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CHAPTER

|

Introduction

Partie 0: Le cadre

Le célebre théoreme de Sobolev affirme que, n > 3 étant donné, il existe une
constante C'y(n) > 0 telle que

1wl 2y < C1(n)[|Vu| L2wny pour tout u € C°(R™) (1.1)
avec 2 = % L’exposant 2* est critique dans le sens suivant: pour tout do-
maine Q@ C R", H () étant la complétion de C°(€2) pour la norme u +
| Vul|2, alors H7 ,(€2) se plonge continiiment dans L?(£2) pour tout 1 < ¢ < 2%,
et cette inclusion est compacte si et seulement si 1 < ¢ < 2*. Ce manque de
compacité est la principale complexité du probleme de Yamabe: Soit (M, g) une
variété Riemannienne lisse et compacte de dimension n > 3 sans bord. On note
Scaly la courbure scalaire. Le probleme de Yamabe s’énonce ainsi: Existe-t-
il une métrique g conforme a g telle que Scal; soit constante? Cela revient a
trouver une solution positive u € C*(M) a I’équation

Agu+ cpScalyu = eu’ ltq ec {-1,0,1}, u>0 (1.2)
ou A, = —divy(V) est I'opérateur de Laplace-Beltrami sur (M, g) et ¢, :=
4(’;—121). Ici, I’espace fonctionnel naturel dans lequel travailler est H7 (M), la

complétion de C*°(M) pour la norme u +— |[u|l2 + ||[Vull2. La réponse est
positive, et la résolution de ce probleme fiit une longue histoire. Il implique
des conditions locales pour les ”grandes” dimensions, et des conditions globales
(la positivité de la masse) pour la petites dimensions et le cas localement con-
formément plat. La preuve initiale [112] de Yamabe n’était pas complete et la
résolution finale du probleme est due a Aubin [2] et a Schoen [100]. La référence
classique pour ce probleme est I’article de Lee et Parker [82].

Que se passe-t-il si le probleme est défini sur un domaine de R"? Par exemple,
peut-on encore résoudre (1.2) et si on 1’ajoute une condition au bord de type
Dirichlet ? C’est I’objet du travail classique de Brezis-Nirenberg [19]. Soit
Q) C R", n > 3, un domaine ouvert, borné et régulier, et soit & un nombre réel.
Dans I’article de référence [19], Brezis-Nirenberg ont prouvé I’existence d’une

7



8 Chapter 1. Introduction

solution u € C%(2) N C°(Q) au probleme

*_
Au—oau=u*"1 dans(,

u >0 dans (2, (1.3)
u=20 sur 0f),
avec A = —div(V), des que o > 0 quand n > 4 (et la condition nécessaire o <

A1(€2)). Le cas n = 3 est plus complexe: I’existence des solutions minimisantes
est équivalente a la positivité de la masse de 1’opérateur A — « (voir Druet [36]).

L’analyse de 1’équation (1.3) (respectivement (1.2)) est étroitement liée a la
meilleure constante pour I'inégalité de Sobolev H7,(€2) — L* (Q) (respec-
tivement H2(M) — L* (M)).

Partie 0.1: L’inégalités classiques sur R"(n > 3)

L’inégalité de Hardy s’écrit comme

—92)2 2
(=2 / = 5 dx < / |Vu|? dx pour tout u € C°(R™). (1.4)

En interpolant les inégalités (1.1) et (1.4), on obtient I’inégalité de Hardy-Sobolev:
Pour s € [0, 2], il existe C'(n, s) > 0 telle que

2
’u‘Q*(s) 2%(s)
/ dx < C(n, s)/ |Vu|? dz pour tout u € C°(R™),  (1.5)
R

no ol
ou 2*(s) := % est I’exposant critique de Hardy-Sobolev. On observe que,
avec s = ( on recupere 1’inégalité de Sobolev (1.1), et avec s = 2 on récupere

I’inégalité de Hardy (1.4). Sivy < @, il suit de (1.4) qu’il existe C'(n,y) > 1

tel que

2

|Vul? dr < / (|Vu|2 — fyu—) dr < C(n,7) |Vul? dx

|$|2 Rn

1
O(nv rY) R™

(n—2)*
1

pour tout u € C2°(R™). Ainsi, pour 7 < , il existe C'(n, 7, s) > 0 tel que

2

‘u|2*(s) 2% (s) ) u2
(/ PE dx) §C’(n,7,s)/ (|Vu| —VW) dx (1.6)

pour tout v € C°(R™). L’inégalité de Hardy-Sobolev est un cas particulier
de la célebre famille des inégalités fonctionnelles obtenues par Caffarelli-Kohn-
Nirenberg [25] mais a apparemment été découvert aussi par V.P.Il’in, voir [73].




On limite maintenant cette inégalité a un domaine. Soit un domaine €2 dans R",
n>3,et,pour 0 < s < 2,7 €Reta € L>®(2), on définit

/LW,S»a(Q ll’lf{ 'ysa /UEH )\{0}}7

Jo <|Vu|2 — (# + a(m)) u2> dx
(15 ar) ™

Il découle de (1.6) que, pour s € (0,2) ety < @, il existe K > 0 tel que

|u|2*(s) Q*L(S) ) u?
(L) sk [(wr-agp) e exw

(=22

ng(u) = pour tout u € H7 ;(€2) \ {0}.

pour tout v € C2°(2). De fagon équivalente, ji, s 0(£2) > 0 lorsque v <

Dans cette these, nous nous concentrons principalement sur les points critiques
de Jf}s o Soit (M, g) une variété Riemannienne de bord M et d’intérieur de
M. Soit o € M un point fixé et soit d, la distance Riemannienne sur //. On
fixe a,h € L>®(M) et q € (1,2* — 1). Nous considérons des solutions faibles

pour

w2 (s)—1
Agu—( (v )+d(mo)2>u_d(m0)s+h( Ju?  dans M;
u>0 dans M;

u=20 sur OM si OM # ()
(1.7)

Partie 0.2 Le programme de travail
Cette these est divisée en trois parties:

Partie 1: On analyse I’existence de solutions pour (1.7) sur un domaine non régulier
dans R" avec la singularité au bord en 0 modelé sur le cone. Les solutions
sont atteintes en tant que minimiseurs de J,YQ@O quand h = 0, et sont de
type Mountain-Pass quand i # 0.

Partie 2: Sur une variété Riemannienne M sans bord et avec v = O et h = 0,
nous effectuons une analyse de “blow-up” de solutions de (1.7) de type
minimisante. Ceci fournit des informations sur la valeur de la seconde
meilleure constante dans 1’inégalité fonctionnelle Riemannienne corre-
spondante.

Partie 3: Nous étudions la version Paneitz d’ordre 4 de (1.7) avec v = s = 0 sur un
domaine borné et régulier dans R", n > 5.
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Partie 1: Equations Hardy-Sobolev sur un domaine singulier

Soit 2 un domaine borné dans R", n > 3, on fixe v € Reta € L>®(2). On
s’intéresse a I’existence de solutions faibles u € H7 (€2), u # 0, pour

w2*(s)—1

Au — (a(a:) + #) u=*pr— dans(,
u >0 p.p. dans €2, (HS)
u=20 sur 0f2.

L’équation (HS) est I’équation d’Euler-Lagrange associée a Jﬂsja. Donc, s’il
existe des extrémales positives pour i, 5 ,(£2) positive, ce sont des solutions pour

(HS) al’homothétie pres.

Le cas 0 € Q: Le probléme prend un sens lorsque v < (n — 2)? /4, la constante
de Hardy classique. Il n’y a pas d’extrémales pour /i, 5 o(€2) (voir [60]). Il existe
une littérature importante sur cette question. Par exemple, nous référons a Ruiz-
Willem [99], Smets [102] et 1a revue [60] par Ghoussoub-Robert.

Le cas 0 € 92. Lexistence des extrémales pour j,  o(€2) a été étudiée par Eg-
nell [46] ou €2 est un cone en 0. Lorsque le domaine est régulier, cette question a
été posée par Ghoussoub-Kang [55] et étudiée par Chern-Lin [32] et Ghoussoub-
Robert [61]. C’était également intéressant car la courbure moyenne en 0 joue un
role important. Dans cette these (voir [27, 28]), on considere un domaine non
lisse modelé sur des cones réguliers (on les désigne comme des singularités
modeles”). On montre comment la géométrie du cone du modele influence la
valeur de la constante de Hardy sur (2.

A partir de maintenant, on suppose que 0 € 9, et pour simplifier, on définit
RFPmF = RY x R" ¥ pour tout k € {1,...,n},

avec R’i := {z1, ...,z > 0}. Dans les papiers Cheikh Ali [27],[28], on définit
des domaines qui sont modelés sur des cones:

Définition 1.1. On fixe 1 < k < n. Soit 2 un domaine dans R". On dit que
xo € 0X) a une singularité de type (k,n — k) s’ils existe U,V deux ouverts dans
R™ tel que 0 € U, xy € V et il existe une difféomorphisme ¢ € C*(U,V) tels
que ¢(0) = xg et

d(U NRM"7F) = ¢(U) N Q et p(U NORM™F) = ¢(U) N 09,
avec I’hypothese supplémentaire que la différentielle en 0 dog est une isométrie.

La motivation pour considérer I’équation (HS) découle du probleme de
I’existence des extrémales pour les inégalités de Caffarelli-Kohn-Nirenberg noté
par (CKN). Nous adressons les questions suivantes:
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(Q1) Pour quelles valeurs de v € R, existe-t-il K > 0 telle que I'inégalité
(CKN) est valable pour tous les u € H7 (€2)? En d’autres termes, quand
avons-nous /i, s o(€2) > 0?

(Q2) La meilleure constante est-elle atteinte? En d’autres termes, est-ce que
[i,5,0(€2) est atteint par certains u € H{ (), u # 0 ?

On note que la meilleure constante de Hardy sur R¥+"~* est explicite. Comme
il est noté dans Ghoussoub-Moradifam [57], nous avons que

(n+ 2k — 2)?

v (RF+"7F) = 1

pour tout k € {1,...,n}.
La réponse a la premiere question (Q1) dépend de la constante de Hardy. Nous
définissons

fQ \Vu\de.

() = pp20(2) =inf ¢ =—5—:u HEOQ 0} ». 1.8
() 1= 1020(0) {fgfiﬁdfﬁ - ,<>\{}} 8)

Par conséquence, en interpolant I’inégalité de Hardy (1.8) et ’inégalité de Sobolev
((CKN) avec v = s = 0), on obtient que

¥ <ya(Q) = fys0(82) > 0.

On considere la deuxieéme question (Q2), c’est I’existence des extrémales pour
fty50(€2). Le résultat suivant est central pour la suite. La preuve est standard
comme la preuve d’Aubin de la conjecture de Yamabe en grandes dimensions
[2] ot il a noté que la compacité des séquences minimisantes a lieu si I’infimum
est strictement inférieur a 1’énergie de ” Bubble ”. Dans notre cas ci-dessous,
cela se traduit par i, 5 ,() < i, 50(REF-"7F).

Théoreme 1.1 (Cheikh-Ali [27], [28], voir Chapitres 3, 4). On suppose §2 C R”
un domaine borné tel que 0 € 0X) a une singularité de type (k,n — k). On
suppose que ¥ < v (RF+17F) 0 < s <2, ef 1y 5.4(Q) < pty50(R¥+"7F). Alors
il existe des extrémales pour ji s .(Q2). En particulier, il existe un minimiseur u
dans H? o(Q)\{0} qui est une solution positive a I’équation

Au — (# + a(x)) u = pms,a(Q)% dans €,
u>0 dans ),
u=>0 sur ).

Une condition de type fis4(Q) < fiy50(R¥"7F) est trés classique dans le
probleme de la meilleure constante, voir Aubin [2], Brezis-Nirenberg [19]. A
partir de 1a, on considere la question suivante:
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(Q3) Pour lequel v < v (R¥ ™) avons-nous ji, 4 .4(2) < fiy.s0(RF"7F)?
Avant de répondre a cette question, pour k£ € {1,...,n}, on doit d’abord envis-
ager des solutions modeles de

Au—Jzu=0 dans RE+mn—k.

u>0 dans RF+n—*: (1.9)
u=20 sur ORF+mk,

Soit un nombre réel o € R et on fixe v < v (R¥"7). Alors

U, est une solution pour (1.9) & o € {a_,a,},

N

ol
k n—2
Uy = |z| 7" HJCZ etag = as(y,n, k) = 9 + \/’VH(RM’TL%) -7

=1
(1.10)
Les fonctions U,,_, U, sont des prototypes de solutions de (1.9). On note que

n— 2

a < <o et Uy € Higpe(RFH"H).

Le profile U,_ est également le modele de comportement des solutions varia-
tionnelles a (H.S). En effet, il découle du résultat de régularité de Felli-Ferrero
[50] que, via la carte, une solution variationnelle a (HS) est comporte comme
U,_ autour la singularité 0. On définit maintenant la dimension critique 7., j, 1=
V47 + 1+ 2 — 2k (non-entier, voire négative):

{ 7 est petite (grande dimension) : v <~y (RF+"=F) —

€.N = Ny
7 est grande (petite dimension) : v > ~yy (R¥"7F) —

1.
Lijen<n
4 .C. ’Yvk

Ici la stratégie pour obtenir fi, () < p50(RF+"7%) est la suivante:

1. On prends une extrémale V' positive pour g s o(R¥+"7F).

2. On concentre la fonction V' en 0 avec € > 0 et on revient sur 2 par la carte
¢ (voir la Définition 1.1).

3. On calcule et on obtient des intégrales qui, sous de bonnes hypotheses
sur la dimension, doivent converger pour obtenir la courbure généralisée
GH, ,(Q2).
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4. Dans les autres cas, des arguments globaux sont nécessaires et on doit
introduire la masse m. o(2)

D’abord, on a besoin de I’existence des extrémales de pi., s o(R*+"~*) pour con-
struire la fonction test. Par Ghoussoub-Robert [60] (voir Section 5), on a le
résultat suivant:

Proposition 1.1. On fixe v < vy (R¥+"7%), s € [0,2) oitn > 3, alors
Si{s>0}oi{s=0,v>0etn >4} alors ji, . o(R*"F) est atteinte.

Cette partie est divisée en trois sous-sections:

Partie 1.1: On introduit le probleme (HS) dans Cheikh-Ali [27] (voir Chapitre 3).
Sous une hypothese géométrique locale, a savoir que la courbure moyenne
généralisée est négative (voir 1.11), on démontre I’existence des extrémales
pour I’inégalité de Hardy-Sobolev pertinente pour les grandes dimensions.

Partie 1.2: Ensuite, on reprend dans Cheikh-Ali [28] (voir Chapitre 4) la question de
la petite dimension qui a été laissé ouverte. On introduit la “masse”, qui est
une quantité globale dont la positivité garantit I’existence des extrémales
de petites dimensions.

Partie 1.3: On prouve I’existence de solutions de 1’équation initiale avec une pertur-
bation via le lemme du col.

Partie 1.1: Grandes dimensions et courbure généralisée

Lorsque = est petite (dimension grande): Dans ce cas, on montre comment la
géométrie locale induite par le cone autour de la singularité influence la valeur
de fi 5,4(€2) pour répondre a (Q3). On aura besoin de deux choses importantes:

I- Définition de la courbure généralisée: On introduit une nouvelle notion
géométrique en la singularité conique qui généralise la ’courbure moyenne’:
cela permet d’obtenir des extrémales pour (H.S). Pour cela, on écrit le domaine
non régulier {2 comme I’intersection de domaines réguliers autour de 0: il existe
Q4 ..., C R™ des domaines réguliers et o > 0 tel que

QN B;s(0) = | [ )] N Bs(0).

Les €2; sont localement uniques a permutation pres. On fixe ¥ := NF_,00Q; ol
k € {1,...,n}. Le vecteur H; désigne le vecteur de la courbure moyenne en 0
de la sous-variété de la sous-variété orientée >. Pour toutm = 1,...,k, [ 15 rm
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désigne la second forme fondamentale en 0 de la sous-variété orientée 0€,,. La
courbure moyenne généralisée de ¢ est définie par:

k k
GH., (2 ch Y (i c. > I (,5) (111
m=1 i,m=1,i#m

k
+c D 1189 (7, 7 )

p,q;m=1, |{p,q,;m}|=3

ou pour tout m = 1, ..., k, U, est le vecteur normal extérieure en 0 de 0f2,, et
1 2

Cry 50 Cp s ,y . sont des constantes explicites et positives. On se réfere a [27] (voir
Chapitre 3) pour plus de détails sur cette courbure.

I1I- Symétrie des extrémales pour (i, o (R¥+™~%). On présente la symétrie
des extrémales pour i, ¢ o(RF+"7%). Le type de symétrie ci-dessous a été prouvé
dans plusieurs contextes depuis la contribution pionniere de Caffarelli-Gidas-
Spruck [24] (voir Chern-Lin [32] et Ghoussoub-Robert [61] pour les références
de type Hardy). Pour v < vy (R*"%), s € [0,2), on considere le probleme

(HS) sur RF+n=F:

AV — 22V =22 dans RF+H
V>0 dans RF+n—k, (1.12)
V=0 sur ORF+n—+

On a le Théoréme suivant:

Théoreme 1.2 (Cheikh-Ali [27], voir Chapitre 3). Pour v > 0 et si V est une
solution de I’équation (1.12) dans C*(RF+"=F) n C'(RF+7=k\{0}) avec k €
{1,...,n}, alors V o 0 = V pour tout isométrie de R™ tel que o(R*""F) =
R¥+"=k En particulier:
o Il existe w € C*(]0, co[F xR"~*) tel que pour tout 1, ..., v, > 0 et x' € R* 7%,
on obtient que

V(21 .oy tp, 2') = w(wy, ..., g, [2]).

o V' est une fonction symétrique de k variables: pour tout permutation s de
I’ensemble des indices {1, ...,k}, on a

V(:Eh vy Lhy D15 +e0y 'In) = V(xs(l)a sy xs(k)v HOTRE PR xn)

Au départ, notre intention était de suivre la preuve de Chen-Lin [32]. Cepen-
dant, le bord singulier nous a empéché d’utiliser le principe classique de com-
paraison forte. Nous produisons finalement une preuve robuste en utilisant la
méthode de Berestycki-Nirenberg [20] qui n’exigeait pas que les bords soient
lisses.



15

On est alors en position de suivre la stratégie qu’on a présentée ci-dessus. Soit
V' > 0 une extrémale pour i, ¢ o(RF"~%) (quand elle existe). Pour ¢ > 0, on
définit la fonction test

Vi(z) = (ne—%‘?v (6—1.)) o ¢\ (x) (1.13)

ou la carte ¢ est comme dans la Définition 1.1 et 7 est une fonction de tron-
cature adaptée. En raison de la régularité de Felli-Ferrero [50], on obtient un
comportement précis de V' a I’infini, et donc une asymptotique précise pour V.
pour € — (. On obtient le résultat suivant:

Proposition 1.2 (Cheikh Ali [27], voir Chapitre 3). Soit 0 < v < vy (RF+"F),
et on suppose qu’il existe des extrémales pour pu, s o(R¥+"=F). Alors il existe des
constantes positives 0578 oufs =1,...,3 et pour toutm = 1, ..., k telles que:

1. Pour v < vy (R¥"F) — 1 (c’est-a-dire n > n., 1), on a que

T2, 0(V2) = o s(BEH) (14 GH,(Q)e + ofe))

2. Pour vy = vy (Rk+m=k) — }1 (c’est-a-dire n = n. 1), on a que

I3 0(Ve) = piysn(RF+77F) (1 +GH, (Q)eln G) +o0 (e In <%>)> .

avec GH., 4(2) comme dans (1.11).

Ces expressions ne dépendent que de la géométrie locale du domaine. Ceci
est possible car, dans les développements asymptotiques, on observe un phénomene
de localisation en grandes dimensions. Un tel phénomene a déja été observé dans
le contexte géométrique du probleme de Yamabe (voir Aubin [2]) et dans les
EDP euclidiennes non linéaires (voir Brezis-Nirenberg [19]). Cette localisation
est possible grace au choix de la grande dimension n > n. : elle correspond au
cas n > 4 pour le probleme de Brezis-Nirenberg.

Partie 1.2: Phénomene de petites dimensions et existence des extrémales

Lorsque ~ est grand (petites dimensions). Lorsque n < n.y, il est connu
depuis le travail pionnier de Schoen [100] que des arguments globaux sont requis
et qu’on a besoin d’une notion de masse.

Définition 1.2 (Masse). Soit <) un domaine borné dans R", n > 3, tel que 0 €
08 a une singularité de type (k,n — k) avec k € {1,...,n}. On fixe v < vy ()
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eta € C*(Q) (6 € (0,1)). On dit qu’un opérateur coercif A — (y|z|=2 + a) a
une masse s’il existe G € C*(Q) N H7,,.(Q) tel que

AG — (# + a(m)) G =0 dans(,

G>0 dans ),
G=0 sur OQ\{0},
et s’il existe c € R tel que
k
G(x) = Hd(x, o) (||~ * + clz| ™ F + o(|z|7* 7)) lorsque x — 0,
i=1
avec oy est définie dans (1.10). On définit m., ,(Q) = ¢ comme la masse du

bord de I’opérateur A — (v|x| ™% + a).

On note que la fonction G est unique, de sorte que la définition de la masse
ait un sens. Dans [28], on donne plusieurs situations pour lesquelles la masse est
définie. Pour vy (RF+™7F) — 1 <y < vy (R¥+"7F), ¢’est n < n,, on construit
le profil global:

ay —a

W.(z):=V.(z)+e 2 O(z), (1.14)
ou V. est définit dans (1.13),et © € HiO(Q) est telle que

O() = maa() [ [ dl, 02|27~ + 0 (H d(x, 8Qi)\x|“—k> ,

i=1 i=1
lorsque z — 0.

Proposition 1.3 (Cheikh Ali [28], voir Chapitre 4). Soit €2 un domaine borné
dans R", n > 3, tel que 0 € 0N a une singularité de type (k,n — k) avec
ke{l,.,n}. Onfixe 0 < s <2, v <yg(Q) etac CN) (O € (0,1)). On
suppose qu’il existe des extrémales pour (., s o(RF""%). On suppose que

1
v > g (RF1F) — 1 (c’est-a-dire n < n.y) ,

et que I'opérateur A — (y|z|™2 + a(x)) est coercif avec la masse m., ,(2). On
prend (W), € H 1270(9) comme dans (1.14). Alors, il existe un constante explicite
2,5 > 0 telle que

‘]Q (WE) - MW,S,O(RkJr’n_k) (1 — 27Sm%a(Q)e"‘+_a* + O(€a+—a,)) ;

’y’s’a

lorsque e — 0.
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En regroupant les Propositions 1.1, 1.2 et 1.3, on obtient la réponse suivante aux
questions (Q2) et (Q3):

Théoreme 1.3 (Cheikh-Ali [27, 28], voir Chapitres 3, 4). Soit ) un domaine
borné dans R™, n > 3 tel que 0 € OS2 a une singularité de type (k,n — k) avec
ke{l,...,n}. Onfixe 0 < s <2et0 <y <yy(Q). En outre, on suppose que
soit {s > 0}, soit {s =0, v > 0 et n > 4}. On suppose que:
e GH, () <0sin>n,y,
e La masse m(€2) > 0 existe et est positive sin < n. .

Alors, il existe des extrémales pour ji, s o(2). En plus, les extrémales sont des
solutions faibles strictement positives sur §) pour I’équation (HS) avec a = 0.

Le cas restant s = 0, v > 0 et n = 3 est un peu différent. En effet, dans ce
cas, on ne sait pas s’il y a des extrémales ou non pour M%S,O(R’”?”_k). Si non,
on introduit la masse dans un esprit plus classique. Cette situation est largement
développée dans [27,28].

Partie 1.3: Une équation de Hardy-Sobolev perturbée

On discute brievement de 1’équation perturbée. On prend a,h € L*>(Q) et
l<g<2r-1= Z—J_“g qui sont des parametres supplémentaires. On s’intéresse
a I’existence de solutions u € C*(€2) N H7 ,(€2) pour Iéquation perturbée

w2r(s)—1

Ay — (a(x) —I—%) u =

||

e T h(z)ut™! dans Q,
u >0 a.e. dans €2, (PHS)
u=">0 sur 0f).

Ces solutions sont des points critiques pour la fonction F, : H 12’0(9) — R:

2% (s
E,(u) == 1/ (|Vul® + au?) da — ! / i dr — L/hu?fl dx
2 Ja 2%(s) Ja |z/* q+1Jo

pour tout u € H 12’0(9). Notre outil principal est le Mountain-Pass Lemma
(Lemme du col) d’ Ambrosetti-Rabinowitz [5] pour produire des points critiques
de E,.

Théoreme 1.4 (Cheikh-Ali [28], voir Chapitre 4). Soit 2 un domaine borné
dans R", n > 3, tel que 0 € 0N) a une singularité de type (k,n — k) avec k €
{1,...,n}. On fixe v < yg(RF+"F), a € C%(Q) tel que A — (v|z|~? + a(x))
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est coercif, et h € C%%(Q) tel que h > 0 et s0it 0 < s <2etl < q<2*— 1.
On suppose qu’il existe ug € HiO(Q), ug Z 0, tel que

2—5 o mn—s
sup E,(tug) < ums,O(Rk*’" k) 2=

t>0 2(n — S)

alors I'équation (PHS) admet une solution non nulle dans H3 ((Q) de type
Mountain-Pass.

Du coup, trouver des solutions a (PH S) se réduit a la question:

n

—s
2—s ?

9 _
(Q4) Quand avons-nous sup E,(tug) < 5 M%&O(RkJr,n—k)

t>0 Q(n — S)
On répond sur (Q4) en prenant pour ug soit V, (voir (1.13)) quand n > n, ;, soit
We (voir (1.14)) lorsque n < n. ;. On choisit de ne présenter que le cas s > 0:
le cas s = 0 est détaillé dans [28] (voir Chapitre 4):

Théoreme 1.5 (Cheikh-Ali [28], voir Chapitre 4). Soit 2 un domaine borné
dans R", n > 3, tel que 0 € 0X) a une singularité de type (k,n — k) avec
k € {1,...,n}. Soit a,h € C*(Q) (0 € (0,1)) tel que A — (y|z|™2 + a)
est coercif et h > 0. On considere 0 < s < 2et (0 < v < yy(Rk+n=k),
On fixe ¢ € (1,2 — 1). Alors, il existe une solution de type Mountain-Pass
ue H 1270(9) positive pour I’équation Hardy-Schrodinger perturbée (PHS) sous
l'une des conditions suivantes:

® n>n., et

GH, () <0 siq+1 <22,
aGH, ;(Q) —h(0) <0 sig+1= 2::22,
h(0) > 0 siq+1> 222

® n=n,yet

GH,,(2) <0 sig+1< 2:__22,
h(0) >0 siq+1> 2222

n—2"

o n < n,yet

My o(€2) >0 sig+1< %jo‘*)’
C3Myo(2) +c2h(0) >0 sig+1= %’
h(0) > 0 siq+1>%’

ol c1, o, c3 > 0 sont des constantes explicites (voir Chapitre 4).
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Ce résultat montre I’impact de la non-linéarité sous-critique sur I’existence
de solutions. Lorsque la non-linéarité sous-critique est presque linéaire, seule la
géométrie de {2 commande I’existence. Inversement, lorsqu’elle est proche de la
critique, la non-linéarité sous-critique commande I’existence, quelle que soit la
géométrie.

Partie 2: Asymptotiques pour les équations elliptiques de Hardy-
Sobolev sur les variétés et les meilleures constantes

Soit (M, g) une variété Riemannienne compacte de dimension n > 3 avec
OM = (). On fixe xy € M et s € [0,2). On traite maintenant des équations
comme (1.7) avec y =0et h = 0.

Dans la Partie 1, nous nous sommes surtout intéressés aux extrémales des
inégalités de Hardy-Sobolev par rapport a la meilleure constante de plongement
continu. Dans cette partie, on traite également de I’existence/non-existence des
extrémales, mais en nous concentrant sur la seconde meilleure constante as-
sociée. En interpolant les inégalités de Sobolev et de Hardy, on obtient I’'inégalité

de Hardy-Sobolev qui s’écrit sous la forme suivante: il existe A, B > 0 tel que

2

(/ I )“ A/ V|2 d B/ 24 (1.15)
—dv < ul> dv, + u” dv .
v dg(z,20)° 7 M 97 M J

pour tout u € HZ(M). Lorsque s = 0, c’est I'inégalité de Sobolev classique.
Des discussions approfondies sur les valeurs optimales de A et B pour s = 0
ci-dessus figurent dans la monographie Druet-Hebey [40]. Il a été prouvé par
Hebey-Vaugon [70] (le cas classique s = 0) et par Jaber [75] (s € (0, 2)) que

po,s0(R™) ™1 = inf{A > 0 tel que 3B > 0 vérifiant (1.15), Vu € H} (M)},

et I’'infinimum est atteint avec

posol®?) = int § S YUY

—,u € CF(R"
u2*(3) 2*7(5) " ( )
(i 5 )

qui est la meilleure constante de Hardy-Sobolev (voir Lieb [83] Théoreme 4.3
pour la valeur exacte). En plus, il existe B > 0 tel que

2

w0 ) R [ [Vul2do, + B [ w*d
JEL L < ny—
(/M PRERAT vg) < po,s0(R") (/M] ul? dvg + /Mu vg)

(1.16)
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pour tout u € HZ(M). En saturant cette inégalité par rapport 2 B, on définit la
seconde meilleure constante comme

Bs(g) := inf{B > 0 verifiant (1.16) pour tout u € H; (M)},

pour obtenir I’inégalité optimale

N Vul? dv, + B 2
—dv < Up.s ul|s av, + u” av
(/Mdg<x,xo>s ) Hoao(R (/ Vi + B.0) [, )

(1.17)
pour tout w € HE(M). On dit que uy € HZ(M) est une extrémale pour
(1.17) si ug # 0 et que I’égalité dans (1.17) est valable pour © = uy. En plus
de I’existence des extrémales, nous nous intéressons a la valeur de la seconde
meilleure constante. Lorsque s = 0, la question a été étudiée par Druet et al .:

Théoreme 1.6 (Les cas s = 0, [34, 39]). Soit (M, g) une variété Riemanni-
enne compacte de dimension n > 3. On suppose que s = 0 et qu’il n’y a pas
d’extrémale pour (1.17). Alors

e By(g) = D ) max s Scaly sin > 4;

e La masse de A, + By(g) s’annule sin = 3.

La masse sera définie dans la Définition 1.3. On établit le résultat correspon-
dant pour le cas singulier s € (0, 2):

Théoreme 1.7 (Le cas s > 0, Cheikh-Ali [29], voir Chapitre 5). Soit (M, g) une
variété Riemannienne de dimension n > 3. On fixe xo € M et s € (0,2). On

suppose qu’il n’existe pas d’extrémale pour (1.17). Alors
e Bi(g) = MSCCII o(x0) sin > 5;

12(2n—2—3)
o La masse A, + Bs(g) s’annule si n = 3.

Le cas n = 4 est en cours.
Notre preuve repose sur I’analyse des équations elliptiques critiques dans I’esprit
de Druet-Hebey-Robert [41]. Soit (aq)aeny € CH(M) tel que

lim a, = as dans C*(M). (1.18)

a—r—+00
On considere que (A, )q € (0, 400) tel que
lim )\a = M07570(Rn).

a——+00

On prend une suite de solutions faibles (u, ), € HE(M) pour

2% (s)—

{ Agug + aqtlyg = Aa;gx—xo)s dans M,

(1.19)
Uy > 0 p.p. dans M.
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On suppose que

1
|uo¢|2*(8) )2*“)
Ua |2 (s).5 = ——dv =1,
|| ||2 (s), (/M dg(w,Io)s 9

g — 0 faiblement dans H7 (M) lorsque ov — +o00. (1.20)

et que

Nos principaux résultats sont deux descriptions des asymptotiques de (u,, ). No-
tons que la régularité et le principe du maximum donnent u, € C°(M) et
us > 0. Ensuite, nous obtenons controle ponctuel fort:

Théoreme 1.8. [Cheikh-Ali [29], voir Chapitre 5] Soit M une variété Rieman-
nienne compacte de dimension n > 3. On fixe vo € M et s € (0,2). Soit
(aa)aen € CH(M) et an, € CH(M) tel que (1.18) vérifiant et A, + a, est coer-
cif dans M. On prend (\,)o € R et (u,) € HE(M) tel que (1.18) a (1.20) ont
lieu pour tout o € N. Alors, il existe C' > 0 tel que,

n—2
fla®
=2+ dy(x, xo)

uq(z) < C — pour tout x € M, (1.21)

ou
2

o = (mﬁxua) n—2 (1.22)
converge vers 0 lorsque oo — +0o0.

Théoreme 1.9. [Cheikh-Ali [29], voir Chapitre 5] Soit M une variété Rieman-
nienne compacte de dimension n > 3. On fixe vo € M et s € (0,2). Soit
(aa)aeny € CH(M) et an, € CH(M) tels que A, + a est coercif dans M. On
prend (M\o)a € R et (uy) € HX(M) tel que (1.18) a (1.20) ont lieu pour tout
a € N. Alors,

1. Sin > 5, alors ax (o) = ¢y sScaly (o).
2. Sin =3, alors m,_(x9) = 0.
ot mg__(x0) est la masse de I’opérateur A, + a (voir la Définition 1.3) et

. (6—135)(n—2)
T 10 2n—2—s)

(1.23)

Le cas n = 4 est en cours.
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Partie 2.1: A propos de la preuve du Théoreme 1.8.

Nous établissons des estimations ponctuelles pour des suites arbitraires de so-
lutions de (1.19). Le Théoreme 1.8 affirme que le controle ponctuel est iden-
tique au contrdle du probleme (1.19). Avec ce controle ponctuel optimal, on
peut obtenir plus d’informations sur la localisation du point de "blowup” z et la
parametre de "blowup” (/i )aen- La preuve du Théoreme 1.8 passe par la preuve
en deux étapes ci-dessous:

Etape 1.1. On démontre qu’il existe ey > 0 tel que pour tout € € (0, ¢y), il existe
C. > 0 tel que

—_— toutx € M .
4w, 7o) pour tout x \ {zo}

Etape 1.2. On démontre qu’il existe C > 0 tel que
dy(z,70)" *Ua(Ta)ua(z) < C pour tout x € M. (1.24)

Pour obtenir les derniere étapes, on s’inspire de Ghoussoub-Robert [62] et
Robert [98] (pour plus de détails, (voir Chapitre 5 )). Finalement, on utilise
(1.24) et la définition de p,, (voir (1.22)), on obtient le résultat attendu.

Partie 2.2: A propos de la preuve du Théoréme 1.9.

Grace aux estimations dans (1.21), on peut prouver le Théoreme 1.9 ou n > 3.
Lorsque n = 3, la masse est définie ainsi:

Définition 1.3. [La masse] Soit (M, g) une variété Riemannienne compacte de
dimension n = 3, et soit h € C°(M) tel que A, + h est coercif. Soit G, la
fonction Green de A, + h en x. Soitn € C*(M) tel que 1 = 1 autour de x.
Alors il existe 3, € HY(M) tel que

1
Gay = Endg(-, 20) " + Ba, dans M\ {z¢}.
On a que B,, € HY(M) N C(M) N C?*7(M\{xo}) pour tout p € (3,3) et
0,7 € (0,1). On définit la masse en xy comme my(xg) = B, (x0), qui est

indépendante du choix de .

La principale difficulté de notre analyse est due a la non-existence de I’identité
de Pohozaev dans le contexte Riemannien. En effet, on doit trouver une carte
convenable qui envoie localement M vers R”. Ici, on s’inspire de Ghoussoub-
Robert [62], on prend une suite de solutions faibles (u, ), € HZ (M) pour (1.19).
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On fait le changement de variable avec la carte exponentielle exp,,  centrée en
o, €t on définit la fonction suivante:

U (X) := ua(exp,, (X)) pour X € B;(0) C R".

On note que u, vérifie localement 1’équation (1.19) sur R". On injecte main-
tenant ,, dans I’identité classique de Pohozaev sur R" (voir par exemple [62]).
On calcule, et on obtient deux parties. Avec I’estimation précise du Théoreme
1.8, nous sommes en mesure d’obtenir le comportement asymptotique précis de
ces termes. D’ici, la courbure scalaire Scaly(x) (n > 4) et la masse m,__(zo)
(n = 3) apparaissent. Finalement, on fait une comparaison et on obtient le
résultat de ce Théoreme. Le cas n = 4 est en cours. En effet, la majeure par-
tie de I’analyse a été faite dans le Chapitre 5, et la preuve des asymptotique se
ramene maintenant a I’obtention de (5.108) (voir Chapitre 5).

Partie 3: Existence d’une solution non constante a une équation
du quatrieme ordre avec un exposant critique (En collabora-
tion avec D.Bonheure et R.Nascimento)

Dans cette partie, on considére un domaine borné et régulier 2 C R™ (n > 5).
On prend o > 0, on étudie la multiplicité des solutions de

A2+ Au+ au = |u|"1u, dans 9,
{ o (P)

dyu = 0,(Au) =0, sur OS2.
Il y a au moins trois solutions: les solutions constantes ©u = 0 et + a"T.

(Q5) Y-a-t’il des solutions non constantes a (P,)?

Le probleme (/7,) est une généralisation du probleme de type Brezis-Nirenberg
Au+ au = |u|$u dans 2

’ 1.25

{ Oyu =0 sur 0f2. (1.25)

En dépit du fait que le domaine est régulier et qu’il n’existe pas de singularité de
type Hardy (contrairement a (H 5)), la difficulté du probleme et 1a méthodologie
d’examen de I’existence de solutions ressemblent beaucoup a celles développées
dans la premiere partie. Dans la suite, on définit

H3,(Q) = {u e H}(Q) : d,u =0 sur 9Q}.
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On dit que v € H3 ,(€2) est une solution faible a (P,) si

/ ((Au, Av) + (Vu, Vo) + w)) dx = / w*" v dx pour tout v € Hj (),
Q Q

ou 2% := %. On étudie les solutions faibles de (P,) comme les minima de la
fonctionnelle

u— J(u) = /(|Au|2 + | Vul* + aful?) dz,
Q

sur
Mg = {u € H2,(Q): / |u|77 dz = 1} .
Q

On définit,
2,(Q) = inf {J(u) | u € Mo}

La encore, la principale difficulté tient au fait que 2** est critique du point de
vue de I'injection de Sobolev. L'injection H3 () est compacte LP(€2) ssi 1 <
p < 2**. Avant d’aller plus loin, on établit quelques notations et rappels sur
des résultats connus. On note D3(R™) le complété de C°(R™) pour la norme
u +— [|Aul;. La meilleure constante pour le prolongement de D3(R") dans

2N .
L~-1(R"™) est caractérisée par

S(n) = inf {/ \Auy2da::/ |u]13]—v4dx:1}.
ueD3(R") | JRrr n

Lorsque la non-linéarité dans (1.25) est sous-critique (a savoir lorsque I’exposant
4/(n — 2) est remplacé par ¢ — 2 par 2 < ¢ < 2*). Lin, Ni et Tagaki [80] ont
prouvé que la seule solution positive a (1.25), pour a« > 0 assez petit, est la
solution constante non nulle. Dans le cas critique, Lin et Ni [81] ont soulevé ce
résultat de rigidité comme une conjecture.

LA CONJECTURE DE LIN-NTI’S: Pour o assez petit, (1.25) n’admet que a"=2)/*
comme une solution positive.

Cette conjecture a été résolue par Adimurthi-Yadava [8] dans le cas radial. Dans
le cas général, la situation est maintenant parfaitement comprise et résolue: nous
nous référons a Druet-Robert-Wei [44] pour les références et pour la résolution
lorsque n = 3 et n > 7 avec une énergie bornée.

Dans le cas sous-critique, il résulte d’'un argument d’indice de Morse que la
rigidité est cassée pour les grand «. Dans le cas critique, inspiré par Brezis et
Nirenberg, Wang [107], Adimurthi et Mancini [6] ont prouvé que (1.25) admet
une solution positive non constante pour chaque oo > @ > 0.

On revient vers 1’équation initiale (7). Notre premier résultat dans cette direc-
tion est I’existence d’une solution non constante:
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Théoreme 1.10. [Bonheure-Cheikh Ali-Nascimento [14], voir Chapitre 6] On
suppose §) est un domaine ouvert, borné et régulier dans R". Il existe & =
a(n, |Q]) > 0tel que pour o > @, toute solution d’énergie minimale de I’équation
(P,) est non constante.

Le résultat suivant est de type Lin-Ni:

Théoreme 1.11. [Bonheure-Cheikh Ali-Nascimento [14], voir Chapitre 6] On
suppose que () est un domaine ouvert, borné et régulier dans R". Alors, il existe

a = a(n,|Q]) > 0tel que pour 0 < a < g, la seule solution d’énergie minimale
n—4

de I’équation (P,)) est la solution constante «

Partie 3.1: A propos de la preuve du Théoreme 1.10.

Comme dans la Partie 1, la meilleure constante dans I'inégalité de Sobolev
H3 ,(Q) = L*7 () va jouer un grand rdle sur I’existence de solution non con-
stante (/,). D’abord, on montre que la meilleure constante est I'inégalité de
Sobolev est la meilleure constante pour I’espace modele R’} :

Lemme 1.1 (Bonheure-Cheikh Ali-Nascimento [14], voir Chapitre 6). On sup-
pose que ) est un domaine ouvert, borné et régulier dans R™ (n > 5). Alors,
pour tout € > 0, il existe B(e) > 0 tel que pour tout w € Hj ,(Q),

24/n
2, < Aul|? B Q-
012 2 ) < (5 +) 10l + Bl

En plus, ¥,(R") = S(n)/2*/™ et cet infimum n’est pas atteint.

Un résultat similaire a été démontré pour les domaines singuliers dans la
Partie 1 (voir Théoréme 1.1 ci-dessus et Chapitre 3). Le résultat d’existence
suivant est dans I’esprit d’Aubin [2] et le Théoreme 1.1 de la Partie 1:

Lemme 1.2. [Bonheure-Cheikh Ali-Nascimento [14], voir Chapitre 6] On sup-
pose que ) un domaine ouvert, borné et régulier dans R™ (n > 5). Si 3,(Q2) <
¥, (R%), alors 3,(Q) est atteint.

Il reste a estimer J en des fonctions test pertinentes:

1. Pour n > 5, les minimiseurs pour S(n) sont donnés par la famille a un
parametre

= u(x) = 'yn%; Y = [(n—4)(n —2)n(n + 2)]%4 :
(€% + [x]?) =
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2. On fixe py € 012 et on définit la fonction test

ve(z) = (nue(] - ) 0 @7 (z) € Hy(Q).

avec ® une carte convenable en py € 92 pour avoir 1. € Hj () (pour
plus de détails (voir le Chapitre 6)), 77 est une fonction de troncature radi-
ale.

3. On estime J(1),) et on trouve une expression qui dépend de la courbure
moyenne H (pg) pour tout n > 5, et il existe C,, > 0 tel que

S5(n) _ 2174/n8(n)1—n/4H( ) C >
e n Po)e +o(e) sin > 6,
J(we) = { . 1

S

S — 212y s H(po)elog 2 +0(e) sin=5.

A partir de 13, la positivité de la courbure moyenne i un certain point de 95 et
I’expression de J(1/.) donnent la condition suffisante ¥, (2) < X, (R’ ). Enfin,
avec le Lemme 1.2, on obtient le Théoréme 1.10.

Partie 3.2: A propos de la preuve du Théoréme 1.11

Cette preuve est dans 1’esprit de Ni-Takagi [91]. En ce qui concerne le probleme
original de Lin-Ni, un contrdle point par point est décisif pour obtenir I’unicité
de a — 0. On prouve un tel contrdle pour minimiser des solutions minimisantes
a (P,) lorsque o > 0 est suffisamment petit:

Lemme 1.3 (Bonheure-Cheikh Ali-Nascimento [14], voir Chapitre 6). On sup-
pose que u € M, atteint ©,,(2) et « < 1/4. Alors u > 0. Si on choisit v comme
le multiple de u qui résout

A%y + Av+av = |v|ﬁv, dans 1,
0,v = 0,(Av) =0, sur 0,

alors il existe Cy > 0 dépend seulement de () tel que ||v||~ < C.

Avec un tel controle, on peut prouver que la norme L°>°— des solutions min-
imisantes de (/,) va uniformément 0 lorsque o — 0. Il est simple d’obtenir que
ces solutions sont constantes en utilisant une inégalité de Poincaré. Ceci donne
le Théoreme 1.11.
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Introduction (English version)

Part 0: The framework

The celebrated Sobolev theorem asserts that, given n. > 3, there exists a constant
C1(n) > 0 such that

[wl| 2ty < C1(n)[|Vul|2@ny for all u € C°(R™) (2.1)

where 2% = % The exponent 2* is critical in the following sense. For any
domain Q C R”, let H7(92) be the completion of CZ°(Q2) for the norm u +
|Vul|2. Then H? () is continuously embedded in L(€2) for all 1 < ¢ < 2%,
and the embedding is compact if 1 < ¢ < 2* where € is any bounded domain.
This lack of compactness is the main complexity of the Yamabe problem. Given
a smooth compact Riemannian manifold (M, g) of dimension n > 3 without
boundary, we denote the scalar curvature as Scal,. The Yamabe problem states
as follows: Is there a metric g conformal to g such that Scal; is constant? It
amounts to finding a positive solution v € C*(M) to

Agu+ cpScalyu = cur st ec {-1,0,1} ,u >0 (2.2)

where A, = —div,(V) is the Laplace-Beltrami operator on (M, g) and ¢,, :=

4(’;—121). Here, the natural functional space in which to work is HZ(M ), the com-
pletion of C*°(M) for the norm u — |jul|2 + |[[Vul|s. The answer is positive,
and the resolution of this problem is a long story. It involves local conditions for
“large” dimensions, and a global condition (positivity of the so-called mass) for
”small” dimensions and the locally-conformally flat case. Let us just mention
that Yamabe’s initial proof [112] was not complete and that the final resolution
of the problem is due to Aubin [2] and Schoen [100]. The classical reference for

this problem is the survey of Lee and Parker [82].

What happens if the problem is set on a domain of R"? Can one still solve
(2.2) with the addition of Dirichlet boundary conditions for instance? This is the
object of the classical work [19] by Brezis-Nirenberg. Let {2 C R", n > 3, be an
open bounded domain with a smooth boundary, and « be a real number. In the
celebrated paper [19], Brezis-Nirenberg have proved the existence of a solution

27
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u € C%(2) N C°(Q) to the problem

Au—ou=u*"1 inQ,
u>0 in ©, (2.3)
u =0 on 0f,

as soon as o > 0 when n > 4 (and the necessary condition o < A;(£2)). The
case n = 3 1s more intricate: the existence of minimizing solutions is equivalent
to the positivity of the mass of the operator A — « (see Druet [36]).

The analysis of (2.3) (respectively (2.2)) is closely related to the best constant for
the Sobolev embedding H7 ((Q2) — L*" () (respectively Hf (M) < L* (M)).
Part 0.1: Classical inequalities on R"(n > 3).

The Hardy inequality writes

(n—2)*
1

2
/ - 5 dr < / |Vul? dx for all u € C°(R™). (2.4)
R | 7] R"

Interpolating the inequalities (2.1) and (2.4), we get the Hardy-Sobolev inequal-
ity: for s € [0, 2], there exists C'(n, s) > 0 such that

2
‘u|2*(s) 2%(s)
/ dx < C(n,s) |Vul|? dz for all u € C°(R™), (2.5)
Rn

no x|

where 2*(s) := % is the critical Hardy-Sobolev exponent. We observe that,
with s = 0 we recover the Sobolev inequality (2.1), and with s = 2 we recover

the Hardy inequality (2.4). When v < @, it follows from (2.4) that there
exists C'(n,y) > 1 such that

1 P
C(n,7) / Vul*dz < / (!Vu|2 —’VW) dr < C(n,7) / Vul ds

for all u € C°(R™). Therefore, for any v < =27 there exists C(n,v,s) >0

4
such that

R P IO] ) 02
(/n BE da:) < C(n,v,s) /n (]Vu| —’yW) dx (2.6)

for all u € C°(R™). This Hardy-Sobolev inequality is a particular case of
the celebrated family of functional inequalities obtained by Caffarelli-Kohn-
Nirenberg [25] but was apparently discovered earlier by V.P.II’in, see [73]. Let
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us now restrict this inequality to a domain. Let ) be a domain of R", n > 3,
and, for 0 < s <2,y € Rand a € L>*(12), define

Psa(Q) 1= inf { I, o (u)/ w € H} () \ {0}},

where

Jo (1Vu? = (25 + a(@)) ) e
(Jo 5 da) ™

Note that it follows from (2.6) that for s € (0,2) and v < (";2)2 ,
K > 0 such that

R ) ) 02
—dz SK/ Vul* —v—5 | dx (CKN)
o |7l o ]

(n=2)" 2)

J9 (u) =

’y787a/

for all u € C'°(Q). In other words, /i,50(€2) > 0 when v <

In this thesis, we mainly focus on critical points of JSS .- Namely, let (M, g)
be a compact Riemannian manifold with boundary M and interior M. Let
xo € M be a fixed point and let d, be the Riemannian distance on M. We fix

a,h € L>*(M) and g € (1,2* — 1). We will consider weak solutions to

2 (s)—1 .
Agu — <a(:c) + dg(xﬂjxo)?) U= dg(x ooy T h(z)u? in M;

u>0 in M; (2.7)
u = on OM if # ()

Part 0.2: The work program

Basicaly, this thesis is divided into three parts:

Part 1: We analyze the existence of solutions to (2.7) on a non-smooth domain
in R™ with boundary singularity at 0 modeled on a cone. The solutions
are achieved as minimizers of Jf{fsp when i = 0, and as Mountain-Pass
critical points when h # 0.

Part 2: On a compact Riemannian manifold M/ with no boundary and with v = 0
and h = 0, we perform a blow-up analysis of solutions to (2.7) of min-
imizing type. This yields informations on the value of the second best
constant in the related Riemannian functional inequality.

Part 3: We study a fourth order Paneitz version of (2.7) with v = s = 0 on a
smooth bounded domain of R", n > 5.
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Part 1: Hardy-Sobolev equations on singular domains

Let €2 be a bounded domain of R", n > 3, and fix v € R and a € L>(2). We
investigate the existence of weak solutions u € H 1270(9), u#0,to

Au—(a(x)—l—#)u:Ls.)_1 in Q,
u>0 a.e. in 2, (HS)
u=20 on 0f2.

Up to dilation, equation (H.S) is the Euler-Lagrange equation associated to
Jﬁs’a. So if there are extremals for a positive /i, 5,(€2), they are solutions to
(HS).

The case 0 € Q: The problem makes sense when v < (n — 2)?/4, the classical
Hardy constant. There are no extremals for s, (€2) (see [60]). There is an
important literature on this case. For instance, we refer to Ruiz-Willem [99],
Smets [102] and the survey [60] by Ghoussoub-Robert.

The case 0 € 9. The existence of extremals for 1, ;((£2) has been studied
by Egnell [46] when () is a cone at 0. When the domain is smooth, the ques-
tion was initiated by Ghoussoub-Kang [55] and studied by Chern-Lin [32] and
Ghoussoub-Robert [61]. It turned out to be also interesting as the mean curva-
ture at 0 gets to play an important role. In this thesis (see [27,28]), we consider
nonsmooth domain modeled on some regular cones (we refer them as “model
singularities””). We show how the geometry of the model cone influences the
value of the Hardy constant on (2.

From now on, we assume that 0 € 2, and for convenience, we define
RFPn=F = RY x R" " forall k € {1,...,n},

with R% := {2y, ...,z > 0}. In Cheikh Ali [27],[28], we define domains that
are modeled on cones:

Definition 2.1. We fix 1 < k < n. Let §) be a domain of R". We say that
xo € 0N is a singularity of type (k,n — k) if there exist U,V open subsets of R"
such that 0 € U, xq € V and there exists a diffeomorphism ¢ € C*>(U, V') such
that ¢(0) = x¢ and

H(U NRM+"7F) = 6(U) N Q and ¢(U N ORM+"F) = 4(U) N 09,
with the additional hypothesis that the differential at O doy is an isometry.

The motivation for considering equation (H S) arises from the problem of
existence of extremals for the Caffarelli-Kohn-Nirenberg (C'K V) inequalities.
We address the following questions:
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(Q1) For which values of v € R does (CKN) hold for some K > 0 and all
u € H7 ((Q2)? In other words, when do we have 1, 50(2) > 0?

(Q2) Is the best constant achieved? In other words, is p 0(2) achieved by
some u € Hf ((Q), u # 0?

Note that the best Hardy constant for R* "% is explicit. As it is noted in
Ghoussoub-Moradifam [57], we have that

(n + 2k — 2)?

vp (RE+F) = forall k € {1,...,n}.

The answer to the first question (Q1) depends on the Hardy constant. We define

fQ |Vu\2dac'

Y () := po2,0(2) = inf ¢ =———:
Jo % dz

u€ Hiom)\{o}} : (2.8)

As a consequence, interpolating the Hardy inequality (2.8) and Sobolev inequal-
ity ((CKN) with v = s = 0), we get that

v <7m(Q) = fiys0(82) > 0.

We now tackle the second question (Q2), that is the existence of extremals for
fy.50(£2). The following result is central for the sequel. The proof is standard
since Aubin’s proof of the Yamabe conjecture in high dimensions [2] where he
noted that the compactness of minimizing sequences is restored if the infimum
is strictly below the energy of "Bubble”. In our case below, this translates to

Hy,s,a () < Hy,s,0 (RkJr ek ).

Theorem 2.1 (Cheikh-Ali [27], [28], see Chapters 3, 4). Assume 2 C R" is a
bounded domain such that 0 € 0S) is a singularity of type (k,n—k). Assume that
v < yar(R+"7F) 0 < s <2 and iy 5.,() < iy 50(RE""F). Then there are
extremals for i s o(Q2). In particular, there exists a minimizer w in H? o(2)\{0}
that is a positive solution to the equation

Au — (# + a(m)) u = MV,S,Q(Q)% in ),
u >0 in €,
u=20 on 0f2.

The kind of condition /i ,(2) < piy50(RF"7*) is very classical in best
constant problems, see Aubin [2], Brezis-Nirenberg [19]. From here, we con-
sider the following question:

(Q3) For which 7 < 7 (R ") do we have fu, 5.4(Q) < fiy,50 (R "7")?
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Before answering this question, for £ € {1,...,n} we need first to consider

model solutions to

Ay — ‘#u =0 in RF+"F,

w0 in Rk+n—k. 2.9)
uw=20 on ORF+n—k,

Let o € R be a real number and fix v < vz (R*"~*). Then
U, is asolutionto (2.9) & a € {a_,a;},

where

n—2
+ /7y (RF+nk) — .

(2.10)
The functions U, _, U, are prototypes of solution to (2.9) vanishing on R*+ "=,
Note that

k
U, = |x|_“_kai and oy = as(y,n,k) =

=1

-2
a < nT <oy and U, € Hi g (RF77F).

The profile U, _ is also the model of behavior for variational solutions to (H.S5).
Indeed, it follows from the regularity result of Felli-Ferrero [50] that, via a chart,
a variational solution to (H S) is behaving like U,,_ around the singularity 0. We
now define the critical dimension n., , := /4y + 1+2—2k (possibly non-integer
and negative):

1

{ 7 is small (large dimension) : y < vz (R*"%) — 1 thatisn > n. }
1

1
v is large (small dimension) : v > vy (RF+"=%) — 1 thatis n < n.
Here is the strategy to get fi, s () < 1.5 0(RF+"7F):

1. We take a non-negative extremal V for j., ; o(R¥"7F).

2. We concentrate the function V' in 0 with € > 0 and bring it back on €2 by
the chart ¢ (see Definition 2.1).

3. We calculate and obtain an integral which, under the right assumptions on
the dimension, must converge to get the generalized curvature GH, ,(Q2).

4. In the other cases, global arguments are needed and we need to introduce
the mass m., o(€2).
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First, we need the existence of extremals for i, ¢ o(R*"7) to build the test
function. By Ghoussoub-Robert [60] (see Section 5), we have the following
result:

Proposition 2.1. Fix v < yg(RF""%) and s € [0,2) withn > 3, then
If{s >0} or{s=0,7v>0andn > 4} then ji, . o(R*"%) is attained .
This part is divided into three subsections:

Part 1.1: We introduce the problem (H.S) in Cheikh-Ali [27] (see Chapter 3). Under
a local geometric hypothesis, namely that the generalized mean curvature
is negative (see (2.11) below), we prove the existence of extremals for the
relevant Hardy-Sobolev inequality for large dimensions.

Part 1.2: Next, we tackle in Cheikh-Ali [27] (see Chapter 4) the question of small
dimensions that was left open. We introduce a “mass”, that is a global
quantity, the positivity of which ensures the existence of extremals in small
dimensions.

Part 1.3: As a byproduct, we prove the existence of solutions to a perturbation of
the initial equation via the Mountain Pass Lemma.

Part 1.1: Large dimensions and generalized curvature

When ~ is small (large dimensions): In this case, we show how the local geom-
etry induced by the cone around the singularity influences the value of Hardy-
Sobolev constant to answer the (Q3), we will need two important things:

I- Definition of the generalized curvature: We introduce a new geometric ob-
ject at the conical singularity that generalizes the mean curvature”: this allows
to get extremals for (H.S). For this, we write the nonsmooth domain 2 as the
intersection of smooth domains around 0: there exists €2y, ..., 2, C R"™ smooth
bounded domains and d > 0 such that

QN B;(0) = <ﬂ Q) N B;(0).

The ©Q,’s are locally unique up to permutation. We set ¥ := N¥_ 9Q; where
k € {1,...,n}. The vector FIOE denotes the mean-curvature vector at 0 of the
(n — k)—submanifold X. For any m = 1, ..., k, I17™ denotes the second fun-
damental form at 0 of the oriented (n — 1)—submanifold 0f2,,. The generalized
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mean curvature of () is defined by:

k k
GH,.(Q) = &> (Hy, o)+, > ™ (5,7) @.11)

m=1 i,m=1,i#m

. > I,V

p,g;m=1, |{p,q;m}|=3

where for any m = 1, ..., k, i/, is the outward normal vector at 0 of 0f2,, and
c,lyys, cfﬁs, cis are positive explicit constants. We refer to [27] (see Chapter 3) for
details on this curvature.

II- Symmetry of the extremals for p., 5o (R*+""%). We present the sym-
metry of the extremals for p., ¢ o(R¥"~%). The type of symmetry below has
been proved in several context since the pioneer contribution of Caffarelli-Gidas-
Spruck [24] (see Chern-Lin [32] and Ghoussoub-Robert [61] for Hardy-type ref-

erences). For v < vy (R*"7%) s € [0,2), we consider the problem (HS) on
Rk-’»’nik:

2% (s)—1 . _
AV — Ly =Y in RF+m—k
|| |z[® ’

V=0 in RF+m—F, (2.12)
V=0 on ORF+m—k,

We have the following theorem:
Theorem 2.2 (Cheikh Ali [27], see Chapter 3). For vy > 0 and if V' a is solution
of the equation (2.12) in C*(Rk+"=F)NC (RE+7=k\{0}) for some k € {1, ...,n},

then V o o =V for all isometries of R™ such that o(RF+""F) = RF+n1=k I
particular:

e There exists w € C*(]0, co[FxR"*) such that for all z1, ..., ), > 0 and
for any x' € R"*, we get that

V(21 .oy 2p, ') = w(wy, ..., x, [27]).

o V is a symmetric function of k variables: for all permutation s of the set
of indices {1, ..., k}, we have

V(@1 ooy Bk, Thegts ooy Tn) = V(Zs(1)s oo To(k)s Tt 1y o5 Tnr)-

Initially, our intention was to follow the proof of Chen-Lin [32]. However,
the singular boundary prevented us from using the classical strong comparison
principle. We finally produce a robust proof by using the method of Berestycki-
Nirenberg [20] which did not require smoothness of the boundary.
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We are then in position to follow the strategy we introduced above. Let V' > 0
be an extremal for /i, s o(R*"~%) (when it exists). For ¢ > 0, define the test
function

Vi(z) = (nef"%?v (6*1-)) o ¢~ (x) (2.13)

where the chart ¢ is as in Definition 2.1 and 7 is an adapted cutoff function. Due
to the regularity by Felli-Ferrero [50], we get a precise behavior of V' at infinity,
and therefore precise asymptotics for V, for ¢ — 0. We get the following:

Proposition 2.2 (Cheikh Ali [27], see Chapter 3). Let 0 < v < vy (RF+"F),
and assume that there are extremals for i, s o(R¥+""%). Then there exists posi-
tives constants cfys where =1, ...,3 and for allm = 1, ..., k such that:

1. Forvy < yy(RF-""F) — 2 (that is n > n. i), we have that

Ta0(Ve) = 1,50 (R¥7F) (1 4+ GH, 5(Q)e + 0(e)) .

2. For~ = yg(Rk+n=Fk) — % (that is n = n., 1), we have that

I3 0(Ve) = fiy,sp(RF+77F) (1 +GH, (Q)eln (%) +o0 (e In G))) .

with GH,, 4(2) as in (2.11).

These expressions depends only on the local geometry of the domain. This
is possible since, in the expansions, we observe a phenomenon of localization in
large dimensions. Such a phenomenon has already been observed in the geomet-
ric context of the Yamabe problem (see Aubin [2]) and in nonlinear euclidean
PDEs (see Brezis-Nirenberg [19]). This localization is possible due to the choice
of the large dimension n > n., ;; corresponding to the case n > 4 for the Brezis-
Nirenberg problem.

Part 1.2: Small dimension phenomenon and existence of extremals

When ~ is large (small dimension). When n < n,, it is known since the
pioneering work of Schoen [100] that global arguments are required and that we
need a notion of mass.

Definition 2.2 (Mass). Let 2 be a bounded domain in R", n > 3, such that
0 € 09 is a singularity of type (k,n — k) for some k € {1,....n}. We fix
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v < vu(Q) and a € C*(Q) (6 € (0,1)). We say that a coercive operator
A — (y|z|7* + a) has a mass if there exists G € C*(Q) N HY 1,.(2) such that

AG — (#—I—a(x))G:O in Q,
G>0 in €,
G=0 on 0Q\{0},

and there exists ¢ € R such that
k
G(z) = [ [ d(z, o) (Ja| =% + cla| = * + o(|2[ =) asz — 0,
i=1
where o is defined in (2.10). We define m., ,(§) := c as the boundary mass of
the operator A — (y|z|™2 + a).

We remark that the function G is unique, so that the definition of the mass
makes sense. In [28], we give several situations for which the mass is defined.
For v (RF+"F) — 1 < v < yu(R*"F), that is n < n,, we construct global
profiles:

oy —_

W.(z) = Vi(z)+e = O(x), (2.14)
where V. is defined in (2.13), and © € H} ;(Q) is such that

k

O(x) = myo(Q) [ [ d(x, 09) x| + 0 (H d(z, aQi)|x|a—k> as z — 0.

i=1

Proposition 2.3 (Cheikh Ali [28], see Chapter 4). Let ) be a bounded domain
in R", n > 3, such that 0 € 0X) is a singularity of type (k,n — k) for some
ke{l,..n}. Wefix0<s <2 ~v<vy(Q)anda € C*Q) (@ € (0,1)).
Assume that there are extremals for ji., s o(RF+""F). We assume that

1
v > v (RF17R) - 2 (thatisn < n.y),

and that the operator A — (v|z|™? 4 a(x)) is coercive with a mass m., ,().
We let (W.). € H: () be as in (2.14). Then, there exists an explicit constant
9 > 0 such that

Ta(We) = My,s,o(Rk+’n_k) (1 — ,(Y)ﬁéﬁn%a(Q)é”_CL + O(€a+—a7)) 7

'y’sﬂa

as e — 0.

Putting together Propositions 2.1, 2.2 and 2.3, we get the following answer to

(Q2) and (Q3):
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Theorem 2.3 (Cheikh-Ali [27, 28], see Chapters 3,4). Let €2 be a bounded do-
main in R", n > 3 such that 0 € ) is a singularity of type (k,n — k) for some
ke{l,..,n}. Wefix0 < s <2and0 <~y < yg(Q). In addition, suppose that
either {s > 0} or {s =0, v > 0 and n > 4}. We assume that:

o GH, () <0ifn>nyy,
o the mass exists and m. o(2) > 0if n < n. .

Then there are extremals for M%&O(Q). Moreover, up to dilation, the extremals
are positive weak solutions to (HS) for a = 0.

The remaining case s = 0, v > 0 and n = 3 is a bit different. Indeed, in this
case, we do not know whether there are extremals or not for i, ¢ o(R¥"7%). If
not, we introduce a mass in a more classical spirit. This situation is developed
extensively in [27,28].

Part 1.3: A perturbed Hardy-Sobolev equation

We briefly discuss the perturbed equation. We let a,h € L>®(Q) and 1 < ¢ <
2r—1= Z—J_rg be additional parameters. We investigate the existence of solutions
u e C*(Q) N H{ () to the perturbed equation

Au — (a(x) + #) u = % + h(z)u?™!  inQ,

u >0 a.e. in €, (PHS)
u=>0 on 0f).

Such solutions are critical points for the functional £, : H 1270(9) — R:

2% (s
E,(u) ::1/ (IVul® + au?) dx—L/qu—()dx—L/hufl dx
2 Jo 25(s) Jo lxl* ¢+1Ja

forallu € H 12’0(9). Our main tool is the Mountain-Pass Lemma by Ambrosetti-
Rabinowitz [5] to produce critical points of F,,.

Theorem 2.4 (Cheikh-Ali [28], see Chapter 4). Let ) be a bounded domain in
R™ n > 3, such that 0 € 0X) is a singularity of type (k,n — k) for some k €
{1,...,n}. Wefixy < yg(R¥+"7F), a € C%(Q) such that A— (y|z| =% +a(x)) is
coercive, and h € C%%(Q) suchthat h > 0 andlet0 < s < 2and1 < q < 2*—1.
Assume that there exists ug € Ht (), uo # 0, such that

2—s

E t < —¥0 s RkJﬁn_k g?
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then equation (P H S) has a non-vanishing solution in H? () of Mountain-Pass
type.

Therefore, finding solutions to (P H S) reduces to the question:

2 — S (Rlur,n—k) g::: ?

(Q4) When do we have thatsup E,(tug) < —————fty.50
t>0 2(7’L — 8) 7
We answer (Q4) by taking for ug either V, (see (2.13)) when n > n. ;, or W,
(see (2.14)) when n < n., ;. We choose to present only the case s > 0: the case
s = 0 is detailed in [28] (see Chapter 4):

Theorem 2.5 (Cheikh-Ali [28], see Chapter 4). Let €2 be a bounded domain
in R", n > 3, such that 0 € 0X) is a singularity of type (k,n — k) for some
ke {l,...,n}. Leta,h € C*(Q) (0 € (0,1)) be such that A — (y|x|~? + a)
is coercive and h > 0. Consider 0 < s < 2and 0 < y < yy(RF+""%). We fix
q € (1,2*—1). Then, there exists a positive Mountain-Pass solution u € H7 ()
to the perturbed Hardy-Schriodinger equation (PHS) under one of the following
conditions:

® n > n.,; and

GH, (Q) <0 ifq+1 <22,
ciGH, (Q) —c2h(0) <0 ifg+1= 277__22,
h(0) >0 ifqg+1>2=2

o n=n,;and

GH,,(Q) <0 ifqg+1< 22
h(0) >0 ifqg+1>32=2

n
® n < N,y and

Moa(§2) >0 ifq+1<

CaM o (Q) + ¢h(0) > 0 if g+ 1 = 2n=2ees),
' 2n—2 —a_

M=o ifq+1 > 2,

where cy, co, c3 > 0 are explicit constants (see Chapter 4).

This result shows how the subcritical nonlinearity has an impact on the ex-
istence of solutions. When the subcritical nonlinearity is close to being linear,
only the geometry of {2 commands the existence. Conversely, when it is close to
being critical, the subcritical nonlinearity commands the existence, whatever the
geometry is.
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Part 2: Asymptotics for elliptic Hardy-Sobolev equations on
manifolds and Best Constants

Let (M, g) be a compact Riemannian manifold of dimension n > 3 with OM =
(). We fix o € M and s € [0,2). We are now dealing with equations like (2.7)
with v = 0 and A~ = 0. In Part 1, we were mostly interested in extremals for
Hardy-Sobolev inequalities in relation with the best constant of the embedding.
In the present setting, we are also dealing with the existence/non-existence of
extremals, but with a focus on the associated second best constant.

Interpolating the Sobolev and Hardy inequalities, we get the Hardy-Sobolev in-
equality that writes as follows: there exists A, B > 0 such that

(/M Y a )2*%5) A/ Vul;d B/ “d 2.15
v < ul, dvg + u” dv .
dg(:r;,:z:o)s g = ‘ ‘g g g ( )

for all w € H(M). When s = 0, this is the classical Sobolev inequality. Ex-
tensive discussions on the optimal values of A and B above are in the mono-
graph Druet-Hebey [40]. It was proved by Hebey-Vaugon [70] (the classical
case s = 0) and by Jaber [75] (s € (0, 2)) that

to.50(R™) ™" = inf{A > 0 such that 3B > 0s.t (2.15) holds for all u € H} (M)},

and the the infimum is achieved, where
L IVu|?dX
Ho,s,0 (Rn) = inf fR | | 5, U € Ogo (Rn)

f |u‘2 (.s) 2% (s)
Rn |X‘s

is the best constant in the Hardy-Sobolev inequality (see Lieb [83] Theorem 4.3
for the exact value). Therefore, there exists B > 0 such that

ISP Vul2dv,+ B | u?d
—dv < Up.s Ul AV, + u” av
(/Mdg@,:co)s ) Hoap(R” (/ Ve ey /M )

(2.16)
for all u € HZ(M). Saturating this inequality with repect to B, we define the
second best constant as

B,(g) := inf{B > 0 such that (2.16) holds for all u € H; (M)},

to get the optimal inequality

[l 7 Vul? dv, + B, 24
——dv < Ug.s ulsdv, + u” av
(/Mdg(wo>s ) doso(R (/\ o+ Bu(o) [ )

(2.17)
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forallu € HZ(M). We say that ug € H(M) is an extremal for (2.17) if ug # 0
and equality in (2.17) holds for u = w,. In addition to the existence of extremals,
we are interested in the value of the second best constant. When s = 0, the issue
has been studied by Druet and al.:

Theorem 2.6 (The case s = 0, Druet and al.[34,39]). Let (M, g) be a compact
Riemannian manifold of dimension n > 3. Assume that s = 0 and that there is
no extremal for (2.17). Then

® By(g) = 4(7;—__21) max s Scaly if n > 4;
o The mass of Ay + By(g) vanishes if n = 3.

The mass will be defined in Definition 2.3. We establish the corresponding
result for the singular case s € (0, 2):

Theorem 2.7 (The case s > 0, Cheikh-Ali [29], see Chapter 5). Let (M, g)
be a compact Riemannian manifold of dimension n > 3. We fix xo € M and
s € (0,2). We assume that there is no extremal for (2.17). Then

© Bi(9) = fyasgSealy o) if n > 5;

o The mass of A, + B;(g) vanishes if n = 3.

The case n = 4 is still under investigations.

Our proof relies on the blow-up analysis of critical elliptic equations in the spirit
of Druet-Hebey-Robert [41]. Let (a4 )aen € C*(M) be such that

lim a, = ao in C1(M). (2.18)

a——+00

We consider (A, ) € (0, +00) such that

lim )\a = M07S70(Rn).

a—+00
We let (uy), € HZ(M) be a sequence of weak solutions to

1‘0)5

(2.19)
Uy > 0 a.e. in M.

2% (s)—1
Uy :
{ Agug + aqtly = )\a—dg(L in M,

We assume that

[|ta

1
a2 ) )2()
e = [ | Ty, —1,
() (/M dg(z,20)5 7
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and that
Uq — 0 as a — +oo weakly in Hy (M). (2.20)

Our main results are two descriptions of the asymptotics of (u,). Note that
regularity and the maximum principle yield u,, € C°(M) and u, > 0. Next, we
obtain strong pointwise control:

Theorem 2.8. [Cheikh-Ali [29], see Chapter 5] Let M be a compact Riemannian
manifold of dimension n > 3. We fix xo € M and s € (0,2). Let (aq)aen €
CH(M) and a, € C*(M) be such that (2.18) holds and A, + a, is coercive in
M. We let (\o)o € R and (u,) € HZ(M) be such that (2.18) to (2.20) hold for
all o« € N. Then, there exists C' > 0 such that,

nT72
Mo
=2 4+ dg(x, xo)"

uq(z) < C — forallx € M, (2.21)

where
2

o = (mj\z}X Ug) 72 (2.22)
converge to 0 as o — +0.

Theorem 2.9. [Cheikh-Ali [29], see Chapter 5] Let M be a compact Riemannian
manifold of dimension n > 3. We fix o € M and s € (0,2). Let (aq)aen €
CY(M) and as, € C*(M) be such that (2.18) holds and A, + a, is coercive in
M. We let (M\o)a € Rand (uy)o € HE (M) be such that (2.18) to (2.20) hold for
all « € N. Then,

1. If n > 5, then ao(xg) = ¢y sScaly(xo).
2. If n =3, thenm,__(zo) = 0.
where m,__ () is the mass of the operator A, + a, (see Definition 2.3) and

(6—35)(n—2)

e = . 2.23
s T 19(m — 2 s) (2:23)

The case n = 4 is in progress.

Part 2.1: About the proof of Theorem 2.8.

We establish sharp pointwise estimates for arbitrary sequences of solutions of
(2.19). With this optimal pointwise control, we are able to obtain more infor-
mations on the localization of the blowup point x( and the blowup parameter
(o )aen- The proof of Theorem 2.8 goes through the proof of two steps below:
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Step 2.1. We claim that there exists ¢y > 0 such that for any € € (0, ¢), there
exists C. > 0 such that

uq(z) < C, fo

€Wfor allx € M \ {[[‘0}
g\

Step 2.2. We claim that there exists C' > 0 such that
dy(2,20)" e (Ta)ta(r) < C forallz € M. (2.24)

To get the last step, we take inspiration in Ghoussoub-Robert [62] and Robert
[98] (for more details, (see Chapter 5 )). Finally, Using (2.24) and the definition
of u, (see (2.22)), we get the expect result .

Part 2.2: About the proof of Theorem 2.9.

Thanks to estimates in (2.21), we can prove the Theorem 2.9 whenn > 3. When
n = 3, the mass is defined as follows:

Definition 2.3. [The mass] Let (M, g) be a compact Riemannian manifold of
dimension n = 3, and let h € C°(M) be such that A, + h is coercive. Let G,
be the Green’s function of A, + h at x. Let n € C* (M) such that n = 1 around
xo. Then there exists ., € H?(M) such that

1
Gaco = E?’]dg(',ﬂfo)_l + /81;0 in M \ {ZU()}

We have that 3,, € HY(M) N C™ (M) N C*7(M\{xzo}) for all p € (3,3)
and 0,7y € (0,1). We define the mass at xo as mp(zo) = Bz, (x0), Which is

independent of the choice of n.

The main difficulty in our analysis is due to non existence of the Pohozaev
identity in the Riemannian context. Indeed, we must get a suitable chart that
maps locally M to R". From here, inspired by Ghoussoub-Robert [62], we take
(ua)a € HZ(M) is a sequence of weak solutions to (2.19). We make a change
of variable with the exponential chart exp,, centered at xg, and we define the
following function

Uio (X) := uq(exp,, (X)) for X € B;(0) C R™.

We remark that 1, also satisfies an equation like (2.19) locally on R". Now, we
inject 1, in the Pohozaev identity classical on R" (see for instance [62]). We
calculate, and we get two parts. With the sharp estimate of Theorem 2.8, we are
in position to get the precise asymptotic behavior of these terms. From here, the



43

Scalar curvature Scal,(zo) (n > 4) and the mass m,__ (o) (n = 3) will appear.
Finally, we make a comparison and get the result of this Theorem. The case
n = 4 is in progress. Indeed, most of the analysis has been made in Chapter 5,
and the asymptotics are obtained provided Assumption (5.108) (see Chapter 5).

Part 3: Existence of a nonconstant solution to a fourth-order
equation with critical exponent (In collaboration with D.Bonheure
and R.Nascimento)

In this part, we consider a domain 2 C R™ (n > 5) that is bounded and smooth.
Given a > 0, we investigate the multiplicity of solutions to

A%y + Au+ ou = |u|7Tu, inQ, P)
dyu = 0,(Au) =0, on 0f). !

There are at least three solutions: the constant solutions « = 0 and =+ a%.

(Q5) Are there nonconstant solutions to (P,)?

Problem (/) is a generalization of the Brezis-Nirenberg-type problem

{ Au+ au = |u|$u in (2.25)

d,u=0 on 0f).

Despite the domain is smooth and there is no Hardy-type singularity (unlike
in (HS)), the difficulty of the problem and the methodology to investigate the
existence of solutions are pretty much like what was developed in Part 1. In the
following, we define

H3,(Q) := {u € H3(Q) : d,u = 0 on 00}

We say that u € H3 () is a weak solution to (P,) if

/ ((Au, Av) + (Vu, Vo) + uv)) do = / u*"toda forall v € H3, (),
0 Q

where 2 = TfT” We investigate weak solutions to (/,) as minima of the

4
functional

s J(u) = /(|Au|2 IVl + aluf?) de,
Q
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on
Mg = {u € H;,(Q): / |u|% dx = 1}.
Q

We define,
() :=inf {J(u) |u € Ma}.

Again, the main difficulty here is due to the fact that 2** is critical from the view-
point of the Sobolev embeddings. The embedding H3 ,(€2) is compact in L ()
iff 1 < p < 2**. Before proceeding any further, we establish some notations
and recall some known results. Denote by D3(R") the completion of C2°(R")
for the norm u + ||Aul|,. The best constant for the embedding of D3(R") into

L~ (R™) is characterized by

S(n) = inf { |Aul? dx :
Rn

u€D3(R")

\u]% dr = 1} :

R

When the nonlinearity in (2.25) is subcritical (namely when the exponent 4 /(n —
2) is replaced by ¢ — 2 with 2 < ¢ < 2*). Lin, Ni and Tagaki [80] have proved
that the only positive solution to (2.25), for small o > 0, is the nonzero constant
solution.
In the critical case, Lin and Ni [81] raised this rigidity result as a conjecture.
LIN-NI’S CONJECTURE: For o small enough, (2.25) admits only o\"~2/* as a
positive solution.

This conjecture has been solved by Adimurthi-Yadava [8] in the radial case.
In the general case, the situation is now fully understood and solved: we refer
to Druet-Robert-Wei [44] for references and for the resolution when n = 3 and
n > 7 with bounded energy.
In the subcritical case, it follows from a Morse index argument that the rigidity is
broken for large «v. In the critical case, inspired by Brezis and Nirenberg, Wang
[107], and Adimurthi and Mancini [6] proved that (2.25) admits a non-constant
positive solution for every a > & > 0.

We go back to the initial equation (/). Our first result in this direction is the
existence of a non-constant solution:

Theorem 2.10. [Bonheure-Cheikh Ali-Nascimento [14], see Chapter 6]] As-
sume ) is an open bounded subset of R™ with smooth boundary. There exists
a = a(n,|Q2]) > 0 such that for o > @&, any least energy solution of Equation
(P,) is nonconstant.

The following result is of Lin-Ni type:
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Theorem 2.11. [Bonheure-Cheikh Ali-Nascimento [14], see Chapter 6] Assume
Q is an open bounded subset of R™ with smooth boundary. Then, there exists
a = a(n,|Q]) > 0 such that for 0 < a < q, the only least energy solution of

. . . n—4
Equation (P)) is the constant solution o s .

Part 3.1: About the proof of Theorem 2.10.

As in the Part 1, the best constants in the Sobolev inequality Hj () — L*" ()
will play a big role on the existence non constant solution of (7). We first prove
that the best constant is the Sobolev inequality is the best constant for the model
space R} :

Lemma 2.1 (Bonheure-Cheikh Ali-Nascimento [14], see Chapter 6). Assume
that €2 is a smooth open bounded subset of R" with smooth boundary and n > 5.
Then, for every € > 0, there exists B(e) > 0 such that for all u € Hj (),

24/n
012 2 0, < (5 +) 180y + Bl

LA-1(Q)
Moreover, ¥, (R") = S(n)/2%™ and the infimum is not achieved.

A similar result was proved for singular domains in Part 1 (see Theorem 2.1
above and Chapter 3). The following existence result is in the spirit of Aubin [2]
and Theorem 2.1 of Part 1:

Lemma 2.2. [Bonheure-Cheikh Ali-Nascimento [14], see Chapter 6] Assume
that § is an open bounded subset of R™ with smooth boundary and n > 5. If
2,(Q2) < E,(R7Y), then the infimum in ¥,(S2) is achieved.

It remains to estimate .J at relevant test functions:

1. For n > 5, minimizers for S(n) are given by the one-parameter family

T u(x) = %%; Yo = [(n—4)(n —2)n(n + 2)]%4 :
(€% + z[?) 2

2. We fix py € 052 and we define the test function

ve(z) = (nue(| - ])) 0 @7 (2) € H(Q).

where @ is the suitable chart at p, € 99 to get 1. € H3 () (for more
details (see Chapter 6)), n is a radial cut-off function.
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3. We estimate J(¢/.) and we derive an expression that depends on the mean
curvature H(pp) for all n > 5, and there exists C,, > 0 such that

% — 252/ B H (pg)elogt + O(e) if n=5.

S0) ¢, 258 (n) A H (po)e + o(e)  ifn > 6

4/n n 0 - )

() —{ ;
(n)

From here, the positivity of the mean curvature at some point of 02 and the
expansion of J(1,) yield the necessary condition X, (2) < X, (R’ ). Finally,
with the Lemma 2.2 we get Theorem 2.10.

Part 3.2: About the proof of Theorem 2.11

This proof is in the spirit of Ni-Takagi [91]. As for the Lin-Ni original problem,
a pointwise control is decisive to get the uniqueness for « — 0. We prove such
a control for minimizing solutions to (~,) when o > 0 is small enough:

Lemma 2.3 (Bonheure-Cheikh Ali-Nascimento [14], see Chapter 6). Assume
that u € My, achieves ¥, (2) and o« < 1/4. Then u > 0. If we select v as the
multiple of u that solves

A%+ Av + av = [v| 770, inQ,
dyv = 0,(Av) =0, on 02,

then there exists Cy > 0 depending only on ) such that ||v]|s < Co.

With such a control, we can prove that the L°°—norm of minimizing solu-
tions to (F,) is going to uniformly 0 as &« — 0. It is standard to get that these
solutions are constant by using a Poincaré inequality. This yields Theorem 2.11.
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CHAPTER

3

Hardy-Sobolev inequalities with
singularities on non smooth
boundary: Hardy constant and

extremals. Part I: Influence of local
geometry

Abstract

Let ) be a domain of R™, n > 3. The classical Caffarelli-Kohn-

Nirenberg inequality rewrites as the following inequality: for any s € [0, 2]

and any v < %, there exists a constant K (€2, v, s) > 0 such that

2
’u‘Q*(s) 2%(s) / < ) u2>
dx < K(Q,v,s Vul* —vy—5 | dz, (HS
(Qms @9 [ (IVul? =g ) do. (5)

for all u € D%2(2) (the completion of C°(€2) for the relevant norm).

When 0 € € is an interior point, the range (—oo, @) for ~ cannot be
improved: moreover, the optimal contant K (£2,+, s) is independent of €2
and there is no extremal for (H.S). But when 0 € 012, the situation turns
out to be drastically different since the geometry of the domain impacts:

e the range of ’s for which (H.S) holds;

e the value of the optimal constant K (£2,, s);
e the existence of extremals for (HS5).

When (2 is smooth, the problem was tackled by Ghoussoub-Robert [61]
where the role of the mean curvature was central. In the present paper,
we consider a nonsmooth domain with a singularity at 0 modeled on a
cone. We show how the local geometry induced by the cone around the
singularity influences the value of the Hardy constant on 2. When + is
small, we introduce a new geometric object at the conical singularity that
generalizes the “mean curvature”: this allows to get extremals for (H.S).

51
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The case of larger values for y will be dealt in the forthcoming paper [28].
As an intermediate result, we prove the symmetry of some solutions to
singular pdes that has an interest on its own.

3.1 Introduction

Let 2 be a domain of R”, n > 3, s € [0,2) and let us consider the following
problem:

w2 ()—1

—Au — #u =Y in Q,
u >0 in €2, (3.1
u=20 on 0,

where v € R, 2*(s) := % is the critical Hardy-Sobolev exponent and A

is the Euclidean Laplacian that is A = div(V). This equation makes sense for
u € D'?(Q), that is the completion of C'>°(£2) with respect to the norm u
||Vullo. The motivation for considering equation (3.1) arises from the problem
of existence of extremals for the Caffarelli-Kohn-Nirenberg (CKN) inequalities
[25]. The Caftarelli-Kohn-Nirenberg inequalities are equivalent to the Hardy-

=27 and s € [0, 2], there exists

Sobolev inequality (see [61]): for any v < ~—;

K > 0 such that

2
2*(s) 2% (s) 2
/]u\ dx SK/ |Vu|2—7u—2 dz, (3.2)

for all u € D%?(2). More generally, for any 0 < s < 2 and any v € R, we
define

u2
B Jo IVul? dz —~ [, o d
— 2
(fg Iul\ils(s> da:) =)

foru € D'?(Q) \ {0}, and we define

I

Q .
S () :

Q) = inf 2 (w). .
M%S( ) uEDlng)\{O} J’y,s(u) (3 3)

If u € DY?(2)\{0} achieves the infimum s, 5(€2), and if 11, s(2) > 0, then, up
to a constant,  is a solution to (3.1). We address the following questions:

(Q1) For which values of v € R does (3.2) hold for some K > 0 and all
u € D'?(Q)? In other words, when do we have i, 4(Q) > 0?
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(Q2) Is the best constant achieved? In other words, is /i, 4(€2) achieved by some
u e DM(Q),u #£0?

The answer to the first question (Q1) depends on the Hardy constant. Define

_ |Vul|? dx -
Y () = po2(2) = inf {fﬂu—zd, u € CZ(Q\{0} ¢ . (3.4
Ja o2 O
The classical Hardy inequality reads vy (R™) = @ and therefore, we have

that v (2) > %. As a consequence, interpolating the Hardy inequality (3.4)

and Sobolev inequality ((3.2) with v = s = (), we get that

7 <u(Q) = pys(2) > 0.
When 0 € (2 is an interior point, it is classical that v4(Q2) = v5(R") = (”_42)2.
We consider the case 0 € 0f). The study of this type of nonlinear singular
problems when 0 € 0f2 was initiated by Ghoussoub-Kang [55] and studied by
Chern-Lin [32] and Ghoussoub-Robert [61] when (2 is a smooth domain.

In this work, we tackle the more intricate case of a non smooth domain. We re-
strict ourselves to domains modeled locally on RY x R™™* forall k € {1, ...,n}.
We define the model cone at P € ) as

1
Cp(Q) := {%ir% ZPMt/ t — M, is a curve of ) and the limit exists} .
—

When €2 is smooth, C,,,(2) = R™ if 5 € 2. Still in the smooth case, Cy,(€2)
is a half-space bounded by the tangent space at x if o € 02. Moreover, when
xo € 01, then OC,, () is exactly the tangent space at x.

Definition 3.1.1. We fix 1 < k < n. Let Q) be a domain of R". We say that
xo € 082 is a singularity of type (k,n — k) if there exist U,V open subsets of R"
such that 0 € U, 0 € V and there exists ¢ € C*(U, V') a diffeomorphism such
that $(0) = x¢ and

o(UN (RE xR™™)) = o(U)NQand p(U NI (R x R*™*)) = ¢(U) N oY,
with the additional hypothesis that the differential at 0 dog is an isometry.

As one checks, we have that Cp(Q2) = dgo(RE x R"™*), and then Cp(2) is
isometric to R’i x R In the sequel, we write for convenience

REPnk = RY x R" ¥ forall k € {1,...,n}.
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(R)*

Figure 3.1: Case: k = 3,n — k = 0.

For example: When (2 is smooth, boundary points are all of type (1,7 — 1). A
general conical sigularity is as in Figure 1. We assume that 0 is a singularity of
type (k,n — k). We write the cone as Cy(§2) = {ro;r > 0,0 € D} having 0
as a vertex included in R™, where D is the trace of the cone on the sphere S
More generally, given D C S™, define the cone C' := {ro;r > 0,0 € D} . Then
we have that

e If D is the sphere S”, then C' = R™\{0}.

e If D is the half-sphere S", then C' is the half-space R'*"~! := R".

o If D= S" ' NRM"k then C = R¥+" *forall k € {1,...,n}.
For such cones, see Ghoussoub-Moradifam [57], the Hardy constant is

(€)= C=2 4\ ),

such that A\ (D) is the first eigenvalue of the Laplacian on D C S" ! with

Dirichlet boundary condition. In particular, v (R¥"=%) = W where

M(D) = k(n+ k —2) forall k£ € {1,...,n}. The model cone is the relevant
object to consider to understand the Hardy constant of €2:

Proposition 3.1.1. Let §2 be a bounded domain of R". We assume that 0 € 02
is a singularity of type (k,n — k) for some k € {1,...,n}. Then vy satisfies the
following properties:

() 55 < () < 9 (Co()
(ii) Yu(2) = v (Co(82)) for every S such that 0 € 0Q2 and Q2 C Cy(2).
(iii) If v () < v5(Co(Q)), then it is attained in D'*() .

(iv) For every € > 0, there exists R¥+"~% C Q. C R" with a boundary sin-
gularity at 0 of type (k,n — k) such that yg(RF+""%) —e < 45 (Q,) <
v (RF"F)
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The study of the Hardy constant for itself is reminiscent in the literature.
Without being exhaustive, we refer to Fall [48], Fall-Musina [49] and the refer-
ences therein.

We now tackle the second question (Q2), that is the existence of extremals for
(3.3). In this framework, the following result is classical:

Theorem 3.1.1. Let Q2 C R" be a bounded domain such that 0 € 0 is a sin-
gularity of type (k,n — k). Assume that v < vy (RF+"7%), 0 < s < 2, and
tys(Q) < iy s(R¥77K) . Then there are extremals for ., (Q). In particular,
there exists a minimizer v in DY2(Q)\{0} that is a positive solution to the equa-

tion
w2t (s)—1

—Au — Jzu = 1, (Q) in €,
(E)] w>0 in Q,
u=0 on 0f).

In other words, being below a critical threshold given by the model cone
yields existence of extremals. Such a result is reminiscent in the functional in-
equalities of elliptic type since the work of Trudinger [105] and Aubin [3] on the
Yamabe problem. Related results for Hardy-Sobolev equations are in Bartsch-
Peng-Zhang [23] and Pucci-Servadei [95].

We now give sufficient conditions to get the existence condition. As for the
Yamabe problem, we need to introduce some test-functions cooked up from a
model space: here, it is the model cone. In the smooth case, that is £k = 1, the
test-functions yield a condition on the mean curvature to recover existence. In
our non-smooth context, we must tackle two additional difficulties:

e The mean curvature is not defined, and we must define another geometric
quantity.

e The extremals for the model space R*+"~* are not smooth, and the proof
of the symmetry in [61] does not extend to our context.

We are able to recover symmetry via a version of the moving-plane method
developed by Berestycki and Nirenberg [19]. Concerning the lack of mean cur-
vature, we introduce a new geometric object.

Definition 3.1.2. Let Q2 C R"” be a domain such that 0 € 0€) is a singularity of
type (k,n — k). We define

Q :=o(UN{x; >0}) foralli=1,...k, (3.5)

where (¢, U) is a chart as in the Definition 3.1.1. We have that:
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1. Foralli =1, ...k, Q; is smooth around 0 € 0S);.
2. Up to permutation, the );’s are locally independent of the chart ¢.

3. The €);’s define locally §): there exists 6 > 0 such that

Qn B(;(O) = ﬁQl N B(;(O)

ST o

Figure 3.2: Case k = 2,n — k = 0.

For example:

Definition 3.1.3. Ler S be a submanifold of R™. We let I Ixso be the second
Sfundamental form at xq of S, that is

IT5 0 TpoS X TS % (T, S): — R
(X,Y.n) — II5(X,Y,n) = (VxY — VxY,n)s

The mean curvature vector at to € S is the vector H fo € (T, S)* such that for
alln € (T,,S)*, we have that

(Ho,n> = Trace ((X,Y)— II3 (X,Y.n)).

For k € {1,...,n} and m = 1, .., k, we define Vm o O, — R™ is the outer
unit normal vector of the locally oriented (2,,, around 0 where €2,,, as in (3.5) (see
Definition 3.1.2): this definition makes sense locally around 0. In particular, we
have 7m(0) :=(0,...,0,—1,0,...,0) when d¢y = Id. We are in position to get
an existence result for small values of ~:

Theorem 3.1.2. Let 2 be a bounded domain in R™(n > 3) such that 0 € 02 is
a singularity of type (k,n — k) for some k € {1,...,n}. Wefix 0 < s < 2 and
0 <~ < vu(2). Assume that either s > 0, or that {s = 0,n > 4 and v > 0}.
We assume that .

0 <7 < yg(RF+"F) — =

Then there are extremals for [i, s(2) if

GH, () <0 (3.6)
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where, for > := NF_,0Q;, GH, () is the generalized mean curvature

k k
"2 — O (= =
GH, (9 Y (HY Oy + > T, 5) (3
m=1 iym=1,i#m
k
+c > 1189 (7, 7 )
p,g;m=1, {p,gm}|=3
and c7 o 3 o ci s are positive explicit constants. By convention, each of the sums

above is zero when empty.

The first term in GH,, ;(€2) shows the influence of the mean curvature of
¥ = Nk ,09Q; at 0. The second and third sums outline the influence of the
positions of the €2,,’s relatively to each other: these two terms do not appear in
the smooth case, thatis k = 1.

When k = 1, condition (3.6) reads (H?, 750) < 0. We then recover the condi-
tion of Ghoussoub-Robert [61]. Our condition is local: only the local geometry
of the boundary at 0 is relevant here. In the paper [28], we deal with the case
v > g (RF1F) — }1: the test-functions then are different, and the existence
condition is global.

For the sake of completeness, we now deal with the remaining cases, still for

v < ya(REF) — 4.

Theorem 3.1.3. Let §) be a bounded domain in R™(n > 3) with a singularity of
type (k,n — k) at 0 for some k € {1,...,n}. Then

1. If v <0, then piyo(Q2) = poo(R™), and there is no extremal.

2. Ifn=30 <~y < yu(R*""%) — X and there are extremals for i o(R% x

R37%), then there are extremals for () if GH., o(Q2) < 0.

3. Ifn = 3, 0 < v and there are no extremals for i, o(R¥*37F), then there
are extremals for ji,0(S2) if R, (zo) > 0 for some zo € Q.

The proof of Theorem 3.1.3 is similar to what was performed in Ghoussoub-
Robert [61], and we will only sketch it in Section 3.6, where the interior mass
R (x) will be defined in Proposition 3.6.1.

Our results are summarized in these tables:

In this paper, some regularity issues will be used very often. Our main tool
will be the article [50] by Felli and Ferrero. We also refer to the historical ref-
erence Gmira-Véron [65] and to the monograph [33] by Cirstea. As an inter-
mediate step in our analysis, we will prove a symmetry result for the extremals
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’ Hardy Condition \ Dimension \ Geometric Condition \ Extremal ‘
’ 0<vy < yyRF+mF) -1 \ n>3 \ GH,(2) <0 \ Yes ‘

Table 3.1: Case s > 0.

Hardy Condition | Dim. | Geometric Condition | Ext. |
0<y<ygR*"*)— 1 [ n=3]GH, Q) <0and R,(z9) >0 | Yes
— n>4 GH,,(2) <0 Yes
<0 n>3 No

Table 3.2: Case s = 0.

of 1, (R*"=k): with the use of the moving-plane method (see Berestycki-
Nirenberg [19]), we will obtain that the symmetries of the domain transfer to the
extremals. This will be the object of Theorem 3.4.1.

3.2 The best Hardy constant and Hardy Sobolev Inequality

This section is devoted to the analysis of the Hardy constant  (€2) and the proof
of Proposition 3.1.1:

Proof of (i) of Proposition 3.1.1: By definition, @ = vg(R") < v5(Q).
We assume by contradiction that v (€2) = v (R"). We that have 1, 5(Q2) =
va(Q) — v = @ — 7 < pyp(RE7R) = W — 7. Theorem 3.1.1
yields ji,9(€2) is achieved by some uy € D*?(©2)\{0}. Since uy € D**(Q2) C
DV2(R™), we get that v (R™) is achieved in D'?(R"). Replacing ug by |ug],
we assume that ug > 0 on R". The Euler-Lagrange equation and the maximum
principle yield uy > 0 on R", contradicting ug = 0 on 0f). Therefore ﬁ <
V1 ($2).

For the other inequality, since €2 is a singularity of type (k, n—k) at 0, we choose
a chart (U, ¢) as in Definition 3.1.1. Without loss of generality, we assume that
dpy = Id and that Cy(Q2) = R*+"~% Letn € C>(U) such that n(z) = 1 for
x € B;s(0), for some § > 0 small enough, and consider (c).~o €]0, +00[ such
that are = o(€) as € — 0. We define

-2

k
plz) = |z| "5 sz for all 2 € RF+"7F,
i=1
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Note that p ¢ D?(RF+"=%) We fix 8 > 1 and define

2Ppa) il <
plz) =1 plz) if e <[] < 1
le.x|Pp(x) if|z| > 1.

Note that p. € DV?(R*"7*). For € > 0, we define

2

u(y) = (@ W)ac® plaie™ (y)) forany y € G(U) NQ,y = ¢()

and O elsewhere. Immediate computations yield

p? p?
/ 4z = O(1) and / “dr—0(1).  (38)
R™\B, 1 B

(0) |z ]2 - (0) |z |2

/ Vpde = O(1) and / Vo2 dz = O(1)
R™\B,1(0) (0)
when € — 0. Since d¢py = Id, we have

u@)® - _ fudd@)P
o |y = /Rk+,nkmU ()2 |[Jac(¢(x))|d

2
_ / [l SOy L o(a)) dz + 0(1) 3.9)
Bgs (0)NRF+-"—F

||

Wiiting B5(0) = (B5(0)\B, 14,(0)) U (B, 14, (0)\Bea, (0)) U (Bea, (0)), (3.8)
yields

/ L@ ) — o) 510)
(B(S(O)\Bé—laE (0))0Rk+anfk |3;’2
2
/B I W dr = O(1). 3.11)

And,

|ue(d(x))*

1
/ DE (14 O(l2])) de = WpaIn = +0O(1),
(Be-14,(0)\Bea, (0))NRF+"F |z €
3.12)
where Wpo = 2 [, |l z:?do with D = S"~' 0 RF"* for all k €

{1,...,n}. We combine (3.9), (3.10) and (3.12)

|ue(y)]”
lyl?

1
dy=Wpaln— +O(1)ase — 0. (3.13)
€
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Similar arguments yield
/ |Vue(y))|*dy = Wpoln —7H(]R’“+ mE) 4+ O(1) as € — 0. (3.14)
Q

By the equations (3.13), (3.14), we get that

Jo IVucy)Pdy
fﬂ |uTz,/Pl dy

and by the definition of vy, we get that v (Q) < v (R*"~*). This proves (7).

Proof of (ii): If Q C Cy(€2), then the definition yields vy (2) > vu(Co(€2)). The
reverse inequality is by (¢), which yields (i7).

v (RF"7F) 4 0(1) as € — 0,

Proof of (iii): Is a particular case of Theorem 3.1.1 below when s = 2.
Proof of (iv): By Ghoussoub-Robert [61] we have the following lemma:

Lemma 3.2.1. Let (¢;)eny € C(R",R™) be such that,

Let D C R" be a domain such that 0 € 0D (not necessarily bounded nor
regular), and set Dy :== ¢4(D), ¥Vt € N. Then 0 € 0D,, and limy, ,, o, Yy (D;) =

Vu (D).

Let ¢ € C(R"*) be such that 0 < ¢ < 1, ¢(0) = 0 et ¢(z”) = 1 for
all 2 € R™* such that [+”| > 1. For ¢t > 0, define ¢;(2/,2") := (21 —
top(z"), ..., o —td(x"), 2" forall (z/, 2") € RF x R"*. Set O := ¢y (RF+"7F).
Lemma 3.2.1 yields

(n + 2k — 2)?

: 0 — kyn—ky _
lim g () = yu (R ) 1

Since ¢ > 0and ¢p(z”) = 1for2” € R"*, |2"| > 1, we have that R*+"~* C Q,.
To finish the proof of (iv), we take €2, := ; with e > 0, ¢ > 0 small enough.

Proposition 3.2.1. Let v < vy (R¥"=%) forall k € {1,...,n} and s € [0,2].
Then, for all € > 0 there exists c. > 0 such that for all u € D"?(Q),

2
2°(s) 10
l [u dx} < (M%S(Rk+’n_k)_1+6)/ <|Vu|2—l2u2) dx
o |zf* Q |z

—l—ce/ u? dx. (3.15)
Q




3.2. The best Hardy constant and Hardy Sobolev Inequality 61

Proof of Proposition 3.2.1: We choose a chart (U, ¢) as in Definition 3.1.1.
Without loss of generality, we assume that d¢y = Id and then C' = Cy(Q2) =
R*¥+"=F Choose u € C®(¢(B5(0)) N Q) and define v := u o ¢ for all v €
Cl(Bs(0) N C). Define the metric g := ¢~ * Bucl, where Eucl is the Euclidean
metric. We have that |¢(z)| = |z[(1 + O(|z])) and |¢* Eucl — Eucl|(z) < c|z|
for all z € R™ small enough for some ¢ > 0.

Step 1: fix € > 0, we first claim that there exists 6 > 0 such that for all u €

Ce(o(Bs(0)) NQ),
WO » .
[/Q Br dm] < (1,5(C) +6)/Q (|Vu| — Wu > dz. (3.16)

Proof of (3.16): We have that

2

uf* ] [ el oliadom)] ] ™
d = d
U E /Bé(om o(a)F '

’U|2*(s) 2%@)
< (1+cf) [/ d:r}
Bs(ync |7l

<ty [ (v - 20t do
Bs(0)nC [z]2

< (U a0 [ (19 = s ?) aco™ )] do

< (1+c1d)p,s(C)” /(\vuﬁ— Wu) dx—l—CQ(S/ (\Vu\z " 72) dx

where the last three integrals are taken on ¢(Bs(0)) N €2. This give us

|u|2* 2%(s) 9 Yoo
mE dx < (1+cad)p,(C) (|Vu| z |2u)da:
Q
>

—1—025/(|Vu|2 |u|2)dx

For all v € C!(¢(B5(0) N Q)), we get that

2
/“—2de/ 2|1+0(|x|)|dx<<1+015/ _dr,  (3.17)
Q7] onc || ||

and,
/|Vu|2d:r:/ |V
Q Bs(0)nC

2 L+ O] dz > (1 — ca6) / VP de,
C
(3.18)
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where ¢;,c; > 0 are independent of § and v. Since v < vy (R*¥"~*), there
exists ¢g > 0 for ¢ small enough,

2
651/ |W|2dx§/ (|Vu|2—v“—2) da:gco/ Vul>dz.  (3.19)
Q Q || Q

With (3.17), (3.18) and (3.19), we get (3.16) for 6 > 0 small enough. This ends
Step 1. O]

Step 2: We prove (3.15) for all u € DY2(Q).
Let n € C(R") and \/7,/T—1n € C*(R") be such that n(z) = 1if z €

B;/2(0) and n(z) = 0 if x ¢ Bs(0). We define ||w||, 21— = [fﬂ Md‘x] . We

||®
set p = 2*(s)/2. Holder’s inequality yield
14 [lpjai=s = llne® + (1= n)u?[lpaf-
< e lpgar-= A 1L = 02| jop -
<

||\/ﬁu||§*(s),|x\*s + || \% 1— nqu*(s),Lﬂ*S’

for all u € C°(Q). Since \/nu € CZ(Bs. N C), we use (3.16) and integrate by
parts

2

’u‘?(s) ze -1 2 79
—dx < (ys(C) 4 e) [ VUl = —gnu® ) da
o |zl Q ||
/1 = null3e o) ag -
<

(et ) [ (190 = 22 do

[
VT = 1l 3e e uf - + c/ u? dr, (3.20)
Q

where ¢ > 0 depends of € > 0.
Case 1: s = 0. We claim that

ey 0(€2) < p10,0(R™) (3.21)

We prove the claim. Fix zg € €2, zy # 0, and take € C2°(2) such that n(z) =

1 around of xy. For x € Q and ¢ > 0, we define u.(z) := n(z) (W)
for all = € (). Classical computations in the spirit of Aubin [2] yield

lim fQ |Vu|? dx

2 NO,O(RH)
0 (fQ uz’ dx) -
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and lim._, fQ % dx = 0. This yields (3.21), and the claim is proved.
The Sobolev inequality yields || f[|3, /., 2 < too(R™)7'[Vf]3 for all f €

D'2(Q) c D"?*(R™). We combine these inequalities to get

VI =nullz o+ < uo,o(R”)1/QIV(\/1—77U)!2613j

< (1ya(C)7F 46 / (1 — )| Vuf* dz

+c / u?dr. (3.22)
Q

We use the equations (3.20) and (3.22)

17 !
[ g dx] < (py,5(O) 7 +e) /Qn (|Vu|2 — —u2) dx

|zl* EE
+ (117,5(C) " +¢) /(1 —n)|Vu|* dx + c/ u? dx
Q 0
< (py,s(O) 7+ 6)/ IVul? dz — (p,s(C) " +¢) 7/ LQUQ dx
Q Q\Bs . (0) ||

— (py,s(C) 7! —1—6)7/ g2 dx+c/ﬂu2 dx

Bs. (0) ||
2

2
< (M%S(C)_lee)/ [Vul? dz — (p,5(C) —1—6)7/ u—dm—l—c/u2 dx
Q B Q

5. (0) 2]
2

< (MW,S(O)_l‘{‘E)/ (|Vu|2 — %UQ) dx+c/u2 dz.

Case 2: 0 < s < 2. We have that 2 < 2*(s) < 2*, let » > 0 and by interpolation

inequality there exists ¢, > 0, such that

IVT=nulega < € (VIVT=mull3 + allv/T=nul)
< (vioo®) V(YT =) I3+ eI V/T = ull3)

We choose v such that 4190 (R") ™" < p71(C) + €, we get

IV = 1ulle o) -+ < (15,5(C) + ) IVVIE = nu) 5 + e[ v/1 = nul5.

(3.23)
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By (3.20) and (3.23)

2

|u|?"(®) 7 (s) 7y
[ da:} < (/L%S(C)_1 + (—:) / n <|Vu|2dx — —u2> dx
Q Q

| z]? j]?

L (ENC) + ) IV /T2 + eollv/T—qull + ¢ / o da

< (pys(C)7 —i—e)/ (|Vu|2 — izuz) daz+c/ u? dx.
Cas 3: s = 2. We have 2*(s) = 2

1—
V1= ulle gy o = / nu2dx<05/u2dx, (3.24)
Q\Bs,2(0) Q

by the equations (3.20) and (3.24) we get the result. O]

Proposition 3.2.2. Let Q) be a bounded domain such that 0 € 0f).
(i) If v < v (R "F), then pi,, () > —o0.
(it) If v > yu(RM"7F), then pi,, o(Q) = —oc.
(iii) If v < yu(Q2), then p., s(€2) > 0.
(iv) Ifya(Q) <y < yu(RF"7F), then 0 > p, () > —occ.
(v) If v = u(Q) < yu(RF+"F), then pi,,4(Q) = 0.

Proof of Proposition 3.2.2: Proof of (i): Let v < vy (R*"~%) and ¢ > 0 such

that (1 + €)y < vy (R*"=%). By Proposition 3.2.1 there exist ¢, > 0 for any
u € DY2(Q) such that

2
vi (RE+F) u—2dx < (1—|—6)/ |Vu|2dx+ce/u2dx.
o |z] Q Q

Since 2*(s) > 2 and 2 is bounded, Holder inequality yields ¢; > 0 such that

42" &)
/u2 dr < ¢ (/ d:p) ) (3.25)
Q Q |z[*

If v > 0 and since (1 — yyg (R¥+"%)71(1 + €)) > 0, by (3.25), we get

u2
@ o NF o yr(REeE)
(Jo 5 )

Q
Jy,s(u)
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then for any u € D"?(Q) we have ., () > —oo. If v < 0, then p., 4(2) >
to,s(€2) > 0 by Hardy-Sobolev inequality.

Proof of (ii): We take (u.)¢~o as in the proof of Proposition 3.1.1 -(i). We get

1% 1\
50 = |G = 0) 222 o) | (i)
Wiy

As s < 2and v > g (RF"F), then limo J3 (uc) = —oo, and p1, 4(Q) =
—0o0.

Proof of (iii): We fix v < yg(Q). For any u € D?(Q)\{0}, we have that

Jo IVul? dz —~ [, —|Z‘22 dx 5
= 2 2 1 - <Q) /‘LO,S(Q>7
<fQ u|2*|(:) dl’) ox(s) YH

Q
(1)

and then /1, 4(£2) > 0.

Proof of (iv): We assume that v () < v < vg(RFn"7%) it follows from
Proposition 3.1.1-(iii) that vz (€2) is attained by some u,. We get that y., ((£2) <
JEZS(U()) < 0.

Proof of (v): We now assume that v () = v < v (R*"7%). Then p, () >
0. Here again, Proposition 3.1.1 yields an extremal uy € D%2(£2) for vy (§2). We
get J3 (u) = 0, and then y, () = 0.

Sketch of the proof of Theorem 3.1.1. The proof is very classical and follows
the proof of Proposition 6.2 in [60]. We only sketch it to outline the specific tools
we use here. Let (up)ren € DV*(2)\{0} be a minimizing sequence . 5(2)
such that ||uk||3*(s),|:p\_s = 1. Using Proposition 3.2.1, we get that (ug)en iS
bounded in D'%(€)). As a consequence, up to the extraction of a subsequence,
there exists u € D'?(Q) such that uy — u weakly in D'?(Q) and strongly in
L?(2) as k — +o00. We write 6, := u, — u, so that 6, — 0 weakly in D"?(£2)
and strongly in L?*(2) as k — +o00. We apply the definition (3.3) of j, (2) to
u and Proposition 3.2.1 to 6, for ¢y > 0 small enough. It is then standard to get
that 6, — 0 strongly in D*%(Q), and then u # 0 is a minimizer for z, s(Q2). As
mentioned above, we refer to the proof of Proposition 6.2 in [60] for the method.

3.3 Regularity and approximate solutions

We say that u € D;O’ZO(Q) if there exists n € C2°(R™) such that » = 1 around 0
and nu € D'?(£2). We define U, (z) := |z|=*"* [}, ;. As one checks

_ 0
[

—~AU, Uy =0inR"* o o c{a_ a,}
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where

n—2

5V m(REE) — .

Note that U, € DV?(RF+"=%),,. . It is the model for more general equations:

a4y =

Theorem 3.3.1 (Felli-Ferrero). (Optimal regularity) Let €2 be a domain of R"
with a boundary singularity of type (k,n — k) at 0. We fix v < v (R¥"7%). We
let f: Q2 xR — R such that

”U 2*(s)—2

’—|) forallz € Q,v e R.
xS

Let u € DV2(RF"7F), 0 o, u > 0 be a weak solution to

_ 7+ 00"
]2

u@mns¢4Q+

—Au u = f(l‘, U) in D1’2<Q)loc,0

for some T > 0. Then there exists K > 0 such that

k
N-u(dz) = K (H a:) lz| 7" in B1(0) N R¥"7F (3.26)

i=1
uniformly in C* as X — 0.

This result is essentially in Felli-Ferrero [50]. Applying Theorem 1.1 of
Felli-Fererro [50] to u € D"?(2), and since u > 0, we get that

A@t%uwwmmaaur@“WU”ﬂwG%)%A%Oﬂ
xXr

where y is an eigenvalue of L., := —Aga—1 — on S"~! NRF+"~% with Dirichlet
boundary condition and v : S"! — R is a nontrivial associated eigenfunction.
Since u > 0, then ¢» > 0, and then ¢) > 0, so u = k(n + k — 2) —  is the first
eigenfunction and there exists K > 0 such that ¢(z) = K [[+_, z;. This yields
(3.26).

Lemma 3.3.1. Assume the u € DV?(RF+"=%), . is a weak solution of

|=[?

_ _ x+0(z"), _ . 1,2 (oky,n—k
Au u=0 in DR ' )iokc,o, (3.27)
u=0 on Bays N OR "%

for some T > 0. Assume there exists ¢ > 0 such that

lu(x)| < clz|™ for x — 0,z € R¥+"7F, (3.28)
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1. Then, there exists ¢y > 0 such that

|Vu(z)| < ci|z| ™ asz — 0,2 € RF+"F,

2. Iflim,_o |z|*u(z) = 0, then limg_o|x|* T |Vu(z)| = 0.

Proof. For any X € R* "% let (X;); € R*" % be such that lim X; = 0 as
Jj — +oo. Take r; = | X;| and 0, := |%j_i,we have lim;_, 1 r; = 0. Define

;(X) == r§u(r;X) forall j, X € (Br(0) NR* ") \{0}.

Since u is a solution of the equation (3.27), we get

X[

—Ady — DG =0 in BR(0) NRFE,
i =0 in Br(0) N ORE+"F,

D (RE-m=F\{0}). Since lim;_, ;. X; = 0 and by (3.28),
we get that |@;(X)| < c|X|7@ forall X € Bg(0) NR*+"*andall j € N. It
follows from elliptic theory, that there exists & € C?(RF+7~%\{0}) such that
a; — @in C (RF+m=k\{0}). Take 0 := lim,_, . 6; with |§] = 1, we have that

Here, o(1) — 0 in C}

lim |z;]*"0,u(x;) = Onpa(f) forallm =1,...,n. (3.29)

j—+oo
We assume that there exists (z;); € R¥"~* such that z; — 0 and
|2;]*" | Vu(z,)| — +oo as j — +oo.

Take 0; = % and we have lim;_, ., |V@;(6;)| = +oo contradiction with (3.29).

The case when lim,_¢ |z|*u(x) = 0 goes similarly. O

3.4 Symmetry of the extremals for ;. (RF+"F)

In this section we present the symmetry of the extremals for ., s(RF+"7). We
take inspiration in the proof of the symmetry carried out by Ghoussoub-Robert
[61] in half space {z; > 0}. For v < vy (R*"%) s € [0,2), we consider the
problem:

2% (s)—1 . _
—Au— Ly =% in RF+n—k
B EE. )
u>0 in RF+m=F (3.30)
u=20 on ORk+m—k,

Theorem 3.4.1. For~y > 0 and if u is solution of the equation (3.30) in C?(R*"=*)N
C(REk+n=k\{0}) for all k € {1,...,n}, then w o o = u for all isometries of R"
such that o(R¥+ ") = R¥"=F In particular:
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e There exists w € C*(]0, co[FxR"™*) such that for all z1, ..., x}, > 0 and
for any ' € R"™* we get that

Wy, o 0, ) = w(wy, .0, 2, 7).

e u is a symmetric function of k variables: for all permutation s of the set
of indices {1, ..., k}, we have

U(fEl, vy Loy T 15 +e0y .T)n) = U(l‘s(l), seey 'Is(k)a MO TRE PR $n)

Proof of Theorem 3.4.1: We prove the Theorem. We proceed as in Berestycki-
Nirenberg [19] (see Ghoussoub-Robert[59] and Fraenkel[52]). We write for con-
venience p := 2*(s) — 1. We define I := B, (L&) NRE+"—F and

X

v(z) == |z)* (—e_f + ]x|2> for all z € F\{0},

with v(0) = 0 and €] := (1,0,...,0). Clearly, this is well defined. We have
OF = F; U F; where

1
Fii= 9By NRM" Fand 1 = Uf, (B;(ée_f) N{z; = 0}) -

ef)

If # € Fy, then |z|*> = z;, we have v(z) = 0 or if z € F, then v(z) = 0.
Consequently, v(z) = 0 for all z € dF\{0}. We have that & € dF. Since
|z — |z|?e7| = |z||z — €|, we have that

N (3.31)
[[*le —ef]*  [zlffe —ef]®

It follows from the assumptions on u that v € C2(F) N C(F\{0, & }).
We claim that:

v(2", —x,) = v(2", x,) forall x € F, (3.32)

where " := (x4, ..., ,,_1). Theorem 3.4.1 will be mostly a consequence of this
claim.

Proof of (3.32). For A € R we define

Ty:={xeR%x, =} ; xy:=(2"2\—x,).
ZA)={ze Fx, <A} ; Y\ :={xeRz,eZ\)}
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Let —a := inf,cp z,, so that Z(\) is empty if and only if A < —a. Since
lza? = |2 = 4N\ — z,), (3.33)

we obtain that Y(\) C F if A < 0. We adapt the moving-plane method. Take
—a < A < 0 and define

ga(z) == v(z)) —v(x) forall z € Z(N).
We claim that
v(zy) > v(z) for A € (—a,0) and z € Z(\). (3.34)

We prove the claim (3.34). Since, A < 0, (3.33) yields {x € Z(\) = z, € F}.
Since

2 — |ealP8 2 = |2 — 272 = (j2al® = [2f?) [L+ aal + |2 — 221]
for all € R™, A < 0 and by (3.33), we obtain that

2y — |za?er|? — |z — |2?ef > < 0in Z(\). (3.35)
We define

ex(x) =

St i u(an) # v(x).
puP~1(z) ifv(xy) = v(x).
The equation (3.31) of v, ¥ > 0 and (3.35) yield

v(@) v(@n) ’2}

—A — _
no=a Lx —|zPep

LY.

|z — Ifﬂlz_f\s jox — s el |

< 2 @) —2
|z — [z[*ef |2 |z — [z[*€]|
then,
—Agy + dygy < 0in Z()\), (3.36)

where dy (2) := v|z—|z|2e7 | 24cr(x)|z—|z|?er | 5. Wehave Z()\) = Fn{z €
R™, x, < A}, this gives that 0Z(\) C OF U T). Therefore,

ga(z) > 0if z € 0Z(N), (3.37)

with the strict inequality when x € 0Z(A)\T) and ), € F and with equality
when z € 0Z(\) NT)y. Again, g\(z) = 0if z,z, in OF\T).
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Step 3.4.1. We prove (3.34) for A + a > 0 close to (.

Proof of Step 3.4.1: Since x € Z(\), we have x € F and x,, < \. But A < 0
thus = ¢ {0, e{ }. On the other hand , we have 0 < |z| < 1 and

ea(z)
][] = 1f°

5
|dx(2)] <
|z [?[ | — 12

. (3.38)

But v € C(F\{0, e }), thenis a ¢y > 0 such that 0 < v(x) < ¢ sur F\{0, e] }.
The definition of ¢, (z) and (3.38), then there exists ¢; > 0 such that |dy(z)| < ¢;
for all z € Z(\) and A < 0. Next, g, verifies (3.36). For any 6 > 0, if
A € (—a,0) is close to —a, then | Z(A)| < 4. It follows from Theorem 3.4.2 that
for X close to —a, we have

gx(z) > 0forx € Z(N).

We now prove (3.34) for = € Z(\). Here again, for any 6 > 0, then |Z(\)| < ¢
for A € (—a,0) close to —a. Moreover, Z(\) is bounded and g, verifies (3.36).
The Maximum principle (Theorem 3.4.2 below) yields gy > 0in Z(\) or g = 0.
We assume by contradiction that gy, = 0. We fix t € OF N {x € R", z,, < \}
such that v(x) = 0. The definition of g, yields v(z,) = 0 and in addition
x) € OF. Equation (3.33) (4\(A — x,,) = 0) yields A = 0: contradiction with
—a < A < 0. This yields (3.34) and Step 3.4.1 is proved.

We let (—a, () be the largest open interval in (—oo, 0) such that
gx>0in Z(\) forall A € (—a, f).

Step 3.4.2. We claim that 3 = 0.

Proof of Step 3.4.2: We assume 8 < 0 and we argue by contradiction. Since
gx(z) forall x € Z(X) and all A € (—a, f3), letting A — 3, we get that gz > 0
for x € Z(3). As in the proof of Step 3.4.1, the case g3 = 0 is discarded and the
maximum principle yields gg(x) > 0 for all z € Z(f).

We fix 6 > 0 that will be precised later. We let D C Z(3) be a smooth domain
such that |Z(8)\D| < $. Thus gs(z) > 0 whenz € D. For 0 < e < ¢,
we define G, := Z (5 + €¢)\D. We let ¢, > 0 small enough such that, for any
e € (0,€), we have that |G| < 9, 5+ € < 0, and gg+. > 0in D. Equation
(3.36) yields,

—Agsre tdgregpre < 0in Ge.

With (3.37) and gg > 0 in D, we get that gg, > 0 on dG.. Then, up to taking
0 > 0 small enough, by Theorem 3.4.2 below, we get gg. > 0 for z € G.. As
above, the strong maximum principle yields gz, > 0 for x € G.. Consequently,
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gs+e > 01in Z (S + €). This contradicts the maximality of 5. Then § = 0 and
ga(z) > 0for A € (—a,0) and z € Z(\). This proves (3.34).

Letting A — 0 in (3.34), we get that v(2”, —z,,) > v(2",z,) forall x € F
such that x,, < 0. By symmetry, we get the reverse inequality. This proves
(3.32).

Proof of the first part of Theorem 3.4.1: Permuting z,, and any z;, j € {k +
1,...,n}, it follows from (3.32) that v is symmetric with respect the hyperplane
{z; = 0}. Coming back to the definition of u, we get the desired symmetry.

Proof of the second part of Theorem 3.4.1. As above, this will be a conse-
quence of a claim. We claim that

u(zy, 29, ") = u(xo, 21, 2) in RE+-"F, (3.39)

Proof of (3.39). We define E',, := {z € R" " %2y — 2, > 0} := Dy N DyN
(Nk_,D}) where

Di :={x1+ x5 >0}, Dy :={x; — 29 > 0} et D} := {z; > 0}.
We consider the isometry o(z) := (%, w2 a) for o= (1, x2,2") € R X
Rx (R%?xR"7*). We have that o(E’, ) = R*+"~%. We define v(z) := uoo(z)
forallz € Ejrk Equation (3.30) of u, the isometry o and the definition of v yield

g vt
Av——w="_inE,. (3.40)
2 el T
For any = € R"\{0}, we define the inversion i(z) = —ej + - We note that:
i~1(D}) = D!, and then
1

. 1
zei (D) & z¢€ B (5@ — ?2)) .
We define o(x) := |z[*"v(i(z)) forallz € H := i"'(E',), where v(0) = 0
and 0, e_f € OH. Since v verifies (3.40) and by the definition of v, we obtain that

_ gl A oP
|zPlr — e |z[*|z — ef|s

—AD |2v +
We denote that 0 € C2(H) N C(H\{0, €7 }). Arguing as in the proof of (3.32),
we get that 0(z1, 29, ') = 0(x1, —x9,2") for all z € H. Coming back to v, and

then u, we get (3.39). As noted above, this yields the second part of Theorem
3.4.1.
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Theorem 3.4.2 (Maximum Principle for small domains). Let {2 C R" be open
domain and a € L*(Q)) such that ||a||cc < M. Then there exists 6(M,n) > 0
such that we have the following: if || < § and u € H(Q) satisfies — Au-+au >
0 weakly and u > 0 on OS2, then v > 0 in ).

Proof. This result is cited in Berestycki-Nirenberg [19] and Fraenkel [52]. We
give a short independent proof. Since —Au + au > 0 weakly, we have that

/ ((Vu, Vi) + aup) dr > 0 forall ¢ € Hy(Q), ¢ > 0.
Q

We take ¢ := u_ := max{0, —u} € H}(Q). Since Vu_ = —1,,Vu a.e, we
get

/ (|Vu_?* + au? ) dz < 0.
Q
Since u? € L% (Q2), Holder’s inequality yields
2 2
/QIVU—\de < llalleemes(Q)= lu—{3- < lallowd™ [lu-3.. (341

On the other hand, it follows from Sobolev’s inequality that s o(R™)||u_||3.
|Vu_]||3. With (3.41) and 6 := [1o0(R™)*||al|«2]” 2, we obtain ||u_||3 =
Therefore v > 0 in (2.

<
0.
]
3.5 Existence of extremals: the case of small values of ~

We estimates the functional Jfﬁs at some natural test-functions. We let W €
D12 (R*+"=F) be a positive extremal for pi., s(R*"~*). In other words,

ka+,7b7k (‘VWP - #W2

> dr k k
— sn—
2 = s (RH77F).
[ W2 7))
]Rk+,n7k ‘$|s T

Therefore, there exists & > 0 such that

T =

_ LY WOk
AW — LW = W00 iy Rbenk,

W >0 in RF+mk, (3.42)
W =0 on ORF+m—k,

They exist under the assumption that s > O or {s = 0,y > 0O and n > 4}
(see Ghoussoub-Robert [61]). By Theorem 3.3.1, there exists ¢ > 0 such that

Wi(x) <clz|* asx — 0. (3.43)
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It follows from Lemma 3.3.1, that there exists ¢ > 0 such that
VW ()| < clz| 7 asz — 0. (3.44)

Define now the Kelvin transform W (z) := |x|2_"W(ﬁ), since W satisfies

(3.42), then W also satisfies (3.42). By (3.43), (3.44) and the definition of W we
get,

W(z) < c|lz|~** and [VW (z)| < c|x| 17+ as 2| — +o0. (3.45)

For r > 0, we define B, := (—r,7)¥ x B"*(0), where B"*(0) is the ball
of center 0 and radius 7 in R" %, We take the chart (¢, U) of Definition 3.1.1 so
that

B(Bss N RE-"F) = (Bss) N Q and ¢(Bss N OR*"F) = ¢(Bss) N 09,

where § > 0. We write the chart ¢ = (¢!, ¢?, ..., ¢") and the pull-back metric

Gij (%) = (Phua(®))ij = (0ip(x),0;¢(x)) for all 4,5 = 1,...,n. The Taylor
formula of g;;(x) arround 0 writes

n

9ii(x) = 65 + Hyj + O(|z[*) with Hyj := ) "[0u¢’(0) + 9;¢' (0)]az.  (3.46)

=1

As z — 0, the inverse metric g~ = (¢%) expands as g~ = Id,,— (H;;)1<i j<n+
O(|x|?), and the volume element is

[Jac($)(@)] = 14 Y 9567 (0)a + O(|af?), (3.47)

ij=1

as x — 0. For any € > 0, we define

W.(x) := (ne’%W (e’1~)> o ¢~ (x) for all = € ¢(Bss) N and 0 elsewhere,
(3.48)

where 7 € C2°(R") is such that n(x) = 1 for z € Bs(0) and n(z) = 0 for
x ¢ Bas(0). Theorem 3.1.2 will be the consequence of the following estimates:

Proposition 3.5.1. Let 0 < v < vy (RF+"7F) = W, and assume that
there are extremals for (., s(R*"=F). Then there exists cﬁs positives constants
where 5 =1, ....,3 and forall k € {1,...,n} and m = 1, ..., k such that:

1. For~y < yu(RF+""%) — 1 we have that

T2 (W) = 1,5 (RE"7F) (1 + GH, ,(Q)e + o(e)) . (3.49)
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2. Forvy = yg(R*"%) — 2 we have that

. 1 1
J,?’S(WE) = f1y s(RFHF) (1 +GH, (Q)eln (E) +o0 (e In (E)))
(3.50)
With GH., s(2) as in (3.7).
Proof. Take B& Lk == By NR¥ % For any family (a,)cso € R, we define

)
0. (a) = { o) ify <R -4,
T Ofac) ify = yu(RE"7F) —
In order to get lighter computations, we take the following conventions: the
integral symbol [ means [; ,and A? := B-1; N {z, = 0}.
e 15,+

4-

Step 3.5.1. We claim that

/|VW€|2dx:/ YWdr e Y 3ji¢j(0)/|VW\2xidx
Q RF+- R

1<i<k;j=1
k
—2 Y (Arm + Az + Opmd™ (0 /a W O W, dac

m=1

i>1; z;ém

k k
+ Z Z [aqp¢m<0)/amW8qupdx

p=Lp#m q=p+1;g£m

+0,,6™(0) / W, Wy da]) + O, (c) as € — 0

where or m = 1, ..., k, we define xo , := (z1,...,0™, ..., T, Tt 1, .., Tp) and

k
i=1ji#m Bo—15 4k
AQ,m = Z ﬁll(bm / amW%@ZW dx.
i=k-+1 B 15k
k *(o)
W ? m
g B 171717

n 9x(o)

m |W Lm 2
B2,m = Z a”¢ (O)/~ |l’|0 ’%‘2 zd

i=k+1 B 15 1k
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} (3.51)

Proof of Step 3.5.1: By (3.44) and (3.45), there exists ¢; > 0 such that

Note that

ay —a_ > 16y < yg(RF+"F) —
ay —a_=1&7y=yu(R+"F) —

NN

VIV (2)| < cle‘”_%m_l_o‘+ for any = € (). (3.52)

Therefore,

/ VW, |? dz
¢((Bas\Bs )nRH+ ")
< Beern?

‘x|7272a+ d33

A((Bga\ég)nm,nk)

since 2ay —n + 2 = ay — a_, we get that

/ VW |?dx = ©,(€) as e — 0.
¢((Bss\Bs )NRF+"F)
Then,
[rowpd= [ vareo
Q

Bs 1k

S et Jac(9)| dz + ©4(¢) as e — 0.

It follows from (3.46) and for any 6 € (0, 1] that
/ VW dr = / VW, 0 &)Ll Jac()) du
Q
= / Hyy0(W, 0 $)8;(W, 0 6)| Jac(¢)| dx

ij>1

+o</§

Using (3.46), we get 3, .~ Hij =23, /1o, 0;¢”(0)z;, and then

2|0V (W, 0 ¢)|? dx) +0,(e)ase — 0.

5,+k

[1owipde = [ 90V, 0 0l Jac(s)] da
Q B

AR

~23" 9,6(0) / O(We 0 §)0(W. 0 ¢)z;|Jac(¢)|dz (3.53)

i,4,0>1 Bs ik

+0(/B

2"V (W, 0 ¢)|? dx) + 0, (¢) (3.54)

s, +k
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as € — (. The two equations (3.47), (3.48) and the change of variable x := ey
yield as € — 0,

[ ekl = [ VWP
B

6_15,+k B€—15’+k

+€ Z a,-z-gzsj(o)/~ VW *z; d

1<i<k;j>1 B1s 4k
+e Z 8ji¢j(0)/|VW|2xi dz + O (/ || 2|V (W, o¢)|2dx>(3.55)
k+1<i<n;j>1

and

/B 0|(We 0 9)0;(We 0 ¢)xj|Jac(9)| dx

S+

= e/@lW&-W:vj de + O (/ |z|?|V (W, o ¢)|2dm) . (3.56)
Plugging together (3.54), (3.55), (3.56) yields

/lVWE|2da::/|VW|2dx+e 3 8ji¢7(0)/|VW|2xidx
Q

1<i<kij>1

e Y 0:0(0) / VW Pz dz — 2 > 93;¢'(0) / W OW x; da

k4+1<i<n;j>1 i,5,1>1

+O(/ 2"V (W, 0 ¢)|* dz) + O, (¢) as € — 0.

o If v = vy (RF+n"=%) — 1 we choose § € (0,1).

1
4’
o If v < g (RE+m=k) }1, we choose 0 < 0 < ay — a_ — 1 (see (3.51)).

Therefore, it follows from (3.52) that we have as ¢ — 0 that,

[ e ve o) = 0,0 357

Bs+

Since v > 0, we use the symmetry of W (see Theorem 3.4.1). Fori > k+ 1, W
and R*+"~F are invariant by 2 — (21, ..., —;, ..., T, ), then a change of variables

yields
J

VW z; dv = —/ VW [*z; dz = 0. (3.58)

B

e—lo,4+k 154k
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This equality and (3.57) yield

/|VWE|2dx:/ VW | dx + € Z ajiqsﬂ‘(o)/~ VW [*z; do
Q B

Bo—15 4k 1<i<k;j>1 15,4k

—2¢ Z 8Z]gzﬁl(0)/~ alW81W$] dr + @«,(6) ase — 0. (359)

i, 0>1 Bo—15 1k

The inequation (3.45) and —2 — 2a +n = —(ay — a_) yields,

/ VW |? dx| < 02/ |z| 272 do < eyt
Rk"ﬂnik\Befl(;’_‘_k Rkj‘ﬂnik\Bg’_‘_k

therefore,

J

Using again the symmetry of W as in (3.58), we get

VW |?dx = / VW |?dz + ©,(€) as € — 0. (3.60)

ki, n—k
15,4k R™+

> 9,¢'(0) / oW AW x; da

i,7,0>1 Bo—15 1k

B

k
— Z <A1,m + Az + O @™ (0) / O W O, W ,, dx

m=1 6716,+k

+ Y [&mqﬁi(()) / OW 0, W, dx + D3’ (0) / W OW z,, daz}

i>lii#m

k k
+ Z Z [aqpﬁﬁm(o)/amwanxp dx

p=Lp#m q=p+1;qg#m

+ 0p9™(0) /(9mW8prq dac]) :

Combining (3.59), (3.60) and the last equation, we get Step 1. [
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Step 3.5.2. We fix o € [0, 2]. We claim that

2%(o)

W

dx
o |zl
W2 (@) W2 ()
:/ | —dr +e Z 8]@7 | —u;dr
mhenk 2] 1<i<kj>1 Be15 1k 2]
k *(
o WFe) g,
—€— By + Bom + Omm @™ (0) / e Ta? dx
2 mzl < By 1217 J2f?
%% 2% (o) ;
+2 Z Omi' (0 / | i —— XX dr
z|7 zf?
1>1i#m B, —lg,+k ‘
k k .
. W2 O,
+2 Z Z aqp(b (O)/ waql‘p dr | + @7(6).
p=L;p#m q=p+Lig#m Be-ts 4
Proof of Step 3.5.2: Equations (3.44) and (3.45) yield
(W (2)| < ce® "2 ||+ forall ¢ > 0 and z € ©Q, (3.61)
this implies,
2%(0)
‘WE‘ drl < 62*(0)62*(0)( |[E| o 2%( odw

ay—n=2
— - 2 )fgb(ng\B(;)ﬁQ

¢>(1§35\1§5)ﬁ9 |$|(7

and then, since 2*(¢) > 2 and o, + a = n — 2, we get that

We 2* (o)
/ % de = @,\/(6).
¢(B35\B§)ﬁﬂ |$|
Therefore,
2*(o)

2@ W, 0
ey = rez v/l
o /B o(x)]°

8,+k

|Jac(p)| dx + ©,(€) as e — 0. (3.62)

We choose 6 € (0, 1) as follows.

o Ify < fyH(R’””_k)*— $or {y = yu(R*"%) — L and o < 2} we choose
0 € (0, (ay —a)Z2 —1)n(0,1).

o Ify = yH(]R’“’""‘“) — }l and 0 = 2, we choose 0 < 6 < 1.
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This choice makes sense due to (3.51). Since d¢y = Id, a Taylor expansion
yields

lp(x)| 77 = |x|77 [ 2’ E Z 058" (0) x5 + O(J2|* ) | ase — 0.

3,5,0>1
(3.63)
Inequality (3.61) yields,
2*(o) |x|1+0
dx = 0, (€).
/B |¢(z)]” !

8,4k

The estimates (3.62) , (3.63) and the last equation get,

|We 2*(0) |VI/'E o ¢ 2% (o)
Wdl’ = [ T’JGC((ﬁ)’diL‘

B

Q

o 42°(0)
23 0,60 / Weo O 21 o Jac(@)] do + ©,(€) (3.64)

zgl>1 Bs 1k |I|U |.T|2

8,+k

In view of (3.47), (3.48) and the change of variable x := ey yield as € — 0,

W, |¥ (@)
/ ‘—U|Jac(¢)] dx (3.65)
By 7]
W2 ) W12 (@)
:/ | dx + € Z @lqﬁ] / | —x;dx
B_15 .k 2|7 1<i<k;j>1 B—154k ||
. w2 (@)
+e¢ Z éb-igbj (0) /~ |—0Ii dx + @7(6).
k+1<i<nii>1 Bo—15. 4k |z]
And,
2*(o) %% 2%
/ — l2x1x3|Jac( )| dx = (—:/ % Ty dr+O,(€).
5. I I 5v TP T2
(3.66)
Plugging together (3.64), (3.65), (3.66) yields,
We 2% (o) %% 2% (o) ] 1174
|—0de[ | p dr + € Z 8]Z¢7(0)/ ’ -
o ol by Il LA Bs Il
. W2 ()
— B |7
k+1<i<n;j>1 e—15,4F

2% (o)

W
_E% Z 8ij¢l(0)/~ | z[o |z |l2 ir; dx + ©,(€).

i, >1 B—15 1k

2*(0)

z; dx
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By equation (3.45), we have

W12 (o)
/ Wi — dr = 0,(¢).
Rkv"’nik\ééflérﬁc |'1:|

Since v > 0, using the symmetry of I/ as in (3.58) and the last equation,

W, |¥ (@) w2 (@)
—l dx :/ | dx
o |zl Re+n—k  [T]7
w2 (@)
e / | —1;dx (3.67)
1<i<kij>1 B._15 .,k Ed
(W) g
_E_ Z a’b]gbl / - _2xe] d[E + @7(6)-
By I I
We use again the symmetry of W,
17,74 2*(o) T k
Z aij¢l(0)/ | = —l2:1:ixj dx = Z(Bl,m + Bom,
igl>1 B—15 1k |z] ] me=1
wi2@ g
40" (0) WL 2 2 gy
5o 2?7l
1274 2*(o) ;
+ Z ml(ﬁl / | = a mexi dz
i>15i£m B, —15.4k ’l’| |SL’|
‘ 2°(0) 4.
+0im@'(0) / W - %2 LTy, dx
Be—ltg’_',k ‘SE| |x|

k k .
m ’W2 (o) T
+ Z Z laqub (0)/3 o Wﬂ:qxpdx

p=1ip#m q=p+1Lq#m elo,+k

WZ@) g
+0,,0™(0) / | W:Bpxq dx] ).

B 15k |7

Replace the last equation in (3.67), we get Step 2. [

Step 3.5.3. We now prove (3.49) and (3.50). We fixm € {1,...,k}. For: i =
Leonl=k+1,..np=1,.. . kandq=p+1,.. ksuchthati,p,q# m,
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we define

My = / OWz,0,Wdx and M,,, = / OmW x;0,W dx.
Be—l&+k Be—1m+k

Kim = / oWoWax;de and J;,, = / oW o, W x,, dx.

36715#1@ Beflé,#v

Ly pq = / 0mWOo,Wzydx and Np,,,:= / O WO,Wx, dx.
B;15y+k Brl(s,Jrk

O W O, W, d.

15,4k

I, ::/
B

Lemma 3.5.1. Here £ > 0 and s € [0, 2], we have as € — 0 that:

5(72 < s WQ*(S) WZ
By 171 2%(s) |z/* |[?
W2 ()

“(5)

el 4k

) i

x? s WP w2
2M7m:/ Y (5 + 7 )da:
= Ly 7P CEE R T TRP

22|10, W |?
—/ Mda—l—@ﬂ,(l).
B, 15N {zm=0} 2
2 %% 2*(s) W2
2]\/[l,m _/ x_l2xm (5 *S | | s + 7y 2) dz
5 P R
2 8 W2
_/ Mda_i_@’y(l)'
B, 1,n{zm=0} 2
2 W2*(s) W2
Ki,m + Ji,m :/ $Z2xm (6 *S s + v 2) dx
5 7P TG o
(1 1 )f/ 2*(8)d o.(1)
+{=z - Ty ——— dx + 1).
RO AN ST i
Tox s W) w?
me—i—NmH:/ qpxm(§ + )da:
i s, P 2*(s) |zl |2

1
—= / 2,2, (0mW)? dz + ©.,(1).
Bs_laﬂ{xmzo}
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Proof of Lemma 3.5.1. We first state two preliminary remarks. First
/ (W & [2[WIVW| + [22]VW) do = ©,(1).  (3.68)
dB__1;nRF+"K

Another remark we will use often is that
O;W(x)=0if x;j=0,7#1,7<k (3.69)

We want to calculate the value of

22
I, = / O WO, W, dr = / (O W)20,, (—m) T.
B_1y B_1, 2

For any domain D, we define v as the outer normal vector at a boundary point of
D when this is makes sense. For any 7 = 1, ..., n, v; denote the jth coordinate.
In the sequel, the normal vector will be defined except on lower dimensional
portions of the boundary and the computations will be valid. On {z, = 0} =
0{z, > 0}, the outer normal vector is (0,...,—1,...,0) = (Vas)i=1...
vij = —0;fori =1,...kand j > 1. Since W(zo,,) = 0, (3.68) and integra-

tions by parts yield

2 2
I, = —/ xfnﬁmW&and:p—k/ Mymdm
35*15,+k 8(3 *16+k) 2
= _/ 2 0 WIAW — Y~ 0, W] dx
Be*15,+k i>15i#m

+0 / |22 VW |? dx
dB__y sNRF+ "k

= / 22 0, W (—AW) dx
B,

—15,4k
+ 0y / 22 8, W, W dz + ©,(1)
i>1i#£m —ls,4+k
= / 22, 0 W (=AW)dz — Y / 22 D5 WO W daz
B 15 1k i>1iitm ¥ Be=15 1k
+ ) / xfnﬁmW@-WVi dr +0,(1)

i>1i#m B —1ls +k

_ / 20, W (-AW)dz — Y /B 32-124/)2)%

B.—15 4k i>15#£m —lg,+k

+ Z Z/ 2,0 WOW v i do + ©,(1).

i>1i#m a=1 —1;M{za=0}
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Using again the integrations by parts and (3.68), we get

I, = / 22 0 W (—AW) do

B

e—1ls,4+F
;W )?
- [ 2o w e
i>15i2m Y Be—15 4k
:/ 22 0, W (= AW) dz + 2/ T (OW)? da
Bo—15 4k i>1iizm Y Be—15 4k

k 2
— Z Z/B :r%b(algv) Vam dx + ©4(1)

i>1i#m a=1 Y Be—1;M{za=0}

= 22 0 W (—=AW) dx

Be_16,+k

+/ 2 (VW2 = (8, W)2) dz + O, (1)

B

e—1s,+F
_ / 220, W (—AW) da + / 2| VW do
35715,4»]‘7 Beflg,+k
— / T (0, W)? dz + ©.,(1)
B6716,+k
= / 22 0, W (=AW) dx + / T VW P dz — I, + ©,(1).
B6716,+k 357157+k
With equation (3.42), we then get
2% (s)—1
2 =[5, W (gW‘T + v%) dx (3.70)

+ /5 - 22 VW |* dz + 0,(1).

Integrating by parts, using that 1/ vanishes on OR*+"~* we get that

2*(o)—1 2*(o)
/ xfn@mWW— dx = / 22 2|70, <VV* ) dx
5 o 5 2(0)

e—15,4F
w2 () W2 (o)
:_/ O (x| 7)) = dx—i—/ a2 |z v da
B 1y 2*(0) (B, 15 1) 2*(0)
2 w2 )
= — / Tpy———— dx (3.71)
() Sy, Tl
o ,  W¥e
— m——— dz + 0,(1
50y, P 4 O

15,4k
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as ¢ — 0. We claim that

J
(3.72)

Proof of (3.72). We multiply equation (3.42) by z,,,JW/ and integrate by parts to
get

2 l@/Z*(s)
Ty dr+E [ Ty ————

sk 17l Bogn 7]

T [ VW |2 dx:fy/ dz+0,(1).

e_1§,+k Be_

/ T | VW Edr = —/V(mm)WVde+/me8Vde
B 0

W2 (s)
—W/xm’W‘ dx+§/93m dx
= /V Tpm) ( ) da:+/me8,,Wda:
8
W2 (s)
—W/xm’W‘ dx+§/xm E dx

L¢/2
— [ Sowndes [swawds G
] o

W2 L1/2*(s)
+7/xm—2dx+§/mm—dx
|z |z[*

e—lo,4k

where all integrals are taken on 367157 4k OF 8@67157 4. Since W vanishes on
OR*"=F and by (3.68), we have

/ T WO, W dx = / r,Wo,Wdr =0,(1). (3.74)
oB 154k oB 15ﬂRk+ n—k
And,
2 2
/ K&,xm dr = / K&,xm dr = 0,(1). (3.75)
8B 154k 8B 1 ARF+-n—k 2

Then (3.73), (3.74) and (3.75) yields (3.72). []
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Combining (3.70), (3.71) and (3.72), we obtain

2 WQ*(S) S WZ*(S)
2I, = ¢ ——/ Tm dr + / 22 2 —— dx
[ 2%(s) Js Edh 2%(s) Js ||*+2

e—1s,4+F e—1s +k
W2 W2
Bfl(wk |:E| Be*16,+k |x|
+/ T | VW |?dz + ©,(1)
Befléd,k
x? [ s W) WQ}
- _mxm 6 N s +7 dx
/gemk |z[? 2*(s) |z| |2
2 w2 w2
—€ / xm—sdx—’y/ Ty dx
2 (S) Be*16,+k ‘:C’ Be—léd_k ’x‘
s mWRd+e,()
Be_16,+k
And then
2 W2*(s) W2
of, — / T, {5 - — 1y 2} dx (3.76)
By 12T 026 el Tl
) W2*(s) W2
" / Ty ——— Ao — 7/ Ty dT
() Jo_,, " ] By o]
2*(s) 2
+/ T {g + ]daz+@(1),
PR AT e '

by the last equality, we obtain the value of I,,,. We now fix m,p € {1,...,k}
such that p # m. Integrating by parts, we get that

B

2
M, = /B 0 W, 0, W da = / 0, W9, (%) 0,W da

e—1s,+F e—15,4+F
x? x?
= — / L0,(0,WO,W) dx + / OmW L0,W v, dz,
BG—I&J’JC 2 8(Be—léy+k) 2
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with v, ; := —¢;; fori =1,...,k and j > 1, since W (x,,) = 0, we have that

2

M, = — /B %ap(amwapW) dz

e—1s,+k
T 2 2
+/ OmW —0,Wv,,do + O / |z|*| VW |* do
B ,1506Rk+’"”“ 2 RF""*N9B__y;
k 1'2
/ b (O WO, W) da + ) / oW L0, Wy, , do
B1s “— JB._1,n{za=0} 2
|22 |VW|* do
R’w" "HE)B “1s
/ ampwa W + 0, Wo,,W]dx + ©,(1)
15+k
x? 2 |0, |?
_ / o 0, W[—AW] dz — / Py <p—> do
B—lé+k 2 Bs—16,+k 2 2
+ > / pa Wo,;W dz + ©,(1)
J>Lij#p 15+’“
{L'2
:/ —pamW[—AW] d.:z:—/ L10,W |*v,, do
B e—15,4k a(B —15 +k) 4
+ > / ”a WO, W da + (1)
Jj>1ij#p Lo, 4k
2 k
= —pamW[—AW] dr — / |a W‘2Vam o
/BE-IM 2 ; 1pn{za=0y 4
2
x
+ > 29, WaLW dz +6.,(1)
— JB 2
J2Llig#p Y Pemlo 4k
And then
M, = / a W W[—AW]de — ) / pajmwa W da
B*16+’“ i>Ljzp Y Bemts ik

+ Z Z/ p@ WWO;Wu, ;do+ 0,(1).

j>1;5#p a=1 16ﬂ{za—0}
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So we have

M, - / ”a W -AW]de — 3 /B |aW|)

Be*16,+k ji>1;j#p —ls,4k

4 / T oV P do 4 O-(1)
B, lém{:c,,ﬁo} 2

= / —pamW[—AW] dx
Bo1yx 2
2:2/ L 0,11 Pt
J>15#p a=1 ~1,M{za=0}

+ / T oV P do 4 O-(1)
B, 160{xm—0} 2

/B;Elé,+k

+0,(1).

b 0, W [~ AW] dr — / |9, W2 do

B, 1,n{zm=0} 4

Moreover, using (3.42), we have that
72 W2*(s
o = [ S (L Y
Boss ] 2l

2210, W |
e,
F 4
B€_1éﬂ{xm:0}

Using again that 1/ vanishes on OR*+"~* we get that

W2*(U) 1 W2*(0)
/ xi@mW— dat—/ 22| x|~ O pre dx
BE, |:E| B 157+k

15 +k

o 1’233 (o) (o)

m *(o _ *(o
P / U+2W2 dx + O / |z|* W " do
2 B —15+ k |'r| 8BE_1éﬁRk+’n_k

72 Tm (o
_ %/ e “ de +O,(1) as € — 0.

15,4k



88 Chapter 3. Hardy-Sobolev inequalities with non smooth boundary, |

Moreover,

22T, s W2 W2
P By 22 \72(s) ) |z]?

22|10, W |?
T
B, 150 {zm=0} 4

The proof is similiar for M, ,, foralll > k + 1. Fix m € {1,...,k} and i > 1
such that 7 # m, we have that

B

B

e—1ls, 4k 154k

Integrating by parts again and using (3.69), we get

Kim= —/xixmaiwammw dv — /xixmﬁmwamiW dx
k
+ Z / LT O WO W v i, dz + ©4(1)
a=1 &

_ / rrn W (AW Y / O W O W da
Jj=>15#m
1

~5 / Cimh (O W) da + ©,(1)

= /xixmaiW(—AW)dx — /:pm@-W@Wd:E

1

JjZLij#m
1 k
—5 Z /a l‘il'm(amW>2Va’i dr + @7(1)
a=1 €
1
= /IZZL‘maZW<—AW)dZE — Jz‘,m — 5 Z /xzxm(‘?,(a]W)? dx
JZLij#m

1
—|—§ /az:m(é?mVV)2 dz + ©,(1)
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1 2

jzLj#m

k
1 ) 1 ,
2 Z Z/Aa Tl (O W) Vo, d$+§/xm(5mW) dx +0,(1)

j>15j#m a=1

1
= /l‘zdfmazW(_AW) dx — Ji,m + 5 Z

jzLj#m

/ xm(ﬁjW)z dx
B€

Lotk

1

+§/xm(0mW)2da: +0,(1)
1

— /xixmaiW(—AW) dr — Jim + §/a:m|VW]2 dr +0,(1),

since W is a solution to (3.42), then there exists & > 0 such that

W2*(s)—1 %%
B

T
1
+§/ T | VW2 dz 4+ ©,(1).
B

15,4k

Since W vanishes on R+ "% we get

WQ*(J)—I 1 iTom .
/ l‘il'maiw—a dr = PYVZRY / v xo_ 8Z(W2 (0)) dx
B€,1§7+k |x‘ 2 <U) Béfl(;ﬁlrk ‘.T
1 w2 w2
— g [ e T [ e, de 6, (0)
2 (U) 357157_‘_16 ’x‘ 2 (U> Bé—ltg’_‘_k ‘x’

Then with (3.72)

2 2% (s) 2
Ki,m+Ji,m :/ :CZQ:L‘TTL |:€ *S v s +7W2:| dx
By e |2l 2%(s) |=| |
11 w2
- — m d e.(1).
! (2 2*<3>)f/3 T g O, ()

=154k

Fixme {1,...k},pe{l,...k}and ¢ € {p+1,...,k} such that p, ¢ # m. We
get

Lm,p,q = /B 8mW8prq dr = /B; 8mW8prq8p$p dr.

e—1s,+F e—15,4+F
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Using again the integrations by parts, (3.68) and (3.69), we get
Lpg=— /qupamwappw dx — /xpxqﬁpW&an dx
k
+> / g2y O WO, W g da + O, (1)
a=1 Ag

:/qupamW(—AW) dx + Z /qupf)mwaijdx
J=15#p
—% /qupam(apW)de +0,(1)

B

:/qupc?mW(—AW) dx—/ 2,0 WO,W dx

e=1s,4k

k
- Z /:L'pxqajmwadea:‘—l— Z Z/Aa LqTpOm WO;W g j dx

JjzLij#p j2Lj#p a=1

k
1
D) Z/ 4 0p(Op W) Vam da + ©,(1)
a=1 ¢
1
= /qupé?mW(—AW) dr — Nppg — 3 Z /:prq('?m(('?jW)2 dx
izLi#p

—I—/ 22 (O W )V d + ©,,(1)
A

k
1
= /qupamW(—AW) dx — Nppg — 3 Z Z/Aa 275 (0;W) Vg da

J=2Lij#p a=1

+/ 22 (O W )V d + ©,(1)
A

1
= /qupamW(—AW) dx — Nypg + 5 /A T Zp(OmW )V d + ©,(1),

with A® := B,-1; N {z, = 0}, other integrals being taken on B 15 +. With
(3.42), we then get

2*(s)—1
) ZqTpOp W ({W + W ) dx

EREE

/ T2 (OmW )V d + ©.,(1).

Be_léﬂ{xmzo}

Lm,p,q + Nm,p,q = /

_|_

N | —
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Integrating by parts, using that W vanishes on OR*+"=*, for o € [0, 2], we get
that

2*(o)—1
/ xqa:pﬁmWW— dr = /
B, || B,

157+k

. W2 (o)
TqZp|z| "7 O, ( 7o) ) dx

— u/" 2(U)d +0,(1) — 0
= ToTpTom x as € .
2*(0) J5 P ]+

=154k

e Lo, 4k

And then

TyXpd s W2 W32
L, Noppo = qopm d

e—1ls,+k

1
1 / 2oy (D) di + O,(1).
B 150{1}”70}

This ends the proof of Lemma 3.5.1. 0
We define (all integrals are taken on B 15 ;)

A, = 8ﬂ¢ (/’VW’QQ,’@ dx — /| X dx)

1<z<k i>1

_QZ Z D™ ( </a Wx,&Wd:chv/' |2 T )

m=1i=1;i#m

m | m
_22 Z Bii™( </a sz(?de—l—v/ RENNE x; dx

m=1i=k+1

—223mm¢ (/8 |147) medx—i-v/ ||m|2 2 |2xmxmdx)
—QZ Z Omid" (0 /8W8 Wx; dm+7/‘W|2 T @i dx
me (2 |£L'| |:L'|2 me

m=1i>1;i#m

i W @
_QZ Z Oimd" (0 (/8W8meda:+7/ B ]93|QZ dz

m=1i>1;i#m

k k k
+3 ) > 9,6™(0 ( /a W@prdxﬂ/‘ |2H2 LTy

m=1 p=1;p#m q=p+1;qg#m

k k k ‘
+Y > ) aqp¢m(0)( /a Wo qudx—l—’y/ o e ‘Qmpxq

m=1 p=1;p#m q=p+1;qg#m

)
i)
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and

2*(s)
B, = Z 8ﬂ¢] /|W’ x; dx

1<z<k]>1
k .
8 W)
— 0 0™(0 —at dr
52 %m EREE
5% WP 2,
a an¢ mIZ- dx
S TRF TP
k .
s WIZE) 2,
—— "0) | —————=x2 d
PR ”/ o

k

i (W) g2
—SZ Z Omi®" (0 / BE |x|2xmda7

m=1i>1;i#m

k k k .
m W g,
—S E E E 8qp¢ (0)/ ’17‘3 qul'pdl’
m=1p=1;p#m q=p+1;qg#m

Steps 3.5.1 and 3.5.2 yield

W, |? W
/ (|VWE|2—V| 2' > dr = / <|VW|2—7| L) dx
Q || R¥+n—k ||

+A€€+@7(6)7

2*(s) 2*(s)
/We—dx _ / W2 e+ eB.+ 0.

o lzf* Rhpn—k  |z|®

It follows from (3.42) that

W2 W2*(s)
/ VWP =75 | de=¢ — dx
RE+m—k |z mhen—k 2]

Since W is an extremal for the Euclidean inequality, we have that

J— (|VW|2 . #Mﬂ) dz

2
W2*(s) 2%(s)
(ka+,n k | |S d )

Note that, for y < vy (R*+"~*) — 1, we have that lim._,q Ace = lim._,g Bee = 0.
Therefore, the above estimates yield

1 2¢
JEW) = iy o(REFFY (1 + . (AE — —B€> €.
v, ( ) s ( )( ka+n i W|2|S()d 2*(8)

+@w(€))‘

— N"y,s (Rk+,ﬂ—k‘) )
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In the following formula, all the integrals are on B ~154++ and F(zx) := 7% +
W

L% o NN (_ 2) WP
A g Pe= L0 O (1 / s
—i—Z Z ;0™ (0) (—QMim-i-/’le F(:B)dx)

2

m=1i=1,i#m

+i i 9™ (0) (—ZMier %me(:p) da:)

m=1i=k+1
2

k
m=1

+ i Y 0mid'(0) (—2Kim+ / %me(:ﬂ) dm)

m=1i>1;i#m

+ i Y 0w’ (0) (—2Jim+ / %me(g;) dx)

m=1i>1;i#m

k k k -
+ Z Z Z 8quz5m(0) <_2Nm,p,q + / |;|2q ImF(ZE) dl’)

m=1p=1;p#m q=p+1;qg#m

k k k -
+ Z Z Z 8qubm(0) (_2Lm,p,q + / |§7|2q fEmF(ZE) dl’)

m=1 p=Lip#m q=p+1;q7m

S0, 2\ [ WP
— Zzagz¢ (0)6( 2*(5 )/ S ; 1dx
k

k
%2 >, 9™ /B 2210, W |*do

m=1i=1,i#m —15N{zm=0}

n

k
%2 > 8™ (0 /B 22|10, W|? do

=k+1 —15M{zm=0}

2 " W2 (s)
€1 ) GO0 [,

I
—
5

Lo, 4k

(

2 W2
- o ) S 0 (0 / P

(S i>1i#m B, |:L‘|

—15,4k
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k k k
* Z Z Z Ogp®™ (0) /B — 24p| O W | do.
67160 Tm=

m=1 p=1;p#m q=p+1;q#m
Then,

A—==B =233 e 2159, W2
€ 2*(8) € 9 1,1,¢ [ £L'Z |8m ‘ do'

=1i=1,i#m B —1sn{zm=0}

956™ (0) / 2210, W2 do
B 150{3/‘7”70}

k k

k
+Z Z Z aqp(bm(())/é T2 OmW|? do.

m=1 p=1;p#m q=p+1;q#m 1M {zm=0}
With the symmetries of W (see Theorem 3.4.1), there exists ., 3, 7. > 0 such
that
220, W|do =a, ifi=1,... k i#m
B 1, {om=0} 2?10,W*do = 3. ifi=k+1,...n
T, @0 WAdo = 7. if p,q,m € {1,..., k} are distinct

fé 16ﬁ{$m—0} 1

Bé,lsﬂ{xmzo}

Then, we get that

A= Z > e

m=1i{= lzsém

k n k k
+%Z S or04nY Y Y 0,600,

m=11i=k+1 m=1 p=1;p#m q=p+1;q#m
We distinguish two cases:

Case 1: v < vy (R* %) —1 thatis oy —a_ > 1. It follows from the pointwise
control (3.44) that x — |z|2|VW|? € LY(RF+"=* 1 {z,, = 0}), therefore

limeo ae = 2¢2 ; i= [pryn- Ay —. 220, Wdo >0 ifi=1,....k i#m

limGH()&:Qc; : ka+nk =0} 220, W)?do >0 ifi=k+1,..n
lime,07e = &, == [prin- k=0 & ¢Tp|OmW | do >0 ifp,q,m € {1,...,k} dist.

S

Consequently,

2¢ m(
Ae - 2*—(5)36 = 03,5 Z Z qu
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Case 2: v = yy(R* %) — 1 thatis a; — a_ = 1. It follows from (3.26) that

lim A% |z|* %0, W (A\x) ( H T;— oz—i—k)p(x)xm),

A—0 |z|?
J=Lj#m

where p(z) = H?:l x;. As in the proof of (3.45), a Kelvin transform yields

k
ay ay+k ) —
Jim A% (2|9, W () = =K E ; on {z,, = 0}. (3.77)
J=LyFm

We claim that

1 1
/ 7|0 W [Pdz = 262, ln< >+0(ln (-)) ase — 0, (3.78)
B__150{zm=0} €

where,

k

2
K2/
2 2
= o; oj | do
B 2 Sn=20({zm=0}nRF+""F) ( H ]>

Jj=1,j#m

is independent of i € {1, .., k}, i # m. We prove the claim. Since n —2—2a, =
—1, we have

/ 230, WP de = / ) 230, W|? dz + O(1)
B__15n{zm=0} (B—15\B1)N{zm=0}

e 16
- / G (3.79)
1

r

where

rlo+ af |05 W (ro) ]2 do.

f(T) = /Snzm({zm()}ﬁRk*'nk)

It follows from the uniform convergence in (3.77) that lim, ,, ., f(r) = 203%5.
Then (3.77) and (3.79) yield (3.78) and then the claim.

Similarly, there exists explicit constants c7 . 7 s > 0 such that

1 1
/ ZB?|8mW|2 do = QC}YS In (—) +o0 (ln (—)) :
B__15n{zm=0} ’ € €
9 3 1 1
TgTp|OnW | do = ¢ In| =) +o|In|{ -
B__15n{zm=0} € €
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fori > k+ 1and p,q,m € {1, ..., k} all distinct. Therefore
2§ k k k n
m 1 m
S ( Dol R FECRSI vh oA

m=11i=1,i#m m=11i=k+1
p=1;p#

2 ;#m aqp¢m(0)> In (%) +o0 (111 (%))

We are left with writing the expressions of Cases 1 and 2 intrinsically. We refer
to Definition 3.1.3. For any 1 < 41,75 < n such that i,, iy # m, we have

011,0™(0) = —(V'm(0),0:,5,6(0)) = (9, (V'm0 9)(0), 01,(0))
= 1107 (0,6, 0,0) == 11",

For p # m, we have 7/, € (Tyd%,,)* and

m q=p

k

Z [I(?Qm(?pa?q) = Z Z (9pqum(0).

p,g;m=1,|{p,g;m}|=3 p=L;p#m q=p+1;g#m

Define ¥ := N%_,99;. We have that

Z<E’02a ﬁm> = Z Z az‘z'¢m(0)

m m=1i=k+1

[y

and,
k

k k
Yoo GwemO)= Y ().

m=1i=1,i#m i,m=1,1#m

]

Theorem 3.1.2 is a straightforward application of Theorem 3.1.1 and Proposition
3.5.1.

3.6 Proof of Theorem 3.1.3

Point (1): we assume that s = 0 and v < 0. It follows from the definition that
fry0(82) > pioo(R™). With the reverse inequality (3.21), we get that yu., o(2) =
po,o(R™). If there was an extremal for /i, (€2), it would also be a extremal for
to.o(R™), with no compact support, contradicting the boundedness of 2. This
proves (1) of Theorem 3.1.3.
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Point (2): Point (2) of Theorem 3.1.3 is a straightforward application of Theo-
rem 3.1.1 and Proposition 3.5.1.

Point (3): We assume that n = 3, s = 0, v > 0 and there is no extremal for
fiyo(RY x R37F). In this situation, see Proposition 1.3 of [61], we have that
fiyo(RE X R37F) = 110 o(R?). The following proposition is as in [61]:

Proposition 3.6.1. Let Q C R3 be an open domain such that 0 € 0S). Fix
xo € Q. If v € (0,v4(Q2)), then the equation

—AG—#G:();G>O inQ\ {zo}
G=0 on 002\ {0}

has a solution G € C?*(Q2\ {zo}) N DI\ {70} )ioc0, that is unique up to
multiplication by a constant. Moreover, for any xy € (), there exists a unique
R, (z9) € R independent of the choice of G and c¢ > 0 such that

1
|z — x|

G(z) = cg < + RV({L’O)> +o(1) as © — xy.

The proof is similar to the proof of Proposition 10.1 in [61]. Cooking-up
some test-functions (u.).~o as in Lemma 10.2 of [61], we get that 1, ((€2) <
S (ue) < poo(R?) = f1y0(R?) when R, (x0) > 0 for some o € Q. Point (3)
of Theorem 3.1.3 is then a consequence of Theorem 3.1.1.






CHAPTER

Hardy-Sobolev inequalities with
singularities on non smooth
boundary. Part 2: Influence of the
global geometry in small dimensions.

Abstract

We consider Hardy-Sobolev nonlinear equations on domains with sin-
gularities. We introduced this problem in Cheikh-Ali [27]. Under a local
geometric hypothesis, namely that the generalized mean curvature is neg-
ative (see (4.6) below), we proved the existence of extremals for the rele-
vant Hardy-Sobolev inequality for large dimensions. In the present paper,
we tackle the question of small dimensions that was left open. We intro-
duce a ”mass”, that is a global quantity, the positivity of which ensures
the existence of extremals in small dimensions. As a byproduct, we prove
the existence of solutions to a perturbation of the initial equation via the
Mountain Pass Lemma.

4.1 Introduction

Let {2 be a bounded domain of R”, n > 3. We fix s € [0,2] and v € R. It follows

from the classical Caffarelli-Kohn-Nirenberg inequalities [25] that if v < @,
there exists /' > 0 such that

2

2*(s) 2% (s) 2
“ s dr SK/ |Vu|2—7“—2 dx, (4.1)
o || 0 |z

99
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for all u € DY?(Q)), where 2*(s) := % and D™?(Q) is the completion of
C2°(€2) with respect to the norm u +— || Vu||o. We define the Hardy constant by

{fQ ]Vu|2 dx
inf
fQ \m|2

The classical Hardy inequality reads v4(R") = @ and therefore, we have

() = € D@ )\{0}} >0

that v () > @. We refer to [27] for discussions and properties of the Hardy
constant. As one checks, for any v < v (€2), there exists K = K(£2,v,s) > 0
such that (4.1) holds for all u € D'?(2). For a € L>({), we define

)= L 0
[hrys, ( ) UEDng%Q)\{O} J%s,a(u)a
where
f <|VU|2 ( P —I—a( )> u2> dx
0 .
Sy sa(tt) = w2 ® o) 7
(fﬂ BNEEE )

so that

Jul*

() \F® ) 5 )
ien® (f 5 ae) < [ (et = (g + o) )
“4.2)

for all u € DY?(Q). As in [27], we address the question of the existence of
extremals for (4.2), more precisely

Q: Is there u € D"?(Q2)\{0} equality holds in (4.2)?

When 0 € €, there are no extremals for s, ;0(€2) (see [60]). From now on,
we assume that 0 € 9€). When 2 is a smooth domain, criteria for existence
are in Ghoussoub-Robert [61]: in particular, there is a dichotomy between large
dimension (where the criterion is local) and the small dimensions (where the
criterion is global). In [27], we studied the case of domains that are modeled on
cones:

Definition 4.1.1. We fix 1 < k < n. Let ) be a domain of R". We say that
xo € 0N is a singularity of type (k,n — k) if there exist U,V open subsets of R"
such that 0 € U, xg € V and there exists ¢ € C*°(U, V') a diffeomorphism such
that ¢(0) = xy and

(U N (RE xR"™)) = ¢(U)NQand p(U NI (RY x R*¥)) = ¢(U) N oY,

with the additional hypothesis that the differential at 0 d¢y is an isometry.
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In the sequel, we write RF+"~% := R¥ x R™*. We have that (see [27])

(n — 2+ 2k)?

v (REHF) = 1

We have proved the following:

Theorem 4.1.1 (Cheikh-Ali [27]). Let €2 be a bounded domain in R™, n > 3,
such that 0 € 0L is a singularity of type (k,n — k) for some k € {1,...,n}.
Wefix0 < s < 2and 0 < v < yu(QQ). Assume that either s > 0, or that
{s =0,n >4 and~y > 0}. We assume that

1
v < yg(RF+17R) - 1 thatisn > n., = /4y + 1+ 2 — 2k. (4.3)

Then there are extremals for (i, 50(S2) if
GH,:(Q) <0
where GH., ;(X2) is the generalized mean curvature defined below in (4.6).

This result is for large dimension n > n., ;. (see (4.3)). In the present article,
we tackle the case of the remaining small dimensions. The argument based
on local geometry performed for the proof of Theorem 4.1.1 is not working
here. Here, the global geometry has an impact: in order to obtain extremals, we
must introduce a “mass” in the spirit of Schoen [101] and Schoen-Yau [101].
Concerning low dimension phenomena, we refer to the pioneer work of Brezis-
Nirenberg [19], Jannelli [77] and the more recent reference Ghoussoub-Robert
[60] for further discussions. Our main theorem is the following:

Theorem 4.1.2. Let Q) be a bounded domain in R, n > 3, such that 0 € 0f)
is a singularity of type (k,n — k) for some k € {1,...n}. We fix 0 < s < 2,
v < vg(Q) and a € C*°(Q) (0 € (0,1)). Assume that either s > 0, or that
{s =0,n >4 and~y > 0}. We assume that

1
v > g (REF) — 1 that is n < n. .

We assume that the operator —A — (v|z|™2 + a(z)) is coercive and has a mass
M~.o(S2) (see Definition 4.2.2), and that m., ,(2) > 0. Then there are extremals
for 11, (). In particular, there exists u € C*°(Q) N DY2(Q) such that

—Au — (# + a(x)) u= “2;"92_1 in (Q,
u >0 in €, (4.4)
u=20 on 0.
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In the second part of this paper, we consider the perturbative Hardy-Schrodinger
equation. Given a,h € C%%(Q) for some 6 € (0,1) and ¢ € (1,2* — 1), we
investigate the existence of solutions u € C?*(Q) N D?(Q) to

—Au — (# + a(m)) u= %ﬁ_l + h(z)u? inQ,
u >0 in 2, (4.5)
u=>0 on 0f).

We refer to Brezis-Nirenberg [19] (y = 0 and s = 0 on a smooth domain (2),
Ghoussoub-Yuan [66] (y = 0, s > 0 and 0 € (), Ghoussoub-Kang [55] and
Jaber [75] (y = 0, s > 0 and 0 € 0f2). In the Riemannian context with no
boundary, still for v = 0, we refer to Djadli [34] when s = 0, and to Jaber [76]
for s > 0 and v = 0.

The case a, h = 0 was tackled in [27] for n > n., ;, for nonsmooth domains. We
prove the following:

Theorem 4.1.3. Let ) be a bounded domain in R", n > 3, such that 0 € 0f)
is a singularity of type (k,n — k) for some k € {1,...,n}. Let a,h € C*(Q)
(0 € (0,1)) such that —A — (y|z|™ + a) is coercive and h > 0. Consider
s €[0,2) and v < vy (RF+"7F). Assume that either s > 0, or that {s = 0,n >
4and~y > 0}. We fix ¢ € (1,2 — 1). Then, there exists a positive mountain
pass solution u € DV?(Q) to the perturbative Hardy-Schrédinger equation (4.5)
under one of the following conditions:

o 0 <y < yg(RFm=F) — 4117 and

GH,:(Q) <0 ifqg+1 <22
ClGH%S(Q) — CQh(O) <0 lfq +1= 21?__22,
h(0) > 0 ifqg+1> 22
o 0 <y =nry(RF"F) -2 and

{ GH,,(2) <0 ifg+1< 2::227
h(0) >0 ifg+1>2=2
o v > yy(RF+"=F) — 1 and
Mya(§2) >0 ifq+1<%)
o @) 4 esh(0) >0 ifg 4 1= 2o
' 2n—2 —a_)
M0) >0 ifq+1> 2o,
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where ay — a_ = 2\/yg(RF+"=F) — v (see (4.7) below), c1,ca,c5 > 0 are
defined in (4.69) and m., ,(2) is the mass of {2 at 0.

This result shows how the subcritical nonlinearity has an impact on the ex-
istence of solutions. When the subcritical nonlinearity is close to being linear,
only the geometry of {2 commands the existence. Conversely, when it is close to
being critical, the subcritical nonlinearity commands the existence, whatever the
geometry is.

Notation: In the sequel, C' denotes a positive constant. Its value might change
from a page to another, and even from one line to another.
4.2 Definition of the generalized curvature and the mass
Generalized curvature.
Definition 4.2.1.
Q :=o(UN{x; >0}) foralli=1,...k,

where (¢, U) is a chart as in Definition 4.1.1. We have that:

e Foralli=1,... k, Q; is smooth around 0 € 0S2;.

e Up to permutation, the );’s are locally independent of the chart ¢.

o The );’s define locally Q): there exists § > 0 such that

QN B;s(0) = ()N Bs(0).

We set ¥ := NF_,9Q; where k € {1,...,n}. The vector HZ denotes the
mean-curvature vector at 0 of the (n — k)—submanifold . For any m =
1.,k I I{?Qm denotes the second fundamental form at 0 of the oriented (n —
1)—submanifold 0f2,,. The generalized mean curvature of () is defined by:

k k
GH%S(Q) = C'ly,s Z( _’(?7 ﬁm> + C'Zy,s Z I[(?Qm (ﬁlv ﬁl) (46)

m=1 i,m=1,i#m

+C§y,s Z II(?Qm(7pa 7(1)

p,q;m=1, ‘{pvth}l:‘?’
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where for any m = 1,..., k, U/, is the outward normal vector at 0 of 02, and

¢, ., ¢, are positive explicit constants. We refer to [27] for details on this

curvature.
The mass. Let o € R be a real number and fix v < vz (R*"*). Then

(—A ’ >Sa:O & ac{a,a4l,

EE

where:
k n—2
Sy = |a|7F HSC@ and ay = ax(y,n, k) = 5 + \/’YH(Rk+’”_k) -7

=1
4.7
The functions S, _, S, are prototypes of solution to (4.4) vanishing on OR*+" =,

Definition 4.2.2. Let Q) be a bounded domain in R™, n > 3. such that 0 € 0 is
a singularity of type (k,n — k) for some k € {1,....,n}. We fixy < vy () and
a € C% Q) (0 € (0,1)). We say that a coercive operator —A — (y|x|~2 + a)
has a mass if there exists G € C*(Q2) N Dllo’io(Q) such that

—AG — (# + a(x)) G=0 inQ,
G>0 in €, (4.8)
G=0 on OQ\{0},

and there exists ¢ € R such that
k
G(r) = Hd(m, 082;) (|x|_a+_k + clz| 7 + 0(|a7|_o‘*_k)) as v — 0.
i=1
4.9)
Then the function G is unique, and we define m., ,(2) := c as the boundary mass
of the operator —A — (v|z|™2 + a).

Examples of domains with positive of negative mass are in Section 4.5 below.

4.3 Some background results

We start with the following classical result:

Theorem 4.3.1. [See Cheikh-Ali [27]] Let () be a bounded domain in R™, n > 3,
such that 0 € 082 is a singularity of type (k,n — k) for some k € {1,...,n}.
Assume that y < yg(RF"7F), 0 < s <2, ef f1y54(Q) < fiy50(R*"7F). Then
there are extremals for i 5 ,(S2).
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Indeed, Theorem 4.3.1 was proved in [27] when a = 0. The proof extends to the
general case with no effort. Recall now an optimal regularity theorem.

Theorem 4.3.2. [See Felli-Ferrero [50] and [27]] Let 2 be a bounded domain
in R", n > 3, such that 0 € 0N is a singularity of type (k,n — k) for some
ke{l,...n} Wefixy < yg(R¥"F) Let f : Q x R — R be a Caratheodory
function such that

|U 2*(s)—2

|f(z,v)| < Cv| (1+T> forallz € Qv eR. (4.10)
ajS

Let uw € DY(Q)1c.0, be a weak solution to

_ 7 +0(«])
]2

—Au u = f(l‘, U) in D1’2<Q)loc,0

for some T > 0. Then there exists K € R such that

k
¥ u0(e)) — Kl L i 0)

uniformly in C* as \ — 0, where ¢ is a chart as in Definition 4.1.1.

In section 4.4, we will need the following lemma:

Lemma 4.3.1. [See Cheikh-Ali [27]] Assume the u € D2 (R¥"7k), o is a
weak solution of

|=[?

—Auy — Mu =0 in Dl’Q(Rk+’n_k)loc 0,
u=0 on 325(0) N (9Rk+’”_k,

for some T > 0 and o € {a_, oy }. Assume there exists ¢ > 0 such that
lu(z)| < clz|™ for v — 0,z € RF+"F,
o Then, there exists c; > 0 such that

|Vu(z)| < ci]z| P asz — 0,2 € RF+"7F,

o Iflim, . |z|®u(z) = 0, then lim,_o|z|*™|Vu(z)| = 0.
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4.4 Test-functions estimates for the mass: proof of Theorem
4.1.2

Let U € D?(RF+"=") be a positive extremal for pi, s o(R*"~*). Then

JRI@_'_,nfk(U) . ka+,n—k (lVU‘2 - 7’1"_2[]2) dx
- _2
(o |0 ) dz) 7

7,8,0

= Hry,s,0 (Rk+ 7n_k) .

Therefore, there exists & > 0 such that

—AU — ”)/|.73|_2U _ g‘x’—sUT(s)—l in Rk+’n_k,

U>0 in RF+7—k, (4.11)
U=0 on ORF+m"k,
For r > 0, we define
B, := B,(0) and B, := B,(0) N Rk, 4.12)

Therefore, with 9 > 0 small, the chart ¢ of Definition 4.1.1 yields
¢(Bss NR¥"F) = ¢(Bss) N Q and ¢(Bss N OR* " %) = ¢(Bss) N O

We fix n € C2°(R") such that

| 1 forx € Bs,
nw) = { 0 forx ¢ By (4.13)

Define also for convenience,

p(x) == ﬁ d(z,08;) forallx € Q and v(x) := ﬁxz for all z € RF+"F,
. . (4.14)
Equation (4.9) allows us to define © € ) — R such that
G(z) = (pulz|~ %) 0 ¢~ (2) + O(x) for any x € Q,
where ¢ as in Definition 4.1.1. We then get that © € D%?(Q) and
O(x) = M p(@)la] = + op@al ) asz = 0. (@15)

Note that that

{7 > v (RE x R*™F) — }1} e {ar—a_ <1} & {n<nyt. (4.16)
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Since U satisfies (4.11), Theorem 4.3.2 yields K; > 0 such that

lim A\ U(A\r) = Kyv(2)|z|~ % in By(0) N R¥"7F, (4.17)
A—0t
The regularity applied to the Kelvin transform z + U(x) = |z|*™"U (#)
yields
Jim AU (Ar) = Kov(z)|z|~**+ % in By(0) N RF-"F, (4.18)
—+00

for some Ky > 0. Up to multiplying U by a positive constant, we assume that
K, = 1. Equation (4.17), the Kelvin transform and Lemma 4.3.1 yield

\U(x)| < Cla|™** and |VU ()| < C|z|~' 7 for any x € R*M+"7%  (4.19)

For € > 0, we define

n—2

Uclx) :=e 2 U(e'w) forall z € RF+"F (4.20)

and
(,Y+ -

uc(z) == (nU) o ¢ *(z) forr € Qand @, ;== u. +¢ 2 O, (4.21)

The main result of this paper is the following:

Proposition 4.4.1. Let ) be a bounded domain in R", n > 3 such that 0 € 0f)
is a singularity of type (k,n — k) for some k € {1,...,n}. Wefix0 < s < 2,
v < () and a € C*%(Q) (0 € (0,1)). Assume that there are extremals for
fry5.0(R¥17K) We assume that

1
v >y (RFR) ) that is n < n.y,

and that the operator —A — (y|z|™2 + a(z)) is coercive with a mass m., ,().
We let (i.). € DV?(Q2) as in (4.21). Then

i) = pyso(RF"F) (1= 0 gy ()€ + 0(e*+77)) as e — 0,

7,5,
where

Se=(ap —a)Cy, (§ /1Rk+ e dx) >0, (4.22)

| z]?

where CY, ,, is defined in (4.24).



108 Chapter 4. Hardy-Sobolev inequalities with non smooth boundary, II

As one checks, Theorem 4.1.2 is a direct consequence of the combination of
Proposition 4.4.1 and Theorem 4.3.1.

This section is devoted to the proof of Proposition 4.4.1.
Proof of Proposition 4.4.1: Tt follows from the uniform convergence in C'! of the
equation (4.18), the definitions of . and GG, we denote that

lim ——— = G dans C},,(Q) N DL (Q). (4.23)

D¢+7o¢7
e—0 €

2

Define the constant

k 2
Crn ::/ z; | do. 4.24
S (1} ) (4.24)

In the sequel, ¥5, will denote a quantity such

lim lim9¢ = 0.
p—0e—0 P

For convenience, we define

Nyo(w) := |Vw]* = (v]z| > + a) w*.

Step 4.4.1. For any p > 0, we claim that
[ Nl de = (04G54 (@)~ 2)Cn + 95).
\¢(Bp,+)

as € — 0 with the constant C}, ,, is defined in (4.24).

Proof of Step 4.4.1: From the equation (4.23), we observe that

g%e*<a+*a—> / N, (i) dv = / N, .(G) dz.
Q\¢(Bﬂ,+) Q\¢(Bp,+)

Since G satisfies (4.8) and vanishes on 9Q\{0}, integrations by parts yield

/ N,.(G)dx = / (—AG = (v]z]* + a(z))G) dx
\é(Bp,+) N\G(By,+)

— / Go,G do
#(0(Bp,+))

(aBP(O))ﬂRkﬁ—vn*k
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where () is the outer normal vector of B,(0) at z € 0B,(0). We will now find
the value of (G o ¢)0,,,(G o ¢). The defintions of v and G yields,

(Gog)(z) = v(z)|z|~* F4+my o (Qv(z)|z]~* " +o(v(z)|z|~* %) as z — 0.

(4.26)
From O and the uniform convergence in C* of G, we have forall [ = 1,...,n
that

A(©o0¢) = 9 (mya(Qvlz|™* %) +o(lz]* " asxz — 0. (4.27)
Moreover, the definition of (G yields,

0G0 6) = drw (o]~ 4 (@)a] )
—zpv (g + k)22 4+ (o + k)ma o (Q) ]|~ 7F72) + oz 7).

In view of,

o.v(x) = S O(|z|) asx — Oand oy < a— + 1,

|z]

we obtain as x — 0 that,

g, (G 0 ¢) = —v (ap |z~ F 7 fmy o (Qa |z~ 7F1) + o(|z[ =71,
(4.28)
We combine the equations (4.26), (4.28) and since a, +a_ =n—2, —2a_—1 >
1l—n,ay —a_ <1, we get

—(G 0 9)94,,(G 0 )

= 07 (o o[ o (Q)(n = )27 4 o2,

Moreover, using again the definition of v,

[ (GoduGodw)
9Bp,+
= Oé+ck,npn_2a+_2 +mq0(Q)(n = 2)C + U,

where lim,, ¥, = 0 and C} ,, is defined in (4.24). Plugging the last equation in
(4.25) yields Step 4.4.1. [

Step 4.4.2. We claim that, as € — 0,

/ N, o(it,) dz
Q
3

|a:]’SU2*(S) dz 4+ M.y o(Q2)(n — 2)C €% + o(e*+7%7).

Rk_;'_,nfk
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Proof of Step 4.4.2: With the definition (4.21) of @, for any x € R* "~k we get

icod(z) =Ulz)+e = ©od(x)forallz € By, (4.29)
Fix p €]0, §] that we will eventually let go to 0. We define

I, := / (Ve = (v]z| > + a) @2) da.
(Bp,+)

Let ¢* Fucl be the pullback of the Euclidean metric. With (4.29), we get

L= | (19000 0 paa — (o + 006 (0097 acto)| s

= /pr+ <|VU6 5 Bucl — (|¢( I +ao qﬁ) ) |Jac(@)| dx
g /B (VU V(6 0 6))or pue

+2¢

v
(|¢( )|2+a (b) (© 0 )U)|Jac(e)| dx

et /B (IV(©oa):

¢* Eucl

(w IE +a°¢) (60 6)?)| Jac(s)| da.

Since dpg = Idgn, ¢* Eucl = Eucl + O(|x]). Since © € D'?(Q), we get that

g
I, = / <|VU€|2EUC1— (| |2+ao¢> >da:'
By +

. 0( [ 1ol (V0. f + Jal202) dx)
Bp,+

QL —a

+ 2 / ((VUE,V(@W))M - (mg +ao¢>> (@oszﬁ)Ue) dx
Bp,+

+ 0 <e / 2| (IVU] - [V(© 0 )| + |2 2(© 0 $)UL) dm)
Bp,+
+ T
as € — (. The explicit expression (4.20) of U, (4.19) and n > 2a, yield

P
/ Ue2 de = O <EO‘+_O‘ / pr—2as =l dr)
Byt 0

= T gp, (4.30)
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The definition of © and . + a— =n — 2 give

/B aop(O@op)U.dr = O(ec“fa‘/oprdr)

= ML 4.31)
We combine the equations (4.17), (4.19), (4.27), (4.30) and (4.31),

I@P = / (IVU5’2EUCZ - ’lgUez) dx
B,y |

x —

+2e 2 /; (<VU€7V(@O¢)>EUCZ — #(@O¢)Ue) dx

—1—6‘”“‘*19; ase — 0.

Using again the integrations by parts, since U, and ©o¢ vanish on ORF+"=*\ {0},
we have as € — 0 that

Ie,p - / Ue (_AUE - ’7‘13|_2UE) dl’ + / Uea,,Ue dO'
Bp,+

RF+"FNaB,(0)

ap—a_
2

+  2e (/ (©0¢) (—AUE — v|x]_2U€) dz (4.32)
Bp,+

+ / (© 0 ¢)0,U. da) + M
RF+"=*noB,(0)

We claim as € — 0 that

ay —o_ —x__

/ (008)0,U.do = —cie T oy o(Q)Crntole T ), (4.33)
RF+"=FN9B,(0)
and

—a- 204 -2 —a- p-2-2
/k . UO,Ucdo = —0up Cp €479 pl 72072 o€ 9 pl 27204,
RM"F3B,(0)

(4.34)
We prove the claim. It follows from the uniform convergence in C' of the equa-
tion (4.18), we have forall [ =1, ...,n

k
lim A+8U(\z) = ||+ (5@ I1 xj—(a++k)”(x)x’>, (4.35)

A—Fo0 o+ |x|?
J=Lj#l

where v is defined in (4.14). The definition of U, and (4.19) yield

k
[e3 —_ x
oU.=e 7 (’x\_a+_k <5z<k II (o + kz)#v) - 0(\x|_a+_1)) .

=13l
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Since v(z) = |z| 'z is the outer normal vector of B,(0), we then get
0,U. = € 7 (—ayvla| 1 4 o(jz] ), (4.36)

as € — 0 uniformly on compact subsets of C R¥+7=#\{0}. From © and o, +
a_ =n — 2,and (4.16), we obtain as € — 0 that

oy —a —a—

(@ © ¢)8VUE =€ +2 B (—a_s_m%a(ﬂ)e%f,lﬂ|x|—n+1—2k + O(|I|1_n)> )

Therefore, we get (4.33). The definition of U, and the equations (4.17) and (4.36)
yield

VDU, = —oges gz 2031y geas—as|g]2ae1)

as € — 0 uniformly locally in C R*+7=*\{0}. This yields (4.34) and proves the
claim.

We combine equations (4.32), (4.33) and (4.34) to get

Lep = / Ue (_AUe - fy|x|_2U€) dx — a+0k,nea+_a*p”_2a+—2
Bp,+

. —«

+ 2 7 /B (©09¢) (-AU, — 7|z|?U.) dx
0.+

— 200" My 0 (Q) O + €05

Since U satisfies the equation (4.11) and by the definition (4.20) of U, we have
— AU = | U = gz U2

Therefore, we get as ¢ — 0 that

Ug*(s)
I., = ¢ dx — ay Cp et pt=2ee—2
P
ay—a yZ -t
127 ¢ (© 0 ¢) dx (4.37)
Byt ||

=204 €My o (Q)Cp i + €770,
The definition (4.20) of U, and (4.19) yield

Uz*(s)
o ou,
RE+1R\(B, ) 7]

2% (s)

< (Ce 2 (a+—a-)




4.4. Test-functions estimates for the mass: proof of Theorem 4.1.2 113

Therefore, with 2*(s) > 2, we get

p2 e U2 (s)

£ dr = ¢

dx 4+ o(e*** ) ase — 0. (4.38)

B, lzl° R+nk | 2*

The definition (4.14), (4.20) and the control (4.19) yield

2*(s)—1 o oo .
/ U% dr = O <€ S / P12 ) (g —a)—1 dr)
Rk+,n—k\(Bp,+) |ZE| - 6_1/)

* —
— 6%(0@—0&7)19;_

Therefore, with the definition of © we get as e — 0 that

U€2*(s)—1 Uz*(s)—l
£ / Ooopdr=E&m ,GQ/ v————dx
5, . EE 7a(€2) . | |sto-+h

B »
o ( / N dx)
Byt |x‘s+a,+k
ap—a_ 2 (s)—1
—e¢ 2z (m%a(Q)f - ’UW dr + 192’) . (4.39)

Since (—A — v|z|72) (v|z|~*-~*) = 0, using integrations by parts and since U
vanishes on 92\ {0}, we obtain that

2(s)-1 ‘ o ,
€ Jopns T = plim vl (AU = ~|2|?U) do
= 1l U(—A— -2 —a-—k) ¢
R—IH}OO [/BR,+ ( ’Y|l'| ) (U|x‘ ) €
— / o,Uv|z|*Fdo| . (4.40)
R*+""*naBR
Arguing as for (4.36), it follows from (4.35), that, as R — +o0
o,U = —agvlz| " 4 o(|z|7*+ 1) uniformly for 2 € dBg(0) N R*"7F,
Moreover, since oy +a_ =n — 2 we get
ajUU‘ﬂ—a,—k _ —a+U2|[E’_(n+2k_1) _‘_0(|$|1—n)‘

The last equation yields,

lim 8,,Uv\x|_°‘*_k do = —a; Cy .
R—+o00 Rk+,n7kmaBR(0)
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Then, by (4.40)

U2*(s)—1

§ R U’x‘s+a_+k

dr = a;Cl . (4.41)

Combining (4.39) and (4.41), we get

y2e-t ay—a

3 Oopdr =2  (aymyo(Q)Cryn +97) ase — 0. (4.42)

Byt |z[®

Next, the equations (4.37), (4.38) and (4.42) yields,

UE*(S)

kpook |z dx — oy Chpe™ 0 p" 72072 4o+ 7).
RF+™~

Ie,p = f

In the other hand, using Step 4.4.1 the definition of /. , and the last equation, we
get Step 4.4.2 O

Step 4.4.3. We claim as ¢ — 0 that,

~2%(s) 2*(s)
/ S —dr= / ———dx + 2" (5) gy o (Q)E Cppe®™ " + o(e™+ 7).
9] Rk+,n—k

] ]

Proof of Step 4.4.3: We fix p > 0. The definitions of @, and ©, and 2*(s) > 2
yield

ag*(s)
/ — do = ofe*0-), (4.43)
¢(Ba2s.+\Bs.+ ) ||

with the definition (4.12). Equations (4.15), (4.17), (4.29) and (4.43) yield

ap—a_ 2%(s)

a2 U+e 2 (Qo9) )
/ _dr = / : (1 + O[z])| i + o(e+2-),
o |zl Bs. 4 ||

ase — 0.

~2%(s) UQ*(S) oo U2*(s)fl
/ Y g = / “— + 2%(s)e E ‘ (©o0¢) | dz
Q |zf* Bss \ [TI° ||*

+ / O 26 ) da
Bg’+
+o(e*+ ™

2% (5)—2 .

(eo‘*_o‘—UsH @o¢2+622<>(°‘+_a’)|90¢
xS

_).
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It follows from the definitions of © and U,

Ug*(S)_2 . o . s
/ (7 (80¢)*dz = O 8<a+a—>/ P (e gy
Bs ¢ 0

|[*
= L. (4.44)
And,
Q@ —a_ * 2% (s p 2% (s
/ (e 3 0 o0 ¢)? (S)|x|—s dr = O <€(a+—a) {s) / - 1) (ay—a_)-1 dr)
Bs,+ 0
= 0L (4.45)

The equations (4.44) et (4.45) yield as ¢ — 0 that,

~2*(s) U2*(s) oo U2*(s)—1
/“6 . d:z::/ C 2 (s)e T (0 0¢) | duteTOr,
o |zl Bay \ 7] ||

(4.46)
Therefore, for all £ > 0 the equations (4.38), (4.42) and (4.46) yield the result.
O

Step 4.4.4. We are now in position to prove Proposition 4.4.1.

Proof of Step 4.4.4: By Step 4.4.3, we have that

22°) o) 2% (s) 3y
/—6 dx = / A (4.47)
Q ‘$|S Rk+m—k |$|s
2

1
U€2 (s) 2% (s)
+2amy o (Q)ET O e </ _— dx) + o(e* 7).
R

kyn—k ||

We go back to the definition of J

77(1)8’

satisfies (4.11), we get as e — 0 that

Step 4.4.3, equation (4.47) and since U
Lsal@e) = 55" (U) (1= my a(Q)6) €™ + o 7))
where C(j,s is defined in (4.22). This ends the proof of Proposition 4.4.1. [

Combining Proposition 4.4.1 and Theorem 4.3.1 yields Theorem 4.1.2 .
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4.5 Examples of mass

In this section, we discuss the existence and the sign of the mass. An example
of existence of mass is as follows:

Proposition 4.5.1. Let €2 be a bounded domain in R™, n > 3 such that 0 € 052
is a singularity of type (k,n — k) for some k € {1,...,n}. We assume that
v > v (R¥n"=*) —1/4 and that

QN Bs(0) = R*"% N B;(0) for some & > 0. (4.48)

We assume that vy (R*+"%) — 1 < v < y4(Q), that a € C*(Q) vanishes

around 0 and that —A — (y|x| ™2 + a(z)) is coercive. Then the mass is defined.

Proof of Proposition 4.5.1. We fix 1 as in (4.13). For a € C%?(Q) that vanishes
around 0, define on €2 the function

9= <—A - a(ﬂf)) (7Sas) »

where S, is defined in (4.7) such that —AS,,, — v|z|72S,, = 0 on RF+"7F,
Note that this definition makes sense when the support of 7 is small enough due
to (4.48) and a vanishes around 0. In particular g(x) = 0 around 0. Therefore,

we have g € Ln2(Q) = (L*'(Q)) c (D"*(Q))". Since the operator —A —
(7|z|72 + a) is coercive, there exists w € D1?(€) such that

(—A—#—a(:c))w:g in Q,
w =0 on 0S).

Since ¢ vanishes around 0, Theorem 4.3.2 and the change of variable y = Ax
that there exists K € R such that

wm—Kﬂﬂ(M) 2530,

- ma_% |x’a_+k

where v is as in (4.14). For all z € Q\{0}, we define the function Gy :=
1Sa, — w. The definition of w yields

(—A —nE a(a:)) Go=0 1inQ,
Go=0 on 0Q\{0}.
For ¢y > 0 small enough, the definitions of S, , w and a_ < o yield

Go(z) = v(x)|z|"* 7 F (1 4+ o(1)) in R¥+"% N By,
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with o(1) — 0 as z — 0. Therefore, Gy > 0 in R¥+"~% N B, . Then coercivity
and the comparison principle yield Gy > 0 in {2. Moreover, we have that

Go(x) = v(@) (Ja| = 7* = Kla[™* 7" + o(|z|7*7")),
as ¢ — 0. Then the mass at 0 of —A — (y]z| 2+ a(x)) is defined and m., ,(Q) =
— K. This proves Proposition 4.5.1.

We now discuss briefly examples of negative and positive mass. Here, the
reference is Section 9 of Ghoussoub-Robert [61]. We still assume (4.48) and
that v > ~x(R¥"F) — 1/4, so that the mass m. (Q2) is defined. When
Q C R*" % due to the comparison principle, we get that Gy < S,,, and
m~0(€2) < 0. Arguing as in [61], we are able to define the mass of a domain
Q D R¥+7=k for which 1m.,0(Q) > 0: then, defining Qg := Q N Br(0), we get
that limp_, m%()(QR) = mmo(Q) > 0. So for R > 0 large, we get examples
of bounded domains with a singularity of type (k,n — k) at 0 and with positive
mass.

4.6 Proof of Theorem 4.1.3: functional background for the
perturbed equation

In this section, we proceed as in Jaber [76]. A Palais-Smale sequence for G :
E — R is asequence (u,)men € F such that there exists § € R such that

G(uy,) — pforallm € Nand G'(u,,) — 0in E',

as m — —+oo. Here, we say that the Palais-Smale sequence is at level 3. The
main tool is the Mountain Pass Lemma of Ambrosetti-Rabinowitz [5]:

Theorem 4.6.1 (Mountain-Pass Lemma [5]). Ler G € C'(E,R) where (E,||.||)
is a Banach space. We assume that G(0) = 0 and that

o There exists \,r > 0 such that G(u) > X for all u € E such that ||u|| = r,
o There exists ug in E such that lim sup;_, -G (tug) < 0.

We consider t, > 0 large such that |[touo| > r and G(toug) < 0, and
B = inf sup G(c(t)),

where
F'={c:[0,1] = E s.t. ¢(0) =0, ¢(1) = touo}.

Then, there exists a Palais-Smale sequence at level [ for G. Moreover, we have
that 8 < supyso G(tu).
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Weak solutions of (4.5) are to the nonzero critical points of the functional

1 2*(s) Ryttt
E,(u) ;:_/ wul - (7 ya) e dx_/qu—d:c—/u—*dx,
2 Jo || a 2%(s)|z* Qq+1

for any u € D'?(Q) and where u, = max{u, 0}. In the sequel, we assume that

the operator —A — (# + a(x) ) is coercive that there exists ¢y > 0 such that

/ (\Vw|2 - (W% + a> w2> dx > co/ |Vw|? dx for all w € D'?(Q).
0 0
(4.49)

Proposition 4.6.1. Fix ug € DV?(Q) such that ug > 0, ug % 0. Then there exists
a sequence (Up)men € DV(Q) that is a Palais-Smale sequence for E, at level
B such that 0 < 8 < sup,sq Eq(tuo).

Proof of Proposition 4.6.1: Clearly E, € C*(D'*(Q)). Note that F,(0) = 0. It
follows from (4.49) and the Sobolev and Hardy-Sobolev embeddings that there
exist cg, 1, co > 0 such that

E,(u) > collul|® — e ||ul|*® — cofjul|*™! for all u € DM2(). (4.50)

Define f(r) = r? [co — 17?972 — ¢pr97] := r%g(r) and since 2*(s), g+1 > 2
we have g(r) — ¢ as 7 — 0. Then there exists ry > 0 such that r < r,, we have
g(r) > %. Therefore, for all u € D'?(Q) such that ||u|| = % and by (4.50), we

have E,(u) > c‘gg = \. We fix ug € DV?(2), ug # 0. We have that

12 ¥
E,(tuy) = 3 i <\Vuo|2 — (W + a)u(%) dx

12+(s) 2¢(s) s+l
i / ol dx — /h|u0|q+1da:
25(s) Ja  |=f* q+1Jg

t2 t2*(s) qu'H . t2_2*(s)
= R - Ry — R < t2 (5) (
q+1

Rl _RQ) )

where Ry, Ry > 0 and R3 > 0. Since 2*(s) > 2, we have E,(tuy) — —oo as
t — +oo. Then limsup,_,, . E,(tug) < 0. We consider ¢, > 0 large such that
ltouo|| > 7 and E,(toug) < 0. Fort € [0,1], we have E,(c(¢)) > A and then
there exists

g = inlﬁ sup E,(c(t)) > A > 0.
ce

Proposition 4.6.1 then follows from Theorem 4.6.1. ]
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Proposition 4.6.2. Let € be a bounded domain in R", n > 3 such that 0 € 0f)
is a singularity of type (k,n — k) for some k € {1,...,n}. We fixa,h € C%%(Q),
6 € (0,1). We assume that h > 0 and that (4.49) holds. We fix v < v (RF+"F)
and 3 € R such that

2—3s

6<2(n—s)

[y 5.0 (RETTRY 2= 4.51)

Then, for any Palais-Smale sequence (u,,)men € DV?(Q) for E, at level B, there
exists u € DV(Q) such that E,(u) = 3 and we have u,, converges strongly in
D*(Q) up to a subsequence. Moreover, we have E;(u) = 0.

Proof of Proposition 4.6.2: Take (uy,)meny € D'?(Q) a Palais-Smale sequence
for £, such that

Eq¢(um) — B and E/(u,,) — 0in DV?(€)'.
Step 4.6.1. We claim that u,, is bounded in D**(2).
Proof of Step 4.6.1: The coercivity (4.21) and the definition of £, yield

1 x 1
wl? < 265 ( By(um / w) S d —/h mq“d).
il < 265 (Eyfun) + 55 [ et [ bt do
(4.52)

Since E/(un,) — 0in D2(2)’, we observe that

) () 7
/ (|Vum|2 - <—2 —I—a) ufn) dz :/ Nt dr
‘ 2] ol
4 [ )t do -+ of ).
Q

The definition of the energy E, and the last equation yield

2alin) = (1‘2*1))/9%‘“

_L g+l
+<1 q+1)/gh(um)+ dr + o(||um]|).  (4.53)

Moreover, since E,(u,,) — [ as m — +o0o, h > 0 and ¢ + 1 > 2, we obtain
that

(1‘2*?@)/9%“ = 2Halun)

_ (1 _ qu1> / Bt )£ d 4 o[
28+ of[[unl),

IN
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therefore,

2 (un)®
(1_2*(8))/9 o dz = O(1) + o(|[tm]])- (4.54)

Similar and but 2*(s) > 2, we have

(1 - L) /Qh<um)1+1 d = O(1) + o(|[unl]). 4.55)

q+1
(4.52) and (3.71) give

2*(s)
Um
n%w§w<éiﬁ§ﬂwféw%ﬁwﬁ+dwm» (4.56)

The equations (4.54), (4.55) and (4.56) yields,
[uml* = O(1) + o([[uml]),

as m — +oo. This proves Step 4.6.1. ]

Therefore, up to a subsequence, there exists v € D'?() such that

Uy — u weakly in D12(Q), 457)
Um — u  strongly in LP(Q2) forall 1 < p < 2*. ’
Moreover, we have E(u) = 0.
Step 4.6.2. We claim that, as m — +00
)2 PATAC)
/ <|V(um —w)? - 7M) do = / W =04 4 o(1), (458)
o kd o =P

and,

| <|V(um—u)|2—’yw> dr<ftol). (459

2(n—s |z|2

Proof of Step 4.6.2: We denote that

(B 0) = [ (e T0) = (254 a) ) o
-/ () | un)tiods,

kgl
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for all p € DV?(€2). We observe that

o(1) = (E(upm)— E(u), Uy, —u)

Since u,, — u weakly in D*?((2), integration theory yields

2*(s)—1 2*(s) 2*(s)—1
lim Mudm = / Y dr= lim Lum dx. (4.61)
Q

m—+o0 Jo |]* || m—too Jo  |z]*

The equation (4.57) yields,

/Qh(um —u) ((um)d —ul) do = /Qh(um — ) dr 4+ o(1) = o(1), (4.62)

as m — +o0o. Combining (4.60), (4.61) and (4.62), we get as m — 400 that

*(s *(s d
- /Q ((um)i( YR )> x—x + o(1). (4.63)

2%(s)

LU muy T = (um —u)y T <O (|Um —ul* O ] + [ul O fuy, — m|) ;

for some C' > 0 independent of m. Therefore, but (4.57) we have
. . d 2%(s)
/ ((um)i(s) — (U — u)i(s)> 2 / R SR o o(1). (4.64)
Q zl* Jo |zl

Since u,, — u strongly in L?(Q2) as m — +o0 and by (4.63), (4.64), we obtain
(4.58). With (4.57) we have that

E,(u) — Ey(u) = %/Q(N(um—u)ﬁ—yw) dz

]2

1 / 2(s)  2%(s), AT
— U, —u +o(1).
2*(8) Q(( )—i— + )|ZE|8 ( )
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With (4.58), we get

Em%%ﬂmoz(%—?é)[Kka—uW—yﬂﬂ:ﬂsdﬁmﬂ)

|z

Since u is a solution of (4.5) then E,(u) > 0, and E,(u,,) — [ as m — +oc.
We then get (4.59). This proves Step 4.6.2. O]

Step 4.6.3. We claim that

lim  w, = uin D'?(Q). (4.65)

m——+00

Proof of Step 4.6.3: Let v < ~yy(R¥"F) for all k € {1,...,n} and by the
Proposition 2.1 in Cheikh-Ali [27], then for all € > 0 there exists ¢, > 0 such
that for all v € D2(Q),

j[2() e N
( da:) < (MR 4 6)/ (|W\2 - —02) dx
Q Q

|| |z [?
+c. / v2dx.
Q

Take 6,, = u,, — u. Since u,, converges to u in L*(Q) taking v = 0, yields

AN .
/ AL S— < (B o R 46 / <|v0m|2——ze;> dx
o |z Q ||

o(1). (4.66)

We write N (6,,) == [, (|v9m|2 - #03;) dz. By (4.58) and (4.66), we get that

N(6)™® (1 — (Hys0 (R 4 ¢) N((’m)l_%‘s)) < ol

With (4.59) and the last inequation, we get that, as ¢ — 0,

2% (s)—2

2 2(n — 2(s)
N7 (1 (neol® 47 1 0) (25222 T o) | <o)
-5
(4.67)
With the assumption (4.51) and (4.67), taking ¢ > 0 small enough, we get that
N(0,,) — 0 as m — +o0 and by coercivity, we obtain (4.65). O

With Step 4.6.3 and since E,(u,,) — [ as m — +oo, we get that £, (u) = [.
This ends the proof of Proposition 4.6.2. ]
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Theorem 4.6.2. Let ) be a bounded domain in R™, n > 3, such that 0 € 0f) is
a singularity of type (k,n — k) for some k € {1,...,n}. We fix v < yg(RF"1=F),
We fix a € C%9(Q) such that — A — (y|z| 72+ a(x)) is coercive, and h € C*?(Q)
such that h > 0. We fix0 < s < 2and 1 < q < 2* — 1. We assume that there
exists ug € DY2(Q), ug # 0, such that

2 - n—s
sup B, (tuo) < % i o(RESTRY 5T (4.68)

t>0 2(n — S)
Then equation (4.5) has a non-vanishing solution in D%?(Q2).

Proof of Theorem 4.6.2: By Proposition 4.6.1, there exists a Palais-Smale se-
quence (U, )men € DV2(Q) for E, atlevel 8 > 0 such that 3 < sup,~q E,(tuo).
It then follows from Proposition 4.6.2 that, up to a subsequence, (umfconverges
strongly to u in D"*(Q). Then E,(u) = # > 0, so u # 0, and E(u) = 0. Co-
ercivity and £ (u)[u_]| = 0 yield u > 0. Regularity theory and Hopf’s principle
yieldu € C*%(Q) and u > 0. Then u is a solution of (4.5). This proves Theorem
4.6.2. O

4.7 Proof of Theorem 4.1.3: Test-Functions estimates

The main result of this section is the following:

Proposition 4.7.1. For v < vy (R*"7%) and fix 0 < s < 2. We assume that
there are extremals for |1 5 o (Rk%"*k ), we let U as in (4.11) be such an extremal.

We let (u.). and (). as in (4.21). Then,
(a) For 0 <y < yg(RF"7F) — 2 we have

c1GH, 5(Q)e + o(e) ifg+1<2=2

n—2
sup Ey(tue) :== fo + (c1GHy 5(Q2) — c2h(0)) € + o(e€) fq+1= 27?:227
(¢g+1)(n—2 (g+1)(n—2)
120 —@h(O)e”‘ﬁf) + 0(6”'_%) ifg+1>22=2

(b) For 0 < v = yg(RF"F) — 1, we have

sup Ey(tu) == Bo +

{ c1GHys(Q)eln (1) +o(eln (1)) ifg+1< 22
>0

(g+1)(n—2) (g+1)(n—2) . B
_CQh(O)En—f + O(Gn—f) lfq + 1> 2n 22.

(¢c) For vy > yu(R*"%) — X we have

—C3My ()70 4 o(e+77) fq+1<qay,
sup B, (i) := fo+{ — (eamy(Q) + c2h(0)) €247 4+ 0(e*+7%7)  ifqg+ 1= qa,
>0 o (a+1)(n=2) (a4 D(n=2) ;

—eah(O)er T o g1 s g,
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_ _2-s ki n—k\5— _ 2n—2(aqy—a_)
where 3y = s oy s.0(R¥"F) 2= and q,, = "=

n—

( k k 2*2(*% * -1
_ Hyso®FHTTE) 2T Uz
a = 2 € Jghimn [z dr)
ot
_ g2 q+1 4.69
62 - q+1 ka_;'_,nfk U dl‘, , ( )
& _ f k _k (Hk_ LE) do
J— k s —k *(s)— « o — n—1 4m i=1"
C3 = :LL%S,O(R o )2 (5)-2 +2 ST—OR )
\ £ka+,n—k e dx

Theorem 4.6.2 and Proposition 4.7.1 yield Theorem 4.1.3.
Proof of Proposition 4.7.1: We define the test-function sequence (Z,).~o by

L Ue if7 S VH(RkJﬁn_k) - i’
where u,. and . are as in the definition (4.21). We have:
t2 t2*(s) tq+1
E tZE :_Re_ Be_ Cﬁ’
o(12) =5 2+(s) g+1 "

when € — 0 where:

R.:= /Q (|VZ€|2 - <# —|—a(a:)> Zf) dx

ZQ*(S)
B, = / ——dzand C, := / hZ0 dz.
Q Q

| z]?
Step 4.7.1. We fix f € C*%(2), 0 € (0, 1), and p € [1,2*). We claim that

OO oy UM da 40 ("0 ifn < py,
|z as - c%ﬁﬂwa>meﬁ ifn = ps,

o (¢es00) i
where p, = (p + 1)a,. Moreover, we have
/Qf\zeyp“ dx — 0as e — 0. (4.70)
Proof of Step 4.7.1: Note that it follows from (4.19) that

0<Udlz) < Ce = |z| ™ forall z € R¥" % and e > 0. @.71)
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We first prove Step 4.7.1 for ., postponing the case of ., and then Z,, to the
end of the proof. We distinguish three cases:

Case 1: We assume that n > (p + 1)a. It follows from (4.71) that

/ fluc|Pt da
Q

as € — 0. This proves Step 4.7.1 for u, whenn > (p + 1)a.

< Cg’?ma_)/ [~ gy < OB a0
Q

Case 2: We assume that n = (p + 1)a. With (4.71), we get that

/ f|u€|erl dx
Q

< Tl 4o / |uc[P*! da

Bs +

< Cen—*gz(p+1)+06n—"g2(p+1)/ Ut do

Bse—1 4

e~ 15
< Cer Tt —i—C’e”n22(pH)/ rdr
1

< Ce' (@r—a) |y (1>

€

Case 3: We assume that n < (p + 1)a.. It follows from (4.71) that

+1

/ flurde = O (e’%m—w)) as e — 0.
Q\¢(Bs,+)

Independently, since f € C%?((2), we have that

[ sudrtde= [ foo- Uzt ofds
#(Bs,+) Bs

— en—"22(p+1)f(0)/

B

UPttdz + O ( / ||| U [P da:> (4.72)
Bs +

se— 1+

Since n < (p + 1)a, it follows from (4.19) that U € LPT!(RF+"~*) and that

/ UPtlde = / UPtldz + O / UPH dx
B5€—17+ Rk+,n—k Rk+,n—k\B6€_1’+
— / UP—H dr + O /Oo Tn—(p+1)cx+—1 dr
RkﬁJr,n—k 15

_ / UP* dg + O (@ Dasn) (4.73)
Rk_;'_,nfk



126 Chapter 4. Hardy-Sobolev inequalities with non smooth boundary, II

We claim that

/ 2 |U P+ d = o (e”—%@“)) as € — 0. (4.74)
B57+

Indeed, when 0+n > (p+1)a, we argue as in Case 1. When +n = (p+1)ay,
we argue as in Case 2. When 6 +n < (p + 1)a, we make a change of variable
y = ¢ 'z and we argue as in (4.73). This yields (4.74). Putting (4.73) and (4.74)
in (4.72) yields Step 4.7.1 for u,. in Case 2.

We now prove Step 4.7.1. When v < g (R¥"%) — 2 Z = u,, and we are
done. When v > v (RF"=F) — 17 — & . With the definition (4.21), we get

Z s
that

/f|ﬂe|p“dx=/f

Q Q

_ / Flutt d:v+0(ea+2a_ / |u6|p|@|dx) (4.75)
Q Q

+0 (ep;l(o”_o‘)/ [Clias d$>
Q

Since © € D"?(Q) and p + 1 < 2*, we get that © € LPT(Q). It follows
from (4.15) that |©(z)| < Clz|~* for all z € Q. Arguing as in Cases 1, 2, 3
above, we get that the second term in the right-hand-side of (4.75) is dominated
by [, [uc[PT! dx. Then Step 4.7.1 for v > v (R*"~*) — 1/4 follows. O

By Cheikh-Ali [27] and Step 4.7.1 for the case v < ~yy(RF+"*) — 1/4 and
Steps 4.4.2 and 4.4.3 for the case v > vy (RF+"=%) —1/4, we get that, as € — 0,

p+1
dx

(1+—(17

u +e 2z O

2%(s) 2%(s)

R.— Ry :=¢ dx and B, — By := / dz. (4.76)
ghyn—k 2] ghen—k 2]

Step 4.7.2. We claim that for all € > 0, then there exists a unique t. such that

sup E,(tZ.) = E,(tZ.). 4.77)
>0
Moreover, t. verifies
te =S, [1 — C()O}%e + 0(0}176)] , 4.78)

where S, = (REB;1)2*<;>—2, Co>0andt. —tyase— 0.
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Proof of Step 4.7.2: We have that 0,E,(tZ,) = 0iff t = 0 or ¢.(t) = R.
where g(t) := Bt*®72 + ), 77, Since B,,C, > 0 and g, is a strictly
increasing map i.e g.(t) — R. also, and since R, > 0 we have ¢.(0) — R. < 0
then, there exists ¢, > 0 unique verifying g.(t.) = R, such that (4.77) holds.
Since g.(t.) = R., we get

te < Se:= (REB;1)2*<31>*2 :

1
We are using (4.76), (4.70) and (4.11) to get that S, — (ROBo_l) -2 =

1
£27-2 as € — 0. Therefore, t. is bounded and there exists ¢, such that t, — %
up to extraction. Since g.(t.) = R, and C}, . — 0 as € — 0, we obtain that

t. = [RB' - Cy B a7
= S.[1= G R7HI)TO = S, [1— CoChe + 0(Ch)]

1,91
where Cy := ?2(13872 and tg = 52*(;%2. This yields (4.78) and Step 4.7.2. ]

Step 4.7.3. We claim that

* %
2_8 2% (s) 52(3)2

0 T
2(n —s) (SisalZe) q+1

Proof of Step 4.7.3: The expression (4.78) of Step 4.7.2 and (4.70) yield

Eq(teZe) = Ch,e + 0<Ch,e>-

2 tg*(S) a1
EtZ) = SR —5mP i1

53 [1— CoChe + O(Ch,e)]Q

Ch,e

SZ — CoChe + 0(Cr )@

_ _ B
2 ke 2%(s) ‘
SIH[1 — CyChe + 0o(Ch. )]t
- - : Ch €
q+1 ’
_ 821200k +0(Crd)l STV (L~ Co2*(5)Che + 0(Cnd)]
2 ‘ 2¢(s) ‘
ST — (g4 1)CoChe + 0o(Ch)]
- C1h €
q+1 ’
then,
g2 562*(5) §a+1
— Zep ¢ B _ X
E,(t.Z.) 5 R, IO 10,176

~CoChe [SIR — SZW B, — SIMCy, ] + o(Che).
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Since S, := (R.B-1)*® and Oy, — 0 as e — 0, this yields Step 4.7.3. [

Proof of Proposition 4.7.1 when 0 < v < ~yg(RF+m%) — 2. In this case,
we recall that Z,(x) = u.(z). Note that

(v <@ - o o a0

It was proved in Proposition 5.1 in Cheikh-Ali [27] that
e Fory < yu(R¥" %) — 1, we have that

Jgsyo(ug) = pms,g(Rk*’”_k) (14 kGH, s(2)e+o(e)) 4.79)

g

e For vy =y (R¥"F) — 1, we have that

Tys0(tie) = iy 00 (R""7F) (1 +RGH, (Q)eln (é) +o (e In G))) »
(4.80)

2% (s -1
where K := (5 ka+,n7k vz dx) and GH, () is defined in (4.6). It follows

|z[*
from Step 4.7.1 that [, u? dx = o(e) if ay —a_ > 1,and O(e) if oy —a_ = 1.
Therefore (4.79) and (4.80) hold unchanged with the potential a.

Case 1: We assume that n < (¢ + 1)a.. It follows from Step 4.7.1 that

Choe = / B da = h(0)en "3+ /
Q R

as € — 0. Then, when n < (q + 1)a, we get Case (a) of Proposition 4.7.1
follows by combining Step 4.7.3, (4.79), (4.80), the estimate of C}, . and studying

the relative positions of n — "52 (¢+1)and 1.

Ut dr + o <€n—”T_2(q+1)>

k+,’n/7k

Case 2: We assume that n > (¢ + 1)a. Since a«y —a_ > 1and ¢ > 1, we then
get that

—2 +1
n2 (q+1)—1:(n—(q+1)a+)+qT(a+—a,)—1>O.

Then, for n > (¢ + 1)a, Cases (a) and (b) of Proposition 4.7.1 follows by the
same arguments as in Case 1.

n —

This proves Cases (a) and (b) of Proposition 4.7.1. [l
Proof of Proposition 4.7.1 when v > ~g (R¥+"=*) — %, Proposition 4.4.1
yields

Jallie) = pysoR*F) (1= 0 imy () ™ 4 o(e+7*))4.81)
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as € — 0. Here, we compare n — “52(g + 1) and oy — . Note that

"2 1)~ (s — o) =n— (g + Doy + 220 —a)

n —

Therefore, since ¢ > 1, when n > (¢ + 1)y, we have that n — "T_Q(q +1) >
o — . As for the case v <y (R¥+"%) — 1, we get Case (b) of Proposition
4.7.1 by studying the relative positions of n — 252(g+ 1) and a; — «_ and using

2
Step 4.7.1 and (4.81).
This proves Case (c) of Proposition 4.7.1. [

All these cases prove Proposition 4.7.1. As already mentioned, Theorem 4.6.2
and Proposition 4.7.1 yield Theorem 4.1.3.
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CHAPTER

S The second best constant for the
Hardy-Sobolev inequality on

manifolds

5.1 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n > 3 with OM =
(). We fix zg € M and s € [0, 2). Interpolating the Sobolev and Hardy inequal-
ities, we get the Hardy-Sobolev inequality that writes as follows: there exists
A, B > 0 such that

|u|2*(5) )2*2(5) / 2 / 2
——dv <A Vulodv, + B [ u*dv (5.1
(/M dy(x,z0)* 7 M| s v M I

forallu € H(M), where 2*(s) := 2(” S) , dv, is the Riemannian element of vol-
ume and H?(M) is the completion of C°°( ) for the norm u — ||ul|s + || Vul|2.
When s = 0, this is the classical Sobolev inequality. Extensive discussions on
the optimal values of A and B above are in the monograph Druet-Hebey [40]. It
was proved by Hebey-Vaugon [70] (the classical case s = 0) and by Jaber [75]
(s € (0,2)) that

ps(R™) ™ = inf{ A > 0 such that 3B > 0 such that (5.1) holds for all u € HZ(M)},

and that the infimum is achieved, where

Vul?dX
(B = inf { —Jen [VUEAX oy

f Juf2* ) (s) ¥ (s)
Rn |X|5
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is the best constant in the Hardy-Sobolev inequality (see Lieb [83] Theorem 4.3
for the value). Therefore, there exists B > 0 such that

P = R™)! Vul2dv, + B | ud 52
——dv < ug(R™)™ ul® dv, + u” dv .
(/Mdgm,xo)s ) < #a(R7) (/M’ v+ 5 | 9)( )

for all w € HZ(M). Saturating this inequality with repect to B, we define the
second best constant as

B(g) := inf{B > 0 such that (5.2) holds for all u € H; (M)},

to get the optimal inequality

(o) v ([ e )
——dv < ug(R™)™ ul? dv, + B, u” dv
wr dg(z, 20)" 7 g w0 T z53)

for all u € H(M). In this paper, we are interested in the value of the second
best constant. We say that ug € HZ(M) is an extremal for (5.3) if ug # 0 and
equality in (5.3) holds for ©v = uy. When s = 0, the issue has been studied by
Druet and al.:

Theorem 5.1.1 (The case s = 0, [34,39]). Let (M, g) be a compact Riemannian

manifold of dimension n > 3. Assume that s = 0 and that there is no extremal
for (5.3). Then

e By(g) = 4(’;—121) max s Scaly if n > 4;

o The mass of A, + By(g) vanishes if n = 3.

The mass will be defined in Proposition-Definition 1. We establish the same
result for the singular case s € (0, 2):

Theorem 5.1.2 (The case s > 0). Let (M, g) be a compact Riemannian manifold
of dimensionn > 3. We fix o € M and s € (0,2). We assume that there is no
extremal for (5.3). Then

o BLlg) = SR Sl ) i > 5

o The mass of A, + B,(g) vanishes if n = 3.

The case n = 4 is still under investigations.

Our proof relies on the blow-up analysis of critical elliptic equations in the spirit
of Druet-Hebey-Robert [41]. Let (a4 )aeny € C' (M) such that

lim a, = as in C1(M). (5.4)

a—+400
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We assume uniform coercivity, that is there exists ¢y > 0 such that
/ (Vw2 + aqw?) dv, > co/ w? dv,, for all w € HY(M). (5.5)
M M

Note that this equivalent to the coercivity of A, + a... We consider (A\,), €
(0, +00) such that

lim A, = us(R"). (5.6)

a—r+00

We let (uq)o € HZ(M) is a sequence of weak solutions to

{ Agug + aqug = /\a% in M, (5.7)
Uy > 0 a.e. in M,
where A, := —div,(V) is the Laplace-Beltrami operator. We assume that
|al|2x(s),s = (/ Mdv )2*1(3) =1 (5.8)
VT gyl ™ |
and that
Uo — 0as o — +oo weakly in H;(M). (5.9)

It follows from the regularity and the maximum principle of Jaber [74] that u,, €
COPLM) N C2%2(M\{xo}), B1 € (0,min(1,2 — s)), B2 € (0,1) and u, > 0.

Therefore, since M is compact and u,, € CO(M ), then there exists =, € M and
the, > 0 such that

2

o = <mj\a}xuo{>im = (un(za)) ™ 2. (5.10)

We prove two descriptions of the asymptotics of (u,,):

Theorem 5.1.3. Let M be a compact Riemannian manifold of dimension n > 3.
We fix 1o € M and s € (0,2). Let (an)aen € CY(M) and ao, € C(M) be
such that (5.4) holds and A, + a is coercive in M. We let (M\y)a € R and
(ua)a € HE(M) be such that (5.4) to (5.10) hold for all « € N. Then, there
exists C' > 0 such that,

pa?
=2 4+ dg(x, xo)"

Ua () < s forallx € M, (5.11)

n—2
2

where ji, — 0 as o — +00 is as in (5.10), that is jia = max s Ug-
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Theorem 5.1.4. Let M be a compact Riemannian manifold of dimension n > 3.
We fix vo € M and s € (0,2). Let (ay)aen € CY(M) and an, € C*(M) be
such that (5.4) holds and A, + a is coercive in M. We let (M) € R and
(ua)a € HE(M) be such that (5.4) to (5.10) hold for all o € N. Then,

1. Ifn > b, then ax(xg) = ¢y sScaly(xo).
2. If n =3, thenm,__(x9) = 0.

where m,__(x¢) is the mass of the operator A, + a, (see Proposition-Definition
1) and
(6—3)(n—2)
n,s +— . 5.12
s T 120n -2 s) (5.12)

The case n = 4 is in progress. The mass is defined as follows:

Proposition-Definition 1. [The mass] Let (M, g) be a compact Riemannian
manifold of dimension n = 3, and let h € C°(M) be such that A, + h is
coercive. Let G, be the Green’s function of Ay + h at z. Letn € C* (M) such
that 1 = 1 around x. Then there exists 3,, € H:(M) such that

1
Gay = Eﬁdg(',fo)_l + Bag in M\ {zo} (5.13)

We have that 3,, € HY(M) N C™ (M) N C*7(M\{xzo}) for all p € (3,3)
and 0, € (0,1). We define the mass at xo as mp(xg) := Pu,(x0), which is is
independent of the choice of n.

Theorem 5.1.4 yields a necessary condition for the existence of solutions to (5.7)
that blow-up with minimal energy. Conversely, in a work in progress [29], we
show that this is a necessary condition by constructing an example via the finite-
dimensional reduction in the spirit of Micheletti-Pistoia-Vétois [88].

The role of the scalar curvature in blow-up analysis has been outlined since the
reference paper [38] of Druet for s = 0. In the singular Hardy-Sobolev case
(s € (0,2)), the critical threshold ¢, ;Scal,(x() was first observed by Jaber [74]
who proved that there is a solution v € HZ(M) N C°(M) to

u2* (s)—1

Au+hy = ———
g dy(z,z0)*

;u > 01in M.

as soon as h(zg) < ¢, sScaly(zo) where h € C°(M) and A, + h is coercive.
More recently, it was proved by Chen [31] that for any potential h € C'(M)
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such that A, + h is coercive, then there is a blowing-up family of solutions
(ue)5>0 to

2*(s)—1—e¢
Ague + hue = ue—; ue > 01in M.
dy(x, x0)*

when h(zo) > ¢, sScaly(zo).

5.2 Preliminary blow-up analysis
We let (ay)o € CHM), as € CH(M), (Aa)a € R be such that (5.4)-(5.10) hold.
Lemma 5.2.1. We claim that

lim wu, = 0in CP, (M\{xo}).

a—r-+00

Proof of Lemma 5.2.1: We take y € M\{xo}, 7, = 3dy(y, z0). Since u, verifies
the equation (5.6), we have

Agug = Hyug in By, (y),

where the function

u2*(5)72
H,(z) = ay + N\g———.
(z) dy(z,20)?

n

57), then there exists ¢y > 0 independent

Since a, — ao in C, forany r € (%,
of « such that

/ H dv, < c.
BQ'ry (y)

Using the Theorem 8.11 in Gilbarg-Trudinger [63], that there exists C), 5, ¢, > 0
independent of « such that

él;lya(?;) ua S Cn,s,y,co ||U'Oé||L2(BQ'ry(y))'

Therefore, by the convergence in (5.9), we get

[tallzoo (., ) — 0 as a — +oo.
A covering argument yields Lemma 5.2.1. [
Lemma 5.2.2. We claim that

sup uq(z) = +00 as a — +00. (5.14)
zeM
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Proof of Lemma 5.2.2: 1f (5.14) does not hold, then there exists C' > 0 such that
u, < Cforall z € M.
The convergence (5.9) and Lebesgue’s Convergence Theorem yield

oal—i}—{loo “ua||2*(5)75 = 0’

contradiction (5.8). This proves Lemma 5.2.2. Il
It follows from Lemmae 5.2.1 and 5.2.2 that

Ty — TopaS @ — +00. (5.15)

We divide the proof of Theorem 5.1.3 in several steps:

Step 5.2.1. We claim that
dg(Ta, x0) = 0(ta) as a — +o0.

Proof of Step 5.2.1: Since z, — x( as « — +00, taking z, = x, in Theorem
5.7.1, we get that dy(zq,z0) = O(jta) as a — +o0o0. We define the rescaled
metric go(z) := (exp}, g) (1aX) in Béalua(O) and

2

1a(X) = pta® tal(exp,, (1aX)) forall X € By, 1(0) C R".

Here, exp, : Bs,(0) = Bs,(xo) C M is the exponential map at x,. It follows
from Theorem 5.7.1 that

g — @ in CP(R™) as a — +00,
where @ is as in Theorem 5.7.1. Since 4,(0) = 1 = max u,, we get

i(0) = lim 1a(0) = 1.

a—+00

On the other hand, we have ||4,|/oc = 1 thus 0 is a maximum of a. We define
Xo,a := pi5 " expy (xo) such that X, := lim,_, yo Xo,. Using the explicit form
of @ in Theorem 5.7.1 that 4(X) < @(Xy) for all X € R". This yields Xy = 0.
We have that

dg(mom IL‘()) = Mozd_?]a (XO,om O) = ,uoz|X0,oc| =0 (:ua) .

This yields Step 5.2.1. ]
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‘We now define the metric

Ja(z) := (exp}, 9) (11aX) in B(;al“a(()), (5.16)
and the rescaled function

Ua(X) = pa” ta(exp,,(taX)) forall X € By -1(0) CR™ (5.17)

Equation (5.7) rewrites
~2*%(s)—1
U

©X
where a4 (X) = p2aq(exp,, (1eX)) = 0in C},
Step 5.2.2. We claim that,

A T + Galiq = A

in B;,—1(0), (5.18)

(R™) as @ — +o0.

lim u, = u, (5.19)
a—r+00
in C2 (R™{0}) and uniformly in C:°(R™), for all § € (0,min{1,2 — s}).
Where ,
~ K2—s %
w(X) = (KQS n ]X]QS) forall X € R",
with
K** = (n—2)(n— s)us(R™) . (5.20)
In particular, u verifies
Apuaii = i@ R and / Y 1 (5.21)
Budl = s n an =4 .
| X2 e [ X]°
where Eucl is the Euclidean metric of R". Moreover,
2%(s)
U

RLHJrrloo al—l)I—iI-loo d (:13‘ T )5
M\BRua(xO) g s L0

dv, = 0. (5.22)

Proof of Step 5.2.2: Using Step 5.2.1 and applying again Theorem 5.7.1 with
Zo = g, wWe get the convergence of u, (see (5.17)). Now, we want to proof
(5.22), taking the change of variable X = p_' exp;o1 (x), applying Lebesgue’s
Convergence Theorem and from the uniform convergence in C’loo’f (R™), for all
B € (0,min 1,2 — s) of the equation (5.19) and using (5.143), we get

2*(s) 727
lim lim —  _dv, = lim lim — dv;,
~2*(5)
~  lim / Y ax
R—+o00 Br(0) |X‘s
a2 ()
= dX = 1. (5.23)
/Rn | X
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It follows from ||u,3.(%) , = 1 and (5.23), we get (5.22). This ends Step 5.2.2.
0

Step 5.2.3. We claim that for any R > 0,
Tl — U in Hf (Br(0)) as a — +o0. (5.24)

Proof of Step 5.2.3: We rewrite (5.18) as

~2*%(s)—1

U ~ o~

Ag g = fo = Aag——— — Qalq.
? | X
_ ny @2 (~1(X) 0.8 (Ton

It follows from (5.19) that f,,(X) — f(X) = uso(R )T e C))L(R™\{0}).
For any R > 0, we have

HfOéHLp(BQR(O)) < H|X|7SHLP(32R(0))HaaHL"O(B%}(O))‘ (5.25)

It follows from (5.19) that (u, ), is bounded in L7S. Since X — |X|™° €
Ly, (R") for 1 < p < %, then for such p, we have that (f,), is bounded in

LP(Byg(0)). By standard elliptic theory (see for instance [63]), we get that

H@aHHg(BO(R)) <C (||faHLP(BQR(0)) + H@aHLP(BzR(O))) :

We define p* such that .- = - — . If p* < 0, H{(Bg(0)) is compactly embedded
in L?(Bgr(0)). Now, if p* > 0, we have HY(Bg(0)) is compactly embedded in
LY(Br(0)) for 1 < q < p* and L? (Bp(0)) — L2(Bp(0)) iff 2 < p* <=
p > 2% Since, s € (0,2) then there exists p > 1 such that p € (2%, ) and

n+2 n+27 s
then (u,) is bounded in HY(By(R)) < HZ(By(R)). Since the embedding is
compact, up to extraction, we get (5.24) and ends Step 5.2.3. ]

Step 5.2.4. We claim that there exists C' > 0 such that
dg(:n,xo)nT_zua(x) < C forallx € M and o > 0. (5.26)

Proof of Step 5.2.4: We follow the arguments of Jaber [75] (see also Druet [34]
and Hebey [67]). We argue by contradiction and assume that there exists (Y4 ) €
M such that

sup d,(z, xo)nTﬁua(x) = dg(ya,aso)%zua(ya) — +ooasa — +o00. (5.27)
zeM

Since M is compact, with (5.27) we obtain that lim,_, | o 14 (ys) = +00. Thanks
again to Lemma 5.2.1, we obtain that, up to a subsequence,

lim vy, = xo. (5.28)

a—+00



5.2. Preliminary blow-up analysis 141

For o > 0, given v, := ua(ya)*ﬁ, and moreover
v, — 0asa — +oo. (5.29)

We adopt the following notation: 6z will denote any quantity such that there
exists  : R — R such that

Rl—l}—&r—loo QR =0
We claim that
/ UQ*(S)
—  dv, = o(1) as o — oo. (5.30)
Bua(a) dg(@,0)" 7

Proof of (5.30): For any R > 0,
2*(s) 2*(s)
'Lba uOé
— dv S / — duv,.
/B‘S(wo)\BRHa(xo) dg(x’xo)s ! M\BRpyq (%0) dg(xvmo)s I
Therfore, with the equation (5.22) in the Step 5.2.2, we get
uZ®

/B(S(CCO)\BRM (wo) dg(xv xo)s

On the other hand, equations (5.28) and (5.29) yield B, (y.)\Bs(zo) = (), and

dvg = 0r + o(1). (5.31)

2*(s) 2*(s)
UQ Ua
——dv, = / ——dv
/Bua(ya) dy(z, 20)* I Buy, (ya)NBs (o) dg(z,z0)* I

ui*(S)

LR
/Bm (9o)0 (B (00)\ B (0)) T (5 T0)°

W2
+ / ——dv
Buw (v) B (w0) Do (T, 0)° 7
2*(s)

Uey
= ‘)R+/ v, +o(1), (532)
Bl’a (ya)mBR;La (270) dg (.CL‘, "EO)S g

we get the last inequality with (5.31). We distinguish two cases:
Case 1: If B, (yo) N Bry., (o) = &, we obtain the result (5.30).
Case 2: If B, (Yo) N Bru. (7o) # 2. Then,

dg(Yas T0) < Vo + Rpta. (5.33)
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It follows from the definition of v, and (5.27), we get

14
lim ——%— = 0. (5.34)
oo dy(Ya, o)

Combining the equations (5.33) and (5.34)
dg(Yas T0) = O(pta) and v, = o(p,) as @ — +o00. (5.35)

We now consider an exponential chart (Qo,expgol) centered at zy such that
exp, (o) = By, (0), 1o € (0,44(M)). We take Y, = ;' exp;)!(ya). By
compactness arguments, there exists ¢ > 1 such that for all X, Y € R",

ILLOé|X|’ILLOé|Y| < T,

and,
1
S|X ~ Y] < dg, (X,Y) < | X Y.
c

Therefore, we have:
M;l epr_ol (Bu.(ya)) C Bc% (Y/a) (5.36)

And by equation (5.35),

Vo = 0 (d3,(Y2,0)) = O (13" dy (o, 70)) = O(1). (5.37)

By equations (5.34), (5.35) and the change of variables X = p_'exp, ()
yields,

2*(s)

J Gyt <
B (4o) By (20) D (% 70)* it expid (Bug (y)) Qa0 (X 0)

’17,2 (s)
. dvg,
/B A(Y/a) d.‘}a (X’ 0)3 !

cl/
[a2e

2% (s)

IN

It follows from the equation v, = o(p,) and Lebesgue’s Convergence Theorem,

W2
lim v, = 0.
Qoo BVa (ya)mBRua (370) dg (x’ xO)

The latest equation and (5.32) yield (5.30). This proves the claim. [l
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We take now a family (Qa, exp;@l)a> , of exponential charts centered at y,. Set
ro € (0,i4(M)), we define

n—2

Ua(X) = va” ualexp,, (voX))on B, ,1(0) C R",
and the metric,
Ga(X) = expy g(v,X) on R™.
Since u,, verifies the equation (5.7), we get u,, verifies also weakly

~2%(s)—1

e inR™
dg (X, Xo,0)?

A U + Gale = Ao

where d, (X) := v2aq(exp,, (1o X)) = 0asa — +ooand Xo o = pta "' exp, ! (20).

We claim that
Gl — 1 Z 0in CP_(R™) as a — +o00. (5.38)

We prove (5.38). Using the definition of 4, and the equation (5.27), we get

n—2
N d(Io ya) oz
LX) < AR forall X € B 1(0). 53
i >_(dg<expya(an)’xo) orall X € B, 1(0).  (539)

On the other hand, using the triangular inequality and for any X € Bg(0), we
obtain that

dg(%’ yoz) - dg(expya(VaX)v ya)
dg(an yoc) - Va|X|
dy(0, Yo) — VaR.

dg (expya (VaX)7 IO) Z

v

Therefore, it follows from the equation (5.39), we have for all X € By(0) that,

n—2

1 2
'l:l/a(X) S <—VO¢R> .
1 o dg(x07yu)

Moreover, with (5.33), we obtain for all X € Bg(0), that 4,(X) < 1+ o(1)
in C°(Bgr(0)). Using again the definition v,, we have 4,(0) = 1 for all « >
0. Elliptic Theory yields i, — @ in Cp (R™) and we have also that 4(0) =

limg s o0 Ue(0) = 1. This yields (5.38) and the claim is proved.
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Using Lebesgue’s Convergence Theorem, the definition of i, and (5.30), take
X = v, exp,(z), we obtain that

ﬂQ*(s) agj(s)
Y _4X = lim .
/31(0) | X a=to0 /g, (0) dgo (X, Xo0)® 7
W2
= lim v
a——+00 Bug, (Yo dg(x7 .TO)S g
=0.

with 0 — 0 as R — +oo. Which yields & = 0 in B;(0), contradicting with
@ € C°(B1(0)) and 4(0) = 1. This completes the proof of Step 5.2.4. O

Step 5.2.5. We claim that

lim  lim sup dg(as,:xo)n;2 uq(z) = 0. (5.40)

R—+00 a—+o00 $€M\BRMQ (1,0)

Proof of Step 5.2.5: The proof is a refinement of Step 5.2.4. We omit it and we
refer to [39] and Chapter 4 in Druet-Hebey-Robert [41] where the case s = 0 is
dealt with. Il

5.3 Refined blowup analysis: proof of Theorem 5.1.3

We let (uy)o € HE (M), (a40)a € CHM), as, € CHM), (Aa)a € R be such
that (5.4)-(5.10) hold. The next Step towards the proof of Theorem 5.1.3 is the
following:

Step 5.3.1. We claim that there exists ¢y > 0 such that for any € € (0, €), there
exists C. > 0 such that

gL

Proof of Step 5.3.1: Let G be the Green function on M at zy of A, + (as — &)
where ¢ > 0. Up to taking ¢ small enough, the operator is coercive and the
Green’s function is defined on M \{z(}. In others words, G satisfies

A,G + (as — €)G = 0in M\ {z}. (5.42)

Estimates of the Green’s function (see Robert[98]) yield for §, > 0 small the
existence of C; > 0 for 7 = 1, 2, 3 such that

Cody(x,20)* ™™ < G(wg,z) < Cydy(x,20)* ", (5.43)
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and,
VG (9, 2)|, > Csdy(x,20)' ", (5.44)

forall « € Nand all x € By, (xo)\{xo}. Define the operator
2% (s)—2

M, =0, +aqg — Ag———.
5 g dy(z,z0)*

Step 5.3.1.1: We claim that there exists 1y € (0, 1) and Ry > 0 such that for any
v € (0,1) and R > Ry, we have that
M, G > 0 forall z € M\ Bg,, (7o) (5.45)

Proof of Step 5.3.1.1: With (5.42), we get that

M, G \yelk ul 7
W(x)_aa_aoo"i_y(aoo_g)—'_g—i_V(l_V)?g QW,

for all z € M\{x(}. Using again (5.4), there exists ap for all & > « such that
U (T) — aoo(x) > —g forall z € M. (5.46)

Take now 1 € (0,1) and we let v € (0, 1), we get that

M, oG ¢ VG| ul 72
To0T () > (1 =) || A 47
i @z gtrl-v))a , dy (o) (547)

Fix p > 0, it follows from the result of the Step 5.2.5 that there exists 2y > 0
such that for any R > R, and for o > 0 large enough, we get that

dg(x,xo)%ua(x) < pforxz € M\Bg,, (). (5.48)

We let v € (0,19) and R > Ry. We first let z € M such that d,(x, z9) > b,
then from Corollary 5.2.1

lim wu,(x) = 0in M\ Bs,(x). (5.49)

a—r—+00

With (5.47), we obtain that

2% (s)—2

S )
0

Mg,aGl_V
Glfu

(@) > & ~ 2 (®)
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and o € N. The Step 5.3.2 yields (5.45) when d,(z, z9) > do.

We now take x € Bs,(2)\Brp.(z0). Using again (5.47), (5.48), (5.43) and
(5.44), we get that

MgaGl_” 1 Cs ? 2*(s)—2
S 0 > _ - —2u Rn s X
G-V (z) dy(z,z0)? (V (1-v) (Cl> 211s(R")p

Up to taking p > 0 small enough, we obtain (5.45) when z € By, (o) \Bru, (%o).
This ends Step 5.3.1.1. O

Step 5.3.1.2: We claim that there exists C'z > 0 such that

n=2_,(n—2)

Ua(r) < CRrpta? G(x)'™" for any x € OBg,, () and a € N.

Proof of Step 5.3.1.2: 1t follows from (5.17), (5.19) and (5.43) then

C,u;n%2

C,U;ng(ﬂf, :L,O)—(Q—n)(l—u)dg(x’ [E())(Q_n)(l_y)
_n=2

OCQV_I Lo 2 dg(x,xo)(n_Q)(l_V)G({L')l_V

C Cé/—l R(n—2)(1—lx)'ul;:%2_V(n_Q)G<x>1—V'

IN

U (T)

IA

IN

This ends Step 5.3.1.2. ]
Step 5.3.1.3: We claim that

2 —v(n—2)

Ua(2) < Cr pta® G(z)" for any z € M\ Bg,. (o).

Proof of Step 5.3.1.3: Define the function

"T_Q—V(n—Z)

Vo := CR la G(2)"™" — uq.

Since u,, verifies (5.7) and by (5.45), we observe that

-2

Mg,ava = CR N:Z V(n_Q)Mg,aGliy - Mg,aua
"M, oG > 0in M\ Bg,, (x0).

n=2_,(n—2

= Ckr MZQ

Then Step 5.3.1.3 follows from this inequality, Step 5.3.1.2 and the comparison
principle (See Berestycki—Nirenberg-Varadhan [21]). This ends Step 5.3.1.3.
[
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We are in position to finish the proof of Step 5.3.1. It follows from, Step 5.3.1.3
that
== 2 _y(n—2)

Lo
( ) < ORd (l’ ZL'()) n—2)(1-v)

for all 2 € M\ By, (x0). (5.50)

On the other hand, in (5.10), for = € Bg,,, (20) \ {zo} and v € (0, 1)

_n=2 7_1,71
Ua(z) < pa? <pa? T pDe-2)
n=2_,(n—2)
2
< RO-Vn-2)_ Ha
— dg(x7 x(])(l—l/)(n—?)

Up to taking C'; larger and € = (n — 2)v, by (5.50) that the inequalities (5.41).
This ends Step 5.3.1. [

forall z € By, (). (5.51)

Step 5.3.2. We claim that there exists C' > 0 such that
dy(z,20)" 2o (T0)u () < Cforall z € M. (5.52)
Proof of Step 5.3.2: We let (y4)o € M be such that

n—2

sup dy (7, 20)" “Ua(Ta)ta(r) = dy(Ya, xo)”_gua(ma)ua(ya).

zeM
The claim is equivalent to proving that for any y,, we have that
Ay (Yors 0)™ U (To)Ua(Ya) = O(1) as a = +00.
We distinguish two cases:

Case 1: We assume that dy(y., z9) = O(jt,) as @ — +o0o. Therefore, it follows
from the definition of ,, that

dg<yavx0)n_2u (xa)ua(ya) < Cuy 2 2<5Ua) <C.
This yields (5.52).
Case 2: We assume that

lim dg (ya7 IO)

a——-00 ,ua

= +00. (5.53)

Let now G, the Green’s function of A, + a, in M. Green’s representation
formula and standard estimates on the Green’s function (see (5.43)-(5.39) and
Robert [98]), then there exists C' > 0 such that

2(5)
a(Ya) /G Yo, T) A (I) dv,

(m xg)*

< C/ (7, 9a)* " wdvg. (5.54)
dy(z,z0)*
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We fix R > 0 and we write M := U?:1Qz‘,a where
Ql,a = BRua (.To),

dg(Ya,
Do = {Rua < dgy(x, o) < M},

2

dg(Yas
Q30 = {M < dy(z,z0) < ng(ya,:co)} ,

W = {dy(z,20) > 2dy(ya,x0)} N M.

Step 5.3.2.1: We first deal with (2 ,.
Using (5.53), we fix Cy > R. For « large, we have that

C
dg(Ya, 10) > Co fa > EO dy(x,x0) for all z € Q4 ,.

Then since Cy > R > 1, we get

dg(xvya) Z dg<ya7$0)_dg(x>$0)

R
> (1 - ?0) dg(yonmo)'

We use the result of Step 5.2.4, (5.53) and take » = exp,, (11X ), then for R > 1

there exists C' > 0 such that
2*(s)—1
/ dy(, ya)z,nua—(x) dvg
Ql,a

dy(z,z0)*
2*(3)—1($)
< Cdy(Yo,x 2”/ to dv
—= g(y 0) e dg(x,l‘o)s g
~2*(s)—1
n—2 “ X
< C e’ dg(ya,:co)Q”/ u—pdvga, (5.55)
B 1X|

where 1, g, are defined in (5.17), (5.16). Since u, < 1, by applying Lebesgue’s
Convergence Theorem and thanks to Step 5.2.2, we get that

AT 'e ~2%(5)—1

lim T (X) g / L dx. (5.56)
a=to0 Jppe) X Bro) X

Combining (5.55) and (5.56) yields

2%(s)—1
—n Ua T
/ dg(xaya)z —()dvg
Ql,a

n—2
< C e’ dy(Ya, z0)*> . 5.57
dg<£[f,330)s = H g(y xﬂ) ( )
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Step 5.3.2.2: We deal with 25 .

Noting that dy(z,ya) > dy(Ya, o) — dg(z,79) > (1 — 1) dy(ya,z0) for all
x € (Yy o, we argue as in Step 5.3.2.1 by using (5.41) with € > 0 small to get

2% (s)—1
—n Ua X
/ dg<x7yoz)2 —() dvg
Q2,a

< Cdy(ga, 20)>" /

Qo dg(, z0)*

Lﬂie *(g)— *
< C#é 3 )(2*(s) 1)dg(yo”x0)2—n/3:2 dg(l',Io)_S_(n_z_E)(Q (s)-1) dvg
2,

L*2_€ *(g)— *
< C/Lg 3 )(2*(s) 1)dg(ya’x0)2—n/ dg<5(],$0)_5_(n_2_6)(2 (s)—1) dUg
M\BRua(xO)

Taking X = exp_)(z) and § = exp}, g on R", we get

2%(s)—1

do (2, Ya 2*71%‘—(96)(1@
/sza g( Y ) dg(SC,l‘o)s g

n=2_ ) (2*(s)—1 —n —s—(n—2—¢)(2*(s)—
< CplT IO (4 e)? / X[ (m2m9@ D) gy,
R™\BRry, (0)

n=2_¢)(2*(s)—1 —n —s—(n—2—¢)(2*(s)—
< C,ug 2 )(2*(s) )dg(ya7x0)2 / |X| (n—2—¢)(2*(s)—1) dx
Rn\BRﬂa(O)

S C,U/ang(ya, l‘o)2n/ |X|fsf(nf2—€)(2*(s)fl) dx
R™\Bg(0)

n=2 oo .
< C pta® dg(ya, 20)* ™" / e 2@ =D gy
R

Take ¢ small and we have that

2*(s)—1
—n Ua X
[ e,
Q2.a

n—2
< Crtta? dy(ya, o)™, 5.58
dg(x,xo)s S CrU g(y iUo) ( )

as « — +o00o, where Cr — 0 as R — +o0.
Step 5.3.2.3: We deal with €23 . For € > 0 small in the control (5.41), we get

2 ntia ()
dy(z,ya)? " ————L dv
/ ol o) g e

n=2_ )(2%(s)—1 —s—(n—2—¢)(2*(s)— -n
< OpIETIEON Y 2920 () 1)/ dy ()2 " du,.
Q3,04
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Taking v = exp, (X) and y, = exp, (Y ), we get that

d 2 nui (e)— 1(93) d
fQ37a 9($7y dg(x,x0)° Vg

(2529 (2" ()1 o (-2 (2 (s)— .
<Cn g (Yo, 20) "2 IEETD 1o oy 1K = Yal P dug

(L —e)(2*(s)-1) —s—(n—2—€)(2*( -n
<Cup dg(Ya, T0) (n=2=9)(2( fl\Ya|<|X\<2\Ya X - Ya‘Q dX

(52 -0(2"(5)-1) s (n—2—e)(2*(s)— o
<Cp dg(Yas o) (n=2-9)(2%(s)~1) ‘Ya’ f%|<|X\<2 ‘X IYa\ X

2—n

152 —e)(2%(s)~1 —s—(n—2—¢)(2*(s)— o
<cpuh® IO (o, mo) 29RO, (g, )2 Jix|<2 ‘X | dX

n=2 ) (2%(s)—1 n—* €(2*(s)— -n
< C,u& 7 I )dg(yo”ﬂﬂo)2 (@ (e)~L)e(2*(s) fX|<3 X [P dX

n=2 )("22)(2*(8) 2)—e(2*(s)=1)

< Cpa? dy(Yo,w0)>™ (dg(zlj;yﬂfo)

Just take € > 0 small, hence (252)(2*(s) — 2) — €(2*(s) — 1) > 0 and we obtain
that,

2*(s)—1
nla ()
dy(z,ya)? " ———L dv
/Qs,a 9( ) dg(x>$0)s I

[ (252)(2*(s)—-2)—e(2*(5)-1)
= )) (5.59)

n—2
< C pa® dy(Yor 19)* " (—
H’ g(y 0) dg(ya, Zo
Step 5.3.2.4: We deal with {0y . For z € {4 ,, we have that
dg(%?Ja) Z dg<x,f,(]0) _dg(yaax0>

1 1
> (1 — 5) dy(z,z0) = §dg(x,x0).

Taking X = exp_!(z) and Y, = exp; (y.), and we obtain that

2*(s)—1
—n Ua T
/ dg(mayoa)Q —()dvg
Q4 e

<Cua —o)(2*(s)-1) / d,(x, 0?2 D) gy
Q

4,

< Cﬂggg—e)(?*(s)—l)/ X[ (2 0@t @) gy,
Bs(0)\Ba|y,(0)

n—2

< 0 T / | X|Pnsm(m2-9@ (9= g x
B(;(O)\B2|Ya (0)

n— * +OO
< Cu&%—exz (5)-1) / sk (5)-1)-1 g
2
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Take € small and we get

2*(s)—1
_nua T
/ dg (2, Ya)? —Udvg
Q4,a

5.60
dy(x,x0)* ( )

) (252)(2*(s)=2)—€(2*(s)-1)

n—2 n Mo
ST Oy
q y Ya

Plugging the equations (5.57)-(5.60) in (5.54), we get (5.52). This ends Step
5.3.2. O

Step 5.3.3. We claim that there exists C > 0, such that

n—2

fa®
1 d (2 o) forall x € M. (5.61)

uo(x) < C

Proof of Step 5.3.3: Using (5.83) and the definition of p, (see (5.10)), we have

_n=2 n-2
(o2 4 dg(,20)" %) pra * ta(r) < pra® ua(z) +C
n—2
< pa® ua(2a) +C
<1+C.
This proves Theorem 5.1.3 and ends Step 5.3.3. U

As a first remark, it follows from the definition (5.17) and the pointwise control
(5.11) of Theorem 5.1.3 that

li0(X) < ————— in B, _1; (0). (5.62)

Proposition 5.3.1. We claim that

lim Yo — 4, Gy in C2 (M\{z0}), (5.63)
a—+oo 5

where,
~K _
72 ()1

X

dy = p15(R") / dx, (5.64)

and G, is the Green’s function for A, + a, on M at x,.



152 Chapter 5. The second best constant for the Hardy-Sobolev inequality

n—2

Proof of Proposition 5.3.1: We define v, := fta > . Equation (5.7) rewrites

d9($7$0)5

n=2(9x(g)_ *(s)— .
Ayva + Qo = AT CO2E O n (5.65)
Vg >0 a.e. in M\{xo}.

We fix y € M such that y # xy. We choose ¢’ € (0, ) such that dy(y, ) > ¢
Let GG, be the Green’s function of A, + a,. Green’s representation formula
yields,

2*(s)—1

_n=2 Ua
Vo = fa > Ao | Guoly,x)———dv
(y) I /M (y )dg@,%)s g

2*(s)—1

_n=2 U
= T / Gy )22
( By (x0) ( )dg(ﬂf,l‘o)s !

u2*(s)71
+/ Goly, 2)———dv, | .
M\ By (z0) dy(x, xg)* 7

On the other hand, since dg(x, y) > %/ in the second integral, using the estima-
tion of GG, (see (5.43)) and the Theorem 5.1.3, we get

2*(s)—1
W2

Galy, z)7———dv
/J\/I\B(;/(mo) dg<x7x0)s !

152(25(s)-1)

o o
- * / dg(w,y)" " dv
5/S+(n_2)(2 (5)_1) M\Bél(iUO) ! '

n—2 9% _
< o MQT(Q (s)—1

Woly(M),

Since M is compact and taking = exp,, (f1oX ), We obtain as o — +oo that
U?:(S)_l
dg (ZE, :EO)S

aQ* (s)—1

= o [ Galyexbey (00 X)) o, + O )
5y 10 X

n—2

Va(y) = fla ® Ao / Galy, x) dvg + O(u2™)
B (zo)

Thanks again to Step 5.2.2, (5.6), the pointwise control (5.62) and Lebesgue’s
Convergence Theorem, we get

lim v,(y) = d,, G(y, xo), (5.66)

a—r—+00
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ﬂQ* (s)—1

where d,, := p,(R") [5. X dX. The definition of v, and the result of the
Step 4, Step 7 yields

Vo (%) < edy(x,20)> " forallz € M and o € N.

Then, v, is bounded in L;2.(M\{zo}). Then (5.65), (5.66) and elliptic theory

the limit (5.66) in C? (M \{zo}). This proves Proposition 5.3.1. O

loc

5.4 Direct consequences of Theorem 5.1.3

Proposition 5.4.1. Let (u,), be as in Theorem 5.1.3. Let (yo)o € M be such
that y, — Yo as o« — +oc. Then

T 2—s 2 s ;. —
lim i+ e — Ua(Ya) = ln—z oo =0
A e ST do () Glyo o) i yo # w0
(5.67)
where,
,&2*(3)—1
K** = (n—2)(n— s)us(R") " and d,, := MS(R")/ X]F dX, (5.68)

and G, is the Green’s function for A, 4 a~, on M at x.
As a consequence, we get that

Corollary 5.4.1. Let (u,)o be as in Theorem 5.1.3. Then there exists C' > 1

such that
= - =7 S ua(r) <C = —. (5.69)
C (Mg_s + dg(f(,;cg)szfs) 2—s (/13_8 n dg(igg)s%s) 2—s

n—2
Proof of Proposition 5.4.1: We recall U,(X) = fia” ua(exp,, (1aX)) and
satisfies (5.18). It follows from (5.19) in Step 5.2.2 that lim, , . U, = @ in
C? (R {0})NCP (R™), where @ is as in Step 5.2.2 and satisfies (5.21). We fix

d" > 0. Let G, be the Green’s function of A, + a,. We fix &' > 0. As in the
proof of Proposition 5.3.1, we have as o — +oo that

2*(s)—1

U n-2
aWa) = A Go(Yo,T)—F=d o« ). (570
tia{ya) /Ba/(xo) (¥ ) dg(l', To)* Vg 0 (M ) ( )
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Case 1: We first assume that lim, ..o Yo = Yo # To. The result is a direct
consequence of (5.63).

Case 2: We assume that lim,,_, | o Yo = Zo.

Case 2.1: We assume that there exists L. € R such that

dy(Ya, o)
Ha

— L eRasa— +oo. 5.71)

We let Y, € Bj,-1(0) be such that y, = exp,, (taYa). It follows from (5.71)
that

|Yo| = L as a — +oc. (5.72)

We have that

n— —n=2 d ya,ﬂf n72~
oo o) = (2 20) ),

It then follows from the convergence (5.19), (5.71) and (5.72) that

9 _n=2 L2 s 721:3
n— 2 —
agrgwd (Yo 0)" a2 Ua(Ya) = T = = : (5.73)
Case 2.2: We assume that
dg(Ya,
Yo — To and (Yo T0) — 400 as @ — +00. (5.74)
Lo

Coming back to (5.70), we have as o — +oo that,

dg(ya,$0) 2 -

*(s)—1
= dy (Yo, T0)" > _T)\a / Go(Ya, dv
g(y 0 ( D y )d (:1: xo) 9

n—2(ox%
+/ Ga(Qa,LL’ ) (2 (5)- 2)) ,
DQ,a

with,

D, = {x € Bs(x0): dg(Ya, x) >
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With a change of variable, we get

I u2*(s)—1 a2*(s)—1
a Go(Yo, ) dv, = G oY, exp, (1aX)) ——— duv;,,,
H Dio (y )dg(x,JIg)S g D’La (y 0(:“’ )) |X’S g
(5.75)

where D} , = p;'exp, (D1,4). For R > 0, we take X € Bg(0) and z, :=
exp,, (1t X), by (5.74) we have that

dg(Ya, Za)
Ha

— 400 as a — +o0. (5.76)

Writing,
dg(yaa za) - dg(zaa xO) S dg(yom 370) S dg(yaa Za) + dg(zaa xO)a

and nothing that d,(z,, xo) = jto|X |, We obtain that

Ko dg (yav ZB()) Ha
1—-1X < <1+ |X|—————,
X ) = dylymz) =G 2
therefore, with (5.76), we get
dg(Yas
i ZoWar®o) _ (5.77)

o420 dy (Yo Za)

Therefore for all R > 0, we have that Br(0) C D}, for o >> 1. Moreover,
since dy(Ya, 2a) — 0 as @ — 400 and by Proposition 12 in Robert [98], we
have

: n— d (you:EO) e n—
agrfwdg(yaaxO) QGa(yomZa) = (m dg(yomzoz) 2Go¢(ya7za)

1

(n—2)wp_1’

where w,,_; is the volume of the unit (n — 1)-sphere. It then follows from (5.75),
(5.43) the pointwise control (5.62) and Lebesgue’s Convergence Theorem that

2%(s)—1
W2

—d
dg(z,20)* Y

=2
lim dg(ya,l’o)n_Qﬂa 2 >\a/ Ga(yoml')
Dl,a

a—+00

R" 1 LY 5.78
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With a change of variable, we have that

~o%(s)—1 X[2-s\ TE= (275D
/“|Xls dX = / X (1+|K|2_8> dX

— Kns |X’75 (1 + |X‘2fs)_%(2*(5)—1) dx
Rn

+oo ,r‘nfsfl
_ K", / &
0 <1+r2—s>ff(2 (s)-1)

n—2

— +oo t27s
= Kn_sw - / n—2 (9% d?“
2—5J (14t)2 (2*(s)-1)

“+o0 2=2-1
- Kns Wn—1 t2-s d
- (1 n—2s4+2 r
0

2 — S + t) 2—s
_ Kn_s Wn—1 F(g:_j)r(l) _ Kn_s Wn—1 )
2—-sT(5=+1) n—s

Since y1,(R") = K*%(n — 2)(n — s) and by (5.78), we get

2%(s)—1
W2

. n—2 _RTJ _ n—2
al_lgloo dg(Yos T0)" "o 2 Aa - Ga(Ya, x)—dg(x, )" dv, = K"*. (5.79)

Note that dy(z, z0) > 2dy(ya, o) for all z € D, ,. Then, it follows from (5.43)
and (5.11) that

2%(s)—1
W2

dy(x, x0)*

2—s
Ha 1 2—n
<C < ) / dg(Yo, T dv
Tnw)) Gyl o? J,, )y

<C (ﬁ)“ — o(1). (5.80)

Yo, o

Combining (5.79), (5.80) and, we get that

dv,

n—2

Hm dy (Yo, 20)" *la 2 Ua(ye) = K" 2. (5.81)

a—r—+00
Proposition 5.4.1 is a direct consequence of (5.63), (5.73) and (5.81). [l
Proof of Corollary 5.4.1: We define

2-s | dg(z.20)*"° E=

—"_ = 12—s5

va() = ('MO‘ ?Kz ) U (1) (5.82)
Mo
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forallz € M and o € N. Welet (y,)o € M be such that v, (Y, ) = mingeps vo ()
for all & € N. Since G > 0, it follows from Proposition 5.4.1 that there exists
co > 0 such that v,(y,) > ¢ for all @« € N. This yields the lower bound of
Corollary 5.4.1. The upper bound is (5.11). This proves Corollary 5.4.1. [

Proposition 5.4.2. For all R > 0, we claim that there exists C' > 0 such that

Vua(2)]y < C

- forall v € M\Bg,,,(0), (5.83)
(dy (2, 20)* + pi3,) 2

as o — +o0.

Proof of Proposition 5.4.2: Let (yo)o € M be such that
Su}\% (dg(xa 560)7%1 + :“Zil) ua(xa)‘vua(x”g
e
= (dg(yow xo)n_l + Mg_l) ua(xa)|vuoz(yoc)|-

The claim is equivalent to proving that for any y,, we have that
(dg(yom xO)n_l + MZ_1> Ua(xa)lvua(ya”g = 0(1) as o — +00.

We let G, be the Green’s function of A, + a, in M. Green’s representation
formula and the estimates (5.44) yield C' > 0 such that
ugj(s)fl(x)
dy(z, x0)*
2%(s)—1

1-n Yo (ZE)
S C'/Mdg(x,ya) deg(l') (584)

Viua(ya)] < / VG )] N duy(x)
M

More generally, we prove that for any sequence (y, ), € M such that d,(y,, zo) >
Ry, for some R > 0, then there exist C' > 0 such that

n—2

nt
[Vta(ya)l < € oy 5"@ S s a o (5.85)
« g ay

We prove (5.85). We fix ry € (0, Ry). We write M := U}, Q; , where

Ql,a = BROMQ (xo)a
d (6]
Voo = {Roua < dg(x,mp) < M} ,
do(Yo, T
Q30 = {@ < dy(x,x0) < 2dg(ya,xg)} ,

Qo = {dy(z,20) > 2dy(ya,xo)} -
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We argue as in Step 5.3.2 to prove (5.85).

Case 1: The domain €2, . As one checks, for all z € €2, ,, we have that
R
g (Yo 70) = Rpto > 5o-dy(, 30),
0

then for Ry € (0, R), we have that

R
dg(x>ya) Z dg(yocax()) - dg(l‘,ﬁo) Z (1 - EO) dg(yaax0)~

With the change of variables = exp, (1. X ), we get that

2*(s)—1
—n U T
| i,
Ql,a

dy(x,x0)*

< Cdy(ga, 7o) /

Q1. dg(T,20)°
)

< e dy (g o) " / dog,  (5.86)

BR(0) | X

where ,, g, are defined in (5.17), (5.16). By applying Lebesgue’s Dominated
Convergence Theorem and thanks to Step 5.2.2, we get that

AT ~2*(s)—1
lim  lim B (X) g / “ dx. (5.87)
R—o0a=+oo [ 5. |X‘s n |X’S

Combining (5.86) and (5.87) yields

2%(s)—1
nla ()

do(z,y) " ——— o

/QLa g( ) d9<x7x0)s !

Case 2: We now consider the domain {2, . As one checks, for all z € €2y o, we

n—2
< C:uoe2 dg<yaax0>1_n- (588)

have that dy(, yo) > 3dg(ya, 2o). With the upper bound (5.11), we then get that

2*(s)—1
pla ()

dy(2,ya) " ————L dv

/92,a g( ) dg(xﬂx())s !

n—2s+2

< O F (g o) /
Q

dg(x, xg)st =2 (s)=1) dvg,

2«
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Taking X = exp, () and § = exp}, g on R", we get

2% (s)—1
e (7)

d Ty Yo ! n—d’U

/;22,01 g( ) dg(x7 xo)s I

n—2s+2

< O 0 dy (g 0) / X2 du,
R\ B g e (0)

< O pe® dy(Yo w0) ' / XP2ndx
R™\ Bg, (0)

n—2 +0o0
< C ,ua2 dg(yom $0)1—n / TS_Q_l d’l“,
Ry

since s € (0, 2) we have that

2*(s)—1
pla (@)

do(x,Ys L A /)

/Qz,a g( Yo) dg($,$o)s g

as a — +00.

n—2
< Cpa® dg(Yar w0)' ™", (5.89)

Case 3: We consider the domain (23 ,. Using (5.11), there exists C' > 0 such
that

2*(s)—1
_pUa o (2)

dy(z,y) " ———L duv

/Q:s,a g( ) dg(xvxo)s I

—2

5= (27 (s) -1 —s—(n— *(s)— —-n
< Cﬂa2 e )dg(yaaxO) (n=2)(Z(e) 1)/ dg(mayo)l dvg-
Q3,a

Taking 2 = exp,, (X) and y, = exp, (Y,), we get that

2*(s)—1
_pUa L (2)
dy(7, ) "L dv
/Qs,a ! dg(x’xﬂ)s J
n—2 o s)— *
< C,ua2 (2%(s) 1)dg(ya7x0)fsf(nf2)(2 (s)l)/ |X . Ya|17n d'l)g
1Yol <|X|<2|Ya|
n=2g* S)— *
S C,Uaz (2*(s) 1)dg(ya7x0)—s—(n—2)(2 (s)—l)/ |X - Ya|1_n AX
LYal<|X|<2|Ya|
22225 (s)—1 —s—(n— *(s)— —n
< Cia® TV (g wo) IO D[ x| dx
| X1]<3

- e A\
< C pia® dy(Ya, xo) m
g\Ya,
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Since “52(2%(s) — 2) = 2 — s > 0 we obtain that,

2*(s)—1
/ d, (2, yo) > nlia_—_(7) dv, (5.90)
Q3,o¢

dg(l’, x())s

n=2 ) Lo 2522 (5)-2)
ST Crreer) |
g\Ja

Case 4: We now consider the domain €24 ,. For any z € (4 ,, we have that
dy(z,ya) > dy(x,x0) — dy(Ya, T0) > M. By (5.11) and taking X =
exp,, (%), Yo = exp, (ya), then there exists C' > 0 such that

2*(s)—1
_n Uq T
/ dg(xaya)l —()dvg
Q4,0

d9<x7x0)s
2 *(g *
< OpT - 1)/ d, (i, 26) O gy
Q4,a
2 *
eaaath 1)/ X[ (2 ) gy
Bs(0)\ By, (0)
4
2 *
< C (2*(s)— 1)/ ,r,—n+s—2 d?”.
2|Yal

Since s € (0,2) we get

sntla ()
/94& dy(z,ya) ”W dv, (5.91)
s o[ e PO
S ) '
Plugging together (5.88)-(5.91) yields
ot
[Vua(ya)| < C W- (5.92)
Since d;(Ya, xo) > Rpa, we then get
(™ + ™) )] < € (1)
dg (Yo, o)™
<C (R""+1)

and therefore (5.85). As mentioned at the beginning of the proof, this yields
(5.83). This ends the proof of Proposition 5.4.2. ]
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5.5 Pohozaev identity and proof of Theorem 5.1.4

We let (ug)o € HE(M), (Ma)a € R, (a4)q € CH(M) and ay, € C*(M) be such
that (5.4) to (5.10) hold. In the sequel, we fix § € (0, W) where i,(M) > 0 is
the injectivity radius of (M, g). We define the following function,

U (X) 1= uq(exp,, (X)) forall X € B;(0) C R", (5.93)

where exp,, : Bs(0) — Bs(xg) C M is the exponential map at z,. We define
also the metric
9(X) == (exp}, g) (X) on R".

It then follows from (5.7) that

~2%(s)—1

Ayl + Galia = Ao—— weakly in By, 1(0), (5.94)

X

where G, = aq(exp,,(X)). The Pohozaev identity writes (see for instance [62])

n—2 a2 )1
/ (X’alaa + aa) Apualia — Ag———— | dX
Bs(0) 2 | X s

Aa 2 )\a Ai*(s) _
= / (X7 V) |vu ‘ T on U — (Xl(‘)lﬂa + n
2B;(0) 2 2*(s) | X[

where v(X) is the outer normal vector of B;(0) at X € 0B;(0), thatis v(X) =

%. With (5.94), the Pohozaev identity writes

2
ﬂa) Oy do.

Co+ D, = B,. (5.95)

Vao]* Ao aa® ( . =2 ) i
B, ::/ X, v — —| X 0ty + —1,, | O, do.
3Ba(o)< ) ( 2 2%(s) |X]® l 2

—9
O = — / (Xlalaa + 2 aa> oGl X,
B;(0) 2

and,

-2
Bs(0) 2

We are going to estimate these terms separately.



162 Chapter 5. The second best constant for the Hardy-Sobolev inequality

Step 5.5.1. We claim that

B i 1 .
lim 22 = @2 (/ Sivé -1t (<X, VG2 (5.96)
9B5(0) 2 0

a—+o0 Ngfz

n—2
+

. véx0>éx0) do) |

as o — +oo, where d,, is defined in (5.64), and G, (X) = G(x, exp,, (X))

Proof of the claim: It follows from the definition of ,, that

n—2 7”772/\ 2*(8)
;TVA(X2 )\a <,ua ua>
B = [ [ e el e

9B5(0) 2 2*(s) | X

— 92 _n=2 _n=2
n ta Z ﬁa> fa > Oylg do.

_n=2
— (Xlua 2 Oyl +
Since s < 2, the convergence of Proposition 5.3.1 yields (5.96). This proves the

claim. ]

In this section, we will extensively use the following consequences of the point-
wise estimates (5.11) and (5.83):

n—2

. e I
UQ(X) < C (m) m Bg(O), (597)
Vaa|(X) < C——inBs(0)\ Br,,(0),  (5.98)
(ha +1XP?) 2
and
1 232
N < 1 . » .
(X)) < C (1+ |X|2> in B, - 5(0), (5.99)
Vi |(X) < C— _in B,15(0)\ Br(0).  (5.100)
(L+[X[2) =

Step 5.5.2. We claim that, as o« — 00,

€= { p2 In(L) (@K an(x) + o) ifn =4

Mo

1
112 (aco (o) [gn W2 dX +0(1))  ifn>5,

where K is defined in (5.20).
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Prooof of the claim: Using the definition of C,, and integrating by parts, we get

~9D _9
Co =-— / Xlago (2o} + B2 a2 ) dx
B;5(0) 2 2

~D _9
- —/ (—%aag — X'Qdg e I aaf@) dX
B;(0) 2 2

2

1
1 / (X, ) il do,
2 JoBs(0)

X', 1
:/ (aa+ ua )ai dx — —/ (X, V) dat2 do (5.101)
B5(0) 2 2 Jos(0)

With (5.97), we then get that

1
/ (X, V) aqu2 do| < C(é),uzz/ 5 Sz do
9B5(0) 0B5(0) (2 + | X |"=2)
1
< Ccom? [ do
9B5(0) | X |2(n=2)
then,
/ (X, v) aqtl do = O (ui?) . (5.102)
0B5(0)

Moreover, with (5.101) we have

X'9,a,,
C., = / (&a + 0 ) a2 dX + O(u?) as a — +oo. (5.103)
B;(0) 2

We now define 1
X014,
Pa(X) == a4 + 2”1 : (5.104)

We distinguish three cases:
Case 1: If n > 5, with a change of variable X = p,Y, we get that

/ Soa(X)ai dX = Ni/ (Pa(luaX)aZ dX,
Bs(0) B _1.(0)

]

where ,, 1s as in (5.18). Since p, — 0 as @« — 400, and by (5.104), (5.4), we
get
Im pq(paX) = as(o).

a—+00

n—2

Since n > 5, we have that X — (1 +|X|?) = € L*(R"). Therefore, with the
pointwise control (5.99), Lebesgue’s dominated convergence theorem and Step
5.2.2 yield Step 5.5.2 for n > 5.
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Case 2: If n = 4, we have that

1 1

K —dX = —dX
B (e ()T) e R
Spat r3 Spat 1
:CO3/ 1 +O(1) :CU3/ —dT+O(1)
1 <K2—s + 7»2—5)2TS 1 T

= w3 In (i) +0(1). (5.105)

a

Therefore, it follows from Proposition 5.4.1, for any ¢ > 0, there exists 6. > 0
such that, up to a subsequence, for any « and any X € B;_(0),

! ! < ia(X) < (1+¢) L 506

1+¢ (1+ (%>2—s)235 (1+ (%>2—s) s

Combining the last equation and (5.105), by letting @« — 400 and then € — 0,
we obtain that

1
lim ——— / Yo X)2 dX = w3K*as(20). (5.107)
a—+00 ln(u—a) Béugl (0)
This yields Step 5.5.2 for n = 4. These two cases yield Step 5.5.2. O

Assumption 5.5.1 ( An assumption in the case n = 4.). Fori,j, 51,52 > 1, and
n = 4, we assume that

Is © XPXP20,11,0;10 dX
Spg

p2 In(5-)

= 4K4/ ololdPo? do. (5.108)
Snfl

The proof of this limit is in progress. The results for n = 4 below are stated
provided this limit holds.

We are left with estimating D,,. Recall that — (A; — Apyq) = (6 — 6Y) 0;; —
§T%0, and the Christoffel symbols are I'}; := 35" (0:;p + 0;9ip — Dpij)-
Then, we write

n—2 n—2

> Dia— 5 Dia, (5.109)

Da:Dl,a_DZ,a+ 9
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where

Dy, = / (57 = 67) X'0/100;jtiq X, Day = / §7 X'TE 01100t dX,
B;(0) B;(0)

D3y = / (97 = 0Y) 1a0;jlia dX , Dyg:= / §7 1Y 0 dX (5.110)
B5(0) B5(0)

We now estimate the D, ,’s separately. Note that, since the exponential map is
normal at 0, we have that 95, (0) = 0 for all 4,5, 3, = 1,...,n. Fori, j k =
1, ..., n, the Taylor formula arround 0 writes,

n

CH(X) =D X"0,0%(0) + 0 (IXF) (5.111)
m=1
and,
Gt ij 1 - B1 v B2 ~ij 3
§I(X) =07 =2 D XOXP05,07(0) + O (IXP).  (5.112)
B1,B2=1

Step 5.5.3. We claim that

o(ps)  ifn>5,
/ IX|*|Vig|?dX =< O(u?)  ifn=4, (5.113)
B O(0pa) ifn=3.

And,

o(uz)  ifn>5,
/ |X|a2dX =4 O(u?) ifn=4, (5.114)
B;5(0) O(0pa) ifn=3.

Proof of the claim: Estimate (5.114), this is a direct consequence of the upper
bound (5.97). We deal with (5.113). We fix R > 0 and we write

/ X P|Viia|? dX = X[ | V|2 dX
B;5(0)

BR;La (0)

+/ X P Vaa|? dX
Bs(0)\Brp, (0)

= @[ xPvaLpax+ [ XPI Vi dX,
Br(0) Bs(0)\Brp, (0)
where 1, is as in (5.17). It follows from the strong convergence of (5.24) that
Jon X[ Via|?dX = O(1) as a — +oo. As for (5.114), the control of
the integral on B;5(0) \ By, (0) is a direct consequence of (5.100). This yields
(5.114). This proves the claim. [
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Step 5.5.4. We estimate D, ,, for n > 4.

Since g — 6“9 = O(|X]?) as X — 0 and by (5.111), we estimate as o — +00
that,

Dy, = / 97 X'TE0yt10 Ot dX
B;(0)
= X'TEO 100k dX + O < / | X T Ot Ot dX)
Bs(0) Bs(0)
= ) 0al%(0) X' X" 8,100yl dX
m=1 B&(O)
+ O (/ |X\3]Vaa]2dX) : (5.115)
B;5(0)

A change of variable Y = p' X and the estimates (5.115) and (5.113) yield

= o, f 2y ifn>5

Do = g ) Oml5(0 / XX ™10 aadXJr{ o(u3) ifn =5,
) g mZ:1 o) B;,-1(0) e O(p2) ifn=4.
(5.116)

Case 1: n > 5. Since X — | X[ ((1+|X)E™/2)* e LY(R) for n >
5, it follows from the strong convergence (5.24), the pointwise convergence of
Step 5.2.2, the pointwise control (5.100), the Lebesgue dominated convergence
theorem and the radial symmetry of « that

D2,a = ,UZ Z amfZ(O) ( Xleal’&aakﬂa dX
m=1

Br(0)

+ / X' X" OliqOtia dX | + 0 (1)
By, —1(0\BR(0)
= p2>  Omlh(0) ( X' X9 udyu dX
m=1 Br(0)
+ / X' X" 0u0yt dX) + o0 (p2)
R™\Bg(0)

= p2>  0.I50) [ X'X™0uosidX + o (u2)
m=1 R

= 23 0,040) / XX (Y dX + o0 (22)
m=1 R™
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= 123 0,040) / XXM VaP dX + o (u2)
m=1 R™

n R +00
-2y amrjg.(O)/ emekde/ P2\l dr + o (12) .
sn—1 0

m,k=1

With the symmetries of the sphere, we have that | gn-1 gmok do = 57”’“%.
Hence,

Dy = —wn 1 Z O,k / r?|V,al* dr + o (p2)
- %Zakfg(())/ [ XVal? dX + o (u2) .
k=1 R

Case 2: n = 4. IF (5.108) holds, we have

-2
4 rk

,Ua

Step 5.5.5. We estimate D5, for n > 4.

We estimate the term Dj ,,, thanks of (5.112), (5.113), (5.114) and the inte-
grations by parts give,

D37a == / (g” - (SZ]> ﬁa@jﬁa dX
Bs(0)

= < 0;4" uaa uadX+/ (A” 5”)8ua0 uadX)
B;5(0)
+ ( | X 2| Vil |Tia da)
8B5(0
1 - .
- = ( / 0;970; (1) dX + D3,5,57 (0) X XP20,1,0; 11 dX)
2 \JBs(0) B;(0)
+ < 1 X)? |Vua|2dX) + O (/ | X 2| Viia| g da)
0B;(0)
1 - -
= —= (— / 9,502 dX + 0p,5,97 (0) / XX 0,110,011 dX)
2 B;(0) B;(0)
+ ( | X)? ]Vua|2dX) + O (/ (| X Via|ta + | X|a2) da> (5.117)
0B;(0)



168 Chapter 5. The second best constant for the Hardy-Sobolev inequality

Therefore,

1 .
D3’a — - = (—&]g”(())/ ﬂidX
2 Bs(0)

+ 95,5,0" (0) / X2 X2 0,11,0; 11, dX> (5.118)

B;(0)

n o(pu?) ifn >5,
O(2) ifn=4.

Case 1: n > 5. Here again, since X — |X|* ((1+ |X|2)(1_")/2)2 e LY(R")
for n > 5, it follows from the strong convergence (5.24), the pointwise con-
vergence of Step 5.2.2, the pointwise control (5.100), the Lebesgue dominated
convergence theorem that

ILLQ ..
D3,a = 701 aljgl](())/ {LidX
B. _1(0)

Spg

—03,5,0"(0) / X5 XP20,11,0;1, dX) + 0 (p2)

B5M(;1 ©

,LL2 ..
= f(@ijgw(()) / u? dX
—0,8.9” (0) /

Case 2: n = 4. It follows from (5.118) and take Y = ' X that,

n

X7 X2 0,u0;u dX) +o(pl).

e y
D3, = =2|0;3"(0) / a2 dX
2 Béu(?l(o)

—05,8,0”(0) / X5 XP20,11,0; 1, dX) +0 (12)

Béugl ©

Withing again the equations (5.105), (5.106), we get

1
lim —/ a2 dX = wsK*.
Béual(o)

a—+oo ln(l%)

Then, IF (5.108) holds, we get that

2

. My, W3 ;4 ~ij A g
| D3o = —K"(40;;6"(0) — 05,5,6"(0)) .
oo In(L) 2 T 12 (40597 (0) = 93,5,9"(0)
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Step 5.5.6. We estimate D, for n > 4.

Using again the integrations by parts, we get

n

1

N 1 ~
Dio = —3 Z/ O Tha2 dX + 5 / Tha20,dX + O (/ | X |02 dX) :
B5(0) 9B5(0) B;(0)

k=1

With (5.114), we get

I, - X o(p2) ifn>5
Dyo=—= ar’?.o/ u2dX—|—{ o T 5.119
" 2; ) Bs(0) Oue) ifn=4 ( )

With a change of variable Y = u;lX , we obtain that

2
k=1 Sp

2 N 2 .
i . -9 o(puz) ifn >5,
Da:__Ejarm_o/ uadX—i—{ o) ! 5.120
4 kT (0) B 1(0) O(u?) ifn=4. ( )

Case 1: n > 5. Here X ~ (1 + |X|?)'=/2 ¢ L%(R"). Then with the point-
wise convergence of Step 5.2.2 and the pointwise control (5.99), Lebesgue’s
dominated convergence theorem yields

2
Do = _%akrg(())/ @ dX + o(u).

n

Case 2: n = 4. It follows from (5.105) and (5.106) that,

li !
im —
a—+o0 ln(l%)

/ a2 dX = wsK*. (5.121)
BLWEI(O)
Combining (5.120) and (5.121),

2 1 R
Dyo = —% In <—) K*0,T%(0) (14 0(1)) as a — +o00.
Lo

Step 5.5.7. We now deal with D ,, for n > 4.

We write
Vil = (g — )X forall i, 5,1 = 1,...,n.

Do = / b7 Oyt 0y e, AX
B;s(0)
= — / b7 Oy ;i dX — 0710110, 0t dX
B;5(0) B;(0)

+ / b9 0110yl s dX. (5.122)
9B5(0)
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Using the integrations by parts and since /! = b7, we get that

- fBg(O) bl]laljaaaiﬂa dX + fBg(O) 81 (bl]l) @-fta@-ﬂa dX
~ Joy(0) V7 05taOrtia v dX

- st(O) D011 Dyl dX + fBg(O) O (bijl) jliaO;llq dX
= Jony(0) V7050l dX

= fB(;(O) bijlajﬁaailﬁa dX + fB5(O) al (b”l) 8j'&aa@'&a dX
- faBa(o) b9 0jtia Oyita v dX

= =D+ [5,0 0 (07) 9005t dX — [ ) 07 0jt1a 05107 dX,

then,
2Dy, = / 07010 0;1q dX — b0, t1a050 7 dX.  (5.123)
B;5(0) dB;(0)
Combining (5.122) and (5.123), we get
. 1 .
Do = — / b 01001, dX + = / Y7 0100510, AX
B5(0) 2 JBs(0)

- 1 .
i / b0, 1, Dyt AX — - / b0 1001 AX (5.124)
dB5(0) 9B5(0)

With (5.98), we get
/ b710ju,0l1a 7 dX = O (ur?).
9Bs(0)

Therefore, thanks of (5.112) and (5.113), we obtain that

- 1 -
Dig=— / 0;b" 7 Oyt 05t dX + - / 0110 05tte dX + O (u2?)
Bs(0) 2 JBs(0)

= — X106 0yti0 0510 dX — (5 — 69 61 0)1a0jt1q dX
B;(0) Bs(0)
1 - - -
+= X067 0510 0yt10 dX + = / (5 = 6Y) 016051 dX + O (ul™?)
2 JBs(0) 2 JBs(0)

L 1 | )
= —9;,6"(0) X1 X' 0yt10,0j110 X — 502,97 (0) X7 X525 0)010,0j110 dX
B;(0) B;(0)

1 » g
+591,9(0) X2 X1 0,110,051, X + gaﬁl 5,6 (0) X2 X5 0,114,0;i10 dX

B;5(0) B;(0)

+0 (/ ]X3|Vfaa|2dX> + 0 (u?)
B;5(0)
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. 1 .
= —0i5,G"(0) / X7 X 0111,0;114 dX—§651ﬂ2§ZJ(O) / X5 XP2011,0;110 dX
B;5(0) Bs(

0)

1
+30,37(0) [
B;(0)

N o(u?) ifn>5,
O(p2) ifn=4.

B;(0)

With (5.113), we observe that

X7 X' 0111005010 dX + %aﬁl 5,57 (0) / X XP20,14,0;t10, dX

Dl,a = - ifhgij (0) fB(;(o) Xﬁlealaaajaa dX — %aﬂlﬁzgij (0) fB§(o) XﬁlX’BQai@aajﬂa dX

+3505,97(0) [, 0y X" X' 010010 dX

9 .
. » ) o o(ps ifn > 5,
+1851/329J(0) fBé(o) XA Xﬁzaiuaajua dX +{ O((/Lg) =4

With the change of variable Y = 1! X, we get

Dy = pi (—awlg’?j(()) /B ()Xﬁlxlalaaajaadx
0

—1
Spe

n i
+1851ﬁ29 ! (0) /

Xﬁlx&aiaaajaadx) (5.126)
B

Sug t ©)

N o(u?) ifn >5,
O(2) ifn =4

Case 1: n > 5. We have that X — |X|2(1+ |X["!)"* € L*(R"). There-
fore, the strong convergence (5.24), the pointwise convergence of Step 5.2.2, the
pointwise control (5.100) and Lebesgue’s Convergence Theorem yield

Do = 12 (—awlgij(O) / XA X' a0 dX

n i ) o
—1—1851,3297(0) X5 XP2 0,10, dX) +o(p2),

R

(5.125)
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Moreover, since « is a radially symmetrical, we get

Dio = 42 (—awlgij(()) XA X7 (@) dX

Rn

n AZ" ~ ~
+135152gj(0) X51X528,»u8judX> + o0 (p2)

Rn

“+o00
= 2 (—awlgij(o)/ 05167 d@/ r" NV, dr
Sn—1 0
+%aﬁlﬁzg“ 0) | X7 XP0,u0;1 dX) + o0 (p2)
Rn

1 . . +oo
= ui (——wn_laﬂliglj(())éﬁl]/ 7"”+1\Vr11\2dr
n 0

+gaglﬁzgij(0) / ) X5 XP20,00;0 dX) +o(p2),

then,

1. i
Dio = i (~30,0°0) [ IXPIVaP ix
R

n Ny
+1351529J(0)/

n

X X7 0,u0;1 dX) +o(p2).

Case 2: n = 4. IF (5.108) holds, we have

w ~ij ~ii
= =K (—40:;5"(0) + 95,5,5"(0)) -

a—+oo ln(#la) “ 6

Step 5.5.8. We get as o — 00 that,

O (5/~La> ifn=3,
D, =< —u2 ln(l%a)%Scalg(xo)w;z,K4 (I1+0(1)) ifn=4and(5.108) holds,
— 2 Cn,sScaly(xo) [po 0P dX +o0(p2)  ifn>5.

where c,, s, K are defined in (5.12), (5.20).
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Proof of Step 5.5.8: For n > 5, the steps above yield

n—2
2

1. . i
_ 2 (—— 20°0) [ |XPITaax +
n Rn

Dl,oc +

D3,o¢

n—2

93" (0) / a*dX

1. o
+§05152gj(0)/ X51X528iu6judX) +o0(p2)

n

n—2

1, ]
— it (- 0) [ xPIaax +
n R

9:;G"(0) / a*dX

w—l

+ g‘laﬂmg”(o)/ ocloloP o do | | X2Vl dX) +o(p2).
Sn—1 Rn

It follows from [13] that

/ vioioP o do — n(ni S (5155682 4§ 5% 4 §iB2 501
Sn—1

Therefore we get

= 2 l — 0% 1 ~ii  Aij 2~ (2
=1 (5 (-0 0) + 5t 00" 0) 4 20037(0) ) [ IXPIVa ax

Rn
2 -
+ 4 8Z-j§”(0) /n QNL2 dX) +O(Mi)
1 n+1 iy 1 ,
= 2 e A..75Y - A1 XQ ~2dX
2 (5 (- 5500 + 5 0mnd0)) [ IxPIV

n_23Z]§ZJ(O)/ ’anX) +0([Li) .

Therefore, using the definition of D, we get

-2 -2
n Dga_n
2 ’

1 n—+1 .
— 2 (- _ )
0 (n ( —(n+2)&j9 (0)
1 y .
S " (0) — 9, I'" XP|Val? dX
+2<n+2)5’ﬁlmg (0) — O M(O)) Rn| |*|Val

" (00 + otk o) [

Da = Dl,a - D2,a +

@ dX) +o(p2). (5.127)

n
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Since §” g;; = Id,, and 9,37 (0) = 0, we get
96" (0) = —;;9:;(0) fori, j = 1,...,n. (5.128)

Combining (5.127) and (5.128), we obtain that

1 n+1
D. = 2= =096
o Ha, (n ( n +2)6’w9w(0)
b awgii(())—akfkm)) X2 Va|?dX
2(n+2) 171 21 R"
n—2

+

y (—aijgij(owakf;;(o)) / a2dx)+o(u§).(5.1z9)

n

By Jaber [74], for s € (0,2) we have that

Jeo [XPIVAPdX  n(n—2)(n+2-ys)
Jen@2dX  2(2n—2-—3)

(5.130)

On the other hand, Cartan’s expansion of the metric g in the exponential chart
(Bs(xo), expy)) yields

1 )
gij(z) = dij + 3o (x0)2Px? 4+ O (r°)

where 7 := dy(x, x¢). Since g is C'*°, we have that

1

aﬂlﬂagij (330) = 3 (Riqu (x0)5p52 5(161 + Ripgj (1‘0)51961 56162)

1
= 3 (Rigypis (o) + Rigipas(wo)) - (5.131)

The Bianchi identities and the symmetry yields R;;;; = 0 and R;jo5 = —Rjjga-
Since R;j;; = Scaly(z), we then get that

- 1 g 2
Z @jgij(xo) = gSC(l%(l’Q) and Z 8515192-2-(%) = —§Scalg(x0). (5132)

ij=1 »A1=1
Now, using the Christoffel symbols and d;,¢* (0) = 0, we obtain that

1
O (z0) = = (OriGik + OriGix — Owngii) (o)

D =N

(Riikk + Rikit, — Riikr + Rikir — 2Rikri)
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then we have

& 2
> Okl (wo) = 5 Scaly (o). (5.133)

Combining (5.129), (5.130), (5.132) and (5.133),

+1, . 1 . . (n—2)(n+2—s)
D. = 2 "y 6 (0) — — (0) — O.Tk
[e] luoz ((n + Qal]glj (0) 2(n + 2) aﬁlﬁlg”(o> ak' 17 (0)) 2 (2n o 2 o S)

"2 (-0 + ko) ) [ #ax o)

4
n+1 1 2 n—2)(n+2—23s)
- (( 3(n+2)  3(n+2) _5) Seals (@) 55 =2 =3

* Scal, (a0) <—%+§>) /nfﬂdX—l—o(Mi)

= puScal,(z) (— (n6—(227)1(1L;—_28—)3) + n1—22) /n @ dX +o(p2)

+

This ends Step 5.5.8 for n > 5. The analysis is similar when n = 4 if (5.108)
holds. H

Step 5.5.9. We prove Theorem 5.1.4 for n > 5 and for n = 4 provided that
(5.108) holds.

First, using the definitions (5.95) of B,, C, and D,, and thanks of the Step
5.5.2t05.5.8, we get

u2 (aoo(xo) c(n, s)Scaly(w)) [pn U2 dX + 0 ua) if n > 5,
CotDo = ¢ (55 ((aoo(w0) — Scal (z0)) wsK* 4+ 0(1))  if n =4 and (5.108) holds,
O(é,ua) if n = 3.
(5.134)

We distinguish three cases:

Case 1: If n > 5, (5.96) and (5.134) yield

(aoo(0) — c(n, s)Scaly(xo)) /n @ dX =0 (u*) = o(1)

and then a..(z9) = c(n, s)Scaly(zo), with ¢(n, s) as in (5.12).

Case 2: If n = 4, the proof is similar.

Step 5.5.10. We prove Theorem 5.1.4 when n = 3.
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Step 5.5.10.1: We claim that
Co+ D, =0O(5ua) as a — +oo. (5.135)

We prove the claim. It follows from (5.101) that

ca:o(/ aider/ yxyagda)
B;(0) dBs5(0)

as a — +oo. The definitions (5.110) of D; o, 1 = 2,4 yield

Dyo=0 (/ |X|2|Vﬁa|2dx> and Dy, = O (/ | X| - [ Vil |tia dx) :
B;(0) B;5(0)

The identity (5.124) yields

Do = O (/ \X|2|Vﬁa|2d:c +/ ‘X|3|Vﬁa]2 dO’) .
Bs(0) 0B5(0)

It follows from (5.117) that

Dg,azo(/ (@ + IXPIVaaydo+ [ <|X|3|vaa|2+|X|ai>do)-
B;(0) 8B5(0)

Therefore, with (5.109), we get that

Co+D, = O </ (02 + | X |*| Vi, |*) dz +/ (X |Viia|* + | X|02) da) .
Bs(0) F)

Bs(0)

It then follows from (5.61) and (5.83) that

Cot D=0 (o [ X[ drpa [ X[ ) = Ol
Bs(0) 9Bs5(0)

since n = 3. This proves (5.135).
Step 5.5.10.2: We write the Green’s function as in (5.13) with 3,, € C*(M\{z})N
C%%(M) where 6 € (0,1). In particular,

. 1

Gao () := G(g, exp, (X)) = X + B (€xp,, (X)) for all z € B;(0).

(5.136)
Combining (5.96) and (5.134), we get that

T2 G2 1 R 1 A
dg/ ) A 12 | <(X,VGIO>2+—<X,VGQ;O>G$0) do = 0(9)
9B5(0) 2 2 5 2
(5.137)
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From (5.136), we denote that:
1

167254

+ 82+

1
2 —_—
VB 213

1
55 (0B,

1
167262 +{X, Vﬁ’”“> 2T 5<X VBao),

N N 1 <X, VB%)
X . — — By +
(X, Vi) Gag 167242 47r(5 Bro + 47d

Let’s replace all the terms in (5.137), we get

2 2
di/ 5(|Vﬁx0! va xo)_ :
dB;(0) 2 2 4

1 (X, VBa)

VG, |* = (X, VBa0),

2

20— 167242
(X, VG, )2

—"_ <X7 V/81-0>/810

1
167 25

(X, VBan) + o (

1

‘We note that,

lim sup (X,Vf,,)=0
6=0 X caB;s(0)

We multiply the last equation by 62 and passing the limit 6 — 0, we get that
Bao(T0) 1= By (exp,, (0)) = 0, so the mass vanishes at . O

5.6 Proof of Theorem 5.1.2

We assume that that there is no extremal of (5.3), i.e. for all u € HZ(M)\{0},
we have that

||u||§*(s)<,u5(]R”)_1 (/M|Vu|2dvg+Bs(g)/Mu2dvg). (5.138)

We define a,(z) := B,(9) — = > Oforall z € M and a > 0 large. We define
the functional by

To(u) = Ju (Vuldv, + a““2)2 Do oru € HAM)N\ {0},

f w2 () 2%(s)
M dg(z,x0)° 1170)5

Therefore, it follows from the definition de B,(g), there exists w € H:(M)\{0}
such that J, (w) < us(R™), and therefore

inf  J,(u) < ps(R™), (5.139)

u€N, (M)

1 1(- ,
_S (<X> Vﬁxo> o (5< vﬁxo) (mﬁxo + T + <X7 Vﬁ:to)ﬁxo)) do

6,5

= 0(6).
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where
Ny(M) := {u € H} (M), ||ullo(s = 1}.

Set
Ao i= inf  J,(u).
u€N, (M)
By the assumption (5.139) leads to the existence of a non negative minimzer
U € Ng(M) for \,. The Euler-Lagrange’s equation for u,, is then

2*(s)—1
Agg + Goliq = A= (5.140)
g dg(l‘, 1’0)8
It follows from the regularity and the maximum principle of Jaber [74] that u,, €
COPL (M) N C22(M\{20}), fr € (0,min(1,2 — 5)), B € (0,1) and u, > 0.

loc

Step 5.6.1. We claim that,
U — 0 weakly in HY (M) as o — +00.

Proof of Step 5.6.1: For any o > 0, we have ||uq|lo«sy = 1 and Jo(ua) =
Ao < ps(R™), and we get (uq)a>o is bounded in HZ(M). Then, there exists
ug € H(M) such that u, — ug in H2(M) as o — +o0. If uy # 0, taking the
limit in equation (5.140), we get

2*(s)—1
Uu,
A B, SR i A— 5.141
gUO + (g)UO dg(x, Jfo)s ( )

By the inequality (5.138) and (5.141), we have

2

ps(R") < (Jar [Vuol® dvg + Bu(g) [y ui dvg) _ A / g o
M dg( )

HUOHQ*(S) x, X

Since A < pg(R™) and

ug*(S) W2
—dv, < lim inf/ —* v, =1.
/]\/[ dg<x7 .fl;o) I a—++00 M dg(xa LU(]) g

We get that, A\ = 115,(R™). Therefore, v is a nonzero extremal function of (5.138)
contradiction. Hence ug = 0.
]

Step 5.6.2. We claim that,

Ao — ps(R™) as a — +00.
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Proof of Step 5.6.2: Since for all @ > 0, we have 0 < A\, < ps(R") then, up to
a subsequence, \, — A < us(R™) as @« — +00. We proceed by contradiction
and assume that A\ # us(R™). Then there exists ¢y and ap > 0 such that for all
o > Qp,

/LS(Rn) >\ €0-

Thanks of Jaber [74], there exists B; such that for all o > 0, we have

6l Ny [ 2dv,+ By [ uid
——dv < ug(R™)™ Ug |2 dvg + us, dv,.
([ astragpten) <@ [ 1Vl + 3, [ it

By the last Step and since the embedding of HZ(M) in L*(M) is compact,
Uq — 0in L*(M) as a — +o0.

Therefore, ||uql|2+(s) = 1 and J,(ua) = Aa, We have

A
1< == 1).
_)\+€0+0()

Letting &« — +o0 in the last relation, we obtain that ﬁ > 1, a contradiction

since A > 0 and ¢y > O. v O
We are in position to prove Theorem (5.1.4). Since u, above satisfies the hy-
pothesis of Theorem (5.1.4), we have that B;(g) = ¢, sScaly(x) if n > 4 and
mp,(g)(To) = 0if n=3. .

5.7 Appendix

These results and their proofs are closely to the work of Jaber [75]. In the sequel,
we fix dp € (0,4,(M)) where i,(M) > 0 is the injectivity radius of (), g). We
fix 79 € C°(Bss, (0) C R™) such that n = 1 in Bs, (0).

4 2

Theorem 5.7.1. We let (u,),,., be asin (5.7). We consider a sequence (24 )a>0 €
M such that lim,, ., o, 2, = x¢. We define the function

Uo(X) = pia® ua(exp,, (HaX)) forall X € B 15 (0) CR",  (5.142)

where exp, : B;,(0) = Bs,(24) C M is the exponential map at z,. We assume
that
dy(Ta, 20) = O(fta) when o — +00.

Then,
dy(2a, o) = O(fta) when ac — +00,
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and, up to a subsequence, 1,1, converge to . weakly in D?(R"™) and uniformly
in C2P(R™), for all § € (0, min{1,2 — s}), where 0, := 1o(f1a-) and

loc

n—2

2—s

N

2—s ) _ s R”» -1
w(X) = (% (n278 Jn = s)n (2_ ) forall X € R",
Co + ’X — X0| s

with Xy € R", ¢g > 0. In particular, u satisfies

7],2* (s)—1 a2*(s)

N imR» and/ X =1, (5.143)
| X — Xl g | X — Xol®

where FEucl is the Euclidean metric of R".

AEuclﬁ = Us (Rn)

Proof. We define the metric g,(X) := (exp%, g) (1taX) in R™ and we consider
the vector Xo, = p ' exp,(zo). Since u, verifies the equation (5.7), we get
u,, verifies also weakly

~2*%(s)—1
a2

_ Y inR"
dgoc (X’ Xoyoé)s

Ag Ug + Qallq = Ao

where a,(X) 1= pZaa(exp, (paX)) = 0as a — 4oo. Next, we follow the
same proof of Theorem 2 in Jaber [75] and we get Theorem 5.7.1. [
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CHAPTER

A Paneitz-Branson type equation
with Neumann boundary conditions

Abstract

We consider the best constant in a critical Sobolev inequality of sec-
ond order. We show non-rigidity for the optimizers above a certain thresh-
old, namely we prove that the best constant is achieved by a non-constant
solution of the associated fourth-order elliptic problem under Neumann
boundary conditions. Our arguments rely on asymptotic estimates of the
Rayleigh quotient. We also show rigidity below another threshold.

6.1 Introduction

It is well-known that the Sobolev inequality
S||U||L2*(RN) S ||DU||L2(RN), (61)

where 2, = 2N/(N — 2), N > 3 and S = S(IV) is a positive constant, plays
a fundamental role in geometric analysis. A simple scaling argument shows
that the exponent 2, is the only possible one in the inequality. This very same
scaling argument implies that the embedding of HJ (L) into L** (), where  is
a bounded open set, cannot be compact. This lack of compactness is the genesis
of one of the main complexity in the celebrated Yamabe problem [112]. Assume
that N > 3 and (M, g) is a compact Riemannian N-dimensional manifold with
scalar curvature R,. The Yamabe Problem consists in looking for a metric ¢’
conformally equivalent to g such that the scalar curvature R, = 1. It happens
that this problem amounts to finding a positive solution of
N

—1
—4mAgu + Rgu = \u|ﬁu,

183
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where A, denotes the Laplace-Beltrami operator on M. Then ¢’ = uv-z gisa
conformal metric satisfying 7y = 1. The first approach by Yamabe was cor-
rected by Trudinger [105]. We refer to [4, 82] for the history of the problem and
to Aubin [2, 3], Schoen [100] and Schoen and Yau [101] for the main break-
throughs in its resolution.

Assume now that @ C RY (N > 3) is an open bounded domain with a
smooth boundary, and « is a positive real number. In their seminal paper, Brezis
and Nirenberg [19] have proved that the existence of a (positive) solution to the
problem

—Au+ au = \u|ﬁu in €, (6.2)

under homogeneous Dirichlet boundary condition, is closely related to the best
constant for the Sobolev embedding of H} () into L¥= (©). Their arguments
are inspired by the work of Aubin [2] on the Yamabe problem. The idea consists
in minimizing the Rayleigh quotient

_ Jo(IVul]® + ajul?) dx

5 Cue H®)\ {0},
(o el dr) 5

Qa(u)

and in evaluating Q,, at test functions of the form u(z) = o(z)(c + |z|?) "z,
where ¢ is a cut-off function. The functions (¢ + |z|2)~ "2~ play a natural role
because they are extremal functions for the Sobolev inequality (6.1), see, for
instance [2, 103].

Brezis [12, Section 6.4] suggested to study (6.2) under Neumann boundary
condition. It happens that the equation is then related to models in mathemati-
cal biology such as the Keller-Segel model [47, 81, 91] for chemotaxis and the
shadow system of Gierer and Meinhardt [56, 89].

With Neumann boundary conditions, the equation (6.2) admits the constant
solutions v = 0 and u = =24, When the nonlinearity in (6.2) is subcritical
(namely when the exponent 4/(/N —2) is replaced by ¢—2 with 2 < ¢ < 2,), Lin,
Ni and Tagaki [81] have proved that the only positive solution to (6.2), for small
a > (0, 1s the nonzero constant solution. As a byproduct, this yields directly the

sharp constant C'(a) = a2 |Q\%_% in the inequality

(|Vul* + alul?) dz " > C(a) lu|? da % ,
(. ) Q

for u € H'(Q). In the critical case, Lin and Ni [80] raised this rigidity result as
a conjecture.

LIN-NI’S CONJECTURE: For a small enough, Equation (6.2) under Neumann
boundary condition admits only o/N=2/* as a positive solution.
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In the subcritical case, it is easily seen from a Morse index argument that
the rigidity is broken for large «. In the critical case, inspired by Brezis and
Nirenberg, Wang [107, Theorem 3.1], and Adimurthi and Mancini [6, Theorem
1.1] proved that Equation (6.2) under Neumann boundary conditions admits a
non-constant (least energy) positive solution u(«) for every v > @ > 0. These
least energy solutions u(«) have the following concentration property [7, 90]:
they are single-peaked in the sense that every u(«), for @ > 0 sufficiently large,
attains its unique maximum at a point p(«) € 9€, and p(a) — py € 0N as
a — 0o, with H(pg) = maxyeaq H(p), where H (p) is the mean curvature of €2
at p € 0f). Such concentration behaviour was shown in the subcritical case by
Ni and Takagi [92,93].

In the last three decades, lots of progress has been made towards proving
or disproving Lin-Ni’s conjecture. It is a difficult task to exhaust all the related
literature concerning this conjecture and it is not our purpose here. Nevertheless,
we give a short overview of the main results regarding this conjecture. In case
) = Bg(0), and u is a radial function, the conjecture was studied by Adimurthi
and Yadava [8], and Budd, Knaap and Peletier [22]. Namely, they investigated
the problem

—Au+au=u¥? in Br(0)
wisradialand u > 0 in Bg(0) (6.3)
Oru =0 on 0Bg(0),

where 0,u := % - Vu. They have established the following result.
Theorem A. For a > 0 sufficiently small, the following statements hold:
(a) If N =3 or N > 7, then (6.3) admits only the constant solution.

(b) If N € {4,5,6}, then (6.3) admits a nonconstant solution.

Theorem A highlights that the validity of Lin-Ni’s conjecture depends on the
dimension. The proof of Theorem A uses radial symmetry to reduce (6.3) to the

ODE
N -1

"

W+ au=uN= in (0, R),

with the boundary condition «’(R) = 0 (the second boundary condition «’(0) =
0 comes from the assumption of radial symmetry of the solution). With regard
to Lin-Ni’s conjecture in general domains, such an approach cannot be applied.
When () is a convex domain, Zhu [114] proved that the conjecture is true if
N = 3, see also [68,111]. In case €2 is a smooth bounded domain, and the mean
curvature of (2 is positive along the boundary 0f2, Druet, Robert and Wei [44]
have proved that Lin-Ni’s conjecture is true for N = 3 and N > 7, assuming
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a bound on the energy of solutions. If {2 is any smooth and bounded domain,
Rey and Wei [97] have proved that the conjecture is false if NV = 5. The Lin-
Ni conjecture is wrong in all dimensions in non-convex domains [108] and in
dimension N > 4 for convex domains [109]. If we restrict our attention to least
energy solutions, Adimurthi and Yadava have proved that the conjecture holds
in every dimension [9].

Motivated by the above results, our purpose in this paper is to study an ana-
logue of Equation (6.2) involving a fourth-order elliptic operator. Namely, we
assume that Q C R™ (N > 5) is an open bounded set with smooth boundary,
and « is a positive parameter. We are interested in the following problem

A%y — Au+ au = |u|¥iu, inQ, )
du = 0,(Au) = 0, on 0f). Y

The linear operator A? — A + « is often referred to as a Paneitz-Branson type
operator [35] with constant coefficients. If (M, g) is a compact Riemannian
manifold of dimension N > 5 and @), is its () curvature [11], the prescribed
(2 curvature problem consists in finding metric of constant () curvature in the
conformal class of g, see for instance [26,43, 87]. This amounts to finding a
positive solution to

Py(u) = |u|¥u, (6.4)

where P, is the Paneitz operator [94], i.e.,
Pyu = Aiu — divg(Aydu) + hu,

with ( ¢
N —2)? 44 4
-~ " Ri 6.5
2N — 1) (N —2) 99~y gl (6.5)

where R, (resp. Ric,) stands for the scalar curvature (resp. Ricci curvature),

A, =

N —
and h = TQQ where (), is the () curvature which is defined by

1 N3 —4N? + 16N — 16 2 .
mAgRg + R2 2|chg|§.

Q0= SV - DN 27 ¢ (N-2p

Equation (6.4) is referred to as the Paneitz-Branson equation. In addition to the
above mentioned contributions, we refer to [10, 69,71, 72,79, 96, 113] and the
references therein for a glance to recent results. If (M, g) is Einstein (Ric, = Ag,
A € R), then the Paneitz-Branson operator takes the form

Pyu = Nu+ bAgu + cu, (6.6)
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N? —2N — 4 N(N — 4)(N? -4
where b = m)\ and ¢ = ( 16(N>£ e ))\2, see [69]. Observe
that in the geometrical context, b and c in (6.6) can have the same sign while we
take b = —1 and o > 0 in (/). The case of a positive Laplacian interacting with

the bi-Laplacian will be considered in a future work.

Again, Equation (/) is critical since the L~~1-norm scales like the Z2-norm
of the Laplacian. The problem admits two constant solutions, namely, uy = 0,
and u; = a5 . When the power nonlinearity is subcritical, one can prove in a
standard way (adapting for instance [91]) that any positive solution is constant
(and nonzero) when « is small whereas this rigidity breaks down for large ov. Our
main concern is to establish a non rigidity result for (7,) when « is large. To this
end, we establish some Sobolev inequalities of second order with respect to the
functional space associated to variational solutions to (7,). To the best of our
knowledge, there are not many works in the literature dealing with the boundary
conditions of (7). For a general overview of this subject we refer to the work
of Berchio and Gazzola [15], where the problem of embeddings of second order
Sobolev spaces with traces on the boundary has been studied. For more insight
on polyharmonic operators, we refer to [53].

Our main result is stated as follows. Let H2(Q) = {u € H*(Q) : O,u =
0 on 092}, and

Y,(Q) ;= inf .
o) = inf J(u), (6.7)
where
J(u) = /(|Au!2 + IVul? + alul?) dz,
Q
and

Mg = {ueHg(Q);/|u|13$dx:1}.
Q

A solution of (F,) is said to be of least energy if its L~ normalized multiple is
an optimizer for (6.7).

Theorem 6.1.1. Assume ) is an open bounded subset of R with smooth bound-
ary. There exists @ = @(N,|Q2|) > 0 such that for « > @, any least energy
solution of Equation (P,) is nonconstant.

It is worth mentioning that when (F,) is considered in a smooth compact
Riemannian manifold, Felli, Hebey and Robert [51] have established that for
any A > 0, there exists oy > 0 such that for « > «y, the above equation does
not have a solution whose energy is smaller than A.
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Since (F,) is critical, the existence of a nontrivial solution does not follow
directly from standard variational methods. Moreover, the functional setting
brings new difficulties in comparison to the second order counterpart (6.2). To
overcome the lack of compactness, we follow the arguments introduced in Aubin
[2], and developed in Brezis and Nirenberg [19]. However, due to the boundary
conditions of (F,), we cannot apply the arguments from Adimurthi and Mancini
[6], Wang [107, Theorem 3.1] nor those from Berchio and Gazzola [15]. As
a way out, our approach consists in making a change of coordinates in such a
way that part of the boundary 9€) will be diffeomorphic to a flat subset of RY.
Roughly speaking, the idea is to straighten out the boundary and then to estimate
the Rayleigh quotient by choosing suitable test functions adapted to these new
coordinates. In this new coordinate system, we establish the following second
order Sobolev inequality. The Sobolev constant S is defined from now on by

S= inf {/ \Auy2d;c:/ yu\ﬁ]ﬁdzﬂ}.
u€D2:2(RN) RN RN

Lemma 6.1.1. Assume that ) is an open bounded subset of RY with smooth
boundary and N > 5. Then, for every € > 0, there exists B(¢) > 0 such that for
allu € H2(Q),

2 < (22 Aul? B : 6.8
el < =g o) laulig + Ble)llulme-  ©8)

2N
N—4 (Q)
Moreover, ¥, (RY) = S/2%~ and the infimum is not achieved.

This lemma is the key to prove Theorem 6.1.1. We believe this Sobolev
inequality has its own interest and can be useful in other situations. As in the
second order case, if we focus on least energy solutions, then (/7,) has only the
constant solution "5 when « is small enough.

Theorem 6.1.2. Assume ) is an open bounded subset of R™ with smooth bound-
ary. Then, there exists o = (N, |Q2]) > 0 such that for 0 < a < q, the only
least energy solution of Equation (P,)) is the constant solution a’w

A natural question arises from Theorem 6.1.1 and Theorem 6.1.2: where
does rigidity of the minimizer break down? A tempting conjecture is that the
rigidity is lost when the constant solution loses its stability. However this is still
open even for the second order equation (6.3), see for instance [16,42].

The manuscript is organized as follows. In Section 6.2, we settle the func-
tional setting and recall some known facts regarding best constants for embed-
dings of second order Sobolev spaces. In Section 6.3, we establish a relation
between the best constant for the second order Sobolev embedding and that of
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the functional space associated to (/). In Section 6.4, by taking into account
the smoothness of the boundary OS2 and the effect of the principal curvatures, we
establish some asymptotic estimates, and we give the proof of Theorem 6.1.1.
In Section 6.5, we establish some Sobolev inequalities of second order. Section
6.6 contains the proof of the rigidity theorem for small . In forthcoming works,
we will consider the counterpart of Lin-Ni’s conjecture for small o and study the
critical dimensions.

6.2 Preliminaries

In this section we settle the functional setting regarding (/,), and recall some
known facts about the best constants of some second-order Sobolev embeddings.

A classical result in the theory of Sobolev spaces claims that if Q Z R is a
smooth domain, then any function in H%(2) admits some traces on the boundary
05}, see, for instance, [1, Theorem 7.53], or [104, Lemmas 16.1 & 16.2]. In
particular, there exists a linear continuous operator

Tr: H*(Q) — HY?(0Q)

such that Tru = &,u‘ oq forallu e C'(€2). In the sense of traces, the kernel of
the operator Tr gives rise to the following proper subspace of H?((2),

H%(Q) = {u € H*(Q) : d,u = 0 on 00Q}.

We recall that H?((2) is a Hilbert space endowed with the inner product defined
through

(u,v) = /(DQuDQU + DuDv +uv) dz forall u,v € H*(Q).
Q

Using regularity theory, see, for instance, [64, Theorem 8.12], or [78, Chapter 1,
Section 6, Theorem 4], we infer that

1/2
(u, ) = ||ul| p2) = (/(\Au!Q + | Vul® + alul?) dx)
Q

defines an equivalent norm in H2(2) when a > 0.

Note that by integration by parts, H2((2) is the natural space for (weak) so-
lutions to (/~,). To obtain nontrivial least energy solutions to (F,), we consider
the minimization problem (6.7).

Before proceeding any further, we establish some notations and recall some
known results. Denote by D??(RY) the closure of the space of smooth com-
pactly supported functions in R" with respect to the norm || D? - || ;2gx). Note
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that integration by parts two times together with a density argument show that
| D?¢|| 2y = || Ad| 2y forall ¢ € D2(RY). Itis well-known that the best

constant for the embedding of D??(R") into L~ (R™) might be characterized

by
S:= inf {/ |Aul? dx - / |u|1\%]4 dr = 1} . (6.9)
ueDZ2(RN) RN RN

We recall that Lieb [83, Section IV], and Lions [86, Theorem 1.1] (see also [85])
have proved that there exists a minimizer for (6.9), which is uniquely determined
up to translations and dilations. Namely, the minimizer is given by the one-
parameter family

N—-4
£ 2
Ue(2) = \N————x=1 (6.10)
(€% + [af?) 2
where s
v = [(N—4)(N -2)N(N +2)] 5 . (6.11)
With the above expression, the constant .S can be evaluated explicitly
4
S =m*N —4)(N —2)N(N +2) F(%) .
LNy )
Note that u.(z) = 5_¥u1(§), and u, satisfies the equation
A2y, = ufu "7 in RV, (6.12)

In fact, all positive solutions of the above equation are given by the - family
(6.10). Inregard to this result, see, for instance, [45, Theorem 2.1], [84, Theorem
1.3], and [110, Theorem 1.3].

Now we recall that for any smooth bounded domain Q C RY, HZ(2) and
H? N H{ () are Hilbert spaces endowed with the equivalent norm defined by

1/2
U > </ yAude) : (6.13)
Q

see, for instance, [53, Theorem 2.31]. Here we note that H>N H, (} (Q2) is the space
where variational solutions to fourth-order elliptic PDEs are sought when com-
plemented with the so-called homogenous Navier boundary conditions along the
boundary, v = Au = 0 on 99, while HZ(Q) is the functional space for varia-
tional solutions when Dirichlet boundary conditions are considered, © = 0,u =
0 on 9. Observe that H? N H} (1) strictly contains HZ ().

The question whether or not the best constants for the embeddings of HZ(€2)

and H? N H}(Q) into L~ () are equal, and independent of the domain, was
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investigated by van der Vorst [106, Theorems 1 and 2]. He has shown that for
any smooth domain 2 C R¥,

S = inf {/ |Aul? dx - / \ul% de = 1}
ueHz(©) (Jo 0
= inf {/ |Aul? dx / ]u|% dx = 1}
wEH2NH (Q) Q Q

and that the infimum is never achieved when (2 is bounded. However, a crucial
part of the proof is not carried out in full detail. In addition, it is not clear that
[106, Lemma A1] can be proved using an extension argument. In regard to this
result, we refer to [54, Theorem 1].

In contrast with the above results, we cannot expect to obtain the same con-
clusions with respect to the space H2(2) since (6.13) is no longer a norm in
H2(Q).

6.3 A relation between ¥, (R") and S

In this section we show that 3, (R") and S are equal. For convenience, through-
out the rest of this paper we denote

2N

N -—4

Recall that as a consequence of the density of the space of smooth compactly
supported functions in R" with respect to the H2-Sobolev norm,

HA(RY) = H? 1 HY(RY) = H2(RY) = H*(RY).

2*

Our next result is inspired by [15, Theorem 1(1)].

Lemma 6.3.1. Assume N > 5 and let S be defined as in (6.9). Then, for any
a >0,
Y,(RY) =S, and the infimum is never achieved.

Proof. We begin by noticing that

S=inf {/ |Au|? dx : / lul* dox = 1}
ueDZ2(RN) RN RN

< inf {/ |Aul? dx / |u|?" dx = 1}
u€HZ2(RN) RN RN

< i {/ (|Au|2+]Vu|2+oz|u|2)da::/ |u2*dx_1}
u€H2(RN) RN RN

=3, (RY), (6.14)
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where in the first inequality we have used the fact that H2(RY) c D*?(RY).
Now, in order to show the reverse inequality in (6.14) we proceed as follows.

Step one: For all N > 5, there holds ¥.,(RY) < S. We construct a suitable
minimizing sequence for which 33, (RY) < S. For convenience we write |z| =
r. For all € > 0, we consider the function

Now we set
Ue(r), if0<r<1/2
2:(r) = Sw.(r), if1/2<r<1 (6.15)
0, ifr>1,

where w_(r) := a(e)(r — 1)® + b(e)(r — 1)?, with a(e), and b(¢) chosen in such
a way that for ro = 1/2,

we(rg) = Ve(ro), and O,we(rg) = 0,9(r0).

In particular,
N4 N—4

a(e)=0(¢ 2 ), and b(e) =0(c 2 ). (6.16)

In this way, for every N > 5, since z. is a C" gluing, w.(1) = 0, and 9, w.(1) =
0, we infer that z. € H%(RY).

Next, we seek an upper bound for the functional J evaluated at 2. /|| 2. || 2+ (v
Indeed, arguing as in [53, (7.58)],

/ |Au,|? dz = SNt 4 O(eN ). (6.17)
|z|<1/2
From this together with (6.16),

/ Az (ja]) do = / A9, (ja )P d + / | Awe () de
RN |z]<1/2

1/2<2<1

:/ |Au€(|m|)|2dx+o(1)
lel<1/2

= SN 1 o(1). (6.18)
Similarly, by (6.16),

/|z€(]a:\)|2*d:z;:SN/4+o(1), and/
RN

R

N |z(|z|)[? dx = o(1).  (6.19)
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Since z. € H*(R") we use interpolation between || Az ||r2®n~y and ||z 2gx)
to get an estimate for the L?>-norm of V z.. Namely, by (6.18) and (6.19),

/ |Vz.(|z])|* dx = o(1). (6.20)
RN

Finally, we set Z. := z./||z||;2* gw) so that Z. € Mpgw. Therefore, in view of
(6.18)-(6.20),

¥, (RY) < J(Z.), foralle >0,

= S o(1) as ¢ —0
(SN +0(1)) "% |

This proves that 3, (RY) < S, and hence the first part of the lemma follows.
Step two: X, (RY) is never achieved. Seeking a contradiction, we assume
that there exists a function v € Mg~ which achieves equality in (6.7). Define

for A > 0 the rescaled function uy(z) := A"z u(\z) so that ||u,\||i*2*(RN) = 1.
Thus,
/ (1Auf? + [Vul? + ofuf?) dz < / (AusP + [V + afus?) di
RN RN
1
< / |Au|2dz+—2 |Vul? dx
RN )\ RN
- 2

+ I . |u|® dz.

By sending A to infinity in the above inequality we obtain a contradiction.  [J

Now we recall that by the Sobolev embedding theorem, there exist positive
constants A and B such that for any u € H?(Q),

ullZer @) < AllAulZ2 ) + Bllulli o)

The task of finding the best constants in the above inequality has been exten-
sively studied in the last years. In this regard, we refer to [35,67]. In this direc-
tion, we will prove that for every € > 0, there exists B(¢) > 0 such that for all
u e H2(Q),

24/N
[ull7e o) < | == + ¢ ) |1Aullzai0) + BE) lullfn g (6.21)
(©) S () (@)
Moreover, ,(RY) = S/2%N_ and the infimum is not achieved. This is the
content of Lemma 6.1.1 proved in Section 6.5. As a consequence of inequality
(6.21), we establish the following result.
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Lemma 6.3.2. Assume that ) is an open bounded subset of RY with smooth
boundary and N > 5. If £,,(Q) < S/2*N, then the infimum in (6.7) is achieved.

Proof. Let (ug)ren C Mg be a minimizing sequence for X, (£2). Since J is the
square of a norm in H>(2) we deduce that the sequence (uy)ren is bounded in
H2($2). Consequently, up to extracting a subsequence, there exists u € H2()
with

up — U weakly in H2(Q)
up — u weakly in L?"(Q) 622)
up — U strongly in H*(Q) '

ug(r) = u(x) ae.in Q.

Step one: There holds u # 0. Seeking a contradiction, we assume that u = 0.
By (6.22),
up — 0 strongly in H'(9). (6.23)

Recall that [Jug || 2+ () = 1. Thus,

lim / |Aug|* do < lim J(uy,)
Q k—o0

k—o00
= EV<Q)
4/N

< 3,(9) (25 +€)/Q|Auk|2dx+o(1) ( by (6.8))

for every ¢ > 0. Note that 3,(€2) > 0. Hence, as a consequence of the above

inequality,
24/N
ISEV(Q)( 5 +5),

which contradicts our assumption ¥, (2) < S/2%". Therefore, we conclude
that u # 0.
Step two: Strong convergence in L* (). By Vitali theorem,

1
T (T TR
Q Q aJo dt
1
:2*// u(ug — tu)|ug — tu
aJo

1
:2*// u(u — tu)|u — tul* "2 dt dx + o(1)
aJo
_/ uf” da + o(1).
Q

=24t dx




6.3. A relation between X, (R") and S

Since (uy)ren C Mg,

1—/|uk—u\2* dxz/\u]y dz + o(1).
0 Q

By weak convergence in H>((2),

J(ur) = J(up — w) +2(up — u, ) g2(0) + J(u)
= J(ug —u) + J(u) + o(1),

and by strong convergence in H'(f),
J(uy) = / |Auy — Aul? dz + J(u) + o(1).
Q

From Step one,
u

U : € Mg

B Hu||L2*(Q)
and since J(u) > X,(Q2),
J(w) = 2 (Q)|ull7 ).

Thus,

¥, (Q) = /ﬂ |Auy, — Aul* dx + J(u) +o(1)  (by (6.26))

S
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(6.24)

(6.25)

(6.26)

(6.27)

4/N -1
> (25 + e) lug — ul[72r ) + J () + 0(1) (by (6.8) and (6.23))

94/N -1
> (5 re) e ulle o + SNl oy + 1) by 627)

94/N 1 ,
= (S —{—6) —¥,(Q) Huk—uHLQ*(Q)

+
™

24/N ! 2
. (S +0 = 2 s = e

) (Jluk = l[Zir o + 1

+
[\

24/N

S

= <— + 8) — 2, (Q) | [ur — UH%Q*(Q) +3,(€2) +o(1)

( by (6.24)).
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Since by assumption we have X,(Q) < S/2%/", we deduce that u;, — u strongly
in L*°(Q), and [|ul| 2+ (q) = 1.

Step three: Strong convergence in H?(Q)). By weak lower semi-continuity
of J, and since u € Mg,

5,() < J(u) < liminf J(uy) = 5,(9).

Therefore, combining this with (6.25) we conclude that u; — wu strongly in
H2(). O

6.4 Asymptotic estimates

In this section we take into account the smoothness of the boundary OS2 and the
effect of the principal curvatures at some boundary point.

Before proceeding any further, we settle the geometrical aspect of our prob-
lem. Since 2 C RY is a bounded set, there exists a ball of radius R, > 0
such that 2 C Bpg,. In view of the smoothness of (2, there exists T € 02
such that in a neighborhood of Z, we have that () lies on one side of the tangent
plane at 7, and the mean curvature with respect to the unit outward normal at
T is positive. Due to the invariance of rotations and translations, by a change
of variables we may assume that 7 is the origin, that the tangent hyperplane
coincides with {zy = 0}, and that Q@ C RY = {z = («/,zn) : zx > 0}.
By the fact that €) is a smooth subset, there are R > 0, and a smooth function
p:{r € RN |2/| < R} — R, such that

QN Br={(2',xn) € Bp:xn > p(z)}
0N Br ={(2',2n) € Br: zny = p(2')}.

N-1

Since the curvature is positive at the origin, there are real constants (r;);2;

which are called the principal curvatures, that satisfy

N—-1 N-1
2
Hy(0) = 5 Y k>0, and  p(a') =) kjal+0(2']*) as|2’| = 0.
j=1 j=1

(6.28)

Recall that a crucial point in getting compactness in the proof of Lemma

6.3.2 was the assumption X,(Q2) < S/2™/4. In our next result we establish this
inequality.

Lemma 6.4.1. Assume that ) is an open bounded subset of RY with smooth
boundary, and N > 5. Then, there holds

S
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Proof. Step one: Straightening the boundary. Note that for any x € 0{2 N Bp,
we have that z = (2/, p(z’)), where p is defined in (6.28). Consequently, an
outward orthogonal vector to the tangent space is given by

o) = {W’)} |

-1
For some open subset V' of RY, we define

OV cRY RV
@' yn) = ' p(y) —ynv (' p(y)). (6.29)

Observe that the Jacobian matrix of @ is given by

[, 9 O I S
N Oy N ys o N Oyn—1 !
Ovs ] vy Ovy
—yYN—— — _— ... = —V
N oy N s N Oyn—1 ?
D® = : : : | (6.30)
Ovn_q Ovn_4 1 Ovn_4
— — — —UN_
N oy N ys yNayN—l V-
i 2] Vs UN_1 1 ]

From this, we immediately deduce that for (', yn) = (0, 0), there holds D®(0,0) =
Id, where 1d is the identity matrix of size /N. By the Inverse Function Theorem
there exist 7o > 0, and U an open subset of R" such that ® : Bﬁg — QNUis

a smooth diffeomorphism, where B} := B,, N {yx > 0}. Now, let n be a C>°
radial fixed cut-off function with 0 <7 < 1, and

1, ifr <ry/4
n(r) = .
0, ifr>ry/2.

Set
ee(y) == n(lyu(|yl),

where . is defined in (6.10). As a consequence, the following function is well-
defined

ws(x) = Pe 0 (I)il(x)'
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Note that for x = (2/, p(z')) € 92 N B,

e(@) = Pe(a — tv(z)) e (PN (2)) = e(@7 (z — tr(x)))

lim

t—0 t t—0 t
€ ! 0 - Y¥e /7
i P 0) = (Y1)
t—0 t
= —Oynp:(y',0)
— 0,

where in the last equality we have used the fact that ¢. is a radial function.
Therefore 1. belongs to H2().

By (6.28) and (6.30),
Dq)(ylvyN) =1d +A<y/7yN> +O(|(3//73JN>’2)7 (631)
where
[—2yn Ky 0 o 0 —2k1y1 |
0 —2yN/€2 . 0 —2/‘6292
AWy yn) =
0 0 oo T2YNKN-1 —2RN1YN-1
L 2/613/1 2/123/2 . 2’£N71yN71 0 i

In addition, since D® is an inversible matrix,
Do~ (z) = (DB(y)) ",
where © = ®(y). Thus,
DO (z) = Id—A(y) + O(|y]?). (6.32)
Henceforth, for convenience we write
y=®"(z), and y; = ((I)‘l(x))j forj=1,...,N.

In view of the above notation, by (6.32) the elements (D®~!(z));; of the matrix
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D®~!(z) are given by

( .
D 12y + O, G € {1 N 1),
(9.%]'
O g+ O(lyP), 1€ {1,...,N 1},
8.7:N
0
CEN ok 4 O(yf?), je{1,... N -1}, (6.33)
81‘]‘
Wi _ O(ly), i £ jandi,j € {1,... . N —1},
81Ej
Oyn
N — 11 O(|yP).
e +O(lyl*)

Now using the chain rule, for any j € {1,..., N},

N
Oe(z) _ 3 Ie:(y) Iy (6.34)

and

32¢5 82805 &Uk ayl N 8%0‘5 (y) ale
Z OyrOy; (3@) (axj) +Z Em 8_%2 (6.35)

k=1 =1

Step two: Estimate for ||A¢6|| 72()- We begin by computing the derivatives
of u.. Notice that for [, k € {1, ..., N} fixed,

ue(y) (N — 4)6 2

= N i,
Iy @+ )=
and
2y, N4 — N -2
O ue(y) = (N —4)e 7 O ~— T+ ( )ykgjvl )
Dy Oy, (E+y?) = (E2+]yP)=2

where J;;, is the Kronecker delta, that is, d;z = 1 if [ = k, and J;;, = 0 otherwise.
Since we are interested in an estimate for the L2-norm of A, it is enough to
compute the derivatives of ¢). when ¢. = u.. In this situation, from (6.33) for
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je{l,...,N -1},

Pue(x) _ Puly) (0y;\ GPu(y) (0y;') (Oyw
o3 dy:  \0x; Jy;0yn \Ox; ) \ Ox;
Nod) 12
4 ) auz—:( )a Yn +0 € ’y|N72
oyv 02 T\ (@4 )T
_ QPu(y) 0?ue(y)
= B2 (14 4dynk;) — 4/<;]y]ayj

dyn
25]8%( y) + 0 —gT
oyy (@ )
%, 295 (N — 4)e™ 7 o
_ Ugy)_WN( )igyNJwLO SR,
Ay; (€24 [yl*) = (e + [yl =
(6.36)
Incase j = N,
*Y.(x)  Du(y) = 0?u.(y) ( oy; ) (8yN) et
- +2 ; oY L —
ox3, Oy3s ; dy;0yn \Ozn ) \ Ozn (2 + |y[2)* T
0*u.(y) — HY2YNe 54
= + dyn (N —
Iy JZI e+ |y?)=
o) (6—1“) . (6.37)
(e +yl*) =
Thus, by (6.36) and (6.37),
N — 4)(N — 1) Hy(0)e™ 5"
(2 +[yl?) =
= Ky y YNE N 5¥
+4yn(N—4)(N=2)) L 10 (—_4> .
; (€2 +y2)? (2 +1yl*) =

Recall that
(N —4)=77 (N2 +2yP)
~ <
(€2 + lyl*)=
Observe that due to the form of the matrix D®(y),

det D®(y) =1 — (N — 1)Hnx(0)yn + O(|y[?).

Au.(y) = —
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Henceforth, for convenience we denote
dy = 7% (N — 4)*(N —1). (6.38)
Thus,
[1av@P = [ 8@+ 06
Q QU
= [ | 180 @() Pl det DB dy + O=)

0

=h+L+ 13+ 1+ I,

where
L= [ 1auwP
Bl /s
Ne? +2Jyl*)?
I, = —dyH OEN_4/ ( dy,
LT O T Y
_ Ns +2|y|?)
_ N—4
13 = 2dNHN(O)8 / W Nd
8dN =, (Ne2 4+ 2ly?) ,
l=——" -_— d
4 Zl / €2+| | )N yij Y,
ro/2
and
0(52), ifN>7
Is = O(e*logl), if N=6
O(e), if N =5.
In this way, by (6.17),
SN/4
I, = + 0N,

2
and we estimate [, + I35 as follows,

- (Ne® +2]y*)
I+ Iy = —dy Hy (0)(N — 2)eN~2 / IS ot L
2 3 N N( )( ) B+/2 (52+|y|2)N Yn ay

= —dyHy(0)(N —2)J1e + o(e),

N + 2Jy|?
J = — _yndy > 0.
! / 1+ )y

where
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To estimate /4 we first note that by symmetry,

Ne? 4 2y|? 1 Ne2+2lyP)(Jy> — o3
/ T LN |2 l]VyJZ?JNd?/ = —/ ( 2| | )(L |N N)yNd?/-
5, E+ P) N=1 /g @ +1yP)
Thus,
ddn (N —2) N—4/ (Ne? +2y1*)(ly* — yi)
Iy=——"—"—"Hy(0 d
4 N1 ~(0)e bt 2+ [N YN ay
r0/2
ddy(N —2) / (N +2[y*)(Jy* — v)
=—————"Hn(0)e d
N _1 N( ) Bjo/% (1 + |y|2)N Yn ay
o N2 F10(0) T + o), if N >6
872V 105H5(0)elog 2 + O(e), if N =5,
where ) ) )
(N +2[y*)(ly[* — yn)
Jy = dy > 0.
’ / A+ppy Y
Consequently,
SN/4
/ AvPdr = Tt ofe) (6.39)
)

AJ
dyHy(0)(N = 2) <J1 + _21) e+ole), ifN>6
872V 105H5(0)e log 1 + O(e), if N = 5.

Step three: Estimate for ||1).||%,- (- Arguing as in the previous step,

[ 1oeto)

Cd = / [ (2)|* dx + O(™)
QNU

-/ (@)

[, et

ro/2

det D®(y)|dy + O(s™)

(1= (N =1)Hyn0)yn + O(ly*)) dy + O(™)

S O — 2 (N — D Hn(0)eN IN___ g
=S5 O ROV -0 [ i i
5/ :
= +0(e%) — v3 (N — 1)Hy(0) J5¢, (6.40)

2
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where
YN
Js = / N s
P Joy Ut )N

Step four: Estimate for ||V |3, () Arguing as previously,

O(£?), if N> 7
/\sz(x)IQd:c <0 (logl), ifN=6 (6.41)
Q

O(e), if N = 5.

Step five: Estimate for ||1.||%. (- In the same way,

O(=Y), if N>9

/ |¢pe(x) dz < S O (e*log ), if N=38 (6.42)
Q
O(eN 1), if N € {5,6,7}.

Step six: Conclusion. By (6.39)-(6.42), for N > 6,

Jo AV dz + [, |[Ve|? do + o [ [1he | da

%,(Q) < 3
(Jo el da)
< guw o)
— 2N GI=NA T (0) [dN(N —2) (J1 + ]\f‘f 1)
(N —4)(N —1)

— ’)/12\:(]3] E.

Now recall the explicit values of 7y, and dy in (6.11) and (6.38), respectively.
In order to show that the term between the brackets is positive, it is enough to

guarantee that

BN = L / N+ 2lyl* yn dy / N dy 1is positive
N = N — —_— .
N +2 Jey (1+ |y[?)N rY (14 [yl
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Denote by SV~! the unit sphere and by ¢(/N) a positive constant that depends on
N. Then,

1 * N+ 212 N
= do(—— [ = Vg [ g
On /SNlmMyN U(N+2/0 L+ /0 (1+r2)N T)

+
B D5+ 1) (5 —1) =T (55 T (M)
=) [ ) ]
AR T ()
-]

which yields Sy > 0. Now, going back to the above inequality, and making ¢
sufficiently small we get our result for N > 6.

In case N =5,
S 14/5_2 4/ 109 1
EV(Q) < W—FO(&E) -2 ™ ?H5<O)610gg
S
< 24/N”
provided ¢ is sufficiently small. This completes the proof. ]

Now we are in position to give the proof of Theorem 6.1.1.

Proof of Theorem 6.1.1. By Lemmas 6.3.2 and 6.4.1, there exists a minimizer
u € Mg for ¥, (€2). Now, we have to rule out u as the constant solution u; =

a5 . To this end, note that
Jo(lAus|? + [V |? 4 afuq [*) da
2
(Jo lw[* dz)™

where |Q2| stands for the Lebesgue measure of €2. Then, we are done if we have
@ > 0 for which

= aj'"

alQN > %,(Q), foralla >a.

By Lemma 6.4.1, the above inequality follows by taking @ = S/(2|2|)*/". This
completes the proof. ]
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6.5 A Sobolev inequality of second order

Our aim in this section is to prove Lemma 6.1.1. Our approach consists in pro-
viding a sharp inequality in H, E(Rf ), and then by a partition of unity argument
we establish our result for functions in H2(12).

proof of Lemma 6.1.1. Step one: There holds ¥,(RY) = S/2Y/N, and the infi-
mum is not achieved. Consider the function z. defined in (6.15). By symmetry,
(6.18), (6.19), and (6.20) we infer that z. € HZ(RY) satisfies

N/4

[ 18sla)Pde = 2= w0t [ 9a(labP ds = o)

+

) . SN/4
[ elabPar=o(,  and [ felel) do =T o)
RY RY
As a consequence,
y fR$(|AZ€|2+ V2|2 + alz|?) dz S
al—I>I(1) 2 g & - 94/N7
(g el )
which shows that g
S (RY) < S (6.43)

Now we argue by contradiction, that is, assume that there exists ¢ € HZ(RY)

such that , ) ,
Sy (1801 + VoI + o) dz s
2 g o 24N
(Jy 101 o)

Define 5 as the reflection of ¢ with respect to the x y-axis,

(6.44)

¢(r) =

o2, —zn), ifzy <O.

~ {(b(a:’,xN), ifzy >0

Since 9,¢ = 0 along ORY it is easily seen that ¢ belongs to H2(RY). Then,
using the symmetry (doubling the integrals),

Jon (|AG]? + [VGI? + ald]?) da
(S 101 )™

<S.
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However, this is a contradiction with Lemma 6.3.1. Therefore, there exists no ¢
that belongs to H2(RY) such that (6.44) holds. In other words,

Jux (180 + Vo] +aloP)de g
2 > 24/N

(fRy o[> dx) ’

forall ¢ € H2(RY).

The above inequality combined with (6.43) implies that ¥, (RY) = S/ 24/N and
the infimum is not achieved.

Step two: A partition of unity argument. Since () is a compact set, we can
find finitely many points x; € 2, radii r; > 0, with corresponding sets 2; =
QN B,,(z;) such that

Up to increasing the number of open sets, we can assume that z; € 92 whenever
Q; N 0N # @. Now let ((;)!, be a smooth partition of unity subordinated to the
covering (€2;)"_,. We split the set of indices as

{1,2,....,n}=7ZUJ,

where 7 contains the indices with x; € ) while J contains the indices with
T; € GQ

Case one: Q; N Q) = @. We set

By construction, (¢;)?, is a partition of unity subordinated to the covering
(€2;)?_, such that Cil/ ? € C%(0). We denote by ¢;, and ¢, real positive constants
such that [V¢!?| < ¢y, and |AG?] < .

Now choose any function ¢ € H2(RY). Consequently, (;/*¢ € H2(RY),
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and supp((im(b) C Q;. By Lemma 6.3.1, for g > 0,

2
>F

([ o )" <30 ( e ar)

€T i€

s—}j/] A 9) da

24/N
I3[ (@180
icz L/RY

+2IVE! Vol +lollAc ) ds

2
5%

4/N

2
< S [0+ 20180 ) + Bleo)llolin o) -

where in the last inequality we have used Young inequality two times. Note that,
for ¢p > 0 sufficiently small,

24/N 24/N
S (1 + 60)2

+ ¢ for € > 0,

so that,

2
oF

12, o 24/N )
IC 9| < | g te)lIAdla + Ble Nl (645)
zeI

Case two: ; N 0S) # @. In this case, for every ¢ € J we consider the maps
;71NN — Vi CRY

as defined in (6.29), where V; is some open subset. As previously observed,
these maps have the property that in this new coordinate system, any ¢ € H2(Q)
implies that (¢}/?¢) o ®; belongs to H2(RY) for every i € J. In this way, we
may assume

| det DB(y)| < 1+ ¢

for ¢ > 0 small enough, otherwise we may rearrange our covering in such a
way that the sets (€2);c 7 have smaller sizes. For convenience, we write ¥;(y) =
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(¢/*¢) o ®(y). By the previous step,

2
5%

S ([ @rawr ) =Y ([ 107 e awi e oy >|dy)22*

ieJ i€

<(1 +50)2% Z (/RN 19:(y) [ dy)

ieJ
24/N

< =5 (1—1—60)%2 (/M |AY;(y)* dy

ieJ

+/ \Wi(y)l2dy+a/ \ﬁi(y)my)-
RY RY

(6.46)

Now we recall that by (6.33) we may find £; > 0 small enough such that

A% < (1+)|AG)] + &1 |V(G20)| + e1l¢ ol
Vi < (L+ D] V(G0 + 211G 0l (647)
0, < (1+21)[¢ 9.

In addition,

AG)] < G7IA0] + 2V G2 (IVe] + |6l A (648)
V(G20) < GVl + VG 6). |
Then, by (6.47), and (6.48) together with Young inequality,
Z/ A dy = (14 ¢) /]A¢|2dy+B(€1)”¢HH1 . (6.49)
ieJ
Similarly,
> [ 190 dy < el (6:50)
RN

eJ
and
Z/ Wi dy < (1+21) /|¢|2dy (6:51)
eJ
As previously, for €y, e; > 0 sufficiently small,

24/N 2 ) 24/N
g (1+€0)*(1+€1) < g

+¢e for > 0.



6.6. Minimizing solutions for small « 209

Hence, by inserting (6.49)-(6.51) into (6.46),

2
S ONT (2N
Ej([;&JQ”QOQ s(j;~wﬁqu@mn+B@ww@wm.
ieJ il

Therefore, by the above inequality together with (6.45), for any € > 0,

19172 @) = 1611 2212

> Ge?

=1 L2*/2(Q)

< Z 16:0% | 2+ 12
=1

1/2
= 1120122
=1

_ 1/2 2% > 1/2 2% =
Z(/Qi!g 9 dx) +Z</mm!g " da:)

€T eJ

24N 2 2
g( S-+Qquumn+B@mwmm»

This completes the proof. ]

6.6 Minimizing solutions for small «

In this section, we prove the rigidity result for minimizing solutions when o —
0. The proof follows almost directly from the one of [9] for the second order
case. We start with a L?-bound, for 1 < ¢ < %, on positive solutions. The
proof easily follows by integrating the equation.

Lemma 6.6.1. Any nonnegative solution u of (F,) satisfies

a/udx:/\u|mdx§ajvs+4\m.
Q 0

The bound is clearly sharp. In the subcritical case, one can use elliptic regu-
larity to bootstrap the corresponding estimate to get a better bound or use Gidas-
Spruck blow-up technique [58] to show directly that u converges uniformly to
zero as o« — 0, see for instance [16,91]. In the critical case, we need a further
hypothesis to improve the bound as shown by the next lemma.
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Lemma 6.6.2. Assume that oy, — 0 and the sequence (vy,),, C H?(Q) satisfying

{A%k — Av + vy, = |Uk|ﬁvk= in €, (6.52)

Oyvr = 0,(Avy) =0, on 052,

is such that v, > 0 and supy, ||vi|| ey < oo for some q > 2*. Then ||vi|| L) —
0.

Proof. Using elliptic regularity, one shows that a L?-bound on v, with ¢ =

s(N +4)/(N — 4), gives a W** estimate and therefore a L~% bound. This
allows to start a bootstrap argument if s > 2/N/(N + 4) and to deduce an apriori
bound in C%7(Q) for some 0 < v < 1. Lemma 6.6.1 then shows (with a simple
interpolation argument) that v, converges uniformly to 0 as k — oo. ]

Observe that solutions with a priori finite energy are merely a priori bounded
in 2" so that Lemma 6.6.3 cannot be used for those solutions. The next lemma
shows that minimizing solutions are bounded in L.

Lemma 6.6.3. Assume that u € Mg achieves ¥,(S2) and o < 1/4. Then u > 0.
If we select v as the multiple of u that solves

A% — Av+av = |U|ﬁv, in ),
d,v = 0,(Av) =0, on 02,

then

lim sup ||| oo () < 0.
a—0

Proof. Observe first that we know from Lemma 6.3.2 and Lemma 6.4.1 that
¥,(€) is indeed achieved. When « is small enough (or the measure of (2 is
small enough), this is in fact simpler to show since for u; = 1, we have

Jo(1Au|? + |V |2 4 a|uq |?) do

2
(Jo lua ] de)?
It is by now standard to show that if u changes sign, then u cannot be a min-

imizer, see e.g., [17, 18]. We sketch the argument for completeness. We can
write

= QN < 5/24N.

_ fﬂ\ —Au+%u|2dx+(oz—}l)fﬂ\u|2dx

2
(Jo luf*" da) >
If —A(=)u + 3(—)u > 0 then (—)u > 0 by the strong maximum principle
(observe u % 0). If not, take v € H2(2) to be the unique solution of

2, (9)

1 1
—Av+§v:|—Au+§u\, x € Q.
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By the strong maximum principle, we infer that v(z) > |u(z)| in  so that

1 1
0 < | — Av+ zoPde+ (a— =) | Jv]*de
Q 2 4" Jo
L o 1 2
< | — Au+ ul*de+ (o — =) [ |u|*dz
Q 2 4" Jo

/|U|2* dx>/|u|2* da.
Q Q

This contradicts the fact that « is a minimizer.
Now, since u is a minimizer and u € Mg, we have

and

/(IAuP +[Vul* + afu’) de < alQY.
Q
Take v, — 0 and denote by (uy)xen @ sequence of minimizers. Then
/(|Auk|2 + | Vug*)dz — 0 as k — oo
Q

and (uy,)ren is bounded in L2(€2). Observe that u;, solves the equation

A2uk — Auk + apup = ,uk|uk|ﬁuk, in Q,
Oyur, = 0,(Aug) =0, on 012,

8
where 1, = 3,4, (Q) < ai|Q|¥N. Define vy, = p, "uy so that (6.52) holds.
Interior estimates show that vy is smooth. Clearly (vy)gen converges strongly
to zero in H*(2). To show that lim supy, || || (@) < oo, one can just borrow
the blow-up argument of Gidas and Spruck (arguing therefore by contradiction)
used in [9, Lemma 2.1] by taking the blow-up profile
N—-4

wi(y) =17 vr(Tr + try),

where (74 )ren C € is such that

My, = vi(zr) = |Jvk|| L)

and s
Mt ? =1.
]

Proof of Theorem 6.1.2. Lemma 6.6.3 combined with Lemma 6.6.2 imply any
sequence of minimizers uniformly vanish as &« — 0. Using Poincaré inequality
and the uniform convergence to zero, one then shows that u — ﬁ fQ udr =0
when « is small enough. This is the original argument of Ni and Takagi [91],
see also [9,16]. U]
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