = / 0, - Vu,dz :/ u,d(©, - n) + / uppde.
Q Q o0

Q
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6.3 Construction of the optimal flow for (B) i

Keeping in mind (6.34) and (6.35), Hélder’s inequality gives
/QH*(x7 Vu, )Ptz < Cs. (6.36)
Since 0: H*(x,&) - ¢ < H*(z, () and taking into account (6.14), we deduce that
|0 H (2, Vuy)| < D,
and consequently in view of (6.36)

Q

Thus, there exists © € M (Q)N such that up to a subsequence ©, — ©. ]

Theorem 6.5. Let uand © as in Propositions 6.2 and 6.4 and set w = H (x, ©). Assume
moreover that

H*(z,V,u) <1 waee. (6.37)
Then (w0 H*(x, V,u), ) solves (6.22).

Proof. First, let us recall that thanks to Lemma 6.3 and Proposition 6.4 we have
—div(©) = p+0inD'(Q).

Since 42 € L1 (Q)" we also have

—div(w@

= in D' (Q).
dw) p+6inD ()

So %(m) € A, (x) for w—a.e. = (see the Section 2.3 for the definition of X,,) . Since
©, — O (cf. Proposition 6.4), we have by Reshetnyak’s lower semicontinuity theorem
(see [3, Thereom 2.38]):

/H d|@| < hmmf/H 0, ‘)d|@ bl

Using Holder’s inequality combined with (6.18)-(6.19), we get

/H(x,g)d\e)] Sliminf/H(x,H*(az,Vup)p_lagH*(.ic,Vup)>dx
Q |@‘ p Q

:hminf/H*(x,Vup)p_lH(x,85H*(:U,Vup))dw
p Q
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6 HJ equation and Finsler p-Laplace approximations

pfl

< hmmf /H* z, Vu, pdx)

p*l

—1

(
= hmmf </ H*(z,Vu,)"~' 0. H*(x, Vu,) - Vupdx>
= hm inf (/ Vu,d®, )

= lim inf </ uppdz + / u,d(O, - n)) B
p Q o9

= / updz + odot — | pdo.
Q a0

o0

Finally, using the integration by parts formula recalled in Proposition 2.13, we get

/updx+ ¢dot — [ df” = / V.,ud®,
Q a0 0

o0

/H d|@|</V udo.

Keeping in mind (6.37), we get

so that

/vm@</mxvm( m@</ﬁ el
Q

Hence,
/H ECE /mma (638)
Q
From (6.38), we deduce that
un‘@ =1lw— ae.
dw

Since H(z, 92) = 1w — a.e, we have that H*(z, V,u) = 1 w — a.e. This implies by
definition of H* that

de doe N «
o = H(z, w)@gH (z,Vou) =0:H" (z,V,u) w— ae.

Finally,
—div(wde H* (z, V,u)) = p in (2,

and reproducing the arguments of Lemma 6.3, we recover the constraints on

O¢H*(x,V,u) -nin(6.22). O
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6.3 Construction of the optimal flow for (B) i

In the case where w < £V, we have the following

Corollary 6.6. Let u and © as in Propositions 6.2 and 6.4 and set w = H(x,0). If
w K LN, then
w(z) > 0= H*(z,Vu) =

and

/ w(x)0eH" (x,Vu) - Vndz = / npdz, foralln € D(Q).
Q Q

In particular,

—div(wOcH* (z, Vu)) = p in Q.
Proposition 6.7. The couple (O, 0) solves (B) .

Proof. First, take any admissible potential v € C ! (ﬁ) for (KR)y and an admissible
couple of flows (¥, v/) for (B) i. Since H*(z, Vv) < 1 for a.e.x, we have

/H d|\IJ| /H H* (x, Vo)d|¥|
> Vvd|\IJ|
o V]
= [ VoudV¥
Q
:/vd(p—l—u)
Q
>/vdp—|— pdvt — vdy™
Q o0 G)

and consequently

/H d|\I/| + [ wdv — [ odvt Z/Udp
20 ) 0

using Lemma 6.11 and taking the infimum on (¥, ) we deduce that min(B)y >
sup(CR) g By Theorem 6.5 and Corollary 6.6 we have

/H d|<I>| + Ydf™ — O UANES / udp.
o9 o9 Q

Hence (O, 0) solves (B) 4. N

Remark 6.8. It is possible to solve (6.22) without the assumption (6.37) as in [65, Theo-
rem 3.10]. Yet, one needs to define the w-tangential gradient of u with respect to H (see
[92] for details).
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6 HJ equation and Finsler p-Laplace approximations

The link between HJ equation and Beckmann’s problem is already established in
Chapter 5. Thanks to Proposition 6.2, the maximal viscosity subsolution of (6.1) is ob-
tained by taking the limit as p — 00 in the minimizers of F,, with p = 1. Thus, combin-
ing this fact with Proposition 6.7, we have the following

Corollary 6.9. Assume that p = 1, and let 0 the maximal viscosity subsolution of (6.1)
and (©, 0) an optimal solution ro (B) . Then

([ —div(®) =1+0 in D' (RN)

O(z) - Vigpu(z) = H(x, %(x)) for|©| —a.e. x

[ d<u < on O andu =1 for 0~ a.e. xandu = ¢ for 07 a.c. x.

6.4 BACK TO MONGE-KANTOROVICH PROBLEM

Proposition 6.10. Let u be the potential constructed in Proposition 6.2. Then u is a Kan-
torovich potentional for the classical optimal transport problem between p™ L Q + 07 and
p~ L Q4 0~. Moreover

/ updzr = min(K)g.
Q

Proof. In the definition of ©,, - n in (6.29), we take as a test function 77 = u to get

/ ud(©, -n) = / ©, - Vudz — / updz.
) Q Q

Thanks to Proposition 6.4, passing to the limit p — 0o (up to a subsequence) we get

/ udé’:/@-Vudx—/updx. (6.39)
o0 Q Q

Since uis 1—Lipschitz with respect to d 7, we may find thanks to Lemma 6.11, a sequence
of smooth functions w, converging uniformly to u and enjoying the property of being
1—Lipschitz with respect to d . By definition of ©,, - n, we get

Ag(u —w.)d(0,-n) = /Q@p - (Vu — Vuw,)dz — /(u — w)pdz.

Q
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6.4 Back to Monge—Kantorovich problem

Taking p — o0 (again, up to a subsequence) and keeping in mind (6.39), we get

/updx+/ udQ:/(u—we)pdx—i—/ (u—we)dg—l—/@-Vwde:Ae—l—Be,
Q o0 Q o) Q
(6.40)

with Ac = [,(u — we)pdz + [,,(u — we)df and B. = [, © - Vwcdz. Since w,

convergences uniformly to u, we have that A, — 0 ase — 0. We claim that

C)
B€—>/H x, —)d|©
RE=E
as € — 0. We first observe that

/ updr = lim [ w.pdx
Q

e—0 Q

Ctim [ Voo 2de)+ [ wdo- - [ pdot
=0 Jo [S] 0 a0

<lim [ H*(z,Vw.)H((z, g)d\@| + [ Ydf” — [ ¢dot
=0 Jq [S] o0 a0

S/H(x,g)d|@|—|— vdo- — | pdot
0 (S] 00 o0

where in the last inequality we have used Lemma 6.11.

Again we proceed as in the proof of Theorem 6.5: since ©,, — ©, we have by Reshet-
nyak’s lower semicontinuity theorem:

O S}
H(xz, —)d|© gliminf/Hx,—pd@
| H el < timint [ A yale

= lim inf/ H(x, (H*(z, Vu, )P0 H*(x, Vup)>dx
Q

p
zliminf/H*(:C,Vup)p1H(:1:,8§H*(:C,Vup))dx
p Q
< liminf (/ H*(x,V@Lp)pdyz,')T
p Q

= lim inf (/ H*(z,Vu,)" ' 0. H*(x, Vu,) - Vupdx) B
P Q

p—1

= liIr%Dinf (/ Vupd@p> v
Q

= / updz + / udé
Q o9
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6 HJ equation and Finsler p-Laplace approximations

= lim wﬁpdx—l—/ wedo
Q a0

e—0

where we have used Holder’s inequality and Euler’s theorem combined with the fact that

H*(z,0:H(z,£)) = 1forany £ € RV \ {0}. Coming back to (6.40) we get

/updx—i—/ ud9:/H(x,g)d|9|.
Q ) Q ©]

To conclude, let us observe that taking v € W1 (2) such that H*(x, Vo(x)) < 1, we

have
©
/updx+/ ud@=/H(a:,—)d|@|
Q o9 Q Sl

S
> — . Vud|©
AR

Z/Vvd@:/vpdx+/ vdd.
Q Q o0

We have thanks to Proposition 6.2 and the classical Kantorovich duality

/updx+/ ud@z/ dr(z,y)dy(z,y),
Q o0 aQxQ

where 7 is a solution of
min { / Cdu(z,y)dy(z,y) s (m)yy =p LQ+ 0T, (my)yy =p LQ+ 9‘}~
QxQ
Since (7, )yy L 02 = 67 and (m,)yy L 9Q = 6~ we deduce that

/ updzr = / dy (v, y)dy(z,y) + Pdf™ — ¢dft = min(K) .
0 0

Qx o0 o0

]

To end this section let us recall the following useful approximation result [65, 67, 68].

Lemma 6.11. Let w € WH(Q) such that H* (v, Vw(z)) < 1 for a.e. x € Q. Then,
there exists w, € C(Q) such that w. = w in compact subsets of 2 and

H*(xz,Vw(z)) < 1.
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7 PERSPECTIVES AND FUTURE WORK

We end this dissertation by presenting results from ongoing works and some possible
extensions and open question that are of interest to us.

7.1 QUASIVARIATIONAL APPROACH FOR OBSTACLE HJ
EQUATION

In this section we present briefly some results from an ongoing work with N.Igbida con-
cerning obstacle HJ (OH] for short) equation with application to the formation of lakes
and dunes. We suggest to use an evolutionary quasivariational inequality to solve numeri-
cally the OH]J equation by exploiting similar characterisations of the appropriate solution
as in Chapter 3.

Given a continuous function g : 2 — R, we consider the following OHJ equation

{ng in

H(z,Vu)=0 in[u> g (7.1)

This equation can be recast in the form
F(z,u,Vu) =0in(,
where F: Q x R x R — R is given by
F(z,t,p) = min(H (z,p),t — g(z)), for (z,t,p) € QA x R x RY.

As one can see, the 0 sublevel sets of F' are not convex in general, so producing a metric
associated to F'is not straightforward. To handle the obstacle in (7.1), N.Igbida proposed

in [64] an inf-sup formula as follows. For § € Lip([0, 1]; €2), we define

Aclsross) = [ " o(e(n), £,

S1
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7 Perspectives and future work

for 0 < s; < 55 < 1, where o is the support function of the 0 sublevels of /. Then, the
g—action functional of the curve £ reads

Ay(€) = max g(£(t)) + Ag(t, 1).

tel0,1]
For z,y € ), we define the minimum g—action from z to y through

Se(x,y) = inf Ag(&). (7.2)

§el(z,y)

and
Zy(z,y) = Sy(z,y) — 9(x).

Then, it is shown in [64] that S is the maximal viscosity subsolution of (7.1). More-
over, when the obstacle g satisfies the compatibility condition

9(z) — g(y) < do(y, x), foranyz,y € Q, (7.3)

where d,, is the associated distance to H, then Z; = d,. Which shows that the quasi-
distance Zy is consistent with the case where the obstacle is a subsolution for HJ equation.

To describe the morphology of a sandpile or a lake on an arbitrary landscape, we con-
sider the following obstacle Eikonal equation

|\Vu| = konlu> g
u > ginf) (7.4)
u=gonD.
where D is a closed subset of 2, where k is related to the so-called repose angle of the
granular material. To describe the equilibrium state we consider a Radon measure p mod-
elling the source. One could imagine p = 2111 0z, where 0, are Dirac masses at points

z; € €, to model the case of punctual distribution of sand or water. This being said, we
consider by analogy with the problem (M) in Chapter 3, the following maximization

problem
max{/udp DU € KQD}, (7.5)

KgD: {fueWm(Q): u>g, u=gonDand |Vu| < kin[u > g|},

where

is the set of the so-called admissible profiles. Then, thanks to (7.2), N.Igbida provides a
solution to (7.5). More precisely, he proves the following
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71 Quastvariational Approach for obstacle HJ equation

Theorem 7.1. Assumethat p € M (Q) andk € C(Q), k > 0,g € Wh>(Q),g > 0.
Define B
Sg(D, x) = min Sy(y, x) forany v € €.

yeD
Then

1) Sy(D,.) e KP.
2) Sy(D,.) is a solution of (7.5).
3) wis a solution of (7.5) if and only if u € Kf and

u=S4(D,.)p—ae in.

It is not clear how to treat (7.5) as in Chapter 3 since the dynamic takes place only on
the region [u > g]. More precisely, the main difficulty arising in (7.5) compared to what
we have developed in the previous chapters, is the lack of convexity of / QD )

Few works investigated problems of the form (7.4). In the case of lakes, ie., k = 0,
Doferman and Evans [38] considered the following PDE

€

Oy, € div(MVUE) + pinR? x {t > 0}
u. = ginR? x {t = 0},

where H is the Heaviside function. Then, the limit u = lim._,( u, satisfies (7.4). The
authors justify their results by rigorous proofs as well as asymptotics and numerical sim-
ulations.

In [10, 11], Barrett and Prigozhin use a quasivariational inequality to model growing
sandpiles, i.e., k > Ky > 0 with an obstacle g satisfying (7.3). To do so, they define, for

v € C(9Q), the following operator

M(v) = kon v > g]
| max(k, |Vg]|) elsewhere,

and K'(2) = {z € W'*>(Q) : 2 > gand |Vz| < M(v)}. Then, the proposed quasi-
variational inequality consists in finding u(x, t) such that u(x,0) = g(x) and for a.a.
t € (0,7),u € K(u) solves
/(@u —p)(v—u)dz >0 forallv € K(u). (7.6)
Q

As one can see, M (v) is discontinuous in general, so the authors study a regularized ver-
sion of (7.6) with a continuous gradient constraint M, (v). Let us mention that they also
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study the case of lake. However, they considerd a small kg in their formulations and nu-
merical simulations instead of kg = 0.

Our strategy is close to the one in [10, 11] in the sense that, instead of considering (7.5),
we regard the following problem

max{/zdp, z € K(u)}, (7.7)

where u = Sy(D, .) is the solution of (7.5) given in Theorem 7.1. First, let us observe
that (7.7) is related to the Eikonal equation

7.8
u=gonD. (7:8)

{\w = M(u)inQ\ D
Due to discontinuity of M, the appropriate notion of solutions is the so-called Monge
solutions introduced by Newcomb and Su [86]. So our starting point is to investigate the
existence of a unique Monge solution of (7.8), and show by analogy with Theorem 3.2,
that it solves (7.7). In this case, we conjecture that (7.5) and (7.7) are equivalent. This
suggests considering the following quasivariational equation

p E Oy + 8]IK(Z) (u), (7.9)

where Ol (,) is the subdifferential of Ic(,) in L*(€2). To approximate numerically the
solution of (7.9), we use an Euler implicit scheme. We denote by dt the time step and "
the solution at time ¢ = ndt with n € N. We initialize by 1, and we generate a sequence
{u"}, as follows:

u” + 6tp" = w" € U 4 g (uny (u™),

or equivalently
w" € (ld + G]IK(M)) (u”“).

This amounts to saying that

u"t = arg min F(2)

z€K (u™)

with F(z) = L[|z — w"|.

Minimizing the functional F over K (u") can be done efficiently by Chambolle-Pock’s
algorithm as in Section 4.3. We therefore present some preliminary results for the case

k=0.
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71 Quasivariational Approach for obstacle HJ equation

() (b)

Figure 7.1: (A): the landscape height function g, (B): the constructed solution u .

() (b)

Figure 7.2: (A): the landscape height function g, (B): the constructed solution u .

In the figure 7.1, the geometry of the obstacle given by a simple function g(x,y) =
min(0,y — x)) doesn’t allow collecting water. On the other hand, we see in figure 7.2".
that water fills the lake. These preliminary results are encouraging and tend to support
our conjectures.

To conclude this section, let us say that besides the equivalence between (7.5) and (7.7)
there are many interesting questions to deal with:

* To prove the convergence of the approximate solution by the Euler scheme in time
and the convergence as ¢ — oo of the solution of (7.9) to the solution of (7.7).

* Up to our knowledge, the regularity of the the free boundary [u = g] of the OH]J
is less studied (if not non-existent !) and the techniques in the classical textbooks
(see e.g.[52, 71]) cannot be applied directly for OHJ equations. We are planing to
address this question in future work.

I'This obstacle was created from an image taken from https://www.numerical-tours.com/matlab/

113


https://www.numerical-tours.com/matlab/

7 Perspectives and future work

7.2 HUGHES MODEL FOR CROWD MOTION

Amongst our future works is to adapt the methods and techniques of this thesis to so-
called Hughes model for crowd motion (see [62, 63]). Let us say few words about this
model, the difficulties arising in its mathematical and numerical study, and how we are
planing to tackle them.

Let Q C RY be a smooth bounded domain. We denote by p = p(, t) the density of
some population where x € {2 and ¢ > 0 representing the time variable. Then y satisfies
the continuity equation

Oyt + div(pw) = 0, u(x,0) = po() > 0, (7.10)

where v(z,t) is the velocity field which can be related to p via v(z,t) = (1 —
p(z,t))Vu(x), and u is the potential modelling the common sens of the task. Assuming
that the individuals try to avoid regions with high densities while heading their destina-
tion, the potential v will satisfy the following Eikonal equation

|Vu| = k(u) in
q1
{ u=>0 on 0f2, (7.11)
with k(p) = (1 — ). So that the model reads
0, div(pk(p)Vu) =0
pp + div(pk(p)Vu) =0, (7.12)
[Vul = k().

coupled with homogeneous boundary conditions fi(, t)js0 = 0 and u(z,t)pq = 0
and initial condition p(x,0) = pg(x) > 0. The first observation is that in (7.11), | Vu|
may blow up as 11 becomes close to 1. In addition, due to the nonlinearity in (7.10), the
entropic solution of such equation is not unique in general. This makes the mathemati-
cal and numerical treatment of (7.12) difficult. In the one dimensional case, the authors
in [37] propose a "double” regularization of (7.11), in the sense that they add a viscosity
term as in (2.4) in addition to the regularization of the right hand side in (7.11) to avoid
discontinuities of Vu. More precisely, they solve (7.11) with ks(u) = (6 + k(p))? in-
stead of k(41) for § > 0. It turn out that our variational approach presented in Chapter
3 seems to give good results as the main step in our algorithm to solve (7.11) will con-
sist in projecting onto the euclidean ball centred at 0 and of a "large" radius. Moreover,
discontinuous right hand side in the Eikonal equation seems not to affect the method.
Following [87], we intend to solve (7.12) iteratively as follows. Assuming that y is known
attime t,,, we compute the potential u,, by solving (7.11) using the augmented Lagrangian
method. Then, we update the velocity field v,, and we plug it in (7.10) to compute the
new density f4,41.
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7.3 HJ] ON NETWORKS

We are also interested in adapting our approach to the framework of networks or more
generally, metric random walk spaces in the spirit of [83, 84]. H] equations on networks
are of main interest particularly in modelling vehicular traffic flows, social networks and
data transmission ezc. Contrary to linear PDE, the theory of HJ equation on networks
is under development and we refer the reader to these recent works [1, 22, 69, 96] and
the references therein more details on the topic. Our starting point will be to consider
H]J equations on topological networks, i.e., graphs embedded in the Euclidean space. To
make this section self-contained we recall some notions and definitions from [96].

Let V = {v;}ier C RY be a collection of pairwise distinct points called vertices,
C = {v;}jer a collection of smooth, non-intersecting curves defined through

Yj: [O,ZJ] — RN,lj > 0, forallj € J,
and & = {e; } s be the collection of edges such that

* ¢; = ;((0,1;)) and &; = ;([0, ;]),

7;(0),7;(l;) € Viorevery j € J,

card(e; N'V) = 2forevery j € J,

€; Né, C Vandcard(e; Neg) < 1.

* Every two vertices p, ¢ € V can be connected by a finite sequence of edges. In other
words, there exists {ej}év:l such thatp € é,¢q € éy and card(e; Nejq) = 1.

Givenz; € V,Inc; = {j € J : x; € €;} is the set of indices of edges having x; as an
endpoint.
Then N = U, €; is called a topological network. We say that u : N — Ris

continuous if its restriction u; to [0, [;] is continuous for each j € J.

Definition 7.2 (Differentiation). * If z € e, the differential along ¢, is defined
through

* If x = v;, then

0 _ :
dju(x) = %uj(vj Y(x)), forj € Ing;.

On a topological network, a Hamiltonian H : N xR = Ris regarded as a collection
(H;) ;e of continuous functions H; : [0, ;] xR — Rsatisfying analogous assumptions
to (H1)-(H3) stated Chapter 2-Section 2.1.2. In addition, to ensure the continuity of
on the vertices and take into account the fact that V is not oriented, we assume
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. Hj(ﬂy;l(vi),p) = Hy.(v;, ' (vi),p), foranyp € R,i € I, j, k € Ing;
. Hj(vfl(vi),p) = Hj(yfl(vi), —p),foranyp € R,i € I,j € Inc;.

Given g : N' — R be a continuous function and consider the following Dirichlet prob-
lem

{H(:c, Ou(z)) =0 inN (7.13)

u=gq on ON.

Then, an appropriate notion of viscosity solution to equation of type (7.13) can be in-
troduced (again, see e.g.[22, 96]). Moreover, for 2,y € N, we can define similarly to the
standard setting, the associated metric to /:

) = int [ ata(e) i),

nel'(z,y
where
D(z,y) = {77 : [0, 1] — N piecewise differnetiable curves such that: (0) = z,7(1) = y.},
and

oj(x,p)= sup p-q
9€Z;(v; ' (2))

we have the following

Theorem 7.3 ([96]). Assume that g satisfies the following compatibility condition

g(x) — g(y) < do(y, ), foranyx,y € ON,

then the unique viscosity solution to (5.1) is given by
u(z) = inf {9(y) + do(y, 2)}- (7.14)

Reproducing the same arguments as in Chapter 3, the maximal viscosity solution given
by the formula (7.14) is the unique solution of the following maximization problem

(M) : max{/ udx : o*(z,Vu(z)) < laeandu = 0on 8]\/}
N

where [ udz = 37, folj u;(s)dz. Many interesting questions remain to explore,
both from a mathematical and numerical perspectives. In particular, the dual problem
of (M) and the optimal transport problems linked to it are worth exploring.
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7.4 Geodesic extraction

7.4 GEODESIC EXTRACTION

In geometry, the shortest paths or geodesics play a central role. Consider for example a
Riemannian manifold (M, m), then for any z,y € M, the geodesic distance is defined
by

vt = i [ m(0.é0) ar

£el(zyy
where I'(z, y) is the set of smooth curves joining x and y. Then § € I'(x, y) is a geodesic

ifdu(z,y) = fol (m(f(t),é(t)))idt. We know that forany D C M, du(., D) is the

unique viscosity solution of the Eikonal equation
|Vu|lw-1 =1 inM\ D, and u =0 on D, (7.15)

where ||.||,n-1 is the dual norm associated to m. Once the distance computed, a gradient
descent allows extracting the geodesic £ between a given € M and D. More precisely,
the geodesic & solves

_m({(t)"'Vam(§(t), D)
[m(£(t) "' Vdm(£(t), D)lm’
This kind of questions appear in many applications such as meshing, image analysis and

shape detection of tumors from medical images, or tractography and neural fiber tracking
in neuroscience (see e.g.[77, 89] and the references therein). We are planing to apply our

(t) = with £(0) = .

method to address these questions, compare with existing results and possibly consider
general forms of (7.15) on Finsler manifolds.
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ACRONYMS

HJ
OHJ
SFS
MK
BK

Hamilton-Jacobi
Obstacle Hamilton-Jacobi
Shape from Shading
Monge-Kantorovich
Beckmann
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GLOSSARY

R

RY, SN

AN

|-Jor ||

lim, lim inf, lim sup
Q

\Y

div,V-

A A,

C(Q)> Ob(Q)>Cc<Q)

(), D(Q), D'()
P(£2), M(Q), M1 (Q2), M ()
Siy S, S

Lip(€2)
XA

The set of real numbers.

The N-dimensional Euclidean space and sphere.

Two Banach or Hilbert spaces.

The Euclidean norm.

Limit, inferior limit, superior limit.

A nonempty bounded domain of R4,

Gradient operator.

Divergence operator.

Laplace and p-Laplace operators.

Spaces of continuous, bounded continuous and compactly sup-
ported continuous functions on €.

Spaces of infinitely differentiable functions, infinitely differen-
tiable with compact support and distributions on 2.

Spaces of probability measures, finite measures, positive finite
measures and vector valued measures on §2.

The sets of viscosity subsolutions, supersolutions and solutions
of HJ equation.

The set of Lipschitz functions on €.

Characteristic function of aset A: xa(x) = 1ifzx € Aand 0
otherwise.

Indicator function of a set C'in the sense of convex analysis, i.e.,
equals 0 on C'and oo on C°.

The set of propoer, convex and L.s.c functions on 2.

Dirac mass at .

Lebesgue measure of aset C' C RN,

The measure p is absolutely continuous w.r.t v.

The restriction of the measure p to aset C'.

The j1,, converges to £ in the sense of set measures.

The total variation of a vector measure .

The Radon-Nikodym derivative of ¢ w.r.t |D|.
The transpose of a matrix M.
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