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Premiére partie

INTRODUCTION






Le fil rouge de cette thése est |'étude asymptotique d'équations intégro-différentielles apparaissant
en dynamique de populations ou pour la modélisation de I'évolution Darwinienne. En toute généralité,
ces équations peuvent s'écrire sous la forme suivante, méme si on s'autorisera des libertés par rapport
a cette équation étalon.

dif(t,x) = B(f)(t, x) = R(f)(t x). (1.0.1)

Ces équations apparaissent communément en biologie et en écologie quand on veut modéliser le
comportement et les interactions entre individus. L'ensemble de ces individus forme une population
dont on veut étudier le comportement global, tel que sa croissance. La fonction f représente la
densité de population évoluant avec le temps t € R, et structurée par une variable "d’espace" x
dont l'interprétation variera avec les modeles. Dans tous les travaux de cette thése I'opérateur B
sera un opérateur intégral lié a la croissance au sens large de la population. Le terme de réaction R
représentera les interactions de la population avec son environnement ou entre individus. Il sera au
gré des modeles local ou non local, parfois linéaire, souvent non linéaire.

Les équilibres entre le terme de reproduction B et celui d'interaction R donnent naissance a des
formes singulieres comme par exemple la propagation spécifique a certains régimes ou des solutions
qui se concentrent. Cela améne a transformer I'équation (1.0.1) en une équation rééchelonnée par un
paramétre € :

dife(t, x) = Be(fe)(t, x) — Re(fe) (£, x). (1.0.2)

Pour mesurer ces phénomenes singuliers, nous serons amenés a effectuer une analyse asymptotique
que nous choisirons toujours de dénoter dans cette these "¢ — 0”. La limite fy := lir%fg permet de
£—

capturer le comportement écologique ou biologique qui est pertinent. Si I'asymptotique est judicieuse,
il est raisonnable de croire que le comportement des solutions f, pour ¢ positif mais petit — & < 1-
est qualitativement proche du comportement de fy i.e. a € = 0.

Cette thése a été consacrée a rigoureusement justifier le passage a la limite ¢ — 0 pour des
équations de réaction-diffusion ou la dispersion prend la forme d'un noyau a queue lourde et pour une
équation de sélection-mutation avec un opérateur intégral non-linéaire modélisant la reproduction
sexuée. Ceci permet d'apporter un soutien théorique aux nombreuses analyses qualitatives basées sur
I'approximation ¢ — 0 que nous ferons.

Nous tentons d'illustrer cette démarche sur la figure I.1. La plupart du temps, le raisonnement
rigoureux amenant a faire le lien du probléme a € > 0 vers le probléme limite (fleche orange inférieure)
se nourrit d'une compréhension fine du probléeme a ¢ = 0 (fleche orange supérieure).

Nous présentons tout d'abord sur des équations de propagation spatiale de type réaction-dispersion
un exemple historique de mise en ceuvre de cette démarche, agrémentée des premiers résultats
obtenus dans cette thése. Dans un second temps nous présenterons des travaux sur la dynamique
d’'une reproduction sexuée ou les outils classiques ne s’appliqueront plus, mais ou la démarche de la
figure 1.1 prend tout son sens.

I. DYNAMIQUES DE PROPAGATION

Le but de cette partie est d’expliquer les phénoménes de propagation dans I'équation de réaction
dispersion non locale suivante :

Af(t,x) = (]*f—f)(t,x) +F(x)(1—f(x), (tx)€ (0,4+0) xR, (1.1.1)



e>0

e—0

FIGURE |.1 : Math flow

ol | désigne un noyau de probabilité et pour toute fonction n :

(Fxm)(t,x) = [ Gz =y)n(ty)dy.

1.1.1 Propagation spatiale

On considére ici que la variable x € R représente une position spatiale. Le modeéle (1.1.1) permet de
décrire I'invasion d'un environnement donné par une population. Cette invasion est possible grace a
la capacité de dispersion de la population caractérisée par |'opérateur de de convolution : un individu
parvient a se déplacer d'une position x a une position x + h, et donc d'effectuer un saut de taille
h € R avec une fréquence J(h). Ainsi la queue de distribution du noyau | permet en particulier de
mesurer la fréquence des événements de dispersion a longue distance (i > 1). Ces phénomeénes de
dispersion a longue distance peuvent jouer un r6le important dans la modélisation de la propagation
d'une épidémie ou de la pollinisation de certaines plantes, Skellam [1951]; Turchin [1998]; Clark
[1998]. Dans ces cas la ils s'expliquent souvent par un vecteur de transport extérieur a la population
(certains animaux, moyens de transports humains a longue distance). Citons Roques [2013] pour une
trés belle introduction au sujet.

De plus, la croissance de la population qui se disperse selon le noyau | est régie par le terme
f(1 — f). Cette non linéarité permet de modéliser les interactions des individus entre eux ou avec
I'habitat. Dans notre cas il est dit "de type KPP" pour Kolmogorov, Petrovsky et Piskounov,
Fisher [1937]; Kolmogorov et al. [1937], mais des choix différents peuvent &tre faits, menant a des
comportements de solution radicalement différents, citons comme exemple le cas de I'effet Allee fort
pour f(1— f)(f —p) avec 0 < p < 1 une certaine constante, voir Lewis and Kareiva [1993] pour



une motivation biologique, [ I; [ I; [ ]
pour des arguments mathématiques. On peut citer également une non linéarité du style ignition,
par exemple [1985]; [1988]; [2005] ou encore le
cas de I'effet Allee faible, [ ]. Dans notre cas simple, il représente une
compétition locale entre individus, par exemple pour accéder a une ressource.

On observe que I'équation (I.1.1) admet deux états d'équilibres homogeénes : f =1 et f = 0. Pour
le premier, la population réside dans I'habitat, pour le second la population disparait. En I'absence de
dispersion, I'état O est instable, I'état 1 est stable, puisqu'on est réduit a I'équation logistique :

P _ o)1 - p(1).

On cherche a savoir dans le cas général, si, partant d'une densité initiale 0 < fo(x) < 1, la population
f solution de I'équation (1.0.2) envahit I'espace, ce que I'on écrit souvent comme "I'état 1 envahit
I'état 0", ainsi que la vitesse du phénomene. Pour relier les deux états stationnaire, on cherche la
solution sous forme de front progressif. Cela revient a chercher f sous la forme :

f(t,x) :==F(x —ct), (1.1.2)

ou ¢, la vitesse de propagation, et F est le profil du front connectant I'état 1 a I'état 0. Le probléme
possede deux inconnues : ¢ et F > 0. La littérature sur |'existence ou non de fronts solutions de (1.1.1)
est gigantesque, notre but ici n'est pas de rappeler tous les résultats mais d'illustrer sur quelques cas
simples la méthodologie que nous utiliserons plus tard.

Le cas diffusif

Dans le cas ou I'opérateur | x n — n est remplacé par le terme diffusif Af dans I'équation (I.1.1), on
retrouve I'équation de Fisher-KPP. Supposons que le noyau de probabilité est J. que I'on peut écrire
sous la forme suivante :

Jo(x) i= %] (3). [r6hax = [ x21(d)ax' =1, J(=x) = J(x) pour tout x € R.

Avec ces notations ¢ représente la variance du noyau de propagation. Alors, quitte a négliger les
termes d'ordre supérieurs en €, quand ¢ est petit on a, si f est suffisamment réguliere :

2 (1nf = ) 03) =5 3EAC)

On utilise pour cette limite la symétrie de |. Cette égalité est la raison pour laquelle nous rappellerons
quelques résultats a propos de I'équation de Fisher-KPP :

def(t,x) = Af(t,x) + F(£,x)(1 — f(t,x)). (11.3)

On sait depuis [1975]; [1937]; [1937] qu'il existe
des fronts progressifs solutions de I'équation (I.1.3) si et seulement si

c=ct =2 (1.1.4)

De plus, pour chaque ¢ > c¢*, le profil est unique a translation prés. Pour démontrer ce résultat,
on utilise en général la décroissance du front pour linéariser autour de sa limite en +o0, i.e. de



I'état instable 0. Ceci donne un équation différentielle ordinaires (EDO) d'ordre 2, dont I'étude du
plan de phase est suffisante pour obtenir la condition nécessaire et suffisante (1.1.4), voir

[ |; [ ]. Néanmoins nous ne détaillerons pas cette construction
fondamentale, car nous nous intéresserons seulement a la vitesse de propagation des fronts. Dans le
cas de Fisher-KPP, cette vitesse est constante : le front avance linéairement dans sa direction de
propagation. La vitesse la plus "naturelle" est c*, et ce pour plusieurs raisons. Tout d'abord, pour
une large classe de données initiales, dont les fonctions a support compact, la solution du probléme
de Cauchy associé a I'équation (I.1.3) converge en temps grand vers le front de vitesse c*,

[ |. De plus, c* est également caractérisée par le résultat de propagation ("spreading")
suivant :
f(t, x+ct) P 1, localement uniformément, pour tout ¢ < c*, (1.1.5)
— 100
f(t,x+ct) T 0, localement uniformément, pour tout ¢ > ¢*. (1.1.6)
—+00

La vitesse de propagation, ici c*, est si elle existe la plus grande vitesse telle que pour toute vitesse
inférieure la solution dans le repere mobile converge vers 1 en temps grand. De plus, c’est la plus
petite vitesse dont la solution dans le repére mobile converge vers 0. Cette notion est introduite
dans un contexte trés général par [1982]. Dans le cas de I'équation (1.1.3), une transition
entre |'état 1 et I'état O s'effectue donc a vitesse ¢*. Par la suite nous nous focaliserons sur cette
vitesse de propagation, et nous expliquons désormais un moyen asymptotique de la caractériser, via
I"approximation de I'optique géométrique. Cette méthode que nous illustrons sur le cas particulier
de I'équation de Fisher-KPP est tres représentative des techniques asymptotiques développées dans
cette these.

Vitesse de propagation par I'optique géométrique

On introduit un paramétre ¢ > 0 dans I'équation (1.1.3). Le but est de capturer la vitesse de
propagation grace a un changement d'échelle approprié. Pour cela on regarde donc les solutions dans
un nouveau référentiel temps/espace, parfois appelé changement d’échelle hyperbolique :

t x
Lx)—|-,—]. 1.1.7
o) — (%) 1.1.)
Pour des ¢ petits, cela revient a regarder de trés loin une solution de équation (1.1.3) en temps grand.
Le temps et I'espace sont renormalisés de la méme maniere, ce qui a du sens car dans les résultats
(1.1.5) et (1.1.6), x et t doivent &tre du méme ordre. Alors (1.1.3) devient, avec un léger abus de
notations :

€0s fe(t, x) = szAfg(t,x) + fe(t, x)(1 — fe(t, x)). (1.1.8)
Formellement, en laissant ¢ — 0 dans la précédente équation, on voit que fy := lin%fg doit
&—r

nécessairement étre un des deux états stationnaires, 1 ou 0, car les termes différentiels disparaissent.
De plus, toujours formellement, on retrouve cette convergence si on pense en terme de fronts,

[ ]. En effet, avec la notation de I'équation (I.1.2), on a pour les solutions particuliéres de type
onde progressive :

x —ct
€

fe(t,x) =F (

> — 1r- (x — ct).
e—0



Dans les deux cas, si on retrouve bien les deux états stationnaires, comme attendu, la vitesse de
propagation n'apparait pas. En revanche, on constate que f; peut devenir singulier. En suivant
I'idée de [ |; [ |; [ ], on effectue alors la
transformation de Hopf-Cole suivante :

felt, x) = exp (—us(tx)> : (1.1.9)

s

On peut la justifier de plusieurs maniéres différentes. A posteriori, il s'avere que c’est la bonne échelle
pour regarder I'équation (1.1.8). A priori, on peut remarquer que si on regarde la méme équation sans
le terme de réaction, on retrouve |'équation de la chaleur dont la solution fondamentale prend la
forme (1.1.9). Tout ce qu'on expliquera pour la suite s'appliquera d'ailleurs a cette équation. On peut
ajouter que dans I'approche "classique" de I'équation de Fisher-KPP, les fronts, qui sont solutions
d'une EDQ, sont cherchés sous forme exponentielle pour le probléeme linéarisé. En injectant |I'ansatz
(1.1.9) dans I'équation (1.1.8), et en divisant par f, on obtient :

it (t, x) + |9xue (£, x)|* +1— fu(t, x) = 0. (1.1.10)

Sur cette équation en apparence plus compliquée que l'initiale, on peut en fait rigoureusement passer
a la limite quand € — 0. Cela est possible grace a la théorie des solutions de viscosité (

[ l; [ l; [ ]). On obtient que u, converge localement
uniformément vers ug, définie comme I'unique solution de I'équation de Hamilton Jacobi contrainte
suivante :

min (atug(t,x) + |9xuo(t, %) 2 + 1,u0(t,x)) = 0. (1.1.11)

Gréace a la structure des équations de Hamilton Jacobi, il existe une formule de représentation pour
Uy aux points de positivité :

2
ug(t, x) :yigﬂg{W—t+uo(O,y)}. (1.1.12)
Grace a ug on peut retrouver des informations a propos de la propagation de f,

[ |; [ |; [ |. La dichotomie entre 1 et O les deux
états stationnaires de (I.1.3) est remplacée gréce a la transformation de Hopf-Cole (I.1.9) en une
discussion sur le signe de u,. En effet, quand u, est nulle, f; vaut 1, et dés que ug est positive et
€ petit, f; est trés proche de 0. On essaie de représenter cette dynamique d’interface sur le dessin
suivant, pour la dimension supérieure a 1 :

ue >0
< f€<<]_

FIGURE |.2 : Lien entre le comportement de u; et f; quand € est petit.



Uup

fe <1 fer1 fe<1

FIGURE 1.3 : lllustration du comportement de la solution de I'équation de Hamilton-Jacobi (1.1.10).

Quand ¢ — 0, on s’attend donc a capter le mouvement de la frontiére entre les deux états
stationnaires. C'est en effet le cas, grace a (1.1.12), on peut formellement calculer les lignes de niveau
de up, et les relier a la vitesse de propagation. Le lien entre vg, ug et f; peut étre résumé sur la
figure 1.3. Par la suite nous expliquerons comment généraliser cette approche aux équation non
locales du type (I.1.1).

Vitesse de propagation dans le cas non local

La nature de I'équation (1.1.1) est complétement différente de celle de (1.1.3). Néanmoins leurs
comportements respectifs de propagation peuvent étre similaires ou non, selon la taille de la queue
de distribution du noyau J. Il a été prouvé dans les travaux de [ 1.

[2005] que les solutions de (I.1.1) se propagent a vitesse constante comme les solutions de
I’équation de Fisher-KPP, a condition que le noyau soit exponentiellement borné, on parle également
de noyau a queue de distribution légére. Cette hypotheése sur | signifie que

3 > 0 tel que / T(h) exp(ih) dh < +-co. (1.1.13)
R

Nous nous intéresserons plutdt au cas ol le noyau de dispersion | est exponentiellement non borné
i.e. "a queue lourde, c'est a dire que la condition (1.1.13) n'est pas vérifiée. Dans ce cas il n'existe

pas de solution de type front progressif [ ], et des études numériques ont mis en lumiére
que les solutions se propageaient a une vitesse infinie [ |B [ ]. Ces
résultats ont été rendus rigoureux par [ | pour le probléme de Cauchy associé a (1.1.1)

avec un noyau de diffusion a queue lourde. Plus précisément I'auteur a démontré qu'il fallait suivre
les lignes de niveau de la solution f, pour A € (0,1)

Ex(t) = {x €R: f(£,x) = A}. (1.1.14)

Il a alors montré qu'il était possible de mesurer I'accélération des solutions. Il y est prouvé qu'il
existe une constante p > 1 telle que pour tout A € (0,1) et pour tout ¢ > 0, tout élément x, de
I'ensemble E, vérifie a € > 0 et t suffisamment grand :

L (e—ﬁ—eﬂ) <) < e . (1.1.15)
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Ce résultat est également a mettre en parallele avec les résultats de [ |. Les
auteurs montrent que les solutions de I'équation de Fisher-KPP partant d'une donnée initiale a
queue lourde ont une vitesse de propagation infinie. Les méthodes de preuve de [ | se
rapprochent de celles de Hamel et Roques : dans le cas de [ | la donnée initiale a support
compact devient exponentiellement non bornée (comme J) en temps court, et ressemble alors a la
donnée initiale exponentiellement non bornée couplée a la diffusion de [ |
Le premier résultat de cette these est d'établir des bornes plus précises que celles de

[ ]. On suppose que f est solution de (I.1.1), avec | a queue lourde, et quelques conditions de
décroissance sur la queue de distribution, qu'on peut écrire grossierement quand |x| est grand :

(1.1.16)

K=

exp(—x) SJ(x) S
On démontre alors le résultat suivant :

Théoréme 1 (Bouin, Garnier, Henderson, Patout, 2018).
Tout élément x, d’une ligne de niveau de (1.1.1) définie par (1.1.14), vérifient, pour tout t > 0, et
O< A<

XA ()] =T (e7") + 010 (]‘1 (e‘*)) (1.1.17)

Ce résultat est plus précis que les précédentes estimations de [ ]

Un des objectifs de cette thése a été de relier ce résultat de propagation a une équation de
Hamilton Jacobi sous-jacente, en utilisant les techniques d'optique géométrique présentées plus haut,
introduites par [ |; [1989]. Cela a déja été fait dans le cadre d'un
noyau exponentiellement borné, voir [ |

Une premiére étape est de proposer un re-scaling adéquat de I'équation (1.1.1), afin de définir
correctement f.. Grace aux estimations de Garnier (1.1.15), et au Théoréme 1, n'importe quel point
x d'une ligne de niveau doit vérifier quand f est grand

J(x) ~eh. (1.1.18)

On s'intéresse au comportement en temps long donc on accélére le temps : é Alors on cherche 1 le
changement de variable, qui doit donc d'aprés ce qui précéde nécessairement vérifier
1
€

J(e(x)) ~ et ~ (e7)° ~ J(2)5.

Pour que cela continue a étre vrai le long des lignes de niveau cela impose

=

(x,t) — (lpe(x),i> , tpe(x) == sign(x)] ! (](x)%) . (1.1.19)
Alors, fe = f(e(x),t/€) vérifie

€0t fe = /O;Kh) {fs <t11/’s_1 (e(x) _h)> _fs} dh + fe(1—fe) sur (0,00) X R,

fe(0,x) = £(0, ¢e(|x])), pour x € R.

Alors on démontre le résultat suivant sur u, := —eln f, la transformée logarithmique introduite en
(1.1.9) :

(1.1.20)
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Théoréme 2 (Bouin, Garnier, Henderson, Patout, 2018).
Si f(0,x) est a support compact, et le noyau | vérifie des hypotheses techniques du type (1.1.16),
alors quand ¢ — 0, la suite u, converge localement uniformément sur (0,00) x R vers

up(t, x) := max{—1log(J(x)) —t,0},
De plus, cela induit le résultat de propagation asymptotique suivant sur fe :
(a) Uniformément sur tous les compacts de {ug > 0}, on a

e—0
(b) Pour tout sous ensemble compact K C Int ({uo(t,x) =0}), on a
li t,x) =1
81—1;18 fS( 7 x) 7
la limite étant uniforme sur K.

Grace a la formule explicite sur up, on peut calculer la frontiere de {u(t,x) =0} : |x| =
J Y(exp(—t)). Ainsi quand ¢ — 0, fo ~ 1 si et seulement si |x| < J~!(exp(—t)). On retrouve
donc la formulation "réaction diffusion" du théoréme 1, grace aux méthodes d'optique géométrique,
résumées sur la figure 1.3 et la figure |.2.

La méthode de preuve usuelle des théorémes similaires au théoréme 2 dans

[ l; [ | suivaient le plan de la "procédure des semis limites relaxées"
(Viscosity semi relaxed procedure, introduite par [ ; | voir aussi
[ |; [ |; [ ] ). Quitte a simplifier 3 I'extréme, les étapes

de preuve sont les suivantes :

> On prouve d'abord que u, est localement uniformément bornée (temps, espace).

> On définit
u(t, x) := liminf u.(s,y), u(t,x) ;= limsup u.(s,y),
e—0 e—0
(s,y)—(t,x) (s,y)—(tx)

et on démontre grace a I'équation sur f; que ce sont des sur et sous solutions.
> Par comparaison discontinue : & < u.

> Par construction, l'inverse est vraie u < u. Ainsi, on définit u :=u = u. Alors u est I'unique
solution aux sens des viscosités de I'équation limite, et u, — u quand ¢ — 0.

Dans notre cas, nous n'avons pas pu appliquer cette méthodologie. Tout d'abord, les sur et sous
solutions établies par [ | n'étaient pas compatibles avec le re-scaling ¢, et ne permettaient
pas d’avoir des estimations suffisantes sur f.. Une raison est que |'opérateur de diffusion non local
J * f — f ne possede pas de noyau explicite i.e. de fonction p vérifiant dyp = ] * p — p. On peut
néanmoins noter des estimations de [ ] qui ne sont pas suffisantes pour
caractériser I'accélération. Dans le cas de la diffusion, le noyau de la chaleur est bien connu, et
fournit des estimations précises pouvant étre utilisées pour étudier la propagation dans I'équation de
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Fisher-KPP. Il existe également un noyau de la chaleur pour les solutions de I'équation non locale
suivante utilisant le Laplacien fractionnaire, voir par exemple [ ] :

of = —(=AN)f+f(1- ), (11.21)
ou l'opérateur fractionnaire est défini par

)f(t,x):—/Rf(t’Hh)Jrf(t’x_h)_2f(t’x) .

h1+a

NIR

(—A

Cabré et Roquejoffre ont obtenu des résultats de propagation précis sur le comportement des lignes
de niveau de ces solutions, [ ]. En particulier ils montrent que la vitesse de
propagation de la solution de (1.1.21) associée a une donnée initiale bien préparée est exp(t/(1+w)).
Il'y a donc également accélération pour cette équation. Dans [ ], les
auteures s'inspirent des sur et sous solutions de Cabré et Roquejoffre pour caractériser I'accélération.
Nous avons voulu faire la méme chose dans le cadre du théoréme 2. Néanmoins, ne disposant pas
d'estimations telles que celles de Cabré et Roquejoffre pour des noyaux a queue lourdes plus généraux
que le Laplacien fractionnaire (mais également plus réguliers), nous avons établi une estimation plus
précise qu'auparavant sur les solutions de (1.1.1) :

Théoréme 3 (Bouin, Garnier, Henderson, Patout, 2018).

Il existe une fonction positive 0, définie de R™ vers R™, qui dépend seulement de |, telle que
0(s) — 0 quand s — +oo, et des constantes positives C < 1 < C, telles que pour tout t > 0 et
x € R, la fonction f solution de (1.1.1) vérifie

t

Cexp <— /OtG(s) ds> (¢, %) < f(t, x) < Cexp </0 9(5)ds> (1, %),

ou la fonction ¢ est définie comme

Pt x) =
T 14e /] (x)
Ainsi, le comportement de f est bien approché par les solutions de cette famille d’équations
différentielles :
deg(t, x)

=o(1—¢),
paramétrées par x € IR, et dans laquelle la dispersion n'apparait qu'a I'instant initial. Ceci indique

que ces estimations seront compatibles avec le rescaling f: qui se concentre sur la propagation en
oubliant la forme précise de f quand ¢ est petit.

1.1.2  Modélisation des mutations phénotypiques

Il s’agit désormais de jeter un regard neuf sur |'équation (I.1.1), dont on peut proposer une toute
autre interprétation. On considére désormais que x € IR représente un trait phénotypique, c’est a dire
un caractere quantifiable d'un individu, qui peut étre morphologique, génétique ou comportemental
( [2013]). On considere donc a travers le modeéle (1.1.1) I'évolution d'une population structurée
par son trait, que I'on suppose donc pouvoir représenter par un nombre réel. La source de variation de
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traits dans la population est supposée due aux mutations, modélisées par I'opérateur de convolution
J * f. Les mutations sont des changements du phénotype. Les travaux fondateurs de
[ | ont montré que des mutations aléatoires suffisaient a expliquer I'adaptation d'une
population de bactéries E.coli. Dans le modele (1.1.1) que nous considérons, les mutations sont
justement tirées aléatoirement selon le noyau de mutation |, fixé.
Le but de cette partie est d'expliquer comment trouver une échelle appropriée pour observer I'effet
des mutations dans la population. Cette échelle doit traduire I'hypothése de modélisation que nous
ferons, qui est que les mutations ont un petit effet. Un point de vue asymptotique a été pour la

premiere fois introduit dans ce contexte évolutif par [ ]. De nombreux travaux
existent sur une modélisation locale des mutations, ce qui se traduit par un opérateur diffusif pour
obtenir I'équation de Fisher-KPP (1.1.3), voir [ |; [ ]. lls

utilisent le rescaling hyperbolique (1.1.7) pour étudier I'impact des mutations aux petits effets en
temps long, ce rescaling coincide donc avec celui correspondant a la recherche du front de propagation
de la partie précédente. Le terme de réaction que nous avons utilisé pour illustrer notre propos est
trop simple pour tirer des conclusions biologiques de I'équation (1.1.11), nous expliquerons ce qu'il se
passe avec des modeéles plus complexes (couplés a un effet de la sélection) dans la prochaine section.
En revanche, I'obtention a la limite ¢ — 0 d'une limite non triviale montre que I'asymptotique
considérée a du sens pour mesurer |'effet des mutations.

Si on revient désormais a I'équation non locale (I.1.1), I'analyse asymptotique est différente dans
le modele de mutations comparé au modele de propagation. Ainsi, dés les travaux de
[ |, puis dans les travaux [ l; [ | le changement de
fonction suivant fe := f(t/¢€, x) est introduit. Ainsi il n'y a pas de rescaling de I'espace des traits car
le terme de réaction dépend également de x et on veut juste mesurer le régime des petits effets des
mutations. L’hypothése de départ est que la variance des mutations est de taille €2. On suppose donc
que le noyau de diffusion prend la forme suivante :

J(h) = Je(h) = %] <il> : (11.22)

Cela revient a supposer que les mutations sont distribuées autour d'un trait x selon x + ¢h, avec h
qui suit la loi de densité J. On observe bien un petit effet des mutations via le parameétre ¢.

Cette approche ne donne pas de résultats dans le cas d’un noyau a queue lourde, comme remarqué
en premier dans le cas du Laplacien fractionnaire dans I'article de [ ]. Les
auteures avaient alors introduit le rescaling suivant sur la taille des mutations :

x+|h+1° = 1.
Cette hypothése de petites mutations est présentée dans leur article comme un changement de noyau,
a I'image de I'équation (1.1.22).
De maniére similaire, dans le cas de I'équation (1.1.1), nous avons proposé avec Emeric Bouin,
Jimmy Garnier et Christopher K. Henderson le rescaling suivant des mutations :

X+t (), (1.1.23)

ou . est définie en (1.1.19). L'idée est donc de transformer la taille des mutations d'une maniére
compatible avec le noyau a queue lourde . Or I'étude de propagation liée au Théoréme 2 a mis en
évidence le rdle pertinent de I'échelle "spatiale" 1p(x). Par le changement d'échelle (1.1.23), la taille
des mutations tend bien vers 0 quand ¢ — 0. En effet,

g () =T (J(h)e).
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Sous I'hypothése nécessaire que J(0) = 1, et qu'il s’agit du seul point ot | prend la valeur 1, on a
bien :
-1
Y (h) — 0.
Cet argument utilise fortement la régularité en 0 du noyau | et explique la disparité apparente de
scaling avec celui introduit dans [2015].

Dans la version publiée de ces travaux, [ |, suite a une malencontreuse erreur de
notation, il subsiste une erreur de présentation. Il faut bien lire que le changement de taille se fait
selon 1, comme dans (1.1.23), et non comme . comme nous I’avons écrit a tort, voir (11.1.15).
Par ailleurs les preuves par la suite étaient bien réalisées avec la formule pour 1

L'équation (I.1.23) est également équivalente a un changement de noyau peu esthétique J,. Enfin,
nous remarquons que ce changement d'échelle ne correspond pas a supposer une variance de mutations
de taille €. 1l s'agit de la quantité suivante qui est de taille &, que I'on peut baptiser "twisted variance" :

2 2
/R<1n](X)) ]e(X)dx:gZ/]ROn](x)) J(x) dx.

Cela illustre la différence entre la fréquence et la taille des mutations, toutes deux petites, et que
I'on n'observe pas sur le changement d’'échelle hyperbolique ou pour un noyau a queue légere. La
transformation (1.1.23) conduit a considérer le probléeme suivant sur f;

ifeltx) = [ (filtx =y () = £t ) ) (WD + £(L— £ (1124)

Cette équation est de nature complétement différente que (1.1.20). On a vu que I'opérateur non local
disparait a la limite ¢ — 0 dans (1.1.20). Ceci est le contraire de ce que I'on cherche a caractériser
dans cette partie : le comportement asymptotique de I'opérateur de mutations. Grace a la transformée
de Hopf Cole, on prouve alors le résultat suivant :

Théoreme 4 (Bouin, Garnier, Henderson, Patout, 18).

Soit u, := —eln f,, o fe est solution de (1.1.24), partant d'une donnée initiale suffisamment préparée.
Alors, quand € — 0, la suite (i), converge localement uniformément sur (0, +00) X R vers ug, une
fonction Lipschitz par rapport a x et continue par rapport a t, mais aussi solution de viscosité de :

sign(h) f(h)
min {atuo + / [e O 1} J(h)dh +1, uo} =0, sur(0,+c0) X R,
R (1.1.25)

up(0,-) = u.

Pour établir ce résultat, on peut utiliser la méthode des semis limites relaxées, qui est maintenant
possible, car le noyau (et la donnée initiale) ont été bien conditionnés. On obtient donc une équation
non triviale a la limite pour u,. On peut en déduire des informations sur quels phénotypes sont
réalisés dans la population f grace au résultat suivant, qui va de pair avec le précédent :

Théoréeme 5 (Bouin, Garnier, Henderson, Patout, 18).
Soit fe la solution de (1.1.24), partant d’une donnée initiale suffisamment bien préparée. Alors quand
e—0,

fe — 0 localement uniformément sur A = {(t,x) € (0,00) X R | uo(t, x) > 0},

(1.1.26)
fe — 1 localement uniformément sur B = Int{(t,x) € (0,00) x R | ug(t, x) = 0}.
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Pour de petits €, on s'attend a que f. ~ 1 sur B, donc les individus qui au temps £, ont le phénotype
x dans la population vérifient (t,x) € B. De méme, le trait x au temps f ne sera pas présent dans
la population si (t,x) € A. On en déduit que pour un effet de mutations suffisamment petit, les
ensembles A et I3 déterminent les traits dans la population.

Dans un travail récent, [ |, Sepideh Mirrahimi généralise ce type de résultat pour
le Laplacien fractionnaire a des termes de réaction plus généraux autorisant une hétérogénéité en
espace, au prix d'une notion de solution un peu plus faible que les solutions de viscosité classiques
pour I'équation similaire a (1.1.25).

Les résultats présentés dans cette partie font |'objet de la partie Il et ont été publiés,

[2018].

1.2 MODELES D’EVOLUTION DARWINIENNE

Nous avons discuté de résultats permettant de comprendre I'effet des mutations sur une population
structurée en traits. Nous allons désormais utiliser des méthodes similaires pour coupler cet effet des
mutations a la sélection naturelle afin de modéliser I'évolution. Bien qu'établie au rang de paradigme
grace au travaux de Darwin, [ |, le terme "évolution" n'y apparait pourtant jamais dans
les premiére éditions au profit de I'expression plus terre a terre "descent with modification". Darwin y
introduit le mécanisme et la terminologie de "sélection naturelle", c’est a dire le procédé par lequel
des individus avec un certain trait auront tendance a avoir plus de descendants dans la génération
suivante, comparé a des individus avec un trait différent. Néanmoins la sélection naturelle n'est pas
la méme chose que le phénomeéne d'évolution c'est a dire la transformation d'une espéce au cours du
temps. Pour que la sélection naturelle induise des changements évolutifs, il est nécessaire que les
traits soient transmis d'une génération a l'autre. Si ce n'est pas le cas, la variance phénotypique peut
s'expliquer par exemple par |'environnement et la sélection n'aura pas de conséquences évolutives.
A l'inverse, il est bien établi que les mutations pouvaient changer le paysage phénotypique d'une
population [ |. Dans cette thése, nous avons tout particulierement étudié a
travers des modeles de mathématiques le lien entre différents mode de transmission du patrimoine
génétique et I'adaptation d'une population. Il est tout a fait remarquable que Darwin n'avait pas
d’idées claire sur comment se transmettait le patrimoine génétique. La (re) découverte des travaux de
Mendel sur I'hérédité créa donc un schisme entre biométriciens défendant I'approche de Darwin et des
modeles continus d'une part, et de |'autre les Mendeliens, croyant a des variations (discrétes) petites a
I'échelle allélique, telles que décrites par les expériences de Mendel sur les pois. La synthese fut réalisée
plus tard, notamment par Ronald Fisher [ : ]. Nous nous sommes essentiellement
intéressés dans cette partie de la thése a un modele de Fisher pour la reproduction sexuée, qui a
justement montré grace a des arguments mathématiques qu'un nombre infini de petits changements
alléliques pouvaient mener a une variation continue du phénotype, via son modeéle infinitésimal,

[ |, que I'on notera ici B, et que I'on précisera plus loin, voir (1.2.2). Dans cette partie de la
thése nous étudions alors un modeéle prenant la forme suivante :

Ot fe(t, x) = Be(fe)(t, x) —m(x) fe(t, x). (1.2.1)

Cette équation représente la dynamique de la population soumise aux deux effets antagonistes
impliqués dans la théorie de I'évolution, la création de diversité induite par |'opérateur infinitésimal
B: et la sélection via la mortalité, créée par la fonction de sélection m qui dépend du trait. Pour les
naissances, le modéle que nous considérons est un modele sexué, ce qui signifie qu'un descendant est
créé par la combinaison du patrimoine génétique de deux parents.
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FIGURE 1.4 : Premiére édition de On the Origin of Species, exemplaire de Alfred Wallace (Cambridge University).
De maniére cocasse, Wallace avait barré toutes les occurrences de "natural selection" et les avait
remplacé par "survival of the fittest". Crédit photo et anecdote : VC.

Plus précisément, nous considérerons que chaque événement de naissance dans la population
correspond a un premier parent. Alors, un deuxiéme parent est choisi uniformément dans la population.
Le trait du descendant est alors calculé a partir d’une déviation Gaussienne de la moyenne des traits
des deux parents :

Xpri1l + Xpre2 1
Xoffspring = AL L > il +€N <0,§>

C'est le contenu de la formule suivante définissant I'opérateur infinitésimal :

_ 1 1 ity f(y2)
Be(f)(x) := o //IRZd exp |~ <x — T) f(yl)m dyadys. (1.2.2)
On peut légitimement s'interroger sur la motivation et la pertinence d'étudier un modele de reproduc-
tion sexuée. Un premier constat est que la plupart des organismes eukaryotes se reproduisent de la
sorte, et cela est également vrai pour certaines bactéries. Néanmoins, d'un point de vue écologique,
quels bénéfices peuvent tirer deux individus ayant survécus a mélanger leur génome avec celui d'un
autre ? D’autant plus que viennent se rajouter des "colits" : devoir trouver un partenaire, le risque de
rester seul, et tous les dangers liés potentiellement a la transmission de maladies ou a la prédation
durant la reproduction. Enfin, du point de vue d'un parent, transmettre seulement la moitié de son
patrimoine génétique a ses descendants automatiquement diminue sa fitness effective. Pour pouvoir
répondre a cet apparent paradoxe du "colit du sexe", il faut comprendre finement les mécanismes
biologiques qui gouvernent la reproduction sexuée. lls sont trés complexes, et constituent encore un
vaste sujet de recherche Andersson [1994]. Une tentative d'explication est que la grande variance
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induite par le sexe permet une réponse plus rapide a la sélection [ |. L'étude des phénomeénes

de recombinaison [ I; [ | semble étre primordiale pour fournir une explication.
Nous ne nous interrogerons pas ici sur la pertinence du modele infinitésimal vis a vis de |'évolution,
citons toutefois [ | qui utilise des arguments rigoureux pour dériver le modele

infinitésimal a partir d’'un modele microscopique. De nombreux travaux de biologie utilisent ce modeéle,
\[/Oir] [[];] [[];] | ];[ ][ ]; [2014]

[2017] Les travaux de [2013]; [2017] se concentrent autour d'une
échelle différente de celle définie par (1.2.2), mais toujours pour le modeéle infinitésimal. La variance
est d'ordre un, mais le taux de reproduction est tres importante. Une structure spatiale est ajoutée
dans [ |; [ ] comparée au modéle (1.2.1), et utilisée pour dériver
des équations macroscopiques.

Ce modele de reproduction sexuée contraste avec la plupart des travaux existant qui s'intéressaient a
un mode de reproduction asexué. Les modeles mathématiques pour étudier I'évolution ont d'abord été
tournés vers la théorie des jeux [1974]; [ ; ]. On peut s'attendre
a ce que la population présente une concentration autour de certains traits particuliers favorisés par
la sélection naturelle. Cela se traduit par I'apparition de solutions proches de masses de Dirac dans
un régime de faible variance qui joue le méme réle que le paramétre ¢ dans I'équation (1.2.2). Dans
ce contexte évolutif ce point de vue asymptotique a été introduit pour la premiere fois par Diekmann,
Jabin, Mischler et Perthame [ | pour une population asexuée. De nombreux
travaux se sont engouffrés a sa suite et ont utilisé ces techniques pour différents modeles

[ I; [ li [ |; [ ]. Citons

également [ I; [ | qui ont étudié des états d'équilibre
singuliers apparaissant en temps long. Ces modeles ont été rigoureusement dérivés de modeles
individus-centrés stochastiques par [ ; ]. Le point commun de tous ces

travaux est I'étude d'un mode de reproduction asexué. Rappelons brievement le type de résultats
obtenus dans ce cadre. Tout d'abord, par souci de continuité avec le modele (1.2.1) que nous étudions,
nous supposons que |'équation étudiée est :

edifu(t,z) = 1/Rd] (Z_Z/>fg(t,z’)dz’—m(z)fg(t,z). (12.3)

£ £

Le noyau est bien préparé similairement a (1.1.22), et d’autres termes de réaction peuvent remplacer
celui que nous présentons, voir [ | et les références a I'intérieur. On utilise alors la
transformation logarithmique (1.1.9) :

fe(t,z) := exp (—M> : (1.2.4)

€

On s’attend a ce que f; se concentre comme une masse de Dirac quand € — 0 car il y a peu de

diversité créée. Alors U, permet de mesurer les queues de distributions. La fonction U, vérifie par

définition

Ue(z) — Ue(z — ey)
€

o1l (t,z) = /Rd](y) exp < > dy —m(z). (1.2.5)

Il a été établi, voir [ |, que quand € — 0, les solutions de U, convergent au sens des
viscosités vers U solution de

aillo(t,z) = L(J) (3:Uo(2) ) —m(2), (1.2.6)
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ol L définit la transformée de Laplace du noyau | :

L(N(p) = /Rd](y) exp(py)dy.

On peut montrer formellement que cela fixe la dynamique du trait dominant z, dans la population :

dz.(t)

= = (uo(t,2.)) am(za (1).

On retrouve I'équation "canonique" de la dynamique adaptative, qui stipule que la dynamique
dominante dans une population est le produit de la variance et du gradient de sélection, [ ].
Les travaux effectués lors de cette these contrastent avec le reste de la littérature que nous
avons présenté. Nous nous intéressons au régime dans lequel € est petit et suivons alors les idées de
[ | pour faire une étude asymptotique. Néanmoins |'utilisation de ces méthodes
asymptotiques est une nouveauté dans le cadre de I'opérateur ;. Il est non linéaire, non monotone
et n'admet pas de principes de comparaison, ainsi les outils présentés plus haut dans le cas de la
reproduction asexuée ne s'appliquent pas. Dés lors nous n’en retenons que les idées. Nous expliquons
par la suite comment la structure de I'opérateur infinitésimal nous aide a comble le vide laissé par
I'absence de méthodes précises.
Nous nous sommes appliqués a démontrer plusieurs choses vis a vis du modele (1.2.1) :

V L'existence de solution particuliéres de la forme exp(A¢t)F(x), que nous appellerons souvent
"solutions stationnaires", malgré qu'elles proviennent plutét d'une étude spectrale de (1.2.1).

V L'étude du probleme de Cauchy lié a I'équation (1.2.1).

1.2.1 Solutions stationnaires

On étudie ici le probléeme suivant :
AeFe(z) = Be(F)(z) — m(2)Fe(z), ze€R% (1.2.7)

La premiére étape est d'identifier le probléme limite quand ¢ — 0. Faire tendre naivement le paramétre
e vers 0 dans (1.2.1) donne un résultat singulier. Pour comprendre la concentration de F;, on effectue
donc la transformation logarithmique suivante

E(z) = exp (— “;§Z>) .

La fonction U, permet de comprendre les queues de distributions de la distribution F;. Le choix de
I'échelle est différent de la précédente transformation (1.2.4), elle provient de la nature de I'opérateur
infinitésimal. On peut le justifier a priori ainsi : en I'absence de sélection, les gaussiennes de variance
€% laissent invariantes |'opérateur B,. Plus précisément, pour tout zg, la famille de solution

o 1 _(2—20)2
G (zn)é’sdeXp< 222 )

vérifie

B.(Ge) = G..
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On s'attend donc a ce que I'ajout de la fonction de sélection m permette de déterminer la moyenne
de ces gaussiennes, et que le profil F; ne soit pas trop éloigné d'un profil Gaussien quand ¢ est
petit. L'analyse formelle que nous présentons permet de retrouver ces deux résultats, elle est |'ceuvre
de [ ]. Pour cela, cherchons des solutions (A, U;) sous forme de développements
successifs en puissance de ¢ :

Ue(z) := Up(z) + Uy (z) + o(€?), (1.2.8)
Ae = Ag + €2A1 +o(€?). (1.2.9)

C'est une hypotheése forte sur la structure des solutions de (1.2.7), mais nous verrons que contrairement
au cas asexué, il est obligatoire de garder le premier terme correctif pour déterminer le profil U;. De
plus, remarquons que les solutions de (1.2.7) sont déterminées a une constant multiplicative pres,
donc U, sera défini a une constante additive pres. En divisant par F. I'équation (1.2.7), et en injectant
le contenu de (1.2.8), on obtient le probléme suivant pour Uy et Uy, en négligeant les contributions
d'ordre supérieur :

Ao+ m(z) =

//ex _l Z_Zl—l-Zz
R2 p 82 2

2
> + UO(Z1) + U()(Zz) — UO(Z) — U (Z]) — U (22) + U; (Z)>d21d22

s\/E/]Rexp <_LI0£(22’) — lll(z’)> dz’

(1.2.10)

Pour que I'équation a la limite ¢ — 0 ne soit ni singuliere ni triviale, il est nécessaire que le quotient
d'intégrale ait une limite finie, afin d'étre du méme ordre que le terme de gauche de (1.2.10). On
s'attend a ce que ces intégrales se concentrent autour d’'un minimum par le principe de Laplace, donc
par souci de clarté on soustrait min U de part et d’autres de la fraction :

//2 Ee(z1,22,2)dz1dzy
R . 1.2.11
~Up(z') —minlp ( )

Ao +m(z) = Sﬁ/]ReXp < > U1(z’)> i’

avec

Ee(z1,22,2) =

ex 1 ,Z—ZH_Zz
P &2 2

Pour que l'intégrale de E, dans (1.2.11) ne soit ni O ni singuliére, il est nécessaire que Uy soit solution
de I'identité suivante, pour tout z € R :

2
> + Up(z1) + Up(z2) — Up(z) —min Uy | — Uy(z1) — Up(z2) + U1(2)> .

inf [(z _ A +Zz>2 + Up(z1) + Up(z2) — Up(z) —min Uy | = 0. (1.2.12)

(Zl,Zz) €R? 2

Par des arguments d'analyse convexe, on montre alors que seuls les polynémes de degré deux sont
solutions de cette formule. On choisit donc d'écrire les solutions sous la forme générique suivant, ou
z;y est a priori inconnu :

2

UO(Z) = (2_226)
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Ainsi, a I'ordre principal, les gaussiennes avec une variance €2

sont une premiere approximation de la
solution. On retrouve que sans sélection, les gaussiennes laissent invariantes |'opérateur infinitésimal.
Néanmoins seule la sélection permettra de déterminer la moyenne de la gaussienne z;. L'équation sur
U5 fera elle intervenir la sélection. Ainsi, dans le régime de petite variance pour |'opérateur infinitésimal,
la reproduction est dominante. Le terme Uj peut donc s'interpréter comme une correction au premier

ordre des gaussiennes, induite par la sélection.

Etude du correcteur

Maintenant que nous avons déterminé la premiére approximation de la solution U, de (1.2.7), nous
pouvons déterminer quelle équation est vérifiée par le correcteur Uy. La dérivation de cette équation
n'étant pas triviale, nous la détaillons ici. Il va s'agir de comprendre comment et en quel point les
intégrales de (1.2.10) se concentrent. Nous illustrons ceci par I'exemple simple du dénominateur de
(1.2.10).

E\F/exp< 2_8226)2) exp (—Lll(z) dz’ \F/exp< 2)exp (—Ul(zg—i—sy'))dz’,
— V2exp ( - Ul(z’é)>. (1.2.13)

e—0

Nous pouvons faire de méme pour le numérateur, mais le calcul est Iégérement plus compliqué car
I'intégrale est double, et il est moins clair quel est le point autour duquel I'intégrale se concentre,
tandis que pour le dénominateur il était transparent : zj. Déterminer ce point équivaut a résoudre
I'équation suivante :

2 _ %\2
argmin (z _ 21‘2"ZZ> + Uop(z1) + Up(z2) — Up(z) —minUy| =0, avec Up(z) = (22‘20).
(Zl,Zz)EIRZ

(1.2.14)

On se souvient que le minimum est O par définition de Uy, voir (1.2.12). Un calcul direct de (1.2.14)
montre que le minimum est atteint au point

z +z;
—

On effectue alors un changement de variable affine pour se recentrer autour du point de minimum :

(z,zZ) avecz:=

71 =2zZ+¢€y1, 2z =2z+&Ys.

Alors I'opérateur que I'on minimise se retrouve réduit a la forme quadratique Q suivante

2
z1+z . 3
(2= 252+ Un(en) + Un(zz) — Uo(e) — minl | = 5oy + 302 +38) 1= Qo ).

Ceci constitue le résidu de I'opérateur infinitésimal a cette échelle. Finalement, le numérateur se
concentre ainsi :

<\/15> //]Rz exp (—Q(y1,¥2) — Ur(Z +ey1) — Ui (z + ey2) + Uh(2)) dyady,

— fexP( 2Uy(z) + Un(z ))

e—0
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Cela nous permet de conclure sur la nature du probleme vérifié par U; en combinant ce calcul avec
(1.2.13) :

Ao +m(z) = exp (Ul(zé) — 2L (2) +U1(z)>. (1.2.15)

Cette équation non locale est véritablement la signature de I'opérateur infinitésimal dans la limite de
petite variance ¢ — 0. On y remarque I'occurrence de deux points caractéristiques au dela du point
courant z. Le centre de la premiere approximation Gaussienne z; autour duquel va se concentrer la
solution apparait, ainsi que zZ le point moitié entre cet optimum et z.

Mathématiquement, nous pouvons déduire des informations quantitatives de I'équation (1.2.15), et
méme déterminer z;. En évaluant en z; et en dérivant puis en évaluant en z; on obtient les relations
suivantes :

Ao+m(zf) =1,

1.2.16
m'(zg) = 0. ( )

Ces conditions nécessaires caractérisent Ag et z;. La premiére traduit I'équilibre phénotypique a cette
échelle entre la mortalité a I'optimum, le taux de croissance et le taux de naissance. La seconde
indique que nécessairement les gaussiennes doivent étre centrées autour d'un point critique de la
fonction de sélection. A priori, comme indiqué par (1.2.16) on peut construire une solution autour de
chaque point critique de m, avec une condition d'écartement des minima. Notre méthode de preuve
nous garantira que c'est bien le cas.

Cette équation limite contraste fortement avec le reste de la littérature pour une reproduction
sexuée, [ | par exemple, qui obtiennent une équation de type Hamilton-Jacobi a la
limite voir équation (1.2.6), similairement a (I.1.11). La structure riche de ce type d’'équation leur
permet alors de déduire des informations qualitatives et quantitatives comparables a (1.2.16), d'une
maniére qui n'est pas possible dans notre cas.

Résultats théoriques de convergence

Cette thése a rendu ces résultats formels rigoureux. Il faut noter qu’on peut rajouter toute partie
affine a une solution U; de (1.2.15). Nous travaillerons dans des espaces fonctionnels mesurant les
dérivées (jusqu'a I'ordre 3) et qui ne voient donc pas les fonctions affines. De plus, les solutions de
(1.2.15) ont une formulation explicite :

—+00
Uy (z5 + ) = yoh + Y 2¥log (/\0 +m (275 (25 + h))), ~o indéterminé. (1.2.17)
k=0

Les conditions nécessaires déduites du probléme initial (1.2.16) sont suffisantes pour que cette série
soit convergente, associées a des hypothéses peu contraignantes sur la fonction m. lci, la constante
Yo peut étre choisie quelconque, mais le probleme de départ pour € > 0 n'est, lui, pas transparent
vis a vis des fonctions affines. On va donc chercher a construire des solutions

Ue(z) := Up(z) + 27e(z — z8) + 2Vie(2).

On espere que la fonction U; correspondant a I'analyse formelle est une bonne approximation. La
convergence rigoureuse de V; et 7, a été démontrée dans [ ], on se reportera a la

22



partie Ill. Nous rappelons brievement les étapes clés. Tout d'abord, il existe une fonctionnelle I,
résidu de I'opérateur infinitésimal telle que I'équation sur V. s'écrive :

Ao +m(z) = L(Ve) (2) exp (Ve(zh) = 2Ve(2) + Vi(2) ). (1.2.18)

Les estimations de I, sont cruciales, puisqu’elles font le lien entre le probleme a € > 0 et le probléme
pour ¢ =0 (1.2.15). Si on maitrise les dérivées de V -en réalité des estimations Lipschitz suffisent-
on peut alors montrer que

Ig(%) H”oo 1.

e —0

Ceci explicite le lien avec I'équation (1.2.15). Nous n'écrivons pas la forme précise de I, mais elle
peut se lire sur le terme intégral de (1.2.10), voir la partie |l pour plus de détails. Les paramétres A,
et v, peuvent s'exprimer comme des fonctions de V;. On montre alors le théoréme suivant, :

Théoreme 6 (Calvez, Garnier, Patout, 19).

(i) Il existe g9 > 0 tel que pour tout & < €, il existe une unique solution Ve a (1.2.18) sur une
petite boule d’'un espace fonctionnel £ .

(ii) La famille (A¢, e, Ve)e converge quand € — 0, vers

A =1,
Ui (z) = v0(z — z5) + Vo(z),

avec

8§m(zg) ok —k
Y0 =55—Fd=1)et V=) 2%log (Ao +m(27"(z5 +h)) ).
202m(zf) kg) ( ( 0 )>

Ve — Vi converge localement uniformément pour la premiére et seconde dérivée.

Pour la preuve, on reformule (1.2.18) comme solution d'un point fixe qui utilise une généralisation
de la solutions sous forme de série du type (1.2.17).

?{e(xQ) ::‘é-

Des estimations fines de la fonctionnelle H, via de I'analyse perturbative en & permettent d’établir
un résultat de contraction ressemblant a

[ He (Vi) — He(Va)]| < (K+O(s)) Vi —Vallg, x<1. (1.2.19)

L'espace & contrble la norme L® de trois dérivées de fonctions, agrémentées d'un poids pour les
dérivées seconde et troisieme. Cela découle de la quéte d'une contraction dans |'équation (1.2.19).
Pour la convergence ¢ — 0, on réutilise la formulation de point fixe, car les boules de notre espace
fonctionnel ne sont pas compactes pour pouvoir en extraire une sous suite convergente. Ce théoréme
permet de construire une solution autour d'un minimum (et méme maximum) local de m. Cela
répond par la négative a I'unicité des solutions dans le cas ou la fonction de sélection m admet
plusieurs minima locaux (défaut de convexité). Néanmoins, la condition de positivité du terme dans
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la série définie par I'équation (1.2.17) impose la condition suivante sur les minima locaux z; autour
desquels on peut construire une solution par notre procédure :

m(zg) < 14 minm.

Remarquons que la limite de 7. n’étant pas déterminée par I'analyse formelle, il aurait donc fallu a
priori pour la fixer calculer un approximation a un ordre supplémentaire en &, mais cela n'est pas le
cas, on arrive a exprimer 7y, en fonction de V; et a rendre cela stable a la limite € — 0.

L'étude de ces solutions stationnaires fait I'objet de la partie I, et a été publié,

[2019].
1.2.2 Etude du probléme de Cauchy

On se consacre désormais au probléme compagnon de I'existence de solutions stationnaire, a savoir
le comportement quand ¢ est petit du systéme de Cauchy associée a I'équation (1.2.1) :

fe(0,2) = f2(2).
On a vu auparavant qu'il existait des solutions spéciales qui étaient des perturbations de Gaussiennes.

La stratégie pour étudier ce probléme est donc de chercher des solutions qui vont rester proches des
Gaussiennes pour tout temps. On introduit donc la transformation suivante :

exp (/\(t) C(z—z(t)? Vg(t,z>) _

2 2¢2

f£<t/2) =

En injectant dans (1.2.20), on obtient I'équation suivante :

—,Vi(t,2) + A() + (z— 2.2 +m(z) = L(V.)(t,2) exp (VE(t,z) —2Vi(1,2) + Vil z*)>.

Cette fois ci, il n'est plus possible de reformuler la solution sous forme de point fixe, la structure du
probléme étant perturbée par le terme de dérivée en temps. Ce terme disparait formellement pour
e = 0, ce qui donne lieu a un probleme de type limite singuliére pour passer a la la limite e — 0. En
revanche, c’est un gain considérable de facilité pour I'analyse du probléme ¢ — 0. En particulier on
retrouve les relations suivantes, en évaluant en z, puis en dérivant et évaluant en z, puis en laissant
e—0:

At) +m(z.(t)) =1,

(1.2.21)
2.(t) + 9:m(z, (1)) = 0.

De maniére similaire a I'étude stationnaire, la premiére équation traduit I'équilibre phénotypique a
cette échelle. La deuxieme équation s'interpréte comme I'équation "canonique" de la dynamique
adaptative liant variance dans la population et le gradient de sélection. Comme nous I'avons vu, le
modele infinitésimal prescrit la variance des solutions a I'ordre principal (¢2, mais unitaire ici, aprés
changement d'échelle), et donc cette équation "canonique" nous permet de déterminer le centre des
gaussiennes z*. On définit alors une fonction de sélection "translatée" autour de z*

[(tz):=14m(z) —m(z.(t)) — 9zm(z«(t)(z — 2 (t)).
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Ceci permet de retrouver formellement a € = 0 le probleme suivant :
I'(t,z) =exp (Vo(t,z) =2V (t,2(t)) + Vo(z«(1))) . (1.2.22)

Ce probléme est |'exact analogue de celui trouvé dans le cas stationnaire (1.2.15). La croissance et
sélection s'équilibrent dans le terme de gauche, la somme est égale au méme opérateur non local

provenant de |'opérateur infinitésimal ou apparaissent le point courant z, |I'optimum gaussien z, et le

point milieu %(z + z,). On s’attend que V soit qualitativement proche de Vj pour de petits €. On

démontre alors le résultat suivant :

Théoréeme 7 (Patout, 19).
Dans un certain espace fonctionnel F, on suppose qu'il existe une constante gy et une constante C
telles que pour tout € < €y, on parte initialement proche de Uy la solution de I'équation (1.2.22) :

IU:(0,-) = Uo (0, ) || = < Coe®.

Alors, ce contréle reste vrai uniformément en temps pour € < €y, au prix d'une autre constante Ky
qui ne dépend que des conditions initiales :

sup ||U£(t, ) — UOH]_— g K0€2.
teR

Pour montrer ce résultat, on utilise des arguments d'analyse perturbative, visant a3 montrer que la
perturbation R, est uniformément bornée :

U, := Uy + €°R,.
Formellement, R; est solution du probléme linéarisé suivant :
PR (1,2) = T(t,2) (Re(t,2) = 2R (t,2(1)) + Relt, z*(t))>.

Il se trouve qu’on connait les valeurs propres et les vecteurs propres duaux de cette équation :

W

eigenvalues : 0 0 —% —

50

*

Dual eigenvector : || 3, () 5;*0) (5(22

—~

t)

On s’apercoit que les deux premiéres valeurs propres nulles correspondent aux fonctions affines. Le
reste du spectre est négatif, donc nous décomposons R; en séparant les fonctions affines :

Re(t,z) = pe +q:()(z — 2. (1)) + Wel(t, 2).

On s'attend a ce que W, soit bornée, puisque les valeurs propres correspondant sont strictement
négatives. On s'attend méme a ce que W, suive une décroissance exponentielle. En revanche, la
dynamique est complétement différente pour la partie affine. On peut montrer que g; est solution de
I’équation suivante a la limite ¢ — 0 :

7 (6) = ~Em(z. ()" (0) + 22O g5z, (1))0m(z. 1)
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Ainsi, pour que g reste uniformément borné, il est nécessaire que le signe de d2m(z.(t)) soit positif
asymptotiquement. On fera les hypothéses suffisantes sur m et z*(0) pour que ce soit le cas, sinon le
théoreme 7 est en défaut. On imagine de plus que g a une dynamique lente en temps, correspondant
a la deuxiéme valeur propre nulle.

Enfin pour étre clair, nos résultats ne nous permettent pas de déterminer la convergence en temps
long de U, vers le profil stationnaire de la partie précédente. Néanmoins, toutes nos estimations sont
uniformes en temps, et la limite formelle en temps long de chacune des quantités est compatible avec
la solution du probléme stationnaire. L'étude de ce probléme de Cauchy fait I'objet de la partie 1V, et
a été soumis pour publication.

1.3 LIGNEES PHENOTYPIQUES

L'étude de la réponse phénotypique d'une population 3 un changement d'environnement est un

théme saisi par la communauté scientifique : [2006]; [2011]. Le but du
modele que nous allons présenter est de prendre en compte des traits quantitatifs en présence de
mutation, sélection et variation environnementale, voir par exemple [ ].

Plus précisément, nous supposons que la sélection favorise un unique trait, et que ce trait change
linéairement au cours du temps. On peut vouloir chercher a savoir quelle est la vitesse critique
de I'environnement pour que la population s'adapte, le lien avec la variance phénotypique dans la
population, et le taux de croissance par exemple. Des travaux préliminaires existent déja e.g.

[ |. Leur analyse est néanmoins limitée au cas ou toutes les distributions sont des
gaussiennes. Dans le modeéle que nous présentons, qui est I'ceuvre de [ ], aucune
supposition n'est faite a priori sur la forme de la distribution. Des travaux récents dans ce sens
existent, sans changement d'environnement, citons [ | pour le cas d'une
population pouvant migrer entre deux habitats, ou [ | pour un modeéle ou la
population est structurée en valeur sélective ou taux de croissance par individu..

Un léger changement du modele présenté dans la partie précédente permet de prendre en compte
ces facteurs environnementaux, et nous étudierons ici I'équation ,

Ot fe(t,x) — ce0fe(t, z) = Be(fe)(t, x) — m(x) fe(t, x). (1.3.1)

On a seulement rajouté un terme de transport décrivant |'évolution a vitesse constante c, de
I’environnement et donc de I'optimum phénotypique. Précisons que dans cette section nous englobons
deux modes de reproduction via B, I'opérateur infinitésimal (1.2.2) pour la reproduction sexuée d'une
part, et de I'autre la reproduction asexuée via un terme de convolution modélisant les mutations :

1 x—x n o
B.(F)(x) = f/ K < ) F(x')dx’, (13.2)
e Jr €

Une analyse formelle de I'équation (1.3.1) a été conduite dans [ ] dans le régime de
petite variance. Les auteurs montrent formellement comment déduire des informations quantitatives
a partir du probléme limite ¢ = 0. En particulier, ils montrent que I'environnement ne doit pas
varier trop vite pour que la population puisse s'adapter, et proposent un échelle en e*C pour la
vitesse de changement d’environnement, avec & € {1,2} selon le mode de reproduction. Pour le
cas sexué il s'agit essentiellement des équilibres explicités précédemment, tandis que pour le cas
asexué, les auteurs reprennent la méthodologie "classique" de [ |;

[ | qui s’adapte bien quand on rajoute un terme de transport puisque par exemple le Hamiltonien
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associé reste convexe. Notons bien que la preuve de convergence présentée précédemment pour le
cas du modeéle infinitésimal ne se généralise pas pour (1.3.1), le terme de transport ne permet pas de
démontrer I'existence d'un point fixe pour le cas stationnaire par exemple.

Dans cette thése nous nous sommes intéressés a la dynamique interne de ces états d'équilibre, pour
les deux modes de reproduction. Tout d'abord nous avons lancé des simulations numériques a partir
d’un modele individu centré lié a I'équation, voir [ |. En gardant en mémoire
les lignées phénotypiques des individus, c’est a dire I'histoire des traits des parents de chaque individu
au cours du temps dans la population, on peut regarder la contribution de chaque trait a I'équilibre de
la population. En particulier dans le cas du modeéle asexué, on observe que la survie de la population
est possible grace aux quelques individus fondateurs qui ont le trait optimal vis a vis de la sélection.
Ce résultat est paradoxal car la persistance de la population dépend de quelques individus "rares", on
se reportera a la figure V.10, ou bien figure V.5 pour une représentation schématique.

Nous expliquons a la partie V de nombreuses heuristiques pour se convaincre de ce résultat, ainsi
que des pistes mathématiques pour prouver ce résultat de maniéere rigoureuse. Ainsi, nous proposons
des modeles permettant d’'avoir de I'information sur une lignée compléte au cours du temps dans le

régime ¢ = 0, grace a la structure Hamilton-Jacobi, en s’inspirant de [ ]
Nous étudions également ces lignées avec le point de vues des fractions neutres, voir
[ ]. On y trouvera également les résultats des simulations numériques que nous avons évoquées.

Pour le modele infinitésimal, il est intéressant de remarquer que nous observons la dynamique
contraire du modeéle asexué vis vis de |'origine des ancétres. La variance de la population est amenée
par tous les individus qui sont au trait dominant. Néanmoins il faut noter que dans ce cadre de
reproduction avec deux parents, définir une lignée est plus difficile parmi I'arbre généalogique entier.
Nous proposerons enfin des simulations numériques pour un autre mode de reproduction sexuée,
basée sur le mécanisme de la méiose. Le modéle prend la forme suivante dans le régime stationnaire :

—0C-VF(x,y)+ ()L + m(x,y)>F(x,y) =

//F(x, 1y/)dx/dy/ (/ Ko (x — x/)F(x/,y‘r)dx/dy*) (/ Ko(y—]//)l:(x+,y/)dx+dy’> '

(1.3.3)

Ici, x et y désignent la valeur prise par un allele sur chacun des chromosomes d'un individu,
respectivement maternels et paternels. La fonction de sélection m agit sur une combinaison de ces
alleles, qu'on peut voir comme le trait ou la fitness exprimée. Des recombinaisons peuvent étre
ajoutées a la modélisation, ce qui correspondrait a I'étude de plusieurs loci, [ l;

[ |. Nous expliquons brievement comment réaliser une analyse asymptotique de petite variance
o — 0 pour obtenir une équation de Hamilton-Jacobi. Nous essayons ensuite de donner un sens aux
lignées alléliques dans ce cas |3, et justifions nos résultats par des calculs exacts (gaussiens) sur un
modeéle jouet correspondant au modeéle équivalent a (1.3.3) pour des temps discrets.

1.4 PERSPECTIVES

L'étude de la transmission génétique pour les populations sexuées est complexe. Ceci améne naturel-
lement a considérer d'autres modeles que le modeéle infinitésimal. Un apport de cette thése a été de
montrer la robustesse des méthodes basées sur I'analyse asymptotique "petite variance" qu’on peut
espérer appliquer a d'autres modeéles :
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> Un premier pas serait d'envisager ce qu'il se passe si on n'impose plus la déviation autour de
la moyenne des traits des parents a étre une Gaussienne. Bien siir le prix a payer est la perte
de la justification microscopique du modéle effectuée par [ |, mais on peut
imaginer un comportement qualitatif autre.

> L'hypothése d'uniformité dans le choix des parents peut sembler peu réaliste. On espére pouvoir
rajouter un biais de préférence sexuelle pour déterminer le choix du partenaire, voir
[ l; [ ] ou [ | pour une approche mathématique.
Cela implique nécessairement de se placer dans le cas d'une équation pour la distribution méle
et une autre pour la distribution des femelles, ce qui dans le cadre du modéle infinitésimal
n'existait pas, car le modéle fait I'hypothése d'un "sex ratio" de %

> On veut pouvoir rajouter une structure spatiale au modele (1.2.1), ce qui a par exemple été fait

dans le cas des mutations [2013]. Le lien entre le modéle infinitésimal et
le modéle d’écologie de Kirkpatrick et Barton [ | a été établi pour
un certain régime dans les travaux de Gaél Raoul [ l; [ . 1l

serait intéressant de pouvoir établir également dans notre asymptotique une limite rigoureuse.

> Enfin, un autre objectif est de construire un schéma numérique robuste adapté au modele
infinitésimal. Il devrait converger pour tout ¢ et posséder des propriétés de stabilité quand
€ — 0. Un tel schéma est dit Asymptotic Preserving (AP), introduit par Jin [1999]; [1998].
Des estimations précises des queues de distribution Gaussiennes fut conduite par Héléne Hivert
pour des modeéles de dynamique adaptative asexués. Ceci est I'objet d'un travail embryonnaire
avec Hélene Hivert.

De plus, les méthodes présentées dans cette thése ouvrent la voie a une analyse d’autres modeles
avec le modéle infinitésimal. Par exemple dans I'esprit des travaux de [ ]
on peut adapter les techniques pour étudier une population avec un mode de reproduction sexuée
pouvant migrer entre deux habitats. Léonard Dekens étudie actuellement ce modele.

Formellement, I'étude des états d’'équilibre correspondant a équation (1.3.1) a été conduite par

[ ]. Néanmoins le cas ¢ > 0 ne rentre pas dans notre cadre de preuve pour démontrer
rigoureusement la convergence € — 0, car il brise la structure de point fixe que nous utilisons dans
le cas stationnaire, voir la partie Ill. Une généralisation naturelle est donc d’essayer de pouvoir
adapter les preuves des parties Il et IV avec une environnement changeant. De plus la question
de la nature des fronts de propagation avec optimum mobile est également a notre connaissance
une question ouverte. Il peut étre important, afin de comprendre la dynamique des équilibres de
déterminer si ils sont "tirés" ou "poussés". Cette interrogation découle naturellement de I'étude des
lignées phénotypiques a la partie V. Les autres perspectives liées a |'étude de la partie V, qui sont un
travail toujours en cours sont rassemblées a la fin de ce chapitre.
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Deuxiéme partie

DIFFUSION NON LOCALE AVEC UN NOYAU A QUEUE LOURDE ET FORMALISME
HAMILTON-JACOBI

Dans cette partie nous étudions le comportement asymptotique des solutions d'une
équation intégro-différentielle de type Fisher-KPP, ou la dispersion opére par un terme de
convolution avec un noyau a queue lourde. Nous étudions deux régimes en temps long.
Tout d'abord le comportement asymptotique en espace, en introduisant un rééchelonne-
ment de |'espace et des sur et sous solutions qui permettent de capturer précisément la
propagation avec le formalisme Hamilton-Jacobi. Dans un second temps, nous proposons
un changement d'échelle approprié au petites mutations dans le cadre de la "dynamique
adaptative", puis nous montrons la convergence vers une équation de Hamilton-Jacobi.
Ce travail a été publié dans le SIAM Journal of Mathematical Analysis : Bouin et al.
[2018].






II.1 INTRODUCTION
The model

In this paper, we focus on the asymptotic behavior of solutions to the following integro—differential
equation

{nt:]*n—wrn(l—n), in (0, +00) xR, (11.1.1)

n(t=0,)=n’

where the dispersal kernel |, or mutation kernel depending on the ecological context, is a given
function and

(Jemtx) = [ = yin(t,y)dy.

When the term [ xn — n is replaced by An, this is the well-known Fisher-KPP equation [ |B
[1937].

This equation arises naturally in population dynamics to model systems with non—local effects

[ |; [ ]. In this context, the unknown function # represents a density

of individuals at time t and at position x. One of the most interesting features of this model,

compared to the classical Fisher-KPP equation, is that it allows for long range dispersal events.

Here, t € (0, +00) is a time variable, and x € R is a position variable that could represent space

or phenotype. The function | is called a dispersal kernel and is given from now on. Moreover, The

existence of these events depends critically on the tail of the kernel J. To differentiate between the

two regimes that arise, we introduce the following notation. Roughly, we say that the kernel | is
thin—tailed, or exponentially bounded, if there exists A > 0 such that

/R](h)eMdh < oo, (I1.1.2)

Otherwise we may say the kernel is fat—tailed. WWe make mathematically precise what we call a
fat—tailed kernel in (11.1). When the kernel is thin—tailed, solutions exhibit the same behavior as
solutions to the Fisher—KPP equation in that travelling wave solutions exist

[1978]; [1979]. This regime can be used to model a biological invasion scenario in which a
population invades a homogeneous landscape at constant speed. There is an extensive literature
about models similar to (I1.1.1) investigating the existence and stability of traveling waves solutions,
see [2004]; [1980]; [1982] along with the work and references
contained in the habilitation thesis of Coville [ ]

On the other hand, super-linear in time propagation phenomena can occur in ecology. A classical
example is Reid's paradox of rapid plant migration [ I; [ | that is usually
resolved using fat—tailed kernels. Indeed, when the kernel is fat—tailed, the solutions of (I1.1.1) do not
propagate at constant speed but accelerate with a rate that depends on the thickness of the tail of
the kernel | [2003]; [2011]. This acceleration phenomenon results from the
combination of fat—tailed dispersion events and the Fisher—KPP non-linearity n(1 — 1) that makes
the solution grow almost exponentially when small. In particular, when this cooperation between
the kernel and the non—linear term is broken, acceleration can be stopped. Recently, Alfaro and
Coville [ | have proved that traveling wave solutions may exist with fat—tailed
kernels when a weak Allee effect is present, that is a non-linearity of the form nf(1 —n) with g > 1,
if the tail of the kernel is not too fat.
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We shall now be more precise on the type of dispersal kernels that we will consider. We emphasize
that the following assumptions on the kernel | hold true throughout this work, even when not
explicitly stated:

Hypothesis 1.1 (Fat—tailed kernel). The kernel | is a symmetric probability density, that is, for all
x €R,

/R](x)dle, J(x)=J(x])  and  J(x)>0. (1.1.3)

The decay of | is encoded in the function

fi=—1In(]), (11.1.4)

We further assume the following three properties:
Monotonicity and asymptotic convexity of |. The function f € C*(R) is strictly increasing
on (0, 400) and asymptotically concave, that is, there exists X conc > 0 such that

{f(X) > f(y), ifx>y>0  and (11.1.5)

f'(x) <0 if X = X cone.

Without loss of generality, we suppose that f(0) =0, or J(0) = 1, since otherwise we may re-scale
the equation. This implies that J(R) = (0,1]. Moreover, | is invertible on R, this inverse from
(0,1] to R™ is what we denote [~! in the sequel. Similarly, f is invertible on R™, this inverse from
R* to R* is what we denote [~ in the sequel.

Lower bound on the tail of |. The kernel | decays slower than any exponential in the sense

that ,
lim sup *flx)
x—300 (x)
Roughly speaking, this implies that f grows sub-linearly and that J'(x) = 0x—e(J(x)).
Upper bound on the tail of |. The tail of | is thinner than |x|~1, in the sense that

<1 (11.1.6)

liminfx f'(x) > 1. (1.1.7)

X—r00

For ease of notation and since it will play a role in our analysis, we define y := liminfy_,c x f'(x).

These kernels are called fat—tailed kernels. The main examples of kernels | that satisfy (I1.1)
are either sub—exponential kernels where f(x) = (14 |x[*)*/? with a < 1 or polynomial kernels
where f(x) = aIn(1 + |x|?)/2 with & > 0. Our technical assumptions (11.1.5)=(11.1.7) do not cover
borderline kernels such as f(x) = |x|/In(1+ |x|?) that were considered by Garnier in [2011].
Moreover, we restrict our focus to the effects of the tails of | on the rate of propagation. As a
consequence, we do not include potential singularities at the origin, which is the case for a fractional
Laplacian operator, for example. We expect however that our results also hold for these cases.

The author of [2011], proved that the acceleration propagation of the solution of (11.1.1)
can be measured by tracking the level sets E,(t) := {x € R: n(t,x) = A} of the solution 1, where
A € (0,1). Under the fat-tailed kernel hypothesis, these level sets move super-linearly in time. More
precisely, he proved that there exists a constant p > 1 such that for any A € (0,1) and any € > 0,
any element x, of the level set E, satisfies for all € > 0 and ¢ large enough:

L (e—(H)f) <) < e . (11.1.8)
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The propagation problem has been recently considered with non—symmetric kernels in
[ | and in the multi-dimensional case in [ |. There Finkelshtein,

Kondratiev, and Tkachov present a technical argument improving the precision in Garnier's bounds.
As will be made clear below, one goal of this paper is to connect these results to an underlying
Hamilton-Jacobi equation, giving a new interpretation to the speed of propagation. In doing so, we
aim to provide a simpler proof of propagation that is, in some regimes, more precise than those
above. The approach we use comes from the seminal paper of Evans and Souganidis

[ ], where the authors applied the long time/long range limit to the Fisher-KPP
equation and showed convergence, after applying the Hopf-Cole transform, to a Hamilton—Jacobi
equation. Further, they show that the solution to this Hamilton—Jacobi equation determines the
propagation rate of the original Fisher-KPP equation. In the first part of our work, we first describe
the scaling corresponding to the long time/long range limit for (11.1.1). Then we show convergence
to a Hamilton—Jacobi equation, which gives information on the spreading properties of the solution
to the original (I1.1.1).

The same approach has been used extensively to understand propagation in various physical systems
as well as more general qualitative behavior of solutions of parabolic equations. In the context of
adaptative dynamics, Diekmann, Jabin, Mischler, and Perthame in [ | have
provided an example of this approach. They have derived, by a limiting procedure, a Hamilton—Jacobi
equation from a mutation—selection equation with small mutations.

The literature on this topic is enormous, but we mention a few closely related works. Perthame
and Souganidis studied (I1.1.1) with thin—tailed kernels in [ |. Barles,
Mirrahimi and Perthame focused on Dirac concentration in integro-differential equations with local
and non—local non-linearities in [2009]. Recently, Mirrahimi and Méléard extended this
approach to a fractional diffusion [ |]. The second part of our work is
inspired by and closely follows this last work, extending their technique to the case with a general
dispersal kernel |, the main difficulties coming from the fact that, in contrast to the fractional
Laplacian, the kernel | is not explicit and has no natural scaling. As a consequence, the scalings
we use are not always easy to read but we give some heuristics that make them appear naturally.
Moreover, our scalings allows to characterize the small mutation regime when the mutation kernel is
fat—tailed.

In the present work, we only focus on the local Fisher-KPP nonlinearity n2(1 — 1) but our results
can be generalized to a non—local non-linearity of the form n(r — flR n(x)dx), exactly as in
[ ]. This non—local term arises also naturally in the context of mutation—selection
model or structured population models. In this context, x denotes a quantitative trait and n(t, -)
describes the distribution of this trait inside the population. Thus, the parameter r describes the
fitness of the population and the integral term f]Rn(t,x)dx is a mean—competition term. The
model (I1.1.1) with this non—local nonlinearity can be derived rigorously from an individual-based
model where mutations are described by a fat-tailed kernel without jump (see for instance
[ I; [ ])- In general, the growth rate r depends also on the trait
parameter x [ ]. However, this general form induces more technical difficulties
that we do not tackle in this paper.
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The propagation regime

In order to capture the accelerated propagation phenomenon that occurs with fat—tailed kernels, we
look at the behavior of 7 in the long time/long range limit. Indeed, we first rescale the time t — /¢
by a small parameter € and then we need to find an accurate rescaling in space that captures the
propagation regime. We thus look for a space rescaling of the form x — 1,(x). The seminal paper
[1989] used the hyperbolic scaling (f/¢,x/¢) for the asymptotic study of the
Fisher-KPP equation. The precise shape of §, will be given below, but we first start with heuristic
explanation of this expression.
Using the results of Garnier (11.1.8), it is reasonable to say that the position x of any level sets
satisfies

J(x) ~e .
Our aim is to find a rescaling 1, that follows the level sets in the long time rescaling t/e. So we want
_t N 1
J(pe(x)) ~eme ~ (e7F) 5 ~ J(x)=.
As a consequence, for any € > 0, it is natural to set
e(x) = sign(x)] ! (](x)%) for all x € R. (11.1.9)

The rescaling . transforms functions that looks like J into functions that looks like exp {(In J(x)) /&} .
Indeed, notice that J(ie(x)) = J(x)/¢ = exp {(In](x)) /e} . Since the solution 1 of the Cauchy
problem (I1.1.1) is expected to behave like e'] for large x, we can heuristically say that the
rescaled function n. = n(t/e, ) should behave like e!/¢J((x)) = exp {(t+In]J(x))/e} ~
exp {(Inn(t,x))/e}. The last expression is the logarithmic Hopf-Cole transformation of n(t, x).
Our rescaling is thus compatible with this transformation.

The scaling ¢ can also be rewritten in terms of the function f introduced in Il.1. Indeed,

Pe(x) = sign(x)f 1 (f(x)/e) .

We derive a precise formula for this scaling for our two main examples: the sub—exponential kernels
and the polynomial kernels.

Example 11.2 (Sub—exponential kernels). Consider f(x) := (1 + |x|?)*/2 — 1 with a € (0,1). Then

_1Di—1r.

Observe that (x) ~ £~ x when x| — +oo at fixed ¢ and (x) ~ e~ Esign(x) [ (1+]x[2)? ~1]
when ¢ — 0 and x # 0.

NI

P (x) = sign(x) <1 + % [(1 + |x|2)

1

o

Example 11.3 (Polynomial kernels). Consider f(x) := (14 a)In ((1 + \x]z)%> for « > 0. In this
case, the scaling becomes

Pe(x) = sign(x)y/ (14 x2)V/e — 1.

One can observe that, for any fixed ¢ and «, .(x) ~ sign(x)|x|¢ as |x| — 4oo. In addition,

1
Pe(x) ~ sign(x) (14 |x|?)*, when ¢ — 0 at fixed x # 0. We point out that when a € (0,2), the
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kernel | decays at the same rate as the kernel in the definition of the fractional Laplacian (—A)”‘/2
as |x| — co. This suggests that the behaviour of the solution of (I1.1.11) with f as above and
a € (0,2) and the behaviour of the solution of (I1.1.1) (—A)*/?n in the place of | x n — n are the
same. We verify this below. We also point out that in the limit |x| — 400, Pe(x) ~ sign(x)|x|%,
which is the rescaling chosen in [2015] for the fractional Laplacian.

As far as the initial data is concerned, we assume without lost of generality that there exists two
positive constants C and C such that C <1 < C and

CJ<n®<CJ. (11.1.10)

Moreover, we assume that the initial data is symmetric, and since the kernel | is also assumed to be
symmetric (see (I1.1.3)), the solution 1 thus remains symmetric for all times.

Remark 11.4. The lower bound in assumption (11.1.10) is not restrictive, though it allows us to avoid
discussion of a boundary layer at t = 0. Indeed, assuming (11.1), any solution of (II.1.1) starting with
initial data that decays faster than | at infinity satisfies (11.1.10) after at most time 1. More precisely,
for any n° decaying faster than |, there exist constants C and C such that CJ(x) < n(1,x) < CJ(x)
for any x € R (see, e.g., [ , Section 4.2]). After translating in time, our argument
applies with initial data n(1,x). From the uniqueness of solutions of the Cauchy problem (11.1.1),
our conclusions hold for n as well.

If, on the other hand, the upper bound in (11.1.10) does not hold, i.e. n° decays slower than ],
then we expect different behavior. Indeed, by analogy with [2017]; [2010];

[ |, we expect faster propagation depending only on the rate of decay of the initial

data.

In view of the above, the assumption (11.1.10) is quite general for the regimes that we wish to
understand.

Let us now rescale time and space as follows: t +— t/¢ and x — 1(x) and define the solution
1 in the new variables: n.(t,x) = n(t/e, :(x)) where n solves (11.1.1) with initial condition n°
satisfying (11.1.10). Plugging this quantity into (I1.1.1), we obtain the following equation:

€, = /Oo J(h) [ng (t, o (Pe(x) — h)) - ng} dh + ne(1—mne) in (0,00) X R,

—00

(11.1.11)
1:(0,x) = n°(¢e(|x])), for x € R.

We know from [ | that the solutions of (I1.1.11) will propagate and converge to one as
t — oo. In the large scale limit ¢ — 0 with our change of variables, we expect this propagation to be
transformed into dynamics of an interface moving with time. To capture this phenomenon, we use
the logarithmic Hopf-Cole transform [ |; [ | as follows:

Ue == —elnn,. (11.1.12)

Notice that this is equivalent to 1. = exp (—*%). Then, the function u, solves:

[ee]

J —00

J(h) [1 _ e*%(us(fr%l(ws(x)fh))fus(t,x))} dh +ne, in (0,00) x R
(11.1.13)

ue(0,x) = —eln (n°(ye(x))), x € R.

Note that assumptions (11.1.10) imply that u,(0,-) — f uniformly in R as ¢ — 0. Our aim is to
compute the limit ¢ — 0 of u, and then deduce the behavior of n,. The result is the following.
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Theorem 11.5. Let u, be the solution of (11.1.13) with initial condition satisfying (11.1.10). If the
kernel | satisfies Hypothesis (I1.1), then as ¢ — 0, the sequence u, converges locally uniformly on
(0,00) X R to

u(t,x) := max{f(x) —t,0}.

From this convergence result, we may deduce the asymptotics of n,.

Theorem 11.6. Let n, be the solution of (I1.1.11) with the initial data satisfying (11.1.10). If the
kernel | satisfies Hypothesis 1.1, then

(a) uniformly on compact subsets of {u > 0},

limn, = 0;
e—0

(b) for every compact subset K C Int ({u(t, x) = 0}),
limn(t,x) =1,
e—0

where the limit is uniform in K.

Since f is a continuous and increasing function of |x|, the boundary of {u(t,x) = 0} is given by
|x|] = f~1(t). Hence, as € — 0, no ~ 1 if and only if |x| < f~1(t). Since n(t,x) ~ n:(1, ;1 (x))
with ¢ = 1/, then as t — oo we see that n(t,x) ~ 1 if and only if |x| < f~!(t). As such,
Theorem I1.5 and Theorem 1.6 imply that the location of the front of n is ~ f~1(t).

Let us apply our two main results Theorem 1.5 and Theorem 1.6 to our basic examples.

Example 11.7. When f is a sub—exponential kernel of the form f(x) = (1 + |x|?)*/2 witha € (0,1),
we see that the front is located at ~ t1/*. In the thin-tailed limit « — 1 see recover constant speed
propagation.

On the other hand, when f is a polynomial kernel of the form f(x) = (14 a)In(1 + |x|?)/2,
with &« > 0, we see that the front is located at ~ e!/(1+%).

In Theorem II.5 the dispersion kernel | disappears when we pass to the limit ¢ — 0, in the
sense that the constrained Hamilton—Jacobi equation satisfied by the limit function u is simply
min {01 + 1, u} = 0 in which J is absent. Solutions to this equation are given by max{uo(-) —¢,0},
so that the effect of the kernel is felt only through the initial data. Without the assumption (11.1.10),
a boundary layer at t = 0 would develop during the limit ¢ — 0. See Remark (I1.4).

This is quite different from the case of a thin tailed kernel, for which the Hamiltonian would
typically contain a term of the form J — 1 [2005]; [2005];

[ |. This is explained by our rescaling ¢, which focuses on the behavior at infinity
of the solution, and thus mainly ignores the precise dynamics of the dispersion. This phenomenon
was already observed in [ | for the fractional Laplacian. Despite this,
Theorem 11.6 states that our rescaling is sharp enough to capture the interface at infinity.

One way to understand intuitively why the kernel disappears in the limiting equation is to investigate
the integral term in (I11.1.13). Due to the fat—tailed assumption in Hypothesis (I1.1), the quantity
Wt (We(x) + h) — ¥ L (e(x)) is likely to go to zero faster than e. Hence, the integral disappears
in the limit. While this is formally clear, it is difficult to make this intuition rigorous.

We comment momentarily on the method of proof. We construct explicit sub- and super-solutions
of u using the kernel | and the general solution to the logistic equation. While the most natural
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thing to do would be to use half relaxed limits along with the limiting Hamilton-Jacobi equation (see

[ ]), the non—locality of the kernel makes this very difficult because the
non-local term in the equation “sees” all of R but the half-relaxed limits only provide convergence
locally. Thus, as in [ ], we construct sharp sub- and super—solutions

of (I1.1.13) to conclude. The construction of these sub- and super—solutions also provides sharp sub-
and super—solutions for equation (I1.1.1). We point out that Theorem |1.6 improves the existing
bounds in [ ].

To illustrate the results of Theorem |1.5, we provide the results of some numerical simulations in
Figure I1.1 for four choices of kernels J: a Gaussian kernel for which linear spreading is expected
[2005], two sub-exponential kernels | ~ exp(—| - ['/2), ] ~ exp(—|- [>/#) and

a polynomial one | ~ (1+ - \5)_1.

The small mutations limit

Our main equation (I1.1.1) also arises naturally in the context of population genetics, to capture the
effect of genetic mutations [2009]; [2008]. Under this perspective,
the variable x now corresponds to a phenotypic trait and the convolution term describes the mutation
process during which an individual with trait x can give birth to an individual with trait x + & with
probability J(h).

We are interested in a situation where large—effect mutations, while still uncommon, are relatively
frequent. This is exactly what is encoded in a mutation kernel with fat—tails. The aim of this section
is to understand the effect of these large mutation events on the adaptive dynamics when the mean
effect of mutations is small. This regime of small mean—effect of mutations will be referred as the
small mutation regime. Note that even in the small mutation regime, mutation events with a large
effect can occur. The main difficulty is to identify the appropriate scaling of this small mutation
regime when the mutation kernel has fat tails.

To work in the small mutation regime, we introduce a small parameter ¢, such that ! typically
represents the time-scale on which these mutations accumulate. This time scale being given, one
needs to scale the size of the mutations in a relevant way to capture the expected (non-trivial)
dynamics.

In the case of a thin—tailed mutation kernel, the small mutation regime corresponds to mutation
kernel with small variance of order €2. Thus, it is natural to rewrite the mutation kernel J(h) as
Je(h) :== J(h/€)/e where now | is of variance 1. With such transformation, the jump x — x +h
with probability J(%) is replaced by the jump x +— x + €h with the same probability J(%). In this
case, the asymptotic behavior of the population is described by a Hamilton—Jacobi equation

[2009]; [2005]; [2008].

In the fat—tailed setting, however, the large mutation events modify the dynamics. As a consequence,
it is necessary to rescale the jump size non-linearly to take this into account as the scaling above
does not contract the kernel enough. Indeed, if the size of jumps is of order ¢ it does not go to zero
fast enough to be comparable with the contraction of the kernel. Inspired by our first part about
propagation, we replace the jumps x — x + h by x — x + .(h) with the same probability, where

€

ge(h) = sign(h)f ! <f(h)> .
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Figure 11.1: Numerical simulations of the Cauchy problem (11.1.1), for various kernels J. The first line corre-
sponds to ] ~ |x| ™5, the second line to | ~ exp (—|x|1/2), the third line to | ~ exp (—|x|3/4)
and the last line to a Gaussian kernel | ~ exp (—|x|2). For each kernel, we present in the left
column the evolution of the solution by plotting it on the same figure for various successive (linearly
chosen) values of time f. To quantify this and recover and illustrate Theorem (11.6), we present
in the right column the time evolution of the level set {x € R : n(t,x) = 1/2} for each kernel.
The red bold curve is the numerical simulation, starting from an initial condition of the form J.
The green curve is the expected asymptotic rate of expansion predicted by Theorem (11.5), that is
J~1(e7), except for the Gaussian kernel, in which case it is a line. Each kernel is successively
more thin—tailed, yielding an interpolation between the obvious acceleration for the first kernel
and the linear propagation for the last kernel.

Our jump size scaling procedure is actually equivalent to rewrite the mutation kernel J. The mutation
kernel | is transformed into J. defined by

)

J(h)z. (11.1.14)
er(yetm)

J(h) = e 70— Je(
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where now | is a fat—tailed kernel of mass 1 and it satisfies

[ FRId =1

Thus, with fat—tailed mutation kernel, the small mutation regime corresponds to mutation kernel
with the following quantity is small, that is of order 2:

/Rf(x)zjg(x)dx =

Observe that in the case of a thin tailed kernel, this quantity would be exactly the variance of J,
which is exactly what happens in the small mutation regime in this case. From the formula (11.1.14),
we can observe that |, is a contraction of J.

Due to the small size of the mutations, their effect can only be seen after many mutations
accumulate. Hence, we want to capture the long time behavior of the population, or, equivalently, the
setting where the rate of mutation is large. This suggests that we rescale the time by the parameter
g as t — t/e. Under this rescaling and the rewriting of the mutation (11.1.14), (I1.1.1) becomes:

edne(t, x) = /]R (ne(t,x — Pe(h)) — ne(t, x)) J(|h])dh + ne(1 — ne). (11.1.15)

As in the propagation regime, the scaled size of jumps goes to 0 as ¢ — 0. So we expect the solution
ne to concentrate. In order to capture this concentration phenomenon, we perform the logarithmic
Hopf-Cole transformation, u, := —eln(n,) and . satisfies the following equation:

{atug(t’x> + L e~ ¢ (e(ta—ye()—uetX) [ (h)dh = ne(t, x), on (0,+00) x R (11.1.16)

ue(t, ) = ul.

Before stating our main results, we need the following additional technical assumption on the
derivative of f = —1In(J) at x = 0.

Hypothesis 11.8. Assume that f € C?(0,00) and that f satisfies lim o f(x)/x € (0,00). We
abuse notation by denoting it f'(0). Additionally, f satisfies all the assumptions of Hypothesis II.1
except for regularity at zero. Namely, f € C°(R) but f is not C? at 0.

We also require additional assumptions on the initial data u? = —eln(n?). We assume that u?
is a positive sequence of Lipschitz continuous functions which converges locally uniformly to u° as
e — 0 and there exists A € (0,1 —1/u) where, we recall, y := liminf,_, . |x|f'(|x]) > 1 such
that for all x,h € R:

ul(x +h) —ul(x) > —Af(h). (11.1.17)

Note that (u2), is thus uniformly locally bounded and n? = exp(—u?/¢) satisfies, for all x € R and
e>0,
0<n(x) <1 (11.1.18)

From the maximum principle, we have that 0 < ng(t,x) < 1forall x € R and t > 0. Moreover, the
property (I11.1.17) propagates for any positive time — see the following lemma.

Lemma I1.9. Let f satisfy Hypothesis I1.8. Then any solution u, of (11.1.16) starting with initial
condition u? satisfying (11.1.17), satisfies the following properties:
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1. the sequence (). is locally uniformly bounded. In particular, there exists r > 0 such that, for
allx € R and t € (0, 00),
—rt < ue(t,x) — ug(x) <t

2. forallt >0 and all x,h € R, we have:
ue(t,x +h) —ue(t,x) = —Af(|h|). (11.1.19)
In particular u. is uniformly Lipschitz with respect to x with the bound

Hax”sHLw (0,400) xR) Af( )- (11.1.20)

The local uniform estimates of Lemma 11.9 allows us to define the following upper- and lower—half—
relaxed limits of u, by the following formulas:

u(t,x) = limionf ug(s,y) and Uu(t,x) :=limsup u(s,y). (11.1.21)
E—r 0
()= () (50

From the properties of half-relaxed limits, the estimates (I11.1.19) and (11.1.20) hold true for the
functions u and u. In addition, it is apparent that u < % in (0,00) x R by construction. With this
sub- and super—solution in hands, we can state our main results on the asymptotics of u. and 7, as
e — 0.

Theorem 11.10. Let f satisfy Hypothesis /1.8 and let u, be the solution of (11.1.16) starting with
initial condition u? satisfying (11.1.17). Then as & — 0 we have the following:

i) the upper (resp. lower) half-relaxed limit U (resp. u) is a sub- (resp. super-) solution to the
following constrained Hamilton—Jacobi equation:

sign(h) f(h)
mm{atu-l-/ [e oo —1} J(h) dh+1,u} =0, on (0,40) X R;

ii) the sequence (u.)e converges locally uniformly on (0, +00) X R to a function u that is Lipschitz
continuous with respect to x and continuous in time, and which is a viscosity solution to

sign(h) f(h) u
min {atu +/ [e oo 1] J(h)dh + l,u} =0, on(0,+00) X R,
(11.1.22)

u(0,-) = uP.

We first note that the integral term in (11.1.22) is well defined due to the inequality (11.1.20). It
is also related, up to a change of variables, to the analogous equation obtained by Méléard and
Mirrahimi [ , equation (27)]. The proof of Theorem 11.10, appearing
in Section |1.4, uses the half-relaxed limits method introduced by Barles and Perthame

[ ]. It relies heavily upon Lemma 1.9, which is proved last in Section I1.4.3. Under the
small mutation regime, we do not use explicit sub- and super—solutions. In particular, the sub- and
super—solutions introduced in the propagation regime are not relevant in this situation.

The previous result Theorem 11.10 on the behavior of u, = —¢lIn(n.) as ¢ — 0 allows us to study
the convergence of n, as ¢ — 0. Heuristically, when ¢ is small, we expect that n. ~ exp(u(t, x)/¢).
Thus, the solution u gives an indication on where the solution 7. is concentrated in the regime of
small mutations at least at a first order of approximation. More precisely we obtain the following
result:
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Theorem I1.11. Let f satisfy Hypothesis 1.8 and let n, be the solution of (11.1.15) starting with
initial condition n? such that u? = —elIn(n?) satisfies (11.1.17). Then ase — 0,

ne — 0 locally uniformly in A = {(t,x) € (0,00) x R | u(t,x) > 0}, ( )
11.1.23
ne — 1 locally uniformly in B = Int{(t,x) € (0,00) x R | u(t,x) = 0}.

We now discuss, heuristically, Theorem I1.11. When ¢ is small, we expect that n. ~ 1 in B, implying
that, at time t, the phenotype x is realized in the population if (£,x) € B. On the other hand,
ne ~ 0 in A. Similarly, the trait x at time ¢ will not be realized in the population if (¢,x) € A.
Hence, if the mutations are sufficiently small, i.e. if € is small enough, the sets A and B determine
which phenotypes are realized in the population. We can thus deduce the form of the solution 7,
when ¢ is small. This final result is proved in Section 11.4.2.

To illustrate Theorem 11.10, we discuss the following example which is also discussed in the paper
of Mirrahimi and Méléard [ ] in the case of the fractional Laplacian. We
show how our results Theorem 11.10 and Theorem Il.11 gives an approximation of the behaviour of
the solution 7, of the problem (I1.1.15).

Example 11.12. Let n. be the solution of (11.1.15) starting with n?(x) = J(x)?/¢, then the initial
condition u?(x) = —eIn(n?(x)) = Af(x)/e. Notice that u? satisfies (11.1.17) because f is concave.

It follows from the Theorem I1.10 that u. converge locally uniformly to the unique viscosity solution
of
min (9;u + H(0xu),u) =0, on (0,+o0) X R,

u(0,-) = Af.

where the Hamiltonian H is defined by

sign(h) f(h)
H(p) :/ [e 7o) p_l} J(h)dh+1.
R

From a Taylor expansion, one can check that there exists two positive constants ¥ and K such that

[e] 2 h
1+xp? =1+ pz/o <J]:,((}(l)))> e_/{’(w))A](h) dh

<Hp) <147 [ (fc((?) )26%%) dh =1+ =p2

Using these inequalities, we obtain the following estimates of u:

max <inf <Af(y) + 'x;{tyF - t>,0> < u(t, x) < max <inf <Af(y) LloyE t>,0>

yER yER 4Kt
We then deduce that
{(t,x) € (0,+00) xR : [x| < max (2\/Krt+f_1(t(1 - rz)/A))} c{u=0)
rel0,1
C {(t,x) € (0,40) xR: |x| < m[ax] (Zﬁrt%—f_l(t(l - rz)/A))}
rel0,1

Combining these estimates with Theorem [1.11, we conclude that the population propagates in the
phenotype space to be order f~1(t/A) for large time. Roughly, when the mutations in (11.1.15)
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are sufficiently small and time is sufficiently large, we see that the phenotypes x realized in the
population are those for which x < f~1(t/A) and those that have not been realized are those for
which x 2 f~1(t/A). Moreover, we can deduce the following approximation at the first order of
e. Formally, using the convergence Theorem 11.10, we can say that the solutions n, = exp(—u./¢€)
of (11.1.15) can be approximated by exp(—u/¢€). Roughly, we conclude that n¢(t, x) ~ 1 when
|x|] < f1(t/A) and that ng(t,x) ~ 0 when |x| = f~1(t/A), up to some additional small error
depending on ¢.

Remark 11.13. Throughout the paper, we use C to refer to any constant depending only on the
kernel J. This constant may change line-by-line.
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1.2 THE PROPAGATION RESULT: PROOF OF THEOREM II.5.

To prove Theorem 1.5, we construct sharp explicit sub- and super—solutions to the non-rescaled
problem (I1.1.1). Our sub- and super—solutions are sharp enough to converge after rescaling to the
same solution. This construction is defined in the next proposition.

Proposition 11.14. Let the kernel | satisfy Hypothesis II.1 and n be a solution of (I1.1.1) with initial
data n® satisfying (11.1.10). Then, there exists a bounded positive function 6, which only depends
on |, such that 6(s) — 0 as s — +o0, and positive constants C < 1 < C, such that, for all t > 0
and x € R,

Cexp (— N 9(5)d5> 2Cexp (fot H(S)ds)
<n(tx) < .
1+et/](x) < S 1+et/](x)
The function 6 could, for a specific kernel, be computed explicitly; however, such a computation
would be quite involved. For our purposes, we only need to know that it converges to 0 as t — +o0.
Next let us give some interpretation of this result and an insight into the underlying ideas of the
proofs. Let us first rewrite the estimate as

Cexp (_ /Ote(s)ds> o(t,x) < n(t,x) <2Cexp (/0

where we define the function ¢(t,x) := (1+¢~!/](x))~!. We observe that the behaviour of 7 is
well approximated by the solution of the family of decoupled ODEs:

dp(tx) _
L —p1-g),

(11.2.1)

t

0(s)ds ) 9, ).
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parametrized by x € IR. In other words, the behaviour of # at large time is dominated by the reaction
term; that is to say that the dispersion term plays a negligible role, in some sense, compared to the
growth by reaction.

Before embarking on the proof of this proposition, we explain how Proposition I1.14 implies
Theorem 11.5.

Proof of Theorem 11.5. Let us assume that the estimate (I1.2.1) holds true for a solution 1 of (I1.1.1)
with initial data n® satisfying (11.1.10). Then, for any ¢ > 0, the rescaled solution n¢(t,x) =
n(t/e, Pe(x)) with ¢, defined in (11.1.9), satisfies for all t > 0 and x € R:

Cexp (— foé 9(s)ds)

2Cexp (foé 9(5)ds>
5 <
T+e te/](x)e

1+et/¢/](x):

< ne(t, x)

Thus, its Hopf—Cole transformation u.(t, x) = —eln(n(t, x)) satisfies for all > 0 and x € R

—gln(C)—ks/Oé 0(s)ds + eln (1 + (e_t/](x))i> > ue(t, x)

t

€

(11.2.2)

> —¢ln(2C) — s/
0

0(s)ds + eln <1 + (et/](x))1> :

We point out that ¢~ fot 6(s)ds — 0 as t — oo since 6(t) — 0 as t — +o0. It follows that, locally
uniformly in t,

£
lims/t 8(s)ds = 0. (112.3)
e—=0 Jo
In addition, it is easy to see that, locally uniformly in x and ¢,
1
limeln <1 + (e7'/](x)) S) =max (f(|x]) —¢,0). (11.2.4)
e—0

Hence, using (11.2.2) and (11.2.3) in (11.2.4), we see that, locally uniformly in x and ¢,
lim u,(t, x) = max{f(x) —¢t,0},
e—0
which concludes the proof of Theorem I1.5. O

Remark 11.15. Using the work below, one could, in practice, compute 6 and determine for which
kernels | 0 is integrable. When this is the case, the estimate given by (11.2.1) is more precise since
fot 6(s)ds could be replaced by a constant on both sides of the equation. One could then quantify
and compare more precisely the expansion of the A-level lines of the solution n for various values of
A. Further, by plotting the function x — (1+e~'/](|x])) n(t,x) for various values of time (results
not shown), one can investigate the accuracy of the upper and lower bounds given by (11.2.1).

The threshold for integrability of 6 appears to be kernels like exp{\/m }: those which are fatter
yield an integrable 6. In this case, (11.2.1) gives a sharp estimate, up to the constants, of n and, in
turn, on the expansion of the level sets of n. On the other hand, when kernels are thinner 6 is not
integrable and (11.2.1) is no longer an accurate point-wise bound, though it is good enough for our
purposes. This is consistent with the fact that when the kernel is thin-tailed the qualitative behavior
of n is quite different.
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11.2.1  The existence of sub- and super-solutions: Proof of Proposition I1.14

We now come back to the proof of Proposition 11.14. We will show that the left hand side and
the right hand side of (11.2.1) are respectively a sub- and a super—solution of (I.1.1). As already
observed these sub- and super—solution are constructed from the family of solutions of ODEs of the

form 1
p(t,x) = T e /1) (11.2.5)

Then, we may write our (potential) sub- and super-solutions as
t _
$(t,x) = Cp(t, x) exp <— / G(S)ds) and  ¢(t,x) =2 Cp(t, x) exp </
hd Jo 0

for all t > 0 and x € R. Note that, for all x € R

00,0 = {2 < 1w < () <) < 2T

t

9(s>ds> ,

= ¢(0, x).

Moreover, a direct computation shows that the function 5 satisfies, for all t > 0 and x € IR,

aP(t, x) = p(t,x) (L= Pp(t,x)) +0()P(t, x) = P(t,x) (1= (t,x)) +0(t)¢p(t, x).
Then,

(1, 3) — (e, x) (1= Bt ) — (15— ) (1) >
_ t
(0())9p(t,x) — (T 9 — ) (,x) )2 Cexp (/0 Q(S)ds) .
Thus, if 0p — (Jx¢p —¢) > 0in (0,00) X R, the function ¢ is a super—solution to (II.1.1). Similarly,

if =0¢ — (J*x¢p —¢) <0in (0,00) X IR, the function ¢ is a sub—solution to (II.1.1). The proof of
Proposition [1.14 then reduces to proving that

—0p < Jxp—p < 0¢. (11.2.6)

In the following sections, we obtain upper and lower bounds on this convolution term, completing
the proof of Proposition 11.14. To do so, we will split the space into two regions depending on time;
the large range region &;(t) and the short range region &;(t) defined, for all + > 0, by

Ei(t) = {x ER: x| > f—l(t)} and  &(f) = R\ &(1). (11.2.7)
We immediately notice that both regions are preserved by the scaling (¢/¢, {-(x)). We shall estimate
J * ¢ — ¢ in both regions &(t) and &(t) separately.
11.2.1.1  Establishing Proposition 11.14, the proof of the bound (11.2.6)

Proof of Proposition I1.14. To estimate the convolution term, regardless the region in which x
lies, we split the domain of integration of the convolution term as follows

Jep=9)(tx)= [ Jx=y) (@(ty) - 9(t,) dy

lx=yl<r(t)
[ =) @l y) = ¢ltx) dy = h(t,x) + B(t),
lx=yl= (1)
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for a function () to be determined that localizes the integral around x. In what follows, we choose
v(t) to be a positive and increasing function of time t such that v (t) < f~!(t). Note that by
symmetry of the problem, we can assume that x > 0, which we do from now on.

The existence of 6 in (11.2.6) is equivalent to showing that, for k = 1,2,

(G x)]
}LI?OW =0, (1.2.8)

where the limit holds uniformly in x.

Estimation of the integral Iy

In the region where y is close to x, that is |[x — y| < 7y(t), we estimate the difference ¢(t,y) — ¢ (¢, x)
by using the Taylor expansion of ¢ around location x.

More precisely, for any t > 0, x € R and y such that |x — y| < (f), there exists {;x,, € (0,1)
such that

(P(t,]/) - ¢(t, x) = (]/ - x)ax(P(t, x‘:t,x,y + (1 - gt,x,y)]/) . (”.2.9)

For notational ease, we omit the subscripts (t, x,y) for Gty in the sequel. Plugging this expression
into I; we obtain

h= =)= X2t 5+ (1= Oy dy.
[x=yl<y(h)

To estimate the first derivative of ¢, we use the following.

Lemma 11.16. There exists a positive function 61(t), depending only on ], such that, for any z € R
andt >0,
0x(,2)| < 61(t) 9(t,2),

and such that 61(s) — 0 as s — oo.

Proof. Using the form of J, we can rewrite ¢(t,z) = (1 +ef(®)=t)=1 A direct computation shows
that, for all t > 0 and z € R,

f(z)—t
_ N
0x¢(t, 2)| = '(P(f,z)f (Z)l—l—ef(z)’t ’
so that
ax‘P gf(z)ft ,
p ‘ (t,z) < Wf (z).

To estimate the right hand side of the inequality above, fix « € (0,1). First, consider the case when
z| < f~' (at). Then e/~ < e=(17%) and, hence

ax‘P’ (t,Z) < ef(lfzx)tHf/Hoo.

¢

On the other hand if |z| > f~1(at), then 15;2;); < 1 and, consequently,
d

;;"7] (L)< swp |f()]
|z|>f~1(at)
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Defining
elm=max{|\f’|\ooe-“—“>f, sup If/(Z)I}, (112.10)
|z|=f " (at)

we conclude that, for all t > 0 and z € R

0
¢ (t,z) < 01(t).
¢
The convergence of 01(s) to zero as s tends to infinity is clear from the definition and the assumptions
on f in Hypothesis Il.1. This concludes the proof of Lemma I1.16. O

We deduce from Lemma I1.16, an estimate on I;

<o) [ = y)ly—2lg(t,xE+ (1= ) dy.

lx—yl<y ()

Changing variables, we must estimate

[ Jln(tx+ (1 - )n)dn (12.11)
< (t)

To do so, we bound ¢(t, x + (1 — &)h) with ¢(t, x) by choosing the function y(t) carefully.
We first prove that we may choose the positive function () such that, for all x € &(t),

he (=v(t),7(t), and ¢ € (0,1),
p(t, x4+ (1 —E)h) <ep(t, x). (11.2.12)

Indeed, we have

9l xt (1-2)h)
! ( o8, %)

) < It x + (1= E))) — In(p(t, x))|

sup 9x(n @) (t,2)] |1
z€[x—(1=¢)|h|,x+(1=E)|h]]

N

Using the bound on 9y (In¢) of Lemma 11.16, we have

ot x+ (1= 0)h)
in (P U ) < expler(n (1)

Fixing 7 such that 01y < 1 yields (I1.2.12). For technical reasons, discussed in the proof of the

estimate of I, we define
-1 —1
7 (t) = min {f’ (fz(t)) ,91(t)1} (112.13)

It is clear that 61y < 1, as desired. We point out that, from (11.2.10),

er(t) " = min (-0, [/(7 Y ar)] ).

Our choice of 7 implies

I < ey (1) ( [ T dy) o(t,%).
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We now show that

lim 6 (t) /|h|<7(t) T(h)|h|dh = 0. (1.2.14)

t—>+o00

From our assumption (I1.1.7) in Hypothesis I.1 on ], there exists H > 0 such that if || > H, then
J(h) < |h|7*. We deduce that there exists a constant C, depending only on | such that, for all
t>0,

Jlklan+o,(t) [ Jn)[nldn

He<|h|<(t)

o) [, I <en [

< 01(t)C+01(t) /

\h|*Hdh,
H<|h|<(t)

where we interpret the last integral to be zero in the case when () < H. Thus we get

6:(t) / Jy han < § € OO T HOOFT), ek
Jlrl<(b) C(61(t) + 61(¢) In(y(2))), if u=2.
Using the definition of 7, (11.2.13), this inequality becomes
C(61(t) +6:()" 1), if u#2,
() /h<7(t) Jh)ikldh < {CBl(t) (1+1In (91(1‘)’1)) , if u=2.

In both cases, we have established that |I;|/¢(t,x) — 0 as t — oo, as claimed. This estab-
lishes (11.2.8) for k = 1.

Estimation of the integral I.

The arguments for the upper and lower bounds are different. As it is simpler, we prove the lower
bound first. Since ¢ is positive,

Litx) > - [ J(x = y)gp(t, x)dx = —(t,x) /|h|>w> J(l)dh.

lx=y[=7(t)

Clearly liminf; o I /¢(t, x) > 0.

This finishes the proof of the lower bound for I} and I;. To conclude, we need only obtain a
matching upper bound of I in order to obtain (11.2.8) and thus Proposition I1.14. The proof of this
bound is somewhat involved. We break up our estimates based on whether x is in the short-range or
long-range regime.

# THE LONG RANGE REGION  We handle first the case when x € &(t), that is x > f1(¢).
We first split the integral I as

L= /x,ywt) Jx=y)(@(ty) =@t x) dy+ [ yioiy J (X —y) (¢(ty) — ¢(t,x)) dy,

ly|>[x| lyl<lx|

) (/xy%(t) J(x — y)(P(t,y) dy + [x—y[>7(t) J(x = y)('b(t,y; dy) )

t,
yl> x| 9(t %) yl<x|

< (IL + IL) ¢(t, x).
(11.2.15)
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The first part of the integral, I, is estimated using the monotonicity of ¢ in the spatial variable to
obtain

ne / e Jem vy s /|h|>“r( o /()
y[=|x

We now turn to the second part term in (11.2.15), II;. Recall that we are assuming, by the
symmetry of the problem that x is positive. We decompose the integral in four pieces, one integral

close to y = —x, two integrals close to ¥ = 0 and the last one centered around |y| = x/2. More
precisely,
¢(t,y) 10 ¢(t,y) 0 (t,y)
II:/f J(x — dg/ J(x — d+/ J(x — d
2 ‘x\yy\‘ja?\(t) | y)fl’(f/X) y< ), N V>¢(t,x) I Lo ( y>¢(t,X) /
t .1/) =) ¢(ty)
— d — dy = I1I) + 111, + 1113 + I114.
+/ J(x ) v+ " J(x y)¢(t/x) y 1+ 1L+ I3+ 111

We now estimate each of the four integrals 111y, 11, 1113, 1114 in turn and show that each tends to
0 in the limit t — oo.
Let us first notice that for all x,y € R and t > 0,

0y T I ) et
o) = T W ret (1216)

In addition, for all x € £(t) and we have on the one hand

J(x) <e™,

and since y € (—x, x),
—t
et
J(y) +e
To proceed further, we require the following useful fact, in which we see the need for the intricate
description in (11.2.13). From its definition, it is clear that if t > 0 and x € &;(t), then 2y(t) < x

## ESTIMATION OF I[II; First we estimate III;. Due to the limits of integration, we have
that |x —y| > |x|, giving

_ 0T =) J(x) et -1() =
Hh = /_ (X)) J(y) +e dy < /_ Wy < /7 (t)](y) dy.

Since | is integrable and since y(t) — oo as t — oo, this tends to zero as f tends to infinity.
Next we estimate III. Due to the limits of integration J(x —y) < J(x). Using this and (11.2.16),
we have

## ESTIMATION OF III,.

_ 0 =)W ) et —
1112_/70) ) T fe dy < / NOR (J(x) +e ) dy

<[ G retay< (I(X)+e’f)7(t)<2e*“r(t)-

In the last step we used that x > f~1(t) so that J(x) < e~f. Then III, tends to zero as t — o
because, by construction, y(t) < e(l wt,
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## ESTIMATION OF [IIz. To estimate the third integral, I113, we first notice that J(x —y) <
J(x —(t)) for all y in the domain of integration [0,y(t)]. Here we are using the definition of
v (11.2.13) and the fact that x > 2y(t), observed above. Using this inequality and (11.2.16), again,
we obtain

_ MO T =) (y) J(x) +e 1) J(x = (1)) i
1113_/0 5 ](y)+e‘tdy</() S U@ ey (121m)

The main difficulty is in obtaining a bound, independent of time, of J(x — y(¢))/J(x). We obtain
this bound now. From the definition of () (11.2.13), we see that

J(x = (1))

) —exp ()~ f (5= a0} < exp{_max f(an(n)]

z€lx—(t) ]

!/
< exp {Zevrr]\g;</2,x]f (z)'y(t)} . (1.2.18)
The last step follows from the fact that x > f~1(¢) and that x — y(¢) > x/2, which follows from
the inequality x > 27y(t).

When ¢ is small, y(¢) is bounded; hence, max,c/, ;) f'(z)7(t) is bounded. From this and (11.2.18),
it follows that J(x — y(t))/J(x) < C, for some constant C independent of time. When t is sufficiently
large, the concavity of f, given in Hypothesis II.1, implies that f’ is monotonic so that (11.2.18)

becomes W o {f’ <f‘;(t)> v(f)}- (1.2.19)

From the definition of -, (11.2.13), we have that y(t) < f/(f~1(t)/2)~!. Putting this together
with (11.2.19) yields
Jee—a) .
J(x)
Hence, there is a constant C, indepedent of time, such that J(x — y(#))/]J(x) < C. Using this in
our estimate (11.2.17), we get the bound

I3 < C(J(x) +e )y(t) < CJ(2y(t) + e y(t)).

Using Hypothesis II.1 and our arguments above, we see that the right hand side tends to zero, as
desired.

## ESTIMATION OF IIl;. For all y in the domain of integration [y(t), x — y(t)], we have
that y < x so that J(x) < J(y). Re-arranging the fourth integral with this inequality yields

HM_/*wﬂﬂx—wﬂwI<ww4d </*wﬂux—wnwdy
Y

J(x) I(y)+e‘t IS L J(x)
(11.2.20)
¥/2 | x—ym 10 (2~ y)] () 2= y)IY)
[ [ e

where we have changed the variable y — x — y to obtain the last equality. Notice that (t) <
x/2 < x — 7(t) due to our observation that x > 2(¢). To estimate the last term in (11.2.20), we
need to distinguish between the cases when xf’(x) is bounded and when xf’(x) is unbounded.
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If xf’(x) is bounded, we have

x/2 o)
111 <2]W2)/ J(y)dy <2](X/2)/ J(y)dy,

because y € (y(t),x/2) and thus J(x —y) < J(x/2). By Taylor's theorem, we have that

J(x/2)
J(x)

= exp {f(x) — f(x/2)} < exp { sup f'<¢>’2‘} .

fe(x/2,x)

Using the eventual concavity of f along with the boundedness of f'(x/2)x/2, we have that
J(x/2)/]J(x) < C. Hence

(o]

I < C/ J(y)dy,
7(t)

which tends to 0 as ¢ tends to infinity.

If xf'(x) tends to infinity, we require a different argument. First, notice that, if J(x —y)J(y)/](x)
is bounded above by an integrable function | uniformly in x, then we are finished because

[ee]

I, <2 J(y)dy,
(1)

which tends to 0 as t tends to infinity. We prove this now.
When t is small, the domain of integration in IIl4 is bounded as is J(x —y)J(y)/J(x). Hence, we
may restrict to considering only the case when t is large enough that f’ is decreasing on (7y(t), ).
First, notice that

PEZ I — exp (£6) = i)~ £ =)} = exp {w [ £/x = yo)ds = s}

Since f' is decreasing, we have that

—m I Cexp {yf (y) — f()}

From Hypothesis II.1, there exists ey € (0,1) such that yf’'(y)/f(y) <1 —¢o fory > y(t) and ¢
sufficiently large. Hence, we obtain that

J(x —y)](y)

](x) <exp{—sgf(y)}.

On the other hand, since yf'(y) tends to infinity, it is clear that e~/ is integrable, finishing the
proof that I11, tends to 0 as t tends to infinity.
In conclusion, we have show that when x € &,(t),

L(t x) = (IL 4+ (IIL + 11, + I1I5 + 111)) $(t, x)

where IT; and I tend to zero as t — oo uniformly in x for k € {1,2,3,4}. This concludes the
proof in the long range region x € &(t).
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# THE SHORT RANGE REGION We now turn to the simpler case where x is in the short
range region &(t), that is |x| < f~1(¢). In this region, notice that the function ¢ is bounded from
below ¢(t,x) > 1/2. We can estimate directly as follows

e[ Tk =gty <2 ([ g0 ) o).

Of course, f\h\>7(t) J(h)dh tends to 0 as t tends to infinity.

This concludes the proof of (11.2.8) and, thus, the proof of Proposition I1.14.

[=7(t)

11.2.1.2  The lower-bound estimate: proof of the sub—solution.

To construct a sub—solution, we estimate the convolution again by splitting the integral with the
defined in the super—solution part,

Jep=9)(tx)= [ Jx=y) (@(ty) - 9(t,) dy

[x=yl<o(t)
[ =y @) - @tx) dy =T+ D
[x=y[=7(t)

By the positivity of ¢, we immediately observe that

b=- </Ih|>v(t) 1) dy) Pt %),

Moreover, using Lemma 11.16 and arguing as in the estimate of I;, above, we obtain

b —cont) ([ i dy) o)

Using (11.2.14), we see that I; /¢ (¢, x) tends to 0 as ¢ tends to infinity uniformly in x € &(t).
This completes the proof of Proposition I1.14.

II.3 THE PROPAGATION REGIME: THE PROOF OF THEOREM II.6.

We now deduce from Theorem I[1.5 the asymptotic behaviour of 1, as € tends to 0.

Proof of Theorem 11.6. We first look at the limit in any compact subset of {u > 0}, and then we
focus on the limit in any compact subset of Int{u = 0}.

Part (a): convergence of n. in Int{u > 0}

Fix any compact subset K C {u > 0}, there exists a positive constant a such that for all (t,x) € K,
we have u(t,x) > a. Due to Theorem II.5, we know that u, converges locally uniformly on
(0, +00) X R to u(t,x) = max(f(x) —t,0). Hence, for all € sufficiently small, u.(t,x) > a/2 for
(t,x) € K. Then for ¢ sufficiently small, we have that, for (¢, x) € K,

ue(t,x) o

ne(t,x) =e ¢ <e 2.

Taking the limit € — 0 yields the uniform convergence of 1, to zero on K. This proves point (a) of
Theorem 11.6.
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Part (b): convergence of ne in Int{u = 0}

First, we use the maximum principle to show that, locally uniformly on {t > 0},

limsup ||ne(t, )|l < 1. (1.3.1)

e—0

Indeed, it follows from (I1.1.10) that there exists C, independent of ¢ such that 7.(0,x) < C for
all e > 0. From (11.1.11), 71(t) := 14 Ce™"/¢ is a super-solution to n.. Hence, we have that
ne(t,x) <1+ Ce /¢, which establishes the estimate (11.3.1).

Let K be a compact subset of Int{u = 0}. Our goal is to show that n, = exp(—u./€) converges
to 1 uniformly in K. Recall that u, is a solution to (I1.1.13); that is, for all (£,x) € Ry X R,

[ee]

ne(t,x) =1+ dyue(t, x) — / (h) [1 — o (et 1(%(”*’1))%“’”)} dh. (11.3.2)

We need a lower—bound for the right hand side to conclude. To do so, we follow the approach of

[1989]; [2015] which consists of replacing 1, by a well
chosen test function to obtain a sharp estimate. Fix any (#,x9) € K. Then, since K C {u < 0}, we
may fix &9 > 0 such that f(xg) < to — dp. For all (t,x) € Ry X R, let

x(t,x) = max {0, f(x) — (to — do)} + (t — to)*.

Since x is nonnegative and u = 0 on K, u — x has a maximum at (fo, xo), strict and local in ¢,
global in x. In order to follow the convergence, we also define the following perturbed test function
Xe as follows. For any (t,x) € Ry X R, let

tg—dp 1

ST + (= o)

Xe(t, x) :=¢eln (1 +e”

Observe that we may reformulate . in term of ¢, defined in (I1.2.5), and the space scaling ¢, as

£

xe(t,x) = —¢ln <4> <t° — (50,1pg(x))> + (t— o)~ (11.3.3)

Observe that x.(t,x) — x(t,x) as ¢ — 0 locally uniformly on (0, 00) x IR. Then there exists a
sequence (¢, Xx¢) such that u, — x. has a maximum on (fp — 7, ty + r) X R for some small » > 0 at
(te, x¢) that is strict in t and such that t, — fo as € — 0. We note that the fact that u, — x. has
a maximum that is global in x is not immediate from the locally uniform convergence of u. to u;
however, it follows easily from Proposition 11.14.

We now plug our test functions x. into (11.3.2) and obtain

ne(t,x) =1+ due(t, x)
_/ ](h) [1 — e_%((”e—?(e)(trws_l(W)S(x)—h‘))—(”s—Xe)(trx)+Xs(tﬂlfs_l(We(x)—hD)—XE(trx))} dh.
R

From the maximum property of u. — x. at (t¢, x¢), we know that dyx(te, Xe) = Orue(te, xe) =
2(te — tp) and that for all i € R,

(e = xe) (e 9 (1pe(xe) = 1) ) = (1te = x6) (e, %2) <.
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Thus, we obtain, at (¢, x¢),

ns(ts/ xs) >1 +2<ts - tO) - /

1(h) [1 - e—%(xs(w;l(ws(x)—h))—xs<te,xs>)} dh.
R

Then, the link between X, and ¢ yields

dh

to—do xe) —
e ] e

- )
:1+2(t8—t0)+1*4; ¢ <t° - O,wg(xg)>.

Using (11.2.6), this implies

ty — &
ne(te, xe) > 1+2(tg—t0)—9< 0 - °>,

where we recall that 6(s) — 0 as s — oo. Since f, — ty as € — co and since ty — dy > f(x) =0,
we obtain

lim inf ng(te, x¢) > 1. (11.3.4)

e—0

To conclude, we must bootstrap (I1.3.4) to deduce information about n,(to, xo). By construction
of (tSI xs),

uS(tSI xs) - Xs(ta xe) = ue(tO/ xO) - XS(tOI xO)/
which implies that

to—%o

ue(to, x0) — ue(te, xe) < Xe(to, X0) — Xe(te, Xe) < Xe(to, X0) = €ln (1 +e ¢ U(l/)e(XO))rl) .

Since n, = exp(—1ue/€), we obtain

e ) € neoao) (1 (0 0) 7))

Using that f(xg) < to+ & along with (11.3.4), we obtain

1 < liminfng(te, x¢) < liminfn. (o, xo). (11.3.5)
e—0 e—0
The combination of (11.3.1) and (I1.3.5) concludes the proof. O

1.4 THE SMALL MUTATION REGIME

This section is devoted to the proof of Theorem 11.10. We obtain some a priori estimates on 1, and
Oyl in order to take the half-relaxed limits of u, to obtain u, the solution of (11.1.22). We then use
this limit u to estimate the level sets of n. as ¢ — 0. With the strategy in mind, we proceed with
the proof of Theorem 11.10.
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11.4.1 Proof of Theorem 11.10

We start with the proof of Theorem 11.10 (i), which we rephrase into the following lemma for legibility.

Lemma 11.17. Let u and u be defined by (11.1.21). Then u and u satisfy
sign(h (h)a‘u
mm{&m%—/ [e F10) “—1} ](h)dh—i—l,u} >0, and

sign(h) (h)aﬁ .
mln{atu+/ [e o —1} ](h)dh—l—l,u} <0

n (0, 4+00) x R.

Proof. We first prove that the lower half-relaxed limit u of u, is a viscosity super—solution to (I1.1.22),
where we recall that u is defined by

u(t,x) = lirErLionf ue(s,y).
(s)=(tx)

First, u > 0 because u, > 0 for all .
Let @ be a test function in C!((0,+00) x IR) such that u — @ has a strict global minimum equal
to 0 at some point (ty, Xg) with ty > 0. Our goal is to show that

51gn/ (h)a)r(P(to,Xo)
9:9(to, x0) +/ e 70 “1| J(h)dh+1>0. (114.1)

Fix any M > 0. We eventually take the limit M — oo. Using the definition of u and classical
arguments (see [1994]), we find r > 0 and a sequence (¢, x¢) such that u, — ¢ has a minimum
t (te, x¢) in (to — 1, to + 1) X Bam(x0) and such that (t., x,) converges to (to, xg) as ¢ — 0 after
passing to a sub-sequence, which we denote the same way, if necessary. Since u, is a solution of
(11.1.16),

3o (te, xe) _|_/ {e—%(ug(tg,xrsign(h)ffl(Sf(h)))fus(tg,xg)) — 1} J(h)dh +1 > 0. (11.4.2)
R

The proof now hinges on estimating the integral in (11.4.2). By construction of (t., x.) we have

ue(te, xe) — @(te, xe) < ue(t, x) — @(t, x)
forall (t,x) € (to—r,to+7) X Bam(x0). Also, notice that |xo — x¢| < M and [sign(h) f~(ef (h))| <
M for all h € [0, M] for € small enough. Hence, we have

/ ¢~ F (ue(toxesign(n)f 1 ef (1) ue(terxe)) 1 (1)
R

</ o~ H(@(texe—sign(h)f~ (ef (1)) —g(te, XS))](h)dh
o (11.4.3)
+ / ¢~ 7 (1e(terxe—sign(n) £ e/ (1)) —we(ter2)) 1 () 4 .

R\[-M,M]

M,e)

=1 4 1
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First, we address the integral set on [—M, M], which we denote Il(M"S)

set in this integral, ¢ is C!, and lim,_o(t., x¢) = (to, x0), we have

. Since h lies in a bounded

1 : _ sign(h)f(h)
lim (@ (o3 —sign(n)f "} (ef (1)) = (ke xe) ) = =B 5000, )
uniformly in [—M, M]. Hence, we obtain
sign(h)f(h)
lim 1M = / e 7O SO (h) dh. (11.4.4)
e—0 [—M,M]

Next, we address the integral set on R \ [—M, M], which we denote IZ(M’s). Using estimate (11.1.19)
from Lemma 11.9 on u,, we have that, for all h € R,

te (te, xe — sign()f~ (ef (1)) ) — ue(te, xe) > —Af(sign(h)f~(ef ())) = —Aef (h),

so that -
IZ(M,E) < / eAf(h)](h)dh _ 2/ e~ (1=A)f(h) gy
R\[—M,M] M

Recall, from (11.1.17), that A <1 —1/p where y = liminf,_,o xf'(x) > 1. This implies that the
integrand above is integrable. Indeed, fix a4 := /2 —1/(2 —2A). An easy computation using only
that A <1 —1/u shows that a4 > 0. Then from Hypothesis II.1 on the kernel |, we have that, if
M is sufficiently large, f(h) > (4 —a)In(|h|) — C for some constant C > 0, depending only on f
and A, and all |h| > M. Then

Ms 2/ —(1-A)f dh<2/ —(1=A) (=wa) In(|H])+(1-A)Cqp,
< 26(1-4)C / ||~ (=) (=ea) g,

By our choice of a4, it follows that (1 — A)(u —a4) > 1. Hence the right hand side tends to 0 as
M — oo, uniformly in e.

From the estimates (I1.4.3) and (I1.4.4), we can pass to the limit ¢ — 0 and then M — o0
n (11.4.2) to obtain the inequality (I1.4.1). This concludes the proof that u is a viscosity super—
solution to (11.1.22) as desired.

In order to show that 1 is a viscosity sub—solution to (I1.1.22), the steps are almost identical. The
only difference being that one must deal with the term exp(—u./€). However, this is easily dealt
with by splitting into cases when u = 0 and when u > 0. As such, we omit the proof.

O

We now move on to the proof of Theorem I1.10 (ii).

Proof of Theorem 11.10(ii). The first step is to state and prove that u and u satisfy related initial
conditions so that we may apply the comparison principle to conclude that u < u. As before, we
detail the proof for u but the proof for u is very similar. The initial condition is

51gn(h)f(h)a u 0
max{min{atu— <1—/ e fO ](h)dh> —|—1,u},u—u } >0, (11.4.5)
R
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on {t =0} x R in the viscosity sense, where u? is the limit as ¢ — 0 of the initial data sequence
(u9). To prove the inequality (11.4.5), let ¢ € C' ((0, +00) x R) be a test function such that u — ¢
has a strict global minimum at (to = 0, xp). We now prove that either

u(0,x0) = u°(xg)

or
Sup— ( / esxgr}, x¢]( h)d ) +1>0 on {t=0} xR and u(0,xp) = 0.
R

Suppose that u(0,x9) < u°(xo). The argument now starts similarly as in the proof above. By the
definition of the lower half-relaxed limit, there exists a sequence (¢, x;) of minimum points of u, — ¥
satisfying (t¢, xe) — (0,x0) as € — 0. We first claim that there exists a sub—sequence (t,, x¢, )i of
the above sequence, with e — 0 as k — oo, such that t¢, > 0, for all k.

Suppose that this is not true. Then, for € small enough, t, = 0 and thus u, — ¢ has a local
minimum at (0, x;). It follows that, for all (¢, x) in some neighborhood of (0, x;), we have

”g (xe) = ¢ (0,xe) < ue (0,xe) — ¢ (0,xe) S e (t,x) —Pp(t,x).

Taking the lower half-relaxed limit as ¢ — 0 and (t, x) — (0, xo) on the right hand side of the above
inequality, we obtain

1’ (x0) — ¢ (0,x0) < (0, x0) — (0, x0) -

This contradicts our assumption (0, xp) < u%(xp).

Hence, there exists a sub—sequence (tgk,xgk)k such that t,, > 0, for all k > 0. We can reproduce
the same argument as in the proof of Lemma [1.17 above to conclude that (I1.4.5) holds.

We are now ready to conclude the proof of (ii). Due to standard arguments of viscosity solutions,
see [ |; [ |, we know that equation (11.1.22) has a comparison
principle for possibly discontinuous viscosity solutions. As such, Lemma [1.17 implies that 7 < u. On
the other hand, we recall that, u > u by construction. It follows that # = u, which in turn implies
that u, converges locally uniformly to a function u satisfying the equation (11.1.22). Moreover u
inherits the gradient bound (11.9)

10214 1 ((0,00) x ) < ASf'(0). (11.4.6)

This concludes the proof. O

11.4.2  Proof of Theorem [l.11: convergence of n,

We now return to the behavior of n. as ¢ — 0.

Proof of Theorem I1.11.

# Convergence on the positive set. Fix any (fo,x0) € {(f,x) € R x (0,00) : u(t,x) > 0}.
Since u, converges locally uniformly to u, then on a small ball around (tg, xo), there exists a > 0,
such that u.(t,x) > a > 0 for all e sufficiently small. Using the Hopf-Cole transform, we see that
for all (t,x) in a small ball around (o, x9),

ne(t,x) =e” e <e ..
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Taking the limit ¢ — 0 clearly yields the convergence of n, to zero. Hence n.(t, x) converges to 0
locally uniformly on {(#,x) € R x (0,00) : u(t, x) > 0}.

# Convergence on the null set. We next consider the case when (tg, xo) is an element of the
interior of {(¢,x) € R x (0,00) : u(t,x) = 0}. Take r sufficiently small so that u vanishes on the
ball B, (to, x9). Consider the test function

24£'(0)

p(t,x) = f|x—x0]2+ |t —to?, forallt>0and x € R;

Due to the finite difference bound that u inherits from Lemma I1.9, it is easy to check that (u — ¢)
has a strict local maximum at (tp, xp). In addition, the function x +— (1 — ¢)(fo, x) has a strict
global maximum at xp. Indeed, we have that

u(to, x) = u(to, x) — u(to, x0) < Af(x —x0) < Alx —xo|f'(3),

for some ¢ € [0, |x — xp|]. Since f is concave, then f'(¢) < f’(0). Consider first x such that
|x — xo| > r. In this case, we have that

u(tg, x) < Alx — x| f'(0) < Af;(o)|x — x| < ¢(to, x).

Hence we have that u(to, x) — ¢(to, x) < 0 = u(to, x0) — ¢(to, xo) for all x such that |x — x| > 7.
On the other hand, if 0 < |x — xo| < r then u(tp, x) = 0 and we have that u(to, x) — ¢(to, x) <
0 = u(to, x0) — ¢(to, x0). In both cases, we see that x is a strict global maximum in x of u — ¢ at
time fg.

Since u, converges locally uniformly to u, for € small enough, we can construct sequence of points
(te, x¢) such that (., x¢) is the location of a maximum of u, — ¢ in B,(to, x9) and (t, x¢) — (to, x0)
as ¢ — 0. In addition, arguing as above, the function x — (u, — ¢)(t¢, x) has a global maximum in
Xe. This gives us the inequalities, for all x € R,

e (te, X) — Ue(te, Xe) < P(te, x) — P(te, Xe), and Orute(te, xe) = 2(te — to)- (1.4.7)

Since 1, solves (11.1.16), we deduce from (11.4.7) that for (., x¢),
1= — (1= = ¢ (ue(texe—sign(h) f1 (ef () ) —ue(te,xe) )
1e(te, Xe) — 1 = Opute(te, Xe) 1 e J(h)dh
R

(1.4.8)
= 2(t8 — to) — (1 — / ei(uf(tanSign(h)fl(sf(h)))us(texxf))](h)dh) .
R

Arguing as above and using (I1.4.7) with the integral term in (11.4.8), it follows that

. _ sign(h) f(h)
lim <1 N /]Re*%<u£(t£/xs751gn(h)f 1(sf(h)))ug(tg,xg))](h)dh> <1- /IRE gf’(O) 8x¢(to,x0)](h) dh = 0.

e—0

Here, the last equality used the explicit expression of ¢, which gives dx¢(ty, x9) = 0. The above
yields, along with (11.4.8)
lim inf n.(tz, x¢) > 1. (11.4.9)
e—0
Since t, — tg as ¢ — 0, we may conclude that liminfn,(t;, x;) > 1. On the other hand, we have

e—0
that
.. .. P(te,xe)
lim inf n,(tg, xp) > liminf ng(te, x:)e ¢
e—0 e—0

21,
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where the first inequality is due to (11.4.7) and the second is due to the non-negativity of ¢ along
with (11.4.9). Using that n, < 1, we conclude that lim,_,o 1¢(tp, xo) = 1 as claimed.
O

11.4.3 Proof of Lemma 11.9: the a priori bounds

The only remaining ingredient is to prove the a priori bounds on u®. We proceed by constructing
explicit sub- and super-solutions.

Proof of Lemma 11.9. To estimate u, from above, we first observe that #, is positive and bounded
by 1 and u, solves (11.1.16). Thus

drue(t,x) <1, on (0,00) x R
ue(0,) = u.

As a consequence, for all t > 0 and x € R,

ue(t, x) < ud(x) +t.
)

To get a bound from below, we define s(t,x) = u?(x) — rt, where r is chosen below. We prove
that s is a super—solution. Using assumption (I1.1.17), for all ¢ > 0 and x € R,

/oo ei%(ug(xfgbs(h))*ug(x))](h)dh < /oo

—00

(o]

e LA (1) d = / MW ()dh < +oo.

—00

Define r := [ eAf (M dh. We deduce that s satisfies

Bis — (1 ~ [ emHeteon0)-ste) ](h)dh) +1<0, on(0,00) xR,
s(0,x) < ul(x), x eR.
The function s is a sub—solution to (I1.1.16). Hence, for all t > 0 and x € R,
—rt < ug(t,x) —ud(x) <t

To conclude the proof of the lemma, we now prove the inequality on the finite difference of u,,
namely (I1.1.19). To this end, we define for all t > 0, x € R and h € R,

We (b, x) == 1e(t, x) — ue(t, x + h).
Then, using (11.1.16) we see that w, ), satisfies the equation

e+ /R (6—%(ug<t,x—¢s<h>>—us(t,x>> _ e—%<ue(t,x—wh)+h>—ue<t,x+h>>) T(h)dh

= (1 — eng'h) Mg, on (0,00) X R,
we,(0,x) = ul(x) — ud(x +h), for all x € R.

This reduces to

Orwe j, + /]Re—%(ue(t,x—we(h))—us(t,x)) (1 — e%(we,h(trx_l/’e(h))_ws,h(trx))) J(h)dh

- (1 — eu> ne, on (0,00) X R,
we,(0,x) = ul(x) — ud(x +h), for all x € R.
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We apply the maximum principle to deduce that

sup we;(t, ¥) < max {0, sup w, (0, x)} .

xeR xeR

This implies that for all x € R and h € R,
ue(t, x +h) — ue(t, x) > min {o, inf (ud(y +h) — ug(y))} > min {0, —Af(h)} = —Af(h).
ye

This finishes the proof.






Troisieme partie

ANALYSE ASYMPTOTIQUE D'UN MODELE DE GI:ZNI:ZTIQUE QUANTITATIVE POUR
UN MODELE DE REPRODUCTION SEXUEE STATIONNAIRE

Nous étudions le comportement asymptotique des solutions stationnaires d'un modeéle de
génétique quantitative qui comprend une fonction de mortalité qui dépend du trait et un
opérateur de reproduction intégral non-linéaire avec un petit parametre. Celui ci mesure
la déviation du trait du descendant par rapport a la moyenne du trait des parents. Notre
analyse asymptotique traite du régime ou le paramétre est petit. Sous des hypothéses
de régularité suffisantes sur la croissance et la sélection, nous prouvons existence et
unicité locale d'un profil stationnaire qui prend une forme Gaussienne avec une petite
variance. Notre approche est basée sur des techniques d'analyse perturbative qui exigent
une description précise des correcteurs de I'ordre principal : les profils Gaussiens. Nos
résultats étendent des résultats précédent obtenus avec un opérateur de reproduction
asexué en utilisant des techniques différentes. Ce travail a été publié dans le Journal de
I'Ecole Polytechnique : Calvez et al. [2019].






1.1 INTRODUCTION

We investigate solutions (A, F:) € R x L'(R) of the following stationary problem:
AeFe(z) + m(2)F.(z) = Be(E)(z), z€RY, (PF,)

where B.(f) is the following non linear, homogeneous integral operator associated to the infinitesimal
model [ I; [ |:

Be(f)(2) :=

1 L[, a+n)’ f(z2)
o //RMeXp [—62 (z— 1 5 2) ]f(21)f]Rdf(ZZ)dzlz dzdz,. (1.1.1)

In the context of quantitative genetics, the variable z denotes a multi-dimensional phenotypic trait,
F:(z) is the phenotypic distribution of the population and m(z) is the (trait-dependent) mortality
rate which results in the selection of the fittest individuals.

The mixing operator B, acts as a simple model for the inheritance of quantitative traits in a
population with a sexual mode of reproduction. As formulated in (I11.1.1), it is assumed that offspring
traits are distributed normally around the mean of the parental traits (z; + z2) /2, with a variance
which remains constant accross generations, here e2/2.

We are interested in the asymptotic behavior of the trait distribution F, as €

This asymptotic regime was investigated thoroughly for various linear operators B, associated with
asexual reproduction such as for instance the diffusion operator F(z) + €2AF.(z), or the convolution

2 vanishes.

operator 1K () x F,(z) where K is a probability kernel with unit variance, see [2005];
[ |B [ |; [ |; [ | for the earliest
investigations, see further [2015]; [2018]; [2018] for the

case of a fractional diffusion operator (or similarly a fat-tailed kernel K), and see further
[2013]; [2015]; [2015]; [2017];
[2017]; [2017]; [2018]; [2018] for the

interplay between evolutionary dynamics and a spatial structure. In the linear case, the asymptotic

analysis usually leads to a Hamilton-Jacobi equation for the Hopf-Cole transform U, = —elog F;.
This yields an original problem with non-negativity constraint that requires a careful well-posedness
analysis [ l; [ |

Much less is known about the non linear equation (PF;), although this model is widely used in
theoretical evolutionary biology to describe sexual reproduction, see e.g. [ |;
[1972]; [1976]; [1980]; [1994]; [2000];

[2011]; [2012]; [2014]; [2017];

[2017]. From a mathematical viewpoint, the model (I11.1.1) received recent attention in the field of
probability theory [ | and integro-differential equations [ |B

[ ]. In the latter couple of articles, a scaling different from (I11.1.1) is studied: the variance
is of order one, but there is a large reproduction rate that enforces the relaxation of the phenotypic
distribution towards a Gaussian local equilibrium. Macroscopic equations are rigorously derived in

[ ], in the case of an additional spatial structure, in the spirit of hydrodynamic limits for
kinetic equations.

In a different context, a similar collisional operator as B, (I11.1.1) was introduced in the modelling
of self-propelled particles with alignment interactions, see for instance [ I;

[ ]. When two particles interact they tend to align with the mean velocity, with some

possible noise. However, there are some discrepancies with our case study, since the operator is
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not conservative in our case, by definition of a reproduction operator. Moreover, it is normalized
by the total mass of the phenotypic distribution: ff(zé) dz,. The rationale behind this choice is
that during the mating process, the first parent chooses the trait of its partner depending on its
frequency in the population. This is the neutral case without any assumption about assortative
mating. Moreover, this dependency upon the frequency rather than the density discards any small
population effects that could arise from a quadratic collisional operator. Such homogeneity of degree
one is a key ingredient in our analysis.

The problem (PF.) is equivalent to the existence of special solutions of the form exp(At)F(z),
for the following non-linear but one-homogeneous equation which will be the subject of future work:

Oif(t,z) +m(z)f(t,z) = Be(f)(t,z), t>0,z€eR. (11.1.2)

Alternatively speaking, the problem (PF.) expresses the balance between selection via trait-dependent
mortality m(z), and the generation of diversity through reproduction B;. The scalar A, is analogous
to the principal eigenvalue of the operator B, — m. However, it might not be unique, as in the
Krein-Rutman theory, see Corollary II1.5. It measures the global fitness of the population: the
population grows exponentially fast A, > 0 when the reproduction term B, dominates, while it
declines exponentially fast A < 0 when the mortality m out-competes the reproduction.

This preliminary analysis on the stationary profile paves the way for a systematic analysis of various
quantitative genetics models, including time marching problems and the combination of multiple
effects.

Our work is inspired by similar asymptotics in the case of linear operator Be, see the seminal work
by [ ] and references cited above. Accordingly, our goal is to analyze problem
(PF.) in the limit of vanishing variance €2 — 0. As there is few diversity generated in this asymptotic
regime, we expect that the variance of the distribution solution F; vanishes as well. Actually, there is
strong evidence that the leading order profile of F; is a Gaussian distribution with variance €2. As a
matter of fact, any Gaussian distribution with variance € is invariant by the infinitesimal operator 3,
in the absence of selection (m =0, A, = 1) [ |; [ |
This motivates the following decomposition of the solution:

RO SR G C2ot-) T
R = o p(-E5a -uw). (I.13)

The latter (I11.1.3) is similar to the Hopf-Cole transform used in the asymptotic analysis of adaptative
evolutionary dynamics in asexual populations. In our case U, is a corrector term that measures the
deviation from the leading Gaussian distribution of variance 2. Our analysis reveals that selection
determines the center of the distribution zg, as expected, and also reshapes the distribution F, via
the corrector U,.

The operator B is invariant by translation. Up to a translation of m, we may assume that the
leading order Gaussian distribution is centered at the origin, i.e. zo = 0. Next, up to a change of
Ae < Ae +m(0), we may assume that m(0) = 0. Note that we may also assume U,(0) = 0 without
loss of generality, as the original problem is homogeneous.

Plugging the transformation of (I11.1.3) into (PF;) yields the following equivalent problem for U, :

Ae +m(z) = L(Ue)(z) exp (ug(z) —2U, (g) + ug(o)> , zeR (PUL)
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The residual term from the integral contribution is the following non-local term I.(U,), see Section
[11.2.1 for the details of the derivation:

I(Ue)(z)
o[- o ) 2 ) 1 o) 1 o)

1
/2 Sl u u
T /]Rd exp [ 2|3/| + Ue(0) g(sy)} dy

(111.1.4)

This decomposition appears to be relevant because a formal computation shows that I,(U;) — 1 as
¢ — 0. Establishing uniform convergence is actually a cornerstone of our analysis. Thus for small
¢, the problem (PUL) is presumably close to the following corrector equation, obtained formally at
e=0:

Ao +m(z) = exp (uo(z) —2Up (%) + uo(o)) , zeR" (PUp)

Interestingly, this finite difference equation admits explicit solutions by means of an infinite series:

Up(z) =02+ ), 2k1og (Ao + m(2_k2)> ,
k=0

However, two difficulty remains: identify (i) the linear part 9 € R? and (ii) the unknown Ay € R.
On the one hand, the linear part g cannot be recovered from (PUy) because linear contributions
cancel in the right-hand-side of (PUp). Thus, identifying the coefficient 7 will be a milestone of
our analysis. On the other hand, two important conditions must be fulfilled to guarantee that the
series above converges, namely:

Ao+m(0) =1, and 9,m(0) =0.

The latter is a constraint on the possible translations that can be operated: the origin must be located
at a critical point of m. The former prescribes the value of Ay accordingly. These two conditions
are necessary conditions for the resolvability of Problem (PUj). Indeed, evaluating Problem (PU))
at z = 0, we get the first identity. Next, differentiating and evaluating again at z = 0, we get the
second identity.

In the sequel we make this formal discussion rigourous, following a perturbative approach for €
small enough. Before stating our main result, we need to prescribe the appropriate functional space
for the corrector Uk.

Definition I11.1 (Functional space for U,).
For any positive parameter & < 2/5, we define the functional space

|Du(z)|
E¥={ueC*RY) : u(0)=0, and | (1+ [z[)* |D?u(z)] €L®(RY)},
(1+z)" [Du(z)]

equipped with the norm

[l = max (SUP [Du(z)], sup (1+z])* {|D?u(z)

z€R4 z€R4

, D3u(z)\}> : (111.1.5)
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For any bounded set K of £, we use the notation ||K||, = sup,,.x ||#|[«. Occasionally we use the
notation @, for the weight function ¢, (z) = (14 |z|)*. Although 2/5 is not the critical threshold, it
happens that the exponent & cannot be taken too large in our approach. We set implicitly &« = 2/5
in the following results, however we leave it as a parameter to emphasize its role in the analysis, and
to pinpoint the apparition of the threshold. Note that &« > 0 is required in our approach, as one
constant collapses in the limit &« — 0 (see estimate (I11.5.7) below).

Then, we detail the assumptions on the selection function m.

Definition 111.2 (Assumptions on m).

The function m is a C3(IRd) function, bounded below, that admits a local non-degenerate minimum
at 0 such that m(0) = 0, and there exists yg > 0 such that D*m(0) > uold in the sense of
symmetric matrices. Furthermore we suppose that (Vz) 1+ m(z) > 0 and

D¥m(z)
1+ m(z)
Remark 111.3. Our result is insensitive to the sign of the local extremum. Indeed, one can replace
the hypothesis that m admits a "local non degenerate minimum " at 0 with a "local non degenerate
maximum” at 0, and that there exists pg < 0 such that Dzm(O) < pold. However, we leave our
main assumption as in Definition 111.2 as it is the most natural one from the point of view of stability
analysis for the time-marching problem (l11.1.2).

1+ |z])* € L®(RY), fork=1,2,3. (111.1.6)

The condition (111.1.6) is clearly verified if m is a polynomial function. It would be tempting to
write, in short, that log(l +m) € E%, which is indeed a consequence of (I11.1.6). However, the
latter condition also contains the decay of the first order derivative D log(1+ m) with rate |z| ™%,
which is not contained in the definition of £* (I11.1.5) for good reasons.

We also introduce the subset £F :

Ey={ve & : Dv(0) =0, D*v(0) = D*m(0) > poId}, (111.1.7)
Then, our assumption on m in fact guarantees that
log(1+m) € &. (11.1.8)
The main result of this article is the following theorem :
Theorem 111.4 (Existence and convergence).

(i) There exist Ko a ball of £%, and €\ a positive constant, such that for any € < €y, the problem
(PU.) admits a unique solution (A¢, U;) € R X Kp.

(ii) The family (A¢, Ue)e converges to (Ag, Uy) as € — 0, with

Ao =1, (111.1.9)
Uo(z) =v0-z+ W(z), (111.1.10)
where
3
Zagzm ((00)), if d=1
Y0 = 2 and Vp= Z 2k log (1 + m(Z’kz)> .

% (D2m<0))_1 D(Am)(0), if d>1 k>0
(111.1.11)

Moreover, the convergence U, — Uy is locally uniform up to the second derivative.
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Phenotypic trait z Phenotypic trait z

Figure 111.1: Numerical simulations of the stationary problem (PF.) with ¢ = 0.1 in an asymmetric double-well
mortality rate (grey line). The numerical equilibrium is in yellow plain line. The only difference
between the two simulations is the initial data (red dashed line). The simulations illustrate the
lack of uniqueness for problem (PF;).

An immediate remark is that the regularity required by (111.1.6), and particularly the C3 regularity
of m, is consistent with formula (I11.1.10) which involves the pointwise value of third derivatives of
m. Alternatively speaking we think that our result is close to optimal in terms of regularity.

It is important to notice that our result holds true for any local mimimum zy such that

m(zp) < 1+ infm. (11.1.12)

One should define the functional spaces £% and £F accordingly (and particularly replace the conditions
1(0) = 0 and Du(0) = 0 by the conditions 1(z9) = 0 and Du(zg) = 0), and then adapt (I11.1.9)-
(111.1.10) as follows, for the one-dimensional case:

)\0 =1- m(Zo),

Uo(zo+h) =70+ Y 2log (1 +m(2%(zo+h)) — m(zo)> , (111.1.13)
k=0

where g is defined by the same formula as in (I11.1.11) but evaluated at zy. Immediately, one sees
that the compatibility condition (I11.1.12) is necessary to have the positivity of the term inside the
log in (111.1.13). As a consequence, we have:

Corollary 111.5 (Lack of uniqueness).

If the selection function m has at least two different local non-degenerate minima that verify the
compatibility condition (111.1.12), there exists at least two pairs (A, F:) solutions of problem (PF;)
for e small enough.

We performed numerical simulations to illustrate this phenomenon (see Figure Il1.1). The function
m is an asymmetric double well function. We solved the time marching problem (I11.1.2) but on
the renormalized density F./ fFE in order to catch a stationary profile. We clearly observed the
co-existence of two equilibria for the same set of parameters, that were obtained for two different
initializations of the scheme. However, let us mention that the question of uniqueness in the case of
a convex selection function m is an open question, to the extent of our knowledge.
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Problem (PF)

Hopf-Cole transform - N

\xed point arglimer|t )
Problem (PUL) — Solution (Ag, Ue)
or €

AY

1
Formal approximatien C

: onvergencellas ¢ — 0
for small ¢ '

7

>

Problem (PUjy) Solution (Ag, Up)

[ ] Present article

Figure I11.2: Scope of our paper compared to precedent work

This result is in contrast with analogous eigenvalue problems where B; is replaced with a linear
operator, say F; + e2AF; as in various quantitative genetics models with asexual mode of reproduction,
see e.g. [ ] and references mentioned above, or in the semi-classical analysis of the
Schrédinger equation, see e.g. [ ]. In the linear case, A, ¢ Rand F, > 0,F. #0
are uniquely determined (up to a multiplicative constant for F.) under mild assumptions on the
potential m. This is the signature that B (I11.1.1) is genuinely non-linear and non-monotone, so that
possible extensions of the Krein-Rutman theorem for one-homogeneous operators, as in
[ |, are not applicable.

The existence part (i) has already been investigated in [2017] using the Schauder
fixed point theorem and very loose variance estimates. But the approach was not designed to catch
the asymptotic regime ¢ — 0. The current methodology gives much more precise information on the
behavior of the solutions of the problem (PF.) in the regime of vanishing variance.

Theorem 1 provides a rigorous background for the connection between problem (PU,) and problem
(PUp) in a perturbative setting. It justifies that the problem (PF.) is well approximated by the
solution (Ao, Up) of the problem (PUy). Quite surprisingly, the value 7 of the linear part of the
corrector function Uy is resolved during the asymptotic analysis although it cannot be obtained
readily from problem (PUj) as mentioned above. It coincides with the heuristics of
[ | where the same coefficient was obtained by studying the formal expansion up to the next
order in €2: U, = Uy + 2U; + 0(82), and by identifying the equation on Uj in which the value of yq
appears as another compatibility condition. Here the value of g is obtained directly as a by-product
of the perturbative analysis.
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As mentioned above, our approach is very much inspired, yet different to most of the current
literature about asymptotic analysis of asexual models, where the limiting problem is a Hamilton-
Jacobi equation, see [ | for a comprehensive introduction, and references above. To
draw a parallel with our problem, let us consider the case where B¢(f) is replaced with the (linear)
convolution operator K, * f, where the kernel has the scaling property K, = %K (E) and K is a
probability distribution kernel. There, the small parameter ¢ measures the typical size of the deviation
between the offspring trait and the sole parental trait. In this context, it is natural to introduce the
Hopf-Cole transform U, = —elog F;. Then, the problem is equivalent to the asymptotic analysis of
the following equation as ¢ — O:

M+M@:/

R4

K (y)exp (LIS(Z) — Lglg(z — sy)> dy, (111.1.14)

For this model, it is known that U, converges towards the viscosity solution of a Hamilton-Jacobi
equation [ |:

Ao+ m(z) = H(DUy(z)) = /]RdK(y) exp (DUy(2) - y) dy . (I11.1.15)

Note that the limiting equation on Uy (I11.1.15) can be derived formally from (I11.1.14) by a first
order Taylor expansion on U.

There are two noticeable discrepancies between the asexual case (I11.1.14)—(I11.1.15) and our
problem involving the infintesimal model with small variance. Firstly, € plays a similar role in both
cases, i.e. measuring typical deviations between offspring and parental traits. However, the appropriate
normalization differs by a factor €: it is —elog F; in the asexual case, whereas it is —&2 log F; in
our context, see (Il1.1.3). This scaling difference is the signature of major differences between the
two problems (asexual vs. sexual). Secondly, the two limiting problems (I11.1.15) and (PUp) have
completely different natures: a Hamilton-Jacobi PDE in the asexual case, vs. a finite difference
equation in the sexual case. Moreover, due to the lack of a comparison principle in the original
problem (PF;), we could not envision a similar notion of viscosity solutions for (PU). Instead, we
use rigid contraction properties and a suitable perturbative analysis to construct a unique strong
solution near the limiting problem, as depicted in Figure I11.2.

[ | observed that the infinitesimal operator 3. alone enjoys a uniform
contraction property with respect to the quadratic Wasserstein distance, with a factor of contraction
1/2. Recently, this was used by [ ] to perform a hydrodynamic limit in a

different regime than the one under consideration here. However, the combination of . with a
zeroth-order heterogeneous mortality m1(z) seems to destroy this nice structure (details not shown).

The next section is devoted to the reformulation of problem (PU;) into a fixed point problem,
introducing a set of notation and the strategy to prove Theorem Ill.4. The organization of the paper
is postponed to the end of the next Section.

Up until the last part of the article we implicitly work in dimension d = 1, for the readers’
convenience. In section Ill.7 we pinpoint the few elements of the proof that are specific to the
one-dimensional case and give an extension to the higher-dimensional case in order to complete the
proof of Theorem Il1.4.
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III.2 REFORMULATION OF THE PROBLEM AS A FIXED POINT
111.2.1  Looking for problem (PU,)

The equivalence between problem (PF;) and problem (PU,) through the transform (I11.1.3) is not

immediate. It is detailed in [ |, but we recall here the key steps for the sake of
22

completeness. Plugging (I11.1.3) into problem (PF.) yields, with the notation g(z) = %
Ae +m(z)
//1{{2 exp [—812 <2q <z — 21—522> +q(z1) +q(z2) — q(z)) — Ue(z1) — Ue(z2) + Ug(z)} dzydz;
e\/E/IRexp (_q(zz’) - Us(z’)> dz’ |

€

When ¢ — 0, we expect the numerator integral to concentrate around the minimum of the principal
term that is :

argmin |27 (== 272 ) 4 g(e) + ()~ 02)| = (5.5).

(Zl rZZ)

We introduce the notation

N

Z==.

N

Using the change of variable (z1,22) = (Z 4 €y1,Z + €y2), we obtain the following equation :
//Rz exp (—Q(y1,y2) — Ue(Z + eyr) — Ue(z + ey2) + Ue(2)) dyady2

. ;o (n.2.1)
ﬁ/R exp (—y*/2— Ue(ey)) dy

Ae+m(z) =

where

1 1 3
= [24 (Z -2 ;Z2> +q(z1) +q(z2) - q(Z)} =Sy + (Vi +13) = Q).

Definition 111.6.
We denote by Q the following quadratic form :

1 3
Q1 v2) = Syiya+ L (Vi +y2).

It is the residual quadratic form after our change of variable. We notice that ﬁ exp(—Q) is the
density of a bivariate normal random variable with covariance matrix

Y= % <_31 _31> . (111.2.2)
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At the denominator of (I11.2.1) naturally arises N the density function of a A/(0,1) random variable.
Finally, (I11.2.1) is equivalent to problem (PU):

Ae+m(z) = I(Ue)(z) exp (Ue(z) — 2Ue (z) + Ue(0)),

simply by conjuring 2U,(z/2) at the numerator and U.(0) at the denominator, resulting into the
defintion of the remainder I(U,) (I11.1.4) that will be controlled uniformly close to 1 in all our
analysis.

In the next section we explain how we reformulate the problem (PU.) into a fixed point argument
in order to use a Banach-Picard fixed point theorem which prove our results rigorously.

111.2.2  Some auxiliary functionals and the fixed point mapping

This section is devoted to the derivation of an alternative formulation for problem (PUL). Let (A, Ue)
be a solution of problem (PU,) in R x £*.

The first step is to dissociate the study of A, and U.. We first evaluate the problem (PU,) at
z = 0. It yields the following condition on A, since m(0) = 0:

Ae = L(U.)(0). (11.2.3)

Considering the terms Z as a perturbation, we divide problem (PF.) by Z(U,)(z) which is positive,
and we take the logarithm on each side. Then we obtain the following equation, considering (I11.2.3)

_ I(U.)(0) + m(z)
Ue(z) = 2U,(2) + U, (0) = log < (it > (111.2.4)
It would be tempting to transform (I11.2.4) into a fixed point problem by inverting the linear operator
in the left-hand-side. However, the latter is not invertible as it contains linear functions in its kernel.
Therefore we are led to consider linear contributions separately.
Our main strategy is to decompose the unknown U, under the form

Ue(z) = vez + Ve(z), (111.2.5)

with Ve € £F. This is consistent with the analytic shape of our statement in (I11.1.10), where o and
Vo have quite different features with respect to the function m.

Next, it is natural to differentiate (I11.2.4). One ends up with the following recursive equation for
every z € R

. L(U)(0) +m\ |
One simply deduces that, if U, exists and is regular, then we must have:
[ I.(U¢)(0) —|—m>_ k
d:Ue(z) =9, U (0)+ ) 9, |lo ( 27%z). .2.7
(&) =3:U0) + T : log (g )| @ (1.2.7)

One can formally integrate back the previous equation to obtain

(2) = UL(0) + 0.LL Flog (eWe)(0) +mY gy 5
Ue(z) = U:(0) + U(O)z+k);)2 g( XOAID) )(2 z) (111.2.8)

At this stage we formally identify :
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> Ue(0) = 0, since U, € E*. This is not a loss of generality by homogeneity since F; is itself
defined up to a multiplicative constant in problem (PF,).

> e = 9:Ue(0). In fact this is part of the decomposition (I11.2.5) since V; € &£f.

The real number . is unknown at this stage, but it needs to verify some compatibility condition to
make the series converging in (111.2.6)—(111.2.8). In particular, if we evaluate (I11.2.6) at z = 0 we
obtain that 7, must satisfy

0 = . Ie(7e - +V&)(0). (11.2.9)

We will solve (111.2.9) using an implicit function theorem in order to recover the value 7, associated
with a given V. Beforehand, we introduce the following notation:

Definition I11.7 (Finite differences operator D).

We define the finite differences functional D; as

z

5

We introduce the following auxiliary functional which makes the link between 7, and V.

_ 1. 1.
D(V)(y1,y2,2) = V(2) — 5V (E+ey) — 5V (E+ep), 7=

Definition 111.8 (Auxiliary function J).
We define the functional J; : R x £§ — R as follows

Je (g,

82\67'[ //]R2 Qy1,y2) — eg(y1 +y2) +2De(V)(y1,y2,0)] De(02V) (y1, y2, 0) dyrdyo.
(111.2.10)

The implicit relationship (111.2.9) is equivalent to J:(7, Vo) = 0. From this perspective, the
following result is an important preliminary step.

Proposition 111.9 (Existence and uniqueness of ;).
For any ball K C £, there exists ek, such that for all ¢ < ex and for any V € K, there exists a
unique solution 7v¢(V) to the equation :

Find v € (—RK, RK) such that: k]g(’)/, V) =0,

where the bound |v.(V)| < Rk is defined as

Kl [[., exp(=QUur,y2) (v} +13) dyady + 8
Ry = max 27m(0) KL (11.2.11)

Next we define the main quantity we will work with: the double integral I, which is the rescaled
infinitesimal operator. For convenience we define it as a mapping on £f. It is compatible with
(111.1.4) because of the decomposition (I11.2.5).

Definition 111.10 (Auxiliary functional Z).
We define the functional Z, : £§ — C3(R) as follows

/ / exp (— Qy1,y2) — €7 (V) (y1 + y2) +2D:(V) (y1, y2, 2) ) dyrdya
\F/exp /2= eq:(V)y+V(0) = V(ey) dy

(111.2.12)
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Finally, in view of (I11.2.8) and (I11.2.5), we see that V; must be a solution of this implicit equation
(Ie(Ve)(O) +m
Ze(Ve)(2)

This justifies the introduction of our central mapping, upon which our fixed point argument will be
based.

Ve(z) = Y 2°log

> (27%z), for every z € R. (111.2.13)
k=0

Definition 111.11 (Fixed point mapping).
We define the mapping H : £§ — £§ as follows

_ Yy ok Z:(V)(0) +m(2"*n)
He(V)(h) = k;;)z log ( Z.0/) (2 1) ) . (111.2.14)

111.2.3  Reformulation of the problem

We are now in position to write our main result for this Section:

Theorem 111.12 (Existence and uniqueness of the fixed point).
There is a ball Ko C &£ and a positive constant ey such that for every € < €, the mapping H
admits a unique fixed point in Kj.

To conclude, it is sufficient to check that solving problem (PUL), on the ball Ky, and seeking a
fixed point for H, in Ky are equivalent problems for ¢ < gy small enough.

Proposition 111.13 (Reformulation of the problem (PUL)).
There is a ball K, of £*, and a positive constant g such that for every ¢ < ¢, the following
statements are equivalent:

> (Ae, Ue) is a solution of problem (PU.) in R x Kj.

> U = 9e(Ve) - + Ve, with Ve € Ef N Ky, He(Ve) = Ve, and Ae = Ze(V;)(0).
Moreover, the statement of Theorem [11.12 holds true in the set 53‘ N K(’).

The main mathematical difficulties are stacked into Theorem [11.12. The rest of the article is
organized as follows :

> In section Il1.3, we justify why the function <, is well defined in Proposition [11.9.

> Then in section [l1l.4, we provide the main properties and the key estimates of the nonlocal
operator Z.. We point out why this term plays the role of a perturbation between problem
(PU,) and problem (PUp). In section I11.4.2 we prove crucial contraction estimates.

> Those estimates are the main ingredients of the proof of properties of H. in section Il1.5: most
notably the finiteness of H.(V), and the fact that H, is a contraction mapping.

> This allows us to establish the proof of Theorem I[11.12 and Proposition I11.13, and finally to
come back to the proof of our main result Theorem Il1.4 in the sections I11.6.1 and 111.6.2.

> Section I11.7 is devoted to those specific arguments that require an extension to the higher
dimensional case d > 1.
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I1I.3 WELL-POSEDNESS OF THE IMPLICIT FUNCTION Ye
111.3.1  Heuristics on finding 7.
We consider V € £, and we look for solutions 7, of J¢(7, V) = 0, or equivalently :

0=

sleﬁrc //Rz exp [=Q(y1,¥2) — 7e(y1 +y2) +2De(V) (1, 2, 0)] (Ds(azv) (Y1, Y2, 0))dy1dyz,

(11.3.1)

in accordance with (111.2.10). We will see here how a Taylor expansion of the right-hand-side around

€ = 0 helps to understand why it defines a unique 7, in a given interval for small e. We will show

formally why 7:(+, V) can be uniformly approximated by a non-degenerate linear function for small e.
We expand the right-hand-side with respect to &:

[P QU exp [ ey +12) +2D(V) (1, 42,0)(Defo:V) (0,42, 0)) i

= _82\1@7( //]R2 exp [—Q(y1,v2)] [1 — eve(y1 +y2) + 0 (¢)]

e e
x (2 (1 +y2) 2V (0) + 7 (v +v2) 2V(0) + 0(sz)> dy1dy,

1 /e ,393V(0) 2
=2 <2%82V(O) —e ZT +o(e )> :
Then solving

302V (0 1
_28() + E%EﬁV(O) + 0(1),

0=

we get the expression :
392V(0)
Te o 192v(0)

. (111.3.2)

These heuristics are consistent with the statement in Theorem Il1.4, up to the relation between Vj
and m that can be easily read out from (I11.1.11). Note that the denominator involves 92V (0), so
that the local convexity of V should be controlled uniformly during our construction. This is the
purpose of the restriction in £§ (111.1.7). In the following, we provide estimates that turn these
heuristics into a rigorous proof.

111.3.2  Proof of Proposition 111.9

The aim of this section is to prove the existence and uniqueness of 7. (V') stated in Proposition I11.9.
We first start with a Lemma providing some useful estimates on the function J.. Combining these
estimates with a continuity and monotonicity arguments, we will be able to prove the Proposition [11.9.
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Lemma 111.14 (Estimates of J;).
For any ball K C £, there exists ex > 0, such that for all e < ex and V € K, the following estimate
holds true for all g in the interval (—Rg, Rk):

7.0,V) = %@n[@ QUy,v2)) DAV (e71) + 1332V (e72))] dyadyz + Oe),
(11.3.3)
2V/(0)
03 Je(3,V) = ==+ 0e), (111.3.4)

where, in the former expansion, the variable y; is a by-product of Taylor expansions and is such that
il < lyil +1.

Remark 111.15.

We prove the uniqueness of 7y¢ on a uniformly bounded interval. One may think it is a strong restriction
not to look at large 7y,. It is in fact a natural restriction as we have by definition vy, = 90,U.(0), and
d,U, € L* in our perturbative setting.

We postpone the proof of the technical Lemma I11.14 at the end of this section and we first use it
to prove the Proposition 111.9:

Proof of Proposition 111.9. Let K be a ball of £ and V € K. We deduce from Lemma III.14 that
|7:(0, V)] < Gk + 1, where

K
4H\/§fr //R Qy1,¥2)) (Vi +v3) dyadyz,

for € small enough. Integrating (111.3.4) with respect to g, we obtain

%2V (0)

T8 V) = J(0,V) + =5

g+ 0(e),

where it is important to notice that the perturbation O(e) is uniform with respect to € for g €
(—Rg,Rg) and V € K. Since V € &%, we know that 92V (0) > 9?m(0) > 0. Therefore, J; is
uniformly increasing with respect to ¢ on (—Rg, Rx). Moreover, the choice of Rk is such that

9Zm(0)

M) R+ O(e) =1+ O(e) > 0,

for € small enough, and similarly, 7.(—Rg, V) < 0. Finally, there exists a unique (V) satisfying
Je(7¢(V), V) = 0 because J; is continuous with repect to g for V € &f. O

Proof of Lemma 111.14. Let K be a ball of £ of radius ||K]|,. In section I11.3.1, we have used formal
Taylor expansions to get a formula for .(V), morally valid when e = 0. The idea here is to write
exact rests to broaden the formula for small but positive €.

> Proof of expansion (111.3.3). Let us pick V € K and ¢ > 0. Recall the expression of J:(0,V) :

Je(0,V) //W Q(1,¥2) +2De(V) (y1,¥2,0)] (De(@:=V) (11, 42,0) ) dyady.

82\/§7T
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We perform two Taylor expansions, namely:

£2
2De(V)(y1,¥2,0) = =5 (y02V (e51) + 302V (e112))
( ) (111.3.5)
+ €2 ~ ~
De(3:V) (41, v2,0) = ——LF202V(0) — L (A2V (e) + 1303V (e12),
where 1/; denote some generic number such that |y;| < |y;| for i = 1,2. Moreover, we can write

exp(—€2P) = 1— 2Pexp(—062P), P = & (yO2V (e) + 1302V <ey~z>)

PI< 3 LA+ Ve, (136)

N \

for some 6 = 0(y1,y2) € (0,1). Combining the expansions, we find:

J(0,V) 82\@% //W Q(y1,12)] (1 — €Pexp(—0¢°P))
2
x (—Waﬁv«n - S ORRV ) + BV () ) dyadye.

The crucial point is the cancellation of the O(e~1) contribution due to the symmetry of Q:

//IRZ exp(—Q(y1,¥2)) (y1 + y2)dyrdy2 = 0. (111.3.7)
So, it remains
70.V) mn I exp(~QUyn, o)) [302V () + 332V (e dyndy
zﬁn //IR Q(y1,y2))Pexp(—0¢*P) (y1 + y2)02V (0)dy:dy:
4@1 //R Q(y1,y2))Pexp(—6€°P) (y703V (evh) + y302V (e172)) dyrdy»

Clearly the last two contributions are uniform O(¢) for V € K and ¢ < ek small enough. Indeed, the
term P is at most quadratic with respect to y; (I111.3.6), so Q + 0¢2P is uniformly bounded below by
a positive quadratic form for € small enough.

> Proof of expansion (I11.3.4). The first step is to compute the derivative of | with respect to g:

0 Je(8, V

e/ 21 //]RQ yl/y2)_58(y1 +y2)+2D ( )(yl:yZ/O)]
X (]/1 + yZ) ['Dg(an) (]/1/ Yo, 0)] dy1dyo.

Similar Taylor expansions as above yields:

0 Je(8, V

eV2m //11{2 Qy1,v2)] (1 —¢eP’ exp(—GsP’))

< (1 +v2) (—Waiw )~ SRRV () + OV (o) ) i,
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where P’ = ¢(y1 + y2) + y19:V (ey1) + y20:V (ey2). Interestingly, the leading order term does not
cancel anymore, and it remains:

9 Je(8, V) = 2\/1% <//Rz exp [-Q(y1, y2)] (11 +yz)2dy1dyz> 92V (0) + O(e).

The justification that the remainder is a uniform O(e) is similar as above, except that now P’ has a
linear part depending on g, but the latter is assumed to be bounded a priory by Rg. O

1.4 ANALYSIS OF THE PERTURBATIVE TERM I
11.4.1  Lispchitz continuity of some auxiliary functionals

The function Z; is crucially involved in the definition of the mapping H.. Thus to prove any
contraction property on this mapping we will need Lipschitz estimates about Z. and the three first
derivatives of its logarithm. But first we show that Z. really plays the role of a perturbation between
problem (PU,) and problem (PU)) that converges to 1 uniformly as ¢ — 0.

Proposition 111.16 (Estimation of Z;).
For every K ball of £}, for every 6 > 0, there exists a constant ¢5 that depends only on K and ¢,
such that for every € < €5 and for every V € K :

(VzeR) 1-38<T(V)(z) <1+36.

Proof. Let V in K. For ¢ < ¢k, one can apply Proposition I11.9 which gives |7.(V)| < Rg. Next it
is enough to write that :

[, P 1=QM,v2) = 2R + lyaD) vy

\fZﬂ/}Rexp (—y*/2 —2eRk |y|) dy

C. =

< Z(V)(z), and

LV)(2) < //]RZ exp ( - Q(yl,yz) +28RK(]y1’ + Wz\))dyldyz

= C..
\fZﬂ/Rexp (—y*/2 —2eRk |y|) dy

We deduce from this lower and upper estimates that the whole Z.(V') converges uniformly to 1 as
e — 0. ]

Next, we show Lipschitz continuity of various quantities of interest.

Proposition 111.17 (Lipschitz continuity of ).
For every ball K C £f, there exist constants Lx(7), and ek, depending only on K, such that for all
e<ex, Vi,V € K

[Ye(V1) = 7:(V2)| < Lk () V1 — V2, -

Proof. Let K be a ball of £, and let V1,V € K. Let denote Il = 9.(V;) for i = 1,2. We argue
by means of Fréchet derivatives: let s € (0,1), 75 = sy1 + (1 —8)y2, Vs =sV; + (1 —s)V,, and
consider the following computation:

d
%%(75/ ‘/S) = 87578(’)/51 ‘/S)(,)/l - ')/2) + DVch"(rYS/ VS) . (Vl - VZ) ’ (III4’1)
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where the Fréchet derivative of | with respect to V is:

Dy, V) - H= o [ exp (=1, 42) — £7(01 +2) + 2D(V) 1, 42,0)
x (2D8<H> (y1,2,0) ) (De(@:V) (41,2, 0) ) dyrdly
4 [ [0 v2) — 3(3n +2) + 2DV (31,12, 0)] (De0-H) (31, 2,0) )y

We perform similar Taylor expansions as in (111.3.5),

) —ey1 +y2)O ([|0:W]|0)
2P(W)y1,y2,0) = {_g<y1 +y2)2:W(0) — (2/2) (4 +3) O ([[2W]|o)

either for W=V, H € £}, or W = 9,V,d,H. We deduce that

Dy, V) H = 5 [[[ exp QM v2) — e7(0n +32) ~ £(3n +2)0 ([2:V )
<[(-5 wi+m)o (Haﬁﬂnoo)) (=<t +2)0 (122V])s) )
+ (= el +y2)92H(0) - 822 (v1+v32) O ([|92H o) )]dmdyz (11.4.2)

We proceed as in the previous section for the exponential term: there exists 6 = 6(y1,y2) € (0,1)
such that

exp(—eP') =1—¢eP exp(—0eP’), where P'=(y1 +y2)+ (y1 +12)0 (]|0:V]|e)

Again, the crucial point is the cancellation of the O(e~!) contribution in (I11.4.2), as in (111.3.7)
What remains is of order one or below, and one can easily show that there exists Cg such that

IDyJe(7, V) - H| < Ck (|02H]|eo + [02H(0)| (|7 + 102V [ eo])
+ el 02H || |02V [ oo + €l|02 Hlloo (|7 + 1192V |0 ]))
< CKHHHM

provided € < ek is small enough.
On the other hand, we have already established that ,.7:(7, V) = 92V (0)/2 + O(e) in Lemma
[11.14. Consequently, integrating (I11.4.1) from s = 0 to 1, we find:

0=Te(r1, V1) = Te(72, Vo) = <8§X;(0) +O(e )) (71— (/ Dy Je(vs, Vs) - (Vi — Vz)d5> .

We deduce from the previous estimates and the local convexity condition in (I11.1.7) that

2
— < —
71— 72| < Ck <E)2 o) +C1<8> Vi = Valla,

for some Cg and ¢ < eg small enough. O

In turn, Proposition 111.17 implies the Lipschitz continuity of Z. as a function of V.
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Proposition 111.18 (Lipschitz continuity of Z).
For every ball K of £, there exist constants ek, Cx depending only on K, such that for all € < ek,
Vi, Vo €K,

sup |Ze(V1)(z) — Ze(V2) (2)| < eCx [[V1 —

z€R

(111.4.3)

2”04'

Proof. The Lipschitz continuity of Z, with respect to V can be proven by composition of Lipschitz
functions. With the same notations as in the proof of Proposition I11.17, and with the shortcut
notation Z, = A,/ B; to separate the numerator from the denominator in (111.2.12) we have,

a, d
d // (y1,¥2,2 <€ds’)’s(Vs)(yl + ¥2)
Z+-eyq Z+eys
+[ 2.(Vy —v2>(z’)dz’—[ 2.(Vy —Vz)(z’)dz’> dy1dys,
z z

where we have simply written V(z +¢ey;) — V(z) = fzﬂey] 0.V (z')dz', and where G! denotes the
exponential weight:

1
Gl (y1,y2,2) = T &P [=Q1, y2) — e7e(V) (y1 + y2) +2De(V)(y1,2,2)] -
We deduce that A is such that:

d
(v2) <e [[ G (1v2,2) (LeMIVs = Valla+ Ve = Vallo) (] + Iyl .

As the weight GEV is uniformly close to a positive quadratic form for small &, we find that the
numerator has a Lipschitz constant of order & uniformly with respect to z:

sup |A:(V1)(2) — Ac(Va) (2)] < eCk | Vi — Val,
zeR

The same holds true for the denominator B.. In addition, a direct by-product of the proof of
Proposition 111.16 is that A, and B. are uniformly bounded above and below by positive constants
for € small enough. Consequently, the quotient Z, = A,/ B is Lipschitz continuous. O

It is useful to introduce the probability measure dG) induced by the exponential weight GY:

dGY (y1,v2,2) y1,yz, )
/ Gl () z

_ exp [ Q(y1,y2) —&ve(V)(y1 +y2) + 2D:(V) (y1, 42, 2)] .
//]Rz exp [—Q(y1, ¥2) —&7e(V)(y1 +y2) +2D:(V)(y1, 42, 2)] dyrdy>

As a consequence of the previous estimates, we obtain the following one:

Lemma 111.19 (Lipschitz continuity of dGY).
For every ball K of 55‘, there exist constants ex, Cx depending only on K, such that for all ¢ < ek,
Vi,V, € K,

sup |dG;" (1, ¥2,2) —dez(ylfyz,Z)\
zeR
< eCx [|[Vi = Val|, (1 + [y1] + |y2]) exp ( — Q(y1,y2) +2eRk(|y1| + |y2|)>. (111.4.4)

79



Furthermore, under the same conditions, we have the following bound, uniform with respect to
z € R:

1
dG{ (y1,y2,z) < 1 &P [—Q(y1,y2) + 2eRi(|y1| + [y2])] - (111.4.5)

Proof. We first prove (I11.4.5): the function GY is such that

1
GY (y1,y2,2) 2 o P [—Q(y1,y2) F 2eRi(|y1] + |y2])] -

Therefore, its integral over (y1,12) € IR? converges to 1 as ¢ — 0, and there exists ex depending on
K such that [[ GY(y1,y2,z) dy1dys > 4/+/27 for e < e. This leads to (I11.4.5).

In order to obtain (I11.4.4), we proceed as in the proof of Proposition I11.18, as the denominator of
dG) is the numerator A, of Z.. For the Lipschitz continuity of the numerator of dGY, we find:

d
(Vz) 'dSGgVS(]/lryzzz) <Gl (y1,y2,2) (Lk() Vi = Valla + Vi = Valla) (1 + [y2]) -

We deduce that the quotient dGY = G/ A.(V) is also Lipschitz continuous:

G =G | Ad(Va) — Ac(W)

S Ac(V7) Ae(V1)Ae(V2)

V2
Ge

‘del — dGY:

< eCklIVi = Valla (lyal + Iy2l) exp ( = Q1. y2) +2¢R(lya| + Iyz2)))
+eCk|[[Vi = Vala exp ( — Q(y1, y2) +2eRk([ya| + \yz\)) :
This concludes the proof of (I11.4.4). O

To conclude, we have established in this section that Z, is a small perturbation around 1, both
in the uniform sense Z,(V) — 1, and in the Lipschitz sense: Lip,Z = O(e). In addition, we
have proven a similar Lipschitz smallness property for a probabilty distribution de that will appear
frequently in our contraction estimates.

11.4.2  Contraction properties (first part)

On the way to estimating the fixed point mapping H, (I11.2.14), we need good estimates on the
logarithmic derivatives of
I.. For that purpose, we introduce the following quantities for i = 1,2, 3:

_AL(V)()

D (VY2
W)@ = T

(111.4.6)

For the sake of conciseness, we omit sometimes the dependency with respect to y1,¥> in the
notations, as for instance: dGY (y1,y2,z) = dGY (z). The following notation with a duality bracket
is useful:

<dG§’(z),f> = //R2 dGY (y1, y2,2) f (y1, y2) dyrdya.

Indeed, for any V € &, we have:

W (V)(z) = <dcy (z), De(3,V) (z)>. (I11.4.7)
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Similarly:

W (V)(z) = (46! (2), 3 Pu(@2V) 2) + (D0.V)2))P) .

And finally :

1

W (V) (z) = <dcy (2), }LDg(agm (2) + (De(3:V)(2))° +3De(3:V) (2) <ZDg(8§V)(z))

(111.4.8)
In order to obtain estimates on W) it seems natural from the previous pattern of differentiation to
begin with estimates on the symmetric difference of the derivatives of V.

Lemma 111.20. For any V € &%, and (y1,y2) € R?, we have:
sup (1-+2])* [De(@:V) (y1,y2,2)| < 2|V [Iya] + lya] + ey [ +elya[ 7], (101.4.9)
V4

1 _

sup (1+ |z))" |5 De(92V) (y1,y2,2)| < 27|Vl [!yl\+Iyzl+€”‘!y1\”"‘+€“|yz!”“},

z

(111.4.10)

1 e
sup (14 J2)* | 2e@2V) (v, <21Vl (145 ol + 1l (1.4.11)

It is important to notice that the first two right-hand-sides (resp. first and second derivatives) are
of order . The third one is larger but controlled by 2~ < 1. This is the first occurrence of the
contraction property we are seeking. This is the main reason why we make the analysis up to the
third derivatives.

Proof. We introduce the additional notation ¢,(z) = (14 |z|)*. First, since z = z/2, we have
Pa(z) < 2%9u(Z).

> Proof of (I11.4.9). By Taylor expansions, we have:

| € _ - S _ ~
9a(2) [De(@:V) (y1,y2,2)| < 2°9a(2) | F102V (2 +€1) + 5202V (2 + i)

4

where |;| < |yi|. Using the definition of || - || (I1.1.5), we obtain

- S ely1|9a(2) elya|(1+ [eyn| + [z + ey )"
Z) |ey102V(z +ejy)| < 7= < —— %
gozx( )‘ Y10, ( ]/1)‘ §0a<z+5]/1) ” Ha (1+’Z+€y1’)"‘ ” Hoc
Since we chose a < 1, | - |* is sub-additive. Thus, we get

_ 2V (5 4 e )| < ey |*
2a(2) |2V G+ e1)| < el (14 e ) VI

<elyl (1 + leya|*) VIl < eClyal + [y ™).

By symmetry of the role played by y; and y2, we have proven equation (11.4.9).

> Proof of (111.4.10). The second estimate is a consequence of the first one, applied to the derivative
of V. Notice that it is allowed as £§ enables control of derivatives up to the third order.
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> Proof of (I11.4.11). We must be a little more careful in the estimations of the third estimate
(I11.4.11), because we cannot go up to the fourth derivative in the Taylor expansions. This is why we
do not have an € bound, but we gain a contraction factor instead. We have

1 e 1 L

?a(2) Zpg(agv)@l’m’z) < 2°¢a(2) 133V(Z)—gaiv(z+sy1)—gai’v(z+syz)
2 11 3v/ (= 1 317 (=

S 4 [Vl +2%¢a(z) gan(ZJreyO + gBZV(Z—i—eyz)

We bound separately each term using again the sub-additivity of |-|*. For e < 1:

w® Z
< 9By
8¢u(Z +ey1)

HL H < (‘eyll)“ ) « ’H H
< 2114+ < (1+ —E,
8 (1+|z—|—8y1|)“ ( |€y1| ) 8

NI,
9u(2) | g2V (Z+ey1)

Summing it all up, one ends up with:

1
gu(2) |7 Pe(32V) (y1,12,2)

_ 1
<2V (14 e il + b))
This is precisely equation (I11.4.11). O

The following proposition is a first step towards contraction properties that will be established in
section I11.5. For convenience, we introduce the following notation:

(111.4.12)

AW = W () — W (vy)
AV =V-1,

Proposition 111.21 (Lipschitz continuity of W, with respect to V).
Let K a ball of £§, and V1, V, € K. There exists constants ex, Cx depending only on K such that
for all € < ek, we have:

sup (1 +|z))*| AW (2)] < eCx || AV |a (111.4.13)
z

sup (1+ |z])*| AW (2)] < eCx[| AV Lo, (111.4.14)

sup (1+ |z))*|AWS (2)] < (2“*1 —l—s”‘CK) AV, . (111.4.15)

It is also possible to get estimates on We(l)(V) itself, with the same hypotheses. This is useful to
prove the invariance of certain subsets of £f.

Proposition 111.22.
With the same setting as in Proposition 111.21, we also have:

sup (1+ [z W (V) (2)| < eCx |V,
sup (1+ [z)* W (V) (2)| < eCx ||V,
Z

sup (1+2))W (V)(2)] < (227 +e*Ci) |V,
z
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We do not give the details of the proof of the latter Proposition, since it is a straightforward
adaptation of Proposition I11.21. Actually, we cannot readily apply Proposition I11.21 to (V;, V,) =
(V,0) as 0 ¢ £%, because of the additional condition on 92V (0) (I11.1.7) which is required to prove
boundedness and Lipschitz continuity of 7.

Proof of Proposition 111.21. The proof of theses inequalities is quite tedious because of the numerous
non-linear calculations. However, the technique is similar for each inequality, and consists in separating
the fully non linear behavior from the quasi-linear parts of the left-hand-sides of equations (I11.4.13)
to (111.4.15).

> Proof of (I11.4.13). This is the easiest part, because it is quasi-linear with respect to V. Indeed,
we have

AW (2) = (46! (2), De(2:VA) (2)) — (AGL2(2), De(@:V2) (2))
We reformulate it in two parts, one involving Vi — V5, and the other involving del — ch;/2 :
AW (2) = (4GP (2), De(3:AV)(2) ) + (4Gl (2) — dGL2(2), De(@:VA)(2)) . (111 4.16)

For the first contribution in (I11.4.16), we apply directly Lemma 111.20 to V; — V!

(1 +[z])*

(4GP (2), De(0:5V)(2))|
<2 | AV, (dGE (), (lyal + lyal + €y 7 + ey 4) ) < eC AV,

For the last inequality we used equation (I11.4.5), which enables to bound uniformly the measure
dG;’ with respect to z. From Lemmas 111.19 and I11.20, there exists eg and Cg such that for ¢ < ¢k,
the second contribution in the right-hand-side (11.4.16) satisfies

1+ z])*

(46! (2) — dGY(2), Do(0: 1) (2) )
< ECk | AV, I1Villa{ (14 1] + ly2]) exp(=Qy1, y2) + 2eReclya| + [y2l)),

(Iyal + lyal + elya = + el 4) ). (11.4.17)

The last integral is uniformly bounded for € small enough, involving moments of a Gaussian distribution.
Therefore, the whole quantity is bounded by é2Ck || A V||, uniformly with respect to z. This concludes
the proof of equation (I11.4.13).

> Proof of (I11.4.14). To begin with, we have

AV@”(@::<dcﬁ(@,;Dda?ﬁ)@)+(DABJGNZ»2>

- (462 (2), 3 Pu(E ) 2) + (DLW,

We split the difference into two, as in the previous part,

W) = (dGE(), D) + (Pu(@:1) () — D) () — (Du(@:2)2))" )
+ (4614 (2) ~ G (), ;D) + (Du(@:11)2))* )

= A+B
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The first contribution can be rearranged as follows, by factorizing the difference of squares:

A= <dGXZ (2), EDRAV)(E) + Du(@:0V) (2)D,(0:(Vs + Vz))(z)> -

The term involving V; 4 V; is bounded uniformly in a crude way: ||D(92(V1 4+ V2))|leo < 2||V1 + V2|4
(in fact it is bounded by a O(e) uniformly with respect to z, but this detail is omitted here). Then,
we apply Lemma [11.20 twice with V3 — V5 to obtain:

(1+ [2])* |A] < eCkll AV]la (G (2), (Iy1] + Iyl + elya '+ + eyl +*) )

To estimate B, the term involving the difference of measures dGY, we apply (I1.4.4) and
Lemma [11.20:

(1+ |z))* B <
(|dcl (z) - dGE:(z)

eC (V113 + 1Valla) (lyal + vzl + €| + €]l **) ). (101.4.18)

We find, exactly as above, that the quantity (1+ |z|)*|B| is bounded by e2Cx || AV||,. Combining
both estimates on A, B, we deduce equation (I11.4.14).

> Proof of (I11.4.15). The full expression for AWS(S) is as follows:

BWE(2) = (dGH (), DA + (P@:1) () + 3D (D@ (2)) )

~ <dcyz (2), %DE(BQ’VZ) (2) + (De(3.V3)(2))° + 3D (3,V3) (=) Gpg(agvz)(z)) > .

We split again in two pieces, one involving V1 — V;, and the other involving (JIGX1 — dGXZ:

AW (V) (z) = <dcyz (z), A1+ Ag + A3> + <dcyl (z) —dGY2(2), B> ,

with
Ay = i (BAV)(2)
= (De(3:V1)(2))° = (De(3:V2) (2))°
= (D:(9:AV)(2)) [ (De(3:V1)(2))? + (De(3:V2) (2))* + (De(3: V1) (2)) (Ds(anZ)(Z))]
As = 3D.(22V1)( G) De(3:V1) (2) — 3D (3:V2) (2) (;Dg(agvz)(z)
— 3D.(3.14)(2) (;Dg(azAV)( )> +3D.(3,AV)(2) <;Dg(8§V2)(z)>
B = 1D(ER)() + (Du(@:3A) () +3D0:1)(2) (3D2W1)(2)).

We shall estimate all the contributions separately. Firstly, Ay yields the contraction factor:

14 K— Ea [ 14
(1+ 2] (462G, L) < 27 AV, (d6(), 1+ 5 [l +1vaP] )

< (27 +ec) avi,
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The latter is the main contribution in (I11.4.15). The remaining terms are lower-order contributions
with respect to €. For A, we have

(1+[2])* (4G (2), |42l ) < 2|2V, (a6 (=), (IVal; + IVallz + Vil V21l

< Iyl + vzl + €y [ + e o] 4] )
<eCxl|av],

For Az, we have similarly
(1+ [2])* (4GF(2), | As| ) < eCk AV,

It remains to control the term involving B. We argue as in (111.4.17) and (11.4.18):

(a6t (z) - dcl(z)

,(1+ |21)* B}
< eV (1 byl + lvaD) exp(—Qun, ) + 2eRel |-+ 121,
a—1 i « % 3 2 o 1+a o 1+
2 Vally (14 Dyl + 2l ) +Ce (VAR + 1317 (Il + vl + €y [ + eyl %) ).

The latter is controlled by eCk || AV]|, for the same reasons as usual.
Combining all the pieces together, we obtain finally (111.4.15). O

III.5 ANALYSIS OF THE FIXED POINT MAPPING H;

In this section we focus on the fixed point mapping H. (I11.2.14), which is defined through an infinite
series. We are first concerned with the convergence of the series for V € &f.

11.5.1  Well-posedness of H, on balls

Consider the following decomposition of each term of the series (I11.2.14) in two parts, with the
corresponding notations:

(L)) +m(z) L)@ _
rie) =10 (FUZ i) s (Z ey ) =T e

They have the following properties :

Lemma 111.23.
For every ball K C £, there exists ex such that for any ¢ < ek, and V € K, we have I'' € £f.
Moreover, we have (1 + |z|)*0,I'" € L.

The proof of Lemma [11.23 is a straightforward consequence of Proposition I11.16 and the assump-
tions on m made in definition I11.2, particularly (I11.1.6).

Lemma 111.24.
For every ball K C EY, there exists ex such that for any e < ek, and V € K, we have I'l € %, and
azré(O) = 0. Moreover, we have (1 + |Z\)”‘BZF£ c Lo
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Proof. We begin by verifying the condition 9,I'/(0) = 0. This is in fact equivalent to the choice of
7¢(V), as can be seen on the following computation:
9:Z:(V)(0) (1)
0.TH(0) = =" = W, (V)(0).

Now, comparing (111.3.1) with (111.4.7), we see that 9,I'/(0) = 0 is equivalent to J(7.(V), V) =0,
provided ¢ is small enough (for the quantities to be well defined).

Secondly, we need to get uniform bounds on the derivatives of I'! to prove that it belongs to
E*. The following formulas relate the successive logarithmic derivatives of Z;(V) to the Wg(l)(V)
introduced in equation (I11.4.6):

3.7 (z) = WY (V) (2) (111.5.1)
2rl(z) = W (V) (@) - (W ) )] (11.5.2)
2rl(z) = W (V) (2) + 3w (MW (V) (z) +2 (W (v) <z>]3. (111.5.3)

We can use directly the weighted estimates in Proposition [11.22, which include the algebraic
decay of the first order derivative. Algebraic combinations are compatible with those estimates
because Wg(l)(V) € L®(R). A fortiori those terms are all uniformly bounded and so we obtain that
rle g O

The main result of this section is the following one:

Proposition 111.25 (Convergence of the series H¢(V)).
For every ball K C &, there exists ek such that for any € < ek, and V € K, the sum H¢(V) is finite.

Before proving this statement, we first establish an auxiliary technical lemma about the following
summation operator S:

S:A— (h -y 2kA(2’<h)> :
k=0
Lemma 111.26 (Existence of the sum).
Take any function A € E* such that 0;A(0) = 0. Then S(A)(h) is well-defined for every h € R .

Proof. We perform a Taylor expansion: there exists fi, such that A(27%h) = %(Z*kh)zagA(Z*kh;).
Therefore, we have immediately

Y- 2fA(27Fn)
k=0

< ()il <o

k>0

One can now proceed to the proof of the finiteness of the sum of H,. in definition I11.11.

Proof of Proposition 111.25. Let K be the ball of £ of radius ||K]|, and take V € K, z € R. To use
the previous lemma, we first notice the identity by definition:

H(V) = S(T). (111.5.4)
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There are two conditions to verify in order to apply Lemma [11.26:
azrg(o) - O, and rg € g“.

Those properties are verified thanks to Lemmas [11.23 and 111.24. The Proposition 111.25 immediately
follows. O

So far, we have not used the algebraic decay condition which is part of the definition of £%. In the
following lemma, we refine the estimate on S(A) € £*. This foreshadows the same result for the
function H.(V), as stated in the next section.

Lemma 111.27 (Better control of the series).
Assume that A € £%, that 9;A(0) =0, and that (14 |z|)*0,A € L®. Then, S(A) belongs to £*,
with a uniform estimate:

IS(A)]], < Cmax (IIAHMSEH}: (1+ IZI)”‘IBZA(ZH) (11.5.5)

There is some subtlety hidden here. In fact, we were not able to propagate the algebraic decay at
first order from A to S(A). What saves the day is that we gain some algebraic decay of the first
order derivatives somewhere in our procedure (see e.g. Proposition 111.22).

Proof. Recall the notation ¢,(h) = (14 |h|)*. We begin with the uniform bound on the first
derivative, which is the main reason why we have to impose algebraic decay in our functional spaces.

> Step 1: 9,S(A) is uniformly bounded. We split the sum in two parts. Let & € R, and let
N;, € N be the lowest integer such that |h| < 2N:. We consider the two regimes: k > Nj and
k < Nj,. In the former regime, a simple Taylor expansion yields

Y 0:A(27%h)

k>N,

< Y 278n)|a2A |, < []o2A])., (111.5.6)
k>Nh

by definition of Nj. In the regime k < Nj,, we use the algebraic decay which is encoded in the space
E* If |h| > 1, we have Nj, > 1, and

—k a0z oo
L AEWIS L av ey

k<N,
Dka 1 2(Ny+la _1q
< AT Ao = | mr = 92| o
(ngNh |h|"‘> [@udzAl <|h]”‘ w1 > [ @ad-Al

k<N,

By definition of Ny, we have 2Ni—1 < |1|, so that the right-hand-side above is bounded by a constant
that get arbitrarily large as &« — 0 (hence, the restriction on a > 0):

Y 9.A(27"h)

k<N

40(
< (37 ) lodehlle (15.7)

The case || < 1 is trivial as the sum is reduced to a single term d,A(h) since Nj, = 0.
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> Step 2: ¢, ‘828 ‘ is uniformly bounded. This bound and the next one are easier. For any
h € R, we have

h) |y 27%2A(27F

k=0

k. Palh) 2
<,§02 o kh))n%a Al

Since 1 > 2k, one obtains

hy| Y 27F2A(2
k>0

— o— 2
k)| < (sz( 1)) | @ad?Al|oo = <2_2“) | 902 Al|co-
k>0

The latter sum is finite since & < 1.

> Step 3: ¢, ’838 ’ is uniformly bounded. The proof is similar to the previous argument. [J

111.5.2  Contraction properties (second part)

In this section we prove that H, stabilizes some subset of £f. We first show that H. maps balls
into balls with incremental radius that do not depends on the initial ball (Proposition 111.30). This
property immediately implies the existence of an invariant subset for H, (corollary I11.31). Finally,
we prove that the mapping . is a contraction mapping for ¢ small enough (Theorem 11.32). To
completely justify the definition of H,, it remains to show that H.(V) € £f. We begin with the
lower bound on the second derivative, which is for free.

Lemma 111.28 (Lower bound on 92H.(V)(0)).
For every ball K C £f, there exists ek such that for any ¢ < ex, and V € K, we have:

0:He(V)(0) =0, 92He(V)(0) = 0Zm(0).

Proof. The identity 9,H:(V)(0) = 0, and more particularly 9,T!(0) = 0 is a consequence of the
choice of ,(V) in Proposition 111.9. Indeed, we have, by (I11.5.4),

9:He(V)(0) = Y a.T( =0.
k>0

For the second estimate, a simple computation yields, using m(0) = 0,m(0) = 0:

) o[ 32m(0)
RO = L2 | Ty

But since V € £f, one can use again the uniform estimates of Proposition I11.22 to write that for
€ < €k, that depends only on the ball K :

W2 (v)(0) - W (v)(0)?

92m(0)
BHe(V) =22+ Oe), 111.5.8
zHE( ) Ig(V)(O) + (8) ( )
where O(¢) that depends only on the ball K. Then, we use Proposition I11.16 with § = 1/3 to
deduce that for & small enough, we have Z.(V) < 4/3. Then (I11.5.8) can be simplified into

392m(0)

RH(V)(0) > =

+ O(e).
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Recall that 92m(0) > 0 by assumption. Therefore, for & small enough, we get as claimed
9RH(V)(0) = 82m(0).
O

Remark 111.29. Considering the proof, another way to interpret the result is that automatically for
any function V € £* such that 3,V (0) = 0, the function H. prescribes a lower bound on 92V (0).
Since we are seeking a fixed point H.(V) = V, we may as well put this condition in the subspace
&y without loss of generality.

Finally, we can establish a first useful estimate on ||H¢(V)||,, showing more than just its finiteness:

Proposition 111.30 (Contraction in the large).
For every ball K € &Ef, there exists an explicit constant k(x) < 1, as well as Cy,, Ck and ek that
depend only on K such that, for all ¢ < ek, and for every V € K,

[He(V) o < G+ (x() +€°Cx) [|V ] (111.5.9)

Proof. Let K be the ball of £, and take V € K. For clarity we write respectively Z(h) and Wg(l)(h)
instead of Z.(V)(h) and Wg(i)(V) (h). Combining various estimates derived in Section I11.5.1, and
particularly Lemma [11.27 together with Lemmas [11.23 and 111.24, we find that H,(V) = S(T:) =
S(T™) — S(TL) belongs to £%. However, the associated estimate (111.5.5) is not satisfactory, at least
for the S(T!) and we need to re-examine the dependency of the constants upon ¢ and «.

The first and second derivatives of I'! involve W and W? which are both of order eC V1,
thanks to Proposition 111.22. Back to the proof of Lemma 111.27, the quantities ||¢40.T!||« and
| 9a92T! |0 are in fact of order €||Al|,, and so are ||9:S(I'!)||c and ||@402S(T'])|]co-

This cannot be extended readily to the third derivative as we lose the order ¢ at this stage. However,
Proposition 111.22 provides an explicit constant that is going to be used. From (I11.5.3), we have:

23S ( ) =Y 4 k[ 2 %) + 3w (2 *kh)Wg(l)(Z’kh)+2Wg(1)(2*kh)3}.
k>0

The contributions involving Wg(l) and Wg(z) are of order ¢, and can be handled exactly as above.
However, the linear term involving W€(3) requires a careful attention. We obtain from Proposition 111.22
that gangB) is bounded uniformly by (2*~1 4 ¢*Ck) ||V||,. Therefore,

< (2“714—8“(:[() <Z4 kq)(P(tx(hk)h)> H H

k=0

2a+1

<(2“—1+e“c1<) Y oka-2) IIVHa:<4 2a+e“c1<> IV]l,. (111.5.10)
k=0 -

1) | Y a7 w2 k)

k=0

In view of the latter estimate, we define the explicit constant x(«) as

21+a
k(o) = yRmpTE (11.5.11)

A simple calculation shows that x(a) < 1 if and only if & < 2 —1log,(3) ~ 0.415. The choice
& < 2/5 gives some room below this threshold. We conclude that ||S(T1)|| < (x(a) 4+ €*Ck) [|V]],.
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The other contribution to H¢(V), namely S(I'”) can be bounded in an easier way. Indeed, we
have

mo m B _ m 1
I =log(1+4m)+log <1 + Ig(0)> log(1+4m) = log(1+m)+log <1 ti T (I&‘(O) 1)) .
(111.5.12)
We define accordingly

m—kmla2x3 <qu Tem ) , (111.5.13)

Moreover, Proposition [11.16 can be easily refined into |Z,(0) — 1| < €Cp||V||a, using the definition
of Rk in (I11.2.11). Straightforward computations show that the last contribution in (I1.5.12) can be
estimated by ¢Cy, ||V,

Combining the estimates obtained for S(I"") and S(T'!), we come to the conclusion:

[He(V)llo < G+ (x() +€°C) | V]|,

Proposition 111.30 calls an immediate corollary.

Corollary 111.31 (Invariant subset).

There exist Ko a ball of £§, and € a positive constant such that for all ¢ < ey the set Kq is invariant
by H,:

Proof. Let Ky be the ball of radius Ry = 2Cy, /(1 — x(a)). We deduce from Proposition 111.30 that,
for all V € Ko,

2
IV, < Co o (x(0) + €4 )R0 = Co (1 1 2ohs ) €0

— 2 0
= Cm <1—K(0() - 1) +€ CKORO

2€“CK
=R 14—
O+Cm< +1—K(06))

1—x(a)

Therefore, the choice gy = < 2Cx,

> guarantees that Ky is left invariant by .. O

We are now in position to state the more important result of this section:

Theorem 111.32 (Contraction mapping). There exists a constant Ck, such that for any € < €g, and
every function V1, V, € Kq, the following estimate holds true

IHe(V1) = He(V2)]l, < (@) +€Ci) [ V2 — Vall, . (1115.14)

Proof. We denote by AV the difference V7 — V;, again. The proof is analogous to Proposition 11.30.
For clarity we write respectively Z:(h) instead of Z.(V;)(h) and AW )(h) instead of W' )(V )(h) —
WE(Z)(VZ)(h). We decompose AH,(V) as above:

AHe = A (S(r;“) - S(rg)) = AH™ — AHL (111.5.15)

We deal with AH}" in the following lemma :
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Lemma 111.33. There exists a constant Cy such that for any € < €g, and every function V1, V, € Ky,
we have

[AHE ], < eCo [ AV, -

Proof. Recall the following definition:

AT =log (Ig(o) + m) —log (Z2(0) +m) — log @28;) : (111.5.16)

The first derivative has the following expression,

m d,m
QAT = ~ 0 7 0 +m)AIg(O). (111.5.17)

Clearly, Z2(0) + m is bounded below, uniformly for & small enough. Therefore, we can repeat the
arguments of Lemma 111.27, with A = log(Z}(0) + m) in order to get

19:S(AT™ [l < Co| AT (0)]. (111.5.18)

However, Proposition 11.18 yields that |AZ:(0)| < eCp || AV,
The next order derivatives can be handled similarly. Indeed, the following quantities must be
bounded uniformly by eCo ||AV]|,:

)| 2 |~ oy | < 1AV

)| 22 [ oy~ @0 | <147
oali)| 3,47 [zg(%g)ni(zn;(kzh)kh) _zg(%g)ni(zn;(k?kh): S Gollavik

00| 24 [t e ~ G0 )| SISV
o g (A .

The first and the third items are handled similarly as for the first derivative. The three other items
are handled analogously. For the sake of concision, we focus on the second line: we have,

9,m(z)? B d.m(z)?
(Z2(0) +m(z))>  (Z2(0) +m(z))?
B 9,m(z) 0,m(z) —0,m(z) AZ(0)
~ [ZH0) +m(z)  Z2(0) + m(Z)] [(13(0) +m(z))(Z2(0) + m(z))

The first factor is uniformly bounded by assumption (I11.1.6), for & small enough. The second factor
is the same as above, so we can conclude directly. O
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It remains to handle AH]. We have the following formulas for the two first derivatives (111.5.1)-
(111.5.3):

LAHL(n) = Y AWM 27Fn),
k>0

RAUL = X2t AW - & (W )]

k=0

Finally the formula for the third derivative is:

RAHI(h) = Y 47 [Awg“) 27 h) +3A (wl(z)wf” (2*’%)) +2A <w§1) (2*kh)3)} .

k>0
(111.5.19)
The combination of Proposition 111.21 and Lemma [11.27 yields
10:AH! || < eCo |AV]], - (11.5.20)
In the same way, we get the bound for the second derivative, using the factorization
A (w§1>(z)2) - (w§1>(v1)(z) + w§1>(v2)(z)) A (w§1>(z)) , (111.5.21)

together with the uniform bound in Proposition 111.22.

As in the proof of Proposition 111.30, the third order derivative must be handled with care, as it
does not yield a O(¢) bound.

Exactly as above, the contribution involving AW in (111:5.19) is the one that yields the contraction
factor, the remaining part being of order O(e) || AV|,. Actually, we have precisely:

Y a7k AW (2 kn)
k>0

Pu(h) < (x(0) +€°Co) [ AV,

as in (111.5.10). This concludes the proof of the main contraction estimate. O

III.6 EXISTENCE OF A (LOCALLY) UNIQUE U, AND CONVERGENCE AS ¢ — 0.
111.6.1  Solving problem (PU,) — Theorem I11.4(i)

First of all, Theorem I11.32 immediately implies Theorem I11.12, that is the existence of a unique fixed
point H(V;) = V¢ in the invariant subset Ky, for ¢ < €y. Note that ¢y could possibly be reduced to
meet the requirement of the last estimate in (I111.5.14).

However, due to the peculiar role played by the linear part .(V;), it is convenient to enlarge
slightly the set Ko. More precisely, after corollary 111.31 we define K{, the ball of radius

Ry = Ro + sup |7:(V)|. (11.6.1)
VeKy

It is clear that, up to reducing further gy to € in order to control the new constant CK(/), the
set K6 is also invariant for ¢ < 8/0. The same contraction estimate as in Theorem [11.32 holds,
obviously. Furthermore, the fixed point on K{ coincides with the fixed point on the smaller ball K,
by uniqueness.
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Next, we show that finding this fixed point is equivalent to solving problem (PUL), as claimed in
Proposition 111.13. We prove in fact the two sides of the equivalence.

> The easy part consists in saying that, being given V; the unique fixed point in Ky, the function
U = 7e(V;) - +V; belongs to K| by definition of K{, (I11.6.1), and it solves problem (PLL) by
construction.

> On the other side, suppose that (A, U;) € R x K{ is a solution of the problem (PU). As
in section 1.2, evaluating (PU,) at z = 0 yields the following necessary condition on A, since
m(0) = 0:

Ae = IS(LIE)(O).l

Then, we focus on U,. We decompose it as U, = 7y - + Vi, with vy = 9:U¢(0), and 9,V;;(0) = 0.
Our purpose is threefold: (i) first, we show that vy = 7.(Vyy), then (ii) we prove that V; € &f,
and finally (iii), we prove that H.(Vy) = V.

We can reformulate problem (PU) as follows:

L(yu-+Vu)(0) +m(z) = L(yu - +Vu) exp (Vu(z) — 2V (z) + Vu(0)). (111.6.2)

Since we assume U, € £%, we can differentiate the previous equation, and evaluate it at z =0 to
get :

0z Le(yu - +Vu)(0) = 0.
As in Section I11.2, a direct computation shows that ; and V{; are linked by the following relation:

0= Je(vu, Vu), (1.6.3)

In order to invert this relationship, and deduce that vy = 7.(Vyy), it is important to prove that
Ve € &, which amounts to showing that 92V,(0) > 92m(0), the other conditions being clearly
verified.
Differentiating the problem (PU.) twice, and evaluating at z = 0, we get:
92U (0)

0zm(0) = 01 (Ue)(0) + Le(Ue) (0) ==

B 21,(U,)(0) | 22U1,(0)
‘I‘f(””(o)(u(ug)(m T >

Then, using straightforward adaptations of Propositions |11.16 and [11.22, where V' should be replaced
with Vi; € £ and (V) should be replaced by s, we find that

3 92U, (0)
2 €
d;m(0) < 5 <£CK6 + 22> .

for e sufficiently small. We deduce that the missing condition is in fact a consequence of the
formulation (PU):

02U (0) = a2m(0).

By definition, 02U, (0) = 92V;(0), so we have established that V, € &£f.

We use the notation I;(U;) introduced in equation (I11.1.4), that should not be confused with Z,(V;). It is the purpose
of the present argument to show that the two quantities do coincide.
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Hence, we can legitimately invert (111.6.3), so as to find vy = 7:(Vy), where the function 7y, is
defined in Proposition [11.9. Since U, € K|, by assumption, we have in particular ||Vy1]|, < R{. Of
course, Vyy is the candidate of being the unique fixed point of #, in K{, (but also in Kp). The proof
of this claim follows the lines of section 111.2.2, checking that all manipulations are justified.

First, we divide (111.6.2) by Iy = L(yu - +Vu) = L(v.(Vu) - +Vu) = Ze(Viy). According to
Proposition 111.16, this quantity is uniformly close to 1 for € small, so it does not vanish. Taking the
logarithm on both sides, we get for all z € R :

Iy (0) + m(z))
Iu(Z) )

We differentiate the last equation to end up with the following recursive equation for every z € R

3,Vu(2) — .V (2) = 9, log (W) (2).

One simply deduces, that for all z € IR, we necessarily have:

Vu(Z) — ZVu(f) + Vu(O) = log <

0:Vu(z) = 9:Vu(0) + ) _ log (

k=0

(0) +m(2- z)>
Iu(27*z) '

Note that the C! continuity at z = 0 is used here. Moreover, 9,V;(0) = 0 by definition of V{;. The
analysis performed in Proposition 111.25 guarantees that this sum is indeed finite. Finally, integrating
back the previous identity yields

m 7kZ
- (M) - s (K0 202

k>0 k>0

The last expression is nothing but #H.(Vy), by definition (111.2.14). Therefore, Vi = H(V1;) is the
unique fixed point of H, in Kj,.

111.6.2  Convergence of (Ag, U) towards (Ao, Uy) — Theorem 111.4(ii)

As previously, we decompose U, = 7y, - +V,, where 7y, stands for .(V;). Firstly, we have A, =
Z.(V:)(0) — 1, using Proposition 111.16. Secondly, using an argument of diagonal extraction, there
exists a subsequence ¢;,, and a limit function V[ such that

lima,V, = 9.V, in Ly, (11.6.4)
e—0
lim 02V, = 0%Vp, in Lo (111.6.5)
e—0
We have used the Arzela-Ascoli theorem and the uniform C3 bound in order to get the convergence
up to the second derivative. However, there is no reason why the convergence should hold for the
third derivative, due to the lack of compactness.

Looking at (PU,), we see that Z,(U,) converges uniformly to 1, and, for every given z € R,
(I11.6.4) implies that

Ue(z) = 2Ue(2) + Ue(0) = Vel(z) = 2Ve(2) + Ve(0) — Vo(z) — 2Vo(2) + %o(0).  (1116.6)
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Passing to the pointwise limit in problem (PUL), we get that V{ solves the following problem:
14+ m(z) = exp (Vo(z) —2Vo(z) + Vu(0)) .

Then, we have necessarily:

Vo(z) = Y 2Flog (1+m(2_kz)>. (111.6.7)
k=0
This completes the proof of Theorem II1.4(ii), up to the identification of the limit of 7., if it exists.
In our approach, this goes through the characterization of the functional J; (I11.2.10). This was
indeed the purpose of Lemma Il1.14. Here comes an important difficulty, as compactness estimates
are not sufficient to pass to the limit in 7(0, V) as ¢ — 0 (11.3.3), as it would formally involve the
pointwise value 92V (0) which is beyond what our compactness estimates can provide. Note that
passing to the limit in agjg(g,Vg) as ¢ — 0 is not an issue, as it can be encompassed by (I11.6.5),
see (111.3.4).
It remains to prove that the following limit holds true

~ - 1
tim = [ xp(~ Q1 v2)) [0V (e53) + 302V (e52))] dysdy = 59Em(0). (116:2)

Indeed, this would directly imply that

lim J.(g, Vo) = —%827}1(0) + g32m(0), (1116.9)
£—

as 02Vp(0) = 20?m(0) as a consequence of (111.6.7). We could deduce immediately that the root
7e(Ve) converges to the expected value (I11.1.11).

In the absence of compactness, we call the contraction argument, in order to prove the following
key result:

Lemma 111.34. For every 6 > 0, there exists R1(6) > 0, such that, for every R > Rq(6), there
exists €1(6, R) such that for all e < €1(6, R), we have:

sup |92Ve(z) — %aﬁm(z) <9, (111.6.10)

|z|<eR
Proof. To begin with, we differentiate the problem (PU.) three times:
1 _
0;Ve(z) — 702Ve(2) = 82 log (Ac + m(z)) — 2 log (Ze(Ue)(2)) -
We expand the right hand side as usual:

1 . m(z) 302m(z)0.m(z) 20,m(z)?
aﬁVg(z)—iaiVS(Z) T m@) T htm@)? T etm@))
2

~ W () - 3w ()W (z) — 2w (2)°.

We subtract d2m(z) on each side, and we reorganize the terms in order to conjure the difference
92Ve(z) — (4/3)02m(z) we are interested in:

() — 3Em(z) — 3 (W(2) — 59m() ) + 3 (02m(2) — 2m(2) =

3 (9zm(
3
3 1 B 302m(z)d,m(z) 20,m(z)3
aZm(z)( @) 1)+ e tm@)?
)

(92m

Ae+m(z (2))?  (Ae+m(2))?

- WP (2) 3w (W () — 2w (2. (1n6.11)
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We estimate below each term of (I11.6.11). First, the terms involving m and its derivatives on
the right hand side of (l11.6.11) converge to zero, uniformly for |z| < €R, as ¢ — 0, simply
because m(0) = d,m(0) = 0, and A, — 1. Actually, the same holds true for the difference of
92m(z) — 33m(z) by continuity of d3m at the origin.

Second, from Proposition I11.22, we know that

max 7]

o]

W§Z)H ) = O(e). (111.6.12)

oo
The remaining term, Wg(g) (z) is more delicate to handle. In fact, it will result in a contraction
estimate, exactly as in section I11.5. We recall the expression of WS(S) (111.4.8):

WO () = (4G (2), ;D(EVE)2) + (D(0V0) (2))" + SOV D DL(EVE) )

As in the proof of equations (I11.4.13) to (I11.4.15), we get that the last two contributions involving the
non-linear and lower order terms (Dg(ang))?’ and D¢(9,V.)D:(92V;) are O(e). It remains the term

<dG€V€, (1/4)D€(82V5)>, which is a double integral in variables (y1,y2) that we split in two regions
of integration: QO = {|y1] < R/2, and |y2| < R/2} and Q¢ = {|y1| > R/2, or |y2| > R/2}.
Let 6 > 0. We can choose R (6) large enough so that, for all R > Ry(6), we have

1 1 )
1 [ (46E 2 10e (y1,12), D@3Ve) ()| < 5 (AGH ()10 (1, 12),1) 1Ko, < 75. (111:6.13)

In the region where y; and y are both below R/2, we introduce the difference with 92m, as in
(111.6.10):

1 1 1
<ngV£(z)1Q, 02Ve(2) — gVe(z T ey) — OVe(z + ey2)> _ A+B,

where
A= ngg(z)lg,Z az‘/g(z)—gazm(z)
1(ae 4, 1 (g 4.,
~3 82%(z+£y1)—§azm(z+£y1) ~3 82V8(2+£y2)—§82m(z+8y2)
and .
B = = (4G ()10, (82m(2) — 2m(z + ey1)) + (93m(z) — O2m(z +epa)) ).

By construction, we have |z + ey;| < eR/2+ eR/2 < eR. Therefore, we have

1 4 2 4
|A| < (dGY:(2)1q, 5 sup |33Ve(z) — —02m(z)| + = sup |0°Vi(z) — ~d2m(z)
|z|<eR 3 8 |z|<eR 3
1 3 4.5
< 7 sup |07 Ve(z) — z07m(z)].
|z|<eR 3

As for B we find:

|B| < ! <dG€V€(z)1Q, osc (82m)> < L osc (93m) — 0.

|z|<eR |z|<eR e—0

W
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Going back to (I11.6.11), we have shown that for R > Ry, there exists ¢ > 0 small enough such
that for all £ < &1 we have:

4 o 1 4 1 4
sup [92Ve(z) — 2m(z)| < = + = sup |dVe(2) — —92m(Z)| + = sup | Vi(z) — ~d2m(z)
2|<eR 3 4 4R 3 12| <eR 3
b 3 4
<=+ sup |02Vi(z) — —d2m(z)].
4 4 |z|<eR = 37
As a consequence, we find that
4
sup [92Ve(z) — =3m(z)| < 6.
|z|<eR 3
This completes the proof of Lemma I11.34. O

Back to (I11.6.8), we recall that |i;| < |y;| + 1, as a by-product of Taylor expansions. Let § > 0,
and take R sufficiently large such that

1 2, .2 < 2
4\@71 // Qy1,y2)) (||Ko||o<+ 2BZM(0)> Vi +v3] dyidyz < 5., (111.6.14)
where Q) = {|y1] < R—1, and |y2| < R—1}. The other part of the double integral is:
1 ~ ~
e //Qexp(_Q(ylryZ)> [1203V (e171) + 303V (e112))] dyrdys. (111.6.15)

Using Lemma 111.34 and the continuity of agm at z = 0, we can find €1 > 0 such that for all ¢ < €1,

1 exp(—Q(y1,12)) |3 8§’V<€171)—%3§’m(0) +13 8§’V(8y~z>—§3§’ﬂ1<0) dy,dy,
427 JJa
( on // yuyz))[yﬁyz]dyldyz) 15

Putting all the pieces together, and using that E [z exp(—=Q(v1,42)) [¥3 + v3] dyrdy2 = 3 see

(111.2.2), we deduce that:

. _ 1
’4ﬁn //R Qy1,y2)) [y102V (et1) + Y302V (e42)) ] dyldyz—zaimw)‘ <d. (1116.16)

Hence, the limit announced in (111.6.8) holds true. This completes the proof of the asymptotic
behavior (A¢, U:) — (Ao, Up) as described in Theorem II1.4(ii).

1.7 EXTENSION TO HIGHER DIMENSIONS

Our methodology can be extended to higher dimension, without too much effort. This section is
devoted to the generalization of the elements of proof that were specific to the one-dimensional case.

All the estimates on the operator H. and its constitutive pieces are still operational in higher
dimension. The only part of our proof that requires some specific attention is the construction of the
linear part 7(V:) which was performed in Section I11.3. Indeed, we used a monotonicity argument to
show that .(V;) can be defined in a unique way.

We proceed as in Section II1.3. First we show formally how to obtain the expression of the vector
o (I11.1.11) via suitable Taylor expansions. Then, we justify these Taylor expansions, and we exhibit
a monotonic function that enables to conclude, exactly as in dimension 1.
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11.7.1  The formal expression of the linear part g

Following the very same heuristics as in section 111.3.1, but being careful during the Taylor expansions,
we formally end up with the following matrix valued identity:
Uy @+ @ yz)dyldyz>

D*V (0 (
_1 3 Qy1.y2)
= 2D V(0 ( 7 //]RM 1 ®@ y1dyrdy, (1n.7.1)

The quadratic form Q yields the multivariate centered gaussian distribution associated with the
following covariance matrix £ € My;(R):

y_1(31d —1d
“3\-1d 31d)

The Kronecker product y; ® y; yields a matrix of moments, and so the relation (I11.7.1) can be
simplified, similarly to the one dimensional case, so as to obtain:

]de

3 1 1 3
2 vt -3 e
<D V(O) (4 )Id) 2D V(O)4 1d,
1 5 3 3
ED V(O)'YO = §D V(O) Id.

The righ hand side is a tensor applied to a matrix yields a vector that can be simplified even further
using tensorial properties: D3V (0)Id = D(AV)(0). Then, provided that D2V (0) is non degenerate,
we obtain the limited expected value of 7yg in dimension higher than 1, that is a generalization of
(111.3.2):

3 -1
r(V) =7 (D*V(0)) " D(AV)(0).
In the case where V} is given by (I11.1.11) through the fixed point procedure, we obtain
1 -1
10(Vo) = 5 (D*>m(0))  D(Am)(0). (111.7.2)

111.7.2  Extension of the proof of Proposition 111.9 (section 111.3.2)

We now fix V € K, where K is a ball of £f. The purpose is to prove that there is a unique solution
in R? of the following problem:

Je(v, V) =0. (111.7.3)

We insist upon the fact that the variable ¢ belongs to R? and the function 7;(-, V) is now defined
as a vector field on RY, 7, : RY x £% — R“.
As in section 111.3.2, we can obtain the following estimate

TJe(g, V) = Je(o,v)+%D2V(0)g+(’)(s), (11.7.4)
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by means of refined Taylor expansions, where 7:(0, V) is bounded a priori, independently upon & > 0
for V. € K. To prove the existence of a root 7., we used the mean value theorem in the proof
of Proposition [11.9. The analogous statement in higher dimension is the Brouwer fixed point theorem.
Indeed, (111.7.3) can be recast as follows:

-1
3= ([+3D2V(0)) (g (0,V) + O(e) = T(g).

Thus, we are led to finding a fixed point of a continuous function. As in the one-dimensional case,
thanks to the lower bounded D2V (0) > po1d encoded in the definition of £§ (111.1.7), we can show
easily that there exists Rg such that the ball of radius R in R? is left invariant by 7. Brouwer’s fixed
point theorem guarantees that there exists a fixed point 7, to 7, which is also a root of (I11.7.3).

For the uniqueness part, we can use strict monotonicity, similarly as in the one dimensional case.
This is possible, thanks to (I11.3.4) :

DoJe(g, V) = %DZV(O) +0O(e). (111.7.5)

We deduce from this strong estimate that the vector field J¢(-, V) is locally uniformly monotonic, in
the sense that there exists px such that the following inequality holds true for all & sufficient small,
and every ¢1,82 € B(0, Rk):

(Te(81, V) = Te(82,V)) - (81— &2) = %VK g1 — g2 (11.7.6)

This monotonicity condition is clearly satisfied, as it is equivalent to the following first order condition,

2 (D3 7u(s, V) + DeJ(g, V)T > pxld, (n.7.7)

It is immediate that any strictly monotonic vector field admits at most one root. This completes the
proof of uniqueness of (V).
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Quatrieme partie

LIMITE ASYMPTOTIQUE DU PROBLEME DE CAUCHY POUR LE MODELE
INFINITESIMAL DANS LE REGIME DE PETITE VARIANCE

Nous étudions le comportement asymptotique des solutions du probleme de Cauchy
associées au modele de génétique quantitative décrit dans la partie précédente avec
I'opérateur infinitésimal. Nous considérons toujours le régime de petite déviation du trait
des descendants par rapport a la moyenne des traits des parents. Alors, uniformément et
pour tout temps, les solutions restent arbitrairement proches d'une profil Gaussien avec
un optimum mobile déterminé et une petite variance. La preuve nécessite des contrdles
uniformes en temps et plus précis que ceux fournis dans la partie précédente. Nous
réalisons une analyse de stabilité du probléme linéarisé pour aboutir a la conclusion
souhaitée. Ce travail a été soumis pour publication.






Iv.l INTRODUCTION

We investigate solutions f; € L}(RT x R) of the following Cauchy problem:

{ 8zatf€(tfz) + m(z)fg(t,z) = Bg(fg)(t,Z), t>0, z€eR, (Pf)
£:(0,2) = f2(2). tfe

where Be(f) is the following non linear, homogeneous blending operator associated with the infinites-
imal model [ l; [ |:

1 1 21 +2\° f(z2)
B(f)(z) := &/E//Rzexp !_52 (Z_ o 2> ]f(zl)mdzleZ. (IV.1.1)

This problem originates from quantitative genetics in the context of evolutionary biology. The variable
z denotes a phenotypic trait, f; is the distribution of the population and m is the trait dependent
mortality rate. As a result, well-fitted individuals are selected into the population, in the long term.

The mixing operator B, models the inheritance of quantitative traits in the population, under the
assumption of a sexual mode of reproduction. As formulated in equation (IV.1.1), it is assumed that
offspring traits are distributed normally around the mean of the parental traits (z1 +z5)/2. The
variance of diversity generated at birth is constant, here e2/2.

In theoretical evolutionary biology, a broad literature uses this model to describe sexual reproduction,
seee-g.[ ] [ ][: | [ ]:[ | [1976]; [ ][ I
[ |; [ |; [ |]. We are interested in the asymptotic behavior of the trait
distribution f, as €2 vanishes. It is expected that the profile concentrates around some traits under
the influence of selection.

The asymptotic description of concentration around some particular trait(s) has been extensively
investigated for various linear operators B; associated with asexual reproduction such as, for instance,
the diffusion operator f.(t,z) + e2Afe(t,z), or the convolution operator 1K ()  f.(t,z) where K
is a probability kernel with unit variance, see [ |; [ |;

[ I; [ I; [ | for the earliest investigations, and
[ |; [ |; [ | for the case of fat-tailed kernel K. In those
linear cases, the asymptotic analysis usually leads to a Hamilton-Jacobi equation after performing
the Hopf-Cole transform 1, = —¢elog f;. Those problems require a careful well-posedness analysis
for uniqueness and convergence as ¢ — 0 see: [ I;
[2018].

Much less is known about the operator B, defined by (IV.1.1). From a mathematical viewpoint, in

the field of probability theory [ | derived the model from a microscopic framework.
In [ |; [ |, the authors use a different scaling than the current
small variance assumption €2 < 1 , and add a spatial structure to derive the celebrated Kirkpatrick
and Barton system [ ]
The Gaussian distributions are known to be left invariant the infinitesimal operator B, see
[ |; [ ]. In [ |, the authors studied special

"stationary" solutions, having the form :

exp <A€2t> E(z), with B(2) = —— exp <—(Z;€§)2 - ug(z)> .

eV 2
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In particular, U = 0(1). In this paper we tackle the Cauchy Problem (P f.), and we hereby look for
solutions that are close to Gaussian distributions at all times :

exp </\(t) _ G — () - Lle(t,z)> . (IV.1.2)

&2 2¢2

fE(t/Z) =

eVv21T

The unknown A measures the exponential growth (or decay according to its sign) of the population.
The mean of the Gaussian density, z,, that is also the trait at which the population concentrates
when ¢ — 0, will be determined by the analysis. The function U, measures the deviation from
Gaussian profiles induced by the selection function m. Plugging the transformation (IV.1.2) into
Problem (P;f:) yields the following equivalent one:

— 20U, (t,2) + A(t) + (z — 2. (£)) 2. (t) + m(z) =
L(U:)(t, z) exp (Ug(t,z) — DU, (t,2(t)) + UL(t, z*(t))), (PUL)

where Z(t) is the midpoint between z and z,(t) :

and the functional I; is defined by

L(U)(t,z) =

1 3 _ _ _
/ /R exp [—Zylyz =3 Wi +s) +2Ue (£2) — Ue (2 +eyr) — Ue (12 + eyz)} dy1dy,

\/E/ exp [—;yZ + Ue(t, z:) — U (t, 2« +£y)} dy
R
(IV.1.3)

This functional, albeit esoteric at first glance, is the residual shape of the infinitesimal operator
(IV.1.1) after suitable transformations. It was first introduced in the formal analysis of

[ | and in the study of the corresponding stationary problem in [ ]. Suppose
that U is uniformly Lipschitz, then Z,(U;) — 1 when ¢ — 0. Thus for small ¢, we expect that the
Problem (P;f:) is well approximated by the following one :

A + (2= 2.(0)2.(5) + m(z) = exp (Uo(t,2) — 2o (£, 2(5)) + Uo(t, z.(1) ). (IV.1.4)

Interestingly, playing upon the fact that it does not depend on ¢, this characterizes the value of
z,(t) and A(t). By differentiating equation (1V.1.4) and evaluating at the point z = z,(t), then just
evaluating equation (1V.1.4) at z = z,.(t), we find the following pair of relationships:

2 (t) +m'(z.(t))
A(t) 4+ m(zi(t))

0, (IV.1.5)
1. (IV.1.6)

Associated to initial data z,(0), A(0), this prescribes the dynamics of z. and A. A more compact
way to write the limit problem for e = 0 is

T(tz) = exp (Uo(t,z) —2Uy (t,2(1)) + Uo(t,z*(t))), (PUp)
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with the notation
T(t,z):=1+m(z) —m(z«(t)) — m'(z«(t))(z — z(t)). (IV.1.7)

It verifies
[(tz(t)) =1, 9.I(t z.(t)) =0.
An explicit solution of Problem (P;U)) exists under the form of an infinite series :
* . k —k
V(t,z) == ¥ 2Flog (r (t, z.(t) + 27z - z*(t))) ) (IV.1.8)
k=0

The function V* is a solution of Problem (P;Uj), but not the only one. There are two degrees of
freedom when solving Problem (P;U)), since adding any affine function leaves the right hand side
unchanged. Therefore, a more general expression of solutions is the following, where the constants
po and go are arbitrary :

Uo(t,z) = po(t) +qo(t)(z — z«(t)) + V*(¢,2). (IV.1.9)

To ensure the convergence of the series, one proceed with Taylor expansions around z,.. The
compatibility conditions are exactly given by equations (IV.1.5) and (IV.1.6). To prove further
properties of V*, such as Lipschitz regularity, one needs some assumptions of asymptotic decay of the
selection function m, when |z| — co. The precise computations are detailed in [ |
Therefore, after those preliminary considerations, we make the following assumptions on m.

Definition IV.1 (Assumptions on m).
We suppose that the function m is a C*(R) function, bounded below. We define the function of
time z, as the following gradient flow:

z(t) = —m'(z.(t)) t>0,
associated to an initial data z,(0) prescribed. Next, we make the following assumptions :
> We suppose that z.(0) lies next to a local non-degenerate minimum of m, zy such that

2.(t) — %. (IV.1.10)

t—o0

> We also require that there exists an uniform positive lower bound on I'. We suppose that there
exists go > 0 such that for all (t,z) € RT x R:

I'(t,z) > go. (IV.1.11)

> Finally we make decay assumptions on T :

oI (t,z)

for k=1,2,3,4: (14 |z—z.|) Tt 2)

€ L*(R" x R). (IV.1.12)

Our assumptions on m and z, guarantees the following local convexity property, at least for time ¢
large enough :

Jpp >0, Jtg > 0, such that m"(z.(t)) > uo, Vt > t. (IV.1.13)
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Remark 1V.2. Based on the formulation of Problem (P;Uy), the function T must be positive. We
require a uniform bound in equation (IV.1.11) for technical reasons. It corresponds to a global
assumption on the behavior of z. and m, that further reduces the choice of z,(0). This condition
holds true for globally convex functions m. However we do not want to restrict our analysis to
that case, so we suppose more generally that equation (1V.1.11) is verified. Moreover, the decay
assumption (1V.1.12) holds true if m behaves asymptotically as |z| — oo like a polynomial function.

We make and additional assumption upon the behavior at infinity of m, that is roughly that it has
polynomial tails :

1 .
=a< 2, limsup
2 Z—00

lim sup
Z— 0

3.T(t,2)

We will see that this assumption is intrinsic to the methodology of proof we used, see section IV.7.

The purpose of this work is to rigorously prove the convergence of the solutions of Problem (P;U)
towards the solutions of Problem (P;Uy). Similarly, in [ ], it was proven that the
solutions of the following stationary problem U: :

Ao+ T(z) = L(U)(z) exp (Uﬁ(z) —2U; (Z —;ZAO> + U:(ZAO)) , z€R. (PU, stat)

are converging when ¢ — 0 towards solutions of Problem (P;lly), in a functional space involving
uniform bounds on three derivatives.

Given the specific shape of Uy, see equation (IV.1.9), we decompose U, by separating the affine
part from the rest:

Ue(t,z) = pe(t) + ge(t) (z — (1)) + Ve(t, 2). (IV.1.15)
We also require that at all times ¢t > 0,
Ve(t,zi) = 9.V (t,z,) = 0.

The pair (g¢, V) is the main unknown of this problem, as we will see that the number p, can be
chosen straightforwardly. One expects that V. converges to V* when ¢ — 0. Our analysis will be able
determine the limit of g, even if it is not given by the problem at ¢ = 0. Indeed in Problem (P;Uy),
the affine part gg can be any constant. Our limit candidate for g, is g*, that we define as the solution
of the following differential equation

m3) Z,
78 =~z () (0) + "D o (1) (2. (1), (IV.1.16)

corresponding to an initial g*(0). Moreover we define p* as the function which verifies for a given

p*(0),
pr(t) = —m'(z.(t))q" (t). (IV.1.17)

Finally, the function
Ur(t,z) == p*(t) +q"(t)(z — z« () + V*(¢t,2) (IV.1.18)
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will be our main candidate for the limit of U; when ¢ — 0. The problem for V; equivalent to
Problem (P;U,) is

D(t2) = & (p* () +4e(t) (2 = 2:(0) + ' (22 (D)ge(t) ) — EdiVe(t,2)

= T.(qe, Vo) (1, 2) exp (Ve(t,2) = 2Ve (1, 2(1)) + Velt, 2.(1) ). (PiVe)

We choose to write Z,(qe, Ve)(t,z) := I.(U¢)(t,z) as a functional of both unknowns because we
will study variations in both directions. One can notice that thanks to cancellations the functional
Z.(U,) does not depend on p,, which explains for the most part why we focus upon (g, V). One
of the main difficulties to prove the link between Problems (P;V;) and (P;Uy) is th at formally, the
term with the time derivative V; vanishes when ¢ — 0. This makes our study belong to the clan of
singular limit problems.

Before stating our main result we need to make clear which functional spaces we will be working
on. We first define a reference space &, similar to the one introduced in [ | for the
study of the stationary equation. However, compared to that case we will need more precise controls,
which is why we introduce a subspace F with more stringent conditions.

Definition IV.3 (Functional spaces).
We define the functional space

=<veE R™ xIR) s.t. Vt >0, v(t,z«(t)) = 0,v(t,z«(t)) =0 and |0,v(t,z)| € L (IR™ x R),
5{03(+)\7 (t,z:(t)) = 0z0(t, z.(1)) |0:0(t,z)| € L”(R* x R)

\(1 +lz— 2z (b)] )agv(t,z)) € L®(R* x R),

(1+ 2= 20 )a2e(t,2)| € L™(R* x R)},

equipped with the norm

|v|| ¢ = max ( sup |0;v(t,z)|, sup ‘ (1 + |z — z.(1)| )agv(t,z) ,
(tz)eRy xR (t,z)eERy xR

sup ‘(1—}— ]z—z*(t)|)8§v(t,z)‘> .

(t,z)eR4 xR
We also define the subspace :

20(t,2(t)) — o(t, 2)|

F:=£&nN {v € L*(R" xR) s.t. |0-0(t,Z(t)) — 0zv(t, z)|

€ L®(R* x IR)}

and we associate the corresponding norm :

|v|| = max <||v||g, sup  |20(t,z(t)) —v(t,z)|, sup |0:0(tZ(t)) — azv(t,z)|> .

(t,z)eR4 xR (t,z)eR4 xR

Most of this paper is focused on the pair (g, Vz) € R x F, so we will use the notation [|(g, V)|| :=

max ( 9], ||V||J-E) Our main theorem is the following convergence result :
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Theorem 1V.4 (Convergence result).
There exists Ky and gy > 0 such that if we make the following assumptions on the initial condition,
Ve<egp:

IV*(0,) = Ve(0, )| » < Ko, and
17°(0) = g:(0)] < &Ko, [p*(0) = pe(0)] < €Ko,

then the following convergence hold true :

. *
sup Ve =VZ]lz —2 0,

sup |ge(t) —q"(O)] =3 0. suppe(t) =" (1) =5 O,
where g* is defined as the solution of equation (IV.1.16) associated to q*(0) and p* as the solution
of equation (IV.1.17) associated to p*(0).

Therefore, as predicted, the limit of U, when ¢ — 0 is the function p*(t) + g*(t)(z — z.(t)) +
V*(t,z). The Theorem V.4 yields the stability of the Cauchy Problem (P;f.) with respect to e.

In [ | a fixed point argument was used to build convergent solutions of the
stationary problem when ¢ — 0. However, this method can no longer be applied in this case since
the derivative in time breaks the structure that made the stationary problem equivalent to a fixed
point. The fact that this structure holds at € = 0 in Problem (P;U) illustrates the main difficulty of
this work : the asymptotic problem has a different structure than the initial one. For this reason
we replace the fixed point argument by a perturbative analysis method. We introduce the following
corrector terms, k., We, our aim is to bound them uniformly :

Ve(t,z) = V*(t,2) + e2We(t, 2) (IV.1.19)
ge(t) = q* () + €5 (1). (IV.1.20)

The scalar g* , perturbed by €2, will tune the affine part of the solution. The function W, measures
the error made when approximating Problem (P;U,) by Problem (P;Up). We choose not to perturb
pe because we will see in section IV.5.2 that it can be straightforwardly deduced from the analysis.

Coming back to the initial Problem (P;f:), the order of precision is quite high since we are
investigating the error made when approximating f, by Gaussian distributions, see (I1V.1.2) : W
is of order €2, while U, is of order 1 in €. The objective of this article is to show that x. and
We are uniformly bounded with respect to time and . The decomposition of equations (IV.1.19)
and (1V.1.20) highlights the role of the functional spaces defined in definition IV.3. While V; € &,
similarly to the stationary case, we ask more for the perturbation W, € F, that gives an higher order
of precision.

IV.2 SOME HEURISTICS AND METHOD OF PROOF

For this section only, we focus on the function U, instead of V; to get another heuristic argument
about the decomposition of equation (IV.1.15) and some elements supporting the Theorem |V .4.
We will denote R, the perturbation such that we look for solutions of Problem (P;lU) under the
following form:

Ue(t,z) = U*(t,z) + 2Re(t, 2).
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Figure IV.1: Scope of our paper compared to precedent work

The function U*, defined in equation (IV.1.18) also solves Problem (P;Ujy). Naively plugging this
perturbation into Problem (P;U.) yields the following perturbed equation for Rq:

T(t,z) — €29, U*(t,z) — *9Re(t,2) = To(U* + €2R,) (t,2) X
exp (u* (t,z) — 2U* (,2()) + U* (¢, z*(t))) exp (52 (Rg(t, z) — 2R, (1, 2(t)) + Re(t, z*(t))>) .
By using Problem (P;Lly), one gets that R, solves the following :
T(t,z) — €20 U*(t,2) — e*iRe(t,2) =
L(U* + &R.)(t,2)Te(t, z) exp (82 (Rg(t,z) — 2R (1 2(1)) + Re(t, z*(t))>) .

To prove the boundedness of R; solution to this non linear equation, we shall linearize it and show a
stability result on the linearized problem (see Theorem 1V.30). We explain here the heuristics about
the linearization. We have already said that Z; is expected to converge to 1. Therefore by linearizing
the exponential, a natural linearized equation would be :

3 Re(t,2)) = I(t,2) ( — Re(t,z) +2Re (1, 2()) — Re(t, z*(t))), (IV.2.1)
For clarity we denote T the linear operator :
T(R)(t,z) == T(t,2) (2R(1,2(1)) = R(t,2) + R(£,z.(1)) ).

We know precisely what are the eigen-elements of this linear operator. The eigenvalue 0 has two eigen
vectors, given by the affine functions. More generally one can get every eigen-value by differentiating
iteratively the operator and evaluating at z = z,. This corresponds to the following table :
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eigenvalues : 0 0 —

NI—
W= W

5B

*

~~

Dual eigenvector : || 5, () (5;*“) 52

—~
—

) t)

This explains why R, should be decomposed between affine parts and the rest, and as a consequence,
also the solution U, we are investigating. The numbers p, and g, of the decomposition in (IV.1.15)
correspond to the projection of U, upon the first eigen-space, associated to the eigenvalue 0. On the
other hand the rest is expected to be bounded since its corresponding eigenvalues are negative.

Beyond the heuristics about the stability, this linear analysis also illustrates the discrepancy between
We and g, in Theorem IV.4. While W, can be expected to be bounded very quickly in time, since
V* depends directly on z, (fast dynamics), this is not true for g* that solves a differential equation
(slow dynamics), where z, is a parameter:

m®(z, 7 /
77 (6) = " (2o ()g" () + ") o (1)) (2. 1)),

We can infer that the eigenvalue 0 driving the dynamics of g* is in fact equivalent to —&?m” (z.(t)),
which explains that we can read g* at this order.

The technique we will use in the following sections to bound W; in F will seem more natural in
the light of this formal analysis. The first step will be to work around z,, the base point of the
eigen-elements see the table above. We will use uniform bounds up to the second derivative to
estimate W¢, in the Theorem 1V.30 about stability.

Therefore our main objective will be to linearize the following equation on W, x. :

Dt 2) =& (pe(t) +4(0)(z = 2.) +m'(2)q" (1) +3,V"(1,2))
e (Kg(t)(z —2.) + 1 (2o (£) + 9 We(t, z)) = T(t,2)Ze(q" + ke, V* + 2 W,) x
exp (52 (Wg(t,z) — W, (1, 2(1)) + Wg(z*(t))>) . (IV.2.2)

We will then deduce the boundedness of these unknowns by working on the linearized equations. We
will see that we will need to investigate different scales (in €) to capture the different behavior of
each contribution.

A key element of our analysis will then be to be able to propagate the boundedness shown on the
linear problem to the non linear problem. This will be possible because of the careful estimations of
the remaining terms. In particular, we will write ||(g, W)|| O(¢) to illustrate when the constants of
O(¢) depends linearly on the bound on (g, W). We also define a refinement of the classical notation

O(e) :

Definition V.5 (O*(¢%)).
For « € IN, we say that a function g(¢, t,z) is such that g(¢,t,z) = O*(e") if there exists €* such
that for all ¢ < €* it verifies :

8(e1,2)] < Ce",
and the constant C* depends only on the pair (q*,V*).

Our intent is to make the dependency of the constants clear when we linearize. This will prove to
be a crucial point when we will go back to the non-linear equation (1V.2.2). We will see that all the
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terms that do not have a sufficient order in € to be negligible will be O*(1), and therefore uniformly
bounded independently of (x., W;). A key point of our analysis is to segregate those terms when
doing the linearization.

The rest of the paper is organized as follows :

> First we prove some properties upon the reference pair (¢*, V*) around which we linearize.
In particular Proposition V.8, states that there is a ball of £* that does not depend of time
to which g* and V* belong. Next we give precise estimate of the integral Z(q*, V*) and its
derivatives.

> A key part of our perturbative analysis is to be able to linearize I, which we do in section IV .4
thanks to cautious and rigorous estimates upon the directional derivatives.

> We derive an equation on «, in section IV.5.1, and later a linear approximation for W, and
more importantly all of its derivatives in section IV.6.

> We are able to show the boundedness of the solutions of the linear problem in the space F,
see section V.7, mainly through maximum principles and a dyadic division of the space to take
into account the non local behavior of the infinitesimal operator. This is the content of the
Theorem 1V.30.

> Finally, we tackle the proof of Theorem V.4 in the final section 1V.8. Our main ingredient is a
stability argument to propagate uniform boundedness along time.

IV.3 PRELIMINARY RESULTS : ESTIMATES OF I AND V*

1v.3.1  Control of (q*, V*)

Before tackling the main difficulties of this article, we first state some controls on the function V*,
solution of Problem (P;Up). Most of them use the explicit expression of equation (IV.1.8) and were
proved in [ ]. To be able to measure this function we introduce another functional
space.

Definition IV.6 (Subspace of V*).
We define £* as the following subspace of £ :

E*=€&n {g € C4(]R+ X R) s.t. <1—|— |Z—Z*(t)’)

agg(t,z)] € L®(R* x IR)},

We equip it with the norm ||-||, :

aﬁg(t,z)D )

The intention with the successive definitions of the functional spaces is to be able to measure each
term of the decomposition :

I3ll, = max (ngug, sup  (1+]z—2(1) )

(t,z)eR4 xR

Ve = V* +€2 (IV.3.1)
~~

We .
\/-/ v
& E* F

The fact that V* € £* is part of the claim of the following lemma.

111



Lemma IV.7 (Properties of V*).
The function V* belongs to the space £*. Moreover,

RV (t, 2, (1) = 2m" (2, (1)),  V*(tzi(t)) = gm@ (z.(1)). (IV.3.2)

Proof.

Precise estimates of the summation operator that defines V* in equation (I1V.1.8) are studied in
[ ]. They can be applied there thanks to the decay assumptions about I" : (1V.1.12).

The only difference here is that we ask an uniform bound for the fourth derivative as well. The proof

for this bound relies also solely upon the assumption made in equation (IV.1.12), for the fourth

derivative. This shows that V* € £*. A rapid explicit computation based on equation (IV.1.8) proves

equation (IV.3.2). O

A consequence of (IV.7) is that since m" (z.(t)) > 0 for t > tg, thanks to equation (IV.1.13), V*
has a local convex shape around z.(t). Information upon the space that V* belongs to is not enough.
We will need to bound (g%, V*) independently of time. This is the content of the following result:

Proposition 1V.8 (Uniform bound on (g*, V*)).

There exists a constant K* such that

Proof of Proposition 1V.8.
For the estimates upon V* and 9;V*, it is a direct consequence of the definition of £* and the
explicit formula (1V.1.8). The technique to bound the sums is to distinguish between the small and

large indices, it was detailed in [ |
For g*, one must look to (IV.1.16): The boundedness of g* is a straightforward consequence of
the convexity of m at z,(t) for large times, see (IV.1.13). O

Therefore, we have established that there exists a ball B* of R x £* such that (g%, V*) € B*.

1v.3.2 Estimates of I} and its derivatives

We next define a notational shortcut for the functional I, introduced in equation (IV.1.3), when it is
evaluated at the reference (g%, V*) :

I = T.(q", V). (IV.3.3)

This section is devoted to get precise estimates of this function of time and space. This will be crucial
when for the linearization of I.(q* + €%k, V* + €2W,) as can be seen on the full equation (IV.2.2).

Proposition 1V.9 (Estimation of ).
I}(tz) =1+ 0%(e),

where the constants of O*(e?) depend only on K*, introduced in Proposition V.8, as defined
by definition IV.5.
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The proof consists in exact Taylor expansion in €. Very similar expansions were performed in
[ , Lemma 3.1], we adapt the method of proof here, since it will be used extensively
throughout this article.

Proof of Proposition IV.9.
We recall that by Proposition 1V.8, max(|g*|, [|[V*]|,) < K*, and, by definition

I (t,z) =
//]R2 e~ QWy2) exp ( —eq* (1) (y1 +y2) +2V*(t,2) =V (t,z+eyr) — V*(t,Z+ £y2)>dy1dy2

\/E/Re*%lylz exp (—eq* (Dy + V" (t,2.) = V(1,2 +ey) ) dy

We denoted Q the quadratic form appearing after the rescaling of the infinitesimal operator in
equation (IV.1.3) :

Qy1,y2) == zylyz +y (y1 +42)-

We start the estimates with the more complicated term, the numerator N. With an exact Taylor
expansion inside the exponential, there exists generic y; which verifies |y;| < |y;|, such that

N(t2) = [[ o700 exp [ = eq" () (yn +y2) — elys +92):V" (1,2)
2
_ & (ylazv*(t Z+eyy) + Y0PV (t,z + syz)ﬂdyldyz

Moreover we can write for some 6 = 6(y1,y2) € (0,1),

2P2
exp(—eP) =1—¢eP+ —— exp(—0eP),

= (1 +v2) (7°(1) +azv (£2)) + 5 (V2V* (L2 + i) + 132V (L2 + i) ).
such that

€ 2+ 2
Pl <& (Il + el + ). (V3.4

Combining the expansions, we find:

2P2
Qy12) 1 —eP+ — exp( GeP)) dy1dys,

-l :
e b // e—Q12) Zf //]R2 QUrw2) P2 exp (—feP)dy: dya
(IV.3.5)

The key part is the cancellation of the terms O(e) due to the symmetry of Q :

N(t,z)

\f /]Rze leyz ]/1+]/2>d]/1d]/2—0
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Therefore :

€ e [ _ el _
7= [ Py, = T [[ e Q) (yRaRv* (42 4-eh) + B2V (1,2) + €1) )y

And we get the estimate

3 82
NG / /R e Q) paydys | < 5 /IR e (2 B K dyndyy

< O*(&?).

Thanks to equation (IV.3.4) it is easy to verify that the last term of equation (IV.3.5) behaves
similarly:

82
2(m //IRZ e W12 P exp(—0eP)dy dy, = O" ().

Indeed, it states that the term P is at most quadratic with respect to y; so Q + 0¢P is uniformly
bounded below by a positive quadratic form for € small enough. This shows that

N(t,z) =1+ O*(&?).
The denominator is easier, with the same arguments, using the Gaussian density :
D(t) = 1+ O*(&%).
Combining the estimates of N and D, we get the desired result. O

There exists a link between g* and 0,1 (t, z.), which is in fact the motivation behind the choice
of g*.

Proposition 1V.10 (Link between g* and 0,I; (¢, z.)).

0.1 (1, (1)) = & (m“(z*u))q*(t) - M) 1O (eY),

where the constants of O*(&*) only depend on K*.

The proof of this result was the content of [ , Lemma 3.1] and only requires that
(¢, V*) is uniformly bounded, as stated in Proposition [V.8. Its proof follows the same procedure of
exact Taylor expansions as in the one of Proposition 1V.9.

It will be useful to dispose of estimates of d, I} not only at the point z,. They are less precise, as
stated in the following proposition:

Proposition 1V.11 (Estimates of the decay of the derivatives of I).
There exists a constant ¢, that depend only on K* such that for all ¢ < ex, forj =1,2,3 or4 :

sup <1 + |z — z.(t)] ) 8?)18*(15,2)’ = O*(¢).

(t,Z)G]R+ xR
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To shortcut notations, we introduce the following difference operator that appear in the integral I,
see equation (1V.1.3) :

De(V)(Y,t,2) :

V(tz) - %V(t,i—l— eyr) — %V(t,ﬂ ), Y= (mys),  (IV36)
DI (V)(y,t) :==V(t,z.) — V(L z« +ey). (IV.3.7)

We will use the following technical lemma giving an estimate of the weight function against the
derivatives of a given function.

Lemma IV.12 (Influence of the weight function.).
There exists a constant C such that for each ball B of £* or F, there exists g such that for every
W € B, foreveryy € R and e < e, for j = 1,2 or 3:

(14 12— 2.(0] ) [V W(t,2() +ey)| < C W] iyl < |z —2(8)],

< (1+|y)) IW] - otherwise,
with ||W|| = ||W]||, or ||W|| » depending on the case.

The Proposition [V.11 is a prototypical result. It will be followed by a series of similar statements.
Therefore, we propose two different proofs. In the first one, we write exact Taylor expansions.
However the formalism is heavy, which is why we propose next a formal argument, where the Taylor
expansions are written without exact rests.

In the rest of this paper more complicated estimates will be proved, in the spirit of Proposition V.11,
see Proposition 1V.13 and Lemma V.20 for instance. The notations and formulas will be very heavy,
so we shall only write the "formal" parts of the argument. However it can all be made rigorous, as
below.

Proof of Proposition |V.11.
First, write the expression for the derivative, using our notation D, introduced in (IV.3.6) :

//]RZ e~ QUw2) exp < —eq"(y1 +y2) +2D:(V*)(Y, t,Z))De(aZV*)(Y, t,z)dy1dy,

3.1 (1,2) = — ——
\/E/Re M exp (= eq'y + DI (V) (1) )dy

7

(IV.3.8)

We only focus on the numerator. The denominator D can be handled similarly as in the proof of
Proposition V.9, where we show that it is essentially 1+ O*(e2). We perform two Taylor expansions
in the numerator N, namely:

2
2D (V) (Y, 1,Z) = —e(n +y2)0:V" (,2) — 5 (B2V* (L2 +en) + 3RV (L2 +e)),

2
D,(2:v*)(¥,1,7) = ~ W)y 1, 2) - (02" (17 4 ) + BV (L7 447 ),
(IV.3.9)
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where ; denote some generic number such that |y;| < |y;| for i = 1,2. Moreover, we can write
exp(—¢eP) =1 —¢ePexp(—0eP)  with
* = * 1 * = *
= (y1+12) (BZV (tz)+q ) +5 (y%agv (tZ+ey) + 32V (12 + syz)) (Iv.3.10)

for some 0 = 0(y1,y2) € (0,1). Combining the expansions, we find:

(1 + |z — z.(t)| )8218*(1?,2) = Lz*(tﬂ //]122 e~ QUy2) (1 — eP exp(—0eP))

« <_8(3/1+y2)a§w

5 (t,z) — —(y183V*(t Z+eyr) +y300Vi(LZ + syz))> dy1dy, .

The crucial point is the cancellation of the O(¢) contribution due to the symmetry of Q:

//]RZ e QW) (yy 4 yo)dyydy, = 0. (IV.3.11)

So, it remains

<1+|z—z*(t)|>N(t,z):

l+ Z— Zx — * = -~ *
ZW//]RZE QUiv2) [\23V* (1,2 + et) + 3RSV (1, Z + €2))] dyrdya

1+ |z—z.(t _ %/, —
2‘2\/;()’ / /R QU pexp(—0eP) (y1 + y2)2V* (£, 2)dy1dya-+

1+|z — z, _ _ _ -
3W//Rf QUi¥2) P exp(—0¢P) (y702V(t, Z+ey1) +y32V (L, Z+eipa)) dyadys.

+&

If we forget about the weight in front of each term, clearly the last two contributions are uniform
O*(¢) since V* and g* are uniformly bounded by K*, see Proposition IV.8 and ¢ < €. small enough.
The term P is at most quadratic with respect to y;, see (IV.3.10), so Q 4+ 0¢P is uniformly bounded
below by a positive quadratic form for & small enough.

The difficulty is to add the weight to those estimates. To do so, we use the Lemma V.12, for
every integral terms appearing in the previous formula, since every time appears a term of the form :

(1 + |z — z.(t)| >3§j)V*(t,Z+ ev;)-

Since every y; verifies |y;| < |y;| in each of the integrals, the bounds given by Lemma V.12 ensure
that those integrals are bounded by moments of the bivariate Gaussian defined by Q, as if there were
no weight function. This concludes the proof of the first estimate Proposition [V.11.

Bounding the quantity (1 + |z — z.(1)| )
can be seen on the explicit formulas :

gj)lj(t,z)‘ for j = 2,3 follows the same steps, as it

I (17) =
[ (= Qs va) — eglon-+32) + 2DV ), 1,2)) Du(@:v" 2+ 3DV (1,1, ey

V[ et exp (= ey + DV () dy

7

(IV.3.12)
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02U (1,2) = [[ exp (= QUua,va) = eg(v +12) + 2DV, 1,2)) x

3 1
[Dg(azv*)S + S De(3:V)D(BV") + 4Dg(8§’V*)} (Y, 1,2)

dyiyz. (IV.3.13)
x/%/Re*%W exp (— gy + DI (V) (y,1) ) dy

We now propose a formal argument, much simpler to read.

Formal proof of Proposition |V.11.
We use the same notations as previously, see equation (IV.3.8), and again focus on the numerator N.
Formally,

N(,2) = [ 00 exp [~ el ) (17 0. (1,2)) — 5 7+ BV (,2)+ 0" ()]
[ = ety + 2022V (12) — SYLEI v 1,2) 4 0°() gy

This can be slightly simplified studying the orders in ¢ :

— _// e Qyy2) &
]RZ

- L 2P+ L .
[1—e(n+y2) (0" +0:V*(£2)) | [ +12)02V (t,2)+ “WL T ¥ 5oy (t,2) |dyadys + O (&2).

2
(IV.3.14)

This can be rewritten

N(t,z) = el + &L + O*(&%).
By symmetry :

— //]RZ e~ QU1y2) [e(yl —i—yz)agv*(t,i)}dyldyz = 0.
Thanks uniform bounds on (g%, V*), :
I, = 0*(1). (IV.3.15)

To conclude the proof, we must look at (1 + |z — z. (1) )N(t,z). To keep the estimate of equa-
tion (IV.3.15) we use that :

(1 + |z —z.(t)] ) max (agv*(t,z(t)),agv*(t,z(t))) = 0*(1). (IV.3.16)

This is the alternative, in this special case, of Lemma IV.12. The proof of this inequality relies only
on the following property of the weight function :

1+ |z — 2 ()]

2+ 2.(0)
1+ ()] s

<14+ ——F+ <
2+ [z + 2. (1))
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As a consequence, we recover the bound of equation (1V.3.16) :
(14 2= 2] ) [2v* (£ 2(0)| <2(1+ [2(1)] ) [32V* (£ Z(1)| < O*(1),
by the Proposition 1V.8. Thanks to equation (1V.3.16), we have in fact ,
(1 + |z —z.(t)| )12 = 0*(1)
which proves that
(1 +z—z.(b)| )N(t,z) = 0" ().
We recover the estimate of Proposition 1V.11. O

We know detail the proof of the Lemma IV.12.

Proof of Lemma IV.12.

If |z—2z« <1, then 14 |z—z,| <2 and the result is immediate by the definitions V.3 and 1V.6
of the adequate functional spaces. Therefore, one can suppose that |z —z,| > 1. We first look at
the regime |y| < |z — z.|. Then, by definition of the norms,

(1—|—|z—z*|)

|2 = 2| E)g)W(t,Z—i—sy)

aVW(t,z+ sy)‘ <2

|z+sy—z*](|z+€y_z*’)

|2 = 2]

<2l |w|. (IV.3.17)
Erey 2

To bound the last quotient, we use the following inequality, that holds true because we are in the
regime |y| < |z —z,:

_ _ 1
]z+sY—z*|>—|£y|—|—|z—z*|>§|z—z*|—s|z—z*|.

This yields
|z — 2] < 2

Z4ey—z| " L1—¢

(IV.3.18)

Bridging together equations (I1V.3.17) and (1V.3.18), one gets the Lemma [V.12 in the regime
ly| < |z — z|; on the condition that & < 1.
On the contrary, when |z — z,| < |y|, we have immediately:

(1—|—|z—z*|)

agf)w(t,Z—i—ey)‘ < (T+1y) W]l

IV.4 LINEARIZATION OF I, AND ITS DERIVATIVES

The first step to obtain a linearized equation on W; is to study the non linear terms of equation (IV.2.2).
A key point is the study of the functional Z, defined in equation (IV.1.3), which plays a major role in
our study. We will show that it converges uniformly to 1 and that its derivatives are uniformly small,
with some decay, similarly to the function I;.
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1v.4.1 Linearization of I,

We first bound uniformly all the terms that appear during the linearization of Z.. One starts by
measuring the first order directional derivatives.

Proposition 1V.13 (Bounds on the directional derivatives of Z;).
For any ball B of R x &, there exist a constant €p that depends only on B such that for all ¢ < €p
we have for all (§, W) € B, and H € € :

sup (3.5, W) (t,2)] < (g, W)I| O(e2), (V.4.1)
(tz)eERT xR
sup  [ovZe(g, W) - H(t,2)| < |[(g, W)l [[H]|¢ O(e?). (IV.4.2)
(t,z)eRT xR

Proof of Proposition 1V.13.

As in the estimates of I} and its derivatives in the previous section, the argument to obtain the result
will be to perform exact Taylor expansion. As before we will not pay attentions to the exact rests
that can be handled exactly as before, and we refer to the proof of Propositions IV.9 and V.11 to see
the details. However our computations will make clear the order &> of equations (IV.4.1) and (IV.4.2).
First, thanks to the derivation with respect to ¢ an order of ¢ is gained:

0,Z:(g, W)(t, z) =
//}RZ exp [— Qy1,y2) — eg(y1 +y2) +2D:(W)(Y, t,z)] (y1 + y2)dydy»
Vi [ et exp (= egy + DI (W) (1)) dy
e 2 exp (- +D;(W)(y,t) )yd
] A | 2p< egy+ DL (W)(v,1) )y dy
V7 [ et exp (—egy+ DI (W) (v, 1)) dy

The common denominator is bounded :
1R » 1
Joe ¥ exp (= ey DW0))dy > [ exp |3l 22l g, W1 | .

For the numerators, a supplementary order in ¢ is gained by symmetry of Q, as in other estimates,
Proposition V.11 for instance. For the single integral :

12 N 12
/Re 2‘”yeXP(—sqy+Ds(W>(ylt))dy=/]Re Wy exp (= egy+O() W]l )dy

— [ o3l — oy — O(£2
/Rez y[l egy O(S)HWHg]dy-

— &

(IV.4.3)

Finally
_11y12 «
[ e yexp (= eqy+ DI (W)(w, ) dy < (3, W) O(e).
For the first numerator of (IV.4.3), computations work the same way :
//IR2 exp [ — Q(y1,y2) —€g(v1 +y2) +2D:(W)(Y, l‘,Z)} (y1 + y2)dy1dy>

— //IR2 exp ( — Q(y1,yz)) [1 —e(y1 +y2) (g + BZW(t,E)) +0(e) |W|¢ } (y1 + v2)dy1dya,
(IV.4.4)
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_ //}R2 exp ( _ Q(y1,y2)> (y1 + v2)dyrdy, + s(g + BZW(t,Z)) X

[ o (= Qi) n + v2lPdyndyz + O() [ Wls < (8, W) O(e). (V-4.5)

Therefore, combining equations (1V.4.3) to (IV.4.5) we have proven the bound upon the first derivative
of Zg in (IV.4.1).
Concerning equation (IV.4.2), one starts by writing the following formula for the Frechet Derivative:

aVI (g/ H(t Z)
[ exp [ = Qi v2) — eg(us +v2) + 2D (W) (Y, 1,2) 2D (H) (Y, £, 2)dydlys
V[ et exp ((—egy+Di(W)(w, 1)) dy
[ e exp (—egy+ D (W) (y, 1)) DL (H) (v, )y
— T(g, W)(t,2) 8 .
ﬁ/}Re’?'y‘ exp (—egy+D; (W) (y, 1) )dy

(IV.4.6)

The claimed order €2 holds true, by similar symmetry arguments. For instance, when we do the
Taylor expansions on the numerator of the first term of (IV.4.6):

/ /IR exp [ — Qy1,v2) —eg(y1 +y2) + 2D(W)(Y, t,z)} 2D (H)(Y, t,z)dy1dy,
= 2//1112 exp ( - Q(}h,yz)) [1 —e(y1+12) <g+ aZW(t,Z)) +0() HWHg}

x | = ey +y2)0:H(t,2) + O() (3 + 3) 1 H ¢ | dyrdys,

= 2¢d.H(t,2) //11%2 exp ( — Q(yl,yz)) (y1 + y2)dy1dy, + SZBZH(t,Z<g + BZW(t,Z)> X

( I o (= Q) +yz>2dy1dyz) +0(2) | Hll, II(g, W) < [l(g, W) | Hll; O(&).
(IV.4.7)

For the second term of equation (IV.4.6), we also gain an order &2, for the same symmetry reasons,
when making Taylor expansions of D} (W) :

J 24 exp (= eqy + Di(W)(1,y) ) D: (H) (v, Dy
2
= /]Re’%W' exp ( —egy — O(€?) |[W]¢ )yZO(SZ) I1H|¢ dy,

_11y?
— [ ve 1 —egy +O(e) W | PO() 1]l dy
< ll(g, W) 1] O(). (1V.4.38)

As before the denominator of equation (IV.4.6) has an universal lower bound, therefore combining
equations (I1V.4.6) to (IV.4.8) concludes the proof. O
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We have proven all the tools to linearize Z. as follows, thanks to the previous estimates on the
derivatives of Z,.

Proposition 1V.14 (Linearization of Z;).
For any ball B of R x &, there exists a constant e€g that depends only on B such that for all ¢ < ep
we have for all (§, W) € B :

T(q* + €28, V' + W) = I + O(&) [ (g, W), (IV.4.9)
=14+0%()+0(&) (g, W), (IV.4.10)

where O(&3) only depends on the ball B.

Proof of proposition (IV.14).
We write an exact Taylor expansion:

T.(q* +€%¢, V¥ + W) = T+
¢ [agls(q* +€768, VF + W) + ovIe(q* + €288, V* + €2ZW) - W] '

for some 0 < ¢ < 1. Therefore (IV.4.9) is a direct application of Proposition 1V.13 to ¢ =
q" +¢€2¢g, W = V* + ¢2¢W and H = W. One deduces the estimation of equation (IV.4.10) from
Proposition 1V.9. O

1v.4.2 Linearization of 9,1, and decay estimates

To prove Theorem V.4, we need to bound uniformly |[W|| -, and this implies L* bounds of the
derivatives. To obtain those, we must compute the linearized equations of the derivatives of Wk.
Therefore, linearizing Z. is not enough, we need to linearize ag)zg as well, for j = 1,2 and 3. For
that purpose we need more details than previously upon the nature of the negligible terms. More
precisely we need to know how it behaves relatively to the weight function of the space F. The
objective of this section is to linearize aﬁ”zg to obtain similar results to Proposition 1V.14. We first
prove the following estimates on the derivatives of Z; :

Proposition 1V.15 (Decay estimate of 0.Z;).
For any ball B of R x &, there exists a constant eg that depends only on B such that for any pair
(g, W) in B, foralle < ep :

sup (1412 = z(1)] ) 0:Ze(g, W) (£,2)]) < Il(g, W) O(&2),

(t,z)eERxR
sup (14 2= 2(0]) [92Ze(g, W)(1,2)] ) < Il(g W) O(),
(t,z)eRxR
1
S ((1+ 2= 2z(01) [02Ze(g, W)(t,2)] ) < Il(g W OCe) + 5 W]

where all O(e) depend only on the ball B.
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This proposition has to be put in parallel with | , Propositon 4.6]. We are not
able to propagate an order ¢ for all derivatives, but the factor § ||W||; that we gain will be involved
in a contraction argument, just as in [ |. This is the core of the perturbative analysis
strategy we use.

Proof of Proposition IV.15.
We focus on the first derivative, the proof for the second can be straightforwardly adapted.

(1 + |z -z (b)] )azzg(g,th,z) - (1 +z—z.(b)] ) X
//}RZ exp | — QU1 y2) — (v +2) +2De(W) (Y, £,2) | D (3:W) (X, £, 2)dynyz

\/E/Re*%‘y'z exp ( — &gy + D (W) (y, ) )dy

(IV.4.11)

But, as before the following formal Taylor expansions hold true for the numerator:

//IR2 exp [— Qy1,v2) —eg(y1 +y2) +2D(W)(Y, t,z)} D (3, W) (y;, t, z)dy1dy,
= //]Rz exp [— Q(ylfyz)] [1 —&e(y1 +12) (g - azW(t,E)) +0(&?) HWHg} 5

[ = el +y2)2W(Z(1) + O() | W] | dyadyn,

= —ed?W(t,2) //IRZ exp ( — Q(y1,yz)) (v1 + y2)dyrdys + O(€%) [|W|| ¢

+22W(1,2) (g+:W(2)) [[ exp (= QU v2)) (1 +v2Pdyrdys < OE) W] e
(IV.4.12)

Meanwhile the denominator has a uniform lower bound :
L1yl . P
et exp (—eqy+ DI W)w.))dy > [ exp | =51y = 2elyl (s, W)1l| dy.

The estimate of equation (I1V.4.12) can be made rigorous as in the proof of Proposition IV.11 for
instance. Moreover, one can add the weight to bound equation (IV.4.11) thanks to Lemma 1V.12,
as explained in the proof of Proposition IV.11. Therefore, the proof of the first estimate of
Proposition IV.15 is achieved.

For the second term of (IV.15), involving the second order derivative, the arguments and decom-
position of the space are the same, with the formula :

0TLe(g, W)(t,2) =

J[L o0 (= QU e) —egyn +v2) + 2DW)(Y,£,2)) [De@W)? + 5 D(@2W)] (Y, 1, )y

V[ et exp (—egy+ DI (W) (v, 1)) dy
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Things are a little bit different for the third derivative, as can be seen on the following explicit
formula:

5 // eXP yl’yz)_53(3/1+]/2>+ZDS(W)(Y,t,z)>
9, Z(t,2)
\F/e 2lyl? eXp(—sgy+D*( )(y,t))dy

ipg(aiwﬂ (Y, t,z)dy1y,. (IV.4.13)

X
3
D2 + D@ W)D(2W) +

All terms in this formula will provide an order ¢ exactly as before, except for the term D.(d3W) since
we lack a priori controls of the fourth derivative of W in F. Therefore, for this term we proceed as
follows :

(14 2 = 2(0)] ) [D(@EW) (Y, 1,2)] =

1 1
(1 + |z — z*(t)\> RW(t,z) — Eagvv(t,z +eyy) — EaQW(t,ﬂ ey2)

<2 Wl (1+e(mnl+[y2l) )

For this computation, we used the following property of the weight function, which was also of huge
importance in [ ]:

_ 1 _ 1+ |z -z
(14 F—2l) 3 [EWE+em)| < ol ywy,
2(1+]Z+£y1—z*\)
[Wlle ey [Wile
< 1 _ < .
2 +1—|—]z—i—ey1—z*] (1 len]) 2

As a consequence, we deduce that

// eXP ylfyz)—eg(yl+yz)+ZDe(W)(Y,tIZ))
f/e 1 exp (—egy+ DI (W) (y, 1) ) dy

x [iDg(agw)(Y,t,z)] dy1yz < <;+O(S)> Wl -

<1+\z—z*

Once added to other estimates of the terms of equation (IV.4.13), obtained by Taylor expansions of
D. as before we get the desired estimate. O

We now detail the control upon the directional derivatives of Z..
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Proposition 1V.16 (Bound of the directional derivatives of Z;, with weight).
For any ball B of R x &, there exists a constant €g that depends only on B such that for any pair
(g, W) in B and any function H € &, for j =1,2, fore < ¢p :

sup  ((1+1z=2(1)] ) |90 Ze(g, W) (1,2)] ) < Il (2, W) OCe), (IV.4.14)
(t,z)ERy xR

sup (14 2=z ) [0vdZ(g, W) - H(L,2)|) < ll(@ W)l [H]|¢ Oe),  (1V.4.15)
(tz)eRy xR

sup (14 =20 ) 0:23Ze(g, W)(1,2)]) < (3, W) Ofe), (IV.4.16)
(tz)eR4 xR

1

sup (14 [z=2.(8)] ) [9v3iZe(8, W) - H(£,2)] < || (g, W)l I1H ]l OCe) + 5 |1 H .
(tz)eR4 xR

(IV.4.17)

where the O(¢e) depend only on the ball B.

In those estimates, the order of precisions O(e) is not optimal and we could improve it, but it is
not necessary to our purposes. We will not give the full proof for each estimate of this Proposition.
However, we see that it follows the same pattern than in Proposition V.15, and we will even use
those results for the proof. In particular for the third derivative, it is not possible to completely
recover an order ¢, because of the term % ||H||. It comes from the linear part D;(03W) that appears
in 33Z;, see equation (IV.4.13). However, it does not prevent us from carrying our analysis since the
factor % will be absorbed by a contraction argument, see section IV.8.

Proof of Proposition 1V.16.
We detail the proof of estimates (IV.4.14), because derivative in ¢ are somehow easier. The formula
for the first derivative is:

90 1:(3, ><, )=
[ Jfeerp [- Q) — e+ +2DW)(1,12) | (1 + DLW, 1 2)dndys
x/%/Re*%‘y‘z exp (—egy + D (1) )dy
[ et exp (— egy+ D (W) () ) vy
—0:Le(g, W)(t, z) =X e -
V7 [ et exp (—egy+ D (W) (v, 1)) dy

(IV.4.18)

The first term of this formula closely resembles the one for 0.I(g, W), with an additional factor
(e(y1 +y2). We de not detail how to bound it, as it follows the same steps, see the work done
following equation (1V.4.11). For the second term we first use the following bound :

1
[ exp (—egy+ D W) 0oy [exw [~ 3P+ 21l g, W e
R <

\/5/1Re‘%‘y‘2 exp ( —€gy+D§(W)(y/t)>dy b /]RexP {—;W —2¢ey| [I(g, W)||] dy |
(IV.4.19)
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For ¢ sufficiently small that depends only on ||(g, W)|| we deduce an uniform bound with moments
of the Gaussian distribution. We then use the estimate from Proposition [V.15 on azlg(g, W), which
absorbs the weight, to conclude.

Every other estimate of Proposition 1V.16 works along the same lines. We illustrate this with the
second derivative in g :

2 (S (= Q) —esn -+ +2DW)(v,12)
9402T. (3, W)(t,z) = x
\F/e 0 exp ((— egy + D (W)(y, 1) ) dy
[De(2:W)? + 2D (3.W)De (2W)] (Y, £, 2)dyny—
/RE‘%W'zyeXp (—egy+D:(W) (1)) dy

) 1 2
[ et exp (—egy+D:(W)(w, 1)) dy

—*T.(g, W (IV.4.20)

This is very close to 921, that has already been estimated in Proposition 1V.15, and therefore the
same arguments as before hold.
The structure is different for the derivatives in V, as can be seen for dy0,Z.(g, W) - H :

oy, Z.(g, W) -H(t,z) =
[ exp (=, v2)—eg(y1 + y2) +2D(W)(¥, 1, 2) ) D (0:W)De(H)+ De(@:H) (X, 2)dyndy
V[ et exp (—egy + D2 (W) (1)) dy
e exp (—egy + Di (W)(y, 1)) Dt (H)(y, t)dy
ﬁ/ﬂ{f%'y'z exp (—egy+ D; (W) (y, ) )dy

The second term can still be bounded using Proposition V.15 and the estimate (IV.4.19), and the
following immediate result :

— 0, Z:(g, W)(t,z) /]R (IV.4.21)

ID:W)(E )| < elyl (W] -

For the first term, we must do Taylor expansions of 2D (d,W)D,(H) + D¢(d,H) to control them
with the weight. One ends up with moments of the multidimensional Gaussian distribution just as in
all the previous proofs. The same method holds for the second derivative in V.

For the terms with the third derivative, the derivative in g is similar to the previous computations:

(S (= Q) — gl )+ 2Dm(112)
0003 T (t,z) = X

\f/e 2lyl* exp(—egy+D* )dy

(1 +y2) [Ds(azw) + ng(GZW)D (2W)

] (Y, t,z)dy1y2

/Re*%W'ZyeXp(—egerDg( )(y/t)> y

+03Z.(t,2) —
[ e exp (= egy+DLW)(1,1) )y

(IV.4.22)
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To get the bound (IV.4.17) things are a little bit different, because of the term D, (32W,) :

/ [ exp (= QU,2) — gy +2) + 2D (W) (¥, 1,2))
Bvaglg(g, X

\/>/ e~ 2lvP exp(—sgy—l—D* )dy

[m(H) (zDs<azw>3+3De<azw>Dg(a§ + 1o, @w )+

(SDE(BZH)DS(BZW)z-l-; (DE(BZW)Dg(agH)-l-DE(azH)Dg(BEW)) +4D€(a§H)> ] (Y, t,2)dy1ya

LRI )/Re%yZexp(—sgy+D:(W)(y,t)>D:(H)(y,t)dy
o ﬁ/}Re_%MZeXP<—£gy+D:(W)(y,t)>dy '

We do not get an order ¢ from the linear part D,(d2H), since we do not control the fourth derivative in
E. We then proceed with arguments following equation (IV.4.13) in the proof of Proposition IV.15. [

Thanks to those estimates we are able to write our main result for this part, which is a precise
control of the linearization of the derivatives of Z, :

Proposition 1V.17 (Decay linearization).
For any ball B of R x &, there exists a constant e that depends only on B such that for all ¢ < €p
we have for all (§, W) € B :

¥ 20 Uk 2 o MMl 4.5
0:Te(q" + e°¢, V¥ + W) (t,z) = 3.1} (t,z) + T ]z—z*(t)|o(£ ), (1V.4.23)
02T.(q" +e2g, V* +e2W)(t,z) = 027 (t,2) + MO(£3) (IV.4.24)
o ’ S 21 O

3 ) ) _ 37 (g, W)l 3 f
0;Le(q" +e°g, V" +eW)(t,z) = 01 (t'z)+—1+ |Z_Z*(t)|0(s )+ 5 Wle. (IvV.425)

where O(€®) only depends on the ball B.

Proof of Proposition |V.17.

The methodology for equations (1V.4.23) to (IV.4.25) is the same. We detail for instance how to
prove equation (IV.4.23). One begins by writing the following exact Taylor expansion up to the
second order:

9:Ze(q" + szg, V*+ SZW)(t,Z) =
9. Z; (t,z) + & [agang(q* + szgg, V* + £2§W)(t,z) +0v0.Z:(q" + ezég, V* + 82§W) . W(t,z)].

with 0 < ¢ < 1. The result for equation (1V.4.23) is then given by the directional decay estimates
of Proposition V.16 applied to to ¢’ = q* + ¢?¢g, W = V* + ¢*¢W, and H = W. O

1v.4.3  Uniform controls of the second derivative of I}

To conclude this section dedicated to estimates of Iz, we now show that our estimates above can be
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made much more precise when looking at the particular case of the function I evaluated at the point
Z.. In particular we will gain information upon the sign of the derivatives, that will prove crucial
regarding the stability of x.. This additional precision is similar to what was needed in the stationary
case, [ , Lemma 3.1], where detailed expansions of Z, were needed for the study
of the affine part, hereby named .. We will find convenient to use the following notations, as in

[2019] :

Definition 1V.18 (Measures definition).
We introduce the following measures :

Gi(Y,t,2)
// G} (Y, t,z)dyrdy
R2
exp | = QUy1,y2) +2V" (1,2) = V" (1,2 +en) = V' (2+ey2) — 2" (v1 +12) |

//RzeXP [—QU,y2) +2V* (£2) = V (L2 +eyr) = V7 (Z+ey2) —eq” (1 +v2) | dndya
(1V.4.26)

dG} (Y, z,t) := ,  withY = (y1,12),

And :

1 2 * * *
. exp {—!y! + V(t, z) = VI (t, 2« +ey) —&q y]
ANF(y, ) = e W) 2 . (IV.4.27)

% 1
N ',t _ 2 * _ * _ *
/]RZ c(t) /]Rexp[ 2|y\ + V*(t,z.) — V*(t, 2z +ey) —eq y] dy

Proposition 1V.19 (Uniform control of the directional derivatives of 9,Z; ).
There exist a positive function of time R*, such that for any ball B of £, there exists a constant €g
that depends only on B , that verifies for alle < eg, H € B :

000: T (t,2,.) = ER*(t) + O*(&%). (IV.4.28)
Avo.I; - H(t,z.) = O() || H|| ¢ + €2Se(H), (1V.4.29)

where O(e?) depends only on B. Moreover, R* is uniformly bounded and there exists a constant Ry
such that R* > Rg > 0 for all t > to. Finally, S¢ is given by the following formula :

1
Se(H) := ¢ / /R AGH(Y,1,2.) [BO2H (L 2. +eGyn) + yBO2H(t, 2. +e8yo) | dyadys,  (IV.4.30)
for some fixed number 0 < ¢ < 1.

The sign of R* is directly connected to the behavior on z, we assumed in the introduction, see
(IV.1.13). We are not able to completely show the order € in (IV.4.29) since we lack fourth order
derivatives. This is the same issue we faced for the estimate of the third derivative in Proposition [V.15
and in (IV.4.17). Once the complete control of every derivative is achieved, we will be able to bound
S¢ uniformly, see section IV.8.
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Proof of proposition (IV.19).
First we focus on the bound of equation (1V.4.28). Similarly to equation (IV.4.18), the explicit
formula for the derivative is :

300. 17 (t,2,) := —e(l + I) =
J &P [-QUv2) — oq" (1 +y2) + 2D (VY 2) |1+ y2) DoY) (Y, 1 2 )y

- x/E/RE‘%'y'Z exp (= eq'y+ V' (t,2.) = V¥ (£, 2. +ey) ) dy
/R et yexp (—eq'y+ V7 (t,2.) = V7 (t, 2. +ey) ) dy

ﬁ/}R e 3l exp ( —eq'y+V*(t,z.) — V*(t, 24 —|—sy)>dy

—0.I7(t,2,) (IV.4.31)

Thanks to the Proposition 1V.16, we already know that |0,/ (,z.)| = O*(¢?). Moreover we bound
uniformly the second term:

_l‘y‘z e * R L / _1 2 *
./IRe 2 yexp( eq*y + V*(t,z.) — V*(t, 2« —I—Ey))dy _ Rexp( 2]y| +2eK \y[) ly| dy

,%|y|2 . V*(t,z,) — V*(t,z, d N / _1 2_ *
VA [ exp (—eg'y + Vit 2) = Vi (zote) )y | V7 [exp (= lyP-2eK" lyl)dy
<O (1),

where K* was defined in Proposition IV.8. This shows that I, = O*(e?). Therefore one can focus
on Ij. In order to gather information upon the sign of this quantity and not only get a bound in
absolute value, we perform exact Taylor expansions of D(d,V*). We divide I by I/(t,z.), the
formula is more aesthetic that we are accustomed to, thanks to the definitions of equations (IV.4.26)
and (IV.4.27) :

I

m — //]R2 dGI (Y, t,z.)(y1 + y2)De (0, V*) (Y, t, 2)dy1dys,.

As usual, we make Taylor expansions : there exists 0 < 1,2 < 1 such that

L * T 7) P N1 U/ e/ PR
Is*(t,z*) — //]Rz dGs (th/Z*) |: € 2 aZV (t/Z*) 4 aZV (t,Z* —|—8§1y1)

2.,2
-SRI 1 o) s, (V432

The first term has a sign for t > tg, see equations (IV.1.13) and (IV.3.2). We then define R* as :

G2V (1,2.(0) (46 (2 (0,0, LD )~ e,

with the following uniform bounds, that come from moments of a Gaussian distribution :
0< Ry < R*(t) < Ry Vi> 1.
The next terms of equation (IV.4.32) are of order superior to €2 , and can be bounded uniformly by :

¢ <0"(&)
4 = )

J 3Gt 2) [ +v2) + 130 + )| 1V dady
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Therefore one can rewrite (1V.4.32) as

z(?z) — _eR*(t) + O* (D).
Thanks to Proposition 1V.9 we recover a similar estimate for I :
I} = —eR*(t) + O*(¢%).
Finally coming back to equation (IV.4.31), we have shown that
040. 17 (t,2+) = e2R*(t) + O*(&).

This concludes the proof of the estimate (1V.4.28). Next we tackle the proof of the estimate upon
the Frechet derivative (IV.4.29), where, again, we first divide by I} (f,z.) :

avé)ZIE* : H(t, Z*)
Tt 2)

- / LAGL(Y,4,2.) [ De(0:V")2De(H) + De(0:H) | (Y, £, 2. )dyady
R

alfttzz* / dN; (y,t)D; (H)(y, t)dy. (IV.4.33)

Thanks to Propositions 1V.9 and IV.11, and an uniform bound on D} (W) :

9,17 (¢, . i
ﬁ/ AN; () De (H ><w>dy~] <O(E) [W]e - (IV.4.34)

For the first term of equation (IV.4.33), we first make a brutal bound based on Taylor expansions of
D¢(H) :

2
€
[De(H)(Y, t,2:) | < 5(!y1\2+ v2l) IH| .

The key element here is that since D; is evaluated at z, one gains an order in € because azH(t, z*) =0,
by definition of £. Therefore, one gets

’/ sz:(Y,t,z*)[Dg(azv*)ng(H)}(Y, t,z.)dyidys| < O(e%) | H| ¢, (IV.4.35)
R

where the additional order in € is gained through a Taylor expansion of D.(d,V*). We finally
tackle the last term of (1V.4.33) we did not yet estimate, involving D.(d,H). Based only on Taylor

expansions in £, we do not gain an order €3 as in the previous terms. Rather, we obtain, for some
0<d<1:

OZH(t, z.
/Rz dG; (Y, t,z.)De(9:H) (Y, t, 2, )dy1dys = 872/ dG; (Y, t,z)(y1 + y2)dy1dy2

2
+€Z / /]R LAGE (Yt 22) [y183 (t, 24 +eCy1) +y302H(t, 2. +6€yz)}dy1dyz (Iv.4.36)

It is straightforward based on multiple similar computations to deduce that the first moment of dG}
is zero. Therefore,

02H(t, z*)

82H t Zy) .
S [ A6 (Yt z) (1 + y)dyndyz = ¢ O(e) | Hlle = O() [Hle.

(IV.4.37)
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In the second term of (IV.4.36) we recognize the expression of S,.
Finally, by putting together (1V.4.34), (1V.4.35) and equation (IV.4.36), the estimate (IV.4.29) is
proven. O

The order €2 of equation (1V.4.29) will be crucial in our analysis, especially when working around
Ke. We will also need this order when we linearize, which is required to get an order of precision
further from what we have done so far. This is the objective of the following lemma.

Lemma IV.20 (Uniform control of the second Fréchet derivative of 9,Z;).
For any ball B of R x &, there exists a constant e that depends only on B such that for all ¢ < ep
we have for all (§, W) € B :

gzai,azfg(q* + &2, V* + W) (t,z) + 290v040: L (7" + €2g, V* + W) - W(t,z)
+ 030, L (¢ + €%g, V* + W) (t,z) - (W, W)(t,z) <O(e?) (g, W)|. (IV.4.38)

Proof of Lemma 1V.20.

We will denote f(p) := 0. Zc(q* + pg, V* + pW)(t,z). Then we can rewrite the left hand side of
(IV.4.38) as f”(1). This follows from the motivation behind Lemma V.20, that is to be able to
linearize 0,Z.. The formula for f” is very long , so for clarity we will denote respectively A.(p)
for the numerator and B,(p) the denominator of f(p), so that when we differentiate we have the
structure :

() = A{(p) _,A:(p)Be(p)  Ac(p)B{(p)

/ 2
B:(p) B:(p)?  Bep)? +2A€(p)§:((z))438(p)- (IV.4.39)

The numerator is defined as :

)= //IR2 exp [ — Qy1,y2) +2De(V" + pW)(yi t,2) —e(q” + pg) (1 +yz)}
(3" P 20)) = 50V pW) 2 0) - en) = 30V + pW) 2 0) + ) ) dind,
while the denominator reads :
Be(p) = [ e 4 exp (—elq” + pgy + Di (V' + pW) (1)) dy.

Therefore we will divide each term by I to simplify the notations, this will make appear the measures
dG},dN; introduced in equations (IV.4.26) and (IV.4.27). For instance :

Adp)
L (t,24)Be(p)

/ [ 4G (Y,t,2.)) | exp (20De(W) — egp(ys +12) ) De(@:=V" + p-W) (¥, 1, 2.) | dyy,
[ AN 1) exp (2D (W) (1) — ey )y

We notice that any factor of the sum in (1V.4.39) (divided by Z;) is a sum (and a product) of terms
of the form

AV B () AP () BY(p)
(P)Z (t,z) — Zi(t,z)Be(p) Be(p)’
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with j =0,1,2, k = 1,2 and the constraint j + k = 2. It is rather convenient to bound separately
each of those terms. For instance we deal with the second :

Ap)Bi(p) _  Alp)  Bip)
B:(p)*Ze(t,z)  Zi(t2)Be(p) Be(p)’

(IV.4.40)

The first term of this product is

Allp)
T:(t,2)Be(p)

//]R2 dGI(Y,t,z,) {exp <2pDE(W) —egp(yn + yz))Dg(azW)(Y, t, z*)] dy1dy,
[ ANE @) exp (2D (W) (0, ) — egy)dy
[ 862t 2.) exp (2pDe(W) —egp(y1+12) ) 2D5(3: V" +p0:W)(De(W) —eg (v + 12) )y

/R AN; (y, ) exp (2D (W) (y, 1) — egy ) dy

+

The numerator and denominator can be bounded by estimating naively D, :
Adp) | ¢
Be(p)Z: (t,2)
J [, aG: vtz exp (3¢l @ W (] + lvaD) el | +lyal) (g Wl dyady
J AN exp (= 3el(e, W) Iyl )y
JJasite,t 2.y exp (Bell (2 Wl lys 4+ Ly )l -+ 2 A3 (g, W) 42 [V )31, W) ldyadys

J ANy exp (=3¢l (3, W)l 1yl )dy

+

(IV.4.41)

Therefore, we only get moments of a Gaussian distribution, so the previous bound is in fact

Ai(p)
Be(p)Z: (t, z)

< O(e) [ (g, WII-

With the exact same arguments but more convoluted formulas, one shows that

A¢(p)

B(p)Z: (2| S O &MWL (IV.4.42)
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For the quotients of B in equation (1V.4.39), we lose the structure of the measures dG} and dN;, but
they are replaced by an actual Gaussian measure exp(—y2/2). Therefore, with the same arguments
as before, we bound the quotient by the moments of a Gaussian distribution :

—1\y|2 * * o * * _ k
BE”(P)‘ _ /IRe 2V exp (ZDg(V +pW) —e(q +gp)y) (ZDg(W) sgy) dy

/]R e~ exp (ng(v* + pW) —e(g" + gp)y) dy

2 k
[ e A exp (26 yl V", +€G" vl + 3¢ (g Wl 1 ) (3e g, W) Iyl ) dy

et exp (=3¢ (g Wyl )dy
< O(e") [l (g W) (1V.4.43)

<

4

Multiplying each term of (1V.4.42) by (1V.4.43) and then combining them yields the desired estimate
result, given j +k = 2, and the separation of terms made in equation (IV.4.39) :

f"(p)
I (t,z)

<O@) (g Wl

Thanks to Proposition IV.9 , Lemma V.20 is proven. O

IV.5 RESULTS FOR k; AND p;

1v.5.1 Result on x,

Thanks to the estimates of the previous sections, every useful tool to look at the perturbation . is
made available. We recall that our final goal is to show that «. is bounded as it is the perturbation
from g*, see equation (1V.1.20). We show in this section that one gets an ordinary differential equation
on k. when linearizing, see Proposition I\V.21. It is obtained by differentiating the equation (1V.2.2)
and evaluating at z = z,. This is exactly what suggested the spectral analysis of the formal linearized
operator in equation (IV.2.1). Now, thanks to our previous set of estimates of section V.4, we are
able to carefully justify our linearization. Finally, the limit ODE we introduced for g* out of the blue
in equation (IV.1.16) will appear clearly when we do our analysis to counterbalance contributions
of higher order. To shortcut expressions, we introduce the following alternative notations for all
t,z € IR+ xR :

Me(t,z) := We(t,z) — 2We(£, Z(1)). (IV.5.1)

Compared to previous sections, we will work in the space JF that is well suited to show the boundedness
of We.

Proposition 1V.21 (Equation on x;).
For any ball B of R x F there exists a constant e that depends only on B such that if (., W) € B
is a solution of (IV.2.2), then for all € < €p, k. is a solution of the following ordinary equation :

—ie(t) = R*(E)Ke + Se(We) + O (1) + O(e) || (ke We) || + 11’ (2. )02 We(t, 4 ). (IV.5.2)

where the O(g) depends only on B, and R*, S, are defined in Proposition [V/.19.
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Proof of Proposition I1V.21.
As announced, one starts by differentiating equation (I1V.2.2). This yields, with the notation M,
introduced in (IV.5.1) :

9. I'(t,z) — ezq*(t) — SZBZBtV*(t,z) — etk (t) — 84828tW€(t,z) =
T(t,2)0,Ze(q* + e*xe, V* 4 W) (t, z) exp(e* M (t, 2))
+ 0.1 (t,2)T(q" + €Ke, V* + €W, ) (t,2) exp (e M(t, 2))
+T(t,2)Ze (0% + €6, V* + 2 We) (¢, 2) exp (> Me(t,2) )9 M (t, ).

When we evaluate the expression in z = z,, the last two terms vanish, since 0.I'(t,z.) =
0:M;(t,z.) = 0. Therefore, the equation becomes, since M¢(t,z,) =0 and T'(t,z,) =1,

_82’7*(t) - gzazatV*(trZ*) - €4ke(t) - E4azatwe(t/ Z*) = azIe(q* + SZKS/ V' + EZWS)(t/ Z*)~
(IV.5.3)

We then expand the right hand side with respect to ¢, i.e. we expand Z,. There exists 0 < ¢ < 1
such that

0T (0" + ke, VF + EWe) (1, 2,) = 0T (1 2) + €2 [agazz:(t, Z)Ke + Q0T - Walt, z*)]

4
+ % (12020, T(q" + 2K, V" + EEWo) (1, 2) + 260D Te(q" + €26k, V" + EEW,) - Wil 2)
+ BT (0" + ek, V7 A+ W) (2) - (We W) (£2) | (1IV.5.4)

We see that for most of the terms, we provided a careful estimate in the previous section IV.4. First,
by Proposition V.10,

m®) ()

QI (1 2.) = & <m”(z*)q*(t) - 2) + O (e4).

Plugging this in the asymptotic development of (IV.5.4), and adding the estimate of Lemma V.20
for the exact rests of order 2, we get the following :

®)
OTq" + &%, VI +EW (1, 2,) = & (’”’%Z*)q*(t) - "}”) T

£2 [agazz;(t, 2.)Ke + Ay 0L - Welt, z*)} + 0% (e4) + O(°) || (e, We)|| -

Combining this with the Proposition V.19 where we got precise expansions at the point z,, we
complete the expansion of 9,Z,:

9:Z:(q" + ek, V¥ + sZWS) (t,zy) =

m®)(z,
£ (w"(z*m*(t) - 2”) + R (ke + 45 (We) + O (¢) + O(e") [ (e, W)

When we turn back to equation (IV.5.3), we have shown at this point the following relationship:

€2 (m”(z*)q*(t) - "1(3)2(Z*)> + ' R*(£)xe + €4S (We) + O*(e*) + O(€%) || (ke, We)|| . (IV.5.5)
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To get a stable equation on kg, the terms of order €2 must vanish. This is precisely where the role of
the dynamics of g* defined in equation (IV.1.16) is highlighted. To see it, we just rewrite a term of
equation (IV.5.5) using that 0, W,(t,z,) = 0, and Lemma IV.7:

0,0/ V*(t,2.) = m'(2.)02V*(t,z.) = 2m’ (z.)m" (z.).
Therefore, we recognize that by definition of g* in (IV.1.16), the following terms cancel:

& <q*(t) +m"(z)q" () — a:;mz(z*) + 2m"(z*)m’(z*)) =0.

We then rewrite the second term of equation (IV.5.5) of order &* :
0,0t We(t,z) = m'(z*)agwg(t, Zy).
Finally, equation (IV.5.5) can be rewritten as
—%e(t) = R*(t)ke + Se(We) + O*(1) 4+ O(€?) || (ke, We) || + 1 (24 (1)) 32 We(t, z..).
We have proven equation (IV.5.2). O

The remaining term m’(z,)02We(t, z.) is not meaningful. At this point, we cannot put it into
either O*(1) or O(e) || (e, We)||. This will be possible when we have better estimates of 32W (¢, z.)
that we state in Proposition |V.32. The same thins holds true for the number S.(W;).

1v.5.2  Equation on p;

We chose no to perturb the number p. as we did for (g, V) since it can be straightforwardly
computed from our reference equation (1V.2.2). Given the spectral decomposition of heuristics
section 1V.2, it is consistent to evaluate equation (IV.2.2) at z = z,(t) to gain necessary informations

upon pe :
1—¢ (pg(t) T m’(z*)q*(t)) — & (z)Ke(t) = T.(q" + ke, VF + W) (1 2.).  (IV.5.6)

Thanks to Propositions IV.8 and V.14, and as long as k. is bounded, which we will show in
section V.8,

& (pelt) +d-m(z.(1)q* (1)) = O() (V5.7)
By letting formally ¢ — 0, we find that p* solves

5 (5) + ' (2.)q" (1) = O(L).

This is compatible with the what is stated in equation (IV.1.17). More precisely, we can define p; as
the solution of equation (IV.5.6) associated to the initial condition p.(0) that verifies the assumption
of the Theorem IV.4. Then it is easy to see that p. — p* when ¢ — 0 with Propositions V.8
and V.14,
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IV.6 LINEARIZATION RESULTS

We finally tackle the complete linearization of the equation (IV.2.2). A foretaste was given when we
studied the equation on x., however it was local since we had beforehand evaluated at Z*(t). Here,
we will provide global (in space) results. The weight function introduced in the definition of £ is
meant to be able to control the behavior at infinity.

1v.6.1 Linearization for W,

A first step is to control the function M.

Lemma V.22 (Control of M;).
For any ball B of F, there exists a constant eg that depends only on B such that for all ¢ < €p, if
W, € B, M, defined in (IV.5.1) verifies

exp(e2Me(t,z)) = 1+ e M,(t, z) + O(e*) || We| -
where O(g*) depends only on the ball B.

Proof of Lemma V.22
By the choice of the norm in F, and in the setting of W, € B we have the uniform control for all ¢,z

IMe(t,2)| < |Well 7

Then, by performing an exact Taylor expansion, there exists 0 < ¢ < 1 such that
e
exp(!Me(t,2)) = 1+ EMe(t,2) + 5 Me(t,2)" exp <82§Mg(t,z)>.

To conclude we uniformly bound the rest for €2 < 1/ ||W| 7 :

4

& 2 2 4”W8”2}‘
2Mg(t,z) exp (5 CME(t,z))| <e¢ —

O]

This first result gives us will be important to linearize the problem (IV.2.2) solved by (x., We). We
see that the boundedness of M, is necessary to linearize the term exp (szM(t,z)) appearing in
equation (I1V.2.2). We now write the linearized problem for W;.

Proposition 1V.23 (Linearization for W;).
For any ball B of R x F, there exists a constant €g that depends only on B such that for all ¢ < €5,
any pair (xe, We) € B solution of equation (IV.2.2) verifies the following estimate :

20 We(t,z) = T(1,2) (Me(t,2) + O°(1) + O(e) [|(xe, W) | ) (IV.6.1)

where O(e) depends only on B.
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Proof of Proposition IV.23.
One starts from the equation (1V.2.2),

D(tz) = (pelt) +m'(2.)g" (1) + 4" (1) (z = 2.) + V" (1,2) )
— (kg(t) (z—2,) + ' (z2)xe(£) + Bth(t,z)>
=T(t,2)T(q" + ke, V* + EW,) (t,z) exp (€M, (t,2)) (IV.6.2)

Thanks to Lemma V.22 and Proposition V.14 where we linearized Z. and the term in M,, one can
expand the right hand side :

T(t,2)T(q" + ke, VF + EW,) (t,2) exp (€M (t,z)) =
T(t2) (14 07(e2) + O || (xe, W) | ) (1+ EMelt,2) + O(eh) (e, We)| )
= T(t,z) + &T(t, z) Me(t, 2) + T(t, ) (o*(&) +0(3) || (ke, W) | ) (IV.6.3)

The left hand side of equation (1V.6.2) is a little bit more involved, we will use our previous work on
(pe, ke). First, thanks to equation (1V.5.6) that states the relationship verified by p, we have

g2 (;ﬁg(t) + m'(z*)q*(t)> — ek (2.) = 1 — To(q" + ke, V¥ + 2W.) (1, 2,).
We then use Proposition V.14 about the linearization of I, to get that
—&2(pe(t) + ' (2)g" (1)) = €' (2.) = O"(e2) + O(¥) | (e, We) | (IV.6.4)
From Proposition IV.8, we have the following uniform bound :
|0:V*(t,z)] <K". (IV.6.5)
Thanks to our preliminary work on k., and more precisely the equation (IV.5.5) we know that
§* (1) + ke (t) = 0" (1) + O(e) || (1ee, We) | -

Therefore, the affine terms are comparable to I, since I' admits an uniform lower bound by hypothesis,
see equation (IV.1.11) :

(4 () + k(1)) (z = 22)
['(t,z)

= 0"(1) +O(e) || (ke, W) . (IV.6.6)

When adding up the estimates of (IV.6.5) and (IV.6.6), we have shown :

=& (pet) + 1 (28" () + 47 ()=~ 2.) + V" (1,2)) -
¢ (kg(t)(z —2.) + Qe (z, () (£) + Btwg(t,z)> =T(tz) (o* (&) + 0(53)) — WL (1, 2).
(IV.6.7)

We have divided by T the relationships (1V.6.4) and (IV.6.5), which is possible thanks to the uniform
lower bound of T.

Finally, when putting together (1V.6.6) and (IV.6.3) in equation (IV.6.2), the terms I' cancel each
other, and we find equation (IV.6.1) factoring out &2. O
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One can notice the similarity between what we just proved rigorously and the heuristics made in
equation (IV.2.1). From this result one can straightforwardly deduce a linear approximated equation
verified by M,.

Corollary 1V.24 (Linearization in M(t,z)).
For any ball B of R x F, there exists a constant g that depends only on B such that for all ¢ < ep,
any pair (xe, We) € B verifies the following estimate

e20;M,(t,z) =T (t,z) <2WMS(LZ(1‘)) — Me(t,z) + O* (1) + O(e) || (xe, WS)HB)

(IV.6.8)
where the O(¢e) depends only on B.

1Iv.6.2 Linearization for d,W;

The computations for d,W, are slightly more complex because of the differentiation of the triple
product in the right-hand side equation (IV.2.2). However, the key point is that when we linearize
Z.(q" + ek, V* + SZKg) the derivatives of Z. are negligible in €. Therefore the intuitive linearized
problem for 0,W;, given by the derivation of the linearized equation for W, actually holds true. This
is the content of the following proposition :

Proposition 1V.25 (Linearization in 9;W;).
For any ball B of R x JF, there exists a constant eg that depends only on B such that for all ¢ < ep,
any pair (xe, We) € B solution of equation (IV.2.2) verifies the following estimate :

€Zat82Wg(t, Z) -

L(t2) (14 0%(e) + O() | (e, We) ) (azMs(t,z) L0 ) +0() !l(xe,wan)

T4 [z —2.(0)]
+0.T(1,2) (Me(t,2) + 0" (1) +O(e) [| (e, Wo) | ), (IV-6.9)

where O(e) depends only on B.

Remark IV.26. Under the same conditions, W, also is solution of the following linearized problem
20,0, Wa(t,z) = I'(t, 2) <8ZMg(t,z) + 0(1)) +2.T(t,2) <M5(t,z) + O(s)). (IV.6.10)

However in the next sections we will see that one need precise estimates about the structure of
the nonlinear negligible terms, which explains the more detailed equation (IV.6.9), that may seem
surprising at first.

Proof of Proposition IV.25.
One starts by differentiating equation (I1V.2.2) as in the proof of Proposition IV.21 to highlight ..
This yields :
2.I'(t,z) — szq*(t) — szazatV*(t,z)—e4kg(t) — e4azatW€(t,z) =
['(t,2)0,Z:(q" + K., V* + 82W5>(t, z) exp(szMg(t, z))
+0.T(t,2)Te(q" + €Kk, VF + W) (1, z) exp (e Me(t, 2))
+T(t, 2) e (q7+ ke, V42 We ) (8, 2) exp (2 Me(t, 2) ) 9. M (t, 2).
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However contrary to the case where we were studying ., we will not evaluate in z,. We introduce
the notations R; corresponding to each of the three terms of the right hand side of the previous
equation. We will linearize each R; starting with Ry where we linearize thanks to Proposition V.17
and Lemma V.22, paired with the estimate of Proposition V.11 :

Ry :=0,Z:(q" + e*ke, V* + W) (t, 2)T (t, z) exp(e* Mc(t, 2))

&) || (xe, We
=T (t,z) (azlg*(t,z) + Ol(—|—)|z||(— Z*V(\i))”’) (1 + e Me(t,z) + O(e*) || (e, We) | )

e (OO (ke W)
=ra) (TR ) (1 M)+ 0l i W)

Therefore, the final contribution of Rj is:
O*(e?) + O(%) || (xe, We)!l) .

Rlzr(t'z)< 1+ |z — z(t)]

Next, one looks at Ry. Thanks to Proposition V.14,
Ry :=0,T(t,2)Te(q* + ek, V* + W) (t, z) exp(e* M (t, 2))
=0.T(1,2) (1+ 0 (%) + O(&) [ (e, Wo) | ) (1 + €Melt,2) + O(e*) || (ke W) | ),

(IV.6.11)

=0,T(t,z) + €20,T(t, z) Me(t, z) + 3. (t, 2) (o* (%) + O(&%) || (e, We) | ) (IV.6.12)
We finally tackle Rz with the same techniques, using Proposition 1V.14 and Lemma V.22 :
Rs :=eT(t,2)Zc(q" + ek, V* + W) (t, 2) exp(e2Me(t, 2)) 9. M, (t, 2),
—2T(1,2)3: M (t, 2) (1 + 0% () + O(e3) || (e, W) | ) (1 + Mo(t,z) + O(e4) || (xe, W) )
—2I'(t, 2) (1 +0%(e) + O(&2) || (ke, W) | >82M5(t,z). (IV.6.13)

At this point, we have deliberately "lost" an order of precision in € in the term O*(e). The motivation
is to always keep the precision in O* lower than the rest of the terms, just for clarity and consistency
reasons throughout this paper. Finally, if we come back to our initial problem, when we assemble
equations (1V.6.11) to (IV.6.13).
9. I'(t,z) — ezq*(t) — szazatV*(t,z) — ek (t) — 84828tW€(t,z)
=9,T(t,z) + €29.I(t,2) (Mg(t,z) + O (1) + O(e) || (e, We) || >+

0* (¢) + O(e3) [ (e, Wo) |
T4 [z~ 2.(0)

&T(t,z) (1 + 0% () + O(e2) || (e, W) | ) <azMg(t,z) + > , (IV.6.14)

where, for the last term, we used that

O*(e) +O(&) [ (ke We)|| .
1+ 0%(2) + O(e%) || (e, We) | =0%(e) + O(Ez) | (e, We) || -

We now deal with the left hand side of the equation (IV.6.14). First, the terms 9.I'(,z) on each
side cancel. Moreover, as in the proof of Proposition IV.23, thanks to equation (1V.5.5), we have

— & (q*(t) 0,0,V (t,2) + szkg(t)) — 40,0 W, (t,z) =

— 49,0 We(t,z) — €2 (azatv*(t,z) — 9,0;V*(t, z*)) +0*(e2) + O(€%) || (e, We) || .~ (IV.6.15)
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But, with Proposition 1V.8
€2 10,0;V*(t,z)| < O*(¢?).
Finally, if we divide by T, the following estimate holds true.

‘o*(eZ) O(e%) || (e, W, ||‘ O*(e%) + O(&%) | (e, We) |
T(t,z) 1+ |z —z.(t)]

Plugging this into equation (IV.6.14), and dividing each side by €2, we therefore recover the relationship
we wanted to prove :

32 We(t,2) = T(1,2)(1+ 0°(&) + O) (e, W) ) %

(3:Mi(t2)+ O*“iii(f)z”fﬁgi

‘w£)||> 0.1 (t,2) (Melt,2) + 0°(1) + O(e) || (ke W) )-

O
We deduce straightforwardly a linearization result upon the quantity d, M..

Corollary V.27 (Linearization for 9, M,(t,z)).
For any ball B of R x F, there exists a constant g that depends only on B such that for all ¢ < ep,
any pair (xe, We) € B solution of equation (IV.2.2) verifies the following estimate :

ezatazME(t,z) =
1(t,2) (140" (0)+ O(@) 3, WO )| 21 0:Mel0, )~ 2:Mi (1, 2) + - g D e L

14|z — z.(t)

4

()
+00(0,2) | FEEIMLE) = Milt2) +0"(1) + 00 s WO

Z ’

where the O(e) depends only on B.

1v.6.3  Linearization for 92We(t,z)

We now tackle the linearized equation for BEWE. Every term is controlled as in the linearization of
0, 7.

Proposition 1V.28 (Linearization for 92W;).
For any ball B of R x JF, there exists a constant €g that depends only on B such that for all ¢ < ¢ep,
any pair (ke, We) € B solution of equation (1V.2.2) verifies the following estimate:

— 02 We(t,2) = 8T (t,2) (Me(t,2) + 0" (1) + O(e) || (e, Wo) | ) +

20.T(t,2) (3:Me(t,2) + O"(1) + O(e) || (e, Wo)| ) +T(t,2) (1 + O (€) + O(e2) || (e, Wo) | ) %

O (1) + O(e) || (xe,
14 |z — z.(t)

<8§W€(t,z) - %aﬁwg(t,z) T |We)||> , (IV.6.16)

where the O(¢e) depends only on B.
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We choose to write the second derivative 02M(t,z) in full : 02W,(t,z) — 5 92W,(t,Z) as the
factor % will be the key to ensure the boundedness of d2W, see section IV.7.

Proof of Proposition IV.28.
We start by differentiating twice equation (IV.2.2). This yields :

0T (t,2) — 2020, V*(t, z) — e*d%0:We(t,z) = Ry + Ry + R3 + Ry + Rs + Ry,
with the following notations :

Ry := 0*T.(q" + &Kke, V* + 2We) (t, 2)T(t, z) exp(e2 M (t, 2)),

Ry :=20,T(t,2)0,T(q" + €%k, V* + €W, (t, z) exp(e? M (t, 2)),

Rj := 2T'(t,2)€%0, T (q* + €%k, V* + W) (t, z) exp(e* M (t, 2) )9, Mc(t, 2),

Ry = T.(q* + &Kk, V* + W) (t,2)92T(t, z) x exp(e2Me(t,z)),

Rs :=26°T.(q" + ek, V* + W) (t, 2)0.T (t, 2) exp(e? M (t, 2) )0, Me(t, 2),
and finally :

Rg := 2T(t,2)T(q" + *ke, V* + W) (8, 2) exp (e M (¢, 2))
X (szazMs(t,z)2 + 2W,(t,z) — ;agwg(t,z)> .

We will estimate each term separately, starting with Ry, for which we apply the Proposition IV.17
and Lemma V.22 :

O() || (e, Wo) |
L+ [z —2.(b)

* (a2 3 Ke, W
—r(t,z) (SO (1 2ane z)+ 016! 0 W ).

Therefore, the final estimate of Ry is :
O* (&2 o(e , W,
R =1 () HOE Wl
T+ [z~ 2.(0)]
Next, for the other term R, we use Propositions [V.11 and V.17 :

R =2 (au1:(0,2) + SR a0, 2) (14 2mate ) + o) s W0 .

B O*(€2) + O(&®) || (e, We) ||
—2.r(,) (L

We can simplify this expression :

Rpf@n(&ﬁ@w+ )(rw%@@m+ownm@mm)

(IV.6.17)

) (1 + M (t,2) + O(e4) || (e, We) | )

(IV.6.18)

Ry = 29T (t,2) <O*<‘C’2) +O() I Wg)”) .

T+ [z - 2.(¢)]

The term, R3 will not contribute at the order €2, because of Proposition V.11, and |0:Me(t,z)| <

[[We| 7

O*(e?) + O(&%) || (ke, We) |
1+ [z — 2.(0)

m:m%mwamwzwi )(vw%unn+méwwu%w)

_O(&) [ (e, We)

I
T ot I(t,z). (IV.6.19)
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For Ry4, zeroth order terms are more entangled. With Proposition [V.14 and Lemma V.22 :
Ry = 3820(1,2) (14 0°(e) + O() || (e, W) | ) (1 + EMe(t,2) + O(e) || (e, W) ),
= PT(t,z) + 32T (1, 2) (Mg(t, 2) + O (62) + O(e3) || (ke, W) | ) (IV.6.20)
We see in Ry the appearance of the term e292T(t,z) M, (t, z) that is also in equation (IV.6.16), and so

it is a good opportunity to do a first a summary of the computations when adding equations (1V.6.17)
to (IV.6.20) :

Ry + Ry + R + Ry = 92T(t,2) + 2020 (1,2) (M. (£,2) + O*(¢2) + O(e%) | (e, W) )

0" (&%) + O(e%) || (e, We)|

n <r(t,z) +8zf(tzz)> 14|z —z(t)]

(IV.6.21)
We continue the estimations by looking at Rs, thanks to Proposition 1V.14 :
Rs =2¢20,T(t,2)3: M (t, 2) (1 + 0% (&) + O() || (e, Wo) | ) [1 +EMo(tz) + O(e4) || (xe, W) ]
—=2629,T(t,2)0. M (t,z) + 0.L(t, 2) <O*(s3) +O() || (ke, W2 | ) (IV.6.22)
Finally, we tackle the last term, Rg, with Proposition 1V.14
Re = &T(t,2) (1+ 0°() + O() || (e, W) | ) (1+ EMe(t,2) + O(e*) (e, We) | )

O(¢?) || (e, W)l 2 ~ _1 2 5
X ( T4 z—20) + S We(t, 2) Zang(t, ))

. 1 _ O(€2) || (e, W,
Re=eT(t,2) (1+ 0 () + O(e) || (e, We) | )(agwgu,z) — SRWL(t,2(1)) + 1(+)|J(_€Z*(:)>|”> .
(IV.6.23)
Thanks to those last two estimates (IV.6.22) and (IV.6.23), that we add with the previous result
of equation (1V.6.21), we obtain for the full equation :
0L (t,z) — €200, V*(t,2) — €*920: W (t,z) = 9*T(t,2)+
2T (,2) (Me(t,2)+0" (1) +O(e) || (ke Wo) || ) +26%9:T (8, 2) (3:Me (1, 2)+O" (1)+0(e) | (e, Wo) )

OWD+O@WWaWNU
14|z = z(t)] '

1
T (t,2) (1+o*(s)+0(82) (e, W) | ) (agwg(t,z) — SOWe(t,2) +
Thanks to Proposition V.8 we know that 2020, V*(t,z) ||, < O*(€?). Then,

— R0 W(1 1) = 220 (1,2) (M (1,2) + 0" (1) + O(e) || (e, Wo) | ) +

2620, (1, 2) (3:Mc(t,2) + 0" (1) + O(e) || (e, W) | ) +

OWU+O@MWaWNU
14|z = z(t)] '

EI(1,2) (14+0°(e) +O() | (e, Wo)| )(E)%Wg(t,z) - %agwe(t, 7) +

which proves equation (IV.6.16) after dividing by €. O
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1v.6.4 Linearization of 93W(t,z)

Our last linearized equation is the one for 32W, and we proceed with the same technique.

Proposition 1V.29 (Linearization in 92W;).
For any ball B of R x F, there exists a constant €g that depends only on B such that for all ¢ < g,
any pair (ke, We) € B solution of equation (1V.2.2) verifies the following estimate:

— 20103 We(t,z) = 3°T'(t, 2) (Mg(t,z) + O* (%) + O(%) || (ke, We) || > + 39%T(t, z) x
(azMg(t,z) + 0% (1) + O(e) || (ke, We) | ) + 30.T(t,z) x

<B§We(t,z) = %agws(t,z) +07(1) + O(e) || (e, We) H) +T(t,2) (1407 (e) +0(e2) || (e, W) | )

O (1) + O(e) || (Ke, We) ||
14 [z = z.(t)]

X (agws(t,z) - iaiwe(t,z) + % [ Wel| 7 + > . (IV.6.24)

where the O(e) depends only on B.

Proof of Proposition 1V.28.
We start, as ever, by differentiating equation (IV.2.2), but now three times. This yields for the right
hand side ten terms :

O3 (t,2)— 2920, V*(t,z) — e*d30;W,(t,t) =Ry + Ra + R3 + Ry + Rs + Rg + Ry + Rs + Ro + Ryp,
(1V.6.25)

with the following notations :

Ry := 3T(q" + &K, V* + W, (t, 2)T(t,2) exp(e2 M (t, 2)),

Ry :=302T.(q" + e*ke, V* + W) (t, 2)0.T (t,2) exp(e* M (t, 2)),

R3 := 3e%02T.(q" + ek, V* + W, (t, 2)T (¢, 2) exp(e* M (t,2) )9 Mc(t, z),
Ry := 68282Ig(q* + &2k, V* + W) (t,2)9.T(t, 2) exp(szMg(t,z))azMe(t,z),
Rs := 30, Z(q" + €%k, V* + W) (t, 2)02T (t, z) exp(e* Mc(t, 2)),

and moreover :

R¢ = 35282Ig(q* + &%, V* + EZWS) (t,2)T(t,2) exp(eZMg(t, z)) (ezazMg(t, 2)2 + agMg(t, z)) ,

Ry := 36T, (q* + €%k, V* + €W, ) (t,2)9.T (£, z) exp (€M (t, z)) (8282Mg(t,2)2 + aZMs(t,z)),

Rg := 36T (q" + ek, V* + W) (t,2)0T (t,2) exp(e* M (t,2) )9 Mc(t, 2),
Ro := T.(q"* + &Ke, V* + €W, ) (t,2)3T (t,2) exp(e2 M (t, 2)).
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The last term corresponds to the third derivative of the exponential term exp(e>M).
Ryg := ET(q" + exe, V* + W) (t, 2)T(t, z) exp(e? M (t, 2))
1
X <e4azM€(t,z)3 + 3620, M (t,2) 92 M, (t, z) + 0> Wi (t, z) — 48§W€(t,z)) :

We first tackle Ry. We use the linearization of the third derivative of Z; in Proposition [V.17.

O(e) || (e, We) ||, €
— 31 2
R =12 (102 + T+ 5

—T (1, 2) <O*(1iii(f)z"*((":)'lw‘g)” +3 y|w£y|g> (14+EM.(t,2) + O(&*) [ (s, W) ).

Il ) (1 €Mu(e2) -+ O(6*) s, Wo) )

We end up with the following estimate

R = r( ) (T N

1
+5 |\Wg|\f> . (IV.6.26)

For R;, with Proposition IV.17 we have

O(&) || (e, Wo) |
T4 [z (D)

* (o2 3 Ke, We
P IS (14 ema(e 2) -+ 0(e) s, W0 )

R =301 (1,2) (1:(1,7) + ) (1 @ma(e,2)+ 0 s W),

=30.T(t,z) <

We can simplify this expression to

(IV.6.27)

Ry = ¢23,T(,2) (O*(l) +0(e) H(KS’WE)H) .

T+ [z — 2.(0)
For R3 we get

O(&) || (e, We)|
T+ -z

O* (%) + O(&®) || (ke, We) ||
T+ |z —2.(8)] > (1 + 2 Me(t,z) + O(e*) || (e, We) || )

Ry =3¢’T(t,2)d. Mc(t, 2) <a§I;‘<t,z) + > (1 +EMe(t,2) + O(e") || (e, We) | )

—=3¢%T(t,2)0, M¢(t, 2) (

We can simplify this expression to

_ 0(83) | (e, We) |
R3 = ¥ -0 [(tz). (IV.6.28)

For R4 one has very similarly

o(e) || (e, We) |
1+ |z =z (t)]

* (o2 3
O*(e )1‘:_(’1(5_ )Z!((:)s‘/ WS)H) (1 —|—€2M5(t,z) —|—O(€4) I (rce, We) | )

Ra =60.(1,2)2:M.(1,2) (3:1:1,2) + ) (1 @Ma(t,2)+ 0 [k W),

:68282F(t,z)82M£(t,z) (

We can simplify this expression to

O(e) || (ree, We) |

Ry, =
Ttz z(0)]

3.T(t,2). (IV.6.29)
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The expression for Rs still follows the same road

O(&) || (e, W)
T+ 2 2.(0)

* 82 83 e, We
—sr(, ) (T2 BN (1 2n ) + 0 e WOl ).

The last expression can be shortened in

Rs =30T'(t, 2) <8zlf(t,z) + ) (1 + & Me(t,2) + O(e") [| (e, We) | )

O*(1) + O(e) || (e, W)l

Rs = 3629%T (t, 2) 52—z (0)]

(IV.6.30)

For Rg, the expression is a little more involved due to the second derivative of the exponential

0 () + O(e*) (e, Wo) |
T4 [z (D)

R =32 (12) ) (1 @Ma(e,2)+ 0(6*) s, W)

O(e?) || (ree, We) | 1 -
X < T4z —2.(0)] + FPWe(t,z) — 28§W£(t,z)) .

We eventually shorten Rg as
O(&) || (e, We) |
T+ z—2(0)

If we bridge together all of our previous estimates in (IV.6.26), (IV.6.27), (IV.6.28), (1V.6.29)
and (IV.6.30), (IV.6.31) we obtain that

Re = 3T'(t,z)

(IV.6.31)

Ri+Ry+ R34+ Ry + R5+ Rg =

&(I(t2) +0:T(t,2) +92T(1,2)) (O*(l) +0(e) || (e, We) |

T4 [z 2.(0)

2
€
> + E1“(t,z) [Well=. (1V.6.32)

In that first round of estimates, we have shown that all the contributions of the terms with the
derivatives of Z. do not appear when linearizing because they are of high order in €. Therefore, the
most meaningful contribution will now appear, because Z, now contributes mainly as 1 and no longer
vanishes.

We start with Ry :

Ry = 3629.T(t,2) (1 +0%(e) + O(%) || (ke) W) | ) (1 + 2 Me(t,2) + O(e4) || (xe, We) | )

O(e2) || (e, We)
* < 1+ [z—2(t)

1
I + 2 W (t,z) — 28§W£(t,z)) ,
which can be rewritten as

R; =

82 K
320.1(1,2) (1+ Oe) || (e, W) + O*(2)) (aﬁwea,z) W)+ Ol<+)|j<_ ;*‘?f;'”) .

Finally, for Ry :

Ry = 320.1(1,2) (2Wi(1,2)  302WL(1,2) ) +0:1(1,2) (0°(&) + O*) (s, WO ).
(IV.6.33)
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For Rg, the following estimates hold true,
Rg = 36292 (t,2): M. (t, z) (1 +0(e) || (xe, We) || + O*(82)>E)ZM5(t,z).
Therefore
_ 272 2 * (3 4
Rs = 3629%T(t,2)0. M. (t, z) + 9°T(t, 2) (o (&%) + O(e4) || (ke, W) | ) (IV.6.34)
For the last two terms, the derivatives up to the third order appear. The simplest is given by Rg :
Ry = 3T (t,2) (14 0°(¢) + O || (e, Wo) | ) (1 + EMe(t,2) + O(e) || (e, W) ),
= 93T (t,2) + 2 (t,2) (Me(t, 2) + O* (1) + Ofe) || (e, W) )- (IV.6.35)
At last, for the term Ry,

Rio = €T(t,2) (14 0% () +O(&) || (e, Wo)l| ) (1 +2Me(t,2) + O(e*) | (e, W) )

0(52) [| (e, We) ||
. ( L+ [z —2(0)]

+ 3We(t, z) — iagWg(t,z)> . (1V.6.36)

It is shortened to

82 K.
Rio = €T(t,2) (1+ O(e) || (e, We) | +O* () ) <8§Wg(t,z) - }lagws(t,g) + O1(+)|~J(_ Z*V<\ie))|\|> _

(IV.6.37)

We now add every estimate, starting from (I1V.6.32) and with (1V.6.33), (1V.6.34), (IV.6.35) and
(IV.6.37) to obtain

10 1
Y R; = €I(t,z) (1 +O(e) || (xe, We) || + O*(sz)) <8§W£(t,z) —~ ZLagwg(t, Z)+
j=1
O*(1) 4+ O(e) || (e, We) |
1+ [z —z(t)]

<B§Wg(t,z) — %agwg(t,z) +O0"(1) + O(e) || (xe, WE)H> + 3¢292T(t, z) <BZMg(t,z)

1
ts HWJ!;) + 3¢20,T(t, z) x

+0"(1) +O(e) || (ke, We) | ) + 32T (E ) + €23 (1, 2) (Me(t,2) + O () + O(E) || (e, We) | )-
(1V.6.38)

To conclude the proof, we deal with the left hand side of equation (IV.6.25) as in the linearization of
the second derivative, noticing that the terms 93T cancel on each side. O

IV.7 STABILITY OF THE LINEARIZED EQUATIONS

Building upon the series of linear approximations, we can study the stability of W, in the space F.
The first result is to control the different terms of F.
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Theorem 1V.30 (Stability analysis).

For any ball B of R x F, there exists a constant € that depends only on B, a ball By of R that
depends only on V* such that for all ¢ < e, a pair (k;, W) € B solution of equation (IV.2.2) verifies
the following bounds :

IMe[l%, <O5(1) + Oe) || (e, We) |,
9:Mell%, <O5(1) +Ofe) || (e, We)|,
0
| (141 =21 )a2we | <05(1) +0(e) Il (e, W1l
0 . 2
| (141 =20 )W | <05(1) +O(e) ll (e, We) | + 5 W -

where [WI|% = sup  [W(t,2)| and O3(1) = max (O*(1), [ We(0, )| ).
(t,z)e Ry xBy
The proof of this theorem is quite intricate and will be divided in several subsections. The plan is
a follows :

e First, we focus on a small ball around z.(t).
e Second, we propagate this bound on the whole space by dividing it in successive dyadic rings
centered around z,.

The main arguments will be the maximum principle and an ad hoc division of the space that accounts
for the non local nature of the infinitesimal operator. The purpose of this dyadic decomposition in
rings is to obtain a decay of the norm with respect to the radius of the rings.

1v.7.1  Division of the space in a ball surrounded by dyadic rings

Let us first consider a time T,. Then for all times such that 0 < t,s < T, the inequality
|+ (t) — z«(s)| < sup |m'(2.(s))| Ts := R,

5>
holds true, and the supremum is finite because z, lives in a bounded domain uniquely determined by
m and z.(0), see equation (IV.1.5).
We slightly expand this ball by a constant Ry to be defined later and define
By := {z such that |z —zg| < Ro+ R.}.

Our intention behind the choice is that the ball By verifies the following property :

— Z.(t —z.(0 0) — z.(t R
Vt < T., z € By, |z — Z(t)| = |2 ;*(” _ 2=zl H;*( ) —z(t)] <70+R*. (IV.7.1)
_ Z+Z*(t) . . . .
We recall that z(t) := — We will split the rest of the space around By with successive

dyadic rings. The first ring is defined as D1 = { z: Rg + R« < |z — 2,(0)]| < 2Ro + R, } It verifies
for every t < T, the following identity on the middle point :

zZ+ Z*(t) Z— Zy (0) Zy (0) — Z*(t)
—F5— — 20| < ’
2 2 2
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Figure IV.2: lllustration of the division of the space in successive dyadic rings.
This shows that for any z € Dy, and time t < Ty, any middle point Z(t) lies in By. More generally, the
following lemma holds true if we define forn > 2 : D,, .= { 2" 1Ry + R, < |z —zo| <2"Ro+ R*},

Lemma 1V.31 (Middle point property).
For every time 0 <t < Ty -

Vn>1VzeD,, z(t) € D,_q,
with the convention Dy = By.
The following inequalities are a direct consequence of the definition of D, :

Vt < T.,Vz € D,, 2" 'Ro < |z —2z(t)] <2"Ro+ 2R.. (IV.7.2)

notations for this section :  We will denote ||-||, the L norm on the Ry x D,,.

1v.7.2 Local bounds on By

Our first step consists in getting bounds locally on R X By :

Proposition 1V.32 (Local bound).

There exists a constant eg that depend only on B, such that upon the conditions of Theorem V.30,
W, verifies for ¢ < €p

I Me]|% < 05 (1) + OCe) || (1e, We) ||,

10:Me||2, < O5(1) + OCe) || (ke, We) ||,
0 *

[02We |, < OF (1) + OCe) || (e, We)| -
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Proof of Proposition 1V.32.
By the derivation of the linearized equation in Proposition V.28, W, verifies

20,02 We(t,z) = 92I'(t, z) ( — We(t, z) +2W (£,Z) + O*(1) 4+ OC(e) || (Ke, We) || )+
20.T'(t, ) [azwg(t, z) = 9:We(t, 2) + O (1) + OC(e) || (xe, We ] +
[(t2) (140° (1) + 0(e) [ (xe, We)| ) (;E)gwg(t,z) — 82W,(t,z) + O* (1) + O(e) || (e, We) ||> .

We will use the maximum principle on the ball By. The key point is that all factors are small compared
to }|a§w£H§O. First, we write that for any z € By, thanks to equation (IV.7.1),

_ Ro
0:We(t,Z) — 9:We(t, z) < (2 + R*> HangHLW([O,T*}xBO) '
Similarly, there exists { € (z,Z) and §’ € (z4,Z) such that

Zy —Z _ Z— Zx 2
IW(L,Z) — We(b2) — Welt,2.) = ( . ) 9, W(z) — ;(4)8§W(§)

z— 7z, o 1(z—z)%, 1 /Ro 2 2
n ( . )BZW(z) e E e, < 2 (B R W oy (V73)

Moreover by the hypothesis of equation (IV.1.12) on T, for j = 1,2

T (+
(t,2)€ER4 x By F(t,z)

Thanks to those a priori bounds, when we evaluate equation (IV.6.16) at the point of maximum of
92W, on [0, T.] x By we get

1
20 (1[02We | 1o 0.7 ) < T(62) (1407 (1) +0(e) || (e, We)ll ) [ 5 [ Well oo,

5 i} 1(Ro 2 R 5
— [|0ZWel[ 1o (0,747 8y) T O (1) i\ TR) + 5 R 102 Wel| = 0,741 )
+0%(1) +Ofe) || (e, We) | |

The crucial step is that we choose T* and Ry so small that

0*(1) (; <1;0 + R*> 20 R ) : (IV.7.4)

The consequence is that

€0y (Ha We HLOO ([o,T* ><Bo)> S

O(t,2) (1+0°(1) +0(e) || (e, We) | ) H [2We | .71y + O (1) + O(e) (ke We)|
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For € small enough, that depends only on K* and B, we have a positive lower bound of T'(t, z) (1 +

O*(1) + O(e) || (xe, We) || ) Therefore, we can apply the maximum principle, on the ball By :

[22We |, < max (O (1) +O(e) || (e, We)

O2W (0, -) HLw([O,T*] xBo) )

We take advantage that both W, and d,W, vanish at z*, and the mid point property of equa-
tion (IV.7.1) to write

Z
0. We(t,2)| = / \ W (t,2)dz'| < (Ro+2R) [ 02We| oo 1150
As a consequence, using again the expansion of (1V.7.3),
_ 1 (Ro 2
|Me(t,z)| = [2We(t,Z(t)) — We(t, z)| < il + R, Hazw'SHL""([O,T*]xBO)‘

We can use the same arguments to prove the bound upon 9, M,. At this point we have proven:

| Mell o 0,150y < max (O7(1) + O(e) 1o, W) [2We(0, ) [ )
W0, )| o s )-

aZWg(O, ) HL""(BO) )

19=Mell o107y < max (O*(1) +O(e) || (xe, We)ll

N

[E22 max (O*(1) +0(e) || (e, We) |,

HLOO([O,T*} XBo)

The next step is to adapt the previous method to all positive times. We renew every previous
estimate on each interval [y := [kT,, (k+ 1)T.]. By going over the same steps, we notice that the
only argument that changes for different k is the ball By around z,, but interestingly not its radius
see equation (IV.7.4). Every other estimate is the same and is independent of the ball By. Therefore,
once the radius is chosen small enough depending only on K*, see equation (IV.7.4), we can repeat
recursively the estimates on each interval I;.. Considering all k € IN, we have therefore proven the
Proposition 1V.32. O

We explain how to get an estimate on the ring thanks to the estimate on the ball, first on W,.

1v.7.3 Bound on the rings, M,

We will know propagate those bounds beyond the small ball. It is very important to keep the level of
precision of O*(1) 4+ O(¢) || (xe, We)||, to which we will add some decay property due to the increasing
size of the rings.

Proposition 1V.33 (In the rings M,).
There exists a constant eg that depend only on B such that upon the conditions of Theorem V.30,
W verifies for ¢ < €

IMelle, < O5(1) + O(e) || (iee, We) | - (IV.7.5)

foralln > 1.
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Proof of Proposition 1V.33.

For any nn > 1, take z in the ring D, 1 defined previously. Then, z € D,, by Lemma IV.31. Next, we
use the linearized equation given by corollary 1V.24. For t € R and z € D,,;1 the following inequality
holds true

M) < T(,2) (257 2] 1M = Mu(t2) + 0" (1) +O(e) | (s, Wo) )

But the quotient of I" verifies :

sup = a,,

(t,Z) GIR+ X Dn r

where the sequence a, is bounded and verifies a, — a < % as n — oo by the hypothesis of
equation (IV.1.14).

Moreover since by hypothesis I' admits an uniform lower bound, (IV.1.11), we can apply the
maximum principle :

M2, < max (2a, [ M. +0" (1) +O(e) [ (066, W, IMe(0, Mllpsip,) ). (V-76)

By recursion, this imposes :

k
| M2, < max (gzak) 1Ml + (0°(1) +O(e) | ke, W) )Z<Hza]> M0, ),

k=

However, since a < % the sum is finite, and there exists a generic constant C* that depend only on
B* and m such that

M2 < max (€ [Me]|% + (0% (1) + OCe) || (e, W) ). IMe(0, ) 1, )

< max (0"(1) + O(e) | (e, W)l [We(0, )| ).

We uniformly bounded the product [T}_; 24k, and made use of our previous estimate on the ball to
initiate the recursion : Proposition 1V.32. O

1v.7.4 Bound on the rings : d,M,

We now state a similar result for d,M,. We see the appearance of a decay of the norm with respect
to the index n. This is crucial to later obtain the uniform bound of Theorem [V.30.

Proposition 1V.34 (In the rings d;M,).
There exists a constant eg that depends only on B such that upon the condition of Theorem V.30,
W, verifies for ¢ < €p

O5(1) + O(e) || (e, WE)H

[0:M.|12, < -

forn > 1.
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Proof of Proposition 1V.34.
The proof is very similar to the bound on Mg, the linearized problem for d, M, is given in corollary IV.27.
The following inequalities on T are true by our hypothesis of (IV.1.14) :

9. I'(t,z(t))

< .
T ‘ < by, (IV.7.7)

sup
(t,z)ERy XDy i1

‘ < ap, sup
(t,2)ER4 X Dyiq

where the sequence b, is uniformly bounded. Moreover we also know from equation (IV.1.12) that

sup <(1+ \z—z*(t)|)

(t,z)eR?

9.I'(t,z)
['(t,z2)

> < O0*(1). (IV.7.8)
As a consequence, for z € D, and t € R,

€20,;0.M(t,z) < T(t,2) (1 +0%(e) + O() || (e, W, ) [an 10:Me ||, — 9. M (t, 2)+

O*(1) + O(e) || (re, We) | 0*(1) n il
b, || M, M 0*(1 @) , W, .
ot T a (o Ml + M 07 (1) + 0 ke W
(IV.7.9)
Moreover, there exists C* such that m < % Therefore, since for € small enough, that

depends only on K* and B, we have a positive lower bound of I'(t, z) (1 +0*(e) + O(?) || (e, We) || )
We apply the maximum principle, and thanks to Proposition V.33 :

O* 1) + O(e) ||(xe, W,
ol < max (a1 + SOECEN DN o,y ).

By recursion,

19:Melle <

x<<ﬁak>r|azms|\&+(os<> O(e) (e, W) r|)<22kHa]> IW.(0, Hf)

Because a,, is eventually smaller than % and by the initial bound upon 9, M, on the ball By from
Proposition V.32, we know that

lgﬂk S
while
n—1 k 1 k
Z%) q ,527;1’%2@ when 1 — o0
k= = j=

which is convergent series. Therefore, one gets

Joom < (OGO 0,
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Iv.7.5 Bound on the rings : 92W,

We now make a similar statement upon the second derivative. We introduce a weight function ¢,
to make use of its scaling properties, as first introduced in [ |. However its role is
completely transparent in the result, it only appears throughout the proof.

Proposition 1V.35 (In the rings 92W,).

There exists a constant eg that depends only on B such that upon the condition of Theorem V.30,
W verifies for ¢ < €p

O5(1) + O(e) || (ke, We) ||
n ’

[92We ||, <
form>1.

Proof of Proposition 1V.35.
We define ¢, (t,z) = (14 |z — z(t)])*, for some arbitrary 0 < & < 1. Before estimating on the
rings, one should notice that the weight ¢, is uniformly bounded on By. Therefore, on that ball,
Proposition V.32 implies :

0 *
oo < O5(1) +OCe) || (e, We) |l -
Thanks to the linearization of equation (I1V.6.16), ¢,02W, solves

| 9ud2W

€2, [%(t,z)agwg(t,z)} = —PT(t,2)galt, 2) (Mg (t,z) + O0*(1) + O(e) || (e, W) | )
—20.T(t,2) pu(t, 2) [ 9-M,(t,z) + O*(1) + O(e) || (ke, W) | } Tt 2) pult, 2) %
(140 (&%) +0(e) | (e, W) (;a§w£<t, 2) — RWel(t2) + O"“ii fz(f>z||*<(’<f>'|we>||>
+ atgo,x(t,z)O(sz) | (e, We) || . (1V.7.10)

By our hypothesis upon the decay of I, (IV.1.14), for any n > 1, and z € D, 11
dpa(t,2)| o O°(1) gult,z) _ O*(1)

T(t,z) | = 2n2=w)" 14|z —z(t)] = 2n(1-a)’
and the weight function was chosen precisely to satisfy the following scaling es timate
Palt, Z(t))

Therefore, we can bound the right hand side of equation (IV.7.10) after factorizing by I, for t € R
and z € D, 1

sup
Rt xR

=) [goa(t,z)aﬁwg(t,z)} <T(t2) (1+0%(2) + O() | (e W)l ) | = galt, 2)O2We(t, 2)
H 07(1) +O(e) 4 O(€) || (e, We) |

© on(l-a) on(2—a)

(1M +07(1) +O(e) || ke, Wo )

P02 (o010 +0°(1) + 000 ko W)

21 o qu"‘azwe

2I(L,2)ga (1, 2)
I'(tz)

+2
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Moreover we dispose of the following uniform controls on the ring by equation (1V.1.12):

oL (t,2)
[(tz)

o (1)
= on(l—a)

For j =1,2: sup ¢u(z)

zeD,

We also control M, and d, M, thanks to Proposition 1V.34. Therefore the following bound holds
true :

20| galt, 2)2We(t,2)| < F(t,z) (14 0"(e2) +0() || (ke WOl ) | = ult,2)22We (1, 2)

O (1) 4+ O(e) || (e, We
oz, + 950+ O s )

(max <O*(1)+O(5)H(K81W€)H> [IWe (0, Mf)]

21 o
o*(1)

+ on(2—a)

Since n > 1, we can simplify the right hand side , keeping only the relevant terms :

20| galt, 2)2We(t,2)| < F(t,z) (14 0"(e) +O0() || (ke Wo) | ) | = ult,2)2We (1, 2)

O*(l +O(e (K , We
oo+ max (BELTEEI, w0, .

Zloc

Therefore, since for € small enough, that depends only on K* and ||(xe, W;)||, we have a positive

lower bound of T(t, z) (1 + O*(€2) + O(€?) || (e, We) || ) we can apply the maximum principle,

O (1) +O(e) || (e, W,

st < max (i flpadEmi 2 + ol o, ).
By recursion, this implies that
0:(1 ke, W, .
o, < mos gt o, B CRUMOL 3,1,
1 O (1) 4+ O(e) || (xe, W,
< max (e gwatw, ), + B SO g)“,nws(o,-)nf) (vr.11)

Thanks to Proposition V.32, we conclude with

05(1) + O(e) ke, W) |
o) 2 BN, oo, 1)

a2 We||". < max (

Therefore we get Proposition 1V.35 by dividing each side of the previous equation by ¢,(t,z), since
by definition of the rings D,, we have |z — z,| ~ 2", see equation (IV.7.2). O

Iv.7.6 Local and on the rings bound for 92W,

We dedicate this section to the study of d2W; since it does not exactly fits the mold of the previous
estimates due to the additional factor 3 [|W|| - in the linearized equation in Proposition V.29.
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We highlight the difference by proving the initial bound on the small initial By. First, we recall
that from the computation of the linearized equation in Proposition 1V.29, W, verifies

— £20;03We(t,2) = 33T (t,2) (Mg(t, z) + 0% (&) + O() || (e, We) | )+
30°T(t,z) <8ZMg(t,z) +O*(1) + O(e) || (e, We) || ) +30,T(t,2) [ 2We(t, z) — %8§W€(t,2)

+0*(1) +0(e) || (e, We)l| ) +T(£,2) (140 () + O(e) || (xe, We) | )

O*(1) +O(e) [|(xe, We) || | 1
1+ z—2.(D)] +2HW€HF>' (IV.7.12)

(32w 2) - e D)+

The main ingredient is that all factors will be small compared to HB%WgHSO. First, we recall that
M., 9, M, and BZM8 are all uniformly bounded on By by Proposition [V.32. Therefore,

02M(t,z) — 2 M,(t,Z) < = HE)ZWEH 05 (1) +O(e) || (ke, We) || -
Moreover, from equation (IV.1.11), for j =1,2,3

aV'r(t,2)

Sup T(t,z)

(t,Z)E]R-i—XBO

< 0*(1).

When plugging all of this into equation (IV.7.12), we obtain
0 *
23y [|92Wel|., < T(5,2) (140" () + O(E) || (e, We) | )
o 1 0 ¥
(— Jo2wel + 5 2, + 051) + 00 ke W)l + 3 Wl )

For &€ small enough, that depends only on K* and ||(xe, W¢)||, we have a positive lower bound of
['(tz) (1 + O*(g) + O(€2) || (e, We) || ) Therefore, we can apply the maximum principle, on the
ball By :

o], < max (05(1)-+0(e s Wo)l + 5 IWel -, 20, ), ).
< 05(1) + (&) W + & IWel - (v713)

As explained before, we can now repeat the procedure on each interval of time I := [kT,, (k+ 1) T.].
We now proceed to propagate this bound on the rings, starting again from equation (1V.7.12) and
using the maximum principle. For any t € R and z € D, 11, we have

1 n
EWe(t,2) <T(1,2)(1+0°(e) + O() | (xe, We) | ) [—aiwe(t,z» + 4 Ewells, +

05(1) +0(e) ||k, We) | 1 22| (1
e Il + | T | (1M +07(&) + 006 s Wl )+
2 Z 1 " I (t, z
S (oM 07 () + 0 e WO ) +3| S

< |92We || + 0% (1) + O(e) H(Ks,Ws)H>] :
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We dispose of the following uniform controls on the ring by equation (1V.1.12):

o (1)
2in

oLT
Forji=1,2,3:su z
J zelg [(t,z)

Therefore, using all of our previous estimates on the rings, Propositions 1V.33 to 1V.35, we obtain

~

BW(1,2) < T(0,2) (1+0(E) |5, W) +0°() | -EWu(e2) + 5 92w +

0O SO 2wl + Za (030) + 0@k W)
+ T (030 + 00 [, Wl ) + 735 (051 + 0@ ke W )|
We keep only the relevant terms :
202N, (1,2) < T(t,2) (1+O(e) || (e, We) | + o*<82>) [—aiwsa 2+ [2Welll, +
031) + 016 e Wl , Ly, 051 * o;) e O

Thanks to the maximum principle, one gets

Ja2wells,” <

1 1 O5(1) + O(e) || (e, We) ||
X(4H82W€H:o+2”w€”f+ ° 2n’ < ,||Wg(0,-)||f :

By recursion, this implies that

1 n-1 71 O*(1)+ 0O , W,
o, < (4uaiwgui,+24 (3w + DO 8)”),\\ws<o,->uf>
k=0

2”
1 0o  O"(1)4+0O(e) || (xe, W, 1&
<(4Ha§'wsum+ T E)”+224"nguf,uwxo,-)uf)
k=0

Moreover, 3 Y> (4% = 2. Thanks to the estimate on By of equation (IV.7.13), we conclude with

O*(1) + O(e) || (e, W, 2
Joswa, < (AN 2 w0, 1)

We have therefore proven the following result :

Proposition 1V.36 (In the rings 92W;).

There exists a constant eg that depends only on B such that upon the condition of Theorem V.30,
W, verifies for ¢ < €p

O3 (1) + Of(e) ||(xe, W, 2
Jotwe |, < 2O TOL | Ly

forn > 1.
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Iv.7.7 Proof of Theorem V.30

Thanks to the previous results we have estimated |[W|| - upon the rings. To translate to a global
result, we simply remark that there exists an universal constant C such that for every z € D,,
217 < ﬁ see equation (IV.7.2) . Therefore, we have proven in Propositions 1V.33 to V.36 that

sup M (t,z)] < max (O"(1) + O(e) || (e, Wo) [, [ We(0,) | ), (IV.7.14)
(t,z)eR4 xR

P 1Mt )] <max (1412 =z (0)]) (0" + 0@ (s Wl ) W0, )z

(IV.7.15)
sup [o2wi(1,2)] < max (A 2ONE I, g 0, ), (1V.7.16)
(t,z)eRy xR 1+ ’Z - Z*(t)|
O*(1) + O(e) || (ke, We) || , 2 )
su BEW t,z <max< + = ||[Wel| =, [|We(O, - . (IV.7.17
L (o) T e S Il W0, ) (v717)

The estimates equations (IV.7.14), (IV.7.16) and (IV.7.17) are exactly as stated in Theorem [V.30.
However, we dot not have the one in d,M, because our estimates on the rings are too rough.

Thanks to our estimate of the second derivative with the weight, we manage to bound uniformly
0, Mg:

’azMg(t, Z)‘ < ’82Wg(t, Z) - azwg(t,z)‘ 7
zZ— Z*

22wy
< 0p(1) +OCe) [[ (e, We) || -

N

oo/

The crucial point is therefore the presence of the weight in the estimate (IV.7.16) that compensate
the factor (z — z,) from the Taylor expansion.

IV.8 PROOF OF THEOREM IV .4

We now prove the main result of this paper, that is the boundedness of (x., We) in R x F. We look
for a constant Ky such that ||W|| » < Ko and |x,| < Ko. Therefore we first suppose that

k(0)] <K and [We(0,)] 5 < K. (IV.8.1)

with K to be determined by the analysis.
By Theorem V.30, that we can apply with our assumption (1V.8.1), we have precise bounds of
We. More precisely, there exists a constant C such that :

2
[Wel| 7 < max <O*(1) + <c€+ 3> K,K).

Next, we choose €y and Ky such that
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Then for & < gg, starting from an initial data [[W;(0, -)|| < Ko, the bound is propagated in time and

[Wel[ 7 < Ko

This is part of Theorem IV.4. Now it only remains to show a similar bound for k.. We go back to
Proposition 1V.21 since we made suitable assumptions and we get that as long «. is bounded it solves

k() = R (£)ke + O (1) + O(e) || (key W) || + a1 (s (1)) 2W (£, 24 (£)) + Se(We).  (IV.8.2)

Thanks to Proposition 1V.32 we can estimate the term 92W(t, z.), because z, € By, see figure IV.2.
[2W(t,2.)| < max (0(1) +0(e) || (x, Wo) |, [ We(0, )| ).

We now seek a similar bound upon the number S¢(W;). We make use of the uniform bounds we just
proved for O3W, :

1 .
Se(We) = /R dG(Y,,2.) [y§a§wg(t,z* Felyr) + yRPWe(t, 2, +s§yz)]dy1dy2
2, .2
< K/cKﬁ@ﬁJQuh+%JOTG)+O@»d%@h
IR 4
Therefore, by computing the moments of 4G}, we have shown that

S.(W,) = O*(1) + OCe). (1V.8.3)

Since R* is a positive function that admits an uniform lower bound Ry, see Proposition IV.21, it is
straightforward from (IV.8.2) and our subsequent bounds that there exists a generic constant C such
that for all time ¢

(5] < €+ CeK+ 0" (1) max (0" (1) +O(e) e We) |, [We(0, ) ).
As for W, this ensures that there exists Ky such that x.(0) < Ko and
V>0 k()| < Ko.

Since V, = V* + &W,, ge =q* + €%k,, Theorem IV .4 is proven.
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Cinquieme partie

LIGNEES PHI:ZNOTYPIQUES ET MAL-ADAPTATION A UN ENVIRONNEMENT
CHANGEANT

Nous nous intéressons enfin a la réponse d'une population structurée en trait 3 un
changement graduel d'environnement. La population est a I'équilibre dans un repére mobile
se déplaceant a la méme vitesse que |'environnement. Nous cherchons a comprendre quelle
est la dynamique interne au sein de la distribution stationnaire. Une maniére d'aborder
le probleme est de suivre les trajectoires phénoptypiques le long de la généalogie des
individus au cours du temps. Nous proposons dans un régime de petite variance plusieurs
méthodes pour obtenir les trajectoires de ces lignées au cours du temps : en interprétant les
géodésiques d'une équation de Hamilton-Jacobi et en utilisant les "fractions neutres". Les
formules données dans chaque cas sont concordantes, et sont illustrées par des simulations
numériques stochastiques et déterministes. Nous abordons le mode de reproduction sexué
et également le cas de la reprodction asexuée. Ces différents travaux vont étre soumis
pour publication.






In this work, we are interested in studying the lineages inside a population keeping pace with an
environmental change. We will detail later what we mean exactly by the study of the lineages, first
we detail the ecological model. The population is structured by a one—dimensional phenotypic trait,
denoted by x € IR, the density of individuals with trait x is f(t, x) at any time £ > 0. We suppose
that the population is subject to selection through an intrinsic mortality rate u(x), that admits a
minimal value at an "optimal trait" : x = 0 . The function p can be decomposed as follows :

u(x) = po +m(x),

where 119 is the basic mortality rate common to all phenotypes, and m(x) an increment of mortality
that models the weight of an non-optimal phenotype : m is a convex function that admits a minimum
at x =0, m(0) = 0. A way to measure the strength of selection is through the parameter

= 3*m(0) > 0.

The smaller a, the flatter the selection function, and therefore the less selection around the optimal
trait acts on the population. The birth rate is considered constant among traits, at a value . Under
the assumption B > o, the population at the optimal trait does not go extinct in the absence of
environmental changes.

The changing environment is modeled through a linear drift of the optimal trait at the speed c.
Mal-adaptation of given individual with trait x is thus defined as the difference between its phenotypic
value x and the optimal value for the trait at time f : z := x — ct. The proposed model for the
density function is the following equation :

0f(t,x) + (lx —ct) + (B—po) [ F(t,2)ax') f(t,) = BB((E,)) (). (V.0.1)

The non linear term ((,B — o) Jr f(t, x’)dx)f(t,x) accounts for the density dependence of the
population. Finally, the operator B describes the birth of new individuals via reproduction at the rate
B. It will always be an integro-differential operator which means that the birth of given individual
depends on the whole distribution of population f. With this terminology, two types of reproduction
are encapsulated :

> Asexual type of reproduction :

B(F)(x) = U/RK< -~ >F(x’)dx’, (V.0.2)

where o2 is the variance of mutations and K is a symmetric normalized probability density
function, that encodes the shape of kernel of the deviation due to mutations.

> Infinitesimal type of reproduction

B(F)(x) = //le G, <x_ X ;xz) F(x) <m> dxidxy, (V.0.3)

where G,> denotes the centred Gaussian distribution with variance ¢2/2.
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In both cases one expects that the combination of selection of a (moving) trait and the creation
of diversity creates an equilibrium of the phenotypic distribution. This will be true if the speed of
environmental change c is not too fast for the mutations to act. In that scenario, the population
always tries to keep up with the moving optimum, but never catches up, creating a "lag", leading to
a profile with the following shape :

¥ Solution profile : F'

Phenotypic space z

0 : optimal moving optimum

We suppose the existence of the following :

< An equilibrium profile F in the moving frame i.e. a solution of equation (V.0.1) of the form
exp(At)F(z —ct) .

< A (unique) dominant trait , z*, among the population.

A straightforward computation implies that a non trivial equilibrium F is the solution to the following
eigenvalue problem:

AF(z) — c0.F(z) + u(z)F(z) = BB(F)(z), (V.0.4)

with

A= (B— o) /RF(Z’)dz’. (V.0.5)

By hypothesis A > 0. The backward transport term —cd,F corresponds to the effect of keeping
pace with moving optimum for the phenotypic distribution F at equilibrium. A formal integration of
equation (V.0.4) shows that

A= [ (B ) itz i=

N (V.0.6)

‘;l
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The eigenvalue A can thus be interpreted as a measure of the mean "fitness" of the population, or
its mean intrinsic rate of increase, where B — 1(z) is the contribution to population growth rate of
an individual with maladaptation z. The mean mortality 77 caused by selection is defined by

_ F(z)
H= /IR H) f]RF(z’)dz’dZ'

This eigenvalue delivers information about the size N of the population at equilibrium in presence
of a changing environment. It is detailed in [ ] how to obtain a precise analytical
formula for the critical speed of environmental change above which extinction is predicted, that is
the case A < 0. They precisely monitor a weak selection regime, as either a small variance ¢ or a
weak selection compared to birth ( « /B small). They explain how, under that regime, the equilibrium
F concentrates around a mean value of trait z*, with variance depending on the product c?a/.
They perform formal computations around equation (V.0.4) to deduce approximations of biological

macroscopic variables of interest : variance at equilibrium, phenotypic lag, mean fitness..

OBJECTIVES

Our aim is to describe in both scenarios of reproduction the dynamics of individuals intra-equilibrium.
More precisely, we will suppose that initially, say ¢t = 0, the population of the model of equation (V.0.1)
is at equilibrium. Letting the population of density evolve with time, the profile F is unchanged by
hypothesis. One wants to understand the dynamics that led the population to stay at equilibrium.
For any given z € IR one asks, what was the trajectory of the phenotype across its ancestors that led
to this individual with the phenotype z at time f. This trajectory will be referenced as lineage in the
following. For an asexual mode of reproduction, it is clear that it is a function of time, whose value
at time t is the phenotype of an ancestor living at that time. In the case of sexual reproduction,
because each individual has two parents a lineage is stricto sensu a sample of a trajectory among the
genealogical tree, but we will try to justify our glossary of terms in that case also.

Conjecture 1. In the asexual model described in equations (V.0.1) and (V.0.2), one expects that
for every trait at equilibrium, asymptotically, when t — —oo, the typical trait of the ancestors will be
the optimal trait z = 0.

In fact, thanks to the approximation procedure that we will sketch up in the following, we will first
be able to suggest an equation for the whole trajectory of ancestors in the regime of small variance,
see equation (V.1.12). Next, in section 2 we will also be capable of proposing an equation for the
whole evolution in time of the mean trait of the ancestors, through a completely different point of
view, see equation (V.3.4).

Conjecture 2. In the model of reproduction of the infinitesimal operator, described by equa-
tions (V.0.1) and (V.0.3), one expects that for every trait at equilibrium, asymptotically when
t — —oo, the typical trait of the ancestors will be at the dominant trait z = z*.

Those two conjectures illustrates a real dichotomy between the two modes of reproduction. One
can interpret them by reasoning backwards :

> In the asexual mode of reproduction, even if they are very few individuals at the optimum trait,
they are the one that are responsible for the genetic diversity of the populations going forward
in time. lll-adapted individuals play a role minor in the profile of the population after a long
time.
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Figure V.1: Potential lineages arriving at the dominant trait z* at time T*. Which one of the arrows is

the typical behavior of lineages?

> Conversely in the infinitesimal model, the main contribution to the ongoing phenotypic diversity

is assured by the most frequent phenotype.

We will provide heuristics for each of the conjecture in the following sections. The rest of this chapter

is organized as follows :
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> First, we explain some heuristics behind the conjecture 1, we detail and explain the numerics

that back up this assumption, after a quick sketch of the approximation procedure for (A, F)
solution of equation (V.0.1).

> We then proceed to the same steps for the infinitesimal model.

> Next we provide an alternative justification or rather a reversed point of view for both conjectures

by means of the neutral phenotypic fractions, that were introduced in
[ ; ], and in [2012]; [2012] to study the inside dynamic of
a traveling wave for Fisher-KPP type reaction diffusion equations.

> We finally provide some similar heuristics upon lineages in another sexual model of selection,

more linked to the mechanism of genetics, with different alleles for each individual, rather than
a single trait.



V.l LINEAGES DYNAMICS OF THE ASEXUAL MODEL
v.1.1 Approximation method and corresponding heuristics
We are interested in the following equation for the equilibrium distribution F :

AF(z) — cd.F(z) + pu(2)F(z) = 5/}1{1( <z

The methodology to read an approximated problem of the form of equation (V.1.1) in the asymptotic

Zl) F(z')dZ (V.1.1)

"o < 1", has been introduced in the context of evolutionary biology by [ l;
[2007]; [2008]. For their part, [2019] propose a rescaling
of equation (V.1.1) by introducing the small parameter
€= O'ZE.
o

In the limit € — O they get quantitative results measuring the impact of environmental change on for
instance the fitness of individuals or the shape of the distribution, but staying in the framework of

Here, to proceed with our heuristics, we will keep the biological parameters, and study the small
variance limit, that is ¢ — 0. We expect when that happens concentration around specific traits, see

[ l; [ |, which motivates the following logarithmic transform :
F(z) = exp <—u((:)> . (V.1.2)

Plugging equation (V.1.2) into equation (V.1.1), yields the following equality :

A+ aLI( ﬁ/ (Z_Z> exp (LI(Z)_M) iz, (V.1.3)

g

To get a finite limit when ¢ — 0, it seems clear that the speed of environmental change must be
scaled as o, this is why we make the following assumption :

c:=oc. (V.1.4)

We abuse notation by in the following by dropping the /. Moreover, we suppose that K is a
standardized, positive, symmetric and thin-tailed probability kernel :

/ K(y)dy = / yv?K(y)dy =1, dy > 0st. / K(y)e"ldy < +co.
R R R

We finally make the single approximation of these computations, for the integral term of equa-

tion (V.1.3):
VZ €R, exp <U(z)—U(z’)> A exp (— (z)) :

o
Therefore by an affine change of variable, equation (V.1.3) is expressed as :

A+ co.U(z) ﬁ/ V) exp ya U(z )> dy.
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The assumption on the exponential decay of K makes possible to define the Hamiltonian for all
peR:

Hp) = [ K(y)exp(yp)dy —1. (V.L15)
And finally, we have that
A+cd.U(z) + u(z) = p+ BH(p). (V.1.6)

We introduce the Lagrangian function L corresponding of K as the Legendre transform of H :

L(v) := r;gé( (pv - H(p))

With those notations, [ | explain how to get the following first order (in €) approxi-
mation for the growth rate A :

A B— o — BL (;;;) +0(e), (V.1.7)

(V.1.8)

The interest of this formula is for instance to compute a threshold on ¢ so that the population does
not go extinct, corresponding to the limit case A < 0. The dominant trait is located at z* such that
it solves

c
Y=BL(— ), V.1.9
=) = bt (5) (v19)
and the phenotypic variance is :

c

9zp(z*)

MOST LIKELY LINEAGE AND LAGRANGIAN STRUCTURE
Thanks to the introduction of the Lagrangian L, there actually may exist a representation function

Var (F) =~ — + O(e).

of U solution of equation (V.1.6). Inspired by [ ], we expect to have :
. 0 T ((s) e
U(z) = inf / [L <> — B+ u(y(s)) + Al ds. (V.1.10)
st 7(0)=z—co B

The infimum is taken over all functions 7 that reach the phenotype z at time 0, when going
backward in time. Since Uy is linked to the distribution of phenotype by the logarithmic transform
of equation (V.1.2), solving the minimization problem equation (V.1.10) amounts to solving the
spectral problem of equation (V.1.6). Along the phenotypic path 7 , minimizing the cost comes from
the combined weight of mutations through L (at speed § + ¢) and selection through m. The birth
rate B plays an opposite role of selection, while A is the term that balances the expression.
Therefore an interpretation of the formula is to see a potential minimizing trajectory I' as a
representation of the typical phenotype inside the equilibrium across times that will eventually lead to
the phenotype z at final time. The knowledge of the function I' for any z is somehow richer than the
one of the profile U since it accounts, backwardly in time, of the whole dynamic of the equilibrium
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from time —oo to 0. Given the supposed existence of I', or of a trajectory that is arbitrarily close to
optimum, we can make the following formal analysis, starting with the identity

Uo(z) = /_Ooo [L (W) — B+ u(T(s)) + A | ds.

One should expect I'(s) to converge to 0 when s — —oco. Otherwise, the mortality (') would
become arbitrarily large and so the trajectory would not be minimizing since Up(z) could take the
value +co. Formally, this implies that I' converge when s — —o0, then necessarily it is towards the
value 0, in order to minimize the selection function u. With this formal argument we expect that :
I'(s) ——0.
S——00
This precisely the result motivating the conjecture 1. Assuming it holds true, it prescribes the value
of A such that the integrand vanishes, since otherwise U would be infinite.

C _
L (ﬁ) —B4+u(0)+A=0. (V.1.11)

Since pu(0) = 0, and ¢ was the rescaling of the original speed of adaptation £ to the variance of

mutations, the formula coincides with equation (V.1.7). The term L (é) measures the constraint
of having to keep pace with the environment evolving at speed c, while o — 8 is the cost of fitness
for the optimally fitted asymptotic individuals of the lineage.

To conclude the remarks around the variational equation (V.1.10), one should note that thanks
again to the Hamiltonian structure, T solves formally an Ordinary Differential Equation, see for
instance [ ] :

I'(t) = —c—l—,BapH(aZU(F(t))), (V.1.12)
I'0)=z.

This result comes from the work on the characteristics of the Hamilton Jacobi equation (V.1.6). It is
not simpler to solve equation (V.1.12), since U itself depends on I, but it gives information on the
whole behavior of T'. It will prove to be nonetheless a useful equation to simulate numerically T, if
one is externally handed the profile U.

Moreover it is known since the works of [ ; | that there exists an
underlying individual based Markov process that converge in the weak sense of measures towards the
equilibrium F when the size of population goes to infinity. Therefore, to assess that interpretation of
I', we will run individual based stochastic simulations.

v.1.2 Numerical methods and results

The Lagrangian structure shed some light on the backwards behavior of lineages, that is for a given

individual the traits of his ancestors. To justify this interpretation, we will let the population evolve

inside the equilibrium profile, and stop at a given time . If we are able to keep a memory of the

phenotypic lineage of the individuals alive, we will artificially recreate a backwards trajectory despite
the simulation running forward.

We will use the description of the underlying Markov process given by [ ;

| for this kind of processes. The population is described by a vector of individuals, each labeled
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by its trait. In addition to the previous parameters, one must prescribe K the theoretical size of the
population around which the actual size of the simulated population K(#) will fluctuate. It must be
big enough so that the asymptotic N ~ +oo is verified, but numerically a larger population leads to
a larger time of computation, so N must be set reasonably big.

Let us consider any alive random individual 7, alive at time ¢, 1 < i < N(t), with trait z; € R.
The outcomes for this individual at time ¢ is one of the following :

> Birth of a descendant : it happens with an uniform rate among individuals riB = B.

> Death of i Its probability to die is decomposed in two separate events :

(a) Death by selection The individual may die because its phenotype is really ill adapted.
This is given by the relationship :

7’535 = u(z; — ct).

(b) Death by density dependence Alternatively, an individual may die because of the
density dependence in the population, at a rate that is prescribed by the size of population
at time t and the carrying capacity N

N®1 N
'Ddd = ), 7 =
E N~ N

> Incrementation of the time step The time step is the smallest time for all individuals to go
through one of the previous steps. By the Markovian property each event occurs following an
exponential law of parameter dictated by its rate 7 :

dt ~ min E(rh + 7 r .
Ly (1 + 7ps + 7Ddd)

By the property of "absence of memory" of the exponential law, dt also follows the law :

5 (Z(?’% + ViDs + ded))

i

It would have been more succinct to present the population as the point measure (empirical density)

1 N
vf (dz) := 5 %= (d2),
=1

and describe its evolution through its actions on measurable bounded functions by the generator of
vK, since it contains all of the previous informations on the infinitesimal fluctuations of the population.
We tried a more pedestrian explanation in the hope to be more concrete. One should note that

[ | proposed a model for the lineages itself, where the population is no longer
characterized by a measure on RX (corresponding to the trait of individuals), but by a measure on
the space of cadlag functions. Each cadlag function corresponds to a lineage of the individuals in the
population. With the same tools as in [ ; |, they propose an asymptotic
limit for the dynamics of lineages. The limit object is not a Partial Differential Equation in the
general case, they used a more theoretical tool, and it seems interesting to study this approach later.
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Finally, the implementation of the operator B in equation (V.0.2), is straightforward using the
following interpretation of the convolution term :

Zoffspring = Zparent + N(OI U)-

We get the population at time t + dt by either adding the individual that was born (K(t + dt) =
K(t) + 1) or subtracting the one that died (K(f 4 dt) = K(t) — 1), and we repeat all the steps until
reaching the desired final time of simulation. Therefore, starting from an initial population, and
applying the previous recursive steps, one can simulate the equilibrium F with an individual based
random walk. However, several difficulties remain. The variance ¢ must be small enough and K big
enough to have precise approximations. Decreasing ¢ increases automatically the time of computation
if the population is not already at equilibrium since there is little diversity created to shift the profile.
The time step dt decreases when K rises because of the density dependence, individuals will die more
often, and more individuals means more events (birth or death). Moreover the procedure is very avid
of computational times because of all the random draws one has to make, and the more individuals,
the more one has to make computations, even if the population is at equilibrium.

Consequentially, we performed the simulations using an approximated model, by first fixing dt to
a small but deterministic value. Then, for each individual, we draw a time of birth following the
law £(B) and a time of death following the law £(u(z;) + N(t)/N). Then we simply count which
individuals led to a reproduction event and which died on the time-window [t, t 4+ dt|. This amounts
to the supposition that on this interval of time, individuals cannot reproduce more than once. This
led to the figure V.2 comparing the profile at different times in the simulation. Actually, for a long
time while doing the simulations we witnessed huge fluctuations inside the equilibrium, even if all the
explicit parameters —given the approximations formulas of equation (V.1.7)— indicated that we were
in a context of positive equilibrium (A > 0). The dominant trait would oscillate around its theoretical
value, and the size of the populations K(¢) would suddenly plummet and then explode without
explanations. We figured out eventually since we often tried to minimize the time of computation by
decreasing K and toying with the other parameters, we were in fact working very close to the critical
regime of the Markov process, which explained those random variations. Those disappeared when
working with more reasonable parameters, at the price of longer time of computations.

Finally, let's explain how we follow the lineage of individuals. We create a huge matrix at the
beginning which is where we will stock the lineage of every individual along the simulation. Every
time an individual appears, since we kept track of its parent lineage we are able to know its lineage.
The procedure works as described in figure V.3, where each line corresponds to a generation for each
individual, without distinction of time.

This lead to the main numerical result of this section. We are able to simulate the PDE (V.0.1),
which gives an approximated profile U, from which, by solving equation (V.1.12) we plot a theoretical
lineage (in red). We compare that to the simulated lineages that were obtained by the aforementioned
algorithm. The following parameters were used :

x=2, pB=2, 0=0,1, K=20000, c=0,2. (V.1.13)

For the needs of representation, we select z* as the starting point of the lineages see figure V.1:

169



== Simulated profile at final time
M = Initial profile
s
"\
» -

" R
lg l‘.. HE
D : 4

: 0

(]

© j 4 '

c b

0 Es :

et . .

3 p

- ' v

br] [ 7

% ; i
5 g

iy *
¥ '
()

Phenotypic space

Figure V.2: The grey background is the stationary density of individuals F, from which we initiated the
algorithm. The ordinate axis represents the phenotype z in the moving frame (z = x — ct).
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Figure V.3: Keeping track of the lineages : a tentative explicative drawing
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Figure V.4: The grey background is the stationary density of individuals F. The y axis represents the phenotype
z in the moving frame (z = x — ct).

As it is announced in conjecture 1, one can observe that despite having very little density around
the optimum trait, it is where the lineages take their origin. Some sort of coalescent phenomenon
can also be observed, since there are approximately 900 lineages at the final time, while one observe
less than ten different lineages when t — —o0, meaning a lot of individuals share a common ancestor.
It is already known that a small number of individuals can recreate a whole population. Authors of
Allendorf and Luikart [2009] explain that in Isla Guadalupe, Mexico, the 20.000 northern elephant
seals alive today are the descendants of less than 20 individuals that lived in the nineteenth-century.
Nowadays, the amount of DNA sequence data available has led to an intensive research for coalescent
alleles ( "common ancestors"). Our new result explains that in our model, individuals responsible for
the genetic diversity will be the small number who are optimally fitted.

If we go back to figure V.1, we have plotted the trajectory depicted by figure V.5.

V.2 LINEAGES DYNAMICS OF THE SEXUAL MODEL

We are now interested in the following equation for the equilibrium distribution F with a sexual
(infinitesimal) mode of reproduction:

AF(z) — cd:F(z) + u(z)F(z) = ﬁ//}Rz G, (z_ Vi eryz) E(yr (f]R y2) ) dy1dys.

(V.2.1)
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Figure V.5: Lineage arriving at dominant trait mostly come from optimum trait.

We are still interested in understanding the phenotypic dynamics of the ancestors of individuals at
equilibrium. Compared to the asexual mode of reproduction, one loses the Hamiltonian structure
that hold true in the limit ¢ — 0. Therefore, we must understand how the traits of the offspring are
linked with the ones of the parents directly through the operator I3 to propose an heuristic behind the
conjecture 2. The idea is to look both at the trait distribution of the parents from the point of view
of an offspring and the distribution of offspring from the point of view of the parents. The former is
quite simple, because it is a reasoning that goes forward in time, and it can be read straightforwardly
on the infinitesimal operator. If the two parents have trait z; and zp, then the offspring has the trait

Z1 4+ 27 1
Zoffspring = T +oN <0, 2> . (V22)
Conversely, it is natural to seek, given the trait of an offspring z, what are the most likely traits
of his two parents? A response was given by [ | by studying how the operator 3
concentrates around a trait when ¢ — 0. The arguments, that we recalled in part IV, show that the
double integral concentrates around (Z,Z) defined as the midpoint

<21:Z+Z 22:Z+Z>, (V.2.3)

2 7 2
where z* is the dominant trait of the population. This can be interpreted as the two most likely
parents for the offspring. Therefore, we guess that for any individual with a trait z, given the
population at equilibrium, the most likely scenario is that both his parents have a trait that is midway

between his and the dominant trait i.e. Z. As a consequence, one expects that in the matter of few
generations, the individual will have most of his ancestors that have (or are arbitrarily close to it)
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the dominant trait z*. This justifies the conjecture 2. The following figures tries to illustrate an
heuristics on why the infinitesimal operator concentrates around that particulars middle points.

*

z z Phenotypic space z

Figure V.6: In the distribution law oA/ (0, %) of the deviation from the mean trait of parents.

From the point of view of parents, it seems most likely that both of them are at the most
represented trait in the population, z*. However like the previous graphic tries to illustrate, the
outcome of the trait of the offspring (distribution in orange) is too narrow, which means that it is
not likely for them to have an offspring far from z*, like the z in the picture. Moreover, given the
distribution of the offspring, this is even more the case the closest ¢ to 0.

Conversely given the phenotype of an individual of trait z, it would seem likely to have any parents
of traits (z1,22) that verify .32 = z, as pictured below :

F(z)

z 2 Phenotypic space z

Figure V.7: Both parents have a trait in a very low density zone of F.

However, in the scenario depicted, the traits of the parent are in very low density regions for
the population. Therefore we also discard that scenario of reproduction. Interestingly the trade-off
between the two scenarios consists in both parents having traits that realizes a compromise between
the two situations, see figure V.8.
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F(z)

z z z* Phenotypic space z

Figure V.8: Most probable scenario : both parents at Z.

Those heuristics were verified by the numerics on the individual based Markov chain process linked
to equation (V.2.1). The structure of the algorithm is exactly the same, the main difference comes
from when a birth event occur. In that eventuality, the individual that rung the clock for a birth
event constitutes the first parent. To choose the other parent, one draws uniformly randomly a
second individual among the whole population, faithfully to the interpretation of the infinitesimal
model. Interestingly, the profile F solution of equation (V.2.1) is more narrow in the sexual case,
since the variance is of order ¢, while it is of order \/o in the asexual case :

} = Initial profile
' = *Simulated profile at final time

Distribution densities

Phenotypic space

Figure V.9: The x axis represents the phenotype z in the moving frame (z = x — ct).
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To keep track of the lineages, one faces a memory problem. Because of the nature of sexual
reproduction, each individual has 2" ancestors at the n-th generation. To deal with it -in our
simulations we often trade with thousands of generations- we choose to keep the information on only
one parent at each birth event, which means that we forget about the trait of one parent at each
generation. However, we do not consider this to be a limitation at all. Firstly both parent play a
symmetric role in the infinitesimal operator. Second, our heuristics have highlighted that both parents
are expected to have most of the time the same trait (z 4+ z*)/2. Therefore, whatever parents
one chooses to keep in memory, the overall behavior is not disturbed. This led to the trajectories
described by figure V.10.
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Figure V.10: The grey background is the stationary density of individuals F. The y axis represents the
phenotype z in the moving frame (z = x — ct).

We sampled the origin of the lineages far from both the optimal and dominant trait so that the
trajectory is not trivial. Compared to figure V.4, the time window is in fact much shorter. This is
logical, since at each generation one expects the lineage to halve the distance with the dominant
trait, so the return towards the dominant trait can be conjectured to be exponential. The figure V.10
confirms the intuition of conjecture 2 concerning the origin of the population. Their mean behavior
(in black) clearly indicates the trajectory to originate from the dominant trait, even if it lacks a
comparable "theoretical" trajectory. It means that there is much more mixing in the population
compared to the asexual mode of reproduction, since an ill-adapted trait is the common trait for the
ancestors of the majority of individuals. Somehow the weight of having a parent ill-adapted is less in
this sexual mode of reproduction, probably because it can be counterbalanced by having a second
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parent much better adapted. In terms of dynamics of the equilibrium, the following scheme proposes
an explanation of both conjecture 2 and figure V.10 :
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Figure V.11: Lineage arriving at any trait mostly come from dominant trait.

V.3 INSIDE DYNAMICS OF THE EQUILIBRIUM THROUGH NEUTRAL FRACTIONS

In this section we try to provide another heuristics that may explain conjecture 1 and conjecture 2,
this time by looking at the descendants created by a group of individuals. Let us assume that the
individuals are labeled and they transmit their label to their offspring even if the offspring differs in
trait. Somehow, those label can be seen as neutral genes that are promoted or demoted because they

are close to gene under selection, creating a phenomenon of genetic hitchhiking, see [ ]
Mathematically, this approach has been introduced in the context of reaction diffusion equations by
[ ; ], and in [2012]; [2012] to understand

the inside dynamic of the traveling wave solution arisen in this context. They were able thanks to
this methodology to establish a robust dichotomy between two different possible behaviors for the
inside dynamic of the front, "pulled" or "pushed" front, generalizing a concept of [1976].

Our purpose is very similar to [ ], since it lies in understanding the dynamics of
an equilibrium profile. We assume that the population is made of several neutral fractions v that
can have different traits. In particular, at time t =0:

fo(x) :== £(0,x) = }_ v§(x), with v >0 for all k > 1.

k>1
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The key assumption to these heuristics is to assume that each fraction only differ by their label, while
the mutation and selection processes act the same way they do on the entire population f, in the
sense that the density of each fraction verifies an equation of the form :

9,0 (£, x) + (y(x —ct)+ (B — yo)/ f(t,x") dx’)vk(t,x) = BBs(v*(t,-))(x), for t >0, x € R
R
vk(0,x) = vf(x), x €R.
(V.3.1)
The concept of "neutral" fractions lies in the choice of the linear operator B¢ . In the asexual scenario,
B is already linear, so :

A
Bs(v)(x) = 1 /]RK (x Ux ) v(x")dx'. (Asexual reproduction)

In the sexual case however, since it is not linear we choose the following

Br(v)(x) = //RZ Gy2 (x ! ;—x2> v(x1) <f]12/{((922))‘%> dxidx;. (Sexual) (V.3.2)

This translates the idea of neutrality of each fraction : each parent xq1 can choose a second parent in
the whole population, and not only its fraction. Therefore, in both cases, the sum of the fraction
densities verifies equation (V.0.1).

Next, we consider an arbitrarily chosen fraction v¥ that satisfies equation (V.3.1) —we call it v in
the sequel— and we study its evolution. As before, we assume the total population (and sum of all
fractions) f to be at an equilibrium of the form f(t,x) = F(x — ct). Moreover, it is convenient to
work, as previously in the moving frame of speed c, the density v(t, x + ct) := v(t,z). All in all, v
satisfies the following equation:

orv(t,z) — co,u(t, z) + (y(z) + (B — mo) /IRP(Z/) dz’)v(t,z) = BBr(v(t,"))(z),t >0z € R
(V.3.3)
By definition of A in equation (V.0.6), we can write the equation (V.3.3) as follows, in order to shift
the main eigenvalue to 0 :

91v(t, z) = ,B(Bp(v(t, )(z) — v(t,z)) +co,u(t,z) — (y(z) —ﬁ)v(t,z) ,t>0xeR (V.3.4)
We recall that we supposed that we were in the regime where A > 0.

FORMAL RESOLUTION OF EQUATION (V.3.4).
We will perform a spectral analysis of the previous equation. Let us denote L the following operator

on L*(R):
L(v) = ﬁ(Bp(v) - v) + co;v — (y —ﬁ) v,

such that
9rv(t,z) = L(v)(t,z). (V.3.5)

lts domain D(L£) is H'(IR). Moreover, we can define its adjoint operators £* in L?(R) as follows

L£o(p) = B(Bi(¢) —¢) —co-p— (u—71)¢ (V.3.6)
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where B} (¢) is the adjoint operator to Br, that differs in each reproduction scenario.

By definition, F is the eigenvector of L associated to the eigenvalue 0 , see equation (V.3.4). Let
us denote ¢ the eigenvector of the adjoint operator L* associated to eigenvalue 0. Then we know
that any solution of equation (V.3.3) starting from v satisfies

/]Rvo(z)go(z)dz
/]RF(z)go(z)dz‘

v(t, z) = plvo]F(z), uniformly, t — co, where pvg] := (V.3.7)

Let's sketch the proof of this classical result.

e The domain of £ generates a C’— semi-group on L?(IR) because
1. D(L) is dense in L2(R).
2. For any 7 > 0, the resolvent R verifies R(yI — £) = L?(R).

3. There exists w such that L — wld is dissipative.

e One can show that the kernel of L is in fact Ker(L£) = FIR, where F is the steady state.

We decompose L?(IR) = FR + Y, where Y is the orthogonal of the eigenspace FR , and is

defined by Y = {v\ / v = O} where ¢ is the eigenvector associated to the adjoint operator
R

L* in equation (V.3.6).

Therefore, the semi-group (S(t)) generated by L stabilizes Y : (S(¢#)Y C Y) and moreover
the restriction of S(t) to Y, S(t)|Y is also a C° semi-group generated by the restriction of £
onY, Ly=L|Y.

Since 0 is simple and isolated (which remains to be proven), the spectrum of Ly is in (—o0, —77),
with 1 corresponding to the spectral gap.

From a spectral projection Theorem, for instance [ ], we can conclude on the
asymptotic behavior of the solutions of equation (V.3.7).

LINK WITH THE LINEAGES.

To link the neutral fractions with the phenotypic lineages ones asks: what is the contribution of a
fraction of gene with initially the trait y? To answer this question we just need to look at an initial
condition of the form

vo(z;y) = 6(z—y)F(z), with y € R, (V.3.8)

where ¢ is the dirac function. This means that we look at a sampling of the profile with a single
trait. We denote v(t,z;y) the density of population with trait z at time £, given that initially the
individuals had the trait y. From the previous result, the distribution of this fraction starting from y
is given by

v(t,z;y) = ply]F(z) as t — oo, with ply] = <y§g0((y) . (V.3.9)
¢

F
/ F(Zo(Z')dZ
R
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It is meaningful that the function p does not depend on z. This formulas tells us that the number of
individuals arriving at z is in fact an independent number of z that is p(y) multiplied by the density
at given point z. Therefore p(y) is a proportion of individuals coming from y in the final population,
it is constant among the distribution. This holds true as long as the asymptotic spectral result of
equation (V.3.9) holds true.

Coming back to the lineages, we were looking for an answer to the question : given a trait z,
what are the ancestor of those individuals? With the previous notations, the lineage is the following
function :

y—u(t,z;y). (Vv.3.10)
This explicits well the fact that a lineage goes backwards in time while the study of fractions works

forwards. Therefore at any time ¢ the mean trait 7(f,z) and the most frequent trait y*(t,z) of the
ancestors of individuals of trait z is given by

~ /Ryv(t,z;y)dy .

y(t,z) = and y*(t,z) = argmax v(t, z;y).
/ v(t,z;y) dy yeR
R

But since by definition / v(t,z;y) dy = F(z), we deduce that
R

- /Ryv(t,Z:y) dy
y(t,z) = 16 .

From the above formal equation (V.3.9), those quantities converge, when t — 400, to

yFy)e(y) dy
y(t, z) K , and (V.3.11)
t—-+oco /]RP(Z/)QD(Z/)dZ/
y*(t,z) P argmax F(y)¢(y). (V.3.12)
yeER

It should be noted that those expressions do not depend on the point z where the sampling of the
lineage occurs. This is a by-product of p not depending on z. |t means that in our model there is
a single trait shared by the majority of the ancestors of all individuals in the profile. With those
quantitative results, we will try to justify conjecture 1 and conjecture 2. As a remark, one should
notice that we can have access to the whole trajectory of i in time when multiplying equation (V.3.4)
by z and integrating with respect to y.

v.3.1 The asexual reproduction case

To tackle the asexual reproduction, we first use the diffusive approximation, where the computations
can be made explicit.
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v.3.1.1 The diffusion approximation case.

If the mutational variance o2

diffusive operator:

is small, Br equation (V.0.2) can be approximated by the following

2
o
Br(F)(z) ~ BF(z) + 5 0:F(2).
Under this approximation, the operator £ becomes :
2
o _
L(v) = ﬁ?agv + 0,0 — (y — y)v
By definition, F satisfies £(F) = 0, and therefore thanks to the quadratic decay of y, F := Fecx/(B0?)
is in L2(IR). Moreover, it satisfies L(F) = 0, where L is the following self-adjoint operator in L?(R)
2

_ 2
L(D) = 5%835— (y TS W)ﬁ.

For any dual eigenfunction ¢ such that £*(@) = 0, the function ¢ := ge~*/ (™) also is in L2(RR),
again by decay of p. A simple computations shows that ¢ satisfies £(¢) = 0, and therefore F = ¢.
As a conclusion we have found an explicit expression for ¢ in the diffusion approximation,

p(z) = F(z)e*=/ (P,

In the perspective of the lineages, it means that the asymptotic mean trait and most frequent ancestor
can also be computed explicitly for large time:

2
/ yF(y)ze%y/(ﬁa )dy
- _JR 5 and y*(m,z) _ argmaxF(y)zezcy/(ﬁ02)
/ <F(Z/)€CZ//(’5‘72)> dz’ yeR
R

Moreover, the function defined for each z as PV(Z) := Fe*/(F7) is even, since y is an even function

y(eo,2)

- . 2
and F satisfies L(F) = 0. Therefore y (P(y)ecy/(ﬁ”2)> is also even, and as a consequence :

Y(co,z) =0 forall z€eR.

In addition, we deduce that F has a (local) extrema at z = 0. To get more information we
investigate the sign of 92F(0). By definition £(F) = 0, but g — ji < 0. Therefore, one must
choose ¢ sufficiently small so that 8%?(0) > 0. Then since F can have at most one maximum, with
equation (V.3.12),

Yy (00,z) =0 forall z€R.

This confirms once again the conjecture 1 in the case of the diffusive approximation. We can also
compute the equation satisfies by i/ to obtain the entire trajectory;

0iy(t,z) = ﬁfaﬁy(t,z) + <c + ﬁj) 0.y(t,z),

which can be transformed into the following equation

po’

a7 = - (agy +0.(In(Fg))d-7(t, z)).
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v.3.1.2 The general asexual case.

We will try to adapt the key arguments of the diffusive approximation. We recall that we look at the
following equation

9rv(t,z) = L(v)(t,z).

where
L(v) = ﬁ(K*v—v) + c0,v — <y—ﬁ>v.

The notations * stands for the convolution between the probability kernel K, of variance o and the
function v. We defined the adjoint operator £* on L2(IR) as follows, since the convolution is a self
adjoint operator :

L) =B(Krgp—9) —cdp— (n—7)¢

The key point is to notice that ¢(z) := F(—z) satisfies

because y is an even function. Therefore, the function F¢ is even. This parity arguments was a
key point of the diffusive approximation. Thanks to equation (V.3.12), this implies

Y(c0,z) =0 forall z€ R.

Moreover, we deduce that F@ has an extrema at z = 0. As before, for o small enough this is a
maximum and we conclude that

Yy (00,z) =0 forall z € R.

As a conclusion, we used the formalism of neutral genetics fractions to give heuristics justifying
conjecture 1.

Now let’s show some detailed numerical pictures of our results. We sampled the phenotypic space at
a large number y; of points and considered all fractions vy starting with the initial data é(z — yx) F(z).
Then we numerically simulate the equation equation (V.3.4). The first figure, figure V.12 represents
the cumulative densities of the fraction vy . As announced, when summing all the contributions
of each fraction we recover the density F. However it is not clear from this figure how to quantify
exactly each contribution v(z) to the profile F(z), which is our objective. This information is given
by the function p(y), in the figure V.13. Alternatively, thanks to equation (V.3.9), it is the graphic
representation of the fraction

The figure V.13 describes a well broader picture than the heuristics of conjecture 1 or equations (V.3.11)
and (V.3.12), since it contains much more information. However, we notice that as we wanted to
prove,

Y(c0,z) =0, y*(o0,z) =0 forall ze€R.

Also, p is an even function, which was the main ingredient of our formal proof.
Now thanks to our detailed account of what happens inside the equilibrium, we can have in addition
to the behavior at t = +o0, the behavior of v(t,z;y) for all times and any z in the distribution.
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Cumulative densities of different fractions v

z 0
Phenotypic trait z

Figure V.12: Cumulative densities of the fractions vy.

=00

Proportion of population p in the distribution I at ¢

0
Phenotypic trait y at t =0

Figure V.13: Proportion p[y] of the population F with ancestors y when t — —oo.
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Therefore we sample the lineages at the dominant trait z*, and plot the statistics of the function

v(t,z*;y) as time evolves.

s Mean

Median

[=}

Statistics of the ancestral trajectory v(t,z*;y)

Time t —

Figure V.14: Evolution of the mean and median of v(t,z*;y) along time. The grey area corresponds to the
region between the 5% and the 95% quantile of the distribution.

One observes on figure V.14 that asymptotically 7(c0,z*) = 0, but the relaxation towards 0 is
the same than the mean of the individual based lineages of figure V.4. Therefore a strong link is
established between the individual based model lineages (that go backwards), and the dynamics of
the neutral fractions (that go forward), as guessed in the formula equation (V.3.10). Finally one
concludes those simulations by an snapshot of what the evolution of v(t,z*;y) looks like along time,
as summarized by its statistics in figure V.14.

In the figure V.15, the plot that is the more to the left represents the time t = 0. It is a
Dirac function in z*, by definition (V.3.8). As time evolves, we see the distribution shift towards 0.
Eventually it reaches an asymptotic profile, which is exactly the one pictured in figure V.13.

v.3.2 The sexual reproduction case

Contrarily to the asexual model, for the infinitesimal model, it is more involved to estimate the
eigenvector of the adjoint operator L£L*. In order to bypass this issue, we will work on an approximated
model, where one assumes that the phenotypic variance is small, following the methodology of

[ ]. More precisely, we introduce the following parameter ¢, defined as
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Densities v(t,z*;y) at different times

f " T
z* 0
Phenotypic trait y

Figure V.15: Snapshots of the whole distribution v(t,z;y) at different times.

and finally as in equation (V.1.4) we scale the speed of change of the environment :

c— TM.

Plugging those into equation (V.0.1), we obtain the following dimensionless model in the moving

frame,:
1 1 2 +2\° F(z2)
(., AT r _ F(z) .
ET S ETREE T

(V.3.13)
Under the assumption of small variance that is ¢ < 1, we can describe the function F in both cases
using an appropriate Hopf-Cole transformation of the form

U= —¢*logF. (V.3.14)

AF(z) —€*cd,F(z) +m(z)F(z) =

We can formally expand the pair (A, U), in a power series with respect to &2

{U(z) = Uy(2) + XU, (2) + e*Uz(z) + o(e*)

V.3.15
A=Ag+ A + ety +o(et) ( )

Plugging those into equation (V.0.1), one deduces equations on each U;, as detailed in
[ ]. One can push the developments as far as desired. Firstly, one can show, that at the first
order U is well approximated by a quadratic function :

2

Up(z) = (Z_ZZO) (V.3.16)
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for some z; that is determined by the following equation :

A+m(zf) =1 V317
c+0d.m(z}) =0.

The argument to obtain the form of o is based on the compensations that must occur inside the
operator to guarantee it converges. More precisely Uy solves the following equation :

2
. z1+ 22 .
(21,51)1:6]1{2 [<Z > ) + Uy (Zl) + U()(Zz) UO(Z) I;Iél]llil U()(Z)

Of course this is in stark contrast with the asexual case, where the first order approximation is solution
of an Hamilton Jacobi equation. Moreover, the next order correction U; satisfies the following non
local equation :

log (Ao + c(z — z5) + m(z)) = Uy (z5) —2U; <Z 223> UL (z). (V.3.18)

This was extensively detailed in parts Ill and IV. In this part, we are focused on the consequences
it has to study equation (V.3.4) through the operator £ (see (V.3.5)). Inspired by the previous
discussions, it seems natural to seek solutions of

where the operator L. is defined by
L:(v) = Bre(v) + €2cd,0 — mv — Av.

where the operator Br, is defined by

= gz [ (-5 (- 252) ) e e

similarly to equation (V.3.2). As detailed in equations (V.3.11) and (V.3.12), we also need information
on the null space of the dual operator, £ which is defined by

L (9) = Bi(g) — €00 — (A +m)g.

The adjoint of B, r verifies :

Bi () sf//uzz ( <Z—;Z2_Zl>2> (fR Fz) )dzldzz (V.3.19)

Similarly to the study of B, we will approximate the solutions 1 of

Le(¢e) =0

using the Hop-Cole transformation:

P = —¢? log ¢,
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We expand (A, 1), in a power series with respect to 2

Pe(z) = o(z) + *P1(z) + *a(z) + 0(e*),
A = Ao+ &M +e*Ay + o(e?)

and we can show, similarly to equation (V.3.16), that ¥y solves

inf
(Z] /22 ) €R?

2
zZ+z .
< 5 z_ 21) + U()(Z1) + U()(Zz) - U()(Z) - Igél}{{lllo(Z) .

One shows that necessarily, 1y takes the form

Yo(z) = =50 (V.3.20)

with as before
Ao+m(zf) =1

c+0d.m(z}) =0.

Thus the first order approximation of the function F¢ is

_ ~*)2 _o*)\2 2
FE)pe) = ep (— T -2 —ep (- 20N

With equations (V.3.11) and (V.3.12), we therefore have, for any ¢ :

y(e0,2) =z,

y*(c0,z) = z5, forall ze€R.

Therefore, at least very roughly, we once again can justify the heuristics behind conjecture 2.

V.4 MULTIPLE ALLELES MODEL
v.4.1 Description of the model

Let us now consider a different model of sexual reproduction, this time for a diploid species, which is
also subject to a gradual environmental change. This means that each chromosome is paired with
another copy of itself. However every copy of a given gene may not contain exactly the same DNA
sequence. Those different copies are called alleles. For a diploid species, the two chromosomes are
copies of the genetic information given by two different parents. Here we are interested in one peculiar
locus on the chromosomes, and we suppose that each allele admits a continuous representation in
R. We will denote x (respectively i) the value taken by the allele on the first (respectively second)
copy of the gene at the given locus, since in the literature chromosomes are often labeled X and Y
according to which parent it belongs to.

We are interested in the density of alleles distribution, in the limit of small variance. Similarly to
the previous model of equation (V.1.1), we will derive quantitative results thanks to formal Taylor
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expansions leading to Hamilton-Jacobi equations for the logarithmic density of alleles. We consider
the following stationary equation:

—0oC- VF(x,y) + (A + m(x,y))F(x,y) =

(/ Ky (x F(x',yt dx/dy></ Koy —v) ,y/)derdy’).
/ F(x',y")dx'dy'

(V.4.1)

We denote m the following symmetric quadratic form

m(x,y) = m(x,y) = i(x +y)2. (V.4.2)

We can interpret the mean of allele x%y as the expressed trait of an individual with the pair of alleles
(x,y), or directly m(x,y) as the expressed fitness of the individual.

The idea is that selection acts around a fitness optimum 0 reached by the pair (0,0), but the
population stands on a moving phenotypic belt, translated on each generation by

oC := (oc, oc).

This velocity is crucially of order of the standard deviation ¢ as in equation (V.1.4). K, is typically

the normal distribution with variance o2

1 x2
Ka(x) = 02 exp <_%0’2) p

or any other (thin-tailed) centered probability kernel of variance o. Therefore, the reproduction
operator means that an offspring is born with a random normal mutation for each allele. In this
model depicted by Equation (V.4.1), each parent gives to the offspring an allele, which is then
submitted to mutations according to K. The other allele of the parents, denoted xt and yJr do not
play any role in the genetic transmission, as is seen on equation (V.4.1). However, albeit a sexual
model, the generation of alleles in x and y independently follows the pattern of the asexual model
equation (V.1.1). In addition to that, as in the infinitesimal model defined in (V.0.2), the equation is
non linear and 1— homogeneous. Moreover one should note that the mode of reproduction described
by equation (V.4.1) is not equivalent to a mutation (x,y) to (x/,") through a multivariate kernel
K(x —x',y —y'), since here we sample twice the population. We also introduce the following
logarithmic transformation

U= —clogF.
It yields the following equation :
exp (U(x y))

C-VU(x,y)+A+m(x,y)

X

\q

// exp( y)>dxdy
</ Ko(x— exp( Ulx 'W) dx/df) (/ Koy~ exp< U(xt W) dxwy)
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We expand U relatively to ¢, as in the sexual model :
U= Uy+ol.

We look at the asymptotic ¢ << 1. Then the integrals will concentrate around the points of minimum
of U, therefore it must satisfy for all (x,y) € R? :

Uo(x,y) + minUp(x,y) = m}n Uo(x, y*) + mi+n UO(er, v), (V.4.3)
XY y X

where the left hand side comes from the double integral [[ F, and the second from the concentration
of the other two integrals of the reproduction terms. From equation (V.4.3), we deduce that
necessarily Uy must be a function of separate variables:

Uo(x,y) = Vo(x) + Vo(y)- (V.4.4)

Biologically this corresponds to the so called Hardy-Weinberg equilibrium of Mendelian genetics :
an independent pairing of alleles in the absence of selection. Plugging this decomposition into the
equation, and denoting K the standardized probability kernel (Ka = }TK(-/(T)), we get the following
identity:

cVy(x) +cVy(y) +O(0) + A+ m(x,y)

// eXP< y)>dx’dyx
<// K(g)exp <VO(X) i ; 7t) = o(er)) exp (— Uy (x — UC,er)) dCdy*) X
<//K(§) exp (Vo(y) —Vo(y — o) — Vo(yc*)) exp ( Uty — U€)> dx*dﬁ) .

g

In the regime o < 1, the denominator of the first fraction is approximated with Laplace's method,
introducing a point of minimum (x*, y*):

// exp < "y )) dx'dy’ ~ (V%;(w) V%?;))l/z exp <—Vo(x*)a— Vo(y*)> exp (—Ul(x*,y*)>.

By definition,

Va(x') = Vy(y") = 0.

Similarly, for the term :

// K(E)exp <Vo(x) —Vo(x — %) — Vo(y*)> exp (_ Uy (x — U§,y+)> dcdy'

(o

z(/K@mw@-%w»aj(Vﬁjyfﬂem(—%fﬂ)wp(JAuyw) (v.45)

The other contribution offers the same kind of formula, with the roles of (&, y") replaced by (xT, 7).
All in all, we get, assembling all the estimations, the following limit equation as 0 < 1:

exp (Ul(x,y) + u1(x*,y*)>
exp (Lh(x, y*) + U1(X*:]/>>

cVi(x) + Vg (y) + A +m(x,y) = K(V5(x)K(V (1)) , (V.4.6)
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where K designs the Laplace transform of the distribution K, as it appeared in the Hamiltonian in
equation (V.1.5):

R(p) = [ K(y)exp(yp)dy.

Observe the symmetry of the roles played by x and y in equation (V.4.6), as a consequence necessarily,
x* = y*. It is not fully an equation for Vj because it also involves Uy, but this part can be discarded
by evaluating the former expression at y = y*:

V3 (x) + A +m(x,y*) = K(Vj(x)). (V.4.7)

However, the value of x* = y* is still unknown. Equation (V.4.7) translates that one can see the
problem as an asexual one in each alleles but in an environment imposed by x* : the term m(x, x*)
is the only (major) difference with equation (V.1.6). By evaluating at x*, we obtain that necessarily :

A=1—m(x*x").

And moreover, by considering the minimum over all x € IR, we can recognize the expression of the
Lagrangian function L associated to the "Hamiltonian" K, see equation (V.1.7) for a similar formula

A =1—minm(x,x*) — L(c). (V.4.8)

X

Observe that this reasoning is completely oblivious of the precise nature of the selection m. In our
case this gives
A=1-L(c
(c) (V.4.9)
A=1—(x*)?

but in other scenarios, e.g. m(x,y) := 3(x?+ y?), one can guess other formulas. The relation

is not without resemblance to the corresponding one in the one allele-model , equation (V.1.9) :

m(z*) = BL ((;) :

v.4.2 Lineages and numerical simulations

We can derive from those formulas— (VV.4.9)— the same kind of heuristics as in section 2 and 3, seeking
to answer the question of what is the trajectory of individuals inside the equilibrium. However this
leads to a different intuition on the lineages. If we repeat the reasoning made on equation (V.1.10),
most of the "trait" comes from the point that is minimizing the mortality rate in equation (V.4.8).
The similar representation formula for equation (V.4.7) is

Vo(x) = ; s.t.iI:yl{O):x /_0Oo [L ("y(s) + c) +m(y(s),x*) + A} ds. (V.4.10)

Similarly to equation (V.1.11), this prescribes the value of A as in equation (V.4.8) :
A =1—minm(x,x*) — L(c).

X
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The argument is, as in the asexual model that any minimizing trajectory I' of the problem (V.4.10)
must necessarily converge towards the minimum of the mortality rate m as s — —oo, otherwise it
would not minimize the integral. While, in the asexual mode of reproduction this straightforwardly
implied that I" was converging to 0 the argmin of y. Here the major difference is that one must take
into account the two alleles of each parent, even the one that does not play a role in the reproduction,
for instance y'. is the most likely to be at y* = x*. Indeed, we are now looking for the following
quantity

argminm(x, x*).
X

Computationally this comes from the evaluation of equation (V.4.6) in x*, but it really tells the story
that the allele that is not transmitted during reproduction takes the dominant value in the population.
This implies, by the very nature of the selection function m that to minimize m the genetic diversity
is created by the allele

Therefore,

m(T(—o0),x*) = minm(x,x*) = 0. (V.4.11)

X

This is encapsulated in the following conjecture:

Conjecture 3. In the sexual mode of reproduction described by equation (V/.4.1), one expects that
for every trait at equilibrium, the typical allele of the ancestors will be at the value —x*.

In fact there is some subtlety about this conjecture as it deals with lineages of alleles and not as
before with individual based lineages. Let's explain the result on the following schemes : one start
with an individual with alleles (x,y) at the n-th generation, and we picture the parents that gave
birth to the aforementioned individual :

Generation n (ij y)

A
Generation n-1 (2, M) (K )

We erased in blue the parental alleles that are "lost" in the process in the sense that they do not
transmit their genetic patrimony, and pictured in green the trajectory we are interested in. Next we
do the same for one of the parents, let’s say the left one to try to follow the lineage :
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Generation n <x7 y)

Generation n-1 (%l, M) (}/\,{ ) y>

Generation n-2 <x/,7 M) (M, yT,)

But next, since we know that the individual with the pair of alleles (x'",4™) did not contribute to
the genetic patrimony of the individual (x,y) two generations later, we can also forget about the
allele y’L’ although it is kept in the next generation n — 1. Therefore, the lineage we are interesting
in takes the form :

Generation n <x7 y)

Generation n-1 (:L“/, M) <}/\r ) y)

Generation n-2 (,CLJ/ , ?@ (N, m

We see that the lineage I" pictured in the previous figures is completely independent of the notion
of individuals. Among the genealogical tree of the 4" lineages that led to the individual (x,v), we
are looking for only two branches (only one pictured above), despite the model being a sexual one.
The function I' is independently one or the other, because of the symmetry between x and y. This
means that asymptotically, we expect that both alleles have the value —x* for the most part, without
it corresponding to any particular individual as we see on the figures. The mean and dominant
configuration of the alleles for a single individual is (—x*, x*), which means that the mean "trait" is
0 when s — —o0, as in the asexual model. However there is a very low density of alleles at —x*, if
any see figure V.16.

To capture numerically the behavior described by conjecture 3, we first adapted the kind of
simulations we described in section 2.2. It is a bit more involved since an individual is now
characterized by a couple (x,y) of the value of its alleles. Therefore, one must do the procedure
explained in figure V.3 twice, one for each allele. The model is built so that an individual inherits an
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allele from each parent, so for each one we draw uniformly randomly a number in {1,2} to determine
the allele inherited by the offspring before mutations. This leads to the following profile :

= First allele
= Second allele
= Mean trait

Distribution densities

Phenotypic space

Figure V.16: Profile of the distributions of the first allele and second allele of all individuals in the population,
and its mean.

As expected, the distributions of the first and second allele (in red and blue) are indistinguishable.
We can notice that as expected, the distribution of the mean of alleles is narrower than the distribution
of alleles, since if X and Y are i.i.d, Var (%(X—i— Y)) = %VarX. This means that there is a higher
probability to have alleles at —x™* than expected if we only considered the mean " trait ".

To keep track of the lineages during the simulation, for each offspring we kept both alleles of a
single parent, therefore including one of the allele erased in the previous figures. As in the infinitesimal
model, we choose for each reproduction event the fittest of the two parents, i.e. the one that
minimizes the selection function m. This means that we will not be able to plot the function I' that
is an allele trajectory, but we follow a "trait" trajectory along individuals. This led to the picture of
figure V.17.

We did not add the detailed lineages for the clarity of the figure. One sees that the global trend
for the mean "trait" in red is to go towards the optimal trait 0. If we plot the largest allele of each
individual and take the mean over the whole population, we see that it converges towards a region of
phenotype where there is very few density of individuals. Even if it does not reach the value —x*, it
is still meaningful and it conveys much of the message of this section : what drives the survival of
the population is the presence of very few individuals who are very well adapted. The fact that we
do not see the red curve go up to the optimal trait means that we are plotting a lineage I that is
not realizing the minimum in equation (V.4.10). It is skewed towards the dominant trait since a lot
of individuals have this dominant allele among the non optimal branches of the genealogical tree of
the individuals. Moreover, there is an effect of the finite population for the simulation, and ¢ is also
not zero.

Another numerical model based on alleles must therefore be considered to build more faithful
simulations of I'. It is still an ongoing work, and it is not completely trivial because one does want to
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— mean trait among lineages
"1 ®gptimal trait
= ' " dominant trait

“== Maximum allele of lineage

Minimum allele of lineage

Penotypic space (moving frame)

time —

Figure V.17: The green plots represent the mean (over all ancestors) of the maximum and minimum alleles.
In gray, the invariant density profile of the mean of alleles.

keep track of too much branches in the genealogical tree. The idea would be to construct the allele
lineages of the previous pictures but forwardly in time.

v.4.3 Time discrete model and Gaussian distributions

v.4.3.1 The new model and its explicit solution

In order to better understand the heuristics that we just presented about the model (V.4.1), we
proceed to simplify this model and consider discrete time steps. In fact we will show that with that
additional simplification, there exist Gaussian explicit solutions. In this part we consider the following
model :

Niji(x —cy—c) =

/exljf(; n;(;zl)zy, (// Ko (x — xX')Ni(x', y") dx'dy’f) <// Koy —y)Ni(xh, ) dx+dy’> .

(V.4.12)

Of course there is a big gap in both modeling and mathematical relevance between this time-discrete
model and the stationary one of equation (V.4.1), but the possibility to do explicit computations
makes the comparison very sound. In the model of (V.4.12), we changed slightly the point of
view, and N; is now the density of individuals alive at the given time t, structured by both alleles
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(x,y). At each generation t, the phenotype profile is shifted by ¢, which corresponds to a discrete
version of the transport term of equation (V.4.1). The new model equation (V.4.12) amounts to the
supposition that every individuals in the population reproduced in single generations synchronized
and non overlapping. We expect an exponential growth, which explains that we chose to write the
mortality as an exponential rate, when the function m is unchanged compared to the definition
(V.4.2). As announced, we can prove the following result :

Proposition V.1.
The function N := exp(At)G(x,y) where the function G is the following multivariate Gaussian
distribution :

1 1 * * — * *
Glx,y) = o enp (—3 (=¥ y =4 e ="y —y)")

is an exact solution of equation (\V/.4.1), with the following covariance matrix :

A= (” 2_7;‘72 \/2_—|(—77t72> . (V.4.13)

It is centered at the point (x*,y*), with the following expression for the dominant allele :

(e +v2+02). (V.4.14)

Alternatively, one can say that G is a solution of the stationary problem associated to equa-
tion (V.4.12). Moreover, the shape of the matrix A is significant. Once divided by ¢ as in G, we see
that when o < 1 we get the following approximation from equation (V.4.13) :

V2402 0
0 V2+02)°

The interesting point being that in this regime, both alleles are independent, as was guessed in the
continuous case in equation (V.4.4), that was biologically justified by the Hardy-Weinberg equilibrium.

The trait x* diverges when o — 0, because ¢ is not rescaled of the order of ¢, as in equation (V.1.4).
However, in this section we do not investigate this asymptotic regime since the computations are
explicit for all sigma.

* * c

Proof of Proposition V.1.
Let's seek A a real number and G a Gaussian probability distribution solution of the following
stationary state:

ey =ep (nian) ([ ettt yaca)
( / / Ko (y — v )Ni(x",y/) dxwy’) . (V.4.15)

2

It is an elaborated guess to conjecture that the Gaussian solution may have a variance <, and we

look for solutions of the form :

o seatgpen (Y21 2 () a-(;)
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Due to invariance by translation, it is sufficient to compute the results of offspring generation with
Z* =0, and then to translate by Z* back. The computation is done via Fourier transformation: the

Fourier transform of KG(x) := / Ko(x —x")G(x',y") dx'dy" is, for & = (&, &y):

RO(E) = (Ra(eoale)) exp (58748 ) =exp (508 ) exp (302 ) (&)

Therefore,

1 x?
KG(.X) = Wexp <—2a)2> , (U2 = 0_2 + a.

Finally, re-introducing Z* = (x*,y*) the dominant trait in the population, the equation for the
stationary state (V.4.15) can be reformulated as:

1 Z—z*—C)TA—l(Z—z*—C)> =

v A— X
27t(det A)172 <P 2
1 1,1 (x—x*)?  (y—y*)?
22 P (_ZZ MZ = 202 2w? ’

with the following notations corresponding to the vector of environmental shift and the matrix of the
quadratic form defining m in equation (V.4.2) :

1 /c 11
coz=1(), me (1Y),

This leads to the following set of necessary equations:

> The second order terms involve the following matrix equation:

1 1
AT'=M+ —1d < 1d = MA+ —A.
w w

Equivalently,
a 2
L=atb+ 2‘77:””2”’
i +ba+ b
0=b+a+ _2ra, v
o2 +a 0 2 c2+a

This system can be explicitly solved to get the explicit form of the variance-covariance matrix :

Ao V2 +0? -0
T —0 V2+02 ]

> Secondly, we examine the first order terms. They yield the following equation for the lag Z*:
1
ANZ'+C) = 5Z <= MZ"=-A"'C (V.4.16)
w

Since all matrices are symmetric and x* = y*, all relevant information lies in the first line of
the previous equality, that yield, inverting the symmetric matrix A:

x* = —i<0+ 2+c72).
20
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> Finally, the zeroth order part contains the following piece of information concerning the lag
load A :

1 1
A —log(V20) — (2 + O)TA (2 +C) = —ﬁ(z*)Tz* — log(w?)

Therefore, when plugging equation (V.4.16),

A= (Z*)TZ*+L(Z*+C)TZ*+log (fj)

b
2w? 2w?

Thanks to the expression of A of equation (V.4.13),
1 o o2
A=-——=CTZ* ~log [ —=+/1+ = ].
26‘)2C og <\/§ + + 5 )
We can conclude with the explicit expression of the lag x* from equation (V.4.14) :
PR S P AN
22t o\\2 2)’
2 c+V2+02 o o2
= —log [ —=+1/1+ 5 |,
2002 4 /2 + 02 V2 2

2 o +V1+07?
= - —log (o' +V1+02); o :=
2V20" 02 + /1 + 02 g( )

S

v.4.3.2 Explicit lineages

Thanks to the explicit expression of the profile described in Proposition V.1, it is possible to compute
at each time, the most probable value of the alleles that lead to a given offspring. Therefore, we fix
an individual with allelic values (x,y). This individual was born with a deviation from the alleles
of his parents, and even lost half of the genetic information from his parents. Our objective is to
quantitatively describe what are the most likely parents for this individual.

Let's focus for instance around the allele x, but both alleles will indulge the same behavior by sym-
metry. Because of Laplace’s principle, that we used previously to derive for instance equation (V.4.5),
we know how the integral of equation (V.4.12) (that models mutations) concentrates around

argmax K, (x — x')G(x',y").

x/,yi-

This is interpreted as looking for the most probable allelic values for a parent of any individual.
Therefore, we know thanks to Proposition V.1 that we investigate the following :

T
(e =2? 1 (x’—x*) 1 (x’—x*)
argmin{ ————— + - L] A . .
o { 202 2\y' -y vty
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The couple (x/, y*) that realizes the extremum necessarily verifies the following relations coming
from the first order conditions :

4k Tyt — ) —
,02 + 2Uz(x x)+2(y x*)=0
(x;x)+\/22$0(y+_ N =0

From it, we deduce successively that x’ must solve

x'—x x'— x*

=0
0?2 ovV2 4+ o2

and so

1
+ -
C V2402
We recognize the expression of a barycenter and therefore we introduce the numbers p, g such that
p+gqg=1and

X
i+7
x/_a V2 + 02
=11 —

1 _ 1

T T A
,/2+0-2 + s

Moreover, if we want to state that x’ is an allele of the parent of the individual (x,y), we must
translate back by the allele by ¢ as indicated by equation (V.4.12). All in all this yields the following
expression for the most probable parent x’ that gives and individual x :

x'— = px+gx*.

This is a very natural formula where the parent in the absence of environmental shift is a convex
combination of the offspring and the dominant trait in the population x*. When one follows the
lineage, one must reiterate the procedure and so on to the parent of x’. This is saying that the
lineage is a sequence (x;)eN, that verifies the following recursive formula :

Xpt1 = PXn +gx* +c.
If we now look at the allele that is not transmitted during the reproduction, y*, we have

x*).

yh=x* — L(x —
c+V2+02
Of course there is not an iterative process on (v, ), since this information is not transmitted from

a generation to another. As a conclusion, with our computations we have proven the following
proposition :

Proposition V.2 (Lineage in time discrete model).

In the model described by equation (V.4.12), for every generation and every individual (x,y), the
more probable trajectory in the allelic space for his ancestors (xn,y,ﬁ) where only the allele x,, is
transmitted at each generation, is given by the following recursive equation :

Xp+1 = PXn +9x* +¢, X0 =X
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with the coefficients p,q such that
p= ! q:= .
e 70-, D 72a
14+ — V240
V2 +0? 1+ T

The allele that is not transmitted y} verifies at each generation

o T
o+V2+0?
While we chose to write the proposition for only the allele x, the same recursive equations apply
for the allele y, which makes two allelic lineages. A first consequence of Proposition V.2 is that we
can have an explicit expression for the allele that corresponds to n — 400, that is the "origin" of the
lineages. We denote this point x, and it is the solution of the following fixed point equation :

x*). (V.4.17)

Xoo = PXeo +gx* +c.
This means that with equation (V.4.14),
Yoo = X+,

. 2x*o \/2+02+1
o+ V2 + 02 o ’

= —x".

=X

In this discrete case the sequence X, is the equivalent of the minimizing function I' defined as the
solution of equation (V.4.10). Therefore, the explicit computations we just provided confirm
the conjecture 3 concerning the asymptotic behavior of lineages when t — —oo, which
corresponds here to n — 4-00. Moreover, one may want to know which ancestral value takes the
other coupled allele for the individual when the first is xo. This corresponds to the value that is lost
in the genetic process at each generation, (y). Thanks to equation (V.4.17),

yl, = x* +o(0).

As we announced earlier, it is at the dominant trait of the population, which corresponds to the fact
that it is drawn uniformly in the whole population. Therefore, xo +on = 0, which corresponds to a
"trait" that originates from the optimal value, as in the asexual model, see conjecture 1. This holds
true in the regime of small variance, and it corresponds exactly with the heuristic analysis performed
below equation (V.4.10), in particular equation (V.4.11).

V.5 PERSPECTIVES

Since a grand majority of the work presented in this chapter is made of heuristics, there is a
tremendous amount of work remaining to be done :

> With Viet Chi Tran, Vincent Calvez, Benoit Henry and Sylvie Méléard we laid the preliminary
groundwork towards a rigorous proof of conjecture 1, in the case of the diffusive approximation.
One cannot hope ot recover the information we are looking from the individual point of view
of [ |; [ |, but the idea would be to use Many To One
(MTO) formulas for characterizing typical lineages in genealogical trees.
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> With Matthew Osmond and Vincent Calvez, a more in depth work on the models with two
alleles is ingoing, where multiple locus with or without recombinations, and more general
selection functions can be integrated in the framework of the study of the regime of small
variance, and it can still be backed by computations on the time-discrete models, similarly to
section 4.3.

> A complete study of the operator B, of equation (V.3.19) has not been performed yet. In
the spirit of part |V, existence and stability properties of correctors 1; and A; could in theory
provide a more detailed understanding of the inside dynamics of equation (V.0.3) and a rigorous
proof of conjecture 2.
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