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Summary of research

I obtained my PhD in Probability Theory, supervised by Michel Ledoux, from the University of
Toulouse, Paul-Sabatier, in 1996. The main objectives of the PhD consisted in analyzing the role of
the topology in various results concerning diffusion processes, such as the support theorem, the large
deviations principle, or the determination of the Onsager-Machlup functional. The investigation led
besides to some logarithmic Sobolev inequalities for elliptic diffusions. The general framework of this
investigation was therefore at the interface of stochastic calculus, Malliavin calculus, stochastic differential
geometry and semigroup theory. This work gave rise to 4 publications [C1-C4].

I then entered the world of free probability theory, created by Dan Voiculescu, and random matrices
theory, naturally via stochastic calculus. Catherine Donati-Martin and I proved in [C5] that Lyons’
deterministic approach to differential equations driven by rough paths can be applied successfully to the
free Brownian motion. We constructed a Lévy area process for the free Brownian motion and in this
way, a typical geometric rough path lying above the free Brownian path. In [C8], we defined free Wishart
processes of parameter A > 0 and proved a free additivity property and invertibility for A > 1. For A > 1,
we showed that a free Wishart process is a solution of a SDE of square Bessel process type, driven by a
free complex Brownian motion. In the case A > 1, we established existence and uniqueness of a strong
solution of a such a SDE.

In [C6], together with Philippe Biane and Alice Guionnet, we proved large deviation bounds for the
convergence of Hermitian matrix valued Brownian motion towards free Brownian motion. As a conse-
quence, we obtained upper and lower bounds on the microstates entropy introduced by Dan Voiculescu.
The basic idea in the proof was to construct exponential martingales based on the Clark-Ocone for-
mula. As an additional contribution, to obtain the lower bound, we established a characterization of free
Brownian motion given by a free version of Lévy’s theorem.

My interests then turned towards more combinatorial aspects of free probability theory as developed
by Roland Speicher. The motivation behind the joint works [C7], [C9], [C11] and [C12] with Muriel
Casalis, was to draw the dotted arrows of the following diagram

Freeness <— Free cumulants

A

N — +oo
N x N independent matrices < ---> Matricial cumulants

We defined and studied cumulants of matrices and showed that free cumulants can be naturally seen
as their limiting values when the dimension goes to infinity. We analysed the convolution relations on
the geodesics on Cayley graphs involving moments and cumulants in free probability, at the matricial
level dealing with random matrices whose distribution is invariant under the action of the unitary or
orthogonal /symplectic group. These matricial convolution relations involve respectively the symmetric
groups (Sp)nen and the Gelfand pairs ((San, Hy))nen, Hy, denoting the hyperoctaedral group. It turns
out that these combinatorial formulas for moments of random matrices allowed Teo Banica, Serban
Belinschi, Benoit Collins and myself to provide matricial models for a family of real probability measures
Tst, that we introduced in [C14] and called free Bessel laws. These are related to the free Poisson law 7
via the formula 7g; = 7% and m1; = 7. Our study includes definition and basic properties, analytic
aspects (supports, atoms, densities), combinatorial aspects (functional transforms, moments, partitions)
and a discussion of the relation with random matrices and quantum groups.



During the period 2009-17, my research activities aimed at developing the contribution of free proba-
bility theory to the analysis of the spectral properties of deformed ensembles and polynomials in random
matrices. In particular, the main principle of subordination in free probability is emphasized as a main
tool in the understanding of the localization of the outliers and the corresponding eigenvectors of many
matricial models.

This investigation corresponds to my research activities in the last years illustrated by the contribu-
tions [C'10], [C13] and [C'15 — C25]. This report is devoted to these papers exclusively.



Introduction

There is currently a quite precise knowledge of the asymptotic spectral properties (i.e. when the
dimension of the matrix tends to infinity) of a number of “classical” random matrix models (Wigner
matrices, Wishart matrices, invariant ensembles...). This understanding covers both the so-called global
regime (asymptotic behavior of the spectral measure) and the local regime (asymptotic behavior of the
extreme eigenvalues and eigenvectors, spacings...).

Practical problems (in the theory of statistical learning, signal detection etc.) naturally lead to wonder
about the spectrum reaction of a given random matrix after a deterministic perturbation. For example,
in the signal theory, the deterministic perturbation is seen as the signal, the perturbed matrix is perceived
as a “noise”, and the question is to know whether the observation of the spectral properties of “signal plus
noise” can give access to significant parameters on the signal. Theoretical results on these “deformed”
random models may allow to establish statistical tests on these parameters. A typical illustration is the
so-called BBP phenomenon (after Baik, Ben Arous, Péché) which put forward outliers (eigenvalues that
move away from the rest of the spectrum) and their Gaussian fluctuations for spiked covariance matrices.

My interest in these issues has been concerned with deformed ensembles and polynomials in several
random matrices with a particular emphasis towards a universal understanding (i.e. independent of the
model) of the various output of deformation. This investigation has been supported at three levels: a
common analysis of three classical Hermitian deformed models; the study of the spectral properties of
non-commutative Hermitian polynomials in independent random matrices; the study of non-Hermitian
deformed models. The crucial aspect of the contributions, with my collaborators, towards these objectives
has been the analysis of the phenomenon of outliers via the (operator-valued) subordination functions
from free probability theory.

This report focuses on localization and fluctuations of eigenvalues of complex (even if some similar
results hold in the real setting) random deformed models and polynomials in asymptotically free random
matrices with a particular interest in the outliers and the corresponding eigenvectors. After a very short
reminder on the classical Hermitian random models (Chapter 1), Chapter 2 presents the pionner works
on three finite rank deformations of these classical models. Chapter 3 tries to bring to light a general
methodology, based on scalar free subordination properties, for studying the spectral properties of the
corresponding full rank deformations. This universal understanding culminates in Chapter 4 dealing
with non-commutative polynomials in random Hermitian matrices; this investigation is achieved by an
even more general methodology based on a linearization procedure and operator-valued subordination
properties. Chapter 5 investigates full rank additive perturbations of iid random matrices and is the
first stage on the way of the analysis of outliers for non-Hermitian random models involving several non-
Hermitian matrices. Appendix is a very short reminder on some facts on free probability theory used
throughout this exposition.

This presentation of a huge and very active topic of the current research is by far not exhaustive,
and mainly focuses on the recent developments in the area in connection with my own contributions. In
particular, I did not try to achieve a complete bibliography of the relevant literature and only emphasize
some sample results and references.






Chapter 1

Asymptotic spectrum of classical
Hermitian random matrix models

Three fundamental classes of Hermitian matrices have been extensively studied in random matrix theory:
Wigner matrices, sample covariance matrices and invariant ensembles. The study of spectral properties
of such random matrices is twofold: one can consider the spectrum as a whole and study the global
properties of the spectrum. This is the field where the first famous results of random matrix theory
were obtained. One can also investigate local properties of the spectrum and study interactions between
neighboring eigenvalues or the behavior of extreme eigenvalues. We focus on some few pionner works
on the asymptotic behavior of the spectral measure and extreme eigenvalues which turn to be relevant
for results of the next chapters. We refer to the monographies [4, 11, 52, 68, 102, 112] for a thorough
introduction to random matrix theory.

Given an arbitrary Hermitian matrix B of size N, we denote by A\ (B) > --- > Ay (B) its N ordered
eigenvalues and by pp its empirical spectral measure

1 N
PB = 37 ;5>\i(B)~

1.1 Global behaviour of the spectrum of standard models

1.1.1 Sample covariance matrices

Random matrices first appeared in mathematical statistics in the 1930s with the works of Hsu, Wishart
and others. They considered sample covariance matrices of the form:

1
Sn = S Xn X5 (1.1)

where Xy is a random matrix with independent entries.

We shall assume here that N < p(N), Xu is a N x p(N) matrix, (Xn);;4=1,...,N,j=1,...,p are
i.i.d complex variables, with variance 1 and mean zero. If the variables are Gaussian, Sy =: S§ is called
a Wishart matrix, or from the invariant ensemble viewpoint (see below), a matrix from the Laguerre
Unitary Ensemble (LUE).



Note that the spectra of %XNXX[ and %X?VXN differ by |p — N| zero eigenvalues.

The behavior of the spectral measure for large size (p = p(IN) tends to co as N tends to co) was
handled in the seminal work of Marchenko-Pastur.

Theorem 1 ([101] (see also[11))). If cy := T]YV) — ¢ €]0; 1] when N — oo,

Usy — pap 6.5 when N — +00

where

joip (dar) = 273@ VO D)@ —0) ey (@)de, (1.2)
0= (1— o2 b= (1+ )"

1.1.2 Wigner matrices

Wigner matrices are real symmetric or complex Hermitian random matrices whose entries are independent
(up to the symmetry condition). They were introduced by Wigner in the fifties, in connection with nuclear
physics. Here, we will consider Hermitian Wigner matrices of the following form :

1
Wy =——H
NNy

where Hpy is an Hermitian matrix whose diagonal entries are iid real random variables and those above
the diagonal are iid complex random variables, with variance o2. If the entries are independent Gaussian
variables, Wy =: W§ is a matrix from the Gaussian Unitary Ensemble (GUE).

Wigner proved that a precise description of the limiting spectrum of these matrices can be achieved.

Theorem 2. [153, 154] (see also[11])
My 5 lse a.5. when N — 400

where

ditse 1
o (1) = —— V402 — 22 1(_g0 20 () (1.3)

dx T 2702

1s the so-called semi-circular distribution.

Two classical methods used to be investigated for the proof of these asymptotic global behaviours
of the spectrum, after a truncation procedure of the entries: the moment method, boiling down to a
combinatorial problem, based on the class of test functions {x — 2",r € N}, and the Cauchy-Stieltjes
method, boiling down to an analytical problem, based on the class of test functions {x — (2 —x)71, 2z €
C,Sz > 0}. A review of these methods can be found in [4, 8, 11].

1.1.3 Invariant ensembles

A complex invariant ensemble is the distribution £(Mpy) of an Hermitian N x N random matrix My
such that
L(My) = L{UNMnUy),YUn € U(N).



My can be written My = UyDyUjR; almost surely, where Uy is distributed according to the Haar
measure on the unitary group, Dy is a diagonal matrix, Uy and Dy are independent (see Proposition
6.1 in [48]). The archetypal ensembles of invariant ensembles for Wigner matrices and sample covariance
matrices correspond to the GUE and LUE cases.

Note that, in particular, Quantum Field Theory uses invariant ensembles whose probability law is abso-
lutely continuous with respect to the Lebesgue measure dH on the set of N x N Hermitian matrices with
density & exp(—NTrV(H)) for some function V. Note that, in the GUE case, V(x) = % Then the
empirical spectral measure of the corresponding model converges weakly towards the equilibrium measure
in the external field V' (see [112] Chap 11), which is the semi-circular distribution when V is quadratic.
The proof is closely related to the theory of logarithmic potential and the mean field approximation in
statistical mechanics (see [124]).

One can also investigate local properties of the spectrum and study interactions between neighboring
eigenvalues or the behavior of extreme eigenvalues. We focus here on extremal eigenvalues since this is
the main subject of study in the coming chapters.

1.2 Extremal eigenvalues

A priori, the convergence of the spectral measure does not prevent an asymptotically negligeable fraction
of eigenvalues from going away from the limiting support (called outliers in the following). Actually, a fur-
ther analysis of the moment method allows one to deduce the following behaviour of extreme eigenvalues
of the above standard models.

Theorem 3. [16] (see also [11]) Let Wy be a Wigner matriz as defined in Section 1.1.2. Assume that
the entries of Hy has finite fourth moment, then almost surely,

M(Wn) = 20 and AN(Wxn) = —20 when N — 4o0.
Similarly, it turns out that sample covariance matrices defined by (1.1) no exhibit outliers.

Theorem 4 ([71, 13, 156] (see also[11])). Assume that the entries of Xn has finite fourth moment, then
almost surely,
M (Sy) = (14 /) when N — +o0,

AN (Sy) = (1 —v/¢)* when N — 400.

In multivariate analysis, certain statistics are defined in terms of the extreme eigenvalues of random
matrices, which makes the limiting distribution of normalized extreme eigenvalues of special interest. In
[142], Tracy and Widom derived the limiting distribution (called the Tracy-Widom law) of the largest
eigenvalue of a GUE matrix.

Theorem 5. Let Wﬁ be a GUE matriz. Let ¢ : R — R be the unique solution of the differential equation
q"(z) = zq(z) +2q(2)’

such that q() ~gp—yioo Ai(x) where Ai is the Airy function, unique solution on R of the differential
equation f"(x) = xf(x) satisfying f(x) ~psioo (47/x) /2 exp(—2/323/2). Then

where Fy(s) = exp (7 [ - s)qz(x)dx) .

S



This result has been extended to the LUE by Johansson [84] when 0 < ¢ < 400 and El Karoui [61]
when ¢ = 0 and ¢ = +00. Borodin and Forrester [41] extended this result for the smallest eigenvalue of
a Laguerre ensemble around the soft edge. (When the leftmost edge is the origin, it is common to refer
to it as the hard edge. In contrast, any positive edge is also called a soft edge.) Moreover, dealing with
general invariant ensembles, Deift and al [54, 53] proved that the largest eigenvalue still fluctuates around
the supremum of the support of the limiting distribution according to the Tracy Widom distribution.
The proofs are based on the fact that, in these frameworks, the process of eigenvalues is a determinantal
process (see Section 4.2 [4] about general determinantal processes). Note that Ramirez, Rider and Virag
[119] developed a stochastic operator approach as pioneered by Edelman and Sutton [60, 136] which
hinges on tridiagonal representations.

For a wide class of Wigner or sample covariance matrices, the universality of the largest eigenvalue
was conjectured. The first main step to prove this universality conjecture has been achieved by Soshnikov
[132, 133] since he established that the largest eigenvalue of a Wigner matrix or a sample covariance matrix
associated to a symmetric probability measure which admits sub-gaussian tails fluctuates according to
the Tracy-Widom law. In these works, universality of the fluctuations are reduced to the universality of
large traces. By a Lindeberg method, Tao and Vu [139] proved a variant of the universality results of
Soshnikov for the largest eigenvalues, assuming moment conditions rather than symmetry conditions. In
[96] and [55], with a Green function comparison method developped by Erdés, Yau and their co-authors
[62, 65], a necessary and sufficient condition on off-diagonal entries of the Wigner matrix or on entries
of the sample covariance matrix is established for the distribution of the largest eigenvalue to weakly
converge to the Tracy-Widom distribution. We also refer to these papers for references on investigations
on edge universality.

All these results stress the robustness of the Tracy-Widom distribution at soft edges of the spectrum of
random matricial models.

Note that the local hard edge regime of sample covariance matrices involves the so-called Bessel kernel
(see [112] chap. 7 and references therein).

1.3 Eigenvectors

It is well known that the matrix whose columns are the eigenvectors of a GUE matrix or a LUE matrix
can be chosen to be distributed according to the Haar measure on the unitary group. In the non-Gaussian
case, the exact distribution of the eigenvectors cannot be computed. However, the eigenvectors of general
Wigner matrices or sample covariance matrices have been the object of a growing interest and in several
papers, a delocalization and universality property were shown for the eigenvectors of these standard
models (see among others [40, 45, 63, 64, 88, 141] and references therein). Heuristically, delocalization
for a random matrix means that its normalized eigenvectors look like the vectors uniformly distributed
over the unit sphere. Let us state for instance the following sample result.

Theorem 6. (Isotropic delocalization, Theorem 2.16 from [40]). Let Wi be a N x N Wigner matriz as
defined in Section 1.1.2 satisfying some technical assumptions. Let v(1),...,v(N) denote the normalized
eigenvectors of Wy . Then, for any C1 >0 and 0 < € < 1/2, there exists Cy > 0 such that

€

su v(e),u)| < ,
M ORTI RS-

for any fized unit vector u € CN, with probability at least 1 — Cy3N~C1.

10



The following chapter investigates the impact of a finite rank deformation on the asymptotic spectral
properties of the previous classical random matrices. The global behavior of the spectrum is unchanged but
the situation is drastically different for extreme eigenvalues. Indeed, some eigenvalues may converge out
of the bulk and then, the corresponding eigenvectors are localized; their fluctuations may not be universal

(toning down the robustness of the Tracy-Widom distribution) and depend on the spectral properties of
the deformation and the law of the entries of the non-perturbed matriz.

11



12



Chapter 2

Finite rank deformations of classical
random matrix models

The study of deformations of random matrix models has been motivated by statistical investigations [86],
wireless communications [50], imaging [70], physics [44] or financial applications [127]. In this chapter,
we outline some results on finite rank deformations of the classical Hermitian ensembles.

Let Ay be a deterministic matrix. One may wonder how the spectrum of a classical random model is
impacted by the following perturbations.

i) Additive perturbation of a Wigner matrix : Ay is a N x N Hermitian matrix and Wy is a Wigner

matrix (see Section 1.1.1),
My =Wy + An.

i) Multiplicative perturbation: Ay is a non negative Hermitian N x N matrix and Sy is a sample
covariance matrix defined as in Section 1.1.2,

My = An2SyANZ.

iii) Information-Plus-Noise type model: Ay, Xy are rectangular N x p matrices and Xy is a random
matrix with i.i.d. entries defined as in Section 1.1.2, o is some positive real number,

My = (ai% +AN> <a§g +AN>*.

In the litterature, these three kinds of deformations have been also considered for isotropic models, re-
placing in i) and ii) Wy, Sy by UBU* with U Haar distributed on the unitary group and B deterministic,
and in iii) Xy by a random matrix whose distribution is biunitarily invariant.

In Sections 2.2 and 2.3, we list some pioneer results on extreme eigenvalues of such models dealing
with a perturbation Ay with finite rank in i) or iii) or such that Iy — Ay is of finite rank in ii). In Section
2.4, we precise our first contributions [C13] and [C16] in the study of non-Gaussian models, addressing
the question of spectral universality. The next chapter will put forward tools from free probability theory
to provide a unified understanding, for all these models, of the appearence and localization of outliers as
well as of the asymptotic behaviour of the corresponding eigenvectors.

13



2.1 Asymptotic spectral measure

When Ay is a finite rank deformation of the null matrix in case i) and iii) (resp. of the identity matrix
in case ii)), the limiting spectral measure is not affected by the deformation.

Proposition 1. We assume that rank(Ay) = r, r fized, independent of N in case i) and iii), (resp.
rank(Ay — I) = r in case ii)). Then, when N goes to infinity,

e In case i), jipry — pse (defined by (1.3)),
e In case ii) and iii), pnry — pap (defined by (1.2)).

This follows from the rank inequalities (see [11, Appendix A.6]).

2.2 Convergence of extreme eigenvalues: the BBP phase tran-
sition

We now present the seminal works on the behavior of the largest (or smallest) eigenvalues of classical
models with finite rank deformation. As we have seen above, the limiting behavior of the spectral
measure is not modified by a deformation Ay of finite rank (or such that Iy — Ay is of finite rank in the
multiplicative case). This is no longer true for the extremal eigenvalues.

The following results deal with finite rank perturbations of Gaussian type or unitarily invariant models.
For each model, a phase transition (called BBP phase transition) is pointed out involving different
thresholds and different limiting values of outlying eigenvalues or eigenvectors projection. In the following
chapter, we will provide a unified understanding of all these results.

2.2.1 Multiplicative deformations

A complete study of the behavior of the largest eigenvalue of a deformation of a Gaussian sample covari-
ance matrix was considered in a paper of Baik, Ben Arous and Péché where they exhibit a striking phase
transition phenomenon for the largest eigenvalue, according to the value of the spiked eigenvalues of the
deformation. They considered the following sample covariance matrix :

My = AY?SGAN?
where S§ is a LUE matrix as defined in Section 1.1.1 and the perturbation Ax! is given by
Ay =diag ( 1,...,1 ,m,...,7m)
N——
N—r times

where r is fixed, independent of NV and m; > ... > m,. > 0 are fixed, independent of N, such that for
all i € {1,...,r}, m; # 1. The 7;’s are called the spikes of Ax. Baik, Ben Arous and Péché proved the
following result.

Theorem 7. (BBP phase transition)[17, 18]
Let w. =1+ +/c,

n the Gaussian case, we may assume, without loss of generality, that the perturbation is diagonal

14



o Ifm >we, a.s. when N — 400
A1 (MN)—>7T1 (1+C> >(1+\ﬁ)2.
(m —1)

Therefore the largest eigenvalue of My is an “outlier” since it converges outside the support of the
limiting empirical spectral distribution and then does not stick to the bulk.

o Ifm <w. a.s. when N — 400
A (My) = (1++¢)2.

The same phenomenon of phase transition was established by Benaych-Georges and Nadakuditi [29]
in the case of a deformation of an unitarily invariant model of the form :

My = (Ix + Py)"/?UxByUN(In + Px)'/?,
e By is a deterministic N x N Hermitian matrix such that:

(B1) By is non negative definite,

(B2) when N goes to infinity, pug, := % Zfil 0, (By) Weakly converges to some probability measure
p with compact support [a; b],

(B3) the smallest and largest eigenvalue of By converge to a and b respectively.
e Uy is a random N x N unitary matrix distributed according to the Haar measure.

e Py is a deterministic Hermitian matrix having r non-zero eigenvalues y; > -+ > 75 > 0 > v441 >
cee >y > =17, v, =1,...r, fixed independent of N .

Note that ppr, weakly converges to p. Benaych-Georges and Nadakuditi established the following result.

Theorem 8 ([29]). Define T,,: C\ supp(u) — C, T.(2) = [ ti’i(f). Then, we have for each 1 <i <'s,
almost surely,

T (1) if v > 1/ lim. g, Tp(2),

Ai(My) =N -toc { b otherwise,

while for each fived i > s, a.8., \i(MN) = N 400 D.
Similarly, for the smallest eigenvalues, we have for each 0 < j <1 — s, a.s,

T (Y ve—g) if ye—j < 1/limaga Tp(2),

AN—j(MN) =N -too { a otherwise,

while for each fized j > r —s, a.5s. AN—;(Mn) =N 400 Q.

2.2.2 Additive deformations

Let us consider My = Wﬁ + An where Wﬁ is a GUE matrix as defined in Section 1.1.1 and Ay is
defined by
Ay =diag ( 0,...,0 ,01,...,0,)
——

N—r times
for some fixed r, independent of NV, and some fixed 6y > --- > 6,., independent of N.
An analog of the BBP phase transition phenomenon for this model was obtained by Péché [115]. (Such
models were first investigated by Fiiredi and Komlés [69].)
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Theorem 9. o If0, <o, then \y(My) N—) 20 a.s..

— 400
o If0y > o, then A\ (My) ij Po, a.S. with pg, = 61 + %12 > 20.

A similar result has been obtained by Benaych-Georges and Nadakuditi [29] for

MN:UNBNU;/JFAN, (2.1)
where By and Uy satisfy the same conditions as in Section 2.2.1 except (B1) and Ay is a deterministic
Hermitian matrix having r non-zero eigenvalues v1 > --- > 5 > 0 > 541 > -+ > 7, where r and

vi,© = 1,...r are fixed (independent of N). The spectral measure pys, weakly converges towards the
limiting spectral measure u of By but we have the following result.

Theorem 10 ([29]). Define g,: C\supp(v) = C, g.(2) = J; dz‘i(tt). Then, we have for each 1 < i <'s,
almost surely,

_1 . .
, 9 (/i) if v > 1/lim,pp gu(2),
Ai(My) =N -to0 { b otherwise,

while for each fized i > s, a.5., \i(MN) = N— 400 b.
Similarly, for the smallest eigenvalues, we have for each 0 < j <r —s, a.s.,

_1 ; i
9 (L) if yr—j < 1/limy4q gu(2),
/\N,j(MN) 7 N—+o0 { a,# otherwi;a ’ o

while for each fized j > 1 —s, a.s AN—j(MN) = N— 400 Q-

2.2.3 Information plus noise type matrices

A phase transition phenomenon of the same kind was established by Loubaton and Vallet in [98] for the
singular values of a finite rank deformation of a Ginibre ensemble.
Let X be a N X p rectangular matrix as defined in Section 1.1.2 with iid complex Gaussian entries, and
Apn be a finite rank perturbation of the null matrix with fixed non zero eigenvalues #; > --- > 6,.
Theorem 11. (/98]) Let My = (JXT’% + AN)(JXTJZ + An)*. Then, as N — +o00 and N/p — ¢ €]0;1],
almost surely,
(0®40:)(0%cH0i) ¢ g 2
Ai(My) 9 o _ if 01.> e,

o?(1++/c)* otherwise.

This result was extended as follows in [30] to the case My = (Vy + An)(VN + An)* where Vi is
a N x p biunitarily invariant matrix such that the empirical spectral measure of ViV converges to a
deterministic compactly supported measure p with convergence of the largest (resp. smallest) eigenvalue
of VNV to the right (resp. left) end b (resp a) of the support of p.

Theorem 12 ([30]). For each 1 <i <r, almost surely,

/\i(MN) — { Dljl (%) Zf 02'2 > 1/Du(b+)7

b otherwise.
N — 4+

N/p — ¢ €]0;1]
where

D(z) = U Zzit?d,ms)] « {C/ZQithu(tle_c], forz>b

and D' denotes its functional inverse on [b,4ocl.
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2.2.4 Eigenvectors associated to outliers

In the spiked deformed models, when some eigenvalues separate from the bulk, one may wonder how
the corresponding eigenvectors behave. There are some pionneering results concerning finite rank per-
turbations: [114] in the real Gaussian sample covariance matrix setting, and [29, 30] dealing with finite
rank additive or multiplicative perturbations of unitarily invariant matrices. Here is a result from [29]
for eigenvector projection onto those of the perturbation corresponding to the largest outlier of a finite
rank additive perturbation of a unitarily invariant model.

Theorem 13. Let My = UnBnyUR, + Ay where Uy is a Haar unitary matriz, By satisfies the same
hypothesis as in Theorem 9 and An has all but finitely many non zero eigenvalues 681 > ... > 0;. Then,
if 61 > 1/1lim, 4, g, (2), almost surely,

-1 o
A1 (My) Nogeo n (1/61) == pe,
and for anyi=1,...,J, if £ is a unit eigenvector associated to A\;(My),

0i1
Pger(o,1-)8lI° — —om .
1Piceroir-m€ll™ =2 629, (pa,)

Thus, an eigenvector associated to an outlier of the deformed model asymptotically lies on a cone around
the one corresponding to the spike of the perturbation that generates this outlier.

2.3 Fluctuations of extremal eigenvalues

The BBP phase transition pointed out in [17] for the spiked sample covariance matrix defined in Section
2.2.1, describes three distinct regimes. Assume that N/p = c.
e The subcritical regime

If the spiked eigenvalues m; all remain at some positive distance below 14+/c then the largest sample
eigenvalue behave exactly as in the non-deformed case, developing Tracy-Widom fluctuations with
order N?/3 around the right endpoint of the Marchenko-Pastur support.

e The critical regime.

If 1 = -+ = m = 14++/c, the fluctuations order around the right endpoint of the Marchenko-Pastur
support is still N2/3 but the limiting distribution is changed to a deformation of the Tracy-Widom
law.

o The supercritical regime.

If mp, = -+ = m exceed 1+ +/c, the largest eigenvalue will separate from the rest and fluctuates
according to the distribution of the largest eigenvalue of a k x & GUE matrix around its outlying
limit. Moreover the fluctuation order is v/ V.

Péché [115] obtained the following similar striking phase transition phenomenon for the fluctuations
of the largest eigenvalue of a finite rank deformation of a GUE.

Theorem 14. (with the notations of Section 2.2.2)

1. If 6, < 0, 0 'N?/3(\(My) — 20) converges in distribution to the Tracy Widom distribution.
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2. If 6, = o, 0 'N?/3(\(My) — 20) converges in distribution to a “generalized” Tracy Widom dis-
tribution Fy, .

3. If 01 > o, NY2(\(My) — 20) converges in distribution to the largest eigenvalue of a GUE matriz
of size k1 and parameter o9, = o+/1— (0/61)2. In particular, if ki = 1, NY/2(\(My) — 20)

converges in distribution to a centered normal distribution with variance oy, .

Note that the additive deformation of a unitarily invariant model investigated in [29] enters in the
framework of [28] so that a similar supercritical regime can be deduced for the matrix model (2.1) under
some assumptions. (See also [30] for Information-Plus-Noise type models in the isotropic case).

The proofs of [17, 115] are based on the explicit expression of the distribution of the largest eigenvalue
in terms of Fredholm determinant and then as a contour integral. The asymptotic properties rely on a
saddle point analysis. Note that Bloemental and Virag [42, 43] used an approach based on the continuum
operator limit at the general beta soft edge, developed by Ramirez, Rider and Virdg [119]. Both of these
approaches rely heavily on the Gaussian nature of the non-deformed model.

In [29] and [30], Benaych-Georges and Nadakuditi exhibited a clever, now famous, key idea consisting
in reducing the problem of locating outliers of the deformations to a convergence problem of a fixed size
r x r random matrix, by using the Sylvester’s determinant identity.

In order to study the phase transition for deformed non-Gaussian or non-isotropic matrix ensembles,
and in particular address the question of spectral universality, we investigated in the papers [C13] and
[C16] different approaches presented in the following Section 2.4. Note that the subsequent paper [98] is
in the lineage of our work.

2.4 Our first contributions in [C13] and [C16] for finite rank
perturbations of Wigner matrices

Let Hy be a N x N Hermitian matrix such that the random variables (Hy)ii, vV2R[(Hx)i;], V2S[(Hy )]
i < j, are independent identically distributed with a symmetric distribution 7 of variance o2 and satisfying
a Poincaré inequality. Let My = Wy + Ay where Wy = ﬁH ~. Let Ay be a deterministic Hermitian
matrix of fixed finite rank r whose distinct eigenvalues are J fixed real numbers 67 > - -+ > 6; independent
of N with some jy such that 6;, = 0. We assume that the non-null eigenvalues 6; of Ayx are of fixed
multiplicity k; (with }°.,, k; = r). Define

2
7. (2.2)

=0,
pa] J+9]

Observe that pg, > 20 (resp. < —20) when 0; > o (resp. < —0) (and py, = +20 if 0; = +o0).
For definiteness, we set ky +--- + kj_1 :==01if j = 1.

2.4.1 Almost sure convergence of outliers

In [C13], we first extend Theorem 9 as follows.

Theorem 15. Let Ji, (resp. J_,) be the number of j’s such that 8; > o (resp. 6; < —0o).
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(1) V1<j<Jio, V1<i<kj, Moyt +i(Mn) — pg, a.s.
(2)  Mertoths, +1(My) — 20 a.s.
(3) Motk ,  (MN) — =20 a.s.
(4) Vi>J—Jo+1,V1<i<kj, Apiogr;_+i(Mn)— po, a.s.
The main point in the proof consists in establishing that for any £ > 0, almost surely,
Spect(My) C K5(01,---,0) (2.3)

for all N large, where
Kg—(ah ,HJ) :KO'(Hla"' 79J)+(_€7€)

and

Ko (01 ,00) = {posi- 10, f UI=20,201U{po,, o300}

To prove such an inclusion of the spectrum of My, we use the methods developed by U. Haagerup and

S. Thorbjornsen in [77], by H. Schultz [125]. Define g, (2) = [p d‘fi_“it) where 5. is the semicircular

distribution defined by (1.3) and gn(z) = fR d“fijvt(t). The key point of this approach is to obtain a
precise estimation at any point z € C\R of the following type
1 1
9o (2) = gn(2) + NLO'(Z) = O(m)’ (2.4)
where L, is the Stieltjes transform of a distribution A, with compact support in K, (61, --,60;) and

O(ﬁ) can be bounded by P](\?QZ) where P is some polynomial P with nonnegative coefficients. Indeed
such an estimation allows us through the inverse Stieltjes transform and some variance estimates to
deduce that a.s., try(lege (g, ... 0,)(Mn)) = O(N~*?3), denoting the normalized trace by try. Thus the
number of eigenvalues of My in ©KE(6y,---,0;) is almost surely a O(N~1/3) and since for each N this
number has to be an integer, we deduce that it is actually equal to zero for large N. The main technical

tool to establish (2.4) is the following approximate integration by part lemma (see [87]).

Lemma 1. Let & be a real-valued random variable such that E(|¢|P1?) < co. Let ¢ be a function from R
to C such that the first p+ 1 derivatives are continuous and bounded . Then,

E(§6() = Y " HE(0()(9)) + ¢ (2:5)

a=0
where K, are the classical cumulants of €, € < C'sup, |¢PTV (1) [E(|€|PT2), C depends on p only.

Actually, given an interval [a,b] C R\ K,(61,---,0;), saying by (2.3) that [a,b] does not contain
eigenvalues of My can be improved: it corresponds to [a, b] some interval I, ; lying outside the spectrum
of Ay and such that the number of eigenvalues of My in one side of [a,b] is equal to the one of Ay in
the corresponding side of I, ;. Following [10], we say that there is exact separation of eigenvalues of the
matrices Ay and My. Now, we can adapt the arguments needed for the conclusion of [18] viewing the
deformed Wigner model as the additive analogue of the spiked population model, to deduce Theorem 15.
This whole approach will be generalized and developed in Section 3.3 dealing with full rank deformations.
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2.4.2 Nonuniversality of the fluctuations of outliers, dependence of the fluc-
tuations with respect to the eigenvectors of the perturbation

In [C13], we show that a new phenomenon arises for the fluctuations of the outliers: the limiting dis-
tribution can depend on the distribution of the entries (non universality), according to the localiza-
tion/delocalization of the eigenvectors of Ay. Note that in the Gaussian case in the previous subsection,
the eigenvectors of the perturbation are irrelevant for the fluctuations, due to the unitary invariance in
Gaussian models. Let us illustrate this dependence on the eigenvectors on Ay in a very simple situation,
in the additive case. Consider two finite rank perturbations of rank 1, with one non null eigenvalue 6 > o.

The first one Ag\l,) is a matrix with all entries equal to 8/N (delocalized eigenvector associated to 8). The

)

second one AS\? is a diagonal matrix (localized eigenvector). The fluctuations of the largest eigenvalue

A1 of the matrix M](\;) =Wy + Ag\i,) (i =1,2) around pg := 0 + % are given as follows :
Proposition 2. 1. Delocalized case [67] : The largest eigenvalue Al(MI(Vl)) have Gaussian fluctua-
tions,

VN (MP) = po) 25 N(0,02(1 — 62/62)). (2.6)

2. Localized case [C13]: The largest eigenvalue Al(M](VZ)) fluctuates as

2

V(L= T M) = p5) = 75 N (0, vp). (2.7)

where T is the distribution of the entries of the Wigner matriz, the variance vg of the Gaussian
distribution depends on 0 and the second and fourth moments of T.

The proof of (2.6) by Féral and Péché is combinatorial and is based on the computation of large

moments of M](Vl). The proof of (2.7) is close to the one of [114] and the ideas of [36]; the key idea is to
associate the fluctuations of the outliers with quadratic forms involving the resolvent of the unperturbed

Wigner matrix and to use a central limit theorem proved in an Appendix by J. Baik and J. Silverstein
in [C13].

In [C16], we exhibit quite general situations with respect to the eigenvectors of the perturbation ma-
trix that will give rise to universality or non universality of the fluctuations as follows.

Let My be a deformed Wigner matrix as defined at the beginning of Section 2.4. We denote by
kioc:=ki+-+ky.,. Weintroduce k > k;, as the minimal number of canonical vectors among the
canonical basis (e;; i = 1,..., N) of CV needed to express all the eigenvectors associated to the largest
eigenvalues 61, ...,0;, of Ay. Without loss of generality (using the invariance of the distribution of the
Wigner matrix Wy by conjugation by a permutation matrix), we can assume that these k., eigenvectors
belong to Vect(ey, ..., e,). We assume that k < v/N.

Let us now fix j such that 1 < j < Jy, and let Uy be a unitary matrix of size k such that
diag(Uy, In—k) Andiag(Uk, In—r) = diag(0; I, (Olx, i<, 145> ZN—ko ) (2.8)

where Zn_j,, is an Hermitian matrix with eigenvalues strictly smaller than 6, .

Define K; = K;(N) as the minimal number of canonical vectors among (eq, ..., ex) needed to express all
the orthonormal eigenvectors v/, 1 <14 < k;, of Ay associated to ;. Without loss of generality, we can
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assume that the vf , 1 < < kj, belong to Vect(ei,...,ek;). Considering now the vectors U; as vectors
in CXs, we define the K; x k; matrix

UKij]. = (U{""”Ui,) (29)
namely Uk, xx; is the upper left corner of Uy, of size K; x kj. It satisfies
U}*(jxijKjxkj = I,. (2.10)

From Theorem 15, for all 1 < ¢ < kj, )\k1+..4+kj71+¢(MN) converges to pg, a.s.. We shall describe
their fluctuations in the extreme two cases:

Case a) localization of the eigenvectors associated to 6;: The sequence K;(XN) is bounded,

sup K;(N) = K;
N

and the the upper left corner U &y xk,; of Uy, of size K X k; converges towards some matrix U, K, xk,; when
N goes to infinity;

Case b) delocalization of the eigenvectors associated to 6;: K; = K;(N) — oo when N — oo
and U}, satisfies

k;
maicmax\(Uk)lﬂ — 0 as N — 0. (2.11)
p=1 i=1

The main results are the following two theorems. Set my := [ @*dr(x) and define ¢g, by
62

_ J
=g (2.12)

In Case a) the fluctuations of the corresponding rescaled largest eigenvalues of My are not universal.

Theorem 16. In Case a): the kj-dimensional vector

(Cej \/N()\k1+...+kj,1+i(MN) —po;);i=1,.. ~7kj>

converges in distribution to (Ni(Vi,;xx,;);t = 1,...k;) where \j(Vi,xx,;) are the ordered eigenvalues of
the matriz Vi, xx, of size k; defined in the followmg way. Let W ~ be an Hermitian matriz of size K
such that the entries v/2R(W 7, )uvs V2I(W i, Juvs U < v, (Wi uu are independent random variables with

distribution 7. Let gf(j be a centered Hermztmn Gaussian matrix of size IN(j independent of Wf(] with
independent entries Gy, p < 1 with variance

may 730’ ~
vpp:E(ggp)**< ) 27p 1 '7Kj7
R (2.13)
vp = E(|Gul?) = <p<I<K;.
Then, Vi, xk; s the kj x k; matriz defined by
Ve iy = UI*< xk; W, K; + gf(]) ~kj><kj. (2.14)
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Case b) exhibits universal fluctuations.

Theorem 17. In Case b): the k;-dimensional vector
(Caj VN Ny ooty 4i (M) — po,); i = 1, ~,kj>

converges in distribution to (A;(Vi;xx;); i = 1,...k;) where the matriz Vi, xy, is distributed as a kj x k;
2 2

. . . [ea
GUE matriz whose entries have a variance equal to T
j

The proof is a (quite technical) generalization of the proof of (2.7); using determinant identities, we
show that each of these rescaled eigenvalues is an eigenvalue of a k; x k; random matrix which may be
expressed in terms of the resolvent of a (N — k) x (N — k) deformed Wigner matrix whose eigenvalues do
not jump asymptotically outside [—20; 20]; then, the matrix Vi, xk; will arise from a multidimensional
CLT from [14] on random sesquilinear forms.

Remark 1. Note that since T is symmetric, analogue results can be deduced from Theorem 16 and
Theorem 17 dealing with the lowest eigenvalues of My and the 0; such that 0; < —o.

Example:
An = diag(Ap(61), 021k, , 0N —p—k,)

where A, (61) is a matrix of size p defined by A,(01);; = 61/p, with 61,02 > 0, p < V/N. Then k = p+ko,
ki =1, K1 = p, Ko = ky. For j = 1, we are in Case a) if p is bounded and in Case b) if p = p(N) — +oo0.
For j = 2, we are in Case a).

Dealing with a spike 6; > ¢ with multiplicity 1, it turns out that case b) is actually the unique
situation where universality holds since we establish the following.

Theorem 18. Ifk; =1, 0; > o, then the fluctuations of A\g,4...4x;_,+1(MnN) are universal, namely

2
s

\/N()\kl-s-m-s-kj_lﬂ(MN) - po,) £, N(O,Jgj) where o9, = 041 — ik
J

if and only if
max |(Ug)1| = 0 when N — oo. (2.15)
I<K;

Moreover, our approach allows us to describe the fluctuations of A, 1...4%;_,+1(My) for some par-
ticular situations where the corresponding eigenvector of Ay is not localized but does not satisfy the
criteria of universality max;<x; [(Ux)i1| — 0 (that is somehow for intermediate situations between
Case a) and Case b)). Let m be a fixed integer number. Assume that for any | = 1,...,m, (Ux)n
is independent of N, whereas max,,<i<k;, |(Ux)i1| — 0 when N goes to infinity. We can prove that
co, VN (Mky 4tk +1(Mn) — po;) converges in distribution towards the mixture of 7-distributed or gaus-
sian random variables Zznl:l ag&i+N where &, (i,1) € {1,...,m}?, N are independent random variables
such that

e for any (i,1) € {1,...,m}?, the distribution of &; is 7;

ﬁ%((Uk)ll(Uk)zl) ifi <l
o ay =19 V2R(Up)in(Up)ir) if i > 1
(Un)u|? ifi =1;
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e N is a centered gaussian variable with variance

2
1 [m4 - 304] Zlmzl |(Uk)l1|4 ol = 2 2
3 2 +9j2__02 + |1- ;|(Uk)ll| o

2.5 Some subsequent works on outliers of finite rank deformed
models

e In [117], Pizzo, Renfrew and Soshnikov extend Theorems 15, 16, 17 to more general Wigner matrices.
In the paper [121], Renfrew and Soshnikov extend quite significantly Theorem 17 as follows. They
assume that the entries of the Wigner matrix are centered independent random variables, the
variance of off-diagonal entries are all equal to o2, the off-diagonal (resp. diagonal) entries have
uniformly bounded fourth (resp. second) moments and satisfy a Lindeberg type condition for the
fourth (resp. second) moments. We use the notations introduced at the beginning of Section 2.4
and in (2.12), (2.2). Assume that |6;] > o. Let u},... ,u];\; be an orthonormal set of eigenvectors
of the perturbation associated with ;. Define the N x N matrix M3 by

(M3)ij = ps,ii(1 — bi5)
where
ps,i5 = E [[Wi [P W] .
Then Renfree and Soshnikov prove that, in the case where the [ norm of every orthonormal

eigenvector of the perturbation corresponding to ¢; goes to zero as N — +o0, the difference
between the k; dimensional vector

{C.gj\/]v ()\k1+---+kj,1+i — pj) ,i = 1, ey k‘j}

and the vector formed by the ordered eigenvalues of a k; x k; GUE matrix (with the variance of the
2 _2
matrix entries given by 9021'_712) plus a deterministic matrix with entries given by ﬁ(uﬂv)*Mgu’;\[
j 7
converges to zero in probability. Note that this additional matrix g ((uly)*Msul ), _, ep, AD-
i <bLp<k;
peared neither in [115], [C16] or [117] nor in [67] since in [115] the entries of the Wigner matrix are
Gaussian and in [C16] and [67] the distribution entries of the Wigner matrix is symmetric so that
M3 =0 and, in [117], k = o(VN) so that
L ((UZN)*Mg’LﬁV) — N—+o0 0
2 l, :
07N P
The first step in proving the above result is to associate the fluctuations of the outliers with quadratic
forms of the resolvent Ry of the unperturbed Wigner matrix. Then, the proof comes down to study
the asymptotic of
1

9'611)) .
J 1<l,p<k;

e Dealing with finite rank deformation of Wigner matrices, Knowles and Yin in [89], allow the eigen-
values 6; of the deformation to depend on N under the condition that

VN (<u§v,RN(pj)u§V> -
116;] — 1| > (log N')Cleglos N N—1/3,
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meaning that pg, — 2 is much greater than N~2/3 (setting o = 1). If r = 1, the outlier associated
with 6; fluctuates around pg, on the scale N=%/2(|6;| — 1)'/? and the asymptotic distribution is
explicitely computed by the authors. In [89], the authors establish actually such a result for any r
but if
Vi, 165] > Lmin 6 — 0;] > (log N)° °2°% N N 12y 1)1
JF

which means that the outlier associated with 6; does not overlap with the other outliers since their
separation is greater than the scale on which they fluctuate. [90] extends the results of [89] in two
directions: the authors allow overlapping outliers and describe the joint distribution of all outliers.
Their proof relies on the isotropic local semicircle law
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The next chapter will put forward tools from free probability theory to provide a unified understanding,
for all the previous matriz models and dealing with full rank deformations, of several phenomena such as
the exact separation phenomenon, the appearence, localization and fluctuations of outliers as well as of

the asymptotic behaviour of the corresponding eigenvectors. The main principle of subordination in free
probability is emphasized as a main tool in this understanding.

25



26



Chapter 3

Full rank perturbation of classical
random matrix models

This chapter first tries to provide a unified understanding based on free subordination properties of the
spectral properties (limiting support, behavior of the density at edges, exact separation phenomenon) of
the three deformed models i), ii) and iii) introduced at the beginning of Chapter 2, dealing now with full
rank deformations. This chapter actually brings to light a general methodology to localize outliers and to
describe the asymptotic behaviour of the corresponding eigenvectors for all the preceding models, both
in the independent case as well as for the corresponding deformed isotropic models, namely replacing in
i) and ii) Wy, Sy by UBU* with U Haar distributed and B deterministic, and in iii) Xy by a random
matrix whose distribution is biunitarily invariant.

It was the purpose of [C22] to put forward an unified understanding based on subordination in free
probability. This investigation relies notably on [C15], [C17], [C18], [C'19], [C21] and [C24].

3.1 Convergence of spectral measures

This section is devoted to the study of the limiting spectral distribution (LSD) of the deformed matrix
My for the different models i) to iii). We now assume that for some probability v, the spectrum of the
deformation Ay satisfies

UAy —> V weakly, for cases i) and ii)
N—+oco

AyAx — v weakly, for case iii).

HAn N N—+4o0 ¥ )

The following theorem is a review of the pionner results concerning the limiting spectral distribution for
the three deformed models in the independent case. The spectral distribution is characterized via an
equation satisfied by its Stieltjes transform. (For any probability measure 7 on R, we denote by g, the

Stieltjes transform of 7 defined for any z € CT := {z € C, 3z > 0} by g-(2) = [ 5dr(t).)

Theorem 19. Convergence of the spectral measure pinry

i) Deformed Wigner matrices ([111], [4] Theorem 5.4.5)

Py (T2 weakly
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with
1

P RO (3.1)

VZ € (C+7 g,u1(z) :/
it) Sample covariance matrices ([101, 130])
HMy ij Lo weakly
with

1
s tl—ct g (2)

VzeCH, gu(2) = / dv(t). (3.2)

iit) Information-Plus-Noise type matrices ([56, 155])

— sz weakly

M
H N N—+oco

with
1

(1= c0%9,(2))2 = =5ry ey — 021 = ©)

V2 e CF, gu(z) = / du(t). (3.3)

Remark 2. The limiting measures 1, 2, b3 are deterministic. Note that they are not always explicit.
They are universal (do not depend on the distribution of the entries of the non-deformed model) and
only depend on An through the limiting spectral measure v.

Remark 3. If v = §y in (3.1), we recover the equation satisfied by the Stieltjes transform of the semi-
circular distribution. The same is true for the Marchenko-Pastur distribution in (3.2) with v = §; and
in (3.3) with v = dy.

Remark 4. Such functional equations for Stieltjes transforms have been obtained for deformations of
isotropic models by [113] and [143].

3.2 Study of LSD of deformed ensembles through free probabil-
ity theory

In this section, we take an other look of the LSD described in Section 3.1, in the light of free proba-
bility theory introduced in the Appendix. We also characterize the limiting supports in terms of free
subordination functions. This will prove to be fundamental to understand the outliers phenomenon for
spiked models in Section 3.3. We finish with an analysis of the different behaviors of the density at edges
of the support of free additive, multiplicative, rectangular convolutions with semi-circular, Marchenko-
Pastur and the square-root of Marchenko-Pastur distributions respectively. This provides the rate for
fluctuations of eigenvalues at edges as it will be discussed in Section 3.5.

3.2.1 Free probabilistic interpretation of LSD

As noticed in Remark 2, the limiting spectral distributions of the deformed models investigated in Section
3.1 are universal in the sense that they do not depend on the distribution of the entries of the non-
deformed model. Therefore, choosing Gaussian entries and applying Theorem 43 and Theorem 44, we
readily get the following free probabilistic interpretation of the limiting measures as well as of the equations
satisfied by the limiting Stieltjes transforms in Theorem 19.
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e Deformed Wigner matrices

Pmy —  p1 weakly, p1 = psc B,

N N—+oc0
e Sample covariance matrices

pay —>  p2 weakly, po = pmp Xv.
N—+o00

e Information-Plus-Noise type matrices

120.75N N—>_+>oo M3 WeakIYa H3 = (\/ HMP B \/;)2

The equations (3.1), (3.2) and (3.3) satisfied by the limiting Stieltjes transforms correspond to free
subordination properties introduced in Section 5.5 and exhibit the subordination functions w,, ., with
respect to the semi-circular distribution ps. for the free additive convolution, F,,,, . with respect to the
Marchenko-Pastur distribution pnvp for the free multiplicative convolution, and ,,,,,, with respect to
the pushforward of the Marchenko-Pastur distribution by the square root function /uyp for the rectan-
gular free convolution. We use here the notations introduced in Section 5.5.

e Deformed Wigner matrices
V2 €CY, g4, (2) = g0 (Wp.o (2))-

Wpee(2) = 2 — 5729#1(2)-

e Sample covariance matrices

Vz e CT o, (1) = Vo (Frnp v <i>) (3.4)

z

with

vrle) = [ Tdr() = 20 - 1,

1—tz

SIS S

).

FHMP,V(Z) =z—cz+ Cg,ul(

e Information-Plus-Noise type matrices

s = (v Be V)2

o (1 c 1
Ve Ct H (Z> =H) (QMMP’,, (Z» , (3.5)
with ) )
@y = 40 ()2 _ b
H () = 97 (0)" + (1= 0)gr (),
1

B2 = T2, (P (0 9071~ o9, (1)
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3.2.2 Limiting supports of LSD

For each deformed model involving independent entries, several authors studied the limiting support
[33, 47, 57, 97, 98], [C18]. It turns out that in each case there is a one to one correspondance involving
the subordination functions between the complement of the support of the limiting spectral measure and
some set in the complement of the limiting support of the deformation, as follows.

e Deformed Wigner p; = psc Hv

1

R\ supp(p1) ¢:> O1 C R\ supp(v),
1

O1 := {u € R\ supp(v), ¢ (u) > 0},
u € R\ supp(v), ¢1(u)=u+o0%g,(u),
z € R\ supp(i), ¢1(x)=1x—0°g,, (2).

e Sample covariance matrices po = uyp X v

P2

R\ {supp(piz)} ¢Z> 02 C R\ {supp(v)}, (3.6)

Oy = {u €° {supp(v)}, ¢y(u) > 0},

t
UGR\SUPP(V)a ¢2(U):U+CU/u_th(t)7
=aFeag, @ 1§ ¢<1
o € R\ supp(u2), ¢a(z) = { SRt
Grip (@) -

Note that o is well defined on R\ supp(uz) since its denominator never vanishes according to Lemma
6.1 in [11].

e Information-Plus-Noise type model ps3 = (\/inp Be V)2

3

R\ supp(ps) ¢:> O3 C R\ supp(v),
3

0, = {u € R\ supp(v), du(u) > 0. g, (u) > —1},

o%c
u € R\ supp(v), ¢3(u) =u(l+co?g,(u))? +o*(1 —c)(1+ co’g,(u)), (3.7)
v € R\ supp(ps), ¢3(z) = 2(1 = co’gy, (2))* = (1 = )0 (1 = co® gy, (2))-

Note that ¢ corresponds to the extension of wy,,, , on R\ supp(u1) and for i = 2,3, ¢; coincides on
R\ {supp(u;) U {0}}, with the extension of z — 1/F,, . ., (1/2) and z — 1/Q,, . (1/2) respectively.
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The above characterization of the support are explicitely given in [33] and [C18] for p1 and ps3. Now,
it can be deduced for us by the following arguments. In a W*-probability space endowed with a faithful
state, the support of the distribution of a random variable x corresponds to the spectrum of z. Thus,
considering pip as the distribution of b'/2ab'/? where a and b are free bounded operators whose distribu-
tions are ppp and v respectively, one can easily see that for ¢ < 1, 0 belongs to the support of pyp M v if
and only if 0 belongs to the support of v. The latter equivalence and Lemma 6.1 in [11] readily yield (3.6).

When the support of v has a finite number of connected components, we have the following description
of the support of the u;’s in terms of a finite union of closed disjoint intervals.

Theorem 20. [C15] [C18] Assume that the support of v is a finite union of disjoint (possibly degenerate)
closed bounded intervals. For any i = 1,3, there exists a nonnul integer number p and u; < v1 < ug <
... <up < vy (depending on i) such that

Oi :] - OO,Ul[ Ufz_ll ]vlvul-i-l[ U ]vpv +OO[

We have
supp(v) C Up_, [ur, v]

and for each l € {1,...,p}, [u,v;] N supp(v) # 0.
Moreover,

supp(pts) = UP_ [ (uy), i (v;0)],
with
Gi(ur) < ¢i(v)) < diluy) < divy) <--- < diluy,) < dilvy)),

where ¢i(u; ) = limyqy, ¢i(u) and qﬁi(vf) = limy, ., ¢i(u).
Finally, for each 1l € {1,...,p},

pi([¢i (), 6i(v)]) = v([w, vi)).- (3.8)

Using the characterization of the support (3.6), Remark 3.6 in [C17] and the fact that from [20] the
only possible mass of us = uyp X v is at zero, one may check that the above result still holds for us
allowing u; = v; = 0 or ¢o(u1) = ¢a(v1) = 0 in Theorem 20. Note that the latter cases occur only when
v has a Dirac mass at zero since from [20], puyp X v({0}) = max(ump({0}), v({0})) and therefore, since
¢ < 1, ug has a Dirac mass at zero if and only if v has a Dirac mass at zero. (3.8) can be seen as a
consequence of the matricial exact separation phenomenon described in Theorem 3.13 below letting IV
go to infinity.

3.2.3 Behavior of the density at edges

Biane proved in [33] that u; = psc B v has a continuous density. Choi and Silverstein [47] and Dozier
and Silverstein [57] proved respectively that, away from zero, o = pyp M v and pz = (/femp Be Vv)?
possess a continuous density. Let us denote any of theses densities by f.

Using the notations of Theorem 20, we have

supp(v) C Up_; [u; o] = R\ O;

and for each [ € {1,...,p}, [u, vi]Nsupp(v) # O. If a =u; or v; are not in supp(v) that is if supp(v) does
not stick to the frontier of R\ O; at these points, then the previous authors established that the density
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exhibits behavior closely resembling that of y/|z — d| for  near d = ¢;(a). We will say that such an edge
¢i(a) is regular. This is for instance obviously always the case dealing with a discrete measure v.

Nevertheless for some measures v with a density decreasing quite fast to zero at an edge of the support
of v, such an edge may coincide with some w; or v;, that is supp(r) may stick to the frontier of R\ O;
at this point. Then, at the corresponding edge of the support of p;, the density f may exhibit different
behaviour. This can be seen for instance in the following example investigated by Lee and Schnelli [92]:

dv(z) = Z7 (1 +2)*(1 - z)bh(x)l[_l,l] (z)dz

where @ < 1,b > 1, h is a strictly positive C!-function and Z is a normalization constant. Indeed let g
be such that
/ 1 dv(2) 1
——dv(x) = .
1—a)? o3

1 1

R\ Oy = supp(v) U{u € R\ supp(v), / mdy(x) > ﬁ}'

Let us consider

It can be easily seen that for all o > o¢, R\ O1 = [ug, v,] with u, < —1 < 1 < v,, so that
supp (pse Bv) = [¢1(uo), ¢1(vo)]; (3.9)

thus, ¢1(v,) is a regular edge and we have f(z) ~ C(¢1(v,) — z)2.
Now, for all ¢ < 09, one can see that R\ O7 = [u,, 1], with u, < —1, so that supp (usc Br) =
[01 (o), #1(1)]; it turns out that the density exhibits the following behaviour at the right edge

f@) ~ C(gn (1) — ). (3.10)

We illustrate by the following picture the difference of behaviour of the density f at edges of u;
depending on wether the support of v sticks to the frontier of R \ O; or not. We consider a measure v
whose support has three connected components [a;, b;],7 = 1,2,3. Then, we know that R\ O; has at most
three connected components and each of them contains at least a connected component of the support
of v. We draw one possible case where [ay, b1] and [ag, bs] are in the same connected component [uy, v1]
of R\ O; and by = vy whereas [ag, b3] is in an other connected component [ug, v2] of R\ O;.

CR \ Oi
[ ] [ ]
U1 = U2 U2
supp(4; )
[ ] { I
¢i(u1) pi(v1) ¢i(us2) ¢i(v2)

T T . N e

f(x) ~ Cld - x|% the singularity of f F(z) ~Cld— x|%

may change!
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3.3 Outliers of general spiked models

In Section 2.2, we presented the seminal works on the behavior of the largest eigenvalues for finite rank
deformations of standard models. It turns out that the previous analysis in Section 3.2 allows us to
understand the appearence of outliers of general spikes models that is dealing with full rank deformations
and provides the correct way to generalize the pioneering works. Actually, the relevant criterion for a
spiked eigenvalue of the deformation to generate an outlier in the spectrum of the deformed model is to
belong to the set O; related to the subordination functions and introduced in Section 3.2.2. In the finite
rank case this criterion reduces to a critical threshold.

In order to adopt universal notations for the three types of deformations, we set

(3.11)

Aw = An for additive or multiplicative deformations
N7 4 nAy  for Information-plus-noise type deformation.

Thus, for each type of deformation, we assume the following on the perturbation Ay:

e uj, weakly converges towards a probability measure v whose support is compact.

e The eigenvalues of Ay are of two types :

— N —r (r fixed) eigenvalues a;(N) such that

%af’;dist(ai(zv),supp(u)) 0
1=

N—o0

— a finite number J of fixed (independent of N) eigenvalues called spikes 6; > ... > 6; (> 0
for multiplicative deformations and information-plus-noise type models), Vi = 1,...,J, 0; &
supp(v), each 0; having a fixed multiplicity k;, >_, k; = 7.

3.3.1 Location of the outliers

Here is a naive intuition for general additive deformed models in order to make the reader understand the
occurence and role of free subordination functions. We have the following free subordination property
(see Section 5.5)

QMEHV(Z) = gV(WM,V(Z))'
For an Hermitian deformed model such that
MN - YN +AN5 HY N — M LA N — V, WM N — /.LBE'Z/,
the intuition is that
Gunry (2) = Gpay (Wpw (2))-
Assume that Ay has a spiked eigenvalue 6 outside its limiting support. If p ¢ supp (1 B v) is a solution
of wuw(p) =0, Gunry (P) = Guua,, (W, (p)) explodes! Therefore the conjecture is that the spikes 0’s of the

perturbation Ay that may generate outliers in the spectrum of My belong to wj,, (R \ supp (u B v)) and
more precisely that for large IV, the 6’s such that the equation

w#,,,(p) =0

has solutions p outside supp (pHv) generate eigenvalues of My in a neighborhood of each of these
p- This intuition in fact corresponds to true results for both models: independent and isotropic case.
Nevertheless, their proofs are different. In the following, we present the distinct approaches.
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The independent case

In this section, we will denote by ¢, ¢, O, i, any of ¢;, v;, O;, p;, for ¢ = 1,2, 3 introduced in Section 3.2.2
related to the investigated deformed model. We choose to present a unified result covering the three
types of deformations.

a) A deterministic equivalent

In the three deformed models, a deterministic measure plays a central role in the study of the spectrum
of the deformed models. This measure is a very good approximation of the spectral measure p s, in the
sense that almost surely, for large N, each interval in the complement of the support of this deterministic
measure contains no eigenvalue of My. This was first established by Bai and Silverstein [9] in the
multiplicative case. We now express this deterministic measure vy in the three models :

i) Additive deformation of a Wigner matrix [C15]:
UN = fise B piay-

ii) Multiplicative deformation of a sample covariance matrix ([9])
vy = pmp W pay .

ili) Information plus noise model ([97] in the Gaussian case, [12], [C24])
vn = (Vinp Bey \/liayay)? (with ey = N/p).

We denote by Ky the support of vy and for € > 0, (K ). denotes an e neighborhood of K. We have the
following result which holds for the three models (we refer to the original papers for the precise technical
assumptions on the models):

Proposition 3. Ve > 0, V[a,b] C (Kn)e,
P( for large N, My has no eigenvalue in [a,b]) =1 (3.12)

For deformed Wigner matrices, (3.12) is established in in [C15, Theorem 5.1] under the assumption that
the real part and the imaginary part of the off-diagonal entries of the Wigner matrix are iid with variance
one half and the common distribution is symmetric and satisfies a Poincaré inequality; its proof uses
the strategy developed by [77] and [78] already described in Section 2.4.1. Note that [C23] that will be
presented in the following Chapter (dealing with much more general polynomial models) extends to more
general Wigner matrices. The same method was used in [97] for Gaussian Information-Plus-Noise type
matrices.

To prove the inclusion of the spectrum (3.12) for sample covariance matrices and information-plus-noise
type matrices [9, 12], Bai and Silverstein provide a different approach strongly related to the models
although it also makes use of Stieltjes transform. Note that, in an Appendix in [C24], we present alter-
native versions of the earlier result of [12] for non-Gaussian Information-Plus-Noise type matrices where
we remove some technical assumptions that were difficult to handle but assume that the real part and
the imaginary part of the entries of the random matrix are independent with variance one half . Note
also that in the context of [12], (3.12) is proved only for a > 0 whereas it includes the case a = 0 in the
framework of [C24].
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b) An exact separation phenomenon
A next step in the analysis of the spectrum of deformed models dealing with independent entries is
an exact separation phenomenon between the spectrum of My and the spectrum of Ay, involving the
subordination functions : to a gap in the spectrum of Ay, it corresponds, through the function © defined
in Section 3.2.2, a gap in the spectrum of My which splits the spectrum of My exactly as that of Ay.
Let [a,b] be a compact set such that for some 6 > 0, for all large N, [a —d,b+ ] C R\ supp (vn). Then,
almost surely, for large N, [¢(a), ¢(b)] is in the complement of the spectrum of Ay. Hence, with the
convention that for any N x N matrix Z, A\o(Z) = 400 and Any41(Z) = —oo, there is iy € {0,...,N}
such that R R

Aiv+1(AN) < @(a) and A, (ANn) > @(b). (3.13)
Moreover, |a, b] splits the spectrum of My exactly as [p(a), p(b)] splits the spectrum of Ay as stated by
the following.

Theorem 21. With iy satisfying (3.13), one has
Phiy+1(Mn) <a and N (My) > b, for all large N| = 1. (3.14)
The following picture illustrates this exact separation phenomenon.

[a,b] € R\ supp(vn) «— [p(a), p(b)]
gap in Spect(My) <— gap in Spect(Ay)

| | | |
[ [ [ [ g

Ar1(An) o(a) @(b) M(Ax) -
N — [ eigenvalues of Ay | eigenvalues of Ay
| | | | .
[ [ [ [
)\l+1(MN> a b )\Z(MN)
N — [ eigenvalues of My | eigenvalues of My

This was first observed by Bai and Silverstein [10], in the case of sample covariance matrices. We
refer to [C15] for deformed Wigner matrices and to Loubaton-Vallet [98] (Gaussian case), [C18], [C24]
for Information-plus-noise type models when the real part and the imaginary part of the entries of the
random matrix are independent with variance one half. This exact separation phenomenon leads asymp-
totically to the relation (3.8) between the cumulative distribution function of the p;’s and the cumulative
distribution function of v.

c) Convergence of eigenvalues
The following result gives the precise statement of the intuition given at the beginning of Section 3.3.1
and is a consequence of the inclusion of the spectrum and the exact separation.

Theorem 22. [15, 120] [C15], [C18] Assume that the LSD v of An has a finite number of connected
components. For each spiked eigenvalue 8;, we denote by nj_1+1,...,n;_1 +k; the descending ranks of
0; among the eigenvalues of Ay. With the notations of Section 3.2.2,
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1) If 05 € O, the k; eigenvalues (A, +:(Mn), 1 <i < kj) converge almost surely outside the support
of u towards ps; = ¢(0;).

2) If 0; € R\O then we let [sy;,1;,] (with 1 < I; < m) be the connected component of R\O which
contains 8.

a) If0; is on the right (resp. on the left) of any connected component of supp(v) which is included
n [si;,t;] then the k; eigenvalues (An,;_,+i(Mn), 1 < i < kj) converge almost surely to (b(tlt)
(resp. (;5(3;)) which is a boundary point of the support of .

b) If 0; is between two connected components of supp(v) which are included in [s;;,t;;] then the k;
eigenvalues (An;_, +i(Mn), 1 < i < kj) converge almost surely to the aj-th quantile of ju (that is
to qa, defined by o; = p(]— 00, qa,])) where a; is such that a; = 1—limy "5+ = v(]—o00,6,]).

The isotropic case

Here we consider an additive spiked deformation of an isotropic matrix
MN:AN-FU;,BNUN. (315)

Uy is a unitary matrix whose distribution is the normalized Haar measure on the unitary group U(N).
By is a deterministic Hermitian matrix of size N x N such that pp, converges weakly to p compactly
supported as N — oo and such that the eigenvalues of By converge uniformly to supp(p) as N — oo.
Ay is a deterministic Hermitian N x N perturbation as defined at the beginning of Section 3.3.

Note that if Ay has no outlier, that is if {6y, --,0;} = 0, then the general study of Collins and Male
allows to deduce that a.s. neither does My (see Corollary 3.1 in [48]) meaning that for all large N, all
the eigenvalues of My are inside a small neighborhood of the support of p H v.

Assume now that Ay has outliers. Then we established in [C21] the following result.

Theorem 23. Set K = supp(puHv),

J

K = KU [U w;l({ﬁi})] :
i=1

with wy defined as in Section 5.5. The following results hold almost surely for large N:

Given ¢ > 0 and denoting by K. an € neighborhood of K, we have

spect(My) C K.

Let p be a fixzed number in K'\ K and 0; be such that wo(p) = 0;. For any € > 0 such that (p — 2e,p +
2e) N K' = {p}, we have
card({spect(My)N(p—e,p+e)}) = k;.

Here we explain the sketch of the proof. Fix a € supp(v). Due to the left and right invariance of the
Haar measure on U(N) we may assume without loss of generality that both Ay and By are diagonal
matrices. More precisely, we let Ax be the diagonal matrix

. N N
An = Dlag(el,...,91,...,0J,...,0],0&5 ),...,agv_)r),
—— N——
ki times k,;times
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and write Ay = Ay + AY;, where
Ay = Diag(a, ..., a, aEN), ce agévlr),

and
A, = Diag(0y —a,...,00 —a,...,0; —a,...,0; —a,0,...,0).
——

k,times Lk stimes N-—r

We have A% = P%©Py, where Py is the r x N matrix representing the usual projection CV — C" onto
the first r coordinates, and

O =Diag(b) —a,...,01 —a,...,.0; —a,...,0; — ).

k;times k;times

The matrices A% and By have no outliers, and therefore [48, Corollary 3.1] applies to the matrix
My = Ay + UNBnyUn. Note that the limiting spectral measure is still p B8 v. The first key idea is
due to Benaych-Georges and Nadakuditi [29] and consists in reducing the problem of locating outliers of
the deformations to a convergence problem of a fixed size r X r random matrix, by using the Sylvester’s
determinant identity: for rectangular matrices X and Y such that XY and Y X are square, we have

det(I + XY) =det(I + Y X). (3.16)
Given z outside the support of p B v, we have
det(zIn — (Ay + U5 ByUy)) = det(zIy — My)det(Iy — (zIn — My)™ " PLOPY),
so that using Sylvester’s identity, we obtain that
det(zIy — (Ay + U ByUy)) = det(zIy — M) det(I, — Py (zIx — My)~" P50).

We conclude that the eigenvalues of Ay + Uj BnyUn outside pH v are precisely the zeros of the function
det(Fn(z)), where

Fn(2) = I, — Py (zIn — My) " PLO. (3.17)

The key idea is now to establish an approximate matricial subordination result. Biane [34] proved the
stronger result that for any a and b free selfadjoint random variables in a tracial W*-probability space,
there exists an analytic self-map w: C* — C™T of the upper half-plane so that

Ecia] [(z —(a+ b))fl} = (w(z) — a)fl, 2eCT. (3.18)

Here Ec[a) denotes the conditional expectation onto the von Neumann algebra generated by a. It can be
proved that an approximate version does hold in the sense that the compression

Py [E[(z = (Ay + Uy BNUN) 1]+ A Py

is close to wy(2)I,., as N goes to infinity, where ws is the subordination function from (5.15). For this
task we use the following lemma.
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Lemma 2. Assume that e > 0, and T € My(C) satisfies the inequality

[F*(TY —=YT)h| <e||Y|
for every rank one matriz Y € My (C) and all unit vectors h,k € CN. Then for any w in the numerical
range W(T) = {h*Th : ||h|| = 1}, we have |T — wiy| < 2e.

Thanks to this lemma, we establish that there exists (w¥)(2))y in C such that

lim ||E [(z2Iy — (A + Uj(,Bz\fUN))_IT1 + Ay — W™ (w)Iy| =0,

N—o00

and thus _1
E [(2Iy — (Ay + U3 BxUn)) ] = (AN - w(N)(z)IN) .

Then we use asymptotic freeness and subordination property to prove that w®¥ )(z) converges towards
wa(2).

Thus, it turns out that almost surely the sequence {Fx}y converges uniformly on compact subsets of
C \ supp(p B v) to the analytic function F' defined by

01 — 0y —
F(z) =Diag |1— % 1- 2%
wa(2) — wa(z) —

ki times kstimes

The set of points z such that F(z) is not invertible is precisely U;‘le wy 1 ({6;}). Theorem 23 follows by
Hurwitz’s Theorem.

It follows from this result that a remarkable new phenomenon arises: a single spike of Ay can generate
asymptotically several outliers of M. This arises from the fact that the restriction to the real line of
some subordination functions may be many-to-one, that is, with the above notation, the set w; ' ({#}) may
have cardinality strictly greater than 1, unlike the subordination function related to free convolution with
a semicircular distribution that was used in Section 3.3.1. The following numerical simulation illustrates
the appearance of two outliers arising from a single spike. We take N = 1000 and My = Ay +UnBnUY,
where By = diag(—1,...,—1,1,...,1), and

————— ——

vz
w[Z

WE_,
Ay = 5 Ov-_1)x1
O1x(v-1) 10

)

with W§_, being sampled from a standard 999 x 999 GUE.. This is not a spiked deformed GUE model
and now, the spike # = 10 is associated to the matrix approximating the semicircular distribution. We
have the subordination identities

e (2) = o (w2(2)) = gy, (1(2))

where ws is injective on R \ supp (usc. B v) but wy may be many to one. The equation wy(p) = 10 has 2
solutions p; and po.
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so

= a e s 10 1z

Actually, in [C21] we also consider additive models where both Ay and By have spiked outliers
([C21]). Namely, let us consider the matricial model (3.15) where we assume that there exist a spiked
0 ¢ supp(v) which is an eigenvalue of Ay with multiplicity & and a spiked « ¢ supp(u) which is an
eigenvalue of By with multiplicity [, whereas the other eigenvalues are uniformly close to the limiting
supports. We have the subordination properties

iy (2) = gy (W2(2)) = gu(w1(2))-

If there exists p € R\ supp(p B v) such that

wi(p) = a
wa(p) =10
then for all large IV, there are k + [ outliers of My in a neighborhood of p.

Such results are established in [C21] for multiplicative perturbations of unitarily invariant matricial
models, based on similar ideas, with the subordination function replaced by its multiplicative counterpart.

3.3.2 Eigenvectors

For a general perturbation, dealing with sample covariance matrices, S. Péché and O. Ledoit [116] in-
troduced a tool to study the average behaviour of the eigenvectors but it seems that this did not allow
them to focus on the eigenvectors associated with the eigenvalues that separate from the bulk. It turns
out that in our studies [C17], [C21], [C24], we point out that the angle between the eigenvectors of the
outliers of the deformed model and the eigenvectors associated to the corresponding original spikes is
determined by free subordination functions.

The following theorem [C17], [C21] holds for spiked additive deformations in the independent case
as well as in the isotropic case. Let Ax be a deterministic deformation as defined as the beginning of
Section 3.3; dealing with either a deformed Wigner matrix or a deformed isotropic matrix as defined by
(3.15), we have the following
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Theorem 24. Set K = supp(pHv),

K'= KU [U wf({fh})] ,

i=1

and let wy be the subordination function satisfying (5.15). Let p be a fized number in K'\ K and 0; be
such that wa(p) = ;. Let € > 0 be such that (p —2e,p + 2¢) N K' = {p}. Let £ be a unit eigenvector
associated to an eigenvalue of My in (p —¢€,p+¢€). Then when N goes to infinity,

0j1

ws(p)

Similar results are established for spiked multiplicative deformations in the independent case as well as
in the isotropic case [C17], [C21] and for information-plus-noise type models in [C24] in the independent
case. See the following tabular in Section 3.3.3. Note that in the i.i.d case everything is explicit and can
be rewritten as follows using the ¢;’s defined in Section 3.2.2.

| Per (0,1 —ax))I> — almost surely

Theorem 25. Letn;_1+1,...,n;_1+k; the descending ranks of 6; among the eigenvalues of Ay defined
by (3.11) and £(j) a unit eigenvector associated to one of the eigenvalues (An;_,+q(Mn), 1 < q < kj).
Then when N goes to infinity,

o For any 0, # 0;,
| Pgo (GlIN—AN)(g(j))H — 0 almost surely

| Pxor (‘9]_11\,_1;1]\1)(f(j))H2 — 7; almost surely

P 0;)=1-02] ﬁdy(x) for deformed Wigner matrices

Lo f =2
0;¢5(65) _ 1=/ (91—1>2dy(m)

where T; = 6200;) ~ The[ e (@)

for sample covariance matrices

$3(6;)
1+02cg, (05)

for information-plus-noise type matrices

Here are the common basic ideas [C17] of the proof of these results.
First note that if ui,...,uny and wi,...,wy are respectively a basis of eigenvectors associated with
)\1(AN), ey )\N(AN> and with )\1(MN), ey )\N(MN)7 we have

Tr [h(My) f(An)] = 2 HO (M) S A G )

Thus, since the 6;’s separate from the rest of the spectrum of Ay and the outliers of My separate from
the rest of the spectrum of M, one can deduce the asymptotic norm of the projection onto an eigenspace
associated to a spike 6;, of an eigenvector associated to an outlier of M from the study of the asymptotic

behaviour of T'r [h(M ~N)f(A N)] for a fit choice of h and f. Then, a concentration of measure phenomenon

reduces the problem to the study of E(Tr [h(MN)f(le) ).

40



The third key point is to approximate the function A by its convolution by the Poisson Kernel in order
to exhibit the resolvent of the deformed model

E [Tr [h(My)f(Ax)]] =~ 1im 1y / E(Tr [Gut +iy) f(An)] ) bty

y—0t T

where Gy (2) = (z2Ix — My)~!. Finally, writing An = U*DU, with D diagonal and U unitary, defining
Gn = UGNU*, the result follows from sharp estimations of E({Gn }xr(2)), for any k in {1,..., N}.

3.3.3 Unified understanding

In conclusion, solving the problem of outliers consists in solving an equation involving the relevant
free subordination function and the spikes of the perturbation. Moreover, the norm of the orthogonal
projection of an eigenvector associated to an outlier of the deformed model onto the eigenspace of the
corresponding spike of the perturbation is asymptotically determined by the free subordination function.
This is summarized in the following tabular. In the tabular, Yy denotes a Hermitian random matrix of iid

type (Y = Wy, Sy or G')\(/% according to the deformations, see Section 1.1) or Yy is unitarily invariant

(resp. biunitarily invariant for the information-plus-noise type model). We use notations introduced in
Section 5.5.

My = (AN —+ YN)(AN + YN)*

My = An+Y, My = A\ Pyy A
N N N N N YNAN [Ay A%~ Nostoo V
HAN —7?N—o+oo V MAN A%, —7N—too V N
MYy —?N—+oco M 7 N I Hynyy N—+co M
f eN Spect(ZON) 0327 g ]g(;?fio ) Vit or /v H infinitely divisible
o PectiAN 0 € Spect(AyA%)
0 multiplicity k; 0 multiplicity k; P
6 ¢ supp(v) 6> 0,0 ¢ supp(v) 0 multiplicity k;
’ PP 6 > 0,60 ¢ supp(v)
KMy 7 N—+oo M BHv MMy —?N—+oo M X v UMy —N—+oo (\/EHHC ﬁ)Q
d
g-(2) = fo 2 U (2) = Lg,(2) -1 H = £g.(1)?+ (1 - 0)g-(2)
9w (2) = 90 (@ (2)) Wy, (2) = Uy (0 (2)) H 5 o(?) = HiH(Qu0(2))
b outli oY k; outliers of My k; outliers of My
,i ou 1er§ o N in the neighborhood in the neighborhood
in the neighborhood
of each p s.t of each p s.t
of each p s.t 1 —9 1 9
wuw(p) =0 Fuw(/e) Do (/0
¢ eigenvector of My & eigenvector of My & eigenvector of My
associated to an outlier associated to an outlier associated to an outlier
in the neighborhood in the neighborhood in the neighborhood
Ofpbt wu’y(p)za OfpSt W =0 Ofpst (l/p) =6

2 1 pFu.v(1/p) p2g 2 (0)
||PK6I'(917A)£H TN Wi () ”PKer(ezfA)éH P N—+o0 W ||PKer<917A)fH 7 N—+o00 R i

029, (0)2;, ,(1/p)
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Note that up to now, the formula in the lower right corner of the previous tabular, concerning the
limiting projection of the eigenvectors associated to outliers of Information-Plus-Noise type models in the
isotropic case has been proved only for finite rank perturbation Ay .

3.4 Fluctuations at edges of spiked deformed models

In this section, we present some results on fluctuations of outliers and eigenvalues at soft edges of the
limiting support of spiked deformed models, with particular stress on understanding the phenomena
through free probability theory. Note that, while global fluctuations of eigenvalues of large random
matrices have been described in a series of papers by Mingo et al. [49, 103, 104] in terms of the so-called
second order freeness, second order freeness does not seem to be the apropriate tool for the analysis of
fluctuations of outliers.

3.4.1 Deterministic full rank deformations of Gaussian models

The seminal works concerning full rank additive deformations of a GUE matrix made strong assumptions
on the rate of convergence of 4, to v. In [126], the author investigates the local edge regime which deals
with the behavior of the eigenvalues near any regular extremity point ug of a connected component of
supp(pse B v). The typical size of the fluctuations of the eigenvalues at regular edges (see Section 3.2.3)
is N~2/3, [126] considers the case where 4, concentrate quite fast to the measure v. In particular,
there are no spike. More precisely [126] makes a technical assumption on the uniform convergence of the
Stieltjes transform of pa, to g,:

sup Gpay (2) = g0 (2)] < N72/37, (3.19)
zE

where K is some compact subset of the complex plane at a positive distance of the support of v. Then,
[126] proves that the eigenvalues converging to ug have universal asymptotic behavior, characterized by
the Tracy-Widom distribution. In [2] and [1], [37, 5] the authors consider the case where Ay has two
distinct eigenvalues +a of equal multiplicity. They proved the Tracy-Widom fluctuations at edges (which
are all regular since v is discrete).

It turns out that the above strong assumptions made on the rate of convergence of p4, to v can be re-
moved by studying the asymptotic distribution of eigenvalues in the vicinity of mobile edges namely the
edges of the deterministic equivalent ps. B pa, of the empirical eigenvalue distribution of the deformed
GUE. In [C19], we establish the following results.

Let d be a regular right edge of supp(us.Hr). Assume moreover that for any 6; such that [ (; l:(;))Q =

1/0%, we have d # ¢1(0;) = 0; — 02g,(0;). It turns out that for n small enough, for all large N, there
exists a unique right edge dy of supp(pse B pay) in Jd — n,d + n[ and the asymptotic distribution of
eigenvalues in the vicinity of dy is universal as the following Theorem 26 states.

Theorem 26. ([C19]) Let k be a given fized integer. Let Aoz > Mmaz—1 = *** Amaz—k+1 denote the k
largest of those eigenvalues of My converging to d. There exists o > 0 depending on dy only such that
the vector

N2/3

()\mam - de >\ma:c—1 - dN7 ey Amam—k—&-l - dN)

converges in distribution as N — oo to the so-called Tracy-Widom GUE distribution for the k largest
eigenvalues (see [142]).
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To define the limiting correlation function at an outlier, we consider for k = 1,2, ..., the distribution

Gg(+) given by
k
k Z]c / / i *§j|2 . H@iééfdfldfk (320)
=1

R 1<7,<]<k

G, is the distribution of the largest eigenvalue of a k x k GUE. Let 6; be a spiked eigenvalue with
multiplicity k;, such that [ (=L dl/( ) < 1/02. Recall that in [C15], we prove that the spectrum of
My exhibits k; eigenvalues in a nelghborhood of

dv(z)
=0, +0° . 21
Po; +o / p— (3.21)

Dealing with mobile edges related to ps. B pa,, [C19] obtains the following universal result.

Theorem 27. Let 6; be such that f (dy(x)z < 1/0% Then, for € > 0 small enough, for all large N,
supp(pse B pay ) has a unique connected component [L;(N), D;(N)] inside |pg, — €, po, +€[. Let us denote

by Amaz the largest of the k; outliers around pg,. There exists ¢ > 0 depending on 0; and v only such that

lim P (\/Nc (/\mm - L<N)+D(N)) < x) = Gy, ().

N—o00 2
Actually, the k; outliers of My close to pyg, fluctuate at rate VN around w as the eigenvalues
of a k; X k; GUE.

In [1, 2], dealing with Ay such that pa, is a finite combination of Dirac delta masses, the authors
also consider the case where ug is a point where two connected components of supp(us. B ) merge so
that, denoting by p the density of ps. B v, p(u) > 0,Vu € (ug — €;up + €) \ {uo} for some € > 0 and
p(up) = 0 (ug is a so-called cusp point). In this case, the limiting eigenvalue statistics are described by
the so-called Pearcey kernel defined by

K / / —t4 +:Et+8 —sy__ — 1 (322)
2’671' Ty oo t

The contour I'g is formed by two curves lying respectively to the right and left of 0: one goes from coe’
to coe™*% and the other from —oce!® to —ooe™ . In [C19], we also investigates the fluctuations in a
neighborhood of an isolated point of vanishing density. Let ug € R be such that p(ug) = 0 and that
there exists € > 0 such that, Yu €Jug — ;ug + €[\{uo}, p(u) > 0 . Assume that for any 6; such that

Ik (g"js)z = 1/0?, we have 0; + 02g, (0;) # uo. Set to = ¥, | (uo) where

~ ) (t — x)dv(z)
\I]o’,l/(t) =t+to /]R (t — 1’)2 + Ua,l/(t)Q

and the function v,, : R — R¥ is defined by

Vg (1) = inf{v > O,Am < 012}

The function ¥, , has been introduced by Biane in [33]: it is an homeomorphism from R\ O; (where O

is defined in Section 3.2.2) onto the support of ps.EHr. Assuming that the equation f #AN(I) -1/0%2=0
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admits a unique solution ¢t € C in a neighborhood of ty, we prove that for n small enough, for all large
N, there exists uy in Jug — 77; ug + 1| such that py(uy) = 0 and Vu €]ug — n;uo + n[\{un}, pn(u) > 0,
where py denotes the density of pse B pay -

Last we derive the asymptotic behavior of eigenvalues at the vicinity of uy.

Theorem 28. [C19] Let k be a fived integer and f : R¥ — R be a symmetric bounded function with
compact support. There exists k > 0 such that

E Z f(IiN%(/\il —UN),KN%(/\iQ—UN),...,HN%(/\ik—uN)>
1<i1<io< - <ip, <N
1 k
k
N /]Rk Hf(xl’ oy xy) det(Kp (i, )7 =1 dei.

i=1

The basic tool of [C19] is a saddle point analysis of the correlation functions of the deformed GUE, the
contours involving the image of R by the continuous extension of the subordination function wo defined
by (5.15) with u = psc and v = pa,.

[79, 80, 81] investigate the behavior of the eigenvalues of Gaussian Sample covariance matrices in the
case of a full rank perturbation Ay of the identity, in the vicinity of the soft edges, the hard edge when
existing, and the cusp points in the support of pyp X v. They obtain the analog of Theorems 26 and 28
dealing with mobile edges namely the edges of the deterministic equivalent pyp X pa, . As for deformed
GUE model, the distribution of the eigenvalues is explicit, with a determinantal structure. The analysis
of the fluctuations relies on an expression of the distribution of the extremal eigenvalues in terms of a
Fredholm determinant and then an asymptotic analysis.

Several recent works proved the universality of the Tracy-Widom fluctuations at soft edges for quite
general deformed Wigner matrices or sample covariance matrices without outliers. The methods pursue
a Green function comparison strategy [19, 94, 95] or make use of anisotropic local laws [91]. We do not
detail the results since they do not fall under the scope of free probability theory.

3.4.2 Random perturbations

If one let the perturbation matrix Ay be random then the mobile edges of the equivalent measure
become random and may lead to different rates of convergence and different asymptotic distributions.
We present two examples established respectively by Johansson [85] and Lee and Schnelli [93] that we
revisited through free convolutions.

e Johansson [85] considered
My =W§ + Ax

where Wﬁ is a GUE matrix as defined in Section 1.1 and
Ay = Nﬁl/Gdiag(yl, L. ,yN)

where the y;’s are iid real random variables with distribution 7 and independent from Wﬁ . Let
us assume that 7 is compactly supported and set v? = Ik 22d7(z). Note that almost surely 114,
converges weakly to dg and par, converges weakly to ps.. Denote by dy the deterministic upper
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right edge of pis. H where denotes the pushforward of 7 by the map x — Johansson

established that

N‘lr/6 Nvl—/6 NI/S
o IN2/3 ()\max(MN) - dN) DX 4y (3.23)

where X and Y are independent random variables, X has the Tracy-Widom distribution and Y has

distribution N (0, ;’—Z) Note that the upper right edge dy of ps. B ~i7s is defined by
dy = in + / L i), (3.24)
= o’ | ——m—— )
NN tny —x/N1/6

where £y in the vicinity of o satisfies
1 1
————d7(2) = —. 3.25
Consider now the random upper right edge dy of pisc B p1a,. It is defined by

N

1 1
dy =t 2N 2
N N+o N;tN—yi/Nl/G’ (3.26)

where ¢ in the vicinity of o satisfies

N

1 1
_— = 3.27
; (tv — i/ N1/6) o? ( )

It is easy to see that (3.24), (3.25), (3.26) and (3.27) yield
dN — CZN = O'2ZN + O((tN - tNN)2) and tN - tNN = O(ZN),

where ) }
N2/37, = N2/3 {gHAN(tN) —g_r_ tN)}

i (

converges weakly to a centered Gaussian distribution with variance v?/a*. Thus, it comes readily
that R 5
o IN2/3 {dN - dN} D, N(0,0%/0?). (3.28)

Now (3.23) readily follows since by Theorem 26, given Ay, o~ *N2/3 (\(My) — dy) converges
weakly to the Tracy-Widom distribution.

Another example is provided by [93] who considered the following deformed model
Wy + diag(vy,...,vN)

where Wy is a Wigner matrix and v; are i.i.d random variables independent with Wy, with distri-
bution
dv(z) = Z (1 +2)“(1 — 2)’h(z)1[_y 1) (x)dz

with @ < 1,b>1 and h > 0 is a C'-function. Assume that Wy is a GUE. Let oy be defined by
fﬁdy(:r) = Uig According to Section 3.2.2, we have supp (usc Bv) = [d,,dF]. Morevover, by

(3.9), for all & > 0, d is a regular edge, the density p of s B satisfies p(z) ~ C(df — ). There-
fore denoting by df (N) the (random) upper right edge of supp (psc B pa, ), Theorem 26 yields the
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convergence in distribution of a ' N?/3(\;(My) — dF (N)) towards the Tracy-Widom distribution.
A similar study as in Johansson’s example shows that the random edge df (N) fluctuates as

VN(E(N) = df) B N (0,62 (1= 0% (g..m0(d))°) )
Thus, we can deduce that

VNQu(My) = 4) B> N (0.0 (1= 02 (gm0 (2)))”) ) -

Note that for all ¢ < g, according to (3.10), p(z) ~ C(d} — x)®. Lee and Schnelli also investigate
the fluctuations at the non-regular edge df and establish that

N#T (A (M) — df) 25 Gy (s)

as N goes to infinity, where Gpi1(s) = (1 — exp((%)b+1))l[o;+oo[(s) (Weibull distribution with
parameters b+ 1 and ¢ = ¢(v,7)).
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The universal understanding, provided by free probability theory, of the asymptotic spectrum of models
inwvolving several matrices, culminates in the following chapter dealing with non-commutative polynomials
in random independent Hermitian matrices; this investigation is achieved by a general methodology based
on a linearization procedure and operator-valued subordination properties.

47



48



Chapter 4

Polynomials in independent random
matrices

We refer to the Appendix where we recall some definitions and properties on freeness with amalgamation
introduced by Voiculescu in [148]. Below, we briefly remind the linearization procedure introduced by
Anderson in [3, Proposition 3] and the algorithm elaborated by Belinschi, Mai and Speicher in [23] to
compute the distribution of a selfadjoint polynomial in free non commutative random variables. We refer
to the book [105] by Mingo and Speicher and references therein. Then, we present our contributions in
[C23] and [C25] dealing with strong asymptotic freeness, deterministic equivalent measures and outlying
eigenvalues of Hermitian polynomial in independent random matrices.

4.1 Linearization

A powerful tool to deal with non commutative polynomials in random matrices or in operators is the
so-called “linearization trick” that goes back to Haagerup and Thorbjgrnsen [77, 78] in the context of
operator algebras and random matrices (see [105]). We use the procedure introduced in [3, Proposition
3], which has several advantages, to be described below.

Given a polynomial P € C(X7,..., X}), we call linearization of P any Lp € M,,(C) @ C(X1,..., Xi)
such that

Lp = (2 g) € My (€) & C(Xy, ..., Xe)

where
1. meN,
2. Q€ My_1(C)®C(Xy,..., X)) is invertible,
3. uis a row vector and v is a column vector, both of size m — 1 with entries in C(X7,..., Xk),

4. the polynomial entries in @, v and v all have degree < 1,

P = —uQ v,
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Tt is shown in [3] that, given a polynomial P € C(X1,..., X}), there exist m € N and a linearization
Lp € M,,(C)®C(Xy,...,Xy). The algebra of polynomials in non-commuting indeterminates X, ..., Xy
becomes a #-algebra by anti-linear extension of (X;, X;, --- X;, )* = X, -+ X;, X;,. It turns out that if
P is self-adjoint, Lp can be chosen to be self-adjoint.

Example: P(Xl,XQ) = XlXQ + X2X1 —+ X12

0 X1 Xo+3X
Note that Lp = X4 0 -1 is a selfadjoint linearization of P.
X5+ %X 1 —1 0

Lp =701+ a1 ®X; +ar® X,

where
0 0 1 01 1 0 0 0
az=(0 0 0, ax=[1 0 0),y=(0 0 -1
1 00 300 0 -1 0

The following results are fundamental for our purpose.

Lemma 3. Let P = P* € C(Xy,...,X}) and let Lp € M, (C(X1,..., X)) be a linearization of P with
the properties outlined above. Let e11 be the m x m matrix whose single nonull entry equals one and occurs
in the row 1 and column 1. Let y = (y1,...,yx) be a k-tuple of self-adjoint operators in a C*-algebra A.
Then, for any z € C, ze11 ® 14 — Lp(y) is invertible if and only if z1 4 — P(y) is invertible and we have

(zen ® 14 — Lp(y) ™" = ((m - f(y»—l :) |

Lemma 4. [C23] Let P = P* € C{Xy,..., X)) and let Lp € M, (C(Xy,...,X%)) be a linearization

of P with the properties outlined above. Let y, = (ygn), . ,y,gn)) be a k-tuple of self-adjoint operators

in a C*-algebra A such that sup,, maxt_, ||y7(f)|| = C < +oo. Let zyg € C be such that, for all large n,
the distance from zo to the spectrum of P(y,) is greater than 6. Then, there exists a constant € > 0,
depending only on 0, Lp and C such that the distance from 0 to sp(zpe11 @ 14 — Lp(yn)) is at least €.

4.2 An algorithm to compute the distribution of a selfadjoint
polynomial in free non commutative random variables

Belinschi, Mai and Speicher [23] (see also [6]) elaborated a general algorithm to deal with the distribution
of selfadjoint polynomials in free variables. The main idea will be to relate such a polynomial with an
operator-valued linear polynomial, and then use operator-valued convolution to deal with the latter. The
distribution of a self-adjoint polynomial P(zq,...,z,) in free variables x1,...,z, in a C*-probability
space (A, ¢) can be deduced from the operator-valued distribution with respect to E = id,, ® ¢ of a
corresponding linearization Lp :=by® 1+ b @ 1 + ... + b, @ z, € M,,(C) ® A. Indeed, according to
Lemma 3,

¢((21A - P(xlv sy xn))il) = lelfol[de & ¢((A€(Z) - LP(xlv s 7xn))71)]11
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for all z € CT where

Ade) = . (@)
© ©

and one can then obtain the desired distribution of P(z1,...,z,) by applying the Stieltjes inversion
formula. The freeness of x1, ..., 2, implies the freeness over M,,(C) of by ®x1, ..., b, ®x,. We have finally
reduced the determination of the distribution of P(x1,...,x,) to a problem involving operator-valued
additive free convolution. However, in spite of the existence of operator-valued Cauchy and R-transforms
[148, 150] there are rarely any non-trivial operator-valued examples where an explicit solution can be
written down. It is the subordination formulation of those convolutions which comes to the rescue as
follows.

For any £ € M,,(C) ® A such that £ = £*, define the M,,(C)-valued Cauchy transform

Ge(k) =idm @ p((k® 14— &)1,

for any x € H (M,,(C)) := {b € M,,,(C),Ib > 0}. Note that, for j = 1,...,n, the M,,(C)-valued Cauchy
transform Gy, g, is completely determined by the scalar-valued Cauchy transform Yo, = i id,uz]. via

1
Gy, 0z, (k) = lim —— / (k — tb;) " Sm(g,, (t+ie))dt.
el0 ™ JrR J

Now, by Theorem 45,
Gbl®$1+b2®I2 (R) = Gbl®$1 (wm(ﬁ))

where w,,, (k) is the unique fixed point of

fu B (M (€)) = HY (M (€)), fi () = By (hy, (w) + ) + (42)

where y; = b; ® x;, hy, (k) = E [(k — yi)fl]_l -b
and wp, (k) = khrf ¥ (w), for any w € HT(M,,(C)).
— 00
Then one can compute wy, (k) = limg_ 1o f2¥(w), for some w € H*(M,,(C)) and deduce Gp, gy + by, (K)-
One can get Gb, @z, +--b, 0w, (k) by iterating this procedure. The Cauchy transform of Lp is then given
by
Grp(k) = Grp—bye1(r —bo)-

Thus, the algorithm of Belinschi, Mai and Speicher [23] to compute the distribution of a self-adjoint

polynomial P(z1,...,x,) in free variables x1,...,z, in a C*-probability space (A, ¢) can be summarized
as follows.

e STEP 1: Find a self-adjoint linearization Lp :=by ® 1 + b1 @ 1 + ... + b, @ x, € M, (A).
Fix k € HT (My(C)).
e STEP 2: Compute Gb,gq, (k) = limejo —= [5(k — tbj)_lﬁm(guzj (t + ie€))dt.
e STEP 3: Compute wy, (k) = limy_, 1 o fF(w), for some w € H¥(M,,(C)), where f, is defined by
(4.2). Then compute Gp, @uq+by@12 (k) = Goy 0z, (Wm(K)) . Tterate and get Gy, @z, +--b, @2, (K)-
e STEP 4: Compute G, (k) = GLp—bye1(k — bo).
STEP 5: For all z € C*, compute gp(z) = lim¢jo[G, (Ac(2))]11 where A.(2) is defined by (4.1).

STEP 6: Apply the Stieltjes inversion formula.
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4.3 Deterministic equivalent measures

In the engineering literature there exists a version of the notion of a deterministic equivalent measure
(going back to Girko [73], see also [82]). This deterministic equivalent measure is obtained by replacing
the Cauchy transform gx of the considered N x N random matrix model (for which no analytic solution
exists) by a function gy which is defined as the solution of a specified system of equations. In [134],
Speicher and Vargas give a more conceptual approach and show that the only meaningful way to get
a closed system of equations when dealing with random matrices is to replace the random matrices by
free variables. In Chapter 3, we introduced such deterministic equivalent measures for three classical de-
formed models. Actually, the results, previously stated in Proposition 3 in Chapter 3, from [9] for sample
covariance matrices and [12] for Information-plus-noise type models, and [C15] for additive deformations
of a Wigner matrix, can be extended to selfadjoint polynomial in Wigner matrices together with deter-
ministic matrices. Indeed, in [C23], we prove that a sequence of deterministic measures plays a central
role in the study of the spectrum of such general models. These measures are computed with the tools
of free probability and are in some sense obtained by taking partially the limit when the dimension goes
to infinity, only for the Wigner matrices, as conceptualized by [134]. We establish that almost surely, for
large dimension, each interval lying at some distance from the supports of these deterministic measures
contains no eigenvalue of the Hermitian polynomial model.

Here are the matricial models we deal with. Let ¢ and r be fixed nonzero integer numbers independent
from N.

° (Ag\}), R Ag\t,)) is a t—tuple of N x N deterministic matrices such that for any u =1,...,t,
sup [|A]| < oo, (4.3)
N
where || - || denotes the spectral norm.
e We consider r independent N x N random Hermitian matrices X](\;J) = [Xi(;'))]i\,[jzlv v=1,...,r, where,

for each v, [X-(jv)]izl,j21 is an infinite array of random variables such that x® \/iRe(Xi(;-))),i < 7,

, )

V2I m(XZ-(;-’)),i < j, are independent, centered with variance 1 and satisfy:

1. There exists a K, and a random variable Z(*) with finite fourth moment for which there exists
o > 0 and an integer number Ny > 0 such that, for any = > z( and any integer number N > Ny,
we have

LZ 3 p(|X§;)| >x) < K,P (\Z(”)| >x). (4.4)

1<4,j<N

sup B X)) < +oo.
(i<j)eN?

Remark 5. Note that assumption such as (4.4) appears in [51]. It obviously holds if the random variables
x \/iRe(Xl-(;-))),i <7, \/ﬁlm(X-(l.))),i < 7, are identically distributed with finite fourth moment.

i 7 (%]

Here is the result roughly stating that there is no eigenvalue of some polynomial model in such matrices
outside the support of a deterministic measure.
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Theorem 29. ([C25]) Let (A, 1) be a C*-probability space equipped with a faithful tracial state and
x = (x1,...,2.) be a semi-circular system in (A, 7). Let ay = (ag\l,), e ag\t,)) be a t-tuple of noncommu-
tative random variables which is free from x in (A, 7) and such that the distribution of (an,al) in (A, T)
coincides with the distribution of (AS\}), . ,Ag\t,), (Ag\}))*, e (A%))*) in (Mn(C), &Tr). Let P be a self-
adjoint polynomial in 2t+r noncommutative indeterminates Xq,..., Xpr, Xrg1, .o Xogt, X0y 1, - X0y,
where for any i =1,...,r, X; = XF. Let [b,c| be a real interval such that there exists § > 0 such that, for
any large N, [b— 6, c+ 4] lies outside the support of the distribution of the noncommutative random vari-

able P (xl, ey Ty ag\l,), . ag\t,), (a g\}))*, ce (ag\t,))*) in (A, 7). Then, almost surely, for all large N, there

&) @)
is no eigenvalue of the N x N Hermitian matriz P <)\(/» e )f/» Ag\l,), ce, A%), (Ag\l,))*7 . (Ag\t,))*)
in [b, c].

Remark 6. When r =t = 1, A(l) (A(l))* and P(X1,X2,X3) = X1 + X2+X , the distribution

of P(a:l,ag\,),( (1)) ) is the free convolution pse B pi,0) where p o) = sz‘:l Z(AN)), denoting by
N N

i(Ag\})), i=1,...,N, the eigenvalues of Ag\l,).

Note that it is sufficient to prove Theorem 29 for Hermitian matrices A( ) cee Ag\t,) by considering their
Hermitian and anti-Hermitian parts. Moreover, using a truncation and Gaussian convolution procedure,

(v)s

it is sufficient to prove Theorem 29 when we assume that the X;;"’s satisty:

(H) the variables ﬂ?ReXf;)), \/i%mXi(;), (i < j) e N2 xW e N, v = 1,...,r, are independent,

)

centered with variance 1 and satisfy a Poincaré mequahty with common constant Cpy.

Note that this implies that for any p € N,

max - sup E (|X v)|p) < +o0. (4.5)
V=50l (4,5)EN?

We adopt the strategy from [77] and [78] based on a linearization trick and sharp estimates on matricial
Stieltjes transforms. Hence, the proof of Theorem 29 is based on the following key lemma.

Lemma 5. ([C23]) Let (A, 7) be a C*-probability space equipped with a faithful tracial state and x =
(z1,...,2) be a semi-circular system in (A, 7). Let ay = (as\p, .. (t)) be a t-tuple of noncommutative
self-adjoint random wvariables which is free from x in (A, T), such that the distribution of an coincides
with the distribution of(Ag\}), e 7As\t[)) in (My(C), %Trn). Then, for allm € N, all self-adjoint matrices
Yy Qs Qpy PB1, ..., B of size m x m and all € > 0, almost surely, for all large N, we have

sp(y® In + Xy ® A Ly B Al)

r t
Cop(r@1a+ Y @z, + Y fu®aly))H] — e el (4.6)

v=1 u=1

Here, sp(T) denotes the spectrum of the operator T', In the identity matriz and 14 denotes the unit of
A.

Indeed, given a noncommutative polynomial P, choosing in Lemma 5 the v, (ay)v=1,. s (Bu)u=1,...¢
corresponding to a self-adjoint linearization of P as defined in [3] and using Lemma 4 allow to deduce
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Theorem 29.
The proof of (4.6) requires sharp estimates of gn(z) — gnv(z) where for z € C\ R,

1 1 r X(v) t e
gN(z):E%Trm®NTTN[(zIm®IN—7®IN—Za1,®ﬁ(W)—gﬁu@)Ag\[)) 1]

v=1
and ,
. 1 : (w)y—1
=—Tr, Ln @14 — 1a— v v u -
gn(z) = —Trm @ ((2ln @ 1a — 7@ 14 ;a Qx UZ::IB ®ay’) ']
We establish that there exists a polynomial @ with nonnegative coefficients such that, for z € C\ R,

() ~ (@) + By(a)| < L)

where Ey is the Stieltjes transform of a compactly supported Schwartz distribution V on R whose
support is included in the spectrum of Y@ 14+ | a, @z + 22:1 Bu ®a5\1;) and such that V(1) = 0.
But this required sharp estimate makes necessary a fit use of free operator-valued subordination maps.
In particular, we need an explicit development of the Stieltjes transform up to the order N\l/ﬁ but

(4.7)

the stability under perturbation argument used in [100] does not provide this development from the
approximate matricial subordination equation (obtained by the approximate integration by part formula
in Lemma 1). Therefore we use a strategy based on an invertibility property of matricial subordination
maps related to M, (C)-valued semicircular variable.

4.4 Strong asymptotic freeness

Let k be an integer greater than zero. Denote by P the set of polynomials in 2k noncommutative indeter-
minates. A sequence of families of variables (an)n>1 = (a1(N),. .., ar(N)),>1 in C*-probability spaces
(An, ) converge, when N goes to infinity, respectively in distribution if the map P € P — 7,,(P(an, ay))
converges pointwise and strongly in distribution if moreover the map P € P — ||P(an,al )| converges
pointwise.

Assume that the states 7 and (7n5)nyen are faithful. Then, (see Proposition 2.1 [48]) a sequence of
k-tuples an of selfadjoint noncommutative random variables converges strongly in distribution to a k-
tuple a of selfadjoint noncommutative random variables if and only if for any self-adjoint polynomial
P e C(Xy,...,Xk), flp(ay) converges in weak-* topology to 1ip(q) and the support of j1p(,,) converges
in the Hausdorff topology to the support of up(,), that is: for any e > 0, there exists Ny such that for
any N > ]VO7

supp(ny ) C supp(pin) + (—¢, +¢€).

(For any noncommutative random variable y, u, denotes its distribution and the symbol supp means
the support of the measure.) In particular, the strong convergence in distribution of a single self-adjoint
variable is its convergence in distribution together with the Hausdorff convergence of its spectrum.

In [77], Haagerup and Thorbjgrsen proved the strong asymptotic freeness of independent GUE matri-

ces X ](\?, i=1,...,7, namely: almost surely, for any polynomial P in r noncommutative indeterminates,
X(l) X(T)

2 (i S — L ) || N oo [Pz, .. x|, 4.8

H(W | e 1P ) (4.8
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where (z1,...,2,) is a semi-circular system. Note that this result led to the proof of the very important
result in the theory of operator algebras that Ext(C},;(F»)) is not a group. (4.8) was proved for Gaussian
random matrices with real or symplectic entries by Schultz [78], for Wigner matrices with symmetric
distribution of the entries satisfying a Poincaré inequality by Capitaine and Donati-Martin [C10] and for

Wigner matrices under i.i.d assumptions and fourth moment hypotheses by Anderson [3].

Voiculescu [146, 149] proved the asymptotic freeness of independent GUE matrices with an extra
family of deterministic matrices with limiting distribution. Male [100] established the strong asymptotic
freeness of independent GUE matrices with an extra independent family of matrices with strong limiting
distribution. Note that in [48], Collins and Male established the strong asymptotic freeness of Haar and
deterministic matrices with strong limiting distribution.

Sticking to the proofs in [77] and [78], we can deduced from Lemma 5 the following strong asymptotic
freeness of independent non-Gaussian Wigner matrices and an extra family of deterministic matrices with
strong limiting distribution.

Theorem 30. (/C23]) Let (A, 7) be a C*-probability space equipped with a faithful tracial state. Let x =

(z1,...,2) be a semi-circular system and a = (a1,...,a;) be a t-tuple of noncommutative random vari-
ables which is free from x in (A, 7). Let (AE\}), ce Ag\t,), (A%))ﬁ ce (Ag\t,))*) and X](\})) = [Xi(;)]gjzl, v =
1,...,r, be matrices as defined in Section 4.3. Assume moreover that (Ag\l,)7 . ,Agf,), (As\}))*, e (Ag\t,))*)
converges strongly towards a = (a1, ...,at,a3,...,a7) in (A, 1), that is for any polynomial P in 2t non-

commutative indeterminates,
1
SIrP (A§§>,...,A§?,(A§;>)*,...,(A§3>)*) S Nostoo T (P(ar,... as,als... a})

and 1 ¢ (1 )
HP (Ag\,), L AD (A LAl )*)

| =t [IP(@r, e afse )l

Then, almost surely, for any polynomial Pin r 4+ 2t noncommutative variables,

1 X(l) X(T)

N—+oo N \/N7 ’\/N7 N
=7(P(z1,...,&r,01,...,0¢,0],...,07)) (4.9)
and (1) ()
X Xy
lim |[P 220, 2N AW AW AWy APy
N—+o00 (\/N \/N N N ( N) ( N)

=[P (x1,...,2p,01,... 0,07, ...,07)| 4 - (4.10)

4.5 Outlying eigenvalues

Let p be a compactly supported probability measure on R, p be a positive integer, and 61 > 6y > --- > 6,
in R\ supp(u) be a sequence of fixed real numbers. We consider, for all N € NN > 1, a random
selfadjoint matrix Ay € My (C) which satisfies the following conditions:

(A1) the sequence of empirical spectral measures {f14, }¥_; converges weakly to p,

(A2) 61 >0y > --- > 6, are p eigenvalues of Ay and
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(A3) the other eigenvalues of Ay which may be random , say v;(An),7 = 1...,N — p, satisfy almost
surely that for every € > 0 there exists N(¢) € N such that

v;(An) € supp(p) + (—¢,¢), j=1,...,N—p,N > N(e).

In other words, only the p eigenvalues 61,...,6, prevent {An}¥_; from converging strongly in
distribution to pu.

In [C25], we investigate two polynomial matricial models, both involving Apy.
e Our first model involves a sequence {Bn}%_; of random Hermitian matrices such that
(B1) almost surely, By converges strongly in distribution to a compactly supported probability

measure v on R,

(B2) for each N, the distribution of By is invariant under conjugation by any N x N unitary matrix.

We consider the matricial model
My = P(Bn, An) (4.11)

for any selfadjoint polynomial P in C{X1, X5).

e Our second model deals with a N x N random Hermitian Wigner matrix Xy = [X;;] where

N
ij=1>
[Xij]i>1,5>1 is an infinite array of random variables satifying

(X1) Xy, V2Re(Xij),i < §, V2Im(X,j),i < j, are independent, centered with variance 1,

(X2) there exists a K and a random variable Z with finite fourth moment for which there exists
zg > 0 and an integer number ng > 0 such that, for any x > x¢ and any integer number
n > ng, we have

1
— > P(Xy|>2) <KP(Z] > ).

1<i,j<n
(X3)
sup  E(|X;;]%) < +o0.
(i<j)eN?
We consider the matricial model X
My = P(ZE Apy) (4.12)

VN

for any selfadjoint polynomial P in C{X;, X5).

According to results of Voiculescu [146] (see also [151]), there exist selfadjoint elements a, b in a I1;-factor
(A, 7) such that, almost surely, the sequence {(Ay, Bn)}%_; converges in distribution to (a,b). More
specifically, a and b are freely independent and p = pg,v = pp. In particular, if P is a selfadjoint
polynomial in C(X7, X5),

A}i_I}noo HP(Bx,Ax) = HP(b,a)

almost surely in the weak® topology. When p = 0, [48] shows that, almost surely, the sequence
{P(Bn,AN)}%_, converges strongly in distribution to P(b,a).
According to (2.10) in [C23] and [4, Theorem 5.4.5], if P is a selfadjoint polynomial in C(X7, X5),

NI Hp(XN 4y = HP(a)
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almost surely in the weak™ topology, where a and z are freely independent selfadjoint non commutative
random variables, = p, and z is the standard semicircular variable (i.e duy = 5=v/4 — 12 1j_5 5 (2)).
As in the first model, when p = 0, Theorem 30 and Proposition 2.1 [48] show that, almost surely, the
sequence {P(X—\/%, AN)}R_, converges strongly in distribution to P(z,a).

XN

Let Yy be either By or N and y be either b or x. As precised below, when p = 0, when N is large,

the spectrum of P(Yy, Ax) has no outlier, that is, almost surely for N large enough, the spectrum is
included in a small neighborhood of the support of pp(y,q)-

Our main result applies to p > 0. The set of outliers is calculated from the spikes 61, ...,60, using
linearization and Voiculescu’s matrix subordination function [150] as follows.

Let Lp € M,,(C(X1,X3)), Lp =v®14+a®X; +8® X, be a selfadjoint linearization of P as introduced
in Section 4.1. By Theorem 45, there exists an analytic function w: H*(M,,(C)) — H*(M,,(C)) such
that

(idm @ 7) [(Ww) @1 - @ a)”]
= ([dn®7) [(w®l-(BRa+a®b)” ]

for every w € H* (M,,(C)).

Theorem 31. [C25] Define the function w,(z) = (w(ze11 — ) +ily) 7. w, is analytic on CT and has
an analytic extension to a neighbourhood of R\ sp(P(b,a)). Define

Hj(z) = det[(6;8 + i)wo(2) — Iny]

and denote by mg, (t) the order of t as a zero of Hj(z) at z =1, 1 < j <p.

Suppose that t € R\ sp(P(b,a)) and set m(t) = >%_, mg,(t). Then there exists 6 > 0 such that for any
0 € (0,00), almost surely for large N, the random matriz P(By, An) has m(t) eigenvalues in the interval
(t—96,t+9), counting multiplicity.

Remark 7. Note that if we know in addition that z — w(ze1,1 —7) is analytic at z = t, then the function
H;(z) can be replaced with z — det[0; 5 — w(te11 — v)]. Then m(t) is equal to the multiplicity of t as a
zero of

P
Z H det[f;3 — w(ze1r —7)].
j=1

This is always the case when b is a semicircular variable and then, when the unitarily invariant matriz
By is a GUE matriz. When By is replaced by a Wigner matriz Xy satisfying the hypotheses (X1)-(X3),
we obtain the following

Theorem 32. ([C25]) Let a,x be free selfadjoint elements in a C*-probability space (A, T) with distri-
bution p and the standard semicircular distribution ps. respectively. Let w: H* (M, (C)) — Ht(M,,(C))
be the M,,(C)-valued map such that for all k € HY(M,,(C)),

w(k)=r—a(ldy,, @7 [(k®ls—a®z—-Ba) ']
Let t € R\ sp(P(x,a)). Denote by my,(t) the order of t as a zero of det(w(ze11 — ) — 0;0) at z = t,

1 <i<p. Then, fore small enough, almost surely for large N, there are exactly > 5_, mg,(t) eigenvalues
of P(%,AN) in an e-neighborhood of t.
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After a linearization procedure of P of the form L € M,,(C(X;, X2)) described in Section 4.1, the
firts step of both proofs of Theorem 31 and Theorem 32 consists in reducing the problem, in the spirit
of [31], to the convergence of an M,,,(C)-valued map F'y, involving a random matrix-valued generalized
resolvent. Establishing these convergences is the main part of the proofs. Such a convergence is proved
directly for the first model P(UxDnUR, An) by extending the arguments of [C21] and making use of the
fundamental operator-valued subordination properties described in Section 5.7. For the second model
P(%, Ap), the convergence of Fy is then obtained by a comparison argument to the Gaussian case.

Remark 8. Suppose that u = dy. Then the function w is computed as follows:
ww) = {id, @ r[(w@1—aeb) ]}, we M,(C).
As an illustration, consider the random matrix

XN Xy X2
M=Ay—=+ —=An + —,
YWNOUWTU TN

where Xy is a standard standard GUE matrix of size N and
Apn = Diag(6,0,...,0), 6¢cR\{0}.

In this case, Ay has rank one, and thus pu = §p. It follows that the limit spectral measure IT of M is
the same as the limit spectral measure of X% /N. Thus, II is the Marchenko-Pastur distribution with
parameter 1:

4-—2)z
2rx
The polynomial P is P(X1,Xs) = X1Xo + Xo X1 + X22, 1 = dp and v is the standard semi-circular

distribution. An economical linearization of P is provided by L=7® 1+ a ® X1 + 8 ® X5, where

dll(z) = L(0,4)(2)dz.

0 0 0 01 1 001
y=10 0 -1, a=|[1 0 0|, B=[0 0 0
0 -1 0 100 100

Denote by

——dIl(t) = =, zeC\[0.4],

S| z+ V22— 4z
Gn(2) = 0 2z

the Cauchy transform of the measure p. This function satisfies the quadratic equation 2Gr(2)? —2Gr(2)+
1 = 0. Suppose now that x ¢ [0,4]. Since p = dp, we have ¢ = 0. Denoting by E = ids @ 7 : M3(A) —
M3(C) the usual expectation and using Remark 8, we have

w(reyr —7) = E((zey1 —y—a®b)™)™', xeR\[0,4].

The inverse of ze;; — v — a ® b is then calculated explicitly and application of the expected value to its
entries yields

1
Cn(=) 1 0 1 ’ 1
w(xell - 7) = 0 wGli[(w) - 11 2a:G1n(a:) + ?
0 22Gr(x) +3 4zGr(z) 4
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The equation det[86 — w(ze;; — v)] = 0 is easily seen to reduce to
02Gr(z)* — (1 — Gu(z)) = 0. (4.13)
This equation has two solutions, namely

20*
—(3624+1) £ V402 +1(A2 + 1)’

one of which is negative. The positive solution belongs to [4,+00) precisely when |6| > V2. Thus, the
matrix My exhibits one (negative) outlier when 0 < |f| < v/2 and two outliers (one negative and one
> 4) when |f| > v/2. This is illustrated by the simulation presented in Figure 4.1.

Note that Shlyakhtenko [129] considered a framework which makes it possible to understand this kind
of result as a manifestation of infinitesimal freeness. In fact, the results of [129] also very interestingly
allow one to detect the presence of spikes from the behaviour of the bulk of the eigenvalues of the poly-
nomial model, even when there is no outlying eigenvalues.

In the unitarily invariant case, following the strategy of [C17], we also show that the eigenvectors
associated to these outlying eigenvalues have projections of computable size onto the eigenspaces of Ay .
The results are stated precisely as follows.

Proposition 4. (/C25]) Assume in addition that the spikes of An satisfy 61 > --- > 0, that is, each
eigenvalue 6; has multiplicity one. Assume that det H;,(t) = 0. Denote by Ea, the spectral measure of
AN (thus, if S is a Borel set in C, then E4,(S) is the orthogonal projection onto the linear span of all
eigenvectors of An corresponding to eigenvalues in S).

Then, for € small enough, almost surely

lim_||Eay ({10:1) | Epwypyugan (=t + ) = i GO I | By ({0:))]| = 0, (4.14)

N—oc0

where C;(t) = lim, (2 — ?) [(w(zeu -7) —92-5)71} is the residue of the analytic function z —
1

(w(zeir —7) — 92»,6’)_1} . at z = t.

)
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Eigenvalue Distribution, Theta = 10, Dim = 1000

Number
100 150 200 250 300
| | | | |

50

-10 -5 0 5 10 15

Figure 4.1: One sample from the model described in Remark 8 corresponding to # = 10, with matrix size
N =1000.
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The following chapter is only the first stage on the way of the analysis of outliers phenomena for
general non-Hermitian random models involving several non-Hermitian matrices and the described work
does not use free probability theory. Many things remain to understand and generalize; nevertheless, even
at this stage, free probability theory may bring some hint to understand some phenomena (see the end of
Section 5.3.3).
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Chapter 5

Large deformed non-Hermitian
matrices

This chapter presents the joint work [C20] with Charles Bordenave investigating full rank additive per-
turbations of iid random matrices. Under mild assumptions, as N grows, the empirical distribution of
the eigenvalues of full rank additive perturbations of iid random matrices converges weakly to a limit
probability measure 8 on the complex plane. This work is devoted to the study of the outlier eigenvalues,
i.e. eigenvalues in the complement of the support of 5. Even in the simplest cases, a variety of inter-
esting phenomena can occur. We give a sufficient condition to guarantee that outliers are stable (in the
sense that outliers of the deformed model and the perturbation coincide asymptotically as pointed out
by Tao in the finite rank case) and provide examples where their fluctuations vary with the particular
distribution of the entries of the random matrix or the Jordan decomposition of the perturbation. We
also exhibit concrete examples where the outlier eigenvalues converge in distribution to the zeros of a
Gaussian analytic function.

5.1 A concrete motivation: numerical instability of eigenvalues

The instability of the eigenvalues of badly conditioned matrices has dramatic consequences in the nu-
merical computation of eigenvalues. As an example, take N > 1 be an integer and consider the standard
nilpotent matrix

01 0 --- 0
Ay=(0 0 1 - 0} (5.1)

Its eigenvalues are obviously all zero. Let Uy be a Haar-distributed orthogonal matrix and consider the
unitarily equivalent matrix By = UyAnUjp. If we ask a computer to compute the eigenvalues of By,
we obtain a surprising answer. Figure 5.1 is a plot of these numerically computed eigenvalues of By.

In the spirit of von Neumann and Goldstine [152], Spielman and Teng [135] or Edelman and Rao [59], a
possible way to try to explain this phenomenon is to approximate numerical rounding errors by random-
ness and study the spectrum of the matrix

AN + oYy,
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T T T T T i T T T
-1 -08 -06 -04 -02 0 02 04 06 08 1

Figure 5.1: The blue dots are the numerically computed eigenvalues of By = Uy AnU};, the nilpotent
matrix (5.1) conjugated by a Haar-distributed orthogonal matrix Uy N = 2000.

where Yy is a random matrix normalized to have an operator norm of order 1 and ¢ is small positive
parameter. As we shall see, in Section 5.3.4, in the limit N — oo and then ¢ — 0, one obtain a reasonable
explanation of the picture of Figure 5.1.

5.2 Finite rank perturbations of i.i.d random matrices

Ginibre (1965) introduced the basic non-Hermitian ensemble of random matrix theory. A so-called Ginibre
matrix is a N X N matrix comprised of independent complex Gaussian entries. More generally, an 4id
random matriz is a N x N random matrix Xy = (X;;)1<i j<n whose entries are independent identically
distributed complex entries with mean zero and variance 1. The following theorem is the culmination of
the work of many authors [7, 11, 72, 74, 102, 110, 138, 140].

Theorem 33. Let X be an iid random matriz. Then the empirical spectral distribution of X—\/% converges

almost surely to the circular measure . where du. = %1|z|§1d2’-
One can prove that when the fourth moment is finite, there are no significant outliers to the circular law.

Theorem 34. (see Theorem 1.4 in [137]) Let Xn be an iid random matriz whose entries have finite

Aj (ﬂ)‘ converges to 1

fourth moment: E(X11]*) < +oo. Then the spectral radius p(XT) = SUpj<j<n Vi

N
N

almost surely as N goes to infinity.

We are interested in the impact of a perturbation on the spectrum. Dealing with low rank perturbations,
the global behaviour of the spectrum does not change.

Theorem 35. [140](Corollary 1.17) Let Xy be an #d random matriz and for each N let Ay be a
deterministic matriz with rank o(N) obeying the Frobenius norm bound

|An|lF = (TrANAR)'/? = O(N'/2).

Then the empirical spectral distribution of X—\/% + AN converges almost surely to the circular measure fi.
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However, a low rank perturbation Ay can now create outliers as we can see in the following simulation
from Tao [137] describing eigenvalues of a matrix Xﬁ + Ay, N = 1000, £(X;;) = 361 + 26_1, with
Ay = diag(2 +1,3,2,0,...,0).

1.5 E

-1 0.5 0 05 1 1.5 2 2.5 3 3.5

Actually, when Ay has bounded rank and bounded operator norm and the entries of the iid matrix
have finite fourth moment, Tao proved that outliers are stable in the sense that outliers of My and Ay
coincide asymptotically.

Theorem 36. [137] Let X be an iid random matriz whose entries have finite fourth moment: E(X11]*) <
+oo. Let An be a deterministic matriz with rank O(1) and operator norm O(1). Let € > 0, and suppose
that for all sufficiently large N, there are :

o no eigenvalues of Ay in{z€C:14+¢€<|z| <1+ 3¢},

e j=0(1) eigenvalues A1 (An),...,\j(An) in {z € C: |z| > 1+ 3€}.

Then, a.s , for sufficiently large N, there are precisely j eigenvalues of X—\/% +Ay in{z€C:|z| > 14+2¢}
and after labeling these eigenvalues properly, as N goes to infinity, for each 1 < i < j,

/\1(% + AN) = )\Z(AN) + 0(1)

Now, our issue is to investigate this problem dealing with full rank perturbations.

5.3 Full rank perturbations

We will consider the deformed model:

My = Ay + oYy, (5.2)
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where 0 > 0, Yy is a N x N random matrix and Ay is a N X N deterministic matrix. The matrix My
can be thought as a random perturbation of the matrix Ay. We set

XN
Yy = 28
NTUN

and we shall consider the following set of statistical assumptions on the matrices Xy = (X;;)1<i j<n:

(5.3)

(X1) (X4j)ij>1 are independent and identically distributed complex random variables with EX;; = 0,
E|X;;|? = 1.
(X2) E|X;;[* < oo.
(X3) There exists ¢ > 0 such that for all k¥ > 1 integer E|X;;|F < (ck)°.
Our first assumptions on the matrices Ay are as follows:

(A1) There exists M > 0 such that for all N, ||[An|| < M.

(A2) For all z € C, pay—21y)(An—zIn)+ CONVerges weakly to a probability measure v .

Example: If Ay converges in x-moments to an operator a in a C*-non commutative probability space
(A, 1), ie. for all g; € {1, %},

1 )
Nﬂ(Aivl...Aivk)N*—t 7(a®t .. .a"),

then v, is the distribution of (a — 2)(a — 2)*.

5.3.1 The limiting empirical spectral distribution

In general, the limiting spectral distribution 8 of My = UX\/—% + Ap is no more the circular law.

For a probability measure 7 on C such that [log(1 + |A|)d7()\) < oo, we denote by h, its logarithmic
potential defined for z € C, by

hr(z) = f/Clog A — z|dT ().

There are various possible characterizations of the limit measure [, the usual relies on its logarithmic
potential. It is expressed in terms of Cauchy-Stieltjes transform of the limit measures of shifted singular
values of My as follows.
For any z € C, denote by

sz\'[ =oYy+ AN — zIpn.

According to Dozier and Silverstein [56], almost surely the empirical spectral measure Pz aaz = of
MG ME™ converges weakly towards a nonrandom distribution g, which is characterized in terms of
its Stieltjes transform which satisfies the following equation: for any w € CT,

1
mw = [ 0~ o2, (w)w —

According to [140, 131], see also [38], almost surely the empirical spectral measure of pps, converges
weakly to a probability measure 8 on C which is characterized by its logarithmic potential

hot2) = 5 [ log(t)dn.(0).

For more references, we refer to the surveys [139, 38].

—dv.(t). (5.4)

=079, (w)
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Remark 9. If Ay converges in x-moments to an operator a, set
b=oc+a,

where ¢ is a circular element free of a. Then, p, is the distribution of (b— z)(b— 2)*, B is the Brown’s
measure of b.

Concerning Brown’s measure, we refer to [83, 35, 131, 39]. Explicit computation of 8 are rare, see Biane
and Lehner [35].

Observe that z is an eigenvalue of B € My (C) if and only if 0 is an eigenvalue of (B — zI)(B — zI)*.
Recall that

w

vz € C, iu(]WN*ZIN)(JWN*ZIN)*—w> Hzy MMy — B

We will assume that a similar property holds for § and p.:

(A3)  supp(B) ={z € C:0 € supp(u,)}-

This is true for instance in most cases when Ay is normal. Under assumption (A3) the support of S
takes a particularly simple expression.

Proposition 5. ([C20]) If (A3) holds then

supp(f) = {z € C:0 e supp(v,) or /A_lduz()\) > 0_2} .

We are interested by describing the individual eigenvalues of My outside {z € C,d(z,supp(f8)) < €} for
some € > 0.

5.3.2 Examples, simulations

We start with three examples and simulations that illustrate different phenomena we will study: lack
of outliers, stable or unstable outliers (“stable”meaning that outliers of the deformed model and the
perturbation coincide asymptotically) . Let us consider the three following perturbations.

(1)

01 0
00 1 ---
Cyn=1|. . . . . (5.5)
1 0
(2)
By = (%5 0. Dy = diag(0;05i/3:152). (5.6)
0 Ds
(3)
01 0
oo 1 --
Nnv=1|. . . . . (5.7)
0 0
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Cy is a normal matrix with eigenvalues e%, 1 <1< N. When Ay = Cy, the limiting empirical

spectral distribution 8 of My = aX—\/% + Ay, is the Brown’s measure of oc + a where a is a Haar unitary
and ¢ is a circular element free with a and

27
supp(f) = {ze@ 1/ dw>02}
0

“om leie — 22 =
- {zec;\/(1—o—2)+ <2l < \/1—1—02}.

Now, the difference between the circulant matrix Cy and any of the matrices Ny, By, has rank o(N).
Therefore, for Ay € {Cn,Nn, By}, for any z € C, v, = limy . pay—z1y)(Ay—21y)+ is the same. Thus
the p,’s and the limiting empirical spectral distribution g of My = O’% + Ay (uniquely determined
by the v.’s) are the same.

Here are simulations of the eigenvalues of My = U% + Ay dealing with N = 500, o2 = 1/2, X,

real Gaussian and Ay € {On, Ny, By}. Then supp(3) = {z€ C:1/v2 < |z| < 1/3/2}.
(1) When Ay = Cy, we see that there is no outlier.

0.5

-0.5

Figure 5.2: no outlier

(2) Now, when Ay = By, there are outliers in a neigborhood of 0, 2 and /3 so that the outliers of the
deformed model seem stable in the sense that they stay close to the outliers of Ax (see Figure 5.3).

(3) Finally, when Ax = Ny, there are unstable outliers in the bounded component of the complement
of supp(p) in the sense that there are not in a neighborhood of those of Ay (see Figure 5.4).

The first aim is to understand these phenomena.

68



0.5 4

-0.5

-15 -1 -0.5 0 0.5 1 15 2 2.5

Figure 5.3: stable outliers

0.5 4

-0.5

Figure 5.4: unstable outliers

5.3.3 Stable outliers

We first give a sufficient condition to guarantee that outliers of the deformed model are stable. For this
purpose, we introduce the notion of well-conditioned matrix which is related to the phenomenon of lack of
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outlier and of well-conditioned decomposition of Ay which lead to the statement of a sufficient condition
for the stability of the outliers. We will denote by s1(B) > --- > sy (B) the singular values of any N x N
matrix B. For any set K and any ¢ > 0, B(K, €) stands for the set {z € C,d(z, K) < €}.

No outlier

Definition 1. Let T' C C\ supp(5) be a compact set. Ay is well-conditioned in T if for any z € T, there
exists 1 > 0 such that for all N large enough, sy(Any — zIN) > 1.

Theorem 37. ([C20]) Assume that Ay is well-conditioned in T', Then, a.s. for all N large enough, My
has no eigenvalue in T'.

Corollary 1. If for any z € C\ supp(8), there exists n > 0 such that for all N large enough, sny(An —
zIn) > n, then, for any € > 0, a.s. for all N large enough, all eigenvalues of My are in B(supp(f),e).

The proof relies on previous results on Information-plus-noise type models [57, 12], [C18].

The circulant matrix Cy defined by (5.5) is well-conditioned in C \ supp(3) where
supp(8) = {2 € C: /(1 =07y <[] < V1+02}.

Indeed, for any z outside the support of 3, the singular values of Cy — zIy are equal to |eleﬂ —z| >
|1 —|z|]| > 0,for {=1,...,N. This explains simulations for (1).

Contrariwise, Ay = By defined by (5.6) provides an example of badly-conditioned perturbation in neigh-
borhoods of 0, i/3 and 2 since sy (An) = sy(An —i/3In) = sy(Any —2I) = 0.

An example of badly-conditioned perturbation in the inner disk is the nilpotent matrix NMy. Indeed, for
|z] > 1, sn(Ny — zIn) > |z| — 1; therefore Ny is well conditioned out of the maximum circle but for
|z] <1, sn(Nn — zIn) = o(1).

Let us introduce now the notion of well-conditioned decomposition of Ax which will allow us to exhibit
a sufficient condition for stability of outliers.

Definition 2. Let I' C C\supp(8) be a compact set. An admits a well-conditioned decomposition if :
Ay = Ay + A where

o There exists M > 0 such that for all N, [|A|| + A% < M.

e For any z € T, there exists n > 0 such that for all N large enough, sy(AlN — zIN) > n (i.e Al is
well-conditioned in T') and A%, has rank r = O(1).

Stable outliers

Theorem 38. ([C20]) Let T' C C\supp(B) be a compact set with continuous boundary. Assume that Ayx
admits a well-conditioned decomposition: Ay = Al + A%, If for some € > 0 and all N large enough,

min det(AN — Z)
zeol | det(Aly — z)

> €, (5.8)

then a.s. for all N large enough, the number of eigenvalues of Ax and My in I is equal.
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Let us give a concrete application of Theorem 38 with a specific decomposition of Ay = Al + A%
Assume that for all NV, there exists a subset J C {1,---, N} of cardinal at most r such that for any ¢ > 0,
for all N large enough and k € J, A\, (An) ¢ B(supp(5),e). We consider a triangular decomposition of

ANZ
T ” .
IR P

where P is an invertible matrix, 7" is an upper triangular matrix of size N — |J| with the eigenvalues
Me(AN), k ¢ J, on the diagonal, and T"” is an upper triangular matrix of size |J| with diagonal entries
Me(An), k € J. Fix some a € supp(8), we decompose Ay as Ay = Ay + A%, with

"o
= P< i )P1 and Al = p( LA ) Pl (5.9)
We take a € supp(8) to avoid addition of outliers of A’y. Note that
det(AN — Z) )\k(AN) —Z
— L = _ 5.10
det(Aly — 2) kl;[] a—z (5.10)

The next statement will be an easy consequence of Theorem 38. It generalizes Tao [137, Theorem 1.7]
where A’y = 0. When A’y is a Wigner random matrix, it is a special case of O’Rourke and Renfrew [108,
Theorem 2.4].

Corollary 2. Assume that assumptions (X1-X2) hold and that A, A% given by (5.9) provide a well-
conditioned decomposition of An in T = C\ supp(B). Fix e > 0. Assume that for all N large enough,
Vk € J, \i(An) ¢ B(supp(5),3¢e). Then, a.s. for all N large enough, there are exactly |J| eigenvalues
of My in C\ B(supp(8),2¢). Moreover, if we index them by M\i.(My), k € J, after labeling properly, a.s.

This result allows us to understand the simulation involving By in (2). Indeed, one can write

~ (Cns O\ (0 0
Av = ( 0 15>+(0 —I5+D5>

Ay + A%

with

22(i/3 — 2)(2 = 2)
(1—2)* '

det(AN — ZIN) -
det(Ayy — zIn)|

Therefore, for any § > 0 small enough, for any 2y in {0;i/3;2}, there exists ¢ > 0 such that

det(AN — ZIN)

2€0B(0:6) | det(Aly — 2Iy)

‘ZE.

Thus, the stability of the outliers follows.
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Comparison with finite rank perturbations of the single ring model [31]

In [31], Benaych-Georges and Rochet consider matrices of the type My = UnDnVy + Ax with diagonal
Dy > 0, pp, converges towards a compactly supported probability measure v on RT | Uy, Vy are
independent Haar unitary matrices, Ay has a finite rank and a bounded operator norm.
The limiting empirical eigenvalues distribution of such a model is described by the so-called single ring
theorem, see [75, 76, 123]. It is deterministic and its support is {z € C;a < |z| < b} where a =
(f272dv(z))"Y/? and b = ([ 22dv(z))'/?. Benaych-Georges and Rochet prove that if Ay has some
eigenvalues out of the maximal circle of the single ring, then My has outliers in the neighborhood of
these eigenvalues of Ay . Nevertheless, when a > 0, the eigenvalues of Ay which may be in the inner disk
of the complement of the limiting support do not generate outliers in the spectrum of M.

Now, in the framework of [C20] dealing with full rank perturbations of iid matrices, there can be
outlier eigenvalues in bounded components of the complement of supp(5).
Actually, the nature of the bounded connected component of the complement of the support of the limiting
empirical eigenvalues distributions considering above is different: the first (in [31]) comes from the limiting
support of the non-deformed model whereas the second one (in the framework of [C20]) is created by the
deformation. Subordination-like properties of the Stieltjes transform g,(z) = [ du())/(z — A) of limiting
spectral measures may help to understand these phenomena as explained below.
In the case of [31], since the limiting empirical eigenvalues distribution p is radial, we have g, (z) = 1 if
|z] > b and g,(z) =0 if |2] < a so that roughly speaking

w(z)==zif |z] > b

9u(2) = g5y (w(2)) ~ where { “w(z) = 00" if |2] < a.

In our case, dealing for instance with diagonal perturbations of a Ginibre matrix, the limiting empirical
eigenvalues distribution § is the Brown measure of ¢ 4+ a where c is a circular element which is free with
a whose Brown measure is « (see Sniady [131]). We have the following subordination property.

Vz € C\ supp(B), gctal(z) = ga(w(z)) where w(z) = z.

It can be deduced from [39, Proposition 4.3], see also [35, 150].
In both cases, the intuition is that

gltMN (Z) ~ g/LAN (w(z))
and that therefore they will be eigenvalues p of My that separate from the bulk whenever some of the
equations w(p) = 6 admits a solution p outside the limiting support, when 6 describes the spectrum of
Apy. Therefore, we understand on the one hand that in the framework of [31], there is no solution inside
the inner disk of such an equation since there w = oo and on the other hand that the outliers of the
deformed model stay in the neighborhood of the eigenvalues of the perturbation which are located where
w is the identity function.

In the deformed Hermitian models, the outliers of the deformed model are not located in a neigh-
borhood of the spikes of the deformation. It contrasts with Corollary 2. It is rather non-intuitive that
additive perturbation by a Hermitian random matrix has more effect on outlier eigenvalues than additive
perturbation by a non-Hermitian random matrix.

5.3.4 TUnstable outliers

(3) provides a typical situation where (5.8) does not hold. Let us consider the nilpotent matrix defined
in (5.7),
Ny =Cy —epnej.
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Set Ay = Cn and A%, = —enef. For any |z| < 1 — ¢, we have

det(./\/'N—zIN)‘ |z]™ (1—e)N

det(Cy — 2In) |~ |1 — 2V S1o (1—e)N ~ o(1/VN).

We see numerically that the conclusion of Theorem 38 does not seem to hold. Actually, the simulations
can be explained by the following results.

Theorem 39 (C20). Let I' C C\supp(f) be a compact set with continuous boundary. Assume that
Ay = A+ A% is a well conditioned decomposition, Al is diagonal and A%, = vyuly whereuy, vy € CV,
un|loos [N ]loe = O(1/VN). Assume moreover that
(%)
=o|—=].
VN

Define Ri(z) = (z2In — AN)7Y, on(z,w) = FTrRY(2) (RN (W))*, ¥n(z,w) = +TrRi(z)Ry(w). Let
(gn(2))zer be a centered Gaussian process with covariance given by, for z,w € T,

det(AN — Z)
det(Ay — 2)

max
zel

uy Ry (2) (Ry (w))"unvy (Ry (w))" Ry (2)vn
1—0%2pn(z,w)
uy Ry (2) Ry () o] (Rly ()T Ry (2)onEX?,
1 —-EX? 02y (z,w)

Egn(2)gn(w) =

Egn(2)gn(w) =
The Lévy-Prohorov distance between the point process of eigenvalues of My in I' and the point process
of zeros of gn in T' goes to O as N goes to cc.

The intensity of zeros of gy can be computed explicitly thanks the Edelman-Kostlan’s formula, see
Theorem 3.1 in [58].

Note that if Ay is a normal matrix and X;; are standard complex Gaussian variables, then, by unitary
invariance, we can always assume that A’y is diagonal. We may rewrite the nilpotent matrix My in the
orthonormal basis of eigenvectors of A'y:

Cy =UnxD\U% and Ny = Un(Dy + DL)UL

where

i i N
’N:diag(leV,u ,ele ) and DY =—fnfl.

with f; = (e% /VN Ji<k<n. Hence the next corollary deals with the phenomenon illustrated by Figure
54.

Corollary 3. 0 < 0 < 1, Ay = Ny and assume moreover that X;; is gaussian. The point process of

etgenvalues of My in B%(OLZ V1 —02) converges weakly to the point process of the zeros of the centered
Gaussian process g(z) on B(0,v/1 —02) such that for z,w € T,

E(g(z)g(w)) = 0,

— z,w)?
Eg(z)g(w) = % where p(z,w) = !

1—zw
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We may notice that, as ¢ — 0, the kernel K(z,w) appearing in Corollary 3 does not vanish, it
converges pointwise to the kernel Ko(z,w) = ¢(z,w)? on the unit complex disc. The kernel Kj is the
kernel of the Gaussian analytic function

= Z vk +1,
k=0

where v, are iid complex Gaussian variables with Ey? = 0, E|y,|* = 1. This Gaussian analytic function
may thus be related to the numerical phenomenon illustrated by the plot of Figure 5.1.

5.3.5 Basic ideas of the proofs

We present here the ideas of the proofs when A%, has rank 1 and A’y is diagonal. Let T' C C \ supp(5)
be a compact set. Let Ay = A + A% be a well-conditioned decomposition such that A% = vyuj,
un, vy € CN and A’y is diagonal.

Define M}, := o\ﬁ +A so that My = M}, + vyuly. For any A € T, define

RGO = Oy = M)~ RGT0) = (M — AL
Using the identity

det(B + PQ) = det(B)det(I, + QB™*P), P,Q" € My ,(C),B € GLx(C)

for
B=MXnN—- My
PZUN
Q =uy
B=My—- Ay

we obtain that

det(\My—M M’
deEEMﬁX N§*1 UNR( )(A)UN

det(AIy—A « (A
dEEEMﬁ Ang =1- “NRgv )()\)UN'

Therefore the eigenvalues of My and Ay, in T', are respectively the zeroes of 1 — u*NRg\J,VI )’UN and

1—uiy R vy,

Now, since M}, := U\/— + Aly, we have R%M ) = R(A )4 R(A ) )\(}RS\J,VI/) and thus,

, N XA\
1fu7VR5VM)vN :17u7VRS\’,4)vN7 Zu}k\, (RE\’;‘)UN> R%‘ Jun.
k>1 VN

’ k ’
It turns out that when N goes to infinity ), ., u}y (RE\‘,4 %f%) RE\‘,A )UN converges towards zero and

! k !
(\/ Nuy (Rg\‘;‘ )(zi)a%) RE\’;1 )(zi)v N) is “asymptotically close to” a gaussian vector. Hence we
1<i<m

have
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whose zeroes=eigenvalues of My
J whose zeroes=eigenvalues of An 0

N
. T — 400

; / n XN (A)
1—u7VRSVM)1}N = lfu}"VRE\’;‘)va Zu}‘v <R§\}4)J) Ry
k>1 VN

We are naturally brought to consider the two following situations.

(i) If min,eor %‘ = min,cyr ‘1 — uNR( (A )UN‘ > ¢, the term 1 — u*NRE\?’)()\)yN plays the

central role in the behaviour of the outliers of My and gives rise to stable outliers by Rouché’s

theorem.
det(AI A
(i) If max W’ max ‘1 - uNR(A )( )’UN‘ = o(ﬁ), let us rewrite
0
whose zeroes=eigenvalues of My TN —0o0
VN (1 - ujVREVM')(/\)vN) - VN (1 - u}*VRS\‘;l/)(A)vN)
/ X
—> VNui (R(A) Ao N) R (A
Z N N ( ) \/N ( ) UN

k>1

asymptotically close to a gaussian variable

with independence for k # k’

Therefore, » .+, VNuy, ( g\‘;‘ ) \/ﬁ) RE\}A/)U ~ Plays the central role in the behaviour of the outliers

of My and gives rise to unstable outliers through limit theorems for random analytic functions and
their zeros from [128].

Remark 10. In the unbounded component of C\ supp(8), (ii) cannot hold.

Nevertheless, as in Rajan and Abbott [118] and Tao [137], outliers may appear in the unbounded

component of C\supp(3) when || A% || is of order v/N. Tt was observed in [118] and [137], for A’y = 0 and
a particular random choice of A%;.

Theorem 40. Assume that assumptions (X1-X3) and assumptions (A2-A8) hold. Assume that A% has
rank 1, Ay is diagonal and for some € > 0 and all N large enough, all eigenvalues of A'y lie in C\B(T', €).
Let T' C C\supp(B) be a compact set with continuous boundary. We set Ry (z) = (zIy — Al\)71, and
assume further that |A'y|| = O(1) and A%, = VNuoyul where |[un||oo, |Un]loo and uiy Ry (2)vn are of
order O(1/v/N). Consider the centered Gaussian process (g (z ))zer_of Theorem 39. Then, the Lévy-
Prohorov distance between the point process of eigenvalues of My in I and the point process of zeros of
1 — VNui Ry (2)vn + ogn(2) in I goes to 0 as N goes to co.

This result is illustrated with Figure 5.5. As an application, we have for example the following
corollary which is related to [137, Theorem 1.11].
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Figure 5.5: Eigenvalues of My where Ay = diag (eN ,oor,e N ) + VNfnf), with fi =

(e%/\/ﬁ)lgkg\;., N = 500, 02 = 1/2 and Xy has complex Gaussian entries. For |z| > 1, we
have f4 Ry (2)f1 = 1/(2Y —1) = o(1/v/N). The outlier eigenvalues in the unbounded component of the
complement of supp(8) = {z € C: 1/v/2 < |z| < 1/3/2} converge in distribution to the zeros of 1+ og
where g is the Gaussian analytic function with kernel H(z,w) = ¢(z,w)?/(1 + 02¢(z,w)) and ¢ given

by p(z,w) = =

Corollary 4. Assume that assumptions (X1-X3) hold, that o = 1, Ay =0 and Ay = A%, = Oyoyuk
with VN /0n — K € C, un,voy € RY, Jluy|| = |lun|| = 1, Ovukon — X € C and |Jun|loo, [|vn||oo are
of order O(1/v/N). Fiz e > 0 and set T = C\B(0,1 + ). We consider g(z) = > ,~0 vz~ * with
independent complex Gaussian variables with variance given by E|lvg|2 = 1 and EA2 = (EX2)F+1. Then,

as N goes to oo, the point process of eigenvalues of My in T' converges vaguely to the point process of
zeros of kz(z — X))+ g(z) inT.

5.3.6 Fluctuations of Stable Outliers

Now, we provide examples where the fluctuations of stable outliers vary with the particular distribution
of the entries of X or the Jordan decomposition of Ay. We have studied the fluctuations of the con-
vergence of outliers eigenvalues in the simplest case for the decomposition of Ay on its outlier eigenspace.

First, more precisely, we will suppose that Ay has the following decomposition, for some integer r > 1

and complex number 6y,
OnI, 0
Ax = ( 0 | An. > . (5.11)

Theorem 41. Suppose that assumptions (X1-X2) and assumptions (A1-A3) hold with Anx given by
(5.11). Set ma = E(X3). We suppose further that Oy converges toward 6 € C \ supp(3) when N
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goes to infinity and that for some n > 0 and all large N, An_, — 0In_, has no singular value in
[0,7]. Finally, assume that 572 Tr {(F)IN_T — An_) (OIn_, — flﬁ_r)*l} converges to ¢ € C. We set
o= [ A dvp(N).

Then, for any 0 < & < n, almost surely for all large N there are exactly r eigenvalues \;, i =
1,...,7 of My in B(6,8). Moreover, the point process of (\/N()\l —0n), .., VN, — HN)) converges
in distribution towards the point process of the eigenvalues of a r X r matriz 'V defined as

V=0(X,+G), (5.12)

where X, is independent of G, a r X r Ginibre matriz whose entries are independent copies of a centered
complexr Gaussian variable Z whose covariance is characterized by,

2 2
B|Z]? = 77— and EZ’= %
—o?p -0

Theorem 41 shows that the fluctuation of stable outliers are not universal (they may depend on the
law of entries). We previously pointed out a similar phenomenon for deformed Wigner matrices in Section
2.4.2. Figure 5.6 illustrates Theorem 41.

0.5

-0.5

Cn_s O
0 D5
complex Gaussian entries, N = 500 and r = 3.

Figure 5.6: Eigenvalues of My for Ay = ) , D5 = diag(0;0,i/3;1;2) with 02 = 1/2, Xx has

It was recently discovered by Benaych-Georges and Rochet [31] in the related study of the outliers in
the single ring theorem that the fluctuations can be larger than 1/v/N when the Jordan decomposition
of an eigenvalue is not a diagonal matrix. Inspired by their work, we have also studied the fluctuations
when for some integer r > 2 and complex number 6y,

Ay = ( ‘?)7“ AO ) with A, = PyJnPr', Py € GL,(C), (5.13)
N—7r
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and Jy € M, (C) is the Jordan matrix

Oy 1
JN = On 1

Theorem 42. Suppose that assumptions (X1-X2) and assumptions (A1-A3) hold with Ayx given by
(5.13). We suppose further that On converges toward § € C\supp(B) when N goes to infinity and that for
somen > 0 and all large N, Ay_,—0In_, has no singular value in [0,7]. Assume finally that | Py —P|| —
0 for some P € GL,(C), and that either EX?, = 0 or that = Tr {(GIN_T —An_) YOI, — AE_T)’l}

converges to 1 € C (in the first case, we set ¥ =0).

Then, for any 0 < 0 < n, almost surely for all large N there are exactly r eigenvalues A\;, i =1,...,r
of My in B(0,5). Moreover, the point process of (Nl/(Q”)(/\l —0On),...,NYEI(\, — 01\;)) converges in
distribution towards the point process of the roots of the random polynomial

2" — e PV Pey,
where V is defined by (5.12).

When AN_T =0 and Xy is a complex Ginibre matrix, the above result is contained in [31, Theorem
2.6]. This result shows the strong correlation of the outlier eigenvalues in the setting of Theorem 42:
properly rescaled they are asymptotically the r-th roots of the same random complex number. Figure
5.7 illustrates Theorem 42.

Figure 5.7: Eigenvalues of My for Ay = Fy = N =500, o? = 1/2 we have

0
1 )
0
N/@r) = N1/6 ~ (.35.

Note that some authors investigated other non-Hermitian models. Let us mention some works among

others. In [66], Feldheim, Paquette and Zeitouni have recently studied the model (5.2) when o decays
polynomially of N and Ay is a block diagonal matrix with blocks of size log N. Rochet [122] consider
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the sum of a Hermitian random matrix and a finite rank matrix which is not necessarily Hermitian
and O’ Rourke and Renfrew [108] and Benaych-Georges, Cébron and Rochet [27] investigate finite rank
perturbation of elliptic matrices.
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Appendix : Free probability theory

We refer to [105], [107] and [151] for an introduction to free probability theory, created by Voiculescu.
We only recall here the definitions and properties required to explain how free probability acts for our
issues in random matrix theory.

A non-commutative probability space is a unital algebra A over C, endowed with a linear functional
¢ : A — C such that ¢(1) = 1. Elements of A are called non-commutative random variables.

If (ai)i=1,....q is a family of non-commutative random variables in (A, ¢), the distribution pi(4,),_,
of (a;)i=1,..4 is the linear functional on the algebra C(X;|i = 1,...,¢) of polynomials in the non-
commutating variables (X;);=1,. 4 given by

PN

If Ais a C*-algebra endowed with a state ¢, then for any selfadjoint element a in A, there exists a
measure v, on R such that, for every polynomial P, we have

o (P) = /P(t)dl/a(t).
Then we identify p, and v,.

A family of unital subalgebras (A;),_; , in (A, ¢) is freely independent if for every p > 1, for every
(ai,...,ap) such that, for every k in {1,...,p}, ¢(ar) = 0 and ay, is in A, for some i(k) in {1,...,q}
with i(k) # i(k + 1), then ¢(a1,...,ap) = 0. Random variables are free in (A, ¢) if the subalgebras they
generate with 1 are freely independent.

For each n in N\ {0}, let (al’);=1,... 4 be a family of noncommutative random variables in a noncom-
mutative probability space (A, ). The sequence of joint distributions W(a7)iey, ., CONverges as n tends
to +o0, if there exists a distribution p such that pgny,_,  (P) converges to ju(P) as n tends to +oo for
every P in C(X;|i =1,...,q). p is called the limit distribution of (a});=1,. 4. If (ai)i=1,...,¢ is a family
of noncommutative random variables with distribution p, we also say that (a});=1,... 4 converges towards
(@i)i=1,....q- A family of noncommutative random variables (a}');=1,. .4 is said to be asymptotically free
as n tends to oo if it has a limit distribution p and if (X3,...,X,) are free in (C(X;|i =1,...,q), u).

Additive and multiplicative free convolutions arise as natural analogues of classical convolutions in the

context of free probability theory. For two Borel probability measures iz and v on the real line, one defines
the free additive convolution pHv as the distribution of a + b, where a and b are free self-adjoint random
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variables with distributions p and v, respectively. Similarly, if both p, v are supported on [0, +00), their
free multiplicative convolution p X v is the distribution of the product ab, where, as before, a and b
are free positive random variables with distributions p and v, respectively. The product ab of two free
positive random variables is usually not positive, but it has the same moments as the positive random
variables a'/2ba'/? and b'/2ab'/?. We refer to [32, 99, 144, 145] for the definitions and main properties of
free convolutions. In the following sections, we briefly recall the analytic approach developed in [144, 145]
to calculate the additive and multiplicative free convolutions of compactly supported measures and the
analytical definition of the rectangular free convolution introduced by F. Benaych-Georges in [26]. Then,
we present the fundamental analytic subordination properties [21, 34, 147, 150] of these three convolutions.
We also recall asymptotic freeness of some random matricial models [146]. Finally, we present the more
general context of operator-valued free probability [148], [150],[23].

5.4 Free convolution

Free additive convolution

The Stieltjes transform g, of a compactly supported probability measure p is conformal in the neigh-
borhood of oo, and its functional inverse g;l is meromorphic at zero with principal part 1/z. The
R-transform [144] of p is the convergent power series defined by

Ru(2) = g;M(2) 1.

The free additive convolution of two compactly supported probability measures p and v is another
compactly supported probability measure characterized by the identity

Rm =R, +R,
satisfied by these convergent power series.

Multiplicative free convolution on [0, +00)

Recall the definition of the moment-generating function of a Borel probability measure p on [0, +00):

1#“(2):/[ & du(t), ZE(C\{ZE(C: % Esupp(u)}.

0,+00) 1—=zt

This function is related to the Cauchy-Stieltjes transform of p via the relation

Uu(z) = %9# <1> - L

z

Recall also the so-called eta transform

_ dju('z)
Uu(z) = m

The Y-transform [145, 32] of a compactly supported Borel probability measure p # dy is the convergent
power series defined by
n, ' (2)

ZM(Z) = P I
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where 77;1 is the inverse of 7, relative to composition. The free multiplicative convolution of two com-
pactly supported probability measures u # dg # v is another compactly supported probability measure
characterized by the identity

Dumw(2) = 2u(2) %, (2)

in a neighbourhood of 0.

Rectangular free convolution

Let ¢ be in ]0;1]. Let 7 be a probability measure on RT. Define for z in C \ [0; 400,

221
M (2) = / dr(t), H () = 2 (M (2) + 1) (Mr(2) + 1),

and T (2) = (cz +1)(z + 1).

The transform C. [26] defined as follows is called the rectangular R-transform:

z

07(_6)(2) = T(C)_1 (()_1> , for z small enough.
H:"  (2)

The rectangular free convolution with ratio ¢ of two probability measures u and v on R™ is the unique
probability measure on R™ whose rectangular R-transform is the sum of the rectangular R-transforms of
u and v, and it is denoted by p H. v. Then, we have for z small enough,

Cl ()= C(2) + C(2).

5.5 Analytic subordinations

The analytic subordination phenomenon for free convolutions was first noted by Voiculescu in [147] for
free additive convolution of compactly supported probability measures. Biane [34] extended the result
to free additive convolutions of arbitrary probability measures on R, and also found a subordination
result for multiplicative free convolution. A new proof was given later, using a fixed point theorem for
analytic self-maps of the upper half-plane [22]. Note that such a subordination property allows to give a
new definition of free additive convolution [46]. Finally, Belinschi, Benaych-Georges, and Guionnet [21]
established such a phenomenon for the rectangular free convolution.

Free additive subordination property

Let us define the reciprocal Cauchy-Stieltjes transform J,(z) = 1/g,(2), which is an analytic self-map of
the upper half-plane. Given Borel probability measures ¢ and v on R, there exist two unique analytic
functions wq,ws: CT — CT such that

L limy oo w;(iy) /iy =1, j = 1,2;

2.
w1 (2) + wa(2) — 2 = Ju(wi(2)) = Jy(wa(2)) = Jumu(2), z€C*. (5.14)
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3. In particular (see [22]), for any 2 € CT UR so that wy is analytic at z, wi(2) is the attracting fixed
point of the self-map of CT defined by

w = Jy (Ju(w) —w+ 2) — (Ju(w) —w).
A similar statement, with u, v interchanged, holds for ws.

In particular, according to (5.14), we have for any z € CT,
gum (2) = gu(w1(2)) = gu(w2(2))- (5.15)

Multiplicative subordination property

Given Borel probability measures p, v on [0, 4+00), there exist two unique analytic functions Fy, Fp: C\
[0, 4+00) — C\ [0, +00) so that

1. 7> arg Fj(z) > argz for z € C* and j = 1, 2;

2.
Fi(2)Fa(2)

. = 1u(F1(2)) = nu(w2(2)) = numu(2), 2z € C\[0,+00). (5.16)

3. In particular (see [22]), for any z € CT UR so that F} is analytic at z, the point hy(2) := Fy(2)/z
is the attracting fixed point of the self-map of C \ [0, +00) defined by

s Y ny(fm(zw)).

N (zw) w

A similar statement, with pu, v interchanged, holds for ws.
In particular (5.16) yields
Vurw (2) = Yu(F1(2)) =t (Fa(2)). (5.17)

Rectangular free subordination property

Let ¢ be in ]0;1]. Let g and v be two probability measures on RT. Assume that the rectangular R-

transform C’,(f) of u extends analytically to C\R™; this happens for example if y is B, infinitely divisible.
Then there exist two unique meromorphic functions €, Q2 on C\ RT so that

HO(Q1(2)) = B (Q(2) = HE (2),

Q,;(Z) = Qj(2) and limg40 Q;(z) =0, j € {1;2}.

The functions w;, F; and €; in the three previous subsections are called subordination functions.

5.6 Asymptotic freeness of independent random matrices

Free probability theory and random matrix theory are closely related. Indeed the purely algebraic concept
of free relation of noncommutative random variables can be also modeled by random matrix ensembles
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if the matrix size goes to infinity. Let (2, F, P) be a classical probability space and for every N > 1, let
Apn be the algebra of N x N random matrices (2, F, P) — My (C). Define

Hr .AN—>(C
N A—)%TrA

For each N > 1, (An, @) is a non-commutative probability space and we will consider random matrices
in this non-commutative context.

In his pioneering work [146], Voiculescu shows that independent Gaussian Wigner matrices converge in
distribution as their size goes to infinity to free semi-circular variables. The following result deals with
matrices in generic position.

Theorem 43. [Corollary 5.4.11 [4]] Let {Dn(i)}1<i<p be a sequence of uniformly bounded real di-
agonal matrices with empirical measure of diagonal elements converging to p;, i = 1,...,p respec-
tively. Let {Un(i)}1<i<p be independent unitary matrices following the Haar measure, independent from
{Dn (i) h<i<p-

o The noncommutative variables {Un (1) Dn (1)Un (i)* }1<i<p in the noncommutative probability space
(AN, PN) are almost surely asymptotically free, the law of the marginals being given by the p;’s.

e The spectral distribution of Dn(1) +Un(2)Dn(2)Un(2)* converges weakly almost surely to puy B ps
goes to infinity.

o Assume that the diagonal matrices Dy (1) and Dy (2) are nonnegative. Then, the empirical spectral
measure of (Dn(1))2Un(2)Dn (2)Un (2)*(Dn(1))2 converges weakly almost surely to pq X g as N
goes to infinity.

Thus, if p is the eigenvalue distribution of a large selfadjoint random matrix A and v is the eigenvalue
distribution of a large selfadjoint random matrix B then, when A and B are in generic position, B v is
nearly the eigenvalue distribution of A + B. Similarly, when dealing with nonnegative matrices p X v is
nearly the eigenvalue distribution of A:BA:z.

Similarly, for independent rectangular n x N random matrices A and B such that n/N — ¢ €]0;1],
when A and B are in generic position, Benaych-Georges [26] proved that rectangular free convolution
with ratio ¢ provides a good understanding of the asymptotic global behaviour of the singular values of
A+ B.

Theorem 44. Let A and B be independent rectangular N x p random matrices such that A or B
is invariant, in law, under multiplication, on the right and on the left, by any unitary matriz. As-
sume that there exists two laws p and v such that, for the weak convergence in probability, we have

1 1
v Z ds = W, N | Z ds = v asn and N goes to infinity with N/p — ¢ €
s sing. val. of Ax s sing. val. of By
10;1]. Then
1
AT 55 Eﬂc )
N Z N:F)oo H v

s sing. val. of AN+Bn

for the weak convergence in probability.
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5.7 Operator-valued free probability theory

There exists an extension, operator-valued free probability theory, which still shares the basic properties
of free probability but is much more powerful because of its wider domain of applicability. The concept of
freeness with amalgamation and some of the relevant analytic transforms were introduced by Voiculescu
in [148].

Definition 3. Let M be an algebra and B C M be a unital subalgebra. A linear map E: M — B is a
conditional expectation if E(b) =b for all b € B and E(bjaby) = b1 E(a)be for all a € M and by,be in B.
Then (M, E) is called a B-valued probability space. If in addition M is a C*-algebra, B is a C*-algebra
of M and E is completely positive, then we have a B-valued C*-probability space.

Example: Let (A, ¢) be a non commutative probability space. Define

M (A) ;:{(‘C‘ Z)ﬂ,b,c,dEA}, E:=idy ® ¢ that is

e[ 0)] - (e 40)
(My(A), E) is an My(C)-valued probability space. (C & Cl.4)

As in scalar-valued free probability, one defines [148] freeness with amalgamation over B via an alge-
braic relation similar to freeness, but involving E and noncommutative polynomials with coefficients in

B.

Definition 4. Consider an operator-valued probability space (M, E : M — B).

The B-valued distribution of a € M is given by all B-valued moments E(abiabs---b,_1a) € B, n €
N,bg,...,b,_1 € B.

Let (A;)icr be a family of subalgebras with B C A; for all i € I. The subalgebras (A;)icr are free with
respect to E or free with amalgamation over B if E(ay ---a,) = 0 whenever aj € A;;, i; € I, E(a;) =0,
for all j and iy #ig # -+ # iy,

Random variables in M or subsets of M are free with amalgamation over B if the algebras generated
by B and the variables or the algebras generated by B and the subsets, respectively, are so. Note that
the subalgebra generated by B and some variable a is not just the linear span of monomials of the form
ba™, but, because elements from B and our variable a do not commute in general, we must also consider
general monomials of the form bgabiabs - - - b, _1ab,,.

The previous results of free subordination property in the scalar case are approached from an abstract
coalgebra point of view by Voiculescu in [150] and this approach extends the results to the B-valued case.
In [23], Belinschi, Mai and Speicher develop an analytic theory. In order to describe operator-valued
subordination property, we need some notation. If A is a unital C*-algebra and b € A, we denote by
Rb = (b+b*)/2 and Ib = (b—b*)/2i the real and imaginary parts of b, so b = Rb+ i3b. For a selfadjoint
operator b € A, we write b > 0 if the spectrum of b is contained in [0,4o00) and b > 0 if the spectrum of
b is contained in (0, +0c). The operator upper half-plane of A is the set H" (A) = {b € A: Jb > 0}.

Theorem 45. [150/,/25] Let (M, E : M — B) be an operator-valued C* -probability space. Let x1, x5 €
M be selfadjoint variables which are free with amalgamation over B.
There exist an analytic map w: HT(B) — HT(B) such that

E(w®)—z1) | =E[(b— (x1+x2))""] forall beH(B).
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Moreover, if b € H (B), then w(b) is the unique fived point of the map
fo :HE(B) = HY(B),  fg(w) = hay (hay (w) +0) +b

where by, (b) = E[(b—2:)"']" —b

and w(b) = lim fo*(w), for any w € HY(B).
k—4oc0 b

Maps of the form b+ E [(b— X)~!] for some selfadjoint X and (conditional) expectation E are also
known as operator-valued Cauchy-Stieltjes transforms.

In our applications, the algebra B is M,,(C) for some n € N. The following result from [106] explains
why this case is relevant in our work using linearizations of polynomials.

Proposition 6. Let (A, ¢) be a C*-probability space, let m be a positive integer, and let x1,...,x, € A be
freely independent. Then the map id,;, @¢: M,,(A) — M,,(C) is a unit preserving conditional expectation,
and a1 @ T1, ..., 0, ® x, are free over M,,(C) for any o; € M,,(C).
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