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Introduction

Motivation

La motivation principale de ce travail de thése est la construction de groupoides quan-
tiques dans le contexte des algebres d’opérateurs, en particulier dans le contexte des C™*-
algebres. L'un des exemples les plus importants de groupoide usuel est un groupoide de
transformations associé a une action d’un groupe sur un ensemble [Ren80]. Sa structure
contient 'information sur le groupe, sur 'action et sur 'ensemble sur lequel le groupe
agit. C’est pourquoi ’objectif de cette thése est d’introduire la notion de groupoide quan-
tique de transformations a la fois dans un contexte purement algébrique et dans celui de
C*-algebres pouvant étre considéré comme une quantification des groupoides de trans-

formations ordinaires.

Au début du travail sur cette these, nous avons distingué deux axes de recherche impor-
tants qui existaient déja dans la littérature que nous avons essayé de développer et de

généraliser:

+ Le premier axe a été réalisé dans un contexte purement algébrique, dans lequel
un groupe usuel a été remplacé par une algébre de Hopf, I’ensemble a été rem-
placé par une algebre et 'action a été remplacée par une coaction de I’algebre de
Hopf sur I'algebre et dans lequel le groupoide quantique de transformations con-
struit est un exemple particulier d’'un objet appelé algébroide de Hopf. Dans ce
travail, nous pouvons mettre en évidence les constructions algébriques explicites
qui utilisent la théorie des actions et coactions des algébres de Hopf. Plus spé-
cifiquement, I’algébroide de Hopf mentionnée ci-dessus a été construite a partir
d’une action du double de Drinfeld d’une algébre de Hopf sur une algébre ou de

maniere équivalente a partir d'une algébre de Yetter-Drinfeld tressée commutative
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sur une algébre de Hopf.

« Le deuxiéme axe de recherche a été développé dans le contexte des algébres de von
Neumann, dans lesquelles un groupe usuel a été remplacé par un groupe quantique
localement compact au sens de Kustermans et Vaes version von Neumann agissant sur
une algébre de von Neumann et dans lequel le groupoide quantique de transfor-
mations était un exemple particulier d’un objet connu sous le nom de groupoide
quantique mesurable au sens de Enock et Lesieur. Dans ce travail, nous pouvons
mettre en évidence la construction d’un objet dual qui est aussi, lui, un groupoide
quantique mesurable. Plus précisément, ces deux objets ont été construits a partir

d’une algebre de Yetter-Drinfeld-von Neumann tressée commutative donnée.

Chacune des ceuvres citées nous fournit des idées et des constructions utiles, mais avec
certaines limites. Par exemple, dans le contexte purement algébrique, il est difficile de
construire le dual d'un groupoide quantique de transformations, car le dual d’une algébre
de Hopf n’est pas un objet trés convenable pour travailler avec, a 'exception du cas de
la dimension finie. Et dans le contexte von Neumann, de nombreuses constructions
dépendent fortement de la théorie des algebres de von Neumann, y compris la théorie
modulaire qui n’admet pas une traduction compléte au niveau des C*-algébres, ce qui est
notre objectif principal. Notre approche est de donner une telle construction algébrique

qui permettrait une complétion C'*-algébrique.

C’est pourquoi, au début de notre travail de recherche, nous aimerionstrouver un objet
mathématique qui pourrait servir comme une quantification d’'un groupe usuel et qui
satisferait les conditions suivantes: il devrait avoir une structure algébrique claire, ad-
mettre un objet dual de la méme nature et devrait également avoir de bonnes propriétés
analytiques qui pourraient étre exprimées en termes d’algébres d’opérateurs. Il était
donc naturel de tester comme candidat possible le bien connu groupe quantique com-
pact au sens de Woronowicz qui est une algebre de Hopf involutive unifere en général
de dimension infinie dotée d’une fonctionnelle de Haar qui est une généralisation de
la mesure de Haar sur un groupe. Un groupe quantique compact admet un objet dual
appelé groupe quantique discret, qui n’est pas une algebre de Hopf involutive usuelle en
général car n’est pas unifere, mais elle est dotée d’une fonctionnelle de Haar non borné
qui est une généralisation de la mesure de Haar sur un groupe discret. Les groupes quan-
tiques compacts et discrets sont bien compris a la fois en termes purement algébriques et
au niveau des algeébres d’opérateurs mais, malheureusement, ils ne satisfont pas les con-
ditions mentionnées ci-dessus selon laquelle le dual doit étre du méme type que 1'objet

initial.
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Il existe une classe plus large de groupes quantiques appelée groupes quantiques *-algébriques
au sens de Van Daele qui contient a la fois les groupes quantiques compacts et discrets
et répond a nos exigences. Un groupe quantique *-algébrique est en général une algébre
de Hopf de multiplicateurs involutive de dimension infinie et non-unifere équipée d’une
intégrale de Haar fidéle et positive. Cela permet, en utilisant la construction de Gelfand-
Naimark-Segal, de développer une bonne théorie, tres riche du point de vue purement
algébrique et de celle des algebres d’opérateurs. En particulier, les groupes quantiques
algébriques admettent une complétion C*- et von Neumman algébrique naturelle. Nous
obtenons ainsi une vaste gamme d’exemples de groupes quantiques localement compacts
au sens de Kustermans et Vaes. Une autre caractéristique importante de cette théorie est
son auto-dualité, c’est-a-dire la possibilité de construire pour tout objet son dual qui est

aussi de la méme classe.

Cette thése est divisée en deux parties. Dans la premiére partie, nous transformons
les idées et les constructions de Lu [Lu96] et de Enock et Timmermann [ET16] afin de
les rendre compatibles avec les actions des groupes quantiques algébriques. En con-
séquence, nous obtenons un nouvel objet mathématique que nous appelons un groupoide
quantique algébrique de transformations. Et dans la deuxiéme partie, nous associons a
un groupoide quantique algébrique de transformations un objet que nous appelons un
groupoide quantique C*-algébrique de transformations et expliquons sa relation avec le
groupoide quantique de transformation de Enock-Timmermann. Dans les deux cas, nous
sommes en mesure de construire un objet dual de méme nature et d’expliquer les rela-
tions de nos résultats avec les résultats déja connus dans la littérature. En particulier,
dans le contexte purement algébrique, notre nouvel objet est un exemple d’algébroide
de Hopf de multiplicateurs introduit dans [TV18] et dans le contexte von Neumann al-
gébrique, notre nouvel objet est un exemple d’groupoide quantique de transformations au

sens de Enock et Timmermann introduit dans [ET16].

Contexte de cette these

1) Le groupoide de transformations usuel [Ren80]

Un groupoide de transformations est une structure construite a partir d’'une action d'un
groupe sur un ensemble. Plus explicitement, étant donné une action (a gauche) d'un

groupe G sur un ensemble S, - : G x § — 5, le produit cartésien G ~ S := G x S avec
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les applications

GA9H? = G S 1. GnAS 5 GAS
((g,), (h,1)) = (gh,t) (9,5) — (979-5)

Y

ou (G~ 9 = {((g,5), (h, 1)) € (G~ S)x (G~ S):s=h-t} admet une
structure de groupoide, avec son espace d’unités donné par (G ~ S )(0) = S et avec les

applications source et but données par

d: GnS = 8§ r: GnnS — S

(g,S) =S (973) = g-s

respectivement.

2) Groupoides quantiques de transformations au sens de Lu

Motivée par la notion de groupe de Poisson dans la géométrie de Poisson, J.H. Lu [Lu96]
a introduit une généralisation d'un algébroide de Hopf avec une base commutative et,
comme exemple important d’un tel objet, elle a construit un analogue non commutatif
d’un groupoide associé a un groupe de Poisson-Lie. Pour étre précis, étant donné une cer-
taine action du double de Drinfeld d’une algébre de Hopf sur une algebre, Lu a construit
une algébroide de Hopf qu’elle consideére comme une quantification d’un groupoide de
transformations usuel. Quelques années plus tard, dans [BM02], 1a notion d’une algebre
de Yetter-Drinfeld tressée commutative a été utilisée comme I’équivalent du principal in-

grédient dans la construction de Lu. On rappele le resultat de J.H. Lu trouvé dans [BM02]

Théoréme. Soit H une bigébre, (A, >>) une algébre de H-module a gauche et (A, p) un H-
comodule a droit. Alors, (A, >, p) est une algébre tréssée commutative dans la catégorie des
algébres de Yetter-Drinfeld ;Y D" si et seulement si (A# H, s,t,\, ) est un A-bigebroide

avec applications source et but

s: A - A#H t: A - A+#H
a — a1y a — ap # ap

comultiplication
A
A: A#H — A#HXA#H
A
a#h — a#h(l)xlA#h(g)
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et counité

e: A#H — A
a#h — eg(h)a

En plus, si H possede une antipode S, alors A # H est un algébroide de Hopf avec antipode

donnée par

S: A#H — A#H
a # h — (S(h(Q))Sz(am)) > ao) # S(h(l))SZ(a[Q})

3) Groupoides quantiques de transformations au sens de Enock et

Timmermann

Dans [ET16], M. Enock et T. Timmermann ont construit une version d’un groupoide
de transformations dans le contexte des groupoides quantiques mesurés précédamment
introduits par F. Lesieur et M. Enock. Comme dans le cas purement algébrique de Lu,
ils ont utilisé une algebre de Yetter-Drinfeld-von Neuman tressée commutative sur un
groupe quantique localement compact version von Neumann comme l'ingédient princi-
pal de leur construction. On rappele le resultat de M. Enock et T. Timmermann trouvé
dans [ET16] :

Théoréme Soit G un groupe quantique localement compact version von Neumann, (N, «, @)
une algébre de Yetter-Drinfeld-von Neumann tressée commutative sur G et v un poids fideéle
semi-finie normale sur N, D, la derivée de Radon-Nikodym de v par rapport a laction o, U
le poids dual de v sur le produit croisé G X, N. Alors, il existe un groupe d’ automorphismes
a un parametre de G x,, N, 7;, un groupe d’automorphismes a un parameétre de N, ~y,, et
une famille d’automorphismes ®; := 7, o Add~" tels que, les assertions suivantes sont

equivalentes
(i) (P, ® v)(Ds) = Ds pour tout s,t € R.

(ii) oV et 7, commutes pour tout s,t € R.

voR

(iii) o et 07°f commutes pour tout s,t € R.

(iv) &(N, o, a,v) est un groupoide quantique mesuré.
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Description des objets

1) Groupes quantiques algébriques au sens de Van Daele

Dans [Van97], A. Van Daele a développé la théorie des algébres de Hopf de multipli-
cateurs réguliers en tant qu’une généralisation de la théorie classique des algebres de
Hopf. Dans cette théorie, la condition selon laquelle 'algebre sous-jacente est unifére
ou de dimension finie a été remplacée par la propriété d’étre non-dégénérée. Dans ce
cadre, il était donc possible de travailler avec des algébres de dimension infinie et non-
uniferes. En particulier, il a été possible d’étendre certaines constructions associées aux
algebres de Hopf usuelles, par exemple: la théorie des actions et des coactions dévelop-
pée dans [DVZ99], le couplage entre deux algebres de Hopf de multiplicateurs réguliers
développé dans [DV01], la construction du double de Drinfeld [DV04], les produits bi-
croisé des algebres de Hopf de multiplicateurs [DVW11, DVW13], ainsi que la théorie
de Hopf Galois [VZ99b, De 09].

De plus, dans [Van98], A. Van Daele a également introduit la notion des groupes quan-
tiques algébriques, qui sont des algebres de Hopf de multiplicateurs munies d’une fonc-
tionelle invariante a gauche pour la comultiplication du groupe quantique algébrique.
Il a montré de maniere élégante que pour ce type d’algébre de Hopf de multiplicateurs
réguliere, il était possible de construire un objet dual qui est aussi un groupe quantique
algébrique. Cette dualité est une généralisation de la dualité des algebres de Hopf de

dimension finie et de la dualité entre les groupes quantiques compacts et discrets.

Si un groupe quantique algébrique admet une structure involutive compatible et si la
fonctionelle invariante a gauche est positive, A. Van Daele et J. Kustermans dans [KV97]
on montré qu’ils étaient capables de produire un groupe quantique localement compact
version C'*-algébrique. Plus tard, J. Kustermans dans [Kus03], De Commer et Van Daele
dans [DV10], ont montré comment il était possible d’étendre divers objets associés a un

groupe quantique *-algébrique, au contexte des algebres d’opérateurs.

2) Algébroides de Hopf comme langage pour les groupoides quan-
tiques algébriques

La premiere définition formelle d’un algébroide de Hopf a été donnée dans [Rav86] afin
de généraliser I’espace des fonctions sur un groupoide usuel. Dans [Mal92], la notion

d’un groupoide quantique a été introduite et étudiée comme une généralisation simul-

tanée des groupoides usuels et des groupes quantiques de Drinfeld. Dans ce travail,
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utilisant la notion de coalgebroide déja définie dans [Del90], la notion de bialgebroide de
Hopf a été donnée. Puis, dans [Mal00], G. Maltsiniotis a généralisé son travail précédent
et introduit la notion de groupoide quantique qu’il considérait comme un analogue non
commutatif d’'un groupe de Lie et d’'un groupe algébrique. Il convient également de noter
le travail de L. Vainerman [Vai92] qui a construit une sorte de groupoide quantique de

transformations.

Dans le cas de dimension finie, dans [BNS99], les auteurs ont donné la définition d’une
algebre de Hopf faible qui a servi pour le développement de la théorie des groupoides
quantiques finis, étudiée par la suite et reliée avec d’autres domaines des mathématiques
par D. Nikshych et L. Vainerman [NV00, NV02] et par D. Nikshych, V. Turaev et L. Vain-
erman [NTV03].

Nous devons également dire ici que A. Van Daele et S. Wang, dans [VW12, VW15], ont
généralisé la notion d’une algebre de Hopf faible au cas de la dimension infinie et non
unifere. Ils ont également développé la théorie des intégrales et de la dualité pour les
algébres de Hopf faible de multiplicateurs dans [VW14, VW17].

Dans [TV18, TV15], T. Timmermann et A. Van Daele ont généralisé la notion d’algébroide
de Hopf afin d’élargir simultanément les notions d’ algébre de Hopf faible de multipli-
cateurs et d” algébroides de Hopf. Ensuite, T. Timmermann [Tim16, Tim17] a développé
la théorie des groupoides quantiques algébriques et de leur dualité, prolongeant ainsi les

travaux de Van Daele sur les groupes quantiques algébriques.

3) Bimodules de Hopf-von Neumann et bimodules de Hopf- C*

comme langage pour les groupoides quantiques analytiques

Les premieres étapes de la théorie des groupoides quantiques dans le cadre des algébres
de von Neumann ont été effectuées par J-M. Vallin et M. Enock, qui ont généralisé
le concept d'un bigébre de von Neumann et d’un unitaire multiplicatif dans [EV00a,
EVO00b, Val96, Val00]. Plus tard, en utilisant ces travaux, F. Lesieur dans sa these de doc-
torat [Les03] a développé une théorie générale des groupoides quantiques mesurés dans
laquelle il suit les idées de la théorie des groupes quantiques localement compactes de J.
Kustermans et S. Vaes. Une caractéristique principale de cette théorie est une général-
isation de la dualité de Pontrjagin: avec chaque groupoide quantique mesuré, Lesieur
associe un dual de la méme nature, de sorte que le second dual est naturellement iso-

morphe a 'objet initial.
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Contrairement a la théorie des groupoides quantiques mesurés, une théorie générale des
groupoides quantiques localement compacts dans le contexte des C*-algébres n’existe
pas encore. Mais on peut mentionner deux tentatives pour cela : La premiére est la
thése de T. Timmmermann [Timo05], ou il introduit la théorie des modules de Hopf-C*
que nous utilisons dans notre these, la seconde est la théorie en développement de B.-].
Kahng et A. Van Daele [KV17a, KV17b] d’une classe de groupoides quantiques locale-
ment compacts, motivée par la notion purement algébrique d’une algebre de Hopf faible

de multiplicateurs.

Principales contributions

« Etude du produit croisé lié 4 une action d’un groupes quantique algébrique. Ici,
nous utilisons systématiquement 1’algebre involutive de Heisenberg d’un groupe
quantique algébrique. Etant donnée une action d’un groupe quantique algébrique
G = (A, A, ) sur une algébre involutive non-dégénérée, o : X — M(A ®
X), il est possible de construire une sous-algébre involutive non-dégénérée de
M(H(G) ® X), a savoir G x,, X, appélée le produit croisé de G et X par rap-
port a l'action a. Ici H(G) est I'algébre de Heisenberg de G. Ce produit croisé
joue un réle important dans la construction de I’algébre totale de notre groupoide
quantique. Nous soulignons également 'importance de I'utilisation de 1’algébre

de Heisenberg.

+ Introduction d’'une nouvelle définition d’une algebre involutive de Yetter-Drinfeld
en utilisant 1'unitaire multiplicatif algébrique dans le cadre purement algébrique
modélisé a partir de la définition développée dans le contexte des algeébres d’opérateurs.
On donne aussi des nouvelles preuves de nombreuses propriétés connues pour ces

algebres. Plus explicitement, on introduit la définition suivante :

Définition 2.8.1. Soit G = (A, A, ) un groupe quantique algébrique et U son
unitaire multiplicatif algébrique. Une algébre involutive de Yetter-Drinfeld sur G
est un triple (X, o, @), ou X est une algébre non-dégénérée, o est une action a gauche

de G sur X et Q est une action de G sur X, telles que

(idpz ®a)oa = (B®idy) o (Ad(U) ®idx) o (idp(a) ® @) o av.
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De maniére équivalente, le diagramme
a —~ idM(K)®O‘ ~
X M(A® X) MARA®X)
o Y®idx

est commutatif. Une algébre involutive de Yetter-Drinfeld (X, «, Q) est appelée ré-
duite si « et & sont des actions réduites.

Résultats principaux

« Construction d’un algébroide de Hopf de multiplicateurs mesuré a partir d’'une

algébre involutive de Yetter-Drinfeld tressée commutative munie d’une fonction-

nelle invariante positive et fidele :

Théoréme 3.2.3 Soit (X, v, &) une algébre involutive de Yetter-Drinfeld tressée com-

mutative sur un groupe quantique algébrique G et n : X — C une intégrale de
Yetter-Drinfeld. Alors, le tuple

(G %o X, X, a, 8,4, 5,8 1,9Q),

ou
Ay: Gx, X — (G Xy X) X (G x4 X)
w®lpxy = (We) @ Lu) X (wa) @ Lux))
a(z) — a(r) X Lypexax)
S GxyX — Gx, X
(@)W ® Lyup) = (SEF-w) @ Lyn)a(z®)
EE G xy X —  alX)
a(r)(w @ Iyix)) = Y(w)a(r)
et

Q. Gx.X = alX)
(w® Iyxy)a(x) — Pw)a(x)

est un algébroide de Hopf de multiplicateurs mesuré (Définition 1.3.38).
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« Construction d'un groupoide quantique C"*-algébrique de transformations a par-
tir d’'une algebre involutive de Yetter-Drinfeld tressée commutative munie d’une

intégrale de Yetter-Drinfeld :

Théoréme 5.2.1. Soit (X, v, @) une algébre involutive de Yetter-Drinfeld tréssée
commutative sur un groupe quantique algébrique G et n : X — C une intégrale
de Yetter-Drinfeld. Considérons la C*-base b = (L>X,%B,B") ou B := W”N
et Bl = WH-”, Uespace Hilbertien H := L*G ® LZX et la complétion C*-
algébrique reduit du produit croisé algébrique A := Co(G x™ X)) . Alors, il existe
des sous-espaces E := E(a,q),F := F(a,a) € B(L:X,L*G ® LX), un *-
homomorphisme

FE FE FE
EAT ALY — A3 sgAH’,

un anti-automorphisme PR¥ : A — A et un poids complétement positive a valeurs
opératorielles P®" : A — pp(B) telles que
; EE EAF *_ps *
— la paire (A;;”, "A") est un C*-bimodule de Hopf sur la C*-base b,
- PR est une co-involution pour le C*-bimodule de Hopf(AiE, ENR),

— E®F est un poids de Haar a gauche borné pour le C*-bimodule de Hopf(.AiE, ENTY,

Relations entre les groupoides quantiques C*- algébriques
de transformations et les groupoides quantiques de trans-

formations mesurés

Nous faisons des commentaires précis sur la relation entre notre construction C*-algébrique
et la construction d’un groupoide quantique de transformations mesuré dans le cadre des

algébres de von Neumann faite par Enock et Timmermann dans [ET16].

Ingrédients principaux

« En utilisant les objets algébriques étudiés au debut du chapitre 2, nous obtenons
des constructions similaires a celles de la théorie de groupes quantiques localement

compacts version von Neumann. Plus précisément :

(1) L’unitaire multiplicatif algébrique d’un groupe quantique algébrique G (Déf-

inition 2.4.1) remplace I'unitaire multiplicatif d’'un groupe quantique locale-
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ment compact version von Neumann et posséde des propriétés similaires per-
mettant d’obtenir des relations algébriques entre celui-ci et la comultiplica-
tion du groupe quantique algébrique G ainsi qu’entre celui-ci et la comultipli-
cation de G. Tl sert également comme élément important dans la construction
du double de Drinfeld (Définition 2.5.5).

(2) Nous utilisons la théorie des actions des groupes quantiques algébriques afin
de construire des objets similaires a ceux de [ET16]. Par exemple, la con-
struction du produit croisé d’'une action d’'un groupe quantique algébrique
(Définition 2.7.4), Pexistence de I'implémentation standard lorsque nous mu-
nissons notre algebre involutive d'une fonctionnelle positive invariante pour
I’action (Définition 2.6.8), la construction de I’action duale (Définition 2.7.7)
qui nous donne également le moyen de construire la fonctionnelle duale de

la fonctionnelle invariante initiale (Définition 2.7.10).

+ De la méme facon que dans la construction faite dans [ET16], nos ingrédients prin-
cipaux sont une algebre involutive de Yetter-Drinfeld tressée commutative munie
d’une fonctionnelle invariante mais dans notre cas sur un groupe quantique al-

gébrique.

(1) Notre définition d’une algébre involutive de Yetter-Drinfeld sur un groupe
quantique algébrique (Définition 2.8.1) est similaire a celle de la section 2.4
de [ET16], mais elle utilise des actions du groupe quantique algébrique et
de son dual et de l'unitaire multiplicatif algébrique du groupe quantique
algébrique. Nous introduisons également la définition d’'une intégrale de
Yetter-Drinfeld (Définition 2.8.6) qui nous permet de construire I'implémentation
standard de nos actions et constitue un objet important pour le passage au

niveau C*-algébrique.

(2) Notre définition d'une algebre involutive de Yetter-Drinfeld tressée commu-
tative (Définition 2.8.12) est équivalente a celle de la Définition 2.5.3 dans [ET16]
(Théoréme 2.5.4, [ET16]).

Relations entre les deux structures de bimodule de Hopf : La C*-

algébrique et la von Neumann algébrique

Dans [ET16], les auteurs utilisent les produits tensoriels relatifs des espaces Hilber-

tiens et les produits fibrés des algébres de von Neumann afin de construire les objets
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nécessaires pour la construction d’une structure de bimodule de Hopf-von Neumann au
sens de Vallin [Val96]. Puisque notre objectif est le cadre C*-algébrique, nous devons
remplacer ces objets par des objets similaires dans la langage des C*-algébres. Pour
cela, nous utilisons la théorie des C*-algebres sur C*-bases développées par T. Timmer-
mann [Tim09, Tim12b, Tim12a]. Il a été montré dans la section 2.3 de [Tim07] que, en
utilisant une C*-base associée avec un poids KMS, nous pouvons obtenir le lien entre
le produit tensoriel relatif sur une C*-base et le produit tensoriel relatif algébrique des
espaces Hilbertiens sur une algebre de von Neumann (qui utilise dans son définition des

éléments bornés). Plus précisément:

« Lethéoréeme 5.2.9,la proposition 5.2.10 et la proposition 5.2.11 remplacent la propo-

sition 4.3 [ET16] afin de construire une structure de C*-bimodule de Hopf.

+ Le théoreme 5.2.13 est prouvé de maniere similaire que le théoreme 4.4 [ET16],
ce qui permet de construire une comultiplication sur la C*-complétion du produit

croisé, ce qui nous donne un C*-bimodule de Hopf.

+ Le théoreme 5.2.15 est prouvé d’'une maniére semblabe au théoréme 4.6 [ET16],

pour la construction d’une co-involution pour notre C*-bimodule de Hopf.

Perspectives

« Dans un premier temps il s’agira de continuer a construire d’autres exemples
d’algebres involutives de Yetter-Drinfeld tressées commutatives sur des groupes

quantiques algébriques, par exemple :

* En utilisant un décalage partiel de Bernoulli sur un groupe quantique discret G,
défini dans [KQT17], T. Timmermann indique la possibilité de construire une
C*-algebre de Yetter-Drinfeld tressée commutative sur le groupe quantique
discret G qui peut étre restreint au niveau algébrique et ainsi on obtient une
algébre de Yetter-Drinfeld tressée commutative sur I’algébre de Hopf C[G].
Cela nous donne une facon de construire des exemples non-triviaux que je

voudrais étudier.

D’apres l'article [YZC17], on sait que I’algebre de Heisenberg d’un groupe
quantique algébrique G = (A, A, ¢), peut étre muni d’une action de ’algébre
de Hopf de multiplicateurs (A, A) et une coaction de son dual (ﬁ, 3) qui

donnent une structure d’algebre de Yetter-Drinfeld tressée commutative au
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sens algébrique. On voudrait transporter cet exemple dans notre cadre afin de
I’étudier dans le contexte algébrique ainsi que dans le contexte des algébres

d’opérateurs.

« Suite a la question posée par A. Van Daele et du fait qu’il existe des travaux en
développement [KV17a, KV17b] sur une théorie d’une famille de groupoides quan-
tiques localement compacts, nous voudrions étudier et regarder plus en detail le
lien entre nos constructions et celles construites dans le cadre d’algébres de Hopf

faibles de multiplicateurs.

+ De la méme facon que dans le cadre de groupes quantiques compacts et discrets
au sens de Woronowicz, nous voudrions étudier la théorie de représentations des
groupoides quantiques de transformations de type compact et discrets et obtenir

de cette maniere le lien avec les C*-catégories tensorielles.

Structure de la thése

La structure de cette thése est la suivante:

« La partie I ne traite que des aspects purement algébriques. Dans sa présentation,
nous avons essayé de la rendre la plus compléte possible sans renvoyer a d’autres
ouvrages. Cette partie contient des commentaires utiles pour la compréhension

de divers autres résultats.

* Le chapitre 1 est destiné a rappeler les définitions et les constructions de la
théorie des algébres de Hopf de multiplicateurs involutives et de la théorie
des algébroides de Hopf de multiplicateurs involutives mesuré. Nous n’avons

aucun résultat original dans ce chapitre.

Le chapitre 2 vise a développer la théorie des algébres involutives de Yetter-
Drinfeld dans le contexte des groupes quantiques algébriques. Pour cela,
nous fixons les notations et les propriétés des objets associés a la théorie des
groupes quantiques algébriques au sens de Van Daele. A la fin du chapitre,
nous donnons les principaux exemples qui seront utilisés dans les chapitres

suivants de cette premiére partie.

Le chapitre 3 est le plus important de cette premiere partie. Ici, nous con-

struisons une famille des algébroides dee Hopf de multiplicateurs involutifs
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mesurés associés aux algebres involutives de Yetter-Drinfeld tréssées com-
mutatives sur les groupes quantiques algébriques. Nous terminons ce chapitre
en présentant des exemples de groupoides quantiques algébriques de trans-
formations, en montrant que les groupoides de transformations classique en-

trent dans notre cadre.

« La partie II traite des aspects analytiques et, tout comme la premiére partie, nous
avons essayé de la rendre la plus compleéte possible sans renvoyer a d’autres ou-

vrages.

* Le chapitre 4 a pour but de rappeler les définitions et les constructions as-
sociées aux groupes quantiques dans le cadre des C*-algébres. Ici, nous
présentons également les objets nécessaires pour la construction des C*-

complétions d’un groupoide quantique algébrique de transformations.

Le chapitre 5 est le plus important de cette partie. Ici, nous construisons
la complétion d’un groupoide quantique algébrique de transformations dans
le contexte des C*-algebres. Ces nouveaux objets préservent la dualité et
nous expliquons ici que la complétion von Neumann donne un exemple d'un

groupoide quantique de transformations au sens de Enock et Timmermann.
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Motivation

The main motivation of this work is the construction of quantum groupoids in the con-
text of operator algebras, in particular, in the context of C*-algebras. One of the most
important examples of a usual groupoid is a transformation groupoid associated with an
action of a group on a space [Ren80]. Its structure contains the information about the
group, about the action and about the space on which the group acts. That is why the
objective of this thesis is to introduce the notion of a quantum transformation groupoid
and to investigate the duality for these objects both in purely algebraic context and in
the context of C*-algebras that can be considered as a quantization of classical transfor-

mation groupoids.

At the beginning of the work on this thesis, we have distinguished two important re-

search lines already existed in the literature that we tried to develop and to generalize:

 The first one has been done in the purely algebraic context where a usual group
was replaced by a Hopf algebra and in which the constructed quantum transfor-
mation groupoid is a particular example of an object known as Lu’s Hopf algebroid.
In this work, we can highlight the explicit algebraic constructions that make use
of the theory of actions and coactions of Hopf algebras on algebras. More specifi-
cally, the above mentioned Hopf algebroid was constructed from an action of the
Drinfeld double of a Hopf algebra on an algebra or equivalently from a braided

commutative Yetter-Drinfeld algebra.

« The second research line has been developed in the context of von Neumann al-
gebras where a usual group was replaced by a Kustermans-Vaes’s von Neumann al-

gebraic locally compact quantum group and in which the quantum transformation
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groupoid was a particular example of an object known as a Enock-Lesieur’s measur-
able quantum groupoid. In this work, we can highlight the construction of a dual
object which was again a measurable quantum groupoid. More specifically, both
these objects were constructed from a given braided commutative Yetter-Drinfeld

von Neumann algebra.

Each of the mentioned works provides us with useful ideas and constructions but with
some limitations. For example, in the purely algebraic context, it is difficult to construct
a dual quantum transformation groupoid because already a dual Hopf algebra is not a
very convenient object, except for the finite dimensional case. And in von Neumann
algebraic context, many constructions heavily depend on the von Neumann algebra the-
ory including the modular theory that does not admit a complete translation to the C*-
algebraic setting which is our main goal. And our approach is to give such an algebraic

construction that would allow a passage to the C'*-algebraic setting.

That is why at the beginning of our research, we wanted to find a mathematical object
that could serve as a quantization of a usual group and that would satisfy the following
conditions: it should have a clear algebraic structure, admit a dual object of the same
nature and also should have some nice analytical properties that could be expressed in
terms of operator algebras. It would be natural to try as a possible candidate the well
known Woronowicz’s compact quantum group which are unitary involutive Hopf algebras
(in general, infinite dimensional) endowed with a Haar functional that is a generalization
of the Haar measure on a compact group. A compact quantum group admits a dual object
called a discrete quantum group, this is not a usual Hopf algebra, in general, because it is
not unitary, but endowed with an unbounded Haar functional that is a generalization of
the Haar measure on a discrete group. Compact and discrete quantum groups are well
understood both on purely algebraic and on operator algebraic level but unfortunately,
they do not satisfy the above mentioned condition that the dual must be of the same

type as the initial object.

There is a wider class of quantum groups called Van Daele’s *-algebraic quantum groups
that contains both compact and discrete quantum groups and meets our requirements.
These objects are in general non-unitary infinite dimensional multiplier Hopf *-algebras
equipped with a Haar positive functional. This allows, using the Gelfand-Naimark-Segal
construction, to develop a nice theory very rich both from purely algebraic and operator
algebraic point of view. In particular, algebraic quantum groups admit natural C*- and
von Neumann algebraic completion, this way we obtain a wide class of examples of

locally compact quantum groups in the sense of Kustermans and Vaes. Another important
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feature of this theory is its self-duality, that is, a possibility to construct for any object

the dual within the same class.

This thesis is divided into two parts. In the first part we transform the ideas and con-
structions by Lu [Lu96] and by Enock and Timmermann [ET16] in order to make them
compatible with actions of the algebraic quantum groups. As a result, we get a new
mathematical object which we call an algebraic quantum transformation groupoid. And
in the second part we associate with any algebraic quantum transformation groupoid
an object that we call a quantum transformation groupoid in C*-algebraic setting and
study its relation with the Enock-Timmermann’s quantum transformation groupoid. In
both cases we are able to construct a dual object of exactly same nature and to explain
the relations of our results with the results already known in the literature. In particular,
in the purely algebraic context, our new object is an example of a multiplier Hopf alge-
broid [TV18] and in the von Neumann algebraic context, our new object is an example

of an Enock-Timmermann’s quantum transformation groupoid [ET16].

Context

1) Classical Transformation Groupoids [Ren80]

A transformation groupoid is a structure constructed from an action of a group on a set.
More explicitly, given a (left) action of a group G'inaset S, - : G x .S — S, the cartesian
product G ~ S := G x S together with the maps

GnA9? 5 an s 1. @GS 5 GnS
((9,), (1)) = (gh,t) (g,8) ~ (97%g5)

Y

where (G~ 9)® = {((g,5), (h,t)) € (G~ S)x (G~ S) : s=h-t}, admits a
groupoid structure, with space of units given by (G ~ S )(0) = S and with the domain

and range maps given by

d: GnS — § r: G S — §
(g.8) + s (9.5) + g-s

respectively.
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2) Lu’s Quantum Transformation Groupoids

Motivated by the notion of a Poisson group from the Poisson geometry, J.H. Lu [Lu96]
has introduced a generalization of a Hopf algebroid with a commutative basis and as an
important example of such an object has constructed a non-commutative analogue of a
groupoid associated with a Poisson-Lie group. To be precise, given a certain action of the
Drinfeld double of some Hopf algebra on a algebra, Lu has constructed a Hopf algebroid
that she considers as a quantization of a classical transformation groupoid. Some years
later, in [BMO02], the notion of a braided commutative Yetter-Drinfeld algebra over a Hopf

algebra was used as the equivalent of the main ingredient in the construction of Lu.

3) Enock-Timmermann’s Quantum Transformation Groupoids

In [ET16], M. Enock and T. Timmermann have constructed a version of a transformation
groupoid in the context of measurable quantum groupoids previously introduced by F.
Lesieur and M. Enock. Similarly to Lu’s purely algebraic case, they have considered
a braided commutative Yetter-Drinfeld von Neumann algebra over a locally compact

quantum group as the main ingredient for their construction.

Background

1) Van Daele’s Algebraic quantum groups

In [Van97], A. Van Daele has developed the theory of regular multiplier Hopf algebras as
a generalization of the classical theory of Hopf algebras. In this theory, the condition that
the underlying algebra is unitary or finite dimensional was replaced by a non-degeneracy
property, so in this framework it was possible to work with infinite dimensional and non-
unitary algebras. In particular, it was possible to extend some constructions associated
with usual Hopf algebras, for example: the theory of actions and coactions developed
in [DVZ99], pairing between regular multiplier Hopf algebras developed in [DV01], the
construction of the Drinfeld double [DV04], bicrossed products of multiplier Hopf alge-
bras [DVW11, DVW13], and also the Hopf Galois theory, see [VZ99b] and [De 09].

Moreover, in [Van98], A. Van Daele has also introduced the notion of algebraic quantum
groups, which is multiplier Hopf algebra endowed with a left invariant functional. He
has shown in an elegant way, that for this kind of regular multiplier Hopf algebras it

was possible to construct a dual object which is also an algebraic quantum group. This
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duality is a generalization of the duality of finite dimensional Hopf algebras and the

duality between compact and discrete quantum groups.

If an algebraic quantum group admits a compatible *-structure and its left invariant func-
tional is positive, A. Van Daele and J. Kustermans in [KV97] have completed it to a
locally compact quantum quantum group in the C*-algebra setting. Later on, J. Kuster-
mans in [Kus03], De Commer and Van Daele in [DV10], have shown how it was possible
to extend various objects associated with a *-algebraic quantum group, to the operator

algebraic framework.

2) Hopf algebroids as a language for algebraic quantum groupoids

The first formal definition of a Hopf algebroid was given in [Rav86] in order to general-
ize the function space on a usual groupoid. In [Mal92], the notion of quantum groupoid
had been introduced and studied as a simultaneous generalization of usual groupoids
and of the Drinfeld’s quantum groups. In this work, using the notion of a coalgebroid
already defined in [Del90], the notion of a Hopf bialgebroid was given. Then, in [Mal00],
G. Maltsiniotis generalized his previous work and introduced the notion of a quantum
groupoid that he considered as a non-commutative analogue of a Lie group and of an
algebraic group. One should also note the work of L. Vainerman [Vai92] who has con-

structed a kind of a quantum transformation groupoid.

In the finite dimensional case, in [BNS99] the authors have given the definition of a
weak Hopf algebra that served for the development of the theory of finite quantum
groupoids, later studied and related to other domains of mathematics by D. Nikshych and
L. Vainerman [NV00, NV02] and by D. Nikshych, V. Turaev, and L. Vainerman [NTV03].

We need to say here also that A. Van Daele and S. Wang, in [VW12, VW15], have gen-
eralized the notion of a weak Hopf algebra to the infinite dimensional and non-unitary
case. They also developed the theory of integrals and duality for the weak multiplier
Hopf algebras in [VW14, VW17].

In [TV18, TV15], T. Timmermann and A. Van Daele have generalized the notion of a
Hopf algebroid in order to extend simultaneously the notions of a weak multiplier Hopf
algebra and of a Hopf algebroid. Later, T. Timmermann [Tim16, Tim17] has developed
the theory of algebraic quantum groupoids and their duality, extending the Van Daele’s

work on algebraic quantum groups.
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3) Hopf-von Neumann bimodules and Hopf-C* bimodules as a lan-

guage for analytical quantum groupoids

The first steps of the theory of quantum groupoids in the setting of von Neumann al-
gebras were made by J-M. Vallin and M. Enock, who have generalized the concept of a
von Neumann bialgebra and of a multiplicative unitary in [EV00a, EV00b, Val96, Val00].
Later, using these works, F. Lesieur in his PhD thesis [Les03] has developed a general
theory of measured quantum groupoids. He follows the ideas from the theory of locally
compact quantum groups by J. Kustermans and S. Vaes. A main feature of this theory
is a generalization of the Pontrjagin duality: with every measured quantum groupoid,
Lesieur associates a dual of the same nature such that the second dual is naturally iso-

morphic to the initial object.

In contrast to the theory of measured quantum groupoids, a general theory of locally
compact quantum groupoids in the setting of C"*-algebras does not exist yet. But we
can distinguish two attempts for that. The first one, the PhD thesis of T. Timmmer-
mann [Tim05], where he introduces the theory of Hopf-C*-modules that we use in this
thesis. The second is the theory in development by B.-J. Kahng and A. Van Daele [KV17a,
KV17b] of a class of locally compact quantum groupoids which is motivated by the

purely algebraic notion of a weak multiplier Hopf algebra.

Main contributions

« The study of the properties of crossed products related to actions of algebraic quan-
tum groups. Here we use systematically the Heisenberg *-algebra of an algebraic

quantum group.

+ The new definition of a Yetter-Drinfeld *-algebra using the algebraic multiplicative
unitary in the purely algebraic setting modelled from the definition developed in
the context of operator algebras. New proofs of many known properties of these

algebras.

Principal results

+ The construction of a measured multiplier Hopf *-algebroid from a braided com-
mutative Yetter-Drinfeld *-algebra endowed with a positive invariant faithful func-
tional (Theorem 3.1.9).
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+ The passage to the reduced C*-completion of an algebraic quantum transforma-

tion groupoid (Theorem 5.2.1).

Outline of the thesis

The structure of this thesis is as follows:

« Part I deals only with purely algebraic aspects, in its presentation we tried to be
as self-contained as possible. This part contains some comments useful for the

understanding of various further results.

* Chapter 1 is intended to remind the definitions and constructions from the
theory of multiplier Hopf *-algebras and from the theory of measurable mul-

tiplier Hopf *-algebroids. We do not have any results in this paragraph.

Chapter 2 is intended to develop the theory of Yetter-Drinfeld *-algebras in
the context of algebraic quantum groups. For that, we fix notations and prop-
erties of the objects associated with the Van Daele’s theory of algebraic quan-
tum groups. At the end of the chapter, we give the main examples that will

used in the following chapters of this first part.

Chapter 3 is the most important of this first part. Here we construct a family
of measurable multiplier Hopf *-algebroids associated with braided commu-
tative Yetter-Drinfeld *-algebras over algebraic quantum groups. We finish
this chapter by presenting examples of algebraic quantum transformation
groupoids, we show that classical transformation groupoids enter in our pic-

ture.

« Part II deals with analytical aspects, and similarly to the first part, we tried to be

as self-contained as possible.

* Chapter 4 is intended to remind the definitions and constructions associ-
ated with quantum groups in the setting of C*- and von Neumann alge-
bras. Here we also introduce the objects necessary for the construction of
the C*- and von Neumann completions of an algebraic quantum transforma-

tion groupoid.

* Chapter 5 is the most important in this part. Here we construct the comple-

tion of an algebraic quantum transformation groupoid in the C*-algebraic
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setting. These new object preserve duality and we want to show here that
the von Neumann completion gives an example of the Enock-Timmermann’s

quantum transformation groupoid.



Conventions

In the present manuscript:

We use the term an algebraic quantum group to refer to what A. Van Daele calls a

*-algebraic quantum group and we will abbreviate it by AQG.

We use the term "analytic" to refer to objects whose origin or construction is in

the context of operator algebras.

+ We consider only idempotent algebras (see Definition 1.1.2).

We use the covering technique and in particular the Sweedler type leg notation for

multiplier Hopf *-algebras and their coactions, for details we refer to Appendix A.
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Chapter N° 1

Preliminaries

1.1 Basic definitions and notations

Let A be a algebra over complex numbers, not necessarily unital. We denote by A the
opposite algebra and by A the vector space of linear functionals on A. We denote by
aM aleft A-module M with a module map>: A® M — M.

Remark 1.

(1) We write 4A when we regard A as a left module over itself with respect of the
multiplication on the left.

(2) We denote by Hom( 4 M, 4 N) the vector space of A-linear maps between the left
modules M and N, i.e. linear maps 7' : M — N such that T(a > m) = at>T(m)
forall a € A and m € M. In particular, we denote (4 M)" := Hom(4 M, 4A).

Definition 1.1.1. A module 4 M is called

« faithful, if for each non-zero a € A there exists m € M such that al>m is non-zero.

« non-degenerate, if for each non-zero m € M there exits a € A such that a > m is
non-zero.

unital, if A> M :=span{a>m : a€ A,me M} = M.

firm, if the module map induces an isomorphism > : A4 ® 4 M = M.

locally projective, if for every finite number of elements my, my, -+ ,mp € M,
there exist finitely many d; € Hom(4M, 4A) and e¢; € Hom(4 A, 4 M) such that

mj = Zei(d,—(mj))

)

forallj € {1,---  k}.

Moreover, we say that 4 M admits local units in A if for every finite subset /' C M there
exists a € Awitha>m =mforallm e F.
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Remark 2.

(1) If 4 M admits local units, then it is non-degenerate and unital.

(2) For right modules, we use similar notations and terminology by identifying right
A-modules with left A°’-modules.

Definition 1.1.2. An algebra A is called

« involutive or *-algebra if there exists an anti-linear map * : A — A called the
involution of A such that (a*)* = aforalla € A and (ab)* = b*a* foralla,b € A.

« non-degenerate if the modules 4 A, A4 both are non-degenerates.
« idempotent, if one of the modules 4 A, A4 is unital.
« firm, if one of the modules 4 A, A4 is firm.
We say that A admits local units if the modules 4 A, A4 both admit local units in A.

Remark 3. A (or A,) is non-degenerate if and only if A4 (or 4A) is faithful, respec-
tively.

Notation 1. For any algebra A, we will use the following notations
L(A) :=End(Aa), R(A) :=End(4A)”.
Proposition 1.1.3. The module A, is non-degenerate, if and only if the natural map

A — L(A)
a + [Ly:bw abl

is injective. Similarly, the module 4 A is non-degenerate, if and only if

A — R(A)
a +— [R,:b~ ba

is injective.

Definition 1.1.4. If the module A4 is non-degenerate, the left multiplier algebra of A is
the sub-algebra
M(A):={T € L(A) : AT C A} C L(A),

where we identify A with its image in L(A). If the module 4 A is non-degenerate, like-
wise the right multiplier algebra of A is the sub-algebra

M, (A)={T € R(A) : TAC A} C R(A),
where we identify A with its image in R(A).

Definition 1.1.5. Let A be an algebra, not necessarily unital. We define the multiplier
algebra of A to be the algebra

M(A) :={(L,R) € L(A) x R(A) : R(a)b=aL(b) foralla,be A}.
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with the structure given by
(L,R)-(L',R')=(Lo L' R oR),

forall L,/ € L(A) and R, R’ € R(A).

Remark 4. 1t follows from Remark 1.1.3 that if A is non-degenerate then A sits in M(A)
as a sub-algebra with the identification a — (L,, R,) for all a € A. In particular, if A
admits a unity, then M(A) = A.

Proposition 1.1.6 ([Tim17]). If A is non-degenerate, then the left and right multiplier
algebras coincide up to a natural identification. They also identify with the algebra M(A).

Remark 5.
« If Aisa *-algebra, then M(A) is also a *-algebra with involution given by

(L,R)" := (xo Rox,%x0 L ox),

forall (L, R) € M(A).
Remark 6. Given P = (P, P;) € M(A) and a € A, we have

P (Lo, Ra) = (Lpy(a); Bry(@)  and (Lo, Ra) - P = (Lpy(a), Bpy(a)
in M(A), then we will write simply
Pa = Pi(a) and aP = Ps(a).
Definition 1.1.7. Let A, B be two non-degenerate *-algebras. A *-homomorphism 6 :

A — M(B) is called non-degenerate if 9(A)B = B.

Remark 7. Sometimes, we will refer to a homomorphism 6 : A — M(B) as a repre-
sentation of A in B. The set of non-degenerate homomorphism from A to M(B) will be
denoted by Hom(A, B).

Proposition 1.1.8. If0 : A — M(B) is a non-degenerate *-homomorphism, there exists
a unique *-homomorphism 6 : M(A) — M(B) such that (a) = 6(a) for alla € A,
called the extension of 0 to multipliers and usually still denoted by 6.

Notation 2. Let A, B be two non-degenerate algebras. Consider the flip map x4 5 :
A ® B — B ® A with inverse denoted by xp 4 : B® A - A ® B, then we have the
isomorphism

Yap: M(A®B) — M(B® A)
(L, R) — (xaBoLoxpa,xapoRoxpa)

For each invertible element P € M (A ® B), we will denote by Ad(P) the isomorphism
SeMA®B)+— PSPt € M(A® B),by Ad(P~!) its inverse. We also consider the
isomorphism ¥p : M(A® B) - M(B ® A), defined by

ZP = EA,B OAd(P) - Ad(EA,B(P)) o EA,B)
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with inverse given by the map X! = Ad(P~1) o g 4 = Y 4 0 Ad(Z4 5(P7h)).

Definition 1.1.9. Let w be a linear functional on an algebra A, then we say that w is
faithful if

Vbe A:w(ab) =0=a=0 and Vb€ A:w(ba)=0=a=0.

Definition 1.1.10. Let w be a linear functional on a *-algebra A, then we say that w is

« positive, if w(a*a) > 0 for all a € A.

« self-adjoint, if w(a*) = w(a) for all a € A.

Proposition 1.1.11. Ifw is a positive linear functional on a *-algebra A, then w is faithful
if and only if for every a € A such that w(a*a) = 0, we have a = 0.

Notation 3. For any linear functional w on a non-degenerate algebra A and any element
P € M(A), we define the linear functionals wp : A — C and pw : A — C by

wp(a) == w(aP), pw(a) :=w(Pa)
for every a € A.

Proposition 1.1.12. The map M(A) @ AY — AY, P ® w +— wp defines a left M(A)-
module structure on AY. Similarly, AY @ M(A) - AY, w ® P — pw defines a right
M(A)-module structure on A".

Notation 4. For any w € AV, by the proposition above, we use the notations
Awi={w, : a€ A}, w-A={w:a€A}

Definition 1.1.13. Let w be a faithful linear functional on an algebra A. We say that w
admits a modular automorphism, if there exists an automorphism o : A — A such that

w(ab) = w(bo(a))

forall a,b € A. If there exist this automorphism it is unique and sometimes it is denoted
by o“.

Remark 8. One can easily verify that a faithful linear functional w € A" admits a mod-
ular automorphism if and only if A - w = w - A. In this case, the modular automorphism
o is characterized by the relation w,(,) = 4w for alla € A.

Proposition 1.1.14. Let A be a non-degenerate algebra which admits local units. If X isa
unital left A-module through the module map > : A® X — X, then there exists a unique
module map > : M(A) ® X — X turning X into a left M(A)-module.
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Proof Letx € X,because [> is unital then there exist finite elementsa; € Aandy;, € X
such that x = ), a; > y;. As A admits local units, there exits an element a € A such
that aa; = a; foreveryi. Thena>z = al> (D, a;>y;) =D . aa;>y; = Y, a;>y; = .
This implies that every element of X is of the form a > x witha € A and x € X.

Now, fix P € M(A) and x € X. Suppose we have a,a’ € A such thata >z = d > z,
then because A admits local units we have a” € A such that a”’a = a and a”’a’ = @/, and

Par>z=Pd'a>z=Pd" > (a>2z)=Pd" > (' >2z)=Pd"d >z = Pd >z
We can define now the action of an element P € M(A) on X by
P> (a>x):=Pa>x,

foralla € A,z € X.Itis easy to show that this defines a structure of left M(A)-module
on X. O]

Remark 9. The module map > : M(A) ® X — X as above is called the extension of >
to multipliers.

1.1.1 The multiplier algebra of a non-degenerate *-algebra

Let A be a non-degenerate *-algebra and consider the map
(-, Ya:AXxA— A, a X b a*b.

This map satisfies the following properties:

o {a, \Mby 4+ Xaba)a=A{a,bi)a+ Nala, by)a,
(Arar + Moag, bYa = Ai{ar, b)a+ Xalay, b)a,
(a,bc)a=(a,b)ac

e (ac,b)s=c"(a,b)a,

(a,b)y = (b, a)a,

for all a,ay,as,b,b1,bo € A and \j, Ay € C. Moreover, if (a, b)4 = 0 forallb € A,
then a = 0.

Definition 1.1.15 ([Pal18]). Let A be a *-algebra. Amap T : A — Ais called adjointable
on A if there is amap 7" : A — A such that

(T(a), b)a=(a,T'(b))a
for all a,b € A. The map 71" is called an adjoint map for T

The following results are similar to the ones in the case of Hilbert C*-modules [Lan95].

Proposition 1.1.16 ([Pal18]). Let A be a non-degenerate *-algebra. If T : A — A is an
adjointable map, then T' is a right A-linear map. Moreover, its adjoint map is unique and
denoted by T, which is also an adjointable map with (T")! = T.
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We will denote by £4(A) the *-algebra of all adjointable maps on A with involution
given by T+ T7. For every map T : A — A, we define the map 7% : A — A by
a + T(a*)*. We observe that T is a left (right) A-linear map if and only if 7% is a
right (left) A-linear map, respectively. Recall that for a non-degenerate *-algebra A, its
multiplier algebra is given by

M(A) ={(L,R) € Hom(A4) X Hom(4A) : R(a)b= aL(b) foralla,be A}.
The next proposition caracterizes the multiplier algebras of non-degenerate *-algebras.
Proposition 1.1.17. There is a *-isomorphism

T : M(A) = La(4), (L,R) — L
with inverse given by
§ La(A) > M(A), T (T(TT))
Proof Take (L, R) € M(A), then
(L(a), b)a = L(a)d= (b"L(a))* = (R(b")a)" = a*(R(b")") = (a, R¥(b) )

forall a,b € A, then L is an adjointable map. Conversely, if 7" : A — A is an adjointable
map, we have

(T (a)p = (TH(a"))"b = ((b, T'(a") )a)" = ((T(0), a")a)" = (a", T(b) )a = aT ()

—_

forall a,b € A. Then (T, (T*)) € M(A). Moreover,

(L, R)*) =F((R*, L) = R* = L.

1.1.2 Factorizable functionals on bimodules

Definition 1.1.18 (Definition 3.5, [Tim16]). Let B and C' be non-degenerate, idempotent
algebras with faithful functionals 5 and pc, respectively, and let M be a unital B-C-
bimodule. We call a functional w € MV factorizable with respect to (11, jic), if there exit
maps pw € Hom(pM, pB) and we € Hom(M¢, C) such that

KB © pW =W = lc O Wc.

We denote by (g Mc)" C MY the vector sub-space of all such factorizable functionals.

Remark 10.

« A functional w € MYV is factorizable if and only if there exist linear maps pw :
M — Band we : M — C' such thatforallx € B,y € C,m € M,

wem) = pp(epw(m)) and  w(my) = po(wo(m)y).
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« Ifw € MV is factorizable, the maps pw and w¢ are uniquely determined.
« Evidently, the assignment 3 Mc — (5 M) is functorial.
The important property of factorizable functionals is that one can form slice maps and

tensor products for such functionals as follows.

Lemma 1.1.19 (Lemma 3.4, [Tim16]). Let gM¢ be a unital B-C'-bimodule and - Np a
unital C'-D-bimodule, where B, C, D are non-degenerate, idempotent algebras with faith-
ful functionals pp, jic, pp, respectively. Take 0 € (gMc)- andw € (¢Np)“-. Then, the
following slice maps

Oc ®id: Mg ® ¢cNp — Np, m®n+— 0c(m)n,

id® cw: pMc® cN — gM, m®n+— mecw(n)

are morphisms of modules, and the map

0 ®w:=00(id® cw) =wo (fc R id)

2Ze)

is a factorizable functional which belongs to (g Mo ® ¢Np)- and satisfies

(0 % w)(m ®@n) = pe(fc(m)cw(n))

forallm e M,n € N.

Notation 5. Let M be a B-C-bimodule. If w € MV, we can define the functional
yw-r:M—->C, m—wlE -m-y),

forallx € Bandy € C.

Lemma 1.1.20 (Lemma 3.5, [Tim16]). Suppose that the functionals up and jc admit
modular automorphisms op and o¢, respectively. Then, the vector space (gMc)" is an
M(B)-M(C)-sub-bimodule of M and

5y w-z)(m) = pw(my)op(z),  (y-w-x)e(m)=og' (y)we(ma)

forallw € (gMc)", x € Bandy € C.

1.2 Theory of multiplier Hopf *-algebras

1.2.1 Multiplier Hopf *-algebras

Definition 1.2.1 (Definition 2.2, [Van94]). Let A be a non-degenerate *-algebra. A co-
multiplication on A is a *-homomorphism A : A — M(A ® A) such that

« Ala)(1®b) and (a ® 1)A(b) belong to A ® A forall a,b € A,
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« A is coassociative in the following sense
(1 )(Axid)(Ab)(1®c)=(id® A)((a®@1)AD)(1®1®c)

forall a,b, c € A.

Definition 1.2.2 (Definition 2.3, [Van94]). Let A be a non-degenerate *-algebra and A
a comultiplication on A. We say that (A, A) is a multiplier Hopf *-algebra if the linear
maps from A ® A to itself, defined by

Ti:a®b— Ala)(1®Db), Tr:a®b— (a® 1)A(b)
are bijective.

Remark 11.

« Any unital Hopf *-algebra is a particular case of a multiplier Hopf *-algebra.

« The map A®P := ¥4 4 o A is also a comultiplication on A. Then (A, A®P) is also
a multiplier Hopf *-algebra.

Proposition 1.2.3 (Proposition 2.4, [Van97]). Let (A, A) be a multiplier Hopf *-algebra.
There exists a unique *-homomorphism e : A — C, named the counit, satisfying

(e®id)(A(a)(1®b)) =ab, and (id®e)((a®1)A(b)) = ab

forall a,b € A. There exists also a unique anti-*-isomorphism S : A — A, named the
antipode, satisfying

m(S ®id)(A(a)(1®b)) =e(a)b, and m(id® S)((a® 1)A(D)) =e(b)a
foralla,b € A, where m denotes the multiplication map from A ® A to A, and

SoxoSo*x=1idy.

Proposition 1.2.4 (Proposition 2.5, [Van97]). Let (A, A) be a multiplier Hopf *-algebra.
If A is a unital *-algebra, then (A, A) is a Hopf *-algebra.

Example 1.2.5. Let G be a group and let Fun;(G) be the *-algebra of complex finitely
supported functions on G. In this case, M(Funs(QG)) is the *-algebra of all complex func-
tions on G, Funy(G) @ Fung(G) can be naturally identified with the *-algebra of complex
finitely supported functions on G x G, and M(Fun;(G) ® Fun;(G)) can be identified with
the space of all complex functions on G x G. We define the *-homomorphism

A Funi(G) — M(Funs(G) ® Funs(G))
p = [Alp):(g,h) = p(gh)]
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For all p, q € Fun¢(QG), the functions

Ap)(1l®q): GxG — C
(g,h) = plgh)q(h)

and

PR DA(Q): GxG — C
(9.h) = plg)a(gh)

have finite support, so belong to Fun;(G) @ Funy(G); the coasssociativity of A is an im-
mediate consequence of the associativity of the multiplication on GG. So A is a comul-
tiplication on Fung(G). The map T}, given by (T1p)(g,h) = f(gh,h), is bijective and
its inverse Ry is given by (Ri1p)(g,h) = p(gh™',h). Similarly, the map Ty, given by
(Tup)(g, h) = p(g, gh), is bijective and its inverse Ry is given by (Rap)(g, h) = p(g, g~ 'h).
Then (Funy(G), A) is a commutative multiplier Hopf *-algebra. In this case, it is easy to
show that its counit is given by

e: Fungy(G) — C
p = ple)
and its antipode is given by
St Funy(G) — Fun;(G)
p = [S):g—plgh)]

Let C[G] be the group *-algebra of G, i.e., as a vector space it is generated by formal elements
{Uy}geq, the algebra structure is given by the multiplication U,U), = Uy, forall g,h € G
and the *-structure is given by (U,)* = U,-1. For each element x € C[G], there exists a
unique complex finitely supported function p,, : G — C, such that x = deG Px(9)U,.
We define the *-homomorphism

A': ClG] — C[G]eC[d]
U, —» U,eU,

The pair (C[G], A") is a Hopf *-algebra, its counit is given by

&: ClG] —» C

U, = 1

and its antipode is given by
S ClG] — C[G]
Ug = Ug—l

Definition 1.2.6 ([Van98]). Let (A, A4), (B, Ap) be two multiplier Hopf *-algebras. A
non-degenerate *-homomorphism 7' : A — M(B) is called a morphism of multiplier
Hopf*-algebras if

AgoT = (T®T)OAA
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It is easy to prove the following

Lemma 1.2.7. Let T} : A — M(B), Ty : B — M(A) be two morphisms of multiplier
Hopf*-algebras. We have

(i) If Ty 0 Ty = id 4, then A C To(B) C M(A).
(ii) If Ty o Ty, = idg, then B C T1(A) C M(B).
(iii) If Ty o Ty = ida and T} o Ty = idpg, then T1(A) = B and TH(B) = A.
Proof

(i) Foralla € Aandb € B, because T»(71(a)) = a, we have
T2(T1 (a)b)a' = TQ(Tl (a))Tg(b)a’ = CLTQ(b)CLl

forall ' € A, and the non-degeneracy of A, implies 75(7"(a)b) = aT»(b). Finally,
the non-degeneracy of the morphism 75 implies A = AT, (B) C T»(B).

(ii) Similar to item (i).

T5(B), and by item (i),

(i) f 75 0o Ty = idy and 17 o Ty = idp, by item (i), A C
C Ti(T»(B)) = B. The other

B C Ti(A). For conclude, we have B C Tj(A)
equality is similar.

]

Remark 12. Let a € A and w be a non-zero linear functional on A. We will denote by

(id ® w)(A(a)) the element in M(A) such that
[(id ® w)(A(a))]a" := (id @ w)(Ala)(a’ @ 1)),
d'[(id © w)(A(a))] := (id ® w)((d’ © 1)A(a))
for every a’ € A. Of course, we will use a similar notation for (w ® id)(A(a)).

Definition 1.2.8 (Definition 3.2,[Van98]). Let (A, A) be a multiplier Hopf *-algebra and
©, 1 be non-zero linear functionals on A. We say that ¢ is left invariant if

(id @ )(Ala)) = p(a)Lra
for every a € A. Similarly, we say that 1) is right invariant if

(¢ ®id)(Aa)) = Y(a)Tma
for every a,b € A.

Proposition 1.2.9 (Proposition 3.11, [Van98]). If ¢ is a non-zero left invariant functional
with respect to A, then we also have the next relation

(td @ @) (1 ®a)A(b)) = S((id ® )(A(a)(1 © b)),



CHAPTER N° 1. PRELIMINARIES 13

forall a,b € A. This equality is called the strong left invariance of ¢. Similarly, if 1 is a
non-zero right invariant functional with respect to /A, then we have the next relation

(¥ @id)(Ala)(b@1)) = S((¥ @id)((a @ )A(D))),
foralla,b € A. This equality is called the strong right invariance of 1.

Theorem 1.2.10 (Theorem 3.7, [Van98]). Let (A, A) be a multiplier Hopf *-algebra. If
(A, A) admits a non-zero left invariant functional, then it is unique (up to a scalar) and
there exists also a unique right invariant functional. These functionals are faithful.

Remark 13. Usually, non-zero invariant functionals are called integrals in the Hopf al-
gebra theory and Haar measures in the quantum group setting. We will, throughout this
work, speak about integrals.

Proposition 1.2.11 (Proposition 3.8 — Proposition 3.10,[Van98]). Let (A, A) be a mul-
tiplier Hopf *-algebra. If there is a left integral ¢ on A and we consider the right integral
1 :=@oSonA,then

e There exists an invertible element 6 € M(A) such that
A(G)=0®4, €(6)=1, S@)=0d"

and
(p®id)(Aa)) = p(a)s,  (id®V)(Aa)) =1(a)d !,
foralla € A. Moreover,

foralla € A.

e There exists an automorphism p : A — A such that p(ab) = ¢(bp(a)) for all
a,b € A, ¢ is p-invariant, i.e. p(p(a)) = ¢(a) foralla € A and

A(p(a)) = (5* ® p)(A(a))

forall a € A. Similarly, there is an automorphism p' : A — A such that y)(ab) =
P(bp'(a)) foralla,b € A, is p'-invariant and Ao p' = (p' ® S72) o A. Moreover,
we have the relations

Sop =ptolb, p'() =dp()o".

Proposition 1.2.12 (Proposition 1.2 [VZ99a] and Lemma 2.2 - Lemma 2.11 [Ver06]). If
(A, A) is a multiplier Hopf *-algebra, then given a,-- - ,a, € A, there exist an element
e € A such that ea; = a;e = a; foreveryi € {1,...,n}.
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Example 1.2.13. Let G be a group. If we define the non-zero linear functional

©: Fung(G) —

C
p = p(g)
geG

then one can see that, for all p, q € Fun;(G), g € G,
[(tld@@)(Alp)(g@1)](9) = le(p)al(g),  [(id®@)((p@1)Alg))](9) = [p(a)pl(9),

(o S)p)=> plg™") =),

geG

then ¢ is a faithful left and right integral for (Fun;(G), A). Also, we define the non-zero
linear functional

¢ ClGg] —» C
—

and we have

(id @ ") (A(Ug)(Un ® 1)) = (¢’ @ id)(A(Ug)(1 © Un)) = bg.Ugn = ¢'(Ug)Un

(id ® ") (Ug @ )A(UR) = (¢’ @ id)((1 @ Uy) A(Un)) = n.eUgh = ' (Un)Ug
forallg,h € G, then ¢’ is a faithful left and right integral for (C[G], A).
Remark 14. Let (A, A) be a multiplier Hop *-algebra.

« When we write (A, A, ), we say that ¢ is a left integral for (A, A).

« When we write (A, A, ¢, 1), we say that ¢ is a left integral for (A, A) and ¢ is a

right integral for (A, A).

1.2.2 Duality for multiplier Hopf *-algebras with integrals

Let (A, A) be a multiplier Hopf *-algebra with a positive faithful left integral ¢. We fix
Y = @ o S as its positive faithful right integral. We denote by A the space of linear
functionals on A of the form ¢, where a € A. By Proposition 1.2.11, we have

A={ps i acA={wp:acA={, :ac A ={:acA}

Remark 15. By Proposition 1.2.11, we have ¢, = 951 and 40 = @, foralla € A.

Proposition 1.2.14 (Proposition 4.2, [Van98]). Letw;,wy be elements ofg. Then, we can
define a linear functional w; - wy on A by

(w1 - wo)(a) = (w1 ® w2)(A(a))

and wy - wy € A. This multiplication is non-degenerate and turns A into an associative
algebra.
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Remark 16. In [Kus97a], Kustermans shows that the multiplier algebra M (A) can be
identified with the space

{we AV (w®id)(Ala)) € A, (id®w)(Aa)) € Aforalla € A}

Proposition 1.2.15 (Proposition [Van98]). For every w € A, the functional w* : a —

-~

w(S(a)*) is in A. Moreover, the map w +— w* is an anti-linear anti-homomorphism on A,
then A is a *-algebra.

Proposition 1.2.16 (Proposition 4.6, [Van98]). There exists a *-homomorphism A:A—
M(A® A) such that

(Awr) - (1@ ws))(a®@b) = (w1 @ wy)((a® 1)A(D)),
(w1 ®1) - Alws))(a @ b) = (w1 ® wn)(A(a)(1 @ b))
forall wy, wy € A and a,b e A.

Proposition 1.2.17 (Proposition 4.7, [Van98]). The pair (g, ﬁ) is a multiplier Hopf *-
algebra. Its antipode S is given for allw € A anda € A by:

S(w)(a) := w(S(a))

and the counit € is given by
E(w) == w(lra))-

Remark 17. For any a € A, the map F : A — A:ar ¢, is a bijection, called the
Fourier transform.

Proposition 1.2.18 (Proposition 4.8 - 4.9. [Van98]). The maps from AtoC given by

Bat) =e(a)  and  P(pn) =e(a),
forall a € A, define left and right integrals for (2’ ﬁ), respectively.
Lemma 1.2.19 (Lemma 4.11, [Van98]). Foralla € A andw € 2, we have that
D(w - pa) =w (5™ (a)).
In particular, we have the identity 12((8017)* ~pa) = p(b*a) foralla,b € A.

Theorem 1.2.20 (Theorem 4.12, [Van98]). If (A, A) is a multiplier Hopf *-algebra with
integrals, then (A, A) is a *-multiplier Hopf algebra with integrals. Moreover, if we define

['(a)(w) :=w(a)

whenever a € A andw € A, then ['(a) € A andT is an isomorphism of multiplier Hopf
*-algebras between (A, A) and the dual of (A, A).



16 CHAPTER N° 1. PRELIMINARIES

Example 1.2.21. Let G be a group, by the Example 1.2.5 and Example 1.2.13, we have two
multiplier Hopf*-algebras with integrals (Fun;(G), A, ¢) and (C[G], A, ¢'). The bilinear
map defined by
(-,+): Fung(G) xC[G] — C
(p, Uy) = p(g)

allows to identify C|G| with Fl;f(\G) as algebras, i.e., for each element U, € C[G], we
have

Uy(p) = (p,Uy) = p(g) = Y _ p()34(h) = @(p - 5,) = s, (p),

heG
forallp € Funy(G), here 6, denoted the Dirac function h — dg .

(p-q,Uy) = p(9)a(g) = (p,Uy)(q,Uy) = (p ® q, A'(Uy)),

(P, UgUn) = p(gh) = (Uy @ Up)A(p) = (A(p), Uy @ Un),
forallp,q € Funs(G), g, h € G. Moreover, we see that

Uy =1=10, <Z 5h) = U,(1),

heG

S'(Uy)(p) = U1 (p) = p(g") = S(p)(9) = Uy(S(p)),
@/(9069) = @/(Ug) = 0g.c = €(dy),

forallp € Fung(G), g € G. Then, the two multiplier Hopf *-algebras with integrals
(Fung(G), A, @), (CIG], A, ¢') are in duality.

1.2.3 Corepresentations of multiplier Hopf *-algebras
Let (A, A) be a multiplier Hopf *-algebra.

Definition 1.2.22 (Definition 7.5, [Kus97a]). Let X be a non-degenerate *-algebra. An
unitary element W € M(A ® X) is called a unitary corepresentation of (A, A) on X if
(A ®@id)(W) = Wi3Was

in M(A® A® X).
Proposition 1.2.23 (Proposition 5.8, [Kus97a] - Proposition 2.1, [KVZ00]). If W is a

unitary corepresentation of (A, A) on a non-degenerate *-algebra X, then we have the
following equations in M(A ® X):

(A® 1M(X))W(1M(A) RX)=A® X, <1M(A) R X )W(A® 1M(X)) =A® X,

(A® 1M(X))W*(1M(A) ®X) = A®X, (LM(A) ®X)W*(A X 1M(X)) =A® X.
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1.2.4 Actions of multiplier Hopf *-algebras

Notation 6. Let (A, A) be a multiplier Hopf *-algebra. From now on, given a € A, we
will use the notation
Ala) = ap) ® ag)

in the following sense:

amb ® ag) = A(a)(b® 1), a@) @ ab = Ala)(1@ D)
baq) ® a) = (b® 1)A(a), agy ® bag) = (1® b)A(a)
forallb € B.

Remark 18. Let (A, A) be a multiplier Hopf *-algebra and X a left unital A-module
with module map > : A® X — X. Fixa € Aand x,y € X, then there exist b,c € A
such that b > x = x and ¢ > y = y. We define

(aq) > z)(a@) > y) = (aq)b > z)(a@c>y),

as element in X, because a(1)b ® apyc = A(a)(b® c) € A® A. To see that this is well
defined, take two elements ¢/, ¢ € A such that b’ >z = x and ¢/ > y = y. Because, A
has local units, there exist b”,¢” € A such that b"b = b, V"0 =V, "¢ = cand 'd = ¢,
then

(ayb’ > x)(a@)d >y) = (a@)b"b > z)(ap)d'd > y)

= (amb" > (V' > a:))(a@)c > (' >vy))
= (aqybt" > (b>z))(a@)d > (c>y))
(a(l)b b > l‘)( a2 )C e > y)

(a(l)b > :E)( a@)c > y).

Definition 1.2.24 (Definition, [DVZ99]). Let (A, A) be a multiplier Hopf *-algebra. A
non-degenerate *-algebra X is called a left (A, A)-module *-algebra, if X is a left unital
A-module with module map > : A ® X — X and satisfies the conditions

> (2y) = (ag) > ) (ag) & y), ‘et = (S, (L)

foralla € Aand z,y € X. Similarly, a non-degenerate *-algebra X is called a right
(A, A)-module *-algebra, if X is a right unital A-module with module map <: X ® A —
X and satisfies the conditions

*

(zy) <a = (r <ap)(y <agw), r*<a* = (z <5 a)

foralla € Aand z,y € X.

Definition 1.2.25 ([DVZ99]). Let X be a non-degenerate left (A, A)-module *-algebra.
We define the *-algebra X # A, called the smash product associated with the left action of
(A, A) on X, as the vector space X ® A with the structure of a *-algebra given by

(x#a)(y #b) = z(aq) > y) # aeb, (x#a) = (S aq) > )" #apy
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forall z,y € X and a,b € A. This *-algebra X # A is associative and non-degenerate.

*

Similarly, if X is a non-degenerate right (A, A)-module *-algebra, we define the *-
algebra A# X, called the smash product associated with the right action of (A, A) on
X, as the vector space A ® X with the structure of a *-algebra given by

(a#2)(b#y) = abuy # (z A bea))y, (a# )" =aly#(x <15 (aw))"
for all x,y € X and a,b € A. This *-algebra A# X is also associative and non-
degenerate.

Remark 19. The above multiplications is well defined because
a)y & a(g)b =Ala)(1®0b) € AR A, ab(l) ® b(g) =(a®1)A() € A® A,

for all a,b € A. Also, using the fact that for every x € X, there exists a, € A such that
a; > x = x, the next expression make sense

(x#a) = (S (aq) > )" #ajy = (S (am))a, > x)* # ay).

Proposition 1.2.26 (Proposition 6.2, [DVZ99]). Let> : A ® X — X be a left action
of the multiplier Hopf *-algebra (A, A) on a non-degenerate *-algebra X. Then the linear
map
>: X#ARX — X
rH#a®y — z(a>y)
is a faithful left action. Similarly, let < : X ® A — X be a right action of the multiplier
Hopf *-algebra (A, A) on a non-degenerate *-algebra X . Then the linear map

d: XQA#X — X
yRa#r — (y<a)x
is a faithful right action.

Definition 1.2.27 (Definition 4.13, [DVZ99]). A left action > : A ® X — X of a
multiplier Hopf *-algebra (A, A) on a non-degenerate *- algebra X is called a inner if
there exists a non-degenerate *-representation v : A — M(X) of A on X such that

y(a)r = (a@) > x)y(aw) or equivalently a>x =v(am))ry(S(aw))

forall a € A, v € X. Similarly, a right action < : X ® A — X of the multiplier
Hopf *-algebra (A, A) on a non-degenerate *-algebra X is called a inner if there exists a
non-degenerate *-representation v : A — M(X) of A on X such that

y(a)r = (x < aw)y(an)) or equivalently r<da="(5(an)))ry(aw)

foralla € A and z € X. In both cases, we say that the action is implemented by .

Remark 20. Fixa € Aand z € X. Because  is non-degenerate, there exists e € A such
that x = y(e)z, then a(ye ® a2 = A(a)(e® 1) € A® A and we see that the expresion

Y(am)ry(Slaw)) = v(ame)ry(Slaw))
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makes sense.

We have the next important result.

Proposition 1.2.28 (Proposition 5.12, [DVZ99]). If the left action of a multiplier Hopf
*-algebra (A, A) on a non-degenerate *-algebra X is inner, then the linear map

X#A—- X®A, r#a— xy(aq)) @ ag)
is an isomorphism of *-algebras with inverse given by
X®A— XH#A, r®a— xy(S(an))) # a@).

Similarly, if the right action of a multiplier Hopf *-algebra (A, A) on X is inner, then the
linear map
A# X - AR X, a#x—an ®y(ape)r

is an isomorphism of *-algebras with inverse given by
AR X — A# X, a®x— aq)y#v(S(aw))z.

Proposition 1.2.29 (Proposition 4.2. [KVZ00]). Let > : A ® X — X be a left action
of a multiplier Hopf *-algebra (A, A) on a non-degenerate *-algebra X. The action > is
inner if and only if there is an algebra *-isomorphism f : X # A — X ® A such that
fla# lpmmy) =2®1 forallz € X.

1.2.5 Pairing of multiplier Hopf *-algebras

Let (A, A,), (B, Ap) be two multiplier Hopf *-algebras and p : A x B — C be a bilinear
map. For all a € A and b € B, we define the linear functionals ,p := p(a,-) € BY and
o :=p(-,b) € AY.

Definition 1.2.30 (Definition 2.1, [DVO01]). A pre-pairing for the pair (A, B) is a bilinear
map p : A X B — C such that

(i) (ap ®@id)Ap(b) € B and (id ® op)Ap(b) € B,
(i) (pp ®@id)Aa(a) € Aand (id @ pp)As(a) € A,
(ii)) op(id ® »p)Ap(b) = wp(wp @ id)Ap(b) = aap(b),
(iv) po(id @ py)Aa(a) = py(pp @ id)As(a) = pw (a),
foralla,a’ € Aand b,V € B.

Remark 21. By the conditions above, a pre-pairing p : A x B — C induces linear maps

s A®B — B 44 BRA — B
a®b +— (Zd® ap)AB(b) b®a +— (ap ® ’ld)AB(b)
s BRA — A 43 A®B — A

ba +— (id®py)Aala) a®b +— (pp®id)Aas(a)



20 CHAPTER N° 1. PRELIMINARIES

such that (B, »4) is a left A-module, (B, «€4) is a right A-module, (A, »p) is a left
B-module and (A, 4p) is a right B-module, respectively.

Lemma 1.2.31 (Lemma 2.3, [DV01]). We have
pla,a’ w4 b) = plad’,b), pla,b 44 d)=(da,b),
p(bwpa,b) =pla,b'b), pla4pb,b)=p(a,bb),
foralla,a € Aandb,l/ € B.
Definition 1.2.32 (Definition 2.8, [DVO01]). A pairing for the pair (A, B) is a pre-pairing
p: A x B — C such that the induced actions are unital and satisfies the conditions
p(a*,b) :p(CL?SB(b)*)v p<a7 b*) :p(SA(a’)*vb)
foralla € Aand b € B.

Remark 22. 1t is shown in [DV01], that it suffices to demand the unital property only
for one of the actions defined in Remark 21.

Remark 23. If p : A x B — C is a pairing for (A, B), then the following extensions are
well defined :

p: M(A) x B — C p: A x M(B) — C
(L,R) x (aw4b) — p(L(a),b) (bwpa)x (L,R) — p(a,L(b))
(L,R) x (b 44 a) — p(R(a),b) (o 4 b) X (L,R) — p(a,R(D))

Proposition 1.2.33 (Proposition, [DV01]). Let p,p’ be two pairings for tha pair (A, B).
Then the bilinear map

(p@p): (A®A)x(B®B) — C
(a®d)x (beb) — plabd)p(dl)

is a pairing for (A ® A, B ® B). It is called the tensor product pairing of p and p/'.

Remark 24. Let p be a pairing for the pair (A, B). Then, it is obvious that the bilinear
map p : B x A — C, p(b,a) = p(a,b), is a pairing for the pair (B, A). This pairing is
called the flipped pairing of p.

Proposition 1.2.34 (Proposition 1.2, [Van18]). Let p be a pairing for tha pair (A, B).
Consider the tensor product pairing for (A ® A, B ® B), p* := p ® p, and its extension to
multiplier algebras as in Remark 23. Then, we have

p*(Aa(a),b®b) = pla,bb), p*(a®d,Ag(b))=plad,b),

foralla,a’ € Aandb, b € B.

Let p: A x B — C be a pairing for (A, B). Take the non-degenerate unital right action
of Bon A, 45: A® B — A, induced by this pairing.
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Remark 25. Fix a € A and b € B, because we have
d(a 4p b) = d'(m@id)(Da(a) = (p2id)(19d)Ax(a)) = 'py(ag)ae = dplag, bag)

for all o’ € A, we can write simply a € b = p(a(), b)a(z).

The next lemma shows that A is a right (B, Ap)-module *-algebra for the module map
43 A® B — A. It can be proved by direct calculations.

Lemma 1.2.35 ([Van18]). We have
(ad') 4 b= (a 45 by))(d' 45 b)), a* 4 b* = (a 45 S5'(b))*

foralla,a’ € Aandb € B. Here, we make use of the Sweedler type leg notation, b(;y®b2) =
Ag(b).

Definition 1.2.36 ([Van18]). The Heisenberg *-algebra associated with the pairing p :
A x B — C, is the smash product B # A associated with the unital right action «:
A®B — A.

Remark 26. There exist two non-degenerate *-embeddings j4 : A - M(B# A),a —
1#a,and jp : B — M(B# A), b+— b# 1, such that we have

bi#ta = jp(b)jala),

fora € Aand b € B. Then, when we will identify A and B with their images in
M (B # A), we will denote the algebra B # A by BA.

Proposition 1.2.37 (Proposition 1.8, [Van18]). We have
(b a) (V' # ') = bbiyy # p(aq), biz))a)d (1.2)
foralla,a’ € A andb,l € B. The algebra BA acts faithfully on A on the right by

dpa: A® BA — A
ad®b#a) — (d 4pbla

Consider now, the multiplier Hopf *-algebras with integrals (4, A, ¢) and its dual (4, A, 3).
Using the canonical pairing

pa:Ax A= C, a X @y — p(ab)

we have the next important results.

Proposition 1.2.38 ([Van18]). Consider the extension to the multiplier algebras of the
tensor product of the canonical pairing p 4 and its flipped pairing p 4. There exists a unique
unitary element V€ M(A ® A) such that

(Pa®@pa)(V,a®@w) = pala,w)

foralla € Aandw € A. Moreover, we have the relations
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(i) (id® A)(V) = ViaVis in M(A® A A),
(ii) (A ®1id)(V) = VisVas in M(A® A® A),
(iii) V* = (S @id)(V) = (id ® S)(V),
(iv) ViaVisVas = VasVis in M(A @ AA® A) (pentagon equation)

Definition 1.2.39 ([Van18]). The above element V' € M(A\@) A) is called the duality of
the pairing pa.

Proposition 1.2.40 (Proposition 1.11, [Van18]). The map

T: AA - End,(A)
wHa = [wHa:b— b, (wHa)

is an anti-isomorphism of algebras, where
Endy(A) := Span{[, T, : b a pa(b,w)] : a € A, w € A} C End(A).

Proposition 1.2.41 (Proposition 1.2, [Van18]). Consider the extension to multiplier alge-
bras of the non-degenerate faithful right action

4 (ARA) (A4 — A® A
bRV)®(w®a) — (beazw)@ba

Then :
(a®b) <V = (1®b)A“(a),

foralla,b € A.
Corollary 1.2.42. We have

(a®b) V" =(1®0b)(id® S)(A“P(a))
foralla,b € A.

Proof By calculation, we have

(1®0b)(id® S)(A“P(a))) <V = (a@) @ bS(an))) IV
= (L®bS(an))) A (ag)
:a3)®b5( )) a2)
=a®b,

then

(@a®b) < V* = (1@ b)(id ® S)(A“P(a))) Q4 V) < V*
= (1 ®b)(1d ® S)(A"(a)),

forall a,b € A. O
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Proposition 1.2.43 (Proposition 1.11, [Van18]). Foranya € A andw € A\, we have
(i) A(a) = V*(a® 1)V in M(AA® A).
(i) A(w) = V(1 @ w)V* in M(A® AA).

Remark 27. Fixa € Aand w,0 € A. Because

pi(b & bl? (9 ® 1) : 8(Wa)) p124 b,) (9 ® )7 3( a))

for all b, b € A, then
0 (Wa)) @ (W) = (0@ 1) - Alwa) = 8- win) @ (W(2))a-
Thats implies that we can formally write

(Wa)1) ® (Wa)(2) = wa) @ (W2))a-

1.2.6 Quantum double for multiplier Hopf *-algebras

Let (A, A,), (B, Ap) be two multiplier Hopf *-algebras and p : A x B — C be a pairing
for the pair (A, B).

Definition 1.2.44 (Definition 3.1, [DV01]). The twist map associated with the pairing p
is the bijective linear map

Tpi BA — B A
b®a b(l) »pa dp Sgl(b(g))(g)b@)’

with inverse map given by

': A®B — B® A
a®b — b( ®S (b >>3a43b

Remark 28. Because the actions » 5 and 4 are unital, given a € A there exist elements
e,f € Bsuchthate 5 a =aand a 4 f = a, then for all b € B, the expresions

by > 5 @ 45 Sp' (b)) @ b = buye B 5 a 45 £S5 (be) @ be)

and

by ® Sp (b )) B a 4p by = b ® Sp (b y)e 5 a 4p fbe)
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are well defined.

Definition - Proposition 1.2.45 (Definition 3.4 - Proposition 3.5, [DV01]). The quan-
tum double A <1 B associated with the pairing p : A x B — C is the non-degenerate
*-algebra (A ® B, mp) with multiplication map defined by

mp = (ma®mpg)o (idas ®T,®idg) : (A1 B)® (A= B) - A B.

Remark 29 (Proposition 3.7 - Corollary3.8, [DV01]). There are natural non-degenerate
*-algebra embeddings

a al ’ b — 1abd

Theorem 1.2.46 (Theorem 3.16. [DVO01]). The non-degenerate *-algebra A <t B and the
map
App: AxB — M(Aa B® A B)
axib — (ia®ia)(AY(a))(ip ®ig)(Ap(b))

define a multiplier Hopf *-algebra. The counit and the antipode are given by

EaB . AXB — C Sap: AxB — A B
aib — ea(a)ep(b) a<ib — T,(Sp(b) ® S, (a))

Moreover, if A and B have non-zero positive faithful integrals, then A < B has non-zero
positive faithful integrals. The left integral is given by

Vap : A B — C, axib pa(a)p(d).

Notation 7. We can formally write A qp(a > b) = a(2) > b1y ® a1y > by, for all
a€ Aandb € B.

1.2.7 Coactions of multiplier Hopf *-algebras

Definition 1.2.47 (Definition 2.1, [VZ99b]). Let (A, A) be a multiplier Hopf *-algebra
and X a non-degenerate *-algebra. By a left coaction of (A, A) on X we mean an injective
*-homomorphism a : X — M(A ® X) satistying

« a(X)(A®1) = A® X, and using the involution also (A ® 1)a(X) = A® X,
c (id®a)oa=(A®id)oa,ie.
(id® a)(a(z)(a®1)) = (A®id)(a(z))(a®@1®1)
forallz € X anda € A.

If, in addition, a( X )(1® X) C A® X, then « is called a reduced coaction. The definition
of right coaction is given in a similar way.

Notation 8. Given a left coaction « of (A, A) on X, we will use the symbolic notation
T[] ® x[) = a(x), called the Sweedler type leg notation (when A is unital, we have the
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usual Sweedler leg notation for coactions, [Swe69]). This notation is useful for calcula-
tions and we use it in the following sense : for alla € A and x € X,

rqa @z = o(z)(a®1l) € A® X, ar— @z = (a® 1)a(zr) € A® X.

Remark 30. It is obvious that the set X := {z € M(X) : a(x) =1 ® x} is a unital
*-algebra. It will be called the fixed point *-algebra of the left coaction .

Remark 31. We do not suppose the non-degeneracy for the coaction. But, because the
*-algebra X is idempotent, i.e. X? = X, we have a(X)(A® X) = A® X? = A® X and
(A® X)a(X) = A® X, this mean that automatically the coaction « is non-degenerate.

Proposition 1.2.48 (Proposition 2.3, [VZ99b]). We have
(6 X Zd) o = ’LdX
Remark 32. The relation (¢ ® id) o a« = idx implies easily that « is an injective map.

Definition 1.2.49 ([VZ99b]). Let (A, A, ) be a multiplier Hopf *-algebra equipped with
integrals. If & : X — M(A ® X) is a left coaction of (A, A) on a non-degenerate *-
algebra X. Then, the map

Qb XQA - X
rRQw +— (w®id)(a(r))

is a right action of the multiplier Hopf *-algebra (A\, 3) on X called the dual action
associated with ov.

Remark 33. The definition above makes sense, because for all x € X and w = ¢, € 121\
we have

(w®id)(a(r)) = (pid)(a(r)(a® 1)) € X

1.3 Measured multiplier Hopf *-algebroids [TV17, TV18,
Tim16, Tim17]

1.3.1 Regular multiplier Hopf algebroids
1.3.1.1 Left multiplier bialgebroids
Definition 1.3.1. A left quantum graph is a tuple (A, L, s,t), where

(1) Aand L are algebras and A4 has local units in A (in particular, is non-degenerate
and idempotent as right A-module),

(2) s: L - M(A) C L(A) is a homomorphism and ¢t : L — M(A) C L(A) is an

anti-homomorphism such that their images commute,
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(3) the L-modules A%, | A are faithful, non-degenerate and idempotent (here the mod-
ules A% and ; A are the vector space A with the module structure of the left mul-
tiplication by ¢ and s respectively, i.e., a <; © = t(z)a and x >4 a = s(z)a respec-
tively),

(4) the vector space AL ® ; A, named the balanced algebraic tensor product of AL and
1A, is non-degenerate as a right module over A ® 14y and over 1(4) ® A with
actions defined by

(@) (a®@1pay) =da®l, (@) Ipu @b) =d @b,
respectively.

Remark 34.
« The vector space A" ® A is a right module over M(A) ® M(A) with the action

(a®b)- (P®Q)=aP ®bQ.
Moreover, we have for all a,a’,b,0' € A

(a®b)-(a'@b') = ((a®b)-(1m(a)®V)) (a'@1r(a)) = ((a®b)-(a'@Lni(a))) (Lrg(a) @) = aa’'@bY'.

« The vector space AY ® ; A with the map

>o: LoAl® A - Al® A
r®(a®b) +— s(x)a®b

is a left L-module, because, by condition (2), we have
> 4((a<y)@b) = s(x)t(y)a®b = t(y)s(z)a®b = s(x)a®s(y)b = x>(a@(y>h)),
for all 2,y € L. This module will be denoted by (AL ®  A), and we will write
(5(x) @ Ipqay) - (@®@b) := x>, (a® D)
when we work with this left structure.
« The vector space A" ® ;A with the map

> LAt A — Alw A
r®(a®b) — a®bt(z)

is a left L-module, because we have
25 (0 <y) @ b) = Hy)a @ bi(z) = a @ s(ubH() = 50 (@ ® (y > b)),
for all z, y € L. This module will be denoted by *(AX ® 1 A), and we will write

(@a®b)- (Ipa)@t(x)) =a> (a®Db)
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when we work with this left structure.

« The vector space A" ® ; A with the map

<5 : AL®LA®L — AL®LA
(a@b) @z +— as(zr)®b

is a right L-module, because we have
((a<y)®@b) <5z =t(y)as(z) @b =as(z) @ s(y)b=(a® (y> b)) < z,
for all #,y € L. This module will be denoted by (A* ® ; A)., and we will write
(@) (5(2) @ L) = (€@ D) <y 2
when we work with this right action.
« The vector space A" ® ; A with the map

QG AR AL — Al® LA
(a®b) @z — a®t(x)b

is a right L-module, because, by condition (2), we have

((a<y)@b) iz = t(y)a@i(2)b = a@s(y)i(x)b = a@i(x)s(y)b = (a@(y>b)) <,

for all z, y € L. This module will be denoted by (A” ® ; A)*, and we will write
(L @ H) - (@ @b) = (@) <y

when we work with this right action.

Notation9. Let (A, L, s,t) be aleft quantum graph. Denote by AXX 1 A, the vector space
formed by all endomorphisms 7" of AY® 1 A satisfying the following condition: For every
a,b € A, there exist elements T'(a ® 1p(4)) € A* ® pAand T(1pa) ®b) € AL @ LA
such that

T(a®b) = (T(a® Ima)) - (Lama) @) = (T(1ra) @ D)) - (a ® Lmay)-

Remark 35. Given T' € AL'X A. It follows from condition (4) above, that for all a,b €
A, the elements T'(a ® 1rqa)) and T'(1 44y ® b) are unique.
We prove the next proposition in order to justify the algebra structure on the space
AEX A,
Proposition 1.3.2.

(i) We have

ALYLA - End((AL ®LA)(A®1)) ﬂEnd((AL ®LA)(1®A)) - End((AL ®LA)(A®A))-

In particular

AL;LA Q El’ld(L(AL & LA)L>-
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(ii) The vector space ALX 1 A is a sub-algebra of End(AL @  A).
Proof

(i) Let T € AL A. By simple calculations, we have

T((a®b)- (' @ 1pma))) = T(aa’ @b)

(Lamga) @ b) - (ad’ @ Laq(ay)

(Tatay @) - ((a @ L)) (@' @ 1aqa)))
= (T(Apmay ®b) - (a @ Iayay)) - (@' @ Lagay)
=T(a®Db) - (a' @ L),

=T
=T

T((a®b) - (Ipma @) =T(a®bb)
=T(a® Lyay) - (Tma) ® bb)
= (T(a® Ly - (L) ® D)) - (Lya) @)
=T(a®b) - Iy @ b’)

and

T((a®b)-(a®V))=T(ad" @)

(a ®bb/) ( '®1M(A)))
(a®b)- (1MA)®b)) (0" @ Laay)
T(a®b) - (Iamay @) - (0’ @ 1paa))
(a®b)-(d @V
forall a,b,a’, b € A.
(i) Let T}, T, € AFX A. Fixed a,b € A, because
(T1 o TQ)(CL X b) = T1<T2(& X b))
= T1(Ta(a @ 1pma)) - (Tma) @ b))
=T (Tr(a ® Lpmay)) - (1M(A) ® b)

and

(TyoTy)(a®b) =T (Ta(a ® b))
= T (To(b ® 1pma)) - (@ @ Laga)))
=T1(T2(b ® 1ma)) - (@ @ 1ma)),

if we define
(Ty 0 Ta)(a @ Lama)) = Ti(Ta(a @ L)) € A* @ LA

(T1 0 To)(Lpay @ b) := Ty (To(1pqay ® b)) € A" @ LA,
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then we can see that 7} o Th belongs to AXX [ A.
O

Definition 1.3.3. A% A is called the generalized left Takeuchi product of AL and  A.

Corollary 1.3.4. It is easy to show that if A has a unit 1 4, then the image of the injective
homeomorphism
AN A - Al @ LA, T—T(1x®1,)

is the classical left Takeuchi product A" x [ A, i.e.
AxpAz2 AR x pA={a@bec AL ® LA ¢ at(z) @b =a®bs(z) forallz € L}

Definition 1.3.5. A left comultiplication on a left quantum graph (A, L, s, t) is a homo-
morpshim Ay : A — ALX [ A satisfying the following conditions:

(1) forall z,2",y,yy € Land a € A,
Ap(s(@)t(y)as(@)t(y)) = (s(z) @ t(y))Ara)(s(z") @ t(y));
(2) foralla,b,c € A,

(AL ®id)(AL (D) (I 14y @) (a®1 g4y R1aq(a)) = (ARAL)(AL (D) (a®1aqa)))) (Taga) @1ag(a)®C).

Definition 1.3.6. A left multiplier bialgebroidisatuple (A, L, s, t, Ap), where (A, L, s,t)
is a left quantum graph and A is a left comultiplication on (A, L, s, t).

We prove the following lemma in order to get a convenient characterization of the co-
multiplication Aj.

Lemma 1.3.7. Let I : A — ALX [ A be a linear map. Then the linear maps
T A9 A= A" @A, a®b F(a)(1pma @ D)

Tor AR A= A" ®@ A, a®@b F(b)(a® Lya)

satisfy
(i) Foralla,b € Aandx € L

Ty r(a® s(x)b) =Ty p(a®b) - (Hz) @ Lpa)),
Ty r(t(r)a®@b) = Topla®@b) - (Layga) @ s(x)).
(ii) The following diagrams are commutative,

id®Th, p

ARARA AR Al A

fQ,F@id moX®id

AL®LA®AWAL®LA
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Ty, p®id id®To

AQARA——— Al AR A ARA®A AR A'® A
1d@m id®@m moX®id moX®id
A®AT—>AL®LA AR A - Al ® A

where m denotes the multiplication and X the flip map.
Proof

(i) Fixa,b € Aand x € L. We have

Ty pla® s(2)b) - (@' @ Lpgay) = Fla)(Lpga) @ s(2)D) - (@' @ Lpqgay)
= F(a)(a' ® s(2)b)
= F(a)(t(z)d @)
= F(a)(Imea) ® D) - (tH(z)a’ ® Lay(a))
= (Tir(a®b) - (t(z) ® Lya)) - (@' © Lageay)
and
T p(t()a®b) - (Lugay @ d') = FO)(tH(x)a © Lyw) - (L) © @)
= F(b)(t(x)a ® a’)
= F(b)(a® s(z)d)
= F(b)(a® Iapa) - (Iama) @ s(x)a’)
= ( ~2,F(0l ®b) - (Iagay @ s(2))) - (Lygeay ® a')

for all @ € A. By non-degeneracy of the right module A” ® A, we have the
result.

(ii) Fix a,b,c € A, we have

(id®@m) o (Ta,r ®@id)(a®b® c) = (id ® m)(F(b)(a ® Latea)) ®c)
=F()(a® Lapea)) - Aaa) ®c)
=F0)(Iapa) ®c) - (@@ 1pqay)
=(moX®id)(a® F(b)(1ra) ®c))
=(moX®id)o(id®T1,F)(a®@b®c)

[Th,ro(id@m)(a®b®c)]- (d® 1pq(a)) = Tr,r(a @be) - (d® 1pga))
= F(a)(1pa) ®bc) - (d® Lpg(a))
= F(a)(d® 1pa)) - (Laga) ® be)
= (F(a)(d® Laa)) - (Tamea) ®D)

) (Lageay ®c)
= (F(a)(Laa) @) - (d® 1pyqay)) -

)-

].

(
(Iam(ay ®c)
= (F(a)(Apmea) ®D) - (Laqa) ®¢)) - (d @ 1pq(a))
= [(id@m)(F(a)(1ra) ®@D) @c)] - (d® Laq(a))
=[(

id@m)o(Tyr®id)(a®b®c)]- (d® Ta(a))
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[Tg}po(moE@id)(&@b@C)}-(IM(A) ®d) :TQ’F(bCL®C)'(1M(A) ®d)
= F(c)(ba ® Laqea)) - (Aaqqa) ® d)
= F(c)(Ipgeay ® d) - (ba ® 1pq(a))

= (F(ce)(Apmay ®d) - (b® 1agea))) - (a® Lpqeay)
= (F(e)(b® 1pq(a)) - (Lagea) ®d)) - (a® 1agca))
= (F () (0@ Lpay) - (a®1pqga))) - (Lagea) @ d)

=[(mo2®id)(a® F(c)(b® Laa))] - (Lagca) ® d)
=[(moX®id)o (id®Thp)(a®b®c)]- (Lya) @ d)

foralld € A.
O

Remark 36. Let (A, L, s, t, Ap) be a left multiplier bialgebroid. By Lemma (1.3.7), asso-
ciated to A, we have linear maps denoted by

Tip: A® A= A" @A, a@be Ar(a)(lama) @),

TgyL :A@A—)AL@)LA, a®b'_>AL(b)(a®1M(A))

Definition 1.3.8. A left counit for a left multiplier bialgebroid (A, L, s,t,A) is a linear
map ¢ : A — L satisfying

(i) re(s(z)a) = zpe(a) and re(t(z)a) = e(a)r foralla € Aand x € L, ie. rcisa
bimodule map from ; A” to ;L;.

(i) (ze®@id)(Ar(a)(Ira)y®b)) = ab = (id @ re)(AL(a)(b®@1rqa))) foralla, b € A,
whence
e®id: AY@ pA— A a®b s(ze(a))b,

id@pe: A"@ A= A a®b t(re(d))a,

are well-defined slice maps by item (i).

1.3.1.2 Right multiplier bialgebroids

In a similar way, we have the right-handed analogue to a left multiplier bialgebroid.
Here, we give only the corresponding defitions.

Definition 1.3.9. A right quantum graph is a tuple (A, R, s,t), where

(1) Aand R are algebras and 4 A has local units in A (in particular, is non-degenerate
and idempotent as left A-module),

(2) s: R — M(A) C R(A) is a homomorphism and ¢ : R — M(A) C R(A) is an
anti-homomorphism such that their images commute,

(3) the R-modules Ay and © A are faithful, non-degenerate and idempotent (here the
modules Ay and A are the vector space A with the module structure of the right
multiplication by s and ¢ respectively, ie., a <z = as(z) and z > a = at(x)
respectively),
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(4) the Ar ® %A is non-degenerate as a left module over A ® 1 and over 1 ® A with
actions defined by

(a®1)-(d@V):=ad @V, (1Qb)-(d@¥V):=d 0,
respectively.

Notation 10. Let (A, R, s,t) be a right quantum graph. Denote by Az <A, the vector
space formed by all endomorphisms 7" of Ar ® A satisfying the following condition:
For every a,b € A, there exist elements (a ® 1)T € Ag @ ®Aand (1@ b)T € Ap @A
such that

(a@b)T=(1b)- (e 1)T)=(a®1)-((1®b)T),

where (@ ® b)T denotes the evaluation of T" at a ® b.

Remark 37. Using the notation (a ® b)T for the evaluation of 7" at a ® b, we have
(a @ b) (T, 0 Ts) = ((a @ b)T1)Ts

foralla,b € Aand T}, T, € End(Ar @ BA)°.

Definition 1.3.10. Az <A is an algebra called the generalized right Takeuchi product
of Ar and F A.

Corollary 1.3.11. If A has a unit 1 4, then the imagen of the injective homeomorphism

ARYRA — AR®RA
T — (1A®1A)T

is the classical right Takeuchi product Ap x B A, i.e.
ApxBA2 A x BA ={a®@bc Ag@ A : s(x)a®b=a®t(x)bforallz € R}

Definition 1.3.12. A right comultiplication on a right quantum graph (A, R, s,t) is a
homomorphism Ap : A — Apx A satisfying the following conditions:

(1) forallz,2’,y,y € Rand a € A,
Ar(s(@)t(y)as(@t(y)) = (ty) @ s(z))Ar(a)(t(y) @ s(z));
(2) foralla,b, c € A,

(a®1®1) - (Ap®id)(1®c)Ag(D))) = (1®1®c)- ((id® Ag)((a®1)Ag(D))).
Definition 1.3.13. A right multiplier bialgebroidis atuple (A, R, s,t, Ag), where (A, R, s, 1)
is a right quantum graph and Ay, is a right comultiplication on (A, R, s, t).

Remark 38. Let (A, R, s,t, Ag) be a right multiplier bialgebroid. In a similar way to the
left quantum graphs, we can associate to A the following linear maps

Tir:A®A—= Ar@BA, a®b— (1®b)Ag(a),
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Tor: AR A= Ag @A a®br (a®1)Ag(D).

Definition 1.3.14. A right counit for a right multiplier bialgebroid (A, R, s,t, Ag) is a
linear map €5 : A — R satisfying

(i) er(as(z)) = er(a)r and eg(at(x)) = zeg(a) foralla € Aandx € R,ie. cpisa
bimodule map from #Ap to zpRp.

(i) (er®id)((1®b)Ag(a)) =ba = (id®ep)((b®1)Ag(a)) foralla,b € A, whence
€R®id2AR®RA—>A, a®b|—>b8(€R<a)),

id®€R1AR®RA—>A, a®bHat(€R(b)),

are well-defined slice maps by item (i).

1.3.1.3 Multiplier bialgebroids

Definition 1.3.15. A multiplier bialgebroid is a tuple A = (A, L, R,tp,tr, AL, AR)
where

(i) Ais anon-degenerate and idempotent algebra,

(ii) L and R are sub-algebras of M(A) with anti-isomorphisms ¢, : L — R and
tr: R— L,

(iii) (A, L,idy,tr)isaleft quantum graph and (A, R, idg, tg) is a right quantum graph,

(iv) Ap : A — ALX Aand A : A — ArxA are homomorphism such that the
tuple Ay, := (A, L,idy, tr, Ar) is a left multiplier bialgebroid and the tuple Ag :=
(A, R,idRg,tr, AR) is a right multiplier bialgebroid,

(v) the following mixed co-associativity conditions hold
(AL @id)((1@c)Ag(h))) (a®1e1) = (10100c)- ((i[d®Ar)(AL(b)(a@1))),

(a®1®1)- (Ar@id)(AL(b)(1®¢))) = ((([d@ AL ((a®1)Ax(D)))- (10 1®¢)
forall a,b, c € A.

Remark 39. By item (iv), we have
Ap(eyar'y’) = (x@y) - Ara) - (7' @)

Ag(zyax'y’) = (x ®@y) - Ag(a) - (' @)

for all z,2’ € L, y,y € Rand a € A. Then, the maps TLL7T2’L7T1’R7T27R can be
factorized into maps

TLLZAR(X)RA—)AL@LA TQ’LiAR(X)RA—}AL@LA,

TLRZAL(X)LA—)AR@RA TQ’RIAL(X)LA—)AR@RA,
which will be called the canonical maps of the multiplier bialgebroid A.
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Definition 1.3.16 (Definition 2.1.4, [Tim17]). Let A = (A, L, R,ty,tr, A, AR) be a
multiplier bialgebroid. We say that A is called locally projective is the algebras L and R
are firm and the modules ; A, Ay, rA, Ag are locally projectives.

Definition 1.3.17. Let A = (A, L, R, t;,tgr, AL, Ar) be a multiplier bialgebroid. We
say that A is a regular multiplier Hopf algebroid if the following conditions hold

« there exists an anti-automorphism S of A, called the antipode of A, such that
S(tr(z)tr(y)atr(2)tr(y')) = 2'y'S(a)zy (1.3)
forall z,2’ € L,y,y € Rand a € A.

« there exist a left counit ;¢ and a right counit i for A such that the following
diagrams are commutative:

Ap @ pA—m2M 4 AL®LAM>A
Ti,L m TR m
AL®LAWAL®LA AR@RAWAR(@RA

Remark 40. It was proof in Theorem 5.8 ([TV17]) that the two conditions in the defini-
tion above are equivalents.

Proposition 1.3.18 ([TV17]). A multiplier bialgebroid A = (A, L, R, t;,tr, Ar, AR) is
a regular multiplier Hopf algebroid if and only if

e The canonical maps of A, T1 1, T5 1., T1 r, I3, R, are bijectives, and

e we have
A=tr(rl) - A=A-FT =1 A=A-t,(I}),
where
I ={w) : we(Ar),ae A} C L,
Lri={w() : we*A)Y,ac A} CL,
rl ={w(a) : we (r4)",a€ A} CR,
I":={w) : we (A", ac A} CR.

Remark 41. 1t is possible to extend the antipode S to the multiplier algebra M(A), by
the condition of 1.3, this extension restricts to the inverses of t;, and ¢, we write then
Sk = S|gr = t;l :R— Land Sy, := S|, = t5' : L — R. We will use the maps Sg
and Sy, instead of their inverses ¢, and tg, respectively. Moreover, with this notation,
we have

ra®b=a® Sg(z)bin A¥ ® pAforalla,bc A,z € R,

a®by=aS.(y) ®bin Ag@ FAforalla,bc A,y € L.
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The antipode and the counits are related by
Spope=¢cgol, Spoegr =105,
and we also have the following multiplicativity of the counits,
re(ab) = re(aze(b)) = re(aSg' (Le(b))),

er(ab) = er(er(a)b) = er(S; ' (er(a))d)
forall a,b € A.

Definition 1.3.19. Consider a regular multiplier Hopf algebroid
A= (A7 L7 Ra tL? tR; ALa AR)

with faithful functionals p; : L — C and ug : R — C. A functional w € AV is called
factorizable with respect to (jir,, ug) if and only if

w € Au = (LAL)u N (RAR)I—, - Av.
The set A" it is call the set of all factorizable functionals with respect to (yiz, j1r)-

Definition 1.3.20. A multiplier Hopf *-algebroid is a regular multiplier Hopf algebroid
A = (A, L, R, tL, tR, AL, AR) such that

(1) Aisa *-algebra, and L, R are sub-*-algebras of M(A);
(2) tpoxotrox =idrandtgrox oty ox =idp;
(3) Ap(a”)(b* @ c*) = (b®c)Ar(a)) @) forall a, b, c € A.
Remark 42. The condition (2) ensures that the map
(=) @(=) :Ar@FA = AF ® LA, a®brsa* ®b*

is well-defined. For a regular multiplier Hopf *-algebroid, the antipode .S and its counits
LE, € satisfy the relations

SoxoSox*x=1dy, Ero*%x =%0 S0 ¢, Eox=%x0Spoep.

Example 1.3.21. We recall the example constructed by Lu [Lu96] in the form given by
Timmermann [Tim16]. Let (H, A) be a regular Hopf algebra, i.e. its antipode Sy is bijec-
tive, and let X be a unital braided-commutative (rigth-left) Yetter-Drinfeld algebra, that is
X is a rigth H-module algebra with structural map given by < : X ® H — X and a left
H°P-comodule algebra with structural map given by X — H? @ X, x — z|_1] ® x|,
which satisfy the Yetter-Drinfeld condition

z—1jha) @ zo) < hiz) = hig)(z <ha)) -y @ (2 < ha)po (1.9)
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and the braided-commutativity condition
ry = (y < x[-1))T[)- (1.5)

Denote by A := H#X the smash product *-algebra associated with the action <I whose
algebra structure is given by (h#x)(g#y) = hguy#(x < g2))y, and let L := 1y #X. The
equation 1.5, implies that

R := {x[_l]#ac[o] cx € X} CH#X
is a sub-algebra which commutes elementwise with L, and that the maps

tr : L — R tr: R — L
1#z — x[_l}#x[o]’ x[_l]#x[o} — 1#(I[0}<]SI;1(J}[_1]))

are anti-isomorphisms. We remark here, that the equation 1.4 takes the form
tL(1#tx) (he#t 1) = (zry#w(0) (h#1)
= T-nh 7T < he)
= he) (@ <Th))-y#(z > ha)p)

= (h#1)((z < ha))—y#(z > ha)) o)
= (h#DtL(1#(x < hy)).

With the maps

ALI A — ALXLA ARI A — ARXRA
h#x +— h(l)#x &® h(Q)#l ’ xh xh(l)#x ® h(g)#l ’
€L - A — L ER - A — R
h#x — 1#€H(h)1’ ’ hx[_l]#x[o] — €H(h)l’[_1]#l’[0] ’
S: A - A

h#a: — :C[O}S%{(x[_l])SH<h)
the tuple (A, L, R, ty,tr, AL, AR, 1€,€Rr, S) is a regular (multiplier) Hopf algebroid.

Remark 43. For the example above, we recall the notation for the elements in the smash

product H#X:

ho = (h#1)(14x),  xh = (1#z)(h#1) = hay#tr < he)

1.3.2 Measured multiplier Hopf *-algebroids

Let A = (A, L,R,t;,tr, AL, Ag) be a multiplier Hopf *-algebroid with left counit /e,
right counit € and antipode S.

Proposition 1.3.22 (Proposition 3.1, [Tim16]). The following conditions on a bimodule
map o1, € Hom(p, Ay, L) are equivalent:
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(LI1) Foralla,b € A,
(id @ Lor)(Ar(b)(a® 1)) = rpr(b)a,
whereid @ por, : AY ® A — Aisdefined by (id @ Lpr)(a ®0b) = arer(b).
(L12) Foralla,b e A
(id ® (St o rpr))((a ® 1)Ag(D)) = arpr(b),
whereid @ (Sp o L) : Ap @ TA — A is defined by
(Zd ® (SL 9] LQOL))<CZ X b) = &LS(QOL(Z?))

(LI3) the following diagram is commutative:
TiL I
AR X RA —— A X LA
Ty, rorXt So(id ® rer)

R
—
AR® A id ® (Sporer) A

where RXF : Ap @ RA — AL ® LA denotes the flip map.
Likewise, for every ripr € Hom(rAg, rRR), the following conditions are equivalent:
(RI1) (b @ id)((1 © D)An(a)) = brton(a) for all a,b € A,
(R12) ((Sk o rYor) ® id)(AL(a)(1 ® b)) = ribr(a)b foralla,b € A,

(RI3) the following diagram is commutative:
T
AL @ A—"" Ag @A
Ty,ror 3R So(ryr ® id)

AL A—m
oL (Sror®R) ® id

where [ X8 1 Ap @ 1A — AR @ A denotes the flip map.

Definition 1.3.23. A measured multiplier Hopf *-algebroid consists of a multiplier Hopf
*-algebroid

A - (A7 Lu R7 tLa tR) AL: AR7 LE,ER, S>7

taithful positive functionals 17, on L and iz on R, and maps

oL € Hom( Ap,pLy) and  gYp € Hom(rAg, rRR)

satisfying the following conditions
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(1) proty = pr, pir, 0t = pp, and pi, © L€ = (R O Ep;
(2) (LI1) — (LI3) holds for ¢y and (RI1) — (RI3) holds for rig;
(3) the compositions ¢ := py, o ¢, and @ := pur o gYr are positive and faithful;

(4) there exist surjective maps rp € (rA)Y, or € (Agr)Y, L¥ € (LA)Y, ¥ € (AL)Y
such that

@ =UroRrp=Hropr and Y =ppo Y= purovYr.

We call (i1, ur) the base weight, ;¢ the partial left integral, rir the partial right inte-
gral, and the compositions ¢ and v the total left and the total right integral, respectively.

Example 1.3.24. Consider the regular (multiplier) Hopf algebroid associated with a uni-
tal braided (right-left) Yetter-Drinfel’d algebra X over a regular Hopf algebra (H, A), see
Example 1.3.21. If, we suppose that ¢y is a normalized integral of H, i.e. (1) = 1 and
r(hy)hey = du(h)lg = haypu(he)) forallh € H. Then, the maps

Lo H#X — L LUr H#X — L
hite  — xou(h)’ hxy#ze — x¢u(h)

are partial left and right integrals for the regular (multiplier) Hopf algebroid, respectively.

Theorem 1.3.25 (Theorem 2.2.3,[Tim16]). Let (A, pir,, fir, 1YL, RUR) be a measured mul-
tiplier Hopf *-algebroid. Then, the functional yuy, (up and the total integrals ¢, 1) admit
modular automorphisms o, o, 0¥, 0", respectively, and

UL:J¢|L:SROSL, O'R:Ow|R=S}_ZIOSL_1,
Apoc? =(5*®0%) oAy, Apoo? = (0" ®S?) oAy,
Aroo? = (5?®0%) o Ag, Agpoc? = (0¥ ® S %) o Ap.

If A is locally projective, then
o’(L)=L, ppoo¥|p=pL, o’|lpor=op0vy,

Uw(R) =R, pugr OULP|R = HR, USO|R ORY =O0ORO PR

Theorem 1.3.26 (Theorem 2.2.4, [Tim16]). Let (A, ur, jtr, L@L, RYR) be a measured
multiplier Hopf™*-algebroid. Then there exist invertible multipliers §,0", 6~ € M(A) such
that ) = @5, p0 S = s+ and po S™1 = 5- .

1.3.3 Duality for measured multiplier Hopf *-algebroids

Let A = (A, L,R,tr,tr, AL, AR.1€,€R, S) be a multiplier Hopf *-algebroid with base
weight (17, 11r) and partial integrals (o1, r1r). In this section we recall the construc-
tion of its dual and we will give the theorem of duality for measured multiplier Hopf

*-algebroids.
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As before, we write ¢ = py 0 g, and 1) = g o gy for the total left and right integral,
respectively. The set

A={p,:acA={up:acA={Y,: a€ A} ={) : ac A}
is a sub-space of the factorizable functionals vectorial space
AY = (AN N (TAR)” = (1AL)” N (rAR)" = ("AL)" N (RAT)".

Remark 44. A functional w : A — C belongs to A" if and only if there exist unique
module maps

w € (LA)Y, wpe(AL)Y, pwe(rA)', wre€(Ar),
Lwe (FA)Y, whe(Ah)Y, Fue (fA)Y, wfe Ay,
such that

L L R R
W= ULOoLWw = HroWp = URORW = UROWR = {0 W = UL OW"~ = URC W = UROW .

In this case, by unicity, we have

"w=Spowp, w'=Spopw, "w=S8, 0w, w=5 0w,

because
,[LLOSR:,LLR, and /LROSL:,UL.

Lemma 1.3.27 (Lemma 3.1.1, [Tim17]). Using the linear maps,

L®E — A E@L — A

Y® Yo > Pya Ca®Y = Pii)a
R®fl — A fl@R Y
TRap atR(z)(p’ apRT = CL:E()O7

the vector space Ais idempotent and faithful as L-bimodule and as R-bimodule. Moreover,
if A is locally projective, then also A is locally projective as a right and as a left module
over L and over R, respectively.

Proposition 1.3.28 (Proposition 6.1, [Tim16] - Lemma 3.2.3, [Tim17]). Letw € A" and
a € A. Then, there exist unique multipliersw > a € M(A) anda <Qw € M(A) such that

(W a)b = (i[d T W) (AL(@)(b® 1),  bwsa) = (id @ E0)(b® 1)Ar(a)),

(a <tw)b:= (W" @ id)(AL(a)(1®b)), bla <w) = (wg ® id)((1 ® b)Ag(a)),
forallb € A. Moreover,

. Forallw,@GA\andaeA, we havew > a,a <0 € A and

wb>(a<l)=(w>a)<l, cw>a)=wla), ela<b)=~0(a).
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e Foralla,b € A,
p>b=S(py>a), and b<, = S(a<p).
(i) The vector space Aisa non-degenerate idempotent algebra with multiplication
given by
wx 0i=w®0) oA, =(w®0l)oAg.
135 KR
(i) We have

MA)={weA” : w>paecAdanda<we Aforalla € A}

(iii) There exist an injective homomorphism

y JL'(y>W = Wy
Wir(y) == Wi, (y)

and an injective anti-homomorphism

R jR_(ﬂf)w = tr(a)W
wig(x) == ,w

such that

Consider the bilinear maps

(] ): (A"®A4Y) x (AfepA) — C
(w®0) X (a®b) (wg@@)(a@b),

(] ) (A"®4Y) x (Apef4) — C
(w®0) X (a®b) +— (W®O)(axD),

then, we have the next important theorem

Theorem 1.3.29 (Theorem 3.3.6, [Tim17]). There exist unique maps
AL A— A XEA, Ap: A — ATXRA,

such that for allw, 0 € A and a,be A

((w®DALB)|a®b)

(w@0|AL(a)1®D)),

(Ar)(1®0)|awb) = (w0 (a@1)Ap®b)),
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and the tuple A= (/Al, R, Lt s KR, AL) is a multiplier bialgebroid which is locally
projective.

Theorem 1.3.30. Consider the linear maps

S

€

— A\ Rgi A\ — R
— oS’ 0 = erla)’ Yo — rea)’

<

w
Then, (A\, R, Lt th' KR, AL, RrE,EL, §) is a regular multiplier Hopf algebroid.

Definition 1.3.31. The tuple A is called the dual regular multiplier Hopf algebroid of
A= (A, pr, iR, LPL, RYR)-

Proposition 1.3.32 (Proposition 3.2.6, [Tim17]). Let (A, pr, g, 1L, R R) be a mea-
sured multiplier Hopf *-algebroid. Then Aisa *-algebra with respect to the involution
given by

w*(a) = w(S(a)")

forallw € Aanda € A.

Consider the linear maps

~

LQZL: A = L R@R: A\ — R
Yo — rela) A — erla)’

Then, we have

Theorem 1.3.33 (Theorem, [Tim17]). Let (A, uir, g, L5, RUR) be a measured mul-
tiplier Hopf *-algebroid, where A is locally projective. Then, (A, ug, iir, RPR, LUL) is a
measured multiplier Hopf *-algebroid, where A = (A, R, L,tr tr, Ag, Ap).

The next theorem establishes the duality in the case of measured multiplier Hopf *-
algebroids.

Theorem 1.3.34 ([Tim17]). Let (A, i, ptr, YL, RYR) be a measured multiplier Hopf ™*-
algebroid, where A is locally projective and let (A, g, jir, RPR, L01) be its dual. Then,

-~

the map A — (A)Y given by a — a" is a *-isomorphism from (A, ur, ir, 1YL, RUR) t0
the bidual (A\, L, R, LéL, R”lZR), where A = (A\, L.R,tr. tr, Ap, 33).

1.3.4 A simplified definition of a multiplier Hopf *-algebroid

Let A be an idempotent non-degenerate *-algebra, B a non-degenerate *-algebra, o :
B — M(A) be an injective *-homomorphism and 5 : B — M(A) be an injective
anti-*-homomorphism such that its images commute elementwise in M(A). Denote
t = Boa™! the bijective anti-*-homomorphism from «(X) to 3(X). It is straightforward
to prove the following lemma.
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Lemma 1.3.35 ([TV18]). The formula a; ® ay — aj ® aj defines invertible anti-linear
maps

Aup) ® amA = APB) @ PBIA - Agp @ gpA— AP g By
AYB) @ L mA = Agp © PBA,
that give rise to the following anti-linear bijective map:
# . End(A*P) @ 4mA) = End(Agp @ PPIA), T (x@%) 0T o (x®x).

Lemma 1.3.36 ([TV18]).

e Thetuple (A, a(B),id,t) is a left quantum graph if and only if the tuple (A, B(B), id, t ')
is a right quantum graph.

e The tuple (A, a(B),id,t,A,) is a left multiplier bialgebroid if and only if the tu-
ple (A, B(B),id,t™*, A?) is a rigth multiplier bialgebroid. Here we use the notation
Al (a) .= A¥(a*) foralla € A. Inthis case, the tuple (A, a(B), B(B), t,t71, A,, A¥)
is a multiplier bialgebroid. Moreover, a map ¢ is a left counit for (A, a(B),id, t, A,)
if and only if the map t o ¢ is a right counit for (A, B(B),id,t~1, Af).

Then one can easy deduce

Proposition 1.3.37. Suppose that the multiplier bialgebroid
A= (A,a(B),B(B),t,t7", Ay, AL)

is a multiplier Hopf *-algebroid, with left counit €, right counitt o € and antipode S. Then,
if 1 is a faithful positive functional over B and ® : (g Aoz — o(B) is a linear map
which satisfies

(id @ ®)(AL(a)(a® 1)) = ®(a')a,

foralla,a’ € A, where
id@®: AP @ ;A — A, a®b ad(d)

Yo® : A — C is positive. Then,

and j1o o~
(A,poa ™t uo 1, ®,Sodos)
is a measured multiplier Hopf *-algebroid.
Using this proposition and Lemma 1.3.36, we have the next more simple definition.
Definition 1.3.38. In the setting of the proposition above, we say that a tuple
(A, B,a, B,An, €, 5, 1, @)

is a measured multiplier Hopf *-algebroid with base weight 1 et left partial integral ®, if

(A, a(B), B(B),t,t7, Ay, A%)
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is a measured multiplier Hopf *-algebroid with base weight (uoa™!, poa ™ ot™1) and
with left and right partial integrals given by ® and S o ® o S, respectively.
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Chapter N° 2

Yetter-Drinfeld *-algebras over algebraic quantum

groups

2.1 The category of algebraic quantum groups

Definition 2.1.1. An algebraic quantum group is a multiplier Hopf *-algebra (A, A)
equipped with a positive left integral ¢. We will use the notation G = (A4, A, ¢).

Remark 45. By Theorem 1.2.10, a left (or right) integral of an algebraic quantum group
is always faithful.

Example 2.1.2. Let G be a group. By the Example 1.2.5 and Example 1.2.13, we have
two algebraic quantum group (Fun;(G), A, ¢) and (C[G], A, ¢'). They are in duality as
multiplier Hopf *-algebras with integrals.

Remark 46. Let G = (A, A, ¢) be an algebraic quantum group. It was show [Kus03] (see
4.2.56) that there exist an anti-*-isomorphism R : A — A called the unitary antipode of
G. This object have similar algebraic properties as S and also allows have some analytic
features close to framework of C*-algebraic quantum groups. Then, instead of use 5,
we will use the unitary antipode R and fix the left integral of G, we will use ¢/ := po R
as its right integral from now on.

Definition 2.1.3. Let G = (A, A, ¢) be an algebraic quantum group. By Theorem 1.2.20,
(A, A, §) is an algebraic quantum group, then the triple G:= (A, AP Bo R)isalso an
algebraic quantum group, called the dual algebraic quantum group of G, where Acop .=
Yia0A.

Remark 47. We define the dual algebraic quantum group in this sense, the comultipli-
cation being the co-opposite, because it is more compatible with the theory of quantum
groups in the operator algebraic setting.

Definition 2.1.4. Let G = (A, A, ¢) be an algebraic quantum group. We define

« the opposite algebraic quantum group of G as the triple (A, AP p o R), and we
will denote it by G°.
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« the commutant algebraic quantum group of G as the triple (AP, A, ), and we
will denote it by G°. Here,

A%(aP)(bP @ ) == ((b® c)A(a))P® P,
(b @ PYAP(a?) == (A(a)(b® c))P @
and % (a’?) := (a).
Definition 2.1.5. An algebraic quantum group G = (A, A, ) is said to be of compact

type if the *-algebra A is unital, and it is said to be of discrete type if its dual G is of
compact type, in other words, if the *-algebra A is unital.

Let (A, A) be an algebraic quantum group. Using the left Haar integral, we can define
an inner product on A in the following way

(-, )y ARA — C
a®b — ¢(a*b)

Lemma 2.1.6. The algebra End(A) is an *-algebra with the involution given by

*: End(A) — End(A)
T — T

where
(T(a), b)y = (a, T"(b)),
foralla,b € A.

Proof 1t is straightforward. [
Lemma 2.1.7. Foralla € A and 6 € A, we have the following relation
0-p, = PaeaS-1(0)

Proof Fixa € Aand € A. By direct calculation and using the strong left invariance
of .

0 ¢alc) =

forall c € A. ]
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We recall three linear maps associaded with an algebraic quantum group (A4, A)
7: A — End(A) 7: A — End(A)
a +— [brrabl w = [0 w-0

~

A A — End(A)
w = b (S w) ®id)Ab)]

For the linear map )\, we know that it is relate to the right action associated with the
canonical pairing pa : A x A — C, a X ¢, — p(ab), ie.

~

Mw)(a) =a €4S (w)

for every w € Aanda € A.
Lemma 2.1.8. We have

foralla € Aandw € A.

Proof The two first equalities are straightforward. The last equalities follows because
we have

il
€ €

I
SERCERCER

b

S

&
©
=
N~—

tJ>

—)6

(
(
(
ala” 4w, pyp)
(
(a
(a

[
—~
= 5
- Q
*
-
—~
ST
* *
~— ~—
SRSy
~—
A

foralla,b € Aandw € A. 0

Lemma 2.1.9. The maps defined by

7: A — End(A) 7: A —  End(A)
a +— [brrabl w = [0 w-0)
A A o End(A)
w = b (S w) ®id)Ab)]

are *-homomorphisms.

Proof The maps 7 and 7 are obv1ously homomorphisms, because they are the left mul-
tiplication of A over A and of A over A, respectively. On the other hand, fix w and 6 in
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121\, then

®id)A((S7'(0) ® id)
0) ® A)A(a
id)(id ® A
id)(A ®id

>~
—
&
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—~
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—~
e
S—
—~~
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)
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A(a)
A(a)
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I

>
—~

S

>
~—
—~

Q
~

for all a € A. It follows from Lemma 2.1.8 that this maps are *-homomorphisms. [

Lemma 2.1.10. Forw € A, we have A(w) = F~! o #(w) o F, where F is the Fourier
transform defined in Remark 17.

Proof Fix a € A, then

for all z € A. This implies the result. [

Lemma 2.1.11 (Heisenberg commutation relations). For any a,a’ € A, we have

7T(a))‘(cpa’) = )‘(Qpa“)a’)ﬂ-(a@))

in End(A).
Proof Fixed a,a’ € A, we have

(@) M) (b) = a(S™ (% ) @ id)(A(b)

Yo 0 St ®id)((1®a)A(b))

par0 87 ®Zd)(( (a()) ® 1)Afag) ))
®Zd)((5 ®id)(Ala@)b))(aq) ® 1))
oy r o STt ®id)(A (ae)

(%<1 )(a@b)

AMPagya)T(a(2)(0),

= (
= (
= (a a2)
= (¢a b))
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for all b € A. Here, we use the equality

(1@ a)A(D) = ba) @ ab)

]

Definition 2.1.12. Let G = (A, A4, ¢) and H = (B, Ap, ¢®) be two algebraic quan-
tum groups. A non-degenerate *~-homomorphism ¢ : A — M(B) is called a morphism
fromHto Gif Ago® = (d® ®) o A4,

Definition 2.1.13. We define the category AQG called the category of algebraic quan-
tum groups as follows

« Its objects are the algebraic quantum groups.

« Its morphisms are the morphisms of algebraic quantum groups in the sense of
Definition 2.1.12.

The next result is well know in the case of Hopf algebras and locally compact quantum
groups.

Proposition 2.1.14. In the category AQG, we have

—_ o~

626, G =(G)r, (692G

Definition 2.1.15. Let G = (4, A4, ¢*) be an algebraic quantum group. An algebraic
quantum group H = (B, Ap, ) is called a closed quantum subgroup of G if there exists
a surjective morphism from H to G.

Remark 48. We will justify the term closed, when we discuss C*-algebraic quantum
groups.

2.2 The Heisenberg algebra of an algebraic quantum
group

Let G = (A, A, ¢) be an algebraic quantum group.

Definition 2.2.1. Let py : Ax A — C, a X w w(a), be the canonical pairing.
The Heisenberg *- algebra of the algebraic quantum group G is the Heisenberg *-algebra
associated with the canonical pairing p 4, it will be denoted by H(G) := AA. The duality
of the algebraic quantum group G is the duality associated with the pairing p4, it will be
denoted by V' or simply by V.
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We recall that

H(G) = AA = {w#a : (wH#a)0#b) =w 0u)# (a 45 02)b}
={w#a: (WHa)(0#b) =w- (aq)»ab)#apb}.

and there exist two non-degenerate *-embeddings

ja: A — M(H(G)) ji: A
a 1#a 7 w

such that
wH#a=ji(w)jala)
foralla € Aand w € A

Remark 49. Using the “-embeddings of A and A in M(H(G)), we can consider U €
M(A®A) as an element in M (H(G) G)®A) or as an element in M (A® H(G)). Similarly,
we can also consider U € M(A® A) as an element in M (H(G) ® A) or as un element
in M(A® H(G)).

Now, the Heisemberg *-algebra of the algebraic quantum group Ge = (A\, A, p) is given
by

H(G®) = AA = {a#w : (a#w)(b#0) = abuy # (w 44 b)) -0}
={a#w : (a#w)(b#0) =alwa) »3b) #we) -0},

and the next proposition shows its relations with H(G).

Proposition 2.2.2. The linear map

®: HG) —

@)
wH#Ha — Sa)#S™

H(w)

is an anti-*-isomorphism
Proof We have

D((w#a)(04b)) = O(w - 0 # (a 45 02))d)

((a 4z 02)b) # 5w - O))

(b)S(a 453 02) # 57 (6) - 5 (w)
(D)(S7 (62)) » 1 S(a
(b)(§‘1(9)<1> >

= (S(b) #S

I
’“O)O)CQOD
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2.3 Corepresentations of algebraic quantum groups

Let G = (A, A, ) be an algebraic quantum group and X be a non-degenerate *-algebra.

Definition 2.3.1 (Definition 5.1, [Kus97a]). A corepresentation of G on X is an element
W in M(A® X) such that (A ®id)(W) = Wi3Was. If also W is unitary in M(A® X),

we say that W is a unitary corepresentation.

Notation 11. For any W € M(A ® X), we use the notations
Wiz := (Ea,4 ® id)(1pa) @ W), Was == 1pqa) @ W,
both elements are M(A ® A ® X).

Proposition 2.3.2 ([Kus97al]). For any unitary corepresentation W of G on a non-degenerate
*-algebra X, we have

c A X =span{ (a@ 1)W(1l®z) : a€ A,z € X }
e AR X =span{ (1@z)W(a®1) : ac A,z e X }
e AR X =span{ (a@ 1) W*(1®z) : ac A,z e X }
e AR X =span{ (1@z)W*(a®1) : ac A,z e X }

Remark 50. For any w = ¢, € Aand P € M(A® X), we define (w, ® id)(P) as the
element in M(X):

[(w®id)(P)lz = (p@id)(Pla® 1)), z|(wid)(P)]:=(p@id)((p~'(a) ® 2)P),
for all z € X. Moreover, we have
(w1 - wy ®id)(P) = (w1 @ we ®id)((A ®id)(P))

and
(w1 ®id)(P)(w2 ® id)(Q) = (w1 @ w2 ® 1d)(P13Q23)
for every wi,ws € Aand P,Q € M(A® B).

Proposition 2.3.3 ([Kus97a]). Let W be an element of M(A® X) and consider the linear
map
w = (weid)(W)

Then, W' is a corepresentation of G on X if and only if Oy is an homomorphism.

Proposition 2.3.4 ([Kus97a]). Let W be a corepresentation of G on X. Then the following
statements are equivalent:

(i) W is unitary with W* = (S ® id)(W).

(ii) (5 ®%d)(W) = 1.M(X)-
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(iii) WA X)=A® X = (A X)IW.
(iv) Oy is a non-degenerate *-homomorphism.

Proposition 2.3.5 ([Kus97a]). Let Y be a non-degenerate *-algebra and W a corepresen-
tation of G on X. If0 € Hom(X,Y), then (id @ 0)(W) is a corepresentation of G on'Y’
such that 0 (;aze)wy = 0 0 Ow . Moreover, if W is unitary, then (id ® §)(W) is also unitary.

2.3.1 The universal corepresentation

Let G = (A, A, ) be an algebraic quantum group. In this section we mainly recall the
construction of the universal corepresentation of G and the natural bijection between
corepresentations of G and representations of A.

Remark 51. Because A is a subset of AV, we can regard A ® A in a natural way as a
subspace of End(A).

Consider the following linear maps

U: AA — End(A)
a@w = [br (id®w)(AD)(a®1))]

U : AA — End(A)
a®@w = [b (w®id)((1®a)AD))]

Lemma 2.3.6 ([Kus97a]). Foranya € Aandw € A, we have that Ui(a®@w) and U, (a®@w)

~

belong to A ® A. Moreover, we have
U((a@w)(d@w)) =U(e@w)(d®w), Ul(ledw)(dew)) = (a®w)U.(deuw)

and
Ula®@w)(d @w)=(a®@w)l(d @w),

foranya,d € Aandw,w’ € A,
Theorem 2.3.7 ([Kus97a]). There exists a unique element U in M(A ® ﬁ) such that
[U(a@w)](b) = (id@w)(A(D)(a® 1)), [(@a®@w)U](b) = (weid)((1®a)Ab))
foralla,b € Aandw € A. Moreover, we have the following properties:
(i) U is a unitary in M(A ® A).
(ii) (A ®id)(U) = Uy3Uss.
(iii) (id @ A)(U) = UpaUys.
(iv) (w®id)(U) = w forallw € A, this implies that 0 = id 3.

(v) (id® a)(U) = a foralla € A (here we use the identification of A and A).
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Definition 2.3.8 ([Kus97a]). By the theorem above, we have that U € M(A ® A) is a
unitary corepresentation of G on A and it is called the universal corepresentation of G.

Remark 52. Denote U = (U = (S(U)) € M(A® A). In [Kus97al, it was
prove that U* = 3(U) is the universal corepresentation of the algebraic quantum group
(A, A, p). Now, follows from items (i¢) and (¢ii) of Theorem 2.3.7, that

(A @ id)(U) = Uslis,  (id® A)(U) = Ui,

that means that U is the universal corepresentation of G.

The next theorem shows the property of universality of the corepresentation U.

Theorem 2.3.9 ([Kus97al). For any unitary corepresentation W of G on a non-degenerate
*-algebra X and any 0 € Hom(A, X), we have

(i) (id @ Oy )(U) = W

(it) Oiaze)(v) = 0.

2.4 The algebraic multiplicative unitary

o~

Let G = (A, A, ) be an algebraic quantum group, G = (A, A®P, 30 ) be its dual, V
the duality of G and H(G) the Heisenberg algebra of G.

Definition 2.4.1. By Theorem 2.3.7, for an algebraic quantum group G we have a unique
unitary element U € M(A® A) such that (A ®id)(U) = Uy3Uss and (id @ A®P)(U) =
Ui3U;2. This element will be called the algebraic multiplicative unitary of G, and will
denoted by U® or sometimes simply by U.

Remark 53. By Remark 52, U = X(U*) € M(A @ A) is the algebraic multiplicative
unitary of G.

Lemma 2.4.2. IfU is the algebraic multiplicative unitary of G, then
U<a ® Spb> = Sil(b(l))a ® Pb(ay s (a ® @b)U = a(SS(b(Q)) ® Py
foralla,b e A.

Proof Forallce A
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and

[(a® @p)U](c) = (¢p ® id)((1 ® a)A(c))
= (Y51 @1d)((1 ® a)A(c))
=a(y ®id)(A(c) (b6t @ 1))
= aS((¢ @id)((c® 1)A(b5 1))
= aS((¢Y ®@id)((c® HAD)(6 @ 67h))
= aS(b(2 )w(Cb(l o~ 1)
=aS(b 2)5 ) ( )
= [adS(bz)) ® sob(l)] c)

Lemma 2.4.3. If U is the algebraic multiplicative unitary of G, then
U*(a ® wp) = baya @ gy, (a®pp)U* = ad boy) @ by P
foralla,b € A.

Proof Fixa,b € A, if we write A(b)(a® 1) =p®q € AR A, then

[U(p @ py))(z) = (id @ 0 ) (A(z)(p @ 1))
(id @ ) (A(z)(p ® q))
(1d @ ) (A(zb)(a ® 1))
ap(xb)

(a ® ¢)](7),

for all x € A. This implies that
U*(a ® SOb) =P Yq = b(l)a ® Pbay -
Similarly, if we write (1 ® ad ')A(b) = ¢ p € A® A, then

(o ®id)((1 @ p)A(z))
= (p®@id)((¢ ® p)A(x))
= (p®id)((1 ® ad ") A(bx))
ad” lgo(bx)é
= [(a ® pp)](x),

[(p @ 4p)U](2)

for all x € A. This implies that

(a®@p)U" =p® ¥ = aéilb@) & by, P-
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Remark 54. Using the equality A(p(q)) = (5* ® p)(A(q)), we have

(P ®qp)U = (p @ Pye))U
= pdS(p(q ) >® Pp(a) (1)
= pdS(p(q@2)) ® Ps2(qu)
=pdS(p(q)) ®

for all p, ¢ € A. Then, put a := pdS(p(qe))) and b := p~(S%(¢(1))), we have

(1@ pdS(p(ge))d Al (S*(qw))))
= (1@pp ' (S(g3)) a0y ® p~ (5*(q)))
) @ pp~ (S(S(a@)43))

= e(q@)aq) ®p

= q®p.

“1(S%(q(1)) P

(1®ad~)A(b) =

Example 2.4.4. Let G = (Funs(G), A, ) be the algebraic quantum group of complex
finitely supported functions on a group G. The “formal” element

=> 5, ®U, € M(Funy(G) ® C[G])

geG

is the algebraic multiplicative unitary of G, because by simple calculation
(id®U,)(A(g)(p@1)) = [US(p2Uy)l(g)  (Uy@id)(1®p)A(q)) = [(p®Uy) U] (a),

forallp,q € Fun;(G) and g € G. This also implies, that the “formal” element

o~

US =X((U°)) =) Uy ® 0,1 € M(CIG] @ Funy(G))

geG

is the algebraic multiplicative unitary of G = (C[G], A, §), because

= 259—1 X Ug

geG

In order to say more about the algebraic multiplicative unitary U, we will establish its
relationship with the duality V.

Proposition 2.4.5. We have
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Proof By Lemma 2.4.2, we have

(Pa @ Pa)(B(U), (g »7a) @ (b»a pr)) = (pa @ Pa)(E(U), (pa ®b) > (¢ ® pw))
= (pa @ pa)(E(U)(pa ®@b),d' @ @)
= (Pa@pa) (U ® @), o @ a')

= (P2 @ pa)(S™H a@)b ® Pag,, o0 @ d)

= oy (S~ (aq))b)p(d o))

= oy (S ((id ® ¢)((1 ® d')Ala)))b)

= oy ((id ® ) (A(a) (1 ® a)))

= (sour ® a)(A(d))

= PA(A(d), oy @ Pa)

:pA( y Pbb! * )
= palpa »5d, Q)
:pA( »ACL b»Ang/)

for all a,a’, b, b’ € A. The result follows from the fact that the actions coming from the
pairing are unital and from the unicity of the duality V. ]

Remark 55. It is obvious that A is a left A-module with the module map given by

>y A®A - A
wa — Mw)(a)

Moreover,

wya= (S w) ®id)Alad) = a <5 5 (W),

foralla € Aandw € A\, and then

w >y (ab) = ab €3 S (w)
= (0 45 S (we)) (b €5 5 (wyy))
= (w() >a a)(wa) >a b),

foralla,b € Aandw € A. This implies that > is a left action of (A\, ﬁ“’p) on A.

Proposition 2.4.6. The map

Dr (ARA)®(ARA) - ARA
(@) BRXY) — ab (w>yb)

defines a unital non-degenerate left action of the algebra A ® Aon A® A, such that its
extension to multiplier algebras> : M(A® A) ® (A® A) — A ® A satisfies

Urx (a®b) = (S @id)(AD))(a® 1),

foralla,b € A.
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Proof Fixa € Aandw € fAl, then

(aR@w) >\ (0RV)=ab® (w>)\b)
—ab® (' €5 5 '(w))
= Yo (id® S @ Sb)) < (S (w) ® S(a))]

=Yo (id® S| @ Sb)) < (
for all b, b/ € A. The last equality implies that for all T € M(A ® A) we have
S(T) »a(a®b) =T o (id@ S™H[(b@ S(a) < (57 @ S)(T)),
for all a, b € A. In particular, it follows from the lemma above that

U.>A(a®b) =%(V) >y (a®Db)
= Yo (id® S™H[(b® S(a)) < (5@ 9) (V)]
= Yo (id® S H[(b® S(a)) < V]
= Yo (id® S™H[(1® S(a))A(b)]
E(b(m@s Hbay)a)
—(S ®id)(A(b))(a®1).

O
Corollary 2.4.7. We have
Uy (a®b) = Alb)(a® 1),
foralla,b e A.
Proof Fix a,b € A. It follows from the equality
Uxba(A0)(a® 1)) =U «>x (buya® be)
= (57 ®@id)(A(b))(bna® 1)
= 57 (b@)bwya @ b,
= E(b(l))a X b(z)
=a®b
that
U'ra(a®b) =U" 2 (Ur>y (Ab)(a®1))) =A)(a®1)
O

Proposition 2.4.8. We have
Aa)=U"(1®a)U e M(A® H(G))

and

~

A“P(w) = U* (1 @ w)U € M(A® H(G)),
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foralla € Aandw € A.

Proof It follows from Proposition 1.2.43, that
Aa) = X(A(a)) =2V (a2 )V)=2V)" 1 a0)X(V)=U"(1®a)U,

and
AP(W) =V @w)V* =S(U)* (1 ow)S(U*) = U (1@ w)U,

forallaeAandwEA\. O]

Proposition 2.4.9. We have
Ur2U13Uss = UasUnz

in M(A® H(G) ® A).

Proof As U = ¥(V), the result follows from item (iv) of Proposition 1.2.38. O

A similar result to the next lemma has been proven in [KV97]. Here we give a purely
algebraic prove necessary for our purpose.

Lemma 2.4.10. Foralla,b € Aandw € A, we have
(id® a)(U(b®w)U") = (id ® w)(Aan)))bS(a@)
Proof Fixa,b€ Aandw € A.If we denote U(b ® w) := > i Di @ w;, then

Zpiwz-(C) = [U(b@w)l(c) = (id © w)(A(c)(b® 1)) = (id ® w)(A(c))d,

for all ¢ € A, this implies that

Ub@w)U"),>yr(d®e)=(UbRw)): >\ (U >y (d®e))
= (sz X wi)ﬂ > (6(1)d (9 6(2))

= sz ® (57! (wi) @ id)Alew)
= sz )4 & wi(S™ (e))e)

= Zpiwi(5*1(€(2>))€(1>d ® €(3)

= (Zd & w)(A(S‘l(e(z))))be(l)d & e3),
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forall d, e € A. Now, we denote U(b®@ w)U* := } . q; @ 0;, then
(id @ a)(U (b ® w)U*)d qu

= (id®e)(D_ q;d @ 0;(ag)S(ar))

j
= (id® 6)(2 g;d @ (S71(0;) @ id)A(S(a)))
= (id® 6)((2 7 ®0j)x >x (d® S(a)))
id®e)(Ub@w)U x> (d® S(a)))
id @ e)((id ® w)A(S™'(S(a)2)))bS(a) (1yd @ S(a)3))
id © w)(A(S™(S(a)(2))))bS (@) 1yd
id®w)(A(a(1)))bS(a(2))d

(
(
(
(

for all d € A. As A is non-degenerate,

(id @ a) (U(b @ w)U*) = (id @ w)(A(aq)))bS(ag)-

Lemma 2.4.11. Forallw,0 € Aanda A, we have
(id ® w) (U (0 © a)U*) = S(wqy) - 0+ (id ® a) (AP (wz))

Proof As U is the algebraic multiplicative unitary of G, we can use Lemma 2.4.10 to conclude.

O]

Example 2.4.12. Let G = (Funs(G), A, ) be the algebraic quantum group of complex finitely

supported functions on a group G, with dual given by G = (C[G], A, §). Associated with the
canonical pairing p : Funy(G) x C[G] — C, 04 x Uy, + 04 1,, we have the right action of (C[G], A)
on the *-algebra Funy(G) defined by

< Funy(G)® C[G] — Funs(G)
dg @ Uy, — 5;1719

Then, the Heisenberg algebra of G is
H(G) = C[G] # Fung(G) = span{Ug # 0n : (Ug # 0n)(Ug # 0,) = Ugg # g-1105}-
Moreover, using the formal notations
Ugon = Uy # Op, OgUp :=Up # Oop-14 = Updp-14,
we have . e
UCA@G,) = (1®6,)U® and  USA“P(U,) = (1 U,)US,
for all g € G. Recall that we have, for allg € G

=D @1y, and A(U,) =U, @ U,
heG
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2.5 Drinfeld double for an algebraic quantum group

In this section, we give the contruction of the Drinfeld double for an algebraic quantum group,
in the form close to [NV09, Nak96].

Let G = (A4, A, ¢) be an algebraic quantum group, G = (A, AP G o R) be its dual and U be
the algebraic multiplicative unitary of G.

Lemma 2.5.1.

(AP @ idp(a)) o T = (idyyz) ® Zv) o (Bu @ id ) © (idpa) @ Acr)
(id g qy ® A) 0 By = (Sv @idpga)) o (idaga) ® Xu) o (A @id,y 7))

Proof Easily, we have the relations

(Zd/\/[(ﬁ) (9 ZU) = Ad(E(U)QB) 0 Xo3
(ZU &® ZdM(A\)) == Ad(E(U)lg) o 212
(ZdM(g) ®A) oY = 212 o 223 ¢} (A®7’dM(A\))
(BCOP ® ZdM(A)) 02 =9302120 (sz(A) & Acop),
then
(id 2y @ Tv) © (Su ®@id py ) © (idpa(ay @ ACP) = Ad(S(U)23) 0 D23 0 Ad(S(U)12) 0 £12 0 (idpg(a) ® A%P)

= Ad(2(U)23) 0 Ad(Z(U)13) 0 Sa3 0 X1 0 (idpg(a) ® A%P)
= Ad(2(U)23%(U)13) 0 (AP ® id pq(a)) © D
= Ad((A°P @ id g 2)(E(U))) o (AP @ idpq(a)) 0 E
= (AP @id

M) 0 AdS (W) 0 8

= (ACOP ®ZdM(A)) o EU.

Similarly,

>
B
™
S
5
o
I\l
Y]
o
>
B3
g
)
g
<
o
N}
8
o
>
&
s

(v ®@idpa)) © (idaa) ®Xv) 0 (A®idy 7)) = M(A))

(
d(2(U)12) 0 Ad(E(U)13) 0 D12 0 Bag 0 (A ®iid 4 5y)
(

= (id g2y ® A) ° Zu,
and we can prove the second relation. [
Consider the map
Ap: A9A — MA® A2 A A)

a®@w = (idya @Sy ®idM(g)) o (A ® AP)(a ® w)

Proposition 2.5.2. The linear map Ap is a non-degenerate *-homomorphism and (A ®
A, Ap) is a multiplier Hopf *-algebra.
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Proof We have

(Ap @idyyag5) © Ap = [(idrca) ® Su @id 7)) 0 (A8 D) @idyy 455 0 [(id® Sy @ id) o (A & A%P)]
= (idrr(a) ® v ®id g 7y @ id g 7)) © (A ® (AP ®idpg(a)) 0 Sy ®id 7)) © (A ® A®P)
= (idpa) ® N ®@id . 3)) 0 (A @ AP),

where

N = (EU ®id/\/l(ﬁ) ®idM(A)) o (idM(A) [ (Zd/\/l(ﬁ) X ZU) o (ZU ®’LdM(A>) o (idM(A) ®£COP)) o (A ®ldM(ﬁ))
= (Su ® Su) o (idag(a) ®EU®idM(A))o(A®£C°”)
=(Ey®Zy)oAp

On the other hand, we also have

(id \y a2y ® AD) 0 Ap = [id 40 7) @ (idrr(a) @ Su @id 7)) © (A ® AP)] o [(idpg(a) ® Su ®@id g 3)) 0 (A @ AP)]
= (i aga) @ idr(a) ® Tu @idy 7)) © (idpa) ® (id 1) ® A) 0 Tu ® AP) o (A @ A®P)
= (ldpm(a) ® M @idyy 7)) 0 (A® Acer),

where

M:(ldM<A)®ZdM(A)®EU)O((ZU®’LdM(A))O(7,dM(A)®EU)O(A®’LdM(A>)®7,d ) (’LdM(A)®A0p)
= (Bu ®v) o (idp(a) ® S @id 7)) 0 (A @ Ac°P)
=(Zy®Xy)oAp.

Then
(Ap @idyyap7)) © Ap = (idyyaei) @A) © Ap.

Consider the map
vp: A®RA — C
@w — (PRP)(eew)

Lemma 2.5.3. We have R
¢vp = (p®@poR)oAd(U).

Proof 1If we denoteb = po R, follows from the equality
Bw) =pa(@o R, R (w)) = palb, R7Hw) = pa(R7(b),w) = (R (b)),
that
pp(a®w) = p(a)p(w) = p(a)w(R™(b)).
On the other hand, we have

(p@FoR)oAd(U)(a®w) = (¢®FoR)(Ula®w)U")
p((id ® b)(U(a ® w)U*))
o((id ® w)(A(buy))aR(bw)))
p(a)w(R7'(D)).
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O]

Proposition 2.5.4. The map ¢p is a non-zero positive left and right invariant faithful
functionalon A® A, and (A® A, Ap, ¢p, vp) is a unimodular algebraic quantum group.

Proof The equation (ida) ® AC"”)(U) = Uy3U;2 implies

(idpm(a) @ ACOp) o Ad(U) = Ad(Uy3U12) o (idpea) ® Acop)’
then

(tidpg(ap i) ® ¢D) 0 Ap = lidpq(a) ®idyy 7) @ (p @ Bo S) 0 Ad(U)]  [(idp(ay ® Su ® idyg3)) o (A® Acon))
= (idp(a) ® iy, ) ® 9 © G0 5) 0 Ad(Usa) 0 £23 0 Ad(Uns) o (A ® A°°P)
= (idp(a) @ idpy 3) ® 9 ® 0 ) 0 Nag 0 Ad(UzaUss) o (A ® A°P)
= (idpa(a) ® ¢ ®id g 3) ® B0 8) 0 (idpra) ® idpa(a) ® AP) 0 Ad(Lng(a) @ U) 0 (A @ iy 7,)
= (idaq(a) ® @ ® (idy 5, ® B0 S8) 0 A%P) 0 Ad(1pq(ay @ U)o (A® idyg4))
= lidai(a) © ¢ ® (0 N aaca)] 0 AM(Lyaa) ® U) o (A @ idy 7))
= lidpa(a) ® 9D () pq 7)) 0 [A @ id g )]
= lidpt(a) @ (P @ ) () pq(qy) 0 [A ®idd 7]
= (idp(ay ® 9) 0 A® ()1 oy 7)
= () aq(a) ®<’P\(')1M(§)
= (@) ) r(a) ® 1rya)

= 20N yy(ap i)
The right invariance is proved similarly. ]

Definition 2.5.5. The algebraic quantum group (A ® A Ap, o p), is called the Drinfeld
double of G and is denoted by D(G).

2.6 Actions of algebraic quantum groups

Definition 2.6.1. Let G = (A, A, ¢) be an algebraic quantum group and X be a non-
degenerate *-algebra. A left action of G on X is a left coaction a : X - M(A® X) of
the multiplier Hopf *-algebra (A, A) on X. The pair (X, «) is called a G-*-algebra if X
is a non-degenerate *-algebra and « is a left action of the algebraic quantum group G on
X. We can define in the similar way a right action of G on X.

Let us recall that for every left action o« : X — M(A ® X) of G on a non-degenerate
*-algebra X, there exists a right action

g : X®A\ — X
r@w — (wid)(a(z))

of the multiplier Hopf *-algebra (A\, ﬁ) on X, called the dual action associated with c.
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Remark 56. For any x € X, we have

a((po R®id)a(x)) = (po R®id ®id)((id ® o)(a(x)))
o R®id®id)((A ®id)(a(x)))

(
= (
((po R®id) o A ®id)(a(x))
(
1

(o R(-)1ra) ®id)(a(x))
M(4) @ (po R®id)(a(z)),

then
E,: X — X«

r = (poR®id)(a(x))
is a well defined linear map, where X = {z € M(X) : a(z) = 1 ®@ x}.

Example 2.6.2. Let- : G x S — S be a right action of G on the set S. Using the right
action o : G — Aut(Fun;(S)), ay(f)(s) = f(s-g~'), we have

a: Fung(S) — M(Funs(G)® Funs(S)) = Fun(G, Funs(95))
f — ap: g ay(f)

with the dual right action of the Hopf*-algebra C|G| on A, given by

do: ARCIG] —» A
a®@U, +— o4a)

Example 2.6.3. Let X be a non-degenerate *-algebra and G = (A, A, ) be an algebraic
quantum group. The map o : X — M(A® X) given by o(x) = 1pq(a) @ @ is a left action
of G on X called the trivial action.

Example 2.6.4. With every algebraic quantum group, we can always associate two non-
trivial left actions. Let G = (A, A, pa) be an algebraic quantum group, and U be the
algebraic multiplicative unitary of G. It is obvious that we can see the comultiplication
Ay : A— M(A® A) as a left (and right) action of G on A. On the other hand, if we
denote U = X(U*), we can define the map

Adg: A — M(A® A)
a — U(1ledl

then

(id ® Adg)(Adg(a)) = UzX1:(1 @ U (1 @ a)U)Uss
= U3 212(Us5(1® 1 @ a)Uss) U
= UU5(1®1® a)U130s
= (AP @ id)(U*)(1 ® 1 ® a)(A” @ id)(U)
= (A @ id)(U*(1 ® a)U)
= (A" @ id)(Adz (a)),
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foralla € A, and we know that
Adg(A) (A1) =U (10 A)UA®1)=A® A
This implies that Adg is a left action of@ on A, we will call it the left adjoint action of G.

Example 2.6.5. Let W be a unitary corepresentation of G on a non-degenerate *-algebra
X. Because W' is unitary, the linear map defined by

aw: X — MAX)
r = W1lxo)W

is injective. Moreover, we have
(id ® aw ) (aw (7)) = WazE12(Was(1 @ 1 @ ) Wa3)Was
=WeWi5(1®1® x)Wi3Was
= (A®id)(W* (1 ® z)WV)
= (A @id)(aw(z)),

forall x € X and it follows from the equality
1o X)WARl)=A X

that
aw(X)A ) =W (1 X) WAL =W (A X)=A X.
This implies that cvyy is a left action of G on X.
Remark57. Letav : X — M(A®X) be aleft action of G on a non-degenerate *- algebra

X. For any non-zero functional ;z on X and any = € X, we define (id ® p)(a(x)) as the
element in M(A) such that

[(tdop)(a(z))]a = (idop)(e(z)(a®])),  al(idop)(a(z)] = (idou)((a@1)a(z))
for every a € A.

Definition 2.6.6. Let o : X — M(A ® X) be a left action of G on a non-degenerate
*-algebra X and p be a non-zero functional on X. We say that y is invariant under « or
a-invariant if

(1d @ p)(e(x)) = p(x)Laa),
forall z € X.

Remark 58.

« Let ¥ be vector space over C with inner product. A operator 7" : 7 — 7 is said
to be adjointable if there exists an operator 7 : 7" — ¥ such that

(T(n), &) =(n, T°(£)),
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for all £,n € 7. It is not hard to show that every adjointable operator 7 is nec-
essarily linear and that 7 is unique and adjointable with (7*)* = T". We use the
following notation

— L(7) denotes the *-algebra of all adjointable operators on ¥/,
- B(7) denotes the *-algebra of all bounded adjointable operators on 7.

~-UV)={T e B(V) : ToT*=T*oT =idy} denotes the *-algebra of all
unitary operators on 7.

We always have U(?') C B(¥) C L(V), with B(?') and L(¥) coinciding when
¥ is a Hilbert space.

« If we have a non-zero positive faithful functional 7 on a *-algebra Y, the map
(-, ) YRY — C
yey = TyY)
defines an inner product on Y.

Proposition 2.6.7. Let o : X — M(A ® X) be a left action of G on a non-degenerate
*-algebra X and . be a a-invariant functional on X. Then, the linear map

Ur: A X — A X
a®@r — alx)(a®1)

satisfies
(1) (U(a®@z), U(b®Y) )pou = (a @z, bR Y )y, foralla,b e Aandr,y € X.
(2) U* is unitary with (U)T = (U$) ™!
(3) a(z) = US(ida @ mx (x))(US)V in End(A ® X), forallz € X.
Here
mx : X — End(X), i [mx(x) Yy — zyl.
Proof

(1) The invariance of y implies that

(UNa®@x), U'(b®y) )pen = (a(z)(a®1), a(y)(b® 1) )peu
= (p@p)((a” @ Ha(z"y)(b® 1))
= p(u(z"y)a’b)
(a®@z,b®Y)eeu

foralla,b € Aand z,y € X.

(2) Because a(2)(A® 1yx) =A@ X, ifa®@x =a(y)(b® 1) = U*(b®y), then it
is not hard to show that R(b) ® y = (R(a) ® 1)a(x). This implies that

b@y= (R @id)(a(z)(a®1),
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and we have that

(Ua)_l: AR X — A X
a@zr = (R'@id)(a(z))(a® lpx))

Moreover

(UHa®@x),b@y)pep = (Uf(a@ ), US(U) 0@ Y)) dpan
=(a@z, (U (b®Y))psn

forall a,b € Aand z,y € X. This implies that (U)" = (Ug) ™.

(3) Fix x € X, the result follows because we have
a(zx)Ua®@y) = a(z)a(y)a®1) = a(zy)(a®1) = U(ida @ mx(z))(a © y)

foralla € Aandy € X.

Definition 2.6.8. Let o : X — M(A ® X) be a left action of G on a non-degenerate
“-algebra X and ;1 be a a-invariant functional on X. The linear map U defines as above
it will be call the standard implementation of « associated with pi.

Remark 59. Let X" be the opposite *-algebra of X. We recall that if ;1 is a non-zero
faithful linear functional on X, the linear map p : X — C, defined by p(2%) =
p(x) for all z € X, is a non-zero faithful linear functional on X7, this functional will
be called the opposite functional of .

Definition 2.6.9. Let a : X — M(A ® X) be a left action of an algebraic quantum
group G = (A, A, ) on a non-degenerate *-algebra X. Consider the map

a®: XP 5 M(A® XP)
z? = (R® P)(a(z))

ie.,

Il
—
=y

®
3
=
—
=
&
&
Y
L
—
&

a®(z?)(a ® y™) :
(a®y™)a’(@?) = (R T)(a(z)(R™'(a) @y)),
foralla € Aand z,y € X.

Lemma 2.6.10. The map o°® : X? — M(A ® XP) is a left action of the algebraic
quantum group G° := (A, AP p o S) on X.
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Proof We have

(idpmay) @ (R® P)oao P)o(R® P)oao
(ROR® ?)o (idpmuy®a)oao P
C(R&R)oA® ™ ono
(
(
(

and

It is easy to prove the next lemma.

Lemma 2.6.11. Let o be a left action of G on X which is equipped with a a-invariant
functional and U} be the standard implementation of « associated with . Then

(i) (id® P)((UL)") is the standard implementation of the left action a® on X°P.

(i) M(G xo X)° = USM(G® X oo X°)(U)T in M(HG® © X°).

2.7 Crossed product for actions of algebraic quantum
groups

Let G = (A, A, ¢) be an algebraic quantum group and X be a G-*-algebra with left
action o : X — M(A ® X). If we consider the dual action associated with a,

Dy : X®A\ — X
r@w = (weid)(a(z))

we can construct the non-degenerate *-algebra A # X called the smash product of A and
X as the vector space A ® X with the following *-algebra structure:

(WH#z)(OH#y) =w-00)# (Do O2))y = w - Oy, # T(0)Y- (2.1)

(wHx) = winy # (2" <o wa))

Remark 60. The equation 2.1 makes sense, because if w = ¢, € Aand 2 € X, we have

a(r)(a®l) =z ga®@zg € A®X
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and then the equality w,_, (0) := ¢y _,a(b), for all b € A, shows that

Wa_y) T (0] = Pa_ya 7 Tjo) € AF X

Notation 12. Sometimes, we will use the shorthand notations

wr = wH# T, TW = Wy H# To]-

Remark 61. For each z € X, w € A, we have a(z) € M(A® X) C M(AA ® X),
and (w® 1a(x)) € M(A® X) C M(AA® X). Moreover, there exists a unital faithful
non- degenerate right action

4 (A®X) ® (AA®X) — A® X
by @ (wazr) — (begw)ayz
such that
(a®y) Qa(z) = (a@y)alx),
foralla € Aand z,y € X.

Lemma 2.7.1. Forallz € X,w € fAL
a(z)(w®l) = (wa] ® La(zp)

in M(AA @ X).

Proof Fixw € Aand z € X, then

(a®y) <a()(we lyux) = (azy @yrg) < (W © Lyx))
(w®@d)( (az(-1))) ® yzp)
w(a@)T-1),,))a@)T-1],) @ Y
wlawri-1)ae)To)_,; ® YTy,
(we_yy ®@id)(A(a)) @ y) < a(zg)
= (

a®y) < (wz_py ® Lux))al(zp),

foralla € Aand y € X. As the action of M(A\A ® X) on A® X is faithful, we have
the result. ]

Lemma 2.7.2. Forallz € X,w € A\
O‘(£[O})<WS—1(1[_1]) ® 1M(X)> = (u) ® 1M(X)>OK(I>,

in M(AA ® X).
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Proof Fixw = ¢, € A with a € Aand x € X, we have

(o) (Ws=1a_1) ® Lax)) = (@) (P51 _1a @ Lax)

= (P51t pa)ag,_,, @ Imex)) (o))
= (Plag_,)5 @ 1a ®1M<x>)04(x[o )
= 90(35[—1](2))5’ (@[-1](4))a )&(CL’[O])

Lemma 2.7.3. The vector subspace of M (ﬁA ® X) generated by
{welpyx)a(r) iz e X, we A}

is an associative non-degenerate *-algebra. Moreover, if X is idempotent, then also this
algebra is idempotent.

Proof 1t is only necessary to show that the vector sub-space generated by elements of
the form (w ® 1yqx))a(z), with z € X and w € A, is closed under multiplication. It
follows from Lemma 2.7.1 that

(w @ Ly )e(@)(0 @ Tvex))a(y) = (w @ Tax)) (0, ® Lux)) (@) a(y)
= (w- Or_ ) @ Luxy)a(zoy),

for all w, 0 € A and xz,y € X. If X is idempotent, because A is idempotent, then the
algebra mencioned is idempotent. [

Definition 2.7.4. Let o : X — M(A ® X) be a left action of G on a non-degenerate
*-algebra X. The non-degenerate *-algebra

G xq X 1= span{ (w® Lyx))a(z) : reX, weA}C MAA® X).

is called the crossed product of G and X.

Proposition 2.7.5. The map defined by

O: A#X — G Xy X
wr = (w® Iyex)a(x)
is a *-isomorphism.

Proof This map is well defined and it is bijective by the definition of the crossed product.
It follows from the definition of the smash product, equality (2.1), and Lemma 2.7.3, that
the map 7 is a homomorphism of *-algebras. [
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Remark 62. Fix x € X. By simple calculations, we see that
a(z)(w @ Lyvx))a(y) = (We_y ® Tmx))alzpy),

(W@ Lveo)a(y)a(z) = (W Lvex)alyz),
forallw € Aandy € X, then a(z) can be regarded as an element of M (G x o, X).

2.7.1 Dual actions

Let v : X — M(A® X) be aleft action of the algebraic quantum group G = (A, A, p)
on a non-degenerate *-algebra X and V' be the duality of G. Consider the map

d: GxaX — M(A® (G K, X))
P = Vis(Lyay @ P)Vi

Proposition 2.7.6. The map & is a left action of the algebraic quantum group G on the
non-degenerate *-algebra G x, X, such that its extension to multiplier algebras satisfies

(i) a(a(z)) =1,z @ a(z) forallz € X,

(it) a(w ® Iapx)) = AP () ® Lymxy forallw € A,
(iii) (G x4 X)® = a(X).

Proof Fix P € G x, X, then

(id® a)(a(P)) = VasXia(Vas(1 @ 1 @ P)Vi3) Vs
= VasVis(1®@ 1@ P)Vi5Va
= (AP @ id ® id) (Vi2) (AP @ id ® id)(1 @ P)(A @ id @ id) (V)
= (A" @ id @ id)(Via(1® P)V7y)
= (A" @ id @ id)(&(P)).
(i) Consider the non-degenerate faithful left action
et (A9A®X) ® (ARAA®RX) — ARARX
bRcy) ® Wblzr) — (b4;w)®(c<50)a®yx
and its extension to multiplier algebras. We have

(b®c®Y) A <r (WE D L) = (b 43 0) @ ca®y = (b3 ) 4 (WD a)) Dy,

then
bR®c®y) A<z Viz=((b®c)IV) @y =b1) ® byc®y.
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Fix x € X, thenforall a,b € Aand y € X we have

(b®@a®@y) x < ((Lyya) ® a(x))Viz) = (b ® az1) @ yzg) A <r Vi2

= (
= ba) ® byax—1) ® Yy
and

b®a®y) <z (Viz(lya ® a(@)) = (ba) ®be)a ®@y) » < (1z) © (@)

= (
= b(1) ® b2yar—1) ® yx[.

(b®a®y) \<x ((1/\4(2) ®a(x))) = (ba) ® brya @ y) x <x (1/\4(2) ® a(r))
= by ® by az-y ® yzo.
This implies
a(a(z)) = V12<1M(,Z) ® a(z))Viy = Lya ® a(z).
(i) We have
a(w @ Lyex)) = Viz(Lyga) ® w ® Lax))Vis

= AP(W) ® Lax),

forallw € A.

(iii) Follows from the items (i) and (ii).
O

Definition 2.7.7. The action @ : G x, X — ./\/l(g® (G X4 X)) defined above is called
the dual action of a.

Remark 63. We have

forallw € Aand z € X, then the left action of Gon A # X is defined by

a: A#X — M(A®A#X)
wr = we) Qwmr

Corollary 2.7.8. The dual action of & is given by

g : Gxr, X®A — Gx,X
(W@ lpxy)a(r) ®a = (We @ Lagx))a(w)
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Proof We have

(w®idx)a(r) <z a =

foralla € A,w € Aandz € X. Here, because
pa(b,wa) = pa(ba,w) = pa(b,a » 4 w)
for all b € A, we have the equality
We=a Wy w=(id® a)(Aw)) = (a @ id)(A“P(w)).

O

Proposition 2.7.9. The map T := (p ®id)oa : G X, X — a(X) is an injective map
of a(X)-bimodules and the map ¢, := a~' o T is an injective linear map from G x, X
to X.

Proof The injectivity of T} follows from the injectivity of & and the faithfulness of .
Fix x,y € X, because

Ts(a(z)Pa(y)) = (§ @ id)(a(a(r))a(P)ala(y)))
= (P ®id)((1®a(z))a(P)(1® ay))
=a )a(y)

for all P € G x, X, we can extend this equality to the algebra M(G x, X). Finally,
because « is an injective homomorphism, we have that ¢,, is a injective linear map. [

Definition 2.7.10. Let ;1 : X — C be a non-zero invariant faithful positive functional
under the left action @ : X — M(A® X) of G on X. The map i : G x, X — C defined
by [i := po ¢, is a non-zero faithful positive linear functional on G x,, X called the dual
functional of 1 by the action c.

2.8 Yetter-Drinfeld *-algebras over algebraic quantum
groups

In this section, we give a definition of a Yetter-Drinfeld *-algebras close to the well known
definition in the operator algebra context, for example see [NV09, ET16]. Using the
algebraic multiplicative unitary associated with an algebraic quantum group, we prove
that this definition is equivalent to the purely algebraic one, for example see [BM02,
NY14], and so we have similar results as in this framework.
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Definition 2.8.1. Let G = (A, A, ¢) be an algebraic quantum group and U its algebraic
multiplicative unitary. A G-Yetter-Drinfeld *-algebra is a triple (X, o, @), where X is a
non-degenerate *- algebra, « is a left action of G on X and & is a left action of Gon X ,
such that

(tdpy 3y ®a)oa = (R ®idy) o (Ad(U) ® idx) o (idm(a) ® @) 0 . (2.2)

Equivalently, the diagram

& n )@ n
X MA@ X) MA® Ao X)
« E@id}(
M(A® X) idpg(a) @ M(A®A® X) Ad(U)®idx MA®A® X)

must be commutative. A G-Yetter-Drinfeld *-algebra (X, a, @) is called reduced if o and
@ are reduced actions.

Proposition 2.8.2. We have that, (X, a, @) is a G-Yetter-Drinfeld *-algebra if and only if
(X, @, «) is a G-Yetter-Drinfeld *-algebra.
Proof We know that
Ad(U") o X' =2 0 Ad(S(U*)) = =" 0 Ad(D),

then

(idyy3 @ @) o = (2 ®idx) o (Ad(U) ®idx) o (idma) ® @) © .
if and only if
(' ®idx) o (Ad((A]) ®idx) o (idyz) ® @) o & = (idpa) ® @) 0 o

]

Proposition 2.8.3. Let G be an algebraic quantum group. The following conditions are
equivalent:

(i) (X, a, @) is a G-Yetter-Drinfeld *-algebra;
(ii) ap = (idapa) ® @) o « is a left action of D(G) on the *-algebra X.

Proof
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« (i) = (ii): We have

(ild®ap)oap = (Id®id®id® @) o (id®id ® ) o (id ® ) o «
id ®id ®id ® @) o (id @ ¥ ® id) o Ad(Usz) o (id ® id @ @) o (id ® ) o
id® Y ®id®id) o Ad(Uszs) o (id ® id ® @) o (id ® id ® &) o (A ® id) o «
)o
)

( )

( )

( ) oA

(id ® ¥ ® id ® id) o Ad(Uss) o (A @ AP @ id) o (id @ @) o
( ) oA

(

d® Y ®id®1id) o d( 23) (A®A00p®2d oap
AD®Zd oaD

This means that «p is a left coaction of D(G) on X.

« (ii) = (i): If we denote
A= (idpm)y @ Xp) o (A® idM(g)) = (tdpa) @ X) 0 Ad(Uss) o (A ® idM(g))
and \ 1= idpa) ® ACOP, then

idpmiap) ® @) o (idpa) ® Q) o
iy ® (idy ) ® @) 0 @) 0
idpa) © (X ® ZdX) (Ad(U) ®@idx) o (idpma) @ @) o ) o

(1d g sy @ @) 0 ap = (
(
(
(idpm(ay ® By ®idx) o (idpagay @ idpgay @ Q) o (idaga) ® ) o @
(
(
=

(
idpa) @ By ® idx) o (idpay ® idaga) ® @) o (A ®@idx) o«
idpma) ® By @ idx) o (A @id ®de) (idpm(a) ® Q) 0
)\@de)OOéD

and
(idM(A) & Acop ®idx)oap = (idM(A) 0%y Acop ®idx) o (’idM(A) ® Q) o
— (idM(A) ®idM(g) X Z)z\) o (idM(A) (%9} &) o«
Now we have

Ad(Us3) o (id® ap)oap = Ad(U23) 0o (id® id ® @) o (A ® id) o ap

(U23) o (
=Ad(U23) 0o (A®id®id)o (id® a) o ap
:Ad(U23)o()\®id®id)o(id®ACOp®id)oaD
= Ad(Us4) 0 (id ® £ ® id ® id) o Ad(Uas) 0 (A ® AP ®id) o ap

= (id ® T ®id ® id) 0 Ad(U24Us3) 0 (A ® AP ®id) o ap

= (id® ¥ ® id ® id) o Ad((id ® A°P)(U)234) o (A ® AP ® id) 0 aup

= (ld®id® S ' ®id) o (id® AP R id ®id) o (id ® Sy ®id) o (A ® id ® id) 0 ap
=(id®X ' ®id) o (id @ AP @ id ® id) o (A ®id) o ap

=(id®T ' ®id) o (id ® AP @ id ® id) o (id ® @) o ap

=(id® Y ' @id) o (id®id® a) o (id ® AP ®id) o ap

)
)
)
=(ld®X71®id)o (id®id® a)o (id ® &) o ap,
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this implies
(Ad(U)®id) o (id@d)oa = (X' ®id)o (id® a)oa

then (X, a, @) is a G-Yetter-Drinfeld *-algebra.

Proposition 2.8.4. X = X*N X°

Proof As ap = (idma) ® @) o a, we get that X* N X® C X7, On the other hand,
using the equation

(idp(a) ®idy, (A) ®@a)oap = (idpa 300p®’idx)OOéD,
we get that X®» C X, and using the relation
(idp(a) ® id g ) ® a) o ap = (idpa) ® Xy ®idx) o (A®zd ®de) oap,
we get that X°P C X« O

Theorem 2.8.5. Let G be an algebraic quantum group, (X, o, @) be a G-Yetter-Drinfeld
*-algebra, and oop = (id pq(4) @ Q) o v be the action of D(G) on X. If i1 is a non-zero faithful
linear functional on X, then the following conditions are equivalent:

(i) w is invariant under each of the actions o and &;
(ii) p is invariant under the action ap.
Proof

o (i) = (ii): If p is invariant under « and @, then

(tdma) ® td 3y @ p) © (idpa(a) ® @) 0 v = (idpg(a) ® (id 3y ® p) 0 @) 0 v
= (idp(a) @ p()1 i) ©
L

QEIVIEY

« (ii) = (i): Let w a functional on A and define the functional 1 = (w® p)oa. The
equality (ida(a)®@id 3y @p)oap = p(-)1 y 4e 1) implies that (idpga)@p')oa =

14(+) Lrgca)- For every hnear functional w’ on A, we have

id (A)®w/®(w®u)0&)o(idM(A)®&)oa
(

(idpmay @W @ p')oap =

idp(a) ® W ®w® ) o (idpya) ® AP @ idx) o ap

(
=(
= (idp(a)y ® W @w @ ) o (idpg(ay ® (AP @idx) 0 @) o
(
(idp(ay ® (w’ Rw)o ﬁc"p ® p)oap

(id
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and, then (idy(a) ® idyz) @ p') 0 ap = pu(+)1 \y 4 7)- On the other hand

(idp(ay @ idyy 3y @ 1) o ap = (Ad(U™) 0 £) o (idpmay @ id g 3y @ 1') 0 (idpg(a) @ @) 0 &
= (Ad(U™) o X) o (idpq(a) ® (idM(g) @u)oa)od
= (Ad(U") 0 ¥) o (idpqa) ® p) 0 @

and, we get that (idy(a) ® p) o @ = pu(+)1,,3), therefore y is invariant under a.
Then

p=wo(id®p)od=pu()w(lya) =

and p is invariant under «.

]

Definition 2.8.6. Let G be an algebraic quantum group and (X, a, @) be a G-Yetter-
Drinfeld *-algebra. A non-zero positive faithful linear functional on X will be called
a Yetter-Drinfeld integral for (X, o, @) if it satisfies one of the equivalent conditions of
Theorem 2.8.5 and it admits a modular automorphism.

Corollary 2.8.7. Let (X, o, @) be a G-Yetter-Drinfeld *-algebra and yu a Yetter-Drinfeld
integral on X.

(i) the standard implementations of the action o, & and ap associated with y are linked
by the relation ~
U[fD = (U3)23(U3)13;

(i) (US)13(UD)23 = Ura(U5)as(US)13U75;
(i) Ura(U)1s = (U)33U12 (U )23
(iv) Ad(1 @ US(US)*)(U @ 1) = (UF)i5U1a.
Proof
(i) On one hand, because

(idaa) @ @) (a® ) = a @ Ug(Lyyz @ 2)(US)'
= (Lmy @ U@ © 1y z) @ 2) (L) © Ug)”
= (U3)23(E,&A ® Z.dM(A))(lM(K) ®a® m)(Ui)Ssv

forall z € X and a € A, we have
(idpa) @ Q) (K) = (Ug)a3(S5 4 ® idpaca) (1 ® K)(UR)35,
for all K € M(A ® X). On the other hand,

(X4 ®idpay) (L @ (@) = (X5 4 ®idaa)) (Lygay @ Ug (Lmeay © 2)(UL)7)
= (Ud)s(lma) @ 1y z) @ 2)(Ug)Ts,
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because
(Ui s = (X5 4 @ idpa)) (Lygz) @ Up)-

Now,
ap(z) = (idpma) @ @)(a(z))
= (U)23(X5 4 @ idpa(ay) (Lyga) © () (U35
= (U§)23(Uﬁ) 3(Imea) ® 1z ® z)( Ui (Ua)23
= (U§)23(U3)13(1 (A)®1M(A)®$)(( 5) ( ) ) .

(i) By item (i), we get that (U2)3(U< )13 is a corepresentation of D(G), i.e

UP)g3(UP )13 = (Ap ®id)(U*P)

id ® Sy @ id @ id)(A @ A @ id)(US)23(U)13)
id © Sy @ id @ id) ((U]) 45Uy )35 (U )25 (U )15)
= (U)45(id @ Sp @ id @ id) (US)35(U)25) (U )15,

(UD)a5(U)35(U )25 (U hs

o~ o~ o~~~

this implies

(id ® ¥ ®id ® id)(U2)35(US)25)
(id ® ¥ o Xy ® id @ id)(US)35 (U )25)

(id® Ad(U) ® id ® Zd)((Ua)g,g)(U )a5)
Uas(US)35(Uy )a5Us;

(UD)2s(U)35

and by renumbering the legs, we obtain

(U13(U; )23 = Ura(Uy)23(U 13Uy,

(iii) We have
(A®id)(a®z) =U"(1mum ®a)U @z =Ulh(1pmu @ a ® x)Uss,
foralla € Aand x € X, then
(A ®id)(K) = Ujy(1ama) ® K)Uiz = U KasUra
forall K € M(A ® X). Now, the relation

Ulo(US)33U12 = (Ui (Uy)23Un2)"

(Aid)(U)
(U)23 (U )13
= (U)13(U)3s

o~ o~
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implies

Ura(U)13 = (U7)53U12(Uy ) 23-
(iv) Item (ii) and (iii) imply

Uty (Uihs = UL (Us(UF)23(US)3s
= U Ui (UD)2s(U)13U5,(UD)3s
= (U 23U (U 5a) (U )34
= (UD)2s[(UD)53U12(U) 23] " (U )35
U,

= (U)2s(U)53U35(U)23(US)3s
then
Ad(1@USUNHU 1) = [Ad(1 @ US(UH)*)(U* @ 1)]*

[(UD)23(U) 25 Uty (U3 (UG )35]*
= [U3(U)s]
(

]

Definition 2.8.8 (cf [NY14]). Let G = (A, A, ) be an algebraic quantum group and X
a non-degenerate *-algebra. Assume that we have a left coaction o : X - M(A ® X)
of the multiplier Hopf *-algebra (A, A) on X and a left action > : A ® X — X of the
multiplier Hopf *-algebra (A, A) on X, then we say that X is a G-Yetter-Drinfeld algebra
in the algebraic sense if

ala > x) = anyr-115(a@) @ (a@) > zq),
foralla € Aand z € X.

The following proposition gives the equivalence of the two definitions of a Yetter-Drinfeld
algebra.

Proposition 2.8.9. The triple (X, o, @) is a G-Yetter-Drinfeld algebra if and only if X is a
G-Yetter-Drinfeld algebra in the algebraic sense with respect to the coaction o and the dual
left action associated with Q.

Proof We have two coactions @ : X — M(A® X),a : X — M(A® X), the dual
action associated with the left action r := X3 \ o @ of G° on X is given by

>, ARX — X
a®r — (a®id)(a(z))

Fix a € A and z € X, it is obvious that

a(a>,7) = ao (a®id)(@(x)) = (a ®id ® id)((id ® @)a(z)).
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Now;, if we use the symbolic expressions z(_1) ® ) = a(x) and y ® 2z = a(zy)), then
by Lemma 2.4.10

a@yr-15(as) ® a@) B>x 20 = an)T-15(am) @ (ag) ®id)(y®2)
wylae)ri-15(aE) ®

(id ® y)(Ala)))z| 115( 7)) ® 2

(id @ a)(U(zy @ y)U") ® 2

= (a®id ®id)(X ® id)(Ad(U) @ id)(z-1) @y ® 2)
= (a )(

a

®id ® id) (X @ id)(Ad(U) ® id)((id ® a)a(x)).
This implies that the equality
ala >y x) = apyz-1S(ap) ® ae) > 2y
holds for all « € A and z € X if and only if

(id@a)oa=(X®id)o (Ad(U) ®id) o (id ® Q) o «

2.8.1 Braided commutative Yetter-Drinfeld *-algebras

Let us recall the unital faithful non-degenerate right and left actions

4 (A®X) ® (AAe9X) — Ao X
(b®vy) ® (wa®z) — (be4zw)la®@yz

>: (AARX?) @ (A®X) — A® X
(aw®z?) ® (bey) — awr;db)yr

Lemma 2.8.10. Foreverya,be€ A, w € A and x,y € X, we have
(S@id)[(b®y) < (wa®z)] = (S(a)S (w) @ z%) > (S(b) @ y)

Proof Fixa,e A, w € Aand z € X, then by direct calculation, we have

(S®id)[(b®y) < (wa® x)] = (S ® id)[(b

forallb € Aandy € X. O
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Now, we can consider the injective linear maps

Ji: MHEHG ®X) — End(A ® X)

P = [J1(P):a®@x— (a®x) <P
Jo: M(HG)® XP) — End(4 ® X)

P = [J20P):a®@x— P> (a® )]

Lemma 2.8.11. We have
J2(@°(2?)) (@ @ y) (b @ La(x)) = amb @ y(S(ag)) @ id)(a(x))

foralla,be A, x,y € X

Proof Follows directly from Lemma 2.8.10. O

Definition 2.8.12. Let (X, a, @) be a G-Yetter-Drinfeld *-algebra equipped with a Yetter-
Drinfeld integral 1 and U} the standard implementation of c. The linear map

B: X =  End(4®X)
= Usda(@(a)(Ug)

is an injective anti-*-homomorphism. We say that the G-Yetter-Drinfeld *-algebra (X, o, @)
is braided commutative if

B(X) € J1(M(G x4 X)).
Remark 64. If (X, v, @) is braided commutative, we have
B(x) = J((S) @ Luex (=),
for all z € X, where we use the Swedler type leg notation
2@ = a(z) e M(A® X)
for the action a.
Proposition 2.8.13. Writing 3°(z°) := [B(x) for allz € X, we have
AdU @ 1)(1 8 B(z)) = (id @ 5°)(a"(z°)),
forallz € X.

Proof We have ~
p°(2%) = Ad(U(U,)") (1 @ 2°),

for all x € X, and by relation (iv) of Corollary 2.8.7

Ura(U)23(U )33 = (UD)23(UD) 25 (US) 15 Una.
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Then
Ad(U @ 1)(1® B(x)) = Ad(U12(US)23(U)35) (1 © 1 ® 2°)
= Ad((U9)23(US)35(US)35U12) (1 © 1 ® 2°)
= Ad((Ui)QS(Ug)S?)(Ui)Ts)(l ®1®z°)
= Ad((U)23(Uy)33) (a®(2°))
= (id ® 8°)(a°(z°)),
forallxz € X. [

Proposition 2.8.14. For every z,y € X, we have

in End(A® X).
Proof Fix x,y € X. Because
Jila(z)) = (U)h (1@ z)(UT)”
and
Ala) = Ugda(a®(2®))(Ug)"
We only need to prove that
(1@ )J2(a°(y%) = J2(@°(y°)) 31 (1 @ x),
which true by Lemma 2.8.11. O]

Definition 2.8.15 (cf [NY14]). Let G = (A, A, ) be an algebraic quantum group and
X a unital G-Yetter-Drinfeld algebra in the algebraic sense, as Definition 2.8.8, i.e.

ala> ) = apyzri-1S(ag) @ (a@) > zp),
foralla € Aand v € X. We say that X is braided commutative in the algebraic sense if

vy =y (S~ (y-n) > @), (2.3)
forallz,y € X.
We will show now that our definition of a braided commutative Yetter-Drinfeld algebra

is equivalent to Definition 2.8.15 in the unital case.

Remark 65. If 4 : X — M(A ® X) is a left action of G on X, then the linear map
B=(S"'®id)oda: X - M(A® X) is a left action of G° on X. Moreover, we can
regard ((x) as an element in M(H(G) ® X) forall z € X.

Proposition 2.8.16. In the unital case, the relation (2.3) holds if and only if for all x,y €
X,
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inH(G)® X.

Proof In the unital case, using the right faithful action

(A X) © (AA®X) — Ao X
by ® (wekzr) — (be4zw)a®yr

<:

we have
(b®y) aa(z) = (b8 ya(z) = by

(b@y) < B@) = (b 4z 57 (@) @y = T (2) (o) br) @ yal”
forallb € Aand z,y € X. Here, we used the Sweedler type leg notation

®yyc[]

o(z) = Ty ® T, a(z) =« e .

(=) Fix z,y € X, we have

(a®2) < (a(y)B(r)) = (ay-1 @ zyj) < B(x)

ay_y) 4z S (@) ® zygal”
1($ (G(Q)ZJ[ 1](2>)a
M) ( Damyi-1 ® 2y

(

(
=

1]y @ 2Yjo)T 2l
Y

a@)Yjo);_
1 a1, [-1]
a@)S5 ™ () Yoy a1 © 2oy
S~ 1(5”(1) )(y[o][ 1]) 2l

S Yol

Nl
e
e

1 g)1
Lz
i
i

a 43

1] & 2Y[o];

N

)
1
)

-1
)

1] & 2Y[0] o

N

T

Q

(
S” 1(9[0]

(y[o]
S 1(9[0]

[
(
[
(
[
(
E 1] ® 2Y[0]y,
[

)Yi-1
)Yi-1
)Yi-1
Y11
)Yi-1

_ [E[_l
_ [—1

L) L) L) Uy »y ) L W) UD)

)
D)
)
) (1
) (1
) (1
) a
) a
) (

ayy-y © zal’ ]ym

T

o~~~
—~

Q

for all a € A and z € X. The last equality follows from the relation 2.3, because we

have

0]y — 400

Y(0)o) (S_l(y[ohfu) D>y
Using the fact that the action is faithful, we have

Yior-



CHAPTER N° 2. YETTER-DRINFELD *-ALGEBRAS OVER ALGEBRAIC QUANTUM
GROUPS 83

(<) Fixx,y € X, ifa(y)B(x) = f(x)a(y), then

271 @ yjg

= S Y1)y © Yo

= Y1)y ® Y0 (S~ (Y-1)pr)) ® id) (a7 @ )
= Y1)y, @Yo (S (Y1) Br 2)-

Applying the counit € : A — C in the first leg of the last equality, we obtain

ry = (e ®1d)((1 ® z)a(y))

= (e ® id)(y;-1) @ zY[0))

= (e ®@1d) (Y11, @Y1 (S (Y1) s )
= Yo (S~ 1(5(3/[ 1](1))9[ 1](2)>>n )

=y (S™ (Y1) Bw @)

]

2.8.2 Examples of braided commutative Yetter-Drinfeld *-algebras

2.8.2.1 Usual transformation groupoids

Consider a left action of a group G onaset S, : G xS — S, and define the set
G ~ S := G x S and the maps

(GA9D - G~ S 1 GAS 5 G S
((g,8), (1)) = (gh,t) (g.s) = (9795

where (G ~ S)@ = {((¢g,s),(h,t)) € (G ~ S) x (G ~ S) : s =h-t}. Then
G ~ S is a groupoid called the transformation groupoid [Ren80]. For this groupoid, we
have (G ~ S)@ = {e} x S ~ S as the unit space of the grupoid and (G ~ S)?
the set of composable pairs. Moreover, the maps given by

d: GnS — § r: G S — §
(9,8) = s (9,5) + g-s

are the domain and range maps, respectively.

Example 2.8.17. Let - : G x S — S be a left action of a group G on a set S. By
Example 1.2.21, we have the algebraic quantum group G = (Funy(G), A, ¢) with G =
(CIG], A, 9) as its dual algebraic quantum group. Consider the left action of G, induced
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by the action of G on S, and the trivial left action of@, respectively
a: Fung(S) — M(Funs(G) ® Funs(S)) a: Fung(S) — M(C[G] ® Fung(S))
p = lap):(g,s) = plg-s)]’ p Ue®p

Foranyg,g € G ands,s € S,

[(p) (6, ® 65)1(9,5) = p(g B> 5)0,30s5

= Z p(h > 1)0,10n © ds10;

LheG, tesS

= ( Z p(h>1)6, ® 6t> (64 ® 6s)

hedG,tes

(9,5)

(9, 5)-

then, we have

a(p) = Z p(g-5)dy ® 05 € Fun(G x S)

geG,ses

forallp € Fung(S). In particular,

a(0) = 0, ® by

geG
foralls € S.
Claim: The triple (Funs(S), o, @) is a G-Yetter-Drinfeld *-algebra.

By direct calculation, for all s € S, we have

(Ad(U®) @ id) o (id © @) o a(8,) = (Ad(U®) @ id) (Z 5, @ U, ® 5g_l_s>

geG

=D AdU®)(6, @ U.) @61

geG

= (0@ Up) (0 @ Ue) (0 @ Up—1) @ 614

g,heG

= (X ®1id) (Z U, ® 6, ® 591.5)

geG
= (S ®id) o (id ® a)(U. ® §,)
= (X ®id) o (id ® a) o a(Js).

Claim: The G-Yetter-Drinfeld *-algebra (Fun;(S), o, @) is braided commutative.
The dual right action of « is given by

o Funs(S)®@C[G] — Funy(S)
p@U, = (U, ®id)(a(p)) = Y _ plg- )6,

SES
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and its crossed product is given by the identification

G X4 Funs(S) = C[G]|#a, Funs(S) = C[G~ S]
(Ug ® Lm(pung(s)))e(p) Ug#p = > p(s)U )

seS

where C[G ~ S] denotes the *-algebra of the groupoid G ~. S, i.e. the *-algebra generated
by formal elements {U 4 ) } (g.5)cG~s and relations

U, h,t l:fS =h-t *
Vo lien = { O ot Ul = Vo = Ugmigo:

Using this identification, the map o can be regarded as the map

a: Fung(S) — M(G x, Funs(S5))

p = ZP(S)U(&S)

seS
and because
Ba(s) = (87 (Ue) ® LM(Fung (5))) Z ds(
tes

the map (g is given by
Ba: Fung(S) — M(G x, Fung(S5))

P> p(s)U

ses

Example 2.8.18. Let - : G x S — S be a left action of a group G on a set S By
Example 1.2.21, we have the algebraic quantum group H = (C[G], A ,©) with H =
(Fung(G), AP, p) as its dual algebraic quantum group. Consider the trivial left coaction

of H, and the left coaction of]ﬁL induced by the action of G on S, respectively,

At Fung(S) — M(C|G] ® Funy(S)) X Fung(S) —  M(Funs(G) ® Funy(5)) .
P~ Ue®p ’ P = D) (g:8) = plg" 9]

Foranyg,g € G ands,s € S,

AP) (6, ® 6.)1(5,3) = (g > 5)34,405 5

e Z p(h_l > t)(sgﬁ(;h ® 6s,t5t

LheG, tesS

= ( Z p(h_l > t)(Sh X (515) ((59 ® (55)

L \hedG,tesS

(9,5)

(9, 5)-
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then, we have

/)\\(p) = Z p(g7" - 8)d, ® 8, € Fun(G x S)

g€eG, seS
forallp € Fung(S). In particular,

A0) =8, @0,

geG
foralls € S.
Claim: The triple (Funs(S), A, ) is a H-Yetter-Drinfeld *-algebra.

By direct calculation, for all s € S, we have

(AdU™) @ id) o (id ® \) 0 A(8,) = (Ad(U™) ® id) (Z Ue ® 6, ® 5g.s>

geG

= AdU™) (U, @ 6,) @ 0.

geG

= > (Un-1 @) (Ue ® 84) (U @ 8) @ 8.5

g,heG

= (X ®id) (Z 6, @ U, ® 5g.s>

geG

= (S ®id) o (id® \) (Z 5, ® 5g.s>

geG

= (S ®id) o (id® A) o A(4).

Claim: The H-Yetter-Drinfeld algebra (Funs(S), A, X) is braided commutative.

The dual right action of A is given by

<a: Fung(S) ® Fung(G) — Fung(S)
P&, = (g ®1d)(A(p)) = £(0g)p = g

and its crossed product is given by the identification

H x5 Funs(S) = Fung(G) ® Fung(S) = Fung(G ~ S)
(59 ® 1M(Funf(5))))‘(p) = 59 Xp = Zp(s>5(g,s) ’

seS

where Fun; (G ~ S) is the*-algebra of complex finitely supported functions on the groupoid
G ~ S. Using this identification, the map X\ can be regarded as the map

A Fung(S) — M(G X ) Fung(S))
P Y p(s)igs

geG,seS
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and because

X((Ss) = Z(S((Sg) ® 1M(Funf(S))))\(5g-s)

geG

= 2(59 ® 1t (Funy (5))) M (0g—1.5)

geG

> st

geG,tesS

= Z 0s5(9 - £)0(g,1),

geG,tes

12

foralls € S, the map (35 is given by

By o Fung(S) — M(H x, Fung(S5))
P~ Y pgrs)i.

geG,ses
Remark 66. By simple calculation, for any p € Fun;(S), we have
pod=Ap) and por=p5(p),

as elements in Fun(G ~ S) = M(Funs(G ~ 9)) .

2.8.2.2 Quotient type coideals

In this subsection, we adapt to the algebraic quantum group case a result from [ET16].

Let G = (A, A4, ¢4) be an algebraic quantum group. If H = (B, Ag, ¢p) is a closed
quantum subgroup of G, as Definition 2.1.15, with non-degenerate surjective *-homomorphism
® : A — M(B), then it is obvious that the map a® : A —+ M(A ® B) defined by
0%(a) = (id ® B)(A4(a)),
for all a € A, is a right action of H on A such that
(Ay®id)oa® = (id®a®) o Ay.
Proposition 2.8.19. Let I be the sub-*-algebra A°" = {a € A : a®(a) =a ® L)}
(i) If ay denotes the restriction of A4 to I, then (I, o) is a G-*-algebra.

(ii) If A1 denotes the restriction of Adg to I, then (I, \;) is a @—*—algebra.

(iii) (I, aq, Ar) is a G-Yetter-Drinfeld *-algebra.

(iv) (I,ay, Ar) is braided commutative.

Proof
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(i) Forall a € I, we have

(id ® a®)(Aa(a)) = (Ax @ id)(a®(a))
= Aula) ®1,

then Ay(a) € M(A® I).
(ii) Let W = (id ® ®)(U), for all € I, then

(id @ (id ® ®) o A)(U*(1 @ a)U)

= (id ® id ® ®)((id @ AL)(U") (1 ® Ax(a))(id @ A (D))
= (id ®id ® ®)(U,U5y(1 © Aa(a))UrsUss)

= U5, Wi(1 @ (id ® )(Aa(a))) WisUna

= U, W5 (1@ a®(a)) Wislhs

= Up, (1@ a® )Wl

= Adg(a) ® 1,

(id @ a”)(Adg(a))

so Adg(a) € M(A® I).
(iii) For all a € I, we have

Ad(Ur)((id @ Ap)(as(a)) = UpaUssS12(1 ® A(a))UssUy
= UrsUsy 51 (Usy(1® 1.® ) Uss) Uns Uy
= UnnUsUps (1 ® 1 ®@ a)UisUnsUsy
= Ad(X93(U13U23U75)) (1 ® 1 ® a)
= Ad(Za3(U13U23)) (1 ® 1 ® a)
= UUs(1®1® a)UssUss
= Uj3(1 ® Ar(a))Uss
= (27 @idd)((id @ ar)(M(a))),

then (I, ay, ;) is a G-Yetter-Drinfeld *-algebra.

(iv) In the following, we work with the next well known relations
R(a) = Ja*J € End(A ® X)

U=J(J®J) = U=(J®J)J;
Uer = (Jo HU(J®J)
ar(a) :=Ala) =U"(1®a)U
A(a) := Adg(a) = U*(1 ® a)U
Uy =0 (J @)U J)



CHAPTER N° 2. YETTER-DRINFELD *-ALGEBRAS OVER ALGEBRAIC QUANTUM
GROUPS 89

A(2°) = (Je Az (J @ J)

S(A(a)) = (R®R)o Ao R)(a) = (J@ HU*(1® Ja)U(J  J)
—(Jo U J)(1ea)(Jo U ®.J)
We have that a9(A°) commutes with A\7(A°), because for all a € A

S(ag(a®)) = S((J @ Nas(a)(J ® J))
= (J® J)S(ar(a))(J ® J)
=(JeNJHU(JoHN1ea)(Je U J)(JJ)
= (JJ@ WU (1@ Ja* J)U(JJ 1)
—(JoHNJ U1 JaHUJJ)(J@J)
= (Jo U@ )1 Ja*))(Jo J)U(J@J)
= (Jo NUOA® JJa*JU(J® J)

E(A1(a%)) = E((J @ N)Ai(a”)(J @ J))
S((J @ HU(1ea)U(J @ J))

(J& J)U(@ @)U (J @ J)

We define the injective *-homomorphism

U: Guxy I — End(A® 1)
X = Ad((JJ @ 1)U)(X)

then, foralla € A,be [

U((a® L) Ar(b) = Ad(JJ @ 1)(U((a ® 1)A(0))U7)
= Ad(JJ @ 1)(U(a® )T U (b)U*)
= Ad(JJ ® 1)(S(Aa))(1 ® b))
= Ad(JJ @ 1)(Z(A(a)(b® 1))

this implies that (G X, 1) = Ad(JJ)(I) ® A, and then

T(M(G xy, 1)) = M(AA(J)(I) @ A).
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We have the relation

I
>
o

Ad((JJ © 1)U)(B(a))

Q.

o

o

Il
>>>>§>>>

for all a € I, then U(3(I)) C M(AA(JJ)(I) ® A). This implies that 3(I) C
M(Gx,, I),ie., the G-Yetter-Drinfeld algebra (I, ay, Ar) is braided commutative.

]

Definition 2.8.20. The sub-*-algebra I above is called a quotient type left coideal of G.

Remark 67. Let G = (A, A, ) be an algebraic quantum group. If we consider the non-
degenerate morphism ¢ : A — C, then (C,idc, idc) is a closed quantum subgroup of
G. Moreover, A% = A4 = A is a quotient type left coideal of G, this implies that
(A, A, Adg) is a braided commutative G-Yetter-Drinfeld algebra.

Remark 68. Let \; : [ — M(g ® I) be the left action of G on I defined in the last
proposition. Then dual left action associated with \; is given by

> ARIT — I
a®@r = (id®a)(U(xe1)U")

and, by Lemma 2.4.10, we have
a>rr=(id®a)(U(xr®1)U") = (id ® €)A(an))zS(a@) = aqyzS(awe))-

foralla € A and x € I. The sub-*-algebra [ with the left coaction a; and the left action
> is a braided commutative G-Yetter-Drinfeld algebra in the algebraic sense, because
by simple calculation, we have

arla>rx) = Oq(a(l):tS(a(Q))) = a(l)x(l)S(a(g)) ® (a(g) > :E(Q))

and
Yo (S ya)) 21 x) = Y3 S ™ (ye)zS (S ya)) = 2y,
forallz,y € X and a € A.



Chapter N° 3

Algebraic quantum transformation groupoids

Having prepared in the previous chapters all the necessary results, here we give a di-
rect construction of a measured multiplier Hopf *-algebroid called an algebraic quantum
transformation groupoid. The main ingredient in this construction is a braided commu-
tative Yetter-Drinfeld *-algebra over an algebraic quantum group.

Fix a braided commutative G-Yetter-Drinfeld *-algebra (X, o, @).

3.1 The multiplier Hopf *-algebroid structure

In this section, we will construct an structure of left multiplier bialgebroid. Then using
Proposition 1.3.37, we will have a multiplier Hopf *-algebroid. As a first step, it is no hard
to see that the tuple (G x, X, X, o, 3) is a left quantum graph. The following subsection
aims to show that we can equip with a left comultiplication to our left quantum graph.

3.1.1 The left multiplier bialgebroid structure

We recall the modules neccesaries for the formulation of the comultiplication of our left
quantum graph.

« The module (G x,, X)) is the algebra G x,, X with module structure given by
a(y)(Pa @ Lucx)) Qalz) = Bl@)a(y)(va ® Lux))
forallz,y € X and a € A.
+ The module ,(x)(G x4 X) is the algebra G x, X with module structure given by
a(z) > a(y)(Pa @ Luex) = a(2y)(pa @ Luex)

forallz,y € X and a € A.
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Notation 13. Fron now on, we denote
(G %o X) & (G xq X)

for the balanced algebraic tensor product between (G x,, X)**) and ax)(G xq X).

3.1.2 The comultiplication
Fixz € Xandw € A.IfP= (0 ® Lymxy)a(y) with 6 € Aandy € X. We write
a(r)(w@) © 1y P (W) @ 1vx) = a(@)(we) -0 © Ty e(y) © (W) @ Luex)
and
a(x)(we) @ Lyx) ® (way @ L) ) P o= (@) (we) @ L) © (way -0 © Lvex) )a(y)-
Both are elements of (G x, X) ® (G x, X). Here, we use the Sdeedler notation

W) @ we) 0= Aw)(1yz ®0) € A 4,

W) -0 @ wey = Aw)(0 ® Lya) € AwA

We define the linear map

Aa(a(@)(@ @ 1px) : (G xaX) @ (GraX) — (G xa X) & (G xaX)
P ®Q —> a(x)(UJ(Q)@lM(X))P X (w(1)®1M(X))Q

Lemma 3.1.1. Forally € X and P,() € G x, X, we have
Aofa(z)(w @ Imx))(P <aly) © Q) = As(a(z)(w @ lux))(P @ aly) > Q).
Proof The result follows from the equality

Ao(a(z)(w @ Imx))(P <aly) © Q) = As(a(r)(w ® 1ux))(BH)P @ Q)

—a(z ® (W ®1)Q
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Using the lemma above, we have

Ag(0(z) (@ ® Lux))) € End((G 50 X) ® (G xq X)).

Also, for simplify our notations, we denote

(G an)%(G KXo X)

for the generalized left Takeuchi product of the modules (G x , X )*™) and o(x)(G x 4 X)
(Notation 9 and Definition 1.3.3).

Lemma 3.1.2. We have

«

A (0(2) (w0 ® Lyex))) € (G %o X) X (G xo X).
Proof Fix P,Q € G x, X, if we define

Aa(@(@)(@® Lagx) (P 1) = o) (w2 © Lux))P @ (@) ®1aex) € (GxaX) @ (GxoX),
Aa(a(@)wB Lux)) 18 Q) = a(z) (we) @ Lmex) @ (W) ©Tmx))Q € (GxaX) & (G xaX),
then

Aa(0() (@ @ L)) (P @ Q) = o) (wez) @ L)) P & (win) @ Laux))Q

(
= () (W ® Lueo)P ® (W) ® L)) (1 © Q)
= (As(afx )(w ® lyx))(P1)(1®Q)

and

Au(@) (W ® L)) (P ® Q) = @) (wee) ® Lagex) P ® (wy ® L)) Q
)

= (a(z)(we) ® Lvx) ® (w W)y ® Lyx))Q)(P ® 1)
= (Aa(a(@)(w @ L)) (1@ Q) (P& 1)

]

The next lemma shows that A, is well defined
Lemma 3.1.3. Letx, 2’ € X andw,w’ € A such that
a(z)(w @ Lmx)) = (@) (W' @ Lux))
as elements in G <, X, then
Ao(a(@)(w ® L)) = Aala(z) (W @ Lv)))-

Proof Because a(z)(w ® 1yx)) = a(a’) (W' ® 1yx)) in G x4 X, then applying the
dual action &, we have

way ®@ () (Wie) ® Lamx)) = Wiy @ @) (Wizy @ Lax))
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as elements in M(A@ G X4 X), then given P € G x,, X, we have
wiy @ a(z)(we) ® Lpmx)) P = WEl) ® a(x')(wé) ® L) P
inA®G x, X. Finally we can see that
Au(() (@ @ Lage))(P ® Q) = a()(w(z) @ L) P @ (w) @ Luex)Q
= a(2')(wig) ® Ly@) P ® (W) ® Lymx)@
= Au(al)(&' @ L)) (P © Q)

for every P, Q) € G x, X. O

Proposition 3.1.4. The map

«

Ay: GxaX = (Gx,X) X (GKxyX)

is a *-homomorphism, such that

(1) Forallz,z',y,y € X and P € G X, X, we have

Aala(z)B(y)Palz)B(y) = (a(z) © B(y)) Aa(P)(a(z) © B(1))-

(2) Forall P,QQ, N € G x, X, we have

(AL ®id)(An(Q)(IRN)))(PR1®1) = (((d®AL)(AL(Q)(P®1))) (11 N)

Proof The map A, is a *-homomorphism because AP is a *-homomorphism, and we
have the equalities

Ap(w @ Tyx) (0 @ Tax) ® Tymexax)) = (W) -0 Iyx) @ (W) @ Lax)),

«

Aa(a(z)) = a(z) @ ImExax)
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and
Au(B(x)) = Au (ST @ L)) a(z™))
= Ao (S @ Lyx)) Aa(a(z))
= (SN2 ® L) ® (S gy @ L)) (e(z?) @ 1)
= (S ® Luex))a@™) @ (S(aly)) @ Laax)
= [ [ ] =
= (SE") @ Luw)a(@™™) @ (S@Y) @ Luex)
= 5(33[0]) X (S\( [_1}) & 1M( ))
=1 @ a@) (S @ L)
=1 ® B(2).
Then:
(1) We have
Aa(e(@)a(v)(© & Lu))a@)P § Q] = Aalaley)alefy)@s-1(e_ ) & Lux)IP © Q)
= Aa(a(@yaly)@s-10y_ ) @ Lueo)IP & @)
=a(wyml[o])((wsfl(xffl]))(z) ® Lagx))P ® ((ws- Haf_,)) ) ® )@
= a(x)a(y)a(mfo])((w(z))s—l(xf_lp ® Lpy(x))P ® (wy ® 1pq(x))@Q
= a(@)a(y)(We) ® Lyx)@)P & (W) ® Lax))Q
= (@) @ D]a(y)(wz) ® Lpex))a@ )P & (W) ® Lycx))@]
= (a(@) ® 1)Aa(a(y)(w ® Lpyx))[a@)P & Q]
= (@) ® 1)Aa(a(y)(w ® Ly x))(a(@) ® D[P & Q]
and

Aa(B(2)PB(2")) = Aa(B(2)) Aa(P)Au(B(2) = (1@ B(2))Aa(P)(1 @ B(a')),

forallP,QGGKQX,x,:B’,yGXandwE//l\.

(2) Follows from the coassociativity of the comultiplication of the multiplier Hopf *-

algebra (ﬁ, Acor),

Proposition 3.1.5. The tuple A = (G x, X, X, a, 5, A,) is a multiplier bialgebroid.

Proof Follows directly from Corollary 3.1.4. [



96 CHAPTER N° 3. ALGEBRAIC QUANTUM TRANSFORMATION GROUPOIDS

3.1.3 The counit and the antipode

Define the linear maps

S Gx, X
a(r)(w @ Tmx))
Remark 69. Obviously,

~ ~ ~

S(w® L) = S@) ® Ly, Slale)) = (B @ Lupn)a(z?) = ()

Lemma 3.1.6. We have S(3(z)) = a(x) forallz € X.
Proof

S(B(x))

S((S(x) @ L) a(z!))
S(Oé((l’[o})m]))(S(tf[*l])s—l((xw])[,u) ® Iamx)))
a(z)

Proposition 3.1.7. The linear map S is an anti-isomorphism such that

S(a(x)B(y)Pa(r')B(y))) = aly)B(x')S(P)a(y)H(x),
forallz,x' y,y € X and P € G x, X.

Proof We know that G x, X is generated by elements of the form (w ® 1aqx))c(x)
with w € A and x € X. Then, the equalities

S(w @ L) S(a(e)) = (5(w) @ Lya) () @ Lo (")
(w) - S(a:[_”) ® 1M(X))a(a:[0])

and

(@) @y ® L))

(W) (glo1y,_,, ® Lyeo) (2™ )
w1z S (@) ™) ® Lucx)a( (o) ™)
o)) (Ws=1(z_1p) ® Lacx)))

Il
U
2
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forall w € Aand z € X, imply that S is an anti-isomorphism. Moreover, take P =
a(z)(w ® 1ax)), then we have

R

S(a(y)P) = S(a(y)a(z)(w ® Lyx)))
= S(a(yz)(w ® Lux)))
= (S(w) - S Ma2l™) @ Lyx)a(y e W)
= (S(w) - S @ L) (SE) @ Lyo)a(y™)a(=!)
= (S(w) - S(@) ® L)) Byl
= (S(w) - S @ L) az)B(y)
= S(P)B(y).

Proposition 3.1.8.
(i) We have

(it)
(e @ id))(Aa(a(2) (@R Laix)) 120 (1) (02 Latx))) = al2) (@S aacx))a(y) (02 Lagc)
Proof

(i) Fixz,y € X andw € A. We have

and
EB(y)a(r)(w @ Laxy)) = E(a(r)(w @ Laxy))a(y)

(i) Follows from the item () of Proposition 3.1.4 and Proposition 1.2.3

Now, we can conclude the principal result of this section
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Theorem 3.1.9. Let (X, «, &) be a braided commutative G-Yetter-Drinfeld *-algebra. Then,

the tuple
(G [><a X’ X? a? 67 Aa)?

where N
Ay: Gx, X — (G x4y X) X (G x4 X)
WO lmxy = (We) @ Lveo) X (wo) @ Lvex)
a(x) — a(r) X Lpm@rax)
is a multiplier Hopf *-algebroid with antipode given by
S Gxy,X — Gx,X

a(2)(w @ Ipxy) — (S w) ® Lyx)al®)

and counit given by

Proof Follows from Propositions 3.1.5 and 3.1.7. [

3.2 The measured structure

Let u : X — C be a Yetter-Drinfeld integral for the braided commutative G-Yetter-
Drinfeld *-algebra (X, o, @) with modular automorphism o, : X — X. In this section,
we give the base weight and the partial integral for the multiplier Hopf *-algebroid found
above.

3.2.1 The base weight, the partial and total integral
Recall the injective (X )-bimodule map constructed in Proposition 2.7.9,

T : Gxo X —  «a(X)
(W& Tm))a(z) = dw)a(z)

Then , take Q := T}.
Lemma 3.2.1. Foranyz,y € X andw,0 € A,
(id ® Q) (AL(a(z) (WL p(x))) (@(y) (01 (x))®1)) = Qa(z) (WS Lamx)))(y) (0D Lax))-

Proof Fixz,y € X andw,f € A By direct calculation, we have

(id ® Q)(AL(a(z))(a®)(0 @ Lyx) @ 1) = (id ® Q) (alzy) (0 @ L) @ 1))
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and

(we) ® L) a(y) (0 @ Lygx))d(way)
(w)a(y)(0 @ Lyx))
(W ® Lax)))(y) (0 @ Laax))-

]

(id @ Q)(AL(w @ L)) (@(y) (0 @ Tmx)) ® 1))

Il
) S)

Proposition 3.2.2. The map ;v : X — C is a base weight and the map () is a partial
integral for Hopf *-algebroid

(G %o X, X, , B,A4,&,5)

following Definition 1.3.38. Moreover, the dual action ji : G x, X — C is a total integral
for the multiplier Hopf*-algebroid

(G xo X, X, a, 3, Mg, &, 5).

Proof It is not hard to show that 0 a~': X — Cisabase weight, as Definition 1.3.38,
for (G x, X, X, a, 3,4, ¢, 3) The rest of the proof follows from Proposition 1.3.22,
Lemma 3.2.1 and because the positivity of y implies the positivity of i = poa™toQ =
po a~to Ty (Definition 2.7.10). ]

We can now enunciate the most important theorem of this chapter.

Theorem 3.2.3. Let (X, a, &) be a braided commutative G-Yetter-Drinfeld *-algebra and
(it a Yetter-Drinfeld integral on X. Then, the tuple

(G |><aX7X’a7/B7AOJ7§7S’/’L7Q)

where .
Ay: G, X — (G xo X) X (G x4 X)
w®lmx)y = (W) @ lux) X (wa) ® Tvx))
Oé(IL‘) — Oz(ZE) X 1 M(CxoX)
S GxyX — Gxo,X
a(z)(w® Ipx)) = (S w) ® 1M(X))&(x[0])
5 Gro X = oX)
a(r)(w @ Ipmx)) — Y(w)a(x)
and
Q: G Xq X - a(X)

(W@ Tyux))a(z) = plw)a(z)
is a measured multiplier Hopf *-algebroid, as Definition 1.3.38.

Proof Follows from Theorem 3.1.9 and Proposition 3.2.2. ]
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Definition 3.2.4. The measured multiplier Hopf *-algebroid associated with the braided
commutative G-Yetter-Drinfeld algebra (X, o, @) eand with the Yetter-Drinfeld integral
(s called an algebraic quantum transformation groupoid and is denoted by & (X, o, @, ).

3.3 Examples

The construction presented in this chapter shows that any example of a braided com-
mutative Yetter-Drinfeld *-algebra over an algebraic quantum group (see 2.8.2) gives rise
to an example of an algebraic quantum transformation groupoid. The simplest of these
examples if as follows.

3.3.1 Usual transformation groupoids

Let - : G xS — S be a left action of a group G on a set S. Consider the braided
commutative H-Yetter-Drinfeld *-algebra (Fun¢(S), A, A), where H = (C[G], A/, ¢') and
recall the maps

A: Fung(S) — M(H x, Funs(95)) Py : Fung(S) — M(H x, Fung(S5))
P — Z P(8)0(g,s) > P > Z p(g-5)0(g.s) -
geG,ses geG,seS

Then the crossed product is given by the identification

H %, Fung(S) = Fun¢(G) @ Funy(S) = Funy(G ~ 5)
(8, ® Laaruny(s))Ap) = 0y @ p = D p(8)ds

seS

where Funy (G ~ S) is the *-algebra of complex finitely supported functions on the
groupoid G ~ S. For any p € Funy(S), we have

pod=Ap) and por=pB5(p),

as elements in Fun(G ~ S) = M(Funy(G ~ S)). Denote L = Funy(.S) and consider
now, the linear maps

AL . Funf(G % S) — Funf(G: % S) Funf(S)YFunf(s) Funf(G 5% S)
f = [A(f)((g,5), (h, 1)) = f(gh,1)]

€: Funy(GS) — Funy(.5)
f = DS (e )0

s€S
S: Funsy(G~S) — Fun;(G ~ 5)
f — Z f(gag_l : 8)5(971,5)

geG,seS
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where
M(Fun;((G ~ S)?)) = Fun (G ~ S)F““f(S)YFunf(S)Funf(G ~S),

Then by direct calculations, A = (@ XgFung(S), Fung(S), A, B5, Ar, €, S) is a multiplier
Hopf *-algebroid. Moreover, if we consider the linear map

Q: Funy(GS) — Fung(S)
S — (p@id)( > flg,s
g€G,seS

where ¢ is the left and rigth integral for H, and a function i : G — C such that we have

the functional
p: Fung(G) — C

p =) plg)ulg)

geG

Then 1 is a base weigth for A and (2 is a partial integral for A, that implies that A is
commutative algebraic quantum transformation groupoid (because all its algebras are
commutative).

3.3.2 Quotient type left coideals

Let G = (A, A4, pa) be a unimodular algebraic quantum group with algebraic multi-
plicative unitary U and H = (B, Ap, @) an algebraic quantum group of compact type
which is a closed quantum subgroup of G, as in Definition 2.1.15, with non-degenerate
surjective *~-homomorphism ® : A — B. Denote by I the quotient type left coideal
defined as in Proposition 2.8.19.

By this Proposition, the triple (7, P AL = Ad(g‘ ;) is a braided commutative
Yetter-Drinfeld *-algebra. Now, we want to equip it with a Yetter-Drinfeld integral in
order to construct an algebraic quantum transformation groupoid.

Lemma 3.3.1. The restriction of the functional p 4 to I is a Yetter-Drinfeld integral.
Proof Denote p := ¢ A} ;- Because 4 is a left and right integral for G, it follows that
(id @ p) o ap = p(-)1agea). Now, fix a € A, then we have

(b@ (M) = (b@ p)(U*(1 @ a)0)
= u((id ® b)(U(a ® 1)U™))

— j(byaS (b))
— c(h)ula)
= (b® id)(1(a) Ly z)

for all b € A. This implies

(id © p) (@) = (@) Ly
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Proposition 3.3.2. Using the Yetter-Drinfeld integral ¢ 4| ,, we have two algebraic quan-
Iz (,DA‘I) and ®(I,Ad@, Iz AAl]’ SOA}I)'

tum transformation groupoids & (I, AA|I, Adg

Proof Using the lemma above and Theorem 3.1.9, we have all ingredients to construct
these two algebraic quantum transformation groupoids. ]
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Analytical setting






Chapter N° 4

Preliminaries

Notations and conventions:

« Given a subset Y of a normed space X, we denote by [Y] C X the closed linear
span of Y, i.e.

Y] := span(Y)”.HX C X.

« Given a Hilber space H and a subset X C B(H), we denote by X’ the commutant
of X, ie.
X' :={T e€eB(H) : Te =aT forallz € X}.

« All sesquilinear maps like inner products on vector spaces over C are assumed to
be antilinear in the first component and linear in the second one.

« Given a Hilbert space H and an element ¢ € H, we use the ket-bra notation

&) C—H, A= A,
(&= &) H—=C, ne (&)

For every subset X C H, we will use the notation

|X)i={|z) : 2 € X} CB(C,H).

+ Given a Hilbert spaces H and elements £, € H, we denote by we, the linear
functional on B(#) defined by we ,,(T') = (£|T'|n).

« We use the symbol ® for the spatial tensor product of C*-algebras and for the
tensor product of Hilbert spaces.
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« We shall make extensive use of right Hilbert C*-modules instead the left ones.

« Given Hilbert C*-modules £ an F' over B, we denote by Lg(E, F') the space of
all adjointable operators from E to F.

Definition 4.0.1 ([Kus03]). Let w be a positive linear functional on a non-degenerate
*-algebra A. A GNS-pair associated withw is a pair (H,,, A,,), where H,, is a Hilbert space
and A, is a linear map from A into H such that

« A,(A) is dense in H,,
e (Ay(a)|Ay(b)) =w(aD) forall a,b € A.

It is clear that such a pair exits and that is unique up to a unitary transformation.

4.1 Basics of C*-algebras

Remark 70. As any C*-algebra A is a non-degenerate *-algebra, we can consider its

multiplier *-algebra M(A) that is also a C*-algebra.

Definition 4.1.1. Let A, B be C*-algebras. A *-homomorphism f : A — M(B) is
called non-degenerate it

[f(A)B] = B.

Proposition 4.1.2. Let f : A — M(B) be a non-degenerate *-homomorphism of C*-
algebras. There exists a *-homomorphism M(A) — M(B), which is the unique extension
of f, and that we will denote with the same symbol.

4.1.1 KMS-weights on C*-algebras

Remark 71. Let A be a C*-algebra. Denote by A, the cone of all positive elements of
A.

Definition 4.1.3. Let A be a C*-algebra. A weight on A is a function ¢ : A, — [0, <]
satisfying

(i) ¢(a+0b) =¢(a)+ ¢(b) foralla,b € A;
(i) ¢(ra) =re¢(a) forallr € [0,00) and a € A,.
The weight ¢ is called faithful if ¢(a) # 0 for each non-zero a € A,.

Notation 14. Let ¢ be a weight on a C*-algebra A. We use the following standard
notation:

« MJ :={a€ A, :¢(a) < oo} is the set of all positive ¢-integrable elements;
« Ny :={a € A: ¢(a*a) < oo} is the set of all ¢-square-integrable elements;

« My = span M = span . s N is the set of all ¢-integrable elements.
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Definition 4.1.4. A GNS-construction for a weight ¢ on a C*-algebra Ais atriple (Hy, Ay, 74),
where H is a Hilbert space, Ay : Ny — H,, is a linear map with dense image, and 7, :

A — B(H,) is a *-representation such that ( A, (a) | Ay(b) ) = ¢(a*b) and m4(a)Ay(b) =
Ay(ab) forall a € A and b € Nj. It is easy to see that for each weight, there is a GNS-
construction, and this construction is unique up to a unitary transformation.

Definition 4.1.5. A weight ¢ on a C*-algebra A is called

« lower semi-continuous if the subset {a € A, : ¢(a) < A} C A is closed for every
AeERT;

« densely defined if M is dense in A, or equivalently, if Ny or M, is dense in A;
« proper if ¢ is non-zero, densely defined, and lower semi-continuous.

Definition 4.1.6. A one-parameter group of *-automorphisms on a C*-algebra A is a
family 0 = (0})er of *-automorphism of A that satisfies o, 0 0y = 0,1, for all s, € R.
The one-parameter group o is called norm-continuous if for every a € A, the map t €
R +— o4(a) € A is norm continuous.

We will be interested in analytic extensions of one-parameter groups. These extensions
involve analytic functions that are defined on horizontal strips on the complex plane of
the form

I(z) :=={y € C: Im(y)] < |Im(2)[} C C,
where z € C. Given a C*-algebra A, let us call a function f : I(z) — A norm-regular if
it is

« analytic on the interior of /(z), that is, for every y in the interior of /(z), the limit
)~ Tw)

exits w.r.t. the norm-topology;
y—Yo Y—%Y

« norm-bounded on I(2);

« norm-continuous on /(z).

Definition 4.1.7. Let 0 be a norm-continuous one-parameter group of *-automorphisms
of a C*-algebra A. For each z € C — R, put

Dom(o,) := {x € A : there exits f : I(z) — A norm-regular s.t. f(t) = o¢(z) for all t € R}

and define o, : Dom(o,) — A by o.(x) = f(z), where f is as above. The function
f is uniquely determined by the Identity Theorem of complex analysis and o, is well
defined. The family (0, ).cc is called the analytic extension of o and the elements of
U,cc Dom(o.) are called analytic.

Definition 4.1.8. A proper weight ¢ on a C*-algebra A is called a KMS-weight if there
exists a norm-continuous one-parameter group ¢ on A such that

« 0 leaves ¢ invariant. i.e, po oy = ¢ for allt € R,

« p(z*z) = ¢(0i/2(x)0i/2(2)*) for all z € Dom(a;2).
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Moreover, ¢(zy) = ¢(yo_;(x)) in the following two situations:
« x € Dom(o_;) and y € M.
« y €Ny NN,z € Ny NDom(o_;) and o_(x) € N
The one-parameter group o is called a modular automorphism group for ¢.

Theorem 4.1.9. Let ¢ be a KMS-weight on a C*-algebra A with GNS-construction (H,, Ay, 74)
and modular automorphism group o. Then

* There exits a unique closed antilinear operator T on H, such that Ag(Ny N N7) is a
core for T and T'Ay(x) = Ag(2*) for allx € Ny N NG,

e The operator V, := T™T is strictly positive. There exits a unique antiunitary J4 on
Hg such that T = J,V)/*. One has Jy = J5, J3 = s, and JyViJ, = VE,
JsViJy =V forallt € R.

¢ Jomo(A)Jy C me(A)'.

« ViAy(z) = Ag(oy(x)) forallz € Ny andt € R.

o JoMy(x) = Ag(042(x)*) for allz € Ny Y Dom(o)s).

e Ifv € Ny andy € Dom(o;,), then xy € N, and Jymy(oi)2(x))* JpAs(y) =
Ag(yz).

Definition 4.1.10. The operators J, and V, defined in the theorem above are called
the modular conjugation and the modular operator of ¢, respectively.

Definition 4.1.11. A C*-bialgebra is a C*-algebra A equipped with a non-degenerate
*-homomorphism A : A — M(A ® A) called comultiplication such that

« A is coassociative in the sense (A ® id) o A = (id ® A) o A,

« A(A)(1® A) and A(A)(A ® 1) are contained in A ® A.
A C* bialgebra (A, A) is called bisimplifiableif the linear span A(A)(A®1) and A(A)(1®
A) are dense subsets of A ® A. A morphism of C*-bialgebras (A, A4) and (B, Ap), is a
non-degenerate *-homomorphism f : A — M(B) that satisfies Ago f = (f® f) o A4.
Definition 4.1.12. Let (A, A) be a bisimplifiable C*-bialgebra. A weight on A is called

« left-invariant, if ¢((w @ id)(A(a))) = w(1)¢(a) forallw € AY and a € M.

« right-invariant, if ((id ® w)(A(a))) = w(1)é(a), forall w € AY and a € M.
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4.1.2 (*-valued weigths

Definition 4.1.13 (Definition 1.1, [Kus00]). Consider two C*-algebras A and B and a
hereditary cone Pin A,. Pt ' = {a € A : a*a € P} and M = span P = N*N.
Suppose that 7" is a linear mapping from M to M(B) such that

> biT(aja;)b; > 0

ij=1

foreveryn € Nanda; € N, b; € Bforall1 < i < n. Then we call T a C*-valued
weigth from A into M(B).

Remark 72. We recall that a cone P in A, is a subset closed under addition and scalar
multiplication with positive elements. A cone P in A, is call hereditary if given a € A
and b € P such that a < b then we have that a also belongs to P.

Notation 15. Consider two C*-algebras A and B and a C*-valued weight 7" from A into
M(B). We will use the following notation

(i) the domain of T" will be denoted by M.
(2) wedefine Ny ={a € A : a*a € M$}.

We have that M7 is a sub-*-algebra of A, M7 is a hereditary cone in A, and M7 =
span M. We will say that T'is densely defined if Mr is dense in A, which is equivalent
to N7 being dense in A or to M. being dense in A,.

4.1.3 Hilbert C*-modules

We use [Tim08] as reference for the followings definitions and results relate to right
Hilbert C*-modules.

Let A and B be C*-algebras. Given rigth Hilbert C*-modules F and F' over A and B,
respectively, and a *-homomorphism 7 : A — Lg(F'), we can define the internal tensor
product £ © F. This Hilbert C*-module is the closed linear span of elements of the

forme o f ,7:?Vhere e € FE, f € F, and the structure of a right Hilbert B-module is given
by "

(eo fleo = (f|r((e,e)a)f")s, (e f) bi=eO f-b

foralle,e’ € E, f,f' € Fand b € B.

In a similar way, we can define the flipped internal tensor product /' © F, this Hilbert
C*-module is the closed linear span of elements of the form f & e, wheﬂre ecE, fer,
and the structure of a right Hilbert B-module is given by i

(focelf@d)p=_(f|n(e,d))f)p, (fOe)-bi=fbSe

s s
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foralle, ¢’ € E, f, f' € Fand b € B. Moreover, the usual and the flipped internal tensor
product are related by a unitarymap ¥ : E S FF - F @ E,e © f— [ © e. If the

s ™ s s
representation 7 is clear, we write simply © and © instead of © and ©, respectively.

Let F1, E5 be Hilbert C*-modules over A, Fi, F5 be Hilbert C’I-moduires over B with

*-homomorphisms 7; : A — Lg(F;) fori =1,2,and S € L4(F1, Ey), T € Lg(F1, Fy)

such that T'm(a) = my(a)T for all @ € A. Then, there exits a unique operator S & T €

Lp(E1 © Fi,E; © Fy)suchthat (S © T)(e © f) =Se © T'fforalle € Ey f € F}
T 1 2

2

and (S © T)*=5" o T*.

4.2 (C*-algebraic quantum groups

4.2.1 Basic definitions and results

Definition 4.2.1 ([KV00]). A reduced C*-algebraic quantum group is a bisimplifiable
C*-bialgebra (A, A) such that there exist a left invariant KMS-weight ¢ on (A, A) and
a right invariant KMS-weight ¢ on (A, A).

Let (H4, Ay, my) denote a GNS-construction for ¢. There exists a unitary operator W €
B(Hs ® H,) such that

W (Ag(a) @ Ag(b)) = (Mg @ Ag)(A(b)(a @ 1))

foralla,b € N,. This operator is called the multiplicative unitary of (A, A), and satisfies
the pentagonal equation

W12W13W23 = W23W12-

Theorem 4.2.2 ([KV00]). Let (A, A) be a reduced C*-algebraic quantum group with left
invariant KMS-weight ¢ and right invariant KMS-weight 1. Denote by (H,, Ay, 75) a
GNS-construction for ¢.

* There exists a unique closed densely defined antilinear operator G on H, such that
span{Ay((¢ @ id)(A(b")(a ©1))) = a,b e NgNy} CHy
is a core for G and
GAs((¢ @ id)(A(b)(a@1))) = Ag((¥ @ id)(A(a”)(b® 1)))
foralla,b € NjNy. This operator satisfies the relation G* = 1513,,).

e The operator N := G*G is strictly positive. There exits a unique anti-unitary I on
Hy such that G = INY2. Moreover, ] = I*, 1> =1 and INI = N~

e There exits a unique norm-continuous one-parameter group T of *-automorphisms of
A such that y(1(a)) = N~ "m4(a)N" forallt € R anda € A.

e There exits a unique anti-*-automorphism R of A such that 75(R(a)) = Imy(a)*]
foralla € A.



CHAPTER N° 4. PRELIMINARIES 111

* The operator S := RT_;/; satisfies the relations
- span{(id ® ¢)(A(b*)(1 ®a)) : a,b e Ny} C Aisacore for S and
S((id® @) (A1 ®a))) = (id ® ¢)((1 @ b")Ala))

foralla,b € N.
- span{(¢ ® id)((b* ® 1)A(a)) : a,b € Ny} C Ais a core for S and

S((¥ @id)((0" @ 1)A(a))) = (Y @id)(Ab") (e @ 1))

foralla,b € Ny.
- {(id@w)(W) : we By(Hy)x} C my(A) = A is a core for S and

S((id @ w)(W)) = (id @ w)(W™)
forallw € By(Hy)*.

Definition 4.2.3 ([KV00]). The one-parameter group 7 and the maps R and S are called
the scaling group, the unitary antipode and the antipode of (A, A), respectively.

Proposition 4.2.4 ([KV00]). Here, we collect relations between the maps associated with
a reduced C*-algebraic quantum group. Let 0% and o¥ the modular automorphism groups

of ¢ and 1), respectively :
e SoR=RoS,oR=Rot,7;05=Sor forallt € R.
colool =0l ool o0l =clom, o0 =0l or forallt € R.
e RP=1andS?>=1_,.

e S is injective and S™' = 7,5 0 R.

For all x,y € Dom(S), we have xy € Dom(S) and S(zy) = S(y)S(x).

For all x € Dom(S), we have S(x)* € Dom(S) and S(S(z)*)* = .

AoR=%Yo(R®R)oA.

Forallt € R
Aool =(n®al)oA, Aoot = (o} @7_4)0A,

(mem)oA=ANor, = (0f ®c?,) 0 A

There exits a scaling constant v > 0 such that

pom=v"tg, vorm=v, ool =vlp, ool =vTly
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Definition 4.2.5 ([Wor91]). Let Abe a C*-algebraand 7" : Dom(7') C A — A adensely
defined linear map. We say that T is affiliated with A if there exits z; € M(A) such that
|zr]| < 1andforall z,y € A,

z € Dom(T) and y = T(z) < There exists a € A with 2 = (1—2527)"?a and y = 2a
Proposition 4.2.6 ([KV00]). There exists an affiliated element ¢ called the modular ele-
ment of (A, A), such that

o) = ¢(51/2 . 51/2).

e A(0)=0®6, R(0) =61

e Forallt c R, x € A,

7(0) =0, o7 (0)=v'6=0/(0), of(x)=0"0](x)5".

Definition 4.2.7 ([KV00]). We define
+ The set A := [(w @ id)(W) | w € Bo(Hy)*] C B(Hy).
» The injective linear map A:A— B(Hs®H,) such that Alz) = SW(z2@1)W*S
forall x € A. Here X € B(H, ® H,) denotes the flip map.
Theorem 4.2.8 ([KV00]). The set A is a non- degenerate sub- C*- -algebra of B(H) and the
map A is a non- degenerate *-homomorphism from A to M(A ® A) such that
e (A®id)o A= (id®A)oA

o the linear span of A(A)(A ® 1) and A(A)(1 ® A) are dense subsets of A ® A.
Moreover, there exist
e a left invariant KMS-weight o on (;l, 3),

* a right invariant KMS-weight{/)\ on (121\, ﬁ)
Definition 4.2.9. The reduced C*-algebraic quantum group (2, ﬁ) is called the dual of
(A, A).
Remark 73. We have that TV := Ad(X)(W*) is the multiplicative unitary of the dual
(A, A) in the GNS-construction (Hog, A, i) for &.

4.2.2 Drinfeld double for C*-algebraic quantum groups ([NV09])

Let (A, A) be a C*-algebraic quantum group. We fix its left and right invariant KMS-
Welghts ©, 1, its multiplicative unitary W, and its dual C*-algebraic quantum group
(A A) with left and right invariant KMS-weights @, ¢ respectively.

Theorem 4.2.10. The linear map Ap = (id ® ¥ o Ad(W) ® id) o (A ® A) is a non-

degenerate *-homomorphism from A® A to M(A® AR A® A). Moreover, (A® A, Ap) is
a C*-algebraic quantum group with op = ¢ ® 1 as left and right invariant KMS-weight.

Definition 4.2.11. The C*-algebraic quantum group (A ® E, Ap) is called the Drinfeld
double of (A, A).
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4.2.3 Coactions of C*-algebraic quantum groups ([Tim08])

Definition 4.2.12. A left coaction of a C*-bialgebra (A, A) on a C*-algebra C'is a non-
degenerate *-homomorphism « : C' — M(A ® C) which satisfies

ca(C) AR CA®C

e (idga®a)oa =(A®ide) o a, that is, the following diagram commutes

C B M(A®C)

O‘k [A@idc

A C*-algebra C equipped with a left coaction « of a C*-bialgebra (A, A) will be called
a (A, A)-C*-algebra if

« « is injective,

« the linear span of a(C')(A ® 1) is dense in A @ C.

4.2.4 (*-algebraic quantum groups associated with AQG

Fix an algebraic quantum group G = (4, A, ¢) and a GNS-pair (L*G, A) for the faithful
functional ¢, i.e

« L*G is a Hilbert space with scalar product (- |- ).
« A: A — L?G is an injective linear map.

« A(A) is dense in L*G.

« (A(a) |A(b))y = p(a*b) forall a, b € A.

4.2.4.1 The reduced version

Proposition 4.2.13 (Proposition 2.1, [KV97]). There exits a unique unitary operator W &
B(L*G ® L*G) such that

W*(Aa) @ A(b)) = (A @ A)(A(b)(a ® 1)),

and
W(A(a) @ A(D)) = (A @ A)((S™" @ id)(A(b))(a @ 1)),

foralla,b e A.

Lemma 4.2.14 (Lemma 2.3, [KV97]). For everya,b,c € A,

(id @ Waa),am) (W)A(c) = A((id ® @) (A(a”) (1 @ b))c)
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Lemma 4.2.15 (Lemma 2.4, [KV97]). For each a € A, there exits a unique bounded oper-
ator T, on L*G such that T,(A(b)) = A(ab) forallb € A.

Definition 4.2.16 (Definition 2.5, [KV97]). We define the map 7, : A — B(L*G) such
that
Ty (a)(A(b)) = A(ab)

forall a,b € A.

Remark 74. Because A is an idempotent, in the sense of 1.1.2, and non-degenerate *-
algebra, then 7, is an injective *-homomorphism such that 7,.(A)(L?(G)) is dense in

L?G.
Using Lemma 4.2.14, we have for all a,b € A

(id @ waa)am) (W) = m((id @ ¢)(A(a®) (1 ® b)) (4.1)

Definition 4.2.17 (Definition 2.5, [KV97]). We define A, as the norm closure of 7,.(A)
in B(L?G). So, A, is a non-degenerate sub-C*-algebra of B(L*G). By the equation (4.1),
we have that

A = {[doo)W) :weBILG).}" c B(1*G)

Theorem 4.2.18 (Theorem 2.11, [KV97]). The map A, : A, — B(L*G ® L*G) defined

by
An(z) = W1 @)W

for all x € A,, is a non-degenerate injective *-homomorphism from A, to M(A, ® A,)
such that

e (A, ®id)o A, = (ld® A,) o A,

e The vector spaces A (A,) (A, ® 1) and A, (A,)(1 ® A,) are dense in A, @ A,.
Proposition 4.2.19 (Lemma 2.8, [KV97]). Foranya € Aandx € A® A, we have
Ap(me(a))(mr@m,) (2) = (m@m)(Ala)z),  (m@m)(2)Ar (T, (a)) = (m@m ) (A (a))

There exists a left invariant KMS-weight ¢, on the C*-bialgebra (A,, A,) with GNS-
construction (L?G, A,, id) such that 7,.(A) is a core for A, and A, (.(a)) = A(a) for all
a € A. This implies that 7, (A) C M., and ¢, (7,(a)) = ¢(a) foralla € A.

Definition 4.2.20. We denote the C*-algebraic quantum group (A4,,A,) by G,. It is
called the reduced C*-algebraic quantum group associated with G.

We denote: the antipode of (A,, A,) by S,, the scaling group by 7" and the unitary
antipode by R,; the modular group of ¢, by ¢" and the modular group of ¢, := ¢, o R,
by ‘0”; the modular element of (A,, A,) by J, and the scaling constant of (A,, A,) by v.
Recall that ¢, o 77 = v %, forall t € R.

Proposition 4.2.21 (Proposition 2.12, [KV97]). The operator W' is the multiplicative uni-
tary of (A,, A,) acting on LG, i.e. Wiy W13Wag = WasWis.
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We define the linear map A : A — L2G such that /A\(apa) =A(a ) for every a € A. Then,

using the identity of the Lemma 1.2.19, we can consider (LG, A) as the GNS-pair for w
With this new GNS-pair, we have a new expression for V.

Lemma 4.2.22 (Lemma 2.13, [KV97]). For every wy,ws € A,
W(A(w) ® Mws)) = (A @ R)(A(w) - (1@ w))

Definition 4.2.23 (Definition 2.14, [KV97]). We define the map 7, : A — B(L2G) such
that R R
% (@) (R(8) = A(w-0)

forallw,f € A.

Remark 75. It follows from the idempotence and non-degeneracy of A that 7, is an
injective *-homomorphism such that 7,(A)(L?G) is dense in L*G.

Lemma 4.2.24 (Lemma 2.13, [KV97]). For every 6,0, € A,
(Wi, (0 @ )W) = (¢ @ 1d) (01" @ 1) - A(62))). (4.2)
Definition 4.2.25 (Definition 2.15, [KV97]). We define A, as the norm closure of 7, (ﬁ) €

B(L*G). So, A, isa non-degenerate sub-C*-algebra of B(L?G). By the equation (4.2),
we have that

A =Tweid(W) :weB(I2G).) " c B(L*G)

Theorem 4.2.26 (Theorem 2.18, [KV97]). We define the map A, A — B(L*G® L*G)
by
A(z) =Wz o)W

forallzx € A,. Then A, isa non-degenerate injective *-homomorphism from A, toM (A\T ®
A,) such that

. (ﬁ,,@id)oﬁr = (id@ﬁr)ozr
« The vector spaces A, (A )(A,®1) and A, (A, )(1 ® A,) are dense subsets of A, ® A,.

Lemma 4.2.27 (Lemma 2.17, [KV97]). Foranyw € Aandf € A® A, we have
A, (7 (W) 7 @7,) (0) = 707) (AW)D),  (#e7)(0)A, (7 (W) = 7&7,)(0A(W))

Definition 4.2.28 (Lemma 2.19, [KV97]). We denote the C*-algebraic quantum group
(AT, A ) by G,. It is called the reduced C* -algebraic quantum group associated with G.

The next lemma gives another formula for 7,..
Lemma 4.2.29 (Lemmas 2.19-2.20, [KV97]). We have

e Foranyw € Aanda € A,
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e Foranya,b € A,
(Wa@),A@) @ 1d)(W) = T (4e08)-

Lemma 4.2.30 (Lemma 2.21, [KV97]). Let w € Aanda € A We define the linear
mapping F' from A to A such that F(x) = (id @ w)(A(x)(a ® 1)). Then F can be viewed
as an element of A ® A such that W (m,.(a) @ 7.(w)) = (7, @ 7,)(F).

Proposition 4.2.31 (Proposition 2.22, [KV97]). We have

-~

W (m(4) © 7, (4) = 1 (A) @ 7(A), (7 (4) @ F (AW = m,(4) © 7, (A).
In particular, W belongs to M(A, @ A, ).

Proposition 4.2.32. The dual of the reduced C*-algebraic quantum group associated with
G is the same object as the reduced C*-algebraic quantum group associated with the dual

*-algebraic quantum group of G, i.e, G, =G,.

Proof It is enough to see that the multiplicative unitary W of (A,, A, ) is the extension
of the algebraic multiplicative unitary of G. O]

Remark 76. The previous proposition gives the commutative diagram

G reduced C*-algebraic

take dwal/ Yllantum group associated

r

reduced C*-algebraic
quantum group associated

e )

é take dual

p b G,
same object in the

category of C*-algebraic

quantum groups

D)

4.2.4.2 The universal version

We define a dense sub-algebra of A,: consider
B, = {(id®@w)(W*) : w € B(L*G),},

and then we take A, := B, N B. The *-algebra A, is a dense sub-*-algebra of A, (in
[Kus03], it is called the coefficient *-algebra of G,.). It is known that

(1d ® wa@)ap) (W) = m((id @ ) ((1 ® a") A(D)))

for all a,b € A, this implies that 7.(A) C B, and then m,.(A) C A,. Let A, be a
universal enveloping C*-algebra of A, through a *-homomorphism ¢, : A, — A, and
Ag : A, — A, be a unique surjective *~homomorphism such that Ag(¢,(a)) = a for
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all a € A,. We denote also by 7, : A — A, the injective *~homomorphism such that
mu(a) = ¢u(m.(a)) for all @ € A. Then Ag o m, = 7,. There exists a multiplicative
unitary W € M(A, ® By(L>G)) called the universal left regular corepresentation of G,
with respect to (A,, 7,) and (L°G, A, 7).

Proposition 4.2.33 ([Kus97b]). The C*-algebra A, is the universal enveloping C*-algebra
of A through the *-homomorphism .

Remark 77. We have the next universal property for the C*-algebra A, : if C'is a C*-
algebra and f : A — (' is a *-homomorphism, then there exists a unique morphism
fu: Ay — C suchthat f = f, om,.

Theorem 4.2.34 (Theorem 3.15, [Kus97b]). There is a unique non-degenerate *-homomorphism
Ayt Ay — M(A,®A)
such that (A, ® id)(W) = W13 Wa3. Moreover, we have that
e (A, ®id)o A, = (id® Ay) 0 A,

e the linear span of A, (A,)(A, ® 1) and A, (A,)(1 ® A,) are dense subspaces of
A, ® A,

Proposition 4.2.35 ([Kus97b]). Considera € A andx € A ® A, then
Ay(my(a))(mu@m,)(x) = (1,7, ) (A(a)z), (@) (1) Au(mu(a)) = (@) (zA(a))
Proposition 4.2.36 ([Kus97b]). The following identities hold

e (Ag®Ag) oAy = A, 0Ag,

e (id® Ag)(Ay(a)) = W1 ® Ag(a))W foralla € A,.

Proposition 4.2.37 ([Kus97b]). There exits a unique non-zero *-homomorphism ¢, :
A, — C such that
(ey®id)o Ay = (id® egy) 0 A, = id.

Moreover, (¢, ® id)(W) = 1. The map ¢, is called the counit of (A,, A,).

Proposition 4.2.38 ([Kus97b]). There exits a unique anti-*-automorphism R, : A, — A,
called the unitary antipode of (A,, A,) such that (R, ® R,.)(W) = W. Moreover, we have
that A\go R, = Ro Ag, R2 =id andX o (R, ® R,) o A, = A, 0o R,.

Proposition 4.2.39 ([Kus97b]). The map ., := ¢, o Ag is a proper weight on A,, which
has a GNS-construction (L*G, A, Ag) such that A, = A, o Ag. Moreover, the map 1), :=
©u © Ry, is also a proper weight on A,,.

Definition 4.2.40. We denote the C*-algebraic quantum group (A4,, A,) by G,. It is
called the universal C*-algebraic quantum group associated with G.

Proposition 4.2.41 ([Kus97b]). We define the antipode S, := R, o TEZ./Q = Tﬁi/z oR,. It
satisfies the following basic properties
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e S, is densely defined and has dense range.

e S, is injective and S;' = R, o Tijo = Tijg © R,.

e S. is antimultiplicative.

e We have for all x € D(S,) that S,(z)* € D(S,) and S, (S.(z)*)" = .
o 52 =71,

e SuoR,=R,0S,and S, o1} =708, forallt € R.

Proposition 4.2.42 ([Kus97b]). There exists a unique strictly positive element 6,, affiliated
with A, such that Ag(0,) = d,. Moreover, 6, ® §, = W*(1 ® 6,)W.

The element ¢, is called the modular element of the C*-algebraic quantum group G,.
We have its basic properties:

Proposition 4.2.43 ([Kus97b]). The following properties hold

e 7(8,) = 0, fort € R and R,(5,) = 0, ".

Lett € R, then 0% belongs to D(S,) and S, (6) = 6.
e 0(0,) = 0i(0,) = V', forallt € R.

e 'gi(a) = 0"%c"(a)d, " forallt € R anda € A,.

* Yu =6, (Pu).

Let ¢, denote the left Haar weight on G, with GNS-construction (L*G, A,, 7,,) defined
in such a way that ¢, o 7, = ¢, and A, o 1, = A. We denote the antipode of G, by S,
the scaling group by 7" and the unitary antipode by R,. The canonical modular group
of ¢, by 0* and the canonical modular group of ¢, o R, by ‘c%. We denote the modular
element of G, by ¢,.

Proposition 4.2.44 ([Kus97b]). The following properties hold
e We have thate, om, = ¢
e Leta € A. Thenm,(a) € D(S,) and S, (m,(a)) = m,(S(a)).

Proposition 4.2.45 ([Kus97b]). Considera € A, then m,(a) is analytic with respect to o
and to'c*.
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4.2.4.3 Analytical structure associated with AQG

It was shown in [Kus03] that the analytical structure of the reduced and universal C*-
algebraic quantum group associated with an algebraic quantum group can be completely
pulled down to the algebraic level. We recall in this section, what is the analytical struc-
ture of an algebraic quantum group. In the following, let G = (A, A, ) be an algebraic
quantum group.

Definition 4.2.46 (Definition 3.1, [Kus03]). We say that a function o : C — End(A, A)
is an analytic one-parameter group of automorphisms of G, if

« For everyt € R, o is a *-automorphism of A.
« Forevery s,t € R, as.y = a5 0 .
« For every ¢t € R, there is a strictly positive number m; such that ¢ o oy = myp.

. Forevery a € Aandw € A, the function C — C: z — w(a(a)) is analytic.

Lemma 4.2.47 (Lemma 3.2, [Kus03]). Let o be an analytic one-parameter group of auto-

morphisms of G. The following properties hold
(1) Consider z € C, then a,(a)* = az(a*) foralla € A.
(2) Forally,z € C, oy, = ay 0 0.
(3) Consider z € C, then o, is an automorphism of A and (o)™ = a_.

Definition 4.2.48 (Definition 4.1, [Kus03]). We say that a function u : C — M (A) is
an analytic one-parameter group of unitary multipliers of A, if

« For every t € R, u; is unitary in M (A).
« Forevery s,t € R, usi s = usuy.
« For every w € A, the function C — C: z — w(u,) is analytic.

Lemma 4.2.49 (Lemma 4.2, [Kus03]). Letu be an analytic one-parameter group of unitary
multipliers of A. The following properties hold

(1) Forallz € C,u} = u_s.
(2) Forally,z € C, uy,, = uyu,.
(3) Forall z € C, u, is invertible in M(A) and (u,) ™' =u_..

Proposition 4.2.50 (Proposition 5.1, [Kus03]). There exists a unique analytic one-parameter
group of unitary multipliers w of A such thatw_; = 9, and we define 6* := w_,, forz € C.

Proposition 4.2.51 (Proposition 5.6 - Corollary 5.7, [Kus03]). We have the following
equalities

for every z € C.
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These last results imply that all the objects associated with the universal C*-algebraic
quantum group G, can be pulled down to the algebraic level.

Proposition 4.2.52 (Proposition 5.8, [Kus03]). There exists a unique analytic one-parameter
group of automorphisms o of A such that o_; = p. We call o the modular group of ¢.
Moreover, p o0, = ¢ and m,(0.(a)) = 0*(m,(a)) foreverya € A and z € C.

Denote the modular operator of ¢, by V and the modular conjugation of ¢, by J, both
with respect to the GNS-construction (L?G, A, Ag). These objects are completely char-
acterized by the next lemma

Lemma 4.2.53 (Lemma 5.9, [Kus03]). The following properties hold

(1) Consider z € C. Then A(A) is a core for V' and V**(A(a)) = A(c,(a)) for every
ac A

(2) We have for every a € A that J(A(a)) = A(o;/2(a)*).

Proposition 4.2.54 (Proposition 5.10, [Kus03]). There exists a unique analytic one-parameter
group of automorphisms o' of A such that o’ ; = p'. We call ¢’ the modular group of the
right Haar integral. We have moreover that p o 0. = vy and m,(0’.(a)) ='o (7,(a)) for
everya € A and z € C.

Proposition 4.2.55 (Proposition 5.11, [Kus03]). There exits a unique analytic one-parameter
group of automorphisms T of A such that T_; = S?. We call T the scaling group of G. We
have moreover that pot, = v *¢ and 7,(7.(a)) = T¢(7.(a)) foreverya € Aandz € C.

Definition 4.2.56 (Definition 5.11, [Kus03]). We define the mapping R from A to A
such that 7,(R(a)) = Ry,(m.(a)) for all @ € A. Then R is a anti-*-automorphism of A
such that R? = id. We call R the unitary antipode of G.

We give the principals relations between this objects.

Proposition 4.2.57 ([Kus03]).

e Rot,=71,0Randt,0S5 = Som1,, foreveryz € C.

e S=RoT_jpand RoS=SoR.

e AoR=Xo(R®R)oA.

e Foreveryz € C,
(t.®1,)oc A=AoT,, (1.®0,)0 A=Aoo,,
(0l ®@T_,)oA=Aool, (0.®0" )oA=AoT,.

e Foreveryz € C, A(6%) = §* ® 0.
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4.3 Hopf C*-bimodules

4.3.1 ("-modules and C*-bimodules over C'*-bases

Definition 4.3.1 (Definition 2.2, [Tim12b]). A C*-base b = (&, B,B") consists of a
Hilbert space £ and two commuting non-degenerate C*-algebras 8,87 C B(R). The
opposite of b is the C*-base b' := (&, BT, B). Two C*-bases (&, B, B'), (&, ¢, €T) are
called equivalent, if there exists a unitary V' € B(&, &) such that Ady(8) = € and
Ady (587) = ¢T. We will use the notation (&, B, B") = (&, ¢, €h).

Notation 16. Given a unitary operator V' : 8 — &, we use the notation
Ady(B) :={VTV* : T B CB(R)} CBR).

Example 4.3.2. The Hilbert space C and twice the C*-algebra B(C) = C form a C*-base
t = (C,C, C) called the trivial C*-base.

Example 4.3.3. Let 1 be a proper, faithful KMS-weight on a C*-algebra A with GNS-
space H,,, GNS-representation 7, : A — B(H,), modular conjugation J,, : H,, — H,,
and opposite GNS-representation w7 : A? — B(H,), a — Jym,(a*)J,. The triple
(Hy, mu(A), mP(AP)) is a C*-base and it is called the C*-base associated with the weight
o and denote by b,,. Its opposite is equivalent to the C*-base associated with the opposite
weight 11 on A%. Indeed, bf, = b,00 = (H,y, Tuo0 (A%), mu(A)).

Definition 4.3.4. Let NV be a von Neumann algebra with a normal, faithful, semi-finite
weight v. Using the GNS-space H, and the GNS-representation 7, : N — B(H,) we
can identify N and 7, (N). A C*-base for (N,v) is a C*-base of the form (#H,, €, €T),
where €” = N and (€7)” = N'’. The opposite C*-base (H,, €, €) is a C*-base for
(NP voP).
Let b = (R, B, BT) be a C*-base.
Definition 4.3.5 (Definition 2.4, [Tim12b]). A C*-b-module Hg = (H, E) is a Hilbert
space H with a closed subspace E C B(R, H) satistying [E(R)] = H, [EB] = F and
[E*E] = B C B(R). A morphism between C*-b-modules H and K is an operator
T € B(H, K) satistying TE C F and T*F C E. We denote the set of such morphisms
by L:(/HE, ICF)
Remark 78.

« For the trivial C*-base t = (C, C, C), every C*-t-module is of the form (H, | H )).

+ The class of all C*-b-modules with its morphisms is a C*-category.
Lemma 4.3.6 (Lemma 2.6, [Tim12b]). Let Hg be a C*-b-module.

e The vector space E is a right Hilbert C*-module over ‘B with inner product given by
(e|e )y :=e"€¢ foralle,e € E.

e There exist unitary isomorphisms E & 8 - H,e @ n—e(n) andR @ E — H,
id id
n e e e(n).
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* There exists a unique normal, unital and faithful representation pg : B — B(H)
such that pg(b')(e(n)) = (eb")(n) forallb’ € BT, e € E andn € K.

e Let Kr be a C*-b-module and T € L(Hp,Kr). Then Tpgr(b') = pp(b")T for all
bT € BT, Moreover, the map E — F, e — Te defines an operator in Ly (E, F),
again denoted by T'.

Example 4.3.7. For a C*-t-module Hp, E = |H ) = H is a Hilbert C*-module over C,
i.e a Hilbert space, and the inner product as Hilbert C*-module and Hilbert space coincide,
because

(TEYTE N ) =186)"18") = (€l1&§") = (€1€ n
forall, &' € H. The representation pr : C — B(H) is given by pr(A)(§) = AE.

Let also a = (£, A.2") be a C*-base.

Definition 4.3.8 (Definition 2.8. [Tim12b]). A C*-(a, b)-bimodule is a triple pHyr =
(H, E, F), where H is a Hilbert space, (H, E) a C*-a'-module, (H, F') a C*-b-module,
and [pp(A)F] = F and [pp(BT)E] = E. The set of morphisms between C*-(al, b)-
bimodules pHr and g/ Kp is

L(gHr, pKp) = L(gH, 2 K) N LHEp, Kpr).

Remark 79.
« By Lemma 4.3.6, [pp (), pr(B7)] = 0 for every C*-(a', b)-bimodule zH r.

« The class of all C*-(af, b)-bimodules with its morphisms is a C*-category [Mit02].

4.3.1.1 Relative tensor product of C*-modules

Definition 4.3.9 ([Tim12b]). Let b = (&, B,B") be a C*-base, H a C*-b-module, and
Kr a C*-b'-module. The relative tensor product of Hp and K is the Hilbert space

HE(?F]C::E(@.Q@F,

which is spanned by elements © © 7 © y, where z € E,n € K, y € F, and the inner
product is given by

(eone fldon e f):= e f())=(nlffeedh))
foralle,e’ € E,n,nf € R, f,f € F.
Example 4.3.10. If Hp, Kr are C*t-modules, because E = |H ) and F' = | K ), then

HporK=HOK, 1EYo X |n) = AXon=£0 A\

Remark 80. We summarize here some observations on the relative tensor product of
C*-modules over C*-bases.
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(i) We have a unitary flip

b

(ii) Using the isomorphisms of Lemma 4.3.6, we have the following isomorphisms

HeF = /HE(?FIC = EFEokK

PE PFE

e(n)gf = eonef — egf(n)

(iii) For each e € F and f € F, there exist bounded linear operators

ey K2EoK2HporK, f(n)r—eo fn)
PF

PF b
(floo H—-HOFE=Hr®FrkK, e'(n) —em) o f
PE b PF
whose adjoints are given by

(eh=le)i:Hp@rK—K, ¢ o f'(n) = pr(ee)(f'(n))
(flz=1f):He@rK=H, @) © fr= pp(f ) (€ )

(iv) Forall S € pp(B") and T' € pr(B)’, the linear maps

Seid:He F—-HeF, e(n) © f—Sen) © f
PE PE PE

PE PE

idoT:Ec K—FE oKk, e f(n)—e o T(f(n)
PF PF PF

PF PF

belongs to B(H g ® r K). If these operator commute, we write
b

S®T:=(Seid(idoe T)=(ido T)(S © id).

b PE PF PE PF

Notation 17. Using the remark of the item (7iz), we will use the notations

|E)ii={len : e € B} B, HE®pK),  (Eli={{cl : e€ B} CB(Hr®rk,K)

[F)2:={]f)2 : fGF}QB(H,HE(%F/C% (Flz:=={{fl2 : f€F}£3(HE<§F’C,H)

Let a = (9,2,2A"), ¢ = (£,¢,¢7) be C*-bases. The next proposition shows that the
tensor product of bimodules over (a', b) and (b', ¢) is a bimodule over (a', c).

Proposition 4.3.11 (Proposition 2.13, [Tim12b]). Let H = pHr beaC*~(a', b)-bimodule,
K = yKn be a C*-(b', ¢)-bimodule, and

E<M:= HM>2E] gB(ﬁ,HF(%M’C), Fr>N .= HK)lN] QB(Q,HF%MIC)
(4.3)
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Then
H ? K := @Ean(Hr % m K)peny

is a C*-(b', ¢)-bimodule and
peam(a) = pp(a) © id, pren(c) =id © pn(c)

foralla € (A1) C B(HH) andc € € C B(L).

Definition 4.3.12. In the situation above, the C*-(bT, ¢)-bimodule H ® K will be called
b
the relative tensor product of the C*-bimodules ‘H and K.

Remark 81. We have the following commutative diagram of Hilbert spaces and closed
spaces of operators between them

Notation 18. Given a C*-(af, b)-module H = pHp and a C*-(b', ¢)-bimodule K =
MK N, we will use the following notations

HF(%M’CN = (HF%MIC)(F>N), E/HF(%M’C:: (,HF(?MIC)(EQM%

EHF ? MKy = Ean(Hr ? M K)(peny-

4.3.1.2 (*-pseudo-multiplicative unitaries

Definition 4.3.13 (Definition 2.1, [Tim12a]). A C*-pseudo-multiplicative unitary is a
tuple (b, H, F, E, F, V') consisting of a C*-base b = (&, B, B'),a C*-(bT, b, b')-module
(H,F,E, F), and a unitary

b

such that

V(EQE)=E>E, V(F>F)=F<F, V(F>F)=EsF, V(F1E)=F<F (44)
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in B(R,H g ® r H) and the diagram
b

He®FrH®EH
b [

V®id 1d@V
b b

Hﬁ@E’}{p@E?{ HE(?FHE(%F,H
bt bt b

id@V V®id
ot ot

Hp[%)(EDE)(HE§FH) (HﬁgEH)(EqE)§FH

id @2
7 ?1)‘ k )[2[23]

HeQ@EHFRQEH HEQRrH), QR pH
F&EHrOp Ve ( EQF )(FQF)ME

is commutative. We frequently call V' a C*-pseudo-multiplicative unitary.

Example 4.3.14. Ift is the trivial base (C,C, C), then
HF@E}[%H@H%HE(?FH
t
and a C*-pseudo-multiplicative unitary is simply a multiplicative unitary in the sense of
Baaj-Skandalis.

Example 4.3.15. Assume that b is the C*-base associated with a proper faithful KMS-
weight 1 on a C*-algebra A. Then y extends to a normal, semi-finite and faithful weight
e on vN(m,(A)), and with respect to the canonical isomorphims

Hp@pH =M Q5 H, He@rH=Hp @5 H,
b e Iz

the unitary V' is a pseudo-multiplicative unitary on Hilbert spaces in the sense of Vallin
[Valoo].

Remark 82. The opposite of a C*-pseudo- mult1phcat1ve unitary (b, H, F.E,F, V') is the
C*-pseudo multiplicative unitary (b", H, F, E, F V) where V denotes the composition

EV*EHF@EHL)HE%FHV—*)HF@EHL)HE%FH
b b

Definition 4.3.16 (Definition 4.2, [Tim12a]). We will say thata C*-pseudo-multiplicative
unitary (b, H, F', E, F, V) is regular if
[(E}LZVI|E)] =[EE"] CB(H).
4.3.1.3 The fiber product of C*-algebras
Let b = (&,B,B") be a C*-base.
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Definition 4.3.17 (Definition 3.1 [Tim12b]). A non-degenerate C*-b-algebra is a pair
AE = (Hp, A), where Hp is a C*-b-module, A C B(H) is a non-degenerate C*-
algebra, and pp(BT)A C A. A morphism between the C*-b-algebras AL, BE is a *-
homomorphism 7 : A — M(B) satisfying the condition F' = [L™(H g, Kr)E], where

L"(Hg,Kp) ={T € L(HE,Kr) : Ta=mn(a)T foralla € A}.

Remark 83. We recall that if A C B(H) is a non-degenerate C*-algebra, then we can
identify

M(A) = {T € B(H) : Ta,aT € A, foralla € A} C B(H). (4.5)
Then, if AE is a C*-b-algebra, the condition pr(B1)A C A implies that
pe(B') C M(A).

Example 4.3.18.

e If H is a Hilbert space and A C B(H) is a C*-algebra, then the pair A‘HH> =
("), A) is a C*-t-algebra.

o Let AL} be anon-degenerate C*-b-algebra. Then, using the identification 4.5, M(A)%
becomes a C*-b-algebra.

e Let B be a C*-algebra with KMS-weight ;1 and associated C*-base b, and let A be a

C*-algebra containing B with a conditional expectation ® : A — B. Then, m,(A),

is a non-degenerate C*-b-algebra because pg(B)m,(A) = 7,(B)m,(A) C m,(A),
and similarly w9 (A°)¥, is a non-degenerate C*-b'-algebra.

Lemma 4.3.19 (Lemma 2.2, [Tim07]). If 7 : A — M(B) is a morphism between the
C*-b-algebras AY,, BE, then

m(pp(a) = pp(b')r(a)

Definition 4.3.20. Let AF be a C*-b-algebra and B,Ig a C*-b'-algebra. The fiber product
of AL, and BE is the C*-algebra

ApspB={T €BHr®pK) : T*|F)y C (| F)2Aland T*| F ), C [| F )1 B]}.

The next diagram shows which spaces of operators are involved in this definition

F F
H [ F)2 HF(%I:JC [ F)1

A lAF:FB B

HA—>,HF®FIC<—
| F )2 b [ F')1
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Leta = (£, A") and b = (&, B, BT) be two C*-bases.

Definition 4.3.21 (Definition 3.9 [Tim12b]). A non-degenerate C*-(a', b)-algebra is a
pair AL" := (pHp, A), where pH 5 is a C*-(af, b)-module, A is a non-degenerate C*-
af-algebra and A%, is a C*-b-algebra. A morphism of C*~(af, b)-algebras A};” and BZi’El
is a *-homomorphism 7 : A — B satisfying the conditions F’ = [L™(rHp, o H g ) F]
and B/ = [,CW(FHE’ F/H/E/)E]a where

£7T<F7‘[E,F/H/E/) = {T c E(FHE, F’H/E/) : Ta= W(a)T foralla € A}

Let a, b, ¢ be C*-bases.

Proposition 4.3.22 (Proposition 3.15, [Tim12b]). Let AyF{’E be a C*-(al, b)-algebra and
B a C*~(b', ¢)-algebra. Then

rAp¥ pBe = (rHe® pKa Apxp B)

is a C*-(al, ¢)-algebra.

Definition 4.3.23. In the situation above, the C*-(a', ¢)-algebra A * B is called

the fiber product ofAZ’E and B,?’G.

Remark 84. Using the fiber product, we obtain also a C*-a'-algebra
FAE?:EB = (F”HE(%EIC,AE?:EB)

and a C*-c-algebra

AE”[':EBG’ = (’HE(?EICg,AE:EB)

Theorem 4.3.24 (Theorem 3.19, [Tim12b]). Let ¢ be a morphism of C*-(a, b)-algebras
AZ’E and CZ:’E/, and ) a morphism of C*-(b%, ¢)-algebras By and D%/’N,. Then there
exists a unique morphism of C*-(a, c)-algebras

o * YﬂiFAE’gMBN%F/CE/?:M'DN/

such that

(¢ * ¥)(@)R = Rz
forallx € Ap >[|’< v B and R € I Jy + Joy I, where

Iy := L*(Hp. Hip) @ idx. Ty i=idy @ LYK, Kyp)

for X e {K,K'} andY € {H,H'}.
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4.3.2 Hopf C*-bimodules
Let b = (R, B, B) be a C*-base.

Definition 4.3.25 (Definition 3.1, [Tim12a]). A comultiplication on a C*-(b', b)-algebra
AZ’E is a homomorphism
A AGE - AL ; ALE

that is coassociative:

as maps from Ato B(H g ® r H g ® rH), ie. the following diagram is commutative
b b

b
AEzFidAJ/ deAE?FA

(Ap*rpA) (Bam) ¥ rA Ap*Fer) (A FA)

— _—

B(HE§FHE§[@FH)

Definition 4.3.26. A Hopf C*-bimodule over b is a C*-(b', b)-algebra with a comul-

tiplication. A morphism of Hopf C*-bimodules (AL" A4), (Be™, Ap) over b is a *-

homomorphism 7 from AZ’E to B,]CVM satisfying

ABO’/T:(’/TE#;FW)OAA.

Definition 4.3.27. Let (A};”, A) be a Hopf C*-bimodule over b. A co-involution for
(Af[’E, A) is an anti-*-automorphism R : A — A satisfying

e RoR =1dy,

« R(pr(b)) = pr(b') for every b € B.

. AOR:EO(RE:FR)OA
Definition 4.3.28 (Definition 4.16, [Tim12a]). Let (A,Z’E, A) be a Hopf C*-bimodule
over b.

« A bounded left Haar weight for (Af[’E, A) is a completely positive contraction ¢ :
A — *B satistying

¢(apr(b)) = ¢(a)b and  ¢((e[1A(a)|€')1) = €"pr(o(a))e

foralla e A,be B,e, e € E.
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« A bounded right Haar weight for (AQE, A) is a completely positive contraction

Y A — BT satisfying
U(app(0")) = d(a)p" and  ((f2A()] f)2) = fop(t(a))f
foralla € A, b' € BT, f, f' € F.

Definition 4.3.29. Let (A},”, A) be a Hopf C*-bimodule over the C*-base b = (8, B, B7).
An C*-valued weight T': A, — pp(*B) is called left-invariant if

for all z € M and an C*-valued weight 7" : A — pp(BT) is called rigth-invariant if

for all v € M.
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Chapter N° 5

C*-algebraic quantum transformation groupoids

5.1 The reduced C*-crossed product

Let G = (A, A, ) be an algebraic quantum group and X be a G-*-algebra with left
reduced action o : X — M(A ® X). In this section, we assume that X is a non-
degenerate idempotent *-algebra equipped with a positive faithful a-invariant functional
i X — C. We fix a GNS-pair (LiX , Au) for 1 and we assume that there exists a

non-degenerate faithful *-representation of X associated with the GNS-pair (LZX ) Au)’
T 0 X — B(L2X), defined by 7, (x)A,(y) = Au(zy) for z,y € X.

Notation 19. Denote by X, the norm closure of 7, (X) in B(L2 X), i.e.

X, =m(X)  CB(LX).

So X is a non-degenerate sub-C*-algebra of B(L? X).

Remark 85. If u : X — C is a faithful positive functional which admits an analytic
one-parameter group of automorphisms on X, o = (0}’ : X — X),cc such that the
antilinear map J, : Ly X — L2X, Ay(x) = Ay(0}),(2)") is the modular conjugation
related to the GNS-representation (L? X, A, ,). Then, we can consider (L> X, A?, 77),
where A9, : 2% € X — J,A,(2*) € L2 X and 75, : 2% v+ J,m,(2*)J, € B(L2X), as
a GNS-construction for the opposite functional p° : X? — C.

Remark 86 (cf. [KV97]). We recall that there is a unique non-degenerate *-representation
71 A B(L*G), weF(w)

such that R
T(w)(Aa)) = A((S7H(w) ® id)A(a))

forallaGA,wEA\.

Lemma 5.1.1 (cf. [KV97]). Fora,b € A,

m(@)7(¢p) = T(Paqyp) (@)
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in B(L*G).
Proposition 5.1.2. The map

. H(G) —» B(L*G), wa — T(w)m(a)
is a faithful non-degenerate *-representation.

Proof Follows from the lemma above. ]

We construct now the faithful non-degenerate *-representation

T=m®gr,: HG®X — B(LGe®L.X)
wa®@zx = T(w)r(a) @ m,(r)

which can be extended to a faithful non-degenerate *-representation
T:MHG)®X) » B(L’G® LX),

such that
m(a(x))(Ala) ® Au(y)) = (A @ Ay)(a(z)(a @ y)).

Lemma 5.1.3. Forallz € X,a € A,

T(a(2)) (F(¢a) @ 1z x)) = (F(Pa_ya) @ Lz x))T(al(z())
in B(L’G @ L. X).
Proof Fix ¢, € Aand z € X, then

1) (pa) (A(D) @ Ap(z(o)y)
Pap_ga)m(@[—1))(A(D) ® Ap(z]y)

(Pa)_ga) ® lB(LﬁX))(ﬂ'(x[fl])(A(b)) ® Ap(z)y)
(o_1ja) @ 1512 x)) T (@(@(0))) (A(D) ® Au(y))

(@) (F(#a) ® Ip(r2 x)) (A(b) ® Au(y)) =

forallb e Aandy € X. ]

Definition 5.1.4. The C*-algebra

Co(G X3t X) :=7(Gxo X)  CB(L*G®L.X)

is called the C*-reduced crossed product of G and X.

Remark 87. 1If we consider the *-homomorphism

}a(X) ro(X) = B(L*G® LX), a(z) = 7(a(x))

Then, we have

T(a(X)) € M(Co(G x™ X)) .
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Define the linear map

Us: L’GRLX — L’G® LX
Aa) @ Ay(z) = (A@ AL (a(r)(a® Lyx)))

Lemma 5.1.5. US is a unitary operator on L*G ® L> X and its adjoint is given by

Uy PG®I2X - LG ® L2X
Aa) @ Au(z) — (A A)(ST®@id)(a(z))(a® Ipmx)))

Proof The invariance of ; implies that

(UZ(Ma) @ Ap(@)) [UZ(ADB) ® Ap(¥)) )oon = ((A® Au)(a(r)(a® 1) | (A Q@A) (a(y)(b® 1)) ) oo
(e p)((a” @ Da(z"y)(b® 1))
o(u(z"y)a™b)

(A(a) © Ap(2) [A(D) @ Ap(y) )pon

foralla,b € Aand z,y € X. Because o(2)(A ® 1rx)) = A ® X, then we can extend
the relations below to all the Hilbert space L*G ® L2 X. Now, if a ® x = a(y)(b ® 1),
then it is not hard to show that S(b) ® y = (S(a) ® 1)a(z). This implies that

by =(S"'®id)(a(z))(a®1).
Now, we have

(U2)"(Ma) @ Au(z)) = (U2)" (A © M) (a(y) (b © Tmx)))
= (UD)UL (M) @ Au(y))
=A@ A)((ST @id)(a(x))(a @ Ly)))-

Proposition 5.1.6. Define the linear map
a, : X, = B(L*G ® LX), r= Ui(1@x)(Uy)"
We have
e Forallz,y € X anda € A
(72 © 1)(0 © D) (mu(y) = (7 © ) (@ ® T)a(y)),

(T (y)) (1 @ ) (@ @ ) = (1 @ ) (a(y)(a @ ),
In particular, foralla € X andx € X,

(mr(a) @ Dap(mu(y)) = (m @ mu)((a @ D)aly)),

(1@ mu(x))ar(mu(y)) = (m @ m,) (1 ® z)aly)),
ar(mu(y))(mr(a) @1) = (1 @ m)(a(y)(a @ 1)),
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ar(mu(y)) (1 @ mu(2)) = (7 ® m,)(a(y) (1 © ).

* . is a non-degenerate injective *-homomorphism from X, into M(A, ® X,.) such
that a..(X,) (A, ® 1) is a dense subsets of A, @ X,.

e (Id® o), = (A ®id)a,
Proof

« Fixz,y € X and a € A. Because

(mr @ mu)(z @ @)U (1@ mu(y)) (A(D) @ Ay(z)) = (mr @ mu) (@ ® a)Ug (A(b) ® Apu(yz))

= (mr @ mu)(z @ a)(A®AL)(a(y2)(b® 1))
=A®A)((z®a)a(yz)(b® 1))

=A@ Au)((z @ a)a(y)e(z)(b® 1))

= (mr @ mu)((z ® a)o(y)) (A ® Ap)(e(z)(b@ 1))
= (my T ®

®m.)((z @ a)a(y)) U (A(D) © Ay(z))

forall 2 € X and b € A, then

(mr @ m)(z @ a)U (1 @ mu(y)) U = (mr @ m) (2 @ a)a(y))-

The other equality can be prove in a similar way.

« Using the item above, the result follows because U} is unitary and (7, ®,) (a(X ) (A®
X)) =m(A) ® 1,(X) is dense in A, ® X,.

« Forallz,y € X and a € A, we have

(id ® ar)(ar(mu(2)))(7r(a) ® 1@ mu(y)) = (id @ ar)(ar(mu(z)) (7 () @ 1)) (1 @ 1@ mu(y))
= (id @ ar)((mr @ mu)(a(z)(a @ 1)) (1@ 1 mu(y))
= (mr @mr @) ((id @ a)(a(z)(a®1))(1Q 10 y))
=(mr @mr @) (A ®id)(a(2))(a®@ 1@ 1)(1018Yy))
= (mr @mr @) (A ®id)(a(z)(1®y))(a @1 1))

(A @id)((mr @ mu) (@) (1 @ y))) (7r(a) @ 1® 1)

= (A @id)ar(mu(z))(mr(a) @ 1@ 7u(y))-

The result follows from the non-degenerancy of o, and because A, = WT(A)” |

Remark 88. If, we consider the action a® : X? — M(A ® X°). Then, because
R(r,(a)) = Jm.(a)],  7%(z) = J,m,(z*)J,
foralla € A and z € X, we have
of (mi (@) = Ad(T © Jj) (0 (mu()").

forall z € X.
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Proposition 5.1.7. Let (H,, A;) be the GNS-pair for the positive faithful dual functional
fr:Gxqg X = C, (w® Lyxy)a(z) — @(w)p(x). Then, the linear map

T: LPGRL2X — My

Aw) @ Au(z) = Ap((w@1)a(z))
is a unitary operator.

Proof For any w, 0 € A and x,y € X, we have

(T(A(w) @ A,u(2)) [ TAO) © M) )i = (Aa((w @ Da(e)
@ 1)(

The result follows because A(A) and A, (X) are dense in L°G and L7 X, respectively.
]

5.2 The C*-completion of an algebraic quantum tran-
formation groupoid

Remark 89. From now on, we will suppose that the actions o and & are reduced, and we
will impose the following mild restriction on the faithful positive functional 1 : X — C:
there exists an analytic one-parameter group of automorphisms on X, o = (0 : X —
X)iec such that J, : L2X — L3 X, Ay(x) = A,(0}),(2)") is the modular conjugation
related to the GNS-representation (LiX , Ay, m,). In particular, any KMS-weight on a
(C*-algebra satisfies this requirement which is also satisfied by a class of functionals
defined on an important class of *-algebras considered in [[n098].

The goal of this section is to prove, step by step the following theorem.

Theorem 5.2.1. Let (X, a, @) be a braided commutative G-Yetter-Drinfeld *-algebra and
i X — C be a Yetter-Drinfeld integral. Consider the C*-base b = (LiX, B, BT) where

B = 7rM(X)”’H andB' := WZ(XOP)”.”, the Hilbert space’H := L*G® L X and the reduced
C*-completion of the algebraic crossed product A := Cy(G x"* X ). Then, there exist closed

subspaces E := E(a, ), F := F(a,q) € B(L, X, L’G ® L?,X), a*-homomorphism
EAF 4" — AT AT

an anti-automorphism *RY : A — A and a completely positive operator valued weight
EQF . A — pr(B) such that

e The pair (A", PAF) is a Hopf C*-bimodule over b.
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« ERF is a co-involution for the Hopf C*-bimodule (A})", PAT).
« & is a bounded left Haar weight for the Hopf C*-bimodule (A", FAT).

Remark 90. We will use the same strategy as in [ET16] replacing systematically the
von Neumann algebraic techniques by the techniques of C*-modules over C*-bases,
(C'*-algebras over C*-bases and C*-pseudo-multiplicative unitaries.

Definition 5.2.2. The tuple
(GO(G Xq X)’ b) F7 Ea EAF) ERF7 ECDF)

is called a C*-algebraic quantum transformation groupoid.

5.2.1 (C*-bimodule structure

Let B := W#(X)”.H C B(L?X) and take

Bl =9 (Xr) = J,m(X)J, CB CBL.X).

We have
Lemma 5.2.3. The tripleb = (L2 X,B,B") is a C*-base.

Proof Follows directly from the definition. [

Lemma 5.2.4. Foranya € A and x € X, the linear maps

B, = U (UZY | (@) )1, (2), Fie o= US| Aa) D Ty (2) Ty
belongs to B(L2 X, L’G ® L. X).
Proof Follows directly. ]
Remark 91. For any a € A, we have the bounded operator

[Ala) )1 = [A(a)) @ 1puzxy s LLX — LG LIX
Ae) = Ala) ® A ()

with adjoint operator given by

<A((l) |1 = <A<(l) | ® 13([&){) . L2G ® LiX — LiX
A) @ Au(z) = (Ala) | AD))pAu(z)

Then, we can write more directly forms

Buo: L2X — L’G® L2X Foo: L2X — LG L2X
Auly) = UR(UE)" (Ma) © Au(zy)) Auly) = U(Aa) © Au(youa(2)7))
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Consider the Hilbert space H := L*G ® LiX and the vector subspaces
Ey:={Ee, : a€ Az e X} CB(LX,[’G® L.X),
Fo={F,, :acAzrecX}C B(LiX, L’G ® LiX),
and denote by
E(a,@) = B, F(a,a) = Fy| C B(I*X, [*G ® L2X),
Remark 92. For any a € A and z,y € X, we have

Eoxu(Au(y)) =

Ue (U)"]

UE(Uf)*(A( )®qu(y)Ju( ( )))
U[f(Uf)*( ®J;ﬂm( )Ju)(/\(a) Au())
Br(mu(y”)

Fou(Au(y)) = U Aa) )1 Jum(2) Ju(Mu(y)
= Ug(Aa) © Jumu(@) Ju(Au(y)))
= Uz (Aa) @ mu(y) Ju(Au(@)))
= Ui (1@ mu(y))(Aa) @ Ju(Au()))
W)U (AMa) © Ju(Ay(2)))

:&(

This two equalities shows that the operators E,, and F,, are in relations with the
actions «,. and [3,.. Later, we will use this relations.

Proposition 5.2.5. Hy = (H, E) is a C*-b-module.
Proof
+ We have
Eou(Mu(y)) = U (UR)* (Aa) @ Ay (y))
for every r,y € X and a € A. Because X is an idempotent *-algebra and U;U, E
is an unitary operator, then [E(L?> X)] = LG ® L7 X.
« We have
Eaamu(y) = U (U | M) nmu(0)7u(y) = Eoy
for every x,y € X and © € A. Because X is an idempotent *-algebra, then
[EB] =

« We have

Ey By = (") (Ala) WU (UR) UR (UR)* [ A) )ima(y)
= (Aa) [A(D) )g mu(z"y)
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for every z,y € X and a,b € A. Because X is an idempotent *-algebra, and there
exits an element @ € A such that ¢(a*a) = 1, then [E*E] = B.

]

Proposition 5.2.6. Hr = (H, F) is a C*-b'-module.
Proof

« We have
Foo(Mu(y) = Uz (Aa) @ Au(yoia(z)*))

for every z,y € X and a € A. Because X is an idempotent *-algebra, UJ is an
unitary operator and o; 5 is an isomorphism then [F(L2X)] = L*G ® L2 X.

« We have
Foodumn(y)J, = US| Aa) )1 Jumu(2)mu(y) Iy = Faay

for every z,y € X and a € A. Because X is idempotent *-algebra, then [FB1] =
F.

« We have

F;,bu,y = Jumu(2") Ju( Ala) |1(UE‘)*U§] A®) )1 Jumu(y)
= (A(a) | A(D) >@J,L7Tu($*y)<]“

for every x,y € X and a,b € A. Because X is an idempotent *-algebra, and there
exits an element a € A such that ¢(a*a) = 1, then [F*F] = BT, O

Remark 93. Because

Br(mu(x)) = Ug(UD)* (1@ Jymu(x)* ) UL (US)"
for any z € X, then

Br(Jumu(x)dy) = US(U;?)*(l ® Wu(x*))UE(U;f)*
forany z € X.

Remark 94. Using Lemma 4.3.6 for the C*-modules found in Proposition 5.2.5 and
Proposition 5.2.6, we have two unique normal, unital and faithful *-representations

pr: B = B(H), pr B — B(H)
such that, by Remark 92,
p(Jumu(@) ) = Be(Jumu(x) ), pr(mu(2)) = ar(mu(x)) = U (1em,(x))(U)".
Proposition 5.2.7. (H, F, E) is a C*~(b', b)-module.

Proof
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« Fixz € X anda € A. Take z; € X and a; € A such that a(z)(p, ® 1) =
> i Pa; @ T, then

P ((2)) By = U (1@ (@) (UR) U (US| Ala) hi7m (9)
= US (1@ m(2))(UD)*| A(a) )17, (y)
= U (US) @ (mu(2))| Aa) )1mu(y)

—ZUa U2 A(d) )1 (1 @ mu(zfy)) ZEGW

This implies that [pr(B)E] = F, because &(X)(A® 1) = A ® X and X is an
idempotent *-algebra.

o« Fixx € X anda € A.

pu(Jumu(2)Ju) Fay = U (UR)* (1 @ mu(2")) U (US) Ut | Ala) )1 Jumu(y) I,

ZUQ(Ua)*(1®7Tu( ") “IA( )11 (y)

m

= ZUQ\A V(@) T = ZFa;,x;y.

This implies that [pg(B7)F|] = F, because X is an idempotent *-algebra.

Now, take A := Cy(G D<ffd X) =7(G %, X)”ﬂ

C B(L’G® LX),
Proposition 5.2.8. The triple A" = (A, Hp, Hp) is a C*-(b", b)-algebra.
Proof We will prove this proposition in 2 steps:

« Claim: (A, Hr) is a C*-b'-algebra. It follows from Proposition 5.1.7 that A is a
non-degenerate C*-algebra of B(H). Now, because

pr(mu(e))m(a(y)(w @ 1)) = ap(mu(2))7(a(z)(w @ 1)) = 7(a(zy)(w @ 1))
and X is an idempotent *-algebra then [pr(8)A] = A.

« Claim: (A, Hpg) is a C*-b-algebra. It follows from Proposition 5.1.7 that A is a
non-degenerate C*-algebra of 5(H). Now, because

pe(Jumu (@) Ju) T ((y)(w @ 1)) = B (Jumu(@) Ju) o (T (y)

= a,(mu(y)
(7 ()
(

= o (mu(y

and X and A are idempotent *-algebras then [pp(B1).A] = A. Note that, we use
the fact that 5(X) C M(G x, X).

]

Let us summarize the results of this subsection as follows
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Theorem 5.2.9. Consider the C*-base b = (L X,B,B') where B = WM(X)H | ot —

M(Xop)” H, H=L*G®L.X and A := Co(G x}* X) is the reduced C*-completion of the
algebraic crossed product. There exist closed vector subspaces E, F' € B (LZX , LZG®LiX )
such that

AP = (A Hp, M)

is a C*-(b, b)-algebra.

5.2.2 Hopf C*-bimodule structure

By the last subsection, we have

I

HeF = /HE(}E)F,H EFEoH
PE

PF
Ea,r(Au(y)> © Fb,z — Ea,a: e Au(y) © Fb,z — Ea,x e Fb,z(Au(y)>
PE PF

Proposition 5.2.10. There exists a unitary
Vi:(PGoLX)p®r(L’GRLIX) > L’*GRL*GRLIX
b
such that foralla,b € A, x,y,z € X

Vi(Eax(Mu(y)) © Fyz2) = A1) @ B,(Jumu(2) Ju) Baw(Mu(y)

and
Vi(T @ ZdF) = (1B(L2(G) ®T)Vi

forall T € pp(BT). Moreover, if 32(J, . (z*)J,) := By (m.(x)) for allz € X, then
(id @ B8;)(ap(Jumu(z™) J,)) Vi = Vi((1r2e ® 1L3X)E<§>F(1B(LQG) ® Jumu(z*)J,)
(id ® B.)(0r (Jumu (%) Ju)) Vi = Vi((Le2g ® Lz x) b @ ¢ Br(mu())
forallz € X.

Proof The linear operator V; is well defined in £y © A,,(X) © F, which is a dense sub-
space of (L’ G® L. X) p®@r (L*GRL. X). Now, foralla,a’,b,b' € Aandz,2',y,y/, 2,2 €
b

X, if we denote r = E, ,(A,(y)) © Fp.andr’ = Ey (A, (y')) © Fy ., we have
PE PE

(Vi(r)|Wa (T/) ) =(AD)® ﬁr(']uﬂ'u(z)‘]/t)Ea 2(A u(y)) | A(b) ® ﬂr(']uﬂ'u(z)Ju)Ea,w(Au(y)) >sa®sa®u
= (A(b) | A(Y) Vo ( Br(Jumu(2) J) Ea o (M (y)) |5r(JMWM(Z/)JM)Ea’,x’(Au<yl>) )oonu
= (AD) [AD) ) Eaw (M) | Br (T (27 2") Ju) Bar o (DY) s
= (Ba,a(Au(W)) | pE(Fy . Fy o) Ear ot (M (Y)) ) o
= (Ea(Au(y)) © Fyz | B o (Au(y')) p@E Fy o)
(
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so V] is unitary. Let T € pg(B1)’,a,b € Aand z,y, 2 € X then

V(T © idp)(Eaz(Au(y)) © Fyz) = Vi(TE.2(Mu(y)) © £y.)
= A(b) @ Bo(Jumu(2) ) T By o
= A(D) @ TH(Jumu(2) 1) Ba e (A
= (1g(r2c) ® T)(A(D) @ B, (mu(2")) Eaw(Au(y)))
= (1B(L2G) & T)Vl(Ea,x(Au(y )

In particular, forall z € X

‘/I(O‘T(W#(x)) g idp) = (1B(L2G) ® O‘r(ﬂ—u(x)))vl-

Proposition 5.2.11. There exists a unitary
Vi (PG LX) p@p(L’GRLIX) - L’°GR LG L2X
b
such that foralla,b € A, x,y,z € X

Va(Bor © Fiz(Mu(y))) = Ala) ® an(mu(2)) B2 (Au(y))

and
Vao(idg © T) = (1p(126) © T)Va

PF

forallT € pp(B)', in particular, for T € (,.(X,).

Proof The linear operator V5 is well defined in £y & A,,(X) © F{ which is a dense sub-
space of (L’G® L2 X) p®@p (L*GR L2 X). Now, foralla,a’,b,b' € A, z,2',y,y/, 2,2 €
b

X,if wedenoter = E,, © F,.(A,(y)) and 7’ = Ey v © Fy . (Au(y')), we have
PF PF
(Va(r) [ Va(r')) = @ (1, (2)) Fy 2 (A (y)) | Ala") ® an(mu(2") Fyr 2 (A (Y') ) ppmon
)) Au(¥) ) pon
Ve Foo (M) [ (mu (2 2) Fyy 2 (A (Y)) ) pon
M or(Ey o) F o (Au(Y) ) oon
Eaz © Foz(Mu(W) | Bt © Firzr(Mu(y)))
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Then V5 is unitary. Let T’ € pp(B), a,b € Aand x,y, 2z € X then
Va(idp © T)(Eas © Fy (M) = Va(Eag o TF,:(Au(y)))
F F

= A(a) @ o (mu(2))TFp,-(Au(y))

= A(a) @ T, (m,()) Fy . (Au(y))

= (Is(r2e) ® T)(Ma) @ an(mu(2)) Fy2 (A (y))
= (1p(r2e) @ T)Va(Ean 2 By (Au(y)))-

O]
Lemma 5.2.12. We have the following relations
(i) ) )
VoV = 012(U})13(U} )23 (U )23 = 012U12(U}, )23(U}, )33Ut,
(it)

(1d @ 0315V1) o (Vo g % rid) = (Vo ®id) o (id g % F0312V1),
where
0321 : PG LG LIX - L’GRLXQL*G, Q@17 @~ Qe
Proof Similar to the proved of item (iii) of Proposition 4.3 [ET16].
Theorem 5.2.13. There exits a *-homomorphism

P - Vya.(P)W

such that
(i)

FA (ar(mu(2))) = ar(mu(2)) £ @ F Lsu2gerz ),
AT, (mu(x))) = lp(r2eerzx) B (% F Br(mu())
forallx € X and
PAR @ (W) lsuzx) = V(AP @ (W)@ Lz x)Vi = Vs (AF(W) @1z x)Ve

forallw e A,
(it)
Proof By Proposition 5.2.10, the map given by

P - Ve (P)Vi
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is well defined and is a *~-homomorphism.
(i) The inclusion . (X,) C pp(BT) implies that

EAT (o (mu(2))) = V' (0 (mu(2))) Vi = Vi (Lg(r2e) @ a1 (2)) V2

= ap(mu(2)) B % FlBrcerzx),
for all x € X; the relation UA";(U,‘j‘)gg = (Uﬁ‘)gg[jo; implies that

EAT(B (mu(2)))

Ad(Vy' 12)(1 ® Br(mu(x)))
AV UL, (U)2s) (1 @ @3 (%))
Ad(V7 (Ug)asU° 1) (1 @ @° (%))
Ad(V) o (id ® B°)(a°(2°))

)

= lp(2cerzx) B ® 7 Br(m(2)),

for all x € X, and by item (i) of Lemma 5.2.12

PAT (T (w) @ 112x) = Ad(V]) (6, (F(w) @ 112x))
— AV BEW) @ Ligx)
=Ad(V]'Up)(T(w) ® lraxy ® 1L2X)
= Ad(V5 S12U12(US)23(US)355) (F(w) © 1p2x © 112x)
= Ad(VyE1U1) (T (w) ® lax ® 1L5X)
= Ad(V))(ARW)) ® 1rzx),

for all w € A.
(ii) Fix z € X, then easily
(PAT g pid) o PAT (g (mr(2))) = (PAT 3 pid) (0 (m0(2)) ® r (1126 ® 112 x))
= ar(m(2) 5 ® r (L2 ® 11z x) 2 © r (Lrzg ® 12 x)
= (id g x  "AT) (0 (M (@) £ 1 (1126 @ 112x))
= (id s § 5 PAT) 0 PAT (o, (0))).

Fix w € A, it follows from item (i) that
(idp s p PAT) 0 FAT(F(w) ® 1z x) = (id p ¥ p PAT) 0 Ad(V3)(AF(W)) @ 122 x)

= (Ad(V5) % pid) o (id ® "AT) AR W) © 113x).

(EAFEEFld)OEAF(%(w)Q@lLﬁx) ( A ETFZd>OAd(V1 0321)0223O(A( ( >)®1L2X)

= (id g : P AA(V{"0551)) o (PAT @ id) 0 B33 0 AFw) ® Lz x),
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and by item (ii) of Lemma 5.2.12, the diagram
A4 ® lr2x

A®id 230(A®id)

f

M(A\r ® A ® 1Lgx) M(A\r ®lrax ® A\r)

id®T230(A®id) A®id®id

\

idEAF M(ﬁr ® ﬁr ® 1LﬁX ® ET) BAF®id

1d@Ad(Vy o5y, Ad(Vy)®id

/

~

M(/L)@AEtFA ApxrA® M)

¢ E;’;F Ad(VfU;w)
Ag xF Ag xF A
is commutative, this implies

[

5.2.3 The co-involution and the left Haar weight

Proposition 5.2.14. Consider on the Hilbert space L*G ® LZX the anti-linear operator
I=Ug(J @ L)URUS) = U (US) (] @ J,)(US) = Un(US) TUS(UR)",
where |1 denotes the dual functional of i on the crossed product G xga X. Then
(i) I is a bijective isometry and I*> = 1LQG®LﬁX-
(i) Ie,(m,(2))] = Br(my(x)) and 15, (7, (x*))] = o (7. (x)) forallx € X.
(iii) I(w* ® 1,3x)] = R(w) @ 1p2x forallw € A.

(iv) If x : (LQG®L5X)E<§>F(LQG®LZX) — (LQG®L2X)F<§E(L2G®LiX)

denotes the flip, then
Va=(J® (I r®rl)x
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Proof By the implementation of &, U E = jﬂ(J ® J,), we have
(J® JM)UE = (Uf)*(J@) Ju) = (U;?)*J;EU,?’
then
[:=U(J @ J)US (UL = U US)(J @ J)(US) =UNUS) JUS (US)"
(i) By the relation above, we have that I = I* and [*] = 12¢¢ L2X-
(ii) Fix z € X, then

Lo (mu(a* )1 = U (U (J @ J)(UR) ar(mu(a) U (] @ J) U (U)*
= U (U (J @ L) (1 @ my(a TN @) Us(Ug)

= US(US)* (1 @ Jumu(2) L) US(US)* = By (mu(2)),

o
then it is obvious also that I3, (7, (x))] = o, (m,(x*)).
(iii) It follows from item (ii) of Corollary 2.8.7, that
(oD@ 1) = Ad(U)2s(] © J © J)UD2(U)5s) (Uro)
= Ad((Uy)2s(J @ J @ J,))(Uy)13U12)
= Ad((U})23) (U )13U12) = Uys.

Then, for any a,b € A, we have

I(R((wag@ae ® id)(U)) ® 12 x)] = I(J (wa@.ap) @ id)(U)*J @ 1pax)]
= I((WF ). 7amy @ 1@)(U) @ 1rz2x)1
= ( (a),A(b ® Zd)(U) ® 1LiX

and this implies by item (ii) of Lemma 4.2.29 that

I(w' ® 1p2x)] = R(w) ® 112

(iv) By item (ii),
Vil £ £ DUUS(UE) (18 4,(0)) 9.0 ) = il £ © 5 D(Ew 5 U UF) (1 9 Aul0))
=Vi(I(E) g @ r UL (J(n) © Ju(Au())))
)

=J(n) @ Br(Jumu(x) )1 (E)
=J(n) @ Iay(m,(2))(E)

)
=(JoDWULUD (@ Au(z) 5 @ r E),

forall £ € LQ(G@LZX,n € L’Gand z € X.
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Theorem 5.2.15. There exists an involutive anti-*-isomorphism

FRF. A — A
P — IP*]

such that
(i) PR¥ (0n(my(2))) = Bu(mu()) and PRF (B (my(x))) = o (m(2)) for all € X
(ii) PR (7(w) ® lzx) = F(Rw)) ® lp2x forallw € A;

(iii) ifE:AF;EA%AE?FAistheﬂipmap, then
E'AFOERF:EO(ERFE?:FERF>OEAF

Proof By item (i) of Proposition 5.2.14, the map given by

FRF: A — B(L*G® L2X)
P IP*I

is well defined and is an involutive injective anti-*-homomorphism, and by item (ii) and
item (iii) of Proposition 5.2.14, the image of *R® is A.

(i) Follows from item (ii) of Proposition 5.2.14.

(ii) Follows from item (iii) of Proposition 5.2.14.
(iii) Follows from Theorem 5.2.13 that
Yo(PRM g *F PRT) o PAF (ap(mu(x))) =S o (PR g *F ER™) (o (mu(2)) & % Flp(r2cerzx))
=X(Br(mu(2)) F % Elp(126812 X))
= 1p2cerzx) B % F Br(mu(z))

= EAF(BT(W;L(x)))
= EAF o ERF (. (m,(x)))

for all x € X and
So("R" px p PRY) 0 PAF 0 PRI (W) © 113x) = Ad(x( £ © ¢ DV ARER)) © Lz x)
= Ad((I 1 © ¢ DVE) (R (R(w2)) @ F(R(@1)) © 12z.x)
= Ad(Vy (J@I))(%(Fz( 2)) ® F#(R(w1)) ® 172 x)
(w

= Ad(Vy )(A“’p(% ) ®1r2x)
=PAT(@(w) ® 12 x)

forallw € A
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Proposition 5.2.16. Define the map ® : A — pp(B) by
®(P) = (po R®id)d,(P).

We have
(id g *p ®)PAT(P) = ®(P) g *p (lr2e ® 1r2x)

and
(ERF o ® 0 BRI x rid)PAT(P)=15® r "R" 0 ® 0o PRT(P)
b

forevery P € A.

Proof 1t is similar to the Theorem 5.4 of [ET16]. 0

5.3 Example

Let G be a compact quantum group and H be a closed quantum subgroup of G. We know
using the theory of compact quantum group that there exist two dense Hopf *-algebras
with integrals, (A, A, ¢) and (B, A’, ¢'), inside G and H, respectively. Because H is a
closed quantum subgroup of G, we have that (B, A’, ¢') is a closed quantum subgroup of
(A, A, p), as in Definition 2.1.15. Then, making use of Proposition 3.3.2, if we consider /
as the quotient type left coideal associated to this closed quantum subgroup, we obtain an
algebraic quantum transformation groupoid and moreover our Yetter-Drinfeld integral
satisfies the condition of Theorem 5.2.1 for the passage to the C*-completion, this last
statement follows from the theory of compact quantum groups.

5.4 Comment on the passage to the von Neumann al-
gebraic setting

We want to make precise comments on the relationship between our C*-algebraic con-
struction and the construction of a Measured quantum transformation groupoid in the
von Neumann framework.

5.4.1 Principal ingredients

« Using the algebraic objects studied in Chapter 2, we have similar constructions as
for von Neumann algebraic locally compact quantum groups. More precisely:

(1) The algebraic multiplicative unitary of an algebraic quantum group, Defini-
tion 2.4.1, replaces the multiplicative unitary of a locally compact quantum
group, and has similar properties that allows to get the same algebraic rela-
tions between the comultiplication and its dual, and also serves as an impor-
tant element in the construction of a Drinfeld double, Definition 2.5.5.

(2) We use the theory of actions of algebraic quantum groups in order to con-
struct objects similar to those in [ET16]. For example the construction of the
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crossed product of an action of an algebraic quantum group, Definition 2.7.4,
the existence of the standard implementation when we equip our *-algebra
with a positive functional invariant for the action, Definition 2.6.8, the con-
struction of the dual action, Definition 2.7.7 which also gives us a way to con-
struct the dual functional of the initial invariant functional, Definition 2.7.10.

« Similarly to that the construction made in [ET16], our principal ingredients are
a braided commutative Yetter-Drinfeld algebra and an invariant functional on it,
but in our case, over an algebraic quantum group.

(1) Our definition of a Yetter Drinfeld *-algebra over an algebraic quantum group,
Definition 2.8.1 is similar to the one in section 2.4 of [ET16], but making use of
actions of the algebraic quantum group and its dual and the algebraic mul-
tiplicative unitary of the algebraic quantum group. Also, we introduce the
definition of a Yetter-Drinfeld integral, Definition 2.8.6, which allows us to
construct the standard implementation of our actions and is an important
object for the passage to the C"*-algebraic framework.

(2) Our definition of a braided commutative Yetter Drinfeld algebra, Definition 2.8.12,
is equivalent to Definition 2.5.3 in [ET16] (Theorem 2.5.4, [ET16]).

5.4.2 The Hopf bimodule structure

In [ET16], the authors use the relative tensor products of Hilbert spaces and fiber prod-
ucts of von Neumann algebras in order to construct the objects neccesary for the struc-
ture of a Hopf-von Neumann bimodule in the sense of Vallin [Val96]. Because our goal
is the C'*-algebraic framework, we need to replace those objects by similar ones in the
language of the C*-algebras. For that we use the theory of C*-algebras over C*-bases
developed by T. Timmermann [Tim09, Tim12b, Tim12a]. It was shown in section 2.3
of [Tim07] that using C*-bases asociated with KMS-weights, we can the relative ten-
sor product over C*-bases with the von Neumann algebraic relative tensor product of
Hilbert spaces that involves the usage of bounded elements. More precisely:

« Theorem 5.2.9, Propostion 5.2.10 and Proposition 5.2.11 replace Proposition 4.3 [ET16]
in order to construct a Hopf bimodule structure.

 Theorem 5.2.13 is proved in a similar way as Theorem 4.4 [ET16], in order to con-
struct a comultiplication on the reduced C*-completion of the crossed product
which gives us a Hopf C*-bimodule.

+ Theorem 5.2.15 is proved in a similar way as Theorem 4.6 [ET16], for constructing
a co-involution for our Hopf C*-bimodule.
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Appendix A

Tools to work with Multiplier Hopf *-algebras

A.1 Complete modules

Let X be aleft A-module. We will write the left action of @ on = as az. So the associativity
property we can write like a(a’z) = (aa’)z. We will assume always that all modules are
non-degenerate. And when necessary will use unital actions.

Define the vector space

Y ={T:A— X : Tisalinear map and T'(aa’) = aT(a’) for all a,a’ € A}

For any € X, define also the linear map 7}, : a — ax, then because the action of A
on X is non-degenerate, we can see the vector space X as a vector subspace of Y, and
because it follows that 7, o T' € Y forallz € X and T € Y, then Y is a left A-module
containing X as a left sub-A-module. Moreover, using the fact that A is an idempotent
algebra, it follows that Y is a non-degenerate A-module.

Definition A.1.1. The vector space Y will be denoted by X and it will be called the
completion of X.

Example A.1.2.

« If we consider a non-degenerate *-algebra A, we have M(A) = 4 A.

A.2 The covering technique

Let A, B be algebras and X be a non-degenerate A-B-bimodule X. We assume that A 4,
g B admit local units.

Definition A.2.1 (Definition 2.2 - Definition 2.4, [Van08]). Let /' : X — V be a linear
map from X to a vector space V. We say that the variable x in the expression F'(x) is
covered from the left if there exists an element e € A such that F'(ex) = F(x) for all
xr € X. Similarly, we say that the variable = in the expression F'(x) is covered from the
right if there exists an element f € B such that F(xf) = F(z) for all z € X. We say
that the variable z in the expression F'(x) is covered if the variable is covered both from
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the left and from the right, i.e. there exist e € A and f € B such that F(ex) = F(z)
and F(zf) = F(x) forall z € X.

Remark 95. 1t is important that e and f do not depend on z.

Proposition A.2.2 (Proposition 2.5, [Van08]). Let F' : X — V be a linear map from the
left A-module X to a vector space V' and assume that the variable is covered. Then there
exists a unique extension of F' to a linear map G : X — V such that

G(y) = F(ey) = F(yf)

for ally € X and for any pair of elements e € A and f € B that satisfy F(e-) = F(*)
and F(-f) = F(-).

A.3 The Sweedler type leg notation

Fix a multiplier Hopf *-algebra (A, A). Consider A ® A as a left A-module, where the

action is given by the left multiplication in the first factor, i.e. a(b® V') := ab @ U/, for
all a,b,b' € A.

Notation 20. Let F : A ® A — V be a linear map from A ® A to the vector space
V', and assume that the variable is covered from the left, as in Definition A.2.1. Then,
by Proposition A.2.2, F' can be extended to the completed module of A ® A. Because
A(A) C A® A, we can define F'(A(a)) for all a € A, them we will write

Flaq) ® a@)) == F(A(a)) € V

foralla € A.
By definition, we have F'(an)® ar2)) = F(p® q) where p® g = (e ® 1)A(a) and where
e € Ais chosen so that F'(e) = F(-).

Definition A.3.1. We say that, in the expression F'(a(1)®a(2)), the factor a1y is covered
from the left.
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Yetter-Drinfeld *-algebras

B.1 Yetter-Drinfeld *-algebras over Hopf *-algebras

Let (H, A, S, ¢) be a regular Hopf *-algebra with integrals and X be a unital *-algebra.

B.1.1 (Left-left) Yetter-Drinfeld *-algebras

Consider a left action > : H ® X — X and a left coaction § : X — H ® X, denoted by
T = T[-1) @ Z[g]-

Definition B.1.1. The *-algebra X is called a (left-left) Yetter-Drinfeld *-algebra if
hay@i-y @ he) & 20 = (ha) B )l @ (hay & 2) (B.1)
foralhe H,z € X.

The equality (B.1) is called the Yetter-Drinfeld condition for (X,r>,d) and denoted as
(X,>,0) € YD for saying that X is a (left-left) Yetter-Drinfeld *-algebra. We give
another equivalent condition:

Proposition B.1.2. The *-algebra X is a (left-left) Yetter-Drinfeld *-algebra if and only if
(5(}1 > CC) = h(l)x[_l]S(h(g)) %) h(g) D> o) (B.2)

forallh € H,z € X.

Proof

= Fix h € H and z € X, then

®id)(S(h@) @ hayz-1) @ he) > 2))
* ®1d)(S(h)) @ (hay > 2)-1yh@) @ (ha) > 7))
> x)—11h2)S (he)) @ (hay > )

hayr—S(he)) @ hey > 0 = (m
(m
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< Fixh € H and z € X, then

(hqy > 2)-11he) @ (hay > 7)) = (M° @ id)(he) @ 6(ha) > ©))
= (m° ®id)(he) @ hu)ml’[ 15 (h(1) ) @ h(1), > Z(o])
= hy@1-15(h3)0) ) 3) ) ® hiz) B> T))
= hyz-1) @ e(h))he) > 2
= h)z-1 @ h) > z[

Let (X,>>,0) € #YD, and consider the linear map
x XX > X®X, TRy (2-1) >Y) ® T

Definition B.1.3. A (left-left) Yetter-Drinfeld *-algebra (X, >, ) is called braided com-
mutative if my o Tx = mx, where mx : X ® X — X is the multiplication map of X,
ie. if

zy = (21 > y)2[
forallz,y € X.

Proposition B.1.4. A (left-left) Yetter-Drinfeld *-algebra (X, >, ) is braided commuta-
tive if and only if

vy = Yoy (S™ (Y1) &> )
forallz,y € X

Proof Define the linear map
x: XX > X®X, TRy >y ® (S (yy) > ),
then mx o px = mx if and only if
vy = yo)(S™' (Y1) > )
for all z,y € X. On the other hand, we have

px o Tx (T ®@Yy) = px((z-1) > y) ® ()

o) @ (S™ (@ _y) B (211 B> ¥))
= 210 @ (S™ (@110 )T (1)) B Y)
=c(x )2 QY=Y

for all x,y € X. Similarly,

Tx O pX(:I: X y) = TX(y[o] & (Sfl(y[,l}) > x))
= Yoy > (S_l(y[—l}) > ) @ Ylo)o
=e(Y)r Ry =r®yY
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for all x,y € X. This implies that mx o 7x = my if and only if mx o px = mx. ]

B.1.2 (Right-left) Yetter-Drinfeld *-algebras

Consider a a right action < : X ® H — X and a left coaction 6 : X — H ® X, denoted

by x = x1_1] ® z[q].

Definition B.1.5. An *-algebra X is called a (right-left) Yetter-Drinfeld *-algebra if
ri-aha) © 2pp D hiz) = hy (€ < he)y @ (2 < ha)g (B.3)

forallhe H,x € X.

The equality (B.3) is called the Yetter-Drinfeld condition for (X, <,d) and denoted as
(X,1>,0) € HYDy for saying that X is a (right-left) Yetter-Drinfeld *-algebra. We give
another equivalent condition:

Proposition B.1.6. The *-algebra X is a (right-left) Yetter-Drinfeld *-algebra if and only

if
dz<ah)= Sil(h(g))x[_l]h(l) ® zo < hg) (B.4)

forallh € H,z € X.

Let (X,1>,0) € HYDy, and consider the linear map
Tx : XX = X®X, TRy (y <ai)) @ 2

Definition B.1.7. A (right-left) Yetter-Drinfeld *-algebra (X, >, 0) is called braided com-
mutative if my o Tx = mx, where my : X ® X — X is the multiplication map of X,
ie. if
zy = (y Q1))

forallz,y € X.
Proposition B.1.8. A (right-left) Yetter-Drinfeld *-algebra (X, >, ) is braided commu-
tative if and only if

zy = yoy(z <S5 (y-y)) (B.5)
forallz,y € X

Proof The proof is similar to the one of Proposition B.1.4. [

B.2 Yetter-Drinfeld *-algebras over multiplier Hopf *-
algebras

Let (H, A) be a multiplier Hopf *-algebra and X be a non-degenerate *-algebra.
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B.2.1 (Left-left) Yetter-Drinfeld *-algebras
Consider a unital left action > : H ® X — X and a left coaction ¢ : X - M(H ® X)
denoted by z — x_;) ® 7)o in the sense

ZL’[_”h@fE[Q]:5($)<h®1M(X)), or hl‘ ®(£[0 (h@lM ))5()

forallh € Handz € X.
Definition B.2.1 (Definition 2.1, [Del07]). The *-algebra X is called a (left-left) Yetter-
Drinfeld *-algebra if

h(l)l‘[,l]h/ X h(g) > xjg = (h(l) > :L‘)[ 1] h h/ (h > ZL’)[O} (B.6)

forallh,h € H,x € X.

The equality (B.6) is called the Yetter-Drinfeld condition for (X,r>,d) and denoted as
(X,>,0) € YD for saying that X is a (left-left) Yetter-Drinfeld *-algebra. We give
another equivalent condition:

Proposition B.2.2. The *-algebra X is a (left-left) Yetter-Drinfeld *-algebra if and only if

(S(h > x)(h’ ® 1M ) = h HT[— 1]S(h(3))h/ & h(g) > x[g] (B.7)
forallh,h' € H,x € X.

Proof
(=) Fix h,h' € H and x € X, because there is h, € H such that h, > x = z, then

h(l)l‘[_l]SUl(g))h/ X h(g) > o) = (mo ® id (S(h(3 )h/ X h(l)x[_l] X h(g) > 1’[0])

(m® @ id)(S(hs)h' @ (ha) > 2)-yhe) @ (ha) > 2)0)
= (hay > 2)-h)S(he)h' @ (ha) > 2

h(2))(5<h(1) > $>(h, & 1M(X))

(<) Fix h,h' € H and x € X, because there are h, € H such that h, > x = z and
h" € H such that h""h)h" = h)h/, then

(h(l) > x)[,l]h(g)h’ X (h 1 > [E) 0] = h > x)[ 1]h h h ® (h(l)hx > ZE)[O}
®id)(hoh' @ 5(h<1) > 2)(h" @ Lycx)))
®Zd)(h h/®h 1)1 T[- HS(h (3))h//®h D) Dx[o})

(ha
= (m”
= (m
h (I)CL‘[ 1}S(h (3))h(2)h &® h (1) > T[]
haq)
ha)
hq)

1]S<h (1))h (2)h ®h2)>$ (0]
1]h & S(h 3 )h(g) > g
1]h/ (%9 h(g) > x[g]
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B.2.2 (Right-left) Yetter-Drinfeld *-algebras

Consider a unital right action < : X ® H — X and a left coaction ¢ : X — M(H ® X),
denoted by = — x_;) ® 7).

Definition B.2.3. The *-algebra X is called a (right-left) Yetter-Drinfeld *-algebra it
Wepaha) @ ) D) = Mhe) (@ <ha) g @ (@ <ha)p) (B.8)
forallh,h € H,z € X.

Proposition B.2.4. The *-algebra X is a (right-left) Yetter-Drinfeld *-algebra if and only

if
(S({E < h)(h/ & 1f\/l(X)) = S_l(h(g))x[_l]h(l)h' @z < h(g) (B.9)

forallh,h' € H,z € X.

Proof The proof is similar to the one of Proposition B.2.2. O

B.3 Yetter-Drinfeld *-algebras over algebraic quantum
groups

Let G = (A, A, ) be an algebraic quantum group, G= (ﬁ, ﬁc"p, 1//}\) be its dual and U be
the algebraic multiplicative unitary of G. Consider a left coaction o : X - M(A® X)
of G on X denoted by x +— z|_;] ® 7], and a left coaction  : X — M(ﬁ@ X) of G on
X denoted by z — z71 @ 20,

Definition B.3.1. We say that the triple (X, «, §) is a G-Yetter-Drinfeld *-algebra if
(tdpyzy) @ @) 06 = (X ®idx) o (Ad(U) ® idx) o (idpm(a) ® 6) o cv. (B.10)
Indeed, the diagram

id

~ 1o ~
X d M(A® X) M MA®A® X)
@ Y®Ridx
MA®X) — o MAR AR X) — o M(A® A® X)

is commutative.
This definition is equivalent to the classical one.

Proposition B.3.2. (X, «, d) is a G-Yetter-Drinfeld *-algebra if and only if (X, <j, «) is
a (right-left) Yetter-Drinfeld *-algebra over the multiplier Hopf *-algebra (A°, A°). Here

L X ® AP = X, r®a”? — (a®id)(0(x))
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is the action of the multiplier Hopf™*-algebra (A°, A°P) on X generated by § and we regard
the left coaction o as the map X — M((A)? @ X), x — 2] @ (o).

Proof Fixa € Aand x € X. It is obvious that
a(x<5a®) = ( PRid®id)((a”? Rid®id)((idRa)d(x))) = (a®id®id)((idRa)d(x)).
Now, if we use the notation y ® z = § (x[o}), then by Lemma 2.4.10

(S7)"Hagg)x " ya) ® ) <5 agzy = S(ag)” [ et ® (a@ ®@id)(y ® 2)
= S(a) "2l jad) e y) @ 2
= S(ag) Pz (id ® y) (A" (af}))) ® 2
= ((id ® y)(Alaq)))z [—1}5(%))) ®z
(7 @id)((id® a)(U(zy @ y)U ) @ 2)
(@ id)((id @ a)(Ad(U) (z-1 ® y)) ® 2)
= (a®id ®id) (S @ id)(Ad(U) @ id)((id @ 8)o(z)).

This implies that the equality
a(z <5 a®) = (SP) " agh)ayaly @z < ags,
holds for all w € A and z € X if and only if
(id®@a)od = (X ®id)o (Ad(U) ®id) o (id ® §) o «

]

In a similar way, we can define Yetter-Drinfeld *-algebras over G. Consider a left coaction
b : X - M(A® X) of G on X, denoted by z 27 @ 20 and a left coaction

a: X - MA®X) of G on X, denoted by x — x_1] ® z[g].
Definition B.3.3. We say that the triple (X, 0, a) is a @—Yetter—Drinfeld *-algebra if
(id 1) @ 0) 0 o = (L @ idx) o (Ad(U) @ idx) o (idpaa) ® @) 0. (B.11)

Indeed, the diagram

v o M(A® X) M(A® A® X)
5‘ Z@idx
M(A® X) iy 7)® MA®A@X) Ad(0)®idx MldeAeX)

is commutative.

We show now that our new definition is equivalent to the classical one.
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Proposition B.3.4. (X,0,«) isa G-Yetter- -Drinfeld *-algebra if and only if (X, <, §) is
a right-left Yetter-Drinfeld *-algebra over the multiplier Hopf *-algebra (A A) Here

XA X, 20we (weid)(a(z))
is the action of the multiplier Hopf™-algebra (121\, ﬁ) on X generated by o and
§:X 5 M(A°®X), e (S '®id)((z))
is the left coaction of the multiplier Hopf*-algebra ((121\)"7’, ﬁ"p) on X.
Proof Fixw € Aand z € X. It is obvious that

5(z dqw) = (w® S @id)((id ® §)a(x)).

Now, if we use the notation y ® z = a(z[g), then by Lemma 2.4.11

~ ~

SN w) - S - w) @ ) <o wie)

wizy) - ST - wiy ® (W) ®@id)(y @ 2)

X
“Nwe)ywe) - S - wy ® 2
Hyeid)(Awg))) - S @) wy @ 2
(

(

I
CQ) CQ) CO) CO) CO)

“HS(wy) -2 (y @ id) (A (W(z))))
- (ld®w)( U oy)T) e
©w)(Ad0)= N ey) -
© 5! ®id)(E @ id)(Ad(0) @ id)((id ® @)3(x)).

I
T ’53>

This implies that the equality
5($ <a w) = §_1(W(3)) . S\_l(x[_l]) “W(1) © o) Do W(2)
holds for all a € A and z € X if and only if

(id®8)oa = (S ®id) o (Ad(U) ® id) o (id ® @) o §
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Appendix C

Algebraic crossed product for actions of AQG

C.1 The case of actions of &

Let o : X — M(A ® X) be a left coaction of G on an algebra X. We know that the
algebraic crossed product for « is

G KXo X = span{(w ® a(z) : € X,we A} C M(AA® X).

Now, consider a°® : X — M(A ® X), the left coaction of G° = (A4, AP p o S)
on X7 (called the opposite coaction of o) defined by a°(2) = (S ® “)(v(x)), its dual
action is the right action of the regular multiplier Hopf algebra ((A )Op AP ) on X°P:

oo X7 @ (AT = X7, 2P @w” i (wid)(a°(z7))

Also, we can take the left action of the multiplier Hopf algebra (121\, 3) on X defined

by
Dao t AR XP — X, w®zr? = (wid)(a’(x?))

Remark 96. Observe that

W a0 % = 2% Qpo w? = (z Dy S(w))%,

forallw € Aandz € X.
The smash product of (A\)Op and X with respect to the left action <0 is defined by

(A)% 4 X .= span{w® # 1% : (w? # z)(0% # y*) = w0 # (x<1a§(9(2)))"7’y0p }
and the smash product of X7 and A with respect to the left action >, is defined by
X 4 A= spanfa dhw : (o7 #w)(y™ #6) = 2(y < Slwn))” # w6 ).

Moreover, there is a relation between the smash products (A\)"p # XP, X H# A and
A#X:
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Proposition C.1.1. The linear map
TIXPHAS (A#X)P, 2P Hw e (Sw) #x)?
is an isomorphism.

Proof We have,

T((@? # w)(y” #0)) = (2% (wa) Bae y7) # wiz) - 0)
T(Iop(y%( )" #we) - 0)
= (5(0) - S(w) # (v <o Slw)z)”
((

T(z

S(0) # y)(S(w) # 2))”
7 w7y #0)

forallx,yEXandw,QGg. O

Remark 97. We will use the following

> (A)PAP @ XP)@ (A X) —  AeX
(W”Pa®z7) ® (b®y) = (id® STHw))(A(D))a ® yz

and

-~

4: (AR X)® ((A)PAP @ XP) — A X
boy) @ Wreez?) = (dow)(Ab))azy

Lemma C.1.2. We have

0 (@) (@ & 1) = (500w © D (al)
in M((A)P AP @ X°).
Proof

(@) 90" @ id) = (S(ay) © zgy) < (@ © id)
(1d ® w)(aS(z-1))) ® Ty

a)yS (w1 )Jwl(a@S(T-1),,)) @ Ty
= Q) S(CE 0] 1])w(a (37[ 1])) @ T[] Y
= (am)s@_yw(ae) ®y) <a(zy)

= ((a®y) < (s@_w’ ®id)) <a’(z))

= (a®y) (s w° @id)a’(z[))

Then, the algebraic crossed product is

G® Koo X% 1= span{(w” @ 1)a’(z?) : z € X,w € A} T M((A)PA“? @ XP).
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Proposition C.1.3. We have the isomorphism
O: XPH#A G Koo X, P H#w = (WP ®1)a’(z?)
Proof Follows from the Lemma above. [

Proposition C.1.4. We have the anti-isomorphism

GXrgX——— 3 A#X ——— S XPHA G® Xyo XP

(w® Da(z) ————wHr——— 2° # 5 w) —— (5 (w)° ® 1)a°(2°)

Proof Follows from Lemma C.1.1 and the Proposition above. O]

C.2 The case of actions of @

Leta : X — M(A\ ® X)) be a left coaction of G on an algebra X. Consider the left
coaction a° : X? - M(A® XP) of (G)° = (A, A, p) on X defined by a°(z?) =

~

(5'® P)(a(x)). If we denote H := (G)° = (B, Ap,¢p), A := a° and Y := X,

then A\ : Y — M(B ®Y) is a left coaction of H on Y and if we consider again the left

coaction \° : Y? — M(B ® Y) of H° = G on Y° = X, we see that \° = & because
N(*) = (Ss@ M)Aw) = P e P)(@k)=al)

if = y°. Then, we can obtain

G xzX =H° &y Y =span{(a” ® 1)a(z) : € X,a € A} C M(AP(A)” @ X)

(G)° Xze X° =H x, Y = span{(a ® 1)a°(z”) : z € X,w € A} C M(AA® X*).

Proposition C.2.1. We have the next important anti-isomorphism

GragX— S A#X— S X°H#A G° X0 X©

~o0

(@®@1)a(r)————a®° #rr———2° # S(a) ———— (S(a) ® 1)a°(x°)

Proof Similar to Proposicion C.1.4. [

Remark 98. Recall that (A%, A°) is the regular multiplier Hopf algebra with antipode
S°P(a%?) = (S71(a))°".
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Groupoides quantiques de transformations : une approche
algébrique et analytique

Résumeé : Cette thése porte sur la construction d’une famille de groupoides quantiques
de transformations qui dans le cadre algébrique sont des algébroides de Hopf de mul-
tiplicateurs mesurés au sens de Timmermann et Van Daele et qui dans le cadre des al-
gebres d’opérateurs sont des C*-bimodules de Hopf sur une C'*-base au sens de Tim-
mermann.Dans le contexte purement algébrique, nous définissons d’abord une algébre
involutive de Yetter-Drinfeld tressée commutative sur un groupe quantique algébrique
au sens de Van Daele et une intégrale de Yetter-Drinfeld sur elle. En utilisant ces objets
nous construisons apres un algébroide de Hopf de multiplicateurs involutif mesuré, ce
nouvel objet nous 'appellons groupoide quantique algébrique de transformations. Pour
étre capables de passer au cadre des algébres d’opérateurs, nous donnons des condi-
tions sur I'intégral de Yetter-Drinfeld qui vont nous permettre d’utiliser la construction
Gelfand-Naimark-Segal pour étendre tous nos objets purement algébriques en des ob-
jets C*-algébriques. Dans ce contexte, notre construction se fait d’'une maniére similaire
a celle présentée dans le travail de Enock et Timmermann, un nouvel objet mathéma-
tique que nous appellons un groupoide quantique C*-algébrique de transformations, qui
est définit en utilisant le langage des C*-bimodules de Hopf sur une C*-base.

Mots-clés. Groupoide de transformations, Groupe quantique, Groupoide quantique,
Algébroide de Hopf de multiplicateurs, Algebre de Yetter-Drinfeld, Tressée commutative,
C*-bimodule de Hopf.

*kx

Quantum transformation groupoids: An algebraic and analytical
approach

Abstract: This thesis is concerned with the construction of a family of quantum trans-
formation groupoids in the algebraic framework in the form of the measured multiplier
Hopf *-algebroids in the sense of Timmermann and Van Daele and also in the context
of operator algebras in the form of Hopf C*-bimodules on a C"*-base in the sense of
Timmermann. In the purely algebraic context, we first give a definition of a braided
commutative Yetter-Drinfeld *-algebra over an algebraic quantum group in the sense
of Van Daele and a Yetter-Drinfeld integral on it. Then, using these objects we con-
struct a measured multiplier Hopf *-algebroid, we call to this new object an algebraic
quantum transformation groupoid. In order to pass to the operator algebra framework,
we give some conditions on the Yetter-Drinfeld integral inspired by the properties of
KMS-weights on C*-algebras which will allow us to use the Gelfand-Naimark-Segal
construction to extend all the purely algebraic objects to the C*-algebraic level. At this
level, we construct in a similar way to that used in the work of Enock and Timmermann,
a new mathematical object that we call a C*-algebraic quantum transformation groupoid,
which is defined using the language of Hopf C*-bimodules on C*-bases.

Keywords. Transformation groupoid, Quantum group, Quantum groupoid, Multiplier
Hopf algebroid, Yetter-Drinfeld algebra, Braided commutative, Hopf C"*-bimodule.
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