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Design of aircraft integrated ground control laws

To achieve a high performance level during ground operations, the lateral dynamics of an aircraft must be controlled using all available actuators (rudder, nose-wheel steering system, engines and brakes) and under various constraints, which gives rise to a challenging allocation problem. To address this issue, a simple yet accurate design-oriented on-ground aircraft model is first developed. It takes into account the effects of aerodynamics, thrust and tire-ground interactions, both laterally and longitudinally, and for several runway states. It is validated on a high-fidelity Airbus simulator and a complete set of numerical values representative of a commercial aircraft is given, as well as design objectives, so as to provide the control community with a challenging benchmark. After an extensive literature review and an evaluation of the pros and cons of many existing control allocation techniques, a novel and easily implementable algorithm is then developed, which meets actuator and implementation constraints. It automatically manages the trade-off between two antagonistic objectives, namely minimizing the control effort and attaining the maximum virtual control. Its validation on both the design-oriented model and the high-fidelity simulator shows promising results, and flight tests on a real aircraft are scheduled in the short term.

Résumé : Pour atteindre un niveau de performance élevé lors des opérations au sol, la dynamique latérale d'un aéronef doit être contrôlée à l'aide de tous les actionneurs disponibles (gouverne de direction, roulette de nez, moteurs et freins) et ce sous diverses contraintes, ce qui donne lieu à un problème d'allocation. Dans cette thèse, un modèle d'avion au sol est développé spécifiquement pour cette problématique. Il inclut les différents actionneurs, les efforts aérodynamiques et de poussée, et considère le couplage latéral-longitudinal de l'interaction pneu-sol. Plus particulièrement, cette dernière prend en compte le glissement combiné, l'état de la piste et la variation de la charge normale. Le modèle proposé est validé par comparaison avec un simulateur haute-fidélité d'Airbus. Un ensemble complet de valeurs numériques représentatives d'un aéronef commercial, ainsi que les objectifs de commande associés, sont également donnés afin de fournir à la communauté un problème stimulant. Après un état de l'art exhaustif des techniques d'allocation et une évaluation approfondie de ces dernières, un nouvel algorithme est ensuite développé afin de permettre une utilisation raisonnée du freinage différentiel en plus de la roulette et de la gouverne de direction. L'allocateur proposé, en sus du respect de diverses contraintes (temps de calcul, certification. . . ), gère intelligemment le compromis entre la minimisation de l'utilisation des actionneurs et la réalisation de la commande virtuelle maximale. Sa validation sur le modèle d'avion développé dans la thèse et le simulateur haute fidélité montre des résultats prometteurs, et des essais sur un avion réel sont prévus à court terme.

Mots clés : modèle d'avion au sol, architecture de commande au sol, allocation de commande, validation basée Monte Carlo.

General Introduction

Background F LY-BY-WIRE systems are commonly used on modern civil transport aircraft, allowing the augmentation of aircraft stability and control by high level objectives during many parts of the flight [START_REF] Traverse | [END_REF]. But on current Airbus aircraft, manual ground control is based on the scheme that one control inceptor commands one or several actuators of the same type via a kinematic relationship. This is quite demanding, especially in degraded conditions (failures, contaminated runway, strong crosswind, low visibility. . . ) where the pilot has to coordinate actions, based on his/her airmanship, on several actuators of different types: nose wheel steering (NWS) system, rudder, differential braking, asymmetrical engines thrust and reverse engines thrust. Following a study carried out by the International Civil Aviation Organization, the count of runway excursions has not decreased over the last 20 years [START_REF] Eurocontrol | Eurocontrol. European action plan for the prevention of runway excursions[END_REF]. The main factors, analyzed in [van Es, 2010], are wet/contaminated runways, crosswinds and NWS problems. Therefore, on-ground control is an important concern.

Airbus has been working on the continuous improvement of control in these demanding situations through the automatization of ground phases [Villaumé and Lagaillarde, 2015]. Previous works mainly focused on the use of nose-wheel and rudder for lateral control, and of symmetric braking and thrust for longitudinal control. Differential braking was only considered at low speed (< 40 knots) and in case of nose-wheel steering failure, when it is the only means to perform lateral control.

But one of the most challenging on-ground control problems -which currently lacks an optimal solution -occurs at intermediate speeds between 40 and 100 knots, where the rudder and the NWS system are less efficient. The main issue is to deal with the dynamic authority crossing of the actuators. In fact, as the speed decreases, the efficiency of the rudder decreases while that of the nose wheel increases.

This evolution is nonlinear and leads to an efficiency trough around 60 knots. In this context, the main objective is to ensure that the lateral deviation with respect to the runway centerline remains acceptable despite wind, varying runway state and comfort constraints. Achieving good performance during this worst-case scenario makes it necessary to use differential braking in addition to classical control devices (rudder and NWS system), which gives rise to a control allocation problem. But on the other hand, brakes should only be used sparingly to avoid a deterioration in braking performance and an increase in ground holding time for maintenance or cooling purposes. Such an allocation problem is often solved by aircraft manufacturers using simple ad hoc techniques, but the latter are no longer sufficient as the number of actuators increases. Although the current allocation schemes are operationally satisfactory, Airbus would like to go further with the development of more systematic allocation methodologies.

GENERAL INTRODUCTION

There are two main industrial implications to the development of advanced allocation algorithms:

(a) easier and safer piloting in case of systems failures (e.g. engine failure during take-off), external perturbations (e.g. strong crosswind, runway cross fall) and degraded environmental conditions (e.g. slippery runway), (b) economic benefits through the optimal sizing of actuators and improved aircraft performance at take-off and landing.

The crucial point is to find a suitable way to share the control action between the various devices in both manual and automatic piloting according to various criteria, such as the aircraft velocity.

Thesis objectives

The main objective of the thesis is to optimize the use of the various heterogeneous actuators (different bandwidths, efficiencies, nonlinearities, . . . ) on runways whose condition may be degraded or unknown, so as to satisfy high-level piloting objectives. Thus, from a unique pilot command, such as the yaw rate, the control law shall determine the rudder and the nose wheel deflections as well as the asymmetric braking level -and possibly thrust -to achieve this command under constraining environmental conditions.

The final targeted objective is to deal with high and medium speed scenarios (40 -100 knots), typically landings on contaminated runways with strong crosswind.

An accurate control design-oriented on-ground aircraft model during the roll-out phase between 40 and 100 knots is required to address the considered runway centerline tracking control problem. The complexity of aircraft ground dynamics lies in the coupling of aerodynamic effects and tire-road interactions, the latter being highly nonlinear. Apart from tire-road interaction, nonlinearities are also introduced by physical actuator limitations. Some highly complex models with at least 6 degrees of freedom (DOF) exist and propose a precise description of these phenomena, but they are more convenient for analysis and validation rather than for control design. On the opposite, some simplified design-oriented models have been developed, which usually focus on the lateral behavior of the aircraft. A few ones consider both the longitudinal and the lateral dynamics but they do not discuss the coupling effects or do not provide a complete modeling of the tire-road interactions. Moreover, the operational domain is often limited to taxiing, and if higher speed is considered, only the rudder is usually taken into account in addition to the NWS system. Thus, it appears that no existing model can be used to address the aforementioned control issue. Therefore, the first contribution of the thesis is dedicated to the development of a design-oriented on-ground aircraft model. The latter takes into account the nose-wheel steering system, the rudder, the (differential) braking system, and considers both longitudinal and lateral contact forces in a novel way. Indeed, the proposed contact force model describes combined slip, and it depends explicitly on the runway state and the vertical load.

Consequently, the investigation of the allocation methods that can be applied to the considered on-ground aircraft control problem forms the second main contribution of the thesis. More precisely, to be considered flight worthy, it must reliably produce smoothly varying actuator commands, that do not chatter back and forth from one time step to the next. Furthermore, it should always allow the actuators to produce the largest possible virtual control, or to minimize the allocation error in some sense in case of control deficiency. Important factors influencing the choice of some methods over others are implementation ease, determinism, required computing power and certification aspects. In that context, a benchmark Design of Aircraft Integrated Ground Control Laws has been developed to compare the most promising techniques available in the literature using Airbus flight test data. But none of them satisfies all industrial requirements. Then, the third contribution of the thesis is logically devoted to the development of a novel allocation technique, which could be implemented on board commercial aircraft in a near future. It takes advantage of the implementation ease of the pseudo-inverse approach, while smartly managing the trade-off between two antagonistic objectives, namely minimizing the control effort and attaining the maximum virtual control. It is validated on both the design-oriented model and a high-fidelity Airbus simulator to assess its effectiveness.

To sum up, the primary objectives are twofold: develop a control design-oriented model representative of the aircraft dynamics during phases on the runway in Part I, and investigate methods to share the control action between various redundant but heterogeneous actuators in Part II.

Thesis outline

This thesis consists of three parts. Part I is dedicated to the on-ground aircraft modeling, while Part II focuses on control laws and allocation. The various blocks developed in these two parts are then combined and evaluated in Part III. Figure 1 shows the organization of the thesis, with the exception of Part III.

Chapter 1 introduces the reader to the dynamics of an on-ground commercial aircraft from an automatic control perspective. This includes describing the dynamics of the aircraft, developing the various reference frames, and defining the control variables. Based on this, the general equations governing the aircraft motion are established, along with the review of forces and moments acting on the aircraft.

Following some reasonable simplifying assumptions, a simple yet accurate design-oriented on-ground aircraft model during the roll-out phase is then developed and validated in Chapter 2, which considers the coupling between the longitudinal and lateral contact forces in a novel way.

In Chapter 3, the industrial reference control architecture is thoroughly described and the guidance and control laws are synthesized after introducing the required theoretical elements. Then, the most relevant control allocation methods identified from an exhaustive literature review are described in Chapter 4, based on their applicability to the considered on-ground control problem. In Chapter 5, these techniques are compared with each other using real landing data, and a novel allocation technique is developed, which could be implemented on board commercial aircraft in a near future.

Finally, Chapter 6 compares the proposed algorithm to the most promising techniques from literature both in open-and closed-loop. Extensive Monte Carlo simulations performed on a high-fidelity simulator allow to assess its effectiveness and to compare it with an Airbus reference control allocator.

Although this thesis has been written as a monograph, an effort has been made to make each chapter as independent as possible to ease its comprehension. On the first page, an abstract, a set of keywords and the associated personal publications are presented, while the references are given in the last pages.

The notations used throughout the thesis are explained at the beginning of the thesis. 
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Introduction to flight dynamics

Abstract: The on-ground dynamics of a commercial aircraft is presented from an automatic control perspective. This includes developing the various reference frames and defining the control variables.

Based on this, the general equations governing the aircraft motion are established, along with the forces and moments acting on the aircraft.

Keywords: on-ground aircraft, reference frames, rotation matrices, aircraft variables, control variables, forces and moments, OSMA. 
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Introduction

The purpose of this chapter is to introduce the reader to the on-ground commercial aircraft from an automatic control perspective. This includes describing the dynamics of the aircraft, developing the various reference frames, and defining the control variables. Based on this, the general equations governing the aircraft motion are developed, along with the review of forces and moments acting on an-ground aircraft. There is a substantial literature on flight and vehicle dynamics and the presentation in this chapter is mainly based on the textbooks by [Boiffier, 1998, Brossard, 2006, Taquin, 2008, Rajamani, 2012, Stengel, 2015].

In Sections 1.1 to 1.5, the standard variables used to describe the on-ground motion of an aircraft are introduced and a nonlinear dynamic model is developed in Section 1.6. Then, the forces and moments influencing the aircraft motion are described in Section 1.7. Finally, Outil de Simulation des Mouvements Avion (OSMA), an Airbus platform allowing the simulation of high-fidelity models of commercial aircraft, is presented in Section 1.8.

Vector notation and differentiation

In this thesis, a distinction is made between a vector and its representation in a specific Cartesian reference frame, which is defined by three mutually orthogonal unit basis vectors (axes) and the point (0, 0, 0) T where they meet, is its origin. A vector v can be represented in a frame R where e 1 contains the standard unit basis vectors of the frame, and the component vector v 1 contains the coordinates of v in the frame R 1 . Likewise, the same vector v can be expressed in a frame R 2 as: Vector differentiation Now if the frame R 2 rotates with angular velocity ω = ω x ω y ω z T with respect to the frame R 1 , then the Theorem of Coriolis gives:

d v d t R 1 = d v d t R 2 + ω ∧ v (1.3)
where the subscript on the derivative operator indicates with respect to which frame the derivative is taken. Since the basis vectors e 2 are fixed with respect to frame R 2 ,

d v d t R 2 = d ( e 2 v 2 ) d t R 2 = e 2 v2 (1.4) and v2 =     ẋ2 ẏ2 ż2     (1.5)
contains the time derivatives of the components of v in the frame R 2 .

Vector transport Given the velocity of a point A of a rigid body b in a reference system R 1 , the velocity of a point B of the same body b in the same reference system is given by the vector field equation:

V B R 1 = V A R 1 + -→ BA ∧ Ω b/R 1 (1.6)
where Ω b/R 1 is the rotational velocity vector of the body b with respect to the frame R 1 .

Reference frames

This section presents the various reference systems used throughout this thesis, which are all direct and orthonormal.

Earth reference system

The Earth reference system R 0 {O, x 0 , y 0 , z 0 } is a Galilean axis system whose origin corresponds to an arbitrary point in space, fixed relative to the Earth. In general, this point is chosen to be the initial position of the center of gravity G of the aircraft. The z 0 axis is directed vertically downwards, i.e. towards the Earth's center. The x 0 and y 0 axes are often directed towards the geographic or magnetic North and the East respectively. But they can be any 2 perpendicular axes contained in a plane perpendicular to the z 0 axis. Therefore, { x 0 , y 0 , z 0 } forms a direct orthonormal system.

Aircraft/body reference system

The aircraft (also called body) reference system R b {O b , x b , y b , z b } is linked to the aircraft's body and is mobile relative to the Earth. The origin is a fixed point, often chosen to be the start position of the mean aerodynamic chord c, on the aircraft. Thus, the center of gravity G is expressed as a percentage of c, and its x-coordinate is given by X G = -c G c, where c G is a positive dimensionless coefficient. The x b axis corresponds to the fuselage reference line and is defined as positive in the forward direction. The z b axis is oriented downwards and is perpendicular to x b and is contained in the aircraft's plane of symmetry.

The y b axis is perpendicular to the plane of symmetry such that the reference system { x b , y b , z b } is direct and orthonormal.

Aerodynamic & intermediate aerodynamic reference systems

The aerodynamic reference system R a {O b , x a , y a , z a } is linked to the aerodynamic/airflow velocity V a , whose magnitude is known as the True Air Speed (TAS), and is defined as the velocity of the aircraft relative to that of the wind:

V a = V -W (1.7)
where V and W denote the aircraft and wind velocities respectively, detailed in Section 1.4. The x a axis is aligned with the airflow velocity vector and is defined as positive in the forward direction. The z a axis is perpendicular to x a and is contained in the aircraft's plane of symmetry and oriented downwards. The y a axis is chosen such that the reference system { x a , y a , z a } is direct and orthonormal.

The intermediate aerodynamic reference system R i is obtained from the aerodynamic reference system R a by a rotation of angle -β around the O b z a axis, where β is the aerodynamic sideslip angle (see Section 1.4).

Landing gear reference systems

The landing gear reference systems

R g k {O g k , x g k , y g k , z g k } (
where k ∈ {NW, MGL, MGR}), have their vertical axis z g k coinciding with the landing gear's axis, oriented positive downwards. This shall allow the consideration of torsional torque acting on the landing gears and forces acting on the shock absorbers.

The origin O g k corresponds to the intersection of the landing gear's (shock absorber's) axis and the ground surface when the aircraft is on the ground. The x g k axis is parallel to the symmetry plane of the aircraft and oriented forward, the y g k axis is parallel to the aircraft y-axis y b , such that the z g k is positive downwards.

Nose landing gear:

The nose landing gear reference system R g NW {O g NW , x g NW , y g NW , z g NW }, with a rake angle φ g NW , has its vertical axis along the landing gear axis and the y-axis y g NW coincides with the aircraft's y-axis y b . 

Wheel reference systems

Several reference systems exist to define the sign convention of forces, moments and slip of a wheel. For this study, the Society of Automotive Engineers (SAE

) reference system R k {O k , x k , y k , z k } is chosen and is represented in Figure 1.2.
The origin of the reference system O k for a wheel k (where k = {NW, MGR, MGL}) is the contact point between the wheel and the ground (application point of forces considering mean deflected wheels being rigid). The plane span ( x k , y k ) (in green in Figure 1.2) is tangent to the ground surface at O k and the x k axis belongs to the wheel symmetry plane. z k is normal to the ground surface at each wheel reference point O k and is oriented downwards.

βk ( la t e r a l s id e s li p a n g le ) x 

y k z k x k M y M x M z F x F y
MGR x MGL y MGR y MGL O b G θ N W x N W y N W O NW O MGL O MGR z b

Rotation matrices

In this section, the rotation matrices to move between the various reference systems are detailed.

Earth -body rotation matrix

The transformation from the Earth reference system R 0 to the body reference system R b is as follows:

• The rotation matrix from the Earth reference system to the body reference system is given by: 

T b0 = [T 0b ] T =     cos θ

Earth -aerodynamic rotation matrix

The transformation from the Earth reference system R 0 to the aerodynamic reference system R a is as follows:

• A first rotation of χ, the aerodynamic azimuth angle, around O b z 0 until the rotated x-axis lies within the local vertical plane containing the aerodynamic velocity V a . Let the obtained reference system be R a0χ {O b , x χ , y χ , z 0 };

• A second rotation of γ, the flight path angle, around O b y χ until the rotated x-axis corresponds to the aerodynamic axis x a . Let the obtained reference system be R a0γ {O b , x a , y χ , z γ };

• A third rotation of µ a , the aerodynamic bank angle, around O b x a until the rotated y-axis corresponds to the aerodynamic reference y-axis. The rotation matrix from the Earth reference system R 0 to the aerodynamic reference system R a is

given by:

T a0 = [T 0a ] T =     cos γ cos χ cos γ sin χ -sin γ
sin γ sin µ a cos χcos µ a sin χ sin γ sin µ a sin χ + cos µ a cos χ cos γ sin µ a sin γ cos µ a cos χ + sin µ a sin χ sin γ cos µ a sin χsin µ a cos χ cos γ cos µ a    

(1.9) CHAPTER 1. INTRODUCTION TO FLIGHT DYNAMICS

Body -aerodynamic rotation matrix

The transformation from the aerodynamic reference system R a to the body reference system R b is as follows:

• A first rotation of -β, the aerodynamic sideslip angle, around O b z a until the rotated x-axis lies within the aircraft's symmetry plane G x b z b . The reference system obtained R i {O b , x i , y i , z i } is called the intermediate aerodynamic reference system. Thus, z i = z a and y i = y b ;

• A second rotation of α, the angle of attack angle, around O b y b until the rotated x-axis corresponds to the aircraft's fuselage axis x b .

Nevertheless the aerodynamic sideslip angle is positive when the air-stream comes from the right of the pilot while the angle of attack is positive when the air-stream comes from below. 

T i a = [T ai ] T =     cos β -sin β 0 sin β cos β 0 0 0 1     (1.10)
Then, the rotation matrix from the intermediate aerodynamic reference system R i to the body reference system R b corresponds to a rotation of minus the angle of attack -α around the O b y b axis:

T bi = [T i b ] T =     cos α 0 -sin α 0 1 0 sin α 0 cos α     (1.11)
Thus, the rotation from the aerodynamic reference system R a to the body reference system R b is obtained:

T ba = [T ab ] T = T bi × T i a =     cos α cos β -cos α sin β -sin α sin β cos β 0 sin α cos β -sin α sin β cos α    
(1.12)

Body -landing gears rotation matrices

The nose landing gear reference system R g NW is obtained from the body reference system R b by a rotation of φ g NW around the O g NW y b axis, which yields:

T bg NW = [T g NWb ] T =     cos φ g NW 0 -sin φ g NW 0 1 0 sin φ g NW 0 cos φ g NW     (1.13)
where φ g NW denotes the rake angle of the nose landing gear (see Figure 1.1).

Similarly, the left and right main landing gear reference systems R g MGL and R g MGR are obtained from the body reference system R b by a rotation of the rake angle φ g MG around the O g MGL y b and O g MGR y b

axis respectively, which yields:

T bg MG = [T g MGb ] T =     cos φ g MG 0 -sin φ g MG 0 1 0 sin φ g MG 0 cos φ g MG     (1.14)

Body -wheels rotation matrices

Under the assumptions of null main landing gear wheels camber angle γ MGk = 0 (where k = {R, L}), perfect alignment between the wheels of a landing gear, null alignment error between the main landing gears wheels plane and the aircraft symmetry axis, plane and horizontal runway (assumption 2.2), the rotation matrix from the left or right main landing gear wheel, R MGL or R MGL , to the the reference system R b is equal to T b0 | ψ=0 , which yields:

T bMG = [T MGb ] T =     cos θ 0 -sin θ sin θ sin φ cos φ cos θ sin φ sin θ cos φ -sin φ cos θ cos φ     (1.15) CHAPTER 1. INTRODUCTION TO FLIGHT DYNAMICS
The nose landing gear wheel reference system R NW is obtained from the main gear wheel reference system R MG by a rotation of the nose wheel steering angle θ NW around the O NW z NW axis, under the assumptions above, which yields:

T bNW = [T NWb ] T = T bMG × Rot [ z NW ] (θ NW ) T bNW =    cos θ NW cos θ -sin θ NW cos θ -sin θ cos θ NW sin θ sin φ + sin θ NW cos φ -sin θ NW sin θ sin φ + cos θ NW cos φ cos θ sin φ cos θ NW sin θ cos φ -sin θ NW sin φ -sin θ NW sin θ cos φ -cos θ NW sin φ cos θ cos φ    (1.16)

Aircraft variables

The motion of an on-ground aircraft, considered as a rigid body, can be defined by its position, orientation, translational and angular velocity over time.

Position

The position vector X of the center of gravity G is given in R 0 by

X = [x y h] T (1.17)
where x, y and h = -z refer to the north and east positions and the altitude respectively.

Orientation

The orientation vector Φ of the aircraft can be represented by the Euler angles:

Φ = [φ θ ψ] T (1.18)
where φ, θ and ψ correspond to the bank, pitch and yaw angles respectively, see Figure 1.4.

Translational velocity

The velocity vector V of the center of gravity G is given in R b by:

V = [V x V y V z ] T (1.19)
Aerodynamic velocity Considering a wind vector W = [W x W y W z ] T , which is expressed in R 0 by local meteorological services, the aerodynamic velocity V a , expressed in R b , is defined as follows:

V a = V -[T b0 ] W = [V ax V a y V az ] T (1.20a) (1.20b) V a = TAS = V a (1.20c)
The angle of attack α and the aerodynamic sideslip β can be expressed from the components of V a as:

α = arctan V az V ax (1.21a) β = arctan    V a y V 2 ax + V 2 az    = arcsin V a y V a (1.21b)

Angular velocity

The angular velocity vector Ω is given in R b by:

Ω = [p q r ] T (1.22)
where p, q and r correspond to the roll, pitch and yaw rates respectively. 

Aircraft

Control variables

Aircraft control is an important application where actuator redundancy is required, i.e. where the number of actuators must exceed the number of variables to be controlled. The need for redundancy is motivated by high performance level requirements, the ability to quickly recover from off-nominal conditions and the tolerance towards actuator failures.

The control variables of an on-ground aircraft consist of the left and right engine throttle settings (N 1L c and N 1R c ), the orientation of the nose wheel (θ NW c ), the applied braking pressures on the left and the right main landing gears wheels (P br k Lc and P br k Rc ) and the deflections of the various aerodynamic control surfaces: the rudder (δr c ), the left and right ailerons (δp L c and δp R c ) and the elevators (δq c ). All these control inputs have coupled effects on the various axes. But conventionally, the longitudinal on-ground motion is controlled using the engines, the various left and right spoilers (δs Li c and δs Ri c ) and the brakes, while the motions in roll and pitch are governed by the ailerons and elevators respectively. The nose wheel and the rudder ensure the yaw control of the aircraft during take-off and landing: i.e. that the lateral deviation with respect to the runway centerline remains acceptable despite wind, varying runway state and comfort constraints. Achieving good performance during this worst-case scenario makes it necessary to use differential braking in addition to classical control devices (rudder and NWS system) for the lateral control, which gives rise to a control allocation problem. This thesis work focuses on the latter problem and in detailed in Chapters 4 and 5.

Rigid body motion

In this study, the Earth is considered as flat, immobile and the acceleration due to gravity is constant.

Moreover, the aircraft is considered to be rigid, of constant mass, and admits a plane of symmetry (geometric and mass distribution). The 3 landing gears (nose, left and right main landing gears) are extended.

These assumptions are quite standard while considering an on-ground aircraft and often assumed in control problems. Therefore, the aircraft can be considered as an inertial system such that Newton laws of motion can be applied.

Dynamics

The following 6 degree of freedom (DOF) equations are obtained by applying Newton's 2 nd law of motion in a non-Galilean axis system:

  ˙ V ˙ Ω   =   F/m -Ω ∧ V I -1 ( M -Ω ∧ I. Ω)   (1.23) where F = [F x F y F z ] T and M = [M p M q M r
] T are the resultant forces and moments applied to the center of gravity G, both expressed in the body reference system. These forces and moments are described in Section 1.7.

The mass and the inertia matrix of the aircraft are denoted m and I respectively, expressed in the same reference system. Due to the symmetry of the aircraft, the inertia and inverse inertia matrices have the following structures:

I =     I xx 0 -I xz 0 I y y 0 -I xz 0 I zz     (1.24a) I -1 = 1 I D     I zz 0 I xz 0 I D I y y 0 I xz 0 I xx     (1.24b) with I D = I xx I zz -I 2 xz .
The vector product Ω ∧ × can be substituted by the matrix product Ω, where:

Ω =     0 -r q r 0 -p -q p 0     (1.25)

Kinematics

The orientation Φ and position X vectors are linked to the angular Ω and translational V velocity vectors respectively as follows:

˙ Φ = T(Φ) Ω (1.26) ˙ X = [T 0b ] V (1.27)
where

T(Φ) =     1 sin φ tan θ cos φ tan θ 0 cos φ -sin φ 0 sin φ/ cos θ cos φ/ cos θ     (1.28)
and T 0b is defined in equation (1.8).

Gathering the equations

Developing (1.23) yields:

Vx = F x /m + r V y -qV z (1.29a) Vy = F y /m + pV z -r V x (1.29b) Vz = F z /m + qV x -pV y (1.29c) ṗ = I zz I D M p + I xz pq -(I zz -I y y )qr + I xz I D M r -I xz qr -(I y y -I xx )pq (1.29d) q = 1 I y y M q -(I xx -I zz )pr -I xz (p 2 -r 2 ) (1.29e) ṙ = I xz I D M p + I xz pq -(I zz -I y y )qr + I xx I D M r -I xz qr -(I y y -I xx )pq (1.29f)

Forces and moments

The forces F and moments M acting on an on-ground aircraft consist of 4 terms (engines thrust, aerodynamic effects, weight and ground reaction), all expressed in the body reference system. The moments are expressed at the aircraft center of gravity G.

F = F eng + F a + F w g t + F g (1.30a) M = M eng + M a + M w g t 0 + M g (1.30b)
Thrust: The thrust of the engines is not necessarily aligned with the fuselage of the aircraft, as it is the case with Thrust Vectoring (TVC). It can be expressed in R b as the following:

F eng =     F xeng L + F xeng R F yeng L + F yeng R F zeng L + F zeng R     (1.31)
The resulting moment, in the body reference system R b at G is:

M eng =     Dz eng F yeng L -F yeng R -Dy eng F zeng L -F zeng R Dz eng F xeng L + F xeng R -Dx eng F zeng L + F zeng R Dy eng F xeng L -F xeng R + Dx eng F yeng L + F yeng R     (1.32)
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1.8. THE OSMA PLATFORM

Weight:

The weight F w g t of the aircraft, considered as a point mass, is easily expressed in the earth reference system R 0 . It is then projected in R b as shown by (1.33):

F w g t = mg [T b0 ]     0 0 1     = mg     -sin θ cos θ sin φ cos θ cos φ     (1.33)
It induces no moment at G ( M w g t = 0).

Ground reaction:

The ground reaction forces have different representations depending on the tire model used (see for example [START_REF] Happian-Smith | Introduction to modern vehicle design[END_REF], Kiébré, 2010, Rajamani, 2012, Pauwelussen, 2014, Pacejka, 2016]). They depend on various parameters such as the tire temperature and pressure, the tire longitudinal and lateral slips, the normal load, the applied torque and the runway state. They will be developed in the next chapter.

Aerodynamic effects:

The aerodynamic forces and moments, applied at the aerodynamic center A whose x-coordinate is given by X A = -c A c and c A is a positive dimensionless coefficient, are initially defined in the intermediate aerodynamic reference system R i , and then transposed to the body reference system R b . The moment coefficients are directly expressed in R b . .35) where q d = 1 2 ρV a 2 , ρ, c and S are the dynamic pressure, the density of the surrounding air, the mean aerodynamic chord and the reference surface respectively, and T bi is defined in (1.11).

F a = q d S [T bi ]     C x C y C z     = q d S     C X C Y C Z     G (1.34) M a = q d S     c     C l C m C n     A + GA ∧ F a     = q d Sc     C l C m -(c G -c A ) C Z C n + (c G -c A ) C Y     G ( 1 
The drag (C X ), lateral (C Y ), lift (C Z ) and moment coefficients (C l , C m and C n ) are complex and shall not be detailed in this section. They depend on the orientation of the aircraft relative to the airflow (α, β), the control surface deflections and other variables such as the angular rates (p, q, r ), the time derivatives of the aerodynamic angles ( α, β), . . . . The reader can refer to [Boiffier, 1998, Stengel, 2015, Taquin, 2008] for further explanation. 

Concluding comments

In this chapter, the on-ground dynamics of commercial aircraft has been presented from an automatic control perspective. This included developing the various reference frames and defining the control variables. Based on this, the general equations governing the aircraft motion have been established, along with the review of forces and moments acting on the aircraft. The presented material will be used in the following chapters, mainly in Chapter 2 which is dedicated to the development of a design-oriented model of an on-ground aircraft. The 3DOF model is developed in Section 2.4. Then, the forces and moments influencing the aircraft motion are described in Section 2.5 and the various actuator models are given in Section 2.6. Finally, the proposed model is compared to an in-house high-fidelity Airbus simulator in Section 2.8.

Models for control design

The complexity of aircraft ground dynamics lies in the coupling of aerodynamic effects and tire-road interactions, the latter being highly nonlinear and depending on various parameters such as runway characteristics and conditions, tire characteristics, anti-skid braking system, longitudinal speed of the aircraft, etc. This is illustrated in [START_REF] Coetzee | [END_REF], Rankin et al., 2009, Rankin et al., 2010a, Rankin et al., 2010b],

where the on-ground lateral dynamics of a mid-size commercial aircraft is studied comprehensively. In these papers, a bifurcation analysis is carried out to investigate the aircraft cornering behavior in relation to longitudinal speed, nose wheel steering angle and rate, tire-ground friction and position of the center of gravity. Apart from tire-road interaction, nonlinearities are also introduced by actuator limitations and thus, form a core part of the aircraft model. Such high-complexity models with at least 6 DOF are quite accurate but they are more convenient for analysis and validation than for control.
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On the other hand, some simplified design-oriented models have been developed, which usually focus on the lateral behavior of the aircraft [Lemay et al., 2011, Bihua et al., 2013, Looye, 2007]. Some papers consider both the longitudinal and the lateral behaviors but they do not discuss the coupling effects or do not provide a complete modeling of the tire-road interactions [Biannic et al., 2006, Turbuk and Paglione, 2010, Georgieva and Serbezov, 2017]. The operational domain is sometimes limited to low speed [Lemay et al., 2011] and if higher speed is considered, only the rudder is usually taken into account in addition to the nosewheel steering system [Bihua et al., 2013, Biannic et al., 2006, Looye, 2007], except [START_REF] Georgieva | [END_REF] which introduces an engine model, and [START_REF] Turbuk | [END_REF] which considers all available actuators including the braking system.

Several design strategies have been proposed to control the aircraft at low speed using the nose-wheel steering system, see e.g. [Roos et al., 2010]. Moreover, a lot of progress has been made in the longitudinal energy management and control [Villaumé, 2002, Duprez et al., 2004] 

Model structure justification

A design-oriented model needs to be developed to bridge the gap between high-complexity representations and over-simplified ones, in order to address advanced control problems such as the one described in the thesis objectives. All actuators of interest (nose-wheel, rudder, brakes and engines) should be considered, including their dynamics and limitations. Moreover, the coupling effects between the lateral and longitudinal tire forces should be taken into account.

In this context, a simpler 3DOF model of reasonable complexity was developed. It takes into account all existing actuators including their dynamics and limitations. It considers both longitudinal and lateral contact forces in a novel way, including rolling resistance and slip forces. Simple dependencies to the vertical load and the runway state are also taken into account. The obtained model is accurate yet tractable, and can be easily trimmed and linearized for design purposes. It is described in detail in the following sections.

A 6DOF design-oriented model, with the 3 translational and rotational degrees of freedom, was also investigated. But to significantly improve accuracy, the standard tricycle assumption should be dropped and each wheel should be individually modeled with landing gear dynamics, yielding a model of too high complexity to address the considered control problem. This is not further detailed here for the sake of clarity.

CHAPTER 2. A NOVEL CONTROL DESIGN-ORIENTED MODEL

Simplifying assumptions

The general aircraft model, described in Chapter 1, can be simplified given the nature of the control problem to be addressed. Therefore, the following assumptions, realistic and coherent among themselves, are made in order to simplify the rigid body nonlinear equations (1.29). They yield a model of tractable complexity, valid for an aircraft on the runway during the roll-out phase, excluding maneuvers on the taxiway, and adapted for control design: maximum values attained by the tire sideslip and the nose-wheel deflection angles, the small angles approximation can be made to simplify the model with a negligible loss of accuracy. However, the small angles approximation would break below this speed limit, where the aircraft evolves on the taxiways.

Remark 2.1. Models making use of saturation-based or sigmoid-based tire models suffer from the same speed lower bound limitation, see e.g. [Biannic et al., 2006] and the DESANA longitudinal model in [START_REF][END_REF].

Design of Aircraft Integrated Ground Control Laws

Using linearized expressions for the aerodynamic effects is a common practice provided the aerodynamic configuration is fixed and the aerodynamic sideslip angle β remains small enough, typically below 17 deg for the considered application. The latter value is not so small, but the only place where the small angle assumption is invoked for β is to remove the arctan function in its expression, thus leading to a very acceptable error of less than 3% (see below). Given the aforementioned bounds on V x and V y , this leads to a maximum horizontal crosswind of 10 knots. Furthermore, the ground spoilers being deployed at around 100 knots, this sets an upper bound on V x , which concludes the justification of assumption 2.4. Given the maximum values attained by the tire sideslip and the nose-wheel deflection angles aerodynamic sideslip angle considering the aforementioned wind, the small angles approximation can be made to simplify the model with a negligible loss of accuracy:

• The small angle approximation for the nose-wheel angle allows to replace cos θ NW by 1 and sin θ NW by θ NW . Given the above figures, the maximum error is:

θ NW = max cos θ NWMAX -1 cos θ NWMAX , sin θ NWMAX -θ NWMAX sin θ NWMAX × 100% = 0.6% (2.1)
• The small angle approximation for the nose-wheel tire sideslip angle allows to replace

β NW = arctan V y + r Dx NW V x -θ NW by V y + r Dx NW V x -θ NW .
Given the above figures, the maximum error is:

β NW = arctan V yMAX + r MAX Dx NW V xMIN - V yMAX + r MAX Dx NW V xMIN arctan V yMAX + r MAX Dx NW V xMIN -θ NWMAX × 100% = 2.5% (2.2) 
• The small angle approximation for the main landing gear wheel tire sideslip angle and the assumption that the velocity of each main landing gear wheels center is equal to that of its normal projection in the aircraft plane of symmetry (assumption 2.5) allows to replace

β MGL = arctan V y -r Dx MG V x + r Dy MG and β MGR = arctan V y -r Dx MG V x -r Dy MG by V y -r Dx MG V x .
Given the above figures, the maximum error is:

β MG = arctan V yMAX + r MAX Dx MG V xMIN -r MAX Dy MG - V yMAX + r MAX Dx MG V xMIN arctan V yMAX + r MAX Dx MG V xMIN -r MAX Dy MG × 100% = 3.1% (2.3)
• The small angle approximation for the aerodynamic sideslip angle allows to replace β = arctan (V a y /V ax ) by V a y /V ax . Given the above figures, the maximum error is:

β = arctan V yMAX + W yMAX V xMIN - V yMAX + W yMAX V xMIN arctan V yMAX + W yMAX V xMIN × 100% = 2.9% (2.4)
Therefore, the small angle approximation is justified for the control of an on-ground aircraft on the runway during both take-off and landing with negligible loss of accuracy. It allows to obtain a sufficiently accurate control design oriented model of tractable complexity. Then, using the aforementioned bounds on V x , V y and r , it can be checked that r Dy MG is at most equal to 3% of V x , which allowed to neglect ±r Dy MG in CHAPTER 2. A NOVEL CONTROL DESIGN-ORIENTED MODEL the denominator of (2.11b). This leads to the same expression for the left and right tire sideslip angles, and validating assumption 2.5. Reversers are not considered here as this would affect the aerodynamic model due to the modified airflow on the aerodynamic surfaces. Furthermore, on commercial aircraft, the orientation difference between the thrust direction and the fuselage axis is negligible, hence justifying assumption 2.6. Considering the geometry of the aircraft and the yaw moment generated due to the longitudinal and lateral tire forces, the self-aligning moments are negligible, justifying assumption 2.7.

Finally, the aircraft center of gravity position vary very little from one landing to the other. Therefore, a mean position of the center of gravity position is considered which verifies assumption 2.8.

The purpose of this model being control design, these assumptions allow to obtain a model of tractable complexity. Validation tests in Section 6.3 show that assumptions 2.1 to 2.6 yield a sufficiently representative model of the aircraft over the considered operational domain, which can thus be used to design ground control laws. Moreover, these assumptions remain valid during the take-off phase, and the speed range can even be increased. The model is indeed accurate as soon as the aircraft is aligned on the runway up to the take-off speed since the aerodynamic configuration remains constant.

Remark 2.2. The validity domain of the model may seem narrow, particularly concerning the wind disturbance. In reality, the bound of 10 knots introduced in assumption 2.4 is tight when V x = 40 knots but could be increased linearly with V x to reach a value of 30 knots at V x = 100 knots, so assumption 2.4 could be slightly alleviated. Anyway, the control laws developed under the proposed assumptions perform very well on a much wider operational domain, as shown in Section 6.3.

Dynamics & kinematics

Considering assumption 2.2, (1.29) is simplified and the 3 DOF body motion can be described in the reference system R b by:

Vx = F x /m + r V y (2.5a) Vy = F y /m -r V x (2.5b) ṙ = M r /I zz (2.5c)
The aircraft motion being restricted to a plane parallel to the ground surface, so (1.26) can be rewritten as:

ψ = r (2.6)

Simplified forces and moments

As in section 1.7, the forces and moments acting on the on-ground aircraft are of 4 natures (engines thrust, aerodynamic forces, weight and ground reaction forces). The reference origin O b is chosen to be the start position of the mean aerodynamic chord c. Thus, the weight and the aerodynamic effects can be considered to act at points located along x b at G and A respectively, whose x-coordinates are X G = -c G c

and X A = -c A c, c G and c A being positive dimensionless coefficients.
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Considering assumptions 2.1 to 2.8, the expressions of the various forces and moments are detailed in the next subsections. Unless otherwise specified, all vectors are expressed in the direct orthonormal body reference system R b described in Figure 1.7.

Weight

The motion is planar according to assumption 2.2, so the weight does not intervene in the forces and the moment of interest in (2.5), except in the normal reaction of the wheels (see Subsection 2.5.3).

Thrust

The engines thrust (expressed in (1.31)) is assumed to be aligned with the fuselage reference axis x b

(assumption 2.6), which is the case on Airbus commercial aircraft. The thrust can be expressed in R b as the following:

F eng =     T eng L + T eng R 0 0     (2.7)
where T eng L and T eng R denote the thrust of the left and right engines respectively.

Under assumptions 2.2 and 2.6, the moment of the engines thrust (expressed in (1.32)), in the body

reference system R b at G is: M eng =     0 0 Dy eng (T eng L -T eng R )     (2.8)
where Dy eng is shown in Figure 1.7.

Ground reaction

As shown in Figure 2.1b, a tire in motion is subject to normal reaction F z k , rolling resistance F r k and slip forces F sx k and F s y k , the latter arising from the presence of either longitudinal and lateral slip between the contact patch and the ground respectively. These forces act at the points P k and are expressed in the wheel reference system R k , where k refers to the nose wheel (NW) or the left (resp. right) main landing gear wheel (MGL (resp. MGR)), according to assumption 2.1. Note that the nose-wheel is a free rolling wheel (i.e. neither driven nor braked), so the longitudinal slip force F sx NW is equal to zero.

Normal Reaction:

The forces F r k , F sx k and F s y k depend on the normal reaction F z k . Thanks to assumption 2.2, the latter is the same for both main landing gears. Therefore, moment balances around the y b axis at the nose and main landing gears wheels yield:

F z NW = - mg Dx MG -F za (Dx MG -c (c A -c G )) Dx NW + Dx MG (2.9a) F z MG = - mg Dx NW -F za (Dx NW + c (c A -c G )) Dx NW + Dx MG (2.9b) F z MGR = F z MGL = 1 2 F z MG (2.9c)
where F za = q d SC z is the aerodynamic lift force introduced in (1.34), Dx NW and Dx MG are positive distances shown in Figure 1.7, and g is the standard gravity. Note that the normal reaction forces are defined positive along the z k axis for k ∈ {NW, MGL, MGR}.

β k x k y k Contact patch V k

Cornering force boundaries Braking force boundaries

Maximum force boundary Rolling Resistance: Rolling resistance arises due to the hysteresis of rubber during deformation of the tire and is considered as proportional to F z k . Other models exist whereby the rolling friction coefficient µ r is function of powers of the longitudinal speed [START_REF] Reimpell | [END_REF], Pacejka, 2016] and pressure but they are not considered here for the sake of simplicity. In this study, the rolling resistance F r k is indeed small compared to the thrust and braking forces during take-off and roll-out respectively. It acts backwards along thex k axis as shown in Figure 2.1b and is given by:

(a) Top view ω k F sx k F r k T b r k k -F z k Re x k e z k = z b P k -F s y k (b) Side view
F r k = -µ r F z k (2.10)
where µ r = μµ r MAX depends on the characteristics of the surface in contact with the wheels. The relative friction coefficient μ depends on the runway state, ranging from dry to snowy as defined in Table 2.1.

µ r MAX denotes the maximum rolling friction coefficient corresponding to a dry runway. [Rajamani, 2012]:

Runway state

β NW = Assumption 2.3 V y + r Dx NW V x -θ NW (2.11a) β MGR = Assumption 2.5 β MGL = Assumption 2.5 β MG = Assumption 2.3 V y -r Dx MG V x (2.11b)
Contact Force Model A simplified model is proposed in [Biannic et al., 2006], where the lateral slip force is represented by a saturated linear function in the case of pure lateral slip:

F s y k = -N t k sat μF s yMAX k G y k β k (2.12)
where the saturation operator is defined such that:

sat [F] (x) =    x if |x| < |F| F otherwise (2.13)
The saturation level μF s yMAX k depends on the runway state and the maximum lateral force F s yMAX k (for a dry runway). N t k denotes the number of tires in the considered landing gear and the cornering gain

G y k = ∂F s y k ∂β k β k =0
is computed for a mean value of the normal reaction. No explicit dependency of G y k on F z k is considered in [Biannic et al., 2006], but an uncertainty is introduced on G y k , whose bounds are determined thanks to extensive simulations. This is illustrated in Figure 2.2, where the nominal model (2.12) is shown by the green dashed line, while the bounds on the uncertain cornering gain are displayed by the brown dot-dashed lines. Based on [Biannic et al., 2006], an improved model is proposed, which accounts for combined slip, runway state and normal load variation. The combined lateral and longitudinal slip forces F s k = F 2 sx k + F 2 s y k generated by an isotropic tire, under non-zero sideslip and longitudinal slip, cannot exceed µ F z k [Brach and Brach, 2011], where µ = μµ MAX denotes the tire-road friction coefficient and µ MAX its maximum value (corresponding to a dry runway). The maximum force boundary is illustrated by the orange circle in Figure 2.1a. [Biannic et al., 2006] But, the considered operating conditions allow to simplify this coupling between F sx k and F s y k . Indeed, the sideslip angles β k remain small during the roll-out phase, typically less than 5 degrees in practice.

Moreover, the anti-skid (AS) system prevents the longitudinal slip ratio from becoming too large. More precisely, the optimal slip corresponding to the maximum longitudinal force is never reached, since the AS system ensures that the generated longitudinal force is limited to η AS µ F z k , where η AS denotes the anti-skid efficiency. In this context, it can be reasonably assumed that the resultant of the slip forces lies inside the orange area in Figure 2.1a, where the longitudinal and lateral maximum forces are represented in green and blue respectively. The following model is then assumed:

F sx k = sat η AS μµ MAX F z k K x k N t k T br k k (2.14a) F s y k = - μµ MAX F z k 2 -F sx k 2 tanh K y k β k μµ MAX (2.14b)
where T br k k is the braking torque, and K x k , K y k correspond to the reduced torque gain and reduced lateral cornering gain respectively. The reduced torque gain K x k is simply the reciprocal of the wheel effective radius R e (see Figure 2.1) and K y k is considered independent of speed in the considered operational domain but dependent on the runway state according to [Mitchell, 2006]:

K y k = K yMAX k 2 3 + 1 3 μ (2.15)
where K yMAX k denotes the reduced lateral cornering gain defined for a dry runway. Consequently, the admissible tire forces span the orange area in Figure 2.1.

Remark 2.3. Under a fixed braking torque, the average longitudinal slip force F sx k should remain constant

as long as the longitudinal velocity is not null and the wheels keep rolling [Pacejka, 2016], which is the case in (2.14a Remark 2.4. A first attempt to improve [Biannic et al., 2006] was done in [START_REF] Sadien | [END_REF]: (a) a more realistic longitudinal model was developed, (b) a pseudo-coupling between the longitudinal and lateral forces was also proposed, whereas an a priori decoupling was performed in [Biannic et al., 2006] and finally, (c) the normal load and the runway state were explicitely considered in the cornering gain and the saturation levels. The model in [START_REF] Sadien | [END_REF] is usually accurate, except during the anti-skid system activation, where the pseudo-decoupling is arguable. This is why further improvements were introduced in [Sadien et al., 2020]: (a) a more precise saturation value based on the anti-skid system limitation for the longitudinal force, (b) a more precise time-varying longitudinal-lateral ground forces coupling, and (c) an approximation of the lateral force by the sigmoid function tanh(•), which leads to a smoother and more realistic behavior than the saturation function used in [Biannic et al., 2006] and [START_REF] Sadien | [END_REF]. Moreover, the hyperbolic tangent function is continuous and its derivative is straightforward as it contains its original value. This property can be exploited in the case of fast real-time applications as the number of calculations required to compute the derivative is reduced [ Van den Berg, 2016]. To sum up, [START_REF] Sadien | [END_REF] can be seen as an intermediate result between [Biannic et al., 2006] and the model proposed in (2.14a) and (2.14b).

The latter is quite accurate up to moderate values of the slip angle β k , which is the case in the considered operational domain, even in the presence of combined slip. Therefore, the admissible tire forces, defined by the orange area in Figure 2.1a, now spans a larger area than in [START_REF] Sadien | [END_REF].

Under assumption 2.3, sin θ NW and cos θ NW can be replaced with θ NW and 1 respectively. The total contact forces and moments at G are thus given in R b by:

F xg = F x NW + F x MGL + F x MGR (2.16a) F y g = F y NW + F y MGR + F y MGL (2.16b) M r g = F y NW Dx NW -F y MGR + F y MGL Dx MG + F x MGL -F x MGR Dy MG (2.16c)
where F x k and F y k correspond to the resultant ground reaction force on the k landing gear along the x b and y b axes respectively, detailed below:

F x NW = -F s y NW θ NW -F r NW (2.17a) F x MGL = -F sx MGL -F r MGL (2.17b) F x MGR = -F sx MGR -F r MGR (2.17c) F y NW = F s y NW -F r NW θ NW (2.17d) F y MGL = F s y MGL (2.17e) F y MGR = F s y MGR (2.17f)

Aerodynamic effects

The wind vector W = [W x W y 0] T is usually expressed in the Earth reference system R 0 and the aerody-

namic velocity V a in R b is defined as: V a = V -[T b0 ] φ=θ=0 W =      V x -W xb V y -W yb 0      (2.18) CHAPTER 2. A NOVEL CONTROL DESIGN-ORIENTED MODEL since the wind disturbance W b = [T b0 ] φ=θ=0 W = [W xb W yb 0] T is in the x b y b plane and V = [V x V y 0] T
according to assumption 2.4 and assumption 2.2 respectively. The transport of the wind disturbance from R 0 to R b is given by:

  W xb W yb   =   cos ψ sin ψ -sin ψ cos ψ     W x W y   (2.19)
The True Air Speed V a , the angle of attack α and the aerodynamic sideslip β (cf. (1.20) and(1.21)) are then

given by:

V a = V a = (V x -W xb ) 2 + (V y -W yb ) 2 (2.20a) α = 0 (2.20b) β = arctan V y -W yb V x -W xb = arcsin V y -W yb V a (2.20c) γ = 0 (2.20d)
Thanks to assumption 2.4, the aerodynamic sideslip can be approximated as follows:

β ≈ V y -W yb V a (2.21)
The aerodynamic coefficients of interest (i.e. C X , C Y , C Z and C n ), expressed in R b and defined in (1.34) and (1.35) can be linearized [Stengel, 2015], under assumptions 2.2, 2.4 and 2.6:

C X = Cx 0 (2.22a) C Y = Cy β β + Cy r r c V a + Cy δr δr (2.22b) C Z = Cz 0 (2.22c) C n = Cn β β + Cn r r c V a + Cn δr δr (2.22d)
where Cx 0 , Cy j , Cn j and Cz 0 refer to the drag, lateral, yaw and lift stability derivatives and j denotes the effect due to aerodynamic sideslip angle (β), yaw rate (r ) or rudder deflection (δr ). Note that V z = W z =

V az = 0 according to assumption 2.4, so the angle of attack is zero, which explains why the drag and lift coefficients are constant.

Remark 2.5. The lift F za affects the normal reaction on each landing gear and in turn the contact forces (see Subsection 2.5.3)

Actuators, engines and sensors models

Actuators and engines

In the considered operational domain, the aircraft is controlled by the engines, the brakes located on the left and right main landing gears, the nose wheel steering system and the rudder. Each actuator is modeled by a first order dynamical system:

τ ac t ẋact + x ac t = u ac t (2.23)
where τ ac t , x ac t and u ac t denote the time constant and, the actuator state and command respectively.

However, its position and speed are limited due to the physical limits of the actuator:

x ac t ∈ L p = x p mi n , x p max (2.24a) ẋact ∈ L r = x r mi n , x r max (2.24b) Figure 2.
3 shows a first order actuator.

+ - Each engine is considered as quasi-static and approximated by a first order dynamic model of nominal gain T eng MAX and time constant τ eng , with position limit L peng = [N 1IDLE , N 1MAX ] and rate limitation L r eng [Duprez, 2004]. The thrust position limit is due to mechanical stops of the throttle, further limited by the operational domain between the Idle Forward and TOGA (Take Off Go Around) positions as described below:

1 τact 1 s u ac t (t ) x ac t (t )
τ eng Ṅ1 k + N 1 k = N 1 kc with      N 1 k ∈ L peng | Ṅ1 k | ≤ L r eng (2.25a) T eng k = N 1 k T eng MAX (2.25b)
where N 1 k and N 1 kc are the actual and commanded engine throttle settings respectively, k ∈ {L, R} and T eng MAX is the maximum engine thrust.

Remark 2.6. During the roll-out phase, the engines throttles can also be set to reverse mode, which generates drag. In this case (not considered here), the linearized aerodynamic effects assumption (assumption 2.4) would be violated.

Each braking system is approximated by a first order dynamic model of nominal gain G br k and time constant τ br k , with position and rate limits, L pbr k and L r br k respectively:

τ br k Ṗbrk k + P br k k = P br k kc with      0 ≤ P br k k ≤ L pbr k | Ṗbrk k | ≤ L r br k (2.26)
where P br k k and P br k kc are the actual and the commanded braking pressures, and k ∈ {MGL, MGR}.

Braking starts only if the pressure P br k k is above a threshold P 0 , so as to overcome the restoring force of springs located between the brake discs and the brake pistons. The produced braking torques are thus obtained as:

T br k k = max 0, G br k P br k k -P 0 (2.27) CHAPTER 2. A NOVEL CONTROL DESIGN-ORIENTED MODEL
The nose wheel steering (resp. the rudder) actuation system is approximated by a first order dynamic model of time constant τ NW (resp. τ δr ) with position and rate limits L pNW and L r NW (resp. L pδr and L r δr ) [Roos, 2007]:

τ NW θNW + θ NW = θ NW c with      |θ NW | ≤ L pNW | θNW | ≤ L r NW
(2.28)

τ δr δr + δr = δr c with      |δr | ≤ L pδr | δr | ≤ L r δr (2.29)
where θ NW and θ NW c (resp. δ r and δ r c ) are the actual and the commanded nose-wheel (resp. rudder) deflections.

Sensors

Each sensor is represented by a first order filter of unit gain and time constant τ s , and a delay τ d :

τ s ẋM (t -τ d ) + x M (t -τ d ) = x T (t ) (2.30)
where x M and x T are the measurement and the true value of the considered measured parameter. The following parameters are measured:

• V x : the longitudinal speed,

• V y : the lateral speed,

• r : the yaw rate,

• ψ: the heading,

• ṙ : the yaw acceleration,

• N x = -Vxr • V y g : the longitudinal load factor,

• N y = -Vy + r • V x g : the lateral load factor,

• θ NW : the nose-wheel steering angle,

• V a : the True Air Speed,

• β: the aerodynamic sideslip angle.
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Model summary

The model structure is illustrated in To sum up, the model is composed of:

• 6 control inputs N 1 Lc , N 1 Rc , P br k MGLc , P br k MGRc , θ NW c , δr c , • 2 wind disturbances W = W x W y 0 T ,
• the runway relative friction coefficient μ,

• 4 aircraft (V x , V y , r, ψ) and 6 actuator states,

• 10 measured outputs V x , V y , r, ψ, ṙ , longitudinal and lateral load factors N x and N y which can be used by the control laws, θ NW , V a and β. 

A
N t NW = N t MGR = N t MGL = N t MG - 2 τ s / τ d s 1 × 10 -3 / 5 × 10 -2 τ eng / τ br k / τ NW /

Model validation

The proposed model is compared to a high-fidelity Airbus simulator (OSMA, described in Section 1.8) in order to assess the effectiveness of the contact force and actuators models. The simulator has been developed for various purposes: control laws design, verification & validation, certification, . . . [Goupil et al., 2014] and is valid in the whole flight domain, including ground phases. Its inputs are sent through the cockpit control organs and the corresponding actuators orders are obtained by kinematic relationships. These orders are then sent to the proposed aircraft model.

Furthermore, the linearized aerodynamic model has already been validated in various studies [Biannic et al., 2006, Roos et al., 2010, Biannic and Boada-Bauxell, 2016] and is therefore not validated again here: the simulator aerodynamic forces and moments are simply fed into the model.
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The considered operational domain of the study is validated in order to show the coupling of aerodynamic effects and longitudinal and lateral tire-road interactions, the latter being highly nonlinear and depending on various parameters such as runway characteristics and conditions, tire characteristics, anti-skid, braking system, longitudinal speed of the aircraft, etc.

The classical actuators are used when they are the most efficient: the nose-wheel efficiency increases as the normal load on the tires becomes larger, i.e. at low speed. On the opposite, the rudder efficiency increases as the aerodynamic effects become larger, i.e. at high speed. At intermediate speeds (between 40 and 80 knots), occurs the dynamic authority crossing of the classical actuators. As previously stated, the main objective is to ensure that the lateral deviation with respect to the runway centerline remains acceptable despite wind, varying runway state and comfort constraints. Achieving good performance and guaranteeing robustness during this worst-case scenario makes it necessary to use differential braking in conjunction with classical control devices. But on the other hand, brakes should only be used sparingly to avoid a deterioration in braking performance and an increase in ground holding time for maintenance or cooling purposes.

Moreover, the influence of slip forces strongly depends on the runway state, so the nose-wheel behavior should also be validated on a low friction runway. Likewise, the rudder is used at high speeds The tire-runway interactions are represented by the curves of the nose-wheel sideslip angle (β NW ), nose-wheel lateral force (Fy NW ), main gear wheel sideslip angle (β MG ), and main gear wheel lateral force (Fy MG = Fy MGL + Fy MGR ) while the global characteristics are illustrated by the longitudinal speed (V x ), lateral speed (V y ), yaw rate (r ), heading (ψ) and trajectory.

The vertical axes are normalized since they contain Airbus proprietary data. Therefore, a fitting ratio between the simulator and the proposed model for each curve is calculated as follows:

Fitting ratio = 1 - y si m -y mod el 2 dt y si m 2 dt • 100% (2.31)
Its minimum (i.e. worst) value for each of the three maneuvers is given in As depicted in Figure 2.6, the error is mainly on the peak values. This can be due to assumption 2.2, i.e.

no vertical load transfer, and to the fact that the transient wheel dynamics is not considered in this study.

But in all cases, the lateral behavior of the proposed model is close to that of the simulator in the Design of Aircraft Integrated Ground Control Laws considered operational domain.

Hence, the proposed model is well-suited for the development of on-ground control laws (fitting ratio of at least 90% over the operating domain), so as to ensure runway axis hold and longitudinal control between 40 and 100 knots using engines thrust, rudder deflection, nose-wheel steering and differential braking.

Concluding comments

In this chapter, a new simple yet tractable design-oriented model of an on-ground aircraft is presented, which has been published in the Proceedings of the 2018 IEEE European Control Conference [START_REF] Sadien | [END_REF]. Phenomena such as dynamic load transfers, castering during steering, gear walk during braking and wheel dynamics are not considered. But despite its simplicity, it approximates well a high-fidelity in-house Airbus simulator in the considered operational range between 40 and 100 knots, for on-ground control where the main objective is runway centerline tracking. It includes all the actuators of interest (nose-wheel steering system, rudder, engines and brakes) for on-ground control and considers both longitudinal and lateral contact forces in a novel way, including rolling resistance and slip forces.

Simple dependencies to the vertical load and the runway state are also taken into account. This chapter is organized around five main axes. Section 3.1 presents the control objectives to be satisfied by the complete control system. The main existing on-ground control techniques are briefly reviewed in Section 3.2. The proposed reference control system architecture is given in Section 3.3. In Section 3.4, the control system inner-loop is designed after introducing the necessary theoretical elements of nonlinear dynamic inversion. Then, a modal control approach is introduced and finally, the control system outer-loop and guidance system are designed in Section 3.5. This chapter contains no new theoretical material.

Control objectives

The main objective is to develop a control architecture for the lateral control of an on-ground aircraft, which minimizes the lateral deviation with respect to the runway centerline during the roll-out phase, despite external disturbances such as wind and varying runway state. Currently implemented solutions only make use of the rudder and the nose-wheel steering system. In order to use both actuators efficiently, it is desirable that they reach saturation at the same time to allow efficient recovery in case of failure. For instance, having a failed actuator at maximum deflection and the other at smaller deflection requires more time to recover, which can be critical.

Moreover, there is a need to extend the operational domain, taking into account demanding scenarios and failure cases through the smart use of differential braking. Regulations require aircraft brakes to be able to handle a rejected takeoff at any moment prior to the plane reaching a decision speed, where stopping is no longer possible. To make this possible, the brakes should not exceed a specified temperature before engaging a takeoff, so as to avoid a subsequent performance degradation or a fire breakout in the main landing gear bays. Furthermore, research has shown that the number of brake applications contributes more to carbon brake wear than the intensity of each application [Brüggemann et al., 2017].

So the minimization of differential braking is a strong industrial requirement to reduce the likelihood of brake wear and overheating, and therefore delayed departures. This is of utmost importance after ensuring the safety of the aircraft.

Review of existing on-ground control techniques

The interactions between the aircraft tires and the ground are highly nonlinear, as can be seen from the on-ground model developed in Chapter 2. Advanced control techniques thus prove necessary to reach satisfactory performance levels, and some of the most relevant contributions are presented below.

It is shown in [Villaumé, 2002, Duprez et al., 2004a, Duprez et al., 2004b] that nonlinear inversion coupled with linear control techniques perform well for normal taxiing conditions. However, the response time increases and static errors occur when the tire-ground friction coefficient is degraded.

The robustness of this control law can be improved using a nonlinear technique based on sliding mode control, which is used to adapt the linearizing feedback control law [Duprez et al., 2004c].

A control system based on sliding mode is also developed in [START_REF] Re | Modelica landing gear modelling and on-ground trajectory tracking with sliding mode control[END_REF]. It can track both longitudinal velocity and yaw rate, and drive an aircraft equipped with electric motors in the main gear as well as conventional brakes and NWS system. Actuators saturation and physical limits of the system are taken into account and the proposed algorithm is shown to be robust against parameter uncertainties (e.g.

aircraft mass) as well as low friction coefficients at the tire-ground interface.

A new design methodology inspired by nonlinear dynamic inversion techniques is then proposed in [START_REF] Lesprier | [END_REF]. It combines partially linearizing inner loops with structured and robust outer loops, which are designed by a non-smooth multi-model H ∞ optimization approach. The proposed methodology also includes a robustness analysis scheme providing worst-case configurations, which are then used to enrich the bank of design models and thus iteratively improve the robustness properties of the outer loops. An application to aircraft landing is presented and extensions to on-ground control are possible.

Dynamic inversion is finally considered in [Looye, 2007], which shows that inversion-based control methods, in combination with an object-oriented model implementation, allow the automatic synthesis of fully functional preliminary ground control laws.

As an original alternative to dynamic inversion techniques, a parameter-varying anti-windup control strategy is developed in [Roos et al., 2010, Roos and[START_REF] Roos | [END_REF] to improve the on-ground control system of a civil aircraft. Using a linear fractional representation of the aircraft [Biannic et al., 2006] in combination with an original approximation of the nonlinear ground forces by saturation-type nonlinearities, the proposed design method delivers a low-order and robust controller. The latter is automatically adapted to the runway state and to the aircraft longitudinal velocity. Indeed, an on-line estimator of the saturation levels, which strongly depend on the runway state, is implemented.

A gain scheduled yaw controller is also proposed in [Lemay et al., 2011] to control an on-ground aircraft at low speed. This method is based on local linearization of a nonlinear model and the synthesis of a family of local controllers. A parallel feedforward action is added to achieve the setpoint tracking and let the feedback controller perform the regulation task.

Finally, the approach proposed in [Bihua et al., 2013] is based on dynamical adaptive backstepping, with the objective to follow a desired path on the runway by nose-wheel automatic steering. No accurate knowledge of the aerodynamics and the tire cornering stiffness parameters is required.

The on-ground control problem is not really different from the road vehicle control problem. It is thus appropriate to consider the literature in this field, especially as the research on autonomous CHAPTER 3. GUIDANCE AND PILOTING CONTROL LAWS road vehicles is more advanced. This section is far from being exhaustive, but a few interesting references are mentioned. An H ∞ based control strategy is proposed in [START_REF] Mammar | [END_REF] and a model predictive control approach is considered in [START_REF] Falcone | [END_REF]. [Solea and Nunes, 2007] proposes a trajectory planning and tracking system for an autonomous vehicle based on sliding mode control. In [Ahmadi et al., 2009], an adaptive nonlinear control scheme is designed to improve the handling properties of vehicles. In [Fang et al., 2006], a robust adaptive controller is designed based on backstepping methods. Robust decoupling strategies are finally proposed in [START_REF] Ackermann | [END_REF], Marino and Cinili, 2009, Zheng and Anwar, 2009], allowing for example yaw disturbance attenuation.

Most of the aforementioned control techniques, e.g. feedback linearization and backstepping, do not allow to deal with actuator redundancy. Thus, the latter must be dealt with a control allocation algorithm, which additionally allows to consider actuator limitations (dynamics, position and rate limits). This is fully detailed in Chapters 4 and 5.

Control architecture overview

From an automatic control perspective, an aircraft on-board system comprises three main systems:

navigation, guidance and control. These systems are interconnected according to a given architecture,

shown in Figure 3.1 in our case. They allow the aircraft to determine its position on a desired trajectory and to follow either that trajectory or pilot commands with some specific performance requirements.

Navigation system

Guidance system In particular, it computes the lateral motion variables Y 0 V y0 A y0 T (the actual lateral distance, velocity and acceleration in the runway reference system), which are then made available to the guidance system.

Pilot

Guidance system It uses information from the navigation system and computes the body-axis yaw rate command r c to track the runway centerline, i.e. to minimize the aircraft lateral deviation with respect to the runway centerline, despite wind disturbance W and varying runway state μ. This block is detailed in Subsection 3.5.3.

Pilot

Based on the aircraft position on the runway and the perceived motion of the aircraft, the pilot may also give a yaw rate reference r c to the piloting control law. Moreover, he/she can directly command each individual control organ in the cockpit (see Figure 1.8) to modify the aircraft's trajectory (not shown in Figure 3.1 for clarity).

Piloting control law It generates virtual longitudinal and yaw acceleration commands [v x v r ] T to be produced by the actuators via the longitudinal controller and the control allocation module respectively.

It is divided into an inner-and an outer-loop and explained in Subsection 3.4.2.

Control allocator

The number of control effectors being greater than the number of controlled variables, an allocation algorithm is required to distribute the virtual command v r among the redundant set of Remark 3.1. The control architecture has been briefly described in this section for the sake of completeness.

It could certainly be improved using the latest advances of the control community such as the ones described in Section 3.2, but this is out of the scope of this study. Some strong industrial constraints indeed make it mandatory to improve only one component of this architecture at a time, and this thesis focuses on control allocation. This explains for example why faults and disturbances management is not detailed, and why only modal and nonlinear dynamic inversion (NDI)-based approaches are considered for the design of the guidance and control laws.

Control system inner-loop design

First, nonlinear dynamic inversion is introduced in Subsection 3.4.1. It is then used in Subsection 3.4.2 to design the control laws to track the longitudinal speed profile V x c selected by the pilot and the yaw rate reference r c either input through rudder pedals by the pilot or computed by the guidance law.

Nonlinear dynamic inversion: theoretical elements

Feedback linearization or nonlinear dynamic inversion (NDI)-based techniques are nonlinear design methods [Isidori, 1995, Villaumé, 2002, Lesprier, 2015, Looye, 2007], which allow to linearize and CHAPTER 3. GUIDANCE AND PILOTING CONTROL LAWS decouple a large class of nonlinear systems. They have received much attention for the control of aerospace systems, see e.g. [Lesprier, 2015, Lesprier et al., 2014]. NDI-based techniques allow the cancellation of the nonlinearities of the controlled variables, hence achieving a linear closed-loop system. Also, a large class of systems can be decoupled and the obtained control law adapts automatically to the operating point, which means that a single controller can be used throughout the flight phases.

To perform feedback linearization, the system nonlinearities should be completely known, along with their derivatives up to some order depending on how they impact the dynamics [Härkegård, 2003].

Consequently, this can be problematic since the aerodynamic effects and ground-tire interactions models may not be very precise. To achieve robustness against such errors, [Lesprier, 2015] proposes to augment the feedback linearization controller using a robust linear controller.

To better illustrate the regular NDI design [Isidori, 1995], the case of input-affine square systems is recalled here.

Input-affine square systems

An input-affine square system can be described by:

Σ : ẋ = f (x) + G(x)u (3.1)
where x ∈ R n , u ∈ R n are the state and control input vectors respectively, and f (x) ∈ R n and G(x) ∈ R n×n are two smooth nonlinear functions. In order to apply nonlinear dynamic inversion techniques, the following assumptions should be verified.

Assumption 3.1.

It is assumed that the matrix function G is non-singular, i.e.

det (G(x)) = 0, ∀x ∈ D ⊂ R n (3.2)
where D denotes the set of admissible states of the system.

General principle

The principle of NDI consists in using the input u to linearize and decouple the nonlinear system (3.1). More precisely, the controller is designed by using explicitly the functions f (x) and G(x)

to suppress the nonlinear dynamics while enforcing a linear behavior on the closed-loop system [Hernandez Lopezomoza, 2012]. It is based on a two-loop structure: a linearizing inner-loop which cancels most of the system nonlinearities, and an outer-loop which fulfills some objectives, such as enforcing closed-loop linear behavior and having sufficient stability margins to cater for estimation errors.

Assumption 3.2.

The full state vector is measured and available for controller design. Thus, the exact computation of the real nonlinear dynamic process modeled by the functions f (x) and G(x) can be obtained.

Linearizing inner-loop controller design

The inner-loop control law u(x) cancels the nonlinear dynamics of (3.1) and is defined as:

u (x) = G -1 (x) -f (x) + v(x c , x) (3.3)
where v is a virtual command detailed below. Once applied to (3.1), the following closed-loop system is obtained:

Σ : ẋ = v(x c , x) (3.4)
which is linear and reduces to a set of n decoupled integrators.

Stabilizing outer-loop controller design

The virtual command v introduced in (3.3) is then used to impose the desired closed-loop dynamics of the system. The following linear controller may be used:

v(x c , x) = K (s)   x c x   (3.5)
where x c denotes the commanded state and K(s) is the controller to be designed to enforce a linear and stable behavior while ensuring a good tracking of the setpoint x c , based on usual control stability and performance requirements. The complete controller is thus given by:

u (x) = G -1 (x)   -f (x) + K (s)   x c x     (3.6) 
Equation (3.4) being linear, any linear control technique may be used to design the controller K(s): pole placement, PID control, optimal LQ control or even H ∞ robust control. In this thesis work, eigenstructure assignment is used to design the outer-loop controller based on the current industrial framework (see Subsection 3.5.1).

Real-life limitations

Strong assumptions must be made to apply the regular NDI design process. For instance, assumption 3.2 reckons the fact that the whole state vector measurement is available, and that the real nonlinear process can be exactly represented by the functions f (x) and G(x). Moreover, it has also been implicitly assumed that the feedback control input u of (3.3) is realized by the actuators without any limitations: dynamics, delays and saturations are ignored.

Real processes present various characteristics which make it non-viable to consider such ideal conditions. More realistically:

• equation (3.1) is only a simplified representation of the real nonlinear process,

• the inputs of most real life processes are realized using actuators which have physical constraints (delays, position and rate limits, . . . ) and inherent dynamics,

• the full state measurement may not be accessible, therefore requiring some on-line estimators.

Moreover, measurements are subject to disturbances such as noise and bias,

• it might not be recommended to cancel all nonlinearities, particularly if some have a stabilizing effect and are therefore useful.

CHAPTER 3. GUIDANCE AND PILOTING CONTROL LAWS

Thus, the outer-loop should cater for the aforementioned limitations, i.e. be robust while ensuring a good tracking of the setpoint. [Hernandez Lopezomoza, 2012, Lesprier, 2015] propose to treat these restrictions through PI, PID and advanced H ∞ robustification techniques.

Let us now focus on the limitations induced by an indirect access to the nonlinear model, neglecting for the time being the dynamics of the actuators and their inherent physical limitations. Equation (3.3) becomes:

u (x) = Ĝ-1 (x) -f (x) + v(x c , x) (3.7)
where f (x) and Ĝ(x) represent the online estimations of the nonlinear vector f (x) and the nonlinear control effectiveness matrix G(x). The resulting inner loop controller applied to the nonlinear model (3.1) yields:

ẋ = f (x) -G(x) Ĝ-1 (x) f (x) + G(x) Ĝ-1 (x)v(x c , x) (3.8)
The residual part due to the inexact estimation of the control effectiveness matrix G(x) can be modeled as a multiplicative uncertainty ∆ G as:

∆ G = G(x) Ĝ-1 (x) -I (3.9)
and that induced by the inexact estimation of the nonlinear function f (x) as a nonlinear input disturbance:

w f (x) = f (x) -(I -∆ G ) f (x) (3.10)
The resulting dynamics can be written in terms of ∆ G and w f (x) as follows:

Σ : ẋ = w f (x) + (∆ G + I) v(x c , x) (3.11)
It can clearly be seen that the design of the outer loop controller becomes more demanding as it has to exhibit some robustness characteristics with respect to the inversion errors w f (x) and ∆ G . Figure 3.2

shows the architecture of the NDI outer-loop, where the controller K(s) has to ensure the tracking of the setpoint x c while withstanding the inversion errors, so as to enforce a linear behavior as far as possible.

K(s) In this thesis work, the system considered for piloting control law design is square input-affine (see (3.1)). This explains why the theoretical elements presented above are limited to this class of system. However, the reader can refer to [Isidori, 1995, Hernandez Lopezomoza, 2012, Lesprier, 2015] for other system classes and NDI robustification techniques.

+ + ∆ G + + I s w f (x) x c y = x x
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Yaw rate and longitudinal speed controllers design

The theoretical material presented in Subsection 3.4.1 is now applied to the considered on-ground control problem. The yaw rate control law is responsible for tracking the yaw rate reference, which is either specified by the pilot or computed by the guidance law. Moreover, the pilot selects a longitudinal speed profile, which is tracked by the longitudinal controller. The following assumptions are made for the controllers design:

Assumption 3.3.
The saturations and asymptotic limits of the ground reaction forces are neglected. 

= - 1 m F r NW + F r MG + F sx MGL + F sx MGR = 1 m μµ r MAX F z NW + F z MG - N t MG G br k R e P br k MGR + P br k MGL -2P 0 (3.13b) Vxeng = F xeng m ← see (2.7) and (2.25b) = 1 m T eng MAX N 1 L + N 1 R (3.13c) ṙa = M r a I zz ← see (1.35), (2.22b) and (2.22d) = q d Sc I zz Cn β + Cy β (c G -c A ) β + Cn r + Cy r (c G -c A ) r c V a + Cn δr + Cy δr (c G -c A ) δr ( 
= 1 I zz Dy eng T eng MAX N 1 L -N 1 R (3.13f)
Pseudo controls are introduced to simplify the control allocation task. Each of them is assigned to only one axis so that the underlying two-axis control allocation problem is converted into two simpler single-axis problems. The following matrix G ∈ R 6×6 relates the pseudo control vector ũ ∈ R 6 to the actual control

vector ū ∈ R 6 : ū =                N 1 L N 1 R θ NW δr P br k MGL P br k MGR                =                1 0 0 0 0 0.5 1 0 0 0 0 -0.5 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 -0.5 0 0 1 0 0 0.5 0                               N 1 COM P br k COM θ NW δr δP br k δN 1                = G ũ (3.14)
where In matrix form, (3.12) can be written as a MIMO nonlinear system:

N 1 COM = 0.5 N 1 L + N 1 R , δN 1 = N 1 L -N 1
Ẋ = F (X, Θ) + V ac t (Θ, ũ) (3.15) where X = [V x r ] T , F (X, Θ) = [ f x f r ] T and V ac t (Θ, ũ) = [v x v
r ] T are the state vector, the control-independent acceleration and the control-dependent acceleration respectively. More precisely:

Θ = β V y V a μ T F (X, Θ) =           r V x + 1 m q d SCx 0 + μµ r MAX F z NW + F z MG 1 I zz q d Sc Cn β + Cy β (c G -c A ) β + Cn r + Cy r (c G -c A ) r c V a + Dx NW F z NW K y NW V y + r Dx NW V x -Dx MG F z MG K y MG V y -r Dx MG V x           (3.16a) V ac t (Θ, ũ) =           2 m T eng MAX N 1 COM - N t MG G br k R e P br k COM -P 0 1 I zz Dx NW F z NW μµ r MAX -K y NW θ NW + q d Sc Cn δr + Cy δr (c G -c A ) δr + Dy MG N t MG G br k R e δP br k + Dy eng T eng MAX δN 1           (3.16b) Design of Aircraft Integrated Ground Control Laws
As highlighted in Section 3.2, NDI lacks support for actuator redundancy, which shall be handled by a control allocation algorithm. Thanks to the pseudo controls introduced above, the virtual control inputs v x and v r of the NDI control law are decoupled, which makes the allocation easier: v x depends on N 1 COM and P br k COM , while v r depends on θ NW , δr, δP br k and δN 1 .

Inner-loop design

Equation (3.15) is clearly a square input-affine system as in (3.1), with n = 2. Assumption 3.1 is verified as G(x) is the identity matrix and is therefore always invertible. Moreover, the considered states V x and r , and the varying parameters Θ are measured and available for feedback, verifying assumption 3.2.

The following inner-loop control law V ac t (X c , X, Θ) cancels the nonlinear dynamics of (3.15):

V ac t (X c , X, Θ) = -F (X, Θ) +   ṽx (V x c , V x ) ṽr (r c , r )   (3.17)
and yields the following system:

  Vx ṙ   =   ṽx (V x c , V x ) ṽr (r c , r )   (3.18)
This system is decoupled and linear with one integrator. The following control structure is used based on the current industrial framework:

ṽx (V x c , V x ) = k xp V x c -V x + k xi V x c -V x (3.19) ṽr (r c , r ) = -k r p (r ) + k r i (r c -r ) (3.20)
where V x c corresponds to the speed target and comes from the speed profile selected by the pilot. The yaw rate reference r c can either be specified manually by the pilot, for instance through the rudder pedals, or computed by the guidance system designed in Subsection 3.5.3.

A more advanced controller could be designed to adjust P br k COMc , so as to ensure that the aircraft stops at a certain distance on the runway while respecting deceleration constraints (see e.g. the Brake

To Vacate function developed by Airbus [Villaumé and Lagaillarde, 2015]). But this is out of the scope of this thesis work. Note that the longitudinal motion management can be easily extended to the take-off phase: the mean braking pressure P br k COMc is simply set to zero and the throttle is set to full thrust, i.e.

N 1 Lc = N 1 Rc = N 1MAX .

Control system outer-loop and guidance system design

The modal approach is first introduced in Subsection 3.5.1. It is then applied to design the control system outer-loop and the guidance system in Subsection 3.5.2 and Subsection 3.5.3 respectively.

CHAPTER 3. GUIDANCE AND PILOTING CONTROL LAWS

Modal control: theoretical elements

Modal control consists in designing a static state or output feedback controller, so as to assign the closedloop eigenvalues of the considered linear system to predefined values, thus guaranteeing some given stability and performance requirements. In this section, the basic theory is summarized. It is inspired from the works of [Magni, 2002] and the reader is advised to refer to [Magni, 2002, Bérard et al., 2012] for a more detailed presentation on concepts inherent to the modal approach such as modes, as well as input-output, input-state and state-output decoupling.

System notations

Consider the following multivariable linear time-invariant system:

   ẋ = Ax + Bu y = Cx (3.21)
where x ∈ R n is the state vector, u ∈ R m is the control input vector and y ∈ R p is the measurement vector. 

Eigenstructure notations

The following notations are defined: λ 1 , . . . , λ n eigenvalues of the matrix A + BKC, also known as the poles of the system v 1 , . . . , v n right eigenvectors associated with the eigenvalues λ 1 , . . . , λ n :

(A + BKC) v i = λ i v i (3.24)
w 1 , . . . , w m input directions: If a placed λ i is complex, it is assumed that its conjugate λ i = λi is also assigned. Thus, v i = vi , w i = wi , u i = ūi and t i = ti .

w i = KCv i (3.25) u 1 , . . . ,
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The previous notations can be written in condensed matrix form:

Λ =       λ 1 0 . . . 0 λ n       ; V = [v 1 . . . v n ] ; W = [w 1 . . . w m ] U =       u 1 . . . u n       ; T =       t 1 . . . t p      
Moreover, the vectors u i and v i are normalized such that:

UV = I and U (A + BKC) V = Λ (3.28)

Assignable eigenstructure

From the definitions of the input and output directions defined in (3.25) and (3.27), the following Lemmas can be easily proved.

Lemma 3.1. A triple (v i , w i , λ i ) ∈ C n × C m × C can

be assigned by proportional output feedback if and only

if it satisfies [Bérard et al., 2012]:

A -λ i I B   v i w i   = 0 (3.29)
This assignment in closed-loop can be realized by any proportional gain K satisfying:

KCv i = w i (3.30) Proof 3.1. If (3.29
) and (3.30) are verified, then:

(A + BKC) v i = λ i v i (3.31)
which means that λ i is an eigenvalue of A + BKC and v i is the corresponding right eigenvector.

By duality,

Lemma 3.2. A triple (u i , t i , λ i ) ∈ C n × C p × C can

be assigned by proportional output feedback if and only if

it satisfies [Bérard et al., 2012]:

u i t i   A -λ i I C   = 0 (3.32) CHAPTER 3.
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This assignment in closed-loop can be realized by any proportional gain K satisfying [Bérard et al., 2012]:

u i BK = t i (3.33)

Control system outer-loop design

It can be noted from (3.18) that each controlled variable is completely decoupled from the other, and so is its respective input. Therefore, the controller design procedure can be carried out separately. For each controlled variable, two design parameters are used, k pl and k i l denoting the proportional and integral gains and l ∈ {x, r } corresponding to the control of the longitudinal velocity and the yaw rate respectively.

A linear second order dynamics, of natural frequency ω l and damping ξ l < 1, is imposed to (3.18) using the modal approach presented in Subsection 3.5.1. The NDI outer-loop control law architectures are given in Figure 3.3. The general form of the resulting augmented systems for controller design are identical and can be represented by the following state space representation:

PI controller

+ - k p k i + + I s I s V xc ṽ V x y = V x (a)
Ẋ = A X + B ṽ (3.34) Ȳ = C X X (3.35) where X = x x T and A X =   0 1 0 0   ; B X =   0 1   ; C X =   -1 0 0 -1   Design of Aircraft Integrated Ground Control Laws
With reference to Figures 3.3a and 3.3b, x = V x and x = r for the longitudinal and the yaw rate controllers respectively. Let L be the vector of the complex conjugate assigned eigenvalue pair:

L =   -ξω + j ω 1 -ξ 2 -ξω -j ω 1 -ξ 2   (3.36)
The right eigenvectors and input directions realizing the eigenstructure assignment are then computed as:

  V 1 W 1   = null A X -L(1)I 2 B X ;   V 2 W 2   = null A X -L(2)I 2 B X
which yields the complete eigenvectors and input directions matrices:

V = V 1 V 2 ; W = W 1 W 2
From (3.29), the gain vector K = [k i k p ] ∈ R 1×2 is computed:

k i k p = ω 2 2ξω (3.37)
As a result of the feedback interconnection, the PI controller of Figure 3.3a induces a zero z = -ω 2ξ < 0.

The controller gains being defined positive, the resulting closed-loop is not only stable, but also minimum phase.

Longitudinal speed control

The pilots selects a deceleration profile which provides a longitudinal speed reference V x c . The virtual control ṽx is then computed as:

ṽx = 2ξ x ω x V x c -V x + ω 2 x V x c -V x (3.38) Assumption 3.8.
The engine throttles can also be commanded asymmetrically generating a yawing motion, but they are too slow to be used efficiently during the roll-out phase, with a response time of 6 s. So in practice, they are symmetrically set to idle, i.e.

N 1 Lc = N 1 Rc = N 1IDLE ⇒ N 1 COM = N 1 IDLE and δN 1 = 0.
Thus according to assumption 3.8, the control allocation problem for the longitudinal speed control is straightforward since the only pseudo control input is the mean braking pressure P br k COM . However, the braking pressure can only be positive and the threshold pressure has to be catered for, so the commanded mean braking pressure is given by:

P br k COMc =          P 0 + R e T eng MAX N 1 IDLE - m ṽx 2 N t MG G br k if R e T eng MAX N 1 IDLE - m ṽx 2 N t MG G br k > P 0 0 otherwise (3.39)
Since the braking pressure can only positive, brakes are applied only if the desired speed is less than the actual speed.

In practice during roll-out, the target speed profile requires the application of brakes despite the deceleration provided by the aerodynamic drag, justifying the longitudinal speed control allocation scheme.
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The commanded left and right braking pressures are finally obtained as: P br k MGLc = P br k COMc -0.5δP br k c P br k MGRc = P br k COMc + 0.5δP br k c (3.40) where δP br k c is computed by the control allocation module which is thoroughly described in Chapter 5.

Yaw rate control

The gains of the yaw rate NDI outer-loop controller are thus given by (3.37) and the virtual control ṽr is computed as:

ṽr = -2ξ r ω r (r ) + ω 2 r (r c -r ) (3.41)
Considering assumption 3.8, the resulting control allocation problem links the virtual control v r and the lateral pseudo controls u r as follows:

v r = D xNW F z NW μµ r MAX -K y NW I zz q d Sc Cn δr + Cy δr (c G -c A ) I zz D yMG N t MG G br k I zz R e      θ NW δr δP br k      = B r u r (3.42)
The control allocation problem (3.42) is analyzed in Chapter 4 and a dedicated allocation algorithm is developed in Chapter 5.

Guidance law design

Time-scale separation can be applied to some systems which can be decomposed into two or more subsystems, based on a hierarchical time basis. In this case, the resulting subsystems are controlled in cascade. For instance, pitch rate control is usually done much faster than pitch angle control. The reader can refer to [Hernandez Lopezomoza, 2012, Lesprier, 2015] for detailed explanations on NDI time-scale separation control.

Assumption 3.9.

The yaw dynamics evolve much faster than the lateral deviation of the aircraft with respect to the runway centerline allowing the simplification r = r c for the design of the guidance law.

The guidance law (Guidance System block of Figure 3.1) is given by:

r c = K Y (Y 0 -Y c ) + K Vy V y0 + K Ay A y0 (3.43)
where Y c , Y 0 , V y0 and A y0 denote respectively the reference lateral distance from the runway centerline (equal to zero here), and the actual lateral distance, velocity and acceleration in the runway reference system, given by the Navigation System. In practice, the transfer function between Y c and Y 0 is first computed. To do so, V y0 and A y0 are replaced in the Laplace domain with sY 0 and s 2 Y 0 respectively, r c is replaced with the yaw rate r according to assumption 3.9, and r is finally connected to Y 0 as follows: The general form of the resulting augmented system can be represented by the following state space representation:

s 2 Y 0 = V x 1 + τ R s r (3.
k Y + + + + 1 V x 1 + τ R s k Vy k Ay y = Ÿ0 1 s 1 s Y c Y r c r Ẏ0 Y 0
ẊY = A Y + B Y r c (3.45) ȲY = C Y X Y (3.46) where ẊY = Y 0 V Y 0 A Y 0 T and A Y =       0 1 0 0 0 0 0 0 - 1 τ R       ; B Y =       0 0 V x τ R       ; C Y = I 3
Three design parameters (k Y , k Vy and k Ay ) are available to tune the control law, so a third order dynamics can be imposed. Let L be the vector of assigned eigenvalues.

L =       - 1 τ y -ξ y ω y + j ω y 1 -ξ 2 y -ξ y ω y -j ω y 1 -ξ 2 y       (3.47)
The right eigenvectors and input directions realizing the eigenstructure assignment are then computed as:

  V 1 W 1   = null A X -L(1)I 3 B X ;   V 2 W 2   = null A X -L(2)I 3 B X ;   V 3 W 3   =   V2 W2  
which yields the complete eigenvectors and input directions matrices:

V = V 1 V 2 V 3 ; W = W 1 W 2 W 3
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Y = [k Y k Vy k Ay ] ∈ R 1×3 is computed: k Y k Vy k Ay = - ω 2 y τ R τ y V x - ω y τ R (2ξ y + ω y τ y ) τ y V x - τ R -τ y + 2ω y τ y τ R ξ y τ y V x (3.48) Remark 3.2.
In order to enforce a second order behavior, the complex poles should be dominant, i.e. slower.

Therefore, it is required that ξ y ω y < 1 τ y .

Concluding comments

In this chapter, an industrial control architecture is first described along with the control objectives which need to be satisfied by the closed-loop system. Nonlinear dynamic inversion and eigenstructure assignment are then used to design the longitudinal speed and the yaw rate reference tracking controllers.

Finally, eigenstructure assignment is used again to design the guidance law controller which computes a yaw rate reference so as to minimize the lateral deviation of the aircraft with respect to the runway centerline.

Introduction

Over-actuated systems have become popular over the last decades, providing a certain amount of redundancy for the control system. Over-actuation allows recovering from off-nominal conditions, hence improving system resilience to certain faults. In this context, control allocation deals with the task of distributing the total control among the set of available actuators, by computing an optimal solution in the sense of a given criterion. Thus, the control system consists of two parts: the control law which specifies the total control effort to be produced (force, moment, . . . ), and the control allocation algorithm (also called an allocator) which converts the total control effort demand into individual actuator commands (deflections, braking pressures, thrust forces, . . . ). The control allocation problem is often formulated as an optimization problem where the degrees of freedom can be used to achieve secondary objectives when sufficient control power is available (such as actuator prioritization or minimization of actuator consumption). To illustrate the concept of control allocation, consider the following system:

ẋ = u 1 + u 2 (4.1)
where x is a scalar variable and u 1 and u 2 are the control inputs. Equation ( 4.1) may refer to the expression of the velocity x of a unit point mass subject to the net force v = u 1 + u 2 produced by two actuators, u 1 and u 2 . Suppose that the net force v = 1 has to be produced to follow a certain target motion. There are an infinite number of ways to achieve this force. The first actuator only could be used by selecting u 1 = 1 and u 2 = 0, or both actuators could be ganged such that u 1 = 0.5 and u 2 = 0.5. If the actuator limits permits, we may also select u 1 = 11 and u 2 = -10, although this might not be very practical. The selection of the appropriate combination, according to some criteria, defines the control allocation task.

Actuator redundancy is present in many applications. In aerospace control, aerosurfaces and thrust vectoring vanes are used to produce the required net torque in order to modify the motion [Durham, 1993]. In the case of marine vessels, a set of orientable and non-orientable thrusters are used to produce the required translational forces and yawing moment to perform dynamic positioning [START_REF] Berge | [END_REF]Fossen, 1997, Fossen et al., 2008]. Spacecraft attitude control makes use of redundant reaction wheel clusters, where energy consumption is crucial [Schaub, 2008]. In the automotive domain, the Electronic Stability Control program produces the desired net yawing moment by using each individual brake in a different way to improve the trajectory of the vehicle [Rajamani, 2012]. Hybrid neuroprosthesis is another example [START_REF] Kirsch | [END_REF], where simultaneous coordination of the functional electrical stimulation and of an electric motor is required to alleviate muscle fatigue of patients with spinal cord injury. Finally, modern power systems have been equipped with various actuators for distinct purposes, such as reducing inter-area oscillations [START_REF] Raoufat | [END_REF].

Aircraft control is an important application where actuator redundancy is required, i.e. where the number of actuators must exceed the number of states to be controlled. The need for redundancy is motivated by high performance level requirements, the ability to quickly recover from off-nominal conditions and the tolerance towards actuator failures. Over time, aircraft design has evolved, using more and more control effectors, sometimes up to ten for only three controlled axes. Moreover, translating a required control effort into single actuator command can be difficult, especially when certain control effectors have significant effect on several controlled axes. This gives rise to control allocation problems, which are often solved by aircraft manufacturers using simple ad hoc techniques. But as the number of control inputs increases, the latter are no longer sufficient, and more systematic allocation methods must be implemented. Moreover, the physical limitations of actuators (position and rate limits) should be considered to ensure feasible solutions.

Control allocation separates the actuator selection task from the tracking/regulation task, as shown in It is intrinsic to some design methods such as feedback linearization and backstepping. In these cases, the control law determines the total control effort to be produced but not how to produce it, raising a control allocation problem. In the case of linear systems, the usefulness of control allocation is not so obvious since most design methods perform the tracking and the allocation process in one single step. If the control allocation is successful, v a = v.

Control system System

Control law

Control

However, there are practical reasons to use a separate control allocation module, even for linear systems. This allows to consider the inherent limitations of actuators: dynamics, position and rate limits.

If one actuator saturates, failing to produce the desired effect, another actuator may be used to cater for this issue. Thus, the whole actuator suite can fully be exploited before degrading the closed-loop performance [Durham, 1993]. Therefore, the need to reconfigure the control law is lessen in case of efficiency changes or actuator saturation. Moreover, the way the system performance degrades can also be chosen. For instance in the case of an aircraft on the runway, it might be more crucial to prevent lateral runway excursion at the expense of longitudinal performance if the runway is long enough.

Automatic reconfiguration is possible if the efficiency of an actuator changes over time, or in the event of a failure, without the need to redesign the control law. The way of using the actuators can be modified on the fly and can be optimized according to the chosen application. Additionally, filtering may be used to cater for differences in actuator bandwidth [Davidson et al., 2001]. Finally, it is shown in [START_REF] Härkegård | [END_REF]] that for a particular class of nonlinear systems, both optimal control and control allocation yield exactly the same design freedom in shaping the closed-loop response and distributing the control effort among actuators.

The general control allocation problem is formulated in Section 4.1 and the objectives to be fulfilled for the considered on-ground application are detailed in Section 4.2. All the allocation methods that are compatible with these objectives are then thoroughly described in Section 4.3.

The control allocation problem

Mathematically, a control allocator solves an underdetermined system of equations, often subject to additional constraints. It is fed by a vector of virtual inputs v(t ) ∈ R k (typically a number of forces and moments that equals the number of degrees of freedom to be controlled), and it delivers the true control inputs u(t ) ∈ R m to be sent to the actuators, where m > k. Thus given v(t ), the allocation problem reduces to the computation of u(t ) such that:

g (u (t )) = v (t ) (4.2)
for all t ≥ 0, where g : R m → R k is the mapping from the true to the virtual input of the controlled system.

In the literature, effector models are almost always linear in u. Thus, (4.2) reduces to:

Bu(t ) = v(t ) (4.3)
where B ∈ R k×m is the control effectiveness matrix of rank k. Moreover, actuator rate and position limits are incorporated such that:

u p mi n (t ) ≤ u(t ) ≤ u p max (t ) u r mi n (t ) ≤ u(t ) ≤ u r max (t ) (4.4)
where inequalities apply component-wise. The allocator being embedded in a digital system, the time derivative can be approximated as:

u(t ) ≈ u(t ) -u(t -T) T (4.5)
where T denotes the sample time. The applied limits are then the most restrictive of the position or the converted rate limits:

u(t ) = max u p mi n (t ), u(t -T) + Tu r mi n (t ) (4.6a) u(t ) = min u p max (t ), u(t -T) + Tu r max (t ) (4.6b)
The feasible control input set and that considering position limits only are noted U E := u, u and U := u p mi n , u p max respectively. Durham introduced the concept of the attainable moment set (AMS) which is the set of attainable values of the virtual input v when the control input spans U [Durham, 1993].

Dropping the time dependence, the standard formulation of the constrained linear control allocation problem is thus given by:

Bu = v (4.7a) u ∈ U (4.7b)
The solution set is given by the intersection of the hyperplane Bu = v and the constraints hyperbox u ∈ U.

This yields three possible cases:

1. an infinite number of solutions, 2. a unique solution,

3. no solution.

Example 4.1. Let's consider two control inputs, u 1 and u 2 , which contribute to the generation of a virtual control input v as follows:

v = 2u 1 + u 2
with the following position constraints: control. In this case, the control allocation has to settle for a "lower" value of v, also known as command limiting. [Buffington, 1997] suggest to decompose v as a sum of terms of different priorities based on their function (stabilization, reference following), and to start by limiting the term with the lowest priority. Command limiting can also be integrated in the formulation of the control allocation problem, where the control allocator determines a feasible control input u that approximates the virtual input v in some sense in case of control power deficiency. This approximation can be such that the weighted norm of Buv is minimized, or the maximum virtual control in the direction of v is realized. [Härkegård, 2003] highlights the classes of linear and nonlinear systems where control allocation can be used. A necessary condition for a system to be over-actuated is that the control effectiveness matrix B should have more columns than rows. A necessary and sufficient condition is that the number of independent columns of B should be greater than its number of rows. When the control effectiveness matrix is ill-conditioned, but not rank deficient, [START_REF] Virnig | [END_REF] proposes to perform a singular value decomposition to be able to use control allocation, and applies this idea successfully to aircraft flight control design.

-1 ≤ u 1 ≤ 1 -1 ≤ u 2 ≤ 1 -1 0 1 2 3 -1 -1 0 1 u 1 u 2 v = 1 v = 3 v = 5
In this thesis work, the considered system (see (3.16)) is square input-affine with an efficiency matrix with more columns than rows. Therefore, control allocation can be applied to the yaw rate control of an CHAPTER 4. CONTROL ALLOCATION TECHNIQUES REVIEW on-ground aircraft.

One obstacle is actuator dynamics, which render the rank of the control effectiveness matrix less than the order of the system, making control allocation impossible. One usual workaround is to neglect actuator dynamics which is justified as long as the closed-loop system is designed to be substantially slower than the actuators. For cases where this assumption breaks down, [Venkataraman andDoman, 2001, Page andSteinberg, 2002] propose to speed up the actuator dynamics by augmenting each actuator with an additional controller. The authors of [START_REF] Casavola | [END_REF] propose a fault-tolerant adaptive control allocation scheme for overactuated systems subject to a loss of effectiveness due to actuator faults. An "ad hoc" online parameters estimator is used, coupled with a control allocation algorithm, in order to perform online control reconfiguration whenever necessary. A straightforward methodology is proposed in [Kishore et al., 2008] to consider actuator dynamics where the control allocation problem is cast into an LMI problem. [START_REF] Venkataraman | [END_REF] proposes to include the actuator dynamics constraints in the problem formulation and the resulting problem is solved using linear and quadratic solvers.

Another obstacle is the possible presence of a non-monotonic nonlinearity in the mapping from u to v, in which case local linearization may become misleading. The authors of [Doman and Oppenheimer, 2002] propose to consider only the monotonic part of the mapping. However, they highlight that this is undesirable in the multivariable case where the full control authority may be required to produce all components of the virtual input.

Control allocation objectives

A control allocation technique should achieve all the virtual control the actuators can produce, or minimize the allocation error in some sense in case of control deficiency [Enns, 1998]. Furthermore, to be considered flight worthy, it should primarily meet a set of objectives:

• reliably produce smoothly varying actuator controls, that do not chatter back and forth from one time step to the next.

Optimization techniques using gradient descent search are discarded due to their intrinsic chattering likelihood [ Van den Berg, 2016].

• be deterministic to meet certification aspects.

Online training neural networks , such as [Henderson and Lavretsky, 1999], are not compatible with the deterministic criteria of the certification authorities.

• require an acceptable computing power.

The computational power in flight control systems is often limited. Processor technology used in aircraft usually lags that of the PC market significantly [Petersen and Bodson, 2006]. Therefore, computational efficiency, required number of iterations and convergence rate are all critical in the selection of a control allocation algorithm. For example, LMI-based methods, as proposed in [Liao et al., 2008, Kishore et al., 2013], require a prohibitive computational time and are therefore discarded. On the other hand, although an explicit solution is available [Bemporad et al., 2000] for the usually computationally expensive Model Predictive Control-based (MPC) problem, it is Design of Aircraft Integrated Ground Control Laws limited to LTI systems where the state and control matrices are constant, which is not the case of the considered problem. Thus, MPC-based approaches are not considered in this thesis work.

• be compatible with the existing generalized control structure.

MPC-based techniques [Graichen and Käpernick, 2012, Zhou et al., 2013, Hanger et al., 2011, Luo et al., 2004, Luo et al., 2005, Luo et al., 2007, Vermillion et al., 2007] require that a certain desired trajectory be known during a future finite time-horizon which is incompatible with the existing control architecture, since the pilot yaw rate command is not known beforehand (see Figure 3.1).

Although MPC was successfully used in the medical sector to allocate control between functional electrical simulation and an electric motor knee angle control [START_REF] Kirsch | [END_REF], this is another argument to discard to it in this thesis work.

Moreover, the control allocator should possess some desirable secondary features:

• allow a hierarchical architecture to prioritize the use of certain actuators over others.

As mentioned in Section 3.1, minimizing brake use is a strong industrial requirement in order to limit wear and overheating. Hence, differential braking should only be used when the classical actuators (NWS system and rudder) have reached saturation. More generally, the allocator should optimize the solution w.r.t. a certain performance criterion. This leads to discard certain algorithms such as that proposed by [Demenkov, 2007] based on n-dimensional interval bisection techniques.

• cater for actuator dynamics.

All actuators of interest have different bandwidths (see Section 2.6), implying that their response times can be quite different. This should be considered by the allocator.

• be able to simultaneously saturate classical actuators.

In order to use both classical actuators optimally, it is desirable that the latter reach saturation almost simultaneously to allow efficient recovery in case of failure. Indeed, having a failed actuator at maximum deflection and the other at smaller deflection requires more time to recover, which can be critical.

Control allocation techniques review

From an exhaustive control allocation literature review including but not limited to [Oppenheimer et al., 2010, Johansen and Fossen, 2013, Fossen et al., 2008], a wide set of methods have been identified. The most appropriate ones are summarized in this section, based on their applicability to the control of an on-ground aircraft. It is important to highlight that for a certain control allocation problem formulation, there may be several techniques to compute a solution. In that context, the various control allocation techniques are presented, along with the different ways of solving the resulting optimization problem.

Unconstrained methods

In unconstrained linear control allocation, the constraint u ≤ u ≤ u, i.e. the position and rate limits of the control effectors, is ignored. It means that Bu = v has an infinite number of solutions, among which the optimal one in the sense of a certain criterion is selected.

It is interesting to note that through some appropriate choices of weighting matrices in the problem formulation, unconstrained methods may respect actuator position limits to some extent. Moreover, in normal operating conditions, the actuators are seldom saturated in position. Therefore, these techniques, easy to implement, are compared under realistic conditions. In the sequel, the time t is omitted unless it is necessary for the understanding of the method.

Weighted pseudo-inverse

The pseudo-inverse method is an optimization technique to inverse the generally non-square matrix B.

Lemma 4.1. The vector u = u p +WB T (BWB T ) -1 v -Bu p is the solution to the following minimum 2-norm problem:

arg min u∈R m W -1/2 u -u p 2 (4.8) subject to v = Bu (4.9)
where v ∈ R k , and W ∈ R m×m is a diagonal weighting matrix. An offset vector u p ∈ R m is used to represent the preferred value of u or an off-nominal condition of one or more control effectors. 

min u∈R m J(u) = min u∈R m W -1/2 u -u p 2 = min u∈R m u -u p T W -1 u -u p (4.10) subject to v = Bu (4.11)
where v ∈ R k , W ∈ R m×m and the offset vector u p are defined as in Lemma 4.1. First,the Hamiltonian

H = J + λ T (v -Bu) is formed: H = u T W -1 u -u T p W -1 u -u T W -1 u p + u T p W -1 T ū + λ T (v -Bu) (4.12)
where λ is a Lagrange multiplier to be determined. Taking the partial derivatives of H with respect to u and equating the result to zero yields:

∂H ∂u = 2u T W -1 -u T p W -1 -u T p W -1 T -λ T B = 0 (4.13) 2W -1 u -2W -1 u p -B T λ = 0 (4.14)
W being a diagonal symmetric matrix, therefore W -1 T = W -1 . But, u cannot be found since B is a nonsquare matrix. Pre-multiplying by BW yields:

2BWW -1 u -2BWW -1 u p -BWB T λ = 0 (4.15) Design of Aircraft Integrated Ground Control Laws
Replacing Bu by v gives:

2v -2Bu p -BWB T λ = 0 (4.16) λ = 2 BWB T -1 v -2 BWB T -1 Bu p (4.17)
Replacing λ from (4.17) in (4.14):

2W -1 u -2W -1 u p -B T 2 BWB T -1 v -2 BWB T -1 Bu p = 0 (4.18) u = u p + C v -Bu p (4.19)
where

C = WB T BWB T -1 (4.20)
is a generalized inverse. For the special case where W = I and u p = 0, the solution u = B † v is defined by the Moore-Penrose pseudo inverse, given by B † = B T (BB T ) -1 .

Note 4.1. If an effector is jammed, the resulting position offset (locked position) should be fed in u p and the moments generated Bu p should be accounted for.

Choice of the weighting matrix W The components of the weighting matrix can be selected to incorporate the position limits of the control effectors. One approach is to choose W to be diagonal and composed of the control position limits squared [Snell et al., 1992, Davidson et al., 2001]. This results in a solution that emphasizes controls with large operating areas while minimizing the deflections of controls with reduced operating areas. Another approach proposed in [Oppenheimer et al., 2010] is to adjust each component of W as a function of the corresponding component of u such that the weighting function approaches zero as the control approaches a physical limit. There is no guarantee that the resulting commands sent to the control effectors will not exceed the position limits. However, in practice the method is effective in constraining the positions of the controls. Finally note that this method can be useful in generating preference vectors for more complex optimization based methods for the purpose of robustness analysis.

When some effector commands exceed the position constraints, two main approaches can be used:

• the commands concerned are truncated at their limits. Obviously, the realized virtual input v a = B Proj U (u) may be different from the desired virtual input v. Furthermore, there is no guarantee that v a equals v whenever possible, or that the error between allocated and commanded virtual inputs is minimized in some sense whenever an exact allocation is not possible.

• the entire control input u is scaled such that no component exceeds its limit. This scaling approach is the main characteristic of the direct allocation method described in Subsection 4.3.3. It results in a solution that preserves the direction of the desired virtual control v [Durham, 1993].

L(s) B † p B † r - + + + v v l v h u l u h u Figure 4.3: Frequency-apportioned control allocation approach
The virtual control v is partitioned into high and low frequency components v h and v l using a matrix L(s) composed of low-pass filters of time constant τ j for the j th controlled axis:

v l = L(s)v (4.21) v h = [I -L(s)]v (4.22)
A weighted pseudo-inverse approach is then used for allocating the high and low frequency components according to the individual control effector rate and position limits as follows:

u l = B † p v l (4.23) u h = B † r v h (4.24)
where B † p and B † r are position limit and rate limit weighted pseudo-inverses respectively, given by:

B † p = W p B T (BW p B T ) -1 (4.25) B † r = W r B T (BW r B T ) -1 (4.26) 
and W p and W r are diagonal weighting matrices, composed of the squared position and rate limits respectively. The control vector is finally given:

u = u l + u h = [B † p L(s) + B † r (I -L(s))]v (4.27) 
A key element in this approach is the selection of the low-pass filter time constants, which determines the frequencies at which the commands are passed to the position-weighted or the rate-weighted pseudoinverse solutions. The authors propose a reciprocal Bode analysis to determine the position and rate limit boundaries for each actuator subject to a sinusoidal input and select the time constants which yield the least restrictive boundaries. The latter, defined as a function of input amplitude and frequency, can be determined as follows for each actuator considering symmetrical limits. Transfer functions are determined from the desired virtual input v j to the control position and rate u i and ui respectively where i ∈ {1, . . . , m} and j ∈ {1, . . . , k}:

u i v j = H pi j (s) (4.28) ui v j = H r i j (s) = s • H pi j (s) (4.29)
The inverse of these transfer functions are multiplied by the control effector position and rate limits u p max i and u r max i respectively:

p limit i = u p max i /H pi j (s) (4.30)
quickly to its desired position u p , whereas a small diagonal entry in W 2 will prevent the actuator from moving too quickly. Since actuator limits are neglected, the closed-form solution is:

u(t ) = Eu p (t ) + Fu(t -T) + Gv(t ) (4.34) 
where:

E = (I -GB)W -2 W -1 1 F = (I -GB)W -2 W -1 2 G = W -1 (BW -1 ) T ((BW -1 )(BW -1 ) T ) -1 W = (W -1 1 + W -1 2 ) 1/2
In [Wendong and Honglun, 2013], the authors apply the linear filter (4.34) to the control of a canard rotor/wing aircraft model in fixed-wing mode and analyze the stability of the closed-loop dynamic control allocation system, especially in the presence of two types of failures: loss of effectiveness and lock-in-place failures. However, actuator saturations are not considered in the study.

Basic constrained methods

Cascaded generalized inverse

Also known as the redistributed pseudo-inverse, it is an iterative heuristics based on the pseudo-inverse method. It allows to consider both position and rate limits, the latter being converted into effective position limits [Bordignon, 1996]. More precisely, the saturated control effectors are removed from subsequent pseudo inverse solutions, and the allocation process is repeated until either all control effectors saturate or a solution is found that does not violate actuator constraints. The author's version of the algorithm is presented, where W = I as opposed to the other described methods.

The algorithm can be summarized as follows: Although the method is simple, and often effective, it neither guarantees that a feasible solution is found whenever possible, nor that the resulting control allocation minimizes the allocation error in some sense. Example 4.3 shows that the consideration of norm minimization as the primary objective can yield a solution which does not meet the virtual control objective. Here, although the obtained CHAPTER 4. CONTROL ALLOCATION TECHNIQUES REVIEW solution minimizes the control deflections, the virtual control objective is not met but could have been with larger control deflection without violating limits, leading to a sub-optimal allocation. As a remedy to this problem, [Enns, 1998] suggests to also compute the pseudo-inverse solution iteratively, but to saturate only one control input at each iteration. However, none of the two variants guarantees to find an optimal solution, or even to achieve a feasible v. Moreover the matrix B BT can become singular, and [Bodson, 2002] proposes to replace it by a regularized matrix B BT + I, where is a small positive number. 

v = Bu
where the control effectiveness matrix B is given by:

B =      1 0 0 0 0 1 0 1 0 0 1 1     
with the actuator position limits u p max = -u p mi n = [5 10 2 1] T and the desired virtual control input v = [0 9 0] T . The cascaded generalized inverse algorithm is run:

1. The vector u p = 0 and the matrix B = B are initialized.

2. The first iteration gives u = [0 6 -3 3] T . The third and fourth actuators are saturated, therefore:

u p = [0 0 -2 1] T B =      1 0 0 0 0 1 0 0 0 0 0 0     

The second and last iteration yields

u = [0 8 -2 1] T and the virtual control input v a = [0 9 -1] T is produced instead of v.
However, the desired virtual control input can be attained using only the second actuator by setting u = [0 9 0 0] T which leads to v a = v = [0 9 0] T . This example highlights that some bad choices made early in the iterations cannot be made up for and prevent the full utilization of the available control authority.

Daisy chaining

The daisy chaining method [Oppenheimer et al., 2010, Johansen and[START_REF] Johansen | [END_REF] assumes that a hierarchy is established between the control effectors, which are separated into different groups. The control inputs are computed assuming that only the primary group of effectors is used. If at least one of them exceeds its position limits, the overflow is sent to the secondary group and so on. Depending on the selected groups, this may lead to solutions where several effectors are not fully utilized to minimize the allocation error, so this method can be sub-optimal compared to the redistributed pseudo-inverse. Moreover, only position limits are explicitly incorporated, although rate limits may be considered if they are converted to effective position limits. And finally, this method requires that an a priori hierarchy be Design of Aircraft Integrated Ground Control Laws set up between the actuators. While the implementation may seem pretty simple for the case where all actuators have authority w.r.t. a single axis, conflicts may arise for multi-axis allocation problems [Oppenheimer et al., 2010].

The m control inputs are grouped into M groups of decreasing priority, which may imply a reorganization of the control inputs:

u =       u 1 . . . u M      
Similarly, the control effectiveness matrix is reorganized and partitioned as follows:

B = [B 1 • • • B M ]
The control allocation problem (4.7) is then reformulated as follows:

v = B 1 u 1 + B 2 u 2 + • • • + B M u M
Daisy chaining consists of satisfying the virtual control v using only the primary actuator group, by solving:

v = B 1 u 1 (4.35)
for u 1 subject to the corresponding actuator limits. The problem (4.35) can be solved by any allocation technique. Without any loss of generality, let's assume that the solution is given by:

u 1 = P 1 v (4.36)
where P 1 is any right (pseudo-)inverse of B 1 . If it satisfies (4.35) and respects the actuator limits, the allocation is successful and the algorithm stops. Otherwise, u 1 is clipped to the most restrictive of the position or rate limits (u 1 = sat ū1 (P 1 v)), and the unrealized virtual control is solved for u 2 by using the secondary actuator group:

B 2 u 2 = v -B 1 u 1 (4.37)
Again if the obtained solution u 2 does not satisfy (4.37) or violates the actuator limits, u 2 is clipped and the resulting unrealized virtual control is solved by employing the tertiary group and so on. The daisy chaining algorithm can be summarized as follows [Härkegård, 2003]:

u 1 = sat ū1 (P 1 v) (4.38) u 2 = sat ū2 P 2 v -B 1 u 1 (4.39) . . . (4.40) u M = sat ūM P M v - M-1 i =1 B i u i (4.41)
where B i P i = I. where the control effectiveness matrix B is given by:

B =      1 0 0 0 0 1 0 1 0 0 1 1     
with the actuator position limits u p max = -u p mi n = [5 10 2 1] T and the desired virtual control input v = [0 9 0] T . In this example, it can be seen that u 1 , u 2 and u 3 each have an effect on a different axis. Therefore, a smart grouping choice is to consider the first three actuators as part of the primary group u 1 while the fourth actuator forms the secondary group u 2 , also such an approach may be contradictory with the allocation objectives and particularly cumbersome as the number of actuators in the primary group grows. In this case, P 1 is uniquely determined as P 1 = B -1

1 since B 1 is square and invertible. Thus, the initial problem can be reformulated as follows:

v = B 1 u 1 + B 2 u 2
where

u 1 = [u 1 u 2 u 3 ] T u 2 = u 4 B 1 =      1 0 0 0 1 0 0 0 1      B 2 =      0 1 1     
The primary group command u 1 can be computed as:

u 1 = sat ū1 B -1 1 v = [0 9 0] T
which yields the desired virtual input while respecting the actuator constraints. Therefore, the use of the secondary group is not required, and u 2 = u 4 = 0. Thus, the resulting control input which generates the desired virtual control is given by:

u =          0 9 0 0          Design of Aircraft Integrated Ground Control Laws

Comments

• The actuator grouping and the selection of the P i matrices are designer's choices. The assignment of actuators to a particular group is crucial and requires an engineering judgment. If the number of actuators placed in each group is equal to the number of rows of the control effectiveness matrix B, the resulting B i are square. Moreover, if the latter are invertible, the corresponding P i is uniquely determined as P i = B -1 i .

• Daisy chaining may fail to generate a realizable virtual input [Bordignon, 1996, Bordignon andDurham, 1995]. But, in the scalar scale (v ∈ R), the method is able to produce all attainable virtual inputs.

Remark 4.2. In the considered on-ground aircraft control problem, allocation within the primary group, comprised of the rudder and NWS system, can be done with any allocation technique, but the pseudo-inverse method is used here for its low computational power requirement. However, differential braking is not minimized, since it is used as soon as one actuator of the primary group saturates. A way to address this issue could be to send the overflow of v to the other actuator of the primary group before using the secondary group.

Optimization-based methods

In this subsection, selected optimization-based control allocation problems are reviewed, along with the numerical methods available to solve them. The l 1 -norm has been employed in various studies [Enns, 1998, Ikeda and Hood, 2000, Bodson, 2002, Doman and Ngo, 2002], which may be motivated by the fact that in general, a linear program can be solved much faster than a quadratic one. The l 2 -norm distributes the virtual control demand among all the control inputs while the l 1 -norm favors the use of as few control inputs as possible. In general, the use of the l 1 -norm gives solutions where all but control inputs equal to the number of controlled variables are either at their limits or preferred positions [Enns, 1998, Bodson, 2002], which is not acceptable from a pilot's perspective. Therefore, only the l 2 -norm is investigated in this thesis work, except for the direct allocation method.

Robust control allocation techniques taking into account uncertainties and actuator faults in the problem formulation, as proposed in [Zhang et al., 2014, Shen et al., 2017] for example are variations of optimization-based techniques. However, they are not considered in this study for homogeneous comparison with other techniques in the absence of uncertainties and faults.

Weighted least squares

The weighted least squares (WLS) problem is a mixed optimization problem where control and allocation error minimization are grouped into a single cost function:

u = argmin u∈U E Bu -v 2 + γ W -1 2 u -u p 2 (4.42)
where W ∈ R m×m is a weighting matrix allowing the scaling of control inputs, and γ is set to a small positive value indicating the priority of error minimization over that of control minimization.
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The above problem can be solved using the MATLAB quadprog solver, an active set solver [Härkegård, 2003], an interior point solver [Petersen and Bodson, 2006] or a fixed-point iteration algorithm [Burken et al., 2001]. In [Naskar et al., 2017], two iterative variants of the fixed-point method are proposed:

• a sequential method similar to [Burken et al., 2001], but which adopts a different approach to satisfy the convergence criteria,

• a Newton method, where the consideration of the saturation function leads to a nonsmooth zero finding problem, and which guarantees superlinear convergence.

A few practical applications can be mentioned. In [Khelassi et al., 2010], the WLS formulation is applied to flight control. A fuzzy logic scheme is proposed in [START_REF] Almutairi | [END_REF] to handle a wide range of fault magnitudes on-line. To allow different actuators to produce control efforts on different frequency ranges, a dynamic mapping requiring the previous value of u is used in [Härkegård, 2004] to capture the saturation of the actuators and penalize their rates of variation. An adaptable accelerated fixed-point point method is finally proposed in [START_REF] Wang | [END_REF] to solve the magnitude and rate constrained WLS problem applied to the control of ground vehicles. However, the authors highlight the slow convergence rate of fixed-points methods in general despite their extremely low computational burden.

Sequential least squares

The optimal control input is the solution to the following two-step sequential least squares (SLS) problem:

u = arg min u∈Ω W -1 2 u -u p (4.43a) Ω = arg min u∈U E Bu -v (4.43b)
In other words, the control input that minimizes uu p weighted by W is selected inside the set Ω of the feasible control inputs which minimize Buv. Except exhaustive search algorithms [START_REF] Bodson | [END_REF]] and active set algorithms, most numerical methods in general only yield approximate solutions, where some converge to the optimal solution as the number of iterations tends to infinity [Härkegård, 2002]. It is shown in [Nocedal and Wright, 1999] that active set methods, which are commonly used today to solve constrained quadratic programming problems, converge to the optimal solution in a finite number of iterations. In [Enns, 1998], the author proposes to simplify the SLS problem by approximating the box constraints by one ellipsoidal constraint. The resulting problem is found to be efficiently solved using a bisection method.

Minimal least squares

The minimal least squares problem (see [Lötstedt, 1984]) is a special case of the sequential least squares problem (4.43) where the minimal length solution is picked if Buv does not have a unique feasible minimizer. The problem is solved using a two-stage active set method. W must be diagonal, which is a reasonable assumption for the considered on-ground aircraft problem. However, the considered implementation in this thesis work does not handle the case of coplanar controls.

Design of Aircraft Integrated Ground Control Laws

Karush-Kuhn-Tucker (KKT)-based algorithm

In [Chen and Wang, 2011a, Chen and Wang, 2011b, Chen and Wang, 2012, Chen and Wang, 2011c, Chen and Wang, 2014], the authors propose a fast and global optimization algorithm to improve operational energy efficiency of over-actuated electric road vehicles. For a class of realistic power and efficiency functions, a Karush-Kuhn-Tucker (KKT)-based allocation algorithm is proposed to find all the local optimal solutions by solving several systems of equations, and consequently the global one through a simple comparison between all realistic local minima. This KKT-based algorithm is also independent on the selection of initial conditions, since the considered nonlinear optimization problem is converted into classical eigenvalue problems.

The following minimization problem is considered:

min u∈U J(u) = Bu -v 2 + γ W -1 2 u 2 (4.47)
and the following Lagrangian function is defined:

L(u, λ, λ) = J(u) -λ T (u -u p mi n ) -λ T (u p max -u) (4.48)
where λ and λ ∈ R m are nonnegative vectors containing the Lagrangian multipliers. Based on KKT conditions [Chen and Wang, 2012], the optimal solution u with certain Lagrangian multipliers λ and λ satisfy the following conditions:

∂L(u, λ, λ) ∂u u=u λ=λ λ=λ = 2B T Bu -v + 2γW -1 u -λ + λ = 0 (4.49a) λ i (u -u p mi n ) i = 0 (4.49b) λ i (u p max -u ) i = 0 (4.49c) u -u p mi n ≥ 0 (4.49d) u p max -u ≥ 0 (4.49e) λ ≥ 0 (4.49f) λ ≥ 0 (4.49g)
In general, the KKT conditions are necessary conditions for local minima [Chen and Wang, 2012] and can also be used to sufficiently characterize the global optimal solution when the cost function and the constraint set are convex. When the latter are not convex as in the energy-efficient control allocation of [Chen and Wang, 2012], further examinations can be carried out to exclude the maxima and the local minima. When the Lagrangian multipliers satisfy λ = 0 and/or λ = 0, the optimal solution u can be computed by solving where γ > 0. The role of Proj ω>0 {•} is to keep the estimates ω i strictly greater than zero at all times.

Nonlinear Control Allocation Algorithm

The Nonlinear CCA uses a different approach. Let the constant control allocation matrix be defined as:

D * = W * B T (BW * B T ) -1 (4.57)
The output of the control allocator is of the form

u = WB T (BWB T ) -1 v (4.58)
while the desired control input is:

u = W * B T (BW * B T ) -1 v (4.59)
The error term is again defined as e u = u -u T . To arrive at the adjustment law, the error matrix Φ = W -W * is introduced:

u = (W -Φ)B T (B(W -Φ)B T ) -1 v (4.60)
The error model is then rewritten as:

e u = [WB T (BWB T ) -1 -(W -Φ)B T (B(W -Φ)B T ) -1 ]v (4.61)
e u is linearized at Φ = 0 which yields: where γ > 0.

e u ∼ = [ΦB T (BWB T ) -1 -WB T (BWB T ) -1 BΦB T (BWB T ) -1 ]v (4.
The authors claim that the proposed algorithms are well suited both for position and rate limiting since u T , used to adjust ω, is a signal coming from the position and rate limit blocks. However, the total control input is not minimized with such an approach, which is often an important requirement. In [Bošković et al., 2002], the authors address this problem using constrained optimization techniques and LMIs to explicitly calculate the optimal weighting matrix for the pseudo-inverse control allocation. W is computed using any standard LMI solver. For time-varying systems, at each instant, W is calculated based on v. The obtained weighting matrix minimizes u 2 at each time step.

Dynamic input allocator

In [Zaccarian, 2009], the author proposes a dynamic augmentation of the control law. The core idea is that when input redundancy is available, it is possible to inject an arbitrary signal in certain input directions, which does not modify the state response (in the strongly redundant case) or the steady-state output response (in the weakly redundant case). This arbitrary signal is the output of a suitable number of integrators, whose state is adjusted online based on certain gains intuitively chosen to promote or penalize the different actuators based on their rate or magnitude saturation levels.

Consider the following linear time-invariant system:

ẋ = Ax + Bu (4.64a) y = Cx + Du (4.64b)
where x ∈ R n , u ∈ R m and y ∈ R p are the plant state, input and output respectively. where y c is the control system output, and K and W are symmetric matrices, which satisfy K > 0 and

B T ⊥ WB ⊥ > 0.
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• in the strongly input redundant case, 1. the control system with input allocation is internally stable if and only if the control system without input allocation is internally stable, 2. given any initial condition and any selection of the external inputs, the plant output responses of the two systems (with and without input allocation) coincide for all times.

• in the weakly input redundant case, 1. the control system with input allocation is internally stable if and only if the control system without input allocation is internally stable, 2. given any selection of the external inputs, the plant output responses of the two systems converge to the same values.

Remark 4.4. In the strongly input redundant case, any positive ρ is allowed, to regulate the speed of convergence of the allocator. However, in the weakly input redundant case, there exists a ρ small enough such that the input-output allocation is effective, i.e. closed-loop stability is retained.

For the class of magnitude (or magnitude and rate) saturated plants, the author proposes to generalize the constant matrix W to a non-constant matrix function W(u) , given in (4.68), which allows to adjust online the selection of the actuators to be promoted or penalized.

W(u) = diag (1 + ) M -|sat [M] (u)| -1 (4.68)
where sat [M] (•) is the symmetric saturation function defined as:

sat [M] (x) =    x if |x| < M M otherwise (4.69)
and M and are the position limits of the actuators and a small positive number respectively. The author proposes this selection of W(u) as each diagonal term gets larger and larger as u approaches the saturation limits. Moreover, anti-windup techniques are applied so as to establish formal properties of the closed-loop, such as stability and convergence. Therefore, stability recovery in the presence of saturation is guaranteed.

In [START_REF] Tommasi | [END_REF], the authors extend the previously detailed control allocator to the non redundant case by allowing it to improve the input allocation selection at the price of some output regulation error. In particular, the allocator dynamics are designed as the gradient of a cost function and the convergence to the minimum of the cost function is established under some mild conditions.

The dynamic input allocator is also extended to linear parameter-varying systems in [START_REF] Vanek | [END_REF] and to other classes of linear systems in [START_REF] Galeani | [END_REF], Cocetti et al., 2016, Galeani et al., 2015] and nonlinear actuator dynamics are considered in [START_REF] Passenbrunner | [END_REF]. [START_REF] Vanek | [END_REF] shows that if the actuator dynamics are not negligible, the strong input redundancy of the plant does not imply the existence of an input allocator. Indeed, the number of independent columns of the control effectiveness matrix of the augmented system (plant and actuator) becomes less than the order of the system, which implies an empty kernel space. However, input redundancy can be retrieved if all actuators have the same dynamics. And if all actuators have similar dynamical behavior, it is possible to design a simple controller making their behavior equal. Consequently, the actuators will be seen equal by the controller, so the input redundancy is recovered. In the case of a system degradation beyond the limits of the original control system, a multi-level approach is developed in [START_REF] Péni | [END_REF] which proposes to revisit the performance requirements, thus increasing the robustness of the faulty system. The authors suggest to consider the impact of actuators dynamics in the weighting matrix W.

The input allocator of [Zaccarian, 2009] is used in [Cassaro et al., 2018] for the yaw control of an onground aircraft using the rudder, the nose wheel steering system and the brakes, where the components of W are formulated as functions of the aircraft speed. It has also been used for the dynamic management of the torque request in parallel hybrid electric vehicles [START_REF] Cordiner | [END_REF], Cordiner et al., 2014] and in other applications such as elongation control in the Frascati Tokamak Upgrade [START_REF] Boncagni | [END_REF], Varano et al., 2011b, Varano et al., 2011a, Boncagni et al., 2012].

Remark 4.5. The dynamic input allocation presented in this subsection assumes that the baseline controller has been designed for the input-redundant augmented plant containing the actuators as well, therefore performing some kind of pre-allocation between the actuators. This approach differs from the methods described in [START_REF] Johansen | [END_REF] and the one developed in Subsection 3.4.2 where the controller is designed to generate only virtual forces and moments, thereby not explicitly considering the actuators and their dynamics during the design procedure.

Remark 4.6. Fault tolerant control and adaptive control allocation techniques [Tohidi et al., 2017, Cristofaro andZaccarian, 2016] are not within the scope of this thesis work. Therefore, they are not further investigated.

Concluding comments

In this chapter, an exhaustive literature review is performed and the most appropriate allocation techniques are selected based on their applicability to the control of an on-ground commercial aircraft. They are thoroughly described and several criteria are discussed including computing power requirements, determinism, nature of produced actuator commands and compatibility with the existing industrial control framework. A shortened version of this work has been published in the Proceedings of the American Control Conference [Sadien et al., 2019]. This study has been carried out in 2018 and this research topic is still active. Some rich contributions have been realized since such as [START_REF] Castro | [END_REF] where the allocation problem is formulated as an optimization problem using Lyapunov-based constraints and barrier functions.
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Introduction

Control allocation is almost exclusively application driven. The effectiveness of allocation algorithms is indeed difficult to assess from a general point of view, and it seems preferable to compare them on specific applications [Oppenheimer et al., 2010]. For example, several methods are evaluated in [Page andSteinberg, 2000, Bodson, 2002] on an airborne aircraft, such as continuous-time and discrete-time versions of direct allocation, linear programming, quadratic programming, as well as variations of the weighted pseudo-inverse approach including a cascaded generalized inverse. And in [Simmons and Hodel, 2004], several quadratic programming based allocation laws are applied to the control of an X-33 based next generation aerospace vehicle model. In this context, the allocation techniques identified in Chapter 4 are now applied to the on-ground control problem stated in Section 3.1, and a thorough comparison is performed on a realistic worst-case scenario.

The evaluation shows that even the most promising techniques suffer from a certain number of drawbacks, making them inapplicable in their current state to the problem under consideration. First, the maximum attainable virtual control is not always accessible. Then, the classical actuators 

Detailed comparison of most existing control allocation techniques

Using the accurate yet tractable on-ground aircraft model developed in Chapter 2, the proposed benchmark takes into account all existing actuators of interest (rudder, NWS system and brakes), including their dynamics and limitations. The changes in the actuators efficiencies due to the variations of normal load and aircraft velocity during the roll-out phase are also considered. A set of indicators is introduced to quantify the performance of the considered control allocators. It comprises some classical indicators proposed in [Naskar et al., 2017], such as convergence time and number of iterations. Some others are also included based on Airbus expertise in world civil aviation. The benchmark is first described in Subsection 5.1.1 and then used in Subsection 5.1.2 to compare all allocation techniques on a realistic worst-case scenario.

Benchmark architecture and setup

The considered on-ground benchmark is shown in The whole lateral ground control architecture of Figure 3.1 is not considered for the moment. The objective is indeed to focus on the allocation algorithms to determine whether they are able to compute quickly and reliably some admissible actuator commands, which produce a yaw acceleration v r a (almost) equal to the reference value v r issued by the yaw rate controller. The benchmark is composed of four blocks described subsequently.

Scenario

The yaw rate controller described in Subsection 3.4.2 normally computes a virtual input v = v r corresponding to the commanded yaw acceleration to be produced by the actuators. For this benchmark, a v r profile recorded during a real landing with difficult operating conditions is used instead. This is indeed a convenient way to push the allocation module to the limits for a better evaluation, and explains why an open-loop benchmark is considered in this section. More precisely, the commanded yaw acceleration v r issued by the Scenario block corresponds to a landing with:

1. 30 knots crosswind with turbulence shown in 

Computation of the actuated yaw acceleration

Based on the on-ground aircraft model developed in Chapter 2 and under assumptions 3.3 to 3.5, the Yaw block computes the part v r a produced by the actuators of the total yaw acceleration ṙ :

v r a = v δr + v NW + v br k MGL + v br k MGR (5.1)
It depends on various parameters (ground speed, lever arms with respect to the centre of gravity, runway state. . . ). The rudder and the nose-wheel contributions are given by: v δr = q d Sc Cn δr + Cy δr (c Gc A ) δr I zz (5.2) v NW = Dx NW I zz Fsy NW (5.3) where Fsy NW is obtained from (2.10) and (2.14b) under assumption 3.3 as:

Fsy NW = F z NW μµ r MAX -K y NW θ NW (5.4)
The yaw accelerations produced by the braking systems are: (5.6) Finally, the engine throttles are both set to idle and therefore do not appear here.

v br k MGL = -

Control allocator

As highlighted in Subsection 3.4.2 and Section 4.1, the Control allocation block receives the virtual control input v = v r and computes the control inputs u to be sent to the actuators. In order to minimize Design of Aircraft Integrated Ground Control Laws the effect of differential braking on the longitudinal motion, ganging of the left and right braking systems is considered (see (3.14)): δP br k c = P br k MGRc -P br k MGLc is computed, and P br k MGRc = 0.5δP br k c and P br k MGLc = -0.5δP br k c are then applied in the Actuators block, which directly implements the actuator models of Section 2.6. Thus, the number of outputs of the control allocator reduces to m = 3 and the matrices of (4.7) are given by: 

u =      θ NW c δr c δP br k c      (5.7) v = v r (5.8) B = ∂v r a ∂θ NW ∂v r a ∂δr 1 2 ∂v r a ∂P br k MGR - ∂v r a ∂P br k MGL (5.9) = D xNW F z NW μµ r MAX -K y NW I zz q d Sc Cn δr + Cy δr (c G -c A ) I zz D yMG N t MG G br k I zz R e ( 5 

Key performance indicators

To be deemed flight worthy, a control allocator should converge in a minimum time (less than the sample time), and in a minimum number of iterations. Most if not all virtual controls should be attained within the capacity of the actuators, therefore minimizing an equivalent yaw acceleration error. Lastly, actuator use should be minimized as far as possible. In this context, the following indicators, taken both from [Naskar et al., 2017] and from Airbus expertise in world civil aviation, are chosen to assess the performance of the control allocation techniques:

• mean number of iterations,

• maximum number of iterations,

• mean convergence time over all sampling periods,

• mean convergence time over the worst 10% sampling periods,

• integral of squared error: (v rv r a ) Most methods make use of a constant user-defined weighting matrix W p to minimize the weighted control vector W -1/2 p u and to avoid as far as possible to reach actuator saturations. The frequencyapportioned, the linear filter and the dynamic allocation methods also use an additional weighting matrix W r , which penalizes actuator rates. However, there is no added value for the considered benchmark, since rate limits are rarely violated.

The fixed-point iteration algorithm [Burken et al., 2001] converges to the optimal solution as the number of iterations goes to infinity. Here, the number of iterations is limited to 100 and therefore, this method presents the highest allocation error and normalized actuators consumption. The number of iterations of the KKT-based algorithm is equal to 3 m , which corresponds to all the combinations of the 3 possible states of each of the m actuators (lower or upper saturated, or not saturated). In contrast, the number of iterations remains quite low for all other iterative techniques. But interestingly, several non-iterative approaches are as good or even better in terms of error and consumption. They are preferred here, since they make the certification process easier. Among them, the weighted pseudo-inverse and the daisy chaining presented in [Oppenheimer et al., 2010], the linear filter from [Härkegård, 2003] and the dynamic input allocator described in [Zaccarian, 2009] have the added advantage of being easily implemented. They can thus be considered as the most relevant approaches in the present context.

But they suffer from a certain number of drawbacks. First, the maximum attainable v is not accessible with a constant weighting matrix W [Durham, 1993]. Moreover, the classical actuators (NWS system and rudder) do not saturate simultaneously when W is composed of the squared position limits of the actuators, i.e. W = W p . Then, the weighted pseudo-inverse and the linear filter techniques do not consider actuator saturations at all, which could lead to disappointing results in case of extreme scenarios.

When implemented on a digital system, there is also a strong limit in the allocation speed of the dynamic input allocator to ensure stability. Therefore, it requires to find an initial solution which is close to the optimal one, which is already an allocation problem in itself. Finally, no method allows to minimize brakes use, except daisy chaining to a certain extent by placing the braking systems in the secondary group of actuators. But even then, the classical actuators do not reach saturation simultaneously and the brakes are activated before they are all saturated.

Therefore, a new allocation algorithm should be developed to comply with the control and allocation objectives stated in Sections 3.1 and 4.2. In view of the above, the idea is to build upon the weighted pseudo-inverse, which despite its disadvantages is very easy to implement and use, and exploit the grouping strategy of daisy chaining to minimize the use of differential braking.

Development of a new control allocation algorithm

The Dynamic Weighting Control Allocator (DWCA), depicted in Figure 5.3, is a pseudo-dynamical control allocation technique, which intelligently manages the trade-off between minimizing actuators use and attaining the maximum virtual control in the 1-dimension case, i.e. v ∈ R. The core idea is to build upon the simplicity of the weighted pseudo-inverse method, and exploit the grouping strategy of daisy chaining to minimize the use of differential braking. It meets the specifications of Section 3.1 and respects various practical requirements, such as limited computational power and implementation constraints. Finally, it also allows the consideration of actuator dynamics and faults such as actuator loss of efficiency and jamming.

Principle of the Dynamic Weighting Control Allocator

The DWCA requires that the m actuators be grouped as "primary" or "secondary". In the nominal mode, actuators from the primary group are first used up to their maximum capability. They are used according to their relative efficiency and reach saturation almost simultaneously, which is not possible with daisy chaining for example. Only then are the actuators from the secondary group used. The DWCA also presents an augmented mode activated by the boolean B A , which considers all available actuators as primary. This mode may be triggered for instance according to the lateral deviation from the runway centerline, the orientation of the aircraft and the runway state (e.g. when μ is below a given threshold).

Remark 5.2. The triggering of the unrestricted mode depends on the operational domain specificity. The designer has theoretically an infinite number of options to switch between the nominal and augmented

modes. An example where the latter is triggered according to the runway state could be to set B A = 1 if μ ≤ 0.6 (between wet and snowy) and B A = 0 otherwise.

The DWCA is based on the weighted pseudo-inverse approach mentioned in Subsection 4. 

=              0 
if the i th actuator is functional and sign(u

p mi n i • u p max i ) ≤ 0 min |u p mi n i |, |u p max i | • sign(u p mi n i
) if the i th actuator is functional and sign(u • u p max i ) > 0) are seldom encountered while considering position limits only. In practice, the zero position of an actuator is arbitrarily defined and generally corresponds to the minimum energy position. However, the consideration of rate limits when converted to effective position limits (see (4.6)) often yields identical sign actuator limits. Remark 5.4. If the i th actuator efficiency changes, the value of b i is changed accordingly. For instance, a floating actuator (free to move) is catered for by setting its efficiency b i to zero. Remark 5.5. In case of a jammed actuator, the DWCA automatically reconfigures itself provided the faulty actuator and its jammed position are identified. In this case, the virtual control is correctly realized using the remaining healthy actuators. [Sadien et al., 2020], which does not consider actuator jamming and identical sign actuator limits.
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Note 5.1. A simplified version of the DWCA has been published in

The commanded deflection for the i th actuator is then given by: It is interesting to note that u 3 and u 4 are equal to zero (see Figure 5.5) since the commanded virtual control can be realized using only the primary actuators u 1 and u 2 . When the loss of efficiency of actuator 2 is simulated, u 2 drops to zero as expected and u 1 increases accordingly to generate the required virtual control.

u i = sat u p mi n i , u p max i ūi + bi wi m j =1 b2 j w j v ( 5 
Design of Aircraft Integrated Ground Control Laws Moreover, it can be seen in Figure 5.6 that u 1 and u 2 are not used in the same proportion. Indeed, the weighting parameter w i in (5.24a) causes u 1 to be used more than u 2 , since u 1 can generate more virtual control than u 2 .

Example 5.2. In the nominal mode (B A = 0), a smooth negative step of amplitude 2.5 is used as the virtual input reference v to illustrate the behavior of the DWCA in the case where all actuators are required. The realized control is equal to the commanded one, as shown in Figure 5.7. It is interesting to note that u 1 and u 2 reach saturation simultaneously as expected at t = 5.3 s (see Figures 5.8 and 5.9) since the commanded virtual control cannot be realized using only the primary actuators. At that moment, u 3 becomes non-zero to generate the residual virtual control. It can be noted that actuator 4 is not used since its effective position limit (lower in this case) is zero while the residual virtual control is negative.

Example 5.3. In the nominal mode (B A = 0), a sinusoidal signal of amplitude 1.4 is used as the virtual input reference v to illustrate the behavior of the DWCA in the case where the sign of the reference changes. Moreover, actuator 2 is jammed at t = 6.75 s.

Design of Aircraft Integrated Ground Control Laws The commanded and the realized virtual controls are shown in Figure 5.10. Both are equal, even when actuator 2 is jammed. The effective commanded virtual control corresponds to the virtual control to be realized by the healthy actuators considering the virtual control generated by the jammed actuator (see (5.15)). Before the jamming of actuator 2 at t = 6.75 s, u 1 and u 2 are not equal at t = 2.25 s and t = 6.75 s (see Figure 5.11), although the magnitude of the virtual control reference at those instants is the same. This is explained by the fact that the respective effective limits of the actuators at those instants are different due to asymmetrical position limits, which yields different paths of the deflections of u 1 and u 2 . Moreover, when actuator 2 is jammed, the value of u 2 computed by the DWCA is frozen at the jammed value . It can seen that u 3 and u 4 are used only when necessary. Similarly, it can be observed in Figure 5.12 that u 1N and u 2N are not equal at t = 2.25 s and t = 6.75 s. It is also interesting to highlight that u 2N is not constant after jamming because the effective position limit of u 2 depends on the sign of the effective virtual control reference which changes at t = 8.9 s and t = 13.6 s as shown in Figure 5.10.

Example 5.4. In the nominal mode (B A = 0), a positive ramp is used as the virtual input reference v to illustrate the behavior of the DWCA in the case where the virtual control reference becomes larger than that achievable by all actuators. The commanded and the realized virtual controls are shown in Figure 5.13. They coincide until all actuators reach saturation at t = 12.76 s. It is interesting to note that u 1 and u 2 reach saturation simultaneously as expected at t = 5.69 s (see Figure 5.14) when the commanded virtual control becomes unrealizable using only the primary actuators. At that moment, u 3 and u 4 start to increase to generate the residual virtual control, till they also reach saturation at t = 12.76 s. It can be observed in Figure 5.15 that the weighting parameter w i in (5.24a) first causes u 1 to be used more than u 2 , and then makes both actuators reach their effective position limit at the same time.

On the other hand, the weighting parameter w i in (5.26b) ensures that u 3N and u 4N are equal, i.e. that u 3 and u 4 are used in the same proportion all the time.

Example 5.5. In the augmented mode (B A = 1), a positive smooth step of amplitude 4 is used as the virtual input reference v to illustrate the behavior of the DWCA in the case where the virtual control reference becomes larger than that achievable by all actuators. All actuators reach saturation simultaneously as expected at t = 7.2 s (see Figure 5.17) when the commanded virtual control becomes unrealizable using all actuators. As in the previous examples, it can be observed in Figure 5.18 that the actuators are initially not used in the same proportion, but all reach their effective position limit at the same time.

Example 5.6. In the nominal mode (B A = 0), a smooth ±1 doublet of amplitude is used as the virtual input reference v to illustrate the behavior of the DWCA when the actuator dynamics are considered.

The case where the actuators from the secondary group are not required is considered here to better highlight the results. A large ratio between the time constants τ i of the actuators is considered. 

Concluding comments

In this chapter, the most appropriate control allocation techniques are first selected from the exhaustive literature review of Chapter 4 based on their applicability to the control of an on-ground commercial aircraft. They are then compared on a realistic benchmark using several performance indicators such as the number of iterations, the convergence time, the error and the actuator consumption. The most relevant methods in this context are the weighted pseudo-inverse [Oppenheimer et al., 2010], the daisy chaining [Oppenheimer et al., 2010], the linear filter [Härkegård, 2003] and the dynamic input allocator [Zaccarian, 2009] due to their implementation ease and their small convergence time. They require a small computation effort, and they attempt to minimize both the virtual control error and the actuator use. But the weighted pseudo-inverse and the linear filter could lead to disappointing results in case of actuator saturations, which are not taken into account. On the other hand, when implemented on a digital system, the dynamic input allocator suffers from a speed limitation requiring that the initial Recalling the objectives of Section 3.1, differential braking should be used sparingly on dry runways to avoid excessive tire and brake wear. Nevertheless, it could be particularly helpful in reducing the lateral deviation on a wet or snowy runway. Therefore, the primary actuators group is composed of the NWS system and the rudder, while differential braking forms the secondary group.

Open-loop evaluation

The control allocation techniques selected in Section 5.1 and the DWCA are first compared on 3 scenarios corresponding to realistic actuated yaw acceleration profiles v r which:

1. can be realized using the classical actuators only, 2. can be realized using all actuators, 3. cannot be realized even if all actuators are at their limits.

To evaluate the performance of the control allocators, the following indicators are considered in decreasing order of importance:

• percentage of unrealized virtual control: percentage of time during which |Bu -v| > (10 -5 here),

• percentage of differential braking: ratio δP br k c of the normalized consumption of differential braking to the sum of the normalized consumption of each actuator,

• integral of squared error: (v rv r a ) 2 d t ,

• normalized consumption: (|u| u p max ) d t , where denotes the Hadamard (i.e. element-wise) division.

The open-loop results are shown in Table 6.1. The dynamic input allocator yields the worst result as it is highly limited by the low convergence speed due to the sample time used in this evaluation (40 ms based on the considered industrial framework). Moreover, it requires an initial solution, which is computed by considering the rudder as the sole actuator: u i ni t = [θ NW c δr c δP br k c ] T = [0 v r I zz q d Sc(Cn δr +Cy δr (c G -c A )) 0] T . The weighted pseudo-inverse method and the linear filter yield the same results as rate limits are rarely violated. They use more differential braking than the other techniques since the latter is considered as any other classical actuator in the control allocation problem. Daisy chaining has a little more unrealized virtual control since it starts using the brakes before the saturation of both classical actuators. This yields Design of Aircraft Integrated Ground Control Laws 6.2. CLOSED-LOOP EVALUATION -SIMULINK 139 an additional unrealized virtual control during the time span when the latter can be realized with all actuators at their limits. Virtual control realization and differential braking minimization being the main objectives, Table 6.1 confirms that the daisy chaining technique is the most efficient existing technique, but is outperformed by the DWCA. Indeed, it uses almost twice as much differential braking, since it starts using brakes although both classical actuators are not saturated. Brakes being the fastest actuators, this also explains why it has a slightly lower error. Therefore, the best open-loop results are obtained with the DWCA.

Unrealized

Closed-loop evaluation -Simulink

The DWCA is now evaluated using the control architecture described in Chapter 3 on the on-ground Throughout these simulations, the DWCA is used in the nominal mode to minimize the brakes use, which is an important industrial requirement as discussed in Section 4.2.

Simulation 1

This simulation aims at illustrating the automatic reconfiguration capability of the DWCA upon detected jamming of an actuator and the consequent correct realization of the yaw rate and virtual control. The aircraft is initiated at V x0 = 60 knots on a dry runway and a constant mean braking pressure P br k COMc = 40 bars is applied. At t = 1 s, a failure occurs in the NWS system which causes the nose-wheel to jam at θ NW = 1 deg till the end of the simulation. At t = 1.5 s, the fault is assumed to be detected by the monitoring system, and this information is then made available to the DWCA. 6.1 to 6.3 show the system response. From t = 1 s to t = 1.5 s, the failure information is not available to the DWCA. This causes an undesired yaw motion to which the yaw rate controller reacts rather slowly (see Figure 6.1). The detection of the fault at t = 1.5 s then allows the DWCA to compensate using the available actuators, as shown in Figure 6.2. It can be seen in Figure 6.3a that the DWCA outputs the jammed position for the nose-wheel deflection and uses the rudder to compensate for the fault (see Figure 6.3b). Finally, it can be seen in Figure 6.1 that the yaw rate commanded at t = 6 s is realized correctly.

Design of Aircraft Integrated Ground Control Laws .7 shows the trajectory of the aircraft, where the longitudinal distance X G is arbitrarily set to zero at the beginning of the simulation. It can be seen that the aircraft smoothly reaches the runway centerline in slightly more than 400 m. Moreover, the lateral load factor N y represented in Figure 6.8 remains under 0.07g, which is an acceptable level of comfort. The longitudinal speed is tracked by the longitudinal controller as shown in Figure 6.9. Finally, the commanded virtual control is perfectly realized (see Figure 6.10). The rudder is mainly used as shown in Figure 6.11, as it is the most efficient actuator during the first 10 seconds of the simulation where the commanded virtual control is significant. This simulation aims at the validation of the guidance and the longitudinal speed controllers in a worst case scenario. The DWCA is compared with daisy chaining. In both cases, the aircraft is initialized at V x0 = 120 knots on a dry runway with a lateral deviation of 8 m. A longitudinal speed profile V x c (t ) = V x0 -1.1t is commanded by the pilot (corresponding to a constant deceleration of 1.1 m/s 2 ) and the maneuver is stopped when the speed reaches 20 knots. The guidance law ensures the tracking of the runway centerline.

A constant tail wind of 15 knots and a lateral turbulence reaching a peak of 36 knots are used, as illustrated in Figure 6.12. It can be seen in Figure 6.13 that both control allocators maintain the aircraft on the runway with a negligible trajectory difference. Moreover, the lateral load factor N y represented in Figure 6.14 remains under 0.12g , which is an acceptable level of comfort given the fairly strong crosswind. The longitudinal speed is tracked by the longitudinal controller as shown in Figure 6.15. The commanded and the realized virtual controls for the DWCA and daisy chaining are shown in Figures 6.16a and 6.16b respectively. The realized one lags behind the commanded one due to the actuator dynamics. It is very important to note that daisy chaining uses more differential braking, especially when the NWS system has not reached saturation, as can be seen by comparing Figures 6.17a and 6.17b. For instance, daisy chaining uses the brakes with higher intensity and for a longer period of time at t = 17.5 s and t = 33 s. Globally, daisy chaining does not minimize the use of the brakes, which results in 68% more differential braking than with the DWCA. Thus, the DWCA is more relevant on the considered scenario. 

Closed-loop evaluation -High-fidelity Airbus simulator

The DWCA is now implemented in the high-fidelity long-range Airbus simulator (OSMA, described in Section 1.8) with the control architecture of Section 3.3. The lateral deviation is strongly dependent on the lateral wind and the runway state. Thus, the latter vary significantly in the following validation tests, which allows to cover as much as possible the entire operational domain:

• mass varying between light and heavy aircraft,

• center of gravity location varying between max aft and max forward values,

• different slats and flaps configurations,

• varying lateral deviation at touchdown,

• different deceleration rates.

Comparison with an Airbus reference control allocator

The DWCA is first compared with a reference Airbus control allocator, which is not detailed here since it contains proprietary data. Two classical validation tests are performed:

T1: gaussian crosswind on dry and wet runways, T2: crosswind of 30 kt with gust on dry and wet runways.

during which the allocators and the control laws always assume that the runway is dry. For each test, the same 2000 Monte Carlo simulations are performed for both allocators to cover the entire operational domain as explained above.

Results are shown in Table 6.2, where Normalized mean 50 worst cases corresponds to the normalized mean lateral deviation for the 50 worst cases (its value is always equal to 1 for the reference allocator). The test T1 is the less demanding one and the reference allocation already performs well, which explains why the lateral deviation cannot be improved with the DWCA and differential braking is used in neither case.

Nevertheless, the normalized consumption is much lower with the latter algorithm, with a reduction of 27%. By contrast, the improvement is noticeable for the test T2. The mean lateral deviation is reduced by almost 15% and the lateral excursion is less dispersed with the DWCA as shown by the asterisks in Figure 6.18. Moreover, the lateral deviation is decreased by 27% for the 50 worst cases represented by the dotted circles of Figure 6.18, and the actuator use by 34%. The lateral deviation decrease yields an increased safety margin of operations while the actuator use reduction positively influences actuator sizing and lifespan. The behavior of the DWCA is similar to a pilot's, but additionally minimize the use of the brakes. Results are thus strongly in favor of the DWCA.

Evaluation on contaminated runways and robustness

The DWCA is now evaluated on contaminated runways with 2000 simulations for each runway state and the same varying conditions as previously. The following test is performed:

T3: crosswind with gust of consistent magnitude with the runway state on flooded, snowy, slushed and icy runways.
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One asterisk for each of the 2000 simulations and a dashed line to separate the 50 worst cases from the other simulations during which it is assumed that the Air Traffic Control (ATC) tower communicates the real runway state to the allocator and the control laws. Then, a robustness analysis is performed whereby the allocator and the control laws assume that the runway is dry while it is wet and vice-versa. This case can easily be encountered when the runway state evolves after the information is sent by the ATC. This leads to the following tests (2000 simulations each):

T4: crosswind of 30 kt with gust on dry runway while the control laws assumes a wet runway, T5: crosswind of 30 kt with gust on wet runway while the control laws assumes a dry runway.

As can be seen in Table 6.3, the results of T3 are comparable to the results obtained with the DWCA in T2
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Figure 1 . 3 :

 13 Figure 1.3: Reference systems of landing gears wheels

  A first rotation of ψ, the azimuth angle, around O b z 0 until the rotated x-axis lies within the local vertical plane containing the aircraft's fuselage axis x b . Let the obtained reference system be R b0ψ {O b , x ψ , y ψ , z 0 }; • A second rotation of θ, the pitch / attitude angle, around O b y ψ until the rotated x-axis corresponds to the aircraft's fuselage axis x b . Let the obtained reference system be R b0θ {O b , x b , y ψ , z θ }; • A third rotation of φ, the bank angle, around O b x b until the rotated y-axis corresponds to the aircraft's reference y-axis.
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  Figure 1.7: Body reference system R b and distances between the main points of the aircraft
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  on a dry runway and the differential braking employed on a wet runway at intermediate speeds. As a result, the whole considered operation domain is covered through the use of actuators according to their efficiency on various runway states. Combining all that, the following three open-loop maneuvers during the roll-out phase are considered. They correspond to lateral offsets, with the engines at idle:• Maneuver 1: ± 2 deg trapezoidal-doublet of the rudder pedal deflection on a dry runway at high speed,• Maneuver 2: right then left 3 deg trapezoidal brake pedal deflection on a wet runway at medium speed,• Maneuver 3: ± 4 deg trapezoidal-doublet of the hand-wheel on a snowy runway at low speed.
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 2 Figure 2.6 shows the speed range of each maneuver. The three maneuvers cover the whole considered operational domain of the study.
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 26 Figure 2.6: Maneuver 3: handwheel order
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 31 Figure 3.1: Lateral ground control architecture

  actuators. It produces the commanded nose-wheel angle θ NW c and rudder deflection δr c , as well as the differential pressure δP br k c between the right and left braking systems. It also interacts with the longitudinal controller for the brakes management. This thesis focuses on the analysis and design of such a control allocation algorithm that distributes the control effort among the available redundant actuators. A thorough description is thus provided in Chapters 4 and 5.Longitudinal controller During the roll-out phase, the engines throttle can either be set to the idle (N 1IDLE ) or the reverse (N 1REV ) position. The latter case is not considered here, so the thrust commands N 1 Lc and N 1 Rc are always set to N 1IDLE . The longitudinal controller also computes the mean braking pressure P br k COMc to track the longitudinal speed profile selected by the pilot. Then, it combines the mean braking pressure and the differential pressure δP br k c , issued by the control allocator, to generate the braking pressure commands P br k MGLc and P br k MGRc for each main landing gear.

Figure 3 . 2 :

 32 Figure 3.2: NDI outer loop controller architecture in presence of inversion errors

  R , P br k COM = 0.5 P br k MGR + P br k MGL and δP br k = P br k MGR -P br k MGL denote the mean and differential thrusts and braking pressures respectively.

  The system is controlled by a static output feedback K and the reference input e is shaped by a feedforward gain H as follows:u = Ky + He (3.22)Therefore, the closed-loop form (3.21)-(3.22) can be rewritten as: ẋ = (A + BKC)x + He(3.23) 
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 33 Figure 3.3: PI controller structure for the NDI outer-loop

Figure 3 . 4 :

 34 Figure 3.4: Controller structure for runway centerline tracking
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 3 GUIDANCE AND PILOTING CONTROL LAWSFrom (3.29), the gain vector K

Figure 4 . 1 .

 41 Figure 4.1. It is intrinsic to some design methods such as feedback linearization and backstepping. In

Figure 4 . 1 :

 41 Figure 4.1: Control system architecture with control allocator

Figure 4 .

 4 Figure 4.1 shows the architecture of a control system which comprises a control law, specifying the total control effort v to be produced, and a control allocator, distributing this control effort among the individual actuators, u c . The actuators produce the total effort v a , which determines the system behavior.

Figure 4 . 2 :Figure 4 .

 424 Figure 4.2: Admissible values of u 1 and u 2 for various values of v (lines) and position constraints (shaded box)

Proof 4 . 1 .

 41 Let B ∈ R k×m where k < m and rank(B) = k. The solution to the following problem is sought:

Algorithm 1

 1 Cascaded generalized inverse method Require: B, v, u p mi n and u p max Set u p = 0 and B = B Compute the pseudo-inverse solution u = u p + B † v -Bu p while Not all components of u are saturated and no feasible solution that does not violate the constraints is found do For each component u i of u which exceeds its lower or upper limit, set the i th column of B to zero and the i th component of u p to u Compute the pseudo-inverse solution u = u p + B † v -Bu p end while return u

Example 4 . 3 .

 43 Consider again the control allocation problem of Example 4.2:

Example 4 . 4 .

 44 Consider again the control allocation problem of Example 4.2: v = Bu

  (4.49) within the actuator position boundaries. Similarly, when λ = 0 and/or λ = 0, u has to be equal to the boundary values u p mi n and/or u p max . The algorithm can be summarized next. matrix is given by:D * = [I + (I -B T (BB T ) -1 B)W * ]B T (BB T ) -1 (4.54)The error term is then written as:e u = [I -B T (BB T ) -1 B]ΩΦ (4.55) where Φ = [W 11 -W * 11 W 22 -W * 22 . . . W mm -W * mm ] T .The following adjustment law is finally proposed: ω = Proj ω>0 -γΩ T (I -B T (BB T ) -1 B)e u(4.56) 

  62a) e u ∼ = [I -WB T (BWB T ) -1 B]ΩΦ (4.62b) where Φ = [W 11 -W * 11 W 22 -W * 22 . . . W mm -W * mm ] T . The following adjustment law is proposed: Φ = ω = Proj ω>0 -γΩ T (I -WB T (BWB T ) -1 B)e u (4.63)

Definition 4 . 1 (Definition 4 . 2 (

 4142 Strongly input redundant systems). The plant(4.64) is strongly input redundant from u Then, the following full column-rank matrix B ⊥ is introduced such that:Im (B ⊥ ) =Ker Weakly input redundant systems). The plant (4.64) is weakly input redundant from u if the transfer function P := lim s→0 C (sI -A) -1 B + D is a finite matrix which satisfies Ker P = . Then, the following full column-rank matrix B ⊥ is introduced such that: Im (B ⊥ ) = Ker P (4.66) If the plant (4.64) is input redundant and B ⊥ is defined as in Definition 4.1 (strongly input redundant) or as in Definition 4.2 (weakly input redundant), the following dynamic input allocator is proposed: ẇ = -ρKB T ⊥ Wu (4.67a) u = y c + B ⊥ w (4.67b)
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 51 Figure 5.1: Benchmark architecture

Figure 5 . 2 , 2 .Figure 5 . 2 :

 52252 Figure 5.2: Yaw acceleration profile v r during the considered landing scenario

  .10) According to assumptions 3.3 and 3.4, the saturations and the asymptotic limits of the ground reaction forces(5.4) and(5.5) are dropped in the computation of the control effectiveness matrix B. They are considered indirectly by more restrictive actuator position limits:

  R m×m = diag( w1 , . . . , wm ) is a weighting matrix, B = [b 1 . . . b m ] ∈ R 1×m and v ∈ R. The general solution is given in Lemma 4.1:u = ū + W BT ( BW BT ) -1 v (5.14)where ū ∈ R m , the corrected control effectiveness matrix B = b1 . . . bm ∈ R 1×m and the effective virtual control v ∈ R are constructed from B and v respectively to incorporate identical sign actuator limits
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  Design of Aircraft Integrated Ground Control LawsIntroductionIn this chapter, the Dynamic Weighting Control Allocator (DWCA) developed in Section 5.2 is thoroughly validated. It is first compared in Section 6.1 to the most relevant techniques from literature identified in Section 5.1, based on their applicability to the control of an on-ground commercial aircraft, through open-loop simulations. Closed-loop simulations are then performed in Section 6.2 on the on-ground aircraft model of Chapter 2 using the control architecture described in Chapter 3 to analyze the effects of actuator jamming and efficiency modeling error on the system performance. The DWCA is also compared to the technique that performs best, namely daisy chaining. A complete Monte Carlo validation framework is finally detailed in Section 6.3 and a closed-loop high-fidelity simulator is used to compare the DWCA with an Airbus reference control allocator.

aircraft model developed in Chapter 2 .

 2 Four simulations are considered: Simulation 1: yaw rate control law validation with an actuator jamming, Simulation 2: yaw rate control law validation with a modeling error in the efficiency of an actuator, Simulation 3: nominal closed-loop guidance and control laws validation, Simulation 4: worst-case closed-loop guidance and control laws validation, and comparison with daisy chaining.
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 62 Figure 6.1: Commanded and realized yaw rate

Figures

  Figures 6.1 to 6.3 show the system response. From t = 1 s to t = 1.5 s, the failure information is not
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 636636768 Figure 6.3: Commanded and realized control inputs
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 6 Figure 6.9: Commanded and realized longitudinal speed
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 6 Figure 6.12: Wind profiles
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 6 Figure 6.14: Lateral load factor

  Figure 6.16: Commanded and realized actuated yaw acceleration
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 6 Figure 6.18: Lateral deviation for T2

1.8 The OSMA platform

  

		CHAPTER 1. INTRODUCTION TO FLIGHT DYNAMICS
	operating domain, including ground phases. It is used for many purposes such as handling qualities and
	control laws validation [Goupil et al., 2014] and verification (AUTOLAND performance demonstration).
	OSMA can be accessed through a dedicated HMI called SIMPA (SIMulation of the Piloted Aircraft)
	providing additional services (automatic scenario generation, model integration. . . ) for all AIRBUS pro-
	grams. It allows to interchange model assemblies and specific models can be used to reduce scenario
	building complexity. Moreover, model referencing is eased and coupling with MATLAB gives complex
	results analysis capabilities.			
	Flight mechanics	. . .	Guidance system
	Aerodynamics	Sensors	Actuators	Control system
	OSMA kernel			
		Figure 1.9: OSMA architecture	
	Outil de Simulation des Mouvements Avion (OSMA) is an AIRBUS platform composed of an assembly of
	AP2633 models, an AIRBUS internal standard (AP: AIRBUS Procedure) shared with all suppliers' models,
	and a kernel which takes care of the non real-time simulation aspects. Its architecture is shown in Fig-
	ure 1.9 and it allows to simulate the aircraft's behavior under defined solicitations in the whole aircraft
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	In this chapter, an accurate, yet tractable for control laws design, 3 degrees of freedom (DOF) model is de-
	veloped. The objective is to bridge the gap between high-complexity representations and over-simplified
	ones, in order to address advanced control problems such as runway axis hold in presence of crosswind
	and contaminated runway. The proposed model takes into account all existing actuators (nose-wheel
	steering system, rudder, engines and brakes) including their dynamics and limitations. It considers both
	longitudinal and lateral contact forces in a novel way, including rolling resistance and slip forces. Simple
	dependencies to the vertical load and the runway state are also taken into account.
	The proposed model is valid for an aircraft on the runway, excluding maneuvers on the taxiway, during
	the take-off and roll-out phases for longitudinal speed V x ∈ [40; 100] knots, and with small crosswind
	in the x b y b plane (up to 10 knots). It is validated against an in-house high-fidelity Airbus simulator. A
	complete set of numerical values representative of a commercial aircraft is given in Table 2.2 so as to
	provide the control community with a challenging benchmark.
	In Section 2.1, the models available in the literature are reviewed. The structure of the proposed
	aircraft model developed and the simplifying assumptions are justified in Sections 2.2 and 2.3 respectively.

Table 2 .

 2 1: Runway friction coefficient for various runway states Tire Sideslip Angles: The lateral slip forces F s y k do not only depend on normal reaction but are also function of the sideslip angles β k for k ∈ {NW, MGL, MGR}. Under assumptions 2.1, 2.3 and 2.5, β k can be computed as in

Table 2 . 2
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	τ δr	s	2 / 10 -3 / 0.5 / 0.2
	N 1IDLE / N 1MAX	-	18% / 100%
	T eng MAX	N	150 × 10 3
	L pbr k / P 0	Pa	175 × 10 5 / 15 × 10 5
	L r br k	Pa/s	20 × 10 5
	G br k	Nm/Pa	4 × 10 -3
	L pNW / L pδr	deg	74 / 30
	L r NW / L r δr	deg/s	20 / 30

: Typical parameters of a commercial aircraft for the roll-out phase

Table 2

 2 

	.3:

Table 2 .
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	Maneuver 1										
					Simulator						Simulator	
					Model						Model	
				Fitting ratio = 96.86 %					Fitting ratio = 96.93 %	
	NW					Fy NW						
	0	10	20	30	40	50	0	10	20	30	40	50
			Time [s]						Time [s]			
		(a) Nose-wheel sideslip angle					(b) Nose-wheel lateral force		
					Simulator						Simulator	
					Model						Model	
				Fitting ratio = 97.03 %					Fitting ratio = 95.47 %	
	MG					Fy MG						
	0	10	20	30	40	50	0	10	20	30	40	50
			Time [s]						Time [s]			
		(c) Main gear wheel sideslip angle			(d) Main gear wheel lateral force	

3: Model validation synthetic results
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  They are taken into account indirectly by more restrictive actuator position limits in the control allocation algorithm. It is also common in the vehicle control design process to neglect the dependence on F sx in the expression of the lateral slip force(2.14b). Therefore, tanh(x) is replaced by x and F sx k is considered as null in the lateral slip force model (2.14b), while the saturation is dropped in the longitudinal slip force model(2.14a). Throughout the roll-out phase, the commanded braking pressures are larger than the threshold pressure P 0 above which braking starts. Hence, (2.27) can be approximated by T br k k = G br k P br k k -P 0 .

	Assumption 3.4.
	Assumption 3.5.
				(3.12a)
			ṙ = ṙa + ṙg + ṙeng	(3.12b)
	where		
	Vxa = =	F xa m m q d SCx 0 ← see (1.34) and (2.22a) 1	(3.13a)
	Vxg =	F xg m	← see (2.10), (2.14a), (2.16a), (2.17a) to (2.17c) and (2.27)

The drag force produced by the nose-wheel lateral slip force (-F s y NW θ NW ) can be neglected because the terms θ 2 NW , θ NW V y /V x and θ NW r /V x are negligible when combining

(2.11a

) and (2.14b).

Under assumptions 3.3 to 3.5, the longitudinal and yaw equations of motion (2.5a) and (2.5c) of the 3DOF on-ground aircraft model derived in Chapter 2 can be written as the sum of the aerodynamics, ground reaction and engine contributions:

Vx = Vxa + Vxg + Vxeng + r V y

  NW + μµ r MAX θ NW -
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	ṙg =	M r g I zz	← see (2.10), (2.14), (2.16c), (2.17b) to (2.17f) and (2.27)
	=	1 I zz -θ Dx MG F z MG K y MG Dx NW F z NW K y NW V y + r Dx NW V x V y -r Dx MG V x + Dy MG N t MG G br k R e	P br k MGR -P br k MGL	(3.13e)
	ṙeng =	M r eng I zz	← see (2.8) and (2.25b)
					3.13d)

  u n left eigenvectors associated with the eigenvalues λ 1 , . . . , λ n :

		u i (A + BKC) = λ i u i	(3.26)
	t 1 , . . . , t p	output directions:
		t i = u i BK	(3.27)
	Assumption 3.6.	

It is assumed that (A, B) is controllable and all assigned eigenvalues are distinct, such that A + BKC is diagonalizable. Assumption 3.7.

  44)Design of Aircraft Integrated Ground Control LawsEquation (3.44) is obtained by setting Vy = 0 in(2.5), i.e. by assuming that the system has reached the steady state. F y /m is then approximated by A y0 , which leads to s 2 Y 0 = r V x , and the transient phase is considered approximately by adding a first order filter with time constant τ R . The guidance law architecture is illustrated inFigure 3.4: 

		PID controller
	-	+

Table 5 . 2

 52 The first four indicators are given per sampling period (40 ms based on the considered industrial framework). The last two are computed numerically over several thousand sampling periods.

	Method	Mean # of iterations	Max # of iterations	Mean conv. time [ms]	Mean 10% max conv. time [ms]	squared error [×10 -3 deg/s 3 ]	Normalized consumption
	Weighted pseudo-inverse [Oppenheimer et al., 2010]	N/A	N/A	2.77	3.31	1.0389	81.3319
	Frequency-apportioned control allocation [Davidson et al., 2001]	N/A	N/A	2.82	3.36	1.2341	84.9120
	Linear filter [Härkegård, 2003]	N/A	N/A	3.27	5.10	1.6442	88.5882
	Cascaded generalized inverse [Bordignon, 1996]	1.0	2	2.84	3.41	1.0389	81.3322
	Daisy chaining [Oppenheimer et al., 2010]	N/A	N/A	2.39	5.78	1.3013	75.3898
	Weighted LS -quadprog solver	3.4	5	7.75	10.36	1.0562	81.6594
	Weighted LS -active set solver [Härkegård, 2003]	1.0	2	2.92	3.51	1.0389	81.3228
	Weighted LS -interior point solver [Petersen and Bodson, 2006]	1.7	2	2.97	3.55	1.7884	108.7635
	Weighted LS -fixed-point algorithm [Burken et al., 2001]	100	100	2.97	3.55	1.8588	110.0601
	Weighted LS -fixed-point algorithm -sequential method [Naskar et al., 2017]	28.1	47	2.97	3.60	1.0390	81.3316
	Weighted LS -fixed-point algorithm -Newton method [Naskar et al., 2017]	2.0	4	3.04	3.63	1.0389	81.3315
	Sequential LS [Härkegård, 2003]	2.0	3	3.08	3.68	1.0389	81.3322
	Minimal LS [Härkegård, 2003]	2.0	3	3.00	3.63	1.0389	81.3322
	Direct allocation [Bodson, 2002]	1.3	2	20.42	26.33	1.6106	107.4062
	Dynamic allocation [Härkegård, 2003]	1.0	2	3.10	3.73	1.0430	81.3329
	Nullspace-based pseudo-inverse [Buzorgnia and Khaki-Sedigh, 2016]	1.0	2	3.24	4.01	1.0389	81.3321
	KKT-based algorithm [Chen and Wang, 2012]	27	27	3.71	5.81	1.0389	81.3321
	Linear dynamical pseudo-inverse [Bošković and Mehra, 2002]	N/A	N/A	2.84	3.38	1.5504	104.1167
	Nonlinear dynamical pseudo-inverse [Bošković and Mehra, 2002]	N/A	N/A	2.86	3.40	1.5853	105.7331
	Dynamic control allocator [Zaccarian, 2009]	N/A	N/A	3.08	3.80	1.0359	81.8253

2 d t , • normalized consumption: (|u| u p max ) d t , where denotes the Hadamard (i.e. element-wise) division. Remark 5.1. : Benchmark synthetic results
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	Method	Ratio control [%] δP br k c [%] error [×10 -3 deg/s 3 ] consumption Integral of squared Normalized
	Weighted pseudo-inverse	7	19	3.1	42.4
	Linear filter	7	19	3.1	42.4
	Daisy chaining	8	9	1.8	41.1
	Dynamic input allocator	37	11	11.5	126.4
	DWCA (Section 5.2)	7	5	2.5	42.2

1: Open-loop synthetic results

Table 6 .

 6 6.3. CLOSED-LOOP EVALUATION -HIGH-FIDELITY AIRBUS SIMULATOR 151 2: Summary of T1-2 results

	Test		Reference allocator	DWCA
		Lateral deviation	
		Mean value [m]	2.20	2.25
		Standard deviation [m]	1.03	1.05
	T1	Normalized mean 50 worst cases	1	0.99
		Actuators consumption (see Section 6.1)	
		Normalized	1	0.73
		Lateral deviation	
		Mean value [m]	6.23	5.27
		Standard deviation [m]	3.05	2.16
	T2	Normalized mean 50 worst cases	1	0.71
		Actuators consumption (see Section 6.1)	
		Normalized	1	0.66
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Abstract: To achieve a high performance level during ground operations, the lateral dynamics of an aircraft must be controlled using all available actuators (rudder, nose wheel steering system and brakes), which gives rise to a challenging allocation problem. Numerous allocation algorithms have been proposed during the last decades, but to be considered flight worthy, they must satisfy certain criteria (be deterministic for certification, only require a moderate computing power, allow the prioritization of certain actuators over others. . . ). An exhaustive literature review is proposed in this chapter and the most relevant methods are highlighted, based on their applicability to the control of an on-ground commercial aircraft. Several other methods exist to choose the weighting matrix W. [Bordignon, 1996] proposes to overcome the aforementioned limitation in a cascaded, multi-pass approach (see Subsection 4.3.2). On the other hand, [START_REF] Orr | [END_REF] suggests to choose the components of W as the absolute value of the control position limit divided by the efficiency. This paper also proposes a two-step allocation algorithm, which starts with any suitable right inverse and is augmented if at least one control input is saturated. However, the whole AMS cannot be reached with this augmentation. More generally, it is shown in [Durham, 1993] that no constant weighting matrix W exists to reach the whole AMS. In this context, the authors propose two methods to compute the "best" W to satisfy two objectives. The first one finds the W which allows to reach a certain region of the AMS, whereas the second one finds the W which maximizes the attainable subset of the AMS. A multi-saturation-based allocation method is proposed in [Boada-Bauxell, 2010] for satellite control where the idea is to treat each virtual control component individually so as to find the right set of positive thrust commands and add them all. However, the author highlights that the obtained control inputs may not respect actuator limitations and the usage of an additional saturation function after each individual control input seems to be a convenient workaround at the expense of an allocation error.
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Example 4.2. Consider the following control allocation problem where four control inputs contribute to three virtual inputs:

where the control effectiveness matrix B is given by:

with the actuator position limits u p max = -u p mi n = [5 10 2 1] T and the desired virtual control input v = [0 9 0] T . For different weighting matrices and strategies, and for u p = 0, the following control inputs u and realized virtual inputs v a are obtained:

• W = control position squared ⇒ u = [0 8.9286 -0.0714 0.0714] T yielding the required virtual input.

Frequency-apportioned control allocation

In [Davidson et al., 2001], the authors extend the position weighted pseudo-inverse solution developed in Subsection 4.3.1 by considering the rate limits of the actuators.

The proposed approach consists in distributing high frequency commands to actuators with high rate limits and low frequency commands to highly effective actuators, as shown in Figure 4.3.

CHAPTER 4. CONTROL ALLOCATION TECHNIQUES REVIEW

The position/rate boundary of the entire system as a function of amplitude and frequency is defined by the minimum of all individual control limit boundaries. An example of such boundaries is illustrated in Figure 4.4. The region enclosed below the rate/position limit boundary is referred to as the "limit-free" region, where no control is in a rate or position limit for the given input amplitude and frequency. The authors propose to determine the rate/position limit boundaries for a range of time constants and to chose the time constant that maximizes the area of this "limit-free" region for each axis over a desired control bandwidth. However, they highlight that although the above development considers weighted pseudo-inverses, the approach can be extended to incorporate a cascaded weighted pseudo-inverse solution to achieve the maximum available moments.

Remark 4.1. The "best" time constant has been determined over an a priori range of time constants.

However, this cumbersome procedure has to be repeated whenever the efficiency of the actuators or the position/rate limits change.

Position limit boundary Rate limit boundary r limit p limit "Limit-free" region

Input frequency

Input amplitude 

Linear filter

The linear filter method [Härkegård, 2003] consists of solving the following unconstrained optimization problem:

arg min

where W 1 , W 2 are weighting matrices allowing to manage the trade-off between keeping the control input close to the desired control input u p and minimizing the change of the control input compared to the previous time sample. A small diagonal entry in W 1 will make the corresponding actuator converge Design of Aircraft Integrated Ground Control Laws

Direct allocation

The direct allocation method initially proposed by [Durham, 1993] is a geometric approach to solve the control allocation problem. It aims at finding the largest real number ρ and a vector u such that:

where u ∈ U. The control input u is then selected as follows:

The variable ρ represents how much the virtual control demand v must be scaled to touch the AMS. If ρ ≥ 1, the virtual input demanded lies within the AMS and the control allocator can compute the required control input u, otherwise v exceeds the capability of the actuators and is then scaled to touch the AMS boundary, while preserving the direction of v. Geometrically, the direct allocation method consists of finding the best approximation of v satisfying the control constraints and being colinear to v.

Several numerical algorithms have been suggested, with different computational complexities.

Improvements over the original algorithm [Durham, 1993] are based on various data structures, enumerations and representations [Durham, 1994b, Durham, 1994a, Bordignon and Durham, 1995, Petersen and Bodson, 2006]. In [Durham, 1999], a computationally simple and efficient method to obtain near-optimal solutions is described. It is based on prior knowledge of the controls' effectiveness and limits, so that a pre-computation of several generalized inverses can be done. In [Bodson, 2002],

an equivalent linear programming problem is derived and solved using the simplex method. The set of admissible control inputs must include 0, which leads to considering the bounds u A few variations of the direct allocation method can be mentioned. The Control Allocation with Rate Limiting algorithm is a digital implementation of the direct allocation technique [Bolling, 1997, Bolling andDurham, 1997], able to handle the rate limits of the actuators. However, it has been shown in [Bolling, 1997] that methods solving for the change in control input distribution from the previous time sample to realize the difference between the commanded and the attained virtual inputs from the previous time sample do not yield minimum control deflection. Moreover, some controls may end up close to their limits, which may reduce the maneuvering capabilities of the system. In that context, a second step, called restoring, is performed to achieve some secondary objectives such as minimum control input norm using a nullspace projection method. In [START_REF] Scalera | [END_REF], the authors investigate the capability of the Moment Rate Allocator [START_REF] Durham | [END_REF]] to reconfigure the control effectors in the event of an identified control failure. A more computationally efficient search algorithm, the Bisecting Edge Search Algorithm, which utilizes concepts derived from geometry to efficiently determine the intersection of a line with a convex faceted surface, is also implemented. Hence, the concerns of the computational time that were associated with early work on control allocation are alleviated.

CHAPTER 4. CONTROL ALLOCATION TECHNIQUES REVIEW

In [START_REF] Vu | [END_REF]], two and three-moment versions of the direct allocation technique are applied to the control of a super-maneuverable aircraft. They outperform two commonly used allocation techniques to which they are compared, namely pseudo-inverse and daisy chaining. Indeed, as previously mentioned, it is shown through simulation that the latter cannot access the whole AMS.

Dynamic control allocation [Härkegård, 2004] proposes a control allocation problem formulation where the change in control input distribution from the previous time sample is also penalized. Thus, the regular sequential least squares problem is extended by also penalizing actuator rates. The allocator automatically redistributes the control effort when one actuator saturates in position or in rate. When no saturation occurs, the resulting solution coincides with the linear filter (4.34). More precisely, the solution to the following quadratic problem is sought:

where the matrices W 1 and W 2 are defined as in (4.32). Problem (4.46) is solved using the active set solver from [Härkegård, 2002]. In [START_REF] Wang | [END_REF], Wang et al., 2014, Wang et al., 2008], the authors apply this technique to a flight control problem. To damp inter-area oscillations in power systems, a modal-based control allocator [START_REF] Raoufat | [END_REF] solves problem (4.46) to distribute the control signals to the remaining healthy actuators when an actuator fails or is unavailable, for instance due to communication failure.

Iterative methods

Pseudo-inverse along the nullspace

The pseudo-inverse along the nullspace allocator (denoted PAN in [START_REF] Tohidi | [END_REF]) uses the weighted pseudo-inverse, u s = WB T (BWB T ) -1 v, as a primal solution, which is then modified using the nullspace of the control effectiveness matrix [Buzorgnia and Khaki-Sedigh, 2013, Tohidi and Khaki-Sedigh, 2013, Tohidi et al., 2016, Buzorgnia and Khaki-Sedigh, 2016]. In [Buzorgnia and Khaki-Sedigh, 2013], the proposed methodology considers only feasible non-singular problems and symmetric actuator position limits. It is compared to the sequential least squares (SLS) from [Härkegård, 2003] and the primal dual interior point method (PDIP) from [Petersen and Bodson, 2006]. The average computational time, norm of the error vector and norm of the control signal are compared. The PAN is slightly faster on average than the SLS and is equivalent for the 2 other criteria. The PDIP yields the lowest norm of the control vector but has the highest norm of the error vector and the computational time. In [Tohidi and Khaki-Sedigh, 2013],

the method is extended to unfeasible non-singular problems where a simple direct allocation method is used to scale the unfeasible control vector to its limits. In [START_REF] Tohidi | [END_REF], the method proposed in [Buzorgnia andKhaki-Sedigh, 2013, Tohidi andKhaki-Sedigh, 2013] is revisited to handle singularities by solving a quadratic optimization problem. And, in [Buzorgnia and Khaki-Sedigh, 2016], the authors handle singularities differently by using least-squares and singular value decomposition. The proposed algorithm handles non-symmetric actuator limits, therefore rate limits (see (4.6)). Moreover, the method is guaranteed with a predefined computational burden, which is a non-negligible advantage over linear and quadratic optimization methods. In contrast to the latter methodologies, the maximum number of iterations is known and is equal to the dimension of the control input.
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, and λ = 0, then solve the remaining equations in (4.49) for u j , j = i

For each i ∈ [1, m], set λ i = 0, i.e. u i = u p max i , and λ = 0, then solve the remaining equations in (4.49) for u j , j = i Select the global optimal solution u as the feasible solution u with the lowest value of W -1 2 u return u Remark 4.3. This KKT-based algorithm requires solving a large number of equations, whose general solutions can be computed off-line.

Update law-based methods

Dynamical pseudo-inverse

Under the assumption that at least one solution to the allocation problem under saturation exists, the authors of [Bošković and Mehra, 2002] propose two algorithms, the Linear Control Allocation Algorithm (CCA) and the Non Linear CCA. Instead of choosing a fixed weighting matrix W, the latter is adjusted during saturation until values of u are found which satisfy the constraint u ∈ U E . The control allocator output is then the usual weighted pseudo-inverse solution.

Linear Control Allocation Algorithm

The Linear CCA is constructed as follows:

where W > 0 is a diagonal matrix. It is worth noting that (I -B T (BB T ) -1 B) ∈ Ker(B), i.e. it is the right null space of B:

with Ω = diag(B T (BB T ) -1 v), u can be written as:

where ω = [W 11 W 22 . . . W mm ] T . Equation (4.52) is linear in ω. The main idea is to adaptively adjust ω during saturation to ensure that the control inputs do not saturate. The input error is defined as:

where u T denotes the control input that enters the system after saturation. This error is nonzero only when u violates the position or rate limits. Under the base assumption that a solution to the tracking control problem under saturation exists, there exists a constant (but unknown) vector ω * such that the tracking control objective under input saturation is achieved. The desired constant control allocation Design of Aircraft Integrated Ground Control Laws

Chapter 5

A novel control allocation algorithm

Abstract: The comprehensive literature review of Chapter 4 made it possible to identify the most appropriate allocation techniques in the perspective of solving the control problem stated in Chapter 2.

They are now systematically applied to an on-ground aircraft benchmark, and an extensive evaluation of their pros and cons is proposed based on a set of performance indicators. A novel allocation algorithm is then proposed to compensate for their weaknesses, which could be implemented on board current commercial aircraft in a near future. It takes advantage of the implementation ease of the pseudo-inverse approach, while smartly managing the trade-off between minimizing the use of actuators and attaining the maximum virtual control. It is also automatically reconfigured in case of actuator loss of efficiency or jamming.

Keywords: on-ground aircraft control benchmark, control allocation, pseudo-inverse, actuator dynam- ics. The performance indicators described previously are shown in Table 5.2. N/A means that the considered indicator is not applicable, i.e. the corresponding method is not iterative. The convergence time should be interpreted with caution, since it was obtained using the MATLAB tic / toc functions, which depend on the CPU consumption of background applications. Nevertheless, it provides a rough estimate of the computational burden and allows relative comparison between the methods. The number of iterations and convergence time of a particular method often depend on the magnitude of the virtual command. In this study, the latter spans a large operating domain, which includes real landings under difficult conditions. Therefore, the relative comparison of these metrics are justified for an aircraft during the roll-out phase.

Contents

Results analysis

The following conclusions are drawn from the considered benchmark, and they may therefore not be generalizable.

The convergence time is within the same order of magnitude for all methods except direct allocation, which is almost 10 times slower. A similar comparison was reported in [Ikeda and Hood, 2000]. For the weighted LS problem (4.42), the active set solver outperforms the MATLAB quadprog solver. Indeed, it uses the solution from the previous sample as an initial guess to hot start the algorithm, which yields faster convergence.
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where bi is the corrected efficiency of the i th actuator, and the saturation operator is defined such that:

(5.17)

The originality of the proposed approach lies in the choice of the wi , which depends on the values taken by the booleans B A and B S .

Consider the first n and the last l actuators, such that n + l = m, as part of the primary and secondary groups respectively. While the augmented mode is not activated (B A = 0), the use of the secondary group is triggered by B S when the effective virtual control v cannot be realized using exclusively the healthy actuators from the primary group. The minimum and maximum virtual controls, v p mi n and v p max , realizable by the healthy primary actuators are defined as: (5.19) where the corrected lower and upper position limits, u pl l i m j and u pu l i m j , are given by:

The use of actuators from the secondary group is triggered as follows:

where the residual virtual control vr s to be realized by the healthy secondary actuators is defined as the difference between the total virtual control that should be realized and the one that can be realized by the primary actuators:

The efficiency η DWCA of the control allocator is typically set between 0.9 and 1, so that the secondary actuators begin to be used slightly before all healthy actuators from the primary group reach saturation, allowing some kind of "phase advance". When the use of the secondary group is not required (B S = 0), the following weighting parameters are defined:

where the effective limit u p l i m i of each actuator is given by:

The weights of the secondary actuators are set to zero in (5.24b). Those of the primary actuators are defined as the sum of two terms in (5.24a): the control power minimization term u p l i m i 2 and the maximum virtual control reaching term 1

. The trade-off between these two antagonist terms depends on the commanded actuator deflection at the previous time step u i (t -T). When

and control power is minimized. But when

. In this case, if the filtering effect of (5.29) is ignored, i.e. wi = w i , if no faults are present and if the position limits are of opposite sign, i.e. bi = b i , ūi = 0, ūp

is the maximum virtual control in the direction of v that can be generated by the primary actuators. Noting that sign

, this shows that the ratio |v|/v n between the actual position and the position limit is the same for all primary actuators. Therefore, the latter reach saturation at the same time when the virtual control v reaches v n .

When the use of the secondary actuators is deemed necessary (B S = 1), the following weighting parameters are used: (5.26b) where

is the maximum virtual control in the direction of v that can be generated by the healthy secondary actuators. The healthy primary actuators are set to their maximum deflections in (5.26a). The healthy secondary ones are set to the minimum required deflections in (5.26b), with a bound equal to their position limits.

Augmented mode (B

In the augmented mode, all actuators are considered as primary, i.e. they are all used the same way to manage the trade-off between minimizing control power and attaining the maximum virtual control. The effective limit u p l i m i of each actuator is given by:

The weighting parameter of each actuator is then given by:

Design of Aircraft Integrated Ground Control Laws

DEVELOPMENT OF A NEW CONTROL ALLOCATION ALGORITHM

123

Actuator dynamics

Before computing the commanded deflections (5.16), the dynamics of each actuator is catered for by filtering the corresponding weighting parameter w i from (5.24), (5.26) and ( 5.28) through a first order filter of time constant τ i equal to that of the i th actuator:

Illustrative examples

The behavior of the DWCA is investigated through six scenarios of the same control allocation problem.

The actuator dynamics are ignored for the first five, which amounts to setting τ i = 0 in (5.29). Let's consider four control inputs u 1u 4 which contribute to the generation of a virtual control input v as follows:

with the following position constraints:

The primary and the secondary groups are composed of the first two and the last two actuators respectively.

The normalized deflection u i N of the i th actuator is defined to compare the use of each actuator with respect to its effective position limit:

0 otherwise (5.30) solution be close to the optimal one. And no method allows to minimize brakes use, even daisy chaining.

In this context, a new allocation algorithm is finally developed to address the aforementioned issues and meet the control objectives stated in Sections 3.1 and 4.2. It automatically manages the trade-off between minimizing the use of actuators and attaining the maximum virtual control. Moreover, actuator dynamics and jamming are also considered. A series of simple scenarios is proposed to highlight the main features of this algorithm.

Part III

Evaluation CHAPTER 6. APPLICATION TO RUNWAY CENTERLINE TRACKING

Simulation 2

This simulation aims at analyzing the effects of an estimation error in the modeled efficiency of an actuator and the subsequent realization of the yaw rate and virtual control. The aircraft is initiated at V x0 = 120 knots on a dry runway and a constant mean braking pressure P br k COMc = 40 bars is applied. The robustness of the control system is analyzed when the efficiency of an actuator is incorrectly modeled.

Two cases are considered: a 33% decrease (E1) and a 50% increase (E2) in the control efficiency of the rudder compared to the nominal efficiency. The error is obtained by multiplying the rudder efficiencysecond term of (5.10) by 0.67 and 1.5 respectively.

In all three cases, the yaw rate command is realized as shown in Figure 6.4. Underestimating the actuator efficiency (E1) results in a faster system response. In this case, the realized virtual control is larger than the nominal one (see Figure 6.5) and so are the actuator deflections, as shown in Figure 6.6. On the other hand, an overestimation of the actuator efficiency (E2) yields a slower system response. Similarly, the realized virtual control is smaller than the nominal one (see Figure 6.5) and so are the actuator deflections, as shown in Figure 6.6. 

Concluding comments

The open-and closed-loop simulations performed on the on-ground aircraft model show the effectiveness of the proposed allocation method in comparison with several other strategies, especially daisy chaining.

The closed-loop results show that the additional modeling approximations made during control design in Chapter 3 were reasonable. Moreover, statistical results on a high-fidelity Airbus simulator reveal that the lateral deviation and the actuators use are significantly reduced in difficult situations such as strong crosswind compared to an Airbus reference control allocator. The lateral deviation decrease increases the safety margin of operations while the actuator use reduction positively influences actuator sizing and lifespan. Finally, it is worth pointing out that the scope of application is broader than that presented in this thesis, and the DWCA is applicable to any axis of the general vehicle control problem (aerial, space, automotive, submarine. . . ).

Conclusion and Prospects

Main contributions

The first contribution is the development of a simple yet tractable control design-oriented model of an on-ground aircraft. Despite its simplicity, it approximates well a high-fidelity in-house Airbus simulator in the considered operational range between 40 and 100 knots during the roll-out phase, where the main objective is runway centerline tracking. Moreover, it is easily extendable to the take-off phase.

The complexity of aircraft ground dynamics lies in the coupling of aerodynamic effects and tire-road interactions, the latter being highly nonlinear and depending on various parameters such as runway characteristics and conditions, tire characteristics, anti-skid braking system, longitudinal speed of the aircraft. . . . The proposed model includes all the actuators of interest (nose-wheel steering system, rudder, engines and brakes) and considers the coupled longitudinal and lateral contact forces in a novel way, including rolling resistance and slip forces. Simple dependencies to the vertical load and the runway state are also taken into account. A complete set of numerical values is finally given so as to provide the control community with a challenging benchmark representative of a real commercial aircraft.

The second contribution consists of a search for the most appropriate control allocation techniques from an exhaustive literature review based on their applicability to the control of an on-ground commercial aircraft. The efficacy of an allocation algorithm being strongly application dependent, it seems relevant to perform the comparison on a particular control problem. Selection criteria are first defined which include implementation ease, computing power requirements, determinism, nature of the produced actuator commands and compatibility with the existing industrial control framework. The most relevant techniques are then thoroughly described and compared on a realistic benchmark, where several performance indicators are computed, such as the number of iterations, the convergence time, the allocation error and the actuators consumption. Interestingly, results reveal that several non-iterative approaches are as good or even better in terms of error and consumption than solver-based ones. They are preferred here, since they are simple and hence make the certification process easier. Among them, the weighted pseudo-inverse, the daisy chaining, the linear filter and the dynamic input allocator have the added advantage of being easily implemented. However, no technique from literature is able to fulfill all industrial objectives.

In this context, the third contribution is a new allocation methodology, the Dynamic Weighting Control Allocator, which is able to meet all control objectives, including the industrial ones. It takes advantage of the implementation ease of the pseudo-inverse approach, and exploits the grouping characteristics of the daisy chaining method to minimize the use of differential braking. Moreover, statistical results on a high-fidelity Airbus simulator reveal that the lateral deviation and the actuators use are significantly reduced, up to 34%, in difficult situations such as strong crosswind compared to an Airbus reference control allocator. The lateral deviation decrease increases the safety of operations while the actuators use reduction positively influences actuator sizing and lifespan. The DWCA also eases manual piloting since it automatically shares the control action among the various heterogeneous and redundant actuators from a unique pilot command, such as the yaw rate. Finally, the scope of application is broader than that presented in this thesis, and the proposed methodology is applicable to any axis of the general vehicle control problem (aerial, space, automotive, submarine. . . ).

Overall, the work carried out during this thesis paves the way to improved on-ground control by high level objectives, leading to easier piloting and contributing to a more seamless transition between air and ground phases.

Prospects

An accurate on-ground aircraft model of tractable complexity has been developed which integrates coupled aerodynamic and ground reaction models. The emphasis was placed on the nature of the control problem addressed in this thesis, namely runway centerline tracking. This allowed to make simplifying assumptions in order to yield the simplest possible model representative of an on-ground aircraft. The model can easily be extended to address phases where the aircraft evolves on the taxiway or during more severe crosswinds, at the price of an increase of complexity. Some of the assumptions made should be relaxed. Particularly, the tire sideslip angles would become larger and the ground reaction effects should be modeled more precisely, for example using the Pacejka tire model. Moreover, the shock absorbers would need to be modeled so as to consider the vertical load transfer during hard braking and steering, and additionally the effects of the ailerons and the elevators should be taken into consideration

The proposed allocation algorithm automatically manages the sharing of the control action between the various actuators in the 1-dimensional case. Its implementation ease on an Airbus R&T flight control computer testifies of its adaptability to the current industrial certification standards. Moreover, flight tests on a real aircraft are scheduled in the short term. On the other hand, the introduction of pseudo controls has allowed to transform the left and right braking pressures into mean and differential braking pressures. But in case of activation of the anti-skid system, this pseudo controls static allocation strategy might be conservative and hence may not provide the best results. A possible solution is to develop a two-axis control allocator. Initial studies have been carried out and show that a nontrivial extension of the Dynamic Weighting Control Allocator in this direction seems possible.

Finally, although the runway state communicated by the Air Traffic Control tower is often precise in practice, this might be insufficient in case of extremely slippery runways or due to the runway cross-fall.

This limitation can be alleviated with a better estimation of the ground forces, which can be achieved through the development of a runway state estimator using for instance a Kalman filter. Moreover, some strong industrial constraints make it mandatory to improve only one component of the control and guidance laws at a time, and this thesis focuses on control allocation. The next step could be to enhance the existing architecture and to consider adding advanced sensors and estimators.