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Introduction

The art of structure is where to put holes

Robert Le Ricolais, architecte et chercheur

Cette phrase résume a elle seule le contexte et les motivations a l'origine de cette these. Elle
souleve néanmoins quelques questions. En quoi consiste I'art des structures ? Pourquoi évoque-
t-on des trous, alors que l'objectif est de concevoir des structures 7 Au premier abord, cela
semble contradictoire : quel intérét aurait-on a ajouter des trous dans une structure 7 Et pour
conclure, comment déterminer en pratique ou placer, ou non, des trous dans une structure ?

Figure 1: Automorphic Compression Member, Robert Le Ricolais, 1962 ((©)Centre Pompidou)

Ce que nous entendons par art des structures dans ce manuscrit est la conception de struc-
tures optimales, connue également sous le nom d’optimisation de formes ou encore d’optimisation
topologique. Voici un exemple. Dans le milieu industriel, lorsqu’on congoit une piece mécanique,
elle doit satisfaire un cahier des charges, pour remplir correctement son réle lors de son utilisa-
tion. Toutefois, plusieurs structures différentes peuvent convenir. Certaines seront par exemple
plus légéres ou plus faciles & usiner que les autres. On a ainsi une certaine liberté dans la
conception de la piece finale. On peut sélectionner parmi les structures admissibles la meilleure
du point de vue d’un critere supplémentaire. Le choix de ce critere dépend du contexte du
probléme. L’un des plus courants est le poids (ou le volume) de la piece finale. En effet, en le
réduisant, on économise de la matiére premiere et donc on réduit les cotits. Dans l'industrie
aéronautique, le poids final de la structure est une question cruciale, avec un impact non seule-
ment économique, mais également écologique : la consommation de carburant est directement
corrélée au poids de 'avion.
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L’optimisation de formes est un domaine des mathématiques appliquées largement étudié.
De nombreuses méthodes ont été mises au point afin d’optimiser des structures. Les deux
méthodes les plus répandues sont la méthode SIMP (Solid Isotropic Material with Penalization)
[Bendsoe 2003] et la méthode des lignes de niveau [Osher 2006]. L’approche de la méthode SIMP
consiste a optimiser la densité locale d’un matériau fictif, puis a la pénaliser pour atteindre une
structure en noir et blanc. Des trous apparaissent dans la structure finale 1a ou la densité du
matériau fictif vaut zéro. Dans la méthode des lignes de niveau, on travaille directement sur
les frontieres de la structure, et par conséquent sur ses trous. Ainsi, dans ces deux méthodes,
s’appuyant sur des approches tres distinctes, le design des trous de la structure est un élément
clef. C’est pourquoi on les appelle aussi méthode d’optimisation topologique. En effet, en 2D,
la topologie est liée au nombre de trous dans la forme considérée. En 3D, c¢’est un peu plus
complexe. La topologie dépend également de la nature des trous : ces derniers peuvent étre par
exemple des cavités ou bien des anses (comme dans un tore). Nous avons ainsi répondu & notre
seconde question, mais pas a la troisieme portant sur I'intérét de percer les structures pour les
optimiser.

Figure 2: Structure poreuse d’un os : section d’un fémur, extrait de [Gray 1918§]

Une premiere réponse peut étre trouvée simplement en observant la nature, ol les matériaux
poreux sont tres répandus. Prenons 'exemple des os. Les os de tous les vertébrés sont poreux.
Ils présentent une couche extérieur solide et pleine (1’os cortical) et une matrice interne poreuse
(Pos trabéculaire, aussi appelé os spongieux), voir la Figure 2. Chez les oiseaux, certains os
sont encore plus vides, avec seulement des treillis internes renforcant ’ensemble de la struc-
ture. Ce design assure aux os résistance et solidité, ainsi que légereté. Ainsi, les trous ne
sont pas nécessairement synonymes de fragilité, mais presque le contraire dans de nombreux
cas : un équilibre subtil entre résistance et légereté. Les hommes ont d’ailleurs tiré partie
de cette observation comme en témoignent de nombreux édifices, le Colisée & Rome et ses
nombreuses arcades par exemple, ou bien la Tour Eiffel. On diminue ainsi la quantité de
matiere premiere nécessaire, sans compromettre la solidité et la longévité des batiments. En
fait, mathématiquement, on a montré que les matériaux poreux étaient optimaux dans de nom-
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breuses applications de 'optimisation de forme. Dans la suite, nous nous intéresserons a une
famille particuliere de matériaux poreux : les matériaux lattices. Dans la littérature, ce terme
désigne parfois des microstructures périodiques présentant uniquement des petites barres. Nous
adopterons ici une définition plus large : un matériau périodique issu d’un mélange entre un
matériau et du vide, sans aucune restriction sur la géométrie de cette répartition.

Demeure la derniére question : comment concevoir les trous dans la structure. Comme
vu précédemment, de nombreuses méthodes d’optimisation existe pour optimiser la topologie,
et donc les trous, d’une structure. La méthode SIMP et la méthode des lignes de niveau
reposent numériquement sur la méthode des éléments finis. Il est nécessaire de mailler le domaine
de travail, au sein duquel la structure finale est congue. Si nous souhaitons considérer des
trous microscopiques dans la structure finale, par exemple en utilisant des matériaux lattices,
le maillage doit étre suffisamment fin pour décrire correctement ces trous. En pratique, le
colit numérique de telles approches est prohibitif. Une solution est apportée par la théorie
de ’homogénéisation [Murat 1985]. Elle consiste & moyenner le comportement physique du
matériau lattice sur une échelle mésoscopique. On définit de la sorte, un nouveau matériau
équivalent et plein, dont le comportement est similaire & celui du matériau lattice (troué). Ce
nouveau matériau est appelé matériau effectif et remplace le matériau lattice dans le processus
d’optimisation. Puisqu’il est homogene (plein), il ne présente pas de microstructure. Ainsi, un
maillage relativement grossier suffit pour 'optimisation numérique.

La géométrie du matériau lattice choisi est caractérisée par quelques parametres et son
orientation. Par exemple, en 2D nous pouvons choisir des cellules périodiques carrées percées
en leur centre d’un trou rectangulaire. Un tel matériau lattice est alors paramétré par les
dimensions du trou central, voir la Figure 3. Le comportement effectif du matériau lattice
dépend de ces parametres. En optimisant leur distribution dans le domaine de travail, nous
modulons localement le matériau lattice. Cette approche a été implémentée pour la premiere
fois puis popularisée par Bendsoe et Kikuchi [Bendsge 1988] dans les années 80. Mais elle a peu
a peu été reléguée au second plan, au profit de la méthode SIMP, ce que ’on peut expliquer par
deux éléments.

Y1

Figure 3: Exemple d’un matériau lattice périodique paramétré : une cellule périodique carrée est
percée d'un trou rectangulaire, dont les dimensions parametrent la géométrie de la microstruc-
ture

Premierement, les structures lattices ne sont pas usinables par les méthodes traditionnelles
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de fabrication, par exemple la fonderie, du fait de leur microstructure et de leur topologie tres
complexe. Les récentes avancées dans le domaine de la fabrication additive permettent en partie
de résoudre ce probleme. En effet, les matériaux lattices sont aujourd’hui usinables, mais de
nombreuses recherches sont menées pour améliorer le procédé de fabrication et le modéliser,
notamment d’un point de vue thermique afin de caractériser les contraintes résiduelles et les
éventuels défauts de la structure. Néanmoins, la fabrication additive a en un sens ravivé 'intérét
général pour la méthode d’optimisation par homogénéisation.

Deuxiemement, la question de la déshomogénéisation des structures optimisées restait jusqu’alors
sans réponse. Une structure optimisée par la méthode par homogénéisation est elle-méme ho-
mogénéisée : ce n’est pas une véritable forme comme dans les méthodes SIMP et de lignes de
niveau. Ainsi, il est nécessaire de construire une véritable structure & partir de la structure
optimisée homogénéisée. Le processus de déshomogénéisation remplace I’étape traditionnelle
de pénalisation. Lorsque l'orientation du matériau lattice est constante, cela n’est pas tres
compliqué. On choisit la période du matériau, et dans chaque cellule on utilise les parametres
moyennés pour dessiner la microstructure. En revanche, lorsque l'orientation du matériau est
a son tour optimisée, elle doit étre prise en compte lors du processus de déshomogénéisation.
De plus, la connectivité de la structure doit étre assurée. Pantz et Trabelsi [Pantz 2008] ont
proposé d’introduire un difféomorphisme : une grille réguliere de matériau lattice est déformée
par ce difféomorphisme pour l'orienter localement, voir la Figure 4.
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Figure 4: Une grille réguliére (a) est associée & un champ de direction (b), donnant I'orientation
locale de chaque cellule : ce qui conduit & une grille déformée (c)

Structure du manuscrit

Ce manuscrit présente deux parties. Dans la premiére, on introduit I’optimisation de formes
(Chapitre 1), et la théorie de ’homogénéisation (Chapitre 2).

Dans la seconde partie, on présente les contributions de la these. On se focalise sur le
domaine mécanique de 1’élasticité linéaire.

Au Chapitre 3, nous présentons la méthode d’optimisation de formes basée sur la théorie
de '’homogénéisation, pour des matériaux lattices isotropes, en 2D et en 3D, paramétrés par
leur densité. Premierement, nous introduisons les microstructures isotropes en 2D et en 3D,
voir la Figure 5(a) et nous calculons leurs propriétés mécaniques effectives. Deuxiémement,
nous présentons l'algorithme d’optimisation, basé sur une méthode de descente de gradient.
Nous étudions la minimisation de plusieus fonctions objectif : la compliance en simple et en
multi chargement, voir la Figure 5(b), ou la norme L? du tenseur des contraintes par exemple.
Troisiemement, nous présentons une méthode de déshomogénéisation des structures optimisées
homogénéisées, qui assure la connectivité et la continuité des formes finales, voir la Figure
5(c). Nous soulignons que nous avons vérifié que les structures optimisées étaient usinables par
fabrication additive, voir la Figure 6. Notre méthode de déshomogénéisation fournit en effet
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des fichiers géométriques compatibles avec les drivers des machines de fabrication additive.

(a) Microstructure périodique isotrope, paramétrée par sa
densité

PALS

(b) Densité optimale d’un pont pour un (c) Structure déshomogénéisée
probléme de minimisation de la compliance en
multi-chargements

Figure 5: Résultats (bas) d’optimisation topologique de structures 2D fabriquées a partir d’un
matériau lattice isotrope (haut)

Au Chapitre 4, nous présentons une méthode d’optimisation de formes basée sur la théorie
de 'homogénéisation pour optimiser des structures 2D faites en un matériau lattice orthotrope,
modulé localement (pour un exemple de microstructure orthotrope, voir la Figure 3). La
méthode présentée est mise au point pour les problemes de minimisation de la compliance
en monochargement. La différence majeure avec le chapitre précédent vient du fait qu’ici, on
tient compte de l'orientation des cellules. En effet, quelque soit leur orientation, les matériaux
isotropes conservent le méme comportement mécanique. Leur orientation peut donc étre choisie
constante dans le domaine sans aucun impact sur I’optimisation, et ce qui simplifie grandement
I’étape de déshomogénéisation. D’un autre coté, les matériaux orthotropes sont plus optimaux
que les isotropes dans le probléme considéré, ce qui justifie leur utilisation. Grace aux formules
de Pedersen [Pedersen 1989], on sait que lorientation optimale d’un matériau orthotrope est
donnée par les directions principales du tenseur des contraintes. Ainsi, a chaque itération de
I’algorithme d’optimisation, le processus de minimisation par rapport a 'orientation est une
méthode de minimisation globale. L’orientation optimale de la microstructure orthotrope et
sa densité optimale sont représentées sur les Figures 7(a) et 7(b), dans le cas d’une poutre
console (la structure est encastrée a gauche et on applique un chargement vertical au centre
du c6té droit). Afin de prendre en compte l'orientation optimale des cellules lors du proces-
sus de déshomogénéisation, nous introduisons une transformation conforme. Pour cela, il est
nécessaire de régulariser 'orientation, afin de satisfaire une contrainte de conformité. Une
structure déshomogénéisée dans le cas de la poutre console est visible a la Figure 7(c).

Ce travail a été publié [Allaire 2018]. Dans une section supplémentaire, nous montrons que
cette méthode peut étre efficacement étendue aux problemes de minimisation des contraintes.

Le Chapitre 5 est dédié au processus de déshomogénéisation dans le cas général en 2D, c’est-
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(b)

Figure 6: Structures imprimées (b) et faites en un matériau lattice isotrope modulé (a)
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Figure 7: Résultats de I'optimisation toplogique de structures 2D, fabriquées a partir d’un
matériau lattice orthotrope, cas de la poutre console

a-dire lorsque le domaine de travail est perforé et lorsque le champ d’orientation présente des sin-
gularités, voir la Figure 8. Nous présentons également une méthode alternative de régularisation
de lorientation des cellules, basée sur les énergies de Ginzburg-Landau et de Modica-Mortola,
afin d’améliorer les structures déshomogénéisées lorsque l'orientation optimale présente des sin-
gularités.

Le Chapitre 6 résulte d’une collaboration avec Jonas Martinez (INRIA Nancy). Nous avons
optimisé des structures faites en un matériau stochastique, en utilisant 'approche par ho-
mogénéisation, voir la Figure 9(c). Ces matériaux, développés par Jonas Martinez et basés
sur des cellules de Voronoi, peuvent étre soit isotropes, soit orthotropes, voir les Figures 9(a)
et 9(b). Ce travail a été soumis pour publication.

Au Chapitre 7, nous proposons une extension a la 3D du Chapitre 4 : une méthode
d’optimisation de formes pour des structures composées de matériau lattice orthotrope et
modulé (pour un exemple de microstructure 3D orthotrope, voir la Figure 10(a)). Toutefois, la
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(a) Champ de vecteurs (b) Projection  d'une  grille
d’orientation  présentant deux réguliere
singularités (points noirs)

Figure 8: Projection (droite) d’une grille réguliere selon un champ de vecteurs d’orientation
présentant des singularités (gauche)
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(a) Microstructure (b) Microstructure (c) Structure déshomogénéisée dans le cas
stochastique isotrope stochastique orthotrope d’un pont

Figure 9: Optimisation topologique de structures composées d’'un matériau lattice stochastique

modélisation de 'orientation des cellules périodiques en 3D est beaucoup plus compliquée qu’en
2D. L’approche proposée repose sur I'introduction d’une matrice de rotation. Une méthode de
régularisation de l'orientation 3D est également présentée, elle est basée sur la régularisation de
la matrice de rotation. Contrairement au cas 2D, les transformations conformes en 3D sont tres
restreintes. Ainsi, nous proposons une adaptation de la méthode de déshomogénéisation, pour
laquelle aucune condition de conformité n’est requise. Une structure déshomogénéisée du design
optimal dans le cas d’une poutre console est représentée sur la Figure 10(b) : l'orientation des
cellules est respectée et la structure finale est lisse et connectée.

Pour conclure, une des limitations de ’approche par homogénéisation est ’absence d’une
frontiere extérieure bien définie pour la structure homogénéisée. Ainsi, aucune contrainte
géométrique ne peut étre prise en compte, et des chargements de type force suiveuse sont
également a proscrire. Au Chapitre 8, nous proposons de remédier a cela en couplant la méthode
par homogénéisation avec la méthode des lignes de niveau. La méthode a été validée pour une
contrainte de peau sur la structure finale, voir la Figure 11. Grace a la méthode par lignes
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(a) Microstructure 3D orthotrope et (b) Structure déshomogénéisée
périodique et sa paramétrisation

Figure 10: Projection (droite) de la structure optimisée (gauche) d’une poutre console en 3D,
pour le probleme de minimisation de la compliance

de niveau, la frontiere extérieure de la structure est clairement identifiée. Nous pouvons ainsi
forcer la densité du matériau lattice a valoir un sur une couche extérieure : on dira que la
structure finale présente une peau. La méthode a également été testée avec succes dans le cas
d’un chargement par force suiveuse, ici une pression hydraulique.

(a) Densité optimale (b) Structure déshomogénéisée

Figure 11: Résultats de I'optimisation topologique d’une poutre console, avec une contrainte de
peau, par couplage des méthodes d’optimisation par lignes de niveau et par homogénéisation
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Introduction

The art of structure is where to put holes, wrote the architect and researcher Robert Le Ricolais.
This could be a one-sentence summary of the context and the motivations of this thesis. It raises
few questions. What does the art of structure consists here in 7 Why do we talk about holes,
while the goal is to design structures. At first sight it seems contradictory. And consequently,
what is the interest of the holes in a structure 7 To conclude, how can we in fact decide where
to put holes or not ?

Figure 12: Automorphic Compression Member, Robert Le Ricolais, 1962 (©Centre Pompidou)

What we mean by art of structure in this thesis, is the optimal design of structures, known
also as shape and topology optimization. Let us give here an example. In the industry, when
a mechanical structure is designed, it has to satisfy specifications in order to fulfil its physical
purpose and to not fail during its use. However, those specifications can be satisfied by several
different structures. Some will be lighter than the others, or more easy to produce. Hence,
we have some freedom to design the final structure and we can choose among the admissible
shapes, the better one according to a supplementary criteria. This criteria is chosen depending
on the context of the problem. A very common one is the volume of the shape. Indeed by
reducing it, raw materials can be saved, and the shapes would be consequently cheaper. In
aerospace industry, the final weight of the structures is a crucial question, with economic but
also ecological impacts. The lighter the aircraft, the lower the fuel consumption.

Shape and topology optimization is a large and well studied domain of applied mathematics.
Several methods have been developed in order to optimize structures. The two most well known
are the SIMP (Solid Isotropic Material with Penalization) method [Bendsoe 2003] and the level-
set method [Osher 2006]. The approach of the SIMP method consists in optimizing the local
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density of a fictitious material, then penalizing it in order to yield a black and white structure.
Holes appear in the final structure where the density is equal to zero. In the level-set method,
the optimization process runs directly on the boundaries of the structure, and so on its holes.
Hence in those two distinct methods, the design of the holes is a key point. They are called
topology optimization method. Indeed, in 2D, the topology is linked to the number of the holes
in the considered shape. In 3D, this is quite more complex. The topology also depends on
the nature of the holes: it could be cavities or loops (like a torus). This answers to our second
question (why speaking about holes) but not on the third: what interest do we have to perforate
structures in order to optimize them ?

Figure 13: Porous structure of a bone: frontal longitudinal midsection of upper femur, from
[Gray 1918]

One answer could be found in observing nature, where porous material and structures are
common. We focus on a particular example: the bones. The bones of all vertebrates are porous.
They feature an external solid and full layer (the cortical bone) and are filled with a porous
matrix (the trabecular bone), see Figure 13. Some birds bones are even mostly empty, with
only internal trusses to reinforce the whole structure. Their design gives to bones strength
and solidity, but also lightness. Hence, holes do not mean necessarily fragility, but quite the
contrary in several cases: a clever balance between strength and lightness. Numerous human
constructions take advantage of this observation, from the Roman Colosseum and its arcades
to the Eiffel tower. Less raw material is required, but the solidity and the longevity are not
compromised, as attested by the two thousands years old Colosseum. In fact, porous material
are mathematically shown to be optimal for numerous applications of shape optimization. In
the following, we will focus on a particular class of porous materials: the lattice materials.
In the literature, lattice material designates sometimes periodic microstructures featuring only
bars. But here, we keep a larger definition : a periodic mix of void and material, without any
restriction on the periodic pattern.

The last question remains: how to design holes in the structure. As seen above, several
optimization methods exist to optimize the topology, and consequently the holes in a structure.
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The SIMP method and the level-set method are based on finite elements and so require to
mesh the working domain (the domain where the structure is designed). If we want to consider
lattice material, and so microscopic holes in the structures, the mesh should be fine enough
to capture their shapes. Such approaches are prohibitive to compute numerically in practice.
A solution is given by the homogenization method [Murat 1985]. It consists in averaging the
physical behaviour of the lattice material at a mesoscopic scale. By this mean, we define a new
equivalent full media, that has a similar behaviour as the lattice material. We call it the effective
material. This effective material being homogeneous, it does not exhibit small scale structures.
Then a relatively coarse mesh can be used to run the numerical optimization algorithm.

The geometry of the chosen lattice is characterized by some parameters and its orientation.
For example, we can consider the periodic 2D square cells perforated by a central rectangular
hole, parametrized by its length and height, see Figure 14. The effective behaviour of the lattice
material depends on those parameters. By optimizing their distribution in the working domain,
we modulate locally the lattice material. This approach was first numerically implemented and
popularized by Bendsoe and Kikuchi [Bendsge 1988] in the 80’s. But two limitations put it
aside progressively in favour of the SIMP method.

!

Figure 14: Example of parametrized periodic lattice material: a periodic square cell is perforated
by a rectangular holes, whose length and height parametrize the geometry of the microstructure

First, lattice structures are not manufacturable using the traditional fabrication processes,
like foundry, because of their microscopic structure and their complex topology. Thanks to
the recent advances in additive manufacturing processes, this problem is partly solved. Lattice
structures are indeed now manufacturable. But numerous investigations are currently led in
order to improve the process and to modelize it, notably from a thermic point of view in order
to characterize the residual stresses or the eventual defects in the structure. Nevertheless, this
led to a resurrection of the homogenization method.

The second limitation is related to the deshomogenization of the optimized structure. The
homogenization method yields an optimized but also homogenized structure: this is not a gen-
uine shape, like in the SIMP method or in the level-set method, straightly manufacturable.
Hence we have to construct from the effective design a genuine shape. This deshomogenization
process replace the traditional penalization step. When the orientation of the lattice cells is
uniform, this is not a big challenge. The periodic size of the deshomogenized cells is chosen,
then on each cell we use the average parameters to design the local microstructure. Still the
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connectivity between adjacent cells has to be carefully ensured. But when the orientation cells
is also optimized, this orientation has to be taken into account during the deshomogenization
process. Pantz and Trabelsi [Pantz 2008] proposed to introduce a diffeomorphism: a regular
grid of lattice material is distorted with this diffeomorphism in order to locally orientate the
cells, see Figure 15.

—_—
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(a) Regular grid (b

(c) Distorted grid

Figure 15: A regular grid (a) is associated to a direction field (b), giving the local orientation
of each cell: it yields a distorted grid (c)
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Contents of the thesis

This thesis is composed of two parts. The first provides an introduction to shape optimiza-
tion (Chapter 1), and to homogenization method (Chapter 2).

The second part is dedicated to the contributions of this thesis. We focus on the mechanical
domain of linear elasticity.

In Chapter 3, we present a shape optimization method based on homogenization method
to optimize structures made of modulated isotropic lattice material in 2D and in 3D. First we
introduce isotropic microstructures in 2D an in 3D parametrized by their density, see Figure
16(a) and we compute their effective mechanical properties. Second, we present the optimization
algorithm based on a gradient descent method. The minimization of several objective functions
is investigated: the compliance in single-load and multiple-loads test cases, see Figure 16(b) or
the L2-norm of the stress tensor for example. Third, we present a method to deshomogenize
the optimized homogenized structures, ensuring the connectivity and the smoothness of the
final shapes, see Figure 16(c). We emphasize that optimized structures have been proved to
be manufacturable by additive manufacturing process, see Figure 17, our deshomogenization
method yielding the generation of geometric files compatible with additive machines drivers.

(a) An isotropic periodic microstructure, parametrized by
its density

aVa

(b) Optimized density of a bridge for multiple- (c) Deshomogenized structure
loads compliance minimization problem

Figure 16: Results (bottom) of topology optimization of 2D structures built with isotropic
lattice materials (top)

In Chapter 4, we present a shape optimization method based on homogenization method to
optimize structures made of modulated orthotropic lattice material in 2D, see Figure 14 for an
example of orthotropic microstructure. The method is developed for compliance minimization
problems in single-load test cases. The main difference with the previous chapter consists
in adding the orientation of the cells to our method. Indeed, isotropic lattice materials do not
require to be oriented, what greatly simplifies the deshomogenization step. But anisotropic, and
in particular here orthotropic, microstructures are more optimal, what explains our interest into
them. Thanks to Pedersen formulas [Pedersen 1989], the optimal orientation of an orthotropic
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(b)

Figure 17: Printed structures (b) made of modulated isotropic lattice material (a)

material is known to be given by the local principal directions of the stress. Hence at each
iteration of the optimization algorithm, the minimization process according to the orientation
is a global minimization method. The optimal orientation of an orthotropic microstructure
and its optimized density are displayed in Figures 18(a) and 18(b) for a cantilever case (the
structure is clamped on the left side and a vertical load is applied on the middle of the right
side). To take into account the optimal orientation of the cells during the deshomogenization
step, a conformal transformation is introduced. It requires beforehand a regularization of the
orientation in order to satisfy a conformality constraint. A deshomogenized structure for the
cantilever case is displayed on Figure 18(c). This work has been published in [Allaire 2018].
In a supplementary section, this method is shown to be efficient also for stress minimization
problems.
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(a) Optimized density (b) Optimized orientation of the (c) Deshomogenized structure
cells

Figure 18: Result of topology optimization of 2D structures built with orthotropic lattice ma-
terials for the cantilever case

Chapter 5 is dedicated to the deshomogenization step in the general case in 2D, namely when
the working domain is perforated and when the optimized orientation features singularities, see
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Figure 19. We present a regularization method based on Ginzburg-Landau and Modica-Mortola
energies for the orientation of the cells in order to improve the deshomogenized structures.

(a) Orientation vector field featur- (b) Projection of a regular square
ing two singularities (black points) grid

Figure 19: Projection (right) of a regular square grid according to an orientation field featuring
singularities (left)

Chapter 6 is the fruit of a collaboration with Jonas Martinez (INRIA Nancy). We perform
shape optimization of structures made of stochastic materials, using the homogenization ap-
proach, see Figure 20(c). These materials, developed by Jonas Martinez and based on Voronoi
cells are either isotropic or orthotropic, see Figures 20(a) and 20(b). This work has been sub-
mitted for publication.
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(a) Isotropic stochastic (b) Orthotropic stochastic (c) Deshomogenized structure of the opti-
microstructure microstructure mized design of a bridge for a compliance
minimization problem

Figure 20: Topological optimization of structures made of stochastic lattice material

In Chapter 7, we propose an extension to 3D case of Chapter 4: a shape optimization
method for structures made of modulated orthotropic lattice material is presented, see Figure
21(a) for an orthotropic microstructure. Nevertheless, modeling the orientation of periodic cells
in 3D is more complex than in 2D. The approach proposed here relies on the introduction of a
rotation matrix. A regularization method of the orientation in 3D is also developed, based on
the regularization of the rotation matrix. Contrary to 2D cases, conformal mappings in 3D are
very restrictive. Hence we propose an adapted deshomogenization process: a diffeomorphism is
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still introduced, but which is no longer necessarily conformal. A deshomogenized structure of
an optimized design for a cantilever case is displayed on Figure 21(b): orientation of the cells
is respected and the final genuine shape is smooth.
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(a) 3D orthotropic periodic microstructure (b) Deshomogenized structure of the opti-
and its parametrization mized design of a cantilever for a compli-

ance minimization problem

Figure 21: Projection (right) of a optimized design of a 3D cantilever for a compliance mini-
mization problem (left)

Finally, a limitation of the approach by homogenization is the absence of a well-defined ex-
ternal border for the optimized homogenized structure. Thus, neither geometric constraint nor
design-dependent loads can easily be taken into account. In Chapter 8, we propose a solution,
by coupling the homogenization method and the level-set method. The method is tested for a
coating constraint, see Figure 22. Thanks to the level-set method the external border of the
structure is clearly identified. Hence it enables to force the density on an external layer of given
width to be equal to one: the final shape is said to be coated. The method is also successfully
tested for a design-dependent load, namely a uniform hydraulic pressure load.

(a) Optimized density (b) Deshomogenized structure

Figure 22: Results of topology optimization of a cantilever under a coating constraint by cou-
pling homogenization and level-set methods
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1.1 Shape optimization problem

1.1.1 Introduction

Three ingredients have to be given in order to define a shape optimization problem:
1. the physical behaviour of the shape to optimize, here we focus on the case of linear elasticity.

2. the set U,q of admissible shapes, which includes the constraints due to the mechanical
behaviour of the structure and the ones due to chosen description of the shape, other may
be taken into account, like volume constraint for example.

3. the objective, also known as the cost function, often denoted J in the following. It is usually
a physical characteristic, like the compliance of the structure, or a geometrical characteristic,
like the volume of the structure.

The general optimization problem reads as:

in J(u(2)),
qoin J(u($))
where ) denotes the structure and will depend of the chosen description of the structures,
and u(€2) is a physical value, solution of the equation modeling the physical behaviour of the
structure.
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1.1.2 Three categories of problem
The shape optimization problem can be classified in three main categories:

e parametric shape optimization: the admissible structures are parametrized with few param-
eters, like the width of a bar or the radius of a circular hole. The subset of admissible
structures U,d is necessarily small, but the optimization process may be reasonably easy
to compute and implement numerically. This process may be used for industrial purposes,
when the main shape of the structure is already fixed, like the shape optimization of an
airplane [El Majd 2008, Joshi 2009].

e geometric shape optimization: the admissible structures are described by their borders,
which can move, but without changing the topology of the shape. Hence, for example, all the
admissible structures have the same number of holes. This approach may be similar to the
parametric one when the borders are described by spline functions or Nurbs [Schramm 1993],
[Wall 2008]

e topology optimization: the admissible structures are not parametrized and their topology is
not fixed. This approach is the more general in the sense where the set of admissible shapes
is the largest. In the following, we will focus on this kind of shape optimization.

1.1.3 Existence of optimal shapes

This counter example is taken from [Allaire 2007]. The problems consists in optimizing the
distribution of two isotropic phases in the domain D = (0,1)2. Their respective elasticity
coefficients are denoted o and 3, with 0 < a < 5.

Let x be the characteristic function of the subset of D fulfilled with the phase 3. The global
elasticity coefficient of the membrane is given by:

ay =xBf+(1—-x)a.
A unit horizontal load is applied on the domain: on the left and on the right boundary, in
the outward normal direction, see Figure 1.1(a). This boundary is denoted I'y.
The displacement u, of the membrane is the unique solution in H'(D)/R of:
—div(ayVuy) =0 in D
ayVu, -n =1 on I'y (1.1)
ayViu, -n =0 on 0D\ I'y

The objective function is the compliance of the structure:

J(x) = /FN Uyds .

We take into account a volume constraint on the phase 3, and no other geometric constraint
on the final structure. The set of admissible shapes is given by:

1
Uy — {X € LD, {0: 1)) | ‘D|/Dx(x)dx _ 9} ,
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(a) Boundary conditions (b) Admissible distribution of (¢) Improvement of the shape (b),
phases a and S8 using thinner layers of material

Figure 1.1: Counter example of existence: load case of a membrane (left), admissible shapes
(center and right)

where 0 € [0;1] is the fixed proportion of phase £3.
The minimization problem reads as:

inf J(x) .
X € Uad
u,y solution of (1.1)

In the absence of the volume constraint, the stiffer membrane is clearly the one filled ex-
clusively with the stronger material 5. Hence the problem consists in finding the best way to
distribute the weaker material in D.

We explain here the mechanical principal on which the proof relies, we refer to [Allaire 2007]
for the complete proof. Since the forces are horizontal, the principal directions of the stress will
tend to be horizontal too. In order to not perturbate this stress field, the weaker material should
be distributed along thin horizontal inclusions. In fact, making these inclusions thinner and
thinner, we can always improve a given admissible shape, see Figures 1.1(b) and 1.1(c). Such a
sequence of shapes will not converge to a classical shape. The minimum of the cost function is
reached by a mix of phases @ and 3 in respective proportions (1 —6) and 6, namely a composite
material.

1.1.4 Obtaining existence

Given the previous counter example, the existence of an optimal shape can be obtained using
two strategies.

The first approach consists in reducing the set of admissible shapes to forbid sequences
which converge to composite material. For example, we can add a perimeter constraint, see
[Ambrosio 1993, Henrot 2006], or a topological constraint to limit the number of holes in the
shapes, see [Chambolle 2003] or [Sverak 1993], or even regularity constraints on the admissible
shapes, see [Henrot 2006].

The second approach is quite the contrary: it consists in relaxing the problem, by enlarg-
ing the subset of admissible shapes to homogenized ones, meaning shapes made of composite
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material. The characteristic function y € L*(D,{0;1} is then replaced by a density function
0 € L*(D,[0;1]). Moreover, the microstructure of the shape, originally parametrized by x
is no longer given by the density function #. Hence the physical behaviour of the composite
materials has to be specified, using homogenized elasticity tensors. This is the object of the
homogenization method, presented in detail in Chapter 2.

In this thesis, we use the second approach: we optimize structures made of composite
materials.

1.2 Classical shape optimization methods

We present here the most well-known shape optimization methods. The two first, namely the
level-set method and the SIMP method, are used to optimize macroscopic shapes: no composite
material is allowed. Hence the only way to use these approaches to design shape featuring a
microstructure consists in explicitly describing the microscopic details, which is numerically
prohibitive.

The third and the fourth presented methods, namely the homogenization method and the
multi-scale approach, are based on a homogenized description of the microstructures, and are
consequently the appropriate strategies to optimize structures made of composite material. In
the homogenization method, only a family of composite materials is admissible. The opti-
mized structures feature the chosen kind of periodic cells, locally modulated. In the multi-scale
approach, there is no constraint on the microstructure: this one is also optimized.

1.2.1 Level-set method

The level-set method was introduced by Osher and Sethian [Osher 1988], see also textbooks
[Osher 2006] and [Sethian 1999]. It is used in a wide range of domains, from image analysis to
front propagation. Since the first papers [Sethian 2000, Osher 2001, Allaire 2002b, Wang 2003],
it became a very common approach in shape optimization. Its main advantage relies on the
fact that the optimized structures are black and white structures. No penalization is required,
contrary to other methods, like the SIMP method, presented in the next section.

The structures are described through a level-set function ¢, defined on the working domain
D. The border of the shape is given by the zeros of this function, its interior by the negative
values of 9, and its exterior by the positive ones, see Figure 1.2. The optimization is done
with a gradient-based algorithm. The partial derivative of the cost function with respect to the
shape gives the descent direction, in the form of a velocity field. The shape is then updated by
advection of the initial shape with the computed velocity field.

We do not give details here about this method. We refer to [Henrot 2006], [Allaire 2007]
for theoretical results about the differentiation of criteria with respect to a shape. The numer-
ical implementation of this method is described in [Allaire 2002b] or in [Allaire 2006] for the
particular finite elements software Freefem-++-.

One of the limitation of this method relies on the fact that changes of topology may be
difficult to achieve. Thanks to the notion of topological derivative (see [Céa 2000, Amstutz 2006,
Novotny 2012, Sokolowski 2001]), the sensitivity of the objective function to the creation of small
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WY>0 D

Figure 1.2: Description of a shape with a level-set function

holes is quantified. Coupled with the level-set method, holes can be wisely created during the
optimization process, meaning that changes in the topology are reachable.

Thanks to the level-set method, an initial shape can be hugely improved in terms of the
objective function. Nevertheless, only a local minimum can be reached. Indeed, as seen previ-
ously, the existence of a global minimum is not ensured without strong geometric constraints on
the admissible structures (for example a minimum perimeter of the shape or a maximal number
of holes). Otherwise, in some cases, a sequence of structures featuring even more microscopic
holes and converging to no genuine shape, could possibly be constructed in order to improve
the cost function.

Numerically, this will not happen. Indeed, the domain is discretized using a mesh and the
level-set function is discretized by a finite element function. The size of the holes could not be
smaller than the size of the edges of the mesh: infinite number of microscopic holes can not be
computed. Hence, numerically, the optimized structure is only a local minimum.

1.2.2 SIMP method

The Solid Isotropic Material with Penalization (SIMP) method was first introduced by Bendsoe
in [Bendsge 1989], we refer to [Bendsoe 2003, Zhou 1991] for more details. This method can be
seen as a simplification of the homogenization method, which is briefly presented in the next
section, and into details in the Chapter 2. However, due to the great success of this method in
the shape optimization community, we present it separately.

We present here the SIMP method in the case of the linear elasticity, for a review of this
method, one can read [Rozvany 2009]. An isotropic material is characterized by its Hooke’s
law tensor A. We introduce a fictitious material made of void and the previous isotropic
material. This fictitious material is parametrized by its density #. No assumption is made
about the eventual microstructure of the material, which in fact may not correspond to any
mixture of void and of the phase A, see [Bendsge 1999] for an interpretation of the grey material
as a microstructured material. The elasticity Hooke’s law tensor for the fictitious material is
represented as a power law of the density: AP A, with p > 0. We emphasize that for density
equal to one, the fictitious material is the phase A. For a density equal to zero, the fictitious
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material corresponds to void. Hence, when the density takes only the two values one and zero
on the working domain, it describes a genuine shape. The interior of the shape is characterized
by 6 =1 and its exterior by 6 = 0.

The optimization process consists in optimizing the distribution of the density field # in the
working domain. This is an easy task of parametric optimization. The intermediate densities are
then penalized in order to yield a black and white solution, which describes a genuine shape. In
practice, the value of the exponent p is progressively increased during the optimization process
until it reaches p = 3. In the main cases, with this value the grey densities are autopenalized. It
may occur that some grey densities still persist. To solve this problem, filters on the density field
have been proposed [Bourdin 2001, Fuchs 2005, Sigmund 2007], but also alternative elasticity
law for the fictitious material [Bruns 2005]. To address the problems of checkerboard effect or
of mesh dependency, slight modifications of this method have been proposed [Sigmund 1998].

Like for the level-set method, numerically, the optimized structure is only a local minimum
for the objective function. Moreover the final optimized structure can not feature too thin
details, and even less a microstructure, due to discretization on a mesh. These both methods
yield optimized macroscopic structures, meaning that they feature only one scale of material.

Hence, those methods are not appropriate to optimize structures built with modulated
microstructure. This would imply to use a very thin mesh and would be too time-consuming.

1.2.3 Homogenization method

The mathematical framework of the homogenization method is given in Chapter 2. Here, we
only briefly present the principles of this method.

The homogenization method was one of the earliest method of topology optimization. It has
been introduced in the early eighties by mathematicians [Kohn 1986, Lurie 1982, Murat 1985]
(see the textbook [Allaire 2002a] for more references), and popularized by the seminal paper
[Bendsge 1988] which was the first one to numerically treat a realistic problem in the elasticity
setting (the previous numerical works were restricted to an anti-plane elasticity setting, namely
a scalar equation). Despite its great success, the homogenization method progressively faded
away because it was surpassed by a much simpler method and as efficient in most cases, the
so-called SIMP method, previously presented.

However, the appearance of mature additive manufacturing technologies which are able to
build finely graded microstructures (sometimes called lattice materials) may drastically change
the picture and we could well see a resurrection of the homogenization method for such appli-
cations. Indeed, homogenization is the right technique to deal with microstructured materials
where anisotropy plays a key role, a feature which is absent from SIMP. Homogenization theory
allows to replace the microscopic details of the structure (typically a complex networks of bars,
trusses and plates) by a simpler effective elasticity tensor describing the mesoscopic properties
of the structure. Therefore, the analysis of the structure is greatly accelerated since there is no
need to mesh or represent on a fixed mesh all the microscopic details of its shape.

There is however one final hurdle, once an optimal composite structure has been obtained.
Indeed the homogenized optimized structure is not a genuine shape, and so is not straightfor-
wardly manufacturable.

In this thesis, we propose a method, inspired by [Pantz 2008], to project the optimal mi-



1.2. Classical shape optimization methods 31

crostructure at a chosen finite length scale to get a global and detailed picture of the optimal
microstructure.

1.2.4 Multi-scale methods

The homogenization method relies on the optimization of the microstructure. Nevertheless,
the set of admissible microstructures is generally reduced to a family of parametrized mi-
crostructures: a square cell perforated by a square in [Bendsge 1988], a perforated hexagon
in [Zhang 2015], a square perforated by an ellipse in [Geihe 2013], or a truss [Daynes 2017] in
for example.

How to choose an appropriate family of composite material is not obvious. Hence, several
methods based on a multiscale optimization have been proposed to bypass this question. The
material distributions in microscale and macroscale are optimized simultaneously.

The microstructure is sometimes optimized but taken uniform in the working domain, see
[Xie 2012] or [Liu 2008]. But methods have also been developed in order to modulate locally
the microstructures, see [Kim 2000], [Rodrigues 2002], [Luo 2007] or [Yan 2014]. The major
part of those optimization algorithms use evolutionary methods ([Xie 2012], [Zuo 2013]...), or
gradient-based methods ([Rodrigues 2002]).
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2.1 H-convergence in linear elasticity

We present briefly the homogenization theory in the case of linear elasticity. For more details,
we refer to [Tartar 1978], Chapter 2 of [Kawohl 2007] and to the textbook [Allaire 2002a].

2.1.1 Strong and weak convergences

Let Q be an open set in RY. Let LP(Q2) be the Lebesgue space, meaning the space of all
measurable functions u in €, such that:

(/ |u(x)|pdx)% for 1 <p < 400
HUHLP(Q) = Q
supeq |u(z)|  for p=+o0

is finite. LP(Q) is a Banach space, where two types of convergence are defined, namely the
strong and the weak convergences, whose definitions are given below.

Definition 2.1.1. A sequence u. is said to converge strongly in LP(Q) to a limit u if:
lim fJue —ullzr(g) = 0.
The strong convergence is denoted by:

ue — u in LP(Q) strongly .
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Definition 2.1.2. For 1 < p < 400, the dual space of LP(Q) is LI(2), with % + % =1 A
sequence u, is said to converge weakly in LP(2) to a limit w if:

Vo e LUQ) lim [ u(z)p(x)dxr = / u(x)p(x)dx .

e—0 9] [¢)

The weak convergence is denoted by:
ue — u in LP(Q) weakly .

For p = +o0o0, despite L'(Q) is not the dual space of L>(Q), a sequence u. would be said to
weak * converge in L>°(Q) to a limit w if:

Vo € LY(Q)  lim [ u.(z)o(x)dr = / u(z)p(x)dx .

e—0 Q Q

We recall also the definition of the convergence in the sense of distributions for further
purposes.

1

Definition 2.1.3. A sequence u. € Lloc

u if:

(€) is said to converge in the sense of distributions to

Vo € D(Q) lim/(zqﬁ(x)us(x)dx:/ng(:n)u(x)dx,

e—0

where D is the set of smooth functions with compact support in 2.

2.1.2 H-convergence

The following theorems and results are given in the particular case of the linear elasticity. Ob-
viously, the homogenization theory is not restricted to this problem and is far more general. For
general and theoretical results, one could report to [Tartar 1985, Allaire 2002a]. For an historic
presentation of the homogenization theory, one could read the chapter 2 of [Kawohl 2007].

The behaviour of an elastic phase is modelized through a positive definite fourth order
tensor, namely its Hooke’s law A. Let M‘}V be the set of fourth order tensor acting on symmetric
matrices : A € M%.

We now introduce the sets M, g of admissible Hooke’s laws, because they are compact for
the topology of the H-convergence, see Theorem 2.1.1.

Definition 2.1.4. Let & > 0 and S > 0 be two positive constants. The set of admissible
Hooke’s law M, g is defined by:

My s ={A € MY such that V€ € My AL : € > al¢? and A1 € > B¢},

We recall that the definition of H-convergence which follows is given for the particular case
of linear elasticity.

Definition 2.1.5. A sequence of Hooke’s law A®(z) is said to converge in the sense of homog-
enization, or simply to H-converge, to an homogenized Hooke’s law A*(x) € L>(Q2, M, g) if
for any right hand side f € H~1(Q)", the sequence u. of solutions of:

—div(A*(2)e(us)(z)) = f(z) inQ (2.1)
Ue = 0 on 0f)
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satisfies
ue — u  weakly in H(Q)N
Afe(u.) — A*e(u) weakly in L2(Q; M%) 7

where u is the unique solution of the homogenized equation:

{ — div(A*(z)e(u)(x)) = f(z) nQ (2.3)

(2.2)

u=~0 on 602

The following theorem, due to Tartar and Murat is a fundamental one of the homogenization
theory, it is a compactness result: any bounded sequence of M, g admits a H-converging
subsequence:

Theorem 2.1.1. For any sequence A®(x) of Hooke’s laws in L>(Q, M, ), there exists a sub-
sequence, still denoted by A® and an homogenized Hooke’s law A*(x) € L*°(2, My g) such that
Af H-converges to A*.

A proof of this theorem is given in [Tartar 1978], an English translation is available in
[Murat 1997]. This general theorem does not give any formula for the H-limit. In fact, we have
explicit formula only for few particular cases, like periodic media.

2.1.3 Periodic homogenization

Let the periodic cell be the unit cube Y = (0,1)V.

Let the Lebesgue space L', (Y') be the set of Y-periodic functions in LfOC(RN ), the norm for
this space is the norm || f[|zr(v)-

Let the Sobolev space H}%(Y) be the set of Y-periodic functions of Hlloc(RN ), the norm for
this space is the norm || f|[ g1y

Let A € L*(Y,M,pg) be a Y-periodic admissible Hooke’s law. Let A® be the sequence of

admissible Hooke’s laws defined by:
x

A(2) = A(2). (2.4)

The theorem 2.1.1 ensures that the sequence A® has a H-converging subsequence. In fact,
according to the following theorem, the whole sequence H-converges, and there is an explicit
formula for its H-limit.

Theorem 2.1.2. The sequence A%, defined by (2.4), H-converges to a constant homogenized
fourth order tensor A* € M, g defined by its coefficients:

fa = /Y Ay)(ess + e(uwry)) < (ent + e(wrr))dy (2.5)

where e;; = %(ei ®ej + e; @ e;) is the canonical basis of the symmetric tensors of order 2, and
the functions w;; € Hﬁl(Y, RN (with 1 <i,7 < N) are the unique solutions, up to an additive
constant, of the cell problems:

{ div(A(es; + e(wi)) =0 inY

(2.6)
Y — Wi Y -periodic
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The particular interest of Theorem 2.1.2 relies on the fact that any H-limit can be reached
by a converging sequence of periodic Hooke’s laws:

Theorem 2.1.3. Let A® be a sequence of Hooke’s law in L>(Q2, M, 3), which H-converges
to a limit A*. Let A;E’h be the periodic homogenized matriz defined, for any x € Q and any
sufficiently small positive h > 0, by:

(A = [ A5G+ hg)(es + el ) s eu bl )iy,
where (wgs,h)1§i,j§]\[ is the family of solutions in H#(Y)/R of the cell problems:
{ div(A(eij + e(w_,) =0 inY

z,e,h
ij

x,e,h

Y —w Y -periodic

There exists a subsequence h going to zero such that, for almost every x € €):

lim lim A’ A*(x)

ho0e—0  TEh T

The theorem 2.1.3 is a density result, since any general H-limit can be approached by
periodic H-limits.

In particular, periodic homogenization is perfectly appropriate to study modulated cellular
structures. Indeed, let us consider a periodic cell whose design is parametrized by finite param-
eters p € R™. Thanks to the theroem 2.1.2, the homogenized Hooke’s law A*(p) of the cell can
be computed for any parameters p. Let be the domain 2 be tiled by periodic cells of size €. Let
p°(x) : Q@ — R™ be the function of parameters of the periodic cells: it is a piecewise constant
function. We assume that p® converges weakly to p*.

Let A%(z) € L>(2, M, g) be the Hooke’s law of this modulated cellular structure. Then the
theorem 2.1.3 ensures that the sequence A H-converges to the Hooke’s law A*(p*(x)), when
the size € of the periodic cells is going to zero.

We now have all the results in order to compute effective Hooke’s laws with homogenization
method for modulated cellular structures. However, there are few other questions to be answered
before using homogenization theory to any linear elastic problem. Indeed the definition 2.1.5 is
given for particular boundary conditions. We will see it can be extended to others. Moreover,
we give in the following more results in order to be able to compute some quantities, like energy
and eigenfrequencies.

2.1.4 Irrelevance of the boundary conditions

Proposition 2.1.4. Let A*(x) be a sequence of Hooke’s laws in L>°(Q2, M, g) that H -converges
to A*(x). Any sequence z. such that:

—div(A®e(z.)) = f- = f strongly in Hl_olc(Q)N

N o7l N
Ze = 2 weakly in Hloc(Q)
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satisfies:
Afe(ze) — A%e(z)  weakly in L%OC(Q,M‘?V)

Before exposing the proof of this proposition, we give the following fundamental result,
which is a generalization of the div-curl lemma, also called compensated compactness lemma
[Tartar 1979]. One can refer to Theorem 3.1 of [Francfort 1986] for more details.

We recall that, the product of two sequences which respectively converges weakly to v and
v does not converge weakly to the product wv. The div-curl lemma and its generalization, state
that if the derivatives verify some convergence, the product converge in the sense of distributions.

Lemma 2.1.5. Let u. and v. be two sequences in L*(Q2, M%) such that

Ue — U weakly in L?(Q, M%)
div(us) — div(u) strongly in H1(Q)
and
Ve — v weakly in L? (2, M)
O0ve ji Oveie  Oveji Ove,it
Vi, g, ki€ {1,.,N : S e b Bmdms
% ], R, { ’ }7 81;18;[1( 8],‘]813[ al‘zaxl 8$]8xk
81)]'[ v, avjk A

strongly in H=2(Q, M)
(2.8)

0x;0xrK + Oxj0x; B 0x,;0x; B Oxj0xy,

Then

Ue 1 Ve = u:v in the sense of distributions.

The term compensated comes from the fact that specific derivatives of each sequence converge
in order to compensate each other.

The second condition of (2.8) is automatically satisfied for sequences of symmetric matrices
ve which are strain tensor, meaning can be written v. = (Va. + Val)/2. Indeed this linear
combination of partial derivatives is equal to zero for such matrices.

Proof. We give here a proof of the proposition 2.1.4.
Let w be a compactly embedded subset of 2. Since z. converges weakly to w in Hlloc(Q)N ,

e(z:) converges weakly to e(z) in LfOC(Q)N. Moreover V A e(z:)(Q)Y) = 0=V Ae(z).

Since 2 is bounded in H'(w)", the product A%¢(z.) is bounded in L?(w)¥, and so converges
weakly to o € L?(w)”, up to a subsequence still denoted by €. The strong convergence of the
divergence of the product is an assumption of the proposition.

The goal is to prove o = A*e(z) in w.

Let ¢ € D(Q2) such that ¢ =1 on w. Let A € M3, be a symmetric matrix. Let the function
w(z) = ¢(z)\z, then we have e(w)(xz) = A in w.
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Let the test function w. be the solution in H(Q)V of:

—div(Afe(w;) = —div(A*e(w)) in Q
we =0 on 9f)
Thanks to the H-convergence of A®, we get:

we — w  weakly in Hi(Q)V,

and so
e(w:) — e(w) weakly in L?(Q)V.

Moreover, e(w.) satisfies the second condition of (2.8), since it is a strain tensor.

From the H-convergence of A%, we also get that Ae(w.) converges weakly to A*e(w) in
L*(Q)N. Moreover, we have div(A%e(w.)) = div(A*e(w)) and so the strong convergence in
H=1(Q).

Since A® € M, g, A is coercive, we then have:

A% (e(ze) — e(wy)) : (e(ze) — e(we)) > ale(z) — e(w:)[*> >0  almost everywhere in w.
By application of the div-curl lemma, we get:
(c—A"A):(e(z) =) >0 a. e inw.

Let xp € w be a point where the above inequality holds. By taking A = e(z)(z¢) + tu, with
t >0 and p € M% and dividing by ¢ and letting ¢ going to zero:

—(o (o) — Ae(2)(0)) : 2 0.
Since this inequality holds for any u € M3, necessarily:
o(x) = A%(2)(z) a.e. inw.

Hence all converging subsequences of A®(e(z.) converges to the same limit for any subset w C €2,

the entire sequence converges weakly to A*e(z)(z) in LfOC(Q, MY).

O]

2.1.5 Convergence of the energy

In shape optimization in linear elasticity, a classic objective consists in minimizing the compli-
ance of the final structure, meaning maximizing its rigidity. Taking a sequence of structures,
whose Hooke’s laws H converge to A*, the following proposition ensures that the energy, and
so the compliance, of the structures converges to the energy of the homogenized structure.

Proposition 2.1.6. Let A®(x) be a sequence of Hooke’s laws in L>°(Q, M, g) that H-converges
to A*(x). For any right hand side f € H=Y(Q)N, the sequence u. of solutions of:

—div(A®(z)e(u:)(x)) = f(z) inQ (2.9)
u. = 0 on 09
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satisfies:

Afe(ue) s e(us) = A%e(u) : e(u) in the sense of distributions

Lémd%yd%m%%AAw@

where u s the weak limit of ue in Hol (N and so the solution of the homogenized equation

(2.3).

Proof. We give here the proof of the proposition 2.1.6 to illustrate a simple application of the
div-curl lemma. Since A°(z) H-converges to A*(z), we get:

and

Ace(u.) — A*e(u) in L*(Q, M%)
Since
Ve e Q  div(A®(z)e(us)(z)) = f(z) = div(A™ (x)e(u)(x)) ,

we have:

div(A®e(ue) — div(A*e(u)) strongly.

Besides, from
u. —u in H(Q)V,

we get
e(us) — e(u) in LE(Q)V.

Moreover, e(w.) satisfies the second condition of (2.8), since it is a strain tensor.

By application of the generalized div-curl lemma 2.1.5, we get the convergence of A%e(u.) :
e(us) in the sense of distributions in Q to A*e(u) : e(u).

For the second result of the proposition, we recall that u. converges weakly to u in H&(Q)

/Qf~u5dx—>/gf~udx.

An integration by parts of the elasticity problems gives respectively:

/AE e(ue) = e(ue d:z:—/f udx
/me m_/fum ’
Q

which leads eventually to the desired result.

and consequently:

O]

Remark 1. The second result of the proposition 2.1.6 can be extended to other boundary con-
ditions only if they are fized, in order to proceed to the integration by parts of the elasticity
problems. This is the case for any elasticity problems studied in the present work.
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2.1.6 Corrector results

In linear elasticity, we made the assumption that the stress and the strain are always linked
together through the Hooke’s law, no matter their values. However in real elasticity, several phe-
nomena (plasticity or buckling for example) may occur when the stress exceeds some threshold.
So, in shape optimization, it would be relevant to estimate the limit, if it exists, of:

= xO’QZE .
@-AMMJd, (2.10)

where k is a non-negative function. It is a weighting factor, thanks which the evaluation of the
stress can be localized.

We recall that o. converges weakly to ¢ and that the product of two weakly converging
sequences does not generally converge weakly to the product of the weak limits. Hence to pass
to the limit in (2.10), strong convergence is required for the sequence o.

From a mechanical point of view, this means that in a composite, the microstructure induces
local stress. But the homogenized, meaning the average, stress does not report this local stress.
Amplification, or corrector, factors are required to estimate local stress from the average one.

Definition 2.1.6. Let (X%);<; j<n be the family functions of H'(Q)V defined by their coeffi-
cients:

X7 = 2;03, (2.11)
In particular, we have:
e(X") = ejj (2.12)

‘We now introduce the corrector tensors:

Definition 2.1.7. Let A® be a sequence of Hooke’s laws in L>°(2, M, g) that H-converges to
A*. Let (w#)1<i j<n be a family of functions in H'(2) such that:

w? — X% weakly in HY(Q)N

) y (2.13)
g¢ = div(A%e(w?)) — gij = div(A*e;;) strongly in H-1(Q)N

The fourth order tensor W¢ defined by its coefficients:
Wi = (e(w?))x
is called a corrector tensor.

The existence of the functions w? is at the heart of the proof of theorem 2.1.1 by Tartar
and Murat. They are called correctors or oscillating test functions. They are introduced in
the proof to define the homogenized tensor A*. It is so quite natural that they are involved
in the correction of A* in order to compute the strong limit of the stress, as we will see in the
following. We emphasize they are not uniquely defined, but only up to a strongly convergent
additive term, which leads to the following lemma:

Lemma 2.1.7. Let A® be a sequence of Hooke’s laws in L>(Q, M, g) that H-converges to A*.
If there exist two corrector tensor W& and W€, then their difference converges strongly to zero
in L%OC(Q,M%,).
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In the periodic case, the oscillating test functions can be given explicitly by the solutions
w;j of the cell problem (2.7):

wd () = XY+ ewyy(2), (2.14)
which leads to:
e(wd)(@) = i + ey (wig))(7).
Indeed, by rescaling the cell problem (2.7), we eventually get:
div(e(w?)) = 0 = div(A*e;;) in Q,

since A* is homogeneous in €2 in the periodic case, and the so-defined w? satisfies (2.13)
Hence, the corrector tensor is given by:

X
Wi = Ii4jkl + (ey(wij))kl(g) ,

where I* is the fourth order identity tensor, and ey is the operator e with respect to the periodic
variable y.

Lemma 2.1.8. Let A® be a sequence of Hooke’s laws in L>(Q, M, g) that H-converges to A*.
Then we have:
we  —  I* weakly in L*(Q, M%)
AWE  —  A* weakly in L*(Q, M%) (2.15)
(WaTAEWE  —~  A* in D'(Q, M%)

Theorem 2.1.9. Let A® be a sequence of Hooke’s laws in L*°(2, M g) that H-converges to
A*. Let ue be the solution of (2.1), which converges weakly (up to a subsequence still denoted
ue ) to u, the solution of the homogenized equation (2.3).

Then:

e(us) = W¢e(u) + re,

where r. converges strongly to zero in L%OC(Q,M‘}’V).

With the settings of theorem 2.1.9, we have:

o = A%e(us) = AW¢e(u) + A°r. = P°o + A®r,
where P¢ is the fourth order tensor defined by:
PE — AEWaA*—l )

The sequence P° converges weakly to I*, thanks to lemma 2.1.8.
The objective function (2.10) can then be rewritten:

J. = /k(x)]05]2dx
Q

— X _l g axr 2 xr 11 1 e . _l oaxr xr 11 1 e ax

We focus in the following in the case of periodic homogenization.
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Proposition 2.1.10. In periodic homogenization, assuming that the solution u of the elasticity
problem is WL (Q,RN), the objective function (2.10) converges, when € is going to zero, to:

J = / k(x)P*c : odx
Q

where o is the associated constraint tensor to the displacement u and

P = |}1,|/Y A(y)W (y) AT A(y) W (y)A* " dy .

Before to display the proof of this proposition, we recall the following lemma, see Lemma
1.3.19 in [Allaire 2002a]:

Lemma 2.1.11. Let f(y) € Li(Y) be a periodic function. The sequence f., defined by

1
converges weakly in L2 (RY) to the average: |Y|/ fly)dy.
Y
Proof. Proof of Proposition 2.1.10

Thanks to Meyers theorem (see Theorem 1.3.41 in [Allaire 2002a]), the displacement u.,
solution of (2.1), is known to belong to VVO1 P(Q), with p > 2 the Meyers exponent (p independent
of €). Hence, its symmetrized gradient e(u.) is LP-bounded.

Likewise, the solutions w;; of the cell problem (2.7) belong to WP(Y), and W, is LP-
bounded.

We recall that we assume here e(u) to be L>-bounded.

Hence, r. = W.e(u) —e(u.) is LP-bounded. Thanks to Lemma 1.2.5 in [Allaire 2002a], since
re converges strongly to zero in Llloc(Q’ M), it also converges strongly to zero in L?(2, M%,).

Recalling that A, is L*°-bounded, the third term of (2.16) converges to zero.

The second term of (2.16) converges also to zero, since o is assuming to be L*°-bounded.

We conclude using Lemma 2.1.11. O

The term amplification tensor stands for the fact that the L? norm of the homogenized
stress o is amplified by this tensor in order to reach the convergence.

In the particular case of laminated composite material, an explicit formula of the correctors
is due to Briane [Briane 1994] in conductivity. This result has been extended to linear elasticity
[Allaire 2004a] and implemented for shape optimization.

Remark 2. Other assumptions in Proposition 2.1.10 could be chosen, like reqularity on the so-
lutions w;; of the cell problem (2.7), leading to We to be L*>°-bounded. However, microstructures
featuring sharp corners are used in this thesis: such assumption can not be considered here.
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2.1.7 Eigenfrequencies

Homogenization theory stands also for dynamic problems and eigenvalue problems. Let €2 be
a bounded subset of RY. Let 4 € L>®(£2, M, g) be an admissible Hooke’s law. We recall that
the spectral problem in linear elasticity reads as:

— div(A*(z)e(u)(x)) = Ap(z)u(z) in Q (2.17)
w=0 on 90

where the unknown A > 0 is an eigenvalue, and u € HZ(Q)" is an associated nonzero
eigenvector. There is a countable infinite number of solutions A: the eigenvalues are a positive
unbounded sequence. They are labeled by increasing order.

Homogenization theory gives a convergence result for the eigenfrequencies A, as stated in
the following theorem:

Theorem 2.1.12. Let A® be a sequence of Hooke’s laws in L>°(2, Mg, g) that H-converges to
A*. Let p. be a sequence of positive functions, such that:

0 <p- < pe(x) < py <00,

which converges weakly * in L™ (2, My g) to a limit p(x).
Let (AI')m>1 be the eigenvalues, labeled by increasing order, and (ul')m>1 be associated
normalized eigenvectors (||ul|[2(qyv = 1) of the spectral problem:

~ div(A%(2)e(ul)(2)) = XPpo()um(z) in O -
ul* =0 on 090 .
Then for any fixed m > 1,
lim A" = A",
e—0

and, up to a subsequence, ul' converges weakly in H&(Q)N to u™, a normalized eigenvector
associated to A", which are solutions of the homogenized eigenvalue problem:

—div(A*(z)e(u™)(z)) = X" p(x)u™(z) in Q
. (2.19)
u™ =0 on 0$2
Moreover (A™);,>1 is the complete family of eigenvalues of (2.19), labeled in increasing order.

We emphasize that several eigenvectors may be associated to the same eigenvalue, and so
the convergence of the sequence u* can only be ensured up to a subsequence.
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2.2 Composite material

We focus here on composite materials, made of two isotropic phases A and B in M, g. Their
shear moduli and Lamé coefficients are respectively pa, up and Mg, Ap. We assume that:

O0<pp<pa, 0<Ap<Aa.

Let x. € L*>(9,{0,1}) be a family of scalar characteristic functions, which converges weakly
*to 6 € L>(Q,[0;1]). Let A® € L*°(Q2, M, g be a sequence of Hooke’s laws defined by:

AE@:) = Xa(x)A + (1 - X€($))B'

The sequence A%, up to a subsequence still denoted A¢, H-converges, thanks to Theorem 2.1.1.
The H-limit A* is the homogenized tensor of the composite material made of phase A in
proportions § and phase B in proportions (1 —6), with a microstructure defined by the sequence

(Xe)e>0-

Definition 2.2.1. Let 0 € L*>(£2,]0;1]) be density function. The set Gy is defined as the set of
all H-limits A* associated to the density 6.

Generally, there is no formula for the H-limit A* of A°. Hence, the set Gy can not be explicitly
characterized. This is a huge limitation to perform shape optimization with the whole set of
composite materials. A solution consists in reducing the set of admissible composites to families
of composites, for which the effective elastic properties can be computed. To start, we focus on a
particular class of composites : the sequential laminates. Then we recall the Hashin-Shtrikman
bounds on the elastic properties of isotropic composites from Gy, which will serve as reference.
To conclude we briefly present the design of microstructures, an important research field in
shape optimization.

Remark 3. The H-limit A* is not the Hooke’s law defined by: (6A + (1 — 0)B). Indeed, this
would imply that the local microstructure of the composite does not affect its homogenized elastic
behaviour. Only the proportions of each phase (6 for A and (1 — 60 for B) would control the
homogenized Hooke’s law. Moreover the homogenized Hooke’s law would be isotropic. All of
this is obviously false. To illustrate this, we can consider the composite made of equal layers of
phases A and B in the direction (0,1), see Figure 2.1. It would collapse for a vertical load but
stay very strong for a horizontal load: it is clearly not isotropic.

2.2.1 Sequential laminates
We focus here on a particular class of two-phase composites: the sequential laminates.

Single laminated composites. The definition of a single laminated composite relies on the
following result of H-convergence (see Lemma 1.4.10 in [Allaire 2002a]):

Lemma 2.2.1. Let x.(x1) € L®(R;{0,1}) be a sequence of scalar characteristic functions
that converges weakly * to a limit 6(x1) in L>=°(R;[0,1]). Let A® be a sequence of matrices in

L>(Q, M, p) defined as:

Af(z1) = Xe(21)A+ (1 = Xc(21)) B .
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Figure 2.1

The sequence A® H-converges to A*, which depends only on x1 and is defined by:
0(A" —B) ' =(A=B)"'+ (1 - 0)fp(er),

where fp(e1) is a positive nondefinite fourth order tensor defined, for any symmetric matriz &
by:

fB(€1)§ (€= (|f€1|2 — (&eq - 61)2) (fel . 61)61 Qeq. (2.20)

1
R + -
uB 2up + A
The composite A* is said to be a single lamination in the direction ey of the two phases A
and B in proportions 6 and (1 —6).

The single laminated composites define a whole family of composite materials, parametrized
by the proportion of lamination 6 and the direction of lamination.

Moreover, a single laminated composite can also be laminated, defining an enlarged family
of composite materials.

Sequential laminated composites.

Lemma 2.2.2. Let (e;)1<i<p be a set of unit vectors. Let 0 be a volumic fraction in [0;1]. For
any collection of non-negative real numbers (m;)i1<i<p satisfying:

P
Zmi: 1 and Vie{l,..,p}m; >0,
i=1

there exists a rank-p sequential laminate Ax,, with matrix A and core B, in proportions 6 and
(1 —0), respectively, with lamination directions (e;)1<i<p such that:

P
(1—=0)(4; —A) = (B=A)" +0Y mifaler),
i=1
where fa is given by (2.20). The numbers (m;)i<i<p are called the lamination parameters.

On Figure 2.2, we display the sequential construction of a sequence of composite materials
converging to a rank-2 laminate.
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(a) First lamination, in direction (b) Change of scale (c¢) Second lamination, in direc-
e1 tion eo

Figure 2.2: Process of to construct a sequential laminated composite

The first lamination between the two phases A and B is done in the direction ey, see Figure
2.2(a). This new material, namely a single laminated composite, is seen as an homogenized
material. This is a key point in the proof of the explicit formula of the elastic properties of
the sequential laminates. Hence, the characteristic size € of the single laminated composite
is drastically reduced, what we call a change of scale, see Figure 2.2(b). Finally, this new
effective material is laminated in direction e with the previous matrix A, see Figure 2.2(c). We
emphasize that without a change of scale between two laminations, the constructed composite
will not converge to a sequential laminates. The process for laminated composites of higher
ranks is exactly the same: the new material is seen as an effective material, thanks to a change
of scale, then laminated in the appropriate direction.

2.2.2 Hashin Shtrikman bounds

The following theorem is due to Hashin and Shtrikman [Hashin 1963], Francfort and Murat
proved that Hashin Shtrikman bounds are reached by sequential laminates [Francfort 1986].

Theorem 2.2.3. Let A* be an isotropic homogenized tensor in Gy:

*

21
A* == 2/,6*14 + (FL* - W)IQ ® 12 y

where K* s its bulk modulus and p* its shear modulus.
Then k* and p* satisfy:

0 1 1-6
< —+ ,
K*—KB ~ KA— KB 2UB-+AB

1-6 1 0

< —
KA—K* " Ka—K 2ua+Aa’

(2.21

~—

(2.22

~—

and
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6 _ 1 2(1 — 0)(N — 1)(rp + 2up) 0.23)
p*—pp ~ pa—ps (N 4+ N —=2)up(2up +Ap)’ '
1-6 1 20(N — 1 + 2
( )(ka+2p4) (2.24)

fra — p* = pa—pp  (N24+ N —2)pa(2pa +Aa)’

Furthermore, the lower bounds (2.21) and (2.23) and the upper bounds (2.22) and (2.24)

are respectively simultaneously attained by an isotropic rank-p sequential laminate with p <

(N +3)(N+2)(N +1)N/24. Optimality is achieved with p =3 when N =2 (in 2D), and with
p =6 when N =3 (in 3D).

In the following, the upper Hashin Shtrikman bounds will be our references for composite
material. The composite materials in the presented work are made of an isotropic phase and
void. Hence, we give the upper bounds kg and ppg in this particular case:

PR _HA(l_Q)(ZUA—F)\A)_H 2pA+ A4 — Ka (2.25)
S A A+ da — ka0 Y20+ Aa — kb ‘
and
b (N?+ N = 2)(2ua + Aa) = 2(N = 1)(ka + 2p4)
PHS = RAYONT TN 9) (20 + Ma) — 20(N — 1)(ka + 2004)
KA
0 hen N = 2 2.26
) (U= 0)(ka + 2pa) when (2.26)
QOMA—QHA)

naAbl when N =3

5(pa +3k4) —60(N — 1)(ka +2ua

The SIMP method. In the Solid Isotropic Material with Penalization (SIMP) method, the
Hooke’s law is represented as a power law of the density, the maximal exponent is 3. The bulk
and the shear moduli with respect to the density are respectively represented on Figures 2.3(a)
and 2.3(b), for three values of the exponent: 1 (linear law), 2 (quadratic law) and 3 (cubic law).
The upper Hashin Shtrikman for a composite of isotropic material and void is also displayed
on those figures, as references. The linear and quadratic materials are above the upper Hashin
Shtrikman bounds for any density: they are fictitious material in the sens where no composite
material reach those elastic properties for the same density. The cubic material satisfies the
Hashin Shtrikman bounds for density lower than 70%: up to this point, the cubic material
may match composite material. However, we do not have any information of which kind of mi-
crostructure it could be. Moreover, for greater densities, the cubic material turns also fictitious.
Hence the SIMP method is not appropriate for shape optimization with microstructures. The
penalization part is mandatory in order to reach real material (by opposition with fictitious
materials), namely void and full material.

2.2.3 Design of a periodic microstructure

As seen previously, the set Gy is very large and can not be explicitly characterized. There exists
an infinite choice of microstructures: to choose an adapted class of composites for a given min-
imization problem is not an easy task, see the textbook [Milton 2002] for more details about
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Figure 2.3: Hashin Shtrikman (H-S) upper bound of bulk (left) and shear (right) moduli in 2D,
with linear, quadratic and cubic laws

composite materials in numerous physical domains. Microstructures have been theoretically
elaborated in order to reach some specific properties, like the sequential laminates, the coated
confocal ellipsoid [Tartar 1985] or the Vigdergauz cells [Vigdergauz 1999]. Other microstruc-
tures have also been optimized using shape optimization methods: see [Sigmund 1994a] and
[Michailidis 2014], or [Hyun 2002] for isotropic microstructures, [Guest 2006] for optimized cells
for permeability to fluids, [Lin 2004] for optimization of biomaterials...

In this thesis, the chosen periodic microstructures should satisfy some criteria. First, it
should be manufacturable, using additive manufacturing process. This imply that the mi-
crostructure can feature only one scale of material: rank-2 or more laminated composite are then
excluded. For 3D microstructures, other constraints have to be taken into account, depending
on the process of fabrication. For example, for metal additive manufacturing, the microstruc-
ture has to be drilled from end to end, otherwise metallic powder could be trapped in the final
structure. Second, we consider only lattice material, meaning a mixing of an isotropic elastic
phase and void. Third, the geometry of the microstructure has to be easily parametrizable, to
perform the optimization process only over few parameters. To finish, the microstructure should
explore, within the realm of the possible, a large range of elastic properties. In particular, it
has to reach complete void and full material. This excludes for example a square perforated
with an ellipse.
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3.1 Introduction

We present a shape optimization method based on homogenization method to optimize struc-
tures made of modulated isotropic lattice material in 2D and in 3D. Two characteristics of the
isotropic microstructures make them of high interest for shape optimization. First, there is no
need to orientate them locally in the domain, what simplifies the optimization process but also
the deshomogenization one. Second their geometry is parametrized by only one parameter, their
density for example. Hence the distribution of only one parameter has to be optimized. One
could notice that the optimization process is then very close to the SIMP method. Neverthe-
less, we recall that no fictitious material is used here. The homogenized elasticity tensor of the
isotropic lattice material has to be computed, and taken into account during the optimization
process. It is not approximated by a power law of the density.
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In Section 1, we introduce isotropic microstructures in 2D an in 3D parametrized by their
density. We compute their homogenized elasticity tensor, and the corresponding stress amplifi-
cation tensor.

In Section 2, we present the optimization algorithm based on a gradient descent method. The
optimization of several objective functions is investigated: the minimization of the compliance in
single-load and multiple-loads test cases, the optimization of the displacement, the minimization
of the L?-norm of the stress tensor and the maximization of the first eigenfrequency. The
isotropy of the cells is not optimal in some minimization problems, for example the minimization
of the compliance for single-load case. Indeed the microstructure has to support constraints
in two orthogonal directions simultaneously, when itself has no privileged strength direction.
But isotropic microstructures appear to be highly adapted for other particular optimization
problems, for example the minimization of the compliance for multiple-loads case.

In Section 3, two methods to deshomogenize the optimized homogenized structures are
presented. The first one relies on a local approach: each cell of the deshomogenized structure is
separately computed according to the local average density. In the second method, a global one,
a level-set function, depending on the optimized density of the cells is introduced to describe the
final structure. This strategy ensures the connectivity and the smoothness of the final shapes.

3.2 Isotropic microstructures

3.2.1 Cell designs

We present in this section, three isotropic microstructures in 2D and one in 3D. Only one
parameter is retained here to modulate the cells : their density. Other equivalent parameters
could be chosen, as the width of the bars. More parameters could have been retained in order
to design a morphing between different types of isotropic cells.

classical honeycomb. The classical honeycomb is a regular hexagon perforated by a hexago-
nal hole, see Figure 3.1(a). This kind of cell is parametrized by its density, whose range is [0; 1]:
the cell varies from void to full material.

Let 6 be the density of the cell: § € [0;1]. Let m be the relative width of the bars, with

respect to the size of the cell: m € [0; g} Those two quantities are linked to each other:

m:*fu—m—e) (3.1)

Reinforced honeycomb. The reinforced honeycomb cell is a regular hexagon with its three
diagonals, see Figure 3.1(b). The periodic pattern can be seen as a truss of three groups of
parallel bars. All the bars have the same width. They are equally spaced and oriented : the
angle between two bars of different groups is equal to 5. As the classical honeycomb, this kind
of cell is parametrized by its density and varies from void to full material.

Let 0 be the density of the cell: 6 € [0;1]. Let m be the relative width of the bars, with

respect to size of the cell: m € [0; -1

2—\/5] Those two quantities are linked to each other:

1

— 27\/3(1 —V1-0) (3.2)

m
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Smooth honeycomb. The smooth honeycomb is similar to the classic one, except that the
interior corners are rounded, see Figure 3.1(c). Moreover, when the density increases to go
to 1, the central hole converges to a circle, whose diameter is going to 0. Contrary to the
previous kinds of cell and because of the smoothened corners, this kind of cell can not reach
formally complete void. This cell is not parametrized using its density for practical reason, but
by another parameter, h € [0;1]. Indeed, in order to design this kind of cell, a parametric curve
I'p, is introduced and represents the border of the hole. This curve depends on h. We introduce
some notations before giving its polar equation.
Let the vector v(t) = (cos(t),sin(t))T and let the vectors n;, with i € {0, 1,2} be respectively
the normal vectors of the three diagonals of the honeycomb :
> . (3.3)

.
() ()

1 3
r(t) = B2 (3" o(t) - ngl?) "7 with £ € [0; 27 (3.4)

e
o= W

Eventually, the polar equation of I'y, is:

where p is a positive coefficient which depends potentially of h. Here we took p = 4 4 20h2.

We emphasize the fact that h is homogeneous to a distance, like m in the previous designs
of hexagonal cells. The three kinds of honeycomb cells are hence parametrized quite the same
way.

The polar equation of I'y, relies on some following remarks and can easily be extended to
other polygons. A regular unit hexagon H is the set of points whose maximal distances from
the three diagonals is equal to @, see Figure 3.1(b). Let M (r,t) be a point, labeled with its
polar coordinates: M is a point of the regular unit hexagon if and only if:

M(r,t)eH < rmax|v(t)- n| = \25

M(X,t)

Mh

(a) classical honeycomb (b) Reinforced Honeycomb (c) Smooth Honeycomb

Figure 3.1: Periodic isotropic cells in 2D
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We then get the polar equation of H:

r(t) = 22 max o) - i)

)

Let us recall that:
2

_1
(S 1) mul?) 5 st maxfo(8) - ).
(2
i=0

The polar equation of I'j, comes from combining the polar equation of H and the above
limit. The scalar parameter h is added in order to adjust the diameter of the inner hole.

The interest of this design relies on its smooth rounded corners. Indeed, sharp corners
are known in mechanics to concentrate high stress. Smooth corners will generate lower local
concentration of stress, see [Neuber 1961], for the impact of smooth rounded corners on the
performances in fatigue, see also [Abad 2013].

Remark 4. Those cells are qualitatively similar to the celebrated Vigdergauz hexagonal cells
[Vigdergauz 1999], which are known to be extremal composites in the sense that they minimize
the energy. Howewver, for practical issues, we do mnot implement the Vigdergauz composites:
the hole boundary is described through a complex parametrization. Moreover, we do not claim
that our smooth honeycomb cells reach particular elastic properties. Our only goal consisted in
reducing the stress concentration, localized around the sharp corners of the classical honeycomb.

Tetrakaidecahedron. In 3D, isotropic cells are less easy to design. The most known one is the
regular tetrakaidecahedron, also called Kelvin foam, (in [Li 2006]n, it is numerically shown to
yield an isotropic homogenized Hooke’s law). Other isotropic cells, with particular properties,
have been designed, like sequential laminates in [Francfort 1986]. But for our purpose, an easily
parametrizable cell is required. That is why, we focus on the tetrakaidecahedron cell.

A unit tetrakaidecahedron features fourteen faces: six unit squares and eight regular unit
hexagons, see Figure 3.2. Several approaches are possible in order to design a parametrized
isotropic cell from this one, whose density range is [0;1]. A naive approach consists in adding
a central tetrakaidecahedron inclusion, whose characteristic size is going from 0 to 1. However,
we keep in mind that the final structure has to be manufacturable using additive manufacturing
processes, including metallic ones. No inclusion is permitted because metal powder would be
trapped inside during the process and could not be removed at the end. Then, the cell should
be drilled from end to end. Hence, through holes are drilled from each face to its opposite face,
see Figure 3.3. As previously, we introduce a single parameter m € [0; 1] to characterize the
cell: it is the ratio of the homothety between the hole in a face and the external border of this
face, the same for all faces. When m = 0, there is no hole and the cell is full. When m = 1, the
hole occupies all the faces and the cell is completely void.

3.2.2 Homogenized Hooke’s laws of the microstructures

Let Y be the periodic cell pattern: either the regular hexagon in 2D or the regular tetrakaidec-
ahedron in 3D, and not a square or a cube. The periodicity of the cells is defined by the same
displacement on two opposite and parallel faces. Hence, in 2D for hexagonal cells, there are
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Figure 3.2: Tetrakaidecahedron

Figure 3.3: Periodic isotropic cells in 3D
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classical honeycomb — Reinforced honeycomb — Smooth honeycomb — Kelvin foam

OK

a) 0 = 20% (b) 6 = 20% (c) 6 = 20% (d) 0 = 20%
(e) 6 = 50% ) 0 =50% ) 0 = 50% (h) 6 = 50%
(i) 0 = 80% (j) 6 = 80% (k) 0 = 80% (1) 0 = 80%

Figure 3.4: Periodic isotropic cells according to their density 6
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three directions of periodicity, and in 3D for the tetrakaidecahedron cell, there are seven direc-
tions of periodicity. Let Yy be the solid domain in Y, T'; )+ be the boundary of the holes, and n
its normal vector. Let |Y| be the volume of Y.

Let A be the constant elasticity tensor of the isotropic solid phase. Let p be its shear
modulus, & its bulk modulus and A = k — ZW“ its Lamé coefficient. Hence A is defined by:

AZQMIQN—F/\IN@IN.

Let a given macroscopic domain be periodically tiled with cells €Yy, where € > 0 is the
periodicity size. When € — 0, the periodic medium can be considered homogeneous, with an
effective elasticity tensor A*.

As seen in (Part 1 chapter 2), the coefficients of the homogenized tensor A* are given by:

, 1

ikl = m . A(eij -+ e(wij) : (ekl + e(wkl)dy Vi, g, k,l € {1, ..N}, (3.5)
0

where w;; are the so-called correctors, solutions of the following cell problems:

div(A(ei; + e(wi;)) =0 in Y
Aleij + e(wij)n =0 on [ ¢ ) (3.6)
Y= wij(y) Yp-periodic

with e;; = %(ei ®e; + € ® e;), a basis of the symmetric tensors of order 2. We emphasize
that in (3.5), the coefficients are divided by the area of the periodic cell Y. Generally, the
periodic cell is taken unitary, in order to bypass this point. But with complicate cells like the
tetrakaidecahedron, one could prefer to design a cell whose characteristic length is equal to 1.
If so, one should not forget to rescale the computed coefficients.

We recall that the homogenized elasticity tensor A* is isotropic. Hence, its Hooke’s law A*
is given by:

A" =2 Ly + NIy ® Iy,

where p* is the homogenized shear modulus and A* the homogenized Lamé coefficient. The

homogenized bulk modulus is defined by: k* = \* + % Then, these homogenized coefficients
are also given by:

wo= Ay
Y= AL Vi,j € {1,.., N}such that i # j. (3.7)
K= Al R ALy

Hashin-Shtrikman bounds. As seen in (Part 1, Chapter 2 ), the bulk and the shear moduli
of any isotropic two-phase composite material are bounded by the Hashin Shtrikman bounds
[Hashin 1963]. Here, the first isotropic phase is the phase A in proportions 6, and the second
is void, in proportions 1 — #. The upper bounds pgs and kg for the homogenized shear and
bulk moduli are respectively:
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Vo € [0:1 A =H (N?ZN—2)(2M+A) —O(N —D(k+2p) (3.8)
K*(0) :mﬁm

Numerical results. We recall that each cell is parametrized by its density 6. The set of
effective elasticity tensors {A*(0)|6 € L>°(D, |0, 1])} has to be characterized. The homogenized
Lamé coeflicients are computed for a discrete sample of parameters values. From those data, a
surrogate model for the constitutive law is then constructed by linear interpolation.

Since considered cells Yp(6) are specifically chosen in order to design an isotropic homog-
enized media, only two coefficients of A*, for example A9y and Ajy;5, could be computed
in order to fully characterize the effective tensor A*. However, all the coefficients have been
computed, in order to confirm numerically the isotropy.

The range of the density 0 is regularly discretized with 50 elements, in 2D and with 20
elements in 3D. The cell’s problems (3.6) are solved using the finite element solver FreeFem-++
[Hecht 2012] for each value of the discretized density. Eventually, the homogenized tensor A*(0)
is computed with (3.5).

The Young modulus of the solid phase A is F = 15 GPa and its Poisson’s ratio is v = 0.35.
The void (when 6 = 0) is replaced by an ersatz material, in order to avoid undefined tensor
when the elasticity problem is solved. Its elasticity tensor is equal to 0.01% of the tensor of the
solid phase A.

The isotropy implies some equalities between the coefficients of A*:

A;'kijk =0
Af.. = A*. ..
Vi, g, k,l,pe{l,..,.N} Z“ J*“J . (3.9)
Aiijj = Akkll
Alii = A;kjk: + Azklpp

The associated relative errors to those equalities have been computed for each design of cell
and all the samples of density. For the classical honeycomb and for the reinforced one, the errors
are lower than 1073, and for the smooth honeycomb, the errors are lower than 10~4. These
values are low enough to be imputed to numerical errors. The isotropy of the honeycomb cells
is confirmed.

The homogenized bulk modulus «* and the homogenized shear modulus p* are respectively
displayed on Figures 3.5(a) and 3.5(b). As a reference, the upper Hashin-Shtrikman bound
(3.8) is also displayed. In each case, the moduli are smooth increasing functions of the density:
the more material, the stronger the cell. This behaviour according to the density ensures that
the optimization algorithms will converge. In the case of the bulk modulus, the classic and
the smooth honeycomb cells are very closed to the upper Hashin-Shtrikman bound. The bulk
modulus of the reinforced honeycomb is a bit lower. The upper bound of the shear modulus
is clearly respected by all the kinds of hexagonal cells. The shear moduli of the classic and
the smooth honeycombs are both very closed and a bit lower than the reinforced honeycomb.
Indeed, the reinforced honeycomb features diagonals which greatly help to support the shear.
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Figure 3.5: Homogenized bulk (left) and shear (right) moduli in 2D for the several kinds of
hexagonal cells
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Figure 3.6: Homogenized bulk (left) and shear (right) moduli in 3D for the tetrakaidecahedron
cells

For the tetrakaidecahedron (in 3D), the homogenized bulk modulus x* and the homoge-
nized shear modulus p* are respectively displayed on Figures 3.6(a) and 3.6(b). The upper
bound of Hashin Shtrikman, given by (3.8) are also displayed on those Figures. The computed
homogenized elastic moduli satisfy the upper bound.

3.2.3 Correctors matrices

The microscopic heterogeneities may cause stress concentration. The real stress distribution is
different from the macroscopic homogenized stress.

This is due to the fact that the stress for a microstructure of size €, denoted by o does not
converge strongly to (A*e(u*)) when ¢ is going to zero.

As seen in Chapter 2, a stress amplification factor may be introduced in order to compute
a L?-norm criteria on the stress. This is not a pointwise maximum, as it could requested for
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Figure 3.7: L?- norm of the corrected stress depending on the density of the microstructures

example to know if the material is plastic not.
We recall from Section 2.1.6 of Chapter 2, that the coefficients of the corrector tensor W
are given by:
Wijki = ?jkl + e(wij)kt »
where w;; is the solution of the cell problem (3.6).
Let P*(0) be the amplification tensor defined by:

P*(6) = |;| | AW () (0) AW () A°(0) dy. (3.10)

see Section 2.1.6 of Chapter 2 for more details.

Numerical results The amplification tensor P*(f) has been computed in 2D for the three
isotropic microstructures, on the same scheme than their homogenized elasticity tensor A*.
Let 01 = 1.e11 be a unit stress in direction z1, and o9 = %(612 +e21) be a unit shear stress.

Their L?-norms are equal to one on a unit square. Let a unit square 