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HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
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�	 �	 ��� I ��������	 �����	��	 �%� ������� ����������
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�×107 �����−1��−1�

1H 1/2 99.98 26.752

13C 1/2 1.11 6.728

14N 1 99.63 1.934

17O 5/2 0.037 −3.628

19F 1/2 100 25.162

31P 1/2 100 10.841
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�B0� 	� �� ���������	 ����������	 μz 	�� ��������	� ��� �����
�	��	� ���� �� �����

������
�	 �B0� �μ 	�	���	 �� ����	�	�� �	 ����	���� ������ �	 �� ��	���� �	 �B0  ��

��	��	 �������	 !

ω0 = γ| �B0| �"�#�

$%	�� �	 ������&�	 �	 ����	���� �	 '������ ω0 = 2πf0� f0 ����� �� (��
�	��	 �	 '������

)%�� ���� �	 ��	 ��	����
�	� �%��	������ �%�� ����� ������
�	 �B0 ��	� �	 ���	��

������
�	 �μ �%�� ������ 	�� ���������� ��� ��	 ��	��	 E = −�μ. �B0 = −γ �J. �B0 =

−γm�| �B0|� m �	�� ���� 2I + 1 ���	���� ��� �����
�	��	� �%��	��	 E �	�� ���� ����	*

�	�� 2I + 1 ���	��� ������	�� )��� �%��������� �%�� ����� ������
�	 ������  ��

�	��	 �	 �������	��	��	 ! �%	�� �%	�	� +		����

$���	����� �	 ������� �	 �����	 
����
�	 �	 ��� I 	�� ����	  1/2� ���� �%��	��	 �	

�	�, ��	���	 
�	 �	�, ���	��� ! E1 = −γ| �B0|�
2

	� E2 = +γ| �B0|�
2

�-���	 "�.��� $	� �	�,

��	��, �%��	��	 E1 	� E2 ����	�����	�� �	��	���	�	�� ��, ������� ���� �� ���/	����

�	 �	�� ���	�� ������
�	 ��� �%�,	 �	 �B0 	�� ������&�	 �� ���*������&�	  �B0 �-���	

"�.���

0�	 ��������� �	 � ������� �����	 ���� �� ����� ������
�	 ����
�	 �B0  �	���*

�����	 ��������	 T �	 ���	� ���� �%	�	� +		���� 	� �	�, ��	��, �%��	��	 E1 	� E2� '�

��������� �	 �	� �	�, ��	��, ����  �� ������
�	 �	 1���2���� !

N1

N2

= e
ΔE

KBT �"�3�

��	� N1 	� N2 �	� ���������� �	��	���	� �	� ��	��, �%��	��	 E1 	� E2 	� KB =

1.38× 10−23 4�5−1 �� ��������	 �	 1���2�����

��	���� �� 	,	���	 �	� ������� ������� ���� �� ����� ������
�	 �	 6 �	���  ��	
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���

������ ���� �� �� ����� 	
���� � ��������
� �� ������� �� �������� �� ���	�

	��������� �B0 �
�� ��� �
���� �
�� � �
	��� ��������� �� ���� �= 1/2 �� �� ���

	
���	���� �� ��������
� �
�������

����������� 	� 300 
� � ������ ΔE
KBT

= 2.04 × ��−5� �� ����� ���� ������ � 	����

�������� ������ 	� ������� ��	�� 	� ��������� ��� 	�� �

ΔN

N
=

1

2

ΔE

KBT
= 10−5 �����

��� N = N1+N2 �� ����� ����� 	�! �����!� ��!�� ���� �� ��������� 	� 106 �"��#

	�$"	��%&�� �� " � !������� �� �"��# 	� ���! 	�! ������ � ��� 	�! ������ ' � ���

�# &! 	� �"��# �!� !�(!�� ����  ����� ) ������������ �� ��������� �� ��! ������

�M0 =
∑

N �μ 	���%�� 	�! �� 	��� ��� �� �� !�! 	� �B0 �� ������������� ) �����!��� 	�

 �  $��� *
�!���� �	 +������ '���,�

����� ����	
	���

-��� ������ �� !"!�&�� $��! ���������� �� !�(� 	����"�� �� �	� ./ ) �� 0����� �

	� ��!�� �� �� 0����� � 1����� f0� 1��	� ./ �!� ��������� 	���� �������! �� ��!��

 �	�! �� �����!� �	�! ) �� ���!��� ����������� 0����� ��� ������� ��  $��� !�������

B0 ����� B12�� �3 �� B0 2��� 3�� 1�  ����!��� ��%������ �B1 	� ���	� ./ �!� ����

��	� ������ ) �� 	��� ��� 	� �B0�

-��� �#������� ���4�� 	� ���	� ��� �������!��� ./ !�� ����������� �� !�����5�� ��  �� ���

�'



���� �������� 	� 
� ���

�� ��������	 
� �����	��	� �
���� (x′y′z′) ��� ����	 z′ �������	 ��	� ����	 z �
 �����

�	��	� ��	 	 �
� �
��	 �
�
� �	 z′ � �� ����
	��	 ���
����	 ω0 ��� ������ �
 �	���	

��	 (xyz)� ��
� ����	� ��
� �����	��	� ��	 � 
� �����	��	� �����	� �� 
����	 �������	
�

�
���� �

d

dt
|mobile =

d

dt
|fixe − �ω∧  !�"#

$�	� ω �� ��	��	 ���
����	 �
 �����	��	� �
����� ��� �������	 ��	� ����
���� !�%� 	�

����	��	 ��
� �&��� �������
	 �B ����������� �M ����	��	 �
�
� �
 �&��� �	���

����
���� �
����	 � (
d �M

dt

)
(xyz)

= γ �M ∧ �B  !�'#

(��� �	 �	���	 �����	 ������	� 	 �
��� ������������ �	 �����	 )*� �		 ��
����

�	��	� � (
d �M

dt

)
(x′y′z′)

= γ �M ∧
(
�B0 + �B1 − ω0

γ
�k

)
 !�+#

(
d �M

dt

)
(x′y′z′)

= γ �M ∧ �B1  !�,-#

.		 ��
���� 	� ��������	 � ����
���� !�%� $����� ����������� �M �	� ������ 	/	�
	�

���� �	 �	���	 �����	 ������	� (x′y′z′)� 
� ��
�	�	� �	 ����	����� �
�
� �	 �B1  ����

��
�	 !�%#� 0� ����
	��	 ���
����	 �	 ������ �	 �M �
�
� �	 �B1 ���� �	 �	���	 (x′y′z′)

	� ��� �������	 ω1 = γ| �B1|� 0�����	 �	 ����
�	 �	 �M ���
��� 	� ����� �

α = ω1t = γ| �B1|t  !�,,#

t 	� �	 	��� ������������ �	 �����
����� )*� 1� ������ �� �
��	 ������������ �	 �����

�
����� )* 	2�
 �� �
������	 ������	 �	 ����
�	 �	 �M ����	�

��� ������
	��	� �
�	 � ������������ ��
�	 ���
����� )*� �� ��������	 �����
�����	

�	 ����������� Mz �����
	 	 �� ��������	 �����	����	 Mxy �
��	�	� .		 �	�����	

�	 ����	�	� 	� 3	
 
� �	�&����	 �	� ��������	� �����	����	� �	� ���	�� ������

��
	� vecμ�

(�
� ���� �	 �
	 ��	�����
	� ������������ �	 �����
����� )* � 
�	 ����
	��	 �	 0�����

f0 ����	����� � ��
���� 
�	 �
���� ����	���	 ΔE �
 �4���	� $���� �� 4 � 
�	 ��������

�	 ������ �
 ���	�
 �	 ����	 ��	���	 E1 �	�� �	 ���	�
 �	 &�
	 ��	���	 E2� 0	� ������

��������	� �����	�	� 	� ������������	� 56�)����	 	 ���� 7--89�

,%
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����� �� ����	��
�� �
��������� �� ���� ���� �� �
�
�� ����� ��������� ��� ���������

���� ����
���� �� ���������� � ��� ���������� �� ��������
��� �� �����
�� �� �� ����

�
�
�� ���������� �����
����� ����� �
��
 ��� ��� ������ ������ ���� ���� 
� �� �
�
��

���
�������� ��� ���������� ������ !��� ��������
��� �� �� "�������� ��� ����
�
���

��������
��� fc� #� ����	��
�� �
�������� ��� �������� ��� �$���� ��� �� "�������� ��

����
�
�� fc ��� ���%� �� �� "�������� �� #����� f0�

&
��
 ��� �
�� �	�
��� ���������� �� �
���� �� ����� ���� 
� E1 ��μ �������� � �B0�� ��

������ ��� ����
� �� �������
�� �� '���% ('���%� )*+,- .

dMz

dt
= γ (MxB1 sin (ωt) +MyB1 cos (ωt))− [Mz −M0]

T1
�/�)0�

#� �����
�� �� ����� �����
�� �����
� ��� ������
�� �	�����
���� �� Mz .

Mz(t) = Mz(0)e
−t
T1 +M0

[
1− e

−t
T1

]
�/�)1�

#� ��������� �� ���� 2) ������� �� ���� �� ����	��
�� ��� 
���
����� 2) ���������

�� ���� �������
�� � �� ��������
�� �� ,3% �� ���
������
�� ��� 
���
���� (4�5���
�

�� ���� 066,-�

������� ����	�
�� 
����������

#� ����	��
�� ������������ ��� ��� �� ��%��� � ��� �
�� . �� ��%��� � ��� �
� ��	 
��

������
��� �
����
�� ��
 ������ ��� %����� ���
��� �� �%��� �� ���� �� �
������� �� "���

������� �� ������
��� #�� �
�� ���7��� �� �	�������� �� �!�� "�������� �� ��%�����

��
������� &
��
 ���
������
�� ������������ Mxy �%���� ����� �%��� ���
������
�� ���

����
�� � ������� �� ��� �����
��� �� '���% .

dMx

dt
= γ (MyB0 +MzB1 sin (ωt))− Mx

T2

�/�)+�

dMy

dt
= γ (MxB1 cos (ωt)−MxB0)− My

T2

�/�)8�

&
��
 �� ���
��� .

Mx = [Mx(0) cos (ω0t)−My(0) sin (ω0t)] e
−t
T2 �/�),�

My = [My(0) sin (ω0t) +Mx(0) sin (ω0t)] e
−t
T2 �/�)3�

#� ��������� �� ���� 20 ��� �� ���� �� ����	��
�� ������������� #� 20 ��������� ��

���� �
� �� ���
������
�� ������������ ��� �����
� � 13% �� �� ������ 
�
�
����

)8



������ ���� ������ � �	
������� ��� ����������� �	����������� �� �������������
�� � ������������ ����� � �	����������� �	��� ��������� �� �� 90◦ � �� �������
������������ � �	
��������

�� �� �����	� 
���� ��������	���  ��
�������� �� ������� ��� �	������� �� �� 90◦ � 
�


�������
� ������� ����� +x′� Mx(0) = 0� Mz(0) = 0 �� My(0) = M0� �� ��� ����� ���

�
������� ������� �

Mz(t) = M0

[
1− e

−t
T1

]
��� !"

Mx(t) = M0 sin (ω0t) e
−t
T2 ��� #"

My(t) = M0 cos (ω0t) e
−t
T2 ���$%"

&� ������  ��
�������� ��� �������
 ��� �� '(��� ��) *+������� �� ���� $%%,-�

.� (
�
���� ���� ��� ������ ������� / ≥/$� 0� ������������ �� ������ ��� ������� �/ 1/$"

���� ����� ��� ��������� �� ��+� 2� ��
����� ���� �� ������� ��$ ��� ������� �� / �� /$

�� �������� ������  �� �3�	� 	�(�
����� ��������� B0 = 1 /�

/���� / �	�" /$ �	�"

��������� (���� 1470 71

��������� �����3� 1084 56

���� 812 42

4������ 423 154

����� ���� ������� �������� ��� ����� �� �� �� �� �������� ������ ���� �� � ���
����
����� �������� B0 = 3 � !"�����# �� ���$ �%%&' !(���� �� ���$ �%�%'�

 ,



���� �������� 	� 
� ���

������ ���� �� ������ � �	
������� ������ �� ����� �� ����������� ��� ���� ���

�	��������� �� �� �� ����� ����
����� �B1 �	������� �	����������� �M ������� ���

����������� ����� ����������  �����
���� � �B0� ��� ���� �� �
������� ����
� ����

�� ���� ��������������� � �B0 ���� �
������ �� ������ �� ���������� �!" #�$%&�

����� ����	�
�� ��
�� �� ������

������� ����	
 ���������� 
���� � ���� �������� ���	� �����

���� �� ���	�� ��
�������� �M �������� � ������
�� ���� �� ���������� ������ �� �����

�B1 � �� ��������� �������� ω1 �� ������ �� ����� �B0 � �� ��������� �������� �� �������

����� ����� ����	�� ��������� �� ���� �� ��� ��������� ����
�� �� �������
�� ��� ���


����� �������� � �� ��������� �� ������ �� ������ ���� �� ���� ������	�� � �� ������� ��

�B0 ����� ����� ��� �� �����  �!� �����	� �� �� �� "�����#� ��� ������ ����� ������$�

��� 
����� �� �� 
������ ����� �� ����� �� ��������� �
�� �� " �� �� ����� ��� ������%

������ �� ������ �� ����������� ������������ Mxy� �� ��� ������������ ��	� ��
��� ��

���� � �� ������� �� ��� ��������� dMxy

dt
�� ������� �� ����� �� ��� ����� ��� ��

��������� �������� �� ������ ω0� ����� ����� ����	�� ��� �� ������� �� 106 &' �� �����

���� ��� ��� ������
��� ���� �� " � ���������� � �� ����������� �� �����������

������������ Mxy�

����� ��� �����(�� ������ ��� ��� ������������ �� ��������� )*� ���������� ����%

�������� �� ����� ��� ����� ���� ��������� ������ ��� ��������� �� ����� T ∗
2 � ����

��� �+ ��� �,���������� �������� �� �B0 �� ������� �� ���,����� ����� ��� �������

���������� �μ ��� �� ������ �� ����,��������

-����� ��� ������ ��� dMz

dt
�� �������� ��� �� ������� 106� � ��� ��������� ����
�� ����%

����� ����������� � �� �������� �� ����������� ����������� Mz �� � �� ��������� ��

����� ).� ���� ���� ������ ���� �� ������  � �.�!�.�

������� ���� �� ����

����,� �� ��� ��� ��� ���,���/�������� �� � ��� �������� ��� &�,� �� .012 ����

��������� �� ���
�	�� ���,�������� ������� �� �B0 3&�,�� .0124�

.5



�� ����� �� 	�
������� 	� ����� ������ ��� �������� T ∗
2 ���� ���� ��
����� �� ������

����� ��� �
������ 	� 180◦ �� ��
� t = TE
2

� �� 
�
��� 
��������� �μ ��� ����������

����	�
��� ���� � ���������� �� ��
� t = TE
2

� 	������� ����� ��� ���������� �����
����

��

� �� ����� 	� �������� ���� �	������� ���� ������ ������� �� ���� 	��� ��
�

t = TE� �� 
�
��� 
��������� �μ ��� 	� ������� �� ���� �����	���� �� ����� 	��

	����� 	� ���� �� ��������� �� ���������� ������� ����������� 	�
�����  � �� ������

	���������� ��� 	�����
� ��� ��� �
������ 	� 180◦ ���� ������� �� ����� 	��� 	�����
�

����� ��� ��� ������
� �
������ 	� 180◦ �� ���� 	� ���� !����" �� 	��������� ������ 	�

������ ����������� ��� !���� �� �

�� 	� 	�#����� ���� ��������	 " �� 	���������

$%� �� ��
� 	� ���������� TR ��������	 �� ��
� �����	� " �� ������ 	� ����
��������

�������	������ �� &����  �' �� ��� ����������� 	���� ������� 
���� ���� 	� ��� ()�����

��	 *������ %++,-�

������ ���� ��������	��
�� �	 ���� �� �� 	�� ���	���� �	��
 ���� �� �
��

������ ���� ���	�����
�� �	 �
���� ���� �	 �
���� ����� �	 ���� ������ �� �� �	
���� �� ����
�
�� �� ������ �� ���� ��� !�

������� ���	 
� ��
����

�� ������� 	����� 	� ���	���� � 	������� 	� ������ 	� ��� ��� �� ����� 	� ������

�� ������� ��������� " 90◦ �� �������� 	��
������ ./ 	� �������� 	� 180◦�

01



���� �������� 	� 
� ���

�� ����� �� ��	
��� �������� � 90◦ ������� �� �������� ������������� ��	
����� �� ������

� ����������� 	����
��� ���
 ���	 ���������� 
�� �� ���	�	�� ��� ����������� ��	�������

������������� Mz� ���� ������ �� �������� �� �� ����� 
����� �����	���� ���
� � 
�	

���� 
�����	! ��	 �� �� ��	 �" �����#�	 ���$��� %��� ������	 �� �&�� ����������� ��

�����%� �� ���
�� �� �������� �	� ���
 �� ���� �� ����	�

������������� � ���
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∣∣∣ = μ0

2

i

b
[
1 + y2

b2

]3/2 ���	:�

���� y �*�������� �� ����� A� ����� ��������� !����� "�� ���� y = 0 �
∣∣∣ �B1

∣∣∣ ���!����

���� �� ��!������� �� ����� b �� �� ������� �� "�� !����� "�� �� ������ ��@� ��� ���

������ ���#���"�� ��� �*������ ���� �!������� "�� �� ������ ��� �� #������ ��!��������

����� �*����������� �*��� ������ �� ���#��� �� ������ ������� ���� �����A��� �� ����������� ��

�� ����� ��?� ����)� �� ����� �����?�� +'����� 0:
B1� �C������ 9 ���� "�� �� ����� ���������

�� �*��)�������� ����� "�� ����� �� �� ������ ��!���� ���� �� ��������� �� ����� b� ����� ��

	D



���� �� ����	�
 ����� ��� ����
 �
 ��� �	���� ��

��� ����� 	
	��� ��������� �� ���	��� �������
�� �� �� �
��� �
��� �� �� 	
	��� ���

�������� ���� ����� ��� �� ��
� �� �� 	
���� ��� ���	��� �� ���� ��� ������� �� �������

�
� ��!����� ����"��� �� 	
	���� �� �������

#� �������$ �� �
��� �� �
��� �� ���� ��� $ ��� 	
	��� �� ������ � ��� ���
� �� ���%

��	����� �� �
�
���� �������� ��� ���&�"�� ��� �� ����"�� �� �� 	
	��� '(��
��$ )*��+�

(�
, �� ��������� �� ����� �� 	
	��� �� ������ �� ���� �
��� �� �� -
�� ������.�� (
��

�����������
� ��� ������ �/ �� ����� ��
����
� �
� ���&��
���
� ��� -
��� �
�
����

���- ��.�� ������ ��������� �����������
� ����� 	
	��� ��������� ������ �� ���� �
��� ��

�� -
�� 0 �&��
�$ ��
, �� ��������� ��������� ��� 	
	���� ������� 
� ����
���������� �
�

���&��
���
� �� ����"�� ���������

(��� �� �������� ������� �
�� ���
����
�� �� ����
�
��� �� ����� �
�
����� ���������

�
��� ��� ���������
� ��	�� �� �
� �����& �� ������.� �� ����/ ���
�������� ���� ��

���� �
���� ��& ����� ���������� ��������� ����
��	����

������ ����� ���������	�
�� ����	�
��� �� �	�� �	����
��� �B1 ��
� �	� ���
������ �
����	
�� �� �	��� b�

������ ����� ����� ����� ��� �
��� �� �	 ��������� ��	���� ��� !� "��� ������ �#�$�%
���
�� �� �&' �� �����
�� �� �	 ���������� (y) ���� ��� ���
�� �� ����	�� �� �	���
	) ��� �) �* �� �) �+ �� �� �) ���� ��� ���
�� $����
��� ���� �	 �,���

)1



��� �����	 �
�
	����� �� �� ���
��������

����� �����	
 ���� �������	������ � �	� ��� �� � ����� ��� ������� 	� ��	�� �	�

�� ������ �� ����������� �
�	���
 ��	� ��������� �	 �	�� �������� �� �	� ��	���� ����

	����
 ��	� � ���������� �� � ���� ����������� �	 ������ �������� 

!� ����� �� ������ ��� � ��������� ������ � �	� ��
�	��� �	 ����� ������� 	�� 
�	��

����� ��� �"#$� %"����������� #����& ��� $������� �� ������' ��	�������� ��� �������

����� �������������� �
���
�� �������������� �	� ����������� �� ��	� �� �������
 �� �

��
������ �� ��	� �� �&��� �� ������ �� ()*( +,���& �� � � ()*(- .�� ��	��� " */ �� " *0

���� ���
�� �� ����� 
�	�� ��� ��������� �������� �	�� ��	� � ������ ��������� � & �

1, 3 ������ �� ��� ����������	
� ����	� ���
� �� �	� �� 1)) ))) �
��� �	��������� 

2�	� ��	� �&�� �� ������� 	� �&����� �� ������������ 345 %3	��� 4��� 5���������' ����

��� �� ��
����� �
����	� ��� �	��	�� ����
��	��� +6	���� �� � � *778- ����	� ����� ���

����
�
� ��� 	� ������� ��	� �����	�� �	� ��
���
���� �
��	���� �	 ������ .� �����	

" 9 ��
����� 	�� ������������ 345 ���� �� ����� �������������� �	 ������ �������� 

������ ����� ������ ��� ��	�
��
���� ���
	�� �	
��� � ���� �	� �������

��� ������������� ���� �����	�
�� �� ���
������ ����� ������ ��� ��
��	�� �
��	����

�	 ������ :

; <���� " : 3*�3(� 4)� 5)

; <���� "" : 39�3/� 4)� 5)

; <���� """ : 3*�3/� 4*�4(� 5)

; <���� "= : 5*�5
�������� > ��������
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%� (�������� �� ��� ����	���	� �� �� ���
�� �	������	��� ��	� ������	���� �	 )(���   �*�

���� ��� ������ �� ���� (��	�� ����	� ���	(���� l = 37 �� �� �� ���(��� m = 0, 8 ��"

�� +����� ����� ����	� ���	(���� l = 5 �� �� ���(��� m = 2 ��"� n ���� !* μ� 
������

�	��	� , �&�������� �� 
������ -�� 
�	��+��	
�� �&�	��
��	
� ������ �� �� ���
�� 
��
����

�.����+����	� ��		� L = 50, 3 	/�

������ ����� ������ ���	
��	 �� �����	
� �	 ��� �������� �� �� ������ �������

����� 
���
�����

-����+����	�� ��� �0�
���� �� ������ �� �&�	��
��	
� 	��� �������	� �	 1�
��� 2���

���3 #	��$��� �12#"� 4� ���	��� ��� 
������ , 50 Ω �� 	����� ������� �� 
5��� 
������

������� ��� ������ �� ���
�� �� 12#� %� ������ �� 
��6
��	� �� ��7����	 S11 �� 12#

��	��� +�� �&�	��
��	
� ������ �� �� ���
�� ��� �� 48 	/ , �� ���+��	
� �� 127, 67 8/9�

������ �� ���	���
��

:	� ��������	 
��
����� ����
��� , �	 �

��� ����� �	� ��� ������ ��� �������� ��

���
�� ����		�	��� %� 
��
��� �&�

��� Ct �� �� 
��
��� �&��������	 Cm ��		�	� ��


��
��� �+������	� ����		�	� ����	�� �	 )(���   �;� %�� ������� �� Ct �� Cm ��	� ��		���

�� ��� �+�����	� �����	��� �#���	��	� <==<� �

Ct =
ω0L+

√
rZ0 − r2

ω0(r2 − rZ0 + ω2
0L

2)

Cm =
Ct(ω

2
0LCt − 1)

r2ω2
0C

2
t + ω4

0L
2C2

t − 2ω2
0LCt + 1

�  �*"

*>



������ ����� ������ �����	
� �������� ��
���

�� r �� L �������	��	� �����
�����	� �� �������	
� �� ���	��
��	
� ������ �� �� ���
���

Z0 ��� �������	
� �� �� 
����� ��� Ω ���	���� ����� ��
��	�  �� L ≈ 48 	! �� r ≈��" Ω#

��� ������� �����
���� ��� 
���
���� ���

��� �� �����������	 �����	� $��� ��		��� ���

��� �����	 ����� %����&���# 
�� 
���
���� 	� �����	� $��� ������	��� ���	� �	�'�� ���
���

 ���(�����	�����	� �	 �������	� ���

��� �� �����������	 �� �� ���
�� �� )*+�

������ ����	
 ��� ������� �
 ������	��


,	� ���
�� ��	� 
��
��� �� ��
������� � ��� �������� ���� �	���� ���-�� ���	 .�������

��
������� ��� ��� ����� ��� /���� ���
�� ��� �	� ���
�� �	�����	��� �� ��&���	
� ��	�

����� 0�* �1���� ���2��

��
��	�  �� ����� 	� &�	
���		� ��� �	 ����	
� �� ����� 0�*# �	 
��
��� � ��� &���� ��

���� �������� �� �3��'� ��������� �1���� ���4�� /� 
��
��� ��� �	 1���� +/56/ 7 �� ������

+/ ��� ���� 8 �� ���
�� �	�����	��� ���� ��
����� �� ���	�� �9 ��*� :��;��� ���	� �����

0�* ��� �� ������ 6/ ����� �� 
�		�
��� 8 ����� �	� ����	� �� ��
�����	 ��	� 
��
���

�� ��
������� ��������		���

�� ��

������ ����� �� �� ������	 
���	������ 
�������	 �	 �� �� ���	�������� ����������	� �
�� ������ ��� ����� ����

������ �
� ����	
� � ������	��
 ������
 
� 	
��� ������
� �
 ����

���


�������� ����	
���� 	 �� �����	 � ����
���	 �
����	 �����

:� ���
�� 8 ��
������� ���� �� ��� �	� ���
�� �� ��&���	
� ����
��� 8 �	 
��
��� ��

��
������� ����� 1���� ���<�� /�	&����	� 8 ������
��  �� ���� �����	�� �����������	�#

�"



����� �������� 	
�
��� � 
������	� 	��������� �� �������

������ ����� ������ ����	
����� �� ��	
� �	
�����
��

�� ������ � 	
�������� ������ ���� ��
� ��� ���������� ��� ���������	�� � �������

�����	 ������

�� ��

������ ����� �� �� ������	 
���	������ 
�������	 �	 �� �� ���	�������� ����������	� �
������

����������� � �� ������ 	� �
�
������ �� 	��	� �� 	� ����� �� ������	
� ���

	��! �"��	��	�� #�$%& '(��"�� )������	������� 	� 	��������� 5, 4× 43× 3, 2 ��3�

���
�� �� �
���� �� �"��! 	� ������ � 

 ���
 ��� �� �����
������� 	� �� 	��	� �� �

	�� �"��	��	��� *�� ������� 	� ����� ������� �����
�������� I = f(V ) ��� ��
���
�

��� �� +���� ���,-� *�
�
��� ��
������ 	��� ��� �
����� �� �� ���� 	� ������������

	� ���������� 	��	� �� .�"��	��	� �����"
�� �� ������/�� ��� �� ���� 	
������ �� ��.

���� � �� ������ 	��� �� ������ 	� 	
���������

*�� 	��! �"��	��	�� �� 

 ������
�� 0�� 
�����
�� ��� 	��! ������ 	� ��������� 	�

%- �$ � 	� �������� 	���	� λ = 650 �� �"���� '*���� ��������� �©� 1������ 2�.
)34.56-.%-3�.,37 *������	���� 3���� �� ���� � 

 ����
 ��� ���� 	�� ������ �����


	��� ��� �!�
������� ���8�� 	��� 	�������������� � ������ ��� ��������� 	� ,% �$

�� ���� 	�� %- �$� 3��� � ��� �� ���� ��� ���� ������� �� �9��� 	� ��������� �
������

���� �� ���� ��� �� ����� �� ��������� 	� ��� �
����� � 	� ��� ������������

4 ����� 	�� �
����� 	� �� +���� ���,-� ���� ���������� ��� �� ���� 	� ������������

���������	�� � �������� 	� 	��! �"��	��	�� �� �
��� 
�����
�� ��� 	��! ������ 	� ����.

����� �������9� %- �$ � ,% �$ ������ �� ������������ �� ��	� ������ 	� �� 	��	�

�� �9�� �� ������ 	� ,�:6 �4� ��� ������ �� ���� 	� ������������ ���������	��

� �������� 	���� ����� �"��	��	� 
�����
�� ��� �� ����� 	� 6 �$ �� 	� %- �$ ��������

6%



��� �� �����	� �
�������� �	� ������� �� ��	�� ��� �� �	�� �������� �	��� �� ������

����	� �� �� �������� 	����� ���� �� ��� ������� ����������
 � �	���� ���� �������

��� �� �����	� �
�������� �	� �� �	����	������� �� �� ��	�� ��� �� �	�� �������� ������

�	� �
���	�� �� ������	� �� ��� ��	�	��	��� �� �
��� ��� �� ��	�� ��������� �	� �

�	����	������� �� �	�� ������ �� �� ��	�� ����

�	�	�� ������ ��� ������ ��  ! �" �	� ���	�� � ��	�� � �	���� �������	� #�$ ��

������� % ������� �� ��	�� ����

��� ��� ��� ��� ��� ��� ���

�

�

�

�

�

	

�

��
��
�
�
��
�
�	


�
�

���������	
�

�����������������������������	�

������������������������	�

������������������������������	�

�����������������������	�

����������

������ ������ ������� �	
��� �� ������ ����� ���������� � �� ������ �����������

����� �	
�� �� �� ����� ��� ��������� �� ������ ���������� ����� ���������� � �	
��

�� ���� � ��������� �� ����� ����!����� ��� ���� ������ ����� �� ��������� ��������"�

#$ !% �� &# !%� �� ������ ����� �������� ���������� � �	
�� �� ���� � ����

������ �� ����� ����!����� � ����� ��� �� ����� �� ��������� #$ !%� �� ������ �����

�������� �� �� ������ ����� ���������� ������������� � �	
�� �'��� ����� � ��������

����!���� ��� ��� ����� ����� �� ��������� #$ !% �� ( !% ��������"�!����

�	� �
���� �������� � ������ �� �
�	����� �� �� ������ �� �����
 �� �� �	���

���	������� % 127 &'(� ��� �	���� ���������� �� 1, 8 μ' )*+, +�����	� ,����	�	�-�

.*�/ �	�� �
�	�
�� ����� �� �	��� �� �� ������ �� �
�	������

0� ����� �� �	������	� �� �� ��	�� ��� 
���� � �	��� ���	������ �	� ��	�� �
��

���
 �� ����� ��
����
� �� ��� 1���� ���22 �1� �� ������
����� �� ����� �� �	������	��

0�	�����	��	�� )������� �����	�	����� ��1���3���	� &*!$!4#� 4!!&'(/ ������ �� �����

����� �� �����	� �� �	���� �� �� ��	�� ��� �� �	����	� �� �� �����	� �� �	������ ���

4#



����� �������� 	
�
��� � 
������	� 	��������� �� �������

������ ����� �� 	
� ������� ������������� ����� ������� �� ����� ���� ���  ��������

� ��!��  ��� ��� ������� �� �������� ��� �� ����������� �� � "� ����� !�#�� ��� ������

 ��� ��� ������� �� �������� �� $ "� �#���� �� ����� ���� �� �#%&' ������ ��� ( ���

������ ������� ����� !�� ��� ���� �� ��� ���� ������ ��� ( ��� ������ ��������

�� �������� �� ��� � �� ����������� �� �#���� ����� �� ( �#���� ��� �� ��� �#��)����

* �� �)��� ����+� �����  ��������� �� ,���� --�*��� '� ��� � ��� +������ ��� ���� ��

�#���  �� ��)������+��  ��� ��� +����� ������������� .� �/�� ( �#�0�������� ��� �������

��  ����������� ��������  ������� ���� �� ������� ������������ �� +���������� �� �#���� ��
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��� ��������� �� ��� � �� ����������� �� �#���� ��� �� ( �#���� ����� �� ����  ��������

��� �� ,���� --�*�� �� ��� � ��  ������ ��� ������!��  ��� ��� %&' ���� ���������� ��

 ��� ��� %&' �)�� ���������� �� �� ��� �#��)���� *� μ�� &��� �� ���� ��  ��+�2�� ��  ��3

��������� �������� �#�0����  ��� �� �#��� ���!������ �� ��� � �� ����������� ��� ������

����� !�� ����� ���  ���������� !�� ������ �� 1���

������ ������ ������ �� 	
��������� ����� ��� ����� 	� ����� �� �����������

�
��� ����

�������� ���	 
� �����	�����	� �����	���� 
�� �������	�

7��� )���,�� �#�� ��� ��� ��� ������ ��� �#����� 6�� ��� ����� �� �� ����� ��+�����

�������!�� �� ������ ��� �������� � ��� �������� ��� �#-6� 
��5�� 
��� �� ( 8�9 : ��

$$



������ ������ ����� �� ����	
�
�� ��������� ��	� �� ������� �� ���
�
 ����	���

� ���
�
 ��	��� ��	� ���� �� ��	��� ��	�� ���
����� �
 ��
�	� ����������
 � ��


���� �	 ����	 �� �� ����� ��� ��	� 	� ��� ��� �
 ���� �� ������
�����
� ��

��	��� ���� ��������� � �� 
���� �	  !"� ������
 ��������� �	 �#�� ����$�

���� � 	� ��$���� �� 
���� ��	� %����� ��
��
 �� 
���� �� ����	
�
�� �� �����

���� ���

������ ������ ����� �� ����	
�
�� ��������� ��	� �� ������� �� ���
�
 ��	��� �

���
�
 ����	��� ��	� ���� �� ��	��� ��	�� ���
����� �
 ��
�	� ����������
 �

�� 
���� �	 ����	 �� �� ����� ��� ��	� 	� ��� ��� �
 ���� �� ������
�����
�

�� ��	��� ���� ��������� � �� 
���� �	  !"�

�����������	 
�� ��������� ���� ������ ��� ��� ����� ���� ���� ����������� �� 3 � ��

������� �� ��������� ��� �������� �� 1.25 � ����4 × 6�2�+5 � ����	 ��� ��������
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∑
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ε−1
r ( �EΩ) = ε−1

r ( �EΩ = �0) + rijk. �EΩ �����-�

.��� rijk = − χijk

n2
in

2
j
�� ���	��� �/�

*
��� ���� ��	 ������
�	 �� 	������� ���	 ��	 ���	���� �
� �!	
�!���	� �� ���	��� �/�

rijk� �� "- �������	 ��� 	������� 	
�	 �� #
��� ����� ������� 6× 3 �

rijk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

r11 r12 r13

r21 r22 r23

r31 r32 r33

r41 r42 r43

r51 r52 r53

r61 r62 r63

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�����0�

rml �	� �� �
�1����� �/ 
2 l ����	���� x� y 
� z ���	 ��
�	 �
�
	����	 �� ���� �EΩ�

	������ �����	 ������� ��	���������� �� ������ �� 3� " 
� 4 �� m ����	���� �
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�� rxxl �� ���

�� ryyl �� ���

�� rzzl �� ���

	� ryzl �� ��	


� rxzl �� ��


�� rxyl �� ���

� ������ ����� �� ������������ ��� ������� ���� ������������ ������ � �� ���� �EΩ ���

��������� �� � ������ ��� ��� !

ε−1
r =

⎛
⎜⎜⎜⎝

α κ ε

κ β δ

ε δ γ

⎞
⎟⎟⎟⎠ "����#$

% ��

& α = 1
n2
x
+ r11Ex + r12Ey + r13Ez

& β = 1
n2
y
+ r21Ex + r22Ey + r23Ez

& γ = 1
n2
z
+ r31Ex + r32Ey + r33Ez

& κ = r41Ex + r42Ey + r43Ez

& ε = r51Ex + r52Ey + r53Ez

& δ = r61Ex + r62Ey + r63Ez

'���������� ��� �� (����� �����) �� �������� ω) �� ����*� ��� �� ��  ������ ������

�k(θ, φ)  �� θ �� φ ��� �*��� ������� ���������� � ��������� �� �k ��� �� ���+�� ��

������ " ��� �*��� �����$� ,����� � ����*���� �� �� (����� ��� �� ������ -. �� ����

� ���������� ��� /�� ��  ������ ���������� ���������� �D �� ��� ������� ������� n ��

����*���� ��� 0 ���� ��� ���� ��������*������� �� ����*��� ��� �� �k(θ, φ)�

��� ���*����� ��� ���/ /�� ������� �� ��������� (����� ����� � �������������� �� ������������

��� �������  �� �� ��� ������ �� (����� ����� ������������ �/ ������� ������� n+

�� n−� '�� ������� �� ��(������ n+ �� n− ��� 0 ���� �� (����� ���� ������ �� ��� ���/

/�� ��������/ �� ����� ������� " ��� �*��� �����$�

1��� �������� ��������� �� ����� ������� �� (�� ��2��� �������� ��������� �� �������3

����� ��� �� ���+�� (XY Z) ���� ��/� (OZ) ��� ��������� �  ������ ������ �k� ���������

�� ������������ ��� ������� ��� �� ��� �� ���+�� (XY Z) ��� �2����� �� (���� ��� ��3

����� �� ���+�� (xyz) ���� �*�� φ ����� �� (Oz) ��� �� �� ��� ������� ���*�� θ

����� �� ��� �� /� (Oy′) "�*��� �����$� -� �������� ��� ������� �� �������) � ������

������� � ������������ ��� ������� ��� �� ���+�� (XY Z) ��� ������ �� !

(
Rθ/y′→Y

)
.
(
Rφ/z→z′

)
.

⎛
⎜⎜⎜⎝

α κ ε

κ β δ

ε δ γ

⎞
⎟⎟⎟⎠ .

(
R−φ/z→z′

)
.
(
R−θ/y′→Y

)
=

⎛
⎜⎜⎜⎝

A F E

F B D

E D C

⎞
⎟⎟⎟⎠

"�����4$
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�� �� �� ����� ��������
 �EΩ
 �	� ��� �� �� ���	� ��	 ����

������ ������ ����������	 
� ����� �����	�	 ���� �� 
������������ 
�	 ��
���	 n±
��	 ��� �� ���	���� 	��
��

����

(
Rθ/y′→Y

)
=

⎛
⎜⎜⎜⎝

cos θ 0 − sin θ

0 1 0

sin θ 0 cos θ

⎞
⎟⎟⎟⎠ ����	

�

���� �� ������� �� ������� ������ θ ������ �� ����� (Oy′) ��

(
Rθ/z→z′

)
=

⎛
⎜⎜⎜⎝

cosφ sinφ 0

− sinφ − cosφ 0

0 0 1

⎞
⎟⎟⎟⎠ ����	
��

���� �� ������� �� ������� ������ φ ������ �� ����� (Oz)	

��������� �� ��������� ������������ � ������������ �� ��� ����� ���� ������������

� 



��������� 	
��� �� ���	�� Z = 0 

AX2 +BY 2 + 2FXY = 1 ��������

���� 

A =
(
α cos2 φ+ β sin2 φ+ κ sin 2φ

)
cos2 θ + γ sin2 θ − (ε cosφ+ δ sinφ) sin 2θ

B = α sin2 φ+ β cos2 φ− κ sin 2φ

F =

(
β − α

2
sin 2φ+ κ cos 2φ

)
cos θ − (δ cosφ− ε sinφ) sin θ ��������

� �	���� �� 
����	���� ������� �� ���� ������� 
����������� ��� ���� �����	��� n+ ��

n− �� 
��

���� � !��� ����"�� 

n± =

{
2

A+B ± [
(A− B)2 + 4F 2

]1/2
}1/2
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$�� ���� �	
���� ��������� �� 
	 ��������� �� ������� ������ �k % ��	���� 
�� 	�!
�� θ ��

φ ��� 	��	�	������ �	�� A� B �� F ����	���� ������� �� �� �&	�� �
��������� 	��
���� �EΩ

�� ��� �	�	������������ �������'���� �� �����	
 () % ��	���� 
�� ���*������ α� β� γ� κ� δ ��

ε ����	���� ����+��

������� �����	
 �������� �K ��	� �
���� ��

,� �&	�� �
�������� �EΩ 	��
���� % �� �����	
 () 	��������� �&	�!� ���������� 
��


��!����� ��� 	��� �������	�� �� 
��

����-�� ��� ������� ./���

	��� �� 	
�� "00"�1 ���

������� ���
	�!�� �� �� �	��������� $�� �&	�!������ ���� !����	
����� ��'� 2	��
�� �� �
�

������������� �� ������� ���� 2���� ���� ���&	�	!� 3 ��� �	��	���� �������� Δn ≈ 10−5

�������� �� ���&	�	!� �� 2π ��� ��� 
��!���� �� �����	
 l ≈ 105.λ� ���� ��������� # ��

�	�� 
� �����
� �λ ≈ 0.5× 10−6 ���

4�������� Δn± = n±( �EΩ) − n±(�0) 
	 �	��	���� �������� �� ��2�	����� �� �	� 
� 2	����	�

����� ��	����	�� 
� �����	
 �� ������ �	� 
� �&	�� �
�������� 	��
���� �EΩ� 5� ����
��������


����� 	� ������� ����� �� Δn±( �EΩ) ������� 

Δn± ∼= �Δn±( �EΩ) | �EΩ=�0
. �EΩ ≡ �K±. �EΩ ������6�

�K± ���������� 
� ������� �������
��� ��������� �� ��2�	����� ����������	�� % �� �&	�� �EΩ

	��
����� 5������ �� ����
� �� �� ������� ��� 
� �78� 5����	���� �����6 2	�� 	��	�	9���

�
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'
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��������	
� 
	 �K± ��
�	� �� 
���� 
� ����������� 
	 ������� �� �� �� 
�������� 
� �K±

��
�	� �� ���������� 
	 ����� �EΩ ��	� ��	���� �� ������� ��� ��������� ��� �����	�����

�� �����	� �K± ��� 	� ��������� ��������� ��	� ������	��� 	� �����	� ���� �	� ������ �������

���

������ 	�  ∧ ! ��� ������� "���� ����� �K± �� �k 
	 "������	 ���
�� #�� ����� 
��������

	���� ���������� 
	 ����� �������	� �����	�� ��� ������� $ �k� �� ��
	��� �� ����������


�� ��
���� 
� ��"�������� ∧ ��� 
���� ��� ���	����� �	������ %

∧ = arccos

(
| Kx sin θ cosφ+Ky sin θ sinφ+Kz cos θ |

| �K |

)
&'''�()*

+���� ����	�� ������	������ 
� ∧ ���� ������������� �� 	����� %

, &�* ∧ = 0 % �� �����	� �� ��� �������� $ �� ���������� 
� ����� �EΩ ��������� $ ��


�������� 
	 �����	� ���
� �k� #� �����	� ��� 
�� ������	
�����

, &�* ∧ = π/2 % �� �����	� �� ��� �������� �	- ����������� 
	 ����� �EΩ ������
�.

�	������ $ �� 
�������� 
� ����������� 
	 �����	� ���
� �k� /���� 
�	- �����������


� �EΩ ��	���� 0��� ���	����� /���� �� �������� ���	��� �� ������� ��� ��	��� �	.

��	� 
� ���-� �k 
� 90◦ ��	� ���	��� ���	��� ���������� 
� �EΩ� #� �����	� ��� 
��

�����������

, &�* ∧ = arccos(1/
√
3) = 54, 74◦ % �� �����	� ��	� 0��� 	������ ��	� 	�� ���	��

����������� �������� 
	 ����� �EΩ� ��� ����� ����������� 
� �EΩ ���� ����������� ��

"������ 	�� ���	�� �	���� 
� 
�	- ��������� �	��������� 
� 54, 74◦ 
	 ������� �	��	�
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 ������	��� ��� ����� �	� �� �������� 
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&4�	�� '''�5*� #� 
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�	- ������� �	� 
�	- "���� �������� 
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�

������ 	� %

λm = 2
nL

m
&'''�(7*
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� � ���� ��� ������� �� �
 ����� �� ����� ���� �� ��
����� ���� �� �� ��
�����

�������� ��� ���� ��� 0

Δϕ =
(2πn±−1)L

λ
− ϕ0 1222�345

�6 � ��������� �����
����� �� ��
���� ���	����� ��� �� ��
����� ����� �� Δϕ0 � ���������
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� ���
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(���� ������� ��� ������
��� �	�� �����
��� 
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�EΩ �

����� �� �������� �� �� ��
������ ��� ��� ������� �� �� 
��������� �� �������

����� �����	� 
�� ��

��� � ����� �� ������� ������� �� ��
������ ���� ������

ϕ =
2πL

λ
(n+ − n−) ��������

=
2πL

λ

{
n+

(
�0
)
− n−

(
�0
)}

︸ ︷︷ ︸
�������� !
"�"#$% �

+
2πL

λ

{(
n+

(
�EΩ

)
− n+

(
�0
))

−
(
n−( �EΩ)− n−(�0)

)}
︸ ︷︷ ︸

�������� #&�%#" ��' �EΩ

��������

= ϕ0 + ϕEΩ
��������

��������	��� �� ��������� 
���������� �! �� ���� ���� �� ��������� ��"�# �� ����$

���� �� 	�������� 
�� ���� �� 
��������� � �� ��� ����� % n+ �� n−# �� �����
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�������� �B �� ������ ��� �� ��������� Ω ��� ����� ��� �� ������ ��

�������� ��������� ��� �� ��� ����� �� ��� �������� �� ��������� V !"��
# ��� ��� $

V = −dΦ

dt
∝ | �B|.Ω !����%&#

' �� Φ �� (�) �� �	�
� 
�������� * ��� ��� �� ������� �� ������� +, �-�������� d ���

����� ����� ���) ��������� ��� ������� �� �������� �� ��������� V � �� ������� +, ���.

��� �� "���. ���
�� * �� �	�
� ��������� �EΩ �-�
������� $

| �EΩ| = V

d
∝ | �B|.Ω

d
!����%/#

'����. ���� � ��� ��� ����� �� �	�
� 
�������� ��� * ������� �� �� �	�
� ���������

�EΩ �)��������� ��� ��� 
��������� +,� 0��� �����
���. ��� ���� 0��1���. �� �	�
� �EΩ

������ ��� 
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B(t) = B sin(Ωt) =
μ0Ic(t)
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����� ����� 
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Ic(t) = Ic sin(Ωt) =
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 e(t)

e(t) = −dΦ(t)

dt

= −
∫
�B(t).�S

dt
= −B.S.Ωcos (Ωt)  """�&'$
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� (θ, φ)

�� �������� �
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�� ������ ���� �� �
��� �� �ΔK �����������
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�$��

����� ���� �����
��� �� ��-
� ��� � ����� �EΩ ������� ���� ��� ���� �
��
�����

������� z' EΩz�

.�� ��
�� ���� �*/0" ������ �� �������� 
������ �� 
�	���� ��
��� λ = 1, 55 μ�� #�

$��� & �������� �� �
�������
� �/1)" �������� � �������� �
��� 2������� �
��������

#� /1) ��� �� ����� ��������	��� ��� �
������ ��� �
�������
� ������	�� 
������� �������

�� �� ��� ���� ����������� ,���� & � �
���� �� � $���' � �������
� �� � �
�������
� ������

�� �
��������
� �� � /1)� �������' � �������� �
��� ����� & ������� �� �
������� ��� �

!3



������ ���� �� �	
�� ������������

������ ������� ������ �� �	��
� �� LiTaO3

��� ���� ���	 
	 �	��� 	� ����	��� �����	������� 
	 � ���� ������	� ��	 ��	�
	� ��
	

�	�	� 
����	��	� �� ������������ �������	 ����	 
	 �� ���	 � 45◦ 
	� ��	� 
� ������� ��

�	�	����� ����� 
	 �	 ����	� 	� ����� 
	 ���������		�� ������� ��	�� � 
��	 ������	  ��

�!�	 � ��	 �	��������� �� �"�� ��	���� �	 �����	 ���� 	� ���
��� �� ������		��

�������	 
	 �� ������	 
� ����	�� #$�%�����	� 	� ���� &''&�(�

��� 	)	� ���*	��� �	� ��
��	� �����	� 
� +�,��3 %��� -��	 �
���� ��� EΩz ����� �� 	� ��

�����	 ����	����
���	 	�� 
�
���	 
	 ...�&/ 	� ...�0 1

ε−1
r (EΩz) ≈

⎛
⎜⎜⎜⎝

1
n2
x
+ r13EΩz 0 0

0 1
n2
y
+ r13EΩz 0

0 0 1
n2
z
+ r33EΩz

⎞
⎟⎟⎟⎠ 2...�3'4

5%	� ����
��	 
	 ���������� ��
�����	 no = nx = ny = 2, 116� ����
��	 
	 ���������� 	�����

��
�����	 ne = nz = 2, 117� r13 = 7, 5 �67 	� r33 = 33 �67� +	� �	�	� 1
n2
i
����� ��!�

������	��� ��� �	�	� rijEΩz� ���� ���%��� ����� �	� �	 
�%	����		�� ����� 
	 ��	�	�

//



����� �� ���	� 


nx (EΩz) =

[
1

n2
o

(
1 + r13EΩzn

2
o

)]−1/2

�������

≈ no

(
1− 1

2
r13EΩzn

2
o

)
�������

≈ no − 1

2
r13EΩzn

3
o ������

�� ���� ���� ny �� nz �� ������� 


ny (EΩz) ≈ no − 1

2
r13EΩzn

3
o �������

nz (EΩz) ≈ ne − 1

2
r33EΩzn

3
e �������

�� �����	��� ������ Δϕ !�� 	��� ������ ����� ��	 "����	���	 ������	 x �� z ��  ��	"���

��	�� ���#��	��� �� "��	��� 	���� �$�%� Oy 	$�"��� 


Δϕ =
2πL

λ
|(nz (EΩz)− nx (EΩz))|

=
2πL

λ

∣∣∣∣∣∣∣∣∣
ne − no︸ ︷︷ ︸

Δn0

−
(
1

2
r33n

3
e −

1

2
r13n

3
o

)
EΩz︸ ︷︷ ︸

ΔnEO = �ΔK.�EΩ
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Potentialities of an Electro-Optic Crystal
Fed by Nuclear Magnetic Resonant Coil
for Remote and Low-Invasive Magnetic

Field Characterization
Reina Aydé, Gwenaël Gaborit, Pierre Jarrige, Lionel Duvillaret,
Raphaël Sablong, Anne-Laure Perrier, and Olivier Beuf

Abstract—In this paper, we demonstrate the use of a LiTaO3
crystal associated with a typical nuclear magnetic resonant loop
coil to perform an optically remote radio frequency magnetic-field
characterization. The whole transduction scheme is theoretically
and experimentally studied. The measurement dynamics reaches
60 dB. The minimum detectable magnetic field is lower than 1 nT,
which corresponds to an induced inner crystal electric field as low
as 30 mV/m. To evaluate the spatial potentialities of the sensor,
a 1-D mapping of the field along an asymmetric butterfly-shaped
loop coil is performed. The result is in good agreement with
finite-difference time-domain simulations and demonstrates the
vectorial behavior of the sensor device.

Index Terms—Electro-optics, magnetic field sensor, magnetic
resonance imaging, nuclear magnetic resonance.

I. INTRODUCTION

MAGNETIC resonance imaging (MRI) is based on a
spatial characterization of the nuclear magnetization.

Recording the variation of the nuclear magnetization is often
realized with a MRI external surface coil. However, spatial
resolution and image quality achievable with external surface
coils are limited in the case of thin internal organs, e.g. bowel.
On the other hand, the use of an endoluminal MRI coil located
close to the area of interest could provide both high contrast to
noise ratio (CNR) and high spatial resolution images leading,
in turn, to a good evaluation of biological diseases [1], [2].
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Since metallic coaxial cables are mainly used with
endoluminal coils, also located within the MRI transmit
RF coil, heating phenomena may occur inside biological
media [3]. Optical fibre link can be used to overcome heating
problem, thus ensuring patients safety [4], [5]. Direct mod-
ulation of a laser diode remains invasive because its biasing
requires a DC power supply [4]. Furthermore, the achieved
realizations including active devices may also be disturbed by
the static magnetic field [4], [6], [7].

Magnetic field characterization involving passive optical
system has already been performed [8]– [11]. This type of
magnetic probe is based on an Electro-Optic (EO) material
associated to a magnetic loop inducing an electric (E)-field
proportional to a magnetic field component. This experimental
configuration allows to minimize the invasiveness: the probe
can be pigtailed, does not need power supply and includes
metallic element much shorter than the wavelength of the
field to be measured. This kind of sensor has been studied by
Suzuki et al. [8] and exploits a magnetic loop double loaded
with LiNbO3 crystal, acting as the capacitance of the resonant
equivalent circuit. The realized set-up is dedicated to measure
the magnetic field associated to a microwave electromagnetic
field propagated along a stripline. We here propose a similar
configuration, dedicated to MRI based RF magnetic field
measurement. Nevertheless, as our field of interest concerns
proton MRI, the resonant frequency is precisely defined
(e.g. 127 MHz at 3 T). Moreover, this resonant frequency is
lower in MRI system compared to the microwave frequency
probed by Suzuki et al., thus inducing a lower electromotive
force ε =

dφ
dt applied to the crystal. φ represents the magnetic

flux. The loop coil is designed to be intrinsically resonant at
127 MHz and the crystal capacitance is kept very low to keep
the same frequency response. In the first section of the paper,
the crystal orientation and the measurement set-up are studied
and optimized in order to maximize the sensitivity, the linearity
and the measurement dynamics. Then, the experimental set-
up used for the characterization of the EO magnetic probe
is depicted. The response intensity of the probe is measured
versus applied magnetic field amplitude. Finally, last section is
dedicated to 1D magnetic field mapping of a butterfly-shaped
loop RF coil.

1530–437X/$31.00 © 2012 IEEE
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(a)
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Fig. 1. Endoluminal RF coil. (a) Schematic. (b) Picture.
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Fig. 2. Magnitude of the coil reflection coefficient. Black dots: measured
with a vector network analyzer. Gray dashed line: measured with equivalent
RLC circuit fitting curve.

II. THEORETICAL BACKGROUND AND

MEASUREMENT SET-UP

A. Endoluminal Coil Design

Based on the previous study by Armenean et al. [1],
we choose the parameter of the coil as those providing
the best signal-to-noise ratio (SNR) for MRI together with
suitable dimensions for endoluminal investigations. Hence, the
coil has a rectangular shape with an external width set to
5.1 mm, respecting medical constraints, and a length set to
47 mm providing good image penetration depth and explo-
ration length. A 35 μm-thick copper coil is engraved on a
insulating substrate FR4 (εr = 4 and thickness T = 0.8 mm).
A conductor width of 0.8 mm is defined to minimize ohmic
losses then providing the best SNR images. The coil is tuned
to a frequency of 127 MHz and is matched at 50 �, using
capacitors of 282 pF and 39 pF on distal and proximal part
of the coil, respectively. A schematic and a picture of the
endoluminal coil are presented in figure 1.

The characterization of the coil was performed thanks to a
vector network analyzer and the magnitude of S11 reflection
coefficient is given in figure 2. The resonant frequency is
126.9 MHz and its bandwidth is 3.5 MHz at −3 dB.

The extracted parameters of the RLC series equivalent
circuit are R = 0.85 �, L = 46 ×10−9 H and C =

34.2 ×10−12 F. These values are very close to the expected
ones, obtained thanks to method of moments simulations.

B. Electro-Optic Transducer

The Pockels effect appears as an E-field induced modifi-
cation of the eigen refractive indices in non-centrosymetric
crystals. The developed transducer is based on an x-cut LiTaO3
crystal. An exhaustive analysis of the properties of EO crystals
is described by Duvillaret et al. [12]. The EO tensor, which
gives the vectorial dependence of the index ellipsoid with the
E-field is the following one:⎛

⎜⎜⎜⎜⎜⎜⎝

0 −r22 r13
0 r22 r13
0 0 r33
0 r51 0
r51 0 0
−r22 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

This latter one leads to the refractive index ellipsoid
equation (eq. 1):

x2
(

1

nx
2 − Eyr22 + Ezr13

)
+ y2

(
1

ny
2 + Eyr22 + Ezr13

)

+z2
(

1

nz
2 + Ezr33

)
+ 2Eyr51yz + 2Exr51xz − 2Exr22xy.

(1)

A figure of merit can be calculated for this crystal [12].
As the crystal acts as a polarization state modulator, the
relevant property is the E-field induced birefringence δn =

n
+
(
−→

E ) − n
−
(
−→

E ). The EO figure of merit is depicted by
the sensitivity vector

−−→

�K , linked to the relative variation
of refractive indices induced by the applied E field. This
sensitivity vector is defined by:

−−→

�K =

−→

∇ δn(
−→

E )|−→
E =

�0
. (2)

Its modulus gives the sensitivity of the EO crystal to
the applied E field while its direction leads to the unique
E-field component that will be probed. These properties are
summarized by the following expression:

δn( �E) ∼
= δn( �E =

�0) +

−−→

�K ·
�E . (3)

A three-dimensional representation of
−−→

�K is given in
figure 3.

We here consider an x-cut LiTaO3, leading to a high
sensitivity together with a transverse E-field probing (see
Figure 3: � = 90°). For an applied E field along z axis, we
get:

|

−−→

�K x−cut,Ez | =

1

2

(
n3

zr33 − n3
yr13

)
. (4)

The theoretical value of |

−−→

�K x−cut,Ez | at the wavelength of
1550 nm is 120 pm/V assuming nz = 2.116, ny = 2.117,
r13 = 7.5 pm/V, and r33 = 33 pm/V [12].

The E-field induced dephasing between the two allowed
polarization state inside the EO crystal writes:

�ϕ =

2π

λopt
|

−−→

�K x−cut,Ez |.Ez Lx . (5)

λopt being the wavelength of the probing optical beam and
Lx , the length of the crystal.
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LiTaO3:
−−→
ΔK

Fig. 3. LiTaO3 figure of merit for
−−→

�K . |

−−→

�K | is determined by the distance
to the origin. Color: angle � corresponding to the sensitivity axis orientation
between

−−→

�K and the optical wave-vector
−→

k . Scale at the bottom left.
Projections onto the reference planes at the right side. The unit of |

−→

K | is
pm ·V−1.

C. Measurement Set-Up

The magnetic field source is constituted of a single wide
band loop with a diameter ∅ = 10 cm to provide an
homogeneous field onto the endoluminal coil surface. As
the dimension of the transmit coil is much shorter than the
wavelength of the signal at 127 MHz, Bx is thus directly linked
to the input power Pin,d Bm of the emission coil, via Biot and
Savart equation:

Bx =

μ0 Ic

2

a2

(
a2

+ x2
)3/2 (6)

with a being the radius of the emitting loop and where I c =√
10

Pin,d Bm −30
10

Rem
. Rem is the resistive load of the emission loop

and takes a value of 8 � at 127 MHz.
This emission coil is fed by a function generator providing

a CW signal at the frequency of 127 MHz. The electrical
power Pin varies from 14 dBm down to −60 dBm thanks to
additional RF attenuators. The induced magnetic field at the
center of the loop ranges from 700 nT downto 140 pT.

The endoluminal coil is positioned in front of the emission
coil and probe the field Bx (see Fig. 4). It induces a rms
electromotive force ε onto the z-axis of the crystal thanks to
copper deposited parallel electrodes, thus applying an electric
field Ez =

ε
hz
, hz being the separation distance between

electrodes.
The electric field induces a modulation of the laser polar-

ization state. This latter one can be written as a function
of the input power Pin,d Bm feeding the transmit coil and of
the coupling factor κant between the transmit loop and the

Fig. 4. Experimental bench. DFB LD: servo-controlled laser diode
(λ = 1.55 μm). PM fiber: polarization maintaining fiber. LiTaO3: Stœchio-
metric lithium tantalate crystal. λ/2 and λ/4: half and quarter waveplates.

endoluminal coil:

Ez(Pin,d Bm) =

√
Rload10

Pin,d Bm +κant −30
10

hz
(7)

with Rload = 50 � being the resistive load of the endoluminal
coil.

For x = 0 (at the center of the loop), equations 7 and 6
lead to the link between Ez and Bx :

Ez(Bx) =

2a10
κant
20

√

Rem Rload

hzμ0
Bx . (8)

The optical source is a low noise DFB laser (λ = 1.55 μm
and Relative Intensity Noise RI N = −160 dBc.Hz−1)
servo-controlled in temperature and in optical power ( ¯Popt =

50 mW). A half waveplate orients the impinging linear
polarization with an angle of 45° relatively to the crystal
axes to maximize the conversion between the field to be
measured and the polarization state modulation of the laser
probe beam. The modulated polarization state is then analysed
thanks to a quarter waveplate, compensating the intrinsic
static birefringence of the crystal. A polarizer converts the
relative dephasing �ϕ into a modulation of optical power
˜Popt =

1
2�ϕ ¯Popt . This optical modulation is finally converted

into an electrical signal using an amplified (G = 37.3 dB)
pigtailed high-speed photodiode (sensitivity η = 0.85 A/W,
loading resistance Rph = 50 �). The mean optical power
received by the photodiode after polarization treatment and
fibre coupling is ¯Popt = 14.4 mW. This latter signal carries
the modulation and is then recorded using a spectrum analyzer.

III. EXPERIMENTAL CHARACTERIZATION

The analysis of the signals at different transduction stages,
from the emission to the optoelectronic output is firstly inves-
tigated. Figure 5 illustrates the spectrum of the input signal
feeding the transmit coil, the endoluminal coil received signal
and the EO converted signal. The resolution bandwidth (RBW)
of the measurement is 30 Hz. It can be noticed on figure 5(a),
that the noise floor increases by 40 dB after the first stage
of transduction. This is due to internal attenuation of the
spectrum analyser that automatically sets for high level signals.
Finally, the conversion factors are κant = −22 ± 0.3 dB and
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Fig. 5. Response at different stage of transduction for three values of
power feeding the transmit coil. (a) Pin = 14 dBm. (b) Pin = −20 dBm.
Black dashed line: impinsging signal Pin,dBm. Gray line: measured with the
endoluminal coil. Black line: measured with the EO crystal coupled to the
endoluminal coil.

κE O = −34.7 ± 0.3 dB for the detection coil and for the EO
conversion respectively.

The sensitivity and the linearity of this conversion has
been also studied over the 74 dB range of available power.
The result is shown on figure 6. The dynamics exceeds
60 dB and is down limited by the noise floor (−112 dBm)
of the spectrum analyser, which is much greater than the
RI N of the laser and the shot-noise on the photodiode
(−140 dBm and −151 dBm in a 1 Hz analysis bandwidth
respectively). The measurements are also compared with two
curves. The linear fitting curve (gray dashed line on figure 6) is
written:

Pout,d Bm = APin,d Bm + κconv . (9)

A is the linearity factor and is equal to 0.997. κconv

illustrates the conversion factor of the whole transduction
scheme. κconv = −54.1 dB is close to κant + κE O , which
is −56.7 ± 0.6 dB. The second equation does not involve any
fitting parameter and describes the expected output signal as
a function of set-up parameters.

Introducing αP =10
G+κant

10 Rph Rload(
π |

−−→

�K x−cut,Ez |Lxη ¯Popt
λopt hz

)2 =

1.2 × 10−6, the expression between Pin,d Bm and the output
signal writes:

Pout,d Bm = 10 log10

(
10

Noised Bm
10 + αP10

Pin,d Bm
10

)
. (10)
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Fig. 6. EO response as a function of the input power feeding the transmit coil
(RBW = 100 Hz). Top axis: input power is linked to the induced magnetic
field. Black dots: measurements. Gray dashed line: linear fitting curve. Dashed
dotted line: theoretical curve, including noise contributions, obtained without
any fitting parameter. Horizontal gray dotted line: noise floor. Inset: zoom of
the result.

The calculated value of αP leads to an expected output
signal that is fully consistent with the measured one (see inset
of figure 6). Using the link between Pin,d Bm and Bx , given in
equation 6, Pout,d Bm can also be written as a function of the
magnetic field:

Pout,d Bm = 10 log10
(
10

Noised Bm
10 + αB B2

x

)
(11)

with αB = 103Rem

(
2a
μ0

)2
αP = 5.9 × 107 mW.T−2.

Moreover, the standard deviation between the measure-
ment and the fit given by equation 9 is equal to 2.1 dB
for the whole dynamic range and takes a very low value
of 0.20 dB for an input signal ranging from −26 dBm
to 14 dBm (40 dB dynamic range). Finally, the minimum
detectable field, which is defined by the value of the field
equalizing the equation 9 and the noise floor value, is Bmin =

176 pT. This latter value reaches 7 pT considering only
the laser RIN contribution to the noise, in a 1 Hz analysis
bandwidth.

In order to perform an accurate and reliable measurement of
the magnetic field, another relevant parameter is the stability
of the experiment set-up. This stability of the output signal is
mainly determined by the efficiency of the servo-control sys-
tem that regulates the optical power and the laser temperature.
The output signal is measured along 15 minutes for Pin,d Bm =

14 dBm. The result is shown on figure 7(a).
The standard deviation σE O with respect to the mean signal

is deduced for the distribution represented in figure 7(b). We
get σE O < 0.2 dB.

IV. MAGNETIC FIELD MAPPING

In a more global use of the transduction scheme for
magnetic field measurement, we here propose to evaluate
the ability of the set-up to perform a near field mapping.
As a characterization example of inhomogeneous magnetic
field, in orientation and magnitude, we choose an asymmetric
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Fig. 7. (a) Black curve: stability of the EO response. Dashed gray line:
average signal is indicated. Gray dotted line: noise floor (−105 dBm).
(b) Histogram: distribution of the standard deviation. Black line: associated
Gaussian fit.

butterfly-shaped loop coil to be the tested device. Moreover,
the typical dimensions of the butterfly-shaped loop coil are
similar to the endoluminal coil and the field to be measured
will be integrated on its whole radiation pattern. The device
under test geometry exhibits a vanishing Bx magnetic field
at the crossing between the two loops and allows to exploit
the available dynamics of the set-up. For this experiment,
the referential is the same as indicated on figure 4: the
x axes of the two coils are aligned and the endoluminal
coil is translated along the y axis (see figure 8(a). The
algebraic value of Bx static magnetic field is firstly 2D
mapped thanks to FDTD simulation (quickfield®) for z = 0.
From this simulation, we define an interesting 1D path (thick
arrows on figure 8(a) and 8(b)) for magnetic field mapping
in order to make a comparison between measurement and
simulation. Both magnetic field distributions are plotted on
figure 8(c).

The experimental result exhibits a dynamics of more than
40 dB and is in good agreement with the simulation, especially
for the spatial evolution of Bx . Nevertheless, the minimum
measured value of −82 dB, corresponding the crossing loca-
tion, is much higher than the noise floor. This is explained by
the residual magnetic field surrounding the crossing point and
still probed by the coil (mainly Bx for z �= 0). This result also
demonstrates the immunity of the transducer relatively to the

(a) (b)

(c)

Fig. 8. (a) Schematic of the asymmetric butterfly-shaped loop coil. Thin
arrows: current flow and the thick arrow is the mapping path. (b) FDTD
simulation of the butterfly-shaped loop coil. Color scale from blue: lowest
negative Bx . To red: highest positive Bx . Down arrow: measurement location.
(c) Spatial distribution of the magnetic field component Bx along the y-axis of
the asymmetric loop coil. Black dots: measured with EO transducer. Dashed
gray line: simulated with FDTD.

transverse component (By) of the magnetic field and illustrate
the vectorial behaviour of the sensor.

V. CONCLUSION

A LiTaO3 crystal is used together with an endoluminal
coil to demonstrate the ability of such transducer to perform
a remote and reliable characterization of RF magnetic field
at 3T NMR frequency. The whole transducing scheme has
been theoretically studied. The in-lab implementation demon-
strates a very good agreement with the expected results. The
experimental minimum detectable field is weaker than 1 nT.
The accuracy of the measured signal is better than 0.5 dB
along a 50 dB dynamic range with a rather good stability
(deviation lower than 0.2 dB for a 15 minutes temporal
window). The previous mentioned performances allow to map
one component of the magnetic field and a vectorial selectivity
greater than 40 dB is demonstrated. Development of such
sensor scheme constitutes a first step towards a fully pigtailed
probe. This technique would also benefit from the potential
miniaturization of the crystal size (hz � 10 μm for an EO
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waveguide), in order to increase the sensitivity (by a factor
400). Furthermore, optical amplifier (+24 dB typically) can
be used to increase the optical modulation after polarization
treatment to reach lower minimum detectable field, required
for actual MRI system, while keeping advantages of passive
and remote EO configuration.
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Unbiased Electro-Optic Waveguide as a Sensitive
Nuclear Magnetic Resonance Sensor

Reina Aydé, Gwenaël Gaborit, Jean Dahdah, Lionel Duvillaret, Nadège Courjal, Clement Guyot,
Raphaël Sablong, Anne-Laure Perrier, and Olivier Beuf

Abstract—A pigtailed Ti:LiNbO3 waveguide is here associ-
ated to a specific nuclear magnetic resonant coil to perform
a low invasive magnetic field measurement. The developed
device exploits a passive electro-optic transduction between the
measured magnetic field and polarization state modulation of
a laser probe beam. Because of the use of integrated optics,
the coil electromotive force induces a dramatically enhanced
electric field, thus leading to sensitivity improvement. A minimum
detectable magnetic field lower than 60 fT ·Hz−1/2 is achieved at
the resonant frequency of 128 MHz. A dynamic range exceeding
100 dB is experimentally demonstrated.

Index Terms—Electro-optical devices, optical sensors,
magnetic field measurement, nuclear magnetic resonance,
magnetic resonance imaging.

I. INTRODUCTION

MAGNETIC Resonance Imaging (MRI) constitutes a non
invasive technique which provides information related

to the anatomy of a living being and allows to diagnosis
certain diseases thanks to the analysis of soft tissues. Based
on nuclear magnetic resonance (NMR), MRI consists in the
study of magnetic modification properties of a nuclei which
reflects its interaction with the environment (other nuclei and
lattice) [1]. In order to extract this information, it is necessary
to modify the magnetization from its equilibrium state, and
then to detect its return to this equilibrium state driven by mag-
netic resonance frequency and different relaxations processes.
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Conventionally, an inductive loop is used to characterize
the magnetization variations via the induced electromotive
force (EMF). The measurement is usually performed with
an external coil to image the biological media [2]. However,
despite technical MRI improvements, spatial resolution and
achievable image quality with external coil are still limited for
the examination of deep regions. It has been demonstrated that
an endoluminal (internal) coil provides an important increase
in local signal to noise ratio (SNR), and enables very high
resolution images [3]. Nevertheless, the use of metallic coaxial
cable, connecting the coil to the MR system could induce a
considerable local specific absorption rate (SAR) especially
around this cable [4], [5]. In fact, during a MRI experiment,
the radiofrequency (RF) magnetic field is accompanied by an
electric (E) field, thus inducing current flow in the metallic
cable at the same frequency called common mode. Number of
solutions were proposed to reduce this current induced heating
[7]–[9]. However, these solutions were not efficient all along
the coaxial cable. Optical fibre link can be used to overcome
heating problems and to ensure patients safety. In general,
to transmit NMR signal from coil to MR system, the direct
modulation of laser diode intensity fixed on the probe is
applied [10]–[12]. Since direct current supply is required, these
methods remain invasive.

Magnetic field characterization involving passive optical
system has been already performed [13], [14]. This type of
magnetic probe is based on an electro-optic (EO) material
associated to a magnetic loop inducing an electric (E)-field
proportional to a magnetic field component. This experimental
configuration allows to minimize the invasiveness: the probe
can be pigtailed, does not need power supply and includes
metallic element much shorter than the wavelength of the
field to be measured. This kind of sensor has been studied
by Suzuki et al. [15] and exploits a magnetic loop doubly
loaded with LiNbO3 crystal, acting as the capacitance of the
resonator. The realized set-up is dedicated to measure the
magnetic field propagating along a stripline, over a wideband
of frequencies in the microwave range. The goal is here
to develop a resonant EO probe dedicated to RF magnetic
field measurement. As our field of interest concerns MRI,
the resonant frequency is precisely defined (e.g. 128 MHz
corresponding to the proton frequency at 3 T). Moreover, this
resonant frequency is lower in MRI system compared to the
microwave frequencies, thus inducing a lower electromotive
force ε applied to the crystal (ε = −

dφ
dt with φ the magnetic

flux). A setup involving a bulk millimetre-sized LiTaO3 crystal

1041-1135 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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has been already analysed [16]. The results were in a very
good agreement with the theoretical expectations. But using a
thinner crystal will lead to a higher internal electric field, thus
to an enhanced sensitivity. Moreover, a smaller sensor induces
lower disturbances on the external field to be measured. Hence,
the purpose of the study is to develop an equivalent set up
associated to a matched resonant loop dedicated to magnetic
field measurements, where a Ti:LiNbO3 waveguide replaces a
bulk crystal. In the first section, the waveguide transducer per-
forms the E-field induced polarization state modulation (PSM)
of a laser beam, and its intrinsic E-field sensitivity is analysed.
Subsequently, the EO chip is coupled to the resonant coil to
perform magnetic field measurement. The device is optimized
in terms of impedance matching. Its linearity response with
respect to the magnetic field magnitude is then analysed. The
sensitivity is compared to the one obtained with a bulk crystal
instead of the optical EO waveguide. The result demonstrates
the sensitivity improvement.

II. EO TRANSDUCTION USING AN INTEGRATED

LiNbO3 WAVEGUIDE

The Pockels effect acts in non-centrosymetric crystals. This
EO effect traduces the linear link between the field

−→

E to be
measured and the induced modification of index ellipsoid of
the crystal. A detailed study of EO crystal can be found in
Ref. [17] and [18]. The developed transducer is based on a
LiNbO3 crystal. The corresponding EO tensor which gives
the vectorial dependence of index ellipsoid with the applied
electric field

−→

E is given below:⎛
⎜⎜⎜⎜⎜⎜⎝

0 −r22 r13
0 r22 r13
0 0 r33
0 r51 0
r51 0 0
−r22 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

(1)

This tensors involves the EO coefficients ri j providing the vec-
torial behaviour of the EO measurement, i.e. the dependence
of the refractive indices ni to the components E j of the field
vector:

δ(
1

n2 )i =

3∑
j=1

ri j E j (2)

The optical wave crossing the crystal sees actually two eigen
indices n

+
and n

−
. As we here exploit the E-field induced

modification of the polarization state of a laser beam, the
relevant information is δn(

−→

E ) = δ(n
+
(
−→

E ) − n
−
(
−→

E ). The
E-field induced modifications of the eigen indices are much
lower than the intrinsic indices and this latter equation can be
rewritten as follow [18]:

δn(
−→

E ) =

−−→

�K .
−→

E (3)

The differential sensitivity vector
−−→

�K gives the direction
of electric field component probed by the EO crystal and its
modulus leads to the sensitivity of the EO conversion.

−−→

�K is
given by:

−−→

�K =

−→

∇ δn(
−→

E�)|−→
E�=

�0
(4)

Fig. 1. Schematic of the LiNbO3 chip ensuring the EO transduction.

Fig. 2. Transverse FDTD simulations of the field induced by the electrode
potentials and surrounding the LiNbO3 chip. A potential difference of 1 V is
applied on the electrodes. Equipotential lines are indicated in black and field
strength is linked to the color, from purple to red. The inset corresponds to
a zoom on the location of the optical probe beam, in between the electrodes.
The respective field scales are given on the left side of each image.

−−→

�K depends only on EO crystal properties and on the probe
beam direction

−→

k relatively to the crystal axis. Considering
an x-cut wafer of LiNbO3 with the optical wave propagating
along the y-axis of the crystal (see Fig. 1), the sensitivity
to the field component Ez takes the value |

−−→

�K y−prop,Ez |.
As ri j 	 n−2, the modulus of this sensitivity vector becomes:

|

−−→

�K y−prop,Ez | = |

1

2
(nz

3r33 − nx
3r13)| (5)

with nx = n
+

= 2.20 and nz = n
−

= 2.13, the eigen
indices seen by the optical wave, r13 = 8.6 pm/V and
r33 = 30.8 pm/V, the EO coefficients involved in the Ez com-
ponent probing. The field |Ez | to be probed is induced by the
EMF ε = Vz , corresponding to the potential difference applied
to the gold electrodes. Hence, the separating distance d ,
between the electrodes is here of major importance in order to
reach very high sensitivity: while electrodes placed on sides
of a bulk crystal are usually separated by a distance lying in
the millimetre range, the optical waveguide transverse dimen-
sions are approximately 10 μm (for the optical wavelength
λopt = 1550 nm), leading potentially to a significant enhance-
ment of the induced field (Ez ∝

Vz
d ), so that to the response

of the sensor.
The transverse transducer consists in a Ti-diffused LiNbO3

waveguide (length L y = 6 mm, in agreement with the NMR
coil dimensions) confined in between two coplanar electrodes
lying in the yz plane and separated by a distance d = 18 μm.
This distance ensures a sensitivity enhancement together with
an homogeneous E-field (in modulus and direction) seen
by the optical beam. Moreover this configuration induces
a capacitance which can be compensated (see section III).
A schematic of the EO chip is proposed in Fig.1. A FDTD
simulation (Quickfield�) has been performed in order to
assess the induced electric field

−→

Ez between electrodes, in the
optical waveguide location. The result is given is in Fig.2.

This E-field Ez will lead to a dephasing between the two
allowed polarization state inside the EO crystal and is finally
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Fig. 3. EO response as a function of the frequency synthesizer delivered
power ( f = 128.2 MHz, R BW = 30 Hz). Measurement data and theoretical
fit are linked to black dots and gray dashed line respectively. The inset
corresponds to the deviation between measurement data and theoretical fitting
curve.

written:
�ϕ =

2π

λopt
|

−−→

�K y−prop,Ez |.Ez L y (6)

The PSM is finally optically treated with a quarter
wave plate to compensate the static birefringence of the
crystal, and with a polarizer to convert the PSM into
a modulation of optical power. An amplified high speed
photodiode ensures the last conversion to an electrical
signal.

The response of the realized waveguide EO transducer has
been characterized. For that purpose, a synthesizer feeds the
electrodes at the frequency of interest ( f = 128 MHz) and the
EO signal PE O,[d Bm]

is recorded with a spectrum analyser as
a function of the delivered power Pin,[d Bm]

. Fig.3 illustrates
the obtained result. The experimental characterization can be
fitted with the equation involving the delivered power itself as
well as the noise contribution:

PE O[d Bm]
= 10 log10(10

Noise
[d Bm]

10 + 10
αPin,[d Bm]

+β

10 ) (7)

The coefficients α and β are the linearity factor and the con-
version efficiency, respectively. This latter one is determined
by the EO conversion itself (�ϕ), but also to the optical
power carrying the modulation (1 mW) and to the photodiode
responsivity (0.85 A/W).

The measurements dynamic range exceeds 100 dB. The
minimum detectable field Emin is obtained equalizing the
linear behaviour of the chip and the Johnson-Nyquist noise
floor of the spectrum analyser and of the photodiode elec-
tronics (Noise

[d Bm]
= −105 dBm). Emin is here lower than

10 mV.m−1.Hz−1/2. This latter value corresponds to a root
mean square (RMS) voltage Vz < 0.3 μV. Moreover the
linear slope of the measurement is α = 0.98 and the standard
deviation of the error distribution is about 0.5 dB (see inset
of Fig.3). The conversion efficiency between Pin and PE O is
β = −3 dB.

III. THE ELECTRO-OPTIC RESONANT COIL

Based on previous work [19], a reference rectangular coil
was built with an external width set to 5.1 mm and a length

Fig. 4. Implementation scheme of the EO LiNbO3 waveguide and experi-
mental setup dedicated to the magnetic field response analysis. DFB Laser:
distributed feeback Laser; PM fibre: polarization maintaining fibre.

Fig. 5. Frequency response of the EO coil (Pin = 14 dBm, R BW = 30 Hz).
The black dashed line corresponds to the return loss S11 of the initially
designed coil itself. Gray curve and black curves correspond to the unmatched
sensor and to the LiNbO3 chip matched coil, respectively. An increase of
19.5 dB is obtained at the nominal frequency of 128 MHz.

set to 47 mm. The coil is constituted with 35 μm thickness
copper tapes on a substrate FR4 (relative permittivity εr = 4
and thickness T = 0.8 mm). These size and geometry provide
good image with adequate penetration depth and exploration
length. Moreover, the dimensions are in agreement with further
developments dedicated to endoluminal sensor. The coil is
matched to 50 � at a frequency of 128 MHz thanks to
matching and tuning nonmagnetic capacitors on distal and
proximal part of the coil. The initial values of these capacitors
are Ct = 36.2 pF and Cm = 186.8 pF for tuning and
matching respectively. The resonance of the coil itself has been
firstly analysed via the measurement of its S11 parameter. The
design actually leads to a minimum return loss at the expected
frequency (see dashed curve on Fig.5). In order to realize a
magnetic sensor, the coil is connected to the EO chip via bond-
ing wires. The experimental setup dedicated to characterize the
magnetic sensor is prensented in Fig. 4. A RF synthesizer feeds
an emitting coil, providing a 128 MHz RF magnetic field By .
The endoluminal coil converts the By field into a RF E-field.
The EO signal PE O is recorded with a spectrum analyser. The
measurement obtained with the sensor is presented in Fig.5
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Fig. 6. EO NMR coil response as a function of the applied magnetic
field. ( f = 128 MHz, R BW = 30 Hz). Black dots and gray dashed
line corresponds to measurement data and fitting curve respectively. Inset
illustrates to the deviation between measurement data and theoretical fitting
curve. Additional gray curve is linked to a previous measurement obtained
with a bulk LiTaO3 crystal 4 mm-thick. Dot-dashed line indicates the intrinsic
resonant coil (galvanic linked) response.

(gray line). The curve shows that the addition of the EO chip
shifts the sensor resonance toward lower frequencies, due to
its intrinsic and non-negligible capacitance. In order to retrieve
the nominal resonance, Ct has been adjusted to 35.2 pF to
compensate capacitance value of the EO chip and inductance
of bonding connection. Measurement of PE O in this case is
presented with the black line of Fig. 5.

The linearity response of the realized EO coil has been
investigated as a function of the applied magnetic field.
The result is presented in Fig. 6. Once again, the linearity
measurement exhibits a dynamic range greater than 100 dB.
The fitting curve gives the magnetic field B response and is
written:

PE O[d Bm]
= 10 log10(10

Noise
[d Bm]

10 + 103αE Ocoil B2) (8)

The coefficient αE Ocoil is the link between the EO resonant
coil signal and the magnetic field to be probed. αE Ocoil

takes here a value of 1.27 × 1011 W.T−2, which corresponds
to a linear coefficient of

√

RαE Ocoil = 2.5 × 106 V.T−1,
R = 50 � being the resistive load. This measurement
allows to determine the minimum detectable magnetic field
Bmin = 0.3 pT in the 30 Hz resolution bandwidth (RBW)
leading to Bmin = 56 fT.Hz−1/2. Furthermore, this mea-
surement is compared to a similar setup involving a bulk
LiTaO3 crystal (4 mm thick) [16]. An increase in sensitivity
is demonstrated and reaches more than 57 dB, without any
additional amplification of the signal. Finally, the equation 8
can be applied for the magnetic field response of the intrinsic
NMR coil in its nominal use (galvanic linked and 50 �

loaded, see dotdashed line on Fig. 6). It allows to determine
αCoil = 1.23×1010 W.T−2, ten times lower than the achieved
value of αE Ocoil (with the fibre link and the EO conversion).

IV. CONCLUSION

An EO waveguide has been coupled to a resonant coil to
design a pigtailed deported and sensitive magnetic field sensor.
The use of integrated optics allows to apply the coil EMF on

a weak separating distance leading to the enhancement of the
field strength seen by the laser probe beam. The passive EO
chip exhibits a linear response over a dynamic range exceeding
100 dB. A magnetic field as low as 300 fT remains detectable
at the resonant frequency f = 128 MHz. The sensor response
is increased by more than 50 dB compared to the use of a bulk
crystal and by 10 dB compared to the galvanic linked NMR
coil. Finally, the millimetre size and the composition of the
device are fully suitable for further developments concerning
low-invasive and endoluminal MR coils.
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