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Introduction

Cette these est composée de trois parties traitant de différentes équations aux
dérivees partielles non linéaires.

Dans la premiére et la troisieme paxties, on traite le probleme de Cauchy associé
a des équations de type Schrodinger provenant de la physique des plasmas et de
I’optique non linéaire.

Dans la deuxieme paxtie, on construit des mesures invariantes par le flot de divers
systéemes hamiltoniens.

0.1 Etude d’une équation de Zakharov non locale.

L’équation de Zakhaxov non locale a été dérivée pax V.E. Zakharov en 1972 [15]
pour la description de la turbulence de Langmuir qui est un phénomene non linéaire
apparaissant dans des plasmas non magnétisés.

Cette équation qui décrit plus particulierement le collapse des ondes de Langmuir
(qui sont piégées dans des zones ou le plasma est de faible densité, s’auto-focalisent et
s’effondrent en temps fini) fait intervenir I’enveloppe du champ électrique de I’onde

plasma E et la variation de la densité ionique 6n. Aprés adimensionalisation des
équations, on obtient :

r BP )
ut + AE = -VA-Miv (5nf),
(1.2
1d2Sn .2
t -4-ar - ASn=AiEi1

ou c est la vitesse ion-acoustique des ondes sonores libres.

On peut relier naturellement I’étude de cette équation a celle de I’équation de Za-
kharov (locale), dans laquelle VA-1div est remplacé par |'opérateur identité. Le
probléme de Cauchy pour I’équation de Zakharov sur R" a été étudié par C. Sulem
et P.L. Sulem (1979) [13], S.H. Schochet et M.l. Weinstein (1986) [12], H. Added
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et S. Added (1988) [1], et T. Ozawa et Y. Tsutsumi (1990) [9] et pour des données
périodiques aux bords sur R par J. Bourgain (1993) [2]. Par ailleurs, L. Glangetas
et F. Merle (1992) [5, 6] ont étudié les solutions auto-similaires explosant en temps
fini de cette équation en dimension 2.

Je démontre ici pour I’équation non locale des résultats similaires a ceux de Schochet
et Weinstein et de Ozawa et Tsutsumi.

Le premier théoreme concerne I’étude du probléme de Cauchy pour des données
initiales dans un espace de Sobolev assez gros. On montre que ce probléme est lo-
calement bien pose en dimension 1, 2 et 3. Ce résultat est obtenu en effectuant une
meéthode de point fixe mise en ceuvre sur une formulation intégrale du probléme.

Théoréme 1.1 Pour le systéme (1.1) surRN,N = 1,2,3, avec les données initiales

Sn(x, 0) = n0(x),
< dtSn(x,0) = ni(x),
k£(x,0) = EO{x),

ouno € HLni € L2et Eq€ H2 il existe un temps T > 0 dépendant uniquement
de ||nQ||/fi, |[ni||E2, ||.E0|[ip ef N et une unique solution (E(t),6n(t)) vérifiant

( E(t) € (M TiHn”ao.TblL 2,
< E(t) € WI18WO,T; L4),
kSn(t) e c°([o,r]; -ff) n™([o, r]; i 2 nc2(o,r];eed).

Ce résultat devient global dans le cas de la dimension 1 ou pour de petites donnees
initiales dans le cas des dimensions supérieures.

On s’intéresse ensuite a la limite des solutions de cette équation quand c tend vers
I’infini. Ceci demande de faire a nouveau une étude d’existence pour le probléme de
Cauchy mais dans des espaces de Sobolev plus petits. Pour avoir des estimations

uniformes en c, qui permettront le passage a la limite, on écrit les équations de
Zakharov non locales comme une perturbation dispersive d’un systeme hyperbolique.
Ce nouveau résultat pour le probléeme de Cauchy s’écrit

Théoréme 1.2 Soit s > JyJ + 3. Il existe unique solution du systeme (1.1) sur
Rn,N= 1,2,3, avec les données initiales

Snc(x, 0) = n0(x),
< dt8nc(x,0) = ni(x),
k Ec(x,0) = Eo(x),

sur un intervalle de temps [0,T], T ne dépendant pas de ¢ mais uniquement de
|[*ofi/*; ||™i Hiy*-1 and ||EJO||/i*+», que nous supposons finis.
De plus pour tout t € [0, T] nous avons |’estimation

‘ 1 ) 1
[ESIF 0+ Wy P31 + I H+ K lip*i + Cz||2|§|| < const.
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La limite formelle du systeme quand c tend vers +00 est

dE .
[ dt + AE = VA-1div (\E\2E). (1.2
Cette équation de Schrédinger non linéaire non locale a été étudiée par T. Colin [4]
et correspond physiquement au cas ou les ions atteignent un état d’équilibre en un

temps négligeable. On montre que la limite formelle est en fait rigoureuse au sens
suivant

Théoréme 1.3 Quand c tend vers oo,
Snc+ |Ec|2—y 0 dans C°([0,T] x RKk),
V(6nc+ \EQ2) -» 0 dans C°([0,T]; H*~2),
Ec-+E dans ~{[0yT] x Rk) nC([0,T];C2),
ou E est I'unique solution de (1.2).

0.2 Mesures invariantes pour certaines equations aux dérivees
partielles.

La motivation pour la construction de mesures invariantes a été la recherche d’une
explication au phénoméne de Fermi-Pasta-Ulam qui a été observé aussi bien numéri-
quement qu’expérimentalement dans le cadre d’ondes hydrodynamiques en grande
profondeur régies par I’équation cubique de Schrodinger et dans beaucoup d’autres
équations dispersives non linéaires, et ceci pour des systémes non intégrables. Ce
phénomeéne est le retour périodique en temps dans un voisinage de la donnée initiale.

La construction de la mesure est effectuée en suivant une idée de P.E. Zhidkov
[16]. On considére uniqguement des équations hamiltoniennes de la forme :

a(t) = JB'(u(t)), (2.3)

ou J est un opérateur anti-adjoint.

On dispose donc d’au moins une quantité conservée, I’hamiltonien H. La construc-
tion de la mesure se fait d’abord pour un probleme de dimension finie approchant le
probléme initial (méthode de Galerkin) puis on passe a la limite. Ainsi, on construit
une mesure cylindrique fi sur I’espace des phases. Celle-ci est invariante par le flot
de I’équation, c’est-a-dire que si on note u(t) = /(u(0), i), ou u est solution de (2.3),
si U est un ouvert de I’espace des phases et fit = f(Q,t) alors fi(fit) = n) pour
tout t.

Un tel résultat suppose évidemment des conditions supplémentaires sur I’équation
considérée. Ces limitations sont dues au fait qu’il faut que lI’objet construit soit bien
une mesure (et pas seulement une pré-mesure) et que le probléme soit bien posé
globalement en temps.

Si, de plus, on dispose d’une autre gquantité invariante, on peut montrer par faible
compacité que
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Théoréme 2.4 Presque toutes les trajectoires sont récurrentes au sens de Poisson.

Pour la justification de ces constructions, nous utilisons les résultats dus a J. Bour-

gain d’existence de solutions pour des données L2 avec des conditions aux bords
périodiques.

Outre a des problémes “continus” tels I’équation de Schrédinger non linéaire ou
I’équation de la chaleur, on peut aussi appliquer ces résultats a I’étude de schémas
numériques. Le cas des méthodes de Galerkin a été traité lors de la construction
genérale. D’autres discrétisations en espace sont possibles dans la mesure ou elles
conservent deux quantités, c’est le cas de certains schémas aux différences finies,
de schémas spectraux et pseudo-spectraux discrétisant les problemes ci-dessus mais
aussi le systéeme de Zakharov.

Une telle démarche ne permet pas de justifier pleinement le phénomeéne de récur-
rence effectivement observé numériquement. Une autre approche de ce probléme est
la théorie KAM développée dans les années 1960 par Kolmogorov, Arnold et Moser
[10]. On peut feuilleter I’espace des phases de systéemes intégrables (comme KdV
périodique) pax des N-tores. Certaines discrétisations de ces problemes héritent de
cette structure feuilletée et en dimension finie, sous de petites perturbations, ce
feuilletage pax des N -tores persiste. Le flot de I’équation est alors ”piégé” dans ces
tores, d’ou la récurrence.

Ceci n’explique cependant pas le phénomene de récurrence observé dans des équa-
tions aux dérivées partielles en dimension d’espace plus grande que 2 (voir par
exemple Yuen et Ferguson [14] pour des équations non linéaires de Schrodinger, ou
Rachid [17] pour des systemes de Davey-Stewaxtson).

0.3 Etude d’équations intervenant en optique non linéaire.

Dans cette partie, on s’intéresse plus particulierement a deux équations qui décrivent
I'interaction laser-matiére. Les modélisations choisies sont celles développées par
A.C. Newell et J.V. Moloney [8].

0.3.1 L’quation de Maxwell-Debye.

La premiere de ces équations est le systtme de Maxwell-Debye
' bd}\ nod\ . i Y N
| +Tal)A-2kv'A+, T 6nA= 0"
i (3.4)
dé
78F + sn= AR

qui décrit I’interaction d’une onde électromagnétique (d’enveloppe A) avec un milieu
résonnant (d’indice no + A) qui admet un temps de réponse non négligeable r.
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Il est possible de transformer ce systéme en une unique équation intégro-différentielle
rA .

ic 5
~ Y- rov AT
+i—Ton(toxy) + f — W(CIey)\erdele~rA(tixy) =0, (35

ou on a éliminé la variable z par une méthode de caracteéristiques.
On s’intéresse alors au probléeme de Cauchy pour des données initiales en t = 0 dans
différents espaces de Sobolev.

On obtient un premier résultat d’existence et d’unicité locales en temps pour des
données réguliéres.

Théoreme 3.5 i) Pour tout (<p,v) appartenant a Hs x Hs avec s > 1, |*¢quation
(3.5) pour les conditions initiales

A(0) = v, >n(0) = v,

admet une unique solution dans X —L°°(0,T] Hs) pour un T suffisamment petit,
i) Les solutions dépendent continuement des données initiales, a savoir :

si A € L°°(0,T] Hs) est solution de I’équation de Maxwell-Debye pour les données
initiales ( v), (o et vp tendent respectivement vers <p et u dans Hs alors pour un
p suffisamment grand la solution Ap de I’¢quation de Maxwell-Debye associée aux
données initiales gp et vp tend vers A dans L°°(0, T ;H5s).

Ensuite nous démontrons un résultat analogue pour des données plus faibles

Théoreme 3.6 i) Pour tout (<p,v) appartenant a H1x H1, I’¢quation (3.5) admet
une unique solution dans X' = L°°(0,T] H1) pour un T suffisamment petit.

i) Pour tout (<p,v) appartenant a L2 x L°°, |I’équation (3.5) admet une unique so-
lution appartenant a X = L4(0, T; L4) fIC([0, T]; L2) pour un T suffisamment petit.
De plus A appartient a L9(0,T; LT) pour toute paire admissible (q,r).

iii) Les solutions dépendent continuement des données initiales dans un sens ana-
logue a celui donné dans le théoréme 3.5

A chaque fois, on trouve la solution comme point fixe d’une fonctionnelle issue d’une
formulation intégrale du probleme.

On étudie ensuite la limite des solutions quand le retard r tend vers 0. La limite
formelle est solution de I’équation de Schrédinger cubique

A ) ) )
- - N - 1'AAN_ - [y
ot ¢ X,Y) éku\élA(t X,Y) +i nO\A(P,X.y)\%(t X,y) = 0. (3.6)

On montre a la fois pour des données initiales régulieres ou faibles que cette limite
est rigoureuse. Ainsi, on obtient les théoremes
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Théoréme 3.7 On suppose que les données initiales (pour A et h) sont bornées
uniformément dans X = L°°(0, T; Hs), s > 3, et que quand r tend vers 0, la don-
née initiale  tend fortement vers ) dans H3. Soit A, la solution de I’¢quation de
Schrodinger cubique associée a cette donnée w Alors la suite des A quand r tend
vers O tend fortement vers A dans X.

Théoréme 3.8 On suppose que les données initiales (pour A et n) sont bornées
uniformément dans X = L°°(0, T; H1), et que quand r tend vers 0, la donnée initiale
(p tend fortement vers ¥) dans H1. Soit A, la solution de I¢quation de Schrodinger
cubique associée a cette donnée i Alors la suite des A quand r tend vers O tend
fortement vers A dans X.

0.3.2 L’équation de Maxwell-Bloch.

Le second exemple d’équation de ce type est le systtme de Maxwell-Bloch

dA  1dA ¢ . k. i
7 f el o) AT Gench
rL 2
< g * 0 P —w)L = -¥-AN, (3.7)

BN 2
% .+ 7ii(" - No)= J(A*L - AL¥),

qui décrit I’interaction d’une onde électromagnétique d’enveloppe A avec un milieu
résonnant constitué de gaz a deux niveaux d’énergie. L représente I’enveloppe de la
polarisation et N est le nombre d’inversion qui décrit le passage d’un niveau d’énergie
a l’autre. La constante No est due a un apport d’énergie au milieu. Cette fois-ci, on
ne peut pas se ramener a une unique équation comme dans le cas précédent.

Ce probleme a déja été étudié mathéematiquement mais sous des formes quelque
peu simplifiées, c’est-a-dire, par exemple, dans le cas ou on ne tient pas compte du
Laplacien par rapport aux variables transversales avec des données périodiques aux
bords en z. Le systéeme développe alors une dynamique tres complexe.

On commence ici par étudier le comportement des solutions de I’approximation

adiabatique, c’est-a-dire le cas ou on néglige i et -(E)St—. Le systeme de Maxwell-
Bloch devient alors

dA 1dA .c Lk > 28
Bz Y cof T ZHBVIA+ A= Gl (3.8)
ou
| = ip2 (712 - i(ui2- u>))NpA
Tt 70 + (* 12 B2 + 4p2\7(|i|2||A 2
et on obtient alors le résultat

(3.9)
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Théoréme 3.9 Le probleme de Cauchy est globalement bien posé dans L2 et dans

H 1 pour I’approximation adiabatique de I'¢quation de Maxwell-Bloch. De plus pour

certaines valeurs des parameétres (k > " o_5---- °——] les normes L2 de
P ( 2£0h #2+ ul>%2\ )2

A et de L tendent vers 0 quand t tend vers + 00.

Pour le systéme complet, on étudie ensuite le probléeme de Cauchy pour des données
réguliéres

Théoreme 3.10 i) Pour tout A JO€ L°°(ESHS) x L°°(E]HS) X L°°(e;E *) ou
£ = et —z, I’équation (3.7) pour les données initiales

A(0) = » L©O) = A ™MO) =T,

admet une unique solution dans X 3 = (LOO« 20, T; Hs))3 pour un T suffisamment
petit.

ii) Les solutions dépendent continuement des données initiales dans un sens analogue
a celui donné dans le théoreme 3.5.
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ON A NONLOCAL ZAKHAROV EQUATION

B. BIDEGARAY
CMLA, Ecole Normale Supérieure de Cachan, $1 av. du Pdt WiUon
9ji3S Cachan CEDEX, France.

ABSTRACT
This article deals with the Cauchy problem for a nonlocal Zakharov equation. We
will first recall the physical motivation (da« to V.E. Zakhaxov) of this system.
Then we wiD study the local Cauchy problem for certain initial data, and will
identify the limit of the solutions when the ion velocity tends to infinity.

1 Origin of the nonlocal Zakharov system

The Physical theory which follows has been developped by V.E. Zakharov56 to
describe the Langmuir Oscillations in Plasma Physics.
We assume that:

1. the plasma is sufficiently uniform,
2. the magnetic field is sufficiently weak,
3. the nonlinearity level is not too high,

4. there are no transverse high frequency electromagnetic waves.

We consider the following equations that modelise the phenomena:
Linearised hydrodynamical equations

iSn, + div(n0+ Sn)V, = 0, (1)
* H in—=_A
uI5vU 2|n&V In=-". )
Maxwell’s equation

%% + curl curlE+ %]?(no + gn)'%SVt = é ®)



Vlasov't equation

QU
LE+( * * > [ < °

o6m = T P "'?)‘

Wc moreover «et

A= Q(ECIP(-iW WK) + é exp(»u»”<)) ,

and
¢ = V0.
Eq. 1-7 imply that

A@2>WM, + 3VEAN) = widiv(AVA).

Two different hypothesis can be made:
First hypothcii»

349

©)
(6)

O

®)

The nonlinear phenomena have such a long period that the ions have enough time

to re&cix the Boltimann distribution law in a low frequency field:

no“ *Ti

After some computations and a change of scale, Eq. 8 and 9 lead to

Atyt + A™) = divdVAI'VA).

This equation has been widely studied by T. Colinl,2
Second hypothesis

The ions do not have the time to reach this distribution:

9 1

(£+24 - >)f' = T/ AEE-

We will suppose that the damping rate is zero, i.e. we neglect 27, Jj.

After a change of scale, Eq. 11 and 8 become

I AtVe+ AB) = div(nVh),
\ Ang. An U Vg

Y

(10)

u>

al)

In what follows, we will not give any complete proof. They may be found in an

article which is to appear?.
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2 Existence and uniqueness for the Cauchy Problem

We first consider the iyttem 12 with c= 1

i AGVi + A0) = diy(nV*),
\ nfl- An = A(V*]). (13)

We set B = V(-A)“IV. and » = V~. Eq. 13 is equivalent to

fr>'+ = -£(ny>),
\ n, - An = AQy). (1

8 is homogeneous of order 0 in the Fourier variables. Thanks to Calderon-Zygmund’s
theorem we have the following result:
For all 1 < p < oo, there exists C,” such that

\Bf\\Ww.+ <CtM w * - (15)

2.1 Theorem jor the Cauchy Problem
Theorem 1 Let iu consider the problem on RHt N = 1,2,3.

ip+ A>= VA"IV.(ny>),

n —An = A™>|J,

n(x,0) = n0(x), (16)
atn(x,0) = nx(x),

V?(r,0) = (po(r),

with no € BIl,nj 6 L3 and yo G H*.

Then there exists a time T > 0 depending only on ||n0||ff», ||ni||L>, |ly>0|rl and N
and a unique solution (v>(0>n(0) io N W&ICA satisfies

fv>(0 € c#([0iT lii,)nc1([0ITI5).
{y>() € W?EN(O,T;L*), 17
t n(<) € cH[o,TlLirDnc*([o,Tl;i,)nc*([o,Tl;ir-t).

Thanks to Eq. 15, we have been inspired for the idea of the proof by the work
of Ozawa and Tsutsumi3. We Erst make a change of variables (in order not to
loose regularity at each step). We then use a fixed point method to find existence
and uniqueness in a subset of the original functional space. To conclude, we prove
uniqueness in the whole space and return to the initial variables.
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2.2 Setting of the fixed point method

Setting F = &iv>, we formally get

a2, + AF = -B(dtn(<fio+ J Fd*) + nF),
» - An = Advil¥), n (18)
[-A + 1)'1(iF + B{r(\Po4*/. Fds)) + o 4 /- Fdi

= (-A + 1)-1{.F + B(n(vo + f Fds)) + (2, + £ Fd*)},
with F(0) 0, n(0) = n0l d|n(0) = nt.

We work in RN with 1 < N < 3. We uxe the following functional space:

X =M-(L1%)n "W/ 1<) ]® H-(3;3i,)n 1~ (J;E£)], (19)
where / = [0, T].
We set N = (tf,,N,) with
IMF.nKO = V(t)FO+ iJ;J, U{t-*){B(8.n{'fti0+ 5 Fdr) + nF)}d»,
" WJ[F, n](0 = cos(u>*)no + uTlsin?ijnx + f w~xsin(u;(t - j))A|p(j)*<Es,
°
(—A 4-D< = pxF 4 £E(n(<> + J/O f<k)) + (po+ J/o f kE9)},
(20)
where U(t) is the gToup generated by the Schrdédinger operator and w denotes </—&¢

(multiplication by |(] in Fourier variables).
We set

a = max{||*olU>, l|<*o|U*i ll Atpo + £(noy>0)|U,ilIno||s" + lIni||L>}. (21)

y ={((*).,”() 6 X/ [|[F|U-(wi) < 2a,||F[|Il./KI(L) < 2Sa,
Pl <2 <2 (22)
The fixed point method will consist in solving

f OVI[E,N] = F,
1 iV2[F.n]=n. (23)

N i Y —Y is a contraction if T is sufficiently small, thus we may find a fixed point.
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2*3  Return to the initial problem

The fixed point method yields:

Flo €  f| *(102L;* i)

Nt ¢ n >p,ThBx (24)
>0 6 cqo. fl H')

This regularity enable* us to return to the initial variables; we get the desired
regularity and two conservation laws:

/| MOI* = | ISPol* (25)
I(IM(«)|*+n(iM 0I,+5(V*(I)),+in*(0) =/(IN .|,+nQv>d, +5(V«fr0)l+inJ)I
where — (;r; 126)
3 Limit a%c tends to 0o

We now consider the problem

(1

An, - A(n + |E]*) =0,

iEt 4 AE>+ B(nE) = 0.
The result obtained in Section 2 still holds but T depends on e.
We shall work with variables in H* with J > - +3.

(27)

There is no need to prove uniqueness since this has been already done in some larger
space.

The formal limit of the solution is the couple (—E\2,E) solution of
»Ec+ AE - £(|E]%) =0. (28)

3.1 The Theorem for the Limit

Theorem 2 Wien c tends to oo,
n'+ - 0inC°([0,r) X RY,
V(n* + |.LE’)- 0in C°([0,T]; H -3),
E‘— E in C([0,T] x JNInCiJO.TIjC*),
ichert E is the unique solution of

iEt+ £IE - B(|£|sE) = 0. (29)
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This time we adapt the method of Schochet and Weinstein4. We first carry out a
transformation of the system into a dispersive perturbation of a symmetric hyper-
bolic one. Then we prove the ejdstence of a regular solution for a time independent
of c and pass to the limit when c tends to oo.

3.2 Transformation of the system

We set
1
A g S G
1Q=h+gp, )
\i2fl = P + iG et V/2VE = H#iL, (31)
<tnd
U='(Q,V,F,G,HtL)t (32)

then the system may be rewritten as

Ut + i {R { A s{U)Uai) + cC*Ua} + S(6(U)U) = KAU. (33)

ft and 5 are Calderon-Zygmund’s operators.

Q is a nonlocal operator.

K is an antisymmetric matrix.

CJ and AJ(C/) are symmetric matrices.

These properties will be very useful to make estimation in Sobolev spaces and to
use the classical theory of hyperbolic equations.

3.3 Existence of a regular solution for a time independent of e

To this end, we use the following iteration scheme:

ue{x,t) = i/0(z), (34)
syU*+I k .
=+ |(u')J,‘1 +cC’V*X) + S(B(Up)Ur*1) = KAU*\  (35)
m j=i
[/r+1(z,0) = Uo(x). (36)

One can show the following estimates.

*Vp>0 [ltr»|]., T <'s,
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« Vp>0 HUA~" - (Jlo.r < C\\u* - U'“I\\otTi
wilh C < I.
e Then U> — U in L#(0,r; £%),
U* is bounded in ¢ “ (O.T; H"). (3,

Then U € C([0,T);Cl) and the solution is a classical one.
Moreover we have r, r.

U6 1.pdO.Tl;»-*).

u €COT); *OC([07 * ) ; I MI

The time T is independent of ¢ (because C>is symmetric).
To gain some regularity we use the theory of commutators.
There is no problem in returning to the initial variables and we get

b
Theorem 3 Letj > l +3. Forno € B0 nx € B$xand £0o € B “+x, there czutr
a unique solution to *ystem 27 endowed with the following initial data:

[ n(0,r) =n0(x),
I $n(0,x) = n”x), (39)
1 JE(OX) = $>(*),

on a time interval [0,T)#T not depending on e but only on ||no|[jra» [|n]||*.-i ani
l|l£o]|*-- .
Moreover, for all t £ [0,T] we have the estimate

1 1

m i* «. + BfiTIIO - + IKIIB-+ JkHhh... + 'CI K I 1 < c.t (40)

Thanks to the two conservation laws Eq. 25 and 26 we can, as for the classical
Zakharov equation (B = —#), show that the solutions are global in time in the

1-dimensional case and also in the 2-dimensional case when the initial data are
sufficiently small.

ACKNOWLEDGEMENTS | want to thank J.C. Saut for suggesting me this subject
and his encouragements and T. Colin for helpful discussions.
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Chapitre 2

On a nonlocal Zakharov equation

Abstract

We study the Cauchy problem for a nonlocal Zakhaxov equation, namely

lipt + Atp = V(-A) 1V.(ny),
{ A-2ntt —An = A<

We first study the Cauchy problem for a fixed Aand then, in a smaller functional
space, the limit of the solutions when Atends to oo.

Accepted by Nonlinear Analysis :
Theory, Methods and Applications.
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2.1 Introduction.

Our aim is to prove some results about a nonlocal Zakharov equation introduced
by Zakharov (see [14],[15]). The derivation of this system is carried out for x € R3,
however we will suppose that x € RN, N = 1,2,3.

We study the following system

(I>+ A€= —B(n<),
\' A2n —An = A2,

where B = VA-1V. .
We consider the initial value problem, that is

©e(*»0) = ¢o(x),
< n(x,0) = no(s),
kni(x,0) = ni(x).

This article is divided into three sections. In section 2, we derive the equation
from the physical equations according to Zakharov (see [14]). In sedction 3, we study
the local Cauchy problem for (<*o>no,ni) GH2x H1x L2. In section 4, we study
the limit of the solution to the equation when Atends to zero.

The nonlocal Zakharov equation may be connected with two other equations :
the classical Zakharov equation and a nonlinear nonlocal Schrodinger equation.

The classical Zakharov equation is the same one with B = —. There is a link
between the two problems. For example, they are the same in a one-dimensional
space and also if we only consider radial solutions (because —B is the *-projection
on the gradients (see [4]). The point is to try to adapt the results about the classical
equation. We may cite different people who worked on this equation : H. Added -
S. Added ([1], [2]), C. Sulem - P.L. Sulem ([12]), S.H. Schochet - M.l. Weinstein
([10]), T. Ozawa - Y. Tsutsumi ([9]).

For the existence and the uniqueness for the Cauchy problem, we reason as in [9].
It is possible to adapt the method because of the continuity of the nonlocal operator
B in a large number of spaces. The same results on the Cauchy problem would be
obtained if we have an other operator instead of B, provided we always have these
continuity results.

To pass to the limit when A tends to oo, we adapt the proof in [10]. Lots of
complications are due to the nonlocal term. First of all we have to write the initial
system as the dispersive perturbation of a symmetric hyperbolic system, the nonlocal
term yields some additional terms which make the derivation far more complicated.
Then we encounter some difficulties in estimating the different nonlocal operators
of this new system and need the use of the theory of commutators to solve these
new problems. As for the previous problem, we may want to extend our results to



34 Chapiire 2. On a nonlocal Zakharov equation

some other operator B. We need the same properties as before, and some others.
For example, we need to be able to define an operator A such that = AVS.

A nonlinear, nonlocal Schrédinger equation is studied by T. Colin ([4]-[5]). It
consists in taking A= 00. He obtains some results about the local and global Cauchy
problem, some finite time blow-up results and also standing waves and their stability.
The limit we obtain when Atends to oo turns out to be the solutions to this equation.
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2.2 Origin of the nonlocal Zakharov system.

This article deals with some equations introduced by V.E. Zakharov (cf. e.g. [14],

[15]), to describe Langmuir plasma turbulence. The physical description follows ex-
actly these two axticles.

We consider the hydrodynamical equations, the system of the Vlasov equations
for the particle distribution functions and the Maxwell equations for the fields. This
system is quite complicated, so we first simplify it. The idea is based on the fact
that we can distinguish slow and fast processes in a plasma. We assume

 the plasma is sufficiently uniform,
» the magnetic field is sufficiently weak,

the nonlinearity level is not too high,

there are no tranverse high-frequency electromagnetic waves,

then the fastest process is the Langmuir oscillation, whose period is r& ~ 1/o>pj, upi
being the Langmuir frequency.

The other time scale (when there is no magnetic field) is the period of ion-acoustical
me denote the ion and electron masses.

We average the dynamical equations on a period tl. We only consider long wave
oscillations with phase velocities far larger than thermal ones. We neglect quasi-
linear effects.

We also neglect interactions between the different high-frequency oscillations, and
we obtain the linearized hydrodynamical equations :

d : >

—~6ne+ div (n0+ 6n)Ve = 0, (2.1)
d - 3V - e -
—6Ve+ -AV6n = — E. (2.2)
at n me

Maxwell’s equation reads :

1 Aire d
hleIE +curl curl » +~ (n°+ 6n)dtsve= °- (23
Moreover, we suppose that :

N = no + 6n + 8ne,

6n,6ne  no.

n is the electron density, Sn is the given lowfrequency plasma nonuniformity and
8ne is the density variation due to the Langmuir oscillations. E is the electric field
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and 6Ve is the variation of the electron velocity, c is the ion sound velocity. Thus,
we have

1 d2e . 3vh 8n .
: U
Apw +UE samanar AT AdvA +Y andF = 29
Next, we suppose that E = | (j? exp(—uwpit) + E* exp(i4p/i)”, where E slowly

varies (dE/dt <CupiE). Neglecting d2E/dt2, we have :

N\
9E _ _u}%k + iwp/ ;@I exp(Z20p/i) + — exp(icjp;i)7j .

Substituting this in (2.4), we obtain :

- DN+ tat1- A dvl--isSl- (B

We need a second equation in order to relate Sn and [i?|2.
We suppose that the electrons are distributed according to the Boltzmann law :

n= nOexp{—-(ﬂDe_-t - ® , sn ﬂ)e-i “® (2.6)
le [S]

The ion distribution function obeys Vlasov’s equation :

AN vtic SV e =0 andeni= T g- 4
g PV gV gy, = 0. an "7 e -9
We set E = Vt/ssodivE = A
n.vwid,,.iv ~N 3w ,. A~ . ,8nh
c2 dt ., . “A dvvdys =-? div(® £)
Uni d . cno
2% F o - WC?IA?P: ~ gTdiv o 1)
thus
. : &L
A(2iuplift + 3VTeAip) - u>pdiv (%V\b)- 2.7)

We multiply (2.7) by x* and integrate by parts. The imaginary part yields that
NO=J |Vif>\2dx

is conserved.
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first hypothesis : The nonlinear phenomena have such a long period (r-1 < kVTi)
that the ions have enough time to reach the Boltzmann distribution law in a low-

frequency electric field :

Sn __e<fE
no Ti.
M we allso1 know that sn = ﬂ)e'—_-? therefore :
no Te
Sn —
no Ti+Te

e2
$equals ------- r-|1£|2, hence
a 4me'w;,| |

Sn —e2  |V-0)2 —£0 |V7|5
no 4merg (Ti+ Te) 4no (T-+ Te)

This result together with (2.7) yields :
A ( 2 +3VgAiI») = 4mryT+ (V™ [2vh),

3vi
Afi* + 2\/\¢1A 0) N (73t r,)divdVh V!

A ([§>t + M\ Du)piAtj>) = greoj|r™ -y Mdiv (VA 2V D).

second hypothesis :« 1>. K,

For low-frequency motions the hydrodynamical approximation is valid :

(|? +2] - ‘Afa: 16irriiA Ep

We assume that the damping rate | is zero.

After some changes of scale, we obtain the equations, we study.
For the first hypothesis, we obtain :

AGVE, + AVO = div ([VO[avA).

We can find some results conserning this equation in [4] and [5].
For the second hypothesis, we have the following system :

(A + AP = div (W),
| ~2n* ~&n = A(Vt/>|2).

(2.8)

(2.9)

(2.10)
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2.3 Existence and Uniqueness for the Cauchy Problem.

In the study of the Cauchy problem, we will omit the constant c2. It is obvious to
see that the result will be valid for every value of c. Thus we study :

A(ip+ AAY = V.(nVH),
( n—An = AjVAI2

(3.11)
that is
iip+ Aifr= A 1V.(nV"),
n —An = A\VV>2,
iVj>+ AW> = VA"1V.(nVV>),
{n - An = A|VVT.
We set €= Vi/’. This leads to the system that we are going to study :

I ¢¢-T A<E= VA_1V.(n<E), ,312s
In —An = A2,

In the study, we omit the fact that {4s a gradient. We nevertheless have ig>Af>=
V / with / = A-1V.(n<£). Taking the Fourier transform, we get

*£- 1V =»{/,
«+f n tff
| (hiKf) =Tfed?
ieM 2t- m(o)zt}o*fit, syW'ds.

As we have <€(0) = £/40),

ki, t) =T (¢(1,00e-WI" +jf£({,s)e-W-)ds)

and $is a gradient.
These computations axe quite justified. We set B = V(—A)-1V.

This operator is homogeneous of order 0 in the Fourier variable. Calderon-Zygmund’s
theorem tells us that B is continuous in Lp(Rm), for all 1< p < oo, i.e.

3CrivieV ||BI|], < cyilllw. (3.13)
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A simple argument tells us that B is also continuous in every W3R forall 1 <p < o00:

sc V] € WsP \BR\W* < C,,\f\\w*. (3.14)

We now follow the work of Ozawa and Tsutsumi [9].
The system (3.12) reads

f i+ A= —Bn<),
A n—An = A2 (3.15)
Setting F = d<> we formally get

ir + A =<0+ Fds) FnE),
< h—An = AER, (3.16)
&= (<A + 1) Lo2F+ B(<0+ J Fds)) + (fo+ J inds)n .

We consider the following initial conditions

HO) = i(A>0+ B(nog>0)) = Fq,
< n(0) = no, (3.17)
dtn(0) = n\.

We work in RN with 1< N < 3.
We set

X = [L°°{I]L2 n L8N {I] LA © [L*° (/; H1) n Wrl00(/; L2)],
where | = [0, T]. We suppose that (<f>o,no,ni) € jH2x H1x L2, and we set
a = max{[|*o||L2,[[*o]U*,[|[A"0 + -B(no<o)Ik2,[|no]ljyi + IM "}
(since we have (<f>0m0,ni) EH2x H1x X2, a is finite).

To begin with, we want to obtain the existence and the uniqueness of a solution
of (3.16-3.17) in X using a fixed point method.
We set N = (N~*Ni) with

f Ni[F,n](t) U(t)FO
iJ]:) U(t —s){B(dsn<0+ J]:) Fdr) + nF)}ds,
cos(a;i)no + w-1 sin(wi)ni (3 18)

Jo u " 1sin(u>(t —s))A\<f>(s)\Ads,
{iF + B{n{<>0+ J* Fds)) + 9+ f* Fds)},
[0] Jo

+

IV2[F, n](t)

+

(—A + >
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where U(t) is the semi-group generated by the Schrodinger operator and u>denotes
yj—A (|£| in Fourier variable).

We set

Y = ((F(t)y,»0) € Xl JIFLeoiiL2) < 23, IF w*in 1;L4) < 253,

Mo 1) < 2a, < 2a}.

dt Loo | h V)

We first show that N is a contraction from Y into Y.

To this end we use the following lemmas :

1. Lp—Lqestimate (see [6] or [7]).
If2<p<ooandl/p+1/qg =1,
then WU{t)\\LP < (47r|f])-"/2+">M|L, tx0

2. Strichartz estimate (see [9]).
Weset a(N) =00 if N = 1,2; a(N) = /’\\IZN

If2 <q< a(N) and (N/2 - N/q)r = 2,
then there exists Ki(N,q) such that

neollLtir<) - Ko llbne  tordi 7 e LK

if N > 3.
2

3. (see [13)]).
Ifl1< r<22<qg<a(N)and (N/2- N/g)r =2,
then there exists K2(N, ') such that

Jf: U(t - s)f(s)d, < KMiSv-jS) VI/EX P(T;L9).

L2)

4. For all i € R+, for all v € L2, we have
llcos(wi)v||L? < |[ul]I2,
i+ u2U2r -1 sin(w<)vii: < (1 + ¢)|M|Le.

first step : N maps Y into Y.
The second lemma yields that

IE/(-)I(A<Eo + £(no<M)||Lil, (RL4) ~ -AifJA%o + Blo<Fo\L* < Sa. (3.19)
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This fixes 8. We also know that

IUE)i(A<t>0+ B (n049))||E«(RE) = ||A%0 + Bno<t>0)\W < a, (3.20)

because U(t) is unitary on L2. Using the first lemma and the continuity property
(3.13) of B, we have

N

tFi[*>](01U « mt)i(A<fso+ B(nO§ONL*
el - 5) "B(da(gp0+ jf Fdr) +nF)|  ds,
K

/(1A + JB(no"o))|U4

N

+ ] C\t- 5]-n/4\B{ddFo+ [ Fdr) +nF) _ s
< |]il(t)*(A%o + jB(no”o))||L«
+ jf C\t- «|-wia{]|6.n|[1i([*0]U4 + j < \F\L*dr)
+IMM I* JUkds-
I [« oW < 2
dnl .
v Cf g MU.\E li- ‘\-N/,&> ,
L>°(L2) SN0
. \\M\
I*
t 1T{1;12)
13 \t- s V4 jf* IIFIIWEK
) £5/*()
NG e
L L (R T IF I oy i
Now
|:TT-N/4ds — ||11-N74]]£*’N(0 - Tw,
r Ls/N (i)
£ T-NI\£ \R\L<dT)ds < ||T2-wid||F||1.<is|l,/,(J),
L6IN (1)
i IF e L),
and .
LT N IF pLace TNy NN 4.

Le/ Nu)
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Hence, we have

HWAE]IL*1 (1L <)
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fa+ CT 1~N/4ANn\LX(ItL)WFWL*N(ILD

i’ "Mm' 148y~
1 ILax1;LD)

4 ENB 7 -F{| 1) )i
d,l QL2 |[1>/%(/;],«)i

< 8a+ C{Tr~Nl48a2+ TI~NI*a2+ T 2~N'48a2),
< 8a+ C(TXNHa+ TI-N*8~la+ T2~N/4a)8a.

We choose T sufficiently small so that C(TI N!da+ T1 N/88 xa + T2 Nlday < |-

Hence

NAI[-~n]||L#*(/;L4 —25a. (3.21)

Using the third lemma and (3.13), we obtain that

INFLE v loo(/:L2)

<

NU@)I(A<F>0+ =B («0<ho))||Te>(];L2)
+C\\B(dtn(4>0 + i Fds) + nF ALEN) (L

a+ QMo+ i Fds) + nFALI(E-N)G./3),

a+ CUTAnIly (Ihallic+ jf TIEIN *)

40n1i2P 1KIL® )

a
dn
+C I NERNLN e ()
dt 1 o(;12)
dn
tC VI rik >
Le°(/;L2) Ir O H «/(8-w)(/)
+ CUInfIx, 00 (/;L2) [[VILA/(4-~)(T)[I-FII£8/W(/;L4),
a
FOTENE e liftolur
L%h 12)
+CT2-N/4 dn o
dt L'X’ihl’))\\F\\l IN(I;L*)

4CT*N Py gLm e 140
a+ C{T1-N'sa2+ T2~N/48a2+ T A~ S a 2),
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< a+ C(TI-N*a+ T2~NI48a + r 1'N45a)a.

We choose T sufficiently small so that C(T1~-N'G+ T2~N4Sa+T1~-N4Sa) < 1 Hence

AT [AN]IU(:-9 ~ 2a. (3.22)

In order to treat the second coordinate of N, we first estimate ¢&in L°°(I\ H2).

) = (—A+ 1)"1j*f + L (n <0+ J* Fds)) + 9+ J* j<fo)},

(A + 1(Ef) = iF + Bn(g>0 + J{) Fds)) + ¢e+ Jf Fds,

IMljp < M in + Chn(<h, + |* FR)IL>+ [W b + /' 11iIMss,

L1 A 11 < [HPII~(L2) + CA\n\\Lcor LA Aj<alll* + JQ TIFIU«A

+Hrolli2 + § WAL

Now

5 Tk o <Cl NOF ifiN

then
[[MI~(/;H2) < C(a + a2+ TI~NI8a2+ Ta). (3.23)

A2[F,n](t) = cos(u;i)no + w 1sin(a;i)nl
+ le) ;-1 sin(w(i —s))A|<£(s)|2ds.

Using the fourth lemma and (3.23), we have
IMF,n](i)||*i = IKI-A~A~~2nKOIlw,
[[(1+w2)1/2cos(a)i)n0||L2
+ 1@ +u>2)v2u T2 sin(a;i)ni||i2

+ 1L+ 2 I2u~1Sin((< - 9)AIE(S)I2L2s,
o
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A IMIh + (i +D)IMIU2
L0+ 9nilganzes,

< T+ 7>+ [T+ )[[A 7 3)allpd>,

1+ Ta+ T(1+ T)WA<N2i,00(iie),
1+ Ta+ CT(1 + T\gAeA(I;H),

because ||A|"|2||Loo/;L2) < C,|l<Ax00(r;ir2).
[7V2[-P,n]||£,00(;ifi) < a+ [T+ CT(1+ T)(1-fa+ T1 N'8a+ T)2]a.

We choose T sufficiently small sothat T+ CT(1+ T)(l + a+ T1-M&a+ T)2a < 1
Hence
[IN2[F,n][i[;oc,(r;ffi) < 2a. (3.24)

%AIZ[F,n](t) = —gsm(u>t)n0+ cos(@>f)nx

+ Jl: cos(u>(i —s))A|<(s)|2<is.

Using once more the fourth lemma and (3.23) :
d

l— iV2[F.n](i)[|Loo(/;L2) < |[nO|ffi + [[nil|lL2+ ~ HAI~AsSAH A ds,

< liftolinl+ Hi||lL2 + CT\<f>fLOG1L.HD),
< a+CT(1l+a+ T1-N/8a+ Tfa.a.
We choose T sufficiently small so that CT(1 + a+ T1-N8a+ T)2a < 1. Hence

AdEA 28 A Lo(I'2) —Aa (3.25)

Collecting the four results (3.21 - 3.22 - 3.24 - 3.25), we conclude that N maps Y
into itself (for T small).

second step : N is a contraction in Y, i.e.
V(i7,n), (F',n") €Y and T sufficiently small

[OVIF,n] - IVIi>"T|| < H[(F,n) - (F\n")
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where ||| - ||| denotes the natural the norm of X.
The computation which follow are essentially the same as in the first step.

No[F,nl() — M[F,)(8) = i [ Ut — $){B(3in(do + [ Far)+np)

~B(0n'(go + | " Fldr) +n'F)}ds,

-~

Ni[F,n] — Ny[F",n] z/o U(t — s){B((8in — 8.n')o)

+B ((6,n o) [ Far+o'([[ (F - F’)dr))
+B((n — n')F + n'(F — F")) }ds,

IMIEn)(E) — MLF, @)l
| @it = sly™/4{}| g — d.n'llx | oll e

T T
+|8sn — Byn'|| 12 /0 | Fl|zadr + 1|0sn’]| 2 /0 |F = F'||pedr
Hln = 0’| g2 || Fllgs + 1]l 2| F = F'|lza }ds,

IA

IMi(Fn) = NP s
t
o{| [ T-"410m — 0.7 iz dolzeds

IA

L8/N (1)

b NJAyA T
+| [ T oo [ IF - Fllzedr

L8IN(I)

t T
+| [ T0m - 0'lzs [ IFllpsdr

LS/N(I)
t T
[ T7M4n = wln [ 1 Fllzedr
0 0 LB/N(I)
t T
+\| [ ¥4 [T IF = Plssar ,
0 0 LN (D)

IN

d
C{TMPo)| = (n = ')l emqznyl doll s
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A
2-N, 4 .
+T n, (- MIU IF i, b

+ I ||;|]|t 't 2nF Fwivg,

+ T 1-Nid\n —n'||L* G;L2NMU*Ww(; i)

T 4nli- o 119,IF - F\Wa )

C{T1-Naa+ T2NI,(6a + a) + Ti-Nl4(6a + a)}
x\i(F,n)-(F",n")\I

We choose T sufficiently small so that

1
dT'-Wa +T2~NI\8a+a +T"*"*"Sa +a)}< g

Hence

1

[INFIFM - NL[F',nfALYN{ILLY < gUKA~n) - {F",n" )\ (3.26)

HIViI~n]

NAF 711 |U~(:L2)
C\B{(dtn - dtri)<=0) .

+B((dtn - dtn') 3* Fds + ($n'(jfVF - F')ds))
+B((n —nf)F + n'(F —F)I18(E-wW)(/;,L43p
(711(5in — ¢W)<Eo|liM s-An(W*B)

+||(dtra —dtn]) Jjo Fds\\Lsai-N)".Lt/3)

+ ||dtn/ J[0 {F —F"dsWLiKb-wy.'U/s)

+11(n —nAFIiSAs-Njj/.iils)

+ In/(i? - Pr)HL8/(8-2)(/;L4/3)}T

CA||[|5tn - étn'HLIIIMolIMILS/co-Nif)

+ Hftn - dtn'\L>[T[|F|[14]]
Jo 118G n)(7)
+ Ul|a,n'||y f \WF- F'h.iA
20 H18/(8 jv)(/)

+0llin - o L20F nLam/(E m

+ M e F/aum -0
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< C{rl_A]B ?t(n—n) 111 L*
L%j| L2)

| jp2—N/a an—ﬂﬁ
at L=(12)

M " oo WE— PN

IL>°(;
AL
+2il-"4fjin _ " (hB)IFIILsN(J;V)

+71--Al4|[n/||£00(/.,¢211" - -F[I*/"(j:z9}>
< C{T'-NI*a+ T2~N/4(8a+ a) + r 1 A/4(fa + a)}
x|[[(F,n)-(F*,n)]l].

nE L*/Nu;V)

We choose T sufficiently small so that C(TXN'sa + T2 N!48a + T1 N/48a) < o

Hence
HMI™n] - M[r,n']||L>(F) < -LI(F,n) - (*>" (3.27)

&0 «) = (FA+irMin-FO +Ban-n")")
+£((n - n) v{g Fds) + 5(n'V(OV - F)ds)

+£(F-F")ds},

k<) - ¢'(Oil*» < C{|[F-.F'|[I» + LI(’>-")A>IU"

+ (n-n)[TFis + n' [T(F- F)ds
0 e I 0 n?

+ JT(F- F9ds %,

W - 4>"\1°°(i-,h2) < C {\WF - F"\\Loo(i.L2) + \\n-n "\\LOo(I:)\\<f>0\\n
+ 1in - nciu - (/;eay £O O WWF \\L*ds
£ 1K LU ~ ([*<) jo \WWF - F"\\L*ds

+3% [IF - F sy,
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So
|<€—&/||1&(/;H2) < C{1 + a+ T1 Nts(8a + a) + r}|||(F,n) —(iJ/,n))||. (3.28)
N2[F,nJ[{t) - N2[F',n}1)
= | L sin(a(i —s))(AINE)2—A|M(5)[2cE.
WN[RNKt) ~ V2IFin')emw
< J/ I(1 + w2)1/2a;-1 sin(u(t - S))(A|(E]2- A<E|2D)||L<s,
< L (o IARG)I2- w112
We have ||A(<E)2- ER)\\» < QAAH*+\W\M H - <P\m therefore
H-AWNKO - iV2[F',n"](i)||*i
< ecr(l ¥+ FUH  Wm\M\\(<i> = m ) ii**,
IN2[F,n) - ~[An'lIU «,N)
< CT{1+ D(<NEool/fid + |[LANL~LI2N0 —4 1 h
CT(1+ T){a+ a2+ r L M&Ga2+ Ta)
X(I +a+ Tx-N\8a + a) + r)||[(F,n) - (i>"]]].
We choose T sufficiently small so that
CT(L+ T)(a+a2+r 17N5sa+ Ta)(1+ a+ TLiV8(5a + a) + T) < g
Hence .
In2[FM  n2[Flnnice(w) < glKi» - (i>")11- (3.29)

I [*>]«) - jtNiF\L 10
= ], ot —sDAGNOR—(<E )2



2.3 Existence and Uniqueness for the Cauchy Problem. 49

d d
a2lFo g "o
< [JlIAG«S p - ([« 9p)lit" S,

MtmF,n] - N2[Fn>HiL-{12)

< CT(\<f>WLoo(l.<H2) + j HL*® |‘|2%
ur—n|[1~(/;H2),
< CT{a+a2+T'-~"Sa2+ Ta)
x(I+a+ TI-N*{8a+ a) + T)|||(F,n) - (F,n") |-

We choose T sufficiently small so that
CT(a+ a2+ Tx~-NIHa2+ ra)(l + a+ Tx~-N\8a + a)+ T) < ;3.

Hence

d
g2 01 NaF ) o ﬂ<;m(F,n) (F ) lIF (3:30)

L R

Summing up all the above estimates (3.26 - 3.27 - 3.29 - 3.30), we obtain

\N(F,N) - IVEDI < (1K *» - (25" 1 (3.31)

N is also a contraction from Y into Y for T sufficiently small.

N has also a unique fixed point in Y such that
r F(t) = U(t)Fo
+ iJ U(t—s) jBdn<j>0+J Fdr) + nF)j ds,

< Nn(f) = cos(u>t)no + =1 sin(u>t)ni (3.32)
+ [ u=1sin(a;(i —$))A|"(s)|2ds,
. ) = (“A+1 1yCiF + B(n(<g)o + tFds)) + o+ ,b] Fis)}I

We obtain immediately that

F(0) = i(A(j>o -f B(no<f>0)) = Fo,
< n(0) = nQ, dt(0) = ni,
. <PQ = 9o
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(F,n,<t>) satisfies (3.16-3.17) in the integral form.
FOGL2so U(t)FO G C{l-,L2)C\C\1-,H~2), and dtU(i)FO0 = iU(t)AF0 = iA{U{t)FO0).
Since L4/3 «>H ~\ B(dsr(<t>0+J1:) Fdr) + nF) GL\I- H~X),

hence J* U(t - s) i"B{dsi{<>+ jT Fdr) + nF)} ds GC(J; H~I)n Wt H~3),
and
dtj‘0 U{t - s){B(dsn<0+ J]E) Fdr) + nF)}ds

= iA jg U{t - s){B{dsn<g>o+ J]:) Fdr) + nF)}ds
+H?(9*n(<™0 + f Fdr)-\-nF),
ijot Ut —s)A{B(dsng>0+ jos Fdr) + nF)}ds
-\-B(dtn((f)o + fo jPcir) + njP),

so that
dtF(i) = (A (u(t)FO+ *jf U(t- s){B(dsi<0+ jT Fdr) + nF)}ds)

+11?(dtn("o + \{) Fdr) + nF).

that is dtF (1) = IAF (1) + iB(dm(@o+ f Fdr) +nF),

ie. zF+ AF = -B("n("o0 + jg Fdr) + nF).

Furthermore n0€ ifl, nac L2 and A|<f§2c L2(0,T]L2).

n(t) ¢ C([0,T]; tf1),~*) o C([0,T];L2) and 0@ (i) & C([0, T];i T 1)

and in H~x we have
d&n —An = A2

(F, n, < also verifies the system (3.16-3.17) with the equalities in H~x.

We shall now show that

1 .
o € Nagma?) NWYo,F Ly
1=0

< 2
"0 & NoygozgH™, &3

t € C [0, rJT )o
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W know; in fact, thet if 1< o, <22 <q<a{N) ad (N2 - Ng)r = 2 then
fUt- 9ff)s €GO TL)  if/ €U L)

here e have FO€ L2and B(dtrkfo+]  Fdr) + nP) 6 L8N\ L43),
s that Y())FO€ A0, T; LY H (O, T, H-2) (cf Kato [g)).
A Jit- s) | B(dso+ T Fdr) +nF)} s €Q0 T, L2,
s that F(t) € Q0 T\L2).
Ve heve alreecly seenthet i) €~ GXOT; )
Onthe ather hend B{dtrg0+J)  Fdr) +nP) €00, T: L&Y CQO, T: 1),
and AF(t) € C(0, T;tf-2), so that dtFt) € C(0, T:ii-2)
ad (A + 1)) = iF + B{<0+j* Fs)) + (9+f Fds) e GO T; L),

that ) € ([0, T\ H2.
Thenus e e SEm (329,

This enadles s to differentiate ance nore in tine the equation :
A+ D) =iF+ Hr{<bo+j)Fds)) + (’b+j) Fdk).
VA& obtain
(-A+ D) =7 (i) +B 2 got | *Fds) + nF(O\ + R
in H~-2 t
On the other hand dtHt) = IAF(t) + iBdn<to+ [ Fds) + nP),

this (A + 1)F = iF + B(dreEo+ /' Fds) +nP) + F
This yields A0 = F(t) in H-2
Furthemore

NG = (A+1)'L zf +8 o+ J " Fs)+ (D) + F(D)
The right hand term belongs to C(0,T;L2) 0 that ) € CX0, T\L2.

A+ ) = IF + B0+ { Fds)) + (¢0+ {FFs).
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As we know that } Fds = ~(t) - 99, therefore
0

da
A+ DB =+ B+ B
which yields
i N+ A= -B(n<f>).
This gives us the existence of a solution of (3.15).
This solution verifies :

HHMW(/;LZ) —2a
dE

< 28a,
dt a

L»/W(/;L4)
n\L°°(I;H1) —
9n < 2a.
dt Loo(/;Lz)
On the other hand =+A”> = —B(n<f3, this gives us the following conservation law :
IWII’ = M i» < « (3.34)

A second conservation law may be obtained by setting

A, dn
-A* Y a?
Then we have
jOlvm 2 + <t)\m? + [(V*)2+ I»2«) = Cst. (3.35)

There only remains to prove the uniqueness of (€£n) in a convenient space, which is
equivalent to show the uniqueness of (F,n) in X. For the time being, we only know
that (F,n) is unique in Y.

If we have two solutions to the problem, (F,n) and (F',n"), we may associate a
maximal time of existence in X (T and T') and a value a and a' such that

I-FIIee(zd) < 23, [liVIL°(0.riLD) < 2a,
I TIshw(/,L) —25a,  |PA1I8/n(0iT/£4) < 28a,
IM|L«>(01r;ff]) < 2a, | | ~ | | D5 2a,
lInt||z,°°(i;L2) < 2a, |Ini|ji,0o0(0)T/£2) < 2a',

with

max{||*0||L2, UMl ||ANO+ B(tio<i>o)\I*, ||™|hi + [|«i|[12} < a and a'.
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We set r = min(T, T') and a = max(a,a’).
Then we have the above estimations with r and a.

Following exactly the same lines as above with Y defined using r and a, we obtain
the uniqueness of the solution as a fixed point of N.

The result is also as follows :

Theorem 3.1 Let us consider the problem on Rn,N = 1,2,3.

ij>+ Ag>= VA_1V.(n9%),
n —An = A2,
< n(x,0) = no(x),
dtn(x, 0) = ni(x),
k¢(*,0) = 48(x),

withno GH1,ni GL2 and $06GH?2.

Then there exists a time T > 0 depending only on |[no||tfi, |[nxHjl2, ||*o]|ii2 and N
and a unique solution (<j>(t),n(t)) with

[ ) G C°([0,n;ir)nC 1(]0,TI;2;2),
<m G W 2iO ML 4),
kn® g ¢(o2r %0 Clo,21;L9n G0 T H ™,

Remark The former result is a result about the local Cauchy problem. Thanks to
the two conservation laws (3.34) and (3.35) we may show, as for the classical Za-
kharov equation (see [12]), that the solutions are global in time in the 1-dimensional
case as well as in the 2-dimensional case for sufficiently small initial data.
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24 Limit when A —o0o0.

We consider the problem

1

vntt A0 gy 0, (4.36)
{iEt AE %B(nE) —0,

where B = V(A 1V. and

fE :Rj xR+ Cfo
\'n :R*XR+ -+ R

Our goal is to show that the solutions (n,E) to (4.36) tend to (E\2,E) when A
goes to infinity, where E is the solution to iEt + Vi? = B(\E\2E). We follow the
work of Schochet and Weinstein [10]. We have encountered some new difficulties due

to the nonlocal term. This complicates the transformation of the initial system and
makes useful the use of commutators.

We first have to prove the existence of solutions in H$with s > |j +3 for an interval
of time which may be very small but independent of A For tnat aim we proceed
in two steps : the first one consists in writing the system as the perturbation of a

symmetric hyperbolic system and the second one in computing the solution to this
equivalent system as the limit of a sequence.

24.1 Transformation of the system.

We want to describe the system (4.36) as a dispersive perturbation of a symmetric
hyperbolic system.

We set

i V=-jA-"Vn,,
\ Q=n+\E\\

where

f V:REXR+-» R*
\ Q:R*xR+- R
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Hence, (4.36) formally reads

" Qt+\V.V-(\E\2t =0,
< Wt+ AVQ = 0, (4.37)
KiEt + A E - B(\E\2E) + B(QE) = 0.

iEt+ A E - B(\E\zE) + B(QE) = 0,

?EtE +* AEE -* B(\E\2E)E +* B(QE)E = 0,
i{\E\2)t +t AEE -* AEE -* B{\E\=E)E +1B(\E\2E)E,
+*B(QE)E -* B{QE)E = 0.
Moreover
idjEt + AdjE - djB(\E\2E) + djB{QE) = 0,

where dj is the differentiation with respect to xj.
This may be written in a condensed form

iVEt+ AVE - VB{\E\zE) + VB(QE) = 0,

where, for a vector *($*,..., $*), we have

vs =+ (d1$\d 1$2,...,d1$k d2$\. .., d k$K).

We will call these f2-components vectors, 2-vectors.

We also want to write the 2-vector Vi?$ in the form AV$ where A is always an
operator of Ic(erer 0.

AsV.$ = we have V.$ = I\V$,
3=1
where T is the 2-vector “(1,0,..., 0;0,1,...,0;...; 0,...,0,1),
and hence A = VV(A-DI\ (transforms a 2-vector into a 2-vector). We also have

iVEt + AVE - AV(\E\=E) + AV(QE) = 0.

Now

V(QE) \diiQE1),diiQE2),..., dk{QEK)),
QVE+t{diQE\d1QEz>,...ydkQEK),

QVE + a(E)VQ,

where a($) is the matrix (ka—k) which has $ on its ”diagonal” and zeros everywhere
else.
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Similarly V (|£]2£) = |£]2VE + a(£)V (|£]2),

k
a(E)V(\E\?) = Y, t{dIEjEjE\dIEJEJE2...,dKEjEJEK)
i=|
k
+£ {diE’E’E'idiE’EfE2, ..., dKEjEjEK).

j=i

Then we have a(i?)V (]i?|2 = A{E)VE + AXE)VE, where A\{E) (resp. AXE))
is the block-diagonal matrix (k2—~A2) such that each block is equal to EIE (resp.
EtE). Hence

iVEt+ AVE - AAE\VE +A 2V E +A2(E)VE) + A(QVE +a(E)VQ) =0.
We now set

yI2E=F +iGety2VE =H +IiL.
Hence, we have

f F,G :R*XR+->RTfg
\ HL :R*xR+->Rf2

Moreover, we notice that B and A preserve the real and imaginary parts.
(|E|2Qt=i"AEE -* AEE -* B{\E\2E)E +*B(\E\2E)E
+tB{QE)E -* B{QE)E),

*AEE = _A_di(diEj)):‘EV.(VE),
j=1 0=

where V. is the multiplication by the following (k —k2) matrix
di 0 d2 dk 0\

VO dx 0 d2 0 dk

(I£]2)t

i"AEE —AEE —*B(\E\XE)E +*B(\E\E)E
+tB{QE)E -* B(QE)E),

= i(-I*GV.H +ifFV.L - ij- ((IF|2+ GF)(F + iG))(F - i0)
FA((17 +\GQ(F - IG))(F +i0)
+2B{Q{F +iG))(F - i0) - I*B{Q(F - IG)}F + i0)),

= (“GV.H-* FV.L) + (-"{ (IF |2+ |GIIF)G

+ M ((1™M2+ \G\2QG)F) + (iB{QF)G -* B(QG)F).
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Qt + \W.V+tFV.L-tGV.H+ y((|F|2+|G|2)F)G

- y((I"M2+\G\2G)F B(QF)G +*B{QG)F = 0.

v+ AVQ =0,
iI(F+iG)t+ A(F +iG) - \b{{\Fe+ |G|2)(F +iG)) + B(Q(F +1G)) = 0,

Ft + AG —"B ((|F|2+ |G|2)G) + B(QG) = 0,
Gt-AF +iB({\F2+ |G]2)F) - B(QF) = 0.

i(H+iL)t+ A(H+ilL)

~MN(\Fa+ |G|2)(tf +iL) + Ai(F +iG)(H +iL) + A2(F +iG)(H - iL))
+A(Q(H +iL) + a(F + iG)VQ) = 0.

In order to treat A\ and A2, we have :
EtE = {F +iGY(F - iG) = F*F + G‘G + i(GtF - F*G),

EtE = {F+IiGY(F + iG) = F*F - GtG + i(GtF + FtG).

Let M be the operator which creates a (k2—&2)-dimensional block-diagonal matrix
with identical blocks. Then

Ai(F + iG){H +iL) + A2{F +iG){H - iL)
= M (FtF + GtG)H - M{GtF - F'G)L
+>i(FtF - GtG)H + M{GtF + FtG)L
+i[Ai(PiF + G*G)L + M(GtF - FIG)H
“M (FtF - G*G)L + M(GtF + FtG)H],
= 2M(FtF)H + 2M (FtG)L + 2i[M{GtG)L + M{GIF)H].
Ht+AL- A(i(|F]2+ |G|2L + M(GtG)L + M{GtF)H)
+A(QL + a(G)VQ) =0,
Lt —AH + A(ai(|F|2+ IG\2H + M (FtF)H + M (FtG)L)

—A(QH + a(F)vVQ) = 0.
Summing up, we have the following system :

Qt + AV.V+AV.Z-'GV . .tf+~((|F|2+|G|2F)G

~ y((1"12+ \G\2)G)F - 1B{QF)G +*B{QG)F = 0,
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V, +\vQ =0,
Ft+ AG — + \G\2)G) + B(QG) =0,
Gt —AF + iB ((|F|3+ |G]J)F) - B(QF) =0,
H +AL- A(i(JFla+ |G| + M(GtG)L + M(G‘F)H)
+A{QL +a{G)VQ) =0,
Lt —AH + A(Q\F\2+ \G\2H + M{FiF)H + M{FtG)L)
-A{QH + a{F)VQ) =0.

which also reads

Qt + \W.V+tFV.L-tGV.H+t"((\F\2+ \G\2F)G
tjd
-y ((I*f + \G\2)G)F - 1B(QF)G + B(QG)F = 0,
Vt+ XVQ = 0,

Ft- \B((\F\2+ \G\2)G) + B(QG) = -AG,

Gt + \B((\F\2+ [G\)F) - B(QF) = AF,

(4.38)

(4.39)

(4.40)

(4.41)

Ht- A(*(\F\2+ \G\2L + M{GtG)L + M(GtF)H) + A{QL + a(G)VQ) = - AX,

(4.42)

U + A (i([F\2+ \G\2H + M{FtF)H + M (FtG)L) - A(QH + a(F)VQ) = AH.

(4.43)

We introduce the vector with 1+ Zk + 2k2 components : U =* (Q, V, F, G, H,L), and

we want to write the above system in the form :

k

Ut + J2{R{Aj{U)Ux.) + XCjUx.} + S{B{U)U) = KAU,
1=1

where R and S axe nonlocal operators.

Let us describe all the operators :

(4.44)
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vV 000
0 000

000
0 000
0 000
0 000

©C coowo
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where € is the jth vector of the canonicalbasis of Rfc

0 0 0 0 -*(0o<G)e#) *(a(F)ei) V
0 0 0O 0 0
_ 0 0 0O 0 0
AU) = 0 000 0 0
-a(G)ej 0 0 O 0 0
a(F)ei 0 0 0 0 0
(1 000 0 0 \
0/00 0 0
R = 0 0/0 0 0
000/ o0 0
0000 -A O
lo 000 0 -A)
We denote by Ej(U) the jth column of Bj, and we have

BXU) = B2(U) = 0,
;<B((| P2+ \%'2) G) +'B( F)

0

-Km2+1\6\2) + Q
0

\ 0 /
(I'BidFr+IGW-'BiQG)}
0

b 4(U) = 1(\f\2+ 89\2) -q

OO O O o
—

Bs(U) = 0

M (G tF)
V -|(|F ]2+ |G\*)-M{FiF) + Q)
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o O o

Be(U) = 0

U\F\2+ \G\2) + M{GiG)-Q
\ -M(F*G) /

B(U) has a nonlocal term in its first component.

i/ o o 0 o o\
0/ 0 0 0 ol
S = 0 0-50 o o0
00 0 —B 0 00
00 O 0 —A 00
N0 0O O 0 0 -A)

24.2 Existence of a regular solution for an independent time of A

We set N = 2k2+ Zk + 1.
We consider the following iteration scheme :

u°(x,t) = U0(x),

QTIP+1 k , .
— —+7T .|{R{A|{UP)UP3+1) + ACBUP:*L} + S(B(UP)UP+]) = KAUPpH
J=i
Up+1{x,0) = U0(x).
70 set

k«deos = 1IMIUE = sup ||« (.,D)]]..
S [l

In what follows, we assume that 5> [|j + 3.

Moreover we set |||i/of||s = £ and let 8 > e.
We argue as follows :

* Vp>0 NICPIII5T < 8.

e Vp>0 IfUptl - UpWat < C\\Up- t/p-1jjloT
with C < 1.

* Then

UP->U in L°°(0,T]L2),
Up is bounded in L°°(0,T\Hs).

Thanks to the convexity of the || ||s norms, we have

WUP—{/)(-,¢)lld =0 Vs'cs.
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Since s > k/2 + 1, we may choose s' > k/2 + 1.

Then U € CQQOjTJjC1) and the solution is a classical one.
Moreover we have

U€ Lip{0,T];H*-2),
Vac eC(oT:H)nC(o, Tl 1f-3).

There remains to specify the first two points.

A lemma.

In what follows, we use the following result :
Let us consider the problem

dtu + a(u) =/,
k
with a(u) = E {R@A] (V) djuy + XC dju} + S(B(v)u) —KAu,

where |H|[|9t < %
((&u,u)) + ((a(u),u)) < ||/llofl«|lo.

Cj is symmetric with constant coefficients, so we have ((XC"djU, u)) = 0. This leads
to a result which does not depend on A

K being antisymmetric, ((KAu, tt)) = 0.
Hence ((a(u),u)) = £((R (As(v)dju),u)) + ((S(B(v)u),u)).

j=i
[((5(B(t;)u),ii))] < |I5GB(v)tx)[|0]lii|]jo < C|Mlo> where C only depends on S.
There also remains to estimate ((R(A”*(v)dju),u)) forall 0 <j < k.

((R(A3(v)dju),u))

((/7 (" (u)«)),«))- ((([AI(L;),a»,u)),

a

((djR(A3(v)u),u))-a,
(REA)IAY) - “»

(AL v R{dju))) - a,
-((«, Ax(V)R(dju))) - a,
-((UR(AJWjU)) - a - (([*(t;),~7),«)),
((I2(IM5), £2),€)) = (([* (), RY(dju),u)).

2((R(A3(v)dju), U)

Hence 2((R(Aj (v)dju),u)) = ({R([d]j, Aj(v)]u),u))+(([R, Ad(W)](9i«),«)). [dj, Aj (u)]
is a commutator of order 0, hence

(R 9%, Al (V) U < O\t
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and the constant only depends on 8.
\R, is a commutator of order -1, therefore

(R Aiv) 1Y )l < Clv b>

and the constant only depends on 8.

A'SD,, we have a Jf[«i()i)”i) 55€mono + 211/110(M |0, (*)
where C only depends on 6.

Estimation for the large norm.

We axe going to show the result by induction : we consider the following assumption
w VO<I<p [|EJ]..r <S

This is valid for p —0 (because e < 8).

We want to show that (Hp) =* (Hp+l) (for a good choice of T).

We choose a such that |o;] < s, and we set Up+l = DaUp+L

9tUptl + jAiRIAAU AU A1) +\Cjd,Up+L}
i=i

+ S(B(UPUPH) - KAUPH
k

= ("2[RAj(Up)dj, D°] + [SB{UP), Da])Up+L
j=1

k
The commutator  [RAj(Up)dj,Da]+ [SB(Up),Da] is an operator of order |a|.

This equation is i]n:llhe form

dtUp+l + a(Up+l) = h,
with v _UE (and hence |mM||s.t < £)>
and h = [Z,RAi(Uv)dj + SB(Up),D°]Up+I.

3=1
1/ 110 < Cl|C/"+1I|]]lw < C lip " 'l1Il.,
and C only depends 8.
Using (*), we obtain
dtire+1m n? < cdit/r'ioiis+ iit"+1lii.iK +1iio).

Hence

d
V@< Cul o
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lit"«« !l < ec’||[/p+L(0)]|j < ec‘e2.

and C only depends on 8.
We choose T sufficiently small such that

WUp+L{t)\\s <8 VO< t<T.

T does not depend on p (nor on A) because C does not depend on them. Therefore,
we have the estimation for the large norm.

Convergence in low norm,

K
dtUp+H + Y ,iR(Ai{UP)ug 1) + ACjUp+'} + S(B(UP)UP+]) - I<AUPH =0,
i=i
k
dtUp+ YHR(Aj(UP~DUxj) + W jUp.} + S{B(Up~1)Up) - KAUP= 0.
i=i
Setting Vp = Up+tl —Up, we obtain

k

dtvp + Y, {R(Aj(UP)vZ) + Xcjvx3} + S(B(UPVP) - KAVP
=i 3 3
! = £ R(AI(Up AU I
i=1
-S((B(Up)- B(Up~-1))Up),
{ V»(0,x) = 0.

This equation is in the form
dj Vp+ a(Vi) "~ 2
with v = Up,
and f2= - J2 R((Aj(Up) - Ai{Up-1))UB - S((B(UP) - B(Up-~l))Up).
i=i

A? is lineax and B only consists in terms of the first, second and third order, we
have also :

RC4[un A (UO_I)) e < Q\Up upﬂlioﬂl pos
< QIGp—*_4|.JERU
< CW\V’- t/'-'Ho,

lis«”?™) - ¢(("-"»cf)llo < cvw ~w-muu,
< QWP—t-1 oyl

< C l‘]P UP- 1.0
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where the constants only depends on 6.
Using (*), we have

d |
dt Ivei OD< cni1 b+ DIV ol VP lios

D:
Hence M\\V r(h\l < CmiS + AVA-*[li + ¢ VRIS

We consider j3such that C H—D|_2T: 13 (4/72—C/3—D2 = 0 has a positive solution ft)
JOW Ol VAEH VM
Mar< ||v§0)|| eic- DIVZION

then

We choose T sufficiently small such that eB—1< 1 MO<t <T.
Hence we obtain the convergence in the low norm.

Return to the initial problem.
We suppose that the Cauchy problem is posed for the following initial data :

n(0,x) = n0(x),
< dtn(0,x) = nx(&), (4.45)
. E(0,x) = EO(x).
Vt+ W Q —O0 is one of the given equations.
Ft- \B{(\F\2+ |G|2)G) + B{QG) = -AG,
and Gt + \B((\F\2+ \G\2)F) - B(QF) = AF
immediately yields Et+ AE —B(\E\2E) + B(QE) = 0,
where we have set E = * (F + iG).
Let us set W = (VF —H, VG —L), this is zero at time t = 0 and therefore for all t,
hence VF = /'2 (H+ iL) and using the last equations of the perturbated hyperbolic
system we have Qt + AV.V —(|F|2t = 0.
Therefore we find again the initial equations.
We can also get some regularity :

E € C([0, T]; Hs+) n A ([0, T\; H - 1),

n€cqo, 71; H¥n cxo, 71; H - 1) b c2(fo, T1; Hs~2).
Hence

i jentt- A(n + \E\2) = Q
\ iEt+ AE + B(nE) = Q
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and the solutions are classical ones.

In what follows, we call (nx,E x), the solutions to the initial system (4.36) which is
associated to the parameter A Then we have the following estimation :

1
||£ Aljictl+ |h UH—1+ |InAHi + -||n AlH*-i +

ol < const (4.46)

We may state the theorem :

Theorem 4.2 Lets > |i2<1+ 3. There exists a unique solution to (4-36, 4-4%) on

a time interval [0,T], T not depending on A but only on |[nol|ji*, [|rci|[#i-i and
[I-Eolln'+i, which we suppose are finite.
Moreover, for all t € [O,!] we have the estimation (4-46)-

2.4.3 The limit when Atends to oo.

Theorem 4.3 When A tends to oo,
nA+ |EA2->0 in C°([0,T] x R,
V(nA+ |£EA2) -* 0 in C°([0,T]\Hs~2),
EX? E in CL(0, T] x R n C([0,T];C2),
where E is the unique solution to

iEt+ AE-B(\E\2E) =0

The demonstration is carried out as follows.
We differentiate with respect to the time the equation (4.44), and obtain :

ut + jz{R{™Mu)uXt+ Aj(Ut)UX) + \CjUXjt}
j=1
+S(Bt(U)U + B(U)Ut) = KAUL.
As in the former proof, we may then show that :
[|A A0)||[tf— < ¢ =* ||CA(i)||ff.-* < C' Vi€ [0,T].

Indeed :
Let a be such that |a| < s —2,

dt(Uta) + i2W Ai&)&«)*) + W {U ta)X]}
j=1
+B{U)Uta - KAUta

= Da{-J2R(Aj(UHUXY + S(Bt(U)U))
j=I

+ (E[R 4;(Uyo;-D"1+ [SS(11),0"]3 u,,
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We set K

h =De(- _ElR(A’(Ui)UX,) - S(B,(V)U)),
J:

st= EIr [uyy Da + [SB(/),0“]J Ut.

7=1

Mo <c||il,]].-))

k

islo < N1E [RAI(UYUX) + S(B,(EOm-a,
p=i

< CY.\WAWHU,t\\,-i + C\Bt(U)U)\\,-2,
i=1
< c\ut\u2
We have an equation in the form

d(Uta) + a(Uta) = fz + A,

with v —U and ||/3+ /4|lo < C\Ut\\s-2-
(*) yields

Afitu<)iio < nitons,

IKMIIJ-2 < »* iit/.wiu.,.
and ||i/<(0)[|2 2 is finite using the initial regularity and equations (4.38-4.43). Wt +
A/Q =0,
then Vx € L°°([0,r] ;" s-2) = AVQAE L°°([0, Tj; HS' 2),

= [l AHxO,NXRY - ¢ [IM - I« AN ¢, [IIQAIIN /<" ).
< CAMZA) C\~ki2fs~I\
and [|[V(5AIc°([o,T];/i-2 < CA-1.

When Atends to +oo, HQA|®([Oy|XR:) 0 and IIV(3Alco(o,r];J/*-2) -* °>

hence nx + \EX\2-> 0 in C°([0,T] x RK).

This allows us to obtain the first two results of convergence. To obtain the last one,
we set vx —(FXGXHXLX.

{uA} is bounded in C°([0, T]; H*),

{uA} is bounded in C°([0,T]; H3~2) (which yields the equicontinuity of uA.
Therefore using Ascoli-Arzela’s theorem, we have the convergence of a subsequence
mCa([0, T\;HIZy

Using interpolation and the boundedness in C°([0, T]; Hs), we have the convergence
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of a subsequence in C°([0, T']; H},.¥) Ve > 0.

loc
Let (F', @, H, L) be the limit of this subsequence.
Thanks to the equations governing (F}}, G}, H}, L}), we obtain the convergence in
the sense of C*([0,T]; H:Z%7¢),Ve > 0.
The equations pass to the limit :

Fi~ SB((FP +IGI)G) = -G, (4.47)
L1 . .o n .
Gt + §B((|F|2 + |G>)F) = AF, (4.48)
g, - A(%(lﬁ'lz + 16 + MG )L+ MG F)H) = -AL (4.49)

Lo+ A(%(lﬁ'lz +1GPE + M(PE)E + M(F'G)L) = AR, (4.50)

The regularity of the solutions enables us to return as before to the initial equations
and we have :

ik, + AE = B(|E|*E).

Remark The different constants which are used in this section are said to depend
only on é (they, of course, also depend on the space dimension). We may be more

precise and give additional information about how these constants depend on § in
order to estimate 7.

In the proof of the lemma, we obtain in fact the following estimate

d
Z1e®IE < Ki(8 + 8)[u(@)§ + 21l fllollullo-
While computing in the large norm we have found the following estimates :
lIf1llo < Ka(é + 83U,
d
FIUPPOIE < Ku(8+ &)U @I,
”Up+l(t)l|§ < eKu(6+53)t52.

We also have to have the following estimate on T :

2 5
< — -.
TS kG5 log 2

Studying the convergence in low norm, we have the following results :
[1£2llo < Ka(6 + 6%)[VPHlo,

B = Kir(6 + 6%,
IVP@IE < (7 = DIV (@)]15-
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As we want BT < log 2, this yields

T< [ %
Knid'+ S'
Taking everything into account, we obtain that

2 8
T -k q6+63logT

In the rest of the section, no other restriction on T has been made.
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We may think of some extensions of this study. For example, the same arguments
as in [9] enable us to study the Cauchy problem for (<f>o,no,ni) G HM x Hm~I x
jim-2 There are opened problems for the Zakharov equation which are opened for

this equation too. We may for example think of the global Cauchy problem in 3
dimensions.
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Chapitre 3

Invariant measures for some partial
differential equations

Abstract

We construct invariant measures for Hamiltonian systems such as the nonlinear
Schrodinger equation or the wave equation in order to prove Poisson’s recurrence.
The particular case of schemes (finite dimensional spaces) is also treated in order to
explain the recurrence phenomenon which is observed during numerical simulations.
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3.1 Introduction. Ib

3.1 Introduction.

Fermi-Pasta-Ulam recurrence phenomenon has first been noticed in the context of
the numerical study of a chain of balls with nonlinear interactions. This phenomenon
has also been observed experimentally by Yuen, Lake and Ferguson [22] in the frame
of deep water waves governed by the cubic nonlinear Schrodinger equation. This phe-
nomenon may be described as follows. The energy of an initial data with a finite
number of modes spreads to higher modes and after a certain lapse of time we ob-
serve a return to the initial modes. Such a behavior is "almost” periodic in time.
The propagation of energy to higher modes is connected with an other phenomenon
which also occurs when dealing with certain equations with periodic boundary condi-
tions : Benjamin-Feir instability. This new phenomenon is the instability of spatially
uniform solutions for perturbations with a certain frequency.

The link between both effects is made clear in [20] by Yuen and Ferguson. Their
numerical results tend to prove that a simple recurrence seems to appear only in the
case when the higher modes of the perturbation are stable according to a Benjamin-
Feir analysis. These observations are carried out in the 1-dimensional case and gen-
eralized by the same authors to the 2-dimensional case in [21]. However, this time,
they do not produce the link with Benjamin-Feir instability. This link is given in
the article [16] by Martin and Yuen. Thanks to a multiple scale method for the time
variable, Janssen (cf. [L1]) proves the recurrence for certain perturbations of the uni-
form solution and shows that in such a case the recurrence time is connected with
the amplitude in a straightforward way. Using an Ansatz on the form of the solutions
(3 Fourier modes) Infeld in [10] shows the recurrence in time of these modes. In [19]
Weideman and Herbst use such an approach for this equation but they consider it
as schemes and not as Ansatz. Recurrence for the Davey-Stewartson equations has
also been studied by K. Rachid using different methods.

In [3], Bourgain shows that the solution to the Korteweg-de Vries equation is almost
periodic in time for initial data in Lz using the theory of Hill’s operator with a peri-
odic L2 potential. The same sort of result has been previously obtained by McKean
and Trubowitz [15] for initial data in C°°.

Lax in [12] constructs some particular solutions to the Korteweg-de Vries equation
verifying a minimization problem with constraints. He proves that these solutions
are quasi-periodic, i.e. they return to their initial shape up to a translation. Some
numerical results due to Hyman correspond to this theoretical result (cf. [12] or [9]).
Our point of view is completely different. The matter is to find invariant measures
on Hilbert spaces which are the phase spaces of Hamiltonian systems with at least
two conservation laws. Next we use this construction to prove a Poisson’s recurrence
like theorem. Such a construction has first been carried out by Friedlander [6] for the
wave equation with a cubic nonlinearity but some details in the proof seem obscure.
It is also Zhidkov’s point of view in different articles. In [24], he carries out this
study for the equation iut + uxx + f(Xx, |iz2u = 0 where the nonlinearity is very
weak. This study is generalized to the equation iut + uxx + |u|2u = 0 in [26], except
that the existence result of solutions to this equation in L2(0,A) can not be deduced
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from Tsutsumi’s results in [18], who makes use of LP(R) —Lg(R) estimates which
are not valid in the periodic case. On the other hand, we may now base the proof on
a result of Bourgain [2]. In [27], Zhidkov studies in the same way the wave equation
utt —uxx + /(i,u) = 0, once more for weak nonlinearities. The article [28] is the
insertion of all former results in a wider frame of certain Hamiltonian systems.

The present paper is the enlightenment of this last article as well as the applica-
tion to new classes of examples, in particular to numerical schemes. In connection
with that we give a brief survey of hamiltonian schemes for approximating nonlinear
partial differential equations of hamiltonian type. The outline is the following. In
section 2, we construct invariant measures for Hamiltonian systems and we prove
the Poisson’s recurrence. The process we use is exactly the same as Zhidkov’s but
it’s more explicit. Section 3 is devoted to the study of a few fields of application of
this general theory. Finally section 4 deals paxticulaxy with recurrence in the case
of schemes which is the phenomenon one actually observes during numerical simu-
lations.

We may regret the fact that this kind of study does not fulfill the original aim. In-
deed we do not really prove recurrence but the fact that the solutions come infinitely
often near the initial data (with time intervals which may be not constant). More-
over the notion of proximity to the initial data is not the one we may commonly
observe on numerical computations ; we test whether two neighborhoods (one for
the initial data and one for the solution at time t) which may have a very complex
structure have a nonempty intersection. In return, the results which axe proved here
may be applied to a fax wider class of initial data than perturbations of spatially
uniform solutions.

While finishing the drafting of this axticle we have been informed of some very si-
milar work done by Bourgain (cf. [4]) for the nonlinear Schrddinger equation inspired
by the work done by Lebowitz, Rose and Speer [14].



3.2 Construction of invariant measures. 77

3.2 Construction of invariant measures.

The construction of invariant measures is made up of many steps. The first one con-
sists in associating to the initial equation and the initial functional spaces projected
equations on nested finite dimensional functional spaces. In these spaces we con-
struct invariant Gaussian measures for the projected problem. The last step consists
in passing to the limit as the dimension of the spaces tend to +00. This makes up

the construction of so-called cylindrical measures on the whole of the phase space
X.

3.2.1 Setting the problem.
We study the following Cauchy problem :

rult) =J Hyu
\ u(io) = 4>€( X(,t))’ @)

where X is a Hilbert space such that V (= CE°) is dense in X*.
Let Y be a Hilbert space which is dense in X, and let us assume that
the functional H is C1from Y into R,
the functional J is linear from X* into X,
for all g,h € V, g(Jh) = —h(Jg).
These properties imply that H(u{t)) does not depend on t. This yields a conservation
law in X for the system (2.1). Besides, we assume that X may be endowed with a

norm which is as well invariant. This is crucial in order to prove theorem 2.8.
We split H in two parts

g(u) = H(u) - i(Su,u)x.

The part g(u) has to contain all the nonlineaxity of the initial equation and has to
be defined for functions belonging to X.

The operator S is assumed to be positive and self-adjoint on X and g defined on X ,
real valued and continuous.

We assume (H2.0) that we know how to solve the problem (2.1) in X and that the

solution is continuous with respect to the initial data, that is : for every io € R
e>0, T >0, there exists 6 > 0 such that

IK(t0) * «2(i0)|U < 6= [jii(f) - UCAU< £
foralli 6/ = [(o—T,to+ 7]

We associate to this problem a sequence of finite dimensional problems. With that
aim we construct a sequence of Hilbert subspaces of Y :

Xlcx2c...cxnc...cYCX
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where dn < oo is the dimension of the space X n and we assume that (7J1Xn is dense
iny.

We denote by Pn the orthogonal projector from X onto Xn, and we obtain a new
problem set on this space :

f o7 (t) = PL[IH'(P,,un(t)}, o
\ u”(io) = P¥A>6 X,,. ’

As in the case of (2.1), this system admits an invariant which is H(Pnun(t)).
We assume (H2.1) that un(t) exists globally in time for every initial data $€ X and
that for all i0€ R, e > 0, T > 0, there exists 8 > 0 such that for all n

IK(i0) - ul(tO\x < 8 =» K (f) - ul()\\x < £

for all t € I. The fact that s does not depend on n is fundamental in the proof of
theorem 2.7.

We impose compatibility conditions over the different problems :

(H2.2) The solution un to (2.2) converges to the solution u to (2.1) in C{I\X) (uni-
formly with respect to n (cf. theorem 2.7)).

Remark : The two former uniformity properties H2.2 and H2.3 imply the aforemen-
tionned property H2.1 of continuity with respect to the initial data for the problem
(2.2).

(H2.3) The operator S 1is nuclear (which means for example that the sum of its
eigenvalues is convergent) and maps X ninto Xn.

(H2.4) The operator J is defined on X *and PnJ = JP,

3.2.2 Invariant measures in finite dimension.

To begin with, we will construct an invariant measure for each finite dimensional

system. The construction is based on the classical Liouville theorem (see for example
Arnold [1]) :

Theorem 2.1 (Liouville) Let us consider the equation z = f(z) and
p(C) = J/c \{z)dz where X is a positive function and C is a Borel set of Rm.

m d
Then p is invariant if and only if ~ ——A/t) = 0.

»= vZ

We will now carry out the construction of the invariant measure /x, on the phase
space of the finite dimensional system on X n-

Let (ei,..., edn) be the eigenvectors of S which generate Xn (cf. S-1 : Xn —An)
and let F be a Borel set of Rdn. Then we define the cylindrical set M by :

M = {x e A/[(X, ei)x,ess, (X, ed)A] € F}.
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Let An be the algebra whose elements are these cylinders and let wn be the function
defined on An by

1,
2
m, (M) = 2*)~d"I2ft A2 1~ FL jy
j=1 JE
where Xj is the eigenvalue of S corresponding to the eigenvector ej.
In that way we do have constructed a measure wn on An.

dn [ dn
We set un(i) = * a.j(t)ej, a = (ax,..., adn) and h(@) —H I 33 g
i=i \i=i )L

For every Borel set A of Rdn, we define the measure
in
-t — £ 1/2 -h(a)
I'MEV*)“Dh A7 | e"@aa,
I =i ) Ja

a(t) = Jwah(a).

We apply Liouville’s theorem with A(a) = e~k@ which yields the invariance of
nn on the Borel sets of Rd'. The inverse change of coordinates implies that jin is
invariant on An where

and notice that

fin(M) = (2*)-dv2n A2 / e-H{u)du.

j=1 Jm

This ends the construction of invariant measures in finite dimensional spaces.

3.2.3 Invariant measures in infinite dimension.

Let A = [J An. We associate to this new algebra A the minimal Borel <j-algebra M

containiné1 A.

For each M belonging to M, we set wn(M) = wn(M n | h). This allows us to extend
the measures wn over the whole of M. Such a construction is licit since M fl Xn
belongs to M.. The cr-additivity of the measure is conserved thanks to the following

lemma (cf. Dalecky and Fomin [5]) and the fact that wn is a Gaussian measure with
S-1 as correlation operator.

Lemma 2.2 The measure wn is a-additive on the algebra M. if and only if S-1 is
a nuclear operator.

The proof of this lemma may be found in the appendix B.
We notice that for a fixed element M in A, and from a certain range n, the sequence

wn(M) is constant. We take this value as the value of w(M) and we extend w over
the a-algebra M..
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Lemma 2.3 (Zhidkov) The sequence {wn} is weakly convergent to w in X .

Proof:

The only possible limit for wn is w since wn(M) tends to w(M) for each element
M of A and the extension to M is unique. There is also only left to prove that the
sequence {twn} is weakly compact. For that aim we use Prohorov’s theorem.

Theorem 2.4 (Prohorov) A subset M of the set offinite positive Borel measures
on a complete separable metric space (X ,p) is precompact if and only if
(i) there exists M < 00, such that v(X) < M for all v € Af,

(ii) for all e > 0, there exists a compact set Ke in X, such that u(X\Kc) < e for
all v € A"

We take M — {ton}- It is obvious that for all n, wn(X) = 1, therefore (i) is true.
Concerning (ii), the construction of the compact set Ke is carried out as follows.
Since S-1 is a nuclear operator, TrE€-1 =~ AM < oo.

There exists a function p defined on [0, oo[ such that 27I!rfrgo p(x) = +o0 and

S AfcXp(Aic) < 0O.

Weset T = p(S)and Q= S T.
Hence TrQ = Ak 1p( ) (< ‘100 according to the assumption).
k

Let Br = {u € X/\\TY/2u\x < R} and B = BRX.

Let tbm = "/ a™pk, be a sequence of elements of B r, igk denoting the eigenvectors
of S

Now 2%/ m = £k p(A0L2<Vk and |TV2V>,U = I£k?(**)W )T <R-

In order to prove the compactness of B, we only need to show that it is possible to
make anzﬁtimate of the remainders of the series xm which is uniform in m.

t-00
Indeed g |alf = g EiIMS5i2l.
k=K k=K P(X=

We choose K such that for all k > K, ,if) < E
C e
This shows that for all e, there exists an integer K such that for all m
+00 2
m
ap v*  <E.
k=K X

Then B is compact for all R.

Now, (cf. Lemma B.2 in appendix B) for a Gaussian measure fiB with B as correla-
tion operator we have [¢p{x * (AX,x)x > 1} < TtAB.
We take B = PnS-1 and A =T, hence

wn{x/{Tu,u)x>1} < TrPnS-'T <TvQ,

wn(X\B)<wn(X\BR)=wn{xI(Tu,u)x >R} < TI-II?
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Therefore wn(X\B) < TFL(29|

For each e, we set R = W---—-- and Kc = B.

Consequently and thanks to Prohorov’s theorem, wn is weakly compact and wn
tends weakly to the only possible limit, w. 1

As in the case of wn, we set fin(M) = jin{M fl Xn), for each element M of M.
For each Borel set A of X, let us set

filCl) = f e~%w(du).
i(Cl) A w(du)
Then we get the following result

Lemma 2.5 Let d be an opened set of X such that n(Cl) < 0o. Then

lirnmf > fi(Cl).

Proof:

Let A be an open Borel set of X, then for every e, there exists a function 6 defined
on X , with 0 < 6(u) < 1, such that

~ Uy —e.
JfQG(u)e Pw(du) > (U) —e
Let us set M = Afl Xn and let F be the Borel set of Rdnh which is associated to M.

pn(il) = @7r)-d'/2nAV2f e-"dy,
j=1i Jf

= | e3s vyje)em-~12 -q x~re-~dy,
Jr j=i
= J"e~g\on(du).

Iim!)gfun(Q) ILrn*Lngfq e~Nw ngdu),

> Iin@ggfij $(u)e~9" w n(du),

an 9(u)e~P*w(du),
fl(d) —£.

\Y

Letting e tend to 0, we obtain liminffIn{d) > //(fi).
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Corollary 2.6 Let $ be a elosed set of X . Then

limsup//,,($) < K $)

71—00

We denote
f(<f>t) = u(t + f0) where u is the solution to (2.1),
fn{g>i) = un(t + io) where un is the solution to (2.2).

Theorem 2.7 Let d be an opened set of X and £It = f(Q,,t). Then n(Cl) = h(n.—x)_

Proof:

The continuity assumption with respect to the initial data yields that i7t is as well
an open set of X. We only make the proof in the case when /x(ft) and pfit't) are
assumed to be finite. Then for all e > 0, there exists a compact set K such that
fi(Ct\K) < £. It is obvious that Kt C fit is compact.

Let a = min{dist(/i, 50); dist(/it,9ilt)}. For each element u in K, there exists
an open ball B(u) with center u € fi such that dist(/n(u, f); fn{v,t)) < %‘ for all
v 6 B(u) and for all n according to the continuity assumption with respect to the
initial data for the problem (2.2).

We set ilp = {v € Of/dist(v,dflt) > /?}, and we choose a finite covering B{v,\),

1
... ,B(ui) of K. We set D = (J B(ui). Since un(t) converges uniformly with respect

t'=1
to n to u(t), fn(D,t) C fis. for a sufficiently large n.

1x(0)

N

x(D) + e,
Iirgiorgf/z,,(Z)) + e,
< Iierinfun(D HXn) + e,

< Iirﬂgf/"n(/n(jD fl Xn,t)7)7 + e,
< limsup/zn(f2a) + e,

n—+00

< JI(ii*) + £
Hence fi(Cl) < yu(Or), and since time has no privileged direction, fi(Cl) = /x(ft<). m

3.24 Poisson’s Recurrence.

Theorem 2.8 For almost every initial data { the trajectory f(<f>t) is Poisson re-
current.
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Proof:

Thanks to theorem 2.7, for each neighborhood V of the initial data, /;(V) = /;(Vt).
Let B(xi, e) be a finite covering of the phase space which is weakly compact thanks
to the first conserved quantity. There exists an increasing sequence tn tending to
infinity and x- such that /;(Vin fl B(x{,e)) > 0.

Let K be a compact subset of the union of the Vin. There exists a finite sequence
tni such that {Vt,.} is a finite covering of K. Hence there exists an index j and a
subsequence tn of tn such that VS fl Vtr) > 0. Let us set tn = tn—tnj, this defines
a sequence which tends to infinity and such that /;(V D Vjn) > 0. So the solution
comes for almost every initial data infinitely often near its initial value. 1

Remark. This last argument is still valid in the case of schemes with a time discreti-
sation (cf. section 3.4).

This last theorem is the only one which uses an invariant quantity in X. The con-
struction of measures holds even if this condition is not fulfilled. Theorem 2.8 is also
valid in the case where the total measure is finite (fj,(X) < 00).
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3.3 Applications,

Different classical equations may be written in the form (2.1). This is for example
the case of the Schrodinger or the wave equations.

These applications are nevertheless limited by the following facts :

* The nonlinearity of the equation has to be defined for functions belonging to X.
* The space X endowed by the norm which is the invariant defined for the less
regular functions has to be a Banach space.

* The operator S~I has to be nuclear.

Each of the following examples will be explained in two steps :

* The setting up of the equation into an Hamiltonian form. We determine explicitly

the invariants of the equation, the spaces X and Y, the operators J and S as well
as the functional g.

In this section we will have to check the following hypothesis :

(H3.5) X and Y are Hilbert spaces, and we have appropriate density results,
(H3.6) H : Y -* RisC1,

(H3.7) J : X *— X is linear and skew-adjoint,

(H3.8) there is at least one invariant norm,

(H3.9) g(u) is continuous and defined on X,

(H3.10) S > 0 is self-adjoint,

(H3.1I) 5-1 is nucleax,

(H3.12) J: X *~ X nand PnJ = JPn;

* the testing of the remaining hypotheses, that is :

(H3.13) there exist solutions in X and Xn,

(H3.14) these solutions are continuous with respect to the initial data.

3.3.1 Setting up.

The nonlinear Schrddinger equation.
We consider the problem

iut+ Au + f(x, |u|2tt = 0, x G(0,A),f GR,
tt(0,i) = u(A,t), (3.1)
_u(x,t0) = u0(x).

We transform this problem setting u = (ui,u?).
The partial differential equation becomes

ult + Au2+f(x,(ui)2+ (u2)2u2 = 0,
ut- Aui - f(x, (ui)2+ (u2)2)ui = 0.

We set F(x,s) = Zl—JfO* /(x, a)da. We know two invariants for this equation
1

E{uuu2) = ~3Q {(«h2+ (u22dx,
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Huuu2)=j* {{((V..,)2+ (Vu22) - F(x, (v,f + («2)2)} dx.
The gradient of this last invariant is :
u'(.. ( ~Aui + f(x, (ux)2+ (u2)2ui
112 2”7 V~Au2+ /(:r, (ua)2+ (u2) > 2 )*

The functional spaces we will consider are X = L2x L2and Y = H1x H1, the
operators J et S being respectively equal to

o | ang A N
J=(-°10) s=(" A -°a)-
This allows us to compute

r

g{ui,u2) = ~ JOA F(x, (ui)2+ (u22)dx.

The wave equation.
We consider the problem

utt —uxx + f(x, u) = 0, x G(0,A),t GR,
< u(0,t) = u(A,t), (3.2
k u(x,to) = tto(x), ut(x,t0) = u0(x)

We transform this problem setting v = ut.
The partial differential equation becomes

ut—v = 0,
vi Wkx + vt-uxx+f(x,u) = 0.

We set F{x,u) = ; ; U/(rr,s)d,s, and we may find an invariant in the form
Jjo

H(u,v) =4 1"((v)2+ (ux)2) + F(aj,u)] dx.
The computation of its gradient yields :

Au + /(1)

\ )l
We consider the functional spaces X = L2x H land Y = H1x L2 The operators
J and S are respectively equal to

H' (usy) (

n
J=(-°/0) “d s-('0A-a)-
The computation of g gives

jr(u,u)= J/](O’A‘F(x,u)dx.
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3.3.2 Testing the hypotheses.

The nonlinear Schrodinger equation.
The global existence of solutions to (2.1) for an initial data in L2is given in an article
by Bourgain [2] and the conditions that should be imposed on the nonlinearity /

are studied in the appendix A. Concerning the finite dimensional problem (2.2), it
may be written in the form

‘n=p ( O “AU? + f(x,(UM)2+ K)2K ~
=l o)\ - A+ I(x, (uy)2+ 2)uE )

Since X n is supposed to be stable with respect to 5, the operator representing the
linear part is the same one and the estimates obtained for the continuous case are
still valid. The assumption on the nonlinear part still holds. Hence there exists a
unique global solution.

The continuity with respect to the initial data may be studied in a classical way
thanks to estimates which are analogous to those of the proof for the local existence.
The nonlinearities we choose here verify for example

i/(\,maiz<cs;iini

and ||[V&(x, w24 < CE sup ||ull4 when u € B(0, M),
1 utB(OjM)
the sum over 7 and 7 dealing with a finite number of terms with 0 < 7 and 4 < 77.
These conditions are weaker than those initialy chosen by Zhidkov (cf. [28]), that is

|/(x,s)| + |(1-25)Vs/(x,s)l < C for all x,s.

He also carries out the application of the method to the cubic nonlinear Schrodinger
equation. In the present paper our aim is to find the weakest assumptions un-
der which the construction is possible. The method used by Zhidkov for the cu-
bic Schrodinger equation is slighlty different. He defines a sequence of Schrodinger
equations with very weak nonlinearities which tend in a certain sense to the cubic
nonlinearity. He constructs an invariant measure for each of these equations and

then passes to the limit over the measures. This yields an invariant measure for the
cubic Schrodinger equation.

The wave equation.
Here we will keep Zhidkov’s hypotheses on the nonlinearity, that is

/(x,u)| < C(1+ u2)12

and
\duf(x,u)\ < C.
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We may remark that these conditions are non fulfiled in the case of the cubic wave
equation which is the case studied by Friedlander [e].

We refer to Zhidkov’s article [27] for the proof of the wellposedness for this this
equation. The wellposedness for the discretized equation is made with the same
type of arguments than in the case of the nonlinear Schrédinger equation.

3.3.3 Why this approach fails in the Korteweg-de Vries equation case.

In [28] Zhidkov treats the case of a Korteweg-de Vries equation, but it is a linear
one :

A4 CARIDX - I = o.
This induces us to study the usual Korteweg-de Vries equation. We will show why

it’s is impossible to apply the general theory to this problem. We will also consider
the equation

o+ uxxx + ukux = 0, x € (0,A),t€R,

< u(0,i) = u(At), (3.3)
u(x,t0) = uo(x).

This equation has the following invariants :

[A
Ho(u) = fo udx,

Hi(u)=\ [ w3
Hatv) = F |t — ey sy U2 39
and in the case when k = 1, there are some additional invariants, the first one being
A 1 5 K
H3(u) = LA{\urIZ* ~luul+k ui}ix-
Their gradients are respectively equal to

H[(u) = u,

1
H2(u) = -uxx- K+ 1jUk+\

e\ 5., 5 5 .
3N) = ~Axxxx "M 6 2 UUxx 18 "
The following problem faces us. The nonlinear part imposes X to be included in
H 1. Since we dispose of various invariants we could take H3 as Hamiltonian (in the
case k = 1), unfortunately it is not possible to set the Korteweg-de Vries equation
in a Hamiltonian form with this invarilant (but it is possible for H2 taking J2 = —dx,

rA
S2 = —A. and g2(u) = _fo J(-l{-;—-lsj{-k—-;—gsl\/l + dx). It seems also impossible to

apply this method to this equation.
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3.4 Particular case of numerical schemes.

In the case of schemes, only the finite dimensional construction is useful. The choice
of spaces becomes now indifferent since all norms are equivalent. This solves also
the limitations on possible nonlinearities and the operator S_1 becomes necessarily
nuclear. In the case when S is singular, we have to consider its reduction to the
orthogonal space of its kernel and choose a nonlinearity such that the dynamical
systems preserves this subspace. In the examples presented here S is a discretiza-
tion of the Laplacian which happens to be singular in the periodic case (the kernel
is the constants) and nonsingular in the zero boundary case.

We will now consider equations with two invariants and try to find a discretization
which conserves analogous invariants. That way we may hope that the observed
phenomena which are connected to the existence of invariants for the discretized
equation may extend to the continuous case. The case of semi-discretizations in
space by a Galerkin method in bases of eigenvectors of S has already been treated
in the theoretical part (cf. section 3.2.2). We will produce here other types of dis-
cretizations.

3.4.1 The nonlinear Schrédinger equation.
We remind that the cubic Schrédinger equation
U —iv-xx + ig\u\a, (4.1)

considered on the interval [—8,8] with periodic boundary conditions admits two
classical invariants :

1 tk :

21_A"M2* =ci> (4.2)
1 I% , 1 y
W DX RS <4-3)

Space discretizations.
In what follows we will denote by 8 the forward-space derivative
6Uj = h-I1(Uitl - Uj), (4.4)
and S2the second central-space derivative
¢‘Vj = h~2(Uj+ - 2Vi + Vi-,). (4.5)

The indexes for the space variable will be j, for the Fourier variable k and the
superscript for the time variable will be n.
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We discretise [—8, f] in K equal intervals. Let h = —.

We consider here three types of space discretizations : finite difference schemes,
spectral schemes and pseudo-spectral schemes.
Finite difference scheme.

Let Uj(t) be an approximation of u(— + (j —1)h,t). The most classical finite
difference scheme is given by
UjriPUj + igWtfUj. (4.6)

Spectral scheme.

We make the following Ansatz : u is reduced to a finite number of frequences, i.e. it
may be written in the form

K/2
u(x,t)= " Ak(t)exp(ifikx).
K /2
Hence we obtain
Ak= —i(iRAk+iq "2  A/jJA2AS3. 4.7)

li+/2-/3Hc
Pseudo-spectral scheme.

It is based on the fact that we may use a FFT to solve the problem numerically.
Therefore we define an analogue of the Fourier transform

I W2)-1
FkUp =Ak=— X) Ujexp(-ifikxj),
n -K/2
and of the inverse Fourier transform
/2)-i
FflAk=Uj = Akexp(ifikxj).
K /2

The equation may also be discretised using
AL= -inlAk+ igFk(Uj\Uj\2) (4.8)

or equivalently
Vi =-iF"(4Fk(Vi)) + ig\UjfUj. (4.9)

A variant of the finite difference scheme is the following (cf. Herbst and Ablowitz
[8]).
Integrable scheme.

Uj = iS2Uj + i*-q\Uj\2(Uj+i + Uj-i). (4.10)
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Analysis of space discretizations.

Finding two conservation laws allows the use of the general theory for these schemes.
Each of the three first schemes have two invariant quantities which are similar to
those of equation (4.1). The setting in an hamiltonian form according to the nota-
tions of section 3.2 is very similar to the continuous case.

Finite difference scheme.
uw i
£ M2=c,

-K/2

L . b =

-K /2

We set U = (V-k/z2,oee, V(K/2)-i, W-r72,ee¢, W(K/2)-i)t where Uj = Vj +iWj.
The scheme (4.6) becomes

rvj=-PWj - q(V} + WJ)Wh
\' Wi = PVj + g{Vi + Wj)Vj.

™ J= (JIKH ) <as= o' 5,
-2 1 1\

1
h Do = —
wnere }((r ho .
VI 1 -2 1-2

and H\U) = (..., S2va+ q(V.f + W})Vj,..., S2wa+ q(Vf + WHWit.. )T.
Spectral scheme.

T KJ/2
- £ \AtRR= Cu,
L -K/2
lgl}ﬁz 2 *'IZ“"b? E AhAhAhAh+h_h](:@,2-
1-K /2 ¢ -Ki2<h,12,h<K/2 J
Pseudo-spectral scheme.

UA(K/2)-1
OE wml :/31
L -K/2

T (K/2)-1 1 (K2)-

O rtwW-jgh, £ \utf=c3a

k=-K/2 j=-K/2

Integrable scheme.
In the case of the integrable scheme we may also find two invariants but the second
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one does not seem to have a counterpart at the level of the continuous equation :

E'W =,

z -KJ/2

hK2 1r . 1 i
(K2) u; [Vsa1 + uj- 1) - 4q | In + 2'_>|V ) Ca2
—-K/2

Remark : An other proof of recurrence.

A direct and straightforward proof of the periodicity of these three schemes for a
small number of modes as well as the expression of the recurrence time thanks to
an elliptic integral may be found in the article of Weideman and Herbst [19].

A full discretization.

For the effective computation of the former schemes we have to choose a time dis-
cretization which has to conserve the different quantities. We may use the mid-point
scheme which is a finite difference scheme in both the time and the space variables :

=T = U = x+i-2U+ U=~ i, w24 - 2U+I+ tf-i1
At 2h2 2h2

+t] (J«"[2+ K +1)2) («" + «"+1) o (4.11)

Analysis of the full discretization.

Two quantities are conserved

h {Kt2)-1 i hwvVv:'l/ 1

fe (kp-5id=| e (i*rp-~wrid-

Recurrence has been actually observed for this scheme but it seems nevertheless
impossible to apply the above theory to such full discretized schemes, indeed setting
for example Un = {v*K/2,..., vfK/2) x,wnK/2,..., ™~ [ 2)-i)T wbere uj = vj +oiw
we may use the same operator S as in the space discretization case. On the other
hand it is not possible to find an operator J satisfying

Untl —U
o N JH'(U"«)

This is the only restriction since we noticed (cf. the end of section 3.2) that Theorem
2.8 also holds for schemes with a time discretization.
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3.4.2 The wave equation.

A space discretization.

Let us consider a nonlinear wave equation in the form :
utt- uxx+ /(«) = 0. (4-12)

A space finite difference discretization is possible :

iij - S2U + /(«,*) = 0. (4.13)
1
Setting F(s) = -2\]/;S f(cr)dcr, we obtain the following invariant quantity for (4.13) :
(K/2)-1 . .
o 2Ue+ i R)+FM}=C

Let Vj = iij,
setting U - (u-k/z,1m,U(K/2)-1)T and V = (u_k/2 «*+ U(ic/2)-i) T, we set the dis-
cretized wave equation in the the hamiltonian form using

H(U, V) = -\(D IV, U) + i(V, V) + F(U)

' Diu fm _ 0 Afe\ g _(-D>K 0\
H'[U,V) v J'( hiIK 0 "s- 1 0 IK 1
A full discretization.

To obtain an invariant for a full finite difference scheme for the wave equation, we
have to restrict ourselves once more to a smaller family of nonlinearities that is

/(u) = Au . Then we use for example the scheme :
ntl _ 2un | n-1 , a 2m- |
J e [ *'?2"'-\PuT'+£ 8§ («rl1)2'-1-'«-1)'=0. (4.14)

For this scheme the invariant quantity is :

(A/2)-1 t 1 n-1 _ nJ2 , . ~
£ +5(IK+R+IKI2Q+A((»rD)2 +K f)} =c.

In this case we are facing the same problem for the setting in an hamiltonian form
as in the case of the full discretization of the cubic nonlinear Schrodinger equation.
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3.4.3 The Zakharov equations.

The continuous equations.

In the context of plasma physics, Zakharov [23] has introduced the following system

IEt+ EXX —NE,
<
N,, - AT,= " (|£ |2. (4'15)

Setting M = Ntand \/2E = F + iG, we obtain the following formulation.

Ft = -G xx+ NG,
_ Gt = Fxx - NF,
I Nt= M, (4.16)

d2
M’ = w*"“ + 5 AF2+ G i)-

Considering these equations with periodic boundary conditions on the interval [ f ]
and setting v = —ux where uxx = Nt, we formally get two invariant quantities

L

i " (F?+C?)dx =c, (4.17)
2

\JL (PR +iGR+ RNV +°2)ix=@ 41

Making an attempt at setting (formally) this system in an hamiltonian form with
the notations of section 3.2 we set :

X =L2xL2x H~I xif'2
and
Y =H1IxH1xL2x H~\
/-AO0 O 0 \
0 -A O 0 _
0 0 -A 0 and u= (F,G,JV,M)
Vo 00 -ay
and we get
L
i(Su, u)x = I J 2L ((ft)2+ (G.)2+ @@+ WD) (X
and thus

o=y KNF*+G6)Hw
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SFxx+ NF o\
/0 1 0 o \ —Gxx+ NG
witha= 10 0 0 and H'(u) =
3= T = N+\(F2+ G2
Vo ode o -/ V>(C)<iCK

the system (4.16) is written in an hamiltonian form with the second invariant (4.18)
as hamiltonian.

The hope of getting a result for this continuous equation in such a large space as X
is very small, but we can study numerical schemes.

A space discretization.

Using notations (4.4) and (4.5) for the space derivative as for the previous finite
difference schemes, it is possible to discretize (4.15) in the following way.

| iEj + 62Ej = NjEj,
{ Nj—6Nj = 62\Ej\2) (4.19)
or setting \/2Ej = Fj + iGj and Mj = Nj,
f ft = -82Gj + NjG;j,
Gj = SF —NjFj,
Nj = Mj, (4.20)
kMj = 6Nj + IS2(Ff + G]).
It is possible to find two invariants for this scheme, namely
K11
2 E 24Gﬁ Cl, (4.21)
-K/2 ’

OE " {W)2+(N)!1+@oI+AFI+@}=C, (@2

where 62U) = Nj. The setting into an hamiltonian form is made through the following
notations : we set U =(..., Fj,..., Gj,..., Nj,..., Mj,...) and

W ) =\{(-(D%F,F) - {DRG,G) + (D\u,u) - (5M,M)+

HNVN) + AEA (i 11+ G)}.
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where
£4(1 N SLOX{ A X,
Gn =
Xj{\---L[ID) S xj Nxie
An the hamiltonian form is obtained with

/ -DRF+N.F \ 0 IK 0 0
DRG+N.G _ -lk0 0 0

H\WU) N+ (FF+GoO) Y= 0 0 0 pg
\ GM ) 0 0 pc O

where u.v denotes the vector whose components are the UjVij.

A full discretization.

The following full discretization of the Zakharov equations is due to Glassey [7].

.E?+1-E? 1
ap T BZE]+ -BE?H= -](AT; + AT+1)(E" + EJ+),
. (4.23)
NN+ | ATn 1 i
- . 1
Q02 S A N - L8 T8 (@)

As in the nonlinear Schrodinger case, we want to write this scheme in an hamiltonian
form. With this aim we set as in the continuous case V2E* = Ff + iG" and MJ1=

Nf-N?2-1 . .
——~ — which yields the new scheme :

Prrl_ ftl
3--'-0&--- * = -jS2G] - \82GnH + \{Nf + N?+I)(G] + G"+1),
G]JH- G
] At ] = \82Ff + \82F?+ - \{N? + Np-'ftF? + F"+1),
< (4.24)
N +1At Ni _ —
M7+l - M* :
At = 182N?+H + \82N?~' + \82 ((FjD2+ (G?)2) .

(K/2)-1

Glassey proves that for initial data Mj such that ~ Mj = 0 (zero mean) the
j=-KI/2

numerical scheme is well posed at each step.

For this scheme we have similar invariants to (4.17) and (4.18) :

U (*/2)-1
2 xp 2t 0G")2 C> (4 29
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h &N -

' 1
2j:I_EK/§b{(@I'$2+ ("D 2+ (K)2+ 2(W)2+ w +1)2)
+\(N? + v+ ((17+1)2+ (G?)2)} = Ci. (4.26)
 NAL- N?
where 62U§ = Al

34.4 The Korteweg-de Vries equation.

We do not know of any finite difference scheme for the Korteweg-de Vries equation
with two laws of conservation corresponding to Hi and H2- In return, problems
connected with the nature of the nonlinearity are solved.

As far as we know, the only numerical method which allows a large number of
conservation laws is the one developped by Hyman (cf. [9]). This method is based
on the work of Lax [12] who shows that a certain class of solutions to the Korteweg-de
Vries equation are solutions to a minimization problem. The main idea isto minimize
the TV-th invariant quantity under constraints which are the previous invariants. This
is done thanks to an augmented Lagrangian method. This method is not based on
an hamiltonian form of the equation. So it is impossible to study it as the restriction
of a continuous problem on a finite dimensional phase space. The argument which

Is used for the different numerical schemes for the nonlineax Schrddinger equation
does not apply in the present case.
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3.5 Conclusion.

It seems very difficult to make some great improvements for applying Zhidkov’s
theoretical frame to partial differential equations. Two facts are responsible for that.
First, there are some strong limitations on the nature of both the linear operator and
the nonlinearity. Second, in general we need an existence theory in a large space like
L2 and such results are known for a very limited number of equations especially for
periodic boundary conditions. Bourgain has for example also proved some existence
results for the Kadomtsev-Petviashvilli 1l equations in L2 for periodic boundary
conditions. It seems very difficult to write an hamiltonian numerical scheme for
these equations since it is some generalization of the Korteweg-de Vries equation.
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For the sake of completeness, we cite here the proofs of some results which are only
stated in the body of the article. It concerns global existence and uniqueness for the

Cauchy problems for the different equations we have studied. We also give useful
measure theory results.

A Global existence and unigueness results.

We retranscript here Part 4 of Bourgain’s article [2] with the adaptation to other
nonlinearities. We use the estimates on tori which are explicited in the second part
of the same article.

We consider the NLS equation

Au + idtu + f(x,\u\2u
u(x,0)

0,
<K,

where u is periodic in the x variable.
Let us set w = f(x, |u|2u, the associated integral equation is

u(-,t) = Up<t>+ iJO Ut —n)iw(-,r)dr,

where U(t) = e<A

We want to use estimates on tori, hence it is useful to make a time localization. For
that aim we introduce a cut-off function Vi which is equal to 1 on [-5,5] with a
support in [—28,28]. It also possible to write the integral equation in the form

u-,t) = IHQU<>+ tipi jt Jo U(t - t)w(-,t)dt.
Using the Fourier transform, we find
u(x,t) = o] PO (nx+)
ngZ
—  ZMra- hn2i)
nEZ

We introduce a new cut-off function -02 which is equal to 1 on [-B, B] and with
support in [—2B,2B]. Hence we get

r+oo p27rt(A—n2)t _ 4

+ i) 2ri(A-,T) w(n, dA

r+oo g2irt(A—2)t _ i
M *) s—*(N.A)IA =
k /*+00

+ - —n—a4 i (t tkf—eo 2(A - n2)(A - n2)k~1w(n, X)dX

-00 A N

1
+00 e 27Tt(A-n2)i
+ o |(t)/ (1 - «0)(A - N2)——m — w(n, X)dx
-00 A —Ti

«QfEGMX- 4y,
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It is also necessary to estimate the following terms :

I — M ‘) £ é(n.)«znf(nz fn2t)

nez

2T *
n = 21£ 2ir 2%

£ fre<> I'A—mn2\ g2iri(m+n2i)
Zoo ~2(A- n2> 2B ) ™ (n >x)dx
,neZ

i/i= &;K(IO rfeﬁ]cw J/__;;‘)‘ (1~ X__(,%} nZ)eM><«(n, A)dA,

v = £ gairilnx+n2l) /*40° il ~-2F (A~ ~ e fu,(n, A)dA

R +/—00 A-n
nE.E

In the same way as in [2], we get

P H L*(dxdt) < C[|*]|2,

WHWL*(dxdt) < ¢SB\\w\\Li/37dxdt),
WIHWL*(dxdt) < C'B_1/4]|u;||§4/3(Eildt),
\WIVA\LHkE) < CB-V*\\w\\L*, Halxctt).

With the aim to have the same sort of estimates than Bourgain we impose for
example that

IHIV3<CEN 17?7,
P

HAL “ t02]]4/3 < C’E (1IUHU + «wm - 1 1K - ~214t
7

where iut = f(x, ||tt]2)u-, i = 1,2, the sums over j3or 7 containing a finite number
of terms and 1< /?,0 < 7. Let us set

Tu{x,t) = 0i(i) Y, I>(ny*i{nx+n2t)
n€Z

+  2vilii
ntZ.

+00 P2*i(\-Ti2)t _ 1
¢ () / W( n, AWA.

o7 A—n2)

The proof of the global existence in L2 is carried out as follows :
- there exists a constant M such that T maps B(0, M) in itself ;

- on this ball T is a contraction (for these two points we have to impose conditions
on 8 and B) ;

- thanks to a fixed point argument the problem is locally well posed in L2 ;
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- according to the conservation of the L2 norm for this equation, the solution is
global in time.
Les us check the first two points :

ltrslU <0 jw * +sb A IMIfJ + B'V4(z MI? }.

which may be brought to be lower than M, for a sufficiently large M, since it is
possible to fix SB and B -1/4 arbitrarily small.
Hence [|it||4 < M implies that ||Tu|4 < M.

\\Tui - Tu2l4 < ci(SB+ B~14)Y, (IMU + kejur [|“i - «2m,
7

< 2c1(SB+B-1")J2(My\\ul -u 2\
7

The quantity 2C\{SB + B- 1/4)" (M )7 may be brought to be lower than - up to a
7 2
new decreasing of SB and jB-1/4 which is compatible with the former one.

We now give a few fields of application for this result.
The case which is studied by Bourgain is w = |u|“u. He shows that the two hy-
potheses on w are verified in the case when 0 < a < 2.

The two nonlinearities Zhidkov proposes are W = =---- i and w = 1 —e~au.

In the frame we adopt here, we want that

1/(*,1«P)U|</3< C 1> 117,
0

W%, udt, - /(*, m>[]</3< C£ (HI, + hm 11kk- »11,
7
The first estimate is true if

H/(*,M2||2<CX>11J-
7

The second may be fulfilled under one of the two following conditions :

sup  1IVs/(a;, M2)u||2<C'Y" sup ||ul|4 when u € B(0, M),

UeB(o,m) <« uEB(0,M)

or [V«/(®, |«|2)||4< C g sup IMI4whenu € 5(0,M),

i uEB(O,M)

the sum over 7 containing a finite number of terms and — < 77,



B Gaussian measures on a Hilbert space. 101

B Gaussian measures on a Hilbert space.

The following ingredients are contained in Dalecky and Fomin’s book [5]. We give
them for the reader’s convenience, and in particular in order to make clear the proof

of Lemma 2.2. Let us begin with a theorem which gives a condition for a premeasure
to be cr-additive.

Let v be a premeasure on an algebra U of subsets of a set X. We say that a class
ICCU approximates v from below if for each A €U and each e > 0, there exists a
K GfCsuch that K C A and |i/|(>4.\|K) < e.

According to this definition, we may state :

Proposition B.l Letu be apremeasure on an algebra U of subsets of a topological
space X and let T (ZU be a class of closed subsets of X, which is closed under
intersection and approximates v from below.

Iffor every e > 0O, there exists a compact set Ke such that for all F GT,
FDKe= 0=* MOP) <£,

then v is a-additive, i.e. it is a measure.

On a Hilbert space, we can define particular measures called Gaussian cylindrical
measures. The construction is carried out as follows.

Let v be a measure on Rn, its characteristic functional x* is given by the formula
X(E) = JRn e*'xp(x)dx,

where p is the density of v with respect to Lebesgue’s measure dx. The measure v
Is said to be Gaussian if its characteristic functional may be expressed in the form

1
X, (y) = exp{ 2(By- y) + ¢ y)d,

where B is a positive operator. It is said to be centered if a is zero.
In a Hilbert space X we call cylindrical a set in the form

1= {s € X]Px GM.},

where P is a projection onto a subset of a finite dimension of X, and M is a Borel
set of this subspace called the base of 1.

We define a cylindrical measure v over X by the measure of the cylindrical sets of
X. The measure of a cylindrical set 11 is chosen to be equal to the measure of the
base M of 11 in PX.

Such a measure is said to be a centered Gaussian measure if each projection onto
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a finite dimensional space is a centered Gaussian measure. Hence its characteristic
functional is in the form
Xu(y) = e~Hvy)/2

where 61is a nonnegative bilinear form which is continuous on every finite dimensional
subset and is called the correlation of v. If b(y, y) may be written in the form (By,y),
B is called the correlation operator of v. We will denote by vb the centered Gaussian
cylindrical measure with correlation operator B.

Now we have the lemma

Lemma B.2 Let A be a positive operator then

ub{x : (Ax,x)x > 1} < TrAB,

vb{x : \{Ax,X) —TrAB\ < cVTrAB} > 1—"M||A2?|.y.

It is now possible to prove lemma 2.2 which gives a necessary and sufficient condition
of cr-additivity for a centered Gaussian cylindrical measure.

Lemma 2.2. A centered Gaussian cylindrical measure v on X is a-additive if and

only if its correlation operator is in the form b(yly2) = (Byi,y2), where B is a
nuclear positive operator X.

Sufficient condition :
If v is cr-additive then its characteristic functional and its correlation are continuous
on X , hence b(y,y) = (By,y) with B € C{X). Let us show by contradiction that B
is nuclear. If it is not the case, we may find a projection onto a finite dimensional
subspace such that its trace TrPBP = R is arbitrarily large. Then we set

= {x ¢ X :\WPx\& -R\< aVR}.

The intersection of this cylinder with the ball of center 0 and radius R —ay/~R is
empty.
According to lemma 1.1, we have

i/(y > 1— | A if we take a = 2)/jji?jf.
C z

We may consider balls of X centered in O, with an arbitrarily large radius and with

a measure which is lower than  This is impossible since v(X) = 1.

Necessary condition :

Let |1 be a cylinder which does not intersect the ball in X with center 0 and radius

R. Its base A4 also does not intersect the ball of center 0 and radius R in PX.
According to lemma B.2, we get
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which is finite since we assume that B is nuclear. We use proposition B.l with U
equal to the Borel a-algebra of X and T to the set of cylinders in X.

For all e > 0, there exists Ke= B(0,R) with e = TF:? such that, for all F € T such
that F fl B(0, R) = 0, then v(F) <e.
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Chapitre 4

Sur une equation de Maxwell-Bloch.

Résumé

On étudie le probléme de Cauchy associé a deux systemes d’équations (Maxwell-
Debye et Maxwell-Bloch) décrivant des phénomenes d’interaction laser-matiere. On
montre que ces problemes sont bien poses localement en temps pour des données
initiales appartenant a différents espaces de Sobolev. Dans le cas du systéeme de
Maxwell-Debye, qui comporte un terme de retard, on étudie la limite des solutions
quand ce retard tend vers 0. On considére également une approximation adiabatique
du systéeme de Maxwell-Bloch.
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Introduction

Notre but est une étude analytique d’équations régissant la propagation de la lumiére
dans un milieu qui interagit avec le champ électromagnétique qui correspond a cette
onde lumineuse. On étudie ainsi deux systémes d’équations qui ont une structure
mathématique relativement semblable : le systeme de Maxwell-Debye

d nod \A j_ VA -+ i'\AbSnA —0,
\dz + cdt) 2k

t:$§t2( + 8n = nZ{A\]%,

qui décrit I’interaction d’une onde électromagnétique avec un milieu non résonnant
admettant un temps de réponse non négligeable, et celui de Maxwell-Bloch

dA  1dA ¢ a k't TN

dz cdt  ap' @ HTA T oA
dL ip2
-rE + (712 + *(wi2 - w))Ir = — AiV,

SrE o+ TR - No) = JIARL - AL%),

qui décrit I’interaction d’une onde électromagnétique avec un milieu résonnant cons-
titué de gaz a deux niveaux d’énergie.

Il existe deja divers articles sur une version plus simple de I’équation de Maxwell-
Bloch qui consiste a négliger le Laplacien (Vf) en les variables d’espace x et y. On
néglige ainsi les variations transversales du champ, c’est-a-dire que I’on considere un
probléme a (1+1) dimensions.

Dans l’article de Constantin, Foias et Gibbon [4], cette équation a (1+1) dimen-
sions est étudiée pour des données aux bord en z périodiques. Le systeme est alors
hyperbolique non linéaire. lls étudient I’existence globale de solutions dans L2 et
construisent un attracteur universel de dimension finie dans ce méme espace. Cet
attracteur est constitué de fonctions C°°. Ce systeme admet le systeme complexe
de Lorenz comme sous-systéeme correspondant aux solutions qui ne dépendent pas
de la variable d’espace z. Ceci permet d’entrevoir la complexité dynamique de ces
équations.

Ikeda, Otsuka et Matsumoto [7] étudient les états turbulents du systeme de Maxwell-
Bloch qui correspondent a l’oscillation laser multi-mode. C’est & nouveau un pro-
bleme en (1+1) dimensions avec des conditions aux bords périodiques en z qui est
étudié.

Feng, Moloney et Newell [5] effectuent une étude de la stabilité linéaire pour un

probléme en (1+1) dimensions mais, cette fois-ci, c’est la variable d’espace x qui est
conservée.

Aprés avoir précisé dans la premiére partie la dérivation des deux modeles étudiés,
nous consacrons la deuxieme partie a I’étude du systéme de Maxwell-Debye et plus
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particulierement, nous montrons que le probleme de Cauchy est localement bien
posé dans H* pour s > 1 (solutions réguliéres) puis dans H1 et dans L2 (solutions
faibles). Dans le cas ou s > 1, nous montrons également que, quand le retard r tend
vers 0, les solutions de I’équation de Maxwell-Debye tendent dans Hs vers celle de
I’équation de Schrodinger qui est la limite formelle. La troisieme paxtie regroupe
quelques résultats a propos de I’équation de Maxwell-Bloch. Nous commencons par
étudier cette équation aprés approximation adiabatique; et ensuite nous étudions le
probléme de Cauchy dans H*, s > 1 pour le systéme complet.
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1 Les équations de I’optique non linéaire.

On étudie des modéles permettant de décrire la propagation de la lumiere dans un
milieu actif résonnant. Le milieu ayant un grand nombre de degrés de liberté, on se
limite a considérer un petit nombre d’entre eux en faisant diverses hypotheses. Le
champ électrique est supposé étre une collection de trains d’ondes presque monochro-
matiques et de plus on suppose que les degrés de liberté qui résonnent directement
ou indirectement avec le champ électrique ont une influence cumulative a long terme.
Tous les ingrédients de la modélisation qui suit se trouvent dans le livre de Newell
et Moloney [8].

On commence tout d’abord par dériver les équations de Bloch qui décrivent la
dynamique des oscillateurs (atomes excités) de la matiere.
L’état de la matiere est decrit par la fonction d’onde ip et I’opérateur hamiltonien
H dont les valeurs propres sont les niveaux d’énergie (quantifiés) et les fonctions
propres sont les états de base.
Dans I’état non perturbé, I’hamiltonien est noté Ho, les niveaux d’énergie Ej — hujj
et Ho admet des fonctions propres ipj qui vérifient iioV] = hujjtpj.
{0j} est une base orthonormeée de |’espace des phases et on peut choisir les fonctions
propres telles que on ait de plus J Rifij(R)dR = O et J RipjtpjdR = 0.

On veut calculer le vecteur de polarisation induit par le champ E. Il est donné de
facon générale par

P = naeJ RipndR
ou naest la densité volumique des atomes et e est la charge d’un électron.

La premiére étape consiste a utiliser I’équation de Schrédinger. On suppose que
iR satisfait

pd —H*
ou H est la somme de Ho et du potentiel de perturbation 6V = —eJ E.dR. Comme
E varie peu sur des distance atomiques, on considérera que 8V = —eE.R.
La deuxiéme étape consiste a chercher la forme des états non perturbés. On
suppose a cette fin que y(R,t) = _N_ aj(t)xpj(R). On obtient alors immédiatement
que si H = Ho, alors aj(t) = aj(O)e-_,lIJIK

La troisiéme étape est le calcul du vecteur de polarisation. On a
Roe=e/ R"dR :JkZHlFPg =Tnp
J j

ou I’¢lément de la matrice de densité = ajal dépend du temps et I’élément
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de la matrice dipolaire pjk = e\] Rpj~kdR n’en dépend pas. On a évidemment

P = TlaPatome®
Il reste a écrire les équations dynamiques qui régissent les pjk-

La quatriéeme étape est la dérivation des équations de Bloch "brutes” (au sens ou
elles sont en trop grand nombre). En utilisant la forme particuliére de H, on obtient

A

dak . iE
-Qj- = Wt + — . ) ~puai

1=1

et on obtient donc pour les éléments de la matrice de densité les équations :

apjk A iE iE
oy I (W. ~kjpjk + -Y'z7PjiPik ~  I"PikPn-

=1 1=1

La cinquieme étape est la simplification de ces équations. On sait résoudre les
équations précédentes si on néglige les termes en E, mais ceci ne peut étre effectué
que s’ils sont effectivement négligeables. En pratique, on peut négliger tous les termes

E N iE N
de & .Y,PjiPik---!—. PIkPjI sauf ceux qui ont des fréquences proches de Sk =

H Wik Ainsi un gran'd ‘nombre de termes sont négligés, leur somme constitue un
ensemble non négligeable. On modélise la perte graduelle d’énergie du petit nombre
de modes auxquels on s’intéresse vers le grand nombre des autres par l’addition
d’un terme de la forme —jjkPjk {Jjk > 0) dans les équations régissant les n niveaux
.d’énergie que I’on considére. On n’étudie plus les autres équations. On a ainsi opéré
une simplification des équations ainsi qu’une réduction de leur nombre.

La sixieme étape consiste en I’identification des résonances possibles.
Il peut y avoir une résonance directe, c’est-a-dire que la fréquence u>de E est proche
de ujjk (produits du type E-Y2pjkpkk)-
Il peut y avoir une rectification D.C. (termes du type E.Y~PjiPij dans lesquels la

frequence —w de E élimine la fréquence wHj ~ u de pij, d’ou un effet cumulatif a
long terme sur pjj).

Il peut y avoir enfin une résonance paramétrique lorsque I’une des combinaisons

binaires des fréquences du champ s avec les différences de fréquences aztoik du
dipble sont égales a d’autres différences de fréquence HSk

Ainsi pour les n niveaux considérés, on a

1 1=
By WPk + y - ZPHPik ~ Y /L>PIKPil a-1)
et pour le vecteur polarisation

P = naTrpp. (1.2)
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Enfin on dérive I’équation de Maxwell qui régit les variations de |’enveloppe de

E.
Les equations de Maxwell sont
V.£> P> équation de Gauss électrique,
V.B 0, équation de Gauss magnétique,
- dE N
VXE équation de Faraday,
dL . . X
V x H dt + équation d’Ampére.

E est le champ électrique, B est I’induction magnétique, D est I’induction électrique
et H est le champ magnétique. Ces champs sont de plus reliés par les relations
B = fxH et D = £ + P ou e et /X sont respectivement la permittivité et la
perméabilité du milieu. On considere ici que la densité de chaxge électrique p et la

densité de courant électrique j sont nuls et que fi est constant et égal a uo = — -

o
ou c est la vitesse de la lumiére dans le vide et €0 la permittivité du vide. ec
On obtient alors aisément

1 d2E 1 d2p

v
c2 d-t £,C2 3H

(L.3)
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2 Les équations de Maxwell-Debye.

21 Modélisation.

La présence d’un champ électromagnétique fait varier I’indice de réfraction du milieu
que I’on considere ici non résonnant avec un temps de réponse non négligeable r.
Soit le vecteur électrique de déplacement D = £on(u))E ou n(u>) est appelé indice
du milieu et est de la forme

n(0>) = nO(>) + 8n(E).
On obtient comme équation pour 8n, I’équation de Debye, a savoir

dan + 8n = n2\E\
dt

Cette loi d’évolution est relativement intuitive si on remarque que pour un milieu
qui réagit “instantanément”, on a n(u) = Ud(oj) + n2\EY- On décompose le vecteur
polarisation en une polarisation linéaire P1 = eo(no(cj) —1)E et une polarisation
non linéaire -Pjux = 2e0no8n(E)E. Dans le cas d’une onde unidirectionnelle, on peut
poser E = 8A(f,i)e 2 u” + c.c. et (1.3) devient

d n0Od\ . t . or .
< (TZ+Ad i)A"'ch*' T A= & (2.1)

+ 8n = n2\A\2.

Pour des commodités d’écriture, on remplacera dans la suite 8n par n.
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2.2 Le probleme de Caucliy local.

Mise en forme.

On pose £ = %t -z et A(x,y,z,t) = A(E,t]x,y), n(x,y,z,t) = n("t;x,y). Les
équations de Maxwell-Debye (2.1) réécrites aprés ce changement de variable sont de
la forme . . .

f nodA_ £ V2A uo A _

c dt 2k c =0

(2.2)
dn redn 9

T4 * nodE =2 A
On effectue le nouveau changement de variable n = me Ae d’ou le nouveau sys-
teme :

nOdA i 2- wo_ laf 4
T~dt-TkV'A+'Tme " F=0°
<
; am rcdm Zem
dt  n0<E F

On étudie I’équatiorbde transport avec t comme variable d’évolution, et donc en
posant S(i) = £0 H--i-l, ou £0 désigne une caractéristique particuliére.
LY

d m om

Sme iy’ = (& B+ 2™ el .

c dm dfh\ .
(A porwa o DSy,

= MNA(E(),i;e,t/)]2e ~ E(i).

m(E(1),i;@,y) = m(E(f0),io;s,y)+ | —IA(E(C),Ci*»y) |2e~EQdC
A partir de maintenant, on se place sur la caractéristique passant par (t, £) = (0, £0),

dou E(i) = £0 + ﬁt et E(C) = £0 + foc'

c
m(£0 + —t0,t0]x,y)
77-q

C
ra(E0 H----t,t',x,y)
770

¢ * !29@34' 0.
* b 7 Ao C.Cixy)f 004

n

La premiere variable ne sert a rien puisque I’on reste sur une caractéristique donnée,
on pose donc

4(fo + —t,t-,x,y) = A(t;x,y),
r

< i™fo+ —t,t-,x,y) = m(f; x,y),

n(£o+m)t|t]x,y) = A(t\x,y),
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m(t\x,y) = m(i0-,x,y) + J[I "Tli(C; y)|2e Tc(iotn° OG-

et donc

Ti(t;x,y) = Ti{to;x,y) + I —\A((]x,y)\2e*dC.
Jto T

On introduit ce résultat dans I’équation de Schrédinger. On ne choisit pas encore t0
mais on le suppose fixe.
9A. . ic

-m{t'x'y)- 2h*ViA(t’x'y)+
+t—in(tO\x,y) + [ —|A(C;it/)|2e»<ic| e~iA(t;x,y) = 0.
70 > ViR :

On écrit maintenant la formulation intégrale de Duhamel de cette équation en uti-

. . s UL L S [ L
lisant I’opérateur U(t) associé a la partie linéaire %t— 2kn_V 2A = 0 de I’équation
précédente et en omettant les variables x et y. 0

A = U(t- iDA(i) - T Uft- Oi— U (10 + Te—\A(0\2erdc) e-rA(0)dO.

Fixons les conditions initiales, c’est-a-dire les valeurs de to et t\.

Prenons par exemple i0= t\ = 0. On appelle les données initiales pour A et n, Let
v respectivement. On a alors

AM) = UM~ f Uft- 9)i— Lo+ [S—IAQ)izenC le~rAe)dd.  (23)

Proposition 2.1 Si A et m appartiennent a I»°°(0, T; L2) alors les problemes (2.2)
et (2.3) sont équivalents.

C’est sur la formulation (2.3) que nous allons essayer d’effectuer un raisonnement
de point fixe pour montrer I’existence locale pour le probleme de Cauchy. A partir
d’ici, on traite t > 0 comme une variable de temps et on considere deux variables
d’espace x et y. Les conditions au bord en x et y pour A sont la nullité en +o00 et
—00.

Nous allons effectuer un raisonnement de point fixe. Pour cela, on pose
$A{t) = U{tlip- f U{t- 9)i— Iv + t* —|i(C)|2e ~ d e-7A(0)d9.
Jo 0N M0 T J

On veut donc montrer que pour un certain espace fonctionnel X ,i?>0et0<a<|
et pour tout A,B e Bx(0,R), ona 8A GBx{0,R) et [|$A - $B & < al|A - 5]fa*
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Existence et unicité de solutions régulieres.

La premiére idée consiste a chercher des solutions réguliéres, c’est-a-dire se placer
dans le cas ou X est une algebre, nous allons donc prendre X = L°°{Q,T',HS) avec
s> 1

Remarque : Si on considére les variables de départ, ceci correspond a une régularité
L“ (aL~(0,r;£T-)).

Théoréme 2.2 i) Pour tout (Y?,i/) appartenant & H3x H* avec s > 1, |’*¢quation
(2.3) admet une unique solution dans X = L°°(0,T;iis) pour un T suffisamment
petit.

ii) Les solutions dépendent continuement des données initiales, a savoir :

si A G L°°(0,T] Hs) est solution de I’¢quation de Maxwell-Debye pour les données
initiales (€5Vv), (pp et up tendent respectivement vers <p et v dans Hs alors pour un
p suffisamment grand la solution Ap de |¢quation de Maxwell-Debye associée aux
données initiales gp et vp tend vers A dans L°°(0,T', Hs).

Remarque :Dans la démonstration qui suit, on s’attachera a exprimer la dépendance
en r des constantes de majoration. Ceci n’a pas un intérét immédiat car dans le
théoréme ci-dessus r est fixé, mais nous le ferons tendre plus tard vers 0 en ayant
besoin d’estimations uniformes en r.

On utilise le résultat suivant sur lI'operateur U :
Lemme 2.3 Il existe un K > 0 tel que pour tout f € L1(0,T\H5s),

Lox- 6)F ()b < iM[|/H1>(0,7Vi).

Il f
\\Jo L°°(0,T;H*)

Pour la preuve de cette estimation, et de celle du lemme 2.5 utilisée plus loin pour
I’étude des solutions faibles, on peut consulter I’article de Ginibre et Velo [6].
Preuve du i) du théoréme 2.2

Posons $A(t) = 1+ 11+ 111 avec
/= UV,

Il = -i— f U(t- 0)ve-tA(O)dO,
TLg JO

Lad [+
" udr nJ

TTlo
Grace a |’estimation ci-dessus, on obtient directement :

HI = fAu(t-Q ) ( f* |JA(C)|2"dcl e-reA(6)ds.
J0 \J0 J

1IL®ar = i,
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WHW*(0,t-m--) < Ct (I - ¢ r) \i'W\h*WAWI=~(0j-m--)i
WH\afot-H) < C [T+ r % - - 1) ||A][*cc(0ir;Hs)-
Donc
IBA||x < IMItF* + Ct (I —e-“) [MItF*li-MIU +C T+t (e *— D] ||A|"
Soit a = |[M|h», on pose R = 2a. Pour un temps T suffisamment petit, on a bien
ISA|lU <a + Cr(1- e~r) [zZ\H.R+ C [T+t (e~1 - D] R3<R.
Il faut vérifier ensuite que I’on a bien une contraction.
($A - $£)(*) =V + IV
ou

I’=-i? |EU{t-e)ue~r(A- B)(0)de,

no
"= _3(“;10”2 J* U(t - 6)e~red* er< [|A(C)[2A(0) - \B{0\2E(6)} d(dd.
m

Les mémes estimations donnent :

ST ILe2 g < Ct (I - e-) ||i/]li»||A - B\LaOT;h"),

WHALL®(OT;H) < CAT +r(e r—D] i .‘.f_»(o.u )+ -EIE°°(0,Tsirg))
X||A —B\\ice (0,1 ;//»)e

Donc
I(*A - *B)|U < C{t (I - e"iJ) |[M|H,

+C [T+ r (e-i - D] (JA]li + [|Bfe) \A - 8\\x.

Quitte a diminuer encore T (mais en conservant le R précédent), $ est contractante
dans Bx(0, R). On obtient donc I’existence et I’unicité locale en temps de solutions
régulieres a I’équation de Maxwell-Debye sous forme intégrale. Ceci acheve la dé-
monstration du premier point du théoréme 2.2.

Preuve du ii) Le second point se démontre a I’aide du méme type d’estimations.
Pour un p assez grand on peut construire sur un méme intervalle de temps /, une
solution Ap qui appartient a la boule Bx(0, R), ou R ne dépend pas de p.

A est solution de (2.3) :

A(t) = Utp - - 6)i;‘lc-1 [v+ i ’\T|A (0]2e"c) e-rA(6)d6.
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ainsi que Ap:

Ar(t) = U(t)Vr - J{)‘U(i - O)LB L + J/' -1JA (O pe"cg <i-*¢,(9),».
(0]
On obtient alors

WA®L) - Ap(OWH* < \\<P-Vp\h>
+ Cr(l-e-1) W-VpW'WApW + WW'W A-ApW]
+ C[T+71(e-1- 1] (Ilife + |JAPE) ||A- i,,|U.

Donc

IA@®)-j4plli-r* < [IV? - vbllh*
+ Cr(l-e-T)RJ|v- + ||A - Ap\x

+ C[T+r(e-1-1)]«2||A -ipu.

On prend T suffisamment petit pour que

WA - Ap\x < \p~ |W' + C\lv - vpWH, + [||A - Ap\x

c’est-a-dire
WA —Aprx < 2% - ipp\h> + 2C\\u —2Z/p||h*-
Donc Aptend vers A dans X. Ceci acheve la démonstration. 1

Existence et unicité de solutions plus faibles.

Etudions maintenant des solutions moins réguliéres, i.e. dans X' = £°°(0, T;H 1) et
X" =L°°{0,T-,L2).
On définit tout d’abord la notion de paire admissible :

La paire (q, r) est dite admissible si ‘N— —\I r = 2ou N est la dimension d’espace

9j
2N
etr6 2, W'Z9 ~2°°)siN =2°©2°°Lsi N = 1)

Théoréme 2.4 i) Pour tout (ip, u) appartenant a H1x H1, I’équation (2.3) admet
une unique solution dans X' = Z/°°(0,T; H1) pour un T suffisamment petit.

i) Pour tout (y> V) appartenant a L2 x L°°, |*équation (2.3) admet une unique so-
lution appartenant a X = L4(0,T; L4) fIC([0,T]; L2 pour un T suffisamment petit.
De plus A appartient a L9(0,T; Lr) pour toute paire admissible (q,r).

iii) Les solutions dépendent continuement des données initiales dans un sens ana-
logue a celui donné dans le théoréme 2.2



122 Chapitre 4 Sur une équation de Maxwell-Bloch.

Remarque : Contrairement a tous les autres résultats, le ii) ne fournit pas d’estimations
uniformes en r. Il n’y a donc pas d’espoir de pouvoir passer a la limite.
Pour démontrer ce théoréme, nous allons utiliser différents lemmes :

Lemme 2.5 Si (qg,r) et (7,p) sont des paires admissibles, on a

1 ue—orsya < KIflLierio:

©T-.Lr)
pour tout f € Ly (0, T\LB).

Iinégalité de Strichartz (cf. [9])

. (N N\
Lemme 2.6 Si f— ------- I'r = 2, il existe une constante C, ne dépendant que de

N et r, telle que pour tout (p E1?,
MO AIN(RLr(R) < CIMII2
et le fait que
HIIU (0,9 < C T 1/4])/]|L oo(0tr ffi).

Preuve du i)
Montrons que $ envoie une boule Bx>(0,R) dans elle-méme.

On obtient alors les estimations suivantes :

PI|L®°(0,Tiifi) = IM Iff1*

WHI=@TLY) < C e *A) |, ..

< C e tu 50T IIH-Iar i)’
< ce(- e ) Mu2MUT 0T

Wy oy < c (/o \A(0\2eidCj A(6)e
T L4300 TjL4?)

c ® < )
< . B IAQIVe><IC UMINOT\LY-
L2(0,T;L2)
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Or d’apres I’inégalité de Cauchy-Schwarz et le lemme de Fubini

i\ A N NN ce 112 Pk A RV ]{2
I\A{Q\2~~8U; A < e K ' [i* WA(O\4ke~dy * 4

Ce

~ (jo 6 740 A A QOT44),
< r(l—e  IMIOETLi
et
1/2
[|r(l-e D|L*OD =T[r-2r(l-¢e ")+ E£(l-e *?
d’ou
/’|A«)|!€i«-#>,|\C <Ct2T- 2r(|-e--m) + ! (- «-2<-ﬂ) M li-ow )-
30 20 T,L2)
Ceci donne
1L o i T - 2r(1 - e~~) + (1 - e-7 ) |[AILA0K:L)M]li00(0,r <),

V4
< Cr-2t1-e-1)+|1-e-")L" Mieey =

Etudions maintenant les gradients

Posons Vi/7 = Ih + Il2 avec

7= 2™ Ut- e)ue~r ViA(d)ds,

Tlo *o

w2= i u(t - 9)Vive-rA{0)de.

Tin JO

|I#i][1°°(0,T.Z2)

N

C e I’ij,A( ILZ(O,X,U)’
Clle- "l 2012 HA1~ Hioo(.Tii2)”
< v (| —* A2 MU~ r LD

2~2 111/8)0,T;L2)

N

C lle tViM (0)][I12(0T;LL)
< Clle"-Vn/||L20TL2) [|A|L«.(ofr ™),

< Cylr (I —e-~T)  IVil/IMIAllioofo.TjLD)
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On peut maintenant écrire VAI1J = 111\ + 1112 + 1113 avec

Ilh = -iﬁ0 J*U(t- 6) (j* |A(0]2en~dc] e-r6Vv 1A(e)do,

HI2= -i VU%ZE U(t —8) ~J° V1A(C)A*(()eH<i” e-i""A(e)de,
rn

.<0N2

o J“V(t- 0) (j* i«)V 1A-(C)e7i<iCj e-i“A(e)dS.

Ih - -t

WAwm <- /[ lifOPe™dC V. AllI»NN),
Tre WL*/3(0,T;L*)

Or

/(|2 < Q" iAo
¥4 . /4 i

- [jieish do) {1 i) MAllcoTzg

= Ct(l-e3r) (1-e<) 11M170"8),

et
¥4
e-i¢)3L(l - e-N)14 <Cfr-il (I-,-¢A
IEANZA M4 o 2 U7 R
D’ou
WithU-iW) < C[r-y (- e-*T)]3<Plll-(o,t,h.)-
On a également :
C -
mH2 e TiI<)) < — f Vii«)i-(()elifdC A1~ <m\I*),
Jo bL4/3(0T;L85)
C 3/8 58
< " VIA||*OO(0ir;L2)
X HA*||ioo(0)XE,*)||j4||E,00(0)T;L8)5
< Cqrlvy 1. gx T)13/4 1|V .-4||1«(, Tiz.=)lI-4[1-(0.TL1.),

3t ¥4

< CT 7(l=e 1  IMINi(0,T;li
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De méme
3r J4
W 3[|L°°(0,X;L2) <C T 4 - e-&T) i4II?_>0@,r-,//»)-

Donc si on prend par exemple R = 2||AQ||x', et T suffisamment petit $ envoie la
boule Bx'{0,R) dans elle-méme.

Démontrons maintenant que I’on a une contraction. La majoration de /' et de son
gradient s’effectue exactement comme celle de I1. On obtient donc

LT ~ Gr (I —e~7T)  IMII2||™ - B\IS(GT)i

ViAo T, < Cy/r(H —e »T)  ||il]li2]IVi(A —¢)]||I~ (0)T£k)
+CVF (1 - e™' ) 121IVA||ti||i - BJU-(IW).
Pour le traitement de I1', on utilise le fait que
[|A(C)|M(«) - |B(C)pE£(0)] < WOIVW - B(«)|
t JA(fE- BCOI(AC) + [B(ONIB(9)].
De la méme fagcon que pour le calcul pour Ill, on obtient :
Imii-pw) < CJ[t- 2r(l- e-f)+1(1- "))
x (JIA]Ir" (0,T;7,4) + I[B|l1~(0,T;L4)) “ B |]i,4(0,T;£<)
< c[r-2r(l-e-i) +~(l-e-1f)jT V4
X (||A||i'(0X;HJ) + 1I-7ili,°°(0,T7;JiD)) 1~ “ «AUOKO,T;ii)-

Il reste a voir les estimations des gradients des difféerences.
v, ([i(c)IM(*) - [a(Ollsw)
= JA(C)Iv a(0) - ~(0 fvri))
+vIAO A'(0 AB) - v,a(c)é*(c)B(S)
+ACQO V1A ©AEPH - ECQVIB-(0 B(6),
= IA«)I2 IB(C)IZ)V i(0) + [B(C)[2(V,i(9) - V,B(0))

A - VIB(O)B*Q)A(th) + V,B(C)B-(C)(A(i) - .5(0))
d BiQVtE‘«))a(6)+E(ovj'(o(m -6m -
De méme que pour Vj///, on pose :

Vijr =N[+7"+ 77"+ 77"+ 75+77,
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ol Aavec C\ = C::”OZ\)
ip = cifvV(t- QU ‘(AP - | |2e|«dc]e "V Ak
irz = A fu{i-0)(Y B(OIzi<dic) e © (Vid )- V.B()<ie,
mo= oo 0)(j (IAQA(0- V,B(0B-(0)ed;) e AN,
n. = O'Jfoui 6) (£ V1B(C)B-(Oe'f<ic) e-i#(i(e) - B(0))<,

ni = C [ 9 GIW)VIA'Q- ¢(OVIBK))«r#) ei'AQ<e,
ni = C, JIZ V(0 ijf* £ v, .(C)ei dc) e-J*(A(«) - B(0))<W.

II[ et //j se majorent en suivant le modele de I11\. Pax contre la majoration des
quatre autres termes se fait selon celle de I112;d’ou les résultats :

M i-foi*») <C[r-y (I- e-*r)]3"VA- Bijt»(,XH)

x (IMU°°(0,T-Hi) + ||-€|IL~(0,T:ifi)) 1 1 ~||(0,r;ifi)-

T O ~e 3X)  NAIL~(0,T;iii) 1A — -Al»00(0. Tji/L*

m <CT-—(—e"MNj [A—BL~(or/f)
X (MU o0, ;1) + 15U ool0,T;HL)) ||| 1«>(0,T;HY)-

t 3r M
079 C 1 -1 —e ) WBWI=(0,TH)WA - AlIL=(0,;H>).

II-Ii I QT2 < CT —(l—e 3t) A —5||loo(o,ti;w)

x(PIU~(o.r 4 [iBiL®0THY )Ik4lLe*T;Hy)
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3t ¢ 4 7j 34 5 N }
IInClI (0,7 ;£2)< CT 4 (I e 3r Il |LQ)(0,T;f/])IA E||L“(0,T;H')

Quitte a réduire a nouveau T, $ est une contraction de Bx'{0, R) dans elle-méme.
Ceci démontre la premiére partie du théoreme 2.4.

Preuve du ii)

La plupart des estimations nécessaires ont été effectuées dans la preuve du i). On
suit ici la démonstration de Cazenave et Weissler [3] pour I’équation de Schrédinger
dans L2 avec un exposant critique.

Soit (qg,r), une paire admissible.

liniLioT2r) < Clu 112

[H71giv/) < £2|MKHIMU4Q3:i4>

CT
WHIN\I<(0?iL") < ~7 211~ 1li4(o,r;L4)-

En choisissant dans un premier temps r = g = 4 et en faisant des estimations
du méme type sur des différences, on obtient le fait que $ est une contraction
de jBI4(0,T;LA(0, R) pour un T suffisamment petit et R choisi tel que Ci [[\BIIE2 et

e . R
C2IMU~ soient inférieurs a —.

Ceci fournit I’existence et l’unicité d’une solution dans cet espace. En prenant

a nouveau (q,r) quelconque, on obtient I’appartenance de A a C([0, T];L2) et a
L9(0,T;i7)-

Preuve du iii)

La continuité par rapport aux données initiales se démontre de facon analogue a
celle du théoreme 2.2 en utilisant le méme type d’estimations que ci-dessus. 1

Remarque : On observe que la régularité demandée a v pour effectuer les calculs
ci-dessus n’est a priori pas conservée par le flot. Ceci constituerait un grave probleme
si on avait conservation de la norme H1et donc un espoir de prolonger les solutions
sur de plus grands temps. Nous n’avons pas trouvé de telle loi de conservation pour

I’équation de Maxwell-Debye. On trouve néanmoins aisément la conservation de la
quantité :

M (E10 YI2-

M
M 26
Dans ce qui suit, on démontre que le temps d’existence de la solution de Maxwell-

Debye pour une condition initiale donnée est la méme dans tous les espaces Hs,
s > 1. Ce résultat est donné par
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Théoreme 2.7 Soit; (§,y) GHLEx HI+E, et A la solution maximale de |¢quation
de Maxwell-Debye dans H1+£. Soit T\+c son temps d’existence. Supposons de plus

que (V) € H* x H* avec s > 1+ e, alors A est solution de |’équation de Maxwell-
Debye dans L°°(0, Xi+£; H s).

Preuve :
Pour démontrer ceci, on considere I’équation de Maxwell-Debye sous la forme intégro-
différentielle :

OA ic A n2 L .
dt 2kng¥? Mo 5 1 IMQ Zer(} ¢ A)=0
Soit Js I'opérateur (1 —V 2)5. On note (e,*), le produit scalaire de L2(dx, dy).
dk i ~
Re(qe A 5 [Alon
Re (iV\A JA) =0,
\{ue~rA{t),JsA)\ < {Js/2ve-iA(t),Js 2A),
A AN
< Cllid)|». (MMI-IMII*- + IMIHIAWINI-) |

JOA)24(0e e

) < (332 lienva ot Dicr ' 245,
SERILOU LA IIA(C)]2i (i) 1|H.<C,
< ciiiwn».j[, (JAC)B.|AC)||tIA)IU-
+M (C)IE» A ®)]],.K,
< dIADIPAHIIOIU” | Ya «)\\n4 M O\\1-<K
FAMIE)\\D [WHOWT-dC-

On a supposé que A € L°°(0,T;HI+E) (i.e. T < Ti+e) et que W\H* et |<Bit
sont finis pour s > 1+ e. En utilisant le fait que H1+e <3 L°°, et en posant y =

fo I, A(C)||[/f*cfC, on obtient I'inégalité différentielle :

y'y" < C(y'2+ yy').

Commey' = ||A()|li/» > 0, on peut diviser par cette quantité et poser z = y+ y* z
vérifie alors I'inégalité z' < (C + 1)z et 2(0) = [|*|]ir», d’ou

PWH =y <z" gp \\,, A EX



2 Les tgvaiions de Maxwell-Dchye. 129

2.3 Limite quand le retard tend vers Q.

Existence des solutions sur un intervalle de temps indépendant de t.

Les estimations effectuées précédemment sont uniformes en r (quand celui-ci tend
vers 0). En effet, pour I"étude dans A* on a

H*Alx < [JA(Q)||». + C r(l-e-i)||[ft(0)[|ff.|[i|U
+C[r + T(e-i-1)111AR,

< ||A)||tf. + Cr||S(0)||H.||i]U + CTJ|A]||J.

H(*A-*B)|ljr < c{- (I - e-jT) [IAQ)Il..
+C [T+ r (e-i - D] (||iB + \Bfx) }|[i - B|U,
< C{r|[fi()|l,.. + CT (JA|& + ||B|&) }|A - E\x.

On remarque qu’il en est de méme dans le cas des estimations effectuées dans H 1.
On peut donc en déduire que les solutions de I’équation de Maxwell-Debye (dans les
deux cadres fonctionnels précédemment étudiés) existent sur un intervalle de temps
[0,T] qui ne dépend pas de r (€ [0,ro]). Munis de ce résultat, nous allons pouvoir
étudier la limite des solutions de I’équation de Maxwell-Debye quand r tend vers 0.
Comme les équations tendent formellement vers 1’équation de Schrédinger cubique

dA ic . . .
&N - =
PRGE w oo VA IXY) + &M ANA(t-xy) = 0, (2.4)

on espére que les solutions vont tendre vers la solution de cette équation.

Passage a limite pour des solutions fortes.

Théoreme 2.8 On suppose que les données initiales (pour A et h) sont bornées
uniformément dans X = L°°(0, T; Hs), s > 3, et que quand r tend vers O, la don-
née initiale ip tend fortement vers ¥j dans Hs. Soit A, la solution de I’équation de
Schrodinger cubique associée a cette donnee iR. Alors la suite des A quand r tend
vers 0 tend fortement vers A dans X.

Pour démontrer ce théoreme, nous allons utiliser comme ingrédient principal le
théoréme d’Ascoli-Arzela.
Les hypothéses sur les données initiales du théoréme 2.8 assurent que la suite des
solutions est uniformément bornée dans X. Par ailleurs
dA ic .
w {’x'y)~2TKOVIA{t'x'y)+
+t— [Lv(x,y) + J/0 T\A(C-,x,y)\2e$d(}e~rA(t-,x,y) =0

no
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On se place dans le cas ou I1S 2 est une algébre (pour une plus grande simplicité
des calculs), c’est-a-dire que s > 3. On a alors

dA\ c .
<
dt H,-2 2kno A H
A0 il
e Ivlv—ae rymy)

H*-2

LUoT12

€ r 2
T (/ CHC - icop.-

Pour des r et T suffisamment petits, ceci est borné uniformément en r dans X.
D’aprés le théoréme d’Ascoli-Arzela, on peut affirmer qu’il existe une sous-suite A

qui tend dans C(0, T; Hs~c) pour tout e > 0 vers une fonction A quand r tend vers
0

Il reste donc a vérifier que cette limite est bien solution de I’équation de Schrédinger
cubique (2.4).

On remarque aisément que ue~"A(t) tend vers 0 quand r tend vers 0. Le seul
t(?rme qui pose probleme est le terme non linéaire. On veut donc montrer que
t 1

{ r—}A(C; x,y)\2 r d( tend en un sens & préciser vers |A(i)|2
JHIAQ)27IC-K iR

= r VhMO\N22dC+ F_i[I(O12e~dC-|A(i)|2
Jo T Jt-T) T

t-V 1 A

_ . HH _ NaApg
= ¢ AGz +f ., 1diiOp-1AtOInenciC

. &~ R
+ 1 i(A(C)P - |A( DE - e-TA(D)]2

On majore trés facilement chacun des termes de cette somme en norme Hc ou a est
strictement inférieur a s :

D’apres le résultat de convergence, pour tout a, il existe un r0 tel que, pour tout

|/'q]_ {(WOI2- \a(0¥)en k L <c

WJt

D’aprés la continuité et donc I'uniforme continuité sur [0,T] de A

|lwoi2- woisp <a,

dés que £ —t < g et donc

{1] ;1(|A<<)|2- |A(i)|3e~dC <e.
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Pour un e donné ceci fixe 77. Pour cet 77
l-v 1

( T|I| 2DE'd( H“< AII*(«—I'I'I. ¢y,

qui tend vers 0 uniformément sur [0,T]. Et enfin |e- y4(i)|2|" ff tend vers 0 quand
« tend vers o.

On remarque que tous ces résultats sont uniformes en temps, on obtient donc la
convergence forte dans L°°(0, T ; H*~e).

On a donc bien vérifié qu’une sous-suite ( et donc toute la suite) de A converge dans
L°°(0, T]H s~e) vers la solution de I’équation de Schrédinger cubique.

Passage a la limite pour des solutions faibles.

On procéde exactement de la méme facon que dans le cas des solutions réguliéres.

On ne peut plus utiliser la structure d’algebre, mais les majorations sont encore
faciles & obtenir. En effet :

dA C _ ‘
< a i ~ T
dt Leo (OTiH-]) 2kno a (I )”|—~(0,T;iP) no ile A ||L°°(0,TT#_1)
Le° fa r;j/-l)

G LiD o
< 2kno ||AW|L""(0.M>)+ T C L** (0.T;L3w)

02 er
no )0 ZCIlm )

L°°(0,T;L3/4)

< © . N lig .~
okno 1M @249y T oM U A Los 0.7:1312)
ini
no o 7 A0AA w120y
ilL°°(0,T;L2)
) 2kno A(«)|L"-(0,T>H*)+ A APFHF L>°(0,T; M)
L PN2r g2 i) )
nu & e e jIL»(0.T /i)

La suite du raisonnement est analogue a celle effectuée précédemment. On peut donc
énoncer le théoréme suivant :

Théoréme 2.9 On suppose que les données initiales (pour A et n) sont bornées
uniformément dans X = 2/°°(0,T; H1), et que quand r tend vers O, la donnée initiale
ip tend fortement vers ip dans H1. Soit A, la solution de |’équation de Schrodinger
cubique associée a cette donnée "> Alors la suite des A quand r tend vers O tend
fortement vers A dans X.
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3 Les équations de Maxwell-Bloch.

3.1 Modélisation.

Nous allons maintenant écrire les équations de Maxwell-Bloch qui décrivent les inter-
actions d’une onde électromagnétique unidirectionnelle avec un milieu constitué par
un gaz d’atomes a deux niveaux. Comme on néglige I’effet Doppler, la polarisation
est de la forme

P —na(pizpiz + P21P21)-

On suppose de plus que le champ est polarisé dans une unique direction perpen-
diculaire a sa direction de propagation 2. Sans perte de généralité, on peut supposer

que la direction de I’élément de la matrice dipolaire est paralléle a celui du champ
électrique. On a donc

E = A(x,y,2,t)erwlc)ze~ind + c.c.
(ou c.c. désigne le complexe conjugué) et
P = L(x,y, z, i)e,(u/c)ze- U+ c.c.

On fait de plus I’approximation de la variation lente de I’enveloppe. L’équation (1.3)
devient alors
dA 1dA .c - k- iu 7

Gz * Tof - PGV * A = 2erch
ou k décrit des déperditions dues par exemple a des miroirs.

Notons é la direction de polarisation du champ ( c’est-a-dire que A(X,y,z,t) =
eA(x,y,z,t) ) et p le module de p12 On a alors

naPPI2 = L(x,y,z,t)eiW * -i*t.

En écrivant I’équation de Bloch pour pi2 et p2—pn = N (on néglige les termes

qui contiennent les secondes harmoniques ex2uji ), en supposant que 7x = 722 et en
posant 2 = X —U2 > 0, on obtient

dA “1dAA . C .okt iy r
bl Tcel T a Y e® T Yeoct

BL iv2
-Q) + (7112 + *(w2 - u))L = -jr-A/V,

-9gN; +1aN' = jZ&AtN[- Alfg(

Il faut fournir de I’énergie au milieu pour le maintenir actif, c’est-a-dire que I’on
force une partie des atomes a étre dans un état excité. La simulation de cet ap-
port d’énergie est donnée par un terme constant de la forme 711 Ao dans I’équation
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qui régit le nombre d’inversion N. Les équations de Maxwell-Bloch régissant une
onde unidirectionnelle, polarisée dans une seule direction dans un milieu constituée
d’atomes a deux niveaux d’énergie sont donc

dA 1dA . C , K t iu)

s - bByvhtca =750

dL ip2

< b (712 + *W12 —w))L = — AN, (3.1)

B 471Gy - Noy = flA*T - ALY,
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3.2 Etude de I’équation quasi-stationnaire.

Quand on néglige la variation en temps de L et de M (approximation adiabatique),
on obtient les nouvelles équations :

dA , 1dA .c 2 ki
8z tThlf ~ 2u + tA = Ol

P
(712 + *(Wi2 —w))E = —%-AN,

Tu(N- M) =| (A'L - AL").

En effectuant des substitutions, on obtient

dA  1dA .c _ . k i
Uy + o5t - TRPVIA+ cA = pe0ci (3.2)

ou
_ »2 (712~ (M2 ~ u))NcA

(3.3
» M2+ ("2-7N)2+ MFA | 2-

Si on pose £ = et —z et A(x,y,z,i) = A(E, f; X, y) et des notations analogues pour
L et N, on obtient

AR U

On remarque alors aisément que

&

LS aandxdy + KkIMNA(D\2xdy
up* 7«<AfolA(Q)[T dxdy (3.4)
2f0h DR A+ (a*,- uy + |A>)f
Il existe donc une constante D telle que

W tL*\AM\ 2(>ixdy ~ D Jrz IA{t)\2dxdy.

Le second membre est du méme signe que —N g Dans le cas ou Ng> 0, on peut
majorer ce second membre par 0 et poser D = —2k < 0. Dans le cas ou Ng< 0, on
peut majorer le second membre par

W ey g () 2ixd
200712 + (U2 WRIR2L WIT Y

ujp l 12No
foh 712+ (M2 - w):

K > up - 712M\o
2e0h 72+ (uii - u))"

et on pose D = —2Ic— -, qui est négatif si
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D’apres le lemme de Gronwall
JRi \A(t)\2dxdy < "I 2\A{0)\2dxdy" Dt (3.5)
r

Sur un intervalle de temps fini la norme L2 reste donc bornée. Cette norme est
bornée indépendamment du temps et tend vers 0 quand le temps tend vers +00
dans tous les cas ou on peut choisir D < 0.

On a de facon évidente I’existence et I’'unicité locale en temps dans L2et (3.5) assure
également que ce résultat est en fait global.

Pour établir une théorie dans Ufl, il suffit de remarquer que

N CNOV 1A{a + P\A\2) + CNOA{a + fi[AVXA* + A*V1A])
1 (a+/?/A22

Z \J -
ou C = —% (12 - KwR ~ 2P ha-=1412+ (LIi2- u)2et fi :_4hp2277r']2. En effectuant
des estimations du méme genre que de celles effectuées dans le cadre de I’étude de
I’équation de Maxwell-Debye dans H 1, on obtient I’existence et I’unicité locale d’une
solution de cette équation quasi-stationnaire dans H 1.
Une autre estimation possible est

(?t ANTw + (M2~ “?)Jr2 IA(t)\2dxdy + |A(I)|4(&<fyj
2
+ «(7x2 + (M2 - 2)\+’ 'Zéglh?.{) JI2\A{t)r2dxdy + \A(t)\adxdy = O.

Dans le cas ou on avait D < 0 précédemment, la quantité

712
K712 + (wi2 -~ w)2) + 5.5 No

est positive. 4« %%%i est également toujours positif. Il existe alors une constante C

telle que

|
9 o o+ (Wi2- 2)2)Ir2 ARy + 2 Y RiVA{D\ddxdly

n2 ru
+C A(7i2 + ("12 ~ A)2) Ir2 \A(H)\Xdxdy + A é'u \A()\dxdy <0,

et d’aprés le lemme de Gronwall

P2 H.
A7 2 o+ (wi2 * ~y2yJdr 7\A(t)\2dxdy + [A (i)lda<fc<fyj
ft2 yu
2 Y2 .
S srer e (e w2y \A(On2dxdy o P T ar 2\a(0)\adxdy € et
h2 Til

Les normes L2 et L4 de A(t) decroissent donc avec le temps.

On remarque de plus que ||L(D)E2 < P2 1% A -9 1U2-
M712 + (212 “ w)2)1/2 ’
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Théoréme 3.10 Le probleme de Cauchy est globalement bien posé dans L2 et dans
H1 pour Vapproximation adiabatique de |’¢quation de Maxwell-Bloch. De plus pour
certaines valeurs des paramétres (k > —£-r ’ _ ----- 212 _°—yrr.  les normes L2 de

P 7 2k T (Wil
A et de L tendent vers 0 quand t tend vers +00.

Remarque : Cet amortissement est clairement di aux deux coefficients positifs k et
712
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3.3 Le probleme de Caucliy local.

Mise en forme.

Considérons a nouveau les équations de Maxwell-Bloch sous la forme :

dA 1dA . C . k . iu>
—3—+—9T—*7r‘VIA+ ~A=0—L1
dz c dt 2u> c eoc

dL . . ip2
+ (7112 + T(wX- w))L = ~~AN,

N 2i
g

R
29 + TI(AT- NO)= j(A "L - AL*).

Les équations de Maxwell-Bloch réécrites, aprés le changement de variable £ = ct—z

et avec les mémes notations que pour I’équation quasi-stationnaire, sont de la forme :

dA c2 27 7 iu t
— el — A+ kA = -— L
dt 2u 1 2e0
9L dL , . tp3 - -
) 7i2 . (3.6)
°o~di ~dt 12 ~ ~ ~h~

dN

d ! dN ,-r Rr. 2__.. L - A"
@e+ol+A( 0 1€ )
On pose M =N —Ngqgd’ou

dA .c2 2+ T iU -
-8t-"M v'A+KA=2r0L"

& 2 iz —w)k—PTaND + A,

dMm dM - K,7*T 7r*
~dt + °~di +7 “ L-AL).

On écrit ceci sous forme intégrale en utilisant I'opérateur U associé a |’équation

?
linéaire T |—2(LJ = 0 et en considérant comme temps initial t0 = 0. Les
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données initiales pour A, L et M sont appelées respectivement @, Aet //.

Ay tix,yy = U@®<p(E X, y)
+ U(t-6) - KA+2-L (£,9:x,y)d9,
\ﬁl ( )|. Lin ( Y)
I—U X,y) = X(£-ct;x,y)

+ f -(7i2 + *(wi2-w))X + ACH(AA0+ AM) (3-7)
(£ -c(t-6),6-,x,y)d6,
M (e .t1X, y) u(f et x,y)

+ J*¥[-TuM + |[(A *1 - EL*)] (£- c(i - 0),d-x,y)<0.

Proposition 3.11 A, L etM appartiennent a L°°(£;0,T; L2) al/ors /es problémes
(3.6) et (3.7) sont équivalents.

On veut effectuer une méthode de point fixe, on pose donc

$,i(&<i*»y) = U{t)tp{ilx,y)

+ U0 \-KAV-L]{CAX, y)dd,

SL(E,i",x,y) = A(f-ct x,y)
. - ip2
I +  jf p—(712 + i(&12 ~ u)l\l ch (A N[ + rrinpn
(C-c(t-e),0;x,y)dO,
$M{C . iix,y) = /igE-cf;x,y)

+ ¥ [-uM % j(A*L - A1) (8- c(t- 0),0; %, y)dd.

Existence et unicité de solutions reguliéres.

On va chercher une solution dans (Lca((-,L°°(0,T]JHs(x,y))))3 =: X 3 pour s > 1.

Théoréme 3.12 i) Pour tout (¢>A,") 6 L°°{£\Ha) x -L°°(£;UP) x L°°(£;iP),
I’équation (3.7) admet une unique solution dans X 3 = (L°°(£,0,T]JH S))3 pour un T
suffisamment petit.

ii) Les solutions dépendent continuement des données initiales dans un sens analogue
a celui donné dans le théoreme 2.2
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Preuve :

0 QT < IM'MOIL«.«,™ (1)
+  run-e -KA +/\L\@)b

- L @T\HAX V)
< WPX iU 4y
K a4 (0) Loy
+ (1 >
) ¥ opn "k l|_1(o,T;H‘(><,y))
— 1%, (0T« (*,y)
+KT(MPﬂmm o' SO orey ).

Donc

IM* <H IW M +KT (14* + lI11x)

\®1 W — IIIL00(T: Tia(x i)

+r (712 + *0"2—w))!/ + -*~(ANo + AM)(£ —c(t —O),O)|I ,
l‘ X
—umieof Hixy) + k7 (Hx + H x ne+14cHIx)

De méme

IFFIIX 2 0 e Hseany + KT (1% 1, + VAVXJi]]%)

Donc en prenant

R

— — SUp (|| ]IL-0(iTff.(«ty)) » PHL®°($;iP(x,T0) » IM 11 ~({;dT»(s v))) °

$ envoie la boule Bx*(0,R) dans elle-méme pour un T suffisamment petit.
Pour ce qui est de la contraction, si on considere deux solutions (A\,L\,M\) et
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(A2,L2,M2) du systeme initialisés aux mémes valeurs en t = 0, on obtient

*a Sm)0  xy) = 36 un ~ 6" -k(Ai - A2+ = (Li - £2) (£,0;x,y)dO0,

($Lj - = C’y) /PZ[-(712+ ANL2-w))(Zi-¢2)

+ A~((Ai-A*TVo + (Ax- A2Ma+ (Mi - M2)A2

(E-c(i-0),0;x,y)dO0,

Gm-$DE*X*Y = jf  711("1- mI
W (AN (A A9y

\ .
+(Li u»dd: (Li Ura, (f-c(i- 6)6-xy)dO.

En faisant le méme type d’estimations que précédemment, on obtient (en réduisant
éventuellement I'intervalle de temps) le fait que $ est une contraction dans la boule
considérée. Ceci fournit donc I’existence et I’unicité dans X 3, c’est-a-dire la premiere
partie du théoreme. On démontre la continuité par rapport aux données initiales
comme dans le cas de I’équation de Maxwell-Debye. 1

De méme que pour I’équation de Maxwell-Debye, le temps d’existence est le méme
dans tous les Hs. Ceci est donné par le théoreme

Théoréme 3.13 Soit {A/X) € L°°(f;tf14£) x Z°°(£; # 1+) x L™ (tTH 1*e) et
(A,L,M) la solution maximale de I’équation de Maxwell-Bloch dans iT11+£. Soit Ti+S
sont temps d’existence. Supposons de plus que (&2 A ix) € L°°(E\HS) x L°°(£-,HS) x

L°°(C;HS) avec s > 1+ e, alors (A, L, M) est solution de I¢quation de Maxwell-
Bloch dans (L°°(0,T1+e-,Hs) f.

Preuve :

La méthode est la méme que dans le cas de I’équation de Maxwell-Debye, mais cette
fois-ci nous ne disposons plus d’une unique équation.

On garde la forme initiale pour I’équation donnant A et on considere les équations
pour L et M aprés application de la méthode des caractéristiques, on se place alors
sur une seule caractéristique et on definit A, L et M comme pour I’¢quation de
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Maxwell-Debye, on obtient alors
dA . . €2 0~ . ~. iP~..
oT@M) = ,2™vikl (-~ (") +~i(0,
< o
i (1) Af /; [ (712+ HW —Lg)l + ch(4\,f3+ 4 M) {d)dQ, (3-8

M(t) = fL+J*\-InM +j{A*L-At) 00)dd.
On multiplie la premiére équation par JSA et on prend la partie réelle du produit
scalaire dans L2. Ceci fournit la premiére majoration

1d )
et Wi TRIS M < Caligine 1Ay i,

ce qui compte tenu du fait que k est positif implique que

It

HeH < ¥H+C FC0) I de.

On prend ensuite la norme Hs des deux équations pour L et M, ce qui donne
en tenant compte du fait que la norme H1+c est bornée sur I'intervalle de temps
considérée :

HIEH . < [IA]]>.

+ CJO Ii(giIIHs+ HAO)[Ih. + \\M(e)W,,.}M,

IN<)Ilh* < Mh-
+ Ci{||M(9)||h. + [|A(O)],,. + \\m\\n-}a<>-
On a donc
A IERa+ L () [T+ M (T) [T < (M [h*+ J[Allh >+ [[ix][h»)
+ CE (JJA@®)]|h. + |IE)[|h. + 1IOTWII».) do
ce qui par le lemme de Gronwall assure que le temps d’existence des solutions de

I’équation de Maxwell-Bloch pour des données initiales dans Hs est le méme que
dans H2. m



142 Chapitre 4- Sur une équation de Maxwell-Bloch.

b Conclusion

Les modeéles choisis ici sont parmi les plus simples en optique non linéaire. Il existe
entre autres de nombreux systéemes du méme type que celui de Maxwell-Bloch mais
avec pax exemple un plus grand nombre d’états excités possibles. Pour un atome a
trois niveaux, on obtient deux équations de Schrddinger couplées entre elles et avec
6 équations de transport :

d 1d\ . i o. ]
Tz + ~cdi)Al+ 2k + aiAl “ "2 ~ n-Plmamu
cd o 1d\ . i 2. L2
L azn’2 3
Ndz+ ca ) A+ 2k + = *2eocn“ 20T
X X
™ 10 )= Ai Aa mirn®
d 2/ 0\ _ ~ Aff T
2 T 7||(cr2 —=22) = jra 2P2m&iR ~ -~A.2Pm2&2mi
d % %
TT "mm HT|("*mm “mm) ~ 4" AATT128TT712) AL(ATPIm A’lm H A 2P 2m Ar2m )i
Z

gIm+ (7Im + i(U>l & K>ITQ)<Tim = 'Ia'l-pim-’\T(cnﬂm ~ Al ~ LP2m-"2(112i
z 2 n

0702m + (72m + ¢<2+ r2m))r2m = J3>2mAZi {(Tmm ~ <22) ~  Plm A-"2],

0] . . w * a* *

q/?\2 + (712 + HAL —U2 + Wi2))erl2 = A-pim~M4ICm2 ~ j:Pm2A.20'Im*

L’équation de Maxwell-Debye admet également des géneralisations. C’est le cas
lorsque I’on remplace I’onde unidirectionnelle par deux ondes se propageant en sens
contraires : E = & A16' 2 4 j42e 2" + c.c.V On obtient alors deux équa-
tions de Schrodinger couplées avec deux équations de retard :

/ra a 1
no< V /\
( A VMI . FL+sming

C
no Z
{~E+ifs) A~ V32 = +ii7(in0AJ+ in;Ni),

ngt’\n° e = n2 AX4TJ”\Z’\2)5
T—28ni + Sni

n2

Pour ces équations, I’étude du probléme de Cauchy se fait sur le modele de celles
effectuées dans cet article. D’autres résultats sont en préparation tels I’explosion en
temps fini ou I’existence d’ondes solitaires.
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