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Organization of the thesis

Here we describe how the thesis is organized. Sections containing new results are preceded by
a bold arrow =>. The other sections contain material that can be found in the literature and
are given here so as to describe the context of our results.

Chapter 1

Chapter 2

Polynomial tau functions of the Korteweg—de Vries hierarchy

Section 3.1: We detail the theory of pseudo-differential operators.

Section 3.2: We detail the theory of the Kadomtsev—Petviashvili hierarchy.
Section 3.3: We detail the theory of the bilinear identity (and its equivalence with
the KP hierarchy) and of the tau function of the KP hierarchy.

Section 3.4: We detail the theory of the KdV hierarchy and its tau function.

Section 3.5: We exhibit the change of variables that transforms the tau functions
of the KdV hierarchy into the Adler-Moser polynomials using mainly KP theory;
a work published [Duc17].

Polynomial tau functions of the Drinfeld—Sokolov hierarchies and Schur
polynomials

Section 4.1: We recall the theory of semisimple Lie algebras.

Section 4.2: We recall the theory of untwisted affine Kac-Moody algebras.
Section 4.3: We detail the theory of the Drinfeld—Sokolov hierarchies and Wu’s
construction of a tau function [Wu17].

Section 4.4: We describe the construction of tau functions as Toeplitz determinants
by Cafasso and Wu [CW15a, CW15b].

Section 4.5: We expand the tau function of the DS hierarchies as a sum over
partitions of integers; through this we define generalized Schur polynomials. As
an application, we give a criterion for the polynomiality of tau functions; we
compute examples of polynomial tau functions and give applications to detecting
bilinear equations of the DS hierarchies; a work publihed in [CDY18].
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Organization of the thesis

Chapter 3 Hamiltonian structure of the hierarchy of type D, and the strong DR/DZ

equivalence

Section 5.1: We recall the theory of infinite-dim. Hamiltonian structures.

Section 5.2: We describe the construction of the double ramification (DR) hierar-
chies [Burl5a]; we recall the construction of the Dubrovin-Zhang (DZ) hierar-
chies [DZ08]; we explain the strong DR/DZ equivalence conjecture [BDGR18].

Section 5.2.4: We detail the Hamiltonian structure of the double ramification
hierarchy of type D, (for itself and in view of confirming the strong DR/DZ
equivalence).

Section 5.3: We describe the theory of pseudo—differential operators of the second
type and Liu-Wu-Zhang construction of scalar Lax pair and bi-Hamiltonian
structure for the Drinfeld—Sokolov hierarchies of type D,, [LWZ10]

Section 5.3.2: We detail the first Hamiltonian structure of the Drinfeld—Sokolov
hierarchy of type D, and use the results to confirm the strong DR/DZ equivalence
for this case; a work accepted for publication in [DR19].



Chapter 1

Introduction
en francais

1.1 Apercu historique de la théorie
et de nos résultats

Mise a part quelques équations, la section 1.1 est plut6t historique et devrait étre lisible par les
non spécialistes.

La présente thése traite du calcul et des applications des fonctions tau des hiérarchies
d’équations de Drinfeld-Sokolov. Les hiérarchies de Drinfeld—Sokolov sont des suites infinies
d’équations aux dérivées partielles dont les flots commutent deux-a-deux. Pour cette raison,
elles forment un systéme intégrable infini-dimensionnel. Elles furent introduites par V. G. Drin-
feld et V. V. Sokolov dans leur article fondateur [DS84]. Dans ce dernier, ils montrérent com-
ment associer ces hiérarchies a n’importe quelle algebre de Kac-Moody affine [Kac68, Mo068]
g. Cette derniere, nous la réalisons comme I’extension centrale de I’algébre de boucle d’une
algébre de Lie semisimple g, i.e.!

g=g®C[ALA "] ®Cc, (1.1)

avec le crochet de Lie approprié faisant de ¢ un élément central ; voir (1.28).

Donnons la forme générale de ces systemes d’équations. Une solution d’une hiérarchie
de Drinfeld-Sokolov est la donnée de fonctions u',...,u" qui dépendent d’une infinité de
variables {t; | i > 1} avec x = t; ; le systéme d’équation de la hiérarchie a alors la forme

{ug:A?(ul,...,uNHae{l,...,N},iZl}, (1.2)

!Notons que I'algébre de Kac-Moody affine associée a ’algébre de Lie finie-dimensionnelle semisimple g est en
réalité une extension co-centrale de ’algébre g de (1.1) (voir [Kac90] §7). Cependant, les hiérarchies de Drinfeld-
Sokolov n’impliquent pas ’extension co-centrale ; appeler g un algébre affine est assez standard.
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ouuy = dy,u” et ou A est polynomial en les uP et leurs dérivées par rapport a x : uf , ufx, etc.

Par exemple, la célebre équation de Korteweg—de Vries [Bou77, KdV95] est de cette forme :

1
Uy = Zuxxx + Euux. (1.3)
Les hiérarchies de Drinfeld—Sokolov sont des suites d’équations ayant des propriétés similaires
a celle de I’équation de Korteweg—de Vries et, comme nous le verrons, I’équation (1.3) joue un
role crucial dans la théorie. Nous insistons sur le fait que bien que nous étudions des équations
aux dérivées partielles, nous nous intéressons uniquement aux solutions algébriques de ces
équations : polynomes, séries entiéres ou fractions rationnelles.

Dans la prochaine section de cette introduction, nous développerons les principaux con-
cepts sur lesquels cette thése repose et expliquerons nos résultats : [Duc17, CDY18, DR19].
Mais avant cela, nous faisons une bréve histoire des hiérarchies de Drinfeld-Sokolov et des
fonctions tau et espérons ainsi incorporer nos résultats a ce dense domaine de la physique
mathématique.

Tout d’abord, dans le cas ou g est 'algébre affine associée a la I'algébre de le Lie sim-
ple sl(n, C) (matrices complexes n X n de trace nulle), la hiérarchie de Drinfeld-Sokolov coin-
cide avec la n-iéme hiérarchie de Gelfand-Dicket [GD76], ces derniéres étant beaucoup plus
simples ! La n-iéme hiérarchie de Gelfand-Dickey admet la représentation suivante : consid-
érons l'opérateur différentiel L = 87 + u" 2072 + - - - + u'd, + u ot les u' sont des fonctions
lisses des parameétres {t; | i > 1, i # 0 mod n} avec t; = x. Alors la n-iéme hiérarchie de
Gelfand-Dickey consiste en la famille d’équations®

{g—f = |@/m.1]

i>1,i#0 modn}, (1.4)

ott L'/™ la racine n-iéme de L par rapport 4 la composition des opérateurs différentiels.®

En particulier, pour sI(2, C) (fixant n = 2 dans (1.4)), on retrouve la hiérarchie de Korteweg—
de Vries [Lax68, Miu68, GKM68] (dont le flot selon t3 redonne I’équation de Korteweg—de Vries
(1.3)). Les équations (1.4) sont appelées des paires de Lax scalaires. Pour la plupart, les hiérar-
chies de Drinfeld-Sokolov admettent une paire de Lax scalaire ainsi qu’une représentation
bi-Hamiltonienne [DS84], les rendant intégrables de nombreuses facons. Cependant, dans le
cas général, elles sont construites génériquement en tant que hiérarchies d’équations de Lax
matricielles (ou équations de courbure nulle) que nous introduisons dans la section suivante.
Notons que la commutativité des flots des hiérarchies de Drinfeld-Sokolov résulte essentielle-
ment de P'existence de sous-algébres abéliennes infinie-dimensionnelles de 1'algeébre de Kac-
Moody g.

Le développement de la notion de fonction tau. La notion de fonction tau émergea au
début des années 1980 avec les travaux de I’école de Kyoto menée par Sato ainsi que Date, Jimbo,

2LLe fait que nous ne considérons que les flots par rapport aux variables t; avec i # 0 mod n provient simplement
du fait que pour i = jn, le flot est nul puisque (I"/"), = L/ commute avec L.
3La définition de la racine n-iéme nécessite I'introduction des opérateurs pseudo-différentiels ; voir §1.2.2.
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Kashiwara, Miwa [JMS78, KM81, DKM81, DJKM81a] pour n’en citer que quelques uns. Orig-
inellement, la fonction tau est définie pour la hiérarchie de Kadomtsev—Petviashvili [Sat81] qui
contient toutes les hiérarchies de Gelfand-Dickey.* Une solution de la hiérarchie de Kadomtsev—
Petviashvili est la donnée d’une infinité de fonctions ; la fonction tau est une seule fonction
qui contient toute I'information de la solution. De plus, la fonction tau satisfait des équations
différentielles partielles de nature différente de celles de la hiérarchie en soi. A savoir, les
équations sur la fonction tau sont bilinéaires et intimement liées aux relations de Pliicker. La
hiérarchie de Kadomtsev—Petviashvili (KP) et sa fonction tau furent rapidement généralisées
aux hiérarchies BKP et CKP, des hiérarchies de type KP liées aux algébres de Lie de type or-
thogonale (B, D,) et symplectique (C,) [DJKM81b]. Pour les algébres de Lie exceptionnelles,
des hiérarchies de type KP furent définies par Kac et Wakimoto [KW89]. Nous retiendrons que
la fonction tau est équivalente a la solution de la hiérarchie, mais que les deux donnent deux
approches trés différentes a la construction et la résolution de la hiérarchie.’

Dans le méme temps, Edward Witten proposa sa célébre conjecture de 1991 reliant une
certaine fonction tau de la hiérarchie de Korteweg—de Vries a la fonction génératrice des nom-
bres d’intersection sur I'espace de module des courbes stables Mg , [Wit91]. La conjecture
de Witten, prouvée par Kontsevich année suivante [Kon92], initia une toute nouvelle facon
d’approcher les hiérarchies intégrables que nous discutons ci-dessous.

Suite aux travaux de Drinfeld-Sokolov d’une part et de I’école de Kyoto et de Kac-Wakimoto
d’autre part, plusieurs facons de définir les fonctions tau furent concus pour les hiérarchies
de Drinfeld-Sokolov. L’une d’elles, initiées par Kac [Kac90] et Hollowood et Miramontes
[HM93, Mir99], fait usage des représentations de plus haut poids des algébres de Kac-Moody
affines, dans cette approche, on retrouve les équations bilinéaires. Une autre approche est de
construire une certaine famille de densités Hamiltoniennes dites tau symétriques et qui, es-
sentiellement par le lemme de Poincaré, donnent une définition naturelle de la fonction tau
[DZ08].6

Dans la présente these, nous nous intéressons a deux classes de fonctions tau : les fonctions
tau polynomiales et la fonction tau topologique. Les fonctions tau polynomiales forment une
vaste classe de fonctions tau bien que les plus simples. Pour le cas particulier de la hiérarchie de
Korteweg—de Vries, elles sont classifiées par les polynémes d’Adler—-Moser [AM78]. Les zéros
de ces polyndémes évoluent selon un systéme intégrable dit de Calogero-Moser [AMcKM77] ;
généralisé a certaines solutions de la hiérarchie de Kadomtsev-Petviashvili par Wilson [Wil98].
Ainsi, les fonctions tau polynomiales des hiérarchies de Drinfeld—Sokolov devraient avoir des
propriétés similaires qu’il nous faut encore découvrir. D’autre part, la fonction tau topologique
d’une hiérarchie de Drinfeld-Sokolov donnée est 'objet principale sur lequel se construisent
les ponts entre les hiérarchies intégrables et la géométrie algébrique. Nous y reviendrons ci-
dessous ; discutons en premier lieu les fonctions tau polynomiales.

4La hiérarchie de Kadomtsev-Petviashvili contient toutes les hiérarchies de Gelfand-Dickey dans le sens ot
toute solution d’une hiérarchie de Gelfand-Dickey est aussi solution de la hiérarchie de Kadomtsev—Petviashvili
(Pinverse étant faux).

511 doit étre noter que la méme école de Kyoto inventa, durant la méme période, la théorie des fonctions tau
pour les équations de Painlevé et les problémes isomonodromiques [Miw81, JMW81]. Mais ce n’est pas la théorie
que nous discutons ici.

Pour la clarifier la chronologie : cet article fut originellement soumis a I'arXiv le 23 aotit 2001.



20 Introduction en francais

Fonctions tau polynomiales des hiérarchies de Drinfeld—Sokolov (traité au chapitre 4).
En 2012 Chao-Zhong Wu, inspiré par [HM93], proposa une construction universelle de den-
sités Hamiltoniennes tau symétriques pour n’importe quelle hiérarchie de Drinfeld-Sokolov
associée a une algébre affine g [Wu17],” donnant ainsi une fonction tau générique pour les
hiérarchies de Drinfeld-Sokolov. Dans [CW15a, CW15b], Cafasso et Wu exprimerent la fonc-
tion tau de Wu comme la limite de déterminants de Toeplitz via une certaine représentation
fidele de trace nulle de 'algébre de Lie semisimple sous-jacente [DS84] (voir aussi 'appendice
A). Cela généralisa en partie les premiers travaux de Cafasso [Caf08] sur les hiérarchies de
Gelfand-Dickey.

La construction de Cafasso-Wu associe une fonction tau a tout élément X € g_ de I’algebre
affine g n’ayant que des puissances négatives du parametre de boucle. Dans [CDY18], a partir
des résultats de Cafasso et Wu, nous avons montré comment développer la fonction tau de Wu
comme une somme sur toutes les partitions d’entiers (théoréme 4.5.2) ; la somme fait intervenir
des polynomes qui généralisent les polynémes de Schur [Sch01] (aussi [Mac95]). Conséquem-
ment, nous avons obtenu un critére facile pour la polynomialité de la fonction tau : si X € g_ est
tel que sa représentation matricielle est nilpotente (par rapport au produit usuel de matrices),
alors la fonction tau associée est polynomiale.® Nous avons donnés quelques exemples non
triviaux de fonctions tau polynomiales et décrit des applications aux équations bilinéaires des
hiérarchies de Drinfeld—Sokolov. C’est I'objet du chapitre 4. Cela constituera un futur projet
que d’étudier les propriétés de ces polynémes de Schur généralisés ainsi que de ces fonctions
tau polynomiales.

Fonctions tau polynomiales de la hiérarchie KdV (traité au chapitre 3). Pendant que
nous travaillons sur les fonctions tau polynomiales des hiérarchies de Drinfeld—Sokolov, nous
nous intéressions au cas spécifique de la hiérarchie de Korteweg—-de Vries (KdV). Cette derniere,
comme nous ’avons décrit, est un cas particulier des hiérarchies de Drinfeld—Sokolov pour
I'algebre affine associée a 'algebre de Lie simple sI(2, C). De plus, toute solution de la hiérar-
chie de Korteweg—de Vries est aussi une solution de la hiérarchie de Kadomtsev-Petviashvili
; la réduction étant de mettre toutes les variables paires t;; a zéro. Comme nous I’avons dit,
les fonctions tau polynomiales de la hiérarchie de Korteweg—de Vries furent étudiées en pro-
fondeur et classifiées par Adler, McKean et Moser [AMcKM?77, AM78]. De plus, comme cela
fut compris d’abord par Sato [Sat81] (voir aussi [Hir04]), chaque fonction tau polynomiale de
la hiérarchie de Korteweg—de Vries peut étre écrite en terme des polyndémes de Schur.

Le principal résultat de [AM78] est I'existence d’'un unique changement des variables ¢;
qui transforme les fonctions tau polynomiales de la hiérarchie de Korteweg—de Vries en une
suite de polynémes qui satisfait une simple récurrence différentielle, ce sont les polynémes
d’Adler-Moser. Dans [Duc17], nous avons pu exhiber ce changement de variables (théoréme
3.5.4 ; la preuve utilise essentiellement la théorie de la hiérarchie de Kadomtsev—Petviashvili.
C’est 'objet du chapitre 3.

"Pour clarifier la chronologie : cet article fut originellement soumis 4 I'arXiv le 26 mars 2012.

8Dans certain cas, il se peut qu’en réalité une certaine puissance entiére ¢ de la fonction tau soit polynomiale
(dans les cas que nous avons calculés, a = 1 ou 2). Mais, de facon surprenante, dans tous les exemples que nous
avons calculés, la fonction tau elle-méme était polynomiale ; i.e. 7 était un carré parfait.
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Récemment, Kac et van de Leur contribuérent de facon significative [KvdL18] en montrant
que foutes les fonctions tau polynomiales de la hiérarchie de Kadomtsev—Petviashvili (incluant
ainsi les hiérarchies de Gelfand-Dickey) peut étre exprimée simplement comme un certain
polyndme de Schur modulo un changement de variable.” Ils calculérent aussi les fonctions tau
polynomiales de la hiérarchie de Kadomtsev-Petviashvili modifiée, mais nous n’en parlerons
pas ici.

La conjecture de Witten et la fonction tau topologique. Nous revenons a présent a la
conjecture de Witten et ses conséquences. La conjecture de Witten stipule que la série généra-
trice des nombres d’intersection sur I’espace de module des courbes stable Mg,n est en réalité
une fonction tau de la hiérarchie de Korteweg—de Vries [Wit91]. Cette conjecture fut prouvée
par Maxim Kontsevich [Kon92] et I’on appelle aujourd’hui cette fonction tau la fonction tau de
Witten-Kontsevich. Depuis lors, les fonctions tau devinrent un objet essentiel connectant la
géométrie complexe, la géométrie algébrique et les systémes intégrables dans un domaine actif
de la physique mathématique parfois appelé la symétrie miroir intégrable. Peu de temps apres,
la conjecture de Witten fut généralisée pour connecter les fonctions tau des hiérarchies de
Gelfand-Dickey aux classes r-spin de Witten [Wit93]. En 2003 Dubrovin et Zhang montrérent
que la fonction génératrice des invariants de Gromov-Witten de la droite complexe projective
P! est une fonction tau de la hiérarchie de Toda étendue [DZ03] (qui n’est pas une hiérarchie
de Drinfeld-Sokolov).

Les théorie cohomologiques des champs (CohFT pour cohomological field theories), intro-
duites par Kontsevich et Manin [KM94], sont des classes de cohomologie sur ’espace de module
des courbes stables définies en vue d’unifier les classes r-spin de Witten ainsi que les théories
de Gromov-Witten. Au début des années 2010, Fan, Jarvis et Ruan définirent les CohFT de
Fan-Jarwis—Ruan-Witten en vue de généraliser les classes r-spin de Witten a n’importe quelle
singularité complexe [FJR11, FJR13].

D’autre part, dans [DZ08], Dubrovin et Zhang montrérent comment associer 4 n’importe
quelle CohFT semisimple!® une hiérarchie qui coincident, dans certains cas,!! a la hiérarchie
de Drinfeld-Sokolov correspondante [GM05, FGM10]. Dans la construction de Dubrovin-
Zhang, la hiérarchie est définie de sorte que la série génératrice de la CohFT semisimple est
une fonction tau. Cette fonction tau particuliére est appelée la fonction topologique ; par ex-
emple, la fonction tau de Witten—Kontsevich est la fonction tau topologique de la hiérarchie
de Korteweg—de Vries. Depuis lors, la symétrie miroir intégrable devint une question de tisser
des liens entre les CohFT et les hiérarchies intégrables. Bien que certains exemples marchent
trés bien,'? (voir [LRZ15] pour un clair exposé) il ne semble pas y avoir de schéma clair pour

9Ce résultat differe des travaux originaux de Sato [Sat81] en ce qu’ici, on n’a plus besoin de considérer des
combinaisons linéaires de polynémes de Schur.

107, semisimplicité signifie qu'une certaine algébre associée est semisimple, i.e. somme direct d’algébres simples.

HCes cas sont précisément ceux pour lesquels la hiérarchie de Drinfeld-Sokolov est construite 4 partir de
lalgebre affine associée a une algebre de Lie simple de type A, >1, Dp>4 ou Eg, E7, Eg (la classification ADE). Dans
les cas restant, les hiérarchies de Dubrovin-Zhang et de Drinfeld-Sokolov sont aussi équivalentes dans le sens
d’une transformation quasi-Miura (i.e. rationnelle).

12Parmi ceux-13, les exemples de correspondance « CohFT / Hiérarchie int. » que nous avons cités jusque 1a :
Nombres d’intersection sur Mg, n / Hiérarchie KdV; Classe r-spin de Witten / Hiérarchies Gelfand-Dickey ; Théorie
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I'instant.

L’un des buts de la construction de Dubrovin-Zhang était de classifier les hiérarchies inté-
grables [DZ08, DLZ08]. L’idée était d’utiliser la théorie de 'intersection sur I’espace de module
des courbes stables' (et leurs généralisations : théorie de Gromov-Witten, théorie de Fan—
Jarvis-Ruan-Witten) afin de définir des hiérarchies intégrables puis prouver que celles-ci sont
équivalentes a des hiérarchies bien connues (telles que les hiérarchies de Drinfeld-Sokolov
mais aussi d’autres). La relation d’équivalence entre les hiérarchies intégrables s’appelle une
transformation de Miura : voir §1.4.2.

Les hiérarchies de double ramification (traité au chapitre 5). Récemment, Alexander
Buryak, inspiré par la théorie des champs symplectique [EGH00], a défini une nouvelle classe
de hiérarchies appelées les hiérarchies de double ramification [Burl5a]. Elles sont construites
a partir des cycles de double ramification sur 'espace de module des courbes introduits par
Graber et Vakil [GV05] (d’ou le nom) et peuvent étre définies pour n’importe quelle CohFT
(pas seulement les CohFT semisimples, comme c’est le cas pour les hiérarchies de Dubrovin-
Zhang). Dans ce méme article, guidé par des exemples qu’il calcula, Buryak conjectura que dans
le cas d’'une CohFT semisimple, la hiérarchie de double ramification est équivalente a la hiérar-
chie de Dubrovin-Zhang correspondante via une transformation de Miura. En particulier, pour
la CohFT associée a la théorie FJRW d’une singularité complexe simple de type ADE, la hiérar-
chie de double ramification, celle de Dubrovin-Zhang et celle de Drinfeld-Sokolov devraient
coincider selon la conjecture.

Les hiérarchies de double ramification possedent plusieurs propriétés qui leur donnent
un intérét particulier. (1) Elles sont définies pour n’importe quelle CohFT. (2) Elle sont con-
struites en tant que hiérarchies Hamiltoniennes pour lesquelles le crochet de Poisson est tres
simple (appelée le crochet standard) ; en particulier, (3) une famille de densités Hamiltoni-
ennes tau symétrique est aisément obtenue [BDGR18]. (4) Leurs densités Hamiltoniennes sat-
isfont des relations de récurrence fortes jusque lors inconnues [BR16b]. (5) Elles admettent
une quantification relativement simple [BR16a, BDGR16], mais nous n’en parlerons pas ici.
De plus, I’équivalence conjecturale avec les hiérarchies de Dubrovin-Zhang a été augmentée
en une transformation de Miura uniquement déterminée, d’ou la conjecture DR/DZ forte 5.2.23
[BDGR18]. Jusque la, I’équivalence DR/DZ forte a été confirmée dans plusieurs cas incluant
les hiérarchies de Drinfeld-Sokolov de type A; & As, la hiérarchie de Toda étendue et d’autres
(voir 5.2.23).

Dans un papier accepté pour publication [DR19], nous avons confirmé I’équivalence DR/DZ
forte pour la hiérarchie de Drinfeld-Sokolov associée a 'algebre affine de I’algebre de Lie sim-
ple de type Ds. La confirmation de la conjecture implique le calcul de la premiére structure
Hamiltonienne de la hiérarchie de Drinfeld-Sokolov de type D4. Pour cela, nous avons utilisé
la paire de Lax scalaire de la hiérarchie de type D, obtenue par Liu, Wu et Zhang [LWZ10].
Ces calculs, a notre connaissance, sont nouveaux vis-a-vis de a littérature.

de Gromov-Witten de P! / Hiérarchie de Toda étendue.
131,a construction de Dubrovin-Zhang s’applique en réalité a des objets fortement reliés appelés des variétés de
Frobenius, mais nous ne nous concentrerons pas sur cette approche.
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1.2 La hiérarchie de Korteweg—-de Vries :
un exemple canonique

Dans cette section, nous présentons certains des aspect fondamentaux de 1’équation et de la
hiérarchie de Korteweg—de Vries (KdV). Cela servira d’illustration a de nombreuses propriétés
des hiérarchies intégrables. Le chapitre 3 est dédié aux fonctions tau polynomiales de la hiérar-
chie KdV ; nous décrivons les résultats obtenus dans [Duc17] a la fin de la section §1.2.

1.2.1 L’équation de Korteweg-de Vries

Mise a part ses applications en géométrie, ’équation KdV provient de mécanique des fluides.
Elle décrit I’évolution de la surface de I’eau dans un canal, ce dernier modélisant des eaux
peu profondes s’écoulant essentiellement dans une seule direction. Si 'on ignore la direction
transverse, on peut décrire la hauteur de la surface de ’eau par une fonction scalaire u(x,t)
ou t représente le temps et x représente la direction dans laquelle ’eau s’écoule. Alors u doit
satisfaire I’équation KdV :

1 3
Uy = Zuxxx + Euux, (1.5)

ouuy = d;u et uy = Oxu, etc. L’équation ci-dessus est en réalité une version normalisée de KdV
ou les constantes physiques ont été éliminées. L’équation KdV fut en premier théorisée par
Boussinesq [Bou77] puis proposée dans sa version actuelle par Korteweg et de Vries [KdV95].
Pour la dérivation physique de 1’équation (et celle de ’équation KP), nous référons a l'intro-
duction de [AC91] par Ablowitz et Clarkson.

Notons qu’en renormalisant u, x et f, on peut mettre des coefficients arbitraires devant
chaque monome u;, Uy x et uuy ; le choix 1, 1/4 et 3/2 deviendrait clair a la section §1.2.2.
L’équation KdV peut étre écrite de diverses facons, permettant ainsi des connections avec de
nombreux domaines a priori déconnectés. Ici nous décrivons quatre représentations : (a) la
paire de Lax scalaire, (b) la paire de Lax matricielle, (c) la représentation bi-Hamiltonienne et
(d) la représentation bilinéaire.

(a) La paire de Lax scalaire. Considérons 'opérateur L = 92 + u souvent appelé 'opérateur
de Schrédinger.!* Alors on peut réécrire I’équation (1.5) comme

L 3 3
% =[P, L], P=0d2+ Eu(')x + o (1.6)

14En effet, si u est vu comme un potentiel en mécanique quantique, alors I’équation de Schrédinger normalisée
sur la fonction d’onde i devient ifiy; = A%y + uip.
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ou [L,P] = Lo P — P o L est le commutateur entre opérateurs différentiels. La composition
d’opérateurs différentiels est donnée par la régle de Leibniz, définie sur les monémes par'®

n
ady o baﬁ = Z (n) ab(k)8;1+p_k, (1.7)
k
k=0
ou by := 0k(b), et étendue par linéarité. Nous omettrons le signe o lorsqu’il n’y a pas

d’ambiguité. La dérivation d, est définie sur les opérateurs différentiels comme agissant sur
les coefficients : 0, (a@f}) := a;0%. En particulier, action de d; sur les opérateurs satisfait la
régle de Leibniz. Ainsi, d;L = u,, mais c’est uniquement di a la forme spécifique L. La paire
(L, P) est ce qu’on appelle une paire de Lax scalaire pour I’équation KdV. Cette représentation
est due a Peter D. Lax lui-méme [Lax68].

Les équations (1.5) et (1.6) sont de nature différente : I’équation (1.5) est une EDP non
linéaire en u, tandis que I’équation (1.6) est une EDO linéaire en L et les deux cbtés de I’équation
sont des dérivations (des opérateurs de Leibniz) sur les opérateurs différentiels. La formule
pour Popérateur P, a ce stade, semble plutdt ad hoc, mais elle entrera dans une élégant schéma
avec la hiérarchie KdV. Un intérét particulier de la paire de Lax scalaire est qu’elle permet
de généraliser I’équation et la hiérarchie KdV a la hiérarchie de Kadomtsev-Petviashvili (voir

§3.2).

(b) La paire de Lax matricielle. Considérons a présent 'opérateur différentiel matricielle
d’ordre 1 suivant :

L (1.8)

0 A-u
L =0, + ( ) .
Ci-dessus, A est une nouvelle indéterminée qu’on appelle le paramétre spectral. Toute identité
doit est valable pour toute valeur complexe du parameétre A. Considérons a présent la matrice

suivante :

_1 2_1. 9 _10N2 _ 1
2 alUx
Alors
0% (0 —up + f—luxxx + %uux
o lzn=(; 0 '

Dans I’équation ci-dessus, [.Z, #| := Ox M + [N, M] o0 N = £ — 0y et ou la dérivée
Ox A est définie comme agissant sur les composantes de la matrice. Ainsi, ;.2 = [.£, ]
si et seulement si u; = luyyry + %uux, i.e. si et seulement si ’équation KdV (1.5) est satisfaite.

4
Autrement dit, I’équation KdV (1.5) peut étre réécrite comme
0L

15Pour les non spécialistes, la composition des opérateurs différentiels donnée a I'équation (1.7) vient simplement
de l’action sur des fonctions test. Par exemple, 0y (fOx(¥)) = dx (f¥x) = fx¥x + f¥xx, ce qui est en accord avec
la formule dx o f0x donnée par I’équation (1.7).
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C’est équivalent a I’équation de courbure nulle
N = Ox M =N, M) =

La paire (., ) est appelée une paire de Lax matricielle pour I’équation KdV. Cette représen-
tation est due a Ablowitz, Kaup, Newell et Segur [AKNS74].

Une fois de plus, les équations (1.6) sont (1.10) de nature différente ; cette derniére n’implique
que des opérateurs différentiels d’ordre 1 et permet ainsi la représentation par courbure nulle.
Un intérét particulier est que les hiérarchies de Drinfeld—Sokolov sont construites générique-
ment comme des équations de Lax matricielles.

(c) La représentation bi-Hamiltonienne. On introduit 'anneau A = Clu, uy, Uxx, - - -]
dont nous appelons les éléments des polynomes différentiels en u. L’opérateur 0y agissant sur A
s’identifie alors avec l'opérateur 0y = Xk 50 U(k+1)0u - Par ailleurs, on définit 'espace quotient

suivant,©

F = A/Im (dy),

dont nous appelons les éléments des fonctionnelles locales. Pour tout polynéme différentiels
f € A, onnote sa classe f € F par f = f f.17 En tant que conséquence immédiate, on obtient
une formule d’intégration par partie : f foxg = f gox f, ou, plus généralement, pour k > 1,

[ rokg=cvt [ goks. (111)

Puis’on définit sur A 'opérateur § /du, appelé la dérivée variationnelle (aussi appelé I'opérateur
d’Euler-Lagrange), par

Of _ NV_qykak O
S Z( 1)kok —— Fus
or . 0f s of

" du "aux * Oty

Alors pour tout f ne contenant pas de terme constant, § f /du = 0 si et seulement si f € Im (Jy)
(voir la proposition 5.1.1). En particulier, §/du est bien défini sur . On définit ensuite deux
applications, {—, =}1,{—,~}2 : F ® F — F by'®

{f.9} /5f xgz {f.9},= / (63+ udy +;ux)g—z. (1.12)

16Notons que I'espace quotient F = A /Im(dy ) est seulement un espace vectoriel et non un anneau car I'opérateur
Ox est certes linéaire, mais n’est pas un morphisme anneau (il satisfait la régle de Leibniz).

7Nous insistons sur le fait que le symbole intégrale ici n’est vraiment qu’une notation. Cela dit, par construction
/ dxf =0, et cela peut étre réalisé par les fonctions sur le cercle S!. Ainsi, on parle parfois de solutions périodiques
de I’équation KdV (voir [Lax75]).

8Dans I'équation (1.12), les polynomes différentiels f,g € A sont n’importe quels représentants des classes
7,@ e F (ie. 7 = f + Im(dx)). C’est bien défini puisque §/5u s’annule sur Im(dy ).
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Ces applications sont antisymétriques et satisfont I'identité de Jacobi ; on appelle ce type
d’applications des structures de Poisson locales.'® De plus, toute combinaison linéaire A{—, —}; +
u{—,—}2 est encore une structure de Poisson locale ; on dit que les structures de Poisson
sont compatibles. On définit aussi deux applications auxiliaires, notées pareillement {—, -}, :
AQF — A,aveca = 1,2, par

0 é 0 1 1 é
{f.gh = ET. f 6’;“—9, {f,g}2:= f (9,’5 (—63 + udy + —ux) 29, (1.13)
U(k) du Ou) 2 du
k>0 k>0

Par construction, et grace a I’équation (1.11), ces applications vérifient f {(f.9ta = {f.9}a
pour a = 1,2. Ainsi, il est aisé de vérifier que ’équation KdV (1.3) est équivalente aux deux
équations suivantes :

- oh — 1 1

Uy = {u,hl}l = ax5—ul, hl = / Zu3 + guuxx, (114)
- 1 1 \hn - 4

u = {uhy}, = (15’3‘ + udy + Eux) 5—;, hy = / U (1.15)

Les fonctionnelles locales h; et hy sont appelées des fonctionnelles Hamiltoniennes et les équa-
tions ci-dessus sont appelées des représentations Hamiltoniennes de I’équation KdV. Le fait que
KdV admette deux représentations Hamiltoniennes avec deux structures de Poisson locales
compatibles est ce qu’on appelle une représentation bi-Hamiltonienne.

La représentation (1.14) fut trouvée simultanément en 1971 par Gardner [Gar71] et Fadeev
et Zakharov [FZ71] (bien que Fadeev et Zahkarov I’attribuent a Gardner) ; on I'appelle la pre-
miére représentation Hamiltonienne ou bien celle de Gardner-Zakharov-Fadeev. La représen-
tation (1.15) est due & Magri [Mag78] et est appelée la seconde représentation ou bien celle de
Magri.?

Les représentations bi-Hamiltoniennes furent intensément étudiées par Dubrovin et Zhang
(e.g. [DZ08, DLZ08]), en particulier dans le but de classifier les hiérarchies intégrables. De plus,
les hiérarchies de double ramification, que nous étudions au chapitre 5, apparaissent naturelle-
ment dans une représentation Hamiltonienne.

(d) La représentation bilinéaire. Finalement, nous décrivons la représentation bilinéaire,
ou de Hirota, de I’équation KdV. Contrairement aux représentations précédente, celle bilinéaire
agit sur la fonction tau 7 et non sur la solutions u. Comme mentionné précédemment, il y a
diverses fagcons de définir la fonctions tau. Mais dans le cas de ’équation KdV, cela revient

Puisque F n’est pas un anneau, on ne peut pas écrire la régle de Leibniz pour les structures de Poisson locale.
Ainsi, (F,{—,—}a), pour a = 1,2, est une algébre de Lie, mais pas une algébre de Poisson. Cela dit, pour toute
fonctionnelle locale g € F, les applications f + {f, g}, de I’équation (1.13) satisfont la régle de Leibniz.

20Magri en réalité contribua bien plus en étant le premier a découvrir comment reconstruire toute la hiérarchie
KdV en utilisant la structure bi-Hamiltonienne. Ce faisant, une étape fondamentale était achevée dans la com-
préhension des techniques de reconstruction pour les hiérarchies intégrables. Cependant, nous ne le discuterons
pas dans ce document.
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toujours a définir 7 par la relation®!

0?logt
=_z—ax§ . (1.16)

En particulier, a la donnée d’une solution u, la fonction tau 7 n’est pas unique. On introduit a
présent les dérivées bilinéaire, ou de Hirota, D, avec i > 1. On pose?

> hiDy,

i>1

exp

(f.9) = f(t+h)-g(t-h), (1.17)

ou chaque c6té de I’équation est développé en les puissances de h; et identifiés en tant que
séries en les h;. Par exemple, en posant x = t; et t = t3 (les indices n’importent pas ici), on
obtient

of dg 0 f d*g dfdg Of dg
Dx(f.9) = 2-9-f7=s DyD«(f,9) = - .
9= 529 T ox 9= peot9 " L axar " ox ot~ ot ox

Ainsi, c’est un peu long a vérifier, mais I'équation KdV (1.5), en substituant u = —282 log 7, est

équivalente a I’équation suivante,
(Di — 4D:D;) (z,7) = 0. (1.18)

L’équation ci-dessus est appelée une équation de Hirota, d’aprés Ryogo Hirota qui les intro-
duisit dans [Hir76]. Cette équation est relativement compacte compte tenu du nombre de ter-
mes que les dérivées logarithmiques font apparaitre !

D’aucuns se demanderaient quel est 'intérét de ce type d’équations. C’est en réalité moins
clair pour la hiérarchie KdV que pour d’autres hiérarchies plus compliquées. En particulier,
lorsqu’une solution de la hiérarchie consiste en plusieurs fonctions u?, . . ., u™ (et pas seulement
u), il y a toujours une seule fonction 7 associée a la solution. Ainsi, la représentation bilinéaire
condense toute la hiérarchie sur une seule fonction. De plus, il se peut que la fonction tau soit
plus simple a calculer que la solution elle-méme. C’est par exemple ’approche des chapitres 4
et 4, bien qu’ils n’impliquent pas directement les équations bilinéaires.

1.2.2 La hiérarchie de Korteweg-de Vries

La hiérarchie KdV fut introduite en 1968 simultanément par Lax [Lax68] et Gardner—Kruskal-
Miura-Zabusky [Miu68, GKM68, GKMZ70].2> Elle consiste en une suite d’équations com-
mutant deux-a-deux (expliqué ci-dessous) et qui contient I’équation KdV (1.3), incluant ainsi
I’équation KdV dans un systéme d’EDP infinie-dimensionnel. Dans ce qui suit, nous mon-
trons comment construire la hiérarchie KdV en partant de (A) la paire de Lax scalaire, due

2Le facteur (—2) est expliqué a la proposition 3.4.5 ; il ne peut étre éliminé puisque KdV est non linéaire.

2Notons que lorsqu’on développe I'identité (1.17) le symbole Dy, -+ Dy, est un opérateur en soi et non un
produit d’opérateurs.

ZElle fut en réalité découverte pour la premiére fois par Andrew Lenard durant I'été 1967, bien qu'il n’est
fameusement jamais écrit de papier sur le sujet. Voir [PS05] pour les détails de cette découverte et comment cela
fut reconnu par Lax, Miura et al.
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a Lax [Lax68] ; puis nous discuterons (B) sa paire de Lax matricielle, (C) sa représentation
bi-Hamiltonienne et (D) sa représentation bilinéaire. Sa paire de Lax matricielle est la plus
technique ; nous la discuterons en réalité a la section 1.3 avec le cas général des hiérarchies de
Drinfeld-Sokolov.

(A) Les paires de Lax scalaire. Pour les paires de Lax scalaires, il suffit de considérer la
racine carrée L'/? de I'opérateur de Schrodinger L = 42 + u. Pour cela, nous commencons par
étendre I’algébre des opérateurs différentiels en une algebre

Dz{znlaiai

équipée du méme produit défini a I’équation (1.7), mais ou les coefficients binomiaux ont été
généralisés a (Z) avec n < 0 en posant (Z) = n(n—-1)---(n — k + 1)/k!. Nous appelons
les éléments de D des opérateurs pseudo-différentiels. Dans cette algebre, il existe alors un
opérateur L'/? = 9, + Y., p*0%, avec des fonctions p* € A, satisfaisant (L'/?)? = L (voir
théoréme 3.1.8). Alors la hiérarchie KdV peut étre formulée de la facon suivante,

{g—f = @1

a' e C[[x]],n e Z} , (1.19)

i>0 odd} : (1.20)

ou (—)+ désigne la projection sur le sous-espace de D contenant seulement des puissances
positives ou nulles de d, (i.e. les opérateurs différentiels). En particulier, (L3?), = P = a3 +
%uax + %ux, voir 'équation (1.6). Cette formulation de Lax scalaire de la hiérarchie KdV se
généralise aisément a la n-iéme hiérarchie de Gelfand-Dickey ou l'opérateur L = 9% + u est
remplacé par l'opérateur L = 07 + u" 2972 + - - + u°.

Ainsi, les flots définis par le systéme (1.20) commutent deux-a-deux dans le sens ou, pour
tout entiers positifs i, j,

a% [(Lf/2)+,L] = a% [(L"/2>+,L] : (1.21)

C’est ce qu’on appelle la condition d’intégrabilité de la hiérarchie KdV. La preuve est classique
et peut étre trouvée par exemple dans [DJM00] ; nous donnons une preuve tout a fait similaire
pour la hiérarchie KP au théoréme 3.2.1. Gardant a I'esprit que L = 92 + u, il s’en suit de
I'équation (1.21) que 8;,0y,u = 0y;0;,u. C'est évidemment une condition nécessaire a I'existence
de solutions au moins C', sans parler de solutions lisses. Notons que la fonction u doit a présent
dépendre d’une infinité de variables {¢; | i > 0 odd}. Nous supposerons en général que

ueC [[tl, 3, ts, . . ]] .

Comme nous I’avons dit, nous traiterons la paire de Lax matricielle a la section 1.3 avec les
hiérarchies de Drinfeld-Sokolov. Traitons a présent la représentation bi-Hamiltonienne.
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(C) La représentation bi-Hamiltonienne. Soit un opérateur pseudo-différentiel A € D,
on note res (A) son coefficient en d;!. Alors la représentation bi-Hamiltonienne est donnée par
les deux mémes structures de Poisson locales de ’équation (1.12), et par les densités Hamil-
toniennes données par les résidus des puissances fractionnaires de L = 4% + u, a savoir,

Ohy; — 4 i+2
t—{uhu}l—a 5; hl,i=i+2'/resL22,
el 1 1 5”1 i - 4 L
Uy, = {u,hg,i}z = (‘—lai +u(9x + Eux) 5§; s hZ,i = ?/I‘CSLZ,

pour i > 0 impair. En particulier, en comparant avec les équations (1.14) et (1.15), h1 5= hy et
has = = hy. De plus, les structures de Poisson locales peuvent étre reformulées via I'opérateur L

o _ 8 51; A, et soient

comme suit. Pour toute fonctionnelle locale f € ¥, on note ST

X=%%Lety=

5[ € alors

5L’

{(f.gh = / res [XLY — LXY], {(f.g} = / res[(LX), LY — (XL), YL]. (1.22)

(D) La représentation bilinéaire. Finalement, pour la représentation bilinéaire, on doit in-
troduire les polyndmes de Schur élémentaires , notés pr(t) avec k € Z-, définis par la relation

exp( Z tizi) = Z pk(t)zk. (1.23)

i€Z+ k€Zsy

par exemple, p; = t1, p» = %tf + ty, p3 = ét? + tot; + t3. Notons a présent pi le polynome py
ou toutes les variables t,; ont été mises a 0. Alors la hiérarchie KdV (1.20), une fois effectuée la
substitution u = —202 log 7, est équivalente aux deux suites d’équations bilinéaires suivantes,?

(k41 ([D]) = 1D<Dy,) (r,7) = 0,
(DxDy, — Dxpr([D))) (z,7) = 0,

k>0 odd}, (1.24)

ou [D] := (Dy, 3Dt3, ;D%, ...). Les équations ci-dessus peuvent étre déduites des résultats de
[DJKM83] (voir aussi [ACvM12], lemme 4.1). En particulier, pour k = 3, pr+1 ([D]) — %Dthk =
i(Di — 4D, Dy,) et I'on retrouve la forme bilinéaire (1.18) de '’équation KdV.

1.2.3 Fonctions tau polynomiales de la hiérarchie KdV
et les polynomes d’Adler—-Moser

Icinous décrivons le résultat obtenu dans [Duc17] sur une transformation explicite des polynomes

d’Adler—-Moser vers les fonctions tau polynomiales de la hiérarchie KdV ; c’est 'objet du chapitre
241 a notation % peut sembler artificielle a ce stade, mais lorsque I'on considére les hiérarchies de Drinfeld-
Sokolov pour une algebre de Lie simple arbitraire (KdV étant associée a sI(2, C)), cela apparait clairement.
25Une forme bien plus compacte des équations (1.24) est donnée par la célebre identité bilinéaire (cf. §3.3), cepen-
dant elle est moins explicite que celle donnée ici.
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3, §3.5. Dans [AM78], Adler et Moser introduisirent une suite de polyndémes 6, pour n > 0,
dépendant de parametresr = {r; | i € Z‘;%d}, r1 = x, définis par la récurrence différentielle
suivante : 8y = 1; 6; = x; puis

89n+1 aen—l

I Op-1— 9n+1T =(2n-1)(6,)". (1.25)

Lors du calcul de 6,, la constant d’intégration choisie est r5,_;. Par exemple, 0, = x> + r3 et
05 = x° + 5r3x + rsx — 5r2. Ces polyndmes sont désormais connus sous le nom de polyndmes
d’Adler-Moser. Dans ce méme article, ils prouverent existence d’un unique changement de
variables r — t transformant le polynéme d’Adler-Moser 8,(r) en une fonction tau 7,(t) de la
hiérarchie KdV dans le sens de I’équation (1.16). De plus, d’aprés des résultats de [AMcKM77],
ils prouvérent que via ce changement de variables, I’on retrouve toutes les fonctions tau poly-
nomiales ainsi que toutes les solutions rationnelles de KdV, classifiant ainsi les solutions ra-
tionnelles. Cependant, cet unique changement de variables n’était pas connu. Dans [Duc17],
nous avons prouvé le théoréme suivant.

Théoréme 1.2.1([Duc17]). Le changement de variables suivant transforme les polynémes d’Adler—
Moser en les fonctions tau polynomiales de la hiérarchie KdV :ry = t; = x, et

Foig o .
Z Z271 221 tanh Z TR B (1.26)
2i-1

i>2 i>2
ot g1 = (—1)771325% ... (2i — 3)%(2i — 1).

Voir théoréme 3.5.4 dans le document. On peut interpréter le théoréme 1.2.1 comme une renor-
malisation des variables, plus le choix différent, non trivial, d’'une constante d’intégration pour
la récurrence (1.25). Les premiers polynomes de la récurrence sont les suivants.

To = 1, Ty = x3 - 3t3,

T = X, T3 = x® - 15t3x3 - 45t§ + 45t5x.

Ce sont des fonctions tau polynomiales bien connues, voir e.g. [Hir04] ou elles sont calculées
par des méthodes similaires via les polynémes de Schur élémentaires (voir équation (1.23)).

La preuve du théoréme 1.2.1 est donnée a la section 3.5 ; elle repose essentiellement sur
la théorie KP que nous développons a la section 3.2. Cela constituera un futur projet que de
généraliser les polynomes d’Adler—Moser ainsi que les résultats de [AM78] et le théoréme ci-
dessus aux hiérarchies de Drinfeld-Sokolov en général (i.e. pour une algebre de Lie simple
arbitraire).

1.3 Fonctions tau polynomiales des hiérarchies
de Drinfeld-Sokolov

Ici nous décrivons les résultats obtenus dans [CDY18] sur les fonctions tau polynomiales des
hiérarchies de Drinfeld-Sokolov et des applications ; c’est I'objet du chapitre 4, §4.5. Nous
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commengons par décrire la construction des hiérarchies de Drinfeld-Sokolov dans ’approche
la plus directe, bien que technique : la paire de Lax matricielle. Dans cette approche, elles
généralisent largement la représentation (1.10) de I’équation KdV. Mais tout d’abord, il nous
faut introduire du matériel concernant les algébres de Lie semisimples et affines.

1.3.1 Les hiérarchies de Drinfeld-Sokolov

Point de départ : une algébre de Lie semisimple. Nous démarrons avec une algebre de Lie
finie-dimensionnelle semisimple (voir §4.1), i.e. une algébre de Lie qui est une somme directe
d’algebres de Lie simple (i.e. qui ne contiennent pas d’idéaux non triviaux). Ces algebres se
décomposent ainsi,

f=n_e@bhe,,

ol ) est une sous-algebre abélienne maximale dont les éléments H € b sont tels que les applica-
tions adjointes ady = [H, —] : § — @ sont simultanément diagonalisables. La sous-algébre b est
appelée une sous-algébre de Cartan de § et sa dimension r = dim b est appelée le rang de g ; le
rang est unique. Un résultat classique est que g est complétement déterminée (& isomorphisme
prés) par une unique matrice (C;;) € Mat(r, Z), appelée sa matrice de Cartan, a laquelle on peut
associer un ensemble de générateurs {H;,E;,F; | 1 < i < r} de g satisfaisant les relations
suivantes :

[Ei, F;] = dijHi, [Hi, Ej] = Ci;E;, [H;, Fj] = =C;;F;, [H;,Hj] =0,

Alors ) est générée par les H;, tandis que 11, (resp. 11_) est générée par les E;’s (resp. the F;’s).
De tels générateurs s’appellent des générateurs de Weyl. On a deux éléments spéciaux Eg € 1y
et E_g € n_ qui satisfont les relations suivantes : pour tout i € {1,...,r},

[Eg,Ei] = 0, [E_g,Fi] = 0.

Par exemple, 'algebre de Lie simple sI(2, C) (matrices complexes 2 X 2 de trace nulle) est de
rang 1 et est générée par les matrices suivantes,

T R A |

Ces matrices satisfont les relations [H, E] = 2E,[H,F] = —2F et [E,F] = H de sorte que la
matrice de Cartan de sl(2,C) est C = (2) € Mat(1,Z). De plus, dans ce cas particulier, Eg = E
etE_yp =F.

L’algebre affine associée. A I'algébre finie-dimensionnelle semisimple § on associe une al-
gebre affine (non twistée)

a:=3®C[A 1] e Ce, (1.27)
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qui est infinie-dimensionnelle. On équipe cette algebre du crochet de Lie suivante : soient
X,Y€a,p,q€Zeta,beC,

[XA? + ac, YA? + be] = [X, YIAP* 4 pSyaq.o(X, Y)o -, (1.28)

ol (—, —)o est une certaine forme bilinéaire symétrique non dégénérée sur g. Clairement, c est
un élément central de g (i.e. ¢ commute avec tous les autres éléments de g), faisant de Cc un
idéal non trivial de g. Si I'algébre de Lie semisimple § est de type X,, on note X,(,,l) lalgebre
affine associée g. Les algébres affines furent intensément étudiées par V. Kac, qui les introduisit
parallélement a R. Moody [Kac68, M0o68]. Les détails sont donnés dans §4.2.

L’algebre affine g est générée par les éléments suivants :

e; = Ej, fi = Fi, a; = Hj,
ey = E_QA, ﬁ) = E@A_l, d’o =Hy+c,
ou Hy = [Eg,E_g], aveci € {1,...,r} (r = dimf) étant le rang de g). Puis on défini deux
gradations importantes : la gradation principale et la gradation homogéne, comme suit,
Principal: dege; = 1, deg f; = -1, degdt; =0, g=EP, 05
Homogeneous:  dege; = 8;9,  degfi =80, degdi =0, §=P;cz0k-
La gradation homogéne, comme son nom I'indique, revient a poser deg A = 1 etdegg = degc =
0. On note g* (resp. g+) le sous-espace de des éléments de degré principal (resp. homogeéne)

>0;onposeg” =g—g*etg- =g—g;.
On introduit a présent 1’élément cyclique principal affine

A=e+e +...+e, =E_pA+E; +...+E,. (1.29)

En particulier, A € g' (degré principal égal & 1). Un résultat fondamental (voir [Kac90]) sur les
algébres affines est la décomposition de g comme

g=s+Im(ads), s N Im(ady) = Ce.

ot s = Ker (ad,). On note s = s N g¥ le sous-espace de degré principal k. On appelle exposants
affines de g les entiers k € Z tels que dims* # 0 et on note m; = dims* la multiplicité de k.
On note

E:{kez|dimsk¢o}

le multi-ensemble des exposants affines de g, c’est-a-dire que I’élément k € E a multiplicité my.

On note Ak, AL, A, ... (m fois) les éléments engendrant sk linéairement. Ces généra-
teurs Ay (on omet les primes pour 'instant) peuvent étre choisis de sorte qu’ils satisfassent les
relations de Heisenberg

[Ai,Aj] = i5i+j,0 - C. (130)
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On appelle s la sous-algébre de Heisenberg principale de g. On note v € C \ {0} le nombre
complexe tel que A; = VA.

Par exemple, pour I'algebre affine g = s1(2, C) ® C[A, 17'] @ Cc I’élément cyclique principal
affine est

0 A
A—F)H—E—(1 O)'

Les exposants affines de g sont exactement les nombres impairs et ont tous multiplicité 1, i.e.
E = Z°4. Les générateurs de la sous-algébre de Heisenberg principale sont simplement les
Agiv1 = AP = NI A pouri € Z.

Les hiérarchies de Drinfeld-Sokolov. Nous avons a présent tout le matériel nécessaire
a la description des hiérarchies de Drinfeld-Sokolov. Premiérement, on note E* = E N Z.,
I’ensemble des exposants affines positifs de 9. On note alors t = {t; | i € E*}, avec t; = v™lx,
et 'on considere I’algébre suivante,

kiyeeuskm Lk km
secll {Z 2 Z A

m20 iy,...,im€EY ki, ..., km>1

ki,..onkm
& eg}

L’algébre ci-dessus (et ses sous-algébres) jouera le réle d’« espace de fonctions » de la théorie.
Le crochet de Lie est défini de fagon similaire & celui sur § ® C[A,A17'], i.e. on pose [£1;, nt;] =
[£,n]tit; puis on étend par multiplicativité. On considére a présent I'opérateur matricielle
d’ordre 1 suivant,

L =0, +A+0, Q e b[[t]],

oub = he, (typiquement, pour sl(n, C), la sous-algebre b consiste en les matrices trian-
gulaires inférieures de trace nulle). Nous appelons de telles opérateurs des connexions (bien
qu’il n’y ait pas de variété ni de fibré pour ainsi dire) et nous notons op, I'’ensemble de ces
connexions.?® On considére ensuite le groupe multiplicatif suivant :

N = {exp (ads) | Sen [[t]]}

et le faisons agir sur op, par

s £ = 3, + e (A + Q) — Vs, VS = Z (ads)F 0, (S).

1
“ (k+1)!

Les raisons pour définir cette action et le fait qu’elle est bien définie sont expliqués a la section
§4.3.1. Alors il n’est pas difficile de montrer, qu’en effet, pour tout .2 € op,, on a etds ¥ ¢
op,. Les hiérarchies de Drinfeld-Sokolov sont définies sur les classes d’ equlvalences de ces

261’équation (1.8) donne une exemple de ces connexions .Z avec g = sl(2, C), bien que nous ayons méme choisi
Q € 14 [[t]] puisque pour s1(2,C), on a ny = CE.
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connexions £ € op,, plutét que sur les connexions elles-mémes. A présent nous devons
étendre notre espace de fonctions de la facon suivante :

gi=g" @3, 0" =9> = P~ g =] ]

k>0 k<0

De la méme fagon, on définit naturellement g|[[t]] et ses sous-algébres. De telles définitions
sont implicites pou g, et g_.

Un résultat fondamental qui fut prouvé pour la premiére fois par Drinfeld et Sokolov [DS84]
(ici nous donnons une version un peu différente due a Wu [Wu17]) est 'existence d’une unique
fonction U € g~ [[t]] telle que la connexion .% := e~ % prenne la forme

L =0y +A+H, Hes [[t]], (1.31)

et telle que (e*dV &), = 0 pour tout & € sT, ol (-). désigne la composante le long de Cc dans
la décomposition (1.27) de g. Les composantes des fonctions U et H sont calculables récursive-
ment. Le point clé ici est que, grace aux relations de Heisenberg (1.30), I’algébre 5~ [[t]] est
abélienne ! On peut a présent formuler la paire de Lax matricielle des hiérarchies de Drinfeld-
Sokolov. Soit une connexion £ € op,, la hiérarchie de Drinfeld-Sokolov de type g (ou la
hiérarchie g-DS) consiste en le systéme d’équations suivant :

{ 0L

ot [V A+, Z]

i€ E*} ) (1.32)

Comme suggéré précédemment, si .Z est solution de la hiérarchie, alors il en est de méme pour
e?ds Z pour tout S € 1 [[t]]. Si la multiplicité de I'exposant i € E* est plus grande que 1, alors
on note t;,t/,t/,... les variables associées. C’est essentiellement de I’abélianité de s~ [[t]]
que résulte la commutativité des flots de la hiérarchie, et donc son intégrabilité. Le membre de
droite de ces équations sont des matrices dont les composantes sont des polynomes différentiels
en les composantes de la matrice Q. Finalement, on montre aisément que les composantes de
la fonction H sont des quantités conservées dans le sens ou, pour tout j € E*,

/aH_O
at;

Par exemple, pour la hiérarchie KdV (1.20) est équivalente au systéme (1.32), avec les donnée
suivantes :

0 —-u

L =0,+A+0, A:(0 A),Q:(O 0

0 /11'+1
10 ) '

), Agis1 = A'A = (Ai 0

1.3.2 Fonctions tau comme déterminants de Toeplitz

Ici nous expliquons la construction d’une fonction tau générique pour toute hiérarchie de
Drinfeld-Sokolov par C.-Z. Wu [Wu17]. Puis nous expliquons comment réaliser ces fonctions
tau comme la limite de déterminants de Toeplitz par Cafasso et Wu [CW15a, CW15b]. Finale-
ment, nous décrivons les résultats obtenus dans [CDY18] sur le calcul et les applications des
fonctions tau polynomiales a partir des travaux de Cafasso et Wu.
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Fonctions tau des hiérarchies de Drinfeld-Sokolov. Dans [Wu17], Wu définit une fonc-
tion tau générique pour n’importe quelle hiérarchie de Drinfeld-Sokolov. Tout d’abord nous
introduisons une fonction Q = ;cg+ QTIA_,- définie par 0,Q = —H, ou H € 5 [[t]] est
définie a I’équation (1.31). Ainsi le fonctions Q/ ne sont pas des polyndmes différentiels en
les composantes de Q, cependant les fonctions d;,Q/ le sont et satisfont la relation de ferme-
ture d,, QY = ﬁthi. Enposant H = }; g+ —i'hA_;, on obtient

it o
8tj B Ot; '

(1.33)

L’équation ci-dessus est appelée la condition de symétrie tau pour les densités conservées hi.
Par le lemme de Poincaré, il s’en suit que ’on peut définir une fonction 7 € C[[t]] telle que?’

dlogt

= . 1.34
axatj ( )

On appelle 7 la fonction tau. La fonction tau de Wu est générique dans le sens ou sa construction
marche pou toute algébre affine (les définitions précédentes étaient quelque peu au cas par cas).
Maintenant en considérant la série formelle © = eV e (nous montrons qu’elle est bien définie),
on peut réexprimer la fonction tau par la relation

dlogr
ot;

= (OA;07"), (1.35)

Fonctions tau comme déterminants de Toeplitz. Dans [CW15a, CW15b], Cafasso et Wu
montrérent comment exprimer la fonction tau 7 associée a la fonction © comme limite de
déterminants de Toeplitz. Tout d’abord, nous fixons une représentation fidéle de trace nulle®®

w:d— gl(n)

comme a 'appendice A. Les matrices de Teoplitz sont des matrices de taille « Zx¢ X Zso »
constantes le long des diagonales, i.e. de la forme

Yo Y-1 Y-2
Yi Yo Y-1

T(y) = (y1-y)ry20 = . )
Y2 N Yo .

ou les y; sont certains coefficients que, dans notre cas, nous choisissons dans gl(n) [[t]]. On
rassemble ces éléments dans une série formelle y = 3 ;7 yrA! € gl(n)[[A, A7, t]] (méme A que

7y équation (1.34) est équivalente au fait de poser J;; logr = —QJ. Nous insistons sur le fait que puisque les
fonctions ©/ ne sont pas des polyndmes différentiels, cela n’implique pas que les R/ soient des dérivées exactes de
polynomes différentiels. En particulier, 'équation (1.34) n’implique pas que f W =o.

28Par gl(n) on entend Mat(n, C) (matrices n X n complexes) équipée du crochet de Lie définie par le commutateur.
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précédemment). Bien entendu, ce n’est pas clair que le déterminant de T(y) peut étre défini et
c’est un aspect technique de cette approche. Pour ce faire, on considére le matrice de Toeplitz
tronquée Tn(y) = ()/I_]) avecl,J e {1,...,N}.

A la section 4.4 nous expliquons le résulta suivant de [CW15a, CW15b]. Considérons une
élément quelconque X € g_ et la fonction suivante que nous appelons la fonction Xi matricielle,

E(t; 1) = Z tiA; € st [t]].

jEE*
Alors (1) la fonction Jx(t) = eZtVeX est une série formelle bien définie de gl(n)[[A, A7, t]]%° ;

(2) la limite limy_,o det Ty (Jx (t)) est une série formelle bien définie de C [[t]] et (3) la fonction

K

(1.36)

x(t) = [ Jim det Ty (Jx (1))

est une fonction tau de la hiérarchie g-DS au sens de I’équation (1.34). Ici k est un nombre
associé a la représentation 7 : § — gl(n) par (Y, Z)y = k- tr(n(Y)n(Z)) pour tous Y, Z € g (avec
(=, =)o la forme bilinéaire standard sur §). Typiquement, pour les algébres de Lie de type A, et
Cp,onak =1 et pour les types B, et D, onak = 1/2.

Plus précisément, la fonction © de I’équation (1.34) a laquelle la fonction tau zx(t) est as-
sociée est celle telle que ®li—o = e*X. Il est facile de montrer que pour tout X € g_, il existe une
telle fonction © ; voir le lemme 4.4.2.

1.3.3 Fonctions tau polynomiales et applications

Nous expliquons a présent les résultats de [CDY18] sur les fonctions tau de Drinfeld-Sokolov
et applications ; voir chapitre 4, §4.5. On choisit un élément X € g_ et la fonction tau associée
7x(t) de équation (1.36). Notre premier résultat est une expansion en série entiére de x(t)
sur les partitions d’entiers (ou, de facon équivalente, sur les diagrammes de Young) ; on note Y
Pensemble des partitions d’entiers. Pour ce faire, il nous faut introduire la matrice de Laurent
L(y), qui est aussi constante le long des diagonales, mais de taille « Z X Z, » a savoir

Yo Y-1 Y-2
Ly) = (-t jez=| -y n ya

Y2 1 Yo

29Les problémes de convergences sont traités de facon purement algébrique via la topologie induite par la valu-
ation. C’est expliqué au début de la section 4.4
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On considére donc les matrices de Laurent r := L(e¥) et s(t) := L(eZ®") ainsi que les détermi-
nants suivants,3°

ry = det(ri_l‘i_1§j_l)i,je[l,[(y)] € C, su(t) == det(si_1§j_ﬂj_l)i,je[l,f(y)] e C[t], (1.37)

ou y € Y est n'importe quelle partition de longueur £(y). On appelle r,, les coordonnées de
Pliicker de e et on appelle s,(t) les polynomes de Schur généralisés de type (g, ). Dans le cas
ou § = sl(n, C) et 7 est la représentation fondamentale, les polynomes s, (t) coincident avec les
polyndémes de Schur classiques [Mac95], une fois que 'on a posé t; = 0 pour toutk = 0 mod n.
Nous avons le prouvé le théoréme suivant. C’est une application de la formule de Cauchy-Binet
et une généralisation des travaux fondateurs de Sato sur les fonctions tau de la hiérarchie KP
[Sat81].

Théoréme 1.3.1 ([CDY18]). Soit X € g_, la fonction tau de I’équation (1.36) admet U'expansion
suivante en terme de partitions d’entiers :

Tx(t)% = Z Su(t) -1y =1+ sgmg+ Sy + Swfm + Sphp + (1.38)
HEY

Voir théoréme 4.5.2 dans le document. A partir de 1’équation (1.38) on trouve un critére facile
pour la polynomialité de la fonction tau comme suit. Si la donnée initiale X € g_ est telle que
7(X) est une matrice nilpotente, alors les composantes de la matrice de Laurent r = L(eX)
s’annulent lorsque I'on s’éloigne suffisamment de la diagonale principale. Conséquemment,
pour une partition y suffisamment longue, les coordonnées de Pliicker r, de X finissent par
s’annuler. Cela prouve I’assertion suivante,

VX € g, n(X) est une matrice nilpotente =— Tx(t)% est polynomiale.

A la section §4.5.2 nous donnons plusieurs exemples de fonctions tau polynomiales pour les
hiérarchies de Drinfeld-Sokolov associées aux algébres de Lie simples de type Ay, A, B, et Dy.
Pour le cas A; - i.e. sl(2,C), i.e. la hiérarchie KdV - toutes les fonctions tau que nous avons
calculées étaient, a un changement de variable prés, les polynémes d’Adler-Moser que nous
avons discutés a la section 1.2.3 de cette introduction. Bien que ¢a n’ait pas été encore prouvé,
nous pensons que notre algorithme recouvre tous les polynémes d’Adler-Moser. Cela pourrait
étre prouvé en comparant les degrés des polyndmes. Pour les autres cas Ay, By, Dy, les fonctions
tau polynomiales deviennent rapidement non triviales.

Cela constituera une futur projet que d’étudier les propriétés de ces polynémes. Notam-
ment, en les voyant comme des polyndmes en x avec parameétres t* = {t; | i # 1}, I'on devrait
étudier comment les zéros de ces polyndmes évoluent par rapport a t*. Comme noté a la section
§1.1, dans le cas Ay, les zéros des polynoémes d’Adler-Moser évoluent en formant un systéme
de type Calogero—Moser [AMcKM77, Wil98]. C’est encore a comprendre pour les hiérarchies
de Drinfeld-Sokolov en général.

3011 est important de noter que, dans ’équation (1.37), les indices i, j représentent les vraies composantes com-
plexes des matrices de Laurent r et s(t). Is ne représentent pas les indices de block qui étaient noté avec des indices
capitaux I, J jusque la.
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Fonctions tau polynomiales et équations bilinéaire. Les fonctions polynomiales ont le
meérite d’étre des expressions finies et sont ainsi bien plus simples a manipuler dans les calculs
pratiques. Comme application, nous pouvons détecter les équations bilinéaires (i.e. similaires
a celles de I’équation (1.24)) que les fonctions tau de la hiérarchie doivent satisfaire. La forme
bilinéaire des hiérarchies de Drinfeld-Sokolov est connue explicitement pour toutes les hiérar-
chies de Gelfand-Dickey (i.e. pour sl(n, C)), voir équation (4.98). Cependant, a notre connais-
sance, de telles équations bilinéaires explicites pour toute hiérarchie de Drinfeld-Sokolov ne
sont pas données dans la littérature. Cependant, elles doivent étre déductibles des résultats de
la série de papier fondatrice « Transformation groups for soliton equations » [KM81]-[DJKMS83].

Nous avons donc injecté les fonctions tau polynomiales que nous avions calculées dans des
ansatz d’équations bilinéaires et avons requis que ces équations s’annulent. Pour des fonctions
tau polynomiales de degré suffisamment haut, cela détermina les coefficients des dites équa-
tions bilinéaires. Bien entendu, cela ne signifie pas que toutes les fonctions tau de la hiérarchie
doivent satisfaire ces équations. Cependant, nous pensons que cela donne de bonnes indica-
tions pour identifier ces équations.

Dans ce qui suit, HDSE?ngg ] désigne 'espace vectoriel des équations bilinéaires de degré
< g que les fonctions de la hiérarchie DS de type X,, (A, ou By, etc.) satisfont. Le degré des
dérivées de Hirota (introduites a I’équation (1.17)) est défini par deg D; = i ou D; = D;,. Nous
avons obtenu les propositions suivantes ; premieérement pour le cas B.

Proposition 1.3.2. On a les estimations de dimension suivantes,

[deg=4] _
B, =

dimc HDS 0, dimcHDSy®* <1, dimc HDSE®** < 2.

[deg<8]

De plus, les éléments de HDSB2

sont combinaisons linéaires des équations suivantes,

(D% - 5D3D3 — 5D% + 9D, Ds)(7, ) = 0,
(D® + 7D D5 — 35D D3 — 21D>Ds — 42D3Ds + 90D, Dy)(7, ) = 0.

Les équations ci-dessus peuvent étre trouvées dans [DKM81] comme étant les deux premiéres
équations bilinéaires non triviales de la hiérarchie BKP. Cette derniére contient toutes les
hiérarchies de type B, et D, (les types orthogonaux spéciaux). Dans la méme facon, la hiérar-
chie KP contient toutes les hiérarchies de type A,.

Nous avons une proposition similaire pour la hiérarchie de type D4. Notons que pour le cas
Dy, on a deux variables associées a I'exposant 3 : t5 et t3. C’est dii au fait que la sous-algébre
de Heisenberg s de type D4 posséde un sous-espace dimension 2 pour tout exposant dans 37Z.

Proposition 1.3.3. On a les estimations de dimension suivantes,

[deg=<6]

Dl <3,

dimc HDS}S#*) = 0, dimc HDS

De plus, les éléments de HDS

deg<6 L P . . .
Ejf | sont combinaisons linéaires des équations suivantes,

(2DDy + 4D3 Dy — 3D3%)(r,7) = 0,
(D¥D3 — DDy + DsDy — D2)(r,1) =0,
(D% + 9D,Ds — 10D3D3 + 5D’D3y — 5D3Dy)(z,7) = 0.
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1.4 Hiérarchie de type Dy et]’équivalence DR/DZ forte

Finalement, nous décrivons les résultats concernant la confirmation de 1’équivalence Double
Ramification / Dubrovin-Zhang forte (DR/DZ) ; un travail accepté pour publication [DR19].
C’est objet du chapitre 5. Tout d’abord, nous expliquons briévement le concept de théorie
cohomologique des champs (CohFT, pour cohomological field theory), 'exemple de la théorie
de Fan-Jarvis—Ruan-Witten (FJRW) et la construction de Dubrovin-Zhang.

1.4.1 Théories cohomologiques des champs et les hiérarchies
de Dubrovin-Zhang

Espaces de module des courbes stables. Essentiellement, I’espace de module des courbes
stables Mg,n est I'espace qui paramétrise les classes d’isomorphisme de courbes complexes C,
compactes, possiblement nodales, de genre g, avec la donnée de n points x1, . . ., x,, € C appelés
des marques. Les marques ne peuvent étre des nceuds et doivent étre distinctes. Cela permet
de dire que deux courbes marquées (C, (x1, . ..,x5)) et et (C’, (x], ..., x;,)) sont isomorphes s’il
existe un biholomorphisme ¢ : C — C’ tel que ¢(x;) = x;. On dit qu'une telle courbe est stable
si son groupe d’automorphisme est fini. L’hypothése de stabilité est nécessaire afin d’obtenir
un espace de module bien défini ; elle donne la condition suivante,

29-3+n3>0.

On définit alors 'espace de module des courbes stables de genre g avec n marques comme

I’espace quotient suivant,*!

Mgn = {(C, (x1, ..., xn))}/ ~

C’est une orbifold complexe compact, i.e. grossierement, un espace topologique qui est locale-
ment isomorphe a un espace affine Fuclidien quotienté par I’action d’un groupe fini. En tant
qu’orbifold, elle a la dimension complexe suivante,

dimcmg,n =3g-3+n.

Cette orbifold vient avec plusieurs applications et fibrés importants. Les détails peuvent étre
trouvés a la section §5.2.1 ; nous référons a [Zvo12]. Tout d’abord, le groupe symétrique S”
agit sur Mg, n €n permutant les points marqués. Puis on a trois applications naturelles :
o L’application d’oubli, 7 : Mg,nﬂ - Mg,n, qui oublie le dernier point marqué ;
¢ L’application de recollement séparante, o : mgl’nl+1 X Mgz’nz_H — MglJrgz,nlJrnz, qui
recolle deux courbes sur leur dernier point marqué ;
o L’application de recollement non séparante, 7 : mg’,ﬁg - Mg.}.l’n, qui recolle une
courbe sur elle-méme en identifiant ses deux derniers points marqués.

31La bar sur Mg, n vient du fait qu’il s’agit en réalité de la compactification de I'espace Mg, , qui paramétrise les
mémes courbes mais non nodales. Ce dernier n’est pas compact malheureusement.
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Soit un point x € Mq,n, i.e. la classe d’isomorphisme d’une courbe, disons C. Alors il peut étre
montré que 7~ !(x) € Mg,nﬂ est en réalité isomorphe a la courbe C elle-méme (avec I'action
de son groupe d’automorphisme). On peut alors définir des sections s; : My , — My 41 en
posant s;(x) = X; € 77 !(x), o ¥; est I'i-éme marque sur la courbe 7~ !(x).

Puis on les fibrés suivants. Les fibrés en droite L; — E n, pour i € {1,...,n}, sont con-
struits de telle facon que les fibres L;|, en un point x € M, , satisfont L; |x ~T. 7 ~1(x), ou
x; = si(x). Ces fibrés sont appelés les fibrés tautologiques. Le fibré H — M, , est défini de
sorte que H, ~ T*z7(x). Ce fibré est appelé le fibré de Hodge et est de rang g. On peut con-
sidérer les classes de Chern de ces fibrés :

Vi = ci(Li) € HA (M0, Q), 2j = ¢j(H) € HY (M0, Q).

Les classes ¢, ...,y sont appelées de classes psi et les classes Ay,...,A; sont appelées les
classes lambda.

Théories cohomologiques des champs. Les théories cohomologiques des champs (CohFT)
furent introduites par Kontsevich et Manin [KM94]. Une CohFT consiste en la donnée d’un
espace vectoriel complexe V, avec un vecteur spécial e, équipé d’une métrique = (n%F),
ainsi que d’applications

Co,n yen H*(mg,n,C)

qui satisfont les propriétés suivantes (on choisit une base (ej, ez, . . ., en) et utilisons la notation
d’Einstein) :
(i) cg,n est équivariante par rapport a la permutation simultanée des copies de V dans V®"
et celle des marques sur les courbes ;

(ii) 00,3(61,%,8/3) = U“ﬁ;

(iii) 7*cgn(€ars---»€a,) = Cgn+1(€ays- - -»€ay,n€1);

(iv) o"cgn(eas---»ea,) = Cgm+1(€1, ... en e )0 cg, nyri(ey,e1, ... en,);
V) tcgrrnleas- s ea,) = 1" cgni2(ep, ey, €q,5- - -5 €0q,).

In fine, on demande a ce que les classes ¢, , « se comportent naturellement » par rapport aux
applications 7, o et 7, considérant la métrique %/

Soit une CohFT {cy, | g.n > 0}, on définit les nombres d’intersection (ou corrélateurs)
associés a la CohFT par

(ta,(€ay) - - Ta, (€ay))g = / Con(€aps - €ay) Y- yYdn € C.

g.n

avec ¢; € {1,...,N} et d; > 0. Ces nombres s’annulent si le degré cohomologique de I'inté-
grande n’est pas égal a 3g — 3 + n. On définit alors le potentiel F de la CohFT comme la série
génératrice des nombres d’intersection, c’est-a-dire,

B = D 3 alen) mlea)) 51 (1.39)

n>0 ’ dl,...,anO
2g-2+n>0
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et F(t7;6) = Xgso €29F,(t}). Cela introduit des variables t} := {t:;j’ | i € {1,...,N}, d; > 0}
parfois appelées les variables topologiques.

Par exemple, la CohFT triviale a pour espace vectoriel V = C, métrique n = 1 et classes
cg,n = 1. Elle joue un rdle important car elle est reliée a la hiérarchie KdV [Wit91] comme nous
le verrons ci-dessous. Dans la méme veine, la CohFT de Hodge a les mémes caractéristiques,
sauf que les classes sont données par ¢y , = A(s) := 1+ Zle M/, Cette derniére est reliée a la
hiérarchie d’« onde longue intermédiaire » [Bur15a].

Un autre exemple important et la théorie de Gromov-Witten d’une variété projective lisse
X équipée d’une classe d’homologie f € H,(X,Z). Elle est construite a partir de 'espace de
module Mg, n(X, B) des courbes de genre g, avec n marques (C, (x;)), avec une application stable
f : C — X telle que f,[C] = B. Nous rappelons la construction a 'exemple 5.2.3. L’espace
vectoriel de la CohFT est donné par V = H*(X, C) et avec la métrique n(v, w) = f@(u) w, ou
& : H(X,C) — H.(X,C) est la dualité de Poincaré. Les classes sont définies par

Can(€aps s Cay) = PseV (g, ...\ €ay), (1.40)

oup: ﬂg,n(x, p) — Mg,n envoie (C, (x;), f) sur (C, (x;)) (oublie 'application f) et ou ev :
My n(X, f) = X" envoie (C, (x;), f) sur (f(x;)) (évalue I'application f). La définition formelle

est relativement complexe et implique la classe fondamentale virtuelle [M,, (X, §)]"" intro-
duite par Behrend et Fantechi [BF97].

Théorie de Fan—Jarvis—Ruan—Witten. Un dernier exemple important pour la suite est la
théorie FJRW d’une paire (W, G). Ici W € Clz, ..., zp] est un polynéme quasi-homogeéne avec

poids qi, . .., qn possédant une singularité isolée a 'origine. Et G est un groupe de matrices
diagonales y = (y1,...,ym) qui laissent le polynéme W invariant, et qui contient I’élément
J = (470, . elmim),

L’espace vectoriel est défini par V = @)/EG(QWY ® dz,)°, ot Wy = Wlkix(y) et Qw, et
son anneau Jacobien et ou dz¥ = A\, cpix(y) dzi. On donne une bréve revue de la théorie FJRW
associée et de la CohFT associée a la section §5.2.1, voir [FJR11, FJR13]. Puisque les polyndmes
quasi-homogénes possédant une singularité isolée sont classifiées par les diagrammes de Dynkin
de type ADE, on a une correspondance entre les théories FJRW et les algébres de Lie semisim-
ples du type correspondant.

Les hiérarchies de Dubrovin-Zhang. Les hiérarchies de Dubrovin-Zhang (DZ) sont des
hiérarchies d’EDP du méme type que celui des hiérarchies de Drinfeld-Sokolov décrites a la
section §1.3.1. Elles sont définie pour tout CohFT semisimple. Cette derniere condition signifie
que le potentiel F de la CohFT de I’équation (1.39) doit étre tel que I’algébre complexe N-
dimensionnelle définie par les constantes de structure

0°F,

oth o1 otP

oy =1

* —
t5.4=0
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est semisimple. On note

O0*F [29]
Qup.palts;e) = = Qi %9,
P Bog\lss .
“ 7 atgatg % @pifq

Puis 'on définit des densités Hamiltoniennes et une structure de Poisson locale par

DZ(O) [0] * % ap —
(@)=Y (0= 00,0,...), K = e,

Ces densités Hamiltoniennes commutent vis-a-vis du crochet ci-dessus [DZ03]. Cela forme la
hiérarchie DZ en genre 0, ou la hiérarchie principale de la CohFT. Pour construire la hiérarchie
en genre supérieur, on utilise la solution topologique ; c’est la solution v* de la hiérarchie DZ
déterminée par la donnée initiale

v (x, tF = 0) = 0% x.
Alors il existe des fonctions rationnelles P} telles que [Get02, BPS12]
Fylty, t] b5, .. .) = Fg(Py (vg, . . .,v;kg_z), ... ,P;g_z(vg, e, 03*9_2), 0,0,...) |x=0-
Considérons a présent le changement de coordonnées

Bng(vg, .. .,v;(g_z)

ay — & .= @ 29 . 1.41
p(v%) =w v +;€ 9150 (1.41)

La hiérarchie DZ en genre supérieur est alors obtenue en appliquant la transformation inverse
¢! ala hiérarchie en genre 0. C’est-a-dire,

hEZ(wl) = o o o™ (wh), Kl (w9 = (071 Kon0)* P (w)),

ot (¢71)*Kpy, (o) est'opérateur différentiel transformé ; la transformation est donnée a ’équation
(5.18). Ces données forment un systéme Hamiltonien au sens de I’équation (1.14), i.e.

5hDZ

8w“ a,
= {w” ha,,}m—Zst — (1.42)

o
ats

Les Hamiltoniens hy?”, appartiennent a I'anneau

A = C[[ua,g]] [ullj>0]

des polynomes différentiels étendus. De facon similaire, on note F=aA /Im(d,). On définit

une gradation sur cet anneau en posant degu;’ = k et dege = —1 de sorte que ¢ compte le

nombre de dérivées dans une mondme de degré total 0. Le parametre ¢ est souvent appelé le

parameétre de dispersion et joue un role important dans ce qui suit. Il découle immédiatement

de la définition que les Hamiltoniens h;?, sont tau symétriques dans le sens de [DZ08], i.e.
Ohyl ~ ah;Zq )

ol oty
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L’équation ci-dessus est a comparer avec I’équation (1.33).

Par construction, le potentiel de la CohFT est une fonction tau de la hiérarchie DZ asso-
ciée a la solution topologique. Il a été prouvé depuis que la hiérarchie DZ construite a partir
de la théorie FJRW d’une singularité simple de type ADE coincide (4 certaines considérations
pres) avec la hiérarchie de Drinfeld—Sokolov associée a I’algébre de Lie simple correspondante
[GMO05, FGM10]. Voir [LRZ15] pour un clair exposé sur le sujet. Cette correspondance®? en-
tre CohFT et hiérarchies intégrables nous I’appellerons correspondance de Witten—Kontsevich
généralisée.

Le premier exemple de telle correspondance (avant méme la définition des CohFT et des
hiérarchies DZ) est le célébre théoréme de Witten—Kontsevich [Wit91, Kon92] qui stipule que
le potentiel de la CohFT triviale est la fonction tau topologique de la hiérarchie KdV (1.20) (qui
coincide avec la hiérarchie DZ associée a la CohFT triviale). Plus précisément, considérons le
potentiel Fyx(t,) de la CohFT triviale :

Fult) =Y S %d 3 td"'td"/AAg,n‘bfl”"’bg"'

20  n=0 seenndn 20
g 2g-2+n>0 ! "

Puis effectuons les substitutions Fyx = —% log(zwk) puis t; — (21 + 1)!ty41 o0 (20 + D! =
1-3-5---(2i +1). Alors la fonction qui en résulte ryx est un fonction tau de la hiérarchie KdV
au sens ol v = —202 log(twx) est solution de (1.20) (dans la substitution, ty + t; et on pose
t1 = x).3 De plus, v satisfait v(x, t;j»1 = 0) = x.

1.4.2 Les hiérarchies de double ramifications

On explique a présent la construction des hiérarchies de double ramification (DR) introduites
par Buryak [Burl5a]. Comme mentionné précédemment, il est conjecturé que ces derniéres
sont équivalentes aux hiérarchies DZ. Mais elles sont, dans une certaine mesure, plus facile a
construire et satisfont de fortes relations de récurrence jusque lors inconnues. De plus, elles
sont définie pour toute CohFT, pas seulement celle semisimples. Dans le cas de la théorie FJRW
d’une singularité simple de type ADE, la conjecture DR/DZ forte stipule que les hiérarchies DR,
DZ et DS coincident. Ce fait a été vérifié pour les hiérarchies de type A; a As (et d’autre, voir
ci-dessous) et nous I’avons confirmé dans le cas D4 dans une prépublication a paraitre décrite
au chapitre 5.

Structure Hamiltonienne. Tout d’abord, la structure de Poisson locale est simplement don-
née par I'opérateur n%#d,., ot n*# est la métrique de la CohFT, c’est-a-dire que pour deux fonc-

3211 s’agit bien d’une correspondance « CohFT / Hiérarchie int. » dans le sens ot le potentiel de la CohFT semisim-
ple est une fonction tau de la hiérarchie DZ, mais permet aussi de construire la structure de Poisson locale ainsi
que toutes les densités Hamiltoniennes. En retour, la fonction tau topologique, vue comme le potentiel, contient
par construction toute les classes de cohomologie et donc, toute I'information de la CohFT.

33Pour des raisons apparentes dans cet exemple, on appelle souvent F la fonction tau.
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tionnelles locales f,g € 7

G- [ 3 Lyrall

a, f=1
Pour les densités Hamiltoniennes, on introduit les cycles de double ramification. Soient des
entiers ay, . .., a, tels que ), a; = 0 et soit un entier g > 0. Le cycle de double ramification
DRy(ay, .. .,ay) est, heuristiquement, le Poincaré dual de la classe d’homologie du locus des

courbes complexes marquées (C, (x;)) telles que )’ a;x; soit le diviseur des zéros et pdles de
quelque fonction méromorphe. On considére x; comme étant un pdle si a; > 0 et un zéro
sinon. Une définition plus précise est donnée a la section §5.2.2.

Puis 'on définit les nombres d’intersection suivants : soient & € {1,...,N} etg,d > 0,
Pi;ia = / Agwldcg,n+1(eav €areves ean)’
= DRy(- 2 ai,a)
oua = (ar,...,ap) C {1,...,N}eta = (ai,...,a,) C Z. La classe A4 est la classe de

Chern c4(H) de plus haut degré du fibré de Hodge. Il peut étre montré que ces nombres sont
polynomiaux en les a; et homogénes de degré 2¢g de sorte que 'on peut les écrire comme

g:a 59b b b
Pada= E Padaa1---an"€C29[a1,...,an],
bi,....bp >0
2 bj=2g

On peut a présent définir les densités Hamiltoniennes :

—— - “'g,k aj
Jod = E Y § Praal |4y,- (1.43)
9, n20 ©obienbp20 Jj=1
2g—2+n>0 2 bj=2g

Comme précédemment, la donnée de la structure de Poisson locale n%# ;. et des densités Hamil-
toniennes g, 4 forment un systéme Hamiltonien au sens de 'équation (1.42). Les densités g, 4
satisfont la relation de récurrence suivante : tout d’abord, on pose gq, -1 := 1g,u*, olt 14, est
la matrice inverse de n®#, puis ’on a [BR16b]

N

_ aga,p k 691,1
Ox(D - 1)ga,p+1 = {ga,p,gl,l} = Z Z a—ﬂnﬁyaxﬂm’
By=1k=0 OUp

ouD = &0, + Xg5ouldya. Il peut étre aisément montré que cela permet effectivement de
calculer les densités récursivement a partir de la seule donnée g, ;. Nous insistons sur le fait
que cette récurrence précisément est nouvelle vis-a-vis de la théorie des hiérarchies intégrables.

D’autre part, ces densités Hamiltoniennes ne sont pas tau symétriques. Pour obtenir des
densités tau symétriques, il suffit de considérer les polynomes différentiels

0Ga.p
ha,p = Sul

Par rapport 4 la structure de Poisson 7%/, ces polynomes sont des densités Hamiltoniennes
tau symétriques.
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La conjecture d’équivalence DR/DZ forte. Afin d’énoncer la conjecture, il nous faut définir
la notion de transformation de Miura qui joue le r6le de « changement de coordonnées » dans

—~

ce contexte. Une transformation de Miura est toute application inversible ¢ : A - A,
0% = p(u®) € Al telle que

det [ai

# 0.
ouP

6‘20:| a,fe[1,N]

On choisit a présent des coordonnées particuliéres pour la hiérarchie que nous appelons nor-
males suivant [DZ08]. A la donnée d’une structure tau hq, p» elles sont définies par

TRE Uaﬁha,—l-
L’application ¢ : u® +— 4 est une transformation de Miura. On note
hap = hap 9, K2l = o"(1*P0y) (1.44)

les densités Hamiltoniennes et la structure de Poisson écrits dans les coordonnées normales.
On peut a présent énoncer la conjecture d’équivalence DR/DZ forte. Plus de détails sont donnés
ala conjecture 5.2.23.

Conjecture 1.4.1 (Equivalence DR/DZ forte [BDGR18]). Pour toute CohFT semisimple il existe
un unique polynomes différentiel f € A2 tel que les hiérarchies DR et DZ coincident aprés la
transformation de Miura définie par

ﬂa = Wa + U“ﬁax{f, E;’Zo}nz,

En particulier, pour les CohFT définies par la théorie FJRW d’une singularité simple de type
ADE, la conjecture stipule que les hiérarchie DR, DZ et DS coincident. L’équivalence DR/DZ
forte a été confirmée dans un certaine nombre de cas [Burl5a, BG16, BDGR18] : la CohFT
triviale ; la CohFT de Hodge totale ; les hiérarchies de type As, A4, As ; la théorie de Gromov-
Witten de P! ; jusqu’a I'ordre 5 pour toutes les CohFT de rang 1 ; jusqu’a I'ordre 2 pour toutes
les CohFT semisimple.

1.4.3 Hiérarchie de type D, et ’équivalence DR/DZ forte

Finalement, on explique comment nous avons confirmé I’équivalence DR/DZ forte dans le cas
de la hiérarchie de type D4. Cela revient a prouver que les hiérarchies DR et DS de type D,
coincident. Pour ce faire, nous avons utilisé le théoréme suivant de Buryak et Guéré [BG16] :
soit une CohFT semisimple, et supposons qu’il existe une transformation de Miura ¢ : u* —

u*(u;; e), telle que
aaa * - —DZ
=07 0 (1 0x) = Ky gioe=h;, (1.45)

ot ¢*(n*P ) est donnée par (5.18). Alors la hiérarchie DR, sous la transformation ¢, coincide
avec la hiérarchie DZ. En calculant la hiérarchie DR associée a la théorie FJRW de type Dy,
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on trouve que la transformation de Miura depuis les coordonnées u® vers les coordonnées
normales #* est donnée par

' =ul + (—%(uf)z - 31—6u3ug)£2 - %uie‘l

aZ — u2

P (1.46)
a4 — u4

C’est en accord avec la premiére condition de ’équation (1.45). Les densités Hamiltoniennes
Ja.0 €t 91,1 dont données a la section §5.2.4.

Il reste donc a expliquer comment nous avons calculer la hiérarchie de Drinfeld-Sokolov
de type D4. Pour ce faire, nous avons utilisé la paire de Lax scalaire et la structure Hamil-
tonienne trouvée par Liu, Wu et Zhang [LWZ10]. En effet, les hiérarchies DS sont construites
génériquement comme des hiérarchies de paires de Lax matricielles. Mais précisément pour le
cas des hiérarchies de type D,, Drinfeld et Sokolov ne donnérent pas une paire de Lax scalaire
pour toutes les équations de la hiérarchie. Afin d’énoncer le probléme, il nous faut discuter
I’algebre affine de type Dil).

La paire de Lax matricielle de la hiérarchie DS de type Ds. Ce que nous discutons ici se
généralise aux algebres affines de type DE,D. Rappelons que I’algebre affine g de type Dil) est
Palgébre affine associée a 'algébre simple Dy, cette derniére étant isomorphe a I'algébre o(8)

(matrices complexes 8 X 8 antisymétriques — non hermitiennes). Le. Dfll) est isomorphe a

g =0(8)®C[A,17'] @ Cc.

Cette algébre affine a pour ensembles d’exposants positifs E* = Z‘;%d v (BZ‘;%d)’ = {1,3,3,
5,7,9,9’,...}, ce qui veut dire que tout exposant de la forme 3k avec k impair, a multiplicité
2. On note A (resp. I't), avec k impair, le générateur de la sous-algebre de Heisenberg associé
a 'exposant 3k (resp. (3k)’). De facon similaire, on note t; (resp. ix) la variable associée a Ay
(resp. Tx). Les Ay et T sont donnés aux équations (5.54) et (5.55). Cela donne les équations de

Lax matricielles suivantes [DS84]

0.7

i [V A4, 2], (1.47)
0L
9 [V Ty)., 2], (1.48)

pour k € Z°4 ot ¥ = 0, + A+ Q, avec Q € b [[t]] et ol A est I'élément cyclique principal

>0
donné a I’équation (1.29).

La paire de Lax scalaire la structure Hamiltonienne. Dans [DS84], Drinfeld et Sokolov
décrivirent la structure Hamiltonienne par rapport aux variables t;, mais pas # (il fallait une
nouvelle algébre d’opérateurs). La structure de Poisson locale, 4 la facon de I’équation (1.22),
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est définie comme suit [DS84]. Premierement, I’opérateur de Lax scalaire est donné par

w

L=8+07 ) (s#ai”‘l + a,";”‘ls#) + 07 0o, =R (149)

b X
p=1

Puis en notant L’ = d, o L, la premiére structure de Poisson est donnée par
{(f.gh = / res X [(0xYeL')- — (L'Y40y)- — (8xY_L')4 + (L'Y_0y)] dx, (1.50)

pour tout 7,5 e FAouX = g{,, Y = % sont donnés a I’équation (5.66). Cela permet de
définir la paire de Lax scalaire ainsi que la structure Hamiltonienne* de I’équation (1.47) par

[DS84]

0s®

L 6
= [(Lk/6)+9L:| ’ — 6t { Hk+6}1 ’ Hk = E /reSLk/é.

Cette dernieére est relativement similaire a celle de la hiérarchie KdV (1.20), (1.14). Pour les flots
par rapport aux variables f, il n’est pas possible d’utiliser la racine 6-iéme L'/6.

Ce que firent Liu, Wu et Zhang [LWZ10] c’est qu’ils construisirent une nouvelle algebre D
qui intersecte D (équation (1.19)) mais qui ne la contient pas. Essentiellement, ils utiliserent la
topologie sur A induite par la gradation A = Picz Ay définie par deg s = k, pour définir
une structure d’anneau (avec le méme produit que (1.7)) sur I'espace

-{3 3 s

i>m j>m-i

meZ, a"’ Eﬂj}.

L’algeébre qui en résulte D, dont nous appelons les éléments des opérateurs pseudo-différentiels
du second type, contient des séries avec une infinité de termes de degrés positifs et négatifs.

Le résultat est qu’il existe un unique opérateur L/? € D tel que (LY/?)? = L satisfaisant
certaines contraintes (avec L donné al’équation (1.49)). Cela permet de définir la représentation
de Lax scalaire de ’équation (1.48) [LWZ10] par

oL
(9tk

0s%
Oty

[(Lk/2)+,L] =

N A 2
= {s*. Hisa},, Hi= E‘/rest/Z.

Calculs explicites de la structure Hamiltonienne et comparaison avec la hiérarchie
DR. Finalement, nous donnons les calculs explicites effectués a la section §5.3.2 sur la hiérar-
chie DS de type D, et I'équivalence entre la hiérarchie DS et DR confirmant ainsi la conjecture

forte dans le cas D4. Pour ce faire, nous devons substituer les variables t; et #x, avec k € Z‘;%d,

34Notons qu’ici, F = A/Im(By) ou A = Cllsg's s]][sZ’>0].
35Notons qu’ici on ne s’intéresse qu’a 'une des deux structures Hamiltoniennes. C’est parce que ce que nous
voulons c’est comparer les structures Hamiltoniennes de deux hiérarchies a priori différentes. La structure bi-

Hamiltonienne a de nombreux intéréts, mais nous n’en avons pas besoin ici.
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par les variables topologiques t, ,, avec a € {1,...,4} et p > 0. De facon similaire, nous de-
vons définir des densités Hamiltoniennes tau symétriques h,, , au sens de I’équation (1.33). On
a,pour u € {1,2,3} etp > 0,

tup = Lup - topraa—1s hup-1 =T, - Tes Lopazvle,

t -1 2p+1)/2
tap = Tap - tops1s hap-1 = Ij ) -res L&P*DI2,

Les facteurs Iy, , sont donnés a I’équation (5.68). Il reste a substituer les fonctions s par les
coordonnées normales #% = %/ hg _; de la hiérarchie DS de type D, (on note volontairement
ces coordonnées comme celles de la hiérarchie DR). On note hy’,, les densités Hamiltoniennes
tau symétriques écrites dans les coordonnées normales #*. De facon similaire, dans les coor-
données normales, la premiére structure de Poisson (1.50) prend la forme suivante

(L0 + 1202 + 1i03) 2 + 2% 0 60y 0

157x
apy _ 0 60, 0 0
(Kps') = 60, 0 0 0|
0 0 0 20,

ou (K]‘j‘f ) est Popérateur différentiel matriciel tel que {?, gh = / %K,‘j‘f ;Tgﬁ'

compte du théoréme de Buryak et Guéré (voir le début de la section §1.4.3), on a a présent
tout le matériel nécessaire pour énoncer le théoréme principal de cette section. Sa preuve (i.e.
les calculs) est donnée a la section §5.3.2.

En tenant

Théoréme 1.4.2 (Equivalence DR/DZ forte pour le cas D4 [DR19]). L’équivalence DR/DZ forte
est vérifiée pour la hiérarchie de type Dy via la transformation de Miura (1.46). Plus précisément,
dans les coordonnées normales %,

(i) Les structures de Poisson locales sont les mémes : Kgf = Kgsﬂ;

(i) Les densités Hamiltoniennes hY"| et hY" différent d’une dérivée totale, i.e. Ellml = ﬁisl.
De plus, les densités Hamiltoniennes au niveau 0 coincident hy"y = hy’o pour a € {1, ..., 4}.



Chapter 2

Introduction
in English

2.1 Historical overview of the theory
and of our results

Apart from a few equations, section 2.1 is rather historical and shall be readable by non spe-
cialists.

The present thesis deals with the computation and applications of tau functions of the
Drinfeld-Sokolov hierarchies of equations. The Drinfeld-Sokolov hierarchies are infinite se-
quences of partial differential equations which flows commute pairwise. For that reason they
form an infinite-dimensional integrable system. They were introduced in 1984 by V. G. Drinfeld
and V. V. Sokolov in their seminal article [DS84]. In the latter, they showed how to associate
these hierarchies to any affine Kac-Moody algebra g [Kac68, M0o068] g. The latter we realize
as the central extension of the loop algebra of a semisimple Lie algebra g, i.e'

g=g®C[A A @ Ce, (2.1)

with the appropriate Lie bracket making c into a central element; see (2.28).

Let us give a simple picture of these systems of equations. A solution of a Drinfeld—Sokolov
hierarchy is made of functions u!, ..., u" which depend on infinitely many variables {t; | i >
1} with x = t;; the system of equations of the hierarchy then has the form

{ug:A‘iX(ul,...,uN)!ae{l,...,N},iZl}, (2.2)

BB

where uf = 0;,u” and where A{ is polynomial in the uP’s and their derivatives w.r.t. x: u, uk,.,

!Notice that the affine Kac-Moody algebra associated to the finite-dimensional semisimple Lie algebra § is
actually a co-central extension of the algebra g in (2.1) (see [Kac90] §7). However, the Drinfeld-Sokolov hierarchies
do not involve the co-central extension; calling g an affine algebra is somehow customary.
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etc. For example, the celebrated Korteweg—de Vries equation [Bou77, KdV95] is of this form:

1 3
Up = 7 lxx + S ltx. (2.3)
The Drinfeld—Sokolov hierarchies are sequences of equations that share many features with the
Korteweg—de Vries equation and, as we will see, Equation (2.3) plays a pivotal role in the theory.
We shall emphasize that although we study partial differential equations, we are only looking
for algebraic solutions of these equations: polynomials, power series or rational functions.

In the next sections of this introduction, we will develop the main concepts that this thesis
is based on and explain our results: [Duc17, CDY18, DR19]. But before that, let us give a brief
history of Drinfeld-Sokolov hierarchies and tau functions and how our works fit into this dense
area of mathematical physics.

First of all, in the case where g is the affine algebra associated to the simple Lie algebra
sl(n, C) (n X n complex traceless matrices), the Drinfeld-Sokolov hierarchy coincides with the
n-th Gelfand-Dickey hierarchy [GD76], the latter being much simpler! The n-th Gelfand-
Dickey hierarchy admits the following representation: first consider the differential operator
L=0"+u"?%9"?%+. .. +uld, +u’ where the u’’s are smooth functions of parameters {t; | i >
1, i # 0 mod n} with t; = x. Then the n-th Gelfand-Dickey hierarchy consists of the family
of equations?

{g—f = |@/m.1]

i>1,i#0 mod n}, (2.4)

where L/" is the n-th root of L with respect to the composition of differential operators.> In
particular, for sl(2, C) (specializing n = 2 in (2.4)) it comes down to the Korteweg—de Vries
hierarchy [Lax68, Miu68, GKM68] (whose flow along ¢; reads the Korteweg—de Vries equation
(2.3)). Equations (2.4) are called scalar Lax pairs. For the most part, the Drinfeld-Sokolov
hierarchies admit a scalar Lax pair along with a bi-Hamiltonian representation [DS84] making
them integrable in many ways. However, in the general case, they are generically constructed
as hierarchies of matrix Lax equations (or zero-curvature equations) which we introduce in the
next section. Let us note that the commutation of the flows of the Drinfeld—Sokolov hierarchies
essentially results from the existence of infinite-dimensional abelian subalgebras of the affine
Kac-Moody algebra g.

The development of the notion of tau function. The notion of tau function on the other
hand emerged in the early 1980’s with the works of the Kyoto school led by Sato along with
Date, Jimbo, Kashiwara, Miwa [JMS78, KM81, DKM81, DJKM81a] to cite a few. Originally, the
tau function is defined for the Kadomtsev—Petviashvili hierarchy [Sat81] which contains all the
Gelfand-Dickey hierarchies.? A solution of the Kadomtsev—Petviashvili hierarchy is the data

2The fact that we only consider flows w.r.t. variables t; with i # 0 mod n simply comes from the fact that for
i = jn, the flow is null since then (L/"/™"), = L/ commutes with L.

3The definition of the n-th root necessitates the introduction of pseudo-differential operators; see §2.2.2.

4The Kadomtsev-Petviashvili hierarchy contains all the Gelfand-Dickey hierarchies in the sense that any so-
lution of any of the Gelfand-Dickey hierarchies is also a solution of the Kadomtsev—Petviashvili hierarchy (the
converse being wrong).
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of infinitely many functions; the tau function is one single function that contains all the infor-
mation of a solution. Moreover, the tau function satisfies partial differential equations that are
different in nature to that of the hierarchy itself. Namely, the equations on the tau function are
bilinear and deeply connected to Pliicker relations. The Kadomtsev-Petviashvili (KP) hierarchy
and its tau functions were soon generalized to the so-called BKP and CKP hierarchies which
are connected to Lie algebras of orthogonal (B,,, D,) and symplectic (C,,) type [DJKM81b]. For
exceptional Lie algebras, KP-like hierarchies were defined by Kac and Wakimoto [KW89]. We
shall retain that a tau function is equivalent to a solution of the hierarchy, yet that the two give
very different approaches to constructing or solving the hierarchy.’

In the meantime, Edward Witten proposed his famous 1991 conjecture connecting a cer-
tain tau function of the Korteweg—de Vries hierarchy to the generating series of the intersection
numbers on the moduli spaces of stable curves Mg,n [Wit91]. Witten’s conjecture, proven by
Maxim Kontsevich [Kon92] the year after, initiated a brand new way of understanding inte-
grable hierarchies which we discuss below.

Subsequently to the works of Drinfeld-Sokolov on the one hand and of the Kyoto school
and Kac-Wakimoto on the other, several ways of defining tau functions were designed for
Drinfeld-Sokolov hierarchies. One of them, initiated by Kac [Kac90] and Hollowood and Mi-
ramontes [HM93, Mir99], makes use of highest weight representations of affine Kac-Moody
algebras, in this approach, it connects to the bilinear equations. A different approach is to con-
struct a specific family of Hamiltonian densities called tau symmetric and which, essentially
via Poincaré lemma, give a natural definition of the tau function [DZ08].°

In the present thesis, we are interested in two classes of tau functions: the polynomial
tau functions and the topological tau function. Polynomial tau functions of a given Drinfeld-
Sokolov hierarchy form a vast class of tau functions yet the simplest ones. For the specific
case of the Korteweg—de Vries hierarchy, they are known to be classified by the Adler—Moser
polynomials [AM78]. The zeros of these polynomials evolve through an integrable system
called of Calogero—Moser type [AMcKM?77]; generalized to certain solutions of the Kadomtsev-
Petviashvili hierarchy by Wilson in [Wil98]. Hence polynomial tau functions of the Drinfeld-
Sokolov hierarchies are expected to present analogous features yet to be discovered. On the
other hand, the topological tau function of a given Drinfeld-Sokolov hierarchy is the main
object upon which bridges from integrable hierarchies and geometry are built. We will get to
it below; let us first discuss polynomial tau functions.

Polynomial tau functions of the Drinfeld-Sokolov hierarchies (treated in Chaper 4).
In 2012 Chao-Zhong Wu, inspired by [HM93], proposed a universal construction of tau sym-
metric Hamiltonian densities for any of the Drinfeld—Sokolov hierarchies associated to an affine
Kac-Moody algebra g [Wu17].” This gives a generic tau function for the Drinfeld—Sokolov hi-
erarchies. In [CW15a, CW15b], Cafasso and Wu expressed Wu’s tau function as the limit of
Toeplitz deteminants through a certain faithful traceless representation of the underlying sem-

5Tt should be noted that the same Kyoto school invented, around the same time, the theory of tau functions for
Painlevé equations and isomonodromic problems [Miw81, JMW81]. But this not the theory we discuss here.

6To clarify the chronology: this article was originally submitted to the arXiv on August 23 2001.

7To clarify the chronology: this article was originally submitted to the arXiv on March 26 2012.
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simple Lie algebra [DS84] (see also Appendix A). This generalized part of the early work of
Cafasso [Caf08] on the Gelfand-Dickey hierarchies.

Cafasso—Wu construction associates a tau function to any element X € g_ of the affine
algebra g that has only negative powers of the loop parameter. In [CDY18], using the results of
Cafasso and Wu, we showed how to expand Wu’s tau function as a sum over all partitions of
integers (Theorem 4.5.2); the summands involve polynomials that generalize Schur polynomi-
als [Sch01] (also [Mac95]). As a consequence, we obtained an easy criterion for polynomiality
of the tau function: if X € g_ is such that its matrix representation is nilpotent (w.r.t. to the
usual matrix power), then the associated tau function is polynomial.®* We gave several non triv-
ial examples of polynomial tau functions and described applications to the bilinear equations
of the Drinfeld-Sokolov hierarchies. This is the object of Chapter 4. It will constitute a future
project to study the properties of these generalized Schur polynomials and of these polynomial
tau functions.

Polynomial tau functions of the Korteweg—de Vries hierarchy (treated in Chaper 3).
While working on polynomial tau functions of the Drinfeld—Sokolov hierarchies, we became
interested in the specific case of the Korteweg—de Vries hierarchy. The latter, as we described,
is a special case of the Drinfeld-Sokolov hierarchies for the affine Lie algebra associated to
the simple Lie algebra sl(2,C). Moreover, every solution of the Korteweg—de Vries hierar-
chy is also a solution of the Kadomtsev—Petviashvili hierarchy; the reduction being to set all
evenly indexed variables f,; to zero. As we have said, the polynomial tau functions of the
Korteweg—de Vries hierarchy have been much studied and classified by Adler, McKean and
Moser [AMcKM77, AM78]. Moreover, as it was first understood by Sato [Sat81] (see also
[Hir04]), each polynomial tau function of the Korteweg-de Vries hierarchy can be written
in terms of Schur polynomials.

The main result of [AM78] is that there exists a change of the variables #; which trans-
forms the polynomial tau functions of the Korteweg—de Vries hierarchy into a sequence of
polynomials which satisfies a much simple differential recursion, the so-called Adler—-Moser
polynomials. In [Duc17] we were able to exhibit this change of variables (Theorem 3.5.4); the
proof uses essentially the Kadomtsev—-Petviashvili theory. This is the object of Chapter 3.

Recently, Kac and van de Leur made significant progress in the field [KvdL18] by showing
that all the polynomial tau functions of the Kadomtsev—Petviashvili hierarchy (thus including
the Gelfand-Dickey hierarchies) can be expressed surprisingly simply as a Schur polynomial
modulo a certain change of variables.” They also worked out the polynomial tau functions of
the modified Kadomtsev—Petviashvili hierarchy, but we will not discuss it here.

Witten’s conjecture and the topological tau function. We now come back to Witten’s
conjecture and its consequences. Witten’s conjecture states that the generating series of the

8In certain cases, it can actually be that some integer power 7% of the tau function 7 is polynomial (in the
cases we computed, a = 1 or 2). But interestingly enough, in all cases we computed, the tau function itself was
polynomial; i.e. when a = 2, 7 was a perfect square. We have not proven this fact and only observed it on examples.

This result differs from the original work of Saot [Sat81] for Kac and van de Leur they did not have to consider
linear combinations of Schur polynomials.
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intersection numbers on the moduli spaces of stable curves Mg,n is actually a tau function of
the Korteweg—de Vries hierarchy [Wit91]. The conjecture was proven by Maxim Kontsevich
[Kon92] and this tau function is now called the Witten-Kontsevich tau function. Since then,
tau functions became an essential object that connects complex geometry, algebraic geome-
try and integrable systems in an active area of mathematical physics sometimes referred to
as integrable mirror symmetry. Soon after, Witten’s conjecture was generalized to connect tau
functions of Gelfand-Dickey hierarchies and Witten’s r-spin classes [Wit93]. In 2003 Dubrovin
and Zhang showed that the generating function of the Gromov-Witten invariants of the com-
plex projective line P! is a tau function of the extended Toda hierarchy [DZ03] (which is not a
Drinfeld-Sokolov hierarchy).

Cohomological field theories (CohFT), introduced by Kontsevich and Manin in [KM94], are
cohomology classes on the moduli spaces of stable curves that are defined in view of unifying
Witten’s r-spin classes as well as Gromov-Witten theories. In the early 2010’s, Fan, Jarvis and
Ruan defined the so-called Fan-Jarvis—Ruan-Witten CohFTs in view of generalizing Witten’s
r-spin classes to arbitrary simple complex singularities [FJR11, FJR13].

On the other hand, in [DZ08], Dubrovin and Zhang showed how to associate to any semisim-
ple!® CohFT an integrable hierarchy that was shown to coincide, in some cases,'! with the
Drinfeld-Sokolov hierarchies [GM05, FGM10]. In Dubrovin-Zhang construction, the hierar-
chy is designed such that the generating series of the semisimple CohFT it is based on is a
tau function. This special tau function we call the topological tau function; for example, the
Witten-Kontsevich tau function is the topological tau function of the Korteweg—de Vries hi-
erarchy. Since then, integrable mirror symmetry became a matter of building bonds between
CohFTs and integrable hierarchies. Although some examples work very well,'? (see [LRZ15]
for a clear expositions) there seem to be no universal pattern so far.

One of the goals of Dubrovin-Zhang construction was to classify integrable hierarchies
[DZ08, DLZ08]. The idea was to use the intersection theory of the moduli spaces of stable
curves'® (and generalizations: Gromov-Witten theory, Fan—Jarvis—Ruan-Witten theory) to de-
fine integrable hierarchies and then prove that they are equivalent to well-known hierarchies
(such as the Drinfeld-Sokolov hierarchies but also others). The equivalence relation between
integrable hierarchies is called a Miura transform [Miu68]; see §2.4.2.

The double ramification hierarchies (treated in Chapter 5). Recently, Alexander Buryak,
inspired by ideas from symplectic field theory [EGHO00], defined a new kind of integrable hi-
erarchies he called the double ramification hierarchies [Bur15a]. They are constructed via the

10The semisimplicity means that an associated algebra is semisimple, i.e. the direct sum of simple algebras.

HThese cases are those where the Drinfeld-Sokolov hierarchy is built from the affine Lie algebra associated
to a simple Lie algebra of type Ap>1, Dp>4 or Eg, E7, Eg (the ADE classification). In the remaining cases, the
Dubrovin-Zhang and Drinfeld-Sokolov hierarchies are still equivalent in the sense of quasi-Miura (i.e. rational)
transformations.

12 Among them, the examples of mirror symmetry “CohFT / Int. hierarchy” we have cited so far: Intersection
numbers of Mg, n / Korteweg—de Vries hierarchy; Witten’s r-spin classes / Gelfand-Dickey hierarchies; Gromov—
Witten theory of P! / Extended Toda hierarchy.

3Dubrovin-Zhang construction actually applies to very much related objects called Frobenius manifolds, but
we will not focus on this approach.
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double ramification cycles on the moduli spaces of stable curves introduced by Graber and Vakil
[GV05] (hence the name) and can be defined for arbitrary CohFTs (not only semisimple ones,
as is in the Dubrovin-Zhang hierarchies). In that same article, guided by examples he worked
out, Buryak conjectured that, in the semisimple case, the double ramification hierarchies are
equivalent to the Dubrovin—-Zhang hierarchies via a Miura transform. In particular, for the
CohFT associated to the Fan—Jarvis—Ruan-Witten theory of a simple singularity of ADE type,
the double ramification, Dubrovin-Zhang and Drinfeld—Sokolov hierarchies are conjectured
to coincide. Since then, the double ramification hierarchies have been intensively studied by,
for example but not only, A. Buryak, J. Guéré [BG16], P. Rossi [BR16a, BR16b, BGR17] and B.
Dubrovin [BDGR16, BDGR18].

The double ramification hierarchies have several features that make them of particular in-
terest. (1) They are defined for arbitrary CohFTs. (2) They are constructed as Hamiltonian
equations for which the Poisson bracket is very simple (called the standard bracket); in partic-
ular, (3) tau symmetric densities are easily obtained [BDGR18]. (4) Their Hamiltonian densities
satisfy strong recursion relations that are new to integrable hierarchies [BR16b]. (5) They ad-
mit a rather simple quantization [BR16a, BDGR16], but we will not discuss it here. Moreover,
the conjectural equivalence with the Dubrovin-Zhang hierarchies has been enhanced into a
uniquely determined Miura transform, hence the strong DR/DZ conjecture 5.2.23 [BDGR18]. So
far, the strong DR/DZ equivalence has been confirmed in several cases including the Drinfeld-
Sokolov hierarchies of type A; to As, the extended Toda hierarchy and others (see 5.2.23).

In [DR19], we confirmed the strong DR/DZ equivalence for the Drinfeld—Sokolov hierar-
chy associated to the affine algebra of the simple Lie algebra of type D,. This is the object of
Chapter 5. The confirmation of the conjecture involves the computation of the first Hamilto-
nian structure of the Drinfeld—Sokolov hierarchy of type Dy4. To do so, we used the scalar Lax
pair representation of the hierarchies of type D,, obtained by Liu, Wu and Zhang [LWZ10].
These computations, to the best of our knowledge, are new to the literature.

2.2 The Korteweg—de Vries hierarchy:
a canonical example

In this section, we present some of the important features of the Korteweg—de Vries equation
(KdV for short) and the KdV hierarchy. This will serve as an illustration of many of the prop-
erties of integrable hierarchies. Chapter 3 is dedicated to the polynomial tau functions of the
KdV hierarchy; we describe the results we obtained in [Duc17] at the end of §2.2.

2.2.1 The Korteweg—de Vries equation

Aside from its application in geometry, the KdV equation arose from fluid mechanics. It de-
scribes the evolution of the surface of the water in a canal, the latter modelling shallow water
flowing essentially in one direction. If one ignores the transverse direction, we can describe
the height of the surface of the water by a scalar function u(t, x) where ¢ represents time and x
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represents the one direction in which the water flows. Then u must satisfy the KdV equation:

1
Up = lUxxx + S ltx, (2.5)
where u; = d,u and u, = Jdyu, etc. The above equation is actually a normalized version of
KdV where physical constants have been ruled out. The KdV equation was first theorized by
Boussinesq in 1877 [Bou77] and then proposed in its current form by Korteweg and de Vries in
1895 [KdV95]. For the physical derivation of the KdV equation (and that of the KP equation),
we refer to the introduction of [AC91] by Ablowitz and Clarkson.

Notice that by rescaling u, x and ¢, we can put arbitrary coefficients in front of each mono-
mial u;, Uyxyx and uu,; the choice 1, 1/4 and 3/2 will become clear in §2.2.2. The KdV equation
can be written in many ways, thereby allowing connections to many a priori disconnected
areas. Here we show four representations that we will use throughout the document: (a) the
scalar Lax pair, (b) the matrix Lax pair, (c) the bi-Hamiltonian representation and (d) the bilinear
representation.

(a) The scalar Lax pair. Consider the differential operator L = §2 + u often referred to as
the Schrédinger operator.'* Then we can rewrite Equation (2.5) as

oL 3 3
E = [P, L] , P= 8336 + Euﬁx + Zux, (26)

where [L, P] = Lo P—PoL is the commutator between differential operators. The composition
of operators is given by Leibniz’s rule, defined on monomials by

n

ad o bdr = Z (,’Z) abg 02 P F, (2.7)
k=0

where b = 0%(b), and extended by linearity. We will omit the o sign when there is no
ambiguity. The derivative 9, is defined to act on operators by differentiating each coefficient:
d; (ad?) := a,07. In particular, the action of d; on operators satisfies Leibniz’s rule. Therefore,
0:L = u,, but this is due to the specific form L. The pair (L, P) is called a scalar Lax pair for the
KdV equation. This representation is due to Peter D. Lax himself [Lax68].

Equations (2.5) and (2.6) are different in nature: Equation (2.5) is a PDE which is nonlinear in
u, while Equation (2.6) is a linear ODE in L and both sides of the equation are derivations (Leib-
niz operators) on differential operators. The formula for the operator P, at this stage, seems
rather ad hoc, but it will fit into a very clear and simple pattern with the KdV hierarchy. A par-
ticular interest of the scalar Lax pair is that it easily generalizes to the Kadomtsev—-Petviashvili
hierarchy (see Section 3.2).

4Indeed, if u is seen as a potential in quantum mechanics, then the normalized Schrédinger equation on a wave
function ¢ reads ifif; = A2y + uip.

15For the unaccustomed reader, the composition of differential operator given in Equation (2.7) simply comes
from the action on test functions. For example, dx (f0x(¥)) = 0x (f¥x) = fx¥x + fyxx, which agrees with the
formula for dx o f0x given by Equation (2.7).
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(b) The matrix Lax pair. Now consider the following order 1 matrix-valued differential
operator:

0 A—u
g:ax+(1 0 ) (2.8)

In the above, A is a new indeterminate which we call the spectral parameter. Any identity
should hold for any complex value of A. Now consider the following matrix:

_1 2_1 _1onN2 1
2 1Ux
Then
0L (0 —u + iuxxx + %uux
oLy arafy e )

In the above equation, [.Z, #]| = 0x.# + | N, #] where &/ = £ — J, and where the
derivative dy.# is defined component-wise. Then 0, = [.Z, .#| if and only if u, = iuxxx +
%uux, i.e. if and only if the KdV equation (2.5) holds. In other words, the KdV equation (2.5)
can be rewritten as

0L
el SRR (2.10)

It is equivalent to the zero-curvature equation
N = Ox M — N, H] =0.

The pair (&, .#) is called a matrix Lax pair for the KdV equation. This representation is due
to Ablowitz, Kaup, Newell and Segur [AKNS74].

Once again, Equations (2.6) and (2.10) are different in nature; the latter only involves order
1 differential operators and therefore allows this zero-curvature representation. A particular
interest is that the Drinfeld-Sokolov hierarchies are generically constructed as matrix Lax pair
equations.

(c) The bi-Hamiltonian representation. We now introduce the ring A = Clu, uy, tixyx, . . .|
whose elements we call differential polynomials in u. The operator d, on A identifies with the
operator dy = X >0 Uk+1)0u, - Besides, we define the following quotient space,'®

F = A/Im (D),

whose elements we call local functionals. Given a differential polynomial f € A we denote
itsclass f € ¥ by f = f f-'7 As an immediate consequence, we get an integration by parts

16Notice that the quotient space F is only a vector space and not a ring since the operator dy is linear yet not a
homomorphism of algebras (it satisfies Leibniz’s rule).

17We shall emphasize that the integral sign really is purely notational. Nonetheless, by construction f Oxf =0,
and this can be realized by defining solutions on the circle S!. Hence we sometimes talk about periodic solutions
of the KdV equation (see e.g. [Lax75]).
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formula: f fOxg =— f gOx f, or, more generally for k > 1,

[ rakg=-v* [ gokr. (211)

From this we define on A the operator §/du, called the variational derivative (also called the
Euler-Lagrange operator), by

o S

= Ou()
_af of o of
" du O X ou, Ox Oyx

Then for any f that contains no constant term, § f /du = 0 if and only if f € Im (9, ) (see Propo-
sition 5.1.1). In particular, § /du is well defined on 7. We then define two maps, {—, —}1, {—, —}2 :
FF — F by!®

{f }1 '_/5f x(;z’ {f }2 / ( 83"' udx +;ux) gz (2.12)

These maps are skew symmetric and satisfy Jacobi’s identity; we call such maps local Poisson
structures.’ Moreover, any linear combination A{—, —}; + u{—, —}; is still a local Poisson struc-
ture; we say that the Poisson structures are compatible. We also define two auxiliary maps,
denoted similarly, {—, -}, : A® F — A, witha = 1,2, by

{f,é}lz— af "“5—9, {f. }z—z ak( 3% +ud, + ux)g—g (2.13)

au ou k>0

By construction, and thanks to Equation (2.11), these maps satisfy f {(f.9}a = {f g} for
a = 1,2. Then it can be easily checked that the KdV equation (2.3) is equivalent to the following
equations:

— oh — 1 1
up = {u, by}, = 3x—1, hy = / Zug’ g Utk (2.14)

1 \5h - 4
= {u,hy}, = ( + udy +2ux) 5—2, hzZ/guz. (2.15)

u

The local functionals h; and h, are called Hamiltonian functionals and the above equations
are called Hamiltonian representations of the KdV equation. The fact that KdV admits two
Hamiltonian representations with two compatible local Poisson structures is what we call a
bi-Hamiltonian representation.

_ 181y Equation (2.12), the differential polynomials f,g € A are any representative of the classes f,g € F (i.e.
f = f +Im(dy)). This is well defined since §/5u vanishes on Im(dy).

19Gince F is not a ring, we cannot state Leibniz’s rule for local Poisson structures. Therefore, (¥, {—, —}q),
for a = 1,2, is a Lie algebra, but not a Poisson algebra. Nonetheless, for any local functional g € ¥, the maps
f — {f,g}a of Equation (2.13) satisfy Leibniz’s rule w.r.t. f.
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Representation (2.14) was found simultaneously in 1971 by Gardner [Gar71] and Fadeev
and Zakharov [FZ71] (although Fadeev and Zakharov attribute it to Gardner); it is called the
first- or the Gardner—Zakharov-Fadeev Hamiltonian structure of KdV. Representation (2.15)
is due to Magri [Mag78] and is called the second— or Magri’s Hamiltonian structure.?’

Bi-Hamiltonian representations were much studied by Dubrovin and Zhang (e.g. [DZ08,
DLZ08]), especially in view of classifying integrable hierarchies. Moreover, the double ramifi-
cation hierarchies, which we study in Chapter 5, naturally arise a Hamiltonian systems.

(d) The bilinear representation. Finally we describe the bilinear, or Hirota’s, representa-
tion of the KdV equation. Contrary to the previous representations, the bilinear one acts on
the tau function 7 rather than on the solution u. As mentioned above, there are different ways
of defining the tau function, but in the case of the KdV equation, it always comes down to
defining 7 by the relation?!

L ik Iogr.

2 (2.16)

u =

In particular, given a solution u, tau function 7 is not unique. We now introduce the bilinear,
or Hirota’s, derivatives D;,, with i > 1. These derivatives are defined by the following relation:
consider two smooth functions f, g of parameters t := {t; | i > 1}, we set*?

> hiDy,

i>1

(f.9) = f(t+h)-g(t-h), (2.17)

exp

where both sides shall be expanded in powers of the h;’s and identified as series in he h;’s. For
example, by setting x = #; and t = t3 (the indices do not matter here), we get

of dg ’*f 99 dfdg Of dg
Dy(f.g) = =Lg— f22, D.D,(f.q) = _9f9g9 _9f 99
(F.9) =59 F5; -9 = 52at9 T axor " axar o ox

+f

Then it is a bit lengthy to check, but the KdV equation (2.5), when substituting u = -2 log ,
is equivalent to the following equation,

(Dy — 4DyDy) (7,7) = 0. (2.18)

Equation (2.18) is called a Hirota equation, after Ryogo Hirota who introduced these derivatives
[Hir76]. It is fairly compact considering the number of terms the logarithmic derivatives make
appear.

One may naturally ask the interest of such equations. It is actually less clear for the KdV
hierarchy than for other, more complicated hierarchies. In particular, when a solution of the

20Magri actually brought much more to the field as he first discovered how to recover the entire hierarchy
using the bi-Hamiltonian structure. This was an important step in understanding the richness of reconstruction
techniques for integrable hierarchies. However, we will not use it in this document.

21The (~2) factor is explained in Proposition 3.4.5; it cannot be ruled out since the KdV equation is nonlinear.

22Notice importantly that when expanding identity (2.17) the symbol Dy, -+ Dy, is an operator in itself and not
a product of operators.

i
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hierarchy consists of several functions u?, ..., u" (and not just u), there is still one single tau

function 7. Therefore, the bilinear representation condenses the whole hierarchy on one single
function. Moreover, it can be the case that the tau function is easier to compute than the
solution itself. This is, for instance, the approach of Chapters 3 and 4, although they do not
involve directly the bilinear equations.

2.2.2 The Korteweg—de Vries hierarchy

The KdV hierarchy was introduced in 1968 simultaneously by Lax [Lax68] and Gardner-
Kruskal-Miura-Zabusky [Miu68, GKM68, GKMZ70].2® It consists of a sequence of equations
that commute pairwise (explained below) and which contains the KdV equation (2.3), thus em-
bedding the KdV equation whithin an infinite-dimensional system of PDEs. In what follows,
we show how to construct the KdV hierarchy starting with (A) its scalar Lax pair, due to Lax
[Lax68]; then we will discuss (B) its matrix Lax pair, (C) its bi-Hamiltonian representation and
(D) its bilinear representation. The matrix Lax pair is the most technical one; we will actually
discuss it in Section 2.3 along with the case of an arbitrary Drinfeld-Sokolov hierarchy.

(A) The scalar Lax pairs. For the scalar Lax pair, it suffices to consider the square root L!/2
of the Schrédinger operator L = d% + u. For that, we first extend the algebra of differential
operators into a larger algebra,

Z)z{iaiéi

equipped with the same product defined in Equation (2.7), but where the binomial coefficients
have been generalized to (}) with n < 0 by setting (}) := n(n—1)-- - (n—k+1)/k!. The elements
of D we call pseudo-differential operators. In this larger algebra, there exists an operator L!/? =
Ox + Y k<o p¥OX, with functions p* € A, which satisfies (L'/?)? = L (see Theorem 3.1.8). Then
the KdV hierarchy can be formulated as

{g_i = [( i/2)+aL]

a' € C[[x]],n € Z} , (2.19)

i>0 odd} , (2.20)

where (—), denotes the projection onto the subspace of D containing only nonnegative powers
of 3y (i.e. differential operators). In particular, (L*/%), = P = 83+ %u@x + %ux, see Equation (2.6).
This scalar Lax formulation of the KdV hierarchy easily generalizes to the n-th Gelfand-Dickey
hierarchy where the operator L = 2 +u is replaced by the operator L = 0" +u" 29" 2+ - - +u°.

So, the flows defined by the system (2.20) commute pairwise in the sense that for any odd
positive integers i, j,

9

at; [(Lj/2)+’]‘] - a% [(Li/2)+’L] : (2.21)

21t was actually first discovered by Andrew Lenard during the summer 1967, although he famously wrote no
paper on the subject. See [PS05] for the details of that discovery and how it was acknowledged by Lax, Miura et al.
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This is the integrability condition of the KAV hierarchy. The proof is classic and can be found
for example in [DJMO00]; we give a very similar proof for the KP hierarchy in Theorem 3.2.1.
Keeping in mind that L = §2 + u, it follows from Equation (2.21) that 01,0r,u = 01,0r,u. This
is of course a necessary condition for the existence of at least C! solutions, let alone smooth
solutions. Notice that the function u must now depend on infinitely many variables {¢; | i >
0 odd}. We will generally assume that

ueC [[tl, 3, ts, .. ]] .

As we said, we will treat the matrix Lax pair in Section 2.3 along with the case of an arbitrary
Drinfeld-Sokolov hierarchy. Let us now treat the bi-Hamiltonian representation.

(C) The bi-Hamiltonian representation. Given a pseudo-differential operator A € D, we
denote by res (A) its coefficient in ;. Then the bi-Hamiltonian representation is given by the
two same local Poisson structures of Equation (2.12), and by the Hamiltonian densities given
by the residues of the fractional powers of L = 2 + u, namely,

— Ohy ;i — 4 i+2
Uy = {u,hl,i}l = O0x 5u’l, hyi = 12 resL 2,
— 1 1 5]’12" — 4 i
Uy, = {u, hz,i}2 = (4_18’3‘ +ulx + Eux) 5—ul, ha,i = A /reSL?,

for i > 0 odd. In particular, comparing with Equations (2.14) and (2.15), E1,3 = h; and E2’3 = hy.
Moreover, the local Poisson structures can be reformulated using the operator L as follows. For

any local functional ? € ¥, denote % =d;'o % e At andlet X = % and Y = g—i, then

{(f.gh = / res[XLY — LXY], (£.9}2 = / res[(LX), LY — (XL), YL]. (2.22)

(D) The bilinear representation. Finally, for the bilinear representation, we need to intro-
duce the so-called elementary Schur polynomials, denoted pi(t) with k € Z., defined by the
relation

exp( Z t,—zi) = Z pk(t)zk. (2.23)
i€Z k€Z-y

For instance, py = t, p, = 3t + ty, p3 = £t + fpty + t3. Now denote fy the polynomial py
where all even variables t,; are set to 0. Then the KdV hierarchy (2.20), once we substitute
u = —202%log, is equivalent to the following two sequences of bilinear equations,*

(Pr+1 ([D]) = 1D<Dy,) (r,7) = 0,
(DxDy, — Dxpie([D))) (z,7) = 0,

k>0 odd} : (2.24)

24The notation % seems a bit artificial here, but when one considers Drinfeld-Sokolov hierarchies for arbitrary
simple Lie algebras (KdV being associated to s1(2, C)), it becomes clearer.

25 A much more compact form of Equations (2.24) is given by the celebrated bilinear identity (cf. §3.3), however
it is less explicit than the one given here.
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where [D] := (Dy, %Dt3, %Dts, ...). The above can be deduced from results of [DJKM83] (see
also [ACvM12], Lemma 4.1). In particular, for k = 3, pr41 ([D]) — %Dthk = 2—14(Di —4D,Dy,)
so that we recover the bilinear form (2.18) of the KdV equation.

2.2.3 Polynomial tau functions of the KdV hierarchy and the
Adler-Moser polynomials

Here we describe the result obtained in [Duc17] on the explicit transformation from the Adler—
Moser polynomials to the polynomial tau functions of the KdV hierarchys; it is the object of
Chapter 3, §3.5. In [AM78], Adler and Moser introduced a sequence of polynomials 6,,, for
n > 0, depending on parametersr = {r; | i € Z‘;dod}, r1 = x, defined by the following differential
recursion: 6y = 1; 8; = x; then

g, 0,0 = n = 1) (0, (229

x Ox

When computing 0, the integration constant is set to r;,_;. For example, 6, = x> + r3 and
05 = x®+5r;3x> +r5x—5rZ. These polynomials are now known as the Adler-Moser polynomials.
In that same article, they proved that there exists a unique change of variables r +— t which
transforms the Adler—-Moser polynomial 8, (r) into a tau function 7,(t) of the KdV hierarchy in
the sense of Equation (2.16). Moreover, from results of [AMcKM?77], they proved that through
this change of variables, one recovers all the polynomial tau functions of KdV as well as all the
rational solutions of KdV, thus classifying the rational solutions. However, this unique change
of variables was not known. In [Duc17], we proved the following theorem.

Theorem 2.2.1 ([Ducl7]). The following change of variables transforms the Adler—Moser poly-
nomials into the polynomial tau functions of the KdV hierarchy: r; = t; = x, and

Z t2i_122i‘1) . (2.26)

i>2

2i-1 2j—
Z =2 221 = tanh

=2 azi-1

where ;1 = (—1)"713252 ... (2i — 3)%(2i — 1).

See Theorem 3.5.4 in the document. We can interpret Theorem 2.2.1 as rescaling the variables,
plus choosing a different, nontrivial integration constant for recursion (2.25). The first few tau
functions read the following.

0 = 1, T2 = x3 — 3i3,

1 = X, T3 = x6 - 15t3x3 — 45t§ + 45t5x.

These are well-known tau functions of the KdV hierarchy, see e.g. [Hir04] where they are
computed using similar methods and the elementary Schur polynomials (see Equation (2.23)).

The proof of Theorem 2.2.1 is given in Section 3.5; it relies essentially on KP theory which
we develop in Section 3.2. It would constitute a further project to generalize the Adler—-Moser
polynomials as well as the result of [AM78] and the above theorem to arbitrary Drinfeld-
Sokolov hierarchies (i.e. for arbitrary simple Lie algebras).
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2.3 Polynomial tau functions of the Drinfeld-Sokolov
hierarchies

Here we describe the results obtained in [CDY18] on polynomial tau functions of the Drinfeld-
Sokolov hierarchies and applications; it is the object of Chapter 4, §4.5. We start by reviewing
the construction of the Drinfeld-Sokolov hierarchies in the most straightforward, although
technical way: the matrix Lax pair. In that way, they largely generalize representation (2.10) of
the KdV equation. But first we need to introduce some material on semisimple and affine Lie
algebras.

2.3.1 The Drinfeld-Sokolov hierarchies

Starting point: A semisimple Lie algebra. We start with a finite-dimensional semisimple
Lie algebra g (see §4.1), i.e. a Lie algebra which is a direct sum of simple Lie algebras (i.e.
algebras containing no nontrivial ideals). These algebras decompose nicely in the following
way:

§=1_@bhon,,

where ) is a maximal abelian subalgebra whose elements H € b are such that all the adjoint
maps adg = [H,—] : § — § are simultaneously diagonalizable. The subalgebra I) is called a
Cartan subalgebra of § and its dimension r = dim b is called the rank of g; the rank is unique.
A classical result is that § is completely determined (up to isomorphism) by a unique ma-
trix (Cyj) € Mat(r,Z), called its Cartan matrix, to which we can associate a set of generators
{H;,E;,F; | 1 <i < r} of § satisfying the following relations:

[E;, F;] = 6;;H;, [H;,E;] = CijE;, [H;, Fj] = —C;;F;, [H;, Hj] =0,
Then 1) is generated by the H;’s, while 11, (resp. n_) is generated by the E;’s (resp. the F;’s). Such

generators are called Weyl generators. There are two special elements Eg € ny and E_g € n_
which satisfy the following relations: for alli € {1,...,r},

[EQ’Ei] =0, [E_Q, Fl] =0.

For example, the simple Lie algebra sI(2, C) (2 X 2 complex traceless matrices) has rank 1 and
is generated by the following matrices,

1 0 0 0 0 1
e
They satisfy the relations [H, E] = 2E, [H, F] = —2F and [E, F] = H so that the Cartan matrix
of sI(2,C) is C = (2) € Mat(1,Z). Moreover, in this particular example, Eg = Eand E_g = F.
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The associated affine algebra. To the finite-dimensional semisimple Lie algebra g we as-
sociate the so-called (untwisted) affine algebra

g:=g®C[L A @ Ce, (2.27)

which is infinite-dimensional. We equip this algebras with the following Lie bracket: given
X,Ye€g,p,geZanda,beC,

[XA? + ac, YAT + be] = [X, YIAP9 + pSyiq0(X, Y)o - c, (2.28)

where (—, —), denotes a certain nondegenerate symmetric bilinear form on g. Clearly, ¢ belongs
to the center of the algebra g (i.e. ¢ commutes with all elements of g), making Cc into a nontrivial
ideal of g. If the semisimple Lie lagebra g has type X,,, we will denote by X,(ll) the associated
affine algebra g. Affine algebras were much studied especially by V. Kac, who introduced them
simultaneously with R. Moody [Kac68, Mo068]. The details are explained in §4.2.

The affine algebra g is generated by the following elements:

e; = Ei, fi=F a; = H;,
ey = E_QA, ﬁ) = Eg/l_l, OV{() = H() +c,
where Hy = [Eg,E_g], with i € {1,...,r} (r = dimf) being the rank of g). From these we

define two important gradations on g, the principal gradation and the homogeneous gradation,
as follows:

Principal: dege; =1, deg fi = -1, dega; =0, e ok,
Homogeneous: dege; = d;.0, deg fi = —di0, dega; =0, g= EBkeZ Ok

The homogeneous gradation, as the name suggests, amounts to setting deg A = 1 and deg g =
deg c = 0. We denote by g* (resp. g.) the subspace of elements of principal (resp. homogeneous)
degree > 0; we set g™ =g—g* and g_ = g — g4.

We now introduce the so-called affine principal cyclic element

A=e+e+...+e, =E_gA+E; +...+E,. (2.29)

In particular, A € g' (principal degree 1). A fundamental result (see [Kac90]) on affine algebras
is that g decomposes as follows,

g=s+Im(ads), s NIm(ady) = Ce.

where s = Ker (ads). We denote by s* = s N g the subspace of principal degree k. We call the
affine exponents of g the integers k € Z such that dim s* # 0 and denote m; = dim s called the
multiplicity of exponent k. We denote by

E:{kez‘&m&¢o}

the multiset of affine exponents of g, meaning that elements k € E have multiplicity m.
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We denote A, A}, A}, ... (as many as my) the spanning elements of sk, These generators
Ay (we omit the primes for now) can be chosen in such a way that they satisfy the Heisenberg
relations

[Ai,Aj] = i5i+j,0 - C. (230)

We call s the principal Heisenberg subalgebra of g. We denote v € C\ {0} the complex number
such that A; = vA.

For example, for the affine algebra g = s1(2,C) ® C[A, A7'] & Cc the principal affine cyclic
element reads

0 A
A=FA+E= (1 O)'
The affine exponents of g are exactly the odd integers and all have multiplicity 1, i.e. E = Z°%4,
The generators of the principal Heisenberg subalgebra simply read Aj;+; = A%*! = AIA for
i €Z.

The Drinfeld-Sokolov hierarchies. We now have all the material we need to describe the
Drinfeld-Sokolov hierarchies. First, we denote by E* = E N Z. the set of positive exponents
of g. Then we denote t := {t; | i € E*}, with t; = v"x, and we consider the following algebra,

Kbk ok koo | okt ko
g®C[[t]]:{Z Z Z SN SR RS S I S eg}.

m2>0 l‘l,...,l.,nEJEfL kl,...,km >1

The above algebra (and its subalgebras) will serve as the “function space” of the theory. The
Lie bracket on it is defined similarly to that on § ® C[A, 17'], i.e. we set [ét;, nt;] = [£, n]t;t; and
then extend by multiplicativity. Now consider the following degree 1 matrix-valued operator:

L =0, +A+0, Q e b[[t]],

where b = h @ 1, (typically, for sl(n, C), the subalgebra b consists of lower triangular traceless
matrices). Such operators we call connections (even though there is no manifold or fibre bundle
per say) and denote the set of such connections .Z € opg.26 We then consider the following
multiplicative group:

N := {exp(ads) | S € n[[t]]}

and make it act on op, via

1
ads — ads _ — k
e’ L =0 +e*S(A+ Q) — VS, VsS: kéo U+ 1)!(ad5) 0x(S).

26Equation (2.8) gives an example of the connection . with § = s[(2,C), although for this one we even chose
0 € n4 [[t]] since for s1(2, C), we have 1, = CE.
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The reasons for defining this specific action and the well-definedness of the latter are explained
in §4.3.1. Then it is not hard to show that, indeed, for any . € op,, we have e¥ds & € op,-
The Drinfeld-Sokolov hierarchies are defined on equivalences classes of connections . € op,,
rather than on the connection itself. Now we need to extend our function space in the following
way:

g=g" @3, g* =97 = P, 3 =] ]¢"

k>0 k<0

Through this we naturally consider § [[t]] and its subalgebras. We also imply similar definitions
for g, and q_.

A fundamental result that was proven by Drinfeld and Sokolov [DS84] (here we give a
slightly different version due to Wu [Wu17]) is that there exists a unique function U € g~ [[t]]
such that the connection %, := e 24U & takes the form

%y =0x +A+H, Hes [[t]], (2.31)

and such that (e?dU¢), = 0 for all £ € s*, where (). denotes the component along Cc in
the decomposition (2.27) of g. The components of the functions U and H are computed recur-
sively. The key point here is that, thanks to the Heisenberg relations (2.30), the algebras ~ [[t]]
is abelian! We can now formulate the matrix Lax representation of the Drinfeld—Sokolov hier-
archies. Given a connection .’ € op,, the Drinfeld-Sokolov hierarchy of type g (or the g-DS
hierarchy) consists of the following system of equations:

{6,,2” = [(eadUAl')‘i—’g]

ot;

i€ E*} . (2.32)

As suggested above, if . is a solution of the hierarchy, then so does €235 Z for any S € n [[t]]. If
the multiplicity of exponent i € E* is greater than 1, then we denote ¢;, t/,t/’,...the associated
variables. It is essentially the abelianity of 5~ [[t]] that makes the Drinfeld-Sokolov equations
commute pairwise and thus integrable. The right-hand side of these equations are matrices
whose components are differential polynomials in the components of the matrix Q. Hence
these equations eventually take the form of Equation (2.2). Finally, we easily show that the
components of H are conserved densities in the sense that for any j € E*,

/aH_O
atj_

For example, the KdV hierarchy (2.20) is equivalent to the system (2.32), with the following
data: E* = Z‘;%d and

0 A 0 -u ; 0 Al
L =0, +A+0, A_(1 O),Q_(O 0), AZ,-H—AA—(/V 0).
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2.3.2 Tau functions as Toeplitz determinants

Here we explain the construction of a generic tau function for arbitrary Drinfeld-Sokolov hi-
erarchies by C.-Z. Wu [Wu17]. Then we explain how to realize these tau functions as the limit
of large size Toeplitz determinants by Cafasso and Wu [CW15a, CW15b]. Finally, we describe
our results of [CDY18] on the computation and applications of polynomial tau functions based
on the works of Cafasso and Wu.

Tau functions of the Drinfeld-Sokolov hierarchies. In[Wul7], C.-Z. Wu defined a generic
tau function for an arbitrary g-DS hierarchy as follows. First we introduce a function
Q=g QT.lA_,- defined by 0,Q = —H, where H € 5~ [[t]] is defined in Equation (2.31). Then
the functions Q/ are not differential polynomials in the components of Q, however the functions
d;,Q are and they satisfy the closure condition 8,,Q/ = 0y, Qf Bysetting H = Y, g+ —i 'h'A_;,
we get

oh'  oh

—_— =, 2.33
ot; o1 (2:33)

The above equation is called the tau symmetry condition on the conserved densities h;. From
Poincaré lemma, it follows that we can define a function 7 € C[[t]] such that?’

dlogt
6x8q

=h. (2.34)

The function 7 we call the tau function. Wu’s tau function is generic in the sense that its
construction works for arbitrary affine algebras (previous definitions where somehow case-
by-case). Now by considering the formal power series ©® = eVe® (we show that is it well

defined), we can redefine the tau function by the relation

o0l
LI (OA;071), (2.35)
8@

Tau functions as Toeplitz determinants. In [CW15a, CW15b], Cafasso and Wu showed
how to express the tau function 7 associated to the function © as the limit of large size Toeplitz
determinants. First of all, we fix a faithful traceless representation28

w:§— gl(n)

27Equation (2.34) is equivalent to setting O, logr = —QJ. We shall emphasize that since the Q/’s are not differ-
ential polynomials, it does not mean that the R’s are exact derivatives of differential polynomials. In particular,
Equation (2.34) does not imply that /flf =0.

2By gl(n) we mean Mat(n, C) (n X n complex matrices) equipped with Lie bracket defined by the commutator.



2.3. Polynomial tau functions of the Drinfeld-Sokolov hierarchies 67

as in Appendix A. Toeplitz matrices are infinite matrices of size “Z>q X Zx(” that are constant
along diagonals, i.e. of the form

Yo Y1 Y-2
Y Yo VY-
T(y) = (yr-prj=0 = N E

Y2 Y1 Yo

where the y;’s are certain coefficients that, in our case, we set to be elements of gl(n) [[t]]. We
gather these coefficients in a power series y = Yo7 y1A! € gl(n)[[A, A7}, t]] (same A as before).
Of course it is not clear that the determinants of T(y) can be defined and it is a technical aspect
of this approach. To do so, we consider the truncated Toeplitz matrices Ty(y) = (y;—;) with
I,Je{1,...,N}.

In §4.4 we explain the following result of [CW15a, CW15b]. Consider an arbitrary element
X € g_ and the following function that we call the matrix Xi function,

B(tA) = )tk € s [[t]].

jeE*

Then (1) the function Jx(t) = etYeX is a well defined power series in gl(n)[[1, 71, t]];* (2)
the limit limy_,, det Ty (Jx(t)) is a well defined power series in C[[t]] and (3) the function

K

(2.36)

X (t) = [ Jim det Ty (Ux (1)

is a tau function of the g-DS hierarchy in the sense of Equation (2.34). Here k is a number
associated to the representation 7 : § — gl(n) by (Y,2)y = « - tr(z(Y)n(Z)) for all Y, Z € g
(with (-, =), the standard bilinear form on g). Typically, for simple Lie algebras of type A, and
Cp, we have x = 1 and for types B,, and D,, we have k = 1/2.

More precisely, the function © of Equation (2.34) to which the tau function 7x(t) is associ-
ated is the one such that ®|—y = eX. It can be easily shown that for any X € g_, there exists
such a function ©; see Lemma 4.4.2.

2.3.3 Polynomial tau functions and applications

We now explain the results of [CDY18] on polynomial tau functions of the Drinfeld—Sokolov
hierarchies and applications; see Chapter 4, §4.5. We choose an element X € g_ and the asso-
ciated tau function zx(t) of Equation (2.36). Our first point is a series expansion of zx(t) over
integer partitions (or equivalently, over Young diagrams); we denote by Y the set of integer
partitions. To do so, we need to introduce the Laurent matrix L(y), which is also a diagonally

29 All issues of convergence are treated in a purely algebraic way using the valuation topology. This is explained
at the beginning of §4.4



68 Introduction in English

constant matrix, yet of size “Z X Z, namely,

Yo Y-1 Y-2
L()’):(YI—J)I,]eZ: R CRN (N 2

Y2 "1 Yo

So, consider the Laurent matrices r := L(eX) and s(t) := L(e5®%) along with the following

determinants®®
Yp == det(ri_lii_1§j—l)i,je[l,f(y)] €C, su(t) = det(si—l;j—ﬂj_l)i,je[l,t’(y)] eClt], (237)

where y € Y is an integer partition of length £(i). We call r,, the Pliicker coordinates of e* and
we call s,,(t) the generalized Schur polynomials of type (g, 7). In the case where § = sl(n, C) and
 is the fundamental representation, the polynomials s,(t) coincide with the traditional Schur
polynomials [Mac95], up to setting tx = 0 whenever k = 0 mod n. We proved the following
theorem. It shall be seen as an application of the well-known Cauchy-Binet formula as well as
a generalization of Sato’s seminal result on the tau functions of the KP hierarchy [Sat81].

Theorem 2.3.1 ([CDY18]). For any X € g<o, the tau function of Equation (2.36) admits the
following expansion in terms of integer partitions:

Tx(t)% = Z Su(t) -1 =1+ sgrg + sgrg + Sl + Sprp + - (2.38)
pey

See Theorem 4.5.2 in the document. From Equation (2.38) we find an easy criterion for polyno-
miality of the tau function as follows. If the initial data X € g_ is such that 7(X) is a nilpotent
matrix, then the matrix components of r = L(eX) vanish as we move further away from the
main diagonal. Consequently, for partitions y of a higher length, the Pliicker coordinates r, of
X eventually vanish. This proves that

VX € g_, n(X) is a nilpotent matrix — Tx(t)% is polynomial.

In §4.5.2 we give several examples of polynomial tau functions for the Drinfeld—Sokolov hi-
erarchies associated to the simple Lie algebras of type A;, Az, B, and D4. For the A; case—
i.e. sl(2,C), i.e. the KdV hierarchy—all the tau functions we computed were, up to change of
variables, the Adler—Moser polynomials which we discussed in the section 2.2.3 of this intro-
duction. Although it has not been proven yet, we believe that our algorithm recovers all the
Adler-Moser polynomials (up to the right change of variables). This shall be showed using
the degree of these polynomials. For the remaining cases Ay, B, D4, the tau functions become
rapidly fairly nontrivial.

30Very much importantly, in Equation (2.37), the indices i, j refer to the actual complex entries of the Laurent
matrices r and s(t). They do not refer to the matrix entries which were denoted by capital indices I, J so far.
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It will constitute a future project to study the properties of these polynomials. In particular,
seeing these polynomials as polynomials in x with parameters t* = {t; | i # 1}, it should be
investigated how the zeros of these polynomials evolve w.r.t. t*. As noted in §2.1, in the A;
case, the zeros of the Adler—-Moser polynomials evolve through time so as to form a system of
Calogero—Moser type [AMcKM77, Wil98]. This is yet to be understood for arbitrary Drinfeld-
Sokolov hierarchies.

Polynomial tau functions and bilinear equations. Besides being the simplest tau func-
tions, the polynomial tau functions have the merit of being a finite expression and are therefore
much easier to use in practical computations. As an application, we can detect possible bilinear
equation (i.e. similar to Equation (2.24)) that the polynomial tau functions of the hierarchies
must satisfy. The bilinear form of the Drinfeld—Sokolov hierarchies are known explicitly for
all the Gelfand-Dickey hierarchies (i.e. for sl(n, C)), see Equation (4.98). However, to the best
of our knowledge, such explicit bilinear equations for arbitrary Drinfeld-Sokolov hierarchies
are not pointed in the literature. Although they must be deducible from results of the seminal
series of paper “Transformation groups for soliton equations” [KM81]-[DJKM83].

So, we plugged the polynomial tau functions we computed in ansatz of bilinear equations
and ask for the equations to return 0. With polynomial tau functions of sufficiently high degree,
this determined the coefficients of said bilinear equations. Of course, it does not mean that all
tau functions must satisfy the bilinear equations we found. However, we believe it gives a good
hint on who these equations must be.

In what follows, HDSE?zgSg I denotes the vector space of bilinear equations of degree < g
that the tau functions of the DS hierarchy of type X, (A, or B,, etc.) satisfy. The degree of
Hirota derivatives (introduced in Equation (2.17)) is simply set as deg D; = i where D; = Dy,.
We proved the following propositions; first for the B, case.

Proposition 2.3.2. The following dimension estimates hold true
dimc HDsE:gS‘” —0, dimc HDSEiegSé] <1, dime HDSE‘;gSS] <2.

Moreover, the only possible elements in HDSﬁeggs]

are linear combinations of the following,
(D% - 5D3D5 — 5D5 + 9D, Ds)(z,7) = 0,
(D% + 7D3D5 — 35D%D?% — 21D? Ds — 42D3Ds + 90D, D;)(z, 7) = 0.

The above equations can be found in [DKM81] as the two first nontrivial equations of the
bilinear formulation of the BKP hierarchy. The latter contains all the hierarchies of type B, and
D,, (the special orthogonal types). In a similar way the KP hierarchy contains all the hierarchies
of type A,,.

We also have the following proposition for the DS hierarchy of type D,. Notice that for the
D, case, we have two variables associated to the exponent 3: t; and té. This is due to the fact
that the Heisenberg subalgebra s of type D, has subspaces of multiplicity 2 for all exponents
in 37°4,
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Proposition 2.3.3. The following dimension estimates hold true

[deg<6]

dimc HDS}S =) = 0, dimc HDSL

<3.

Moreover, the only possible elements in HDs!dee=e!

D are linear combinations of
4

(2D3D3 + 4D3 Dy — 3D%)(r,7) = 0,
(D3D3 — D3Dy + DsDy — D2)(r,1) =0,
(D¢ + 9D,Ds — 10D3Ds + 5D’Dsy — 5D3Dy)(z,7) = 0.

2.4 Hierarchy of type D, and the strong DR/DZ
equivalence

Finally, we describe our results on the confirmation of the strong Double Ramification / Dub-
rovin—Zhang equivalence (DR/DZ); a work accepted for publication [DR19]. It is the object of
Chapter 5. First we will briefly explain the concept of cohomological field theories (CohFT),
the example of Fan—Jarvis—Ruan-Witten theory (FJRW) and the construction of the Dubrovin-
Zhang hierarchies.

2.4.1 Cohomological field theories and the Dubrovin-Zhang
hierarchies

Moduli spaces of stables curves. Essentially speaking, the moduli space Mg’n is the space
that parameterizes isomorphism classes of compact, possibly nodal, complex curves C with
genus g together with n points on it x1, . . ., x, € C which we call markings. Markings cannot
be nodes though and must be distinct from each other. That allows to define two such genus g
marked curves (C, (x1,...,x,)) and (C’, (x{, ..., x;,)) to be isomorphic if there exists a biholo-
morphism ¢ : C — C’ such that ¢(x;) = x;. We say that such a curve is stable if its group of
automorphism is finite. The stability assumption is necessary in order to have a well defined
moduli space; it translates into the following condition,

2g—3+n2=0.

We define the moduli space of stable genus g curves with n marked points as the following
quotient space,’!

Mg n ={(C,(x1,...,xp)}/ ~

It is a compact complex orbifold, i.e., roughly speaking, a topological space that is locally home-
omorphic an affine Euclidean vector space quotiented by the action of a finite group. As an
orbifold, it has a well defined complex dimension

dimcmg,n =39g—-3+n.

31The bar on Mq,n comes from the fact that it is actually the compactification of another space, Mg, n, which
parameterizes the same curves yet not nodal. The latter is not compact unfortunately.
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This orbifold comes with several important maps and bundles. The details can be found in
§5.2.1; we refer to [Zvo12]. First of all, the symmetric group S” act on Mg, n by permuting the
marked points. Then we have three natural maps:

o The forgetful map, r : Mg il — Mg n, which forgets the last marked point;

¢ The separating attaching map, o : /\/(g1 n+1 X Mgz ny+1 — M91+gz n,+ny» Which glues

two curves on their last marked point;

¢ The non-separating attaching map, 7 : Mg ey — Mg+1 n> Which glues a curve on itself

by identifying its two last marked points.
Let a point x € Mg,n, i.e,, the isomorphism class of a curve, say C. Then it can be shown
that 77'(x) € My, n41 is actually isomorphic to the curve C itself (together with the action of
its own automorphism group). We can then define sections s; : My, — Mgy n41 by setting
si(x) = X; € 77Y(x), where X; is the i-th marked point on the curve n_l(x)

Then we have important fibre bundles. The line bundles L; — Mg n, fori e {1,...,n},
are constructed in such a way that the fibres L;|, at a point x € M .n satisfy Li|, = T _1(x)
where X; = s;(x). These bundles Ly,...,L, are called the tautologlcal bundles. The bundle
H— Mg,n is defined in such a way that H|, ~ T*n~1(x). This bundle H is called the Hodge
bundle and is of rank g. We can then consider the Chern classes of these bundles:

¥i = ci(L;) € HA(My,n, Q), 2j = ¢j(H) € HY (M0, Q).

The classes 1, . . ., ¥, we call the psi classes and the classes A1, . . ., A, we call the lambda classes.

Cohomological field theory. Using the material above, we can define cohomological field
theories (CohFTs) which were introduced by Kontsevich and Manin [KM94]. A CohFT con-
sists of the data of a finite-dimensional complex vector space V, with a special vector e, and
equipped with a metric 5 = (7*#), together with maps

cgn: VO — H (Mg, C)

which satisfy the following properties (we choose a base (ey, ey, . .., exn) and we use Einstein
notation):
(i) cg,n is equivariant w.r.t. to simultaneous permutation of copies of V in V®" and of the
marked points on the curves;

(11) 60,3(61360(’6,5) = '70(,3’

(iii) 7*cgn(eass---»>€a,) = Cgn+1(€ars- - -»€ay»€1);
(iv) o%cgn(€as---»€a,) = Cgm+1(€1, .o €np, )N gy nyri(€v, €15 . o €5y);
(V) ¥cgrn(eqys - €q,) =1 cg nia(ep, v, €q, .. . €q,).

Allin all, we ask for the classes ¢y, , to “behave naturally” with respect to the maps 7, o and 7,
considering the metric n%#.

Given a CohFT {cy,, | g,n > 0}, we define the intersection numbers (or correlators) associ-
ated to the CohFT by

(rar(ear) -~ 4, (e, ) = / Con(Can . rea) YOy € C.

g.n
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with @; € {1,...,N} and d; > 0. These numbers vanish if the cohomological degree of the
integrand differs from 3g — 3 + n. We then define the potential F of a CohFT as the generating
series of the intersection numbers, namely,

« 1

Ft)i= D~ ) (talew) 1, (ea,) 1t (2:39)
n>0 ’ dl,...,anO
2g-2+n>0

and F(t3€) = Xgso ¢29F,(t}). That introduces variables ¢ := {tgj’ | i € {1,...,N}, d; > 0}
which we sometimes call the topological variables.

For example, the trivial CohFT has vector space V = C, metric 7 = 1 and classes ¢, , = 1.
It plays an important role for it is connected to the KdV hierarchy [Wit91] as we will see
below. In the same fashion, the Hodge CohFT has the same data except that the classes are
cgn =A(s) =1+ ZJ’;I Ms/. The latter is connected to the “intermediate long wave” hierarchy
(ILW) [Bur15a]

Another important example is the Gromov-Witten theory of a smooth projective variety
X with a given homology class § € Hz(X,Z). They are constructed via the moduli spaces
Mg, 2(X, p) of genus g, n marked curves (C, (x;)) together with a stable map f : C — X such
that f.[C] = B. We recall its construction in Example 5.2.3. The vector space of the CohFT is
V = H*(X, C) and the metric is given by (v, w) = [@(0) w, where & : H*(X,C) — H.(X,C)
is the Poincaré duality. The classes are defined by

cg,n(eap ] eaN) = P*eV*(eap ] eDZN)’ (240)

where p : Mg,n(X, p) — Mg,n maps (C, (x;), f) to (C, (x;)) (forgets the map f) and where ev :
Mgy (X, ) — X" maps (C, (x;), f) to (f(x;)) (evaluates the map). The proper definition is
complex and involves the virtual fundamental class [Mg (X, B)]'" introduced by Behrend
and Fantechi [BF97].

Fan-Jarvis—Ruan-Witten theory. One last example which is of interest here is the FJRW
theory of a pair (W,G). Here W € Clzy,...,zn] is a quasi-homogeneous polynomial with
weights ¢, . . ., ¢, which has an isolated singularity at the origin. And G is group of diagonal
matrices y = (y1,-..,Ym) which leave the polynomial W invariant, and which contains the
element J = (e%7%, ... e%7dm),

The vector space is defined by V = @yeG(QWy ® dz},)G, where W, = Wlgiy(y) and Qu, is
its Jacobian ring and where dz¥ = A, cpiy(,) dzi. We give a brief review of FJRW theory and
the associated CohFT in §5.2.1, see [FJR11, FJR13]. Since quasi-homogeneous polynomials with
isolated singularities are classified by the Dynkin diagrams of type ADE, there is a correspon-
dence between FJRW theories and semisimple Lie algebras of the corresponding type.

The Dubrovin-Zhang hierarchies. The Dubrovin-Zhang hierarchies (DZ for short) are
hierarchies of PDEs of the same type as those of Drinfeld and Sokolov described in §2.3.1.
They are defined for any semisimple CohFT. The latter means that the potential F of Equation
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(2.39) must be such that the N-dimensional complex algebra defined by the structure constants

0*F,

ot' o1 otP

a _ ap
t;>0:0
is semisimple. Let us denote
0°F [29]
Qo pipgltise) = —— = QeI g%,
otz ol ;‘) wpifd

Then we define Hamiltonian densities and local Poisson structure:

2(0) (= [0] * % p
By (0%) = Qp ot = ©7,0,0,..), Ko o) = 1P 0x.

These Hamiltonian densities commute w.r.t. to the above bracket [DZ08]. They form the so-
called genus 0 Dubrovin-Zhang hierarchy, or the principal hierarchy of the CohFT. To construct
the full genus DZ hierarchy, we make use of the so-called topological solution; it is the one
solution v of the DZ hierarchy that is determined by the initial data

v¥(x,t5 = 0) = 6% 'x.
Then there exist rational functions P} such that [Get02, BPS12]
Fy(ty, t1, 1y, .. .) = Fg(Po(vg, - .+, U3g_s)s o, Pag_p(vg, .., 034.5), 0,0, ..) [x=o.
Now consider the change of coordinates

*Fy(v;, ..., v;‘g_z)

ot ox

p(v%) =w* =0% + Z %9 (2.41)

g>1

The full genera DZ hierarchy is then obtained by applying the inverse transform ¢! to the
genus 0 hierarchy. Namely,

hE2(wl) = o o o (wh), Kol (w2) = (071 Kon,0)* P (w?),

where (¢7')*Kpy, () is the transformed differential operator; the transformation is given in
Equation (5.18). These data form a Hamiltonian system in the sense of Equation (2.14), i.e.

ow* { EDZ } N Kaﬁ 5}1321, ( )
=W hg ptor = E bz —p- 2.42
atp r = Sub

Z

The Hamiltonians hy?, lie in the ring

ﬁ = C[[ua’ E” [ul(:>0]
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of extended differential polynomials. Similarly, F = A/Im(dy). We define a gradation on it by
setting deguy = k and dege = —1 so that ¢ counts the number of derivatives in a monomial
of total degree 0. Parameter ¢ is often referred to as the dispersion parameter and plays an
important role in what follows. It is immediate from the definition that the Hamiltonians hg?,
are tau symmetric in the sense of [DZ08], i.e.

DZ
ORy s R

The above equation is to be compared with (2.33).

By construction, the potential of the CohFT is a tau function of the DZ hierarchy and is
associated to the topological solution. It has been proven over the years that the DZ hierarchy
constructed from the FJRW theory of a simple singularity of type ADE coincides (up to certain
non trivial subtleties) with the Drinfeld-Sokolov hierarchy associated to the corresponding
simple Lie algebra of the same type [GMO05, FGM10]. See [LRZ15] for a clear exposé on that
matter. This correspondence®* between CohFTs and integrable hierarchies we call genralized
Witten—Kontsevich correspondence.

The very first example of such correspondence (prior to the definition of CohFTs and of
the DZ hierarchy) is the celebrated Witten-Kontsevich theorem [Wit91, Kon92] which states
(in our framework) that the potential of the trivial CohFT is the topological tau function of
the KdV hierarchy (2.20) (which coincides with the DZ hierarchy associated the trivial CohFT).
More precisely, consider the potential Fy(t.) of the trivial CohFT:

Fact) =y Y %d > tdlmtd"/mg,nﬁlmwgn'

>0 n>0 voondn >0
920 g otns0 oot

Now substitute Fyyx = —% log(rwx) and then t; — (2i+1)!!t2;41 where (2i+1)!! = 1-3-5- - - (2i+1).
Then the resulting function ryyx is a tau function of the KdV hierarchy in the sense that v =

—202 log(rwx) solves (2.20) (in the substitution, t, +— t; and we set t; = x).*> Moreover, v
satisfies v(x, t;>1 = 0) = x.

2.4.2 The double ramification hierarchies

We now explain how to construct Buryak’s double ramification hierarchies (DR) introduced
in [Burl5a]. The latter, as mentioned previously, are conjectured to be equivalent to the DZ
hierarchies. Yet they are, in some extent, easier to construct, and they satisfy strong recursion
relations that are new to the theory of integrable hierarchies. Moreover, they can be defined
for arbitrary CohFTs, not only semisimple ones. In the case of the FJRW theory of a simple
singularity of type ADE, it is conjectured that the DR, DZ and DS hierarchies coincide. A fact

321t is a correspondence “CohFT / Int. hierarchy” in the sense that the potential of the semisimple CohFT is a tau
function of the DZ hierarchy, but also allows to construct the local Poisson structure as well as all the Hamiltonian
densities. On the other hand, the topological tau function, seen as the potential, contains by construction all the
cohomology classes and therefore, all the information of the CohFT.

33For reasons that appear clear with this example, we often call the potential F itself the tau function.
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verified for hierarchies of type Ay, ..., As (and others, see below) and which we confirmed for
the case of Dy in a forthcoming preprint and described in Chapter 5.

Hamiltonian structure. First of all, the local Poisson structure is simply given by the op-
erator ry“ﬂ dy, where n%F is the metric of the CohFT, meaning that for two local functionals

ngT

5“
{f}—/z Lyra, 2

aﬁl

For the Hamiltonian densities we introduce the double ramification cycles. Let integers ay, . . ., ap,
be such that }} a; = 0. Given g > 0, the double ramification cycle DRy(ay, . .., a,) € HZg(Mg,,,, Q)
is, heuristically, the Poincaré dual of the homology class of the locus of marked complex curves
(C, (x;)) such that ) a;x; is the divisor of the zeros and poles of some meromorphic function.
We consider x; a pole if a; > 0 and a zero otherwise. A more precise definition is given in
§5.2.2.

Form this, we define the following intersection numbers: letx € {1,..., N} andletg,d > 0,

g:a d
P(x da = / Agwl Cg,n+1(ea’ Coysev v ean),
T= DRy(- X a;,a)

where & = (a1,...,a,) C {1,...,N}and a = (ai,...,a,) C Z. The class A4 is the Chern
class cy(H) of highest degree of the Hodge bundle. It can be shown that these numbers are
polynomial in the a;’s and homogeneous of degree 2¢g so that they can be written as

Pgiﬂ — Z Pg abl ,..ain c ng[ala"~,an]a

a,d;a a,d;a
bi,...,0n >0
X bj=2g

We can now define the Hamiltonian densities:

God = Z gni:] Z ﬁiﬁ;aﬁug‘j. (2.43)

g,n>0 " b1y by 20 j=1
2g-2+n>0 ij:Zg

Again, the data of the local Poisson structure 7“3, and of the Hamiltonian densities g, 4 form
a Hamiltonian system in the sense of Equation (2.42). The densities g, 4 satisfy the following
recursion relation: First we set gy, 1 := g u”, where 114, is the inverse matrix of ¥, then we
have [BR16b]

N

_ 09a.p k419911
ax(D - 1)ga,p+1 = {ga,p,gl,l} = Z Z a—ﬁﬂﬁyaxﬂm,
p.y=1k>0 uk

where D = £0, + }.i5oudd,e. It can be easily shown that it indeed allows to compute the
densities recursively from the data of g, ;. It shall be emphasized that this specific form of
recursion is new to the theory on integrable hierarchies.
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On the other hand, these Hamiltonian densities are not tau symmetric. To obtain tau sym-
metric densities, it suffices to consider differential polynomials

0Ga.p
haP - Sul ’

With respect to the Poisson structure n*#d,, they are tau symmetric Hamiltonian densities.

The strong DR/DZ equivalence conjecture. In order to state the DR/DZ conjecture, we
must define Miura transforms which will play the role of ° change of coordinates” in this context.
A Miura transform is any invertible map ¢ : A— A, 0% = = p(u®) € Al which is such that

ov®

# 0.
oul

det [

g_o} a, Be[1L,N]

We now choose special coordinates for the hierarchy that we call normal following [DZ08].
Given the tau structure h, ;, they are defined as

~Q .= Uaﬁha,—l-
The map ¢ : u® — 4% is a Miura transform. We denote
KPR = hy 0 K% = o*(*F ) (2.44)
a,p = Nap© P, pr = @ " Ox .

the transformed Hamiltonian densities and local Poisson structure written in normal coordi-
nates. We can now state the strong DR/DZ equivalence conjecture. More details are given in
Conjecture 5.2.23.

Conjecture 2.4.1 (Strong DR/DZ equivalence [BDGR18]). For any semisimple CohFT there ex-
ists a unique differential polynomial f € A2 such that the DR and DZ hierarchies coincide up
to the normal Miura transform defined by

N —Dz
i = w® + n*Pa{f, hg o }ozs

In particular, for the CohFT consisting of the FJRW theory of a simple singularity of type
ADE, the conjecture states that the DR, DZ and DS hierarchies coincide. The strong DR/DZ
equivalence has been confirmed in a number of cases [Burl5a, BG16, BDGR18]: The trivial
CohFT; the full Hodge class CohFT; the hierarchies of type As, A4, As; the Gromov-Witten
theory of P'; up to genus 5 for any CohFT of rank 1; up to genus 2 for any semisimple CohFT.

2.4.3 Hierarchy of type D, and the strong DR/DZ equivalence

Finally, we explain how we confirmed the strong DR/DZ equivalence in the case of the hierar-
chy of type Dy. It amounts to proving that the DR and DS hierarchies of type D4 coincide. We
will compare them in normal coordinates. To do so, we used the following useful theorem of
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Buryak and Guéré [BG16]: Given a semisimple CohFT, suppose there exists a Miura transform
¢ : u® — u%(u;¢), such that

aﬁa —_ —DZ
Tt =0 o1 9) = K, iop=h, (249
where ¢*(n*#0,) is given in (5.18). Then the DR hierarchy, under the Miura transform ¢,
coincides with the DZ hierarchy. When computing the DR hierarchy associated to the FJRW
CohFT of type Dy, we find that the Miura transform from the coordinates u* to the normal
coordinates #* reads

al =ul + (— (u3)2 - —u Suj)e? - 415uzg4

~2 2

U =u

~ 2.46
o (2.46)
at =ut

This agrees with the first condition of Equation (2.45). The Hamiltonian densities g, o and g; ;
are given in §5.2.4.

So, it remains to explain how to compute the Drinfeld-Sokolov hierarchy of type D,. To do
so, we will use the scalar Lax pair, in the sense of Equation (3.34), and the Hamiltonian structure
found by Liu, Wu and Zhang [LWZ10]. Indeed, the DS hierarchies are constructed generically
as hierarchies of matrix Lax pair, but specifically for the case of the hierarchies of type D,
Drinfeld and Sokolov did not give a full picture of the (bi-)Hamiltonian structure. However
they constructed the local Poisson structure. In order to state the problem, it is necessary to
discuss the affine algebra of type Dfll).

The matrix Lax pair of the DS hierarchy of type D,. What we discuss here adapts to the
affine algebra of type Dg) in general. Recall that the affine algebra g of type Dfll) is the affine
algebra associated to the simple algebra D;, the latter being isomorphic to the algebra o(8) (8 X8
antisymmetric—not antihermitian—complex matrices). That is, DS) is isomorphic to

g =0(8)®C[A, 17" @ Cc.

This affine algebra has set of positive exponents E* = ZOdd U (SZ"dd)’ ={1,3,3,5,7,9,9, ...},
meaning that all exponent of the form 3k, with k odd, has multiplicity 2. We denote Ay (resp
I), with k odd, the generator of the Heisenberg subalgebra associated to the exponent 3k (resp.
(3k)’). Similarly, we denote t; (resp. ;) the variable associated to Ay (resp. to Ik). The Ag’s
and I}’s are given in Equation (5.54) and (5.55). This gives the matrix Lax equations [DS84]

0L
o [V Ap)s, 2], (2.47)
0L
e [V Tk)., 2], (2.48)

for k € 7°4, where £ = 9, + A+ Q, with Q € b [[t]] and where A is the principal cyclic

>0
elements given in Equation (2.29).
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The scalar Lax pair and Hamiltonian structure. In their original paper [DS84], Drinfeld
and Sokolov described the Hamiltonian structure of the flows w.r.t. the variables t;, but not #x
(it needed a new algebra of operator). The local Poisson structure, in the fashion of Equation
(2.22), is given as follows [DS84]. First, the scalar Lax operator reads

3
L=0i+07 ) (s#a,i”‘l + ai”‘lsﬂ) + 07 000, =R (249)

Then by denoting L = 0, o L, the first Poisson structure reads
{F.9h = / res X [(0:Y, L) — ('Y, 0)- — (0. Y-L')s + (L'Y-05),] dx,  (250)

for any ]_C, g e F 34 where X = g{,, Y = 5 L, are given in Equation (5.66). This allows to define

a scalar Lax pair along with a Hamiltonian representation®® of Equation (2.47) by [DS84]

STL = |1, — gst = {s" Hiroh. Hi = %/rest/é.
The latter, as we can see, is fairly similar to that of the KdV hierarchy (2.20), (2.14). Now for
the flows w.r.t the variables f, it not possible to use the 6-th root L!/°.

What Liu, Wu and Zhang [LWZ10] did, is that they constructed a new algebra D which
intersects O (Equation (2.19)) but does not contain it. Essentially, they used the topology on
A induced by the gradation A= Prez Ay defined by degs = k, to defined a ring structure
(with the same product as (2.7)) on the space

{3 3 s

izmj>m—i

meZ, a’ eﬂj}.

The resulting algebra D, whose elements are called pseudo-differential operators (PDOs) of the
second type, allows for infinitely many terms of positive and negative degrees.

The result is that there exists a unique operator L'/? € D such that (L/2)? = L satsifying
some constraints (with L given in (2.49)). It allows to define a scalar Lax pair representation of
Equation (2.48) [LWZ10] as

oL
Oty

= [@*2),,L 0 _ (it F =2 L*/?
- ( )+’ . — af‘k - {S ’ k+2}1’ k= E res .

Explicit computation of the Hamiltonian structure and comparison with the DR hier-
archy. Finally, we give the explicit computations performed in §5.3.2 on the DS hierarchy of
type D4 and the result that they do coincide with the DR hierarchy of type Dy, thus confirming

34Note that here, F = A/Im(dy) where A = Cllsg's s]][sz‘>0]4

$Notice that here we only need to compute one of the two Hamiltonian representations of the hierarchy. This
is because what we want is to compare the Hamiltonian structures of two a priori distinct hierarchies. The bi-
Hamiltonian property has many interest, but we do not need it here.
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the strong DR/DZ equivalence. To do so, we need to substitute the variables t; and tr, with
k € Z‘;%d, for the topological variables t, ,, with & € {1,...,4} and p > 0. Similarly, we need
to define tau symmetric Hamiltonian densities h, , in the sense of Equation (2.33). We have,
for p € {1,2,3} and p > 0,

tup = Tup - toprza-1, hyp-1 = ru_jv - res LIOPH2a71/0,
t4,p = F4,p . f2p+1, h49P_1 = F;; - res L(2p+1)/2.
The factors I, , are given in (5.68). It remains to substitute the functions s* for the normal
coordinates 4% = n%# hg, 1 of the DS hierarchy of type D, (we purposefully denote them like
the normal coordinates of the DR hierarchy). We denote by hg’, the tau symmetric Hamiltonian
densities h, , written in normal coordinates #”. Similarly, in normal coordinates, the first
Poisson structure (2.50) takes the following form,

(230, + 1302 + 1id02) &2 + 20364 0 60, 0
0 60 0 0
Kaﬁ — x
(Kos') 60, o o o/
0 0 0 20,

where (Kgsﬁ ) is the matrix-valued differential operator such that {]_C, gh = f %Kgf ;Tgﬁ‘ Con-
sidering Buryak and Guéré’s theorem (see the beginning of §2.4.3), we now have all the material
needed to state the main theorem of this section. Its proof (that is, the computations) is given

in §5.3.2.

Theorem 2.4.2 (Strong DR/DZ for D4 [DR19]). The strong DR/DZ equivalence holds true for
the hierarchy of type D4 under the normal Miura transform (2.46). More precisely, in the normal
coordinates u%,

(i) The local Poisson structures are the same: Kgf = K]‘j’f,-

(ii) The Hamiltonian densities 1" and hi"; differ by a total x-derivative, i.e. Z?Rl = Eisl.
Moreover, the level 0 Hamiltonian densities coincide: h’gfo = h’{fo fora e{1,...,4}.






Chapter 3

Polynomial tau functions of the
Korteweg—de Vries hierarchies

3.1 Pseudo-differential operators

In this section we define the ring of algebraic pseudo-differential operators and give some of
their essential properties that we will use through out the document. We refer to the classic
books [DJM00], [BBT03], [Dic03] for more details on pseudo-differential operators and inte-
grable hierarchies.

Definition and basic properties

Definition 3.1.1 (Pseudo-differential operators). The algebra O of pseudo-differential opera-
tors is the following set of formal power series in an indeterminate d over the ring of complex-
valued formal power series,

Dz{zn:aiai

i=—00

a' € C[[x]],n € Z} ,

equipped with the non commutative product

n _ n (n-k+1)---(n-1)-n
nobe™ = b n+m-k = 31
ad” o bo kéo (k) abi0 , (k) 2 ) (3.1)

where b (sometimes just by ) denotes the k-th derivative w.r.t. x of the function b and b = b.
When there is no ambiguity, we will simply call them operators and omit the o notation for the
product.!

The notation a’ for i-th coefficient of X is not the most standard. But in the sequel, and especially in Chapter
5, we will denote ul‘i‘ = 8,’? u“ (as is customary in [DZ08, DLZ08, BR16b] to cite a few). Therefore, in what follows,
it is the subscript that will denote the order of differentiation.

31
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For our purpose, the algebra D is defined over C[[x]]. However, we can define pseudo-differential
operators over any commutative integral domain R equipped with a derivation § that we de-
note DO (R, §). For instance, it is often defined over C*(R, C) with the derivation being the
usual derivation w.r.t. the variable along R. Our approach is purely algebraic and involves only
formal power series so that, in our case,

D =DO(C[[x]],0 = 0x) .

The algebra of D is sometimes denoted D = R((071)) (where R = C[[x]]). This notation
is intended as a non-commutative version of the ring R((T™!)) of formal Laurent series in T,
i.e. formal power series in T and T~! with only finitely many nonzero coefficients of positive
degree.

Equation (3.1) naturally generalizes the binomial coefficients (Z) for negative values of n.
And if n < 0, then the sequence (}) diverges. They still satisfy the recursion relation

n n—1 n—1
-7+ 5)

which extends Pascal’s triangle as shown in Figure 3.1. The formula for binomial coefficients
of Equation (3.1) readily implies the relation

(Z) =(—1)’<(k_Z_l), n>0ke{o,...,n), (3.2)

(so that k —n — 1 < 0). This relation can be easily seen in Figure 3.1 as the identification of
coeflicients (up to a sign) within the k-th column modulo a shiftn +— k —n — 1.

n\k|o 1 2 3 4
-4 |1 -4 10 -20 35
3 |1 -3 6 -10 15
-2 |1 -2 -4

-1 |1 -1 -1 1
0 |1

1 |1 1

2 |1 2

3 /1 3 3 1

4 |1 4 4 1

Figure 3.1: Generalized binomial coefficients in an extended Pascal’s “triangle”

Definition 3.1.2. Given a pseudo-differential operator of order n, A = Y., a¥0F and an
integer m € Z, we call the m-truncated part of A the operator

n
AZm = Z akak.
k=m
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In the same fashion, we call respectively the positive part and negative part of A the operators
A+ :AZO, A_:A_A+.

Finally, we call the residue of A its coefficient of degree —1in 9, i.e.,

resgA=a!

(we denote simply res A when there is no ambiguity).

The positive part A, of Ais also called its differential part while its negative part A_ is also called
its integral part (sometimes its purely pseudo-differential part). We call respectively differential
operators and integral operators the elements of the following sets:

Z)+={Zak8k,n20}, D‘:{Z akak,n<0}.
k=0 k

=—00

The product of pseudo-differential operators stabilizes these sets, that is, D, X D, — D, and
D_x D_ — D_. That makes D, and D_ into subalgebras of D.

Order and valuation

Similarly to the case of usual (commutative) formal Laurent series, we can define the order and
the valuation of a pseudo-differential operator as follows.

Definition 3.1.3 (Order, valuation). Let A = 3. a¥9¥ be a nonzero pseudo-differential operator

(i) We call order (or degree) of A the highest integer n such that a” # 0, and denote it
n = deg(A). The order of the 0 operator is set as deg(0) = —oo.

(if) We call valuation of A the least integer v such that a” # 0, and denote it v = val(A). If
there is no such integer, then we set val(A) = —oco. The valuation of the 0 operator is set
as val(0) = +oo;

(iii) We say that A is monic if a” = 1.

We will often use the “big O” notation as follows: For any integer m € Z, we say that A is a
“big O” of ™, and we write

A=0(0") & degA < m.

In order to state the next proposition, it is necessary to set the following arithmetic rules for
infinity. As usual, +oo (respectively —oco) is set to be greater (respectively less) than any real
number. Besides, we set +00+ 00 = +00 and —oco—co = —oco. With these rules, and by integrality
of the ring C[[x]], we get the following proposition.

Proposition 3.1.4. For any pseudo-differential operators A, B,

deg(A + B) < max(deg(A), deg(B)), val(A + B) > min(val(A), val(B)), (3.3)
deg(A o B) = deg(A) + deg(B). (3.4)
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Remark 3.1.5. We cannot get a formula of the type val(A o B) = val(A) + val(B) (which holds
true for nonzero elements in the ring R((T™!)), where R is a commutative integral domain). For
example, d o x = xd + 1. So val(d o x) = 0, while val(d) + val(x) =1+ 0 = 1.

When we do explicit computations of products of pseudo-differential operators, we often have
to limit ourselves to computing some truncated part of said product. It is especially the case
when we use computer programs. On the other hand, if one wants to compute one specific
coefficient of a product, say res AB, then the computation must involve only finitely many
coefficients of A and B. Therefore, it is helpful to know precisely “how much” we need to
truncate the input operators A and B to compute res AB. The following proposition gives the
optimal truncation needed to compute a product of operators down to some valuation.

Proposition 3.1.6 (Optimal valuations). Let A, B be two pseudo-differential operators:

A= Z alor, B= Z bPoP,

p=na p<np

i.e., A has order n, and B of order ny. Then for any integer v < n, + ny, the following truncated
operators coincide:

(A (¢] B)Z’U = (AZ‘U—I’Ib o Bzv_na) >v -’

Moreover, these valuations are optimal in the sense that for any w, < v —np and wp, < v — ng,
we get the same result:

(AZWa ° BZWb)Zu = (AZU—nb ° BZU—"a)zv'

The way to interpret this proposition is that the coefficients of the operator Ao B down to some
degree v depend only on a”¢,...,a” "> and b"?, ..., bY "a,

Proof. The proof is straightforward. The product of A and B reads
— p P4 Ap+q-k
AoB= Y Z(k)a N
p<na g<np k>0
So the coefficient of degree v of A o B reads
P\ ppa
Yy (k) B Sprq-teo:
p<na q<np k>0

We want to identify, in the above sum, the contribution in a” and b? with the least value of p.
Clearly, this contribution only happens when k = 0, that is, in the sum

Z Z apbq5p+q,v = q"ap¥Ma 4 ana—lbv—naﬂ e P e

p<ngq<ny

Therefore, the above sum only involves the terms a"¢,...,a* " and b", ..., b" e, ]
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As a direct consequence of the above proposition, we get the following corollary for raising an
operator to some power, down to some valuation, with optimal valuations of the factors. This
formula can be helpful when programming with pseudo-differential operators, since it gives
an optimal knowledge of what is needed to compute.

Corollary 3.1.7. Let A be a pseudo-differential operator of order m € Z.
(i) For any integers q > 1 and v < qm, the following formula uses optimal valuations:

(A7), = (Azw o ( 0 (Asw O A> ) sim " )Zv_m)zv ) (3.5)

wherew =v—-(q—1)m=m+v—qm.
(ii) As a consequence, if we denote

A= Z ak ok, Al = Z a?k ok,

k<m k<qm
then the coefficient a®? is a differential polynomial in the coefficients a™, ..., a™v~1™,
In the above proposition, we called a differential polynomial in a™, . .., a™*?~9™ a polynomial
in these functions and their derivatives. More generally, given functions u!,...,u" we call
differential polynomials in u', . .., u" the elements of the polynomial algebra

ﬂ(ul,...,u”) ::C[u&)’ 1<a<n k>0|.

The n-th root of an operator

In the study of integrable hierarchies, a key features of pseudo-differential operators is the
existence of a n-th root for any monic operator of order n > 1. This will allow us to express

the hierarchy in terms of the fractional powers of some pseudo-differential operator.

Theorem 3.1.8 (n-th Root). Let A be a monic pseudo-differential operator of order n > 1, that is,
of the form A = 0" + Yy, a*oF.
(i) There exists a unique monic operator of order 1,

P=0+ Zpkak,
k<1
such that P" = A, called the n-th root of A.

(ii) The computation of coefficients p°, . .., p~, k < 0 amounts to equating the operators

Askin-1= (sz o ( 0 (Pok © Pog)sgsr )2k+n_2) ) (3.6)

>k+n-1

and p* is a differential polynomial in a"™', .. .,a** "~ of the form

1 _ _ -
pkz_ak+n 1+R(an 1,”.’ak+n 2)‘
n
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Remark 3.1.9. If we relax the condition that P must be monic, then we have n distinct roots
of the form P = e%k7/"3 1+ O(1), with k € {0,...,n}. If moreover the operator A is not
monic, i.e. A = a"d" + O(8™"!), with a” ¢ {0, 1}, then there are n distinct roots of the form
P = (a™)V/reBkning 1 O(1).

Proof. We prove (ii). Denote v = k + n — 1 and assume that the operator P such that P" = A

exists. Thanks to Corollary 3.1.7, we know that a is a differential polynomial in p°, . . ., p'*k~"
(substituting m = 1 and q¢ = n in p™*?~9" in 3.1.7(ii)), which implies that a” is a differential
polynomial in p°, . . ., p¥. So if we want to compute a? in terms of p°, . . ., p*, we only need to

equate the two truncated operators

(P26)") 50 = Aso. (3.7)

Then applying Equation (3.5), one finds Equation (3.6). On the other hand, developing Equation
3.7, we get

(sz)n = Z pmlaml o... op’”"-lam"—l opmnamn

mi,....mp

e{k,...,1}
mi) . [Mn-1 ml( ( Mn-1 ) ) oL mi—L ki
kl) (kn—l )P ' P p(k” v (kn- 2) ) (k1)

mi,....Mn k. kn_1 >0 (
e{k L1}
Now if we select the term of order v, that is, for which v = 3, m; — > k;, we obtain that

a° = Z Z (’;’11) ... (rlj:__ll)pml ( (pm" 1p(kn 1))(kn S, ) . (3.8)

My, sMn k. k120 (k1)
elk,..,1} o= Zmz > k;

In the above equation, for the condition v = ), m; — ) k; under the sum to be fulfilled, and
since the k;’s are nonnegative, it is necessary that

n
v - Z m; < 0. (3.9)
i=1

Now we want to extract the coefficient p* from the big sum in Equation (3.8). To do so, let
iop € {1,...,n} be such that m;, = k. Then all the other m;’s must equal 1 since then, by
definition of v,

n
U—Zmi:v—(n—1+k):o,
i=1

which saturates Equation (3.9). As a saturation, it fixes all the k;’s to 0, and we have n possible
choices for m;, = k. Therefore,

1 . 1 n— m m
szga T Z Z (r]?ll).”("’:ln—ll)p 1(' (p " Pl 1>)<kn ) )

mi, - kn 1>0
€{k+1 1} v Zmz Sk;

(k1)
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(In the first sum, the interval {k, ..., 1} has been changed into {k + 1, ..., 1}.) Consequently,
by recursion on k < 0, the coefficient p¥ is a differential polynomial in a”', ..., a**"~! of the
form p* = %ak”’_l +R(a@™ L. .., akm?), O

Example 3.1.10. The square root of the so-called Schrédinger operator L = 9* + u reads

1/2

1 1 1
(0*+u) " =0+ Eué_l - Zu(l>a—2 t3 (uzy — @)?) 073 +--- (3.10)

Multiplicative inverse

Another important property of pseudo-differential operators that is essential in the study of
integrable hierarchies is the existence of a unique multiplicative inverse, as long as the leading
coeflicient of said operator is invertible within the ring C[[x]]. The following theorem makes
a more precise statement.

Theorem 3.1.11 (Multiplicative inverse). Let A be a monic operator of order n € Z, that is, of
the form A = 0" + Y., a*oF.
(i) There exists a unique monic operator of order —n that we denote

A= Y akok,

k<-n
such that AA™ = A71A = 1.
(ii) The computation of coefficients a1, ..., a*, with k < —n, amounts to equating the oper-
ators
-1
(A22n+k © (A )Zk)zk_'_n = 17
and @* is a differential polynomial in a™, ..., a*"** of the form

dk — _a2n+k +_](an,.‘.’a2n+k—1)
The first few terms of A™! read
-1 _ _ n—19-1 _ n-2 _ n—1\2 _ n—1 —2___‘
A =1-ad""0 (a (@) na(l))a

Remark 3.1.12. If the operator A is not monic, i.e. if A = a"0" + 0(0™ 1), with a ¢ {0, 1}, then
by denoting A = a"B (with B monic), we easily see that A’s inverse is A™! = (a")"'B~L.

Proof. We prove point (ii). Let a” = a™" = 1 and let k < —n (so that 2n + k < n). Let us assume
that there exists such an operator A™!. Then by Proposition 3.1.6, we know that

(A o A_l)zkm = (A22n+k o (A_I)Zk)zk+n .
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Consequently, in order to compute coefficient @, it is sufficient to equate the truncated oper-
ators above. We get

n —n

Z Z am™o™ o g™ 9™

m=2n+k m’=k

I HECEE

m=2n+k m’=k €>0

Asonyk © (A_l)zk

Clearly, the equation for k = —n simply reads 1 = 1. So set k < —n. If we select the term of
degree n + k, we obtain

S IDIDI (R

m=2n+k m’=k €>0

n -n m
m~m’
Z Z (m+m/_n_k)a A m+m’'—n—k) Lin+m-n—k=0

m=2n+k m’=k

where the symbol 1, —n-k >0 means that we select only the terms for which m+m’—-n—k > 0.
If one saturates this inequality, i.e. imposes m + m’ = n + k, then the least admissible value
of m” is m" = k, which imposes m = n. Consequently, the above expression contains the term

a"a* = G, and that is the only term involving ak. In other words,
n —n m
m ~m’
Z Z (m +m' —n-— k) a a(m+m'—n—k)1m+m'—’7—k20'
m=2n+k m’=k+1
By recursion on k < —n, we get that @* is a differential polynomial in a”, ..., a®**k.

Finally, in the above equation, if m = 2n+k, then the inequality m+m’—n—k > 0 saturates
and imposes m’ = —n. Consequently,

dk — _a2n+k + J(an’ o a2n+k—1)’

where J is a differential polynomial that does not depend on a****. One can check that A and
A~! commute. mi

Formal adjoint

Proposition 3.1.13 (Formal adjoint). The algebra D has a natural involution (-)* : D — D,
called the formal adjoint, defined on monomials by

(ad")" = (-1)9" o, (3.11)
and extended on D by linearity. It is an anti-homomorphism, i.e. for any A,B € D,

(AB)* = B*A".
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Notice that since (A*)"!A* = 1 and (A™1)*A* = (AA™))* = 1, then
(A = Ay
Proof. We prove the anti-homomorphism property on monomials. We have,

(ad" o bAP)" = Z (Z) (abpd™P=F)y* = (—1)*P Z(—nk(Z)a"ﬂ’—k o (aby).

k>0 k>0

On the other hand,
(b8?)* 0 (ad™)* = (=1)""PH? 0 bO" o a,

so that it amounts to proving that
O obd" oa = Z(—1)’<(Z)a"+f’—k o (aby). (3.12)
k>0
Now, using the relation 8" o b = 315, (Z) brd" %, we can write
0P 0o bd" 0oa = 0"""P o (ab) - Z (n)(?p o bd" *oa.
k
k>1
Using the same argument, we get that
0P obd" 0oa=0""" o (ab) - (T)@”ﬂp_1 o (aby) + Z (Z)()p o brd" *oa.
k>2

Using the same argument recursively, we prove Equation (3.12). ]

Lie algebra structure

Here we discuss the structure of Lie algebra with which O is naturally equipped. For more
details on Lie algebras in general, see Section 4.1. As an associative algebra, D is naturally
equipped with a structure of Lie algebra by defining the bracket, for any operators A, B € D,

[A,B] = AoB—BoA.

Because this bracket is the commutator, it immediately satisfies the skew-symmetry property,
[A, B] + [B, A] = 0, along with Jacobi’s identity:

[A, [B,C]] + [B,[C,A]] + [C,[B,A]] = 0. (3.13)

It is worth noticing, by a direct check, that the commutator [A, B] contains no term of degree
deg A + deg B, so that
deg[A,B] < deg A+ degB - 1. (3.14)

As in the case of linear Lie algebras, the following proposition holds.



90 Chapter 3. Polynomial tau functions of the KdV hierarchy

Proposition 3.1.14. For any operator A € D, the adjoint mapping ady : B — [A,B] isa
derivation of the algebra D for the product o, i.e for any B,C € D,

[A, BC] = B[A,C] + [A, BIC.

As a direct consequence of Proposition 3.1.14, and similarly to the case of linear Lie algebras,
we get the following corollary by recursion on g > 1.

Corollary 3.1.15. For any operators A,B € D and any integer ¢ > 1, the following equation
holds,

[A9,B] = AT '[A, B] + AT%[A,B]JA+ --- + [A, B]JAT !,

In turns, Corollary 3.1.15 implies the following proposition which is necessary in order to inject
the Gelfand-Dickey hierarchies, a fortiori the KdV hierarchy, into the KP hierarchy.

Corollary 3.1.16. Let A,B € D be two operators. There exists an integer ¢ > 1 such that
[A9,B] = 0 if and only if [A, B] = 0.

Proof. Let us assume that [A, B] # 0 and prove that it implies that [A9, B] # 0 for any ¢ > 1.
We denote A = Y., a0 and [A, B] = Yk <, ¢¥0F, where a™ # 0 and ¢™ # 0. Then

[A9 B] = AT [A,B] + AT %[A,BJA+ - -- + [A, BJAT,
has leading term g(a™)?c¢™, which cannot vanish. Conversely, if [4, B] = 0, then for any

qg=>1,[A1,B]=0. O

Local functionals

Recall that we set our functions to be formal power series in some indeterminate x. The deriva-
tion d = d, on C[[x]] defines a quotient space

Cllx]] := C[[x]]/(Im() & C1),

whose elements are called local functionals. We denote by / : C[[x]] = C][[x]] the canonical
projection onto local functionals; the class of an element f € C[[x]] is denotes alternatively by

7= [r=[ sooax < THT

Notice that C[[x]] is not a ring for these equivalence classes do not respect the product in
C[[x]]. As a direct consequence, we get a “integration by parts” formula: f faq) = - f 9f).

or more generally,

/fg(k> =(—1)k/gf(k>. (3.15)

The space of local functionals plays a pivotal role in the Hamiltonian structure of integrable
hierarchies. A first step towards it is the Adler trace, introduced by Mark Adler in [Adl79].
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Proposition 3.1.17 (Adler trace). The Lie algebra D is naturally equipped with a linear form

(=) : D — C[[x]], called the Adler trace, defined by, for any A € D,

(A) = /resA € Cl[x]],

which satisfies the fundamental trace property ([A,B]) = 0. The Adler trace produces a non-
degenerate symmetric bilinear form (a scalar product):

(A, B) = (AB),

that is ad-invariant, i.e. (A, [B,C]) = ([A, B],C). This scalar product defines an isomorphism of
vector spaces (D))" ~ D_.

Proof. We start by proving the trace property, which we can prove on monomials by linearity.

Clearly, if both A,B € D, or both A,B € D_, then (AB) = 0. Let us assume that A = ad",
n>0andB=0bd,p<—-landn+p > -1, then

(AB) = /resa@"bﬁp

[
k>0

n
) lnep+1 abinspr)

On the other hand,

(BA) = /res boPad™

p
- _/ (n +p+ 1) banspry

= /(_1)n+p+1(n+z+ 1) ab(n+p+1),

where we have used the integration part property (5.2). Now thanks to the symmetry property
of binomial coefficients (3.2), the two expressions under the integral sign coincide.

The ad-invariance property follows from the trace property. The non-degeneracy follows
from the fact that a nonzero monomial a0” is non-degenerately paired with any nonzero mono-
mial ""1b (as long as ab ¢ Imd):

{(ad™) o (07" b)) = /res ad™'b = /ab

The above proves the duality (D,)* =~ D_. ]
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3.2 The Kadomtsev-Petviashvili hierarchy

In this section we define the celebrated Kadomtsev-Petviashvili (KP) hierarchy, which first
appeared in [Sat81]. Even though the main goal of this chapter is to discuss the polynomial
tau functions of KdV (rather then KP), we will see that KP will be our main tool in proving our
statements. Moreover, once the main theorems on KP are proved, then most of the job is done.
The KdV hierarchy then appears as a particular case of the KP hierarchy.

Let us first have a preliminary discussion. As we will see, a solution to the equations of the
KP hierarchy is expressed as a single pseudo-differential operator Q € D of the form

Q=0+ 0" =0+q 0" +q07 +-- (3.16)
k<0

In order to be able to express the KP hierarchy, we ask the functions g’ to depend on infinitely
many variables
t:= (x; t1, to, t3, .. )

To avoid problems of convergence, we restrict our space of functions to setting
q' € Cl[t]] = Cl[x, t1, ta, 85, .. 1] .
Thereby, we’ve extended our space of functions; in other words, from now on,
D =DO(C[[t]], 0 = 0x) .

This change does not affect any of the results given above.
We naturally define the action of d;, on pseudo-differential operators by setting, for any
operator A = Y., akd% € D,

0A da* Y

ot; = ot;

This action automatically satisfies Leibniz’s rule

0 0A 0B
—(AoB)=—o0oB+Ao—.
ati( ° ) 0t; cLtae ot;

In particular, the action of d;, commutes with the composition by 9:

0 0A
—(@oA)=do—.
g, 0eA)=de o

3.2.1 Lax pairs of the KP hierarchy

Our first theorem gives a definition of the KP hierarchy in its pseudo-differential operators
formulation, one of many ways to define the hierarchy:.
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Theorem 3.2.1 (KP hierarchy [Sat81]). Let Q € D be an operator of the form
Q=0+q 0 +q %% +---. (3.17)

Then the following flows commute pairwise, producing the so-called KP hierarchy:

99

5 = @)+l i € Zsy. (3.18)

The operator Q is often called the Lax operator of the KP hierarchy. Equations (3.18) are said
to be equations of Lax type and (Q, (Q");) is called a Lax pair.

Proof. (of Theorem 3.2.1). We give the same proof as in [DJM00], pp. 14-15 (for the KdV case).
First of all since [Q%, Q] = 0, we have

QD)+, 0] = - [(©)-,0].

We easily check that deg [(Qi)_, Q] = deg d;,,Q = —1, so that the equations of the hierarchy
are well defined. The flows of Equation (3.18) commute if for any i,j > 1, d;, 01,0 = 01,0,0.
Let us write

atiath = ati [(Qj)+, ] [5t,(Q])+, ] [ QJ)+,6t, ] .
First, it is easy to see that
3:,(Q)+ = (8,07)+ = [(Q)+. Q']

Indeed, prior to projecting onto the subspace D., we have

0,0" = (0,00 + Q0,002 +--- + Q7(8,,0)
= [(Q)+, '] -

Therefore,
0,0,0 = | [(@)+. Q'] .0 + @) [@)..0] | (3.19)

On the other hand, using the fact that forany A,B € D, [A4, B+ ]+ = [A4,Bi]and [A_,B_]; =
we see that

[(©)+. @], = [(@)+. ()], + [(Q)s: (Q))-],
[(@)+, (@] + [0 (Q))-],

[(Q)+.(Q)+] = [Q. (@],

Therefore,
8,040 = | [©")+.(@):].0| - [[Q.(@)).], . 0] +[ @)+ [©")-.0] |
= [[©@)..0],..0] + [0 [@)- @).]] + @) [@)-. Q]|
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Now using Jacobi’s identity (3.13) on the two rightmost terms of the above equation, we get

0,0, = [[©)+.0'],.0] + [@). [@):.0] |
According to Equation (3.19), we just proved that 8;,0;,Q = 9;,0;,0. O

The flow along t; straightforwardly reads d;,Q = [0, Q] = 9(Q), so that d;, = 0. As a conven-
tion, we set
b= x.

The first two flows along t, gives the following equations
09" = 43 + 243
0r,q * = q(_z"); + Zq(_13) + Zq_lq(_ll).
Similarly, the flows along t; gives
-1 _ -1 -2 -3 -1 -1
09 = qu)+ 394, + 394, + 64 qy)-

Eliminating g2 and ¢ plus renaming v = —2¢71, t, = y and t; = t, we find

4 9 3
2 3
ayv = 58" 0;v + Zvi)xv - Z(?xv .

The above equation is called the KP equation (if we also rename ¢, = y and t3 = t), introduced
by Kadomtsev and Petviashvili in [KP70]; hence the KP hierarchy. In the next proposition, we
give infinitely many conserved quantities expressed via the Adler trace.

Proposition 3.2.2. The local functionals H; = (Q’) are conserved quantities of the KP hierarchy
in the sense that for anyi > 1,

OH; / aQ/
= res— = 0.
ot; i

Proof. Since 0 = 0y = J;, commute with the other d;,’s, we can permute J and the integral
sign so that, by linearity of the residue map, 0;,H; = / res d;,Q’. Then by Equation (3.18),

OH; o
e’ j
ar, /res [(Q )+, O ] .
Yet by Proposition 3.1.17, the above vanishes. O

3.2.2 Equivalent forms of the KP hierarchy

The KP hierarchy admits multiple formulations: the isospectral deformation system, Sato’s
equation, the bilinear identity. But all these rely on the existence of the so-called “dressing
operator” The idea is to “dress up” the operator d with the operator Q via an operator M:
Q = MOM™. Then finding the operator M amounts to finding Q.
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Proposition 3.2.3 (Dressing operator). Let Q be an operator of the form of the KP Lax operator,
that is, Q = 0 + Y.<, q“0F. There exists an operator M, called the dressing operator, of the form

M=1+ Z mk o, such that Q = MOM™", (3.20)

Moreover, the operator M is determined by Q up to a transformation of the form M +— Mo C, with
C =1+ Yo k0¥, where the functions c* do not depend on x (i.e. d(c¥) = 0).

Proof. First, since deg M = 0, then deg M~ = 0 too. Therefore, deg MOM™! = 1 = degQ, so
that the equation Q = MOM™! is meaningful. Second, if N = MC, then

NON~'=Mcoc™' M~ =MC (d(C")+C") oM™ = MOM™,

where d(C™!) stands for the operator which coefficient of degree i is the derivative of the co-
efficient of degree i of C™! (which are constant too). Consequently, transformation M +— MC
leaves Q invariant. To prove that Q determines M (up to M +— MQC), it suffices to equate
Mo = QM. Then by methods similar to the proofs of Theorems 3.1.8 and 3.1.11, we find that
the coefficients m* are determined recursively. ]

Now that we have the existence of the dressing operator, we can translate the flows of the KP
hierarchy on Q into the flows on M. The latter is called Sato’s equation.

Theorem 3.2.4 (Sato’s equation). Let Q be an operator of the form of Equation 3.16 and let M be
an operator such that Q = MOM™'. Then the operator Q satisfies the KP hierarchy (3.18) if and
only if the operator M satisfies the following hierarchy of equations, called Sato’s equations

oM

o= —(MO'M™YH_M, i>1. (3.21)

Proof. Let us start from Equation (3.21) on M and prove that, equivalently, 0 = MM satisfies
Equation (3.18). First, from Equation (3.21) it is not hard to see that 8;, M = M~! (M'M™?) _.
Therefore, we can write the flows of M and M~! as

oM ; oM™1 Ly
o —-(Q")-M, o M™(Q')-.
Then, by definition of M,
0Q oM, oM™1
Ot; a Ot; OM™" + M Ot;
= —(Q")_MoOM™ + MOM 1 (Q")_
= [0.(0"-].

Clearly, these equations follow from one another by equivalences. ]
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Our next important theorem is the equivalence between the KP hierarchy and what is called
the linear system of isospectral deformation of KP (or simply its linear system). But before stating
the theorem, we need to define an action of pseudo-differential on some space of functions as
follows. First we introduce the so-called xi function:

Et) =)t (3.22)

i>1

Then, for any integer k € Z, we set ks .= (kef®A) which naturally extends the usual
definition for k > 0. We then extend this definition on D and get that, for A = ¥, ., a*0* € D,

Aeb®d — (Z ak}Lk) )
k<n

Given this definition, we can define the following “function space”:
W = {Aef“?ﬂ) | Ac 1)} c C[[t, A, A71]].

This space is, of course, completely ad hoc. It is also clearly in one-to-one correspondence with
D. We can define an action of D on ‘W by

A (Bee‘:(t;m) —AoB (e;f(m)) _

Remark 3.2.5. Notice that still, the meaning of Ae*®V = (3, _, ak(t))tk)(zjzo pj(t)A/)?* is some-
how unclear since if one preforms the natural Cauchy product of the two series in A, then the
series may not converge in the sense of the topology induced by the gradation in A (i.e. each
coeflicient in A may involve an infinite sum of elements of C [[t]]). Namely,

(Z akxlk) ef®h) — Z A Z pi(ta;_j(t).

k<n i€Z  j>max{0,i-n}

To remedy this problem, we may prove that, thanks to the increasing degrees of the poly-
nomials p;, each coefficient in A’ actually involves a finite sum of complex numbers for each
coeflicient of each monomial in the #;’s. Another way to remedy this is simply to state that
the meaning we give to an expression of the form Ae®? is that of a formal symbol whose
derivatives (which is essentially what matters here) satisfy

0y, Aef N = (ATA + 9,,A)et ).

We can now state the following theorem.

2The polynomials p (1) that appear here are called the elementary Schur polynomials; they are precisely defined
by eé(t4) = 220 pj()A). They ready po = 1, p1 = t1, pz = %tlz + tg, etc. They will be discussed in Section 3.5 and
will be generalized in Section 4.5.
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Theorem 3.2.6 (KP linear system). The KP hierarchy (3.18) on the operator Q holds if and only
if there exists a function w € ‘W such that the following hierarchy of equations is satisfied,

= Aw:
{QW v i>1,1¢eC. (3.23)

6t,-W = (Qi)+W;

This system is called the linear system of KP; the complex number A is called the spectral param-
eter; the function w is called the wave function associated to A.

Proof. Suppose there exists a function w € ‘W such that (3.23) holds. Then

00 ow ow

a—th'FQa—tl = Aa_tl
0 . .
22w+ Q- = Q) Qw
99 i _
(a_tl + [Q’(Q )+]) w = 0.

The above equation holds for arbitrary values of A € C, which means that the the operator
0:,0 + [0, (Q")+] has infinitely many independent solutions (one w(A) for each value of 1),
while being independent of A. Therefore, it vanishes, i.e

%Y

55+pxdnhw.

We now prove the converse. Let an operator M = 1 + Y., m*d* be such that Q = MAM™".
We will prove that the function w = Mef®? is a wave function of the linear system of Kp.
Notice that by construction of the xi function,

9, e85 = gief®h) — 31EtA)

Now we easily see that
Qw = MOet N = dw,

so that the function w is a eigenvector with eigenvalue A. Now considering Sato’s equation
(3.21) on the dressing operator M, we get that

JettA)
ot ot at;
= _(Q')_M — £ 4 Mgt
=—(Q)-w+ MM 'w
= —(Q")-w+Q'w = (Q")+w.

0 OM ¢,
L —et Y 4 M

Therefore, there exist an eigenfunction w such that the linear system of KP holds. ]
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3.3 The bilinear identity and tau functions

3.3.1 The bilinear identity

In this section, we follow the approach of [BBT03]. In the proof of Theorem 3.2.6, we saw an
important fact: Let Q satisfy the KP hierarchy, then any dressing operator M = 1+ 3 _, m*d¥,
i.e. such that 9 = MOM™!, provides a wave function of the linear system of KP by setting

-1

-2
w(t; 1) = Met®Y = (1 + mT + ";—2 T A (3.24)

On the other hand, since the KP hierarchy is equivalent to the existence of a wave function, we
can chose the wave function to be of the form of Equation (3.51) without loss of generality. We
also define the adjoint wave function by

wi(t; ) = (M) et
We get the following lemma.

Lemma 3.3.1. The adjoint wave function obeys the following hierarchy of equation:

{Q'W = A ieZ. (3.25)

Orw* = —(Q')1w";

Proof. By properties of the formal adjoint, we have that Q* = —(M™)*dM* (since 9* = —9), so
that

Q*W* — _(M—l)*ae—f(t;/l) — AW*
On the other hand, since (M™1)* = (M*)™!, we have
O w" = (atiM_l)* e ¢ 4 (M*)_l(’jtie—é'(t;/l)
= (M71(QY)-)" e 68D 4+ (M) 19l 5N
= (@M E ) — (@) (M) e = Q) w,
O

We can now state the celebrated bilinear identity, first introduced by R. Hirota’s in his lecture
notes [Hir76]. This theorem expresses an equivalence between the KP hierarchy and a bilinear
formulation of the latter.

Theorem 3.3.2 (Bilinear identity). Let Q be an operator of the form (3.16) and let M be a dressing
operator for Q. Let w be the function

w(t; 1) = Mef &V € .
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Then w is a wave function of the linear system of KP (3.23) (i.e., Q satisfies the KP hierarchy (3.18))
if and only if w satisfies the following hierarchy of bilinear equations:

dr /. .
¢ oo (ol olmwsn) - o (3.26)
in m
foranym > 0 andji, ..., jm = 0. Moreover, it is equivalent to the identity
dA
j{ —w(t; ) - w'(t’;1) =0, Vi, t'.
21

In the above expressions, the contour integral denotes the residue around A = oo, i.e. the coefficient
inA™L.

Remark 3.3.3. Everything we state is purely formal. In this fashion, it does not really make
sense to say “Vt,t’” What we actually mean by that is that the second form of the bilinear
identity is an equality holding within the ring C[[t,t’, A, A71]].

We proceed by a series of lemmas.

Lemma 3.3.4. For any operators A,B € D,
di
}’{ ——A(e*) - B(e™**) = resy (AB).
21w

Proof. Let us denote A = X4, ak9* and B = 2k<n, bk3*. The left hand-side of the above
equality reads

%%A(e“)-B(e_“) = res; Z akk Z bl (=1)fAl = Z (1) a1pe.

k<ng, t’Snb €Snb

The left-hand side reads
resg (AB*) = resy Z a* ok o Z (—1)"5%" _ Z (_1)£a—f—1b['
k<ng {<ny £<ny

O

Lemma 3.3.5. IfQ satisfies the KP hierarchy (3.18) (i.e. if w satisfies (3.23)), then w satisfies the
bilinear identity (3.26).

Proof. Since w satisfies (3.23), we have d;,w = (Q");w. And since (Q’), is a polynomial in 4,
any term of the form a{; e 8{:’"’w eventually reads a polynomial in the 9% (w)’s. Consequently,
it is sufficient to prove the bilinear identity for integrand 8% (w) - w*, with k > 0. Yet because
w = Me®®4 and because M only acts on #; = x, we can write

da dA . .
% —0"(w)-w' = y{ —a* (Meg(t”l)) (M) e~E®A)
21 2ir
= dA k Ax s—1_—Ax
= § e (@0) (e
= resg ("MM™) = res30* = 0,
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where we have used Lemma 3.3.4. The compact form of the bilinear identity (the one with Vt, t’)
is obtained by a Taylor expansion around t = t’, i.e by replacing t = t’ + IV and expanding the
integrand. O

For the final step, we prove a statement that is a bit stronger then the implication that is con-
verse to Lemma 3.3.5.

Proposition 3.3.6. Let w,w € ‘W be two formal power series of the form
w(t; 1) = M), w(t; ) = Me ¢,
where the operators M, M € D have the form
M:1+ka8k, M:1+ZM"B".
k<0 k<0

If the functions w and w satisfy the equation
dA o /
—w(t; ) - w(t’; 1) =0, Vi, t/, (3.27)
21
then M = (M*)™! (sow = w*) and w is a wave function of the linear system of KP (3.23) (equiva-
lently, the operator Q = MOM™" satsifies the KP hierarchy (3.18)).

Clearly, the above proposition, along with Lemma 3.3.5, implies Theorem 3.3.2.

Proof. Let us first prove that if w and w satisfy Equation (3.27), then M = (M*)~'. By Lemma
3.3.4, we see that for any k > 0,

resgd* MN* = ﬂ A*Met W) . (Me ¢t ) = ﬁ(’)k(w) -w =0,
21w 21

where we have used Equation (3.27) in the last step. On the other hand, M = 1+ O(™!) and
this readily implies that M* = 1 + O(d7") as well. Consequently,

MM* =1+A, Ae D,

so that resyd* A = 0 for any k > 0. Therefore, A = 0, which means that M= (M*)~L.
We now prove that M satisfies Sato’s equation (which is one equivalent form of the KP
hierarchy, cf. Theorem 3.2.4), i.e. that

oM

G = (@M.

where Q = MOM™. First, we observe that the flows of w and e¢ are related by

(6M

o T (Q")_M) et = (i - (Qi)+) w.

ot;
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Indeed, using d;,e¢ = d'e® and Mo’ = Q'M, we get

oM : ow 9eftd) _
l_M §(t,A):__M l_
(6ti+(Q) ) G~ Mg (@)
= ow _ MO eEE £ (O _w
ot;
ow . . 0 )
=G~ QW Q)= (a—ti - (Q’)+) w.

Since (Q") is a differential operator in d = d,, and using Equation (3.27), we have, for k > 0,
0= § (0% (0~ @) woi
= ‘7{ % ((‘)k (0, M + (Q")-M) eg(tﬁ)) - Me~t ),
By Lemma 3.3.4, this is equivalent to
0 = resgd” (0, M + (Qi)_M) oM™,

where we have used that M* = M~!. The above holding for any k > 0, we get that 0y, M +
(O")_M = 0, which is what was to be shown. O

3.3.2 The tau functions of the KP hierarchy

Now that we have the bilinear identity, we can prove the essential property of the existence
of a tau function for any solution of the KP hierarchy. This statement is formulated in the
following theorem. We still follow the approach of [BBT03] (pp. 352-354).

Theorem 3.3.7 (Tau function (KP)). Let M = 1+ Y, _, m*0* be an operator satisfying Sato’s
equation (3.21) an define functions w, w* € W by

w(t; 1) = Mef D), wi(t; 1) = (M) e E),

If w and w* satisfy the bilinear identity (3.26), then there exists a (non unique, nonzero) function
t € C[[t]], called the tau function, such that

Ul K T

w(ti ) = - wieh) = D v

z(t) (1)
where [A7'] == (%, ﬁ, 3—/113, ) and E(GA) = Y il

Remark 3.3.8. Notice that since 7(t) does not depend on A, it does not contribute to the residue.
Therefore, the bilinear identity can be reformulated as

}1{ %r(t— A7) - o + A7) exp [Z(ti - t{)ﬂi} =0, Vit

i>1
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To prove Theorem 3.3.7, we will proceed with two lemmas. For these lemmas, it will be con-
venient to introduce a function m € ‘W defined by

w(t; 1) = Me* Y = m(t; 1) x etV
By construction, if M = 1+ Y., m*0*, then
~ m*
mtA) =1+ Z F
k<0

Accordingly, we define a function m* by
wi(t;A) = (M7) et = m*(t; 1) x e

Lemma 3.3.9. If w, w" satisfy the bilinear identity, then the function m satisfies the functional
equation
m(t—[piv) _ m—[v'];p)
m(t; p) B m(t;v)

(3.28)

Proof. We start by making two simple observations. First, for any function f(1) = 1+ -, f*A¥,
using the geometric series, we have

a_fw
oo = ). (3.29

Second, using the power series expansion of the logarithm, i.e. log(1+x) = Y5, (=1)*1xFk71,
we see that

e-E(t:)
1=y

Now, applying the bilinear identity to t and t’ = t — [¢~'] and using Equations (3.29) and (3.30),

=&l ) _

(3.30)

we get

0= § S h) Wit [
21
= f d.—/lfﬁ(t; el L m (t — [ et
21

dA m(t; 2) - m*(t - [p~"]: 4 _ . _
:%Em(t ) :n_(;/u[;u ] ):,u(m(t;u)-m (t—[,u 1];‘[1)_1).

In other words,
1
m(t; )

mi(t— [ ) = (3.31)

Similarly, we want to apply the bilinear identity to t and t’ = t — [u~'] — [v"!]. Let us denote

g(t: A) = m(t; A) - m*(t = [p] = v ),
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then we get
dA * - -
o:jgz-—wm)-w (Gl VT el U D)
ir

_%g g(t, 1)

2im (1= A/p)(1 = A/v)

_fdd v ogtA) B9t A)
B Ev—,ul—)t/,u_v—pl—)t/v

= PV — alt
= ﬂ(g(t,u) g(t;v)).

Consequently, g(t; u) = g(t; v), i.e.
it ) - At — [ ] = ) = A v) - At — [ - v 1),
Using Equation (3.31), we get

mt = [ Lv) _ m= [
m(t; ) B m(t;v)

O

Lemma 3.3.10. The function m satisfies the functional equation (3.28) if and only if there exists
a function v € C[[t]] such that

r(t—[A7'])
7(t)

Proof. First of all, it is easy to check that m of this form satisfies Equation (3.28). For the
converse statement, let us take the logarithm of Equation (3.28):

h(t = [p~'1:v) = h(t;v) = h(t — [v™']; ) — h(t; ), (3.32)

where h = logm. The function h is well defined since m = 1 + O(A™!). We introduce the
generating function of time derivatives:

Vii= ) A,

i>1

m(t; 1) =

Notice that for any function ¢, we automatically get (9, — V,)@(t — [A"!]) = 0. Applying
(0, — V) to Equation (3.32) we get

@y = V)h(t =[] v) = 3y = Vo)h(t;v) = =V, h(t; p).

Let us denote (9, — V,)h(t;v) =t X;5; y'(t)y~'"1. Then expanding in powers of v, the above
equation reads

Yt =g =y (t) = 9y, h(t; p). (3.33)
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We denote TV = 8,y — atjyi . Then by symmetry of the second partial derivatives, we can
eliminate the right-hand side in Equation (3.33) and get

TY(t = [p~']) - T(t) = 0.

Now, expanding in powers of y, we get 3,51 p~ 718, = T'/, so that TV is actually indepen-
dent of all the variables ¢;, i > 1.

On the other hand, T'¥ is by construction a polynomial in the 8, m‘’s. Using the KP hier-
archy, we can express 0;, m¢ as a polynomial in the #?m®’s so that T'/ is a polynomial in the
independent variables mf; = 0Pm’. Because these variables are independent and because '/ is
constant, it reduces to its constant term.

Now notice that the function m = 1 solves Equation (3.28). For this particular solution,
h =logm = 0, so that 'Y = 0 as well. Therefore, T/ = 0 for any solution (since it is constant).
By Poincaré lemma, it means that there exists a function F € C[[t]] such that y' = 8,,F; we
denote 7 = exp F. Inserting this in Equation (3.33) we get that

log 7(t — [ ']) = log 7(t) = log mi(t; ) + C,
where C € C is constant, i.e.

-
m(t;p) =C- T,

where C = e™C. The constant C can be absorbed into 7 (which is defined, in particular, up to
multiplication by a constant) to get the result. The equation on w* follows directly from that
on w. ]

The two lemmas above prove Theorem 3.3.7.

3.4 The Korteweg—de Vries hierarchy

3.4.1 Lax pairs and other forms of the KdV hierarchy

As we already said, the KdV hierarchy can be seen a reduction of the KP hierarchy by imposing
L=0Q%¢€ D,,ie Q% = 0. Let us first state the KdV hierarchy.

Theorem 3.4.1 (KdV hierarchy [Lax68]). Let L = 6% + u € D, be a differential operator. Then
the following flows commute pairwise, producing the so-called KdV hierarchy:
oL ;
== [( 1/2)+,L] : i€z, (3.34)
61‘,- -
The first flows of the KdV hierarchy read u;, = u; (Where u;, = 0;,u and uy = uy, Uz = Uyy,
etc.), then

1 3
Uy, = Zu3 + Euul,

3
_ 1 5 5 15,2
Uy = 1gUs + guu3 + FUU + 3 uug,
_ 1 7 21 35 35 2 35 35 3 35 3
Uy, = U7 + 35 UlUs + Sa U1l + 3y U2U3 + ﬁ(u) us + 3 Ul + 3—2(u1) + 1—6(u) ui.
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The flow with respect to t3 reads the so-called KdV equation, first theorized by J. Boussinesq
in 1877 [Bou77] and then proposed in its current acceptation by D. J. Koretweg and G. de Vries
in 1895 [KdV95].

First of all, Theorem 3.1.8 ensures the existence of the square root of L. Second, as in the
KP hierarchy and because [L!/?, L//?] = 0 for any i,j > 1, we can rewrite the equations as

g—tLi - [L, (Ll/z)_] , i e 7%,
Then one can easily show that these equations are well defined.

Just like for KP, there is a straightforward proof of Theorem 3.4.1 (see proof of Theorem
3.2.1). However, we will take a different approach to the problem and show that we can deduce
the commutativity of the KdV flows from that of the KP flows. To do so, we start with an
important lemma.

Lemma 3.4.2. Let P be a pseudo-differential operator of the form P = 8 + Y. .o, p*0*. Then for

any integeri € Z‘;dld, the following equivalence holds:

P? ; P :
or” + [(Pl)_,Pz] =0 if and ony if op + [(P’)_,P] =0.
Ot; ot;
Proof. The proof is entirely similar to that of Corollary 3.1.16. Let us denote
A= [(P)-,P] = > a"Fok.

k<0

Suppose that d;,P + A; # 0 and denote m; its order, i.e. 0;,;p™ + ab™i # 0. Then by Leibniz’s
rule, we can write

dP? , oP 9P
P')_,P*| =P— + —P+PA; + A;P
at,-+[( )-> ] 8t,~+6ti * *
=2 (Bp,p™ + a"™) M+ O(0™).
Therefore, 8;,P? + [(P")—, P?| # 0 as well. The converse is obvious. O

Remark 3.4.3. With exactly the same arguments, we could have shown the following statement
(that we use for the Geldfand-Dickey hierarchies): For any n > 1,
opr"
ot;

. opP ;
+ [(P’)_,P"] =0 if and ony if o + [(P’)_,P] =0.
Proof. (of Theorem 3.4.1). Thanks to Lemma 3.4.2, the Lax equations of the KdV hierarchy
can be interpreted as the Lax equations of the KP hierarchy on the operator P = L/2. Then
Theorem 3.2.1 ensures that the flows commute. m]

In the proof above, we implicitly proved that any operator P = d+ Y4 -, p*0* such that (P?)_ =
0 and which satisfies the KP hierarchy, provides a solution to the KdV hierarchy. In the same
fashion, we can define the linear system of KdV as follows.
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Theorem 3.4.4 (linear system of KdV). The KdV hierarchy (3.34) on the operator L = 0 + u
holds if and only if there exists a function w € ‘W such that the following hierarchy of equations
is satisfied,

Lw = A%w;
{ vEa iez¥ 1ec. (3.35)

Or,w = (L1?),w;

As in the KP case, one can explicitly construct a wave function w that satisfies the linear system
of KdV as follows. Let M = 1+3; ., m*@* be an operator such that P = MOM~! where P = L/2,
Then

w(t; 1) = Mef®

provides a wave function that solves the system (3.35). Here £(t; 1) = X;54 t;A! as well, but we
could have gotten rid of the even variables and still get a valid wave function.

As w is also a wave function for the linear system of KP, we still have the existence of a tau
function 7 € C[[t]] such that

-1
w(t;A) = Memm_
7(t)
That defines the tau functions of the KdV hierarchy. In the next section, we show that the
constraint (P?)_ = 0 of the KdV hierarchy implies much simpler formulae for the tau function.

3.4.2 The tau functions of the KdV hierarchy

Proposition 3.4.5 (Tau function (KdV)). Let L = % + u be a solution of the KdV hierarchy. Let
t be the tau function associated to the square root operator P = L'/? (seen as a solution to the KP
hierarchy). Then t is determined by the constraint

2

u=—2@log7=2

(T(l))2 — TT72)
()2

Proof. Let us recall how the tau function of KP is defined starting from the operator P. First of
all, P goes like this:

(3.36)

1
P=9-ud" +0(7)

(Equation (3.10)). Since P = d + O(87!), there exists an operator M = 1+ O(97?) (the dressing
operator) such that P = MOM™! (Proposition 3.2.3). It is easy to show that

0
M=1-m'971- (m_z + (m_l)z) 972+ 0(07%), such that 2"
From the operator M, we define the function

w(t; 1) = Me*! Y = (1+ m7 A7+ 0(17%)) 5 e W,
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where £(t; 1) = Y;5; t;A', which produces a solution to the linear system of KP (3.23), the latter
being equivalent to the KP hierarchy (Theorem 3.2.6). Then the fact that the wave function
satisfies Equation (3.23) implies the existence of the tau function r € C[[t]] such that

_ry-1
w(t; 1) x e FED = L Gl U VO 1075, o(17?).
7(t) T

Ox
Comparing the three equations above, we get that

E = —Za—x = —2@ Iog T.

7 0x

om™ 3 (1a_f) i

O

As we saw, given an operator Q satisfying the KP hierarchy, one only has to impose the con-
straint (Q%)_ = 0 to produce a solution to the KdV hierarchy. It remains to know how that
works at the level of tau functions. The next proposition is essential.

Proposition 3.4.6. Let 7 be a tau function of the KP hierarchy. If 0;,r = 0, then the function
u = —20%log t is a solution of the KAV hierarchy.

Remark 3.4.7. The converse is wrong: A tau function 7 of KP can be a tau function of KdV and
depend on t;, (or other even variables). Indeed, since the tau function is defined—in the KdV
case—by u = =202 log 7, then any transformation of the form

7(t) — 7(t) X exp [A(t)x + B(t)], oA = 9B =0,

ox Ox

defines the same function u, and therefore produces the same operator L = d% + u that satisfies
the KdV hierarchy.

Notice that, in practice, we often compute tau functions of KdV such that they do not
depend on even variables. In particular, they do not depend t,. Then it suffices to prove that
they satisfy the KP hierarchy, since Proposition 3.4.6 ensures that they will automatically be
tau function of KdV.

As we will see in Section 3.5, it can actually be easier to prove that a tau function satisfies
the KP hierarchy, rather then the KdV hierarchy.

Proof of Proposition 3.4.6. We use the isospectral formulation of KP and consider the wave func-
tion w associated to 7 via the relation

w(t;A) = AL _r ([t/;_l])eg(t;’l).

Since d;,7 = 0, we have d;,w = A>w. By Theorem 3.2.6, w satisfies the system of equations

{Pw = Aw; .
1€ ZZI-

Opw = (PHsw;
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In particular, (P?)_w = 0; indeed,
0=0,w— (P))yw = 12w — (P¥),w = (P*)_w.

Since P is independent of A, yet (P?)_w = 0 for arbitrary values of 1 € C, it follows that
(P?)_ = 0. Equivalently (P?); = P? € D, and the operator L = P? =: §* + u satisfies the linear
system system

Lw = F'w; ) dd
{at_w = (L), ieZ%Y, (3.37)
which is equivalent to the KdV hierarchy. -

3.5 The polynomial tau functions of KdV and the Adler-
Moser polynomials

As described in the former section, to any solution u of the KdV hierarchy, we associate a tau

function defined by
2

(t0))® = 772
u= —2wlogr = 2%
If 7 is polynomial then u is clearly rational. On the other hand, it was proven by Airault,
McKean and Moser [AMcKM?77] that there are denumerably many rational solutions of KdV,
each one being the orbit of the function u, = n(n + 1)/x* under the flows of the hierarchy.
In [AM78], the authors constructed the Adler—-Moser polynomials 6,(x = ry,73...,r,—1) for
n > 0, defined by the recursion
5gn+1 On—1 — 9n+1% = (2n = 1)(0n)".
x 0x
An important result of [AM78] (cf. Theorem 3.5.1) is that there exists a unique change of
variables that transforms the Adler—-Moser polynomials into polynomial tau functions of KdV
and that we recover all rational solutions of KdV. But we did not know what this change of
variables was.
In this section, we show that the following change of variables transforms the Adler—-Moser
polynomials into the polynomial tau functions of KdV: r; = t; = x, and

Z tZi_lzzi—l) )

i>2

r2i-1 9j—
Z =72 2271 — tanh

> a2i—1

where ay;_1 = (=1)"71325%...(2i — 3)?(2i — 1). To do so, we apply this change of variables to
the Adler-Moser polynomials to get some polynomials 7,(t1, 3, 5, . . .). Then by seeing them
as functions 7,(t, f2, t3,...) of even and odd times we show that they are tau functions of
the Kadomstev-Petviasvhili hierarchy (KP). Then by Proposition 3.4.6, since the 7,,’s actually
depend only on odd times, they are indeed tau functions of KdV.
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It is well known how to compute the polynomial tau functions of KdV without using the
Adler—-Moser polynomials. For instance, in [Hir04] R.Hirota constructs a family of tau func-
tions of KP in terms of Wronskians of the elementary Schur polynomials, which can be reduced
to recover the polynomial tau functions of KdV. But the Adler—Moser polynomials reveal a re-
cursive structure in the space of rational solutions of KdV. It would be interesting to investigate
how to generalize this to the Drinfeld-Sokolov hierarchies.

3.5.1 The Adler—-Moser Polynomials

Letr = (x = ry,73,75,...) be a set of oddly-indexed variables.> We save the usual variables
t = (x = t1,t3,15,...) for the tau functions of KdV. The Adler-Moser polynomials form a
sequence

en(rl’rS---,an—l), n2= 0,
defined by the following recursion [AM78]: 8y = 1, ; = x and forn > 1,

Bt g 002971 (an 4 )0, (3.38)
Ox Ox

This recursion leaves an integration constant that is chosen to be r;,—1 when computing 6,,.
We can check that 8,, has degree d,, = %n(n +1) in x and ry,,—; is actually the coefficient of xn-2
in this polynomial. The first few polynomials read

0y =1,

01 = X;

0, = x° + r3;

05 = x° + 5r3x° + rsx — 5r32;

0y = x10 4 15r3x7 + 7r5x5 - 35r3r5x2 + 175r33x - %rsz + r7x3 + r3ry;

0s = P+ 35;’3x12 + 28r5x10 + 175r§x9 + 97‘7x8 - 105r3r5x7 + rgx6 - 1477’52x5 — 63r3r7x5

+ 3675r32r5x4 - 18375r§x3 - 21r5r7x3 + 5r3r9x3 + 735r3r52x2 - 315r32r7x2 - %r?x + rsrox

- 49r§ + 42r3rsry — 5r32r9.
In that same article ((AM78], pp. 17-18), the authors state the following theorem.

Theorem 3.5.1 (Adler—Moser, 1978). There exists a unique change of variables r +— t that
transforms the Adler—Moser polynomials 0,(r) into the polynomial tau functions t,(t) of KdV.
That is, the rational functions u,, = —28%log 7, define operators L,, = 0* + u,, that satisfy the Lax
system of KdV:

T (G R)

3In their original paper [AM?78] the authors use the variables 7; instead. But since then, the letter 7 has been
used rather for the tau functions. Moreover, we use odd indices so that we can later complete the set into the
variables of KP.
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We aim to prove that the desired change of variables is given by: r; = t; = x, and

Z fi-1 22 l—tanh(Ztgl 17 1).

isp %2i-1 i>2

where ay;_; = (=1)"71325%2...(2i — 3)?(2i — 1). The latter coefficients ay;_; where already
given in Adler and Moser’s article. Notice that this change of variables amounts to simply
changing the choice of the integration constant in the differential recursion (3.38). To prove
the statement, let us first recall and prove some results stated in [AM78]. These lemmas relate
the Adler-Moser polynomials to a Wronskian representation through a multiplicative factor
and a simple rescaling of the variables.

Let s = (x = s1,53,55,...) be another set of variables and let 1//(s), j
defined by:

\%

0 be functions

Z /2471 = sinh(xz) + cosh(xz) Z Spi1227L, (3.39)
jx1 i>2

and ¢/° = 0. It readily implies the recursion 1//(2) /=1, where as before tﬁ’ = 8Ly, The first
few terms read

[=]

Yy =0

yh=1

Y? = %xg +83;

lﬁ3 = ﬁxs + %xzsg’ + s?;

Yt = ﬁx +—xs + 1xzs5+s

¢5 = 3621880x + ﬁxﬁsg + 2—14x s2 + 1xzs7 + 39.

We now define the Wronskians of these functions:

Wy = Wr(y/L, ..., y") = det( . 1))

LN
Lemma 3.5.2. The Wronskians W, of the functions //, satisfy the recursion

oW, OW,,_
Wy = Wy — = (W2 (3.40)
ox ox

Proof. For any smooth function y(s) with respect to x, denote W,,(y) := Wr (¢%,...,¢", x) .
Then one has the identity:

OWn(x)
ox

Wit — L = W ()W, (3.41)

This can be proven by noticing that the left-hand side is a linear differential operator of order
n + 1 which vanishes for y = ¢/!,..., 9", as well as for /"*!. Yet the functions ¢/’ being lin-
early independent, the left-hand side must be proportional to W,,1(y). Comparing the highest
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coefficient, one obtain Equation (3.41). Now thanks to the relation lﬁ(Jz) =¢y/land y! = x, we
can compute that for y =1,

Wa(1) = (=1)"Wh-1. (3.42)

Indeed, first we have W,,(1) = Wr(¢,...,¢¥", 1) = (-1)"Wr(1,¢!,...,¢¥"). Then writing down
the determinants one obtains that

10 0 - 0
oo 2 L. 2 1 e 1

L0 Ol P V| |V Vin-2)

Wr(l, l//l, . wn) — lﬁ l//(l) [ﬁ(2) . Sb(n) _ . . _ . . — Wn,

. ' s -
1//(2) v w("ll) 1// e lp(”ll_z)

n n n n
4 ¢(1) Ip(Z) lp(n)

hence Equation (3.42) holds true. Then setting y = 1 in Equation (3.41), one finds Equation
(3.40). O

Now since Wy = 6, = 1 and W; = 0; = x, the two sequences of polynomials differ only by a
multiplicative factor that can be computed:

k
0n(1) = u Wn(s), pn = | |2k =2+ 1) (3.43)

Jj=1

Lemma 3.5.3. The parameters of the Adler—Moser polynomials 0, (r) and those of the Wronskians
W, (s) are related via a rescaling:

r2i-1

Spi1 = i = (—1)71325%  (2i = 3)2(2i — 1) (3.44)

2
a2i-1

Proof. 1t all has to do with the choice of the normalization in the recursions (3.38) and (3.40).
For 6, the choice is such that ry,_; is the coefficient of x%»-2. Moreover if 0, is a solution of
(3.38), so is B, + cO,_2 so that the normalization can be expressed as

On = Op + r2n_10n_2,

where an := On| ran-1 = 0. Similarly, define Wn = Wy|san—1 = 0. Since y" = l//” + Son-1, then
by Equation (3.42),

W, = Wy + Sono i WEW L, Y1) = Wy + (=) sy Wi

Comparing the last two equations and using Equation (3.43) one obtains the result. ]

3.5.2 A change of variables to the polynomial tau functions KdV

The aim of this section is to prove the following theorem.
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Theorem 3.5.4 ([Ducl7]). The following change of variables transforms the Adler—Moser poly-
nomials into the polynomial tau functions of KdV: ry = t; = x, and

Foit o .
Z 2L 221 — tanh Z Ry (3.45)
is2 %2i-1 i>2

where a;_1 = (=1)1713252 ... (2i — 3)%(2i — 1).

As a matter of fact, this change of variables does not affect the first few variables except for a
rescaling. Here are the first variables r;;_; in terms of the t,;_1’s: r; = t; = x, and then

rs = -3 I3, r; = —-1575 - t7, ra = —9823275 - (tll - t§t5) ,

99255 - (o — 3£3), ri3 = 1404728325 - (t3 — tity — t3t7) .

I's 245't5, 14

We voluntarily factorized by the constants ay;_1; in turns, the variable ry;_; in terms of the
s2i—1 s is the expression within the parentheses, i.e. r; = s; = x and then

— — _ 2
rs = Ss3, r7; = $7, 11 = S11 — S35,

1.3 _ 2 2
533, ri3 = S13 — 3337 - 5335.

rs = Ss, 9 = S9 —
Notice that the change of variables is homogeneous for the grading degr; = degt; = degs; = i,
as proven by Adler and Moser [AM78]. Under this change of variables, we obtain the following
polynomial tau functions of KdV:

T0=1,

T = X,

Ty = X = 3ts,

3 = x° — 1563x° — 45t5 + 45tsx,

7y = x'0 — 45t5x7 + 315t5x° + 472583157 — 472583 x — 4725t5 — 1475t;x° + 47258315,

Then the polynomials 7,/ 1, (cf. Equation (3.43)) correspond to the tau functions computed via
the Wronskians of the elementary Schur polynomials following Hirota [Hir04].

To prove Theorem 3.5.4, we introduce another sequence of functions defined by the gen-
erating series.

Z ¢’z%7! = sinh(xz) + cosh(xz) tanh (Z t2,~_122i_1) . (3.46)

jz1 i>2

It amounts to applying the change of variables of Equation (3.45) to the functions ¢/ of Equation
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(3.39). The first few terms read

¢ =0;

¢l =1

¢* = %x3 + 835

¢3:$x5+2x5 +s

¢4=50140x+ + xs +s

¢ = 362880x + 7;0t§x6 + ﬁt§x4 + t7 2 - 19683t§7 729t9t24 243t ot + 243t3t318 t§t315

4 145,12 649 7.6 8 3,49
+ Mo — Bybe) + ar]tS — 3563 + 1.
With these functions, we define another sequence of Wronskians:

T = Wr(gl, ..., ¢"), (3.47)

In what follows, we prove that these Wronskians are tau functions of the KP hierarchy. Yet
because they depend only on odd times, they are tau functions of KdV (cf. Proposition 3.4.6),
which proves Theorem 3.5.4. We use the same approach as in [[Z92] (also as in [Caf08]). First
we need the following lemma.

Lemma 3.5.5. The functions ¢’ satisfy the following relation for any integers i, j > 1:
j—i-1

) o/ J .
¢(2i—1)_ 7 - Z¢kaj i (3.48)

Otyiy &

where qﬁj = 02~1¢J. Here the a’’s are functions that do not depend on x and are defined by

Z @/z¥7! = tanh (Z t2,~_122i_1) .

j>2 i>2

(2i-1)

Proof. It is a direct calculation: differentiating Equation (3.46) and using a Cauchy product, one
obtains

Z(%i-l) o ) - 1Z¢k j-ike1
iz j=

Then, noticing that ¢° = 0 and a° = a' = 0, one gets the correct boundaries in the last sum. O

Remark 3.5.6. This relation is to be compared with the one satisfied by the elementary Schur
polynomials defined by

exp (Z tizi) = ijzj. (3.49)

i>1 j=1
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These polynomials satisfy the relation pé )= d1,p’. Now define p’ to be p»~! where all even
times are set to 0, i.e. p/ = p?~1|{t;; = 0,V i > 1}. They satisfy the relation
5 o7
2i-n) = Otyiy

The last relation allows to prove that their Wronskians Wr(p', . . ., p") are the tau functions of
KdV the same way we prove that the Wronskians of the ¢/’s are (see for instance [1Z92]). In
particular the Wronskians of the $/’s and those of the ¢/’s coincide.

Now let us introduce all the variables (x = f1, t, t3, . . .) of the KP hierarchy (that is, odd and
even). To prove that the 7,,’s are tau functions of KP we use Sato’s equation, which is equivalent

to the KP hierarchy (see Theorem 3.2.4). We state Sato’s equation in a equivalent form in the
following proposition.

Proposition 3.5.7. Let A, be the following differential operator

Wrln gl ") 1o
Wr (@1, ...,¢M") _an (x-9'....9"),

for any differentiable function y with respect to x. The following equation holds for anyi > 1:

aaAt,-n = (And'AY), Ay — A0 (3.50)

Then from Equation (3.50) we readily get Sato’s equation as follows. Set M,, = A,07", which
clearly is a monic operator of order 1 (i.e. M, = d + O(1)), then

An(x) =

oM ;
= = —~(Mp0'M, " )_M,.
ot;
Proof. 1t is sufficient to prove the equality when acting on ¢!, ..., $" which are n linearly

independent functions. Yet these functions are solutions of the equation A,(¢/) = 0, so it
amounts to proving that

+ An($]) = 0.

6t,

If i = 2¢ is even, then we only have to prove ’Fhat An(gbgt,) = 0. Yet d)é = ¢/7! 50 that ¢£€ = ¢/,
or 0 if j < ¢. Eventually, it amounts to A,(¢~¢) = 0 which holds true. If i = 2¢ — 1 is odd, by
Lemma 3.5.5, it amounts to proving that

j—t-1

—(§)) + A —<¢f>+ Z An(gFa™ ) =

5tzg

Yet the functions &/ do not depend on x, so the last sum vanishes. And for the other terms it
amounts to

— () + (¢’) n(¢j) =0.

atzg_ (9t _
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Finally, the following proposition states that the dressing operator M,, is indeed related to the
Wronskians 7,, via the wave function, i.e. that 7, is a tau function of KP.

Proposition 3.5.8. The dressing operator M, and the Wronskian t, satisfy the wave function
relation

7, (t—=[A71
M, 50D %emm, (3.51)
n

where E(t; ) = X1 il and [A71] = (3, # 5—/115 )
To prove that, we need the following lemma.

Lemma 3.5.9. The shift of the functions ¢/ reads the following triangular relation for anyj > 1,

j-1

P-[7) = g0 - 270+ > (§10) - 279 0) ), (3:52)

i=1
where the b’’s are functions that do not depend on x and are defined by

Z b z% = sech (z)t_l) [1 — zA ' tanh (2/1_1) — zA " tanh () + tanh (2/1_1) tanh (1])] ! ,
j20
(3.53)
with b° = 1, and*

n(t; z) := Z tyi_1z2 7L

i>2
Here sech = 1/cosh and the exponent —1 stands for the multiplicative inverse of formal power
series.

Proof. Using the fact that

2i—-1

“1 -1y _ 9-1 <z
tanh™ " (zA7") = zA +iz>;l—(2i—l)/12i‘1

for zA™! € (-1, 1), and applying the sum formulae of hyperbolic functions, one obtains that

: 1) 21— sech (zA71) 35, (gb’ — /1—1(]5]1') 221
f; A e (z471) = zA~ tanh () + tanh (zA71) tanh ()

Moreover, the above denominator has its constant term equal to 1 and only even powers, so
is its multiplicative inverse. Therefore, the series ;5 b/z% in Equation (3.53) is well defined
and has indeed b° = 1, hence the triangular relation (3.52). O

Remark 3.5.10. As in Lemma (3.5.5), this relation is to be compared with the one satisfied by
the elementary Schur polynomials, namely,

pI(t= A7) = p () - 277N (D).
“We emphasize the fact that 7(t; 1) does not depend on t; = x, contrary to £(t; 1).
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We can now prove Proposition 3.5.8 which concludes the proof of Theorem 3.5.4.

Proof of Proposition 3.5.8. We prove an equivalent equation which only uses differential oper-
ator:

Aot _ gngten T (£~ A7)
" Tn(t)

Thanks to Lemma 3.5.9, we can rewrite the right-hand side as

1_ 3-141 1 g-141
e =i =

Tn

"= AT TP AT YT e g AT B (B AT

On the other hand, the left-hand side reads

b)) &AL neitd)
. eg(t;)t) B l ¢1 ¢% - ¢}1
g Tn
¢" or dn

Using operations on rows and columns, we can easily check that these two expressions are
equal. O



Chapter 4

Polynomial tau functions of the
Drinfeld-Sokolov hierarchies and
generalized Schur polynomials

4.1 Semisimple Lie algebras: a brief review

In this section we briefly review the theory of semisimple Lie algebra. In the sequel, our start-
ing point will often be the data of a semisimple Lie algebra together with a choice of a set
simple roots and Weyl generators. We review these concepts. As stated above, for proofs of
the statements below, we refer to the books [Hum72], [Car05], [EW06] and to the unpublished
quality notes [Igull].

Abelian and semisimple Lie algebras

Let § be a complex Lie algebra,' that is, an algebra over the field of complex numbers C whose
product, denoted (X, Y)  [X, Y] satisfies the following properties: for any X, Y, Z € g,

o Skew symmetry: [X, Y] +[Y,X] = 0;

o Jacobi’s identity: [X, [Y, Z]] + [Y,[Z,X]] + [Z,[X, Y]] = 0.
Notice that in what follows, all Lie algebras are implicitly considered over complex numbers.

We say that g is abelian if its product is trivial, i.e. if [X, Y] = 0 for any X, Y € §. We say
that g is simple if it is finite dimensional, non abelian and if it has no ideal other then {0} and
g itself. We say that g is semisimple if it is a direct sum of simple Lie algebra; in particular, § is
finite-dimensional. If § is a semisimple Lie algebra which decomposes into § = §; @ -+ ® Gy,
with the g;’s simple, then each g; is a simple ideal of g.

We will sometimes use the term finite Lie algebra to mean complex semisimple Lie algebra;
this terminology will become clear later with the introduction of affine Lie algebras.

!We denote g the semisimple Lie algebra; the notation g wille be used for the associated affine Lie algebra, as is
done in [Kac90, Wul7].

2For some authors, the simplicity condition does not require finite-dimensionality. In our context, this require-
ment is rather customary and convenient.

117
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Any algebra A can be naturally equipped with a structure of Lie algebra by defining the
bracket [X, Y] := XY —YX (the commutator) for any X, Y € A. In particular, we denote by gl(n)
the algebra Mat(n) of complex square matrices of size n equipped with the bracket defined by
the commutator. A finite-dimensional Lie algebra is called linear if it is a Lie subalgebra of gl(n)
for some n.

Example 4.1.1 (Algebra sl(2)). The simplest example of a simple Lie algebra is the algebra
s1(2) made of three generators {H, E, F} which satisfy the following relation,

[E,F] = H, [H,E] = 2E, [H,F] = —2F. (4.1)

This algebra can be realized with complex square matrices of size 2 as follows:

1 0 0 0 0 1
e N
Automorphisms and the adjoint representation

A morphism from a Lie algebra g; to another Lie algebra g, is a map ¢ : §; — g, such that
H([X,Y]) = [#(X), $(Y)] for any X, Y € §;. An automorphism of a Lie algebra g is a morphism
$ : § — g that is bijective (then its inverse is automatically a morphism too). The group of
automorphisms (under composition) of a Lie algebra g is denoted Aut(g).

To any element X € § we associate a linear endomorphism adx : § — g defined by
adx(Y) = [X, Y] and called the adjoint endomorphism of X. The adjoint map is not a morphism
but a derivation, i.e. for any X, Y, Z € g,

adx[Y, Z] = [adx(Y), Z] + [Y, adx(2)],

the above being equivalent to Jacobi’s identity. The above equation can also be rewritten equiv-
alently as

ad[X, y](Z) = [adx, ady](2),

where [ady,ady] = adx o ady — ady o adx (the commutator within the algebra End(g) of
endomorphisms of §). This allows to define the so-called adjoint representation

ad: ¢ — End(g)
X +— ady.

To sum up, Jacobi’s identity is equivalent to the fact that the adjoint endomorphism ady : § —
g, associated to any element X € g, is a derivation; it is also equivalent to the fact that the
adjoint map ad : § — End(g) is a morphism of algebras (i.e. defines a representation of § on g
itself as a vector space).
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Killing form

The adjoint representation ad : § — End(g) defines a symmetric bilinear formk : g® ¢ — C,
called the Killing form

k(X,Y)=(X,Y) := tr(adx o ady). (4.2)

Since the trace depends only on the endomorphism, the Killing form is well defined. Cartan’s
second criterion ([EW06], p.82) states that a complex Lie algebra is semisimple if and only if its
Killing form is nondegenerate. Moreover, the Killing form is said to be invariant (ad-invariant
or associative) in the sense that for any X, Y, Z € g,

(IX.Y],2) = (X.[Y, Z]).

Using Schur’s lemma ([Hum?72], p. 26), one shows that any invariant scalar product (i.e. a
nondegenerate symmetric bilinear form) on § is necessarily a scalar multiple of the Killing
form ([Hum?72], p. 118).

Inner automorphisms

We say that an element X € § is ad-semisimple if its adjoint endomorphism adx : § — g is
semisimple (by which we mean that it is diagonalizable). Accordingly, we say that X € § is
ad-nilpotent if adx is nilpotent. For any ad-nilpotent element X € g we can define a linear
endomorphism of g

1
exp(adx) := Z T (adx)F,
k>0

often denoted e2¥x. By expanding the exponential, it can be easily seen that exp(adyx) : § — §
is actually an automorphism of algebras with inverse exp(—ady) ([Car05], p. 26). Such an
automorphism is called inner. The set of all inner automorphisms then forms a subgroup of
Aut(g) that we denote

Inn(g) = {exp(adX) | X eg ad-nilpotent} .

The composition of two inner automorphisms is given by the celebrated Baker—Campbell-
Hausorff (BCH) formula [Cam97, Bak02, Hau06]: for X, Y € g ad-nilpotent,

exp(ady) exp(ady) = exp(adxey),

where

n>1 i=1 ri+s;>0 (ijl rj+ sj) TR k!
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where

[Xrlysl...Xrann]:[X,...7[X’[Y7...’[Y,...[X,...7[X,[Y7...Y]...]'
—_— — — —_——— ——
r S1 n Sn

Equation (4.3) is due to Dynkin [Dyn47] (see [Ser92] §7 as well) and clearly shows that the map
(X,Y) > X oY is a homomorphism. The first few terms read

XeY=X+Y+ %[X, Y]+ %([X, [X,Y]]+[Y,[Y,X]]) +

Cartan subalgebras and root system

A subalgebra hofa semisimple Lie algebra g is called a Cartan subalgebra if b

¢ Is abelian;

¢ Contains only semisimple elements;

¢ Is maximal with respect to the dimension.
Any semisimple Lie algebra g contains a non-unique Cartan subalgebra Moreover, for any two
Cartan subalgebras b1 and b, there ex1sts an ad-nilpotent element X € § such that bz = e2dx (b )
(e.g. [Car05], p. 34); we say that I)l and 1)2 are conjugate to one another. In particular, all Cartan
subalgebras have the same dimension r; we call r the rank of g and denote

rkg = dimb = r.

Let I) be a Cartan subalgebra of a semisimple Lie algebra 3. We call a root of § any nonzero linear
functional @ € h* such that there exists a nonzero X € § satisfying the eigenvalue equation

[H,X] = a(H)X, VHeb

(i.e. we co-diagonalize the elements of b) We denote by A the set of all roots and call it the root
system. Since b is abelian and all its elements are ad-semisimple, then the ady’s, for H € b, are
simultaneously diagonalizable. This provides the so-called root space decomposition of g:

§=00 D b S = {X €| VH e b, [H.X] = a(t)x].

ael

We also denote gy = I) Thanks to Jacobi’s identity, for any a, f € A and X € g,,Y € éﬁ, we
have [X, Y] € g4+ p; in other words, the root space decomposition induces a gradation:

[Gas 35 € Gasp- (4.9)

As a consequence, any X € g, is ad-nilpotent. Each eigenspace g, is a one-dimensional com-
plex vector space ((EWO06], p. 100). The Killing form « satisfies (34,35) = 0 for any a,f € A
such that a + B # 0. In particular, k pairs g, and §_, nondegenerately.
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Similarly, « is also nondegenerate on b = §o. Hence, we are provided with a natural iso-
morph1smb — b ¢ +— Ty such that ¢(H) = (Ty, H) for any H € D). The latter engenders a

scalar product on b* defined by, for any ¢, € b,
(9. 9) := Ty, Ty). (4.5)

Using the the scalar product (4.5), we define a non symmetric pairing as follows, for any roots
a, B e,

206, )

(a,0)

(P, a) :=

It automatically satisfies (@, ) = 2. Among other properties, the roots of a semisimple Lie
algebra satisfy the following.
(i) The set A spans b*;
(ii) If @ € A, then —a € A and no other multiple of « does;
(iii) For any a, f € A, the quantity (f, @) is an integer;
(iv) The set A is stable by the following reflections:

oa(f) = f = (B, @)a € A.

If one replaces b* by a generic vector space E, then properties (i) to (iv) define what is called an
abstract root system on E. As a matter of fact, the classification of root systems classifies simple
Lie algebras [Hum?72, Car05].

Simple roots, Cartan matrix

From the root system A we can always extract a (non unique) set of simple roots (or a basis)
denoted IT = {ay, ..., a,} C A, satisfying the following properties:

¢ The set IT spans b*;

o For any a € A, there exist ky, ..., k, € Z such that

a=ka+- - +ka,,

such that the k;’s all have the same sign (or are null).

(Note that if we relax the assumption that IT has r elements, the two properties above allow to
prove it.) From the set of simple roots IT we naturally define a partition A = A, LIA_, where A,
(resp.A-) is made of all roots which decompose in IT with only nonnegative coefficients (resp.
nonpositive); obviously IT C A,.

If a, B are two distinct simple roots, then their pairing (S, «) is heavily constrained. Indeed,
(B, a) € {0,—1,—-2,—3}; more precisely, up to exchanging a and f,

o Either (f, @) = 0 and then («, f) = 0 as well;

o Or {(f,a) = —1 and then («, f) € {-1,-2,-3}.
By numbering the simple roots IT = {ay, . . ., @, } we can define, for any semisimple Lie algebra,
a matrix (C;;) € Mat(r, Z), called the Cartan matrix, by

Cij = {aj, ai).
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(Notice that the indices are purposefully put in the “reverse” order.) The constraints on the
pairings (f, a) induce similar constraints on the Cartan matrix as follows. First, C;; = 2, then
if i # j, then C;; € {0, -1, -2, -3}; up to exchanging i and j,

o Either C;; = 0 and then Cj; = 0 as well;

¢ Or C;j = —1 and then Cj; € {-1,-2,-3}.
The Cartan matrix determines the semisimple Lie algebra g up to isomorphism.

Weyl generators, Chevalley involution

Let ¢ be a rank-r semisimple Lie algebra with Cartan matrix (C;;) and a set of simple roots
O = {ay,...,a}. A set of Weyl generators is a subset {E;,F;,H; | 1 < i < r} of g which
generates the algebra § and whose elements satisfy the following relations: forany 1 < i,j < r,

[Ei, Fj] = 6;H;, [H;, E;] = Ci;E;, [H;, Fj] = —=Ci;F;, [H;,Hj] = 0, (4.6)

where §;; is the Kronecker symbol. In particular the H;’s generate a Cartan subalgebra that we
still denote b. Any semisimple Lie algebra admits a set of Weyl generators. For any two sets
of Weyl generators {E;, F;, H;} and {E;, F;, H;}, there exist an inner automorphism e*dx and a
permutation o of {1,...,r} such that forany 1 <i <r,

Ei = eadea(i)7 ﬁi = eadXFa(i)y Hi = eadXHa(i)-

Besides the relations of Equation (4.6), the Weyl generators satisfy the so-called Chevalley-
Serre relations:

(adg,)' "V E; =0, (adr,) "V F; = 0. (4.7)

Relations of Equations (4.6) and (4.7) constitute a complete set of relations in §. With any set
of Weyl generators we associate the so-called Chevalley involution Q : § — g (i.e. such that
Q? = id) defined by

Q(H;) = —-H;, Q(E;) = —F;, Q(F;) = —E;.
From Equation 4.6, we easily see that the derived algebra, namely §’ = [g, §] of g, is g itself:
g :=[8.6] = g. (4.8)

This is specific to semisimple algebra and does not necessarily happen in other types of Lie
algebras.

Cartan, Borel and nilpotent subalgebras

As we have seen, for any root @ € A (so a # 0), each element of g, is ad-nilpotent. For that
reason, we call the principal nilpotent subalgebra the subalgebra 11, (resp.1_) generated by the
E;’s (resp. the F;’s) for 1 < i < r. To that we add the so-called Borel subalgebra f)+ (resp. b_)
generated by the H;’s and the E;’s (resp.the H;’s and the F;’s), along with the Cartan subalgebra
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b generated by the H;’s. To sum up, given a set of Weyl generators {E;, F;, H; | 1 < i < r} come
five important subalgebras:

fiy = (E, ..., E), by = (Er,.. . Ep Hi, ..o Hy), b= (Hy,....H),
FI—:<F19"'5FV>> B—:<F1""’FV’H15""HV>‘

Considering the partition A = A, Ll A_ between positive and negative roots (w.r.t. the set of
simple roots IT),

along with b, = h® 1, and b_ = h® ii_. In the sequel, we will often denote 7 := fi_ and b := b_
when there is no ambiguity. In the end, the semisimple Lie algebra g decomposes as

f=n_@®hen,.

Highest root, normalized invariant bilinear form

Let @ € A be aroot which we decompose as « = kja; +- - - + kya, in the basis IT = {a1, ..., a,}.
We call the height of « the integer ht(a) = ky + - - - + k. There exists a unique root ([Car05], p.
251),

0=aa1+- - -+a,a €A, (4.9)
called the highest root, such that for any root @ = kyja; + - -+ + k,a,, we have k; < a;. The
integer

h=1+a1+---+a, (4.10)

is called the Coxeter number of § (the +1 becomes clear later).
As stated at the end of the section on the Killing form, any invariant scalar product is a
scalar multiple of the Killing form x : § ® § — C. So let
bo : @ ® é — C
XY +— (X,Y)
be an invariant nondegenrate symmetric bilinear form on g andlet 4 € Cbe such that by = pi-k;

in particular, the restriction of by on the Cartan subalgebra b is also nondegenerate. The form
by then induces an isomorphism b —h: ¢ — To,¢ defined by (T, ¢, H)g = ¢(H), for all g[) € b*

and H € b. As usual, this naturally defines a nondegenerate symmetric bilinear form on b* that
we still denote by : b* ® b* — C, defined by

(¢’ ¢)0 = (T0,¢7 TO,lﬁ)O
for all ¢, ¥ € h*. We fix the constant y € C by imposing the condition
(9, 9)0 = 2.

The invariant nondegenrate symmetric bilinear form b; : b* ® b* — C is called the normalized
bilinear form on h* (see for instance [Kac90], p. 85 §6.4).
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Root space Z-gradation

Using the Coxeter number, we can refine the root space decomposition into a Z-gradation as
follows. Given the Weyl generators, we set

degE,- =1, degF,- =-1, deng- =0.

Since the highest root is a a sum h—1 simple roots (where h is the Coxeter number, see Equation
4.10) we get the following Z-gradation:

i =P~ G = {0y ifk ¢ {1—h,...,h—1}. (4.11)
kez

Note that, again, §° = ). This gradation amounts to setting

i' = (P da, = Span{E.....E}. 67 = P d-a =Span{Fi,....F}.

a;€ll a;€ll

In particular, dimb = dimg! = dimg™! = rk§ = r. It easy to see from Equation (4.6) that the
remaining subspaces have the following form: for any k € {1,...,h — 1},
°k _ . .
gt = Span{[Eil,[Eiz,...,[E,-kfl,Eik] ] | 1<iy,...,ip < r} .
é—k = Span{[Fil, [Fiz, ey [Fik,pFi ] .. ]] | 1<ig,...,0 < T"} .

Simple co-roots and associated Weyl generators

Starting from the set of simple roots II, there is a constructive way of building a set of Weyl
generators as follows. For any simple root «; € II, we have defined the element T o, € ) which
is such that a;(H) = (Ty,«,, H)o for any H € I). We then define the so-called simple coroots by

2T0,0!i

a (051',061')0'

(4.12)

Since b, is proportional to k, we automatically get o;(H;) = 2(j, a;)/(ai, a;) = Cij. Now let
elements X; € §,, and X_j € §_4;, where j € {1,...,r}, then we also get [H;, X;] = C;;X and
[Hi,X_;] = =Cy;X_;. It remains to choose E; € gq, and Fj € §_q, such that [E;, F;] = 6;;H;.
First, for any H’ € |

(H', [Xi, X-51) = ([H', Xil, Xj) = a;(H') (X5, X_j)y = (H', To,a ) (Xi5 X=j) -

Since b is nondegenerate on f), it follows that [X;, X_;] = (X;, X_)oTo,a,. Moreover, (X;, X_;)o =
0 unless i = j, and if so, by pairs nondegenerately g,, and §_,, so that we can chose X_; such
that (X;, X_;)o = 1. Therefore, we obtain [X;, X_;] = To o, # 0 and [X;,X_;] = 0if i # j. Then
it suffices to set E; = X; and
2X_;
j

- ((Xj,(lj)o
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to get the relation [E;, F;] = §;;H;. The family {E;,F;,H; | 1 < i < r} is then a set of Weyl
generators.

Notice that since C;; = (a;, ;) = 2, each triplet {E;, F;, H;} forms a subalgebra of § with
relations [E;, F;] = H;, [H;, E;] = 2E; and [H;, F;] = —2F;, i.e. isomorphic to sl(2) (see Example
4.1.1). This exact construction also applies to any root @ € A (not necessarily a simple root).
Remark 4.1.2. Since the simple roots {a;, ..., a,} form a basis of the vector space f)*, then the
simple co-roots {Hj, . . ., H, } form a basis of b On the other hand, by definition of the roots and
of the Cartan matrix, C;;E; = [H;, E;] = a;j(H;)E;. In other words, the vector (Cyj,...,Cyj) € Z"
reads the coordinates of the root a; in the basis IV = {Hy,...,H,}; we rewrite this statement
as follows:

(Cij)i,je[Lr] = Matpv(ay, ..., ar).

In particular, the matrix (C;;) is invertible.

Dynkin diagrams

Dynkin diagrams are a way to encode the entries of the Cartan matrix in a graph with sim-
ple, double or triple edges, and possibly a direction on the edges. Since the Cartan matrix
determines the semisimple Lie algebra g up to isomorphism, so does the Dynkin diagram.

We start by numbering the simple roots IT = {«y, . . ., @, }, which defines the Cartan matrix
(Cij) € Mat(r,Z). The Dynkin diagram of g has r vertices, each one labelled by a simple root.
Earlier we described all the different cases that can arise for the computation of C;; = (a;, @;).
According to these cases, we draw an edge (or not) between vertices ; and «; and add a
direction on the edge as follows:

o aje eq;jif Cjj = 0 (which implies that C;; = 0 as well);

o aje—eq;if C;j = —1and C;; = —1 as well;
O = (; 1fCl] =—1and Cji = —2;
o aqjemq;if Cjj = —1and Cj; = -3.

The Dynkin diagram of a simple Lie algebra is a connected graph. The Dynkin diagram of a
semisimple Lie algebra is a graph which connected components are the Dynkin diagrams of its
simple ideals. A case by case study of simple Lie algebra shows that all Dynkin diagrams (of
simple Lie algebras) are exhausted in Table 4.1.

4.2 Untwisted affine Kac-Moody algebras

In this section we review some of the properties of loop algebras and affine algebras that we
will use in the sequel. We refer to the books [Kac90] and [Car05] for more details and proofs.

4.2.1 Definition and basic properties
The finite-dimensional data

In accordance with the previous section, we need the following material. Let g be a semisimple
Lie algebra of rank r with Cartan matrix C € Mat(r,Z). Let A be the root system and II =
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Table 4.1: Finite Dynkin diagrams

Type Lie algebra Dynkin diagram Type Dynkin diagram

A,, n>1 sl(n+1) o o oo Eq —e I .~ e
B,, n>3 o0(@2n+1) o oo E; —e I .~ oo
E8 H—I—o—o—o—o

—o—e=<=e
D,, n>4 o(2n) o 4{ F, oo e

Gz [ ==

Cna n 2 2 Sp(zn) e

{a1,...,a,} a set of simple roots. Let & € A be the highest root w.r.t. IT and let by be the
normalized bilinear form, i.e. such that (8, 8), = 2. We choose Weyl generators {E;, F;, H; | 1 <
i < r} with H; is the simple co-root associated to «; (4.12) and E;, F; chosen accordingly. Let
Q : § — g be the Chevalley involution associated to our Weyl generators. As usual, we denote
by h,b = b_and i = fi_ the Cartan, negative Borel and negative principal nilpotent subalgebras
respectively.

On top of that, we need two specific vectors: Eg € gg and E_y € §_g. Since both 3y and §_g
are one-dimensional, we need two constraints to fix Eg and E_g. We impose

Q(Eg) = —E_y, (Eg,E—g)o = 1.
Notice that since 0 is the highest root, we automatically get
[Eg,n,] =0, [E_g,1] = 0. (4.13)

Finally, we set a := —6 (not a simple root) and define Hy := T, a0,3 the co-root of ay w.r.t.
bo. Then using the invariance property of by and the normalization (Eg, E_g)y = 1, we easily
show that

Ho = [E_g, Eg].

We decompose Hj in the basis IT" of I) and « in the basis IT of I)* (similarly to Equation (4.9))
to get the following relations,

ag+ao1 + -+ a0, =0,
Hy+a/H; +---+a/H, = 0.

(Notice that a; # 0(H;) and a] # a;(T, ) since neither the basis IT nor IT" is orthogonal.) The

integer

R =1+a] +---+a,

3Notice that Hy = 2T, —/(8]0)0 since (0|6)o = 2
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we call the dual Coxeter number of . Notice that since Hy = T, « and oy = —0, we have
ao(Hy) = —0(To,—9) = (To,—0, To,—6)o = (010)o = 2, (4.14)
which also implies 6(T g) = 2. The integers (ao, a1, . . ., a,), with ag = 1 (resp.(ay, a,...,a)),

with aj = 1), are called the Kac labels (resp. the dual Kac labels).

Structure of loop and affine algebras

Given all these data, we call the loop algebra of § the vector space
§=0[AA7] =@ CIAAT ] = {ZF, Xedk | mn e Z, Xi € g},

i.e. Laurent polynomials over §. This vector space is naturally equipped with a Lie bracket
defined by

[XAP, Y] = [X, Y]AP™,
forany X,Y € gand p, g € Z. We extend the invariant scalar product b, : § — @ on g by setting
(XAP’ YAq)O = 5p+q,0(X7 Y)07

which produces an invariant nondegenerate symmetric bilinear form on g. It is clearly isotropic
since (XAP, XAP), = 0.

We then proceed to a central extension of the loop algebra and call it the affine algebra
associated to §,* namely,

g=g&Cc,
with the following Lie bracket: for any X,Y € g,p,q € Zand a,b € C,
[XA? + ac, YA? + bc] = [X, Y]APHY + pprq,0(X, Y)oc. (4.15)

Clearly, c belongs to the center of the algebra g (i.e. ¢ commutes with all elements of g), making
Cc into an ideal of g. Therefore, we have a natural surjective homomorphism

m:g—g/Cc=g,

hence the central extension. We again extend by on g to produce an invariant nondegenerate
bilinear form on g defined by

(XAP + ak, YA? + bK)o = 5p+q,0(Xa Y)o

Remark 4.2.1. The affine algebras that arise through the construction we described above are
often called untwisted affine algebras. But since we will not consider the twisted cases, we
simply call them affine algebras if there is no ambiguity.

“Notice that the actual affine algebra is a co-central extension § = §[A, A7!1] & Cc @ Cd, i.e. such that its derived
algebra reads §’ = g[A,A71] ® Cc [Kac90]. In other words, here we call affine algebra what is actually its derived
algebra. This denomination is convenient here since the co-central element d would play no role.
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Weyl generators and affine Cartan matrix
Starting from the Weyl generators {E;, F;, H; | 1 < i < r}, we define the following elements of
the affine algebra g: forall1 <i <,
e; = Ej, fi=F a; = Hj, (4.16)
eo = E_gA, fo=EpA ™", dy = Hy +c, (4.17)

where we recall that Hy = [E_g, Eg]. Then there exists a matrix (A;;) € Mat(r + 1, Z), called the
affine Cartan matrix® of g, such that for any 0 < i < r,

lei, fil = 6ijcti, [, ei] = Ajjej, (&, fil = —Aijfj, [, ;] =0, (4.18)

Notice that by Equation 4.15, [eo, fo] = [E-g, Eg] +(E—-g, Eg)oK = dy, as stated above. Moreover,
since [Eg,1.] = [E_g, 1] = 0, we have that

[fo,4] =0, [eo, 1] = 0, (4.19)

(recall that 1 = n_).

It is well known [Kac90] that the family {e;, f;, &; | 0 < i < r} generates the affine algebra
g; the same family—expect for ¢, that we change for Hy—generates the loop algebra g. These
vectors also satisfy the so-called affine Chevalley-Serre relations: for any 0 < i < 0,

(adei)l_Aij ej =0, (adﬁ.)l_A” fi=o. (4.20)

Relations of Equations (4.18) and (4.20) form a complete set of relations in g. Finally, we can
extend the the Chevalley involution Q : g — g by

Q(a;) = —a;, Q(e;) = —fi, Q(fi) = —ei.

Affine Cartan subalgebra and Kac labels

By Equation 4.18, the vectors dy, . . ., &, are all ad-semisimple (i.e. each ady, is diagonalizable)
and commute pairwise. We denote

h = Span{dy, ..., } = b @ Cc,

and call it the affine Cartan subalgebra of the affine algebra g. Since ¢y = Hy + ¢ and since c is
linearly independent from the loop algebra, then the family {c, . .., d,} also forms a basis of
b.

In Remark 4.1.2, we explained that the vector (Cyj,...,C,j), of the Cartan matrix C of
the semisimple algebra g, actually reads the components of the simple root @; in the basis

IV = {Hy, ..., H,} of the Cartan subalgebra b In particular, we saw that C is invertible.

5 Again, following Remark 4.2.1, affine Cartan matrices are actually more general than the ones that arise in the
above construction; here we only discuss the case of untwisted affine Cartan matrices.
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Now since for 1 < i,j < r, we have [d;,e;] = [H;, E;] = Cijej, it follows that A;; = Cy;
forall 1 < i,j < r. In particular, the matrix C is an invertible r X r submatrix of the matrix A.
Second, Agg = 2, as shown below,

[do, €] = [Ho, Eo]A = ao(Ho)EoA = 2ey,
where we have used the fact that ¢ commutes with all elements, along with a(Hy) = 2 (Equa-

tion 4.14). Finally, since a¢p = —0, then forany 1 < i <r,
.
[, e0] = [Hi, Eo] = ~0(H))Eq = = ) ajtj(H)e,
j=1
so that A;p = — er'=1 a;Cjj for all 1 < i < r. Similarly, we prove that Ay; = — Z;zl a/Cyj. To
sum up, the untwisted affine Cartan matrix A has the form

2 Ay - Ao
Ayp Cu - Cyp L r
A= . . .| Azo——zajcij, AOi:_Zazcu
: : : = =
ArO Crl e Crr

where, again, C;; = «;(H;) and C;; = 2 in particular. From this we show that dimKerA = 1;
more precisely we show that

ap 0
Al =], (ag---al)A=(0---0). (4.21)

We prove the equation on the left. It amounts to proving that for any 0 < i < r, we have
er':o Ajjaj = 0. If i # 0, the identity follows directly from Equation (4.21). If i = 0, then it
amounts to

r r r r
ZAijaj = a()A()() + Z ajAOj =2- Z ajijaZ =2- Z ajaj(Hk)aZ
j=0 j=1 j.c=1 j.c=1

=2- (Xo(Ho) =0.

where we have used Equation (4.14).

Remark 4.2.2. Now we have seen to different types of Cartan matrix: the matrix C which is
associated to the semisimple Lie algebra § and the matrix A, associated to the affine algebra
g. Cartan matrices can actually be generalized to any matrix with integer entries such that
the diagonal entries equal 2, the off-diagonal entries are nonpositive, and such that if an off-
diagonal entry is 0, then the transposed entry is 0 too. These generalized Cartan matrices can
be classified such that they correspond either to a semisimple Lie algebra (in which case they
are called finite), an affine algebra (in which case they are called affine) or to none of those (in
which case they are called indefinite). That is the reason why we call semisimple complex Lie
algebras finite algebras.
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Untwisted affine Cartan matrices and Dynkin diagrams

If the underlying semisimple Lie algebra g is actually simple and has Dynkin diagram of type
Xn (X = AB,C,...), then the Dynkin diagram of the untwisted affine algebra g is denoted

X,(il). The untwisted affine Dynkin diagram determines the Cartan matrix as in the case of
semisimple Lie algebras. The Cartan matrices of these algebras are exhausted in Table 4.2.1.

The white dot denotes the vertex labelled by the root oy = —6. Type A(ll) is treated separately.

Table 4.2: Untwisted affine Dynkin diagrams (or extended Dynkin diagrams)

Type Affine algebra Dynkin diagram Type Dynkin diagram

&) -~ (1)
Aj s1(2) ote E, E

AV n>2  dn+1) — v Y e 1.,
B(nl), n>3 3(2714'1) }—r —o—e=xe Egl) —o I *—6—0—0—0
o>e—e—

ch n>2 $h(2n)

DY, n>4 0(2n) >_¢ 4{ Ggl) e

4.2.2 Gradations and principal Heisenberg subalgebra

—o—e=e Fil) o—e—e—>o—o

Principal and homogeneous gradations

For any vector s = (sg, S1,--.,57) € Z’ZJBI we can associate a gradation on the affine algebra g as
follows. We set deg  e; = s;, deg, fi = —s; and deg d; = 0 forall 0 < i < r. We denote by gi s
the space of elements of g of degree k € Z and set

[gj,Sa gk,s] C Gj+k,s-

Then we have the decomposition

g= @ Jc,s-

kezZ

We also define, for any m € Z,
I>m,s = @ Ok, ss O<m,s = @ Qk<m,s-

k>m k<m

Two gradations will be of particular interests: the principal gradation, which correspond to
the vector s' = (1,1,...,1) and the homogeneous gradation, which correspond to the vector
s = (1,0,...,0). When there is no ambiguity, we will denote g* = kst (resp. gx = g ) the
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degree-c subspace under the principal (resp. homogeneous) gradation. For the sake of clarity,
these two gradations are defined as follows,

Principal: dege; =1, deg f; = -1, dega; =0, q= @gk’
keZ

Homogeneous: dege; = J;,0, deg fi = —di0, dega; =0, q= @ k.
keZ

It follows that
®=h=heCe g = § @ Ce.

Clearly, both the principal and homogeneous gradations transfer to the loop algebra via the
quotient by the ideal Cc. We denote § = P, gr (for the principal gradation) and g =
Pz 8k (for the homogeneous gradation).

Notice that that Z-gradation of § induced by the root space decomposition, i.e deg E; = 1,
degF; = —1 and deg H; = 0, is preserved by the inclusion map § < g. Similarly to the Z-
gradation of g induced by the root space decomposition, the principal gradation of g amounts
to setting

gl = Span{eg, e1,...,¢er}, gt = Span{fo, fi,..., fr}

In particular, dimbh = dimg! = dimg™" = r + 1. It easy to see from Equation (4.18) that the
remaining subspaces have the following form: for any k > 1,

gk = Span{[eil,[eiz,...,[e,-kfl,eik] ] | 0<iy,...,0g < r}. (4.22)
o =Span {[fi,, [fir- - s [firrs fird - - A1 O < inynni <7} (4.23)

On the other hand, the homogeneous gradation amounts to setting g; = Cep and g_; = Cfj.
The homogeneous subspace of degree k > 1 is generated by arbitrary long commutators
lei,, [€iys - - - s [€ip_y»€ip] - - 1], With M > k, such that the index 0 occurs exactly k times among
the iy,...,iy. A similar assertion holds for g_x. Consequently, gy C § ® CA*, and since the
homogeneous gradation produces a decomposition of g, it follows that for any k € Z,

ok = §®CA",
hence the name homogeneous gradation. In particular,
>0 = Ag[A], 3<o = A7'g[A71].

Moreover, it is clear from the discussion above that for any k > 1,

ch®gj, g_kC@g_j.

j>1 j=1

As a consequence, §-9 C ¢”% and g, C ¢7°.
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Finite exponents and principal Cartan subalgebra

The exponents can be defined both in the case of the finite algebras (i.e. semisimple Lie algebra)
and affine algebras. The first are called finite exponents and the latter affine exponents. As we
will see, the affine exponents are related to the finite exponents via an arithmetical modular
relation. We start with the finite exponents.

We still use the same set of Weyl generators {E;, F;,H; | 1 < i < r} where the H;’s are
the simple co-roots and the E;’s and F;’s are chosen accordingly. We define the so-called finite
principal cyclic element:

J=Ey+E + - --+E,.

We call the principal Cartan subalgebra of § the subalgebra Ker(ad;). We then decompose
Ker(ady) through the gradation of Equation (4.11) that is induced by the simple roots:

h-1
Ker (ad)) = @P Ker(ad))", Ker(ad))* = Ker(ad;) N §*.
c=1-h

It is a classical result that [Kos59] that Ker(ad)) is a Cartan subalgebra of g, hence the name. In
particular,
dimKer(ad;) = rkg = r.

Then an integer k € {0, ..., h— 1} is said to be a finite exponent of g if Ker(ad;)* "1 # {0}; if
so, we say that k has multiplicity my = dim Ker(ad])k (h=1] (Here, k [h— 1] means k mod h—1.)
We gather the finite exponents into an ordered multi-set that we denote

F@) = (k™. ko) = { kM

1<k<h-1,m; = dimKer(ad])k [h-1] } .

A multi-set means that each element has a multiplicity; a null multiplicity means that the
element does not belong to the set. The fact that F(g) is ordered simply means that k; < k; if
i < j. Since dimKer(ad;) = r, we must have m; + - - - + mp_; = r. On the other hand, one can
show that m; = mj,_; = 1. When there is no ambiguity, we will simply denote F = F(g).

Table 4.2.2 table gives the finite exponents F(q) of all simple Lie algebras g. Notice if & is the
Coxeter number of g, then h = max(F(g)) + 1.

Example 4.2.3 (Computation of the finite exponents of sl(n)). We start with the algebra g =
s1(3). We can present sl(3) via the following system of generators:

0 0 0 01 0 1 0 0
E1 =1 0 O N F1 =10 0 O 5 H1 =0 -1 0 N
0 0 O 0 0 0 0 0 O
(4.24)
0 0 0 0 0 0 0 0 O
Ez =0 0 O N Fz =10 0 1 s H2 =10 1 0
01 0 0 0 0 0 0 -1
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Type Finite exponents Type Finite exponents
Ay {1,2,3,...,n} Eq {1,4,5,7,8,11}
B, {1,3,5,...,2n—-1} E; {1,5,7,9,11,13,17}
Cn {1,3,5,...,2n—1} Es  {1,7,11,13,17,19, 23,29}
D, {1,3,5,....2n-3}uU{n—-1} F, {41,5,7,11}
Gy {21,5}

Remark. For type D,, the parity of n matters: If n is odd, then n — 1 is even and therefore
n—1¢{1,3,...,2n—3}, thus n—1 has multiplicity 1; if n is even, thenn—1 € {1,3,...,2n-3},
thus n — 1 has multiplicity 2. This makes a huge difference as one can see in Section 5.3.2.

Table 4.3: Finite exponents and Coxeter number of simple Lie algebras

It is not hard to see that s[(3) has Coxeter number equal to 3. Therefore, we can define the
elements Ey € 372, Fy € 32 and Hy € §° by Ey = [F;, F,], Fy = [E1, E;] and Hy = [E, Fy], which
reads

0 0 1 000 10 0
Eo=|0 0 o], F, =|0 0 o], Hy=|0 o o [.
00 0 100 0 0 -1

Consequently, the finite principal cyclic element, which is given by J = Ey + E; + Ey, is the
matrix

0 0 1
J=[1 0o ol.
01 0
Then a direct calculation shows that the kernel of ad; is

Ker (ad]) = C(EO +E + EZ) ® C(F() +F + Fz)

Yet Ey + E; + E; = J € sI(3)' Bl and Fy + F; + F, € s1(3)?3] 5o that the finite exponents of s[(3)
are (where all multiplicity are equal to 1)

F(sI(3)) = {1,2).

Similarly, we could have found that the finite exponents of s[(2) read

F(sl(2)) = {1}.

One can easily generalize these results to find that the finite principal cyclic element of sl(n) is
given by J = Ey , + X7 Ei11,;, that is,

0 01
1 0
J=[0 1 ;
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and that the set of finite exponents (where all multiplicities are equal to 1) is

F(sl(n)) = {1,2,...,n—1}. (4.25)

Affine exponents and principal Heisenberg subalgebra

The affine exponents are constructed in a similar way. First, we define the affine principal cyclic
element of the loop algebra

A=e+e+---+e €.
We denote s its kernel, that is,
§:=Ker(ad/-\ :§—>§).

It is proven in [Kac90] that § is an abelian algebra. We decompose 5 = P, , 5 through the
principal gradation. Then we say that an integer j € Z is an affine exponent of g if s # {0},
and if so, with multiplicity m; = dim /. We gather the affine exponents into a multi-set that
we denote

E(g) = {j™ |j€Z m;=dims}.

We also denote E*(g) = E(g) N Z-( the set of positive exponents (0 is never an exponent). The
affine exponents are related to the finite exponents via the following relation ([Kac90], p. 298
Proposition 14.3):

E(g) = {j+ph |j €F@),peZ},

the latter we often write in the condensed form E(g) = F(3) + hZ. We will denote E = E(g)
when there is no ambiguity.

Following [Kac90], we can lift the abelian algebra s C g in g as follows. There exists a
subalgebra s C g such that, through the principal gradation, dims* = dim3~ for any expo-
nent k € E(g), and which admits a set of generators A;, j € E(g), satisfying the Heisenberg
commutation relations:

[Ai Aj] = i8ixj0 - c, Vi, j e E(g). (4.26)

Moreover, s/Cc = 5. We call s the principal Heisenberg subalgebra of g. Notice that, in partic-
ular,

[AiA;] =0, Vi, j e E*(g), (4.27)

which hold for i, j € E(g) N Z < as well, making s>° and s=° into abelian subalgebras of 5. The
condition (4.26) on the generators A; leaves yet one degree of freedom; we normalize them via
the condition

(A1 Aj)y = hbivjio, (4.28)
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where h is the Coxeter number of 3. We denote v € C the complex number such that A; = vA.
Still in [Kac90], it is proven that A € g is ad-semisimple, i.e.

g =5®Im(ads). (4.29)

Now, on the level of g, since ¢ is central, then ¢ € Ker(ady) = 5. On the other hand, from
Equation (4.26) we see that ¢ = v~ 'adr(A_;), where A; = vA, so that ¢ € Im(ady). Since
g = Ker(adz) ® Im(ady) and g = g ® Cc, it follows that

g = s +Im(ady), s N Im(ady) = Cec. (4.30)
Equation (4.30) is a key fact in the building of the Drinfeld—Sokolov hierarchies.

Example 4.2.4 (Affine exponents of sl(n)). Very similar computations to those of Example
4.2.3 allow to compute the affine exponents of sl(n). Again, we treat the case of s[(3), the other
cases are computed in the same fashion. Recall that

€y = E()A, e = El, €r = Ez.

Then using the same Weyl generators of s1(3) as in Equation (4.24), the (projection of the) affine
principal cyclic element A = ey + e; + e; reads

0 0 A
A=[1 0 0f.
010

In order to compute s = Ker(ady), it is convenient to first compute the powers of A:

01 0 A0 0
A2=10 0 Al, A=l0 A o],
100 0 0 A

from which we get that A3**! = XA and A®**2 = A*A? for any k € Z. Knowing that, a direct
computation shows that the affine principal Heisenberg subalgebra decomposes as

0 ACz ACl
s=Peartecat =g 0 Ael|cneeChal]
kez cy 0

Yet w.r.t. the principal gradation, A = ey +e; + e; € s1(3)}, so that the set of exponents reads

E(s1(3) = | J{3k+1,3k+2} =Z-3Z.
keZ
With similar computations we can show that

E (sI(2)) = U{zk +1} =727 =74,
keZ
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One can easily generalize these results to find that the affine principal cyclic element of ;I(n)
is given by

0 0 A

1 0
A=]|0 1 B

0 0 1 0

and that the set of affine exponents (where all multiplicity are equal to 1) is

E(sl(n) = | J{nk+1,nk+2,...,nk+n—-1} =Z-nZ (4.31)
keZ

4.3 The Drinfeld-Sokolov hierarchies

In their seminal paper [DS84], Drinfeld-Sokolov built the so-called Drinfeld—Sokolov hierar-
chies based on the loop algebrag = §[A, A!]. Hollowood and Miramontes [HM93] showed that
one can build the exact same hierarchies of equations based on the affine algebra g = g @ Cc
and that this approach allows to define a notion of dressing operator. In the present section,
we follow the approach of C.-Z. Wu [Wul7] who, inspired by [HM93], produced a systematic
definition of tau symmetric Hamiltonian densities (in the sense of [DZ08])—and therefore of a
tau function—for the Drinfeld-Sokolov hierarchy associated to any affine algebra g.

We shal notice that the original construction of Drinfeld and Sokolov makes use the prin-
cipal and homogeneous gradations, respectively defined by the vectors s' = (1,...,1) and
s =(1,0...,0) = (8o,;)je[1,r] (see Section 4.2.2), but also applies if the homogeneous gradation
is replaced by any vector of the form (i j)je[1,]- In this thesis, we are only intrested in those
defined by the homogeneous gradation.

One the other hand, de Groot, Hollowood and Miramontes genralized the DS hierarchies
as follows. Take two vectors s = (sg,...,s,) and s’ = (s, ...,s;) of relatively coprime non-
negative integers. We say that s > s” if s; = 0 implies s] = 0 (e.g. s’ > s°). Then de Groot-
Hollowood-Miramonts showed, in particular, how to adapt the Drinfeld-Sokolov procedure
when one replaces s! by s and s° by s’ [GHM92, HM93]. They also generalized the construction
to the case when the principal cyclic element A = ey +- - - e, is replaced by any constant element
of g which is semisimple; and further generalizations [GHM92]. This gives rise to the general-
ized Drinfeld—Sokolov hierarchies. Notice that the work of de Groot-Hollowood-Miramontes
applies to untwisted affine algebras.

Finally, Kac and Wakimoto also generalized the DS hierarchies in the following sense
[KW89]. For each affine Lie algebra g together with an integrable highest weight representation
V of g and a vertex operator construction R of V, Kac and Wakimoto formulated a hierarchy
of soliton equations. These equations can be written down in terms of Hirota bilinear equa-
tions and their super analogue [KW89]. When g is the untwisted affinization of a simply laced
finite Lie algebra, the Kac-Wakimoto hierarchy coincides with the corresponding generalized
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Drinfeld-Sokolov hierarchy defined by Groot, Hollowood and Miramontes [GHM92, HM93].
In particular, if the highest weight representation is the basic one, and the vertex operator real-
ization is constructed from the principal Heisenberg subalgebra s of g, then the Kac-Wakimoto
hierarchy is equivalent to the Drinfeld-Sokolov hierarchy associated to g for the homogeneous
gradation.

4.3.1 Matrix Lax equations of the DS hierarchies
Lie algebra of g-valued formal power series

Let g be a semisimple Lie algebra, g = g[4, A7!] be the associated loop algebra and g = & Cc be
the affine algebra with the material described in the previous section. We consider the vector

space
£kl e 9}

of g-valued formal power series in x. The elements of this vector space will be what we call
our functions. We equip this space with the Z-gradation in powers of x:

gllx]] =g®C[[x]] = {Z gl ck

k>0

a[[x]] = P e e Cx;

keZ
subspaces of degree k < 0 are null. This vector space admits a natural bracket

lz Sr[;]xj’z U[k]xk] _ Z [g[f]’,][k]] ALY (4.32)

k>0 k>0 Jr k=0

where the bracket [§ Ul ry[k]] in g is given by Equation (4.15) (Equation (4.32) is actually the
same kind of bracket as the one on the loop algebra). The bracket (4.32) is well defined for each
term of degree ¢ in g ® Cx* is clearly a finite sum.

Next we consider the multiplicative group

G ={exp(adr) | T € g[[x]] ad-nilpotent} .

This group acts in on g [[x]] in a similar way the group of inner automorphisms of § acts on g:
for T € Gand & € g [[x]],

n

1 .

eadT§= Z — Zad(T[’]xj)] éf[k]xk,
k,n>0 n j=0

where as before, ad (TU]xj ) £ (klyk = [TU], £ [k]] %/t This action is well defined since, again,
each term of a given degree involves only finitely many terms.



138 Chapter 4. Polynomial tau functions of the DS hierarchies and Schur polynomials

Gauge equivalence classes of connections

The initial data of the Drinfeld-Sokolov hierarchy of g-type (or simply the g-DS hierarchy) con-
sists of a connection on the algebra g [[x]] of the specific form

L =d+A+0, 0 € b[[x]], (4.33)

where 0 = 0, and A = ey + e; + - - - + e, € g is the affine principal cyclic element. This type of
connection first appeared in [DS84] (p. 2010). The set of such connections we denote by

opg:{8+A+Q |Qe6[[x]]}.

Remark 4.3.1. By a connection we simply mean an linear endomorphism of g [[x]] which satis-
fies Leibniz’s rule; i.e. a derivation. The action of . on g [[x]] that makes it into a connection
we define by

[3, E® xk] —r @k 1 [A+ 0, 8] ® K, (4.34)

forany ¢ € g and k > 0, where [A+ Q, £] is given by Equation (4.32). We call them connections
in reference to connections on a vector bundle on a manifold. Here we use the terminology
and some notations of [LVY18].

For £ =9+ A+Q €op,and T € g[[x]] ad-nilpotent, we define

7 2 .= 9 + 7(A + Q) - V4T, (4.35)
where
7 — 1 1 k
VT = T:= dr)* o(T 4.36
1= =30 kZZO(kH)!(a )" (D). (4:36)

and where J(T) is the derivative of T w.r.t. x component-wise (the first equality is simply
notational). For the moment, €247 % is considered simply as a derivation on g [[x]] and may
not belong to op, anymore.

Remark 4.3.2. Equations (4.35) and (4.36) become clear when we choose a matrix realization of

g. In that case, e is well defined as a matrix exponential, and, by Leibniz’s rule,

79 =eldgoe T =9 +elde™).

The derivative of the matrix exponential is given by the formula

1-— —ady
Het = eA;aA,
adA
for A any square matrix (see for instance [Ros02], Theorem 5 §1.2). Replacing A by —T, one
finds that

1-— adr

My =9
e + ady

oT = 4 - VT, (4.37)

hence Equation (4.36).
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Since any element of 1 is ad-nilpotent and since 1 is a subalgebra of g, we can define the
following subgroup N of G:

N = {exp(ads) | S e n[[x]]} c G.
The following proposition holds.

Proposition 4.3.3 (Gauge classes). The group N acts on op,, ie. for any connection £ € op,
and any S € 1 [[x]], the derivation

45 L =9 +e5(A+ Q) - VS

belongs to op,. We say that £ and e®ds Z are gauge equivalent, or that £ and e £ belong to
the same gauge class denoted [.Z].

Proof. We need to prove that for any S € n[[x]] and any £ = 9 + A + Q € op,, there exists
Qe b [[x]] such that

S L =9+A+0.
From Equation (4.35), it amounts to finding O € b [[x]] such that
A+0Q=e(A+Q)- VS,

Developing the exponentials, we get

~ 1 1 1
0= Z o (ads)k A+ Z ] (ads)k Q- kZ>O m (ads)k 0S.

k>1 k>0

First, using [ep, 11] = 0 (4.19), we see that

Z % (adS)k A= Z % (ads)k (31 oo+ er)-

k>1 k>1

Yet using the root space decomposition of g = (P gk, wehavees,...,e, €g'and S € §<°[[x]],
so that

ads(er +---+e,) € B[[x]],
where we used b = g=°. Similarly, since Q € b[[x]], it follows that adsQ € b[[x]] as well.

Finally, S € 1t[[x]] by linearity of 9, which implies that adsdS € n[[x]] b[[x]]. We
conclude that Q € b [[x]]. O
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Canonical coordinates system

Let us introduce an alternative definition to the finite exponents [Kos59]. Define the finite
principal nilpotent element

I=]J—-Ey=E;+---+E,.

Since I € ¢!, then for all j € {1 —h,...,h — 1}, we have ad;g/~' < §/. Moreover, for all
je{1,...,h—1}, the map ad; : §7/~! — g7/ is injective and an integer j € {1,...,h — 1}
is a finite exponent of § if and only if the map ad; : §7/~! — 37/ is not surjective; if so with
multiplicity m; = dimg~/~! — dimg~! [Kos59].

Therefore for any j a finite exponent of g, since ad; : §7/~! — §7/ is injective and not
surjective, we can choose a subspace V/ C g7/ such that g/ = V/ @ [I,3/"!]. Now since
b =3=0 and 1t = §<°, we get

1

b=Ve[Li], V= v, (4.38)

where F(3) are the finite exponents of §. Since b= I) @ 1 and since ad; : 1 — b is injective, it
follows that dim V' = dim b — dim 1t = dim b, that is

dimV =rkg =r.

Such a subspace V' C b is called a Drinfeld—Sokolov gauge for reasons that become clear with
the next proposition.

Proposition 4.3.4 (Canonical coordinates). LetV C b be a gauge andlet £ = 0+A+Q € op,.
There exists a unique function S € 1 [[x]] such that the connection £ = e™5 L has the form

L=0+A+0, 0 € VI[x]].

Moreover, the functions Q and S are differential polynomials in the components of Q. The functions
{Q’ | j € F(8)} are called the canonical coordinates of & .

Proof. We want to equate 8 +A+Q = e235(d+ A+ Q). Since [y, 1] = 0, then e?dS A = ey +e2I5],
so that it amounts to solving

[+0Q=e (I +0Q)-VssS.
Let us decompose Q and S following the gradation of b, ie.

0=+ G 4+ OM,

S=8 4. 48,

with Q%, S € 37, possibly Q' = 0 (if i is not a finite exponent). It is not hard to see that by
equating each term of the above equation in each component g/, we find that O/ + [I, S/*!]
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can be expressed in terms of QO, e Q~j—1 and S',...,8 and Q°,...,Q/"!. For example, the
first equation, in ° and §7!, read

Q" =Q%+[sh11,
Q' = Q! +[S% 1]+ [S1,Q° + &[S, [S%, 1]] - os™.

Now since 3/ = V/ @ [I,37!],then O/ and $/*! are unique and can be found recursively as
differential polynomials in Q°, ..., Q’. m]

To sum up, the choice of a gauge V C b such that b = V & [I, 1] entirely determines the gauge
class of a connection " € op, through unique r canonical coordinates Q, associated to V,
indexed by the finite exponents of g.

Example 4.3.5 (with § = s1(2)). We treat the s1(2) case; we recall the classical Weyl generators
of this algebra:

S O R

The root space gradation assigns degE = —degF = 1 and deg H = 0. The Cartan, negative
Borel and principal nilpotent subalgebras are given by

it = CF, b = CH, b=hen=CHeCF.

The principal nilpotent element I is simply I = E. Since 1 = CF and [E, F| = H, it follows that
b = CF @ [I, 7). Hence, we naturally choose the gauge V = CF = .

We start a connection .Z = 9 + A+ Q, with Q € b [[x]] and we want to represent it in the
form £ =es £ =9+ A+ O with 0, S € 1 [[x]] (since V = 11). We decompose the functions
Q, O and S through the root space gradation:

O0=He¢"+F®q, 0=F®§, S=F®s!,

where ¢°, ¢', ', s' € C[[x]]. (In the proof of Proposition 4.3.4, H ® q° is what we denoted Q°,
etc.) Since I = E, the two first equations read

H®q = |[F®s' E]

Feq =F®q +;[Feq. [Foq’ E]|-Fes),

where, as before, s' . = d,(s!). The first equation yields s = —q°, so that the second equation

1
¢Y)
becomes F® ¢' = F® (§' — (¢°)% + q(()l)), which yields

~1

2
q=q +(¢") — g
In the end, we obtain

0

1 ~1
$=6+((]1 qug):e_ads(h((l) Azq))’ s'=— ' =¢"+(d") - afyy
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Hamiltonian expansion

Let X be any subspace of g and X = P, X*, with X* c g¥, be its decomposition through
the principal gradation of g. We define

X=X"oX, X+=€BX’<, )?—zﬂxk.
k>0 k<0

In particular, X* = X=°. We define X, and X_ similarly for the homogeneous gradation.
Elements of X consists of formal power series & = Y o7 £F, with €8 € X*, with finitely many
nonzero terms of positive degree. We define ¢ as the projection of £ on X* and ¢~ = & — ¢7;
we define &, and £_ similarly.

Remark 4.3.6. Importantly, X* = X=°, but X~ # X<° since X< is a direct sum, while X~ is a
direct product. For example,

g=4a((7") @Ce,

i.e. a central extension of g-valued formal Laurent series in A. The Lie bracket on g extends to
g; similarly for the action of G on g [[x]].

We recall that ¢ = s + Im(ady) and s N Im(ady) = Cc, where s = Ker (ad,) is the principal
abelian subalgebra. These spaces decompose through the principal gradation:

=P~ Im(ady) = EP) Im(ady)¥,

kezZ keZ

where s = s N g* and Im(ad, ) = Im(ad,) N g*. They decompose through the homogeneous
gradation as well.

Now, in comparison to the the group N of elements of the form e?s with S € 1 [[x]], we
want to define an action on g [[x]] of elements of the form eV, with U € §~ [[x]]. It is not
obvious that one can define such an endomorphism e2du  however, since U is assumed to be
of negative degree, it is not hard to see that for any A € g [[x]], the expression e A contains
finitely many terms for each degree w.r.t. the principal gradation. Hence, the action is well
defined. The following theorem, which plays a major role in the building of the Drinfeld-
Sokolov hierarchies, first appeared in [DS84] in its version based on g; the following version is
due to C.-Z. Wu.

Theorem 4.3.7 ((Wul7]). Let & = 0 + A+ Q € op, be a connection. There exists a unique
function U € g~ [[x, t]] such that the following holds true.
(i) The connection £y = e 3V % has the form’

L =0+A+H, Hes [[x]] (4.39)

(notice that £, ¢ op,). The coefficients U',H' € g7 [[x]] are differential polynomials in
the component of Q.

®Note that in [DS84] the function U is not unique.
"We chose the convention .% = e 24U & instead of .% = €dU_¥ (as is done in [DS84] for the latter) so that
the Drinfeld-Sokolov equations take the form (4.43).
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(ii) For every & € s*, the following relation holds,
(evé). = 0. (4.40)

Here, for € g, the complex number 1. denotes the component of  along the center Cc in
the decomposition ¢° = Ccét; @ - - - ® Ca, @ Ce.

Vocabulary. The connection .%, = e 24V % we call a Hamiltonian expansion of %, for reasons
that will become clear later (cf. Proposition 4.3.21).

Proof. We first prove point (i); we proceed in the same fashion as the proof of Proposition 4.3.4.
We first need to assume that

Ueg™ [[x]l, He (¢"®37)[[x]].
Equating .%) = e *4V.% amounts to
A+0Q=e%(A+H)-VyU.

Denoting the components H', U’ € g~* [[x]], one finds that H' + [U'*!, A] can be expressed in
terms of H°,...,H" ' and U, ..., U’. We then obtain H° € q° € C[[x]] and, for i > 0,

H' e s [[x]], (U™, A] € Im(ada) ™" [[x]]

But since g7/ = s + Im(ady)~/, then H' and [U'*!, A] can be recursively determined and
are differential polynomials in the coordinates of Q. Finally, s° = {0} so that H* = 0 and
Hes [[x]].

We now prove point (ii). Since only [U’, A] is determined, two cases must be distinguished.
Either i is an affine exponent, in which case U’ is entirely determined; or i is not an exponent,
in which case U’ is determined up to the addition of a multiple of A_;. So let i be a positive
exponent of g. Since ¢ € g°, then for £ = A;, Equation (4.40) reads

0= (VA = [U, As]e + UL UL Agle + -+ (4.41)

where the remaining terms involve only the functions U%, ..., U1, Let us assume that U, . . .,
U'~! are uniquely determined; choose U’ and consider the transformation U’ +— U’ + y;A_;
(which does not affect Equation (4.56)). Since [A_;, A;] = ic, then Equation (4.41) gives

ipi = ~[U", Aile = 3[UL [UL Alle = -+

which determines p;. Therefore, Equation (4.41) entirely determines the function U. Moreover,
since the A;’s form a basis of s, then Equation (4.40) is satisfied for any & € s*. o

The next proposition tells us what happens to the functions U and H of Theorem 4.3.7 when
the connection . undergoes a gauge transformation.
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Proposition 4.3.8 (Wu, 2016). The function H of Theorem 4.3.7 is invariant with respect to gauge
transformation. More precisely, let U € 3~ [[x, t]] be the unique function such that (e*%V§), = 0
forany & € s* and

e v ¥ -9+ A+H,

where H € 5~ [[x,t]]. Then for any function S € n[[x]], there exists a unique function U e
0~ [[x, t]] such that (240 §), = 0 for any & € s* and

e =9+ A+H. (4.42)

Proof. We prove that the function U € §[[x, t]] such that el = edseadv gatisfies the condi-
tions of the proposition. First, by the homomorphism property of the BCH formula, and since
n c g it follows that U € g~ [[x, t]]. Second,

v P = P =9+ A+ H.
Third, recall that the bracket on g is given by
[XAP +ac, YA? + be] = [X, Y]AP™ + qpiq0(X,Y)o - c,

for X,Y € §,p,q € Zand a,b € C. So for S € n[[x]], we have (ads(g)). = 0 and also adsc = 0.
Therefore, ads commutes with the projection onto Cc. Consequently, for any & € s,

(08), = *5(08), = 0.

Therefore, the function U satisfies the condition. m]

The matrix Lax pairs of the Drinfeld-Sokolov equations

From now on we will assume that our functions Q, U, H, etc. depend not only on x but also on
an “evolution variable” ¢ (or even multiple variables, depending on the dynamics considered).
In other words, hereafter, Q,U, H, etc. € g[[x, t]] (or otherwise specified). That clearly does
not affect the previous results and will allow us to produce a dynamics.

Let £ € op, be a connection and let U € §~ [[x, t]] be a function as in Theorem 4.3.7. For
& € s, we consider the following equations:®

&

27 @2, (4.43)
&

_aat = [ e, 2], (4.44)

Notice that since A is constant, then 9;.Z = 0,Q. Before proving that the above equations are
consistent (well defined) or integrable, we give two important propositions. Proofs of these
propositions can be found in [DS84] (Proposition 3.7).

8The fact that we denote the flows of Equations (4.43) and (4.44) both by d; is an anticipation of Proposition
4.3.10; the latter justifies that the notation is consistent.
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Proposition 4.3.9 (Gauge symmetry). Let £ € op, be a connection and let £ € s*. Assume
that £ satisfies Equation (4.43) with flow ;. Then for any function S € n[[x, t]], the operator
L = e*s & also satisfies Equation (4.43), i.e.

i =leo. 2]

where 2o = e2dsgadu

Proposition 4.3.10. If.Z is a solution of Equation (4.43), then there exists a gauge transformation
L =es 2, for some S € n[[x,t]], such that & is a solution of Equation (4.44).

Remark 4.3.11. An important consequence of Proposition 4.3.10 is that both Equations (4.43)
and (4.44) are invariant under the transformation & +— & + n where n € s. This is obvious
when considering Equation (4.44), and it holds true for Equation (4.43) by Proposition 4.3.10.
Therefore, we can assume that & € s* without loss of generality.

With the last two propositions, we can consider Equation (4.43) modulo gauge transformations.
We call the Drinfeld—Sokolov equation of type g (or g-DS equation) associated to & € s* the
Equation (4.43) modulo gauge transformation of .#. In analogy to the KP hierarchy (3.18), in
order to define the Drinfeld—Sokolov hierarchies, we need to introduce infinitely many time
variables, one for each affine exponent of g:

t:={t;|jeE"}.

Definition 4.3.12 (Drinfeld-Sokolov hierarchy). Let Q € b [[t]] be a function and a connection
Z =0+ A+Q € op,. We call the Drinfeld-Sokolov hierarchy of type g (or simply the g-DS
hierarchy) the family of equations

{atjz = [ A)),. 2] ‘ je E+} (4.45)

modulo gauge transformation of . We call 9,2 = [(eadUA L ] the j-th g-DS equation.

We make a few remarks.

Remark 4.3.13. The function Q = 0 is always a solution. Indeed, then the connection . € op,
has the form .£ = § + A, and is already in the form .4, = d + A+ H, with H = 0 € 5 [[t]].
The function U = 0 also does the job of Theorem 4.3.7. The j-th g-DS equation then becomes
0,2 = [Aj, 0+ A]. Since Q = 0, then ;,.Z = 0, and by constancy of A; and commutativity of
s*, it follows that [A}, 0 + A] = 0 as well. Hence Q = 0 is a solution.

Remark 4.3.14. Similarly to the KP hierarchy (3.18), the first equation of the g-DS hierarchy, i.e.
for £ = A; = vA (with associated flow d,,) simply reads

99 _ 09

4.46
or, ' ox (4.46)

Indeed, considering Equation (4.44), we clearly have (e?4V A;)* = A; +[U", A;], while [U', A] =
Q (by construction of U). Therefore [.Z, (€2 A;)"] = v[d + O + A, Q + A] = v, Q.
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Remark 4.3.15. In most cases, for a simple Lie algebra g, the subspace s/ of principal degree j is
one-dimensional. However, it might not be the case (e.g. in the D,, case with n even, cf. Section
A.1, or for a nonsimple Lie algebra). If so, then we may distinguish several flows: t;, tJf, tJf’, etc.,
one for each generator of s/.

Equivalence between Drinfeld—Sokolov and Wu’s constructions

Before continuing, let us have a few words on the equivalence between Drinfeld-Sokolov’s
construction, which is based on the loop algebra g = g[A, A7!], and the one of Wu, described
above, which is based on the (derived) affine algebra g = g ® Cc. In [DS84], the authors give
the following theorem (in comparison to Wu’s theorem 4.3.7):

Theorem 4.3.16 ([DS84]). Let £ = 0+ A+ Q € op; be a connection. There exists a non unique
function U € 3~ [[x, t]] such that the connection £ = e ‘T has the form

w|)

L =0+A+H, Hes [[x]] (4.47)

The coefficients Ei,ITIi € a ' [[x]] are differential polynomials in the component of Q. Moreover,
the function U is unique if we impose U € (5*)~, where the orthogonal is taken with respect to
the standard bilinear form on g.

Then Drinfeld and Sokolov define the following equations:

<
22 [, 2],
0.7
= leTHn2].

We prove that the two constructions define the exact same equations.

Proof. First of all, the function U € g~ [[x, t]] of Theorem 4.3.7 also belongs to E— [[x, t]], as
a set, since ¢ ¢ g~. Then since (e*%¢), = 0 for all & € s*, then in particular, (e*dVA), = 0;
moreover, (€24 Q). = 0 since Q € go. It follows that the action of eV on .Z within g is
identical to its action within the quotient g = g/ Cc. Similarly, since as a set s~ =, it follows
that the function H € 5~ [[x, t]] also belongs to 5~ [[x]] as a set. Therefore, the function U
is also a functions as in Theorem 4.3.22. Finally, since (eadU &) = 0, it follows that the two
constructions define the same equations. O

Consistency of the Drinfeld—Sokolov equations

The first thing we need to prove is that the DS equations are consistent (well defined). Since
£ =0+ A+ Q, it follows that 9;.Z = 9,Q € b[[x,t]]. Hence it is necessary, for Equation
(4.43) to be consistent, that the following proposition holds.

Proposition 4.3.17 (Consistency). Let £ € op, be a connection and let £ € s*. Then

|2, &), ] € b[lx,1]].
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Proof. Here we adapt the proof given in [DS84] (§6.2 and Proposition 3.7)—where the construc-
tion is on the loop g ~ g/Cc—to the construction of [Wu1l7]—based on the affine algebra g. We
will proceed in several steps. First, let us prove that’

[-Z. eS| = Ce|[x, ] (4.48)

Let M = €2V ¢, then [.Z, M] = 21U [ %, €], and since & is constant, [.%, £] = [A + H, £]. The
latter belongs to Cc [[x, £]] since all terms involved belong to the Heisenberg subalgebra. Since
c is central, it follows that [.Z, M] € Cc[[x, t]] as well. We easily see that by adjusting &, we
recover all elements of the center.

Next, we prove that

[Z, My] € (30 N g=) [[x, 1] . (4.49)

(Recall that b consists of elements of g, N g =" that have no component in c¢.) By Equation (4.48),
there exists A € C[[x, t]] such that [.Z, M] = A - ¢, so that

[Z M, =[M_,Z]+A-c.
To show Equation (4.49), we first prove that

M_, L)€ (8®@37) [[x.t]]. (4.50)
On the one hand, M_ € g_[[x,t]] andg_ c g7, so that IM_ € g~ [[x, t]]. On the other hand,
AeglandQ € b[[x,¢t]],s0[A+Q,M_] € (a°®g ™) [[x, t]]. Hence Equation (4.50). With similar
arguments, we can see that [.Z, M, ] € g, [[x,t]] and [.Z, M_] € (30 ® g -) [[x, t]], so that

[Z,M_] € go[[x.t]]. (4.51)

Equations (4.50) and (4.51) together prove (4.49).
From Equation (4.49), it is clear that what remains is to show that [.Z, M;]. = 0, i.e.

(OM)e + [A+Q, M, ], = 0. (4.52)

By Theorem 4.3.7, M, = 0, so (0M;). = 0 as well. for the remaining part, let us recall the
formula for the bracket in g: for any X, Y € g, p,q € Z and a,b € C,

[XAP + ac, YA? + be] = [X, Y]AP + q8piq,0(X, Y)o - c.

Clearly, the bracket produces a nonzero component in c only if p > 0 and g < 0 (or the reverse).
In other words, for any 1, { € g, we have [, {]. # O only if y € g9 and { € g« (or the reverse).
Yet A= E_gA+1 € g, ®goand Q € go[[x,t]], while M, € gy [[x,t]]. So [A+ Q,M,]. =0,
which concludes the proof of Proposition 4.3.17. ]

9Compare (4.48) with Lemma 6.3 of [DS84], which states that [.£,5] = {0}.
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4.3.2 Integrability of the DS hierarchies
Commutativity of the flows

In this section, we prove that the flows defined by the DS equations are integrable in the sense
of the following theorem.

Theorem 4.3.18 (Drinfeld-Sokolov [DS84]). Let £ € op, be a connection. Let &,n € s and
consider the associated DS equations, namely,

63 _ adU
or [(e §)+7$] )

0L
%5 =2l

where U € g~ [[x,t]] is a function as in Theorem 4.3.7. Then the flows defined by the above
equations commute pairwise, that is,

P YL Y

otds  dsot’

We will proceed by a series of lemmas, as is done in [DS84]. Let us introduce the following
vector space,

Sy ={Acqllxt]l] Ac =0, 8. = [A,.Z]}.

Lemma 4.3.19. Let £ € op, be a connection and let U € g~ be a function as in Theorem 4.3.7,
then

Sy c U S[[x,1]].
Proof. Let A € §[[x, t]] be a function such that §;.% = [A, %], which is equivalent to

0H 0A

— +—=[AA]+[AH]|

o T ae - AAlTIAH]
Let us decompose A and H through the principal gradation: A = Y;,, A’ (for some m € Z)
and H = 3,5, H', with A", H" € g~ [[x, t]]. Then since H contains only negative terms, we get
the following system of equations:

—_

0H' 0A . . o ,
— + — =[A"L Al + ) [A,H' ] eqg™.
ot ox &
The first equation, within g™, reads
aHm—l
m = [A™, Al

possibly H™™! = 0 if m < 1 or is not an exponent. If m < 1 or is not an exponent, then the
equation simply becomes [A,A™] = 0. If m > 1 and is an exponent, the above implies that
[A™, A] € (s N Im(adp))” [[x, t]]. Yet (s N Im(ady))” = {0} (since the center Cc € g°), so that
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[A™, A] = 0. In both cases, A™ € s~™ [[x, t]]. Similarly, if A™, A™*1 | A! € s[[x,t]], then the
equation in g~ becomes

OH' A’
+

— Ai+1 A
ot Ox (AT AL,

If i > 0 and is an exponent, the above implies that [A’*!, A] = 0. If i < 0 or is not an exponent,
then the equation becomes d,A’! = [A'*!, A], implying that [A*!, A] € (s N Im(adp))™ [[x, t]].
Now, (s N Im(adp))* = Cec, yet Ac = 0, so that that [A""},A] = 0. In both case, A" €
s~11[[x, t]]. By induction, A € 5[[x, t]]. O

Lemma 4.3.20. Let ¢ € s*, letU € g~ [[x, t]] be a function as in Theorem 4.3.7 and let us denote
M = e*U ¢, For any A € S the following equation holds,

oM
=5 =AM

Proof. 1t is given that 0,.Z = [A, .Z], or equivalently, [d; — A, Z] = 0. Since .4, = e—adv by
applying e 24U to the latter, we find

[0: - A, %] =0, A=evg_v,U, (4.53)

where we have used Equation (4.37) for the expression of A. In other words, A € S ¢, By
Lemma 4.3.19 it follows that A € 5[[x, t]].

On the other hand, we want to prove that [0, — A, M] = 0. Since M = e*d ¢, by applying
e U to the latter, we find

[0: - A ] =o0.

Yet & € s* and, in particular, is constant so that it reduces to [A, £ ] = 0. Now, by Remark 4.3.11,
we can assume that A € 5% [[x, ¢]], so that [A, £] = 0 holds true by commutativity of s*.1° O

We can now prove that the flows of the Drinfeld-Sokolov hierarchies commute pairwise, that
is, are integrable. Still, the proof first appeared in [DS84].

Proof of Theorem 4.3.18. Let us denote M = ¢24U ¢ and N = e2U5. Then by definition,

asatg = as [M+, Dg/ﬂ]
= [0 M,, L] + M, [N+, Z]] .

By Lemma 4.3.20, we know that ;M = [N,, M], so that

050, = [[N+, M], , L] + [M., [N, Z]] (4.54)
= [[N+, M]+ s g] - [N+, [g, M+]] - [g, [M+, N+]] s

10Njotice that since [4, ] = 0, we also have [d; + A,&] = 0. So it seems as though we could have proved
that [9; + A,M] = 0 as well. Yet that is not true because the relation between A and A is precisely given by
3y + A = e 24U (9, + A), so that A cannot be replaced by —A. The relation [8; + A, £] = 0 holds true as well, but does
not imply [d; + A, M] = 0.
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where we have used Jacobi’s identity to obtain the second equation. We can then use the
antisymmetry of the bracket to rewrite the above as

050;Z = [[Ny, M, , L]+ [Ny, [My, Z1] + [[M+, N:], 2]
In the same way we obtained Equation (4.54), on finds that
0,0s2 = [[My,N],, Z] + [Ny, [M,, Z]].
Subtracting the two equations, we obtain
050;L — 0;0s.L = [[N+, M], + [My,N;] - [M,,N],,Z]. (4.55)
Yet since [M, N] = €24V [£, 5] = 0 (by commutativity of s*), we have
[N, M], = [N - N_, M],
= [N, M], = [M., N1, ,
where we have used the fact that [M_, N_], = 0. Finally, we obtain that in Equation (4.55),
[Noy M1, + [My, Nyl = [M, N1, = (M, NoT, + [Ma, No] = [Mo, N,
= —[M,,N,], + [M,,N,] = o.

Consequently, the two derivatives commute. O

Conserved densities

Similarly to the construction of local functionals in Section 3.1, we naturally define an analogue
for our g-valued functions: we set

g [[x,t]] := g [[x, t]] /(Im(d) & C1).

We call the elements of this quotient local functionals as well and alternatively denote

F:/szF(x)dxem

the class of an element F € g[[x,t]]. Again, if our functions depend on more variables than
just x and ¢, the above definition adapts.
Proposition 4.3.21 (Conserved densities). Let £ € op, and let U € 97 [[x,t]] and H €
57 [[x,t]] be functions as in Theorem 4.3.7. Let H' € ™" be such that H = Y,;5, H'. Let £ € s*
and assume that < satisfies the associated DS equation (4.43):

0L

= @D 2]

Then the H'’s, i € E<°, are conserved densities in the sense that

0 .
— [ H =0
i)
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The above proposition justifies the denomination Hamiltonian expansion for the operator % =
e™24U 2, although we still need to prove that the conserved densities H' commute with respect
to a local Poisson bracket, see Section 5.1.

Proof. Let us denote M = —e*dU ¢ so that we start with [0; + M, .Z] = 0,ie. M € Sg. As in
the proof of Lemma 4.3.20, it amounts to M € Sg,, where M is glven by Equation (4.53) (the
formula does not matter here). Yet since, by Lemma 4.3.20, S, C 5 [[x, t]], then

- 0H oM 0H oM
0= M, %) = - = —[M,A+H] = — — —.
[0+ M. %) = 57 = 5~ 1= ~ax
Consequently, 3;H = d,,M, meaning that §,H = 0. ]

4.3.3 Example: From the A;-DS hierarchy to the KdV equation

In this section we show explicitly how to obtain the KdV equation from the first nontrivial
equation of the DS hierarchy of type A; (i.e. s1(2)). However, this example is developed from
the definition of the DS hierarchies given in the original paper [DS84], not the version given in
[Wu17] (which is the one described in the previous section). We recall the following theorem
(we drop the bar over symbols for this section specifically).

Theorem 4.3.22 ([DS84]). Let & = 9 + A+ Q € op,. There exists a non unique function
U €3~ [[x, t]] such that the connection £y = e 23 % has the form

L =0+A+H, Hes [[x]] (4.56)

The coefficients U', H' € g~ [[x]] are differential polynomials in the component of Q. Moreover,
the function U is unique if we impose U € (5*)~ [[t]], where the orthogonal is taken with respect
to the standard bilinear form on g.

Conveniently, we start with a connection .2 = d + A + Q € op, in its canonical form £ = 2,

ie.
B 0 A+gq
.,2’_6+(1 0 )

The principal Heisenberg subalgebra of SAI(Z) is generated by the AF’s with k € E(s1(2)) = Z°%.
We are interested in the second equation of the hierarchy (the first describing the flow along
t; as a translation in x), i.e for A*> = AA. More precisely, we want to show that the equation

0

ad 0 A2
B [(e*vA%),, 2], A =ed+ 142 = (/1 )

0
reads nothing but the KdV equation on the function g € C[[x, t3]]. The subscript + denotes the
projection onto the subspace g5 of nonnegative homogeneous degree (i.e. with only nonneg-
ative powers of 1).

Recall that, in the above equation, the U € (s*)~ [[x, t3]] is such that the connection defined
by % = e 24U & has the form

L =0+A+H, Hes [[x]].
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Finding the components of U that will contribute

Since U € (s%)™ [[x, £3]] and (s*)™ = [Tr<o(s%)*, the first thing we need to figure out is how
many terms U’ € (s1)~" we need to compute. The easiest way to compute the components of
U is through solving the equation .% = e 24V # for each degree w.r.t. the principal gradation
(as in the proof of Theorem 4.3.7).

On the other hand, we need to compute (eadUA3)+, where

AN =ed+ fil* €q, @3,

so that we only to compute U down to the homogeneous degree —2. Therefore, it is worth first
finding the homogeneous subspaces (s*)_;, i = 0,—1, -2, and then decompose them though
the principal gradation. To do so, we first notice that the Heisenberg generators A™! € 57! and
A% € 573 decompose through the homogeneous gradation as

Al=fi+ed !t eg@a_y, AP =fill+e1%€q 1079,

Therefore, it suffices to subtract the vectors e;A~! and e; 472 (for instance) from g, ® a_; ® 3_,
to get a decomposition of (s1)y @ (s)-1 @ (s*)_2. In other words,

(s*)o = Cay ® Cfi, (s1)-1 =Cax A ' @ CHAT, (s1)s =CayA 2 @ CAHA2,

is one possible decomposition of () @ (s1)_; @ (s1)_,. This tells us that we only need to
compute the components of U along each of the vectors in the above decomposition. Now we
need to decompose these spaces through the principal gradation. To do so, notice the following:

e [_ﬁ)’ ﬁ] € 6_2’ avl/l_2 [.ﬁ)’ .flA_l] € §_4’
fieg !, A =L [ aa ] e, A E=1far? eq.
Consequently, there U has no component along &; (since U € (s) [[x,13]]). Moreover,
[AAY, A%] = =171 € g_y, so that the component along f; 172 does not contribute to (e24V A%),.

To sum up, we can decompose the function U € (s*)~ [[x, #3]] through the principal grada-
tion as follows,

v —0 v -
a€g, At

U=fieu'+a A ' @u’+ AA @’ + A2 @ut + 0(179),

where the component proportional to u’ € C[[x, t3]] belongs to (s)~’; the above are exactly
the components that will contribute to (€24 A%), .

Computing the components of U

We can now compute the functions u via the equation % = eV %7, i.e.
A+0Q=e(A+H)-VyU.
We decompose the function H in the basis {A€ | k € Z°%} of s, i.e.

H=A"'oh +A3@hr +---
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Since Acs'andQ = fy ® g €3 ', the equation in principal degree 0 reads
0= [ fi® ul, A] ,

so that fi ® u! € Ker(ady) NIm(ad,). Therefore, u! = 0. Then, the equation in principal degree
—1 reads

fieqg=A"®h + @A @ u’ Al
=(i+e A H)®n +(=2f; + 26,17 @ u?
= fi® (k' — 2u®) + e 171 @ (B! + 2u?),

from we get that u? = —‘—iq and also h! = %q. Keeping on with the computations, we find that
the components of U we are interested in read

u =0, u” = —iq, u = iq(n, ut = %Q(z) - %(Q)Z-

We sum up these in the matrix form of U:

1.5-1 1 50.32) 1-2 1 -1
—310A7" + (390 — 15(0)°) A 0% ) >
U=|"% 8 16 ~ 4 L|+O0 (A
0 1907 = (390 — %(@)) A7 )
Computing the KdV equation

Now that we have the matrix U € (s)™ [[x, t3]], we need to compute (e2dVA%),. Since U €
(s1)<1[[x,t3]] and A3 € §; @ @,, we get that

(A%, =A°+ [U,A°] + 3 |U, [U,A]].
We find

(VA%), = ( O TR ST O %(q)z)
Tt =1 _1
24 390

Together with the connection . = d + A + Q, the above is a well known matrix Lax pair of
the KdV equation; indeed,

0L ady A3 _ 0 at3q - iq(?)) + %qq(l)
6_t3_[(e A)+’$]_ 0 0 :

So, the above equation holds if and only if d;,q = iq(” - %qq(l). Substituting ¢ = —u, we get
that the equation along t3 of the A;-DS hierarchy holds if.f.

_ 1 3
Upy, = FU3) T 3Ul(1),

which is the KdV equation.
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4.3.4 The tau functions of the DS hierarchies

In this section we define the tau functions of the Drinfeld—Sokolov hierarchy in the sense of
Dubrovin and Zhang [DZ08], that is, through tau symmetric Hamiltonian densities (we define
these notions below). Then we express the tau function through a zero-curvature expression
of the Drinfeld—Sokolov hierarchies. This universal construction, which applies to the DS hi-
erarchy of any type g (for g an untwisted affine algebra) is due, again, to C.-Z. Wu [Wul7]. In
the latter article, Wu actually defines a tau function even for twisted affine algebra, but we will
not use that in the sequel.

Definition of the tau function

Let & = 0 + A+ Q € op, and let functions U € g~ [[t]] and H € 57 [[t]] be as in Theorem
4.3.7. Let us consider a function Q € s~ [[t]], which we decompose in the basis {A; | j € E} as

and such that

99 _ gy (4.57)

As a formal power series, the function Q is well defined as a primitive of the function —H.
However, Q may no longer be a differential polynomials in the components ¢, ..., q" of Q (as
is H). Nonetheless, we ask Equation (4.57) to hold within the ring of differential polynomials
in the q'’s. For that reason, the function Q is defined up to the addition of some constant term
in’s 7; equivalently, its coefficients Q’ are defined up to the addition of some constant complex
number.

Lemma 4.3.23 ((Wul7]). Each function 8,;,Q/, fori,j € E*, is a differential polynomial in the
components of the function Q; they satisfy the symmetry condition

Q) 9Q! (458)
Ot; a 6tj ' '
Proof. Recall that .Z = e2U(9 + A + H). It can be verified straightforwardly that
02 , 0H
—-— = \Y U), % 4.59
9 L e 6 L [ tj, u(U), ] ( )

where, similarly to Equation (4.34),

edv — 19U oU
V., u(U) = F—.
o)== o Z(k+1)'(a 2T
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Now using 0;,.Z = [(e*U A}),, Z], we can rewrite Equation (4.59) as
O0H

==+ [V uU) + (VA L] = + [, 2] (4.60)
J
Now, notice that
oQ/
[eUA;, £] = eV [A;, 0 + A+ H] = —e*V =

where we have used [Aj, Ax] = jéjir0 - cand H = —0,Q (4.57). Therefore, Equation (4.60)

becomes )

OH —ad ad oY

a0, * [e v (th,U(U) (e UAJ-)_) O+ A+ H] === c. (4.61)
Now, since g = s + Im(ad,) with s N Im(ady) € g°, it follows that there exists two functions
GUl € §7[[t]] and GV! € (Im(ad,))~ [[t]] such that

e 2du (th,U(U) + (eadUAj)_) =GVl +Glleg-. (4.62)

Equation (4.60) then splits into three parts:
0y, H — 0,GY! = 0, (4.63)
[GU1, Al + 0,97 =0, (4.64)

[GY] A + H] - 6,GV! = 0.
From the definition of Q, Equation (4.63) reads d,d;,Q = —-9,GY! 50 that

0Q ;

— = -GV, 4.65

i (4:65)
There would actually be an integration constant K € C, yet for the particular solution Q = 0
of the hierarchy, we have U = H = 0 so that Q is constant and GY! = 0 as well by Equation
(4.62) (since (Aj)- = 0). Therefore, the integration constant vanishes. It follows from Equation

(4.65) that

< Q!
AL G, = —[A;,0,.Q] = ———.
[ ] [Ai, 01,Q] ot

Since U is made of differential polynomials in Q, it follows that the athi is as well. Taking
i = 1 in the above and using A; = vA and (4.64), we find

90! .
e Y L) .y
gy, ~ VI GTle =g

By symmetry of the second derivatives, we get
O oL
axati B Bx(?tj '

Since the athi’s are differential polynomials in Q, it follows that athi = 9, up to a con-
stant. Yet, again, for Q = 0, the Qs vanish and so does the constant. Hence the result. m]
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By Poincaré lemma, Equation (4.58) implies the existence of a function 7 € C[[t]] such that
Y = 9y, log 7. We can now define the tau function.

Definition 4.3.24 (Tau function). Let & € op, and let H € 57 [[t]] be as in Theorem 4.3.7.
Let Q be such that 9,Q + H = 0, with Q = Zj>0j_1QjA_j. We call a tau function of the g-DS
hierarchy any function r € C[[t]] such that

Ologt ;
= -0/, 4.66
D (4:66)
or equivalently, writing H = 3’ g+ WA,
d*logt W
63(61']'

We say that two tau functions 7, 7 coincide if their logarithm differ from a linear function of
the variables t;, i.e. if there exist ¢; € C such that

log7 =logr + Z cjtj.

jeE*

Tau symmetric conserved densities

We now establish the link between the tau function and the coefficients H' € s~/ [[t]] of the
function H as in Theorem 4.3.7. First recall that the functions H' are differential polynomials
in the ¢’s and are conserved densities in the sense that for any i, j € E*, we have

i/H":o
ot;

(Proposition 4.3.21). By the above we mean that there exists functions F’ € s~/ [[t]]—which are
also differential polynomial in the g"’s—such that 9, H I = 9F' (with 8 = ;). Therefore, in the
sequel, we will consider the formal expression

87 (8, H) €5 [[t]],

as the only differential polynomial expression such (8‘1(8th))i = F!, with the integration
constant fixed to 0.

Proposition 4.3.25. The function H as in Theorem 4.3.7 is related to the tau function through
the relation
d*logt 07Y(Aj,04,H)
o0, ) (A Al

(4.67)
The above does not depend on the normalization factor h (in that case, the Coxeter number of
q) in (A;, Aj)o = hdiyj0, and can be rewritten as

0 logr
=-07'6, H,A;| .
6t,~<9tj [ & j]c
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It is proved straightforwardly by noticing that, by the definition 0,Q = —H, we have [H, A;] =
d(¢Y) - c and then using Q/ = —0; log .
We naturally define the following differential polynomials:

i . (A]’H)

J
—_j g
(A]’A—j)

g
They are conserved densities as well and satisfy the tau symmetry property in the sense of the
following proposition.

Proposition 4.3.26 (Tau symmetric densities). The conserved densities h satisfy the tau sym-
metry property: for anyi,j € E*,

oW Ok
Ot; - 8tj'

It suffices to notice that 9, W= J(Aj, A)THA, 8;,0xQ) = —050;,%Y and then use 8, Q) = 01, Q!
(see Equation (4.58)).

Zero-curvature representation and dressing of the connection

In this section, we construct a dressing operator for the connection .Z as well as a zero-
curvature representation of the g-DS hierarchy. We follow [Wul7], §3.3. Let functions U €
a7 [[t]] and H € 5~ [[t]] be as in Theorem 4.3.7. Let Q € g~ [[t]] be such that 6Q = —H. We
now introduce a new function, T = U e Q, where e denotes the Baker—Campbell-Hausdorf
product (4.3), i.e. T is characterised by

eadT — eadUeadQ ]

Since both U and Q have only negative degrees w.r.t. the principal gradation, T € g~ [[t]] is well
defined. In general, the function T may not be a differential polynomials in the ¢'’s, for Q my
not as well. Notice that in [Wu17] (which we still follow here), the author introduces the power
series ® = eUe® which belongs to the formal Kac-Moody group of g. However, everything
can be formulated using only T which need not introducing the formal Kac-Moody group.

In the study of the KP hierarchy (Section 3.2) we have seen that there always exists an
operator M such that the scalar Lax operator Q can be written as Q = MJM™! (Proposition
3.2.3); the operator M is what we call a dressing operator for the operator Q. The proposition
below is an adaptation of this notion of dressing to the case of connections of op; the operator
€297 plays the role of of the dressing M. However we will not dress up the connection .Z € op,,
but the following connection:

L=v? -0

where v € Cis such that A; = vA and 0;, = vd as well.
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Proposition 4.3.27 (Dressing operator). Let £ € op, and let the functions U, H be as in Theo-
rem 4.3.7. Recall the function

Q/ —~
Q=) —A; es[[t]]
jeE* J
such that 3Q = —H. Let T € q~ [[t]] be such that e?dT = e?dveade Lot ¥ = v L — Q' - ¢, then
L =10, + Ay). (4.68)

We call the automorphism e*37 a dressing operator for the connection £, ; or we call T a dressing
function.

As advertised for, this naturally agrees with a notion of dressing since, if we consider the formal
series © = eVe®, the equation becomes .%; = ©(d;, + A;)0~ L.

Proof. First,viaA; = vAand 8, = vd, it amounts to proving that ¥ = e*dveada (9 + A +v71Q! -

In turns, from £ = €2U(d + A + H), it amounts to proving that
e P+ A+H) =d+A+v Q- c. (4.69)

So we compute: using (4.37), 0Q = —H and the commutativity of 5, we have

_1)k
e 2oy =g+ ( adg)k0Q=06-H
kZZO (k + 1)1( o)

On the other hand, using again the commutativity of s~ along with the Heisenberg relations
(4.26), we have

e A+ H)=A+H-[Q,A]
=A+H-v Q' [A_1, Aq]
=A+H+vIQ!-c.

Hence Equation (4.69), hence the proposition holds. O

Let S € n[[t]] and consider the gauge transformation .2 +— P = e5 Z. Since H = H is
invariant under gauge transformation (and so is Q) while et = e2dse2dU | then e?d7 = e?dsedr,
The following lemma holds.

Lemma 4.3.28. There exists S € n[[t]] and T € §_ [[t]] such that e*dse2dT = eadz

Proof. The problem here is that if T € g~ [[t]], there can be some component Ty € g [[t]]
(namely, of the form [e; , [--- ,e; ] ---] with iy, ..., i, # 0). But if we find a gauge transforma-
tion €247 = eadseadr gych that Ty = 0, then by definition T € §_[[t]]. From edseadr = gadser
since the BCH formula (4.3) is a homomorphism, then (S e T), = Sy e Tp. We easily see that
choosing Sy = —T, we get Sy ® Ty = 0. Now recall that n = gy N ¢~° and therefore T, € n [[t]]
so that Sy = —Tj is consistent. That proves the lemma. ]
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From now one we will assume that we chose a slice .Z of the gauge class [.Z] such that the
function T belongs to g _ [[t]]. We can rewrite the g-DS hierarchy using the dressing operator
T as follows.

Lemma 4.3.29. The g-DS hierarchy (4.43) is equivalent to the following system of equations,
{6031 = [(eadTAj)+,.,2ﬂ1] ’ je E*} . (4.70)

Proof. First notice that e*7A; = eV A; — O/ - c. Indeed, [Q, A;] = —Q/ - ¢ from which we get
that

eop; = A - ¢ (4.71)
Therefore,
(4.7 A, ] = [v2 - Q" e (A, - @ ]
=v [.32” (eadUAj)+] -y [.i”, Q. c]
= —vatj.iﬂ —voQ - c.
On the other hand,
atj,?ﬁ = V(?tjf + (9th1 - C.
We conclude via (9tj§21 = vdQ (Equation (4.58)). O

The following proposition, which we take from [Wul7] (Lemma 3.7), already appeared in
[HM93, HMSGY4, Mir99].

Proposition 4.3.30. The dressing function T € §_[[t]], which is such that €T = edveado,
satisfies the following system of consistent equations,

{th,T(T) = —(eM7A;)- ] je E+}, (4.72)
where 5
1 L OT
Vo) = ) @' 5,
k>0 J

Moreover, the system (4.72) is equivalent to the g-DS hierarchy (4.72) on the connection £ .

Remark 4.3.31. If we take © = e in the Kac—Moody group of g, then it is not hard to see from
the relation eadTatj = 0y, — Vy,,7(T) (4.37) that V,, 1(T) = (étj®)®_1, so that the equations of
(4.72) become

0,0 = —(0A;071)_6,

as in [Wul7], Lemma 3.7. Compare with Sato’s equation (Theorem 3.2.4) on the dressing of the
scalar Lax operator in the study of the KP hierarchy.
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Proof. First, these equations are consistent since we chose T ing _ [[t]] thanks to Lemma 4.3.28.
Second, notice that Equation (4.70) is equivalent to

04
ot;

= [Z. (A

Indeed, it suffices to see that [.Z], eadTAj] = 79, + A1, Aj] = 0 by Equation (4.68) and
commutativity of s*. Substituting this into Equation (4.68), we get

0=y, (7@, + M) + [(€7A)-, 2]
_ adr (&j(é‘tl +A1)) + [V, (D), 4] + [(€97A))-, Z]
= [Ve.r(D) + (78, 4]

Let us denote, for j € E*,
AU = eadr (th,T(T) + (eadTAj)_) .
Then AU! € §_[[t]], and satisfies
[A[ﬂ,atl + Al] - 0.

Since g« = 5<¢ ® Im(ady )<, it follows that

AIJJ = Z Cl'A_i,

ieE*

with ¢; € C constants. Now notice that for the special solution Q = 0, which implies U = H =
Q = 0 and therefore T = 0 as well, we get AUl = 0 (since (Aj)- = 0). Therefore, AUl =0
identically. Moreover, we easily derive Equations (4.70) from (4.72). O

We can now formulate the zero-curvature representation of the g-DS hierarchy.

Proposition 4.3.32 (Zero-curvature representation). Let j € E* be a positive exponent and
define the following connection,

L= e7(d,, + A)).
They satisfy the zero-curvature equation:
[%. %] =o. (4.73)

Proof. The proof is immediate: by construction, for any i, j € E*, we have [.Z},.%;] = e*7[d,, +
Aj, 8¢, + Aj], and by commutativity of s*, this yields Equation (4.73). O
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Relation with the tau function

Using Proposition 4.3.30, we can rewrite the operator .Z; as
&= 0y + Ay + QY QW1 = (e"7A), — A; € g, [[1]].

Now recall that the tau function of the g-DS hierarchy was defined as any function 7 € C|[[t]]
such that

Ologt

Q= :
ot

where Q = }icg+ JTYQ/A_; is such that 9Q = —H and H € 5~ [[t]] is as in Theorem 4.3.7.
From this, we get the following proposition which redefines the tau function in terms of the
dressing function T.

Proposition 4.3.33. The tau function © € C[[t]] of the g-DS hierarchy satisfies the following
system of equations,

dlogt

T (€97 A))., j € EY, (4.74)
J

where the subscript ¢ denotes the component along Cc in the decomposition ) = Cc & @P;_, Cd;
of the affine Cartan subalgebra.
Proof. The proof is straightforward:
QU = (*7A))s — A,
= (@A - ). - A;

= (€A, — Q- c— A

Since (e*VA;). = 0 (4.40), we get that (QUl). = —Q/. Yet by definition of QU], we also have
(QUD), = (e*7A;)., hence the result. O

4.4 Taufunctions as limits of block Toeplitz determi-
nants

In this section, we follow [CW15a, CW15b]. First of all, we fix an n-dimensional faithful and
traceless matrix realization of § that we denote 7 : § — gl(n, C). For the classical simple Lie
algebras, we choose 7 as in Appendix A. This representation extends to g = g[4,A7!] @ Cc by

a(XAP +a-c)=nm(X)AP +a-c.

In the sequel, we will identify § or g with their representation. The goal of this section is to
prove the following theorem, due to Cafasso and Wu:
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Theorem 4.4.1 ((CW15a]). Let X € g_ and let E(t; A) = X jcp+ tjA;. Then"!
—_ K
Ty = [det (ez(t;’l)ex)] ,

is well defined (provided the context developed below) and is a tau function of the g-DS hierarchy.

Of course, an important part of the present section will be devoted to providing the context in
which the determinant defined above is well defined. The number k depends on the represen-
tation of 7 : § — gl(n, C); it is given by

(X, Y)o = k- tr(m(X)7(Y)),

where (X, Y), is the normalized invariant form (see Section 4.1). In the cases we will study and
given the representation in Appendix A, k = 1 for the A, and C, cases and x = 1/2 for the B,
and D,, cases.

Before getting into the subject, we make an important observation. Since we have fixed a
representation, given any X € g_, the power series

X _ Xn_- -1
e _ZF_KHO(A )

n>0

is well defined: each term in A¥ is a finite sum; the product of elements of g is defined by the
matrix product. Similarly, eX is well defined for all X € g,. Following Remark 4.3.31, we can
then define the following function,

0 :=eVe? € G_[[t]],

where 0,Q = —H and where U, H are functions as in Theorem 4.3.7. The function © we call
the (matrix) dressing function and is obviously equivalent to the (matrix) dressing operator
ed7 = eadueade Then Equations (4.72), which are equivalent to the g-DS hierarchy, become

00

—_ = = . -1
a, (©A;071)_e. (4.75)

Let us denote Oli= (t; = vx = 0 included) the initial data of a solution ® of the g-DS hierarchy.
The following lemma holds.

Lemma 4.4.2. For any X € g_, there exists a solution © of the g-DS hierarchy such that

Bli= = e*.

Notice that in [CW15a, CW15b], g = exp(X. tjA;) is replaced with g~ = exp(— 3, t;A;). This is due to the fact
that in [CW15a, CW15b], the authors use the convention to write the g-DS hierarchy as ;, £ = [(eadUAj)+, Z1;
while in this thesis, we use the convention d;; & = [, (erdu A j)+] (as in [CDY18]), which amounts to replacing ¢;
with —t; and therefore g with g~ 1.
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To show that, it suffices to write eX = eY 0|, with ¥ = eX®|t_:10. Then
(e"0n;07'eY) e'O = (e*YOA,07!) 'O
=e’ (0A;071)_0,
where in the second equation, we have used the fact that Y € g_. Hence, if © satisfies Equations

(4.75), then so does e @. Yet (eY®)|i=o = eX, so the lemma is proved. We can rephrase this
result as the group {eX | X € g_} acts transitively on the space of dressing operators.

4.4.1 The Grassmannian approach and Toeplitz determinants

Preliminaries on topology and the formal loop group
In what follows, we want to define a structure such that something like eZYeX converges for
some topology. This structure we call the formal loop group associated to g. To do so, we will

consider formal power series of the form
Y= Z yiAl, yr = Z yradt, yr.a € gl(n) [[t]].
IeZ A>0

In other words, y € gl(n)[[A,A7},{,t]]. Here the problem is that the Cauchy product of two

power series of this form may not always be well defined, some coefficients in A’ may give

infinite sums. To solve this problem, we define a topology given by the valuation distance.
For this section, let us denote by R the ring

R = gl(n) [[2, A7, t]],

which is not a commutative ring nor is it an integral domain. The Cauchy product of f,g €
R[[{]] is given by

A
fg:= ZgAZfA—B " 9B,
B=0

A>0

where fa_p - gp is defined by the usual matrix product. Similarly to the case of pseudo-
differential operators (see Definition 3.1.3), the valuation of f € R[[{]], denoted val; f, is
defined as the smallest V' > 0 such that fy # 0, i.e.

valy ZngA =inf{A>0] fy #0}.

A>0
If we set valy 0 = +oo, then valy (f + g) > min{val; f,vals g} and
valy (f - g) > valy f +valy g

(we would have had an equality if R were an integral domain). Then the valuation distance can

be defined by
dist (f,g) = 271/ ~9)
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The topology induced by this distance is such that a sequence fiy = 3,50 fiv.4{* converges to
f = Yaso fal? if and only if for all B > 0, there exists N > 0 such that for all A < B, we have
fn.a = fa. This construction makes R [[{]] into a complete topological ring (see e.g. [Bou88]
§4).

Below we define the notion of admissible series in a way that generalizes to the matrix
case the one given by Borodin and Okounkov in [BOO00] in the scalar case. In [CW15b] a
similar definition is given, although it makes use of the principal gradation rather than the
homogeneous gradation; this applies well to the computation of the topological solution.

Definition 4.4.3 (Admissible series). Let y = 3 ;.7 y1A! be a formal power series with entries
vi € al(n)[[t,{]]. We say that y is admissible if for any I € Z, if the valuation of the entries
satisfy

valy (yr) > (1], (4.76)

This definition seems arbitrary, but below we will see that it naturally applies to the computa-
tion of exp (E(t; 1)) exp (X). The following elementary lemma holds.
Lemma 4.4.4. Ify,y are two admissible series, then their Cauchy product (overZ),
vev= A v (4.77)
I1€Z JeZ

is well defined and is also an admissible series.

Proof. Let y,y be two admissible series, then

vei= D A Y vty = ) A vido + D viesir + v |-

IeZ Jez IeZ J>0

On the one hand,

valy (yr-yy7) 2 1I=JI +1J]
> 2|J| = 1,

and similarly valy (yr+77-5) > 2|J|—|I], so that both valy (y;—;¥;) and valy (yr+;7-7) are strictly
increasing functions of J > 0. In particular, for any A > 0, only finitely many terms appear in
the coefficient in {# of (y - 7);. This shows that the Cauchy product is well defined. On the
other hand, valy (yryo) > |I|, but also

valy (yi—yyy) = 11— JI+ J| > 11,

and similarly valy (yr4sy-s) > |I|. This proves that y - y is an admissible series. O

Clearly, the Cauchy product (4.77) is associative and the element id € gl(n) is the identity
element for this law. This makes the set of all admissible series into a monoid. Naturally,
we say that an admissible series y € R[[{]] is invertible if there exists an admissible series
y~! € R[[{]] such that

y-y l=yThy =id (4.78)

This leads us to the following definition.
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Definition 4.4.5 (Formal loop group). We call a (formal) admissible loop any power series
vy € R[[{]] which is invertible for the Cauchy product (4.77). We denote LG(n), and call the
(formal) loop group, the multiplicative group of admissible loops, i.e.

LG(n) = {y € R[[{]] | y is admissible (4.76) and invertible (4.78)} ,
where R = gl(n)[[A, A7, t]].

We now explain how this relates to computing e=&YeX for X € g_ and E(t;1) = X, jeEt L.
First, we define a map @ : ¢ — ¢ [{], defined by

D - X:ZXI}LI — X; ::mefg'”
I1€Z IeZ

(where the sum over Z is finite). Now for any X = Y;c7 X;A! (where the sum is finite), we can
define the exponential of X by

v = 3 2

k>0

k
me’g'ﬂ .

I1€Z

In the above equation, the product XX is defined as the matrix product within the represen-
tation we chose. Then eX¢ € LG(n), i.e. is an admissible loop. Indeed, it suffices to write

1
exp(X;) = ZAI Z = Z g|11|+ +|Ik|X11 X,

I1eZ k>0 ' I,...Ix€Z
L+ +Ip=I

Since |I;| + - - - |Ix| > |I|, it follows that e*¢ is an admissible loop; its inverse is e =X¢.

We now apply that same construction to

B = ) A,

jeE*

The map @ : g — g[{] naturally extends to a map ® : g[[t]] — g[[t]] [{]. The A;’s are not ho-
mogeneous, although, since g- Ng* = @, we can decompose each A; though the homogeneous
gradation with only positive powers of A; we write A; = Y} A; ;A!. Then

B(t:4) = ) Fi(HA, Fi(t) = > tiAj 1.

I>0 JjEE*

We assume Fj(t) to be a finite sum, meaning that for a fixed I > 0, there is only finitely many
Aj’s such that val) A; < I. This will be realized by the matrix representations we choose (see
Appendix A). We define

Eet ) = Y B = 0E(t2)).

I>0
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Then there is no obstruction to defining

k
Zﬂ(t)ﬂg“']

e (26) - 31

k>0 I1>0
1
1 I |+ 4]
= E A E o E §|1|+ +|k|F11(t)"‘FIk(t)-
I€eZ k>0 =~ Ip,...I20
L+ +I=I

It is not hard to see that the coefficient in A’ is a well defined power series in t. Therefore,
e%¢®A) is an admissible loop with inverse e =¢(t4),

Now let X € g_, i.e. with only negative powers of 1. Let us denote y = e*X¢ and ¢g(t) =
%< (&1, these loops have the form

y=> rad T =id+ 007, gt) = > gid =id+0(),
I>0 >0
with valy y_r > I and valy g; > I. The Cauchy product of g(t) and y can be written as
J(®):=g1t) -y = ZAI Z gr+JY-J

IezZ J>max{0,-I}
- Z’II (gryo + greay-1+ ) + ZAI (Goy-1 + G1y-1-1+ ).

1>0 I1<0

We easily see, once again, that this is indeed an admissible loop in the sense of Equation (4.76).
Moreover, if we define

J=Y vl =id+ o), J = gh " =id+ 0™,

1>0 1>0

then J, (t) admits two factorization:

KO =gy =M. (4.79)
The above equation will be important in the sequel for the Borodin-Okounkov formula. In
what follows, we will write X = X and Z(t; 1) = E¢(t; 1) when there is no ambiguity.
Laurent block matrices and formal loops

Following the definition of the formal loop group, let " be the subspace of formal power series
over Z in a parameter A, say v = )¢z vrA!, with entries vy € C" [[{]] such that valy vy > |I],
ie.

7‘(" = {’U=ZUV11

vr € C"[[{]], valy vp > |I|} c C"[A, 2740
IeZ

The space H" is spanned by the standard family of vectors {e A’ | @ € {1,...,n}, I € Z},
where e, is the column vector with 1 at the a-th position and 0 elsewhere. With respect to this
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basis, a vector v = Y,;cz viAl € H" can be identified with its coordinates in the topological
basis {A! | I € Z} (w.r.t. the topology induced by the gradation):

(O] n
v~| v v = Z{AZUZA%GC”[[{]].
U1 A>|I| a=1

We denote by H,. and H_ the subspaces consisting of vectors with only nonnegative and neg-
ative powers of A respectively, i.e.

H, = {Z vmf} c C"[[A, 1), H_ = {Z Wz} c AL ).

I1>0 1<0

We denote
pr,: H — H., pr_:H — H-

the projections on H, and H_ respectively.
Given an admissible loop y = Y,z y1A! € LG(n) we can define an action of y on v by a
Cauchy product:

yv= Z M Z Yi-jvy € H" (4.80)

I1€Z Jez

Thanks to the assumption of admissibility (val;yr, valy vy 2 |I]), this action is well defined (the
expansion in { contains only finitely many terms for each power A/{4). It follows from Equa-
tion (4.80) that y admits an infinite-dimensional “Z X Z” matrix representation as

Yo Y-1 Y-2
L(y) := (YI‘J)I,JeZ: R . (4.81)

Y2 Y1 Yo

The matrix L(y) we call the Laurent matrix of y. We have yv = L(y)v, where the second product
is the standard product of matrices. It follows that

v v =L{y) L)
making the Laurent matrix map into a homomorphism

L:LG(n) = {(yi-)rsez | vk € ClILN, valy yk > K|}
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Notations. We shall emphasize the important distinction, hereafter, between capital indices
I, J and small indices i, j. Capital indices I, J denote “block indices” in the sense that the coef-
ficient y; of a loop y = Y,z y1A! is a matrix in y; € GL(n). On the other hand, small indices
i,j will denote “usual indices” of a matrix, e.g. (y1);; € C. For the Laurent matrix of a loop, the
relation between the block indices and the usual indices is given in the following relation:

L(Y)IVH-D(,]I‘H-ﬁ = ()’I—])a+1,ﬂ+1y I’] € Za aaﬂ € {03 A (e 1}
For any admissible loop y € LG(n) of the form
y =id+0@1™),

we associate the subspace W, ¢ H" defined by W, = y(H). The following lemma is the basis
for the Grassmannian interpretation of the sequel.

Lemma 4.4.6. For any admissible loop of the form y = id + O(A™"), the subspace W, = y(H.)
of H satisfies the following,

(i) The map pr_ |w, : W, — H. is a linear isomorphism;

(i) AL - W, Cc W,.1?

Proof. Point (ii) is direct: For any v = ¥,;5, vsA! € H,, we have
A o= Y 2o =3 Meup .
>0 I>1

Yet by definition valyvr; > |I — 1|, therefore valy{vr—; > |I — 1| +1 > [I| (by the reverse

triangular inequality). Therefore, A{ - v € H, too and so A{ - y(v) = y(A{ - v) € W,.
We now prove point (i). To do so, we will prove that the map pr, |w, is injective and then
surjective. Let w = y(v) € W, be a nonzero element and let us assume that pr,w = 0. The

vector w = y(v) can be written as
_ I
-3 Y e
IeZ  J=20,
J=I

Thus we get the equation

pr.w = ZAIZ}/I_]U] = 0.

>0 J>I

For any I > 0, and since y, = id, this expands as

U+ Y-1U141 + Y—2Ur42 + - = 0. (4.82)

2Notice that here we must include ¢ in the factor Al because of our definition of admissible loops and vectors.
(As we can see in the proof)) But that can be simply seen as a consequence of the morphism yyA! — yATZU that
allows us to treat things in a purely algebraic setup. This is a difference with other article dealing with this topic
(e.g. [BO0O, CW15a])
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Now notice that in terms of { valuations, val;v; > I while valyy_jv741 2 I + 2 (since I > 0).
Therefore, if we denote v; = 457 Av}q, Equation (4.82) implies that v{ = vf” = 0. But,
applied to order M+ it also implies that vﬁ% = vﬁ:f = 0, so that valyvr4; > I + 3 now, so that
valyy_1vr41 2 I + 4. But then looking back at Equation (4.82), we must have vfz = v{” =0.
And so on: applying the same argument recursively we get that vf‘ =0 for all A > I, meaning
that v = 0. Thus pr, |w, is injective.

We now prove that it is surjective. We consider an arbitrary u = Y5, Alu; € H, and we

want to find some v = 3,50 Alv; € H, such that pr,y(v) = u; i.e. we want to find v such that

ZAI Z Yr-joy = Zﬂ.lu[.

>0  J=I >0
For each value of I > 0, this expands as
Ur +Y-101+1 + Y-2U142 + - = U

Now with very similar arguments as for the injectivity, we can expand both sides of the above
in powers of zeta and fine that

I _ 1. I+1 _  I+1,
Up =uUp v =up s
: I I+1 : I+1 I+1 _  I+1 I+2 _  I+2
this fixes v, and v,"". But applied to A", it also fixes v = U and v S UL Therefore,

i AT T2 Iy1+3 1+2 I+1 _I+2 1+3 142 _  I+3 ;
the equation in A'¢""* and A°{"*” reads v, + y_1v;; =y, and o™ + v = w7 e

I+2 _ I+2 _ I+1 I+3 _ I+3 I+2
v = U Y-1Up,qs v = U Y-1Upyq-

And so on, this determines v (and therefore w = y(v)) recursively. Thus pr, |y, is surjective.
This concludes the proof. m|

Conversely, one associate such a loop y = id + O(A™!) to any subspace W c H™ which
satisfies the condition

AM-WCW, prolw : W — HI.

The set of all such subspaces is what we call the “big cell” associate to H"; we denote Gr’. The
notion of big cell was introduced by [SW85], although the idea was already present in [Sat81].

Hereafter we will identify any admissible loop y € LG(n) of the form y = id + O(1™!) with
the element W, € Gr° such that W, = y(H,). We identify W, with the Z 5, X Z matrix that
represents the map y|gn : H" — W,,, namely:

d oy oy

Wy ~ (}’I—])Iez,]zo = 0 id yq
0 0 id

In what follows, we will drop the superscript n and simply denote H = H™".
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Toeplitz and Hankel block matrices

Besides the Laurent matrix of a loop y = 3 ;.7 y1A!, we introduce the two following block
matrices; all of them are Z( X Z>( matrices:

T(Y) = (YI_])I,]ZO ’ H(Y) = (}/I+]+1)I,]20 > H()’) = (Y_I_]_I)I,]ZO .

The matrix T(y) we call the block Toeplitz matrix associated to y the matrices H(y) and H(y)
we call the Hankel block matrices. These matrices can be visualized as follows:

Yo Y-1 Y-2 Y Y2 V3
n Yo y-1 - Y2 Y3 Va
T(y) = . , H(y) =

Y2 Y1 Yo E Y3 Ya Vs

(The matrix H(y) is the same as H(y) but with negative indices). Now introduce the following
involution on H:

i H — H
v(d) — Alo(Ah).

Is is clear that /* = id and that the restrictions ¢ : H, — H_ and 1 : H_ — H, are bijective.
Then it is not hard to show that the Toeplitz and Hankel matrices are the matrix representations
of the following endomorphisms:

T(y) = pr, - yla,, H(y) =pr, v - tlgs,s H(y) =1 pr_-ylu,.

Now the Toeplitz and Hankel matrices are not homomorphisms, contrary to the Laurent matrix,
yet the following lemma holds [BS99].

Lemma 4.4.7. Given two loops y1, 2, the following identity holds,
T(y1) - T(y2) = T(y1 - y1) = H(ya) - H(yz).

In particular, T(y1) - T(y2) = T(y1 - y1) whenever T(y1) is upper triangular or T(y») is lower trian-
gular.

Proof. It suffices to use the definition of these matrices:
T(y1) - T(y2) = pry - y1 - prs - Yolos

=pr,-yi- (id_pr_) : YZ|‘7‘(+
=Ppr, - yi-Yelpe =PIy y1o o0 proc yales
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The Sato-Segal-Wilson tau function

In this section, we give a definition of a tau function associated to a loop y = id + O(A7}),
or equivalently to a point W, € Gr°, called the Sato-Segal-Wilson tau function, following
[CW15a]’. It originally appeared in a certain form in [Sat81] and [SW85]. One of the aimes is
to identify this tau function with the limit of certain Toeplitz determinant and then with a tau
function of the g-DS hierarchy. We define the following maps:

Qy =pr, “ylu, : He = H,y, Q- =pr_-ylu, : He = H_,
along with
B = Q- (@) = pr_lw - (prolw) ™ He — .

These maps are well defined since, by hypothesis, pr, | is bijective.
Recall the power series

g(t) = exp (E(t; A1) =id + O(A).
Consider the following submatrices of the Laurent matrix of g,
a= (91—])1,120’ b= (91—1)120,]<07 d= (91—1)1,]<0'
They are the matrices of the following maps,
a=pr, - glu. b=pr, glu, d=pr_-glu.

Notice that actually a = g|4, since by the form of g, we see that g(H,) c H,. The latter
also implies that the map pr_ - gl vanishes identically. Consequently, the loop g admits the
following block matrix representation,
_[a b
970 4/

Definition 4.4.8 (Sato—-Segal-Wilson tau function [SW85]). Let W, € Gr° be a subspace and
let g = exp (E(t; 1)). We call the Sato-Segal-Wilson the formal power series

tw, = det (id+ @™ b hy,)
= det (id+ b hy; -a™!).

For now, it is unclear why the determinant that defines fwy (t) is well defined. This will be
solved by the following lemma.
Lemma 4.4.9. For any X € g_ and associated loop y = e*, the following identity holds,

bhw,a”' = —H(g"'y)H(y'g)

13We shall emphasize that the terminology tau function here anticipates the fact that it will indeed be identitified
with a tau function of the DS hierary, see Section 4.4.2.
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Proof. First, we write

a'=pr.g" u., b =pr,glu,
Q7 =proy a., Q_ =pr_yls,.

Therefore,
bhw,a™" = pr.gpr_ypr,y g lg,-
On the other hand, since 2 = id, we have
H(gy)H(y™'g™) = progypr_y~'g™" ln,.
Therefore, its suffices to prove that (hereafter we underline the summands for clarity)

pr.gypr_y ‘g  +pr.gpr_ypr.y ‘g7 |g, = 0.

Then it suffices to use pr_ = id — pr, and the fact that Q, = pr,y |¢, and Q7' = pr.y ™! |g,:

pr.gypr_y ‘g ' +pr.g(id—pr)ypr,y 'g" |x,
=pr.gypr_y 'g”' +pr.gypr.y 9" —progpr,ypry g7 Iu,
=pr.gyy g —pr,gQ:Q7'g " |n,
= id —id |g;, = 0.

Now thanks to Lemma 4.4.9, the Sato-Segal-Wilson tau function can be written as
fw, = det (1 - H(gy)ﬁ(y_lg_l)) :

Notice that because the loops ¢(t) and y are admissible, the entries of H(gy);, ; and H(y 'g7); 7
have valuation greater than |I + J + 1|. In particular, both these Hankel matrices are Hilbert-
Schmidt operators in the sense that the norm

IH@GIP = )" IH(gy)y I

I,J>0

converges for the topology induced by the valuation (it suffices to see that the partial sums
form a Cauchy sequence). Then the product of two Hilbert-Schmidt operators is of trace class
and the determinant det(id + T) with T trace-class is a well defined Fredholm determinant. We
refer to [Sim05] for more details.



4.4. Tau functions as limits of block Toeplitz determinants 173

The Borodin—Okounkov formula and a formal Szego-Widom theorem

In this section, we identify the Sato-Segal-Wilson with the limit of the Toeplitz determinant
of the loop gy by means of the Borodin-Okounkov formula and a formal version of the Szeg6-
Widom theorem; we still follow [CW15b].

Besides the infinite Zs¢ X Z>( Toeplitz matrix, we associate to a loop ¢ = 3 ;.7 #A! the
following matrix:

¢0 ¢_1 . ¢—N
Tn(¢) = (¢I—J)?,r]:0 = 9{?1 9[?0 ¢_1:V+1 ’
N PIn-1 0 o

called the N-truncated block Toeplitz matrix. We denote its determinant

Dn(¢) := det Tn(¢).

Moreover, we denote py : H, — H, the projection on the subspace of power series of the
form Zﬁo vrAl and gy = id — py. Finally, if ¢ is admissible, we denote

2(¢) = det (id — H@($™))

which, as noted an the end of the previous section, is a well defined Fredholm determinant. We
can now present the celebrated Borodin-Okounkov formula as it appeared in [BW00].

Theorem 4.4.10 (Borodin—-Okounkov formula [BO00]). Let ¢ € LG(n) be an admissible loop
such that ¢ = ¢,d_ = Y_y, admits two distinct factorizations such that

Y-(00) = ¢_(c0) = id, Y.(0) =id + N, ¢y =id + My,
where N, and M, are strictly lower triangular matrices. Then for any N > 1,
Dy (¢) = Z(¢) det (id - Kn(9)) ,
where Kn(¢) = gnK($)gn and
K($) = H(¢_y; HH bs).

Notice that Kyx(¢) is an infinite matrix but its determinant is a well defined Fredholm determi-
nant for the same reasons Z(¢) is. We refer to [CW15b] (Theorem 2.3) for a proof of Theorem
4.4.10 which is adapted to the present case of formal matrix-valued power series; the proof fol-
lows that of [BWO00]. As a corollary, we obtain a formal version of the Szegé-widom theorem
(see [Wid76] for example).

Corollary 4.4.11. Under the conditions of Theorem 4.4.10, we have

Jim D(@) = Z(9) = det(id - H$AG™). (4.83)
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Proof. Using the Borodin-Okounkov formula,

log Z($) — log D($) = log (det(id ~ Kn(¢)).

Then, it is not hard to see that the entries of Kx(¢) have a valuation greater or equal to Nh, so
that

val (log Z(¢) — log Dx(¢)) > Nh,
which implies that Equation (4.83) holds. O

Now to identify the Sato-Segal-Wilson tau function with the limit of the Toeplitz determinant
of J, = g~ 'y, it suffices to show that J, satisfies the assumptions of the Borodin Okounkov
theorem. First, as noted at the beginning of Section 4.4.1,

Fy=9y=1Jv"

Therefore, J, admits two different factorizations, with g, ];’ €id+O(A) andy, ], €id+ o(A™).
So J, satisfies the assumptions of Theorem 4.4.10.

Corollary 4.4.12 ([CW15b]). For any loopy = id + O(A™") and J, (t) = g(t) - y, the following
identity holds,

2w, () = lim Dn(J, (1) =: Doy (1)),

4.4.2 Relation with the tau functions of the DS hierarchies
The matrix wave function

We start this section by defining the notion of matrix wave (or Baker-Akhiezer) function as-
sociated to a loop y = id + O(A7!) and the power series g(t) = exp(Z(t)) as defined in [Dic03]
(see Definition 12.1.3) and given again in [CW15b] (see Definition 2.9).

Definition 4.4.13. Let y = id + O(17!) and the associated point of the big cell Gr’ 5 W, =
y(H.). We say that a loop w(t) € LG(n) is a wave function (or Baker-Akhiezer) function
associated to y if

(i) For any v € H,, we have w(t)v € W, ;

(i) pr, - g(t) - w(t) = idg.

This definition is to be compared with the notion of wave function in KP theory and the bilinear
identity developed in Section 3.3.

Lemma 4.4.14. Foranyloopy = id+O(A™), the following function is a wave function associated
toy:
w(t) = g~ (t)]; (1)
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Proof. For point (i), it amounts to proving that for any v € H,, we have y "'w(t)v € H,. Indeed,

yw(t)o =y TlgT () (o
= U5 OF ) (o
- ()",

the latter belongs to H. since ( ];r (t))™! = id + O(A). Point (ii) is immediate since

pr, - g()w(t) = pr, - J,'(t) = id.

O

Then in [CW15a], and in analytical context which adapts to our formal context, the authors
related the Sato—Segal-Wilson tau function with the wave function via the following theorem
(see Theorem 2.11 and Corollary 2.12 of [CW15a]).

Theorem 4.4.15 ((CW15a]). Given a point W, € Gr® and its associated wave function w(t), the
following identity holds, for anyj € E*,

0log tw, _‘j{ dA (ow
- 2ir \ 04

m ——tr —w‘lAj) , (4.84)

where the contour integral is to be understood as the sum of all residues; the trace is to be understood
as the trace of the representation we chose.

Theorem 4.4.15 can be understood as a generalization of 3.3.7 in KP theory. Indeed, in the latter
the wave function is scalar and related to the tau function by

w(td) = AT gy () = exp (Z t,w') .

Tt =

Let us verify that in this scalar case the KP wave function satisfies Equation (4.84). First, Equa-
tion (4.84) is equivalent to

dlog w, _75 dA (6_w 199 _1)

= —t
at; 2ir \ox " ot

Then, the trace is the identity, so it reduces to

bl

B a0, G
2ir oL ot 0 iz A - [A1])

_ _‘7{ Z dlogr(t— [/171])/11—1'—1 _ _Ologr
ot;

i>1 ot
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Sato-Segal-Wilson vs. Drinfeld-Sokolov tau functions

We now make the link between the Sato—Segal-Wilson tau function and the Drinfeld—Sokolov
tau function as defined by Wu [Wul7] in (4.74): given a dressing operator O,

0log 1o
ot;
Recall that the dressing operator ® = eVe® = id + O(A7!) € g~ [[t]]. The following lemma

connects the wave function w(t) and the dressing operator O(t) in the case where the initial
datay =id + O(A7!) is taken as y = ©~!|—o [CW15a].

= (®Aj®_1)c .

Lemma 4.4.16. Let © € g~ [[t]] be an arbitrary solution of the g-DS hierarchy and let y =
O !t=o = id + O(A™"). Then the corresponding wave function is given by

w(t) = g (1O (b).

Moreover, if Tw, (t) is the Sato—Segal-Wilson tau function associated to y, then Equation (4.84)
becomes the following,

dlog tw, dA (00
L f —tr —AJ'@_I (485)
ot; 2im
Proof. First, we clearly have pr, g(t)w(t) = pr,©® !(t) = id. So it remains to prove that for any
v € H,, we have y~!w(t)v € H,. Let us denote w(t) = y~'w(t), then
dyw=—-g"'AO —g7'071(8,0)07"
=-g'07'(@A;07) +g '@ (eA;07)_

= -w(0A;07"),. (4.86)

Therefore, w™'d;w = w™'d;,w = —(OA;07"), € g [[t]]. Moreover the initial condition of
w(t) reads

W)l=o =y (9O (D)= =y 'y =1, (4.87)

since g(t)|t=o = € = 1 and y = ©!(t)|t=o. Now, Equations (4.86) and (4.86) together imply that
w(t) contains only nonnegative powers of A, hence the result. Then to prove Equation (4.85)
it suffices to use the analyticity of g, the commutativity within the trace and an integration by
part:

dlog tw, dA (89l
— Y = ——tr|—L——0gA,;
at; 7{ r( ar 7 f)

2im
d (dg7! 007!
= Ly (Y _n, OgA,;
}l{zmr(aag AR YRR
__jfﬂt 907 o\
B iz \ox Y

i (00
= ¢ —tr|—A ;07!
}'{zmtr(a/m /9 )
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We can now state the main theorem of this section.

Theorem 4.4.17 ((CW15a]). Let® be a solution of the g-DS hierarchy and let g be the associated
tau function. Lety = @ =g = id + O(A™") and let Tw, be the associated Sato-Segal-Wilson tau
function. Then

log 7¢ = klog fwy,
where k is defined by (Y, Z) = x - tr(n(Y)n(2)) forall Y, Z € g.

We proceed by two lemmas; we give the proofs of [CW15a].

Lemma 4.4.18. For any A, B € g, the following identity holds,
da
[ABl =k § 22 (0,408).
21

Proof. 1t suffices to prove the identity on elements of the form XA?,YA? € g with X,Y € g and
D, q € Z. By the definition (4.15), we have

[XAP,Y29| | = KkpBpsq,otr(XY).

On the other hand,

dA dA
f —tr ((8,1X/IP)Y/1q) = f ,—p/1p+q_1tr(XY) = P5p+q ()tI'(XY).
21 21 ’

Lemma 4.4.19. Forany X € g_ and Y € g, the following identity holds,
dA
Xyo-X) _ X\y =X
(e*Ye )c = K}{ Ziﬂtr ((6,1e )Ye )

Proof. To simplify notations, we write X’ = §;X and (X) = 9§ %trX . First, we have

p-1
1
X _ - gy’ yvp—q-1
9% = § p § XIX'X .
p=0 q=0

Let us denote ((9;eX)Ye ™) = 3,5, R,y with

m—1 m—k—1
(-1)" j —k—j-1 k
Ry, = — XIx'xmk=im1| y xky,
S ara[s: )
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We rewrite R,,, as
m—k-1

R :<mz_lix' > XIvxk)
" S (m—kWk

m

m—-1m—j-1
f

SOOI

j=0 k=0

1,.,S m—1
= — (X' Y (-t X7 yxm-1y
m! P m—-1—j

)Xf yxm-17)y

1
= —(X'(adx)""'Y),
m!

where in the third equation we have used the recursion relation (".') = (7)) = -(+,)- By
Lemma 4.4.18, it follows that

(@)X =~ 3 [X, ady)™ Y],

m>1"""

1 1
=— > —((adx)™Y),

K a1 m:

1 1
_(eadx Y), = _(eXYe—X)C
K K

[m]

Proof of Theorem 4.4.17. Now it suffices to use the definition (4.74) of Wu’s tau function for the
g-DS hierarchy, Lemma 4.4.19 and Equation (4.85), for all j € E*,

0log e
atj

= (®Aj®_1)c

(o0

dlog f,
Kf—a tj .

Therefore, log 7¢ and log 7y, differ from a linear function of the variables ¢;, which, in our
framework, amounts to their coincidence. O

It remains to derive Theorem 4.4.1 (which we stated at the beginning of Section 4.4) from
Theorem 4.4.17 (which we just proved). Let us first ecall Theorem 4.4.1; notice that from now
on we denote det = D,.

Theorem 4.4.20 ([(CW15a]). Let X € g_ and let Z(t; A) = 2. jcg+ tjA;. Then
. K
Tx = [det (e:(t;/l)ex)] ,

is a tau function of the g-DS hierarchy.
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First, since we chose J, = gy, by Corollary 4.4.12, we have

f’WY = lim Dy (eE(M)eX) =: det (eE(t;’l)eX) .

N—ooo
Moreover, y = © |- and, as noted at the beginning of Section 4.4, for any X € g_ there exists

© such that O~y = e™X. Therefore, if we denote @ the solution associated to the initial data

X we can write

Oxli=0 = €~
log 7 := log te, = klog 7wy, = K det (eE(t;’l)eX) )

In particular,

T} = [det (eE(t;’UeX)] ‘ .

4.5 Polynomial tau functions of the DS hierarchies
and Schur polynomials

4.5.1 Young diagrams expansion of the tau function
Preliminaries on notations

We denote Y the set of integer partitions ('Y’ for Young diagrams; see below), i.e. the set of
decreasing finite sequences of positive integers, i.e.

Y=Ap=@, o spy) CZzy | 720, pi > pijs1}

@ and

We denote £(u) = r and call it the length of p. If £(1) = 0 the partition is denoted p
called the empty partition. We denote by

lpl = pa + -+ pegp

the weight of 1, i.e. the integer of which y is a partition.

To any partition we associate a Young diagram as follows. Given a partition p = (y; >
“++ 2 (), its Young diagram is a table of squares, all flushed to the left, with £(u) rows and
where row i contains y; squares; see Equation (4.88) for an example.

Using the Young diagram of a partition, we define its Frobenius notation as follows. First,
denote d(p) is the number of squares in the main diagonal of the Young diagram of y (i.e. the
squares with coordinates (i,i), i = 1,...,d(u)). Denote k; the number of squares in row i that
are strictly to the right of square (i, i); denote /; is the number of squares in column i that are
strictly below square (i, i). The integers k;, [; and d(u) determine p; we denote

p= (1, o) = (ks kag s Lage)
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For example, the partition p = (5441) has length £(u1) = 4, weight |u| = 14, and can be written
in the Frobenius notation as p = (421|310), as illustrated below.

v = (5441) . [&) o v = (421|310) (4.88)
P)
()

(1) (0)
®)

Let X € g- and recall E(t;A) = X g+ tjA;. Lety = eX and g(t) = Y. Let their Laurent
matrices be denoted by

r:=L(y), s(t) := L(g(t)).
We introduce the following determinants.

Definition 4.5.1. Let a partition p € Y. We call the Pliicker coordinates of y with respect to
the representation 7 : § — gl(n) the determinant

ry = det(ri, -1, j_l)i’je[l’ ey € C- (4.89)
We call the generalized Schur polynomials of type (g, &) the determinant
su(t) = det(si_1$j_ﬂj_l)i,je[l,[(p)] e C[t]. (4.90)

We also set ry = sy = 1. For the adjoint representation 7(X) = adx € End(g), we call s,(t) the
intrinsic Schur polynomial of type g.

Moreover, we define matrices D;j(t) and Z;j, for I, ] > 0, by

id — eEt) o—E(tp) &
— - Z Dyy(t) AT, (4.91)
H 1,]=0
id — XM e X(w) &
% = > Zy A (4.92)
H I,]J=0

The above equations are to be understood as formal expansion in the parameters A, u. Define
S(ilj)» Tl for i, j = 0, via

(Dr17)ab = S(ni+a-1|nJ+n-b)s
(Z1])ab = "I+n-alnj+b-1)s

where a,b € {1,...,n}. We call Z;; the matrix-valued affine coordinates and rx; ;) the affine
coordinates. These matrices were introduced in [BY17] for case of sI(2).
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Young diagram expansion
The aim of this section is to prove the following theorem.

Theorem 4.5.2 ([CDY18]). The tau function tx(t) = [det(g(t) - y)]* of the g-DS hierarchy (cf.
Theorem 4.4.1) admists the following Young diagrams expansion,

x(®F = > su(t) 7y (4.93)

pey

=1+sDrD+sBrB+smrm+sEPrEP+---

Moreover, if p = (k1. ..., ki) |11, ..., la(u)) is the Frobenius notation of p andl = I + -+ - lg(),
then s, (t) and r, have the following expressions

Sﬂ(t) = det (s(ki”j)) ry = (—l)l det (r(ki”j)) (4.94)

ijelldw] ijelldw]

Remark 4.5.3. Notice that if we grade Young diagrams by setting deg i = |u| = p1 + - -+ + pg(p)
(i.e. the integer of which y is a partition), then Equation (4.93) is a well defined power series
for this grading: each term of a given degree is a finite sum of s,r,’s and each s,r, is a finite
determinant. Therefore, besides all that was said in the previous sections, Equation (4.93) gives
an intrinsic formal expansion of the tau function.

Remark 4.5.4. In the A, case, if one chooses the fundamental representation A, = sl(n + 1),
then the Schur polynomials s,(t) are exactly the traditional Schur polynomials [Mac95] but
with the constraint tx(,41) = 0.

Remark 4.5.5. Once Theorem 4.5.2 is proven, formula (4.94) is due to Giambelli type formula,
see e.g. [BY17, EH11, Mac95].

To prove Theorem 4.5.2 we will proceed in several lemmas. The first one is a well known result,
although we wanted to present a rigorous proof to the reader.

Lemma 4.5.6. Let Y™ be the following subset of Y,
Y = (p= (2> )€Y |y <m, €(u) <m+1}.

Let two rectangular matrices, S of size (m + 1) X (2m + 1) and R of size (2m + 1) X (m + 1), of the
specific form

R—m,O Tt R—m,m
So,-m * So,-1 1 0 aE 0 R_1)0 Roym
S = . T c. T : , R = 1 T RO,m
1 0
Sm,—m tee Sm,—l Sm,O e Sm,m—l 1 0
1 Rm—l,m
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For a partition y € Y™, we define determinants R, and S, in the same fashion as in Equation
(4.89). Then the following identity holds,

detSR= > SuR,.
peY(m)

Notice that because of the specific definition of the matrices R and S, the determinants R,, and
S, can only be defined for p € Y™ hence the proposition. For example, if m = 1, one easily
computes that

S 1 0 R0 R
det| %71 { 1 Ryi |=SuRe+SuRs+ iRy
Si,-1 Sy 1

g8
0 1

Proof. 1t is a particular case of the well known Cauchy-Binet formula (see e.g. [Gan00]). The
latter states that if A is an n X n” matrix and B is an n’ X n matrix, then the determinant of AB
is the sum of the product of the minors over all minors of size n; in other words,

det AB = Z

1<ii<--<in<n | A

in,n

Ay o Awi,| |Bia - B

niy 0 Anin| |Bist -+ Bign

So let a sequence of m + 1 integers —m < i} < iy < -+ < i1 < m. We can assume without
loss of generality that

(il, ey ip, ip+1, Ce im+1) = (i1, ey ip,p, ey m), (495)

for some p € {0,...,m+ 1}. If p = 0, the sequence reads (0, ..., m); if p = m + 1, the sequence
is simply such that i,,; < m. We define

Then we automatically have pr.; < pg from ipq > ir and it is not hard to see that y; > 0
starting from i,1; = p and then applying a backward induction to iyy; > ip > ip-1 > ...
Therefore, the pii’s form a partition p = (1 > --+ 2 pp). If p = 0, the partition is the empty
partition p = @. Moreover, by construction we have py; = —iy < mand €(y) = p < m+1, so that
1 € Y™, Reciprocally, any partition of € Y™ of length £(y) = p € {0, ..., m+1} determines
a unique sequence (i1, . . ., im+1) satisfying Equation (4.95). This explains the expansion over
partitions of Y™,

It remains to prove that given a sequence —m < iy < i; < -+ < iy < m satisfying
Equation (4.95) for some 0 < p < m + 1, and given t = (3 > --- > p,) € Y™ the partition
it determines, the minors of R and S are respectively given by Equation (4.89). We prove it for
the matrix S.

oIf p = m + 1, it is immediate: the partition y has length £(u) = m + 1 so that S, given in
Equation (4.89) is indeed the minor of size m + 1 associated to the sequence (i1, . . ., im+1)-



4.5. Polynomial tau functions of the DS hierarchies and Schur polynomials 183

o If p = 0, the sequence is given by (0, ..., m) for which the minor is the determinant
of a lower triangular matrix with 1’s on the diagonal and therefore equals 1; accordingly, the
associated partition is the empty partition y = @, for which we set Sg = 1.

oIf 1 < p < m, the minor of S associated to the sequence (iy, . .., in+1) has the form
S Soi 0 .- 0
Sp-tiy 0 Spevi, | O 0 Soiy ot Soi,
Spin Spi, 1 0 .. 0o |= . (4.96)
; o Sp-1,iy 1 Sp-1ip
1 0
Sm,i1 Tt Sm,il,7 Sm,p e Sm,m—l 1

By definition, the right-hand side of the above equation is S, as defined in Equation (4.89);
which concludes the proof. m|

We now come back to the Laurent matrices r = L(y) and s(t) = L(g(t)). For m > 1, we define
the following finite-size rectangular matrices:

sm(t) = (s,-,j(t) |ie[0,m],je[-m, m]), I'm = (r,-,j |i€[-m,m],j€]o0, m]) .

These matrices have entries in C [[t, {]]. Since y = id+O(A™!) and g(t) = id+O(A), the matrices
sm(t) and r,, have the form assumed in Lemma (4.5.6).

Lemma 4.5.7. The sequence (det (sp,(t) - 7'1m)),,»1 converges w.r.t. the topology induced by the
valuation in {. Moreover,

Tim_ det (sm(®) - rm) = ) 5u(0) - . (4.97)
peEY

Proof. Let us denote u,, := det (s;,sm(t)). Let N = | m/n] (the floor integer part of m/n, where
n is the dimension of the representation 7 : § — gl(n) we chose). Then by Lemma 4.5.6, we

have
Z Su(t) - ry —upm = Z su(t) - ry.

HEY pEY\Y(m)

Now consider a partition y € Y \ Y™ with minimal length £(u) = m + 2, minimal y; = m + 1
and minimal weight |u| = p; + - -+ + pg(). This is realized by p = (m + 1,1, ...,1). The minor
associated to y reads

S0,-m—1 1 0 s 0
| St,-m-1 1,0 1 _
Sy = = S0,-m-1 (51,0 CSm+l,m T 1) .
0
Sm+l,-m-1 Sm+1,0 "°° Sm+im 1
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Therefore,
valy s, > valy s, —m-1 > |N]|
since N = [m/n]. Clearly, limp, , val; s, = co. Moreover, any partition in Y \ Y™ contains

terms of higher valuation in {, so that lim,,—, valy 2,,ey $u(t) - 7y =ty = 005 this concludes

the proof. O

Now let ¢ = g(t) - y and let Tn(¢) be the associated N-truncated Toeplitz block matrix, which
we recall the definition below,

Tn(g) = (¢I_J)1,]e[o,N] :

To finally prove Theorem 4.5.2, we make the following observation.
If m = Nn, then the matrices sy, (t) and rn, admit a block decomposition:

Y-N Y-2N
gN e gl ld O O )/_1
sna(t) =] o O rNn = id
92N g1 id 0 B2
: id
0 0

Consequently, if we denote 6,5 = s,n(t) - run, then in terms of blocks,

N

(Oun)ry = JI-KYK-J» (In(P))1g = Z JI-KYK-]-
K=—N Kez
Therefore,
+00
(In(@)1,7 = (OunN)1y = Z GI-KYK-] + GLsKY-K—]-
K=N

Yet val; (gI_K)/K_]) > 2N —|I|—|]J|; this holds for gr,xy-x - as well. Now this computation was
done block-wise; we let the reader convince themselves that it implies that component-wise,

rrlzgnw(em)i,j =T($)i;

for all i, j > 0. This concludes the proof of Theorem 4.5.2.
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4.5.2 Polynomial tau functions and bilinear equations

Now consider the case where X € g_ is such that 7(X) is a nilpotent matrix. Then y = eX

admits a finite expansion in negative powers of A. It follows that for sufficiently large partitions,
the Pliicker coordinates r, of X vanish. As a consequence, we get the following corollary to
Theorem 4.5.2.

Corollary 4.5.8. For any X € g_ such that 7(X) is a nilpotent matrix, the function (Tx)% is
polynomial.

Let us condense the above statement in what will hold as the leitmotiv of this chapter’s re-
mainder:

VX € g-, n(X) is a nilpotent matrix — rx(t)% is polynomial.

Although this has not been proven, there is strong indication that the above procedure, in th
A; case, recovers all tau functions of KdV. For other cases though, we do not know if we would
recover all polynomial tau function. In what follows we compute the first few polynomial tau
functions of the DS hierarchy of type g for § = A;, A;, By and Dy.

We will use the particular tau functions to deduce possible bilinear equations of small de-
grees. Note that each Drinfeld-Sokolov hierarchy has infinitely many solutions. The usual
question is to find particular solutions (and their tau-functions) to the DS hierarchy (e.g. to
solve all PDEs in this hierarchy together). Here, as we mentioned above, we will also con-
sider the reverse: deduce possible bilinear equations associated to a hierarchy from particular
solutions.

Remark 4.5.9. If k = 1, then the tau function itself is a polynomial. Interestingly enough, in
the computations that we performed, even when x = 1/2, we obtained some polynomial tau
functions; in other words, the finite sum in (4.93) is a perfect square.

Bilinear derivatives

The bilinear derivatives are operators D;, - - - D;, : C[[t]]® C[[t]] = C[[t]], fori;...,ix € E¥,
defined by the following identity: for any f,g € C[[t]],}*

exp ( Z h;D;

ieE*

(f.9) = f(t+h)g(t - h).

For example,

of dg
Di(f.9) = T —fﬁ,
o*f o9 df dg df dg
D;Di(f,qg) = -— =
j(f g) 6t,~6tjg - fatiatj ot; atj 6tj ot;

The bilinear derivatives give a way to translate the g-DS hierarchy on the solution into equa-
tions on the tau function itself.

14Npotice that each expression Dj, - - - Dj, is a bilinear operator in itself is not the product of D;, to D;, (this would
actually not make sense).
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Example 4.5.10. In the A, case, the equations of the DS hierarchy, when translated onto the
tau function 7, are equivalent to the following two chains of bilinear equations (these can be
deduced from results of [DJKM83], they also appear in [ACvM12], Lemma 4.1):

(pk+1 ([D]) = 3D1Dg) (r,7) =0,

(D1Dk = §D2Di-1 = Dipi(ID)) (7. 7) = 0. (4.98)

In the above, [D] := (D, %Dz, %D3, ...) while the p;’s are the elementary Schur polynomials

which can be defined by
exp (Z tixli) = Zpk(t)lk.

i>1 k>1

They were already introduced in Chapter 3, Equation (3.49). Notice that since we reduced to
the A, case, all variables ti(,+1) = 0 because h = n + 1 (the Coxeter number of q).

The bilinear derivatives have a natural gradation given by deg D;, - - - D;, = i1 +- - - +ir. Denote
by HDS, the linear space of bilinear equations'® satisfied by the Drinfeld—Sokolov hierarchies
of type g, which decomposes into homogeneous subspaces

HDS, = (H HDS|'.

i>0

The gradation allows us to list all possible bilinear equations up to certain degree.

The A, case

Let us chose the standard matrix realization § = s1(2; C). Consider the following two elements

in 271§ [[171] ]

1 1(0 0 1 1(0 1

zF—i(l 0)’ EE‘E(O o)~ (499)
The associated polynomial tau functions are

=1+t =141 — gl (4.100)

respectively. Similarly, one computes polynomial tau functions corresponding to elements of
the form A"¥F, A"XE, k > 2. For example, for k = 2, we obtain

3

B2 1
T3 =1+ 283 — tsty + 12+ = + —t3t3 — —19, 4.101
3 3 51 3 3 331 451 ( )
1 t5 1 10
Ty =1 — 3ty + 25 + 12 + t34] — t3tst? — t3t2 + — b0 — —— — — st + — 3t — ——,  (4.102
4 37 stls + il = bBisty — Bl + oyl = o - elsh + et — oo ( )

corresponding to A™2F and A™2E, respectively.

I5The “H” in “HDS” stands for Ryugo Hirota who first introduced the bilinear derivative, also called Hirota
derivatives [Hir76].
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Remark 4.5.11. Up to a certain affine transformation of the variables, the above polynomials
are the Adler-Moser polynomials studied in Chapter 1. This is no surprise since the Adler-
Moser polynomials recover all the polynomial tau functions KdV. Although we do not have
a proof of this statement, we believe that the procedure we use here allows to recover all the
Adler—Moser polynomials. A first clue in this direction is by identifying the degree in #; (which
characterizes each Adler-Moser polynomial).

Now consider all bilinear equations up to degree 4:
(B + aoD? + ayD} + au D1 D3)(z,7) = 0 (4.103)

where f, ag, @1, o are complex constants. Requiring that 7y, 7, satisfy the above ansatz (4.103),
we find that up to a multiplicative constant there is only one possible choice of coeflicients:

(D} - 4D Ds)(r,7) = 0. (4.104)

Similarly up to degree 6, we find out only two more possible linearly independent bilinear
equations that are satisfied by 71, 72, 73, 74
(DS + 20D3D;3 — 96D, Ds)(, 7) = 0, (4.105)
(D3Ds + 2D% - 6D, Ds)(z,7) = 0, (4.106)
which are identified to two of the well-known bilinear equations for the hierarchy of type A;
(the KdV hierarchy) (see Example 4.5.10). Consequently, we have shown that

[deg<6]

dimg HDS < 3.

Moreover, (4.104)—(4.106) are the three only possible choices of homogeneous basis (up to con-
stant factors) of HDS[deg<6]

The A, case

We still chose the standard matrix realization g = sI(3; C). Consider for example the following
two elements in A7'[[171]] :

0 0 0 1 0 ap a
X1 = z ap 0 0 , Xz = i 0 0 as |, (4107)
az ds 0 0 0 0

where ay, ay, as are arbitrary constants. The corresponding polynomial tau functions will be
denoted by 71, 75, respectively. We have

71 =1+ axt; + lalt2 — lagtf + %alagt‘l1 16Oa (13t6 1é0a1a2t6 17192 2t8 + altz + asty
+ 16a 2astit, + & ala 21ty + 3ajasts — 1alastitl + taiaitit) + Sataltits + 1alast]

+ 1a1dit) + 1 alty — salastity — ala t2t4 Talastyty + a,d’ t2t4 -ia §t§t2t4

6
- 1a2a§t2 + a3t1t5 —a1a3t1t5 + a a3t1t7,
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1 lg ot LatS + 3 1 12, 1 2,12 _ 1 16
T2 =1-gait; + gast; + 55a0ty + 640“1“3t T58a00 4193t 358400a1a 1’ — Sorize 4143t
1,420 1 .2 10 10 2 _ 1 42 442
alt t) a3t ty — 1280061 a3t ty — 12800(11(13t ty + alt a3t a2t1t + a1a3t t

_ 13 842 812 L _3 1242 _ 1 643 63__ 4
Trom @1 astits + 17920“1613t t3 + Temo 41 a3t t; — 3391 a3t t) — ppaiastit) — farast;

_ 1 404 1 2.4.4 1 2 2.8.4 245 _ 225__ 6 4 246
2% agt t, + 128ala tt, T0230 %1 astit, a a3t t ala 't 50 a3t 2a1a3t2
12024446 4 1 a2 0248 3

+ 256(1 as t t + 256 a t + aity + asty + 12800 a3t ty + 1280(11613t1t4 alagt toty

6 6 2,2410 442 24442 2, 4243

+ 1600 a3t toty — 160a1a3t toty — 1280061 as t toty + —Cl a3t t t4 + —ala t t t4 - —a a3t t t4

+ ga1a5t 6ty — oataltStty — Salastyty — Sajadtyty — —a2a§t§t5t4 + 2ajast? + 5alastitd

24412 1 2:8:2 3 2¢ 22 3 2.2, .2 2, 422 24242
- 32a1a it + Ma1a3t1t —3a a3t tot; — zaa; titet; - a Tastyty + ala stot;
+ aala t4t2t2 - —a as t4t2 + 1612(13t3 + < alazt3 - lcz2azt2t2t3 1 2a2t4 + asts + %alagt?ts
7 7 11 5 1.2 3.2

+ 1120(1 a3t ts — 1120611613t t; + 140800 t ts + a a3t tots + a1a3t t2t5 + 3@ (,th t t5

- §a1a2t3t2t5 + %a2a2t7t2t5 +2a a3t1t ts + —ala tltgts -3 2a2t3t4t5 + 1alastitts

+ a1a5ttsts — Lafastitotsts + Jajastittsts + gralaitittsts + Ja aztltgt4t5 + a2aittits
1.2 4202 1. 2:2.2 1 2 2.6:2 1 z_; 2 1.2 2222 1 2

+ 4a1a3t1t5 701053 it 16Oa astitc 74 a3t2t a1a3t2t a astitots 34 a3t2t4t

— ia%agtltg 1 209 a3t5t7 + alazti’t7 + a a3t1t t; — a1a3t1t2t7 a1a3t5t7 + §a1a3t5t7
_ 12 4, _ 1 2444 1 2 1 2 _ 1
16a1a3t1t8 16a1a3t1t8 4a1a3t1t2t8 + 401(13t totg 160

+ laza2t2t3t8 + laza3t4t8 - la1a§t4tg — Eadlaltityty + Talaltityts + Latalt tytsty — Tatalt?

agt?tztg + laza3t2tg + lalagtgtg

+ a%t;’tn a a3t1t2t11 + a a3t5t11
Consider all possible bilinear equations of degree 4:
(1D} + apD3)(7,7) = 0,
Requiring that r; satisfies this ansatz we find that there is only one possible choice:
(D} +3D2)(z,7) = 0.

Similarly, requiring that 7; and 7, both satisfy the ansatz of bilinear equation of degree 6, we
find that there are only two linearly independent bilinear equations of degree 6:

(DS + 45D3D3 + 90D,D, — 216D, Ds)(7, 7) = 0,
(DS + 15D3Dj + 60DyDy — 96D, Ds)(z, ) = 0,

which are identified to two of the well-known bilinear equations for the hierarchy of type A,
(the Boussinesq hierarchy) (see Example 4.5.10).

The B, case

We choose the matrix realization of the B; simple Lie algebra as in [DS84] (cf. page 2032
therein). We consider two explicit examples given respectively by the following matrices'®

16, is not the most general upper triangular element of homogeneous degree —1, as the tau function for the
most general case is too big.
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0 O 0 0 0 0 0 a3 ag O

(laz 00 00 o0 0 0 a

X1 = —l|das das 0 0 0 , X2 =—|0 0 0 0 —dads
as, 0 a 0 0 Moo 0 0 o0

0 as —dads A 0 0 0 0 0 0

The associated tau functions will be denoted by 7; and 7,. They have the expressions

2t6

=1+ la4t1 + tast? + ia;zt3 - Sast? — S=abt] + o a2a4t + 2 d5t]

192 as 96
9 4
a2a5t

a3a5t + aza5t

192
azast1 +

1920

10
3110400 20445 t

37 2 3t15
2090188800 2874009600 1931334451200 a; 51

a‘ét}s + —a2t3 + asts — t1t3 + 3 aza4t1t3 + = a3a5t ts + = aza5t t3

Than A2 a2t6t3

- aza4a5t

11520 aza3a5t

53760
aasas t +

483840
2t12

1088640

11 3412
87091200 azast,
1

115880067072000
- —a2t3t3 +

+

+
6 7

2ean 4 a5t tg it d2a4a tltg

a2a4a5t ts + azagast t3 +

192
— Toacac 2043 a5t1t3

640
9
a2a5t ts +

3840
%700120 4295 3¢9 t3 +

1080
101
22992076800

342 442
16aga4a5t1t + 288c12(15t t; + 1152c12a4c15t t5

3,642 13 3,92 1 401242
o120 %245t t3 34836480a ast s + 2043740160 ajait;’t]
24243 2 2 3,3 34343

144 576a2a3a ity + —3456a astjt; + —mgaza tt;
112 3:643 _ 1 A8 + B2t + 5 4 St — 4,604
114720 %2954t — 35536250 %295t b5 576“ asts + 144‘12‘15t + 3456 a2 tit, aza it

5 2 3.5 406 1 1
576 zast + —230402(15t a2a5t1t5 + 4(15t1t5 a2a4a5t ts —

=5 a2 a2t4t5 + ==

34560

31 12
193536 17418240 8709120 a ast t3
29

_ 29 2 4.5 9 22 4
437781504000 %2 Jast’ts + azast + a ts
1 azaztét2

7
23040 138240
Lalastd + Lagya?td + 2
1642453 T 36424513

5¢2 4
53020 24305 t t 69120

aga4a2t1t

++

552960
az a3 a5t t5

a2a3t7t5

4
48 azast t5

2 7
69120 483840 2 5t1t5 + 483840
2 4 13

t t5 - —a2a3a5t3t5 —a2a5t1t3t5

192

++

aza4a2t5t5 %9120 324305 2¢6 t5 +

72 5760

- —174118240 2a3ti%ts + aza 2t tst5
B _ L 224 2at
48a2a4a ot} t3t5 576a2a3a it t3t5 1152 205t t3ts + 1152 967680 aast;tsts

_ 1 4 10 _ 2424 T 24 424 34 42 3 442
—116121600 t t3t5 (12(1361 t t5 a a tlt t5 aza tlt t5 + == 1152 2 5t1t t5
1 4 7424  _ 3 444434 44 14 2
+ 758048 4 t t t5 576 tlt t5 + 557 9216 2(15t1t t5 768a a tlt t; — 612(1461 t
_ 2 2 2 2 _ 1 242
32a2a3a5t1t aza it a2a5t t:

PO - — L2 4 8,2 , 1 2 42
stits — Too02a0 9295t 5 + 192‘12‘15t tsts

4379443200 24

—=5a20 t1t3t5 +

2304

az“stlt 1

2304 ~ 1924
2455 1 345 a3 8

288 1440 2a5t1t7 640a2a tity; - 967680 a;astit; — 87091200

+ a2a3a t1t3t7 + 5 a2a2t2t3t7 — aza t2t3t7 a2a3t5t3t7 —

_ 1 22045142
7680 astitsts +

522 203 a2t4t7 + ==

4t3t3 + 3 a2a3a5t1t7 + = a2a5t2t7 - a2a2t2t7

aza t t3t7

11520 1935360

5 Z 44243
1 2 3t2t2t _ a2a5t1t3 ”z“stlt t7
192 %2 51 7 46080 1152

7246 1
+ 138240 stitstr + o5 t3t5t7 * Tisz 1152

z _ 2 4 4 2_ 1,24 2
az stlt 2304“2 st 96“ Sastitst?,

+ t5t7 (1261 t5t7 + 576 3t3t5t7
ait? t3t5t7 + g-adaititsty + poajaititit

6 1 7 1 2,12 3 4
288 75 M3ty — 2016“4t Tie12160 %3t a3t t; + a4t t3 — 69120

642 33 1 244 27 24
—m tt T tt 6a3t +ma t1t5—9—6a3t tsts + a3t1t t5+a4t7+16

2
- §a3t5t7.

=1+ ClStgtg + 5 agtz - —a4t1t2

2 5
0 astity

Consider all bilinear equations up to degree 4

(0{0 + (ZlD% + ()(21)‘11 + 0(3D1D3)(T, T) =0
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where «y, . . ., a3 are constants. Requiring that 7; satisfies this ansatz of bilinear equations we
find that there is no solution. Similarly, up to degree 8, we find that there are only two possible
homogeneous equations (one is of degree 6 and the other is of degree 8). We arrive at

Proposition 4.5.12. The following dimension estimates hold true

deg<4]

dime HDS}y*** = 0, dimc HDS|***! <1, dime HDS}®**! < 2.

deg 8]

Moreover, the only possible elements in HDS are linear combinations of the following,

(D% - 5D3D3 — 5D% + 9D, Ds)(7, ) = 0,
(D® + 7D D5 — 35DD3 — 21D>Ds — 42D3Ds + 90D, D;)(7, 1) = 0.

Remark 4.5.13. As far as we know, explicit bilinear equations for the DS hierarchy of type B, are
not pointed out in the literature, except that there is a super-variable version given in [KW89].
However, the relationship between the super bilinear equations of Kac-Wakimoto [KW89]
and the DS hierarchy of type B; is not known. Finding explicit generating series of bilinear
equations for the DS hierarchy of type B, remains an open question. It is also interesting to
remark that the very same equations are contained in [DKM81], as the first two equations of
the BKP hierarchy.

The D4 case

Take the matrix realization of § as in [BDY16a] (cf. Example 4.4 therein). Consider the particular
point of the Sato Grassmannian of type D, given by

Yy =1+ AE,.

We put t1; = 0. It follows from Theorem 4.5.2 that the corresponding tau function is given by

(1 1 1 1 )E
T=|1-=5s¢16) = =S6l7) — =S
o >(716) ™ 5 5(6[7) T 3(7.617.6)

where s7.617,6) = 5717)S(6l6) = S(716)3(617)> S(6l6) = S(717) = 0, and

£ 1 1 1
— —tstS o+ — 12+ — 58 +

1 5
e —tstyt]
1900800 480 160 120

S6l7) = S(716) = 30

Lsy 1 545 3, 5. 1, 3. 2 3
— =I3t] — =3t 1] — =13ty t] + =12ty + —13t5 + t5,65 + —13t315.
g 31 4331 8331 251 435 35 2335

Hence we have

i +1t 1tt ! 1ttt5
3801600 T 96011 3207311 240 34

t3,t1 ~ 160

1 1
T = — =5 =
550716)

1 1
+ — Bt + —tatd 1

3., 5 1, 3, 1, 3
+ — ittty — =ttty — —l5l5 — —tot5 — —13t315.
16 3 3374 451 835 235 4335

16
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Proposition 4.5.14. The following dimension estimates hold true
. [deg<4] _ . [deg<6]
dimg HDSD4 =0, dimcHDS D, <3.
Moreover, the only possible elements in HDS[gfgS(’] are linear combinations of
(2D3Dy + 4D3 Dy — 3D2)(r,7) = 0, (4.108)
(D3Ds — DiDy + D3Dy — D5)(t,7) =0, (4.109)
(D% + 9D,Ds — 10D:D3 + 5DD3y — 5D3D3)(z,7) = 0. (4.110)

Our last remark is that under the following linear change of time variables

0y — 2%y, 8y, > 2207, + 21737129y,
6t3 = 21/287‘3, 8t5 i 27/667*5

the bilinear equations (4.108)—(4.110) in the new time variables T;, T3, Ty, T5 coincide with those
of Kac and Wakimoto [KW89]. Essentially speaking such a change of times is simply a renor-

malization of flows.
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4.5.3 List of generalized Schur polynomials

Take 7 as in [DS84, BDY16a] (cf. page 2032 of [DS84] and Example 4.4 of [BDY16a]). We list in
Table 4.4 the first several Schur polynomials of type (g, ) for simple Lie algebras of low ranks.

Type

Dy

$1

S2

S12

$3

$21

S$13

S4

1 2 1,2
Etztl + EtZ + 1y

1.3 1
ﬁtl + Et?’ + t3y

$31

4 1,2 1,2
tl +§t1t2—§tz — 1y

1.3
Tl 3ty

322

$912

-3t -ttt 41y

Sq4

T T2 172
2aly —ghaly t 3l — e

1,2
1h
1,3
—ﬁt1+t3+t3/
1.3 _ 1, _
1l Tl Ty

Table 4.4: Simple Lie algebras and Schur polynomials of type (g, 7r)




Chapter 5

Hamiltonian structure of the
hierarchy of type D, and the strong
DR/DZ equivalence

The goal of this chapter is to confirm the strong double ramification / Dubrovin-Zhang (DR/DZ)
equivalence in the case of the hierarchy of type D4s. To do so, we describe the Hamiltonian
structure of the DR hierarchy associated to the FJRW theory of type Ds. Then we describe
the Hamiltonian structure of the Drinfeld-Sokolov hierarchy of type D4, knowing that it coin-
cides with the corresponding Dubrovin-Zhang hierarchy [GM05, FGM10]. Then using results
of [BG16], we conclude on the equivalence (actually coincidence in this case) between the DR
and DS (hence DZ) hierarchy of type D,. The fist section is dedicated to the framework of
infinite-dimensional Hamiltonian structures.

5.1 Infinite dimensional Hamiltonian structures

In this section we describe the purely algebraic approach to defining infinite-dimensional Hamil-
tonian structures. Different authors contributed to constructing this framework, among which
Lax [Lax68, Lax75], Gardner, Kruskal, Miura and Zabusky [GKMZ70], Gelfand and Dickey
[GD76, Dic03], played major roles. However, important contemporary definitions and nota-
tions were introduced by Dubrovin and Zhang [DZ08]. Here we take material from [DZ08,
Burl5a, Ros17]. Some notions, such as the algebra of differential polynomials and the space of
local functionals, were already introduced in the previous chapters. However, we will gener-
alize these notions.

Differential polynomials, local functionals

Let us fix an integer N > 1 and consider the following commutative algebra of polynomials in
infinitely many variables,

A:=Cluf | ae{l,....N}, k>0].

193
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In general, we will denote the sequence of indeterminates u} := (uf | @ € {1,...,N}, k > 0).
We define a derivation dy : A — A by

N )
ax = Z Zu;:_‘_lw.
a=1 k

k>0

In particular, uff = 0%u®; we denote u® := uy . Elements of the algebra A we call differential

polynomials. 1t is equipped with a natural gradation given by degu,’ = k.

The indeterminates u} are not functions of x but abstract variables. The notation d, we
explain as follows: For arbitrary functions w', ..., wN € C*(R, C) define wi(x) := A*w? | dxk,
then the evaluation of a differential polynomial f € A on the functions w;(x) we define as
f e fwil).

We then define the space of local functionals'?
F = A/(Im(dx) & C1), (5.1)

whose elements are classes of differential polynomials modulo the addition of an exact deriva-
tive or a constant term. The class of a polynomial f € A we denote alternatively by

7= [ 1= [ reoux

This comes with a integration by part formula fd,g = —g0, f, or more generally

[ sto =2 [ goks. (52)

It is easy to check that for any « € {1,...,N} and any k > 1,

0 0 0 0 0
— Oy — Op—— = , —— Oy — Oy—— = 0. 5.3
oul oul  dui_, ou® ou® -3

In particular, the derivatives §/du® are well defined on F.
We also introduce the so-called variational derivatives which are linear endomorphisms
denoted 6/6u® : A — A, for @ € {1,...,N}, defined by, for f € A,

Of N0, ykak O
S Z( ko (5.4)

X o’
k>0 Guk

The following proposition is a fundamental and classical result. A purely algebraic proof was
in given in [GKMZ70] (Lemma 2), which we follow here.

I The traditional notation for F is rather A, but we wanted to avoid confusion with the principal cyclic element
A of an affine algebra, which we will use in the current chapter as well. The notation ¥ is used in [LWZ10].

21t is also frequent to do not divide by C1 in the quotient (5.1); for our purpose is rather customary and conve-
nient.
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Proposition 5.1.1. Let f € A with no constant term. Then f is an exact derivative if and only
if all the variational derivatives of f vanish; i.e.
of
dg, f=0+x9 © Va, W_O'
Proof. In what follows, we use Einstein’s notation and omit the sum over indices «a, . Let us
first prove that if f € Im(dy) (and in particular has no constant term), then each variational
derivative § f /du® vanish. Let f = dyg € A, then using Equation (5.3),

s = D VA aaxg

k>0
_Z( 1)k x@ T+ (- 1)"6"+1 L —o.
k>1 U1 k>0

For the converse, let us introduce the following operator:

Then it is not hard to see that for any f € A with no constant term, there exists a unique
g € A with no constant term such that f = Dyg; we denote g = D, f. Moreover,

Doax = (9xD0. (55)

So let f € A with no constant term such that § f /6u® = 0 for all @. Then using an integration
by parts, we get that

0
0= Z( 1)"8’;6];
k>0
_ ., af o k-1 qk-1 af
=u W—u 6x2(_1) ax W
k>1 k
0
— Z( 1)k lak 1 +u1 Z( )k la}/; laf(‘x
k>1 k>1

We let the reader convince themselves that using the same procedure successively, we obtain
that

O—Z fa— kZOukZU)k‘“aa+un+12<1)k-“

k=0 U j2k+1 k>n+1

Yet since f € A is a polynomial, then the rightmost term in the above equation vanishes for
higher values of n. It follows, by Equation (5.5), that for any f € A with no constant term and
such that § f/éu® = 0 for all «,

fzaxDal Zuk Z ( l)k—] 1 af

k>0 j=k+1 k

This concludes the proof of Proposition 5.1.1. ]
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Local Poisson structures and Hamiltonian equations

Definition 5.1.2 (Local Poisson structure). A local Poisson structure is a matrix-valued differ-
ential operator over differential polynomials K = (K%#),

af _ ap qj af
K ZK ., K’ e,
Jj=0

where the sum is finite, along with the action K : ¥ ® ¥ — ¥ defined by
N
- of kb %9 og
{f79}1< = /aZ: 5uzx 51,4'8

and which satisfies the following properties, for any f.g.heF,
(i) Skew-symmetry: {f,g}x + {9, f}x = 0;
(i) Jacobi identity: {f, {g, h}k }k + cyclic permutations = 0.

An important example is given by the so-called standard Poisson structure associated to a con-
stant nondegenerate symmetric bilinear form n#, namely

K =Py, n*f ecC.
The bracket reads

G [ 3 Lyora o (5). 650

a, f= 1
It is easy to show that this is indeed a local Poisson structure.

Notice that since ¥ = A/Im(dy) is not a ring (because dy is not a ring homomorphism),
we cannot define Leibniz’s rule, the latter being included in the definition of a Poisson bracket
on a finite-dimensional manifold. Therefore, a local Poisson structure K makes ¥ into a Lie
algebra (7, {—, —}k), but not into a Poisson algebra.

However, a local Poisson structure K comes with a natural action K : AQ® F — A defined

by

af k( I 5f)
{f.9} @ Ox (5.7)
© 0(;1k>0(9 oub

which, by the integration by part formula (5.2), satisfies

F.9hx = / (f. 5.

Now the action (5.7) clearly satisfies Leibniz’s rule w.r.t. to the first variable: for any differential
polynomials f,g,h € A,

{fg.h}x = flg.h}x + g{f h}k.

A similar construction can be done w.r.t the second variable. This is as close as we can get to
a Poisson algebra structure.
We can now define an infinite dimensional system of Hamiltonian PDEs.
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Definition 5.1.3 (Hamiltonian structure). A system of Hamiltonian PDEs on A is a system of
PDEs of the form

ou”* { a E } inﬂ
— =1u i =
ati s K ~

Sh;
Sub’

where {h; | i > 0} is a family of differential polynomials called Hamiltonian densities which
satisfy, for all i, j > 0,

{Ei:ﬁj}K =0.
Poisson algebra of Fourier expansion

Let B be the subalgebra of C[[pS | @ € {1,...,N}, n € Z*]], where Z* = Z \ {0}, which
consists of formal power series of the form

r
— § § nl»---,nrl | aj ni,...,ny
f - fal»---,ar pnj’ a1, Ar € C
r>0 o1...,Q ni,...,nr#0 j=1
e{1,...N} ny+--+n,=0

Given a nondegenerate symmetric bilinear form 7*#, we endow the algebra 8 with a Poisson
bracket, defined on the indeterminates by

(P2 ph Yy = imn“P im0, (5.8)

and extended on B by imposing Leibniz’s rule, i.e.

(% - phpl Yy = p% - Dl D Yy + 0l - (0%l )y

and so on. Now consider the homomorphism of algebras T : A — C[[p}, x]] defined on the
indeterminates by’

T(uf) = ) (ifpe™™, (5.9)

nezx

and extended on A by linearity and by imposing T(fg) = T(f)T(g). The above can be thought
of as a formal Fourier expansion of the “functions” u*. For a differential polynomial f € A,
we write

T(f)= ). Tu(f)e™, T(f) € ClIp:1l,

meZ

3In Equation (5.9), the expression '™ could have been replaced by z" for some indeterminate z and therefore
does not need to introduce e = Y(inx)¥ /k!. The reason why we write specifically e is because of the factor

(in)* which agrees with the action of dx on A.
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in particular, we consider the map Ty : f + To(f). Via the homomorphism property and
multiple Cauchy product, the Fourier expansion of an arbitrary monomial u]fll ---uz” €A
reads

T ug)= 3 @™ ) ) (n=-m)pi, lLlﬁ"ﬂ"fPZ?-
j=2

nez ni€Z nyy...,ny#0
ni#n nit-tnp=ng

Then taking the coefficient in n = 0 and changing n; +— —n; in the above sum, we have

.
. BN
To(uf - uf") = Z ]—[(mj) TP (5.10)
ny,....n#0 j=1
ni+---+n,=0

Therefore, we are naturally brought to consider the subalgebra 8P°' ¢ B which consists of
power series of the form

£=2, 2, fuwmoom)|]pn, faa €Calzn.z]l (51D)
j=1

r>0 niy,....n.#0
ny+-+n,=0

for some d > 0, meaning that the polynomials f,, .. ., have a degree that is bounded from
above independently of a4, . . ., @,. From Equation (5.10), we have

To(A) c B
On the other hand, we easily see that the map T o 9, : A — C|[[p}, x]] is given by
T(0xf) = Z im fel™. (5.12)
mezZ

Indeed, because T is a homomorphism of algebras, the map T o dy is a derivation; therefore it
suffices (5.12) to check the relation on the indeterminates uy, for which (5.12) comes from the
definition of T (5.9). It follows that Tj o d, = 0, which implies that the following map, which
we still denote Ty, is well defined:

T: F — Brol
= T(f).

We give two important lemmas concerning the map T, which we take from [Bur15a] (see also
[EGHO00] § 2.2.3 and 2.9.2); proofs are given in the appendix of [Bur15a].
Lemma 5.1.4. The map Ty : F — BP°! is surjective. Its kernel is given by

Ker (Ty) = Span {ﬁl, .. ,ﬁN} cF.
Consequently, for any power series f € Bl there exists a unique local functional h € ¥ such
that To(h) = f and which is such that for all « € {1,..., N},

oh

ou® _
u2>0_0

Lemma 5.1.5. The pullback of the bracket {—,—}, on B8Pl (5.8) by the homomorphism Ty is the
standard bracket {—, -}, (5.6) on F.

=0.



5.1. Infinite dimensional Hamiltonian structures 199

Extended spaces and Miura transforms

We now consider generalizations of differential polynomials and local functionals as follows.
We define the algebra of extended differential polynomials by

Ay o= Cf[u ][]
We define a grading on it by deg e = —1 while degu;’ = k still. We get a decomposition
Ay = @ Akl
kezZ

where A is the subspace of polynomials of homogeneous degree k. Within the subspace
Al the degree in ¢ counts the number of derivatives which appear in a monomial; in partic-
ular, each u® € A For instance, use® + uu e € AL,

The derivation p
o= ut,
k+1 a
k>0 Ouk

naturally acts on A as well so that we generalize local functionals to the space of extended local
functionals by

F = A/(Im(dy) & C[[¢]]).

This induces the same gradation
7= .
keZ

We can now introduce the group of Miura transforms which plays a key role in the theory we
present here. They are named after American mathematician Robert M. Miura, of whom we
already cited several major contributions to the domain.

Definition 5.1.6 (Miura transform). A Miura transform is any map ¢ : A — A which is such
that 4% := @(u®) € A!°! and which satisfies
ou”

ouP

det [ #0.

5:0} a,Be[1,N]
The group of such maps we call the Miura group.

Miura transforms will play the role of change of coordinate on A. We shall emphasize here
the importance of the parameter ¢. Indeed, for example, the following simple transformation
is a Miura transform:

ﬁ:u+u1£+u2£2+u3£3+---
Its inverse is

U=10—1e—tipe? —lze’ — -
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As we can see, by solving the equation for each power of ¢, we find the inverse of the Miura
transform. Such transformations would have obviously been impossible to encode in the ring
A. Thus we get a much broader definition of “change of variables” We can motivate the
introduction of such transformation through the applications to the DR hierarchy as we will
explain in the next sections.

We now generalize what was done on Fourier expansion to the extended case. For any
d > 0, consider the subalgebra BSOI c BP°! consisting elements of the form of Equation (5.11)
such that the polynomials f, .. 4, € C[z1,...,z,] are homogeneous of degree d. Then define

the algebra B := B ® C[[¢]] and let BP°! be the subalgebra of B consisting of power series of
the form

f=>¢f fie s
i>0

Then with the exact same procedure we can define a map
To : 7101 — gpel

which is also surjective and which kernel is still spanned by the functionals u“.

Extended Hamiltonian and local Poisson structures

We generalize the notion of local Poisson structure and Hamiltonian densities to the extended
context as follows.

Definition 5.1.7 (Poisson and Hamiltonian extended structures). A local Poisson structure on
the space of extended local functionals F is a matrix-valued differential operator K = (K%#)
of the form

— By af [1-/]
K=Y K, K e Al
j>0
where the sum is finite, along with the action, as before, given by
N
- _ Sf dg
) = _Kaﬁ ~ 21>
G- [ ; N ( w)

where the variational derivatives are given by the same Equation (5.4). A system of Hamilto-
nian PDEs on extended differential polynomials (A is a system of PDEs of the form

ou® _ (W ) = iKaﬂ(S_ﬁf 7 e Flo
atl‘ s 18y K ﬁ:1 5uﬁ, 1 >

where {h; | i > 0} is a family of extended local functionals h; € 7101 which satisfy, for any
i,j =0,

{Zi,zj} =0.
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The skew-symmetry and Jocobi identity conditions on K are non trivial. In particular, the
ordinary differential polynomial K*#|,_, € Ay must have the form

K|,—g = g*P () + T} (!, (5.13)

and be such that the following hold [DN83].

(i) Under Miura transforms @* := ¢(u®) of the type 0u“*/du
forms like a (2,0) tensor, i.e.

B

- ix g%p -
k>0 = 0, the matrix g%/ trans

ou® ouf
af _ Hv
(go)™ = o9

while the matrix TV
ap

matrix V=d +T, ie.

= —ga”Fg ¥, where (g,p5) = ¢!, transforms like a connection

ot o’ 005t
ou® ouf *'oue - out duedub’

(To (P)};ﬁ =

(ii) The skew-symmetry condition {f,g} + {g, f} = 0 implies that g* be symmetric and
that V be compatible with g in the sense that V, g%F =0 forall y;

(iii) Jacobiidentity implies that the torsion and curvature tensors of the connection V vanish.
Moreover, V is the Levi-Civita connection associated to the metric g.

We now introduce the formal Dirac delta notation (see e.g. [DZ08]): for any f,g € A and
k > 0, we denote

/ F68® e — ygly)dy = fokg, (5.14)
/ F608® x — y)gly)dx = (~1)kgak £ (5.15)

The difference in the two equation above lies in the variable w.r.t. which we “integrate” In
other words, we introduce a symbol §)(x — y), where x and y are actually purely notational,
which we see as two different bilinear maps A - A

We shall emphasize here that the integral symbol, in the above, is entirely different from the
one used so far. Indeed, in Equations (5.14) and (5.15), the integral symbol is purely notational
and does not represent the class modulo derivative. However, if we denote by 7 : A — F the
projection on local functionals, then we get a double integration formula which, thanks to the
integration by parts, reads

// F6088)x — y)gy)dyds = 7 / FE8M(x — gly)dy = 7 / F6088 e — 1)gly)d.

Now the above equation is somehow very strange since we have two integral symbols: one for
the action of the delta symbol, the other for the projection onto . But since the two operations
commute, it makes sense not to distinguish the two integral symbols.
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We can then rewrite the Poisson bracket as

_ f&x) ap (. (j)x— 59(y)
{f.9r= //“();Kj()5< D5y

We denote

{w (), W ()} = ) K P (x)6V(x - ).

j=0

It is easy to see, using the rules defined for the symbol §, that

Su® bo) o Su®(zN8(z" — ,
(u®(x),uP(y)} = // . (523#8) Z)ZK P u(2))8V(z - )%dzdz. (5.16)

Notice the following useful identity, which is only a consequence of Leibniz’s rule,
// F(2)8™(x - 2)g(2)8"™(z — 2" )h(z")6P(y — 2')dzdz’
= [ ez (ss ™ - ) )y -
= [ (a2 0 93 0Py - (5.17)

Proposition 5.1.8. Let ¢ : A — A, i := (u®) be a Miura transform. Given a local Poisson
structure K : F @ F — F, the Miura transform ¢ acts on K via the following formula,

N
@K% = > (M2 oK o ML, (5.18)
H,v=1

where the matrices M and M* are given by
(M*“—Za” ok Ml = (-1‘alo
)y - a y x° ( )

k>0 £>0

6”’

where the composition of differential operators (in particular, with a function) is still the one de-
fined in Section 3.1.

Proof. Let us start by developing the first variational derivative:

a B 7
e I e 2

Suk(z) = duv(z’)

% (2)
// DDk (6uz(z)5(x—z)

k>0

8ii%(2)
// 2, 8u£(z)5(x ~2)9;

k>0

~B(r o
Z K (2)8V)(z - z’)Mdzdz'

= ouv(z’)

~B( o
Z K% (2)8V)(z - z')) Mdzdz’.

e ouv(z’)
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We can now integrate w.r.t. the variable z and use Equation (5.17) to find

~B o
@@t = [ 35000 | 5 kb e - )| TR g

2100 " \ & 5u"()
0u*(x) & ap ; 5ih(2)o(y — 2')

/,;J ul (x )‘9 ;K @5y &

uf (2)8(y - 2)
ou(z’)

= /(M*)Z(x, Z') o K" (x,2") dz’,

where

K" (x,2) = ) K(x)L,

j=0
and accordingly for (M*)(x,z’). Now by developing the second variational derivative and
using Equation (5.17) again, we find (notice that we can swap y and z’ in §(y — z"))

@@ W) = [z e K" 2) Y (- 1)"6"(‘9 3 —y))dz
>0
i (y)
— a nv 4 f
= (M")2(x,y) o K" (x, y);%( )95 o W)
Hence the result. O

In classifying all possible local Poisson structures modulo Miura transforms, the following
powerful Darboux-like theorem is due to Erza Getzler.

Theorem 5.1.9 ([Get02]). Let K be a local Poisson structure with genus 0 part
K |eco = 9*P(w)d + TP (wyu! .

If g%F (u) is nondegenerate, than K is Miura equivalent to a standard Poisson structure. More pre-
cisely, there exist a unique constant symmetric invertible matrix n°F € C and a Miura transform
¢ : A — A such that

(@ K) () = n*P b,

Tau symmetry and general notion of tau function

We end this section with the definition of tau structure for Hamiltonian densities as given in
[DZ08]. We have already encountered tau symmetry in Chapter 2, §4.3.4, where we followed
the approach of Wu [Wu17] to define a tau function for any Drinfeld-Sokolov hierarchy. His
achievement was in particular to offer a universal construction (rather than a case by case
study). Wu’s construction is then a specific case of a much broader definition of tau function.

Let us make clear the vocabulary thereafter. In the context we are about to describe, a tau
structure is a specific choice of Hamiltonian densities for a Hamiltonian system which satisfy
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the so-called tau symmetry (which amounts to the closedness of a 1-form). The tau function
then naturally arise via Poincaré lemma. As for the most part of what preceeds, the following
content is taken from [Ros17].

Definition 5.1.10 (Tau structure). Let K : F ® F — F be a local Poisson structure. Let
{haplae{l,...,N},p> -1} C Al be a family of differential polynomials, such that*

{ﬁa,paﬁﬁ,q} = 07 p,q 2 _1, a,ﬁ € {1, . .,N}.

Consider the Hamiltonian system of PDEs it generates, namely

ou” a T 5hﬁp
= {(u By, ) = KPP 5.19
ath oot our o)

We say that the Hamiltonian densities h, , form a tau structure of the system (5.19) if the
following holds. B
(i) The functional hy o is compatible with spatial translation in the sense that

ou”
at;

=uf; (5.20)

(ii) The functionals Eﬂ,_l generate trivial flows, i.e. forall § € {1,...,N},

% = K%H 5hﬁ’_1
B H
at—l 5u

s

(iii) The functionals ﬁﬁ,_l are linearly independent;
(iv) The densities h,, j, satisfy the tau symmetry property, for all @, f € {1,...,N},p,q > 0,
Ohgp-1  Ohg g

=—1 (5.21)

Tau symmetry (5.21) is simply asking that the 1-form ) hq p-1dt; is closed. It can also be
written as

{ha,p—lezﬁ,q} = {hﬁ,q—l,ﬁa,p}-

Since the functionals Eﬁ,_l are linearly independent and of degree 0, it follows that the map
@ :u® > nPh ,~11s a Miura transform, where n%P is the unique constant symmetric invertible
matrix of Getzler’s theorem 5.1.9. We call the coordinates

i% = n*Phg _y(ulse) (5.22)

4The choice of having two indices «, p for the Hamiltonian densities hq, p seems arbitrary and is not necessary
in order to define the tau symmetry property. However, it is actually intrinsicly linked to the definition of a tau
structure. Moreover, such a way of ordering Hamiltonian densities makes sense when working with the Drinfeld—
Sokolov hierarchies since the set of affine exponent has a natural periodic structure modulo the Coxeter number
(see Appendix A).
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the normal coordinates associated to the tau structure. In the normal coordinates, the local
Poisson structure takes the following form [DZ08] (see §3.3),

(K 0 9)P =50, + O(e).

We now explain how the existence of a tau structure allows to define a tau function in a way
entirely similar to what as done in §4.3.4. The commutativity condition {hq ,-1,hp,4} = 0

amounts to
/aha,g—l -0
ot

Since 0hg,p-1/ 6t§ has no constant term, it follows that there exists a unique differential poly-

nomial Qg . 4,4 € Al with no constant term either and such that’

aha,p_l

& (5.23)
p
ot}

OxQa,p;p.q =

In particular, thanks to the spatial translation compatibility condition (5.20)

ha,p-1 = Qa,p;1,0-
The following proposition holds.

Proposition 5.1.11 (Tau function). Let u* € C[[t};¢]] be an arbitrary solution of the Hamilto-
nian system (5.19). Then there exists a function t € C[[t};¢]] such that forany a,p € {1,...,N}
andp,q > 0,

d*logt

Q T
B
oty dty

a.p; g =

In particular, by identifying x = t}, ifu® = n“ﬁhﬁ,_l are the normal coordinates of the system
(5.19), then

0%1
i = p*b —Ogﬁr.
Ox0t

Notice that, depending on the literature, either 7 is called the tau function or F = exp(r) is.
Oftentimes though, F is called the potential or the free energy of system (5.19).

Proof. We will proceed by applying Poincaré lemma twice. We start from the defining equation
of the Omega function (5.23) which, using the commutativity of the flows [dk, atr] = 0, implies

0 0 0

0,—Q, ,. =——h, 1.
X b o) aif wp-1

(5.24)

>This Omega function should of course be compared with the Omega function introduced by Wu; see Equation
(4.57). The latter however was matrix-valued.
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Now the commutativity of the flows allows to swap ¢} and tg , while the tau symmetry condition
(5.21) allows to swap hg,p-1 and tg . All in all, (5.24) is completely symmetric in permutation
of the indices ((a, q), (8, 9), (y,7)). Moreover, since we chose Qg . 5,4 such that it contains no
constant term, then 9,y Qq, p; g, ¢ 1s itself completely symmetric.

Let us fix the indices (a, p). Then we have

0 0
— Qup8g=—=Rapy.r
ot! a.p; B.q atf; ap;ysr

This means that the 1-form }; Q, ;. ﬁ,th}/ is closed. Therefore, by Poincaré lemma, there exists
a function A, , such that

8Aa’p
otf

Qa,p; B.q =

Now the tau symmetry property, again, means that Qg 5. 54 = Qg g.,p S0 that the 1-form
2 Ag, pdt;j‘ is also closed. Therefore, there exists another function 7 such that

d%*logt

Qupi g =
D5 B
SR greodl

O

Finally, we state the following proposition; a proof will be found in [DZ08] (see Theorem 3.1.9
and §3.3). Notice however that checking point (ii) of Proposition 5.1.12 is immediate.

Proposition 5.1.12 (Normal Miura transforms). Let * be the normal coordinates of the tau
structure. Let f(u}) € A2 and let ¢ : A — A, 0% .= p(u*) be the Miura transform defined by

0 = 4% + 0P o {f, hpo}.
Consider the following differential polynomials:
Ga.p(02) = harp © 97 (0) + Ox{f g gua} 0 §71(E0).
Then the gq.p s form another tau structure of the hierarchy.
Moreover, let u;(t;) € C[[t};¢e]] be any solution of the hierarchy and let 0;(t}) = @(u;(t}))

be the corresponding solution of the hierarchy modified by the Miura transform. Then the tau
function t;(t}) associated to u;(t}) and the tau function t;(t;) associated to U;(t;) are related by

log 75(t7) = log 7a(ty) + f(u; (¢35 €); €)lx=0.

Such Miura transforms together with the chosen transformation of the Hamiltonian densities form
a group whose elements are called normal Miura transforms.
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5.2 The double ramification hierarchy of type D,

The goal of this section is to compute the local Poisson structure Kg{f , the Hamiltonian func-
tional E?Rl and the Hamiltonian densities hg’j to hg% (in normal coordinates) of the DR hierarchy
of type D4. Due to results of [BG16], these are the only data that we need to compute in or-
der to confirm the strong DR/DZ equivalence (see Theorem 5.2.24). In first three sections, we
give the definitions of cohomological field theories (CohFT) [KM94]; the definition of FJRW
theory [FJR11, FJR13] (a special case of CohFT which we use for the hierarchy of type D,); we
describe the construction of the DR hierarchy [Bur15a] and finally, in section 5.2.4 we describe

the Hamiltonian structure of the DR hierarchy of type D,.

5.2.1 Cohomological field theories, FJRW theory

In this section we introduce the notion of cohomological field theories. We mostly follow the
survey [Ros17] and refer to [Zvo12] for more details and proofs. We then introduce Fan-
Jarvis—-Ruan—(inspired by )Witten (FJRW) theory, taking material from introductions given in
[FJ16, LRZ15, Guel7].

Moduli spaces of stable curves

We recall the definition and some properties of the (Deligne-Mumford compactification of the)
moduli spaces of stable curves Hg,n; we will not give much details on the topic and refer to
[Zvo12]. First consider the set of all connected compact Riemann surfaces (or equiv. connected
projective complex curves) C such that

o C has genus g;

o C is smooth but for a finite number of transverse nodes, say {yi,...,y,} C C;

¢ C has n distinct non nodal marked point {xy,...,x,} CC\ {y1,...,yr};
where by transverse we mean that each node has local model xy = 0. We call a special point
any marked point or node. We say that two n-marked genus g curves (C, (xi, . ..,x,)) and
(C",(x{,...,xy)) are isomorphic if there exists a bi-holomorphism ¢ : C — C’ such that image
of a node in C is a node of C” and such that ¢(x;) = x;. We say that a curve C is stable if
its automorphism group Aut(C) is finite. The stability condition is equivalent to the following
constraint:

2g—-2+n>0. (5.25)

The moduli space Mg, n. for g, n > 0 satistying Equation (5.25), is then the set of all equivalences
classes [C] of stable curves isomorphic to C,

Mgn = {(Cs(x1,.. ., X))}/ ~
It is a compact complex orbifold (or a smooth Deligne—Mumford stack) of complex dimension

dime My, = 39— 3 +n. (5.26)
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On Mg,n there is a morphism of orbifolds
T Eg,n — Mg’n

called the universal curve, whose fibre over a point x € ﬂg,n is homeomorphic to the curve
C of which the point x is the isomorphism class, i.e. 77!(x) = C. So there are n marked points
on Xi,...,Xx, on 7~ '(x); this gives us n sections

si:Mgn—Cyn

which associate to a point x € Mg,n the marked point x; € 771(x).

Forgetful, loop and tree morphisms

There are three natural morphisms defined on the moduli spaces of stable curves. The forgetful
morphism, for any m > 1,

T - Mg,n+m - Mg,n,

forgets the last m marked points on a curve and contracts all components of the curve that
might have become unstable in the process.

For example, for a curve C € M0,4 consisting of two P!’s intersecting at a node with two
marked points on each P! component, the forgetful morphism 7; : Mo,zx — Ho,g contracts
the whole P! component containing the 4th marked point on the node, the latter becomes the
third marked point on the resulting P!. This is illustrated below; labelled dots represent marked
points, while unlabelled dots represent nodes.

V5N

It can be shown that the forgetful map 7 : Mg, 1 — Mg, n coincides with the universal curve

T Eg,n - Mg’n; hence in what follows we consider indistinctly 7 = 7.
The tree morphism

o: Mg,n+1 X Mg’,n'+1 - Mg+g’,n+n’

glues two (classes of) stable curves y € /Vg,nﬂ and y’ € /Vgr’ w+1 by identifying their respec-
tive last marked points, say x,+1 and x’,/41, to a single point in o (y, y’) which becomes a stable
node. The new node separates® the resulting curve into two components. This is illustrated

below.
n+1 n'+1
o n n' — n n+1
1 1 1 n+n'

%We say that a node separates the curve if its removal disconnects the curve.
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The loop morphism

T: Mg,n+2 _— Mg+1,n

glues one curve onto itself by identifying the two last marked points to a node of the resulting
curve. The new node does not separate the resulting curve into two components. Hence, the
loop morphism is sometimes called the non separating gluing map while the tree morphism is
sometimes called the separating gluing map. This is illustrated below.

n+2

n+1
T: n —>

Tautological bundles

On the universal curve Eg,,, we define a line bundle o : Qg , — Eg,n as follows. On the non-
nodal points x € Eg,n, the fibre o™'(X) C Qg , is defined as the relative cotangent space w.r.t.
the projection 7 : Eg, n — My, n. Then it extends canonically to the singular points and defines

an actual line bundle over Eg, n-
We recall the definition of the relative cotangent bundle though. Let x be a nonsingular
point in Cg4 . Consider the pullback bundle 7*T*M, , — Cg, , defined by

T Mg = {(;2, @) € Cyn X T;@ﬂg,n} (5.27)

Then consider the map 7 : ﬂ*T*Mg,n - T*Eg,n defined on fibres by

mz: To  Mgn — T;Cg,n

(%)
X (%) > Ox(x) © s %

where 7, 5 : T,;Eg, n = T,,(,Z)Mg, n is the pushforward associated to . Then the relative
cotangent bundle o : Qg , — Eg,n has fibres defined by

07\(%) = T-Cyn / Tm(7s).

Then one can prove that if x € Mg, nand X € 771(x), then o~1(¥) is isomorphic to the cotangent
to the curve 771(x) € Cy,p at t}ipoint JE,_that is, o' (%) = Tim ™! (x). o

Now recall the sections s; : My, , — Cg,» which map a class of curve x € My, , to the i-th
marked point X; = s;(x) on the fibre 77*(x). We can pullback the bundle Qg , to a bundle

Ll = S?Qg,n i Mg’n
whose fibre at x € Mg,n is defined by
Lily = 07 ®) = Ty n71(x).

The fibre bundle L; we call the i-th tautological bundle. Here is the situation in terms of dia-
grams:
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Qg,n Ll' = S;‘Qg,n
l |
Eg’n # mg,n
Y~ _ ~—

Si

We denote the first Chern class of L; by
yi = eli) € H (Mg, Q).

We call the classes i1, . . ., ¥, the psi classes. (The first Chern class establishes an isomorphism
between isomorphism classes of complex line bundles over M, , and the homology group

HZ(HW, Q), in particular ¢;(L® L") = ¢1(L) + ¢1(L").)

The Hodge bundle

In a similar way we can define the Hodge bundle
H— Mg,n

as the rank-g vector bundle over Hg, » Whose fibre over x € /Vg, n is the space of abelian
differentials on the curve 7~ !(x). We recall that an abelian differential on a nodal curve C is
a meromorphic differential on C of which the poles satisfy (i) all poles are at a node, (ii) all
poles are at most simple (i.e. have order 0 or 1) and (iii) the residue at a node on two branches
meeting at this node are opposite to each other.

We denote by

Ai = ¢i(H) € H (Mg, 0, Q),
fori e {1,...,g}, the i-th Chern class of H; we also denote
9 . —_
As)= )" s'Ai € HMg,, Q)ls].
i=0
More formally, we define H as the pushforward bundle

H:=mQqgn— Mgn.

Recall that on nonsigular point x € M

g.n» the fibre of 7.Qg ,, is defined as

Qg n = {(x,a) € /Vg’n X Qg p| mooa)= x}.

Then we clearly have, on nonsigular points x € Mg,n, that H|, = (m.Qg n)lx = T*77(x). In
the end, the situation is as follows:
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We end this section with the definition of the tautological ring. The tautological ring R* (Mg, n)

can be defined as the smallest Q-subalgebra of H* (Mg,n, Q) that is closed under the pushfor-
ward along any of the forgetful, tree and loop morphisms 7, o, 7 defined previously. In partic-
ular, it contains the psi classes i/, ..., ¥, and the lambda classes i, ..., . It is generated by
yet other classes; we refer to [Zvo12] for more details.

Cohomological field theories

Definition 5.2.1 (Cohomological field theory). Let g,n > 0 be such that 2g—2+n > 0. Let V be
an N-dimensional complex vector space with basis (e1, . . . , en) and equipped with a symmetric
nondegenerate bilinear form = (y*#). A cohomological field theory (CohFT) is a system of
linear maps

Coon - ven H*(mgyn,C)

satisfying the following axioms.
(i) cg,n is equivariant w.rt. to simultaneous permutation of copies of V in V®" and of the
marked point on the curves;
(ii) For the specific case g = 0,n = 3,

c0,3(el7e(17 eﬂ) = Uaﬂ:

(iii) For the forgetful map m; = 7 : Mg,rwl - Mg,n;
g n(€ars---»€a,) = Cgns1(€ays. .1 €q,,e1);
(iv) For the tree morphism o : Mgl’nl+1 xﬂ% N+l — Mg,n, withg = g1 +¢g, and n = ny +ny,
0 cgn(€as. . €q,) = Cg m1(e1, ... en, e )0 g, npri(ev,e1,. .. en,);
(v) For the loop morphism 7 : Mg,mg — Mgﬂ,n,
T cgitn(@ays - -r€a,) = NV egnia(ep, €y, €qp, ... s0q,).

Given a CohFT {cg , | g,n > 0}, we define the intersection numbers (or correlators) associated
to the CohFT by

(rar(ear) -~ 4, (e, g = / Con(Can . rea) YOy € C.

g.n
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These numbers are 0 if the degree of ¢y n(eq,, .. .,€q,) - lﬁldl e 1//,‘,1" is not 3g — 3 + n. We then
define the so-called potential F of a CohFT as the generating series of the intersection numbers
of the CohFT, namely,

F(t5e) = ) e9Fy(t)),

g=0
where
1
Fy(t}) = = (ta,(eay) - Ta (€a,)) - 12 - 17, (5.28)
n' d dn
n>0 “dy,...,dn>0
2g-2+n>0

Example 5.2.2 (Trivial CohFT, Hodge CohFT). The trivial CohFT is the one for which the
vector space V = C is one-dimensional, the metric is 7 = 1 and the CohFT is simply ¢y, = 1.
In a similar way, the Hodge CohFT is the one for which, as above, V. = C and n = 1, yet
cg.n = A(s) = ?:0 Aist.

Example 5.2.3 (Gromov-Witten theory). Let us first recall the definition of the moduli spaces
of stable maps Mg,n(x , B). Let X be a smooth projective variety and let § € H»(X, Z). Consider
a stable n-marked genus g curve (C, (x1, . .., x,)) together with a morphism f : C — X such
that f.[C] = B. We say that two such triplets (C, (x;), f) and (C’, (x]), f’) are isomorphic if
there exists a biholomorphism ¢ : C — C’ such that ¢(x;) = ¢(x;) (i.e. the two stable curves
are isomorphic) and such that f’o¢ = f. We say that (C, (x;), f) is a stable map if it has a finite
number of automorphism for the relation we just defined. The moduli space of stable maps is
then the set of isomorphism classes of stable maps,

My (X, B) = {(C;(x1, .. .. xn); f : C = X) | £[C] = B}/ ~.

It is a singular stack and carries a virtual complex dimension

vdime Hg,n(X, Bf)=3g-3+n+(1-g)dimc X + /cl(TX).
B

We have two natural maps Mq, n(X, B): the first one,
P Mgn(X. ) > Mg.n
takes a stable map (C, (x;), f) and maps it to the stable curve (C, (x;)) € Mg,n; the second,
ev : Mg,n(X,ﬁ) - X"

takes a stable map (C, (x;), f) and maps it to (f(x1), ..., f(x,)) € X"
The associated CohFT is defined as follows. Take the vector space V = H*(X, C) equipped
with the pairing defined by

n(v, w) = / w,
P(v)
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for any v, w € H*(X, C) where & : H*(X) — H.(X) is the Poincaré duality which gives a ring
isomorphism H*(X,C) — Hy_i(X,C), where d = dimg X. Then define the linear maps

cgnlCaps.--rea,) = peeVi(eq, ..., eq,).

We refer to [BF97] for more details on the virtual fundamental class and how to define the
Gromov-Witten classes.

Example 5.2.4 (Witten’s r-spin classes). For this example, we give a very brief description;
the next one, Fan—Jarvis—Ruan-Witten theory generalizes Witten’s r-spin classes. Let r > 2

and consider the vector space V = C"~!. We equip V with the metric *# = Sa+p,r- In [PV16],
Polischuk and Vaintrob constructed classes

Cg,n(ea1+1’ ceey ean+1) € H*(Mg,ny Q)

that have degree

1 1 v
Aoy, = ~(r=2(g =D+~ >
i=1

if the a; € {0,...,r — 2} are such that do, 4
wise. These classes are defined via pushingforward to Mg,n Witten’s virtual class on the mod-
uli space of curves with r-spin structures. An r-spin structure on a smooth n-marked curve
(C,(x1,...,xp)) is an r-th root L of the twisted canonical bundle K(}] «;x;) of the curve. This
notions will be clarified in the next section.

is a nonnegative integer, and vanish other-

r

The last example we give is the FJRW theory associated to a pair (W, G) where W is a quasi-
homogeneous polynomial and G is a certain group acting on polynomials and leaving W in-
variant. The computations performed in Section 5.3 relate to the FJRW theory associated to
the Dynkin diagram D, so we will discuss FJRW theory in a whole section.

Fan-Jarwis—Ruan-Witten theory

In this section we recall the main ideas underlying the Fan-Jarvis-Ruan—(inspired by )Witten
(FJRW) theory introduced in [FJR11, FJR13]. We refer, for instance, to the survey [FJ16] by
T. J. Jarvis and A. Francis, but also to [Guel7] for a brief review. First we have the following
definition.

Definition 5.2.5 (Quasihomogeneity, nondegeneracy). A polynomial W € Clzy,...,2zn] is
called quasihomogeneous if there exist q1, . . ., qm € Q, called weights, such that for any A € C*,

WAl zy, .., AT 2,) = AW (z1, ..., zm).

A quasihomogeneous polynomial W is called nondegenerate if the weights g; are unique and if
W has an isolated singularity at the origin.
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By an isolated singularity at the origin we mean that the differential of W vanishes at (0, . . ., 0)
and that (0, ..., 0) is a connected component of the zero locus the differential. For any quasi-
homogeneous polynomial W we define a group called the maximal diagonal symmetry group

of W defined by

Gn‘/lv,ﬂlX ={(1se s Ym) €ECHY" | vy - W = W({y121,. > Yn2Zm) = W(2z1, ..., Zm)} -

We will often drop the superscript W when there is no ambiguity. The maximal diagonal sym-
metry group Gmax always contains and special element called the exponential grading element,

Ji= (370 eHTam) e G

Definition 5.2.6 (Admissible symmetry group). Let W € Clzy,...,z,] be a quasihomoge-
neous nondegenerate polynomial. A subgroup G C Gy of the maximal diagonal symmetry
group of W is called admissible if ] € G.

We call the central charge of W the rational number

m
by = 2(1 —2q:).
i=1

If ¢y < 1then W is said to have a simple singularity at the origin. The latter have been classified
into the ADE singularities, as described in Table 5.2.1

Table 5.1: Simple singularities and related simply-laced Dynkin diagrams

Type Dynkin diagram  Singularity Type Dynkin diagram Singularity

A,, n>1 oo o oo x Eg ..I .~ o x3+y4
Dp, n24 oo *{ Xy +yt! Bl eedee.  Xy+y

Now let W € Clzy, ..., zn| be a quasihomogeneous nondegenerate polynomial and let G be an
admissible symmetry group of W. Let y € G and let us denote

Fix(y) .= {(z1,...,20) €C" | y - (2z1,...,20) = (21, .., Z0)} .
We denote
W)/ = W|Fix(y)

We can now define the vector space underlying the CohFT of the FJRW theory of a pair (W, G).
In this introduction, we define the vector space of the FJRW CohFT associated to a pair (W, G)
as follows.
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Definition 5.2.7 (State space). The vector space of the FJRW CohFT associated to a pair (W, G),
which we call the state space, we define by

HWO = (B HYC = (QWY ® dzy)G,

yeG y€G

where the superscript G denotes the invariant part, dz, = A zieFix(),)dzi and where Qyy, is the
Jacobian ring of W, i.e.

Qw, = Clz; € Fix(y)] /(9.,W | z; € Fix(y)) .

The state space H " is equipped with a nondegenerate symmetric bilinear form n : H"-¢ @
HW-C — C; we refer to [PV16] (Equation (4)) and [CIR14] (Equation (5.12)) for the latter.

Remark 5.2.8. For the special case y = J, which always belong to G by definition, it is not hard
to see that

dim¢ 7’{] =1.

Indeed, since J = (e#791 ..., e%79m) since each gi < 1, then Bj = @. Therefore, dimc QW] =1
and dz; = 1. Consequently, we will denote 1; € WJW *C the sole generator of ‘HJW’G.

We now briefly define the moduli space S;’V 2 of (W, G)-spin curves as it appeared in [FJR11,
FJR13]. First, we start with a nodal orbicurve (orbifold curve) C with genus g and n marked
points (xi, ..., x,). We define on C a line bundle Q,; c — C by

Qiog,c = Qc (X1 + -+ +xp),

where Qc is the canonical bundle over C. Roughly speaking, Qo ¢ consists of meromorphic
1-forms with poles of order 1 at the marked points.

Definition 5.2.9 (W, G)-spin structure). Let W € C|zy, . .., z;,] be a quasihomogeneous non-
degenerate polynomial and G be an admissible symmetry group. Let us decompose W as a sum

of monomials
r r m
W= Z bWy = Zbk I_IZ?i’k.
k=1 k=1 =1

Let C be an orbicurve of genus g with n marked points together with m orbifold line bundles
Ly, ...,Ly — C such that there exist r isomorphisms of orbifold bundles ¢y, . . ., ¢, such that

i Wi(Ly, ..., L) = ®L?ai’k — Qg (5.29)
3

The data (C; (x1, ..., xn); (L1, - - -, Lim); (1, - - -, ¢r)) is called an (W, G)-spin structure.

We say that two (W, G)-spin structures (C; (x;); (L;); (¢« )) and (C”; (x)); (L;.); (¢;)) (both of genus
g and with n marked points) are isomorphic if there exists an isomorphism of orbicurves
¥ : C — C’ such that {/(x;) = x] and satisfying the condition

Yr(L}) = L (5.30)
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for alli € {1,...,m}. Notice that because ¢y : C — C’ is an isomorphism, we automatically
have Qg c = Qiog,cr Which, together with (5.30), implies that the following diagram com-
mutes,

¢
Wi(L) —— Quog.c

L

N 9
We(L) — Qiogcr

where Wi(L) = Wi(Ly,...,Ly) and accordingly for Wi (L’). Then we define the moduli space
ngjl 2 of (W, G)-spin structures as the set of equivalence classes modulo isomorphism as de-
scribed above,

S = {(Ci(t e x)i (Lt L) (P )} ~

This a compact complex orbifold (or a smooth Deligne-Mumford stack).
There is a natural forgetful morphism which forgets both the orbifold structure of the or-
bicurve and the (W, G)-spin structure; we denote it

T S;'}/,’,G — Mg,n.
In [FJR11] it is shown that, as a consequence of Equation (5.29), the orbifold structure of a
(W, G)-spin structure on an orbicurve C at its marked points (x1, . . ., Xy) is characterized by a
n-tuple ¥ = (y(1),...,y(n)) € G*". This in turns induces a a decomposition
W.G _ W.G(=
Sg,n - @ Sg,n (Y)’

)-/EGXn
which is such that ng}/ ,’,G()'/) # @ only if
y()- - y(n) = Jo72m, (5.31)

Still in [FJR11], Fan, Jarvis and Ruan constructed a virtual fundamental class for each y =
(y(1),...,y(n)) € G*™ such that Equation (5.31) holds (we do not define virtual class here)

(S € H(S):C, Q).

We can now define the CohFT classes c,, , associated to the FJRW theory of a pair (W, G) we
just described.

Theorem 5.2.10 (FJRW CohFT [FJR13]). Let W € C|zy, ..., z,] be a quasihomogeneous non-
degenerate polynomial and G be an admissible symmetry group. Lety = (y(1),...,y(n)) € G*"
be such that Equation (5.31) holds. For eachi € {1,...,n} leta; € W%’)G. Define the following
cohomology classes,

GlY =\ Jvir
VC(ar,. . ay) = %9 o (IS I a0 nay).

where |G| is the cardinal of G and & is the Poincaré duality. These classes extend by linearity to
maps L
CZY&G : (]_{W’G - H*(Mg,m Q)

which define a CohFT in the sense of Definition 5.2.1 withe; = 1; € 7-(]W’G (see Remark 5.2.8).
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5.2.2 The double ramification hierarchies
The double ramification cycles

Here we define the double ramification cycles, introduced in [GV05], following the article
[Burl5a]. Let integers ay, . . ., a, € Z be such that

n

Z a; = 0. (5.32)

i=1

To such integers, we will assign a space of rubber stable maps with target variety P! relative to
0,00 € P! (stable maps in the sense of Gromov-Witten theory, see Example 5.2.3).

First recall the definition of the moduli space of stable maps associated to a pair (X, f),
where X is a smooth compact complex manifold and f € Hy(X, Q):

My n(X,B) = {(Cs(x1, . xn)s f: C = X) | fulCl = B}/ ~,

where (C; (xy, . .., x,)) is a stable curve and f : C — X is holomorphic map. Notice that in the
particular case X = P!, we have dim H,(P!, Q) = 1, hence we can consider Mg,n(Pl) without
ambiguity. Let (C;(xy,...,xy); f) be the representative of a point in Mg,n(IPl); we say that
f : C — P! has ramification profile (ay, . .., a,) w.rt. (xi,...,x,)ifforanyie€ {1,...,n},

{ai > 0 = x;is apole of f of order a;; (5.33)

a; < 0= x;isazero of f of order —a;.

In particular, if a; > 0 (resp. a; < 0) then f(x;) = 0 (resp. f(x;) = 0).” If a; = 0, then x; is just
a regular marked point and f(x;) # 0, co.
In what follows, we will denote

a:= (al,...,an)

with vanishing sum when there is no ambiguity on n. We define the following moduli space of
rubber stable maps,

Mg;g = {(C; (X1,...,xn); f) € Mg’n(Pl) f : C — P! satisfies (5.33)}/(3*,
where C* acts on the target P!. There is a natural forgetful morphism
¢ Mg;g - Mg,n,

which simply returns the underlying stable curve (C; (x1, . . . , x,)). The moduli space of rubber
stable maps carries a virtual fundamental class

[My.al"™ € Hozg—30m)(Mg.a; C).

"Notice that this explains the vanishing sum condition };a; = 0 (5.32). Indeed, for f : C — P!, Cauchy’s
argument principles imposes that the sum of the order of the zeros of f equals the sum of the order of its poles (see
e.g. [Mir95], Corollary 3.18, p. 124).
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Definition 5.2.11 (Double ramification cycle). Let ay,...,a, € Z be integers with vanishing
sum. We call the double ramification (DR) cycle associated to the ramification profile g and
denote DR, (a) the pushforward of the virtual fundamental class of of the moduli space M.,

by the forgetful morphism 7 : Mg;g — Mg,n, ie.
DRg(Q) = ¢* [/Vg;g]vilr € H2(29—3+n)(mg,na C)-

The DR cycles were introduced by Graber and Vakil [GV05]. It follows that the Poincaré dual

Z?(DRy(a)) of the DR cycle belongs to H 29 (Mg,n, C). Moreover, it is known that Z?(DRy(a))
lies in the tautological ring of My, , [FP05]. As an immediate consequence of its definition, the

pullback of the DR cycle DR, (a) by the forgetful map m; : My 41 — ﬂg,n reads
7;DRy(ay, . ..,a,) = DR(ay, .. .,an,0).

Notice that in genus 0, and for n > 3, the DR cycle coincides with the fundamental class of the
moduli space of stable curves [GJV11]:

DRO(Q) = [MO,n] € HZ(n—S)(mO,ns C).

Polynomiality and Hain’s formula

Let us introduce the moduli space M;t n C Mg,n of nodal stable curves of which every node

is separating (again, it means that removing any node breaks the curve into two disjoint com-
ponents); such curves are called of compact type. Then Hain [Hail3] showed that, restricted to
the moduli space Mg',,, the (Poincaré dual of the) DR cycles is tautological and is a polynomial
in the a;’s which is homogeneous of degree 2g. Namely

9

(-1 IR
PDR(ar,- -, an) | g = PEDNCR A

149
g: 4 JcA{1,...,n} h=0

where a ;= 2jey aj. The divisor Si € Hz(mg,n,C) is the class of curves C with only one
node, say y € C, which are such that y separates C into two smooth components, i.e. the
normalization of C \ {y} is a disjoint union C; LI Cy, and such that C; has genus h and contains
the marked points {x;} 7, while C; has genus g —h and contains the remaining marked points.
Besides we set 551} = —;.

Because the top lambda class A, vanishes outside M¢!

he g.n it follows that for any cohomology
class a € H*(Mg, 5, C), the pairing

/ Aga € Cyylay, ..., an], (5.34)
DRg(E)

by which we mean that it is polynomial in ay, ..., a, of degree 2g. In general, outside of the
moduli space M;t > the DR are also polynomial but they are not homogeneous. However, they
have degree 2g and terms of lower degree (e.g. [Burl5a]). Equation (5.34) is crucial in the

construction of the DR hierarchy.
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The double ramification hierarchy: the Hamiltonian structure

We now define the so-called double ramification hierarchy (or DR hierarchy) introduced by
Alexander Buryak in [Burl5a]; we follow the approach of [Ros17] though. As already men-
tioned, the input of the DR hierarchy is a cohomological field theory

cgn s VB — H (Mg, C),

where V is an N-dimensional complex vector space equipped with a nondegenerate symmetric
bilinear form (a metric) n : V®V — C. The classes ¢y, , must satisfy axioms of Definition 5.2.1.
Let integers a = (ay, . . ., a,) with vanishing sum and let ¢ = (a1, ...,a,) C {1,...,N}. We
introduce the following specific intersection numbers, for any @ € {1,...,N} and any d > 0,

P(f;g-a = / Aglpldcg,rwl(ea’ €aps- - ean)‘ (5'35)
T= DRg(_Zai,ﬂ)

Thanks to Equation (5.34), PZ %g is a homogeneous polynomial in a;’s of degree 2g. Hence, let

us write it as such:

g;a 59b b b,
Pa,d;g = Z Pa’d;gal‘ ceeayt € CZg[al,'..,an],
b,..byp>0
Lbj=2g

where, similarly to previous notations, b = (by,...,b,). From this we define the following
generating series, still forany « € {1,...,N}andanyd > 0 (the sumover1 < ay,...,ay < N
is understood),®

A (_1)952g g;a 2 aj .

Joa= D, 2, Flual | (536)

g,n>0 ’ a,...,an#0 j=1
2g—2+n>0

Now consider the following power series (still, the sum over 1 < a4,...,ax < N is under-

stood):

829 =g:b L a;
God = Z - Z Pa”;;gnubj. (5.37)

g,n>0 Y by, ..., by >0 Jj=1
2g—2+n>0 2 bj=2g

Because of the constraint )} b; = 2g in the above sum, it is clear that g, 4 € ALl These
differential polynomials will will be the Hamiltonian densities of the DR hierarchy. Now it

suffices to apply the definition T(u}’) = X420 P '™ to find that

T(9a,d) = Ga,d-

8In [Bur15a] and other references on the topic (e.g. [BR16b, Ros17]), the series g, 4 is actually denoted g, 4.
However, we denote it §, 4 while g, g will be kept for the differential polynomial we associate to g, g4 through the
map Ty ! (although both representations are equivalent in virtue of the previous sections’ content).
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Now, as we will see in the next theorem, besides the somehow simple Hamiltonian densities,
we equip the DR hierarchy with the natural standard Poisson bracket

= _ [ Of ap, 99
{f.9}tno. = / Sy 8XW’
where n%# is the metric carried by the CohFT. Before giving the main theorem of this section—

the integrability of the DR hierarchy—we make an important remark.

Remark 5.2.12. The original construction of Buryak [Burl5a] was actually based not on the
series g, 4 but on g i = Ja.d; (0) Which contains only the terms in g, 4 for which }; a; = 0. On
the other hand, the homomorphlsm To : F — Brlig surjectlve and its kernel is spanned by the

“’s. Let us denote g g 4 the functional such that To(g2 . d) g 4 and which does not depend
hnearly in the 7%’s. Since we obviously have Ty(gq,q4) = g it follows thatg, , = =g° «.q modulo
a linear dependence in the u”’s. Yet the latter are cIearIy Casimir for the standard Poisson
structure and hence, such a dependence does not affect the Hamiltonian structure.

Theorem 5.2.13 (DR hierarchy [Burl5a]). Let an arbitrary CohFT along with the differential
polynomials g, ,(5.37). Forany a,f € {1,...,N} andp,q > 0,
{ga,p’ ga,q}’lax =0

The Hamiltonian system generated by the above we call the double ramification integrable hier-
archy associated to said CohFT, namely,

6140{ _ aﬁa 5§ﬂ,q

@ 1 * Sub

We refer to [Bur15a] for the proof. As an important special case, we have

_ 1
gl,O = E‘/}yaﬂuauﬁ.

Consequently, the compatibility with spatial translation holds:
ou®

_ .«

= e
1 1
ot,
Recursion relations

Here we give two strong recursion relations of the DR hierarchy.

Theorem 5.2.14 ([BR16b]). The Hamiltonian densities g, 4 of the Double ramification hierarchy
satisfy the following recursion:

(D =1)ga,a41 = 05" {ga,d,g'1,1},73x, ae€{l,...,n},d>-1 (5.38)

where D = €0p + Xgo Uy Oue.
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Remark 5.2.15. Since the Hamiltonian functionals g, 4 commute, meaning that {Gy, 4, gp,e} = 0,
we have {gq 4, dp,c} € Im(dy). Therefore, Equation (5.39) is meaningful.

Remark 5.2.16. Equation (5.39) allows to compute the density g, 4+1. Indeed, by definition,
Duj = (k + 1)uy. So let us write g, 4+1 as a plain combination

<o m

m
_ &y ltm aj
gean =2, 0, 2, 2G| |4
J:

m2>0 i=1 1<a;<n k; >0
Then
<0 m m m
a, ..., a aj
(Uﬁ%w=Z§:Z Z%MJ—“EFHDFVJ
m>0 i=1 1<a; <n k; >0 £=1 Jj=1

Now we make the following observations. The local Poisson bracket is determined by the
CohFT: {u®(x), uP(y)} = n*Pd,. One the other hand, the level —1 Hamiltonian densities g, 1
are given by gu, -1 = a4 5uﬁ . Therefore, the following corollary holds.

Corollary 5.2.17. The sole data of g1 entirely determines the DR hierarchy.

We shall emphasize that, assuming the DR/DZ conjecture holds true, the above reconstruction
technique was an unknown feature of the DZ, a fortiori DS, hierarchies. We have a second
recursion theorem.

Theorem 5.2.18 ([BR16b]). The Hamiltonian densities g, 4 of the Double ramification satisfy
the following recursion:

ago(,p+1
ouf

= 8;1 {ga,p’ g-ﬁ,O},]ax . (539)

5.2.3 Strong Double Ramification/Dubrovin-Zhang conjecture
The Dubrovin-Zhang hierarchies

In this section, we briefly describe the construction of the Dubrovin-Zhang (DZ) hierarchies
for these are the subject of the DR/DZ conjectures, the weak and the strong. We will not give
proofs and refer to [DZ08]. In the specific cases of a CohFT constructed as the FJRW theory of
a simple singualrity of type ADE, the DZ hierarchy is known to coincide with the DS hierarchy
counterpart [LRZ15, GM05, FGM10]. The introduction we give is taken from [Ros17].

The Dubrovin-Zhang hierarchies are hierarchies of PDEs which are defined for any semisim-
ple CohFT. So, to start with, a CohFT with potential F (see Equation (5.28)) is said to said to
be semisimple if the N-dimensional complex associative algebra defined by the structure con-
stants

9°Fy
ot atl oil |,

* p—
p>0_0

Sy =
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is semisimple. Now let us denote

0*F 2g] 2
Qo p;p.q(tise) = = QeI %9,
otz ol ;‘) «pifoq

Then we define Hamiltonian densities and local Poisson structure:

2(0) ¢,y . olo] * ok B ._
By () 1= Qu 1.y ol = ©7,0,0,..), Koo = 1.

These Hamiltonians indeed commute w.r.t. to the above bracket [DZ08]. They form the so-
called genus 0 Dubrovin-Zhang hierarchy, or the principal hierarchy of the CohFT. By con-
struction, they automatically form a tau structure.

To construct the full genera DZ hierarchy, we make use of the so-called topological solution;
it is the one solution v of the DZ hierarchy that is determined by the initial data

v¥(x, tf = 0) = 6%'x,
called topological. Then there exist rational functions P such that [BPS12]
Fy(ty, 11ty .. .) = Fg(Py(Vgs -« U3g_5), s Pyg_p(0g, - -+, 0355), 0,0, . ) |x=0.
Now consider the change of coordinates

2
296 Fy(vg, ..., vgg_z)
ot§ox

p(v%) =w* =% + Ze

g>1

(5.40)

This change of variable is invertible and normal (preserves the tau structure), although it is not
a Miura transform because P} are not differential polynomials. The full genera DZ hierarchy
is then obtained by applying the inverse transform ¢! to the genus 0 hierarchy. Namely,

B, (wi) = B 0 97 (w), K24 (w) = (07 Ko 0) P (),

where (¢7')*Kpy, (o) is given in Equation (5.18). By construction, the potential of the CohFT is
a tau function of the DZ hierarchy and is associated to the topological solution.

Our presentation of the DZ hierarchies ends here. We retain, as was already stated, that
for the ADE CohFTs, the DZ hierarchy is Miura equivalent to the corresponding DS hierarchy
[LRZ15].

Tau structure of the DR hierarchy and the strong DR/DZ equivalence conjecture

In [BDGR18], the authors defined a very simple tau structure for the DR hierarchies which is
actually only due to the simple standard Poisson structure it is equipped with. First, we add
to the Hamiltonian densities g, 4 Casimir functionals g, -1 := 74 ﬁuﬁ , where 1,4 denotes the
inverse matrix.
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Theorem 5.2.19. The following Hamiltonian densities are tau symmetric:

590:, p+1
hl(,)z},{p = W, (ZG{I,...,N},pZ -1. (541)
A proof is given in [BDGR18], see Propositions 3.1 and 4.1. Already in [Burl5a], A. Buryak,
guided by the examples of the trivial and Hodge hierarchies he computed, made the so-called
weak DR/DZ equivalence conjecture.

Conjecture 5.2.20 (Weak DR/DZ equivalence). Given a semisimple CohFT, the associated DR
and DZ hierarchies are equivalent though a Miura transform.

Now take the normal coordinates 4% = n*# h}® | and consider the special solution given by the
initial data %(x, t* = 0;¢) = §%!x. It is the same condition as for the topological solution
of the DZ hierarchy, however, for the DR hierarchy it does not carry the same geometrical
interpretation (since it is not constructed as the potential of the CohFT). This special solution
gives a tau function 7 which we write as

FPR(t56) = log 7 = Z e2TFDN(11).
g=0

We also denote its expansion as if it were the generating series of some intersection numbers:

1 - i
F;R = Z F Z <Td1 (eal) o Tdn(ean»gR l_[ t;lxil.
i=1

n=0 ) dl,...,anO
2g—2+n>0

We still call the above the genus g partition function of the DR hierarchy and the complex
numbers (74,(eq,) - - - 7q, (ea(n));’R we also call correlators. Even though it is not clear whether
the DR partition function carries a geometric interpretation, the following surprising selection

rule holds.

Proposition 5.2.21 ([BDGR18]). The DR correlators (z4,(eq,) - - - 7d,(€q,))y" are nonzero only
if the following inequalities are satisfied

n
29-3< ) di<3g-3+n (5.42)

i=1

The above upper bound shall be compared with the well known selection rule on of the DZ
hierarchy which states that the correlators (74, (eq,) - - - 74, (s, ))4 (the actual intersection num-
bers of the CohFT) vanish whenever }}d; > 3g — 3 + n. The latter is only due to the limit on
the number of psi classes one integrates.

But the lower bound has no equivalent in the DZ hierarchies! And as it turns out, the lower
bound plays a key role in refining the DR/DZ conjecture into its strong form which we state
below. First, we have the following theorem.
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Theorem 5.2.22 ([BDGR18]). Let cy , be a semisimple CohFT and let w* be the coordinates of
the DZ hierarchy in its full form (5.40) and let F be the generating function of the CohFT (also a
tau function of the DZ hierarchy). Then there exists a unique differential polynomial f € A2
such that the normal Miura transform

i = w* + n*Pa{f, hﬁO}DZ,

gives rise to a potential F*Y := F + f|,_o such that F* satisfies the selection rules (5.42).

By requiring that the Miura transform if normal, the above entirely determines the Miura trans-
form that is conjectured to hold between the DR and the DZ hierarchy. Hence the strong DR/DZ
equivalence conjecture:

Conjecture 5.2.23 (Strong DR/DZ equivalence [BDGR18]). For any semisimple CohFT, the DR
and DZ hierarchies coincide up to the normal Miura transform generated by f € Al of Theorem
5.2.22.

In particular, for the CohFT arising from the FJRW of a simple singularity ADE, the Miura
transform is conjectured to be the identity.

We will not prove here that the expected Miura transform reduces to the identity for the ADE
cases. The strong DR/DZ equivalence has been confirmed in a number of cases [Bur15a, BG16,

BDGR13]:
¢ The trivial CohFT;
¢ The full Hodge class CohFT;
¢ Witten’s r-spin classes for r = 3,4, 5 (equivalent to the As, A4, As FJRW theories);
o The Gromov-Witten theory of P!;
¢ Up to genus 5 for any CohFT of rank 1;
o Up to genus 2 for any semisimple CohFT.

In the next section, we describe the DR hierarchy for the FJRW of type Ds. In Section 5.3
we describe the DS hierarchy of type D, (which is known to coincide with the DS hierarchy
[LRZ15, GM05, FGM10]). We will observe that in normal coordinates, the DS and DR hierar-
chies coincide, confirming the strong DR/DZ equivalence in the D, case.

5.2.4 Hamiltonian structure of the double ramification hierar-
chy of type D,

In [BG16] (Theorem 5.3), A. Buryak and J. Guéré proved the following theorem which is of
great help in proving the DR/DZ conjecture. First, let us fix some notations. Let a semisim-
ple CohFT and consider the associated Dubrovin- Zhang hierarchy. Let hDZ € A(ii; ¢) be the
Hamiltonian densities of the DZ hierarchy and let an be the local P01sson structure of the DZ
heirarchy.

Theorem 5.2.24 ([BG16]). Suppose there exists a Miura transform ¢ : u® — u*(u}; €), such that

ou* o
Fo 51, 0" (1%P0y) = KSY | g1ioQ=hyq, (5.43)
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where ¢* (%P d,,) is given in (5.18). Then the DR hierarchy, under the Miura transform ¢, coincides
with the DZ hierarchy.

It what follows we give the standard Poisson structure 7%/, and the first Hamiltonian den-
sities gq,0 and g;,1 of the DR hierarchy constructed from the CohFT associated to the FJRW
theory of the singularity

Wp, = x’y +1°

with symmetry group G = (J) = ((e?”/3,¢%7/3)). Then we give the Poisson structure and the
Hamiltonian densities after the Miura transform #“. The details of the computations are given
in the next section.

Hamiltonian densities and Poisson structure in the coordinates u® of the DR
hierarchy of type D,

The local Poisson structure of the DR hierarchy is the standard one and reads

(n"ﬁ ) Oy = Oy

S N © O
S O N O
S O O
N O O O

Using Equation (5.37), we computed the Hamiltonian densities gg o, for f € {1,...,4}. The
latter, through the tau structure, will allow us to compute the normal coordinates #*. We
obtain the following densities.

2 2 2 2 2
9uo = ()" + Jute (0] + (e ()" + dud + oy ()" ) €+ (i o)

sl + poutul) & + e

920 = (' = ()" + g (@) + e ()7) + (= ()" + rwtudud + zioud ()’
ak (u) = k4 o ()"l + et + Sutud) & + (bl + udud + Sl
+$u3uz + 2—}6u2u2) e+ ﬁu?sf’
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g0 = (% (0)* = 55 ()" + 3 ()" () + oy (69)° + e (u)® + o5 ()° (u?)°)

2
+ ()" + hyutuded + s (00)° () + Futudu + g’ (ul)” + 25 (u3)2 Uy

gl + gl (6)" w4 e ()" o () + Ltutud) & + (i

+20 (”g)z + g55s 4 (”f)zug + 316U + 56 (”3)2 (”3)2 + 5 (”3)2 + 31g iUl + gl ”3
+% (u 3)2 ujuj + %u?ug + 270” uy + zieuzui + Flss (u3 uj t7 “ u4) t+ (11664
+dudnd + g ()" + g ()" + Bpwtudl + Fewtudul + il

+oe (u3)2u3) e + (m (ui) + eusul + Suwdul + poudud + udu )88

+ Tzlssoufogw

_ 2,3, 4 3\3 4 1.4 (,,3)\2 2.4 3,,3,.4 4.2 3,43
g40—(uu+ Su‘u’u +216(u)u)+(72u (u1)+ U+ 35 uuu1+ uu2+ uuu2
g + 34)£4+1 4,6

4,3 1.3,4, 1,43
u1u3+ u1u3+ uu4+40u u,

72 T12%6€ -

shutul+ & (@) uf) & + (Lu

Thanks to Theorem 5.2.24, it suffices to compute the Hamiltonian functional g, ; to check if
the DZ and the DR hierarchy coincide (if the condition of the theorem are satisfied, but we will

see that is the case in the next section). We find

Gi1 = / (B @)+ 5 () = gl () gy ()" () + b () + ! ()

iz

st (ut) + o () ()°) + (=2 () + e () - 2 () (u2)°

115 ()" ulu] - ututuiud - g ()" ()" - 55 ()" ()" 5 () ()]
~hutudud - Sututadud - Lt (ud)” - (@) (uf)’) £+ (-%Lﬁ (u?)

rl (@)l + et + Lu® (u2) + Ledulud + Suudid + L () (ud)?

sudutud + Sutudud + Lot ())& + (3 () ()" + e ()’

o ()" - S - o () (@) - 2 ()) (el () + e (4)°) €

— e (u3)? e (5.44)

Hamiltonian densities and Poisson structure in normal coordinates u® of the
DR hierarchy of type D,

. L 69a
Now, since the tau structure is given by hy",, = M (5.41), the normal coordinates associated

to said tau structure are given by

59ﬁ 0
~a _ af )
U n S
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We find the following Miura transform.

al=ul + (—%(u?)z - %u:“ug)ez — L3t

9 4574

u =u

. 5.45
s (5.45)
at =ut

In particular, the above satisfies hypothesis 84%/du' = §%! of Theorem 5.2.24. The latter is
necessary, yet of course not sufficient for the theorem to apply. Using to Equation (5.18), we
get the following proposition.

Proposition 5.2.25. The local Poisson structure of the DR hierarchy of type Dy in normal coor-
dinates reads

1~3 1~392 1~3193)\ .2 4 95 .4
(guzax + Eulax + U 8x) £+ l—saxé‘ 0 66x 0

0 60 0 0
kP ) - * : 5.46
( DR 60, 0 0 0 (5.46)
0 0 0 20
Finally, using hy?, = % and the Miura transform (5.45), we can compute the Hamiltonian

densities hq, o in normal coordinates. Notice that the Hamiltonian densities k7", are not neces-
sary to apply Theorem 5.2.24 (in the view of confirming the DR/DZ conjecture); we give them
here for the sake of describing the DR hierarchy of type D;.

Proposition 5.2.26. The level 0 tau symmetric Hamiltonian densities h}Y,, ..., h}% of the DR
hierarchy of type Dy in normal coordinates are given by the following.

P = (% @)+ e+ 1 (@)°) + (B2 @) + Lk + o (@) 33) &+ (5 (3)° + St
6

3 216 2 727173
+$ﬁ3ﬁ2) et + ﬁﬁgs
W = (L - (@)@ + g ()] + i (@0)°) + (~ (@) + Fitata + hat (@)’
+1(@)? - Latad + L (%) a2 + Latedal + ga‘*ag) & + (Sidad + Sadu? + Lkl
+o Ul + 2z ut)) e + Suled
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o= (& () - gk (20)° + g ()7 ()7 + by ()° + 5 () + o ()" a0)°) +

) 24 144

(4—§2ﬁ3 ()" + 1ésﬁ3ﬁ}u? + Lt + oo (@) ()" + Latidat + riﬁ (ﬁi‘)z
bk (@) id + G + oy () 8+ g ()8 + & (397 8 + idatad) e
4 @)+ 5 (@) + S5 (@) & + i + 2 (@) (@) + £ (a)°
+% fﬁ + %azu?z, + 1080111”33: + m (ag) 11314; + 360”11“431 + u3ui + 155122”2
b (@) @3+ Zitad) et + (2 (@) + S atasis + oa (a3)° + 13 (a)°
BT + S + 15 i} + ik ()’ az) £+ (% (@)’ + ki
+199444900 ”3”2 + 6411%0 ; + 32400 32400 ) £+ 118800uf0£10

o= (et LEatEt 4 o (@) @) + (Lt @) + et + Letwa ¢ Latid
sl + Latad + L (i) ) v (St + Latad + Sadad + 2ated + Lital)
+ 2—1411‘6186

Proposition 5.2.27. The tau symmetric Hamiltonian ﬁmctionalTIIIJ,R1 of the DR hierarchy of type
D, in normal coordinates is given by the following.

—DR . - . . - . - - o .
hl,l 326592 3)7 4§2 (u2)2(u3)3 + ﬁ(u4)2(u3)3 _ ﬁ(u2)3u3 + %(ul)ZHS + éuZ(u4)2u3

+ R+ 3@+ (@) (@) - B (@) - H@) (@) - @l
+—mz}1u3(u3)2_ Laradatal - 1u4u3u3u‘1‘ %(&%)2_’_ uz(uz)z (@) (i )z

4y2 1 147 1@ — L (2t - (@) €
144(“)( )_E (@ )_Z 216 w () u 432(“)““z—m(“)““2)8

1 (~3)\2 ~1 332 2 ~ ~2~3~0 ~1~3~3 5 ~4~3~4 1 ~3 (~3\4
+ (m (u1) u, + 7776(“ ) ( ) + muluﬁ‘z +3 ” Uyl + 73U U Uy — 55U (“1)

313 1 ~353~1, 173 (52 ~313 (~3)2 -3 (~4\2 | 1 ~3~1~3
3888(”)”31"'@” Usuy + 35U (“2) +m @)’ (3) 1 ” (a3) T Uy

90 ~3 47374 3~2\2 PEIBTY 313 1 (#3)2 ~1
+muu2u+ uuuz—%u(u) 180 HUBEE 7uuu)£ +(—4(u1) i,

125342 ~1~3~3 5

3y2 4 -3 313~
7776(u ) ( 1) uz + 216”1” u; + _ululuz T U U, — ﬁ“ (”1) 3888(u ) ”3 1

~4~3 ~
1*1
a3)3 213 4\2 | 1 ~3~1~3 2~2~3 5 ~4~3~4
) (@ )+16u (”2)+54u“2”2+216u“2”2+72u”2u2

u
~3~3~] ~2\2
+ 105 Uz + 35 (”2) 5184(

108
2)2 _ L z30md4y2 1 A351053) 06 65 ~3~3~3 55 ~32~3 1L (~3)% 73
i1 (i)* - 155 iyt @) £ + (54432 U CH Iy VA

540
1 ~3(~3 ~3~3~3\ 8 1 (~3\2 10
T 1Y (”4) + 54432” ”3”5)3 7776 (@3)" e

Level 0 flows of the DR hierarchy of type D, in normal coordinates

From the data of the level 0 Hamiltonian densities thﬁ’ we can compute the level 0 equations
of motion in normal coordinates. The computations below agrees with those of [LRZ15] (see
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§5.1 on the hierarchy of type D,). First, as we already know,

{ﬁj‘l:z}f‘ 150:54}.
0
Then we have the following,.
Sl 1s4m4 153522 1 (231252 152432 152-2 | 1-2-3~3 , 1524, 173522 5
iy, = 5l Ul + e + 5 (@) 4] + utUde® — LUPU + UPWOU] + Spulet + ¢l ube® +
~2 _ 1~3~32  1~372 , 1 (#3\2~3 _ 1~2~3 | 1 =34 1~3-32 1-22  =~1
Up = 3 UsE — gU U + 56 (0°)" 0] — GUPU] + i’ + gpilie? — Gufe’ + il
~3 _~
w, = i
0
~4 15473, 15354, 1542
i, = gl W+ WUy + Filige
1 _ 1~4~4.2 , 1 (~4)\2~3 | 1 ~3~3.6 _ 25 ~3~3~3.4 , 5 ~3~3~3 4 5 (73)\2 3.4
“tg— Uuze” + 35 (@) Uy + 5 Uz € F G UpUs € + ST U UTUL E + 1956 (@) e
1 ~3(~3\3 .2, 1 (~3\2~3~3.2 , 1~3~12, 1 (~3\3~3.2 1 (s3\4~3 , 1 ~2~22
BTG (@) e T3 (@) ajuse T U UzE T 5 (@) a3e * 1296 (@°) uy + guiuze
1 (721253 4 1737454 | 1~2~3~2 1 ~38 , 1~3~3.6, 101 ~3~3.6 , 1 ~3~3_6
*36 (@) Up + gU WUy + gUIUTUY + 35U e+ ggUsy € + gaglpUs e + 35Uy UgE
59 ~3 (~3\2 4 , 7 (~3\2~3.4 , 2~1.4, 1~3~1.2_, 1~2~2.2  1~1~3.2 , 1~4~4_.2
* 1206 %1 (@3)" e * 716 (@) #3e ToagUsE T Ul + UTUGET + U U ET + JUUE
~2 144, 13222 1 (~3\2~2 152532  1~2~2  1-2~3~3 , 1~2.4  173-22 5
i, = 5l Ut + St + o (@0) 0f + Lutude® — tuPuS + LutUUl + Hulet + tiuse’ + 2
S S
utg— i
“4 _ 1:4~32 17472 , 1342 1 (#3\2 54 , 1724 | 1~3~4~3 , 1~44 , 5~4~32 1
Uy, = qgiltige” + gutiy + Ui + 5 (@)% af + sutal + gdats + gyuset + Zutine® + ¢
“1 174732 1472 , 1~3~4.2 1 (#3\2~4 | 172~4 | 1-3~4~3 , 3 ~4 4 , 5 ~4~3.2 , 1~3~42
= gulige’ + Uty + qulie + 5 (@) af + Jutal + Jututad + Sudet + Sujuge +
=2 1423 13-4, 142
iy, = 5l W+ WUy + Hiige
B S
utg—Su1
~4 _ 153-32 , 1~372 , 1 (#3\2~3 , 1~2~3 | 1 =34 1~3~32  1~2.2  =~1
Uy, = 3ol uze’ + ¢W’il; + 5 (@) &5 + 202} + ppude + gudune? + it +

5.2.5 Details on the computation of the Hamiltonian density g, ;

Here we describe how we computed explicitly the fundamental Hamiltonian density g; 1, which
is the key object in confirming the DR/DZ conjecture here. And the computation of g; ; has to
do with the intrinsic grading of the CohFT. We refer to [DR19] for more details.

Consider an arbitrary CohFT with vectors space V and suppose that V is graded with
dege; = 0. We say that the CohFT is homogeneous if there exists § € C such that the maps
cgn: VO — H*(Mg,n,(C) and 17 : V®2 — C have degree

degcgn =03(g—1), degn = -4, 6eC,1<a<dimV.

In this case the formal variables u{ and ¢ acquire a grading too and the Hamiltonian densities

of the resulting DR hierarchy are homogeneous:
1-6

lup| =1 - degeq, lel = ——, |9a,al = d +3 -6 —[u”].

Notice importantly that this grading | - | is not related to the differential grading on A and F.

Euluzg
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Integrable systems of DR type

We now need introduce the concept of integrable hierarchies of double ramification type [BDGR16].
Let {-, -} denote the Poisson structure associated to the Hamiltonian operator " d,. For alocal
functional A € F1°! consider the operator D5 Al[z]] = Al[z]] defined by

- 0 0
Di = dx o (D~ 1) —z{-, h}, D:=Zuz‘ﬁ+£&.
k>0 k
Suppose there exist N = dim V solutions g,(z) € A[[z]], witha = 1,...,N, to Ds galz) =0
with initial conditions go(z = 0) = n4,u”. Then a new vector of solutions in the same class
can be found by the following transformation

9a(2) = ag(2)9u(2) + ba(2), (5.47)

where a4(z) = 8 + Y2 a”, 21 € Cl[z]] and be(2) = £y be izt € Cl[2]].
The following result constitutes the main technical tool in the computation the the Hamil-
tonian density g;; of DR hierarchy of the Dy CohFT.

Theorem 5.2.28 ([BDGR16]). Assume that h € F1 has the following properties:
(a) there exist N independent solutions gq(z) = Y50 Ja,p-12" € AN[z],« = 1,...,N, to
the equation
Di5ga(z) =0 (5.43)
with the initial conditions g,(z = 0) = ng,ut,

Sh 1 .
(b) Sl = Erywu”u" + 02, re A,

Then, up to a transformation of type (5.47), we have
(i) gr.0 = %quu”uv + (')JZC(D -1y,
(i) g1 = h,
(iii) {Ga,p»p,q} = 0, a,p=1,...,N, p,q>-1,
() e G} = 022 Bo1 N, p2-1,

5 oul
Ya,
(V) a::lp :ga,p—le a = 13-'~3N7 P 2 _1;

hence in particular h is part of an integrable tau-symmetric hierarchy.

We call a system of densities originating from an Hamiltonian 4 = §j ; as in the theorem above
an integrable system of double ramification type. As proven in [BDGR16], the DR hierarchy of
any given cohomological field theory, is always and integrable system of DR type. This fact
implies in particular that the entire hierarchy of DR Hamiltonian densities can be reconstructed
from g1 € 710 alone by means of the DR recursion equation [BR16a]

ax(l) - 1)ga,d+1 = {gzx,da 9_1,1}, Ja,-1 = Uapuy, 1<a<N,d>-1 (5-49)

The above result will be used here to effectively compute the Hamiltonian §; ; itself, starting
from a limited amount of information on the CohFT, as we will show in the next section.
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Computation via the Frobenius manifold of type D,

In [Dub99], based on the work of Kyoji Saito [Sai81, Sai83a, Sai83b], Boris Dubrovin constructed
a structure of Frobenius manifold [Dub96] on the space of orbits of any finite irreducible Cox-
eter group. This Frobenius manifold is generically semisimple and conformal, so Givental-
Teleman [Giv01, Tel12] (see also [PPZ15]) theory can be applied to produce a uniquely defined
homogeneous cohomological field theory.

As already stated, we are interested in this construction for the case of the D4 simple
singularity, ie. W = x> + xy®. The resulting CohFT ¢, , : V" — Mg, » has vector space
V = Span(ey, .. ., e4) with cohomological degrees given by

1 2 2
dege; =0, dege; = deges = 3 deges = 3 degcyn =90 = 3

In genus 0 the corresponding Frobenius structure can described by the Frobenius potential (see
for instance [LRZ15])

(22 (A8 (28 (12) () )Y a2 (H® 28 () (8) (14)?
F:()+()_()+()()+()+()+ ()+()()’(5_50)
12 12 216 1296 1632960 4 24 432

which, in particular, gives the metric

afy _ 3 —
(’7 ﬁ) - (atlatfatﬁ) - (551)

O Oalm O
S O ool
D= O O O

[=N-N e N

Notice that this CohFT was proved to be isomorphic to the quantum singularity theory of
Fan-Jarvis-Ruan-Witten [FJR13] for the simple singularity W = x> + xy?, with respect to the
non-maximal diagonal symmetry group (J) = Z/3Z [FFJMR16].

In [GMO05, FGM10] it was proved that the Dubrovin-Zhang hierarchy for the Dubrovin-
Saito CohFT associated to a Coxeter group coincides with the Drinfeld-Sokolov hierarchy of
the corresponding semisimple Lie algebra. As explained above, the ¢ — 0 limit of both the DZ
and DR hierarchies of any (semisimple) CohFT coincides with the principal hierarchy of the
Frobenius manifold which is, consequently, completely determined, thanks to the recursion
equation (5.39), by the Hamiltonian g'gﬂ = J1.1]e=o0-

To compute the latter in the D, case we can use (see [DZ08]) the dilaton equation of the
DZ principal hierarchy (which coincides here with the dispersionless DR hierarchy), namely
3% = [(D - 2)(F(t")]s+=u+)dx, to obtain

[f—zul (uz)2 +1 (ul)zu3 -+ (u?‘)3 uwd+ L (uz)2 (u3)3 + = (u3)7 + 1yt (u“)2

326592 4

(5.52)
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Moreover, thanks to homogeneity of the CohFT, we know that, for any k > 0,

1 2 4
|uk| =1, |uk| = |uk| ==

1 1 7
3 -
u, | =-, el = -, = —. 5.53
3 I kl 3 le] 11,11 3 ( )

6

In Equation (5.44), we stated that the dispersive expansion of barg, ; is given by
— 2 2 3 2 3 7 2
Gy, = / (l—lzul ()" + 35 (') u® — 55 (W) v + 55 (u?)" (v®) + g3y ()" + Ju' (u?)

st () + g () (@)) + (=2 () + e (@) - % ()° ()’

— ks () uud - Bttt - ok () ()° - o (@) ()° - & ()’ ()’
—tutuduf = dutututul = 3t (ul)’ - 3 ()7 (ud)?) €+~ (ud)"
ﬂ@<W%+mw%%+waW+zw@@+;f@@+ﬁﬂff@f
wututud + Sutudud + Lt ())& + (s () ()" + e ()’
—ﬁmﬁ—ﬁﬁtq%wfwf—%wykmmI%@wy+mww@ﬂﬁ
- 7 () €.

We finish this section by explaining how we computed the above started from the data of
9'50{ = J1,1|e=0. By definition, only even powers of ¢ appear in the Hamiltonian densities of any
DR hierarchy. Now remark from (5.53) that all the variables have positive degree, guaranteeing
the polynomiality of §; ; and, in fact, of all the Hamiltonian densities g, 4, forall1 < a < N
and d > —1. In particular, since |¢| = % and since in each monomials there are as many x-
derivatives as powers of ¢, we see that any term where the power of ¢ is bigger than 10 is either
trivial or a total x derivative.

One can then verify, by direct computation, that up to rescaling of the variable ¢, there exist
a unique local functional g; ; € 7101 such that the following are satisfied:

o ggol is given by (5.52);

o 91:1 contains only even powers of ¢;

o the cohomological degrees satisfy |7y,1| = %;

¢ g1 satisfies Equation (5.39).
In practice one writes down the most general polynomial deformation of (5.52) with the given
degree and notices that imposing conditions (a) and (b) of theorem 5.2.28 determines, up to
rescalings of ¢, all the coefficients.

Finally, to determine the correct normalization of ¢, it is sufficient to compute the coefli-
cient of a single monomial of g ; containing e. We can do this by recalling (see for instance
[BDGR18]) that, for any CohFT, Coef[(u])?¢*](g1,1) = —2—14 dimV.

5.3 The Drinfeld-Sokolov hierarchy of type D,

In Section 4.3, we describe the celebrated Drinfeld—Sokolov procedure [DS84] which associate
an integrable hierarchy of PDEs to an arbitrary affine Lie algebra (although in the present
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thesis we described it only for untwisted algebras). These hierarchies have the form of matrix
Lax pairs (4.43). But as we can see with the example of the KdV hierarchy 4.3.3 (i.e. the DS
hierarchy of type A;), it becomes quickly cumbersome to actually compute the flows of the
hierarchy using the matrix Lax pairs.

Already in [DS84], Drinfeld and Sokolov gave a scalar Lax pair for the hierarchies of type
A(,,l), BS), cﬁ,” and Dg) (and others), along with a bi-Hamiltonian representation. Yet for the
hierarchy of type Dg) precisely, only part of the hierarchy was represented. The part that has
no scalar Lax pair representation we call the negative flows and we insist on the fact that it
does have a matrix Lax pair though. To make this statement clearer, we need to give a brief
description of the untwisted affine algebra D(nl).

The untwisted affine algebra of type DS)

The simple Lie algebras of type D,, are isomorphic to the algebra o(2n) of 2n-dimensional com-
plex skew-Hermitian matrices, i.e.

o(2n) = {M € gl(2n,C) | (M) + M =0}
These algebras have Coxeter number
h=2n-2.

The matrices in 0(2n) are not necessarily traceless and cannot be nilpotent. We take the usual
faithful traceless representation of 0(2n) (see [DS84], but also [LWZ10, CW15b]):

o(2n) =~ {M € gl(2n,C) | MS + S(M™) = 0} =: g,
where (M®); ; = My41-j n+1-: is the antitranspose of M and
S =diag (1,-1,..., ()", (=)™ ,...,-1,1).

A direct computation shows indeed that tr (MS + SM?) = 2tr M so that g C sl(2n). As before,
we denote b, b, 1t the Cartan, negative Borel and negative nilpotent subalgebras of §. We choose
the following Weyl generators of the associated affine algebra g = § ® C[A,A17!] & Cc:

_ _1
ei = Eiv1,i + Ean+1-i2n—is en = 3(Ent1,n-1 + Enta,n)s
fi = Eiiv1 + E2n—i2n+1-i» fn = 2(Ep—1,n+1 + En n+2),
hi = Eix1,i+1 — Ei.i + Eanv1-i2n+1-i — Ean—i,2n—i» hy = Eni1,n41 — Enon + Envo.nv2 — En—1.n—1
and
_1 _ -1
eo = 5(Er,2n-1+ E2,20) ® A, fo=2(Ezp-11+ E2n2) ® A7,
ho = E1,1 + Eo2 — Eon—1,2n-1 — E2n,2n-

The affine algebra g has affine exponents E = Z°% i (n — 1)Z°%, It is often condensed in the
following form:

E=1{1,3,5,....2n-3}U{(n— 1)} + (2n - 2)Z,
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where the (n— 1)’ means that if, n is even, every integer that is congruent to n— 1 modulo 2n—2
has multiplicity 2; such integers are of the form a = (n — 1)(2b + 1), with b € Z. The principal
Heisenberg subalgebra admits the following family of generators [Kac90]:

{—Ak € g*. T} € gk D) | ke Zodd}’

where
N if j > 0, v if j > 0,
Aj = - T = o (5.54)
(ATIAZ3)T ifj <0, AT\ ifj <o,
where A = )} e; is the principal cyclic element and
I:= H [En,l - %En+l,l - %En,Zn ® A + iEn+1,2n ® A (5-55)
+ (_1)n (EZn,n+1 - %EZn,n - %El,n+1 ® A+ %El,n ® )L)] 5 (5-56)

where p = 1if nis even and y = V-1 when n is odd.

The positive and negative flows of the hierarchy of type D,

Let £ =0+ A+ Q € op,, thatis, Q € b [[t]]. Let U € g~ [[t]] be a function as in Theorem
4.3.7. Following [LRZ15], we introduce the following Drinfeld—Sokolov equations of type Dj:

0L
oty [Z. (€4 Ap)4] (5.57)
0L
P [Z, (™ Ty). ], (5.58)

with k € Z‘;%d. By construction, they generate the whole DS hierarchy. The flows along d;, we
call the positive flows, while the flows along §;, we call the negative flows.
In [DS84] (§7.1), Drinfeld and Sokolov introduced the following PDO’

n-3
L=0""%2+97! Z (sH0*H71 + 6% 1sH) + 07000, s" = (0)%,
p=1
with the condition d o L = L* o d. Drinfeld and Sokolov proved that the positive flows of the
hierarchy admit the following scalar Lax pair representation:

g—ti - [L, (pk)+] , (5.59)

where P = L7z, which exists in virtue of Theorem 3.1.8. The precise statement is that there
exists a gauge slice . within the gauge class of the connection .Z such that Equation (5.59)

9Hereafter, we will use 1, v to denote the coordinates s#, with p € {1,. .., n—1} and «, f to denote the coordinates
s% witha € {1,..., n}.
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is exactly Equation (5.57) on the connection . The latter implies that the coordinates s* are
differential polynomials in the coordinates ¢* of the function Q.

Now the problem attacked in [LRZ15] is that the negative flows cannot be written using
the (2n—2)-th root P of L. To solve this problem, the authors introduced a new class of pseudo-
differential operators they called of the second type. Doing so, they were able to produce a
square root for the operator L. We briefly describe their construction in the next section.

5.3.1 Scalar Lax pair and bi-Hamiltonian structure of the DS hi-
erarchy of type D,

Pseudo-differential operators of the second type

In this section we describe the construction pseudo-differential operators (PDOs) of the second
type, as done in [LWZ10]. We start the algebra of (un-extended) differential polynomials A
with yet another set of indeterminates s}c, e, sZ, with k > 0, namely

ﬂ:zﬂ(sl,...,s"):C[slﬂ ae{l,...,n},kzo],

equipped with the derivation

azzzs,@%.

k>0 a=1

In the previous sections, we introduced the extended algebra of differential polynomials A =
Clluglllle]][uy. o], but for the present construction, they are not needed. They will appear
when we will compare the DS and the DR hierarchies. The ring A is graded by degsy = k,
producing a decomposition

A= @ Ak, Ak - Ae C Agyes

where Ay is the subspace of homogeneous elements of degree k. For this gradation, the deriva-
tion 0 has degree 1, i.e. A C Ag+1. Notice that Liu-Wu-Zhang’s construction [LWZ10]
works for an arbitrary commutative ring as long as it is graded, topologically complete and
equipped with degree-1 derivation.

ak e ﬂ}

Of course, the traditional PDOs (the one we will now call of the first type) form a subgroup

D= { i a*o*
k=—co

Now we consider the following additive group:

5:{+2’° ak ok

k=—c0

akeﬂ,mez}cf).
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Clearly, the ring structure (3.1) on D cannot be extended to D. In what follows, we describe
how to produce a new ring of whose elements are allowed to contain infinitely positive and
negative powers of 0.

Let A € D be a PDO of the first type. We say that A is homogeneous of degree k if A has
the form

k
A= Z a'd', a € Ap_;.

i=—o00

We denote by Dy the subspace of homogeneous operators of degree k. Then clearly
D=]]o

We introduce the following subgroups of D:

5(,1) = l—[ Dy, D= U 5(,1).
k>d dez

Notice that the above induces a decreasing filtration ﬁ(d) - 5(,1_1). Recall that the product of
PDOs of the first type is given, for a,b € A and n,m € Z, by

n m n ntm—k n\ (n—-k+1)---(n-1)-n
ad" o bd —];)(k)ab(k)a , (k)_ o . (5.60)

Clearly, if A € Dy and B € D, than AB € Dy, so the product can be extended to 5 which
makes it into an algebra.

Definition 5.3.1. We call PDOs of the second type the elements of the algebra D10 The
elements of the subalgebra D® = D N D are called bounded operators.

By the gradation on A, the general form of an element A € D reads

A=) d"d', (5.61)

i€Z j=0
The following lemma gives a nice characterization of 9 and D.

Lemma 5.3.2. Let A be of the general form of Equation (5.61), then the following characterization
holds true.
(i) A€ Dx iffa*/ = 0 outside of the diagonal {(i,j) € ZX Zsq | i +j = k};
(ii) A € D iff there exists m such that a%/ = 0 outside of the the set {(i, j) € ZXZyo | j = m—i};
(iii) A € D iff there exists n such that a*/ = 0 outside of the the set {(i,j) € ZX Zsq | i < n}.

Proof. Point (i) is the definition of D. Point (ii) follows from the decreasing filtration property
D(a) C D(q-1)- Point (iii) is the definition of D. O
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Figure 5.1: Graphical interpretation of Lemma 5.3.2. Each figure shows the lattice ZXZ5; each
dot on the lattice indicates the points (i, j) where a’*/ needs not vanish.
Aj Aj u]‘

N NN BRI

l
1

i
1

o k ol m ol n
(i) A € Dy (ii)Ae D (i) A € D

Lemma 5.3.2 has a nice graphical interpretation, as shown in Figure 5.3.1; the latter is taken
from [LRZ15] with minor modifications.

Similarly to the case of PDOs of the first type, we can define the positive and negative parts,
the residue as well as the adjoint:

A=Y Y i, A=Y Y ds

i>0 j=0 i<0 j=0
x i ij _
A :ZZ(—I)aoa I, resA—Za_l,j.
ieZ j>0 j=0

We know that if A € D, then A,,A_,A* € D; moreover, A_ € D as well so that A, € Db
Similarly, if A € 5, then we easily see that A;, A_, A" € D and that A_ € D so that A_ € DP.

In the next section, we describe how the algebra D of PDOs of the second type were used
by Liu Ruan and Zhang to construct a scalar Lax pair for the negative flows of the DS hierarchy
of type Dj.

Scalar Lax pair of the DS hierarchy of type D,,
Firstly, recall the following operator of the first type,

n-1
L=9"24+97"! Z (s#0*71 + 9 1sH) + 9708 o,
p=1

s" = (p)? with the condition d o L = L* o d. The following proposition holds.

Proposition 5.3.3 ((LWZ10]). There exists a unique PDO of the first type P € D of the form

P:0+Zpk8k

k<0

101 [LWZ10], the algebra D is denote D~ while the algebra D is denoted D*. Here we made a different choice
since Dy and D_ were already used in Chapter 3.
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such that P*"~2 = L. Moreover, the operator P satisfies [P,L] = 0 and
P* = -oPd".

The existence and uniqueness of the (2n — 2)-th root P of L was already established since it
involves only PDOs of the first type; see Theorem 3.1.8. However, the additional equations
satisfied by P was not established here. We refer to [LRZ15] for the proof. The proposition
below is the main tool in building the scalar Lax pair of the negative flows.

Proposition 5.3.4 ([LRZ15]). There exists a unique PDO of the second type Q € D of the form

Q=dop+ Y Qmod, (5.62)

m20

such that Q% = L and where Q™ € DP of order 2m. Moreover, Q satisfies
Q* — _aQa—l
. 1
040) = =5(@ o L)), (563)

Now the (2n — 2)-th root P € D and the square root Q € D together allows to define a
hierarchy represented by a scalar Lax pair. The latter is equivalent to the full matrix Lax pairs
of the Drinfeld-Sokolov hierarchy of type D,,.

Theorem 5.3.5 ([LWZ10]). The hierarchy of equations defined by the following flows is consis-
tent and commute pairwise: for k € 724

>0
s_i - [L’ (Pk)+]’ gfi = [L, (Qk)+] (5.64)

Moreover, it coincides with the flows defined by the matrix Lax pair equations (5.57) and (5.58)
respectively.

Bi-Hamiltonian structure of the DS hierarchy of type D,

We now describe the bi-Hamiltonian structure of the DS hierarchy of type D,. Notice that
the local Poisson structure we will define were already given in [DS84]. What was not, is the
Hamiltonian densities for the negative flows. First define the following operator L’ := doL € D,
which we write in the following form:

n-1

L'=00L=:0""+ ) (s"0* '+ 0% 's") + 00 ' op.
1

=
It satisfies the condition L’ = —(L’)*. We can represent the operator the L’ in an alternative
form:
n—1
L'=0""+ ) (0F0* 71 +010*72) + 007 o p. (5.65)

=
Il
—
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Then the functions v* are related to the s# by an Miura transform (within differential polyno-
mials) while the 0 are related to the functions v* via a non invertible transform thanks to the
condition L’ = —(L")*.

Given a local functional ]_C € F, we can define its variational derivative w.r.t. L’ (or its
variational differential) by

5f 8f 10,0 Of Of
5T 5oty ;a oSt s (5.66)

Notice that the above expression is well defined since the variational derivatives do not depend
on the choice of the representative in the class modulo Im(9). Besides, this choice of variational
differential is specific to the algebra of type Dy; for other algebras, see [DS84] but also [DLZ08]
for a particularly clear exposé.

The bi-Hamiltonian structure of the DS hierarchy of type D, is given by the following
local Poisson structures: let two local functionals f,7 € F and their variational differentials

_ 9 y_ 99
X—E,Y—E,then

F.9h = / res X [(OxYoL')- — (L'Yady)- — (5 Y_L')y + (L'Y-0x)s] dx.
F.50 = / res X [(L'Y),L' - L'(YL'), ] dx.

These brackets are compatible in the sense that for any A, p € C, the map A{-, -}; + p{-, -}» still
satisfies Jacobi identity. In [LWZ10], the authors prove the following theorem.

Theorem 5.3.6. The hierarchy (5.64) admits the following bi-Hamiltonian representation: for
any local functional f € F,

0s% o o 0s* o o
E = {s”, Hrs2n-2}1 = {s%, Hi }2, oty = {s% His2}1 = {s”, Hi}2, (5.67)
where the Hamiltonian functionals are given by
2n—2 A 2
Hy, = nk /restdx, Hy, = E/restdx

Tau structure

Finally, we describe the tau structure given in [LWZ10] by means of these PDOs of the second
type. The authors prove that the Hamiltonian functionals Hy, Hs, . . . , Hy,,—3 and H; are linearly
independent and are Casimir of the first Poisson bracket {—, —};.

Next we need to introduce the so-called topological variables: for all y € {1,...,n— 1},
_(2n-2)T(p+1+ gg:g)t( ) . T+ %)fz
wp = - 2n—-2)p+2a—1> np ‘= —— 7 l2p+1-
e I(3)
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Then define the following differential polynomials: for all 1 € {1,...,n — 1},

r(2e=l 2r (1)
hzsp—l = 2n-2 ———res P(Zn—Z)p+2:x—1’ Zsp_l = (2 —Tes Q2p+1 (568)
’ (2n=2)I(p+1+52=) : T(p+3)

Then we can rewrite the Hamiltonian flows (5.67) as

a DS 1 26—n\"" a 708
={s%hg ,hh=|p+ 3 +(1- 5ﬁ,n)2i—_2 {s% hg pi}2

0s”
6tﬁ’p

These Hamiltonian flows are tau symmetric in the sense that

Ds
onz, O
ot oty

The content described in the present section is all we need to actually compute the first Hamil-
tonian structure of the DS hierarchy of type D, in view of confirming the strong DR/DZ con-
jecture. This is the goal of the next and last section.

5.3.2 First Hamiltonian structure of the DS hierarchy of type D,
and strong DR/DZ equivalence
The explicit tau-symmetric Hamiltonian densities.

In this section, we give the explicit fomulae for the Hamiltonian densities h_°_,, h7°, for 1 <

a < 4, and h‘isl. From now, in order to compare the DZ hierarchy with the DR hierarchy, we
perform the following substitution:

* . (i)k o
Oxk V2 Oxk

Therefore, we will now work again in the extended spaces. When we reduce to the case of the
DS hierarchy of type Dy, the Lax operator becomes

3
L=02+07' ) (s”ai”‘l + aﬁ”‘ls”) + 01000, (5.69)
p=1

Recall that the normal coordinates are given by
i = naﬁ h}()},s_1

where the matrix (7%#) is given by (see e.g. [LRZ15))

(n*F) =

S N © O
S O N ©
S O O
N O O O
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By Equation (5.68), the normal coordinates read, for p € {1, 2, 3},
6

7—2p

Because of the form of the operator Q (5.62), its residue is straightforwardly res Q = o, which

means that 4* = 2o = 2Vs*. For the remaining normal coordinates, we compute the residues
in the coordinates s* and then inverse the system. We find

at = res P'72H, i* = 2res Q.

1_ 121 ~3\3 1(~3\2 _ 1~2  1~3~3 235304

s =3U +—uu +m(u)+(—§(ul)—gu2—uu2)e+ u e,

2 _ 122, 1(~3\2 _1~32

$° = gl + g (@) - jine, (5.70)
33:%113,

4 _ 1 (~4)\2

st=1(@"

This agrees with the expressions found in [LRZ15], p. 751. Then the Hamiltonian densities
h’;‘:o are given by: for u € {1, 2,3},
6 2
WS = — res PZIH'S, hPS = —res 3
#0~ u— 12u+9) w0 = 5Tl

The computation of res P?#*> can be done straightforwardly by programming. However, the
computation res Q> requires a little bit more. To do so, we write

res Q3 =res QL = res ((9;1QL) + res (Z QmaxL) ,

m2>0
= res (0, 'oL) + res (Z Qmody 19) ,
m2>0

where in the last equation we used the fact that ;L = L’ = L/, + pd;'0. The term res (0;'oL)
can also be easily computed by programming. For the remaining part let us first write Q,,, =
Yk<om g™ 0, then

(Z nga;lg) (Z S gmokon; )

m>0 m2>0k<2m
= res m, k . ak—l—f
> D4 Z 0cds o
m=0 k<am V2
=2, 2. ’”k( - ) o0 =0 ), Om(0).
m=0 k<am V2 m=0

In the above equations, all matters of convergence are resolved by the grading of A and the
fact that Q € D*. Now thanks to Equation (5.63), it follows that

EZp—Z

Z Om(o) = —L+(1) S o1

m=>0
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Using @* = 20, we finally find that

-2

3 2
i s e
2p=2 2/1—1 ‘

1 N
20 = 3res (0:'a'L) +
p=1

W =

The results below where obtained using the program Wolfram Mathematica. For these pro-
grammed computations, the estimates given in Propositions 3.1.7 and 3.1.8 are of particular
interest.

Proposition 5.3.7. The level 0 tau symmetric Hamiltonian densities h1Y, . .., h}, of the DS hi-
erarchy of type Dy in normal coordinates are given by the following.

P = (B @)+ b+ 3 ()] + (8 (@) + ik + o (@)

1 1 ~3\ .2 1 (~3)2, 1~3~3
12 72 3 216 “)g"'(zm(”)"' uyu

2 2 72U U3
1 ~3:3) 4, 1 =36
TigoU “4) £+ gpUst

Py = (Lt - b (@) @+ i (@) + i (@)°) + (- (@) + Satata + Lt (@)’

24 24 72

~\2 1 ~2~2 01 (~3\2~2 1 ~2~3~3  1~4~4) .2 1~2~3 | 5 ~3~2 1 ~2~3
(ul) utu; + 73 (@) Uy + uuuy + guu, | € +(12“2“2"r72u1“3+18“1”3
+ = 0%)) € +7—1217¢§£6

B = (3 0 ol () + 55 ()7 () + g (7

T gt @)+ i @) @) +

)
(ifﬁ (@2)° + fsadalad + Lutatid + o5 (@°)° Latadat + 2o (af)?

ok (%) @) + Latetud + gk (8228 + 5hs () @3+ L (@Y7 + 11—8113114113) &

314 -9\ 2 3 (312 oy 312 (~3)2 4\ 2
(o (@) + 55 (@) + 3558 (@) @ + it + v ()" (@)° + 5 (@)

31 ~2~2 11 ~1~3 49 (~3\2 ~3~3 | 31 ~4~4 | 1 ~3 ~1 , 2 ~2~2
T Toso 4143 T TosoU1Us T 7776 (@°) Ujls + 3g5U Uz + GoU~ Uy + 55U Uy

u
1 (#3\353 2 ~4~4) 4 1129 (~3\3 | 1601 ~3~3~3 | 1 ~3 (~3)2 19 (32 ~3
+ (@) a3 + wY ”4) £+ (116640 (@) + 38880 Y1tz U3 T 155U (@3)" + 1620 (@7)" a3

29 £37353 13 ~3:3~3 11 =1, 17 (23\2 3 6, (191 (73)2, 1501 =33
+arg0 8 Uty + 1o ik + Tog5ilg + Toagg (2) ”6) £+ (43200 ()" + Tozamotis s

4
353 127 ~3~3 , 13 ~3~3) _8 7 ~3 10
S+ B + U ) € 4 s U E

+ 949 ~
194400 64800 177 32400 118800
vy = (et Saatat+ e (@) ) + (Lt @) + dadad + ddwad + Latis
et + bl + & @) @) e + (Yadag + Latad + fadad + Ratad + Sitaf) e
+ 5 uge’

Finally, the density h7* is given by
36
> = —res PV,
’ 91

Again, the result was obtained using the program Wolfram Mathematica.



5.3. The Drinfeld—Sokolov hierarchy of type Dy 243

Proposition 5.3.8. The Hamiltonian density h; of the DS hierarchy of type Dy in normal coor-
dinates is given by the following.

DS
1,1

(%“1 ()" + &5 () u - g5 () + 25 () (%) + 55 (@) + S (u4)2

+ 5wt (ut) + (”3)3(u4)2) + (% (ul)” + u% Po 2 (u?) u? + 3 (uf) u? - L ()
+2 ()" () + & ()" wle® + Butudutud + 3 (W) + & () (@) + Sulud ()
+% (u?)z (ug) + 2_}6 gul (“3)2 + zZsuguz (”3)2 216 (”3)3 * 7776 7776 ( ’ (u3)4
+@ugu3)5+5 2,404 + Lyttt 193434

1)
U U u + uzu u + pUiUuu + = 7 §(u3) u +—u§ (u4)2
3
1

+& (uf)2 (u4)2 + Susud (u? )2) e+ ( Cutudud + 752u; (u ) + ok (u? )2u§ + seuludu;
+3u3 (u‘f)2 + Zudutuy + 5 (u 3) ul + Lufugul + 23156u3u u? + Buludu® + Suludu?
+m“i (”2)2 + 11434 (“g) u’ + 22196”2u2u3 + u’+ m (”3) u’ + 216“% uyu® + m“i“g’f
+2 (uz) ud+ Butugu® + toudulu® + Loututu® + u) (u3) + 2 (u?)zug (u3)2

+ o (u;‘)2 (u ) + —udul (u ) + el (1,13)4 + udutut + 23u§’u§u4 + Zwluiut
+apugut + gou (”4)2) et + (336*2%1 (“g)z + ppugul + qeguiud + sopuiul + s ugu

+3553 (”3)2 (”3) + m% 3+ o5 (“3) 3+ arptpty + 7154690 3+ % (”g) + Supuy
+2utul + oudu' + 2ouu? + Bsule’ + Lk (ug) 34 %Lﬁugugtﬁ + 23 (uf)2 wu’
HL () ()" + Bl <u3> + Sttt () + pud () + Zulut) e + (4
+% 5 ( g)z + égggg (”g)z uj + éééigufuguz + 267521146101'[3”3”? + % (”3)2 o+ 31072540030 (”2)2 u’
+%u3u3u3 + 217521106301‘3"3”3 + 910873210”31‘3"3 + 9720”3 (%) ) £+ (328280 ( g)z %uiug
"13320 uju; + 2%?20”3”3 + 1881944 ujuy + ﬁ“fc”s) ' + ﬁ”%glz

The explicit form of the first Poisson structure.

Finally, we compute the components of the first Poisson structure given, for two local func-
tionals f,g € 7, by

T = 1 ’ ’ ’ ’
Foh =1 [resXIO0L) - WEo)- - @YY+ CT-00.1dx, (671
where X = 55{/, Y = % We aim to express this bracket as bi-vector using Dirac’s notation of

the components:

8f(x) (@) i 59 4.
(k=[] shes e i w5l s, 672)

We will use the following identity to compute the Poisson structure (see Equation (5.16)):

{@%(x), @ ()h = {a(28(x - 2), @’ 8(y - 2.
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Now the Poisson bracket (5.71) is given in terms of the variational differentials, so that we first
need to compute those of the coordinate functionals. To do so, we need to transform the normal
coordinates # into the coordinates v* of Equation (5.65). The coordinates 0% are related to
the v*’s by the condition L™ + L” = 0; they read

~1_ 1 1 1 1 5
v = U E— U 8 + U £

242 1 8v2 3 8v2 5"’
~2 3,2 5 363
0° = —==0vf — e,

2\/5 1 4\/> 3 (573)
~3 5 3
VT = —=UJ€E.

2v2 1

Then by identifying the two operators in Equation (5.71) and inverting Equation (5.70), we find
the following Miura from the normal coordinates #* to the coordinates v“:

~1 89
il =o! - évzvz' + 216(1)3)3 (12 (03)2 vg + ;évz’vg’) e+ e 354,
) 3v2 3,32
at = 0% - L0%)? - SUSE
4 26
. 5.74
@ =03, (5.74)

it = 2Vt

Now recall that the variational differentials are given by

5f@)  8f() 1< (8f(@) sou . 4o2u 0f(2) _
SL'(z) _ dviz) | 2 2, (50”(2') 0: +0; H&)/’(z)) €D

It follows that the variational differentials of the coordinates functionals are given by, for y €
{1,2,3},

SaM(2)8(x—2) 1o (80 (2)0(x = 2) ,_py . sy 0T (2)8(x — 2)
G EZ;( o) T ) (.75
S5 ii*(2)8(x - 2) B ) (2\104(2)(5(x - z)) 2 S e
SLGz) 50*(2) = we (5.76)

Let us denote, for a € {1, 2, 3, 4},
du*(2)0(x — z) du*(z)d(y — z)
0L (z) ’ 0L (z)
As we can see in Equations (5.75) and (5.76), for any p € {1,2,3}, the pseudo-differential
operators (of the first type) Y# and Y* satisfy

(YH(2))+ = 0, (Y4(2))- =

Knowing this, it is therefore not hard to show that the component {i*(x), i*(y)}; of the first
Poisson structure reads

{it(x), i*(y)}; = 7! /resX4(z) [(62Y4(Z)L’(z))_ - (L’(z)Y4(z)(9z)_] dz

=¢! / res i50(x — 2) [( 70 - Z)L’(Z)) (L @750 - z)a"‘)-] dz
=268"(x —y)

X%(z) = Y%(z) :=
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(Note that this precise computation does not depend on the integer n of D,, meaning that
similarly, in the D, case, {t"(x), " (y)}; = 26’(x —y).) It is easy to see that for any p € {1, 2,3},
{@#(x),u*(y)}1 = 0. The remaining components are computed in a similar fashion, this time
using

{at (x), " (y)h =€ / res X¥(z) [(L'(2)Y"(2)02), = (0:Y"(2)L'(2)), ] dz

for p,v € {1,2,3}. Now we equivalently write 0% instead of 5*)(x — y), for their action is
identical. We write down the components {i%(x), ##(y)}, in the matrix

K = (@ (x), @ ().

Proposition 5.3.9. The first local Poisson bracket of the DS hierarchy of type Dy, in normal
coordinates reads

(130, + 1a302 + 1id02) &2 + 20364 0 60y 0
0 60 0 0
K“ﬁ — x '
(kel) " o000 .77
0 0 0 20,

In particular, Kfj‘f = %P o, + O(e).

Remark 5.3.10. Let ¢ : u® +— o% be the inverse of the Miura transform given by Equation
(5.74). Then one can also compute the matrix K,‘j‘f in normal coordinates using Equation (5.18)
which we recall here:

5P = (M")% 0 (Kps 0 ) o MJ, (5.78)
where
(M2 = Z 9% o Z( 1765 o %
u_s>06ﬂ . s>0 6 V’

and where, by construction, (Kps o /)*# = {v%(x), v#(y)},. But then we need to compute the
bracket in the coordinates v* and then use Equation (5.78). It is probably a bit easier in all
honesty.

To conclude, comparing (1) the Poisson structures of the DR hierarchy and the DS hierarchy
of type Dy, both in their normal coordmates (Propositions 5.2.25 and 5.3.9 respectively) and
(2) the Hamiltonian functional h1 ; of the DR hierarchy with the Hamiltonian functional h1 1
of the DS hierarchy (Propositions 5.2.27 and 5.3.8 respectively), we obtain the theorem below.
Notice that it hold true in virtue of Theorem 5.2.24.
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Theorem 5.3.11 (Strong DR/DZ for D4 [DR19]). The strong DR/DZ equivalence holds true for
the hierarchy of type D4 under the normal Miura transform (5.45). More precisely, in the normal
coordinates u“,

(i) The local Poisson structures are the same: Kgf = K,‘j’f ;

(ii) The Hamiltonian densities (" and hi, differ by a total x-derivative, i.e. EII)RI = Eisl.
Moreover, the level 0 Hamiltonian densities coincide: h‘;‘fo = h’o’so fora e {1,...,4}.

We recall that, specifically for the hierarchies of type ADE, say of type X}, the DS hierarchy
constructed from the untwisted affine algebra X 5,1) coincides with the DZ hierarchy constructed
from the FJRW of the simple singularity of type X,,; see e.g. [LRZ15]. Besides, we recall that two
local functionals coincide if and only if all the variational derivatives § /54 of their difference

vanish; see Proposition 5.1.1.






Appendix A

Matrix realizations of classical
Kac-Moody algebras

In this appendix, given a n X n matrix A, we denote by A* the anti-transpose of A, that is,
the transpose of A with respect to the antidiagonal (or secondary diagonal). It is given by the
formula

(A)i ;= An_jitnmis1-

Besides, in accordance with previous notations, we denote by E; ; the matrix with 1 at the
intersection of row i and column j and 0 elsewhere.

When we say that the Lie algebra with (generalized) Cartan matrix A has Weyl generators
{X;,Y;,H; | 1 <i < r}, we mean that they satisfy the relations

[Xi, Y] = 6, jH;, [Hi, Xi] = A jXi, [H;, Yi] = =A; ;Y.

A.1 Classical simple Lie algebras

Here we give the main features and our chosen matrix realization of the classical simple Lie
algebras. By that we mean the algebras whose Dynkin diagram is either of type A, B,C or
D. The semisimple Lie algebras correspond exactly to the Kac-Moody algebras of finite type,
hence the title of this appendix.

Type A, n > 1

The simple Lie algebras of type A, are isomorphic to sl(n + 1,C). They have the following
features.

Coxeter number: h = n + 1.

Highestroot: 0 = a3 + a3 + - - - + .

Finite exponents: F = {1,2,...,n}.
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Dynkin diagram and finite Cartan matrix of size n X n:

2 -1 0 0
-1 2
Ay oo oee CM(An) = o 0
2 -1
0 0 -1 2

Irreducible faithful representation: A, <— {X € gl(n + 1,C) | trX = 0} = sl(n + 1,C).
(The trivial one.) Weyl generators of the representation: For i € {1,...,n},

Xi = Eiqv,i, Yi = Ei i, H; =Ejy1,i41 — Eii.

Type B,, n > 2

The simple Lie algebras of type B, are isomorphic to 0(2n + 1,C). They have the following
features.

Coxeter number: h = 2n.

Highest root: 8 = a1 + 2a; + - - - + 2a,,.

Finite exponents: F = {1,3,...,2n — 1}.

Dynkin diagram and finite Cartan matrix of size n X n:

2 -1 0 0
-1 2

By i e—eeo—ere CM(Bn) =1 o 0

-1 2 -1

0 0 -2 2

Irreducible faithful representation: B, < {X € sl(2n+ 1,C) | XS + SX?' = 0},
where S = diag(1,-1,1,...,-1,1).
Weyl generators of the representation: Fori € {1,...,n— 1},

Xi = Eit1,i + Eonso—ion+1-i» Xn = Ensi,n + Envo nets
Yi = Ei iv1 + Eonv1-i,2n+2-is Yy = 2(Ep, n+1 + Ent1,n+2)
H; = Eif1,iv1 — Eii + Eznto—i2n+2-i — Eonsi-i,2n+1-i» Hp, = 2(Ens2,n+2 — Enn)-

Type C,, n > 2

The simple Lie algebras of type C, are isomorphic to sp(2n). They have the following features.
Coxeter number: h = 2n.
Highest root: 6 = a1 + 203 + - - - + 20,1 + -



A.1 Classical simple Lie algebras iii

Finite exponents: F = {1,3,...,2n — 1}.
Dynkin diagram and finite Cartan matrix of size n X n:

2 -1 0 0
-1 2
Cp: oo oo CM(Cn) = o -1 0
2 -2
0 0 -1 2

Irreducible faithful representation: C, < {X € sl(2n) | XS + SX?' = 0},
where S = diag(1,-1,1,...,1,-1).
Weyl generators of the representation:

Xi = Eiy1,i + Eonv1-i,2n-is Xn = Ensi,n
Yi = Ei,i+1 + E2n—i,2n+1—ia Yn = En,n+1>
H; =Eii1iv1 — Eii + Eznv1-i2n+1-i — E2n—i2n—i» Hy, =Enii,n+1 — Enn

Type D, n > 2

The simple Lie algebras of type D, are isomorphic to 0(2n). They have the following features.
Coxeter number: h = 2n — 2.
Highest root: 8 = a1 + 2a, + -+ - + 2a,—2 + ay_1 + y.
Finite exponents:
o Ifnisodd: F={1,3,...,2n =3} U{n—-1};
o Ifniseven: F={1,3,...,2n-3}U{(n-1)}.
(We mean that when n is even, exponent n — 1 has multiplicity 2.)
Dynkin diagram and finite Cartan matrix of size n X n:

2 -1 0 0 0
12
0 . - 0
D, : oo 4{ CM(D,) =
0 2 -1 -1
P 1 2 0
0 - 0 -1 0 2

Irreducible faithful representation: D, < {X € sl(2n) | XS + SX?' = 0},
where S = diag(1,-1,...,(-1)" 2, (-)" 1, (-1)" L, (-D)",...,-1,1).
Weyl generators of the representation:

_ _1
Xi = Eiv1,i + E2nv1-i,2n-i Xn = 5(En+1,n-1 + Ens2,n),

Yi = E;iv1 + Eonion+i-is Yy = 2(En—1,n+1 + En n+2),

H; =Eii1,i+1 — Eii + Esntv1-i2n+1-i — Eon—ion—i, Hp = Ensine1 — Enn + Entonso — En1n-1.
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Remark A.1.1. For the D, case, the diagram is disconnected as it reads D, : e . Therefore,
D, ~ A; @ A, is semisimple rather than simple. However, the above representation still hold
(see [DS84]).

A.1.1 Examples: Rank 2 simple Lie algebras

Type A,

The simple Lie algebras of type A, are isomorphic to sl(3, C). They have the following features.
Coxeter number: h = 3.

Finite exponents: F = {1, 2}.
Dynkin diagram and finite Cartan matrix of size 2 X 2:

Ay i es CM(A,) = ( 21 _21)

Weyl generators of our realization:

0 0
X;=|1 0 X, = 0
0 1 0
0 1 0
Y1: 0 Y2: 0 1
0 0
-1 0
H1: 1 HZZ -1
0 1

Type B,

The simple Lie algebras of type B, are isomorphic to so(5, C). They have the following features.
Coxeter number: h = 4.

Finite exponents: F = {1, 3}.

Dynkin diagram and finite Cartan matrix of size 2 X 2:

By : e>e CM (B,) = (_22 _21)
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Weyl generators of our realization:

0 0
1 0
X = 0 X, = 1 0
0 1 0
1 0 0
0 1 0
0 0 2
Y = 0 Y, = 0 2
0 1 0
0 0
-1 0
1 -2
H1 = 0 Hz = 0
-1 2
1 0

Type Cz

The simple Lie algebras of type C, are isomorphic to sp(4, C). They have the following features.
Coxeter number: h = 4.

Finite exponents: F = {1, 3}.

Dynkin diagram and finite Cartan matrix of size 2 X 2:

2 =2
Cy: oo CM(Cy) =
-1 2
Weyl generators of our realization:
0
1 0
X1 = 0 X2 = 1 0
1 0 0
0 1 0
0 0 1
h= 0 1 = 0
0 0
-1 0
1 -1
H, = » H, = .
1 0

Type D,

The simple Lie algebras of type D, are isomorphic to so(4, C). They have the following features.
Coxeter number: h = 2.
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Finite exponents: F = {1,1’}.
Dynkin diagram and finite Cartan matrix of size 2 X 2:

Dz e e CM(Dz) = ((2) (2))

(As we stated, this implies that D; =~ A; @ A; and is therefore semisimple rather than simple.)
Weyl generators of our realization:

0 0
10 0
X, = o X, = : 0
1
10 ! 0
0 1 0 2
0 2
Y= 0 1 Y= 0
0 0
-1 -1
1 -1
H, = ) H, = .
1 1

A.2 Classical untwisted affine Kac-Moody algebras

Type AS), n21

The affine Kac-Moody algebras of type A(nl) have the following features.
Coxeter number: h = n + 1.

Highest root: 0 = a1 + - - - + ap.

Affine exponents: E = Z \ (n + 1)Z.

Extended Dynkin diagram and affine generalized Cartan matrix of size (n + 1) X (n + 1):
2 -1 0 -+~ 0 -1

-1 2 . 0

A(nl) : A GCM (A(nl)) = 0

Except for the A(ll) case, which reads

2 -2
AD e oM (4) = (_ )
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vii

Faithful representation: Loop algebra of A(nl) — sl(n+1,C) ® C[A,A71].
Weyl generators of the representation: For i € {1,...,n} (the ®1 is implicit),

e; = Ei1i, fi = Eiis1 hi = Eiy1,i+1 — €ii.
To which we add the highest root triplet:
€0 =E1,n ® A, ﬁ) =En,1®)t_1’ hO =El,l_En,n-

Normalization constant of the standard bilinear form: k = 1, i.e., (X, Y) = tr(x(X)z(Y)).
Generators of the principal Heisenberg subalgebra: A; = A/, for j € Z \ (n + 1)Z.
Principal cyclic element: A = ey + - - - + ey,

0 0 A

1 0
A=lo 1

0 0 1 0

Type BS), nz22

The affine Kac-Moody algebras of type Bg,l) have the following features.

Coxeter number: h = 2n.

Highest root: 8 = a1 + 20, + - - - + 2a,,.

Affine exponents: E = 2°4 = 7\ 2Z.

Extended Dynkin diagram and affine generalized Cartan matrix of size (n + 1) X (n + 1):

2 0 -1 0 - 0
0 2 -1
-1 -1 2

B GCM(BEP): 0 0

—o—e—o

0

-1 2 -1

0 .0 0 -2 2

Faithful representation: Loop algebra of Bg) — 0(2n + 1) ® C[A,A71].
Weyl generators of the representation: For i € {1,...,n — 1} (the ®1 is implicit),

ei = Eit1,i + Eonyo—i2nt1-is en = Enyi,n + Envo nst
fi = Eijis1 + Eong1-i2n+2-is frn = 2(Ep n+1 + Ens1,n+2),

hi = Eiv1,i+1 — Ei )i + Eonso—i,2n+2—i — Eon+1-i,2n+1-is hpn = 2(Epsa,n+2 — Enn)-
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To which we add the highest root triplet:

e = %(EI,Zn + Ez on41) ® A, fo = 2(Ean1 + Ezns12) ® 471,

ho = E11 + Eg 2 — Eonon — Eone1,2n41-

Normalization constant of the standard bilinear form: k = %, ie,(X,Y)= %tr(ﬂ(X Vyz(Y)).
Generators of the principal Heisenberg subalgebra:

o If j € Z°%, then A; = V2A/;

o Ifje Zz%d, then A;j = 2z (AP,
Principal cyclic element: A = ey + - - - + e,

0 0 A 0
1 0 A
A=]o 1 0
0 0 1 0

Type C,(ll), n22

The affine Kac-Moody algebras of type cﬁf) have the following features.

Coxeter number: h = 2n.

Highest root: 0 = a; + 202 + - - - + 2051 + @p.

Affine exponents: E = Z°4 = 7\ 2Z.

Extended Dynkin diagram and affine generalized Cartan matrix of size (n + 1) X (n + 1):

2 1 0 0
2 2
0 -1 0
CY . v oo et GCM (CS)) -
10
2 2
0 o0 -1 2

Faithful representation: Loop algebra of CS) — sp(2n) ® C[A,A71].
Weyl generators of the representation: For i € {1,...,n — 1} (the ®1 is implicit),

e; = Eiv1,i + Eonv1-i,2n—is en = Enyin,
fi =Eiiv1 + Ean—i2n+1-i» fn = En n+1s
hi = Eiv1,i+1 — Eii + Eansi-i,2n+1-i — Eon—i,2n—i> hn = Enti,n+e1 — Enn

To which we add the highest root triplet:

eo=E,n®A4, fo=En1©A7, ho = E1,1 — Ean,2n.



A.2. Classical untwisted affine Kac—Moody algebras ix

Normalization constant of the standard bilinear form: k = 1, i.e., (X, Y) = tr(x(X)x(Y)).
Generators of the principal Heisenberg subalgebra: A; = A/, for j € Z°%.
Principal cyclic element: A = ey + -+ + ey,

0 A 0
1

A=lo 1
0 0 1 0

Type Dfll), n22

The affine Kac—-Moody algebras of type Dsll) have the following features.
Coxeter number: h = 2n — 2.
Highest root: 8 = a1 + 2a, + -+ - + 2,3 + ay_1 + y.
Affine exponents:
o Ifnisodd: E=2Z°4yU (n- 1)z,
o Ifniseven: E = Z°4 U ((n — 1)Z°4Y.
(When n is even, exponents of the form (n — 1)k, with k € 7°4d have multiplicity 2.)
Extended Dynkin diagram and affine generalized Cartan matrix of size (n + 1) X (n + 1):

2 0 -1 0 - 0
0 2 -1
-1 2
pM GCM (D(,,l)): 0 0
e y o
12 0
0 .0 -1 0 2

Faithful representation: Loop algebra of Dg,l) — 0(2n) ® C[A,A7'].
Weyl generators of the representation: For i € {1,...,n — 1} (the ®1 is implicit),

_ _1
ei = Eiv1,i + Ean+1-i2n—is en = 3(En+1,n-1 + Ent2,n)s
fi = Ei,iv1 + E2n—i 2n+1-is fn = 2(En-1,n+1 + En ns2)s

hi = Eiv1,i+1 — Eiji + Eonv1-i,2n+1-i — Ean-ij2n—i» hn = Ent1,n+1 — Enn + Env2,n+2 — En1,n-1.
To which we add the highest root triplet:

eo = 5(Ev2n-1 + E2,20) ® A, fo = 2(Ezn-1,1 + Ez2n2) ® A7,
ho = E1,1 + Eo2 — Eon—1,2n-1 — E2n,2n-



X Chapter A. Matrix realizations of classical Kac—Moody algebras

Normalization constant of the standard bilinear form: k = %, ie,(X,Y)= %tr(ﬂ(X Vyz(Y)).
Generators of the principal Heisenberg subalgebra: A; = V2A/ and A((n-1)jy = V2n -2V for
j € 7°%, where

F=p [En,l - %En+1,1 - %En,Zn ®A+ iEn+1,2n ® A
+ (_1)n (EZn,n+1 - %EZn,n - %El,n+1 ® A+ iEl,n ® A)] >

where p = —1if nis even and p = —vV-1if nis odd.
Principal cyclic element: A = ey + -+ - + ey,

0 .- 0 1 0
1 . 0 A
0 . 0

A 1

= 1

2 ]
3 0
1

0 0 1 0
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Titre : Fonctions tau polynomiales et topologique des hiérarchies de Drinfeld—Sokolov

Mots clés : systémes intégrables, algebres de Lie affines, hiérarchies de Drinfeld—Sokolov, fonctions tau,

hiérarchie de double ramification.

Résumé : Cette thése traite du calcul et des
applications des fonctions tau des hiérarchies de
Drinfeld—Sokolov introduites en 1984. Les hiérarchies
de Drinfeld—Sokolov sont des suites d’équations aux
dérivées partielles intégrables que l'on associe a
n'importe quelle algébre de Lie semisimple. La
fonction tau est une fonction associée a toute solution
d’'une hiérarchie donnée et qui contient toute
linformation de la solution. Les fonctions tau sont au
cceur des liens qui unissent les hiérarchies de
Drinfeld—Sokolov et la géométrie algébrique.

Au chapitre 3, nous établissons une transformation
explicite entre les fonctions tau polynomiales de la
hiérarchie de Korteweg—de Vries (associée a 'algebre
sl(2,C)) et les polyndbmes d’Adler—Moser (1978). Ces
derniers forment une suite de polyndmes satisfaisant
une certaine relation de récurrence différentielle.

Le chapitre 4 traite du calcul des fonctions tau
polynomiales par les déterminants de Toeplitz ; une
méthode introduite par Cafasso et Wu (2015). En
collaboration avec Cafasso et Yang, nous avons
obtenu une expansion de la fonction tau en une
somme sur les partitions d’entiers. Nous en
déduisons un critere de polynomialité de la fonction
tau et donnons quelques exemples non triviaux.

Au chapitre 5, en collaboration avec Paolo Rossi,
nous confirmons la conjecture dite « DR/DZ forte »
dans le cas de l'algébre de Lie simple 0o(8,C) (Da).
Elle prévoit I'équivalence, en particulier, entre les
hiérarchies de Drinfeld-Sokolov et d’autres
hiérarchies dites de « double ramification, »
introduite par Buryak (2015) et construites a partir de
la cohomologie de I'espace de modules des courbes
complexes stables Mg.
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Abstract: This thesis deals with the computation and
applications of tau functions of the Drinfeld—Sokolov
hierarchies introduced in 1984. The Drinfeld—Sokolov
hierarchies are sequences of integrable partial
differential equations which one associates to any
semisimple Lie algebra. The tau function is a function
associated to any solution of a given hierarchy and
which contains all the information of the solution. Tau
functions are at the heart of the bonds between
Drinfeld—Sokolov hierarchies and algebraic geometry.

In Chapter 3, we establish an explicit transformation
between the polynomial tau functions of the
Korteweg—de Vries hierarchy (associated to the
algebra slI(2,C)) and the Adler—Moser polynomials
(1978). The latter form a sequence of polynomials
satisfying a certain differential recursion relation.

Chapter 4 is dedicated to the computation of tau
functions via Toeplitz determinants; a method
introduced by Cafasso and Wu (2015). In
collaboration with Cafasso and Yang, we obtained
an expansion of the tau function as a sum over all
integer partitions. It follows a simple criterion for the
polynomiality of the tau function;, we give some
nontrivial examples.

In Chapter 5, in collaboration with Paolo Rossi, we
confirm the so-called ‘strong DR/DZ conjecture’ for
the algebra 0o(8,C) (Ds4). The latter states an
equivalence between, in particular, Drinfeld—Sokolov
hierarchies and another kind of hierarchies called
‘the double ramification hierarchies’ introduced by
Buryak (2015) and constructed from the cohomology
of the moduli spaces of stables complex curves Mg.
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