N
N

N

HAL

open science

INTEGRATED PHOTONIC DEVICES AND
COMPONENTS FOR LINEAR, NONLINEAR AND
QUANTUM OPTICAL APPLICATIONS
Raktim Haldar

» To cite this version:

Raktim Haldar. INTEGRATED PHOTONIC DEVICES AND COMPONENTS FOR LINEAR, NON-
LINEAR AND QUANTUM OPTICAL APPLICATIONS. Optics / Photonic. PhD, 2019. English.

NNT': . tel-02469076

HAL Id: tel-02469076
https://hal.science/tel-02469076
Submitted on 6 Feb 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/tel-02469076
https://hal.archives-ouvertes.fr

INTEGRATED PHOTONIC DEVICES
AND COMPONENTS FOR LINEAR,
NONLINEAR AND QUANTUM
OPTICAL APPLICATIONS

Raktim Haldar







INTEGRATED PHOTONIC DEVICES AND
COMPONENTS FOR LINEAR, NONLINEAR
AND QUANTUM OPTICAL APPLICATIONS

Thesis submaitted to
Indian Institute of Technology Kharagpur
for the award of the degree

of
Doctor of Philosophy

by
Raktim Haldar

under the guidance of

Dr. Shailendra Kumar Varshney
(Associate Professor)
(Electronics and Electrical Communication Engineering (E & ECE) Department)

DEPARTMENT OF ELECTRONICS AND ELECTRICAL
COMMUNICATION ENGINEERING (E & ECE)
INDIAN INSTITUTE OF TECHNOLOGY KHARAGPUR
KHARAGPUR-721302, WEST BENGAL, INDIA
NOVEMBER 2019

(©2019 Raktim Haldar. All rights reserved.






- To my parents -

&

-To all those children we failed...to all those blossoms shed untimely-




fos cam exre
foe @1 By, O% (w1 A,
A FAEeeE Tt
TEE T TR 43 Ju Ff,
(TN ] TAES TN (O
@eT weT et faeT e A
oGy Yeufay sfEerRfer,
ferEs ety & a2 i,
(AR FE @ o9, faey @01
of 51 3 bR AHETA (e,
s 2@ fauy o 3, fre:;
TEGE 12 I6f FE SEG |
---?WT’“W-—-

Where the mind is without fear
Where the mind is without fear and the head is held high;
Where knowledge is free;
Where the world has not been broken up into fragments
By narrow domestic walls;

Where words come out from the depth of truth;
Where tireless striving stretches its arms towards perfection;
Where the clear stream of reason has not lost its way;
Into the dreary desert sand of dead habit;

Where the mind is led forward by thee;

Into ever-widening thought and action;

Into that heaven of freedom,

My Father, let my country awake.

- Rabindranath Tagore ---
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Abstract

Photonic technologies hold the potential to replace electronic technologies in near-
future by solving most of the drawbacks of the electronic circuits. Generation and
manipulation of photons in an integrated waveguide-based platform are preferred
over bulk-optical components, mainly due to their compactness, stability, scalabil-
ity, connectivity, reproducibility, and low power consumptions. Sophisticated fab-
rication techniques have enabled to design low-loss intricate planar and non-planar
architectures consisting of several twists and turns. Optical directional couplers
(DCs), polarization beam splitters (PBSs), microring resonators (MRRs), etc. are
some of the indispensable components of the photonic circuits having a plethora
of applications in the linear, nonlinear, and quantum optical applications. Silicon
(Si) has been the preferred material to design the photonic components due to the
high refractive-index, low-loss, low-cost, and high nonlinearity.

A corpus of works has been done to shrink the overall device footprint dur-
ing the last few decades. At the beginning of the dissertation, a novel scheme to
miniaturize the existing designs of optical DCs and PBSs based on off-centered,
asymmetric, and hybrid dielectric slot waveguides is discussed. Slot dimensions
and positions are optimized to achieve maximum coupling coefficient (> 88% en-
hancement) between two adjacent silicon wire-waveguides. The scheme leads to
the device-length of 0.9 ym, and 1.1 ym, for the DC and the PBS, respectively,
which is a significant improvement over their contemporary counterparts. To
obtain ripple-free broadband band-pass or band-rejection filters, serially coupled
MRRs have been utilized which occupy large space on a chip. To overcome this
issue, non-concentric (off-axis) nested MRR has been proposed in this thesis work
that reduces the filter-size without compromising its performance, thereby en-
abling high-density photonic integration on-chip. High thermo-optic coefficient of
Si is the Achilles heel of the silicon-on-insulator MRR based electro-optic modu-
lators (EOMs). Off-axis MRR also helps to mitigate the thermal red-shift in the
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spectral response of an MRR which facilitates its applicability to achieve athermal
EOM. By further improvement in non-concentric nested MRRs, it is possible to at-
tain and maintain high quality-factor and high extinction-ratio with a fabrication
tolerance of 10-20%. Initial experiments on nested MRRs confirm the theoretical
predictions. Such nested configurations will be highly efficient in bio-sensing and
quantum applications for a broad ambient temperature range.

The Kerr nonlinearity of the microresonators has been exploited through a
narrow line-width continuous-wave laser source for the generation of equispaced
coherent frequency lines known as the optical frequency comb (FC). Most of the
nonlinear materials used to generate FC, including Si, exhibit nonlinear losses
and free-carrier effects in the telecom wavelength range. In the next part of the
thesis, an analytical model of FC in the presence of nonlinear losses, free-carrier
absorption, and dispersion effects has been developed, which capacitates us to
explain several experimental results previously obtained. Further, numerical sim-
ulations explore that, using dual-pump, it is possible to generate tunable FC
and synchronous all-optical buffers, which are robust to the writing-jitters, 3rd-
order dispersion, and Raman effect. Apart from linear and nonlinear applications,
integrated optical devices provide an efficient testbed for the realization of the
invincible quantum technologies. In the final portion of the dissertation, efficient
pumping schemes have been discussed to generate continuous variable bipartite
and multipartite entanglement in different waveguide-pairs, simultaneously, using
an integrated 5x5H periodically poled lithium niobate waveguide array through
spontaneous parametric down conversion.

Keywords: Integrated photonics, nonlinear and quantum optics, optical coupler,
polarization beam-splitter, Kerr microring resonator, optical frequency comb.
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CHAPTER 1

Introduction

Optical technologies are ubiquitous, spanning from the detection of the delicate
gravitational waves emitted billion years ago by the gargantuan black-holes to
the accurate measurements on the minuscule subatomic particles and their sub-
picosecond oscillations! Our daily lives are persistently benefited from the subtle
omnipresence of the photonic technologies with the high-speed fiber-optic network,
medical instruments, LED lamps, LASIK technology, or the mundane compact
disks those are scattered carelessly at the corners of our tables. In fact, within a
decade, photonic technologies are expected to invade if not topple the electronic
technologies that we use in our mobile or personal computers. In this disser-
tation, several nanophotonic devices such as optical directional couplers (DCs),
polarization beam splitters (PBS), microring resonators (MRRs) etc., which can
be integrated with the existing electronic components as a part of optical inter-
connects, are explored. Furthermore, the thesis work is involved in modeling and
designing integrated photonic components for nonlinear and quantum optical ap-
plications. In this chapter, an overview of photonic devices which are used in

different linear, nonlinear and quantum optical applications is provided.
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1.1 Photonics over Electronics: On-chip Linear

Optical Devices

Electronic technologies, albeit revolutionized the 20th century, have many defi-
ciencies. The reduction in feature size due to advancement in the semiconductor
industry and integration of millions of transistors within the same chip, as prog-
nosticated by Moore’s law, have steered on-chip communication to the paradigm of
multi-core processors which are fast enough to execute huge computations within a
billionth of a second. However, the drift velocity of electrons and the parasitic ca-
pacitance between two electronic components limit the speed of electronic circuits.
The delay at metallic interconnects leads to a bottleneck forcing asynchronous
data transfer between the processor and the other parts of a computational sys-
tem [1,2]. In addition to this, the demand for higher bandwidth of a system is one
of the challenging issues. At the beginning of the 21st century, the problem aggra-
vates as electronic chips started defying Moore’s law, Koomey’s law, and Dennard
scaling (dark silicon effect), which finally inspires us to develop different non-Von
Neumann architecture such as Harvard architecture and even neuromorphic com-
puting. However, neuromorphic computers that attempt to mimic our brains are
still in the incipient stage [3]. On the other hand, by leveraging the mature com-
plementary metal-oxide-semiconductor (CMOS) technology, photonic components
and circuits have the nascent potentiality to overcome almost all the drawbacks
and limitations of the present-day electronic circuits and systems, including the
Von Neumann bottleneck problem. Low power consumption, low latencies, less
interference, ultra-compact size, extremely high data-rate, and wide bandwidth
are the key advantages of the optical circuits [1-5]. Also, photonic technology
with visible light and infrared is safe for in-situ medical applications. Silicon
(Si)-photonics is the most suitable pathway to realize the dream of high-speed
photonic computers. Various advantages of using silicon as a photonic platform
are mentioned below,

e Silicon is cheap and widely available,

e Broad transparency window (1.1 pm—10 pm) [5],

e Higher refractive index (RI) (3.477) compared to silica (1.445), and air (1)

at 1.55 pum,
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e CMOS compatible,
Availability of natural oxide,
Can be purified up to 9N (99.9999999 %) by current technology,

Higher Raman gain coefficient (dominant peak at 15.6 THz with 105 GHz
bandwidth at 1.55 gm, 1 nm wider than that of silica),

High nonlinear RI (ny = 3 x 107¥m?/W), almost 100 times higher than

that of silica,

The state-of-the-art silicon-on-insulator (SOI) technology has made it possible to
fabricate new optical components with the existing microelectronic components.
High RI contrast offered by Si in optical waveguides leads to strong optical con-
finement. The strong optical field inside the waveguide-core allows several low-
loss sharp bends and made it possible to realize ultra-compact optical devices,
such as, microring resonators (MRRs), which are scalable, robust, and have nu-
merous applications in optical communication, data-routing, spectroscopy, and
sensing |6-8]. Tight field confinement in the Si-waveguides also ensures very high
optical intensity (equivalently, a small effective area), which facilitates the use
of the SOI devices for nonlinear applications such as frequency conversion, su-
percontinuum generation, frequency-comb generation, and so on. [9-H13]. These
devices also aid to achieve strong light-matter interaction within nano-scale ge-
ometry, which gives rise to many novel optical phenomena [12,13]. Mastering the
control on the nano-world using photonic technologies opens up a new field of
study called ‘Nanophotonics’ which administers us an unprecedented command
over the molecular interactions, green-energy harvesting, drug delivery (optical
tweezing), bio-sensing, and even genetic engineering. “There’s Plenty of Room
at the Bottom”—indeed, more than fifty years down the lane and now we realize
how accurately Feynman envisaged the future-world! Nevertheless, some of the
properties of silicon which are not always propitious to the photonic applications

are listed below [5]:

e High positive (+ve) thermo-optic coefficient (TOC),
e High nonlinear losses below the wavelength 2.2 yum,
e Indirect band-gap, lack of efficient light emission,

e High electro-absorption,
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e Absence of linear electro-optic (Pockel) effect, absence of second-order non-
linearity without stress,
e Low Franz-Keldysh effect,

e Cannot be used to detect a signal at optical C-band.

It is interesting to note, though the high RI contrast offered by SOI waveguides is
advantageous to most of the applications, high field-confinement and a relatively
small coupling coefficient compel the coupling length of the device to be long. As
a result, the overall device footprint of optical couplers, PBS, etc. becomes large.
Recently, significant attention has been focused on designing very efficient, low-
loss, compact on-chip optical couplers based on slotted Si wires [14] and photonic
crystal circuits [15]. Also, several designs of compact PBS have been evolved,
including dielectric-plasmonic hybrid structures [16,/17]. Nevertheless, the devices
are either lossy [17] or numerically intensive |18] to design. It remains a challenge
to achieve an efficient ultra-compact on-chip PBS with high extinction ratio (ER)
and full-width at half maximum (FWHM) while maintaining very low insertion
loss (IL) simultaneously. In the first part of the dissertation, a novel scheme to
reduce the device size based on asymmetric slot waveguides is discussed. The
proposed strategy can reduce the size of the DC and PBS at least by 88 %.
Optical bandpass/band-rejection filters [19] have extensive use in wavelength
division multiplexing (WDM) communication system. One requires higher-order
filters comprised of coupled MRRs to suppress the undesired ripples [20] in the pass
or the rejection band. However, serially coupled MRRs used to design broadband
bandpass filters, have large footprints. We have come up to an intelligent solution
to save the space and thereby, integration of additional components within the
same area. We refer this approach to non-concentric (or, off-axis) MRRs. Electro-
optic modulators (EOMs) based on MRRs is one of the most important photonic
components that drive the photonic interconnects to combat the bottle-neck issue.
Performances of the MRR-based EOMs are highly affected by the temperature
fluctuations [21]. The proposed athermal solutions are either power-inefficient,
affects the message signal, or occupy large space in the chip. It is also established
that off-axis MRR based EOM behaves athermally for a broad range of ambient
temperature as the off-axis MRR can decouple the message signal and the control-

ling bias very efficiently. Initial experimental results confirm that non-concentric
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rings are fabrication tolerant (> 20%) while arranged in a nested fashion, which
suggests potential use in sensing, nonlinear, and quantum applications.

It is important to contemplate that the physical mechanism which drives an
EOM is generally nonlinear (electro-absorption, Pockel or Kerr effect); however,
the transfer characteristics of the operating device follows a linear relationship

where the output optical signal requires to replicate the electrical input waveform.

1.2 Nonlinear Optics

A system (be it mechanical, electrical, optical; probabilistic or deterministic) is
nonlinear if the governing equation capable to describe the dynamics of the sys-
tem reasonably well, contains nonlinear terms. Nonlinear systems no longer follow
the superposition principle. Nonlinearity often leads to the formation of fractals
and chaos. In nonlinear optics, one studies the behavior of light in the medium
where the dielectric polarization of the medium depends nonlinearly upon the
incident electric field [9-H11]. Being bosons, weakly interacting photons bestow
us interference-free communication channels, on the other hand, necessitate the
use of intense coherent light-sources and tight optical confinement to obtain the
nonlinear optical phenomena. The discovery of lasers by T. H. Maiman in the
middle of the twentieth century empowered us to demonstrate different nonlinear
optical phenomena, thereby opening the Pandora’s box to the quantum optics.
Nonlinear optical processes include second harmonic generation, Pockel’s effect,
third harmonic generation, sum, and difference frequency generation, self-phase
and cross-phase modulation, four-wave mixing, two-photon absorption, optical
phase conjugation, optical parametric amplification and oscillation, Raman and
Brillouin scattering, etc. Nonlinear interactions, though detrimental for optical
communication systems, pave the way to generate optical sources of any required
frequencies which were previously unattainable by natural laser sources. Nonlin-
ear spectroscopy is another important application of nonlinear optics. Also, the
generation of supercontinuum, optical solitons, frequency combs (FCs), and other
nonlinear optical phenomena have been demonstrated using SOI platforms. The
nonlinearity of photonic devices has been exploited for frequency conversions [9]

both in linear optical waveguides and resonator systems. Narrow linewidth ( kHz),
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continuous-wave (CW) laser sources have been employed to generate optical FC in
microresonators (MRs) utilizing Kerr nonlinearity, which manifests itself as cavity
soliton (CS) in time-domain [22,123]. To model FC dynamics in MRs, damped-
driven nonlinear Schrédinger equation with boundary condition, also known as
Lugiato-Lefever equation (LLE) has been widely used [23]. Most of the optical
materials exhibit losses in the telecom wavelength range that restrict their use in
realizing various interesting nonlinear properties. However, in search of simplic-
ity, the majority of such theoretical models have mostly condoned the effects of
nonlinear losses and free-carriers in their analysis, except a few [24]. The exist-
ing studies are either numerical or experimental and do not provide much insight
into the dynamics of the comb-formation [25]. An in-depth theoretical analysis
of comb formation including the nonlinear losses, has been discussed through the
mathematical model in this thesis work. Bichromatic pumping scheme in MRs
provides an additional degree of freedom which results in robust and synchronous
all-optical buffer. We also investigate the advantages of dual-pump MRs over the

conventional monochromatic MRs in this thesis.

1.3 Integrated Quantum Optics

Quantum Mechanics is defined as a branch of physics capable of describing the es-
oteric behaviors of the atoms, subatomic, and elementary particles at the smallest
scale of the energy levels in nature, where classical mechanics usually fails [26].
Photons are considered as the mediator of electromagnetic energy, and ‘Quan-
tum optics’ is a field of research which deals with the light-matter interaction in
microscopic level with the help of quantum mechanics and quantum electrody-
namics, considering the flow of light as a stream of photons. In general, for the
ease of understanding, classical or semi-classical approaches are being adopted
to describe most of the linear and nonlinear optical phenomena. For example,
though the photo-electric effect cannot be described using classical physics, it can
be satisfactorily explained through the semi-classical approach. In contrary, a
few optical phenomena such as Hong-Ou-Mandel effect, photon anti-bunching or
the sub-Poissonian distribution of light, squeezing of light, parametric optical pro-

cesses, etc. cannot be described satisfactorily with any of these approaches [26-30]
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where quantum optics becomes indispensable. At this tiny scale, wave property
of the particle becomes prominent. In recent years, photonic platforms (mostly in
silicon, silicon nitride, lithium niobate, etc.) are exploited extensively to realize
quantum effects such as the on-chip generation of entangled states, which spawns

a new and intriguing branch of optics called ‘Integrated quantum optics’ [31},32].

1.4 Quantum Computation and Cryptography

As proposed by Feynman, devising the power of quantum entanglement and the
immense parallelism of superposed quantum states, quantum information process-
ing (QIP) techniques offer several benefits with respect to their classical counter-
parts [33]. Apart from quantum computing (QC), in 1984, Bennett and Brassard
have suggested that laws of quantum mechanics can also be used for secure com-
munications [34]. Consequently, ‘Quantum cryptography’ (QCr) emerges, which
is an art of science that exploits the fascinating features of quantum mechanics
such as Heisenberg’s uncertainty principle, no-cloning theorem, Bell’s inequality
or the quantum entanglement, i.e. ‘spooky action at a distance’ to perform cryp-
tographic tasks [29]. As an example, quantum key distribution (QKD) allows
two remote parties (viz. Alice and Bob) to distribute secret keys through public
channels using quantum cryptographic protocols for quantum communications. In
principle, QKD can offer unconditional security guaranteed by the laws of quan-
tum physics even in the presence of an omnipotent eavesdropper (Eve), which is
long been considered as ‘The Holy Grail’ of any communication systems [35,36].
Quantum properties of light can be exploited in a myriad of applications such as
QC, QIP, QCr, quantum simulations, spectroscopy, metrology and sensing [37,38].
As discussed earlier, being bosonic in nature, photons show less interaction with
other particles and within themselves, thereby are less susceptible to the quantum
noise or decoherence. However, in 2001, Knill, Laflamme, and Milburn (KLM pro-
tocol) showed that linear optical components such as optical beam splitters and
couplers along with single-photon sources and photon detectors are sufficient for
quantum computation [30]. KLM protocol is regarded as one of the milestones in
realizing quantum computing devices through the discrete variable (DV) photonic

systems as obtaining nonlinearity using a few photons is extremely difficult [39].
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Generation and manipulation of photons in an integrated on-chip waveguide-based
platform are preferred over the crystal-based bulk-optical components mainly due
to their compactness, stability, scalability, connectivity, reproducibility, the po-
tential for lower power consumptions, etc. Recent developments in fabrication
technologies make integrated quantum photonic circuits a promising and versatile
approach for future QIP technologies. Photonic quantum circuits comprised of
on-chip photonic components such as optical couplers, PBS, etc., can easily ma-
nipulate the polarization of light and the flow of photons. Continuous-variable
(CV) approach for QC conversely utilizes low-cost deterministic laser sources and
detectors [39]. In the final part of my thesis, the best pumping scheme to gener-
ate bipartite and multipartite CV entangled states in periodically poled lithium
niobate waveguide array through spontaneous parametric down conversion has
been studied. Before proceeding for the experiments, we calculate the bipartite
CV-entanglement between waveguide modes through the Peres-Horodecki crite-
ria/positive partial transpose (PPT), whereas, the generation of multipartite en-
tanglement is investigated through the Van Loock Furusawa criteria (VLF) [40/41].
Such entangled states can be used for quantum computations or in a multi-party
quantum cryptographic protocols.

To summarize, in this thesis, I have chosen some of the fascinating applications,
which can be divided into three major categories, viz. the design of integrated
photonic components for (i) linear (DCs, PBSs, and MRR-filters) (ii) nonlinear
(FC generation), and (iii) quantum optical applications (entangled CV states gen-

eration).
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1.5 Motivation

A broad range of enthralling topics on linear, nonlinear, and quantum optics are

covered throughout the thesis-work. A few caveats of the existing photonic tech-

nologies, specifically in linear and nonlinear devices are found through an extensive

literature survey, which acts as the motivation of this dissertation.

Tight optical confinement in individual SOI-waveguide entails weak evanes-
cent coupling when two optical waveguides are placed close to each other.
Weak coupling compels the SOI-based optical couplers and PBS to be longer

to attain the desirable performances [4,5].

A single MRR has a spectral response equivalent to the notch filter. How-
ever, to achieve a bandpass or band-rejection filter, a few of such MRRs are
coupled serially, which in turn increases the device footprint. To achieve a
ripple-free broadband filter response within a compact size remains a chal-

lenge [7,§].
Silicon has a high thermo-optic coefficient (TOC ~ 1.86x107* /K). There-

fore, a small change in temperature or the existence of local hot-spot is re-
flected by a dramatic change in the transmission characteristics and thereby
deforms the output waveform of a high-Q MRR based EOM. The current
technologies to mitigate the undesirable thermal effects are either power

inefficient, large in size, or CMOS incompatible, and costly.

MRRs are mostly designed to operate in the critical coupling regime. Some
applications also demand the MRR to work either in the slightly over-
coupling, or marginally under-coupling condition [6]. The coupling condition
of an MRR is very sensitive to the fabrication errors and the ambient tem-

perature.

Owing to the band-gap energies most of the materials used to build the
nonlinear photonic platforms including silicon, possess nonlinear losses such
as multi-photon absorptions, free-carrier absorption (FCA), and free-carrier
dispersion (FCD) in telecom wavelength range covering the C-band. Existing
theoretical models of FC still lack a general mathematical framework that

includes the effects of the nonlinear losses [22,23].
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Monochromatic Kerr MR based all-optical buffers employ the cavity solitons
(CSs) as optical-bits. They are asynchronous in nature, and the performance
of these CS-based buffers is severely affected by the writing jitters, third-

order dispersion, and the Raman Effect.

Integrated photonic waveguide based continuous variable (CV) bipartite and
multipartite entangled sources are highly coveted for the implementation of
quantum computing devices on a single chip. Nonetheless, nonlinear losses
such as two-photon absorption (2PA) make it difficult to realize squeezed
state and entangled photon pairs in telecom C-band within silicon waveg-

uides.

1.6 Research Objectives

Based on the motivation, the following objectives are set for the thesis work:

To investigate the existing schemes for the miniaturization of optical com-
ponents; To study the slot-waveguide based DCs and PBSs using overlap-
integral method (OIM), super-mode analysis, and 3D finite-difference time-
domain (FDTD) method.

To maximize the coupling between two adjacent slotted silicon wire waveg-

uides by optimizing the slot size and position.

To develop a theoretical model based on the transfer matrix method (TMM),
and FDTD for the study of non-concentric microring resonators. Implemen-
tation of the non-concentric MRR to design the compact bandpass/band-

rejection filter and compact athermal EOM.

To model the Kerr frequency-comb based on modified LLE in the presence of
multiphoton absorptions and free-carrier effects, which might help to study
the steady-state, self-pulsation, and modulation instability in the presence

of various nonlinear losses.

To investigate the advantages of bichromatic pumping over monochromatic
Kerr MRs and to exploit the dual-pump Kerr MR configurations as an all-
optical buffer.

10
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e To determine the best pumping scheme of a PPLN waveguide array that
generates a large number of bipartite and multipartite quantum entangle-
ment in multiple waveguide pairs efficiently, which can be used in quantum

computation and cryptographic applications.

1.7 Thesis Organization

Chapter 1 serves as an introduction and literature survey on various linear, non-
linear, and quantum photonic devices and their applications. We briefly explain
each category with the relevant state-of-the-art optical devices, their pros, and
cons, along with the further scope of work, which motivate the thesis-work. Based

on the motivation, research objectives are proposed.

In chapter 2, we introduce a novel scheme to design ultra-compact photonic de-

vices maneuvering the asymmetric slot-waveguide.

The first part of chapter 3 presents non-concentric (or, off-axis) MRRs that
has the potential to offer wideband band-pass or band-rejection filter with a re-
duced device-size, whereas, the next part of chapter 3 describes an athermal EOM
based on off-axis MRR, and fabrication-tolerant nonconcentric nested (NN) MRR.
Chapter 3 finally ushers the way towards a possible solution to the performance

degradation caused by the alteration of coupling conditions.

Chapter 4 of the thesis is devoted in developing a complete mathematical model

of the Kerr FC in the presence of all nonlinear losses.

Chapter 5 discusses the potential of dual-pump Kerr MR based optical buffers

as a remedy of the problems experienced by the monochromatic Kerr FC.

In chapter 6 of the thesis, we employ PPLN waveguide arrays for the generation

of multipartite entanglement.

In a nut-shell, second and third chapters contain the designs of linear optical de-
vices whereas, chapter 4, chapter 5 and chapter 6 target the various aspects of FC

generation in nonlinear optical platforms including quantum optical devices.

Chapter 7 summarizes and concludes the dissertation discussing possible future

research directions.
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CHAPTER 2

Ultra-compact Optical Couplers
and Polarization Beam-splitters
using Asymmetric Slots

In this chapter, at first, we briefly discuss the basics of various optical waveguides
and optical couplers. Subsequently, we introduce the concept of slot waveguides,
their fabrication processes, coupling mechanisms, various advantages over the con-
ventional waveguide structures and applications. In the next section, we present
novel schemes to design on-chip ultra-compact optical directional couplers (DCs)
and broadband polarization beam splitters (PBS) based on off-centered and asym-
metric dielectric slot waveguides, respectively. Slot dimensions and positions are
optimized to achieve maximum coupling coefficients between two symmetric and
non-symmetric slotted silicon wire waveguides through overlap integral method
(OIM). We observe > 88% enhancement in the coupling coefficients when the
size-optimized slots are placed in optimal positions, with respect to the same
waveguides having no slot. When the waveguides are parallel, in that case, a
coupling length as short as 1.73 ym is accomplished for transverse-magnetic (TM)
mode with the off-centered and optimized slots. This scheme enables us to design

optical directional couplers with a very small footprint, L. ~ 0.9 um in presence
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of S-bends. We also report a compact (L. ~ 1.1 gm) on-chip broadband PBS with
hybrid slots. Extinction ratios of 13dB and 22.3dB are realized with very low
insertion loss (0.055dB and 0.008 dB) for TM and transverse-electric (TE) modes
at 1.55 um, respectively. The designed PBS exhibits a bandwidth of 78 nm for
the TM mode (C-and partial L-bands) and > 100 nm for the TE mode (S+C+L
wavelength bands). Such on-chip devices can be used to design compact photonic
interconnects and quantum information processing (QIP) units efficiently. At the
final section of this chapter, we have investigated the fabrication tolerances of the
proposed devices and described the fabrication steps to realize such hybrid devices.
Our results are in good agreement with 3D finite-difference time-domain (FDTD)

simulations. [1

2.1 Introduction

Photonic circuits have the potential to overcome most of the drawbacks and limita-
tions of present-day electronic circuits and systems including the bottleneck issues
between processors and interconnects [1,2]. On-chip optical switches, couplers,
modulators, and PBS are essential components of photonic circuits [3]. With re-
cent developments in photonic circuits, analogously, we are approaching an era of
QIP that offers several benefits with respect to classical alternatives for several
applications [4]. In 2001, Knill, Laflamme, and Milburn showed that linear optical
components such as optical beam splitters and couplers along with single-photon
sources and photon detectors are sufficient for quantum computation [5}/6] which
is known as ‘KLM protocol’. Photonic quantum circuits comprised of on-chip
Si-based photonic components such as optical couplers, PBS, etc., can easily ma-
nipulate the polarization of light and the flow of photons |7,§]. Entangled quantum
state generation and GHz-clocked quantum key distribution systems using pho-
tonic circuits have been demonstrated in [8H10].

Due to the high refractive index (RI) contrast between silicon, silica, and air,
silicon-on-insulator (SOI) wire waveguides exhibit excellent light-guiding property

and has the potential for compact on-chip circuits as they allow small bends with

'Publications related to this chapter are [46], [47].
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Figure 2.1: Cross-sectional (I) and perspective view (II) of (a) Conventional SMF, (b) PCF
with a core, (c) Fiber with multiple cladding regions, (d) capillary optical fibers. Protective
layers, buffers, jackets, etc. are not shown in Figs. (b), (¢), and (d) for simplicity and clarity.
Note that, the capillary optical fibers are equivalent to the slot waveguides.

negligible losses. Current advancements in complementary metal-oxide semicon-
ductor (CMOS) fabrication technology make it possible to fabricate highly dense
nano-scale devices [11,[12]. However, high field confinement and relatively small
coupling coefficient compel the coupling length of the device to be large, and as
a result, the overall device footprint of optical couplers, PBS etc. is increased.
It has been observed that narrow slot/slots in the waveguides further enhance

the confinement of particular optical modes in the core region and reduce the
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Figure 2.2: 3D perspective view of SOI-—(I) planar/slab, (II) wire/ridge waveguide, (III) rib
waveguide, (IV) suspended, (V) strip-loaded, (VI) diffused, (VII) buried, (VIII) multi-layered or
triplex waveguides, (IX) anti-resonant reflective optical waveguide (ARROW), waveguides with
a single—(X) vertical (V) slot, and (XI) horizontal (H) slot.

bending loss of the waveguide . Straight and bent waveguides with slotted
cross-sectional regions can be combined to build microring resonators which have
wide range of applications in integrated optics . Slotted waveguides are par-
ticularly interesting in nonlinear optics due to their very small effective mode area
and flat dispersion profiles [15][16]. Recently, significant attention has been fo-
cused on designing very efficient, low-loss, compact on-chip optical couplers based
on slotted Si wires and photonic crystal circuits [18].

Over the last few years, several designs of compact PBS have been evolved
such as multimode interference splitters ,, DC , and adiabatic mode
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evolution [23],24]. However, it is challenging to achieve an efficient ultra-compact
on-chip PBS with high extinction ratio (ER) and full-width at half maximum
(FWHM) while maintaining very low insertion loss (IL) simultaneously. To achieve
an ultra-short PBS, often high structural asymmetry or large birefringence is nec-
essary [25]. Plasmonic and hybrid plasmonic waveguides can provide the required
birefringence and can reduce the device size considerably [25-29]. Three-core
plasmonic PBS designs have also been reported in [30-33]. Plasmonic PBSs are
promising; nonetheless, plasmonic devices mostly suffer from very high propaga-
tion loss. It is also difficult to fabricate narrow metallic nano-ribbons, required by
several plasmonic structures in a SOI platform. Recently, a PBS with foot-print
as small as 2.4 x 2.4 ym? has been reported [34] making the use of inverse design
algorithm [35]. But the design mentioned above [34] has moderately high IL, less
ER (~ 10dB), low FWHM (~ 32nm), and most importantly, it takes large time
to realize numerically. A few exotic approaches to design a PBS have also been
attempted based on photonic crystal circuits [36], grating couplers [37], and peri-
odic dielectric waveguides [38]. Such designs are novel, albeit, impractical to be

included for on-chip photonic circuits.

Similar to plasmonic waveguides, slots in the waveguide can also provide ex-
traordinary structural birefringence which can facilitate an efficient design of a
PBS. The general convention is to place narrow slots in the middle of the waveg-
uide and enhance the coupling for a particular mode to achieve a compact design.
Designs of PBS based on vertical [39,/40] and horizontal [41,142] slotted Si-wire
waveguides have already been reported. The effects and advantages of multiple
vertical [43] and horizontal [44] slots are also discussed in the literature. The
modal properties of single core optical waveguide with asymmetric slots in dif-
ferent positions are discussed in [45]. While strong confinement of a particular
mode is possible within a slot, evanescent coupling for the other modes which are
not confined in the slot will be greater. Therefore, introducing slots provides us a
route to achieve very compact optical couplers and PBS. The aforementioned de-
signs are mostly based on either super-mode analysis of two symmetric (geometri-
cally identical) couplers or propagation characteristics of two adjacent asymmetric
(non-identical) couplers. FDTD and super-mode analysis [39,40] have been used

extensively to analyze such structures; however, the OIM has rarely been used to
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investigate such devices. In the next subsection, we concisely discuss the basic
concepts of the slot-waveguides and their utilities as it is quintessential to proceed

further in this chapter.
At the beginning of this chapter, we have tersely discussed the OIM. Then,

the optimum slot-size and slot-position are numerically predicted for a particular
mode to achieve the highest coupling (k) between two Si-waveguides using OIM.
Thereafter, we propose an on-chip compact broadband two-core PBS consisting of
a hybrid slot waveguide coupler (both vertical and horizontal slots) [46,/47]. The
Semi-analytical technique, for instance, the variational principle, can be used to
optimize such device geometries in achieving the highest coupling coefficients [4§].
Incorporating the optimally placed off-centered slots reduces the coupling length
L. and the device size by enhancing the coupling coefficient (k). Not only does our
optimized design have a much smaller footprint compared to the designs reported
in [17,/18], but also, we believe, this general scheme enables us to achieve the
smallest footprint of an optical coupler reported till date with a very low IL. The
practical design of our optical coupler, which contains four S-bends has a sub-
micron coupling length of ~0.9 um with an excess loss (EL) ~0.12dB for the
TM-mode. In the subsequent section, we elaborate the above-mentioned strategy
[46,47] to arrive a novel design of a compact (L. = 1.1pum in the presence of
S-bend) PBS which provides an ER>22.3dB (TE-mode) at A = 1.55 um and this
design is also smaller than that reported in [25-34,39-44]. Parameters (IL, EL,
and ER) essential for performance analysis of the coupler and PBS are defined and
explained in the next sub-section. Finally, we conclude our work discussing the
future scope of fabricating such devices and using them for various applications.
We have used a finite element method (FEM) based full-vectorial mode solver
COMSOL Multiphysics and MATLAB to implement the OIM and verified our
results with the commercially available package, Lumerical FDTD [49].

2.1.1 Performance Indices for the Proposed Devices

We have studied the performance of the coupler and PBS numerically. For a 2x2

optical coupler, if the input power at port 1 is P; and the output power at the
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coupled (cross) port is P, then the IL at the cross port can be defined as [22],

P
IL = 10log,, (Fl) (2.1)
2

If the output power at the second (bar) output port or the transmission port is
P3 and at the isolated port is Py, then the EL can be defined as,

Py
EL =101 e 2.2
0810 (P2+P3) (2.2)
On the other hand, for PBS, the ratio of the output power for TM mode at the
coupled (cross) port and at the through/transmission (bar) port is defined as the
ER for TM mode [29).

2.1.2 Slot Waveguide

Optical waveguides are physical structures which are capable of guiding electro-
magnetic (EM) waves in the optical spectrum (ultra-violet, visible, infra-red) with
a myriad of applications from optical communication, networking, sensing, spec-
troscopy, nonlinear optics to quantum optics [50-54]. Transmission lines and
metallic waveguides become too lossy to guide microwave (0.3 GHz to 300 GHz)
and THz optical signals, respectively. Optical waveguides can be dielectric (glass,
semiconductor, polymer) or plasmonic (dielectric and metal). These waveguides
can broadly be classified into two different categories on the basis of geometrical
structures, e.g. (i) cylindrical waveguides or optical fibers (non-planar), (ii) inte-
grated waveguides with rectangular cross-sections (also known as planar/slab or
rectangular waveguides). There exist other classifications as well, depending upon
the mode propagation such as (i) single-mode, (ii) few-mode, (iii) multi-mode opti-
cal waveguides. These waveguides can also be divided into two different categories
viz. (i) Graded-index, and (ii) step-index, based on the RI distribution from the
core to cladding region. Apart from this, most of the optical waveguides guide light
either by following the principle of total internal reflection (TIR) or by creating
photonic bandgap structures [50,54] Fig. shows various types of cylindrical

optical waveguides. Conventional single mode fibers (SMF) which are broadly
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Figure 2.3: (a) Schematic of a slab waveguide with a slot (cyan region). The quantitive RI-
distribution (not in scale) of the core, clad and the slot is indicated by a dashed blue curve,
overlayed on the waveguide geometry. Modal (quasi-TE) characterization of a 3D rectangular
waveguide with a vertical slot in the middle of the waveguide—(b) 3D plot of normalized intensity,
(c) cross-sectional view of the waveguide and the modal intensity. The direction of the dominant
E-field component is shown by a dotted green arrow, (d) normalized intensity distribution along
with the x-axis.

used in optical communication is shown in Fig. (a). Fig (b) depicts the
photonic crystal fibers (PCFs) which are widely used in communication as large
mode-area fiber [55], dispersion engineering, frequency conversions [50,54], etc.
Perspective view and the cross-sectional view of the multi-clad optical fiber [56],
and the capillary optical fiber [57,58] are shown in Fig. (c) and Fig (d),
respectively. On the other hand, silicon-on-insulator (SOI) technologies made it
possible to fabricate thousands of tiny optical waveguides with rectangular cross-
sections (as small as a few hundred nanometers squared), on-chip in a compact
fashion. Not only they are vastly used as optical interconnects [3], but also they
are used as highly efficient nonlinear platforms due to their small effective modal
area and modal volume. Different optical waveguides with planar geometry or
rectangular cross-section are shown in Fig. . Usually, the RI of the core (ncore)
is higher than both the substrate (ng,,) and cladding (nqa.q) regions and guide light
through TIR. However, for ARROW, plasmonic, multi-layer, augmented, and slot
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waveguides, light can be confined and guided through the lower RI medium. In
ARROW, there is an anti-reflecting coating as shown in Fig. (IX) to form an
optical bandgap that effectively guides light, minimizing the loss. On the other
hand, slot-waveguides those work on the principle of TIR were discovered serendip-
itously by Almeida et al. [13] in 2003 and proved themselves as the watershed in
optical technologies. In general, the core region of a slot-waveguide is made of
materials with high RI such as Si, Si3gNy, Ge, etc. whereas, the slot is filled in with
any of the materials (e.g. air, SiO,, etc.) having relatively lower RI than that of
the core and sometimes even lesser than the core, clad, and the substrate. The
speciality of the slot-waveguide is that the optical field confinement factor (I') can
be enhanced significantly similar to the plasmonic (also known as dielectric-metal
hybrid) waveguides, however, with comparatively much lesser propagation loss,
just by using a vertical or horizontal slot inside the waveguide core even though
the RI of the slot is lower than the core. In this chapter, we restrict ourselves
mostly within the discussions on rectangular slot waveguides. Fig. (a) shows
the schematic of a slab-waveguide with infinite height. A slot of width 2a is placed
at the center of it. Width of each core region or an individual rail is (b — a). The
RI of the core, cladding, and the slot are ncore, Nelad, and nget, respectively, such
that, Ncore > Melad = Nslot- In the next paragraph, we derive the expression of the

E-field distribution for the slotted optical planar waveguide structure as given in

Fig. (a).

A. Analytical Expression for the Mode Profile

In the case of Fig. (a), the RI of the slotted planar waveguide varies along
the x-direction. Therefore, the direction of the electric field should be parallel to
the x-axis. The transverse FE,-component of the fundamental TM-mode can be
found by solving the Helmholtz equation or the time-independent wave equation

for each layer of the slot-waveguide and can be given by,

d’E,
da?

+ (kgn®(z) — B*) E, =0 (2.3)
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The RI distribution n(z) along with the x-axis is,

Nslot, fOr |z] < a
n(x) = < Neore, for a < |z| < b

Nelad for |SC| > b (24)

where, 8 = koneg; B, ko and neg denote the mode propagation constant, free-space

wave-vector, and the effective RI, respectively. One can rewrite Eq. as,

(d*E, )
T2 T Yoz =0, if |z <a
d*E,
dx? + 72coreEﬂﬂ =0, ifalz[ <b
d*E, :
\W o 72cladEl" = 07 if |$| >b (25)

where

2 12 2. 2
Vslot — 5 - kO Tlot

2 12,2 2
Yeore — kOncore - ﬁ

%21ad = 52 - k(Q)nzlad (2.6)

Eigensolution of the Helmholtz equation yields the effective RI (nqg). E, for the

fundamental TM mode is given by,

Aj cosh (g012) , for |z| < a
E.(z) = ¢ Az cos (Yeore |]) + Basin (Yeore |2|) , for a < |z| < b
Age~0eaalel for |z > b (2.7)

where, Ay, Ay, A3, and By are arbitrary constants and can be determined from
the boundary conditions. For TM-mode, the normal component of the electric
displacement vectors should be continuous at the boundaries which demarcate the

clad and the core regions (z = +b) i.e. n2,qEy qaq = 12

core Uz core @s well as the core

and the slot regions (z = £a) i.e. N3 Ly got = NoreErcore: AS the ngor < Neores

we witness a field enhancement in the slot region. In addition, dFE,/dz is also
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continuous at the boundaries. These boundary conditions are used to find out the
propagation constant 3 from the transcendental eigenvalue equation given by Eq.

2.8 which can be solved numerically or graphically.

2 2

n cla — ncore Slo

tan ™! <;°Lm) + tan ™! (2—7“ tanh (fyslota)) + MT = Yeore (b —a) (2.8)
ncladfyCOre n510t7c0re

where m is an integer. The analytical expression of the fundamental mode profile

can be found as,

(

1
—— cosh (Vs ) , for |z <a
slot

1
5— €0sh (Ys10t@) €08 (Veore (|7] — @)

core

1
+ —— Telot inh (Yslot @) SIN (Yeore (|2] — @), for a < |z| < b
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nslot “Veore

| for [z >0 (2.9)

Here, A is an arbitrary constant. The E-field enhancement in the slot region can
be explained intuitively by the interaction between the two fundamental eigen-
modes of the individual waveguide cores. The FE-field remains intense, smooth
and maintains its sharp peak throughout the slot if the slot width (2a) is much
smaller than the characteristics decay length (1/75) of the EM-field inside the slot
(20 < 1/790) [3).

Modal characteristics of a 3D waveguide with finite thickness, a rectangular
cross-section (500 nmx350nm), and a vertical slot (100 nmx350 nm) at its center
are plotted in Fig. [2.3] (b) (d). We use COMSOL Multiphysics to find out
the modes at an operating wavelength, A = 1.55 yum. Note that, the formulations
derived in the previous section are equally compatible for the 3D waveguide struc-
tures except one requires to transform the original RI of the materials to the cor-
responding 2D-projected RI values through the effective index method (EIM) [51]
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before using the same formulations. Also notice that for 3D waveguide structure,
pure transverse modes do not exist. Vertical slots can confine the quasi-TE mode
(dominant E, component), whereas, horizontal slots can support the quasi-TM

mode (dominant F, component), respectively [13].

B. Applications of slot waveguide

Slot waveguides are extensively used in sensing and nonlinear frequency conver-
sion due to exceptionally high field confinement factor [16]. Flat dispersion over
a broad wavelength range can be achieved using waveguides with multiple slots
filled in by novel materials [59]. Therefore, such waveguides are advantageous for
supercontinuum generation and frequency-comb generation [59]. Slots, when filled
in by nonlinear organic electro-optic polymers [60,/61] or covered with graphene
layers |62 can be used to build ring modulators with very high tunability [61], and
optical photo-detectors with high sensitivity [63]. On the other hand, the fiber
analogue of the slot waveguides, i.e. capillary optical fibers as shown in Fig.
(d) also find several interesting applications [57,58].

C. Fabrication and coupling mechanisms

Later in this chapter, we propose a fabrication process-flow of PBS based on hy-
brid slot waveguides which consist of a vertical slot in one of the wires, whereas,
a horizontal slot in the other. Henceforth, it is essential to discuss the conven-
tional procedure to fabricate a single wire waveguide either having a vertical slot
or horizontal slot, so that we can better appreciate the design of the hybrid slot
waveguides [64,65]. Fig. (a) depicts the necessary process flow to fabricate a
void (air) vertical slot while Fig. (b) portrays the various steps to fabricate
a horizontal slot filled in by silica. To fabricate a wire waveguide with a single
vertical slot, at first, (i) a silicon wafer is taken and oxidized at 1000-1200°C tem-
perature in Oy environment to grow the buried oxide layer (BOX) of thickness
~3 pm for guiding light and electrical isolation. Thereafter, amorphous silicon (a-
Si) is grown to achieve the required waveguide height by plasma enhanced chemical
vapor deposition (PECVD) method. One can also use the commercially available
SOI wafer directly if the waveguide height is standard (i.e. 220 nm or 250 nm) for

single-mode operation at 1.55 um. (ii) After Piranha cleaning, a negative e-beam
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Figure 2.4: Standard CMOS fabrication process of wire-waveguide with (a) a single vertical

air-slot, and (b) a single horizontal silica slot.

resist (e.g. ma-N 2400) is spin-coated on the prepared sample. (iii) e-beam lithog-

raphy is performed to pattern the resist; the sample is developed (HF /CHF3-O5),

and reactive-ion etching (RIE) is performed to extricate the waveguide pattern as
shown in step (v) of Fig. (a). Finally, the negative e-beam resist is stripped off
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to obtain the vertically slotted wire-waveguide. Protective cladding layer (PMMA
glass or silica) can be formed on top of the waveguide following the standard pro-
cess [65]. To fabricate the horizontal silica slot, we need to grow an extra PECVD
layer of silica as per the required height of the slot. For SizNy slot, low-pressure
chemical vapor deposition (LPCVD) can also be used [65,/66]. Rest of the fabri-
cation steps are mostly similar to that of the vertical slot. Note that, in general,
the loss of the PECVD a-Si layer is higher (6-7 dB/cm) than the crystalline Si
(2-3dB/cm). Normally, obtaining a broadband coupling mechanism from strip to
slot-waveguide or from fiber to slot with negligible loss is not straightforward and
requires tremendous efforts [67,(68]. Note that, slot can be adiabatically tapered
out from a strip waveguide at the inputs and outputs to achieve coupling losses
comparable to that of the strip waveguide as demonstrated in the reference [67].
Coupling efficiency as high as 97% and overall coupling loss as low as 0.15dB are
achieved till date by embedding symmetrically tapered nano-wires, and asymmet-
ric rails, respectively [69,(70] within an effective strip-to-slot conversion length of

only 10 pm.

2.1.3 Optical Couplers: Theory and Computations

Two dielectric optical waveguides start exchanging energy when they are brought
close to each other, as shown in Fig. (a). Such coupled system can be treated
mathematically through coupled mode equations [51},/71]. Let us consider, f;
(k11), and B2 (kg2) are the propagation constants (self-coupling coefficients) of
waveguide-I (W-I), and waveguide-II (W-II), respectively, while x5 and k9, are
the mutual coupling coefficients from W-II to W-I, and vice versa. The general
expressions for two weakly coupled modes having mode-amplitudes a and b with

implicit time-dependence (exp (iwt)) can be written as [51,|71],

da ) .

E = —1 (51 + /111) a — 1K12b

db ) .

E = —1k9214 — 1 (ﬁg + /4322) b (210)

When two guides are identical as shown in Fig. (a), the coupling coefficients,

K12 and Ko will be the same, i.e. |kia| = |ko1| = |k|. K can be obtained directly
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supermode in (a) two identical waveguides, (b) two non-identical waveguides. For non-identical
waveguides the two lobes of the odd-supermode are asymmetric (case-(b)).

from the supermode analysis (even: a = b, odd: a = —b) by,

_6e_60
2

(2.11)

The method to calculate the propagation constants of even (/3,) and odd (/3,) su-
permodes from any commercially available software is straightforward. However,
when adjacent waveguides are not geometrically identical, then the symmetry be-
tween the waveguides breaks down. Due to the asymmetry, coupling coefficients,
K12 # Kop; rather, k1o and ko; may differ considerably . Electric field distri-
butions of the fundamental TM obtained from FEM are displayed in both the
cases—Figs. (a) conventional coupler, (b) non-identical waveguide coupler.
The vertical slot in the W-1, as seen in Fig. (b), breaks the structural symme-
try. Though for non-identical coupler the coupling coefficient s can be found from
Eq. it is also important to find out individual coupling coefficients, x1o and
k91 to understand and describe the complete behavior of the coupler. For couplers
consisting of non-identical waveguides, where the individual coupling coefficients

k12 and ko are different, the coupling coefficient x is defined as ,

R = y\/K12.KR21 (212)
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The self (p = ¢) and mutual (p # q) coupling coefficients, x,, can be approximated
by coupled mode theory and can be given as Eq. [2.13]

We f f N2 ESEqdzdy
Fipqg = = (2.13)
| [ w.(E: x Hy+ E, x H)dzdy

Subscript p and ¢ can either be 1 or 2. N denotes the overall combined RI
distribution when both the wires are present. wu, is the unit vector along the
propagation direction (z-axis). To obtain k15 and kg for any geometrically non-
identical coupled structures, we have used FEM mode solver to implement OIM.
Rectangular waveguides support quasi-TE and quasi-TM modes. In quasi-TE and
TM modes, the FE, and H, field components are nonzero and significant. From
the FEM solver, we extract the field components Ey, Ey, E,, and the propagation
constant for a particular mode of each waveguide individually. Thenceforth, we
evaluate the overlap integral of Eq. by employing 2D Simpson’s 1/3' rule
in MATLAB to compute the k15 and ko;. The advantage of using OIM is that
the OIM yields the values of k12 and k9 directly, which in turn renders s and the
coupling length, L.. The coupled power in the second waveguide, P;; at a distant

z from the input can be calculated with the help of analytical relation derived

1+ <%)2] ) (2.14)

Pr1 depends upon the power coupling efficiency F' and the effective coupling co-

by solving the coupled amplitude equations.

2
Py = Fsin®(qz); where, F = (E) =
q

efficient ¢; F' and ¢ account for mutual coupling coefficient (k) and the phase
propagation mismatch (6) between the two waveguides [51]. For coupler consist-

ing of non-identical waveguides, the § will no longer be zero.

To validate the OIM in such strongly coupled systems, we have exploited su-
permode analysis and Lumerical 3D-FDTD and compared our results with the
OIM. These methods are applied to three different coupler configurations consist-

ing of (i) two identical waveguides, (ii) one rectangular waveguide and one circular
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Figure 2.6: Comparison of the coupling coefficients, x (between parallel wires) with different
gap lengths for (a) two identical rectangular waveguides, (b) one circular and a rectangular
waveguide, (c) a hybrid-slot waveguide coupler configuration. Three different methods (Super-
mode, FDTD and OIM) to calculate x have been used.

waveguide and (iii) two non-identical waveguides, possessing vertical and horizon-
tal slots, as depicted in the insets of Figs. (a), (b) and [2.6| (c), respectively.
For all three cases, the waveguides are parallel, and the core is made of Si. Fused
silica and air are used as substrate and cladding, respectively. Simulations for all
the results shown in Fig. [2.6] are carried out at wavelength A = 1.55 um and the
RIs of Si, silica and air are taken as 3.477, 1.445 and 1, respectively. The dimension
of the rectangular waveguide is chosen as 400 nmx 350 nm. For configuration (ii),
the diameter of the circular waveguide is 350 nm. The coupling coefficients as a
function of gap separation (g) for the TM-mode of three different configurations are
plotted in Figs. (a),[2.6] (b) and 2.6] (c). For configuration (iii), the vertical air-
slot as shown in Fig. [2.6|(c) is 50nm wide and 50 nm shifted to the left (i.e. away
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from W-II), whereas the horizontal slot (25 nm thick) in the W-II is comprised of
silica, and is placed 75.5 nm below from the top. For the first two cases, OIM finds
very good agreement with supermode analysis and 3D FDTD method. For the
third case, it can be seen from the inset that, when the gap between the adjacent
waveguide is <50nm (for £ > 7.6 x 10°m~!, L. < 2 um comparable to operating
wavelength, A = 1.55 um), the interaction between the modes becomes extremely
strong; consequently, the results obtained from the OIM and supermode analysis
start to mismatch. For example, if g = 25nm (inset), K (supermode) ~ 9 X 10°m™"
(Le ~ 1.726 pm) and Komy ~ 9.6 X 10°m™" (L, ~ 1.636 um) and they differ to
each other significantly (5.5%). Still, in our case, OIM is applicable as we have
used OIM only to optimize the slot and predict the approximate device size. Once
we obtain the necessary parameters from OIM, we run 3D FDTD for further opti-
mization of device size including the S-bends, which saves a lot of time. Hence, our
semi-analytic approach is not only much faster than the 3D FDTD method but
also fairly accurate to adopt and can be implemented to design the ultra-compact

couplers and polarization beam splitters.

2.2 Design of Ultra-compact Directional Cou-

plers

To design the ultra-compact DC numerically, we begin with the DC consisting of
parallel silicon wires. Each wire is comprised of an off-centric groove or slot. The
schematic cross-section and the perspective view of this initial DC are sketched
in Figs. (a) and [2.7] (b), respectively. The dimension of each Si-wire is chosen
arbitrarily as 400 nm x350 nm. The cladding is air and silica is used as a substrate.
The slot width and height of the first waveguide are denoted by wgei1 and hgot1,
respectively, while, wgoto and hgeio are the slot width and height of the second
waveguide. The symbols O and O’ represent the center of the waveguides W-
I and W-II, respectively, whereas, A and B indicate the location of the slot or
groove, respectively, as shown in Fig. . Lateral shift (O-A) of the vertical slot in
W-I is denoted by xqo1, whereas, the lateral shift (O’-B) in the second waveguide,
WH-II is denoted by Zgoto.
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Figure 2.7: (a) Schematic cross-section of two non-identical Si-wire waveguides with grooves
in it, (b) 3-D perspective view.

2.2.1 Design Recipe: Optimization of the Coupling Coef-

ficient

It is known that the quasi-TE mode is well confined within a vertical slot of a
Si-wire waveguide, while the quasi-TM mode shows greater evanescent extent into
the cladding which would facilitate greater coupling. This suggests that Si-wires
with vertical slots can be used to design ultra-compact switches or couplers when
operating in the TM-mode. Note that, the low-index air-slot in the wire waveguide
reduces the effective index neg of the TM-mode, affecting the guiding property of
the waveguide for TM-mode which deteriorates as the slot-size increases. The aim
is to increase the evanescent coupling using suitable slots placed at proper positions
while keeping the guiding property of the waveguide nearly unaffected. We select
the slot-size and position to ensure that neg > 2 for the TM-mode that permits
to neglect the propagation losses at bends. We discard the other possibilities
even if the coupling coefficients for those cases are larger. This scheme should
be valid for waveguides with any cross-section. Moreover, decreasing the width
of the waveguide increases the coupling coefficient. In optimizing the groove/slot
size and position at operating wavelength A = 1.55 um, at first a 25 nm x25nm
groove/slot is placed at the center of the W-I, while the W-II has no slot in it. Note
that, the wire width is fixed to 400 nm as a trade-off between propagation losses

and evanescent coupling. The coupling coefficients k15 and k4, for quasi-TM mode
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Figure 2.8: Variations of k12 and ko1 as a function of (a) hgot1, and (b) wgjot1 for non-identical
Si-waveguide couplers as shown in figure

are plotted by varying the height of the slot, hge; from 25 nm to 350 nm, as shown
in Fig. 2.8 (a) for two different waveguide separations, g = 50nm and 100 nm. It
is evident that the maximum coupling (k12 and k1) can be attained when the slot
height is equal to the wire height, i.e. 350nm. This numerical process sets the
slot height to 350 nm for the rest of the calculations. The slot width is increased
from 25nm to 200 nm, i.e. half of the width of the waveguide at two different gap
values. It is observed from Fig. [2.§ (b) that the coupling coefficients are largest
for wget1 ranging in between 50 nm to 100 nm. However, for wge; > 50nm, the
effective index neg; becomes smaller than 2.0 and the loss becomes high. In order
to maintain moderate confinement and large coupling coefficient values, we fix the
slot width at 50 nm.
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Instead of varying a single parameter, either hgoi1 or wgei; while keeping the
other parameter constant, we have also varied both hgt1 and wgt; simultaneously,
and obtain the coupling coefficients k12 and k1. This design parameter space is
shown in Figs. (a) and [2.9| (b) where color bar shows the magnitude of k5 and
ko1, divided by a factor 10°. The dashed curve indicates the values of hge and
Wglor1 for which neg = 2 and divides the map into two regions; nem < 2 (upper
region) and neg > 2 (lower region). Again, one has to choose hgor1 and Wyt
simultaneously within the red-shaded area under the blue dashed curve in such
a way that ki will be the largest while the effective index of the mode in the
first waveguide; neg; > 2 in order to have a balance between greater coupling and
admissible propagation loss. Based on this analysis, we choose hgo; = 350 nm and
Wgot1 = D0nm. Next, we optimize the slot-position by shifting the slot gradually
from, xgot1 = —150nm to x40 = +150 nm, with respect to the center. Figure[2.10
(a) shows the variation of coupling coefficients for a quasi-TM mode with respect
to the lateral shift in the slot-position of W-I. When the slot is moved to the left
in W-I (zgo11 = —50nm), the electric field is pushed towards W-II, enhancing
the evanescent coupling. We have corroborated the same findings by adopting a
multivariate approach where we observe k15 by changing three parameters hgot1,
Wglot1, and g1, simultaneously. The scatter plot for ki, is shown in Fig. [2.10
(b), which confirms that when zgo; is —50nm, the coupling coefficient is the
highest. The scatter plot as displayed in Fig. [2.10| (¢) for nes helps to determine

the allowed values of hgot1, Weot1 and g1 for which neg > 2.

In Fig. [2.11] we show the mechanical analogue that leads intuitively to the
final design of our ultra-compact directional coupler. If two balloons kept side-
by-side are pressed away from their corresponding centers, as shown in Fig. [2.11],
they inflate towards each other. This surprisingly simple and candid example can
be correlated easily to our design recipe. For g = 50nm, a coupling coefficient of
K1 = 7.22 x 10°m~! is obtained when the slot is placed at an optimal position,
whereas, k15 is only 5.22 x 10°m~! without any slot. This situation is depicted
in Fig. 2.12f (a). Although this scheme will enhance the coupling coefficient to
its optimum value, but according to Eq. the power coupling efficiency will
be less due to strong phase mismatch between the two waveguides. Therefore, to

enhance the power coupling efficiency, we make similar changes in W-II, as shown
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Figure 2.9: Two dimensional design parameter space of a slot based coupler for a quasi-TM
mode, (a) k12(x107°) and (b) k21(x1075). The dashed curve (neg; = 2) indicates the values

of wgop1 and hgot1 for which negp = 2. It is preferred to opt parameters from region where
Nefi1 > 2 to have balance between the greater coupling and low propagation loss.

in Fig. 2.12[ (b). Previously, W-II has no slot in it. Presence of a similar slot in
W-II nullifies the phase mismatch and further enhances the r15(= 9.1 x 10° m™!)
because the modal field of the second waveguide is also pushed towards the W-I
due to the off-centered slot in the second waveguide. These can be seen from Figs.
2.12| (¢)—2.12] (f). Slots in the middle force the electric field to disperse in both
the directions while optimized slots push the mode field only towards the opposite
waveguide. This is indicated by the arrows in Figs. (e) and (f).

Finally, the optimized parameters to realize ultra-compact DC are: hgo1 =
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Figure 2.10: (a) Variation of coupling coefficients (112 and k21) as a function of lateral shift
(zs10t1) for two different gaps (g-s), and scatter plot for (b) k12 and (b) neg with respect to the
simultaneous variation in hgiot1, Wslot1, and Tsot1-

Table 2.1: Enhancement of coupling coefficients with slot positions

Gap | x (m™') with | x (m™!) with slots in k (m™!) with
(nm) no slot the middle (%) optimized slots (%)
50 | 5.22x10° | 7.63692x10° (46.3%) | 9.15x10° (75.28%)
100 3.1827x10° 5.0368x10° (58.23%) 5.997x10° (88.42%)
200 | 1.2078x10° 2.221x10° (83%) | 2.6037x10° (115.57%)
300 | 0.4656x10° | 0.992x105 (113.04%) | 1.138x10° (144.4%)
200 | 0.182x10° 0.45%10° (147.2%) | 0.5056%10° (177.76%)

ootz = 3500, Wgjer1 = Walotz = 50nm and Tger = (—Tslor1) = 50nm (shifted

away from each other). This coupler structure (Fig. [2.12[ (b)), where slot waveg-
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A: 10 O™ B

Figure 2.11: Mechanical analogue of the off-shifted slot waveguides which enhances the cou-
pling coeflicient. Two adjacent balloons inflate towards each other when mechanical pressure is
induced to the balloons at points A and B which are away from each other with respect to the
corresponding balloon-centers O and O, respectively.

uides are separated with a gap of 100 nm, can enhance the coupling coefficient by
88%, as demonstrated in Fig. [2.13| (a) in comparison to the coupling without any
slot in the waveguides. Following similar design procedure, it might be possible
to realize even smaller coupling length (L. < 1.73 um) by reducing the wire width
below 400nm. However, we restrict the design to the wire width > 400nm as
smaller widths may lead to higher propagation losses for quasi-TM mode. The
schematic 3D perspective-view of the final design is shown in Fig. [2.13| (b). The
results obtained from OIM are verified by 3D-FDTD method and are shown in
Figs. (c) and (d). The k-values for different scenarios (i.e., no slot, centrally
placed slots with an appropriate size, and optimized slots), are computed and
tabulated in Table [2.1, For, ¢ = 100nm, slots with optimum size can enhance
the coupling by 58% but a slot with both optimal size and position can further
increase the coupling up to 88%. It is noticed that with the increase in gap, the
enhancement in x with optimized slot increases. This analysis proves that shifting
the slots from the center of the waveguide leads to a significant advancement for

realizing ultra-compact devices such as optical couplers and PBS.

To summarize, we have achieved coupling lengths as small as 1.73 pum, 2.61 ym
and 13.8 um when the gaps between two waveguides are 50 nm, 100 nm and 300 nm,
respectively, using Si-wire waveguides with a moderately large core (400 nm x 350 nm).
This design scheme can be used to realize fabrication tolerant devices. As an ex-

ample, similar x (5.22x10°m™!) can be achieved for a larger gap of ~ 120nm
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Figure 2.12: (a) Non-identical waveguide structures for optimized coupling, (b) symmetric
cross-section for optimized coupling as well as maximum power coupling efficiency, Normalized
electric field profile for the coupler for (¢) TE even supermode, (d) TE odd supermode, (e) TM
even supermode, (f) TM odd supermode.

when the slots are in optimized positions in comparison to the coupler structure
where the gap is 50 nm. This relaxes the stringent requirement on the gap width

and provides relative fabrication ease.

2.2.2 Practical Design Considerations

Most of the CMOS compatible wire waveguides have typical cross-sections of
(500 nmx 500 nm), (500 nmx250 nm) or (500 nmx220 nm). Waveguide with cross-
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Figure 2.13: (a) k12 for TE and TM modes when there is no slot, single slot in each waveg-
uide at the center and single slot in each waveguide at the optimized position, (b) schematic
(perspective-view) of the proposed ultra-compact optical coupler with S-bends. The FDTD gen-
erated electric field snapshots for parallel waveguides with (¢) optimized slots, and (d) with no
slot.

section 500 nm x 500 nm has well-defined quasi-TE and TM modes, whereas, if the
waveguide height is less, between 200 nm-250 nm, the quasi-TM mode becomes
less confined with a mode-field discontinuity at the vertical side-walls . More-
over, while fabricating, it is difficult to obtain perfect vertical side-walls as shown
in Fig. [2.14] (a). Generally, in practice, side-walls become slanted with an angle 6
with vertical axes where 0 lies typically between 0-10° mainly depending upon
the resist used and the etching recipe. In Figs. (a) and (b), waveguide
cross-sections with vertical and slanted waveguide side-walls are shown. We have
taken @ = 5% in our simulations to emulate the practical situations.

For H = 500nm, the maximum coupling can be obtained, keeping the loss
within the desired limit (with S-bend < 0.2dB) with hgy = 500nm, wge =

130nm, and x4, = 85nm. For wge > 130nm, coupling coefficient is improved
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(a) (b)

Figure 2.14: (a) Waveguide cross-section with vertical side-walls. Waveguide height (H) can
typically be 500 nm, 250 nm, and 220 nm. (b) Waveguide cross-section with slanted wall.

further; however, the propagation loss increases considerably. For H = 500 nm
the coupling coefficients between two parallel wires (in the absence of S-bend)
without slot, slot in the middle of the wire and optimized slot are listed for 50 nm
gap in Table Interestingly, when the wall is slanted, the effective gap between
the two wires reduces, which further increases the coupling coefficient. The same
design parameters are also valid (hge, = H, wgoey = 130 nm, x4, = 85nm) for the
waveguide with H = 250nm or 220 nm; nevertheless, the propagation losses for
TM mode will be much higher in those cases. Similarly, off-centered horizontal
slots can be used to make compact couplers which will operate in the TE-mode.
Horizontal slots can be fabricated using PECVD process as discussed later in this

chapter.

Table 2.2: neg, K, L. and % enhancement of x for practical designs

Slot position _ Percentage (%
(waveguide-wall) fleft i () | Le (jm) enhancement(of)/@
No slot (vertical) | 2.90529 | 2.45x10° 6.42 100%
Middle (vertical) 2.37974 | 6.295x10° | 2.495 156.94%
Optimized (vertical) | 2.57078 | 8.12x10° 1.93 231.43%
Optimized (slanted) | 2.70096 | 8.283x10° 1.896 238.08%
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Figure 2.15: (a) Dimension of each section (coupling region and S-bend) of the proposed
optical coupler (top-view), (b) Power distribution in the coupler for TM-mode obtained from
3-D FDTD simulation.

2.2.3 Effect of S-bends

In practice, to decouple the input and output from each other, transition regions
called S-bends are essential. S-bends increase the EL of the structure through
the bends. However, it reduces the effective coupling length, L. of the coupler as
the optical power not only couples to the other waveguide through the parallel
portion of the coupler, but also couples through the S-bends at the portions where
the gap between the coupling arms is relatively smaller. Finally, we obtain L. as
small as 0.9 pm with an overall EL~0.12dB and rejection ratio of 18 dB for the
TM mode through 3D-FDTD simulations with a cross-section of 500 nmx 500 nm.
Figure (a) shows the optimized dimensions and positions of coupling region,
S-bends, and the air-slots. The power distribution throughout the coupler for TM
mode is plotted in Fig. (b). Note that, in the previous section for two parallel
wires we have considered only the predicted (by OIM) values of wgjet, Asior and Zgjo
when n.g > 2. For practical design, we start with the predicted values of wgy,
hgiot and xgo; obtained from OIM and further optimize those parameters through
FDTD in presence of S-bends and input/output arms. Ultimately, the parameters

for which the excess loss is the minimum will be finalized.
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2.3 Design of Ultra-Compact Broadband PBS

In this section, we describe the design recipe of an ultra-compact and broadband
on-chip PBS, operating at communication wavelength, A\ = 1.55 um. The afore-
mentioned ultra-compact DC with 50 nm gap cannot be used as an efficient PBS.
Due to existence of symmetry in the structure of the parallel wires (of cross-section
400 nmx350nm), the ki for quasi-TM mode is 9.1x10°m™! and k5 for TE-like
mode is 7.4815x10°m™! a ratio (kia_m/K12-TE) Of only ~ 1.216. The effective
indices of the first and second waveguides (neg and negn) are also the same for
both quasi-TE and quasi-TM modes. For quasi-TM mode neg = Negr = 2.1282
whereas for quasi-TE mode, neg and neg are 1.5388. A similar effective in-
dex of the guided modes limit us to obtain an ER of ~0.5dB with a device size
of L.(= 1.73 um). This suggests the exploration of a suitable longer device to
achieve a greater ER and affects the device’s ultimate effective fingerprint when

used as a PBS instead of an optical coupler.

To overcome these difficulties, we propose a novel design of an on-chip compact
PBS. The cross-sectional view of the proposed PBS is shown in Fig. (a). A
horizontal silica slot of thickness 25 nm is placed in the W-II. The structure of W-I
having optimized vertical slot (wgor1 = 50 nm, hgey1 = 350 nm, Zg0; = —H0nm) is
kept unaltered. Location of the horizontal slot, g2 in the W-II is to be selected
in such a way that it can reduce the phase mismatch by making n.g equal to
Ne1 (= 2.1282) for TM mode at A = 1.55 um. For TE mode, nes of W-I and
W-II should be different. Figure (b) plots the variation of effective RI of
the guided modes (both TE and TM). It is found that for two distinct values
of Ysot2 = 75.5nm and 289.5nm, it is possible to realize the desired condition,
Nefiz = Nef1- Hence, for this particular design (wgoey1 = 50nm, hge; = 350 nm,
Tolot1 = —50NM; Wyere = 4000M, hgerz = 250M, Yaore = 75.50M), Ner—TM =
Neiz—TM = 2.128197, neg1_Te = 2.383632 and nego_Tg = 1.538781. From OIM,
it is found that for ¢ = 50nm, the k5 for quasi-TM and TE modes at A =
1.55 pm, is 7.845x10% m~! and 5.3538x10*m™!, respectively, with a coupling
ratio (Ki2_Tm/K12-TE) Oof ~14.69. Note that, neg = nege for TM-mode, but for
the TE-mode, nqg(1.5388) < nem(2.383632), which gives rise to a large phase

mismatch for the TE-mode.
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Figure 2.16: (a) Schematic cross-section of the proposed PBS, (b) phase matching diagram
and the choice of ygot2.

2.3.1 Input Criteria

As discussed above, the optical input must be fed to the second waveguide of
the proposed PBS for the device to function efficiently, this is due to the struc-
tural asymmetry between two adjacent waveguides. The computed coupling coef-
ficients, Kia—Tm, Ko1—TM, Ki2—TE and Koj_rg are ~7.845x10°m~!, 7.21x10°m™!,
5.354x10*m™! and 7.8543x10° m~!, respectively. In such case, the coupling ra-
tio K1a_Tm/K1a—Te(= 14.69) and ka1 _1n/kKo1—1E(= 0.9178) differs from each other
considerably. These calculations suggest that the input must be fed into W-II to

achieve the desired performances. Note that, we have carried out FDTD simula-
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Figure 2.17: Polarization splitting behavior is demonstrated by the snapshots of electric field
distributions in two parallel waveguides with hybrid slots at an operating wavelength of 1550 nm.
Electric field distribution when (a) TM input is applied at the second waveguide (W-II) and (b)
TE-mode is applied at the second waveguide, W-II.

tions and FDTD results (Figs. (a) and (b)) are in good agreement with
our calculated values of L. for two parallel waveguides from OIM. The aforemen-
tioned input criteria based on OIM are also confirmed through 3D-FDTD. From
Figs. (a) and (b), it is observed that, for parallel wires, when an optical
input is given to W-II (with the horizontal slot), the TM-mode couples to the
W-I with a coupling length L. ~ 2 ym, whereas for the TE-mode a weak coupling
takes place from W-II to W-I that leads to a much larger L..

2.3.2 Practical Design Considerations: Effects of S-bends

The practical design of a PBS must contain transition regions (S-bends) along with
its parallel coupling region. The proposed waveguide configuration is displayed in
Fig. (a). FDTD simulations (Figs. (b) and (c)) suggest that the
S-bends further reduce the effective coupling length from 2 ym to ~ 1.1 um due to
the partial coupling through the transition region. The length of the S-bend, Sy, is
taken as 2.5 um. Keeping the cross-section intact as in previous section, with this
structure, it is possible to achieve an ER>22.3dB for TE-mode and ~13dB for
TM-mode within a very compact device size when the input is applied to the W-
II. The insertion losses for the TE mode and TM mode are respectively, 0.008 dB
and 0.055dB, negligibly small values at the coupler section. The EL is always
below 0.2 dB. Since the waveguide structure is not symmetric, ER for TE and TM
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Figure 2.18: (a) Perspective view of the proposed PBS with hybrid slots and S-bends. Snap-

shots of the electric field distribution through the PBS for (b) TM mode, (¢) TE Mode, when
both the inputs are applied to the W-II.

modes differ considerably. The spectral variation of ER and IL for TE and TM
modes is depicted in Figs. (a) and (b). The FWHM for the TE-mode
is greater than 100 nm which covers the entire C band as well as some portions of
the S and L bands. The 3-dB bandwidth for the TM-mode is 78 nm and covers
the entire C-band and a part of the L band. We have also optimized the PBS
for the wire cross-section, 500 nmx500nm. For this cross-section the optimized
parameters are: wgei; = 130 nm, hgetp = H00nM, Tgor; = 85 nMm, Wy = 500 nm,
hsiot2 = 50nm and ygor2 = 139.5nm from the top. The effective coupling length,

L. in presence of S-bends is 1.7 um for the best performance.
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Figure 2.19: IL and ER for fundamental quasi- (a) TM mode, (b) TE modes. FWHM>100 nm
for TE mode, whereas, FWHM is 78 nm for quasi-TM mode.

2.3.3 Proposed Fabrication Scheme and Fabrication Tol-

erance

Recent advancements in SOI technology enable the fabrication of nanophotonic
structures with very narrow slots in Si-waveguides. A vertical air-slot with a width
of only 30 nm [75] and a horizontal silica slot with a height as small as 17nm [76]
have already been realized with current state-of-the-art fabrication techniques.
Fabrication of cross-slot waveguides with narrow vertical slot and sub-wavelength
horizontal slot has been demonstrated in [77]. We propose a scheme to fabricate a
vertical air-slot in one waveguide along with a horizontal silica slot in the adjacent
waveguide simultaneously as shown in Fig. [2.18| (a). The recipe to create a vertical
slot in one waveguide in addition to a horizontal slot in the other waveguide might
not seem straightforward at a first glance. Hence, we briefly discuss on a possible
process flow to make such a device in a CMOS compatible fashion. A schematic,

including the step by step procedure of the proposed fabrication flow, is given in

Fig. for clarity.

Initially, a bare Si wafer is thermally oxidized to grow a few-micron-thick layer
of buried oxide. A 262nm thick layer of amorphous Si (a-Si) is deposited on
the oxidized wafer by PECVD. Note that, a-Si has recently been shown to have
relatively low linear and nonlinear loss in the 1.55 ym wavelength [78,79]. Next, a
SiO, layer is deposited through PECVD on the top of a-Si. This silica layer will
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Figure 2.20: Lithography process flow. (a) Begin with Si wafer. (b) Thermally grow oxide,
deposit ~ 262 nm thick PECVD amorphous Si layer (a-Si), deposit ~25 nm thick PECVD SiO,
layer (c) Spin-coat resist, (d) Pattern the resist by EBL, (e) RIE etch oxide, (f) Strip resist, (g)
Deposit a-Si layer of desired thickness (> 75nm) by PECVD all over the whole platform (h)
CMP is used to flatten the top of the a-Si, (i) Spin-coat resist (j) Create pattern by EBL, (k)
Etch Si (1) Strip resist.

act as the horizontal slot. Resist is grown on the silica layer by spin-coating. The
resist is patterned with EBL to define the W-II. After spin coating and patterning
the resist by EBL, the oxide layer is RIE-etched as shown in Fig. 2.20| (¢). Then
we strip off the resist. Again, a-Si of desired thickness (more than 75nm in this
case) is deposited through PECVD all over the platform as shown in the Fig. [2.20
(g). However, the final heights of the W-I and W-II are required to be the same.
Hence, chemical-mechanical planarization (CMP) is being used to flatten the top
of the a-Si as shown in Fig. [2.20] (h). Instead of CMP one may also use shadow-
mask or ashable hard mask to deposit PECVD a-Si, selectively until the height of
the a-Si becomes the same everywhere. After flattening the top, the vertical slot
is defined by patterning the spin-coated resist through EBL. The two EBL steps
need to be aligned fairly accurately, making the process slightly challenging, but

still within the reach of current technology. Finally, the a-Si is plasma etched and
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the resist is removed. In the previous section we have discussed an ultra-short
coupler. For the coupler consisting of two adjacent vertically slotted waveguides,
as shown in Figs. (b) and (d), the process flow will be relatively easier.
As we do not need to fabricate the horizontal slot, we can start with a standard

SOI wafer and the two waveguides with asymmetric vertical slots can be patterned
using EBL.

We finally carry out the fabrication tolerance analysis of our PBS design, op-
erating at 1.55 um, by analyzing the effect of variation in horizontal slot height
and position. We have noted the changes in ER and IL of both the modes TE
and TM for the PBS structure (wgor1 = 50 nm, wgerz = 400 nm, hger; = 350 nm,
Psiotz = 25nm, Tgor1 = —50nm and Yger2 = 75.5nm), when either of the param-
eters hgota O Yslor2 1s varied within +20%. Figure demonstrates how the IL
and ER of TM and TE modes deviate with £20% alteration in slot-height and
slot-position. The solid curves in Fig. (a) depict the impact of slot-position,
whereas the dashed curves correspond to slot-height. It is evident that a variation
in slot height and slot position in W-II does not affect TE mode characteristics,
however for TM mode the IL slightly increases and remains < 0.1 dB for shift in
hsiot2 and > 0.5 dB when the ygot2 is decreased significantly.

On the other hand, the ER for the TM mode, as shown in Fig. (b), is not
affected by the change in hgio, and it decreases by less than 2dB in magnitude
for variation in the slot-position. It is further seen that for the TE mode, the
ER remains nearly the same irrespective of the change in slot-height, hgio, but
is degraded by almost 5dB in magnitude for +20% deviations in slot-position,
Yslot2- We have further extended the tolerance analysis over 100 nm wavelength
band (1500 nm-1600nm). Numerical simulations reveal that +£20% variation in
the hgore and yger2 for TE mode propagation in the designed PBS does not experi-
ence any change in the IL over 100 nm wavelength band, however for the TM mode,
the IL increases slightly but remains well below 0.5dB for the entire wavelength
range considered. We have noticed that the ER for TM and TE modes changes
moderately for deviation in hg.o Whereas it decreases by almost 5dB at shorter
wavelengths (< 1.55 um) for deviations of +£20% within yg.2 for both the modes.
For wavelengths greater than 1.55 um, the ER decreases significantly for the TM

mode whereas fewer changes are expected for the TE mode. In order to attain
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Figure 2.21: Fabrication tolerance analysis. Fluctuations in (a) IL and (b) ER with the
variation in hgete and ysor2 for the proposed design of PBS operating at A = 1.55 pum.
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phase matching for the TM mode in both the waveguides (with vertical and hori-
zontal slot), it is recommended to choose hgoro and ysiore appropriately. Note that,
nefrz decreases with increasing slot height hgoe. In order to maintain nege = e,
one has to select a material of RI higher than silica for the horizontal slot in case
a design with hgoe > 25nm is desired. Initial simulation results suggest that it
is possible to choose hgoz > 25nm (e.g. 40nm-50nm) if the horizontal slot is
comprised of a different material with RI>silica (ngjica ~ 1.445) at A = 1.55 um.
An appropriate choice of such a material might be silicon nitride which is CMOS
compatible with negligible nonlinear absorption as an added advantage [80]. The
higher slot-width in W-II (hget2) would facilitate the fabrication of the designed
PBS. Currently, we are investigating such on-chip PBS designs based on silicon

nitride slots.
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2.4 Summary and Conclusion

To summarize, we have numerically evaluated the coupling coefficient through
OIM after deducing the electric fields from the FEM based mode solver. OIM en-
ables us to find the coupling coefficient between any two arbitrary shaped waveg-
uides comprised of any material. An ultra-compact optical coupler and PBS design
have been proposed by optimizing the slot-size and position to maximize the cou-
pling between the waveguides for a particular mode. It is shown that, off-centered
slots enhance the coupling coefficient significantly compared to waveguides with
no slots in it and waveguides with conventional slots (at center positions). We be-
lieve, introducing off-centered slots is an important step towards achieving ultra-
compact photonic devices. The designed PBS which has a very low footprint of
L. ~ 1.1 uym, exhibits a high ER, a broad 3-dB bandwidth and very low IL at an
operating wavelength of 1.55 um. It might be possible to fabricate such complex
devices with the combination of both the vertical and horizontal slots, and to
make a justice, fabrication scheme has been put forward. The tolerance analysis
provides us the flexibility in design and indicates the robustness of the device to
the fabrication variations. All the results are confirmed by 3D-FDTD simulations.
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CHAPTER 3

Non-concentric Microring
Resonators

This chapter focuses on the linear characteristics of another important integrated
photonic component, microring resonator (MRR). We have developed the theory
of a non-concentric/off-axis MRR with single and multiple off-axis rings. The
off-axis inner ring introduces high-quality (@) tunable extra notches with many
striking features in the transmission spectrum which facilitates its use as efficient
modulators and sensors. A few such notches when closely packed have been used to
design a compact band rejection filter with improved bandwidth (> 10nm). In the
next portion, we demonstrate the performance of silicon-on-insulator (SOI) off-axis
MRR as electro-optic modulator (EOM). Adding an extra off-axis inner-ring to the
conventional microring structure provides control to compensate thermal effects
on EOM. It is shown that dynamically controlled bias-voltage applied to the outer
ring has the potency to quell the thermal effects over a wide range of temperature.
In the final section, we propose a non-concentric nested (NN) MRR configuration
that relaxes the stringent requirement of the critical coupling condition by 20%.
Numerical simulations reveal that unlike conventional MRRs, NN-MRRs maintain
a high Q-factor (> 10%) and a large transmission notch-depth > 10 dB, irrespective

of rings’ coupling conditions. We also corroborate our numerical findings, exper-
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Figure 3.1: (a) Schematic of a conventional MRR with two linear waveguides. Basic topology
of serially coupled MRRs with (b) odd, and (¢) even number of rings with two parallel buses.

imentally. The biggest appealing feature of the proposed non-concentric MRR
structure is the compactness. We believe that the off-axis/NN-MRR arrangement
will be highly efficient for bio-sensing, nonlinear and quantum applications within

a broad ambient temperature range. [

3.1 Off-axis MRR: Theory and Applications

Microring resonator, a simple albeit essential integrated photonic component, finds
potpourri of applications from optical switching, signal processing, data routing,
optical communication, amplification, sensing, nonlinear frequency conversions to
quantum optics [IH17]. If multiple frequencies are sent into an MRR, it resonates
only with the waves of particular frequencies, satisfying the phase matching con-
dition, i.e. the ring perimeter becomes exactly equal to the integral multiple of
the effective optical wavelengths. The MRR passes other frequencies which are
not resonant via ‘through’ port. Such characteristic can be used to build add-
drop filter using MRRs [3,5]. A single MRR has spectral response similar to an
optical notch filter. Systematic theory to understand the working principle of an

MRR has already been established by several researchers [1-3], which has been

!Publications related to this chapter are [18], [49], [50].
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further extended to cascaded MRRs either in serial or parallel configurations. The
cascaded MRR have been employed to construct band-pass or band-rejection fil-
ters. However, such configurations show several drawbacks such as, large device
size, high sensitivity to the fabrication errors, presence of several ripples either
in pass band or in rejection band, signal degradation, slow response, and disper-
sion. To overcome most of the drawbacks of the conventional MRR, off-axis MRR
configuration has been proposed. In support of the proposal, we derive a com-
plete theory to characterize MRRs with a single and multiple off-axis inner rings.
The off-axis MRR generates extra resonant notches in the transmission spectrum
which are attributed due to an extra phase matching between outer ring and the
inner off-axis ring. This feature has been utilized to build compact band pass or
band rejection filters with improved bandwidth and faster response. Transfer ma-
trix method (TMM) is used to analyze the off-axis MRR. We have also used the
finite-difference time-domain (FDTD) method to validate our simulation results.

A close agreement is observed between these two.

3.1.1 Transfer Matrix Method

In this section, TMM is discussed to analyze the transmission characteristics of a
conventional MRR of radius R with two linear waveguides as depicted in Fig.
(a). Direction of the light-propagation is also shown by the arrows. The light wave
is launched from the input-port through the linear waveguide. The evanescent field
of the input wave couples to the ring through coupler-I, as shown by the dotted
box in Fig. (a). The evanescent optical field excites the whispering gallery
mode in the microring. To drop a signal from the ring, another linear waveguide is
placed in parallel to the input bus. Light can couple to the second linear bus and
exit through the drop port. A; and B; are the amplitudes of input waves at input
port and in the ring at coupler-I, whereas A; and B, are the amplitudes of the
output waves at through port and in the ring, respectively. An evanescent wave,
which is coupled to the ring, propagates in clockwise direction as displayed in Fig.
(a). The input wave amplitudes to the coupler-IT are By and E (add-port),
whereas the output wave amplitudes are B, and D at drop port. The light wave

with amplitude A; and D appear at through and drop ports, respectively with
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corresponding phase delays. Using TMM |[18], one can write,

T le€1
le€1 T1

where the coupling and transmission coefficients of the coupler-1 are x; and 7,

Ay

5 (3.1)

respectively. For lossless couplers, |7;|> 4 |s1|* = 1. After rearranging, Eq. can

conversely be written as,

A
As

By
By

B
By

(3.2)

- 1 —T1 1
k1 | =1 7y
If the dimensionless round-trip loss factor that includes the coupling, bending,

radiation and all the other types of losses is «q, then

By L i 0 B B
L= | =P (3.3)
By 0 Vage | | By By

P is the propagation matrix. ¢; is the phase difference due to the path difference
[ (= mR) between output of coupler-I and the input of the coupler-II and also
is equivalent to the half round-trip phase in the MRR. If § is the propagation
constant and nem is the effective refractive index (RI) of the guided mode, the

phase delay is given by,

212 Rf B 27N R

= Bl = 3.4
b= p1 = 20 x (3.4
Similarly,
D 1 -1| |BY By
- 1 1, _ 7/ 1/ (3'5)
E 1R1 1 —T1 BQ B2

Using Eqs. and , we can relate the amplitudes at input port (A;),
through port (As), drop port (D) and add port (E) via coupling and propagation
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matrices as expressed in Eq. [3.0]

= it Pl
A, E

In absence of any signal at the add port (E = 0), the normalized transmission at

D
E

My M,
M21 M22

D
E

(3.6)

through port can be calculated in dB from 20log,,(|owm|), where,

M-
Oth — AQ/Al = M—i oo (37)

Higher-order filter response with improved pass-band characteristics and rejection
ratio can be achieved by cascading the MRRs [5]. Series and parallel combinations
of rings yield deeper notches with higher rejection ratio, wider rejection band and
ultra-high @-factor, compared to the single MRR. Coupled mode theory (CMT)
in time domain is another powerful analytic tool to design a serially coupled band
pass filter [1,/5,/17,/19]. In Fig. (b) and (c), basic configurations of serially
coupled MRRs with odd and even number of rings are illustrated with two parallel
bus lines. If the total number of rings in the structure is odd, then output signal
is dropped from the same side of the input, while the output is measured from
the opposite side for even number of rings as indicated by the arrows in Fig.
(b), and (c). Note that, serially coupled MRRs would possess larger device size
to achieve desired spectral response and filter performance. If N numbers of rings
are serially coupled then for odd value of i.e., N = N,qq, general expression for

transmission characteristics can be written as:

Al Nodd—1 D D
g L 2 f— MO 38
A (V1¢2) U1 5 ad | (3.8)
and instead, if N is even, i.e. N = Ngyen, then the expression is given by,
Al Neven E E
=1L Meyen 3.9
o=t |7 , 3.9)
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Figure 3.2: Transmission characteristics of (a) single MRR (TMM and FDTD), (b) six identical
serially coupled rings with R = 3 um. All gaps (ring-ring/bus) are set to 100 nm.

Normalized transmission (dB)

where the 1 and 1), are as follow,

¢ =P
¢y = PL™! (3.10)

The transmission characteristics is found from the Eq. We have simulated
a single MRR (both TMM and FDTD) and a serially coupled microring (TMM)
structure with six identical rings of radius R = 3 yum each, as shown in Fig 3.1}
Each waveguide dimension is 400 nmx350nm. The gap between the waveguide
and the ring or in between two adjacent rings is 100nm. Silicon and silica are
chosen as key materials for guiding and substrate, respectively. The transmis-
sion characteristics for single MRR and serially coupled MRRs are shown in Fig.
(a), and Fig. (b), respectively. It is evident that five (N — 1) resonant

dips/notches are created by six (V) microrings in series connection.
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Figure 3.3: (a) Schematic of an off-axis MRR with parallel bus lines. The coupling regions
are shown by the dotted boxes. Off-axis MRR with (b)—(f) various configurations.

3.1.2 Theory of Off-axis MRR

A concrete theory to describe MRR with single and multiple off-axis inner rings
have been developed in this section. The structure is simulated by TMM and
compared to the results obtained from FDTD method. Inner rings can be either
concentric or off-axis. Concentric MRR configuration has been proposed (analyzed
through CMT in time) and demonstrated (in SOI platform) by Zhang et al. in
2008 . The primary difference between a concentric inner ring and an off-axis
inner ring is the geometry. The center of off-axis circular ring does not overlap
with the center of the outer ring as seen in the schematic of an off-axis MRR
(Fig. (a)), where Ry and Ry (5 Ry > R») are the radii of the outer and
the inner rings, respectively. Variety of other MRR configurations with single
and multiple non-concentric inner rings are also shown in Fig. 3.3| (b)—(f). From
the geometry of off-axis MRR (Fig. 3.3 (a)), it can be seen that there are three

coupling regions through which light can couple. 75 and k5 are the transmission
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and the coupling coefficients of the additional coupler (coupler-11I) appears in
Fig. (a), respectively. In our calculations, we assume that the incoming wave
amplitudes are A;, By at coupler-I, By, E at coupler-II and C;, By~ at coupler
IIT and the outgoing wave amplitudes are A,, By at coupler I, D, By" at coupler-
I1, C5, By~ at coupler-III, and it is assumed that coupler-I and II are identical.
Therefore, from TMM we obtain [18],

Al [n i [A
2l | (3.11a)
BQ_ _21{1 T1 ] _Bl
- D - - T B -
=17 " (3.11b)
Bl 1Kk 1 B2
_B:_ _ S _B__
o R B e (3.11c)
_02_ _Zlig Tg_ _Cl_

If a1 and as denote the round-trip dimensionless loss-factors of the outer and the
inner rings, respectively, then the modified propagation matrix P’ can be given
by,

P =
0 Jare ¥y,

_1 _id1 0
vai© ] (3.12)

where, the term x5 includes the effect of the inner off-axis (2nd ring) microring,

By

5= [72 + (i)’ (€72 — ozm)_l] (3.13)

X2

Here, the ¢; is the half round-trip phase evolution of the outer-ring with radius
Ry and is given by Eq. [3.4 The symbol R is replaced by R;. ¢y denotes the

round-trip phase evolution in the inner ring of radius R,, and is given by,

A nem Ro f _Am Nefrr Ra
c - A

P2 = Pals = (3.14)

where, neg is the effective RI of the propagating mode in the inner ring. Rest of

the Eqgs. are similar to those of the single MRR case and the transmission char-
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Figure 3.4: Comparison of transmission characteristics of a conventional MRR and an off-axis
MRR. Simulation parameters: neg1 = 1.8, nege = 2.4, Ry = 3pum, Ry = 2pum, W = 400 nm,
H = 350nm, 7 = 0.8, 72 = 0.9. In practice, if both the MRR configurations are made of the
same materials, then, neg; < Nefr2, and as < a1 = 1, due to the bending.

acteristics found from Eq. is plotted in Fig. [3.4] (red curve) and is compared
with the transmission spectra of a conventional MRR (blue curve). Off-axis MRRs
are able to create extra resonant notches. These extra notches appear in between
the existing notches of conventional MRR, which is a distinctive feature of the
off-axis MRR. It is observed that the extra resonant dips appearing in the trans-
mission generally possess a larger ()-factor in comparison with the conventional
notches. Such resonances can be compared to the ‘Fano resonances’ those appear

in mutually coupled asymmetric resonating systems [21].

3.1.2.1 MRR with Multiple Inner Rings

Multiple off-axis rings can be accommodated in the outer ring if the outer ring has
large radius. In Fig. [3.3|(b) (f), we show a few such examples. The inner rings
can be placed either in diagonal positions (Fig. [3.3[ (b)) or can be aligned to be on
the same side (Fig. [3.3|(c)). More generic cases with closely-packed multiple inner
rings are sketched in Fig. [3.3| (d). In case the radii of the inner rings are small
enough, one can neglect the mutual coupling between them. Moreover, coupling
due to counter propagating optical waves can be neglected unless there exists, for
instance, a Bragg grating in the coupling regime between two closely spaced inner
rings. This special case is shown in Fig. [3.3| (f). If there are M and N number of

inner rings at the left and right-hand sides of the outermost ring, respectively, we
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Figure 3.5: Snapshots of the normalized F-field distribution when resonance occurs in (a)
the outer ring, and (b) the inner off-axis ring. (¢) Normalized transmission (in dB) obtained
from TMM and FDTD simulations where the resonant notches corresponding to the particular
resonant modes are also indicated.

can write a general expression for the propagation matrix (P”) as:

1 b, =1 -1 -1
7= e s 0 ]

0 Vore T o X XN

P’ = (3.15)

where, y;, and y;’ represent the contributions of the (i — 1)-th inner rings located

at the right-hand side and the left-hand side of the outer ring, respectively.
Xi, Xi = |Ti + Ozi(i/ﬁ)Q(e%i — am)—l] (3.16)

Special case where there is a Bragg grating in between two inner coupled rings is

also examined in detail [18].
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Figure 3.6: (a) Tunability of the off-axis MRR, (b) Design of compact devices through off-axis
MRR.

3.1.2.2 Tunability and Compactness

The extra notches engendered due to the presence of the inner rings can be tuned
thermo/electro-optically to reject arbitrarily chosen single or multiple wavelength-
division multiplexing (WDM) channels (Fig. [3.6/(a)). We observe that a small
change in negs reflects in a considerably large deviation (dA/dnegs ~ 0.37 pm) of
the high-@) extra notches those have been instigated by the inner off-axis ring.
Nevertheless, the shift in conventional notch is negligible (d\/dnegs ~ 0.025 pm).
This property can be used to design efficient bio-chemical/temperature sensors. In
the next section, the tunability feature of non-concentric MRR is being exploited
to design thermally insensitive EOM.

Wide-band compact photonic band-rejection filter can be achieved using seri-
ally coupled MRRs with very small ring radii. The free-spectral range (FSR) can

be enhanced by the Vernier effect . However, fabrication complexity, dispersion
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Figure 3.7: (a) Proposed serially coupled off-axis MRRs with two inner rings in each outer
ring. (b) Normalized transmission of the proposed structure with optimized coupling efficiencies
between bus to ring and ring to ring to enhance the notch depth. (c) Closely packed extra
resonant notches are tunable and are able to reject arbitrarily chosen WDM channels.

effect and the bending loss increase with smaller bending radius of ring structure.
The issues associated with very small serially coupled rings to attain band-pass or
band-rejection filter can be overcome by utilizing non-concentric MRRs. we pro-
pose a new design based on off-axis ring that would enhance the rejection band,
and at the same time it will occupy less space than the conventional one. Tunable
extra-notches of the off-axis MRRs can be employed to build a band-rejection
filter with improved bandwidth. Fig. (b) presents a comparative study be-
tween the transmission characteristics of two serially-coupled concentional MRRs
and a single off-axis MRR. It is shown that a similar spectral response compared
to the conventional MRR can be achieved by using the off-axis MRR, however,
the device footprint shrinks to 7 ym from 13 ym i.e., almost half of the conven-
tional (serial) architecture, which definitely is a significant reduction in device-size.
Therefore, serially coupled off-axis MRRs as shown in Fig. [3.7)is expected to yield

a broadband band-rejection filter within a very small device extent. We adopt the
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strategy and optimize six serially coupled MRRs each having two non-concentric
inner rings in it and finally, able to enhance the bandwidth of the band-rejection
filter by >10-12nm. The extra-notches are easily tunable and therefore, can flex-
ibly eliminate unwanted noise or undesired channels as per the requirement of a
WDM-link (Fig. . We believe the proposed structure is highly beneficial for

integrated on-chip optical communication networks.

3.2 Athermal Electro-optic Modulators

It is well-known that, parasitic capacitance between the electronic components and
the drift velocity of electron limits the speed of electronic circuits. The delay at the
metallic interconnects forces asynchronous data transfer between the processor and
the other parts of a computational system and consequently creates an important
bottleneck problem [22-24]. Photonic interconnects have the ability to address
this issue [25/26]. Low power consumption, low latencies, less interference, ultra
compact size and wide bandwidth are the key advantages of optical circuits [27].
Such key benefits have engendered interest among scientists to find out an efficient
design of EOM, which is an indispensable active optical component of photonic
circuits [7]. Recent advancements in SOI technology [28,[29] has opened up a
new window for the fabrication of micro optical devices with microelectronics on
chip [§]. Nonetheless, to design a compact, high-speed EOM is still a big challenge
due to the absence of Pockel’s effect, very low Franz-Keldysh and moderate Kerr
effect of pure crystalline Si |7]. Carrier plasma dispersion (CPD) effect of Si is the
only effective way to achieve a considerable amount of RI variation by applying
moderate external electromagnetic field avoiding the breakdown of Si-device. Soref
et al. have predicted the change in RI (An) and absorption coefficient (A«) of Si
due to the CPD effect |30]. Carrier dispersion and absorption [7] at A = 1.55 yum

are approximated by Egs. (a) and (b),
An = Ane + An, = —[8.8 x 1072AN + 8.5 x 107 (AP)™]  (3.17a)
Ao = Aae + Aay, = [8.5 x 107°AN 4 6 x 107 *AP] (3.17Db)
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Ane and Aa, (cm™!) are the changes in RI and absorption coefficient variation
due to the electron concentration change AN (cm™2), Any, and Ay, (cm™') are
the RI change and absorption coefficient variation due to the change in hole con-
centration AP (cm™3), respectively. According to the previous results [7], a carrier
depletion /injection of ~ 10 cm™ can yield a RI change An ~ 2 x 1073. A mod-
ulating device typically of the order of few millimetres is capable to provide a high
modulation with extinction ratio (ER) as high as 20dB with sufficient variation
of RI [7] until the development of resonator based SOI-EOM. Microring confines
light within the ring cavity and can provide relatively longer path length without
increasing the device size. A small change in RI can detune an MRR and yields
a very high modulation-depth [7]. One of the critical issues of network-on-chip is
to keep power budgets manageable while increasing performance. Dense WDM
(DWDM) is one such solution which offers massive parallelism and is considered
very important in order to realize high performance optical interconnects which
can be achieved through MRRs. However, Si has high thermo-optic coefficient [31]
(TOC = An/AT),~ 1.86 x 107*/ K. Small amount of change in RI results dras-
tic variation in transmission characteristics of SOI based MRR due to its large
Q-factor and narrow bandwidth [32]. MRRs are highly susceptible to the thermal
fluctuations. Heat generated from the surroundings, off-chip continuous-wave laser
sources, local hot-spots etc. can cause shift in resonance wavelength, as shown in
Fig. 3.8 Without the thermal effect, EOM can produce exact sinusoidal replica
of the input, whereas, thermal instability can deform the output signal or disturb
precise channel allocations for DWDM systems (Fig. [3.8). The shift in resonant

wavelength can be represented as [32],

dA aneff /\0 8neff >\0
=l eff (tclas eff tsu — = _ 1
aT <7’L Fclad T Meff Xsub + T ) ng aT g (3 8&)
aneff ancore anclad @nsub
= 1—‘core— Fc ad ™ A Fsu A .18b
T oT | eTor Ty (3-18b)

where ), is the resonant wavelength at the room temperature. n.g denotes the
effective RI and n, is the group index. The cladding and substrate expansion co-

efficients are agaq and agyp, respectively. Both the a..q and ag,, can be neglected
in Eq. (a) for air-clad and SiOg-substrate [32]. The change of effective RI
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Figure 3.8: Working principle of EOM, (a) EOM without thermal effect, (b) deformed sinu-
soidal output in presence of thermal effect.

with the temperature is given by Eq. (b) where I' is the modal confine-
ment factor. In recent years, a few attempts were made to build athermal EOMs.
A detailed comparative study on these approaches has been discussed in [32].
Methods to compensate the thermal effects can be broadly classified in two major
categories—(i) athermal, and (ii) control-based solutions. One of the most well-
known control-based solution procedures to combat thermal degradation is the use
of heat sink and integrated heater simultaneously [33-35] which later on has been
proved highly power-inefficient [36]. Padmaraju et al. proposed an adaptive, inno-
vative and dynamic athermal design exploiting the heating effect of current [36],
which is more effective to deliver/extract heat using an external bias, albeit, this
bias voltage can affect the message signal. This approach also fails to compensate
wide range of temperature change. Moreover, it is not suitable for high data-rate
due to its large response delay and inability to use pre-emphasized [37] input signal.
Parallel efforts (athermal solution) to neutralize the thermal effect using negative
temperature coefficient materials e.g. polymers [38-40] as the key component of
the device cladding also exist. To overcome the thermal effects, one must produce
a zero effective TOC. Since the TOC of Si is very high, according to Eq.
(b) either we need a polymer with very high negative TOC or the mode confine-
ment factor of the core must be deliberately reduced. Mode confinement can be

reduced using narrow-ridged or slotted waveguides but these structures associate
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with high losses, greater radiation, lower Q-factor, small and corrupted FSR. The
weak confinement of the mode also leads to higher device footprint. Furthermore,
this method is not a successful commercial solution till date because of the CMOS-
incompatibility of these polymers. CMOS compatible titanium oxide (TiO5) with
negative TOC [41] may be a possible future solution which allows moderate optical
confinement in Si-core. Still the performance of these devices is not satisfactory
due to low Q-factor and low FSR. Temperature independent operation over a
small range has been shown employing MZI-coupled MRRs [42] and multiple cav-
ity coupled devices [43]. However, relatively large footprints make them ineffectual
for high-density on-chip applications. Adiabatic microdisk/microring modulators
and cascaded MRRs [44]45] are capable of operating at as high data rate as 40
Gbps and provide uncorrupted FSR but these devices are also very susceptible to
the change in ambient temperature. Recently, resonant mode-splitting method to
negate the temperature effect has been reported [46]. Though, this method has
potential to eliminate most of the previously mentioned drawbacks, it possesses
a few serious disadvantages. Negative TOC CMOS incompatible polymers have
been used to achieve satisfactory performance. Device size is large and it is im-
possible to implement this device in DWDM system due to its inability of using
broad range of adjacent channels during the operation. It is also cumbersome to
define and retain the material properties intact throughout the entire operational
range. The inefficacy of all the aforementioned mechanisms motivate us to propose
a novel design of EOM using off-axis MRR.

Previous section has revealed many striking features of MRR with inner off-
axis ring [18]. The tunability aspects of conventional and extra resonant notches
usher us the way to obtain a highly efficient and compact EOM. Two rings within
the same structure provide us an extra degree of freedom of designing; we use one
ring to deliver message and another to minimize the thermal effects. According
to [32], our method falls in control-based solutions to avoid thermal degrada-
tion. Thus, besides the appositely biased conventional microring, off-axis inner
microring with pre-emphasized electrical input message signal enables our pro-
posed structure suitable for high data-rate DWDM scheme of optical communica-
tion systems within a very compact device size. In this work, device parameters are

extracted from commercial TCAD electro-optic device simulator based on FDTD-
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Figure 3.9: (a) Schematic of MRR with off-axis inner ring structure used as a modulator; gy,
rse and R represent the shunt, series and temperature dependent equivalent resistances of the
device, Vy, and Vg are voltage sources. (b) Cross-section of p™n~n™ SOI waveguide structure.

Gummel solver. RI variations due to carrier injection or depletion are calculated
from mode solver. Other necessary design parameters are calculated from TMM
and verified by FDTD method.

3.2.1 Design of Off-axis MRR as an EOM

In Fig. [3.9 (a), it is depicted how an MRR with off-axis inner ring can be used
as an EOM. One can apply a modulating signal, V;, as an input to the off-axis
ring and another voltage source Vg to the outer MRR to nullify the thermal effect.
Note that, Vi, and Vg are interchangeable. Cross-sectional view of the waveguide
is shown in Fig. [3.9| (b). A rib structure has been grown on buried oxide (BOX)
layer. Waveguide with dimension of 450 nmx350nm is placed ontop a 50nm
thick plateau which provides electrical connections to the optical device. The
junction volume is 3.48 x 1072 cm®. We have created a p™n~n™ type structure.
As the conductivity of pure Si is very low, n~ epitaxial layer with nominal carrier
concentration ~ 10 cm™ has been sandwiched between p™ and n™ regions to
keep the carrier flow uninterrupted. Moreover, this denuded layer reduces the
number of recombination centres which further prevents the alteration of diode
current (RG current ) with the change in temperature. One must keep in mind
that high doping concentration in n~ region will obtain a better RI sensitivity

(An/AV) for the waveguide with respect to applied bias but it will increase the
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device loss due to higher absorption coefficient [7]. We optimize our structure to
limit the absorption loss due to extra carrier injection within 20dB/cm. Doping

3

concentration of p* and n™ layers are ~ 10'° cm™3; metallic contacts are made

through n™* and p™" with doping concentration of ~ 102 cm=3.

The doping
concentration of n~ layer is much lesser than the concentration of n™ or p™ layer.

Basically, this layer acts as an intrinsic layer.

3.2.2 Theory, Results and Discussions

We have applied an 8-bit, 3 Gbps pre-emphasized non-return-to-zero (NRZ) signal,
Vin = £1V (V,_, = 2V) to the inner off-axis ring with an off-set dc bias of 1 V. The
minority charge carriers diffuse from the junction to the terminal when a voltage
is applied to the p*nn™ device (forward biasing). If n, and pyo are the minority
carrier concentrations at p and n sides at room temperature in thermal equilibrium,
we can write the extra charge carrier density as the function of distance x [47,48]

from the depletion layer as,

AN(z) = nyo [exp (%) - 1] exp ($pL—: x) (3.19a)
AP(x) = puo [exp (%) — 1} exp (xn[: x) (3.19b)

where, x, and z, denote the depletion region widths at the n and p sides. L,
and L, represent the diffusion lengths of electrons and holes, respectively. The L,
(~ 22 pm) and L, (~ 35 pm) are greater than the depletion layer width (~ 640 nm)
which assures moderate current flow through the device. Figure (a) shows
the schematic cross-section of an off-axis micro ring resonator with three coupling
regions dictated by dashed rectangular boxes where R; and Ry are the radii of
outer and inner rings, respectively. In order to understand the behavior of the
off-axis MRR, we compute the effective index of the guided mode by full-vectorial
finite element method (FEM) solver. Effective RI of a particular quasi-TE mode
for outer ring (R; = 3 um) neg; and off-axis ring (R = 2 pm) i.e., negs have been
determined by changing applied bias and are plotted in Fig. (b), whereas

the spectral variation of the effective RI of the quasi-TE mode for different ring
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Figure 3.10: (a) Schematic of an off-axis MRR with necessary design parameters. (b) Effective
RI variation of outer and inner rings with respect to bias voltage, Vg at 1.55 um, (c) spectral
variation of guided mode index for different ring radii at different biasing voltages, and (d) loss
as a function of applied voltage Vi,, at wavelength 1.55 pm.

radii and different biasing voltages is depicted in Fig. [3.10| (¢). At wavelength
1.55 um, the dispersion coefficient D (= Oneg/0N) for outer and inner rings are
obtained as —0.98965 yum~! and —1.0135 um~?, respectively, when no voltage is
applied and —0.9897 um~! and —1.01295 um ™!, respectively when an external bias
of 1V is applied across the p™n™n™ junction of outer and inner rings, respectively.
Since we intend to implement the structure for several DWDM channels within a
broad operating wavelength range. Dispersion effect is taken into consideration.
The bending radius of the inner-ring is smaller than the outer ring, thereupon
both the effective RI and the dispersion coefficient of the inner ring is slightly
greater than the outer ring. The values of effective RIs and dispersion coefficients

depend upon external bias. In Fig. [3.10| (d), we plot the total losses (absorption,
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bending, radiation etc.) as a function of applied voltage V;,. As discussed earlier,
absorption losses have been restricted within 20dB/cm. It is noticed that both
absorption loss and effective RI change rapidly after V;,, > 0.7V (built-in potential
of Si p-n junction). In this work, we have achieved An = —1.163 x 1073 and
An = —1.179 x 1073 for outer and inner rings with an external bias voltage of 1V
when applied individually on outer and inner rings, respectively at A = 1.55 pm.
Propagation matrix for the non-concentric rings is found from Eq. [3.12] The
change in ambient temperature of MRR affects the effective RI (neg and nego) of
outer and inner rings, modifying the transmission characteristics. Voltages applied
at the individual rings change the RI of the respective rings only. Propagation
matrix P’ is a function of both ¢ (neg1) and ¢s (nem). A positive voltage to
the outer ring modifies the P’ and blue shifts the conventional resonant notches
as well as extra resonant notches. In this case, the shift in conventional resonant
notches is larger in comparison to the extra notches. If we apply a positive voltage
at the inner ring, blue-shift in extra notches will be greater than the blue-shift
in conventional notches. It has been observed that the shift of extra resonant
notches due to the change in nqg; is more than the shift of conventional resonant
notches due to the change in n.gs. These facts have been theoretically established
and validated by FDTD method [18,149,/50]. Mathematically, the phase matching
conditions for the outer and the inner ring are given by [18], Eqgs. [3.20] (a), and
3.20| (b), respectively.

2 2
61 = %ﬂl& = mn (3.20a)
2 .
1 + ry” sin(gs) = mn (3.20b)

Ty (1 4+ 712) — cos(p2) (1 + 122)

where m = 1, 2, 3 ... Both ¢; and ¢5 depend on neg; and nego, respectively. From
Eq. (b) it is viable that change in neg; (due to the voltage applied to outer
MRR) is capable for a slight shift in the extra resonant notches. On contrary, from
Eq. (a), it is conspicuous that change in nqg (due to the voltage applied to the
inner MRR) has ideally no effect on the conventional resonant notches. The details
are tabulated in Table 3.1} This makes us confident to negate the thermal effects

on MRR using an extra biasing voltage Vg at outer ring. The position of V},, and
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Table 3.1: Applied voltage at outer and inner MRRs and corresponding resonant
notch shifts.

Positive voltage RI Major blue | Minor blue | Negligible blue
applied to Change shift in shift in shift in
. Conventional Extra .
Outer ring Neff1 notches notches Not applicable
Inner off-axis n Extra Not applicable Conventional
microring cff2 notches PP notches

Vg can be swapped at the cost of overall performances. For example, if we apply a
message signal at the outer ring and an extra bias voltage to the inner ring, it will
take higher voltage and consume more power to compensate the thermal effect as
the effect of external bias in the inner microring (or, change in neg) is negligible
on conventional notches. Moreover, due to high Q-factor and narrow bandwidth
of the extra resonant notches, only a small message signal applied to inner ring
would be sufficient to achieve acceptable ER. Thereof, it is always preferable to
apply the message signal at the inner ring. The normalized power transmission of
off-axis MRR within optical communication wavelength range is depicted in Fig.
3.11| (a). It is conspicuous from inset of Fig. (a) that V;, = +1V results into
~ 380 pm blue-shift of extra resonant notches (negligible blue-shift in conventional
notches) which is sufficient to achieve almost 100% (> 20 dB ER) modulation due
to an ultra-high @Q-factor of extra resonant notches of off-axis MRR. Figure [3.11]
(b) shows the effect of V5 on conventional and extra resonant notches. Applying
~ 1V at conventional ring (i.e. outer ring) causes a blue shift of ~250-300 pm in
the conventional resonant notches while ~50-100 pm blue shift of extra resonant
notches. It is found that per Kelvin temperature rise can incur ~40-50 pm and
~50-70 pm red shifts for conventional and extra notches, respectively. Even 5K
change in temperature may result in 20-30% change in modulation as @Q-factor
is very high. Temperature effect, a nonlinear phenomenon in silicon waveguides,
can be compensated through proper biasing voltage Vg at the outer ring. In
Fig. (c), it is shown that Vg = 3.4V has nullified the effect of 20K rise in
temperature. The solid blue curve shows an extra resonant notch at 7' = 300 K
with no voltage bias applied at outer ring. When 1V modulating signal is applied
to the inner ring the notch is blue-shifted towards the left-hand side as shown by
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Figure 3.11: Normalized transmission (dB) of an non-concentric MRR with change in (a) Vi,
(b) VB, and (c) transmission characteristics of thermally-compensated non-concentric MRR.

the solid violet curve. At 1V, the off-axis MRR renders an extinction ratio of
~38dB. The solid red curve shows the transmission of the MRR with 20 K rise
in temperature without modulating signal while the solid green curve depicts the
transmission of the MRR with 20 K rise in temperature with an applied message
signal of 1V to the inner ring. The solid black curve represents the transmission
characteristics of MRR with a temperature compensating extra bias Vg = 3.4V
applied to the outer ring. This bias voltage can counterbalance the thermal effect,
which is clearly visible from the inset where the solid black curve overlaps the solid
violet curve. Therefore, for the Fig. (c) one can write,

Adv,=1v = Adar=aok + Adyy=sav + Ady, 21y (3.21)

where Ay, —1v, AXar—20Kk, AAv—3.4v represent the shift in resonant wavelength
due to V, =1V, AT = 20K and Vg = 3.4V, respectively.

The athermal behavior has been further validated and corroborated through
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the eye diagrams. Figurem (a) shows the waveform of user defined pre-emphasized
message signal. NRZ signal is passed through a low noise amplifier-differentiator
block and the output is added with the original NRZ signal itself to provide pre-
emphasized NRZ signal. Using pre-emphasized input, rise time (¢,) and fall-time
(tf) can be reduced significantly (as small as 100 ps and 40 ps, respectively) [37].
Figure [3.12] (b) shows the eye-diagram for the optical transmission in room tem-
perature. The parameters p; and ps refer to the eye amplitude levels, the stan-
dard deviations (SDs) o7 and o, measure the noises at the levels py and po,
respectively. The eye-opening is defined as (uo — p1) which varies from 0 to 1
without thermal effects. The eye signal-to-noise ratio (SNR) can be defined as:
SNR = (o — 1) / (01 + 02). From TMM, it has been found numerically that the
modulator amplitude varies from ~ 0.42 to 1 (3.82dB) at 5 K rise in temperature.
Consequently, the eye squints, which is demonstrated in Fig. [3.12| (c). Figure m
(d) establishes that an extra bias of 2.2V at the outer ring can nullify the thermal
effect. It is clearly observed that (ug — p1) > (u5 — u3), o5 > o9 and o} > oy due
to the thermal effects, but at the same time (g — 1) ~ (,ug/ — u?’), where the
superscript 5 has been used to explicate the amplitude levels at AT = 5K and a
prime is used in superscript to indicate the thermally compensated eye-levels. One
should also note carefully that even after the recompense, agl /A 09, and ai" ~ 0]
as the thermal noise in Si waveguide remains intact and cannot be eliminated
through this procedure. If temperature is raised to 10 K the eye opening further
gets reduced and the transmission amplitude varies from 0.65 to 1 (swing 1.86 dB).
The closed eye can be reopened by counteracting the thermal effect using a bias
voltage Vg of ~2.82V. These two cases have been delineated in Figs. (e) and
3.12| (f). Further, an additional voltage of only 0.58 V can negate the temperature
effect of 20 K.

Padamraju et al., has clearly mentioned that thermal compensation with control-
based solution consumes more power than athermal based solutions, which is the
main disadvantage of the control-based solutions. Our process can be conceived as
control-based solution. Besides the fabrication complexity, low fabrication toler-
ance and the requirement of an extra power source are the challenges in the off-axis
MRR. While the thermal noise cannot be eliminated, however this does not affect

the performance of the proposed device. Moreover, the RI change with respect to
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Figure 3.12: (a) Pre-emphasized modulating signal waveform. (b) Eye-diagram of transmission
at room temperature (c) Eye-diagram at AT = 5K and Vg = 0V. (d) Voltage compensated
eye-diagram of the transmission at AT = 5K. (e) Eye-diagram at AT = 10K. (f) Voltage
compensated eye-diagram at AT = 10K.

the bias voltage is nonlinear due to the exponential I-V characteristics [48] of the
PIN-diode. Until the device breaks down, this characteristic enables the device
worthwhile to control the temperature effects more easily when the bias voltage
is already very high. Note that, the extra bias voltage (AVg) applied to the outer
ring in order to compensate the thermal effect will be lesser for the same amount

of temperature rise (AT") while the temperature is already high in comparison to
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the required feedback voltage for low initial temperature value, for example, if
AVg: and AVp, are the bias voltages to compensate the effect of same amount of
temperature rise AT at two different room temperatures 77 and Ty (3 Ty < T3),
respectively, then within the break-down limit of the SOI-EOM one can assume,
AVgy > AVpy. The power consumption in the proposed device is therefore not
high in comparison with the other control-based solutions, which is one of the
important features of the proposed device. Apart from previously reported tech-
niques [32,136], dynamic temperature control can also be achieved using proper
thermal coefficient of the resistance Ry (i.e., ARt/AT) (Fig. (a)) by choos-
ing suitable material and doping concentration. An ultra-sensitive on-chip optical
MRR sensor, temperature monitoring integrated photo-detector or fibre Bragg
grating sensor can be used to detect the ambient temperature. One can also use
pre-calibrated external feedback mechanism to control and maintain the required

value of Vg dynamically to compensate thermal effect.

3.3 Nested-nonconcentric MRRs

3.3.1 DMotivation: Quality-factors and Critical-coupling

Devices such as micro-cavities made of silicon photonic wires (strip waveguides)
can exhibit large Q)-factor due to strong lateral confinement of the optical modes.
Sharp resonant notches in the transmission spectrum make these devices particu-
larly suitable for add-drop filters 3], EOMs [8] and so on. High RI and the large
third-order nonlinearity of Si make them attractive for several applications [51}(52]
where small effective mode volume and high ()-factor are desired. The resonant
effect in ultra-compact and high-@) optical micro-cavities can greatly enhance the
efficiency of the nonlinear processes to achieve frequency comb [14], four-wave mix-
ing (FWM) [15], and electromagnetic induced transparency once the detrimental
two photon absorption effect is overcome. MRRs have also been employed in cav-
ity quantum electrodynamics (QED), on-chip optical squeezing [16] and entangled
photon pair generation [53]. The wide versatility of MRRs has made them indis-
pensable for next-generation on-chip optical functionalities. Other than numerous

nonlinear applications, MRRs have also been utilized for sensing purposes [54]. In
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most of the applications based on MRR, high ()-factor and large notch depths are
required which is only possible when critical coupling between the straight bus
waveguide and the microring is maintained [4]. To harness the utmost advantages
of the resonance, the high @-factor can be attained by reducing the propagation
losses and the side-wall roughness, as demonstrated in [55-60]. MRRs comprising
rib waveguide exhibit very low losses (0.1 dB/cm), but at the same time their mini-
mum bending radius is limited to hundreds of micrometers [60]. Smaller bend radii
(sharper bends) at the cost of larger losses are provided by wire waveguides [61].
The @Q-factor of MRRs with Si wire waveguides can further be improved by adopt-
ing various novel fabrication techniques [58-60]. Recently, it has been reported [16]
that MRR based on SizN, material exhibits losses < 0.5dB/cm, but at the cost
of a reduced nonlinearity (10% that of Silicon). The @Q-factor and the resonant
notch depths are very sensitive to the coupling condition (under-coupled, critically
coupled or over-coupled) of the microring and its input or output bus waveguides,
respectively. MRR with a single input bus, which is referred to as all-pass config-
uration offers deepest transmission notch in critical coupling [62]. The fabricated
MRR parameters in general deviate from the optimized parameters (5%-10%)
which result either into over-coupled or under-coupled regimes of MRR departing
the MRR from the properties that were designed. Thermal and electro-optic tun-
ability of the MRR resonant notches have also been utilized [63-65] to compensate
the fabrication errors. In most of the applications such as bio-sensing and quan-
tum photonic, MRRs are designed to operate in critically coupled condition [4,/15].
For on-chip optical squeezing, photon pair generation in MRR etc. the preferred
choice is to consider slightly over-coupled regime [16,/53]. On the other hand, when
an MRR is slightly under-coupled, the loaded @)-factor becomes greater than the
Q-factor for critical coupling [60,62], facilitating its use in the applications where
high-() is more crucial rather than the transmission notch depth. However, with
further increase in transmission coefficient (decrease in coupling) due to fabrica-
tion errors, notch depth rapidly decreases and eventually becomes negligible. It is
well known that Si has high TOC. Therefore, similar to the fabrication errors, the
increase in local temperature may also alter the desired coupling condition and
can be detrimental for such applications. As a rule of thumb, we can say that
the higher the Q-factor of MRR, it would be more susceptible to the fabrication
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errors. This poses a strong challenge to achieve a perfect critical coupling between
the MRR and the input bus. To achieve exact critical coupling, large numbers of
devices are fabricated by sweeping the gap separation between the input bus and
the microring within a possible range [4}63]. Once the technological parameters
for critical coupling are ensured, that particular MRR is further being used. This
is certainly undesirable for the commercialization of on-chip photonic circuits with
MRRs as crucial components. In order to relax the critical coupling, while main-
taining high @-factor and large transmission notch depth, in this work, we report
a recipe based on coupled resonators which we refer to as nested non-concentric
MRR (NN-MRR) and provide an analytical model of internally-coupled, nested
MRR through the TMM [18]. In the previous section 18], we demonstrate the us-
age of two non-concentric MRRs that exhibits extra distinctive sharp transmission
notches with high-Q and have been used to attain athermal CMOS compatible
EOM [49]. The inclusion of additional ring in dual-ring system fosters large Q-
factor (> 10°) and notch depth (> 10dB) irrespective of the coupling conditions.
Such CMOS compatible compact high-@) coupled MRRs would be fabrication tol-
erant and highly suitable for sensing, nonlinear and cavity QED applications.
Relaxation in critical coupling condition in serially coupled MRRs has been previ-
ously reported in [66]. However, the reported design occupies a large space which
might not be suitable for high-density all-optical functionalities. Our proposed
NN-MRR outperforms the reported one and is very compact and suitable for on-
chip integration. The modal properties of the silicon wire waveguides have been
calculated through commercially available full-vectorial FEM based solver, COM-
SOL Multiphysics, where, the bending effects are taken into consideration through
conformal mapping. The TMM calculations have been performed in MATLAB.

3.3.2 Theory and Design of NN-MRR

Figure (a) depicts the schematic of the proposed all-pass NN-MRR which is
comprised of three microrings of radii Ry, Ry and R3 (3 R3 < Ry < Ry). The

outermost microring is side coupled to a bus waveguide. The dashed rectangular
boxes in Fig. (a) mark the coupling regions (CRs) which are characterized

by straight-through (7) and cross-coupling (k) coefficients for an optical wave. In-
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(b)

Figure 3.13: Geometrical configurations: (a) proposed all-pass NN-MRR configuration with
three coupled rings having radii Ry, Re, and R, depicting different coupling regions (CRs). (b)
Conventional MRR, (c) nonconcentric dual-MRR (off-axis MRR).

dividual microrings possess internal loss factors a,, = exp(—auy, L /2), where oy,
is the linear loss coefficient (per unit length) and L,, = 27 R,, is the circumfer-
ence of the respective ring where m = 1, 2, 3 ... corresponding to the microring
numbers. The semi-round trip phase change in the largest microring of radius R,
is ¢1, whereas ¢, ¢3 are the respective round-trip phase shifts of the inner rings.
Input bus waveguide is coupled to the outermost microring through CR1, owning
transmission and coupling coefficients 7, and k1, respectively, as indicated in Fig.
3.13| (a). Inner ring 2 (radius Rz) is coupled with the outer microring of radius R
through CR2, possessing transmission and coupling coefficients 75 and ko, whereas
the innermost microring with radius Rj3 is coupled with the second microring with
radius Ry through CR3 which has transmission and coupling coefficient 73 and
k3, respectively. A; is the complex input wave amplitude and As is the complex
output wave amplitude. Let, for a total n-number of serially coupled NN-MRRs
with single bus (all-pass configuration), the general expression for the normalized
transmission (in dB) be 201og,|Ty|, where the T, is given by,

eiPnen = 1 + a1<ilil>2 (eiwle1 — CL17'1)_1 (3.22)

A A
T, = 2_’ 2

A4

where, ¢, _, is the effective phase change/delay of the output wave with respect
to the input wave. a;, 73, and &; (j = 1, 2, 3...) represent the lumped amplitude
loss, straight-through transmission coefficients and cross-coupled transmission co-

efficients for the j-th ring or the j-th coupler, respectively. xa2, X3, Xn_1 and Xy
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represent the effects of the second, third, (n — 1)-th and n-th inner non-concentric
rings. The theoretical model is valid for n number of total rings, with (n — 1)

inner rings and x, = 1. Therefore,

1

X1 = To+ ag(ing)” (€M x; " — apmy) (3.23a)

1

Xn—1 = Tn + Gy (iﬁn)2<ei¢inn_lxgl - anTn)i (323b)

So, for the NN-MRR with 3 rings (2 inner rings), x3 = 1. The effective phase

evolution (¢; ) at the transmission port for n-number of nested-rings is given by,

. / . /
Gjq = tan " (—aj Sin ¢, ) — tan ™! (—ajTj Sin 9, )

- / — Ta J

T — @y Cos ¢'; 1 — 7a; cos ¢;
2

47 nefijj

b = Pji1e + G5y O = 3
0

,forj=1,2,...to...n (3.24)

where, ¢; is the round-trip phase-shift at the j-th ring with radius R; and ¢4 =
0. We assume each waveguide of the NN-MRR is comprised of a photonic wire
waveguide of dimensions of 500 nm x 250 nm. In our simulations we have considered
the dispersion effect (material and waveguide). The ring radii are, Ry = 30 pum,
Ry = 20 um, R3 = 10 um. We have considered two different practical situations
for our analysis, (A) waveguide with rough side-walls (RSW) and (B) waveguide
with smooth side-walls (SSW). In both the scenarios, the losses are different. For
the case of RSW (case-A), we assume relatively higher dimensionless loss factors
aq, ag and ag corresponding to 0.5dB/cm, 1dB/cm and 2dB/cm, for rings 1, 2,
and 3, respectively. Similarly for the case of SSW (case-B), the propagation losses
are relatively low and aj, ap and aj are related to 0.3dB/cm, 0.5dB/cm and
1dB/cm, respectively. The overall loaded Q-factor, Qoadea in terms of intrinsic
and coupling Q-factor can be written as, Qloaded + = Qintrinsic ~ + Qcoupling_l- We
assume that it is possible to achieve Q-factor as high as 10° when the waveguide

has smooth side-walls.
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3.3.3 Evolution of NN-MRR: Design Recipe

In the subsequent sections, we describe the methodology to arrive at NN-MRR
system, as shown in Fig. (a). To produce a design space, we have mainly
focused on the achievable high Q-factor and large transmission notch depth when
the coupling condition is close and far from the critically coupled condition in both

the cases A and B, as explained before.

3.3.3.1 Single Microring

We start our analysis with a single microring (radius R;) in all-pass configura-
tion (inset of Fig (b)). Strip-waveguide is being used having a cross-section
of 500nmx250nm. The calculated @-factor and maximum transmission notch
depth, Pr for this MRR configuration for different losses and transmission coeffi-
cients in two scenarios RSW and SSW, are plotted in Fig. (a) and Fig.
(b), respectively. We consider two different coupling situations (i) large deviation
in critical coupling condition, and (ii) less deviation from critical coupling condi-
tion. The ratio of transmission coefficient and dimensionless loss factor i.e., (71/a1)
determines the region of operation of the microring. The microring is critically,
over or under coupled if the ratio (71/a;) is 1, < 1 or > 1, respectively. The dashed
green curve indicates the maximum possible transmission notch depth (dB), Pr;
whereas the dashed-dotted red curve tells about intrinsic quality-factor of this par-
ticular MRR. Note that, notch depth< —52 dB is possible to achieve for case-B. It
is also possible to achieve high-Q(> 10°) even the notch depth is very less. How-
ever, it is preferred to use a particular resonant frequency possessing both sharp
and deep transmission notches and high-@ in applications such as sensing [54] and
modulators [7]. In Fig. [3.14] we plot the quality factor (dashed-dotted red curve)
and maximum transmission notch depth (dashed green-curve) for a conventional
all-pass MRR. Note that, transmission notches with notch-depth, |Pr| > 3dB have
only been included for both the cases. It is known that even if the MRR is slightly
under-coupled, a maximum ) > Qeitica can be achieved at the cost of reduced
Pr. For over-coupled situation, both the Q-factor and notch depth fall rapidly,
but with a relatively lower slope in comparison with the under-coupled regime. It

is well established that the coupling coefficient x per unit length depends upon
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Figure 3.14: Design space parameters and availability of high Q-factor and transmission notch
depths in case of all-pass single ring MRR (conventional MRR). The plots govern all possible
Q-factors, @1, and maximum transmission notch depth Pry for transmission/loss factor (71 /aq),
when the fabrication error (e) from the critical coupling is varied for two different loss scenarios:
(a) RSW, (b) SSW, where the deviation is assumed (i) far from the critical coupling and (ii)
closer to critical coupling condition. For all situations, transmission notches greater than 3dB
in the wavelength range of 1.5 um-1.6 ym are considered.

the gap between the bus and the ring. A small deviation in fabrication is sufficient
to prevent the MRR from being in critically coupled condition. Also, it is evident
that MRR with less propagation loss (i.e. with SSW) is more sensitive towards
fabrication errors . In Fig. m we summarize the accessibility of high quality
factor and transmission notch depth for different coupling conditions and devi-
ations for a single-ring MRR. We provide a comparative study of Q-factors and

maximum notch depths Pr obtained for a MRR in different coupling regimes (2%
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Figure 3.15: Comparison of Q and |Pr| for single MRR in different coupling regimes. Normal-
ized transmission of the single MRR of radius Ry (case-A) side-coupled to a single input bus with
(I) 2% over-coupling, (IT) 1% over-coupling, (III) critical coupling, (IV) 0.1% under-coupling.

and 1% over-coupling, critical-coupling and 0.1% under-coupling) after evaluating
the normalized transmission, where the waveguide in MRR has rough side walls.
In case of critical coupling, maximum notch depth of —56.12dB along with a Q-
factor of ~ 4.7 x 10° is achievable. The notch depth Pr and the Q-factor drop to
—1.7dB and ~ 8.3 x 10%, respectively even for 1% over-coupling scenario. This
establishes that the performance of the MRR is very sensitive to coupling that

might result even from a very small fabrication error.

3.3.3.2 Non-concentric Dual-Ring MRR

As an intermediate step to design NN-MRR, we consider a situation where a

non-concentric MRR of smaller radius is added in a conventional MRR, (referred
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as non-concentric dual MRR/off-axis ring). We analyze the @Q-factor and notch
depth of two-ring MRR configuration, as shown in the inset of Fig. (or, Fig.
3.13| (¢)). The extra microring of smaller radius creates sharp extra notches as
predicted recently by authors in previous work [18,/50]. It was shown that MRR
with non-concentric inner ring provides greater flexibility in controlling different
parameters. For instance, it is not necessary for the non-concentric dual ring
MRR to be critically coupled to obtain a large (Q and deep transmission notches as
depicted through Fig. [3.16] In Figs. (a) and (b), possible Q-factors and
the maximum transmission notch depth corresponding to the outermost (largest)
ring (denoted by @1 and Pr;) and due to the second non-concentric inner microring
(represented by @) and Pry) are plotted. The dashed and solid green curves stand
for Pr; and Pro, respectively. The transparent blue and light purple regions
indicate the possible values of the Q-factors for the conventional notches (Q1)
and the extra notches (Q2). It is observed that even though the outer MRR is
over-coupled with the bus waveguide (i.e. 71 < a;) a Q-factor greater than 10°
can be obtained. We find that up to 12% (case-A: RSW) and 8% (case-B: SSW)
deviations from the critical coupling conditions, the Q-factors greater than 10° of
the resonant modes can be sustained easily with notch depths |Pry| > 3dB for
dual NN-MRR configuration. It is to be noted that the solid green curve has two
dips. At critical coupling, the total power supplied to the outer ring from bus is
equal to the power dissipated. The second dip appears due to the fact that at
over-coupling, the total power dissipation in the coupled ring system is exactly

compensated by the power supplied externally.

3.3.3.3 Non-concentric Nested MRR (NN-MRR)

The inclusion of another smaller non-concentric microring into the first inner ring,
as shown in Fig. (as well Fig. (a)), improves the performance in compar-
ison to the dual-ring MRR case discussed in previous sub-section. We refer this
three coupled rings configuration as non-concentric nested MRR. This structure
mimics the serially coupled microring resonators with different ring sizes. However,
the key benefit of the proposed NN-MMR structure is the compactness. Similar

performances can be achieved at much smaller device footprint which facilitates
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Figure 3.16: Design space parameters and availability of high-Q and transmission notch depths
in case of NN dual-MRR. The plots show all possible Q-factors (Q1, @Q2) and notch depths (| Pr1|,
| Pr2|) when (71/a1), and € are varied for two different loss scenarios: (a) RSW (b) SSW, where
the deviation is assumed to be (i) far from, and (ii) closer to the critical coupling condition.

the integration of more components on the same chip. The smallest microring
coupled to the larger inner ring creates a few additional extra resonant notches
with very high-Q, even if the outermost MRR is over-coupled to the input bus [50].
Similar to the analysis carried in previous subsections, we analyze the Q-factor
and notch depths for two different cases, RSW and SSW when the outermost ring
is coupled either far or near from the critically-coupled condition to the input bus
waveguide. In Figs. (a) and (b), possible Q-factors and the maximum
transmission notch depth due to only outermost ring (@1, Pr1), in presence of the

non-concentric single inner ring (@2, Pro) and due to both non-concentric inner
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Figure 3.17: Design space parameters and availability of high-Q) transmission notches in case of
NN-MRR with three rings. The plots govern all possible @Q-factors (Q1, @2, @Q3) and maximum
transmission notch depths |Pri|, | Pr2| and |Prs| when (71/a1), and € are varied for two different
loss scenarios: (a) RSW (b) SSW, where the deviation is assumed to be (i) far from, and (ii)
closer to the critical coupling condition.

rings (Qs, Pr3) are plotted for wavelength range 1.5 pm-1.6 um. The transparent
blue, cyan and purple regions indicate allowed range of )y, Q)2 and ()3, respec-
tively. A maximum possible () for the extra notches due to the smallest inner ring
viz. Q3 > 10° with | P3| > 10dB can be attained even at the large deviation of
greater than 20% from the critical coupling, whereas the conventional notches (due
to outer ring) and the extra notches due to the largest inner ring are already dis-

appeared for a slight variation in the critical coupling condition. An additional dip
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Figure 3.18: (a) Sets of possible values of a; and 7; are indicated by the enclosed regions
under the orange, red, green, and blue curves for which the transmission notch depth can reach
up to 5dB, 10dB, 15dB and 20dB, respectively for single microring. (b) Introducing another
ring in a nested fashion allows 67.95%, 43.37%, 26.42%, and 15.58%, of all the possible sets of
values of as and 75 (i.e., the choice of a1, and 71) to enhance the area under the orange, red,
green and blue curves for which the transmission notch depth at the through-port can reach
up to 5dB, 10dB, —15dB, and —20dB, respectively. This clearly indicates the relaxation for
the requirement of the critical coupling. Again, (¢) 69.23%, 44.28%, 26.88%, and 15.89% of all
possible values of a3z and 73 can further relax the critical coupling condition for the outermost
microring to the input bus, respectively while 75 is fixed at an optimized value 0.86.

appears in the transmission curve (Prs, the dashed-dotted green curve), similar to
what has been observed in case of two rings system. The conclusions remain the
same even if all the outer rings are slightly more or less over-coupled to its imme-
diate inner rings. The maximum percentage deviation from the critical-coupling
towards the over-coupling regime for which )-factors of single, dual and nested
MRR can be maintained greater than 10°, are listed in Table . The innermost
ring improves the fabrication tolerance in comparison with single microring and

dual-ring MRR.

Table 3.2: Maximum percentage (%) deviation from critical-coupling towards the
over-coupling regime.

Device Case A: RSW Case B: SSW
Config. | Q> | |Pr|> | |Pr|> | |Pr|> | Q> | |Pr|> | |Pr|> | |Pr| >
10° 3dB 5dB 10dB 10° 3dB 5dB 10dB
Single-
MRR ~05| ~05 | ~035] ~0.1 | ~02 0.2 0.15 | ~0.05
Dual-
MRR ~12 | ~16 11 7 8 8 6 4
NN >20 | >20 > 20 18 | >20 | >20 18 10
MRR
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3.3.3.4 Flexibility of parameters: Fabrication tolerance

In this section, we show how introducing another ring within a single MRR in
a nested fashion relaxes the stringent requirement of the critical coupling condi-
tion quantitatively. We also observe the transmission notch depth at throughput
improves if we introduce a third ring within the second ring from a different per-
spective. Fig. (a) indicates all possible sets of values of 77 and a; marked by
the enclosed regions under the orange, red, green, and blue curves for which the
transmission notch depth can reach up to —5dB, —10dB, —15dB and —20dB,
respectively for a single microring. We know if the value of a; approaches to
1, the propagation loss of the microring becomes negligible, whereas, the black
dashed-dotted straight-line given by the equation 7, = a; dictates the critical
coupling condition. Thus, for the single MRR the notch-depth is highest at the
critical coupling and a small deviation from the critical coupling decreases the
notch-depth. Now, our goal is to enhance the area under the orange, red, green,
and blue curves which in turn will relax the coupling condition. We observe, if
another smaller ring is introduced inside the outer-ring in a nested fashion, the
area under these curves are enhanced. In Fig. (b) we illustrate that 67.95%,
43.37%, 26.42%, and 15.58% of all the possible values of the 7, and as, the area
under the blue, red, green, and black curves are increased, respectively. From the
same plots we also observe that for the transmission notch depths improve if the
second ring is over-coupled to the first microring, i.e. 7 < ag if the loss of the
second ring is very less (ag &~ 1). This clearly corroborates the fact that the second
ring relaxes the requirement of the critical coupling and enhances the fabrication
tolerances. Now, the overall propagation loss of the microring depends upon the
material loss, bending loss, radiation loss etc. and one cannot choose the exact
values of a; or ay. With the advancement of the recent fabrication technologies
and the post-processing trimming, one can even achieve the values of a; and as
as high as > 0.999. Thus from Fig. (b) we observe that for values of as that
approaches to 1, a prudent choice of m will be ~ 0.86 for the best performance of
the dual configuration. Now, keeping the value of 7, fixed at 0.86 we introduce the
third ring inside the second ring in a nested fashion. We plot 73 with respect to

as while the values of as and 7, are fixed and calculate the set of values of a; and
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71 for which the area under the orange, red, green, and blue curves are increased.
From Fig. (c) we inspect that for 69.23%, 44.28%, 26.88%, and 15.89% of
all the possible values of a3 and 73, the area under the brown, yellow, cyan and
blue curves are further enhanced. Hence, Fig. 7 (a), (b), and (c) clearly suggest a
further relaxation of the requirement of the critical coupling can be achieved using
a 3-ring nested configuration. Again for the practical cases a3 approaches to 1 and
the third ring must be over-coupled for the best performances. The over-coupling
condition between the microrings can be assured just by keeping the gap length
very small. We further investigate the underlying mechanism that gives rise to the
relaxation of critical coupling condition. Critical coupling condition occurs while
the input energy to the microring through the input bus is exactly equals to the
energy consumption or the overall energy decay/loss of the microring resonator,
whereas, if the input power is more than the power loss, then the microring is over-
coupled to the bus waveguide. However, it is easier to fabricate a microring which
is over-coupled to an input bus instead of achieving a perfect critical coupling. If
there are internal microrings properly placed in a nested fashion, the extra power
that is supplied by the input bus is consumed by the internal microrings and thus
one can still achieve deeper resonant notches even if the outermost microring is
not over-coupled with the input bus. Hence, To elicit maximum advantages from
this newly proposed nested off-axis MRR, our design objective is to make sure
that the gaps between ring-to-ring and bus-to-ring are such that all the rings are
over-coupled with its next inner ring and the largest ring is also over-coupled to
the input bus. It should be noted that even though the outermost microring is
large enough to accommodate many nested inner rings, one cannot keep on adding
arbitrary number of nested inner rings as with the decreasing ring radius, bending

loss would also will increase.

3.3.4 Experimental Results

Our theoretical model has previously been verified through FDTD based numer-

ical simulations [18]. To corroborate the robustness of the performance of the
3-ring NN-MRR, we fabricate the NN-MRR with dual and triple rings through
the electron beam lithography facility at KIT Germany. We have used the stan-
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Figure 3.19: Experimental set-up (at Karlsruhe Institute of Technology (KIT), Germany) to
characterize the NN-MRR. The magnified views of the coupling region are shown in the insets.

dard SOI wafer with silicon thickness of 220 nm. The designed parameters of the
waveguide cross-section are 450 nmx220nm. The experimental set-up is shown
in Fig. Light is coupled (collected) from fiber to chip (chip to fiber) using
standard grating coupler. Fig. [3.20] (a) depicts the SEM image of a single-bus
dual-ring MRR with a gap separation of 50 nm. The radii of two rings are 30 um
and 20 um. Fig. [3.20] (b) shows the image of a NN-MRR with three rings where
the radius of the third microring is 10 gm. The gap is ~ 50 nm which resembles the
case of strong over-coupling regime. The chip was coated with PMMA to protect
the waveguide surfaces. Note that our theoretical findings hold true irrespective of
the waveguide dimension and cladding material. Fig. [3.20|(c) shows the measured
transmission spectra for both the dual-ring (solid blue curve) and three-ring (solid
red curve) MRRs, respectively. Initial results shown in Fig. [3.20 (c) suggest that
if the rings are strongly over-coupled to each other and the bus waveguide having
all the gap separations of 50 nm, deeper transmission notches can be obtained for

the NN three-ring structure in comparison with the NN two-ring structure.
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Figure 3.20: (a) Fabricated NN 2-ring structure, (b) fabricated NN 3-microring structure.
Both the cases the coupling gaps are 50nm. (c) Transmission (dB) from 2 ring NN structure
and 3 ring NN structure for wavelength 1500 nm to 1560 nm.

3.4 Further discussions

It is well established that positive TOC of silicon red-shifts the resonant notches
in MRR which in other words we can say that the coupling condition between bus
and the ring waveguide alters. Temperature effect can be highly detrimental for
different applications such as sensing, WDM communications, EOMs, nonlinear
and quantum optics, etc . For example, photon pair generation rate is heavily
affected even with a small increase in temperature . As temperature rises
during the experiment due to the power dissipation in the device, often microrings
slightly over-coupled with the input buses are used to achieve the maximum photon
pair generation rate . For a fixed gap separation between the microring and
the input bus, the coupling coefficient, k; decreases (11 increases). If a MRR
is designed to operate in critical coupling condition, the mode of operation may
change to under-coupling for a slight variation in temperature. Therefore, for
applications such as sensing, nonlinear and quantum optics, where the precise
location of the transmission notches are not always that important rather deep and
sharp transmission notches are necessary, NN-MRR can be a solution since nested

MRR can maintain high-@) and large notch depth at any coupling condition.

3.5 Summary and Conclusions

To conclude this chapter,

In the first part of our work, we have devised a panoptic theoretical model for
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off-axis MRR using the well-established TMM. Different designs and all possible
combinations of inner rings in multiple off-axis MRRs have been analyzed ana-
lytically. Phase matching conditions for off-axis MRR have been developed. The
results from more rigorous FDTD method are in good agreement with analytical
method. The off-axis MRR shows a distinctive feature of extra resonant dips with
very high Q-factor and high sensitivity towards a small change in effective RI and
radius of the inner off-axis ring. Moreover, the design of compact band-rejection
filter which is capable to reject arbitrarily chosen WDM channelshas been demon-
strated using serially coupled off-axis MRRs. The presence of extra notches in
the spectrum of off-axis MRR helps to reduce the device size considerably which
would offer an extra space to integrate more components on the same photonic
chip.

In section (3.2, we establish that off-axis MRR EOM can obviate the thermal
effects for wide range of temperatures very effectively through an extra ring within
the same MRR structure which not only creates highly sensitive and sharp res-
onant notches (with high Q-factor) but also offers another degree of freedom of
designing. This renders us an opportunity to build up an EOM untarnished by
thermal effects within the same compact dimension of a single MRR. The eye di-
agrams of the proposed off-axis MRR show the potential to overcome the thermal
detuning for DWDM applications.

In the final section of this chapter, we demonstrate (both numerically and
experimentally) that unlike single MRR (all-pass configuration), the nested NN-
MRR creates extra resonant notches which maintains extremely large Q-factor
(> 10°) and high notch depth (> 10dB) irrespective of its coupling conditions
with the input bus. Such high-() compact resonators would be fabrication tolerant,
flexible to design, cost-effective, commercially viable and highly suitable in sensing,
nonlinear applications, cavity-QED and other quantum applications for a broad

range of ambient temperature.
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CHAPTER 4

Kerr Frequency-comb with
Nonlinear Losses

This chapter describes the nonlinear characteristics of microresonators (MRs),
where the primary goal is to model and study the Kerr frequency comb (FC) in
the presence of nonlinear losses and free-carrier effects. At first, we discuss the
fundamental concepts relevant to the nonlinear MR-based FC and its applica-
tions. Subsequently, we elucidate various theoretical modeling, numerical simula-
tions and experimental methods to generate an optical FC in a concise manner.
Different material platforms used for frequency conversions within integrated op-
tical cavities, their unique features, advantages, disadvantages, fabrication tech-
niques, etc. are also discussed in details. Finally, we deduce, relate and implement
our mathematical model in explaining several numerical and experimental results
which are previously reported. This generalized mathematical framework is able
to provide a better understanding of the comb dynamics in practical scenarios

where different material platforms containing nonlinear losses are being utilized.

[

'Publications related to this chapter are [88], [91], [92].
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Figure 4.1: Schematic of an optical frequency comb. The pump wavelength is \,. Frequency
lines are apart from each other by approximately one cavity free spectral range (FSR), i.e. Apgr.

4.1 Fundamentals and Background

Optical FC, as shown in Fig. 4.1} is a set of equidistant and coherent frequency
lines in the ultraviolet, visible, and infrared regions [1|, which can be used in
precision measurement [2,3], microwave signal synthesis [4], optical communi-
cation [5,/6], sensing, spectroscopy [3,5], molecular fingerprinting [7,[8], astron-
omy [9,10], entangled photon pair generation [11,12], or as an optical ruler [1,/5,13].
In recent years, FC is even employed in determining the size and shape of the
atoms/molecules accurately and has helped in resolving the ‘proton-size puz-
zle’ [14,/15]. Mode-locked femtosecond lasers and fiber lasers have extensively
been used for the generation of optical FC [2,/16-19] until recently the paramet-
ric frequency conversion using continuous-wave (CW) optical pump in optical
micro-cavities (Fig. |4.2| (a) microspheres, (b) micro-disks, and (c¢) microring res-
onators, (d) fabricated structures) have revolutionized the technology for comb
generation [20-23]. Eventually, the device footprint has been reduced to a few
hundred micrometers while a repetition rate as high as >10 GHz can easily be
achieved [22,23]. There are several advantages of such on-chip microcavity-based

parametric FC which are:
(i) Compact in size (typical diameter<100 pm),
(ii) High-Q (typically 10*-10%),
(iii) Very small effective modal area (Aqg) and modal volume (V.4) that ensure

higher effective nonlinear coefficient () compared to the fiber-ring cavities,
(iv) Mode-spacing can be controlled by the perimeter length,

(v) Low/flat and controllable dispersion; octave-spanning FC can be obtained,
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Figure 4.2: Schematic of various optical microcavities which can be used as a platform for
FC generation: (a) Whispering gallery mode (WGM) microsphere, (b) WGM microdisk, (c)
microring resonators (MRRs), (d) fabricated MR platforms made of various materials for comb
generations. (Photo credits: collected from pioneering group websites or personal archive).

(vi) Threshold power (Py,) is less,
(vii) Advanced fabrication techniques (e.g., CMOS technologies) are available,
low-cost integrated chip-scale packaging, easy for mass production,
(viii) Higher repetition rate (typically>10GHz),
(ix) Saturable absorber which is an indispensable component of the mode-locked
laser based FC in not required in this case,
In spite of these advantages, there exist a few drawbacks of using integrated plat-
forms which are:
(i) Although easy to fabricate, most of the coupling mechanisms including fiber
or grating based coupling methods are not robust and sophisticated, thereby

unstable and lossy,

(ii) Bending radius is small in comparison to the fiber-ring cavities, thus the

bending loss is very high.
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(iii) Conversion efficiencies are often low.

4.2 Theory and generation of Frequency Comb

There are numerous routes to generate FC as summarized in Fig. [£.3] In the
materials platform where x(® nonlinearity is dominant, comb formation occurs
through second harmonic generation (SHG), and sum frequency generation (SFG).
In third-order (Kerr) nonlinear materials, FC is generated through third harmonic
generation (THG), modulation instability (MI), degenerate four-wave mixing (D-
FWM), and non-degenerate four-wave mixing (ND-FWM). For both the second
and third order nonlinear processes, pump-photon energy is absorbed by the elec-
tronic clouds. Secondary radiations from the oscillating electron clouds manifest
themselves as frequency comb. Apart from that, FC can also be originated from
inelastic Raman scattering and Brillouin scattering where some part of the inci-
dent optical energies are dissipated as the optical and acoustic phonons through
the molecular and lattice vibrations, respectively. In this chapter, we mainly focus
on third-order/Kerr nonlinearity based FC that exploits the hyper (third-order)-

parametric frequency conversion in high- @) microcavities [5,24,25].

4.2.1 Formation of Kerr Comb: Basic Principle

To obtain a near- or mid-infrared (IR) frequency comb, a narrow linewidth (typ-
ically 5-10kHz) continuous wave (CW) tunable laser source (TLS) is generally
employed. The signal of the CW-laser source (CW;) is amplified by an erbium
doped fiber amplifier (EDFA) as shown in Fig. to accomplish an input power
level more than the Kerr comb threshold [23]. The polarization of the input signal
is maintained by the fiber polarization controller (FPC). The light is coupled to a
device under test (DUT), e.g. a MR through one of the various coupling methods
such as free-space coupling [5], prism coupling [5], butt-coupling [22,26], grating
coupling [27], and most recently using photonic wire-bonds [28], etc. depending
upon the DUT. Silicon nitride (SizN4) MRR is a popular choice as a platform for
nonlinear frequency conversion due to its low propagation loss and relatively high

Kerr nonlinearity [22]. Butt-coupling is being preferred to couple the light from
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Figure 4.3: Summary of different nonlinear processes to generate optical FC with their energy-
level diagrams and initial spectrums. |g), |v), and |e) represent the ground state, virtual state,
and the excited states, respectively.

fiber to the SizNy chip as shown in Fig. 4.4} For efficient butt-coupling often lensed
fiber and tapered waveguides are used ,. However, the grating coupling is
the most efficient (> 70 % light coupled with an overall insertion loss < 6-7dB)
and well-established method to couple light from an input fiber into a silicon-on-
insulator (SOI) chip and recently has also been implemented for silicon-nitride
waveguides . If an MR operates in the under-coupled regime, then the comb
threshold is minimum, albeit the maximum nonlinear conversion efficiency can be
achieved when the resonator is over-coupled with the input waveguide . For
butt-coupling, the light from the through port of the DUT is collected by an ob-
jective and again coupled to the fiber. The fiber can be connected to an optical
coupler. A small amount of light is sufficient to examine the spectral character-
istics of the generated FC, whereas, the rest of the output power can be used for

other applications.

Theoretical analysis suggests that the comb dynamics depends upon the effec-
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Figure 4.4: (a) Schematic/block diagram of the experimental set-up to generate an optical
frequency comb. (b) A realistic picture of the set-up.

tive frequency detuning between the external pump and microcavity mode along
with the input pump power [22]. However, it is important to note that the cold
cavity resonance positions are no longer the same as of the new effective resonance
positions under the influence of external pump induced Kerr and thermo-optic ef-
fects. In general, the locations of the cavity resonances fluctuate dynamically with
time and experience an overall shift towards the longer wavelength. Therefore, in
practice, it is extremely difficult to determine the effective pump detuning from the
nearest cavity-mode. Several well-known techniques are available to stabilize the
laser frequency by locking it to a cavity resonance such as Pound-Drever-Hall ,
thermal self-locking [21}31], external thermal detuning [32], and self-injection lock-
ing , etc. Finally, one has to stabilize the carrier-envelope offset frequency, to
generate a self-referenced fully sustained steady FC or equivalently a dissipative
CS in time-domain [21}[34,[35]. For silicon MRRs multi-photon absorptions, free-

carrier absorption (FCA) and free-carrier dispersion (FCD) play a crucial role in
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determining the existence and dynamics of FC, which is discussed elaborately later
in this chapter. It is noteworthy that mode-locking of the FC in silicon MRRs can
also be achieved via controlling the free-carrier lifetime and free-carrier dispersion
effect [35].

4.2.2 Analytical Modeling

Dynamics of the FC can be understood analytically by two distinct, however,
equivalent approaches, viz. (i) the damped-driven nonlinear Schrédinger equation,
which is also known as the mean-field Lugiato Lefever Equation (LLE) [36}37],
and (ii) coupled mode equation (CME) or modal expansion methods [38,39]. Each
of these analytical models has its advantages [40]. The salient features of the LLE

based approach are:

e LLE is a time-domain approach,

e Resembles the nonlinear Schrodinger equation, thus, familiar; easier to per-
ceive and solve numerically through fast and well-known simulation methods
(e.g. split-step Fourier method (SSFM)),

e Helps to connect the experimental findings to the numerical results as one

can obtain temporal solitons through the simulation of LLE, directly,

e Easier to include the nonlinear losses such as two-photon absorptions (2PA),
three-photon absorption (3PA), four-photon absorption (4PA), FCA, and
FCD effects in comparison with the CME approach,

e Easier to add self-steepening effect,
e Easier to incorporate Raman-effect,

Whereas, the important features and the advantages of the CME over the LLE

are:

CME is a frequency domain approach,

Evolution of each frequency components with the cavity round-trips can be

observed, directly,

Frequency-dependent absorptions can be considered easily,

Frequency-dependent coupling coefficient can be considered easily,
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e If the local dispersion for particular comb lines are severely perturbed and
can no longer be interpolated by the Taylor series expansions [40], such

rebarbative effects can be studied through CME with relative ease,

e CME approach is more convenient to handle for the modeling of coupled-

cavity systems [41] compared to the LLE.

Previously, it was anticipated that CME is inefficient in order to simulate FCs
with a large number of comb-lines (e.g. for octave spanned FCs), nonetheless,
soon it was discovered by Hansson et al. [42] that thousands of CMEs can be effi-
ciently integrated numerically by fast Fourier transform. It is now well-understood
that CME description is nothing but the discrete Fourier transform of the LLE
approach! Our main work focuses on the influence of nonlinear losses and free-
carrier effects on the FC dynamics; therefore, we limit our analytical description

only by adopting the LLE based approach.

4.2.2.1 Proof of the Lugiato-Lefever Equation

Let us assume an MR is driven by a CW-pump of wavelength A, and an electric-
field amplitude FEi,, as shown in Fig. (a). In MR, to obtain a temporal
cavity soliton (CS), the group velocity dispersion (GVD) has to be balanced by
the Kerr nonlinearity and the overall propagation loss should be compensated by
the external pump power. This balance occurs only for a suitable range of the
pump power and the cavity detuning which are capable of sustaining [22,37] the
CS. In the frequency/Fourier (§) domain, the dissipative temporal CS manifests
itself as frequency-comb. Note that, FC can also be attained without creating
a CS in the temporal domain, however for simplicity, we restrict ourselves only
to the FCs arise from the CSs or sech pulse shapes in time [43]. Suppose the
intra-cavity field amplitude at the beginning and at the end of m-th round-trips
are E™(z = 0,T), and E™(z = L = 27R, T), respectively where the cavity
circumference is L. z, T, and # measure the propagation distance, propagation
time, and the power-coupling strength of the MR, respectively. Therefore, the
intra-cavity field-amplitude at the beginning of the (m + 1)-th round-trip is,

E™ (0,T) = 1 —0E™ (L, T) e + VOE, (4.1)
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Figure 4.5: (a) Schematic of an MRR with CW input. At the throughport, FC is generated.

(b) Underlying physics to generate a temporal CS which is the Fourier-equivalent of the FC. (c)
Kerr-tilt and corresponding bistable behavior of the nonlinear cavity under external pump.

where the linear phase accumulation in a single round-trip is denoted by ¢g. This
equation dictates the boundary condition of the MR. The Kerr nonlinearity is

taken into consideration by nonlinear Schrodinger equation,

OE (2, T) | o ~=Br/(.0 b 2
BT _ Tﬁga(za—ﬁ FHEETP| BT (12)

Equation 4.1 combined with Eq. [£.2] represent the infinite dimensional Tkeda map
which is adequate to describe the complete dynamical behavior of the Kerr MR

under the slowly varying envelope approximation [44]. Eq. is homologous to,

E(z+A2T)~E(z,T) o ~ 0B [ 0\"
A = §E(Z,T)+Z§E i ) B(zT)

+iy|E (2, T)|?E (z,T) (4.3)
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where «; is the round-trip power loss coefficient, fy is the k-th order dispersion
coefficient associated with the Taylor series expansion of the propagation constant
B. v (= nowy/cAes) is the nonlinear coefficient where ny is the nonlinear refrac-
tive index and A.g represents the effective modal area. If the evolution of the
intracavity field is sufficiently slow on the round-trip time scale, one can infer
that,

EM™ (L, T)— E™ (0,T) _0E™ (0,T)
L - 0z

Qg Br (. g . m 2
~ [—E—H;H(z@—T) —f—w‘E( )(O,T)|

The Eq. [£.4] can be rewritten as,

ZﬁkL ( )kﬂvL!E(m) .1

E™ (0,T) (4.4)

E™ (L, T) ~ E™ (0,T)

(4.5)

Equation [£.5]is obtained by integrating Eq. [£.4] from 0 to L considering an average
value of the E™ (2, T) = E™(0,T) throughout the integration and henceforth
is known as Mean-field equation. We define the cavity detuning Jy equals to
(2lm — ¢p) where [ corresponds to the nearest cold cavity resonance to the ¢y.
Thus, the intra-cavity E-field at the beginning of the (m + 1)-th round-trip is
given by,

E™) (0,T) =1 — 0E™ (L, T) e + VOE,,

0
~ (1 —5- 2'50) EM™ (L, T) + V0E, (4.6)
We assume the loss factor (§ — 0) and the cavity detuning (dg) is very small.
In deriving LLE one also requires to assume that the )-factor and the finesse
F ~ 10%-10° [36//37] of the cavity is sufficiently high and the dispersion is low over

the single round-trip, i.e., > B LAw*/k! < m where Aw is the spectral width of
f>2

the generated comb. Therefore, putting the value of £ (L, T) (from Eq. in
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terms of £ (0,T) to Eq. , we can further obtain,
(m+1) (m) BrL :
E™D (0, T) — EM™ (0,T) = —04—1504—@2
+iyL| B™ (0, T)|2> E™(0,T)+ VOE,  (4.7)

We obtain Eq. from Eq. by linearizing and neglecting the nonlinear mul-
tiplicative terms of «;, dp, and [y, etc. as they are very very small, assuming,
a = (4L +0) /2. Now, one can define a continuous time variable viz. slow time
(t) which relates the discrete cavity round-trip number m with the cavity round-

trip time tr as t = mitg such as,

S
K}

=
I

=

3
[

E (t = mtg, T) (4.8)

It is crucial to note that this slow-time (¢) frame fundamentally differs from the
fast-time (7"). Slow-time provides the information about how many times the pulse
has been revolved (or crossed the point ‘A’ in Fig. (a)) around the resonator
whereas, the fast-time frame that moves with the pulse describes the temporal
evolution of the pulse. One can also relate the slow-time corresponds to an integer
value of m with the distance (z) traversed by the pulse as, z (t = mitr) = mL.
Hence, the expression of the E-field in the left-hand side of the Eq. can be

represented in terms of the slow-time (t) as

k
tRaEg;,T> — <_a—250_’_zz Br L (l—) +i7L|E(t,T)|2> E(t,T)+\/5Ein

k>2

(4.9)

The Eq. also known as Lugiato-Lefever equation is numerically less intensive,
can be solved easily through SSFM and is sufficiently accurate in predicting the

pulse behavior influenced by Kerr nonlinearity in an optical microresonator.
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Figure 4.6: (a) Generation of Turing rolls from vacuum fluctuation. The SSFM-simulation pa-
rameters are: A = 1.5, X = 2.5, (b) generation of temporal CS with the simulation parameters:
A =238, X = 3. All the parameters plotted (e.g. fast-time (7), slow-time (£), and intra-cavity
power (Y')) are normalized at anomalous dispersion regime.

4.2.2.2 Normalization and Universal Scaling Law

It is more convenient to handle the normalized form of the LLE compared to the

form given by Eq. ,

ou(é, ) , s0%u dy, 0%
Toe T Uit i

+i|ul*u + S (4.10)
where u(&,7), &, 7, A, s, di, and S denote the normalized field amplitude, nor-
malized slow-time, normalized fast-time, normalized cavity detuning, normalized
second-order dispersion coefficient (e.g. s = —1 for anomalous and s = 1 for
normal dispersion), higher-order dispersion coefficient, and the normalized in-
put pump amplitude, respectively. The normalized factors are as follows: u =

E\/ (’YL)a T :T/T07 Ty = \/ %7£:t/LD7 Lp :tR/a7 A :(50/057 S = OO’Z_SLEirr

67

The steady-state homogeneous solution of Eq. is given by,
X=[(1+A%Y —2AY? +Y?] (4.11)

where X = |S|* and Y = |u|® are the normalized input power and the normalized
intra-cavity power, respectively. If the normalized detuning A > /3, then bista-
bility (BS) response or S-shaped hysteresis curve can be obtained as shown in Fig.

4.5 (c) where the dotted middle portion is unconditionally and homogeneously un-
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stable with respective to the periodic perturbations. The cavity resonance is also
tilted (peak at A = X =Y) as a consequence of Kerr nonlinearity, whereas, peak
occurs at A = 0 (known as cold cavity response) in case of linear cavity. Kerr-tilt
is shown in Fig. (c-i) and for the plotting purpose we choose X = 0.01 ~ 0 to
display the cold-resonance. Therefore, for a passive cavity, a weak periodic pertur-
bation leads to the MI which in turn is ultimately stabilized by the dissipation of
the cavity to spawn a periodic pattern called the Turing rolls, both in anomalous
and normal dispersion regime. To obtain MI-gain, both the intra-cavity power
and pump power required to be > 1. In anomalous dispersion (s = —1), if A > 2,
minimum Y that initiates the MI has to be greater than A/2 implying the entire
upper branch of the homogeneous response will be unstable [37].

We validate our model through SSFM [36,37]; Fig. (a) illustrates the
formation of turing pattern at A = 1.5, and X = 2.5, while the Fig. (b)
delineates the evolution of a CS at A = 2.8, and X = 3, both in anomalous
dispersion regime. Note that, in anomalous regime, MI occurs sub- and super-
critically at A > 41/30 and A < 41/30, respectively (higher-order dispersions are
neglected). Stable CS co-exists with the CW-background (CWB) as shown in Fig.
(b) and becomes stable approximately from 72X/8. The in-depth analysis of

the spatio-temporal dynamics of such nonlinear cavity-system is given in [45,46].

4.3 Effects of Nonlinear Losses on Kerr Comb

As it is discussed earlier in this chapter, CW pumped optical MRs have been
vastly exploited to generate FC utilizing the Kerr nonlinearity. Most of the non-
linear materials used to build photonic platforms exhibit nonlinear losses such as
multi-photon absorption, FCA, and FCD which can strongly affect their nonlin-
ear performances. In this section, we model the Kerr FC based on modified LLE
along with the rate equation and develop analytical formulations to make a quick
estimation of the steady-state, BS, self-pulsation (SP), MI gain and bandwidth in
presence of nonlinear losses. The analytical model is valid over a broad wavelength
range as it includes the effects of all nonlinear losses. Higher order (>3) charac-
teristic polynomial of intra-cavity power describing the steady-state homogeneous

solution of the modified LLE are discussed in detail. We derive the generalized
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analytical expressions for the threshold (normalized) pump detuning that initi-
ates the optical BS when nonlinear losses are present. Free-carrier dispersion-led
nonlinear cavity detuning is observed through the reverse Kerr-tilt of the resonant
peaks. We further deduce the expressions of the threshold pump intensity and the
range of possible cavity detuning for the initiation of the MI considering the pres-
ence of nonlinear losses. The proposed model will be helpful in explaining several
numerical and experimental results which are previously reported and thereby will

be able to provide a better understanding of the comb dynamics.

4.3.1 Motivation: Different Material Platforms

Varieties of materials have been used along with different novel fabrication tech-
niques to design ultra-high quality factor MRs [5,/47,48] for low threshold, stable
FC generation; however, the search for the most suitable material is still on.
FC generation in crystalline fluorides [49-53], hydex glass [54], diamond [55],
quartz [56], aluminum nitride (AIN) [57,/58|, lithium niobate (LiNbO3) [59], alu-
minium gallium arsenide (AlGaAs) [60], silica (SiO2) [5,122], and silicon nitride
(SiN/SigNy) [61] have already been demonstrated. Table contains some of
the relevant optical properties of the vastly used potential fluoride glasses which
have a broad transparency window. Beryllium fluoride (BeF;) and radium flu-
oride (RaFy) are discarded as BeFs is soluble in water and harder to shape or
produce MR through the conventional process flow [62] whereas, RaF; is radio-
active. Most of the fluorides have cubic crystalline (Pearson symbol cF12 and
space group Fm3m, #225) structure except magnesium fluoride (MgF,), that has
rutile/tetragonal crystal structure (tP6, space group P4y /mnm, #136) and shows
birefringence which makes the material platform interesting for myriad of nonlin-
ear applications. The resonators made of CFs have typically more than a billion
Q-factor, and a threshold power (FP;p,) as low as 0.30mW. Additionally, they do
not exhibit nonlinear losses in telecom wavelength due to their high band-gap
energies (Ey) as adduced from Table[A.1] Nevertheless, they are not CMOS com-
patible [63].

Silicon-based platforms are often preferred due to several advantages such as

tight optical confinement, high Kerr-coefficient, transparency over a broad wave-
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length range (telecom to mid-IR), low-cost and most importantly its compatibility
with the existing microelectronics industry [64]. High refractive index (RI) con-
trast between silicon and other cladding materials (air, silica) results in strong op-
tical confinement in silicon waveguides which allows sharp waveguide bends that
help to reduce the device footprint [65]. Tight confinement also enhances the effec-
tive nonlinearity, which facilitates the realization of different nonlinear phenomena
with a very low input power [66,/67]. It has been shown that efficient dispersion
engineering in slot waveguide has the potential to achieve broadband frequency
combs [68]. Silicon, on the other hand, exhibits strong 2PA when operating below
2.2 pm wavelength [69,70], which has been exploited to realize all-optical logic op-
erations [71] as well as all-optical signal processing [72]. Note that, nonlinear RI,
2PA, free-carrier absorption, etc. depend upon the material structure, bandgap
energy and wavelength of operations. The allotropes of silicon viz. crystalline
silicon (c-Si) (face-centered diamond-cubic, Fd-3m, #227), and amorphous silicon
(a-Si) having bandgap energies of 1.1eV and ~1.6-1.7eV, respectively, are being
used in various optical applications [73] (Table [A.2). Although optical waveg-
uides made of ¢-Si has a very low linear propagation loss (0.2-1dB/cm) and high
x® nonlinearity, high 2PA reduces the figure of merit (FOM) of ¢-Si in nonlin-
ear applications [67] thereby restricting the use of ¢-Si in most of the nonlinear
and quantum photonic applications in the telecom and near-IR (NIR) wavelength
ranges [74]. a-Si is easier to deposit and therefore, has been used to fabricate slot-
waveguides [75]. The waveguides made of a-Si have relatively higher propagation
loss (~6-7dB/cm) due to high material absorption [75]. If hydrogenated (a-Si:H),
the effective bandgap/mobility gap of a-Si can increase up to 1.9eV [73]. Interest-
ingly, though the effective bandgap energy of a-Si or a-Si:H is much higher than
the c-Si, still a-Si and a-Si:H exhibit comparatively larger 2PA in the C-band due
to the amorphous nature of the material (i.e., the presence of exponential band
tails). However, overall FOM for a-Si:H can be improved by 5-15 times as the
nonlinear RI of a-Si:H is an order higher than that of ¢-Si [73].

Apart from silicon, GaAs, AlGaAs, Ge, etc. have 2PA in C-band owing to
their bandgap energies. Al,Ga;_,As has similar lattice structure (zincblende) as

that of GaAs with slightly larger bandgap depending upon ‘x’, and therefore,
exhibits 2PA in relatively shorter wavelength (Table [A.3). Nevertheless, AlGaAs
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is identified as one of the potential nonlinear materials for FC generation due to
its very high nonlinear refractive index [60] and popularly known as the ‘silicon
of nonlinear optics’! SiC, chalcogenide glasses such as AsyS3, AsoSes possess 3PA,
whereas, GaN has 4PA in telecommunication wavelength. Silicon also exhibits
3PA and 4PA losses in mid-IR and far-IR wavelength ranges [76]. Due to its low
nonlinear losses, silicon-nitride (SiN) or trisilicon tetranitride (Si3N,) is often a
preferred choice over silicon for nonlinear applications 77| at an expense of Kerr
coefficient (an order lesser than the silicon). Recently, octave-spanning FC has
been demonstrated both in SizNy |78] and Si-MRRs [79,80]. Note that, comb
generation is possible through both the 2nd and 3rd order nonlinear interactions
in Pockels/non-centrosymmetric medium, e.g. AlGaAs, AIN, GaP, as well as in
Kerr/centrosymmetric materials such as SigNy, Si, etc. either at crystal-surface
or in the presence of external stress [81,[82]. Different optical properties of widely
used essential nonlinear materials are listed in Table Other than these, FC
is also demonstrated in a few exotic platforms, for instance, organically modified
silica micro-cavities by Shen et al. in 2017 [83] with a very low threshold power,
microring resonator partially molded by graphene layer with wide tunability [84],
etc. Thus, a more realistic theoretical study on comb dynamics applicable for a
broad wavelength range of operation becomes indispensable where all the nonlinear
losses and higher-order dispersion terms are being considered. Nonlinear losses
include multi-photon absorptions (2PA, 3PA; 4PA), FCA, and FCD. As discussed
earlier, generalized mean-field LLE is used to model the Kerr FC in a high-@), high-
finesse optical micro-cavity where the dispersion, nonlinear phase accumulation
over a round-trip and pump detuning is low [36]. It is known that temporal CS
generates Cherenkov radiation (dispersive-wave) in the presence of higher-order
dispersions, which leads to octave-spanning FC [36]. Recently, numerical studies
have shown that FCA-induced FCD causes nonlinear cavity detuning which in
turn helps to generate optical FC even in the absence of linear detuning of the
CW pump [85]. 2PA in telecom/NIR and 3PA with FCA, FCD in short and
mid-IR wavelength range generally inhibit the parametric oscillation in silicon-
waveguide |76]. External reverse-biased p-i-n junction, which is fabricated along
the cross-section of the Si-waveguide, has been employed to combat the free-carrier

induced nonlinear losses |79]. The external bias minimizes the FCA-FCD effects by
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sweeping the generated free-carriers. This method facilitates broadband (2.1 pm—
3.5um [79] and 2.4 um—4.3 pm [35]) FC over the mid-IR wavelengths. Breather
solitons have been demonstrated both in Si3sN4 and Si-waveguides and the effect
of 3PA along with the corresponding FCA-FCD is taken into consideration in the
theoretical models [35,86]. Self-pulsating phenomenon in the presence of 2PA is
also discussed [87]. However, a detailed theoretical study that includes the effects
of all nonlinear losses and free-carriers on the generation of Kerr-comb is still

scarce.

In this chapter, we obtain the steady-state homogeneous solutions of free-
carrier driven generalized mean-field LLE and report the reverse Kerr-tilt as a
consequence of FCA-FCD induced nonlinear cavity detuning [88]. The character-
istic polynomials for the steady-state homogeneous solutions of the LLE possessing
all the nonlinear losses are derived having an order greater than three instead of the
well-known cubic polynomial [37]. In subsequent sections, we discuss the threshold
detuning to initiate the BS in the presence of multi-photon absorption and free-
carrier effects, which is a necessary condition to obtain FC. Finally, we generalize
the existing formulations [37,[89,90] to study the MI in the presence of higher-
order dispersion terms, 2PA, 3PA, 4PA, FCA, and FCD. Most of the parameters
used in simulations are taken from [76]. To validate the analytical model, we solve
the modified LLE along with the coupled rate equations numerically through the
SSEM. Our theoretical study can explain several experimental results [35}76, 78],
and thereby provides an in-depth understanding of the FC dynamics in the most

practical scenarios.

4.3.2 Theoretical Model

Micro-resonator based Kerr FC can be modeled by mean-field LLE. Solving the
LLE is computationally less intensive than other methods [36,39], while the nu-
merical results obtained from LLE match with the experiments reasonably well

even for octave-spanning FC.
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Figure 4.7: Effect of 2PA on optical BS. (a) Normalized detuning A vs. normalized 2PA
coefficient @2, (b) Saddle node positions, X1+ and Xopa+ with Q2 when A is fixed at 2.216.
Intra-cavity power Y with the change in input pump power, X for (c) A =+/3, (d) A = 2.216,
(e) A = 3.496, and (f) A = 10, with a set of five different values of Q2, in each case (Q2 =
0,0.2,0.5,1.0 and 1.5). Bistable behavior initiates at A = /3, 2.216, and 3.496 when the Qs is
0, 0.2 and 0.5, respectively. For Q» > 2/+/3, bistability does not occur even if A is as high as
10.0 (a) and @ (f)) with positive and realistic values of X and Y.
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Figure 4.8: The possible range of 2PA coefficient for which BS can occur. Intra-cavity power
Y with respect to normalized detuning A at (a) Q2 = 0.2, (¢) Q2 = 4. Input pump power
X vs. Aat (b) Qy = 0.2, (d) Q2 = 4.0. Bistability occurs at a positive value of Y and X
if Q2 = 0.2(< 2/v/3), whereas, BS can be obtained for a very small value of A, with negative
values of X and Y when A = 4(> 2v/3).

4.3.2.1 Normalization of LLE

The generalized mean-field Lugiato-Lefever equation including multi-photon ab-
sorption, FCA and FCD to model the Kerr-comb along with the rate equation can
be written as ,

, OE(LT)
R0t

—(a+i5)+iLZ& 9 k+ 1+ii
0 K\ 0T wo OT

_ BoralL _ BspalL
2 Aer 3A%,

(WLlE(t,T)I2 Bt 1) B (D)
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—%Z‘;L\E@,TMG) - TR N T) [BQT) + VOB, (112)
eff

ON (t,T) _ Para E(t,T)"  Bspa |E(ET)°  Bapa |E (¢, T)[° N T)
oT 2hwy A’ 3hwy  Aeg® dhwy  Aeg Teft
(4.13)

Where ¢, T and tg (= FSR™!) represent the fast-time, slow-time, and the round-
trip time, respectively. E(t,T) is the field amplitude, whereas «, o, L, Bk, wo, Ei
denote the dimensionless total round-trip loss coefficient, external pump detuning,
cavity perimeter length, k-th order dispersion coefficient, the angular frequency
of the CW-pump and input pump amplitude, respectively. Bypa(n = 2,3,4),
0, fe, Ney Aery ter, and (= h/27) are the multi-photon absorption coefficient,
FCA, FCD, free-carrier density, effective mode area, carrier lifetime and reduced
Plancks constant, respectively. At first, we neglect the self-steepening term and
normalize [36] the LLE and the rate-equation including multi-photon absorption

(nPA), FCA and FCD terms in convenient compact series forms, as given by Egs.
and [4.15] respectively where n runs from 2 to 4.

ou . 1 ) s 0%u dy. O*u
k>3
~Q
Jufu— Y 2y 4.14
+ilul*u ;nw u+S (4.14)
a¢c : 2n ¢c

= 0. - = 4.1
57 = 2l = (4.15)

w(&,7), & 1, A, K, ¢, 8, dy, Qn (n =2, 3, 4), S, 0., (n=2, 3, 4) and 7. are
the normalized- intra-cavity field amplitude, slow-time, fast-time, pump detuning,
FCD coefficient, free-carrier density, second and higher-order dispersion terms,
multi-photon absorption coefficients, pump amplitude, FCA coefficients and nor-
malized carrier lifetime, respectively where possible values of the normalization
factors are given in Table [91,92]. One can easily calculate the values of nor-

malized parameters that correspond to the experimentally obtained parameters
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4.3 Effects of Nonlinear Losses on Kerr Comb

from table-2 of Ref. [91]. As the carrier life-time (7o) is usually greater than
round-trip time (¢g), one should consider the carrier accumulation over successive
round-trips through the boundary condition, N.(t, —tg/2) = N.(t + At, +tr/2).
Similarly, ¢. is also greater than normalized cavity round-trip time ti (= tr/Lp)
and ¢.(&, —tR/2) = ¢c(§ + AL, +tR/2). At the steady-state, ¢.(§, —tR/2) =
Oe(& + AL, +15/2) = ¢o where ¢ is the steady-state free-carrier concentration.
Equations and can further be simplified by assuming the dominant multi-
photon absorption terms only in the operating pump wavelength range. This
assumption holds satisfactorily true when the nonlinear losses either inhibit the
formation of FC or significantly reduce the span of the frequency comb. Neverthe-
less, Eqs. and are more suitable if the FC is octave spanned. Therefore,
Eqgs. and that include only the dominant nPA, FCA and FCD, and rate

equations can be rewritten as,

ou 1 s 0%u
— =—(1+iANu—=(1+:K — =
ge = iR um g (Ir i) o =iz 5
d O*u s Qu ooy
HW‘FHM u—7]u| u+ S (416)
£>3
9% _ g jupn— % (4.17)
or Te

where n=2 in case of 2PA is dominant, n=3 while 3PA is significant and n=4
while 4PA is the dominant nonlinear loss mechanism. As an example, depending
upon the band-gap energy of silicon (i.e. E; ~1.1eV), only 2PA, 3PA or 4PA
is significant at the operating wavelength A < 2.2um (telecommunication and
near IR wavelength), A > 2.2 um to A < 3.3 um (short wavelength IR) and \ >
3.3 pum (mid-IR), respectively, for silicon waveguides. Note that the operating
wavelength range depends upon the doping concentration of the intrinsic material
of the optical waveguide [79]. Free-carriers are generated through multi-photon
absorption that induces additional FCA losses to the system. FCA is associated
with the FCD as free-carriers are also able to modify the RI of the medium [76,79].
Particularly, if the intensity of the input incident pulse is very high, the effects of
FCA and FCD will be crucial. However, in suitable conditions such as low pulse

energy or in the presence of external bias that is able to sweep the free-carriers,
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the effects of FCA-FCD can be neglected [76]. The carrier-evolution given in Eq.
with respect to the slow-time can be rewritten in the following form after

including the boundary condition:

1 [
9. _ O, —/ lul*"dr | — %o O, [u*" — 9 (4.18)
o€ i

tR Tec Tec

The approximation given in Eq. works reasonably well at steady-state or at
the onset of both the SP and the MI. Realistic values of different parameters are
taken from [76] and normalized [91]. In our simulations, the waveguide area and

the effective area (Aeg) are equivalents [76.93].

4.3.2.2 Steady-state Solutions

We find the stationary (0u/0¢ = 0), CW (0u/dT = 0) solutions of Eq. 4.16/ In
steady-state [94], the wave amplitude, u follows the relationship with the pump
amplitude, S given by Eq.
S
u = " " (4.19)
(14+4A) + L1 +iK) S Colu™ —ifu® + 3 Lofu™Y
n=2 n=2

If the intra-cavity power and input pump power are denoted by Y (= |u|?) and
X (= |S]?), respectively, the homogeneous, steady-state (HSS) solution of LLE
can be expressed by the characteristics polynomial of Y having a degree of (2n+1)
and can be written as Eq. where n varies from 2 to 4 if 2PA, 3PA, and 4PA
all are present. Thus the characteristic polynomial satisfies a nonic polynomial of
Y.

4
X:(1+A2)Y—2AY2+Y3+22%Y”

1—|—AK ZC Yn-H KZC Yn+2 Z Y2n 1

—_

~ (14 K?) Z C2yn+l 4 Z Z Co Q‘*Y”q (4.20)

n=2 q=2

..;;
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In case, only one out of 2PA, 3PA and 4PA is dominant along with the FCA and
FCD, Eq. can be simplified as:

X=(1+A%)Y -2AY*+Y? + anch (14 AK) Y™

e g @n Couyan , G

— KC, Y™ 4 2Lyl 4 (14 K?) y>+ (4.21)

Equation can be reduced further into Eq. in the presence of only multi-
photon absorption whereas, FCA and FCD are negligible.

2 n
X = (1+A2)Y—2AY2+Y3+EQHY” Q

e (4.22)
Equation is the HSS solution of LLE while multi-photon absorption, along

with FCA is considered while the effect of FCD can be neglected.

2
X=(01+A%)Y -2AY?+Y° + —QuY" + oy

Q“ =2yl Ca QHYQ" ¢ 2Y2"+1 (4.23)
n 4

It is clearly visible that the Eq. becomes quintic, septic and a nonic polyno-
mial of Y in the presence of either 2PA, 3PA or 4PA along with the corresponding
FCA-FCD, respectively. Note that, all these Eqs. 4.20H4.23] are reduced to the
well-known cubic polynomial of Y if all the nonlinear losses are neglected [37],
as given in Eq. [f.11} C, is defined as the product of 6., and the 7.. Thus, the
polynomial of degree (2n+1>3) accounts for the HSS solutions of LLE with all

nonlinear losses.

4.3.3 Bistability and Kerr-tilt

Different important features such as the threshold pump power and threshold
pump detuning that initiate the Turing pattern and eventually the stable FC can
be retrieved from the BS curve and the Kerr-tilt which are obtained from the
steady-state behavior of LLE [37,[89,90]. In addition, the dynamics of FC can
partially be understood through Kerr-tilt and the BS curve as the CS solutions of
LLE results from the coexistence of patterned and CW solutions [94].
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Figure 4.9: Effect of 2PA on Kerr-tilt. (a) The ratio of maximum normalized intra-cavity power
(Yinax) and the normalized pump power (X) with 2PA parameters, (b) normalized detuning (A)
with 2PA coefficient (Q2) where the maxima occur. Kerr tilts with different 2PA coefficients
when normalized input power is (¢) X =1, and (d) X = 1.5.

4.3.3.1 Threshold Condition to Initiate Optical Bistability

It is known that the minimum value of the normalized cavity detuning that can
initiate the optical BS in the absence of all the nonlinear losses is v/3 ,,.
Multi-photon absorption along with FCA-FCD changes the threshold value of the
cavity detuning. We show, in presence of 2PA, FCA-FCD, the HSS solution of
the LLE satisfies the quintic polynomial of Y. However, if the FCA and FCD are

negligible, the polynomial reduces to a cubic polynomial having 2PA coefficient
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Figure 4.10: (a) Bistability curve at A = 2.216, and (b) Kerr-tilt at X = 1, for a set of six
different values of 2PA induced FCA-FCD (Cy and Ko, respectively). (c) Dependence of Kerr
tilt on input pump power X when Cy = Ko = 5. For all the cases, the 2PA coefficient, Q5 is
taken as 0.2.

(Q2 # 0,05 =0, K =0), and is given by:

X:(1+A2)Y+(Q2—2A)Y2+{1+%%}Y3 (4.24)

In this case, as Eq. is a cubic polynomial of Y, it is possible to find out
an analytical expression of the threshold value of the normalized cavity detuning
that initiates the optical bistability. Equating the dX/dY = 0, one can obtain

the value of detuning beyond which the intra-cavity power will be multi-valued,
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which is given by Eq. [4.25}

8Q: V3
—-30Q3  4-303

As> o (Q3+4) (4.25)
Negative values of A being neglected. We calculate the threshold value of A from
Eq. and plot in Fig. 4.7 (a). It is observed that 2PA increases the threshold
of optical bistability. We also find the saddle-node positions X of the bistable

curve by plugging the A, in Eq. |4.24]

40 1\ ;
Xi—i2—7(4+Q%) <i4AqE2Q2+ 4-3@2\/6)

x |12+ Q3 + A? (44 3Q%) + Q91/4 — 3Q3V0

+2A (4@2 F/4— 3@3\/6) (4.26)
16Q2 Q3 — 12
0=A%— A 4.27
FE Tl BT (4.27)
In the absence of 2PA, Eq. reduces to the known expression:
2
X, =+ (ﬁ) (iQA +VAZ - 3) (3 LA AVAT 3) (4.28)

The intra-cavity steady-state power, Y. in the presence of 2PA can be given by,

Y, — 1(Q2_2A)i1\/4_ Q%\/@

3
- (1 - %) - (1 - %) (4.29)
Y. = % <2A + \/ATa) (4.30)

which reduces to the well-known Eq. when @) = 0. In Fig. (b), X4
and Xopay represent the values of normalized input pump power in the absence
and presence of 2PA, respectively at which the BS starts (saddle nodes). In the
absence of 2PA, both the curves (red curve) for X, (X_, blue curve) and the cyan

curve for Xopa, (Xopa_, magenta) initiate from the same point, as shown in Fig.
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Figure 4.11: Effective detuning Acg (red curve) and FCD-induced detuning Apcp (green
curve), with the variation in pump detuning when (a) Cy = Ko = 2, and (b) Cy = K3 =5 at
input pump power, X = 1 in both the cases. Input pump detuning is also plotted (blue-curve)
both in (a) and (b) to indicate the reference level in the absence of FCA-FCD. Apcp can possess
multiple values if FCA-FCD coefficients are high.

[4.7 (b). For @, = 0.2, when the detuning, A is 2.216, both the values of X, and
X_ merge into 2.7762 and indicates that if the )5 is large, BS does not occur.
As an example, we show that the 2PA increases the BS threshold as presented in
Figs. (c) (f). If there is no 2PA, the BS occurs at A = /3. However, if
the 2PA coefficient ()5 is 0.2 and 0.5, the minimum pump detuning that initiates
the BS are 2.216 and 3.496, respectively. Also, it can easily be found that, for any
of the two roots (A4 or A_) of Eq. to be positive, the condition given by
Eq. has to be satisfied:

Q, < % or Qs > 2v/3 (4.31)
Earlier, it has been predicted numerically that after a certain maximum value of
2PA coefficient, BS may cease to exist [95]. In contrast, our theoretical model
predicts that it is possible to observe BS at Q5 > 2v/3 with a very small detuning
(even less than v/3) (as shown in Figs. (a) (d)). For Figs. (a) (b),
at first, we consider the case where @ is less than 2/ v/3 and show the values of
intra-cavity and pump power for which the BS initiates. On the other hand, in
Fig. (¢) we plot the intra-cavity and pump power for which the BS occurs
when Q5 > 2v/3. To obtain BS in the latter case, the input pump power X and
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intra-cavity power Y both have to be negative, which is not possible in practice.
Therefore, we restrict our analysis for 2PA coefficient within 2/+/3(~ 1.154) and
discard the other possibilities. It should also be noted that although optical BS
is a necessary condition for the formation of the optical cavity soliton, it is not a

sufficient condition [95] to generate the cavity soliton.

B. Kerr-tilt with nonlinear losses

Resonance of a cavity is tilted as a consequence of Kerr nonlinearity. In these
circumstances, the resonance peak occurs at the normalized pump detuning A =
Y = X [94]. Therefore, the real roots of Eq. which can be obtained by
putting A = Y in Eq. yield the maximum value of Y, ie., Y.« for a

particular normalized pump power, X in the presence of 2PA (n=2).
2 2
YT L QY +Y - X =0 (4.32)
n n

The ratio of normalized intra-cavity power with respect to the normalized pump
power (i.e. Y.x/X) and the corresponding normalized detuning A at which the
maxima occur are plotted in Figs. (a) and (b), respectively for different
values of normalized TPA coefficients () (0-0.5). Figs. (c) and (d) show
the Kerr-tilt for three distinct values of Q5 (0, 0.2, and 0.5) at two different input
pump powers (X = 1 and 1.5). It is apparent that higher the input pump power,
greater is the slope of the Kerr-tilt, which means one requires larger external pump
detuning to obtain maximum intra-cavity power. Besides, if the 2PA is present,
with the increase in input pump power, intra-cavity power decreases as the non-

linear absorption is more prominent at comparatively high input power.

C. Bistability and Kerr-tilt in presence of FCA-FCD

In the previous section, we have provided a detailed quantitative analysis of the
shift in Kerr-tilt as well as the reduction in the intra-cavity output power in the
presence of 2PA. In this section, we discuss the optical BS and Kerr-tilt in the
presence of FCA-FCD. To investigate the effect of FCA-FCD, we have assumed
arbitrary values of FCA and FCD coefficients. The BS curves at a fixed pump
detuning are plotted in Fig. (a) for different values of FCA and FCD co-
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Figure 4.12: Kerr-tilt (Y/X) with the change in effective detuning (Aeg), instead of pump
detuning (A) for two different pump powers: (a), X = 1, and (b) X = 2.5. FCD induced
steady-state cavity detuning (Apcp) with the intra-cavity power (Y') when the free-carriers are
generated due to the (c) 2PA (solid blue curve), (d) 3PA (solid red curve), and 4PA (dotted
green curve).

efficients. Figures (b)44.10| (c) exhibit the Kerr-tilt as a function of pump
detuning. FCA induced loss has a similar effect on BS curve that of the multi-
photon absorption. It is also evident that FCD introduces a cavity detuning that
manifests itself through the reverse Kerr-tilt. In practice, reverse Kerr-tilt shown
in Fig. 4.10| (b) indicates that with suitable FCD-induced cavity detuning, one
can obtain maximum intra-cavity power even without any external pump detun-
ing (solid pink curve). For a fixed value of FCA-FCD coefficient, the reverse tilt
increases with the increase in the input pump power X, as depicted in Fig. |4.10

(c). It is seen that the intra-cavity power becomes multivalued with large detun-
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ing and pump power. Similar kind of reverse Kerr-tilt as shown in m (b)44.10
(d) is also reported in a recently published manuscript that discusses the possi-

bility of parametric oscillations in silicon micro-cavities in the presence of 2PA [96].

D. FCA-FCD induced cavity detuning
To explain the reverse Kerr-tilt analytically, we further modify the normalized

LLE given in Eq. as:

ou , 1 s 0%u
a—f——(1+erﬁc)u—§gbCu—2§m
di O*u Qu, 2(n—
];ak—l—Hu— u[*" Py + 8 (4.33)
k>3
Ko,

Aeg = A+ Apcp = A+ (4.34)

2

where the effective cavity detuning A.g is defined as the sum of the external
pump detuning A and the FCD-induced detuning (Apcp). It should be noted
that the Aeg changes over round-trips. Effective detuning A.g (solid red curve)
and FCD-induced detuning Apcp (solid green curve), for two sets of FCA-FCD
coefficients, Cy = Ky = 2, and Cy, = Ky = 5 at input pump power X = 1 are
plotted in Figs. u ) and [4.11] - ), respectively. In both the cases, input pump
detuning has also been plotted (solid blue-curve) to indicate the reference level
in the absence of FCA-FCD. Figs. (a) and (b) show how the overall
cavity detuning is affected by the FCD induced detuning at different FCA-FCD
coefficients. The intersection between the red and the green curves indicates the
effective cavity detuning when the external pump detuning is zero. Generation of
stable frequency comb even without external pump detuning with suitable initial

pump power has been previously demonstrated [85].

Note that, in order to excite the temporal cavity soliton in the microresonator
experimentally, one requires to modulate the phase of the microresonator driving
field which can be done through electrical or thermal detuning. Recently, the
effect of thermo-optical chaos on soliton generation is studied both numerically
and experimentally [97]. Thermal detuning can easily be included in our numer-

ical modeling following the approach adopted in [97]. However, we assume that
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the microresonator is in thermally equilibrium state and neglect such thermally
induced detuning while studying the steady-state behavior and the MI in the pres-
ence of all nonlinear losses. We also plot the normalized intra-cavity power (Y/X)
with the change in A.¢ instead of A in Figs. |4.12| (a) and (b) for two differ-
ent values of X. As expected, this time, there is no tilt in the opposite direction.
When the carrier accumulation reaches in the steady state, the effective detuning,

A.g can be written as

A(Steady—state) — A + Kcn|u0‘2n — A i KC’HYO”

4.35
eff 2 2 ( )

where uyg is the steady-state amplitude, and the Y} is the steady-state intra-cavity
power. The steady-state FCD-induced cavity detuning for 2PA, as plotted in Fig.
4.12((c), is much larger than the FCD-induced cavity detuning due to the 3PA and
4PA as shown in Fig. (d). We have considered realistic values of FCA-FCD
coefficients calculated from [76,/91] in order to obtain the steady-state maximum
FCD induced cavity detuning for 2PA, 3PA, and 4PA as shown in Figs. |4.12] (¢)

and (d).

4.3.4 Generalized Expression: Bistability & Self-Pulsation

The stability of Eq. can be analyzed by perturbing the steady-state solutions
up and ¢ with small variation in the amplitude, du(&) and the free-carriers, d¢.(&)
with respect to the slow-time, respectively. Thus if, u(§) = wuy + du(§), and
be(€) = po+00.(€), then the perturbation array, € = (du, du*, §¢.)” in the presence
of nPA and corresponding FCA-FCD is found to satisfy the following linearized
Eq.:

de

— = Jgssp™ 4.36
df BS,SP € ( )
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where JBS,SP(H) is the 3x3 Jacobian matrix of Eqs. 4.21{4.22] and is given by:

Rpssp™ +ilpsgp™  — (ZV"2Q, — i) ud —1 (1 +iK)ug
Jps.sp™) = ( 1 )
BS,SP !

- (nT_lYndQn + Z) ug’ RBS,SP(H) - iIBS,SP(n) —> (1 —iK)
nyn—luggcn nyn—luoecn _Tlc
(4.37)
where RBS,SP(H) and ]BS,SP(H) are:
(n) Cﬂ n (n—1)
Rpssp™ = — |1+ 7Y + Q.Y (4.38)
KC,
Ipssp™ = — {A +— Y- QY} (4.39)

The conditions for BS and SP (free-carrier oscillation) can be obtained from

JBS’SP(H) in the presence of FCA-FCD which can be written in a general form

as:
BS: det (JBS,SP@) >0 (4.40)
2 2
SP: {tI'(JBS’SP(n)> — tr <<JBS,SP(H)) > }tl‘ (JBS’SP(H)) — 2det (JBS,SP(H)) >0
(4.41)

where det and tr are the determinant and the trace, respectively. Equation [4.41

corresponds to the Hopf-bifurcation.

4.3.5 Linear Stability Analysis

In this section, we perform the linear stability analysis of the stationary CW so-
lutions (ug and @) of free-carrier driven LLE. The evolution of normalized carrier
density and signal amplitude due to the spatiotemporal perturbations are given
by Eqgs. and respectively in the presence of nonlinear losses including
FCA-FCD. In each case, we find the MI gain A\ with the normalized side-band

frequency 2. We also show the dependence of MI gain and bandwidth on normal-
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Figure 4.13: (a) MI-gain lobes Ay in the absence and presence of 2PA for Q > 0, (b) Ay in
the presence and absence of 3PA. Simulation parameters are: s = 1,Y = 2.5,A = 7.5,Q2 =
1, Ky = 0.05,Cy = 0.1,00 = 0.05,0.3 = 6.31 x 10~7,Q3 = 8.73 x 10~4,C3 = 0.049, K3 = 4.9.
Effect of third-order dispersion (ds = 0.1) is also considered in Fig. [4.13| (b) (red-curve). Third
order dispersion induces asymmetry in the gain lobe with respect to 2 = 0.

ized detuning A, signal power Y, and higher-order dispersion. Finally, we provide
a general expression of MI-gain for multi-photon absorptions. Throughout our
manuscript, superscript (n) stands for nPA and unlike the powers, the super and

subscripts are not italics.

e (€) = ¢ (§) + 09 (€) (4.42)

w(€m) =u (§) +uy () € +u (§) e (4.43)

The carriers cannot follow the quick oscillation of the optical field and therefore,
unlike the optical field amplitude (u) the carrier density cannot change in fast-
time 7. In the presence of nPA at the onset of the MI, the carrier density is equal
to ¢p. Substituting the ¢. and u given by Eqs. [4.42 and 4.43| into Eqs. [4.14]
and respectively, the general expressions for homogeneous solutions for the

normalized free-carrier and the intra-cavity field amplitude (¢q, g, respectively)

can be obtained as:
b0 = O, e|to|*" = Chlug|™ (4.44)
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3_; == (1 +id)u — 5 (1 +iK) Oc, Teltio] "o

+Z"U0’2U0 — —]u0\2("_1)u0 + S (445)

Whereas, the perturbations signal amplitudes (u; and u_*) are written as:

ou , 1 , .S

8_§+ =—(14+iA)uy — 3 (14 iK) ¢ouy +Z§Q2u+
d

— i€393u+ + i (2fuo|*uy + (ug)ut)

- % <n|u0|2("_1)u+ +(n—1) |u0|2("_2)(u0)2u*_>

and, (4.46)

ou* 1

;‘g = —(1—iB)ut — S (1= iK) ou’ - igmu*,
d

FiLOu i (ol + (1))
Qn n— * n— *

= = (PP o (= 1) P () )

Note that for the weak amplitudes and exponentially growing solutions, u_* = u,..

The Jacobian, JMI to find MI growth rate (gain) can be written as:

o [ Our o [ 0Oul MI ¢, *\2 MI
Joi1 (“0) Jo2

_9 (9us o (dut MI MI 2
JMI _ [8U+ ER dur \ B¢ ] _ [ Jiy J1a (UO)
Ouy o€ ou* o€

] (4.47)

The eigenvalues of the matrix JM! yields the modulation instability growth-rate,
A which is calculated by equating the det(JM! — AI) = 0 where I is a 2x2 identity
matrix. The growth of the side-band amplitude can be expressed as u, = C -
exp(A¢) where C' is an arbitrary constant. One can write J,,™" in the following
form:

Ryt + (=) Vil when, p=q

JS@I - (—a%) + (—1)(q)i (—5&?) ; when, p # q (4.48)
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The MI-gain can be obtained by solving the quadratic Eq. of A only for the

real values:

2 2
{RMI(H) - A} + {IMI(H)}

—-Y?[=0 (4.49)
{O‘MI(H)}z + {5M1(n)}

Here, the LLE is truncated up to the 3rd order dispersion. Ryg™, L™, o™, and

™ are given as,

Ch
Ry™ = — [1 + ?Yn + QnY(n_l)} (4.50)
L™ — {A n KTOnyn S0t %93 _ zy} (4.51)
m_ "Ly 2
o = | — Q.Y (4.52)
() _ _
B = —1 (4.53)

Equation can be simplified in a more convenient form given by Eq.
2 2 2 2
A2 —2RUA + RO 4T — (a&? + B > YQ} =0 (4.54)
Note that, in absence of all nonlinear losses (multi-photon absorption, FCA, FCD)
and the higher-order dispersion terms, RMI(“), [MI(“), aw™, and ﬁMI(“) becomes

-1, —(A — s0%/2 — 2Y), 0 and —1, respectively such that the A reduces to the
well-known expression for MI-gain [89.90]:

. <>¢ (3= (a-T)w

2 2

A. MI in normal dispersion regime (s = +1)

It is known that unlike straight waveguide or optical fiber, MI can occur in
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Figure 4.14: Real part of the MI gain A vs. (a) Q and A (at Y = 2.5), (b) Q and Y (at
A = 7.5) in absence of all nonlinear losses. Variation of A with (c) Q@ and A (at Y = 2.5), (d) 2
and Y (at A = 7.5) while 2PA, FCA-FCD are present. Change in A with the change in (e) €2
and A (at Y =2.5), and (f) Q and Y (at A = 7.5) when 3PA, FCA-FCD are present. A with (g)
Qand A (at Y =2.5), and (h) Q and Y (at A = 7.5) in presence of 4PA, FCA-FCD. For all the
cases, 3" order dispersion (dsz = 0.1) is taken into consideration. Other simulation parameters
are: s = 1, Oz = 0.0005, Q2 = 0.93, Cp = 29.81, K» = 7.5 (at g ~ 1.56um); O3 = 6.31 x 1077,

3=28.73x107% C3 = 0.049, K3 = 4.9 (at Ao ~ 2.4um); O, = 6.018 x 1078, Q4 = 6.16 x 1076,
Cy = 4.66 x 1073, K4 = 2.9 (at A\g ~ 4.0pum). The cyan and magenta lines overlaid on the 2D
plots indicate the corresponding values of A for A = 7.5 and Y = 2.5, respectively.
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synchronously driven optical cavities or ring lasers even if the system is pumped
in normal dispersion regime [89]. As a result, a stable stationary train of pulses

can be generated in the cavity irrespective of the sign of the dispersion.

In this section, we discuss the dependency of MI-gain A on 2 and A (at Y = 2.5)
as well as on Q and Y (at A = 7.5), respectively in the normal dispersion region.
At first, we plot MI-gain, Ay with respect to normalized frequency Q(> 0) in
Fig. 4.13| (a). It is seen that 2PA in silicon can completely inhibit the parametric
oscillations. Fig. [4.13| (b) shows the MI-gain in the presence of 3PA. Non-zero
third-order dispersion (dz = 0.1) induces the asymmetry in MI-gain lobe with
respect to Q2 = 0 and thereby enhances the MI-bandwidth [36]. The values of
nPA, FCA-FCD coefficients are taken from [76]. Figs. (a) and (b)
depict the dependency of MI gain A on Q and A(at Y = 2.5) as well as on © and
Y (at A = 7.5), respectively, in normal dispersion region while all the nonlinear

losses are ignored.

To produce rest of curves (Fig [4.14] (¢)4.14] (h)) we use the realistic values
of nPA, FCA-FCD coefficients for silicon (c-Si) waveguides from [76,91]. In the
presence of 2PA no parametric gain lobe has been observed (Fig. (c) and
(d)). The MI gain in the presence of 3PA, 4PA, and the corresponding FCA-FCD
is plotted in the Figs. (e)f4.14] (b). The cyan and magenta lines are drawn on
the 2-D plots to indicate the corresponding values of A for A = 7.5 and Y = 2.5,
respectively [89]. Projection of the 2-D plot on each axis through the shadow-plot
helps to anticipate the approximate values of the MI-gain with respect to different

parameters.

B. MI in anomalous dispersion regime (s = —1) and the Effect of FCA-
FCD on MI-growth rate

Similar curves can be plotted for the MI gain in case of anomalous dispersion
regime of operation. We observe there is no parametric gain in presence of 2PA
at telecom wavelengths. It is previously reported by Lau et al. [76] that in MIR
while the dominant loss mechanism in 3PA, the effect of 3PA induced FCA-FCD is
prominent and the parametric oscillations can only take place if the pump power
is sufficiently low [76]. In their simulations, the waveguide is pumped at the

anomalous region (s = 1). This claim can be supported analytically through the

139



Kerr Frequency-comb with Nonlinear Losses
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®

Figure 4.15: MI-gain A with respect to Q and A when Y is fixed at 2.5 in (a) absence of all
nonlinear losses, (b) presence of only 3PA and no FCA-FCD, (c) presence of 3PA, FCA-FCD.
MI-gain A with respect to € and A when Y = 10.5 in (d) absence of all nonlinear losses, (e)
presence of only 3PA and no FCA-FCD, (f) presence of 3PA, FCA-FCD. It is observed that
if input power X is high (high intra-cavity power Y') parametric oscillation ceases to occur in
presence of FCA-FCD along with 3PA.

MI-analysis in presence of nonlinear losses as shown in Fig. [£.15] We plot the A
with Q and A in Fig. [4.15|(a) in absence of any nonlinear losses, whereas Fig. [4.15
(b) dictates the MI-gain in the absence of FCA-FCD while 3PA is present. Fig.
4.15| (c¢) shows the MI-gain in presence of 3PA, FCA-FCD at Y = 2.5. Similarly,
when the intra-cavity power is almost quadrupled (Y = 10.5) the corresponding
MI-gain has been plotted in Figs. [4.15| (d)-4.15] (f) for three different cases as
described earlier. It is conspicuous from Figs. (c) and (f) that there is
no parametric oscillation if FCA-FCD is present while the intra-cavity power is
high (Y = 10.5) however, MI gain lobes exist for relatively low intra-cavity power

(Y = 2.5). Therefore, in the case of 3PA, the principle mechanisms to inhibit
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the comb formation are 3PA-induced FCA and FCD [76]. To obtain parametric
oscillation in presence of 3PA, either the generated free-carriers have to be swept
away by suitable external-bias or the input pump power X (consequently, Y) has

to be sufficiently low.
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Figure 4.16: (a) Maximum MI-gain with the change in intra-cavity power Y with a set of four
2PA coefficients (Q2 = 0,0.2,0.5,0.9), (b) Range of A for which MI can initiate with different
2PA coefficients (Q2 = 0,0.2,0.5,0.9). As 2PA coefficient increases, the range of A for which MI

can initiate, becomes narrower.

4.3.6 Condition for Maximum MI-Gain and Threshold In-
tensity

It is known [90] that the MI-gain in the absence of nonlinear losses can be given by

Eq. while the maximum gain (A = Apax = Y — 1) can be achieved if Ak =0,

A () = —144/Y2 — (Ak)? (4.56)

where Ak is given by,
Ak = (A 2&2 2Y> (4.57)

Therefore, the steady state solution will always be stable if Y < 1. However, in

presence of nonlinear losses, the solution of A can be written as[4.58|instead of Eq.
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4,00l

A = R \/ (o) + () P () sy

In this case, the maximum gain can be obtained if Iyg™ = 0. One can write the

general expression of A\, in terms of Y, an™, 5M1(n), and RMI(H) as follows:

2 2
Ao = y\/ {(el)"+ ()"} + (4.59)

If the FCA and FCD are neglected, the expression of maximum gain becomes:

—1\?
AR — Y\/ (" ) Q2Y2n=2) 41 — (14 Q,Y" ) (4.60)
max ,)/L
We further deduce the expression for the minimum intensity to initiate the MI.
It can be shown after algebraic simplification that the steady-state solution will
always be stable for,

_ p
it (4.61)

As an example, in the presence of only 2PA, the value of Y for which the steady-
state solution of the LLE will always be stable in the presence of only 2PA is,

(7o)

Maximum MI gain Apay is plotted in Fig. [4.16| (a) for four different values (0,
0.2, 0.5, and 0.9) of 2PA coefficients Q)2 in the absence of FCA-FCD. It should be

noted that 2PA coefficient for silicon at telecom wavelength, ()5 is ~ 0.9.

(4.62)
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4.3.7 Range of Normalized Detuning to obtain MI

In this section, we find the range of possible normalized detuning to initiate the
MI and compare the results for different cases such as, while all the nonlinear
losses are absent, only nPA is present, both the nPA, FCA are present, and all the
nonlinear losses are present. The condition for threshold can be found by equating
A given by Eq. to 0. It is known [90] that in absence of nonlinear losses,

S = (A-ga) (4.63)
where g+ can be expressed in terms of Y,
g+ =2Y £+ VY2 -1 (4.64)

Note that, in anomalous dispersion region, for {2 to possess real solution, A must
be less than g, whereas, for normal dispersion regime, the required detuning A
should be more than g_ for MI to occur. When, the pump detuning lies in between
€(g_, g1), i.e. g < A < gy, MI can be initiated for both the anomalous and
normal dispersion regimes. Similarly, in presence of all the nonlinear losses, the

general expression to obtain the threshold condition can be determined from Eq.

[ZE_E)Z[L

2 2 2 2
() = { (o) ()2 - (i} (4.65)
However, the relation of MI Gain, €2 with A and output power Y obtained from

the Eqs. m-(IR) can be given by a 3"-th order polynomial of €,

d3 s | Sz ()’
— S0 0 = (A g8 ) (4.66)

where,

g =2y + \/{ <a$})2 +( ﬁE)Q} y? - (RQ})Q (4.67)
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, KC,
' _ o _ 8y (4.68)

91" = 914 9
If the carrier-lifetime can be reduced by sweeping the carriers applied the external
bias voltage across the device cross-section, which often can be done by forming a
p-i-n junction across the waveguide cross-section, then the square of 7. term can
be negligible. The situation is equivalent to the case when nPA is present while
FCA and FCD are absent. In this case, neglecting the higher-order dispersion
terms (dy(k > 3) = 0) the Egs. are reduced into,

So2 _ _ (n)
29 = <A gli) (4.69)
For 2PA without FCA-FCD,

S92 _ (2

29 = <A gli) (4.70)

2
9P =2y + (("; 1) Q2Y2n-2) 4 1> V2 — (14 Q.Y 1) (4.71)
In Fig. 4.16| (b) we plot the range of A both in absence of all nonlinear losses and
in presence of only 2PA, for which the steady-state solution can be unstable. It
is discussed earlier that in absence of all nonlinear losses the steady-state solution
will be unstable in the range: g_ < A < g4 where g4 is given by Eq. [£.70] From
Fig. [4.16| (b) it can be seen clearly that with the gradual increase in the 2PA

coefficient, the range of A for which MI can initiate, gradually shrinks.

Recently, we have noticed an in-depth existing study on optical micro-cavity
that discusses the generation of Turing pattern analytically for two distinct cases
considering either intensity dependent nonlinear losses or intensity dependent non-
linear refractive index of the medium. However, the mathematical framework out-
lined in [98] did not include the effects of multi-photon absorptions, FCA and FCD.
Another interesting work led by Chembo [46] presents the generation of Turing
rolls as well as the generation of bright and dark temporal solitons in anomalous
and normal dispersion regimes, respectively without considering nonlinear losses.

We believe that our work can further be extended following the mathematical
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analysis given in [46} 98] including all the nonlinear losses and our formalism is
amenable to the incorporation of other associated physical effects like thermal
detuning [97].

4.4 Summary and Conclusion

To conclude the chapter, we have derived analytical expressions of steady-state
homogeneous solutions of free-carrier driven Kerr FC. Higher-order (> 3) charac-
teristic polynomial of intra-cavity power describing the steady-state homogeneous
solution of the modified LLE are discussed in detail. The nonlinear phase detun-
ing of the cavity has been observed through negative Kerr-tilt. We also find an
analytical expression for the steady-state FCD induced cavity detuning. Expres-
sion of MI-gain in the presence of all nonlinear losses is found, and the threshold
detuning along with the range of normalized pump detuning to initiate MI are
discussed. The maximum allowed value of 2PA coefficient for which the optical
bistability can occur and the analytical expression of the threshold pump detuning
to initiate the MI are important parameters from the experimental point of view.
Therefore, our theoretical study is a step towards predicting comb dynamics in
the realistic cases where all the nonlinear losses and higher-order dispersion are

present.
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CHAPTER O

Dual-pump Kerr Microresonators

In this chapter, we explore the advantages of using dual-pump Kerr microres-
onator (MR) frequency comb (FC) over conventional single-pump Kerr FC. In the
first part of the chapter, detailed analytical formulations of dual-pump Kerr FC
supported by numerical results are presented. In the next part of this chapter,
we uncover the synchronous nature and the robustness of dual-pump configura-
tion against the writing jitters, third-order dispersion, self-steepening effects, and
stimulated Raman scattering in optical buffer applications. Finally, we wind up
the chapter presenting a brief discussion on the existence of super-cavity solitons
in dual-pumped Kerr MRs. [

5.1 Fundamentals and Background

Frequency comb offers an exciting field of active research, due to its potential ap-
plications in frequency metrology, arbitrary waveform synthesis, precision-clocking
and as highly coherent integrated optical sources or data carriers [1-6] for optical
communications. Kerr microresonator based FC has paved the way for the gen-

eration of on-chip mode-locked cavity soliton (CS) [1]. CS belongs to a class of

!Publications related to this chapter are [26], [27], [64], [68], [76].
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dissipative solitons which are stable, temporally confined optical pulses and cor-
responds to a broad FC, where the frequency lines are typically separated by one
cavity free spectral range (FSR) apart [7,[8]. Microresonators are the dissipative
systems that exploit the optical nonlinearity to generate CSs under the applica-
tions of an external driving field. A single continuous wave (CW) pump is mostly
employed in such configuration to generate the CS from vacuum fluctuations in
a high Q-factor cavity by transitioning through the modulation instability (MI)
and chaotic regime [9,|10], which is realized by making adjustments to the pump
detuning and the pump power [7-H10]. Apart, from FC corresponding to CS, there
are other variants including Turing pattern, and variable FSR frequency Comb,
ete. [4].

Singly-pumped MR based FC has been recently employed for terabit commu-
nications [11},/12], high data-rate transmission via coherent wavelength division
multiplexing (WDM), and orthogonal frequency domain multiplexing schemes.
Micro-resonator based FC provides attractive solutions for RF photonics appli-
cations [13], spectroscopy [14] and optical frequency synthesizer [15]. Recently,
MR based tunable repetition rate clock source has also been demonstrated |16].
Chip-scale transceivers can be realized based on microresonator FC operating at
low powers. Such devices are capable of generating comb lines that span over
enormous bandwidth often covering multiple telecommunication bands [17]. This
clearly indicates that MR based FC is a potential candidate for optical commu-
nication systems which is capable to replace separate laser sources supporting
individual channels in WDM systems and equally useful for wide bandwidth uti-
lization. Therefore, it is highly desirable to produce several coherent comb lines

spanning the spectrum of interest.

Although CW-driven Kerr FC has been widely used for the above-mentioned
applications, researchers are now looking at different configurations and material
platforms for more versatility, flexibility, and application-specific benefits. These
endeavors include the dual-comb spectroscopy, coupled microresonator-based FC
for improving the nonlinear conversion efficiency, FC generation in MRs possessing
simultaneous second and third order nonlinearity for locking the carrier envelope
offset frequency [5,|18], use of organic molecules, graphene or carbon nano-tube

for low-threshold, and tunable FC generations, respectively [19-22] etc. Deploying
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Figure 5.1: Dual-pump Kerr MR frequency comb. Two CW pumps (CW; and CW3) of slightly
different center frequencies are deployed. The first source can be modulated with an electro-
optic modulator (EOM) or an acousto-optic modulator (AOM). Both the inputs are coupled
to the device under test (DUT) (silicon-nitride microring resonator in this case) through a
50:50 combiner, a fiber polarization controller (FPC), by any of the fiber-to-waveguide (edge-
to-edge/butt/grating) coupling methods. The output from the MRR is collected through an
objective and divided into two parts by a splitter. The Smaller part of the output (O/P1) is
observed by an optical spectrum analyzer (OSA) and the other part (O/P2) can be used for
several applications. EDFA: erbium doped fiber amplifier, BPF: band-pass filter, V: V-groove,
O: Objective, WDMF: wavelength division multiplexing filter.

two pumps instead of a single CW input is another interesting dimension to explore
. These schemes can either include two separate input laser sources, or one
of the two laser sources can be modulated by an external modulator which is
shown in Fig. 5.1} Consequently, we can access a whole new regime and tweaking
parameters including equal/unequal detuning, equal/unequal pump power, and

modulating frequency between the two pumps and so on.

We have studied this exciting, nevertheless less-explored operating regime of
FC i.e. dual-pump configuration which is alternatively known as bi-chromatic
pumping scheme. In the first part of our work, we develop an analytical model to
predict the onset of MI in this configuration [26]. It is to be noted that the FC
generation in dual-pump configuration proceeds via threshold-less non-degenerate
four-wave mixing (FWM) and also through degenerate MI. Using our model, we
can identify these distinct regimes of operations and used the analytical results

to predict MR parameters (namely the second-order group velocity dispersion

155



Dual-pump Kerr Microresonators

(GVD), detuning, and input power) for flexible composite FC generation pos-
sessing tunable primary and secondary side-bands. Our model is also capable of
determining the transition from structured FC to monotonic FC with a single

spectral envelope.

In the next part of our work, we investigate the time-domain behavior of the
dual-pump Kerr MR and its benefits to several applications. We propose syn-
chronous all-optical buffer based on CS supported in bi-chromatically pumped
micro-cavity [27]. The synchronous nature arises because of the harmonic potential-
well originating from the oscillatory background. The extremums of the oscilla-
tory lobes in case of operation below the symmetry breaking bi-furcation threshold
represent robust trapping centers for CS which results in the optical buffer being
immune to the writing jitters. In the case of CS-based all-optical buffer, writ-
ing of the optical bits is done using suitable addressing seed pulses. We have
also numerically demonstrated the ability of these synchronous buffers to perform
elementary logic operations like AND, OR, rendering these units simultaneous
buffering and logical capability. We have noticed the suppression of third-order
GVD induced temporal drift up to a critical value. We also show that these optical
bits are Raman-resilient. Moreover, the limiting factors such as very high cavity
detuning that can diminish or cause the wreckage of the robust optical trapping
centers are numerically demonstrated in the final part of this chapter. Dual-pump
CS parameters obtained from the variational formalism based on Euler-Lagrange
equations of motions [28-32] match closely with those obtained from the numerical

simulations performed using the split-step Fourier method (SSFM).

It is evident that the dual pump based design is promising. Besides robust
operations, microresonator in dual-pump configuration provides additionally the
advantage of tunability and composite FC generation [17,23]24,3235] although
they suffer from thermal effect induced resonance shift under high pump intensity.
Such arrangements are potential candidates to study several nonlinear phenomena
if the issues related to thermal effect are addressed properly. We have listed some
of the advantages and disadvantages of using the dual-pump MR configuration
over the single-pump configuration in the next section. It is possible to extract
versatile features from the dual pump based Kerr MR which would otherwise not

have been possible in the single-pump configuration once one can address the
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issues associated with the dual-pump configuration.

5.1.1 Single Pumping versus Dual Pumping

There are several advantages of using dual-pump over a single-pump configuration

as listed below:

5.1.1.1 Advantages

(i) Thresholdless comb generation

(ii) Variable FSR Comb

)

)
(iii) Synchronous all-optical buffer
(iv) Robust against writing jitters, third order dispersion
)

(v) Raman resilience

A. Thresholdless comb generation:

As discussed earlier, integrated optical parametric oscillators (OPOs) having nu-
merous applications in photonics, spectroscopy, sensing, quantum information pro-
cessing require the parametric gain to be equal to the microcavity loss for the
frequency conversion [36-40]. In a cavity with third order/Kerr nonlinearity, two
pump photons (w;,) are converted into a signal (ws) and an idler (wr) photon by in-
teracting with two vacuum states at the signal and pump frequencies, respectively.
In order to occur such parametric (also known as hyperparametric oscillation [38])
oscillation, energy and momentum both must be conserved simultaneously [36].
As the signal and idler mode numbers Iy and Iy, respectively are symmetrically
located with respect to the pump mode (1), i.e. ls;=[,=N, momentum has to be
conserved automatically. However, the cavity modes are not exactly equidistant to
each other due to the waveguide and material dispersions. Therefore, energy con-
servation (2uw,=hws+hwr) gradually starts violating for the cavity modes away
from the pump mode (Fig. 2) which results in the parametric gain as a function
of the frequency detuning, Aw = 2w, — ws — wy. If for a particular cavity-mode
the detuning Aw exceeds the parametric gain bandwidth (Q2=4c¢yP/ng) then the
parametric gain is no longer able to generate the frequency side-band at that par-

ticular mode and beyond, thereby restricting the span of the FC through OPO.
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Figure 5.2: Finite FC-bandwidth as a result of non-equidistant cavity modes due to GVD.

Here, v (=wna/cAex), P, no, na, w, ¢, Aeg are the nonlinear coefficient, intra-cavity
power, linear refractive index (RI), nonlinear RI, operating angular frequency, the
speed of light in vacuum, and effective modal area, respectively. The threshold

pump power for parametric oscillation can be given by [36],

_w@QP K+ (8)° C(O)Rna (K +1)°
YAw-=< 20 QoKX

Neff

P (Aw) (5.1)

where Qg, K, neg, C(I'), Ag are the intrinsic quality factor of the cavity, mode
coupling coefficient, effective refractive index, modal power correction factor, and
pumping wavelength, respectively. For a cavity with extremely high Q)-factor, the
beat-note signal produced by the mixing of the optical pump and the generated
side-bands does not depend upon the pump power, Q-factor of the mode, and
the laser detuning from the pump mode . In this case, the threshold pump
power (Py,) for the oscillation can be found out by perturbing the steady-state
solutions of the intra-cavity field A. One can use either the Langevin formalism
138], modal expansion approach, or the Lugiato-Lefever equation (LLE) to find
out the threshold pump power [37,/39].

If a, by, b_ represent the pump mode and the sidebands at angular frequency

wo, Wy, and w_, respectively then the total Hamiltonian describing the three-mode
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interaction in presence of third-order nonlinearity can be given by, Hi,. = Ho+ Hint
where Hj is the system Hamiltonian without Kerr nonlinearity and the Hj, is the

interaction Hamiltonian due to Kerr nonlinearity and can be written as,

Hy = hwoata + hw b by + hw_b' b_ (5.2)

V=—hi: (a+by+b_+hc):
— g (alataa + biblb b, +bl6lb b )

~2g (bL6Lbsb_ + alblbia +alblb_a)

—hg (bibiaa + aTaTber_) (5.3)

«, 2

means the normal ordering assuming rotating wave approximation. g

denotes the nonlinear coupling coefficient as given by Eq. [5.4]

hwdcens
= 5.4
Lo
[e(® A(F)‘ v

T ] -

where, A, L, and Vg are the mode amplitude, cavity length, and the effective

modal volume of the cavity, respectively. In Heisenberg's picture, the evolution of

an operator with respect to time can be given by,

dQ (t)
d

e L2210 (5.6)

where H is the overall Hamiltonian of the system. However, in practice a micro-
cavity is an open system having loss compensated by the external input power
(P.). Hence, the decay term, as well as the Langevin fluctuation force, have to be

included to account the realistic scenario. Adding the cavity losses and Langevin
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forces one obtains,

i = — [iwo + iko (T) + 70 + Yeo) @ + ig [aTa +oblb, + 2bT_b_] a
+2igatb b + fo+ fuo

by = —[iws + iky (T) + 14 + Yer] by +ig [2cﬁa by + 2bib,] b,

—l—igb*_aa + f+ + fc+

b= —[iw + ik (T)+7 +7]b +ig [2aa+26Lb, +blb | b
+ighlaa + f- + fo

(5.7a)

(5.7b)

(5.7¢)

Yo, Y+, Y- are intrinsic decay rates, whereas, 7.0, Y+, Ve— are the decay rates due

to external coupling. Coefficients xo(T"), k4 (T"), and k_(T') account the frequency

shifts of the modes a, by, and b_ due to the temperature change, respectively.

Where,
o) S )] =208 (1), [fu0(®) 1 ()] = 2708 (= ¥)

L L)) =208 =), [for 0, S5 ()] = 29006 = 0)
@ L@ =2 —t), [fe @ fL@)] =20 —1)

and, the expectation values of the Langevin forces are as follows:

(=P8Rt (1) = () = () = (for) = (o) = 0

We assume the slowly varying harmonic mode amplitudes given by,

a= Ae ™!
_ —i@yt
b+ = B+€ +
b = B_e -t

(5.8)

(5.9)

(5.10)

w, Wy, and w_ are the carrier frequencies of modes a, b, and b_, respectively.
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Finally, taking an average over a full-cycle, one can obtain the steady-state

expectation values of the mode amplitudes given by,

Lo (A) = ig [[(A)|* + 2[(B)|* + 2[(B)|"] (A)
+2ig (A*) (By) (B_) + (Fy) (5.11a)

Ly (By) = ig 20(A)* + [(BL)” + 21(B-)[*] (By)
+ig (B*) (A)® (5.11b)

L (B-) = ig [2(A)" + 2/(B)[* + [(B-)[*] (B-)

+ig (BY) (A)? (5.11c)
where,
FO =1 (CL)(] — w + Ko (T)) + Y + Yeo (512&)
Iy =i(wy =@y + 64 (T)) + 74 + Yes (5.12b)
' =i(w_ =0+ 6_(T)) +7- + 7 (5.12¢)

From the steady-state solution, the expression for the threshold power P, that

can initiate the optical parametric oscillation can be found as,

w0 Ve ¢ ngVe
> Yot %0 "o Ven 154 (3) Qe g Ven (5.13)

Py~ 1.54 (—
th 2 2700 ng)\QL2 2C?L HQAQLQ

where the numerical factor 1.54 appears due to the self-phase modulation effects
on the oscillation threshold. It is important to note that the threshold power (F;y)
is directly proportional to the mode volume of the cavity V. and inversely propor-
tional to the square of the overall or loaded Q-factor, Qr=(w/2)(vo+Ye0) " of the
cavity. (). denotes the Q-factor only for the coupling. For sub-milli-Watt thresh-
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old power, small Vg and high Q)-factor are always desirable, however, the value
of the Q-factor is generally restricted by the Vg as the bending loss increases
with the decrease in device size [41] thereby eventually dominates the material
and scattering losses. If the device is carefully designed, an ultra-high ) and
very low mode-volume with a sub-microwatt parametric threshold-power can be
obtained [42-44] For dual-pump configuration, there exists no such restriction of

the input pump power to initiate the parametric oscillation [264/40].

B. Variable FSR frequency comb:
The free spectral range ( frsgr) of the optical microresonator for a particular mode

around an operating frequency fy can be given by,

c 1

Frsulho) = g = - (5.14)

where R, ng, and tg are the radius of the microresonator, the group index, and
the round-trip time, respectively. It is seen that if the cavity perimeter is larger,
then the FSR becomes smaller. Alternatively, the FSR can also be written as Eq.
in terms of the wavelength,

S

Arsit(do) = 2 Rn
g

(5.15)

It is well-known that the group index is related to the effective RI (n.g) of a

particular mode by,
Oner(w)

Oow

Therefore, the conventional ways to change the FSR or to obtain a variable FSR

Ng(w) = Ner(w) + w (5.16)
frequency-comb are:

(i) Changing the cavity size (by using different ring radius/perimeter),

(ii) Altering the mode of operation (TE/TM),
(iii) Changing the effective RI by using different cladding materials,

Transmission spectra for microrings with two different radii (R;=15 pm and
R»>=30 pm) obtained from FDTD simulations are shown in Fig. [5.3] However, for

a particular design, the length of the cavity is fixed. One can change the overall
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Figure 5.3: Transmission spectra of the microring resonator (MRR) for, (a) two different
ring radii, R;=15pm, Ry=30pm, (b) TE (neg = 2.73) and TM (neg = 2.52)-modes. (c)
Spatial distributions of different modes in a spherical resonator, and MRR (d) when the cladding
materials are air, saline water (20%), and glucose water (20%), respectively (for TE-mode).

ng (or neg) either by altering the mode of operation or by using different cladding
materials on top of the optical waveguides. This is also shown in Fig. (b)
and Fig. (c). Further, one can use different cladding materials as shown in
Fig. (d). In that case, the FSR can slightly vary depending upon the RI and
material dispersion of the cladding material. Nevertheless, none of these methods
provide much freedom to change the FSR. On contrary, one of the most important
features of dual-pump configuration is that using the bichromatic pump provides
us the freedom to desirably tune the comb-FSR as an integral multiple of the FSR
of the cavity modes just by changing the modulation frequency between the two
pumps [23,24] (Fig. [5.1). Robustness of the synchronous all-optical buffers against

the third-order dispersion, self-steepening, and the Raman effect is discussed in
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detail in the subsequent sections.

Despite having the aforementioned advantages, the dual-pump configuration
has many drawbacks which prohibit us to use of the configuration, frequently.
Only a few experimental demonstrations on bichromatic Kerr FC exist in the
literature [17,23,25].

5.1.1.2 Disadvantages

(i) Complex circuitry and difficult to implement,

)
(ii) Power-inefficient,
(iii) Possibility of thermal instability,
)

(iv) Volatile in nature,

As listed above, most importantly, the configuration is power-inefficient and
volatile in nature, which implies that the moment the external laser source driving
the MR is switched off the configuration becomes unable to perform the logic
operations, does not show the robustness against the detrimental parameters such
as writing jitters, and can no longer be able to retain the optical bits intact and

the rotating solitons quickly decay over time.

5.2 Analytical Model of Dual-pump Microres-

onators

It is well known that degenerate modulation instability (MI) is the driving mecha-
nism for single pump configuration, whereas in case of dual-pump it is governed by
both threshold-less non-degenerate four-wave mixing (FWM) and threshold inten-
sity dependent MI [24,45]. Therefore, understanding these underlying mechanisms
and differentiating their regimes of operations without investing huge computa-
tional time and resources are essential to acquire better control of the comb gener-
ation process. In this section, we have investigated both analytically and numer-
ically, the importance of different primary physical mechanisms (non-degenerate
FWM, MI) and their regimes of operations responsible for FC generations in the

context of dual-pump. In addition, we study the implications of different physical
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mechanisms in generating variable free spectral range (FSR) and composite combs
in desired spectral locations. The theoretical model assists in the quick prediction
of regimes without performing intensive numerical simulations of Lugiato-Lefever
equation (LLE). One can easily determine the necessary parameters (pump power,
cavity detuning and so on) for application-specific FC generation. Our model finds
a close agreement with the numerically simulated results for dual-pump MR con-

figuration [26].

5.2.1 Theory
5.2.1.1 Governing equations and threshold-less comb

The driven and damped nonlinear system is modeled using normalized mean-field
LLE incorporating the dual-pump as [24],

% - wg% —i|APA = —(1 +iA)A + fycos(Qr) (5.17)
where A is the normalized electric-field envelope, t is the slow-time variable and 7
denotes the normalized fast-time ranging from —7 to 7. The remaining parameters
are the normalized second-order dispersion coeffic