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Introduction générale

1.1 Problématique et motivation Physique

L’interaction d’un neutron avec un noyau occupe le centre d’intérét dans de nom-
breux domaines tels que la physique nucléaire fondamentale, 1’astrophysique nucléaire
et de nombreuses applications, comme les réacteurs nucléaires. Dans toutes ces applica-
tions, la connaissance de la probabilité d’occurrence des réactions induites par neutrons,
exprimée en termes de la section efficace, s’avere indispensable, souvent avec précision.
La détermination de ces données de base se fait a I’aide d’expériences et de modeles théo-
riques de physique nucléaire, parmi lesquels le modele optique nucléaire. Ce modele fait
intervenir 1’équation de Schrodinger avec un potentiel a valeurs complexes sur laquelle
porte le travail de cette these.

1.1.1 Interactions neutron-noyau

Les réactions nucléaires peuvent se produire par différents mécanismes. En principe,
un projectile, par exemple un neutron qui se rapproche d’un noyau cible, a une certaine
probabilité d’interagir avec le champs nucléaire moyen. Cette probabilité dépend essen-
tiellement de I’énergie cinétique du projectile. E. Weisskopf [75] décrit les différents mé-
canismes de réactions possibles entre un neutron et un noyau que 1’on montre sur la figure
suivante :

11
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« shape ‘ > Diffusion élastique
elastic» ;

cible Pré-équilibre CN

- . 3
projectile @ @ @
® —— JE
i Diffusioninélastique :

: (n,v), (n,n"), (n,2n)...
Réactions Capture:(ny)
directes =1 Emissionde

particules chargées :
(n,p), (n,a)...
Fission : (n,f)

v

FIGURE 1.1: Représentation de différents mécanismes de réaction. Source : Figure dans
[13].

Le premier processus représente la réaction de diffusion €lastique résonante « shape
elastic » correspondant a la déviation de la trajectoire du neutron par le potentiel nucléaire
sans aucune partage de 1’énergie avec les nucléons du noyau cible. Le second est la réac-
tion directe durant laquelle le neutron interagit directement avec un ou plusieurs nucléons
du noyau cible d’une maniére extrémement rapide (de I’ordre de 10~%2s). Le dernier pro-
cessus consiste en la formation d’un noyau composé€ « compound nucleus (CN) ». Ce
phénomene est le plus complexe. Le neutron est capturé par le noyau cible a cause de
I’interaction forte et partage son €nergie, énergie cinétique et énergie de liaison, avec les
nucléons du noyau cible pour arriver a 1’état d’équilibre correspondant a la formation du
noyau composé. Cependant, le noyau peut passer par un état intermédiaire appelé pré-
équilibre durant lequel I’émission de particules peut avoir lieu avant la formation d’un
noyau composé. A I'issue de ce processus, le noyau composé libere une partie de son
énergie a travers 1’émission de particules et/ou de rayonnements, conservant ou non la
nature du noyau cible.

Un outil théorique indispensable de calcul de données servant a 1’analyse et a 1’éva-
luation des données de réaction neutron-noyau est le modele optique nucléaire « nuclear
optical model » introduit par Feshbach, Porter et Weisskopf [20]. C’est un outil de calcul
de la probabilité de formation d’un noyau composé apres absorption d’un neutron.

1.1.2 Modele optique nucléaire

L’idée conceptuelle du modele optique nucléaire est de modéliser 1’interaction entre
une particule incidente, un neutron, et un noyau cible séparés par une distance r a 1’aide

12
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d’ un potentiel moyen V'(r) a valeurs complexes. Ce potentiel est de la forme suivante
V(r)=U(r)+iW(r)

dont la partie réelle U(r) caractérise la réflexion de la particule incidente , et la partie
imaginaire W (r) représente 1’absorption de cette particule si W' < 0 ou sa transmission
stW > 0.

Il existe plusieurs approches pour déterminer le potentiel optique. La premiere qui a
été utilisée se fait par ajustement de parametres de données expérimentales, ce qui néces-
site la connaissance de la réaction en étude. On renvoie a [8, 13] pour une présentation
détaillée.

Dans [8], le potentiel optique est décrit, d’'une maniere plus réaliste, par :

V(r)= f(r)U +ig(r)W

ou U et IV sont les profondeurs des parties réelles et imaginaires respectivement. Les
facteurs de forme f(r) et g(r) dépendent de la distance r entre le projectile et le noyau
cible. L’interaction nucléon-nucléon est décrite par le potentiel nucléaire U f(r) uniforme
a I'intérieur du noyau et décroissante pres de la surface ayant le taux de variation suivant

1

o) =1 emn

ou R est le rayon nucléaire et a est un parametre caractérisant la diffusivité de la sur-
face nucléaire. D’autre part, le potentiel d’absorption est représenté par W g(r). Pour une
énergie incidente faible (<10 MeV.A), I’absorption peut étre représentée par le facteur de
forme surfacique g(r) donné par

df (r)

—4 .
g(r) = 4a 0

De plus, un potentiel d’interaction spin-orbite V, pourrait étre ajouté. Ce dernier potentiel
décrivant le couplage entre le spin du projectile et le moment angulaire transféré s’écrit

Vo= _bRgldv(T) ( L, L,— zLy> 7

ol Ry = 1fm, b est une constante sans dimension, v(r) est le potentiel électrique du noyau
et L, Ly,L. sont les composantes de I’opérateur de moment cinétique orbital exprimées
en coordonnées sphériques (r, 6, p) a I’aide des relations suivantes

L, = i<sin 906?9 + cot 8 cos gpi),
L, = i(—cosgoaae—l—cotésingpi),
0

L, = —iy.
28¢
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Finalement, un potentiel de Coulomb V. peut avoir lieu lorsque le projectile est chargé.
Par conséquent, le potentiel optique s’écrit

V(r) = f(r)U +ig(r)W + Ve + V.

1.1.3 Théorie de la diffusion pour le modele optique

Dans la théorie de la mécanique quantique non-relativiste, I’évolution en temps de la
fonction d’onde u(t) décrivant I’état d’un systeéme physique est régie par I’équation de
Schrédinger qui s’écrit dans les unités i = 2m = 1

0
ouA =737, 36722 est le Laplacien sur R™ et V' (z) est un potentiel électrique.

i

Considérons I’exemple du systeme formé par un neutron orienté vers un noyau cible
avec une certaine vitesse tel qu’il est susceptible d’étre absorbé par ce dernier (voir Figure
1.1). L’opérateur de Schrodinger H associé a 1’équation (1.1.1) est de la forme H =
—A+U(x) —iW(x), ou U(x) et W (z) sont deux potentiels a valeurs réelles et /' > 0.
De plus, U et W sont supposés décroitre rapidement a I’infini. Dans cet opérateur, le
premier terme —A désigne 1’opérateur de 1’énergie cinétique de la particule incidente,
alors que le second U(x) — iW (z) correspond au potentiel effectif représentant 1’action
totale de la cible, dont I’ensemble de ses constituants, sur la particule. A savoir, H est
un opérateur dissipatif maximal, de domaine H?(R"), I’espace de Sobolev standard des
fonctions dont les dérivées, au sens de distribution, jusqu’a 1’ordre 2 sont dans LQ(R").
Ainsi —i H est le générateur d’un semi-groupe de contraction (=), dans L?(IR?) (cf.
[41, Chapitre IX]). Ce dernier décrit la dynamique de la particule incidente : si le neutron
est placé initialement dans un état normalisé ug € L*(R?), son état a I’instant ¢ > 0 est
décrit par u(t) := e~ y;. De plus, la fonction d’onde () contient implicitement toutes
les informations liées a I’interaction qui a lieu. La probabilité de la diffusion élastique
(shape elastic) de la particule incidente est donnée par

—itH

Pse 1= lim [Je” " a2,

t—4o00

De méme, la probabilité d’absorption de la particule par la cible est exprimée par la quan-
tité suivante
—itH

Dabs := 1 — tLi+moo lle u0||2.

Or le potentiel est complexe, la détermination de I’asymptotique de la fonction u(t) en
temps grand est trop compliquée. Bien souvent, il vaut mieux comparer la solution u(t)
de (1.1.1) a celle du systeme libre, ou I’opérateur H est remplacé par un opérateur plus
simple, le Laplacien libre Hy = —A. C’est I’idée principale de la théorie de la diffusion.
La particule est dite asymptotiquement libre quand ¢ — —oo s’il existe un état v, tel que

Jim_le™ g — oo =0,

14
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ce qui est équivaut a
f’itH) *

up=s— lim (e ety

t——o00
ou s — lim désigne la limite forte. Donc, il convient de définir I’opérateur suivant
W_ :=s5— lim " ¢ itHo
- t——o00 '
L’asymptotique de la particule quand ¢ — +o0 peut étre étudiée de la méme maniere en

introduisant 1’ opérateur
. > *
Wy :i=s— lim "7 e

En fait, on s’attend a ce que pour tout état v il existe un état entrant »_ et un autre sortant
u, tels que
ug = W_u_ etug = Wyu,.

D’ou I’idée, pour relier 1’état libre entrant avec 1’état libre sortant, d’introduire I’opérateur
de diffusion
S(H,Hy) = WiW_: u_ — uy.

Ainsi, la théorie de la diffusion pour le modele optique, ou plus généralement pour tout
paire d’opérateurs (H, Hy), est concernée par les deux problemes suivants :

e L’existence de I’opérateur de diffusion S(H, Hy).

e Linversibilité de 1’opérateur de diffusion S, ou encore la complétude asympto-
tique. Pour faire face a ce probleéme, il convient d’étudier I’opérateur S dans une
représentation ou Hj est diagonalisable. Pour le modele optique, une telle repré-
sentation est donnée par

Fo: L*R3 — L2(]0,+oo[,Sf)
foom FofW(w) = A (Vaw),

ou f désigne la transformée de Fourier de f et S? est la sphere unité dans R3.
Dans cette représentation, I’action de 1’opérateur S se transforme en une multipli-
cation par une fonction définie presque partout sur |0, +oo[ a valeurs opérateurs

SO = FoS(H, Hy)F, (11.2)

appelée la « matrice de diffusion ». Cette fonction est exprimée a 1’aide des valeurs
au bord de la résolvante (H — z)~! qui peuvent étre définies sur des espaces L? a
poids. En physique, la matrice de diffusion a une grande importance, elle contient
toute I’information sur le mécanisme de diffusion du systeéme d’interaction nu-
cléaire, telle que I’amplitude de diffusion et la section efficace différentielle. Ainsi,
le probleme de complétude se ramene a la question de I’inversibilité de la matrice
S(A). Cette derniere signifie qu’a un niveau d’énergie A > 0 donné, chaque état
de diffusion sortant correspond a un unique état entrant et vice versa. On renvoie
a [11, 19, 63] pour plus de détails sur la théorie de la diffusion pour le modele
optique.
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Lorsque I'opérateur H est autoadjoint, la réponse aux deux problemes est souvent
positive selon beaucoup de résultats réalisés avec des hypotheses variées. On trouve 1’his-
torique de ces résultats dans le livre de Reed-Simon [59] et celui de Yafaev [76], et les
références associées. Par contre, la situation est plus compliquée pour la théorie de la dif-
fusion dissipative, notamment en ce qui concerne le deuxieme probleme (voir [10] pour
les propriétés générales de la diffusion pour des opérateurs dissipatifs). Faupin et Froh-
lich [18] ont montré la complétude asymptotique sous I’hypothese d’absence de singula-
rités spectrales pour un modele abstrait d’opérateur de Schrodinger dissipatif de la forme
H = —-A+U —iC*C. Wang et Zhu [74] I’ont montré aussi pour H = —A + U — W
sous I’hypothese que U et IV soient de normes suffisamment petites.

Autrement, en ce qui concerne la matrice de diffusion, il y a une différence remar-
quable entre les résultats des théories de la diffusion pour les opérateurs autoadjoints et
dissipatifs. Dans le premier cas, la matrice S(\) est unitaire alors que dans le deuxieme,
S(A) n’est pas nécessairement inversible. L'un des résultats de Faupin et Nicoleau [19]
montre que la matrice de diffusion S(\) pour le modele optique est inversible si et seule-
ment si A n’est pas une résonance réelle. La présence de ces résonances réelles est cru-
ciale, ces sont les seuls points du spectre continu en lesquels les valeurs propres peuvent
s’accumuler, on reviendra plus en précision sur leur définition. Dans cette these, on s’in-
téresse a un autre probleme dans le cadre de la théorie de diffusion dissipative. On étudie
le comportement asymptotique en temps long de la solution de I’équation de Schrédin-
ger avec un potentiel complexe. En particulier, on observe la contribution des résonances
réelles dans 1I’asymptotique des solutions.

1.2 Objectifs principaux de la these

Dans cette these, on étudie le comportement asymptotique en temps long de la solu-
tions du probleme de Cauchy pour I’équation de Schrodinger

) = AV VeR 150 o
u(o’x) = UO(x>

avec un potentiel V' a valeurs complexes. L’étude de cette équation fondamentale de la
mécanique quantique non relativiste, ot un potentiel a valeurs complexes intervient dans
la description du systeme physique étudié, a connu un regain d’intérét depuis des dizaines
d’années. De nombreux travaux en physique sont dédiées a ce sujet, on cite par exemple
[9, 21, 30, 45]. En physique, les potentiels complexes apparaissent dans 1’étude de la dif-
fraction, 1’étude des supraconducteurs ou encore dans la détermination de la masse du
boson de Higgs. Ces potentiels interviennent aussi dans la description de phénomenes
d’absorption ou de diffusion comme le modele optique décrit a la sous-section 1.1.2.
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Dans la premiere partie de la these, on s’intéresse a 1’équation de Schrodinger en
dimension n = 3 avec un potentiel V' a valeurs complexes ayant une décroissance rapide
a I’infini, c’est-a dire qu’il vérifie la condition de décroissance

V(2)] < Co(1+|z])7”, x€R? (1.2.2)

pour certain p > 2 (cette condition peut varier selon le résultat a obtenir). Dans cette
partie, aucune hypothese sur la partie imaginaire de V' ne sera exigée.
La solution du probléme de Cauchy (1.2.1) est décrite par

u(t) = e "y,
telle que H est I’opérateur de Schrodinger associé
H=-A+YV, (1.2.3)

ol —A est I’opérateur Laplacien de domaine H?(R?), I’espace de Sobolev standard des
fonctions dont les dérivées, au sens de distribution, jusqu’a I’ordre 2 sont dans L2(R3).
De plus, V est I’opérateur borné de multiplication dans L?(IR?) par la fonction mesurable
a valeurs complexes V' (z) vérifiant la condition (1.2.2). En vue de ces hypotheses sur le
potentiel V', I’opérateur /1 est bien un opérateur non-autoadjoint de méme domaine que
celui de —A, c’est-a dire D(H) = H?*(R?). De plus, puisque

im V(@) =0,
on déduit par le théoreme de Weyl que le spectre essentiel o.(H ) de H coincide avec celui
du —A, c’est-a dire 0.(H) = [0, +o0[. Ainsi, le spectre de H contenu dans C \ [0, +o00|
est constitué d’un ensemble dénombrable de valeurs propres isolées de multiplicités al-
gébriques finies. Plus précisément, la multiplicité algébrique d’une valeur propre isolée A
de H est égale au rang du projecteur de Riesz associé défini par la formule

M, = — /(z —H)'dz, (1.2.4)
Y

 2im
ou v est un chemin fermé simple inclus dans I’ensemble résolvant de H ne contenant
dans son intérieur aucun élément du spectre de H autre que A. On note cependant que,
sous les conditions considérées, 1’opérateur H n’admet pas de valeurs propres strictement
positives, on renvoie pour ce résultat a [35] (on notera dans la suite le spectre de [ par
o(H)).Larésolvante de H, R(z) := (H —2z)~!, est ainsi définie pour tout z dans C\ o (H)
comme opérateur borné de L*(R?) dans D(H).

Il s’avere que 1I’étude de I’asymptotique en temps long de la solution u(t) dépend

d’une maniere cruciale des propriétés spectrales de I’opérateur de Schrodinger /. Plus
précisément, de I’analyse spectrale de la résolvante R(z) := (H — z)~! pres du spectre
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continu de H, c’est-a dire R, . En effet, les valeurs aux bords de la résolvante sont définies
grace au principe d’absorption limite par

ligé(H—A:Fz'e)*l = (H - \Fi0)!, A>0 (1.2.5)
lorsque les limites ci-dessus existent dans I’espace des opérateurs bornés de I’espace a
poids L%* := L2((x)*dx), ot (z) = (1 + |z|?)"/2, dans L*>~* pour certain s > 1/2 (voir
[3, 5, 34] dans le cas d’un potentiel a valeurs réelles et [61] pour un potentiel a valeurs
complexes). Les poids (z)®, s € R, utilisés ici ont pour rdle d’absorber 1’explosion de
la norme de la résolvante a proximité du spectre continu. En grande énergie, il est facile
de montrer, par un argument de perturbation, que les limites ci-dessus existent et sont
uniformément bornées de L** dans L?~* pour tout s > 1/2. Cependant, en énergie basse
(prés de 0) la résolvante peut avoir des singularités de type 2! ou 272 lorsque O est une
valeur propre de H ou une résonance, respectivement. On appelle O une résonance de H
lorsque I’équation H1) = 0 admet une solution non triviale ) appartenant a L**(R3) \
L?*(R3) pour tout s > 1. Une telle fonction est appelée un état résonant. En énergie
intermédiaire, i.e. pour A dans un intervalle bornée de |0, +oc], si le potentiel V' décroit a
I’infini comme ()~ avec 8 > 0, alors les valeurs aux bords (H — A Fi0) sont définies
a I’exception de I’ensemble de mesure de Lebesgue nulle des points A tels que I’équation

Hu = \u

admet une solution non triviale ¢ € L*>7*(R?), s > 1/2, vérifiant I’'une des conditions de
radiation de Sommerfeld

eii\a\ﬂ

o(x) = T(ai(w) +o0(1)), |z|— oo, (1.2.6)
pour un certain ax € L*(S?),ay # 0, ot S? désigne la sphere unité de R? (cf. [61, 62]).
Ses valeurs réelles sont appelées des points singuliers dans [61] et exceptionnels dans
[62]. Dans le présent travail, nous appelons un tel point A > 0 une résonance positive
sortante (resp., entrante) de H si ¢ vérifie (1.2.6) avec un signe + (resp. un signe —)
(voir Définition 4.1.4 pour la définition exacte des résonances positives). Il est connu que
les résonances positives sont absentes pour I’opérateur de Schrodinger autoadjoint [3, 24,
34, 35, 38, 43] (voir aussi [46] pour un potentiel des d-interactions entre N particules)
et que la résonance 0 est responsable de certains phénomenes physiques remarquables,
tels que I’effet Efimov pour un systeme a trois corps [66, 67, 71] (voir aussi le revue
physique [51]). En revanche, les résonances réelles (c’est-a-dire la résonance O et les ré-
sonances positives) sont les seuls points du spectre continu de I’opérateur de Schrodinger
non-autoadjoint en lesquels les valeurs propres peuvent s’accumuler. Ainsi la résolvante
peut exploser en norme dans les régions proches des résonances réelles, ce qui constitue
une difficulté importante dans 1’étude de problemes d’évolution associés aux opérateurs
non-autoadjoints. A notre conaissance, les résonances positives sont souvent exclues dans
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les travaux sur le cas non-autoadjoint (voir [25]).

L’ objectif dans la premiere partie de cette these est d’obtenir le développement asymp-
totique en temps long (f — +o00) de la solution du probleme (1.2.1) en présence d’une
valeur propre et/ou d’une résonance au seuil 0, ainsi que de résonances positives, en sup-
posant que V' satisfait a la condition de décroissance (1.2.2) pour un certain p > 2. Nous
précisons ici que nous n’utilisons ni condition sur le signe de la partie imaginaire de V/,
ni hypothese d’analycité. Dans ce but, nous nous intéressons aux développements asymp-
totiques de la résolvante pres du seuil O et des résonances positives de /1. En particulier,
nous étudions 1’énergie 0 dans toutes les situations possibles : 0 est une valeur propre et
n’est pas une résonance, 0 est une résonance et n’est pas une valeur propre, 0 est a la
fois une valeur propre et une résonance. Nous calculons également la contribution des
résonances positives sortantes explicitement en termes des états résonants (les résonances
positives entrantes n’ apparaissent pas lorsqu’on regarde 1’asymptotique quand ¢ — +00).

En effet, dans le cas autoadjoint, le principal obstacle a I’analyse des propriétés spec-
trales de la résolvante est la présence d’une valeur propre et /ou d’une résonance au seuil
0. Il existe cependant une différence essentielle entre le cas d’une valeur propre 0 de
I’opérateur de Schrodinger autoadjoint et de celui non-autoadjoint : dans le premier cas
les multiplicités géométrique et algébrique sont égales alors qu’elles ne sont pas néces-
sairement égales dans le second cas. On note que la multiplicité géométrique de la valeur
propre O est égale a la dimension de I’espace propre KerH alors que sa multiplicité al-
gébrique est égale a la dimension de I’espace propre généralisé {¢) : H™) = 0 pour un
certain n € N}, ol en générale ce dernier peut avoir une dimension infinie. On se contente
d’étudier dans cette these le cas d’une multiplicité géométrique quelconque, ce qui im-
pose la présence éventuelle de plusieurs blocs de Jordan.

Dans la seconde partie, on s’intéresse a 1’équation de Schrodinger (1.2.1) associée a
une perturbation a décroissance lente (c’est-a dire vérifiant la condition (1.2.2) pour un
certain 0 < p < 2) d’un opérateur modele non-autoadjoint Hy = —A + Vy(z), Vo(z) =
Vi(z) — iVa(x), Vi, V4 a valeurs réelles, vérifiant pour certains ¢ > 0 et 0 < p < 1 une
condition de coercivité a poids :

[(How, u)| > c(|Vul® 4 || (z) " ul?. (1.2.7)

X. P. Wang dans [68] a étudié 1’opérateur de Schrodinger non-autoadjoint H = —A + V
considéré comme une perturbation par un potentiel a support compact W = V —
d’un opérateur modele Hy, = —A + 1 satisfaisant la condition de coercivité ci-dessus. Il
s’est intéressé aux propriétés spectrales de [ en énergie basse, en particulier 1’étude a été
dédiée a la valeur propre au seuil 0. Le potentiel Vj, est supposé €tre par ailleurs dilatable
analytiquement, c’est-a dire {V (ze?)(Hy — i)~ }ger s’étend en une famille d’opérateurs
compacts sur L%(R™), analytique par rapport 2 ¢ dans un voisinage complexe de 0. De
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plus, Vj s’étend holomorphiquement dans une région de la forme
{x eC" |z|>c!, |Imz| < c|Rez|}

pour un certain ¢ > (. En utilisant la technique de distorsion analytique, Wang a montré
que H peut admettre au plus un nombre fini de résonances positives sortantes qui coin-
cident avec les résonances quantiques de H situées sur I’axe réel positif. Ces résonances
quantiques sont définies comme étant les poles du prolongement méromorphe de la résol-
vante au demi-plan {z € C, Im z < 0}. En particulier, le théoréme 2.4 dans [68] donne
deux résultats principaux dans le cas d’une valeur propre 0 de /' géométriquement simple
(c’est-a dire dim Ker/ = 1). Des estimations sous-exponentielles du semi-groupe de la
chaleur (e=*"),( sont obtenues. Egalement, des estimations du semi-groupe de Schro-
dinger (e ")~ sont établies pour une classe de potentiels V; dilatables analytiquement
et vérifiant la condition de viriel globale : il existe c; > 0 telle que pour certains o > 0 et
R € [0,400] :
22

(z)o+2’
Im Vo(z) > eo(x)?, r € R" |z| < R, (1.2.9)

Re(z - VVi(z)) < —c r€R", |z| > R, (1.2.8)

Notre but dans la deuxieme partie de la these est d’étendre les résultats du Théoreme
2.4 dans [68] a une classe des potentiels plus générale. Pour la solution de 1’équation de
la chaleur, on suppose que W est borné et a décroissance lente a I’infini alors que dans
[68] W est supposé étre borné et a support compact. Pour 1’équation de Schrodinger,
on remplace la condition de viriel globale par une condition de viriel a I’infini. En plus,
nous traitons le cas de valeur propre 0 de H de multiplicité géométrique quelconque alors
que dans [68] seul le cas de multiplicité géométrique 1 est abordé. Nous appliquons la
méthode introduite dans la premiere partie de la these pour calculer explicitement les
termes principaux des développements asymptotiques des solutions.

1.3 Organisation du manuscrit

Ce manuscrit est composé de trois chapitres :

e Chapitre 2 : Dans ce chapitre, on présente les principaux résultats obtenus dans
ce travail de these, ainsi que les méthodes et les outils utilisés pour mener a ces
résultats.

e Chapitre 3 : Ce chapitre est dédi€ aux résultats obtenus dans la premiere partie sur
I’étude du comportement en temps long des solutions de 1’équation de Schrodinger
avec un potentiel a décroissance rapide. Les résultats exposés dans ce chapitre font
I’objet de I’article [1].

e Chapitre 4 : Ce chapitre est consacré aux résultats de la deuxieme partie sur
des potentiels a décroissance lente. On généralise les résultats sur I’estimation de
Gevrey de la résolvante et les estimations sous-exponentielles des semi-groupes
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de la chaleur et de Schrodinger obtenus par X.P. Wang dans [68]. On reproduit
dans ce chapitre I’article [2] en collaboration avec X.P. Wang.
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Résultats principaux

Dans ce chapitre, nous présentons en détails les problemes étudiés, ainsi que les prin-
cipaux résultats obtenus dans ce travail de these. Dans les deux sections suivantes, nous
dressons un panorama des résultats connus dans ce domaine de recherche et donnons un
résumé des résultats et des discussions exposés aux chapitres 3 et 4.

2.1 Asymptotique en temps long de la solution de I’équa-
tion de Schrodinger avec un potentiel a décroissance
rapide (Chapitre 3)

Dans cette section on présentera les résultats obtenus au Chapitre 3. Ce chapitre est
dédié a I’étude de I’asymptotique en temps long de la solution de 1’équation de Schrodin-

ger (1.2.1) avec un potentiel a valeurs complexes ayant une décroissance rapide a I’infini,
i.e. V satisfait pour un certain p > 2 la condition

V(z) < Cylx)~?, Vr € R%. (2.1.1)

Avant d’énoncer le résultat principal, on donne un apercu des résultats généraux dans le
cas autoadjoint.

2.1.1 Apercu des résultats connus dans le cas autoadjoint

Soit V(x) une fonction a valeurs réelles, mesurable et vérifiant la condition de dé-
croissance (2.1.1) sur R™. On considere I’opérateur de Schrodinger H = —A + V(z)
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autoadjoint sur H?(R"). Alors, la famille {e~%},.r est un groupe unitaire sur L*(R")
fortement continu. On rappelle que {U () };cg est un groupe unitaire fortement continu si
(i) Pourtoutt € R, U(t) est unitaire et U(s + t) = U(s)U(t) pour tout s,t € R.

(17) Pourtoutt € R, s — lig% (U(t +5) — U(t)) = 0.

Le comportement asymptotique en temps long de e~ lorsque H est autoadjoint a été
largement étudié depuis les années 70 avec diverses hypotheses [3, 38, 39, 57, 76], ainsi de
nombreux résultats ont abouti a une compréhension de plus en plus précise des propriétés
spectrales de I’opérateur H. Voir aussi [15, 16, 17, 26, 27, 28, 29, 79] pour des estimations
dispersives (estimations entre les espaces L' et L™) et [49, 50] pour une large classe
d’opérateurs elliptiques. Jensen et Kato dans [38] ont étudié 1’opérateur de Schrodinger
en dimension 3 avec un potentiel a valeurs réelles satisfaisant la condition (1.2.2) pour
un certain p > 2. Leurs résultats semblent étre les premiers dans cette direction. Plus
précisément, ils ont montré que si p > 5 et s > 5/2, alors le développement asymptotique
de e~ quand t — 400 s’écrit

— Ze NPy — Py =720 + 7320+ o(t73?), (2.1.2)
7=1

dans I’espace des opérateurs bornés de I’espace a poids L?*(R?) dans L?~%(R?), oli les \;
sont les valeurs propres négatives de H et les P; sont les projecteurs spectraux associés.
Ce qui est crucial dans cette étude est I’existence d’une valeur propre et/ou d’une réso-
nance 0. A I’échelle temporelle, la valeur propre O contribue  I’apparition du terme P, la
projection spectrale sur I’espace propre associé a la valeur propre 0, alors que la résonance
0 se manifeste dans (2.1.2) par I’apparition de 1’opérateur de rang 1, C_; = (-, ¥)®, ainsi
qu’un taux de décroissance t~/2 au lieu de ¢~/ en 1’absence de résonance 0. Le déve-
loppement (2.1.2) est basé sur le développement de la résolvante pres de O ainsi que sur
des estimations en grande énergie de la résolvante. Dans [38], une méthode perturbative
est utilisée pour calculer les termes principaux dans (2.1.2). Vu la condition de décrois-
sance rapide du potentiel V', I’opérateur H = —A + V est considéré comme une petite
perturbation de —A, ainsi le calcul repose essentiellement sur I’équation de la résolvante

R(z) = (Id + Ro(2)V) ' Ro(2), (2.1.3)

ainsi que sur le développement de la résolvante libre pres de O suivant : pour tout entier ¢
ona:

¢
Z V2)Gj+ o(|2]%), Imy/z >0, z — 0, (2.1.4)

dans B(H~"*(R?), Hb ¥ (R3)) pour 5,8 > £+ 1/2, ou H¥*(R?), s € R, désignent
les espaces de Sobolev a poids. De plus, G; € B(H~"*, H"~") pour s,5' > j +1/2,j =
0,---,lets+ s > 2sij=0.En particulier, Gy = (—A)~! est I'inverse formel de —A.

1. B(X,Y)={T:X — Y, linéaire borné}, X et Y deux espaces de Banach.
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Par ailleurs, la méthode utilisée exige de conditions plus fortes sur p et s pour un ordre
du développement de plus en plus élevé. Plus récemment, Komech et Kopylova [43] ont
étendu la méthode dans [38] a I’opérateur de Schrodinger H = (—iV — A(z))? + V(z)
avec un champ magnétique A(z) € C?(IR?) et un potentiel V' a décroissance rapide a I’in-
fini. Ils ont obtenu le méme taux de décroissance O(t~%/2) pour s > 5/2 sous 1’hypothése
que 0 soit un point régulier, c’est-a-dire qu’il n’est pas une valeur propre ni une résonance.

En dimension n = 4, zéro peut €tre aussi une valeur propre et/ou une résonance. En
revanche, le taux de décroissance en temps est différent, ce qui est prouvé par Jensen

dans [37]. Dans ce dernier, un taux de décroissance logarithmique O(lnlt) est démon-
tré en présence d’une résonance 0, alors qu’un taux de décroissance polynomial O(¢~1)
est obtenu lorsque O est un point régulier. Jensen complete cette étude dans [36] en di-
mensions supérieures ou égales a 5. En particulier, 0 ne peut pas étre une résonance dans
ces dimensions, ¢’est-a-dire que si une fonction v dans L?*(R") pour un certain réel s
est solution de —Av) + V1) = 0 alors 1) appartient a L*(R"™), ¢’est-a-dire que 1) est une
fonction propre de H. Ce dernier résultat est lié a I’asymptotique du noyau de Green de
la résolvante libre (—A — 2)~!(x,y) = O(|z — y|~™?) en dimension n supérieure ou
égale a 5. En dimensions n = 1 et n = 2, la situation est plus compliquée. Dans ces cas, 0
n’est pas un point régulier pour I’opérateur Laplacien —A puisque la fonction constante
est un état résonant. Ainsi, la résolvante libre admet des singularités en 0 du type 2~ /2
en dimension 1 et In z en dimension n = 2. Pour une perturbation avec un potentiel a
décroissance rapide en dimension n = 1, O peut &tre une résonance mais n’est pas une
valeur propre. Par contre, en dimension n = 2, 0 peut étre une valeur propre et/ou une
résonance. Dans [48], les dévéloppements asymptotiques en temps long de e~/ entre
les espaces L? a poids (x)*, s € R, sont obtenus en dimensions n = 1 et n = 2 avec un
potentiel a décroissance rapide. En particulier, si O est un point régulier dans le spectre,
un taux de décroissance [t|~3/2 est démontrée en dimension n = 1 alors qu’un taux de
décroissance |t|~!(log |¢|) ™2 est obtenu en dimension n = 2. On cite aussi [29] pour des
estimations dispersives en dimension n = 1 et [17] en dimension n = 2.

[’avantage dans le cas autoadjoint est que I’opérateur de Schodinger dispose d’un cal-
cul fonctionnel, un outil essentiel pour déterminer I’asymptotique du groupe (e =), .
En effet, la famille e~#/ définie par le calcul fonctionnel est donnée par la formule de
représentation suivante

' ) +oo o d
oitH _ > et P, = / e_”’\ﬁE()\) ), teR, (2.1.5)
. 0
J

ou les P; désignent les projecteurs spectraux sur les espaces propres associés aux valeurs
propres discretes \; et d%E (A) est la résolution spectrale de H définie pour tout A > 0

par
d 1
—F = —|(H=X—i0)"'— (H — 0)7 L.
SE() 2m[( A—i0) — (H — A+ i0)
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Dans cette derniere formule (H — A —40) " et (H — X + i0) " désignent les valeurs au
bord de la résolvante (voir (1.2.5)) définies dans B(L**, L>~*), s > 1/2, sous la condition
(2.1.1) pour un certain p > 1 (cf. [38, Lemma 9.1]).

Egalement, 1’étude de I”asymptotique de la solution de I’équation de Schridinger avec
un potentiel a valeurs réelles et a décroissance lente a I’infini (c’est-a-dire qu’il vérifie la
condition (2.1.1) pour un certain 0 < p < 2) est abordée par plusieurs auteurs. Pour
ce genre de potentiel, le probleme dépend aussi de 1’analyse spectrale pres de I’énergie
0, mais d’une facon qualitativement différente. Les résultats sont liés essentiellement au
signe du potentiel. Lorsque le potentiel est négatif, la résonance 0 existe en générale alors
que 0 apparait en quelque sorte régulier dans le cas d’un potentiel positif. Dans [78] pour
un potentiel central symétrique en dimension 1, Yafaev obtient une décroissance locale
O(t™) si V < 0 et exp(—ant@®/C+0)) ay > 0,si V > 0 (voir aussi [77]). D’autre
part, pour un potentiel positif sur R” vérifiant c(x)™? < V(z) < C(z)~* (et d’autres
conditions sur les dérivées de V' (z)), Nakamura [52] montre 1’absence de résonance 0 et
obtient un taux de décroissance polynomial O((t)~7). La démonstration dans ce dernier
article est basée sur une estimation uniforme de la résolvante preés de O obtenue par la
méthode des commutateurs de Mourre pour I’opérateur de Schrodinger semi-classique.
Voir aussi [22] pour un potentiel négatif a décroissance lente sur R", ou 0 n’est pas une
valeur propre ni une résonance.

2.1.2 Le cas non-autoadjoint : contribution et résultats principaux

Lorsque le potentiel est a valeurs complexes, particulicrement avec une partie ima-
ginaire négative, 1’opérateur de Schrodinger H = —A + V est dissipatif (c’est-a-dire
pour tout v € D(H) on a Im (Au,u) < 0). Si on suppose de plus que Im V satisfait la
condition de décroissance (2.1.1) pour un certain p > 0, alors il est connu que —iH est
le générateur d’un semi-groupe de contraction (e~"7),54. Un semi-groupe de contraction
fortement continu est une famille (U ());>o d’opérateurs bornés sur L*(R"), telle que

wl<t  t=0

et qui vérifie les deux conditions (7) et (i7) dans le paragraphe précédent uniquement pour
tout ¢ > 0. Dans ce cas, le spectre discret de [ est localisé dans le demi-plan complexe
inférieur. Les valeurs propres dans ce dernier peuvent s’accumuler en tout point du demi
axe réel [0, +oo[. Dans [70], il est démontré que si n > 3 et (1.2.2) est satisfaite pour
p > 2, alors 0 n’est pas un point d’accumulation de valeurs propres de H. De plus, il est
démontré qu’il existe ¢y > 0 telle que pour tout A dans I’intervalle compact [—cg, o] la
limite

(H—X—i0)"' =lim(H — X\ —ie)~! (2.1.6)

e—0

existe dans B(L?*, L>~*) pour tout s > 1, ce qui signifie que O est un point régulier de
H. Un autre résultat important dans le cas dissipatif est I’existence des valeurs au bord
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de la résolvante a travers le demi-plan supérieur C; = {z € C, Im z > 0}. Ce résultat
est dii a I’absence des valeurs propres discretes dans le demi-plan supérieur. On renvoie
a [60] pour la méthode des commutateurs de Mourre pour les opérateurs dissipatifs. Par
contre, ceci ne reste pas valide pour le demi-plan inférieur. En effet, pour tout A > 0
on peut construire un potentiel a support compact V' = V; — V5 avec V5 > 0 tel que
I’équation (—A+V — )y = 0 admet une solution non triviale ¢_ satisfaisant la condition
de radiation de Sommerfeld entrante (1.2.6) (cf. [72, Remarque 5.4]). Ceci fournit un
exemple d’une résonance entrante définie dans la section 1.2.

Le taux de décroissance du semi-groupe dissipatif avec des potentiels a décroissance
rapide est étudié, par exemple, dans [48, 57, 72, 80]. Dans ce cas, le comportement asymp-
totique en temps grand du semi-groupe e~ dépend de I’analyse spectrale de la résol-
vante pres de 0. En effet, les résonances positives sortantes sont absentes dans ce cas et
les résonances entrantes qui peuvent avoir lieu n’affectent pas le taux de décroissance
en temps (voir [72]). Dans [72], un taux de décroissance polynomial O(t‘"/ 2) du semi-
groupe e~ "*H dans B(L**, [*~%) est obtenu pour un potentiel ayant une décroissance
rapide (p > n) en dimension n > 3. Notons que ce résultat est basé sur (2.1.6) qui
est satisfaite dans ce cas sous les hypotheses considérées, aussi le principe d’absorption
limite par le demi-plan supérieur pour /1 et des estimations en grande énergie de la résol-
vante. On cite aussi [80] dans le cas d’une partie imaginaire assez petite. Dans ce dernier,
le développement asymptotique du semi-groupe dissipatif est obtenu dans B(L?*, L*~*)
dans deux situations différentes : lorsque O est un point régulier de la partie autoadjointe
H, := —A+V; endimension 3 et si 0 est une résonance mais n’est pas une valeur propre
de H; en dimension 4.

Par ailleurs, des estimations dipersives dans [25] sont établies en présence d’une va-
leur propre 0 de I’opérateur de Schrédinger non-autoadjoint avec un potentiel qui décroit
rapidement a Uinfini (V(x) = O(|z|7*7¢) quand |z| — +00). Dans ce dernier, les ré-
sonances réelles sont supposées €tre absentes. De plus, une hypothese est faite sur les
dimensions des espaces propres généralisés ker(H*) , k € N*, associés a la valeur propre
0. A notre connaissance, les résonances positives sont rarement considérées par les au-
teurs.

On se propose dans ce travail de calculer un développement asymptotique de e
analogue a (2.1.2) en dimension 3 dans le cas d’un potentiel a valeurs complexes vérifiant
la condition (1.2.2) pour p > 2. En particulier, on montre que les résonances positives
contribuent a un terme oscillant dans le développement. Dans ce but, on calcule, sous
certaines hypothéses, les développements de la résolvante R(z) prés de 0 dans toutes les
situations possibles citées ci-avant. On calcule aussi explicitement les termes principaux
des développements asymptotiques prés des résonances positives. Egalement, on obtient
des estimations en grande €nergie de la résolvante et ses dérivées.

Afin de donner un énoncé précis du théoreme principal, on introduira d’abord les
hypotheses essentielles ainsi que les outils utilisés pour aboutir au résultat principal.

—itH
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Développement asymptotique de R(z) pres du seuil 0 en dimension 3

L’idée de départ dans I’étude de I’énergie au seuil 0 est basée sur I’équation de Lippmann-
Schwinger. On pose
Ko =G,V (2.1.7)

ot Gy = (—A)~! : H5(R?) — HL ¥ (R3), 5,8 > 1/2et s+ s > 2 (voir (2.1.4)).
Pour 1/2 < s < p — 1/2, K, est un opérateur compact sur L*~(R?). On observe que
Y € H(R3),1/2 < s < p— 1/2, est solution de (—A + V)i) = 0 si et seulement si
Ky = —. De plus, une fonction v dans Kery-1,s(Id + Kj) appartient a L?(IR?) si et
seulement si

[, Vi) de =0,

ce qui explique le fait que la résonance 0, si elle existe, est géométriquement simple
comme dans le cas autoadjoint [38], c’est-a-dire

dim(KerLz,s(]d + Ky)/Kery (Id + KO)) —1, Vs>1/2

En outre, lorsque 0 est une valeur propre de H les deux noyaux KerH et Ker(/d + K)
coincident dans L?(R?). Pour étudier la valeur propre O de H on utilise 1’approche de
Wang développée dans [68] pour une perturbation a support compact d’un opérateur de
Schrodinger dissipatif avec un potentiel a décroissance lente.

En effet, le fait que ’opérateur H soit non-autoadjoint révele des complexités. Pre-
micrement, le projecteur de Riesz naturel associé a la valeur propre O plongée dans le
spectre essentiel n’est pas défini, car on ne peut trouver aucun chemin pour donner un
sens a I’intégrale en (3.2.3). Par contre, le projecteur de Riesz associé a la valeur propre
—1 de I’opérateur compact K, dans L? est bien défini et de rang fini.

Deuxiemement, on rappelle que dans notre cas les multiplicités géométrique et algé-
brique de —1 ne sont pas nécessairement égales, ce qui explique I’apparition non seule-
ment d’une famille de vecteurs propres, mais plutdt des chaines de Jordan associées a
la valeur propre —1. Une chaine de Jordan de longueur x associée a la valeur propre
A de la matrice A est une famille de vecteurs propres généralisés de la forme {(A +
N, oo (A 4 Nug, u} pour un certain up € L% tel que (A + NFu, = 0 et
(A + X\)*tu, # 0. Bien entendu, dans le cas autoadjoint il n’y pas ces circonstances.
Dans ce travail, nous nous intéressons au cas d’une valeur propre 0 de multiplicité géo-
métrique quelconque k£ € N*.

Soit IT; le projecteur de Riesz associé a la valeur propre —1 de 1’opérateur compact K
défini en (2.1.7). Le cceur de notre méthode pour traiter ce probleme est de décomposer
I’espace propre généralisé, &/ = Imagell_;, associé a la valeur propre —1 de K, en
k sous-espaces invariants par Ky, Eq,--- , Fj, mutuellement orthogonaux par rapport a
une certaine forme bilinéaire symétrique non-dégénérée, tels que chaque sous-espace est
engendré par une chaine de Jordan, i.e. F; = Vect{(Id + Ko)™ "ulW) 1 < r < m;},
pour certains u) tel que (Id + Ko)™ul) = 0 et m; € N*. Ce qui caractérise cette
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décomposition est que —1 est une valeur propre géométriquement simple de la restriction
de Id + K, a chaque sous-espace invariant F;.

Ensuite, pour calculer I’asymptotique de la résolvante, on utilise 1’équation de la résol-
vante (2.1.3). En utilisant la représentation du projecteur de Riesz II_; dans la base ainsi
construite, on construit un probléeme de Grushin pour calculer I'inverse de Id + Ro(z)V
dans L>~*, pour s dans un intervalle approprié. En effet, la méthode de Grushin permet
de réduire le calcul de (Id + Ro(z)V)~! & une fonction a valeurs matricielles (pour une
présentation détaillée et explicite de la méthode de Grushin on renvoie a I’article [65]).
Cependant, on tombe sur une matrice de structure de Jordan non triviale. Pour calculer
I’inverse de cette matrice, on applique une méthode inspirée de I'idée de Lidskii [44]
des années 60 pour étudier de petites perturbations des matrices de structure de Jordan
quelconque. On présentera a la sous-section 3.3.3 la technique en détails pour calculer les
termes principaux du développement asymptotique de la résolvante prés de 1’énergie 0.
Notamment, on fait une hypothese sur les fonctions propres associées a la valeur propre
0. D’ailleurs, dans le cas d’une résonance 0, aucune hypothese sur les états résonnants ne
sera exigée. Voici notre hypothese :

Hypothese (H1) : Si zéro est une valeur propre de H et n’est pas une résonance, on
suppose qu’il existe une base {11, - - - , 1.} de KerH dans L?(R?) telle que

det(@pj, szi)) 20, (2.1.8)

1<i i<k

ou J : f(x) — f(z) estla conjugaison complexe.

Le plus délicat est le cas dans lequel 0 est a la fois une valeur propre et une résonance.
On suppose de plus dans ce cas qu’il existe un seul bloc de Jordan correspondant a 1’état
résonant, tandis que les autres correspondent aux fonctions propres associées a la valeur
propre 0. Plus précisément, on fait I’hypothese suivante :

Hypothese (H2) : Si zéro est a la fois une résonance de H et une valeur propre de
multiplicité géométrique £ € N*, on suppose que :

1. Mexiste 1 <149 < k+ 1tel que

Ker(Id + Ko)|lg,, = Kerz—<(Id+ Ko)/Kerp2(Id + Ko) et
Ker(Id + Ko)|g, C Kerpz(Id+ Ky), V1 <i<k+1,i # io.

2. Tl existe une base {¢1, - , ¢r } de Kerpz2(Id + Ky) vérifiant la condition (2.1.8).

Sous I’hypothese (H 1) (ou (H2)), nous montrons que la présence de la valeur propre 0
contribue 2 la singularité z~* de la résolvante, ce qui coincide avec les résultats dans [38]
dans le cas autoadjoint. Nous montrons aussi que le terme principal du développement
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asymptotique de R(z) pres de 0 est toujours une projection spectrale sur ’espace propre
associé a la valeur propre 0, méme en I’absence d’une projection spectrale naturelle dans
le cas non-autoadjoint (voir Théoreme 3.2.2).

Développements asymptotiques de R(z) pres des résonances positives sortantes

Les résonances positives sont des valeurs propres généralisées plongées dans le spectre
continu que nous avons définies a la section 1.2. Elles sont considérées dans différents
contextes [18, 19, 61, 62] dédiés a I’étude des opérateurs non-autoadjoints. On sait que
I’ensemble des résonances positives pour les opérateurs considérés ici est de mesure de
Lebesgue nulle. Ce résultat est montré dans [61] en utilisant la théorie de Fredholm. A
notre connaissance, la détermination de la singularité de la résolvante pres d’une réso-
nance positive reste un trou dans la compréhension des propriétés spectrales des opéra-
teurs non-autoadjoint. Ici, on supposera qu’il existe un nombre fini des résonances posi-
tives sortantes et on fera certaines hypotheses sur les états résonants sous lesquelles on
démontrera que les résonances positives sont des poles simples de la résolvante.

Pour obtenir le développement de R(z) pres d’une résonance positive sortante \q on
utilise 1’équation de la résolvante R(z) = (Id + Ro(2)V) 'Ry(2), pour z € C\ o(H).
Dans cette équation, Ry(z), z € C \ [0, +00], se prolonge analytiquement a C.. \ {0}.
Ceci s’obtient grace au prolongement analytique du noyau de Green de la résolvante libre
en dimension 3

1 eivzle—yl

Ro(z,z,y) = z,y € R® Imz > 0.

dm |z —y|’
En particulier,

lir(r)l+ Ro(Xo £ i€) := Ro(\g £140) € B(H " H" %), Vs > 1/2,
€E—

par le principe d’absorption limite (cf. [3]). De plus, pour 1/2 < s < p — 1/2, Ro(A\o £
i0)V sont des opérateurs compacts sur L>~%. Ainsi, il est clair que c’est (Id+ Ry(2)V) ™!
qui contient toutes les singularités.

Supposons p > 1, alors en utilsant le Théoreme de Fredholm [58], les résonances
positives sont définies de la maniere suivante :

Définition 2.1.1 (Résonances positives). On appelle Ny > 0 une résonance positive

sortante (resp. entrante) si —1 est une valeur propre de I’opérateur compact Ry(Ao+10)V
(resp. Ro(Xg — i0)V) sur L*75, s > 1/2.

En particulier, Ker(/d + Ry(Ao + ¢0)V') coincide avec 1’espace des fonctions dans
H~1#(R3) vérifiant simultanément Hy = A\ et la condition de radiation (1.2.6) avec un
signe +.
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2.1. Asymptotique en temps long de la solution de I’équation de Schrodinger

Pour étudier I'inversibilité de (Id + Ry(2)V) : L*>~%(R3) — L*>7*(R?), on introduit
le déterminant
d(z) = det (11 (1 + Ro(=)V)1I} ), 2.19)

ou I1 dénote le projecteur de Riesz associé a la valeur propre —1 de Ry(\o + i0)V (voir
(3.2.3)). Les résonances positives sortantes de H sont ainsi les zéros positifs de la fonction
d(z) qui est analytique dans C, et continue dans C,. En particulier, la multiplicité de
chaque résonance positive est égale a sa multiplicité comme étant un zéro de d(z). On
note que si on suppose de plus que le potentiel V' vérifie une condition d’analycité, alors
on pourrait montrer que les zéros de d(z) sont de multiplicités finies (cf. [68, Remarque
5.2]). Autrement dit, si )\ est un tel point alors il existe N € N* et ay € C* tels que

d(z) = an(z = M) +anii(z — X)) T4 (2.1.10)

pour |z — \g| trés petit avec Im z > 0. Dans le cas général, on ne peut pas savoir si le dé-
veloppement (2.1.10) existe. Au chapitre 2, on établit les développements de la résolvante
pres des résonances positives dans deux contextes différents. Dans 1’un, on suppose que
le développement (2.1.10) existe pour un certain entier k£; € N* (voir Théoréme 3.4.1).
Dans I’autre, on fait une hypothese sur les états résonants sortants. Avant de 1’énoncer, on
introduit la forme bilinéaire symétrique suivante associée a A > 0 :

Vu,v € L7 5(R?) : By(u,w) = /R3 - eiﬁ\x*y‘V(w)u(x)V(y)w(y) dx dy.
2.1.11)

Hypothese (H3) : Pour toute résonance positive A\q de H on suppose qu’il existe Ny €
N* et {¢1, -+ ,%n, } une base dans L>~*(R?) de Ker (Id + Ry()\g + i0)) telle que

det (B, (v, 910))1 <y ey 7 0. (2.1.12)

Grace a la cette hypothese, on obtient le développement (2.1.10) pres de \g avec N = N,.
On montre également que toute résonance positive de H est un pdle simple de la résol-
vante et on calcule exactement le terme résidu en utilisant 1’approche présentée au para-
graphe précédent dans le cas d’une valeur propre au seuil. Plus précisément, on montre le
résultat suivant :

Théoreme 2.1.2. Soit \y une résonance positive sortante de H. Supposons (H3) vraie.
Sip>20+3,0 €N, alorspours >{+3/2etz€Qf ={2€C,: |z—X\| <6}, 0na

R,

R(z) = P /\0

¢

+37(2 = MV R;(ho) + Relz — o), (2.1.13)
i=0

dans B(H~'*, H"~*), ou

B)\o (¢'L()\O)7 1/}]0\0)) == 51]7

No 1
R, >\ = . J (/\0) ()‘0) -
1(Ao) ;<7 ;)b avee o
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ou {%’\O), e ,w](\’,\OO)} est une base de Ker(Id + Ry(\o + i0)V') et By, est la forme bi-
linéaire définie dans (4.3.1). Le reste Ry(z — \o) est analytique dans Qf et pour A\ > 0
avec |A — Xo| < 0 la limite

lim, Ro(A — Ao +i€) = Ry(X — Ao +i0) (2.1.14)
e—
existe dans B(H ™% HY~%) et satisfait
dr - , .
Hd)\TRg()\ — Ao +i0)||m-rssp—s = o(|]A = No|), T =0,1,--- L.

Résultat principal : développements asymptotiques de ¢~/

Pour calculer le développement asymptotique de e~ quand ¢t — +o00, on suppose
de plus qu’il existe un nombre fini de résonances positives sortantes de /. Avant d’énon-
cer le résultat, principal il vaut mieux noter que si p > 3 et on suppose que (H 1) (si zéro
est une valeur propre et n’est pas une résonance) et (H3) soient vraies, alors H admet
au plus un nombre fini des valeurs propres discretes localisées dans C,.. Ce résultat dé-
coule immédiatement des résultats précédents et du fait que O et les résonances positives
sortantes sont les seuls points du spectre essentiel [0, +oco[ de H en lesquels les valeurs

propres discretes de H localisées dans C, peuvent s’accumuler.

Voici le théoreme principal que I’on va montrer dans Chapitre 2.
Théoreme 2.1.3. Supposons que H admet un nombre fini des résonances positives sor-
tantes {1, -+ ,An} et (H3) vraie.

(a) On suppose que 0 est une résonance de H et n’est pas une valeur propre. Si p > 5,
alors pour s > 5/2 et quand t — +oo on a

p N 1
e~ Y eI 3 eTINR L () = (i) V2, 0) gt E + oft712),
3=1 j=1
(2.1.15)
dans B(L**(R3), L>~*(R?)), ou ¢ € L*>*(R®)\ L*(R®) est un état résonant
vérifiant la condition de normalisation
1
2/m Jrs

et R_1(\;) est donné au Théoréme 2.1.2.

V(z)p(x) de =1, (2.1.16)

(b) Supposons p > 7. On suppose que 0 est une valeur propre de H et n’est pas une
résonance et que I’hypothése (H1) est satisfaite. Alors, pour s > 7/2 (2.1.15)
existe avec le membre a droite remplacé par

PsD —i(im) V2RO TE — (4im) TVARPEE 4 o(t7),
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k
730(2) = Z(, JZ;)Z; avec (ZZ-(2), JZJ(-Z)> =05, V1 <i,j <K,

=1

tels que {Zl(z), e ,Z,EZ)} est une base de Ker(Id + Ky) C L*(R?) et R, R?
sont donnés dans Théoréme 3.2.2.

(¢) On suppose que 0 est a la fois une résonance de H et une valeur propre de multi-
plicité géométrique k € N* et que (H2) est vraie. Si p > T, alors pour s > 7/2,
(3.2.26) reste vraie avec le membre a droite remplacé par

3
2

P+ (im) 1/ <<-, Jé) ¢ — z’SE”f)t% — (4im) " PRP 3 4 o(t73/?),

ot Pé?’) est une projection sur Kerp2(Id + Ky) de la méme forme que 73(52) ci-
dessus et ¢ est un état résonant satisfaisant (2.1.16). Voir Théoreme 3.2.3 pour
S er RY) .

Dans les développements ci-dessus les 11, désignent les projecteurs de Riesz associés
aux valeurs propres isolées z; localisées dans C.

Dans (2.1.15), la restriction de H a I’image de II.; admet une seule valeur propre z;.
Par conséquence, e~ 4 I, se comporte comme e~"#  Ce dernier est un terme oscillant si
Im z; = 0 et a croissance exponentielle si Im z; > 0. Concernant le cas ou 0 est a la fois
une valeur propre et une résonance de H, on note que 1’on peut obtenir le développement
avec un taux de décroissance o(t~>/2) sous la méme condition sur p imposée dans (b).

Pour démontrer le théoreme précédent, on cherche une formule de représentation du
semi-groupe e~ " en terme de la résolvante. En raison de la présence des singularités
spectrales de H, la limite lin% R(\ + i€) ne peut pas étre définie uniformément pour tout

E—

A > 0. Ainsi, I’opérateur non-autoadjoint A est pourvu d’un outil indispensable, le cal-
cul fonctionnel, pour définir le semi-groupe e~ a 1’aide de la formule (2.1.5). Dans
ces circonstances, on montre qu’il existe une courbe I'V (1) qui n’intersecte 1’axe réel en
aucun point des singularités spectrales (c’est-a-dire le point 0 et les résonances positives

sortantes) et au-dessus de laquelle il existe un nombre fini des valeurs propres discretes
de H.
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1R X
X X X X
X
X
Lo\ L4 Lo R
/qf )\1 A2 )\N
FIGURE 2.1: La courbe I'V(n). Ay, - - - , Ay sont les résonances positives sortantes de H et

les croix sont les valeurs propres discretes de H dans C, .
L’ asymptotique de e~/ quand t — +o0 obtenue dans le théoréme précédent est ainsi
basée sur la formule de représentation suivante :

Proposition 2.1.4. Soit p > 3 et s > 5/2. On suppose que H admet un nombre fini de
résonances positives sortantes {\1, - -+ , Ay } et que (H3) est vraie. Si zéro est une valeur
propre de H on suppose de plus que (H1) (ou (H2)) est satisfaite. Alors, pour f, g € L**,
ona

p

*Z -t 1 —itz —
“f.9) Z YL f9) + 5 / e ((H — 2)7' f,g)dz, V> 0.
v JTv (n)

Par comparaison avec les résultats dans le cas autoadjoint [38], on remarque que le
développement avec un taux de décroissance t~'/2 au Théoreéme 2.1.3(a) est obtenu dans
[38, Théoreme 10.5] sous une hypothese plus faible p > 3 et pour s > 3/2. En effet,
on utilise ici la condition plus forte p > 5 du fait qu’il existe des résonances positives
sortantes. Plus précisément, on utilise la régularité C" du reste R; (A— \; +10) en (3.2.25)
sur I’intervalle |A\; — 0, \; + & pour toute résonance \;.

2.2 Estimations de Gevrey de la résolvante et décrois-
sance en temps sous-exponentielle pour les semi-groupes
de la chaleur et de Schrodinger. II (Chapitre 4)

On s’intéressera dans le Chapitre 4 aux opérateurs de Schrodinger non-autoadjoints
qui sont des perturbations par des potentiels a décroissance lente d’un opérateur modele
satisfaisant une condition de coercivité a poids. On présentera dans cette section les résul-
tats exposés dans le chapitre 4 qui font I’objet de I’article [2] en collaboration avec Xue
Ping Wang.

On considere dans ce chapitre 1I’opérateur de Schrodinger

H=-A+V(x), r € R",
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2.2. Estimations de Gevrey de la résolvante

comme étant une perturbation d’un opérateur modele Hy = —A + Vjy(z), ot V(z) et
Vo(z) sont deux fonctions mesurables a valeurs complexes. On suppose que Vp(x) et
W(x) =V (x) — Vy(z) satisfont pour certains C' > 0,0 < u < lete >0:

Vo(2)] < Clx)™,  [W(x)] < Cfx)™27, Vo eR™ 2.2.1)

En introduisant une fonction de troncature a 'infini x € C°(R"), x(z) = 0si || < 1et
X(x) = 1si |z| > 2, on se rameéne a étudier I’opérateur H comme une perturbation par
un potentiel a support compact

H = hg + Wc(l’), ho =-A + UQ(I), (222)

x x
W@, We=(1-x(5))W()

pour R > 0 grand. On supposera toujours que h satisfait la condition de coercivité a
poids (1.2.7). Cela revient a travailler avec la méme classe des perturbations considé-
rées dans [68]. Vu la condition (1.2.7), I’opérateur modele hy n’admet pas une singularité
spectrale (valeur propre ou une résonance) au seuil 0. De plus, on peut montrer que son
inverse G est bien défini dans B(L**, L**~2/) pour tout s € R avec y la constante don-
née dans (1.2.7) (cf. [68, Lemma 3.3]). Par conséquent, GV, est un opérateur compact
sur L?*(R™) pour tout s € R. Du coup, comme 2 la section 2.1, on observe que 1’équation
(ho + W,)Yp = 0 admet une solution non triviale dans H~* si et seulement si —1 est
une valeur propre de 1’opérateur compact GyW, sur L?, sauf que cette fois-ci une telle
solution est toujours dans L?(R").

vo(@) = Vo(x) + x(

2.2.1 Asymptotique de la solution de I’équation de la chaleur avec
une valeur propre au seuil zéro

Dans ce paragraphe, on s’intéresse au comportement asymptotique en temps long des
solutions 1 (t) de I’équation de la chaleur

0
—w(t)—l—Hw(t) =0, t >0,
ot
ou H = —A + Vy + W. On suppose que V; vérifie les conditions suivantes :
Vo est —A-compact vérifiant (1.2.7) et (2.2.1) pour un certain x €]0, 1[. (2.2.3)

De plus
—A+V; > —aA (2.2.4)

pour certaines constantes «. En supposant que W =V — 1}, est bornée et a support com-
pact ainsi que Vj, vérifie les conditions ci-dessus, Wang établit dans [68] le développement
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asymptotique en temps long du semi-groupe de la chaleur e~*# avec des estimations sous-

exponentielles sur le reste dans le cas ou 0 est une valeur propre géométriquement simple
de H = —A + V. Son résultat est essentiellement basé sur le développement de la résol-
vante pres du seuil 0 avec des estimations de Gevrey sur le reste de type

o=@ B ) 4+ R ()| < Cuel NOFIN, 225)

pour tous a > 0, N € N* et certaines constantes C,,, ¢, > 0 et pour z dans un domaine de
la forme

e C |2 <6, Rez <[ Imz[# U{0}, 0<u <1,6>0.
{ ft

Pour calculer la singularité de la résolvante pres de O ainsi que les estimations de Gevrey
ci-dessus, Wang utilise I’équation de la résolvante

(H—2)"=Ud+ (A +Vo—2)"' W) H(=A+Vy—2)7, Vze C\o(H),
en faisant une hypothese sur le déterminant formel
W(z) =det(Id + (—A +Vy — 2)"'W).
Plus spécifiquement, il suppose qu’il existe certaine constante w,,, # 0 telle que
W(z) = wiz™ + O(]z]™), z—0,Rez<0. (2.2.6)

On se propose dans [2] d’appliquer la méthode introduite a la Section 2.1 pour calculer
le terme principal du développement de la résolvante pres de 0, dans le cas d’une valeur
propre 0 de multiplicité géométrique quelconque, en remplacant I’hypothese (2.2.6) par
I’hypothese (H 1) de la Section 2.1. Plus précisément, on montre le résultat suivant

Théoreme 2.2.1. Supposons que 0 est une valeur propre de H de multiplicité géomé-
triqgue k € N* et que I’hypothése (H1) est satisfaite. On suppose que Vj satisfait les
conditions (2.2.3)-(2.2.4) et que W vérifie (2.2.1). Alors, pour tout a > 0 il existe cer-
taines constantes C,, c, > 0 telles que

emate ™ | o=t _ S eI I ||| < G t>0, (227
Aeoq(H), Re x<0

on 3 = 11+_ :ﬂ pour un certain entier k > 1 donné dans Lemme 4.3.2 et 11y est une

projection spectrale donnée par

k
Mof =3 (f, JU)¥;,  Vfel’ (2.2.8)
j=0
tel que
(Wi, JU;) = b, (2.2.9)
o {Uy,--- W} C L? est une base de fonctions propres associées a la valeur propre 0

de H. 04(H) désigne I’ensemble des valeurs propres discrétes de H.
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Dans [68], X.P. Wang a étudi€ le cas d’une valeur propre 0 géométriquement simple.
Sous I’hypothese (2.2.6) sur W (z), il obtient I’estimation (4.2.1) avec 11, remplacé par un
polyndme de degré inférieur ou égal a m — 1 avec des coefficients de rangs finis non précis
(cf. [68, Théoreme 2.4 (a)]). Cependant, le Théoreme 2.2.1 couvre le cas de multiplicité
géométrique quelconque. Aussi, I’hypothese utilisée permet d’obtenir explicitement une
projection spectrale sur 1I’espace propre associé a la valeur propre 0 de H. Le cofit du cal-
cul de cette projection est I’ utilisation d’une base de vecteurs propres associés a la valeur
propre 0 vérifiant la condition (2.1.8) qui, en général, n’est pas évidente a démontrer (dans
le cas autoadjoint cette condition est toujours satisfaite). D’autre part, ce théoreme étend
le résultat dans la partie (a) du Théoréeme 2.4 dans [68] aux perturbations a décroissance
lente a I’infini, i.e. vérifiant la condition (2.2.1), d’un opérateur vérifiant la condition de
coercivité a poids (1.2.7).

Dans le cas autoadjoint, on retrouve le résultat du Théoreme 2.1.2 dans [68, Théoreme
2.3]ou k = 1 et Il est la projection orthogonale naturelle sur I’espace propre associée a la
valeur propre 0. On note également que dans le cas de I’opérateur modele Hy = —A+V}
avec Vj vérifiant (2.2.3)-(2.2.4), le semi-groupe e~ vérifie I’estimation suivante :

e ™ emto|| 4 |[tHoemal || < Crem et t >0,

avec J = %ﬁ (cf. [68, Théoreme 4.4]). Ces estimations sont obtenues grace a des estima-
tions de Gevrey pour la résolvante de H. Ce taux de décroissance est d’ailleurs obtenu
dans [52] pour les énergies locales dans le cas autoadjoint en utilisant une approche semi-
classique et une condition de viriel (1.2.8) sur le potentiel V.

2.2.2 Décroissance des énergies locales de I’équation de Schrodinger
avec une valeur propre au seuil zéro

Dans le cadre de I’étude du semi-groupe de Schrodinger (e~ );, on cherche a cal-
culer le prolongement méromorphe de la résolvante a travers le demi-axe réel [0, +00]
dans un secteur {z € C, argz > —e} pour un certain € > 0. Il arrive que ce prolonge-
ment méromorphe admette des pdles qui soient les résonances quantiques de 1’opérateur
H.

Afin de définir le prolongement méromorphe de la résolvante, on va définir une classe
A de potentiels V| vérifiant une condition d’analycité introduite dans [68].

Définition 2.2.2. Soit A la classe des potentiels a valeurs complexes Vy(z) = Vi(x) —
iVo(z) pour x € R"™ avec n > 2 tels que Hy = —A + V) satisfait (1.2.7) pour certaine
constante p €)0,1[. On suppose de plus que V, et V; sont dilatables analytiquement et
s étendent holomorphiquement dans une région complexe de la forme

Q={reC|z|>c " |Imz| <c|Rex|} (2.2.10)
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pour certaine ¢ > ( et satisfont pour certaines c1,c3 > 0 et R € [0, +00]

Vi(z)] < ci(Rex) e, j=12, (2.2.11)
Vo(x) > 0, VreR" (2.2.12)

2
z-VVi(z) < —CQW, reR" x| > R et (2.2.13)
Va(x) > cpla)™, x€R™ |z| <R. (2.2.14)

Résonances quantiques

Il existe plusieurs approches pour définir les résonances quantiques. Une premiere
approche diie a Aguilar-Combes [4], Baslev-Combes [7] et Simon [64] consiste a utiliser
la technique des dilatations analytiques. En principe, cette technique sert a conjuguer
I’opérateur de Schrodinger H par une famille a parametre 6 de difféomorphismes sur
R"™, qui admettent des extensions lisses a un voisinage de R™ dans C” lorsque 6 devient
complexe. Les résonances quantiques sont ainsi définies comme étant les pdles dans la
région {z € C,—2Im # < arg z < 0} du prolongement méromorphe de la résolvante de
I’opérateur conjugué H (/). Cependant, cette technique nécessite une hypothése forte sur
I’analycité du potentiel.

Dans ce travail, on utilise I’approche de Hunziker [33] qui définit les résonances quan-
tiques a I’aide des distorsions analytiques en dehors d’un ensemble compact. L’ avantage
de cette derniere approche réside dans le fait que seule I’analycité dans un voisinage de
I’infini est nécessaire. On renvoie les lecteurs au livre [32] (chapitres 16-17) pour une
description des deux approches ci-dessus et a I’article de Helffer-Martinez [31] pour une
comparaison entre différentes approches.

Pour V} appartenant a A et W bornée et a support compact, en utilisant la technique
des distorsions analytiques en dehors d’un ensemble compact, il est démontré dans [68]
que les résonances quantiques de H = —A + V{ + W dans C,. sont des valeurs propres
discretes de H, alors que celles situées dans [0, +oo[ sont des résonances positives sor-
tantes de H (voir Théoreme 5.1 dans [68]). On note que les conditions (2.2.13) et (2.2.14)
vues comme une condition de viriel globale sont utlisées dans [68] pour montrer 1’absence
des résonances quantiques au voisinage de 0.

Résonances positives sortantes

Dans cette partie, nous définissons les résonances positives d’une maniere adaptée
au cas des potentiels a décroissance lente. Rappelons que nous travaillons dans le cas
présent avec une perturbation H = hy + W.(z) (voir (2.2.2)) d’un opérateur modele
ho = —A + vg(x). En supposant que Imwvy < O et (z - V,) vy, j = 0,1,2, sont —A-
compact, le principe d’absorption limite pour I’opérateur de Schrodinger dissipatif hg
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donne que

lim (—A+vg—A—ie) ' = (=A+vg—A—i0)"" := ro(A+i0), VA >0, (2.2.15)

e—0t

existe dans B(L>*, L>~*) pour tout s > 1/2 (cf. [60]).

Les résonances positives sortantes de / sont ainsi définies comme suit [68] :

Définition 2.2.3. Un réel positif A > 0 est appelé une résonance positive sortante de H si
—1 est une valeur propre de I’opérateur compact ro(\ + i0)W.. dans L*>~* pour s > 1/2.
it

Développement asymptotique de ¢~/ avec estimations sous-exponentielles en temps

Pour établir le développement asymptotique en temps long du semi-groupe de Schro-
dinger, on cherche le développement de la résolvante tronquée x(H — z)~!x prolongée a
travers le demi-axe [0, +oo[ dans un domaine de la forme

Q<579> :{ZEC*;M <0,—0Imf <argz < 327T—5},

pour Imf# > 0 et > 0O petit. Ainsi, les estimations sous-exponentielles en temps sur
le reste s’obtiennent grace a des estimations de Gevrey de la résolvante tronquée dans
(4, 0). Lapproche dans [68] consiste a recourir aux distorsions analytiques en dehors
du support compact de W pour ’opérateur H = —A + V; + W avec un potentiel 1
appartenant a la classe A.

En supposant que la valeur propre 0 est géométriquement simple et que la condition
(2.2.6) est satisfaite, Wang obtient le résultat suivant (cf. [68, Théoreme 2.4 (b)]) :

|| X<e—itH R =1 N WO R e—itupy(@)xnmw — O(e=).
Aeoy(H)NC4 pea (H)

(2.2.16)
pour tout ¢t > 0, ot f = };—Z, X € C§°(R™) et ot o4( H) dénote le spectre discret de H et
r,(H) désigne I’ensemble des résonances positives sortantes de H. IT est le projecteur
de Riesz associé a la valeur propre A de H, I1y(¢) et P, (t) sont des opérateurs de rang fini,
polynomiaux en ¢, associés a la valeur propre au seuil O et a la résonance positive sortante

v, respectivement.

Notre objectif dans cette partie est de montrer le résultat ci-dessus en remplagant la
condition de viriel globale par une condition de viriel a I’infini et dans le cas d’une valeur
propre 0 de multiplicité géométrique quelconque. Pour cela on considere une classe plus
générale de potentiels
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Definition 2.2.1. Soit A, la classe de potentiels Vo vérifiant (2.2.3) et (2.2.4). De plus,
Im Vy < 0 et il existe un certain potentiel Vy € A tel que

Vo(z) = Vio(z), |z| > Ry, (2.2.17)
pour un certain Ry > 0.

Notre idée est de développer la méthode du chapitre 3 pour étudier, dans un contexte
analytique dépendant de 6 (6 est le parametre de déformation analytique), la valeur propre
0 de H de multiplicité géométrique quelconque en remplacant la condition (2.2.6) dans
[68] par (2.1.8). Nous cherchons également a calculer explicitement les termes principaux
des développements de la résolvante tronquée pres des résonances positives sortantes de
H en appliquant I’approche introduite dans Chapitre 3. Nous utilisons pour cela une hy-
pothése sur les états résonants analogue a (H3).

Hypothése (A2) : Pour tout A € 7, (H), on suppose qu’il existe {;,- - ,w,:“w} C
L*75,Ys > 1/2, une base de Ker(I + r(\ + i0)W..) telle que

det ((r1(A+i0)Wetpy", Wb} ) ) £0, (2.2.18)

1<i,j<k(\)
ol 71 (A +i0) = “Lro(X + i0) dans B(—1, s, 1, —s) avec s > 3/2.

Voici le résultat principal de cette partie :

Théoreme 2.2.4. Soit Vy € Ay et W = V — Vi holomorphe dans une région <) de
la forme (4.1.6) telle que |W(z)| < C(x)™2'~¢, Vx € ), pour certaines constantes
C > 0 et e €]0,1]. De plus, on suppose qu’il existe Ry > 0 telle que Im W(x) < 0
pour |x| > Ry. Supposons que 0 est une valeur propre de H = —A + V' de multiplicité
géométrique k € N* et que (H1) et (A2) sont satisfaites.

Alors, I’ensemble des résonances positives sortantes v, (H) de H est fini. Il existe une
constante ¢ > 0 telle que pour tout x € C°(R™) on a

Ix[e™ = > eI - — Y e™Iiw) | x| < C’Xe_”ﬁ t >0,
Aeog(H)NC 4 very (H)

(2.2.19)

ou Il est le projecteur dans (4.1.14) et 11§ (v) est un opérateur de rang k(v) donnée par
k(v)

MG (w)f =Y (f, JOf (W)@ (v)  Vfel?, (2.2.20)
=0

ou {®f(v), -, CD;:(V)(I/)} C L*75, Vs > 1/2, est une famille libre des états résonnants

(Voir Théoreme 4.1.2).
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Evidemment, si z€ro et/ou les résonances positives sortantes n’existent pas on obtient
le méme développement (4.1.13) sans que les termes correspondants apparaissent.

Dans le cas autoadjoint ou Vj appartient a 4, le méme taux de décroissance sous-
exponentielle est obtenu dans [68, Théoreme 2.3]. Cependant, la situation s’avere étre
moins compliquée du fait de I’absence des résonances positives sortantes et de I’existence
d’une projection orthogonale naturelle sur I’espace propre associ€ a la valeur propre 0. Le
taux de décroissance sous-exponentielle e’ ¢ >0, des énergies locales est également
démontré dans [77, 78] pour I’opérateur H = —A + V(x) en dimension 1 avec un poten-
tiel V' analytiquement dilatable vérifiant

cfz)"" < V() < C{x)™",

pour certaines constantes ¢,C' > 0et(0 < p < 1.
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Large time behavior of Solutions to
Schrodinger equation with
complex-valued potential

3.1 Introduction

In this work, we are interested in the large-time behavior of the solution u(t) =

e~y as t — +o0 of the time-dependent Schrodinger equation

. _ 3
{ iOu(t,x) = Hu(t,z) ,zeR* t>0 (3.1.1)

u(0,2) = wup(x),

where H = —A + V' is a perturbation of —A by a complex-valued potential supposed to
satisfy for p > 2 the decay condition

|V (2)] < Cplz)™", VzeR? (3.1.2)

where (z) = (1 + |z|?)"/2.

This equation is a fundamental dynamical equation for the wave-function (¢, x) de-
scribing the motion of particles in non relativistic quantum mechanics. In nuclear physics,
the nuclear optical model [20] is an interesting model in which a Schrédinger operator
with a complex-valued potential arises. Theoretically, the optical potential with a nega-
tive imaginary part was introduced to describe the scattering and absorption of neutrons
by nuclei.
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It turns out that the behavior of non-selfadjoint Schrodinger operators may differ from
selfadjoint ones (see [62, 12]). Previously, Jensen and Kato [38] have studied the three
dimensional selfadjoint operator H = —A + V' with rapidly decreasing real potential V'
(V satisfies the decay condition (3.1.2)). In particular, it has been shown that the decay in
time of the solution in the selfadjoint case is strongly linked to the analysis at low energy
of the resolvent depending on the presence of the zero eigenvalue or/and zero resonance.
In [38] the low energy asymptotics of the resolvent was obtained. Also local decay in
time of the solution to the time-dependent Schrodinger equation is found. In an exten-
sion work [43] of the latter, a similar result has been obtained for a Schrodinger operator
with a magnetic potential under the assumption that zero is a regular point i.e. it is not
an eigenvalue nor a resonance in the sense of [38, 53]. For studies of non-selfadjoint
Schrodinger operators, we refer for example to [68] on Gevrey estimates of the resolvent
for slowly decreasing potentials and sub-exponential time-decay of solutions, to [72, 80]
for time-decay of solutions to dissipative Schrodinger equation and to [27, 25] for disper-
sive estimates.

Our goal is to extend the results of [38] to non-selfadjoint Schrodinger operators with a
rapidly decreasing complex-valued potential V. We are interested in the spectral analysis
of the operator H and the large time behavior of e~ for some model operator having
real resonances. Here, we mean by the latter a real value \qg > 0 for which the equation
—Au + Vu — Agu = 0 has a non trivial solution ¢y € L*»7(R3) \ L*(R?), Vs > 1/2. In
particular, for Ay > 0 it can be seen that this solution satisfies the Sommerfeld radiation

condition
etivo || T

P(z) = w(m) + 0(|xl‘), as|z| — +o0, (3.1.3)

where w € L*(S?), w # 0, with §? = {z € R? : |z| = 1} (see [62, Section 2]).

||

It is well known that selfadjoint Schrodinger operators can have zero resonance only
but no positive resonances (see [3, 34, 43]). In [38] positive resonances are absent and in-
termediate energies do not contribute to the large time behavior of e/, However, these
real values are the main difficulties to study the spectral properties of non-selfadjoint op-
erators near the essential spectrum. Wang in [68] has included the presence of positive
resonances for a compactly supported perturbation of the Schrédinger operator with a
slowly decreasing potential satisfying a condition of analyticity, but usually these real
values are assumed to be absent (see [25]). See [72] for an example of a positive reso-
nance of a dissipative operator in dimension three and [55] in dimension one.

Real resonances are responsible for most remarkable physical phenomena and many
problems arising from analysis of spectral properties for non-selfadjoint operators. In-
deed, the zero resonance is responsible for the Efimov effect for N-body quantum systems
(see [6, 66, 67, 71] and see also the physical review [51]). In addition, the presence of
positive resonances affects essentially the asymptotic completeness of wave operators (cf.
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[18]). Moreover, real resonances are points in the continuous spectrum to which complex
eigenvalues may accumulate (see, e.g., [61, Theorem 1.3-1.4], also [62, Thorem 3.3-3.5])
and the resolvent norm can explode near these points (see [61]).

In order to obtain the large-time behavior of e~## we establish the expansions of
R(z) at threshold zero and positive resonances in the sense of bounded operators between
two suitable weighted Sobolev spaces (see Section 3.2). The novelties in our results are
the following. We establish the asymptotic expansions of R(z) near positive resonances
(Theorem 3.2.4) which are assumed to be singularities of finite order with a specific hy-
pothesis (H3) on the behavior of solutions defined by (3.1.3) (see [18, 62] for more hy-
potheses concerning positive resonances). In addition, in Theorem 3.2.1-3.2.3 we obtain
the asymptotic expansions of the resolvent at low energies for non-selfadjoint operators.
In particular, explicit calculation of lower order coefficients has been performed. The
difficulty is that the algebraic and geometric eigenspaces need not coincide, i.e not only
eigenvectors but also Jordan chains may occur. Our main approach extends the method
of Lidskii [44] to study the giant matrices representation that we find, where there exist
many Jordan blocks corresponding to the eigenvectors associated with zero eigenvalue.
Under our hypotheses (H1) and (H2) we get same singularities (negative powers of z'/2)
that have appeared in [38] due to the presence of an eigenvalue or a resonance at zero.
More recent results can be found in [25, 68].

We expect the obtained results may be usful for the study of the asymptotic behavior
in time of wave functions that would depend on the nature of the threshold energy and
the characteristic of positive resonances. Morover, the asymptotic expansions of the re-
solvent, as well as of the semigroup e~ as t — +o0, associated with a non-selfadjoint
Schrédinger operator have many applications in the scattering theory (see for example
[18, 19]).

This paper is organized as follows. In Section 3.2, we introduce our hypotheses and
we state the main results. In Section 3.3 we study the asymptotic expansions of the re-
solvent at zero energy. We prove Theorem 3.2.1 when zero is a resonance, then we prove
Theorem 3.2.2 in the case of zero eigenvalue of arbitrary geometric multiplicity, and The-
orem 3.2.3 in the more complicated case when zero is both an eigenvalue and a resonance
of H. Section 3.4 is devoted to the study of outgoing positive resonances, we establish the
proof of Theorem 3.2.4 by assuming that the set of positive resonances is finite and their
associated eigenvectors satisfy an appropriate assumption. Moreover, we obtain another
result (Theorem 3.4.1) in more general situation. Finally, in Section 3.5 we establish a
representation formula for the semigroup e~ as t — +o0o which allows us to prove
Theorem 3.2.5.
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Notation Let A’ and A" be two Banach spaces. We denote B(X', X’) the set of linear
bounded operators from X’ to A”. For simplicity, B(X) = B(X,X). Forall m,m’, s, s’ €
R, we denote by H™* the weighted Sobolev space on R?

H™ = {u € §'®R) : [[ullms = [{z)*(L = A)"2u] 2 < o0},

such that for m < 0, H™* is defined as the dual of H~"™~% with dual product identified
with the scalar product of L? (-,-). The index s is omitted for standard Sobolev spaces,
i.e. H™ denotes H™. In particular H° = L? with the associated norm || - ||o. Let
B(m,s,m',s") =B (Hmvs, Hm/’sl). For linear operator 7', we denote by Ran 7" the range
of T'. We also define the following subsets: R = [0, +o00[, R_ =] — 00,0], Cy = {z €
C, +S5(2) > 0} and Cy = {2 € C, £5(2) > 0}.

3.2 Assumptions and formulation of the main results

3.2.1 The operator

We consider the Schrodinger operator H = —A + V in R3, where A denotes the
Laplacian and V' is a complex-valued potential which will be assumed to satisfy the fol-

lowing decay condition
V(z)| < Cy(z)™", VreR3 (3.2.1)

where p > 2 throughout the paper and will depend on the results to obtain. Under the pre-
vious assumptions, H is a closed non-selfadjoint operator on L? with domain the standard
Sobolev space H?. Moreover, the condition (4.1.1) implies that the operator V' of multi-
plication by V (z) is relatively compact with respect to —A. It follows that the essential
spectrum of H, denoted by o.(H ), coincides with that of the non perturbed operator —A
(cf. [42, Theorem IV.5.35]), so o.(H) fills the positive real axis [0, +oo[. Namely, the
essential spectrum of H is defined as

o.(H):=C\ g.(H) with

0.(H) :={z € C,Ran(H — zId) is closed, dim Ker(H — zId) < oo or codim Ran(H —
zId) < oo} (see [42, Section IV. 5. 6]). Note that in view of the condition (4.1.1), the
operator i has no non-zero positive eigenvalues (cf. [40]). Hence, the spectrum of H,
denoted by o(H), is the disjoint union of o.(H ) and a countable set denoted by o,(H),
with

oi(H) :={2€ C\[0,+00[, 30 #u € D(H), Hu = zu} (3.2.2)

consisting of discrete eigenvalues with finite algebraic multiplicities. For z € o4(H), the
associated Riesz projection of H is defined by

1
I, — /| - wid)dw, (3.2.3)

2ir
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for € > 0 small enough.

It should be noted that in this work it is sufficient to assume the existence of some
constants p > 2 and C,, R > 0 such that the assumption (4.1.1) on the potential V" is
replaced by the following:

|V(z)] < Cy{x)™, 1z € R3with |z| > R,

Vis — A — compact.

Resolvent Denote Ry(z) = (—A—zId) ! for 2 € C\R, and R(z) = (H — zId)~" for
z € C\ o(H). In order to obtain the asymptotic expansion of R(z), we use the following
relation between the resolvents

R(z) = (Id+ Ry(2)V)*Ry(2), Vz ¢ o(H), (3.2.4)
and we need to recall some well-known facts about Ry (2).

For z € C\ R,, Ry(2) is a convolution operator from L? to itself with integral kernel

Ro(2)(w,y) = ——, SVz>0.

At|le —y|’
Here the branch of /2 is holomorphic in C\ R such that 11151+ VA £ie = £V, YA > 0.
e—

Moreover, the boundary values of the free resolvent on R are defined by the following
strong limits
RE(\) =5 — lim Ro(A % ic), for A > 0, (3.2.5)
€E—

which exist in the uniform operator topology of B(0, s,0, —s), for s,s" > 1/2 (see [3,
Theorem 4.1]). Furthermore, for / € Nand s,s" > ¢+ 1/2 (with s + &' > 2if £ = 0)

J4
Ro(2) = (26 + of|2I"7), (3.2.6)

in the norm sense of B(—1, s, 1, —s’), where G is an integral operator with integral kernel
Gi(z,y) = |z —y|?/4mj!, 7 =0,1,--- ¢, such that

Go € B(—1,s,1,—5"), s,8 >1/2, s+5 >2, (3.2.7)
G;eB(-1,s,1,—5"), s, >7+1/2, j=0,1,--- L. (3.2.8)

In particular
Go:=s— z—)O,lzlgé\R+ Ry(2) (3.2.9)
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

is formally inverse to —A. See [38, Section 2.]. In order to use analyticity arguments, we
will often work with the square root variable 7 = /z with Im /z > 0.

Let C\ R, > z = K(z) := Ro(2)V : L* — L? be an analytic operator valued
function. As mentioned before, we see that K (z) is a compact operator for all z € C\R,,
and that {/d + K (z),z € C\ R, } is a holomorphic family of Fredholm operators ([14],
Annexe C.2). By (3.2.5) and (3.2.9), if p > 2 (this condition is needed in (3.2.9)), then
{Id + K(z2),z € C\ R} can be continuously extended to a family of operators in
B(L*>~*) for 1/2 < s < p — 1/2 in the two closed half-planes C... Therefore, applying
analytic Fredholm theory with respect to z, it follows that (Id+ Ry(z)V) ™! is a meromor-
phic operator valued function in C \ R, with values in B(L*~*), whose poles are discrete
eigenvalues of H in C \ R, . Moreover, for A\ > 0, the limits

lim (7d + Ro(A + ie)V) ™t = (Id+ RE(\)V) ™,
exist in B(0, —s,0, —s), for 1/2 < s < p — 1/2, if and only if Id + R5(\)V is one
to one. In other terms, the above limits do not exist if there exists a non-trivial solution
Y € HY75, Vs > 1/2, to Ry(A +i0)V¢p = —1). Also, it can be easily proved that
¢ € HY7%, Vs > 1/2, is a non-trivial solution to Ry(A £ i0)Vy) = —) if and only if
1 is a solution, in the sense of distributions, to (—A + V)i = A\ satisfying one of the
radiation conditions (3.1.3). Similarly, by (3.2.9) we have that

ZE(C\I]%{I-EZ%O(]CZ + RO(Z)V)_l - (]d + GOV)_I’

exists in B(0, —s,0, —s), for 1/2 < s < p — 1/2 (we need here the condition p > 2), if
and only if Id + G,V is one to one. Moreover, we note that under the condition p > 1 in
(3.1.2), we can show that at high energy (A — +o00) the limits (/d+ Ry(A+:0)V) ! exist
and are uniformly bounded in B(L?~%), Vs > 1/2, using the known result || Ry(A+10)|| =
O(V/)) in the norm sense of B(0, s,0, —s'), Vs, s’ > 1/2 (see also Proposition 3.5.2).
Then it can be seen that zero and the positive resonances are the only points in the essen-
tial spectrum [0, +00| to which the complex eigenvalues of H may accumulate (see [61,
Theorem 1.3-1.4], also [62, Thorem 3.3-3.5]). In the following we shall use the notations
K*(\) :== Rf(\)V for A > 0 and K := G,V.

Definition 3.2.1. Let \g > 0. )\ is called an outgoing positive resonance of H if —1 €
(KT (\o)) and it is called an incoming positive resonance if —1 € o(K~(\g)). More-
over, zero is said to be a resonance of H if Kerj».—s(1d + Ky)/Keri2(1d + K,) # {0},
Vs > 1/2. Let o, (H) denotes the set of all outgoing positive resonances.

This work is mainly concerned with the singularities of the resolvent at zero and out-
going positive resonances. At threshold zero, the non-selfadjoint operator // may have
an embedded eigenvalue or/and a resonance if the decay condition (3.1.2) holds. For real
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potential V/, it is known that if 1) € H"*, Vs > 1/2, such that ¢ € Ker(Id + G¢V'), then

€ L?if and only if /R V)v(y)dy =0 (3.2.10)

(cf. [38, Lemma 3.3]). Moreover, in this case the resonance at zero is at most simple, i.e.
dim Kerp,—s H/Ker;2: H < 1, Vs > 1/2 (cf. [38, Theorem 3.6]). The argument used in
[38] still applies in our case, and we may show that the resonance zero is at most geomet-
rically simple (see Proposition 3.3.4). Furthermore, zero is an eigenvalue of / if and only
if —1 is an eigenvalue of the compact operator K, on L?>~* and the associated eigenfunc-
tions belong to the orthogonal space of 1 defined by {1 € L*~%; (v, V1) = 0}. If this
occurs, then their associated eigenspaces coincide. In particular, they have the same geo-
metric multiplicity, i.e. dim Ker;2(H) = dim Ker;2(Id + Ky). Let IT; : L>™* — L[>~
(resp., I3 : L>~* — L?7°) be the well defined Riesz projection associated with the
eigenvalue —1 of the compact operator K (resp., K ()\)) (see (3.2.3)). Notice that the
Riesz projection corresponding to the embedded eigenvalue O of A cannot be defined. We
denote m := rank I1; the algebraic multiplicity of —1 as eigenvalue of K.

Our study covers all the situations of zero energy. We will use the following terminol-
ogy introduced in [53]: If zero is a resonance and not an embedded eigenvalue of H zero
is said to be a singularity for H of the first kind. If zero is an embedded eigenvalue and
not a resonance of H zero is said to be a singularity for H of the second kind. Finally,
if zero is both an embedded eigenvalue and a resonance of [ zero is said to be a singu-
larity for H of the third kind. In the last two cases, we look at the eigenvalue —1 of K
of arbitrary geometric multiplicity & € N*. Since algebraic and geometric eigenspaces
need not be equal, generalized eigenvectors occur in Ran II;. We decompose Ran II; to
k invariant subspaces of K, Fy,--- , Ex. The subspaces F;, 1 < ¢ < k, are spanned by
Jordan chains of length m,, i.e

E; = Span{u!) = (Id + Ko)™ "uf), 1 <r < m;}

for some vectors u?) € Ker(Id + Ko)™ \ Ker(Id + Ko)™ !, such that dim Ker(Id +
Ko)|g, = 1. This decomposition yields the Jordan canonical form of the matrix I1; (/d +
Ky)II; given in (4.3.3). See Lemma 3.3.1.

3.2.2 Hypotheses

Our first two hypotheses are about zero energy:
Hypothesis (H1): If zero is a singularity for A of the second kind with geometric multi-
plicity & € N*, then one assumes that there exists a basis {¢1, - - - , ¢y} of Kerz2(/d+ K)
such that

det({¢;, Ji))1<ij<k # 0, (3.2.11)

where J : w — w is the complex conjugation.
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Hypothesis (H2): If zero is both an eigenvalue with geometric multiplicity £ € N* and a
resonance of H, then one assumes that:

1. There exists 1 < 43 < k + 1 such that

Ker(Id + Ko)|g,, = Kere—<(Id+ Ko)/Kerp2(Id + Ko) and
Ker(]d+ K0>|Ez C KCI‘LQ(]d—l- Ko), V1 S 7 S k + ]_,Z 7é io.

2. There exists a basis {¢1, -, ¢} of Kerp2(Id + Ky) verifying the condition
(3.2.11).

Before stating our hypothesis on positive resonances we define for A > 0 the symmet-
ric bilinear form By (+,-) on H™1* x H~"* by

By (u,w) = /RSXW eiﬁ‘x_wu(a:)‘/(x)w(y)V(y) dx dy. (3.2.12)

Hypothesis (H3): Let \y € 0,7 (H). One assumes that there exist Ny € N* and a basis
{1, ,¥n, } in L% of Ker (Id + KT ()\g)) such that

det (B (1, %1)) 1<y <y 7 0- (3.2.13)

In Section 3.3.3 (resp. Section 3.4) we find some numerical function d(z) such that
(Id+ K (z)) is invertible if and only if d(z) # 0 and if the hypothesis (H 1) (resp., (H3))
holds, then —1 is an eigenvalue of Ky on L? (resp. KT (\g) on L*>~*) with geometric
multiplicity % if and only if O (resp. Ag) is a zero of d(z) with multiplicity k. In [68]
(H1) was used in the case where —1 is a semi-simple eigenvalue of K, (i.e. geometric
and algebraic multiplicities are equal) to expand the function d(z) in power of z!/2 near
0. However, we use in the present work (H1) and (H3) to compute, in addition, exactly
the leading terms of resolvent expansions near 0 and positive resonances (see proofs of
Theorems 3.2.2 and 3.2.4). In particular, under conditions (3.2.13) and (4.1.1) for p >
N + 1 with N € N*, we can expand the function d(z) as follows

d(2) = Wiy (2 = 20)™ + w1 (2 = A) V0T 4+ + O(]2 = Ao[Y0TY) (3.2.14)

for z € Cy, |z — \g| < 6, with some wy, # 0, where N is given in (H3). Note that the
expansion (3.2.14) can hold under the analyticity condition on the potential V. See [68,
Remark 6.1 ].

In [72, Remark 5.4], we find an example of a resonance state ¢ associated with an

outgoing resonance \q for a perturbation of —A by a compactly supported complex-
valued potential V', where it can be checked that ¢/ satisfies

[ R (i) (2 (r) dady £ 0.
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However, in the general case it is not clear if the condition (3.2.13) can be satisfied. In
section 3.4 we will study the resolvent expansion near A\, with the more general condition
(3.2.14). See also [68, Example 5.5] for an example of a non-selfadjoint Schrodinger op-
erator having a geometrically simple eigenvalue at zero with an associated eigenfunction
satisfying the hypothesis (H1).

3.2.3 Main results

As first result, we establish asymptotic expansions for R(z) near zero and positive
resonances. For § > 0 small, we denote

Qs :={2z€ C\Ry: |z <} (3.2.15)

Theorem 3.2.1. Suppose that zero is a singularity for H of the first kind.
Assume p > 20 + 3, 0 € N. Let s > { + 3/2 and =z € Q5. Then the expansion of R(z) in
B(—1, s, 1, —s) has the following form:

¢
R(z) = 3 2?RW + RV(2), (3.2.16)

=1

where
RY L% — L5 us ilu, J§)o,

with ¢ is a resonance state normalized by
1
2\/m Jrs

Furthermore, the remainder term ééz) (2) is a C* operator-valued function of z from §s to
B(—1,s,1,—s) and for 0 < X\ < ¢ the limits

V(z)p(z)dx = 1. (3.2.17)

lim RV (A +i€) := R\V(A £ 0) (3.2.18)

e—0t
existin B(—1, s, 1, —s) and satisfy

d’ ~
||WREI)(A + Z'O)HB(—LS,L—S) = 0<|A‘§_r), \V/A E]O, 5[, T = 07 1, cee ,f. (3219)

If p> 2and s > 1/2, we can obtain R(z) = 2R 4 o(|z|713).

In Theorem 3.2.1, we have not used any implicit assumption on zero resonance. In
particular, we do not know if zero resonance is algebraically simple.

51



Chapitre 3 — Large time behavior of solutions to Schrodinger equation

Theorem 3.2.2. Suppose that zero is a singularity for H of the second kind and that (H1)
holds. Let k € N* be the geometric multiplicity of the eigenvalue zero. If p > 20 + 5,
¢ €N, then for s > {4+ 5/2 and z € Qs with 6 > 0 small, we have

R(z)= 3 2RV + R?(2), (3.2.20)
as operators in B(—1,s,1, —s). Here R(,Z% = — éz), R(,zf 1 L? — Ker(Id + Ky),

k
P =3, 2N 2P with (2,12 =

j=1

ijs V1 <d,5 <K,

where {Z{Q), e Z,?)} is a basis of Ker(1d+ K). Moreover, the remainder term }N%f)(z)
is a C* operator-valued function of z from Qs to B(—1,s,1,—s) and for 0 < \ < § the
limits Rf)()\ +0) (see (3.2.18)) exist in B(—1, s, 1, —s) and satisfy

d -
|75 B O£ )31, = 0([AZ77), VA €100, r=0,1, -, £ (32.21)

Ifp>4ands > 3/2we can obtain R(z) = z*R%) + 2~ 12R + o(|2|"/?) and if p > 3
and s > 1/2, R(z) = 2 'R®) + o(|2| 7).

Note that although there is no natural spectral projection associated with the embed-
ded eigenvalue 0 of H, our result shows that the leading term is still given by spectral

projection 7382).

Theorem 3.2.3. Suppose that zero is a singularity for H of the third kind and (H2)
holds. If p > 20 + 5,0 € N, then for s > { + 5/2 and =z € Qs, we have

V4
R(z)= Y 2RV + RY(2), (3.2.22)

j=—2
inB(—1,s,1,—s). Here R(_?’% = —Pég), Rg) =i(-, Jo)o + S(_31),
PP S L2 = Kerpa(Id + Ko),
P = i(-, JZNZE with (2, 728y = 6,5, v2 <i,j <k,
j=2

where {22(3), e Z,g?’)} is a basis of Kerp2(1d+ Ky) and ¢ is a resonance state satisfying

(3.2.17). In addition, the remainder term Ef’)(z) has the same properties as ]Ai}f)(z) in
Theorem 3.2.2.
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The following theorem gives the resolvent expansion near an isolated outgoing posi-
tive resonance )\ for z in a set {2} given by

Qf i={ze€Cy: |z—N| <} (3.2.23)

Theorem 3.2.4. Let \y € o, (H) be an isolated point of o7 (H). Suppose that (H3)
holds. Assume p > 2( + 3,{ € N. Then, for s > { + 3/2 and z € Qf, we have

y4
R(z) = Y (2= X)Rj(Xo) + Re(z — No), (3.2.24)

j=—1

inB(—1,s,1,—s), where

No
(Ao = Z , JYLN ) ypinh By, (0, 40y = 65,

1
i8Tv o

such that {1/}90), e (/\0 } is a basis of Ker(Id + R§ (\o)V), and B, is the bilinear
form defined in (3.2.]2). The remainder term Rg(z — o) is analytic in Qf and for X > 0
with |\ — \o| < 0 the limit

lim Re(\ — Ao + i€) = Ry(\ — Ao + i0)

e—0t

exists in the norm of B(—1, s, 1, —s) and satisfies

dT’
||dA Ri (A =X +i0)|[5—151—5) = 0(]A = Xo[""), r=0,1,--- . £.  (3.2.25)
R_4(\
If p>2and s > 1/2, we can obtain R(z) = . 1()\0) +o(]z — Xo|™h).
— Ao

See [73, Theorem 5] where a simple version of the hypothesis (H3) has been used to
calculate the resolvent expansion near a positive resonance for some dissipative Schrodinger
operator. Using the preceding results, we show that under the assumption p > 2, H has
at most a finite number of discrete eigenvalues located in the closed upper half-plane.
However, if zero is an eigenvalue of H we need the stronger assumption p > 3. See
Proposition 3.5.1.

We obtain asymptotic expansions in time of the strongly continuous Schrodinger
semigroup (e~H);5q, as t — o0, if zero is a resonance or an eigenvalue of H tak-
ing into account the presence of outgoing positive resonances. Our main result is the
following:

Theorem 3.2.5. Let 0,7 (H) = {\1, - , An} for some N € N*. Assume that (H3) holds.
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

(a) Suppose that zero is a singularity for H of the first kind. If p > 5 then for s > 5/2
we have

, P 1,
e~ tH _ Z e—thHZj + 5 Z e—lw‘jR_l()\j) = (3.2.26)

j=1 j=1
(im) 2, @Yot +o(t7V?),  t— oo,

inB(0,s,0,—s), where ¢ (resp. P(\;)) is given by Theorem 3.2.1 (resp. Theorem
3.2.4).

(b) Assume p > 7. Suppose that zero is a singularity for H of the second kind and
that (H1) holds. Then, for s > 7/2 the expansion at the right hand side of (3.2.26)
has to be replaced by

Py —i(im) 2RO — (4im) VPR 4 ot72), (3.2.27)

where 73(()2) and R?) for s = —1, 1 are given by Theorem 3.2.2.
If p > 5and s > 5/2, then (3.2.26) holds with the right hand side replaced by

P —i(im) 2R + o(t7V).

(¢) Suppose that zero is a singularity for H of the third kind and that (H2) holds. If
p > T, then for s > T7/2, (3.2.26) holds with the expansion at the right hand side
replaced by

P+ (m)—l/2(<-, J)p — isf?)t—é — (4im) V2R 4 o(t73/?),

where Pé3), S(_31) and R§3) are given by Theorem 3.2.3.

In the above expansions 11, denote the Riesz projections associated with the discrete

eigenvalues z; located in the closed upper half-plane.
The above expansions are deduced by representing e~ as a sum of some residue

terms and a Dunford integral of R(z) on some curve I'V(n) given in Figure 1. in Section
3.5.

Remarque 3.2.1. 1. With regard to the case zero is a regular point for H, i.e it is not an
eigenvalue nor a resonance of H, we can obtain the same result as [38, Theorem 6.1] for
H=—A+V withreal V. If p > 3 and s > 3/2, then for z € Qs with 6 > 0 small, we
have

R(z) = R\ + 2'2RY 4 o(|2|"/?), (3.2.28)

inB(—1,s,1,—s), where

RY = (Id+ GoV) ™,
R =i(Id+ GoV) 'G1(I = V(Id + GoV) ' Gy).
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Here, Gy, Gy are given in (3.2.6) and () is defined in (3.2.15). The proof of [38, The-
orem 6.1] can be done here because it is based on the expansion of (I + Ry(2)V)™!in
a Neumann series which works also for non-real V. However, in presence of positive
resonances of H a stronger assumption on p is needed to obtain the expansion in time of
e~ "H with remainder o(t=3/%) even if zero is a regular point for H. We obtain the follow-
ing result:

Suppose that zero is a regular point for H. Let ot (H) = {\1,- - , Ay} for some N € N*

and let us assume that (H3) holds. If p > 7 and s > 7/2, then we have

P N . .
e N eI 4 3T e NR (M) = —(4im) T V2ROEE 4 o(t78?), ¢ — oo,
=1 i=1

inB(0, 5,0, —s). (See (3.2.26)).

2. In the present work we don’t use any assumption on the imaginary part of the
potential. We must note that in the case of a dissipative potential, 0 is a regular point
of H under the condition (1.2) with p > 2 (see [68, Theorem 3.1]). Moreover, outgoing
positive resonances are absent and incoming resonances which may exist do not affect
the time-behavior of solutions (see [72, Remark 5.4]). Accordingly, results of Theorem
2.6 for potentials having a negative imaginary part may be different. More precisely,
%Z;V:l e " R_1()\;) has to be disappeared and if p > 3, then e=""" has a decay-rate
t73/2, as t — +o0, inB(0,s,0,—s) for s > 5/2 (cf. [72]).

3.3 Resolvent expansions at low energies

Consider Hy = —A and the perturbed non-selfadjoint operator H = —A + V. In the
following, we always assume that V' satisfies (4.1.1), where a stronger assumption on p is
needed for a high-order asymptotic expansion in z'/2 of the resolvent. In this section we
will use some tools developed in [68, Section 5.4].

Riesz projection Set £/ = Ran [I;, where II; is the Riesz projection associated with the
eigenvalue —1 of Ky on L% for 1/2 < s < p — 1/2 (see Section 3.2.1).

Let J : f — f be the operation of complex conjugation. Then we have V* = JV J,
H* = JH J and the following relations

JVK, = K;JV.JonL**and (3.3.1)
(Id+ GoV)JGy = JGo(Id+ (GoV)*) on L**. (3.3.2)

It follows that
JVII, =I5 JV on L*~.
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It can also be shown that JV : Ker(Id + K,) — Ker(/d + K{) is bijective. Indeed,
clearly JV (Ker(Id + Ky)) C Ker(/d + K{). In addition for v € Ker(Id + K{), i.e
v = —=JVJGyv, taking u = —JGyv, we have by (3.3.2) that u € Ker(/d + Kj) and
v = JVu. This shows that JV : Ker(Id + Ky) — Ker(Id + K{) is surjective. Further-
more, if u € Ker(/d + Kj) such that JVu = 0, then u = —GyVu = 0. This yields that
JV is injective on Ker(Id + Kj).

On the other hand, since /d + K| is nulpotent on Ran I1; and dim Ker(/d + K;) = k,
there exist elements 1, @9, - - - , ;. € Ran II; and non-negative integers mq, mo, - -+ , my
such that

b= U {p” = (Id+ Ko)™ " (1), 1 < r < mj}
is a basis of RanlIl; and (Id + Ky)™(p;) = 0 forall 1 < j < k. In particular,
{%051), s ,gpgk)} is a basis of Ker(Id + Kj).

By injectivity of JV on Ker(Id + Ky) it follows that {JV (", -+ | JV (¥} is free.
Then using this fact we can chech that JV(b) is free. Since rank II; = rank ITj, we
deduce that JV'(b) is a basis of Ran II; and JV : Ran II; — Ran II} is bijective. Using

the bijectivity of JV/, the same argument used in [68, Lemma 5.13] shows that the bilinear
form O(-, -) defined on E by

O(u,v) = /5 V(z)u(z)v(z)de = (u,v*) (3.3.3)
R
is non-degenerate on £/ x E, where we denoted
u = JVu. (3.3.4)

Using the above non-degenerate bilinear form, we obtain the following decomposition
lemma:

Lemme 3.3.1. Assume that —1 is an eigenvalue of K of geometric multiplicity k > 1
and algebraic multiplicity m. Then there exist k invariant subspaces of K, denoted by
Ey, -+, By such that

1. E=FE @ - ® Ey, whereVi # j: E; Lo Ej;.

2. V1 < i <k, there exists a basis U; := {uy), -+, ul) } of E; such that
u = (Id + Ko)™"ul) vl <r < my, (3.3.5)
ug,fb)z Ker(Id+ Kgy)™ and@(ul : m)—c # 0.
3. V1 < j <k, there exists a basis W; := {ng), s wY) } of E; such that
wY) € Ker(Id + Ko)™ ™" and @(ugi), w9 = 6,64, (3.3.6)
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4. dlmKer([d—l—KoﬂEj =1, VJ: 17 7]{;.

Moreover, the matrix of 1, (Id + Ko)I1, in the basis U := Us_, U; of E is a m x m block
diagonal matrix of the following form

Im = diag(‘]mnt]mza"' 7Jmk)> (3.3.7)
where
01 0 0
0 0 1
Jm; = [0 0 0
oot 1
oo .- 00
is a Jordan block. We have also denoted m; = dim FE; for j = 1,--- k, such that

m=mi+ -+ Mg
The following statement is an immediate consequence of the previous lemma.

Corollaire 3.3.2. The Riesz projection 11, has the following representation:

k mj

=33 ( (w?))u?.

j=1r=1

See [68, Corollary 5.16] for the proof of the corollary in the case £ = 1. We now
prove Lemma 3.3.1.

Proof. We proceed by induction on k£ = dim Ker(/d + Kj). Initially, for k& = 1, we refer
to [68, Section 5.4] for the case of geometrically simple eigenvalue —1 of K. For k = 2,
we shall show the parts (1) and (2) as follows. First, note that K is ©-symmetric which
implies that, if I is a stable subspace of Id + K its ©-orthogonal ' is stable and if in
addition O |« r is non degenerate then £ = F & F1° and ©|14, p1e is non degenerate.
Second, if E(u,) = Span{uy = (Id + Ko)* *u,,1 < k < u}, with u,, € Ker(Id+ Ky)"
and O(u,,u1) = ¢ # 0, then w, ¢Ker(Id + Ko)* ', {ur,---,u,} is a basis of E(u,),
O B(u,)x B(u,) is non degenerate, £ = E(u,) © E(u,)"® and O]y, )16 p(u,) o is NON
degenerate. In addition, {us,--- ,u,} has ©-dual basis {w, -+ ,w,} with w, = ¢ 1y
which can be constructed as in [68, Lemma 5.15] since O)| E(uy)xE(u,) 18 NON degenerate.
Therefore it suffices to find one u,,, such that the second statement holds and to find in
addition one u,,, such that E(u,,,)*® = E(un,).
(1) Let my, 1 < my < m, be the smallest integer such that £ =Ker(/d + Ky)™.
If my = 1, E =Ker(Id + K,). By non degeneracy of ©, we can easily find
u1,v; € E such that ©(uy,uy) # 0,0(v1,v1) # 0 and O(uy,v;) = 0. This
solves the problem for m; = 1. If m; > 1, set Q = (Id + K)™ ! which is
©-symmetric. The bilinear form B(u,v) = O(Qu, v) is symmetric on £ and not
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identically zero. Otherwise ©(w,v) = O forall v € F and w € Ran () and because
O is non degenerate it follows that £ = (Ran Q)¢ = Ker @ ( it can be seen that
Ker Q C (Ran (Q)'® and the equality comes from the non degeneracy of ©). This
contradicts the definition of y. By polarization identity a symmetric bilinear form
B on E is the null bilinear form if and only if B(u,u) = 0 for all w € E. Hence
there exists u,,, € F such that O((Id + Ko)"™ My, U, ) # 0.

(ii) Consider the restrictions of (Id + Ko) and © to E(uy,, ). Let my = m — m.
Since dim Ker((/d + Ko)|g(y,,,)+e) = 1, then my is the smallest integer such that
E(up,)"® = Ker((Id + Ko)|p(,,,)+e)™, so following (i) one finds u,p,.

Assume now that (1) and (2) are true for k = ¢ — 1, ¢ € N, ¢ > 2. For k = /,

E = E(tum,) ® E(um, ) with dim Ker(Id + Ko)|puy, )re =€ —1by (i). Applying the
inductive hypothesis on E(u,,,)© we prove (1) and (2) for k = ¢ € N*,

Finally, for the statement about the basis }V once the basis U/ = Ule U, is constructed,
W;, 7 =1,---,k, are given by [68, Lemma 5.15]. We have established (1)-(3) and (4)
follows directly. [

Remarque 3.3.3. By construction of Ej in the previous lemma, we have
O uld))=c; #0,v1 < j <k,

and ©|g, x g, is non degenerate. Then, applying Lemma 5.15 in [68] to construct the basis
{w? ... ,w,(jg} of {ul ... ,u%i} we take wij) = c}lugj), Vi<j<k

In order to establish the asymptotic expansion of the resolvent R(z), we use the re-
solvent equation given in (3.2.4). We must establish the asymptotic expansion of (I +
Ro(2)V)~1. Our approach is to use the so called Grushin’s method. To avoid repetition we
will introduce a Grushin problem in the more general case when dim Kerzz,—s(Id+ Ky) =
k, k € N*. Set M(z) = Id + K(z). Given the decomposition of £ in Lemma 3.3.1, we
can identify ; with C™ and C™ with C"™ @- - -®C™* to construct the following Grushin
problem.

3.3.1 Grushin problem for the inverse of (I + Ry(z)V)

We consider

P(2) = (MT(,Z) ‘3) (3.3.8)
k ko g ) kMmoo
S : @1ij — Ranlly; (= & (Cl(]),--- , ,(7{])) = SC = ZZQU)%(”,
= =

j=1li=1
k k ; .

T:Ranl s & C™; v To = & (0, (@i)7), (v, (wl))).

]: ]:
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3.3. Resolvent expansions at low energies

The operators S and 7" verify T'S = I,,, and ST" = 11; (see Corollary 3.3.2), where S and
T are chosen so that the problem P(z) is invertible. Since /d+ K|, is injective on Ran I},
where I} = Id — I, by the alternative Fredholm theorem IT} (Id 4 K;)II; is invertible
on RanII). Then, using an argument of perturbation for 6 > 0 small enough IT} M (2)II}
is also invertible on Ran I1} for all z in €25, with inverse

E(z) = (I M(2)IT) .

In view of (3.2.6), for p > 20+ 1,(+1/2 < s < p—0—1/2,0 =1,2--- and z € Q5,0 > 0
small, the expansion of F(z) in B(1, —s, 1, —s) can be written as follows:

4

E(z) =Y 22E; + Ey(z), (3.3.9)
=0
where Ey = (II}(Id + K)II})"'T,, B, = iEyG1VII,Ey and other terms E;, j =
2,--- ,{ can be computed directly. By the same argument used in [38, Remark 6.7], we
can show that the remainder term F,(z) satisfies
dr L,
| Be(2) e -+ = o(|z[277), V2 € Qs 1 =0,1,-- , L. (3.3.10)
In addition, for 0 < A\ < 4, it follows from (3.2.5) that the limits
li_r%Eg()\iz'e) = Ey(\ +40) (3.3.11)

exist as operators in B(—1, s, 1, —s). By taking ¢ — 07 in (3.3.10) with z = \ & ie we
show that the above limits satisfy

dr

| A"

Then the Grushin problem is invertible with inverse

(403" (E) £ we e o

Ei(A +1i0) || s = o(|A[277), VO <A<, 7 =0,1,--- 6. (33.12)

where
Ei(z)=85—E(z)M(2)S
E (2)=T —-TM(2)E(z)
E_ (2)=—-TM((2)S+TM(2)E(z)M(z)S (3.3.14)
Therefore, M(z) is invertible if and only if E_ (z) is invertible, with
M) ' =E(z) - E (2)E_(2)"'E_(z) on H"* (3.3.15)

In what follows we discuss in details all the kinds of zero singularity defined at Section
3.2.1. It should be noted that the characterization (3.2.10) of resonant states is still valid
in the case of a non-real potential. Moreover, we can mimic the proof of Lemma 3.3 in
[38] to obtain
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

Proposition 3.3.4. Let ¢y € HY~% Vs > 1/2, such that 1) € Ker(Id + K,). Then ¢ € L?
if and only if

L, V@) dy =o.

As consequence of the above proposition, we have

dim(KerHl,s(]d + Ky)/Kerr2(Id + KO)) <1.

3.3.2 Zero singularity of the first kind

In this section, zero will be only a resonance and not an eigenvalue of H in which case
—1 is a geometrically simple eigenvalue of the compact operator K, on L* 7%, Vs > 1/2.
The same construction made in Lemma 3.3.1 for a single subspace £; can be done for
E = RanlTl; at the present case. By this lemma we find U := {uy, -+ ,u,} C L>*a
basis of E such that O(uy,uy,) = ¢ # 0and W = {wy, - ,w,,} its ©-dual basis. In
particular, u; € Kerye.-s(Id + Kj) is a resonance state.

Let 6 > 0 small, we denote
Qs ={z€ C\ Ry, |z| <} (3.3.16)

To calculate the singularity of (I + K (z))~' due to zero resonance, we must estab-
lish an asymptotic expansion of E_, (z)~! by using the above Grushin problem with
dim Ker;» _(Id+ Ko) =k = 1.

First, let p > ¢+ 1 with ¢ € N*. For z € Qg, > 0, introducing the expansions in z'/2
of Ry(z) and E(z) at order ¢ given in (3.2.6) and (3.3.9) respectively, we obtain

J4
E_(2)=N+VzA+ Y ZPE_ ;+ E_i (), (3.3.17)

j=2

where by Lemma 3.3.1 we observe that N = —.J,,, and using w,,, = ¢! u; we have

A= —i((Gﬂ/ur, va>) ,

1<l,r<m

B = ({(GaV = GV EGV )y, V)

1<lr<m

In particular, the (m, 1)-th entry of the matrix A is non zero and is given by

am1 = (ic) NG Vuy, JVuy) = (idme) Huy, JV1)2 (3.3.18)
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3.3. Resolvent expansions at low energies

Moreover, the remainder E_Jﬁg(z) is a C* matrix-valued function of z in §2; satisfying

I B s = oll=lE7), =01, 2
for z € (5. In addition, for 0 < A < ¢ the limits
lim, E_. (A+ie)=E_, (A +i0) (3.3.19)
exist and satisfy
||$E_+,g(x +£i0)|| = o(A\|Z7"), 7 =0,1,--- L. (3.3.20)
Also, E_4 j,j = 3,--- ,{ can be obtained explicitly but they become even more com-

plicated. The condition p > ¢ + 1 is necessary to obtain the expansion of F_, (z)
up to order z“/2. Let us check this for some terms appearing in the computation of
E_. . We must obtain the terms (G,Vu,, JVw;) and (G,V Ey(Id + GoV)u,, JVw,).
Consider G,Vu,. We have u, € HY 37 0 < ¢ < 1/2, so Vu, € H-1»~3—¢ and
G/\Vu, € H—‘~3~¢ because p—1/2 > 0+ 1/2, where G is given in (3.2.8)). Thus
(G¢Vu,, JVw;) makes sense since Vw, € H-1r—3—¢ ¢ H-L+3+¢. Consider now
GV Ey(Id + GoV)u,. (Id + GoV)u, € H-"27¢, s0 Eo(Id + GoV)u, € HL =3¢ (see
(3.3.9)). Then VEy(Id + GoV)u, € H-1r=37¢ To apply G, we must have p — 1/2 >
¢+ 1/2, and it maps to H—4=3—¢, Thus, (G/V Eo(1d+ GoV)u,, JVw;) makes sense for
the same argument as before. For the properties of the remainder term E,H}(z), see the
argument used for E,(z) in (3.3.9).

Sete_, 1(2) = N ++/2A. Thenforp >2andz € Q5,0 >0, E_(2) = e_y 1(2) +
o(|z|'/?). This yields to
det E_,(2) =det e_; 1(2) + 0o(v/2) = VZ am1 + o(|2]"/?) (3.3.21)
where a,,; is the non-zero constant given in (3.3.18).

Proof of Theorem 3.2.1. Tt follows from the previous paragraph that £_ ;(z) is invertible
for z € Q5,0 > 0 small, and we can easily check that

1 tfCome_; 1(z)

e—+a(2) det e_; 1(2)
1 ~ ~ _
-~ FO+FEY 48, 1(2), (3.3.22)
where
Am2 Am3 - Amm _Zm:ZCij-Fl
0 --- 0 1 !
Am1 0 0 ail
_ 1 |0 - 00 - 1
Y . - . RP=—10
(0751 : am1
0 0 0 0
mm 0 0 o Gm Am—11
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

and é_, ;(z) is analytic in z € {25 and continuous at z = 0 .
Then, forp > ¢+ 1,/ € Nwith £ > 2 and z € Q5,5 > 0 small, E_ (2)~! exists, with

B = (1 e (S92 4 Bora())] o)

j=2

1
%F +Z APE® L F oy s(2) (3.3.23)
7=0

where ]591) is the above matrix, Fj@) ,jJ = 1,---,¢ — 2 can be computed explicitly.

Moreover, for 0 < A < ¢ the limits of the remainder term F’,Jﬁg,g()\ + 40) exist and
satisfy

d"

Hd)\ FoyraA£i0)| = o(A2717), A€]0,6[, r=0,1,---,6—2.  (3.3.24)

Next, using the formula (3.3.15) we can verify thatif { — 1/2 < s < p—{ + 1/2,
¢ e Nwith ¢ > 2

(Id + Ro(z Z 2P2BY + BP,(2), (3.3.25)

j=—1

in B(1, —s, 1, —s) where

B% = —sFYT = —

<', JVU1>U1

C Q1

and the remainder EX)Q(Z) is a C*-function from Qs to B(1, —s, 1, —s) such that for 0 <
A < 6 the limits B§3’2(,\ +40) exist and satisfy

|| Bg LA+i0) |51 s1,—s) = o([AZ7), A €)0,8], r=0,1,---,0—2. (3.3.26)
In particular, if p > 2, then for 1/2 < s < p — 1/2 and z € )5 we can obtain
(Id + Ro(2)V) ™1 = 272BP) 4 o(|2|71/?), (3.3.27)
inB(1, —s,1, —s).

To make the above computation we introduce (3.3.23) in (3.3.15) together with the ex-
pansion (3.3.9) of E(z) up to order /—1. We obtain the expansionof E (2)E_, (2) ' E_(z)

up to order ¢ — 2 with remainder 0(|zl%) which requires the assumption / — 1/2 < s <
p — ¢ + 1/2. In addition, estimates (3.3.26) can be checked from (3.3.12) and (3.3.24).
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3.3. Resolvent expansions at low energies

Consequently, for p > 2¢ + 3 and s > ¢ + 3/2, ¢ € N, using the equation (3.2.4),
(3.2.6) and (3.3.25), the expansion of R(z) in B(—1, s, 1, —s), can be written as follows:
E . ~
R(z) = Y 27?R¥ + RP(2),

j=—1

where

2
R® = -

<', JG()VUl)ul

C Q1

1
= Can <', JU1>U1
, 4dr
- Zm<', JU1>U1.

Finally, let

2w
<U1, JV1>

Uy.

Then ¢ is a resonance state of H satisfying (3.2.17) and R(_Q% = i(-, Jo)¢. Moreover, the
estimate (3.2.19) follows from (3.3.26). L]

3.3.3 Zero singularity of the second kind

In this case we assume that —1 is an eigenvalue of the operator Ky on L>7° 1/2 <
s < p — 1/2, with geometric multiplicity & > 1. Indeed the case k = 1 could be treated
using the similar method used in [68] to study the situation of geometrically simple zero
eigenvalue for a compactly supported perturbation of the non-selfadjoint Schrodinger op-
erator Hy = —A + Vj(x) with a slowly decreasing potential V. In the latter case, the
matrix of I1;(Id + Ky)II; on RanIl; consists of one Jordan block. Therefore, the usual
tools can be used to compute the singularity of the resolvent at threshold zero. This work
is concerned with the more interesting case k£ > 2. Assume from now that k& > 2. Let
U= Ué?:l{ugj), oL ud)} and W= Ule{ng), -+ ,w{)} be the basis constructed in

Lemma 3.3.1. In particular {ugl), e ,ugk)} is a basis of Kery2(/d + Kj).

In order to prove Theorem 3.2.2, we use the Grushin method introduced in Section
3.3.1 for arbitrary Jordan structure. We begin by computing the asymptotic expansion of
the matrix E_,(z). To study this matrix we need to decompose it conformally with the
block decomposition of the matrix .J,, in (4.3.3). More precisely, using formula (3.3.14)
and basis U; and W;, we have



Chapitre 3 — Large time behavior of solutions to Schrodinger equation

where E'")(z) denotes the m; x m; block entry of £_(z) located in the same row as
Jm, and in the same column as J,, .

Thus, if p > ¢+ 1, ¢ € N with ¢ > 3, using (3.2.6), (3.3.9) and (3.3.14) we obtain the
following expansion of E_ (z) for z € Qs, § > 0 small:

¢
E_y(z)=e_12(2)+ > APE i+ By (2), (3.3.28)
=3

where 6@2,2(2) = N@) 4 21/2 AW 4 » B suchthatforall1 <[ < m;and1 < r < m;
we have

NP = —((Id + GoV)u, JVw)y,

Al(f,j) = —i(G VU, Jle(i)),

B = ((GoV — GV E,GLV)uld Jvau™), (3.3.29)

also E(_li)n, n = 3,---,¥, can be computed explicitly. Moreover, the remainder term
E_ 4(z) is a C* matrix-valued function of z in 25 and for 0 < A < ¢ the limits

lim E_, s(\ £ i€) = E_, o(\ £ i0) (3.3.30)
e—0t

exist and satisfy
dr
-
We can further simplify the previous expression of the matrix £_ 5(z) as follows: V1 <
j < k,ul) €ker(Id+K,) implies that N7 = 0,V1 < I < m,, while forall 2 < r < m;,
Nl(:j) = —(uf,j_)l,Jle(i)> = —0;,—10;5 by (3.3.6). Moreover, since w,(fl) = ciugi) e L?
for some ¢; # 0 (see Remark 3.3.3) then leu@ =0= G1Vw7(7?i, vVl <u1,5 <k, by
(3.2.10). This implies that AfY) =0 = AW) V1 <1 <m;,1<r <m,.

E_yA£i0)| =o(A|Z "), r=0,1,--- L. (3.3.31)

Summing up, we obtain e_ »(z) = N + 212 A+ 2 B, with

0 —d; -~ 0
N [0 0 , (3.3.32)
: : T —5ij
0 0
m]'ij
0
- 0 ACid) 3 B (i)
A(’L]) = ’ B(l]) — BW ’ vl < Z’j < k‘,
00 0/ rism, Bij  * */ maxmg

(3.3.33)
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3.3. Resolvent expansions at low energies

where by (3.3.41) and using the expansion Ry(z) = Go + i/zG1 — 2 G2 + o(]z]) in
B(—1,s,1,—s") with s, s’ > 5/2, we have

1 . |
By = lim  =((Id+ GV +ivzG\V — Id — Ro(2)V)u{), JVw®)

2€Qs,2—0 2

1 , 4 . ,
== Jim K+ GoVyud V) + 2(GoVuy”, T Ro()Vuf)

2€Qs,2—0 2 @
= ;' uly, V1<, <k (3.3.34)
Here we have used the resolvent equation Ry(z) = Gy + 2Ry (2)G) in addition to the fact

that (Id + GOV)ugj) = 0 and G1Vu§j) = 0 since u(lj) e L2

Unfortunately, we have found in (3.3.28) a block matrix £_(z) of arbitrary block
structure, where the usual methods of algebra are no longer practical to calculate its de-
terminant and to explicitly develop its inverse matrix. To treat this matrix, we propose a
method based on that of Lidskii developed in his original paper [44], and used latter in
[47] for the problem of eigenvalues of matrices with arbitrary Jordan structure.

Remarque 3.3.5. Set

o, = (8) and Ly — <<u§j>, Ju@)) , (3.3.35)

1<i,j<k 1<i,j<k

where (3;; are the coefficients in (3.3.33). Then, it is seen from (3.3.34) and Remark 3.3.3
that
®p = —Cy Ly, with Cy, = diag(c;*, -+, c;t). (3.3.36)

Lemme 3.3.6. Assume that zero is a singularity of the second kind of H and that (H1)
holds. If p > 3, we have

det E_,(2) = 02" 4+ O(|2|"), Vz € Q;,

for some 0 < ¢ < 1/2, where 0 = o' X det((ugj),Jugi)»lg,jgk with o' € C* and
k = dim Ker(Id + Ky).

Proof. We begin by writing the expansion of the matrix £ (z) in (3.3.28) as follows:
E_(n) = e_ya(n) + O(In]*"*), (33.37)

for some 0 < € < 1/2. Let Z(n) = dete_; »(n). Then, we reduce the computation to
that of Z(n) close to n = 0. To do it we introduce the following diagonal matrix L(n)
partitioned conformally with the block structure of the matrix £_, (n):

L(n) = diag(L1(n), -+, Lx(n)), Li(n) = diag(1,--- ,1,n7%), 1 <i <k, (3.338)
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

forn € {z € Cy : |z| < d}. We now define

¢ 1a(n) =L(ne_to(n)  and  Z(n) = dete_ 5(n). (33.39)

Then, by regularity of the matrix L(n) for  # 0, we see that Z(n) = 0 if and only if

Z(n) = 0. Also, we can show that Z(n) is polynomial in 7. Indeed, in view of (3.3.32),
(3.3.33) and (4.3.19) it is easy to check that

e—2(n) = Ln)(N +nA+n’ B) = N + A(n) + B(). (3.3.40)
where A(n) = nA and B(n) is defined as follows
. 2 B(ij)
B () = B . V1<, j<k (3.3.41)
B’LJ * m; Xm

This shows that there are no negative powers of 7 in é_ »(n). In particular, at = 0 we
have

0 —6; 0 --—- 0

e L0 =| ¢ S V1 <i,j <k (3.3.42)
0 0 —(Sij
Bij * cee ok *

mg; Xm

Let us then calculate Z (0) which is the determinant of the above matrix. By expanding
the determinant along the rows of é_, 5(0) that are containing only —1, we obtain the
following:

Z(0) = det (ﬁij)lgi,jgk , (3.3.43)

(see proof of Theorem 2.1 in [47] for a specific example with 12 x 12 matrix that illustrates
the strategy). Hence, there exist €,7 > 0 small such that forn € {z € C, : |z| < ¢}

Z(n) = Z(0) + O(|n|**) = det®; + O(|n|*) (3.3.44)

where ®;, = (8;j)1<ij<k- Then, it follows from (3.3.39) and (3.3.44) with det L(n) =
—2k
n~ " that N
Z(n) = (detL(n)) "' Z(n) = n**det®y + O(|n|**+). (3.3.45)

Finally, (3.3.37) with the previous equation implies that forn € {n € C,, |n| < 0}
detE_; () = n**det®y, + O(|n[**+9)),

where det(®;,) = o x det((u], Jul))i<i j<x with some o’ # 0 by Remark 3.3.5. H
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3.3. Resolvent expansions at low energies

Now, we are able to prove Theorem 3.2.2.

Proof of Theorem 3.2.2. Firstly, it follows from Lemma 3.3.6 that £ (2)~! exists under
the hypothesis (H1). Then, we will show that for p > ¢ + 1, ¢/ € N with ¢ > 4, and
z € Qs, § > 0 small, the expansion of E_, (2)~! has the following form :

-4

E ()7t =3 2PFP 1 F oy u(2), (3.3.46)

=2

where Fg) 1s a matrix of rank k, whose blocks are of the form

0 - 0
FOVG) — 1 V1<i,j<k 33.47
( —2) deték : : Y —27j— Y ( )
0 -~ 0 0

mi Xm;

for some ~;; that will be determined during this proof and the matrix 2 = —F%E_ ;F%)
has rank at most k. Moreover, for 0 < A < 4, the limits

lim, Foyoa(N+ie) = F | 4(\£10) (3.3.48)
€—
exist and satisfy
d” ~ . L_o_p o
| Frema(A £ i0)] = 0 (INE27), r=0,1,--+ 0 -4, (3.3.49)

In order to prove (3.3.46) we consider the same notations that we have just used in the
previous proof. For &7 > 0 and || < ¢ with 6 > 0 small, E__ 5(n) can be developed in
powers of 7 as follows:

e_12(n) =e_42(0) +nA+n°Bi +o(In]?), (3.3.50)

where B; = B — B(0) and the matrices A, B and B(0) are given in (3.3.33) and (3.3.41).
In addition, é_, 5(0) " exists by (3.3.43) under the hypothesis (H1) with

1 _ 'Come_ 5(0)

_ (2 (2)
=F 3.3.51
det CI)k -2 * 8 ’ ( )

e a(0)

where F 92) is the above matrix and £ is a block matrix, with block entries of the form

* * e * 0
a’ 0 - 0 0
E@N@) — V1<i,5<k 3.3.52
() = 5| 0 | | <ij<k (3352
6 o 0 alw)
ng mi Xm;
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

where @) € C are minors of order m — 1 of the matrix €_, 5(0). In particular &%) = 0
if © # j. Here, we have applied the same process used in the previous proof to calculate
the minors of order m — 1 of the matrix é_ 5(0). For the rest of this proof we need to give
more precision on the coefficients 7;; of the above matrix F%. Let (M| :=det [M]]
denote the minors of a matrix M, where [M ]{ are the resulting matrices when the i-th row
and the j-th column of M are deleted. Then

i—1 J
G = (D s Oy = 14 S+ Yme (3359
=1 r=1
for 1 < 4,5 < k. Then, forn € {n € Ci;|n| < ¢} with § small enough é_, »(n)
in (3.3.50) is invertible, as well as e_, 5(n) with e_y 5(n)™! = €_, 2(n) "' L(n). More
precisely, Vi € C, |n| < 4, using (3.3.39) we obtain

e_ra(n) = [e_i2(0)7 = nEHAED — 5(2)315—#2(0)71 + 0(‘77‘2)}[1(77)

ac)

= =2 L FP o). (3.3.54)

Here FO(Q) —£&@ _¢ (2)81 F(22), where we can check that

nEAED L ()
n

Let £ = E_(n) —e_y2(n). Forn € {n € C4, |n| < J}, we see that

le_ya(n) T E_(n)] O(|n|). Consequently, we deduce from (3.3.28) and (3.3.54)
that £_ ()" exists for 31 > 0 and |n| < §, § > 0 small enough, with

nEDAE® and ? €@ Bie_, 5(0) ' L(n) = EPD B FY 42 €@ B £,
|

., F® r%p  ,r% -1 _
B (g t="7F =202 g F£22)E—+74F£22) +> U]Fj(z) + F_yo—a(n),
j=1

Uk n
(3.3.55)

where the estimates (3.3.49) follow from (3.3.31). See the proof of (3.3.30) for (3.3.48).

To complete the proof of (3.3.46) it remains to prove that F’ 92) has rank k. We shall
show that
Fk = (Vij)lgi,jgk = (det (I)k)q)lzl (3356)

Indeed, by (3.3.53) we can check that
e [ I S R
(=1 (=1)m [ @i it i=j

Vij = (3.3.57)
(=) [[x]5] if i=j+1,

(_]_)Hij(_]_)mj+1*1+---+m¢71*1|[(I)k]§| if i>5+1,
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3.3. Resolvent expansions at low energies

where |[®;]}] is the (j,4)-th minor of the invertible matrix ®;, defined in (3.3.35). Substi-
tuting the values of p;; given in (3.3.53) yields

i = (1) [@aj],
which is the (7, 7)-th cofactor of the matrix &, forall 1 <i,j < k.
Secondly, if £ — 3/2 < s < p— { + 3/2, we obtain the expansion of (I + Ro(n*)V)~!

up to order ¢ — 4 with remainder o(|n|*~*) in B(L?~*) by using the formula (3.3.15), the
expansion (3.3.9) up to order ¢ — 2 and the expansion of £~} (n) in (3.3.55).

In particular, if p > 3, then for 1/2 < s < p — 1/2 and z € Qs we have in
B(1, —s, 1, —s) the expansion

SFAT

(Id+ Ro(2)V) ™' = — +o(|z]™). (3.3.58)

Finally, assume p > 2¢ + 5 and let s > ¢ + 5/2. Using the identity R(z) = (/d +
Ro(2)V)"'Ry(2), the expansion in B(—1,s,1, —s) of the resolvent has the following

form:
¢

R(z) =Y #”R® + RP(2), (3.3.59)
j=—2
where R(,zf = _SFEQ;[)TG(), R(Q) EyGy + S TGQ SFO(Q)TGO, such that S, T and
F® s= -2 —1,0 are given in (3.3.8) and (3.3.46), respectively. Also for f € H~b*

REf = - <2>TGof
Y (f, TGoVw))ui”
det<I> ;; J
(s Juyul
k= 17=1
k
Z (f, Juiyul?, (3.3.60)
with v; = dt¢z %J ),fora111<z<k:
Set
U1 U,gl)
V= : b U= ; Fk (’Yi])1<z i<k
Uk ugk)
Then, we have
1
= I'.Cild. 3.3.61



Chapitre 3 — Large time behavior of solutions to Schrodinger equation

Thus, using (3.3.56) we obtain

V=0'Cd = —(CpLp) 'Cid = —L;;'U = —'QQU, (3.3.62)
where Cy, = diag(c;t,--- ¢ 0), Ly = ((ugj), Ju%”))lgmgk is an invertible complex sym-

metric matrix with (3.3.36) and ) = (¢;;)1<i,j<x is the upper triangular matrix obtained
by the Cholesky decomposition of the matrix L;* (cf. [56, Proposition 25]). Thus by
returning to (3.3.60), we get

k

k . .
RO == 33 quay(f, Juyul? = —PP f

ij=1¢=1
where

k
P =3 (-, 7222 with 2 Zq&ul.
/=1

In particular, the operator 7352) is a projection of rank & since for all 1 <, 5 < k we have

k k
<Z¢(2)> JZ;2)> = Z QMQjm Ul 7JU1m) Z Qié(QLk)jZ = (QLk tQ)ji = 61‘]’-
fm =1

Moreover, other terms R§-2), j=1,---,¢—4, can be obtained explicitly. Finally, the es-
timate (3.2.21) can be seen from (3.3.12) and (3.3.49), also (3.2.18) follows from (3.2.5),
(3.3.11) and (3.3.48). 0

3.3.4 Zero singularity of the third kind

In this section we discuss the case when zero is both an embedded eigenvalue and a
resonance of H. We assume that the eigenvalue zero has geometric multiplicity £ — 1,
k € Nwith k£ > 2. In this case, we have dim kerj».—s(/d+ K,) = k and dim ker 2 (Id+
Ko) /kerpz(Id + Ko) = 1. Setm = rank II;. Let V; = {v{”,--- 0@} be a basis of E;
and X; = {Xgi), e ,ngl)} be its ©-dual basis (see Lemma 3.3.1). Under the hypothe-
sis (H2) one can consider that Keryz—(Id + Ko)/Ker2(Id + K;) = Span{v{"} and
Kerz2(Id + Ky) = Span{”u?), e ,v%k)}. This means that the matrix of IT; (/d + K;)II;
in the basis X" is a k x k block diagonal matrix with Jordan block on the diagonal such
that only the first Jordan block corresponds to the resonant state and the other blocks cor-
respond to the eigenvectors that are the solutions in L? of (Id + Ky)g = 0.

Since —1 is an eigenvalue of the operator K of geometric multiplicity £ > 1, the
same computations made to develop £, (2)~! in Section 3.3.3 can be done here with a
slight difference. Indeed, (3.3.28) holds with some difference in the block entries of the
matrix A as follows:

AL = =GVl TV = (idme) (ol TV (0, V1)
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3.3. Resolvent expansions at low energies

do vanish for all ¢, 7 except that for 7 = j = 1 (see (3.2.10)), so we have

*
: A(11
A0 _ | A0 L a = (idmey) oV, JV1)2 £ 0, (3.3.63)
*
a * e *
mi1Xmi
AW =9... , k., (resp., AW j =2,--- k) are sub-matrices with last row zero (resp.,
first column), and
0
Ald) — 0 AW L V2<ij <kl
00

m; Xm

We now check the invertibility of £_(z) by following the same steps as before. We
define

Dy = (bij)Qgi,jgk-

Here b;; := —c¢; (vgj ), v@), 2 <1,j < k, are computed in the same way as coefficients [3;;

given in (3.3.34)). Let ' '
L1 = (0, Jui?))acs o

Then, we have
Oy = —Cj_1L_, with  Cy_; = diag(cy ', -+ ,c.h). (3.3.64)

Lemme 3.3.7. Assume p > 3. Suppose that zero is a singularity of the third kind of H
such that the eigenvalue zero has geometric multiplicity k — 1, k € N with k > 2. We
assume in addition that (H2) holds. Then

det E_,(2) = o4 2572 4 o(|2|F~1/?), (3.3.65)

for z € Qs, 6 > 0 small, where o, = a X det ®p_1 # 0 with a is the constant given in
(3.3.63).

Proof. We proceed in the same way as in the proof of Lemma 3.3.6. To avoid repetition
we omit details. First, we define

e_yo(n)=N+nA+n*B, Z(n) =det e_, 5(n), (3.3.606)

for 3n > 0 and |n| < . Now, we introduce the matrix

L(n) = diag(Li(n), -+ , Ly(n))
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

with
Ly(n) = diag(1,--- ,1,n7") and L;(n) = diag(1,--- ,1,n72), i =2,--- , k.
We denote
€ ya(n) = L(n)e_y2(n) = N+ A(n) + B(n) and Z(n) = det &_; 5(n).  (3.3.67)

Then, we can easily verify that

0 0 -+ 0
N o Hoso(n) if  i=11<j<k
@ A =3¢ | O
a5m k
o(n)) if 2<i<k1<j<k
o 0 - 0
) P HosonpR) if 2<i<k1<j<k
) B =4 {00 0
o(n)) if i=11<j<k

Let us calculate Z(0). According to (7) and (i), the block entries €9{272(O), 1<14,5 <k,
of the block matrix é_ 5(0) have the following forms

0 6, 0 --- 0
g(_li)z(o) _ 0 0 L1 <5<k, (3.3.68)
0 0 —dy;
a(slj * Tt X * m1xm
0 —6; 0 - 0
e9L,0 = | e 2<i<k1<j<k33.69
0 0 523
bl] * * * m; Xm;
This yields
a 0 - 0
- bo1 boy - b
Z(0)=det| = | = x det(by)azi jen = a x det &y,
bri bra oo brk
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3.3. Resolvent expansions at low energies

Thus Z(0) # 0 since a # 0 and in view of (3.3.64) det®;_; does not vanish if the
condition (2) of (H2) is satisfied. Finally, using detL(n) = n~2**1, we obtain

det E_y(n) = det e_y o(n) + o|n[** ") = (a x det 1) " + o(|n[** 7).
O

Lemme 3.38. Let p > ( 4+ 1, { € N with { > 4. Assume that the hypotheses in the
previous lemma hold. Then

{—4
E ()= #PF0 1 F oy u(2), (3.3.70)

j=—2

for z € Qs, 6 > 0 small, where FE}’Q) is a matrix of rank k — 1 with

0o --- 0 Oéij
(3) (i) 0 - 00 .
(F2)" =1, .. 1<4 <k, (3.3.71)
0 0 0

0 - 0 g
(FZ0)™ =, .| YI<i i<k, (3.3.72)
0O --- 0 0
such that ji1, = oy = a ! and p1; = 0 for j = 2,--- k. Moreover, the remainder term

F_ y_4(2) satisfies (3.3.48) and the estimates (3.3.49).

Proof. We have showed in the proof of Lemma 3.3.7 that dete_ . »(0) is non zero if (H2)
is satisfied. Then, €_ 5(0) is invertible with inverse

tCome_,5(0) =~
e ,(0) = TR BBy @) 3.3.73
€ +,2< ) det §_+72(O) -2 + ) ( )
where
0 0 oy
O : 0 . . . .
(]5(3))(ij)_ : . , t=7=1lor2<i<k1<5<k,
—92 - . . .
0 0 0
(@ , i=12<j<k

In particular o; = a~'. The matrix £ has the same form as £ in (3.3.51).
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

On the other hand, for 7 > 0, || < J with 6 > 0 small, the matrix é_, »(n) can be
developed as follows:

et 2(n) = &4 2(0) +n e} 5(0) + O(Inf), (3.3.74)

where the m; x m; block entries of 5(_13“2(0) have the following form:

*

A i=1,1<j<k
5(1) (i) —
(e242(0)) (3.3.75)

AW 2<i<k1<j<k

)
*

Then, it follows from (3.3.28), (3.3.67), (3.3.73) and the regularity of L(7) that for I > 0
and || < 0, & > 0 small enough, e_ (1)~ exists with

e_to(n) =24+ = +0(1), (3.3.76)

where (FU)@) = (FYY@) if 2 < 4 j < k and (F%)@ = 0 elsewhere. Also,
F® = F% — &) — FEOY L (0)FY).
The rest of the proof follows directly from (3.3.28) and (3.3.76). Moreover, the same

argument used to prove that the matrix F £22) in (3.3.46) is of rank k can be applied to

the matrix F f”; to show that it has rank £ — 1, unless in the present case we show that
(evij)a<ij<kisa (k — 1) x (k — 1) invertible matrix. Indeed, we can check that

aij = (det @p_y) " (—1)" x |(Dp_y)h], V2 <5 <k,

which denotes the (i — 1,7 — 1)-th entry of the invertible matrix ®;_; given in (see
(3.3.64)). Thus
(@ij)ocijer = Oy (3.3.77)

O]
We end this section by proving Theorem 3.2.3.

Proof of Theorem 3.2.3. Since the proof of Theorem 3.2.2 can be done here, we will omit
details. Using the asymptotic expansion of E_, (z)~! established in the previous lemma,
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3.4. Resolvent expansions near positive resonances

forp > 204+ 5,s > {+5/2and z € Qs, 6 > 0 small, the expansion of R(z) in
B(—1,s,1,—s) is written

L
+3°22RY + RY)(2),

j=0
where, by the help of the matrices defined in (3.3.64) and (3.3.77), we have
k
P(gs) = Z<7 JZi(3)>Zi(3)>

=2

quvl , with (27, JZ2) = 6,5, ¥2 < i,j <k,

7j=2
with Qk—l = (qij)ggingk is such that Ll;_ll = tQk_le_l. In addition

2ﬁ (1)
0 v
<Ul , JV1)

k
Yi(g) = —ZuijGOVX,(n Zzoz GV X, J) = Zc ,u”vl yi=1,---k,

Jj=1

b = (—icy pun) o) =

where o;; and p;; are respectively entries of the matrices F! f?’z) and F' Egl) given in (3.3.71)
and (3.3.72). Here we used Gﬂ/x% = 0forj = 2,-- k (see Remark 3.3.3 and

(3.2.10)) and GoVol” = —o w1 < j < k. Set S = Sk (-, JV;P)0l”. Thus the
resolvent expansion in (3.2.22) is proved. Moreover, we refer to the proof of Theorem
3.2.2 for the properties of the remainder term RES) (2). O

3.4 Resolvent expansions near positive resonances

In this section, we prove Theorem 3.2.4. First, we use hypothesis (H3) to establish
the asymptotic expansion of the resolvent R(z) = (H — zId)~! near a fixed outgoing
positive resonance. Note that the study of incoming positive resonance can be done in a
similar way.

Let A\ € 0, (H) be isolated, for § > 0 we denote
Of ={2€C,: |z— | <d}and Q) :={z €C,, |z — Ao| <6}

Let us begin with the known results on the behavior of the resolvent Ry(z) near the real
half-axis |0, +oo[. Taking the analytic continuation of the integral kernel Ry(z)(z,y) to
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

C, \ {0}, the expansion of Ry(z) at order r, for every r € N and for z € Qf with § > 0,

s written
T

Ro(2) =D (2 = M)’ G} +o(]z = Ao"), (3.4.1)
§=0
where
Gf H™ — HY™; 5,5 >1/2, (3.4.2)
GHH™ —H"; ss>j+1/2,j=1,--,r (3.4.3)

are integral operators with corresponding kernels

(Y, M) = j=0,1,--- 7

im w7,
2=X0,2€Cy Jl d2d 4|z — y

For simplicity, we will use in the following the variable ¢ = z — \;. We denote by
Ry (X +i0) the boundary value of Ry(2).

Let \q be an outgoing positive resonance of the operator H = —A + V. Note that the
two subspaces Ker(Id + K ()\)) and Kerj,, . (H — Xo) := {¢p € H"5, Hp = \gt;
satisfies the radiation condition (3.1.3) with sign + } coincide in H» %, 1/2 < s < p—1/2
(see Section 3.2.1). Denote dim Ker(Id+K*(\g)) = Np. Let IT;° be the Riesz projection
associated with the eigenvalue —1 of the operator K *(\g)

1

Hi\o = 5 /le:E(w — K+()\0))_1dw, e >0,

we also denote E;“O = RanII}° and m = rank IT}°.

The same strategy used in Section 3.3 to prove Theorems 3.2.2 and 3.2.3 will be
followed in this section. First, note that the decomposition made in Lemma 3.3.1 works
for E;ro in the present case, where we denoted by E;r the invariant subspaces of K ()
given in (1). Let ; (o) = {ul? ... | ul,27)} denotes the basis of £} given in Lemma
3.3.1(2.) and W;(\o) = {wod) L w%“j)} its dual with respect to the non degenerate
bilinear form ©. In particular, Ker(/d + K™ ()g)) is the subspace of L%~ * generalized by

u(lko’l), e u(lko’NO) }. Then, we will study the Grushin problem that we have constructed
in Section 3.3.3 for the operator Id + K (z).

For the proof of the theorem we start by the following lemma, where we refer to

Section 3.3.3 for details.

Lemme 3.4.1. Forp > (+ 1, { € Nand z € Qf,§ > 0 small, we have the following
expansion of E_(2):
¢
E,+(Z) = Z(Z — )\O)JE,+7]‘ ()\(]) + E7+7g<2 — )\0) (344)

J=0
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3.4. Resolvent expansions near positive resonances

where E_ o(\o) has the same form as the block matrix N defined in (3.3.32) and

A (X)

B (\) = , V1 <id,5 < No, (3.4.5)

Clij ()\0) *

mg; Xm
where

aij(Mo) = —(GT VU™ JVw(o)

1 ; - i J
= r i) e TV @ @V @l ) ddy,

such that c;(\g) # 0 by Remark 3.3.3 and G is the integral operator defined in (3.4.3).

Moreover E_ ((z — X\o) is analytic in Q5 and for X > 0 with |\ — Xo| < & the limit

hrrEr E_+ (A — Xo + i€) exists and satisfies
e—0

dr - | -
I Boh = Ao 0} = oA = Aol ), =010+ L

The expansion (4.4.8) can be obtained directly by introducing in (3.3.14) the expan-
sion (3.4.1) of Ry(z) in B(0, 5,0, —s) (see Section 3.3.3 for more details).

Before proving Theorem 3.2.4, we establish the expansion of £, (z)~!. Assume that
the hypothesis (H3) holds. We introduce the block diagonal matrix

‘C(g) = dlag(ﬁl(g)a e wCNo(f))v 'Cz(g) = dlag(la e 7175_1)7 V1 S 1 S No, (346)

for§ € {€ € Cy,|¢| < 0}. If p > 2, then by proceeding in the same way as in the proof
of Lemma 3.3.6 we obtain

det (E_y o(Xo) +EE 4 1(Xo)) = &M det (aij(Mo))<; ey, + OUEINT),  B:47)

where a;;(\), 1 < i,j < Ny, are given above and Ny = dim ker(Id + K+ ()\o)). It
follows that, if the condition (3.2.13) is satisfied, then (4.4.8) together with (3.4.7) gives

Proposition 3.4.2. If p > ( + 2, { € N, we have
e .
det E_y(2) =Y a;(Xo)(z = Ao)™* +o(|2 - ol T+,
=0

for z € Qf, where ag(\) = det (aij()‘O))lgi,jgNo # 0.
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

Since e_ 1(&, Ng) := E_1 o(Ao) +EE_+ 1(Ao) has the same form as e_ (&) defined
in the proof of Theorem 3.2.2, then the same computation can be done here. We obtain

fCome_. 1(€.0)) 1
e (€ 00) L = d;me‘i:l’l(gio()’) - gF_I(AO) + Fo) +8sa(EN), (348

where F_1()g) is a Ny x Ny block matrix of rank Ny with block entries

0 c O bl](AO)
Fig = —— | Y (3.4.9)
—1 0 a0<)\0) : ST
0 -0 0

m; Xm
such that b;;(\o) are the (j,7)-th cofactors of the invertible matrix (a;;(Ao))1<ij<n, (see
Remark 3.3.57). Moreover, the remainder e_, ;(£, Ao) is a polynomial of £ with degree

at most m — 2.
On the other hand, by (4.4.8), for p > ¢ +1,¢ > 2, and z € )}, we have

E_(€+ Xo) = e—11(§ Ao) ¥

¢
I+ (e—4 (&, X))~ (Z FE_; (M) + E—+,e(§))} :

Jj=2

Then, by (3.4.8), for £ € C, and |¢] < § with § > 0 small enough, £, (£ + \g) ! exists,
with

=2 N
E_(E+X) ' = iF—l()\O) + Y EF(No) + Foy-a(8), (3.4.10)
j=0

where Fy(Xg) = Fo(Ao)=F1(Xo) B4 2(Ao) F1(Ao), the other terms Fi(N),j=1,---,0—
2, can be also directly found and the remainder F'_ ,_»(&) is analytic in {{ € C; : \5 ] <
0} and for A > 0 with |\ — \g| < ¢:

HCWF (- )\o—i—zO)H oA = No2T), r = 0,1, £ —2.

Remarque 3.4.3. 1. The coefficients a;;(\o), 1 < i,j < Ny, defined in Lemma 3.4.1 can
be expressed in the following matrix:

(aij(>‘0>)1gi,j§]v0 Z87r\/_CNOANO()\O) (3.4.11)

where
20,7) (Mo
Ao (do) = (BAO(Ug "y )))1§z‘,j§No’

and the bilinear form B, is defined in (3.2.12).

. 1 1
CN() _dlag<01(>\0)7"' 7CNO()\0)>7

2. The entries b;;j(\o) of the matrix F_1(\o) in (3.4.9) can be expressed as follows
(b (A0))1<ssems = 870 ao(Mo) Any (Mo) 'O (3.4.12)
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3.4. Resolvent expansions near positive resonances

Proof of Theorem 3.2.4. Applying Grushin problem (3.3.13) to M(z) := Id + Ry(2)V,
it follows from (3.4.10) that M (2) is invertible for z € 2, with

M=) = E(2) — (I - B(2)M(2))SE_ (=) T(I — M(2) E(2)).

Moreover, for { — 1/2 < s < p— €+ 1/2 with ¢ € N, £ > 2, we have the following
expansion in B(H"*)

(Id+ Ro(z)V) ' = D-1(ho) g(z — X0)’D;(Ao) + D(z — o), (3.4.13)

Z_)\O

where D_1(A\g) = —SF_1(A\o)T such that F__1()\g) is the matrix of rank N, given in
(3.4.8) and for g € H'"~* we have
1 k

bi: (M) g, JVwQod) )y {rod), (3.4.14)
aO()\O); ]( 0)<g mj > 1

SF_1<)\0)TQ =

also Do(X\o) = —SFy(Xo)T + E(0) with
B(0) = ((I ~T00)(Id + G{V)(I —T1Y)) (I —TI°).

The remainder D (2 — X\g) is analytic in Qf and continuous up to R verifying the follow-
ing estimates:

T

dr —
| dz’"D(Z — o) |ls@r—sy = o]z = A[F), V2 € Qf,r =0, £ —2.  (34.15)

Moreover, for A € Q; N R, the limit

lim D(A — Ao+ i€) = D(A — g + i0)

e—0t

exists as operator in B(H"~*) and still satisfy the estimates in (3.4.15).

We note that if p > 2, then for 1/2 < s < p — 1/2 and z € Qf, we have in B(H"*)
the expansion

(Id 4+ Ro(2)V) ' = — 1A SF_1(\)T + 0(|z — )\0|‘1>. (3.4.16)

2= Ao
Finally, if p > 2(+3and s > (+3/2 with { € N, using R(z) = (Id+Ry(2)V) *Ry(2)
and expansions (3.2.6), (3.4.13) together with (3.4.12) and (3.4.14) , it follows that for
feH*ts

Ra(o)f + iRj(AO)f + Re(z = o) f

J=0

R(z)f =

Z—/\O

79



Chapitre 3 — Large time behavior of solutions to Schrodinger equation

in HY~*, where

12820 by(0)

(N _ +1/,,(Aosd)y , (Rosd)
Ra(do)f GO(AO) ;Z‘{ cj(Ao) y JGo V™
o & bw )\0 JuPoDyy Go)
1 1
=1 j5=1

z87r\/>z (f, Joi(No)) (,\017

such that by Remark 3.4.3 and a simple computation we have

$1(No) upol
: =Ano)H 2]
Py (Mo) ulroNo)

where Ay, (o) ™! is given in (3.4.12). Thus, to simplify the above sum we decompose

Ane(Ao) ™= TQ(X0)Q(No)

(see (3.3.62)). Hence, R_1(\g) can be written in the following form

L0 = i:<f, T80 i (ho),

where
¥1(No) up !

— (i87/20)2Q(\o)

¥, (Ao) o)
with
B i )\ )\ == (51",
287“/— 20 (Vi(Ao), ¥5(Xo)) = 0y
By, (-, -) is the bilinear form defined in (3.2.12). In addition,
No

Ro(ho)f = = S (f, JGTV(Mo))ul™” + Do(Ao)Go f-

=1

Moreover, it derives from (3.2.5) and (3.4.15) that Eg(z — o) f extends continuously to
Q4 with estimates (3.2.25). O
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3.4. Resolvent expansions near positive resonances

General situation We end this section with a more general result if hypothesis (H3)
does not hold.

Theorem 3.4.1. Let \y be an outgoing positive resonance of H. Suppose that there exists
an integer (1o > 0 and a small 6 > 0 such that

d(z) :=det E_,(2) = (2 — \)"g(2), VzeQf, (3.4.17)

where g is an analytic function on Q? such that g(\o) # 0. Assume p > 2(+1, s > (+1/2
with { = iy — No + q,q € N*. Then, we have

R (o)

(Z — AO)HO_N(H-l

q—1
+ Y (2= M) Ri(No) + Ry(z — M) (3.4.18)

Jj=—no+No

R(z) =

inB(—1,s,1,—s), where Ny is the geometric multiplicity of —1 as eigenvalue of K ()\y)
and

R(No) : L** — Ker(Id + KT (\)) C L*7*.
Moreover, the remainder term ﬁq(z — Xo) is analytic in QU and satisfies the estimates

T

&~ . .
||d—)\TRq()\ — X0+ 40) [5(—1,51,—5) = 0(|]A — Xo|T177), (3.4.19)
for X > 0with |\ — X\o| <dandr =0,1,--- ,q— 1.
If p > 3 and s > 3/2, then we can obtain

R(Ao)
(Z — )\O)NO*NO+1

R(z) = + O(]z = Ao 0 vz € Qf. (3.4.20)

Proof. Under the condition (3.4.17) there exists § > 0 such that for z € Qf the m x m
matrix F_ (z) is invertible and

where the entries of the matrix M (z) := (a;(2))1<i j<m are polynomials of the entries of
E_(z) which are analytic in z € Q. Moreover, taking the expansion (4.4.8) up to order
l, 0> g — Ny + 1, we obtain

B = g [ e = 2B )| + g

d(2) =0 Eoralz = Do)

4
= (2= )Y B (N) + Ete(z — No)

J=0
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

where Ny =dim Ker (Id + KT ()\y)),

0 -+ 0 B()
N 0 --- 0 0 o
(Bo(Ao))i = | . .| 16 <N,

such that 37 (o) are polynomials of the entries of A()\g) and the remainder term £_,_y(z—
\o) is analytic in z € Qf and satisfying

(d
A"
for A > 0 with [\ — X\o| < 6,7 =0,1,--- ;¢ and ¢’ = ¢ — (o — No + 1).

In the rest of the proof we can proceed in the same way as in the previous proof. We
obtain the leading term

E_r oA = X +1i0)|| = o(]A — Xo|7T), (3.4.21)

No

R(Mo) = (i (Ao))u” on HTH,

=1

where
1 (Ao) ufo!
: = By, (Ao) : with By, (Ao) = (Bij(Ao))1<i,j<NeCng -
¥no (Ao) ue )
(See (3.4.11)). Moreover, the estimate (3.4.19) can be derived from (3.4.21). [

3.5 Large-time expansion of the semigroup (e‘“H )>0

In this section, we look at the asymptotic expansion in time, as ¢ — +o0, of solutions
to the Schrodinger equation (3.1.1). We use the preceding results for the resolvent behav-
ior on a contour surrounding the positive resonances in the upper half-plane, encircling
the origin and down to the lower half-plane.

Since V satisfies the condition (3.1.2) for p > 2, we can check that for arbitrary small

e > 0, there exists R, > 0 large enough such that the numerical range of I denoted by
N (H) is included in an angular sector

N(H)C{ze€C: Rez> —R,, |arg(z + R.)| < %}. (3.5.1)

We recall that o4(H) denotes the set of discrete eigenvalues of finite algebraic multi-
plicities (see Section 3.2.1). Denote oj (H) = a4(H) N C", whose accumulation points
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3.5. Large-time expansion of the semigroup (e~"1),5

can exist only in o, (H) U {0} (see [61, Theorem 1.3-1.4] and [62, Theorem 3.3-3.5]).

We deduce from our previous main results that /7 has a finite number of discrete
eigenvalues in the closed upper half-plane.

Proposition 3.5.1. Assume that p > 2. Suppose that ot (H) is finite and the hypothesis
(H3) holds. If zero is an eigenvalue of H we assume in addition that p > 3 and (H1) or
(H2) holds. Then

ol (H) is finite.

Proof. Since the eigenvalues located in the closed upper half-plane can only accumulate
at points of {0} U o7 (H), then to show that there is at most a finite number of these
eigenvalues it suffices to prove that zero and the outgoing positive resonances of H are
not accumulation points of o] (H) even though zero is an eigenvalue or/and a resonance.
Indeed, assuming p > 2, for any \; € o, (H), we have in B(H"%),1/2 < s < p — 1/2,
the expansion (3.4.16) of (Id + Ry(z)V)~! which showed that the latter is uniformly
bounded in the norm sense of B(H'~*) on every compact set in Qf C C, of the variable
z. This shows that Id+ Ry(z)V is injective in H'~* for all z € Q. Since Ry(2)(H—2z) =
Id+Ry(2)V, it follows that H — z is injective on H>~* for all z € Qf, so H — z is injective
on H? for all 2z € Qf, then H has no eigenvalue in Qf C C,. Also, if zero is a resonance
of H, then using (3.28) the same argument works. In addition, if zero is an eigenvalue of
H and we assume that (H1) holds and p > 3, then using (3.59) and the above argument,
we show that oy( H) N5 = () for some § > 0 small enough, where €5 is given in (3.2.15).
We can check also that zero is not an accumulation point of o4(H) N C, if it is both an
eigenvalue and a resonance of H under the hypothesis (H2). 0

In addition, we examine the limiting absorption principle for the non-selfadjoint Schrodinger
operator H on each subinterval of R, which does not contain any outgoing positive res-
onance. We also establish high energy estimates of the derivatives of the resolvent.

In what follows, we denote by C7 (€, F) the set of all functions f : Q C E — F that
are of class C’ on (), where E and F _denote normed vector spaces. And for a > 0, we
define the open set A, and its closure A, by

Aa: m {Z€C+7|Z—W|>(l},/_xa: ﬂ {Z€C+,|Z—W’Za}7

weXT(H) weXt(H)
where ST (H) := o (H)U o (H) U {0}.

The following proposition gives the high energy resolvent estimate as |z| — +o0,
when R(z) is extended through the upper half-plane to A, for a > 0. It can be proved in
the same way as in [38, Theorem 9.2] (see also [61, Theorem 1.5]).
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

Proposition 3.5.2. Assume that o}t (H) is finite and (H3) holds. Let { € N. If p > { + 1,
then for s > ( + % and f,g € L**:

Ao 3 2+ (R(2)f,g) can be continuously extended to a function in C* (/_Xa; C) )

Moreover, the boundary values (R(\ + i0) f, g) satisfy the following estimates:

d* C, -
(e RO+ 0791 < W ololloss A € Ry A= o, (52)

for some constant C, > Q.

The existence of the above limit is a direct consequence of the two main theorems
3.2.3 and 3.2.4 and the following known results: for 1/2 < s < p—1/2and f € L>7%,
h € L?*, the functions z — ((Id + Ro(2)V)~'f,h) and z — (Ro(2)V f,h) can be
continuously extended to uniformly bounded functions on /_\a (see [38, Lemma 9.1]). In
addition to the following estimates in [38, Theorem 8.1]

r

C
| (Fo(A£i0)f, 9)| < |)\’¢1”f‘|08”gH087 r €N, asA — +oo.

Before proving Theorem 3.5.1, we must establish a representation formula for the
Schrédinger semigroup e~## as t — o0, generated by the non-selfadjoint operator
H. Our representation formula is based on the Dunford-Taylor integral (cf. [42, Section
IX.1.6]), which is valid for a m-sectorial operator, i.e an operator whose numerical range
is a subset of a sector {|argz| < 6 < 7}. More precisely, we shall find a curve I'V(n)

such that () N (o (H) U o (H) U {0}) = @ and
["(n) =T"(n)Uac”(n) ULo(n) UTi(n) UL,
where

n) = {z=wv,— A", A\ >0}, v, = v —insinn,
n) ={z=A—insinn, ncosn < A < v},

2m=0) <0 <2},

(o (mU(m), o1(n) = {z = A +10, 77<A<A1—77},
o) ={z=A+10, \j1+n <A<\ —n},j=2,---,N,
v5(n {Z_()\+77€7r0))0<l9<7T},]:1,---,]€,

Iy ={z=X+1i0, A > Ay + 1},

g
S
I
C

for some 7 > 0 and v €]0, 7| chosen so that there are no eigenvalues of H between
o’ (n) UTy(n) UT'i(n) and the real axis, nor between I'” (1) and the negative real axis.
See Figure 3.1.

We now state the intermediate theorem
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1R X
X CX X X
X A/L "
Y2(n X
I
Wron AU o lilon i .
ot A
I (n
Figure 3.1: The curve I'V(n). Ay, - -+, Ay are the outgoing positive resonances of H.

Theorem 3.5.1. Let p > 3 and s > 5/2. Assume that o7 (H) = {\1,--- , \n} for some
N € N* and hypothesis (H3) holds. If zero is an eigenvalue of H we assume in addition
that (H1) or (H2) holds. Then, for f and g € L**, we have the following representation
formula:

<€_itH.fa g) = Z <e_itHHz]-f7 g> (353)
zj€oy (H)
1 A
¥ i o U =2 ) dz, V>0,

where o} (H) is the finite set of discrete eigenvalues of H located in the closed upper

half-plane with associated Riesz projections {11, }; and I'V(n) is the above curve (see
Figure 1.).

Proof. We proceed in 3 steps:

First step: Let ¢ > 0 small enough and R, > 0 be given in (3.5.1). Set P. = i(e *“H —

ieR.). Let 0, =  arctan (<22<) €]0, 7/2[. Then according to (3.5.1) we have

Ccos €

N(P,) C {i(e7z — icR.), Re 2 > —R., |arg(z + RJ)| < %} C Sz o,

where Sz_, denotes the open sector with angle 5 — 6. €0, w/2[. Moreover, for A :=
T2+ ) (\+R,) € C\N(H) with A\ > 0large, it can be seen that (P.+\) = ie " (H —\,)
is a bijection of H? into L2. This shows that P, is m-sectorial with semi-angle 5 — be.
Hence, —P. is the unique generator of the semigroup (e~*7¢),50, which is bounded by
le7t¢|| < 1 (cf. [42, Theoreme 1X.1.24]).

Therefore, there exists a closed curve I, oriented in the anticlockwise sense, included
in the resolvent set of — P, and enclosing the numerical range of — F, in its interior, where
[ = {Ae G0 X > 0} U {\e!3H0=9 X\ > 0} for some 0 < § < 6, such that the
semigroup integral representation is written:

1
¢ tPey — / (P, + 2) Yudz, Yu € L2, Vit > 0, (3.5.4)
I

2w
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

and we have the following estimate
e~ Hullo < e"Fellullo, t > 0. (3.5.5)

Denote by 11, : L* — L? the Riesz Projection (3.2.3) associated with eigenvalue z; €
oy (H). of (H) is a finite set by Proposition 3.5.1 and H; := HIL,, defines a bounded
operator on the finite dimensional subspace Ran I, with o(H;) = {z;} (see [42, p. 178-
179]). Let H. = e *“H and 2. = e ““z. By analytic deformation in p(H) of the curve T,
we can find a set of curves U_, ¥; around the eigenvalues z,- - - , 2, € o (H) located
above a curve I'V(), €) (defined below) oriented in the anti-clockwise sense such that

U(t)u = e ey
1 .
=5 > /2 e " (H; — 2) ludz
ZjEO’(_i‘—(H) 7

/ e " (H — 2) 'udz
I (n,€)

/ e " (H —2)'udz, Vt>0, (3.5.6)
I'v(n,€)

1
20T

= Z e T 4 +

Zjeaj(H) 2m
where I'V(n, €) is a closed curve oriented from —oo to 400 and I (n,e) = T (n) U
Lo(n, ) UT(n, ) UT (e):

={z=wv,— A", A >0}, v, = v —insinn,
{z=X—insinn, ncosn <\ < v}

— {2 = peiCm0)

L1 (05(n,€) Uv;(n,e)),

= A+ i€, ncose; < A< A\ —n},

=Atie, i1+ <A<\ —n},j=2,---,N,

z:)\j—kie—i—nei(”_g), 0<f<m}, j=1,--- N,

F+(€ :{ :)\+i€7 AZ)\N—i_n}u

, <0 <2m—¢,}, € = arcsin(e/n), (3.5.7)

=
—
=
o)
S N e T e S N
I Il
~~ P C

for some fixed 0 < v < 7 and 7, > 0 small chosen so that I''(n,¢) N o(H) = () and
there is no eigenvalues of H between ¥ () UTy(n,€) ULy (n, €) UT";(¢) and the positive
real axis, nor between ['V (1)) and the negative real axis. See Figure 3.2.
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iR X
X X X X
% 72(7776) X
Lo (2PN g —
Tt b w

Figure 3.2: The curve IV (n, €).

Second step: Let f, g € L**. We define

UL = X (ML) 4 [ =2 gz (58)

zj Ga; (H)

where I'(n) is the curve given in Figure 3.1.
In this step we will show that

({Ut)f,g) = hm( () f.9), Vf geL*, Vt>O0. (3.5.9)

We have to prove the convergence, as ¢ — 0T, of the integral in (3.5.6) for all ¢ > 0. Let
t > 0. We decompose the integral into two parts:

foo e R gz = [ e RS ) Re 2)dz
I (n,€)

v (nenf| Re z|<2R:}
+/ e—itefiez ’ Re , d

rv(n,e)n{| Re z|>R:} (R(2) [, 9)(1 = o( )
= I.(t) + I1.(1),

where we have introduced the cutoff function ¢ € C5°(R) such that p(\) = 1if |A\| < Ry
and p(\) = 0if [\| > 2R, for some Ry > Ay with Ay := max o (H).

Denote g(z,t) = e~ *((H—2z)"f, g). If zero is an eigenvalue of H, then if p > 3
and s > 3/2, in view of Theorem 3.2.2, for each ), v > 0 and ¢ > 0 the integrand function
ge(2,t)p( Re 2)1p, () converges almost everywhere 2z € {z € C;|Re z| < 2R;} as
¢ — 0 to the limit function e "*((H — 2)~' f, g)¢o( Re 2)1r(;), where we denoted by 15
the indicator function of a subset £/ C C. In addition, we can check that the integrand
is uniformly bounded in € for | Re z| < R;. Thus, by Lebesgue’s dominate convergence
theorem

/FO(W) e " (R(2)f, 9)p( Re 2) dz — e "*(R(2)f,9)¢(Re 2)dz,

e—0t Fo( )

for every n > 0 small and ¢ > 0. Also, the convergence on each 7;(n) surrounding
the singularity \; located on the positive real axis can be shown in the same way as
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

above using Theorem 3.2.4 where a weaker assumption is required, so that p > 2. More-
over, according to Proposition 3.5.2, the functions g.(\ + ie,t)lgj(e,n), j=1---,N,
are uniformly bounded in € for A > 0 and converge almost everywhere A\ as ¢ — 0 to
e "MN(H — X —1i0)7 f, 9) 15,y for f,g € L** s > 1/2. Thanks to these results

I(t) — e " (R(2)f, 9)p(Re 2)dz : (3.5.10)

e=0" JTv(n)

On the other hand, we have

HE(t):/ - +/ . (35.11)
vmonii Re s>m1}  Jremn Re >k} Jry@n( Re =>R1)

Fort > 0 and z € I'V(n) N {| Re z| > Ri}, ge(2,t) is uniformly bounded in e €]0, 5|
with
jemitme N (B X)) E, )]
< C177,1"‘31||f||0,s||g||0,s€_t>\sm(%))\_17

for A > 0 large and n,v > 0, where the function at the right-hand side is integrable on
[277 + Ry

cos v
convergence theorem that

, +oo[ for n, v > 0 small and ¢ > 0. Then we deduce by Lebesgue’s dominated

lim ge(z,t)(1 = p(Re 2)) dz = / eT((H —2)7'f,9)(1 — p(Re 2)) dz.
=0t JTV (n) 'Y (n)
(3.5.12)

Let us now check the convergence of the second integral at the right-hand side of (3.5.11).
By Proposition 3.5.2,if p > 3 and s > 5/2, then A\ — g.(A+ie, t) belongs to C*([ Ry, +oo[, C)
with the following estimate

d2
N2

- Cr,
(( = (410 .| < S0 oellglos, YA > B,

uniformly in € > 0. Then, integrating twice by parts we obtain

T iey—2—itheic G A 4 i) lan
[ ety e S (i) g0 - o)

+ 02 e N fllosllglo.s

+oo _9 —i(tR1€7i€+€)
::/Rl fe(t, A + Ot e D fllosllgllos,  (3.5.13)

for every ¢t > 0. Since for p > 3, s > 5/2and t > 0, f.(t,\) is uniformly bounded in

small € > 0 as
Cgr, 1

1] < S losllglloss YA > B,
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+oo
it follows by Lebesgue’s dominated convergence theorem that / fe(t, A)dX converges
R

as ¢ — 0 forall > 0. We also observe that the second term at the right-hand side of
(3.5.13) is uniformly bounded in € > 0by O(t )|/ f|l0.s|lg]l0.s- This shows that the second
integral at the right-hand side of (3.5.11) is uniformly convergent in € > 0 for all ¢ > 0.
Consequently

L(t) — e "*(R(2)f.9)(1 — p(Re z) dz,
e=0% JTv(n)

which together with (3.5.10) must establish (3.5.9).

Finally, we will show at the third step that for all f and g € L** we have the following
convergence ' '
(e7tHef o7 f 0V 50, Vt>0.
e—0t

Third step: Let ¢ be a test function in C5°(R?). We write
efitH5¢ . 67itH¢ o /t i (efirHeefi(tfr)H¢) dr
~Jo dr
) t )
= (=i)(eT 1) [ e e I dy.
0
Now let ¢ > 0 be fixed. By (3.5.5) and the previous equality, we see that
: : : t ,
||e—th5¢ o e_ZtH¢||O < CetR5|€—ze . 1|/ ||6—z(t—7")HH¢||O dr —> 07
0 e—0t

ie. e ¢ converges in L? norm to e "¢ as ¢ — 0 for all ¢ € C°(R?). This by
uniqueness of the weak limit in (3.5.9) gives

(e, 0) = (Ut)d,¥), Vo,¢ € CF(R?), V> 0.
Finally, by density of C;°(R?) in L**(R?), we conclude that
{Ut)f.g9)= (e f.g), VfgelL* Vt>0,
which establishes the desired representation formula. [
Next we quote a lemma for some generalized integrals given in [23, Section II.2].

Lemme 3.5.3. 1. The limit of the function X\ — (A +ip) ™' as p — 0%, is the gener-
alized function (\ + i0)~! defined in the following sense:
For every test function ¢ € C}(R)
()

—¢(0
@x+myaa@):/ o) =40 4, =2 da — iw(0).
lz|<1 X lz|>1 T
Moreover, for t > 0 we have the following generalized integral

efit)\

A\ = —ir,
/]R/\—f-io o
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2. Fort >0and j = —1,0,1,--- we have

+ .
/) N2 g = I(2-+1)«—w)—%—%
0

+oo | 9
where F(2 +1) = / 12t dt.
0

Now we are able to prove Theorem 3.2.5. We will use the following formula derived
from Theorem 3.5.1:

p

7thf g Z thHZJf g

J=1
1 4 o— 1€
—|—hmhm/( )e’“‘/6 (R(2)f, g)dz, (3.5.14)
'Y (n,e

n—0e—0 2971

where the curve ['V(n), €) is given in (3.5.7). See Figure 3.2.

Proof of Theorem 3.2.5. Let x : R — R, be a cutoff function such that x(\) = 1
for [\| <wv/2and x(\) = 0for |\| > v. Forj =0,1,---, N, define x;(A) = x(A — A)),
where \g =0 and \; € 0,7 (H),Vj =1,--- ,N. Set

ge(z, ) = e 2(R(2) [, g).

First, we prove the part (b) of the theorem. We start by decomposing the integral in
(3.5.14) by introducing the cutoff functions x;, j = 0,--- , IV, as follows:

N

ge(z,t)dz = / ge(z,t)xi( Re z)dz + ge(z,t)x(Re 2) dz
Jrogo 9082 =3 [ aesting(Re2)dzt [ gz 0 (Re2)
N
= ZIE’”(t, Aj) 4+ JON(t). (3.5.15)
5=0

where Yy = 1 — Z;-V:o -

Then, to evaluate the integrals 1"(t, \;), j = 0,--- , N, we introduce the resolvent ex-
pansions near zero energy and positive resonances which are obtained in Theorems 3.2.2
and 3.2.4 respectively. We have

1

199(6,0) = Y0 (RO f.g) [ 2 emt oy (Re 2) d2

s=-2 I (n,€)

+ [ e THRPE) S g)xol Re 2) dz
I (n,€)

+/ e " (R(2) f, g)x0( Re 2) dz
r (m)n{| Re z|<v} (R(2).f, g)xof )

= I(E) 4+ JET(E) + JEN(1), (3.5.16)
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We shall show that I"(¢) converges uniformly for every bounded interval of the variable
tase — 0T andn — 07, respectively. Let K be a fixed bounded interval of |0, +o00|. Let
t € K. For ¢,n €]0, 5[, we have

to— 1€

—ite ™"z v—insinn —ite"i¢z
150 = (%) [ e [T i

0 z “+ie z

—i€ —i€

vtie p—ite” "z v—insinn e—ite z
+/ (x(Re2) = 1)dz— [ (x(Re z) — 1)dz]

/2+ie z v/2—insinn z

+o0 e—z'ife_i6 (A+ie) +oo e—ite_i6 (A—insinn)

————X(\)d\ —
cos €y \/)\+i€ X( ) ncosn \/)\—insinr] X

R )| [
)

where wy := [v —insinn, ncosn—insinn|UT(n, €) U[n cos €, +ie, v +ie] U[v +ie, v —
insinn) is a closed curve enclosing zero traveled in the clockwise sense. It follows that
I5"(t) — I;"(t) converges as ¢ — 0" and n — 07, respectively, on the interval K, to

()\)d)\}

+00 efit)\ +00 ef’it}\

—2i7r(R(_2%f,g>+2<R(_2%f,g)[o Wdﬂ » \/X(X(/\)—l)d/\]

= —2in(RC}f,g) + 2(~im) " (RA f, )t 7> + O(t™),
where the decay rate t~1/2 comes from the first integral (see Lemma 3.5.3) and O(t~2)
derives from the second integral by integrating by part twice. In addition, the integral
I7"(t) can be easily estimated using Lemma 3.5.3 as follows
+oo .
lim lim I57(t) = 2(RPf, g) / Ve Py (A) dA
0

n—0t e—0t
= —(im) 2(RP f 3+ 072,  VieK. (3.5.17)

Now, let us estimate .J;(¢). By Theorem 3.2.2,if p > 7, z +— RP (z) can be continuously
extended to C*({|z| < §, £z > 0},B(—1,s,1, —s)) for s > 7/2, such that

dr ~
HR?)(A +i0) —o(A2"), 0<A<d, r=0,1,2
dxr B(—1,5,1,—s)
Then, it follows from Lemma 10.2 in [38] that

lim m JE"() = o(t™2)||f o llgllos  ast — +oo. (3.5.18)

n—0e—0

Parameterizing I'” () by z = v, — A(1 + itanv) with A €]0,2v[, we can show that
the integral J;"(¢) converges on every bounded interval of |0, +o0c[ of the variable ¢ as
e, — 0. Moreover, there exists ¢,, C,, > 0 such that
2v
| lim lim JE(1)] < ¢, / e~ (R, — X —iXtanv)f, g)] vo(v — A) dA
0

n—0e—0
2
0
= O ) fllosllgllos, — ast— +o0,

< Cullflosllgllos | e xo(v = A) dA (3:5.19)
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where we have used the fact that A — R(v — \e”) € B(0, s,0,—s) is continuous on
[0,2v] and utilized integration by parts to estimate the integral in (3.5.19) taking into
account that yo (%) = xo(£v) = 0.

Next,forj =1,--- | N,if p>2(+3and s > ( + 3/2, ¢ € N, we have

1 )
19(8,05) = ST (ROL9) [ (2= X Fx(Re 2) da

s=—1 r (7776)
N ., ~
30 [ e Rz = A F g)x( Re 2) dz
]’:1 F"(fiaf)
¢

=) I A) + T ).

s=—1
We can show that 197 (¢, \;) converges as ¢ — 07 for t € K to the integral

—ite

_ 4 —itA; e - oy
I8 0) = (Ra(o)f ghe ™™ | S x(Reg)dg, €= 2= 4,

n

along the contour L, =] — oo, —n] U {¢ = ne™9 0 < § < 7} U [n, +-o0] traveled from
—00 to +00. Then, the integral I”, (¢, \;) converges as 7 — 0 for ¢ € K to

+00 e—it)\

Lt 0) =R ). g)e™ [ (M)

_ ’L'7T<R_1(/\j)f, g>e—it)\j + O(t_z),

Moreover, forr =0,1,--- ,/and t € K we have

) (RO 9™ [Nty
n—0t,e—0t +0o0

where the function at the right-hand side is a regular function of ¢ having a rapidly decay-

ing at infinity as being the r-th derivative of the Fourier transform of the cutoff function

X-

Regarding the integral J"(t, \;), we have by Theorem 3.2.4 that the remainder term

Ry(z — ;) can be continuously extended to

Ri(A =\ +i0) € C*({A >0, |\ = \j| <6}, B(—1,5,1,—s5)). (3.5.20)

Then, similarly to the above integrals I(¢, \;), we observe that J"(¢, \;) converges
as €, — 0 uniformly for every bounded interval K C|0, +oo[ of the variable ¢ to the
Fourier transform of the compactly supported function A — Ry(X — \; 4 i0)y;(\). With
(3.5.20), this yields

lim lim J7(¢, \;) = o(t™)|| fllo.sllgllo.s, t — +o0. (3.5.21)

n—0e—0
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3.5. Large-time expansion of the semigroup (e~"1),5

See [38, Lemma 10.1].
Finally, we have to estimate the integral J*"(¢) in (3.5.15) as t — +oo0. We decompose
JN(t) as follows:

JN(t) = / 9z )X(Re 2) dz + 9.z, )%( Re 2) dz
I (n)Us” (n) F1(n,e)ul'1(e)

JEE) + J(1). (3.5.22)

Using the parameterization of I'V (1) Nsupp X( Re 2): z = (v — \) — i(nsinn + A tanv)
with A € [0, %] U [%, 00|, together with o () N supp X( Re z): z = A — insiny with
A € [5,v], and integrating by parts twice (p > 3 and s > 5/2 are required here), we have

lim lim J"(t) = Ot )| fllosllgllo.s, ast — +oo.
n—0t e—~0*t
Furthermore, applying the same argument as in (3.5.13) with 1 — ¢( Re z) replaced by
X( Re 2) yields
lim lim JS(t) = O(t > :
Jim Ly JL(@) = O )| fllosllgllo,s, ast — +o0
Note that in this theorem the stronger condition p > 7 and s > 7/2 is required to
obtain o(¢~2) in (3.5.21) which holds for £ = 2, and to get o(¢~*/2) in (3.5.18). But this

condition can be relaxed to p > 4 to obtain (3.2.20) with remainder estimate o(|z|~/2)
and then to get the remainder o(t~'/2) in (3.5.18).

Now, we return to the proof of the part (a) of Theorem 3.2.5. We have only to compute
the integral 15" (¢) which does not have the same behavior as in the previous proof. Indeed,
when zero is a resonance and not an eigenvalue, I;"(¢) has to be replaced by

1 -
") = > (RVf,g) / e 22 (3.5.23)

=1 Lo(n,€)

+oo e—ite’"“'6 (A—insinn)

/Jroo e—ite’“()\—i—ie)
n

x| N)dA| + T (),
cos €y \/)\—{—ie X( ) ncosn \/m X( ) + 1 ()

(3.5.24)

where R(,lf is the rank one operator defined in Theorem 3.2.1. It is easy to show that
the integral in (3.5.23) vanishes as  — 0. However, the integrals in (3.5.24) tend as
e, — 07 uniformly on every bounded interval of ]0, +oo[ of the variable ¢ to

efzt/\ et

2 /Om T d\+2 /V:o \/;(X()\) — 1) d = 2(—im)*72 + O(t™2).

See (3.5.17) for the estimate of I;"(¢). Note that the time-decay o(t~'/2) at (3.2.26) fol-
lows from the estimate of J3"(¢) in (3.5.18) which requires that p > 3 and s > 3/2. But,
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Chapitre 3 — Large time behavior of solutions to Schrodinger equation

in the presence of positive resonances our assumption p > 5 and s > 5/2 is needed to
obtain o(¢t~!) in (3.5.21) (see Theorem 3.2.4).

Finally, the part (¢) of Theorem 3.2.5 can be proved using the same calculation as
above with the resolvent expansion in Theorem 3.2.3. |

We end the paper by the following remark:
Remarque 3.5.4. If we replace the hypothesis (H3) by (3.4.17), then using the expansion
N
(3.4.18) of R(z) near \; € o, (H), the oscillating term »_ e " R_;();) in (3.2.26) has

j=1
to be replaced by
N

Z ZtA]Rt)\)

where R;(t, \;) is a polynomial oft of degree at most ji; — N; with values in B(0, s,0, —s)

(_Z‘t)urNj
7|R()\j). See Theorem 3.2.4. Indeed, for { =
(= NN;)!

0,1, , p; — Nj, (\+1i0) " is defined as the (-th derivative of the generalized function
¢

and with the leading term —

(_f') (X +140) L. Then, using integration by parts we have

e—zt)\ )\ I — —Zt —it
/R(A+7;0)f+1’<( /A+z0

+Z £yt / X
= JN Yon<v A+ 10 dN

= agt’ + ag_ltg_l + -+ aqt + ao,

with ap = ( )£+1 Z
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Gevrey estimates of the resolvent and
sub-exponential time-decay for the heat
and Schrodinger semigroups. 11

4.1 Introduction

In [68], X.P. Wang proved the Gevrey estimates of the resolvent for a class of non
selfadjoint second order elliptic operators satisfying a weighted coercive condition and
applied them to establish large time expansions of the heat and Schrédinger semigroups
with sub-exponential time-decay estimates on the remainder. For the Schrédinger semi-
group, a global virial condition on the model potential has been used to ensure the absence
of quantum resonances near threshold zero. In the present work we want to extend the
results of [68] to larger classes of potentials in which only a virial condition outside some
compact is needed for the Schrodinger case. We also consider threshold eigenvalue with
arbitrary geometric multiplicity instead of geometrically simple one, which requires an
analysis of more general Jordan structure analogous to that carried out in [1] for quickly
decreasing potentials.

Consider the non-selfadjoint Schrodinger operator

H=—-A+V(z) @.1.1)

which is regarded as perturbation of a model operator Hy = —A + Vj(x) where V' (z) and
Vo(z) are complex-valued measurable functions on R”, n > 1. Assume that V" and V}, are
—A-compact satisfying for some constants p €]0, 1] and p > 2u:

Vo(z)] < Clx)~2,  [W(x)] < Clz)~?, 4.1.2)

95



Chapter 4 — Gevrey estimates of the resolvent

for x outside some compact of R". Here W (z) = V(x) — Vi(x). An important condition
for sub-exponential time-decay for the associated heat and Schodinger semigroups is the
following weighted coercive condition on the model operator Hy: there exist u €]0, 1]
and ¢y > 0 such that

|(Hou, u)| > co(||Vul]* + |[{z) ul)®), Vue H> (4.1.3)

Throughout this work, conditions (4.1.2) and (4.1.3) are always assumed to be satisfied.
Set Vo (x) = Vi(z) — iVa(x) with Vi (x) and V,(z) real and denote

H, = -A+Vi(x), H=Hy+W(z). (4.1.4)

Under the condition 4.1.3, Gevrey estimates of the resolvent Ry(z) = (Hy — 2)~! are
proved at threshold zero in appropriately weighted spaces ([68]). In order to apply them
to the semigroups e~ and e~ ¢+ > (, we need additional conditions on the potentials.
Recall the two classes of potentials introduced in [68] for the heat and Schrodinger semi-
groups, respectively.

Definition 4.1.1. Let V be the class of complex-valued potentials Vy(x) = Vi (z) —iVa(x)
satisfying (4.1.2), (4.1.3) and the condition

Hy > —aA 4.1.5)
for some constant « > 0. Here Hy = —A + V(x) is the selfadjoint part of H,.

Definition 4.1.2. Let A denote the class of complex-valued potentials Vy(x) such that
(4.1.2) and (4.1.3) are satisfied for some constant p €0, 1[. Assume in addition that V,
and V; are dilation analytic and extend holomorphically into a complex region of the form

Q={recC|z|>c ' |Imz| <c|Rex|} (4.1.6)

for some ¢ > 0 and satisfy for some constants c¢1,cs > 0 and R € [0, +0]

Vi(z)] < ci{ Rex)™ 2€Q, j=1,2 4.1.7)
Vo(x) > 0, VreR", (4.1.8)
2
x .
z-VVi(z) < —CQW, xr € R" with |z| > R, and (4.1.9)
Vo(x) > cplx) ™, x € R™with|z| < R. (4.1.10)

If Condition (4.1.10) is satisfied with R = 0, we assume in addition

O<pu<3ifn=2and0 < pu<1,ifn>3. (4.1.11)
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4.1. Introduction

The conditions (4.1.9) and (4.1.10) can be regarded as a (damped) global virial condi-
tion and is used to prove the absence of quantum resonances near threshold zero in [68],
where sub-exponential time-decay estimates are obtained for compactly supported per-
turbations of model potentials in ) (for the heat semigroup) or in A (for the Schrodinger
semigroup) and for geometrically simple zero eigenvalue of /. Note that for n = 3, the
repulsive Coulomb potential Vy(z) = i €o > 0, belongs to A.

In this paper, we consider more general potentials and need the following condition to
compute the singularity of the resolvent R(z) = (H — z)~' at 2 = 0.

Assumption (A1) Let zero be an eigenvalue of H of geometric multiplicity k. As-
sume that there exists a basis {1, - , ¢} of the eigenspace of H with eigenvalue zero
verifying

det((goj,JgpQ)lgi’jSk 7é 0. (4112)

t

The following result on the heat semigroup e~** will be proven by combining the

ideas from [1] and [68].

Theorem 4.1.1. Let Vo € V and W =V — V, satisfy the condition (4.1.2) with p > 2k,
where K is the integer given by Proposition 4.2.1. Assume that zero is an eigenvalue of H
with geometric multiplicity k and assumption (A1) holds. Then for any a > 0 there exist
some constants c,, C, > 0 such that

/

emal@ ™ [ ot _ ST eI~ | || < Cue” £>0,  (4.1.13)
Aeoq(H), Re x<o0

where ' = 2L and 11, is the spectral projection defined by

1+Kp
k
Mof =) (f, JU;)¥;,  Vfel? (4.1.14)
§=0
where {Uy,--- U} C L? is a basis of the eigenspace of H associated with the eigen-

value zero satisfying the relations

(W, JU;) =6 (4.1.15)

5
with 0;; = 1 ifi = j and d;; = 0, otherwise.

Theorem 4.1.1 is proven in [68] for W compactly supported and £ = 1. The main
step of the proof of Theorem 4.1.1 is the asymptotic expansion of the resolvent R(z) =
(H — 2)7! at threshold zero with Gevrey estimates on the remainder (Theorem 4.3.4).
To prove this result, we decompose H as H = hy + W, with hg = —A + v, verifying
(4.1.3) and W, of compact support and use the equation R(z) = (1 + K(z)) 'ro(z) for
2z ¢ o(H), where ro(z) = (hg—2z) ! and K(z) = ro(2)W,. The condition (A1) is used to
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Chapter 4 — Gevrey estimates of the resolvent

ensure the existence of an asymptotic expansion for (1 + K (z))~! at z = 0. In fact when
0 is an eigenvalue of geometric multiplicity k& of H, —1 is an eigenvalue of K (0) with the
same geometric multiplicity £ and with finite algebraic multiplicity m = dim F, where
E = {u e L?*3j,(1 + K)u = 0}. Since dimker(1 + K(0)) = k, there exists a Jordan
basis B of E such that the matrix of 1 + K (0) restricted onto £ is of the Jordan form:

A = Diag(Jmys -+ 5 Iy )

where J,,,, is the Jordan bloc of order m; associated with the eigenvalue 0 and m; +
---my = m. By Grushin method, the existence of an asymptotic expansion for 1 + K (z)
is reduced to that of an m x m matric £_ (z) of the form

E_(2)=—-A+ 2B+ 0(2*).
Set

I = {1,---,m}\{ml,m1+m2,---,m1+m2+---+mk},
J = {l,--- m}\{l,mi+1,--- ,mi+ma+--+my_1+1}.

If A is denoted by A = (a;j)1<ij<m, thena;; = 1if i € [ and j € J with j =i+ 1 and
a;; = 0, otherwise. Then one can check that

det E_, (2) = 2" Dy, + O(z*™) (4.1.16)

for z near 0, where Dy, is, up to a sign, equal to the minor of order k£ obtained from
B by deleting all i-th lines and j-th columns with ¢ € [ and j € J. One can prove
by choosing appropriate bases of E that D, # 0 if and only if the assumption (A1)
is satisfied (cf. Lemma 4.3.2). See also [1] for non selfadjoint Schrodinger operators
with quickly decreasing potentials and [68] in the case £k = 1. Therefore the assump-
tion (Al) is in some sense a necessary condition for R(z) to admit an asymptotic ex-
pansion at z = (0 with the leading term of the order é If one has for some [ € N
det E_,(z) = 2Dy 4+ O(2*++1) with Dy # 0, then one can show that R(z) admits
an asymptotic expansion at z = 0 with the leading term of the order zl% But we do not
have any example for which this condition is satisfied with [ > 1.

The second main result of this work is about large-time expansion of the Schrodinger
semigroup with sub-exponential time-decay estimates on the remainder. For this purpose,
we introduce the following class of model potentials.

Definition 4.1.3. Let A, denote the subclass of potentials Vy € V satisfying that Im Vy <
0 and there exists some potential Vy € A with

Vo(z) = Vo(z), |z| > Ry, (4.1.17)

for some Ry > 0.
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4.1. Introduction

For V, € Ay, denote Hy = —A + V() and Hy = —A + %(m) where V, € A
coincides with Vj(x) outside some compact. We use the technique of analytic distortion

from quantum resonances to study e~*¥ and need the following analyticity condition on
W(z) =V(x) — Vo(x):

{ W is holomorphic in a complex region € of the form (4.1.6) for some Ry > 0 and

|[W(x)| < C{Rex) 2 ¢ Vo .
(4.1.18)
for some constants C' > 0 and ¢ > 0. In addition, one assumes that there exists k3 > 0
such that
Im W (z) <0, r € R" with |z| > Rj. (4.1.19)
Since Im W (x) is allowed to change sign in some bounded region, H may have outgoing

positive resonances which are relevant to the asymptotic expansion of e~ as t — +o0.

If V is of short-range: V(z) = O({z)~'7) for some ¢ > 0, A > 0 is called real
resonance of H = —A + V(x) if the equation Hu = Au admits a non-trivial solution

u € HE . .(R™) satisfying one of Sommerfeld radiation conditions:
e:l:i\/X\ad
u(x) = e (ar(w) +0o(1)), x| = oo, (4.1.20)
x| 2

for some a € L*(S" 1), ax # 0. X is called an outgoing (resp., incoming) positive res-
onance of H if u verifies (4.1.20) with sign + (resp. with sign —). In this paper, we use
the same definition of real resonances as in [68] because potential V' (x) has a complex
long-range tail.

Let x; € C*(R") with x;(z) = 0 for |z| < 1and x;(z) =1 for |x| > 2. For R > 0
sufficiently large : R > 2max{R;, Ry, R3}, set xr(z) = x1(F) and

ho=—=A+wo(z), vo=VotxrW, Ve=(1-xp)V, We=(1-xg)W. (4121

hg is a dissipative operator: Ran hg < 0 and the boundary value of the resolvent ro(A +
i0) = lime_,o+ (ho — (A +1€)) " exists in B(—1, s; 1, —s) forany s > % and is continuous
in A\ > 0 ( [60]). The resolvent equation R(z) = (1 + ro(z)W,.) 'ro(z) motivates the
following definition

Definition 4.1.4. Let A > 0 and G (\) = ro(X +40). X > 0 is called outgoing positive

resonance of H = —A + V (z) if —1 is an eigenvalue of the compact operator G§ (\)W..

in L>~* for s > % Denote r(H) the set of outgoing positive resonances of H. For

A\ € v (H), denote m(\) the algebraic multiplicity of eigenvalue —1 of G§(\)W,.. and
k() its geometric multiplicity.
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Chapter 4 — Gevrey estimates of the resolvent

The above definition is independent of the cut-off xz used. In fact if Ay and ?Lo are
two operators constructed as above with two different cut-offs xz and X with R and R

sufficiently large and H = ho + W, , one deduces from the formula
1+ ro(2)We = (14 70(2) (xr — Xp)W) (1+ Fo(2)W7.)

and the similar one with xr and X interchanged that —1 is an eigenvalue of G (MW,
if and only if it is an eigenvalue of C:‘a“ (A)WC. If V and V' are short-range potentials, one

can check that A > 0 is an outgoing resonance if and only if the equation (H — \)u = 0
admits a solution satisfying the outgoing Sommerfeld radiation condition (4.1.20).
For A € v, (H), we define the symmetric bilinear form B} associated with
Bf (p,1) = (GT (M Wep, W) forall ¢,¢ € L>75(R"), (4.1.22)

where G7(\) = lim__, 1y .- L ro(z) in the norm sense of B(—1,s,1,—s), s > 3/2,

and J : f(x) — f(z) is the complex conjugation.

Assumption (A2): For all A € r, (H), one assumes that there exists {;, - - - ,w,jm} C
L*75, Vs > 1/2, abasis of Ker(I + G{ (\)W,) such that
det (B5 (v, v])) £0. (4.1.23)

The condition (4.1.23) is similar to that used in [1, 73] for quickly decreasing poten-
tials.

1<i,j<k(N)

Theorem 4.1.2. Let Vy € Ay and W (z) = V(x) — Vy(x) satisfy (4.1.2), (4.1.18) and
(4.1.19). Suppose that the conditions (A1) and (A2) hold for zero eigenvalue and positive
outgoing resonances, respectively. Then the set of outgoing resonances v (H) of H is at
most finite and there exists ¢ > 0 such that for any x € C3°(R"), one has

Ix e ™= Y ™ML -I— Y e™Iiw)|x|< C’Xe*”ﬁ t>0.
Aeog(H)NC4 very (H)
(4.1.24)
Here 0 = L:—Z, [Ty denotes the Riesz projection associated with the discrete eigenvalue \

of H, Tl is the projector given in (4.1.14) and 11§ (v) is an operator of rank k(v) given
by
k(v)
Oy w)f =Y (f.J® W)@ (v)  forall feL* s>1/2, (4.1.25)

J

7=0
with

By (2 (v), @] (v)) = dij, (4.1.26)
where B is the bilinear form defined in (4.1.22) and {7 (v), - ,@:(y)(u)} C L>,
Vs > 1/2, is a basis of the eigenspace associated with the eigenvalue -1 of ro(A + i0)W...
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4.1. Introduction

Of course, if zero eigenvalue and/or positive outgoing resonances are absent, the
asymptotic expansion (4.1.24) still holds with the associated terms disappeared.

Remark 4.1.5. 1. Theorem 4.1.2 can be compared with [68, Theorem 2.4 (b)], where the
perturbation W =V — Vj is compactly-supported with Vi, € A (satisfying a global virial
condition), the zero eigenvalue is supposed to be geometrically simple, the condition (A2)
is not assumed and the contribution from positive outgoing resonances has not been ex-
plicitly calculated. Here V; satisfies only a virial condition outside some compact, the
geometrical multiplicity of zero eigenvalue is arbitrary and the contribution of positive

outgoing resonances is explicitly calculated in terms of an orthonormal basis relatively
to Bf ().

2. The proofs of Theorem 4.1.2 and [68, Theorem 2.4 (b)] are both based on the resol-
vent expansions near the threshold eigenvalue and outgoing resonances. But the methods
to establish the resolvent expansions are different. To study the asymptotic expansion
of (1+ Ro(z)I/V)_1 in a sector below the positive half-axis, in [68] we constructed an
approximate Grushin problem with 0-independent bases (where 0 is the complex param-
eter used in analytic deformation of operators), while in this work we study 6-dependent
Grushin problems by constructing Jordan bases depending holomorphically on 6.

Example 4.1.6. Let ¢ € C*(R";C) such that there exist some constants p €|0,1[ and
R > 0 such that o(x) = (x)'™* for |z| > R. The associated Witten Laplacian acting on
functions is given by

—A,=—-A+V(z) withV(z)= (Ve -Vp)(x)— Ap(z).

Take Vo(r) = x(5)+(1—x(%)) (gé‘f where x is a cut-off with0 < y < land x(z) =1
if x| < 2; 0if |x| > 3. Then V(x) can be decomposed as V(x) = Vy(x) + W(x)
with Vo € Ay and W satisfying the conditions of Theorem 4.1.2. But V (x) can not be
decomposed as V (x) = %($L+ W (x) with Vy € A (which in particular requires V()
to be dilation analytic) and W compactly supported. Therefore Theorem 4.1.2 can be
applied to e while [68, Theorem 2.4 (b)] cannot.

The remaining part of this work is organized as follows. In Section 2, we recall from
[68] the Gevrey estimates for the resolvent of the model operator needed in this paper.
The asymptotic expansion of the resolvent R(z) (or the cut-off resolvent yR(z)yx with
X € C3°(R™)) near z = 0 is calculated in Section 3. In Section 4, we study resolvent ex-
pansion near positive resonances. Finally Theorems 4.1.1 and 4.1.2 are proved in Section
3.

Notation. We denote H™*, r > 0, s € R the weighted Sobolev space of order r with the
weight (z)* on R": H™* = {u € S'(R"); ||ull;.s = |[{x)*(1 — A)2u|| 2 < oo}. Forr < 0,
H"™* is defined as the dual space of H~""~* with dual product identified with the scalar
product (-, -) of L*(R™). Set H** = L**. B(r, s;7’, s') stands for the space of continuous
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Chapter 4 — Gevrey estimates of the resolvent

linear operators from H"™* to H™*'. If (1, s) = (1, s'), we denote B(r, s) = B(r,s;1', s").
Unless otherwise mentioned explicitly, || - || denotes norm in L?(R") or in B(L?) when
no confusion is possible. C. denote respectively the upper and the lower open half-plane
and C. their closure. Set C* = C\ {0}. For 6; < 6, and r > 0, S(6;,65) denotes the
sector

5(81,02) = {Z S C*,el <argz < 02}

and Q(r, 6, 6,) is a part of S(6,, 0,) near zero :
Q(r,01,05) ={z € S(01,0); || <r}.

In this work, the scalar product denoted as (-, -) is assumed to be linear with respect to the
left variable.

4.2 Gevrey estimates for the resolvent of the model oper-
ators

For Vp € Vand W = V — V4 verifying (4.1.2), set vo(z) = Vo(z) + x1(5)W (z)
where y; € C*°(R") is a cut-off function with y(x) = 0 for |z| < 1 and x;(z) = 1 for
|z| > 2. Since p > 2u, for R > 1 large enough, vy satisfies condition (4.1.3) and the
results on Gevrey estimates of the resolvent of [68] can be applied to hg = —A + vg(x).
Let ro(z) = (hg — 2)~'. Define operator Gy : Ran hg — L? by

Gof = _ lim  ro(2)f, [ € Ran hy.

Re 2<0,2—0

G| is an unbounded closed operator with D(Gy) = Ran hy. It is proven that Gy : L*»* —
L5724 is continuous (cf. [68, Lemma 3.3]). The following result is consequence of [68,
Theorem 2.1].

Theorem 4.2.1. Let Vy € V. Then for any a > 0, there exist some constants Cy,c, > 0
such that

(&) Te TG (@) [+ (@) GYem T @) T < Coed TN 7)Y (@.2.1)
forall N € N* and 7 > 0. Here v = f_—“ﬂ

Theorem 4.2.1 is Gevrey estimates for the resolvent ry(z) at z = 0. To obtain sub-
exponential time-decay estimates for the heat semi-group, we need Gevrey estimates of
the resolvent in some region of the right half-plane. Recall first the following result on
Ro(2) = (Hy — 2z)~* ([68, Proposition 4.1]).

Proposition 4.2.1. Let Vy € V for some 1 €]0, 1. Then
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1. There exist ;' €)0,1] and Cy > 0 such that the numerical range N(Hy) of Hy is
contained in a region of the form {z; Re z > 0,| Im z| < Cy( Re 2)*'}. Conse-
quently, for 6 > 0 small enough there exists some constant My such that

M,
|Ro(2)]| < —+ 4.2.2)
z|u’
for z € O(6) where
O(8) = {2 € C*;|2| <6, Re z < 8| Im 2| }. (4.2.3)

2. If k is the smallest integer such that k > i one has

[{(z)"**Ry(2)|| < C (4.2.4)
uniformly in z € O(0).

Note that in [68], the constant ;' used to describe the numerical range of H is ob-
tained from the generalized Hardy inequality. If one knows p/ = 1 (for example if H, is
selfadjoint), then x can be taken to be 1 in the above proposition.

Proposition 4.2.2. Let Vi € V for some p €]0, 1] and k be given by Proposition 4.2.1.
Assume the condition (4.1.2) is satisfied for some p > 2rku. Let hy be defined as above
with R > 1 appropriately large. Then one has

(a) ho has no eigenvalues in O(9) and
[(x) " ro(2)]| < C (4.2.5)
uniformly in z € O(6). In addition,

zeOl(lélilz—m ro(z) = Go (4.2.6)

as bounded operators from L** to L**" for all s € R and r > 2k /1.

(b) One has the following Gevrey estimates of the resolvent ro(z): for any a > 0,
there exist ¢, C' > 0 such that

—a(z)l =+ dN?l

WTO(Z)H < CNNOUHIN - YN > 1, (4.2.7)

le

uniformly in z € Oy(6) = O() U {0}, where v = %

Proof. (a). One has
ro(z) = Ro(z) — ro(2)XxrW Ro(2). (4.2.8)

Since p > 2k, it follows from (4.2.4) that if R > 1 is appropriately large,
IxrW Bo(2)]| < CR™™29 ()% Ry (2)]| < 1

103



Chapter 4 — Gevrey estimates of the resolvent

uniformly in z € O(6). This proves 1 + xgW Ry (z) is invertible with uniformly bounded
inverse. Therefore h has no eigenvalues in O(d) and

ro(2) = Ro(2)(1 + xrWRo(2)) ™", 2 € O(3),

which together with (4.2.4) gives the uniform estimate (4.2.5). (4.2.6) is deduced from
(4.2.5) and the resolvent equation

ro(2) — Go = 2Goro(2), (4.2.9)
using the compactness of 74(z) — Gy as operators from L?* to L?*~" for r > 2k .

(b) is derived from (a), Theorem 4.2.1 and the formula

g—1 ,
ro(z) = AGT 4+ 291G (2), 2z € O6) (4.2.10)
=0
with ¢ = k. See [68, Corollary 4.2] for details when r(2) is replaced by Ry(z). |

4.3 Resolvent expansion at threshold zero

In this section, we look at the case where [ has an embedded eigenvalue zero with
arbitrary geometric multiplicity. To obtain the asymptotic expansion of R(z) with Gevrey
estimates on the remainder, we use the resolvent equation R(z) = (I + ro(2)W,) 1ro(2)
forz ¢ o(H).

4.3.1 Asymptotic expansion of R(z)

In this subsection, we assume Vy € V. Set Ko(z) = ro(2)W, : L? — L2 The
compact operator-valued function z — K;(z) is meromorphic on C \ R, with poles at
discrete eigenvalues of hy. The condition (4.1.3) is satisfied for hy and zero is not an
eigenvalue of hy. According to Proposition 4.2.2, if V; € VV and W satisfies (4.1.2) for
some p > 2k, then Gy is continuous as operator from L** to L**~" for all s € R and
r > 2ku. In addition, Ky := Ky(0) = GoW, is a compact operator on L?. One can check
that zero is an embedded eigenvalue of /1 if and only if —1 is a discrete eigenvalue of K|
and their eigenspaces coincide in L2. Although the Riesz projection for the eigenvalue
zero of H can not be defined, that for eigenvalue —1 of K is well defined and is given by

1
I = —/ (z — Ko) ' dz,
|Z+1|:Eo

2
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4.3. Resolvent expansion at threshold zero

for some ¢p > 0 small enough such that —1 is the only eigenvalue of K inside the cercle
{z;|z+ 1] = €0}

Let £ = Ran II;, m = rank II; and ¥ = dim Ker(I + Kj). E is a subspace of L2
Consider the non degenerate bilinear form B on £ x E:

Yu,v € E, B(u,v) = (u,v"), 4.3.1)

where v* := JW_v. Note that the relations h = JhoJ and H* = JH.J imply that
JW.Ky = K;JW, and JW_ I, = IIJW,.. The mapping S : ¢ — ¢* = JW_ ¢ sends
Ran II; to Ran II} and ker(1+ K) to ker(1+4 K*). Itis injective on ker(1+ K), because if
¢ € ker(1+ K) with ¢ # 0 and ¢* = 0, then W,¢ = 0 and hence hy¢ = 0. This is impos-
sible because 0 is not an eigenvalue of hy. We infer that if B is a Jordan basis of Ran II;,
then B* = S(B) is free in Ran II}, hence S is injective from Ran II; into Ran ITj. Since
rank II; = rank II}, S is bijective from Ran II; onto Ran II}. The argument of Lemma
5.13 in [68] based on the bijectivity of S shows that the bilinear form B(-, -) defined above
is non-degenerate on I x E.

In order to study the case where the eigenvalue —1 of K| has arbitrary geometric
multiplicity £k € N*, we decompose E into k invariant subspaces of K, such that B
restricted to each one is non-degenerate. More precisely, we have

Lemma 4.3.1. Assume that —1 is an eigenvalue of K of geometric multiplicity k € N*
and algebraic multiplicity m. Then there exist k invariant subspaces of K, denoted by
Ey, -, Ey, such that

1. E=FE\ @ - ® Ey, where Vi # j: E; L E; with respect to the bilinear form B.
2. V1 < i <k, there exists a basis U; := {ulY) = (I + Ko)™ "u{) 1 <r <m;} C
L? of E; such that

(I + Ko)™ull) =0and B\, uli)) =c; #0. (4.3.2)

3. V1 < j <k, there exists a dual basis VW; = {w%j), e ,wﬁ,{g} C L? of E; such
that ' ' 4
wY) € Ker(I + KO)TIZH_T, B(ul(l),w(”) = 010y

r

4. dimker(1 + Ko)jg, =1L, Vj=1,--- |k

Moreover, the matrix of T1; (I + Ko)I1, in the basis U := U¥_U; of E is a k x k block
diagonal matrix given by

J:diag(Jmquz)"' 7Jmk)a (433)
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Chapter 4 — Gevrey estimates of the resolvent

where
01 0 0
00 1
Jm; =10 0 0 (4.3.4)
R |
00 -- 00
mj Xm;
is a Jordan block. We have also denoted m; = dim E; for j = 1,---  k, such that

m=mi+- -+ Mmg.

For the proof of the above lemma, we refer to that of Lemma 3.1 in [1] in the case
where 0 is an eigenvalue of —A + V() with a quickly decreasing complex-valued poten-
tial V'(x). The proof is algebraic in nature and is still valid in the present case.

As consequence of Lemma 4.3.1, one has the following

Corollaire 4.3.1. Let a basis B = U U; of E and its B-dual basis B* = U W; be
constructed as in Lemma 4.3.1. Then the Riesz projection 11, can be represented as
k m;

mf =YY B(f,uHu,  vferl (4.3.5)

i=1j=1

Grushin problem for [ + K (z)

Denote H’l = [ — II;. Since I 4+ K| is injective on Ran H’l, it is invertible on Ran H’l
and by an argument of perturbation IT, (14K (z))IT, is invertible on Ran IT; for z € O(6),
0 > 0 small, with the inverse denoted by

E(z) = (IL(I + Ko(2))IL;) T, € B(L?). (4.3.6)

According to Proposition 4.2.2, K (z) is continuous and uniformly bounded in z € O(9).
Since W, is of compact support, (4.2.7) leads to the following Gevrey estimates on K(z):
there exist some constants C', ¢ > 0 such that

| Ko(2) M| < CHNNUHIN - N e N*,

for z € Oy(0). Here || -|| is the norm of bounded operators in L? and K (z)") denotes the
N-th derivative of Ky(z). By operations in Gevrey classes, one deduces that there exist
constants C" and ¢; > 0 such that £(2) satisfies the following Gevrey estimates:

|E(z)MV|| < ¢l NOFIN, 4.3.7)
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4.3. Resolvent expansion at threshold zero

forall N € N* and z € Oy(¢). In addition, for all ¢ € N, one has
q
E(z) =Y 2 Ej+ 2%,(2), z € 0(9), (4.3.8)

J=0

! ! _1 / .
in B(L?), where Ey = (Hl([ + KO)Hl) II; and other terms F;,j = 1,---,q, can
be computed explicitly. Moreover, the remainder ¢,(z) satisfies the following Gevrey
estimates: there exist Cy, ¢, > 0 such that

leg(2) M| < Cpel NUF=IN, 4.3.9)
forall N € N*and z € Oy(0).

Define S : C™ — RanIl; and T : L? — C™ by
komy Kk k

Se=3"3 M Ve=@ (-, D) e P,

=1 j=1 =1 =1

Tu =

D~
/N
—~
£
—~
£
~
~
~—
*
~

T <U, (w%)l)*>) ) Vu e LQ'

=1

Then one has T'S = I,,, and ST = T1I;. Set W (z) = 1 4+ Ky(z) and

E.(z) = S—B(z)W(2)S, (4.3.10)
E_(z) = T—TW(2)E(2), (4.3.11)
E_(2) = —TW(z)S+TW(2)E(2)W(2)S. (4.3.12)

Since F(z) and W (z) satisfy Gevrey estimates of the form (4.3.9) on Oy(¢), F+(z) and
E_ (z) satisfy similar estimates on Oy(0). In addition, F_ (z) is invertible if and only
if (I + Ko(z)) is it and one has the formula

(I+719(2)W.) ™t = E(2) — E.(2)E_;(2) ' E_(2) on L*(R"). (4.3.13)

In order to study the singularity of (I + ro(2)W,)~! we calculate the expansion of
det E_, (z) in power of z, as well as that of £, (z)~! by using the method developed in
[1].

Lemma 4.3.2. Let Vy € V and W satisfy condition (4.1.2) for some p > 2k with k > 1
given by Proposition 4.2.1. Assume that -1 is an eigenvalue of Ky = GoW., of geometric
multiplicity k > 1. Assume in addition that (A1) holds. Then, for all ¢ € N*, one has

q
det E_(z) =Y 0;2"7 + o(]z|F), (4.3.14)
=0
for z € O(8) with § > 0 small, where oy = o x det ({,p}, J0i))1<ij<x 7 0. Moreover,
det E_ (z) satisfies Gevrey estimates of order 1 + k. o
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Chapter 4 — Gevrey estimates of the resolvent

Proof. Using Lemma 4.3.1, we partition the matrix F_, (z) as follows:
E_.(z) = (E‘,@(z))lgim with
EDE) = —(((1= U+ n@W)EE) U+l W), W)

is a m; x m; block. Introducing the expansion (4.2.10) for ¢ € N* into the previous
formula, we obtain

E_(2)= qil B+ 2y (2), (4.3.15)
where -~
B9, = (< (I + GoW,)ul, JWuwl >>£
EW, = (<G W, JGoWea! >)€
B9, = (< (I = GoW.E(0)G2W.u, JGoW,u! >>Z with
B(0) = (I +GWoIL,) I,
Also other terms E_ ;,/ = 3,--- ,q — 1 can be calculated explicitly. In addition,

it can be seen from (4.3.9) that the remainder e_, ,(z) satisfies the following Gevrey
estimates: 3 ¢, C' > 0 such that

forall N > 1 and z € Oy(0), where the above norm is the matrix norm.

dN—l
< OV NOFIN, (4.3.16)

WE—-‘HQ(Z)

We can simplify the form of the above matrices as follows: Since ugj ) € Ker(] +
GoW,), (I + GoW)ul) = uffjl r=2--,mj1<j<k, and w(i) = ¢ ul (cZ,
1 <4 <k, are given in (4.3.2)), then for all 1 < ¢, 7 < k we have

0 =6 0 --- 0

E(—ii),o = |: ORI and (4.3.17)
0 0 O _6z]
* % *

E(_Zi-)l = Do I with a;; = —¢; <Ugj)a ng>> (4.3.18)
* % *
Aij  * mixm;
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4.3. Resolvent expansion at threshold zero

Thus, to obtain (4.3.14) we shall calculate det(E_, o + zE_ 1) by following the method
used in [1] which is based on Lidskii’s idea ([44]).

First, for z # 0 we introduce the k& x k block diagonal matrix L(z) partitioned con-
formally with the block structure of £ (z), given by

L(z) = diag(L1(2), -+ , Li(2)), (4.3.19)
where
Li(z) = diag(1,--- ,1,27%), V1 <i < k.

Let ¢ > 2. Set Ey1(z) = E_1 ¢+ zE_, 1. Multiplying Ey1(z) on the left by L(z), we
obtain B B B
E071(Z) = L(Z)E()’l(Z) = EO + z El, (4320)

where the block entries of the obtained matrices E, and E; have the following forms:

0 —d6; 0 - 0
B o= | SRR . Vishish
0 0 0 0y
aU * * * mi; Xm;
k k *
E{ij) _ L S , V1<i j<k. (4.3.21)
X ok *
0 0 o/
Mg XM

The above terms a;; are given in (4.3.18).

Next, we calculate det Eoyl(z) where it is clear from (4.3.20) that it is a polynomial of
z. We have

det By 1(2) = detEy +O(|z]),  Vze€ 0(5). (4.3.22)
Then, let us calculate det E(0). By expanding the determinant of £y (0) along the rows
of Ey1(0) that are containing only —1, we obtain

det Eyy = det (a;;) = 0" x det ((uf”, Jul)) £0, (4.3.23)

1<ij<k 1<i,j<k

where 0" = (—1)Fc;!--- ¢! by (4.3.18). (See also the proof of Theorem 2.1 in [47] for
a specific example with 12 x 12 matrix that illustrates the method to calculate the deter-
minant).
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Finally, for z € O(4) with § > 0 small, it follows from (4.3.20), (4.3.22) and (4.3.23)
that
det Ey (2) = (det L(2)) " (det By + O(|2]))
— ket (@ij)1<ijp T+ O(|z|F+1).
Thus (4.3.14) can be deduced from (4.3.15) and the previous equation. Moreover, Gevrey

estimates of order 1 + k7 for det £_(z) on Oy(0) can be derived from that of E_(2).
|

In the previous lemma we have given an sufficient condition for the invertibility of
E_,(2) for z € O(J). Now we give the asymptotic expansion of its inverse.

Lemma 4.3.3. Suppose that assumptions in Lemma 4.3.2 are satisfied. Then

E_(2)'= };‘1 + F(2) (4.3.24)
for z € O(6), § > 0 small, where F_; is a matrix of order m and of rank k, whose block

entries are of the form

O s 0 Oéij
a _ [0 00 -
Fo=. .| VIS <k, (4.3.25)
0 0 O
with
(aijh<ij<k = Ay, (4.3.26)

and the remainder F(z) is continuous up to z = 0 and satisfies Gevrey estimates of the
form (4.3.16) on Oy(9).

Proof. To obtain the expansion of £, (z)~' we compute the inverse of the leading

term Fy1(z) = E_, o+ zE_, ;1 in (4.3.12). By regularity of the matrix L(z) for z # 0
given in (4.3.19), we observe that Ej ;(z) is invertible if and only if Eo,1(2) in (4.3.20) is
invertible. Thus our problem is reduced to calculate Eo,l(z)*l if it does exist. Indeed, if
the condition (4.1.12) holds, then by (4.3.23) the matrix EO is invertible with

Byt = b
0 det EO

By using the same technique to calculate det Ey, we can calculate the minors of the matrix
FEj,. We obtain
EO_ T — F_1+ Fo,
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4.3. Resolvent expansion at threshold zero

where F_; is given in (4.3.25) and the block entries of ﬁo are of the form
x .- % 0

0O --- 0 0

F = ' 0

- O

0 -« 0 =«

mg Xm

Moreover, to prove (4.3.26) we check by using the definition of coefficients ;5,1 <
1,7 < k, that

(det Ay )ay; = (=1)"™|[AxJj],
where we denoted by |[A]’| the (j,%)-th minor of the matrix Ay. Thus, for z € O(9), 6 >
0 small enough, Ey () is invertible, with

Eor(2) "t = Fo1 + Fo— 2By "B\ Byt + F(2), 4.3.27)

where the remainder F(2) is analytic in z € O(J) and continuous for z € Oy(). By
regularity of the matrix L(z) for z # 0, it follows from (4.3.20) that

E()’l(Z)_l = E071(2)_1L(Z).
In addition, we can easily check that

F - -
FAM@:4;£m¢RM@:fb
This yields

z

Eo1(2)™! + FoI — By Fy) + Fil2),

for z € O(J), where Fy(z) is analytic in z € O() and continuous for z € Oy(0).

Finally, for 2 € O(J), the expansion (4.3.24) of E_,(z)~! follows directly from
(4.3.15) and the above expansion of Ey;(z)~!. In addition, Gevrey estimates of the re-
mainder F(z) are derived from (4.3.16). |

We can now prove the asymptotic expansion of the resolvent R(z) at threshold zero.

Theorem 4.3.4. Let k € N* be given by Proposition 4.2.1. Assume that zero is an eigen-
value of H of geometric multiplicity k, k € N*, and that assumption (A1) holds. Suppose
that Vo € Vand W =V — Vj satisfies condition (4.1.2) for some p > 2ku. Then, for
z € O(6) and § > 0 small enough

R(z) = == + Ri(2), (4.3.28)
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Chapter 4 — Gevrey estimates of the resolvent

where 11y is a spectral projection given by

k
Hof = (f,J¥)W;,  Vfel? (4.3.29)

i=1
with {Vy,--- Uy} is a basis of the eigenspace of H associated with eigenvalue 0 such

that

The remainder Ry (z) satisfies the estimate: 3C, 6 > 0 such that
z) ™ Ry ()| + | Ra(2) () ™) < € (4.3.30)

for z € O(9). In particular,
aa(H) N O(8) = 0. 43.31)

In addition Ry(z) is continuous up to z = 0 and for any a > 0, there exist C,,c, > 0
such that

le=*@ ™ R{M (2)]| + | R (2)e=@) ™ || < Cuely NOFIN, (43.32)
forany N € N*and z € O(0) U {0}.

Proof. Since condition (4.1.12) holds, £_, (z) is invertible by Lemma 4.3.2. It follows
from formulae (4.3.13) and (4.3.24) that (I + ro(2)W,) ! exists for z € O(5), § > 0
small, with

o SF_ng

(I+7ro(2)W.) g = + By(2)g

k .
> aylg, Wl + Bo(z)g

ij=1

N |

1 G
== 3" ayei g, IWaiyul? + Bo(2)g, (4.3.33)

Zij=1

for g € L?, where By(z) is uniformly bounded for z € O(¢) as operator in B(L?) and
there Cy, ¢y > 0 such that

1B (2)]] < Cocly NO+=IN. (4.3.34)

forall N € N*and z € Oy(0).

Set
A= (ah<ijer,  Qr= (W Jul”)i<ijan, (4.3.35)

where a;; are given in (4.3.18). We have

Ak = —Ck X Qk> Ok = diag(cl_l, s 701;1). (4336)
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4.3. Resolvent expansion at threshold zero

For f € L**# putting g = ro(2)f in the first term in the right hand side of (4.3.33), we
obtain

Z e Hro(2) f. JWou” Z aic; [(f, JGoWeul”) + 2(ro(2) £, JGoWeu) | ul?
i,7=1 i,0=1
- (), (9
= — Z aijcj’l(f, Juy?Yuy” + By(2)f
,j=1

k .
S Z(f, Juut” + By (2)f,

where by the identity (4.3.26), one has

U1 Ugl) Ugl)
=A G| | =0
Uk ugk) ugk)

In addition, the remainder B;(z) has the same regularity properties as By(z) in (4.3.33).
Finally, let

Q' = "P.Py

be the Cholesky decomposition of the complex symmetric matrix @, !, where P, =
(pij)1<i,j<k is an upper triangular matrix (cf. [56, Proposition 25]). Then,

R(2)f = (I +1o(z )Wc)_lro(z)f

k
= _EZ > puivef, Jul >u1 + Ri(2)f.

ZK 14,5=1

k
This establishes (4.3.29) with ¥; = > pwu(lz), V1 < ¢ < k. In addition, one checks that
=1

k k
<‘Ifj7 qui> = Z pjrpi£<u§r)a JU@) = ijr(Pka)ir = (Pin;Pk)ij = 5ij-
r=1

lr=1

The estimate (4.3.30) follows from uniformly boundedness of r¢(z) in B(0, s,0, s —2ku),
Vs € R (see (4.2.5)) and the resolvent equation R(z) = (I +ry(z)W.) 'ry(z). Moreover,
(4.3.32) can be obtained from (4.2.7) and (4.3.34). See also [68, Proposition 5.12]. W

4.3.2 Expansion of the cut-off resolvent
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Chapter 4 — Gevrey estimates of the resolvent

In this subsection we suppose V; € A; and W satisfies conditions (4.1.2), (4.1.18)
and (4.1.19). We want to use technics from quantum resonances to establish an asymp-
totic expansion for the cut-off resolvent y R(z)x valid in a sector below the positive real
axis. As before, denote iy = —A + vo(x), vo = Vo + xgW and W, = (1 — xg)W where
xr(z) = x1(%) forall z € R™, x; € C*°(R") is a cut-off function with x;(z) = 0 if
|z] < 1and x;(z) = 1if |x| > 2, where R is chosen such that R > 2max{ Ry, Rs, R3},
where R;, R, and R3 are given in (4.1.17), (4.1.18) and (4.1.19), respectively. Remark
that vy is still distorsion analytic outside some compact and Im vy < 0, but vy may no
longer belong to A;.

In order to obtain the asymptotic expansion at low energy of the cut-off resolvent
XR(z)x, x € C§°(R), we use analytic distortion of H outside the support of x. Let
Ry > 2R such that supp x C B(0, Ry). Let p € C*°(R) with 0 < p < 1, p(r) = 0 if
r<landp(r)=1ifr > 2. Set

Fy(x) ==z <1 + 0p<’g>> , v eR" (4.3.37)
0

When 6 € R with |0] sufficiently small, x — Fy(z) is a global diffeomorphism on R".

Set

Upf(x) = |DFy(x)|2 f(Fy(z)), f € LA(R™),

where DFjy(z) is the Jacobi matrix and |D Fy(x)]| is the Jacobian of the change of vari-
ables: x — Fy(x). One has

- 1, |.Z" < RQ,
|DEy(x)| = { (1+0),  |z| > 2R, (4.3.38)
Uy is unitary in L?(R™) for 6 real with |6| sufficiently small. Define the distorted operator
H(6) by

H(0) = UyHU,*, 0 € R. (4.3.39)
One can calculate that
H(0) = ho(0) + W,(x), (4.3.40)
where, for § € R,
ho(0) = UphoUy ' = —Ag + vo(, 0) (4.3.41)
with
A@ =t VQ : VQ and Uo(l’, 8) = UO(FQ(ZL’)),
such that 1
_ —1 -1
Vo = (tDFg) -V — W("/Dﬂ;) - (V|DFy|). (4.3.42)

In particular, Vo f = (1 + 6)~'Vf if f is supported outside the ball B(0,2R,).
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4.3. Resolvent expansion at threshold zero

For z5 € C and € > 0 small, let
D(zp,€) ={2 € C; |z — 2| < €}, (4.3.43)

be small complex neighborhood of zy and D, (zp,¢) = D(z9,¢) NC,. If V € A; and
W satisfies (4.1.18), then for By > 2R with R > max{R;, Ro}, H(0) and hy(0) can
be extended to holomorphic families of type A for 6 € D,(0,¢), ¢ > 0 small. We
observe that the distorted operator ho(6) is a perturbation of Hy(f) = —Ag + Vo(x,0)
by (xgW)(z, ) which is relatively Hy(#)-compact by condition (4.1.18). From this we
deduce that the essential spectrum of hq(6) coincides with that of Hy(6) given by

.
;1= 0} (4.3.44)

Oess(Ho(0)) = {m

(see [68, Section 4.2]). Set o(z,0) = (ho(0) — z)~*. For 0 € R, ro(2,6) is holomorphic
in z € C, and meromorphic in C \ R,. For 30 > 0, it follows from (4.3.44) that the
resolvent r((z, 0) defined for z € C and Im z >> 1 can be meromorphically extended
across the positive real axis R into the sector {z; argz > — Im 60}.

The aim of this subsection is to establish an expansion for the cut-off resolvent y R(z)y
for z in some complex domain defined for Im 6 > 0 and § > 0 small by

Q0,0) ={z € C";|z|] <9,—6Imb < arg z < 3; —d}. (4.3.45)

Let us begin by analyzing properties of the distorted model operator hq(f). Let Vj €
A; and W satisfy (4.1.2), (4.1.18) and (4.1.19). Since h satisfies condition (4.1.3), for
0 € C with |#| small the operator hy(0) still satisfies (4.1.3) with some constant ¢y > 0
independent of Ry > 0 and 6. Therefore, Lemma 3.1 in [68] can be applied to ho(f), so
we can define G(6) by

Go(0) =s— _ lim  ro(z0) (4.3.46)

Re 2<0,2—0

as operators from L?* to L*»*~?# for all s € R. Moreover, an argument of perturbation
shows that Theorem 3.4 in [68] holds for G(6) uniformly in 6 when |6| is small.

The following proposition gives a uniform estimate on r(z, ) for z in the sector
S(—cob,v) :={z€C";—cgImb < argz < vy} (4.3.47)
for some ¢y > 0,79 €], %[ and § € C with || small. We want to show that the resolvent

estimate given in [68, Proposition 4.7] still holds if the global virial condition is replaced
by a virial condition at the infinity.
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Chapter 4 — Gevrey estimates of the resolvent

Proposition 4.3.2. Let Vy € Ay and W satisfy conditions (4.1.2), (4.1.18) and (4.1.19).
Then there exist some constants ¢ > 0 and vy €], [ such that for 6 € C with |0|
sufficiently small and Im 6 > 0, one has

U(ho(&)) N S(_COQ, ’}/0) = @ (4348)

and there exists C' > 0 such that

o) (.0 < 5. Ve € S(=a.0) (43.49)

Proof. First, we prove that

()2 (Ho(0) — 2) 71| < z € S(—cof, 7). (4.3.50)

(2)°
Let Ry > 2R where supp W. C B(0,2R) and R is chosen such that R > max{ Ry, Ry, R3},
where R;,j = 1,2,3, are glven in (4.1.17)-(4.1.19). Let Ho = —A + Vg( ). Set
Hy(0) = U(0)~ 1H0U(0) and Hy(0) = U(0)'HyU(6) for § € R, |f| small, where
the distortion is made outside the ball B(0, Ry). Then H(6) and Hy(#) can be extended
holomorphically in ¢ € D(0,d) with § > 0 small and their domains are constant. Fix
0 € C,, |6 small. Denote Ry(z,6) = (HO(G) — 2)~! for z ¢ o(H,(6)). By Proposition
4.7 in [68], there exists ¢y, C' > 0 and g €], [ such that

[(z) "% Ry(z,0)| < <S> z € S(—cof,%). (4.3.51)
Using an argument of perturbation, the estimate (4.3.50) for | z| large follows from (4.3.51).
To prove (4.3.50) for |z| bounded we use the same argument as in the proof of [68, Propo-
sition 4.7]. We compare Ry(z,6) with Ry(z,6) for |z| large and with Ry(0,6) for |z|
small.
Let x € Cg°(R") such that x(v) = 1if [z| < 2R,. Take ¥ € C§°(R") such that yx = x.
On the support of 1 — x, Hy(0) = Hy(#). For z € S(—cof,70) and |z| small, one has

Ro(z,0) = Ro(0,0) + zR(0,0)Ro(z,0)
= R0<Oa 9) + ZRO<O’ ‘9)(% + (1 - )Z))RO(Z’ 9)
= Ry(0,0) + zRo(0,0)XRo(z,6) (4.3.52)
+2Ro(0,6)(1 = X)Ro(2,6)(1 - X)
+2R(0,0)(1 — ) Ro(z, 0)[ A, x| Ro(2, 0)

Then, it follows from formula (4.3.52) that for z € S(—cf, o) and |z| small

(I 4 K(2,0))(z) "2 Ro(2,0)(x) ™" = ()" Ro(0,0)(z) " ) (4.3.53)
+2(x) "2 Ry (0,0)(1 — X) Ro(z, 0)(1 — x)(z) =2
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4.3. Resolvent expansion at threshold zero

where

KC(2,8) = —={x) 2 Bol0, )T () — ()~ Ro(0,0)(1 — %) Bo(z, 6)[ g, x] ()
(4.3.54)
One has that ||(z) " R(0, 0)| is uniformly bounded in 6 for Im ¢ > 0 and || small.
In addition, one can check that ||Ry(z,8)[Ag, x](x)?*| is uniformly bounded for z &
S(—cob,70) and |z| < 1 (see proof of Proposition 4.7 in [68]). This yields

IK(=,0)] = O(]=1)

for z € S(—cob, 7o) uniformly in 6. Thus, for z € S(—cof, 7o) and |z| small enough,
I + K(z,0) is invertible in L? and there exists Cy > 0 such that

1(1 4+ K(2,0)) 7| < C,
uniformly in 2. In addition one observes from (4.3.51) that
()~ Ro(2,0)|| < C,

uniformly in z € S(—cof, 7o) and 0 € C with Im # > 0 and |#| small. Consequently, for
z € S(—cob, 7o) and |z| small enough

1(2) "2 Ro(2, 8) ()| < Co| () ">Ro(0, 0)| (1 + cg\zy) <C, (4.3.55)

for some constants C'5, C'; > 0 independent of z and 6. Finally, (4.3.50) can be derived
from (4.3.51), (4.3.55) and the equation

Ro(2,0) = Ro(2,0) + Ro(2,0)(Vo(0) — Vo(60)) Fo 2, 0),
where V,(0) — Vy(6) is compactly supported and relatively bounded with respect to —A.

Next, one derives (4.3.49) from (4.3.50) by using an argument of perturbation. Indeed,
for |z| large enough, (xgW)(Fy(x)) = W((1 + )z) which tends to 0 as |z| — +oo by
condition (4.1.18). Then, using (4.3.50) we can choose 2 > 0 large enough so that

C1C,,
(R)¢

IOcRW)(0) Ro(2,0)] < <1

uniformly in 6 for 0 € D (0, 6y) and z € S(—cof, o). This yields (I+xrW (0)Ro(z,0)) ™"
exists for z in S(—cof,vy) and 0 € D (0, 6y) with

I(I + xgW (0)Ro(2,0)) || < Cs (4.3.56)
uniformly in z and 6. Hence, (4.3.49) derives from the resolvent equation

ro(2,0) = Ro(z,0)(I + xgW (0)Ro(2,0))" (4.3.57)
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and uniform estimates (4.3.50) and (4.3.56). It follows from (4.3.50) that o4(Hy(6)) N
S(—cof, 7o) = 0, so does r(z) using the resolvent equation (4.3.57) and (4.3.56). (4.3.48)
is proved. (4.3.49) follows from (4.3.50) and (4.3.57). |

As consequence of the above proposition, we obtain the following Gevrey estimates
(see [68, Corollary 4.8]):

Corollaire 4.3.3. For any a > 0 there exist some constants c,C' > 0 such that
e~ " ro (2, 0N < CNNY, N e N (4.3.58)
forall z € Qy(9,0) = Q(6,0) U{0}, where (0, 0) is given in (4.3.45).

Set K (0) = Go(0)W,, for 6 € C with |#| small, where the distortion is made outside
the ball B(0, Ry) for Ry > 0 large enough chosen as in the proof of Proposition 4.3.2.
Ky(0) is a family of compact operator on L?*(R™) for § € C with |#| small.

Lemma 4.3.5. Assume that assumptions in Proposition 4.3.2 hold.
Then the mapping 0 — K(0) € B(L?) is holomorphic in operator norm for 6 € D (0, )

with § > 0 small and continuous for 0 € D, (0,0). Here D, (0,6) = D(0,6) N C, (see
(4.3.43)).

Proof. We shall show the derivability of § — Kg(6) in operator norm of B(L?) for
6 € D, (0,9). For this we prove that

Ko(6 + h) — Ko(0)
h

has a limit in operator norm as |h| — 0. Notice that

dF@ |l’|
) =p( = R™
T p(Ro)x’ e

(see (4.3.37)) and x1(%)p(12) = p(}2l) if Ry > 2R. Let § € D,(0,4) and h € C* with
|h| small. We have

Ko(0 + ) — Ko(6) = (G0(0 +h) - G0(0)>Wc(x)
= Go(0+ 1) (50(0) — 90(0 -+ 1) ) Go(O) Vo),
where
90(6) = 9o(0 + ) = (h =+ o(1h) | (B0 + Bos) + vo(Fo(a)) = vo(Fos(@))]

= (h+ ol|h) | (Ao(@)V) - ¥ + bo(a, V) - p('R') YV (F(a)

)

Y
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4.3. Resolvent expansion at threshold zero

with Ay(z) and by(x, V) are independent of h and it can be calculated explicitly from
(4.3.42), where by(x, V) is a first order differential operator. Using (4.3.38), we can check
that

Go(0)" (Ag(2)V) - V and Go(0)bp(x, V)

are uniformly bounded in B(L**, L?) for § € D, (0,4) with § > 0 small enough, since
Go(f) is uniformly bounded in 6 as operator from L*** to L* (see 4.3.46). In addition,
Vo(z) = Vi(z) for |z| > Ry, Vi € A, and W satisfying condition (4.1.18) can be extended
holomorphically into the region

{y = F9($)7 ZS RTL’ |ZI)| > R070 € D+(075)} cCn

It follows that

]

Gol(6+ h)z (VVO(FQ(:U)) 4 VW(FQ(:U))) ( . ) L(R™) — [2(R"),

0

is uniformly bounded with respect to 6 and & for |f| and |h| small. Indeed,

Gol6-+ Mp( ) V(o) = Gol6-+ W)(-A+ 1)

25 (AT DTV (Fy(@))]

and the same argument done for p< |x|):v VW (Fy(z)). Consequently

’< (Ko(6+ h) — Ko(6) — hKD(6)) u, v>

= o(h)[[ull[[v] (4.3.59)

uniformly for u,v € L? and |6, |h| small, where
KO = Gol®)] (@) 400G, ) — o ) Ti(Faf)
0

o(ED)e (R Gol0) W)
0

Thus, (4.3.59) shows that 6 — Kj(0) is derivable in operator norm for § € D, (0,0).
Moreover, the same arguments used to prove (4.3.59) show that || (6)|| is uniformly
bounded in 6 € D, (0, ). This proves the continuity of K(f)in 8 € D (0,0). |

Consider the resolvent equation R(z, 0) = (Id+ro(z,0)W,)"'ro(z,0) for z € S(—cob, o)
and § € C, with || small. It is not difficult to check that -1 is a discrete eigenvalue of
Ky (0) if and only if 0 is an embedded eigenvalue of H(f) and they have the same geo-
metric multiplicity.
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Analyticity of the Riesz projection

In order to express the Riesz projection associated with the eigenvalue —1 of K(6) in
term of the resolvent of K(6) for 6 € D, (0,dy), we show that there exists some €5 > 0
small such that the disk D(—1, ¢;) does contain no eigenvalue of K () other than —1.

Let ¢, > Obe such that v, = {|z + 1| = 1} C p(K(0)) and Inty; N o(Ky(0)) =
{=1}. Forz € vy and 6 € D, (0,):

(2 — Ko(6))(z — Ko(0)) " = I + (Ko(0) = Ko(6)) (= — Ko(0)) .

Since the mapping 6 — K(6) € B(L?) is continuous in operator norm for § € D (0, 4),
d > 0 small, then there exists d; > 0 such that for § € D (0, 0,)

1
SUp..c, [1(z = Ko(0))

[ Ko(0) — Ko(0)]| <

It follows that (2 — K (6)) ™! exists for z € v; and § € D, (0,6, ). Hence, the operator

1
(0) = - / (2 — Ko(0)) " dz (4.3.60)
20m Iy
is well defined and is a projection. In particular I1;(0) = II;, the Riesz projection associ-
ated with the eigenvalue —1 of K((0) = GW..

Lemma 4.3.6. ). The mapping 0 — 11,(0) € B(L?) is holomorphic in operator norm
for0 € D, (0,9) with some 6 > 0 and

lim  ||I(F) — I = 0. (4.3.61)

0€D; (0,0),0—0

2). For 8 € D.(0,9), —1 is an eigenvalue of K,(0) with the same algebraic multi-

plicity as Ky(0) and 11,(0) is the Riesz projection associated with the eigenvalue —1 of
Ko(9).

Proof. 1) follows from Lemma 4.3.5. To show 2), remark first that since II;(0) is a
projection, the norm-continuity of the mapping ¢ — II;(f) implies that rank II;(0) =
rank II; = m (cf. [42, Lemma I-4.10]) where m is the algebraic multiplicity of the
eigenvalue —1 of GoW.. It remains to show that for ¢; > 0 sufficiently small, —1 is the
only eigenvalue of K((6) inside the disc D(—1,¢;) for § € D, (0,6) with § > 0 small
enough. Indeed, it suffices to restrict ourselves to the holomorphic family of finite rank
operators K(6)I1;(6). For € R and |f| < § with 6 > 0 small, Ky(6)II;(6) is unitary
equivalent to K(0)II;. So there exists ¢; > 0 such that K(6)II;(6) has no eigenvalues
in D(—1, ¢;) other than —1. By the theorem on finite dimensional analytic perturbation
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4.3. Resolvent expansion at threshold zero

of eigenvalues ([42, Theorem 1.8 in Ch.2]), the eigenvalues of K(6)I1;(#) are branches
of analytic functions in §# € D, (0,0) with at worst algebraic singularity. Since theses
functions are equal to —1 when @ is real, we deduce that —1 is the only eigenvalue of

Ko(0)P(0) in D(—1,¢) for 8 € D,(0,6) if 6 is small enough. This proves that II; ()
defined by (4.3.60) is the Riesz projection of K (f) associated with eigenvalue —1. W

Denote £(f) = Ran 11, (#) and E = Ran II;. We construct a basis of £(f) as follows.
Let U and W (respectively, U;) be bases of E (respectively, E;) given by Lemma 4.3.1.
Set

k . .
U@ = 0OU = |J{IL0)ul”,1 < 0 <my, v € Uy}
=1

For 1 < i < k, the m; functions Hl(Q)UEi) € E(0) are linearly independent for Im 6 > 0
with |0] small since 6 — I1;(#) is holomorphic for § € D (0,6) and norm continuous at
6 = 0. This shows that the above family ¢/(f) is a basis of F(¢) with the same properties
as in Lemma 4.3.1 (2). Similarly, we observe that W(6) = 11, (0)WV is the dual basis of
E(6) with respect to the bilinear form B defined in (4.3.1).

Lemma 4.3.7. Assume that Vo € A and W satisfies conditions (4.1.18) and (4.1.19).
Then we have

I (0)f = i S Wl @ 6), e 1, (4.3.62)

j=1i=1
for 0 € D(0,00) with 5y > 0 small.

Proof. For § € R and || < 6, the equality holds by the unitary equivalence. See
Corollary 4.3.1. Since the both sides of (4.3.62) are continuous in ¢ in the closed half-disc
D, (0, §o) and holomorphic in its interior, the equality still holds true for § € D(0,d,). B

Theorem 4.3.8. Let Vo € Ay and W =V — Vj satisfy (4.1.2), (4.1.18) and (4.1.19).
Assume that zero is an embedded eigenvalue of H = —A+V (z) of geometric multiplicity
k and assumption (A1) holds. Let x € C§°(R™) and (4, 0) be defined in (4.3.45) for
some 0 € Cwith Im 6 > 0. Then

YR(2)x = —XHZOX + Ro(2) (4.3.63)

for z € Q(9,0), where 11y is the same projector as in Theorem 4.3.4 and the remainder
Ry (z) is continuous up to z = 0 and satisfies Gevrey estimates: 3C,,, C' > 0 such that

Ry ()™ < O 0N NN (4.3.64)

for z € Q(6,0) U {0} and for all N € N*.
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Proof. Let x € C°(R™). Let hg = —A + vp(z) with vg = V + xgW constructed as
before with R > 1 large enough so that yxz = 0. Then xW, = W, (see (4.1.21)). Let Uy
be the analytic distorsion made outside the ball B(0, Ry) with R, sufficiently large, one
has for 6 € R with 0] < J

XR(2)x = xR(2,0)x = x(I +10(z,0)W.)tro(2,0)x. (4.3.65)

The above equality initially valid for # € R and z € C, with Im z > 0 sufficiently large
allows to extend yR(z)x meromorphically into a sector below positive real axis when
Im @ > 0 and appropriately small. Fix § € C, with |f| small. In order to inverse the
holomorphic family W (z,0) = I + r¢(z,0)W, for z in (0, 6) with 6 > 0 small, we
shall construct #-dependent Grushin problem similar to the #-independent one considered
in the proof of Theorem 4.3.4. For this purpose we use holomorphic families of vectors
U(0) and W(0) constructed above.

Let IT,(0) = I — I1,(6). I + Go(0)W. is injective on Ran IT} (6). Since the operator
I + Go(#)W, is compact, the Fredholm theorem implies that IT; (8)(1 + Go(6)W.)IT,(6)
is invertible on Ran IT} (6). So is IT} (8) (1 4 7o (2, )W )IT; (6) for z € (5, 0) when § > 0
is small. The inverse

E(2,0) := (I1,(0)(1 + ro(z, ) W)L, (A)) 1T, (6) (4.3.66)

is uniformly bounded in z € (4, 0) (see Proposition 4.3.2) and satisfies by Corollary
4.3.3 Gevrey estimates of the form (4.3.64) on (0, 6).

Define S(6) : C™ — L? and T'(#) : L* — C™ by

S(@)C = Z Z Cgl)ugl)(9)7 c= @;C:l(cgl)v o 7C’$TZZ)Z') € @?:1Cmiv
i=1j=1
T(O)u =@k (Blu,wi"(©).-- Blu,w)(#),  wel”

Then one has S(0)T'(0) = I1;(0) in view of Lemma 4.3.7 and 7'(0)S(6) = I,,,. Indeed, for
0 €] —6,0[, T(0)S(0) = I, since I, (#) and I1; are unitary equivalent. Thus the equality
still holds true for # € D, (0,9) with 6 > 0 small since ¢ — 1I,(6) is holomorphic in
D, (0,0) and norm-continuous for § € D, (0,d) by Lemma 4.3.6. One can follow the
same way as in the proof of Theorem 4.3.4 by using the following asymptotic expansion
at threshold zero: for all N € N*

N-1
ro(z,0) = Y 2 Go(0) + 2N Go(0)ro(z, 0), z € 9Q(0,0),
=0
in B(0,s,0,s —2Npu),Vs € R. For z € (4, 0) with § > 0 small and L € N, we obtain
det B (z,0) = 00(0)2" + 01(0)2"™ + -+ -+ 01 _1(0) 257 + O(J2[FTF),  (4.3.67)
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4.3. Resolvent expansion at threshold zero

where

00(0) = () xdet ((ui”(0), Jul?(0)))_ _ with () = (=1)¥es(0) " en(6) .

1<4,5<k

Indeed, if condition (4.1.12) holds, then det ((uf”, Jul"))
0 and |#| small enough

= 0. Thus, for Im 6 >

1<i,j<k

det ((u(0), Ju"0)), . _, #0.

1<4,5<k

since 6 — II;(0) is continuous at # = 0. In the same way one can see that
ci(0) = B(u”(0),ul(9)) #0, 1 <i <k,
for Im 6 > 0 and |#| small. From (4.3.65), one can deduce that

R(z,0)f = —fZ Z pei(0) pey (0)(f, Jui (0))ul’ (0) + Ra(2,0) f

le]l

=7 Z:(ﬁ JU(0))i(0) + Ra(2,0) f

k .
for z € Q(0,6), where U;(0) = 3 py(0)ul”(6) and Py(0) = (pi;(6))1<ij<k is such that
=1
Py (6)Pi(6) = Qu(6)  with
Qr(0) = (ui”(0), Jul” (0)))1< <k
is a holomorphic family of invertible matrices for § € C with |#| small enough, by the
above argument. Moreover, the remainder R(z, 6) is continuous up to z = 0 and satisfies

uniform Gevrey estimates as in (4.3.58). The detail of calculation is similar to the proof
of Theorem 4.3.4 and is not repeated here. This shows that

xR(z)x = —& + Ry(z2), Vz € Q(0,0), (4.3.68)

where
k

Po=> (- IxT:(0))x¥;(6),

i=1
and the remainder Ry(z) is continuous up to z = 0 and satisfies the estimates (4.3.64).
See also the proof of Theorem 5.20 in [68] for Gevrey estimates of the remainder Ry(z2).

Finally, we affirm that P, is independent of # and is equal to yIIpx. In fact, since
Vo € V, we can apply Theorem 4.3.4 to R(z) for Re z < 0 without utilizing analytic
deformation. It follows that

II
xR(z)x = X ZOX (2)x. (4.3.69)

Thus the comparison between (4.3.68) and (4.3.69) yields Py = xIlpx and Ry(z) =
XRi1(2)x for Re z < 0 and |z| small. |
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4.4 Resolvent expansion near positive resonances

In this section we compute the expansions of R(z) and x R(z)x near outgoing positive
resonances of H by the method similar to that used in [1] for quickly decreasing poten-
tials. When there is no analyticity condition on the potential, the expansion of R(z) is
calculated for z in a half-disk in C, around an outgoing positive resonance, while if the
potential is analytic, we use the analytic distortion method to calculate the expansion of
XR(2)x for z in a pointed disk in C centered at an outgoing positive resonance.

4.4.1 The case of non-analytic potentials

Consider the non-selfadjoint Schrodinger operator H = —A+V which is a compactly
supported perturbation of the model operator hy = —A + vy, where V' — vg = W...

Assumption (A3). 1. Assume that Im vy < 0 and that vy satisfies for some C > 0
and p; >0
lvg(x)] < C{x)™ ", Vr € R" and |x| > R (4.4.1)

for some R > 0
2. (x - V) vg is —A—compact for all integers j € N;
3. W, is of compact support and is —A-compact.

Let r, (H) be the set of outgoing positive resonances of H defined by Definition 4.1.4.
One has r, (hg) = () because hy is dissipative, and the boundary value of the resolvent

ro(A+i0) = lim  (hg—2)""

z—, Im z>0

exists in B(—1,s,1,—s), Vs > 1/2, for all A\ > 0. Moreover, for /{ € N* and s >
¢ + 1/2 the above limit (X + i0) defines a function of class C* on |0, +o0o[ with values
in B(—1,s, 1, —s) (cf. [60]), where

1 &7 .
ﬁ@ro(/\ +10) = %hﬁnn >07»0<Z)J+17 ji=1,2,--- L (4.4.2)

For simplicity, we denote for A > 0

1 & , .
GE(\) = ﬁw’ro()\—i—z()), j=0,1,--- 0 (4.4.3)
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4.4. Resolvent expansion near positive resonances

By Definition 4.1.4, \y € r.(H) if and only if —1 is an eigenvalue of the compact
operator K (\g) := Gg (X)W, in L*>~° for all s > 1/2. We denote by II{ the Riesz
projection associated with the eigenvalue —1 of K ()\o) given by

1
 2m
for some ¢y > 0 small. Set E1()\g) = Ran II{ ()\y). Denote m()\g) = dim E*(});) and

ko = dim Ker( + K (\)). Notice that Lemma 4.3.1 is still true for E™(\g) C L> *in
the present case. In particular, we have the following basis of E*()g):

+
1

/|+1| (Z B K(;F(AO))_l dz : L27—s - L2,—s
2+1|=¢g

ko . .
ut = Juf with v = {7, o0 V=1 k,

=1

and its dual basis with respect to the bilinear form B(-,-) in (4.3.1) well defined on
E+(/\0) X E+()\0):

ko ) )
Wt =W with Wit = {0 - gl (b =1, ko,

i=1

In order to compute the asymptotic expansion of R(z) for z in a small domain of the
form
OF(0) ={2€C,, |z — | <0} 4.4.4)

for 4 > 0 small, we use the formula
R(z) = (1 +7ro(2)We) 'ro(2) (4.4.5)

and construct for 1 + r4(z)W, a Grushin problem similarly as in Section 4.3 (with z €
Q% (d) and U and W replaced by U™ and W, respectively). Let

1+ 710(2)W) ' =E(2) — E,(2)E_,(2) 'E_(2) (4.4.6)

be the resulting representation formula. Recall that
¢
ro(z) = D _(z = )G (Xo) + 77 (2,0), 2 €Q7(9), (4.4.7)
j=0

which is valid in B(0, 5,0, —s) for s > £+ 1/2 and ¢ € N, where the remainder r; (2, \o)
is holomorphic in 27 (0) and continuous up to A €]\g — J, A\g + d[. In addition, the limit

S (A 4140, \g) = z—»\lzigslw((s) (2, \o)

defines a function of \ of class C* on (JA\g — 4, \g + 4]). Thus for ¢ € N and z € QF(9),
the expansion of £, (z) in (4.3.15) has the following form:

V4
E_(2)=)(z— )\O)jEj*(Ao) + E_y (2, ), (4.4.8)

J=0
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where
0 6; 0 -+ 0
(Ef Qo)™ =— | ST and (4.4.9)
0 0 0 6
0 0 0 0 m;i(Ao)Xm;(Ao)
* *
(Ef (M) = S V1<i,j<44.10)
* * .-
alz‘]()\o) * )\O)ij )\0
with
ai;(Ao) = —ci(Xo) "HGT Mo)Weo?, TWol™), V1 < i 5 < k. 4.4.11)

In addition, the remainder E_ ,(z, A) is analytic in z € 27(9) as matrix-valued function
and for A\ €]\g — 0, Ao + d[ the limit E_, 4(\ + i0, \o) defines a function of class C* on
1 Ao — 0, Ao + 9.

Lemma 4.4.1. Let the assumptions (A2) and (A3) be satisfied and Ny € . (H). Then
forany N € N

det E_(2) = 01, (A0) (2 = Ao)™ + -+ - + kern(Mo) (2 = M) 4 o(]z = X[+,
(4.4.12)
for z € Q7(8), where oy, (No) = det (a;;(No))1<ij<ko 7 0.

The proof of Lemma 4.3.2 can be repeated here to prove Lemma 4.4.1, using the
expansion (4.4.8). Lemma 4.4.1 implies in particular the following

Corollaire 4.4.1. Under the conditions of Lemma 4.4.1, )\ is an isolated point in r (H).

Proof. Lemma 4.4.1 shows that there exists some § > 0 such that F_, (2)~! exists
for z such that 0 < |z — \g| < d and Im z > 0. From (4.4.6), it follows that for A €
X0 —6,0[U]0, Mg +6[, L4 ro(A+40)W, is invertible as operator in L*~*, s > 1. Therefore
A is not an outgoing positive resonance of H. This proves r (H)N|Ag—d, Ao + o= {X o}
|

Theorem 4.4.2. Suppose that Assumptions (A2) and (A3) are satisfied. Let { € N, s >
(+3/2and \y € v (H). Then the resolvent expansion has the following form

T (\o)

R(z) = Y

+ R (2, X) (4.4.13)
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in B(—1,s,1,—s) for z € Q" (5). Here
ko

E(No) = S (, JUH)UF with (4.4.14)
i=1
B)t)(‘l/:r, \I/;r) == 61’]’7 Vl S Z,,] S k’o, (4415)
where {UT,--- Ui} is a basis of Ker(I+ K (o)) in L*~* and BY, is the bilinear form
defined in (4.1.22). Moreover; the remainder term Ry (2, \o) is analytic in Q2+ (0) and for
A > 0 with X — Xo| < 0, the limit
+ - _ - +
R (A 410, ) = zGQll(lg)l,z—»\ R (z, o) (4.4.16)
exists in B(—1,s, 1, —s) and defines a function of X of class C* on (|\g — 6, Ao + &[) with
values in B(—1,s,1, —s).

Remark 4.4.1. (a) In the above theorem, the outgoing resonance \q is shown to be a sim-
ple pole of the the resolvent under Assumption (A2) and the leading term of the resolvent
expansion near \g is computed explicitly.

(b) The result of Theorem 4.4.2 was obtained in [ 1, Theorem 2.5] for rapidly decreas-
ing potential V under the condition that V (z) = O({z)~"),Vx € R3, for some p > 20+3.

Proof. Under the condition (4.1.23), the matrix

(@ ()

(B, (¢, 4.4.17)

)>1§i,j§k0

is invertible. Then by Lemma 4.4.1, the matrix E_(z) is invertible for z € Q*(¢). Thus,
the same Grushin problem constructed in the proof of Theorem 4.3.4 for I + Go(z)W.
is invertible for z € Q%(d). For ¢ € N, s > ¢+ 1/2 and z € Q7(J), introducing the
expansion (4.4.7) in (4.3.6) yields the following expansion of F/(z)

4
Z zZ — )\0 jE )\0) + Eg( ) (4418)

in the norm sense of B(L*~*), where the terms E;, j = 0,- - , {, can be obtained explic-
itly. By (4.4.16), the remainder term ¢,(z) is analytic in 27 (0) and for |\ — A\g| < ¢ the
limit €,(\ + 40) belongs to C*(J\g — 6, Ao + 0[, B(L>~9)).

Following the same method used to calculate the expansion (4.3.24), we obtain

F_1(Mo)

E—"r(’z)_l = y )\0

+F(zh0), Ve Qo) (4.4.19)

where F_1(Ag) is ko x ko block matrix, with block entries .7:9{ ) (A\o) are of the same form
as ]—“EZ{) in (4.3.25) with entries 7;;(\o) instead of o;;, 1 <4, j < ky, such that

(735 (Xo))1<ij<ho = ((@ij()\o))lsmsm) _1,
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where a;;()\o) are given in (4.4.11). Moreover, the remainder term F (z, )¢) is continuous
up to JA\g — 0, Ag + o[ and the limit F(\ + 0, \¢) defines a C'*° matrix-valued function on
1 Ao — 0, Ao + 9.

Since the techniques of the rest of the proof are close to those used in the proof of The-
orem 4.3.4, we omit details. We only note that in the present case the matrix in (4.4.17)
will play the role of () in (4.3.35) which yields the leading term in (4.4.13).

Note that because of the singularity (z — \g) " in (4.4.19), the expansion (4.4.18) of
E(z) up to order £+ 1 is required, so s > ¢+ 3/2. Moreover, for the remainder R} (2, \o),
the regularity C* (]AU — 0, X + 6], B(—1,s,1, —s)) of R (X + 10, \g) derives from the

regularity properties of the remainders of F(z) and E_, (z)~! in (4.4.18) and (4.4.19),
respectively, and from formulae (4.4.5) and (4.4.6). ]

4.4.2 The case of analytic potentials

In this subsection, we assume that all conditions of Theorem 4.1.2 are satisfied. In
particular, we can decompose H as H = hy + W, as in Subsection 3.2 with iy = —A +
vo(x) and vg = Vo + xrW. Let

H(0) = UgHU, " = ho(0) + We(z), 0 € R,

where
ho(6) = UphoU, ' = —Ag + vo(w,6),

be the distorted operator defined in Section 3. Here the distortion is made outside a
sufficiently large ball. Then hq(#) and H(6) define holomporphic families of type A for
6 in a complex neighborhood of zero. For 0 > 0 and |#| < 6, with 6, > 0 small, it has
been shown in [68, Theorem 5.1] that o4( H (0)) (the discrete spectrum of H () ) verifies

ol(HO)NRy = ro(H), (4.4.20)
ol(HO)NCy = o4(H)NC,. (4.4.21)

In particular, H has at most a countable set of outgoing positive resonances with zero as
the only possible accumulation point. Theorem 4.3.8 says that zero is not an accumulation
point of o4(H (0)), so the set r (H) is finite under the condition of Theorem 4.1.2.

We observe that ry(z,0) = (ho(f) — z)~! defined initially for Im z > 0 and § € R
can be holomorphically extended in 6 for § € C with |f| small. Then, for § € D (0, 6,)
with 6y > 0 small, ro(z, #) is holomorphic in z € { Im z > —c Im 0 Re z}. In particular,
for 30 > 0 and )y > 0 we have that 7 (Ao, 6) := (ho() — Ao — 10)~! is a bounded
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4.4. Resolvent expansion near positive resonances

operator on L?(R™). In addition, for any L € N, the expansion of r§ (Ao, 0) in B(L?) is
written

L
Z 2 — M) GT (N, 0) + 17 (2, Mo, 0), Vz € Qy,(8), (4.4.22)

where G/ (Xo,0),7=0,1,--- | L, are bounded operators on L*(R") defined as in (4.4.3)
with 7((z) replaced by ro(z, 6) and €2,,(0) is given by

0, (6) = Q(6) U Lho} with Q(8) := {2 € C;0 < |2 — Ag| < 81, (4.4.23)

for some 0 < § < )\oIm 6. Moreover, the remainder 71 (z, Ao, #) is holomorphic in
z € 2o (5)

Set K (0) = rg (Mo, 0)W... The same proof as that of Lemma 4.3.5 shows that K (6)
is a holomorphic family of compact operators on L*~*(R"), Vs > 1/2, for § € D, (0, ¢)
with € > 0 small, and norm-continuous for § € D, (0, ¢). We recall that by definition of
outgoing positive resonances, A € r(H) if —1 is a discrete eigenvalue of the compact
operator K = K (0) on L>7°, Vs > 1/2. Thus Lemma 4.3.6 can be applied here to
(z)*IIf (0)(x)*, Vs > 1/2, where II{(6) is defined similarly to II;(6) with Ky(6) re-
placed by K (0), because 0 — K (0) € B(L*~*) is norm-continuous for § € D, (0, ¢).
We obtain that the family 117 (6) € B(L*~*) of Riesz projections associated with the
eigenvalue -1 of K (6) is holomorphic in § € D, (0, ¢) and Vs > 1/2

lim [ {z) ™" (I1} (6) — 117 (0)) )"l = 0.

6—0,0€D, (0,€)

Theorem 4.4.3. Assume that Vy € A, and that conditions (4.1.2), (4.1.18) and (4.1.19)
are satisfied. Let \g € r,(H) verifying the assumption (A2) and x € C§°(R"). Then for
2€Q0),0<0< N Imbwith® € D,(0,€) and € > 0 small, one has

I3 (A

VR(2)x = XX g ) (4.4.24)

z — /\0
in B(L*(R™)), where TI{ (X\o) is given in Theorem 4.4.2 and the remainder Ry (z, \o) is
analytic in z € Q,(0).

Theorem 4.4.3 can be proven by combining the methods used in the proofs of Theorem
4.3.8 and Theorem 4.4.2 and by using formulae (4.3.65) for z € (9, 6) and (4.4.22) for
z € Q,,(9) and by studying the Grushin problem constructed with bases I1{ (8)U/™ and
I} (9)WT. The details are omitted here.
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4.5 Proofs of the main theorems

In this section we prove the main theorems. In theorems 4.1.1 and 4.1.2 when zero is
an eigenvalue of H we are interested in the contribution of the eigenvalue zero to the lead-
ing term of the asymptotic expansion in time for the heat semigroup e~/ and Shrodinger
semigroup e~ With the Gevrey estimates on the remainders in resolvent expansions,
the sub-exponential time-decay estimates in (4.1.13) and (4.1.24) can be proved in the
same way as in [68, Section 5], therefore the details are omitted here.

Proof of Theorem 4.1.1. The same proof as that of Theorem 2.4 in [68] can be done here.
The large-time expansion of e~ follows directly from Theorem 4.3.4 and the formula

—tH —tH i : —tz —ct
— I, = —1 d 45.1
e > e A 5 Jm F(E)e R(2)dz + O(e™) (4.5.1)
Xeog(H), Re a<o

where ¢ > 0 and
T(e) = {22/ >€e Rez>0,[Imz| = C(Re2)"}U{z|z| =€ |argz| > wo}

for some appropriate constants C, i/ > 0. Here wy is the argument of the point z, with
|zo] = ¢, Rezy > 0and Imz, = C(Re %)*. According to Theorem 4.3.4, if the
assumption (A1) holds, then H has no discrete eigenvalues in some domain O(¢) given
in (4.2.3) for 6 > 0 small. Since discrete eigenvalues located on the left of the curve
I'(0) = {z; Re z > 0,| Im 2| = C(Re 2)*} can accumulate only at zero, it follows that
H has at most a finite number of eigenvalues there. These discrete eigenvalues contribute
to e~ the term Y zcou(H), Re A<0 e HT1\+O(e~). By Theorem 4.3.4, one can evaluate

”e—a(x)l—u (2 lim G_tZR(Z)dZ . Ho) ” < Oe—ctﬁl

21 =04 Jr(e)

with C,¢ > 0 and 5’ = % Theorem 4.1.1 is proved. |

The large-time expansion for the Shrodinger semigroup e~*# can be derived from
Theorem 4.3.8 and Theorem 4.4.3 by taking into account the contribution from discrete

eigenvalues in the upper-half plane and outgoing positive resonances.

Proof of Theorem 4.1.2. For x € C§°(R"), we use analytic distorsion outside some
sufficiently large ball (including the support of ). Let R(z,0) = (H(0) — z)~'. The
formula

XR(z)x = xR(z 0)x

with Im 6 > 0 gives a meromorphic extension of the cut-off resolvent into a sector be-
low the positive half-axis. As seen before, the outgoing positive resonances are discrete
eigenvalues of the distorted operator H(f) in |0, +oco[ and their number is finite. Under
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4.5. Proofs of the main theorems

the conditions of Theorem 4.1.2, outgoing positive resonances are simple poles of the
cut-off resolvent y R(z)x according to Theorem 4.4.3.

Let I, (¢) be the contour defined by
L,e)={z=re ™ r>etU{z=—re"r>ectU{z|z| =¢,—n<argz<7+n}

for some 7 > 0, where 7 > 0 is chosen such that yR(z)x has no poles with negative
imaginary part between I, (¢) and the real axis. Since xR(z)x has only a finite number
of poles located above I, (¢€) which are discrete eigenvalues of H in C, and the outgoing
positive resonances, we obtain from Theorem 4.4.3 the formula

X<€—itH . Z €_itHH>\ . Z e_itVHS— (V>>X
Ao g(H)NC4 very (H)
7 )
= — lim e "y R(z)xdz + O(e™ ).
or i JL L CX (2)x (™)

Since Im z < 0 for z € I',)(0) and z # 0, one can derive from Theorem 4.3.8 that
et (2 lim e *xR(2)xdz — XH()X) | < e’

2 =04 'y (e)

with C,c > 0and § = }jr—’/j Theorem 4.1.2 is proved. |
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Perspectives

I- Etude de la matrice de diffusion pour ’opérateur de
Schrodinger dissipatif

Les résultats obtenus dans Chapitre 3 semblent étre utiles pour 1’étude de la théorie
de la diffusion pour I’opérateur de Schrodinger dissipatif. Comme nous avons déja men-
tionné au paragraphe 1.1.3, Faupin et Nicoleau [19], en étudiant la théorie de la diffusion
pour des modeles de la forme H = —A + V — «C'C* avec un potentiel V' symétrique
relativement —A-compact et un opérateur C' relativement lisse (au sens de Kato) par rap-
port a —A 4 V', montrent que I’absence des résonances réelles pour H est une condition
nécessaire et suffisante pour la propriété de la complétude asymptotique. Ainsi, il s’avere
que ce probleme est équivalent a I’inversibilité des matrices de diffusion S()) pour le
couple (H, —A) définies, sous certaines hypothéses que 1’on cite pas ici, par

S(\) = (I — o, (NCH (I +iC(H — A — @0)0*)011@)*) Sy(N),  YA>0,

ou I'y (A) et Sy(\) sont des opérateurs unitaires pour presque partout A > 0. D’une
maniere équivalente, il s’agit, par le Lemme 4.1 dans [19], d’étudier I’existence de la
limite suivante:

lim C(H — A+ ie) 'C* = C(H — A +1i0)'C*

€—>
dans B(L?). En particulier, si on suppose que C'(z) = O({x)~#) a I'infini avec > 1/2,
cela revient 2 étudier la limite (x) *(H — A +40)~!(z)~* pour certain s > 1/2. Du coup,
en se basant sur les développements de la résolvante prés des résonances positives que
I’on a obtenus, il serait intéressant de calculer la singularité de 1’inverse de la matrice de
diffusion lorsque I’énergie s’approche d’une résonance positive.

I1- Estimation en énergie basse pour I’opérateur de Schrod-
inger dissipatif avec un potentiel a décroissance lente

Dans Chapitre 4, en utilisant la technique de distorsion analytique, on a montré une
estimation uniforme en z dans un voisinage de 0 de la résolvante déformée de 1’ opérateur
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modele dissipatif avec un potentiel vérifiant les conditions de la classe .4 dans un voisi-
nage de I'infini (voir Proposition 4.3.2). Cependant, il serait intéressant de montrer une
estimation de la forme

sup [[(z)*(~A+V =X —i0)""(z)~*|| < C < o0, (4.5.2)

A€]0,1]

pour s > k(u/4 +1/2), k € N, sans utiliser une condition d’analycité sur le potentiel.
Cette estimation est établie par Nakamura dans [52] pour un potentiel positif a décrois-
sance lente sur R™ vérifiant pour certains d,¢, Cy, R > 0et0 < p < 2

Mz) ™" < V(x) < Co(z) ™, Ve e R"” (4.5.3)
et la condition de viriel
x - gv(@ < —€lz|7H pour |x| > R. (4.5.4)
T

L’approche de Nakamura consiste a effectuer un changement d’échelle ramenant a 1’ opérateur
de Schrodinger semi-classique puis d’utiliser la méthode des commutateurs positifs de
Mourre. Aussi, le calcul fonctionnel pour les opérateurs autoadjoints a été utilisé comme
outil essentiel dans la démonstration.

Considérons le potentiel V(x) = Vi(z) — iVa(x) dont la partie réelle V; satisfait
(4.5.3) et (4.5.4) et la partie imaginaire V5 vérifie V5 > 0, V5 et © - V'V; sont relativement
Hi-bornés, o H; = —A + Vj. Supposons que H = —A + V satisfait la condition de
coercivité (4.1.3). Alors, en combinant la méthode de Nakamura de changement d’échelle
et la méthode des commutateurs de Mourre pour des opérateurs dissipatifs élaborée par
Royer [60], nous obtenons le résultat suivant: Soit y € C§°(R, [0, 1]) a support dans un

voisinage de 1. Soit £ € N* et § > max <k; — k(3 + ’4‘)> Alors
sup [[{2) " x (AT H) (H — X = i0) ™" x (AT Hy) (@) °[|C < o0
0<A<1

Cependant, on se demande si sous ces hypotheses, on pourrait obtenir une telle estimation
de la résolvante sans aucune troncature en énergie.

I11- Analyse spectrale au seuil pour I’opérateur de Kramers-
Fokker-Planck

Dans ce travail de these, on s’est intéressé au comportement en temps long de la solu-
tion de I’équation de Schrodinger qui dépend d’une maniere cruciale des propriétés spec-
trales de 1’opérateur de Schrodinger non-autoadjoint, plus spécifiquement de 1’existence
d’une valeur propre au seuil, c’est-a-dire au bas du spectre essentiel, ou de résonances
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réelles. Un autre probleme au quel on pourrait s’intéresser est I’asymptotique en temps
grand de la solution de I’équation de Kramers-Fokker-Planck qui s’écrit

. . _ nop >
{ dpu(t; z,v) + Pu(t;z,v) 0, nveRL nZ2Lt>0 5

u(0; x,v) = wuo(x,v)

ou P est I’opérateur de Kramers-Fokker-Planck non-autoadjoint donné par

P= —AU+;\v\2—3+v.vx+vxwx>-vv
ou le potentiel V' (z) est une fonction a valeurs réelles de classe C! sur R”. Comme
pour I’équation de Schrodinger, 1’asymptotique en temps grand de la solution dépend
de de I’analyse spectrale au seuil de I’opérateur P. La notion de résonance au seuil
pour I'opérateur P est introduite dans [69] pour des potentiels de courte portée, plus
précisément vérifiant pour p > 1

[V (@)] + ()| VoV (2)] < Cola) ™" (4.5.6)

Un réel positif k est appelé une résonance au seuil de P s’il existe une fonction u satis-
faisant 1I’équation
Pu = ku

sur R2" tel que uw € L*(R2 ,, (z)**dxdv)\ L*(R2 ,,, dzdv) pour tout s > 1. Si le potentiel
V() décroit rapidement a I’infini, ¢’est-a-dire il satisfait la condition ci-dessus pour cer-
tain p > 1, alors 0 peut étre une résonance au seuil de P et 1’état résonant correspondant
est:

m(z,v) = (27?)’%6*%(§+V(w))’

alors que 0 ne peut pas une valeur propre de P. En effet, (z) *m € LQ(R?L) pour tout
s > 1sin = 1,2. Pour ce dernier cas, Novak et Wang [54] ont montré que si p > 4 alors
la solution de 1’équation (4.5.5) avec état initial uo dans L*(R? , (z)**dzdv), s > 5/2,
admet le comportement asymptotique suivant

(ug, mym + O(t~27°), t — +00.

N

e Pug = (4nt)”

dans L?(R? | (x)~**dxdv). D autre part, la situation est différente en dimension n > 3.

T,0)

En effet, (x)*m ¢ L*(R2") pour 1 < s < % sin > 3,1ie. 0 n’est pas une résonance

au seuil de P en dimension n > 3. Dans [69] en supposant p > 2 dans (4.5.6), il est
démontré qu’il existe un certain € > 0 tel que

e P = (4xt) (-, mm 4+ Ot 7),  t— 400

comme opérateur de L*(R2 . (z)**dxdv) dans L*(R?2 (x)~**dxdv), s > 3/2.

T, T,

Pour un potentiel a croissance lente, ¢’est-a-dire vérifie a I'infini V () ~ C{x)” pour
certain C' > 0et0 < f < let |V, V(z)] — 0, il est connu que 0 est une valeur
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propre de P plongée dans son spectre essentiel [0, +oo[. Il serait intéressant de regarder
le comportement en temps long de la solution de (4.5.5) lorsque V' vérifie (4.5.6) avec
—1 < p < 1 motivé par la question de X.P. Wang dans [74]: Peut-on montrer que si
V(z) = e(x)* pour |z| grande et certains ¢ > 0 et 0 < 1 < 1, alors on a

e = (., m)m + O(e“tw)

oﬁ/ e V@ dr =1eta > 0?
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