N

N
N

HAL

open science

Symmetries and asymmetries of multi-dimensional cheap
talk games
Stéphan Sémirat

» To cite this version:

Stéphan Sémirat. Symmetries and asymmetries of multi-dimensional cheap talk games. Economics
and Finance. Université Grenoble Alpes, 2018. English. INNT : 2018GREAEO008L] [{el-01947039v2[]

HAL Id: tel-01947039
https://hal.science/tel-01947039v2
Submitted on 9 May 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entifc research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépdt et a la difusion de documents
scientifques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche frangais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/tel-01947039v2
https://hal.archives-ouvertes.fr







Remerciements

Cette these n’aurait pu se faire sans I'appui des equipes de direction de la Faculte
d’Economie de Grenoble et du laboratoire GAEL, qui a permis et autorise une decharge de
la moite de mon service d’enseignement. Je dois ce soutien a Alexis Garapin, Alain Laurent
et Stephane Lemarie que je remercie vivement.

Merci a tous les membres du laboratoire GAEL pour I'accueil, la logistique et le cadre
de travail non seulement performant mais aussi sympathique.

Merci aux chercheurs avec qui j’ai pu interagir, notamment Pascal Billand, Paolo Cro-
setto, Beno't Crutzen, Jacques Durieu, Ani Guerdjikova, Jurgen Kamphorst, Nadine Mas-
sard, Sudipta Sarangi, Laurent Simula et Michal Urdanivia, pour leur disponibilite et les
nombreux conseils qui m’ont ete donnes.

Merci a Frederic Dero an, Francoise Forges, Olivier Gossner, Jeanne Hagenbach et a
Frederic Koessler, qui m’honorent en acceptant de prendre part au jury.

Merci a Frederic Dero an, Francoise Forges et Sabrina Teyssier qui ont accepte de
participer aux comites de suivi de these. Leur expertise a guide mes e orts.

Un grand merci a mon directeur de these, Christophe Bravard, pour son encadrement
sans faille, sa disponibilite sans limite et pour le partage genereux de sa culture scienti que,
economique, et sociale.

En n, merci sans economie a Florence, Zoe et Manon, qui donnent corps aux idees.






Table des matieres

(Introduction generale|

(L Multi-dimensional cheap talk with complementarities|

(1.2 Model setup| . . . . . . . . . . .
(1.3 Analysis| . . . . . . e e e
(1.3.1 Strategles| . . . . . . . . e
(1.3.2 In uential equilibrium conditions| . . . . . ... .. ... ......
(1.3.3 In uential equilibrial . . .. ... .. ... ... .. ... ... ...
(1.4 Robustness . .. . . .. . .. . e
(1.4.1 Aqualitativee ectl . . . . . . . . . .. ...
(1.4.2  Exogenously asymmetric contributions| . . . . . ... ... ... ..

(1.5.1 Stability| . . . . . . .. .
[1.5.2 E clency] . ... ... . ...

[Proofs|
[L.A Proof of Proposition(1.1) . . . ... ... ... ... ... . . ... ... .
(1.B Proof of Proposition (1.2l . . . ... ... ... ... ... . . .. ...,
(1.C Proof of Proposition (1.3 . . . .. ... ... ... .. ... . . . ......
(1.D Proof of Proposition (1.4 . . . .. .. ... ... ... ... . . . ...,
[1.E Proof of Proposition|1.5 . . . . ... ... .. ... ... .

[2  Unitorm quadratic binary two-dimensional cheap talk|

2.2 Model setup| . . . . . . . . .
2.3 Analysis and examples| . . . . . . . . ... .
[2.3.1 Strategles| . . . . . . . . . e e
[2.3.2 Symmetric equilibria and their deviations|. . . . . . . .. ... ...
[2.3.3  Asymmetric equilibrial . . . ... .. ... ... o oo
[2.4 In uence In the context ofany con Ictf . . . ... ... ... ........
[2.5 Characterization of the equilibrium strategies| . . . ... ... ... . ...

\Y



[Proofs
[2.A Proof of Example[2.1f . . . . . . . ...

|2B Proof of Examplel?.?] ..............................

[3 Better or not that bad? Asymmetric comparative cheap talk|

[3.3 Model setup| . . . . . . . . e e
[3.3.1 Setting . . ... ... . . ...
[3.3.2 Strategies and concept solution| . . . . .. ... ... ... ...
[3.3.3 Babbling, In uential, comparative, or symmetric equilibrial . . . . .

[3.4 Comparative equilibrial . . . . . . . . . . . ... .

[3.0  ASymmetric comparisons| . . . . . . . . ... e e e e e e
[3.5.1 Strongly asymmetric comparisons| . . . . . . . . . . ... ... ...
[3.5.2 Weakly asymmetric comparisons|. . . . . . . . . ... ... ... ..
[3.5.3 Credible asymmetric comparisons| . . . . . . . . . . ... ... ...
[3.5.4 A stability criterion|. . . . . . . . . . ... o

[Praofs

BFE Example] . . . . . . . . . e

[Conclusion generale]

Vi

73
75
75
76
76
76
79
82
85

87
88
91
93
93
94
95
96
99
102
103
105
107
109

111
113
114
120
122
122
125

127



Introduction generale

Transmission strategique d’information

Une information de mauvaise qualite peut entraer une prise de decision aux conse-
guences desastreuses. A titre d’exemple, la crise des subprimes de 2007 fut caracteristique
d’une information de mauvaise qualite sur les actifs echanges. Ainsi, I'information est un
facteur cle de toute prise de decision. Les agents economiques sont donc demandeurs d’in-
formations.

Sur un marche parfaitement concurrentiel, les prix des biens echanges, accessibles a
tous les acteurs, sont porteurs de toute I'information pertinente. En e et, a I’equilibre, le
prix egalise I'0 re et la demande. Ainsi, le prix rend compte a la fois de I'utilite d’un bien,
et de son coOt. Or dans de nombreuses situations, il semble plus realiste de supposer que
des agents n’ont pas acces a toute I'information pertinente concernant les biens echanges.
Certains agents peuvent €tre detenteurs d’informations qui leur sont privees. Ainsi, par
exemple le vendeur d’une voiture d’occasion est mieux informe qu’un acheteur potentiel
sur la qualite de la voiture, un individu qui souscrit une assurance est mieux informe sur
ses comportements a risque que ne I’est la compagnie d’assurance, et un employe conna’t
mieux que I'employeur I’e ort qu’il investit dans une tache. Dans ce cas, le prix ne revele
pas toute I'information existante.

L’equilibre du marche peut €tre modi e par I’existence d’asymetries d’information entre
les agents. Sous certaines conditions, le marche peut méme disparatre. Dans ce cas, le
cadre theorique du marche concurrentiel ne semble pas adapte pour rendre compte des
interactions economiques. Plus precisement, I’hypothese que chaque agent, pris individuel-
lement, n’a pas d’in uence sur les modalites de ses interactions economiques, semble peu
realiste. Au contraire, dans de nombreuses situations, il est plus plausible de supposer que
les frictions informationnelles peuvent permettre aux agents mieux informes d’in uencer
les choix des agents avec lesquels ils interagissent. Dans cette perspective, les mecanismes
sous-jacents aux interactions economiques peuvent €tre mieux identi es a travers I’analyse
des strategies des agents selon leurs interéts individuels et selon I'information privee dont
ils peuvent étre detenteurs.

L’analyse strategique, en prenant en consideration I’asymetrie d’information d’une si-
tuation donnee, se pose la question de la possibilite du partage de I'information privee. En
e et, si par exemple I'agent detenteur d’une information privee a la possibilite et I'interét
de reveler son information privee, alors I'asymetrie d’information est automatiquement
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supprimee de I'interaction par le calcul strategique. Ainsi, un candidat a I'embauche revele
sa forte adequation a I’'emploi propose s’il en a la possibilite. Un individu accuse a tort
d’un crime revele son innocence s’il en a la possibilite.

Outre des determinants contextuels, comme la possibilite materielle de delivrer un
message, la transmission e ective d’information dans un cadre strategique ne peut se faire
gu’a la condition que le message delivre soit credible. C’est cette question de la credibilite de
I’information transmise entre des agents aux interéts individuels potentiellement divergents
qui constitue le sujet d’etude de cette these. Nous examinons cette question dans un cadre
d’analyse speci que, quali e de jeu de conversation gratuite par la litterature.

Jeu de conversation gratuite

La litterature distingue plusieurs cadres d’analyse pour la transmission strategique d’in-
formation.

Dans un jeu de signal, la transmission d’information est coOteuse pour I’agent informe.
Ce dernier encourt di erents co0ts selon son type (c’est a dire en fonction de son informa-
tion privee). Dans ce cas, I’agent non informe peut observer la depense realisee par I’agent
informe, qui est alors un signal de son type. Par exemple, un individu qui s’est engage dans
des etudes superieures signale au marche de I’emploi sa capacite de travail, qui est a priori
non observable par les employeurs.

Dans un jeu a information veri able, I’agent informe ne peut pas mentir a I’agent
non informe concernant son information privee. Il peut toutefois reveler une partie de son
information. Par exemple, une version allegee d’un logiciel commercial peut €tre mise a
disposition d’un potentiel acheteur. Un media partisan ne rend compte que des retombees
positives des decisions politiques de son parti.

En n, dans un jeu de persuasion, I’agent informe s’engage sur la procedure de trans-
mission d’information avant d’étre lui-méme informe. Par exemple, un enseignant peut
reveler I’habilete d’un etudiant a travers une evaluation dont les regles ont ete precisees
a I'avance. Un expert scienti que met en place une experience encadree par un protocole.
Un interrogatoire judiciaire doit se conformer a certaines procedures.

Dans cette these, nous traitons du cas ou la transmission d’information s’e ectue sans
co0t, sans possibilite de veri cation, et sans engagement. C’est ce cadre d’analyse que la
litterature quali e de jeu de conversation gratuite. Ce type de jeu se rencontre par exemple
lorsqu’un agent informe conseille verbalement un autre agent. Les relations de mentor a
mentore, telles qu’un manager s’adressant a un employe concernant la conduite de son
travail, ou un enseignant conseillant un etudiant a propos de la poursuite de ses etudes,
peuvent etre apprehendees par de tels jeux. Les relations d’expert a decideur politique,
ou I'information delivree par les groupes de pressions, peuvent €tre aussi abordees par ces
jeux.[f] D’'une maniere generale, une phase de conversation gratuite entre deux agents peut

1. Citons, par exemple, le prochain vote au Parlement Europeen concernant le projet de directive
intitule Copyright. Ce projet vise la mise en place, d’une part, d’un droit d’auteur sur I'information
di usee, et d’autre part, d’un engagement des plates-formes de telechargement a faire respecter les contrats



etre consideree au prealable de toute interaction economique avec asymetrie d’information.

Le modele de jeu de conversation gratuite que nous etudions dans cette these a ete
initie par Crawford et Sobel (1982).

Presentons les principales caracteristiques du jeu de Crawford et Sobel. L’informa-
tion privee de I'agent informe S est la realisation d’une variable aleatoire distribuee sur
un sous-ensemble , compact et convexe, de I'espace euclidien R¥, k 1. L’agent informe
S emet un message m, support de I’eventuelle information transmise. L’agent non informe
R observe le message m delivre par I’agent informe, et choisit alors son action. L’action de
R est representee par un element a de R¥. A I'issue de leur interaction, les agents S et R
obtiennent respectivement une utilite US(a; ) et UR(a; ),ou(a; ) @ UP(a; )estla
fonction d’utilite de von Neumann-Morgenstern de I'agent P 2 fS; Rg.

Notons que dans ce modele, les messages potentiellement delivres n’ont pas de signi ca-
tion exogene au jeu. En quelque sorte, le langage est reduit a ses determinants economiques.
Plus precisement, la signi cation d’un message est deduite de son utilisation par les agents.
Formellement, les messages m potentiellement delivres appartiennent a un ensemble abs-
trait M de messages, et la seule condition sur M est que ses elements peuvent etre distingues
les uns des autres par les agents.

Decrivons a present les principaux enjeux strategiques de ce modele. Tout d’abord,
puisque I’emission d’un message est non coteuse et sans engagement, et puisque I’eventuel-
le information transmise est non veri able, aucune contrainte n’est imposee sur les messages
delivres par I'agent informe. En particulier, tout message peut etre a priori delivre par
I’agent informe. Dans ces conditions, tout message delivre rend necessairement compte de
I'interét de I’agent informe a delivrer ce message plutdt que n’importe quel autre message.

C’est la reconnaissance, par I'agent non informe, de I'interét de I’agent informe dans
le message delivre, qui peut permettre la transmission d’information. En e et, si I'interét
de I'agent informe depend de son type, alors le message delivre, choisi par interét, rend
potentiellement compte d’un ensemble restreint de types.

Par exemple, supposons gqu’un expert militaire recommande ou ne recommande pas
I’engagement dans la guerre selon son evaluation des forces militaires de son armee et
de I'armee adverse, et que cette information soit son information privee. A partir de la
recommandation de I’expert de s’engager ou de ne pas s’engager dans la guerre, le decideur
politique peut alors lui-m&me estimer I'etat des forces militaires, qu’il ne conna't pas a
priori, et prendre la decision qui est conforme a ses propres interéts, au-dela des interéts
de I’expert militaire.

Ainsi, il y a transmission strategique d’information lorsque le message delivre permet
a I’agent non informe de quali er d’une certaine maniere le type de I’agent informe. Par
exemple, la transmission est totalement informative si chaque message est associe a un

associes aux contenus proteges. Les parlementaires europeens sont interesses par le degre de mobilisation
des internautes. Cette information est detenue de maniere privee par les grandes entreprises d’internet, qui
peuvent observer a grande echelle les activites des internautes. Concernant la transmission d’informations
des groupes de pression, le journal Le Monde du mardi 4 septembre 2018 rend compte de la transmission,
par les grandes entreprises d’internet et a destination des parlementaires, d’informations faisant etat d’une
forte mobilisation contre la mise en place de la directive.
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unique type. La transmission est non informative si le message delivre ne permet pas de
distinguer les types. La transmission est partiellement informative si un message delivre
permet a I’agent non informe d’exclure certaines realisations potentielles du type.

Une fois le message recu, I’agent a priori non informe extrait I'information eventuellement
portee par le message a n de prendre sa decision. Le point important, d’'un point du vue
strategique, est que le message delivre prend aussi en compte, par anticipation, la decision
de I'agent non informe. Par exemple, si le decideur politique ne tient pas compte de la
recommandation de I'expert militaire, alors I’expert n’a aucun interét a choisir une re-
commandation plutdt qu’une autre. Reciproguement, si I’expert militaire a des preferences
paci ques et recommande toujours le non engagement dans la guerre, independamment de
sa connaissance des forces armees, alors le decideur politique n’extrait pas d’information du
message de I’expert, ce qui n’incite pas I’expert a changer de message. Il y a alors absence
de communication.

Plus generalement, dans un jeu de conversation gratuite, les messages delivres par
I’agent informe sont non seulement determines par son type, mais sont aussi guides par
I'utilisation du message transmis par I’agent non informe. En particulier, ils rendent non
seulement compte de l'interét de I'agent informe relativement a son type et a I’action
induite par le message (qu’il anticipe), mais aussi de I'interét de I’agent non informe a
choisir precisement I’action anticipee par I’agent informe compte tenu de I'information sur
le type qu’il deduit du message recu.

Finalement, la transmission strategique d’information est une situation d’equilibre entre
les di erents choix des agents, au sens ou les choix des agents se prennent en compte et
simultanement se determinent I’'un par rapport a I'autre.

Motivations theoriques

L’objectif de I’analyse des jeux de conversation gratuite est alors d’une part, d’identi er
les conditions sur les parametres du jeu permettant d’atteindre des equilibres informatifs, et
d’autre part, lorsqu’il y ae ectivement possibilite de transmission d’information, d’analyser
la nature de I'information transmise en lien avec ses consequences economiques.

Avant de presenter notre contribution, et a n de mieux la circonscrire, presentons les
principaux resultats de la litterature qui ont motive notre analyse.

Selon Crawford et Sobel (1982), une condition necessaire et su sante a la transmis-
sion d’information est I’alignement des interéts des agents quant a I’action a a decider, par
I’agent non informe, etant donne le type de I'agent informe. Plus precisement, I’'analyse
de Crawford et Sobel permet de mettre en valeur un lien entre les di erences d’interét
des agents, et la quantite d’information potentiellement transmise a I’equilibre.

Donnons quelques details formels de leur analyse. Crawford et Sobel supposent que
I'information privee de I'agent informe S est la realisation = d’une variable aleatoire
distribuee sur [0; 1], et que I'action a = a de I’agent non informe R est un element de R.
Les fonctions d’utilite US et UR des deux agents sont deux fois continument di erentiables,
concaves, sur-modulaires (formellement : @@Z%@P > 0) et, quel que soit 2 [0;1], atteignent
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un maximum selon a, en aS( ) et aR( ) respectivement. Le con it d’interét entre les agents
est alors represente par la distance jaS( ) aR( )j entre leur action optimale, selon le
type realise. L’hypothese de concavite des fonctions d’utilite permet de garantir un con it
d’interét ni, et I’hypothese de sur-modularite permet de rendre compte d’un interét com-
mun des deux agents pour decider d’une action plus grande etant donne un type plus
grand.

Sous ces conditions, dans un premier temps, les auteurs caracterisent les equilibres du
jeu. Ils montrent que si, quel que soit 2 [0;1], a5( ) & aR( ), alors :

(1) les equilibres sont, a un ensemble de mesure nulle pres, obtenus a travers une par-
tition nie de I’ensemble des types [0;1] en N intervalles, N 1, telle que
I chaque intervalle est associe a un unique message m;, et en particulier m; est
delivre par I'agent informe si et seulement si son type est element de I'intervalle;
I chaque intervalle est associe a une unique action, a(m;j), solution de la maximi-
sation de I’esperance d’utilite de R, sachant que est element de I'intervalle;
(ii) les partitions d’equilibre peuvent étre partiellement ordonnees, selon la quantite
d’information transmise, avec :
| la partition [0; 1], composee d’un unique intervalle, qui est non informative ;
I unepartitionen N 1 intervalles, N dependant de US, UR, et de la distribution
de , qui correspond a la partition la plus informative ;
| l'existence d’au moins une partition d’equilibre en N intervalles, pour tout N
compris entre 1 et N.

Ensuite, etant donnee la caracterisation des equilibres, Crawford et Sobel mettent
en lumiere le lien entre le con it d’interét et la transmission d’information. A cette n,
ils considerent, UR etant xee, des familles de fonctions US = UZ pour I'utilite de I’agent
informe, parametrees par b 2 R™ et satisfaisant certaines conditions de monotonie relative-

ment a b (en particulier, US = UR, %Z%f > 0, et une certaine Condition (M) d’ordonnance-

ment des partitions en intervalles de [0; 1] telles que les types correspondants aux bornes des

intervalles soient indi erents aux actions adjacentes). En particulier, la condition @@ztéf >0
impose qu’un accroissement de b induit une preference de S pour une plus grande action.
Un accroissement de b represente donc un plus grand con it d’interét entre R et S. Les
auteurs montrent qu’etant donnee une telle famille, le nombre maximum d’elements d’une
partition d’equilibore N = N (b) est non decroissant avec b, et que pour tout N compris
entre 1 et N(b), il existe une unique partition d’equilibre a N elements. Ainsi, le resultat
important de Crawford et Sobel (1982) est qu’a un plus petit con it est associe une
possibilite de transmission d’information plus informative, tandis qu’un important con it

peut entra™er I'impossibilite de transmettre de I'information.

A titre d’exemple, les auteurs examinent des fonctions d’utilite quadratiques pour les
agents, donnees par UR(@@; ) = (@ ) etUP(a )= (a ( +b))> Dans ce cas,
I’action preferee de R s’identi e au type , avec aR( ) = , tandis que I'action preferee de
S est, relativement a celle de R, biaisee par b, avec a5( ) = + . Lorsque la distribution
des types est uniforme sur [0; 1], une partition d’equilibre informative existe si et seulement
sib< %1 Au-dela, le con it d’interét est tel qu’il interdit toute possibilite de transmission
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d’information entre les agents.
Le modele de Crawford et Sobel (1982) considere que I'information privee =
de I’agent informe est de nature uni-dimensionnelle. Or, il existe de nombreuses situations
ou I'information privee d’'un agent peut €tre multi-dimensionnelle. Par exemple, les ca-
racteristiques d’un bien echange lors d’une interaction marchande peuvent €tre multiples
(citons la duree de vie du bien, sa facilite d’utilisation, son empreinte ecologique). De
meéme, un employe sur le marche du travail peut disposer de plusieurs aptitudes a faire
valoir a un employeur potentiel (citons par exemple ses capacites a travailler en equipe,
ses aptitudes informatiques, son dynamisme). Un projet de loi possede plusieurs articles a
potentiellement amender.
Chakraborty et Harbaugh (2007) considerent une extension du modele de Craw-
ford et Sobel (1982) a deux dimensions. Les auteurs illustrent I'idee qu’un important
con it d’interét des agents le long de chaque dimension n’interdit pas la possibilite d’une
transmission d’information. Plus precisement, ils supposent que I'information privee de
I’agent informe S est representee par = ( 1; »), et I'action de I’agent non informe R est
representee par a = (a;; ay) 2 [0; 1]. Les types ; et , sontissus de deux variables aleatoires
independantes et identiquement distribuees sur [0;1]. Chaque agent P 2 fS;Rg possede
une fonction d’utilite additivement separable, et symetrique relativement aux dimensions,
UP(a; ) = uP(as; 1) + uP(ay; ,). Les auteurs montrent que si, en chaque dimension,
les agents preferent associer une plus grande action a un plus grand type (si uS et uR
sont sur-modulaires), alors la comparaison des deux types ; et , constitue une strategie
d’equilibre de I’agent informe. En particulier,
| lesactions induites par les messages m; et m,, donnees par a(m;) = (a;(m;,); az(my))
et a(my) = (a;(m,); az(m;y)) sont symetriques relativement aux messages et aux di-
mensions (elles satisfont a;(m;) = a,(m,) et a;(m,) = a,(m,));

| etant donnees des actions symetriques relativement aux messages et aux dimensions,
I’agent informe a interét a delivrer le message m; lorsque ; 2, et a delivrer le
message m, lorsque ; > , (a un ensemble de types de mesure nulle pres).

Ainsi, Chakraborty et Harbaugh caracterisent la comparaison symetrique des
types de I'agent informe comme equilibre d’un jeu de conversation gratuite, dans lequel
les agents possedent potentiellement un important con it sur chacun des types. Toutefois,
I’hypothese de symetrie de la distribution des types et des fonctions d’utilite des agents
relativement aux deux dimensions semble cruciale au resultat.

En e et, Levy et Razin (2007) montrent que la prise en compte d’une dimension
supplementaire pour I'information asymetrique peut au contraire interdire aux agents toute
transmission d’information, méme le long d’une dimension ou ils n’ont pas de con it.
A cette n, ils considerent une distribution conjointe des types ; et , qui ne veri e
pas necessairement I’hypothese d’independance des variables aleatoires sous-jacentes. Dans
ce cas, la revelation d’une information sur , peut entra™er, par liaison, une revelation
d’information sur ;. Si les agents possedent un important con it concernant 1, tel que
toute transmission d’information sur ; soit impossible, alors, quel que soit leur con it
sur ,, par liaison, il est possible gu’aucune revelation d’information sur , ne puisse étre
obtenue a I'equilibre.



Levy et Razin (2007) illustrent ce mecanisme en faisant I’hypothese d’une fonction
d’utilite lexicographique pour S, telle que S prefere I'action (a;; a,) a toute action (al; a})
ou a; > a}, et en ne faisant aucune hypothese sur les preferences de S relativement aux
actions de méme premiere composante. De telles preferences peuvent étre interpretees
comme faisant etat, d’une part, d’un biais in ni de S relativement a I’action correspondant
ason type i,etd’autre partd’une complementarite de ; et a;. En particulier, elles peuvent
gtre deduites de preferences quadratiques, donnees par  (a; ( 1+b))?> (a; »)?, enfaisant
tendre b vers I'in ni. De telles preferences se distinguent particulierement du modele de
Chakraborty et Harbaugh (2007) par la forte asymetrie de I'utilite de S relativement
aux deux dimensions de I’espaces des types. Pour I’agent non informe R, une fonction
d’utilite quadratique UR = ka k est consideree.

Sous ces conditions, toute revelation d’information qui induit deux actions a(m;) =
(ar(my); a,(my)) et a(my) = (ay(my); ax(m,)) doit necessairement veri er a;(m;) = a;(m,).
En e et, si par exemple a;(m;) > a;(m,), etant donnees les preferences de S, le message
m, n’est jamais delivre. Ainsi, toute transmission d’information ne peut concerner que ».
Or, si par exemple la distribution des types ( 1; ») est telle que ; = 5, alors la forte liai-
son entre les types entrae qu’aucune information ne peut €tre revelee concernant ,. Plus
generalement, la transmission d’information portant sur , est ainsi limitee par la distribu-
tion conjointe des deux types, independamment du con it d’interét des agents concernant

2.

Notons que d’apres le resultat de Crawford et Sobel (1982), si les agents ont un
faible con it le long d’'une dimension, une independance des types entre les deux dimen-
sions autorise la revelation d’information concernant cette dimension. Par ailleurs, selon
Chakraborty et Harbaugh (2007), la symetrie du con it et I'independance des types
autorisent une revelation d’information multi-dimensionnelle. Ainsi, dans le mecanisme
decrit par Levy et Razin (2007), la combinaison d’une forte dependance des types et de
I’asymetrie du con it est cruciale au resultat.

Les analyses de Chakraborty et Harbaugh (2007) et Levy et Razin (2007) cir-
conscrivent de maniere relativement generale I'impact de la consideration d’une deuxieme
dimension au modele de Crawford et Sobel (1982) sur la possibilite de transmission d’in-
formation. Dans une etude plus speci que, appliquee au contenu informatif des decisions a
I’interieur de I'entreprise, Kamphorst et Swank (2016) contribuent a I’analyse en met-
tant en lumiere un autre aspect de I’extension du modele de Crawford et Sobel (1982)
a deux dimensions.

Kamphorst et Swank supposent une distribution uniforme sur [0; 1] pour le type

= (1; ) de S, representant I'information privee d’un manager concernant I’habilete
de deux employes. Compte tenu de cette information, le manager assigne un des deux
employes a une occupation majeure, et I'autre a une occupation mineure. La decision
du manager est representee par un message m; delivre aux employes, telle que I'employe
I = j est assigne a I’occupation majeure. Dans son occupation, chaque employe choisit une
action a; 2 R, i 2 f1;2g, representant un niveau d’e ort, pour laquelle il encourt le co0t
a?=2, et produit ;a; s’il est assigne a I'occupation majeure, et ;a; sinon, avec 1. Le
niveau d’e ort optimal d’un employe est donc egal a aR( ;) = ; ouaR( ;) = ; selon son
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assignation. La production commune est donnee par US((as;a2); ( 1; 2)) = @j j+ag -
Les employes, a priori non informes de leur habilete, choisissent un niveau d’e ort a;(m;)
et a,(m;) selon I'information qu’ils extraient concernant leur habilete a partir de la decision
m; du manager.

Notons que le manager prefere un e ort aussi grand que possible de la part des employes,
tandis que les employes preferent ajuster leur e ort a leur habilete. Le manager et chaque
employe possedent donc un important con it d’interét concernant le niveau d’e ort.

Les auteurs etudient dans un premier temps le cas = 1. Dans ce cas, la production
commune est donnee par US((a1;ay); ( 1; 2)) =a; 1+ay », et le jeu est un jeu de conver-
sation gratuite, dont les hypotheses satisfont les hypotheses de sur-modularite du modele
de Chakraborty et Harbaugh (2007). Dans un deuxieme temps, ils identi ent une
condition sur 1 qui ne modi e pas leurs conclusions. Lorsque = 1, Kamphorst et
Swank montrent que le manager peut fonder sa decision sur la comparaison symetrique des
habiletes, selon I’equilibre symetrique mis en lumiere par Chakraborty et Harbaugh
(2007). Selon cet equilibre, la decision my est prise lorsque 1 2, et sinon m, est decidee.
Lorsque m; est decidee, I’'employe i = j choisit un e ort a;(m;) = 2=3, et I"autre employe
choisit un e ort ag(m;) = 1=3.

La contribution de Kamphorst et Swank concerne I’existence d’un deuxieme equilibre
potentiellement atteint par les agents. Selon cet equilibre, la decision m; est prise lorsque

1 »=2, et sinon m, est decidee. Dans ce cas, les e orts des employes ne sont pas
symetriquement distribues relativement aux dimensions et aux decisions. Si la decision
m; est prise, les employes 1 et 2 choisissent des e orts a;(m;) = 11=18 et a,(m;) = 4=9
respectivement, et si la decision m, est prise, a;(m;) = 1=6 et a,(m;) = 2=3 sont choisis.
En particulier, le manager con rme la croyance des employes concernant I’asymetrie de
sa decision. Plus precisement, si les employes pensent que la decision est prise selon la
comparaison de ; a ,=2, alors il coOteux pour le manager de devier de cette regle de
decision. Par exemple, par complementarite a , I’'e ort de I’'employe 1 induit par la
decision m; et donne par a,(m;) = 1=6 est tres prejudiciable a la production commune
lorsque ; est relativement grand. Ainsi, compte tenu des e orts induits par la decision
m;,, et relativement aux e orts induits par la decision alternative m,, et compte tenu des
croyances des employes, il est plus pro table pour le manager de decider m, uniquement

1 < ,=2. Lorsque \ ; < ,=2" est revele conformement a la connaissance du manager
(c’est a dire lorsque ; < ,=2), I’e ort a; = 1=6 est moins prejudiciable a la production
commune par complementarite a la faible habilete ; observee.

Kamphorst et Swank interpretent cet equilibre comme une discrimination potentielle
et endogene au jeu. Notons en e et que sous I’equilibre asymetrique, lorsque , > ; 2=2,
alors my est decidee, et I'employe 1 est assigne a I’occupation majeure, alors que son habilete
est inferieure a celle de I’employe 2. En particulier, I'employe 2, le plus habile, est percu
comme le moins habile, et exerce un moindre e ort, tandis que I'employe 1, le moins habile,
est percu comme 'i‘d)ﬁ habile, et exerce le plus grand e ort. Ces conclusions sont obtenues
tant que que < 3=2 7 1:23.

Finalement, etant donnee la multiplicite des equilibres, Kamphorst et Swank pro-
posent deux criteres de selection.



Un critere de stabilite asymptotique, qui distingue les equilibres selon la convergence
vers les strategies d’equilibre, relativement a une deviation initiale associee a une compa-
raison asymetrique quelconque revelant ou ne revelant pas ; t 5, t 2 (0;1). Ce critere
selectionne I’equilibre asymetrique.

Un critere d’e cacite, qui examine I’esperance d’utilite d’'un employe ou du manager
avant la connaissance des habiletes des employes par le manager. Ce critere selectionne
I’equilibre symetrique pour chacun des employes et pour le manager.

Notons que dans le contexte de la transmission strategique d’information, I’equilibre
asymetrique mis en lumiere par Kamphorst et Swank montre en particulier que dans le
jeu symetrique, tel que celui investi par Chakraborty et Harbaugh (2007), I'unicite de
la comparaison symetrique des deux composantes du type de I’agent informe n’est pas en
general garantie. Ainsi, d’apres Kamphorst et Swank, il existe au moins une situation
ou plusieurs comparaisons des types sont possiblement atteintes a I'equilibre.

Contributions

En resume, les etudes citees precedemment nous disent que la prise en consideration
d’une deuxieme dimension au modele de Crawford et Sobel (1982) peut, sous des
hypotheses fortes de symetrie et d’independance des parametres du jeux, rendre possible
la transmission d’information, alors qu’aucune transmission n’est possible dans chacune des
dimensions consideree isolement (Chakraborty et Harbaugh, 2007). De plus, sous des
hypotheses plus speci ques, la symetrie des parametres du jeu ne garantie pas la symetrie
ex-post des strategies des agents. En particulier, il existe au moins une situation ou plusieurs
equilibres peuvent €tre atteints, dont des equilibres asymetriques d’asymetrie endogene
(Kamphorst et Swank, 2016). En n, les resultats de ces etudes ne sont pas robustes a
I’introduction de fortes inter-dependances entre les dimensions dans les parametres du jeu
(Levy et Razin, 2007).

Les resultats de ces analyses soulevent plusieurs questions theoriques. En particulier, les
etudes des Chakraborty et Harbaugh (2007) et Levy et Razin (2007) portent sur des
situations extrémes relativement aux facteurs multi-dimensionnels consideres (symetries ou
liaisons inter-dimensionnelles fortes), avec des resultats opposes concernant la possibilite
de transmission d’information. Ainsi, la question de la possibilite de transmission d’in-
formation dans le cadre multi-dimensionnel reste largement ouverte dans les situations
intermediaires. A travers cette question, la determination de conditions generales d’exis-
tence d’un traitement asymetrique et, comme souligne par Kamphorst et Swank (2016),
potentiellement injuste, est particulierement motivante.

Dans les trois chapitres de cette these, nous explorons dans trois directions la ca-
racterisation des equilibres du jeu de conversation gratuite dans le cadre multi-dimensionnel,
en questionnant les modalites de symetrie et d’inter-dependance des parametres du jeux.
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Impact de la complementarite

Dans le Chapitre 1, nous explorons, dans un cadre speci que, la question des e ets
d’inter dependance sur la possibilite de transmission d’information. Alors que Levy et
Razin (2007) considerent une forte dependance de nature informationnelle (entre les
types realises) et une forte asymetrie des preferences, nous examinons I'impact d’une forte
dependance entre les termes des fonctions d’utilite, tout en conservant la symetrie du jeu,
ainsi que I'independance des types. Plus precisement, nous etendons formellement le modele
de Kamphorst et Swank (2016), en prenant en compte une eventuelle complementarite
entre les dimensions de la production. A cette n, nous reprenons les hypotheses du modele
de Kamphorst et Swank, mais en supposant que la production agregee est donnee
par une fonction a elasticite de substitution constante de chacune des productions uni-
dimensionnelles.

Formellement (pour = 1), nous supposons que la fonction d’utilite de I’agent informe

(a1 1) '+(a2 2)"

est donnee par US((ar;ay);( 1; 2)) = R E ' r, our 2 ( ;1], represente le
degre de complementarite des productions. Cette hypothese permet d’analyser les cas d’une
strict complementarite (avec, lorsque r ¥ 1, US((ay;a2);( 1; 2)) ¥ minfa; 1;a, »Q),
E)’une complementarite de type Cobb-Douglas (avec, lorsque r ¥ 0, US((a;;a2);( 1; 2)) ¥

ar 1 @ ), et en n d’une parfaite substituabilite (US((a1;a2); ( 1; 2)) = 223222 en
r = 1). Concernant la fonction d’utilite de I’agent non informe, et la distribution des types,
nous reprenons les hypotheses de Kamphorst et Swank (2016).

Par ailleurs, nous modi ons le contexte d’application du modele. Nous supposons que
le modele represente la situation d’un unique agent non informe, dont I’occupation possede
deux dimensions productives distinctes, de productivites respectives ; et ,. Par exemple,
en lien avec nos hypotheses, Cunha, Heckman et Schennach (2010) estiment la pro-
duction de capital humain a di erentes periodes de la vie, a travers la consideration d’une
fonction a elasticite de substitution constante entre les aptitudes cognitives et non cogni-
tives des individus, d’une periode a I’autre. Le modele peut ainsi representer la transmission
d’information vers un etudiant, qui prefere investir davantage dans le champ le plus produc-
tif, qu’il ne connait pas, depuis un conseiller d’education qui, contrairement a I’etudiant,
connait I'importance relative des dimensions de I'apprentissage, et prend en compte leur
complementarite. Le modele augmente ainsi d’un caractere strategique I’etude empirique
de Cunha, Heckman et Schennach.

Nous montrons que la possibilite de transmission d’information est obtenue si et seule-
ment si le degre de complementarite considere est su  samment faible (r 2 (0; 1]). Une forte
complementarite incite I’agent informe a associer, a travers sa revelation d’information, une
faible productivite a un grand e ort, a n de maximiser le minimum des contributions uni-
dimensionnelles. Cette incitation est a I’encontre de celle de I’agent non informe, qui, par
sur-modularite de sa fonction d’utilite, preferent associer une action plus grande a un type
plus grand. Ainsi, une forte complementarite est un facteur de retention d’information.

Lorsque le degre de complementarite est su samment faible, les resultats de Kam-
phorst et Swank (2016) sont maintenus et les e ets mis en lumiere exacerbes. En par-
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ticulier, I'equilibre symetrique et un unique equilibre asymetrique (a une permutation
des dimensions pres) existent simultanement pour tout r 2 (0;1]. De plus, un degre de
complementarite plus fort (r plus pres de 0) augmente le degre d’asymetrie de I’equilibre
asymetrique, et par consequent I’eventuel favoritisme associe a la decision de I'agent in-
forme. Un degre de complementarite plus fort augmente aussi la vitesse de convergence
vers I’equilibre asymetrique, I’e cacite de I’equilibre asymetrique relativement a I’equilibre
symetrique, du point de vue de I’agent informe, et le domaine de validite des resultats re-
lativement a  (qui tend a couvrir [1;+71) lorsque r ¥ 0). En particulier, un degre de
complementarite su samment fort rend ex ante I’equilibre asymetrique le plus e cace
pour I'agent informe. En revanche, la plus faible quantite d’information delivree a priori
en cet equilibre entra™e une diminution de I'esperance d’utilite de I’agent non informe.

Le resultat donne ainsi une justi cation non seulement rationnelle mais aussi a priori
e cace, du point de vue de I'agent informe, au potentiel decalage d’appariement entre
les e orts de I'agent non informe et leur productivite uni-dimensionnelle. Le degre de
complementarite pris en consideration par un conseiller d’education peut inciter le conseiller
a recommander de facon credible a un etudiant d’investir un plus grand e ort dans la
dimension la moins productive de son apprentissage. Le bene ce de cette recommandation
repose sur le trop faible investissement dans I'autre dimension, qui serait obtenu suite a
la recommandation alternative, et compte tenu des croyances de I’etudiant concernant les
recommandations (et des croyances du conseiller sur ces croyances).

Impact de I’asymetrie du con it

Dans le second chapitre, nous explorons I'in uence d’un certain type d’asymetrie des
parametres du jeu sur la possibilite de transmission d’information. Plus precisement, nous
considerons une distribution uniforme du type = ( 1; ) de I’agent informe, et des
fonctions d’utilites quadratiques UR(a; ) = ka k’etUS(a; )= ka ( +Db)k?
pour les agents, ou le vecteur b = (b1;b,) 2 R? represente le biais bi-dimensionnel de I’agent
informe. Ces hypotheses etendent ainsi I’exemple central de Crawford et Sobel (1982)
a deux dimensions.

Ces hypotheses nous permettent d’explorer I'in uence des di erentes symetries du jeu
sur la possibilite de transmission d’information. Plus precisement, un con it b = (by;h,)
est necessairement symetrique par rapport a I’axe qui le supporte, et il est asymetrique
relativement a tout autre axe. Par ailleurs, la distribution uniforme des types sur [0; 1]?
possede quatre axes de symetrie. Ainsi, le jeu est symetrique lorsque I’axe du con it corres-
pond a I’'un des axes de symetrie de [0; 1]?, et n’est pas symetrique sinon. En particulier, les
hypotheses permettent d’explorer I'impact sur la possibilite de transmission d’information,
d’un con it non symetrique, relativement a une symetrie de I’ensemble [0; 1] des types, ou
d’un con it symetrique, relativement a une distribution asymetrique des types.

Nous caracterisons I’ensemble des revelations d’information du jeu utilisant deux mes-
sages a I’equilibre. Lorsque b = (0;0), la comparaison symetrique des types, transmettant
la realisation ou la non realisation de ; 2, est une strategie d’equilibre. C’est celle mise
en lumiere par Chakraborty et Harbaugh (2007). Mais lorsque b = (0;0), elle n’est
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pas unique. Les strategies transmettant la realisation ou la non realisation de ; 1=2, de
> 1=2,ouencorede ;+ , 1sontaussides strategies d’equilibre de I’agent informe.
Nous montrons que le nombre d’equilibres diminue avec I'etendue kbk de b, mais qu’il
existe toujours au moins deux couples de strategies d’equilibre des agents quel que soit
I’etendue de b, et quelle que soit sa direction. En particulier, quel que soit b 2 R?, il existe
une possibilite de transmission strategique d’information.

Par rapport au cas b = (0;0), lorsque I'’etendue de b augmente, la revelation d’infor-
mation tend a concerner la dimension orthogonale a b. Par exemple, si b = (b;b), avec
b tres grand, la nature de I'information transmise a I’equilibre tend a concerner ; 2
(par exemple en revelant ou en ne revelant pas ; »). Par symetrie des parametres du
jeu, si b= (b; D), avec b tres grand, la revelation d’information tend a concerner | + ».
De maniere generale, nous mettons en lumiere des familles continues d’equilibres selon b,
prolongeant par continuite les equilibres potentiellement atteints lorsque b = (0; 0).

L’existence d’un equilibre dans toutes les directions etend le resultat de Chakraborty
et Harbaugh (2007) a toutes les directions du plan euclidien (compte tenu de nos hy-
potheses plus restrictives sur les parametres du jeu). La multiplicite des equilibres, elle aussi
obtenue pour toutes les directions de b, con rme egalement le resultat de Kamphorst
et Swank (2016), associe a une direction speci que du con it des agents, alignee a une
symetrie de [0; 1]2. En revanche, en ce qui concerne le resultat de Levy et Razin (2007),
une importante asymetrie des preferences, relativement a deux dimensions quelconques
de [0; 1%, n’interdit jamais la transmission d’information. Intuitivement, la geometrie de la
distribution uniforme des types sur [0; 1] permet d’obtenir une faible dependance des types
relativement a la dimension du con it des agents, quelles que soient la direction et I’etendue
de ce con it. Cette relative independance permet la revelation d’information autour de la
dimension orthogonale au con it, ou precisement le con it des agents est faible.

Determinants et enjeux de la nature comparative de la transmis-
sion d’information

En n, dans le troisieme chapitre, nous etudions plus speci quement la nature com-
parative des equilibres du jeu de conversation gratuite multi-dimensionnel utilisant deux
messages a I’equilibre, en lien avec les analyses de Chakraborty et Harbaugh (2007)
et Kamphorst et Swank (2016).

Nous considerons des types ; et , issus de deux variables aleatoires independantes et
identiquement distribuees sur [0; 1] selon une probabilite de distribution f. Nous supposons
une fonction quadratique UR(a; )= ka k2 pour I'utilite de R, et une fonction additi-
vement separable et symetrique US(a; ) = u(ay; 1) +u(ay; ») pour l'utilite de S, avec u
sur-modulaire. En particulier, dans ce modele, les hypotheses du modele de Chakraborty
et Harbaugh (2007) sont satisfaites. Par consequent, dans ce modele, la comparaison
symetrique des types est une condition su sante pour la revelation d’information.

Dans un premier temps, nous montrons qu’un important con it dans chaque dimension,
represente par la croissance de u par rapport a a quel que soit (obtenue a partir des
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hypotheses de sur-modularite et de croissance de a @ u(a;0)), rend necessaire la nature
comparative de toute transmission d’information a I’equilibre. La nature comparative de
la transmission d’information est representee par I’existence d’une fonction ” croissante, et
telle qu’a I'equilibre I'information transmise porte sur la realisation ou la non realisation
de 1 7( »). De telles revelations d’information caracterisent donc les equilibres du jeu
dans le cas d’un important con it des agents.

Dans un second temps, en lien avec Kamphorst et Swank (2016), nous etudions la
possibilite d’une revelation asymetrique d’information, d’asymetrie endogene, etant donnee
la symetrie des parametres du jeu. Nous donnons des conditions d’existence d’une telle pos-
sibilite, dans le cas ou la sur-modularite de u s’exprime simplement par une separabilite
multiplicative, en sorte que u(a; ) = h(a)g( ) pour des fonctions h et g de méme variation.
Nous montrons qu’un equilibre asymetrique est potentiellement atteint lorsque la convexite
d’une des deux fonctions h et g est attenuee par une concavite su sante de I'autre fonc-
tion. Plus speci quement, dans le cas ou h est lineaire, il existe un equilibre asymetrique,

d’asymetrie endogene, lorsque Cov go(f)(:;( o> Erlals 2] Edai=2] Cette condition
est satisfaite lorsque la derivee logarithmique de g est su samment decroissante relative-
ment a la distribution des types f, en sorte que A ﬁ soit croissante.

En n, nous donnons des conditions de stabilite asymptotique de I’equilibre symetrique,
des equilibres asymetriques (le cas echeant), ainsi que de I’equilibre non informatif. Nous
presentons en particulier une parametrisation de u telle que I'equilibre asymetrique, lors-
gu’il existe, est le seul equilibre asymptotiquement stable du jeu.

Les comparaisons sont largement utilisees dans les echanges informatifs des agents
economiques. Un manager compare les employes pour promouvoir, un vendeur compare
di erents biens pour orienter le choix de I’'acheteur potentiel, un enseignant compare les ap-
titudes d’un etudiant pour le guider dans ses choix d’etude. Dans ces contextes, le premier
resultat de notre analyse rationalise la necessaire nature comparative de toute transmission
d’information a deux messages, a partir de I’hypothese de croissance de I'utilite de I’agent
informe relativement a I’action de I’agent non informe. Le second resultat illustre la possi-
bilite d’un traitement comparatif asymetrique, sous des conditions simples sur la fonction
d’utilite de I’'agent informe. Notons que le traitement asymetrique est moins informatif que
ne I'est le traitement symetrique. Il est donc, pour un agent non informe cherchant a ajus-
ter son action au type de I’agent informe, ex ante moins e cace que I’equilibre symetrique.
En particulier, contrairement a I’equilibre symetrique, I’existence d’un tel equilibre est
conditionnee par I'existence d’un con it d’interét entre les agents.
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Chapitre 1

Multi-dimensional cheap talk with
complementarities

Abstract. We analyze a cheap talk game in a two-dimensional framework, with comple-
mentarities between the dimensions. A Sender makes one of two recommendations to a
Receiver concerning a production. The Receiver’s contributions rely on a realized two-
dimensional pro le of abilities, and a chosen two-dimensional pro le of e orts. The pro le
of abilities is the Sender’s private information. Output is a constant elasticity of substitu-
tion function of the Receiver’s contributions. The Sender prefers to maximize output but
the Receiver prefers to adjust his e orts to his abilities. A credibility constraint imposes
that the Sender contrasts the dimensions which leads the Receiver to specialize. However,
with more complementarities, the Sender has more interest in the mismatch between the
Receiver’s perception of his abilities and their realization. Then, strong complementari-
ties preclude the possibility of credible recommendations. Weaker complementarities allow
the players to either treat the dimensions symmetrically, or favor one of them. Su cient
complementarities make the latter ex-ante more productive.
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CHAPITRE 1. CHEAP TALK WITH COMPLEMENTARITIES

1.1 Introduction

In many important situations, an agent chooses his actions conditional on the infor-
mation revealed by a better informed agent. For instance, an employee does this when he
takes into account his supervisor’s recommendation concerning the conduct of his work.
A pupil does it by acknowledging his teacher’s expertize concerning his study choices. A
child does it when conforming to parental rules. However, managers, teachers and parents
have strong biases concerning the contributions of their \mentees". They prefer a higher
contribution. According to the literature on strategic information transmission, such bias
precludes the possibility of in uential recommendations (Crawford and Sobel, 1982), un-
less agents take advantage of the multiple dimensions for communication (Chakraborty
and Harbaugh, 2007).

This paper addresses the impact of the complementarities among the dimensions of the
uninformed agent’s contribution. In a productive context, the role of complementarities is
particularly relevant. For instance, in the workplace, a bricklayer needs force and meticu-
lousness to build a wall. At school or at home, skill formation involves complementarities
among the child’s skill dimensions (Cunha, Heckman, and Schennach, 2010).H

We show that if the uninformed agent prefers to adjust his multi-dimensional e ort to
the multi-dimensional realized state (of which he is not aware), then in order to be credible,
the transmission of information must contrast the dimensions of the state.f| However, the
inclusion of complementarities among the dimensions makes the information provider prefer
to induce a cross-dimensional mismatch between state perception and state realization.
Therefore, strong complementarities between dimensions preclude a possible agreement
among the players. Limited complementarities allow players to agree either to compare
the state components symmetrically, or to alter the recommendations in favor of one of
the dimensions. Conditional on su cient complementarities, the asymmetric treatment is
preferred ex-ante by the informed agent.

Our setting follows the standard Sender-Receiver setting in the cheap talk literature,
with the following speci cations. The Sender (she) possesses private information concern-
ing the productivity of the Receiver (he). We designate the Sender’s private information
the Receiver’s abilities. We focus on two abilities dimensions.| Given her private infor-
mation, the Sender discloses one of two abstract messages. The meanings of the messages
are de ned endogenously in equilibrium. Note that the messages might represent explicit
verbal communications from the Sender but might also represent the way the Receiver
interprets the Sender’s decisions or actions.ff| Given the message he observes, the Receiver

1. And teachers do no not consider the dimensions of knowledge as perfect substitutes.

2. In equilibrium, the disclosed information must be truthful, so that the uninformed agent’s posterior
beliefs correctly represent the expected state. Otherwise, the uninformed agent will have a pro table
deviation.

3. For instance, in line with Cunha, Heckman, and Schennach (2010)), the two dimensions might repre-
sent the cognitive and non-cognitive dimensions of abilities.

4. Notice that even child would proceed to Bayesian inferences to model the world around (Gopnik,
2012).
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1.1. INTRODUCTION

chooses his e orts along the two dimensions of his pro le of abilities. We assume that in
each dimension, the Receiver’s contribution equals the product of his e ort and his real-
ized unknown ability. The Receiver’s aggregate production is given as a constant elasticity
of substitution (CES) function of his two contributions. The CES speci cation permits
investigation of the equilibrium conditions as a function of the degree of complementarity
between the Receiver’s contributions. The Sender prefers to maximize the CES output.
In contrast, due the cost of his e ort, in each dimension the Receiver prefers to adjust his
e ort to his ability.

Strategically, the Sender’s chooses the recommendation that maximizes the CES out-
put, given her observation of abilities, and given the Receiver’s contribution she anticipates.
Reciprocally, the Receiver contributes according to his perceived abilities which are derived
from the way the Sender chooses her recommendation. An in uential equilibrium is sus-
tained if the Sender correctly anticipates the Receiver’s contribution, and the Receiver’s
perception of his ability correctly represents the Sender’s private information.

First, we describe two necessary conditions for such an equilibrium.

The rst condition rules out the existence of a recommendation that would induce a
higher e ort in both dimensions relative to the other recommendation. In equilibrium the
Sender will always prefer to deviate to that recommendation, irrespective of her observation
of the abilities. As a consequence, any in uential recommendation necessarily induces a
high e ort in one dimension and a low e ort in the other dimension. This imposes the
disclosure of the relative abilities. The intuition is that since the Sender is biased toward a
higher e ort along each dimension, communication must occur orthogonal to that direction,
i.e. by contrasting the dimensions.

The second condition rules out the case of too high a degree of complementarity involved
in the CES function. Suppose for instance, that the Sender wants to maximize a minimum
contribution along the dimensions. She then will prefer to match the lowest e ort to the
highest ability, and the highest e ort to the lowest ability. However, since the Receiver
adjusts his e ort to his perceived ability, the highest e ort must be derived from the
Receiver’s highest expectation concerning his ability which precludes a possible agreement.

Then we can show that if the cross-dimensional complementarities are limited, the
players have multiple ways to agree.f] The information is transmitted along a unique
cross-dimension, supported by the two induced actions but the multi-dimensionality of the
framework permits players to identify multiple dimensions along which they might agree.

The rst way to agree is symmetric relative to the two dimensions. The Sender symmet-
rically compares the Receiver’s abilities, and the Receiver exerts symmetrically balanced
e orts across dimensions and recommendations (which in turn determines the symmetric
comparison). The second way is asymmetric relative to the two dimensions. It alters
the recommendations and the subsequent e ort investments in favor of one of those di-

5. For instance, concerning parental in uence, Tenenbaum (2009) shows that when parents make rec-
ommendations concerning their children’s course choices, the language they use to speak to their daughters
tends to be more discouraging than that they employ to talk to their sons, whatever the study domain.
This suggests that parents and children will play a di erent equilibrium conditional on the child’s gender.
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mensions.f| One recommendation is ex-ante more likely disclosed than the other, and
accordingly, one dimension is ex-ante more likely invested in by the Receiver.

Moreover, the degree of complementarity exacerbates the asymmetry of the asymmet-
ric equilibrium (it has no e ect on the symmetric equilibrium). This is because more
complementarity makes the expected recommendation even more pro table at the interim
stage.

Finally, we show that the asymmetric equilibrium is ex-ante more productive with
stronger complementarities,[| which is detrimental of the Receiver’s accuracy of his relative
abilities. The intuition is that more complementarities increase the Sender’s interest in
preventing the Receiver from neglecting one of the dimensions of his abilities. This is
precisely the e ect of the ex-ante lower informativeness of the asymmetric equilibrium.ff
This illustrates how a cross-dimensional con ict of interest between the players arises with
the introduction of complementarities on the Sender’s side of the information transmission
channel.

An extensive literature on strategic information transmission has emerged triggered by
the seminal paper by Crawford and Sobel (1982) (see Sobel (2013) for a review). Crawford
and Sobel (1982) characterize the impact of a con ict of interest between a Sender and a
Receiver, on the Sender’s in uence on a Receiver’s action in case of a unique information
dimension.

In the case of multiple dimensions, theoretical results are scarce.

Chakraborty and Harbaugh (2007 show that symmetric comparison of the two dimen-
sions of information de nes an equilibrium in a context of a symmetric prior, and separable
and super-modular conditions on the players’ utility functions.f| This illustrates that the
players might reach agreement if the information is revealed orthogonally to their con ict.
In our setting, the su cient condition is necessary also, because of the major level of con-

ict within each dimension. However, we show that players might nd multiple ways to
communicate along this orthogonal dimension. Along similar lines, Semirat (2017) con-

6. Given the symmetry of the game, there are two asymmetric equilibria, one derived from the other
by switching the dimensions labels.

7. Relative to the symmetric equilibrium, the asymmetric equilibrium is lower productive with weaker
complementarities; the e ect is reversed with stronger complementarities. Therefore, in both cases the
model illustrates the possibility of a detrimental in uence of parents’ or teachers’ superior information
concerning children’s abilities. As Heckman and Mosso (2014) argue, it is not budget constraints but
parental attitudes, determined by their objective function, which are the major cause of observed low
educational attainment children from low income families (Hackman, Farah, and Meaney, [2010; Knudsen
et al., 2006; Heckman, [2008). Along the same lines, the parents’ degree of risk aversion has been shown to
be inversely related to the child’s education attainment (Wolfel and Heineck, [2012; Brown, Ortiz-NuRrez,
and Taylor, 2012; Checchi, Fiorio, and Leonardi, |2014).

8. According to Wang and Degol (2017)), women are more likely to have a homogeneous abilities pro le,
which would give them more possibilities concerning choice of occupation. In contrast, men will be more
specialized toward math-intensive elds, and will have a restricted occupational choice. This suggests also
that a di erent equilibrium will be played during the skill formation process, based on the gender of the
child.

9. In contrast, if the setting includes strong asymmetries, Levy and Razin (2007)) show that the possi-
bility of in uence is precluded.
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siders a uniform state space, a binary messages set, and separable quadratic preferences
for both players. The author characterizes the equilibria of the game with respect to a
varying bias, and derive the same multiplicity of equilibria for any extent and direction of
the players’ con ict.

The present study rules out the separable assumption of the Sender’s utility function,
and exploits the CES functional form to investigate the degree of complementarity in the
Receiver’s contribution as a cross-dimensional con ict between the players. The impact of
payo interdependencies between the dimensions has so far not been investigated under
more general conditions. We nd that the impact of the degree of complementarity on
the equilibrium depends on the played equilibrium. It has no impact on the symmetric
equilibrium, but exacerbates the asymmetry of the asymmetric equilibrium.

From a productive perspective, ex-ante the Sender’s preferred equilibrium is the sym-
metric equilibrium i  the degree of complementarity involved is low. Chakraborty and
Harbaugh (2010) note also that a Sender with quasi-convex preferences relative to the
multi-dimensional Receiver’s action would ex-ante prefer to be uninformative. However,
Chakraborty and Harbaugh (2010) assume state independent preferences for the Sender.
We show that the uninformative babbling equilibrium is never preferred to the asymmet-
ric equilibrium which always displays relative better informativeness from the Sender’s
perspective.

The economic motivation for our study originates from a recent strand of work on
con dence management which investigates the informational content of rm decisions, and
how they might a ect the employees’ e orts.

Crutzen, Swank, and Visser (2013) study the impact of the revelation or withhold-
ing of rms’ rankings of employees’. Their study shows that in general, the rm has an
interest in withholding such an information. They focus on symmetric equilibria. Asym-
metric equilibria are investigated in Kamphorst and Swank (2016), which considers the
promotion decisions of managers, derived from their private information concerning the
one-dimensional abilities of their employees. Similar to our study, the authors derive sym-
metric and asymmetric equilibria. In asymmetric equilibria, managers discriminate in favor
of the employee that the players expect to be promoted.

While Kamphorst and Swank (2016) consider two Receivers, each of whom contributes
along a unique dimension, we consider a unique Receiver who contributes along two di-
mensions. In formal terms, our model extends the Kamphorst and Swank’s (2016) model.
Kamphorst and Swank’s (2016) study is restricted to the case where employees’ contri-
butions are perfect substitutes for aggregate team production. We include the possibility
of complementarities which are prevalent in the workplace. Characterization of multiple
equilibria according to the degree of complementarity includes Kamphorst and Swank’s
(2016) main result as a polar case. Our results highlight a more important issue related
to asymmetric equilibria in that context. We show that a high degree of complementarity
induces the Sender to ex-ante prefer the asymmetric over the symmetric treatment. This
contrasts with the case of perfect substitution. We show also that the asymmetric equi-
librium results from a qualitative distribution of e ort across decisions, which makes the
asymmetric equilibrium robust to changes in the prior distribution that would preclude any
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asymmetric treatment in the case of perfect substitution. Finally, while the introduction of
slight exogenous asymmetries between dimensions precludes the asymmetric equilibrium
in case of perfect substitution, we show that it is resistant to large exogenous asymmetries
if the complementarities involved are su cient.

The paper is organized as follows. Section describes the model set up and Section
presents the results. Section [1.3.1] and [1.3.2] discuss the strategies and necessary equi-
librium conditions. Section [1.3.3] derives the existence of the symmetric and asymmetric
equilibria for each degree of complementarity, and associated degree of complementarity
to the asymmetry of the asymmetric equilibrium. In Section [1.4, we provide arguments
related to the robustness of the e ect of complementarity on the asymmetric equilibrium,
and Section investigate selection criteria. We nd the asymmetric equilibrium to be
stable and more productive provided su cient complementarity. Section [1.6] concludes.
Proofs are provided in the appendix.

1.2 Model setup

A Receiver (he) produces an output within a working environment. Production is
decomposed along two dimensions i = 1 and i = 2. The Receiver contributes in each
dimension i 2 f1; 2g at level y;. Each contribution y; relies on a realized level of ability a;,
and a chosen e ort level e; through

Yi = ai€éi: (1.2

The Receiver derives utility from his contributions but su ers a quadratic e ort cost along
each dimension.[™
His utility is given by
=< 1
U(erier) = Vi 56 (1.2)
i=1;2

The Receiver is not aware of his abilities. He has a uniform prior on [0;1] in each
dimension.

A Sender (she) is aware of (a;;ay). Given her observation, she provides one of two
recommendations to the Receiver. The recommendation takes the form of a message m 2
fmy; myg. The Sender’s utility derived from the Receiver’s contributions is given by the
CES function .
yi+y; ©

Yr: 2

(1.3)

10. We do not integrate spillover e ects between e ort costs, and assume a quadratic and additively
separable utility function for the Receiver. This is the assumption in most of the literature, and allows us
to focus on the informational aspect of the equilibrium conditions (action identi es to the expected state
in equilibrium). It represents situations where a change of e ort in one dimension has no e ect on the
e ort in the other dimension. This might be due to the independence of the dimensions considered (e.g.
cognitive and non-cognitive e ort), or to e orts exerted at su ciently distant moments.
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where r 2 ( 1;1] represents the degree of complementarity between the Receiver’s con-
tributions. [

The Sender makes her recommendation in order to maximize (L.3).

Given the Sender’s recommendation m 2 fmy; m,g, the Receiver chooses his e ort levels
to maximize his expected utility

E[Ujm]:
The timing of the game is as follows:

1. Nature draws abilities a; and a,, and reveals them to the Sender, but not to the
Receiver, who has a uniform prior;

2. the Sender sends message m 2 fmy; m,g to the Receiver;

3. the Receiver observes the Sender’s message m, and updates his beliefs about his
abilities;

4. the Receiver chooses his level of e orts e;(m) according to his posterior beliefs;

5. payo s are realized.

We look for perfect Bayesian equilibria of the game, i.e.: (i) the Receiver’se ort strategy
is optimal given his beliefs about his abilities, (ii) the Sender’s disclosure strategy is optimal,
given the employee’s e orts strategy and beliefs, (iii) whenever possible, beliefs are updated
according to Bayes’s rule.

1.3 Analysis

1.3.1 Strategies

Given the message m 2 fmy; m,g he observes, the Receiver exerts hise orts to maximize
his expected utility at

(e1(m); e2(m)) = arg max E[U (e1;e;)jm]
(e1;€2)2R?

1 2 1 2
=arg max E aje; _-ej+ae, —-esm
(e1;€2)2R? 2 2

. 1 . 1
= arg max e;E[a;jm] Ze? +e,E[ajm] -ej
(e1;e2)2R? 2 2

= (E[azjm]; E[azjm]): (1.4)

11. Recall that for any r 1, the elasticity of substitution between the contributions is given by = 1—1r
In particular, at r = 1, we have Y, = % and perfect substitution between the contributions, at r ¥ 0,
Y, tends to the constant return to scale symmetric Cobb-Douglas function Y, = "yiy>, andatr ¥ 1,
Y, tends to the Leontief function Y, = minfy;;y.g.
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Reciprocally, given the Receiver’s e ort strategy m A (e;(m);ex(m)), the Sender utility
derived from the recommendation m is given by

1
ajei(m) +aze;(m) -

Ye(m) = >

Then the Sender chooses m; or m, conditional on Y,(my)  Y,(my) or Y,(my) Y, (My)
respectively.

Notice that if e;(m;) = e;(m,) and e,(m;) = ex(m,), then she will be indi erent between
m; and m,, whatever (a;; a,). Reciprocally, in the case that her choice does not depend on
(ar; @), then the Receiver’s posterior beliefs would be equal to his prior beliefs, and
we would have e;(m;) = e;(my) and e,(m;) = e,(m,). These strategies de ne a babbling
equilibrium.

Henceforth, we focus on in uential equilibria, i.e. equilibria for which e;(m;) & e;(my)
or ez(my) & ex(my).

1.3.2 In uential equilibrium conditions

Let us distinguish the cases r <0 and r 2 (0;1].

Case r 2 (0;1]. If r 2 (0; 1], then we obtain (up to a null measure set of abilities) the
following Sender’s strategy:
m(as; az) = my i

=l

1
aze;(my) + azes(mi) aje1(my) + azer(my) -
2 2
O ajei(my) +aze;(my)  arel(me) +aze;(my)

O aj(ei(m) ej(mz)) az(ex(mz)  e(mu)):

Then in equilibrium, we must have ej(m;) ej(my) & 0 and e5(m,) e5(m;) & 0 and of
equal sign, otherwise the same recommendation would always be made. Then we derive
the following conditional strategies:

if ef(m;y) > ej(my) and e5(my) > e5(m;), that is e;(m;) > ey (my) and ex(my) > ex(My),
then

Sl

. eb(my)  e5(my)
m(a;az) =mg i a f f az;
ef(my) ej(my)

or, if e;(my) < e;(m,) and e;(Mmy) < e;(m;y), then

Sl

e5(mz)  e5(ma)
er(my)  ef(my)

m(ag;a)=m i a a:

Notice that the above two disclosure rules and the corresponding conditions are equal up
to a relabeling of the messages m; and ms.
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Case r <0. If r <0, then we obtain the Sender’s strategy:
m(ag;az) = my i

1
ajej(m;) +azey(my) - ajei(m,) + azey(my)
2 2
QO ajei(my) +azer(my)  ajel(my) + azes(my)

QO aj(ey(my) ef(my)) az(ex(my) ey(my)):

Then we have: if ef(m;) > ef(my) and ef(my) > ef(m,), that is e;(m;) < e;(m;) and
ez(mz) < ez(ml), then

Sl

ex(my)  ej(my)
er(ms) ei(my)

m(a;;a)) =mp i a ap,

or, if e;(my) > e;(m,) and ex(my) > e,(m;y), then

Sl

. es(mz)  e5(my)
m@g;a)=m i a 2 2 a,:
ef(my) ej(my)

Again, the two rules and the corresponding conditions are equivalent up to a relabeling of
the messages. However, notice for instance that if m(a;;a;) = m; i a;  ta, for some
t > 0, then we would have in equilibrium

el(ml) = E[aljm]_] = E[aljal taz] => E[alja]_ < taz] = E[aljmz] = el(mz);

and similarly, e;(m;) < e,(m;). Therefore in the case that r < 0, the above disclosure rules
and the corresponding conditions are not compatible. In other words, if r < 0 there is no
in uential equilibrium. Thus, we obtain the following necessary condition for an in uential
equilibrium to occur.

Lemma 1.1. If m A (e;(m);e,(m)) and (a;;a,) @ m(ay; a,) de ne an in uential equilib-
rium pro le of strategies, then r 2 (0; 1], and up to a relabeling of the messages,

e1(my) > ex(Mmy), and ex(My) > e (My); (1.5)
and C
mq, ifa;  tay;
m(a;; ay)) = ) 1.6
(@7 @) m,, if a; < tay; (1.6)
where
e5(my) eh(my) T .7

er(my)  er(my)
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Notice that according to (1.4), the e ort represents the Receiver’s perception of his
ability. Hence, the sign condition (1.5) implies that the Sender’s disclosure rule must
contrast the Receiver’s perception of his abilities. For instance, if m; induces a higher
perception concerning the rst dimension (e;(m;) > e;(My)), then it necessarily induces
a lower perception concerning the second dimension (ex(m;) < e»(my)), and vice versa.
Clearly, strategy satis es this requirement. Therefore, Conditions (L.4), and
also are su cient conditions for the existence of an equilibrium.

Finally, notice that the game is fully symmetric with respect to the dimensions of
abilities and e orts. This symmetry implies that any existing strategy pro le in equilibrium
induces another equilibrium strategy pro le as stated in the following lemma.

Lemma 1.2. If for some t 2 (0; +1),

.
ma (e1(my); e2(my)) !f m = my; and (ay: a) A my, !f ap tap,
(e1(my); e2(my)) if m =my; m,, if a; < tay;
de ne an in uential equilibrium pro le of strategies, then
.
o (e2(my); e1(m2)) !f m=my 4 (ay:2,) mi, !f a %az;
(e2(my); e1(my)) if m=my; my, if a; < lay;

de ne an in uential equilibrium pro le of strategies too.

In particular, Lemma permits us to w.l.o.g. restrict to t 2 (0;1] for the possible
Sender’s strategies (1.6)) in equilibrium. Given the uniform prior distribution of abilities,
this allows explicit expressions for the Receiver’s derived e orts. According to (1.4), given

(1.6), we have

Rl Rl
e:(M;) = E[ajja;  tapy] = >R

ans= al =ta:
R,32 %11 2

aj daj day _ 13 t2.
daldaz - 32 t?

H — _ agdal dag
eo(my) = E[agja;  tay] = W2 =132,
R a2=f a1=ta, 421042 (1.8)
— : a0 aZoadardar _ :
ei(m,) = Elarjay < tag] = ¥ Fg——— = {;
R2=0 gy 0 1 7
— - _ ;;2=0 ;jio az daj daz _ .
e2(Mmz) = E[azjay <ta] = HReg——— =3
a=0 a;=0 ai daz

Then, according to (1.7), the equilibria of the game associated to r 2 (0; 1], if any, are
determined by the solutions t 2 (0; 1] of

LI
2 r 13 2t " r
— 3 32t
t= l3t2l’ Lr (19)
32t 3

Next we characterize these solutions and how they depend on r.
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Figure represents a disclosure rule (1.6) associated to some t 2 (0;1), and the
induced e ort levels ej(m;).

2 a; = ta,
1
&/&
&(my) |-y
atmd |

el(my) e(m) 1 &

Figure 1.1 { A Sender’s disclosure rule, and the subsequent Receiver’s optimal e orts

1.3.3 In uential equilibria

Notice rst that for any r 2 (0;1], t = 1 is a solution of (1.9). The corresponding
equilibrium strategies are given by

mq if ai dy,
m, if a; < ay;

if m=mg;
if m=my:

m(as; ap) = and (e1(m); ex(m)) =

Wik WIN
WIN W=

Relative to the dimensions, they de ne a symmetric equilibrium in which the Sender reveals
to the Receiver his highest ability (and thereby, also his lowest ability). Then, the Receiver
symmetrically exerts his e ort, with a higher exerted e ort in the dimension corresponding
to his highest ability, and a lower e ort in the other dimension.

The intuition is as follows. Since e ort and ability are complementary in each con-
tribution y; = aje;j, and since r 2 (0; 1], the Sender has an interest in encouraging e ort
in the dimension where ability is higher. Reciprocally, a higher e ort is derived from a
higher inferred ability. Hence, if the Sender truthfully reveals the highest ability, it will
induce a corresponding preferred higher e ort. This makes her recommendation credible
in equilibrium.

The next proposition asserts that alongside the symmetric equilibrium, information
might be revealed and processed asymmetrically.

Proposition 1.1. For each r 2 (0;1], there is a unique t, 2 (0;1) such that

C 2
my ifa;  tray; 13 kis o
1 . 1 r 2. al’ld (el(m)1e2(m)) — . 22tr -3 2 tr
m, if a; < tray; ;5 ifm=my

ifm=mgy;

m(ay; az) =

wlst w

de ne an equilibrium pro le of strategies.
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Proposition and Lemma (1.2 ensure that for each r 2 (0;1], on both sides of the
symmetric equilibrium that occurs at t = 1, there is another equilibrium. Furthermore,
these equilibria fully characterize the game’s equilibria.

In an asymmetric equilibrium, the Sender is more likely to induce a higher e ort in
an ex-ante determined dimension. In particular, she might encourage a high e ort in
a certain dimension despite a higher ability in the other dimension. This would induce
a mismatch between abilities and e orts that is not in the Receiver’s interest. For an
intuitive interpretation, consider the case depicted in Figure The Sender truthfully
reveals whether the Receiver is

\m;: less worse concerning a;", or

\m,: much worse in concerning a;"". (1.10)

Given this, the Receiver will
(a) exert medium e orts e;(m;) and e,(m;) conditional on the \less worse" recommen-
dation m; because he does not retrieve much information concerning his pro le of
abilities upon the observation of my, or
(b) exertaverylowe orte;(m,) and a medium e ort e;(m;) conditional on the \much
worse" recommendation, because it is revealed upon a very low ability a;, relative
to a,.
In particular, e orts are similar on my, and starkly di erent on m,. According to the degree
of complementarity involved in the CES function, this is likely to imply the disclosure
of my : Y.(my) > Y.(m,) rather than the alternative recommendation. The alternative
recommendation m, will be revealed only in the case that a; is much worse than a,, because
then any e ort in the rst dimension will be useless. This precisely con rms (1.10).[*
Notice that the above argument shows that greater the complementary, the more asym-
metric the Sender’s decision-making rule in equilibrium. Indeed, greater complementarity
exacerbates the detrimental e ect on the production of the di erent e orts on mj, so that
the expected recommendation m; is even more likely.

Proposition 1.2. The asymmetry of the equilibrium asymmetric recommendations is ex-
acerbated by the degree of complementarity of the Receiver’s contributions. In particular,
in the asymmetric equilibrium, the Sender tends to babble as r tends to 0.

Figure [1.2 depicts the two equilibria occurring at t = 1 (the symmetric equilibrium) and
at t, 2 (0;1) (the asymmetric equilibrium), with respect to the degree of complementary
r 2 (0;1]. At r =1 (contributions are perfectly substitutable), we have t, = % and as r
decreases to 0, so does t,. Notice that a Sender’s rule associated to t = 0 corresponds to a
babbling rule (m; will always be disclosed).

12. Proposition states also that an asymmetric equilibrium occurs with perfect substitute contribu-
tions (when r = 1). This is the case investigated by Kamphorst and Swank, [2016. In Section We show
that the e ect is due to the cardinality, rather the similarity or di erence in the di erent levels of e ort.
We argue that it is closely related to the uniform prior, and we provide a di erent prior that would rule
out the asymmetric equilibrium in the condition of low complementarity. The intuitive mechanism based
on complementarities is more robust to such a change.
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1

Figure 1.2 { t =1, and t = t, as a function of r

1.4 Robustness

1.4.1 A qualitative e ect

The e ect shown in the previous section, based on the complementarity of the Receiver’s
contributions, does not explain the asymmetric equilibria in the case of perfect substitution
between contributions (r = 1). Notice that in this case, the asymmetric equilibrium derives
from the existence of the solution t; = % of , i.e. on the fact that e,(m,) e,(my) =
%(el(ml) e1(my)) when the Sender reveals whether or not a; %az. Therefore, it derives
from the lack of compensation of e,(m,) relative to the reduction in e ort e;(my). In
this equilibrium, a Receiver who is instructed to be worse in the rst dimension does not
infer that he will be much better in the second dimension. Next, we show that this e ect
relies crucially on the prior distribution of abilities that we have speci ed. In particular,
specify a prior distribution such that the asymmetric equilibrium is precluded for perfect
substitution, but persists in the presence of complementarity.

Consider a uniform prior on the set of abilities (a;; a;) such that
ayta 1l,a; 0,a O

as illustrated in Figure [1.3
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a a; = ta,
1 & /)&
e(my) \
ex() o
er(my) er(my) 1 &

Figure 1.3 { The decision-making rule and subsequent e ort strategy with dependent prior
abilities

With such a prior, a Receiver who is instructed to be worse in the rst dimension infers
he is much better in the second one. We compute, for any t 0, as in (1.8):

12t+1 11 1 t 1t+2
M) =375 ¢ M) =gy aM) =3y elm) =35y

In particular, independently of t, we have:

e2(mz)  ex(my) — 1.
er(my)  ei(my)

er(my) ei(my) =ex(my) ex(m1) O

This implies that under perfect substitution between the Receiver’s contributions, the
symmetric equilibrium (t = 1) is the unique equilibrium.E] However, one can easily verify
that given any t 0, the equilibrium condition

en(m,)  ep(my)
er(my)  ef(m,)

is satis ed for a su ciently low r. This implies the existence of an asymmetric equilibrium
whenever r is su ciently small. Figure illustrates the solutionst=1and t=t, as a
function of r in this setting. The symmetric equilibrium is the only equilibrium with low
complementarity (r = 1) but for any r that is su ciently low, the asymmetric equilibrium
still occurs.

13. Moreover, any asymmetric disclosure rule used by the Sender (corresponding to a t & 1) would induce
e ort levels for which a Sender’s best response would be the symmetric rule (corresponding to t = 1).
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0

Figure 1.4 { t =1, and t = t, as a function of r in case of dependent abilities

1.4.2 Exogenously asymmetric contributions

In this section, we assume that each recommendation represents an assignment to an
activity, and that activities di er according to the exogenous relative importance (produc-
tivity) of the Receiver’s contributions.

Activities 1 and 2 correspond to m = m; and m = m;, respectively, with respective
production functions

Yo(my) = ( (azen(my))’ + (azea(my))’)7 ;

Ye(my) = ((are1(M2))" + (az€2(M2))")T ;

for some > 1 that represents the relative importance of the most important dimension
of the activity.

The di erentiation among dimensions puts increasing importance on ability and e ort
in the most important dimension of an activity. The higher the relative importance of the
contribution, the more it should prevent the Sender’s mismatching of the highest ability to
the highest e ort in equilibrium. Therefore the Sender’s incentive ex-ante to favor a certain
dimension given asymmetric e orts, and the driver of the asymmetry vanish. However,
complementarity severely mitigates this counter-e ect. A high degree of complementarity
requires an extreme di erentiation of the dimensions in order to rule out the asymmetric
equilibrium.
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CHAPITRE 1. CHEAP TALK WITH COMPLEMENTARITIES

Proposition 1.3. For any level of di erentiation of the contributions , the asymmetric
equilibrium occurring at t, will persist provided there is su cient complementarities between
the Receiver’s contributions.

Figure illustrates the t, values for di erent values of

t
1

05|

0

Figure 1.5 { Equilibrium t, as a function of r and

For a xed level of complementarity, the more di erentiated the dimensions, the less
asymmetric the asymmetric equilibrium (if any). However, complementarity requires a
higher level of di erentiation to preclude the asymmetric equilibrium. Suppose for in-
stance, that = 10° so that the important dimension of an activity is a thousand times
more productive than its least important dimension. Then, according to Figure [L.5, given
su cient complementarities, the asymmetric equilibria in which the Sender might not
match the Receiver’s highest ability to his highest e ort will still occur. In addition, the
extent of the asymmetry might still be very high (t ¥ 0 as r ¥ 0) in this setting.

In contrast, if the Receiver’s contributions are perfect substitutes, then at r = 1, a
slight di erentiation ( 1:5) will rule out the asymmetric equilibrium.[f]

1.5 Selection

In this section, we investigate two arguments related to selecting between the symmetric
and the asymmetric equilibrium. Stability points to the asymmetric equilibrium. Moreover,

14. In a meta analysis of 172 studies, Lytton and Romney (1991) show that a gender bias does not
emerge clearly within parent-child interactions except in the case of \encouragement of gendered activi-
ties”. According to our model, such gendered di erentiation would be rational in order to increase the
production of human capital if the corresponding dimensions of the child’s activities show a high degree
of complementarity. In the next section, we show that it would also be e cient.
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1.5. SELECTION

the Receiver is ex-ante more productive in the asymmetric equilibrium if his production
dimensions show a high degree of complementarity.

1.5.1 Stability

We say that an equilibrium is stable if, given beliefs close to the equilibrium’s beliefs, the
best responses of the agents lead to beliefs closer to the equilibrium’s beliefs. It is said to
be unstable otherwise. In this section we investigate this stability through belief deviations
concerning the solution t corresponding to the Sender’s disclosure rule in equilibrium.

Proposition 1.4. For each r 2 (0; 1], the symmetric equilibrium is unstable and the asym-
metric equilibrium is stable. Furthermore, the greater the degree of complementary, the
more important the ampli cation of an anticipated small degree of asymmetry from the
agents.

The symmetric equilibrium is unstable due to con rmation and ampli cation by the
Sender’s rule, of any anticipated small asymmetry from the Receiver.

Set t < 1, with t = 1, an anticipated degree of asymmetry of the Receiver concerning
the Sender’s disclosure rule, with ej(m;), i;j 2 f1;2g, the corresponding e ort exertions,
and set

o= Sm) eim) ¢

er(my) ep(my)

the Sender’s best response. We nd that if t, <t < 1, then f' satis es t, < f{(t) <t < 1,
so that the Sender’s would con rm and amplify any anticipated asymmetry that is lower
than the equilibrium asymmetry corresponding to t,, and in contrast, if 0 <t < t,, then
0 <t < f(t) < t, so that her best response would decrease any extra level of asymmetry
relative to the equilibrium asymmetry.

For instance, if r = % then we nd g—f(l) = 3 at the symmetric equilibrium t =
1, and g—f(tr) = 0:35 at the asymmetric equilibrium t, = %1 For instance this implies
£ t. =0:35jt t.j, so that the Sender’s best response f'is almost three times closer to
the equilibrium value t, relative to an anticipated t & t,.

1.5.2 E ciency

In this section we investigate the relative e ciency of the equilibria. This is given by
the expected output E[Y,], i.e. before the abilities are observed.

Proposition 1.5. From the Sender’s perspective, with more complementarities, the asym-
metric equilibrium becomes more productive relative to the symmetric equilibrium. It is
e cientasr ¥ 0.

The intuition of Proposition [L.5 relies on the relative informativeness of the equilibria,
and its impact on the CES output according to the degree of complementarity involved.
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CHAPITRE 1. CHEAP TALK WITH COMPLEMENTARITIES

The symmetric equilibrium is symmetrically informative concerning abilities. It induces
a matching of high ability with high e ort, and low ability with low e ort. Therefore, it
is highly productive conditional on a low degree of complementarity. In contrast, the
informativeness of the asymmetric equilibrium decreases with its asymmetry, and hence,
according to Proposition [1.2 with the degree of complementarity. The more asymmetric
the equilibrium, the more that exertion of medium e orts (close to the prior %) can be
expected. Therefore, with complementarity, this equilibrium can be expected to be more
productive than the symmetric equilibrium.

For instance, let us compute the optimal level of asymmetry from the CES output
perspective. Atany t 1, and level r = % with n 2 N, the binomial expansion formula
gives

1
(aze1(My))7 + (azex(my))7

n

E[Y{] =Pr(my) > da; da,
a; tax
77 1 L
n -+ n
+ Pr(mZ) (alel(mZ)) 2 (aleZ(mZ)) dal daz
ai<taz
1= n! 1
20, Ki(n K3+ k) .
+k B
ta(2 X

_ _ 3 _ _
ey "(my)e; “"(my) + " (mp)el K (my)t*w

2 k

n

Figure shows that the most productive disclosure strategy corresponds to the sym-
metric equilibrium strategy (t = 1) in the case only of perfect substitution between the
Receiver’s contributions. With complementarity, if the Sender commits to a strategy as-
sociated to t, she will prefer an out-of-equilibrium t which involves asymmetry. We nd a
threshold r for the degree of complementarity (r = %) below which the asymmetric equi-
librium is ex-ante more productive relative to the symmetric equilibrium. The value t =0
corresponds to a babbling equilibrium, which is non-informative, and is preferred to the
symmetric equilibrium with stronger complementarities. However, notice that the optimal
t,asr ¥ 0, does not tend to t = 0. In particular, the Sender will always prefer ex-ante to
deliver some information, but this amounts will decrease with greater complementarity.
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1.6. CONCLUSION

E[Yi] symmetric equilibrium
0:28 7 r=1 asymmetric equilibriumt,
Sender's optimalt

gl Wik Nl

0:20

Figure 1.6 { Sender’s ex-ante utility, with respect to t and r

1.6 Conclusion

We have shown that multiple treatments can arise in equilibrium when an agent is cred-
ibly recommended to make speci c e orts concerning a production that involves multiple
dimensions with complementarities. Note that the treatments di er in their informative-
ness and their e ciency. A symmetric equilibrium is the most informative and also the
most productive in the presence of low degree of complementarity between the dimensions.
An asymmetric equilibrium is the least informative and can result in a mismatch by the
uninformed agent between his relative perceived abilities and his relative realized abili-
ties. However, it is the most productive equilibrium in the presence of a high degree of
complementarity.
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Appendix 1.A

1.A Proof of Proposition 1.1

Proof. We rst prove the existence of each equilibrium, and then their uniqueness.
Existence. Let r 2 (0;1]. According to Equation (1.9) in the main text, we need to
prove that there exists (at least) a t, 2 (0;1) such that

tr =T, (tr) ;

where T, is given by '
.

-
=Sl

13
32

N
-

f.(t) =

r r

I~ |wIN
w

~+.

N

w
N
~+
W+

Since f, is continuous, and [0; 3] is compact and convex, we derive the result from Brouwer’s
xed point theorem, if we prove that the range [0; %] is stable under f,, and ensure that
t = 0 is not a solution of t = f(t) (we would obtain 0 < t, % <1). Forany r 2 (0;1]

and any t 2 [0; 3], we have f(t) > 0. So we need: forany 0 t 1,

1

T (1) 5: (1.11)

To obtain (1.11), we show rst
) f - (1.12)

and then we show . .

f, 5 5; (1.13)

for any t 2 [0; 1] and r 2 (0; 1].
Proof of (1.12). We show that f, is increasing. From the increase in x & x%, it is

2\ (13 2t)"
enough to show that t A L(%L increases. To achieve this, we establish that:

O}
2 " 13 2t "’
tA - - increases with t; 1.12p
3 32 ¢t ( )

while ; ;
- 13 ¢t t
- 32 t

decreases with t (1.12b)

w]

for any r 2 (0;1].
Proof of (1.128). The derivative of t @ 2
which is positive for t 2 (0; 1].
Proof of (1.12p). The derivative of t @
It is negative if and only if
3 2 "1 B 1 1 3 2" 3B B2 v
21 6 »ez oy 5r QP w o (T HE v

r

13 2t T ; 13 2t 1
3 Istlr§2t @B 2HE 1

ro3e " @aney 1

.1
=
~+
d
=

wik

W=
N
—
W+

(1.14)
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Appendix 1.A

r
For t 2 (0;1], we have % > 1, hence % % Then (L.14) derives from

3 t2 B )2 v i
{5 1@ HE - 1hiscompletes the proof of (1.12).

EYs

2\ (%)
Proof of (1.13). We show that for any r 2 (0; 1], %r%r 2, that is
2 " 4" 1 ' 1"

3 9 36 12 (1.15)

The mean value theorem yields
2 r

2 4
3 9

_2r 1
9

4
5 alr

wl N

for some a 2 [¢; 2], and

11 ' 1 " r 11 1 _2r1
36 12

bl r 36 12  9blr

11

for some b 2 [5; &]. Since § > &,

(1.15)).

Uniqueness. To prove the uniqueness of an asymmetric equilibrium we need to prove
the uniqueness of a solution of t = f,(t) on (0; 1). It derives from the following fact (proved
below):

we have a > b, and thus &2+ 2 1., which gives

For each r 2 (0;1]; if t solves t = f.(t) then f'(t) < 1: (1.16)

Indeed, since f, & Id, then as illustrated in Figure [1.7, if there were multiple solutions
t 2 (0;1) to t = f.(t), then at least one of them would satisfy f(t) 1.@

Figure 1.7 { fi(t) 1 at some solution of t = f,(t)

15. A formal proof is as follows. Let t; and t, be two solutions to t = f.(t) with t; < t,, and such that
t A f.(t) tdoes not vanish in (t1;ty). Suppose that fl(t;) <1 and fi(t;) <1. Thent @ f.(t) twould
decrease at t;, and there would exist t; > t; such that f(t]) t; <0, and it would also decrease at t,
and there would exist t, < tp such that f(t,) t, > 0. Then by continuity f.(t) t would vanish in
(t7;t,)  (t1;t2) which is impossible.
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We relegate the proof of (1.16]) to a standalone proof below. ]

Proof of (1.16). The proof is as follows. First, we compute an upper bound fl(t)  A,(t)+
B((t) (Step 1), then we derive upper bounds A.(t) A(r) and B,(t) B(r) independent
of t (Steps 2A and 2B respectively), and nally we derive upper bounds A(r) A and
B(r) B such that A+ B <1 (Steps 3A and 3B respectively).

Step 1. The derivative of t A f.(t) is

O
27 1sariP o1zar 1 132 " AHe Yy 1ty
fo(t)— 3 32t @32t G 202 1) 32t B t?)2 1) 3\3 A
YT 1z et T 2 F 132t " 13 e’ 1 f
32t 3 3 32 t 32t 3
O 1
132t 7 1 132" @ 9e Y 1ty
_ 32t (G202 v 32t B B2 1 1 GG
_fl’(t)@ g r lu r 13 t2 T t r + 13 t2 T t rA
3 32t 32 t 3 32t 3
and since
1322 '@ ey
32t (3 B2y 0
lg t2 r 1 r ]
32 1t 3
we have 1
13 2t 7 1 1(t . =
0 32t @B 202 1 il3
fr(t) fl’(t) g r lu r + 13 t; r t r
3 32 t 32t 3
Thus we have
fi() A+ B (b); (1.17)
with
Gy @3y
t
T a 2 T /NT
Adt) = 5T (%) 13 2t " 1 _
r - 2 T 13 2t T 2 )
s 355 32 t @ 2v)@2 1t
and
1
OGN
2 T r
B(t)_ e (%) 1t "
MY = 132 T t T t 12
32t 3 t 3
Step 2A. From (1.12g) and (1.12p), we have, forany 0 <t 3,
2 13 2 3
2)" (13 2t\" r
—'—(f)atz(“tt)r 27 1z argl 2r gt
32t (é _ 3 32 t 3 9
2 T 13 2t T 7 1 1
£ =2 <= r 11 r 1 rr
: 32t %32 tt2 ' % ' 18 6
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H 3 2
Slmllarlry, ta 32 anorl t A @ o decrease, and thus for any 0 <t 3, we have
13 2t 1 1 1 1
37t e mey 2 3 ‘henwegetforanyO<t 3,
A(D)  A(r) (1.18)
with )
1
11" 2" &t
A(r) B § § 11 F 1T
18 6
Step 2B. Recall that t satis es
LIS
2" 132’y
3 32t =t
13 12 T t r -
32t 3
and thus we have
1
OGS r
Byo e () 1t : _ 1
r(t)_ l3t2r EI’E 5 _l3t2r Er_gtzrlr 1
32t 3 32t 3 2t t
= — (1.19)
3 2 r %32 ttz (%) 1
2t (3 GFY)
3 t? %2 ( )
Next we need a lower bound for - i3 syr- 10 do this, let us prove that it is

3 2
roSs @ Hpe v 13 £ t" 2" 13 2t "
2" %32_2ttr2 B 2 t)y 32 t 3 3 32 t
13 2 " @1 )@ 1t t "1 2 " 13 2t "
32 t (3 2 1 3t 3 32t
13 " ot 13 2t "3 2t
32t 3 32 t 2 t
the sign of which is equal to the sign of the seconrd factor, which expresses as a sum of
three terms. The sign of the second term 13- o SRR S R

is that of 32  (G9C O (1 |t is negative from St (because
2 t (B t2)(@2 t) t 12 t) t(2 t)

t?z ti) >1),t" t (because t <1), and % 1
The sign of the sum of the rst and third terms is negative i

2" 13 2t 13 2t "3 B 2y o
3 32 t 32 t 1 @ 1 '
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Now r @ 2" 1327 jncreases, and r A 132t 7 also, and thus so does the
sum as a function of r. Atr = 1itis equal to 2220556 which is negatlve (since
13 2 "
28 2t 5t+6>0ift 0). This completes the proof that t @ 3 tf (2)2 t(é% (zt‘)
decreases. It is thus greater than its value at t = % hence:
2rl3t2r tr ro11r 1 r 121 T 11 r
3 t 32t 3 E 18 5 _ 108 36 . (1 20)
2t 2 f 13 2t T 6 2 ' 4T 2 4" '
3 32t 3 9 3 9
From (1.19), we obtain
Br(t) B(r)

NONON

Step 3. In order to get upper bounds of A(r) and B(r), we need accurate upper and
E)wer bounds of expressions of the form b" a", with b > a > 0. Notice that b"* a" =

x" ldx; and as Figure [1.8 shows, the convexity of x A rxr ! allows the integral to

be bound by two trapeze areas, such that

r 1 r 1 r 1
(b a) 20 b a' r(b a)%: (1.21)

y

Figure 1.8 { Trapezoidal minoration and majoration of b a"
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Step 3A. We need an upper bound for A(r). From (1.21), we have

27 4" 27 2 " 2 " 2 1+ 2°"°
= - = - 1" = - r 1 = 3
3 9 3 3 3 3 2
with 2" % 2 so that
2 2 "5r
3 9 3 12
From (1.21)), we also have
1" 1" 8 7"
18 6 7 18
Then we obtain )
148 3 " 35 *
A r-a =
M 3% 1 %
which right hand side has a derivative equal to
48 3" 3 r1 1 3 1, 35
— = — = —+In - +—In —
3% 4 9% r r 4 r2 96
which sign is that of X +In 2, +—21n % =% r’In 2 r In £ whichis positive
when0<r< with = - l+:||:((3))ln and negative when < r 1. Therefore, for
yy
any r 2 (0; 1], we have
1
148 3 3B
- — < 0:39 :
A(r) 3% 2 96 0:39 (1.22)
Step 3B. In order to get an upper bound for B(r) = mrl(—r— we need to get a

(G) G

lower bound for (z—))r%r— From (L.21), we get
9

120" 11" 2 mwm "t

_ J— r_ _
108 36 27 108 ’
and 1
2 r 4 r 1 2 r i 4 rl
— — r— — + :
3 9 9 3 9 ’
so that . .
= 2 22 1 22 1 9%
r r Q 1 1 Q77 77 T aE
% g 3 % "y % r 324+ 35
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(notice that = 1 if 0 <x 1). This gives

1 35

B(r) ———=-:
® 1 61

Finally, (T.23) and (L.22) show that, for each r 2 (0;1], and each t 2 [0; 1] such that
t = f.(t), we have the upper bound

(1.23)

35
0 30+ - <
O 039+ <1

as expected. ]

1.B Proof of Proposition [1.2

Proof. First, we show that r & t, increases. It does so i for each r;r’ 2 (0;1]:
ifto<t, thenr'<r: (1.24)
Let us establish rst that for any r 2 (0; 1] we have
t<f.(t) forany t 2 [0;t,) (1.25)

(we also have t > f(t) for any t 2 (t; 3]).

Indeed: t @ f,(t) t does not vanish in [0;t,), since t, is the unique solution to t = f.(t)
on (0;1), and f.(0) 0=f.(0)>0.

Now let us consider r;r’ 2 (0;1], and suppose t» 2 [0;t;). Then from (L.25), we have
tpo < fr(tp), which, since tpo = fo(tp), can be written as:

Fo(tys) < Fr(tye): (1.26)

It remains to show that this implies r' < r in order to get (1.24). The implication is a
consequence of the increasing r A f,(t) which we prove next.
For any 0 < x < 1, the function r A Xt is increasing, and therefore it is enough to

prove that

r r

3 2

2t (1.27)

N
~

Wl

rAa

-

Wik | ¢,

3 t2
)

W+

is increasing for any t 2 [0; %].
Let t 2 (0; 1]. For any r 2 (0;1], the sign of the derivative of (1.27) is that of

r

r 2 13 2t " 13 2t 13 t2 ' t

o= 3 In3 337 M3z 37 ¢ 3
27 13 A’ 13 €7 13 £t
3 3 t 3 t 32 t 3
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Now notice that x" In(x) = :x"In(x") so that g,(r) can be written

12" 2 ' 13 2t ' 13 2t ' 3 t
w=r 3 I 3 32t " 37t 2 1 3
127 13t 13 et 13 e
r 3 3 t 32 t 32 t 3 3

)
Let us set h(x) = xIn(x),a= 132 " h= 2" ¢c= L "andd= 13Y . Then we
obtain

=10 ac ¢ O 1@ "IN

the sign of which is equal to the sign of "® 1@ M@ M9 This s the di erence between

the slope of (AB) and the slope of (CD), where A, B, C and D are the points on the graph
of h with respective abscissa a, b, ¢ and d (see Figure[L.9). The convexity of h, and

t 13 2t 13 ¢t
o< — < —
3 32 t 32 t

2
<z
3

so that
c<a<d<hb;

allows us to derive the positivity of gi(r) from the Three Chords Lemma[™| applied rst,
to the triangle CAB, where it shows that the slope of (AD) is steeper than the slope of
(CD), and second, to the triangle ADB, where it shows that the slope of (AB) is steeper
than the slope of (AD), therefore, the slope of (AB) is steeper than the slope of (CD).

B
D
A
C
C

Figure 1.9 { The slopes of (AB) and (CD) with A, B, C, D ony = xIn(x)

16. The Three Chords Lemma states that if X, Z, Y are three points on the graph of a convex function
with abscissa Xxx < Xz < Xy, then the slope of (XZ) will be less steep than the slope of (XY ), which will
be less steep than the slope of (Y Z).
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b) The result relies on Ii'rr(u)tIr = 0, which we prove next. We have to prove precisely
ri
that, if r ¥ 0, t =0 is a solution of

LI
2r 13 2t " r
t= 3 32t
132"
32t 3
From I’'Hopital’s Rule
2 r 13 2t F 2 13 2t
lim 3 32t — In 3 In 32t
reo 13 t2°F tr In 13 In & ’
32t 3 32t 3

and since 0 < "G) "GF1) 1 for any £ 2 (0: 1], we have
0352 () yrethel

L}
In 2 In 132t
. 3 32t —_ N
lim p =0:
reo |n 18 t In ¢
32t 3

1.C Proof of Proposition |1.3

Proof. We prove that at t = 0, f.(0) > 0, and for each t 2 (0; 1], there exists a su ciently
small r such that f.(t) <t. Thus, the result is a consequence of Bolzano’s Theorem.

For each 1, for each r 2 (0; 1],

4" 1T 1
Now x t2 (0;1]. Then

r 22 T 13 2t r 22 F 13 2t ¥
reo t reo 4r 213 t2) r tr reo ,1t@3 2 ©r
32 t 3 372t 3

22(2 1)

LR

S 2332 gt 3

32t 3 In %355

and since for all t 2 (0;1], 2.2 < 2 £ e obtain lim =® " < 1. Sofor asu ciently
b 3Tt T w2 o reg ¢ :

small r, f.(t) <t ]
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1.0 Proof of Proposition 1.4

Proof. Suppose that the Receiver anticipates a level f of asymmetry of the Sender’s disclo-
sure rule. E orts e;(m)[f] correspond to f, and Sender’s response is a disclosure rule based

1
eSIf] esIf] * _ I _
er (DA et @M f.(f). For an equilibrium occurring

at t , it is stable if jf.(f) tjis less than jf tj. Therefore, stability is measured by
the derivative fI(t ): if fi(t ) < 1, then the equilibrium is stable, and if f(t ) > 1, it is
unstable.
Consider the symmetric equilibrium. We have fi(t ) = fl(1) = (?) r= e > 2
since2" 1<2 1=1. Moreover, f!(1) increases with r, and Iing (1
r¥
r, the more the symmetric equilibrium is unstable.

For an asymmetric equilibrium, we state f.(t,) < 1 in Equation (1.16). The proof
follows the statement. O

on a level of asymmetry equal to

1.E Proof of Proposition |1.5

Proof. We need to compare the expected value E[Y] of the CES production function be-
tween the symmetric and the asymmetric equilibria. Let us sett = 1ort = t, the
solution corresponding to the equilibrium. We have

E[Y: ] = Er(m = my)E[Yy (my)] + P{(m = my)E[Yr ()] (1.28)
= Yt (my) da; da; + Yt (Mm2) da; da;

a;r t a ar<t ax

2 1
= 1 1 (Ewa(t )ar)" + (Ear(t )az)" + da; da;

az=OZ a1=tZa2 2
LS te (Bt )ay) + (Exnlt )ag)" +

+
a>=0 a;=0 2

dal daz

with E;jj’s given by (L.8).
If r =1, we nd for the symmetric equmbrlum E[Y¢ =1] = =% = 0:278, and for the asym-

metric equilibrium, occurring at t =t1) = 7, we nd E[Y; _1] = > = 0:273. Therefore,

the asymmetric equilibrium is ex-ante less productlve than the symmetrlc eqU|I|br|um
AsrtendstoO, t, tendsto 0O and att = 0, we have E;;(0) = 5, E» (0) = 5, E»(0) =0,

1
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1.E. PROOF OF PROPOSITION[LE|

Henceasr ¥ 0, t, ¥ 0O, for the symmetric equilibrium we obtain

Z r Z r
2 1 1 2
E[Y: =1] = —a;-a,da; da, + —a;-a,da; da,
3 73 s, 3 3
F’Sil 22 6 2
=_2 a,a, da; da =2 _—0'21'
= 2 2 — 55 = Ul
3 am, oH 27
and for the asymmetric equilibirum we obtain
Z r Z
1 1 1 p___ 2
E[Y: xo] = Ealiaz da;da, = 5 a;ayda; da, = 9 = 0:22:
az,az az,az

Therefore, the asymmetric equilibrium is ex-ante more productive than the symmetric
equilibrium. O
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Chapitre 2

Uniform quadratic binary
two-dimensional cheap talk

Abstract. We analyze a standard Crawford and Sobel’s (1982) cheap talk game in a two-
dimensional framework, with uniform prior, quadratic preferences and a binary disclosure
rule. Information might be credibly revealed by the Sender to the Receiver when players
are able to strategically set aside their con ict. We exploit the few symmetries of the game
parameters to derive multiple continua of equilibria, when varying the Sender’s bias over
the entire euclidean space. In particular, credible information might be revealed whatever
the bias. Then we show that the equilibria exhibited characterize the game’s full set of
pure strategy equilibria.

49



CHAPITRE 2. UNIFORM QUADRATIC BINARY 2D-CHEAP TALK

2.1 Introduction

Con icts of interest prevail in most economic activities: for instance, employees and
managers con ict over the employee’s optimal e ort, managers and shareholders con ict
over the optimal allocation of capital, government and rms con ict over policy (hence the
existence of lobbyists) and rm objectives (hence the existence of regulators), and so on.
In this context, Barnard (1938)H distinguishes two ways of doing things:

An organization can secure the e orts necessary to its existence, then, either
by the objective inducements it provides or by changing states of mind. [...]
We shall call the processes of o ering objective incentives \the method of in-
centives"; and the processes of changing subjective attitudes \the method of
persuasion™.

Though monetary transfers are central to the design of incentives in organizations, there
are a signi cant number of decisions that do not involve direct costs or bene ts. In many
situations, information is at the core of the decision-making process.

In this perspective the seminal work of Crawford and Sobel (1982) o ers some guidelines
related to the strategic aspects of information transmission between economic agents.]
Crawford and Sobel (1982) study the e ect of a con ict of interest on the in uence that
an informed agent (the Sender, she) might have on the action of an uninformed agent
(the Receiver, he). The Sender possesses private information on a state of the world. She
sends a message to the Receiver, who then takes an action. Players con ict over their
preferred action. The di erence is the Sender’s bias. It provides reasons for the Receiver
to be skeptical about the information disclosed. So the disclosed information might not
in uence his action. Crawford and Sobel (1982) show that multiple in uential equilibria
are associated with a limited bias. These authors characterize all equilibria. Equilibria are
di erentiated by their informativeness. An increased bias diminishes both the number of
equilibria and their informativeness. A large bias precludes the possibility of in uence.

In Crawford and Sobel’s (1982) model, states and actions are one-dimensional. However
many real-life interactions are multi-dimensional. In that case communication might not
be restricted to communicating in each dimension separately. Spillover e ects may arise
across several dimensions, making analysis more complex. So in the multi-dimensional
framework, results in the literature only refer to existence conditions. In the present paper
we study an extension of Crawford and Sobel’s (1982) model to include two dimensions
under sharp assumptions which enable equilibria to be fully characterized. In particular,
we consider two messages for the Sender’s disclosure strategy,[| and we assume quadratic
preferences for the players, and a uniform distribution over [0; 1] for the states. These
assumptions rule out the one-dimensional multiplicity of equilibria in each dimension, make

1. Cited by La ont and Martimort (2002, p. 12).

2. See for instance Sobel (2013) for a review of the literature.

3. Many information disclosures are binary, for instance: endorsement, labeling, hiring, promotions,
voting, court decisions. Moreover, the bit is the elementary element of information. So one could consider
breaking down complex information disclosures into multiple binary ones.
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the analysis tractable, and in our view provide non-trivial results.

To support the economic relevance of our study, consider for instance a manager who
holds private information ( 1; ») concerning two tasks an employee has to carry out. Con-
ditional on her private information, the manager makes a recommendation to the employee.
The recommendation takes the form of a message m, chosen from a set of two alternatives
m; and m,. Upon observing m, the employee makes an inference concerning ( 1; »), and
exerts e ortsa; and a, on the respective tasks.[] Let us assume that the employee prefers to
adjust his e orts to be as close as possible to the state ( 1; ), whereas the manager prefers
the employee to exert e orts as close as possible to ( 1 +by; » +by), where (by;by) 2 R? is
the manager’s bias.E] We are interested in characterizing the associations of states ( 1; »)
with messages m; or m, that in uence the e orts. Strategically recommendation m; re-
sults from the manager’s anticipation of the e orts obtained, which in turn result from the
information revealed.

For instance, if by and b, are substantial, then the manager is not able credibly to
di erentiate between \low" ( 1; »)s and \high" ( 1; 2)s. She always prefers the employee
to perceive a high value of ( 1; ) in order to induce the greatest e orts. Hence, regardless
of the state, it is always in her interest to deviate from the lower recommendation to the
higher one. Yet, as shown by Chakraborty and Harbaugh (2007), comparative statements
between ; and , might be credible. If the manager recommends \ ; 2" (my), then the
employee simultaneously perceives a high value for ; and low one for ,. This induces him
to make a great e ort a;jm; = E[ 1jm,] and a lower one a,jm; = E[ ,jm,]. The symmetry
of the state distribution implies that the alternative symmetric recommendation \ ; < ,"
(my) induces symmetric e orts a;jm, = a,jm; and ajm, = a;jm;. The Sender prefers
recommendation m; to m, whenever (a;; a,)jm; is closer than (a;; ax)jm, = (az; a;)jm; to
the her most highly preferred action ( ; +by; , +by). So she prefers m; whenever ( 1; ;)
satis es 1 + b > +Db,. In particular, if by = by, then she has incentives to reveal
mi:\ 1 2" or my:\ | < L' truthfully. This makes her recommendation to the employee
credible.

We start by noting that the result obtained by Chakraborty and Harbaugh (2007) can
be extended to cover multiple directions. For instance, if by = b,, the manager might
truthfully reveal whether ; + , 1 or not. More generally if Sender’s preferences are
symmetric relative to a symmetry of the distribution of states, then the symmetry of the
two Receiver’s posterior beliefs (given by E[( 1; 2)jm;i], 1 2 f1;2g) results from and condi-
tions the symmetry of the Sender’s recommendations. So when the state distribution has
multiple symmetries, each one might support the possibility of credible recommendations,
conditional on a corresponding alignment with the bias. Given the four axial symmetries
of the uniform distribution over [0; 1]?, we obtain four symmetric equilibria, with each one

4. Alternatively the manager makes one of two decisions, which only rely on her private information
and the di erent e orts they potentially induce.

5. For instance, if by > by, the manager has an exogenous asymmetric interest concerning the tasks,
and ceteris paribus prefers a higher e ort in the rst task relative to the second. Such preferences could
represent some favoritism from the manager concerning one of the tasks, in line with the literature on
multi-tasks in organizations (Dewatripont, Jewitt, and Tirole, [2000).
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associated with a family of symmetric bias.

In any symmetric equilibrium, information is revealed and processed strictly orthog-
onally to the dimension of the bias (e.g. when b; = b, the revealed sign of ;  , says
nothing about ; + ;). So the bias has no e ect in the informative dimension, and no
information is revealed in the bias dimension. However, according to Crawford and Sobel
(1982), the existence of a limited bias in a speci ¢ dimension allows information revela-
tion in that dimension. If players plays a one-dimensional game with a limited bias, they
have a strategy which aligns their choices. This mechanism does not simply extend to the
multi-dimensional setup insofar as any adjustment of a player’s strategy in one dimension
prompts the other player’s best response to vary in multiple dimensions. We show that
in a symmetric equilibrium, this cross dimensional e ect does not arise. The uniform dis-
tribution over [0;1]? renders a statistical independence relation between the informative
and uninformative dimensions of a symmetric equilibrium. Accordingly, players might play
a one-dimensional information-transmission game in the informative dimension of a sym-
metric equilibrium. We thus obtain four continua of deviated symmetric equilibria. They
substantially extend the set of biases that allow players to reach agreement. The set of
biases is extended in the orthogonal dimension of each of the symmetric biases associated
with the four symmetric equilibria.

Crucial to the existence of these deviated symmetric equilibria is the possibility of be-
ing informative along a dimension, while remaining silent orthogonally to that dimension.
The uniform distribution over [0; 1]? lacks the independence required for this to occur for
any random pair of orthogonal dimensions. However, we show next that given any dimen-
sion, players have the opportunity to strategically choose some information to be revealed
along this dimension so that the recommendations are uninformative in its orthogonal di-
mension. Hence the uniform distribution presents a su ciently weak dependence between
the dimensions of a random pair of orthogonal dimensions. For instance, if the manager
reveals asymmetrically and truthfully whether or not ; »=2, then the Receiver infers
(E[ yjma]; E[ 2jm1]) = (11=18;4=9) and (E[ 1jmy]; E[ 2jm>]) = (1=6;2=3), so that no infor-
mation is revealed concerning =2+ , (we have E[ 1jm;]=2+E[ ,jm;] = 3=4 for i 2 f1; 2Q).
This de nes a pro le of equilibrium strategies when the Sender’s bias provides her with
the incentives to reveal the corresponding asymmetric information. Then, we obtain a
continuum of asymmetric equilibria, associated with a large family of speci ¢ non-zero
biases.

The asymmetric equilibria also extend the set of biases that allow players to reach
agreement. Then we show that the multiple continua of equilibria permit any bias to
be associated with an in uential equilibrium. In organizations, given our assumptions,
any con ict might \sneak" through the dimensions, to become an in uential factor in the
decisions and actions of the economic agents.

We also observe that among the family of biases associated with an asymmetric equilib-
rium, there are four symmetric biases, associated with the four symmetries of the distribu-
tion of the states. So the corresponding equilibrium strategies are asymmetric despite the
symmetry of all of the parameters of the corresponding game. This shows the possibility
of an endogenously asymmetric information transmission. In organizations, despite an a
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priori symmetric dependence of the agents’ payo s with respect to the tasks, the agents’
con ict provides them with incentives to potentially treat the dimensions of their work
asymmetrically.

Finally, we show that the equilibria exhibited cover the full set of the game’s pure
strategy equilibria, which results in the characterization of this set.

Extensions of Crawford and Sobel’s (1982) model to include multiple dimensions have
been investigated in the literature. However, results concern the possibility of in uence,
using either full revelation or binary disclosure rules, and do not seek to characterize the
equilibria. When players do not con ict, a large number of messages and an equal number
of actions might occur in equilibrium, up to full revelation.[f| Con ict introduces spillover
e ects between the multiple dimensions that make a general characterization beyond reach.

Battaglini (2002) notes that Sender and Receiver always have a dimension of agreement.
Then when the state space is R?, the Receiver might extract full information from two
senders, through an equilibrium alignment of her and each of the sender’s interest in
their dimension of agreement. The author also notes that with quadratic preferences,
a possibility of communication occurs in the dimension which is strictly orthogonal to
the Sender’s bias. In contrast, Ambrus and Takahashi (2008) show that full extraction
may be impossible if states are restricted to belong to a closed subset of RY. We focus
on binary disclosure rules, which are necessarily not fully revealing when the state space
is in nite. Our result establishes that communication is possible if the state space is
restricted, whatever the bias. Moreover, we show that communication does not necessarily
occur strictly orthogonally to the bias. Indeed, in an asymmetric equilibrium, the bias
does impact communication.

Chakraborty and Harbaugh (2007) show the existence of the symmetric comparative
equilibrium, conditional on a symmetric distribution of states and additively separable and
super-modular utility functions of the players.[] We note that Chakraborty and Harbaugh’s
(2007) result can be extended by symmetry to cover any direction such that the symmetric
conditions are ful lled with respect to that direction.

In a paper that complements Chakraborty and Harbaugh (2007), Levy and Razin (2007)
investigate the large-con ict case, by assuming lexicographic preferences for the Sender.
Note that when the Sender’s preferences are quadratic, they tend to be lexicographic when
the bias tends to in nity in a given direction. When the Sender has lexicographic pref-
erences, Levy and Razin (2007) establish a necessary condition on the distribution of the
states for communication to occur with k messages. We show that the uniform distribu-
tion over [0; 1]? satis es this condition in any direction when k = 2. Hence when states are
uniformly distributed on [0; 1]?, Levy and Razin’s (2007) result does not allow to estab-
lish that communication is impossible, whatever the direction of a Sender’s arbitrary large

6. In the multi-dimensional framework, these con ict-free equilibria occur as so called centroidal VVoronoi
tessellations, see Du, Faber, and Gunzburger (1999) for a review. The work of Jager, Metzger, and Riedel
(2011) investigates the Voronoi tessellations with many cells, in a communication framework. In Jager,
Metzger, and Riedel (2011) players do not con ict.

7. Chakraborty and Harbaugh (2010) derive the existence of an in uential equilibrium whatever the
distribution of states. However, they assume that the Sender’s preferences do not depend on the state.
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bias. On the contrary, we nd that for any extent and any direction of the bias, multiple
possibilities of communication are possible. Moreover we nd a continuum of equilibria
such that when the bias tends to in nity, equilibrium conditions of the \ nite" game (in
which preferences are quadratic) do not necessarily converge to equilibrium conditions of
the \in nite" game (in which preferences are lexicographic). This occurs although players’
preferences in the former game do converge to players’ preferences in the latter one. This
result limits the scope of application of the large-con ict situation.

More generally, Levy and Razin (2007) show that multi-dimensionality might preclude
the possibility of communication if game parameters lack su cient symmetry relative to a
speci c direction. In contrast, Chakraborty and Harbaugh (2007) show that communica-
tion is possible whenever con ict is aligned with a symmetry of the state distribution. \We
exploit the simultaneous existence of the few symmetries of the state distribution. This
precludes strong asymmetries in any direction. Combined with the exibility of the one-
dimensional framework, we obtain a possibility of communication whatever the direction
and extent of the con ict.

Asymmetric equilibria have not been investigated in the literature in the context of
more general distributions of states or more general utility functions. Using a slightly
di erent setup, Kamphorst and Swank (2016) exhibit an endogenous asymmetric equilib-
rium, assuming a uniform distribution, a binary disclosure rule,f| quadratic preferences
for the Receiver, and symmetric linear preferences for the Sender. The linear preferences
assumption implies that Sender always prefers Receiver to take the highest possible ac-
tion. We explore any xed di erences for the players’ preferred action. Kamphorst and
Swank (2016)) interpret the asymmetric equilibrium as a possible discriminatory practice
by the players in organizations. Our result suggests that the discrimination considered by
Kamphorst and Swank (2016)) is precisely the consequence of the multiple symmetries of
the game parameters. It allows players to agree in multiple ways. It might occur without
con ict of interest, with an exogenous asymmetric con ict, or, in line with Kamphorst and
Swank (2016), be endogenously driven by a symmetric con ict.

Section [2.2) presents the formal model. Section [2.3] establishes the equilibrium condi-
tions and provides examples and the vocabulary to state the results. Section [2.4] extends
the examples to cover many directions, and shows the existence of in uential equilibrium
strategies for any bias. Section [2.5 characterizes the equilibria as the full set of pure
strategy equilibria of the game. Section [2.6] concludes. The proofs are provided in the
Appendix.

2.2 Model setup

We consider an agent, the Sender (S, she), who is informed about a state of the world
, and an agent, the Receiver (R, he), who is not. The state of the world = ( 1; )
is the realization of a random variable uniformly distributed over the compact convex set

8. Crutzen, Swank, and Visser (2013)) show that in this setup, the number of messages cannot exceed
3.
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= [0;1]%2. The Sender sends a message m, one of two alternatives m; and m,. The
Receiver observes the Sender’s message, and takes an action a 2 R2.[]| Both players’
preferences rely on the state of the world and on the Receiver’s action a, but not on the
message m, which is purely informative. The con ict of interest between the players occurs
as a constant di erence in their preferred action a. The Receiver prefers his action to be
as close as possible to the state of the world. His utility UR decreases with the (Euclidean)
distance between a and . We set

UR(a; )= ka k=

The Sender prefers the Receiver’s action to be as close as possible to a shift in the state of
the world. The Sender’s utility US decreases with the distance between a and +b, where
b 2 R? denotes the Sender’s bias relative to the Receiver’s preferred action, and represents
the con ict of interest between the players. We set

US(a; )= ka ( +b)k%

The game is denoted . Its timing is as follows:

1. Nature draws the state of the world = ( 1; »), and reveals it to the Sender, but not
to the Receiver (he has a uniform prior over [0; 1]2, which is common knowledge);

2. the Sender sends a message m 2 fmj; m,g upon her observation of ;

3. the Receiver observes the Sender’s message m and updates his prior belief about ;
4. the Receiver chooses his action a 2 R? according to his posterior belief;

5. payo s are realized.

We look for the perfect Bayesian equilibria of this game, that is: (i) the Receiver’s action
strategy is optimal, given his posterior belief about the state of the world; (ii) the Sender’s
disclosure strategy is optimal, given the Receiver’s action strategy and belief updating;
(iii) whenever possible, beliefs are updated according to Bayes’s rule.

2.3 Analysis and examples

2.3.1 Strategies

Players’ pure strategies are as follows. The Sender chooses m( ) 2 fm;; m,g based on
her observation of the state of the world . Let a(m;) 2 R? be the action played by the
Receiver, given his posterior belief upon receiving m;. For i 2 f1;2g, let m (m;) be the
set of for which message m; is disclosed. If m 1(m;) & 2, then based on his observation

9. The multidimensionality of the game also represents the situation in which a single Sender sends a
public message to two Receivers who each takes a one-dimensional action.
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of m;, the Receiver updates his information according to Bayes’s rule to 2 m (m;) and
subsequently takes the action that maximizes his expected utility, at
z
a(m;) = arg max UR@; )d =E[ jm( ) =mi]: (2.1)
2
azR om 1amy)

Reciprocally, given the Receiver’s belief updating and the corresponding action strategy
a: m A a(m), the Sender sends the message that maximizes her utility based on her
observation of , and so

m( ) = arg max Ug(a(m); ) =Tm;; Ug@a(m); ) Ug@m ); )g  (22)

m2fmj;mag

where 1 represents the element of f1;2g n fig.

In equilibrium, strategies m : 7A@ m( ) and a : m A a(m) are each player’s best
response.

The followings points are worth noting.

First, there are always equilibria in which no information is revealed, i.e. babbling
equilibria. The construction is as follows: the Sender sends the same message m;, for some
i1 2 1;2g, regardless of 2 ; the Receiver always takes his action at a(m;) = E[ jm( ) =
mi]=E[ ]= %; % , regardless of the message received, and his o -path belief on receiving
m ; is the same as his belief on receiving m; (in line with Farrell (1993, Section 3), m;
and m, mean the same to the Receiver). We say that an equilibrium is in uential if on
the contrary, a(m;) & a(m ;).

Second, given a Receiver strategy a, forany 2 ,wehave US(a(m;); ) US(a(m ;);
i

ka(m)) ( +bk2  kam ;) ( +b)kZ
i k(a(m) b) Kk k@m ;) b) K

so that the equilibrium condition of the Sender’s strategy might be stated geometrically
as: the Sender necessarily discloses m; or m ; conditional on  belonging to one side of
the perpendicular bisector of the line that supports a(m;) b and a(m,) b (see Figure
for an illustration of this point). Given a and b, this bisector represents the set of
states for which the Sender is indi erent between the two induced actions. In particular,
a Sender’s non-babbling strategy, up to the set of indi erent states, is fully characterized
by a line that partitions , and by the association of a message with either side of it. Now
given a Sender’ strategy characterized in this way, from (2.1)), the Receiver’s actions are
represented by the mass centres of the partition elements.[*']

10. It is easy to show that given his belief, the Receiver has no interest in mixing his responses, so that
the Sender discloses m; or m ; with probability 1 for the states that do not belong to the perpendicular
bisector of a(m;) b and a(m;) b. In particular, any mixed strategy equilibrium outcome is equivalent
to a pure strategy equilibrium outcome. See Levy and Razin (2004, Proposition 1) for a generalization of
this result.
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1

Figure 2.1 { Sender and Receiver’s strategies

Third, given equilibrium strategies m and a, strategies m’ and a’ respectively given by
m( )=myifm( )=m,and m’( ) =m, if m( ) =my, and a'(m;) = a(m ;), i 2 f1;2g,
also are in equilibrium. Pro les of strategies (m;a) and (m’; &%) are symmetric relative to
the messages. We say that they are message-symmetric.

Fourth, let us consider potential information symmetries, i.e. relative to the way infor-
mation is disclosed and processed. Let us consider orthogonal symmetries s with respect
to an a ne line of R? with direction vector = (1; ,) 2 R% Given a set X R?
(which could be a (set of) state(s), action(s), or bias(es)), we say that X is -symmetric
if s (X) =X.

Note that the uniform distribution of states over = [0;1]?is -symmetric forany 2
f( 1;1);(0;1);(1; 1);(1;0)g. Hence all the parameters of the game | are -symmetric
if the bias b is -symmetric, i.e. if it is collinear to for some 2 f( 1;1);(0;1);(1; 1);
(1;0)g. In that case, we say that the game is -symmetric, and that it is symmetric if it
IS symmetric for some

We extend the notion of symmetry to strategies, and say that Sender’s strategy m :

A m( )is -symmetric if the Sender discloses her information -symmetrically, i.e. if

s (m (my)) = m (m,). Similarly, Receiver’s strategy a is -symmetric if the Receiver

acts -symmetrically, i.e. if s (a(m;)) = a(m;). If players’ strategies are -symmetric

and in equilibrium, then so is the equilibrium. Given a -symmetric game, we say that an
equilibrium is symmetric if it is -symmetric; otherwise it is asymmetric.

In the next two sub-sections we give examples of equilibrium strategies in which sym-
metry plays a crucial role. These examples are the basis for addressing the issue of the
existence of an in uential equilibrium in , for any b 2 R?, in Section 2.4
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2.3.2 Symmetric equilibria and their deviations

Chakraborty and Harbaugh (2007) show that regardless of the extent of the con ict of
interest, if the con ict and prior are both (1;1)-symmetric, then comparison of the state
components is in uential. Basically the (1; 1)-symmetry implies that the (1; 1)-symmetric
comparison induces (1; 1)-symmetric posterior beliefs, and a consequently (1; 1)-symmetric
action strategy a. Reciprocally, a (1;1)-symmetric con ict implies that the Sender’s best
response to a Receiver’s (1;1)-symmetric strategy is a (1;1)-symmetric disclosure rule,
which necessarily compares ; and ».

The conditions of existence of such an equilibrium might not be restricted to the (1;1)-
direction, but could be extended to any for which the symmetric conditions are ful lled.
Speci cally, given the quadratic preferences of the Sender, it needs the bias b to be -
symmetric for some 2 f(1;1);(0;1);(1;0); (1; 1)g of the -symmetric state space. We
obtain the following four symmetric equilibria.

Example 2.1. Conditional on the bias b 2 R?, the following strategies are equilibrium
strategies:
| if the bias b = (b;b), b 2 R is (1; 1)-symmetric, comparative (1; 1)-symmetric strate-
gies are
C

me( ) = LERL  ag(m) = (gf)l m_mll

my if 1< 2, (5, §) ifm= mo,

| ifthebiasb=(b; b),b2R,is (1; 1)-symmetric, aggregative (1; 1)-symmetric
strategies are

my if |+ 1: 2:2)jifm=m
ma( )= T % " aa(m)= f.i)- _
myif 1+ <1, 313) ifm=my;

| if the bias b = (0;b) (resp. b = (b;0)), b 2 R, is (0;1)-symmetric (resp. (1;0)-
symmetric), half-babbling (1;0)-symmetric (resp. (0; é)-symmetric) strategies are

3:2) (resp. (3: ) ifm=my

(7:3) (resp. (5:3)) if m=my:

Chakraborty and Harbaugh (2007) obtain the equilibrium strategies (mc;ac) from
the symmetry of the state space, and the symmetry and super-modularity of the utility
functions. By symmetry, all strategies exhibited in Example could easily be derived
under these more general conditions. However, Example[2.1] helps to highlight an important
relationship between the di erent strategies. Speci cally, if b = (0;0), then strategies
mc, ma and my simultaneously occur as a potential Sender’ equilibrium strategy. This
highlights a new multiplicity of equilibria relative to the one-dimensional framework, which
arises across the dimensions.[]] Strategies exhibited in Example do not depend on the

my, if 1+ F(resp. 2 3);

ap(m) =
my, if <3 (resp. 2> 3); H(m)

mu( ) =

11. In the one-dimensional framework, di erent sets of messages are associated with di erent equilibria.
This multiplicity of equilibria also occurs in the framework considered here. Example [2.2) speci es the
one-dimensional aspect of the strategies presented in Example @
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extent kbk = b of the bias b, but rather on its direction. When the direction is well de ned,
i.e. when b & 0, Example points to a unique equilibrium strategy of . In particular,
con ict might rule out the above-mentioned con ict-free multiplicity. In the next section,
we show that this is not the case. When b continuously increases from 0 to +1_, multiple
strategies move continuously and remain in equilibrium.

Now, let us highlight that the strategies in Example [2.1] derive from a one-dimensional
game of information transmission, relative to a speci ¢ dimension. For instance, let us
decompose the Sender’s utility in the (1; 1)-directed \dimension of comparison™ and its
orthogonal (1;1)-directed dimension:

ka(m) ( +b)k® = ((L1) (@m) ( +b))*+((L; 1) (a(m) ( +b))* ;
(2.3)
where denotes the (Euclidean) scalar product. Note that for any (1; 1)-symmetric action
a = ac, we have (1;1) ac(m) = (1;1) ac(m,), so that the rst term of is
independent of i 2 f1;2g. This shows that the (1; 1)-dimension fully determines the
Sender’s utility, and so it fully determines her strategy. Conversely, let m be a Sender’s
strategy which is fully determined by the (1; 1)-dimension. Then we necessarily have
(1;1) a(my) = (1;1) a(m,). Let a(m;) = (E[ 1jm;]; E[ 2jm;]) denotes the Receiver’s
expectation given his observation of the message m; associated with m. From ; 5 =
(1 ) (@ ) andthe (1; 1)-symmetry of =10;1]?, we have m(( 1; 2)) =m; i
m(@ 21 1)) = m;. This implies E[ 1jm;j] = E[1  ,jm;], i.e. E[ 1 + ,jm;] = 1,
regardless of i.

Therefore, the revealed information is restricted to the (1; 1)-dimension i actions
are aligned with the (1; 1)-dimension. This means that players might choose to play
a one-dimensional game in the (1; 1)-dimension in order to reach agreementE] Then
according to the one-dimensional framework of Crawford and Sobel (1982)), players might
reach agreement if the bias by b, = b in this dimension is limited. In that case, an
agreement is obtained regardless of the bias in the uninformative (1;1)-dimension, i.e.
regardless of b; + b,.

Example 2.2. Consider the following Sender’s strategy, denoted m¢ ), withc 2 ( 1; 1):@
C

mq, if 1 2+ C
m =
C(C)( ) ms, if 1< o +C:

Let the bias be given by b = (b1;b) 2 R?, and set b = jb, byj. Then there exists
¢ 2 ( 1;1) such that m¢(y is an equilibrium strategy of | i h< %

12. A by-product is that the binary nature of our setting in the present case is very restrictive. According
to the one dimensional framework, if the bias is su ciently limited in the dimension of agreement, more
than two messages might be used in equilibrium. However, investigating the corresponding model is beyond
the scope of the present study.

13. Notice that when jcj ¥ 1, strategy mc ) tends to babble: either my or m; would always be revealed,
whatever
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Figure @ illustrates the Sender’s corresponding strategies mc ).

1

Figure 2.2 { Deviations of the comparative (1; 1)-symmetric disclosure rule mc, due to bias
b= (by;bs + b)

Note that each symmetric equilibrium of Example results from a single symmetry
of the distribution of states. In contrast, the deviated equilibria of Example [2.2] are the
result of the two (1;1) and (1; 1)-symmetries of [0; 1]?, and of their orthogonality. Similar
deviated equilibrium strategies hold with regard to the aggregative ma and half-babbling
my strategies. Let ma() and my ) denote the corresponding strategies.

2.3.3 Asymmetric equilibria

In previous examples, -asymmetric equilibria of a -asymmetric game are interpreted
as deviations of a -symmetric equilibria of a -symmetric game. They are obtained
from a limited -asymmetry of the corresponding -symmetric bias. The four symmetries
of = [0;1]? condition the existence of these equilibria. The next example exhibits
equilibrium strategies not based on these symmetries. It is depicted in Figure 2.3

Example 2.3. Players’ strategies

C . ) C 11
m !f ! ? amy= B
my if 1 <3 2 67

;5 ifm=my;

2 ifm=my;

m( )=

NI N[~

are equilibrium strategies of p(y, where b(b) = & + b2 +b ,b2R.
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m 1(my) m 1(m)

a(Eﬁ)*

a(r‘rif)“\\

1

Figure 2.3 { Asymmetric equilibrium strategies

In Example the revealed information concerns 1 % > and thus it is revealed in
the 1, % -dimension. The corresponding induced actions align with that dimension with
1 a(my) = (51 a(my), i.e. E[ 1jmy]+E[ 2jmy] = 3E[ 1jm;] +E[ 2my]. Hence the
speci ¢ information revealed about % » (Whether it is positive or not) is not informative
about % 1+ », I.e. in the dimension which is orthogonal to the informative dimension.
Players exploit a su ciently weak dependence[** between two orthogonal dimensions of the
distribution of states in order to reach agreement. In particular, the Sender is uninformative
in the %; 1 -dimension, so that her bias is irrelevant in that dimension. Then any (%b; b),
b 2 R, could be included added to the Sender’s bias, without it changing the equilibrium
conditions. In contrast, in the informative 1; % -dimension, information is revealed
asymmetrically. This imposes a non-zero (and limited) bias. In that dimension the bias
must match the asymmetry of the disclosed information. We nd (55; -2) for the adequate
1, % -dimensional component of b.

Note thatifb = i, thenb = £;2 is (1;1)-symmetric. So the game is (1; 1)-symmetric.
Therefore, strategies in Example are endogenously asymmetric. Similarly if b = 4—§
(resp. b= 2Z,b= 1), thenb= 0; Z (resp. b= ;0 ,b= 2%;-2)and the strategies
are asymmetric strategies of a (0; 1)-symmetric (resp. (1;0)-symmetric, (1; 1)-symmetric)
game. In the context of organizations, this result means that despite a priori symmet-
ric dependencies of the agents’ payo s with respect to a speci ¢ dimension, asymmetric
treatments relative to that dimension are possible in equilibrium.

Strategies in Example [2.3]are no exception. Figure [2.4illustrates a continuum of (1; 1)-

asymmetric Sender’s strategies m of the (1;1)-symmetric game , with b = (b;b). In

14. Note that % 1+ 2 is not, in general, independent of ; % ». For instance, if the Sender reveals

1 % 2 = 1, then the Receiver infers ; = 1and , = 0sothat 1 1 + , = 1. If the Sender reveals
1 3 2 = -, then the Receiver infers ; =0and , =1sothat 3 ;+ , =16 . This contrasts

with the independence between the informative and uninformative dimensions of a symmetric equilibrium.
Here, the independence is derived from the equilibrium issues in these dimensions.
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particular con ict does not rule out the multiplicity of con ict-free equilibria referred to
in the previous section. As b = (b;b) increases to in nity, strategies (Ma); 8a()) and
(Mu(e); @n(e) are ruled out but the asymmetric strategies depicted in Figure are not,
and neither are the symmetric strategies (mc; ac), so that multiple equilibria remain.

—
g 8 = S
It

Figure 2.4 { Endogeneous (1; 1)-asymmetric disclosure rules associated to (1;1)-symmetric
bias b = (b; b)

Finally, let us discuss the impact of the extent of con ict on the players’ interaction.
In a symmetric equilibrium, no information is revealed in the (symmetric) bias dimension.
Since players’ con ict is restricted to that dimension, the extent of the con ict has no
impact on the outcomes. In contrast, as Figure shows, the extent of the underlying
symmetric con ict of an asymmetric equilibrium impacts the outcomes. In Figure[2.4] the
dimension of agreement (a(my)a(m,)) is aligned with the dimension of the symmetric bias
= (b; b) when b is close to 0, and tends to be orthogonal to it as b tends to in nity.

Let us provide some details on the convergence of the equilibrium conditions when
the bias tends to in nity, in relation with Levy and Razin’s (2004; 2007) important con-
tributions. As argued by Levy and Razin (2007), when b ¥ 1., quadratic preferences
of the Sender converge to lexicographic preferences. To see this, consider for instance
b = (b;b) 2 R?. Then given = ( 1; ), the Sender prefers a = (a;;a;) to &’ = (a};al) i

(@ (1+D)? (@ (2+0)* (@7 (1+D) (@ (2+Db)%ie. i

a, + al
2

a; +aj

5 +b@] +ab): (2.4)

(ar &) 1 +b(ag+a) (a) a) o
If bissu ciently large relative to a; +a, (aj +a}), so that in (2.4) the di erence between
the terms b(a; + a;) and b(a] + a}) dominates the di erence of the other terms, then

inequality (2.4) holds i a; +a, aj+a). In that case the Sender’s preferred action is
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based on the comparison of a; + a, and aj + a}. This is a one-dimensional comparison,
in the (1;1)-dimension of R2. The Sender has lexicographic preferences because in that
dimension, she always prefers the element with the highest value, and if values are equal,
might be written , 2.2 ) a°12a°2, in which only the (1; 1)-dimension is
involved.

However the Sender’s lexicographic preferences only concern actions such that b is
su ciently large relative to (a; +a,) (a}+a}). When b tends to + 1, this holds for almost
all actions. Thus when b tends to +1., Sender’s preferences tend to be lexicographic over
the full action space. Levy and Razin (2007) speci cally examine the game in which Sender
has lexicographic preferences, interpreting it as a game with quadratic preference and an
\in nite bias".

Now, let us show that the outcomes of such an \in nite game" do not necessarily
correspond to the limit, when b tends to +1., of the outcomes of game , b = (b;b).
To do this, let us examine the convergence of the equilibrium conditions of the nite
games in which preferences converge to the (1; 1)-oriented lexicographic preferences. When
the Sender has (1;1)-oriented lexicographic preferences, then any information revelation
in equilibrium necessarily induces a;(m;) + a,(m;) = a;(m;) + a,(m;), since otherwise
the message that induces the highest sum is always sent. Now if a;(m;) + a;(m;) =
a;(m,) + a,(m,), then inequality is an equality at = 2M*aM2) 1 particular,
in equilibrium, the Sender is necessarily indi erent between the induced actions when the
state equals their mid-point. However, for instance the family of equilibria depicted in
Figure is such that when b ¥ 1 the limit of the set of the Sender’s indi erent states
does not contain the mid-point of the limit of the induced actions.[’] Hence when the
con ict tends to in nity, the limit of an equilibrium in the game with nite con ict (in
which Sender’s preferences are quadratic) does not necessarily converge to an equilibrium
in the game with in nite con ict (in which Sender’s preferences are lexicographic).

For a formal explanation, it should be noted that according to (2.4), = 2(Mra(m) jg
a Sender’s indi erent state i  b(a;(my) +a,(m,)) = b(a;(M,) +a,(m;)). The induced ac-
tions of the family of equilibria depicted in Figure Is such that X LiTl(al(m1)+a2(m1)) =

X I.iml(al(m2)+a2(m2)), so that the dimension of the induced actions tends to align orthog-

onally to the con ict. This does tend to be similar to the condition associated with the
lexicographic preferences case, in which in equilibrium a;(m;) +ax(m;) = a;(m;) +ax(my)
is necessary. However X I'iml(al(m1)+a2(m1)) = bI'iml(al(m2)+a2(m2)) does not necessar-
ily imply bI'iErnl(b(al(ml) +ax(my))) = b'.i[rnl(b(al(mz) + az(mz)))-ﬁ If bliml(b(al(ml) +
ax(my))) & bliTl(b(al(mZ) + a,(my))), then the mid-point of the limit of the induced ac-

tions does not correspond to an indi erent state. Therefore, the mid-point of the limit

15. This is easily derived by equation , = ; + 1=4 which characterize the set of indi erent states when
b ¥ +1. A proof of this characterization is provided in the appendix, in proving Lemma

16. Stated in words, two vectors might tend to be orthogonal, but their scalar product does not neces-
sarily converge to 0. For instance, when b ¥ 1, vectors (0;b) and (1;1=b) tend to be orthogonal, in the
(0;1) and (1;0) respective directions, but for any b 2 R, we have (0;b) (1;1=b) = 1.
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of the induced actions does not necessarily correspond to an indi erent state of the limit
strategies. ']

2.4 In uence In the context of any con ict

Examples 2.1} 2.2 and [2.3] describe equilibrium strategies associated with some partic-
ular types of biases. In this section, we extend and exploit these strategies to derive the
existence of equilibrium strategies for any bias.

Consider the correspondence

E:b (m;a);

which associates bias a b with the set of strategies (m;a) that occur as an in uential
equilibrium strategy in the game . We seek to show that for any b 2 R?, E(b) is not
empty. To do this, we consider the inverse correspondence, denoted E !, which associates
strategies (a; m) with the set of biases b 2 R? for which (m;a) 2 E(b). Clearly we have
E(b) & 2i b 2 E *((m;a)) for some (m;a). Hence it is su cient to provide many
strategies (m; a) such that the sets of biases E *((m;a)) cover R?. First, we characterize
the set E 1((m;a)), given a pro le (m;a) (Lemma [2.1). Then we extend Example
continuously to cover a large number of directions (Lemmas and [2.3), and then to
cover all directions (Lemma [2.4). We then show that the strategies exhibited yield the
result (Proposition [2.1).

Lemma 2.1. Let (m; a) be such that (m; a) 2 E(b) for some b 2 R?. Then for any b’ 2 R?,
(ma)2E@®)i b (a(m) a(my))=b (a(m) a(my)).

From Lemma[2.1] the set of biases b’ for which strategies (m; a) 2 E(b) are equilibrium
strategies of 1 is given by those b’ that project orthogonally as does b onto the line
(a(my)a(m,)). Geometrically speaking (see Figure [2.5), a Sender’s strategy m is charac-
terized by the association of a message m; with each side of the perpendicular bisector of
a(m;) banda(m,) b. Therefore E (m;a) corresponds to bias b’ such that a(m;) b’
and a(m;) b’ induce the same perpendicular bisector.

17. In particular, Levy and Razin (2004, Corollary 1(iii), and the statement of Problem A) are not
correct when a family of asymmetric equilibria such as the one depicted in Figure @ is considered.
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Figure 25 { b’ 2 E ((m;a))

The following lemma extends Example [2.3) to cover a large number of directions. It is
depicted in Figure [2.6]

Lemma 2.2. For any line (OT), withO =E[ ]= ;1 and T 2 f0g
a strategy equilibrium pro le (mr;ar) of the game ., with ar(m;) 2
(OT), and

:1 , there exists
OT), ar(my) 2

N

_ ar(my) +ar(my) .
= 5 T,

br (2.5)

for some + 2 (OT).

mpt(mg) /' mgt(m)”

ar(my)

ﬁT (ma)

Figure 2.6 { Existence of an equilibrium strategy given T
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We derive Lemma [2.2] by showing that the equilibrium conditions of Example [2.3]extend
in all directions (OT), where T 2 f0g 21 . In particular, for all these directions,

= [0;1]? always allows speci ¢ information to be disclosed in the (OT)-dimension so
that no information is revealed in the corresponding orthogonal dimension.['¥|

Lemma provides us with the limit of the equilibrium strategies (mr;ar) exhibited
in Lemma when T moves continuously to points (0; ) or (0;1). It allows us to extend
the strategies (mt; ar) continuouslyE] as in uential strategies in all directions of the plane.
Strategies (Mc(c); ac(y) are de ned in Example as deviated comparative symmetric
strategies. Strategies (M (c); @n(y) are de ned similarly with regard to symmetric half-
babbling strategies.

Lemma 2.3. Strategies (mr;ar), T 2 fOg (%; 1) extend continuously at T = (0; %) and
T? = (0; 1) to asymmetric strategies (Myc); @n(e)) and (Mewy; ac(y) respectively, for some
c;c' 2 (0;1).

Lemma allows us to further extend the set of equilibrium strategies (mt;ar) to
cover all directions in the plane by considering symmetric transformations of (mt;ar)
with respect to the symmetries of . Let be one of the four axial symmetries of , or a
composition of them. From ( ) = , strategy

(m: & M()=mii 2 *m (m));

associated with a given Sender’s strategy m, is well de ned. Similarly, given a Re-
ceiver’s strategy a, we de ne (a) by (a)(m;) = (a(m;)), i 2 f1;2g. Since does not
change measure and orthogonality, and since players’ preferences are characterized as Eu-
clidean distances, equilibrium conditions are invariant if all the parameters are transformed
through . Equilibrium strategies of | are transformed via to equilibrium strategies of
the transformed game (). Since  * is also a symmetry of , we obtain the equivalence
stated in Lemma 2.4

Lemma 2.4. Let be one of the axial symmetries of , or a composition of them. Let
b= (by;by) 2 R?, and let m (resp. (m)) and a (resp. (a)) be any strategies of the game

b (resp. ). Then strategies (m; a) are equilibrium strategies of i ( (m); (a)) are
equilibrium strategies of (.

For example, Figure[2.7 represents equilibrium strategies (m) and (a) associated with
bias (b) = ( b;b) derived from equilibrium strategies m and a depicted in Figure
associated with bias b = (b;b). The strategies are derived from the composition of the
(0;1) and (1;1)-symmetries of , i.e. the rotation - of angle 5 (in the trigonometric

18. In what follows, we show that this extends in all directions. Therefore the uniform distribution
over = [0;1]? renders an overall weak dependence of the states relative to orthogonal dimension pairs.
Reciprocally, the construction might provide a way of measuring the independence of the s over several
dimensions, i.e. to provide an overall measure of the symmetry of . There is a substantial literature on
this question, including Toth (2015).

19. The continuity of the strategies is with regard to actions at (m;) and set of states m*(m;), i 2 f1; 2g.
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sense) and centre E[ ] = (3;3). Strategies (Ma(); @a)) Might be similarly derived from
(Mc(e); Ac(e)), and one of the two half-babbling strategy pro le (Myc); @) Might be
similarly derived from the other.

(a)(mq)

(m) *(my)

(@)(m)  ( bib

(m) (mg)

(a)(mg)

-
(@)(mz) ( b:b

Figure 2.7 { Equilibrium strategies associated with the bias b = ( b;b)

We can now derive the existence of an in uential equilibrium for any bias as follows.
First, if T spans the full border of , strategies (mr;ar) exhibited in Lemma |2.2| extend
continuously in all directions as in uential asymmetric strategies (Lemma and [2.4).
This provides us with an equilibrium strategy for all biases br given by (2.5). Since
strategies (mt; ar) are asymmetric, the extent of these biases is necessarily bounded from
below by some strictly positive xed number. Second, Lemma [2.1] allows the existence of
equilibrium strategies to be extended to all biases b which are orthogonally projected as
br on the (OT)s. Then we obtain equilibrium strategies for biases the extent of which
is bounded from below in one of the (OT )s-dimensions and may be arbitrary large in
the orthogonal dimension. Since the (OT)s cover all directions, we obtain equilibrium
strategies for all biases which are bounded from below in at least one of their components.
Finally, for the remaining biases b whose extent is small in both of their components, the
symmetric strategies and their deviations yield the result.

Proposition 2.1. For any b 2 R?, there exists a pro le of strategies (m;a) that de nes
an in uential equilibrium of the game .

Therefore, whatever the con ict of interest between the Sender and the Receiver, there
are grounds for an agreement. Given our assumptions, any con ict of interest in organiza-
tions could in uence decisions and actions.
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2.5 Characterization of the equilibrium strategies

In Section[2.4], we associated a set of biases to speci c equilibrium strategies, and showed
that the set of strategies reached the entire bias space. Although we did not determine
the set of pure strategies equilibria for a given game ,, we did exhibit at least one. In
this section, we derive the necessary part of the equilibrium conditions by showing that
the strategies exhibited are the only ones that are in equilibrium.

Let b 2 R?, and let (m; a) be equilibrium strategies of . The law of iterated expec-
tations gives E[ ] = jm Y(my)ja(m,) + jm (m,)ja(m,), so that the line (a(m;)a(m,))
necessarily passes through O = E[ ]. In particular, we necessarily have

(a(my)a(m,)) = (OT) for some T on the border of . (2.6)

Given such a T, the set of the Sender’s indi erent state L is the perpendicular bisector of
a(m;) banda(m;) b, and thus, it is necessarily one of the lines perpendicular to (OT).
The following lemma characterizes lines Ly, derived from strategies (mr; ar), as the only
perpendicular with this property.

Lemma 2.5. Forany T 2 f0g (0; 1), the perpendicular bisector Lt of ar(m;) by and
ar(my) by is the only line L that partitions into two sets ; and 5, withj j >0,
such that the line going through E[ 1] and E[ ] is perpendicular to L.

By symmetry and according to the equivalence stated in Lemma [2.4, Lemma [2.5] ex-
tends to all Ts such that (OT) is not the horizontal, vertical nor any diagonal axes of
. Therefore, according to (2.6)), out of these cases, strategies (mr;ar) cover all possi-
ble equilibrium strategies (m;a) of a given game . In the case in which (a(mj)a(m,))
is the horizontal, vertical or one of the diagonal axes of , strategies (Mc(); ac(y)) and
(Mue); @H), € 2 ( 1;1) and their transformations through one of the four symmetries
of  cover all lines perpendicular to (a(m;)a(m;)). Hence, it necessarily includes any line
that de nes a Sender’s indi erent set of states.

Proposition 2.2. Given b 2 R?, a pro le of equilibrium strategies of  is either
I an asymmetric pro le of strategies (mr;ar), for some T 2 f0g (0; %)g (as de ned
in Lemma 2.2), or
I a symmetric pro le of strategies (Mc();ac)), OF (Mu(); @H(y), for some ¢ 2
( 1;1)g (as de ned in Example [2.2] and hereafter), or
| a transformation of one of these pro les of strategies by a composition of the four
axial symmetries of = [0;1]°.

Next we provide a geometric representation of in uential strategies (m;a) of a given
game 1, b 2 R%2. According to Lemma , (m;a) 2 E(b) is conditioned by the projec-
tion b of b onto the support (a(mi)a(m,)) of the induced actions (see Figure [2.5). For
instance, (mt;as) is an equilibrium pro le of strategies of i b projects as bt on

(ar(my)ar(my)). Figures [2.8] and depict the inverse map of the corresponding
projections associated with speci c continua of equilibrium strategies (m; a).
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The construction is as follows. Given strategies (m; a) which are equilibrium strategies
of some game, we rst represent the projected bias b 2 E ((m;a)), which is aligned
with (a(my)a(m;)). Then for any b 2 R?, we have b 2 E}((m; a)) i b projectsas b
on (a(m;)a(m,)), i.e. on the b -directed line.

For instance, in Figure 2.8} the bold (1; 1)-directed segment corresponds to projected
bias b for (m;a) = (Mc(); ac(y), for all ¢ 2 ( 1;1). Then bias b = (by;by) for which
(Mc(e); Ac(e)) 2 E(b) for some ¢ 2 ( 1;1) corresponds to the points ( by; by) that project
orthogonally at b , onto the line starting from the origin, i.e. in the corresponding
(1; 1)-directed segment. A bias b projects orthogonally onto any segment i  the corre-
sponding strategies are equilibrium strategies of .

(Ma(c); @a(e)) ,,/ (Mc ¢y @c(e))

(My ¢y @H (c))

N[

—
g
T
©
g
T
=
=

Figure 2.8 { Deviated symmetric equilibrium strategies (m; &) associated with bias b

In Figure 2.9, the same construction is used to derive bias b for which (m;a) =
(mt;ar) 2 E(b), for some T 2 fOg [%; 1]. Given b (corresponding to a bold point in
the gure) a bias b projects orthogonally at b onto the line starting from the origin i
the corresponding strategies are equilibrium strategies of |, (then the line from the origin
characterizes the direction (a(m;)a(m,)) of the dimension of the players’ agreement). The
representation is extended by symmetry for T spanning the full border of in Figure [2.10
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by

T=(0;1=2)

Figure 2.9 { Asymmetric equilibrium strategies (mt;ar) associated with bias b, for T 2
fog [5:1]
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Figure 2.10 { Asymmetric equilibrium strategies (mr; ar) associated with bias b, for T on
the border of

2.6 Conclusion

In this paper, we characterize the set of equilibria of an extension of the Crawford and
Sobel’s (1982) model of information transmission. We consider two dimensions, and we
assume a uniform prior, quadratic preferences, and a binary disclosure rule. To do so we
show the existence of continua of equilibria in the various games ,, b 2 R?, enabling
us to associate equilibria with biases. In particular, we show that at least one in uential
equilibrium might be associated with any bias.

The symmetries of the game parameters underpin our results. In particular, the utility
functions we consider make it possible to derive equilibrium conditions in simple geometric
terms. We relate these conditions to the symmetries of the uniform distribution over [0; 1]°.
The equilibria result from the multiplicity of dimensions along which information may be
disclosed, combined with the exibility of communication in any of these dimensions.

While the existing literature suggested the possibility of communication based on strict
symmetries and any con ict, and the impossibility of communication based on large asym-
metries and in nite con ict, our result shows that adding dimensions to the communication
environment introduces other bases for agreement between players with nite con ict.
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Appendix 2.D

2.A  Proof of Example 2.1

Given the Sender’s strategy mc, we derive from (2.1) the induced actions

12
ac(my) = 5; 3 and ac(m;) = §; 3
For ma (resp. the two my), we obtain as(m;) = £;%2 and aa(my) = %% (resp.
3.1 — .3 A

au(my) = 2;1 andan(my) = 1% ,oran(my) = %2 and ay(my) = ;7).
Reciprocally, given the Receiver’s strategy a : m ® a(m), for instance a(m;) =
ac(my) = %%, and a(my) = ac(my) = ;% for the game associated to the bias
b = (b;b), b 2 R, from (2.2), we have m( ) = m; if and only if (up to a null measure set)
kac(m;) ( +b)k*  kac(mz) ( +b)k?
2 | 2 1 ° 2

O 3 (1+h) 3 (2+Dh) 3 (1+h)

O : o

and similarly m( ) = m, if and only if ; < ,. Therefore, strategies mc and ac are best
response in equilibrium. Proofs for the pro les of strategies (ma;aa) and (my;ay) are
similar.

2

(2+Dh)

2.B  Proof of Example 2.2

Consider the Sender’s strategy
mg, if 1 2+

my, if 1 < ,+¢;

for some ¢ 0. Then from (2.1), we obtain, forc > 1,

1¢3+3c2+3c 21 c2+3c 1
3 ¢2+2c 1 '3 c¢2+2c 1 °

Mcey( ) =

a(my) =E[ j1 2+ C] =

and L2
) c+ c
amy) =E[ j1< o+cl= 5555

Reciprocally, given the Receiver’s strategy ac() de ned by the above actions, from (2.2),
message my is disclosed if and only if kacey(mi) ( +b)k? kaci(mz) ( +b)k?,
where b = (b;by) 2 R2. Set b = (by;by + b)with b=0b, by 2 R. Then in equilibrium,

we must have . (2 .
Llee+2)e 1)

273 c2+2c 1
so that c must solve b= 153" ¢ Thisde nes a strictly increasing function b ¢( b)
from b2 ( %; 0] to ( 1;0]. A similar bijection is obtained incasec 0Oand b 2]0; %).

b;
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2.C Proof of Example 2.3

It is straightforward to verify that each strategy of the pro le of strategies (m; a) stated
in the example is the best response of the other, i.e. satis es (2.1) and (2.2).

2.D Proof of Lemma 2.1

Let (m; a) be such that (m; a) 2 E(b) for some b 2 R?. Let b’ 2 R?. From kxk? = X X,
given a, we obtain for instance m'( ) = my i

ka(m;) ( +bH)k? ka(my) ( +Db)K?
O k@m) b ) (O bk k@my) b ) (O bk
O ka(my) ( +b)k ka(mz) ( +b)k* 2(0° b) (a(my) a(my)):
Therefore given a, the Sender of » uses the same disclosure strategy m’ as the Sender of

b Who uses m for any observed 2 i (b® b) (a(m;) a(m,)) = 0. Reciprocally,
strategies m’ and m induce the same actions.

2.E Proof of Lemma 2.2

Consider a line (OT) with O = E[ ] =(3;3) and T 2 f0g (5;1) (see Figure 2.6 in
the main text). We seek to show that for any such line, there exists a game ,, such that
(OT) supports the two induced actions of the Receiver of _, for some pro le (my;ar) of
equilibrium strategies.

Since for any pro le (m;a) of equilibrium strategies, line (a(my)a(m,)) is perpendicular
to the Sender’s set of indi erentstates L =f ; Us( ;a(m;)) = Us( ;a(m,))g, a necessary
equilibrium condition is the orthogonality of L and (OT). Given Lt perpendicular to (OT),
let us denote (L) and ,(L+y) the two regions situated on the sides of Ly, with for
instance O 2 l(LT)E] Then we have to show that the players’ strategies mr and ar
given by

myif 2 i(Ly);

_ _ E[ 1(LT)] ifm=m1;
MO it 2 L) ™ e itm=my

de ne a pro le of equilibrium strategies which satis es ar(m;) 2 (OT) for i 2 f1;2g. Note
that it is su cient to show that ar(m;) 2 (OT), since we necessarily have at(m;) 2
(Oar(my)) = (OT).

To do this, let us consider the orthogonal coordinate system Rt (O; X;y), with (y Oy™)
supported by (OT) (see Figure 2.11)).

20. By setting O 2 ,(Lt), we can derive the message symmetric pro le of strategies (m%;a%) such
thatforany 2 ,mi()=msi mr()=my, and a%(m;) = ar(my), a%(myz) = ar(m,).
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Lt(") L1(0)
) *

2Ly (L7 () X
’ / /
az(T; ‘)/

TN

b

az(T; 0)“

/ ]

X

Figure 2.11 { Ly (“) and subsequent a,(T; )

Given * 2 R, let Lt (“) be the line perpendicular to (OT) and situated at a distance *
of O, with O 2 ,(Lt (%)), and let

a(T;)=E[] 2 (Lr())]

denote the corresponding expectation. Let “ be such that (0;1) 2 L+(*). Forany T 2
fog (3:1), if “ is su ciently close to “, then ,(Lt(‘))  F(x;y); x > 0g; and thus
X(ax(T; )) > 0 for any such “. Therefore, by continuity, if there exists * such that

X(@x(T; %)) <0; (2.7)
then there is some * 2 (“;°) such that x(ax(A;*)) = 0. Let us show that for any
T2f0g (%),

X(a2(T;0)) <0; (2.8)

i.e. © =0 satis es Condition (2.7).

Letusset "=f 2 ;x()>0;y()>0gand =f 2 ;x()<0y()>0g,
and a; =E[ *],a, =E[ ] (see Figure[2.12).
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X

Figure 2.12 { ay(T;0) = —a;;az

Then from the law of iterated expectations, we have
(G "i+i DaxT;0)=] Tja; +j Tjay;

where j j denotes the Lebesgue measure. Now note that rotation _ of angle ; and
centre O transforms * to point wise, so that for any 2 , we have (x( );y( )) 2

i (Cy()x())2 . Thenon the one hand, we have j “j=j ], which gives

+

a, +a,

ax(T;0) = 5

and on the other hand, we have §(a2+) = a,, which gives

x(@;) =y(a,);
y(@) = x(a):

Consequently, Condition (2.8) is satis ed i w <0, i.e.
x(@y) <y(ay): (2.9)
Now let T° be the point such that _(T') =T (see Figure 2.13p, and let us partition
the set * according to triangles = (OTTY) and "= *n(OTTY. Again, from the

law of iterated expectations, a; is situated on line (GG'), where G = E[ j 2 ] and
G'=E[ j 2 "] are the respective mass centres of triangles and °.[]

21. Bearing in mind that the mass centre of a triangle is situated at the intersection of the median lines.
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X

Figure 2.13 { y(a3) > x(a3)

Note that from OT = OT’, median (OI) of (OTT") has equation x =y in R(0;X;y).
Therefore x(G) = y(G) and Condition (2.9) holds i

x(G") < y(G): (2.10)

Finally, note that G' is situated on the median line of ° which passes through I and
the point (0; 1), between I and (0; 1) which satisfy y(1) = x(1) and x((0;1)) < y((0;1))
respectively. Therefore G’ 2 f(x;y); y > xg and Condition holds.

Since hold, so do Conditions (2.9), and (2.7). Therefore we have x(a,(T;0)) <
0, and we obtain the existence of * 2 (0; *) such that a,(T;“ ) 2 (OT) as wanted.

Next, we de ne the game .. We have to nd some by 2 R? such that strategies my
and ar given by

C
myif 2 (Lt (°)); and ar (m) = ay(T;*)ifm=my;

MO it 2 L)) ay(T;* ) if m = my;

are equilibrium strategies of .. Asu cient condition is that Ly (“ ) is the perpendicular
bisector of ar(m;) by and ar(m;) br. Let us set by = w T, Where

1 =(OT)\Lt(°), so that 1 is the mid-point of ar(m;) by and ar(m;) br. Since
Lt (* ) ? (OT), Lt (° ) has the desired property.

2.F Proof of Lemma 2.3

We show that strategies (mr; ar) extend continuously to one of the symmetric deviated
strategies. By construction, when T spans continuously the open segment f0g (3; 1), line
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L+, and therefore@ sets m;*(m;), i 2 F1;2g, actions ar(m;) and ar(m,), and bias

TA by = aT(ml);aT(mZ) + 12(0T) (2.11)

can all be chosen to move continuously.

When T ¥ T; = (0;1), we have: (a) actions tend to be onto the diagonal line (OT,),
and (b) Sender’s set of indi erent states Lt tends to intersect the diagonal line orthogonally
atsome 1, =(r;1 1) forsome0 1 1.

If 1, >0, this necessarily identi es a (1; 1)-symmetric (deviated if 1, < 3) comparative
pro le of strategies (Mc(c); ac(c)), ¢ 2 (0; 1), since, as shown in Example , when ¢ spans
(0; 1), the support of the induced actions and the sets of indi erent states associated with
pro les (Mc(c); ac() span all such orthogonal lines.

If +, =0, this identi es a babbling equilibrium. Let us show that this case does not
occur.

Let us set T (0; % +1t), where t > 0 is su ciently close to Ty, and let us denote (z(t); 1),
with 0 z(t) % the coordinates of the intersection of L+ and the upper border of

(see Figure [2.14)).

2 (z(t); 1)
T1 15
TO:L+1) K T
AT (M),
z(t)
o1 5 / 0
(0;0)

Figure 214 { ,(Ly)asT ¥ T,

Suppose 1, = 0. Thisimplies that if T issu ciently close to T,, then line Ly intersects

the diagonal line (OT,) at some + = ( 7;1 ) with TIirg + = 1, =0, so that
LK
limz(t) =0.
tnl
Let us show that Iirq z(t) > 0, so that 1, = 0 does not hold.
tnl

22. The rule applied for choosing which region on the side of L+ (“ ) is associated with m; and which
one is associated with m, must be consistent for all Ts. For instance, following the choice made in the
proof of Lemma 2.2} we have to choose O 2 1(Lt) for every T.
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From Ly ? (OT), it is easy to derive that the vertex of ,(Lt) = m;'(m,) are given
by (0;1), (z(t);1) and (0; 1 %), as depicted in Figure m The coordinates of the mass

centre a(my) of ,(Lt) are given by a(m;) = 3z(t);1 %%) . From the equilibrium

condition a(my) 2 (OT), with (OT) =f( 4; )2 ; = 2t + % + tg, we obtain, for
any t su ciently close to %,

12(t) 1 1
S = sz +
3 2t 3 ® 2
This gives z(t) = ilfgt = 2(2‘?11), and in particular, lim z(t) = 2 >0, as expected.
6t 3 tr 5

Let us now look at the other limit of (mr;ar), i.e. when T ¥ T, = (0;%). The
arguments are similar, but ,(L+1) has a more complex shape.

We have: (a) actions at(m;) and ar(m,) tend to be supported on the horizontal line
(OTy), and (b) line Lt of the Sender’s indi erent states tends to intersect the horizontal
line orthogonally at some 1, = ( 1,;3), forsome0 ¢, 3.

Again, if 1, > 0, this necessarily identi es a (0; 1)-symmetric (deviated if , < %) half-
babbling pro le of strategies (M (c); @), € 2 (0;1), whereas if 1, = 0, this identi es a
babbling equilibrium. We show that this cannot occur.

Suppose 1, = 0. This implies that if T is su ciently close to Ty, the set of indi erent
states Lt associated with strategies (mr; ar) intersects the horizontal line (OTy) at 1 =

(T; %), with TIirg T = 1, = 0. Since Lt is orthogonal to (OT), and since (OT) tends
LY

to the horizontal line (OTy), we have that Lt tends to the vertical line supported by
0;0)  (0; D).

TO;1+ 1) far(m
To

(0;0) (z(1);0) 1

Figure 2.15 { Partition of ,(Lt) and subsequent expectations

Let us consider T (0; % +t), with t > 0, su ciently close to Ty, and let us parameterize
the set ,(Lt) = m;'(m,) through a partition consisting of a triangle with (0; 0) as vertex
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and hypotenuse parallel to Ly, and a parallelogram of width z(t) for some z(t) 2 [0; ), as
depicted in Figure 2.15 Equality 1, = 0 implies !(IF(I) z(t) = 0 and thus we seek to show

li'rrcl) z(t) > 0 in order to obtain a contradiction.

From the law of iterated expectations, a(m,) might be written ar(m,) = (1 (z(t);t))a-+
(z(t);ak, with (z(t);t) = 229 2 [0;1], where V (z(t)) and t are the respective

V (z(t))+t i i R
Lebesgue measure of the parallelogram and the triangle. The coordinates of their respec-
tive mass centre are given by at = 2Z0:1 and af' = 2t;2 respectively. From

ar(m,) 2 (OT), with (OT) =F(4; 2)2 ; = 2t + % + tg, we obtain, for any t
su ciently close to 0,

2t +z(t)

1 (Z(t);t))§+ (z(t);t)%: 2t (1 (z(t);t))§t+ (2= +%+

(
Letusset = ll.ﬁ(\) (z(t);t) 2[0;1]. Thenwhent ¥ 0, Equation (2.12) gives (1 )3+

1, so that
=lim (2(t);1) = 1 (2.13)

Now for t > 0, Equation (2.12) is

_ 1 1 (@) 1 4 (1 (z(t);1) .
20 =3 (z(t); 1) t N (z(1); 1) 3! (z(t); t) 2t (2.14)
and note that
1 @Ot 1 vemes t B 1
t B t TtV @E@O))+t)  V(EEO)+t

If ll.na z(t) = 0, then we have li.”(‘,V (z(t)) =0, and thus
|'|fn w = 1:

I
t¥0
Now (2.13) and (2.14) give the impossible 0 = 1. Therefore l|'rr(1) z(t) > 0 as expected.

2.G Proof of Proposition 2.1

We show that the strategies (mr; ar) exhibited in Lemma [2.2] allows any bias b 2 R?
to be associated with an in uential equilibrium.
According to Lemma[2.3] maps

ar(my) +ar(my) +

T_I!bT: 5 T,
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and T A ar(m;), 1 2 T1;2g, can be extended continuously to the closed segment f0g
[%; 1], with non babbling strategies (mr;at) for each T. According to the four symmetries
of , and according to Lemma these maps extend continuously to the full border of
. Note that this needs a suitable choice of message assignment across the Ts. W.l.o.g.,
we assume O = E[ ]2 m;*(m;) for all T.
Now let us consider the continuous maps

b : T A kbyk;

and, given b 2 R?,
ar(mg) ar(my)

TA b
° kar(mi) ar(my)k

Each map is de ned on the full border of . Map  is the normalized norm of the
projection of b onto (OT). Note that

b (T)= u(T)i kbrkkar(m;) ar(mx)k=kb (ar(m;) ar(my))k;
and that kbrkkar(m;) ar(my)k = by (ar(my) ar(m;)) according to our choice

O 2 m;*(m;) (the alternative choice would have given kbrkkar(m;) ar(myk = br
(ar(my) ar(my))). Then we obtain:

br (ar(my) ar(mz))=b (ar(my) ar(my)); or

b (T)= p(M)i _ :

br (@r(my) ar(Mmz))= b (ar(my) ar(my)):
Now consider the central symmetry of . Strategies (my) and (ar) are given by
strategies m (ry and a (), associated with bias b (ry = (by) = by, and we have

ar(m;) = a (my(my), ar(mz) = a (ry(m1). Then the second equation above might be
written

bm (@mm) amm))=b (am(m) aq(my)):
From Lemma [2.1, we obtain:

b (T)= w(M)i [(mr;ar)2E(b); or (M (ry;a (1)) 2 E(D)]:

This means: if b projects as by or by onto (OT), then respectively (mr;ar) or (m (1y; & (1))
are pro les of equilibrium strategies of . In particular, we have:

ifb (T)= ,(T) for some T, then E(b) & 2. (2.15)

Next, we apply Bolzano’s Theorem to show that there is always such a T, unless b is
small. Let[b ;b ] R™ denotes the set of values spanned by b (continuous) when T
spans the border of (compact). We have b 0, and according to Example , b >o0.
Concerning 1, since (OT) spans every directions when T spans the border of , ,(T)
spans [0; kbKk] ( , has been normalized).
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Note that if T is such that (OT) ? b, then (T) =0, and thus we have
b(T) wT)=b () 0 O

for any such T. Therefore, by continuity and Bolzano’s Theorem, if there exists T such
that

b (T) () O (2.16)

then there exists T onto the border of  such that b (T) b(T) = 0, which implies
E(b) & ? according to (2.15).

First, let us consider the case of a large bias. If kbk b , choose T such that (OT)
and b have the same direction, so that ,(T) = kbk. Then we have

b (T) o(T) b kbk O

and holds for such a T. Thus E(b) & ? for all biases b with kbk b .

Next, consider the case of a small bias. Suppose that does not hold when T
spans the full border of . In particular, it does not hold if T, = (0;1) or T, = (0;0), so
that for i 2 f1;2g, b (T;) b(Ti) >0, i.e.

b(Ti) <b (Ti): (2.17)

Note that T, and T, are such that (mr,;ar,) = (Mc(y); ac() for some ¢ 2 ( 1,0), and
(Mr,;ar,) = (Maw;aaew) =, (Me); ac) for some "2 ( 1,0). In particular,
according to Example 2.2 we have by, = (b1;b,) for some (bs;b,) 2 R? such that jb, byj <
%. Furthermore, since br, is supported on (OT,), we have b, = b;. Hence jb, byj = 2jbyj
so that jb,j < 7. Then we obtain:

d p. P3
b (T2) = Kbk = bF +b3 = jbuj 2< —=;

Similarly, we have p
2
b (Tp) = kbr,k < T:

Consequentlefrom (2.17), b projects onto (OT;) and (OT,) as vectors the norm of them
is less than TZ Since (OT;) and (OT,) are orthogonal, we can deduce

r

kbk = P b(T1)? + p(T2)? < pb (T1)2+b (Ty)? <

N
N

Then, setting b = (b;b)) 2 R?, it is necessary that jbij < I and jblj < %, so that

joi  bij jbbj jbij < 3. Again, according to Example [2.2, there is some c” such that

(Mc(emy; Acemy) Is an equilibrium strategy of , and thus E(b) & 2.

23. By construction we derive ¢’ = ¢ from the symmetries, but this is not useful for the proof.
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2.H Proof of Lemma 2.5

We show that given T(0; 5 +1t) 2 fO0g  (3;1), for some t 2 (0; 1), there is a unique
line Lt such that (i) L+ is orthogonal to (OT), (ii) Lt partitions through = [ 2,
withj ij>0,1 2 fl;2g and w.l.o.g. O 2 4, and (iii) E[ i] 2 (OT), i 2 f1;2g. Notice
that the existence of Lt has already been established and it is su cient to show that if
conditions (i), (ii) and (iii) are satis ed for some L, then L is uniquely determined.

Let us parameterize any line L satisfying these conditions through
L=Ff 2 ; 1:262+C €qg,

so that it passes through the points (c; 1), with ¢ % and through (c+e;1) and (¢ e;0)
for some e > 0 (see Figure [2.16]).

(c+ e;1)

Lt

TO:3+1)

3| ©

(c €0)
Figure 2.16 { Parametrization of L+

Notice that Condition (i) gives ((c+e;1) (¢;3) ((3:3) O i+t)=0ie e=t
and in particular,

e 2 (0; %): (2.18)
Condition (ii) implies

1
c+e<l; andc e<§; (2.19)

since otherwise, we would have O 2 ;. To derive Condition (iii) with respect to ¢ and
e, let us compute the expectations with respect to each side of Lt and with respect to
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parameters ¢ and e. We compute

RR RR
Ell(C' e) — _RR>2e >+c e 1d _ 3c? + g2 3 ElZ(C' e) — _RR<2eo+c e 1 d _ 3c2 + e? .
RR 1>2e 2+c e 6(c 1) RR 1<2e 2+C e 6C
d 3c+e 3 ,d  3c+e
E,.(c:e) = DR>2e 2+c e 2 — : E,,(C e) = DRL<2e »+cC e _ :
21(C; €) 6c 1) 2»(C;e) =

1>2e 2+C e 1<2e >+C e

Now we have that L is orthogonal to (E1E5), with E1(E11(c;e); Exi(c; e)) and E,(E12(c; e); Ex(c; e)),

i (Eu EwiEx Ex) (e 3) =0, which gives

1
e?2=3c 3c? 5 (2.20)

P3P Ze2

According tg (2.18), e? spans (0; 1) and therefore (2.20) has two solutions ¢; = %

and ¢, = ¥ 1% Now in particular, (2.19) gives c,+e < 1, which impliese < 1. It also
gives ¢, e < 1, which implies e > . Hence, for any e 2 (0; 1), c, does not satisfy (2.19),
and c; is the only solution to (2.20). Hence, there is a unique L that satis es conditions
(i), (ii) and (ii).
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Chapitre 3

Better or not that bad? Asymmetric
comparative cheap talk

Abstract. Comparisons are a prevalent ingredient of the circulation of information among
economic agents. However, there are multiple ways to compare. A symmetric comparison
reveals whether or not one attribute is better than the other. An asymmetric compari-
son reveals whether one attribute is \not that bad" or \much worse™ than the other. If
an asymmetric comparison is credible, then the revealed \not that bad" attribute is per-
ceived better, even if it is worse. We investigate a symmetric setting, in which a Sender
issues one of two messages about a two-dimensional private type, in order to in uence the
two-dimensional action of another agent. The Sender’s incentive to exaggerate in each
dimension leads any credible message to be comparative. The symmetry of the setting
guarantees the credibility of the symmetric comparison. Conditions on the agents’ util-
ity functions are given such that it also allows the existence of a credible (endogenously)
asymmetric comparison. Then a stability criterion is established, which eventually points
to the asymmetric comparison, if any, and also excludes the most informative symmetric
comparison, and any uninformative treatment.
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3.1 Introduction

Economic agents often use comparisons as a tool for communication, e.g. when an
advertiser contrasts the features of a product to in uence the buyer’s choices, when a
manager compares employee’s skills to a promote and increase e orts, or when an attorney
compares the circumstantial aspects of a defendant’s situation to in uence the verdict.
Note that there are multiple ways to compare. For instance, messages such as \that
attribute is better than this one™ and \that attribute is not that bad relative to this one™ are
both comparative, but transmit di erent informations. While the former message is issued
from a symmetric comparison, the latter message is issued from an asymmetric comparison.
In an asymmetric comparison, one of the message is ex ante favored. Indeed, an attribute is
not revealed \not that bad" only if it is \much worse", and so it is eventually revealed \not
that bad" even if it is worse. Thus, if it is believed, an asymmetric comparison potentially
misleads the receiver of the information concerning the relative value of the attributes.
This may lead a buyer to invest more in the least valuable product, an employee to exert
higher e ort in the least productive task, or a prosecutor to under-evaluate a psychosocial
dimension.

In this paper, we propose a simple setting that allows to understand the prevalence
and the diversity of such comparative cheap talk. In particular, we provide relationship
between the agents’ utility functions and the di erent ways to compare. We highlight that
an ex ante symmetric situation sustains the possibility of an ex post asymmetric treatment.
Moreover, given the multiple ways to compare, we propose a stability criterion, and exhibit
situations such that the asymmetric comparison is the unique stable credible information
revelation.

We model information transmission from strategic considerations, following the cheap
talk literature initiated by Crawford and Sobel’s (1982) model. In this model, information
is transmitted from a Sender (she) to a Receiver (he) through abstract messages. Each
agent’s utility relies on the Sender’s private information (her type), and the Receiver’s
decision (his action). The model addresses equilibria in which the Sender’s incentives to
reveal some information are generated by the Receiver’s subsequent choice of action and
reciprocally. Then, the messages used in equilibrium are endogenously determined by the
agents’ interests. In particular, the model allows to derive the nature of the revealed
information from the agents’ utility functions.

We investigate a two-dimensional version of the model. We exclude exogenous asym-
metries between the dimensions, which would unsurprisingly result in an asymmetric treat-
ment, and focus on ex ante symmetric situations. More precisely, we consider two one-
dimensional Sender’s types ;1 and ,, realized from two independently and identically
distributed random variables over [0;1]. The Receiver takes two one-dimensional actions
a; and a, in R, after his observation of a message m issued by the Sender. We focus on
binary messaging rules, and restrict the messages space to two alternatives m; and m, (this
corresponds, for instance, to the situation where the Sender either approves or disapproves
an anticipated pro le of actions of the Receiver). As a benchmark, we assume that, in each
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dimension, the Receiver prefers to adjust his action to the Sender’s type.[{| This allows us to
simplify the agents’ con ict of interest wrt the Receiver’s actions to the Sender’s incentives
to di erentiate her private information from its perception by the Receiver. The Sender’s
utility function is assumed to be additively separable wrt the two dimensions.

As an illustration, consider an extension of Meade’s (1952) example of positive exter-
nalities. An apple farmer (the Sender) has two distinct lands 1 and 2, and a beekeeper
(the Receiver) produces honey from the trees’ blooming. The apple farmer uses two dis-
tinct pesticides on land 1 and 2, with respective quality ; and ,. A lower quality hurts
the ability of bees to pollinate. The beekeeper invest an amount a; in beehives near
land i 2 f1;2g, at cost (e.g. a cost of e ort) a?=2, and then produces honey at level
aj i. Thus, he optimally adjusts his investments at (a;;a,) = ( 1; »). However, he is not
aware of ( 1; 2). Given ( 1; 2), the apple farmer issues a message m;, among two alter-
natives my and m,. In equilibrium, the issued message m; reveals credible information
on ( 1; 2), which induces speci ¢ investments (ai(mj);az(m;)) in beehives. The apple
farmer’s utility function is symmetric and additively separable wrt to the two lands and
relies on the qualities of the pesticides and the beekeeper’s investments. It is given by
U((a1;a2);( 1; 2)) =u(ay; 1) +u(az; ») with u twice continuously di erentiable. A mes-
sage is credible i it is in the Sender’s interest to issue it, given the induced investments,
and given the qualities of the pesticides.

First, we show that if, whatever her types, the Sender has incentive to exaggerate the
values of her typesf] then any credible message takes the form of a comparative statement
between the Sender’s types (Proposition 3.1). Formally, the two messages issued in equilib-
rium are necessarily given by my:\ 1 7( 2)" and my:\ ; < 7( )", for some continuously
increasing function A ~”( ). Function ” characterizes the Sender’s information revelation
about her types, and its processing by the Receiver. Figure [3.1] depicts such a Sender’s
”-comparison.

1="(2)

mp

m\ 1 ()"

1

Figure 3.1 { A potential credible information revelation

1. This is obtained when the Receiver has a quadratic utility function wrt the di erence of type and
action in each dimension. This assumption is usual in the literature.

2. Formally, the conditions are: @@ @“a > 0 and for any a 2 [0; 1], %—g(a; 0) o
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For instance, the apple farmer has incentive to exaggerate the qualities of the pesticides
in order to induce the beekeeper to invest more. Then she might in uence the beekeeper if
and only if she (implicitly or explicitly) compares the two pesticides. Such an information
revelation induces a higher investment near one land and a lower one near the other land,
relative to the alternative pro le of investment induced by the alternative message. The
intuition is straightforward. Relative to the alternative message, a message cannot in uence
the beekeeper to invest more in the two lands. Indeed, given the Sender’s incentives to
induce higher actions whatever her types, such a message is always preferred by the apple
farmer, and is non credible.

Concerning the existence of ”-pro les of strategies in equilibrium, rst note that the full
symmetry of the situation wrt the two dimensions guarantees that a symmetric comparison
of the Sender’s type is credible. Indeed, given the symmetry of the distribution of types,
messages my:\ o™ and my:\ ;1 < ," induces symmetric actions such that a;(my) =
ax(my) and a;(m,) = ax(my). And reciprocally, given symmetric actions, since the Sender
bene ts more from higher action with higher type, she has incentives to associate the
highest type with the highest action and thereby to symmetrically compare her type.

However, the symmetry of the treatment is not necessary. Suppose that the beekeeper
expects m; to be issued, unless quality ; is much worse than quality ,. Such a belief
leads the beekeeper to decide a poor investment near land 1 in case m, is unexpectedly
issued. The detrimental e ect on the production of apples in land 1 precisely provides
the apple farmer with the incentives to reveal m; whenever ; is \not that bad" relative
to ,, and eventually even if it is worse. In particular, the apple farmer con rms the
beekeepers’ asymmetric expectations. Thus, even if the apple farmer bene ts more from
higher investment with higher quality, she may have incentives to induce the association
of the highest investment with the lowest quality of pesticide.

We guarantee the possibility of a credible asymmetric comparison in case the Sender’s
utility function is given by US((ai;a2);( 1; 2)) = ai19( 1) + axg( »), for functions g such
that ¢° > 0, g(0) = 0 and g¢'=g is su ciently decreasing relative to the distribution of
types[| (Proposition [3.2).

Finally, given the multiplicity of equilibria, we propose a simple stability criterion in
order to remove the indeterminacy of the agent’s behavior. In case u(a; ) = ag( ), the set
of best response of a player is characterized by a family of functions ¢, where parameter
t reports on the overall degree of symmetry of the player’s strategy. An equilibrium is
stable if, whenever a player deviates from the equilibrium degree of symmetry, the degree
of symmetry of the other player’s best response reduces the extent of the deviation. It
is unstable if the extent of the deviation is exacerbated. Thus, our stability criterion
reports on an asymptotic stability of the players’ strategies.| We examine the stability

: PRSI fQo) . E[1 2] E[a< 2]
3. The precise condition is Cov TO=0) o 3 .

4. We more generally investigate the case where the Sender’s utility function is given by
US((a;a2); ( 1; 2)) = h(a1)g( 1) + h(ax)g( 2), and obtain that a credible asymmetric comparison ex-
ists if the concavity of h is counterbalanced by the convexity of g or vice versa.

5. See for instance Fudenberg and Tirole (1991} section 1.2.5) for a discussion of this stability.
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of the symmetric equilibrium, of the uninformative (babbling) equilibrium, and of the
potential asymmetric equilibria wrt to the Sender’s utility function. In particular, we
exhibit situations such that the existence of a credible asymmetric comparison ensures its
stability, and implies the instability of the other equilibria (Proposition [3.3). For instance,
if the Sender’s utility function is u(a; ) =a ', then there is a unique credible asymmetric
comparison i r < 2. Whenever it exists, the asymmetric comparison is stable, and the
other equilibria are unstable. And the symmetric comparison is stable i there is no
asymmetric equilibrium (i r  2).

The paper is organized as follows. Section 3.2 presents the related literature. Section[3.3
describes the model setup. Section [3.4]derives the necessity of the comparative nature of the
Sender’s strategy. Section exhibits the possibility of credible asymmetric comparison
investigates in case of a multiplicatively separable Sender’s utility function, and investigate
the stability of the di erent equilibria. Section [3.6] concludes. Proofs are given in the
appendix.

3.2 Related literature

A large literature on strategic information transmission has emerged from the paper of
Crawford and Sobel (1982).E] Crawford and Sobel (1982) present a framework where the
agents communicate on a single dimension. The authors show that costless and unveri able
information transmission is limited by the agents’ con ict of interest. In particular, there
is no information transmission if con ict is su ciently large.

However, if agents communicate on two dimensions, Chakraborty and Harbaugh (2007)
provide su cient conditions for allowing the Sender to transmit credible information. These
conditions impose symmetries of the game parameters wrt to the two dimensions.[] When
these conditions hold, Chakraborty and Harbaugh (2007) show that the symmetric com-
parison of the Sender’s types is a credible information revelation. While the authors only
consider the symmetric comparison, we extend the investigation to any binary informa-
tion revelation. We show that if the Sender has incentive to exaggerate the values of her
types, then the comparative nature of any credible information revelation is also necessary.
Moreover, we establish that the uniqueness of a binary credible information revelation is
not guaranteed. Beside the symmetric comparison, the Sender potentially credibly reveals
her information asymmetrically.

Chakraborty and Harbaugh (2010) also assumes that the Receiver prefers to adjust
his action to the state, and explore the polar case where the Sender’s utility function is
independent of her types. The authors show that for any such utility function, and for
any prior distribution of the types, the Sender might in uence the Receiver’s action by
using two messages. The authors do not address the question of multiple possibilities of

6. See for instance Sobel (2013) for a review of the literature.

7. Levy and Razin (2007) complement Chakraborty and Harbaugh (2007). They show that strong
spillover e ects across the dimensions might preclude the possibility of any credible information transmis-
sion, even on a dimension where agent do not con ict.
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communication, and the related question of the nature of the transmitted information.
Chakraborty and Harbaugh (2010) also note that the Receiver is always ex ante interested
in retrieving information from the Sender, while the Sender has interest to communicate
on her type i her preferences are quasi-convex wrt the Receiver’s action. Indeed, in that
case, she prefers mean preserved contrasted actions, which are induced by her information
revelation, instead of the actions taken without communication, that correspond to the
prior expectations. Our contribution highlights the in uence of the convex preferences
on the nature of communication. In particular, with convex preferences wrt actions, not
only the Sender prefers communication, she is also potentially more informative. More
precisely, we show conditional on the concavity of her preferences wrt types, if her pref-
erences wrt actions are su ciently convex, then the symmetric comparison, which is the
most informative equilibrium, is also the unique informative equilibrium. This occurs with
more concave preferences wrt to types given more convex preferences wrt to actions and
vice versa.

Che, Dessein, and Kartik (2013) speci cally investigate the role of asymmetries in
the Receiver’s prior beliefs across the di erent dimensions. They consider a Sender who
recommends one of two projects to a Receiver, who also has the possibility to choose an
outside option. The authors show that the Sender’s information revelation is comparative,
and that she has incentives to \pander" toward the project which has an higher posterior
expectation. In particular, she may recommend a project which is ex ante stochastically
ranked lower than the other project. In our setting, the Receiver does not choose between
projects, but chooses di erent levels of investment in the two dimensions. However, in an
asymmetric treatment, the Sender’s incentives to asymmetrically compare her types are
precisely generated by the di erent posteriors of the Receiver it determines. Then, in line
with Che, Dessein, and Kartik (2013), she may recommend an higher investment in the
lowest pro table dimension. In particular, given the full symmetry of the situation, the
study illustrates that the pandering e ect might also be endogenously obtained, and might
occur beside a symmetric treatment. Moreover, in that case, we show that the asymmetric
treatment is potentially more stable than the symmetric one.

In line with Crawford and Sobel’s (1982) leading example, Semirat (2017) consider
the case of quadratic preferences for both players, and a uniform distribution of types.
The players’ con ict is represented by a nite constant bias of the Sender relative to the
Receiver’s preferred action. The author shows that whatever the extent and the direction
of the bias, the Sender has multiple ways to credibly reveal information with two messages.
The Sender’s incentives to exaggerate that we consider report on an \in nite bias" in the
positive direction. Our result on the multiple equilibria con rms Semirat’s (2017) result
in case of extremely large bias, based on the qualitative aspect of the players’ con ict.

Our contribution is also related to the literature on equilibria selection in cheap talk
models. The multiplicity of equilibria is a common feature of these models. Sobel (2013,
Section 4) decomposes the indeterminacy concerning the player’s behavior in three kinds:
multiple o -path responses to new messages, multiple meanings of message, and multiple
associations between types and actions. The multiplicity of equilibria in our setting is of
the third kind of indeterminacy. In the literature, this kind of indeterminacy has only
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been investigated in the one-dimensional case, where the criteria select the equilibria ac-
cording to the number of messages used on the equilibrium path. In the literature, the
most informative equilibrium is usually selected, e.g. in Chen, Kartik, and Sobel (2008).
In our setting, there exist multiple equilibria when the Sender uses two messages. Hence,
the criteria proposed in the previous literature do not apply. The criterion that we de ne
is not a general criterion. We speci cally exploit the characterization of the equilibria
that we obtain. However, it reports on the convergence of the players’ strategies to the
selected equilibrium. Interestingly, we exhibit situations such that neither the most infor-
mative equilibrium, nor the least informative equilibrium is selected, but the in-between
asymmetric comparison.

Crawford and Sobel’s model (1982) has generated many applications (for instance So-
bel (2013) reviews the theoretical literature). Our setting extends Kamphorst and Swank’s
(2016) application in personnel economics. In Kamphorst and Swank (2016), the authors
investigate the information provision of the promotion decision of a manager (the Sender)
concerning two employees (two one-dimensional Receivers). Employees chooses an e ort
level after their observation of the manager’s decision, and the manager bases her deci-
sion on her private observation of the employees abilities. Kamphorst and Swank (2016)
consider a uniform distribution for the Sender’s type, and a Sender’s linear utility func-
tion u(a; ) = a in each dimension. The authors interpret the asymmetric treatment as
a potential discriminatory practice of the rm. Our result on the existence of a credi-
ble asymmetric comparison extends Kamphorst and Swank’s (2016) investigation to non
uniform priors, and more general preferences for the Sender.

3.3 Model setup

3.3.1 Setting

A Sender possesses private informations concerning two issues. Each private infor-
mation ;, i 2 T1;2g, is the realization of a random variable, with continuous density f
with full support [0;1] and cumulative distribution function F. A typical realization is
the Sender’s type, denoted by = ( 1; ») 2 [0;1]%. We let f( ) = f( 1)f( ,) denote the
probability that is realized.

A Receiver takes actions a; 2 R and a, 2 R on the respective issues. A typical pro le
of actions is denoted by a = (a;;a,). Before taking his actions, the Receiver observes a
message m; 2 fmy; myg delivered by the Sender.[f]

The Receiver’s prefers to adjust his action (a;;a,) to the Sender’s type ( 1; »). His
utility is given by

UR(a; )= ka k=

8. More precisely, messages m; and m, are taken from the in nite set of Borel sets of [0;1]>. The
meaning of messages m; and m, will be endogenous to the equilibrium.
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The Sender’s utility is given by
US(a; ) =u(ay; 1) +u(as; 2);

where u is twice continuously di erentiable in each of its arguments.
The timing of the game is as follows.

1. Nature draws the state of the world = ( 1; ») 2 [0;1]?, and reveals it to the Sender
(it is her type), but not to the Receiver (he has a prior belief);

2. the Sender sends a message m; 2 fm;; m,g to the Receiver;
3. the Receiver observes the message m; and updates his prior belief about the Sender’s

type ;
4. the Receiver chooses his action a = (a;; a,) 2 R? according to his posterior belief;
5. payo s are realized.

3.3.2 Strategies and concept solution

When information transmission is costless and unveri able, any message can be used.
This introduces a credibility requirement on the transmitted information. In equilibrium,
the Receiver nds a guaranty on the transmitted information in the Sender’s incentives
for truth telling. Reciprocally, the Sender nds the incentives for truth telling given the
Receiver’s subsequent actions that truthful information revelation potentially induces.

Formally, players’ pure strategies are as follows. A Sender’s pure strategy m associates
to each of her type ( ) and information set (f g) a message:

m: [0;1]> ¥ fmy; myg
A m():

A Receiver’s pure strategy a associates to each of her type (?) and information set (m;)

an action:
a: fmy;;myg ¥ R?

m; A a(m;) = (ar(m;); az(m;)) :

Our concept solution is the Bayes-Nash Equilibrium. It relies on the following assumptions.
(i) Each Receiver’s (type contingent) strategy maximizes his (interim) expected payo ,
given his posterior belief f(:jm;), given the received message m; 2 fm;; myg, given
the Sender’s strategy m:
Y4
a™(m;) =arg max UR(a; )F( jm;)d : (R)

a2R?
2[0;1]2

=Ef¢jmpl |

(if) Receiver’s prior belief f is updated to the posterior f(:jm;) according to Bayes’s
rule whenever it is possible.

94



3.3. MODEL SETUP

(iii) Each Sender’s type contingent strategy maximizes her payo given the Receiver’s
strategy a:
ma( ) = arg max US(a(m;); ): (S)

m;j2fmy;mzg

Then an equilibrium pro le of strategies (a ;m ) issuch thata = a™ is the best response
tom ,and m =m, is the best response to a .

3.3.3 Babbling, in uential, comparative, or symmetric equilibria

In cheap talk games, babbling equilibria always exists. In pure strategies, they are
given by the following strategies. Suppose that the Sender always sends the same message
m;. Then from Bayes’s rule, the Receiver’s posterior belief f(:;jm;) equals his prior f.
Assume that the Receiver’s posterior belief f(:jmy;) is also equal to f. Then the Receiver
takes identical actions a(m;) = a(m;). Given such actions, for any type, the Sender is
indi erent between the two messages. Hence, she has (weak) incentives to always send the
same message.

Following Sobel (2013), we de ne an in uential equilibrium when the Receiver’s action
strategy a : m; @ a(m;) is not constant on the equilibrium path. This requires that m;
and m; are both on the equilibrium path. If a message m; is on the equilibrium path, then
Bayes’s rule implies, for any 2 [0; 1]?,

C .
O .
f( jmy) = P@O=m) itm( ) = m;;
0 otherwise,

and thus the best response of the Receiver upon the reception of m; is to act at
a"(m;) =E[ jm( ) = m;];

where E = E¢ denotes the expectation according to f.

Since we are interested in comparisons, let us de ne the comparative way to transmit
information. An information revelation m is said comparative if the message sent contrasts
the two types. Formally, up to a relabeling of the messages, m is comparative if whenever
the Sender is indi erent between m; and m, at some ( 1; ») 2 (0;1)?, then she (weakly)
prefers to send m; at any higher ; or lower ,, and she (weakly) prefers to send m; at
any lower 3 or higher ,. For instance, messages m;:\ ;1 2 ;" and my:\ ; <2 ," de ne
a comparative information revelation. Messages m;:\ ; + , 1" and my\ ; + , < 1"
do not. More generally, messages my:\ ( 1; ») 0" and my:\ (1; 2) < 0" de ne a
comparative information revelationi ( (1; 2) =0 O 1 = 7( ) for some non
decreasing function ~.

Finally, a pro le of strategies is said symmetric (wrt the dimensions i =1 and i =2
of the state space [0; 1]> and action space R?) if m( 1; 2)=m;i m( 5 1) =my, and if
ar(mMy) = ax(my), ai(my) = ax(my).
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3.4 Comparative equilibria

In this section, we give conditions on the Sender’s utility function which characterize
the information revelations that she may credibly use as comparative ones. Chakraborty
and Harbaugh (2007) show that in a symmetric setting, if the players have a minimal
commonality of interest (if they both prefer to associate higher action with higher type),
then the Sender might credibly and symmetrically compare her two types. Chakraborty

and Harbaugh’s (2007) conditions are %2‘52 >0, P 2 fS; Rg, where u® is the utility function

of player P in each dimension i 2 f1;2g. In our setting, since %Z‘éz = @2(@(?@61 ) = 2>0,
the remaining condition is that the Sender’s utility function satis es @@2@“a > 0. This implies,
according to Chakraborty and Harbaugh (2007, Proposition 1), that messages m;:\ ;
2", ma\ ;< L and actions a(m;) = E[ | ; o], aimy) = E[ j1 < ], de ne
an equilibrium pro le of strategies. Note that the de ned strategies are symmetric wrt
dimensions i =1 and i = 2. Thus, in our game, if @@2@“a > 0, the (symmetric) comparative
way to transmit and process information is a su cient condition for credibility. The next
proposition shows that if whatever her types, the Sender has incentives to exaggerate their

values, then the comparative nature of any binary information revelation is also necessary.

Proposition 3.1. If for any (a; ) 2 [0;1]?,

@%u
@ @a

then a pro le of strategies (m ;a ) de nes an in uential equilibrium pro le of strategies
i , up to a relabeling of the dimensions, and up to a relabeling of the messages, there exists
a non decreasing continuous function > : [0;1] ¥ [0;1], and equilibrium strategies m- and
a’ de ned by, forany = (1; ») 2][0;1]?,

(a; )>0and g—:(a; 0) O0;

and, for any m 2 fmy; m,g,

E[j: “(2lifm=my

M= g < itm=m,

such that (m ;a ) = (m-;a’). In particular, it is necessary and su cient that m is a
credible comparative information revelation, with best response a .

If @@2@“a > 0 and %(a; 0) 0 holds for any a 2 [0;1], then Proposition identi es
the set of equilibria of the game with the set of continuously increasing functions * :
[0;1] ¥ [0;1] such that m- is a best response to a’, and reciprocally. Figure [3.2] depicts

a non credible information revelation. In Figure [3.2, function ” is not increasing. Figure
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[3.3 depicts a potential credible information revelation. In Figure [3.3, message m; is sent
whenever 1 is \not so low" relative to ,. If instead ; is \much worse" than ,, then
message m, is sent.

2, A
my
2="(1)
my
az(ml)
az(mz) :
al(;nz) ai(my) 1 &

Figure 3.2 { A non credible non comparative information revelation

2, A
1= " (2)
mo mi;
ax(my) |-+
al(mz) al(}nl) L&

Figure 3.3 { A potentially credible comparative information revelation

The following illustrates Proposition [3.1 with speci ¢ functional form of the Sender’s
utility function.

Example 3.1. Suppose that f = 1 is uniform, and consider the symmetric comparative
strategies (mc;a), de ned by

C

’ .
Mt 2 a(m;) =

my if | < o

if mj = mj;

mc( )= . .
if mj = m;;

W= wIN
WIN Wl
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and the non comparative strategies (ma;a”*), de ned by

( it 1 (
my It 1+ » , | aA
( ) myif 1+ o<1 ( J)

if mj = my;
if mj = m;:

Wik WIN
Wik WIN

Then the following points are straightforward to verify.

I Assume US(a; ) = a; 1 + a, », so that the Sender has strong incentives to exag-
gerate the values of her types. Then we have @@2@”a = 1> 0and for any a 2 R,
g—g(a; 0) =0 0, so that both assumptions in Proposition hold. The symmet-
rically comparative (mc;a®) is an equilibrium pro le of strategies, but (ma;a?) is
not.

I Suppose US(a; ) =UR(a; )= (a1 1)> (a2 2)? so that players do not
con ict. In particular, the Sender has no incentive to exaggerate the values of her
types. Then we have @@Z@Ua =2 >0, and for any a 2 [0; 1], g—g(a; 0)= 2a<0.
Therefore, only the rst assumption in Proposition [3.1] holds. The symmetrically
comparative (mc;a‘) is an equilibrium pro le of strategies, but so is (ma;a®). In
particular, a credible binary information revelation is not necessarily comparative.

Let us provide details on the mechanism that sustains Proposition 3.1 Given ( 1; ,),
the Sender prefers to send m; rather than my i u(a;(my); 1)+u(@(my); 2) u(a(my); 1)+
u(az(my); »2): Equivalently, her messaging rule is:

m( 1 2)=m; O u(@(my); 1) u@(my); 1) u(@(my); 2) u(@(my); 2): (3.1)

Assume 224 > 0 and for any a 2 [0; 1], %—g(a; 0) 0. Suppose that a,(m,) > a,(m1) (up

a
to a relabeling of the messages, this is wlog). Let us show that this necessarily implies

a;(my) > a;(m,). From the assumptions, for any 2 [0; 1], we have

u(@(mz); ) u(@(my); ) >u(@a(mz);0) u(ax(m);0) O0;

so that along dimension 2, the Sender has incentives to exaggerate the value of her type

= , whatever its value. However, in an in uential equilibrium, there exists ( 1; ,) 2
[0; 1]? such that the Sender nevertheless prefers to send m; rather than m,. According to
(3.1), and the above inequality applied to = ,, we obtain

u(a(my); 1) u((my); 1) u(@(my); 2) u(a(my); 2) >0:

This precisely implies a;(m;) > a;(m,), since otherwise, again from the assumptions, we
would have u(ai(my); 1) u(a(mz); 1) <u(ai(mg);0) u(ai(my);0) O.

Now from a,(m,) > a,(m;) and a;(m;) > a;(m,), the Sender’s messaging rule
issues the result of a comparison between two \net utilities”. More precisely, in each
dimension i, when she choses message mj=i, she obtains the \revenue" u(ai(mj=i); i),
diminished by the \opportunity cost™ u(a;j(mjei); i). Moreover, in each dimension i, from
% > 0, the net utility is strictly increasing with the corresponding type ;. Hence,
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given the pro les of actions, when the Sender compares the two net utilities, she implicitly
compares her two types ; and ».

Note that in case the induced actions are symmetric, i.e. a;(m;) = a,(m,) and
a;(m;) = a,(my), the sides of the inequality in are identically equal as functions
of ;. This implies that the Sender symmetrically compares her types, i.e. function ” of
Proposition[3.T]is > = Id. Given the symmetry of the types distribution, such a comparison
induces the symmetry of the induced actions. This ensures the credibility of the symmetric
comparison, as exhibited by Chakraborty and Harbaugh (2007). However, in case actions
are not symmetric, i.e. a;(m;) & a,(m,) or a;(m;) & a,(m,), then we have ” & Id. In
that case, Proposition does not guarantee the existence of a > & Id such that (m-;a’)
are equilibrium strategies. We address this question in the next question.

Before that, let us note the following points concerning Proposition [3.1]

First, Proposition also characterizes the mixed strategies of the players, up to a
zero measure set. Indeed, concerning the Receiver, note that for any j 2 f1;2g, am™(m;) =
Etcimy[ 1 s uniquely determined by f(:jm;). Therefore, given his observation of mj, the
Receiver’s preferred action is unique, and he never uses non degenerate mixed strategies
in equilibrium. Concerning the Sender, she has (weak) interest to mix only at the set of
types where she is indi erent between the two messages. Whatever a(m;) & a(m,), this
set is characterized by a one dimensional equality that relates ; and ,. In particular, it
is a zero measure set.

Second, from the full symmetry of the game parameters, if messages my:\ 1 ”( »)"
and my:\ ; < 7( ,)" are credible, then soare mi:\ , ()" and mx\ , < (). In
particular, the set of credible asymmetric comparisons, if not empty, has an even number
of elements, which are paired wrt to the symmetry of the setting.

3.5 Asymmetric comparisons

According to Proposition [3.1, when the Sender has incentives to exaggerate the values
of her types, the set of equilibria of the game is identi ed with the set of continuously
increasing functions ~ : [0;1] A [0; 1] such that m- is a best response to a” and reciprocally.
The case ” = Id recovers the symmetric comparative equilibrium exhibited by Chakraborty
and Harbaugh (2007). A credible asymmetric comparison is obtained if there exists an
equilibrium pro le of strategies (m-;a’) such that > & Id. Note that given the full
symmetry of the game parameters, the asymmetry of any credible asymmetric comparison
is endogenous.

In this section, we provide conditions on the Sender’s utility function that guarantee
the existence of a credible asymmetric comparison. To this end, we assume that there exist
twice continuously di erentiable functions g and h such that for any (a; ) 2 R [0;1],

u(a; ) =h(@)g( ): (3.2)
We assume that the condition @@Z@Ua > 0 in Proposition holds, i.e. h'g® > 0: We

furthermore assume that g(0) = 0, so that for any a 2 R, u(a;0) = 0. In particular, the
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second condition g—g(a; 0) 0 in Proposition (weakly) holds. In words, the Sender has
weak (resp. strict) incentives to exaggerate the value of her type in each dimension if her
type is O (resp. > O).ﬂ Note that the assumptions imply that for any 2 [0;1], ¢°( ) & 0,
and thus g is monotonous. From g(0) = 0, we have that either g is strictly increasing
and positive, or g is strictly decreasing and negative. Also note that h is increasing in the
former case, and decreasing in the latter case.

Given these assumptions, Proposition ensures that any credible binary information
revelation is comparative. The assumption allows us to furthermore characterize
players’ strategies (m-;a’) in terms of a one dimensional parameter t 2 (0;1] (instead of
”, which is an in nite dimensional parameter). To see this, recall that ~ is the function
such that the Sender’s comparison between

u(a(mg); 1)  u((my); 1) =9g( 1)(h(ai(my)) h(ai(my)));

and
u(@(my); 2) u(@(my); 2) =9g( 2)(h(az(mz)) h(az(my)));

identi es, up to a relabeling of dimensions or messages, with the comparison between
and ”( ). Therefore, up to relabeling of dimensions or messages, ~ is de ned, for any

2 [0;1], by ] ]
1 h(ag (m2)) h(ag (my))
h(a; (m;1)) h(a; (my))

A (m2) h(a (m2)) 2 (0;1]. In particu!ar, the S(?nder’s best response to given pro les of
h(az (m2)) h(a; (M1))

action is fully determined by the ratio hG(m . Therefore, any Sender’s strategy
. e . ) 1 (M1)) h(a; (M2))
m- in equilibrium is characterized by some t 2 (0; 1] such that

T =7c=g Y(tg):

Reciprocally, any Receiver’s strategy a” in equilibrium is the best response to some Sender’s
strategy m-, associated with some t 2 (0; 1]. Hence, it is also determined by some t 2 (0; 1],
asat=amr,

We obtain that (m ;a ) = (m- ;a ) is an equilibrium pro le of strategies i there
exists t 2 (0;1] such that > =~y =g (t g), and (m-, ;a’t ) is an equilibrium pro le
of strategies. Let us now characterize the corresponding t . Given t 2 (0;1], let BrS(t)
be such that M- so is the sender’s best response to the *¢-pro les of actions a’t(m;),

j 2 f1;2g. According to (3.3), Br3(t) is given by

h(a;' (M) h(a, (M),

h(a,;"(my)) h(a,"(mz))

In equilibrium, the Sender’s ”g,s y-comparison precisely induces actions at(m),j2
1;2g, and reciprocally. This implies the equilibrium condition ” sy = ¢, i.€. (m’t;a’t)

()=9 9() ; (3.3)

with h(a, (m2)) h(a, (M1))

Bri(t) =

9. Formally, since h'g? > 0, for any a* >a , and any 2 (0;1], u@*; ) wu(a ; ) =g( )(h@")
h(a ))=(g() 9@)(h@") h(a ))=g’(Dh’(a) >0, forsome 2 (0; Janda2[a ;a*].
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is an equilibrium pro le of strategies i , up to relabeling of dimension or messages, t 2
(0; 1] is a solution of
Bré(t) = t: (3.4)

In words, the equilibrium condition is that the Sender’s comparison, determined by t, and
associated with Br°(t), precisely induces the Receiver’s pro les of actions that determine
it.

Note that if t = 1, then the Sender compares ; and *¢( 2) = g (1g( »)) = ».
Therefore, t = 1 characterizes the symmetric credible comparison. Hence, as depicted
in Figure 3.4, t = 1 is always a solution of (3.4). Let us show that more generally, t
drives the overall degree of symmetry of the players’ strategies wrt the two dimensions.
If0 <t <t, <1, then t;g < tpg if g is increasing and positive, and t;g > tog if
g is decreasing and negative. Then in both cases, we obtain g (t:9) < g *(t.9), i.e.
"t < 7. Then, given ( 1; 2), if mp\ "1, ( 2)" is issued from the * -comparison,
then ; "t,( 2), and thus m;:\ ; "¢, ( 2)" is also issued from the 7,-comparison.
In other words, as t decreases from 1 to 0, the player’s strategies favor more and more
message m;. For instance, when t * 0, the Sender compares ; and, from g(0) = 0,
*«(2) =9 (tg( 2)) * g 1(0) = 0. In that case, she almost always issues m;:\ ; 0" and
the comparison is strongly asymmetric in favor of m;.

Br(t)

‘ : ¢
t 61 t =1

asymmetric symmetric

Figure 3.4 { Equilibrium conditions in terms of t 2 (0; 1]

In the three next sections, we derive conditions on the existence of a solution t & 1
of (3.4), which corresponds to a credible asymmetric comparison. To do this, we use a
continuity argument on the degree of symmetry t of the players’ strategies.['] We give
conditions that ensure the existence of a t such that Bre(t) > t, and conditions that ensure
the existence of a t such that Bre(t) < t. The corresponding conditions are identi ed by

10. Since we are looking for a second solution to Bre(t) = t, we cannot use general xed point theorems
such as Brouwer’s Theorem, or, as in Chakraborty and Harbaugh (2010), Borsuk-Ulam’s Theorem.
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examining the two extreme casest>0,t ” 0,andt <1, t * 1. The two cases respectively
correspond to strongly asymmetric comparisons in favor of m;, and weakly asymmetric
comparisons in favor of m;.

3.5.1 Strongly asymmetric comparisons

Our goal is to examine the degree of symmetry BrS(t) of the Sender’s best response to
strongly asymmetric pro les of actions a’t(m;), j 2 f1;2g, t >0, t * 0. The mechanism
is depicted in Figure 3.5 If t is su ciently close to O, then, if h is convex or linear,
the Sender’s best response asymmetry Br>(t) reduces the asymmetry t of the Receiver’s
pro les of actions, so that Br3(t) > t, and if h is su ciently concave, then the Sender’s
best response BrS(t) exacerbates the asymmetry t in favor of my, so that Bre(t) < t.

2 h concave h convex
" Brs () " Brs(y

aytma) |- f

' (ma) |- ~a't(my)

a; ' (m2) a, " (m1) 1

Figure 3.5 { The Sender’s best response to strongly asymmetric pro les of actions

To get an intuition, let us rst examine the pro les of induced actions if t = 0, and then
the corresponding Sender’s incentives to issue m; or my. If t = 0, then for any 2 [0; 1],
() =9 Ytg()) ~ g *0), and since g(0) = 0, *¢( ) > 0. Therefore, a strongly
asymmetric ”¢-comparison in favor of m; compares ; and *¢( ) * 0. In particular,
message m; mostly reveals m;:\ ; 0", so that it is almost uninformative. Therefore,
whatever the distribution of types f, pro le a’t(m;) = (al"(ml); az"(ml)) is very close to
the prior expectation (E; E) = (E¢[ 1]; E¢[ 2]). In contrast, message m,:\0 * 7( ;) > "
is highly informative on ;. More precisely, it encompasses only very low values of ;.
Therefore, it induces a very low action al"(mz) 7 0. Concerning az’t(mz), as depicted
in Figure ﬁ its value as t ¥ O relies on the increasing of , A y'rrg 7¢( More

precisely, from the independence of ; and », a slowly increasing * (in Figure 3.5, a more
vertical graph), induce action a,*(m;) to get closer to E = E¢[ ,]. We obtain the following
properties of the induced actions.

11. For instance, if f is uniform, and *; = tld, then it is straightforward to verify that E¢[ »jt » > 1] =
2=3 is independent of t.
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Lemma 3.1. If tis su ciently close to 0, then

a,'(my)  a,'(my) _ .

2 2 >t 3.5
a(m)  a,'(my) (3:9)
h i
; f(0)
and if furthermore E FNOET®] < 1, then
a,t(Mz) > a;*(My) > a,"(my) > a,*(my): (3.6)

Given such pro les of actions, let us now examine the Sender’s incentives to issue m;
or m,. Note that Br®(t) decomposes through

. . . . h(a,t(m2)) h(a,*(m))
h(a,'(mz)) h(@;"(m1)) _ a;°(M2)) @, (M1) ~a,imz) a,(m)
h(a,'(m;)) h't(@a(my))  a,'(my) a,'(m,) h@fm) h@ *(m2)’

a; t(mg) a;t(my)
Then for instance, if h is convex, inequality (3.5), ranking and decomposition (3.7)
yields Bre(t) > t. In words, if h is convex, the Sender prefers to induce the contrasted pro le
of actions a’t(m,) = (a,*(m,);a,"(m.)), where a,*(m,) > 0 and a,'(m,) is su ciently
greater than E, rather than the pro le a’t(m;) which is close to (E; E). In that case, she is
very likely to send my:\ 1 < 7¢( 2)", even when her type ( 1; ) issuch that ;  ~¢( 2).

This rules out the credibility of message m..
i

Corollary 3.1. If E % < 1, h is convex or linear, then there exists t ., 2 (0;1]

such that for any t 2 (0;t ), Br3(t) > t, and in particular, strategies (mt;a-,) are not
equilibrium strategies.

Bri(t) = (3.7)

Note that if h is linear, then BrS(t) simpli es to "’;ltt(mz» (M) | that case, the same
. . 1 t(m1) a;t(m2)
result is obtained from (3.5)).

Corollary 3.2. If h is linear, then if t is su ciently close to 0, then Br3(t) > t.

Note that similarly, ranking (3.6) and the decomposition (3.7)) precludes the credibility

e . , : a,t(m2) a,t(my)
of message m, if h is su ciently concave relative to the ( nite) value of 2 me) @t (p)” In

that case, we obtain BrS(t) < t. In particular, given f, given g such that E f(O)ggo((o)) <1,
and given t su ciently close to 0, there exists a speci ¢ degree of concavity of h such that
Br(t) = t. Hence, a speci ¢ degree of concavity of h yields the existence of a credible

asymmetric comparison.

3.5.2 Weakly asymmetric comparisons

Next, we investigate the degree of symmetry Br°(t) of the Sender’s best response to
\almost symmetric" pro les of actions a’t, with t * 1, t < 1. The mechanism is depicted

in Figure 3.6
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h concave
2 ¢+ or h convex and g concave
1 Br S (t)
azt (m2)
, h convex
. BrS(t) or h concave and g convex
a,'(ma) /

at(mz)  at(my) 1

Figure 3.6 { The Sender’s best response to weakly asymmetric pro les of actions

For instance, if g is su ciently concave, then ”¢( ,) =g (tg( ,)) is substantially lower
than , when , is high, and instead it is closer to , when 5 is Iow.E] Hence, the more
concave g, the more increasing > Id. Thus, the asymmetric treatment between ; and

2, Which is driven by the comparison of ; and ”¢( ,), is exacerbated when types are high.
From the Receiver’s perspective, this implies that, with a more concave g, the favored
message M\ 4 "+( 2)" encompasses more high values of ; and . Then, induced
actions alt(ml) and azt(ml) are increased when t slightly decreases from t = 1. E] By
symmetry, we also obtain a lower azt(mz) and a lower alt(mz) Moreover, the e ect is
strengthened when f( ) is more dense at high values.

Now, recall that g( 1)h(a1"(m1)) represents the \revenue" part of the Sender’s net
utility that she derives in dimension 1 from sending my, and that g( ,)h(a,*(m;)) represents
the \opportunity cost™ part of not sending m;. Thus, ceteris paribus, higher values for both
actions, relative to the values associated with t = 1, leads the Sender to more prefer to send
m;. By symmetry (at t = 1), a similar but reversed e ect is applied to the m,-induced
actions. Hence, the e ect that leads the Sender to prefer to send m; is reinforced when
the m,-induced actions are taken into her comparison of net utilities. In particular, the
Sender exacerbates any slight asymmetry, associated with t = 1, t < 1, of the ”¢pro les
of actions. This precisely implies Br(t) < t.

The next lemma formally gives the variation of the degree of symmetry BrS(t) of the
Sender’s best response to a weakly asymmetric ”-pro le of actions, wrt the variations

W and w of the induced actions in dimensioni=1att=1.

12. Formally, the derivative of * is 0( ( )) From ¢( ) < , we obtain g°(*¢( )) < ¢°( ) if g is convex,
and g°(7¢( )) > ¢°( ) if g is concave. Thus, { is lower when g is concave, and thus ¢ is closer to Id when
g is convex than when g is concave.

13. Formally, the derivative — = W and = %8 (m2)

— - ot _
t=1 t=1
. For instance, if g’=g is su ciently decreasing wrt to f, then

are related to the shape of g through

the equality = = 2Cov ﬁ;

Cov > 0, which implies — _ <0.

f() .
g°(C )=g( )’

104



3.5. ASYMMETRIC COMPARISONS

Lemma 3.2. If
h@ h@) <2(h'@ _ h@ ) (3.8)

(resp. =) then Bre(t) <t (resp. >t) for t <1 su ciently close to 1, where

a=E[1j1 2 a=E[i1< 2l

C_tarm)  _, O .
B O = TO A
_earm)  _o O L

- 0t . 9()=g()

Alternatively, the following corollary provides speci ¢ conditions on g, and on h, that
allows the comparison of Bre(t) and t.

Corollary 3.3. (i) If Cov ﬁ; > 2.2 h s concave or linear, and h' is convex,
then if t <1, t su ciently close to 1, then Br3(t) <t.
(ii) If Cov %; < 0 and h is convex or linear, then if t <1, t su ciently close

to 1, then Bre(t) > t.

Again, the condition is simpli ed if h is linear.

[}

Corollary 3.4. If his linear, then if t < 1issu ciently close to 1, Cov %; >2.2
implies Br3(t) <'t.

3.5.3 Credible asymmetric comparisons

The existence of a credible asymmetric comparison is obtained if there existst 2 (0; 1)
such that BrS(t ) =t . It is guaranteed by a change of sign of t @ BrS(t) t between
t”0,t>0,andt ” 1, t<1. Su cient conditions for such a change of sign are obtained
from the arguments of the two previous sections. More precisely, when h is jpon linear,

there exists t 2 (0;1) such that the ”{ -comparison is credible if E ﬁ <1, and
either
(i) hissu ciently concave, and h(@) h(a)>2(h'(@) _ h'(a) ), or

(i) hisconvex, and h(@ h(@)<2(h'(a) _ K@ ).
Point (i) and (ii) respectively correspond to Bre(t) <tatt ” 0 and Br(t) >tatt * 1,
and Br3(t) >tatt > 0and Bré(t) <tatt ~ 1.

Let us note that roughly speaking, point (i) holds only if hiis su ciently concave and g is
su ciently convex, while point (ii) holds only if h is su ciently convex and g is su ciently

concave. Indeed, consider point (i). Suppose for instance that Cov ﬁ; >0, i.e.
roughly f=(g’=g) is increasing. Then we have — < _ (see Footnote [13), which implies
2(W@ _ h'@ ) >2 (1@ h'@)). Therefore, the second condition of point (i)

requires that h(@) h(a) > 2 (h'(a) h'@)). Thus, from _ > 0, this requires a limited
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concavity of h. This implies that point (i), which requires a su cient concavity of h,

is likely to hold only if Cov )~; <0, ie. roughly f=(g'=g) is decreasing. Now
consider point (ii). Suppose that Cov ﬁ; <0, i.e. f=(g’=g) is roughly decreasing.

Then similarly, we have > _, and thus 2(h’(a) _ h'(@) ) <2 (h'(a) h'@)). From
— >0, we obtain that the second condition in point (ii) requires a limited convexity of h
to hold. This implies that point (ii), which requires the convexity of h, is likely to hold

only if Cov \-d~: >0, i.e. roughly f=(g’=g) is increasing.

Thus, roughly speaking, a credible asymmetric comparison exists if the convexity of h
is counterbalanced by the concavity of g, or vice versa. The following proposition gives
precise conditions when h is linear. It is obtained from Corollaries [3.2 and [3.4, which
respectively give the conditions such that Br3(t) >tatt 7 0,t >0, and Br(t) <t at

t”1,t<1.

Proposition 3.2. If US((as;ay); ( 1; 2)) = a:19( 1)+axg( »), with g* > 0 and g(0) = 0 then

if Cov ﬁ; > %@ then there exists t 2 (0; 1) such that the pro le of (asymmetric)

strategies (m't ; a-, ) given by

zlif 1 :t(Z)’ and a-,(m) = E[J:l :t(z)]?fmimlf
2 1f 1 <7 (2); E[ j1<7¢(2)]ifm=my;

where 7y =g (t g), is an equilibrium pro le of strategies.

In a nutshell, when h is linear, the existence of a credible asymmetric comparison reports
on two e ects, which relative importance is reversed between the casest = 0 and t = 1.
First, if t = 0, we have Bre(t) > t, i.e. strongly asymmetric induced actions a’t(mj),
j 2 f1:2g rules out the credibility of message m,. Second, if t > 1, we have Br3(t) <t if
f=(g’=g) is su ciently increasing, i.e. weakly asymmetric actions a’t(m;), j 2 f1;2g rules
out the credibility of message m;. Incaset ” 0, a linear h is \su ciently convex" to give
the Sender the incentives to induce the contrasted m,-pro les of actions rather than the
actions induced by the uninformative my, even if ;  7¢( »). Incase t ~ 1, if f=(g’=g)
is su ciently increasing, the slightly favored issue m; encompasses more high values of
both types. The linearity of h provides the Sender with the incentives to reveal m;, even
if 1 < 7¢( 2). Hence the e ect in case t * 0 is driven by the overall asymmetry of the
treatment, driven by a t * 0 which annihilates the role of g. The e ectincaset * 11is
driven by the di erentiated asymmetric treatment of low and high types, obtained from
the concavity of g.

The following example illustrates Proposition [3.2 with the family of power functions for
g, and a uniform prior f = 1. In that case, the change of sign of Br°(t) betweent ¥ 0 and
t = 1 is necessary and su cient to obtain the existence of a credible asymmetric compar-
ison. In particular, the assumptions implies the uniqueness of an asymmetric comparison
in favor of my, if any.
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Example 3.2. Let r > 0 and suppose that US((as;a,);( 1; 2)) = a1 [ +a, 5, and that
T = 1 is uniform. Then up to a relabeling of the messages and the dimensions, there exists

a unique credible asymmetric comparison i Cov go(f)(:é( oo >4 ie i 0<r<2

3.5.4 A stability criterion

According to Proposition [3.2, there are potentially multiple equilibria in which the
players might nd themselves. In that case, a stability criterion is worth of interest in order
to select among the di erent equilibria. The characterization of the credible information
revelations as ”¢-comparison allows to establish a simple stability criterion.

We capture stability as follows. Consider ”; -equilibrium pro le of strategies, associated
with t 2 (0;1]. Let £ be su ciently close to t , and suppose that a player P 2 fR;Sg
deviates to the corresponding ”g-strategy. If the other player’s best response, associated
with Brt (f) 2 R, is closer to t than f, then the equilibrium strategies are attracting wrt
the players’ behavior.

Formally, we say that an equilibrium associated with t 2 (0;1] is stable if for any £
su ciently close to t , for any player P 2 fR; Sg,

iBrP@® tj it tj;

with a strict inequality for at least one player.[*

Let us rst suppose that the Sender deviates from a credible ” -comparison to the
> e-comparison, for £ su ciently close to t . Then the Receiver’s best response is given
by actions aj(m;) = E[ij 1 7¢( 2)] and ai(my) = E[ ij 1 < 7¢( 2)], 1 2 f1;29. They
exactly corresponds to the ”¢pro les of actions. Hence we have BrR(f) = f, so that
jBr(®) tj=jf tj. Thus, from the Receiver’s perspective, any equilibrium is (weakly)
stable.

Next, suppose that the Receiver deviates from the ”; -pro les of actions to the ¢
pro les of actions, with f'su ciently close to t . The Sender’s best response is determined

by

h(a,;t(m,)) h(a,*(my)).
h(a;'(my)) h(a,t(my))’

Then the stability of the equilibrium is derived from the variation of Br3(t) att =t . Let
us examine the stability of the di erent equilibria.

Stability of the babbling equilibria. Consider a babbling equilibrium, in which wlog
the Sender always reveal m;. We may associate t = 0 to this equilibgium, by jdentifying

the Sender’s strategy to m-,, with 7o = ll'ﬂ(]) v=( A 0):Then, if E % <1, from

Bré() =

14. Note that our stability criterion does not allow any small deviation of the players. Deviations are
restricted to ”¢-comparison or ”¢-pro les of actions for some t 2 (0;1). It can easily be established that
the consideration of any small deviation does not permit to select among equilibria.

15. If we consider the Receiver’s actions, we do not have !i'rrg) a’t(mj) = E[ ] for any j 2 f1;29. We
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decomposition (3.7 and Lemma, givenf, if hissu ciently concave, then 0 < Brs(f) < f
so that jBre(f) 0j < jf 0j and the babbling equilibrium is stable. If in contrast, h is
convex or linear, we have Br3(f) > £ > 0, which implies jBrs(f) 0j > jf 0j and instability
of the babbling equilibrium. Note that in that latter case, the Sender con rms and ampli es
any slight information revelation anticipated by the Receiver.

Stability of the symmetric equilibrium. Now consider the symmetric equilibrium,
associated with t = 1. From Lemma [3.2, if £ < 1 is su ciently close to 1, then if

h@ h@) < 2(h@ _ h'@ ), then Bri(f) < £ < 1. Thus, the symmetric
equilibrium is unstable. The Sender con rms and ampli es any asymmetry anticipated by
the Receiver. If instead h(@ h(a) >2(h"(@) _ h'@ ), then Br¥(f) > £ In that

case, the symmetric equilibrium is stable if Br°(t) is not higher than 1+ (1 f). This
is equivalent to % Brs(t) = < 1. Lemma precisely reports on @B@r—f(t) (see
in the Appendix). We obtain that the symmetric equilibrium is stable i h(a) h(a) >
2(h'@_ h'@7)> (h@ h).

Stability of the credible asymmetric comparisons. The stability of a credible
asymmetric comparisons, if any, is derived from the variations of the Sender’s best response
Br3(t), as t ranges over (0;1). For instance, as depicted in Figure , from Bre(t) >t as
t 7 0 (which might be obtained from Lemma , if Br® is increasing on (0;t,), where
t, is the smallest solution of Br3(t) = t, i.e. corresponds to the strongest asymmetric
credible comparison, then the ¢ -equilibrium strategies de nes a stable equilibrium. Then
if Br® is further increasing on (t%;t,), where t, is the next solution t, < 1 to Br3(t) = t,
if any, then the ”¢ -equilibrium strategies is an unstable equilibrium. The arguments goes

onup to t. = 1, for some “ 2 £2;3;:::g, which corresponds to the number of credible
asymmetric comparison, if any. When h is linear, condition Cov i 2r: 0 in
the next proposition precisely reports on the variation of Br>.

Proposition 3.3. If US((a1;a2);( 1; 2)) = h(a1)g( 1) + h(ax)g( »), with h'g" > 0 and

g(0) =0, then i
| ifE % < 1, a babbling equilibrium is stable i h is su ciently concave, and
in particular, it is unstable if h is convex or linear;
I the symmetric equilibrium is stable (resp. unstable) if j2(n'(@) _ h'@) 7)j<
h@ h(a) (resp. >).
If moreover h is linear, then
| a babbling equilibrium is unstable
I the symmetric equilibrium is unstable i Cov ﬁ; > a2
| if forany t2 (0;1), Cov M 0, and if there are * 1 credible asym-
9°Ce( ))=9()

metric comparisons, associated with 0 <t; t, <::t- <1, then the (m-, ra %)-
k

have !i'r%a’t(ml) = E[ ] but for instance, !i'rrg)al’t(mz) = 0. However, at the corresponding babbling

equilibrium, my is out of the equilibrium path._ Thus, if we only consider actions taken on the equilibrium
path, actions do converge to the corresponding actions of the babbling equilibrium.
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pro le of strategies is stable i k 2 f1;::;“g is odd. Moreover, the symmetric
equilibrium is stable i  “ is even.

Note that if Br® is increasing on (0;1], and if there is a unique credible asymmetric
comparison, then it is stable, and it is the unique stable equilibrium. The example below
shows how an asymmetric credible comparison may be appealing whenever it exists and it
is unique.

Example 3.3 (Continued). Let r > 0 and suppose that US((as;a2); ( 1; 2)) =a; [+ay 5,
and that f = 1 is uniform. The symmetric comparison is stable i it is the unique credible
comparison (i.e. i r 2). Whenever a credible asymmetric comparison exists (when
0 <r <?2), it is unique and it is the unique stable credible comparison.

3.6 Conclusion

This paper analyzes a cheap talk game of information transmission in a two-dimensional
framework. We assume a symmetric prior distribution, a binary disclosure rule, and a
large symmetric con ict between the players. The large con ict imposes the comparative
nature of any credible binary information revelation. The full symmetry of the game
parameter does not guarantee the symmetry of an equilibrium treatment. On the contrary,
potential asymmetric information revelations wrt to the two dimensions are possible, and
are eventually more appealing than the most informative symmetric treatment or the
uninformative treatment. An asymmetric treatment potentially misleads the receiver of
the information wrt to the relative importance of the dimensions of his uncertainty.

Given the prevalence of con ict of interest between economic agents, and the importance
of information transmission in organizations and markets, concerns for future research
might be to determine how e ective and general the exhibited endogenous asymmetric
treatment is. In particular, it would be worth of interest to investigate whether or not
the focal nature of the symmetric treatment prevails over the appealing nature of an
asymmetric one. Some anecdotal endogenously asymmetric recommendations (e.g. toward
boys and girls) might provide an illustration of the appealing nature of the asymmetric
treatment.
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Appendix 3.A

3.A Proof of Proposition 3.1

The su cient part of Proposition [3.1]is straightforward: if there exists a function > such
that strategies m- and a” as de ned in the proposition, in particular such that m- is the
Sender’s best response to a” and reciprocally, then (m-;a’) de nes an equilibrium pro le
of strategies. We have to show the necessary part, which is: if (m ;a ) is an in uential
equilibrium pro le of strategies, then there exists a function > and strategies (m-;a’) as
de ned in the proposition such that (m ;a ) = (m-;a’).

Let (m ;a ) beanin uential equilibrium pro le of strategies. Recall thatitisin uential
if messages m; and m, are both on the equilibrium path, and a (m;) & a(m,), i.e. a;(m,)
a,(my) & 0 or a,(m;) a,(m;) & 0. Let us rst consider the strategy m . Since m is the
Sender’s best response to a , for any = ( 1; ), up to her set of indi erent types, the
Sender chooses to send m;y i

u(@ (my); 1) +u(@(my); 2) u(@(mz); 1) +u(@(my); »2):

Therefore the Sender uses the messaging rule:

m()=my O u(@(my); 1) u(@(m); 1) u@(my); 2) u(@(my); 2): (3.9)

Consider the sides of the inequality in as functions of ; and , respectively. From
% > 0, both sides are monotonous wrt the corresponding ; (or constant if aj(m;) =
aj(mg;)). Let us show that if g—:(a; 0) Oor %—g(a; 1) 0, then either they are both non
decreasing, or they are both non increasing. Suppose that the Ihs of the inequality in

is non decreasing. Then we have a;(m;) a;(m;), and for any ; 2 [0; 1],

u@ (my); 1) u(@a(mz); 1) u(@;(my);0) u(a,(my);0):

Suppose that the rhs of the inequality in (3.9) is non increasing. Then we have a,(m;)
a,(m,), and for any , 2 [0; 1],

u(@(my); 2) u(@(my); 2) u(@(mz);0) u(ay(my);0):

Now if %—g(a; 0) 0, thenu(a;(my);0) u(a;(my);0) 0, andu(a,(m;);0) u(a,(m,);0)
0. Then we obtain, for any ( 1; ) 2 [0; 1%, u(a,(my); 1) u(a,(ma); 1)  u(@(my); »)
u(a,(my); 2). According to , this implies that message m; is always sent. This con-
tradicts the requirement of in uence of the equilibrium. If instead the lhs of the inequality
in IS non increasing and the rhs is non decreasing, then we have a,(m;) a;(my),
for any ; 2 [0; 1],

u(@a(my); 1) u@(mz); 1) u(a(my);0) u(a,(my);0);
(with a strict inequality if a,(m;) & a,(m,)), and a,(m;) a,(m;), and for any , 2 [0;1],
u(@(mz); 2) u@(mi); 2) u(a(my);0) u(ay(my);0)
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(with a strict inequality if a,(m;) & a,(m;)). Then g—g(a; 0) 0 implies u(a;(my);0)
u(@;(my);0) 0 and u(ay,(mz);0) u(a,(m;);0) 0. Since either a;(m;) & a,;(m;) or
a,(m1) & ay(my), we obtain, for any ( 1; 2) 2 [0;1]%, u(a;(my); 1) u(a(mz); 1) <
u(@,(mz); 2) u(@(mi); 2). Then according to (3.9), message m; is never sent. This
also contradicts the requirement of in uence of the equilibrium. Hence both sides of the
inequality in are non decreasing, or both sides are non increasing if %—g(a; 0) 0. The
case g—g(a; 1) 0 follows from a similar argument.

Then, up to a relabeling of the messages, we can assume that a;(m;)  a;(m;) and
a,(my)  a,(my), so that both sides of are non decreasing. Now up to a relabel-
ing of the dimensions, we can assume that u(a,;(m;);1) u(a;(my);1) u(a,(my);1)
u(a,(my);1) so that my is sent at ( 1; 2) = (3;1). Then since , A u(a,(My); 2)
u(a,(my); o) is increasing, for any » 2 [0;1], u(a,(My);1) u(a,(mz);1)  u(ay(My); 2)
u(a,(m;y); 2). In particular,

“(2) =minf 1 2[0;1]; u(a;(m1); 1) u(@(M2); 1) u@(Mmz); 2) u(@(mw); 2)9
is well de ned, and from this de nition, the Sender’s message rule (3.9) might be written
mC)=mgi 1 7(2):

Moreover, ” is continuous, and if } 2, then for any ; 2 [0; 1] such that u(a,(my); 1)
u(@(mz); 1) u(@(mz); 3) u(a(my); 3), we have u(a,(mi); 1) u(a(my); 1)
u(@,(my); 2) u(a,(my); 2). Thisimplies (%) ~( 2). Thus  is non decreasing.

3.B Proof of Lemmma 3.1

We want to show that if t is su ciently close to 0, then

a'(my)  a,"(my) _ ..
a (m) a'(my) (3.10)

and
8,'(My) > a;*(My) > &,'(My) > a;*(My): (3.11)
Let us rst show that a,*(m;) > a,'(m,) and a,'(m,) > a,‘(m,). Set, for any t 2 (0; 1],
any j 2 f1;2g,
7
jtEmimy); g ti=Prme()=my) = f()d

t
2 j

From the Law of Iterated Expectations, for any i 2 f1; 2g, we have
E=E[:]=] ,9E[dm-( )=mi]+] ,4E[iim-( ) =mg]

=i Ltat(my) + LAy t(my);
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so that
. . E j ,%a'(m .
amy) ayme) == I gy
1
_E ] 5Yiat(my) 7(1 I 212 (mg)
] i1
_E a;'(my),
i
and similarly, a,*(m,) az’t(ml):az’&"-i)_—E. Therefore, the sign of a,*(m;) a,‘(m.) and

a,'(m,) a,'(my) is given by the sign of E a,'(m,) and a,'(m,) E respectively.
Note that for any , 2 (0;1), we have 0 < ”¢( ;) < 1, so that ;‘ and ;t decompose
respectively through

. L r .
1= fg= [7¢( 2);1] T 20;
=(1; 2)2[0;11%; 1 “t( 2) 22[0;1]
and
. C r .
2 = fg= [0;7¢( 2)) T .0
=(1; 2)2[0;11%; 1<7¢( 2) 22[0;1]
Consequently, we have
1
R T2
. . 2F( )f( 2)d - B 2f(1)d 1 f(2)d 2
at(my) =E[ 2 1 <7« 2)]= 1= (D) T = 2= 1= T ;
] 27) ] 27 ]
R 42
. . _. 1F( )F( 2)d - S 1F(1)d 1 f(2)d2
8, (M2) = E[ 2] 1< "¢( )] = 42— R '
2 2
Then we obtain
71 O’Z(z) 1 71 O’Z(z) 1
i Jti(at(my) E)= @ F(1)d Af()d, E @ f(1)d Af(2)d
2:0 1=O 2:0 1=O
71 71
= FC(NfF(2)d 2 E FCu(2)f(2)d o>
2=0 2=0

=E[ F("«( )] E[ JE[F(«( )]
=Cov(F(*¢«( )); ) =>0;

since F(”) is increasing. Therefore a,*(m,) a,'(m;) > 0. In order to obtain a,*(m;)
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a,'(m,) > 0, it remains to show that a,*(m,) E < 0. We have

Z1 O’Z(z) 1 71 O’Z(z)

F()dAF()d, E - @ F()d AF()d,

1

i Jti(at(my) E)=
2=0
71

@
1=0 2=0 1=0
O Z(2) 1

@ (1 E)f(1)d Af(2)d 2

2=0 1=0

& 2)
Let us show that for any t 2 (0;1], and any , < 1, (1 BEf()d; <0, so
1=O
& 2)
that the result follows. If , is such that *¢( ») E, then (1 BEf()d; <
1=0
® 2)
("«(2) BE)f(.1)dy 0. Ifinstead *¢( ») < E, then the second term of the sum
1=0

Z(2) 71
(1 Bf(pdq.+ (1 Bf(1)d.1=0
1=0 1="¢( 2)

is striclty positive, which implies the strict negativity of the rst term.
Now let us look at (3.10). We have

' (My)  &,'(My) _j LY@ (M) E)
a;'(m)  a'(my) | E  a;'(my)

with a,*(m,) > E > a,'(m,), so that (3.10) is equivalent to

§ 2@ (Mm2) E)+j ,'i(@'(m2) E)>0: (3.12)
Ast X 0,7, ¥ ( A 0), and consequently j ;tj T 0 and the above expression tends to 0.
Therefore, (3.12) holds for t > 0 su ciently close to 0 whenever
Bt L'i@t(m) E)+j ,'i(@'(m) E)) -0
ot

for any t > 0 su ciently close to 0. Next, we compute the above derivative by using
Leibniz Integral Rule.['| Recall that

71 O’Z( 2)
i Sliatmy) E)= @  (; E)f(1)d Af()d 2

1

16. From the assumptions h’%g" > 0 and g(0) = 0, all functions used in the computation are at least twice
continuously di erentiable and bounded above and below as function of t or , so that the rule can be
used whenever it is needed.
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We have, for any , 2 [0; 1],

@7, y_ 9(2) .
AT eS))
(recall that g’ does not annihilate), and for any , 2 [0; 1], the derivative of t A A 2)( 1
1=0
E)f( 1)d 1 is given by
» » 07t » » 9( 2) .
(Ci(2) E)F(C z))m( 2)=(C(2) BE(C« 2))g°(’t(22))'
Then we have, at any ty 2 (0; 1],
86 SiGEm) B _° ()
2@ (Mg _ . . 9( 2 .
ot o :O( 0( 2)  E[ DF(Cw( z))gg(,to( 2))f( 2)d 2
Similarly, from
71 O Z(2) 1
] ;tj(agt(mz) E) = @ (2 B)f(1)d Af(2)d 3
2=0 1=0
we compute, for any to 2 (0; 1],
06 5@ m) E)  _C O
2'1(@ (Mg _ » g :
ot e 2:0( 2 E)F(T( 2))90(’t0( 2))f( 2)d 2

Then we obtain

0t 5 (M) E)+j 53" (M) E))
@t t=to
/1

S oj@tm) B)+ ((we(2) B)+ 2 E)F(Cul 2))90(%0()2»” )d &

2=0

(3.13)
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This gives
“ O
. , > 9
tL"!no ((C(2) B)+ 2 BE)f(7( 2))mf( 2)d
2=0
“ O
J— 1 £ > g
= _ tLlf!no (t(Ce(2) BE)+ 2 BE)F(T( 2))mf( 2) do
/1
_ 9()
= (2 E)f(O)go(O)f( 2)d 2
2=0
9()
=f(0)Cov —=;
O 50
Now note that f(0) > 0, and g=g'(0) is strictly increasing. Therefore f(0) Cov %; IS
strictly positive. It follows that the integral term of (3.13) is arbitrary close to f(0) Cov %; >

0 whenever t, > 0 is su ciently close to 0. Since the rst term of (3.13) is positive and
tends to 0 with tp, we get

0t L@ (M) E)+j (3, (M) E))
@t t=to
whenever t, > 0 is su ciently close to 0. This shows (3.10).

Next we show that if tissu ciently close 0, then (3.1I) holds. From a,'(my) > a, '(m,)
and a2 t(my) > azt(ml) it is su cient to show that

a,'(my) > a;*(my) (3.14)

and . .
8, (m2) > a,*(my) (3.19)
hold for t su ciently close to 0. Let us rst consider (3.14). One the one hand, from the

increasing of ”¢, we have ;

R "R/2
1F(1)d 1 F(2)d»
0< aj,_t(mz) — 2=0 1=0 _
J 2] 1
R R
t( 2) f(1)d: f(2)d:
2=0 1=0
j 2l

R "/2
"t(1) B f()d, f(2)d:

i = t(l)’ 2’ = > (1) = g Y(tg(1)):
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Hence we have .
lima;“(mz) =g "(0) =0;

One the other hand,
|

R
T af(0dy F(2d
a;t(ml) — 2=0  1=7¢(2) J ],-tj
21 FC(2)F(2)d 2
— 2=0
R
1 FCu«(2)f(2d2
2=0

tendsto E[ ;] =E >0ast ¥ 0. Therefore, if tis su ciently close to 0, then (3.14) holds.
Next, consider (3.15). From the Law of Iterated Expectations, we have

a,'(my) a;'(my) =a,'(m;) E+E a;'(my)
_i LY@ m) E) o E ar'(my)

RS i
:j ztj(azt(,mZ) E) + 4 . 1)E,+a1t(m2)
RS R
:j 2tj(azt(,mZ) E) ] ,E ’alt(mZ)).
o2 i1 '
It is positive i L L
J 2'i(@(m) E) = 2. (3.16)

i S9E at(m) "
We have shown that if t is su ciently close to 0, then
i 2@t m2) E) _a(my)  apt(my)
J2(E af(mg))  a;f(my)  a;"(my)
It follows that (3.16) holds at any t > 0 su ciently close to 0 if :—2:—1 <tholdsatanyt>0
su ciently close to 0, i.e. if

i 9 J,i=>0 (3.17)
holds at any t > 0 su ciently close to 0. Since li!rr(}(tj 17 J L) =0, itissu cient to
show that

S >0
holds at any t > 0 su ciently close to 0. From
71 o Z(2)
i L= @ f()dAF()d,

1

119



Appendix 3.C

we deduce, for any t, 2 (0;1),

B “ ()
b o2' _ g( 2
- f f( ,)d
@t t=to . ( tO( 2))g ( O( )) ( 2) 2
and fromj ,j=1 j ,'j, we obtain @‘@—tlt‘ = @‘@—ft‘ . Then, we have
t=to t=to
ACIEYINESY)
@t > t=t0 >
e @ 1] 0 '
=] 1)t
' @t t=to @t t=to
“ ()
- Tig: g .
=j "] (1+1) ) fCol DGy 2 5 f(2dz
h i h i
which tendsto1 E f(O)% asty, ¥ 0. We conclude that if E f(O)% <1, thenift

is su ciently close to 0, then (3.16) holds, and so does (3.11).

3.C Proof of Lemma (3.2

h(a,t(Mm2)) h(a,*(my))
h(a,*(m1)) h(a, (M2))

1. Function Br3(t) t annihilates at t = 1, and thus, if @B@g—i“) > 1, then Bré(t) <t

We want to compare Bre(t) = and t, for t <1, tsu cently close to

t=1
for t < 1 su ciently close to 1, and if instead @B@r—f(t) < 1then Bri(t) >tfort<1
t=1
su ciently close to 1. Let us compute @Béf(t) . To do this, we need ) for any
t=1 t=1

i;J 2 f1;29. We have

e . 1
1
eq ; J@atl (my)) gt 5 F()d LK)
2=0 01= t( 2) 1
71 Z1
= %8 1f( 1)d 121:( Z)d 2
2=0 1="t( 2)
71

= FCD S

2=0

2)f(2)d 2
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which gives, at t = 1,

@G %" (my)) _ £ f() |
ot =1 9°C )=g( )
We compute similarly .
@ . _ e f() .
ot ., 9°( )=g( ) °
and from
0G Yaf(m))  _ @ LY . @a,*(my)
@t 1 - @t 1 a1 (ml) +J 1 J @t t=11
with a;*(m;) =aand j ;*j = 1, we obtain
@a, *(m;) () ()
=2 E E
T 7()=90) F()=9() °
()
=2E :
7()=a() &

Similarly, we obtain

paj(my) . ()
it o F P0)=00)

( 3 ;

0a,'(mz)  _ 0 (my)
it 6t
@azt(ml) — @alt(mz)
@t t=1 @t t=1.
(thﬁt the two latter derivatives might be obtaln%d by symmetry) Set — = w — =
i =
2E @ ) .and _= W _ T2 Tty € g) Then we have
@Bry _ @ h(azzt(mz)) h(agt(ml))
et ., @t h(a*(m)) h(a"(mz))
= ("@( 1) M@ ) h@E h@)
(h@ h@) M@ h(@@).)
(h@ h(@)?
0 0 —
_,n@_ @~ (3.18)

h(@ h(a)

Consequently, @Br gBr@®  >1i h@ he) < 2(h'@)_  h'@)").
t=
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3.D Proof of Corollary (3.3

According to Lemma[3.2, Br(t) < t i

T a f()(a
h(a) +h'(a) 4E —g(o()gzg (—)) >h(@) +h'(@) 4E —g(o()gzg( )) ;
This condition might be written
g M@'@ f() h'@ h() f() .
& am@ Y gm0y W - g()m() o O

I If h'is convex or linear (resp. concave or linear), then

h@ h(@ h'@+h'()
a a 2

(resp. , see for instance Merkle (1998)). Then if furthermore Cov m;

22, the rst term of the lhs of (3.19) is greater than 1. If furthermore h is concave
or linear, then h’(@) h’(a) 0 and the second term of the Ihs of (3.19) is positive.
Then, the three conditions imply that (3.19) holds.

| IfCov o : <O0,andh’(@ h'(a) >0, then both terms of the Ihs of (3.19)

are negative and (3.19) does not hold.

3.E Proof of Proposition (3.3

We prove the fth point in Proposition . If h is linear, then we have Brs(t) =

M. Suppose that Brs(t) =t has a solution in (0;1), and let t be the smallest
the(t'nl) a; *(m2)

t 2B 1. Suppose that 28°® > 1. Then we have

@t t=t @t t=t
BrS(t) <t fort <t su ciently close to t . However, according to Lemma , if tis
su ciently small then Bre(t) > t. Then by continuity, there exists t 2 (0;t ) such that
BrS(t) = t. This is impossible since t is the smallest solution of Br(t) = t.

Let us rst show tha

Since we have @B@r—f(t) 1, if moreover @B@r—f“) 1, then t is associated with
=t t=t
a stable equilibrium. Let us show that if Cov gt 2: 0, then @Bé—f(t) 0>

t=t
1. From the Law of Iterated Expectation, we may write

i otat(my) j LYE.
Bri(t) = -3 e :
© J 2UE 1 Ltat(my)
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Set
AM) =) 5tat(mg) j LYE . .
Zl Z “t( 2) B Zl YA “t( 2) )
= F()dy f(p)d, E f()d, f(p)d,
2=0 1=0 ' 2=0 1=0
Z 1 z “t( 2) )
= (2 E) f()d, f(2)d>
2=0 1=0
Z 1
= (2 BFC«(0f(2)d
2=0
and
B =j UE j startm) ,
Z1 Ly } Ly L.y )
=E f(1)d: f(2)d> 1F(1)d 1 f(2)d
2=0 1=0 '2=0 1=0
Z, Z " 2) =
= EF("«( 2)) 1F(1)d 1 f(2)d
2=0 1=0
V4 1 YA “t( 2) '
= EFCu(2)  [1F(0)l"? F()d: F(2d:
2=0 1=0
Z, Z -y !
= (E " 2)FC(2)+ F()d: f(2)d 2
2=0 1=0
We have £Bré(t) _, = & &% _, O

Al(t )B(t )+ A(t)B(t) O
Note that A(t ) =t B(t ) and B(t ) >0, so that At )B(t ) + A(t )B%(t) 0 whenever
Alt)+tBY(t) O
From the Fundamental Theorem of Calculus, we have, for any t 2 (0; 1),
Z 1
A= (2 BLFCCDNId

2=0

and
Z 1

B= %m» Hmawﬁz’«m%Hma)
+§mang)ﬂgm
Zl
= (E’dm%HMﬂﬁumz

2=0
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Then we obtain, att=1t ,

A+t G B e ) Y R
7 21: t=t . t=t
= (ot @ op ) e,
»=0 t=t
Now note that for any , 2 [0;1], any t 2 (0;1), ~¢( 2) 2. Then we have
Z 1 BF (e )
A@)+tBI(E) (1 t) (2 B f(2do
2=0 t=t
yA 1
— » 9( 2)
- (1 t) 2=0( 2 E)f( t ( 2))90(,t ( 2))f( 2)d 2
_ fCe()) .
BTN S =g}
Therefore, as we claimed, if Cov m 0, then @Bé—i(t) — 0> 1landt

is associated with a stable equilibrium.

Now suppose that there are * 1 1 asymmetric equilibria, associated with 0 <
t =t t, <<t andsett, =0, t. = 1. We have shown that if kK = 1, then

Bré(t) > ton (t, ,;t d that if C RSV 0 then & Bro(t 0
r=(t) on (t, ;;t), and that if Cov ENO=0] en & r()t=tk :

Moreover, by de nition Br3(t) < t on (t;t..,). Consider any such t,, i.e. such that
Br(t) > ton (t ;;t), Br(t) < ton (t;t.,), and EBre(t) ,_, 0. Let us show
Tk

@Brs(t) @Brs(t) S
that T . > 1. Suppose =5 . 1. Then we have Br>(t) <tfort<t,,,

su ciently close to t,,,. Then by continuity, there exists t 2 (t,; t,.,) such that Br3(t) = t.
This contradicts the de nition of t,_,.

aBre()

Therefore T

> 1, and the ”; _-equilibrium is unstable. Now we have
t=tk+1

Bri(t) > t on (t.y;t.,), from what we derive 2C® <1, and 2200 0
t=t, =t
f(,tk+2( ))

whenever Cov W,

0. Thus, the ’tm-equilibrium is stable.

Finally, if forany t 2 (0;1), Cov i {52 0, we obtain that the *_-equilibrium
is stable, the ”¢,-equilibrium is unstable, the ”._ -equilibrium is stable, and so on, up to

t. =1
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3.F Example

Proof of the existence. 1f g( ) =g,( )= ", we nd =0~ = ;, and then
() 1
Cov ——————; =E - E[]JE - =-—:
" FO=0) r EHE T =op
Moreover, a=E[ 1j 1 ,]=2anda= E[ 2i 1 2] = 1. Then Corollary 3.2 gives the
2
existence of an asymmetric equmbrlum if 12r gg% = % .. 0 <r <2 Weshow that

an asymmetric equilibrium existsi 0<r <2.
Fromg,( )= ", we have ”¢( ) = (t ¥ = t¥*". Then we derive

13 t¥ 13 2t

a M) = 3o wrizs o
and , Lo
a t(my) = §t1_r; 3
Then we have j ,%i(a;'(m2) E[]) = 5 §t™7 § and j ,'Yj@@'(my) E[2]) =
©° 2 1 which gives .
Bri(t) = T o

In particular, there exists t 2 (0;1) such that Bri(t) = ti there exists t 2 (0;1) such
that
zo(t) =2t 3t+1=0:

The derivative zJ(t) = 2225t 3 satis es ZJ(t) <0i t<t(r), with

3 r
t(r)= - X
(r) 21+r
and we have t(r) < 1i 5 < % i.e. r < 2. Hence if r < 2, z, attains its minimum

value at t(r), and in particular, z, increases on [t(r);1), so that if t(r) < t < 1, then
z,(t) <z,(1) =0. From z,(0) = 1 > 0, we obtain a unique t 2 (0; t(r)) such that z,(t) = 0.
If in contrast r 2, then z, decreases on (0;1) from z,(0) = 1 to z,(1) = 0, and thus
annihilates only at t = 1. ]

Proof of the stability. First, notice that att ¥ 0, Br3(t) = 3 Ztl_r T 1, so that the asym-
metry of an anticipated strongly asymmetric comparison drives a Sender’s best response
Br(t) close to t = 1. In particular, the babbling equilibrium is unstable relative to the
anticipation of a small amount of information.

We compute for any t 2 (0; 1],

@Brr() 2 @0
at T3 2ty
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At any solution t & 0 of Br;(t) = t, we have

_ 1
3 2= o (3.20)
and therefore we have
@ Br? (1+r)= r.
ot —L(t)= t (3.21)

At t =1, which corresponds to the symmetric equilibrium, we obtain @Br c(t) =

and in particular, @Br t(t) <1i ifr > 2. Thereis an asymmetric eqU|I|br|um i
0 <r < 2. Therefore the symmetric equilibrium is a stable equilibrium i it is the unique
in uential equilibrium.

Let us now look att =t (r), which corresponds to the asymmetric equilibrium. Using

again, we can furthermore rewrite as

@Brs 0= 2 1 @
et 7 r 3 2t
(1+r)=r
Now recall that t (r) <t(r) = 3;% ', and notice thatt @ -2 1 is decreas-
ing. This gives
= (1+n)
0> @Brr(t)> 2 ! +rr— 2 1+r (l+r)r> 1
ot r 3 o 3r ™ ~r 3 :
2 1+r

and thus for any r 2 (0;2), (Br?)(t) < 1. Thus, as long as an asymmetric equilibrium
is sustained, it is a stable equilibrium. ]

126



Conclusion generale

L’information est un facteur cle de la prise de decision. Dans cette these, nous avons
aborde d’un point de vue strategique la question de la transmission d’information entre
agents aux interéts potentiellement divergents. La transmission d’information que nous
avons consideree est non coQteuse, non veri able et sans engagement.

Une caracteristique importante des modeles etudies est de pouvoir decrire le contenu de
I'information eventuellement transmise en la reduisant a ses determinants rationnels. Cette
caracteristique permet de rationaliser la communication entre agents, sans tenir compte du
support de I'eventuelle information transmise. Il est alors possible d’analyser tout autant
la recommandation d’un enseignant a un etudiant, que celle d’un media a un citoyen, d’un
lobby a un decideur politique, ou encore le feedback d’'un manager a un employe.

Dans le premier chapitre, nous avons illustre comment I’assignation d’un agent a une
occupation, par un agent mieux informe sur la productivite des dimensions de I’occupation,
pouvait etre en partie determinee par I'information transmise par cette assignation. Du
point de vue de I’agent non informe, cette a ectation peut alors se realiser au detriment de
son information, en appariant son plus grand e ort a la dimension la moins productive, et
son plus petit e ort a la dimension la plus productive. La complementarite des dimensions
de la production est un parametre cle du resultat et de I'importance de I'e et.

Concernant ce premier chapitre, une direction pour la recherche future pourrait concer-
ner I’economie comportementale. En e et, d’une part la simplicite du resultat devrait
permettre I'observation des choix des agents en situation. D’autre part, le caractere de
statique comparative du resultat, selon le degre variable de la complementarite consideree,
pourrait permettre un controle de I’'asymetrie de la revelation d’information eventuellement
atteinte par les agents. Par exemple, une large litterature empirique concerne I'impact des
attitudes des parents ou des enseignants sur le developpement des aptitudes des individus.
A notre connaissance, peu d’etudes concernent la nature de I'information transmise. En
lien avec Cunha, Heckman et Schennach (2010), et plus generalement avec les sciences
de I’education, une etude empirique pourrait €tre envisagee, a propos des recommandations
des agents informes (parents, enseignants) concernant la production de capital humain des
individus, selon le degre de complementarite de ses dimensions, envisage du point de vue
informe, et selon les perceptions induites sur les individus. En particulier, la multiplicite
d’equilibres du modele theorique autorise precisement plusieurs types d’in uence, qu’il
pourrait €tre interessant de mesurer.

Dans le second chapitre, nous avons caracterise I’ensemble des equilibres du jeu de com-
munication gratuite a deux dimensions, a deux messages, a distribution uniforme et a fonc-
tions d’utilite quadratiques pour les deux agents. En particulier, nous avons montre qu’un
agent informe, possedant un biais constant par rapport a un agent non informe, pouvait
transmettre une partie de son information quelle que soit I’etendue et la direction de son
biais. D’un point de vue theorique, le resultat donne ainsi des conditions su santes telles
que I'ajout d’une dimension au modele de Crawford et Sobel (1982) entra™e I’existence
d’une possibilite de transmission strategique d’information quel que soit le con it d’interét

127



des agents. D’un point de vue plus applique, le resultat rend compte de la possibilite de
trouver un compromis sur I'action a decider pour deux agents aux interéts potentiellement
tres divergents. L’analyse geometrique donne la mesure du compromis selon I’etendue du
con it. En particulier, en rapport avec les resultats de Crawford et Sobel, un con it
faible autorise de nombreuses possibilites de partager I'information, tandis qu’un con it
important impose le partage d’une information orthogonale au con it.

Le resultat du second chapitre se fonde sur des hypotheses tres restrictives. Pour la
recherche future, il serait interessant de circonscrire le domaine de validite de ce resultat.
L’analyse montre que les multiples symetries de la distribution uniforme sur [0; 1]? sont cru-
ciales. Plus precisement, elles rendent compte d’une relative independance des types dans
toutes les directions du plan, ce qui permet au con itdetresu samment limite le long de sa
dimension orthogonale, et ainsi y autorise une revelation d’information (uni-dimensionnelle
et trans-dimensionnelle). Dans une recherche future, une mesure de la symetrie globale
de I'espace des types pourrait €tre investie, ou, de maniere equivalente, une mesure de
I’independance des types selon toutes les directions de plan. Le resultat pourrait alors étre
eventuellement etendu aux distributions de types possedant une symetrie globale su sante.

En n, dans le troisieme chapitre, nous avons, dans un premier temps, identi e des
conditions simples sur les fonctions d’utilite des agents qui caracterisent toute revelation
d’information a deux messages comme comparative. Dans un second temps, nous avons
montre que l'unicite de la comparaison symetrique n’etait pas garantie en general. Le
premier resultat permet de rationaliser la nature comparative de la transmission d’infor-
mation, observee dans de nombreuses situations economiques. Le second resultat generalise
le resultat de Kamphorst et Swank (2016) en proposant des aspects qualitatifs des pa-
rametres du jeu qui le permettent. D’apres ce second resultat, une revelation d’information
peut, de maniere credible, induire un agent non informe a investir davantage la ou il n’est
pas le plus productif.

La encore, etant donne I'importance du resultat (au moins au regard du nombre d’in-
formations auxquelles les individus sont confrontes quotidiennement), il serait souhaitable,
pour une recherche future, de tester I’'e ectivite du mecanisme dans les comportements des
agents economiques en situation.

De maniere plus theorique, il serait interessant d’etendre le resultat a la prise en
consideration d’un nombre quelconque de messages. Nous conjecturons qu’un grand con it
dans chaque dimension impose, la aussi, la nature comparative de la revelation d’informa-
tion. D’une maniere plus importante, il serait souhaitable de determiner, plus generalement,
I'impact des conditions d’existence d’un equilibre ex post asymetrique sur la revelation
d’information a un nombre quelconque de messages. En e et, il se pourrait que dans ce
cadre, ces conditions rendent compte de la possibilite d’une revelation d’information plus
informative.
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